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KEDAAAIO 1
AMAPAITHTEZ ENNOIEZ AMO TA ZYNOAA
1. OPOAOTTA - EYMBOAIEMOI

1.1 ZopPoha. KdBe AéEn moU petoxeipifopooTe elvon TO olufolo mds
Evvoias. Tis Sidgpopes poBnpoTikés Evvolss Tis TaploTavoupe 8yl povo pé Adfers
ARG kol pé dAAa odufola K. pE &TA& ypdupaTa f pé Sikpopa Ypopikd oTi-

—>
pota fj ki pé cuvduaopous Tous. TT.y. «fy edBeicr AB», «& dpiBpds 5», «AB»,
«ax + B =0», «Va».

1.2 "Ieétnra. Aud oUpPola x kai y pmopoUv v& TapioTavouy Thv iBix
Ewvola fi kol Evwvoies, TToU GecopolvTan &wd WG OplouEvT) OKOTIX TOUTOOTIUES.
ZTv mepiTTwon oUTh yp&poupe X =y, XpnolpoTroiwvTes T oUuPolo = 7ij;
iodrnrag. *H &pvnon ToU x =y moploTaveTal PE X # ¥ (TO oUpPoro # Bia-
Bdletan «Bidpopo TOU»). AY.
iy 2720
BN BN

1.3 Zidvoka - Eroryeia. Z¢ pepixés TepITTOoEls W& Evvola propel v Beco-
peTTan o5 otvolo Oplouévev kol Siakekplpévwy &AAwy dvwoldv, TAV atoryelmy
Tov. Ty, m& edBeicr propei vé Bewpeiton dos olvoho TAV onueiwy Tns, Mk T&EN
s oUvoho T@v palnTdv Tns k.o.k. "ANAG kail Eva ouvolo prropel vé elvan oToi-
Xelo Evés &AAou ouvdou. TIy. ik edbela prropsl vé elven oTolyeio wds Tplopa-
TiIkfjs Emipdveias, pik T&EN oToixeio k&molou oxoleiou ot Bemositar G5 oUvo-
Ao TaEewv kTA. 'AfioonusicoTa oUvoda dpiBpdv, pé Té& dmoia Exoupe fibn doyo-
AnBe, elvanr T& olvola:

5=5 5=2+4+3 qn 3£ 4.

N TRV QUOIKGY &p1Buddv

Np TRV dkepaicov TRS &piBunTikis

Z T&Y dxepaicov &p1Buddy (oXeTIKGY dKepaiwv)
Q TRV pnTAY EPiBuddy

R TRV TPAYPATIKGY &p1Buddv

R+ 1dv BeTikdv mpaypaTik@dy &pifudv

R; TGOV pr) GpvnTIKQY TPaypaTIkGY &p1Buddy
[ TGV MIYadik@y apifudv.
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Thv Exppaon «16 x elvar oToiyeio Tod E» ypdgoupe xeE (ff E 3 x xal
SiaPaloupe «&md T6 glvoro E Té oToixsio x») xpnoipomoldvtas T oUpfolo €.
Tnv &pvnon adtiis 8& oupPolifouvpe pé x¢E (f: E#x) kai yevikd v &pvnon
Tiis Evvolas ToU TraploTdvel Eva oUpBolo & Th onusikvoupe SiaypdgovTas TS
cUpporo alTd pé pik ypouun.

nﬁpatl']p'qoq. 'AvTi Tou &pou oToixeio Xpnotpomoteital kal & Spos onueio ToU elven
udhioTa kal mé KaTéAAnhos oty mepimTwon ToU guvdhou R TEV TpaypaTiKy &piBudv

kai ToU guvdrou C Tév uryaBikédy épibudv, &mov, Sws Eépoupe, T& OTOIYEIR TOUS TTUPITTA-
vovTan wé T& onueia wds eUbelas fi Evds Emimébou dvrioTorya.

1.4 Ilpotaciaxds tomog - EovBikn. Ztd poabnuatikd ypnoipomoiolvral
oUXV& EkQpaoels STreos:

«x elvat dxépaiog»

«x elven ioookehés Tplywvor

«x Sroupel Tév &piBpd 10»

«x € E»,

ol omoles kai &mrodiSouv dpiouéves 1816TNTES 0TS X.

"Exgpdoels Tou Tepiéxouv Evet oUpPolo X, odv Tis TapOTAVL, XXPOKTT-
pifovtar, Omaws elven yvwoTtd &’ T padnuaTa TV Tpomnyouudvey TaEswv,
ME TOV &po mpotadiaxds Timog (@vowxti) modracy, fi ovvlijxy) moid meoéyer Eva
abuflolo x. "Av of Evav TpoTaciakd TUTo P(x) Tou mepiéxel éva oUuPoho x, &v-
TIKaTaOTAGOUNE TS oUuPodo x ué Bva ouykekpipévo aTolxeio o, 7 &v, OTres
Atpe, TO X A&Per dog Tip TS o, TéTE, &’ TV Oploud, & TpoTaciakds TUTOS Yi-
veTan pdTaon THY dmoia cupPorifoupe pé P(a). Ty.

P(x) : ‘O x elvar quoikds &piBuds

P(2) : "0 2 elvan guoikds &piBuds (&Andns)

P(—-i—) ;0 % elvat @uoikds dpiBuds (yeudns).

2Zuvnfus of éva mpotaoiokd TUmo P(x) UmoféToups &T1 TO X Taipvel
&5 Tiwés TG oTorkelx £vds ouykekpipévou ouvdrou E, Snhabr, Smews Afus, TO
x Biarpéxer 76 E. Tdte 16 x bvopddeton uerafiinrijkad & P(x) mooraciaxds Ti-
nog (dvourti) medraony f) owbijxn) ord E. "Etor 1) é€icwon

x2-x +2=0

oy elvan Evas TpoTaoiakds TUTros, ypdgeTan ué THY TpoUTddean &1 TO X elvan

cxpleuog Elvon Aoimév 1) Eflowon ot mé ouvBrixn of Eva glUvoro &piBuddv
mX- T R 1} 16 C.

"Av P(x) elvan md ouvbrkn oTé E, TéTe 0& Aépe 8T Hva ororgeio o tob
E txavomoel i) ovvbhjny adri), ) 1) ovvbijun P(x) loyder o1d a, TéHTE wad pdvo
TOTE, &v Ny TpdTacn P(a) elven dAndrs. Oi éxgpdosls:
«y1& k&de xeE loyve P(x)»
kol
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«imépyer xeE Tétolo doTe ) P(x) v loylen
Ypdgovtar dvTicToryo:
(¥ xeE) P(x) i P(x) ¥ xeE
kol
(3 xeE) P(x),

Smov T& oUpPora v kad J SiaPdlovron dvTioTorxa «yid kdBer kol «imdpyein
koi SvouddovTar dutioToiga xaflohxds kol dmapbiaxds mogedeirtns. TToAMs
gops oTis TapaTdvw ékppdoels T6 oUvoho E mapodeimeTan kai ToTE yphgoupe
QVTIOTOLY X

(v x) P(x) i P(x) ¥x

@0 P).
"Etrions, &v k&be oToixeio ToU E ikovorrowl T1 ouvlhxn P(x), SnAabq,
&v loyuer (Vx € E) P(x), Tote f| ouvbiikn P(x) dvopddetan ravréryra otd E.
"E1ol

xal

«'0O x elvon Quoikds &pifipds» elvon TauTéTnTa 0Té N.
«(x + 1)?=x% 4 2x + 1» elvan TautdéTnTa Of K&BE TUVOAo &piBuddv
«x% + 1 = I» elvar TautéTnTE 016 R.

"Av P(x) kai Q(x) elvan ouvbijkes 016 obvoro E, 8& ypdeoupe
P(x) = Q(x) yi1& k&fe xeE

kot 8¢ BiaPadoups «P(x) ouverrdyeton Q(x)» fi «&v P(x), TéTe foyxler Q(x)»,
TOTE Kai povo ToOTe, &v k&Bs oToixeio Tou E, mwou mAnpol Thv P(x), ikavorroiel
kol Y Q(x).

Oi ouvéiikes P(x) kai Q(x) dvopdlovtar icobuvapes, TTe kai poévo TOTE,
v f| pid ouvemrayetan TV GAAT. ©& ypdpoupe TOTE

P(x) < Q(x) yi&x xd&be xeE

kal B& SioPdfoupe «ioyUer P(x) ToTe kai pévo TdTe, &v 1 Q(x) loxUew.
“Av félovpe v BnAcooupe 611 ik fooduvapia UTrdpyxe €€ dpiopou, xpnoi-
potroloupe TO oupBolro . *Etol yi& Tis 8ud ouvlfikes P(x) kai Q(x) ol efvan

iooBUvapes E§ Splopou ypdpoups:
P(x) <= Q(x) vi1& k&be xeE.

opo

1.5 "Ahyeppa ovvorov. Katd tiv tmeepyacia fvds pabnuaTtixol Oéua-
Tos, Yevikd, UmelgépyovTal drokAeigTikG T& oToiyela fvds ouvdhou Q, Td droio
ovopddetan facixd ovvodo. TLy. ot Sidgopa TrpoPAfjuaTa Tiis &AyePpos Bew-
pricape &5 Pagiké guvodo TO gUvolo R T&v mpayuaTik®y &pibudv, &véd oThiv
tmeepyaoia dplopévwy yEWUETPIKGY TpofAnuéTwy s Paoikd olvolo Q2 Bew-
pricape T6 olvoho SAwv TEV EmMITESwY oynuaTwWY.

"EoTtw 871 A kai B elvan Bud oglvora pé otorxeia &’ 16 Pagikd oUvoho
"Otreos elvan yvwoTd, Aéue 8T 76 aivelo A elvar Smootvodo tod B kol TO oup-
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BoAifoupe ué A = B, ToTe kad povo ToTE, &v 1) avvbijxy xeA owvemdyerar Ty
xeB. Na& ouvTopia:

AcsB =r (xeA = xeB yi& k&fe xeQ).

