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MAO®OHMATIKA

A" AYKEIOY

AATEBPA

Mé andgacn tfic ‘EAMqvikfic KvBepviiosmg 16 St-

daxtucd Bipric tod Anpotikod, I'vpvaciov kai Av-

kelov tum@voviar ard tov *Opyaviopd "Exdocemg
Adaxtixdv Bipriiov xai porpdlovrar AQPEAN.
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MAG®HMATIKA

AYKEIOY
AATEBPA

TEYXOZ A’

OPTANIZMOZ EKAOZEQZ ATAAKTIKQN BIBAIQN
AOHNA 1979
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T'ia ) ovyypaen abtod tod Pifriov ovykpotiBnke ué dmovpyikn
anoépacn 6pada Epyaciag, mod thv Grotélecay oi:

N. BAPOYXAKHZE . . ... .. .. Zbpfovios B' KEME
A. AAAMOIIOYAOZ . . . ... ... Elonynrie KEME
N. AAEEANAPHE ., .5 ¢:n o o Kabnynric M. E.
A. A. TATIAKONEITANTINOY . . . . Kafnyyric M. E.
A. ITAITAMIKPOYAHZ . . . . ... .. KaOmymrijc M. E.
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MPOAOTIOZX

T6 véo dvadvried modyoappa Malnparixdy, mot 7oy épapudlerar of bleg
tic vdkec Tod Nvuvaciov, émexteiverar and 16 oyohxd Eros 1979-80 oripy
A" Avxelov. "Eva Sidaxtind Pifrio yd viy vdén adry mpémer, ovvends, va
elvar dvapuoviouévo pé td Pifiia tijs véas yvuvaowaxijs ing, va dabére
iy adrotéheia mod dmarrei 1 Tdéy dpernolas Evds véov xixiov omovddw,
dnwe elvar 16 Avneo, xal vd daopalilel Ty dnapaityrn dmodour) yud Ty
dnpdaromty dpappoyr) Toi mpoyeduparos T@v Emdpeven Tdfewy.

IV advd, xard i ovyyoapr atroi Tod Pufdov, donyd dmotélesar dbo dmd
tic eibuedreoes Emduidtes tijs baoxalias Mabnuarixdy otd Avxewn, drwg
Siatvndvovrar o1d véo dvalvtind medyoappa: a) «vd Eumeddoe xal vd
Sievgtver of Bewonrindrego Eminedo yvdoes mod dnéxrnoar ol pabnréc ovd
Topvdowon xai B) «vd pvijoe xai vd ébouxeiddoet 16 pabnrr) o duadixaoia
i pabnparicic dmodelfems xai vd vob dvamtiber palnparue] oxéymy.
‘H redevraia adri] émdlwén, perald dAdov, dpwobetei xal Ty Bin Tijs Ao-
yunfi mob megiéyerar otd xep. 1. Iodxertar yud ©6 fewonring vmdfabgo
nod yoedlerar & palbnrijs yud vd ovbéver, vd dvarder xai vd Eéyyer ovido-
yiopove, dnladr va ovvednromowel xdbe gopd Té «mds ovAoyileraw. Ztd
éndusva xepdlaa ovveyds Oivoviar ebxaigles yud avagpogd of Evvoieg xai
uedddovs mot meoiéyovrar otd xep. 1. “H didaoxakia, downdv, airod 7ob
xepaiaiov 8év Gmotelei adrooxond, GAAd moéne vd dvramoxgiverar oTijy idio-
poopla Tov.  Aoxel ovijy doyr md yevwer], obvroun xai (mpaxTixiy Symué-
pwon Tév pabyrdv yd 16 megeyduevd tov, wvplws wé vd magadelypara
xai tic paguoyés Tov 1) mhijons dpopoiwan éwoidy xai pedddwy xal 1 ékor-
xeiwon pé 16 ovuPoloud Bd yiver fabuaia xard 1) didaoxalia Tdv Eno-
puévaw.

*Etdidov xde xepdiato doyiler pé oiviopo cloaywywd onucivpa oTé
dmoio émonpaivovrar Td Idaitega yagaxtnowotixd Tov xai mob dmevBiveral
xvplwe oté Siddoxovia. Td xepdlaw xleiver pé vic "Amavrioes kai "Yro-
Seibeig va th hoom @V "Ackioeov mod mepiéyer. "Eddyores ano tic dmo-
Selbeic avrés elvar dmagairnres ovd palnrii mod, Egovras v priodolia vd
Mver udvos Tov ywois Porifleia Tis doxnoews, Exe pebodund pelevijost xai
xaravorjoer Ty dvriotouyn Bewonrixy BAr.

Télog, 16 fipiio xietver pé IlapdoTnua mod megiéyer mirjoes Abeerg tdv
*Ackfoeov. Elvar adrovinty 1 odoracy vd piy nara(peéyet 6 pabnrijc ¢* adte
napd pdvo yud abyxowon pé v Iion mod & Idiog Exave xai mdvrwg apod Exet
2avriiioe. xdfe meplforo mooomdderas xai apod Elafe mdyn iy avti-
orouyn daodesn.
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NMINAKAX ZYMBOAQN

LYMBOAO IHMAELEIA

N 16 obvoro {0,1,2,3,...} 1@v Quoik@v &piOpdy

Z 16 ovvoro {0, +1, +2,...} 10V dkepaiov aprBpdv

Q 10 oUvoro t@dv pnTdv aplBudv

R 16 olvoro TV mpaypatik®dyv aplOpdv

IN*,Z*,Q*, R* | 10 mapandve clvola ywpic 16 0

RY, R* 70 gOvoro tdHv Betikdv, T0 cOvolo tdv GpvNTIKOY
TPUYHATIKOY Ap1Opdv

R,, R_ 70 olOvoho tdv Betikdv, 16 cbvoro 1AV GApvnTIKGY
apBpdv xai 16 0 (Betikdv, dpvnrikdv pé edpeia
onuacia)

€, ¢ aviker, dév dvikel

= CuvendyeTal

< icoduvopel

A Kai (o0fevEn)

v i (Bralevin)

v fi...1 (Gmoxheromikn] SdalevEn)

v xaBolikdg mooodeiktng (Y14 kabe)

3 bnaplakdg mooodeiktng (Undpyet)

P, p(¥) dpvnon 1@v p, p(x)

<, > wkpotepo, peyaritepo

= = wkpdtepo fj ico, peyahitepo i ioo

Y, O topun, Evaoon

s yviclo Dnoclvoio, DMOCUVOAD

AxB Kapteoiavoé yivopevo tdv A,B

Xoy 10 (X,y) ixavormoiel 9 oxéon o §i
70 X oyetiletar pé 1o y

¢ = (A,B,G) Sipedng oxéon o, A clvolo dgetnpiag, B civoro
aeitews, G ypaonua

et 7| Gvtiotpogn oyfon i ©

G 16 Gvtiotpopo ypaenua tod G

fi(x) eikova tob x fj mipn tfig f o16 x

Fa 16 obvoio Ghev tdv mpaypatk®dv ovvaprioeny
pé xowvo medlo dpiopod 16 clvolo A

% 1| ovppetpikny @s Tpds Tév TroAAaTAcCIopd

cuvdptnon tfig f.

Wnepromotr|Bnke amé To lvotirouto EknmaiSeutikng MoAmkrig




LTOIXEIA

AlIO TH
MAG®HMATIKH AOI'TIKH
KAI E®APMOI'ELZ

‘H Aoywer] énl paxgods aldwes fuewe otrd anueio
ayedoy mod mijy elye dgrjoer 6 ibgvric TNg, 0 peyd-
Aoc AprototéAne (384322 nX.). Inpavruey
mododos oriy Emoriun adty onuewdlinxe amd 6
190 didwa, drav vd pabnparixd cigéfalay xai o ai-
T Tdv Topba Tijs yvdaews.

‘H mapovaiaon dpiouévar Baguxdv évwordv tijs pa-
Onuarixijs Aoyixiic 0d ovpfdier, dore 6 upalnric
700 Avxelov vd xatavoei 1) doyuxr) dour) Tiw ppdoewy
ot yonopomotel xai Erow vd dxpifoloyei xatd T
Stardmwon Ty oxéypedy Tov, vd xdvet owoTij xai
émwgely) yoron Tol ovuPoliopot  xai vd ovver-
dnromowel Td ovddia i dmodeixvinils mogelag yid
vd xarabijyer oé loyixd ocvumepdopara CVOTHUATO-
momuéva xal dmedofinra. X® adrd xvolwg amofilé-
mer 16 mepeydpeve avtod Tob xepalaiov.
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EIZAMQrH
ﬂpcn‘dcrgg 1y 1N

Té pidTo Tpdypa ToU XpardeTan Kavels Y& Wwé 0woTH CUVEVWOT-
o elvan vé& yvepiler T onuaoia 6 Aé€ecov TroU XpnoipoTrolel. AUTS elvan
tuTendds &apaiTnTo OTS uoBnuaTikd, &mou éxTds &td TS kowd AeGiAd-
Y10 XPNOIHOTIOIOUE iBiciepn Opodoyie kai cupfoliond (m.y. Tous dooug
aUvoho, ToAudvupo, duotofeaia, Té& abupola =, € > xTA.). Mapavénan
Tiis onuacias &vds Spou i cupPorou OBnyel ot cpdipara. TI.X. fva TeTPa-
TAeupo pé foes TAeupts elvon tETpdy@ve; & = {2};

Koatd Thv &uémTugn évds pofnuaTtikol Bipatos SiaTuTrdovouuE «hoy1Kés
TpoTaoEIsy XpnopoTolwvTas Afges kai oUuPora. ME Tév Spo hoyikf mpd-
raon # &mA& npéracn 8& tvvoolue kéde ppaon ToU pé Pdon TO vonuaTi-
KO TNg TEPIEXOUEVO PTTOpEl V& yapaxTnpioTel 1 ds @ndng (a) i cos wevdilg
(y). "Evas TéTolos YopaxTnpiouds wds TpoTdoEws Aéyeton pf| @hnbeag
f| &mA& mpn T TPOTAOEWS. TMpotdoeas .. elvan o EEfs:

— Ké&fe pdupos elvon TapaAAnASYpauuo (&Anbts)

— O &piBuds 18 elvau ToAAaTAdoIo ToU 6 kad ToU 5 (yeubrs).

