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1. TO ZYNOAO C TQON MITAAIKQN APIOMAQN
1.1. Elcaywyy

Z1hv ponyoUuevn T&En pdbaue 611 ol plles Tis SeutepoPdbuias EEiotoews
- ax?4+Px+y =0, «#0, op,yeR €8]

8{vovtan &mwd TéV TUTO

—B 4 2_4
x = —PEVP oy @)
2a
"Av elval P2-4ay >0, 16Te ol piles ouTés elven TpaypoaTikes. “Av Suws elvan
B*—dory <0, To7e 1y (1) Bév Exer piles a0 R. Evriv TeAeuTaia adTh TepiTrTwan of
piZes Tfis (1) &xouv T woperi kK+AI kai wpoxUTTouy dird TéY TUTO (2), dv av-
Tés ypagpTei(l)

xz—%,,-_““’z‘*T‘gii 3)

Oi &piBuoi k+Ai dviikouv o’ fva olvoho elpUtepo &d 16 R, 016 alvoro TGV
prycadikédy pifpddv.

EisikoTepa ) Efiowon x2=—1 <« x241 =0 &ua piles Tis +i, SnAadn
elvar i2=—1 kal (—i)2=-L. e

Meta Tis wapamdvew Tapadoyés kai TH SiamioTwon 671 i2 = —1 kaToAR-
Eape oTé ouptépacua &Ti oi pryadikoi apiBpoi «ovpuneproépoviay Gnog kai ta
dvopa a+fx pé x = i.

“As BuunBolue pé TapadeiyuoTa Téds EkTeAoUpE Tig Baoikés mwpdgels wpdo-
feon kal oA amAaciooud oTé olvoro THY miyabikdv dpifpdv. Mé Tols wi-
YadikoUs &pifuols 3+2i wai 4451 Exoupe:

1. (342i) 4 (4+45i) = 3+ 2i+4+51 = (3+4) + 2+5)i=7+7i, kai yevicd
(@ +B,) + (o3+Bsi) = (@, +0) + (B, +By)i ©))

1. *H upopen olrrry ogeideton otév ‘EAPerd pofnuatiké ToU 18ou aldva  Euler
(1707-1783) & éwoios oupPdéhioe Thv V—1 pé 16 i moU elven 76 &pyixd ypduua THs Aéecos
imaginare (pavraoTikés). TMpenyoupévas of pabnuarikel ToU 160u of. elxav ypdyel «rumikén
VP day = Vday—p? - VI, &rav Bi—day <0.

Tév 190 al. & leppovéds pabnuoaTikés Gauss (1777-1855) mapéotnoe YEWUETPIKE TOUs
uryadikous &pifuols pé onueia ToU mmédou kal &médeife £ro1 dmi ol piyabikol dpiBuol elvan
tfioou guykexpiptvor (kal &x1 gavrtaoTtikol) dmwews kai ol mwpayuaTikol dpifuol.
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2. (342i) - (4+5i) = 3-4) + (3-5)i + (2-9)i + (2-5)i
G+ G+ @D+ (25D
= (3-4-2-5) + (3-5+2-4)i =2+23i, xkod yevik&

(@, + By - (a3+Bol) = (2,0,—F,Bo) + (0,8 +a,B)i ©))

*Axdua elvan pavepd 8T oTd pryadikd dpiBud a-Pi propoUpe va dumioTot-
xloouue T6 BiareTaryutvo LeUyos (o,B) kad dvrioTpopa. ZTfiv émrdpevn Tapdypago
8& Splooupe Tis Pooikés TpdEeis pdodeon kai ToAhaTrAcoiaoud oTé oUvoho
T&v BrareTarypévev feuydv Tou R X R E1o1, doTe vé& T4 TauTiooupe pé TS olvoho
TGV piyadikédy apibuddv.

1.2. Té obvoro C odv obvoro Bratetaypévwv Levydv tod RxR.

Bewpolpe TO cUVOAO
C={zlz=(ap), «€R, PeR}
kal T yvwoTr lodtnTa TGV oToiyeiwv Tou
(aPy) = (@3Po) = oy = waxl Py =Ps (¢))
316 olvoro C dpifoupe 0o Baoikés wpdes, TV Tpdofeon kai Tév TOAAXTAG-
clooud, pé t& ouvhln oUuPora 4, kai -, Té &Bpoiopa kol TS ywduevo
8Uo oToiyelcov (0,8, xai (ag,By) ToU C dpifovTon pé Tov drdAoubo TpéTO:
To dbporopa: (b)) + (22,82) = (2 F 25, +By) @
To ywvbpevo: (23,80 - (03,B0) = (2,051 Boy 3B5+a:B) 3
(Asite TN okompdTnTa QUTGY TGV dploudv TapaPdAlovTds Tous pé TOoUs TU-
Tous (4) xai (5) Tiis mapaypagou 1.1.).
*As Tépoups Thpa T6 UmrooUvoho R’ ToU C, ToU Eyel yi& oToiysla Tou SAa
T& oroiysia Tiis uopeiis (o,0), kad &g xévoupe petafl avtou xal Tou R Ty Gupi-
povoonuavtn duTioToryia
R'2(0,0) < aeR
Mé& Blo ororyeia (o,,0) kai (x,,0) Tou R’ elvan
(2,0) + (o3,0) == (&, +5,0) <> (o, +) e R wad
(2,0) * (@2,0) = (x,,0) > (o) € R
AnActy: o) Té &Bpoigpa BUo oToixeiwv ToU R’ dvmioToyiletan dugiuovooty-
povTa oTd &Bpoloua TéV dutigTorxwv oToxeiwy ToU R, ko
B) Té ywéuevo 8Uo oToyeiwv Tou R’ dvTioToiyileTan dugiuovoan-
povTa oTO ywodpevo Tév dvTioTorywv oToiysicv Tou R.
‘H SiarioTwony uas alT pds émiTpéme va «TauTioovper 16 R’ pé 10 R rad
v& Bewpolue 1ol & elvan R C C. Met& 4md alTd UTOPOUPE V& YP&POULE:

8
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I 1.3.

(0,0) =a 4

*Av épiooupe (a,p)? = (o,B) - («,p) kal oupPoricoupe pé i 16 oroixeio (0,1),
TéTe 04 elvan:

it=(0,1)-(0,1) = (-1,0)
kal oluppowva pé v (4)

it = —1 ()
‘Erreist) &g ever  (B,0)i = (B,0)+(0,1) = (0,), & Exoupe:
(a,p) = (a,0) + (053) = a+ B,0)i = a+pi (6)

*Apa: tb tygév oroixelo (o,p) tob C «ravtiletraw» pé 16 yvooté pag pryadikd
apiBpéd a+Ppi. “Evor 76 olvoro C égodiaopévo ué Tis Tpaes Tis TTpooBioews kal
ToU TolAaTAagiaopou, moU Té& EEaydusvd Tous divouv ol lodTnTes (2) xai
(3), elvan 16 glvoho TGV pmryadikdv &piBuddy kal T& SlaTeTaypéva Lelyn-oToixsia
ToU C—dvopddovtan wyadikol &pifuoi.

276 Aoyioud ouvnBuws ol pryadikoi dpiBuoi xpnoipotrololvTar ué T Hopet
a+Pi &vti (o,B). ‘H xpnowdTnTa Tiis uopefis (o,p) 8& @avel oTn yewpeTpixkn
TOUs TTapaoTaOT).

‘H mapamévw «tadmiony (0,0) = o pds émTpémel va ypayoupe

K.(a,p) = (xaxp), keR. O

1.3. "IS1étnreg tiic npoaBéoews xal Tob moAAanAaciacpod 616 C.
1. "1&16TnTeg Tiis MpooBéogews

Elvan gavepd 811 1) mpdabeon, Smws oploTtnxe, Exer Tis iBi1dTnTeS
7,42, = 7,47, (&vTipeTaBeTIKT)
(Z,+2)+23 = 2, +(2+23) (TTpOCETCPITTIKT)

yi& Aa T& z,,2,,25 € C.
*Axdua foxUouv ol dxohoufes TpoTagEls:

Ipéraon 1. "Yrapyer Evag kai pove pryadikog apiBpdg C* tétolog, Gate yid Hiovg
t00g pryadikoig apiBpois z va ioyer:

14t =1z )

"Anodaiin. "Av elven z = o+ Pi kai ¥ = x+yi, ToTe A (1) ypageTan loo-
Buvana

(@+B0) + (x-+yi) = ot Pi <= (@4 ) + (B-+y)i = ai-pi =
<at+x=a kal P+y=Pp < x=0 xai y=0

“Apa 16 oToixelo Z* = 0+4-0i elvan 16 povabiko mou ikavorroiel v (1)

)
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yik k&fe z € C. Té oroiyeio 0 + 0i dvopdaletan ovditepo ororyeio yia thHv mpod-
abeon o160 C kal yi1& eUkoAia 16 Adpe pndiv xai 16 oupPohifoupe pé 0.
Mpétaon 2. INa xabe pyadixo apBpo z dnapyet Evag kai pove pryedikos apipog
z* tétorog, dote va loyio:
z4+2¥=0 (2)

"Anoderln. "Av elvan z = a4 Pi kel 2* = x+yi, o 1) (2) yphoeTar ivo-

Slvapa
(i) + (X+yD) =0 <= (a+x) + B+y)i =040 <
< at+x=0 kai Pty=0 <« x=—a ki y=-P

"Apa & wiyadixos apifuds z¥ = (—a) L (—P)i elvan & povedikds yid TS pi-
yodikd apibud z = a+-Pi, Tou ikavoroil T oxion (2).

‘O pyadikdg apipdg (—a)+(—P)i, moU y1& edxohia Tov ypdpoups —a—Pi
kol Tév cupPorilouue pé —z, ovopdletar avtiferog tod z = a+Pi f| 16 cvppe-
pkd otorycio tob z = atfi yia v nposbeon 616 C.

Ilpoétasn 3. Xrté aivoho C ieyier 1) isodvvapia
2, =2y <> 2, +7 = Z,+2Z 3

"Anoderin. o) ‘H ovvemaywyn z; =12, =247 =242z yi&k SAa T&
z € C elven gavepr) &mo Tév Spioud Tiis Tpoohioews.

B) ©& Beifoupe THV ouvemaywytn z,+z = z,+7 = 2,=Z, TOU &mwoTeAel
16 vopo tijg Saypueiic etiv npbebeon oté C.

Mp&ypar:
ztz=12+2 = (5+2)+(-2) = (2,+2)+(~2)
= g+[z+(-21)] = 2, +[z4+(-2)]
<« z;4+0=12,40
< Z;=1I,
Ilpétaon 4. 'H ifiowon z,+z = z,, 2,2, C (4) Exzr povadiki Abom oté C
MY Z = Z,4+(—zy).
'An6derin. “Exouue SiaBoyikd
ntz=1z, < (2+2)+(-2) = 23+ (-2y)
= (z4z)+(-2) = z,+(-2,)
= 22+ (-2)] = 2,4+ (—2y)
© 240=1z,+(-2,)
< 2= 2y+(—2zy).

