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Ta kedahaia, oi mapaypador kai ol dpadeg dokfocwv mol Eyouv doTepi-
oko 8¢ 0a 8idayrolv oTolg pabnTég TGv TunpaTwy khaoikig kateuBivoews.
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KE®AAAIO 1

TPITQNOMETPIKOI APIOMOI AOGPOIZMATOZ
KAl AIA®QPAZ AYO TOEQRN

o 1. I[TPOBAHMA. *Andé vois Toryevoustoixois dolflpois tin mpocava-
rokopéverw Tokow a xai f ova Smodoptalloty of Toryavepetoizol ambpol Taw Ti-

Eav a—f xoi a4 fi. Y.

A) “Yrnoloyiopdg 1o ovv(a — f). \Y, Y,
"EXOUME TOV TPLYWVOPETPIKG KUKAC N :
(0) kai ToUs TpwTelbovTes &oves \\ﬁI i | SRR B
X'OX kol Y'OY Tév ouvnuTévey Kai N a
AUITOVEVY, AVTIOTOIY0S. :
3 . — A 1k ; b |
As Trépoupe AT kad AB 8Uo T6€x o8
foa Tpds T& o kal B, drou A f) kown X ADIRE
apyn Tous. Of ouvTeTorypéves TG I = K
kai B ds mpds Tous &foves X'X kai 7% \
Y'Y elven, dvTioToiyws: \
1 K x 3 )x/'
x=0I=0cwa } 1
y=FF =nua
x' = OB, = ouw P ]
y'=BB=nup
®épvoupe T BA kdBern mpds T M. *Amd 16 dploydvio Tpiywvo BAT
EYOUpE:

iY‘
ByEsl

Kad

Bl =BA? + Al = (x—x")% + (y—¥)?

fy Bl = (ow a—ouv P)? + (nua—nup)?
= owla + ou?Pp —2ouv couv P + npla + NuPP —2nuanuP
=2—2(ouwvaouw P + nuanup) (")
‘H i Tou TéEou Bl efvou: o—p + 2km kken

Otpvoupe TV edfeia X';OBX,; kof, #mdver o alrh), TV xébeTo Y',0Y,
Tis &Troies Bewpolue s TpwTeUovTes &Eoves Y1k T6 TOEO (é‘r) =a—p. 'Amd
16 T gépvoupe ThY kdBern [T, pds ) X' X kad ToTe ol ouvTeTaypéves Tév B
kai [ 8& elvan, dvmioTolyws:
x, = OF, = ouv(x — B)

Kad S
¥: =l =nu(a—P)
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*Amd 16 dpBoydvio Tplywvo Bl 6& Exoupe:
BI® = Bry? + MM = (x, — 1)* + (3, —O)?
=[ow(a—B)—1]* + nu¥(a—P)
=owa—B) + 1 —2ouw(ax—B) + nu*(a—p)
=2—2ou(a—B) ()
*Amd Tis oyéoeis (o) kai (af), Topa, Exoupe:
2—2o0uw (a—P) =2 — 2 (owva ouvP + nuanup). "Apa:

Vo, PE R: ovv(a — B) = ouva ouvp + npa mlISJ (O]
Y Aebtepog tpémos. Kard 16 Bechpnpa ToU Chasles elvan:
yeov (OF, OB) = yav (OX, OB) — yav (OX, OF) + k-2, kez
&mou ol Tiués TGV ywvidv aUTdv Ekepdlovtal of dxtivia. "Apa:
yov (OF, OB) = p— & + k-2 kez

ZUugwvea pé Tév dpioud ToU EowTepikol yivouévou dUo SiavuopdTawv (ST' kad
-
B elveu:

’Emreid1) Spes elvan kad
e | ==
|or| =108| =i
o'w(C—)F, CSE) =ow(p—a) =auv(a—|3)}
f| Tponyouuevn lodtnTa ylvetan:
— >
Or - OB = ovv(a —f). (o)

216 dpbokavovikd Buws ovoTnua &fdvwv elven:

e~

Ol - OB =xx' + yy = ouvaouwp + nuanup (o)
*ATé Tis oxéoss (o) kai (o) oupmepadvoupe &Ti:

v, B eR: | svv(@—B) = ovva ouvp + nua nup. |

BnAadt TpokUTrTEl TEAL & TUTrOS ().
B) “Yroheyiopés 1o ocuvv(a + B). ‘Emeidny & TUmros (1) loxler yi& xébe Té60
a kol B, 8& foxlel kal &tav ot Blon ToU P Pdhoupe 16 —P. AnAadn:
ow(a + B) = ouwaou(—B) + nuanu(—p)
= ouva ouvPp — nua Nup,
yiari ow(—p) = ouvP kai nu(—P) = —nup. "Apa:

Vo, BeRr: ovv(a + B) = ovva ouvp — npa npp | )

* Mmopel v& pn 5i18axfel & Tpdmos alTds.

WnpiomonBnke amoé 1o ivotirouto EknmaibeuTikrg MoAmkrg



I) ‘Yroloywopog tod mu(a + B). “Av otév TUmo (1), Smou a Pdéhoupe

AT a, 8& Exoupe:

2
o l_a) ﬂ]zm(-g——u)mﬁ+nu(—2——c)nuﬁ )
l (F-o-8) =ow|[5 ~@+B|=nm+p
ow (5 —a quaxa(nu(%—u)zcwu.
Smére # iaérrn'ru ) yhm'm:
3

[ an(@ + §) = npaovvp + nupovva |

Va,p er:
A) ‘Yrohoyiopdg tod mu(a —B). “Av otév Timo (3), dmou P Pdhoupe —B,

6& Eyoupe:
nu(a—P) = nuaow(—P) + nu(—P) owa

= nua ouvp — nup owva.

"Apa:

(@ — B) = npa oovp — npup svva @

Va,per:
E) ‘Yrokeyiopds tii eg(a + B). "Av UmroBéooupe STi: ouv(a + B) # 0, Tou
loyvel yi&d a + P # ; + k-mk ez, 6& Exoupe

nu (@ + B) _ nuaxowp + nup ovva
@ @R =Gw@+p) ~ owaowp—nuanup M

*Av guvaowp # 0, Tou loxue yi&:

u¢%+k1ﬂ xal B;ﬁ%—{-k,n: k,kyez
Téte f) lodtnTa (1) ypageran Siaoyika:
nua ouvp nup ouwva
nuaouwp + nupowva _ ouva ouP owaouwp
mpca o+ PEE ouva ouvp —nuanup ouva owp  nux nup
ouva ouvP ouva ouvp
nux | nep
_ owa  owp _ epx+ egP ‘
o | b nup 1 —epaegP
ouva ouvp
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ew + epp

"Apa tp(a + ) = e

5

Lt) ‘Yrokoyiopés tiig £(a — B). “"Av orédv Tito (5) P&Aoupe émrou B TS —P
kal Urobéooupe &TI a—P # —Tzr + ki, k € Z, té7s:

g +e@(—P) _  epx—eqpP
e (a—p)= 1 —epaep (—P) 1 + epaeqpP
yiati ep(—p) = —€¢P.

Z) "Yroloyiopos tii op(a + P). "Av UmroBéooupe Ti:
nu(a + B) # 0, mou loxue yik o + B # km, kez

kal nuanup # 0, woU loyve y1& a # k; w kai P # ke, k, k;ez,
B& Exoupe BioBoyIk&:

ow(x +P) _ owaowp—nuanup

P P= T+ B) ~ nuxowp -+ nup owa
ouvaoup  nua: nup
_ _Muanup nuanup  _ opa opp — 1
nuoouvp +‘ NP ouwva opa + opp
nua nup Mo Nup
» opa opf —1
Apa: op(a+p)=- C:PE -Epapr ™

H) ‘Yrohoyniopds tiig o (@ — B). "Av orév tUTro (7) P&houpe dmou P 16 —B,
8& Eyoupe:

o B opaop(—P)—1 —opaopp—1_ opaopp + 1

oga + o (—P) oga—opp opP —opa
2 : ) opu mﬂi 5l l
Apa: op(a—P) = o ()]

& a—Pp #km, kEZ kal a #k; ™ kal P # kom, ky, k; € Z.

8
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Mepikég nepirrdoeis. "Av p = , TOTE €@ 4 =1 kad y1&

s b1
«Fy T s = 'y +_E‘Pa 1 + ega
= —ta)|]=—"=———, k,kez
- 4 kg 1 —ega
a # -5 + Kk 1—54"4“‘5?“
2
kal yi&
a#—z+k2'rr Ecp-';—r—eqxx I o
=>Eq)(4 —u): = l—f—EtPu' ky kyez
o # 12T kg l+s:p—4—-5q:cx "
- . & o1 e P T i i
Qoe: scp(4—+a)— e’ acp( 4 u)-— EET (&)

pé TOUs TaPaTTéVe TEPIOPITHOUS.
E®APMOIEZ

. n o7 3 9 .
e l." M0 <a< 3% -éf<,8<:vt xai npa =5, n,uﬁ——ﬁ,vawmilo—
yaflotv oi mapactdoeg:

np(a —B), ow(a + B), ep(a—B), op(a + B).

