EAAHNIKH AHMOKPATIA
YMNOYPFEIO EONIKHE MAIAEIAL KAl ©PHIKEYMATON

B AYKEIOY
ANTF.EB P A

HAIA B. NTZIQPA

g3 /’di“‘ e
R A 7/ el

7

OPTANIZMOL EKAOIEQL AIAAKTIKOQN BIBAION
AGHNA 1978

Wnoiomnoi)Bnke ammoé 1o ivotirouto EkmaiSeuTikrg MoAmkrg



WnionoiBrke amoé 1o ivotirouto EknmaibeuTikrg MoAmkrg



MAOHMATIKA

Mé &ndgoon thg "Erxnvixis Kubeovioewg té Stdomtind

616hia o0 Anuotkov, Mupvaoiov nai Auvxelov Tumd-

vovtut and tov 'Ogyaviopd "Exddéosme Adantindv Bi-
6hlwv xai potpdloviar A Q PE A N.
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T Bifrio peraylwrtiotnxe and ©6 ovyypapéa oé ocvvepyasio
pé vovs E. Ikavyj Tey.’ Emibewgnti) M.E., *logd. Ilamaddmovio
xalnynri) M.E. xai B. Ocsodwpaxdmovio Elonynrij vos KEME.
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MEPOZX MMPQTO

AEIOMATA TOY PEANO-MAOHMATIKH EIIATI'QI'H

*KE®AAATIO I
ZTOIXEIA ANO TH MAOHMATIKH AOrIKH KAl TA TYNOAA
ENNANAAHYEIZ KAI LYMIIAHPQEIEIZ

ZkoTrds aUToU ToU Kepodadou elvan vé Emaved&Poupe Tis mid Paoikés Evvoies
&mwéd 1 Mofnuatikr) TpoTaoiaks Aoyikn kai T& ZUvoAa, TroU udfope oThv
mponyouuevn Ta&EN, kai vé& Sieukpivicoupe TH onuacio TGV Aoyixkdy Aéfewv kal
ouuPoAwy, T& Omoia TPOKEITAl V& ¥PNOILOTOINCOUPE TrapokdTw, $oTe ol
dpiopol kai of TpoTéoes ol Umdpyouv o aiTé T6 PiPAlo v& pmopolv vé
Siarumwlolv pé ouvtopiar kol pé cagrvea.

§ 1. Nporaciakoi Timoi - Mportaoeis.— Oi éwvoies: mooraciaxds Timog,
mpdraon pas elval yvwoTés &md TV Tponyouuevn T&EN. Exel pdbape &11: Mia
uobnuaTixn Ekppoon ToU Tepiéyer Eva oUuPoAo X TN Aéue mpotaciaké timo
thic petaPintiic x kai TV TopioTdvoupe pé p(x). "Av Tdpa OTOV TPOTACIAKG
TUTO p(X) &UTIKATOOTHACOUME TN peTaPAnTn (dxaldpioro obuforo) x pé pic
ouykekpipévn Evvoia, foTw A, TOTE THY Ekppaon ToU O& TpokUyel Th  Aépe
Aoyikf mpotacn 1) &wAGS mpéracn kol TAV TopioTdvoups pé p(A) 7 &mAou-
oTEpa pé p.

27¢ pofnuaTikd kol yevik& ot Aoy (kAaoikn Aoyikn) ué Tév Spo
«npdracny évvootue pia Exgoacy ué adtotedés vinua, 1 omola Emdéyerar Evay
dxgufdg dnd Tods do yapartnoouols: «adnBigy, «yevdig» kad pé TV iSix
T&VTOTE GTuoTi.

Hapaderypa. "Eorw & wpotaoiakds TUToS:

p(X) : «6 x elvar dpriog dpibudcy.
‘H mwpdTaon: P(2) : «d 2 elvar dprios doilfudsy elvan dhnbig, dved 7 TpdTaon:
P(3) : «6 3 elvar dorioc apbuden elvan  wevdig.

Ol yapoaxtnpiopol dinbhis, pevdiic Aéyovten tipég @hifeiag Tijs TpoTdoews
p xal oupPohifovton ué a, w dvtioToixws. Tis Sidgopes (Aoyikés) TrpoTéoeis,
Smoos Eépovue kad &S T poduoTa THs TponyoUpevns TéEews, Tis TapioT-
voupe Yevik& pE pikpd ypdppata ToU AxTivikoU &hgaPritou kod kord TrpoTi-
Bnon wé p, q, T, ...
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“Otav T Tepieydpevo wmds TpoTdoews p elvon &Anbés, TéTE Afue T M)
TpdTaon Exel npf dhfifeieg @ kal ypdgpoupe T(p) = «, vdd ETav TS TEPIEXOPEVO
Tiis p elvon weudés, ToTe Aépe &1 1) p Exer ) dhiBerog y kal ypdeoupe T(p)= Y.
“Qoe:

(p) — { o, & p &Anbns
OPS | y, &v p yeudrs.

‘H ouyxexpipévn Evwoix A, pé Trv Smola dvTikaioToUue T1) peTaPAnTh X
ToU TpoTaciakoU TUTOU p(X) yi& v& TpokUyel TpoTacTt, T Aépe mpf Tiis
peTaPAnTiis. TO olvolo Q T&v Tiudv THis LETaPANTHS TS Aéue ohvolo dvagopdg
ToU dvTioToixou TpoTaciokol TUTToV Ko TO UvoAo TGV Tiudv Tis peTaPAnTis,
yi& Tis dmoies & TpoTaciakds TUTOS YiveTon TpoTaon &Andrs, TO Aéue: chvoho
Tpdv @ifbeieg Tol TpoTaciakol TUTTOU.

