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MEPRPOEY MPOTON

ZTOIXEIA ANQTEPAYZ AATEBPAZX

N. BAPOYXAKH — B. ETAIKOY

KEQAANAION |

MEP! ZYNOAQN

1. OPOAOITA - ZYMBOAIZMO!

1.1 ZopPora. KaBe Atkis v Smoiaw petayeipilouede, eival 10 adufolor
uids éwoics. Tds Siapdpous pafnuaTikas évwoias TapioTOuey oY1 novov WE Aéfeig
AAAG kal pE GAAG edpfola T, ME GTAZ ypdupaTa T SAAX YPOPIKE ONpaTd
kol owwduacpous adTdv. TIy.

«f) eBela AB», «b dpibpods S», «AB», wax B =0», «\/ a».

1.2 'ledtne. Alo oUuPora x xai v SUvatal va TapioTouv THY aUThy
Ewolav 1} kal éwolag, al omolon Bewpolvtan dmd plov dpiouévny Moy  Tou-
Tdonpot. Eis Ty mepinTwsiv alThy ypdpopsy X = Y, XPNOIHCTOIONT TO olj-
Bohov = Tiis ivoTytog. ‘H &punois ToU x =y moplotaTon pE x # v (TS olp-
Bohov # dwayryvwokeTon «Sidpopov Tou » ). Tly.

1

5=5 5=2+43, nug = &

ey

3+ 4.

W~

30°
1.3 Eivora - Eroixeia. Eis copiopévas epimrTocels pia évwola SUvaral

v& vofjTol @s givelor Gplopévey kal Biakekpiévaioy  &AAwv fwoldy TV gror-

yelwy Tou. TLY. pia elfela dog olvohov Tév onpeiwv Tns, pia Tatis s ouvolov

TéW pednTéy TNs K.0.K. AN kai v ovodov Suvaral va elven aToryeiov dAhou

ouvdhou. TT.y. pia eVfeia oToIyETOY WSS TIPICRATIKTS émipaveias, pia Talis oTol-

yeiov vos Zxoheiou femoovuévor @5 ouvohov Talewv kA, "AlioonueiwTa oU-

voAa &pifuddy pé T& Omoeia fidn Exopev doxoAndh eivar Ta oUvola :

TQV puoikdy dp1fucv

TG dxepaiwv TS "Ap1funTikig

TV dxepaicov GpIBpdY (oyETIKGY drepaiwy)

TV pnTéY apifudv

TGV TpayuaTikdy dpifuddy

TGV BeTIKGY TTPaYRaTIKGY &p1Budv

TGV P} ApynTIKGY TpayuaTikéy &pifudv

TOY Wryadik@v apibudv. =

3

o

OARRFONZZ
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Thv #opooy  «To X eivon oToiyelov ToU E» ypdgopey xcE (f kai: E3x,
Smére kal daryryviokopey «&k Tou ouvdhou E TO oToryeiov X») XPTOIHOTTOI0UV-
Tes TO oUPPOAOY € TOU dwijxe el aivolor. Thv &pynow auTiis 6& ouuPorilpey
ut x¢E () xai : E3x) kai yevikéds Thy dpvnow Tiis ewolas Try dtrolav TopIOTA
tv oUpPodov B onuEItVLPEY Bia Biaypagfis ToUTou pE piav Y POUMTY.

Mapatipnols. "Avti tol épov oToixeiov ypnolpomoritan isobuvdncs kai & 6pos
anueiov Kai pahioTa oUTos eiven Alaw EmiTuyns els THy TepimTwow Tou ouvorou R Tév Trpa-
yuaTikdy &pidpdy kal tou owvdrou C TV wyadikdy &pifpdv, T& oToikeia TGV Omoiwy,
s f18n yvwpilopey, TapioTavTar Bk TG onueicov wids evbelag fy tvog EmiméBou QVTIOTOIX0S.

1.4 [potaciakdg tomog — Xovbikn. Eis ta Mabnpotika XPTTIHOTIOI0UY-
Ton ouyvd Ekppdoels s af drohoulor
« X elvan QKEPXIOS »
« x elvan ioookehis Tpiycovoy »
«x Blonpel Tov &pBucy 10 »
«xe E»,
ai &mroiocn xai drrobiSouv dpiopévas iB1oTNTAS ElS TO X.
"Exppaotls TEPIEYOUOX EV cupPohov x, G ai dvwTipw, xapaxkTnpilovtat,
s elvan yvwoTov ek TGv nednparwy T Tponyouptvey Taktewy, Bid Tou Gpou
rooTagtaxds Témog meodyov Ev aiufoior X. "Av gl fva TrpoTaciokov TUToV p(x),
TrEPIEXOVTA EV aUuPoiov X, QUTIKOTAOTATWHEY TO CUUPOAOY X pE Ev TUYHEHOLLE
yov aToygiov o §, dog Aéyouey, TG X AP Gos Ty TO @, TOTE, €L Oplopoy, & Tpo-
Taoiaxds TUTTos koBioTaTon TpdTaols Thy omoiaw  oupPolifouer pé p(a). TTL.x.
p(x) O x elven guoikos GpiBpos
p(2) : ‘O 2 eiven puoikds SpiBuds (&Anbns)
: 3

!.( i) D 'O eva QuUoikds &p1Buds (weudbns).

SuvhBes els fva TpoTaoiakdy TUTow p(x) UmoTiBetan 611 TO X AapPavet
€5 TIPGS T& OTOIYEIN EVOS TUYKEKPIMEVOU owvdhou E, fjTol dg Aéyopey, T6 X dea-
Toéyer 70 E. Tote 10 X kaheltan petafinri], & Bt mpoTaoickds TUTOS  owvbijen
eic 1o . OUtws, 7 tliowois

x2—x+42=0,
fy &moia eiven TpoTaTIaKs TUTOS (Biati;) ypd@eTan pe Ty TpoUtdlec 6T
To X elvan &pifpds. Eivan Aovmov 1y tigwois alTn pia oubhkn s &v ouvohov
dpifuéy my. 1 R A 10 C.

"Av p(x) eivar pice guvlrikn els 10 olvoAov E, ToTE B& Aéycouev 6T &y oToL-
yeiov o Toi E adnoot Ty ovvlipopy Tadtyy TOTE KOl pOvoy TOTE, &v 1 TROTAOIS
p(a) elvan &Anbrs. "Av émi TAéov k&Be oTorgeiov ToU E mAnpol Ty cuvBnknY
p(x), ToTe ) owbnkn alTn koAeiTal ravrong £ig o E. Ot :

« ‘O x elval Quoikos &piBpdsy elvea TouToTnS g TO N

@ (x4 1)2=x2 L+ 2x + I» elvar TauTOoTNS gls Tuydv olvolov dapiBuddv

«x2+ 1 = 1» eivar TautdTns eis 1o R.

6
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"Emrions, &v p(x) xad q(x) eivon owBiikat eis 1o olvodov E, 8 Aéycouev
Ot avelipen p(x) ovvemdyerar Ty ol q(x) kei 08 cupBoAidwuey ToUTO
pe p(x) = q(x) TOTE kal pdvov ToTE, & ké&be oToiyeiov ToU E 1O &moiov TAN-
pol iy p(x) mAnpol kel Tiw q(x).

Al ouBiiken p(x) kai (x) xeholvron {oodfrauor TéTe kai pdvov TOTE,
G p(x) = q(x) xai q(x) = p(x). Ty iocBuvapiav Tév cuvbnkéw p(x) kai q(x)
ounBoAifopey e p(x) <=q(x) kol dvayryvdokouey «ff ocuwdfkn p(x) elvea i-
oodlvapos Tpds ThHY q(x)». "Av Bhwuey va SnAdowuey 6Tt 1) lcoSuvapia
p(x) <>q(x) 8Uo ourinidy UploTaTanr €& OpiouoU, TOTE YPNOILOTIOIOULEY TO
oUuBoAcoy sl dnAadn ypogopey p(x) 4= q(x)

p e

L5 "Akyefpu ovvorov. Kata iy énelepyaciov évos pobnuaticol Séparos,
KaTd kavdver, UTELOEpXoVTan GTOKASIOTIKGS TG oTolxeia &vds ouvdiou §2, To
omolov keeitan faoixoy aévodov. TLY. els uév Bidpopa mpoPAfuaTa Tijs Adyé-
Bpas £xouey 1180 Oecoprioel s Pagikoy olvoiov To glvolov R Ty Tpayparikévy
dpibucdv, els Bt T emelepyaoion Gplopvwy YewpeTpIkY TpoPAnuaTwY G5 Po-
olkov ouvohov Q Exouey Bewpnioel TO oUvodov Shwv TV EmImESwY oxTUETwWY.

"Eotwoar A kol B 800 olvoha u¢ oToryeia éx Tol Bacikol ouvdiou Q.
Qs yvwoToy, Afyopey 6TL 16 aivolov A el daoatroior o B kol SUPPOAI-
fouev TouTo pE A < B TéTe kol ndvov TéTe, dv i aunllijy XEA auvendyerar Ty
xeB. Zuvtdpws :

AcB -i::- (xeA = xeB).