Aven. 'Emeadn elvan 0 < a < .gf kad —;— <P < 8& Exoupe:

o 3N\ 4
= —_ 20 = —_f = =-—
owa =V 1 — nuia Vl (5) 5

owp=—V1-—nup=— I/I_(',T) ='”%)‘

doTe 64 elvan:
I T e Bl Yk . S
G F WL B Ll ( "41)— - i e
kal, Emopéveos:

3
nu (a—P) = nua ouvP — NP ouva = 5 -(g P T
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4 40 3,..9 187
"”"(“+5)=°W°°Wﬁ—nuanuﬁ=?'(_fl)_?'ﬁ= 205’
: BYd NG
byt g e P 4 ) 47 _ 15
P T 1 +eqaepp 1+i e = ] 27 33
i(-%) '
4.(-2)
_oparogp—1 _ 3°\7 9 /)7 187
L g e et s

® 2. Nd dmodoyiaboiv oi toiywvouetoixol dpibuol tawv téfwv 15° xal 75°.

Aven. ‘Efraidny 15° + 75° = 90°, & Exoupe:

nul5° = ow75° = ouv(45° + 30°) = ouv45° ouv30° — nu4d5° Nu30° =

1

2

=X2 Y3 y2
37 i el

V6-vV2

4

ouv15® = nu75° = nu(45° + 30°) = nud5° aw30® + nu30° ouvd5® =

V3
o

1

2

Y2

_Vz
=72 2

€@ 15° =0g75° =

ow75° _ Vé6—-V2

Wi~ Vé+vV2

w75 _ Ve +V2 _

op 15° =¢ep75°= =1 _ —
s P o oW T VBN 2

_Vé+V2
YR
Wy, s

epl15°=0975°=2—V\3

"Avakepalaioon.
ne 15° = guv 75° =_\/-6:—\/'2
ooy 15° — np 750 =VL”;[3_

op 150 =59 75° =2+ \3

® 3. Nd dnodeiybet &ru:
Ya,peR:

10

nu(a + pmp(a — B) = npa — 2 = ovv?p — ovvia.
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*AnoderEm. “Exoupe SraBoyikd:
nu(a + B) nu(a— B) = (nuaowpP + nup ouva) (nua ouvP — nup ouva)
nela ouv?p — nu®p owvia
= nua(l — nu?p) — nu?p(l — nule)
nuta — nufa nup —nup + nulanu’p
nufa—nu’p
= 1 —ow?a— (1 —ouw?p) = ow?p —owia.
e 4. Z¢ xdbe voiywvo ABI vi dmodeiyfet dr:
E=aquB —0) + pnu(I’ — A) + ynu(A — B) = 0.
*ArodeiEn. Emeadn o = 2RnpA = 2Rnu(B + IN), 8& Exoupe:
anu(B — N = 2Rnu(B + MNnu(B — N = 2R(nu*B — nul)
kod pé kukdin “Gvadhoyn) TGV ypoupdTtwv o, B, Y kai A, B, I 8& Exoupe:
2 = 2R(nu2B — nu2l) + 2R(nu?l —nu?A) + 2R(nu*A —nu?B) =
= 2R(nu2B — np2l + nul —nu?A + nu?A —nu2B) =2R- 0=0.

TAYTOTHTEZX YIIO XYNOHKEX

® 5."Ava+ B+ y=m, xai askn + g-ﬁ Bk +-’2iﬁ y ki +—’5- , vé G-
moderyliel 1) ayéon:
cpa + e9f + @y = coa £off coy.

"Anodertn. CAmS T oxfon a + P+ y=T =>a +P=m—y xal tmvo-
pEves:
cpo +egp _
1 —eqaepp i

epar + 9P + e@y = e epP gy

ep(a +P) =@ (T—Yy) =—c@y=

‘AvrioTpopng:
@ 6. "Av oi ywvies a, B, y ixavomorodv Ty lodtnra:
(H gpa + e9p + @y = cou P ey (12)

ué moud ayéon cvvdéovrar adtés ol ywvies;

Aban. Amd T oxton (1) Exoupe:

epa + epp = —epy(l — epa £gP) )
*Av elvar 1 —egaepPp =0 < egaepp = 1, TéTE &1Md T (2) =
epa + epp =0 <= ega = —egP,
| émola lodTnTa 8¢ cupPiP&detan pé Ty epaepP = 1. "Apa:
1 —epaepP # 0,

11
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omoéTe &md TN oyéon (2) Exoupe:

epa + epp
1 —epoepp

a+pB=(mM—y)+tvrea+pPt+y=mt+vi=@C+Dnr=kr v, kez

=—e@y <> e¢(a | P) =—py =@ (M —7Yy) =

AT T& Tapamdvw PAtmoupe 611 of ywvies a, B, y ouvBéovTon pé T oxé-
on a+ P + y=km émov kez.

® 1. "Av oi ywvies a, f, y ixavomowiy iy lgdtyre a + f -+ y—m, tdre:
ouv’a + ouviP + cuviy + 2ouva cuvp ouvy = 1 (13)
"An6derln. "Exouns o + P +y =T < o + Pp=m—y kal tmwopbves:
ouv(a + B) = ow(Tr — y) = —owvy <> ouva ouvp — nua Nup = —ouvy<
owa owp + ouvy = nua Nup
Yyovovtas kal T& 8Uo péAn Tiis TeAeutalas loéTnTas oTd TETpdywvo,
EXOUpE:
ouvia ouv?p + ouv?y + 2ouva ouvP oury = nulanu =
= (1 —ow?a) (1 —ow?p) =1 — ouwa—ouw?p + ouvia cuv®p <=
owia + ouv?p + ouw?y + 2ouva ouvP ouvy = 1.
‘Avnietpbgac:
X @ 8. "Av loyber 6 timog (13), nic avvdéovrar oi yovies a, 8, v;
Abon: ‘O TUmros (13) ypéeetan:
ouv?y + 2ouva owp owvy + ouvia + ow?p—1=0 (1)

kol prropel vé Bewpnfel TO modTo péAos s BeuTepoPdBulo TpidVUNO s Tpds
ouvy. "Av A elvar 1) Biaxpivouod Tou, 8& Exoupe:

2— = owla ouv*P —owia — 3uvP + 1 = (1 —ouvia) (1 —ou?p) = nuianup,

kal Emropévess ol piles ToU Tpiwvipou 8& elven:
oy = —owa owp + nuanup = —ouw(x + B),
ooTe 84 Exoupe:
at+P=F(r—y) +k2re at+tPty=Qk+1n ptkez.
ZHM. T& SimA& onuela elvan dvedptnTa 16 Eva &md 16 &AAo.
Mé Spoia épyacia Ppiokoupe &Ti:
¥ YAy oi yowvies a, B,y énalnfedovry Tipy lodryra:
ovvia + ovvlp + ouvly — 2ouva cuvfouvy =1 (14)
Tote ol ywvies a, f, y ocvvdéovrar ué tic oyboeis:

a+p+y=k.2n, 6rov ke Z

12
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@ 9. “Av pevaki Tiv xvolww groyeiwy Evdg rotyavov ABI dmdoye 1 ayéon:
a=2pouvvl, (@)
rére T6 Tolywvo avtd Ba elvar loooxelés.
AnodaEn. ‘H oxéon (1) ypégerto:

2RnuA = 2-2RnuB owl <= nuA = 2nuB ouwl (2)
wal treis A + B +T=m = nuA=nu(B + ) xai § (2) yiverau:
(B + M = 2nuB owl < nuBowl + nul’ ouvB = 2nuB ouwl <=
nuBouwl —nulouwB =0 < nu(B—-1) =0

B—l=k:m, ©6mov ke€Z.
*Emreibfy Suws B xad [ elvan yewvies Tprydovou, mpemel k = 0.
“Apa B— =0, éméte B=T. AnAadn T6 Tplywvo ABI elvan {oooxehss.

AZIKHZIEIZ

Iphrn opada
1. N& UmohoyioBolv of TprywvopeTpikol apiBuol Tiis ywviag 105°.

2. "Av0 <a < %. i /Br ;‘ kai np a= g. cuv p 2191, v& Utmohoyiofouv ol

TapagTdoes:
nu(a—PB), ow (a + B), 9 (a—B), o¢ (a+ P).

3. "Av W za<m, 3_."' <P < 2wka nua= _lﬁ, ouv P = :%, vé& UmoAoyiobolv ol

2 2 17
TAPATTATEIS
nu(a+ B), ow (a—B), ep (x+ B), op (@—B).
4. "Av 0 <a< %, % <P <mwrkalowa= \;2 owv P :—%.‘ v& Umrohoyiofouv

ol mapacT&oss:
nu (@ + B), ow (@—P), e (x—B), op (= + B)-
5. N& &moBeiyfolv of dkéAoubes TauTOTNTES
nu(a— P)ouvp + nup ouv(a—P) = nua.
ouv(a — B) ouv(a -+ B) —nu(a—B) nu(a + B) = owla.
nu(60° — a) ouv(30° + a) + nu(30° + a) ouv(60° —a) = 1.
ouv(a + B) ow(a—p) = owla— nu2p = ou?p —npia.
(B —Y) + ep(y — ) + €@ (a—P) = ep(B—Y) ep(y — @) ep(x—F)-
Né& oiks Tipés Tév &, P, y Bév Exouv Evvoia T& péAn ThS 5;
6. N& d&moberyfei oT1:
L we—p) , nwB-y) | =" o
ouwvaouvp ouvpouvy ouvy ouva
g  TWE-Y)  muy—o) , mE—P) _q
nup nuy nuy Mea nue nup
2nu(a + B) _ ,
Y omErp e
i epi2a— epix

VoY — = ep3aepa.
1 — e@*2ceq’a gl

Wb W N =

13
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7. N& &moBeiyfei &ti:
1. ouwix + ow(120° + x) + ow?(120°— x) = %

2. "Av a4 Pp=45 Téte: (1 + epa) (1 + epp) = 2.
3. owta+ ow(60° + ) + ow(60° — a) s%

+« Agbtepn Opada
8. "Av a+ B + y =, v& &mobeyBei 61i:
-4
£
2.  ogaogp + ogPogy + ogy opa=1.
3. owa ouvp 4 UGNy o
nupnuy  nuy neax nua nup
4. neta + nup 4 nuly — 2ouva ouvp ouvy = 2.
5.  e92a 4, ep2P + e@2y = ep2a eg2P eQ2y.
9. B¢
1.