§ 2. MooodeikTeg.—ZUppoova ué aUTd ToU efmape méd wavw, & fi peTa-
PANTY &vés mpoTaciakoU TUTou &vTikaTaoTobfel ué Eva dpiouévo oToryeio ToU
ouvdrou dvagopds Tou, TOTe & TpoTaciakds TUTOs yiveTan pia (Aoyiki) Tpé-
Taon. Elven Suvard Spws &mé Evav mrpoTtaciokd TUTo va AdPoupe pict Aoyikn
TpdTaon, &v ToU mpoTdoupe Bidpopss ékppdotls, Tws: «dmdpyer (Tovddytato)
Sa...n, «pd peowdn, «yud xdfen, «yud Eva dxgfdcn, (yud &a 16 moldn, (yud
xavéva) k.&., aUTés AéyovTon mocodsikies. AT ToUs mid Tévw TooodelkTES Oi:
wdmdoyet (Tovidyioro) évan xal «yud xdfen, &mews Eépoupe kad &mrd ThHV A’ T&En,
Eyouv i8iaiTepn onuacia o1& MobnuoTixé kal Aéyovton drapgrakdg, kai &uti-
oTola Kabohikds, mocodeixtng. ‘O TpéiTos cupPorileTon pé TS oUuPoro 3
kol & BeUrrepos pé TO 3. Of TrocoBeikTes, Omeos simope kal Mo Thvw, wmai-
vouv prrpooTd ** gToUs poTagiakoUs TUTrous. *ETol ol Ekgpdoeis:

o) «JzeR, p(z)» (Sropdlovue: «dadoyet (Tovidyiaro) fva x otd 2, dote vd
ioyber p(x)n f) xal dANGSs: «yud €va (Tovidyiore) xefd loyde p(x)»).

B) «¥ zeQ, p(z)» (SroPélovpe: wyud xdbe xe ioyder p(x)») elvai Aoyixés
TpoTdoEls Kai pdMoTa ) TpwTn AéyeTan drapéraki kai 1) SeUTepn kaboliki) npd-
tacn. Amd alTd Tou simope, oupmepaivoupe Twpa &1 @ Kabe dnaproxi, kol
dvtioToya kae kabolriki, npotacn elvar mdvrote Loyikf mpbracy.

Inpeioon. ‘H Ekopoon @ «indoyer dxpfc évan fi dAMS «dndgyer éve xal pdvo évan
TapioT&veTan oupPolikg pé fva &md T& oUpBoha: «H I», «F'w, « @ ».

§ 3. Noyikoi ocOvéeopoi—ZOvBeres mpoTacels.—Zt Madnuamikn Ao-
yixA, 8troos kad oy kaBnuepv duiAia;, 8¢ xpnoiuomoloUpe ubvo &rAfs TPOTATEIS.
SuvnBws Tis &mAés poTdoels Tis ouvdéoupe peTafU Tous ué Bidgpopes Aéels kal
éxppdoels (ouvBeTikG), Tis dtroles dvouddoupe hoyikoig cuvdéopovs, kol oxnua-
Tiloupe W alTé TOV TPOTO vées (ouvBeTdTepes) TpoTdoels. Tis wpoTdoels alTés

* Té guupoho == onuaivel, rou ouvavtdTon 6@, «ioov E§ Spropous,

** F1& tmdpeva, Y1 elkoAia oTd ypdqnu'o, ol mooobeikTes 8& dxoAouBioUv ToAAés popts
ToUs TrPOTACIOKOUS TUTTOUS.

6

Wnpionoirifnke amé To lvotitouto Exnmaideutikiic MoAmkrg



Tis Aéue o0vOeteg mpotaoeic. STr Aoyikf Tév TpoTéoewy ds Aoyikol oUvSeopot
BewpolvTen of &Efis ixppdosis: wxain, «slven, «ifn, «dy ..., Téren, avdre xal Jdvo
Tdte, dyn- Errions 1) Ekppoon «dye(dév ), Srav wrodver prpooTé &md wd TPSTUTT.
"Aptows TrapakdTw 8& Solue pé Troidy TpoTo émSpolv TN onuocia TéV TTpo-
Tdoewv of Aoyikol ocUvBeopor.

§ 4. NpéaEeig peraio AoyikGiv mporaoewv.— "Eotew L 16 alvoro T
(&mAddv) Aoyik@dv TpoTdoewy kai pia owvdpTtnon T ué medio Spiopol TS ou-
vodo L kai medio Twédv 16 (Siuehés) ovvoro { oy}, BnAadh:

L o{aylip >t e{aqy}

Ot 8idgopot TpédTrol, oUugwvea pé ToUs drroious ouvSiovTal of QTAés Trpo-
TéoEls y1& v& oxnuaTticouy pia ouvletn mpéTaon, dmoteAoly Tis Loyikég npa-
geig ueTally TGV mpotdoewy. Mé TH Bonfeia, Aorréy, Tév Aoyikédv ouvBioucwy
tgodidloupe T6 olvodo L Tév &mAdv TpoTdoewy ué Aoyikés wpdess. Efvon
Povepo Twpa 8T yik kdBe oUvletn Trpdraon SpileTan dkpiPdss wia Tiph o1
{o, W} ‘H g Tiis ouvletns mpoTdoews oTd {o w} N omoia Aéyetan kod
upf difberag tfig sdvletne npotaoeng, opileton EmaxpiPdds &md Tis Tipés &AN-
Beias Tév &mAGY TpoTdoewy ToU TAV &motehoUv Kol &Té Ty TpoTIO TrOU
ouvBtovTal aUTéS Y& TO OYNUSTIoNS Tiis oUvleTns TrpoTdoecss.

