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1. TO ZYNOAO C TQN MITAAIKQN APIOGMAQN
1.1. Eicaywyy

ZTfv Tponyouuevn T&En udbape 811 of piles THs SeuTepoPdbmas E§iothoews
ax?4-Px+y =0, «#0, af,yeR (1)

Sfvovten &md Tév TUTO

—B 4+ VP—day
x = —PEYP oy @
2a
"Av elvon BP-4dory >0, T6Te ol piles auTés elvan TparypaTikds. “Av Spcos elven
P?—day <0, té7e A (1) Bév Exer piles 016 R. ZThv TehevTaia vt TepiTTeon of
piCes Tis (1) Exouv T popen k+Ai kai TpokUTTTouv &Td TéV TUTO (2), &v av-
T6s ypagTei(!)

x:—gai—-———Wi 3)

Ot &piBuol x+Ai dvrikouv o’ Evar alvoho elplUTepo &rrd 16 R, oTd olvoro Téwv
pryodikddv &pifuddv.

EiSikotepa ) #flcwon x2=—1 <= x241=0 Exer pides Tis +i, BnAadn
elvar if=—1 ko (—i)2=-I.

Metd Tis Tapamdue TapoaBoxés kai TH SiamioTwen &1 i2 = —1 koTaAf-
Saue 016 oupTépooua STi of pryadikoi apiBpoi «oopmepoépoviar Omwg Kai ta
Subvopa a+px pé x = i

"As Bupnfolue pé TapadeiyuaTa s Ekteholpe Tis Baoixés pdels mpdo-
feon kai ToAAamAcoioopd 0TS gUvoAo TGV uryadik@v &pifpdv. Né Tols wi-
yadikoUs &pifuols 3421 ko 4-1-5i #youe:

1. (34+2i) + (4+451) = 3+42i+4+4-51 = (3+4) + (2+5)i=T+7i, xai yevicd
(a3 +Byi) + (@2 +Boi) = (@, +0y) + (B, +Bo)i @

1. '"H popeny aith) &geiketon otév ‘EABetTéd paBnuatikd ToU 18ou aidova Euler
(1707-1783) & émolos oupPdhioe Thv V—1 ué 16 i wou elvar 16 dpxm;é Yp&upa Tijs Aéfecos
imaginare (pavracTikds). Tponyouvuévws of padnuaTikoi ToU 160y of. elxav ypdyer «Tumixd»
VB oy = Viéday—p? - VI, érav P—day <0.

Tov 190 ai. & leppaves pabnuartikés Gauss (1777-1855) mapéotnae YewpeTpiKG ToUs
uryadikols dpiBuoUs ué onpeia ToU émmédou kal &médefe 1ol 81 ol wryadikoi &piBuof elvan
Eioou ouykekpiuévor (kal &x1 pavTaoTikof) dmws kal ol TpaypaTikol dpibuol.
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2. (3420 - (4451) = (3-4) 4+ (3-5)i & (2-4)i L (2-5)it
(3-4) 4+ (3-5)1 +(2-n + (2-9)(=1)

= (3:4-2:5) + (3:5+2-4)i = 2+23i, ol yevik&
(a;+PBii) - (@o+Bei) = (0,0,—P,B) + (o, B+ @sP))i (5)

*Akdua elvar pavepd 6T 0T pryadikd &pifud a-+Pi pumopoUpe v &vTioTol-
Xiooupe T Biaretarypévo Lelyos (o,f) kai dvTtioTpoga. ZThv Emduevn Tapdypagpo
8& Spicoupe Tis Paoixés Tpaeis Tpooheon kai ToAAaTAaciaopd oTé glUvolo
TGV daTeTaypévawy Ceuydv Tou R X R é1ol, doTe v& 16 TauTiooups pé Té oUvolo
TV Wwyadik@dv apifudv.

1.2. Té obvoro C odv obvoro Siatetaypévwy Leuydv tod RxR.

Oecopoupe TS oUvoho

C={zlz=(aB), aeR, PeR}

kal TN yvwortn fodTnTa TGV oToxelwv Tou

(e,By) = (@9,By) = 0y = xad By =P, -

216 oGvolo C opilouue BUo Paoikés Tpdets, Ty Trpdodeon kai TOv TOAAGTAG-
olaopo, pé T& ouvnfn cUuPoda “+, kai - . TS &bpoioua kal TO ywduevo
8o oToryeioov (or,P;) xai (3,B,) ToU € Spilovton pé TéHV dkdAoufio TpdTro:

To @bporopa: (ay,By) + (@2,8) = (o, +a3,B,+B5) @

Té ywoépevo: (@1,8)) - (2,8 = (@,0,—P, Py, 0,8, +0a,B,) 3
(Aeite T okomudTNTA AdTGY ThHY opiouddv TapaPBdAiovtds Tous pé ToUs TU-
mous (4) kad (5) Tfis Tapaypagou 1.1.).

"As Tépoupe Twpa T UoouvoAe R’ Tol C, ol Eyel yik oToiyeia Tou SAa
T& oToryeia Tfis Hopefis (,0), kai &s k&voupe peTafl alTol kad ToU R Thv &ugt-
MovoofipavTn duTioTolyia

R'3(0,0) <> ceR

MNé& 8o ororyeiar (,0) kad (a,0) Tol R’ elvon

(@,0) + (@,,0) = (o, +,0) +> (o, 4a,) e R xad
(0,0) + (2,0) = (,%2,0) > (o) € R
Anhodn: &) T &fpoiopa dUo oToixeiwv Tou R’ dvnioToikiletan &ugpiuovoot-
uovta oTé &fpoloua TéY dvticToxwy oToixsiwv ToU R, kai
B) TS ywduevo Blo ororyeiwv ToUu R’ dvmioToixileton dugiuovoot-
povTa 06 ywdpevo TGV duTioTolywy oToiyeiwy Tou R.

H SiamioTeon pos adn uds EmiTpéma v& «touTicoupes T R pé 16 R kad
vé& BewpoUue E1o1 émi elven R C C. Metd &méd alrd prropolpe v YPEQPOUpE:

8
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(0,0) =a (€))]

"Av Spiooupe (@) = (o,B) - (a,B) kad oupPoricoupe ué i 16 aToiyeio (0,1),
ToTE 8& elven:

it=(0,1)-(0,1) = (~1,0)

kal cUugpwva pé tHv (4)

iZ=—1 (5)
"Emeidh Suws elven  (B,0)i = (B,0)-(0,1) = (0,B), 8& Exoupe:
(@,p) = (a,0) + 0,p) = a+ (B,0)i = a+pi (6)

"Apa: b ToE6v ctoiysio (a,f) ol C «ravtilera HE 10 Yvworo pag pryadiké
GpBpé a+Pi. “Etor 16 olvoro C tpoBiaopévo pé Tis wpdtes Tijs Tpooéoews kal
ToU TroAAaTAGcioopol, ToU Td éaydpevd Tous Sivouw of igdtnTes (2) xai
(3), elven 76 alvodo TV wyadikédv &p1Budy kai T& SiateTarypéva Jebyn-oToiyeia
Tou C—dvopdlovton uryaBikol &pifuoi.

2716 Aoyioud ouvnfws ol wiyadixol &pibpoi xpnaiwotoloUvTan pé TH popen
a-+Bi dvti (o,p). ‘H xpnowdrnTa Tiis Hopfis (o,B) 84 pavel oTh) yewueTpik
TOVS TTapaoTaoT.

‘H mapaméve «tadmion» (o,0) = a pds ETITPETTEL V& ypayoupE

K.(a,p) = (ka,kB), xk eR. )

1.3. "I816tnTeg Tijg mpocéoewe xal Tod moAAanAaclacpod oto C.
I. "1&16TNTES TG npoogBéoewg

Elven pavepd &1 # mpdofeon, Srreos OpioTnke, éxer Tis 1816 TES
Z,+2, = 2,47, (&vTipeTadeTikn)
(Z,+2)+2; = 2,4+ (2,+2y) (TpogeTaupioTIKT)

Y& SAa T& 2z,,2,,2, € C.
"Akdpa loyUouv of dkdAoubes TPOT&OEIS

Ipétacn 1. ‘Ynapyer évag kai pévo pyadikog apibpog L* tétorog, Gote nia ohoug
toig pryadikois apBpois z va ioyber:

z+g*=1z )]

"An6deiEn: “Av elvan z = a+-Pi kai I¥ = x+yi, TéTe A (1) ypdgetan ico-
Suvaua

(a+Bi) + (x+yi) = a+PBi = (a+x) + B+y)i = a+pi <
=otx=a ka P+y=Pp <« x=0 xai y=0

"Apx TO oToixelo £* = 0+4-0i elvan Té povabikd oY ikavorrolei ThHv (1)
9
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yi& kéfe z € C. To croryeio 0 + 0i dvopdlera ovdétepo otovyeio Yia TV Tpo-
o0som 616 C xai y1& edkoria 16 Adpe pndév kai T6 oupPoAifouue ué 0.
Mpétacn 2. Na kale pryodiko apiBpd z dmapyer Evag Kai povo pryedikog apbpog
z* tétotog, Mote va ioyde:
z+z*=0 (2)

*Anodaitn. “Av slven z = a}-Pi kad z¥ = x+yi, té1e 1) (2) YypoeTan ioo-

SUvapa
(@+Bi) + (x+yi) =0 < (a+x) + (B+¥)i = 0-0i <
< atx=0 kai PpLty=0 <« x=—a kai y=-f

*Apa & pryodikds apibuos z* = (—a) + (—P)i elvan & povadikds yi& T Wi-
yabikd &pifpd z = a-+pi, ol ikavoroi Th oxton (2).

‘0 pryedikig aplpog (—a)+(—Pi, ToU yi& elkohia TéV ypdpouue —a—Pi
kol Tév ouuPorifoupe pé —z, dvopdletar avtiBetog tob z = a+Pi f| 6 ovppe-
tpikd otoryeio tod z = a+Pi a tiv npéodeon o16 C.

.~
Ipotacn 3. E16 oivore C isyder 1) icoduvapia
Z) =2 < L+2=15+2 3

*AmodaiEn. o) ‘H ouvemaywyn 7, =, =242 = Z,+z Y&k Oha T&
z € C elvon pavepn) &md Tév Spioud Tiis Tpoobioews.

