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Kdde ymijoiov dyvrizumoy péger 1)y dmoyoagny 1o ovyyeagéws.
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IYMNAHPQMA
TOY NPQTOY KAl AEYTEPOY BIBAIOY

1. *I8ub6treg Tod dplonévroov

796. No xozaoxevacdjj fva rplywvey ABT, &v prwpilwpsy zobs
nédas TdY Dydv Tov.

A oig ‘YnoBétouey, 811 16 mMpoPAnua EAUBn kol Eorw ABIT
10 {ntolpuevov tplywvov, 100 dnolov yvapl-
Lopev 100¢ modag A, E, Z 1dHv Oydv tou
AA, BE, T'Z. M'voplfouey, 811 1& tpla Byn
AA, BE, TZ elvair Biyotbéuol t&v yondv
100 1piydvou AEZ, ‘to0 omolou xopugal
elvar ol mddeg 1V LYAV TolTWYV.

Kataokeuvn Kataokeu&fousv Aot~
mov tdg dixotbuoug AV yaowdv A, E, Z,
100 TpLrydvov AEZ «kai &x 16v onuelwv A,
E, Z ¢épopev kabétoug &nl 1&g Bixotduoug
tadtag. Altar tépvovtar elg 1a onuela

ZY. 1
A, B, I xal Acupdvouev obtw 16 Enroduevov tplymvov ABI.

796. Ai xogvpai A, B, I' évés rpiydivov ABI xai o dpPdxevpdy
zov H ddvavrar va Sewpndoiiv, &5 SgPdnevipa tdv ToIydivarw, & Smola
Eyovy xopvpas Ta Tpia dAle onucia.

*Ar, Oa delfopev, 811 | kopugn A 1ol Tplydvou ABT elvar &p-
86kevtpov T00 TpLrydvou HBT.

Mpé&yuatt, énedy i BHB' elval k&-
Betog éml tiv 'B'A 2E OmoBfoswg, B
elvat xal f FB'A k&Betog &nl BHB" &ote
i 'B’ elval Eva &nd 1& Uyn 100 TpLYyd-
vou HB[, 10 dmolov mpoektelvbusvov
ouvvavtd 10 Opog AA" £lg 10 onuelov A.

‘Ouolwg &nsdn /| THI elvan k&Be-
tog &énl Thv BI'A, 8& elvar kal f§ BI'A
k&Betog E&nl thv THI'. “Qote #§ BI"

Zx. 2 elvar Bpog 100 Tprydvou HBT, 16 émoiov
MPOEKTELVOHEVOY ouvavtd 10 Ogog AA
elg 16 onueiov A, “Qote 1& 1pla Gyn 100 1pLYddvou HBT, BnA. &'
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4 *I8étnreg ToU Oplonévipou

HA’, [B’, B[ diépyovtat &nd 16 adtd onuelov A. ‘H kopuph A elvat
Aowndv dpbokevIpov 100 Tpilywvou ABT.
‘Opolwg dmodeikvietal, 81t i kopugh B slval opBokevipov 0l
tprydvod HAT kal ) kopugn I elvat dpBékevipov 1ol tpLydvou HAB.
Znu. Ta téooapa adtd onuela A, B, I', H oxnuatifouv plav de-
Soxevrpinny dudda.

797. Ai mpoentdoeis tdv twdy AA', BB' I'T" évdc zoipdwov ABT
réuvovy thy sspupépsiar, THY seQLysypaupuivyy mepl 1o rplywvoy ABI &ic za
onueia A", B, T'"'. Na dmoderydfj: lov. "Ort ai AA”, BB”, I'T" elvac diyo-
Topor Tdv povidy rod rowydvov A'B'TY. 20v. “On za £ véfa, 16 dmola
dpilovy, émi ijs segipspelas, af Toeis xoguvpal A, B, T’ xai za onueia A’
B”, T, elvat ioa ava dvo.

*Am: Tov. B& delfwpev, 8t | AA™ elvar Bixotéuog tfig yawviag
A" 100 Tprydvov A'BT”. Al yovial v kal
v’ elvat foat, Bt elvar Eyyeypapuéval kal
Balvouv &ni 1ol adtod 16€ou AB”, fitol elval
v=v" (1).

‘Opolag al yoviat @ kal @ elvat toat,
ot elvar Eyyeypapuéval kal Balvouv gml
100 adtol t6&ou Al", Hrot elval ="

AMNG al yoviol o kal v elvan {oa,
d161L Exouv Tdg mAsupdcg Twv kabBitoug wlav
npog klav' SnA. Exouv thv BB" x&Betov Eml
g Al kal v BA k&Betov &ml v T
&pa kal al {oat mpdg adtdg yovial o kal v
Ba elvar Toay, fitor Ba slvar w=v' &orte
N AA" glvan Bixotéuog Tiig yovlag A” tod tplydvouv A”BT".

‘Ouolwg dmodetkvbouev, 81t al BB” kal ['T" elvaw Bixotbuol t@v
yavidv B” kal I 100 tprydvou A'B"T".

2oy, O delfwuev, 5T1 & t6€x Ar”, T''B, BA", A"I, 'B”, B"A
elvar Toa dvé Boo,

Mpdyuatt £8elybn, 811 al &yyeypaupéval yoviat o' xal v elvat
loal, &pa kal 1& dvtlotoya t6€a twv Al xal AB” 8& elval toa,
Ouo{mq &mobeikvoouey, 81t 108. BI"=10£. BA" kal 10f. TA"=10E.'B”,

Znu. “O1av 16 1plycvov ABIT slval &upiuydviov dnobemwouev
duolwg, 81t 10 Evar &md & Tuiuata AA”, BB”, IT” elvar Biyotduog
uLag Eowtepikiig yoviag 1ol tpiydvou A”B T kal t& 8o &AAa slval
Biyotduol tGv Blo EEwTEpIKk®Y YoVIdY 1ol Tpiydvou adTol.

798. 95‘0591},“& 0¥ Garnot, O xvxdot of mepiyeygaupévor mepi dodiv
Toiywvoy xai mepl ta Tola Tolywva, Ta dmoia fyovy wopupds T 59!9688’1’909
xai dvo dmd vas xopupds Tot Sodévros rpiydwov sivar ivor.

‘An. "Eotw 10 tplywvov ABT, 16 dmolov elvat gyyeypauuévov
elg 10v kOxhov O kal H 16 onueiov tfig Toufig 1@y Oywdv AA’, BB, I'T”
100 TpLydvou. O& deléwpev, 1t & xOkAog O «xal ol kOkAol, ol TEPL-
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ISuwdtnrec Tob dodoxévigov 5

veypauuévolr mepl 1& tplywva HBI, HIA kal HAB elval loot.

Mposextelvopev 1& Uyn AA’, BB', I'T” kal
Eotwoav A, B, I'" 1& onuela 1fig toufic Tfig
nepipepelag O xal 1dv mpoektdoswy 1AV O-
wdv abtdv. Pépouev 1&g Yopddg A'B kal A'T.

INvoplfopey, 811 1& onuela H xal A” elval
OUHMETPLKG Tpdg THV mAeupav BT &pa t&
tplyowva BHT kal BA'T elvau {oa.

‘AN & 10 tplywvov BA'T elvan Eyysypau-
pévov elg tov kOkhov O, &pa kal 16 loov al-
100 tplywvov BHI 8& elvat 2yyeypauuévov elg
gva kOkAov K, loov mpdg 1dv kOxhov O. “Qo1e
ol kokAoL O kal K elvat {oot.

‘Ouolwg Grnodeikvietal, 81t ol xOkAot, ol
neptyeypaupévolr mepl té& tplywva HICA xal
HAB elval (oot p¢ tév xOkAov O.

799. Eis &va lgooxedds rpiywvov ABT, (AB=AT') qpdoouer zd iy
AAY, BB, IT, za dmoia téuvoviar eis 16 oyueiov H, Na dmodeydi. low.
6t T0 terpdmlevgoy AIVHB' slvar Syyodyipov sis xdxdov. Zov. &m %
evdeia AT’ elvar épastzousvy s mepipegeias AT'HB'.

‘Az, lov. ’Emedn) ol yoviat HB'A xal HIMA elvau pBal, al kopu-
¢al twv B’ kal I’ kelvroiénl 1fic mepige-
pelag, ) Omola Exer Bdidpetpov thv AH.
“Qote 16 teTphmAevpov AL'HB' elva
tyyp&yipov glg kOkAov.