Oi Gepchicoders Aoyixés mp&Eeis kol of Tiuk GAffeias TGV oUvBeToov Tpo-
Thoewv ToU oxnuaTifovtanl 1 aUTd TéY TpdTO, STreds Eépoupe kad &Tod T& pot=
BrjuaTa Tis TponyoUpevns TéEeews, elvan of £Efis:

1. ZdGevkyn. Tolevtn ddo mpordoewy P.q dvoudlovus iy modracy «p Kai q»,
(oupBoiik& «p A q»), Ty dnoia deyduaote dinbi, udvo Srav xai of o mooTd-
oeis p, q elvaw adqlieis, xal yevdr of xdbe diddn mepimrwon: SnAadA:

o &v T(p)=a=r1
AP { v 7(p) = = 1(0) )
Y, ot k&fe &AAN TepiTTwOn

2. "Eyndetotiky S148evky. "Eyxheiotikn SralevEn dio poTdgeaw p, q ovo-
udlovpe Ty modracy «p site q» (ouuBolik& «p v q»), iy dmola dexduacte pev-
&ij povo brav xai oi dvd mpordoec p, q elvar yevdels, xal ainly of xdbe Ay
nepinrwon: Snhadn:

¥, & 1(p) =y =1(q)

T —
(Pva) OpE { o, of k&Be &AAN TepiTTTRO @

3. "AmoxAetoTiny 814LevEy. "Arokdeweniky) S16levEn St moordoewy P, q
ovoudlovus Ty modraoy «p i q» A EAMds «ij pévo p ij péve q» (oupPohikk
«p V q»), vijy dnota Sexduacte yevdsj, Sray oi Svo mpordoews p xai g Exowy iy
W Tyurf adeiac, xal anbrj, drav ol p xai q Eow dagogeTinés Touds ahileiag
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SnAodn :

Y, &v 1(p) = T(q)

T(p\_/fi)f;{ o, & (p) #1(q) v

4. "Apvnor. "Apvnon ,mrig nmootdoews p Gvoualovue THY modracny «ByL p»
(oupPolikd « ~p»), iy dmoia deydpaate ainbi, drav 7§ p elvau !pe’u(?n?g, xal pevd
brav 4 p elvar dinbijc Snhadn:

T(~p) =

ope

a, &v 1(p) =y
{ g, &v 1(p) =« @

'ATTS T ’|U 4 OUUTTE C(iUOUuE 6711 oi Il{..\és &AN GEIGS TGV kal ~p elvon Tréw-
TOTE rivﬂ'ﬂsrs;.

5. Zuvenaywyy. Evvenayoyin oo moordoewy p, q droudlovue Ty modraoy
«lv p, 1618 g» 1) GAMGs «p evvemdyetan q» (CUUPOAIKE «p == q»), Ty dmola
deyduaocte pevdr), udvo drav 1 p elvar almbijs xal 0 q pevdiic, xai dindy oé xdbe
GAAn meoinTrwon: dnAadn:

Y, & 1(p)=a kol T(q)=\y
T(P=q) 55 {

«, o¢ k&Be GAAN TepiTTTwON ®)

INapatnpijoeig: a). “"AAAor TpodTor BiaTutdhoews Tis ouveraywyfis p==>q elvan xal of
Eis:
1. «p elvar ixavi) ovvbijxn yud q»
2. «q elvar dvayzaia ovvbixn yid py.
B). "Av 1) mpdtaon p elvan weubris, TéTE 1) ouvemaywyh p=s( slvon TwhvToTe An-
O1is y1& k&be Tiun dAnBeias Tfis TpoTdosws q. Av Spws 1) ouveTaywyf p==>(q elvan &Anbrs,
TéTe BEv EmeTan &1 STwobnToTe of mpoTdoes p kai q elvan &AnBeis.
7). ‘H ouvemaywyn (=3p Aéyston avtiotpogm Tis: p=3q kai f) guvemaywy”h:
~p=> ~q Atyeton @vrifetn Tis: p=q. TéAos 7 ouvemaywyf: ~(q=p ~p AéyeTon dvi-
otpogoavtifetn THs: p=> q.

6. Moywrr) icoBuvapia. Aok isoduvapia ddo moordoewr p,q dvoudlovue
Ty modTacy «p t0TE Kai povo tote, Ev q» 1 AAMGS «p ovverdyetar q Kai dv-
TeTpdeme» (CUUPOMKE «p &= q»), Tij¥ Omoia deyduacte dlnlij, udvo drav xal oi
o mpotrdoeis p, g Egovv Tijy ida i) alijfetas, xal wevddj, Stav oi p xai q Epovv
drapopeTinés Tiués aliferag SnAadn:

o, &v 7(p) = T(q)

(p &= O 55 [ v, & 1(p) # T(q) o

*ATtéd TéV Spiopd TS icréﬁuvauias eUkoAa BlaTOTWVOUNE Tpa &T1:
lLpe=p 2(pe=sqe=(ep), 3 (pe=qAqen)= (per)

8
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Enpeioon: "Otav 8Aoupe v& SnAdooupe 811 ) looBuvapia p&=pq SUo mpoTdoswy
Umépyer ¢ Opiopol YproipotroioUue T6 oUpBolo 4?:, SnA. ypdgouue p 4-9? q.
o] 0