‘Emions 0 {odtys BUo owdrww kol 1 Ewola ToU yyaiov dxoavvilov
(oupPohifopévn pé =) OpilovTa, s yvwaToy, s kdTwhl :
A=B <+> AcBxkai BcA

0po

AcB <> A < B kai A £ B.

opo
Mia ouvfnkn p(x) els 16 Paoikov olvorov © 6pilel TO cuvorov S Bheov TG
oToixeiwy Tou , Ta omoix TWANpoUv TaUtnv. TouTto TopIoTEpEY pE { NEQ:
px) ) Aot 5= { xe@: p(x) } Ty & Q= R; 7 cwbhkn x*—1=0 opi-
len 16 olvodoy S={xeR:x*—1=0}={—-1,1) “AAx &ticonueioTa
Utrootvoda Tou R Spifdpevar Omd ouvBnkév elven T& dxdAouBa, yrwotd d
SlaoTrnara tou R :
1. Avorxtor dudotiyua pé dxoa o, Bo(a< B)
(e:Pr= { xER: a<x< B}
2. RNiewrror owdotyua pd deoa o, B (a< B) :
(o, B]l={xeR: s x B}
A ilvoverdy dowrepd, xlewror dekia dudotnua pé dxoa o, P (a< B)
(o, B)={xeRia< % < P}
4. Kewotdy dotoreod, avotxrdy defid dudotiua pd droa o, P (a< B):

[, P) = {xeR: a < x < B}
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5. adoartor dooteod, dvorxtdy dekid ddathpa pd dxoor B
= o b e 1
(—c0,B)={xeR:x =B ]

6. *Axéoqrrov doiatepd, xheworiv defid dudoTapia e dxoor B
(—oo,pl={xeR:x < p)

“Anépavror debid, avowxroy dooTeod ddotypa pé dxoor o
(o, +0)={xeR: a¢ < x }

Sy £ C ; oy
8. TAadoavror 0elid, xletoTor dviaTeon ot (f drooy o

[o, + )= {xeR: a < x }

~3

"Emrions mapaTtnpouper 6T kad kdfe UmooUvohov S tves BacikoU ouvdiou
Suvatan va wopaoTali], s dvwTépw, Sid mds ouvBrkns, Ths ouvBrkns xeS.
OvUtes #xopev S = { xeQ: xe8 }.
To ouvorov 6Awv TéY UmoouvdAwy Evds PBaclkou cuvdiou §2 ouppohilo-
pev p¢ 2(). Eis Tolto opifovra, b5 yvwotoy, af wpdtes U, N, — Ywd T
TUTTWV
AuB = {xeQ?: xeA f| xeB)
ANnB = {xeQ : xcA xai xeB }
A—B = {xe?: xeA kai x¢B}.
Mier émoTrTikd) Epunueicr TG mpddecov ToUTwY SibeTen eis T k&TWA OYNi-
paTo :

A A

B
> N B A B
4
Xyv. I  AUB Ty 200 AmB D33 A=B8
Té kevov ovvorov @ elva, g yvwoTtoy, 1) Siagopd A — A, émrou A Tuydy
Utrogtvorov Tou Q. Emions 16 cupmAnpwpa A &vos guvdhou A, Umoouvdhou
ToU BaoikoU ouvorou Q, opiletar, s yvwoTdy, s | diapopd Q — A, fjTol
Af=0—-A={xeQ: x¢A }.

MetakU Tév mpdtecoy U, N, — UploTavtan ol k&twb TUTol (TauTSTNTES
els T 2(Q)), yvwoTol gl Nuds & TV uadnudTwy TGV Tponyouuivwy Talewy

AUB =BuUA ANnB =BnA
Au (Bul) =(AuB)ul An (BN = (AnB)nl
Augi=A AnQ = A
Au(ANB) = A An(AuB)=A
(A-B)uB=AuB (A—-B)nB=¢

An(BuT) = (AnB)u(Anm).
1.6 Zebyog - Kapreowavov ywvépevov, “Ev UTO]XETOV o B186pevoy G modTow
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Kai Bv oTaryeiov B 818duevov g de ‘Teooy oxnuaTifou Ev véor oTolyeiov, Td dmoiov
YeageTan (o, B) Kal kedeltan ryos (Biatetarypévov). Ta ororxeia o kai P Tou
{edyous kahoUvral Ty Kol devtioa, SvTioTolyws, cuTeTayuivy (f) o00-
) Tou [eUyous.

‘Ex ToU dveoTépw piopou Tol {eUyous ouvdyetar 6T SUo [elyn civau
ioa, Stav &y1 pdvoy oxnHarilovtar dmd T& iSia oToryeia, AN T oTOIXET
oUTd BiSovtan kal i THY adtie BiaBoy iy, Bniadn

(o, B) =(y,8) = o= Y kai B =&.

Kab® Suotov Tpdmrov opifetan pia (BiareTorypévn) Tpids (o, o, o) 1 pic

vas (o, o, .. .,0).

Mopudsiypata :

1. "Ev kA&oua pE &pBuntiy o kal TapovopacThy B BivaTar vd TapaoTabi s {euyos

(o, B).
2. Eis wryobikds &pifpss a 4 Bi Sivaren vk TapacTabfi s {eUyos (a, B).

3. Els dyow petadl 8o ouddov a rai B &lvartar va TapaaTadf s {elyos (a, B) §
(B, @) dvaldyws Tou tav Siefdyerar el Ty Epav Tis o f Tis p dvmioTolyws.

"EoTtwoay Tdpa Blo olvora A kei B. To ouvodov TG Leuydw (a, P) pé
aEA kai BEB ypdoetan Ax B kai kadeital RAOTEGIavor yovduevor toi A fai o
B. "Hror :

AXB = {(x,y): xeA kai yeB b

‘Ouoiws OpileTar 16 ywopevoy Aj X Ay ... X A, s TO alvoroy TV vide
Boov (e, 0y, - - -,00) e 0EAL Bidx kB KE P12, v} (), ds Aéyousy, kai dhheos:
Bid kd@e k= 1,2 .. .,v). EiSikdrrepor 15 AxA oupPorileTon pe A%, 1o A AXA
uE A% Kok

To otvorov A Tév Leuyddv (a, o) ut acA kodeital dtayemos Tou AR Tlpo-
Pavids A < A2

Mupoudeiypara :

LA={e, By} B=1{12}
Ax B={(a1) (2, (B 1 B 2 (vi1) (y,2)}
BxA={(o, (LB (Ly) 2,0, 2B 2,7)} # Ax B

2. "Av A glvan TO alvorov TV ToBogpaipikidr  Spddwy, af dToim Aappdvour  ué-
pos eis £v TpwTdBAnua, TéTE TO cUvoAov TEW dycvey Tou TpwTabAfuaTos elvar A? — A, ¢’
boov 16 mpwrabAnua Biebdyerar el o yUpous (8iaTi;).

Heputipnos. Mia Ekppacis meptiyousa BUo oUpPora X kal ¥ Slvatar vd e
endil dos mepiéouoa & cUuPoar, To [elyos (X, y). Ty. ol txepdoers:

. ; X oy
« To kAdopa y Elvan dvdywyov »

«'0 x Bipel TOV ¥ »
et 2yt =2y
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Kahouvtal aontasiuxel TiTor aemdgorres 0o olfufioka X xai y kol BlUvavtor ve Bewpnfouv
65 TTpoTogioKol TUTol TepifyovTes Ev ouuPolov, TO [euyos (x,v ). Kot dvadoyiav épilovran
kal mpoTaciakol TUTol TEpiEyovTES Tpia oupPola 1) kel mepioadTEpa (TTETEpAOPEVD) TOIOUTA.

2. ANTIZTOIXIAI — EYNAPTHEEIX

2.1 "Avuotoiyia. AVo oToixeia Tou aUTou 1| B10QOpETIKGY GUVOAwWY SU-
vaTal va cuvdécvTar Aoyikds, va ouoyeTilwetal TLy. dtav Aéywpey «1o Tpi-
yovov ABI Exet guPadov 100m% cuoyetiGouev & tolyoror ue v aolludr, T
Staw Aéywuey «b &piBuos 25 elvan TeTpdywvov ToU  5» cuoyeTifouev &Uo doi-
fuots x.o.x. Kotwtépw Eetalopsy ToixUTas cuoyeTioels aToiyeicv SUo ouvo-
Aoy, T& Omoia Biv elvan dvaykadws B1o@opeTIKA.

"Ectwoay A kai B 8Uo un kevd olvoha kai els ouykekpipévos Tpomos (%
els kavow ) pla diabikaoia) pé Tov omroiov elvan BuvaTor TouAdyloTov Ev XEA
v ouoyeTiletan pé Ev 1) TepioodTepa yeB. O& Mywyusr TtoTe 611 doplofn pia
dvriatoty’a Ty dmezavgic o €k Tou A els 1o B, O anueicveousy B¢

o:A->B 8id & olvoha
x-%. y &x T& ouoyeTi{dueva oTolyeia.

Mia émrotrTict éppnueia Tfis dmekovicews BideTon els TO kaTwl oxfjua :

To alvorov A kaheiTon aiwolov agetyolfag ThHs 0. To olvolov B kodeitol

aivolor dagitemg Tig o0, 1) 8¢ Ekppacis x .y (f) omola elvan 1) oupPoliki) popen
ToU TpoTou, Pdosl Tou dmoiou kaBopilovton Ta dvtioToiya oTorxela) KoAelTal
Timos Tijc 0. ‘H Ekppacis x % y dvayryvioketan «T6 X dvtioTolyileTon () &-
mreikovileTan) Si&x Tiis o i TO y» f) «TO y efven dvtioTorgov (1) eikcw) ToU X St
ThS o».