20v. ‘Emlong 18 tetp&mhsupov
HI'BA' elvan ¢ yypayipov elg kOkAov, dudTL
al d0o d&mnévavti yeoviar tou A’ xal [
elvar mapamAnpouatikal, g opdal. Al
yoviat v kal v’ elval loay, bt elvat &y-
vevpapuéval kal Bailvouv énl 1ol adTtod
t6€ou HA'. ’AAAG 1) yovia v elvar Ton
pug v yoviav o, ddtL Exouv v adTiv

d oupmAnpwpatikiy yoviav I, &pa kal W
ton tng yovia v 8a elvar lon pé thv o, fitor B8& elvar v=0. "AAAG
w=g, déT1 10 OPog AA’ elvar kal Biyxotduog thig ywviag A 100 loo
okehoDg tpiydvou ABT, &pa 8& slvat kal v=0w. :

Mapatnpoluey, 81 f§ yovia o elval Eyyeypaupévn elg 16v kOxhov
AT’'HB’, xal Balver &nl 100 t6€ou H, N 82 yovia v £xeL THv Kopuphv
g I &nl tiig nepipepelag, ula nhevpk g ["H elvat xopdh 100 16Eov
H, /) 82 &AAn mAeup& g MA" keltal £k1dg Tiig mepipepelag Emeldn
al yoviat v kal @ elvatl Toat, §f T'A’ 8& elvan Egantouévn tfig mepLpe-
pelag AT'HB’ el 16 onueiov I'.

800, Eis éva tplywvov ABT gégousy va vywy BB, T'T’, za dmola zéu-
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6

Edfsia xai xixhog tov Euler

vovvac eig vo0 H xai Aaufdvousy ra ovuucrgixa E xai Z 'l:"ff;' xopupiis A g
mpds va tyn BB’ xai T dvrioroiyws. No dmodeydfj, 61t za mévie onusia
B, L E, H, Z, xsivra: éni tijs avrijs mepipepsiag,

‘Ar. Ofpouev 1&g e0Belag HE xal HZ. Td tetpé&mAevpov BIHZ

elval Eyyp&yipov elg kikAov, BTt
al yoviar v kal v elvar Toar, dg
loal mpég v yaviav 1° mp&yuartt
al yovlal v kal T elvar Toau, 611
Eyouv THV aOTHY CUUTANPOUXTLKAY
yoviav B to0 tpiyovouv ABT.

Enlone ai yoviat v’ kal T elvat
{oal, diét & tplyova HIMA kal
HIMrZ elvan ovyuerpik& mpodg THV
HIM xal énopévag loa.

‘Ouolwg 10 tetp&mAeupov BIEH
elvar Eyypayipov elg xOkAov, BloT

al ywviar HB=o kal BEEH=0’ elvat loay, &g loat mpog thv yoviav a
np&ypatt ol uiv yoviot o kal o elvan Toal, g ovumAnpopatikal tig
yeaviag I tob Tprydvou ABT, ai 82 ®' kal o loal, &md thv lodtnta
1@v tplydvay HB'A xal HBE. “Qote & onuela E kol Z xelvron éml
tfic mepipepelag, /| dnola Bifpyetal &md T& onuela B, I, H. "Qo1te xal
ta& mévre onueia B, T, E, H, Z xelvtau &nl tiig abtiic nepipepelac.

2. Evdeia »ai ndxhog tod Euler

A’ 'Oudg. 801. @sdonua voi Salmons. Eis &va xvxlov O pigousy rgeis
yoedds MA, MB, MI'. M2 diauérgovs vas yopdds adrds yodpousy teeis we-
gupepelas, ai Smoluc téuvovras, éva dbo, sis vd onusia 4, E, Z, éxtds vob
xowwod Twv onuelov M. No dmodeiydij, ot

za ongueia A, E, Z xeivrar én’ evdelas,

*Ax. Oépouev t&g AB, BT, AT xal
oynuatlfetar 16 tplywvov ABI 1o &y-
yeypaupévov elg Tdv kOkAov O,

‘H k&Betocg, 1) dmola &yetal &md 10
M &nl v AB mpémel v& keital &nl tiig
nezpipepelag, | dmola yphostat
puetpov v MA, kal énl *fig nepipepelac,
f| dnola yp&oetar pud dikuetpov thv MB*
&pa i) k&Betog adTh elvan ) ko xopdh
ME 1@v meplpepei@dv adt@v.

ut d&-

=N 7

Té onueiovE 8mouv al nepipépeiat ad-
tal tépvovratl keltan Enl 1fi¢ mAsvpdcg AB 1ol tpirydvou ABT xal elvar:
& mobg tfig kabBétou, fi dmola &yetal &nd Eva onueiov M tfig mept-
¢spelag O &nl v mAevpdv AB 100 tpLydvou' 1 adtd oupBalver kal
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Eddela xai xixlog tol Euler 7

5l & onuela A xal Z. Katd 16 Bedpnua tol Simson (§ 303) t& on-
ueia A, E, Z kelvton &n’ edBelag.

802. To téooapa xévrpa @y xixAwy, éyyeypappiévov xal sagsyyeypa-
uévor eis Eva tolywvoy, ovvdsbueva ud edBelag, Sldovy EE etddypappa Tuij-
para. Na dmodeiyPfj, 6Tt 7a péoa rdv £ adrdy evduyppdupwy Tunudroy
xelvrar i tijs mepipepelas, s mepiyeypauusvns mepi To dodiv zplyowvoy.

‘An. *Eotw 16 1plywvov ABI kal O, O«, Op, Oy t& xévipa ol
tyyeypaupévou kOkiou O kal
TAV MOPEYYEYPAUMEVQV KO-
khwv elg 10 tplywvov adrté.

®épouev elBelag OOa,
00p, OOy, 0aOp, Op Oy,
Oy Oa. O bel§wpev, 811 me-
pipépela K, i meplyeypapuévn
nepl 16 Tplywvov ABT Biép-
XetaL &mnod t& uéoa 1AV €l-
Beldv OO::, o Oy Oa.

MNoplfouev 811 ta xév-
pa 0, Ou, Op, Oy kelvial
Enl 1&v duyotbuwv AQq BOg ,
MOy 1é&v yovidv A, B, I 100 zZy. 8
TpLydvou kal 81t al dowtept-
kol Bixotduot elvar x&Betor £mi 1&g E€wTeoikag Buyotduoug’ fitol f
AQa elvar xé&Betog &ml thv Oy Op, H BOp elvar x&Betog &ml 1hHv
O« Oy kal TOy x&Betog &ml thv Oa Op . Al O A, O B, Oy I elval Aot-
ndv Bypn 100 tpLydvou Oa Op Oy .

‘H mepipépeiax Aomdv K, 1) dnola diépyetar dmd tolg mbédag A,
B, I', 1&v 0Ydv 100 1tprydvou Oa Op Oy elvar fi nepipépeix tod Euler,
*AMAG yvoplZouev, 811 f| mepipépeia to0 Euler diépyetat 4mod Té& uioa
1Bv mAeupdv 100 1plydvou O« Op Oy kal &nd 1& péoa @V O0a,
00g , 00y , T@v dnootdoewv 1@v kopudpdv T00 TPIY@vov Oa Op Oy,
&nd 10 onuelovO thig Toufig TGv GY&V Tou.

8083. Aiderar Eva rplywvov ABT, 6 mepiyeygapuévos mepl o zpiywvoy
uislos O xal 6 xvxdos K rov Euler. "Eav A, E, Z elvac za péoa 1oy mwiev-
edr BI', T'A, AB zo? roipddvow, H 76 dpddéuevrody tow, xai A 10 onueior
Tot aUxdov zod Fuler, Td dmolov xsirar &mi ot vwovg AA’, va dmodeiydf:
lov. 87t ai evdsiar ZA xai OE elvar foar xal mwapdlinlor énlons ai AE
»ai ZO elvar ioar xai mapdiinior.

Zov. #u OZ=-1 TH, OE= —;— BH wai OA=— AH.
*Are. Iov. O& delfwpev, 811 ZA=OE xal map&AAniot kal EA=0Z
kal map&AAnAotL, :

Elg 16 tplywvov ABH, #) e0Bela ZA ouvvbéel 1& péoa tév dlo
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8 Eddeia »ai xtnlog tob Euler

TAEUPGV Tou, &pa elval map&AAniog mpdg v tpltnv mMAsupdv Tou
BH xal Ton pg 1o fjuov adtic’ fltol elvar ZA= 5 BH.

Oépopev THv OE' f OE elvai x&Bstog &ml v AL, Bt 16 O
elvar onuelov tiig kaBétou EO elg 16 péoov tfic ATl. Al e0Bzial BB’
kal OE elvatr map&AAnAol, d¢ k&Betor &mi

A v adtv edbeiav AT.

“Qate al ZA kal OE elval mapdh-
AnAot petald 1TV, O¢ map&AAiniot mpog
v adtiv sdBelav BHB'.