"Avaxepodraioon. Of Tiués SAfBeias TV TponyoUuevwy Aoyikéy TpdEew
(ouvbegewv) ToU dmropptouy &md Tous dpiopous (1) - (6) dmodiSovtal ouvoTTi-
k& pé Tév dkdhoubo rmivake Tipdv aindeiag:

ZoLevgn | 'Eykd. Awdl.|'Ax, Awal| Tuveryeyh | 'looduvapia TApvnon
r | PAq | pVa | pVg p=q | pe=q | ~p ~q
a a a o (7] o o W (U]
« |y ¥ o o y y Y o
v (o] Y (5 x (24 W o W
v |y v v v o « x «

§ 5. Tautoloyies - TauToloyikés icoduvapies kai avriloyieg.—Mia
oUvBetn TpdTaon, | Omoix oxnuaTileTar &md Eva  «memepoaouévo*»  TrAfifos
QmAGY TPOTATEWY P, q, T, ..., TOU cuvBéovtal petafl Tous pé TA oUpPola
(AoyikolUs ouvBiopous) A, V, V, ~, = kal &= THv dvopddoupe, Strws udbope
kal oTfjv Tponyoupevn TéEn, hoyké tomo. “Etol, A.y., fi fkepoon:

[(p = QA ~q] = ~ p elvar Evas Aoyikds TUTTOS.

Afvoupe Tdpa Tols &kdAouBous Spiouovs:

1. Od Aéue dri fvag Aoyweds timos P eivar tavtohoyia, tote xal udvo tdre,
dv Eyer Tiw) aMibetas a yud xdle ovvdvacud Tiudv dhijfleias T@v mootdoewy mwol
oy owvlfiérovy.

"Av P elvan pia Tautodoylo, TéTe ypdgoupe: P xai Biapaloupe: fi mps-
Taon P elvan TavToloyle.

‘Opioytves TauTohoyies, #medn Exouv kaBohik loxy, Aéyovran apyés A
vopor. Tétoies TauToAoyies elvan of vépor tob “Apiototéin:

1. Nopog 7ijc Tavtornras: p=op
2. Nduog tijc wij dvrupdoewg: = ~[pA(~p)]
3. Néuog toi amoxleiopod Tod Toitov: Fp M (~p).

Inusioon. Ppaotikd ol SUo Tedeutaion vopor BiatutrdvovTar &g EEfs:

Néupos Tiis ui &vTipdoews: «ula mpdracy xal 7 dovner] Tns dév pmogei vd elvar xai oi
dvé ainfeicn. Npos Tou &rmroxkAeigpoU ToU Tpitou: wxdfe modtacy xai 7 dovnor] Tng amox-
Aelovrar dupoifaian.

*AMes &EidAoyes TavTohoyies elvan kad of EEfis:

4. p ¢=>~(~p) (vopos dunkijs dovijoem g)
5(p=>A(q=1)]=(p=r) (vduos ovileyiouos).

2. Od Aéue dre fvag Aoyuxdc timog Pelvar tavtoloyika iooddvapog ué évay

* OnA. 16 wAfifos Tous v& EkppdleTan pé Eva puoikd &piBps (=2).
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&Aoo Aoyid timo Q, xal 0& ypdgoupe P = Q, tdre xal udvo tdre, dv Eyowy
advrore Ty idwa Ty aiijfeag, dnA. dv 1) loodvvapia P €= Q elvar Travtoloyia.

Ao TéV Spiopd alTd ouvdyetal 611 of oupPoriopoi: P=(Q kai |-(P<=Q)
elvon TauTdonuor. "QoTe:

P=Q PO

Mapatipnon. ‘O cupPohopds P = Q &kv elvan Tautdonuos pé Tév: P = Q, yrati
& wpdTos BnAdvel 811 & Aoyikds TUTros P PplokeTan o1 oxéon « =» pé Tév Q, tvdd Pe=p Q
dnAcover plo Aoyikn TpdTaOT).

*AGiddoya mapadelypaTta looduvamddy, ToU elvan TauTohoyles, elvar of
yvooTol &md TV TponyoUuevn TEEN vépor tod De Morgan :

~(PAQ &= (~pV(~q)
~(PvD e (~p)A(~9).
To 611 o Tapamdvew icoduvapies elvar TouToAoyles &modeikvisTon pé T
pofibeix TGV dvTicTolxwy ivakwy &AtBeias.
Enpsioon. 'Emeadn —(PE2Q) kai P = Q elvan, dmws eimape md mwévw, Tavtdonuor
oupPoMopol, yr' alTd ol vépor Tou De Morgan prropel va Siatumwlouv kai étot:
[~PADI=(~p V (~D) [~@V Q] =[~p) A (~D]
*ASioonpeicoTes &mions elvon kai ol yvewoTés &md Ty A’ TéEn ioobuvapies:

Lo(p = 0) = Cop)iV g
2. (pe=>q =[(~pvalAlpv(~q)]
3.0 Y @d=[(~pAdqlvipA(~9]

Mapotipnen. ATéd Tis Tpels TeAeutaies TauTohoyles ouptepaivoupe 11 ué Tis Aoyikés
mwpdEeis: ~, V , A umopoUpe vé& Ekppaooupe Tis &Ahes Aoyikés mwpdEers, SnAadn TH ouverra-
yoyn (=), v looduvapia (&) xal v &moxAeioTikn) BidGevEn (V) émopévws ol
oobfjroTe Aoyikds TUTos prropei v SiatutrcBel pove pé T& Tpia ouvdeTik&: A, V, ~.
*EE&AAou &mrd Tév TpdTo vépo Tou De Morgan Exoupe: p A @ = ~[(~p) V (~q)]

"Apa pmopoUue dmolobfroTe Aoyiké TUTo v& Tév Ekpp&ooupe pdvo pé Tous Aoyikous
ouvbiopous: V, ~.