‘Oha T oToyeia xeA, T& omoia éxouv (TouldyloTov &) dutioTolyov
yEB, dmoTeholUv &v olvorov Z(o) TO dmoiov koAeiTon mediow dotapot (domain)
Tfis dvTioTowyics o. Elven Acimév :

Do) ={xcA: IyeB pt x Sy} c AW
(1) «T..» onpaiver «himapye. (tourdyioTov Ev)..».
10
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‘Oha & oTogela yeB, T& émoia elven dvrioTolya Evds (TourdyioTov)
XeA, amoteholv & olvolov #(c) TO Smoiov kodeiTan Tedloy Tipan (range)
Tfis dvmioToiyias o. Efven Aortév,
#(o) = {yeB: IxcA ut x . y}c B.
'EE Spiouol s dvmioToryias ioyver Y(0) #@ ol #(0) £ (Sreeri;).
"Oha & Lebyn (x,y) &1& T& dmoia loyve x °. Y dmoTeholv & clvohov
Se, Umroglvolor TolU (o) X #(a) dpa kal TOU A X B, T6 dmoiov kaheiton
vodpqua (graph) s dvmioToixios o. Elven Aoimédy :
Sa={(x,V)EA X B: x Sy} 20
“Qoe k&fe dvmioToi i 0 1 A~ B #yer & YPépnua S, = A x B, &
Kol drTIoTpSpuws Ké&Be U kevdv otvorov S, UrooUvohoy Tol A % B opiler plow
dvTioToryiow o, ud TUTOV :
a.
x 3y < (x,y)es
Kai ) omole £yt ypdenua 16 S, fiTot Sa,=S (Biati;).

IMapadeiypaza :

L. A=B=R, Xx->y <> x2+2yi=1

X} 2 =] > l—ad =2yt > 0= %t 1 = (o) € [—1L,1] "AMA ket [—1,1]
S G(o), Bim &v xe[— 1,1], Tore Umépxar ¥, mx. y = Vl —2" b i ¥ el
"Apa (o) =[~1,1]

X2+2yt=1=1-2yt=x* >0 = y*g ; = #(o)c [_{7% : \_/12_ J Ak

1 1 - AL - [L_ L. o g
A& kal [_VT'W] € #(o), Biom v ye TR T J, TOTE Umdpyer X,

A 4 1 1
TX- X =V T—2y%, ptx —>y (Bati;). “Apa #(o) =[—;/’;..ra vz ]

2. A=B=R, x—a>y <> (x*+ Dy*—x*=0.

"Ev mpddTois wmapatnpolpey 11 Bid kéBe xeR UTGpyel y, X, ¥ = \7—)2%1— 5 ME
X —=y (Bieti;). “Apx Gi(o) =R.

K+ Dy —xt=0=yt= x=_x:-_1 < 1= () < (—1, 1)."AM& kal 11 &),
Siomt & ye(—1,1), Tove Utdpyel X, X X = \71%—};_2— , BE X LY Yy (Batl;). “Apa

#(0) = (- 1,1).

3.A=B=R, x >y < (y+1)x—y? =0
loytow (o) = (—1,1) xed H#(a) =R (Brati;).
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4. A =B =R, ,\—ﬂ-->.\
loyouv “(0) = R xai

Eweidny (o)< A kal ¢

ppdocis «dvTioToryia Tl A..

611 9(0) = A kal «dvmioToryla. ..

o S < [

#(o) = R (Bioei;).
#(c) < B petoyepilopeba eiddrtepoy Tds k-
> (QuTi 8 ToP), Tow Behwpey v BnAdccwpey

&nl Tov By, érav Bérmucy va Bnicowpey

6T #(0) = B. Ofrws f) dvmioTorkia

Tou TapedeiyuaTos 2
Tou TrapoBetypoTos 3
ToU TapadelyuaTos 4

Neopetpiny (7] vpagiki)

Smou Tdoov TO alvohov &eTnpias wids dvmioToiyias o ¢

elvan tof R eic 0 R

elvan éx o0 R éni 100 R

elvanr roo R éni rof R.

raphoteorg avuotoygias. Eis iy mepimraow,
A — B, &oov xai TO

oUvohov &pliecos aUTiis elven UmooUveha ToU owvdhou R Tdv mporypatikédy
dpiBuddv, TO ypdgnua S, aUTHs dmoTedeital GO (elyn TRy UATIKGY &piBudov
(x,v), T& &moly, 5 yvwoTdy, mapioTavTal Bi& onueicov P ToU Emimédou dag
tupadvetan eis 1o Zx. 5. OUtw T ypdonua S, mapioTatar &' fvds onueiooy-
véAou Tou émiméSou (BA. Zx. 6), TO dmoiov koAeiTan yewmeteixn) () yoaquxd)
napdoracs Ths dvTioTorylos © N dxdun kol dudyoaupa THS O.

Wi
AXB
(= |
B |Re S O
| ! |
& BN 4
‘ N i |
TN ’ '7 5 io-—-- Do) -_.-“
T 0 e L T g
Zy, 4§ Zy. b
¥ ;* Y
[ AB i A*B
| byl T
8 “‘j’? BRe| | | ,
[t fhil :
1 : | — D —
D[ e 0] A = 0 —AD@ — T
P b 2y, 8 Zy. 9

dvtiarozia Toi A el 6 B dvriorougin &% toi A émi Tod B' dvtiotogia toi A éxi toi B
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"Avtietpogog dvnistoryia. "Eotw 1) dvTioTotyia o 1 A —» B Tfjs &moias TO
Ypdenua eivan
So={(x,y)eAxB: x5y} #4.

AV tvedharyfis Tis SiaBoyfis Tév aTorxeiwy ToU [edyous (X, ) TpokUTTEL
To drdAouBov Umoouvohov ToU KapTesiovoU ylvopévou B x A

S* = {(y, x)eB x A‘ (x,v)eSs },
TO omoiov Tpopavdds elvan Emwions uf kevdv cuvohov.

s eldopey dvwTépw TO cUvohor S* opilel pior dvTioTorkiow &k ToD
B eis 16 A p¢ TUTTOV :

4 *
Yy —>x = (y,x)e8*

Emaidn 8¢ (y,x)ES * < (x, ¥)ES, <= x %y, 8& {oxin xka

"Av Aorrov v onpeiov x dvtioToiyileton 8ix Tis o el TO v, TOTE TO TEAUTCTOV
ToUTo B Tfis 0 dvTigTorileTan wEAW €5 TO x. ‘H dvmioToiyia o kahelTau
@vtioToogos dvtioTotyln TS o kol cupPolileTen pE ot "Qoe

0’"1

o
L ==y s v X,

"Apa 1) dvtioToiyio o ! Exer medlov SpiopoU TO mediov TGV THs o kol MeBiov
TGy 1o Tedlov dpiouou Tfis o, Enhadn ioyuouv

%(o7Y) = #(0) xai #(o~) = (o).

[Mapatpnols. Suvhfows, Stav TEoKerTal va HeAeTn®i)  HepOVE Vs A o -1, tveh-
Adocopey T& X kal y petaly Twv, Bnhabn Bewpoluey XeB xai yeA, doTe TO X va oupPoriln
a -1
= : : A n a
TauToTe TUXOV oTolxElov ToU guvéhou deetnpias. "Hrtol x — y (kai iooBuvdpws y—= x).

Hapadeiypata :

1. *H dvrioTpogos dvTioToryia Tiis dvTiaToryias Tou mapadeiypatos 1 Bibetan Umd
TOU TUTTOU
g -1
X —>y <= y4+22=1
2. ‘H dvrioTpogos dvmiororyia Tiis dvTioToixlas Tou mapedelypatos 2 elvan fy dvri-
oToixia ToU TapadeiypaTos 3.

3. ‘H dvtioTpogos &urioToixia Tis dvTioToiyias ToU Tapabeiyuatos 4 elven 4 i8ia.

"Eme1dn), ¢ opropou Tfis dvtioTpoégou dwTioToiyias, elvor Trpogavns 1
icoBuvapica =
(x, Y)€S; <= (¥, X)ES ;1

13
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ke Emeldt], OTow MPOKEITOL TIEPT YPUPTIHATWY gis T R2, T& onueia P = (x,y)
ked P ¥ = (y, x) eivan ouppeTpiké cos Pds T
mpcotny Bixotdpoy d Tis ywvias TGU &Edveov
(BA. Zx. 10), T& Biaryplupara TV GUTIOTON-
Y16 ¢ kol o1 6 elven Emrions GuppeTod @S
Tpds THY d.

‘Qs eiboper dvatépw, Bia kabe duti-
oToixia o loyuel

a g -1
X—y <y — X
kol Eopéveos Sia Trv &uTioTpogov AWTIoTOL- 7P v 3 4
xiav o~ Tis o Oa loyxin
o1 (a1t . 10.
Yy—>X <= X—>>Y,

&mou (o1 ! elvon 1) dvtioTpogos THs ol "Apa loxUer kai

o (e’

>y <= X =V
&nAadh 1) dvTioTpogos Tis dvTioTpogou wmds dvtioTorxloas o elven 1y iBia N o.
ZUvTOUWS YPAPOHEY

(g2 V =g,
‘H {816tns altn fpunvedeTon yewpeTpikéds Ti Ponfeia Ths ounpeTpiag ds Tpos
Thy BiyoTopov d (BA. Zx. 10) Tév SiaypauudTey TV dvTioToni&y o kal ¢!
(Bari;).