‘Opolwg &dnd 10 tplywvov AHI eo-
ploxouev, 811 fi. AE elvar map&Aiiniog
kal Ton pg 16 fuwou tfig HI™ firor elvan

l
Bwr i —;— i
X Al edBelal THI' kot OZ elver ma-

=x. 9 paAAnAot, O¢ k&Betol &nl THv adTiv £d-
fBelav AB. "Qo1te al AE xal ZO elvan
nap&AAniot, ©¢ nap&AAniotr mpdg v adthv edbsiav THI'
To tetpd&nievpov Aowndv AZOE slvm napaAAnAbéypauov kal £no-
uévag 8& elvar ZA=OE xal AE=Z

Zov, Ba delwuev, 11 OZ= —;- FH xAm.

'Edelybn dvatépw, 1t OZ=AE «xal AE=-—;- FH, &pa B& elvan

OZ:% 'H. ‘Opolwg eOplokopsv, 811 OE=ZA= % BH kal

OA—EN= % AH.

804. Oecdpnua ot Hamilton. N& dmodaiydf, 6re Eva dodév rplymvov
ABI %ai za zpla rpiywva ABH, BT'H, T'AH, 2é dmola Syovy xotvsy xopv-
@iy o dpPéxevrgor H xal Pdosis, dvriorolyws, tas mwlevoas vod toiydivor
ABT, #ovr xowdy tdv nlxdov rov Euler,

‘Az, "Eoto K & kOkhog to0 Euler 100
tpryevou ABT. Ba delfwpev, 81 kal &
tplywva HBI, HTA xal HAB Eyouv Tdv
adtov xOkAov K, &g kOkAov 7100 Euler,
Mpéyuatt &¢ A&Bwuev 1¢ tplywvov HBI,
Ta péoa tAv mAsupdv 100 TPLYDVOUL
BHI elval 1& onueia M, A, N. '"ANA& &
kOkhog K diépyxetal dia 16dv onuelov ad-
Tdv M, A, N, dbétL 10 M elval 16 péoov
tfig dnoot&oewg BH tfig xopuofic B &mo
10 dpBbkevipov H, 16 A elvar 10 pfoov - Ey. 10
Tfi¢ mAevp&c Bl 100 tpLydvouv ABT kal

@ N elvar 16 péoov tiic &moot&oswg MH tfic kopugfic I &nd 18
dpBokevtpov H.

Wnepiomoir|Onke amé To lvotirouto Eknmaibeutikng MoAmkrig



Evbela xai xixdog tob Euler 9

"Qote & kOkAog K Biépyetal Bix 1ol HEgoUu 1AV MAsLPOV 100
Tpty®vou HBT.

T& 6yn 1ol tpiydvou HBI elvar ta& HA’, B[ kal B &ote ol
nodeg AV Y&V 1ol TpLydvou HBI elvan of A, B', . *AAAG & KUKAOG
K Biépxetal Gnd tolg médag A', I, B 16v uzpcav avtdv, BdtL ta A,
B, I'', elvaw xai ol médeg t@v LY@V 100 TpLydvou ABT,

T& Gyn HA', Bl kal ['B’, mposkteivéueva téuvovtal elg td on-
uelov A. “Qote #| BA elvat fj &dndéotaoig 1fic kopugic B 1ol TPLYGVOU
HBI d&md 16 onuelov A tiig Toufic t@v OW&v tou. Td péoov tic &mo-
otgoews adtfic BA elvar 10 Z' dpolwg 16 uéuov thg dnootdosng 1fig
kopudfic ' &md 10 onuelov A tiig Toufic t@v OUGY elvar 1o E, xal 1o
uéoov tiic HA elvat 186 A* AN Bud 1&v onuelwy abtdv Z, E, A diép-
xetat kal & kokAog K 100 Euler tod tpiydvou ABT.

"Qote & kUkAog K 100 Euler 1ol tpiydvou ovpnintel ui 1ov KO-
khov 100 Euler 100 tprydvov HBI.

‘Ouolwg dmodetkvoetal, 81t & kOkhog K ovuminter pé tolg k0=
kAoug 1ol Euler t1&v tpiydvov HICA xal HAB.

805. Aiderar &va volywvor ABT xai H 3 dpBdxevrpdy tov. Na dmo-
dsixdfi: lov. &7: ta réooaga tolywva ABT, HAB, HBT, HTA #ovr o
»dv tov xixdov vod Buler. 20v. ue af 1éooapss megipbpetar, af mepiysypa-
uévar mepi Té Tolywve adra shvas iovac. « Sov, drr af ebdeiar, ai Smoiar ouw-
déovy 16 GpPbusvrpoy éndorov Tdv ToLydywy B TO xévipoy Tod dveioroiyov
nteptysypaupévor xixlov, difpyovrar dmd 16 adrd onusiov, Té dmoior xsivar
eig T6 péoor Tdv ebPaidv adrdv,

Az, lov. BAéme AOowv dokfiosws 804.

2ov. Tvwpllopev, 811 ) &ktic T0l kOkAou tod Euler elvar i I.UT] [Tt
10 finou 1fic dktivog To0 mepryeypauuévou nepl 18 tplywvov kdkAou.

'Emeidh t& tplywva ABIN, HAB, HBI', HTA Eyxouv tov ad1dv KO-
kAov 1ol Euler Emetat, 8t al dxtivee 1dv xOkAav, T&V TEPLYEYPOILL-
uévav mepl td tplywva adta elvar loal, d¢ Bumh&olal tig dxtivog
100 kOxAou 100 Euler.

3ov [M'voplZopev (§ 307), 811 10 xévipov Tol kUkAov to0 Euler Tu-
Xovtog tpiydvou keiltar elg 10 péoov tiic edBelag, / dnola ouvbéet
16 dpBbkevipov H uté 16 kévipov 1ol meplyeypaupuévou mepl 16 tpl-
Y®OVoV KOKAOU.

‘Emeidh) & kGkhog 100 Euler elvan koiwvdg kal didx t& téooapa
tplywva, Enetat 811 16 kévipov tou B& keitat elg 16 péoov KaBeuL&g
&nd 1i¢ 1éooapag abtag edbelac &pa al edBelal adtal SiépyovTal
B 1ol kévipou 1ol kOkAou Tol Euler, BnA. Sik 100 adtol onuelou.

806. Eis xdde rerpdslevooy, éyyeypauuévov eis xdxlov, ai ndderor,
ai dmolar dyovrar dmd td péoa éxdorns mlevpds, éni Ty dmévavi mwasvody,
difpyovrar dmd vd adrd onueiov.

"Az. "Eo1o 16 1eTp&mAsupov ABTA, 10 Eyyeypauuévov elc tdv
kOkAov O, xal E, Z, H, © t& péoa té@v mAeupdv tou AB, BT, TA, AA.
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10 Edfeia xal xUxhog tol Euler

‘And t& onueia E, Z, H, © ¢pépousv kabétoug EE’, ZZ', HH', ©8° &nl
tdg &dnévavtt mAsupde B& Belfwpev, 81 al k&Betol abtal difépxovial
d1& 100 adtol onuelou.

To kévipov O 100 kOKAov, t00 meplyeypappévou mepl 10 TeTphk-
wAeupov ABTA slvat 10 onuelov tfig toufig 1dv kabétwyv elg t& péoa
1@V MAELPAV TOU.

Té tetp&nievpov EZHO elval napaiAnAdypappoyv, didtL al kopu-
gal tou elvor t& péoa 1AV mMAsupdv 1ol tetpamAslpouv ABTA* &pa
al 3uaydviol 1ov EH kal Z© dixotopolv-
tal glg & M. ®Pépouev thv OM kal &ml
tic mpoekt&oswg AapP&vouev Tufjua
MN=O0M. ®épopev 1dg¢ HN, NE, EO, OH.
To 1etp&nisvpov HNEO slvar mapaiin-
Abypappov, dibTt al diaydviol tov ON
kai HE Bixotopolvtal elg 16 M &pa al
NE xal OH elval nap&AAniol, kabbg Kat
al HN kal OE.’Emnedfy 4 HO elvar x&Be-
to¢ énl v F'A xal f§ nmap&AAnAég 1ng
ENE" elvar k&Betog &ni thv IFA. “Ouolwg
A HNH’ elval x&Betog &nl thv AB, bbbt

Zy. 11, kal f| mtap&AAnAég tng OE elval k&bBetog
£nl v AB.

Al EE’ xal HH" téuvovtal elg 18 N. ®épouev 1ag¢ OZ, 00, ONO’
xal ZNZ'. To tetp&nisupov ONZO elval napaiinidypauuov, didétt al
diayoviol Touv BZ kal ON diyotouolvral elg 1 M.