3. Od Auc dve &vag doyuxds timos Q elvar avmidoyia (7 alduis: avtipaen),
Tdre xal pdvo tote, dv 1 dovnor] Tov ~ Q elvar Tavroloyia, Snhadn dv Eyer T
aAifeag w yid wdfle cuvdvaoud Tiudy alifeias Ty mpordoswy mol Tdv ovvbérovy

Mia dvtidoyia oupPorifeTon pé TpoTagn ToU cupPorou: ~|—.

IMepadevypa. Na deifere 6T & Aoykog tomog Q(p, q): (P=39) &=(p A\ ~q) elvar dvtidoyia.

Avon. AUTS ouvdyeton dpéows &d TéHV dkdAoufo Trivaka:

p q ~q P=9 [ PA~q | Q. |~Qp D
« a v o ¥ v @
-4 Y o y o ] o
g " 3 = ¥ v a
v y o« a Wy ¥ a

10
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Tevikf) mapatiipnon. AUt moU péypr Thdpa dvamtifaue oxeTikd pé TS
Aoyiops T@V mpoTdoewy ioyUouwv kal yi& TpoTacioxols TUmous (dvoixTés
TpoTdaeis), wé Th) povn Siagpopd ET1 & yopakTnpiopds «dinbiien 1 «ypevdicy
8& dvagépeTon 0TS gUVoAo TINGY THs peTaPAnTiis 1) TGV peTaPAnTEY TEV duTi-
OTOIXWV TTPOTUCIOKGV TUTTwV.

AZLKHIEIZ

‘Opada A'. 1. N& Bpeite is Tinés dAfBeias Tév dxdhoubwv olvBeTmv mpoTdoewy:
(e TIA(P= 3% P @<3)v@E=7+1, 7v)(17=84T7)V (52=25),
8) (2>5) mmp (3=4), € (2> 5 @2=9), o01) ((=4+3) &= (2=5).

2. N& Ppeite woits &md Tis émdpeves TpoTdoes elvan TauToAoyies kai Toiks dvTihoyies:

D [PAQP= D] =>q B VDA~ A(DL YPVEPADED

8) ~(p A9 &> ~[(~PV(~D] g [pV (~MIAlgV (~D]
3. N& &moBeifete 611 M p, ¥ q kal % r &wd 16 olvoro L ioyUouv:
) PA@YDI=IPADV(pADL BpveAar)=p=pA(@ VI

NPaDACQI=EVD)=q DIEVYOVEREADI=EV D
& [ ADVI(~p) A (~ql] =[p 4= 1, oT) [P=pal=~[pA(~DI=[(~p)Val.
‘Opada B, 4. "Av y1& kéfe mpéTaon q elvan T[(~p) = ql=a, v& &mobeifeTe 8T1: T(p)=0.
5. N& Bpefte Tis Tiués &Afbeaas T(p), T(q), &v elvan yvwoTd &Ti:
DMp=DA@VPI=q B) MV D A==y
6. "Av T(p &= q) =y, v& Ppeite THY Tiug &Andeas T(P), dmou Té P mapioTéver pic
&mé Tis droAoubes (oUvBeTes) TpoTdoEls:

) [P &= (~DIA(~D) &= q B)lp = @VpIlalaVrl

§ 6. "H &vvoia To0 ouvérou —"Evvolieg cuvadeic pé aothi.— a). “H
évvola ToU ouvohov TroU pas elvan yvwoTn &méd Tis Trpornyoupeves T&Eets, elvan
onpepa pla &rd Tis Mo Paoikés kai yproipss Evvoles oTd MafnuoTikd. H
gwola aUTr), 6mes dkpiPdds kol 1) Ewvoia Tfis (&TARS) TpoTdoEws, BecopeiTan
o1& Mofnuarikd s «dogxrn Evvola, Snhadn ¢ Evvoia ToU Bév EmbéyeTou
bpropod, s Ewolx Trou Sév pmropel v& dvoryBei of &AM Evvoia.

T7 AéEn ebvoho, Strews pdBope xad oty A’ T&En, T xpnoiuomoloUpe dTow
Béhoupe v& dvagepBolpe of dvikeipeva Tedeiws dpiopéva kad «dianexouuéva®n,
ToU T& Becopolpe s pia wdidtyra.

’AxpiBoloycvTas TEpIogdTEPO, UTTOpoUNE vé& Troupe &Ti:

Zrd Mabnparied deydpaore Gve Emroémerar «mo A A dy avrisipeva mod
elvar évredas xallogiopéva xai daxexpypuéva petad Tovs vd td Oewgotue s éva
vEo avrixeiuevo, mov 16 Adue T cOvoko T dvrixeyudvaw adriw.

AUTG T& duTikeipeva TG Aépe ouvnBws otoryeia ToU ouvéhou.

Mepikés @opés, wupls of pepika Béuara yewpeTpikiis @uosws, dvti yi&
Tév Spo «oUvoro» xprmoipoTrolelTar & Bpos «ydpog» koi TOTE &vTi v Adue
oTolxelo ToU guvdlov, Aéue «anpElo» TOU Ywpou.

* mou Eexwpifouv Té Eva &mo TO GAAo.
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T olvoha oupBoAifovtan ouvhflws pé Té& kepodaia ypduuara: A, B, T,. ..
Kai T& oToyeia Tous pé TG pikpd ypduuoTa: o, B, y,. . .