2.2 Tovapiyorg. ‘H éwoix Tfis ouvapTioews elval dmo Tdg BepeMcoders
poBnuoTikds éwolag. The Spilopev cos eidikny dvtioToiyiow.

Mia dvmioToryia [ Tou A €ls TO B kaelTan qUrdpTyoc TOTE Kol Povov TOTE,
&v kdBe xeA Exn B kod povadixdy dvtioTorxov yeB. @& Adywpev ToTe 6T ) f
elvar quvdptyoig pé medlov Gowopod 1o A xal Tiuag eic 1o B A 4 [ elvae povoo-
partog dvriatouyia (i povosijpartos dnexdvioig) ot A eis 16 B ked Ba ypdgupey

[: A —B # Asx-»yeB.
To vy, dvrioTotyov (eikcov) ToU x Bicx Tijs f, MyeTon kel Tyw) Tijs I els 10
X, oupPorileton 8¢ kad pé f(x). Mpagoper TdTe :
y = I(x).
"Apa 1y Ekppaois y = [(x) elvar &AAT popen ToU X . y, ®nAadfn ¢ timos

rijc . To xeA Myeton avebdoryrog- perafilyy Tis I, 10 8¢ yeB ébnomnuévy
petafiingry Tig [ 3

*Av B=R, Téte §) | Myeton apayupariny cvvdoryog. “Av B i Ao
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foxun ke A< R, TéTe almn Adyeran FOUPPATIRG GOVAOT IS IS oy -
T petafiiyric (B1a TO Sidypauna wids TolauTns ouvapThosws PA. Zy. 11).
TT.x. B1& 10U Témou Rax —» x? &pileten pic wpayuamiky auvdpTnals wids Tpa-

yHaTikis peTaPAnTHs. ‘Opoiws kai S1& ToU TUTOU X A v 1 —x? opileTon pia
TPAYPATIKY oUUSPTNOIS pIds TTpayuoTIKTS ueTaPAnTis pé mebiov oplopou To
Sidotnua [ — 1,1 ] "Avmifites moparnpoluer 811 8k Téw QuTigTOIYIGV TGV
TapaderypdTov Tis mponyouutvns § 2.1 oUdeuia elven ouvaptnols (BiaTi;).
To olvorov T@v mwdv Tfis | : A - B, 8nhad?h 16 mediov Tiudv {0

auTiis ouuPorileTan kai pé [(A), fiTo :

I(A)y={veB: 3 xeA pt y=I(x) ).
FevikeoTepoy, v X = A, ToTe pt [(X) oupuPoAilopey TS gUvoAoy TEW TINGWY THS |
el T& Bidgopa oToiyeia Tou X (PA. kad Zy. 12), Aol

(X)) = {yeB : I xeX pt y=f(x) }.

] I, I3 x
f .
Zr. Il x-—»¥y 2 12
"Avtiatpogog suvapriors. “Eotw pia ouvdptnois [ A > B, AgoU ) |

elvon dvtioToyior ToU A eis TO B, Umdpyat 1) dwrioTpogos dvrigToryia
[=': B — A kal pdhigTa, @5 yvwoTdy, ioxlouw :
(-1 = Z(f) woi Z(f-) = 2(f) = A.
"Av ) dvriotorgia [ : B — A eivon émions ouvdpTtnots, TOTE altn xedeiTan
drtioroogog gurdotyms tijg [, doTe 8& pémer v& {oylouy :

1) (1) =B, d&pa #(I) =B, 70 émoiov onuaiver &1 1y [ Tpémer vd
elvan dvTioTowyic £l Tod B,6nAadt) kdbe yeB va efvon dwrioToyov Sia Tiig |
gvos xEA.

2) Kéfe yeB va Eyxn Sk This [! B kal povadizor dvtloToiyov xeA, dpa
gkeivo dkpIPéis ToU dmoiou dvtioTotyov &1 Tis [ elven 1O y.

“Qore, &v 1) dvmioToryia ! elvan auvdptnots, TéTe k&Be veB elvan dvri-
oToryov Bi& Ths | Evds kai povadizot xeA, Ty Omep 6 aitd (Sroeri;), [(A) = B kai
i "EEA} = 1(x) # 1(xy).

X # Xy ‘
Mia owvéptnots | mAnpouca Thy ouvlnkny TalTny keheltal dugiuoro-

15
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(r_b:n]u,u"ru: rjm'fiy‘r_b,.n‘r; (,} ni,‘r.l'.l;{r;'j'rm_:) TOD A f‘:‘!." TOD B TéTE, BE&G{@S, Kl‘ﬂ f’] i‘ 1

elvon  &ugipovoonpavtos owwapTnols Tou B émi Tou A (Siai ;) 'loylel puoika
N lgobuvauia Tév Timwy (PA. Zy. 13) :

vi=lx) == w=— Yy

"AeBeiyBn Aormov dvwTépw TO drdroubov Bedpnua

2.2.1 GEQPHMA. /] oevdotyoic i A S e avtloToog oy covdoTy-
s ; y = ; ;

oo, dnladyy 1) dvreotoryio [0 B —» A slvwe falone aovdetymis, Tate xal pudvor

ToTE, v aity (dndady i 1) eivar dugugovomjuartos arvdotyos tod A fxi ton Bl

|

t
] i
Ly M Xy 15

GUUPLIOYOGHaVTOS GRVATIEIS ATETEOROS CURdOTYGIS

Zovlgoig suvaptiiseov. "Eotwoav 8Uo ouvaptnoss ;: A —~Bkail,: B (—T.
Mi& SiaSoykiis &meikovicews &g’ fvds pév évds oToiyetou XeA Bid Tfis [y, &g’

16
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éTépou &¢ Tijs eikdvos Tou [(x)eB Bid Tfis [, dvmioToyileTan el TO xEA Ev oTOI-
yeiov v = L(I,(x))el (PA. Zx. 16). ‘H dvnioTtoigic h: A-—>T pé x 2 555
elvan pio owvaptnots (Biari;), 1 omoia kedeiton oibvfleotg Tdmv owvapTyjoewy |
xai I, kol oupPorileran pé fyofy, fitor h=f,°l,. "O Timos Tfis h elvan Aormdy
v = h(x) = L(L(X)).

‘H wpdbis THs ouvbioews oUVOPTHOEWY ElVol moogeTamtoTix], SNAE
oy el

fyollyoly) =Mooty el

G5 ouvdyeTon €K Tou K&Twi OXTHATOS.

S
folH0f,)

frs R ey iy Y
N e e > )
; \/ 4 A

-

(fofolof,

[Mopadeiypoata :

1. [,(x) = 2x + 3, x€R kal fi(x) = npx, xeR. 'H olvbeois f,of, aUTdv éxer TUTOV

fyof,
X ——y Nu(2x 4 3).

2. fi(x) = x* + 1, xeR kad LX) =4/ X, xeRy*. ‘H olvbeos [,of, abrdv éxa TU-
fyef,
TV K ——- Y R 1,

3 0) = x|, xeR kal fi(x) =4/ x, xeR,*. ‘H olvdeors f,of, aitén Exer TUToOY
fiof]

X——=>¥[x[.

3. ALKHEEIZX

3.1 Acifare &1 oelg 10 P(Q) loylouv :
1) A= B <= AUB=B 2) A= B <= AnB=A.

3.2 Aeifare 611 gls 7O P(Q) loyiow :
DO =@ @ =0 3H@A)X=A 4 AUVA =0 5) AnAc =g

3.3 Acifare &mi els 16 2(Q) loxbouv (TUTor ToU de Morgan) :
(AwB)* = ANB® kal (ANB)S = A®UBS

17
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: R—R,

3.4 Egpete 10 mebiov dpropou kai TO Tebiov TiW&V TEV QVTIOTOIXIV O :
al éwoion dpilovran Yo TV :
D y=x 7y —t iy—atatl Ay Sx 2yl
5 xt4yi=1 6) x<y TDx+y*sl xt<y<xitl

3.5 Tolan elvar al dvtiozpogor GuTioToryian TGOV QUTICTOIK IOV THS TPOTYOoVHENnS

doxnjosws 3.4 ;

3.6 Tloian ¢k Tév dymigTor1dv Tijs doxfoews 3.4 eivan ouvapTnoes kol Toian Sév elvan;

3.7 A& Tas cuvapThoss 8K TV QUTIOTOTXIGY Tfis doknosws 3.4 ol Exouv dvTi-

oTPOPOUS CUVRPTHOEIS

18

Wnepromotr|Onke amé To lvotirouto EknmaiSeutikng MoAmkrig



KEDAAAION 11

AATEBPIKAI ENNOIAI KAI AOMAI

1. AIMEAEIZ IXEXEIL EIZ LYNOAON

1.1 "H Evvowo tijg oyfocms. Els & Mabnuorika Tapovaidouw 8iaiTepov
t8iapépov dvmioToryian, Tév dmolwy T& olvoda doetnpias kol dpitecos ovpmi-
mrouv. Toladitan dvTioToixion XapaxTnpiloven ds oydoe. "AkpiPéoTepoy, pia
dvioTorgia o : E — E kodeTren depedie oxfag eic o E ) xad &AGS oyfo eig
70 E. TLY. ai dvmioroigion Tév mapaderypdraov Tiis § 2.1 Tou Keg. | elven oyéoes
gls 70 oUvodov R TG&v TPAYBATIKGDY &p1Bpddv.