* ATrd Tis TTpoTdGEIS TTOU XpNOIHOTIO10UHE OT& podnuariké Paoikés elven kad ol :

® TrpoTdoels oY txppdGouwy iodTnTY, &mres WY 1) @ = B, TOU onuaivel
&1 Té& podnuoTiké dvTikelueva o kod B ovurintovy, BnAadn 6Tt o kai P
elvan dvépaTa ToU 1810U &VTIKEIMEVOU

@ Tpotdoels dmws f @ € A, wou elvan f ouuBohikf ypaen Tis «a elvat
oToryeio Tou ouvoiou Ax.

’AAnOeis MPOTATEIS O~ \

*Av of kdBeTes TAeupks Evds dpBoydviou Tprywvou Exouv unfkn 3 em
kai 4 cm, ) Umroteivouoa B& Exel pijkos 5 cm, &meidf 52= 32142 (mubayd-
peto Becbpnuc). “Emrions elven 13%= 524122, ‘H @pdon Aoimrov:

«Ymépyouv Tpeis guoikoi &piBuol o,y TéTolo1, GoTe a= PE4y?»
elvan pdTaon GAnds.
*Av &vri o= P2+ y? yphyouue o= B*+y?, f quTioTorxn ppdo elvan qu-
oiké kad artr) wpdTaon. "AAnBhs 7 eubtis; ATrd TéTE TTOU TN S1aTUTTwoE
6 FéAAos pabnuarixds Fermat (1601—1665), 5 8dBnke cog onuepa &TTav-
Tnon o aUTO TO EPWTTUA.
‘H rpoorddeia yik vé BiamioTedel &v wé& pdTasn dAnbeva fi &1 elvan TO

9
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KUPIO XapaxTnpioTikd Tis pednuamixiis épyacias. *H dAffela s TpoT&-

OEwWS UTTOPEl V& TrpokUwel :

o Gueca &md Evav dpropd, ToU elvan TpdTaon pé TV dmoia koBopileTan
1) onuaoia vds véou Spou. TTy. «Poufoc elvan kébe TeTp&AsUpo pé ioes
TIAEUpésH

o &5 Aoy ovpmépacua &S EAhes SAnBeis TpoT&oEls, OTOTE AéyeTan
Ocdpnpa.

Ot &Anbeis mpoTdoers & Tis drroies TpoklTrTEl Aoyikd éva Becopnua ptro-

pel v& elvon kai aUTés BewpripaTa T& Smola Exouy TpokUyel &md EAAes

S&AnBels TrpoTdoEls kal aUTés &mwd &AAss k.0.k. “ETol 8& TpéTel Spiouéves

&pxixés TpoThoes vé Tis BexToUpe s dAnbels. Attés of TPOTATES OTT| pa-

Bnuamik yAdooa Aéyovtar dZibpara.

"AmAég kai oUvBerec nmpoTraoceig

‘H mpdTaon «b dpifpds o elvan TEpITTOS elven wd @nhA wpdTaon,
pé v Ewoila 8T kavéva Tufiua NS Bév dpkel yik v& oXNUaTIoTEl &
&AAN mpdTaon. Aé oupPaivel T 1810 ué TV TpdTaCoN

(1) «6 &piBuds o Bév elvan TrepiTTOSN,

Yol TapadeiTrovtas T AEn «Bévn Exoupe TV TrponyoUpevn TpdTaoT ué
EvTEAGSS BiapopeTikd vénua.

KaBe wpéraon wou Sév elvan &mAd 8& TA Adus obvBetn. "Extds &rd v (1)
ouvleres elvan kad of TpoTdoss:

(2) «16 Tpiywvo ABT elvar dpfoycovio kad (16 ABT elvan) loookehég»
(3) «d &piBuds o elven &pTios f (& « elvat) Tep1TToS»

(4 «&v A elvar mrarépas ol B, Téte B elvan oudi Tog A,

ot kaBepd &mé Tis dmoles Siaxplvoups SUo TPOT&TEls oUvBedepéves pé Tis
Atgeis «xal» ot (2), «fp» oty (3), «dv. . .TéTEN othiv (4).

Mevikd, peraoynuarifovras wmé mpdtaon ué Xpnoigotoinon ToU «bdév»
| ouvBéovTas BUo SmoleabioTe M TPoTaTas pé Tis Aéfeis «kai», «fiy,
«&v. .. T6Te», Snuioupyolpe vées mpoTdoes. AUTés Tis SiaBikaoies Trapayw-
Yfis véwv mpotdoewv Tis Adue hoyikég mpate.

AiaBoyixés tpapuoyés TeplocdTEpY AoyIKédY mpd€ewv S8nyolv ot ouv-
BeToTEpEs TpoTAOEIS, &Treos 1 &rdAoubn :

(1) GewpnTika Bév Urdpyer kavévas TeplopiTuds yid Té Toiks TpoT&oes ouvBéToupe.
"Eto1 ouvBeTes wpoTdoeis elvar kaf of «5 = 3 kai N Pcoun elvan mpwretovoa Tiig lraAiasy,
fi dwdpn f «&v 0 = 1, T61e 6 "Ohupmos elven Bouvds, o oxnuatifovrar &mwéd mpoTd-

oeis, ol dmoles B¢ oyerifovTan vonuaTikd petafy Tous. O& dmogUyoupe va dvapepd-
naoTe of TETOWES TpOT&OES.

10
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(5) «&v 16 TeTpdmheupo T elvan TapadAnAdypauuo kai ol Siaywviol Tou
SiyoTopoUv Tis yeovies Tou 7 TéuvovTan kaBéTaws, TOTE TO T elven popPosy.

Mé& vé& Biepeuvnooupe 11 «Bopny» wds ouvlerns TpoTdoews, Xpnol-
potroloUpe ypdupara yik Tis TpoTdoss &mo Tis Omoies oynuaTileTan
&B1apopVTas YI& TO VOTUATIKO TrepIEXOpevS Tous. “ETot:

® ‘H (1), moU mpoépxeTan &S peTaOYNUATIONS Wds TpoTaoews P (6 «
elvan TeprTTds) pé ¥prion ToU «Bévm, wtropsl va ypa@Tel «dyr p».
e 01 (2), (3), (4) ypdpovran dvtioTorya: «p kai q», «p #j q» kod «@v p
t01E .
e ‘H (5) ypageton 8meos kai 1y (4): “Av p, ToTE q.
*ANAG 866 1) TpdTaoT
p: «té TeTpdmAsupo T elvan ToapaAAnAoypaupo kai ol Bixydviol Tou
SixoTouoUv Tl yevies Tou 7 Téuvovtan kaBéTosy elvar oUvlern kad
Exel popen «p, kai pyr. 'EE&AAov fy pdTaon:
pa: «ol Bixydvior ToU T BixoTouodv Tis ywvies Tou ff Téuvovtan kobé-
Tes» elvan oUvletn kai Exer TH HopPf «p's N pTa»-
Tuverrdds 1) (5) TeAik& ypdgeTal:

"Avp, xmi (p; i p;7), thtE q

>Aowijoers 1,2, 38, 4.

MNpoTtaciakoi Tomor (m.T.)

E Mé Thv pdTaon «b 7 elvon &priosy &moSidouns (AavBagpéve) W&
BTt otéy 7. AUTA ThV iBidTnTa wropouue v& ThY &mrodddooupe Kal
ot k& Ao Quoikd &piBud. "Oles of TpoT&oes Tou B& TpokUyouy Exouv
xown popef kak kaBzud pmopsl v& «&vmimpogwmeudel» &d TH @pdon
«b x elvon &pTios», dpkel T6 oUuPoro x v& onuaival k&e gopd Eva ouy-
KEKPIPEVO QUOIKO &p1Bud.

levikd, Eotw Q fva oUvolo kad p (x) w& epion Tou mepiéxel T6 oUuPoro x
kal Trou peTaTpémeTon of TpdTaoT kéde gopd ToU T x dvTikadioTaTon pé
fva ouykexpipévo oToixeio Tou Q. ToTe fy p (x) AéyeTon mpotaciaKdg tomog
(r.1.) mds perofhnriis x (dpiouévos) oto Q 1| pé ohvoho Gvagopig to L.
©4& oupporiloupe p(a) THY TPéTAOT TOU TPOKUTITEL &mwd Tov p(x), STav
Biooupe &mou x TO o €. O& Abpe dTi ol mpotdoels p(x) mapiyovror
dmwé Tév T.T. p(x), STav 16 x  Satpéyer 6 Q. O& Mpe drdux &7 Eva
a e Emoinbeiar TOV p(x), &v | p(a) elven mwpdTaan &Anons.

T6 otvoho TéV « € Q ol érainBelouy fva T.T. p(x) dvopddeTtan obveho

11
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ariBerag ToU p(x) kai ypageton {xeQ : p(x)} fj amA& @ {x: p(x)}. TT.y.
ouvodo &Anfeias ToU Tr.T.:

® «o x elven &pTiog», xeN elvan 16 {0,2,4,...}

e «<xehA» pt AcQ elvar 16 A BnA. {x: xeA} =A

e «x2=4», xeR elven 16 {2, —2}.

