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MEPOZ MNPOQTON

STOIXEIA ANQTEPAX AATEBPAZX

N. BAPOYXAKH — B. ITAIKOY

KEDAAAION |

MTEPI ZYNOAQN

1. OPOAOI'IA - EYMBOAIZMOI

1.1 Toppore. Kdbe Atfis Ty omolav peraxepilopeda, evon 10 alufioloy
wds twvoias. Tas Brapopous paBnuaTikas évvoios TaploTdpey &Y1 povov pE Adkerc
GG kol pE B adpfeda Ty, pt GTAG ypdppata i ARG ypapIKa oTHaT
kal ouvbuaopous avutév. TTLy.

«f) 90l AB», «& dpiBuds 5», «AB», «ox 4 P =0» «y av.

1.2 ‘lodtng. Alc oUpPora x kai v BuvaTol va TApIgTOUY TNV QUTHY
fwvolaw i kol #woics, ol &moicn fBecopouvTan Gmmd piow GPIoUEVTY ETTOWIV  TOU-
Téonuot. Eis Thy mepimrwow adtnu ypagopey X =Y, XPTOIHOTIOIOUVTES TO OUM-
BoAov = Tifs igdTyTos. "H dpunois Tou x = v TapioTaTa puE X # v (10 olp-
Bohov # dwaryryvaoketon «Biapopov Tou » ). TLy.

55 5=2+3, mE=1 ==35 324

1.3 Tovoka - Zrogeie. Els dpiopévas mreprrraooes  pia Evwora Suvatat
V& vofiTan & advodor Gplopbvey ke Siaxexpiutveor ANV Evwoiiy TGV oTOL-
yeloy Tou. TLy. pla ebBeic G5 cUvohov TV onueicov s, pla Takis s oUvoiov
TGV pednTEY TS K.0.K. CAAAG Kal fv ouvcrov BivaTal va elven oTorKEiov &GAAou
ouvdhou. TIy. pia eUBeict gToryeiov wids TpICHATIKTS Emgaveias, pia Takis oTol-
yeiov &vds ZyxoAeiou dempovudyov o5 ovvohov atewy KA. "AtioonpeiwTa oU-
voha &plfpddv pé t& omoia Hi5n Exopev doyoAndfi eival Ta cuvoAa !

TV QUOIKGY Gp1Budy
Tév dkepaiwy THs TAp1BunTIKiS ”
TE dxepadcv &piBudy (oxeTIkGY dxepaiwv)  f
TGV pNT&Y &pifudy
TGV TPayHaTIKGY Ep1Buddy
TGV BeTikddv TrpaypaTikdy &pi1ludy
F TGV PN APYNTIKGY TREYRaTIKGY &piBudy
TGV pryoadikdv apifudv.

O‘F-UFPWONZZ
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Th éxppaoiv  «To X elvan oToryeiov ToU E» ypagopev xcE (7 xad: Eox,
5TETE Kai dvaryyvhoKopey «ék Tou auvdhou E 16 aToiyeiov X») xpmoidomolouy-
Tes TO oUPPohov € ToU drjxety els atvodov. TTyv dpymow aUThs 8& ourPorileouey
pt x¢E (7 kal 1 EAx) kai yevikdds Thv &pvnoiv This évwoiag THy omoiow TapioT
Ev cUuBoAoy B& onueltvwper Bi1d iy pagils TOUTOU ME piov ypoupmv.

apatipnoirs. "Avti toU épou oToiyeiov ¥pnaipomoritar loodurduws kai o &pog
onueiov kal pdhioTa cUTos eivar Alav EmTuyhs els THY MepimTwow Tou ouvdhou R T@v Tpa-
yraTikGY dp1Budy kai Tou ouwohou C Tév piyadikedy dpiBudv, Ta oToixela TGV Omoiwy,
s 757 yvwpilouey, TapioTovTa S1d Tdy onutiwv wds ebleias | vos émméSou dvmioTolyws.

1.4 Tipotaciokig throg — Xuvbiwkn. Eig ta Mabnuotika xpnoipomoiotv-
Tl ouxvk Ekgpdoels G ai Groioubor :
« X elval GKEPOIOS »
« x elvon lcookehés Tpiywvov »
« x Sionpei ToV dpiBuov 10 »
«xeE»,
al émoian kai dirobiSouv dploutvas iBioTnTas elg TO X.
"Exppdotls TepiEy Vo Ev oupPolov x, G5 al duwTépw, YapakTnpilovrTa,
s elvol yvwoTov EK TV uueﬁuéﬁwv TGV Trponyouutvwy Tatewy, Bidx Tou Gpou
avoTactaxog Timac meadyor v aiufiodov x. TAV £lg éva TpoTaciakdy TUTOV p(x),
TrepLEoVTa Ev cUPPoAOY X, AUTIKATOOTI|OWHEY TO CURPBOAOY X LE Ev ovyxexpiué-
vov oToryeloy o 1], o5 Aéyopey, TO X AGPn o5 TipfY TO a, TOTE, ¢ Spiropol, & Tpo-
Taolokds TUTros kaBioTaTor wpoTaols TNV omoiaw ouuPorilopev we p(a). TLX.
p(x) @ ‘O x eivor uotkos &pibuos
p(2) ‘0 2 eiven guoikos &pibuos (&Andns)

;(i) i) ijf gival Quotkos Gpifuos (weudng).

TuvfiBus eis Eva TpoTaoiakoy TUTov p(x) UmoTifeton &1L TO X AcuPivel
G5 TIPAS TA OTOIYEIX EVOS OUYKeKpIMEvoU ouvdhou E, fiTol s Aéyouer, T6 X dua-
todye 1o E. Tote 10 X weheiton petafiinmi, & 8¢ mpoTaciakos TOTOS  aviijxy
flc 1o 1. OlTews, 1) étiowols

: x}—x+2=0,

f &moia elvan TpoTaTiakos TUTos (Bletl;) ypdgeTar pé T mpoUmobeow &I
T6 % elven &pifuds. Eiven Aoimov 1 élicwos abrn wia oudnkn els &v ouvolov
dpBudy myx. 10 R f) 10 C.

"Av p(x) eivon pla ouvdnkn els 1O oclvohov E, T6Te B Abywpev 6T1 év oTot-
yetov & Tod E adyooi vy ovvllijxngy tadtyy TOTE Kal uévov TOTE, &v ) TrpdTOOIS
p(o) eivon dAnBris. “Av &mi TAéov kéBe oToryeiov Tou E mAnpot Thv cuvBrknu
p(x), TOTE 7| ouvBnkn alTn KaAeTTol TAVTOTYS elc 0 E. Ot :

« ‘O x eivon puoikds dpifpdsy elvon TauToTng gl To N
«(x A4 1)t =x* + 2x + 1» elvon TauToTns €5 TUXOV oUVOADY &pIBUY
«x:+ 1 = 1» elvan TauTtdTns els 10 R.
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"Emrions, v p(x) xai q(x) elven ouvbijkon els 16 ouvorov E, 8a Adyouev
611 a) vy p(x) ovvendyerar Ty ovrljxgy q(x) kai 8& cupPorilcper ToUTO
pe p(x) = q(x) ToTE KAl poévov TOTE, dw kéBe oToxeiov ToU E 1O Smolov TAn-
poi TNy p(x) TAnpol kol Thy q(x).

Al owbfiken p(x) kal (x) keAdoUvtor {godivapor TOTe Kal podvov TOTE,
dv p(x) = q(x) ke q(x) = p(x). THv icobuvapiay Tév cuvfnkdy p(x) kai ((x)
oubPoAilopey pE p(x) <=q(x) kad dQuayryveokopsy «fy ouvlrkn p(x) elvan i-
coBuvapos RO THY q(X)». "Av BfAwuey va SnAcowpey 8TL ) icobuvauic
p(x) <=q(x) dUo ouvbnxdv UpicTaTan i OpioHoU, TOTE YPTOIUOTIOIOUMEY TO
oUuBoiov =, dnAadn ypdogouey p(x) = q(x).

1.5 "AlysPpa ovvérov. Kora thy émelepyasiov évos palinuarikou Héparos,
KOTA KOwover, UTTEICEQXOVTAL GTTOKAEIOTIKGS T& oToixela fvds ouvdrou £, To
SmoTov kaeiTan fuoiedy aivodor. TLy. €ls pév Sidgpopa mpoBAfucTa THs “Alyé-
Bpas Exopev 180 Becoprioel dos Pacikov alvoior T& clvoror R TéY mTparypaTikdy
apiBucoy, els B¢ Thy Emelepyaciav dpropéveon yewpeTpikéy TpoPAnpdTov ds Po-
owodv abvorov @ Exouev Becoprioel TO oUvolor EAwy TV EMITESWY OYHATWY.

