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MEPOX IIPQRTON

ZTOIXEIA MAOHMATIKHZ AOFIKHE KAl OEQPIAX TYNOAQN

KE®PAAAION I
ZTOIXEIA EK TOY MPOTAXIAKOY AOTIEMQY #

§ I. Mpéracig (amMj, kamyopixiy) §j SHAwoig. — ‘H Evvoia Tiis
GmAfis TpoT&aews 7 SnAdaEws, drpiBéoTepov Tiis «loyixiis mpoTdoewsy, Bewpei-
Tal 65 picx TpWTapX KN EVwoid, ws Evvole ur Em&eyouévn opioudv. Elis 16 ouvtaxTi-
Koy, Ay, f) (&TAR) TpdTaots SpileTon das «Adyos owvtopdratos (mpopopds 7)
veantis ) ué dvredds dmloty mepieyduevoyy.

Eis T& Modnparmixd kad yevixéds eis Ty Aoyikiv (KAaooIkNY Aoyikiv) Si1& Tol
Spou «npbracig f) SNAwEIGH EvwooUuey ulav Ekppacity ut vénua, dxpiféoTtepov
Eooiiuey 16 meoleyduevov, T Smoioy Expodloper dud puds mpotdoews ué Ty -
Yoy voi guvraxtixod xal 0wt T6 Gmoiov duvdueba xavd dxgifds Eva todmov va
&Rﬂrpavﬁd';pav, dv elvar alnléc 7j wevdés, amoxdelovree dAiny meolnrmwow., OlTw,
X N Exppaals :

«o dobuds 10 ebvar dotiog »,
elvon pig Aoyikn mpéTaots, kaBooov 8,11 altn éxppdder elvan dinbés.
‘Opoics 1 Exppaois :
«o dpluds 4 elvar mpirTog »,
elvan pig Aoyikny mpéTacts, kaBdoov 8,11 alTn Ekppader elvar pevdic.

To mepieyduevov Aormdv Wds TpoTHOECS (hoyikiis TpoTdoews) EmByeTal
&va YKaoTik&s Eva Kal povov Eva Téiv XOPOKTNPIOUGY « Ghn0Eg», «yev-
d&c»® oUBémoTe Sucos elvan kad dAngEs kai Weulls (doyh) T dvtipdoeng ).

Té&s mpotdoes, s yvopilowsy kai ik TV nabnpdTwy Tiis mponyoupévns
Taews, Tég TAPICTAVOUEY GUMPBOAIKES PE KA YPEUMATA TOU AQTIviKOU &-
PpaPriTou, kord TpOTIUNGW KE P, q, 1,. . .

"Edw pia TPOTaos p elven SANGNs, TOTE, Kal povov TéTE, Adyouev ST1 alitn Exer
«TpNY dhnBeiag a» kal ypdgopey T(p) = a, & Bt alrn elven yeudig, ToTE, Kal
HOVOV TéTe, Afyouev &T1 Exel « Ty @hnBeiag wr kad ypdgpousy T(p) = y. ‘Etro-
MEVeos, & mpdraots ebped| Exovoa ouyxpovas kal Tas BUo Tipds dAnBeicas o
kel W, TéTE TolTo drroTehel dvTipaoiv.

* Oeushicwohg s Aoyikfis T@v mpoTéoewy Umiipfev & oTwikds piAdoopos Xpisunnog
(281-208 r.X.).
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Mepadeiypata: lov: ‘H Ekppoois p «0 243 = (2,3) elvar uya-
duxdg aolpdgn elvan pia TpdTawIs (hoyikn TPOTCGIS), koBboov TO TEPIEYOME-
vov a¥tiis elvoa &Ands, fitor T(p) = o

20v : *H ikppaois q : «°0 V2 elvar gnrog dobudsy elvon e Aoy poTo-
o, keddoov TO TEpIEXOHEVOY TS elvan weubts, fiTol T(q) =Y. )

3ov : ‘H ikgpaois « 6 deucs @ elvar peyaiitegos 100 10» 8tv elven TpoTa-
otc, H19T1 Btv dmBéyeTan Eva TGV YOPAKTNPICPEY « Ginlijs », « pevdijs .

Elg iy SiamUTreaty TGV TROTITEWY KOl YEVIKOTEPOV TGV Exppdoewy, 18iws
8t eis & MabnpoTikd, ouvavT@uey Spous kel oUpPola, 6mws T.x. s T& SUo
et TapaBeiypaTa: « pryodikde apbpdgy, « prog aprbpog», «2+3in, « V2»
o TTARBos AR Tropdpols, Té dtroia Exouv pio rallwoiocuévy xal udvipoy onpa-
olay eig Sl v dudoxewar Tijs Eneteoyaoias évds Bépatos. Eis v mepimToooiy ad-
1 kehoUpey Tous Spous kal T& oUpPoia otabepds. *AvTiBéToos €5 TO TTapdderypx
3 10 cuuPolov x Bv Exel povadikiy onuaciov, duvoral AX. T X v elven €l
cloobnoTe QUaIKdS &piBuos ) dkopn els olooBnToTe TEoyHaTikds dpiBuds. To
oird oupPaiver gls THy Ekppaoty 2x = 6. ‘Opoleas eig THY Exgpooy x24 V2 > y3
Té oUpPora x xal y (&px kad T& X% kai ¥3) Eyxouv AxofdproTov Kal uf) pdvipov
onpaoiay, karéxouv 88 Thy o 8Uo olcwvdnroTe, &TTo piav eiBIKNV kAT YOopiay,
dvTikelpéveoy, Ax. To X elvon els olooBfTroTe QUOIKOS kol 10 y €ls oloodnmoTe
mporypaTikds GpiBuds. Ta Tolalra oUuPoha dvopcdouey petapintds. Goavepdv
elvon TAtov 871 BkgpdoEls TrepiEoUoat MeTaPANTAS BtV efvon TrpoTéoels.

§ 2. Mpotaciakdg TémoOG i avoikri) npéractg. — 'EAxOn dvetépe
&1 pla Erppaois TepiEXoUoa HeTaPANTAS Bt Exel vénua TpoTdoews, kabdoov Etv
yveopifouev &v TO TrepiexOpevoy TS flven dAnOs 7 weudts, Mia TolaUtn #x-
ppaots yiveton TpéTaos, STav ai &v Adye petaPanTal dvTikaTaoTaBoly pt oTo-
Bepds doplopévns karnyopias. OUTws 1 EKgpaois

«6 x elvar peyodUTepos Tou 10»:
B ylvy wpdTagts, &v ) peTaPANTH X dvTikaraoTadij pE fva olovdnmoTe Tparypo-
Tikdy &piBudy. "Eqv AX. SVTIKATOOTAOWHEY TO X Bi& Tou 12, 8& Trpokiyr f
mrpdTaois : «b 12 elven peycAUTepos Tou 10» pt mipny &Anlelas o Edv mrén
duTiKoTaoTHoWHEY TO X Bi&k ToU 7, B& mpokiyn | mpoTaas : «d 7 elvan peye
\repos ToU 10» p Ty dAnBeios . ‘Opofws f Exppaais :
«6 uolkds &piBuds x Biaipel TOV Quoikdy ApIBpov ¥

yiveton mpdTaots, v &vtikaraoTofoly Y. TO x =5 kal y=35 pé T
chmBetas o, xados kol Bicx x—=1, y=233 pt gty &Anbeics . Taparnpou
Lev 868 &T1 Umdpyouv Gelyn TIMGY TGV peTaPAnTV X Kal y &md Buo xabopt
Cbpevar oUvola, Ev TRoKEIpEVE GO 6 oUvoAov TGV UKV kol &md Td olvolo
T8V TpayuaTikédy &pifudsy, Bik T& omrolar f EKppaois yiveTal dAnbhs wpdTao
kel @G elyn TGy TGV X Kai y, Sid T Smoia ot yivetal Weubhs wpdTaols

Al ixppéoels : «d x elvan peyauTepos ToU 10», «© guoikos GpiBuds x Biop
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TOV TpatyparTikdY dpifudy y» Kk.& kahoUvTal Tpotaciakol tHmol 1) dvorktai TP~
TAGELG, FAAWS TPOTEGIOKUL CUVAPTHOELS WIS, avTioToiyews BUo peTaPAnTSv.

Tevikéss : Tipotaswokdg tomog (f) dvorktiy mpétasig) pulic fi meprocotépay
petaflntdv xeheiton pie Exppaoig, 1 dmoie mepiéyer piav i TepLocotépag peta-
Prntég, wai 4 ornoia xabictater mpdracig t6te, Kai pévov téte, Gv al dv Aévo
petafinral gvnikatasralobv Gnd ctovyele évdg | meprocotépey suvéhav.