“Apa al &dnévavti mAsvpal tou elvar map&AAnlor &newdhy f§ OZ
elval k&Betog &nl thv Bl kal f| map&AAnidég tng BNE’ elval k&Betog
g¢nl v Bl ‘Opolwg kal f ZNZ' elvan xé&Betog &nl v AA.

"Qote al EE', ZZ', HH', 88 B&ifpyovial di& 100 abtol on-
pelov N.

807. Ocdpyua vob Maclawrin., Aiderar pia povia XAy xal &va onueiov
B, 76 dmolov xsirar &mi tijs Siyordpov tys. Iodpopev tvyoiicar mepipépsiay
diepyopévyy &nd Ta onuela A xal B’ 1 megipéoeia adry téuvel iy AX sis w6
T xai v Ay eic 76 A. Na dmodeiydf, 6ve AT+ AA—ocradepdv,

‘Ax. "Anod 10 B pépousv tdg kabétoug BE kal BZ &nl tdg mAsu-
p&g AX Kkai Ay tfig yoviag' énedn té B elvar onuelov tfig diyotduov
1fig ywviag xAy, 8a elvar BE=BZ.

Al yovlar AEB kal AZB =lval épBal’ &pa al kopueal twv E xal
Z xelvtau éni neplpepelag, f dmola yp&oetar ué dikpetpov v AB.
Ta dpBoydvia tplywva AEB kat BZA elval loa, didéti EXouv 1&g Ono-
tewvolboag twv loag, v AB kowfv, kal tdg xaBétoug mAsupdg BE
kol BZ loag &pa 8& Exouv kal AE=AZ. dépouev tdg Xopddg A, B, BA.

Al gyyeypauuévor yovial A; kal Iy elven Toat, dibtt Palvouy Eml
o0 altol 16Eou BA.

'Enlong al Zyysypappévar ywovioar A, xkal A; elven {oat, ddTt
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Eddsio xai xoxlog tol Euler 1

Palvouv énl 100 abtol 16Eov 'B. "'Emedhy A;=A,, dbT ) AB elvai
Biyotduog 1iig yoviag A, 8& elvar IMN;=A," dote 16 1plywvov BA elvai
loookeAdc kal £nouéveg B& elvar BA=BI. (1)

®épopev thv TH k&Betov &nl v AB, f dmola mpoextelvouévn
Téuvel Ty AA elg 10 ©. ’And 10 loookeAég Tplywvov AI'© AauBévo-
uev AFr=A0. (2)

Dépouev v OB. 'Enedn 4 BA slvar k&Betog elg 10 péoov tfig
re 8a elvar BE=BI. (3)

'Ex 1&v lootitev (1) kal (3) Aaup&-
vouev BA=BO. (4)

“Qore 10 tplywvov OBA elvar loo-
okeddc kal Enopéveg 16 Oyog tou BZ
Biyotouel thv B&owv tou BA, fitol elval
©Z=ZA. B& elvar Aoimdyv:
AT+AA=AT+ABO+OA=AD+}+AO+2 .OZ=

=2A0420Z=2(A0+OZ)=2AL.

‘AAAG ) AZ elvan otaBepd, BudTL &
A xal Z elvar onuela 1topfig thig AA Zy. 12
kal Tiig otaBep&¢ mepipepelag 7 dnola
Exel Bikustpov v AB. “Qote elvat ATHAA = otaBepbdv.

IMaparionois. ‘H &oknoig adth dovatal va éxppaobf kal dg &g :
“Orav &va zplywvoy ATA &ec wiay ywviav A oradepdy xavd 10 uéyedoc
xai v Héowv xai 1o ddgoioua AT+HAA tdv dvo mlevody Tov, mod srepeé-
xouy Ty ywviav avryy sivar ovadepdy, 7 mepiplpeia 1 mepiyeypappbvy mepl
o Tpiywvov avrd Siépyerar 8i' Evoc onueiov B dpiousvov, t6 Smoioy xsitas
&l tijs diyordéuov tijs ywvias A.

808 Eis &va zplywvor ABT g@égouey 6 vwos AH, wiv diyorduoy
AA 7ijs ywviag A xal vds xa®érovs BE xai I'Z éni syv AA, 'Edv M xai N
elvae za péoa 16v nlevedv BT xal AB, va Gmodewy®fj: lov &te 7o rerpdmiev-

ooy HZME slvac éyypdyipor sic xdxloy. 20, 61t ywv.HZMHva-Fﬂmv.%-

3ov 6t yov.HNM=B—T. 4ov 8z¢ 10 xévrpor vod mdxdov EHIM xeirac
émi vijc mepipepeias Tob xhxdov Tod Euler zo¥ zoiydvov ABI.

*Ar. Npoektelvousv 1ag BE xkal F'Z péypig étouv guvaviioouvy Tég
mAEupdag Al kal AB 1ol tpiydvou elg ta onueia © kal K dvuiotolywme,

Elc 16 tplywvov AKI f§ AAZ elval diyotbuog g yoviag tfig Ko-
pudfic Tou A kal k&Betog &ni v B&ow TK &k xataokevfig” &pa 1o
tplywvov adtd elvan loookeAig xal Emouéveg 10 Z elvor 16 péoov
Th¢ mAevpdg I'K.

Elg t¢ 1tplywvov MBK f e0Bsia ZM ocuvdéel t& péoa 1év dbo
nAeup®dv tou” &pa elvatl map&AAniog mpoég TV TPlTnV MAEUp&vV ToOL
BK. Al yoviot @ xal 1 elvaw loar dg Evidg Evaiia§ 1dv mapadiif-
Awv AK kal MZ teuvoutvev Omd thig AZ' fitol elvat

A
YOV. T=YQOV.0=Y®V. = (1.
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12 Evdeia »ai xixhog tol Euler

Al yoviar AHB, AEB elval dpBal’ &pa al kopugal twv H kal E
keivtal Enl nepigpepelag, | dmola yp&opetal pué didustpov thv AB. Td
1etp&nAsupov Aoindv ABHE elvar 2yyp&yipov elg xOkhov kal dmopé-
vag al Bbo arévavtl yovial touv elval mapaninpwuatikal, ftot elvar

yov.o+ywv.BHE=2 dpbal | yov. % -+ywv.BHE=2 4pB. (2).
*AM& elval kal yov.BHE+yov.t'=2 6p8. (3).

‘Ek 1@v loothtwv (2) kal (3) ouvayousy, 811 al yovial -%- kal 1
elval Toal, Bidtt Exouv THv adTv mapa-

mAnpouatikiy yovliay BHE® fitor elval
- (4).

‘Ex 1&v loothtav (1) kal (4) cuvé-
yousv, 8Tl YOV.T=YWV.T'.

Mapatnpobuey, 81t 16 e0B80Yypauuov
Tufipa EM ¢alveton Omd loag yoviag T
kal T &dnd 1& onuela H kal Z' &pa 1&
onuela H, Z, M, E kelvtow &nl 1fic ao-
1fic meppepelag kal Enouéveg 10 TETPA.
mAevpov. HZME elvan &yypé&yiuov elg
KUKAOV.

2ov. Td 1plyevov ABO elvor loo-
okeAég, Dot | AE elvar Siyotduog 1M ywvlag tfic kopuegiic A kal
k&Betoq Enl v Bhowv BO &k xataokevfig’ dpa 16 E elval td péoov
1fig BO. Elg 16 tplywvov BI'® 1| £08eia ME ouvdéel t& péoa 1dv duo
nAsvp®dv Tou Bl kat BO, &pa elvar mapdAAnlog mpdg thv tplinv
nAgup&y tov AT.

Al yavial o kol [[; elvar loar &g &vtog &k1ég kal &nl 1& adta
uépn 18&v napaAliiov Al kal EM tepvopéveov Omd tfic BIN, fitol elvan
yov.o=yov.l'y ()

Al yoviat o xal o elval loat, BbtL elvan 2yyeypauuéval elg Tov
kOkhov HZME xal Palvouv &nl 100 altol 16€ou HE' fitor elvan
yaov.o'=yov.o (6).

’Ex t@v loothtov (5) xal (6) cuvéyousy, tSn yov.I';=yov.o'.

“Qo1e Ba elvar yov.HZM=yowv.o'+ywv.1’ =ymv.r+ymv.-§-

8ov. Eig 10 tplywvov ABI | £08elax MN, ouvbéeL1& upéoa Boo
mAevpdY Tou, &pa elvar map&AAniog mpdg TV tpltnvy Al Emoupévog
) yov.BMN=I (1).