"Eotwoav A kai B 8o olvoha pt ororyeia ik ToU Pacikol ourdbiou .
Qs yvwoTdy, AMyopey 8T 0 aidvodor A eiven Smociroior Tod B kol cUMPOAI-
Couev TouTo pe A = B TOTs xal pévov ToTE, &v i aovllijxy XEA aeveadyetar Ty
xeB. Zuvtéuws :

A € B <= (xeA = xeB).

opo
‘Emions 1 lodrig 8Uo ouvdhwv koi 1) Ewola Tol yryaiov dmocuviiov
(ouuPoriloptvn pe <) Spilovtau, dx YVWOTOV, @5 KaTwd :
A=B <> AcBka Bc A

opa

AcB <> A < B kal A # B.

opo
Mic guvdnkn p(x) eis 1o Paoiov olvorov Q dpilel T& avorov S Sheov TG
oTorxeicor Tou €, T& Smola wAnpolv TalTny. TolTo TaploTduey pé | xe€d:
p(x) |, fitor 8= {xeQ: p(x) }. Mx. v Q=R, {4 owbikn x2—1=0 bépi-
o 16 ouvehor S={xeR:x*—1=0}={—1,11) *ANia GlioonueiwTa
UmooUvoha Tou R Opifdueva e ouvbnkdv eivan T& dxdhoudy, YVWoTa QS
SicotnuaTa Tou R
I " Avoiwedr Sidorype pé droa o, B (o= B) -
(e Pl={xeRs o< xap )T
2. Kiwwtdy ouiotypea pé dxou o, B (o B) :
[e,Pl={x€R: a €x < P}
3. ivotror dowoTepd, sleoiv defid dudotiua pé deoa o, B (o B
(o, P l=TeRia<x < B )
4. Khewariv aotateod, avorrroy defid ddamina pwé dxoa o, B (a< B)

[o B3 = { xeRu < x < B}
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3. P Améoavtoy Gototend, dvorxtov dekid ddoTyua ué dxoov P
— § v .« v o
(—00’ B) = 'l‘\‘:R"\ s B ¥
6. " Axfoqrrov dototeod, xleiotov Oebua OudaThua pe dxooy P
29 g e, it g

(—o0,p]={xcR:x < B}

7. Andoavror defud, dvorxtov doiaTeod dwdaTyue uE dxoov &
(o, + )= {xeR: a < X }

8. adoavror defid, xheioTov dotoTeod OWAGTIG HE (dX00Y O !
[o,+0)={xeR: aa £ x}

"Errions mapaTnpoumey 6Tt kol ké&fe UtrogUvohov S Evos Pagikou ouvdrou
BUvaron va apooTali, ds dveTépw, Bia wds ouvlfkng, THs ouvbnkng xeS.
OUToos Eyopey S = { xef2: xeS |
To ovohov GAwy TGV Utoguvdhwy £vds Bacikou cuvdiou Q ocupPoAilo-
pev wé 2(Q). Eis ToUto épilovtal, ds yvwoTdy, ai mpatels U, N, — OO T
TUTTWV
AuB={xe: xeA f| xeB}
ANB = {xeQ : xcA xai xeB }
A—B= {xeQ : xgA xai x¢B}.
Mia émoTrTin épunveic T@v Tpdiecov ToUTwy BideTan €ig TX K&TwE oYX~
JoTe

A B A gty

To kevov olvoov @ elvan, g yvwaTdy, 1| Siagopd A — A, &mou A Tuyov
Utrootvoror Tou . ’Emions 10 cupmAfipwpa AS &vds ouvdhou A, Utroouvohou
ToU Paoikou ouvddou 2, opifeTan, ds yvwoTtdy, Gs N Biagopd 2 — A, fiTol

AC=0—A={xeQ: x¢A }.

Metafy Téw Tpdtewy U, M, — UpioTovTon of k&Twd TUToL (TauTOTNTES

gls TO 2(D)), yvwoTol els fuds tx TGOV pofnudTey TEY TponyoupEvey Tatewy:

AuB =BuA ANB =BnA
Au (Bul) = (AuB)url An(BnlN) = (AnB)nl
Augd =A AnQ = A
Au{AnB) =A An(AuB) =A
(A—B)uB=AUB (A—B)nB= ¢

An(BuT) = (AnBY)u(An).

1.6 Zevyog — Kaptestavov ywvopevov. “Ev otoiyeiov a 5150uevov &g mpdton
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cad v oToryetov B Bi186pevor 65 dedTevor oxmuaTilour Ev véov gTorKEloy, TO OTrOTOV
yodoetan (o, P) kai koAeitar Zedpog (SiareTaypévov). Ta oToiyeia kai P Tou
[eUyous kahoUvtan andty xad devréoa, dymaToiyws, awvzetaypivy (N mgofio-
Ay) Tou (eUyous.

"Ex ToU duetépew opiaual ToU [eUyous owvdyeTon 611 dUo [eUyn eival
foa, étav 8y1 pévov oynuaTilovtan dmd T& (S oTorgela, GAAG TG OTOIXEIX
aOTd Sibovtan kai pé Ty abThv SiaBoyny, BnAadn

(o, P) = (v, 8) <+ a=1y kai p=25.

Kod® &uotov tpdrrov Spileran piee (SiareTarypévm) TpIss (o, oy &) i Wi

VLGS (00, - sy

Moepodeiypata :

1. "Ev «Aéopa pi pidunTiy o ked Tapovopcothy B Suvatar vk TapacTadij s {euyos

(«, B).

2. Els myadikds &piBuods o + Bi Suvatan va TapacTadi) s feuyos (o, B).

3. Eis dycw petatl BUo 6pdbuy o kai P Blvaran va mapaoTadi ds Lebyos (o B) 7
(B, o) dvardycws Tou éqv SietdyeTan eis ThHV Edpav Tis o f) ThHs P dvTioToixws.

*Eotwoav Tdpa Slo oUvoha A kai B. To cUvolov Téw leuydv (o, P) ne
oA kai PEB ypdgetar A x B kol kedsiTon xaoteqiaviy yuvipevoy 100 A éai Tob
B. "Hror :

AxB={(x,y): xcAxal yeB }.

‘Ouoicos opileTan 16 ywduevay A% Ay ... X Ay 65 TO glvohov TV VG-
Boov (0, Gy -+, 0) BE cEA, BidkdBe ke { 1, 2,.. . v | (), dos Adyouey, kal &GAAws:
Bid ke x = 1,2 ... ). EiBikdrepov 70 AxXA oupBohileTon pe A2, 1O A AXA
pé A% K.0.K.

To alvodov A Téw leuydw (&, o) pé asA kaheltal drayriag ToU A% Tlpo-
pavis A = A%

Iapodeiypate :

1 A={apy) B=(12}
Ax B={( 1) @2, (B 1) B2 (v D (1,2))
Bx A={(l,), (LR, (Ly) @ @B @Y} #AxE

2. "Av A elvon 15 ouvorov Téwv moboopaipik@y Ouabwv, ol dtoian AauPdvouv pé-
pos ls v TpwTABANUa, TOTE TO cUvolov TGV dydvwy Tou TpwTabAnuaToes eiven A2 - A, ¢’
boov 16 pwtdfinpa BieldyeTan €ls SUo yUpous (Brati;).

IMopotnpnois. Mia ixgpacis mepiéyovoa Buo sbﬁﬁn?\a X kol y Suvaron vi Becw-
PO s mepitxovoa v oupPohov, To leuyos (x, y). Thy. ol ékgpaoes:

A L X 1. F
«To khGopa —- elvon dvdycyov »

« ‘O x Biopei TOV ¥ »
«x:42yt=2»
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KehoUvTal mpoTastxel THT0L TEoH zorTes Ol afufoka x zai y kal Blvavron v BewpnBouv
5 TTpoTOgIOKOL TUTOL TEPIEYOVTES &V gupPoiov, T leuyos (x,y ). Kat’ dvahoyiav opilovran
kol TPOTACIOKOl TUTTO! TIEPIEY OVTES Tpia oUuPola fi kol TEPITTOTEPS (TreTepaTuEva) TOLOXUTAL,

2. ANTIZTOIXIAL — ZYNAPTHXEIZ

2.1 "Avniotoryie. AUo oTolyeic ToU QUTOU T BIXQOPETIKGY ouvéAwy Bu-
vaTal ve GUYSEUTOL AOYIKEX, V& OUTYETIjwvTAl. M.x. 6Tow Adywpey «10 Tpi-
yovov ABI Exel eppadov 100m® ouayeTICoMey & Tolymvor  pE Eva aotlpdy, 1
Grav Aeywpey «d dpiBuds 25 eiven TETPSywYOV ToU 5» ouoyetilopey BUo dot-
Ouots k.o KorwTépw etetalopey TolaTes ouoyeTioels oToryelwy o ouvd-
Awv, T& Omoia Stv eival Guarykaios SL0QOPETIKS:.

"Eotewooy A kol B U0 uf Kevd ouvola Kol €l5 OUYKEKPILEVOS TpoTos ().
el kavoow 1§ pla Blodikacta) we TOV Stroiov slven Buvamdy TouhdyioTov Ev XEA
v~ guoyeTileTon pE fv f) TepIoooTERa yeB, O Abywpey TOTE OTI oopiofn wia
drtioToryta | dmecdviai O K ToU A gl To B. ©& onpeicoveopey Bt

g :A—>B 8id T ouvoha
x %y B T& cuoyeTilouEva OTOIXETD!