*Errions f| lodryra Sud ocuvddwv kal f) Evwoix ToU ypwijowov dmocvrclov
(ou oupPoliletcn pé C), émoos Eépoune, OpilovTa:
A=B <« AcBrkaiBcA

opo

ACB < A =B xal A # B.
opo

Mi& ouvBnkn P(x) otd Pacikd cuvoro Q opiler TG oUvoro S SGAwv T@V
oToiyelwy Tou Q, Tou TV ikevorrololv. AUTSé mapigTdveTan Wé { xeQ: P(x)},
SnAadn S = {xeQ: P(x)}. Th.x. &v @ = R, | ouvbrixn x*~1 =0 &pifer 76 olvo-
Ao S = {xeR: x%1 = 0} = {-1,1}. "AMa &Eioonpeicotar UrogUvoha Tou R mou
SpilovTan &md ouvbfikes elvon T& drdAouba, yvwoTd s SiaoTiuaTa Tou R:

1. Avoixrd didotyua pé dxoa a, B (o< B) :
(o, ) ={xeR: a<x< P}
2. Kiewro Oodotyua pé dxpa a, P (a< P) :
Lo, f]={xeR: a <x < B}
3. *Avoixto  dpiotend, xiewtd dekia dudotnpa pé dxga o, P (a< P) :
(0, P]={xeR:a<x < B}
4. Khewoto doiotepd, avouetd. defi dudotnua pé dxpa o, B (a< B) :
[eB) = { xeR:ax x < B}
. *Améoavto  dowoteod, dvouto  deftd Oudotnua pE dxoo Bt
(-, B)={xeR:x <P}
6. > Améoavro. dotoTeod, #xhewoto. debid dudotnua pé dxoo P
(—w,p]={xeR:x <B}
7. >Anépavro  defid, dvoixté doroTepd OwdaTnua pé dxgo o :
(o, +0)={xeR:a<x}
8. *Axéoavro Oekid, xAetoro  dpoTeod dudoTnua uE dxpo &
[a,+o0)={xeR: @ g x},

*Etrions TapaTnpoUue 611 kol kdfe Uroouvolo S évds Bagikol ouvdiou Q
ptropel v& TapaoTalel, dmws Tapamdve, pé pid ouvlikn, TN ouvbnkn xeS
*Etot Eyouue S = {xeQ: xe8}.

Té otvoho EAwv TéY UTroouvdrwy Evds PacikoU ouvdiou Q cupPolileTon
W P(Q). Thvw o altd dpitovTan, émews yvopifouue, of mp&Eeas U, N,— &md
ToUs TUTTOUS:

=t

AuB={xeQ: xeA f| xeB}
AnB = {xeQ : xeA kai.xeB }
A—B= {xeQ: xeA xai x¢B }.
Mi& ¢momrTikd] Epunveia alTédv TEV Tp&Eewv pas Sivouv T& mapakdTw

oXnuaTa:
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A B A

Zy. 1 AuB Zy. 2 AnB Zy.3 A-B
Té kevd cuvoho o elvan, Omws Eépoups, ) Sixpopd A-A, &mou A elvan
SmroodfmoTe Umoguvoho ToU Q. ’Emions TO cupAnpwpa A° Evés guudhou A,
Urroouvéiou ToU Pacikol ouvdiou , dmws Eépoupe, opifeTar, v elvon fi Biopo-
p& Q- A, dniadn
A=Q—A={xeQ : x¢A }.
Meta€U Tév Tpdewov U, M, - &Anfelouv ol mopakdTw TUTol (TawTd-

TnTes oTd P(Q)), ToU pas elvar yvwoTol &’ T uebnuaTa TEY TPOTyoUNE WY
T&Eewv:

AuB =BUuA ANB =BnA
Au (Bul) = (AuB)ul An (BNl = (AnB)nT
Avg@=A AnQ=A
AU(ANB) = A An(AuB)=A
(A-B)uB=AuUB (A-B)nB=¢

AN(BUT) = (AnB)u (ANT).

1.6 Zebyog - Kaptreswavdé yivopevo. “Eva oToiyeio o oU  YooakTnoi-
et 65 modTo kol Eva oToixEio P oY XapakTnpifETan @f deiTess TXNUGTI-
Jouv &va vio oToiyeio, T6 moio ypageTan (a,p) kaxi dvopdletan (BlareTayuiva)
Ledyog. T& atoiyeia a kai B ToU LeUyous dvoudlovTon 7geti) kal dedresy), avTi-
oToa maoflols) ToU Leyous. “Av of poPohés ToU Lelyous eival &p1Bpol, dvo-
pdfovTan kai cuvTeTaypéves ToU CsUyous.

A Tov Taparduw Spioud ToU (elyous oupmzpaivoups ST Bud CeUyn
elvon foa, étav &1 pévo oxnuaTifovtan &md T& idix oTOIXE, A& kai 6Taw
Td oToIKEla QUTE TrapoUCIdLovTal HE THV Biax Biadoyn, dnAadn

(@B)=(y,B) © a=y kai p=235.

M¢ Buoio TpdTo OpieTan kol w& (Biatetaypévn) Tprada (o, @y o) N

wmé (SrareTaypévn) vidda (o, oy, - -,0)-
Mopadeiypata:

1. *Eva xhdopa pé &piBunTh & kai TapovopacTh) B uTopEl vé TapaoTabsl s Leuyos («,p).
2. "Evas pryodikés dpibpds o Bi pwopel v& TapaoTabel s Lelyos ().
3. "Evas dywvas peTafy duo SudBoov a xai B umopel v TapaoTalel Gs feuyos (a,B) 1) (Br)
tpdoov BiebdyeTan oThv Edpa Tiis « fi TS B opddas, GurioToa.

"Egte A kol B Bué ouvora. Té ouvodo Tév Gevydv (o,B) wé aeA rai peB
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yodoeton Ax B kai dvouddetanl xagreciavs yvopevo toi A éni toi B. Anhod :
A x B={(x,y): xeA xai yeB}.

TMopduoix opileTan T ywopevo A;xAyx . .. XA, va elvor 16 oUvolo TéV
Viddwv (o, oy, . . .,a,) béE ox € A, Y1& k&Be ke{ 1,2,...,v} (f), &meos kol &RAiGdS
Aépe: yix kéBe k= 1,2,...,v). "Av va TovAdxioTo &TO T& A, A,,. . LA, elvan
T6 kevd oUvolo, TOTe TrpokUTTTEL eUkoAd OT1 kad TO kopTegiavd  yivdpevo
A xAx ... XA, elvan TAAL TO kevd guvoAo.

MNé ouvvropio, 16 AXA ouuPolilercn pé A%, 16 AxAXA pé A’ k.ok.

Té alvoro A TV feuydv (o,a) pé aeA dvopdletar dtaydmvios o A kal
glvon gavepd 611 A &= A%

Mapadeiypata :

L A={a,p,yv} B={1,2}

AxB={(x1) (2, @ 1) @2 (. 1) (r.2))
BxA={(La (LB (L.y) (2., (2,B). (2,y)} # AxB.

2. *Av A elvon 16 olvoho Tév ToBoogaipikéy dudBwy ol malpvouv pépos o Eva
TpwTabAnua, TOTE, TG oUvodo TGV dydvwy Tol TpwTabAfuartos elvar A%-A, épdoov of kdbe
dycva cuppeTéxouv SiagopeTikés Opddes kai T6 TpwTdbAnua yiveton of Sud yupous.

nGPG‘FﬂPﬂG‘I’l- Mi& Ekgpaon ToU mepiéyer dud oupPora X kal y pTropel vé BecopnBel
&t mepibyer Eva oupPolo, SnAadn TS Leuyos (x,y). Thy. ol ékepdoseis:

« To khdoua % elvan dvdywyo »
«‘0 x Biuaxipei ToV ¥y »
«xt4+2yt=2»

Sdvopdlovral mpotaciaxol Timot (dvoixtés mpordoes fi ovvbijxes) Tou Trepigyouv Bud ouuPo-
A x kal y kal oupPorifovtar pé P(x,y), Q(x,y) k.A.w. Téroio mwpotaoiakol TUmwor pmopoiv
vé& Bewopnbouv ds mpoTaciaxei TUTOL ToU Teptyouv Eva alpPolo, TO feUyos (X,¥).
“Evoy, éxkppdoeis odv Tis

%y POy xaf @xy) PEY)
Exouv dvrticToixa THv ibix Evvoix pé Tis

EyY) PEY) xa @@y PEY).

'Avéhoya Opifovran kai Trpotaciaxoi TUTor TwoU mepiéxouv Tpla i kal mepioodTepa

(memepaouévov TANBous) cupPola.

2. EXEZEIZ (ANTIETOIXIEL) - EYNAPTHEEIZ

2.1 Zyéon. Aud oToixeia mou durikouv oTé 1810 ) of BiagopeTikd oUvo-
Aa pmopel va ouvBéovtan Aoyikk, BnAadn va ouoyetifovtan. TIyx. &Tav Aéue
«16 Tpiywvo ABI éxer éppadov 100 m?» ovoyetiloupe &va tolywvo ué évav dot-
Oud, i dTav Aéue «O &piBuds 25 elvan Té TeTpdywvo ToU &piBuol 5» cuoyeTifou-
pé dvd dpfpotc kT, TlopokdTw Efetdloupe TéToles ouoyeTioss oToryeicov Sud
owdhwy, T& omoia (oUvoda) Bév elvan dmrapaitnTo vé elvon SiagopeTikd.

"Eotw A xai B 8ud unf xevd olvola kal Evas ouykekpipévos Tpotos ().
Evas kavovas f) wié Siadikaoia) pé Tév drroio prropel TouddyioTov Eva xeA v&
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ouoyetiletan pé Bva fi TepioodTepar yeB. ©& Aépe TéTE 81 dpileTan ik oyéa
(avriarouyia, §| drendvon) o &mo 6 A oTé B kad 8& onpeicovoupe
xay f x 2>y yi& T& oToiyeia ol ouoxeTifovTan
Guédoya pé TO &v Ypnowomoiital, &vrioToixa, & 8pos gyéon fi dvriotouyia
— dmetronion),
Té mapaxdre oxfiue pds diver wid émorrmixd Eppnveia Tis dreikovioews.

Té ouvoho A dvopdleTan abvoio dpetnolag Tfis 0. Té oUvoho B dvopdde-
Ton civodo apiews THs o, fud ) Ekgpaon xoy fi X Iy y (mobelven fi cupPoliki
popgn ToU Tpdtoy, ué Tév étrolo kaBopifovTar T& oToIKElR Ekelvar ToU OUOYE-
tifovTan) dvoudletan timos Ths o. ‘H Ekppaon xoy SiaPdleTan «Té x PpiokeTa
oTh oyton o pé T y», VG f X >y BloPddeTan «T6 X duTigTolyieTan 1} drer-
xovileTan pé T o o6 y», | «1é y elvon T6 dvTioTorxo f elkéva ToU x pé TN o».

“Oha Té& Lebyn (x,¥) yi& T& dmoia loxie xoy &moTeAoUv Evax cUvoAo
S, (Umocivoro ToU AxB), Té dToio dvopddeTat yodpnua | graph) Tfis oxéoews o.
Elvea Aormov

S« ={(x,y)eAxB: xoy} # @.

“Qoe k&Be oxton o &md T6 A oTd B Exel va ypdonua S < AxB. AN
kai dutioTpopa: k&fe pr kevd oUvoho S, UTooguvoAo Tou AxB épiler & oxéon
gg Pé TUTTO:

xoy < (x,y) €S
kai ) &mola Exel ypdenua T6 S, fitot S, = S.