'Emedn 10 tplywvov AHB elval épBoydviov, f 8¢ Bi&usobde Tou
HN elval Ton pi 1o fluovu tfig :‘morewoucnq AB, 16 plywvov NBH
elval loookeAég, &Gpa Bc‘x elvat BHN B (2).

‘Ene1dn ) yovia BHN elval ¢Ewtepikn yovla 1ol tpLrydvou HNM
o sy Cn) N -~ N P
B ETVC!L‘ BHN=HNM+4HMN f§f HNM=BHN—HMN=B—T.

Yov.T =yov.
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4ov. "Eotw O 10 xévipov 100 kOkAou EHZM. Oépouev tég &kti-
vag OH, OM «kal &g edBelag NH xal NE' 8& delfwusv, 8t 10 kév-
Tpov O 100 xikhouv EHZN keital &nl tfig nepiopepelag t00 kKOKAOL 10D
Euler 100 1tpiyddvouv ABT, dnA. 100 Biepyouévou di& tdv N, H, M.
Mpdg tolto Gpkel v& delfwpev, 81 16 tetp&nheupov NHOM elvar
gyyeypaupévov elg kOkAov.

'H Enlkevipog yovia HOM elval dinhaocla tfig £vysypaupévng
yaviag HZM, 1 énola Balvel énl 1ol ad-
100 t6&ouv HEM, fitot elvan A

Yov.HOM=2 yov.HZM.

"AMNAG yov.HZM=T+ % s i tbet:
¥6n elg v meplnTowv 20v' &pa B elvat
yev.HO M=2(F+ %—)

i yovHOM=2F+A (1)

'Edelauev dvotépw (neplntwoie 3n)
81t yov.HNM=B—I (2).

MpooBétovteg tag lcém‘tﬁx\q (1) xal
(2) xat& péAn AauBdvopusv HOM-4yov.HNM=I-+A-}+B=180°,

Té tetp&nAsupov Aotmdv NHOM elvar Eyypdyipov elg kixiov,
it ai dvo dmévavtl yovlat tou N kal O elvar mapaninpouatikal.

“Qorte & kOkAog 1ol Euler tol Tpiydvou ABIT Biépyetal kal dia
100 Kévipou O 100 Tetpanisdpou EHZM.

=x. 14

809. Znusiov ot Miguel. °Edv els &va rerpdmievgor ABT'A mgosxtsi-
veuey tés dmévavre swleveds tov AB xai I'A péype tfis ovvavioeds reov eis
70 onueior E xal vag mleveds AA xai BI' uéypr tijs ovvartijoeds rowv eic
26 Z, oynuariloper &va oyijua, 6 dmolov Aéyerar mAfjpes rerpdmdsvgor,
Adio 16 mhijees rerpdmwlevgov mepiéysr téocaga tpiywva EBT, EAA, ZTA,
ZAB. Na amodeiy®j: lov 6ue ai mspipépsiay ai mepiyeypauuévar mwegi td
téocaga adrd tplywva Sifpyovrar dmd o avrd onueiov. Sov Su Td xévrpa
TGV TEQLPEQEIGY aVTDY xeiviar i Tiis avrijs mepiupegelas.

‘Az, lov. Mepryp&pouey mepl t& tplyova EAA kal ZAB mepipe-
pelag kal Eotw H 1o Bevtepov onueiov Tfig Toufig t@v.

. O& delfwuev, 811 al meplpépeial, al mepryeypaupévar xal mepl
ta 1plywva EBI kal ZAT Bifpxoviar &md td onuelov H.

®épouev TV kownv Yopdiv AH t&v mepipepeidy, tdBv meprye-
ypauptvev nepl 1 tplyova EAA kal ZAB. "Emnlong o¢épouev tdg
gbBelag HIM, HB, HE. Al yovlat A; kal B, elvar Toat, didtt elvar gy-
yeypappéval elg 16V adtév kOkhov kal Balvouv &nl 100 adtol 16E0L

~
HZ, #itot elvan /A\,=B; (1).
‘AMNAG §) yovia A; elvar Ton pg v yeviav E;, di6tt elvar Eyye-
ypauuévar elg tov adtdv xOkAhov kal Balvouv &nl 100 adtod 16fo0uL

P P
HA, fitot slvan A,=E, - (2).
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*And tég lodtntag (1) kal (2) ouvayopey, 61t al yovial B, kal

E, elvaw toat Mapatnpoluev, &t # edBela TH galvetar &nd t& on-

ueia B kal E 9mé {oag yoviag B, kal E &a t& onueia B, E, I', H

kelvtal &nl tfic adthig mept-

pepelag’ dote 10 onueiov H

- elva onuelov kal tfic nepLpe-

pelag, tfig mepiysypauuévng

nepl 16 tplywvov EBT.

‘Opolwg dmobeikviouey,

8t 16 onuelov H elven on-

uelov kal tig mepipepelac

¢ mepiyeypauuévng mepl 1o

tplyewvov ZIA.

20v. "Eotwoav K, A, M,

N, 1& kévipa 18V kOkAwV

; T@v meplyeypauuivov mept

Zx.15 t& tplyova EBI, EAA, ZAB

kal ZTA. Oépopev 1d¢ xopddg

HA, HZ, HB NB. T& 2yyeypaupéva 1etpanisvpa AEHA kal EHIB elg

Tolg kOkAoug A kal K Exouy xowviiv mAsupdv thv EH, f§ odmola slvar

kolvi] Xopdh 1&v kOkAwv K kal A’ &pa 1ta kévipa K kal A t&v ko-

KA@v adtdv B8& kelvtal éni tfig kaBétou OKA €lg 10 wéoov © * tiig EH.

‘Ouolwg t& tetp&nisvpa ABHZ kai ATHZ Exouv koiviiv mAsvpdy

v HZ, fj dmola elvar kowvl) Yopdh 1dv xOkAwv M kal N* &pa 1 kév-
tpa N kal M keivtar &nl tfig xaBétou INM eig 16 uéoov 1 tiic HZ.

‘Ouolwg 1& teTphmAcupa ABHZ kal BEHT &yxouv kowvijv mhevu-

pdv v kowvijy Yopdiv BH t&v kOkAwv K kal M' &pa 1& kévipa K, M
kelvtal énl 1fic xaBétouv KM elg 16 péoov tiig BH.

‘Opolwg & tetpdnisupa AEHA kal ATHZ Exouv kowhv mAsupdyv
v AH, | dnola elvar kowvh Yopdh 16V kOxkAwv A kai N* &pa & kév-
tpa A xal N xeivran &nl tfi¢ kabétov elg 16 néoov tfig AH.

‘H yovla A elvar 2yyeypaupévn elg 10v kOkhov A kal Emopévag
Exel pétpov 16 fuiov 100 &vrtiotolyou 16€ouv tng EHA' fitot slvau
yovA= -4 t6EEHA (1),

‘Enfong f yovia A elval 2yyeypoupévn kal elg tov kOxhov M:
Gpa B elvar  yov.A= —;—- 16€.BHZ (2).

'Ex 1@v loothitav (1) kal (2) ocuvéayouev 81t pétp. tof. EHA=
=ué1p. o€, BHZ (3).

Al yovlar KMN kal BHZ Exouv tdg mAeupdg tov kabétoug ulav
npog plav, dg &belybn dvotépw’ &pa elval mapamAnpouatikal, fitol
elvar yov.KMN-+ywv.BHZ=180°, &pa yov.KMN=180°—ywv.BHZ (4).

*Emnfong al yoviai. KAN kal EHA Exouv tdg mAsup&e twv kabé-
toug plav mpog uplav' &pa elval mapaninpopatikal, ol elval

* Eig 10 oxfjpe 15 v& ypagf © avii B (pécov tfig¢ EH). *Enlong vé ypogpd
T5 onpelov M xal vé &x 3§ % xopds HA,
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yov.KAN+yov.EHA=180°, &pa ywv.KAN=180"—ywv.EHA (5).

'Ex 1dv loothtwv (3), (@), (5) ouvhkyousv 81t yov.KMN=ywv.KAN.

Oépouev tag 06slag KN xai AM. Mapatmpoduev, 81t fi mAsupa

KN 100 tetpaniedpou KNMA gaivetar Omo loag yoviag KMN xal KAN

&nd 14 Svo dmévavti kopupdg tou A kal M, &pa 1d TETp&mMAELpOV
KNMA elval Eyyp&ypipov gig xOKAOV.