‘H povadwr) Mon vijs éfwodiosws (4) dvopdlerar Sapopd od z, dné 16 z,

xal ovuforilerar pé zg—z. Anladj elvar

Z2,—1; = L+(—2,) ®)
10
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1 1.3.

*H mpdén, ué vijy dmoia Poioxovue 11j dapogd dvd pyaduxiv dolpiv, dvoud-
Lerar Goaipeon.

1. "1616TnTes To0 moAlanAaciaopol

Elven govepd 611 kad & ToMamAaciagpds Exer Tis 1816TNTES
2.2, = 2.0 (&vTipeTodeTikn)
(2,.2,) .23 = 2;.(25.23) (TrpooETaIPIOTIK)
kai &xépn elven wpdEn EmipepioTind G Tpds THY Tpoodeon, Eniadn
7, (2 +2y) = 2,.2,+2,.23
yi&k SAa T& z,,2,,%3 € C.
©& Seifoupe &Ti kol oTév ToMAaTAaoiaopd loyuouv &vTioToIxes TPOTATELS
ué Exetves roU Seifope oty Tpdabeon.
Mpotaoy 1'. “Yrapyer vag kei pove L* € C tétorog, Hote na dha ta z eC va
foyoer:
z2.(* =z 05
*An6SeiEn. “Av elvan z=a - Pi kai {* = x+yi, Té1e ) (1") ypdpeTan loodi-
vapa
(@+Bi) (x+yi) = o+ Pi < (@x—Py) + (oy+Px)i = at-Pi =
< ax—Py = « kai ay+Px =p. "Av tmmhréov elyar o p? # 0, TOTE EXOUME
™ wovadikn Aon x=1 kai y=0, &, &v dvar o+ pB*=0<a=p=0, T6Te T0
oUoTnua elvon TauToTik kal guveTés Exe kal T Avon  x=1, y=0.
"Apa & piyadikds &piBuds L*=1+0i elvon & povaBikés mou ikavotrol Thv (1)
yi& kdle z € C."O myadikég apilpog 14-0i ovopdletar ovdérepo orolytio Ta tov
ro)iarnhaciaopd oo C xai yi1& eUkohia Tév Aéue povéda kai Tov oupPolifouue
pé 1.
Tpétaon 2°. Ta kaBe z € C ué z # 0 drdpyer Eva kai povo z* € C, date va ioyier:
z. 2% =1 ()
"AnodeiEn. "Av elven z=a+Bi £0 kal z¥=x+4yi, | (2') ypdgeTan iooBivaua
(ax—Py) + (ay+Px)i =1 +0i < ax—Py=1 xai Px+ay=0
xal, dpoU elvan o?4-P+£0, 16 oUoTnua B4 Exel T povaBik AUoT X=-—; 55~
... L e Dog
P Pt t P i elvan
& uovadikds yi& TO piyadikd dpifpd z = a+Pi#0 mol ikavormowl 17 (27).

kal y= “Apa & piyodikds dpiBuds z¥ =

&5:-]12 g &;};Bgi, not cupPoiiletar z! i —i—, dvopaleta
Gvtistpogog tob z ij Kai T cuppetpikd atoryeio tod z=a+Pi ~ 0 na ov noi-
haniaoiaopd otdé C. Elven Aormrdy,

‘O yadikog apbpog

11
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2zl = (a-+pi)? i z#0

SOl ii
a4 a4 p? 2
Ilpétaon 3. L6 C ioyiel )| ovvenayomyi: z,.2 = z,.2 koi z # 0 = z2,=1z, (39
(‘H mrpéToon aUth elvon 6 vopog tiig diaypueiis otév molhaniacwaopd o6 C
kal 1) amodeafn aenvetan yi1& doknon).
Mpotacn 4. ‘H iliswon 7,.2 = 2z, 22,6 C, 2,740 (4") ¥xs1 povadiki rbon
o160 C v z = 2,.2;-!
(‘H &modefn &onvetan yi1& &oxknom).
“H povaduer) Aoy tijs ébwooews (') dvopalerar aniixo tof z, ha z; xal

ovuflodiletar zp:zy ': Ankady) elvar
1

e B A | (5"
%
‘H modfn pé iy dmoia Poloxovpe 16 aniizo o piyadixdv dolbuaw, dvoud-

Cerar draipeom.

— I’ éva pryediké apbpo z = a+Pi 16 a dvopaletar mpayponikd pipoc xai 16 B
dvopaletamn gavractikd pépog(t).

— Of duvapes (a+Pi)¥, k € Z opilovtan émrws kai 016 R pé z'=z y1& kde
zeC, z°=1 &érav z+0, xal z#0 &rav x < 0. Of Bduvdueis Umohoyilov-
Tau Omeds kai of Suvduers (a-Px)Y pé x=i kai i’=—1.

1.4. 'Aoxficelg

1. Acifve dm: 04 il4i24-PP4id4i04i0+i" = 0.

2. TipooBioploTe T& a,p'e R, dote ol wyadikol &p1Buoi
(Ba+14p) + (2a—P)i kaf 7—i v& elvan Toor,

3. "Av a,p,ye R «kal (a+PB)—yi=5y+ (a—P)i Beifte oM B& elvan 2a—P=y.

a B 1
4. "Av o, B, ye R—{0} xal T =73 = T, Beifte dTi:
2(a+B)+ (p—a)yi = Sa+i.
. N& gépete o1 popen a+Pi Tis TapacTdoes
5-2i
o) 3i+2i34-1203_5{-147_2j7 L j12 B ﬁ
3 (4—i)?—2(1+2i)

F . s a /P N=2 L L'
Y Gavs ~eHva) ® Gt @®
6. Acifte &m1 1 tflowon x4481 = 0 Ikavomoisitan &wd ToUs wyadikous dpifuols:

v

1. Té mpayuaTikéd pépos tvds pwyadixol &pibuol z = a+ Pi ouuPoriletan Rez xal 16
gavtaoTikd Imz. AnAabf elvar Rez = a kai Imz = B. ‘O pryadixds &pibuds a+pi pé of #£0
bvopdleTon xabapds fi yvfioios wmyadikds apiBuds.

12

WnopionoiOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



3V2 : 3VZ
= (1) mp=—
1 5 (1+1) 2 7
7. Aci€te 811 016 glvoho C ) f) wpdaobeon elven mpd
pioTik xal B) & mwoAAamAaciaouss elvan pd

KON ETIHEPIOTIKY G§ Tpds Trv Tpoodeon.

)y =31y el w22

dvripetabeTikn xal TwpoogeTan-
weTIKYy, TpooETapioTIKY Kol

1.5. Zuluyeig pryadixol dpbpol
1. "Opiopodg
‘0O piyadikog appds a—PBi dvopdaletar ovfuyig ol myadikod apibped z=

=a +Pi ki ovuPorileTan pé z, Snhadf z = a— Pi.

Emraidn)  elvan E = a+-Pi =z, ol myedikoi apiBpoi z xai z  ovopalov-
T ovluyeig pryadikoi dapibpoi.

Etkoha PAémroupe 6T z-+z = 2a, kai zz = o2 +B2, SnAadh 1O &fpoiopa
kol TO ywopevo SUo ouluydv myodikidy &piBudv elvar mpayuarikoi &pifuof.

1. "1616TnTeg TV ouluylv piyadiki@v apiOuidv

Mdé& Tous ouluyeis wyadikols &piBuols dvagpépoupe pepikés xpriotues 1B16TnTes.

@) 2= B nitz=12+% Y) T2y =22
8) Tttt . Ao= 5 +%t... 42y veN € nn =17,
ot’) zl-z,...z;=;1r.'z_2...;v',’ueN D @) =@"veN
0 @D = @, 220 6) (_:l) =" 5, 40xadi) =0z, acR.
2 Zy
*Arodeiteis.

B) *Av elvan z; = a;+Pyi xal z, = ay+Poi, TéTE 8& elven 2,47, = (o +
o)+ (By+Bi kol ouvemds 7342, = (o +ap)—(Py+Boi = (—Pul)+ (o=
—Bql) = ;1+E='

8) *Amé T B) kod pé THY UTdeon 8T yi& v =k loxUel Z; 424+ . . . F2x =
=;1+;;+ PR~ ﬂfipuouus: Zy+ 2+ oo+ It Zep1=(F1 + 23+ oo +2x)+Zasr
=2, ZgF . . - F 2 Zory = 23+ ZpF - o+ Iet By, TOU ErroBeikuler &1 ) 18516~
TnTa loxver yi& kébe v € N.

£) "Av elvea z; = oy +Byl kol 2, = a4 Pai, TOTE 8& €elven

2y 2y = (2 0—P1Ps) + (P2 + P )i
kel ouverds 2,25 = (,0—P1Py) — (Pat+Py)i (¢))

13
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I 16

"E€&AAou 7, 7y = (oq—Pyi) - (ap—Byi) = (o0t—PB1Po)—( Py + 0By )i ¢3)]
Oi (1) xaf (2) &mwodewviouv Tr InToluevn.
Ol d&moBeiers Tév UméAoimreov IBioThiTwr defvovtan yid doxnaor.

1.6. ’Eappoyég
1. Ol povor pf mpaypanxol pryadiol dmbyol, nod 1o G0poropa kal 16 yivopevd tovg elvan mpa-
etk ambpog, elvar ol auvluyels.

"Arédeain: “As elvon z,, z, € C—R ué Ty IB16TnTa (2,4 25)ER Kol (z,.2,) €R. "Av  elvan
23 =X+ kal 2y = X, + ¥, TéTE f) IBidTnTa MOV Exouv Blvel T cUoTnua

X3¥s + Xy, =0 <> X=X
Yi-Y2 #0 Yi.¥: #0

OéTE & 2, =X, +y,i yphgetan 2, =X, —y,i kol ovverds z, =7Z,.

Vit ¥a=0 } TQZ—Y!}

2. "Av Evag miyabicog apiBpog elvan pila mag noivovopkiis iio@scng pé rpaypanikods ovv-
teheotés, tote wai & ov{uyfig tov elvan Emiong pile abrfic i EEwdocng.
"Anddegn: "Eortw 811 Exoupe THv ToAuwwupiky Elowon
x)=ax"ta x4+ ... + oyx+a, =0, a, #0

ué TpaypaTKoUs ouvTeleoTés, 1 dmola Exer yik pifa Tns T6 wyabiké &pibud z, Snhabh
1(z) = 0. ©& Beifoupe 11 1 Elowon alrh Exe y1& pila Tns kal Tév Z, SnAadh {(Z) = 0.
"Emeidn) & ouluyfs Tou 04-0i elvon & tautds Tou, dpkel vé Selfoupe 11 {(z) = 1(2).
Mp&ypam R;): oz, 2¥l Lt ezta,

= a2’ + a2 4 ... tazta, (18167, &) Tfis 1.5.)
= XE H Qg T b o o, CIséT. i) Tis 1.5.)