"Oha T& groieia XeA, ToU Pplokovton oTi| oxton o pé Eva (Touddy(1oTo)
veB, &moTeholv &va oUvoho Z(o) T6 dmoio SvoudieTa nedlo dowepod (domain)
THis oyéoews o. Elvan Aormov

P(c) = {xeA : 3yeB ué xoy} < A

“Oha T& oroiyela veB ol Ppiokovron oTh oxéon o pé fva (Touhdx1oTO)
xeA &mroTeholy Bva cUvoro R(o), TO droio SvopdleTan aedio Tiudw (range ) TS
oytosws o. Elven Aormov

R(c) = {yeB : 3 xeA pé xoy} = B.

11
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Mapadeiypata:
1. A=B=R, (x7) xoy < x¥4 2y%="1.
MNé& kédbe X,y o1é R, Exoupe
X0y = X4 2y =1 = 1x2=2y? > 0 = x? 1
o onuaiver 611 Do) = [-1,1]. ’ANA& xai [-1,1] € D(o), yiaTi y1& x&Be xe[-1,1], Uwépxe

X2
¥ ué xoy. Mpaypatikd yi& y = vl 2x , Exoupe

1—x2
X2 4 2y =x*+ 2 TX =x? 4 (1-x%) = 1.

“Apa D(o) =[-1,1]. Tapbuora yi& kébe x,y o1é R, Exoupe
x4 2y3=1= 1-2y*=x > 0= ¥ —%_

1 1 1 1

) A ki [ Lt 7:] S R(0), yia-
VT A2 ] VI V2

1 i ] £l S e A

—, —— | Umépxer x pé xoy. MpaypoTik& yi1& x = \/1—23"‘ , E-

V2 2

xoupe  x® 4 2y?=(1-2y%) + 2yt =1.

"Apa  R(o) = [ =

ToU onupaivel 11 R(9) = [—

Tl y1& k&b }'E[f

11 ]

VTR Vi

2, A=B=R, (¥xy) xoy < (x4 1)y*x*=0.

TMpdTa TopatnpoUpe 8T yi&k xé&fe x € R, Umdpyer y pé xoy. Tlpayupatikd yik
X

Vi1
xz

(* +Dy?-x* = (x* + 1)
X

£y oupe

y:'.
1 —x2=x'x*=0.
"Apa D(c) = R. ’Emiens y1& k&fe x,y o016 R Exoupe

x2
o
mou anpaiver 611 R(9) = (-1,1). "AMA& kai (-1,1) € R(0), yioTi yi&k kd@e y € (-1,1) Umép-

(X + Dy*—x*=0 <> y*= <1

X& X pé xay. Mpaypatik& y1& x= , Exouue

I—*
2 2 1 r2
2 L Yyt iyl — Y P A g =0,
& + Dy X ([_nyrl)) 1 —y? 1_}'2y 1 —y®
"Apa 16 medio Tpdv tlvan R(0) = (-1,1).
3. A=B=R, (¥xy) xoy < (y*+ I)x*-4y2=0.
MNé& kébe x,y o016 R Exoupe

4y?

(24 1)x24y* =0 = x® = _ < 4
s ol
Tou onuaivel é11 D(o) S (-2,2). "AMA& kai (-2,2) € D(o), yiaTl yi&k dmolobhmoTe x € (-2,2)
umdpyet y wé xoy. MpaypoTikd y1& y = — , Exoupe :
4—x?
2 2 4 2
P Dxidgyr= (X 1) Fadmt As e i maX o ¢
) % (4Mx2+ = e e 4 —x? B
"Apx 16 Teblo Opiopol THs o elvan
D(o) = (-2,2).

12
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*Emrions TapoTnpouue &T1 yi& kéfe y R Umépxet X pé xoy. TMpayueTikg yik

L — L Eyoupe:
Vy*+1 .
(* + D=4yt =(y* 4+ 1. ﬁ.4'1' it =gy =
yi
kal &pa
R(o) =R.

4, A=B=R, (¢/xy) xoy & x+y < L
MpdTa & 8Ad TapaTnpoUue 811 y1& x&fe XER Umépye y p¢ xoy. TpaypaTikd yia
y = -X, Exovue
x+y=x+()=0 <L

*Apa D(o) = R. ’Emions yi& kébe yeER Umépyer X ué xoy. TpayuaTikg yi& X = —y EXOUHE
X+y=EM+y=0<1

xal &pa R (o) = R.

Emeisy 2(c) < A xad R (o) = B perayeipifopaoTe eldikodTepa Tis EKpp&-
oeis «oydon oi A. . .» (dvtl dad 1), STav Béhoupe v SnAdOOUUE 6t 2(c) =A
xai «oyton. .. mdve ord By, dtaw Bhoupe v& Sndwooupe ST R(o) = B. "ETot
fi oxéon

Tou TrapodeiypaTos 2 elvon Tod R o016 R
1ol mapodeiypartos 3 elvan dnd 76 R mdvw ot R
ToU Tapadelyuatos 4 elvan Tod R adveo ord R

Tesopetpikl (1 ypogikf) maphotacn oyfcews. Sty mepimToon dtrou
T& oUvoAa deetnplas kal d@ifecs wds oyEoews o elvan UTrooUvola TOU oUuvOAoU
R Tév TpayuaTIkGY &piBuddy, Té ypdgnua S, Tis oxtoews auTiis &rroTeAeiTan
&1 Zeyn payuoTikéy dpibudv (x,y), T& dmoia, dmes §époune, TOPITTAVOV-
Ten oTd EmiTedo pé onpeia P, 8mws gaiveton oTé ox. 5. “ETor 16 ypéenua S,
TopioTéveTan pé v onueioocUvolo ToU émiméSou (BA. oX. 6) kal GvouddeTal
yewuetow] (7] yoaquxij) maodorasy Tiis oxéoews o, f kol Oudyoopua THS O.

b
J
o e L f’> (=)
1 H
|
2 [ ; T
Zy. 5
y}
B-ﬂ&i\»
0 gDy — x OI
Zx. 7 Zy. 8 Zy. 9
agéon o Toi A ord B oyéan o dné 16 A mdvw otd B oyzéony o tob A adrw oté B

15
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"Avtictpopn oyéon. “As fecwpficoups ik oxéon o : A — B Tfs dmolosg
T6 yp&enua elval

S¢ ={(x,y) eAxB : xoy} # 5.
Mé dvadhoryry- Tiis SiaBoxiis Tév oTorgeicov Tou eUyous (x,y) &youpe 76
dxdhoufo UTooUvodo ToU kapTesiavol yivopévou BxA.
5* ={(y,x) eB X A: (x,y) €S,}
ToU elvan, PéPaiet, oUvoro Emions uf kevd.
"Otres eidape Tapamdvw, Té gUvoo S* 6 piler m& oyton &mwd 76 B o1é A
ué TUTTO
yo«x = (¥,%) € 8%, y1& xdbe x,y.
‘Emadf (y,x) 5* < (x,y) €Ss = xoy, 8& &xoupe kai
YOsX < xoy, Yi& kdle Xx,y.
"Av hormdv Evar onpeio x PpiokeTon 0T oxéon o ué TS ¥, TOTE T6 y PpioxeTon
o) oxéon O TéAL pé T6 x. ‘H oyéon oy dvouddeTal avriotoopn oyéon Tis
o kai oupPorifeTon pé o1 ‘Qoe
xoy < yo~lx, yi& xdbe x,y.
"Apx | oxéon o~ Exer mebio dpiopel T meBio TINGwY Tiis o kel medio TI-
H&v T medio Opiouol Tfis o, Bnhadn ioyvouv
Z(o-") = R(0) kai R(o~Y) = (o),
TMaparnpolus Towpa &Ti:
1) "Av o elvon mi& oxéon dmd 76 A 016 B, TéTe kati ) o1 elven oybon dnd
76 B ord A.
2) "Av o elvon W& oxéon and 6 A mdve otd B, TéTe A o1 elvan oxéon
o8 B o7d A. !
3) "Av o elvar w& oxéon 7ol A o1é B, TéTe ) 0-1 elven oxton dnd w6 B
wdvew otd A.
4) "Av o elvon ik oxéon tod A mdve otd B, TéTe kai f o1 elvan oxéan
708 B mdvew ot A.
Mepatipnen. Zuxvé, &Taw wpdkeiTal vé& peAeTnBel wovn TNs 1 o, dAA&loupe T
x kal y peTadl Tous, Snhadt fewpolue xeB kal yeA, dote 16 X v& oupBoliler wavTa Eva
oToixeio ToU ouvéhov &petnplas. "Etor ypdgouue xo-ly (kai ooBlvapa yox).
Mopadeiypara:

1. *H &vtioTpogn oxéon Tiis oxéoews Tol Tapamdve mapabelypoaTos 1 Sifeton &’
TéV TUTO
(Vxy) xo-ly < y2+ 2x2=1,
2. "H é&vrioTpogn oxton Tiis oxéoews Tou Tapadelypatos 2 Sietan &m Tov TUTO
(V¥ xy) Xo7ly & (y* + Dxt-y* =0
3. *H dvrioTpogn oxéon Tfs oxéoews ToU Tapadsiypatos 4 elvan A iBix oxion.

14
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*Ereidn), &md 1ov Spiopd Tiis dvtioTpoens oxégews, Exouvpe 4TI
(x,y) €Ss = (¥,x) € Se-1

kol &weldn, dtav mpdkeTan yi& ypoagruata ot R2, 1d onueia P = (x,y) xal
P*=(y,x) elvon ouppeTpikd 65 PSS TNV TRW-
T Sixotépo d Tiis ywvias Tév &Edvav (BA.
ox. 10), & SirypdupaTa TGOV oxéoewy o kal
o1 & elvan Emrions cvppetotxd &g Ros TV d.

“OTreos eibope Tapamovw, yi& kébe oxé-
on o loyUel

(¥ xy) xoy < yooix
kal &pa yi1& v &utioTpogn oxéon o1 Tijs
o 8& ioyue
(% my) yoix = x(o~Yly,

&mou (1)~ 1 elvan fi dvtioTpogn oxéon Ths
o~1. "Apa ioyle kai

Zy. 10,

(¥ xy) xoy = x(c=1) Yy,
nAadn 1 GvtioTpogn Tfis dvTioTpopns was oxéoews o elvan 7 iSix 1 0. Na&
guvTopia yp&eoupe
(ot =0

‘H i8idtnTa ot yeoopeTpika fpunveleton pé T Ponfeia Tiis cuppeTpios 6
mpds A Sixotéwo d (BA. oy. 10) T&Y SiaypoupdTwy TV oyéoewy o kai ol

2.2 Zovaptnen. ‘H E&woia Tfis ocuvopTtiosws elvon & &’ Tis mod Bepe-
McoBeis pobnuaTixés Evvolss. AUt Triv Opiloupe o& mik elbikny oxéon.