1. oe +mp%+mp—7_=atpimpj_crvl.

2 2 2 2

k&fe Tplywvo ABIM vk dnrobeiyfei &ti:
omuB-N) | PauF—A) . ynuA—B) _,
nuB + nur nul + nuA nuA + nuB
2. @nuB-T) , Pmu(T—A) , y'nu(A-B) _,
nuA nuB nul
3 (B+y)cuvA+(y-i—cx)o‘uvB+(u+ﬂ)u’wi’:a+p+y.
4. muAnu(B—T) + nuBnp(M —A) + nul nu(A —B) =0.
10. "Av a + B + y =, v& &mobeyBel &Ti:
1. o¢a+ op®P + og?y = 1.

f ) 8 2.
ol Eap%+sv—25-+€¢7¥21-

3. "Av u+5+y=%, TéTE: E@Pa + £9?P + ety = 1.
o o) M 4

(

4. "Av s nuta

=1, 16Te: @y =cqaepp.

¥ o 10. /IPOBAHMA. >And vois Torywvouetpuois aoilfpots Tav mpocava-
toliopéverw téfav a, f,y vi dmoloyiochody of torywvousTourol dotbpol Tot abpoi-
ouaros a -+ f + y.

A) “Yrokoyiopds tob np(a + B + y). “Exouus SraBoyixd:

nu(a + B+ y) = nul(x + B) + y] =nu(x + Bouvy + nuy ouv(a + p) =
= (nuacouvP + nup ouva)ouvy + nuy(ouva ouvP — nua nup)
= nuaowp ouvy + NP ouva ouvy + Ny ouva ouvp — Nuat nupnpy
"Qote, Va, B,y R, elvan:

np(@ + B+ v) = npa ovvp cuvy + nup cvvy cuva + nuy cvva ouvp — npa nup npy
kel méd oUvropa:

np(e + B + v) = Inpa ovvp cuvy — npa npp npy 1s)

14
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B) ‘Yroloyiopog tob ovv(a + B + 7)- "Exoupe SraBoyikd:

ow(a+B+y) = owl(a+P)+y] = ow(a+pB)ovwy —nu(a+Pnuy =
= (ouva ouv — nua uB)owvy — (nuax ouvB +nup ow)nuy
= guvaouwBouvy — nHanuPouvy — nuanuyouvP — nupnuyouve.

"Qote, VO, B,y €R, elvai:
ouv(a + B + 7) = ovva cuvp ovvy — npa Npp covy — N Npy cvva — NRY R cuvp

kad ouvTouOTEPO:

ouv(a + B + ) = ovva ovvp cuvy — Inpa npf ovvy (16)

I) “Ynohoyiopds tiic @ (a + B + 7)- *Exoupe BiaBoyikd:

me+p+y) _ T nua ouvP ouvy — Nea NUP Ny 1
@@ +P+N=0 01 p+y) ouwaowpouwy—Znuanupouy’ o

"
Stav elvan ow (« + B +y) #0, Tou loylet yid a+P +vy # 5 +km, kez.

*Av Buws elvan kad owva owwp ouvy # 0, ol loxle yid:

gL

a# g tkm BEG +lm Y # T+ kg ovyypove (ki ke ks €2)

Sicnpcovras kad ToUs BUo Spous ToU KA&opatos (1) Tou Beutepou péAous ué
ouva ouvP ouvy, EXOUHE:

L spa — eqa £9f £y
1 —ZXequeop

ep@+p+v= amn

_tga  cof - £gy — epa op 97
) pa+p+1= 1 epa cop —eop coy — £@YEQQ

A) *Yrohoyiopds tiic 0@ (a + B + 7)- “Av np (o + P + y) # 0, ou loyuel
yea+p+y# k, émou k €Z, Exovue SraBoyIka:
ow (a+ B+y) _ owvaouwpovvy —Inuxnupovvy ),
o0(x +P =G T pFy) | Inucowp ouvy — ke B Ty
“Ay Sucws elvan kad npa nuP nuy # 0, Tov foxle yid & # k,m kad B # kg
kai y # kym, &mou ky, ky, ky €Z, SicipdovTas ToUs Spous ToU KAQOUATOS ¢))]

pé nuenup nuy, Ppioxoupe Tév TUTTO:
o¢a opp opy —Loga

op@+P+7) = — yoefoey—1 18

i oes oyl agy —ove— o9k O%)

bl oy “ogB ooy + 6gy opa+ogacpp — 1
15
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2 1
Mapadevypa. “Av ega — -112, epfl = 5 W= vd amoderylei 7 alilea
Th¢ iodTnrag:

a+B+y=-7 +kn, kez

"Arnbderdn. Ztov TUmo (17) GvTikabioTeovTas Tis SeBopbves Tk, Ppiokoupe
HETG THV EkTéAeoT) TV OXETIKGV TpdEecov:

eq;(u—}-ﬁer):l:E(p:. "Apa: a4+ P+y=m/4+km kez.

AZKHZEIZ
IIpdtn épada
11. N& UmohoyioBouv ol Tapagtéoeis:
Lo nu@+y—a), nu(y + «—p), u( + p—vy).
2. owP+y-oa), ouv(y + a—p), ouv(a + B—y).
3. ow(a-p-y), ow(@—a—y), ouv(y —a—B).

3 8 5
12. 1. "Av 0 < o, B, ¥ < % kal epa = % 9P =15 ¥Y =75, v& Umohoyiobolv ol
Tprywvopetpikol dpiBuol Tév dfpolopdTwv o 4+ B+
3 12 7 5
2. "Av 0< «, B, 7<J21 kal nua = &, nup =713 WY = 55, v& Umohoyiglolv ol Tpi-
ywvouetpikel &piuoi nu(a + B + y), ep(a + P + ¥) og(a + B —vy).

TPIT'QNOMETPIKOI APIOMOI
AKEPAIQN IIOAAANIAAZIQN TOZQN

® 11. /TPOBAHMA. > And roic TotywvopueTouots dolbuots évde tétov a vd
bmoloyialodv oi TorywvousTpinol apibpol Téw tokaw:

2a, 3¢, . .., va pveZ
A) “Yroloyiopdg tob np2a. *Av ord YvwoTd TUTrO:
nu(e + B) = nua owp + nup ouva
PéAouue vl B 16 «, B& Exoupe:

nu(x + o) = nua ouva + Nua cuva

np 2a = 2npa ovva (19)

=5

B) “Yrokoyiopds tob ovv2a. *Av otd YvwoTéd TUTrO!

ow(a + B) = ouva oup — nua nup,
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PdAoupe Srou B TO a, B& Exoupe BiaBoyikd:
ouw2a = ow’a—nuia = 1 —nula—nula = 1 — 2nuda
kol ow?a = owla—nula = owia — (1 — owia) = 2ouvia— 1.

"Qoe:

ovv2a =1 —2np’e = 2ouvia — 1 = cuvia —npla

I') "Yroloywopég tijg &9 2a. "Amd 16 yvwoTd TUTTO:

£ (o + p) = lﬂ?é(;:‘:g, &v PéAoupe otrov P TS @, Exoupe:
o o+ o = Epa +ega  2ega A LA 2eqa
Pl T = T o epa 1—eqia A pupo

‘0 Timos (21) loyte yid:
cxaé—g- + k- kad a # + g—-i—kl-rr. omou  k, ky, ez.

A) "Yrmodloyiopds tijs 0@ 2a. "ATd TS yvwoTd TUTO:
ocpaocep—1

o (x + ﬁ'):?pu—fﬁ' Stav P=a, Exoupe:
_ opx-opa—1 opa—1 _og*a—1
o s by ogax + opa  2oqa A aple = 209a

‘0 TUmos (22) foxier yi& o # km kal & # 72 + k-1, émou k, k, € Z.

® 12. Oi toryawvopetpizol dpilpol toi téfov 3a. “Exoupe BiaBoyixd

nu3a = nu(2a + a) = nu2a ovva + nua cuv2a =

= 2nua owa - ouva + nua(l — 2npla) =

= 2npa owvia 4 nua—2nuda =

= 2nua(l —nue)) + nua—2npla =

= 2npa — 2nula + npa — 2npda = 3npa — 4nuda.
ouv3da = ow(2a -+ o) = ocuv2a ouva — Np2a Nua =

(20)

2n

(22)

= (2ouwvia — Douwva — 2npla ouva = 2owvda — ouva — 2(1 — ouvia)ouva =

= 2ow3a — ouwva — 2ouva -+ 2ouvda = 4ouvia — 3ouva.

_ 3epo— e@ia
ep3a =€ (20 + a) = _1._:3_&?2(1

3o¢a—1

Lo
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"Qoe, TeAikd, & Exoups:

nu3e = 3npe —dnpia
(23

ovv3a = 4douvia — 3ouva

_ 3epe—zo'a
=S
Kai (24)
% — 30
.