= a D)+t @+ bzt a, (86T §) THs 15.)
= 1 (z).

I Bewpia @Y moAvevipwy f TpdTaon aUTh &modevieTan Kal ué &\Ao Tpéo.
3. Na émhoBel otd C 4 tEiowon 2—3z+(—z) =0 (1)

‘Erilven: ‘H (1) ypdgeran looblvapa 2—3z—z = 0, xal &v ever z = X+ yi, TéTE A}

Tehevtaia ylveron:

2-3(x+yi) — (x—yi) =0<> (—4x+2) + (-2¥)i = 0 =

1
~4x+2=0 xai -2y=0<>x= 5 xal y=0.

s
5
Alvoupe droun pia tpapuoy woU, &v kol év &troTehel Epapuoyt) Tév [SioThTwY TéHY ou-
fuydv wyadikiv &piBudv, Tapouaidle tuBiagépov.

1
“Apx 1y Elowen (1) ixer T Alon z = =5 0i =

4. Zoupwva pé Tév Spoud  «Terpayovii pila Eveg pryadiod apbpod & =a+Bi dvopdlovpe
k@b pryadikd apbpd z = x+yi nod Ixavoroiel thy tEiowen 2* =E», v&k Ppette Ty TeTpa-
ywvikf] plia 1ol § = 5-12i.

14
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Aden: "Av & miyabikds &pibuds z = x+yi elvan f) TeTpaywvi| pida Tou § =5-12i,
TOTE EYOUHE:
(x + yi)* =5-12i =
<> xi-y? 4 2xyi =5-121 <>

< x-y?=5 kal 2xy=-12, Q—r (1
*Apa B4 elvan xaf (x*—y?)? = 25 kal 4x%y? = 144.
MpoobéTovtas katd péAn Tis Bud TeAevTales ES1omaers EXOUNE: @
(x*+y?)® =169 < xi+y*=13. [
‘EmAvovTas 16 olotnua xi-y*=>5
xt 4 yr=13 ] /
Talpvoupe x=43 }
y=42
*Agol dpws elvan kal 2xy = —12, 16 olotnua (1) 8& Exa Tis Adoe
=3 , y=-2 xal x=-3, yi=2

“Apa Umdpyouv Buo Tetpaywvikés piles
z,=3-2i xal z,=-3+2i To0 §=5-12i

Tevika Seifte 51 k@B pryadikog apbpos a+pi #0+0i Exer 00 Saxexpipbveg teTpaymvikic
pileg.

1.7. "Aoxfceig

1. “Ymohoylore ToUs x,y € R dote ol myadixol &piBuoi
2, = —3+4i(2x—y) xaf 2z, =x-5y-3i v& slvar ouuyeis.

2. ’EmAUoTe Tls TapakdTw oboes ué &yvwoTo T6 mycdiko z
Q) z=-2 P)z=—4z «xa y) z+z=0.

3. "Av 2,2, € C, 176t 2,.2, =0<> (2, =0V 2, =0).

Z;.%

. : o _
4. "Av 2,2, 2€C pé 2,2 # 0, Beifre T PRl

5. "Av z? = z3, Té7Te 04 elven pévo ze R f) z € I(Y)
6. ‘Ywohoylote ToUs x,yeR dote v& loyve:

(—x)' — (i+x)* 4+ y + 1 =—1i— :

- 14+xi
7. “Yohoyloms 1év xeR Gove vé loxn 1421 VT =3. Trg; -
8. Bpeite Tls Teparywvikés pifes ToU wiyadikol 2+ 2i.
. Y & Y _x_. +_L = ﬁ
9. ‘Ywohoylore ToUs x,yeR, dare va loxier T U P T |
0. Bpelte 16 &Bpoioux TV v-Gpwv:

/ i+ @430+ @+5)+(E+T) + ..+ [2v-2 + @-1)i], veN
11. *EmAUore Thv Elowon 28—(3+i)z+4+3i=0, zeC.

1. Té otvoro Lelvan 16 Umoouvoro Tol C pé aroixela Tiis wopefis (0,B), B #0 xal dvo-
udletan oUvoho TEV avTacTIkGY dpiBudv.

15
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1.8. Mérpo tiv puyadixdv &piBpidv

I. "Opiopég

I t6 pyadid apibpd z = a+pi & pf dpvnukés apbpds 4/ a2+ B2 dvopd-
Cetar @nbhvtn tpd #fj pérpo tov waf oupPoAileran pé |z, SnAadh
2l = la+pi = Vait+f?
*Emeid) elvon zz = a?4-p?, 8& efvon
2 = Vzz

Elven gavepd &1 elven 2| >0 y1é& xéde z € C.

“Otav elvar z = a40i, Exoupe |z| = Vai= lof. "Otav elven z = a4-pi
kol P20, Té7e loxUe |z]2 # 22, yiori & |z[2 elvan Getinds, fvdd & z2 elven &pvnTI.

Kés f] elvon yvrigios wyadikds dpibpds. At elven pla omouBaia Siagopd peTaly
T8V oToixeiwv 1ol R kaf ToU C—R.

1. "1516TnTeg ToU pérpou TGOV MpIyadSik@v apiBuGv.

Avagtpoupe pepikés Paaikés 1B16TnTes ToU péTpou TGV MIyaSikddy EpiBuddv.
"Av 2,2,,2,,. . .,%, elven mryadixol &pibuol, TéTe 8& elven:

@) 2,42y < |zy] + |25] (Tprywvikd dvicdTnTa)

B) lzatzet ... 42| < zl+zol+... 42y, veN

Y) lzal=lzel| <2y 4-25] <2 |42

8) |2y 2y = |2y| " |24 €) |2y°Zp...2,=|2y|"|2|. . .|2,|, veN
ot) |z|=z[*, veN & 1z =z|7Y, z#0

z
=

5 s Ll z, #0.

5 |2,/

"Amodeiteg:

@) "Av z; = oy +Pyi kel z, = By, f) {nToUMEVY YiveTan

(e +ap) + (BBl < oy +Bui| + [ap+Byil <

V(o + ) +(Br+PBo)* < Vo BT + Vb, 1 p%, ko, dgol & uéhn el-

veu pfy GpvnTikol TpaypaTikol, Taipvoupe iooSuvee

(o +0)*+(Br+B2)? < o +PBr® + 2+ B2+ 2V (a2 + By?) (0%+Ps%) <
0 +PiPy < Vo +o®Byt+ 0™ B %B,E (1),  bmome

1) "Av aya4-pB, <0, 1 (1) dAndeter odv yvioia dvicdtnTa.

i) "Av 0<co,PPs TOTE /) (1) yiveTon ioodlvapa:

16
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i 1.9.

20,24 By B + 20006B,By < oyfag® -0 Pot 0Pyt PP, <
0 < (oPy—cpy)? 1) Omola dAnBeva wvra.

‘H ZnTolpevn 8& loxla odv lodtnTe, &tav elven

0<oqye+PyPe kal oyPy—a,Py=0 (2

*AQOU 2,2, = (0,0 +PiPe) + (cByi—yPu)i, ol oxboeis (2) looBuvapoly ué Thv :
(2,°25) =0. "Apa loyxUer |z,4-25| < 24|+ 12al, 2y, 2, € C xal yiveran fodnTay
&Tow (2,2,) >0 # loodivapa &tav (z,2,) =>0.

*Ag BupnBoupe &1 1) 181 oxéon oTols TpaypaTikoUs &pifpols elvan |a+P| <
< |a|+|B| kel fy lodTnTa loyle, dtav a-p=0.

8) “Exovue [z,°24* = (zz'z_a)'(i:z:_) = (2:22)* (3120 =
= (2729 (227 20) = [21[* [22]* = (|24] - [24])?

< |2y 24) = [24] - [2g]-

1.9. Aoxcelg

10.

. Aetéte Tis Uméhorres IBidTTEs THS Tapaypéeou 1.8.
. Adifte 8T Y& kéBe 2,2, € C loyla: ||z;]|—1zyl| < 2,24 < 124+ 124l
. Bpelte T4 pérpa TGV wyabikdv dpifudv

oy 458 (V24i) B ( 3 (VI4iv5). (1-iv3) )‘
2+i i(1—iv3)e 4-iv3

i) pépvovras wpdTa Tols wyabikols oTh popef a+Pi xal

ii) xpnowomoidvras Tis iBi1dTnTEs TOU péTpou TRV wryaBikdv.

Bpeite 1 pérpo ToU myadikoU &pibuod (%) , veN.

Bpeite 16 pryadikd z, yi&k Tév dmoio |z—1| = [z—2| = |z—i|.

. "Avz = x+yi, Ppeite T oxéon peraly TéY X kad y, wol dpiletan &md Ty lodnTa |2—i|=

=|z+2|.

. "EmAboTe o1 olvoho C Thv EEfowon 224 z| = 0.

. Bpeite ToUs miyabikols z, y1& Tols dmolous foyUer:

|z|2=2iz+2a(1+i) =0, a>»0
Tepiopllovras kKaTéAANRAG ToV .

. "AV 2y,2y,2g,24 elvan pryadicol &piduol pé zy.z4 # 0 xal
z, |® z, |®
12Z5]% + 124 < 1, Beire & ;'; + i > (2,420,

*Av ol wiyadikol z,, z, Ikavomolouv Tis oxéoes
[23+25] = |2, = [Zgl, [2,] # O, ®eifre &mi

|7—24| = \/lexi-
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I2l.
2. TEQMETPIKH MAPAITAIH TON MITAAIKQN APIOMQN

21. "H &newdvion v piyadixdv épludv otd onueia Tob
éminédou.

‘H dugipovoonuavtn dvtioToiyion of kdBe wyoabiké Gpifpd z = x +yi
ToU felyous (x,y) eR? &Bnysi, Srreos efrope Tpotyouptvas(!), 0T yempetpiki
TOV mophotacy pé Eva onpeio tvés EmmiBou. “Ag Tdpouds fva érrimTeSo (m
kad Eva dpflokavovikd cUoTnua &Edvewr x0v o aTd (Ex. 1). Elven gavepéd 8T
016 pyadikd &piBud z quTioToikel vy sikdva tov TS onucio M(x,v) ToU émi-
TEdou aUToU kai duTioTpopa 0TS anueio M(x,y) dvmioToixel & piyabicds dpib-
Hos z = (x,y).

H dugipovooipavtn dvmiaToixion wyodikév apifpddv kal onueiwv 1ol (IM)

v )
2 \4(3,2)
Aoy

.
Mix~y

Ix. 1
W85 EmiTpéTEl v& XpnoipoTrololue ouxvd YADGOOa yewoueTpikd ko v yi& 16
uryadikd &pifud z v& mA&pe yi1& 16 onpeio M. I adméd kai of X,y ovopddovram
Kapteclavés ovvietaypiveg ToU wyaSikoU &piBuol x-+yi. Té #rmimedo (M), tou
XpnoipomoleiTan yi& Ty TapdoTaon alth, AéyeTan pryadiké Erinedo f Enincdo
tol Gauss.