Mi& oyéon [ &md 16 A o1é B dvopdletan ouvvdotnon TéTE Kol podvo TOTE,
&v k&fe xeZ(l) Ppioketanr o1h) oxéon | pé fva kai pdvo yeB.O& Aéue ToTe OT1 1)
[ elvar ovvdornony pé medio Gowopod Z(f) < A nal pé ripés o1d B, 1) 9 [ elvar po-
vooijuavty dvriatoryia (7 dmewxdvion) dnd v A otd B kal 8& ypdgpoupe

2t Yy yi& T& oToiXElx TOU GUOYETICOVTOL.

Té y, mol elvon dvtioToryo (f] elkdva) ToU x pé Thv f, Adpe 611 elven fy Tows]

tijs [ até x xoi oupPolrileton pé [(x). ToTe ypdgpoupe
y=10(x):f, wod = 4x].

"Apa 1) Ekppaon y=I{(x) elvan & &AAn poper} ToU xfy fj ToU x Lol y, 8nAadn
6 Tbmog 7ijg f. To x dvouddeton dvebdotnry perafiinri ths { kol 16 y éfaprnué-
vy perafinni) Tis 1.

"Av G(f) = A, 161e 84 ypdopoupe f: A — B kal 8& Aépe 871 1y { elvon ouvdp-
non tof A oté B A kai dAM&s, ouvapTtnon ué medio doiopot TO A xal pué Tiués
agru B.

15
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"Av D(f) = A kol R(f) =B, Té1e 8& ypdgoups f: A el kai 8&
Aéue 6T ) f elvan ouvdpTnon 7oi A mdre oré B.

“Av R(f) = R, 16T Adpe &1 A | elvan moaypari] avvdornary. Emions,
&v kel D(f) = R, T6Te Adps &1 ot elvon TYAY AT CVVIOTYON Jids Toayua-
Toedjs perafinriic (yi& 16 Bidypapua wds TéTolas ouvopTroEws PA. ox. 11).

T.x. pé Tév TUTmO R 3 X x? OpifeTan md TpaypaTikn ouvdpTnon wds Tpa.

yHaTikis petoPAnThs. Mapduoia kai pé Tév TUMTO X »—f—;- V' 1-x? Spiletan w&
TPAYUATIKY ouvdpTnon Wids TpaypaTIkfs MeTaBAnTAs wé TreBio Spropol Té
Sigotnua [-1,1]. "Avtifeta, Tapatnpolpe &Ti &md Tis OXETEls TV Tropadel-
YH&Twv Tiis Tponyoupens § 2.1 kapd Bév elvan ouvdpTnon.

Mé& wé& owdptnon f éwd 16 A o1é B, 16 glvolo Ty TGV Trg, SnAadn
70 Tebio Twdv Tns R(f) oupPoAileTen kai ué f(A). "Eto1 Eyoupe

f(A)={yeB: 3IxeA ué y=If(x)}.

=]
fl-===---

Rf--—r—

f
Zy. 11 x—>y Zy. 12

Fevikdrepa, &v X < A, TdTe ué f(X) ounpohifoupe 16 clvoro TGV TiuGY

Tiis f oT& Sidgopa oTokelr ToU X (PA. oy. 12), 8nAadn
f[(X)={yeB: 3IxeX ¢ f(x)= v}

"Avtiotpopn euvapnon. *As Becwpricoups ik ouvéptnon f &mwd 16 A
oté B. "Emeidn 4 { elvan oxéon &md 18 A o716 B, Umdpxer 1y dutioTpogn oxéon
{-1 &amé 16 B 016 A kad pédiora, Smes eidaue kai Tapamdve, {oyUouv

AN =) x«d RE-H= 2(h).
"Av 1| oxton -1 elvan émiong ouvdpTnom, TOTe aUTh SvoudleTon avriorpogn
ovvdotnon Tiis f. 2 alr) Thv TepimTwon, uehioTa, T x &reovileton pé TAY
Hévo oTo f(x) kai T8 f(x) pé TAv -1 pévo oTé x. *Eton Exoupe
(v xe2(f)) 1-1[f(x)]=x
kai &vdhoyox
(v yeR(D) M- ]=y.

Topa TapaTnpolue &1 &v f(x))=[(xy), ToTE Rxl 1= 1[f(x ) =1~ [f(x,) 8nAabn
X; = X,. "ETot PAémoupe &1, &v kad Ay {1 elvan i auvapTnom, TOTE Eyoupe

16
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(¥ xy, % 016 D(D) I(x) =(xp) = x,=1x,
7 locodlvopa
(¥ Xy, Xy 076 D(D)) x; # x5 = 1(x)) # (x2).
Mi&k cuvdpTnon f &md 16 A otd B ToU ikavotrolel Thv mrapamrédves ouvln-
KN dvoudleTan  aupipovosijuavry owdotnoy (| fva mods éva). ToTe, PéPang,
kad ) -1 elvar duguuovootipavtn ouvdpTtnon kol ioxUel 1) ioobuvapic

(¥ xy) y=Ix) = x=1"1().

*Eton Exer &moBeryfel TO TapoakdTw feopnua.

2.2.1 ®EQPHMA. I guvdgtnon { Eyxer davilotpogy ovvdotyan, dyiad 1
oyéon {-1 elvar €niang ovvdoTyon, Tdte xai udvov tote, dv adri) (Oniadi) 1 | ) elvan
AUPLLOVOTY Y TT].

Zy. M Zx. 15
dugupovoatuayvty avvdptian arrioTpopn cvvdotnon
Livbeon ouvaptijocov. Oewpolpe Sud ouvaptnoes f kal g. ‘O Timos
y =g [i(x)]

el Evvola yid éxelva T& X kad povo, yid Té& omola ioyver xeZ(f) kal [(x)eZ(g).
"Eto1, dv TS oUvoro

{x: xe2(D) kol [(x)e2(g)}

glvon un kevd, 6 Tapamduew TUTTos Opilel G cuvdpTnon ToU SvoudleTon oirle-
on taw govaothoewy [ xai g kol oupPolideTon pé gof. Elven elkolo vé BoUpe
o1l

D(gol) = {x : xeZ(f) xad [(x) €eZ(g)} = Z(I)
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ked
R(gol) = R (g
‘H olvBeon gol elven Aormdv md owdprnon &md 16 Z(N) o1é R(g) xal
gpunvelsTan TTOTTTIKE oT6 TOPOKATW OX e

9(f}ﬁf\ e SR

x =

i(x)y

e

gol
Xy 16

‘H mpdén Tfis ouvBéoews owvapThoewy elvar ROOTETAUOLOTIR], SNAGST

oy el fo(goh) = (feg)oh
Smreos mpokUTITEl &S TS TrapaKdTw oXfiua.
AT T
B e =~
,’/ A aoh “:‘ \\ ——
RS
P & W ‘ S
s E
(fog)oh
Zy. 17

Elvon elikodo vék Solpe &1 dv I: A — B kod g: B — I 161e 16 olvoro
{x: xe2(f) xai 1(x) e2(g)} =A xai &pa o 1) oUvbeon gol opileTen TwévToTE
&5 w& ouvdptnon Tou A oTd I, Snhadn
gof : A =T
Hopadeiypata:

1. *H olveon Tév ouvapThoewy [ kai g ué
f(x)=2x+3 kaf g(x)=nux
elvor #) ouvépTnon ol &pileTan &md TéV Tl
Yy=nu@x +3) fi gof (x) =nu2x + 3).
E8G Exoupe
D) = D(g) = D(gol) = R
RO =R, R(®) =[-11], K(gol) =[-1,1].
2. 'H ouvleon t&v ouvapTioewy [ kol g ué
fx)=x*+1 ko gx)= 1z
elvon f) ouvdpTnon ol &pileTan &mé TéY TUTO

18
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y=vVX+1 @ gof(x)=v¥+ L
'E&& Exoupe
DN =R, D@ =[0,+ «) Dgl=R
KM =[1, + «) RKE)=I[0, + ®), R(geh) =[1, + o).
3. *H ouvbeon TV ouvaptioewy f kal g ué
f(x) =|x| xaf g(x) =4/x
elven 7| ouvdpTnon mou dpifeTan &wd TéHV TUTO
y=vixi 4 gl =+ixl
'EB& Eyouue
D) =R, D) =[0, + «), D(gol) =R
RO =0, + ®), RE =10, + ®), R(go) =[0, + ).

2.3 Ilpagers. Bewpoipe Eva pny kevd olvodo E kai wié ouvéprtnon &md 16
E% o016 E. Mia Tétoia ouvapTnon dvouddeton mpdéy péoa 6rd olvoro E. "Av *
elvan pi& modén péoa otd ouvoro E, B& ypleoupe

X *Yy &vtl ToU *(x,y)
kol 0& 16 dvopdlovpe dmoréleoua Tiis Tp&fews * Tréww oT& X,¥.

EidikéTepa &v E = R, 1iTe yvwpifoupe éT1 ) mpdodeon + kal & mwohha-
TAaolaopds, Kabos kal 1) deaipeon — kai ) Siadpeon: elven mpdges o1é R, #,
pé &AAa Adyra, Tpagers poypoTikéy dpBudv. AT alUTés ) Tpdobeon kai O
ToMaTAao1opSs, elvan of PacikdTepes dpoU of &AAes Suo dpilovtan, Smws Eé-
pouue, &mo ToUs TUTToUs

x-y = X + (-y) xai x:y=x-ly,y¢0.

27l mEPITTTAOEIS aUTES TO ATmoTéAeTua TRjs TpdEecos + TAvw oTA X,y Ovoud-
Cetan kal dfgotoua taw x,y kai Tis - pwduevo tav x,y. Emions ol dpmbuoi x,y
dvopddovtar OTHV TPdTN MepiTTwon moosbetéor kol oTn SeuTepn magdyovres.
Mé& Tis Bud aUmés Paoikés TpdEels Eépoupe &T1 loyvouv of EEfis 18ioTnTes:

x4+ +D=E+y) +z , x(y2z)=(xy)z (TPOdETAIPICTIKN)
> S e i y Xy=yx (&vmipeToBeTikn)
x+0=x=0+x i Xl=x=1x
x+(x)=0=(x) +x . x—i—:l:%x,x;&o
x(y + z) =Xy + xz (émipepioTikN)

FevikdTepa, &v Xp,X,,. .., X, &var TpoayuaTikol dpibuoi, TéTe dpifoue
B A=
(x; +x34+...4+x,) +x, Gvv>1
kai T6 dvoudloupe yevxevuéro dfpotopa T@v Xy, X,,. .. X, Ko

X+ X+ ...+ X, = [

19
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Xy, GV v=1
Xy Xp...X, = "
(X; X3, . . X)Xy, &v v > 1
kai TS dvopddovue yervenuévo purdpevo TOV Xy, Xy, . . ., X,.MN& ouvtopia Té yevi-
v
KeUMEvo &Bpoloua TAV X,,X,,. .., X, TapioTaveTon pé EXk kol TO  yevikeupévo
k=1
v
ywopevo Ilxg, dnAadn
k=1
v v

Exk=x + x5 +-+ %, kal Isk =x, x5---x
k=1 k=1

Topa mapatnpolue &1 pi& yevikeuon Tijs TpooeTaipioTikds 1B1dTNTos Elvan

v

v P v v P Vv
Tt = X%k Xk ; Ixy =Hxe Hxg
k=1 k=1 k-p+1 k=1 k=1 k=p+41
yi& kafe p=1,2,...,v-1 &vd wm& yevikeuon s EmuepioTikfs iS1dTnTas elvan

X (Exk + nyx) = € Zxc + n Eyx
k=1 k=1 k=1

Smov & xai 1 elvan mpaypaTikel &pibuol.