OUtws al tfiodoes kad of dviodhees slvat TPOTaTIaKOL TUTIOL.

X&pw ouvTouias ouuPoliZouev Tols TPOTACIOKOUS TUTTOUS pé uiav peTa-
PANTHY . Ty x B1& T8V : p(x), q(x), (X)), ..., bt BUo peToPAnTds Y.
TS X, y Bick Té@v 1 p(x, ¥), (X, ¥)- . ., kel yevixdds Bi& v ueTaBAnTSS : p(xy, X,

-+ Xy ) Kod évvooUpev 671 : 1) uetaflnty) o draroéyer & ovvodow avtuxetpbvoy, qr-
TiaTolywg 70 Ledyog T@w petafintay (x, ¥} & avvodov Levydw dvrixeyuévan, dvii-
oTolyws & givoloy v—ddwy dvrizeiutvaw, els té dmoia avagégetar 1) Expoadis p,...
To olvodoy oird kohoUuey GOVOhov Gvugopiic ToU TpoTATIOKOU TUTTOU.

TS olvorov T@V TIMGY THiS MeTaPAnTiis 7 &V HeTOPANTSY, B1& Tds dTrois
© TpoTaGIaKSs TUTOS KaBioTarTan S&Anns TpdTaoIs, KaAeiTal Ghvorov @AY ari-
Beiag ol TEOTATIAKOU TUTTOU.

Elvor pavepdv &1 els’ Thy TrepiTaaoiv mpoTasiakel TUTou TrepioooTép
TS W85 peToPANTEY TO oUvoRov dAndeias Tou elvau, év yéve,, Bv olvolov Bic
TETAY DEvcoy Leuyddv T YEVIKWTEPOV v-&Boov &vTikEIéveoy. OUtws els TOV TP
Taolakoy Timwov p(X, ¥): «3x-y=8», ¢ olvorov avagopds Suvduedo
Becopriocopey 1o ouvorov R x R, BnA. 16 otvolov fevy@v Trporypamikey ¢
BudSv. Téte 1o oUvolov dAnBeias Tou elven 16 otvohov (8hoov) TéV Biomet
YHéveoy Geuydv (x,y), T& omoia émadnfelouv Ty iodTnTar 3x +y=8, A

T& Lelyn (1,5), (2,2), ( -,3) K.&.

 Enuciocig: Moogavéds ol ouuPohiouol p(x) kal py) voolvrat ds Tautdanos, fj- o
TO Ypdpua, T dmrolov oupPoAiler THY peTaBANTHY Stv uetaPaAAer TO eldos Tol TpoTaTIcKoT T
e Kor& aquvémeiaw, dhAay?) 700 dyviotou els plav tflowow fi dvicwow, 5ider looduvay
Elowow § dvicoow.

Wl w

] § 3. MNoogodeixTal—"Eotw p(x) &ls wpoTaoiokds TUTTOS Kad Q TS GUVOAGY
AVaQop&s Tou, TéTe TO ouvorov Q ywpileTa eis Suo oUvola, fjtol els TO advo) -
Qu , Bi& Ty gTolyelor ToU OTroiov & TrpoTaGiaKds TUTos p(x) Yivetan Aoy Trpo-
T?‘Gls HE Tipfy d:?\n@eicks a kad 1O alvodov Q, , B T& oTolygia ToU omolou & p ()
YWETal Aoyiki) TPATAOIS WE TIUNY &AnBeics w,
ToANGiis Bix vex BraTuTeowEY TPOTAoEls, of émoict ypnoipomTolelyTo
els T MaBnparicd, mpoTdoooper Tols kaAoupévous nocodsiktag.
Oi TooodeikTa, Gmes yvwpilousy kol & Tis Tponyoundvng T&Eecos, elva
8uo, fitor :
] 1). 0 KkathoUuevos DnapErakos mocodsiktng, oupBohidpevos i «q», &oTi;
QVAYTYVaoKETON « Srdoye TodAdyoToy Ey... » EiTe kol EAAWS « drd HEQURA... .
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2). ‘O koholUpevos kofolikdg mocodeiktng, UPPONIOUEVOS WE « F», SOTIS
dvaryryvidokeTal « dua xdfe...» eite kal GAAWS « & GAa Td...».

Oi TooodEiKTal TTPOTEOTOVTAl TPOTATICKEY TUTTWY oUTw :

1). «3 xp(x)» dvayryvaokeTan : «UTEpyel & TOUAGYKIOTOV X, GOTE va ioyun
p(x)», €iTe kal 0UTw «B1& pepIkd X, loyUer p(x)».

2). «3t xp(x)» QUaryyveOoKeTal: «B1d ke x loyver p(x)» eite kad olTw «BY
Sha T& x foxUer p(x)».

Tapatnpolpey Todpa T& £€fis : "Av p(x) elvan €lg TPOTATIOKOS TUTTOS, A.X.
«& x elvon TpdyTos dp1Budsy xad Q elvon T oUvoiov &vagopds, els TO TapdBerypd
pos, A.x. TO auvorov N Tév puatkév &p1Bpddv, TOTE :

1). “H &ppaats «3 xp(x)» elvan pia Aoyikd) TpdTagis, keBdaov alTn AcuBd-
ver THY TIUMY & TOTE, kol pévov TéTE, &v TO oUVoAoV 0, 8tv elven kevov (BnAadn)
6 odvohov Q, elvar yvnoiov Umootvolov ToU Q) xad THY TPV Y TOTE, kel po-
vov T6TE, &v TO atvohov Qu elvan kevov (firor TO 0y —=9).

2). *H Eppaois « 5/ xp(x)» elvon pia Aoyixf) TPOTOOIS, kaBdoov alTn AcpPd-
Vel THY TRV o TOTE, Kol povov TOTE, & Q.= Q (5nAadn 1O Qy elven foov pé
& kevdv) Kal Ty TOTE, Kol pévov TOTE, &v Q, elvan yvfiolov UTrooUvoioy Tou
Q (5nAadh T Qy Eelvon Sidgopov TOU KEVOU).

Tpotdoes T&V popedy 1) koi 2) kodolvron tmagfaxal, &vTioTolyes
nocotiwal TpoTdoes. “Ex TéV dveoTepw ouvéryopev Tapa 6Ti: Mia orapElaxt
dvriotoiymg pie mocoTikl mpoTaAcis Eivar mavrote pic doyuch] mpdTaOIS

&

Hapadeciypata: lov: Eqv p(x) elven 6 TPOTACIAKDS  TUTIOS :
«x 5= 13» p& ovvolov dvagopds 16 cUvohov N Té&v quotkew &pifuddv, ToTe
f) TpdTaots ¢ « N Xp(X)», ErTevds f: €3 x, xeN pe x 45 = 13», elvan Weudns,
161 10 Qo ={8,9,10,.. .} elvan yvijoiov UtrogUvohov Tou N, gvéd 1) TTPOTaOIS !
«J xp(x)», trrevids 7 : «3 x, xeN pt x4+ 5= 13», elveu &Anors, 5161 TO olvo-
Aov TGV dAndeias Qo= {8, 9,...} elvar Biapopov TOU KeVOU.

20v: ’Eav p(x) elvan & TpOTaOIOKOS TUTIOS : & (x+1)2=x2+42x+1»
uE oUvohov &vogopds TO oUVOAOY R T6v TporyparTikEdY &p1ucov, TOTE T) TTPOTA-
o15: «NAxp(x)» AcpPAvel THY TIMTV &, s51om Q. = R.

*Emrions f: «3 xp(x)» Aappdver Thy Tt o, B16T1 TO Q, elvan ioov pE T Ke-
vov oUvoAov,

3ov: 'Eaw p(x): «x®+x+1<0» pé gUvohov dvagopds TO auvolov R Té
TpaypaTIKGY Ap1fudy, TOTE 7| TPOTACIS :

«NExp(x)» ExTevdds 1 aNEx, xeR @ x24Hx+1< 0» elven yeubns, B1oT
Q. elvan TO kevdw guvohov kad guvetrés £, yviiagiov Ytroouvohov Tou R.

*Emrions 1) wpéTaois

«Axp(x)» dkrevids Ay : «3 x, XER : x4 x4+ 1< 0» happavel THy TiHHY Y
iom Q.= &.