Mio &roTrTikd] Epunveia THs direikovioecws BideTon elg TO k&Twh oxfua
-

To ouvorov A koeltol adwoloy dgetyoias THS O Té otvodov B kaheiTol

alvodov dpifews Ths o, 1) 88 Ekgpools X .y ( émola elven § oupPoAIKD popen
ToU TpdTou, Péoel Tou dmoiou kaBopilovTan T& QuTioTOIKS oTolXEID) KOAETTOL
Timog Tijg o. ‘H Ekgpaois X %y Quay1yVeoKETA «TO X dvmnoTorkiletar () &-
TreikovileTon) &1 THs 0 Els TO y» f) «TO Y elvan durioToryov () elkcw) Tou x B1&
s o».

“Oha T& oToiyeiot XCA, T& Omoia Exowv (TouhéyiaTov Ev) duTioTor oV
yeB, dmoTeholv v gUvohov % (o) TO Omolov KOAETTAL qediov dpiopoi (domain)
T#s dvmioToiyias o. Eiven Aormov : J

(o) = {xcA: A yeB it x5y} s ACH

(1) «T..» anuaivel <Hesye: (rovtayioTov Bv)..».

10
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"Oha & oToiyeia yeB, T& omoia elven dvrioTorya fves (TouhdyiaTov)
XEA, dmoTeAoUv Ev oUvohov A(0) TO Omolov kaeltal mediov Tiuav (range)
Tfis dvtioToiyics o. Elven Aormoév.

#(c) = {yeB: I xeA pé x %y lc B

'EE opiopou THis dvmioToiyias loxver Y (o) # @& kai #(a) # @ (Sreeri;).

“OAa tax eUyn (x,v) i & Omrola foylel x 7.y dmoTehouv v cUvolov
S, Umroouvorov ToU “(o) X A(o) &pa xkai ToU A X B, 10 &moiov koAeiTan
yodgnua (graph) Tis dvtiotorgias o. Elvar Aormov :

So={(x,veEA xB: x %y} #d.

“Qote k&fe dvmioToixia o @ A — B #xel fv ypdonua S. = A x B, d&a
kol GuTIoTpoguws K&be pn kevdv oUvodov S, Utoolvohov Tou A x B &piler piav
dutioToryiow o pe TUTTOV :

o=
X =y <> (x,y)€8
kol ) omola éxel ypdenua 16 S, fitor S, =S (Biati;).
Hopedeiypora :

1.LA=B=R, x->y <> xt42y=1.
X2+2y2=1=1—-x*=2y220=x><1 = (@) < [—1,1] 'ANa kai [—-1,1]

— 2 pt x>y (Sati;).

S G(a), Biom &v xe[— 1,1], ToéTe Umdpyer ¥y, TX. ¥ 5

"Apa G(o) =[-1,1].

-L..ﬂ' i";Tu. o

1
xXPf 2yl =1=x]1=2yt=x? >0 = y°< = #o)c [7——1—- ) ,_’lA ] ‘AN
2 V2 A2
A& ’:[ : l]cﬁ’(}s'l&v e[ l I] 5T IS X
Kt ——, ——— | € 9(0), &ioT — ——, —— |, TOTE UmMUpyE X,
V2 'A/Z VL N afE d PX
——— a 1 1
™Y X = O3 wt x>y (Barl;). "Apx [_ __]
X-x= 4V 1=2y%, pt x —y (Sati;) pa #(o) VARV,
-
2 A=B=R, x—y< x*+Dy*-x*=0,
X
'Ev mprtors maparnpoupey &1t S1d kéBeé xeR Umepyer y, my. ¥V = \/iif v HE

o
X —y (Datl;). "Apa Z2(c) =R.
e 2

(x2+ Dy2—x2=0 = y? :i:’:;——l— < 1= @) = (—1, 1)."AMd ki (— 1, 1Y = (o),

G
Bi6m1 & ye(—1,1), TéTe Umdpyel X, Y. X = , B X —y (Biati;). "Apx

A(o) = (—L,1).

Vil
o
3 A=B=R, x >y <= G+ Dxt=y:=0,
loyvouwv (o) = (—1, 1) kil #(o) = R (Biari;).

11
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4 A =B=R, xi:u;!' = x+y< L

loyouv (o) = R kai #(0) = R (&ati;).

Emaidy Z(o)= A xal #(0) < B ueraxaipiioueda elbidTEpOY  TAS K-
opéoels «dvTioTor o Tor AL .» (Gvrl & 7ob), Stav Behwuey vé BNAWOWUEY
6T %(c) = A xail «SvmigToric. .. fmi Tob B», étav Oéhwopey va BnAdowuey
ém #(c) = B. Obtws 7 dvtioTonyia

ToU mapadeiyporos 2 elven 1of Roeig o R
ToU TrapadelypaTos 3 glvon £ tob R éai 1ot R
ToU TapoadeiyuaTos 4 elven 7od R fxi ron R.

Tropetpiki] (] 7PUQLKY) TOPICTUSLS avrietoryiog. Els iy mepimTwo,
&mou Téoov TO ouvohov dgeTnpias wmds dvTicTorios o ¢ A —> B, doov kai TO
cUvohov doifews auTiis eiven Gmroouvoha ToU cuvdhou R T@U TrpotypaTikGdy
&p1bucdy, TO YPEGNUX S, auTis dmoteheiTon &mo (eUyn rparypaTikGY &pibudoy
(x,v), T& omoin, 65 YvwaToy, TapiocTovTon S onpeicov P ToU &mimebou g
tupadveran els & Zy. 5. OUtw 10 ypdgnua S TapioTaTtal 81 Evds oTHEIooU-
véhou Tou EmimESou (PA. Zy. 6), TO Omoiov kaeiTol yempetoud) (N yoaguen)
napdoracis THs dvTioToias o 1) dxoun kad dedyoappua TTS O

Bi-‘j‘-‘é‘li
) i !
—E O ke
Ey 7 =y 8 . 9

artiaToryia Tov A els 16 B dvriaToryia éx vod A éxi Toi B dvmioToryia Tob A £mi too B

YnoionoiOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



*Avtiotpogoc avristoryio. “Eotw 1) dvmioToiyia o ¢ A —> B Tfis dmolas 1O
ypdonpe eivon -
Se = {(x,y)eA x B: x5y } #4.

AC dvodhayfis Tiis BiaBoyfis Téw oToryeiwy Tou (eUyous (X, V) TPOKUTTEL
TO drdAouvbov UmooUvohov ToU kapTeolowoU ywoudvou B X A
S*={(y,x)eB x A: (x,¥)€8: },
T dTolov Tpogaviys elvon érriong pm kevov olvolov.
‘Qs eidopev duewTéprd TO olvorov S* opilel picv dvTioTorxiow &k TOU

B els T6 A pé TUToV -
R
Emaidn 88 (y,x)eS * <= (X, v)ES, <= x Ty, 8& ioxin kai

o
1 a

o & i Y
"Av Aoimov Ev onpeiov X dvmioToryileTan 81x TS o Eig TO ¥, TéTE TO TeAeuTtiov
ToUTO B1&x THS Oy vTigTorKileTon oA eis TO X. ‘H dvTioToiyia oy wohelTa
dvtiotoopog avtiototyla TS o kad oupPoAileTan pE ot "Qaoe

g asl

Xy @y > x
"Apa 1) dvTioToryia ot Exel Trediov dplopou TO Teblov  Tipédw Tfis o xal mwebiov
Tipdy TO Trediov dplopol THs o, nhadn ioyuouy
Z(o-1) = #(0) kai #(c™") = ¥(0).
l'lapun']prlmg. TuvnBes, OTav TpokerTal va PEAeTNB  pepoveouévews N o 7Y, évah-
Adooopey Ta X kad ¥y peTall Towv, SnAadn SewpoUper XEB kai yeA, doTe T X v& aupPoriln

g —1
3 Y - - ’ 2 : » (R 3 a
TIAVTOTE TUXOV OTOIXETOV TOU CUVOAOU GQETT|PIOS. Hrot x — ¥ (xal {oobuvdpcs y— X).

Mopadeiypara :
1. 'H dvtioTpogos dvtigrorxia Tiis GumigToryies ToU mwopadeiypaTos 1 BideTan Umo
ToU TUTou
a-1

X—y <> y+&=1

2. ‘H &vrioTpogos dvmigToryia Tis dvTigToryias Tou ToapadeiynaTos 2 elven fi dwTi-
oToiyia ToU TopadeiyuaTos 3.