Eisik& 16
ata+...+a YPpapETQal vt
v gopés
kai ovopdleTan vootd modlanmidow Tod a, Bvd
[ 5 Te (U yp&oeTan o
v gopés

xal dvoudteran woori) dévaun tod a. Té v oThv TphdTH TepiTTwon Svoudle-
Ton moddanlaciaotis Tod o kai oty SeUTepn éxféTng Tod a.

Elvan elkodo vé Bolue 611 loyvouv ol iBidTnTes

o a' =P, (aB) = o kal (af)' = a'pr.

Téos, maparnpolue 811 wi& &AAn iBi16TnTa TOU [7XUEl Y1& ToUs Tpaypa-

TikoUs apifpols elvan kai 7 ToapakdTw dredryra Tod Bernoulli :
(l4+a)=14+va & veN, kai a> -1

émou 7 lodtnTa foxlel pévo yi& a=0f v=0 v=1.

Mé& vé& v &modeifoupe & oTnpixbolue Tévw of pid &modeikTik péfoSo
ToU SvopddeTan Exaywyia) uéBodog kad wou Exel dx EEfs:

OewpoUpe Evav drépaio &p1Bud p kai fvav mpoTaoiakd TUTo P(x) o1 oUvoro
{xeZ:x > mov TEPIEXEL TO W kad SAous ToUs peyocdUTepous &’ aUTéy dice-
pafous. "Av f) mpéTaon P(u) eiven dAndis kai y1& xéde dxépaio k > p ioyuel

P(k) = Pk + 1)
TOTE f) TPSTaon P(v) elven dAndrs y1& dmoiodnmoTe dxépaio v > w.

20
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MapaTtnpolue Tipa émt yi& v=0, v=1ff a=0 fi dnicétnTa T0U Ber-
noullt ioyier &pol
(Q+a)0=1=1 4 0q, QA+a)l=1+a=1+lax
(l4+0)=1"=1=1 4 v0.
*Atropéver v’ &mroBeifoupe 611
(l+a)>14va $¥v=>2 xad a>-1 it ot 20,
OéToupe
PV :(l +a)>1+ve v=>2
kal Epapudlovpe THY Emaywyikf wébobo yia w = 2. "ETor Eouue
(I+a=14+2a+c*>1+2a«
SnAadn 1 mpéTaon P(2) elvan dAnbs.
*Errions yi& kéBe k > 2 Exouue
(14+a)kt! = (1 4+0)* (1 +e)=(1 +xa) (1 +a)=1 (k +Datxa? > 14+(k+Da
dnAadn
(l+a))t+t!>1+ (k + Do
kol Emoudveos N pdTaon P(v) elvon dAndrs yik kéfe dxépoio v = 2.

ALKHIEIZ

1. N& &mobeayfel 6T a16 2 (Q) loylou :
1) A= B <> AUB=B 2) A= B < AnB=A.
2. N& &mobeayfel 811 o716 P(Q) loyxbouv:
N =g )@= 3) (A=A 4 AUA°=Q 5) AnA°=gF,
3. N& &moBeiyfei &T1 16 P () loxlouv (tUmor Tou de Morgan):
(AUB)® = AcnB® kal (ANB)¢ = ASUBS
4. N& Ppebet 16 medio dprouou kai 16 mebio TIMGOV TV oxfoewy o amé 16 R oté R
Trou opifovran &md TOUS TUTTOUS:
By oy =x 2 Y= oy =x*+1 4)3x+2y=1
55 xt3-yr=1 -B)"xLHPT FPXIL YT B) xV<ye wEA1A
. Mo elven ol dutioTpoges oyéoers TV oxioewv Tis Tponyouuevns &okfosws 4 ;
. TMoiks &md Tis oxéoes Tiis doknoews 4 elven ouvapThioels kal Toiés Bév siven;
. TToiks &wéd Tis ouvapTnoels Tijs &oknosws 4 Exouv QVTICTPOPES CUVAPTTOEIS;
8%, Mi& mpdfn * péox o’ fva ouvoro E dvopddetan dhia) v D(¥)= E* kol peover

&v D(x) C E2 Tlows &mo is mp&lers +, —, . , : 0716 oUvoho R T&V TpayuaTik®y &pibudv
elvan OMikés kai Trolés PeEpIKES;

~N o
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KEQAAAIO i

MEAETH ZYNAPTHXIEQN
1. MONOTONEEL LYNAPTHEEIE

1.1 AiSovoes kai @Oivovosg ovvaptijeeis. Elvar elkoho vé Bolpe &1t 1)
ouvapTnon ¢ pé ¢(x) = x? Biatnpel T QuoIKn B1&-
Tagn TGV TpayuaTIKGY &piBudy, BnAadh yid kdde
Xp,X, foyUel
X < Xp= X < Xt = (X)) < 9(xy).

S| — Fevikd wd mpaypatikiy ouwvédptnon f wids
! TparyparTikils ueTaPAnTiis ToU Siatnpei, Smos kai

o e . N @, T guokn Bidman TGV TpaypaTiKGY « Gpi-
/ T 5% F Qudv ovopddeTen  ywnoiwg adéovoa. AxpiPéoTepa,
y1é& wic ouvdprnon f: A — R pé A = R 5iSoupe
5’/ TOV TTapakdTw OpIopd:

‘H ouvéptnon | dvopdleran prnoing alifovoa
TOTE Ko pdvo TOTE, dv y1& kébe x,,x, 0T A foyUel
1 X < Xp = f(x)) < f(x,).
TMapduora, # ouvdptnon | dvopdletan yyioiws gbivovea TéTE Kol pdvo
TOTE, &v y1& k&b X, X, 0TS A loyuel

Zy. 18 9:y=x?

; @  x<x =~ ) > ().
! Tl.x. | ouvdptnon y pé W(x)=-x &lvon yvn-
bx . oiws gbivovoca ocuvépTnon.
w')r__l i x *Av of (1) kal (2) dvTikatooTofolv &vTi-
: oToixx &mod Tis
i S (1) x <x = i(x) < 1(x)

@9 X, <X = f(x) = f(xy),

ToTE Abpe oy TrepiTwon Tis (1') 6T ) ouvdpTn-
on { elvan adfovoa xal oty Tepimrwon THs (27) 8T A [ elven gbivovoa, Bn-
AaBi):

‘H ouvépTnon f dvouddetan atfovoa TéTe kai pévo TOTE &v Y1k kébe x,, X,
o1é A loyUel

Ty 19 y:y=-x

X <X = T(‘x,‘) < f(xy).
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‘H ouvdptnon f dvopdletan gfilvovoa TOTE Kai povo ToTe, &v yi&k kabe
X;, Xy 010 A {oyUel
X; < Xy = 1(x)) =1(xa).

*Errions Aéue 6T wi& ouvépTnon f elvar pwnaios povdrory ToTE kai povo
TéTE, &v aUTh elvan yvnoiws alfouca | yvnoiws efivousa. *AvtioToiyo Atpe
&m A f elven povdrovn, &v abtn elven adfouoa fi gBivousa. MMd va BnAdoouue
16 elBog THis povoTovias WIdS OUVAPTHCEWS YPTMOIMOTIOIOUHE T& TTAPAKATW
oUppoia:

f A <> [ elvar yvnoiws abtouca
[y <> f elvan ywnolws gdivouca
f A < f elvan altouvoca

fny <= [ elven gBivouca.

— ey e

“— —> 4< >
. L T

*Av 1) ouvdpTnon f elvan oTabepr), BnAadt kéBe xeA dmeovifetan pé Ty {
oTév 1510 TvToTE TrparynaTikG &pifpd, fi ué AR Adyia, Té Tedio Twmdv R(f)
elven #var povoperés olvoro, TéTe i T elvan TauTdypova alfovoa kai gbivouca.
AN kad dvTioTpoga, &v ) [ elven TauTdypova alfouoa kai givouoa B& Eyou-
pe yi& dmoiaBfToTE X1,X, 0TO A (x; #X,) &m f(x,) = f(xy), SnAadn &1 4§ f
elven oTadepr) ouvapTtnom. TpaypaTikd yi& X; < X, EXOUME
i(x,) < f(x,) (norif1) xal f(x;) = {(xp) (i f})
SnAadn f(x,) = f(xy). Tapduoia, yi& x, < X, EYouue
f(x) < f(xy) (et 1) xod f(x5) = f(x) (yarl £ )
Snaadn méh f(x,) = f(x,). "QoTe &modeifape ST
1.1.1. “H ovrdotnon {: A — R (ASR) elvar grafem] tdte xai pdvo tdte,
dv 1) { elvar Tavtdygova adifovoa xai ghivovoa.
*As PEAETTIOOUUE TWOPQ S TTPOS T1
povoTovia TRV TpaypaTiKh ouvdpTnom
@ pE w(x)= Lx’ oU #yer medio opi-
opoU 16 oUvoho R-{0}.
*Av BeyBoUpe éT1 f) ouvdpTnon w
elven gbivouon, BnAadn Tt yi& kdbe
Xy Xg

X < Xp = @(X;) = @(x,),
T6TE Y14 X, = -1, X, =1 kaTaAfyouue
o1d &romo -1 =w(-1) = w(l) = 1.
’Emions, &v SexBolpe &T1 1) w el-
- ;- - 1
vair alfouoa, BnAabn &1 yid kabe x;,x, Ty 20 @ y=-
x; < Xy = (X)) = @(Xy),
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i 1
ToTE Y1& x;, = 1, X, = 2 kaTaAnyoupe oto &tomo | = w(l) < w(2) = 5"
"Qoe 1) ouvdpTnon w dév elven povdTovn. TapaTnpolpe dpws o611, &v Tre-
plopiofoupe y1& x,,X, 016 (-20,0), loyua
1

© BT - ) = > 1 = )

&nAadn o716 (-0,0) PAtmouns ST f) ouvlinkn va elvan | w yvnoiws gbivouoa
TANPOUTAL. ZTNV TEpITTWOn aUTh Aéue OT1 1) ouvdpTnon w elvar yvnaiws ¢bi-
vouoa oTd (-c0,0).