MmropoUpe v& oxnuatiooupe .T. p(X,y) pé 8Uo METAPANTE X € A
kol y € B, 8o .. «d x elvan wikpdTepos ol y» (A = B = R). ‘H olyxpo-
vn GuTikaTdoTaon ToU X pé a € A kal ToU y pé B € B petarpéme Tév p (X,7)
ot wpéTaon p(x,P). "ETol 6 p(x,y) umopst vé Bewpn@el dos T, pé peTaPAn-
T T6 feUyos (X,y) kai oUvolo dvagopds AxB.
"Av &va feuyos (o,f) maAnbelar Tév p(x,y), Adpe 611 16 a € A oyetiferar
ué 16 P e B. "Emaidt] 1& Lelyn Tév oxeTifopeveov oToiyefwov elven dpiopéva,
ouvnBifoupe va Aépe OT1 Evas T.T. BUo peTaPAnTdv X € A kol ¥ € B doile
uia dwpehj oxéon ano vé A oré B. Oi mo &vBiagépovTes T.T. Eyouv T7
Hopyn x oy, Srou o elvan k&b popd Eva eiSikd oUuPolo, TTou ikppater Tn Bi-
ueAr) oxéon. Tlx.x =y, x <y, x || y. Té olvodo &Afbeias ToU 1. X O ¥
AéyeTan kai ypagnpa Tiis o.
‘Opolws ol m.1. pé TmepiocdTepes ueTaPAnTés pumopouv v& BewpnBolv &t
elvar m.T. pé pia peroPAnTn. My & mr. x24 y2= 2 pmopsl v& OecopnBel
&1 Exer o5 peTaPAnTh) Th (SrateTaypévn) Tpidda (X, ¥, z).
Inueivon
Eitikétepa ol mw.1. woU ékgpdlouvv lodTnTa, mapdyouv BnA. mwpotdoeis
Ths wopeiis a = B, Aéyovtan Ewodoelg, Evdd éxeivor TroU ikppdlouv dviodTn-
Ta (>, <) AMyovrar dvichoeig.
ZuvfiBws SAes ol petaPAnTés, Tou Aédyovtan dyvmstor, wds EfiowTews (f
dvicwoews) Siatpéxouv T 810 oUvolo Q, xai &tav Ppiokoups Té gUvolo
dAfiferas Tou elvan th obvolo Abcemv THs tfiowoews, B& Adue ST Mbvoups
v ifiowon oto .
Elvar gavepd &1 propoupe v& papudooups kal oé Tr. TUmous Tis Aoyikés
mpdEeis woU Teprypdyape oty § 1.3 kai v& Snuioupyriooupe véous oUvbe-
Tous . T., Omws T.X. «byr p(x)», «p(x) kai q(x)» kTA.
21& tmopeva 8& kofopicoupe Trv drpIfry onuacia T&Y Aéfewv «Bév (Sx1)»,
«kai», «fj», «&v... TOTE» —Kal pepIK@Y EAAV — STV XPNoIMaTIOIOUVTAL QS
oopfola Loyikdv npatewv yid TO OXNUATIONO VEwY TUVBETWY TTPOTATEWY
f] . T,

*Aoxrjoeg 5,6, 7.
(1) Zr& émbpeva, B Evvooupe 671 1) peTaPAnTh SiaTpéxel Té6 2, kdBs gopd Trou Bév
dvagépeTal pnTd &AAo olvoho &vagopds.
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AOTIKEX NPAZEIZ
“Apvnon

Mt Ty TrpéTaon «b o bév elvan TepiTTéS» Exppiloupe 411 & o dkv
Ear Ty iBidTnTa TOU B& ToU &rodibaue pé T TpdTaoT «b o elven TrepIT-
t66». *ETo1 of BUo aUtés TpoTdoels Exouv TEVTOTE BlapopeTikés TipEs GAT-
Beiars, elvon, &eos Aéue, ETepoTIpES.

lMevikd, & p elvan wd dmoladrimoTe TpoTAGT, —
: " . — PP
f| TpoéTaon «SXi P, oupPorik& ~p i kol p,

dvopddetcn Gpvnon Tis p ol evan: a ||y
® d\nbhs, &v 1§ p elvan yeuds, y | a

® eubts, &v f| p elvon &AnBis,

s gadvetan oTév &mévavT Trivaka TOU AéyeTan mivakag dhfiBerag Tiig p.

Enpeioon
SuvhBus, STav W& TpéTaon EKQpaLEr wé& oyéon pé 16 gUuPolo g, Yi&k THY
&pvnot Tns XpnoiHoTroloUpE T ¢#.
"Eto1 yp&goupe T.X. & # B, &vTl y1& a=p xal
a ¢ A dvtl yi& oA

“Apvnon m.t. “Eotw p(x) fvas wor. (TX- & x elvan eprTTdS). O LT
«&ya p(x)» (6 x Bév elvon TEPITTOS), oupPoAik&
;(x), dvouddeTca dpvnon Tou p(x).

“Egre A T6 oUvolo &Anfaas ToU p(x). T«
oroiyeia ToU Q oy EraAnBelouy TOV p(x) €l
va Eeive dkpipéds ou Bév Emanfevouv TéV
p(x), SnAabt dév Gurixouv oTO A.”Apa guvoho
&hPaas Tou p(x) evan T6 A, GUUTTAN pWUC-
TiIkG TOU A s Tpds Q.

Z0Zeuin

"Orav Aue «1d Tplywvo ABI elvan dpBoydvio xai {oookeAésy, Evvo-
oUpe &1 ai ol &bo Tpot&oels &md Tis &mroles oxnuaTileTon — «16 ABI
elvan pBoydovion, «TO ABI elvan ioookerésy— elvan GAnBels.

Mevikd, &v p,q elvar Buo STroIEC BN TTOTE TTPOTATELS,

| pdTaon «p Kai g, oupPoAik& p A q, dvoudle- Bolvig b A
Tou oOCevEn TéV p,q kol yapoxTnpileTon s il ) e
® &Andrs, &v kad of BUo TpoT&IES P,g elvon &AnOets, el B4 ¥
® eubrs, of kdBe GAAN TmepiTrTRON, Yl Y
Breos Befyver 6 GmévavTi nivaxac adrfetas TSP A q- N h
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Eﬁgeuéq nt. ‘O wT. «p(x) kad q(x)», & dmolos ouuPoriletan
P(x) A q(x), dvopdleTtan oblevin TV p(x), q(x).

Té& aroigeia ToU Q ou ¢raAnelouy Tév p(x) A q(x) elven keiva dxp1Péds
ToU traAnfedouv kei tobg dbo T.T. p(x), q(x). *Av Aorrév A kal B elva
T& oUvoha dhfiBeias Ty p(x) kai q(x) dvtioToixews, TéTE T6 cUvolo AR~
Beras ToU p(x) A q(x) dmoTedeitan &d T Kkowd aToiyeia TGV A,B, elven
SnAadn 7 Tour) Tous A N B.

Inueioon
"Otav ol m.7T. elvan iodoes fi dvigdes, Xpnaomoloupe &vtl ToU Spou
«ovlevén» ToV Spo «avaTnuar.

Airaleuin

Elven yvwotéd &1 kdBe dmdgortos Mupvaciou Sikauolron vé Sdoet
&etdoels «oTd Mevikd 7 Texvikd AUkeio» moU onuaiverl # pdve oTd Mevikd
7] povo 016 Texvixd 7f xai ord 6do. Mé aiTh Th onuacia xpnotpomoita
o1& pafnuomikég ) AéEn «fi» &tav ouvBéal Buo mpotdoes. “ETol Y., Stav
Atpe OT1 dAndeler ) TpdTaon «a =0 fi B = O», tvvoolpe 671 &Anbever &
TouAdyloTov &md Tis TpoTdoels «a = O, «p = 0».

levikg, &v p, q elvan 5Uo omoleodnToTe TpoTdCEIsS,
A 2 : Playr Vv q
N wpdTaomn «p f q», cupPorikd pV q, dvopdletan Sia- —— 5
CevEn Tév p, q kai xapoxTnpileTon ds:
|y a
® &\nbris, &v & TouAdyioTov &md Tis P, q elven &Andrs, = pe
® yeubfis, &v kai 1) p xad ) q elvan weubeis, &
vivl v

6mws gaiveTan oTév dvTioTolxo mivaxa aArleiag.

"Anokheronikf S1aSevEn. Mé Tis poTdoeis p, q MTTOPOUNE V& oYX THa-
Tigoupe kal Ty mpdTaon «ff pévo p i pévo q», &mAoloTepa «fj p fi q»,
oy dvopddeTon drokherotiki Sralevin TéHv p kai q kad cupPoligeTar p v q.
‘H mpdraon alrh yapaxTtnpifeTon dos:

® A&Anbrs, Stav ol Tpotdoas p, q elvan ETepdTIpES,

® yeudns, étav oi wpotdoss p, q elvar dudTipss.

"Aoknen. N& yiver & mivakas &AfBeias Tiis dmokheioTikis SialeUBews «fj p fj g».

Awlevin mr. ‘O wrT. «p(x) A q(x)», ouuBshik& p(x) v q(x),
SvopdleTan dralevin Tév p(x), q(x). T& oToixeia Tou Q ol trroAnBedouv
Tov p(x) v q(x) elven Ekeiva drpiPéds ol éronBeouy Evav ToUA&y1oTOV
&md ToUs .T. p(x), q(x), SnAabn Ekeiva Tou &vikouv of Eva TOVA&Y10TOV
&mré Té& oUvola dAfiBeids Tous A,B. “Apa auvolo &AfBaias ToU p(x) v q(x)
elvar 1) évewoon A U B.
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E®APMOI'H

Mpékew oovorov. “EoTtw A xal B Umoolvora Tol Q. ABioonueiwTor m.T.
elven ol £Efjs:
e «xeA xaf xeB» pt ovvoho dAfifeias Ty topfi ANB (o). 20)

e «xeA fi xeB» » » » v Evmen AUB (ox. 2B)
o «xeA «xal x¢B» » » » T Swgopa A-B (ox. 2Y)
e «fixeA fi xeB» » » » T ovppctpodiagopi A+B

(ox. 28).
a B Y B 2
@ 0
ANnB AUB A—B A+B

Zuvemaywyn

“Eorew v Evas guoikds &pibuds. "Amd v dvicdtnTa v > 10 prro-
polpe, aUfdvovTas TO o upédos kata 1, v& kaToAREoupe «AoYyikd» OTT
v+1 > 10. MNé& vé& txppdooupe 1 f wpdTaon v > 10 Exer &5 Aoyiki ouUVE-
meia T v41 > 10, Adpe, «dv v > 10, vdre v4+1 > 102, i v > 10 ov-
vemdyerar T v+1 > 10» kaf ypdpoupe:
v>10 = v+41 > 10. ¢))