ZHM. Oi Timor (23) kad (24) wpokUmrTouv &md ToUs TUTous 15 - 18, &v
&el Pédoupe Srou B =y = o« kai ExteAéooupe Tis TpdEes.
‘O mp&Tos &md Tous TUTous (24) Exel Evoia, STav

™ ™ ™
3u¢i~+kv=u #_?"H"_f

kol aii%—i-k,'rr, émou k, k, ezZ.

‘O BeuTepos &md Tols TUmous (24) Exer Ewvola, Stav:

m

30:75]{,1'r=u¢k2o3

kal o il + kg, dmou  ky, kyEezZ.

3

* ® 13. Timow toi Simpson. Tpogavéys elva:

nu(a + P) + nu(a—PB) = 2npaowvp
ow (a + B) + ow (a—P) = 2owaouwp |,

‘Emropéves:

nu (o + B) = 2nuaouvp —nu (a— B) }
ow (a + B) = 2owaouwP —ow (a—Pp) |,

kol &v PéAoups dou a Té pa kai Sou B 16 «, Ppiokoupe ToUs TUTTOUS:

nu(p + Da = 2np(pa) cvva — qu(p — 1a 25

suv(p + 1)a = 2ovv(pa)ovva — cov(p — 1a (26)

"ATé Tols Tumous (25), (26) yi&k u=1,23,4,5,6, ... Pploxoupe dvri-

oToi)ws ToUs TUTTOoUs:

npe 2a = npa cvva

np 3a = 3npa — dnp’e

npe 4o = (dnpe — Snpa)ovva

neSe = Snpa — 20mpta + 16np’e
nuba = (npa— 3I2npla+32npca)ouva

ovv2a = Sovvia—1

ovv3a = d4dovvia—3ouva

ovvda = 8ovvia —8Bovvia + 1

ovvSa = 16ovvia — 200vvia + Souva
ovvba = 326vvia — 48cuvia + 18cuvia —1

® 14. E®APMOI'H. Nd dnoloywfoiv oi torywvouerpixol dobpol vaw

yoviav 18°, 36°, 54°, 72°.

18
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Abon. “Exoupe Siadoyikd: 36° + 54° = 90° <> 36° = 90° — 54° <
Nu36° = Nu(90° — 54°) = ouv54° <> Nu(2-18°) = ouv(3-18°) «
2nul18° ouvl8® = douv® 18° — 30wv18° <
2nul8® = 4ouv?18® — 3 < 4np2l18° 4 2nul8° =1 <

1 5 . 5
218° | T e s 2nul8 — 2= -
4nutl8 +2nu18+4_4¢( yit +2)_4¢.
| s 1] N5 A . V5-1
| 2nul8” + | = Vo < Ul + o =5 = nuls =~ ~0,3090
A . Ik
“Apa ow=18°=1—-nu518°=1—(v-54_1) - Jq:w:.

ol
owl8 =—1/10 +2V5
nuige _J/25—-10V5
ouwl8® 5 y
*ATéd TéV TUTo ow2a = 1 — 2nple, y1& o = 18°%, Exoupe:

= 2 o
ouv36® =1 —‘21][.12180 =1—2 (v-54—]. ) =v-54+ 1

omrdTe epl8° =

' _10-2V5
T 16

xal Nu?36° = 1 —ow?36° = 1 _(V54+ 1) %\[10_21*5

L e Sy
v.wv36_‘l/5 V5

Kai &#weidf 18° + 72° = 90° xkal 36° + 54° = 90°, oupmepaivoupe:

fi nu36=

kal &por: £p36° =

nu72° = owl8® nu54° = ouv36°®
ouw72° =nul8° ow54° = nu36°
ep72° = o0@l8° Kai ep54° = 0936°

o@72° =¢l8°
* AvaxeoAcacovovTas EXOUME:

op54° = e@36°

V5—1

4

nui8’ = ouv72° =

np36° = ovvs4° = %VIO—NE'

° o 1 3
ouvi8® = mu72° = - /10 + 2V'’5

ouv36° = qu54° = Y_-‘;ﬂ

£18° = 6972° = % st— 10/'s

£036° = 6954° = v5—2 Vs

opl8° =g@72° = ]/5 +2 V—?

1
0036° =ep54° = ——
V5—2v5
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AZKHZIEIZ

Tpém opada

13. *Av nua = 0,4 kal 90° < a < 180° v& Umoloyiofiouv ol TerywvopeTpikol &piBuof:
nu2a, ouvla, sp2a, opla

1 1 ™
14, "Av nua = 3 nup = 5 kaf 0 <o, P < X v& Umohoyiafel 16 nu(2a -+ P).
15. "Av 4nuzx — 2(1 + ¥3) nux +13 =0, v& UnchoyioBolv ol &mbuoi:
nu2x, ouv2x, e@2x.

1
16. "Av ocuva = 5 v& UtohoyioBel 16 ouv3a,

3
17. "Av nua= R vé& UmroAoyrofel Té nula.
18. "Av ega = 3, v& Umoloyiofel ) e@3a.
19. N& &moberyfiouv ol dxdhoubes fodTnTes:

np2a 1+o09%a

b Tiowsa = @ 5. Tgpa  —ITHRG,
nu2a ogta+ 1
= 1— owdg - OF% 6. oeta—1 = Teula,

ouwv2a
35 guvia —nu'a = ouvZe, 7. ep(45°—a)= T Enuia

4. opa —epa = 20¢2a.
TTéTe Exouv Evvoia TG péAn TV Topamdve GoKNoEwY;

20. N& &mobeiyfouv ol dkdAoudes lodTnTes:

s b
1. ouwd (T—a) —nu? -I—u) = nu2a.
2.  e@(45° + a) —e@(45° — a) = 2eq2a.

3, ouva + nUa o ouva—nux 2eq2a.
guva — Tjpa guva 4 nua

4 1 —ouwla + nu2a _ spa
1 + ouw2a + nula .

4 Acgbtepn dpada
21. N& dmoberybolv of &xdAoubes lodTnTes:

1. mwda  owda _, S DOWETENOR o oa
nHa ouva ' 3npa—nu3a

3. nuda + nuta _ o 4 owia — ouv3a 1 nule + neda _ 3,
ouvda — ouv3a : ouva nua

5. 4npPaouwida + 4ouvia nuda = 3npda.

6. 4nuanu(60° + o) nu(60° —a) = nu3a.

7.  ep3a—e@a—epa = ep3acpas@a.

8. ore i

oga — op3ax ¥ £pa — eg3a

20
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e 15. [IPOBAHMA. ’* Ané Ty epa évdg tokov a vd dmeleyialody ol Torywvo-
perpixol aolfpol Tijs yowviag Za.

Aven. ‘Ao Tis iodTnTes:

1 £pia ™
By —_ = { 2y — & = =
GRS = = wed nufa=— P g & a# 5 kT, kez
Exoupe Siaboyika:
1 2eqa

nu2a = 2nupa ouva = 2ega-ouvia = 2epa- e =t ot

o Bl
ow2a = owia — nuifa = — 2 i SN Lf‘ia

1 feg’o 1 fepia 1+ epicd

= 711125!7 - %Eip,uf . T T T
e¢p2a_wv2uf1_ﬂpzu,ava¢ 4 “"kl'z kadl a;é#g—4—+k2-n-
1 —ep?a ) Tt ™
op2a e &v a # (2k; + 1) 2 kal o # ot kg,
Smou ol ky, ky, ks, ky € Z.
"AvakepaAaivovTas EXOUE:
_ 2&qa _ 2a
nda =, + g¢%a | — tp'a
- (29)
_1—z¢a _1—ega-
ouvla = 1E e opa = - Degr.

Ztols TUtous (29) TrapatnpoUue 6T ol TpiywvopeTpikol &pifuol nu2e,
ouw2a, eg2a, op2a elven pnTés guvapThoEels Ths epa.

Xe 16. Tzopetpixn éppnveia tdv tomov (29). “As Umobéooupe é11 O elvan 16
KEVTPO TOU TPIYWVOLETPIKOU KUKAou, A 1) &pxn) Tév T6-
Ewv kol AZ & &fovas TGV EpaTrTopévav. 3

*Av t = epa = AT elvea ) Tiun Tiis épamropévns,
brrola dvmioToiel oTd SUo dvTiBioueTpiké onpeia M kai
M, ToU TprywvopeTpikolU kUkAou (O), ToTe T& TOEa, T&
omola Exouv EgarrTopéun = AT, TepaTdvovTal oTo
onueio M 1 16 M,.

“Apa ol Tipés Tous B elvan :

x=a+ kmw, émoukez.
T& SimAdoia To€a 8& Exouv Tipés:
2x = 2(a + k*m) = 2a + k27

21
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kel 8& TepaTdovovTan oTd onueio P fi Py, "Av, Aormdv, yvwpifoupe Té onueio
T, elven duéows yvwoTtd kal 76 onueio P. "Apa ol Tprywvopetpikol &piBpoi
ToU Téov AP elvan Tereloos opiouévor.

*AvTioTpogpws, & elvan yvwoTtéd Té onueio P, elven &péows yvwoTd kal

16 onueio T, omoTe elvan yvwoTh) kad ) EparmrTopévn ToU TéEou AM. AnAabn

&méd Tols TprywvopeTpikoUs dpifpols ToUu Téfou 2a elvan yvwoTr 1) ega.
*Eton elven:
l—ow2a  2npla N2
n2a  2npaouva 1+ owla’

e 17. [TIPOBAHMA. *And tijy e %, va vmoloyioboty oi tovrywvopstounol
aoifuoi Tot Tékov a.