Mapdpoia xad Y1k x,,%, 010 (0, + @) {oxver 1 (3) xal dvdAoya Adue &T1 1)
w elvan yvnoiws gbivouca o1éd (0, + 0).

Mevikg, &v y1& ) ouvdpTnon f ioyxle ) (2) yi& k&be x,,x, 016 B, (Smov
B elven fva pf xevd UmooUvolo ToU Tediou Spiopol Tns A) ToTe Adue 61 1) f
elvan ymoiwg plivovoa oré B xai oupPolifoupe oitd pé f ] B.

’Avédoya Aéue ST 1) f elvan yrmoiws adfovoa o16 B, &v ) (1) loyle yia
k&Be x,, X, 0TS B kaBeos mions kad 611 A f elvan adbovoa o1d B i ghivovsa ard
B, av 1) (1") f (2) dvtioToxa loxUer yi& k&be x,, X, 016 B. Mé& v& SnAwoouue
avtioToixa 61 1) f elvan yvnolws alfouca o1d B, alifouoa o6 B kai ¢bivouosa
o1o B, xpnoipotmrooUpe Tolus oupPoriopots f £ B, f 4+ B kad f | B.

T.x. 1 ouvdpTnon fluitovo, Tou &mws yvwpiloupe TapioTavetan kol pé

2 2

. 7 = ’ o ; ;
T6 oupPoro nu, elvan yvnoiws alfouoa mo{ —— -m] kai yvnoiws e¢fivovoca

oTd [%. 37."} levikoTepa, &v k elven &xépaios, loyve

nu I[Zx-n' —;; 21(11'-}—;] Kai nu ¥ [2K1T+ %,(2x+l)w+%]

1.2 "H povertovia kai 1| obvleon svvaptijsswv. ‘H mwpayuamiky ouvédptn-
on o pt o(x) = ax, émwov «
elvan Evas oTabepds Tpaypa-
TiKds &p1Buds Bidgopos ToOU
0, elven yvnolws povédTovn
kai pdAiora &v a > 0, elven
yvnoiws atfovoa, dgou yid
KGOE X, X5 X, <X, =

ax; < ax, = o(x;) < o(x,)
tvd &v a<0, elvar yvnoiws
phivouoa &eoU yik kadex,, X,

y=ax, a>0 y=ax, a<0
Ly 21 Zx. 22

X; < Xy = QX; > Xy = o(X;) > g(xy).

£>0'3‘UI a< 0 =0}

AnAadn:
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MecoueTpIKG 1) OUVEPTNOT O TIAPITTAVETA! pé md elBeia, dmws gaiveTan
oTd oxnuaTa 21 kai 22

Yy

*As Becopricoupe émriong kal THY TPAYUOTIKN
owéptnon T Wé T(x) =X + B, émou P elvan gTa-
Bepds TpaypaTikés &piduds. ‘H ouvéptnon T elvan
yvnoiws abfouoa, tmeidf yi& kdfe xy, X,

<X =X +P<x+p= 1(x) < T(Xp)-

Té Sidypapua Ths ouvapThoews T elval f
eBela ToU oxmfuaTos 23 Tou SifpyeTan Gd T& on- y=x+p (p >0
peia (-B,0) kai (0,B). Zy. 23

"Av Tdhpa @ = Too elvan f) olvleon TGV ouvapTAoEwy O kad T, BnAadh
f) ouvdpTnon Tou dpileTan &mo TOV TUTTO

w(x) = T(a(X)) = ox + B,

&mou a, P TpayuaTikol dpifuot
pta # 0, TOTE TOPATNPOUE

471 ioyUowy :

a<0=>w]

[u)O»m'ﬁ!l

L

& w:y=ox+p,a>0 w:y:ux+ﬁ.'u<0
Zy. 24 (B>0) Zx. 25 (p>0)

Ereidf yid kde x,,X, kal y1& a > 0 Exoune
X <X = a+P <ax,+P = w(y) < w(x),
v yid a <0
X, <Xy = ax;+ P> ax,+B = () > w(xy).
Té Bidypauua Tis ocuvBtoews w TV ouvapThgewy o kai T elvan 1) eUfeia

Tév oxnuérey 24 xai 25, ToU BifpyeTon &md T& onueix (— %, O)chl(O,B).

*ATTd SAa T& TTOPATAVE TTOpUOUME TP &T1 oty TepiTTwen « >0,
&mou ol o kai T elvan yvnoicws abfouoes ouvapThoEs, N cuvBeot) Tous w elval
yvnoiws alfovoa ouvapTnom, &v&d oty TepitTwen o < 0, &mwov fi o elvan
yvnoicws gbivouca kad i T yvnoiws adfouoa ouvdpTnom, N oUvBeot| Tous w El-
vai yvnoiws gbivouoa ouvdpTnam.

Mevikg, & f: A =B, g: B —R elvan mpayuoTikés ouwvapTtioes (A,B
Umroouvoha ToU R), ToTE dpifeTan, Strws EEpoue, ouvBeon) Tous gef : A =R
xkai loyUe T6 TapokdTe fedpnua.

1.2.1 ®EQPHMA. ‘Yrnoférovue Gt ol ovvaprijoes f zal g elva yynoing
povéroves. Tore, dv xai oi dvé elvaw Toi v idovs povoroviag, % oivlear) Tovs
gof elvar yoiwg atbovaa ovvdotnon, évi dv elvar dtagpogetizod €ldovs povoTo-
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viag, 1 otvlesr] vovs gof elvar ywjolws glivovoa ovvdornan. *Axpiféoreoa ioyi-
oV Td TA0axdT® ;

=

a) f2 “ i by 1Y = gol ¥
gl gl

C) rI = of‘ (I} fI } o 3
gY ] 2 A gy = gof

"Anddety. “Eotw xy, X, Bud dmoiadfiToTe oToixeia Tou A.
a) "Av x; < x,, TéTe gmaidn f 1 Exoupe f(x,) < f(x;) xal &pa, Emeidn
kol g 1, maipvoupe g[f(x,)] < g[l’(xz)] *Erdi
Xp <Xy = gof(xy) < gof(x,)
ToU onuaiver &Ti gof 1.
b) "Av x; < x,, Té1e Emabn f ¥ Eyoupe [(x,) > f(x,) xai &pa, &mweidn
xai g+ malpvoupe g[f(x,)] > g[f(x,)]). “Eto
X; < Xp = gof (x;) > gof(xy)
ToU onuaiver 11 gof 7.
€) "AV x; < x,, TOTE ¢medn f A Exoupe f(x,) < f(x,) woi gmeibh g v
gli(x)] > gli(xy)]. “Eton
Xp < Xp = gol (x3) > gol(xy)
oU onuaiver &1 gof ¥

d) "Av x; < x,, TOTe Emeidbn I Y #xouue f(x)) > (xp) ol tedh g 7
loyber glf(x)] < g[l(x.)]. "Eton

Xy <Xy = gof (x;) < gof(xy)
ToU onuaiver 8T gof .
1.2.2 O& epappdoouus Tdper T6 Tapamdve Becdpnua 1.2.1 Yi& v& pehe-
THOOUUE G5 PGS TH HOVOTOVia THY TPaYMaTIK ouvdpTnon W ué
ox +p
w(x) = vy %
émou o,,y,8 elvan orabepol mpayparTioi &pibpof pé y 3£ 0. TpdTa TaparTn-
S A — o 0 8 Mty .
poVUE OT1 TO Tredio dplopou Tfis w elvar Té oUvoho R— {— v Kai &xopn &mi

loy Vel

w(x) = (o T ol (x+hﬁ) +B ab — By

(R ] o 50 Yok s 2 ot i
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dnAadn

@ y=w)= &+ —
Kk =
Y
o« P
Stou Becarpe - cz—as;?1=— —l?-f-ﬁl—

Elvon gavepd &rrd Tév TUTro (4), 871 y1& ¢ = 0 (BnAcdn | % E \: 0) A w
Y

elven oTafepry ouvdpTnon, SnAadn
[1a B
N

Mé& ¢ # 0 TapetnpoUpe 611 1) W elven olvBeon pepikddy &TAGY GUVOPTT-
oEwV gy, ga 8w a HE

‘: 0 = w o‘ro:ﬂeéﬁ

& 1 o
B =x -+, L= 3 B =cxwd g = +x,
dnAadn

W = gyo[g:0(82081)]-

*AMG ol ouvapToels g, kol gy elvan povéToves kad ETol 1) povoTovia Tiis W
trrnpeddeTan &md T wovoTovia THis gyeg;. “Emadn 1) g, elven povoTovn oTd Sia-
orhpaTa (—0,0) kai (0,4 o0) 8& Twpémel v& E€eTdooupe TH povoTovia Tiis Za0g;
o ixeivel T& SiaoThpara ToU R, 8mou 1) gy walpval Tipés oTé TopaTTave SiaoTi)-
pata (-0,0) kai (0,4 ). Elvon govepd 811 & SiaoTrhuoTa aUTd elval T&

(_oo, — %) rod (— —%, +oo). *Eto1 &md 16 Oecopnpa 1.2.1 madpvoupe :
aeplnrwey ¢ > 0

&l i .
g3 (=0, 0) } > g1 4 (—oo,—-;)

B 83 (—co 1 E‘l’)} = g (gog) 3 (—°° v %)

g X
" ]
i) - o)
B2 : Tl
nepintwan ¢ < 0:
gl

gai(—oo,o)} N g*°g':(‘°°'_%)

A

=
g3 i } = g (Zeg)? (— 00,—

)

~| o

27

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrg



8o (R0 g) 2 (—o0,— > }
g1 ( Y) - ”(““"'“%)
"ETor Pprikaps &1

| e ﬁ ’ 8
<0 b - — = 8y |
[75 ::-w+( 0, ')’) !Yg'b-()::’wz(—no,__.)
TMopduoria uTTopoUME v& PBpouue kod &Ti:
ap &
>0 - =
'y&{ =>wx( 'r'+m)
' T& wa;?o:"nérvm OUUTIEPAOUOTS OXETIKG pé TH povoTovia HTTOpOUV vk Trpo-
Kuyouwv kaif dpéows &md Toug SpiopoUs Tfs povoTovias CUVapTHOEwWS.
Avéypappa tiig ovvaprijesng w. "Av Btgoupe
X=x+ %, Y=y- %.
T6TE & TUmOos (4) Sivel

<o vi(-4e)

s |58l
Y — Y' C=— );l
Oi &foves x,y petabitovtan TapdAAnAa aToUs X, Y pé &pxf TS onueio

. ) a ; . A
C= (~— 7- 7—) Té 8i&ypaupa Ths W 8iletan ot TAPOKATW oxnuaT :

by ¢

P
i

I
'3

L=l

==+p GP‘
y=— <0 =3_+_p ap n__+ .
Yx+8 |ys N T yﬁjb'o y=yx+g' :g!=°
Zy. 26 Zy. 27 Zy. 28
MNapadeiypata :
Bonfiyrixol dmoroyiouol
1. w(x):ix_:-aa 2x+8 2 c
3 xFT" 1T Ty
Yy=wx)=2 +x+ x+T
8
=(-32) x=0: T=2+-;—=>8=6+c=>c=2
28
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e propey S A~

A 2x+ 8
Ty 29 We }'=;_';‘§

w3l (—o0,—3) xal wY (-3, + o).