3. ‘H dvrioTpogos dvmioToryia Tiis dvTioToixias Tol mopadelyparos 4 eiven 1) iBic.
*Emreidn, ¢ opiopou Tiis dvtioTpdgou dvmioToryias, elvon Tpogovns 1)
looBuvapia

(x, 7)ES; <= (¥, X)E8,~
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WYnopionoOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



kol Emreidn), 6Tav TPOKEITAL mepl YPaPTIBETWY elg o R?, T onpeia Pa= (3%, 9)
woi P ¥ = = (y, %) £lVal CUPPETPIKS 65 TTpds THY
TG TNY BIXOTOUOV d Tfis yovias TV &tovwv
(Pr. Zx. 10), T& SroypéupcTa TGV dvTioTol-
lev ag kai o! 0 elvan E'lTlO"T]g rn'.'uuTm/rA (.05
mpds Ty (.

‘Qc eibopey  GuwTEPw, 51 k&be SGvTi-
aroiyio o loyvel

a a =1
X~y <>y — X

kot ETroupévers i THY dvrioTpogov AVTIOTOl-
yiow o THS @ fa oy

o (=) =y 10,
y—>X < X—=>Y,

gmou (o~1)~! elvan | GwTioTPOPOS Tfs o1, "Apa loyver xai

o (Cad
X—>Y &= X =>Y ~

rent

SnAadh N QvTioTPoPos THs duTioTpOPoU WIS gynioToryias o elvan f) iBia 1 o.
TurTOUS Y PAPOUEY

(o) '=o.
‘H is16Tns alTn EpunveleTal YEWUETPIKGS T Bonﬁsta Tfis OUMMETpias ©og TPOS
i Bixotopov d (PA. 2X- 10) Téw SiaypaupdTey TEY dvTioTOy 1V 0 Kol o
(Braeri;)-

2.2 Tuovapmyotg. ‘H Ewoia Tiis suvopThoews elvor &mo Tés Bepehiadels
ueBnparigs éwoias. Thy piloper g €idikiy &vTioToryiow.

Mia dvrioToryie [ Tou A €ig 16 B koelTOn qurdoTnols TOTE kol pdvov TOTE,
&y Kk&be xeA Exn B kal povadixoy dutiororyov yeB. O ?\eywuw ToTe 611 9) |
clvar GUPADTNOS JiE nedloy dotopod 10 A ral TYag €lg 1O B ol elvar povoaij-
HaVTOS avriatoryla (7 ;:dw)m,wavmg dmetwonatg) Tov A cic 70 B kal 8& ypaguwpey

- [: A —B f AB\—>\’EB

To v, GvrioTorKov (elkcov) TOU X S THs [, Aéyetan kal Ty T | éle 10
%, ouppohileTen &8 kad pE 1(x). Fpocepouev TOTE :

= (o)

“Apa 1) EKQPaOls Y = = f(x) elven GAAN popen TOU X L y, Snhadf ¢ Timog
riig §. To xeA AéyeTan avebdoT)ToS perafiiyo) THs 1, o B¢ veEB é&yornuivy
petapdnm) THS i

*Av B =R, Tote f) [ AéyeTan A0y PATIHI] TVPAOTIS. "Av Bt Eml AoV
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foxin kal A= R, Tote aUTn ASYeTan Toaypatisy) covdotiors pids oy -
Trijc perafiyris (Bid To Bidypapua wds Towung ouwapTioews PA. Zx. 11).

: B oo b Lop iy ’ 5 ; &
Ty i ToU TUmou Rax —» x* OpileTan pio mparypatik) ouvdptnols wids Tpa-

YHaTIkTs peTaPAnTis. ‘Opoiws ked 81 ToU TUTrOU X L vV 1—x? opiletan pia
TPAY UETIKY) oWvapTnols Wds TpoypaTikis petaPAnTiis pé mediov dpiopol To
Sidotnua [ — 1,1 ] "AvmiBétws mapatnpoUpey 811 ik TAV duTioToriGw TGV
TapaderypaTwy THs mponyoupévns § 2.1 oubeuia civan ouvdptnois (BioTi;).
To olvorov Tév Tipdv Ths [ : A -~ B, &nAadn to meSiov Tipdv #(1)

aUThs oupPolileton kai pé [(A), fjTol :

f(A) ={yeB: 3 xeA ut y=1(x) }.
Mevikcdrepow, Gv X = A, 1oTe pe [(X) oupPohiloper 16 cUvorov TGV TIpddv Tis |
el T& Bragopa oToixeia Tou X (BA. kad Zy. 12), fror :

f(X) = {yeB : IxeX wt y=1{(x) .

g le e

f
Ty, 11 x—>y Sy 12

"Avtiotpogog ovvapets. “Eotw wia ouwdptnes [ A — B. "Agou 1y |
elven dvmnioTorgio 100 A els 1O B, Umdpyer 7| durioTpogos drriororyia
f=1: B — A kol udhioTa, &5 yvwoTow, loylou :

Z(f-1) = A1) rai 2(1-1) = 2(1) = A.
"Av 1§ dvmioToixia 1 : B = A eivan Emriong cuvdpTnots, TéTE alTn kedeiTol
Wrtioteogos cuvdotyas Tijg 1, OmoTE 8& Tpima va loylou :

1) (') =B, &pa #(f) =B, 1O dmwoiov onuciver 811 §) [ pémel va
elvan dvniororgia #ni Toi B,8nAadn kdbe  yeB va elven dwrioToyov i riis |
Evos xeA.

2) Kae yeB va éxn Six Ths [ & ki povadedr dvtioToiyov xeA, dpa
Exeivo dkpiPdds Tou Omolou dvTioToryov Bik Tfis f elvan TO .

‘Qore, &v 1) dvniotoyic ! elven owvdprnois, To6Te k&Pe veB elven dvri-
oToiyov 816 Tijs [ fvods kai povadizot xeA, i) dmep 1o adro (Siati;), [(A) = B kai

X,EA, X,EA } () # 1(x2)
= [(x X5)-
X, # Xy 1 2
Mia ouvdptnais [ mAnpoloa Thy owbfikny TalTny keheiten dupiporo-

15
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aypavros avvdaotyos () dmecainoig) Tob A éni toi B. Tote, PePades, xad 0y I
elval  GP@IHOVOCTIUEVTOS TUVAPTNGTIS Toi B #mi Tol A (Biatl ;) Cloyle guoikd
f looBuvapia Tév TUmwy (PA. Zx. 13) :

y=1[x) <« x=[1(y)

*AmreBeiyfn Acimov duwTépw 16 dxdhouBov Bewpnua

221 OEQPHMA. /I auvdpryoc @ A \—> B #yer dotioroogoy auraoT)-
aw, dnlady 1 avvatotyia 71 B — A elvar éniang auvdpThols, TaTE Had pivor
;

’ » o - ’I [ r = L] i 7 “/ ~ TO"‘; A 1"‘7!‘ o B
ToTe, dv aiTy (Onradn i) ) elvar duEUOYOTHIUYTOC GUVADTNTIS T Ton B.
v

3 14 2z

s , ] o ey I
APPLUIOVOTIIAVTOS TUPAOTO ATIGTOOE0S CUPAOTHOIS

A —Bxkaif,: B |—T.

Eiovlzoig ouvaptijosav. "EoTtwoow SUo ouvapThoels Ii:
eA &ia s Iy, &g

Ak BroBoy kil ATTEIKOVIEEWS &g’ Evds pév Evdg oTOIYKEIOV X

16
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ETépou 8¢ Tfis elkdvog Tou I,(x)eB d1& Tfis 1, dvrioToyiletar els 16 xeA & oTol-
Xetov y = L,(L(x))el (BA. Zx. 16). ‘H dvmotoiia h: AT pt x B L(0(x))
elvan pla ouvdpTnong (Broti;), f Omola keeiton oivfeaic Ty auvaptyoemy f;
zai [, wal oupPorileTan pé f,of, Ator h — [yol,. *O timos s h elven Aormrdw
¥ = h(x) = L{L({x)).

‘H mpdlis T ouvbéorws  auvapThotwy elvan avoceTaiploTix), BSnAabi
foyvel

i fo(fyol) =(fyefy)ef,

&5 ouvdyetan & ToU KéTeodi oXnHaTOS.

T Ch
T B — 5
T . fz“’fz -
(hof)ef,
Zy 17

Napadeiypora :

i L 1(x) = 2x + 3, xeR kol fu(x) = nux, xéR. ‘H olwbeos foofi altév Exer OOV
29k
X —— nu(2x + 3).