810. *Eni vév mhevpdy AB, BT, TA &ds zoydvor ABT laufdvousy

& oqueia A, E, Z dvriorolyws. Na dmodeyBfj: lov dze ai Tegipépeiar ai e

otyeyoaupévar mepl va teiywva AAZ, BEA xai I'ZE Siépyovrar Gmd To avIo

anueior 0. 2ov 6t yov.AOB=yov.I'+-yov.EAZ, yov.BOI'=ywv.A+yov.AEZ,

ymv.Aﬁl":yva-{—ymv.AZE. Bow. "Amo tés nopupds A, B, T’ péoouey zpeis
tuyodoas mwagailjlovs, AH, BO, 'K, af émoiar zéuvouy tag mepLpepsias
tdv xduiwy AAZ, BEA, TZE sis ra onusia H, 8, K dvriorolyws. Né aso-
Ssiyd4j, 6t ra onuein H, O, K xai O xeivrar &’ svdelas.

*As, lov. *Eotw O 10 onueiov Tiig Toufic @V mepipepeldv AAZ
xal BEA. ®épopev tag xopdag OA,
GE;OZ.

'Emeldl 16 TETPATMAEUPOV
AAOZ elval Eyysypapupévov eig xo-
kAov Aaup&vouev
yov.A+yov.A0Z=2 8pb. (1).

‘Ouolwg &nd 18 TETPAMAEL-
pov BEOA, 16 dnoilov elvat &yys-
ypauuévov lg kOkAov AapB&vopev
y@v.B+ywv.AOE=2 &p8. (2).

IMpooBétovteg Ttdg lobdtntag
(1) xal (2) kat& péAn AcpB&vouev
yov.A+yov.B+yov.EOA-+ywv.A0Z=4 6p8. (3). 3

*AAAG al mepl 10 O yoviow AOZ, EOA xal EOZ Eyouv &Bpolopa
4 5p8&V yowdv, fitol elval yov.AOZ+ywv.EOA-+ywv.EOZ=4 &pb. (4).

*Enlong elvat yeov.Atyov.BHywv.r=2 pb. (5).

MpooBétovteg 1dg lodtntag (4) kal (5) katd uéAn Aappdvousv

ymv.AOZ-|—-ycov.EOA—]—Ycov.EOZ—I—ymv.A—l-ycov.B+ymv.l’=6 épB. (6)

*Agaipoluev kata uéAn td&g lobtntag (6) xal (3) xal Acpphvopev
yov.EOZ+yav.I=2 4p6." fitor al 500 damévavit yoviar O xal ' 100
tetpanietpov EFZO elvar napanminpepatikal’ &pa 10 TETPAMAELUPOV
ETrZO elvatl dyypdyipov elg kKOKAov. ‘Enouéveg fi meplpépeia, | mept-
yeypaupévn nepl 10 1piywvov IZE Biépyetar di& tol onuelov O tiig
Toufic T&v 800 &AN@V MEPLPEPELDV.

20v. O belfwpey, 61 yov.BOr=yov.A+yov.AEZ.

dépouev 1dg Xopbag OA, 0Z,-EA, EZ. Al yovial v xal v elvae
loar, Bibtt elvar 2yyeypappéval kai Balvouv &ni 100 adtod T6E0U BE"'

-~ /\'
fitoL elvat v=1V".
|

N AN
‘Opolog elval o=w’, di6TL elval 2yyeypoupéval kal Balvouv gnl
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~ AN AN - PN R
cob adtol 16Eov ET. ©& elvar Aowmdév BOM=v+w fi BOM=v+4o'. ()]
‘And 10 tplywvov BAE AauP&vousy

A ~ ~ A~
v+B-+to=2 épB. | v'=2 8pb. —(B+0) (B).

‘Ouolwg dnd tplywvor EMZ AauBd&vousv c?':Z 4pB. —(1:4-3 9).
MpooBétovteg 1ag lodtntag (8) xal (9) xatd uéin AauB&vopev

A A AT s
v'+w'=4 4p8.—(B4-T+o-+1). (10)

PN N -~ NN Py
AANAG BT =2 6pB. —A  kal o+1=2 épB.—AEZ.
‘Emopévacg, #} lodtng (10) ylvetan

AN AN T A A A
vV+w'=4 6p8.—(4 6pB.—A—AEZ) | v +o'=A+AEZ (11).

‘Ex 1@v loottav (7) xal (11) ouvéyouey, 811 B(/)\['=;\\+A€Z.

‘Opolwg edplokopev, &1L yov.AOB=ywv.+yov.EAZ Kal
yov.AON=ywv.B+ywv.AZE.

3ov. Gépopev thv Yopdiv OH. Al yovilar A, kal AOH elvan loat,
dubT elvan Eyyeypappévar elg Tév kOkAov AAOZ kal Balvouv &mi 700
adtol 16ov AH (Zx. 17).

Al yovlal A, xal By elvar Toar, Og 2vtdg EvaAdaE T&v tapailf-

Awv AH kcl BO tepvouévav Omd tfic AB' &pa B slvan /B\,z A(?H (1).
®épopev v yopdhv 08. Al yovial B, kal B0A slval loay, BléTt
elvat Eyyeypoupéval elg tov xOkAov BEOA kal Balvouv &nl 100 adtod

t68ou BA, fitol elvan Bl=9€A @r
£k 1&v lootitev (1) kal (2) ouvayo-
Hev 811 Yov.AOH=ywv.80A.
Mapatnpobuev, 11 al yovio
AOH xal ©0A elvai loay, Eyouv
Koy Kopuphv O, kolviy TAEUPGY
OA kal al &AAat mAsvpal twv OH
kal 08 kelvtal mpdg 10 ad1d uépog
TG Kowviig mAsup&g OA.’Eneldhy b2
al yovial adtal elva loat, gmetal,
811 al pf kowval mAsvpal twv OH
b 2T kal 08 ovunintouv, "Qote 1& on-
ueioc O, H, © «kelvtal &n' edbelag.
®épouev v Yopdiv OK.
Td tetphmievpov OEMK elvar yyeypoaupévov ele tdv xOkhov
FEZ al émouévag & elvar EOK+ETK=2 3p8.  (3).
*Emlong &ro 10 Eyyeypapuévov tetphnieupov BEOO elg 1dv x0-
xAov BEA AauBé&vouev i
©BE+vyov.E09=2 3p8. (4)
MpooBétovteg 1&g lobdtag (3) kal (4) katk péhn AauBévouev

EOK-+ETK-+EBE+EOR=4 8p0. (5)
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Eidbeia noi x0xhog toi Euler 17

. - G

AA\&  yov.BOBE+EIMK=2 8pb. (6) g &vidg kal nl 1& adtd
uépn 1@v mapaAAiiwv BO kal K teuvouévayv Omd 1iig BI.

‘Agaipolvteg 1dg lodtntag (5) kal (6) xatd pwéAn AapP&vouev

N N
EOK+EO©=2 4pf. 'Emneidn al 2¢effic yoviaw EOK kal EOO elva
napaninpopatikal, al pf xowal mAsvpal tov 06 kel OK keivtal £nl
e0Belac.
“Qo1e /) B0K elvar edBela. Ta onueia Aowmdv O, H, O, K keilvrtan
e€n’ edBelag.

B’ 'Opdg. 811, N& xaracxevacdf fva tolywvov ABT, &v yvwoilwuev
v xopvpny A, vo dpBdxevipov H xai v onueiov A vijs routis vijc Srauéoov
AA xai zHs mdevpds BI. ;

Abois. "YmoBétopey, 8TL 10 mpédPAnua EAOBN kal Eotw ABI 16 In-
To0pevov tplywvoyv, 1ol dnolou yvow-
pllouev 1Hv xopuohv A, 10 &pB6-
kevtpov H xal 16 onuelov A 1fig
toufic 1tfic Bixpboou AA xal 1fg
nAsvpGg BrI.

'Ee" &oov elval yvoota &
onuela A kal A elval yvwotdv kal
10 ufikog tfig Siapéoou AA. 'Enlong
elval yvwoth kal #) diedBuvolg 100
Opoug AA’.

"Eogte® A 1o péoov Ttiig AH. 7,

Qépouev v edBelav AA, § énolx

elyol Bikpetpog ToU KOKAOU TGV

gvvéa onuelov kal Eotw K 16 kévtpov tng, péoov tiig AA. Oépopev
v HK xal &nl 1fic mpoektdoewg Aappé&vouev tufiua KO=HK.. Té O
elvol 16 kévipov tic mepipepelag tfig mepiyeypaupévng nepl 10 tpl-
yaovov ABT. "Av Aowmdv ypaywuev nepipépetay pé kévipov 10 O kal
dxkrtiva thv. OA kal gépopev Thv AA’ k&Betov 2l v BiebBuvoly Thg
AH kal mpoektelvopev adtiv Oplfopev 1a¢ dbo &AAag kopupdg B kal
[ 100 tprydvouv ABT.