B) ©& Beifoupe TAV ouvETayYWYT Z+Z = Zy+Z = Z;=Zy TOU &TWOTEAEL
16 vopo tiig daypagiig oty npécbeon o6 C.
Tp&ypart:

utz=z+z = (z+2)+(-2) = (2 +2)+(-2)
< 2 +[z4+(-2)] = 2,+[2+(-2)]
< z;4+0=12,+0

< L) =1I
Ilpétacn 4. ‘H éticwon z,+z = z,, 7,2, € C (4) Exer povadixiy roen o16 C
™y z = Z,+(—2z).
*AnodaiEn. “"Exoupe BiaBoyikd
ntz=12, < (2,+2)+(-2)=2+(2%)
(z+2)+(—2y) = 2o+ (—21)
z4-[2,+(—2y)] = 22+ (—21)
2+0 = z,+(-20)
z = zy+(—2y)-
“H povaduz] Moy tijs éwdoews (4) dvopdlerar Sagopa tob z, Gnd 16 z,
xal ovpfolilerar pé zy—zy. Anladi elva

2y~ = L+ (—2) ®

¢80
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L 1.3

‘H mpdkn, ué iy dnola Boloxovue Tij dapopd dvd pryaduedv dolfiudv, dvopd-
Cerar Goaipeon.
Il. "1616TnTeg To0 moAAamhaciacpol
Elvan qavepd 611 kai & mwoAAamAaciaopos el Tis (B16TNTES
2y = L2 (QvTipeTadeTik)
(z,.2,).2, = 2,.(23.2,) (TTPOCETAUPIOTIKT))
kad &xkoun elvan Tpd€n EmpepioTikny s Twpds THY Tpdoleon, SnAadn
Z,.(2y+29) = 2,.2,+2,.23
yi& OAa TG z,,Z4,%3 € C.
©4& Beifouue 6Ti kad oTév ToMamAaoiaopd ioyxlouv &vTioTorkes TpoTaaEls
ué ékelves TroU Seifope oThv Tpdabeon.
Mpéracn 1'. “Yrapyer #vag kai pove {* € C tétowog, Bote y1d 6ha 1@ zeC va
ioyoer:
2.l =z (1)
"AnédeiEn. “Av elvan z=a-+Pi kal ¥ = x+yi, To1e ) (1") ypdogeTan ioobu-
vapa
(@+Pi) (x+¥i) = a+Pi < (ax—Py) + (oy+Bx)i = o+Bi <
< ax—Py =a kal ay+Px = p. “Av émmhéov elven o+ P? # 0, TOTe Exouue
T wovadikny AUon x=1 kai y=0, &v@, &v elvan o?+P2=0<a=P=0, Té1e 6
oUoTnua elval TauTtoTikG kai ouverrdds Exe ki Th Avon x=I1, y=0.
"Apa & piyadikds &pibpds L¥=1-0i elvan & povadikds ToU Ikavorrolel Thv (1°)
yi& x&fe z € C.°O myadikés apOpog 14-0i dvopaletar ovdétepo otoryeio yid tov
nolianiaciacpéd 616 C kai y1& eUkohic Tév Aéue povada kol TOv ouuPBoAifoupe
pé 1.
Tlpétaon 2°. Tha kale z € C pé z + 0 prapye Eva kai pove z* € C, dote va ioyver:
z.z*=1 )
"AnodaiEn. "Av elvan z=a+Pi #0 kai z¥=x+yi, 1) (2) ypdeeTan ivobuvapa
(ax—Py) + (ay+pPx)i=140i <= ax—Py=1 kal Px+ay=0

& . 0 £ : . 0 a
kal, &@oU elvar o2+ P2:£0, T6 oUoTnpa B& Exel T povadikh AUoT X=—5—55
¢ ) n X i ot p?

e —p 3 ; Tt : e —B .
kol y T Apa & myadikds &pifuds z* = 1P ik ELpE 1 elvan
b povadixds yi& 16 piyabikd &pifud z = a--Pi#0 moU ikavorolel T (2°).

o |
‘O myadikog amOpog + nob ovpforilerar z7! 1 <=5 dvopaletan

a —pB .
P @
avtiotpogog tod z ij Kai 10 cuppetpikd aroryeio tob z=a+fi # 0 NG tév mwok-
Lhanhacwaopd otdé C. Elven Aoimrdy,

11
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I 14.

a s
arp tarpt 270

zl=(a+pi)! =
IIpéracn 3. Et6 C ioyber 1) ovvenayoyl: ;.2 = Z,.2 Kai z #~ 0 = z,=2, (39
(‘H mrpéTaon alTh elvar & vopog tijg Saypagiig otév nollanlaciacud oté C
kol # &mwddeifn &envetan yi1& doxnon).
Ilpétacn 4'. ‘H &icwon z,.z = z,, 2,2, C, z;#0 (4") Eyxer povadiki Aven
o106 C v z = 7,.2,!
(‘H &médeign dervetan yia &oxnon).

‘H povabduus ion tijs dewodocwg (1) dvoudleran wnilzo tof z, dd 2, xal

z oy
ovufolilerar z;:z, 7 ;3 Anjadi) elvar
1

2o 2.2, , 2, #0 )
Z
“H modfn pé vy dmofa Poioxovue 16 anhino dbo wyadudw dolbpdv, dvoud-
terar Sraipeon.
— I’ Eva myadikd apibpd z = a+fi 16 o dvopaletan mpaypatikd pépog xai 16 P
dvopatetar pavractikd pépog(l).
— Oi duvdpers (a+Pi)*, k € Z Spifovton Sreos kal 016 R pé zl=z yi1& kdbe
ze€C, z°=1 &tav z+#0, xai 20 &tav k < 0. Oi Buvduers Umotoyilov-
Tou émws kad ol duvdpers (a4Px)Y pé x=i kai i*=—1.

1.4. "Aoxficerg

1. Aeifre i i0+i+i2 4+ it +i04i04i" = 0.
2. TipoodiopioTe T& a,p’e R, doTe ol pryadixol &piBuoi
(Bax+14p) + (2a—P)i kad 7—i v&k elvan foor.
3. "Av q,B,ye R xal (a+P)—yi=>5y+(c—P)i 8eifte &m1 04 elven 20—P=y.

1
4. "Av o, B, ye R—{0} xal r;— :—% =7, Beifte STz

2(e+B)+ (B—a)yi = Sar+i.
5. N& qépete o1 poper) a+pi Tis TapacTdoes
&) 3i+2i34i202-5i-147_2j7 4 j12 B) =0
3 (4—i)2—2(1 + 2i)
2-iv3 BG+i)? (2-31)
6. AcifTe &1 1) £§lowon x4+81 = 0 Ikavomoleltan &mwéd ToUs pryadikoUs dpiduous:

Y) — (5ivZ)* 5)

1. Té mwpayuarikd pépos tvds pryadixol &pibuolt z = a+Pi ouuPorileran Rez xal 16
pavtaoTiké Imz. Anhadd elvan Rez = a kai Imz = . ‘O wiyadikds &pibuds a+-pi ué apf #0
SvopddeTan kabapds fij yvfiolos pryadikéds &piduds.

12
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I1.5.

x, = 2YR sy 3V2 V2 3l e 3VZ 4y,

2 2 2 2

7. Aeifte 871 otd olvoho € o) | wpéodeon elvan wpdn dvtieTaleTikn kal TpooeTal-
pioTikfy kaf P) & wolAamAagiaouds elvan Tp&En &vTipeTadeTikn, TpooeTaipioTiky kol

dxoun EmUEPIOTIKA s Tpds THY mpbobea.

(14D, x5

1.5. Zuluyeig pwryadixol &pibpol

1. 'Opiouods
‘0 pyadikig apibpog a—Pi  dvopatetar culuyiig Tod myadiked apibpod z=
—a 4 Bi xal cupBoAiletcn pé z, SnAadh z = a—Pi.
Eveidy  elvan (z) = a-Pi =1z, oi myadikoi apibpoi z wai z dvopdLov-
o oviuysig pyadikoi apBpoi.

EUkoAa. PAéTTouue OTL 7217z = 20, kol 7z = a2+4P2, dnhabn T6 &bBporoua
kol Té ywoépevo SUo ouluydv pryadikiy &piBudv elvar mparyuaTikel &pifuol.

Il. "1516TnTeg TV culuylv piyadik@v api@udv

Mé& ToUs ouluyels pryadikols &piBuols AVaQEPOULE MEPIKES -XPTIOIHES 816N TES.

o) (tdz)z—g B zl+zz=;1+;2 o) ;1:52 :;1—22
8) z;+2z,+...+2,= Tyt ot tag v eNE - E) Uy =7y 7y
OT) 2,25 ...8,= 2,%3 ...Z,, VEN ) z)=(@"veN

n & = @ z#0 6) (-Z—l-) = %, z,#0 kal i) cz = oz, a € R.

2 2
*Anodeifers.

B) *Av elvan z, = o, +Byi kol 2, = o+ Py, TOTE 8& elvon 2tz = (o4
+op)+ (BBl xad guverrdss 2,42, = (o + @) —(By +Po)i = (oy—Pai) (o
—Byi) = ;1+Ez-

8) *Am6 T B) kod pé ThY UTréfeon &t yi& v =K foxUel 2+ Zgt - +2x =
=z, +2,+ .. g Tadpvoupe: Zy+Za+ . . . 2t Zop =(2;+ 2ot +2)+ Zxia
=2+ 2o+ . . . F 2t Zesy = 23+ Tt - - FZeFZgry, TOU &rOBEKVUEL &1 1) 1816~
TnTa loxve yik kabe v € N.

£) "Av elvon z; = oy Py kad 2y = ap4-Poi, TOTE B& elvan

2,7 = (04 0y—Py o) + (i Pyt uPr)i

kol cuvetrdds zl'—zz = (&,03—P1P2) — (P2 +xPy)i M

13
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I 1.6.

"E§&Aov 7, 7y = (oq—Pui) - (p—Pa) = (o0, Po) (o, By + B, @
Oi (1) xal (2) &modekviouv 11 InToUuevn.
Oi d&mrobeifers Tév Imodormav iBioTiTwv dgrivovtan yi& doknan.