2 fi(x)=x*+1, xeR xal f,(x) =4/x, xeR,*. "H otvbeors f,of, atréoy Exer TU-
f,of
o x~o3 YR

4
I i) =] x|, xeR xel fu(x) =4/%, xeR,*. ‘H ovvbeois foof, alrdv Exa TUmoOV
291,
X yTx7T.
3. ATKHIEIX

3.1 Aeifate 311 els 1O P(RQ) {oyvow :
1) Ac B <= AUB=B 2) A B <= AnB=A.

3.2 Acitate 811 el 16 P(Q) toyvouw :
DO =g 2@ =0 3)(AX=A 4 AUA°=Q 5) AnAc=g

3.3 Acitare 611 ¢lg T Z(Sy loxvow (tUmor ToU de Morgan) :
(AUB)® = A°nB® kai (ANB)® = ASUBS

17
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3.4 EGpete 16 weblov opwomou kai <5 TeSiov Tipdy Tév dvmoTonéw o ¢ R —R,

ai émroicn opifovTan UTS TGV
1) y*=x 2) y=%x 3 y=x2+1 4 3x+2y=1
Shit atepyr=11 @) wy o W) x2+yt<1l 8) <y < xt+ 1

3.5 Toion eiver ai dutioTpogor dvmioToigion TV duTioToI 1V TS Tponyouuévns
doknoews 3.4 ;

3.6 Tloicn &k TV AvnoToI 16V THS &okfoews 3.4 elvar ouvapTHOES kal Toiar &&v elvan;

3.7 Ak T&s cuvapThoes Ek TV GyTIoTONIGY Til &oknoews 3.4 molar Exour dvTi-
OTPOPOUS CUVOPTTOEL”
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KEDAAAION I

AATEBPIKAlI ENNOIAI KAl AOMAI

1. AIMEAEIZ ZXEZEIL EIZ ZYNOAON

1.1 "H &vvow tijgc oyéoewg. Eis & Mabnuotika mapoucialouv 18aitepov
&uBiopépov dvtioToryion, T&OY dTolwy Ta cuUvola dpeTnpiog kol dpifecos cupri-
mrour. TolalbTen dvTioToryian Xapaktnpilovrar s oyéoeis. "AkpiPéoTepoy, wia
dvmioToiyia o : E — E xoReTtan dyuedis axdors elc 1o E fj kod &mAds oyéaig eis
w0 E. TTy. of dvmioroiyion Tédv Tapaderyudtwv Tis § 2.1 Tou Keg. | eivon oyéoes
els 16 olvohov R Tév mpayparikdy dpifuddy.

Eis v mepimTwow was oxéoews o @ E —E 6 TUmos altfis ypdpeTon ou-
vNBes ¢ xay dvti x Sy, fitor

Xoy <> X -5y
Kal duoryryvdokopey ToUTov «X eUpiokeTal els THY o}éow o pé TO y».

Hapodeiypara :

E: rogov pn) mevor aivodov
1. xo,y <> X kol y oupPohilowr 16 aUTd oTorxeiov Tou E (TuvTduws: x =y)

E=N
2. Xouy <=> & x Bwupel TOV y (TwwTduws @ X|y).

3. X0,y <> TO Khdopa - elvan dvdywyov

4. xo,y <> 1 Blagopd X — y elvan moAAamAdaioy Tou 5 (Zuvtdpws i x =y mod 5)

E=R

5. X0,y <= 06 X tlvon peyaduTepos Tou y (ZuvTopws: X > y)
6. xo,y <= & x elvan pikpdTepos fi foos Tou y (ZuvTdpiws : X < y)

E: 70 advoioy tay avbodmov

7. X0,y <= 6 X elvan mathp ToU ¥
8. X0,y <> X kal y @oitoUv &g THv alTny Tatw
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E: 70 odvoloy Tan evleidv Tob fmédon

9, Xxo,¥y <> 1 X elvon k&BeTos TTPos TV Y ( SuvTopws: X A7)

10. X0,y <> X kol y Exouv The adTtiy BietBuvo (ZuvTéps: X || y)

E=2(Q)

11, X0,y <> TOX civen Urmoouvohov ToU Y (ZuvTopws: XS v)

a

MaparnpoUuey o1t 81 Gpiopévas ik TEY QvwTEpw oytoewy Exouv xabiepwdi elBika

cupPora. OUTws :

&vti: Oy, O O; Oy T T On
Y pUPOHEY duTioToiyws ! =, M P
Al oxéoels =, > Kai <, s oytoeis gis 10 R, Exow Biary pappaTa, T& 6ot BibovTat

eis T& K&Twbh oynuoTa

y| i ¥
: ¥ ’ by l bt
| , 8 R

‘ > AR SRR RN
- 7“7?0'*’ e == = ®

/- |
|
Ey. 18

1.2 Buowkei katnyopion GYEGEQV. "Eyexat TR oTouBandTnTos  HEPIKGV
isloThTwY, ol omoial dpopouv €ls oY £toES, Sraxplvoper TGS KATWTEP®W Bookas
KaTnyopics oxETEwy | >

sAvaxhaotikai oyioeg. Mia oytois o gis 1O oUvohov E xaheiran dva-
slaotien) (1) abromabig) TOTE kol povov ToTE, &v '

(A) xox ¥ xeE 0.

TouTto onpaiver éT1 T (eUyos (x, x) elven ororyeiov ToU YPAPIUATOS Sq
kai péhioTa B kade xeE, BnAabh N Blorywvios A Tou E? elvon UrmrooUvohov
ToU Sg. "AM& kal TO dvTicTpogov elvon dAnfés, xaf’ Soov

Ac S, = (x,x)ESe ¥ xeE = xox % xeE.
"QoTe
o elvar dvaraotixg <> AS S
Al oytoeis 0y, Oy Oy Tar T F1o xai oy, TEV TapaBeryudTwy THS TPON-
youpdvns § 1.1 ebvan varhaoTiKal,

(1) @gf..» onuaiver «did ndfe..»
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Sopperpucai oxéoeg. Mia oytows o els 1o oUvohov E wkodeiTon ovppees

Torx1) TOTE KOl povov TOTE, QU
(2) xoy = YyoOX.

TolUTo ouvemdyeTcn ThHY igobuvauiay Xoy <= yox (Biacri;) xoi Emerdi
fay <= yolx, 84 loxin yox <= yo'x, fitol o =o' AN xai QvTIoTPO-
P, o =o' guveTdyeTal OTI XOy <= XO ly <> yox. "QoTe loyuel

o elvat \’)’i'JNJHFT'_'l}‘.‘J.,‘ HE = o

"Ex tév oyboewy TEW TapaderyuaTwy Ths Tponyoupdrms § 1.1, ai oy,
Oy O, O, Oy Kai gy, Elvet GUUPETPIKA.

Avniooppetpikal oyéong. Mia oyéois o el TG olvoov E koAelTal
DTIT e T TOTE kol pdvov TOTE, Qv
(A—2) Xoy xal yox = X=Y.

OUtes, ik Téw aytoewv TGOV TrapaderyndToov TiS Tpotyoupévns § 1.1, e
oytoels 0y, O, O Kol oy elvat QU TICUBHETPIKG.

Meroponikai oyéoas. M gytols o els TO oUvohov E woelton perafia-
Tex)) TOTE Kol pdvov TOTE, &

(M) XOy xai you - XOZ.

OUrws, ik Téw aytoeov T TrapadElypaTwY Tiis mponyouptvns § 1.1,

al oy, 0, 04 T T Ts Ouw kol oy elvar petaPoTixad.

2. IEOAYNAMIAI - KAALEIX IEOAYNAMIAE

2.1 ’loodvvapic. Mia oyeois gls To ouvohov E, 1) &molar given -
(A) dvarhoTir, (2) ouupeTpiki kai (M) peraParixi

koheTtan igodovagda (R oyéots ivodvvapias) els To k2
Mia icoBuvapio cupPorileTal ouwnfws wE ~ fi= f kai =.

IMopodeiypata
1. “H {odTns elven pic icobuvapia.

2. ‘"H dpowdTng es &v oUvohov Tprydvey evan pia icoBuvapia, 516 :

(A) Tlav Tpiywvey eivon &uotov Tpds tauTo.

(2) "Av Tpiywvor ABI clvan Guotov Tpos To A'B'TY, ToTE kal 0 A'B'T given dporov
Tpos 1o ABT.

(M) “Av Tpiywvoy ABI elvai &uotoy Tpos T A'B'T kal ToUTo eiven Suotov Tpds TO
A'BT', téte kai 1o ABIT eiven Suotov Trpos TO AUBUT

3. ‘H maparAnhic pt ebpeiav onuaciav (||), xxdaes ko ol oxéoes a,, o, T § 1.1 elvad

looBuvapio.
4. "Eatew T6 ouvohov E =N N. ‘Opilopev eis 70 N N Ty oytow o Bi& Tou TUTTOUY
(o, Vg, v) <> s+ v = v
Thy. (3,5)0(7,9), Bom 3 +9=T1+5, @& (6, 35, 4), Brom 6+ 4 # 543
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‘H oytors altn elvon pic igobuvapia, xad doov loylouv :

(A) OlovBrymoTe [eUyos (u,v) ebpiokeTan s ThHY oxtow o mpds kauTs, Aiter (By)o(py),
ST p+v=p+w

(Z) "Av T (W, V) eUplokeTen gis ThHY oxtow o pé 1o (W, v'), ToTE kad TO (1 vy elpi-
oxetan elg THY oxéow o pé TO (M, v). Tlp&ypaTr

Ee@ V) <> p+v = +v <= Wt v=p+v <= ), ).