Zoupwva pé THY Tapamédve TapdoTaon of TpayuaTikol &pipol x, Tou
Tols «TauTioauer pé Té& felyn (x,0), TaploTdvovTon pé T onpeia ToU &Bova TéV
TeTpnpévoy x'0x, & émoios y1’ auTd dvopddeTan npaypatikdés dovag ToUu ou-
orfiparos. Of xabBapd gavraoTikol &pifuoi (0,y) dvTioTorXoUv oTd onueix Toy
&Bova y'0y Tév TeTarypbveov, & dmolos Y1 altd dvouddeTon puvracTtikog GEovag
ToU OUOTHUOTOS.

276 o). 1 moapoarnpolue &1 oTéy dvTiBeTo —2z ToU wiyaBikou &piBuol z
dvTioToIxel TO ouppeTpikd M ToU onpelou M d pds THV dpx) 0 Tol ouoTHuc-
Tos kad 016 ouluyh z ToU z Té ouppeTpiké M’ Tol onueiou M &g pds TéV Tpary-
paTiké &Sova x'Ox.

(1) “Ymwoonuelwon Tis wapaypdpou 1.1.
18
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2.2. Tewpetpixh eixéva tod &Bpoloparog xal i Siacpoplg
8§00 pryadixdv dpibudv.

‘H &ugipovoofipovrn &vioTolyion WyaSikGy &p1Buddy kad omuelwv ToU
pryaBikoU Emmébou uds EmTpémer THV dpgipovoofipavtn dvtioTolyion TéV
wryaBikédy &pifpdy kal Tév Siavuouomikéy &xtiveov TGV onpetwv ToU pmyadi-
koU tmmtdou. “Etar Y. oT6 myadiké &piBud z = (x,y) dvmioTorel T6 onpelo
M(x,y) kai o1é anueio M(x,y) dvrioToiyel ) Siavuouarikr dkriva oM Gx- D
kal &pa o716 z = (x,y) dvnioToIXel 7 oM NE oM Ty dvopdfoupe SLavuopaTiki
axtiva tol pryadikod z.

Elvon elkodo v BolUue &m l(_)Fﬂ = Vx¥fy? = |z|, BnAodf &1 TS péTpo
Tiis 6’M looUron pé 16 pétpo ToU wryaBikol &piBuou z.

Mé T Porfeia Tév BiavuopaTikdy dxTivey TGV pryadikév &p1Buddv pmo-
polpe v& Ppolpe Tis SicvuouaTikés dtives ToU é&Bpoloparos kal Tiis Siagopds
SUo pryadikév &piBudv kel vé Epunvelooupe ETol yewpeTpik& Thv Tpdodeon
kal Ty &eaipeon oTd C.

*"As Trépoupe Tous pryadikols &pifuols z, = X, 4y, xod 2y = Xg+yal kol
tis dvrioToryes elkdves Tous M;(X,,¥,) kad My(Xy,Y,) 076 pryadixd émimedo (Zx.2).
Oi SiavuopaTixés dxTives TV 2, Kkl 2z, elvan ol 6{4, Ko:iéiflz &vrioToixa kel T6
&Bpoloua 2,42, Exa Y& Slavuouatiki Tou dkTiva TT Biarydovio OM 7ol Ta-
poAAnAoypdupou Tou Spifouv ol 6&1 kad Ohﬁ,,.

Mixg+xg,yq+¥a)

Yy 14
Mj(x1.¥1) s
Myixg ¥a) b~ Ma(*a¥2)|
Py o % T o o
M’“‘z"‘bl’z')’i)
v v’
22 Zx. 3

Té Bidwuoua M_,I?-fl2 =OT\E2—6I\7I1, Trou dpiletan &wé TAV &AAn Siaycovio Tou
TapaAAnioypduuoy aUToU, Elven oo pe TN SiavuopaTikr dkTiva Tiis Siapopds
Zo—2, TEV yodikéy dpifpdv. ‘H Biapopd TaploTaveT pé TH SIGVUOUATIKT

driva OM" (Ex. 3), Tou elven f) &AM TAeUp& TOU TapaAAnAoypaupou ou
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WnoiomnoiOrke amo 1o ivotirouto EknaiSeuTikrg MoAmkrg



I.23.

%, i
KaTAOKEVEGETON pé TAeupd Ty OM, kal Biaydvio THy OM,. Z1& oynuara 2 kai

3 UrmrobéToupe 61 T TapaAANASY pappo TGV SlavuopaTiky &xTiveoy OM OM
elvan kataokevdopo, SnAadh T& onueic O MM, 8¢ Ppiokovtan Tévw of ed-
Bela ypapur. "Ortav T& onpeia O,M,,M, Ppiokovran Téww oty iSia eUBeia, TOTE
Exouvpe elkoda T6 &Bpoloua kai T Slagopd TV zy kai z,. AUTO gaiveton oTd
oxnuota 4 kai 5.

Y Y i
T+ 2 Z.aZ
Za

Za

Zo-Z4 Zy+Za

2

Zq

Ix. 4 % 5
"Egappoyfi: Mé th Bor@sia tig TEQUETPIKTIG napactioeng tOV piyadikdy dplpdy Selbte
v ihtnta ¥) tiig napayphpov 1.8,
ATo 16 Tpiycovo OMM Tol oy. 2 mwalpvoupe
ICOM)—(M;M)|<(OM)(OM,) + (M, M) <> I(OM,)—(OM,)|(OM)(OM,) + (OM,) <=
— — — — —
[IOM,[—|OM,|| < |OM| < |OM,| + |OM,| <>
Hzal = Izl < 124+ 2a] < I2y] + 12g].

2.3. ’Aoxvcelg

1. N& moapactafolv o1é piyabikd Emimedo ol uwryadikof &piBpoi 24 3i, 2—3i, —2+ 3i, —2—3i.

2. Né& mopagTaBolv oTé dmimedo Gauss TPels pryadikol z,,2,2; kai Emata ol pyabikof
Zy+ 2y + 23 xkal zy 4 2z, — 2z,

3. Aei€re pt T Porifaa Tis yewpeTpixis TapaoThoews TGV wyabikdy dpiBudv &Ti loyve
lzal — [23]] < 123=24l < 124 + |2q).

20
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I 3.1

3. TEQMETPIKEZ E®APMOTEZX TOY METPOY TQN MITAAIKQN
APIOMQN

3.1. ‘'H étioworn tol xdxAov

"Ag elvan O i &pyn ToU dpbokavovikol ocuoThuaTos otd dmimedo Gauss
kal M(x,y) &va onpeio Tou émimrédou, o &méxel &md 16 O &méoTaom ion pé a

Gx. 6.

N Mix,y)

X1

= T 0 =
M,
Iy. 6
AT 16 dpBoydvio Tpiywvo OAM Exoups (OA)%+(AM)I=(0OM)?, SnAadt|
x*+y?=a? 1)

"Av pé kévtpo T6 O xai dxTiva a ypdyouue Tév kiAo (O,a), TéTe TS TUYXOV
onueio M;(x,,y,;) alTou Tou xUxkAou ikavoTtrolel THv (1) kai dvtioTpoga.TlpdyuaTt’
a) elvea (OMN)2+(MM))2 = (OM,)?, dnAadn x,2°+y,>=ca? B) "Av N(x,y,) -
vaa #va onueio Tou émmébou pé x P4y ?=a? TOTE, &eoU x 4y 2=(ON)3
8& #youps (ON)? = o kai &pa (ON) = a, ol onuaiver &1i 16 onpeio N elvas
onueio Tou kuxiou (0,a).

“Apa 1) Elowon (1) even 1) tiowon Tou kUkAou (0,a). "Emeids) 16 onpeio
M(x,y) elvar f) eixéva ToU pryadikoU &pifpol z = x-+yi, dnAadn f OM elvan 1
SiavvopaTikf) Tou dxtive, N (1) ypdgetanr loodivapa

|22 = o* | ki |z| =&, &pou a>0.
“Etor Exoupe T omoudaio ouptépaoua &TI:
— Zt6 pyadiko Eninedo 16 olvoho t@v cikdvov tdv pryadikdv z mod ikavo-
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L 3.1

moolv ) oyéon |z|=a, a>0,elven & xixhog pé kévipo iy dpyR O wai &xti-
va lon pé a.
Elvon elcodo Todpar vé& Bolpe &1 yi& 16 wiyodiké &piBpd z = x+yi A oyéon
lz] < o
SpiGer 16 EowTepikd Tol kikAou (0,0), &véd # oyéon
lz] > «
Spiler T6 EEwTepikd TOU.
"As elvan Topa M (x,,y.) Eva otadepd onueio ToU EmiméSou ToU Gauss
xal M(x,y) Tuxdv onueio Tou, ol &méxe &md T6 M, oTubepd) &mdoTaon Ton
ut a (Ex. 7).

Yo N(*zy2)

> My(%q.¥q)

Iy. 7

MvepiZoupe &1 fy &mdoTaon (MyM) Biveton &md T oxdon
(M.M)? = (x—%,)* + (y—y.)? BnAcdH

(=% +(—yo)* = o? @
"Av pt kévtpo T6 M, xai dxiva a ypéyoupe Tév kikho (M,,a), TéTe Y& 16 TU-
Xov onuelo Tou M(x.,y,) Exoupe: (x,—x.)2+(¥,—y.%) = a?, SnAadn of ouv-
TeTarypéves k& onueiou Tol (M, @) ikavorroiolv A (2).
"Avtistpoga: "Av N(x,,y,) elvar fva onusio ToU émméBou, yi& 16 dmroio foyuer
(Xp=%, )1+ (y,—y.)* = o, T6Te, dgol (Xy=x,)*+(yyy.)*=(M,N)?, 8& Exoupe
(M_N)? = a2, 8nAadn (M N) = o, ™ol onuaiver 11 16 N elven onusio Tou KU-
Khou (M, a).

‘H (2) Aormov efvan 1y é€iowon Tol kukhou (M,,a). *Av Té onpeia M(x,y)
kad M (x,,y,) elvau of eikdves T@dv pyoadixdv dpibuéy z = X+yikai 2, =x +y.i
dutioToixa, TOTE ) tficwon (2) ypdeeTan :

[z—z,|*=a® fj |z—2,| = &, &poU o>0.
Elkoda PAémoupe 811 f) oxton [z—z,| < a bpila T towTepikd ToU KUKAOU
(M,,@), & 1 |z—2,|>a dpiler T6 EEcoTepikd Tou.
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I3.2.
3.2. ’Euappoyés

1. Bpeite ta onpeia tob pyadkod imrédov, 1ya ta onoia elvan: |z| = [3—4i| (I).
Abon:  “Eyoupe |z = |3—4i| <> |z] = Vr'3§7+-741 < |2zl =5 (2)

‘H (2) elven 1y E€iowon Tou kikhou (0,5} o6 wyabikd tmimebo kal &pa ol myadikol &piB-
pof, Tol Exouv eikoves T& onpueia alToU TOU KUkAou, elvan Avoers Tiis (1).