Els Ty mepimreow wmas oxéoews o : E —E & TUmos autis ypdoeTan ou-
viifs pE xoy duri x S y, fiton

XOY S-X Sy
Kal duoryryviiokoper ToUTov «x eUplokeTan els Thy oxéow o pé TO y».

Mepadeiypara :

E: togdy i) wevér abvodov

L xoyy <= X kal y oupPohiloww T0 alTd oToixelov ToU E (Suvtépws: x — y)
E=N

2. Xouy <=> & X Braupel TOV y (Zuvtdpws @ xy).

3. xouy <= o Khdopa 2 elvan avéywyov
y

4. xo,y <= ) Sagopd X —y elvan moAAaTAdoiov ToU 5 (ZwTdpes : x =y mod 5)

E=R

5. Xo;y <= 6 x elvor peyadUTepos ToU y (Tuvtépes: x > y)
6. X0,y <= & x elvan wikpdTepos ) Toos ToU y (Bwtopws 1 x < y)

E: 7d atvodor tav dlpdmwr

7. xo.y <= & x elver TaThp TOU ¥

8. xouy <> x kal y gortolv efs Ty abTiy T&EW
P
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E: 70 gitvoloy Tow enledn Tob émemedan

9. xo,y <= f) x eivan k&beTos Trpos THY Y ((ZUvTON®S: X Ly)
10. X0,y <= X xal ¥ Exouv THY authy Swevduvow (ZuvTopws: X y)

E=#(R)

11, xo,y <> TO X elven Umogivohoy ToU y (ZuvTépws: X< ¥)

Mapornpolpey &1 81 Gpiopévas ey dvwTipw oyioewy Exouy kabiepwbf eiBikd
guppoha. OUTeg :

Gl ¢ Gy, Gz T Og T T I
ypdpopey &vTioTolXws = b >y < e E-
Al oytors =, > kal <, g oyéoets els TO R, Exow SraypaunaTea, T& otoia BidovTal
gls T& kaTWH oyNpoTa :
| v
b Yl b |
| & ORI 4
& RS Y
Al l SRR NhEY
S = & R I N
P 3
4 PREEN N
A ———r — '%&ﬁ...;?».. v'»-';‘---.rr— -
‘_/ A ’ AR ‘
|
| , |
Xy 18 Zy. 19 Zy. 20

1.2 Baowai kernyopion oyécemv. “Evexa TS oTrouBadTNTOS  MEPIKGV
Bl T, al omoion dgopouv ey oxtoes, BiaKplvopey TS KaTwTEpw Poaoikas
kaTryopias oxtoewy

*Avaxhaotikel oxfoeis. Mia oyéows o Els 16 olvohov E kodeltan ava-
whacti) (i adromalis) TOTE kol pdvov ToOTE, &V ‘

(A) XoK v XeEW

ToUto onpaiver &1 16 [eUyos (X, x) elvon gTOIXETOV TOU YpOPrPOTOS So
ol pdhioTo Bi& kéBe x€E, BnAadh fi Braycovios A Tou E? elvon Umroouvohov
ToU Sy. AME kal TO dvtioTpogov glvan &Andés, kal’ Soov

Ac S, = (x,x)S. ¥ xeE = xox V xeE.
“Qoe
o ehvar daxlaotiny <> DS Sg

Al oxtoels 0y, O, Oy Og Og O1p K& Oy TéV TapaderypdTwy TS TPOT-

youuérns § 1.1 efvan dvarhooTikai.

(1) «&-..» onpaiver «dd »dbe..»

20
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TYopperpikai oyiosrg. Mia oyéos o sg T olvodov E xedeiton ouppe-
Totxy TOTE Kal povey TOTE, &v

) Xgy = YOX.

Touto ocuverrdryetan Thy icobuvaplay xoy <= yox (Biori;) ko Emeidi)
Xoy <> yoolx, 8& ioyin yvox <> yoolx, fito g =07 ‘AMG ka AvTIoTPS-
Qus, 0 =0-! ourTayetan 8T Xoy <= xo~ly <= yox. “QoTe ioy et

o ehrat ovpueToRy <5 =0\

"Ex T6w oxéoewy TV TapadeiyudTwy  THS TPOmYyoUHENns & 11, -ob.ay
Oy, Oy Oy Oy Kol 0y, elvon ouppeTpikadl.

‘Avniouppetpikai ayfeeig. Mia oxéois o el To oUvohov E xaheiTan
dyTiovupeToy TOTE Kol pdvov TOTe, Qv

(A—2) Xoy xal yox = X =1

OUres, ik TG oyboswy TV Tapadeypdtwy Tfs rpanyouutvng § 1.1, ai
OXEOEIS Oy, Os, O, Kai Oy €Vat GUTICUPRMETPIKAL.

Metapatikei oyfoeig. M oxéors o els 10 olvohov E xedheiTan petafa-
Tier) TOTE kel povov TOTE, &

(M) Xoy wal Yoz . = oL

OUres, & Tév oytoswy TEY TapaberyudTov Ths Tponyouptvns § 1.1,
o 0, 0, Oy O O Oy Oy Kal oy €von petePaTixad.

2. ISOAYNAMIAI - KAAEEIE IZOAYNAMIAL

2.1 ’leodvvapio. Mia oytols gls 76 olvodov E, ©) émoia elven :
(A) dvaxhooTikn, () ouppetpikn kai (M) peTaPoriki

xaheitan imodvvapiu (R ayéog isodvvapias) eis o E.
Mia icobuvapic aupPoliletal ouvhficos Wt ~ T = 1N Kal =.

INMapedeiypara
1. “‘H iodtns eiven pia {oobuvapia.

2. 'H dporéTng eis v ovvohov Tpiywvwy eiven pia ioobuvapia, 51011 :

(A) Taw Tpiycwvoy elvar Suoiov mpos tauTo.

() "Av Tpiywvov ABI eivon Supolov pos To A'B'T, 1éTe kad TO A'B'T eivon Spotov
Tpos 10 ABT.

(M) "Av tpiycvovy ABI elvan éporov mpos 16 AB'T ki TouTo eivon Spolov Tpds TO
A'B T, Té1e kal 16 ABI eiven époiov mpds 16 AMBIT™

3. *H mopoAinAia pé edpelav onuaciav (||), kaBds kai ai oxéoes o, o, Tis § 1.1 eivar
igoBuvapia.
4. "Eate 16 gtvohov E = N 0 N. *Opifouev eis 10 N x N iy oxéow o. $1& Tou timoy
(n, V)o@, v) <= p+v =+
TLX- (3,5)0(7.9), Biom 3+9=7+5, tvp (6,3)¢(5, 4), Brém 6 +4 # 5+ 3.

21
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‘H oytors altn iven pla igobuvauic, xaf® éoov loxvouv :

(A) Olovenmote (evyes (uv) ebploketen gls THY oyéow o wpods EauTd, fiTol (e)a(u,v),
St p+v=u+v

(Z) "Av 7o (u, V) evpiokeTen els THY aytow o pi 16 (W, v'), TéTE Kal TO (W, v) eopi-
oxeTan €ls T oxéow o pt 1O (1, v). Tpdyuaty

(y)o(p' v) <= p+v = WHvesytv=pt+v <= W, v)o(u, v).

(M) "Av 16 (V) elploxeTen gls Ty oyow o pE 1O (W, v') xkal ToUTo pé 7O (W, V'),
T6Te kel TO (W,v) eVpiokeTan els TNV oytow o ui Tov (1, v'"). TlpaypaT
) o, v’ pv=u+v
Eu'.)\"}g(u".)\!") } el { W i
P = 4 v <= (0, Vo (U, 7). "QoTe

(CRLICAD)
G v)o(u v

} () 4 W HV) =) + W) =

] (MO, V).

2.2 Khaosig icoduvapiog — Lovohov mnhikov. "EoTw ~ pia iooduvapia
els 1o oUvohov E. KéBe oroiyeiov ack eivon icoblvapov Tpos EauTo (o ~ «) Kad
tuBeyoptvoas pds &ARa oToigela Tou E. Té oUvohov TGV oToielwv Tou E, T&
&mroia eivon ioofUvapa Tpos TO & koheiTal  xAdotg  oodvraplas Tod . AU-
TN oupPorileTar ouvnBes e [a] A A f kA (Tpds ATTOPUYTIV CUYXUOEWS
&mouTeiTal, tvicTe, OTWS YPAPUMEY, dutioToiyws, kad [a] A A f ¥A_ (),
fva BrAccwusy THY Icobuvapiay ~, oS Ttpds Thy Omolav BecopeiTan N kKAKTIS
iooBuvapios Tou o).

TapaTnpouuey OTL

1. Ai widoeg loodvvapias elvar pr xeva otvola.
MpérypaTt €k TOU Spiopol T KAQOEWS gvds oToiyelou «, TrpokUTTTEL OT1
oTn TIEPIEXEL TOUAGKIOTOV TO .

2. Al #idoeic dbo ioedovduwy aTotyeloy Tavriovrat.

Mpdyuott &v & ~ P, ToTE XEA <> X ~ & 6mou A elven 1) KAdois ioo-
Buvapies Tou . ‘Emopéveas, Aoyw TS peTaPoTikéTnTos THS ~, (X ~ a xai
o ~B) = x ~p <> xcB, émou B elvon 1) KAdols looduvapias Tou B. "QoTe
A< B. ‘Ouoicws &modeivieton xed B= A (Sari;). "Apax A =B.