1.6. ’Epappoyég

1. Oi povor pfy mpaypatikoi myadikoi apiBpoi, mod to E0poropa xui to Yivopevod tovg slvan npa-
Tpankog ambuog, slvar oi ovfuysic.
"Anodargn: “As elven z,, z, € C—R pé Thv iBidTnTa (z,+2,)eR xai (z,.2,) eR. “Av  elven
7y = X;+¥,i kal 2, = X,+y,i, T6Te §f BiéTnTa TOU Exouv Blver TS cUoTnua

Y1+ VY= Yy ==¥
X1¥z + Xy, =0 ]bxg:xx ],
Yi:¥2 #0 Yi-¥: # 0

OmédTe & 2, = X+ o0 yphoetan z, =X, — y,i kol ouverdis Tyr=Tq

2. "Av Evag myedikoe aplpog elvan pila mic noAvovopikis ohscng pé npaypanikods ouv-
teheotés, 101e Kai 6 oviuyfi tov elval émiong pila avtiig tiig E&wdocmg.
'Anodeign: “Eorw 811 Exoupe THV ToAvwvupikn E§iowon
) =ax¥+a,x* 1+ ... + qx+a, =0, a, #0
E TpayuaTIKOUs ouvTeAeTEs, ) dmolax Exal yidk pifa Tns TS miyadikd &piBud z, Enhab
1(z) = 0. ©& Beifoupe &11 1) Eiowon aUTh Exer Y& pifa Tns xai Tév Z, 8nAadn £(Z) = 0.
Eme1dn & ouluynis ToU 0+-0i elvon & tautds Tou, dpkel v& Beifoupe &1 f(z) = 1(z).

Mpdynarr [(Z)= «z2'+a,z" 7 +.. ozta,

== GZ” + Gz, e (18167, 8) Tiis 1.5.)
o= c:.-z"+ct,,_1 R S B S Cl&oT. i) s 1.5.)
= QD'+ @D L+ ..+ @z + o, Cl&ist. &) Tis 1.5.)
= 1(@.

1) Bewpia Tdv ToAvwviuwy § Tpdraon Ut dmoBemvieTon kel pé EAdo TpéTro.
3. Na tmdvBel ot6 C 1) Egiowon 2—3z+(—2) =0 (1)

‘Enibvon: ‘H (1) ypégeran loobUvaua 2—3z2—z = 0, kaf &v elvon z — X+yi, TéTE 4
Tedeutala ylvetar:

2-3(x+yi) — (x—yi) = 0« (—4x+2) + (=2y)i = 0 <>
—4x4+2=0 kal —2y=0<sx= % xal y=0.

1
“Apa 1) tElowon (1) Exer T Avon z =—50i =%_

Alvoupe dicdun pla pappoyn mou, &v kai 5év &roTehel tpappoyn T&v I810TATWY TGV OU-
Quydv wryaBikdy &piBudy, Topougidle tubiagipov.

4. ZUugowva pé TéV Spioud «Tetpayovikn pile £vog pryadikod apilpod § =a+pi dvopalovpe

kabe pryadikd apipé z = x+yi nod ixavomowl tijy dicwon z* =E», v& PpeiTe v TeTpa-
ywvikn pia ToU § = 5—12i.
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Adon: "Av & miyabikds &pifuds z = x+yi elvan # Terpaywvikg plla ToU § =5-12i,

ToTe Eyoupe:

(x + yi)? =5-12i <
< xP-y?42xyi = 5-12i <
< x3—y*=5 kal 2xy=-12 (€]

"Apa 8& elvan kal (x*—y?)? = 25 kal 4x?y? = 144.

TMpooBitovTtas katd péAn Tis Bud Teheutales Efiooels Exoupe:
(x2+y9)? =169 < x*4y?=13.
'Emivovtas 16 olornua  x2-y*=>5
15 |

Xt 4 yi=
Tralpvoupe x=43 }
y=1%2

'AgoU Spws elvan kal 2xy = —12, 16 oUornua (1) 8& Exer Tis AVoeg
X, =3 ., ¥i1=-2 xal x3=-3, y=2
“Apa Umrdpyouv BUo TeTpaywvikés piles
z,=3-2i «xal z,=-342i ToOU = 5-12i.

Tevika Seifte 611 k@be pryadixog apibpog a+PBi #0+0i Exer d0o Saxexpypéveg tetpaywvikéc

piles.

1.7. ’Aoxvceig

wmos W

11.

zZ
. AV 22,26 C pé z3.2 # 0, BeifTe 6“‘;‘1‘ =
2

. ‘YmohoyioTe Tév XeR doTe v& loxle 1+2iv2=3.

‘YmoAoyloTe ToUs X,y € R doTe ol miyadikoi &piBuol
2, = —=3+i(2x—y) xal z; =x—5y-3i v& slvar ogufuyeis.

. EmAVoTe Tis mapakdTw tfiodaes pé &yvwoTo TO piyadikéd z

)z=-2 PB)z=-4z «xal y) 224z=0.
*Av z,,z, € C, ToTE: Z,.2, =0 (2, =0 V 2z, =0).
2.2
z3.2

. "Av 23 =73, Té1e 8& elvan pévo zeR £ z € I(Y)
. ‘YmohoyloTe ToUs x,yeR dote va loyue:

1
(=x) = (X +y + 1=+

I+xi
1—xi

. Bpeite Tis TeTpaywvikés piles ToU miyabikou 24 2i.

4 5461

X
. ‘YmoAoyloTe ToUs x,yeR, ®oTe v& loxler ——l+2i +——3+2i e e
10.

Bpeite 16 &Bpoiopa T@V v-Gpuwv:
i+(2431)+@+50)+(6+T) + ...+ [2v=2 + (2v=-1)i], veN
’EmAvoTe Ty t§lowon z8—(3+i)z+4+31=0, ze C.

1. Té olvoro Ielvar 16 Umoolvoro ToU € pé aroryeia Tiis uopeiis (0,B), P#0 xal dvo-

pégeTan olvodo TGV QavTaoTiK@Y &piBudv.

15
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1.8. Métpo t@v pryadixdv &plbpdv
I. 'Opiopds

Néa 16 pyadikd aplBpdé z = a+Ppi 6 pf dpvnrikodg apibpée 4/ a*+4-p? bvopa-
Cetar @méhutn mipi i pétpo tov kai oupPolrileton pé |z|, SnAadn
|z = la+Bi| = Va+f
’Emreidny elvan zz = o-+-B2, 84 elvaa
ol = Vzz

Elven gavepd &mi elven |z|>0 yi1& xéfe z € C.

"Otav elven z=a+0i, Exoupe |z| = Vo = |af. "Otav elven z = a+pi
kad B0, ToTe loxUer [z|2 # 22, yiori 6 |z|2 efvon OeTikds, Evdd & z? efvan &pvnTi

kos 1} elvan yvrolos wyaBixds &pifuds. At elvan pia omoubaia Sicgopd peTall
T&v oToixelwv ToU R xai ToU C—R.

Il. "1816TnTeg TOU péTpou TWV HIYASIKGOV ApIBuGV.
"Avagépoupe pepikés Paoikés 1816TnTes ToU péTpou TGV WyaSIkGY dpiBudy.
"Av z,2,,Z,,...,Z, tlvar myoBikol &pifpol, TéTE B4 elvan:
@) (2342, < |2 + |z| (rpryevich dioéTnTa)
B) lzitzet-. .42 < lzg|4l2e/+... 4]z, veN
Y) |zl —l2a] | <2y 25| <2y | - |24

8) |zy:2Zo| = |2 +|2,] €) [21°2y...2,[=[2||24...|2,|, veN
oT) |z¥|=|z|Y, veN Y et =Nz V2D
Z 1z,
—| ==, z, #0.
BRI R
"Arodeilers:

@) "Av z; = oy +-Pii kal  zy = ay+Byi, § {nToUNEVY YiveTan

[(e+5) + (Br+PBoil < |ay+Byi| + ot +Pai| <

Vo) (B, +B) < VaTI P + Va&, 1 Bf, o, &pol T& pékn e

vou pf) &punTikol TpoyparTikol, Taipvoupe iooSUvaua

(o +a)? (B +-Bo)* < 0!12+512+322+I322+2V(012+ P1%) (c%+By%) <«
00 +PyPy < \/cx12<122+0c12[522—}—u22(512+512{3,3 (1), omére

1) "Av oy04-B,B, <0, i (1) dAnbeler odv yviioiax dvicdtnTa,

i) "Av 0<oo+-B,B,, ToTe /) (1) yiveton iooBivapa:

16
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L 1.9.

oy BBy 4 20405B, B, < o 20?0y *By 0, ?B, 2B, 2By <>
0 < (o,Py—a,Py)? 1 Omoia dAnBela TavTa.

‘H ZnToUpevn 6& loxlel odv lodtnTa, 6Tav elvan
0<oyo+-ByPy ki oy By—cyBy=0 @

"AQoU 2,2, = (0,05+B1By) + (uPy—aBy)i, of oxtoes (2) iooBuvanoly pé Ty :
(2,°2,)=>0. "Apx lToxUe (2,42, < |2,]+ |z, %y, Zy € C kai yivetan lodtnTe,
&taw (2,2,)=>0 1) icodlvapa Stav (2,2,)=0.

"As Bupnfoupe 6T 1) iBiax oxéon oTols TparypaTikoUs Spifuols elvan ja+p| <
< la|+[B| kai f) iodTnTa foxle, étav «-p=>0.

8) "Exoupe |z,-252 = (z,°Zp) (Zl_z;) = (lea)'(gl'iﬁ) =

= (21°2) " (25°29) = [2,[*" |25]® = (|2, - |24])?

<> [2y 2| = 24| |2

1.9. "Aoxicerg

1. Aeifre Tls YmwbéAormes IB16TTES THis Tapayphgou 1.8.
2. Acifte 6T y1& Kb 25,2, € C loylen: ||zy|—lzy]| < 12,—2,] < 12,]+12,).
3. Bpeite T& pétpa T@V wiyabikdv &pifudv
45 gy (\/i-i-i_)ﬂ y (3 (V34iv5).(1-iv3) )‘
24i i(1-iv3)2 4-ivV3 _
i) ¢pépvovras wpdTa ToUs wryadikols oTh poper o-+Bi kal

ii) xpnowomoivTas Tis i810TnTEs TOU péTpou TdV piyabikdv.

14+iv3y "
wF)

4. Bpeite TS pétpo ToU mryodikoU &piBpol ( , ve N.

5. Bpeite 16 myabiké z, yi& Tév émoio |z—1| = [2—2| = |z—i|.
6. "Avz = x+yi, Ppeite T oxéon wetall T&Y X kal y, wol dpifeTan &wéd Thv lodTnTa |2—i|=
=|z+2|.
7. 'Em\UoTe oTé olvodo C Tv EEicwon z2+4|z| = 0.
8. Bpeite Tous piyabikols z, yi1& Tous dmolous foyver:
|z/t=2iz42a(l+i) =0, a>0
TepiopifovTas KaTdAAnAa TéHV a.