Mpotéoes &mes | (1) ord pofnpoarixs xapokTnplfovrar cos &Anbels,
aveEaptnra Gnd 1o v, yorl & YapaxTnpiopds «&AnBns» dvagépeTan OTH
petéPaon (& Eywe SnAadf owotd) &wéd ThY «indleony v > 10 oTd
wovuméoaopan v +1 > 10. Tlavras, &motos kad &v elvan & v, &roxAeieTon 1y
TeplrTeoon vé& Exouue ouyypéves Utrdeon dAnb kai cupTEpaoTua Weubis,
tud Bhes ol &AMes TEPITTTMOES WTTopoUv v& TrapouciaoTouv. Tlpdyuarti:

yi&  v=11 &ouvee 11>10 (o) = 12> 10 ()

» w=10rm0 % 10> 10 () = 11 > 10 ()

» WA RO iy 9> 10 (y) = 10 > 10 (y).
leviké, & p, q elvan BUo dmroieodfTroTe TPOTdTEIS, ) TPdTAOT €&V P, TOTE
q» oupBolikd «p = @», OSvopdleTon ovvenayoYi ué mibeon p xad
ovunépacpua q kol YapoxTnpifeTan dx:

(1) AwaPéleTan: «p ouvemdyeTar gr.
15
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® weubris, &v 1) p elvar dAndris kai q yeudrs,
® &Anbrs, of k&Be &AAN mepitrTooo, B pldaipp =g
&mrws Befxvel kal & dvTioToryos Tivakas &AfBeics. a |« «
INMAPATHPHEEIZ N . i
Léiy i a
Ao 16 SimAavd Trivaka dAfbeias oupTe-
padvoupe &Ti: ey i

1. 'H p= q elvar &\ndrs oTis TIEPITITGOELS
moU 1) p elvan weubfis | 1 q elvan dAndds.

2. Ot drriorgopes ouveraywyés p = q kol q = p ocvvaindedovy
uovo oty mepiTTeoon Tov oi TpoTdoes p,q elva OUOTLUES.

Zoverayoyq mt. ‘O m1. <Av p(x) TéTE q(x)», oupPohikd
P(X)=>q(x)"V, Svoudleron ovverayoyh ué sadleon p(x) kai ovunépacua q(x).
#* Inpeioen @
T& oroyeia woU Emainfevour TéV px) = q(X) elvan, olppwva pé TAv
mapatipnon 1, ikeiva dxpifds mou Bév Emahnfelouv Tév p(x) i Ema-
AnBedouv Tév q(x), BnAadn &vikouv oTé A, CUUTAT|pWHATIKG TOU
guvdhou &Afideias ToU p(x), fj oTé B, cUvoro &AfBeias ToU q(x). "Apa
ouvolo &MiBeias Tiis ouveraywyfis p(x) = q(x) elvar 16 ouvoro AU B.

‘looduvapia

"EoTw a vas guoikds &piBuds. “Otav & o 8év elvan uovoyngios, of
TrpoTAcEls «a > 9» kad «af1 > 10» elven kai of Sud dAnteis. "Otav & a
elvan povoyrigios, of Tapamdve Tpotdoes elvan kai of Suo weudeis. AnAadn
oi TpoTdaels aUTés elven TVTOTE GudTipes. "Apax cUnpwva pé THY Tapar. 2
Tiis § 1.14 of dvricTpoges cuveTarywyés
oG s maa- 105 10

a+1>10 = o "2
dAnbelouv &vefdpTnTa &o TOV a. ‘Emopéveos dAnfever xad ) oUZeuEq
Tous «a>9 = a+1>10 ko a+1>10 = o> 9, woU ypheetan
&mhoUoTepa a>9 <« a+tl > 10.
Mé ol Th onpacia xpnowomolitar oTé paBnuaTik& T6 oUuPolo <
Stav guvbéer BUo TpoTdoest BnAadn ds oUleuln BUo dvTicTpopwy cuve-
Taywydv. Zuykekpipbva
"Av p,q elven 8Uo dtroieodrioTe TpoTdats, 1 TpdTaon «p = qKalq = p»
oupfolileTan p <> q xai SicPddeton «p bv koi povo v q» ) «p icoduva-
pel pé q» f) «f) p ouverrdyeton TV q Kol GvrieTpdewcy.
(1) "H ouveraywyn aith tkepdlerar xai ds £Efis: «apkel p(x) yi& v& elvar q(x)» 4

«p(x) elvon ikavi) ouvdrixn yi& THv q(X)» kaBs kal «y1& v eiven p(x), mpérer q(x)» 7
«q(x) elvar @vayxaie ouvBikn y1& Thv p(x)».

I (2) Oi tvétnTes pé dorepioke prropolv vé pr Slﬁc‘wkowm.]
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‘H p <> q dvouddetan icoduvapia Tév p, q kai, &mwews wpokUmTel &mwd TOV

P q pP=4q. 9= Ppil P g
a a o a a
a b b a b
b « e ¥ k4
L d v o4 o a

Trivake &AfiBeids Tns, XopokTnpifeTan G
® d\nfrs, &v of TpoTdoes p,q elvar SudTIuES,
® weubtls, &v ol mpotdoels p,q elven ETEpOTIpES.

‘Ieoduvapia n.1. “Eotw p(x) kol q(x)8Uo m.T. o1d Q. ‘O T
«p(x) = q(x) xed q(x) = p(x)» ouuPohileran p(x) < q(x) @ «af Gvo-
pédetan isoduvapia T&V p(x), q(x).

¥ Enpsioon
*Av A,B elvar T& olvora &Afaias TV p(x), q(x), ToTe (§1.15 Znu.)
ouvoho &AfBeias ToU p(x) = q(X) elvar 16 A U B, oUvoho dAnBeias ToU
q(x)=p(x) elvan 16 Bu A. "Apa ouvoho &Afleaias ToU p(X) <> q(x) elven
(§1.10) 76 (A U B) n (AuB).

Fevikeuon oculedfews kai Sialedfews

Mé v TpoT&oEIS Py, Par- - P OXNHaTICETON T TTpOTAON «py Kai Py
xai. .. kai py», OUUPOAIK& Py A Pp A ... A Py TOU SvopddeTon oUgevn
Tous kol YapoakTnpileTan x:
® &Anfrs, &v Bheg of py,py - - -,py Elvan &Anbels,
® yeubhs, &v md tovkayletov &S TiS Py Pa- - Py elvan eudns.
‘Opoiws pé Tis Tapamdvw TmpoTdoes oxnuaTifeton kol 7 B1&leuEn Tous
«py fi P2 A ... fipy», OVHPONIK& PV PV ... V Py, ou  YapakTnpi-
CeTon dos:
® &Andrs, &v pie tovkayietov &6 TiS py,Pa- - Py elvan &Anoris,
® weudns, &v Bheg ol pyps,. . .,py Elvar eudels.
Inpeimaon
*Avédoya dpifetar fy dmroxAeioTikf) SikLeuln «fj py fi pa fi- .- fi p.,» kabas
kal f) oulevEn kol # SidgeuEn v . TUTWV.

* Aoxrjoes 8,9,10.

(1) *Exgpéleron (BA. Umoonu. 1 § 1.15) kad dog £Efs: «y1d vé efvan p(x), Tpémer kai &pkel
q(x)» i «p(x) elvan ikovf xal dvayxala ouvdikn yi& THY q(X)».
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KaBoAikég mooodeikTng

‘H mpdTaon «1d ywodpevo kéle TpayuaTtikou S&p1Buol éri 0 igoUren
ué O» elven wd &Anbfs mpdraon, &mAf katd v Evvorax Tiis § 1.3. "Opeos
ExEl TTAOUCIO VOMUATIKG TrEpIeXSuevo” onuaiver 8T &Anfelouv of TpoTdoeig
mx. 1:0=0, v/2:-0=0, 0,75 -0=0 kai yevikk SAes Soes Tap&-
yovtan &md Tév T, x - 0 =0 (x € R). ‘H &pyix) TpbdTaoT AoITéY pIro-
pel v dvaSiorutraBel s &6fis: «M& kéBe x e R, elvan x - 0 = 0», Trov
Yp&geTal oUuPoAIKA
vxeR, x-0=0.

‘Omr. x-0=0 Myeran kafohikd& &Andrs.
Mevikd, 8& Aéue &1 dvas .. elvon kaBohka arnbic, # &rAoUoTepa @hy-
Ozoet 7} loyber (016 Q), STav 16 oUvoho dANBeIds Tou cupTiTrTel W TS TUVOAD
dvagpopds Tou.
Té cUpPoro ¥, ol dvopdderan kaBolikog nogodeiktng, XpnoipomoiiTal
oT& pafnuaTikg yi& vé Snidver &v Evas Tr.T. elvon kaBohiké &Anbns 1 xu.
ZUykekpipéva:
"EoTe p(x) &vas m.T. 076 Q ué oUvoro dAfleias A. ‘H mpéTaon «y1& kébe
x €Q, loxler (&AnBele, elven, Eoupe) p(x)», ToU oupPohileTon
VxeQ, p(x) fi &miolorepa  V x, p(x)
XapaxTnpifeTan:
® dAnbris ,&v & p(x) elvon kaBoAik& &Anbris, ToU onuaiver A = Q, SnAadn
SAes o mpoTdoEls TOU TapdyovTan &md TéV p(x) elven &AnBeis,
® yeubnis, &v A # Q, BnAad &v foTw kol pla &mwd Tis TAPATEV® TTPO-
Téosis elvan weudrs.

TMAPAAEIIMATA

L. "Hwpétaon  Vx, x = x elvan dAndns (Q: omolobfiroTe oUvolo)
2. » VxeR, x?—1 =0 elvan weubrs, &gol m.yx. 2°—1 = Oelven

yeudiis.

5 3 » Vxe{-l 1} x*-1 =0 elvan &Anbrs

4. » VxeR, 2x # x+1 elvan weubns

3. » V X, X elvan igdmAeupo elvan weudnis (Q: olvodo Tév TPI-
Yovwv).