3. Ai xidoeg dbo i loodvvduwy aTovgelwy 00ty xowdv otoryeiov Eyovy,
ffrot, @g Aéyouey avrar elvar Edvar.

Mpéypar &v o + P, T6Te of KAGoes ioobuvapias A,B adtdv elven Ebva,
51611 &MAws B& Urriipye XEANB, omoTe PePaiws XEA <> o ~ X kal x€B <
X ~ B. 'AMG Aoyw Tis HetePamikoTnTos THS ~, (a ~xxkai x ~P) =
o ~ P, &mep &rotrov.

Supmepaivopey Aowov 6T1 ai KAGOEIS icoduvapics elvan pry keva UTroou-
voha ToU E, Eéver peTafy Toov dvd Buo kal i mhfov kéde oToixeiov Tou E elven
kaTaTeTaypévov els piow kAdow. "Apa f) looBuvauia opiler piav drapéoray Tou E.
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To oWvohov T&V kAdoswy ioobuvaplas xkohelton oivoior anlixoy 1o E dia
Tii¢ ~ ko oupPorileTanr pt E [ ~.

Iapaderypa. "Eorwoav E 16 olvohov, Tév pabnTdy évds lumeoiou xal 1) loo-
) n n
Suvapia ~ s 10 E, 1) oprloptvn Umd TOU TUTTOU
X ~y <= Ol pafnrai x kad y @orrouy els iy alrny Tdbw.

‘H kAdois igobuvapias Tou pafnTol o elvar 16 oUvolov, T dmoiov Exsl oToXEix TOV & Kal
ToUs ouppadnTds Tou, SnAadn eiven N Tabis podnTdv els THy dmolav gortd. To E SiapepileTon
Aortrov els Tales padnTdv, SnAadh TO cuvohov TrnAikov E/~ elvon ¢88 16 olvolov TV TG-
teeov Tou MNupvaciou.

3. AIATAEIZ EIZ ZYNOAON

3.1 'H Evvouwa tijg dataéews. Mia oytois els 10 aUvodov E, 1) émola elvan:
(A) dvaxhooTikn, (A-Z) dvriouppetpikny kai (M) petaPaTikn
kaeiTon dudralic (| oyéog dwaraews) cic 1o E.

Mia Siatatis oupforiletor ouvfiicos ué -2 . "Av &v oTtoixeiov a Tou E ebpi-
okeTal el THY oxéow < W oToixelov B alTou, SnAabn a2 B, ToTe Aéyopsy 6T
«a TrponyeiTar Tou Pr 1) loobuvduws «P EmeTon ToU a».

To oUvorov E elg 10 dmolov Exel op1off) pia Sidrafis = koAeitan TOTE
datetayuivor advolov (G5 TPOs THY X ). "AkpiPéoTepoy T BiateTarypévoy
olvorov mopioTatar Bid Tou ledyous (E, < ).

[Mapadeiypota :
1. ‘H oxtois < eiven pla Sidratis €is 10 R, Sidm loylowr :
(A) a<aq SdTIa=a.
(A-3) "Av a < P xai P < a, ToTEe elvon kol a =P

=
(M) "Ava <P kai p <y, 167 elvan kad @ < y
“QoTe 10 oUvodov R elvan Srametaypévov s mpds Thy oxéow <.

2. “‘Opoiws 7 gxéors S elven pia Bidratis eis 10 #(Q) (Brati;).

3. ‘H oxtois o, (|) Tis § 1.1 elvon pice Srarabis els 76 N, &i1671 foybouy :
(A) ala
(A-3) "Av o/p kai Bla, ToTe Umapyouv guoikol &pifBuol k kai A pé P = ka kal
a=Ap, &pa P ==« (AP) = (xA)P xai émopives kA = 1, SnAadh k=A =1,
fitol a =P
(M)  “Av alp kai Bly, ToTe UTdpyouv guoikol dpiBuol k kad A pt B = kakal y = AB,
Gpa y = A (ka) = (Ak)x, dnAadn aly.

Iopatipnois. Mia petaPatic oxéols eis TO ouvohov E kodeitan xai ywnoia Bi&-
Talis gl 70 E. OUtw .. 1) oxtois < s 70 R elven pia pwnoia dudrades s 70 R, v alrn
Bty elvan Sidrabis els o R (Siari;). To alrd foyve xai 1& iy oxéow ToU yvnaiou Umoou-
vodou C ¢lg 10 2(Q) (&ari;).

“Av -2 elvan pla Sidrabis els 16 E, ToTe, Buvduer TalbTns, opiletan pia axéors 2 * els TO
E 4mé 1ol TUTou

X <2*y <> x2y kal x #£y,

1) Omoia 8év elvan Sidrakis eis 1o E, dAA& pia yvnoia Sidrakis els alTd (Bioti;).
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3.2 ‘Ohki), pepueyy dwdtabeg. "EoTo pla Bidratis gls 10 E. Avo o1o1-
xeio @, B o0 E kohoUvTal avyxolopa (Bra s == ), TOTE Kad pdvov TOTE, Qv
foyim o= B fi B=2 a. Obre . ol mpaypaTikol dpifpol 1, V2 elvan ouykpi-
ool (B Ths < ), Biom loyver 1 € Y 2. Mevikéds TOPATT|POUHEY OT1 TUYCEVTES
TrpayuaTikol ool a, B elvan auykploipor, Bnhadh loyter a < B A P <«
Mia Sidrofic sl o E, s .y f| < el o R, Six ThY &mrolav oladjmote oTOI-
yefar Tou E eivea ouykeioipa koeiTan dimy f yoauuxy) ddruig €l 16 E. Mia
Si4Tatis gis To E, i omola Stv elvan SAIkY SraTadis, kaheiTon pepeen duitakig els
16 E. Eig Thy mepimTwoy pepuds Siardtews eis 10 E Umépyouv PePaicog aTorgeia
Tou E, T& doia Btv elvan ouykpioiua o5 TTpos ThHY Ut Syw SraTativ.

Mopadsiypate
1. Eig 1o aUvohov E 6Awy Tdv kixhowv OpileTar pia oytois Bardtews -2 Yo TOU TUTTOY

X -2 y <= dxtis ToU X mikpdTEPT ) fon Tis dkTivos TOU Y.
AUTn eiven pic oxéors SAIKTS SioTdtews els To E (Sai;).

2. ‘H Bigratis © sis 10 2(Q) (87w 1O Q Exn TOUAGXIOTOV Buo oToiyeia) elvan pia pe-
pix) Sidrabis els 16 A(Q), ST dv A elvon i kevoy kal yvnotov utrosuvohov Tou Q, TéTe T&
A xal AS Btv elval ouyxpiolpa (Brari;).

3. ‘H oyéois Biatétews o () ToU Tapadelypatos 3 Tiis § 3.1 eivan Tpogavids pia pe-
pik) Sarakis els T6 N.

4. TIPAZEIL EIX TYNOAON

4.1 "Ecotepui] mpagls. "ATO T mp@TH Xpovia THS oyoAikiis (wiis, ©
pofnThs ELOIKEILVETEL pé T&s kohouuévas Trpdders, OO LY. 7| Tpocbeots, N
&paipeots, & TOANGTAXTIGUOS kal 1 Biodpeats Gpifpdy. ApydTepov elvan els
Béow va Uyeovy &piBudy es Slvanw, va gbpiokn THY Evwow A Thyv Topfv Svo ou-
vohoov KA. Kowdy XapakTnploTikdy Shwy qutdy T&dv «Trpatecowy elvon OTI
Erkvoupey GO O oTorgela Evog cuvodou Bia va kaToAntopsy 8ia wds Si1ob1-
kaotag (7 ool opileTan &6 TNV cuykexpipévny TpELW) €ls & TolTor oToIKETOY
(o kahoupevov &ToTENEOUX THiS TTpdtecos) Tou oTou ouvdrou. OUtw Y. &mo
Tous &piBuols 3 kai 5 S pév Ths Siadikaoios THS TPoo0ECcEWs KAUTOATYOMEY
els Tov Gpifuoy 8, Bia 8¢ Tis Biadikaoias ToU ToAAaTACCICoUoU gis Tov 15, "E-
Teldh el dpiopévas Tpdtels GAAGTTEL TO droTéAeoua OTaV GTAGS Kol pdvoy
gvoAAGEwpey TH Biadoyxiy TéY oToryelwv, T& omroict TO Bnplovpyouy, OmGs
.y, €s Ty dpaipeo &piBudy, Bix ToUTo O BecwopoUpey OTL gls piow wpdEw
ekkwoUpey &md Cedyos oTolxelwy els TO dmoTov kai dvTioToryifoper Ev TpiTov
oToryelov, TO &moTéAeopa TS Tp&ews.

"Ex 16w duewTépw 68nyoUnsda els T& v& Bowpey TOV &rdhoubov yevikov
OpIoPOV ¢

Mia povootipavtos dmelkdviols éx Tou E X E = E? eis 76 E kodeitan foo-
Teotxn) ok ) &Adds mpdfic eic 1o E. AV 51& wids mpakews * eis TO E 1O LeU-
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Tos (a, P)eE? dvrioroixileTon els 16 oToigeiov yeE, TéTe ToUTo £lven PePaics
HOVOOTUGVTWS Gplopévoy kol xoheital  dnotédeaua  Tijc modfewms % éxl v
o, P oupPohileTon B pé o % B, fiTTol y = a % P. Eis tHv mepimTwow Tadtny,
Smou Umdpyel TO dmoTéAeopa Tis TTpatews ¥ Eml TGV o, P Aéyope iooduvdpcs
kal &1t o) moakic o * P oefvar EmiroenTy).