8
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Ol mooobeikTon TpoTdoToVTal Kol TpoTaciokdY TUTwv BUo 1| TEpiaoo-
TépLov METEPANTEY oUTw :
a0ty px,y), BnAadn 81d kéde x kai k&Be y loxuer p(x, y).
dx3y p(x,y), dnAadn Umdpyet (ToUAdyxioTov) Ev x Kol Ev y, ddaTe va loyin
P(X, ¥).
¥ x3y p(x,y), dnhadh Bk kée x Umépyel v y, doTe v ioxim p(x, ¥).
3 X3y p(x,y), Snhady bmdpxe x, doTe Bidk kébe y v& loyun p(x, y).

Ai dvwTépw TpoTdoes elvan Aoyikal TpoTdoes.

ﬂupcx*mpofjusv 671 els T BUO TTpwTOS TEPITTTCOELS EMITpETeTOn PETEBETIS
VaMy ked Ix3Ty, ATol loyxve

VMY PEY= Ny W x p(y)
Ix3y p(xy) =3qydx p(xy).

Tolto &ty gmiTpémeTan els Tas o TeAeuTalas wepiTrTdoEs, G Betkvier TO kaTab

Mapaderypa : “Eotwo p(x, y) & TpoTaciakds TUTos : «'O x elvan pikpdTepos
TOU y» pé olvoov duagopds TO ovodo R TGV mparypoTikédy &pibuddv, ToTe 1
TPOTaOIS :

xTy px,y) AowPavel Ty TRy o, & T TPdTAOIS
Ty A x p(x,y) Aoppaver Thy Tiphv .

H mpdoTn tkgpdde 1 «Bid kdBe TporypaTikoy &p1Budy Uttdpyel els peyau
TEPO?»r &vé 1) Seutépa Exppdder @ «Utrdpyel €l dpiBuds, doTe kée dAAos v glva
IilKPOTEpc)g»_

§4. T0vOeTor mpoTaoelg. — As Bewpriowpey THY TpdTAOW :
«6 4 elvan &pTiog &p1Opds ».

‘A':.'JTT] elvon pia GAT} Aoyikf) TpdTacts, kaBdoov els alThV GUTIGTOIXE 1
TN «dAnOnes. AUTn ékepdlel plav iBi16TnTY, TNv Otolav Eyel &v GuTikeipevo
(WPaYuO:), BnA. 6 &piBpos 4, fitol THY iBidTnTa:

D) «... elvan &pTios &p1Bpdey.

. Tpogavess # 18165 alTn dvapépetar kod els AR GvTikelpeva (&p1Bpovs).
Olras, ¢ay eig ThHv Béov ToU 4 ypdyewuev 1o 7, TéTE 1) TpdTAOIS
«6 7 elvan &pTiog &p1Buds »,
lvat emriong Aoyixn mpoTaots, kaBdoov el aUTHY GvTioToIyEl 7 Tiuf «yeudTs
Thv 8161100 (1) kcholUuev &v «katnydprper.

Al TtpoTdoeg: «6 4 elvan dpTios &pi@udsy, «6 7 elven &pTios &p1fudsy, Biv BU
vt?cUT?u V& wpioBolv els SUo f) TeplagoTépas AAas TpoTdoets, Stv oupPaivel G
TO alTO Kol pg THY TPOTACIY :

@) «Oi dpiBpoi 10 kai 12 elvan &pTiow,

AUTY elvon plar Aoyixn) TpdTaOIS W Ty dAnBelos o, GANK XwpifeTan elg
B0 &MAas mpoTégets, #Tot :

2 «6 &p1Buds 10 elven &pTios» kad «d &p1Buds 12 elvar &pTiosy.
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EB& & olvBeopos «rai» Tallel Evar pohov oynHoTIoNOU [IES VEXS TIPOTAOEWS,

+#5 (1) & Té&Y Blo &AL mpoTdoewy (2). THy s &ve TpdTaoty (1) kohoUuev
Ov@etov mpoTacLV.

Tevikdds : Mia npotactg kakeltol sovieTog ToTe, Kol povov TotE, GV suvicTaTol
LL Gnh@v mpotdoEwy cUVBESEREVOVY HETOED TOY HE duagpopa cvvdetikd, 1a Onola
co)oUpEY hoYLKeDS GLVOEGHOVG.

Fevikéds el THY AoyIkny TGV TPOTACEWV BecopolvTal G5 Aoyikol guvdesol
ol ExppaoEls @ «Kai, CEITEW, «EAV.rr, TOTE,..0, «TOTE, KO novov téte, dvn, Erions
Exppoats «OyLr, Srav TibeTon TR0 WIAS TPOTACEWS.

*Ex TV &uoeoTEpe AOYIKEV GUVBETIGLY & pév «&y 1 elvat povopelfc oUvBesos,
B146TI TTPOTAOCETON MiGS TpoTdoews, o Yréhortol Guws slven dupedelg, S10T ouv-
Stouv BUO TTPOTATEIS.

Topodeiynote covBitay TPOTATEMV.

o). «'O Gpiduds 3 &ite O &p1Buds 4 elvan TrepITTOS.

B). «Eav 6 4 ivan &pTics, 1018 & V2 elven &ppnTos».

y). «O quoikos apiéuos 16 elven &pTios T6tE, Kai povov Tote, dv SroapfiTen
Grpifdys B ToU 2».

8). <Oy 6 3 lven &pTiogy = «6 3 8&v elvon &pTiosy.

EvxoAws Suvapeba va &ropavidpey 611 ai &vowTépw ouvbeTol TpoTATELS
given Aoy kel TIpOTAOEIS Pé Tiufy &Anbeias o. Kora tov YOPOKTTPITHOV TEY &veo-
Tépeo ouvbETCOV TTPOTHOEWY EUKOAGS SiaarioToUTar &1 Ay Tiun dAndelas Twy Eap-
<ETon Bk TEW Tiu@y GAndelas TGOV &rTA&V TpOTAoEWY, EE GOV aUTal ouvioTavTal.

Eic Ty ACYIKNV TEV TPOTATEWY Beydueba yevikds STl Ek SUo AoYIKGY TrpO-
T+doewy ouvioTaTan Bid cuvbtoes cUTGV pE Eva Ex TEOV Aoy 1Koy CUVBET WV
«kaiy, «eiTen, «BQV. . ., TOTE. .., «1dTE, Kol podvov TOTE, dvy pla via AoYIKT) TTpo-
oo, “Emions &k was TTPOTAOEWS (hoyixis) S TpoTaEews TS &pVTOEWS «EY1»,
TrpokUTITEL piat AOYIKT) TIPSTOTIS.

Al TTpOTAOEIS Becopolipevan EiTE PEPOVOIUEVLS, EITE gvTds hoyikou cuUVBUAGOU
petT’ EAAWV TTPOTEOEWY, Buws €5 &V oUVOAOY, drroTeAoUY GUTIKEILEVOY PEAETTS
ToU pépous ékeivou TAS Mabmuemixiis Aoyikis, TO Strotov koheiTar Ilpotaciakog
Aoyropoc.

§5. "AhyeBpa (Aoytopdg) TRV TTPOTATEWY. — Aeybueba &1 Umrapye!
£y gUvohov GTTAGY AOYIKGV TPOTAOEWY, 16 &moiov cuppoiifoney pé T 1 oTol-
yeia, £€ v 1O TT ouvioTaTan, BnA. T&s TPOTATES, oupPohifopey, ds EréxOn Kod
glg TH § 1, pE T& ypuuaTa P, G, T S - Aeyopeba Emi AoV OTL £l§ EKGOTNV
mpdTaciy p ék ToU T duTioTOoIKE &xpipdds els ik TGV Blo K OPAKTNPICHEV
«&hnbhsr (o), «yeudng (W), fro1 Beyopeda 6T UploTaTan pla povooTHaVTOS
Smreikoviats ToU guvdhou TT s TO Biuehes oUvorov [ o, W} Fpagopey Bt :

T T—{a, g} i xoi GAACS Mp—T()e{o v}
A THS HOVOOTIHAVTOU TQUTTS &mrelkovicews T EkdoTn TROTATIS P AopPaver GKpt
Bé3s piaw Ty T(p) gv{a, y}, THY kehoupévny Tyl ainleiog TS TPOTRTEWS P
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o

Qewpolpsy Thpa ToUs k&Twd AoyikoUs auvbeapous, Tj Bonbelgy Tév dmoiwy
Epodiddopev TO aUvorov TT TGV &mAdY TPOT&TEWY WE «loyixds moakecy :

1). ‘O oUvSeopos «kaix, 6oTis oupPorileTal pé « A» ko BioPadeTon wadieo-
152, ) «xab», XpnoloTolEiTal S1& TOV OXNUOTIoNSY THs Aoyixijs mpdecos The
suledtenmg,

2). ‘O oUvSeopos «gite» 1) «ijpy, & dmoiog ouuPolifeTon pt « Vo kol Slafdle-
Tal «dedlevfign, XpNOILOTIOIETTOL BI& TOV oxnUATIGUOY THs hoyikfis pdecos tijg
(Eyrderoticiic) SraledEems.