Abon. "Av oToUs yvwoTous Tutrous (29) dvTikoTaoThiooups T ywvia o
pé T yovia %, 8& Ppoupe ToUs &kdAouBous TUTTOUS:

NP e N
1+e¢2% l—aq;ﬁ%
a a o
-t o PO i
1+5¢'*§* 28@%

Ztovus TUmous (30) Taparnpoupe 6T1 ol TprywvopeTpikol &pibuol Tis yo-
vias a éxepdlovtal &5 pnTés ouvapTnoEls TS eq)%.

Oi TUTror This TpwTNS oTHANS Exouv Ewvola, &v
a # +m + 2km, kez.
‘O wpédTos THs Seltepns oThAns Exer Evvola, &v

o # (2K, + 1)_% kel o # + 72‘ + 2k, k. k; €Z.

‘O Belrrepos Tiis SeUTepns oThHANS Exel Ewvola, &v
a# (kg + D owkad a1+ 2k, kg kz;ez.

@ 18. [IPOBAHMA. *Azd ©é ow2a vd dmoloywolody ol rorywvouerowcol
aotfuol Tijc ywviag a.

22
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kad

Kod

Aben. AT ToUs yvwaoTous TUTTOoUS:

2 —
Nl = 5

ouvia = 5
AnAadt), &vTioToiyes:

1 + ow2a

1— o-w2ct

1—ow2a

ow2a =1 — 2nula kal ow2a = 2ouvia— 1
Eyoupe dvTioTolyws:

ouv2a

= | nua I;VI_—__
2

1 + ow2a
< | owa | = =5

PN iVl—(vaa

nua= 4 lf —=— kai ouwa= + ij— quvZu
2 2
O& elvan dxdpa:
1 —ow2a 1 — ow2a
e — SRl
At Err— e B o V1+wv2'”é°‘¢i2+k“
1 + ow2a 1 + cruv2cx
By b T — R
et g o ot sl ol e
kai o # 2k,m, 6mou k, k;, ke € Z.
’ AvakepahcicovovTas EYOUpE:
1—mwza 1—ovv2a
NOoE V St V1+—m7£
—_— — : (31)
Vi+cnv2n 1+ ovv2a
cuva = + g BT

Amd Tous Tutrous (31) gadveton &Ti TS TPOPAnMa Exel Tis £Efis AUges

ke 1

7 - V 1—02w2c
1 + ow2a

ouva = + Vf

nua= + L’-"zwzu
1 + ow2a
2

2

Db V]—wvzﬁif
nua = 5

ouva = —
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¥ o 19. l'eopetpiky Epunveia tdv Miocav adtdy. Té SimAd Tpdonuo TV
Tapamdve TUTTwv EEnyeiTan dg &€tis:

"As Bexfoupe 8Ti: ouw2a = = OP (oy.3) xal AM =0 16 EAGyi0TO Be-
TIKd 160, TOU érrolou TS cuvnuiTove elvan .

"Av M, elvan Té ouppeTpikd ToU M dos Tpds Tév &fova A'OA, TéTe kad TS
T680 AQ\M, Exer 16 1810 guvnuitovo u=OP. ‘H T k&8 &\hou TdEou, T6
omoio Exel dpxn TO A kal Téhos T6 onueio M 4 M;, 8& elven:

2a= 40+ k-2m, kez. . 7
B
0 — L EQ
"Apa: a= 4+ — + k- (1) S R J*’,
2 ,t'T,I

Av k=12v, veZ, ToTe
]
a=+4 —— + 2v-
2 ;
kai T& dvtioToixa ToéEa TEpOTE-
vovtar oT& onpeia N kaf N;, émou
N kai N, & péoa TéV 160V

AM i ANM,. NYT,
Av k=2v+1, vez, T6TE 1 B’ M
oxéon (1) yiveran : Sy 3 >
1
8 8
a= -+ o +@uv+ D= + —5- +m+2vmr 2

kol T& dvtioToiya TéEa TepaTvovTan oTd onueic Ny kal N,, dvmiSiapeTpixd

T&v N kal N; dvtiotoiyws. T fuitova Tév T6Ewvy A,I—*i\, Aﬁ;, Aﬁ;, Aﬁ: Exouv
foes &mdAuTes Tipés. TS 810 oupPadver kai pé T& ouvnuitovd Tous.

T& T68a AN, A?‘Ja kaBos kad T& ﬁ’\-l‘:ls, ﬁ?\ll Exouv foa fjuiTtova kai dvri-
Bera ouvnpuiTova.

Té& T68ax AN xad Xﬁa Exowv v iBix dparrTopévn AT, kal THv 1B OUVEQQa-
mropbvn BE,, &vd T& TéEa ﬁ\lz kal ﬁ\ll Exouv v i8ia Eparrropévn AT, (&pvn-
Ticr) kad TV 181 ouvegarrroutvn BE, (dpvnTikd).

— > > — >
T& Biavvopara AT, kal AT, elven dvTipporra, ke kad T& B2, kai BZ,
pé GAyePpikés Tipés &vTiBeTes &vTioTolyws.

® 20. [IPOBAHMA. *And vd avva vd dmoloyiatioiy of towyevopetool dot-

0:““” L4714 }fm;'t’ug a.
, o
Aber. "Av aTous TUrous (31) BaAoupe dvTi yid T ywvia o TH yeovia Ei

EXOUPE TOUS TUTTOUS:

24
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a 1—ovva a 1—ovva
'“"2_*]/ 2 "’z"iV' '

1 + ouvva

S — @2)
a 1+ ovva a 1+ouvwa
‘“"’z”tV" 2 6“"2___‘&1/0.—01)\:«

"ATtd ToUs TUTTOUs avTous aiveToan TaAl 6T1 TO TrPOPAnua Exel TEOOEPIS
Aoeis, Tis £Efis:

B V I-owa - | P Vﬁ},—:@\fﬂ
gy =4 2 ‘ LT )
1 3.
o & o [ L+ owa L"“"i_‘v 1 + owa
= 2 = 2
. e (| & V e
My =+ v EEaml| WmS—d
2. |4
« 1 +owa | o V_l_—}:'ou{ad
i =*V"’"2 | s = I o

‘H yewpetpikry éppnuela @Y SimAdv onpelwv TGV TUTTWY aUTtdy yivetan
pé Tév Tpdémo ToU Eywve kal oTh TponyoUpevn Tapdypago kal pé Té 180
oxfina.

Mapadevypa 1. Nd dmoloyiaotv ol torywvouetouxol dolflpol Tod tdiov 22°,5.

Aben. 'Emadn 0° < 22°, 5 < 90°, oupmepaivoupe 811 Shot oi Tprywvope-
Tpikol &pifpol Tou Tofou 22°,5 elvan BeTikof. “Apa:

i T—auwds 1/ leedNg '?z)"_v 2-V2 _

nu22 '5:]/' e V_ 2 - 4 ~ 2 V2 V2,
T o 1+ (V2:2 2+V2 _

w225 = Vl i c2>'uv4_5 ol v +(2\/- )= V +\f V2 T

13-v2:  smas g wmratls
€22 ,5=V2’3;\;2:ﬁ = 9 _*_'—\/-:2_ =5 +‘/2 e 1\ = P

/7 Ld
op22°,5 = - . alect

2 e el B

25
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% Hapadavypa I1. Nd dmoloywslei 1 ep 7° 30'.

Abon. *Emaidry elvan:

a _ nwe _l-owa k
2 Tiltowa nua ! o ikm) = €&
B4 Eyoupe: £97°30'= 1;—:1‘;" 2 (1)

A& owl5® = —l— (V6 +V2) Ku{nu15°=—;— (Ve -v2)

kai | oyfon (1) ylvero:

1 —
- (Ve + VD) 4ve-v2)(WE + V)

s %(\[?-\[2‘) - (Ve-V2)V6+V2) N
_ 46 +4VI_4V3I -8 — rx . m
= 46 + L =8 VI 4+V2Z-2
"Qore : e@7°30 =V6 —\V3 +V2 —2

Né& Bpsite pdvor gas Tdpa ToUs EAAOUS TPIyVORETPIKOUS &p1Buovs T
yovias 7° 30"

% Tlapadevypa ITI. Nd dmoloyiotody ol Torywvopetoucol doipol tijc yw-
viag 165°.

Abon. *Emeadn 270° < 330° < 360°, oupmepaivoupe &1 1357 < 165° < 180°
xal &pa T6 T6Go 165° Exer Té TéAos Tou oT6 Belrepo TeTapTnudplo. O& Exel
&xopn Betikd fpiTovo kol dpvnTiké ouvnuiTovo.

"Etol 8& Eyxoupe:

= ow3i® 1—(V3:2 e\ S
nul65°= +V% =+ —%[——) = % V2-_v3
1+ ow330° 1+ (V32) g2,
crwl65°=—v] ke L =—V nh (e S NV +V3,
2 2 2
nulés°

£p165° = =V3-2 kaf 09165°=—(2 + V 3).

ouvl65°
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Inpeioon. "Emadh 165° + 15° = 180°, 6& Exoupe BiaBoyika:

Yoo¥2 . lyates

nul65°=nul5° =

--‘/—_:\[ =—é~\f2+\[3

ouwvl65° = —owl5° =—

ep 165° =—e915° =— (2—-V 3)=V3-2
kel 0@l65° =—0@l5° =— 2+V3)
X Tapadevypa IV. Nd dmodeyfei ) dlrjfewa tijs lodryrag:
- Tn 3

4 =

= AL ﬂﬂ 45_" =
A= -+t g Ty 2 "

*AndderEn. 'Emeidn Z;L—I— J;— = kal 3—81T— + E;L =,

TpokUTrTEl OTI:
T it 5m 3
e —— g U 8 e —4— 8 =N 3

bdmédre f) (1) pas Siver BraboyIkd:

3 3ar

1 —ouw——
+ 2 4

2

A =2nut ﬁ+2nu 38 =2

T
1—GW—‘£
2
2

2

=2.