_ 5x+3 I Bonbrytixol dmoloyiopol

Bl i 2x +3 5x+3_5+ c
bl BFY, 8 fir O
4 L)

-
T ——

&
L]
1

5x+3
Zy. 30 Wiy

wt (-w,-—%) xal w‘,':(——--;—,-i-oo)-

1.3. “H povotovia xai 1| @vrictpogn cvvapimoen. "Eotw f: A ﬂdw) B

(A, B UrooUvora ToU R) mid yvnaiws povétovn ouvapTnon Tou A Tdvw oTd B.

Téte aUTh elven kad &ugiuovooruavTn, Snhadt yi& k&de x;, X, o1d A loyuouv
G)) x, # X, = (x;) # f(x5)

Mpayparikd: pmopolpe vé& Umobéooupe, Xwpis PAGRn Tiis yevikdTnTas, OT!
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X; << Xy (0TAv dvTifetn TepimTwon, Snhadn x; > x, dAAGouue TS pdho TV
Xy, Xp). "AMNAG TéTE B84 foyve
f(x)) <i(xp), v F1 & (x> f(xy), & f7.

"Apa mévtoTe foxUe f (5) xai Eror A [ elvan dpgipovostipavTn ouvdpTnon Tou
A émi ToU B.

Zupguwva pé 16 Becopnua 2.2.1 Tob kep. | Umdpyer kad 7 avTioTpopn THs
yvnoiws povéTouns ouvapTroews f. *AkpiPéoTepa foyUer 6 TapoxdTw fecopnua.

1.3.1. @EQPHMA. "Av [: A — B el uid ywnolws povitovy ouvvdo-
0 Tob A éni vob B, vdve dndoyer 1 dvriorpogn ovvdornon -1 adriic xai udiiora
toyvovy.

1

=112 | | [y = -1

v
-

s

Anddeky. ‘H Umapn s dvtiotpogns cuvapTriosws Exer &rroderyOei
Tapamave. NN& v’ &dmodeifoupe kad T& YmdAoITTa oupTTEpdUUaTa ToU Becopriua-
Tos Slokpivoupe Tis TEpITTGOEIS

a) I'Lwod f=1 &1 L. 'Emeidny f) -1 8év elvan yvnoicws aifouce, Ut ép-
Xowv X;, X, 01O Teblo dplopoU THs B ué

n<x x 7Yx) = Fi(x).
TAMAG
4

-16x,) > 1F(xg) } = 1((x) 2 1(f4(xy) = %, > x,,

mou elvar &totro, yiotl x; < X,

"QoTe &modeifape & f L = -1 1

b) 17 xai f-1 dy 7. Tapduowa, mws kai oty Tponyoupevn Trepi-
TTwon, &medn f {1 Bév elvar yvnoiws @bivouoa Umdpxouwv x,, X, otd B ut

; 6 <X, xal [7(x) < F(x,).
"ANAG
- () > 10-4x)
= X X =X, 2X

00 < 1) o o bl
moU elvan Emions &roTro .

‘QoTe &mwodeifaue &1 X b by

Mapadsiypora:

1. "H mwpoayuoTixn ouwéptnon ¢ pé ¢(x) = x® (PA. Ix. 18) elva, Smeos yvawpiloupe,
)/v'r]mc.os abfovoa, &pa kai fi &vTioTpopn alTiis ouvdpTtnon ¢~ Tis &molas & TUmos elvan
y = 3VYx, elvaa #miong yvnoiws abfouoa kal udAiota 16 Bidypappa aUTis (PA. Zx. 31) &-
VOl GURUETPIKS, G5 TTpds TH B1XoTduo Tijs TRdTNS ywvias Tév &Ebvev, Tol SiaypaupaTos TS @.

2. Tevikdtepe, | ouvdptnon [ ué f(x) = x»+1 (v guoikds &piBpds) elvor yvnaiws
atfouaa, yiati y1& éworadhmoTe x,,X,

X< Xp = XML < x ™V = f(xy) < f(%,). seik

, vt
Mapduota kai ) dvrioTpogn -1 avtdis, Tiis dmolas & TUmos efvan - I(x) =Vx, elvar #miong
yvnoiws abfovoa. T SiayppuaTa Tév ouvapthoewy [ kal [-1 gvar BéPaia ouppeTpikd s
mpds T BixoTouo Tiis TpdTNS ywvias TGY &féveov (PA. Zx. 32").
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2. AKPOTATA ZYNAPTHIEQE

2.1 Miyioto ki Ehayioto ovvapticsws. & 1) ouvdpTtnon ¢ pé
o(x) = l1-x* maparnpotue &t ioyUel
p(x)=1-x2 =<1 =0¢(0) \+ xeR, Yt
8nhadn ol Tipés THs ¢ ToTé Bév Eemepvouv THV
Tipn s 076 0, dnAadn Tév &pifud @(0). ZThv 1
TeplTrTEOT, CUTH Adue 6TL 7} @ Trapoucidler uéyt- /
oto at1d onpeio 0, &vd TAV T Tns ¢(0) TV ] A
dvouddoupe péyioTn Tiw THs @. Axdun Topo- / 0 o
el )

TnpoUue 61 1) @ elvor yvnoiws adfouoa dpioTepd
&md 16 0 kal dkpipéotepa 016 (- 0,0], yiati yi&
kabe x,, x, loyUe

Ly. 33 ¢@i:y=1-x?

X <X =<0 = 1-x2 < 1-x,? = ¢(x,) < o(x), @ nagovedler péyioro ard 0.
kol dxdun 811 alrr elvan yvnoiws gBivouoa Be§id &md 16 0, yrori yik kdfe x,, X,
0<x, <x = 1% > 1-%.% = 9(x;) > (%)

Té Bidypopua Tis ocuvapThioews ¢ Sivetan oTo
oy. 33. A

‘Avédoya, yi& TR ouvdpTnon o uE
Y(x) = (x-1)* TropaTtnpoUpe &TL

w(x) = (x-1)2 =2 0=y(l) ¥ xeR,

SnAadt) Shes of Tipés TS ouvapThoews y Eemepvoly 3 X
v T s w(l).

Stiv mepimTwon abTh Afge 8TIL f) ouvapTn- Zy. 34 y:y=(x-1)
on y mopouoiddel EAdxioTo oTd onueio 1, Bvd TNV Y magovowdle éldyioto oré 1
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T s W(1) TV dvopdloupe BAGyioTn Td Tns. *Akdun TaparTnpolue 811
y elven yvnoiws gBivouoa o6 (- oo,1], nAadr dpioTepd &’ 16 1 ko Yvnoiws
albfouga oT6 [1, 4 o0) Bnhadn Be€ik &md 16 1.TS Sidypoupa Tis ouVapTNoE-
ws y pds 16 Sivel 16 oy. 34.

levikg, yi& wi& cuvc:p-rncm f: A =R (A =R) My 811 Topouaidle
péyoro (i ddued péyioro) o Bva onpeio x, € A, TéTe ked pévo TTE, & oy el

f(x) < f(xy) ¥ xeA.

Thv T [(xo) v voudZoupe, TéTe, ueyiory vyr] () 6dexd péyiaro) s 1.
Mopduoia, Aéue & A f mopousidder é Ehayioro () Ghund éldyioro) o Bva
onueio x, € A, TOTE ka! pdvo ToTE, &v ioxvel

f(x) = 1(x,) ¥ xeA.
Trav T 1(x,) v ovoudZouue, Téte, EAdpory Ty} (§ 6 8Adyioro) THs f.

"Egappoyic :
1. 'H owéptnon f pé I(x) = ax® (aeR—{0}). Araxpivoupe Tis TapokdTw Sud TEPITTMOES:
negintwon o >0 agolarwon o < 0
‘H I mapouaikler #AdyioTo o1d 0, Emeadn ‘H  mapousidder péyioto o1é 0, Emeldn
i(x) =ax® = 0=1{(0) ¥ xeR I(x)=ax? < 0=1(0) ¥ xeR
I} (0,0 tmad yi& xée x,, X, { 4 (-, 0], madn y1& kéde x,, X,
X <% <0 =ax® >ax? =1(x) > (X)) | X <% <0=ax? < ox,? = f(x;) < f(x,)
I 2 [0, + o), tmerf) y1& wébe x4, X, [y [0, + ), tmadn yia ke x,,x,

0<% <% =ax® <ax® = I(x)<f(x)) | 0 X; <Xy ax,? > ax,t = f(x,) > 1(X2)

y y
0

Zy. 35 Liy=axt, a>0 Ly. 36 1 y=ax? a< 0.

HMapatfipnon. ‘H mapaméve owdprnon 1 Bév elvar dugiuovoofucyT n, dmedn yi&
k&fe TpayuaTikd &p1Bud x foylel

f(x) = ex® = a(-x)?* = [(-x).

'Avtifeta, ol cuvaptioss @: [0, + @) - R kal y : [, 0] - R, mou &pifovran &md
Tov 610 TUTTO

¥ = ax?
elvar yvnolws povéToves kai émopévers dpgipovoohpavTes ouvapThoes. "Apa ol guvapTiioeis
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autés Exouv duTloTpoges ouvapTHoES TTOU TAPIOTEVOVTEI YEWHETPIKE 0T TOPAKAET® TXTHATS,

W

15% “
y7 sy

2.

a, B, ¥ el agayuparizol dpfpoi xai o 0.

4
Y
o X
=3
N
\
AY
\
\
\
1
1
1
a<0 ] s*
Zy. 39

I rowhvegey avrdetion OerTéooy

Mp&dTa Tapatnpouue OTI

kol Eropéves, Gv Béoouvpe

a>0

Zy. 38

4
Y /-’
0L/ =
// s
s‘u-l .r&’
i
/ o
I
i
Sy
a<0
s 40

Babpoi T pé f(x) =ax?4 Px + vy, dnov

oeamiyms(erla)trma(xe £ (- 8):

day Pt

kel Y=y~ e
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6& Exoupe
L) Y = aX,
kal ol &Eoves x,y 0& ueTagepfolv TapdAAnAa oTols XY ué dpx1 T onpeio

c=(~ f e

) (BA. mapaxdTew ax. 41 kal 42),

Tope, xpnoipomoimvtes 16 Tponyolpevo Tap&Belyus, oupTEpaivoupE elkoAa oT1;

negintwon o >0 neolnrwany o < 0
B

‘H I wapoumidla EAdyioTe o1é =ioa ‘H { wapouai&ler péyloto otd ——E

2a
f:(—m.——zg;—-] xal £ 3 [_2%’ +0°) [I(*w.—-zﬂ;] xc(lfz[—"zﬁa , +m).

y ty |
1 0 f&
\ i /sf i'_é x
AN - b e
! .‘
M_M ,,,,,, X |
wias R
il fiy=atiprty, 0z Ix. 42 f:y=ox*+Px+y, a<0.