3). ‘H Ekppaois «&av. . ., 1016, .. », fj Omrola oVPPoAileTan pé «=>» kol Sio-
BédeTon «émeTary, «ovvemdystaiy, XPnoluoTolsiTal S1& Tov OXNUATIONOY TS
Aoy Ikfls TrpdEecos THs svverayoyic.

4). *H Ekpaals «TdTE, KAl pdvov ToTE, five, fi Smola OUUPOAIETOL Pt C<=p»
ked BiaPéleTon «fmerar xal drtioTodpmey fy «ovvemdyerar xal AVTLOTRAP @S H,
XPNooToEi Tl B1dt TOV oXNUATIONOY Tiis Aoyikfis mpdews THs (Aoyukiic) ico-
duvapiac,

e Aoyikos oUuBeauos «Bywr, 0oTis cupPolileTal Pt « ~ » Kol SaPddeTor
(jc’a’;y» | «dévy, ypnoipomoieital S1& TV oXnuaTIouoV Tis Aoyixfs mpdlees T
apviioenmg,

Aeydpueho Topa T& &5 a). "Edv els Tév TECTGPLV TTPWTWY ouvdéoucoy
Te0T) neTafy Buo olwushToTe STAGY mpoTaaEoV p kel q &k ol TT, Téte Tpory-
TTEl pia oUvBeTos TpodTACIS, N OToia KaAeiTan oOvlstog npdractg npoTng Pulpi-
80G. "Hro1 §1& xdfe Celryos GmAGY TpoTdoewy p kai q ék Tod TT o TPOTAOEIS :
PAG, pVq, p=> q, p <= q elvar olvBeTtol rpoTdaEls RS Baduibos. da-
VEPOV elven 811 of Gpo1 ToU Levyous p kad g émiTpémeTan vk oupTTiTTTOUY, fiTO! Al

pVp, PAP, P=>D, p=<=yp,
v Emriong cuvleTor TTPOTEGEIS TRATNS Poduibos Bick kéBe TpodTAGIV p 2K TOU TT.
! B). ’E&wv & mréprmrtos Aoyikds oUvBesuos Tebf] Tpd TuxoUoms TrpoTTEL:
K TOU TT, Tére TrpokUTrTel pla odvBeTos TpdTaos, kohouudun émions mpdO g
Bﬂﬂuiﬁng, fiTol ~p elvan oUVBETOS TPOTATIS TRWTNS BoBpisos.

\ § 6. Mpageig perall Aoyikdv mpotaoewv. — Ar’ ikdotny oUvbeTou
TPOTaGI TpcyTng Padpios dpileTan drpiPéds pia Tipd év Lo, W} T PonBeia Téw
KATWTépeo rvdkeov. “H Tipd s ouvdéTou TrpoTéoecs év {o, w}, 1) dmoia koAei-
TOl Kai sy alnlelas tijs cvvlétov mpotdoews, Spiletat TANPWS &K TRV TIuésw
3AnBeiog EKAoTNS TGV &TAGY TpoTdoewy ik T&Y drofeov ouvisToara kad Tol RS-
r,ro\‘,' OUVBtoecos aTéav Tpds oXNUGTIONOV Tiis auvéTou TTpoT&aEws, oyl Suos
XTMO TO Tepieydpevoy cTédv.

, 0f Biapopor TPOTTO1 OUYEETEWS CTTAGY TIPOTOEWY TIRGS OYXTUATIONOY Guy-
JéTou TolTrs, &moTehoUv Tas «hoyikds mpaleigy ueTal Téhw TpoT&OEWY.

Al BepeicoBers Aoyikal Tpddeis elvan af EETs :

L EZotevEr g: Ta Eoydpeva Tiis Aoyikiis mwpdews Tis ouleu€ees A
TOPEXOVTAL OXNUOTIKES, 8Trws yvwplfopey kol & Tév podnudmany T Tpon-
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Youpéuns TéEews, Bi& Tou kéTwhi Trivaros kohouptvou mivakos Tpdv dAndetag
: THs ouLebEewos p A q.

P | q PAq Auvéper ToU Evovt Trivexos, ) T T(p A qQ)
o N a | Tis mpotdoews p Aq Spiletan fon ut o BnAad)
) & " ¥ T(pAQ) =a ToTE, ki pévov TéTE, &v T (p) =
" a ¥ TEq): a - s mioaw &AW TrepiTTRG ) TR
¥ " | it Tis pAq elvar Ton ut g, fitor T(p A q) = .
“Qote: “H odlevtig §bo npotdoswv elvar d-

A0 tote, Kai povov tote, v apgiotepar of npotdoelg elvar dinbeis.
Mapaderypa: "Eorwoav ol TPOTATEIS :
2
p: «'0 = elvar prtog apBpdg» kai q: «'O 5 glvar dpvnrikds apOpocy.
o 3 e a2 )
1oTe Ny oUleubis alTédv pAq: «O = elven prytds dpiBuds kal & 5 elvor &pymTikds &piBuds »
van pla eUvleTos TpdTATIS, 7 drola elven weudtys (Siaerl )

2. ’Eykherotikn Sralevkic ¢
Auvéuer ToU kéTwb mivakos, f Tinh T(p Y q) Tfis mpoTéoeews p Y q OpileTen
fon pé g, fitor T(pV q) = y TOTE, Kal pdvov Té-
pvq e, &v T(p) = 7(q) =y €ls T&oV EAANY Trepi-
TTWoW 1) T Tis pV q elven fon pé o
‘Qote: “H (byideioTikn) SalevEig 3o npo-
taocov elvar GAn0ig téte, wai povev tote, v
l pia tobldyiotov t@v (Gnhév) mpotdcsev sivan
arnOic.
Mapaderype: Elvm andig i elvar wevdig A npotacg :
«'O amBpog 17 elvan téherov tetpaywvoy eite & V2 slven Gppnrog»;
"Andvineis : ‘H oUvBetos altn mpdTacs elvan dAndis, §16m, dv mopaoThowlEr Bik P
v mpoTaow 1 «'O &piBpds 17 elvan Téheiov TeTpéywvovs kal Bik q THY TpéTaaw : «‘O V2 -
1 GppnTosy, Exopey T(p) = y kel T(q) = . "OBev, oupgdvews Tpds TOV dvaTEpe Trivaka @)
avleTos TpodTAOIS ;
PV : «b dpiBpos 17 elvan Téhetov Tetpdycovov eite & V2 elvan &ppnTos»
ot GAnOns.

|

€ ao€n0 o

€€an|s

3. Zuvenayoyq :

Awvduer Tol kérwbh mivakos, f) T T(p = q) Tis TPOTEOEWS p = q
piCeTan fom u¢ @ TOTE, Kad pdvov TETE, v T(p)=a Kad T(q) =Y els mEoay
&AAnv mepiTrTeoow 1) Tipd Tis p == q elvan foq

P q |P=-q| ptqg, fitor:
= - = 5 T(p = @)=«
3) 3 ¥ ¥ “Qote: ‘H ovvenaywyn p == ¢ &lvar yev-
" % = 8¢ to1E, Kai povov tote, dv i p elvar dAnbig kai
H ¥ - 1 q elvar yevdic. Eig maoas tag dhhag mep-
ntheoeg elvar aindig.

TIds palvetan 811 1) ouvemrarywy?) Stv elvan dvripeTaleTikd Aoyid mp&gis ;
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Mepdderypa: Elvm ddndig if wevdig 1 wpdtacig : « (3 =4) == (7= 2)»;

"Anavinos : ‘H mpdraois elvar dAndiis, 81611, &v TapaoTiowpey Bi p Tv: «3 =4y
kad B1& q TV 1 «7 > 2», TapoTnpolpey &1 7 p elven weudis () kad 1y q elven &And1s (a). Suve-
TES, gupgdvws Tpds ToV Trivaka (3), | olvleTos TpdTOOIS :

P=>q: «fv 3=4, 161 7>2»

elvar &Anbrs.

Mapatqpnorg: "ANdol TpdTror SiaTumdaoecos THis ouvETTaywyfis p == q
elvan kad of £E7js
«p elvar ikavi) oovOiKn dta »
«q glvor dvaykeio cuvOikn d1a p»
«bndleorg : p, copnépaopa @ ¢»
«p, 60cv q»
«p, Gpo @»
. «q ovvayetar £k tob pr.