(M) "Av T (p,v) eUpiokeTan els ThHY oytow o pé TO (W, v') xaiToUTO pETO ((TIRO"
TéTe kol TO (W,v) ebpiokeTan els THY oxéow o ué Tov (u, v'). Tpdypaty
(V.V) oW, v') ] -4:}{“,.‘ V'”: WAV
W, v, vy | WAy =ptv
pF v = 4 <= (e () "QoTe

(W) v)
(') ("

j } (U V) V)= W) + W) <=

} (Vo v

2.2 Khiogig ioodvvepiog — Xoveiov mnhikov. "EoTw ~ uie igoBuvapia
e TO oUvohov E. Kéfe oroiyeiov aeE efvar iooduvapov mpos fautod (& ~ ) kal
EuSeyoptveos Tpds GAAa oToiyeic ToU E. To ouvolov T&V oToixelew Tou E, T&
omrola elvon iooBuvapa Tpods TO o KkeAeITal xhdoig ioedvraulus Tol «. AU-
0 ouuPorileTon owvnfos wé [o] i A A iA(a) (Tpds GTOQUYTIV OUYYUOELS
&monTeiTe, fvioTe, OTWS ypPAPwHEY, AVTIOTOIXWS, koi [l A_ T kA (),
fva BnAdcwpey THY ioobuvapiay ~, ds Tpos ThHY dmofav Becopeital 1) KAGOIS
icoduvapias ToU ).

TTopaTnpoupey OTL :

1. Ai wddoeig loodvvaplas elvar pi) xevi avvola.
Mpdypar ik ToU piopol Tiis kKhdoews &vog oTOIXElOU &, TTPOKUTITEL OTL
aUTn TEPIEXEL TOUAGYIOTOV TO a.

2. Ai xidosig o igodvrduorv ototyelov tavrilovtar,

Mpéyport: & o ~ P, TOTE XEA <> x ~ a, 6Tou A elvan f) kKAGols loo-
Buvopios Tou a. ‘Emopéves, Adyw TiS peTaPoTIKOTNTOS THS ~, (X ~ o Kei
a~P) =x~p = xeB, &mou B elvon 1) KAdos ioobuvapias Tou P. “QoTe
A< B. “Ouoiws dmobeivletar kad B A (Biari;). "Apa A =B,

3. Al xhaoeg m’w'-; ) igodvvduey atougelmy 0008y xowoy ototyelov Exovy,
frot, g Aéyopey avtar eivar Eévar.

Mpdypat &v o + P, TéTe of KAdoels ioobuvapias AB aUTdv eiven Eévan,
51671 &MAws 8 UTriipxe XEANB, émdTe PePaics XEA <= a ~ x kil xEB <=
X ~ PB. CANAG, Adyw TS peTaPoTikéTnTos THS ~, (a0 ~ x kol X ~ B) =
o ~ B, émep &roTov.

Supmepaivouey Aorov 6T ai kA&oels iooBuvapias elvel piy keva Utroou-
voha Tou E, Eévar petaly Twv dva Suo ki &l Adov kéBe oToiyelov Tou E efven
koTaTeTaypévoy eis piow kAdow. “Apa 1) ioobuvapia opiler piaw dwauégioy Tou E.
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TS oUvolor TGV KhGoswy loobuvapics kodeitan odvoior myAlzor Tob E O
Tijc ~ kol oupPohileTan pe E [~

Mapaderypa. *Eorwooy E 16 olvohov, Tév pabnrtdv Evos [upvaciou xal 1y fgo-
Buvapia ~ els o E, 1 dpilopévn UTo TOU TUTTOU
X ~ y <= Of pabnral x kai y gorTolv els Ty a¥Thy TEGW.
‘H khdots ioobuvapias Tou pafnTol o elvar 1O olvoAov, TO OToiov Exel oTOIXEIN TOV o Kal
ToUs ouppadnTés Tou, SnAadh elvan 7 TéEIs wabnT eis THY dTolow gorTd. To E Swapepileran
Aormrov els Téakers padnTdv, SnAabh To cUvohov mnhikov E/~  elver £8& TO ouvohov TGV Ta-
tewv ToU lupvaciou.

3. AIATAZEIZ EIZL LYNOAON

3.1 “H ¥vvown tijg dratabems. Mia oyéos els 10 alvorov E, 7 omola elven:
(A) dvarhaoTikg, (A-Z) dvmiouppetpikn kal (M) HeTOPaTIKT
koAeitan dwarabis (B oyxéoic dtatdenms) elg o E.

Mia Si&ratis oupPoAileTon ouvmficos pe < . "Av &v oToiyeiov a Tou E elpi-
okeTan els THY oxéow -2 W& oToiyeiov B aUToU, Snhadn -2 B, ToTE Aéyouey OTI
«a Tponyeitan ToU Pr f looduvdpws «pB EmeTal ToU oo,

Té ouvorov E eic 10 omoiov £xel 6piodf) uia Sidrafis —  xohelTon TOTE
daterayuivor aivolov (G5 Tpds THY -2 ). "AkpiPéoTepov  TO SiareTory pévov
alvorov mapioTaTon Bk Tou levyous (E, = ).

IMepadeiypata :

1. ‘H oyéois < eiven pix Sidratis els o R, Biom ioyvowy :
(A) a < a, 6o a=a.
(A-3%) "Av « < P xal p < o, T6Te elvan kai a=f
(M) "Av a <P xai p <y, Tote elvan kad & <y
"QoTe 1o cuvohov R elvan Siaretaypévoy g Tpos THY oxfow <.

2. ‘Opoiws /| aytors < eivan plo Bidrakis el 76 P(Q) (Sraeri;).

3. *H oxéois o, () Tis § 1.1 lvon pia Siaralis eis 0 N, 816m1 ioyvow :
A ala .

(A-3) "Av a|p kol Pla, TéTE UTdpyouv quotkol GpiBuol k kol A pé B = ka kal
a=2Ap, &pa p=xk(@P)= (xM)P kol toptves kA = 1, dnhadn x=A =1,
fiTol ¢ =P

(M) "Av alp ke Bly, ToTE UTrdpyouy Quoikal &piBuot x kad A e B = ka xad y = AB,
dpa y = A (ka) = (M), Bnhadn aly.

Tlapatipnois. Mia peraPoaTiki oxiois els 1o olvolov E xaheitar xal yvnoia Si1a-
Takis eis 1o E. Obrw .y, fi oxtors < &g 16 R elvan pia pimoia dudrabs els 10 R, vd altn
Btv eivon Bidratis els To R (Biaeri;). To alTo oyuer kal Bid ThHy oxéow Tou yvnolou UToou-
véhou C eis 16 2(Q) (Broti;).

"Av — elvan pia Bidrakis els TO E, TOTE, Suvdper TauTns, OpileTan pia oyxéors -2 ¥ eig TO
E Umwd ToU TUmou

X2*y <> xyxad X #y,

1 dmoic Biv efvar Si&rakis els 1o E, &AA& pia yvnola Siaratis el autd (Brari;).
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3.2 ‘O, pepuen drgtelrg. "Eotw -2 pia Sidratis els 16 E. Avo oTol-
yelo «, P Tou E xodouvTat ovyrologa (Si1& THg 2 ), TOTE Kal povov TOTE, GV
foyin a2 B A P= o OUTw Y. o TporypoTikol dpifuoi 1, V2 elven ouyxpi-
ool (Biax Ths < ), Bidm foyxver | g V 2. Tevikdys 'rrcxpc:-rnpofjusv 811 TUXéUTEg
mparypaTikol dpiBuoi o, P elvan ouykpiaiuol, Snhadh loyver a < P A P <
Mia Si&ratis efs 10 E, g .y ) < elg o R, S v omrotav ocw):,mns oTol-
yeiar ol E given ouykpiompe koheTTon i) A poauuvey didtaks s T E. Mia
Sidrokis el o E, 7 6moia Btv elvan SAIk) Si&rakis, kKohelTon peawxy) odrale gls
6 E. Eis Thv TepimTwom pepikis Srorétecs eis TO E Utrdpyouv PePfaics oToryEia
Tou E, Té &moia 8tv elven ouykplotua dg mpos ThHy Um’ Syw SiaTatw.

Iopadeiypato :
1. Eis 16 oUvorov E Showw Tév kUkAwy dpileTan pia oyéots Srarélews —2 UTTO TOU TUTOU

X 2 ¥ <= &xTis ToU X wikpdTepn fi Tom Tis dkTivos Tou y.
AUTn elven pio oxéais s Sratatews el T E (Sreeti;).

2. ‘H Sidratis = els 10 2(Q) (dtav 10 Q Exn TouhdyioTow BUo oToryela) elvan pia pe-
pikhy Siaratis eis 1o #(Q), Hiom Gv A eivan ph kevov kad yvfigiov Umoaivodor Tol Q, TéTE Ta
A kai A Biv eivar ouykpioa (Siai;).

‘H oytos Biardtews or (1) Tou TapadeiypaTos 3 Tiis § 3.1 elvar wpogavdys upiar pe-
pikn Sidtabis els To N.