Tlpos cupPoliopdy Biapopwy Tpdtewy YpnolpoToloUvTon Kod oUuPoia
€5 TX. T& 4+, ,0,m,4 A KA.

A Tas wpdtes mpoobeots (+ ) kal dpadpeois (—) es 1O olvohov N
TGV QuOIKGY Gpifudy TapaTnpouuey 8T Sid pév Tis TpooBiosws kdfe [eUyos
(o, B) quokév &pibuddv dvtioToryiletan eis fva kai povadikov guoikey dpifudy,
TO dfpotopa Tdv o kel B, mx. 34+ 5=8, 74 9= 16 k.nk, dnhadn f mpdo-
Beots elvon pia povoonuavTos deikdviais Tol N2 els 10 N. "Avniétws 1) dpoi-
pecis ddr eiven pior povootipavtos dmeikdviols Tou N2 el 70 N, 8101 €ls TO [eU-
yos (7, 10) 8év dvmioTorkileTon 8ix Tis Goaupboews quoikds dpiBuds, dnAadt
(7—10) ¢ N. Tlpds Bidkpiow TAV SvwTepw TEPITTOTEWY Abyousy &’ Evos pev
61 1 pdodeais elven pia palis i Tou N, &@’ Etépou Bt 6Ti 1y dpaipecis elven
pla pepikn) mpdtis gls 16 N

Tevikds piae povootpavtos dmekdviars Tol E? els 0 E kaheitan (RowTepl-
k) Tpdlis éni ToU E, v pia (Bowtepikn) Tp&lis els 1o E, 1) dmola dér efven
Tp&lis £l ToU E xeeltal peoixn) modb els 16 E.

IMapadeiypara :

1. 'O -rr;:?\?\omhumcmuc':; () elven pélis émi Tou N, 816 51 kéBe {eUyos (o, BEN?
Umrdpyer fv kal povaBikoy podusvor a-BeN. "AvmiBitws 1) Siaipeois (1) elvan pepixy) Tpakis eis
TON, Bié11 (3:5)¢N.

2. 'H «Oywois els Svapvy, 81 Thy omoiav dvrl o * P ypdpousy af elvan mpatis dmi
ToU N, 81611 Bk kabe (o, PIENT elvan kal aleN, *AvmiBétas almn elven pepikd) pdtis els 7o
otvohov QQ T&Y prTddy &prBpdy s émions kai i TO olvolov R Tév mpaypaTikdy &pibudv,

1
Biém ) mpdts (—2) ° Biv elvan EmiTpeTTi.
3. ‘H fvwois kal 1y Toun ouvdhwy elven mrpaters émi Tou P(Q).

4. "Av F A elven TO ouvohov Shwv TV ouvapThoewy Kt Tediov dpiouol To A kai Tiag
els 7O A, ToéTE f| olvBeors ouvapthioewy (TTpPA. § 2.2 ToU Keg. I) elven pdlis éai Tol 7y,
BT Bia kdbe leUyos ocwvapTroswy (f, g)E.F:\ 7| ouvBeois fogeF 4.

HMapatiipyois. ‘H wpafis ToU molamhacicopol s 16 R &xer Thy iBioTnTa :
TS ywdpevor BUo puokdv dpiBuddv elvon dmions guoikds &piBuos. ‘H {816Tns alTn B Ugi-
otaran §1& T wp&tw Tis Biaptoews els 16 R, 516m 7O mnAikov 3:5 Biv elven quoikds &pi-
Buds. T dvawrépw tkppdlopey AbyovTes G’ Evos uév émi f) Tpdtis Tol ToAAahaoiao ol elven
#lewory) els 16 olvohov N Tdv guowkév dmbudv, &’ ETépou Bt T 1) mpdalis TH Sraipéoecog
dév elvon KheioT) els 1O N. Tevikdds pia mpatis * eis 10 ouvohov E keeital #Aewotd) els v Umro-
oUvoror A TolU E 16T kai pévov TéTE, dv Bid kdbe [euyos (o, R) Orovygeicwv Tol A 1o dmoré-
Aeoua Tijs Twpdlews o * P durike Emions els TO A.
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Avopetafeniked tpages. Mia mpdls g Tou E koeiton @vmipetale-
Tixd) TOTE Kol pévov ToTE, & loyun :

(A) ax P=P % « % ocE kai PeE.

OlTw :

1. ‘H mpoéobeois xai & rohhorrhagiaouds émt ToU R elvon mrpdters dvTi-
peTofeTikad.

2. “H fvwors ke f) Toun émi Tol #(8) elvan Spolws dvTipeToBeTikal Trpdtels.

3. "AvmiftTos 1) «iyowols gls Suveapvs el Tou N 8tv elvon dumipeTaBeTikn
mpakis, ST Y. 2% # 32

[posstapronikol npalels. Mio TpdEis * éml ToU E koheTTon mpocerar-
poTia) TOTE Kol povov TéTE, dw loxUm : -

m (axP)*y=axPB*ry) V acE, PeE xai yeE.

QUTw Y. 1) Tpooleols kol O rrohhamAaciaoues Eml ToU R o émwions f
fwots kal 1) Toun &l Tou () elval Trpélels TpooeTaIpIOTIKAD, EVE) dvTiBeTwS
N «hywois gl Blvauivy tmi tou N Btv elvon, 51611 y

Q% D)»3=(2)"=08 wod 2 % (L* 3):2(]):2,

ShoB (2% D# 3 #2x (1 x3)

evikol mapotnpioelg. Me a o * 0y oupPorilopey 1O (o % @) ¥ @y, fTol
ok Ok Oy = (O K ) K ‘Opolws Opifouey o * Oy * Oy ¥ O, = (o, * @y % ) *a, kol yevi-
KG§ Oy * Gy % ... K Clyy ¥ O, = (o *Qy k... * Qy—p) * Sy

1. "Av ) Tpatic % elvon TPOCETAIPITTIKY Buvdpeba Y. 5 TO 0y kO kO K Xy X O
v STIKGTAoTRGWH SoadimoTe diadoyixd OTOIXEIX He 16 &motéheopa Ths Twpdhiews Emi
aUTGY. QUTW T.Y. O » 0 * Oy * 0 * &, = (o0 % O % O) k& & O = Oy ¥ (o * OG) @, *x 0y =
o % (O % O * ) * O

2. CAv f) mpdkis * elven GuTipeTadeTikf Kal TpooeTalpioTIkf, ToTe Suvduela X
gls TO O ¥ o ® Oy K O, K O 2
o) N& dvriperabéowpey 800 oiadijote otoryeic. TLy. Ta BiaBoyika o xal oy, 51071
QK O K Oy * O kO, = O * oy k(o % ) * 0 = Ok k(& * Oy) K O, == O * Oy k Qg %k Oy * O
T& ph BiaBoyikd o, kal a; 81" ET avnAsippérns QuTINETaBECES Bradoy kv o Efs:
Oy Cly ok Ol & O % == O K Oy % 0 ok O K O = Oy * Oy % O % O % O, = Oy % Oy % O % O, ok Oy

B) N& dvTikaTaoTHoWUEY viadymote oToyela pé TO dmoTEAEoua TRS wpatews Emi
auTd, 51611 Suvdpeda TpdiTov va T KATQTTITWHEY Bradoy k.

3. To Gk a* ... ¥ YPAQOUEY OUVTGHGS * . Eidikdds Ta+Ya kal Ya mapl-
—
v QopEs
oTédpey dvmigToiyws pi va kal o, fiTol 1Y a=va kai Vo= a'.

Obditzpov otoygiov npagens. "Eotw x pia mpakis €ls TO ouvohov E. “Ev
ororyeiov wEE koheiTan oddéTegoy orotyeiov Tijs ¥ TOTE kal uovov TOTE, & loyim :
(O) wr*a=0ax w=a YV aek
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QUTw :

OUbétepov ororyeiov Tis -+ #mi ToUu R elvan 16 0
U m

i
» » TOU eni Tou R efven 10 1
» » THs U émi Tou 2(Q) elven 16 &
» » Tis N &l ToU 2(Q) elven 16 Q.

To oUdttepov oTorkeiov wids Tpddews elvar  puovoonudrtows GOPICREVOD.
Mpaypart & f wpakis » Exn BUo oUBiTepa oToyela T& w Kol @', TOTe &g’ Evdg
HEV o @ =, BioTI TO w elven oUdéTepov oToixEiov THs %, &@’ Etépou Bt
®* @ =w, 81671 kal TO W' elvan 0UBETEPOY oTOIYXETOY THS *. "Apa @ = .

Zuppstpika otoryele @ mpog mpatiy. "Eotw » e wpalis els o E, 1 émoia
Exel oUBéTepov oToiyeiov 1O w. Avo oToiysia o, B ToU E keholvran guuuetond
(g meog Ty % TOTE Kol povov TOTe, dv oy

(2) axP=Px%» a=w.
TO o AéyeTon TOTE gupyeeTondy Tob P i mods Ty ¥ ko looSivauws TO B AéyeTat
TUppETOXOY ToD & g mpog Thy ¥, OUTw :

1. Zvppetpikov Tou aeR s mpos Ty Tpdofeo elvar & dvTiBeTds Tou
—aeR.

2. "Av aeR — {0 }, T6Te TO ouppeTpikdy alTou cos TpPds TOV TTOAAG-
TAacixopov elvan & dutioTpogos Tou %ER —{0}

3. Zuupetpikdy Evds pfy kevol ouvdhou As2(Q) s mpds Ty Evwom Stv
Umrdpyer. ‘Opoiws Stv Utrdpyel kal CUMPETPIKOY fvds yunoiou UToouvdAou Tol
Q ds mpods T Toudy (Brati;).