812. Na »araoxevacdfj &va teiywvov ABT, &v yvweilwuey o dpdé-
xevrpéy Tov H, t6 névigov Bdgovs tov ©, xai tév méda A’ vod Fyous AA'.

Abaig. Ofpopev tHv HA' xal dnd 13 A’ k&Betov &ml thv HA', §
énola 6plLel v dietBuvoly tfig mMAEvp&S Bl"._@épouav Thv edBelav
He. 'Enl tfig edBelag HO mpoekteivopdvng kelvtar 10 kévipov K 100
xOKAoL T&vV 9 onuelev kal 16 kévipov O 100 KUKAou ToD mepLyeypau-
uévou mepl 1o tplywvov ABT. [Mpédg tolto mpoektslvouev thy HO Kal
AauBavouev. 80= H28 .

 To péoov K tfig HO elvar 1o kévipov 100 KkikAou tdv 9 onuelov.
*Emeldi ) mepipépeia 16V 9 onuelov Bitpyetal dnd 1o onuelov A" xal

*Acxtioeig xoi Igophipara Tewpergiag—IL T'. Téyxa 2

Wnepromorr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmkrig



18 Eddeia xai xvxdog ot Euler

f &xtlg tng KA™ elvan 10 Huiou tfig dxtivog 100 kOkAou 100 meplye-
yoauuévou mepl 10 Tplywvov ABT ouviyousv, 11 duvdusba vé ypée
pouev v meppépsiav O kol v
mpoodioplowpuey Emeita tdg Kopu-
@&g B, I, A 100 {ntoupévou tpt-
YOVOuU.

Kataoxkeun ®Pépousv iy
HO xal &nl th¢ mpoektkoewg g
Aaupévousev tufua 80, loov pt 16
fiutou tfjc ©H. Ebplokopev 16 pé-
oov K rtfic HO xal oépousv thv
KA’ M2 kévtpov 10 O kal aéxtiva
dimhaolav 1 KA® yp&oouev mept-
pépeElav. 'AmMO 10 Al QEpopEV TNV
k&Betov &ml v HA', % omola té-
uver tHv meploépetav elg 1& onueia B kal M. MNpoextelvouev v A'H
f émola Téuver v mepigépeiay ei¢ 10 A. Ta onueia A, B, [ elvar al
kopuoal 100 {nTovuévou TPLYGVOU.

=x. 18

813. Ni xaraoxevacdjj &va vplywver ABT, dv yrwpllwuey iy xopu-
@iy Tov A, T SpPdéxevipdy tov H xai 16 wévrgor Pdgovs tov O.

*Avdivaig. ‘YmoBEtopey, §11 10 mpbPAnua EAUBN kal Eotw ABI 1¢
Intodpevov tplywvov. Oépouev thHv HO
kal énl 1fig mpoekt&oedg Tng Aaupavo-
uev tufjua 80= __HZO s

Td O elva 10 xévipov tfig mepLpe=
pelag, ~fig mepiyeypauuévng mepl 1o
1plyovov ABI. Toé péoov K 1fig HO
elvar 10 xévipov 7100 kOkAou T&v 9
onuelov.

®épopsv v AH, /) édnola mpoekteL-
vopévn téuvel v Bl elg 16 onuelov A’

Fvaplfopev, 1t 10 A" elvar onueiov . Zx. 19
tfic nepipepelag 1@v 9 onuelov. "Apa td onuelov A’ elvar yvaotby,
Biétt elval onuelov tig Toufig Tfig mposktdoswg thg AH kal tfig mept-
gepelag 1dv 9 onuelwv. “H k&Betog &k 100 A’ &nl v AH o6pllel tée
300 &AAag xopupdg tol Tptydvou ABT.

Kataokeuv. Mpoektelvousv thv HO xal &nl Tfig mpoekt&-
0ed¢ TG AapPfbvousy tufjpa’ ©0= %

Ebplokopev 16 péoov K tfic HO. M2 kévtpov 10 K kal dxtiva
Tonv ug t& fiutou 1fic OA yp&oopev nepipéociay, 1 dnola Téuvel v
npoéktaotv tfig AH elg 16 onueiov A"

'Amd 10 A’ pépopev k&Betov Eml thv AH, # dmola Tépvel TV TE-
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Eddcio xai xixhog tot Euler 19

pLpépeiay, fi dnola yp&oetar pé kévipov 1o O xal &ktive tHv OA elg
& onueia B kal I

T& onueia A, B, [ elvar al kopugpal 100 Lntouvpévou TPLYDVOU.

814, No xavacxevacdfj fva wplywvov ABT, &v prweilwuey o »évzgoy
O zo¥ éyyeypaupévov xvxlov, té xévigor O zoi Tegiysypauuévov xdxlov
nai 6 xévzgoy Ou to¥ mapeyyeypapuévov nvxiov.

Adbois, "YoBéTouey, 811 10 MpoPANMa EA0BN kal Eorw ABI 1o
Entoduevov tplywvov. Td tplywvov ABI elvar
bpBokevipikdv 100 TpLydvou Oq Op Oy, mol
EXel KopuQag t& kévipa 04,0p,0y TdV TPV
MAPEYYEYPAUUEV@VY KOKA@Y, BL6TL ) EomTepixn
dryotépog Ex&otng yoviag 100 tpLydvou ABT,
Eotw tfig A, elval k&Betog &nl v Bixotduov
tfig mapanAnpwuatikic tfig A.°O meplyeypau-
uévog mepl 10 tplywvov ABI kixhoc O elvau
6 kOkAog t@v 9 onuelev 1ol  TpLydvou
Oa Op Oy . "Apa 16 péoov E 1fig O'O¢ elvar on-
uetov tfic mepipepelag thig mepiysypaupévng
nepl 10 tplywvov ABT. .

Ivapllovieg 10 kévipov O kal v &ktiva
OE buvéusba va yp&Pouev v nepipépeiay O,

"Emeldn i yovia O'TOx elvat 4p8f, o I
keltal énl mepipepelag, i dnola Exe didueTpov
™y O'O«. Tod I elvar onuelov tiig mepips-
pelag adtiig kal tfig mepipepelag (O, OE).

‘Ouolwg 2nedh O'BO« =1 6pbf, 16 B keitan &nl mepipepelac, !
omola Exet Biduetpov v 0’0« . .Td B elvan onuslov tiic neplpepelag
adtiig kal Tfig nepipepelag (O,0E). "H kopuph A slval 1o onuelov 1ig
toufic tfig mepigepelag O kal 1fig mpoekt&oews tfic Oa O’

Katémv 1@v dvetépe f kataokeud elvar ekohoc.

815. Na xataoxsvaodfj &va rolywvor ABT, & yvwpilousy 16 606~
#evzpdy tov H, 1év mwéda A’ 10d fypove AA" xal
w6 xévrgov O rol mepiyeygapuévov nixdov.
Adoes. “YnoBEtopey 811 10 MpOPANLE
EAUBN xal Eotw ABT té {ntobuevov tpl-
yovov. ®épopev thv e0Beiav HA'. "H BI
elvalL k&Betog &nl thv HA’ elg 10 A"
'Enlong o¢épopev v edBelav HO.
Té péoov adtfic K elvar 10 kévipov 100 .
kKOKAoU t@v 9 onuelwv. Pépopev THV KA’
f| 6ol elvat fj dktig 100 xOkAou t&v 9
onuelav. Mvoplfovteg v dxtiva tod
kOkAou T@v 9 onuelwv yveplfopev kal
v &rtiva OA 1ol meplyeypappévou kikAou, Bidti A drtlg o0 mept-
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20 Ed¥eta xai xUxhog told Euler

yeypaupévou kUkhov elval dimdaole tfig dktivog 100 kOkAouv 1td&v 9
onpelov. "Eav yp&yopev thv nepipépeiav O, dplfopsv tag kopupdag B
kal [ al dnolat elvan onuela tiig Toufig tfig mepipepelag O kal Thg ko=
Bétou &ni v HA' elg 1d A’. "H kopuon A elvon onuelov 1fig mepLpe-
pelag O kal tfig mpoekt&oswg tfig A'H. Katdémiv 18v dvotépe i Kata-
okeun 1ol tpLrydvou ABI elval glkolog.