4. MIPAZEIX EIZ EYNOAON

4.1 "Ecotepiei mpaflg. "ATS Ta TpdTa ypovix THs oxoAiis {wfs, ©
podnTis tloikeloveTon pE Tds kohoupévas Tpaters, omws . N Tpoodeots, 1
daipeots, & moAamAaoiaopss kol ) Siaipears dpiBudv. "ApydTepov elvan eig
Bécv Ve Dydoun) &piBpovy eis BUva, v elplokn T Eveow fi T Touny BUo ou-
vohwv KA. Kowov yapoaxTrpioTikoy Shov altéy Tév «mpdtecvy elvon 6T1
EKKIVOUPEY &Tro dde oTorkeia Evds ouvdAou Bid va koToATEopey S1a puds d1od1-
kootes (f) 6mola opileTal dmd THY ouykekpipévny wpdlw) els &v Toltov oToIXETOV
(& kohoUpevoy &mroTéAeoue Tiis Tpdlews) ToU adTou ouvdhou. OUtw Y. &
Tous dpifpols 3 kad 5 Bia pév Tiis Siabikacias THs mpoofioecs koaTaAtyopey
elg TOV GpiBpov 8, Bia B¢ Tiis Siadikaoiag ToU ToAhamAaoiaouoy s Tov 15. 'E-
Te1dn) els dpiopbvas Tpaters GAAGooEl TO &moTEAeoua OTaw &TAdY kol poévov
gvoAA&Eopev- Ty Siadoyxny TGv oToixeicy, Té Omoia TO Snuioupyouv, Smcos
.. €l Ty deaipeow dpiBudv, i TolTo Ba Becopolpey St els piow mpGEw
tkKwoUpey o Cedyos oTorxelwy el TO &molov kad dvtioToryifouey Ev TpiTov
oToiyelov, TO &moTéheopa TS Tpatews.

’Ex e dvawTépw 6Bnyoupsda gls TO va Boowuey TOV dKOAouBov yevikoy
Spioudy :

Mia povootjpewtos &meikovials €k Tou E X E = E? €is 10 E kadeiron éow-
reotxd) modkis T &TAGS modfic els o E. "Av Bia wds mpdtews % els 1O E TO (U-
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{os (a, P)eE? cumioToryileTan els TO oToiyeiov yEE, TéTe ToUTo elvan PePaicos
HovooTpdyTes Goploptvoy kol KaAeTTal drmotéheaua  Tijc modewms % Eml T@Y
o, B oupPorileTen B¢ pE a * B, AiTol Y=o * B. Eis Thy mepimTwow TaUTnY,
&rou Utrdpyer TO ATOTEAEOX Tfis wpdtecas * Emi TEV @, P Aéyouev iooBuvapws
kol &1 ) modbic & % P elvar EmTpenti).

Mpos oupPoriopdy Blagodpwy Tpatewy ypnoipomoloUvtan kai oUpPoAa
6 Y. T& +, c,°.m,4 A KA

A& Tag Tpdkers mpoodeots () xal dgaipeois (—) eis T olvorov N
TV quolkéy &piBpddy TopoTnpoUpey 6T Bix pév Tii TrpocBioecws kafe (eUyos
(o, B) quoikdy &piBucy dvmioToryiletan els fva kad uovadikoy QuaTKoY AapiBuoy,
T &Bpoiopx TGV o kel B, Tx. 3 +5= 8, 7+ 9 =16 xo.x., dnhadi f mpdo-
Beais eivon pla povoofuewTos dmeoviols Tou N elg 76 N. *AvmiféTws T dpai-
PEGIS Oéy Efvon pia MOVOTTMOVTOS GITEIKOVIOIS Tou N2 glg 7o N, 81471 elg 1O (eU-
yos (7, 10) Btv dvmioToryileTen 1 T &ooupéoews QUOIKGS &p1Bpos, nhab
(7 —10) ¢ N. Tlpds Srkpiow TG GvawTépe TEPITITGOEWY Myopsy &’ £vg gV
6T1 1) pdoBeais eivan pic TPdLLS ¢ Tou N, &g Etépou Bt 6T 1) deaipeois elva
Mo pepikny mpdkis sls TO N.

[Cevikés pia HOVOTT|HOVTOS Smreikonots Tou E? elg 1o E koheiTon (EowTepi-
kn) mpakis éni ToU E, &v@ uic (towTepikn)) mpdlis els To E, # &mola dév elven
Tpdtis éni Tou E koeiTan uensea) ok gls 0 E.

Mepadeiypata :

1. ‘O ToMamhaoiaouds () eiven pahis énd Tou N, Biomi Bidx kéBe {eUyos (o, PeN?
\"Tffrpxa fv kal povaBikdy pwvdueror «- PeN. "AvTifiTws 1 Siaipeois (1) elvan pegnen wpdkis els
TON, Biomi (3:5)¢N.

2. ‘H «Oywais s Suvauvr, S Thy Omolaw dvtl ak P ypagouey ab given patis i

ToU N, Bi1611 Biex kéfe (o, P)EN? elvan kad aleN. "Avmbétes alrn elven pepikf) pdlis el TO

olvohov Q TéV pnTdy &piBudY s grriong Kai els TO guvolov R T@Y Trpay patikdy &prfuddv,
1

Biomi # wpakig (—2) ¥ Stw elvan EmITPETITY.
3. ‘H Evwois ki | TouR guvohwv elvon pdkers Emi Tou P(Q).

4. "Av F 5 elvar 1O ouvohov SAwv &V ouvapThoEwY Pt Tediov dpiouol TO A kal TipGs
els 16 A, ToTEf) OUVBEDIS TUVPTHOEWY (TTppA. §2.2 ToU Keg. 1) elven mp&lis émi ToU F 4,

81411 B1& kébe [eUyos ouvapthoewy (f p)eF, i olwlecis fopeF 4.

IMopatiypnorc. ‘H mpabis ToU ToAhamAaoiaopou els 76 R Exer ThHY iSidTnTa !
TG ywdpevor SUo @uaikdy dpifudy elvor trrions guoikds &piBuos. “H idiéTns abtn Sev Ugi-
oToTal Si& Thy mpdt Tiis Sioptoews els 16 R, 81611 O mnhikov 3:5 Biv elven puoikos dpi-
Buds. Ta dvwTépw ékppalouey AéyoVTES &’ Evos piv OTL 1 mpddis Tou ToAAaTAaoiacuoU elvan
xAewoms) els o otvohov N T@v quoIKiY &pidud, &g’ Erépou B¢ Smi A mpdtis s Bicpozes
Oév glven KAetoT) elg To N. Tevikéds pia Tpatis * el TO ouvohov E koeiTan xietory eis Ev Uro-
olvohov A Tol E TéTE kal pdvov TOTE, &v Bk kade Leuyos (o, B) ororysicwv ToU A TO &ToTé-
Aeopa Tiis wpdlews o * B dvke Emrions el TO A
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‘Avnperafenikal mpageie. Mic mpdtis * ¢ Tou E wedeltan dvripetalle-
i) TOTE kol pdvov TéTE, v foxum :

(A) g% B=p %« % aeE xai PEE.

Ovtw :

1. ‘H Tpdodecis kai & mohAamAaoiaopds émt ol R elvan mpaters dvTi-
peTafeTial.

2. ‘H fweoots kai f Town émi ToU 2(Q) elvon Suoiws dvTipeTofeTikal Trpdels.

3. *Avmifétas 1) «Uywoig eis Suvapivy g ToU N 8y elven GuTipeToBeTIKD
Tpakis, S1om Y. 2% # 3%

Mposgrmpronikei mpateg. Mio mp&lis % émi ToU E koeiTan moooeral-
ouoTid) TOTE kol wovov TOTE, &V igyun :

m (axP)xy=axPBxry) V ocE, BeE wai . yeE.

Ol .y, 1 Tpbofeois kol & rohhaTAcTIoouos £l Tou R s émions 1
fucoois ked A Toun émi ToU Z(Q) lvau Trpétels TPOTETAIPIOTIKG, EVED avTiféTos
N «Uyeals s Sovapwy ¢ tou N 8tv eivad, Si1oT1

1
@x 1) x3=(2)"=8 xal 2% (I* g g

nAadn (2*1)*3;&2*(1*3). -

Cevikol mOpatnpiioeis. Mi a0y oy ouupohifopey 76 (o # &) * o, fitol
O * G o 0y = (0 % O) * O ‘Opoios Spiloney o * o % 0y k & = (o # 0 #* 0) ® &, Kal YEVI-
KOS Oy Oy % ook Oy * O, = (0 % Q¥ s * Qly-y) * Oy

1. "Av 1) wpahis * eivan TpogeTaiploTIky  Suvapeda .. el TO oy * O ¥ O kO kO
V& QUTIKETAOTHOWHEY OTadhToTE Sradoyixd OTOIXEIR ut To &moréhsoua Tis Tpalecs Emi
auTéY. OUTW LY. &) * 0 k Oy * O % O = (o % O  Gy) %0 % O = Oy * (@ % O) % 0, K Gy =
o * (0 * Oy * O) * o

2. "Av §| mpdlis * eivan dvmieTabeTIk Kol TTPOCETAIPIOTIKY), TOTE Buvdueda ..
lg TO O * Qg % O % O, * O &
a) N& dvriperadéowpey Buo oiadjmore otorxeic. Ty, T& Bradoyikd o, Kai ay, 51611
ay kO k Oy kO * & = Oy kO K (O k) KO = O ooy k(O F Op) % O, = O * O * O % O * O
T& pf) Sradoyikd a, xal a, 61 trravnAaipuévns GuTipeTabéoews Bradoyikdy o Etfs:
Oy % Cty o Oty ok O K O = Oy kg % OOy K O ¥ @y = oy % Ok Ok Oy K Oy == Oy K O K Ok Ok O

B) N& QUTIKQTOOTHOWWEY viadjmore OTOIYEIX ué TO &moTéhecpa Tis Tpdlews gl
alTév, 81611 Buvdueba TEETOV V& T& KaTAoTHOWHEY SiaBoyIKE.