‘Opadov oroigeiov dg npog mpalwv. "Eortew » pia mpa&lis émi To0 E. “Ev
oToiyeiov o koAelton duaddv 1) dmlemonjoor &g moog Ty * TETE Kod povov
ToTe, &v B1& kdBe xeE xad yeE loybour :

Gx X—dxy => X=Y KOl X¥g=y* g = XxX=Y,
OUTws s wpds pév TN Tpocheow k&b oToiyeTov ccR elvan  Spady, ¢
Tpos B¢ Tov moAhamAaciaouoy k&fe oTorxelov acR — {0} elvon duedv, dv@d
dvTiBéTes TO 0 Bév eivon Spaidy, B16T Ty,
Biad =05 35

Empepronikn mpalig Gg mpog dhlinv. "EoTwoav Suo mpdlas x kol e émi
ToU aUToU guvohou E. ‘H mpdlis x koAelTan érvpeptarins &5 wodg iy » ToTE
Kol pévov TéTE, dv Bid kdfe acE, PeE kal yeE ioylour :

B) a* Buy)=(axB) s(a*xy) kal (B = y)ka= P*a) = (y*).

Haparijpnorg. "Av 1 mpdlis * elvon cvtipeTadetikn, TdTe TpOPaVEdS ToyUel
cx@ay)=(axPr(axy) <> Buy)ra=E@xds(y*a
ko Eoptvess pia drmipetadetikn mpdlis * émi ToU E elvon EmipepioTing dog TPOS

THY Tp&€w = (Emi ToU E) TéTE kal pdvov ToTE, &v
ax Puy)=(x*B)=(ax*y ¥V ackE, BeE xai ycE.
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Ol :

1. ’Eml Tou R 6 moMamAagiaouos eival FripeploTikn TpGjs €S TTpos
Thy Tpdobeoty, B16TL &g’ EVos pEv olros elvan duTipetadeTikn Tpdkis, &g’ ETépou
Be loyuet

a@B+Y)=cp+ay ¥V ceR, peR xai yeR.

*AvTiBéTeos | poodecis Biv elval EMIUEpIoTIKA g TIPOS TOV TOAAGTTACCLXOPOY,
B0 2--(3:5) # 2+ 3)-(2+5).

2. Eml o0 2(Q) 1| évwais elven £TMIPEQIOTIKD G5 TIpdS TNV Touny, B10TL
arn elval GutipeTofeTien xod oy Vel

Au (BNl = (AUB)N(ALT) ¥ Ac#(Q), BEZ(Q) xoi Te2(L).
*Opoleos kai 1y Topn elvan FIEPIOTIKT G5 TTPdS Thy Evcoow, Biomt alTn eiven
¢riong dumipetafeTicd) kol loy el

AnBUD) = (AnNB)U(ANT) ¥ Ac#(Q), BeZ(Q) kai Te?(Q).

4.2 "EZmtepien mpagig. Eis TTOAAGS TEPITITQOTELS EXOUEV OUVQVTT|OEl «TTPG-
Feicr @i Omolan éxTeAoUvTon émi oToixelwy SunrévToov s BlapopeTika oUvoAa
ué &roTéAeoua dvijkov &g 15 v B TEV ouvdAwy TOUTWY. TT.x. TouTto ovuPaivel
els TOV TOMATTAQTICTHOY tvdg TroAvLVUPoU ETTi Eva dpifudy, mou TO ATOTE
heopa efvon émiong &v ToAuVUpOY, Tés mpdlers auTds, rpds Sidkpiotw &To TS
TolUTaS THS TEOTYOUNEVNS Trapay pagovy, dvouddopey  EfmTepnig TPALES.
*AxpiPéaTepov Ty Ewwoie TijS tEeoTepikiis Tpdtews OpileTan oo Etfjs ¢

"Egreooay BUo ph kevd olvoha A v E. Mia povoomuavTos &TEKovIos
(ouvdpTnots) Tou A X E i 10 E koheiton fEwreonss) modks éni tod E kol
oupPohileTon ouviiBeos pé . OUtw Bid widls EwTepikiis mrpdlecos - kaBe (eUyos
(A\)EAXE dvmigToileTon els v kol povaBikdy oTotyeiov yEE, 16 otrolov ka-
AeiTon &motéheoua Tiis  (Elwtepikis) Trpdlecos gl Tév oToryeiwy A, x kal
aupPorileTar pE A X, fTo1

V=N X
SuvhBus To oUpBohov « TapadeimETal, BriAadl Ypapouey AX kol fvwooUuey A - X,
s ovuPaiver i kabe Tpdty cupPoiiloptvny pE- .

[apudeiypota

1. ‘O moMaThagiaopds BaviopaTos ToU ycpou &l TROCY MATIKOY ApiBUoY elven pic
tcoTepikh Tpalis els THY mepimrwow, émou A =R kai E elvon 15 olvohov Shwv TV Sawu-
CHATWY TOU XWPoV.

2. A=R, E= F(A, R) 1& glvohov Shwv TGV TPAYHOTIKGY TUVapTTTEWY ué edlov
SpIouoy TO W Kevov cuvohov A. ‘H mpatis Tou TONAOTTAGCIOTHOU CUVEPTHTEWS trri apfudy,
7 émola B (A, )eR x F(A, R) bpileTon UTrd TOU TUTTOU

g=2Af <> gx) =M A xeA
elvan Tpogavds wia Etcotepikny TEdks gl toU F(A, R).
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"As Becwpniocopey &mi Tou E Ekros TR EwTepikiis mpddews - kel plav ioc-
TEpKNY TRSEW ¥ O Aédywuev 011 i) Flmrepix) mudfis - elvar oot 6g
aoag iy (fomtepuay) mpako ¥ ToTE Kol povov TdTe, v loyun

Alx % y) = (Ax) * (Ay) ¥ AeN, xeE kai yeE.

Ty, éml ToU cuvdrou E Tév SicvuoudTwv Tou Ywpou opilovtal, df yve-
oToy, Buo mpdlels, pia tlwTepikr, & morhamAociaopds (¢) SiawvlouaTos é
TpayuaTikoy dpifudv kol pic fowTepikn, 7 mpdobeors (+ ) SiawuoudTowv,
B Tas Omoiag icrx\','sl

- — -
AV, —i—\’)-?\Vl—l-?\\’ ¥ AeR, \ FE kol V
Oltws, 6 moAhamAaoicopds SiaviopaTos i TrpC('yp.(‘[TlKOv‘ apleuou elvan £mmi-
pepioTIKn TP&Ls g Tpds THY Tpdadeoiv SravuoudTwy Tou Ypou.

5. IEOMOP®IEMOEL.

51 'H Evvowa tob isopopgropot. EiSopey eis trv § 2.2 Tou Keg. | 6mi pla
dugipovoonuavTos dareikéviols (ouvdpTnois) [ évds uf kevoU ouvélou A émri évog
&AAou mrions ) kevoU ouvoiou A’ Trapéxsl THv elyépelay G’ EvOs pév v «pETa-
Baiveopevy dmrd &v oroiyeiov xeA els & dkpifdds oToiyeiov x'EA’, &’ étépou BE
&1 ris dvtioTpdgov [ va «EMIoTpEQuwuery &1rd T6 X' els 16 x. TolUro &yer dfio-
ToIndf) xaraAAfAws, STav TG guvora A kai A’ slvon dpwbiaopéve pé Tpatels.

"As Becapriowyer Topa 6T ¥ elvon pia (BowTepikn) wpdkis émi ToU A, ToTe
OpileTen kai émi Tou A’ pla Tpalis m Q5 kaTWTRW

(. om B Sy
" |'—| ‘ l
| |
v |
o & [ —
BnAadh &1& TuxovTa o, P’ v A’ Bewpoluey T& dwvTioTorxa o, P aTéw dv A Bik
Tiis dvTioTpdgou 1, dmoTe TO dmoTEAeopa ¥ Tis mpddews * Emi TEY o, B du-
TioTorkileton Six THis [ els T YA’ TO Omolov SpileTan G5 TO dmoTéAcoua
Ths Twpdiecws » &l TV o, P

MoAAdkis oupPaiver | Trpalis » v elvan GmAouoTépa THis # kel EkpeTo-

Aeubpevor TolTo v EkTeNOUMEY THY * EMpéTws Bidx THs 8 G5 KaTw TR -
el o
|

“-1.

l ' |

e e
5717\0:&] eUpiokopey Tp@TOY T& CIUT[UTO[)(C( ororxeia o, B' év A’ Tdv o, P ik
Tis | kat dkoroubus TO dmroTéAcoua ' Tiis & i TouTwy, dméTE TO GuTioToryov
TOU ¥’ Bix THs dvmioTpdgou [7! givan TO &moTéAeopua Y Ths % émi TGV o, .

v wm-\ L) 1
OUtew .y & A elvan TO oUvohoy TG &piBudy Tiis mopefis 1 00. 0 WE

TSk Tov moMamAaciaouov kol A’ = N, ToTe
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