2. L16 myadiko inincdo Ppeite tig Abacig i liohorng
lz + 24i| = 2.

‘Eridvon: “Exoude [2424-i| =2 < [2—(—2-1)|=2 (1) kal oUpgwva pé T& Trpornyou-
peva 1) (1) dmadnBeveTan &md Tols wiyabikous dpibuous z, Tou Exouv eikdves oTd pryabikd
trrimeBo T& onueia ToU kUkAou uE kévTpo THV eikdva Tou piyadikou —2—i, SnAadn To on-
peio M (~2,—1) kal dxkTivee & = 2. (Zx. 8).

\\“u,v] |

. 8 %o 9
3. Bpeite ta onpeio 100 piyadikod Emnédov, nud 14 dmoia elvar:
lz4+2| = |lz~—-1+D)I.
Abon: “Exoupe |2+2| = lz—(—=1+0)| < |z — (=2+0i)| = |z—(=1+1)| )
*As elven A(—2,0) # elkéva Tol myadixou —2+0i kad B(—1,1) 1ol pryabikot —14i (Zx. 9).
*Av M elven 1 elkéva tvds pryodixod z, T67e 16 [2—(—2+0i)| napiotéver THv &méoTaon
(AM) kal 16 |z—(—1+1i)| Tiv dmwéoTaon (BM). ’Emeaidf Othoupe |z—(—2+00)] = |z—
(=1+1i)1, 8& Tpémer va elvan (MA) = (MB). AuUTé onucitver 871 ol eikbves TV Moewv Tiis
(1) loaméyouv &wé T& oradepd onusia A xai B kaf &pa &vfikouv o1} pecokdbeTo Tou AB.
*Avtiotpopa: Ké&be onueio M(x,y), sikéva Tol pryadikou z = X+ yi, wou loaméye &wéd T&
A xal B, 8& ixavorroiel v lodrnTa [z—(—2+0i)| = |z—(=141)], BnA. ThHY (1). “Apa T&
InToUueva omueia &ToTEAOUY TH uecokéBeTo ToU TufiuaTos AB, bé A(—2,0) xal B(—1,1).
4. Lt6 pyadixo éninedo Ppeite mod avikouv ol sikoveg T@V piyadikdy apbudv, mod elvar Ao-
oag tfig E5iodoeng
2|z-3-2i[® + 2|z+41-3i2 = 21
Abon: "Exovpe 2(2—3-2i* + 2jz+ 1-3iF =21 <

21
|3-"(3+2i)|’ + |7-(—1+3i)|‘ =—2— (l)
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I33.

Z16 wyabd tmimebo mwalpvoupe Té onueia A(3,2) xad B(~1,3), mou elven elkdves Tdv wi-
yeBikdv 3420 xal —14-3i dvriotoixa (. 10).

B-1,3

s | S

%
[

Ix. 10 Ix. 11

21
"Av M elvan 4 elxéva was AVoecws Tiis (1), TéTe § (1) pas Ma &ti (MAY 4+ (MB)t = - -
34+¢=1)  3+2
2 $ T2 =
5
= K( I T) xad &md Té TpdTo Bedbpnua TV Siapbowy oTd Tplywvo MAB mpoxi-

mre &n (MK) = .241 _(““*ﬁ. "ANAG (AB) = V7, émére (MK)2=1, Bnheb (MK)=1.

"Av K elven 16 péoo ToU eUBUypappou TufuaTos AB, TéTe 84 elvan K(

5
"Apa 16 M dviiker of xUxAo pé kévTpo K( 1,7) kal dxtiva a=1. "Ero1 ol AVgeis Ts (1
Exouv elkdves T& onueia alToU ToU kUkAou, & dTroios Exer tflowon

lz— (:+% i )[ el
5. E16 myadixd Enincbo Ppeite 16 ohvoko tdV cikbvov @Y pryadik@v dpibpdv z, robd elvan
Aboerg tol ovotfipatog:

3
lz—2+1i| < SHl g |e—4—i| > 2

Abon: 216 oxfiua 11 Bivoupe TH yewpeTpixf elkéva THs AUgews Tod TwpoPAfuaTos. ‘Agn-
Voupe yi& &oknom T SikaioAdynon Tév dmroTeAeopdToov.

3.3. Aoxfigeig

1. Acifte om0 ) ¢Eicoon tol kikiov |z—z,| = a naipver T popei
2z = 2Re(z o) +al—|z,|?
- Z76 wiyabixé dmimebo tmilvoTe T Eicwon |2—2+ 31| = 5.
- Bpelte T4 onueia To0 wmyadixkod mimédou, Y& 14 Omoia elvan  |z—i| = [z2+42|.
- Bpeite & onueic ToU wiyabikol dmimébou, yi& T& dmoia elven |12=2| < |z].

. 276 myadiké Emimebo PpeiTe T6 oUvoho TRV elkdveoy TV myaBikév, ol Emainfelouv
™Y [2—1] < |z4-1|.

Wb wN
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I4.1.

6. "Av elvan |2—8| = 2|2—2|, z e C, Beifte &1 8& elvan [z] = 4.
7. "Av 2] = 3, Bpelte T& onusiax ToU wryadikod EmiméSou, wou elvan elkdves TGV wyaBikdiv
(@) =2z, (B) 1-=z, (y) 3z—1.

8. Bpelme SAous ToUs myaBikols &piBuols, yi& ToUs drmrolous elvon: 3 < lz+i|<4.
9. Bpelte dhous Tols wiyaBikoUs dpifuols, yi1& Tous &molous elvan: lz—1]2 + |z +12=4 .
10. Bpeite ToUs myadixols z, ol émolor dmaAndeiouv cuyypdves Tis thiodons

’ z—12 z;tll =

z—8 !

5
|3

4. NOAIKEZ ZYNTETATMENEZ MIFAAIKOY APIOMOY

4.1. ‘Opropdg

"As mdpoups Té wyadixd dpifud z=a+Bi#0 kal T SicvuouaTikd Tou
dxrivae OM (Zx- 12). Elvan |6F4| = Varipi=p.

¥
BOBY .o Mla,B)
B

Bq |
[ 2 i SRR
x’ Ala0) x

P
My By)
v
57y

“Ohor ol pryadikol, o ol eixéves Tous elvan onpeia Tol xUikAou (0,p), Exouy T6
1810 pétpo pé Tov z. M vé TpooBiopigouus Aoréy T4 yecopeTpix elkdva ol z,
Btv elven dipkeTd TS péTpo Tou. "Av Sucs Eépouns wadi pé T pétpo p kai TH ywvia
8 €[0,2m) ol oynuatifer & Betikds AmdEovas 0x pé T SiavuopeTtiky dxtiva
OM o z, TOTE ) elkdvax M(c,B) ToU z xabopifetan TAfpws &md 16 Lebyos (p,9).

Elven gavepd (Ex. 12) &1 14 oroiyeia Tév fevydv («,p) xal (p,8) ouvstov-
T pé Tis oyéoes:
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o= VETET
)
WUG:LKGi m.\&:ﬁ——ﬁ , 0<@<2r
Ve Var [P

AT Tis oxtoes (1) PefonwvdpacTe &T1, dTav Sofolv T& & kal B, TpooSio-
pifovton povoohuavta T4 p kad 8 xai duTtioTpoga.

"Apa kabe pryadikos aplpos (a,p) # (0,0) propei va oprotel kai pé 16 Leb-
Yo (p.8).

Ta otowyeia tod Ledyovs (0,0) dvopdliovrar molikég cuvietaypéves tod fht-
yadixod aoilipos z=a+pi. Elbixdreoa ©d o ovopdlerar (OTeos Eépoupe) pétpo
b z xai 6 6 mpwredov Spropa (Argument) tod z xal avufoiilerar Argz=0(1).

To wyadikd &pifpd z = a+Bi, éxtds &mod 16 Gelyos (p,8) ToU Ppiokoupe
&mo Tis (1), Tov mpooBiopifer kad kéde felyos (p, © + 2km), keZ. M’ alTd Ké-
Bt yovia ané tig 0+ 2k, x € Z dvopdletar &TAGS Bpropa. ToD pryadikod aprOpod
z xai oupPorifeTon argz.

4.2, Mapadelypara

1. 2716 oy. 13 paivetar 6T y1& 16 myabikd &piBud z, = 24-2i elvan pr®y) = (2 \/2_,;

™

f yevmé'rspa'(Z\/Z_, 2w+ 7 ), K €Z. "Opoia y1& Tév 2,=—1+i1V3 elvar (p,,8,)=

2 2 ’
= ( Zs T) i yevikdtepa  (py8,) = (2,2x1r+‘-3—), xeZ. Tis Tipés TédV p kal & pmo-

povoaue guokd vé Tis UroAoyloovpe kal &mé Tols TUTous (1) THs Tapaypégou 4.1.

Vi y
) N Zg
L —— 3 |
A 1
| p2.2 _1 R n
i 2 p.,ezfzi //*‘N
; i I x? zg a_n\_ o zq x
: s 2
x! jl o ; X
Za
v i
Ey: 13 Zy. 14

2. Ot wryodixol &pibuol z, = (1,0), z, = (0,1), 25 = (—1,0) xat z, = (0,—1) Exouv Kowé ué-
Tpo p=1 kol duriocToixa mpwrelovta dplopara Argz, = Arg(1+40i) =0, Argz, =

= Arg (0+i)=—;—r-, Argz, = xal Argz, = 3—; (=x- 14):
1. Z7v Biphoypapia pepikés popés ds Argz €ewpeitan ) yovia & w 8 € (—m,m].
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3. Ol mohikés ouvTeTarypéves Tou pryabikol dpiBuoU z = 1—i V'3 elvan:
5 5
@) p=VIF3i=2 kal B) 0=-—;-r-. ‘H wwh 6= ___;r Pploxerar elkoda &wd 16
I

oloTnua ouvl = = nue = — _\2/_3, 8 € [0,2m).

4. "Av ol Tohikds guvTeTaypéves ToU dp1Buol z = a+tPi elven (2 ' 4%),1611 pé&Lovras

avols TuTous (1) Tiis Tapaypégou 4.1 Va1 PP =2 xaf 8 = % Bploxoupe &1 & -
yabixds alrés &pibuds evan & z = —1—ivV3. -

4.3. "Agxvoerg
1. Bpefte 7ls wohikés ouvtetayudves (p,0) TEV wyaBikdy &p1@udv:
2y = 3+40i : zg =343 : 23 = (0,3),
% =(-33) ; 2, = (=3.0) ; zg =331
2 = (0,-3) ) 2y = (3,-3). '

2. Tp&yre U‘"’l. popet| z = g+ Bi ToUs myaBikovs &prbuols
™ o S 3w
2=(3F) n=em »=(v5.¥). «-(1%

xal dmeakovioTe Tous yewpetpik& oTéd Emimedo Tol Gauss.

z
3. Bpeite Tis mohikés ouvTeTaryubves TRV myaBiKdy &piOudsv 2.z, kal z_l’ &v elvan
¢ ]

2= (3,%) kal zy, = (2,—;'—).