Mapaderypa: "Eotw f) ouvemaywyd : « Koy Td Tplywva ABI, A'B'T'
elvan foa, TdTe af yoovion T elvan foc pior Tpos picws.

‘H Umébeos p: «té Tplycwova ABT, ABT' elvan foas elvan ikavi) cuvBiky
81& 16 gupTépaopa T lodTnTOS TAV QVTIOTOIK WY Yeovidi.

TS oupmépacua q: «ai yoviar 6V Tprydvey svon foo pie Tpods picwn
ET\‘Jm avaykaio ouvdixn S1& THY iodTnTa TGV TPYy vy SnAadh &tv Suvavton
Ta Tplycove vé elvan Toar yopls of yavien Tev vé elven oo pla pos plav.

W OO T

(o)

4) Aoy ioodvvapia.
Auvéper ToU k&Twb mivakes, § Tiud T(p <= q) Tis TpoTdoews p<=>q
. Opietan fon pé o, TOTE, kad pdvov TOTE, &v

_p_kr a |p ﬁf‘l T(p)=7(q)" 80ev f) T T(p <= q) elvar fon
4 - i a pé y, &v, kai pévov Gv T(p) # 1(q).
) a | ¢ ¥ “Qote: H (loywk) iooduvapia sivar an-
] a ‘ ¢ O tote, kel povov 6z, Gv ai Soo mpotacei £i-
Pl et var suyypbves dindeic i ovyypovas yevdsic.
!

‘H Aoyikn iooduvauia efven dvTipeTofeTIN
Aoyikh) mp&gis ; N& oxnuaTiodij & oxeTikos mivag dhnbeiag.
Mapaderypa: EBivar anbic i slvor ywevdig 0 wPOTAGS 1 «(2 = 5) <= (4 >TD»;
"Andvinoig: ‘H Sofeioa looBuvapia elven &Anbrs, 16T, &y TAPACTHTWHEY Bix p :
€2 = 5» xal B1&x q: «4 > T», Exopev T(p) = y xal T(q) = y. ‘Erroptves, TUHQQIVWS TTpos TOV
Tvaka (4), § oUvletos TpOTAOTS
p q: «'02=35 7o, kal pdvov 1éTe, &v 4> 7 »
elvon &ndrs.
1‘[ epatmpiioeic: a). Ex 1ol dpiouol Tiis (Aoyixfis) locBuvapias tvvool-
Hev OT1 foylouv oi £€fis 1810 TES :
1 p<+p
2. (p++ @ <> (9> )
3 (p*:r-q/\q@b-r):(p*:»r).

13

WnionoBrke amod 1o ivotirouto EknmaibeuTikrg MoAmkrg



B). "AAhor TpodTol AekTikfis SiaTutrddosws THs iooduvaplios «p <= q» elvon
kai of &fjs :

1. «p &av, xai povov £av, q».

2. «p eivar ikovi) kai Gvaykaio oovBikn Sud g ».

3. «p npéner kai apkel g ».

4. «p xai q sivar hoykddg iooddvapow T GAGS «icodbvapory.
5 «p = ( xoi GVTIeTPOQOG ».

Enpeiooig: 'Eav Béhwpey vi dnidowpey 671 1 loobuvapia P <= q 8o mpord-
oewov UpiaTaTan i Spiopol, TOTE XpMOIHOTIOI0UHEY TO CUPPOAOY s , fiTOL YPEPOUEY P <=3 (.
opo opo
5) "Apvrnoerg: Kot v Aoyikiy adthy mp&fiv Bid kdbe TpéTacy p
Bexouela piow pdTaov THs Hopgfis «OX1 p», cuMBoAIZopiv « ~ Py, 1) Sroia elvan
&Andns TOTE, Ko povow TéTE, &v ) p elvan Weudis, weung 8¢ &v #) p elvan AN O1s.
Olros & mivag Tinédv dinbeias Tis &punioews « ~ p» elvan & k&t :

. Avvéue ToU EvavT Tivakos, f| T T(~p) Tiis Tpo-
P H P Téoews ~p OpileTan wdvToTe Bidpopos (dvTifeTos) g
(5) -a ifq’,' Tfs T(p) THS wpoTdoews p.
v ! . ‘Obev, tav T(p)=a, TéTe T(~p)=y Kai &k
i T(p)=vy, T6TE T(~p)= Q.

“Qore : Al tipai dindeiag tédv p kel ~ p elvar navrots dvriberor.

Mapaderypae: 'Eav p: «b V2 elvar pntog apbuog» va sdpedii 1 mp) T(~p) Tiig
MPOTACEWG  ~ .

Avorg: "Exousv T(p) = y, &pa T(~p) = «, fvha:

~pio«dyt & V2 elven prrds dpiBuds » = « & V2 8tv elvea onTos &p1budsy.

Maepatipnorg: 'Extos Tév dvwtépw Aoyikédv ouvdéouwy XPNoipo-
TolEiTan dvioTe s ouvBeopos kal f) Ekppacis «ij pévov . .. §j pévov .. .», 1 dmoia
oupPolileTan pt «v» fi «v». T Ponbeix ToU dvwtépe ouvsiopou oxnuarTileto
7 Aeyouévn dnoxderotikt Siateviig. Olteos, 1 drokAeloTikn S1&geu€is SUo TpoTd-
oewv p, q ouuPolifeTan pé: p vV q i pV q kai dvayryvdioketar «f) pévov P 1) ué-
vov g». ‘H olvleTos mpdTagis p V q, kaTatacooptvn kai olTn el THY TPWTNV
Pobuida elvar, &rreos yvoopigopey &k Tiis TpoTyoupévns TaEews, GANONS TOTE, kol po-
vov ToTE, &v ai Tipal dAndelas Tév p kel g efven Sidpopot, weudhs 8¢, Stav oi Tipad
dAndelas Tév p kol q elven foal.
pvq ‘Ofev Exouev TOV EvavTti Trivake TiudY &-

Anbeias Tfis &mokAeioTikfs SiadeU€ecos pvq.:

Auvdper ToU Trivakos ToUTou, ) Tiwd T(p v q)

. Tfs TpoTaoEws p V q SpileTon fon pé o, TéTE, Kad
wovov ToTe, &v T(p) # T(q) xad T(pV @)=y,
TOTE, Kol povov TéTe, &v T(p) = T(q).

P
0) 3‘
v
v

€ a0 |0

‘Qove: “H aroxhewotikn Sraleviig 8bo tpotassamv elvor aAn0ig tote, kai povov
tote, dv 1 pie elvar dhnbig kai § GhAn yeudic.
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Mapdaderypa lov: Eig te Mabnpankd ) Exopacic : «d o iva peyaidtepog 4 toocg
T0b B» dpilerar dg £EiG :
a=p<=>ea>p § a=§.
opa

Katomv tod dvatépm opopod moio 1 tpdy dhnbeiag tii¢ npotacewg : «4 = 3n,

'Amavinorg: Auvdpe ToU s Gve Spiopol 1 GUWTEpW TPOTATIS Elvan icodivapos
BE TV : «4 >3 f 4 = 3, AlTn Speos elvan &ANdis, S16T1, Gv TAPACTHTWHEY bE P THY TpdTa-
OW: «4 = 3» kol pd q TAV: «4 = 3», Eyopev : T(p) = axal T(q) = . Eml whéov 5t 0UbkmoTe Bvas
&pbpds elven kal ueyctAUTepos Kol Toog évos dAhou &pibuol. ‘Emoptves 1} ouvleTos TpdTaos :

«4 >3 fj 4=3» dmoTeAel plav &moKAEIOTIKAY Si&euEv, ouverdss, CUHPUWVWS TTPoS TOV
Tivake (6), Exouev: T(pV Q) = o

Znpeiocig. 'Ex Tol dveTépmw mapadeliyuartos ouumepaivopey 411 glvon
OBV vt ypdgoouey : «3 = 3» kal yevikds«x = x» . xeR (1ot ;).

: Mapaderypa 20v: Katomy o dpiojod, 1ov dnoloy tdmoapey &ig v §1 fa Ty
AoMKRY nporacty §i SHhooy, ti slver W Exppaoic: «H Shhoowg elvar pia dinbing il wev-
oM npbracicy.

’ Anavenorg: ‘H dveripe ikppaos elvar dmoxAaioTikd Sidlevtis, 16T ). (Aoyikd)
TPoTaes ) Bfikaots elvar § pévov dAnBis (kal Sy weudns), fi uévov weudhg (ked &y &Andis).
Anhad ) Ehwos oUBémors elven kal dANORS Ko weudns.