4 4\[2+2 4+4\f_+2 M, _ 0

e 8 8 8 2

X Tlapaderypa V. Nd dmodeiyfei Gve 1 magdoraoy:
B = ovvia + ovvi(a + 120°)+ ovv¥(a — 120°).
elvar dvekdotnty dmd td tébo a.
*AnbédeiEn. “Exoupe SiaBoyikd:

1 +ow2a 1+ ow(2a 4 240°) | 1 + ouv(2a—240°)
B=—T5——+ 5 B s

ow2a + ow(2a + 240°) + auv(2a— 240°) ] =

724
) 1 &,

l e p—
[awZa—2-Taw2cx]——é—+ o= 0= 5
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(2—\f_)“’ (2+\6f2—)2
L T

6]

¢))

[o‘w2a+20‘w2uow240°]= 3 +%[o—w2a+20w2a(—wv60°)
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e 21. [IPOBAHMA. >And vods vorpovoperpixods anlluois tijs yowiag
vd dmoloyioloty oi Torymvopsroxol dolfpol Tis yowvias o.

Abon. 'Atd ToUs yvwoToUs TUTTous:

ne2a = 2nua ouva,
ow2ax = owia — nuia = 1 — 2nula = 2ouvia — |,

2eqa ; 1 —eq’ax
epo = = kol  op2a = Bopex
&v otou o PaAouue Téfgf , 8& E&xoupe ToUs TUTTOUS:
- a a a
npoe = 2np ——2——cuv727 2e¢ ;7
£Qa = -
e e g B 1— et
CUVE = gLV 2 nu 2 EQ 2
(33)
a
=1—Iwt - 1—cg? 5
opa =
== 2 .(.1_ — a
= 20vv 2 1 28q)T

Téte té péAn Tédv Ty Tis S:UTepns oTnAns Sév Exouv Evvoia;

EQAPMOTEX
1. Nd dnodeiybet % dhijfea tijs iodryrag:

- 1+1lu0—cm0 =E‘P%-

1+ npb + ovvd
'Arddeigy. "Exoupe Siadoyikk:

0 9 0 3} ] 3}
=it 7| 2 Y ) gV
Agl—.—2nu2 2 (l 2nu 5 ) 211|.12cruv'2 +2n}17 >
e i) I ) o
1+ 2nu 5 —OUV—— (2cruv —zuwl) 21'];.1—2—t::rw—z——l-2<:rw2 5
$ont mt) !
il 2 g R 8
= — = i
auv (qu +ovvi) cruv-e— -
2 2 2 2
&v loylouv: 6 ;é% + ki xad 82k, +—-;—, yati;  k, k, € z.
28
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2. Nd anodeylei 7 aliifeia tijs lodtnras:

0 1 0
w”( f:— + —2-—) S el

"Anbderln. “Exoupe BiaBoyikd :

6

TWT 2

- 8\ 8 \2 (1 a ) )
S e 1 -fep—- oUV-—5-

“T w0 (e))

A5+3)-
6 W T _(1 ™ e)"_(l e)"f '
04y Bad (1 i 2)
s
2
(crw 2 + —e-)z ouv? . + 2——e-—+2 g ouv £
g I T e Ueer & By 1 aub
(U'W . e‘“)z ouv- 2. o 2 —e-a'uu o Fehs
R CHRRLIE Bl b
AZKHZIEIE
[Mpotn opada
22. Na 4mobaixfouv of drdhoubes [odTnTes:
crq.\.g_+l o
ouv o I
1. A = T=rf ° 2. TEpA — EQQ = EP (45 ,2_),
op——1
2
1+ a -+ “
ouva + UV~
3 E¢a+15uc=ocp(45"—%) . 4.._—...12::@,;,,
nuc + nu--;
5 nu 2a l—m.um;3 a & nu 2a ouwva a
" 1I=—ow2a owa g e Trewea T Fows 7D
B e (450 + 227/ Lt nua
T uq:2 5112 209a, 8. eq ( 5° +4 2) e

23. N& &mwodeixfouv ol wapakdTw looTnTes:

1. (owa + ouvp)? + (nua —nup)? = dowv? 2 ;_ﬂ 3

2. (ouva + ouvP)? + (nua + NuP)® = dowv? f_iﬂ ;

3. (owa — owpP)? + (nua—nup)? = dnu? Etza :

nut (% + %) — nut (—181 - ;) 5122 nua .

-~
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X Acgbrepn opada
24. N& dmoBeryfouv ol dxdhouBes lobrnTes:

, A Lauo® 8 g T gim_ 3
N Siladt 2 Mgt =2
3. ouvt —g--ro'w“%:+uuv'§83+cruv‘?;=%
4, (l+cruvf) (I+wv ) (l+wv5;r) (1+wv78w)=%.
5. *Av o‘uvx__..,f, ouvy:_..g_,, oww = T . ToTE:
P+y Y +a- a+ p

il + @2 Y g,
ol AR T
25. N& &mroderyfolv ol dxdhoubes lodrnres:
I
L W
Efp(ﬂt ﬂ+—3—)+5¢ (ﬂ Y+—) + g (Y*ﬂ -3—) =

“ (s g)m (v ) (r-et3).

2. Sog(y +a—B)op(a+P—y)=1, &v a+ B+ y=0.
3. Zog(2a+ P—3y)oe(@P + y—3a) = 1.

4. Zx(1—y?)(l - w?) =4xyw, &v xy+ yw + wx =1,

5. mu(a+PB+y) < nua -+ nup+ nuy, &v 0 <a B,y <

2
6.  N& &moBeryfel émi:

1 + nuta 4+ nu?B > nua + nup + nuanup.

* ® 22. [IPOBAHMA *And vy ep a vd dmodoyiobei 7 ep &
Aben. "ATo T yvwoTr| loéTnTa:

295 & e
Epx = ———— §Eyoupe THV: Epx s(pzT - 25@7 —epax=0 (@)
l—eqﬁ%

&md TH dmroia Ppiokoups:

a —1+4VY1+ sp’a

S cpa 30

Awgpedvnen. "Amd Tév TUTo (34) gaiveton &1 TS TpOPAnpa Exer SUo AU-
st i
oeis. ¢ & Tipn THs ega, o dvTioToiyel o6 Sidvuoua AT, Trou £xel pfjkos AT,
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&vTioToryouv Buo TéEa AM xal A,'-I':f‘ll, OUPETPIKG G5
Tpds T6 KévTpo O TOU TPIywVOUETPIKOU KUKkAou (o). 4),
v &molwv of Tipés elven:

a=8 + km (1) kez
&rrou AM =6 16 EéyioTo BeTikd TéE0. "Apa
o i) s
e Nt @

Aroxpivoups BUo TrEPITTTAOEIS.
A) *Av k =12v,vEZ, 1 (2) yphgeTon:

== % + v )
kal T& dvtioTorya TOEa Exouv TO TéAOS TOUs OTA OT-
peic Nxai N, kad #ouwv Ty i Eparmrropévn, moU
TrapioTéveTan &mod 16 Tufjua AT,

B) *Av k= 2v+1, vezZ, ©| (2) yp&oeTau: = 4
o 0 m
R T A @

xed T& dvrioToya Té€a Exouv TO TéAos Tous oT& omueiax M, kal Mg xail Exouv
tparrropévn TO WijKos AT;.
*Emaidfy 16 Tplywvo T,0T, elven dpBoycwio o6 O, 8& Exoume:
AT AT,

AT,-AT,=—OAt= —0B? ff — .— =-1 )
OB OB
Té ywéuevo Tév pig@v x', X' Tiis EE1owoews (@) elvan:
o EQa Wi
EQ

xed &mo 866 adveton &1 &Anbeler fy (5)-
*Av, &vtl y1& THv epa, SoBel T TG0 1671 1 mopdotaon V1 +epia
elven peycdUtepn &mé T povdda, Stav epa # 0. "Apa:

= epax >0 i
1. Av0<a < —, TéTE:{ o %‘Eq,i___—_l—i-_\/-lﬂd_
2 qu-7>0 2 £pa
epa <0
2. "Av ¥ <a<T, ToTE: l = _=—1—\[1+Eq>2u
e ep >0 2 EQa
3 epa > 0 '
3. ~Avw<a<3—, TOTE: [ & =>eq;i:_1"v-l+€‘?2°‘
E(p—2—<0 2 EQa
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epa < 0

a  —1+V1+ epia
4. 'AVBTTT<O:<21T, TOTE: { E‘P‘g <0=’E€P M= gpa " o1 -

K Hapadevypa. "Amd Ty epd800° = —4/3, vé& UroroyioBet i €p2400°.
Aban. Né& vé Bpolpe 16 Téhos ToU TéEou 2400°, ypbaoupe:
2400° = 360° .6 + 240°.
“Apa TS TS0 2400° Eyer Té TéAos Tou oTé TpiTo TETAPTNUSpIO.
‘H tpamrrouévn Tou elven fetixd. AnAadn:

=1—V1+3 ~1-2 3
£p 2400° = —— == =\3
—-V3 -V3 V3 Y
Mrropolpe, 8pes, v EpyacTolpe kol d EEfis:
ep 2400° = e (360°-6 + 240°) = ¢ 240° = £ (180° + 60°) = ep60° =V 3
kol Erouéves:

owddiP et Lo e S L ¢
—V1 +e922400° —\1+3 2

it SN0 . VR, NO
—V1 4 €9?2400° —V1 +3 2
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KE®AAAIO II

METAEXHMATIZEMOI TPII'QNOMETPIKQN ZIYNAPTHZEQN

® 23. Metaoynuariopds dfpoiouarog 7 duapogds o dpdwupwy Toiywvo-
pEToudy auvagtijoewy of ywdpevo 7 mnAixo.