Mé& v& dnAdoovpe 871 7d orowyeio = avijxer oTd advoro A, yPAPOULE :
X € Ar dv® OTav T6 oToiyeio X dév dutikel 0TS A, ypdgoupe: X ¢ A.

Mé xé&be oToryeio x kai k&de oUvoro A loylel pia, kol pévo pia, &md Tis
é€fis BUo oytosis: x e A, x ¢ A.

B). Bacwkf| ioétmte ocvvohov. ZUugwva pé oo eimaue mopaTdve, T
évTikelpeva ToU TrpoopifovTan vé &moTedéoouv Eva oUvolo, dgeihouv vd Sia-
kpivovtan 16 fval &rrd Té &Aho. AUTS onuaivel &Ti: &v Tédpouue 8Uo dmoiadn-
TMOTe & QUTG T& AvTikelpeva, Tpémel vd popolpe vé ToUpe pé PePoudTnTa
6T T& dvTikelpeva oUTd elvon BiapopeTiké peTal Tous ) Oxi. ‘AxpiéoTepa,
&v o, p mapioTdvouy SYo omoiadnToTe oToixela Evds ouvdrou E, TOTE elvan
PePoio kai pé Triv iBia whvToTe onuocia, 8Tt T& « kad P TaploTdvouy | Bév
TapioTévouy Té 1810 oToikelo ToU Z. "Etol, PAémoups 811 ) Evvoia ToU cuvdhou
ouvBéeTal oTevg pé TV Evvola Wds (oyéosws iodtyTragy Trou OpigeTon peTafy
T&Y oToixelwv Tou, pé TV Smola pmopoUpe vé T& Siakpivoups. AUTH THY
iodTnTa, ol TN oupPoriloupe pE « = », TH Aéue Paciki isbtnta Tol guvdlov,
Y& vé& v dvniSiaoTeiloupe Trpds ke AAN «iodTnTom ToU uTopel vé& elocyfel
petafU TGV oToryelwv ToU ouvdhou. "Etal, yi& vé SnAddooupe 8T T& o ko p
TapioTdvouy T6 1810 gToiyeio vds ouvddou 2, yphgoups a = B, dé &v T& a
kol B 8tv mrapioTévouv Té B0 oToielo ToU Z, ypdgoupe o # PB. Thy. o1d
olvodo N TGV Quoik@v dpiBuddy Exoupe:

7=5+4+2 5=4+1, 3#2 8#5+14

7). Mopadeiypata: *AfoonpeicTa olvoha &piBudy, pé Té& dmola Exoupe fi8n &oyoAn-
el kai woU 6& T& cuvavThioouue oTd Emdpeva kepdhaia, elvan T& dxdAouba:
td oivelo T uowxdy agludv: 1,2,3, ...

5 ovvolo T@w dxepalwy Tis dolunmixic: 0,1,2,3, ...

5 ovedo Tdy dxepaiwy aolbudv: ..., —3,—2,—1,0,1,2,3, ...
16 avvodo v enrdy dptBudv.

6 givolo Taw moayparixdy doldudv.

A RONZZ
o5~
o ©

RE R

16 ovvolo Taw Oetixdv, dvTioTolyews pij dovnrixdy, mpayuatixayv dpifudy.

(9]
o
S

FEI L B - s
oivolo Ty pyadixan dolbudv.

§ 7. Tpémol mapaoTaoews évég cuvéhou.—MdBope oTig TIPOT Y OUHEVES
T&Eers 61 Eva gUvolo elvan tvtehdds kaBopiopévo &Tav Sivovtar SAa Tou T& oTol-
Xela eite Stav Sivetan pio iB10TnTa TOU XapakTnpiZer T& oTorysia Tov. *ETol
ol moé ouvnbiouévor TpdTol TapaoTaoEws Evds cuvdiou elvai:

a). Iapactaon cvvorov pé Gvaypeh tédv otogsiov tov. X alTh THY
TepiTTTwoN dvarypdeoupe dAa T& oToryelx Tou cuvddou dvdpsoa of Sud duTi-
kpioTa& &ykioTpa. ‘O Tpdmos PéBona aiTds Bév elvan TvToTE TPOKTIKGS Kai
YV aTd pepikés @opés Eva oUvolo TrapioTdveton pé dvaypagr|, péox of &yki-
OTpY, Opiouévwy &Td T& oToIXElx Tou of ouvduaoud pé Teheies (ouviiBws Tpeis)
pé Tis dmroles derjvoupe vk évwonBouv SAx T& oTolkEla U Tapadeiyaue oTHY
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dvorypogny. "ETol, .., T6 olvodo N TV puaikddy &piBuddv umropel vé TrapaoTa-
Beis e 12, 30,

Snuercdvoupe E8& &1, Emraidn 1) Evvola ToU oUvOAOU B CUVETIQYETON KOMIK
Biatan yi& T& oToixela Tou, pmopolus KaTd TV Gvaypoagn vé ypdpoupe T
oupPora TGV oToixelcov Tou pé Smoia T&En GéAoupe.

p). Mopaotacn cvvorov pé mepypagi] yepuktnpiotikils idbtnreag tdv
srolyeiov tov. "EoTw fvas poTaciokds TUTTOS p(x) ué ouvolo dvagopds TO Q.
T& Bi&gpopa oToixeia Tou Q Tou éxouv THY idwrnran p (BnA. ol Tipés TS pe-
ToPAnTis, pé Tis dmoles & TpoTaoiakds TUTTOS YiveTan TpdTaon GAndns) &mo-
TehoUv (mpoodiopifouv) Eva ouvoro. Té olUvoho altd ocupPohiletan s EERs:

[xeQ: x &ye iy idrnra p} ) {x e Q: p(x) dadnlijc} .| &mhoUoTepa,
&tav elvar yvwoTd 611 TrpdkerTan yik TO oUvodo dvagopds £, &mAdds pE:
{x: p(x) }. Mé Ty Tapomdve onuacia 6& Becopolue oTd Emdpeva TO oupPo-
Mopd: {x € Q: p(x) }. ‘Emropévess, &v A = {x € Q: p(x) }, TéTE & TpoTOCIOKSES
TUTTOS P(X) (mEoLypdper) T& oTolxeia Tou ouvdou A. TTp&ypatt

(¢ x)x e A & p(x) &Anbns.

*AfloonueiwTa oUvoAa TRy BaTIKGY &pIBPdY TToU TrEpIY pAQOVTOI BE TTPO-

Taolakous TUTTous elvon T& dxkdAouba, yvwoTd ds dtostiipate moxyp. dpifudy :

1. "Avoktd didorgua pé dxoa a, f(a<f):
(e, P)={xeR:a <x <P},

2. Khewoté dudornua pé dxpa a, f(a < f): : s

[, Pl={xeR: a < x < B}, s om 5
3. ‘Hpr-avorktd anod delva ué dxoa a, f(a < f):

[a,p)={xeR: a<x <P}, S 8
4, "Hpr-avoikté and aprotepa ué druoa o, f(a < f):

(o,Pl={xeR: a <x < B} o B

§ 8. Emékraon T évvoiag Toll ouvélou. ZovoAa povopeln. To kevd
o0voAo.—Amo Tév TpoTro TTOU Exel XproipoTroinBel péxpr Twpa 7 Evvola ToU
ouvohou, ouutepaiveTan 671 k&Be gUvolo Exel SUo ToOUAGYIOTO OTOIXEIX.

21 Gewpia TéV Zuvdhwv elodyoupe kai olvoha ToU Eyouv Eva pévo
oTtoiyelo ki TG Afue povopedf ovvora 7| pé é AtEn povosivora. ‘Eva Tétolo
ouvoho pé (uovadikd) oToryeio TO o, cupPoriletan wé {ab. Tovifoupe &6 TN
Biagopd ToU Umdpxer dvapeca oTd a kai oTd {a}: T6 Tp&dTO cupPorilel
gva oToixeio k&molov ouvddov, #ué TO Seltepo elvan olvolo pé povadikd oTol-
¥elo 16 a. "Etol Exoupe: o € {o} kai o # {a}.

Té xevd cdvoko. "Eotw Evas wpoT. TUTrOS p(X), & drroios yid kébe Tipr Tijs
peToPANTRS X yiveTon weudiis wpoTaom, T.X., & TpoTOTIOKSS TUTTOS:

P(x): z elvar puawxds doluds dudgogog Tod x.

Fevvdran 10 EpwTnua: moI0 elval TOTe TO guvoho {x: p(x)};
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Elvar duéows govepd 811 1ié kovéve x € N 8¢ yiveton &Anfns wpdTaon
6 p(x) &pa 16 {x: p(x)} elvan Eva «wovvolon pé xavéva ororyeio (1)

Tétolo émiong elvan kai 16 olvoro: {x eR: x2 + 1 < O}

AT T& Trponyolueva Trapadelypata yiveton govepr ) dvdykn vé Tropa-
BexBolipe v oUvolo ToU vé ufjy Exel kavéve otoryeio. AUTé T6 oUvolo &vTi-
oTOIYEl OTOUS TPOT. TUToUs p(x), Tou yivovTon wevdelg mpoTdoes yid kabe
atoiyeio X ToU cuvdlou dvagopds Tous. "ETar pbdvoupe vé SexBolue iy dmagly
évdg xai povadixod ovvdiov, wob dév Exer ororyeia (1) AUTS T6 Mpe, Smrws Epou-
ue, «té Kevd oivolo» kol TS ToploTdvoupe ué @ A pé { b

Inpeioon. Aév mpéma vé ouyyfoups T& oGuPora: {0}, { @}, g. T& BUo mpdta
TaploTavouy &o Eva povopehés ouvoho pé oToixeio TS 0, dvTioTofyws TO @, G TS Te-
Aevutaio TopioTaver T6 Kevd oUvoho. ‘Emions onueicovouse 11 { 0} # 0 (yrati;).

§ 9. ZuvBnkn kai TauTéTNTa 0é guvolo. — Kdéfe TmpoTaoiakds TUTOS
p(x), ToU émoiov | peTaPAnTh x AcuPdver ds Tipés T& oTolyEla Evds guvd-
hou A, Aéyetar cuvBilkn otd A, ©& Aéue 871 &va otoryeio a tof A ixavomoi Ti]
onvbhjxn p(x), ToTe kai povo TOTE, &v ) TpdTaon p(x) elvan &Andrs.

Mia ouvlikn p(x), ToU &Anfeler y1& kdfe x e A, AbyeTan tavtéTyTa
atd ‘A. "Etol, m.y., 6 mpoT. TUmos p(x): «x? + 1 >0» elvar TautéTnTa 0TS R,
émeidf) altds dAnbever yi& kébe x € R, dvd & mpoT. TUTos q(x): «x + 1> O»
elvar ouvlrfixkn oT6 R, &mweidn dAnbeler pdévo yid x > —1.