Lnuzioon
Elvar gavepd &11, &v 16 oUvoho dvagopds @ Tol .. p(x) &mwoTteheitan &mwd v
OTOIXEIX Oy, Oy, . . ., &y, TOTE f) MpdTOON VX, p(x) elvan loobuvayn pé T™ 0U-

GevEn play) A P(@2) A...A pla,). Suvendss & kaBoAikds TooobeikTns ¥V
HTTopEl vé BewpeiTan s Eva oUpPolo yevikeupévns ouledEecos.

IMMAPATHPHZEIZ

1. "Emein) évas .t p(x,y) BUo peToPAnTdy x € A kal y € B pmo-
pel v& Becopnfel s T, milic peTaPAnTiis, ToU LeUyous (X,y) ué
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glvoho &uagopds 16 A X B (§ 1.6), umopolue vé& oynuatifoupe
mwpoTéoes THs popefis V (x,¥) € A X B, p(x,y) fi dmholoTepa
v (x,y), p(x,y), ToU ypdgetan kai YxeA, YyeB, p(xy). "Otav
A=B=Q, ypdgouue amholoTepa
vx,yeQ, p(x,y) fi VX, VY, p(x,¥)-
X ¥x,yeR, x+y =y+x (&Angris)
vx, Yy, x+2y=5 (yeudns)

2. XopaktnploTikd TapdBerypa Tr. TUTwv oy elvan kaBohikd dAnbes
elvan of yvwoTés pas TautéTnTes oty "AdyePpa. “OTav Aépe
myx. &m ool (x+1)2=x242x+1, (x—y) (x+y)=x>-y* eba
ravrdrres ard R, tvwwoolpe 8T &Anbevouv of TpoTdoes :
vx,(x+1)? =x2+2x+1 kai ¥x,Vy, (x—y) (x+7¥) = x>=y~

3. TloAMs gopés f) ppaoTikf Siarimwon wds TPOTAoEws KpUPel THY
Trapousia ToU Tosodeliktn V. ToTe pid dvabiarymeon elver drmra-
padTnTn Yi&k v& &mobaer Té drpiPés Tepiexdpevo Tns. Ty, oty
*EmimeSouetpia f) mpdTaon «BlUo elfeles k&Betes oy iB1cx ebeicr e
elvan TrapdAAnAes» dvadiarutravetan & E€fs:

V (£,60), &v g kal g elvan kafetes oThv €, TOTE € || €.

Fuvenaywyés kaBolikd aAnOeis. ‘loodivapor m.T.

"Omws Té Tponyolpevo Tapddaypa ToA& BewpfiuaTa oT
poBnuoTiké Exouv T uopeh VX, p(x) = q(x). "Av foxUa (016 Q) kai
4 dvrioroogn ouwvemaywyh q(x) = p(x), TéTE loxler # loobuvapix
p(x) < q(x), SnA. dAnBeler f TpdTaon VX, p(x) <> q(x). ZTh TepiTrTeon
<airrfy of m.T. p(x) kal q(x) Aéyovran igeddvapor. TT.x.
o ’loyua | ouvemraywyn: «&v X elvon ToAamAdelo ToU 9, TOTE X elvan
oM amA&oio ToU 3», &AAG &y xad ) dvTioTpogn Tns (x eN).

@ Of .. «x elvan igookehésy kai «BUo ywvies ToU x elvan foes» elven ioo-
SUvapol.

TMMAPATHPHEIH

Té& oUvora &Andeias Vo ioobuvauwy Tr.T. elven ioa.

E®APMOTH

Eidn Syiehdv oxfoewv. "Evas m.T. p(X,y) 8Uo peTaPAnTtdv X € Q kal y € Q
bpiler wé& dupedf oxfon o oTé Q kal yphgetan x o y. ‘H oxton o Aéyetal:
® dvexiactnxi, Stav VX, Xox

® ocuvppctpikil, Otav loyvel f) ouvemaywyn Xoy = yox

® avuouppeTpki, » » » (xoy xal yox) =>x =y
® perafanixi, » » » (xoy kai yoz) = XOZ.
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“Omes fidn yvwpifoupe, mé& oxton dvaxAaoTiky, ouppeTpiki kal petaPaTiky
Adyetan gyéom icodvvapiag (T.x. igdTnTe, TapaAAnAia edBeidv, dporéTnTa
Tpry@vey), tvid wmd oxéon dvaaddaoTikr, dvTiouppeTpikh kol peTaPatikd
Atyetan oyéon dwtdfemg (.. oxéon < o1 R, SraiperétnTa oTé N).

‘Ymap&iakég mooodeikTng

IE TToAAés qopés, Tpiv dpyicoupe Tis Tpoomddeles yi&k T AUon évds
TpoPAfjucTos, elven oxédmipo vé BéToune TS EpdTnua &v drapyer TéTolx
Avon. “Etol m.x. elvan &oxomo v& TrpooTrabrfiooupe vé Ppolue pides T
tGiowoews 3x*4-5x%+1 =0 016 R. Of {oéTnTes TOU TROKUTTTOUY &T0° X~
T Y1& Tis Sidipopes Tipés ToU x € R Exouv o péhos BeTikd = 1 kal ouveréds
efvon Ghes weudeis. ‘O m.1. 3x%4-5x241 =0 ToU el olvoro &Andeics TO
@ elvar kaBolika wevdie. "AvTiBeta 1) &icwon x+5 =0 &v slvar ka-
Bohik& eubris. AUTS Biatumdveran wé THV mpdTaon «Umdpxe x € R
TéTo10, BoTe X+5 = 0» TOU yp&eeTan cupBoiikd

ixelR, x+5=0.
To oUpporo 3, ol dvoudletcn Drapélaxds mosodeiktns, YpnoipoToIEi T
Y& v& éxgpaos &v Evas T.T. elvan kaBohikd waubns fi Syi. Tuykekpipbva:
"EoTtw p(x) Evas m.T. 076 Q pé alvodo dAfifeias A. ‘H mpdTaon «imépye
(fva TouAdioTo) X € Q TéTOlO, CoTe (v& loxUel, va elvan) p(x)», ToU cup-
PoAileTan:
3xeQ p(x) 1 d&mholoTepa 3 x, p(x)

XapakTnplleTon:

® eudtys, &v 6 p(x) elvan kaBoAmd weudns, ToU onuaiver A = @, SnAady

&v GAes o mpoTdors ToU TapdyovTtar &md Tév p(x) elvon weudsis,

o dinbrs, &v A # @, Bnhadn &v EoTw kal pic &md Tis Tapamdve Tpo-
T&oes elvar &Anbrs.

TAPAAEITMATA
1. ‘H mwpétaon 3Ix€eZ, 2x =—5 elvon weudiis
2. » dxeQ, 2x=—5 elvar dAndns
3: » ix , T #EX elven weubns (Q: dmoiodfiroTe
oUvolo)
4, » IxelN, 2x > 3x-2 elver &Anbns
5 » 3 x, xelvan Tpaméfio elven dAnbris (Q: ocUvolo T&V TeTpa-
: TAEUpwY.)
Enpcioon
Elvar pavepsd &T1, &v 16 olvoro &vagopds Q ToU m.T. p(x) dmoTeAeiTan &mwd
v oToIEla Oy, Q.. ., &, TOTE | mpdraon I x, p(x) elvan icodUvaun pé T4

BialevEn pay) V play) V ...V pla,). Suverds & UmapEiakds moooBelkTns
uiopel v& BewpeiTan dos Eva oUuPolo yevikeuptvns Sralelews.
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‘Apvioeig

Tis &pvfioeis TV TpoTéoewy WX, p(x) kai 3x, p(x) 6& Tis cuuPohi-
Zoupe Vx, p(x) kai 3x, p(x) dvrioToixews. ’ATd T& mTponyoUpeve Tpokd-
et 611 &dAnBevouv ol iocobuvauies:
Vx, p(x) < 3x, p(x) M
3x, p(x) = Vx, p(x)- @

Mpéypam T& BUo péAn Tfis (1) evan TpoTdoels SudTipes, Emedn:

e "AvH Vx, p(x) elvar &Anfris, ToTe | VX, p(x) elvan weudts. “Apa (§ 1.5)
Umdpysr x TéTolo, GaTe p(x) elvan weubns, SnAadr) EmoaAnBever ToV
p(x). ‘Emropveos | 3x, p(x) &AnBever.

® "Av 7 Vx, p(x) elvan weubis, ToTe f) VX, p(x) elven dAndrs. "Apa kaveva x
Sév EmoAnBeder Tov p(x) kal ouverrdss A 3x, p(x) elven yeudts.
‘Opoiws &modeikvleton xai 7 looduvauia (2).

MAPATHPHEIH

"Orav &vas .7, p(x) Bév elvan kaBohikd &Anbrs, 8nA. dTav &An-
Oevel ) VX, p(x), ord B¢ onuaiver 6T elven kaBoAikd weudns, SnA.
811 Vx, p(x), dAA& &mAds 8T 3x, p(x).

*Aoxosg 11,12,13,14.

AOTIKOI TYnol

“Evvoia To0 Aoyikol Tumou (A.T.)

Trhv &AyePpik) TapdoTaom i—? glvan onueiwpévn W oepd

Tpdewy dvdpeoa of &pifpols TTOU TTapITTAVOVTAI ué ypdupora. "Avd-
Aoyn katdoTaon Exouue oTh Aoyiki.

"Otav, y1& vé& oupPohicoupe wé mwpdtasn f dvav T, ¥ PNOIHOTIOIOUME
ypéupaTa p, q, T, . . . TOU TrapioTévouv TTpoTaoEls fi kai n.tT., OTUEICVOVTOS
Sudpeod Tous ik koBoplouévn oelpd Aoyikidv pdewv (4, A, V, )
- ToTE Eyoups W& hoywki) mapicrtacn A, &AAiGs, Eva hoywkd tomo (A.T.).
T& ypéuuara Aéyovtar peraphntés ToU A.T.