9. "Av 2,,2,,25,2, elvon pryaBikol &piBuol pé zy.2, % 0 xal

2 2
1zs)® + |z, < 1, Seifte 8mi i =zt

Z

Z3

Zy
Zy

10. "Av ol wyaBikoi z,,z, IkavorroloUv Tis oxéoers
[Zy+2s| = |24] = |24], |2Z4] # 0, &eifte 6T
2,24 = V 3]z,

17
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I 21.
2. TEQMETPIKH MAPAZITAZIH TQN MITAAIKQN APIOMQN

21. 'H éarewévion @DV pLryadixéyv dplBpdv otd onpeia Tod
émumédov.

‘H &upiuovooruavtn dvtioToixion of ke wyadikd &pibud z = x-tyi.
Tou Zelyous (x,y) eR? &Bnyei, &mos eimaue mponyoupévas(l), oTh YEOPETPLKT
Tov maphotacn uE Eva onuelo tvéds EmméSou. “As dpoupe fva émimeSo (IT)
kai &va dpokavovikd aloTnua &foveov x0y o’ altd (Ex. 1). Elvar gavepd éTi
oTo myadikd &pifpé z dvTioToikel odv eikdvae tov TS onueio M(x,y) Tou émi-
medou aUToU kel dvTioTpoga oTéd onueio M(x,y) dvTioToixsl & pryadixds &p16-
pos z = (x,y)-

‘H &pgrpovoaniuavtn dvtioToixion prycdikédy &piudv kai onpeicov Tod (IT)

20y M4(3,2)
Mix y)
Ao, s Uy
B0,
=2 L)
x 1 it A1,0) 3 [ixg) *
] ! Mgz ~3f - m1-3 !
M (-x,—y o i LA S e i Mx~y)
v
&y 11

u&s EmTpémel v& YpnapoTroloUuE oUXVE YADooa yewpeTpikh kal vt yi& 16
uryadiké &pifud z vé& mA&ue yi& 6 onpeio M. M’ adté xad of X,y dvouddovtan
Kapteclavig cvvietaypéves ToU piyadikou &pifuoU x-+yi. TS émimeSo (TT), wou
XpnotpoTrolEiTal Yi&k THV TapdoTaot oUTr, AéyeTan myadiké Eninedo | Eninedo
00 Gauss.

2Uuguwva pé THY Trapamdve ToapdoTaon of TpaypaTikol &pifuoi x, Toy
ToUs «TauTioaue» pé T& Ledyn (x,0), TapioTdvovTar pé Té onueia Tou &ova TRV
TeTpnuéveoy x'0x, O omolos y1’ alTd dvopddeTan mpaypotikdg GEovag ToU ou-
oTfuatos. Of kafapd gavtaoTikel dpifiuot (0,y) dvTioToixolv oTd onueia Toy
&ova y'0y Tév TeTayuéveov, & dtolos Y1 aUTd dvouddeTan guvracTikog GEovag
TOU OUOTHMATOS.

2716 ox. 1 mapatnpolue 671 oTév dvtifeto —z TOU piyadikoU &pifuoct z
dvTioToIxel T6 ouppeTpikd M™ ToU onpeiou M ds pds THY &py 0 ToU ouaThpa-
Tos kal 016 oUUYT z ToU z TS oUPPETPIKS M’ ToU onueiou M dos Trpds TéV Tpay-
paTiké &fova x'0x.

(1) *Ymoonuelcwon Tfis wapaypheou 1.1.

18
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I22.

2.2, Tewpetpinr] eivdva tobd &Bpoiopatog xai TG Siacpopdg
8%0 piyadikdv aplBpdv.

‘H &ugiuovoonuovTtn dvTtioToixion uryadikidv &pifudv kai onueicov Tou
pryadikou EmimeSou uds EmMITpETEL TNV QUPIHOVOTTUAVTN AvTioTolXlon TV
pryadik@dy &plBuddv kal TV SiavuouaTikédy dkTivev T&OV onueiwv ToU wyadi-
KoU émiméSou. “ETol m.X. oTd pryadikd dpibud z = (x,y) GvrioToixel T6 onueio

—
M(x,y) kai 016 onpeio M(x,y) dvTicToiyel 1) Siavuopatiky dxtivae OM (2. 1)
= —
kai &pa oT6 z = (x,y) dvtioToixel ff OM.THiv OM 11y dvoudfoupe Stavuopatiki
aktive tod pryadikod z.
~ 3 = s ‘ L
Elvon elkoro va Boupe 6m1 |OM| = Vx%4y2 = |z]|, 8nAadr] 6T1 TO péTpo
—_—
Tfis OM igoUTon pé 16 péTpo ToU wryadikou &piBuou z.

Mé 11 PBonbeiax T&v SravuopaTikdy ExTivev TV prycdikdy dpiBuddv pro-
poupe v& Ppoupe Tis SiavuopaTikés dkTives Tou &BpolopaTos kal Tis Siagopds
SUo uiyadikév dpifudy kol vé épunvelooupe ETol yewpeTpikd Thv Tpoadeon
kai TV &gaipeon oo C.

"As Tépovpe Tous uiyadikous dpibpovs z; = X;+y,1 kol zy = X4y, kad
Tis dvTioToixes elkdves Tous M, (x,,¥;) kai My(X,,y,) 016 myadikd émimedo (ZX.2).

— > 3

O1 SiavuoparTikés &ktives TV z; kai z, elven of OM; kai OM, &vtioToixa kal 16
: - =

&Bpolopa z,-+2z, Exel yi1& SiovuopaTikn Tou dkTiva T Siaydvio OM ToU ma-

> —>
poaAAnAoypappou Trou Opifouv oi OM; kai OM,.

Mixg+xy,y9+¥g)

y Y
My(xq,v1) Matxpry)
My(xg ¥2) | Matxa¥2)|
A 0 % x =z = o x
M'lxg=xq, y2-¥1)
Y’ v

Sx. 2 T3

— — = ~
Té didvuopax M;M, =0OM,—0OM,, ToU opileTtan &mwd ThAv &AAN Siaydovio ToU
TapoAAnAoypdupou avTou, elven oo pé T SiavuopaTiky &ktiver THs Siapopds
Zy—Z, TGOV pryodikédv dpiBuddv. ‘H Siapopa mopioTdveTton pé T SiavuouaTike

dxiva OM’ (Zx. 3), mou elvan 1 &AAN TAeup& ToU TrXpeAANACYPEUUOU TroU
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I23.

KaTaokevaleTon pé TAeupd TV (‘_Tl'\"i1 kai Siaycovio Ty 6{42. Z1d oyfpata 2 kol

3 UmrobéToupe 6T1 TS TapoAAnAdypappo T&V SiavuopaTikéy &kTive C—)Rfl,, 6)M3
elvan karaokevdoipo, SnAadn T& onueic O,M;,M, 8¢ Ppiokovtan Tdvw of eU-
Bela ypampry. "Otav T& onueia O,M,,M, Bpiokovtan mévw oty iBia elbele, TéTE
Exoupe elkoda T &bpoiopa kai T Siagopd TGV z, ki z,. AUTO gaiveron oTd
oxfuara 4 kai 5.

v y
ZqtZg ZoZq
Zg Zo
Zo-7q Zq+Za
.
Zq
x* o x x’ 0 '
Zy
v Y
Zx. 4 2x. 5

"Egappoyii: Mé tf) Bofeio tfic veopetpikiic napastiosns 1V piyadikdy apilpdy delfte
v idbtnte v) tiig napaypagov 1.8.
'ATé T Tpiywvo OM;M ToU oy. 2 Taipvoupe

[(OMy)—(M; M) (OM)(OM,) + (M, M) <= [(OM,)—(OM,)| K(OM)L(OM,) + (OM,) <>
> > e —

=
[IOM,|—IOM,|| < |OM| < |[OM,| + |OM,| <>
2] = 12l < 12042, < 124 + 12,5

2.3. ’Aoxvicelg

1. Né& mapaoTtafolv o1é pryadixd dwimedo of wryadikof &piuof 24+ 3i, 2—3i, —2+ 3i, —2—3i.
2. N& mapasTtafoiv oTéd tmimedo Gauss Tpels wyadikol z,,2,2; kal émaita ol piyadikol

Zy + 2y + 2y kad  zy 4 2, — 2.
3. Aeifte pé A Porerx Tfs yeEWUETPIKTS TTapaoTdoews TEOV pryadikddv &pibudv 11 loyUer
2] — 1Z2]] < [27—25] < [25] + |Z4]-
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I 31

3. TEQMETPIKEZ E®APMOTEX TOY METPOY TQN MITAAIKQN
APIOMAQON

3.1. "H éEiowon tod xidnAov

"As elven O ) &pyf) Tou SploxavovikoU ocuoTruartos oTo émimedo Gauss
kai M(x,y) éva onueio ToU émméSou, Tou &méxer &md T6 O dméoTaon ion pé a

&x- 6)-

29
x" ) x
1
: =
My
Zx. 6
*ATré 16 dpBoydavio Tplywvo OAM Exoups (OA)2+(AM)2=(OM)?, Sniadt|
x4yt = a? M

*Av ¢ kévtpo 6 O kai dxTiva o ypdyoupe Tév kikAo (O,a), TOTE T6 TUXOV
onpeio M,(x,,y,) avtol Tou kikAou ikavoroiei T (1) kai dvTioTpoga.TTpdynaTt’
a) dvan (ON)24(MM,)% = (OM,)2, 8nAadh x,2+y,® =a® B) "Av N(x,,Y¥.) el-
van #va onpeio ToU émiméSou pé x *4y.?=of ToTE, dgol x 24y, =(ON)?,
8& Exoupe (ON)? = a kal &pa (ON) = «, ol onuaiver 871 76 onueio N elvai
onueio ToU kUxAou (0,a). ) '

*Apa ) EElowon (1) eivan 1 &icwon ToU kuxhou (0,a). "Emaidf 1O onueio
M(x,y) elvan 1) eikéva ToU pryadikou &pifuol z = x-yi, SnAadn 7 OM elven f
SiavuouaTikf Tou ékTive, 7y (1) ypdgetan icoBuvaua

[#2 = a® fj kai |z| =@, &poU a>0.