3. H dererpdyovy roubvun cuvdoryon 1 ué f(x) =ax* +-Px2+ y, fz00 « P, ¥
elvar oaypatixzol dolipof »al o + 0. *H HeheTn Tiis BiTeTpdywung Tpidvupns ouvapThaews 1
Pacifeton o1 yeyovds &1 alth elvan ouvleon Tis ouvapTtAcews h wé h(x) = x* kel Tfis
TPIOVULNS ouvapTAoEws g pé g(x) = ax? - Bx ++ v, "Exovras Oméym uas T yeyovds ai-
9, SnAadh Té 4T f = goh, of cuwbBuacpd pé T Becdpnua 1.2.1, pmopoipe vé HeAETHTOVME TT
uetaPoAd Tiis f kai vé yapdEouus T Bidypappd Tng, Srws QuiveTon oTd TAPAKETW TTapa-
Selypara:
Hapddeypa 1. f(x) =2x* —4x2 -1
h(x) = x?
B(x)=2x*—4x —1=2(x—1) -3,

AT T& oupmepdouaTa TGV TapaTdve tpappoyév | xkaf 2, § petaPodn TéGv guvap-
Toewy h kel g Bidetar &wd Tous mivakes:
|
L heo | N N g |
Emeidn f(x) = glh(x)] xai ) g Exer SiagopeTind €lbos povoTovias oTd BiaoTiuaTa
(o0, 1] kai [1, + o), Tpémer vé& pedeTrooupe T ouvdpTnen f, s Tpds T povoTovia, o E-
xelva T& UrobixoThuaTa TGV (-, 0] kai [0, + o) émov 1) h TANpol ik &mwd Tis ouvBijkes
h(x) =x* << 1 kai h(x)=x* > 1
BnAadn oT& SiaoThuaTa (-, ~1], [-1,0], [0,1] «ai {1, + o).

e

* ‘

—o—|—o—

— g — ——

B0
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(i) ZTé Bikornue (-, -1], dos gaifveran &méd Tév wpdTo Tivaxa, fi owdpTnon h

elvan yvnolws gblvouoa, &pa
hx)=x% = 1)P=1 MV XE(ow, 1]

snhabn ol &vtigToxes Tipés Tis h dvfikouv oTo BidoTnua [1, + ), émou, émwes TPOKUTITEL
&md TéV BeUtepo Tivake, f g elvon yvnoiws alifouoa. "Ape, cUpgwva pé 16 Becopnua 1.2.1
#) ouvBeon geh, &nAadn f) ouvapTnon f, elven yofwg gbivovou ord (—o, 1]

(ii) 216 Bidornua [-1,0], émws aiveTon &mo TV Tp@To Tivaka, f| ouvdpTnon h
elvan yvnolws gbivouca, &pa

h(x) =x¥ =1 xEl=-1,0%
5nAadt ol dvrioTorxes Tipés Tiis h &vrkouv oTé BidoTnea (—w, 1], &mou, &mes gafveran &
16 BedTepo Tivaka, f g elvan drions yvnoiws gblvousa. *Apc, oUpguwva pé T6 Bedpnua 1.2.1,
# auvleon { = goh elven pwyoivs aifovoa otd [-1,0].
(iii) Tapéuoia, 016 Bidernua [0,1], émes gaiveTan &wd ToV TpéTo Tivaka f| guvép-
Tnon h evan yvnolews abfovoa, &pa
hx) =x* < 1*=1 % x€[01l],
Bniadt ol dvtioToes Tiés Ths h dvijkouv oTé BidoTnua (-, 1], &mou i g elvan yvnoiws
gBivovoa. “Apa # ouvleon [ = goh even yimuiws ghivovoa ord [0,1).
(iv) Téhos, o1 Bidornua [1, +e), N ouvaptnon h eivan yvnoiws abfovos, &pa
hix)—=x¥ =8 ST [, o= )
BnAabh ol dvtioToiges s Ths h dvkouv oT6 BideTnux [1, 4 o), Smov, omws QaiveTan
&md 16 Beutepo mivaka, | g eivan Emions yvnoiws alfousa. “Apa 7 olvbeon [ = goh eivat
yvnoiws alfouvoa 016 [1, 4 ).
‘AT T& Topamave TpokUTTe Tdpx & EEfis mivakas netaPodfs Tis I.

{ X \ -1 {:} {
l 1) I‘ ooy A —11 Ay wil =

nepintwon of <0

yh

e

=3

Ix. 43 1: y=2x"—4x*—1.
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Hapdderypa 2. f(x) = 2x* + 4x* —3
h(x) = x*
g(x)=2x*+4x -3 =2(x + 1)* 5.

Ol mivaxes petaPoAfis Tév ouvapTtioewr h xal g elven s

X (ll X —|1

| |
| |
h(x 0 (x) =5
(x) \A | _/1 4 _\l i ./'
At Tols Tapamdve Tivakes weTaBoliis TGy ouvapThcewy h kal g PAémroupe ST kal
oT& Bué BoTipara (-, 0] xal [0, + «) f ouvdptnon h Taipvet Tiwés otd [0, + ),

dmou i g elvan yvnoiws alfovoa. “Apa tpapudlovtas Té Becopnua 1.2.1 maipvoupe Tév Ta-
pokdTw Trivaxka weTaPolfis Tijs BiTeTpdywyns TpLGVULNS ouvapTioews f =goh.

S
r(x)l‘\—% P

nepinrman of > 0

¥
B s
<
-3

Zy. 44 f: y=2x%4+4x*-3.

2.2 Tomké Gxkpbérata covaptijems. 316 map&deiypa 1 Tfis Tapomdve
Epapuoyfis 3 eidaue 81 # BireTpdywyn Tpicovupn ouvdpTnon | pé f(x) = 2xi-
4x*-1 (BA. ox. 43) mopouoiddel Téoo o1 anueio -1 doo kai o016 1 (GAIkS) EA-
XloTo pE EAGy1oTn T T6 3. "AvTifeTar ) ouvdpTnan aUTH) Bév Trapoucialel
(6A1kd) uéyroTo. "Av Suws Teplopicfolpe 0TS AVoIKTS Sidornua (-1,1), Té1E
TAPATNPOUNE ST1 foy et

I(x) 21(0)=-1 ¥ xe(-1,1)

BnAadt) of Tipés THis I 0TS SidoTnua (~1,1) v Eemrepvolv TV Tiun NS oT6 On-
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pefo 0. Tty TrepimTwon adTh Aéue 811 | ouvdptnon [ Tapouoiddel oTo onueio
0 rou=s péyoro.

Mevikd, Aéue 811 wid ouvéptnon f: A — R (A = R) Tapovaiadel tomixoi
péyioro o fva ompeio X, € A, TOTe kol udvo TOTE, Gv Umdpyel Eva dvouxrd Bt
otnua (a, b) Tou Trepiéxel TO x, kai TepiyeTan oTd medio dpropou A THis [, 8n-
Aadr) x, € (a, b) = A, TéTolo GoTe v& loyvel

f(x) = f(x,) ¥ xe(a,b)

Trv T 1(x,) dvoudloupe TéTE tomued uéyiory Ty () Tomizd péyioTo)
s £

Topdpola, Aépe 611 1 owdptnon [ mopouciddel Tomixd fdyoto o Bvel
onuelo x, € A, TéTe kai pévo TéTe, v Umdpyer Eva drowxto Bidotnua (a, b) € A
ToU v& Tepléyel TO X, Kai TETOlo hoTE vé& oY Uel

[(x) = I(x,) % xe(ab).

Thv Tiwf I(x,) Tnv dvouddoupe ToTE Tomixd EidyreTy Tiyw] (i Tomuxd
Edyioro) Tis I

“Otav W& cuvdptnon [ mapoucidlel o’ v onpeio X, TOTIKS WéyioTo f
ToTKG EA&Y10TO, TOTE Afue &T1 o) TTapoudIdlel OTO oTUEIo X, TOMIHG AX00~
rato. Ay. | Bitetphywvn Tpubvupn ouvdptnon f pé f(x) = 2x'- 4x2-1
(BA. oy. 43) Trapovoiddea oTd onueia —1, 0, 1 Tomiké dxpoTOT. *AkpiPécTepa
aut Tapouoidle ot onpeia —1,1 (SAikd) EAdyioTo Kkai 0TS onuelo 0 TOTIKS
pEY1OTO.

3. MEAETH LYNAPTHEZEQE KAI FEQMETPIKH THE IMAPAZTAIH

3.1 ‘H peAétn wmds TrparyuaTIkfs oUVaPTNOEWS UGS TPAYUATIKAS METO-
BANTRs &moTekeiTan &md THY THnMaTK (kaTd SlaoTARAT) WEAETN Tiis povo-
Tovias Tns, TOV kaBopiopd TéV onuelwy dmou alTr TTpoUT1alel TOTrIKE &KpoO-
TaTa kal TOV UToAoyioud TEV AKPOTATWY TIMGV TNS, dnAadn TV TOTIKGDY
peyioTev kai Tomkédy EAayioTwov Tipdy Tng. Mé 17 Porifeia TEV TrapaTdve
oToiyelwv, T& oToix TpokUTITOUY &Trd TN MEAETN WSS OUVOPTTNOEWS, UTTOPOULE
V& TUPOCTHOOUNE YEWHETPIKE QUTh T ouvdpTnon, dnAadn vé yoapdSoupe TO
Bidypauud Trs. ST x&pafn ToU SixypduuaTos wdls ouvapThoEs BleukoAuvo-
pooTe oM &v kaBopicoupe, TpdTA, Spiouévar onuela TOU By paupaTOs TTou
T4 EMéyoups, ovfaipeTar kad koTd TéTolov TPSTO, dOTE 0TS v& YopakTnpi-
Zowv Té Sikypoupa, &v elvan Suvatd, ot OAn TV #KTOOT] TOV.

3.2 “H ouvvdotnon [ ué f(x)=y\/a¢Tx?, daov @,y elvar moayparvizol
antlpoi zai o > 0. Té medio Spiouou autfis elvan 76 KAsloTd S1doTnpe [—o .
*Akoun yi& y = 0 1 owvdpTnon [ elvan yvnaicos alifovoa o1 BidoTnua [-a,0],
yiori yi& dmoladfToTe X;, X, 076 [-a,0] loxUel

<Xy = X2> X >al—X?<at—x? = Ye—x2< Val—x} =
f(x)=yVe@—x2<yVo®—x?=1(x),

37

WnepromoirBnke amd 1o lvotirouto Exmraideutikng MoArmikng