“Eto1, A.T. elven Y. T& ypdupara p,q,r,..., of &pviioets P, 5 Ll

P olpvag pag G=Aa@vD, [((p=1nr (@vD)
= (p = r) KTA.
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Ot mapevbtoers ypnowpotolobvrtan, 6mews kal oty "AlyeBpa, yik va
kofopioouv ué cagrvela T oelpd TGV Tpdgewy.

"Orav oi peTaPAnTés Evds A.T. dvTikaTaoTadouv pé TpoTdoess, & A.T. HeTa-
TpémeTan ot TpodTaCT, Tis Omoias 1) Tipn dANBeias E§apTaTX QUOIKG GO
Tis Tipés TGOV peTaPAnT&V TOV.

*Av Emonudvoups Troiés Aoyikés péEels kal pé mod orpa elven onpetwud-
ves o0 Bvat A.T., propoUpe v& Eupavicoupe pé mrivaka dAfBeias Tis Tiués Tou
(a f) W) Y1é& ké&Be ouvBuooud TIp@Y TGOV LETAPANTEY Tou, GTIwS KAVOUHE
oToUs ETTOUEVOUS TTIVOKES.

Z1év mivaxa I Eugavifovtan ol Tips Sidgopwv A. TUTwY Wds peTaPANTHS.

MINAKAZ |
p p<p P ? Pi!? pAD | PP
1 2 3 4 5 6 7)
o « v a o W a
v a a a [ a

‘H othAn 2 oupmAnpddnke katd v § 1.16. ‘H otiAn 3 mapepPfadderal,
yiori elvon dmapaitnTn Yi& TH GupTAfpwon TV ETOUEVY oTNAGY.
‘H 4 cupmAnpdbnke &md v 3, | 5 kabs kad ) 6 &wd Tis 1 kad 3 kai Té-
Aos f 7 &md Tis 1 kai 4.

Stév mivaka |l éupavidovton of Tipés ATUTwV pé BUo peTaPAnTés.

TINAKAS Il
plalpvalpvalpaa|pada|p=a|lp=a|p| a| pra|pvalpvala=p
1]2 3 < 5 6 7 9 |10 11 12 13 14
al a W a v a v vl v W o o
o al w| | «o| v | « |v]@= Yl ol

Y|« a ] W a a y a | g Y o a a
\V lF ql [+ \P [ 4 [« 4 \P [ 4 (=4 (o 4 a x a

Stis oTihes 1 kai 2 Exoupe ToUs Téooepis ouvduaouoUs TIHGY TV peTaPAn-
&V p, q. TTov Tivaka Exouv TapeuPAnbel ol oTfjAes 3,5,7 y1& TH OUUTTAT-
pwon dvTigToixws TévV 4,6,8 kofeos kai of otfides 9,10 yi&k TH) oupTA”-
pwoT TV UTOAOLTI®Y GTNAGY.

Téhos & rivoxas 1 elven Eva TapdBeryua mrivaka dAnfeias ToU A.T. TRIGV
peTaPAnTdV: [(p = 1) A (@ = )] =[(p v q) = r].
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MINAKAZ |l

plalr|p=r|a=r|G=0A@=D|pVva|@v)=r [(E,T'(;)\;\é)":r?]
1 2 4 5 6 7 8 (V]
x [+ x =4 o [+ =4 a (=4
alalyl w ] v v a v a
al|ly]| « a a « « a o
a[wlw] v | « v a v a
y|lala a a o a o a
vloa|w|l « | v v a v a
yly|a]l « o a ¥ a x
v|v|v a a Y a x

TauToAoyieg

*Amrd ToUs Trivaxes Tiis TponyoUuevns Trapaypdgoy SiamioTwvou-
e &1 Opiopévol A.T. Exouv oTalepr) Tiuf dAndeias dvefdpTnTa 4o Tis TIPS
T&v peTaPAnTéV Tous. “Evas A.T. mwoU yi& kdbe ouvbuaopd Timddv T&Y
peTaPAnTdV Tou EXEl
ity 2 a SvopddeTan tuuj:oloyia
Ny » avtigaon.
TauToAoyies elven of A.T. o éupavifovtan ois aTfjAes 2,5, 7 Tou mivaxa I
(.x. 6 p v p) kai o) oTHAN 9 ToU mivaxa Il "Avriphoes elvar ol &pvr-
oeig TGV TponyoUpevey A.T. kaBs kal & TUTOS p A p (oThAn 6 Tol Tris
vaxa 1). *Emrions elven gavepd 6T 1) &pvnon wdls &vTi@aoews elvon TauTo-

Aoyla, &Trws K. O P A p.

*Igodbvapor A.t. Ol AT. p= q xai p Vv q, 6Tos TpokUTTEL &TTS
Tls orfihes 7 kai 13 1ol mivaka I1, yid k&fe ouvBuaoud Tiuddv Tév pETOPATN-
Tév Tous Exowv B T GAnBeias. AUo A.T. pé almi TV IBSTNT Ad-
yovton igodbvapor. looduvapor A.T. elvan kad of:

® P kal P Mivakes |, or. 1 kai 4
® p=q kai E = p » N, » adsionsld
e pvgq xad pAgq » N, » 4 o 11
@ parq xad p Vg » I Ao Goim ]2

*Av 5o A.1. T, kad T, elven iooBUvapor, tote & AT. Ty < T, elvan TauTo-
Aoyla. “Etor &mwé T& mponyoUpeva evyn icoduvopwy A.T. Exovue &vTi-
oToryes TauTtohoyles, Y. (p = q) <= (p Vv q) KTA.
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Népo1 Aoyikiig

"Av ot w& Tautoroyia T dvTikaTagTricouus Tis peTaPANTES TNS pé
(émoieodnmoTe) mwpotdoes, ToTe | T peraTpémeTal of TpdTaon &GAnGT.
"Av wéh dvTikaTaoTrcoups Tis peTaPAnTés wé . TUTOUS, i T METQTpETTE-
Tan g¢ 1. T(x) mou elvan koBoAmwd dAnbris (&goU yik ké&be x € Q yivetan
SAnbrs mpdTaon). Zuvemdds dAnBeder | mpdTaon Vx, T(x). *Etol my.
&md Thv Tautohoyix p V p, SnAadh «f| p A p», Tap&yovTal &Anbels Tpo-
Téoels, dmods 1) «b &piBuds 853 1) Sicnpeiton pé 6 11 f 8¢ Sicnpeiton pé 6
11» &AA& xal yevikés TpoTdoes Smaws of: «Vx, fj X elvon loookehds, 1 x Bév
elvan loookehésy, «Vx, Wy, i X =3 f| X # y» kTA.

"Emeidt| ol tautoloyies tkppdlouv dAnbels poTdosls dvefdpTnTa &M Tis
vetTaPAnTés Tous, &roTeholv vépous Tiis Aoyikiis, TToU pepixoi elvan yvwoTof
pé idicitepes dvoupaoies. TT.y.

1. Népog tiic tavtétnrog pep

2 » »  omkhijc apvioewmg p < B

3 » » dmokheiozwg tpitov  p v P

4, » »  avripacsmg PAP

55 » » avnbetoavuiotpopiic (p = q) < (q = P)

6. Nopor de Morgan
PV Q< pAQqrkad yevikk pvqV...VE<spP A QA ... AT
p/\qa-;)va » » p/\q/\...,\rc-ﬁvﬁv...v_r

Avo Baoikoi kavdveg

MNa v Topaywyn &Anddv Tpotéoswy, ExTds &md Tis TauToAo-
vigs, xpnowotmoloUpe ouxvd Tous Emdusvous SUo &mrAous koawdvas:

a) Kavovag anoondozag (K. "Am.). “Otav &Anfedouv mid& ocuverraywym
p = q xai f) wpdTaon p, TOTe dogaidds dAnBelel kol ) q (§1.14).
EidixdTepa, &v dAnbelouv ol mpoTdoeis Vx, p(x) = q(x) kai p(a), ToTE,
gmeidn dAnfeler 1) p(a) = q(x), 8& dAnbever kai 7 q(a).

MAPAAEIC'MA

‘Ao Tls wpotéoes «Ol yuwvies Tiis Phosws ioookehols Tprywvou elvan Toesy,
SnA. «yx, (x elvan loooxerés) = (ol ywvies Tiis Pdoews Tou X elvan Toeg)» kal

«Té Tpiywvo ABI elven loookehés pé AB = AlM» oupmepaivoupe 611 E?:’F

B) Kavévag davukatastascos (K. *Avt.). "Av of fva A.1. P &vtikataoTi-
ooupe Eva TPfjpa Tou Tou elven A.T. pé foodUvapo A.T., TpokUTTTEL A.T.

24

Wneptomotr|Onke amé To lvotirouto Eknmaibeuikng Mohmkrig



{coBuvapos ToU P. Elvan gavepd yiori 7y Tiun &AfiBeias Tou P &év &mrn-
pedleTan &md TV &vTikaT&OTAON.

E®APMOI'H

Na &rodeiyBel 611 oi A.t. p = q kai p A g elvan icodivapor

Mpdyuatt, Emed p => q elven looBUvapocs ToU pVq (§81.25), & p=q
0& elvan looBuvauos Toﬁm

topéveos kai ToU ? Aq (Népos de Morgan)

&pa kai TOU PAY (Népos SimAfis &pvroews).

*Aowijoes 15,16,17,18,19.