*Eto1 £xoupe TO oToudaio aupépacua 8Ti:
— Lt6 pryadikéd iminedo 16 obvolo tdv sikdvov 1@V myadikdv z mob ikavo-
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I 3.1.

rowdv T oyfon [z|=a, o> 0, elvar 6 kikhog pé kévrpo v dpyi O xai dxri-
va fon pé a.
Elvan elikolo Tdpa vé& Solue 871 yi& T wiyadikd Spifud z = x+yi 1 oyxéon
lz] < &
piler 16 fowTepikd ToU kUKAou (0,0), dvd 1y oyéon
|z] > o
OpiZel TO EEwTepikd Tou.
"As elvar Tdpa M (x,,y.) Eva oToBepd omueio TolU émiméSou ToU Gauss
xal M(x,y) Tuxév onueio Tou, Tou dméxer &md T6 M, otufepr) &méoTaon Ton
ué o (Zx. 7).

¥
Mx,y),
Xr S A
[}
! o
'
¥
Yot ¥ S 0, Yo) :
3 | T N (%2 ¥ )
|
i !
! T xq
< [+ 2 xué X
¥q ik = My(%4.74)
gt

= T
MveopiGoupe éT1 #) &méoTaon (MgM) Siveton &mé 6 oxéon
(M.M)? = (x—x,)* + (y—y.)% SnAadA

(=% +(y—y,)* = a? @
"Av pE kévTpo T6 M, kol dkTiva o ypdpoupe Tév kUKo (M,,0), ToTE y1& 16 TU-
Xov onueio Tou M (x,,y,) Exouue: (x—%.)*+(y1—y.%) = o2, 5nAadn of ouv-
TeTaryuéves kdbe onueiov Tol (M, o) ikavotrololv T4 (2).
"Avtictpoga: “Av N(x,,y,) elvan éva onueio Tol émimiou, Yi& 16 dmoio oyle
(X=%,)*+(¥2=Y,)" = o®, T6Te, &@oU (X,—X,)*+(¥a—¥.)>=(M,N)?, 8& Exoupe
(M,N)? = a?, BnAadn (M_N) = «, TroU onuaiver 11 16 N elven onueio ToU KU-
Khou (M, a).

‘H (2) Aormdv elvan 1) ¢€fowon ToU kikAou (M,,a). "Av & onueia M(x,y)
xed M.(x,,y,) elven of elkéves Tév pryadixédv &piBuddy z = x -+ yi ka Z, = X,+V,I
dvtioToixa, TéTE ) &iowon (2) ypdgeTan :

[z—z,|*=c® f| |2—z,| = «, &poU a=0.
EkoAa PAéroune &1 f) oxéon |z—z,| < « Spilar 16 ECwTEPIKO TOU KUKAOU
M, @), v& A [z—2,|>a &piler T4 EEcoTepikd Tou.
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I3.2.
3.2. ’Eappoyég

1. Bpsite ta onpeia 00 pryadikod imnédov, yua ta dmola elvar: |z| = [3—4i]  (1).
Abon: “Exoupe |z| = |3—4i| <> |z] = V32+ 42 <« 2| =5 (2)

*H (2) elven # E€igwon ToU kikhou (0,5) oTé pryadikd Erimedo kal &pa ol uryadikol &pif-
poif, TToU Eyouv elkdves T& omuela aTol ToU kukAou, elvan Avees T (1.

2. Eto myadiké iminedo Ppeite tig AMoeig tiig Eliohosng
Iz + 24| = 2.

‘Emidven: “Eyoupe [z+2-4+i] = 2 <> [z—(—2—0)|=2 (1) xai oUppwva pé T& mponyol-
peva 7 (1) EraAn@eteTon &mréd Tous wyadikoUs &piduols z, ol Exouv elkéves 0TS pryadikd
tmimedo T& onueia ToU kUkAou pé kévTpo TV elkéva ToU wryadikol —2—i, SnAadn 16 on-
peio M (—2,—1) kad drriva a=2. (2. 8).

Bl-1,1)

y'

Ix. 8 = 9
3. Bpeite 1@ onpsic tob pryadikod Emnidov, Nid 1@ émoia elvan:
[z42| = [z—(-1+0)I.
Avon: “Eyoupe |z+2|= [z—(—1+1)| <> |z — (=2+0])| = |lz—(—1+1)| (Y]
*As eivon A(—2,0) 1 eixdva ToU wyoadikot —2+4-0i kad B(—1,1) Tou pryadikol —1+i (Zx. 9).
*Av M elvan # eikéva évés wyadikol z, Tote 16 |2—(—2+0i)| mapioTével v &mwdoTaon
(AM) kaf 16 |z—(—1+1i)| THv &méoTaon (BM). ’Emaidf Oéhoupe [z—(—2+0i) = |z—
(—1+41)|, 8& Tpémer v& elven (MA) = (MB). AUTS anucitver 11 ol eixdves TGV AUcewy TS
(1) loaméyouv &md Té oTabepd onuela A kaf B kal &pa dviikouv oTn pecokdBeto ToU AB.
*Avtictpoga: KéBe onueio M(x,y), slkéva ToU wiyadikol z = X+yi, ol ioaméyel &mo T&
A kai B, 0& ikavomroiel THY loéTtnTa [2—(—2+0i)| = |[z—(—=141)[, &nA. Thv (1). "Apa T&
InTolueva onpeia dmoTehoUv TH HeookdBeTo ToU TufpaTos AB, ué A(=2,0) xad B(—1,1).
4. Eto6 myadikd ininedo Ppeite mob avikouv oi eikdveg 1OV wyadikdv appdv, nod elvar ho-
oeg tiig tEohoeng
2|z—3-2i|2 + 2|z+1-3i2 =21
Avon: “Exouns  2[z—3-2i|* + 2|z + 1-3i2 =21 =

21
lz—@G+2)? + lz—(-14+3D)=—5 (1)

23
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I3.3.

Z716 wyadiké Erimebo walpvoupe T& onpsia A(3,2) xad B(—l 3), wou elven elkbves Tév -
yoBik@v 3+-2i kol —14-3i &vrioToixa (Zx. 10).

¥
B(-1,3) __
==
|
i
i 2
H
|
i
x' -1 0
yl

sx. 10 Iy 11

s 21
“Av M elvan 4 elkéva pids AUoews Tiis (1), Téte 4 (1) u&s Mer 81 (MA)2+(MB)® = - -

(3+c—1) ' ?)

"Av K elven 16 péoo Tol edflypapuou Tufuartos AB, TéTe 8& elva K

= K( 1, 5 ) kal &mwd 16 TpdTO Bedpnua TEHV Siaptowy oTé Tplywvo MAB TPOKU-

2L sy

el &m (MK)E = . "ANAG (AB) = V17, omére (MK)?=1, nAadn (MK)=1.

5
"Apx Té M dvfiker ot kUkAo pé xévtpo K(l,ri-) kal &kriva a=1. *Eto1 of Algeis Tijs (1

Exouv elkdves T& onueia aUToU ToU kUkAov, & Sroios Exer tlowon

jz— (1+% i )| il

5. 16 myadikd Erinedo Ppeite 16 ohvoro TV cikbvov tdV pryadikdy apibpdyv z, nod elvan

Aboerg tod ovotfparog:
3
lz—2+41| < ot S |z—4—i| )

Abon: Z16 oyfjua 11 Slvoupe TH yewpeTpikg E[Kéuu TTis AUcews ToU TpoPAfinaros. Agr-
voupe y1& &oxnon T SikaloAdynon TV &ToTEAeoudTwY.

3.3. "Aoxficerg

: Lo

LA SV N

24

Aeigte dm 1 £Eiomon 1ol kbxhou |z—z4| = @ naipver TH popen
2z = 2Re(z Zo) +at—|z,|*

- Z7d wyadikd dmimedo EmiAUoTe Thv Elowon [z—2+3i) = 5.

. Bpeite T& onpeic 1ol wyadixol émiméSou, yi& t& omola elvan  |z—i| = |z+2|.

. Bpeite T& onueia ToU pryadiked tmiméSou, Y& T4 Omoia elven  [z—2| < [z].

. 276 pryabixd émimedo Ppeite TO olvoo TGV elkdveov TV HryaBikddv, mou EmwoAnbelouy

™y |z—1| < |z41].
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I 4.1.

6. "Av elvan |2—8| = 2|z—2|, z e C, Beifte &m 6& elvan [z| = 4.
7. *Av |z] = 3, Ppeite T& onpeia ToU pryadikou Emmédou, ou elvan eikdves TéV myabikév
() =2z, (B) 1=z, (y) 32—l
8. Bpeite SAous Tous piyaBikols &pifuols, yi& ToUs omolous elvan: 3 < [z-+i|<4.
9. Bpeite Shous Tous miyaBikols &piduous, yi& Tous omofous elvan: [z—1 4 |z + 12 =4 .
10. Bpeite ToUs miyaBikous z, ol &moior émaAnfelouy ouyypévws Tis E§iacoers
2—12 =t zﬁ—:‘l\ o
2—8i ] 2—8 ’

kad

4. MNMOAIKEZ EZYNTETATMENEZ MITAAIKOY APIOMOY

4.1. ‘Opiopdg

*As Tépoupe TS pryodikd pibud z=a+-Pi#0 kal T Siovvouarikn Tou
dxrlve OM (Zx- 12). Elven {6[74] = \/cx2+[32t= p-

b
Bl08) I (C )
I
o |
81 :
=5
{ o
o i -
x’ Ala0) &
L)
Mq1my8y)
¥
5 12

"OMot of wyadikof, ol of eikdves Tous elvan onpela ToU kUkAou (0,p), EXouv TS
1510 pétpo pé Tév z. Mé vé wpoodiopioouus AoToY T1) yewueTpIKT eikdvaToy z,
Btv elvan &pxetd T péTpo Tou. "Av Spcs époups uali pé T pétpo p kal A ywvia
9 €[0,21) Tou oxnuaTiZe & fetikds fudagovas 0x pé 1M Siavuopamikg dxTiva
b -~ -~ ! ’ ’ ~
OM 70U z, TéTe 1) gikdva M(o,B) ToU z kabopileTan TATpws &md 16 Lelyos (p,8).
Elven gavepd (ZX. 12) 871 1& oroixeia Té@v fevydv (o,p) xai (p,8) ouvdov-
Tan pé Tis oxéoels:
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I14.2.

o= VETF
(€}
ouvl = e AR nué = —L_ , 0<o<2m
Vo p Vs

*ATo Tis oyéoes (1) PepanwvdpacTe 61, dtav Sofolv T& o kai B, TpooBio-
pifovtan povooruavTta Té& p koi & kai dvTioTpoga.