816. Na xaraoxcvacdyj éva rpiywvor ABT, dv yvwpilwpuey 16 xévrpoy
O’ ol Zyyeyoappévov xivxlov xal td xévrpa Qu, Op Tév Tapeyyrypapnévioy
xOxdoor,
Adoes, “YnoBétouey, 011 10 mpbBAnpa EA0BN kal Eotw ABI 716
Intobuevov tplywvov.
Td tplywvov O'0a Op Blvatat
v& KataokevaoBfj Bubtt yvepllo-
UEV TAG TPElg Kopuphkg Tou OF
QOa 3 OB .
“"Eotw Oy 16 kévipov 100 1pl-
T0U MAPEYYEYPaUMEVOU KOKAoU elg
10 tplywvov ABI. Tod O elvar 6pB6-
kevipov tol tpiydvou Oa Op Oy.
Tol 1pryddvou O« Op Oy yvoplfo-
uev d0o kopugdg tou Oq,0p kal 10
bpBokevTpby ToOL' &pa Buvausba
va 10 Kataxokeu&kowuey. [1pdg Tob-
Iy 22 0 ¢épopev Gnd t& O« xal Op xa
BEtoug &ml 1&g O O kal 0. O, al
dnolor Téuvovial elg 16 onuelov Oy.
Ivoplfovteg §dn 10 tplywvov Oa Op Oy épllonev 10 dpBokevipl-
kov tplywvov ad1o0 kal Exouesv olitw 16 tplywvov ABT.

817. Né xaraoxsvacdij éva zpi-
yovoy ABL, év yvwpilwuey vé xévzpor
O zo¥ megiyeypauutvov xvxdov xai va
wévrpa Oo, Op zdv mapsyeypauué-
vov xoxlov.

Avos.  ‘YmoBétouev, 811 1o
np6BAnua £A08n kal Eotw ABI 0
Intobuevov tplywvov.

“Eotw A 16 péoov tiig O« Op .

Té O elvat 10 kévipov 100 KOKAoUL
dv 9 onuelov 100 1pLydvou
Oq Op Oy . "Eneid?) 16 A elval péoov
g Oa Op , ) mepLpépela tév 9 on-
nelov Ba BiEABY 81" adtol. "Qote
dxtig 100 xOkAou t&v 9 onuelav
elval dplopévn, elvar § OA. ‘H me-
pupépeia (0,0A) 1év 9 onuelev tépver v OaOp eig 10 I
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Ao 10 T ¢épouev v k&Betov &nl v Oa Op . 'Enl tii¢ kaBétou
adtiic keltal 16 Oy . "0 kOkAog & mepieyeypauuévog mepl 10 tplywvov
Oa Og Oy Eyet dxtiva dimhaoiav 1fig &xtivog 1ol xdkAou T&v 9 on-
uelwv, dnA. Exet &ktiva lonv pt 2. OA. Td xévipov K 100 kUkAou 10D
meplysypaupévou nepl 10 tplywvov Oa Op Oy elvar onueiov tfig toufig
1fig uecokaBétov 1iig O O kal 100 16Eou Tfig mMepipepelag, 1) dnola
yphoetal ué kévipov 10 Oa xal dxtiva {onv pué 2-OA. "H nepioépeia
(K, 20A) tépver thv k&Betov &nl v O« Op elg 6 I elg 10 onuelov
Oy. Obtw dplletatl 16 1plywvov Ou Op Oy kal Emopéveg kal 16 dpbo-
KeEVTplkdV tou Tplywvov ABI, 10 &nolov elval 10 {ntolusvov.

818, Na xaraoxsvacdfj fva tolywvov. ABT, év yvweilwuey iy xo0gu-
vy t0% A, té xévrpov Pdoovs Tov © xai o xévigov O rTod megiyeypapu-

pévov wixdov,

Adoig. "YmoBétouev, 811 16 mpbéPAnua EA0Bn kal Eotw ABI 10
Intobuevov Tplywvov.

'H mepipépela, i mepiyeypapuévn mepl 16 tply@vov ABL elvau
yvaotq, Bibtt yveoplfouev 16 kévipov
e O kal thv &xtiva OA.

Otpopev thv edBelav 0O kal &nl
Tfig MPoEKT&OEDS TG Aaupdvopey Tufjua
©H=208e.

To onueilov H elval 10 6pBbkevipov
100 Tprydvou ABT. ®épopev Thv ebbsiav
ABO kal &ml tfig MPoEKT&OEDS NG Acu-
B&vouev tpfjua OA= —&22 081w Oplle-
tau kal 16 onuelov A. Sy. 24

Al xopugal B kal ' 100 TpLydvou
ABT elvar onuela tfig Toufig Tifig mept-
gepelag (0,0A) kal tfig kaBétov énl v AH, H émola &yetar &nd 10
onuelov A,

Katénv t@v &votépw i kataoksuh 100 Tprydvou ABL elval

ebkohog.

819. Na =oraocxevacdf éva rplywvor ADT,
dv yrwpitwusy Thv xopupiy rov B, vé xévrgov O
rod mepiyeypapuévor xvxdov xal 6 nuévrgor O,
o xtUxlov To¥ Euler,

Adois. ‘YroBétousy, 81t 10 mpoPAnua EA0-

Bn xai £otw ABI td Intobuevov tplywvov

(Zx. 25). ‘H mepipépela, | MEPLYEYPOUUEY TE-

pl 18 tplywvov ABI elval yveorth, didtl yvo-

ZX. 25 plZouev 16 kévipov g O kal v dxtiva tng
OB.ﬁmépouev iy e0Belav OC,.

To kévipov Pépoug © xeltar &nl 1fig 00, kal elg dnboraoy &nd
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10 O lonv pg & ?/y tfig 00,. dépopev ™yv BO kal &nl tfi¢ mposkt&-
oedg g AauBdvousv tufiua OF loov pi 1o Y, i BO. Ofpousv v
OE. “H AT &lvau k&Betog &nl thv OE elg 18 onueiov E.

Al xopugal A xal I elvat 1& onusia ¢ toufic 1fig mepipepelag
(0,0B) kal tfig kabétou &nl v OE elc 16 onueiov E.

Katémv t@v dvetépe 1 Kkataokeun 1ol Intoumévou TpLydVOUL
elval elkoloc.

T'ovie eddeiag xal wepipegeiag. T'ovia o TLEQLPEQELDV

"Aoxijoeis. 820. Né yoagjj mepipépeia pé dodeivay dxtiva R, 4 émola
va téuvy Sodeivay ebdeiav dmo yaviay o xal dddgy sddeiarv 7o yoviay v.

Aveis. "Exovteg On' Syes v § 309 (B’ Exdooig I'ewpstplac) mpo-
Balvouev elg THv k&TwbL KXTXOKEURHV.

Kataoxkeuvi ME kopuephv tuxdv onueiov K tic Ax kal
mAeupav Tty KA kataoksvdlopsv yoviav AKO tonv p v ouumhin-
pouatikhv Tig dobBslong w. ’Enl
Tiig mAeupGg KO Aaupdvousv tufiua
K&=R «xal &k 100 © ¢époumev TRV
00 nap&AAniov tiig Ax. “Opolwg
ug xopugdiv Tuxdv onueiov A 1Tfig
Ay kal mAsupdv v AA Kataokeu&-
CLouev yoviav AAN lonv pé v
ouuTAnewuatikiy 1hg dobelong yo-
viag v. ‘Eni 1fig mAsupdg AN Aaup&-
vouev tufua AN=p xal £k 1ol N
Pépouev thv NG nap&AAniov mpdg thv Ay. 'H NO mpoexteivouévn té-
uver v B0 elg 10 O, 16 dmolov elvar 18 kévipov Tiig {nTounévig
nepigepelag. "Av pé kévipov 16 O kal d&ktiva lonv ugé v doBeiocav
R yp&ywuev mepipépeiav alitn elvar § Lntouuévn.

821. Nd yoapfi meoipépeta, 4 omoia va téuvy xdde mhevoay Sodévrog
ToIpddvoy Brrd TRy adrnv yoviay o,

Ades. “YmoBEtouey 8ti 16 mpéPAnua EAUOn kal Eotw O # In-
Touuévn TEPIPEPELE, T dmola Téuvel Tde mAEU- '
pag 100 tpiydvou ABT elg 1& onueia A, Z,.
BEKIALTT

Oépouev 1&g E9antopévag AE, ZE, A'E’,
Z'E’ tfigneppepelag elg 1d onueia A, Z, A, Z'.
Al oynuatigéuevar yovial o, omd 1dv Epa-
ntouéveov adtdv kal t&v mhsupdv AB kal AT
elval ¢§ OmoBéoewg toay, dpa B& elvar xal al
ovumAnpouatikal adtdv yovial v {oat.

Ta& loookeAf] tplywva OAZ kal OA'Z’ elvan
Aowmdv loa kal Enoudveg elvar AZ=A'Z'. RN 27

*Enedn al yopdal AZ, A'Z elval {oal, 16
kévipov O dmnéxel lokkig &mo tag tpels mAeupdg Kal Emouéveag elvan

=x. 26

Wnepromotr|Bnke amé To lvotirouto EknmaibeuTikng MoAmkrig