5. TPITQNOMETPIKH MOP®H MITAAIKOY API@MOY

5.1. *Opropol xai Bewpipara

Efdaue mponyouuéves &ty &v (p,8) elvon ol olikés ouvteTaypéves ToU wi-
yabikolU z = a+PBi # 0, tédte 0& elvon:

Y o) S . AL AR Y
SRR = i a7 A I
w0 <8<2m

'Aé Tis oydoels alTés Tradpvoue:
a=povvd kai P=pmnnh,
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oméTe & wyadids z = o-Bi Taipvel TH popgr:

z=p(owb+4-inul), pé 0<B<2m, p=+V o p? (2

‘H popon adti héyetm TPLYOVORETPIKT pop@i) Tob piyadikod a---Pi.
Quoka &uti y1& 16 Tpwtelov Spiopa 8 pmropolue v& Thpoupe &troiobi-
moTe &AAo Spiopa THs popefis 842k, k e Z.
Anhabdr: A

a+PBi = powd-+inud) = plouw(® | 2kmr) +inu (6 +2km)], xe Z,
dmov p= VP xai 6e[0,2m) pé
£

©)

ouvl = % kai npd =

"Omes gadveran &méd 16 oy. 15, Y& 16 pyadikd z = 1 +i elvan

T

z:1+i=\/2_(cruv 7 {—iqu%)

=VZ (cuv(2kw+%)+inp(2m—r+ %)), kel

x! \

Zx. 15

H Tprycovouetpixt] popeti Tév wyaBixév &piBuddv Pondder oTd v& &uTipe-
Twigoupe TOAAG TpoPAnuaTa kal vé Sdooupe YEWUETPIKT) Epunvela of TTOAAG
BecopnTid oupmepdopara.

O Bdooupe &péows TopaKdTw pEpIKG Xpropa fecoprjparta.

Gewpnua. 1o. Avé pryadukoi dgtﬁpo(' z"= p, (ovvl, +inpd}) xai
z; = p; (ovvl, + inpb,) slvar foor, Brav xai pove Grav

B T opr=1ps 0,0, = 2kn,” kK e Z)

"Anédain. "Agol 1) z; =1z, ouveTayetal OTi p; owwb;, = p,ouvl, kai
piNuB=pnub,, ToTe 84 elvon ph(ouvi, +-nu,) = p2(ouvB, L nu,), oméTe
P1=pg. "Apa ouvl;=ouwvb, xai Nub,=nud,, éndte B,=2km 48, 7 6,~8, = 2«ir.
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ISa.
. R . - .
Oewpnua 2o0. Té ywvopeve dbo piyadikdyv apibpdv elvar Evag pryadikog apibpdg
nov Exer pétpo O YIvopevo TdV m;tpmv Tovg Kai opropa t6 @bporopa tév
opropatov tovs.

"Anoderln. "Av z,=p, (ouvd,+inub,) kai z, = p, (ouvl, -inud,),
Exoune: 2,7, = pyp,[ (ouvlouvd—nudnud,) +i (Guvl b, - nuéoud,)].

"Apa: 9, 25'= pupy (owv(8,16;) +inu(8, 18)) | )
"Emarycoyikd BeifTe &Ti: AV 2 = pe (ouv0,+inpd,), k = L2,...v, thre :
2.2y o Zy = PrPo.. Py foov(@ 40,4+ .. +0)+inp®, +0,+...+6))] ®

YAv eval py=py =...=py=pkal 8, =8, = ... =8 ,=0, Tz 2;=Fy—.. . =2;=
(ouwB-+inpd) kai f| oxéon (5) yivetau:

| 2¥ = [p(owvB+inue) ] = p" (ouv(vl) +inu(ve)) l (6)

"H (6) pas elvan ¥prion TTapakaTe kol avagépetat oav Oehpnpo De Moivre.
“Auean ouvéreia Tiis oxéoews (5) elvan kal 7 yvwoTn pas 1816TnTa TOU péTpOU
ToU yivopévou TOAAGY pryadikédv &pifudv, SnAadn

| 1z o=l ol - e | Ly

'ATé T oxéon (5), PAémoupe dxoun STi: y
2w+ Arg(z, -2y . ..2,) = Arg z, -+ Argz, 4. .. +Argz,, ‘E‘%'

dTou K kaTAAANAos dképatos dmbuds

Qewpnua 3o. Q avtiotpopog £vig pryadikod aplOpob z #0 Exer pétpo 16 (iv—

tictpogo oD péTpov Tov Kai Gpiopa 16 avtifeto tod Gpispardc tou.
'Arodersn. “Av z =p (owvb + inud), p 40, elvan Bves wiyaBikds &piBuds, TOTE B&
1 1 ouvB—inué

p(ouv6+lr|u6_) T TowHinu®
= 1?(cruve—n“.ae) -—\ }wv(ma)imu(—-ﬂ)]

elven —

.'.J"/

Gewpnua 4o. Té nnhike dvo pryedikdv &ptﬂp(ﬁv elvan Evag pryadikog apio-
pog mod Exer pétpo to Adyo td@v pétpwv toug Kai piopa i ﬁunpopu @V OpL-
opatov tovg. AnAabny: I

Iy =Py (O'UVO + 11]“01) 1, . V‘P‘l - |
Z = Py (auvB, +inuby) 0 } Pyl [ow(8;—6,) +inu(8,-8] 1°

-

—

1 I'pdxq:ouus 2mr +Arg (2,.2;...2,), ym-ri elvar gavepd 611 16 &bpoigpa oTéd B’ péhos
Tfis (B) umopei va unv duriker oTéd [0 211-)
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IS5.2
Tpdyuarry 71 =22, = rp.(wve.+inue,n[—ﬁ';ccwc—e,)#nu(-e,)] -

= gi' [O’w(ﬂl—e,)—}»inp(ﬁl—e,)].
NMépiopa: ‘loxve (ouvB+inus)-* = ow(—v8)+inu(—v8), veN.

5.2. HupuSelypa‘rc—‘Eq:appwég

1. Fpayte 16 pyadind dpdpd z = V3I+i ot tmmvow:tmxﬂ HopQi.
Aboq: Elven a= V3, p=1 xai &pa  p= V3IFI =2.
*Emioms =g xai e = _,} ué 08 <2,
&md Tis dmwoles walpvoups g — %

“Etor elven V3pi=2 (:rw% +i ﬂulg-)-
2. To o né 16 z = —2—2i.
Avon: Elver a=-—2 xal p=-2 kal &pa p= Val4-p? = 2v72,
2 vz 2 vz
ouvl = — E—\/—-.f i Kal nué =_W—5 == pé 0B <2,
5
"Amd Tis TedeuTaiss Talpvovue 8 = —TT, dmére
. — S5t ) 5
—2-2i =2v?2 (MT +inu —4'-)

Iln

11
3. Ipayre to myodikd apidpé z =4 (c»v—é—g + inp— ) ot popei a+-pi.

Abon: Elven p=4 kai 6 =1_61_1_r' &pa

llw V3 ll'rr 4(

1
a=dow ——=4.— =2V3 xai B=dnu — 2)=—2. SméTe

z=2v32.
4. Bpelte 1@ iEayoucva thv npaSewv:

6(ouv20°+ inu20°) )
1/3 (ouv 40° + inud0d?)

1
a) 6(ouv20° + inu20°) . 3 (owv 40° 4 inu 40°) B)
Adban:
a) 6(owv20°+inu20°). —+ (qu40"~1—mu40") = 2(ouv(20°+ 40°)+ inu(20° + 40")) =

1 i
= 2(auv60°+ inus0°) = 2 (T“T) — T

6(auv20° 4. inu20
B /3("(‘:\,”401”1‘:1“430) =18(0uv(20°-40°) + inu(20°—40"))= 18(ouv(—20*) + inu(—20%))

= 18 (ouv20° — inu20°).
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5. Na dnoloynotel 1) naphoraoy (¥+i-\—§£)' g

Aben: [pégouue 16 pryadixd dpifpd z = ﬁ+ i@ of TPIYWVOUETPIKY popeT .

Elvaip = ‘,v' 2 i T 4 = V7 xal, &gol 16 onueio (‘/_ " )d:vﬁxm oté () TeTapTn-

d
uépio, 1) ouvl = 5 bive 8 = (mpwTelov Spioua) *Apa:

VvVZ V6 _m ™ ™
T+l—2- =Vv2 (D’WT—'—if]u_B‘). 'ATS 16 Oebpnua De Moivre Pplokoupe:

(—‘g—z_'f‘ il%i)? = [ \/Z_(UUV% + iqu—.;—-)]T = (V2)y ,(cuv?. % + inu 7%) =

= 8\'/—2_(0\)\21- £ i )=

£
—

ot} o )T rave
6. Na andornowndel 16 xidopa : (\/—5-—1) 5
Abon: "Amd 16 TponyoUpsvo Trotpdtﬁelyu-u ExOoupe (\/ +|ﬁ =8V2 (qu%- +

\
] ; _'I-'E
+ inu 3 )
Bplokouue Tpa TV TpiywvopeTpikf wopeh ToU V3—i. Katd T& YvwoTd Exoupe

| = 11 11
I vVij=2 (c;'w—sE + inu*gz), bméTe

= 11 11 B
S (V3= [z(wv_gzr- - im.s—éI ] =24 (U‘\N3 +inu 3. ") =

11 11
23.(vaTr +inu —23) = 8 (ow270° + inu270°). “Apx

—)7 8V Z(ouv60° + inu60°)
V3 — i)a_ 8(ouv270°+ inu270°)

= VZ (ouw(60°—270%) +inu(60°—270°})

= V2 (ouw(-210°) +inu(—210%)) = \/ﬁ'( ﬁ-riT) = V_2€+i‘/_2'2_.)
7. leopetpixii naphotaon oD yivopévov z,.z, kai tod nnhikov :—: hy pryadikdv dpl_&uﬁv
2, = py (ovvd, +inub,) xai z, = py(ouvl, +inpd,) pé p,p, #0.
«) Elvon z,.2, = p,.p; (Guv(®) +8;) + inu(8,+6,)).
Zrptpoupe T W& &wé Tis BravuopaTikés &kTives 67‘:4,, _OT/IS (Zx. 16) Tdv z; xod z,, FoTw
Ty 61’\-1,, kar& yowvia Ton pé 76 Arg z, xai Tévw oTd gopta Tiis TeEAkTs &xTivas Taipvoupe
onueio M, dote va elven |-57VI| = pyPe. TO onueio alrrd M elven gavepd &mi dpiler T Siavu-
opaTikf dxtiva 6‘;1 ToU wyadikou z,.z,.
B) Zvpipoups T BravuopaTiky dxTiva 651. ToU Biaipetéou z, (Zx. 17) xar& ywvia fon
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I 5.3.

ué 76 —Argz, kal dmwws Tponyouptvws Pplokouue TS onueio M pé ;6’:\'4| = -g% . 'Emaidf

M(Zq-Zg)

MqlZy

5x. 16 Iy 17
oo :_, =_g_=_ (ouv(8;—8,) + inu(8,—8,)), Ylvetan gavepd dmi T onuelo M, dmes Pptén-
1 1

g i e = Za
ke, Opiler T BravuopaTiky dxtiva OM 1ol mrnAikou T
1

. Na drokoyiotoiv oi tprycvopetpikoi apBuoi tod to5ov 30, dv yvepijovpe todg TpLY@VORETPL-

xobg apBpodg tod togou 6.