*Apa kGBe pryadikog amBpog (o,p) # (0,0) propei va dprotel Kai pé 16 Leb-
705 (p,9).

Td orouyeia Tob Ledyovs (0,0) dvopalortar moMKEG OUVIETOYREVES 70T -
yadwod aolfpod z=a-pi. Eldwdrepa 16 o ovopdlerar (émes Eépoupe) pétpo
100 z xai 6 0 mporelov dpopa (Argument) 1od z xal cvufolilerar Argz==0(1).

TS pryoadixd &pifud z = a+Pi, éktds &md 16 Lebyos (p,8) moU PBpiokoupe
&md Tis (1), Tév Tpoodiopiler kai k&Be ebyos (p, & + 2xmr), keZ. [V alTd KaG-
0t yovia ano tig 042k, k € Z dvopaletar &TAdS dpiopa tol myadikol aprBpod
z xad oupPolifeTon argz.

4.2, Topadelypata

. AT
1. Z716 oy. 13 gaiveton 1 y1& 16 piyadikd dpibud z, = 2+2i elven (p,8) = (2 V3 vy

R =
fi  yevikéTepax (2 VZ, 2em+ g ). K eZ. "Opoix y1& Tov z,=—1+iV3 elvar (p,,8,)=

2 2
= ( 2 Tﬁ- fi  yevikdTepa  (pg,fy) = (2,2K1T+T1T), keZ. Tis Tipés TV p kal & pmwo-

povoape guolkd v Tis UoAoylooupe kal &md ToUs TUmous (1) Tis Tapaypagou 4.1.

b/ y
) I z Zg
Zo 1= }
! =
N g e IR
i I
! t's i =NiEzy 3.;\" @ =
| i
& 4 —
xf -1 o 2 x
28
v’ v/
. 13 Sx. 14

2. Ol myadikol &piBuol z, = (1,0), z, = (0,1), 23 = (=1,0) kal 2, = (0,—1) Exouv Kowd pé-
Tpo p=1 kai &uricToixa mwpwTelovta oplouaTa Argz, = Arg(l+0i) =0, Argz, =
™

3
= Arg (0= Argz, =7 xal Argz,= = (2x. 14).
1. Z1h PipAioypagia pepikés gopés s Argz Bewpeitan ) yowvia 8 ué 8 € (—m,m].
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L5,

3. Ol mohixkés ouvTeTayuéves ToU pryadikoU dpiBpol z = 1—i V3 elvan:

A 5 5
o) p=VIit3=2 xai B) 0= % ‘H mwh 6= —-13‘- BpiokeTon elkoAa &méd T
1 V3

cUoTnpa oul = 5, nud =— iy 8 e[0,2m).

4
4. "Av ol ToAikés cuvTeTaypéves ToU dpifuol z = a+Pi elvan (2 ¥ T),Té're péLovTas

4m
oToUs TUTroUs (1) THs Tapaypdpoy 4.1 Vo B =2 kal 6 = =5 Pplokoupe 611 & wi-

yabikds altés &pibuds elven & 7 =—1—i V3,

4.3. ’Aoxvocelg

1. Bpeite Tis moAikés guvTeTaypéuves (p,0) TV miyadikdv dpbudv:

z, = 3+0i ’ z, = 3+ 3i 5 z; = (0,3),
2y = (=3.3) ' 75 = (=3,0) ; g —ri3-3i
z; = (0,-3) ; zg = (3,—3).

2. TpéyTe o) popen z = a+ Pi Tols wyadikous dpifuols

11:(3.%), zy = (2,m), z,=(\/3_,%.r). z,=(1.3—;)

kai dmeikovioTe Tous yewpeTpikd oTd EmimeSo ToU Gauss.

zZ
3. Bpeite Tis ToAikés ocuvTETaypéves TGV UIYadIK&Y &piBudv z,.7, kal 1—', &v elvan
2

T (3.—131-—) kol Z, = (2,%).

5. TPITQNOMETPIKH MOP®H MITAAIKQY APIOMOY

5.1. “Opiopoi xai Bewppata

EiSope Tponyountvws &ti, &v (p,0) elvon of Tohikés ouVTETAYUEVES TOU Wi-
yadikoU z = a+Pi # 0, TéTe O& elvon:

='\/ﬂz 2, UUVB=—'_£_—=EKGiﬂue=—ﬂ—_—=~B—
i b VBB P vaipt P (D)
e 0 < @6<2m
*ATd Tis oxéoss aUTés Tralpvoupe:
a=povvd kai P=pnub,
27
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I 51.

&moTe & pryadikds z = a-+Pi Taipver T poper:

z=p(ouvB+inue), pé 0<B<2m p=V o p? @

‘H pope1} adti] Aéyetar tpryovopeTpiki] popei tod mysdiked a--fi.
Quoik& dvtl y1& T6 TpwTelov Spiopa § pmopolpe v& Tdpoupe Omolodn-
TroTe &Aho Spiopa Tiis popefis 82k, k € Z.
Anhodh:

a+Bi = p(ouB+inul) = plouv(8+2xm)+inu (84 2kT)], k € Z,
émov p= Val{P? kai 0 €[0,2m) ué 3)
P

owd = = kad nue = —
P P

"Omrws gaivetar &md 16 ox. 15, yi& 16 piyadikd z = 141 elvan

z=1+i:\/§_(cuv%+inu g)

=7 (O'U\?(QK'N—}—%)—}—].T]U.(:ZK'IT—F -%)), keZ.

= :
1 DR
e i
s |
[ 1 H
= \ o 1 x
S
T
Tx. 15

‘H Tprywvouetpiks) poper) Tév wmyadikidv dpiudv Ponbde o1é vé& dvTipes

Twlooupe TOAAG TpoPAfjuaTa kal vé Bhooupe yewpeTpikr) fpunveia of TTOAAG
fecopnTikG oupTepdopaTa.

Od& Shoouue dptows TApakATW HEpik& XpHoiua BewprjuaTa.
Qewpnua 1o. Avé pryadikoi appoi z;, = p; (ovvl, +inpd,) kai
z, = p, (ovvh, + inpb,) elver foor, Grav xai pove drav
pp=1p» 0,—0, =2r, keZ
‘Anéderln. ‘Aol f z; =z, ouvemdyetan 811 p; owvd, = p,ouvd, kol

pinul;=p,nud,, ToéTE B& elven p?(ouv®,+np8,;) = p(ouvB,-nu2b,), omoTe
P1=pa “Apa ouvl =ouvd, kai nul,=nul,, émoTe B=2kT+0, 1| 8,—8, = 2.
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I51

Oewpnua 2o0. Toé yivopevo dbo pryadikdv apbpdv elvar Evag pyadikés amOpdg
mod Exer pétpo 16 yivopeve tdv pétpov tovg kai dpiope 16 GOporopa thv
opropatov toug.

‘AnodeEn. "Av z,=p, (ouvl,+inu,) kol z, = p, (ouvl,-inud,),

ExoUpE: 7,2, = p,p,f (cuvB,ouvB,—npé nul,) +i (cuvd nud, +nudouve,)].

"Apa: 2y Zy = Py (ouv(8, +8,) +inu(, 4-6,)) “
'Eraywyikd Beifte 6TI: "Av z, = pe (oov0, +inud,), k = 1,2,...,v, to1€ :
Z).Zge o 2y = PyaPoe. Py [o0v(0,+0,4+. .. +0 ) +inp(d, +0,+...40.)] 5

“Avelvan pi=p, =.. .=p,=pKal;0; =0,= ...= 8,=0, ére z,=1,—. . =2 =
= p (ouvb+inul) xal fy oxéon (5) ylvera:

2 = [p(aw+inud)]* = p* (euv(vl) +inu(v8)) O]

H (6) pds elvan ¥priowun ToapakdTe kai dvapépetar sav Oedpnpa De Moivre.
"Aueon ouvémaia Tis oxtoews (5) elvar kal 1| yvwoTh pas 8161t ToU péTpou
TOU Yivopévou TToAAGY pryadikédv &piBuddv, dnAadn

[z o =l - 1ol o (2] M

Ao T oxéon (5) PAémoupe dkdun ETi:

1
2emtArg(z; -2, .. .2,) = Arg z;+Argz, +. .. +Argz,, ® ®

Otmou K KaTGAATAos dképatos &piBuds

Qewpnua 3o. 'O avrictpogog £vog pryadikod apiBpod z #0 Exer pétpo t6 bv-
tiotpogo tod pétpov tov kai Gpiope té dGvribeto Tob dpicpatoc tov.
"Andderln. "Av z =p (ouv + inud), p£0, elven fvas wyadikds &piBuds, TéTe O
£y 1 & il oune=inng o
z  p(ouwd+inud) ~ p owW{nu

glven
— - (ouvBing) = - [ow(—9)-inu(—)]

Oewpnua 4o. Té anhiko dbo pryadikdv apbpdv elvar Evag myadikog aprd-
pog mod Exer pétpo té Aiyo t@V pétpwv Tovg Kai Gpiopa i) Sapopd TdV dp-
opatwv tovg. AnAadn:

2, = py (w8, + inud,) } Ly

P1 :
= — [ow(8,—B €,—0
2y =y (o1l inual) = 0 B Ci [ouv(8,—6,) +inu(8;—0,)]

1. Tpdgoupe 2k Arg (z;.2,...2,), yiati elvar pavepd 8T1 16 &Bpoioua a6 B’ péos
Tiis (8) mmopel va ufv dvixer oté [0,2m).

29

Wnepiomotr|Onke amé 1o lvotirouto EknmaiSeuTikrg MoAmkrg



ISi2.
" ; 1 .
MpdypaTit _:,.1_ =1z,-2," 1 = [p,(o-uu61+muﬂl)][p—(ouu(—ez)+1nu(—62) =
2 2

= 7L [ow(®,-0,)-+inu(®,—6,)]

Népiopa: ’loyve (oub+inud)-v = ouwv(—v) +inu(—vl), v eN.

5.2. Napadeiypara—Epappoyéc

1. Tpayte t6 myadikd apilpé z = V3+i of TOLYWVOUETPLKT] pHopoT.
Abon: Elvan a = V3, p=1 xal &pa p= V31 =2

V3

*Emions ouvh = -

xai nud = % ué 0O < 2m,
T
&md Tis Omoles Taipvoupe  § — g

"Etor elvan V34i=2 (cw % i % ) :

2. T6 idw na t6 z = —2—2i.
Avon: Elvon a=-2 xaf B=—2 rad dpa p= V o +pE = 2V7Z,

2 V2 2

vZ
ouvl = — ET?:——Z* Kai nud =—2—~_\/§.=~2—, pé 0B <2m.