@) ’Amé Tis yvwoTés TauTOTNTES:
nu(a + B) = nuaowp + nup owa, | ouv(x + P) = owva g — nuanup,
nu(a — P) = nuaouwP — nup ouwve, | ouv(a — B) = owvaowp + nuanup,
TrpooBéTovtas kol dpaipdovtas kard uéhn, Ppioxoupe:

(e + B) + nu(a—P) = 2nuxouvp, M
nu(a + B) — nu(a—P) = 2nup owe, @
ouwv(a + B) + ouv(ax—PB) = 2ouva ouvp, 3)
ow(a + B) — ouv(a—P) = 2npanup = 2nuanu(—p) C))
kai &v Pdhoupe:
AT A+B
a+p=A 2a=A +B =D e B=A
a—p=B}¢2ﬁ=A—B}¢ e TR
p=—s
of (1), (2), (3), (4) yivovren:
mlA+mtB=2nuAijvA;B (35)
A—B A+ B
ﬂuA—-mlBEZWTWV%— (36)
cuv A + ouvB EZWv‘f\f;’lva:B @3N
o'mrA—canEZﬂuA—_;l3 n F;—A (38)
B) “Exoupe Sicdoyikd:
_ mpA nuB _ nuAouvB + nuBouwA _ nu(A + B)
A +eeB= AT ows ouvA ouwB ~ ouwAowB’
ool 84 elvan A # 12[- + km xal B % -12L + kym opé k, kjeZ.
3 33
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TeA nuB _ nuA ouvB — nuB ouvA _ nw(A—B)

epA —epB= e ol

ouwB ouvA ouvB owA ouvB

crq;A+cqu=ﬂA ouvB _IEWVA+HHAWVB_TLLL(A+B)

A T quB nuA nuB T nuAnuB
apoU B elvon A # (ky + 1) wad B £ (kg + 1), pé ky, k; €z,

ouvA B Ev__B_ __ nuBouwA —npA ouvB _ nu(B—A)
nuA  nuB nuA nuB ~ nuAnuB

'AvaxepadaidvovTtas Eyoupe:

kal opA —o¢gB =

_ (A + B) _ (A + B)
_ mA—B) _ _m(B—A)
“0) | A= S AenE OPA—IB= AmB | @
® 24. Eidikéig mepintdoeig. “Exoupe SraBoyika:
@) NpA + owA =nuA + nu(90° — A) = 2nu4d5° ouv(A — 45°) (¢))]
kai  Emeidr) 2nuds5° = 2. 7\/‘-22__ =V2 «kai:
ow(A —45°) = oww(45° — A) = nu(d5° + A), 7 (1) yiveren:
NPA + oWVA=\2 ouv(d5° — A) =\/2 nu (45° + A) 43)
B) nuA —owA =nuA — qu(90° — A) = 2nu(A — 45%)ouvd5® =
=V2nuA—45°) = -\ 2 nud5° — A) = —\ 2. ow(45° + A).
"Qote 8& elven:
A —ovvA = —\/2 qu(d5°— A) = —\/ 2 ouv(d5° + A) (44)
= s e g D [
¥) 1 + nuA =np90° + npA = 27]1-1(45 +—-§ )qu(45 —?)
kel érmreidn elven:
nu(45° bk :,}) = cruv(45° - —27), 0& Exoupe:
A A
14 mpA = 2nu2(45°+——f)52mw"' (4s°—7) @5)
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8) ’Emions 8& slvan xad:
1 —nuA = nud0° — nuA = 2nu (45°_ ;-)wu(45° +g—) =

A A
— 2 e — 2 R
=2nu (45 2 ) = 2ouv (45 i )

1—npA 521]“2(45°-~; )E 200v? (45“ + :)

£) 'Emiong elvan:

BnAadA:

1 + owA = ow0° +ouvA EQO‘U\JO_ ; A e 2—A = 2ouv? A2 )
o A AL (]
1 — ouwA = ouvld’ — ouwA = 2nu A ;_ nuA20 = 2np? g
"Apa :
1 4 ouvA EZwvzg 1 — ouvA = 2p? %

ot) "Av A # ; + km, pt k ez, 8& Exoupe:

— eodR® _ MM(45°+A) _
I +epA=ed5" + 69A = — T oA

= VZnu@s +A) _V 2 ow(45° — A)

cuvA ouvA,
< u(45° — A
kai 1 —epA = €45 —EcpA:-%U%TW—W)\—_ =
_ V2nu45°—A)  _ V2ow(45 + A)
= ouvA ouvA
* AVOKEQOAIGVOVTS EXOVHE:
_ V2np5° +A)  _ V20uv(d5°—A)
1o CUVA ouvA
_ V2nu5°—A)  _ V200v(45° + A)
e et auvA ouvA

D) "Av A #£ (k + 1)m, ué k €Z kai pé duoix épyacia Pplokoupe :

V2npds® +A)  _ V2ouv@d5°—A)
1 A= =
e npA npA
ey e Vnuds —a) V 26uv(45° + A)
npA npA
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47

48)

(49)

(50)

(51)
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E®APMOTEZ
magdataon:

03

a) Nd anlomowmnblsi 1)

(ovva — ovv3a)(np8e + np2a)
(nuSa — npa)(ovvde — ovvéa)’

A=

Avan. "Exoupe SiaBoyikd:

2 a + 3a 3a—a 8a + 2a 8a—2a
yltt 5 nu 5 - 2nu 2 ouv 5
A= —;
i S5a— 5 =
20 u2 & cxz+ a 2nu4c¢ -; 6a Y 6 24(::

_ 2np 2a-npa-2nuda ouv 3a

~ 2np2couv3a- 2nuSonue 1, &v foxUouv:

a«#km, a £k - 5,0;&k,- 2, o # (2ky + 1) % k, ky, ky, ky € Z.

B) Nd driomownbfet 16 xAdopa:

_ _Mpa—npSa + quda —npllda
~ ovva — ovvSa — ovvda +ovvlda

Aben. “Exoupe SiaBoyik:
_ (nu % + nua) — (Mul3a + nuba)) _ 2nuSaouvda — 2nudaouvda
= (owa— owba)—(ou9a —owl3a)  2np 3anula— 2nu llanua

_ owda(npSa—nuda)  ouwvda-2nu2aowla
T n2a(muda—nulla) T np2a-2npdaowia =i

&v Umdpyouv ol oyéoes:
nu2a # 0 <> 2a # k1w < u;ﬁk.—g, ut kez,

nude £ 0 o da # kg oo @ £y, wé K€z,

owla #0 <« Ta # kym + lz-e-a :,ékz--; —{—I—T‘; ué k, € z.
v) Nd yiver ywvduevo 1) magdoraon:

A = npx + npy + npo —apx + y + ).
Abon. "Exoupe Sradoyikd :

A =2nu x-é—yo_wx;y_*_znum—xz—y—mowm+x _; yro =
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E2nux;ycrwx—2y—Znux;ycwzmszry
= x+y AT, o 20 XY
=2nu 5 | W3 auv 5
o 2 _
Eznux;—y_znux y+24m+x+y - m+x—i;y x4y

X % + -
= 4nuf¥ : nu-—;—@ -nu‘iz Y. Apa:

X+ [0} 0+Xx
nex+npy+nuo—mp(x+y+y+o) = 4mlTy ,“,L*z‘, np 2+ (52)

Inpeioon. “Av of ywvies x, y, o evay, dvioTolyws, of yawvies A, B, I tvds
tprycovou ABT, ToTe 84 Exoune &md Tév TUmo (52):

nuA + nuB + nul —nu(A + B + N =nuA + nuB + null —nul80® =

A+B B+T r+A
=nuA + nuB + null’ = 4nu e nu = nu s P

2 2 2 =
= L AT . T
A+B r A4+ B r i
yieerd —J;- + 2—:90“, &pa nu- -;— =ow5, Apa:

X¢ ndfe tolywvo ABI' ioyder:

neA + nuB + qul’ = dovv %W‘%W"g (32a)

8) Nd yiver ywipevo 1 mapdoraon:

B = ouvx + ouvy + cuve + ouv(x+y+).
Abon. “Exoupe Siadoyikd:

B = 20w X+ x;y +2o-wm+x+Y+mmw—x—y—m

2 2 2
. x+Y X—y x4y x4y + 2w
= 20w b + 20w 7= oW 5

3t
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- Xty X=y X4y + 2w
= 20wy 5 ow—sy + ouv 5
E2ovvx;_y 20— +:+y +2wmﬂ___m__—x4—y i

— Y = T :
= 4owv 5 oW-=m—ow—y

“Apa :

X+y e yt+o olF o+x
2 2 2

ouvX +ouvy + cuve + cuv(X +y + m) =4ovv (53)

Inpeioon. “Av ol ywvies X, y, @ elvan, dvrioToixws, ol ywvies A, B, T
gvds Tprywvou ABT, TéTe:

m(x+y+w)=aw(A+B+I'):auv180°=~—l

kol ow X ;_ y:wvA2+ g2 T]IJTr,. .. kal & TUmos (53) ylvetan y1d xdbe
Tplywvo ABI: ;
' |
ouvA + ovvB + ovvl =1 + dnp % np% np; (53a) 'I

¥ €) Nd yiver ywoueve mapaydvrow 1) mapdaraoy):
I' = ovvia + ouv?p + oovly + oovia + B + v) — 2.