ME©OAOI ANMOAEIZEQZ
‘H anddeiEn yevika

‘H SiamioTwon 8T wé mwpdTaon slven &Andng, SnAadn T elvan
Beopnua, yivetan ué v Poreia Sprouddv, &Eropdrwv ) kal &AAwv Bewpn-
pérwv pé Paon Tols vouous Tiis Noyxiis.
*HBn #youle CUVOVTHOEL UEPIKES XOPAKTNPICTIKES TrEPITITAOES, KaT& Tig
&roies, oTnpiidpevol of &mhols SAAG GoQaRels «AoyikoUs Kavovesy, &
Spiopéves &GAnOeis TpoTdoEls BlaTuTToapE vées GAnBeis TpoTAaEls. TETOlES
TepiTrTdoEs elvan f) Tapaywyt TpoTdoewy fi T.T. WOU &AnBelouv Y. &TO
TauTohoyies (§1.24) fi ué Epapuoyf) TOU Kawdva GTTOCTIAOEWS (K. *AT.),
ToU Kkavéva dvTikaraoTdoews (K. CAvt.), Tév Pagik@v 180Tty TS
loétnTas kTA. Mé& Tapddeaypa & Umobioouue yvw3Tté 611 dAnbebouv of
TPOTACEIS
(1) Of yovies Tiis Paoews k& ioookehous Tprycovou elvau ioes
(2) Té Tpiywvo ABI 8év Exer Toes yoovies.
MTropoUpe Tdpa v& Siatutdooupe wé oapd GAnddY TPOTAOEWY 5
£Efs:
(3) Vx, (x elvan ioooxerés) = (oi
yovies Tis Pdoews ToU X elvan oes)
(4) Té ABI elven ioooxehss
= K:gﬁ/é:?ﬁ,[::/}\\
)R ~BraiB#ATrad T# A= 10 [ubpos domderaairioTpopfs
ABIM 8év elvon ioookehés xai de Morgan]
(6) Té6 ABI 8év elvan ioookehés <= 16
ABI ¢lvan okaAnvéd

[&vediaTuTwon Ths (1)]

[rapéyston &mwo thv (3)]

[6piouds oraAnvoU Tpryovou]
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() A # Bkai B #T ki T £ A [&mé v (5) wod (6) wé Tév

= 10 ABT &elvan oxednvéd K. "Avt.]
(8) A#Brad B 2wl A [dvadiarimewon Tiis (2)]
(9) Té ABT elvon oxoAnvéd [&mS is (7) wai (8) ué Tév

K. *Atr.]

“H oepd 1év 9 Trapamréve mpoTdoewy &rotehel T duddedy ST dAnBete
fi (9). Tevik& 1 anédergn wds mpotéoews p ouvioTaTa oThv qvary pagt
s oelpds GAnBddv TpoTdoewy ToU karayer oThY dmoBeikTéa TpdTaon p-
O& Boupe oTd Emdpevar pepikés dmAés peBdSous oy tpappdlovpe y1& THY
&moBeln TéV pabnuaTikéy BewpnpdTwv.

EuBeia andédeign

"EoTw OTi Exoupe va &modeifoupe wm& TpdTaon T popgfis
VX, p(x) = q(x), 8nhadt) ém1 ioyder 1) ouvemraywyn p(x) = q(x). *Apkei
vé& &mobeifoupe &1 doa x Emadnfelouv Tév T.T. p(x) Eraindzlouv kad
Tov q(x). "Apxiloupe Aorrdv ué Ty Umdbeon Gn p(x) slvar ma aindig
npdtacn kai kaTaokeudoups wd &mddabn Tis q(x).

IMAPAAEII'MA
Na anoderyBel 6m: «Toé tetpayave kdBe mepirtod Quotkod apiBpod, elvan
RrEPLTTOGH, TToU dvaSiaTumdveTan ds EEfis:
v xeN, (x mwepiTrds) = (x? TrepiTTés).

‘Anodergn

(1) x meprTTds [Urrdbeon]

(2) “Ymépyerv €N téroto, doTe x = 2v+1 [épropds meprTTOU]

() x=(Qv+1)2= 42 +4v+1 =2 (Qv2+2v)+ 1 [yvwor& &mwd Trv
“AhyeBpal]

(4) x? mepitTds [oprouds meprTTOU]

Inpsioon
Elvar olvnbes, iSiaitepa oTh Mewpetpia, y1& Tiv &wédefn Tis qx) v&
Bpiokoupe .7, r(x), 5(x),...,t(X) Térotous, doTe v& loyvouv of OUVETTQY G-

Yés p(x)=>r(x), r(x)=>s(x), s(x)=>...t(x)=>q(x), éwédre ué Siadoyikr) tpap-
uoyn Tou K. "Am. &md Thv Umébeon p(x) éxoupe Thv r(X), o1 ouVEXElX THV
s(x)... Tv 4(x) xai Téhos TV q(x). lphpouus w& Tétolx &mdBefn ds
EEfis: p(X)=>r(x)=>s(x)...=>t(X)=>q(x) §
p(x) = r(x)
= 8(x)

‘Amaywyr] oé aromo
‘H &modagn ué T péfobo Tiis «dmaywyidisy, dmws THV Eeyav of
&pyaiot “EAAnves, of &toto, ouvioTaTon oTd dkdAouba:
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*Eotw 811 BEAoupe vé &modelfoupe 611 &AnBelal f) p. “Av Sév &Anbelel 1) p,
8& &Anbever | &pvnod Tns p. “YmobéToupe Aoiméy &t dAnbeler 7 p ko
ouvBudloupe aUTn THV Urdbeon pé &AAes dAnBels rpoTdoels of W& owaT
&mroSeTiky Siadikacia, wou kareAfya Suws of dvtigaon (&rotro). Zup-
mepaivoups Aoréy &Ti ) Umdbeon) pos (p &AnBeler) Bév eVoTabel. “Apa
&Anbever 1y p.

IMAPAAEII'MA
“YrroBtToupe yvwotéd 8Tt oTd R foyvouv T& Efis:
(1) 1+#0
(2) *Av x # 0, Té1e | x BeTikds fi —X BeTikds (—x elvan &vtifeTtos ToU Xx)
Q) I.x=x

@ (.Y =xy

(5) Té ywouevo 8Uo Berikdv elvan BeTikd

M¢ Tis 5 aUés TpoTdoels uTropolUue vé drodeifoupe 8Tz «b 1 elvan Betikogy.
Tuvexifoupe pé Thv &pvnon Tiis dmobekTéas.

(6) «5 1 Bév elvan BeTikds» [UmwéBeon 81 p &AnBAS]
(M fi 1 Betikds fi —1 Bemikdsg [&mé Tis (1) xad (2) pé K. Am.]
(8) & —1 ferixds [&moxAeioT. SrddeuEn (§ 1.12)]
(9) (1) . (1) Berixds [&wé Thv (5) xal (8)]
(10) ) .(hH=1.1 [&wd v (4)]

=} [&md Thv (3)]
(11) 1 elvan BeTixds [éd Tis (9) xai (10)]
(12) «1 elvon BeTikds» xal «1 Bév [oUZevEn Tdv (6) xal (11)]

elven BeTids»
ou elvan avtigaon.

*Anédeitn ovvenayoyfic. “EoTw 8T Exoupe va &mobeifouue STl
foxue wi& ouveraywyf p(x) = q(x), SnAadn om &Anfever 1) TpoTAOT

vx, p(x) = q(x). ()
“YrroBéToups, cUNgwVa pé T& TponyoUpeva, 8Tt dAnBeve fi &punor Trs TroU
elven (§1.22) 3x, E(ﬁ::» q(x). Emeidn Supws (§1.27 'Eg.) & AT.p = ¢
elvan icoBUvauos pé p A t—:[_, | Umdbeor pas looBuvausl pé

3x, p(X) A q(0)- ®
"Apxel Aorréy, UmoBéTovTag &ti dAnfever fy (B), SnAadn 6Tt Umdpyxe x
oy EonBeel Tév p(x) kol ouyypoves Sév traAnfevea ToV q(x), v& KaTa-
Afifoupe of GuTigaorm.

IMAPAAEITMA

Na aroderyfzi 6 «Abo £08eleg Tob Emnédov wabeteg otijv idwa edBeia & elvar
napdhinieon.
‘Anodergn
‘H mpdTaon Exe T wopen VX, p(x) = q(x), &mou x elvon Lebyos ebferdov.
(1) “Ymépyer LeUyos eubeiddv (gyes) Tou elvan k&BeTes

othv iSia evBela & xai Bév elvan TapdAAnAes [ dAndever 1y (B)]
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(2) Ol g6, elvanr k&Betes oThv €

(3) Oi g, e, 8év elvanr TapdAAnies [Sprouds auZedtecs)

(4) Oi g, g Tépvovran of anueio O [looBivaun Tfis (3)]

(5) ’Amd 16 O &yovrar 8Uo xéfetes  [&mwd T oUlevEn TdV (2) kai(4)]
oThv €

(6) ’Amd 1éd O &yeran pla pdvo k&betos oTiiv € [yvwoTd Becopnual

(7) "H olleugn Ttdv (5) kai (6) moU &moTehel dvtipaon.

'AvTiBeToavTioTpodii

"Emaidf) of AT. p = q xal ¢ = p elven iooBUvapor, &tav Exouus v
&rmroBelfoupe &Ti ioxler wm& guveaywy), dmrodekvioupe — &v alTd elvan
eUkoAdTEpO— 61 foyUel 1) dvTifeToavTioTpogry Tngs.

TIAPAAEITMA
Na arodeyBel Om: «XE xabe tpiyovo arnévavn of dwviosg yavieg Ppiokoviar
Gwvioeg mhevpégr.
‘Anodaign
‘H mpdraon abrh dvadiatumdveran s 6fis: ‘loyUer ) ouvemraywyd:
«"Av BUo ywvies Tou Tprydvou X elvan dvioes, TéTe ol Slo (drévavTi) mAeu-
pés ToU X elvan &vioes».
‘H &vmBetoavrtioTpogn ouverraywyr) elvai:
«"Av BUo ThAeupés ToU X elvan foes, TéTe ol BUo &mévavm ywvies ToU x elven
foes», f) dmwola loyue, yiari elven & &AAn SiatUmwon ToU yvwoToU Bewpn-
paTos Tou ioookehoUs Tprywvou.

AiGkpion mepIMTWOeWV

@l INé vé &mrodeifoups pia wpdTaon r, brav elvar yvootd Eva Bzdpnua
Tfis vopefis «p fi q», &pxel v& &modzifouus Tis BUo ouveTraywyés p = T
kai g = r. ‘H péBoBos otnpiletan otd 611 & A.T.

(p=r ¥l g=1=(phq=1r
elvan Tautoroyia (§ 1.23 kai 1.24).