Mapaderypa 3ov: "Koto pie oikoyévera pé 860 tékva, duodtepa ayopua. "Eote p
N wpdtaoig : «To peyakotepov téxvov sivan ayop» xai q ﬂ'ﬂpémﬂlf; : «To mxpotepov téxvoy
elvay @yopin. Na anodoonte Aextide v cbvletov npoTUcY PV Q xai va elpnre TV Ty
@inlsiog tabng.
’Andvineig: ‘H olvleros mpéraos pVvq onuaive :
PVqQ: «"H pévov 16 peyahiTepov Tékvev elven &ydpr R pévov To WIKpSTEPOY ».

AUTn elvan foodUvapos pé TV :
«'H olkoytveia £yl éva dydpr kal Eva xopitol »,
' Mpogevdss ) T dAnBeias 117is TpoTdoews TauTns elvan Y(= WeG8os). Els o alred oup-
Tepaoua katahfyyousy kol &k Tou Trivaxos 6, &v Anglf) U’ Syw ST T(p) = o T(q) = a.
"Qoe T(PVa) =y

‘Avaxcgaeleioorg Oi &€ GUTEPW THVOKES TIMGY dAnbelas T
Aoyikddy mpdecov Tiis ouledEecds, EykheioTikiis Brageuews, dmokAeoTikis Sia-
CelEecs, ouvemraywyfis, looBuvapias kol &pvfioews BUo poTdoEwy p, q cuvo-
YigovTon eis ToV kéTwd Tiveke

} | ZulevEig ]‘Evtl. Auic.l 'Am. Awal. [Evvemayoyn ‘luu&uvm n

| | . . vnaig
P S RS

o LY | pva { Pva |[p=>q|Pesq| .p ~q

| [ | I B
ot ol dug [ g B - LT AR
o ‘ ) I W i o o v W ‘ W o
k4 ; a ! W | = - Wy | « W
L6 e o sl it
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§ 7. Tauroloyiat kai alToavTipaoceig.

1). Tavtohoyiat Mia ouvletos TpéTacts A, el v omoilav  Eugavi-
LovTon af &TAGT TTPOTACEIS Py, Poy- - -4 P Kk ToU ouvdiou TT, koheital pla T e u T 0-
Aoy o TdTe, Kai pévov ToTE, &v N Tiph dAnbeias a¥Tfis elvan ) a (= dAndaa),
51 k&Be «ouvBuaopdyy Tiudv dAnbelas TGOV &TAGY TPOTEOEWY Py, Pyy- - -y P -
Ai TauToroyiar oupPoiifovron pg pdTadv ToU cuppdiou -, fiTot :

-

A onuaiver: 1 medrasis A elvar pia tavtoloyia.
*ASidhoyor TauTohoylan elvan ol £Efs
1). Nduog 7ijg Tawrdtnros : b p == p.
2). Nouog dumdijc Gowjoews @ = p 4= ~ (~p).
3). Nduog dmoxleloews Toitov : = pV (~p).
4).  Néuos dvrupdoens : F ~[pA(~p)l.

To &11 elvon TawTohoyian, paiveTal oapdds ik TEY k&Twhi TIVaKWY :

T

p]~p ~(~p)]p/\(~p) p =D }H:v-~(~p)\ PY~p | ~[PA(~P)]

| y L e | o | o ‘ o

o
v ’ y o o E > o
I |

o v
o4

Hapatnpioerg: 1). ‘Qpopévar Tautchoyial, Adye Tiis yevikiis ioxos
Toov, KohoUVTen Gpyai #j vopor. TTapodelypoTa ToloUTwy TauToACyI®Y elval o
dvwTépw TauTtohoylfar (1), (3), (4), oi omoion elvon Tpes ék TGV TECTGpwY
vouwv T Aoyikils ToU "ApioToTéAOUS e

Oi vépol Tfis Aoyixiis ToU *ApioToTedous efvan of kaTwbi TECOOPES :

a'). ‘O vduog Tijs TaWTOTHTOS

B'). 0 vduos Tijc @TipdoEws

¥ ). ‘0 véuog voi amoyedvros Adyov kol
8 ). ‘0 vduog Tijc Tob TolTov dmoxdeivews.

2). ‘H Tautohoyia (3), katd Thy émoiav ék BUo dvTiQaTIKGY TPOTAOEWY P
kad ~p f pla elvon dAnbis kal ) &AM weudis, péon kaTdoToos BEV Ywpel, ko-
AelTan kad dpyh) Tfis ToU péoou ) TpiTou dokAeioes.

Hopaderypa : Na dex0fj 61t 1] k@twb ioodvvepie :
~(@AQ <> ~pV~q (Noépos tod De Morgan)

glvar tavtoloyio.
* BepehicoThs THs Aoyikiis, yevikéds &5 EmoTAUNS TV vopwY Tiis okéwews, UTiipfev 6 K
Trayelpov Tis Makebovias pbyas grhdoogpos *Aprototéing (384 - 321 w.X.).
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Aborg: Zynuatifouey Tév dxdAoubov Trivexa TGV &Anbelas Tfs Bo-
Belons {ooduvapias :

! I 1 T

B g i %P |~ PAq [ ~ (PAQ) ! ~PV~d | ~ (pAQ) <> ~pV~q
‘ 1 \ 1

cxfo:‘ W [ v a | % e | g

o \p|‘ Wy | Lo N f o o ‘ a

W cx‘ o \y' v @ a ‘ o4

Y iy, « ‘ a | '

B8 LY ey g

' "Ex Tol dveotépe mivakos mopatneolusy 1 ) Tiuf dAnbelas THs Sobeions
looduvapias efvon révToTe o, Bick k&b SUVBUAoUOY TIpGY GAnBsics TV p kol q.
"Apa ) Bobeloa icoduvauia elvat TauTtoAoyia.
"Qoe F~(pAQ = ~ PiNir.q.
Enpeioorg: Kord tov adrtov TpéTov &ToBekvleTon Kol & éTepos vdpos Tou De Morgan.
~(PVA) <= ~pA~q.

2. Abtoavrigaosic. Mia ouvletos TpoTacls B, el Thv &moiav

é ! o | - s -~
u'q)awqowm al darhad TPOTATES Py, Pas- - - Pr » KOASITA & U To v T | paCIg
TOTE, xad povov ToTe, &v A Tipn dAndelas alTs elven Y (= yeUBos), Bidx kdde
] o~ 3 rs -~ '3 ~ i k
OUVBUaoudY TIPSV GAnbelas TGV &TAGY TTpoTdoEwWY Py Pa Px | OUVTONE-
ougel

Tepav, Stav f) &pynais adTiis efvan pio TautoAoyia.
Mia aUToavTigaots cupPorileTcn pé TPdTAEY ToU GUuBOAoU ~ |-,

Hopaderypa : Na de1y07 61 7y npotacis : (P=>q) <= (p A ~g) =B %
elvay aﬁto(l\'l'i(p(lo’!,g, (I A q) —= (P, q)

A b og: ZynuaTifopey ToOV Tivake TIRGY &AnBeias Tfis TpoT&oEws B (p, Q).

[ T T T T
p J q | ~4 | p=4d | PA~q | B(.q | ~B p, 9
- ; —
o4 x ] e W W fes
(o4 q,,' X q} (& q,) o
] a W o W W @
b J v a a Ay Y o
| | |

Ex ol dvTépe Trivaxos TaparTnpoluey 8T 7 Tium dAnBeiag THS TpoTdoEws
F (p, @) elvon mévroTe Y, Bia k&be ouvBuoouoy TIpGY dAnBeioag TGy p Kal
Errions &k i TedeuTalas oTHANS TOU dveTépe Trivakos PAémropey &t : ~ B(p (?)
elva TauToAoyia. "Apa: ~ - B (p, q). ’
~r EVIKT mapatfpnors T& dvomtuybévra HEXPL ToUBE Trepi Aoyi-
OHoV TGV TpoTdoewy toylouv kal &v els Tous dvaTépeo Trivakes T oUppoix p

* "Evtaifa TO oUpPodov « = » onpaivel @ ouvTd {
= 1 oWTOPWS oy v & ] ;
Taow pé, .. s oviPoRiZouey Thy GploTEPQ TTPO-

2
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kol g dvTikatoaoTaBolv pE mpoTaoiaxoUs TUToUs (dvoikTds TpoTdoeic), Tév
Smroleov Spes TO dMnbis ) weubts B¢ &vagépnTan Els TO CUVOAOY TINGV TR peTo-
PANTHs f| TGV peTAPANTEY THV &v Adyw TROTEOIAKEY TUTTWY.