3 To Ok ak ... kO YPIPOHEV CUVTOMWS * "t Eidikéds Ta4Va xkal Yo mapr-
bt T
w (QOPES

oTépey dvTioToiyws pE va kal aY fitor +Ya = va kal ¥ Y

o= o,

Ovdétepov atoryeiov npalemg. "Eotw x pia mpdtis el TO oUvohov E. “Ev
oToyelov weE kaeiTan oddéTenor oL ETOY Tijg % TOTE Kal povov TOTE, &v loyun :

O w¥xa=ax o=a Voaeck
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QUrw :
QUBéTepov OTOLKEIOV THe + Eml Tou R elven 10 O

» » ToU - &mi ToU R elvon 1O 1
» » Tfs u Emi ToU 2(Q) elven TO &
» » s N Em ToU 2(Q) elven TO 9.

To oubttepov oToixeiov wds Tpdecas elvan  povoonpdvTeg GOpITEVOY.
Mpdeyuoary &v 1 Tpdtis x Exn dvo oUBETEpQ OTOLKEID TX @ Kol w', TOTE &g’ Evog
piv @ % @ = o', B1OTI o o clvon oUBéTepov oTolxElov Tis %, &’ ETEPOU 3¢
w % o = o, 516T Kkai TO w' elvon oubéTepov oToryElov THS *. “Apa o = w'.

Toppetpik otoryeie g npog npdiy. "EoTw x pia mpdlis g o E, 1) omola
Eyel oUBETEPOV OTOIXETOV 16 . Auo oToeia @, B Tou E kaholvTen avppetatnd
B¢ ToOs TV * ToTe kol povov ToTE, &V foyin

(Z) axP=Ppx a=w.
T o AéyeTon TOTE quupETotzoy 1ot P ig 7005 T % kol looBlvapews TO B AbyeTal
GUUUETOLROY TOD & e moog TV *. Ol -

1. TUBHETPIKOV o0 aER G5 Tpods ThHy Tpdodect eivon O &uTifeTos Tou
—aeR.

2. "Av acR — {0}, ToTe TO CUPMETPIKOY oUToU G5 Trpos  TOV  TOAAG-
TAcoloouoy efval © GuTioTPOPOS TOU égR —{0}.

3. SuppeTpikov Evos um xevou ouvdiou AeP(Q) ds mpos Thv Evwow v
Utrépyer. ‘Ouoiws Bev UTrépyel Kal OUBPETPIKOY &vos yvnaiou UtroouvdAou Tou
Q ¢ Tpods THY TORTY (Bracti;).

‘Opakov grorgsiov og npog mpdfiv. "EoTtw » wicr Twpdkis éml ToU E. “Ev
oTolygiov & KehsiTa duatov 0 Gmlomonjaoy G5 oGS THY ¥ TOTE Kol povov
TéTE, &v Bk kabe xcE xoi yeE ioyvow :

i e=iohae Ve 55 X =y xai x®¥xa=y*a => X=Y.

Oirreos dos TTPOS HEV Thy Tpodcbecy k&Be oToryeiov acR elvar  duahov, ds

Tpos B8 TOV TOAMGTAGTIATHOY k&@e otoryeiov acR — {0 | eiven Spoov, &é

GumiBéTes O 0 Btv elvan SpoAGY, BIOTL TX.
0-3=0-5#3=5.

‘Empepiotikiy npadis @G mpog dhiny. "EoTtwoav §Uo Tpdlers # kal s &
<ol cirros ouwdhou E. ‘H mwplLis * KONEITOL EiuentaTis g Toos Ty » TOTE
ol povoy ToTe, dw S ke acE, BeE kai yeE foyuowy :

() (B 0 y) = (o B Alaan) vl (Boaiy)x &= (B *a) = (y*a).
Mapatipnois. “Av 1 wpdtis ¥ elvon dvripeTafeTikn, TOTE Tpogawdds toyuel
ax (Bey)=C(x* py= (a* y) <= Buy)x a=(P % a}n (y * o)
ko Emropéveos pia GuTipeTofeTIK TTPSLIS * ¢l ToU E elven EmipeproTikd g rpos
Thy Tpdkiv = (El ToU E) TéTE Kt pdvov TOTE, Gv )
ax By =(x* B) = (@ *Y) v oeE, BeE xai yeE.
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OUTw :

1. ’Emi ToU R & moMamAaciaouds elvon EmipepioTikh mpdfls €5 TPos
hy mpbodeciy, 16T 4@’ tuds pbv oUtos elvon dvTipeTadeTikd Tpdlis, 4@’ ETEPOU
B¢ ioyuel

a(B+y)=op+oy ¥ ocR, PeR kal yeR.
*AvriféToos 1) Tpdabeois Biv elvan ETIPEPIOTIKA o5 TIPS TOV TOACTTAQTIOTHOY,
5161 24+ (3-5) # (2+3)- 2+ 3).

2. ’Eml o0 2(8) A fvwos elvon EmipepioTIkG g PSS THY Topty, 810TL
ol elvon dvtipetodeTikn kal oy Vel

Au (BN = (AuB)N(AUT) ¥ AeZ(Q), Be?(Q) kai Me2(Q).
‘Opoiws Kol 1) Tour eival ETTILEPIOTIKT] G5 Tpds Ty Evwaw, S1oTL alTn elvon
g¢mions dvmpetoBerikh kol ioyUel

AnBUD) = (ANB)U(AND) ¥ AeZ(Q), Be#z(Q) xai Me2(Q).

4.2 "EEmtepiki) npigig. Eis roAhds TEPITITOICELS EXOMEY TUVOITHOE! «TTpd-
Eeio» of omoien éxtehoUvTar Eml oToixelwy SvnrdvTew els BioopeTik& oUvola
e &rrotéAeauc dvijkov eis TO & &k TGV guvdhooy TouTwy. T1yY. TouTo cupPaivel
glg TOV TOAQTAGCIOOHOY EVOS rohuoovUpou £mi Eva &pibpdy, émou TO &moTE-
Aeouc elvan Emions év mohudvupov. Tas mpaters aUTds, Tpos Biakplow &md Tag
TolQUTos THS  TpOTyoupévns  Tropay pagoy, dvopdlopey ffwrentxdae Tpdkels.
*AxpipéoTepor ) Ewola THis ElcoTepikiis Trpddews OpileTan g EERg

"Eotwoay Yo pi kevd ouvoha A kal E. Mict HOVOCTIHOUTOS QTTEIKOVIOIS
(owdptnais) ToU A x E &g 16 E woheitan éfwteown)) modi éni tob E ked
oupPohiletar ouvnbicos pé - OUrw Si1x ds ELeTepIkiis Tpalews . ke (euyos
(A x)ENXE dvmioToiileTon els & kai povadikov oToiyeiov vEE, 1O dmolov ka-
Aeiton Srotéheoua T (BEcoTepikiis) Trpcdecds ¢ml T&v oTorxelwv A, x kol
oupPohileTar pe A - X, fiTol

y=2A.X

TuvfiBoos TO oUpPoiov - apaetmeTar, SnAcd ypagopey AX kol évwoouper A - X,
65 oupPaivel Bi1&x kdBe mpdtw oupPoMlouévny uE -

[opudsiypota :
~ 1. ‘O ToAAaTrAacioopss SiaviouaTos Tol ywpov Em TpaypaTikey dp1Bpov elven pia
worepikhy mpdlis els THY mepimTwow, émov A =R xai E elvar 16 ouvohov Shwy TV Birawy-
GUETWY TOU XWPOU.

2. A=R, E= #(A R) T clvohov Shwv TéV TpayPaTIKGY oUVapTHgEwY pE mEdiov
Spropol TO Ui} KEVOV olvorov A. ‘H Tp&lis ToU TOMGTTAGOITUOU SUVApTTOEwS ¢l &piBpov,
1 amoia &1 (A, feR % F(A, R) dpileTon UTTO TOU TUTIOU

g=Af < g(x) =MEX) A xeA

evon Tpogavés pio EEwTepikd mpdkis ¢m ToU F(A, R).
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