Aban: "ATé 16 fecopnua De Moivre Exoupe ouv(vl) +inu(ve) = (ouvB+inud)*, ve N (1)
Mé&v=314 (1) yiveras ow36 + inu3d = (ocuvd+inub)?, SnAadn

ouv30-+inu3t = ouv®d-+ Jicuviinué—3ouvbnui—inu’e kal ocuvemds

owv38 = ow8—3ouvinp2d = ouw—3oud(l—ouvd) = 4ouv*—3ouvd xaf

nu30 = 3ouvnud—nu’e = 3(1—u*B)nub—nu*e = 3nub—4np®e.

5.3. "Aoxfoeig

L.

32

1 1
. "Av z = owb+inpd, Beifre o1 Zowwd =2+ - kol 2inud = z——

Né& ypagolv of TprywvopeTpixn poperi of piyadikof dpifuol:

1 V3 - L
5 ——3 b 2+2V3j, —¥31i,

. Aeifte & 16 Beopnua De Moivre

(p (ouvB+inud))” = pY(ouv(vd)+inu(v8)) loxvea xai dtav ve(...,—3, -2, -1}

. N& &mobeiete 671

&) (V3Fiyrse = 21, )
e S 2
B) (4 +(1-i)* =22 ow 7, veN, y) (1+D)'—(1-)*=i2 ? nu, veN

8) (ouvB+inu8)*+ (ouvd+inud)-*=20uv(v8), (ouvB--inud) —(ouvl+inud)-=2inu(ve).

. N& ékgpdoete T& ouv50 kai MuSe odv ToAuwvupa TV ouvl kal Mud &vticTorya.

P
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I6.1.

6. PIZEZ TON MITAAIKQN APIOMQN

6.1. ‘Opiop.ég—0Oewpnpa

‘Opiopds. Nwoti pila Evog piyadikod apibpod & = a+pi elvor kale pyadi-
Kog apiipdg z = x+yi pé v idotnra
(x+yi)" = a+pi.
©& Beifoupe, pé TS Becdpnua oU dxohoubel, 6Tikdfe pr undevikds wryodikds
dp1Buds € Exer v dkpiPpdds SiagopeTikés petafl Tous viooTés piles.
Oewpnua: "Av E=p (cuv0+inpub) eivar Evag pryodikos apbpos pé p+~0, tote ol
pryadikoi apbpoi

v~ 042
2. = 4/p |ovv +vm +inp0+3m , k=012,...,v—1

elvon Sragopetikoi petafd tovg kai eivar ol povor nod Ernakndetovv thv £Eicwon
z'=E.
*Anodeiln: O& éfetdooupe &pyikd v Utrdpyer pryadikds &pibBuds
z = r(ouvw-Finuw), Tou v& elven viooT pifa ToU § = p(ouvd-+inus).
MNé vé ovupaiver alTd, mpémel v& ioye
p(owd+inud) = [r(ouvw+inuw)]” = rY¥(ouv(vw) +inu(vw)) (1), BnAadr

p=r¥kal vao =06+42km, kel § r_\/p Kad m*i‘?ﬂr kel

+ 1nu

‘H (2) gavepover trv Umapfn Tou z, nA. wds viooTiis pifas Tou §.

O& eifoupe Twpa &1 ) (2) ik k=0,1,2,...,v—1 Givar v BiapopeTixes
Tiés Tfs viooThis pilas ToU §, pé €#0+4-0i, Tis &troles 8& dvopdloups viooTés
piCes ToU § kal B4 Tis oupPohifouvue:

“Apat z= Vp (ouugi“;zf: i 6+v2:<1'r)’ keZ (2.

X 0+2 042
= \/p (cn)v +vlm +inp +v b ), xk=012,..., v—1 3)
2t ouvéxaia O& Beifoupe 61 yik dmoradnroTe GAAN T Tou k € Z & z, B&
cupmiTrTel pé pio &wd Tis TIés Z,, Zy,Zg, - - -,Zy—; TTOU Bivel & TUTos (3).

TMpdyporrt: i) "Av ftav 2z =1z, A, k€ Z, A#p kal 0<<A, p<<v, TéTE B& Empe-

8-} 2Am £ 84 2pT
v v

e v& elvon = 2p, p € Z, BnAadf A—p=pv, pel.

Elven Spews 0<<|A—p| <v kai &mopéveos 0 < |pv|<v, 8nA. 0<|p| <1, T6 émoio el-
va &rotro, yiori 8év Umdpye p e Z ué 0<|p| <1.

"Apa z, # 7y Yi& Sha T& A, pe{0,1,2,...,v—1}, BnAadt) of v Tiués Tiis (3)
elvan SiapopeTikés petafly Tous.
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I6.2.

i) N keZ pé k¢ {0,1,2,..., v—1}, BnAadn y1& k>v ff k<0 8& EXOULE:

K=MA+vu, AeZ kaf ve{01,2,..., v—1}, omdre

= i . 12
Zx = \/p Guvw + mu Eﬂv KE}

e

= Vp|ow (27\Tr+ 9 FEUW-) +—inu(2?\v+re"fvgul )Jl

o SE20040 TR s }

¥k 4 ) 9L
= Vp|ow 3 glﬂr + muﬁ] ué vef0,1,2,..., v—1}.

"Apa & 7z, oupmritrTel pé wd & Tis Tipés ToU Biver & TUTos 3).
“Eto1 Beiope 61 Umrépyouv v drpiPiss BragopeTikoi petall Tous wyadikol Ly
ol émotor émadnfedouy TV z¥ = £ = p (ouvd-finud), dtav p 0.

Téhos, éwaidny Shot of z,, k = 0,1,2,...,v-1 elven BiagopeTikol petaly Tous,
8& Exouv xai SropopeTikés elkdves, STav &mEIkovicTOOY OTé wyadikd Emimedo.
AUTS B84 @avel oTd mapadeiyuaTta 1 kai 2 wou dxohoubouy.

6.2. Hapaﬁeiypara—’Ecpapuoyég

1. Bpeite tig tpels woPikéc pileg tob —1+ V3.
Aben: Qépvoupe dpyikd Tév —1-+- /31 of TPIY wVORETPIKT poper.
Elvon —14+4/3i=2 (owl20° + inpl20°) kad TdTE

3 o s e
= 120°+ 360° . £120°4 360°
z, = V2 [UW( -—‘23 E) + tnu(%so\x)] . K=0,1,2

3 3
2, = VZ (ouwvd0® + inud0), z, = V2 (ouv 160°-+inu 160°) ,
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3.

I 6.2

3
2 = V2 (ow280° + inu280°)
Mewpetpiké of kuPikés plges Tou Pprikaue dmekovifovtat oTis Kop\:cpé; lobémwhevpou Tpry -

3
vou By yeypauutvou of kiKho dxtivas V2 ué TpdTn Kopugt T M, Smou (OA, OM,)=40°
(Zx. 18).

. Né napuctiioete yEpPETPIKG tig viootég piksg tob pryadikod apBpod z = p (ovvB+inud).

Aben: Ol vioatés piles ToU z Slvovron &mwd Toév TUTO

9+2K'rr+ inu 8- 2k ]
v v

ouv , k=0,1,2,...,(v—1), kal elven

z, = ‘\Y/E (cuv% + 2711') +inu(i +2_;T):|,
7= ‘v/; ("W—e' + S‘}T) +iny (%_ + ‘%T)] .

rea = Velow( 2 + 2D ) inu (4 +- 2507 |

v 0 v
Mapatnpotpe 61 SAes ol viooTés pifes Tol z Exouv 76 1610 uérpo, Snhabn [z,] = Vo

] 2m
xal Spropa TéToto, doTe & kémora dpyikh T —— vk aufdver SiaBoyikd kaTd — -

“Omreos efmape kal mponyolueva ol pyadikel adtol &piBuol z, &mekovifovTan of onueia
v
Toll pryadikey Emimedou, Tou elvan onueia ToU kikAou (O, V). (Ex. 19).

Na 2mivfel i icoon z° = —64i
"Enikvon: "Exovue 23 = —64i = 64(—i) = 64 [U'UV( . %’) +iTlI»=( &5 %-)] '
dmédTe Talpvoupe:

3 _,—l+2x1"r - % + 2xmr
z, = V64| ow 3 + inu 3 . ®=0,1,2

™

™ s .
ow T+ iy ) = 4(0+D) = 4

: vy . 1
Fd =0 alvers 2, = 4(GUV%— inu %) =4. (—2—1.—2-),
yi& k = 1 elvau: z‘=4(

T, . 7 LT
yi& k=2 elvaw: z, = 4 (qu?ﬂ + inu -63) =4 ( — —2——1.—2—-),
INapatipnon: Kd&be iicwon Tfis wopeiis z¥ = «, dmwou a e €, a#0 kai ve N dvopdleTan
Sovopn EEicwon kol EmidbeTon pé T Ponfeia ToU BecopripaTos Tiis Tapaypdeou 6.1. yi&
Tév UTToAoyIouS TV v vieoTGY pidv TRV pyoBikdy dpifudv.

4. Na tmdobet 7| 2icwon: z° = —V3+i.

*Enidvon:[TpdTa yp&goupe Tév —V3-Fi of TprywvopeTpik poper.
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I 6.3.

"Eton éxoupe: 2% = V3 Li=2 (ow 150° +inul50°), éméTe of pites elvan

5 150°- ° ) o o
b v (sl U000

© 5 3 5

), x=0,1,234.

S S ywI
o = VI (ouw30° finu30%) = V2 (—727 +i. T)

~N
I

Z; =

5 . 2 5 %
\/2_(0\3\1-——150 ;360 +iﬂui5-0—_-;360 ). K.T.A.

5. Na émivlsi | &icwon: z¥ =1 (1) (Nwotéc pileg tilg povadag).
"Enikvon: "Exoupe z¥ = 1. (ow0°+inu0?), émdte o v piles elvon

Y 042, . 042 2 i 2 '
2, = V1 (crU'.’ t LI H -FVKTI' ) = ow% -+ m“_::r_r. k=0,12,...v1
O v alrés piges Tiis (1) Aéyovtan kai viostic piles tiig povadag.