AZKHZIEIZ

1. *Eotwoav of dvokral mpotdoeis :
P «'O X even pntds &piBuosy, g : «'O x elvon puoikds &p1Budsn.
). Na ypapolv Umd oupBorury popetiv al kérwbt Exppdoers :
L. «'O x Biv slvar pnTos &p1Bpdsy,

2. «'O x Biv elven Quoixds &piBuden,
el

3. «'0 x elven pTds kai Ex1 puaikds &piBudey.
P). Né& Siorumawbouy i AéEers ol kérwbi (Aoyikol) Thmor :

Va4 PAG ~PA~T PA~G PVad G=>D, ~P<>~q.
2. Ti onuaivel tkdoTn &Y kéTwd Aoyikdy TpoTdoEwy ;

@) (3<NDHAT S, P) ~ (x=B),

Y) x<0OvE=0)V(x>0).

3. "Exouv vénua ocuvbétou mpotéotws al Ekppdoss ;

) «oyfjpe V TUTTOSH. B) «7 <=> 3». Y) €AvaTtoAny V Auoig».

(CArdvinog : dxp (Srari ;).
4. Ne& eUpeBolv ol Tipad dAnelas TGV K&Twd ouvbéTwy TPoTdTEWY

) (4:132_) V(3 =8), P) (3%<5)=>-(2=2)-
Y) (1=443)=>(2>5), 8) @=3)+=(5=1),
€) (27 =3 . 8) v (5 = 25), oT) (2> 5) == (3=28).

5. Awaopoynoare Siarl 1) mpdTaots @ «'Eav o TlepikAfis fito moTapds, TéTE & Hapbevioy
sUploxeTal el Tas "Abrvasy elvar dAndns.
6. Aei€are 1 tkdan TV Emopéveov ouvlétwy TpoT&oewy elvor TauToAoyla.

a) ~ (pAQ) <= (p = ~ ), B) PAG == pVaq,

Y) pPA(PVI) <= p: 8) pV(PAD <= p,

e) (p = O <= (~PIVa, oT) (pV ~pIA[@YV~ a)

O [pAp = q)] = q. N Pp=DA(P=>~D]=> ~p,

8) [(p=> DN =1)] = (p =>1), D (VDAL <= (PARV (GAT).
7. Aei€are T EkdoTn TV Emopévoy cuvBiTwy TpoTdoew elvan abToavTigasrs.

@) (PADA(~ PV ~ ), B) (PY DA~ PA~ D
Y) ~(PAQD <= ~(~PV ~0, B8) ~pA~g<=pVa
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KE®AAAION II

ZTOIXEIA EK THEZ OEQPIAT TON ZYNOAQN

§ 8. "H vvola 1ol cuvéhou.— ‘H fwvora ol ouvodov, s kai 1) Evvoia TR
Aoyixfis TrpoTdoecos, Becopeitan dx TPLTAPXIKY Evvold, dos Evola ph EmiBeyopéun
Splopdy, s Bvvola ur duvapévn v’ &vay 0 els dAANV Evvolaw.

Eis T& Mabnporica Bexopeba 811 émiTpémeTon TOAA dvTikelpeve COPads Ka-
Bawpiopéva kai Biakexpipévor HETOEU Tewv v BecopnBolv s 8V vEo v &uTike |-
HEvov, 16 émolov koAoUusy 14 aivolior Ty Oewpovuévay dvTexe v,

T& duTikeipever cupPoliZovrar ouvnBas p pikpd ypdupaTa Tol &hpoPriTov,
TX- % B, ¥,...."Ev abvodov dvtikeipéveoy ouuPorifeTan ué &v Kepahaiov Ypduua
TolU dApaprTou, Y. 2, A, X, Ywpis BeBalws TouTo v elval UToy pecoTixéy, Y.
&l Ty yecoperplay ouuBaivel ouxva T dvTioTpopov. Ta duTikelpeva (B e
T& dTroia Spidouv v alvorov, A.x. TS 2, k&xAoUvTan efs THY «yAdooav TGV ouvs-
Acovy, oToryeia TOU auvdAou Z, ToAAGKIS ¢ kol onueia Tod ovvdlov .

AV & Tuydy oTolyelov x kal Bi” By TUXoV olvodov Z Seydpeda &1 loylel pla
Hévov drrd TaS oyfoels

1) xeZ (5nhadh 16 x dvijker e 16 3 7 7O x efvan oToiyeiov ToU 3).

2) x€Z (BnA. O x Btv dvikel els T6 S 7 TO x Biv elvon oToIEIOV TOT 23,

‘H #wola o0 ouvdrou elval ouvBeBepévn pé THY Evvolav pidg «ayéoewe
odtyrogy GPITREVNS peTaly TEV oTolyelwy Tou, Paoer s dmolas Becopoipey
TaUTa, v & ouvStovtor Sik THS oxéoews =, dx Blaerpipéver peTafy Teov,
’AKplﬁéc’rEpov ¢ deyduela dru wdbe obvolor X arowyelwy a, By e L
ey épwbiouivoy ué pla ayéow iodtyrog, fitor 8Ti: duk xdle Ledyog otouyelon
LY & tod X elvar Béfawoy wai xatd fva dxpifds Todmoy (i:",uorom;;uivnug),
dy 14 otolyela Taita elvar ioca, omdre yodgouey x =y, i dudgpooa, Sndre yod-
Fouer x #y. ‘H oyéolg ol TANPOl Tas EEfs XAPOKTNPIOTIKGS  {816TTag
(= &iopata) THs iodTnTos ;

o)X= YV x€eZ (atromabng idiiryg)

B) & x=y, TéTe y=x (ovppetoua) idideyg)

Y) & x=y kal y=1z Tére x=7g {nerafari) idedTng ).

T &5 dveo lodtnTa, N oToix Spiler To (Brokpiver T OTOIXElA Tov) Ka-
\olipey «Baoikny iodTnTon Tpds Sidkpioty &rd kébe &AMV clodtnTan Spigopévny
v 3,

poosébare! To clpPorov = aupuPoriger Ty Pacikny iodTnTo Kol Siv
Tpémrel v OUYYENTa P 16 =, ToU Strofou | onuocic Exel 78 EEnynoq.
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Iopadciypata ocvvorov.

1. Té oUvohov TGV guotk®dy ambudv: 1, 2, 3, . . ., v,. . . ToUTo oupPo-
AleTon pé 1O ypappa : N.
2. T oUvorov T&V dkepaiov apbpdv : 0, +1, -1, +2, -2, ..., +v, —v,...

ToUto oupPoliletan pe T ypdupa : Z.

3. To oUvohov TG pndv amBpdyv, dmep cupPohilopey pé: ().

4. To olvohov TédV mpaypotik®dv apbpdv, Sep culPolilopey pE TO ypdupa
R, tv®d pé T& oUpPora R*, R oupPohifouev Tous BeTikoUs TparyaTikoUs dpt-
Ouous, dvTioTolyws Tous wfy &pvnTikoUs TpaypaTikous &pifuols.

5. Té ouvolov 6V pryadik@v apbpdv, Strep cupPolilopey pe 10 ypdppa C.
00T, Suvdper TéV dveTépw oupPoliouddv, B& Exwuey :

1N, —%GN, V2¢Q, V2eR", —-;— ¢€Q*, —2€Z, 3+5ieC.

§ 9. NMapaoracig ouvdlou.— Zuviifels TpGTOl TAPACTATEWS EVO§ TUVS-
Aou sivan ol k&Towb BUo :

a). AV avaypogilg t@v eroryeiov tov. Eis v mepimTwow alTiv fkacTov
aUvohov Opilevan Bid BnAdoews (dvarypagfis) GAwv TGV oToryelwy TGV dvniov-
Twv es aitd. 00T, T.X., TO gUvohov pE oToiyeia auToU Tous &pifiuous 1, 2,
3, 4 & cupPolifwuey ypdgovTes T& oTolyela Tou peTaly dykioTpoov, fiTor:

I 2na A
Kotd Tov oupPohiopov ToUtov Btv Exel onuaciav ) oelpd pé Thy omolav ypd-
popev T& oToIYEIX TOU oUvdAou PETAgY TV &ykioTpev. "OBev ta: {1, 2, 3, 4},
{1,3,4,2}, {2,3,41} xth ouupodifow T6 aitd ouvohov. [evikds :
{c, B, Y, ..} ouuPohilel &v olvohov, TG dTrolov OpileTon &md T& oTOIKEIA &, B, ¥
ko EAAa dkbun, T Omoia ik ToU TpdTou dnAwoews TV o, B, ¥ évwoolvTa kai
— yépw cuvtopias — TapodeiTovTal.
Ot TO cUvolov TGV QUOIKEDY &piBpddy oupPoiifeTan ds kétwb @
— NS e )