5t
'ATé Tis TedeuTales Taipvoupe 8 = g omoTe

: = 5 . 5
—2-2i=2V2 (cuvT +inu T)

1in 1ln
3. Tpaye 10 pyadino apibps z = 4 (wv-G- + imr?) ot popen a+Pi.

11
Avon: Elvan p=4 xaf 6 =6—Tr, &pax

llw V3 1l (ﬁ

= 1
u=4va=4.T=2‘\/3 xad |3=4in=4. ‘5_-) = -2, bmwéTe

4. Bpelte ta Eayopsva tdV npatewv:
6(ouv20°+ inp20")
1/3 (ouv 40° + inud0")

1
a)  6(ow20° + inu20°) . o3 (ouv 40° + inu 40°) B)
Adon:
1
@) 6(0Uv20°+inu20”).—3~ (ouv40°+inpd0°) = 2(ouv(20°+ 40°) +inu(20° 4-40%)) = ,

! fh Va e
= 2(owv60°+inu60°) = 2 (T-HT) =1+4+iv3.

6(ouw20° 4 inu20" : . "
B 1/3( (0;4004»”1““43“) =I8(0uv(20°——40°)+mp(20°—40")):lB(auv(—ZG")-{-l‘nu(f?O )

= 18 (owv20° — inu20°).

30
Wnepiomoir|Onke amé 1o lvotirouto EknmaiSeuTikrg MoNmkng



1.5.2.

=T
. Na& drohoyniotel | nophotaocn (¥+i$)

_’2-{— iﬁ of TPIYWVOUETPIKY] HopeT| .
Elvaip = ‘/ % = _4_ = V2 xal, &pol T6 anpeio (\/_ 6 ) &viiker o1d (1) TeTapTn-

1
uoépio, ﬁ ouvl = 5 Siver 6 = 3 (mpwTevov Spioua) “Apa:

Aben: phgoupe 16 pryadikd &pibud z =

—+1 N (wv—+1nu ) ’ATté 16 Gewpnua De Moivre Pploxoupe:

(\/_-'f‘ 1—) [ (auv 3+ muT)]? = (V2Yy .(auv?. —;- + inp 7%) =

o T o7
= 8\/2(ch+ lﬂu?) =

vz (+ + 1:2_3“) = 4VZ +4iVE.
=T
(i)
Na anlorownBel 16 xhaopa : —(\/3———1)“—
- > A , \/2 o ™
Avon: Ao TO TponyoUpeve Tapdbelypa Exouvue +1m) =8+V2 (aw? 4
o h
+ inp ?).
Bplokoude Tpa THY TpIywvoueTpik popeh ToU V3—i. Kotk T& yvwotd Exoupe

o 11 11
v3ii=2 (o-uv—lr- + inuTﬁ), SmodTE

V3 = [ )] =2 (w247 s 45)

11 11
= 2. (owg" +inu—g) =8 (w270° + ink270°). "Apa
VZ | A6 =
Lpdic ] - BB ° 4 inu60° 2
( ) = BV 2owe0°HInu60) i (60°—270°) -+ inu(60°—270°))
W3 _.)3 8(owv270°+inu270%)

V3 )= Ve \/2'2_

= V2 (ou(—210%)+inu(—210%) = \/2_( - 5=+ -+

z,
. T'ewpetpiki) naphotacn tod yivopévon z,.z; Kai tod aniikov f— @y yadik®dy  apiBpdv
A !

7y = py (ovvl, +inud,) xai z, = p(ovvld,+inud,) pé p,p, #0.

o) Elven 2.2, = py.ps (ouv(8;+85) + inu(®,+6,)).

Trptpoupe TH wik &md Tis SiavuouaTikés &xTives 6?"[1, 6)&12 (Ex. 16) Tév z, kol z,, EoTw
TV 6;12, kaTd yovla Ton pé 6 Arg 2, kal Tévw oTé gopéa Tiis TEAkTs dxTivas Taipvoupe
onueio M, doTe va eivar |6’l‘\-f'l| = PPy T6 onueio aUTd M elvan gavepd &1 dpiger T Sravu-
opaTikn &kriva OM o0 WryaBikou zy.Z,.

Srpépouvpe T SravvopaTikn drtiva BFII, ToU BixIpeTéOV Zy . 17) xat& ywvia fon
pE X
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153,

ué 16 —Argz, kai dmws mponyouptves Pplokoupe T6 anueio M pé i(_J’i\‘fll = -21 *Emre1dn
: 1

v
M(Zq:Zg) My(Zg)
Z2
8y 0 Ma(Zg) MIZ2)
\ £ |
4 M,(Zq) Mq(Zy
B2,
. 184 T o1
x ] x o
Tx. 16 Ix. 17

hici :_’ _ % (ouv(8,—8,)+inu(83—8,)), yivetan pavepd 811 Té onueio M, &mws Ppéon-
1 1

- z
ke, opiler 1M SravvopaTikn dkTiva OM ToU TmAikou z—z
1

8. Na droloyrotodv oi tprymvopetpikoi apibpoi tob toov 30, Gv yvwpilovps to0g TPLYOVORETPL-
xobg GpiBpodg tob togouv 0.
Abom: *Ad 16 Becopnua De Moivre Exouus ouv(vl)+inu(ve8) = (cuvb+inud)¥, ve N (1)
Mé& v=3 4 (1) yiveran oww38 + inp38 = (ouvB+inub)?, dnradn
ouv38+inu3s = ouv8+ 3icuvBnub—3ouvdnpuB—inp’d xai ouvemdys
ouv38 = ou¥8—3ouvenu®® = ouv*f—3ouvB(l—ouv*l) = douve—3ouve xal
N30 = 3ouvnue—mupse = 3(1-nu*e)nue—nmu’e = 3nué—4nu.

5.3. ’Aoxnoelg

1. N& ypagolv of TprywvoueTpikn uopet ol pryadikof &pifpol:
1

v,
27 —ond
2. Aci€te 11 T Beddpnua De Moivre
(p (ouvB+inue))” = p (ouv(ve)+inu(v8)) loxvea xkal dtav ve (..., —3,-2, -1}
3. N& &moBeifete 61 @
@) (V3+ipse =210,

242v31, V34,

bz : b
B) (1+i)'+(1-i)"=22 guv 5, veN, y) (1+i)—(1-i)*=i2 2 nu—, veN
4 A

8) (ouvB+inu) Y+ (ouvd+inud)~"=20uv(v8), (owvd-+inud) '—(ouve+inud)~*=2inu(ve).

4. N& tkgpéoete T& ouv50 kol nu58 odv ToAudvupa TéY ouvd kai MUl dvtioToi a.

1 1
5. "Av z = ouvB+inu8, Beifte ST 20UV =z+ —- xaf 2inud = B
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I6.1.

6. PIZEZ TON MITAAIKQN APIOMAQN

6.1. ‘Oplopdc—0Bewprnpa
‘Opiopés. Niwooti| pila évog pryodikod appod & = a+Pi sivm wabe piyadi-
Kog amOpog z = x+yi pé v ihotnta
(x+yi)¥ = a+pi.

O& Bel€oupe, pé 16 Becopnua TToU dkohoubel, &1 kdde un LN Sevikds uryadikds
&p1Bucs € £xer v dkpiPdss SiopopeTikés peTafy Tous viooTés pides.

Oewpnpa: "Av E=p (cuvl+inub) civar Evag pryedikog apbpég pé p-£0, tote oi
pryadikoi apibpoi

V- 2
2= »\/p ol)'.'9+v L4 +inp 9+3Kﬂ , k=012,...,v—1

elvar Sragopetikoi petald tovg kai sivar of pévor nod Znaindeiovvy v ificwon
z¥=E§,
Anodegn: O& &Setdoouue &pyikd &v Umrépyer pryadixds &pifuds
z = r(oww-inuw), ToU v& elvan viooTr| pifa Tou § = p(ouvd-inud).
Mé& v& oupPaiver ard, mptmer vé loye
plouwd+inud) = [rloww+inuw)]’ = r¥(ouv(ve) Finu(vew)) (1), BnAadq

Vi ]
p=r"xai vw==0+42km, keZ f) r= +/p ki = +‘}2K1Tr KelZ

G{H‘?KW + inu 9-—;-‘.}?1<Tr)’ kel (2.

"Apx z=Vp ( ow

‘H (2) gavepcover Thv UmrapEn ToU z, 8nA. wds viooThs pilas TolU €.

O& Beifoupe Topa 61 ) (2) Y1k k=0,1,2,...,v—1 B&iva v BicpopeTirés
Tikés THs viooTHs pifos ToU €, pé €£0-1-0i, Tis dmroles 8& dvoudfovue viooTés
piles ToU € kai 8& Tis ounPoAiloue:

S 0+4+2xkr .  042kn -
Zi= \/p (auv = +inp = , ¥=012,..., v—1 (&)
211 ouvéxaix 64 Belfoupes 81 y1& OOl TTOTE GAAN T TOU K € Z & zc 04
ouutitrTel pé pia &wd Tis TIpés z,, Zy,%,, . . .4,y TOU Bivel & TUTos (3).

Mpéypor i) *Av fitav 2z, =2, A, w e Z, A#u kol 0<A, p<v, TéTE B& Errpe-
0422 06-}2ur
i v
Elvon 8ucos 0<<[A—p| <v kad Emoptveas 0<|pv| <v, 8nA. 0<|pl<1, 16 &molo el

ven &tomo, yiati dév Umdpxet p e Z pé 0<|p| <1.
"Apa 7y # 7y ik SAx & A, pe{0,1,2,...,v—1}, nAcdh ol v Tiués s 3)
elvan SiapopeTikés petafl Tous.

e v& eivan =2pm, p € Z, BnAadn A—p=pv, peZ.
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I 6.2,

i) Mé&keZ pé x¢{0,1,2,..., v—1}, dnAadn yi& k=v 1) k<0 B& Exoupe:
k=M4v, AeZ kai ve {01,2,..., v—1}, oémoTe
T = \/E[cuve+3K1T -+ inu E“:fﬁ]

\/E[cuv ﬂ+2(7\:+u)11 +inu9+2(?\z—}—u)1r
\/E[cw (2?\11-—}—&5—\}“) +inu(2?\'rr+ &g,ul )]
= \/E{cuv a—Jr?,‘J—W + inue——i_vgﬂ] pé¢ vel0,1,2,..., v—1}.