*Etor f) &mdBeafn Tiis r elvan 1) dxdAoubn:

(1) 1 mopamévew TauToAoyia

@ p=>rkaq=r [Té &modeikvioupe]
i =r [&md Tis (1) kai (2) pé Tév K. ’Am.]
®pfq [yvwoTd Gecopnua]
G)r [&méd Tis (3), (4) pé Tév K. *Am.]
E®APMOTH

Na aroderyfel 6t 016 R ioyde 1 ovvenayoyi: x2=0 = x =0.
"AroderEn

"Apkel v& &moBef§oupe &T1 loyler: x # 0 = x? # 0 (dvmiBeToavTioTpoer)).
Zupgwva pé Soa elmape yik THv eUBela &mwéddefn (§ 1.29) UmobéToupe

(1) x # 0 kal 8& xaTaokeudooupe &mddeifn Ths x* # 0. "Exouvpe:
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(2) *Avx # 0, 161e (x BeTikds fj —x BeTikds) [UmoTibeTan yvwoTd edpnual

(3) x Berikds fj —x BeTikds [&md Tis (1) kai (2) pé Tév
K. *Am.]
"Apkel Thpa vé &mobelfouue Tis ouveTaywyts:
(a) x Berikds => x2+# 0 xal (B) —x Bemikds = x2# 0
‘Anodagn tiig (a)
X feTikds [Umrdbeon]
(4) T ywoépevo Vo Betikidv  elvan BeTikds [UroTifeTtan yvwoTd]

(B) x*=x . x BeTikds # 0
‘Anoderln tig (B)

— X Berikds [Urrdbean]

(4) Té ywduevo dlo BeTikdv elvan BeTikos [UmroTifetan yvwoTd)
(5) x*= (—x)(—x) feTikds # 0 [UrmroTiBeTan yvwoTd dT1
(—x)(=y) = xy]

*Aowijoec 20, 21, 22, 23, 24.
"Emaywyn

‘Ymépyouv T.T. pé oUvoro dvagopds T N fi xai yevikdTepa T
{veN :v = A} moU elvan koBohikd &Anbeis, Omos Y. «v+1 > v», «TO
&BporopaTddy ywwviddy dvés ToAuydvou pé v TAsupés (v = 3) elven (2v —4)
Spbés» K.&.
*EoTw 6T1 BfAoupe vé &moBeifoupe 6T Bvas .T. p(v), v €N elvan kaBoAik&
&Anbrs, SnAadh TV TpdTaon Vv, p(v).
*Av oupPolicoupe &mAouoTepa Py Tév T.T. p(v), EYouue v& &moBeifoupe
dheg Tis TpOTAOCEIS

Pos Pu Pai-v vy Pry---
* AtroBeikvUoupe Tpdta TNV py. TOTE pmopouue vé &mrodeifoupe Tis Emope-
ves pé EaverAnupévn dpapuoyn Tou KUAT. dg EEfs:
*ATroBeIkVUOUPE THY Py = Py, OTTOTE pé Tév KA. pokUmTer 1) py

ZTh ouvexeld TNV P; = Pa, ¥ ¥ ¥ » » »iPs
» » » P2 = Pa » » » » » » Ps
» » » Px == Pxil, » » » » » » Pryi
K.0.K
Inpeimon
Mid tomrTikfy Epunvela adTiis THs Texvikiis Sivetan o1d oxfiua 3. Of Aap-
Twriipes (TTPOTATELS) Po, Pry Par- - - GV&PBouv (dAnBebouv), dtav & Tp&TOS Py
= P, =P P,= P P, =P P,=> Py
» » ’, P
o 1 2 3
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GvéPer (&ArBever) kad Aot of dvBiduecor «BiakdTTES» (TUVETAY WYES) Py = Py
PL => Par- . -KAelvouy T6 kUkAwpa (elven &AnBeis).

"AMMG ol TTapaTTaVe) OUVETTAYWYES Py = Py, P; = Py« -, Px = Pril,. ..
efvan Shes of TpoTdaels TOU Trapdyel & TW.T. p, = p,.;. “Exouue Aorrév vé
&moBeioupe TV TpdTaon Y, p, = p,.;. ‘H mpdTaon ol oUpgova
pé Ty § 1.29, dmoBeikvieTon, &v, imoBétovrag 6t dhnbeier ) npbtacy p.,
KOTAOKEUGoOVNE Wd &mddealn Tiis poi,.

MAPAAEITMA

Na anodeiyfel 611 yia xdbe v e N zivar 2'>v.
"Anodergn

® ‘H dmoBeiktéa dwigdtnTa foxie yi& v=_0, ywarl 2°=1 > 0.

e ‘Ymofétovtas &TidAnBedar f| 2¥> v, 8& dmodeifoupe TRV 2V+1> yl1.
Mpayuart elven 2¥#1=12 . 2¥=2v4 2% xal, émedf 2¥> v (Umébeon) kal
2= 1 (pavepd), 8 Exoupe 2V+! > v+ 1, BnAadr dAnbeve # Pvss-

MevikoTepa propoupe pé Tév iB1o TpdTo vé &mrodeifoups T foyue &vas .T.

Py Y& k&fe v = A "Apkel, dutl yid v p,, v& &moBeifoune dpyikd &Ti

&AnbBeder 7| p, kol kaTémY 1§y ouveraywyn p, = p,.; (v = A).

‘H mapamévew peBobos yi& v dmodafn & fvas T, p, loyvel ot N,

fi yevikoTepar yi& kdfe guoikd v > A, dvoudleton Emayoy kai cuvowl-

LeTon cos £Efis:

e ’AmoBeikvioupe TV TTPATACT P;.

e ‘Ymobftovtas OTi dAnfeler ) p,, kaTaokeudfoupe &wdSeifn Tfis
Puwi (v=A).

* Mapakhayég tiig pedodov. "Avti Tfs ouveraywyfs p, = Pvia
(r1&v = A) 8& prropoloope v& Bewpricouus THv p,_; = p, (y1i&dv > A).
AlTé onuaiver &11, UoléTovTas &1 foxUel | p,-,, &moSakvioups THE P
Mia dkoun évBiapépovoa apodhayt| Tiis uebdBou elvan # &wdBeiEn s p,
ut mofeon ST dAneder 8x1 pdvo M p,., &GAA& BAss of Trpon yoUpEVES
Pe (A < x < v). Mi& épopuoyr| altiis THs peddSou 8& Solpe oTd Erdpsvo
kepdAaio (§ 2.6).

E®APMOI'EX
1. Na drnodeiyfsi dn g wdbe v > 2, elvar 142434...4v = l(!:-—“
"AnddarEn
® ‘Amobeikvioupe 81 f) lodtnTa loxUel yi& v = 2, Snhadf 142 = 2(22&
® ‘YmoBétoupe 611 dAnBeler 1) p.: 14+243+ ... 4v= v_(vé—tg Téte
142434 ... 4v+@+]) = L(v;_—l) + (v+1)
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2ot D Qebl)
2

1 2
= ("u# *Apa &OBEIXTNKE 1) Pusq.

[

Na aroderyfel 61 «b apiBpog tdv onpciav topdic v (v = 2) ebBaudv iveg im-
nédov, ol droleg Gva 800 dév elvar mapdiinkes xal dva tpelg 8 Sitpyoviam Gno

0 6w onpelo, elvan v’;v ».

'Anodaign
o 'Amobevioupe THv mpdTagn yi& v = 2, 5nhadf & & &piBuds THY onueicov
282 4-2
Toufis 2 WA TapdAAnAwv eUBeadv tvés EmiméSou elvan 5 =7 =1

(&AnBs).
o Oewpolpe v+ 1 elfeles Tou tmimébou TéTowEs, doTe dva 0o v& pfiv elvan
TrapédAnhes kai dvé Tpels v& uf BitpyovTan &md TS iBio onpeio.

vi—
“YrroBttovTtas &1 ol v &wd aUTés TépvovTan of 05 onueia, 8& drodel-

2 1
Eoupe 5T SAes TéuvovTton ot —Q’—-—I_I)ZL)

\_:‘+2 v+ 1—v—1 viiv

onueia. AnAabn of

2 = 3 onueia.
Mpéypar, mé ebbela € &mwd Tis v+ 1 Téuver Tis UmdAortres v eUBeies of v onueia,
vi—v
moU elvar BiagopeTikd &méd TA 3 onuela oTd dtroia TépvovTar of v
UmrdAormres eUBeies. “ETor & &piBpds Tdv onuelwv Topfis Tév v41 edfeidv
yassh vi-y 2v+4vi-vy viiv
elven : v+ o = 2 = 2

*Aaxijoes 25,26,27,28,29,30,31,32.

~

AXKHIEIZ

Mows &mwé Tis TapaxdTw @pdoss elvan Aoyikés TpoTdoels.

a) ‘O &piBuds 6 elvan mwpéiTos. B) ‘O 12 elvar &ppnros.

7) Mol 8& maTe alpio; 8) ‘H Képxupa elven vnof.
Tows &mwé Tis TapaxdTw TpoTtdoels elvan &mAés kaf Touds oldvBeTes.
a) ‘O &pibuds 10 Sév elvan mpédTos.

B) ‘O &piBuds 24 elven oUvBeros.

¥) “Av 16 Tplywvo ABT elvan loémhAeupo, ToTe elvan kal iooydvio.
8) 'O 12 kaf & 18 elvon woAAamwAdoia ToU 3.

. Né& Ppeite T Sour Tév imdpevev oUvBeTwv TpoTdoEwy GuTikaBoTOVTAS W

ypéupaTa SAes Tis &wAés mpoTdoEls &mé Tis dmoiss oynuarifovran

@) "Av 6 a elvan pnTés kal & P drépoios &piBuds, ToTe & a+p elvan pnTos &p1Buds.

B) "Av ol Bixydwvior Tol TapaAAnioypdupou ABFA elven xé&Betes fi SixoTouolv
Tls yowvies Tou, TéTe T6 ABIA elvan péupos.

¥) "Av op # 0, Téte « £ 0 i P # 0.
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