2 2k 2 . 2mw\x
TMopatnpotpe &1t Z, = guy _%r -+inu -—‘;T—r = (ouvTﬂ +inu Tﬂ) » K=0,1,2,...,v-1

5 2 . 2w 2w . 2m\?
omoTe z, =1, z, = owv P nu—, Zy = (uuvT + nu-) = 2%,
B =21% i Yl = 5L
"Apu oi vwootic pifec tiig povadug civar oi: ;
2r . 2n
1,7, 2,% 2,%...,2,"! pE z; = ouy 5 +inp <~
Mé& v=3, Exouue Tis kuPIkés piges THs povadas Tou elvan:
2n i P 1 V3 1 . v3
=1, y=owy iz =- Tt == i

Ot xuPikés piles 7fis povddas, &v dmeikovioToly oTév KUKAG (O,1), eivan xopugés iodmAeu-
pou Tprydovou.

6.3. *Aoxvoeig

1. N& tmiduiolv o1 C of Erodoers.

@) =8, P)z*=2+421 y) 2°+4+64=0, 8 22=1+iV3, €)z5+64i=0 kal
oT) 3x5+4+24x3 =0

2. Aagre &1 Tis piles Tiis tfodoews (1+2)2Y + (1—2)2* = 0 pés Tis Siver & TUmos:

2x+4-1
Z = i€g :—t m, &émou k =0,1,2,...,(2v=1).
3. Né& &mewovioTolv 076 pryabiké émimedo of piles THs glomoews 28 = —V34i

4. "Av 2,2, elvar of piyadixés KuPikés piles THs povédas Belfte éti:
Q) 2,2 =1z, waf 2%, =13,
B) 14z,4+z2*= xaf 142,422 =0,
) (428,438 . (142254 32,) = 3,
8) (Itz,-2)* = (1—z, + 2,)%

3. lerfre 611 6 2 = ouwB+inuB£—1 ypdgetar kai
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I6.3.

14xi
L= K6 R xoaTdAAnAocs.
I %3
6. Adgre &1, &v x,y,z€ R xal 0 =— -I‘I—z—j. TéTE B elvan

o) (1—w) (1—w?) (1—e?) (1—w®) =9,
B) x2+ y* 4 zi—xy—yz—zx = (X fyw+zw?) (x+ywii2w), xai
¥) X34yt 23-3xyz = (x+y +2) (X+ oy + 0?z) (X+wy+wz).

L. ’
7. *Av elven w = — 5 -+-1,2— Beifte 611 TOTE O elvon:

a) o*+p? = (a4 P) (gw+Pw?) (aw?+pw)
P) (a+P+y) + (atBeotywhi+ (atpuld yw)? = 3(a®+ 7+ y*+ 6apy).
8. Aeifte 611 kdbe wid &S Tis TapaoTAgEls
2, = a+zp+zty, 2z, =a+zB+zy, Omou z = ;lizlﬁ, 8¢ petaPdAietan, &v &vTi-
KOTAoTACOUKE Tous o,B,y Wé ToUs a+A, B+A, Y+A, A€ R &riotoxa.
9. Aeifte omi:
(I—z+2%) . (1=22412%) . (l—24+29).. . (1-22" + 22%) = 2%,
3dTou K GpTIos QUOIKSS Kai 2 Tuyouoa kuPikn pryedikd pila Tiis povddas.
10, "Av ve N xal z :%\_{3_1 BeifTte 671 ol povabikés Tipks TR TAPAOTAOEWS

K=z*4+z" elvanr —1 xai 2.
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T

. ZYNTOMH ANAKE®AAAIQEH

. Té olvodo C={zz=(ap), aeR, P eR} u

(a1,B,) = (0,B) <> 0, =@, xoi B;=p,
(@1,P)) + (02,B,) = (0;+ay B,+Bo)
(a1,B) . (02,B;) = (0,05—B, o, @,py+asp,)

elvon 16 olvoro TGV wyoadikdv &piBudv.

. Oi wycBiol &piBuol umopolv vé &mewovioTouv oTd onuela dvds Emité

Bou (myadikd Emimedo).

. ZTé wyadikd émimedo & kixhos kévtpou (x,,y,) kol dwtivas pétpou o Exel

é€iowon

|z—z,| =«a, émov z, = (x,,y,) xal z=(x7y).

- "AMes ouvTeTaypéves ToUu miyadikol z= (o,p) #(0,0) elven of mohikés (p,8),

dmou p = Va*+Pp2, 8€[0,2m) pé ouvd= a\/*;—;'[s; kai nu&:vagﬁ.

. Mé 11} Bonifeir Tév ToAKEY guvTeETarypéveoy Tous of pryadikol &pifuol Talp-

VOUV THV TPIYWVOUETPIKY TOUS LOpn

[ 2 — plovvd + InpB) |

MNé& Tols pryadikols z = p(owvl-+inud), z, = p, (auvd,+inud,),
Zy = py (ouvl,+inub,) ioyUouv:

Z, =2z, <>p;=p; Kkoi 0,—0, =2kn, keZ

Zy . Zy = py.pp [ovv (0,4 0,)+inp(6,46,)]

7,:1 =g—’ [ovv (0,—,) + inp (0,—0,)], p,£0
2

1
A, o7 [E0—0) +inu(—0,)], p,#0

Zy

z' = p" [oov(vl)+inu(vB), veN

Kéafe pf pnBevikds wmyadikds &pifuds § = plowvB+inud) Exet v SxpiPdds
SiagopeTiés peTalU Tous viooTés piles, Tis:

v 042
ts = \/;(auv +v'm +inp 0+3m|: ), k=0,12,..., v—1
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AZKHZEIZ FA EMANAAHWYH

"Av z # —140i xal z # 1401 Beifre &1z

z—1
o) OGtav (2| =1, Té1e & &p1Buds e elven kaBapds povraoTikds, kal

2—1
B) &tav & &mbuds ST elvan xaBapds gavraoTikds, ToOTE [2| = 1.

. Né& kéfe ae R pé o>1 Ppeite ToUs pryadixous z, wou émainfebouv Thv Elowon

z4ajz+1|+i=0.

. MN& xébe q}() PpeiTe ToUs pryadikous ol traAnfedouv THv 2|z|—4az -+ 1+ia =20

. ’EmAUoTe 16 olotnua z34-wf =0

22 . @4t =1, &v ol 7,0 elven pryaSixol.

Z
. AdETE 8 @) fzgz] = [zl + 12l & S5 > 0, 2,7, € C, xad
2

zZ
B) |2+ 2a| = lizgl—Iz,]1, &“E:T <0 kal z,2,€C

Zy
. Acifte &M Q) |2,—Z,) = ||2]—1241], &v ?z>0' 2,2, € C, xaf

z
B) 1z;—25] = |2;1+ 25!, &v -Z—: <0, z,, 2, € C.

T&Y onuelcwov ToU wyadikou Emimtdou, mou elven elkbves T@OV pryadikdy z pé:
|z—2,| = Alz—z,| xad A # 1.
AcifTe dxdpn &T1 TS kévTpe auTol ToU kikAou elvan 1 eikéva ToU pryabikol

2,—A%Z,
%o = 3a xai f &xriva Tou elval o= — 7 33

8. "Av |z—10| = 3|z—2| 8eifte &m1 |z—1| = 3.

9. “Ymwohoylote ToUs X,y € R, wol ixavomololv Thv (x+42yi)* = xi

10.

11.

12,

13.

14.

15.

16.

1
"Av |z]* = |22-1|, BeifTe & Rez’= & .

*Av z =x+yi, X,yeR xaf 224z+1=0, ToTe & elven
' 2| = 2411 = 1.
Bpeite TS pétpo xai T Spiopa Tol wyabikol &piBuol
b
z = ouva—inpa + ouvlB-+inus, 0<u<T,
*Av |2+ 16| = 4|z+- 1|, BeifTe & |z| = 4.

*Av z =x+yi, z71=(a+Bi)t+ (a+yD)! wé apyeR kal
a+Pi, atyi 8x1 undevikoi, UmoloyioTe Tls Tipés TV TopaoThoewy
D) x4y, i) (x—a)*+y? xai iii) Rez ouvaptioer Tév ap,y.

"Av 2, = (2-a) / (8z=1), 1z #1/8 0 <lal<l,
Seifte &m |z,] 2 1, éTav, xai pévo Stav, |z| Z 1.

*Av [2=142, {=§E+in, z=x+yixkad§ n, x, y € R, Beifre &z
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I8

D £ = @0t + (y = 12

ii) 267 = V{IFRy T Aoyt + L4xioy
2 = V(I xi—y)ifdxty? —l—x3 y?

17. Aci€te &1 |2)—2,|2+ |2, 2,)? = 2|23+ 2|2,/ kol EmerTa Seifte 8T yid TuxdvTEs -
yaBikous z; kal z, 8& loyue

|zg — \/zan_z.n |+ zg + Vza’—z"\ = |Z3+24| + |23—2Z,]

18. Aci€e &1 of eixdves Tév Srokekprpéveov pryaBikddv &piBudy z,,2,,2, 016 myadikd Emimedo

b =A€eR.

Bpiokovtar ot elfela ypaupn, dtav kal pévo drav 21 =
32y

19. "Av y1& ToUs wiyaBikous dpifpols z, kal z, elvan |z;] <1 kal |25) <1, Bei€Te ém
Izl_zil < il‘zlzal-

20. “Av z,,7, elvar pryadixel &pifuot kai A >0, Beifte STt

1
2l < DI + (145 ) malt

21. "Av ol &pifpol z,, z,,...,z, ixavowololv THv &vicdTnTa
z,—i Zy—i
zﬁ-il Zy+i + s v+i|<1

TéTe & IkavomroloUv kal THY
Lyt 29+ ..o+ zv—i. I<l
Z;+2Z9+ ...+ 2,41
22, Bpeite T& dxdAovfa &Bpoiouara:
2 = 14+x owb+x%ouw28 + ...+ x*loww(v-1)8 «xal
2 = xnud 4 x*nu26 +.. .+X‘“’nu(v—1)6.
& xeR kal O<f<m.

23. "Ymohoylote T& dxdhovBa &bpoiouaTa.
v(v—1) (v=2)

v(v—1)
S = l4vouvb+ T ouv2f 4-————1 53 ouv 38 + ..., kal
1 — —2
T =vnud 4 (1 2) nu29+v(v 21.)2(\'3 ) nu3e+...

2 -
24, "Av w =ow 7“’ +"‘“Tﬂ' veN «kal

A, = x4ty tze™ . ral"™ «=0,1,2, ..., v-1, u X,YiZse ooy T TUXOVTES
nryadikols dpl&uo\hs, Beifre OT1:
Al + [Af* + ... + AR =vx|® + Iyi®+ ... + 7]

25. AeifTe &1 & pryabikds 2 = X+ yi TOpEl v&k ypogTel wé TH wopeh
1A% . 2A =
12| [W+lm?.l' &dmou X,y, A€ R.

26. Né& tmhwdel 1 §lowon (22—1)* = 16(cuva+inua).zt, 0<La %
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KE®AAAIO 1l

AATEBPIKEZ AOMEZX

1. Aipeheic mpaEeig

2. "Hpiopbdeg-"Opadeg

3. Aaktihiol

4., Iwuarta

5. Aiavuoparikoi xwpol

6. ZovToun avakedpaAaiwaon
7. "Aoknoeig yia émavainyn
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