*Apa & z, oupmiTTel pé mé &md Tis Tipés moU Siver 6 TUTos (3).
*Eto1 Sel€ape 611 Umdpyouv v dkpiPdds SiapopeTikol peTafU Tous prycdikol z
ol émoiol émaAnfetouv Thv z¥ =§ =p (ouwb+inud), étav p # 0.

Téhos, Eweidr Shot of z,, k =1,1,2,...,v—1 elvon SiagopeTivol peTal Tous,
8& Exouv kai BiagopeTikés elkdves, dTav dreikovioToUv oTO uyabikd émimedo.
AUt 0& gavel oTd Trapodeiypata 1 kai 2 ol dxoAouBoUv.

6.2. IMapadeiypata— Epappoyés

1. Bpeite tig tpeic kufhikéc pileg tod —14 V3
Aban: Oépvoupe dpyik& Tév —14-4/31 of TprywvoueTpIKY Hopen.
Elvea —14+4/31i=2 (ouwvl20° 4 inul20°) kai ToTE

G U 120°+360° ... {1202 3
e = VZ{ow( 12200 o inu (B )] | o2

3 3
z, = V2 (owd0® + inpd0°), z, = V2 (owv 160°-Finu 160°) ,

Iy. 18 Zxol9
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I6.2.

3
2, = V2 (0ww280° + inu280°)
lecopeTpiké of kuPikés pifes ToU Pprixape &meikovidovron oTis xopugés lodmAeupou Tpry -

3
vou &yyeypaupévou ot kUkho dxtivas V2 pé mpdtn xopugt| Té M, émou (OA,,\OMO)=40" 5
(Zx. 18).

. Né nopactiioste yempstpika tic viootés pilec tod wyadikod apilpod z = p (ouvd+inpod).

Aven: Ol vicoTés piles ToU z Sivovton &mwd Tédv TUTTO

Vi 042 b 042
=vp [cuv T inu +v e ] , k=0,12,...,(v—1), kai elven

v

_— \};[m(% g 2(\;;1)“ ) _Hml(% 4 20D )]

v
Mapatnpolue 811 SAes of viooTés pifes ToU z Exouv T6 810 péTpo, Bnhady lzgl-= Ve

6 2
xai éproua Térolo, dhoTe &md K&mola dpyixd TIUA V& alfdver Biaboyikd kaTk s

"Otrws eiope kai TponyoUueva of wyadikel avrtol &p18uol 7, &meovifovtan of anueia

v
ToU pryadiol EmimeSov, wou elven onuela ToU kikhou (O, Vp). (Sx. 19).

. N6 Emhlvlet 1 éEiowon z° = —64i

&

"Enidvon: "Exovue 2% = —64i = 64(—i) = 64 [cruv( — %) +inu( - —;—)] )

6moTe Taipvoupe:

3 ——dkTT — — +2m
7, = V64| ow 3 + inu 3 , k=0,1,2
T |
Né& x =0 elvar: z, = (wv:sr——mu %) =4 (_23._1_ 5 ).
v x =1 elvar: z, =4 (cruv—z- = inu% ) = 4 (0+i) = 4i,

w . In VETT
Y& k=2 elvou: zg=4(wv€- +mu€) =4 (——2—1.—2—).

INapatipnon : Kabe tElowon Tiis nopefis 2¥ = a, mou a e C, a#0 kai ve N dvopieron
Subdvopn éGiswon kad EmikGetar pé 1 Bofifeix Tol Becwpriparos Tiis Tapaypégou 6.1. yidk
TéV Umohoyiond TV v vieoTEY pildy TV pryaBikdy ap1udov.

Na imivlei ) #iowon: z° = —V3+i.
"Enidvon:Tlp@dTa yp&poups Tév —V34i of TRIYWVOUETPIKT) Hoper.
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I 6.3.

*Etol Eyoupe: 8 = —V3}i=2 (ouv 150°+inul507), éméTe of pifes elven

3 .

e 150°4360° o 15024360

z = V2 (quf’;—--—u + inu _{-5-—'(), k=0,1,234.
5 & 5 9. 5 r—3 ; 1

z, = V2 (ow30°+inu30®) = V2 ( —— i T)
3 o, o o o

s \/z_(gw 150 {5—360 i 150 45-360 ) oy

5. Na &mlvBel 1y £Eioowon: z¥ = 1 (1) (Nwotég pileg tig povadug).
"Enihuon: *Exoupe z° = 1.(ouv0°+inu0?), éwéTe of v pifes elvan

M 042 i, D2 2 . 2w
7, = V1 (cru'..- IR, i e R R ): owsZ | inu—", k=0,1,2,...,1
v v v v
Oi v autés piles Tis (1) Aeyovtan xai viostég pileg tiig povadag.
= 2xm . 2k 2 . 2m\x
MapoaTnpolue &T1 2z, = ouv —— +Iinu e (UUVT +inp T) K =101,250005021
i 2w |, s2w A R TS 3
émére 7, = 1, z; = ow ——+ k-7, 1y, = (U’UVT 4 muT) = gl
=128 Ze=12%. calea=5"%
“Apa ol vwootég piles tiig povadag eivar oi:
2r . 2m
L2y 1% 2% 0% '™t BE 2 = OOV —= +inp =
Mé v=3, Exoue Tis xuPixés piles THs povabas moyu elvean:
2w . 2w 1 V3 . (T
2, =1, 3, =ouwv 7 i 1 Hileme=1% —2+l—2r T e e T

Ol kupixés piles Tiis povaBas, & &TEIKOVIOTOUY OTOV kUxAo (0,1), elvon kopugés fodmheu-
pou Tprydovou.

6.3. *Aoxnoelg

1. N& tmAuvfouv otd C ol i§iodaoes.

@) 8 =8, P)@=2+2 y)2*4+64=0, 8 2=1+iV3, 2°+64i=0 xaf
oT) 3x84-24x* =0

2. Acifre 811 Tis piles Tis 6i0dorws (14-2)* + (1-2)** =0 pés Tig Blver & TUTOS:

L1
2= ieg —— ™, Smou x =0,1,2,...,(2v-1).

W

. Né& &mekovioTolv aTé pryadikd émimedo ol plies Tis i§i1omoews 25 =—V3Li
4. "Av 2,2, elvar ol wmyaBikés xuPixés piles Tis povadag BeifTe OTI:

a) 2,2=12, xal 2%, =1,

B) 1-+2,+2,2=0 xal 142,+z2=0,

¥) (1422, 32y) - (Lo+228,+32) = 3,

8) (1-+2,—2) = (12, + 220
5. Aeifte 811 6 z = ouvB+inuBA—1 ypdgetan kai
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I 6.3

_ 14k
Tl

ke R xartdhAnios.

V5 =
6. AciTe 6T, &v x,y,2€R kol w=— _21_+iT3' T6Te 84 elvan

@) (1—-w) (1—w?) (1—w?) (1-ws) =9,

B) X34 y? 22 —xy—yz—zx = (X+ yw+iw?) (X+yw?+zw), xal

Y) X4 y*422-3xyz = (X +y+2) (x+ wy+ w’z) (x+ wly+wz).
1

/3 .
7. "Av elvar ©w = — = +i\2—3 Seifte 811 TéHTE B4 Elven:

) o'+ P? = (a4-P) (aw+pw?) (aw+Pw)
B) (a+B+Y) + (a+Pwtyw)?+ (at Petf yw)? = 3(o®+ B+ y*+6afy).
8. Aeifte 6T kdfe & &mwd Tis TapacTaoes

2, = a+2p4-2%y, 2z;=a+tz3p4zy, Swov z =

_li‘;‘/3 , 8¢ petaPéAdetan, &v dvti-

KaTacTnoouue Tous o,B,y pé Ttols a+A, B+A, y+A, AeR dvrioTorya.
9. AcifTe &T1: .

(1—z+2%) . (1—z2+2z%) . (1—2%+2%).. .(l—i‘."“‘l -+ 1,2':) =25

émou k dpTios Quoikds kal z TuxoUoa kuPikf) pryabikn pila Tis Hovddas.

10. "Av ve N kai 2 =¥, SeifTe 6T1 of povabixés Tipés This MopaoThoews

K =22v4-z"* elvan —1 xaf 2.
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. ZYNTOMH ANAKE®AAAIQZIH

. Té ouvohro C={zlz=(aB), aeR, P eR} ut

(u]!B‘l) — (uzapz) <0y =d, Kai ﬁ1=ﬁ2
(0,.8) + (02,By) = (a;+ 0y By +P)
(03,B,) - (0,82) = (2,0,—P; P2y @;Po+a:p))

elvar 16 olvoho TV mryadik@dy &piBuddv.

. Of prycBikoi &pifpoi pmopouv vé &meikovioToUv oT& onueia évos Emimé-

Sou (mryadikd émimedo).

. 216 wyodikd Emwimedo & wikhos kévTpou (X,,¥,) kad dkTivas pétpou o Eyxel

tEiowon

|z—z,| = @, émou'z, = (x,,y.) xal z=(x)y).

. "ANhes ouvTeTaypéves Tou piyadikoU z= (&,pB) #(0,0) elvaa of moAikés (p,9),

&mou p = Vaiit P, 8€[0,2m) ué ouvd= ———

. Mé 1A Borifera T&V ToAKGY ouvTeTayuEveov Tous oi uryaBikol dpifuoi Taip-

VOUV TNV TPIYWVOUETPIKT] TOUS HOPQT)

[ z = p(ovvd + inpb) | :

Mé& Tous pyadikous z = p(owvd-inud), z, = p; (ouvl, +inud,),
zy = pp (OUVB,+-inub,)  ioyUouv:

Z, =Z, <> p=p, Koi 0,—0, =2kn, kel

Zy . Z, = Py Py [ovv (0,40,)+inpu(0; 4 0,)]

7' L =2—] [ovv (0,—0,) + inp (0,—0,)], p,7#0
2

11
2 = gy OO Hin—8)), pi50
2

Zy

z" = pV [ovv(vO)+inu(vo)], veN

KéBe prf) unBevikds pryadikds &pifpds § = p(ouvB-+inpd) Exer v dxpiPdds
BiopopeTikés peTafU Tous viooTEs piles, Tis:

v 0+4+2kr . 042
Z = ‘\/l?((ﬂ.w ¥ +inp v'm ), k=012,..., v—1
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