P). Awe meprypagiis @V otoryeiov tov. ‘O dvwTiépw TPOTIOS TAPATTRIEWS
fvds ouvdhou 81’ dvarypagfis TGV oToiysiwy Tou Stv Buvaral va épappoadi]
TrpoTiKGs (ToUAdy1oTov) s THY TEpiTTWoIY ouvdAou Ui peydhov &pifiuoy otol-
yelwv, A.x. els THy mepiTToW TOU cuvdAou T@V SvopdTwv dAwV TV KaToikwy
Tiis Edpdommns kad BewpnTinéds els Thv mepimTwov ouvorou pé dmelpov TATBOS
oToryeiov A.y. ToU ouvdhou @ T@v pnTév dpiBuddv. Eis Tas TepiTTRoEls alTds
T& oUvoda dpifovton 81’ iBloTTwv &vagepopéveov els Ta oToryeia abTév. "Oho
T& duTikelpeva wids dpiopévns 1816TnTOS BewpoUpey s Ev oUvohov. "Au f iB16TnS
oupBoAilnTen wé @ p( ), TéTE p(x) oupPohiler THv (dvoikTnv) TROTAOIV 1) EAAWS
ThHY ouvBrkny : «TO &vTikelpevov x Exel T iBoTnTa P ).

* To oUpPorov = (foov) onpaivel, 6Tou cuvavTaTal, «TO auTd Buvirpel Opiopou (el
oupPoriopol) pé».
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Mé {x : p(x)} oupPohiCopey ToTe TO cUvodoy TGV SVTIKEINEVEOV pé TV (516-

™Ta p( ). Obres, & Ax. p( ) ouuPoAiln Thy iB16TnTa

«. .. elvan &pTios dpiBuds »,
TOTE p(x) oupPohiler Thy (dvoikThv) TPOTAoW 1« x elvar pTiog ap10ude».
AUTN kabioTaTar Aoy TpdTaoS, &V GUTIKATAOTACWHEY To X i fve &p1Budy
6 dmolos udhioTa, &y oupBi) vé elvon &pTios kaBioTd Th TpdTacty SANGT. ToTe
TO {x : p(x)} ouuPohilel T& oUvooy (Bhcov) T@V dpTicov dpibucy,

TTpds drmoguy v TapepunVEIGY kel duTivomGy Bexoneba &T1 pia 1818Tng p()

QvagépeTan el dvTikelpeva, T dmroia aurikouv eis Ev dpioutvor olvotoy Q. ’Ecw
Tpa v duTikelpevoy aEQ Tedi) ev p( ), fiTol &v ypdyeopsy p(a), T6Te TO p(a)
ouuPoiilel plav Aoy TpdTacty, Sid THv dmolav Suvduebo v’ &ropavBdpey
KaTd éva kol udvov TpdTOoV, &v alTn elvan &AnoNs 1) weudns. ToTe S1& 10U oUp-
BoAov : {xeQ:p(x)} eite &MAws {x€Q|p(x)}
Opiferan fv Umooivorov A Tou Q, Tol Smolou T& oTolyEla Kol pdvov ot elvon
OAx Exeiva T& x €Q, Bk T& dmrola fl p(x), ds Aoyixny mpdTaos, AopBdver Ty
TN «ddnijor. "QoTe SexOueda 8T1: A xdle advoioy 2 xal plav ididtyra ()
SoileTar S 106 avpfolov {x€Q : p(x)} mdvrore & atvolor, o0 Smolov oror-
xela elvar Gla éxeiva 1a xE€Q, did Td roia 1| modTaois p(x) elvar adndilc.

Yo T s dvw onpaoiav 6 Becopduey s T gmopeva TO oUuPoloy
(xeQ: p(x)}. ‘Emopévex, v A={xeQ: p(x)}, TOTE elven :

X, XEA <= p(x) dinéns.

[MMapaderypa: "Eotw & mpoTaciakds Timos P(x): ¢x2—3x4 2= 03
ME oUvohov avagopds T ouvorov R Tédv TPAYHATIKGY  &piBuddv. Af Tipad Tfis
HETaBANTHS x, ai dmolan kadioToly ToV p(x) &ANGH TpoTaow elvan : 1, 2,

‘Emopévers 16 { xeR: x2—3x+2=0} elven 1o Binehes olvodrov { 1, 2 ).

Mapatipneorg: To obuBorov «:» 7 «|» &vaytyvaokeTa «To10UTOV, GoTen, TO Bi

RO ToU s dvw oupBdiou ypdpua Snpioupyel TO TUvolov cuugdves TPOS THY peT& ToUTo
SUVBfiknu,

§ 10. Té kevov oOvohov.— Aeydpeda T Umrap8iv Evds ouvéhou, Td dtrotov
KehoUuey «té xevdy ovvolovy kol oupPorilopev ToUTo pé { } 1 &eos pi .
ToiUro eiven tv oUvotov, els T dtroiov oUdty OTOIXEIOV dvrikel, fiTol ik ké&Be duTi-
Keluevov x foyvel x € @. Ot 16 oUvohoy : {xeR:x2+1=0 } elven 1O kevdv,
‘Ouoimg, &v Bewprowpey T6 {xeR:x #=x)=K, SiamioTdvopey &uéows &
ToUTo Btv Buvortan v &xn oToiyeia, fitor YA x€R foyte x ¢ K.

§ Il. "Ymogtvohov &AAou cuvérou. “YrepotGvodov. "loéng 860
SuvoAwv.

“Eotwoav A kai B 800 pf kevd oUvola.

o). ©& Mycwpev : «To odvotor A ehra roatvolov o By eite &MAeos «1o A
Teoéyetar (—= EyrdeleTar) el 16 By xal O avpforllwuey roiro ué: «A<S By
T6te, wal povoy Tdte, dv Oud xdfe x€A Enerar B
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‘0 dueoTpw OpIoKOS pe xpfigiv TGV oupBoiwv TS Aoy ks SlaTUTTOUTOl
CUVTOPS OUTW :

ACB <« (xeA = x€B)

opo

). O Aeyoouey  « TS gitwodov A elvar dregoivoioy 00 By nai Oa ovufoii-
Cwpey TOUTO pé «AD By téte, xai povor tdte, dv 70 B eivar $nooivotov tov .
*Hror : AD B = BC A

opo
T cupporov « =2 » Quory Y VOO KETAL «::ﬁgw';.;sr zo» 1) MRS «dyxleict TN,

v). ©O& Abywpey «Ts A elvar ywjaioy Srogbvolor 100 By xai 0d eopfoli-
Caypey TODTO pé A C B zdte, nai pévov rére, av 10 A S B xal Smdoyet &v (T00-
AdyioTov) yEB pé ye A

“Hror: ACB == (& xeA — xeB)Y A (3 yeB:yeA).

opo
5). O& Aéyouev «To A elvar loov pé ©0 By wal 0 oupfolisopey T00T0
ué A= B tite, xai udvov vdre, v io yvovy cuyyodves: A S B xai BC A.
SUvTOHS & Oplouos oUToS §iBeTon dos kaTwWHL ¢

A—B <« (ACBABCA)

opo

‘0 bpiopds 0UTOS clval iooBUvapos P :
(A=B) < (W x: xeA=xeB)A(y: yEB =>yEA) (xeA<+=x¢B).
Equ T oUvoha A, B 8tv elvan foat ypgouev: A # B (A S1&gpopov ToU B).

“QoTe A # B <= ~ (A=B).

Korrdmriv TouTou & Opiolos ToU yvnoiou UTrooUvSAoU SIxTUTTOUTOL CUVTORGS
oUTw :

ACB+«— ACB ki A # B.

opa

loyouv i k&Tw 1810TNTES ¢

-1). ACA, Bi&k kdde olvorov A (adromalis)

2). E&3vAC B xal B C A= A=B (drmovppuetova)

3). ’Eav A S B kol BClI=ACT (pevapati)).
Enpeiooig: Mix aytais, AT clvan avromalis, ArTIGUpHETOLE] kol perafarian Kohel-

a1 oyiolg dratatemg. “H = elven 68ev ayéois Brat&Eews.

Mapatnphoerg: 1) "Exaotov ghvohov elvan UTTOTUVOAOY TOU EauToU
Tou.
2). “ExacTov olvohov Gev elven yviioiov UmoovoAov TOU tquToU Tou (Biati;)

3). To kevov ouvohov Becopeitan E§ Spiopol 65 YrrooUvoiov kéfe cuvoAou.
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