Aben. "Exovue SiaBoyikd:

ouvia + ow?p = 1 +2WV2Q+ b+ ;uv_ZE =1+ ; ow2a + ouv2p ] =
=l+ ; .2ouv(a + B) ow (a—PB) =1 + oww(a + P) ouv (a—P).
*Errions elvan:
ow?y + owi(a + B+ y) = : +2GW2Y+ £ +UW2(2G+B+Y) =

E]-l——; ow2y + ow2(a + B +y) |=1 + ow(a + p) ow(a + P + 2y).

*Apa 8& elvan:
I = ow(a + B) ouw(a—B) + ow(a + B)ouv(a + P + 2y) =
= ow(a + P) [ouw(a—B) + ovv(a + B + 2y)] =
= ouv(x + B)-20ww(a +y) ow(B +¥) =
= 2ouv(a + ) owv(p + v) ou(y + ).
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"Qore:

cvvia 4 ovvif+ouviy +ouvia+p4v) — 2 = 2ouv(e+Plovv(B+r)ouv(y+a) | (54)

Inpeiwon. "Av ol ywvies o, B, y , dvTioToiyws, elven ol ywvies dvds Tpi-
yovou ABT, Téte & TUmos (54) yiveten:

ouvZA + auv?B + ouvlT = 1 — 20uvA ouvB ouvl ] (54a)

‘O TUmros (54a) ypdgetan ouvtopdTepa kai G EEfs:

LZouviA = 1 —2[louvA pé A+B+l"=lﬁﬂ°‘
AZKHZIEIZ
Iparen opada
26. N& ylvouv ywépeva ol wapaotéoers:
I, nuda + nua, 2.  nula—nudea,
3.  owba-ouva, 4. ow3a—owbSa.

27. Na dmwobeiyfel f) dAnfeia Tov looThTwy:

1 ouv3a - ouvia — 3. nu2a + nuda L
nuSa = nu3a b ow2a — ouv3a ? o
ouv2a —ouvda _ 93, 4. ouvda—ouva  _ - Sa 1
nuda — nu2a nua — nuda 2

28. N& yivouv ywvoueva Tapaydvrwv ol mapaotdoes:

1. nua — nu2a + nula, 4. ouv3a + ouwda 4 ouvla -'- ouvlSa,
2. nuda + nuia + nulla, 5. nuia — nuSa —nu3a 4 nua,
2o ouw7a —ouvda + ouvda —ouva, 6. guva + 2ouv2a + ouv3a.
29. N& &mobeiyBei ) dAfifeia Tév lcothiTwv:
|18 ni2a + nuda—nuer ep2a,
ouwv2a + ouvSa + guva
2. nua + nuda + nuda + nula epda
ouwva + ow3a + ouvba + ouvla '
3 owla 4+ ouv3a —ouvSa —ouva op2a

nula — nuda — nuba + nua
nuA — nuB g A—B-

ouwvA + ouvB 2
TMéTe Bév Exouv Evvora T& péAn TEOV Tapamévw lgothTwy;
X Asdtepn opada
30. N& yivouv ywopeva ol TapacTtdoes:
nu(e+ P+ y + nue—p—y) +nu(a+P—y) + au@E—p + v

ow(p + ¥y —a) —ouw(y + a—B) + ow(a + p—y) —ouv(a + P + y).
nu2a + nu2p + nu2y —nu2(a + P + v),

nua + P — nu(x + B) = 4nu % nu -g— nu “—4-2"3.

ouv?f 4 ouv?20 + ouv?30 4 ouvi4t — 2.

L
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@ 25. Mztaoynpatiopds ywvopivov of aBpoiopara i Swagopic.
*ATd Tis yvwoTtés TauTOTNTES:
nuA ouvB - nuB ouvA = nu(A + B),
ko nuA ouvB — nuB ouwA = nu(A —B),
ué wpoobeon kal deaipson kord péAn Ppiokoups, &vTioTolyes:

2npA ouvB = npu(A + B) + nu(A —B) (54)

kadl 2npuB ouvA = np(A + B) —qu(A —B) (55)

’Emrions &mo Tis yvwoTés TouToTNTES!
ouvA ouvB — nuA nuB = ouv(A + B),
kol ouvA ouvB + nuA nuB = ouv(A — B),
pé mpdobeon kal dpalpeon kot péAn Ppiokouue, dvTioToiyws:

| 200vA aUVB = V(A + B) + ouv(A —B) (56)
el 2npA quB = ovW(A — B) — cuv(A + B) 7
E®GAPMOTES

a) Nd dnlomowmbei 16 xAdopa:

nu8a svva — npuba cuvia

i ovvZaouvva — np3a npda

Abon. “Exoupe SioBoyikd:
e 2nuBa owa —2nubaowda _ (nuda+nuia) — (nuda +nu3a)

= 2ow2aowa—2nu3a nuda  (ow3a + owa) — (owa — ouvTa)

ne7a—nuda 2nu2aouvda
ow3a + owla ~ 2ouv 5a ow2a

— e«p2a,
&v o # (2k + 1)% el o # (2K, + 1)3;_, k, k, € z. Terr;

B) Nd dmodeiylei bre:

I T I T I T I T I T A T I T R T
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"Anodertn. "Amd 16 yvwoTd TUTTO:

= . _ nH2x
NH2X = 2npX OUVX, EXOUNE: OUVX = T
kol ETTopévess:
s M1 o o - L R
WMy Wy Wege Ry ey s

A= = K o
2T 3 41 51t 6 Frwiiy 27
it 15‘ 2““ 5 s 2”“75 2““ Tl L L}

e ™ 14w _ 3w _ 12w 10w __ 5w
4 val: ME s =Nps, MEE =T, e =N s

W 7) Nd dnodeyfei 1 alijfea tijc iodrnrag :
3

A =np20° .qpd0°.qp60°.qp80° = 36 ° 1)
"Anédertn. ‘H lodtnta (1) ypheeran:
2-2np20° nud0° - 20uv30° ouv10°® = —g— : (2)

*Av dvopdooupe B 16 TrpddTo péhos Tis (2), 8& Exoupe:
B = 2(ouv20° — ow60°) (ouv20° — owvd0°) =
= 2(ocwv220° — ow20° ouv60° + ouv20° ouvd0® — ouvd0” ouv60”) =
= 20uv?20° — 20uv20° ow60° + 20uv20° ouvd0° — 20uv40° ouve0® =
= 1 4+ouvd0° — (ouv80° +owd0?) + (owb0° +ouw20°) — (ouv100° +ow20°) =
= 1 —(owB0° + ouv100°) + ow60® =
1 1 3

= 1 — 20uv90° ouw10° +T=1_0+,2...___T_
3

kai &pa A=1—.

X @ 26. Nd perasynuariofiei of ywdusvo 6 dlootopa tdv furdvar v vd-
Eww, mod dmoredody dollunriei) mpdodo.
Abon. "As Utrobéooupe &1 BfAoupe va Ppoupe TO &bporoua:
S =nua + nu(a + w) + nu(ae + 2w) + ... + qu{c:+(v— Dw] (1)

"Av ToMamAacidooupe kal T& SUo péAn Tis (1) pé 2np ——, ExouvuE:

25nu % = 2npa nu% + 2nu(a + m)nu% A 2nu[ot+(v—l)w]nu T
" ) @ o AL w
AMNG: 2nuany — W (a —5 ) crw(cx +—2 ),
3w
2nu(a + w)nu & ow [a+— owla ),
2 2 2
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5
2nu(a + Zw)nu% =ow (u+3Tw)__ GW(C! -l---22 ).

—Q—=o'uv[u+¥m ]—c’uv[u +2v2—l m]

2nu[a+(v—1)m]nu -

TMpooBéTovTas kaTd péAn Tis iodTnTes aUrés Exoupe:
2v—1 m]=2qp. Y v—21 m]nuv;a,

w w
25nu T:crw(a—- -2—)— c'w[u + 5

&’ 8mou, Tehikd, Ppiokoupe:
a -+ bt ® i
np 2 ne 2
S =- (58)
9
g

Mé dvéhoyo TpdTro Epyalduevor Ppiokoupe &Ti TS &Bpoioua:
§8' = owa + ow(a + w) + ow(x + 2w) + ... + owla + (v — 1)w]

v—1 Vo
ovv [ a+ 3 m]nu 2
elvan: §= o (59)
ne 2

Té &mwoTéheoua aUTd Pyciver &md Tov TUTo (58), &v dvTikaTaoTHoOUNE

™ a uémg —a kel TO w pé —o.
*Av @ = o} of TUtror (58) kai (59) yivovta:

v+1 va
e 3 )a-nu—z--
S, = npa+np2a+npdat. .. +apve) = —— o .(60)
W=
(v+1) & va
e -
e (61)

kal  S,=ovva+ovv2atovvda+t...+ovv(va)=— o
1“1_
2

*Av Quows Pddoups w = 2a, Exoupe Tous TUTTOUS:
_ w¥(va)

npa

(62)

S, = nuoa+nuda+npSa+ ... +qpv—a
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