§ 10. "H évvoia Tol Unoouvéhou. lodéTnTa S0o cuvéAwv.— Eotw 611 A
kai B elven 8Uo pr kevd olUvola. O& Aépe 811 «1d advolo A elvar drosivoro Toi
By, | (GM\G) 16 A mepéyetar otd By, ko 8& T6 oupPohifouuspé: A<SB,
TOTE Kai pwovo TOTE, &v 1j owbijxn x € A cvvendyerar Ty x € B.

] Mé& ouvtopia ypdpoups:

AgBio:;)(\:Lx:xeA-pxeB)

"Avti A = B yphgoupe icoblvapa xai B D A- émédte Siopdloupe : B
elvan Orepodvoro ToU A 7 T6 B mepiéyer 6 A.
Té @ Bewpeiton UrooUvolo kébe ouvdAou kal Utrepotvodo pévo Tou iSiou
SnA. @ S B y1& x&Be olvoro B kal pove @ D o.
‘H igdryra Yo ouvéhwv kai 7 Evvoiax ToU ywjotov Smoavvdiov (TroU gup-
PoAiZeTon ué C) dpifovrtan, Smeos Eépoupe, cos EEfs:
A=B«=AcBka BcA

opo

ACBe> A =B kai A £B.

opa

Haparipnon. Mpéme vé yiveran Sidkpion petaby Tév oupPdiwy ven, Td dmoio AéyeTan
oUpPolo Tol «dvixer af .. .», kal « Su, T6 dmoio Aéyeten avpfolo éprletopon. Narl 16 €
ouoyeTifer oToixeio pé oUvole, vé Té S ocuoxeTiler oUvoho pé ouvoho, kol oTh Bewopla
TéV ZuvdAwy oToixeio Kai oUvodo Taifouv BiapopeTikous poAous.
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§ 11. Auvapooivolo évig ouvérou.— Otov Sobel Eva olvolo, prropolue
v& Bewpolpe 1O olvolo TéV Umoouvddwy Tou. Td olUvoro T&V UtroouvoAwv
tvds ouvohou E oupPolileton pé HP(E). "Qore:
FPE)=X: X cE}={X:xeX = x E}.
Té6 @ xai 16 E elven mpogavés Umocuvola Tou E, dpa elven oToryeia
10U H(E). ‘Emopéves loylouw: @ e H(E) kai E e £(E).
’E€&AAov Exoupe Tis Aoyikés ioobuvapuies: ]
AeF(E)«= AcE
{a} e #(E) = a e E.
Enpeioon. ‘O mapakéTo Tivakas kivel T Tpocoyn pas o’ Evav TUTo, & dmoios ouoye-
TiZet Tév &p1Bud TEV UTroouvdAwy Evds ouvdlou pé Tév &piBud, ToU Ekppdler TO TrAfifos
TGV oToryelwv ToU guvdhou. Tov &pi1Bud, wol Ekgpdder T TATfos Tév oToryeiwy évds ouve-
Mou E, &meos Eépoune kal &mwd Tis wponyoUpeves T&eis, Tov dvopdloupe minBiké apBud kai
Tév oupPorifoupe pé v(E).

ouvoro E v(E) ‘YmrooUvodax Tou E v(& (E))
@ 0 @ 1(=29)

{a} 1 @, {a} 2(=2Y

{o B} 2 2, {a}, {B}, {=, B} 4(=29

{04 B, v} 3 @, {a}, (B, {v} (= Bh (e, ¥, By Y) (2 By Y} 8(=2%

@, (o} (Bhi (v} {8} (= Bl = ¥}, (o B)
{o, B, v, 8} 4 {B, Y} (B: B}, {y. B}, (o, By Y} (=, Py B} 16(=2%
(o, ¥, 8}, {P, ¥, 8}, {, B, v, 8}

*ATcd ToUs dpiBuoUs Ts Teheutalas oThANs ToU Tapamdvw Tivaka 88nyoluaoTe oTHV
elkacia &éTi: &va odvolo ué k oroiyeia Exer 2k dmooivoia.

loodUvapa dmodeikvieTan* &T1: "Av 16 obvoko E Exer k oroiyeia (k € Ny,
tote 6 covoro P(E) tdv dnocuvérov tov Ba Exer 2K oroiyeia.

Anhodi: V(E) = k = W(F(E)) = 2¢

M’ al76, 16 oUvoro H(E) Aéyeton kai dvvaposivoro tob E kal oupPolri-
Ceton TOAMEs qopés oTh) Siebvr) Pifhioypagia pé 2E.

§ 12. Baoiké ouvolo fj oOvolo avadopds.— ZT& padnuaTik& TTPOKEL-
pévou vé& émre€epyaocBolpe Bvar Btpa Eexivape &md Eva Sdpiopévo olUvolo, EoTw
Q+# o, kad kaTémv pé Pdon T& oToryela Tou kad Té Sidgpopa UTTOoUVOAK Tou
Tpoxwpoupe oty dvémrtun Tou BfpaTos. “Evar TéTolo olUvoro Q, ol T& oTol-
xela Tou kaf T& UmooUvodd Tou Eugavifovton &mokAeloTiké kotd Thv  Emefep-
yaoia ToU Béuatos Aéyetar Pacikd cdvoro | obvoko avagopis (Emeidn o’ alTd
kat& Ty Emefepyacia ToU Béparos, dvagépovtar OAa T& EAAa oUvola).

* ‘H &woBeifn 6& Sofel o’ fva &mwd T& Eémdpeva Kepdhoua (BA. Kep. IX § 185).
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Té Paoikd olvoho yevikk Siagéper &md Bépa of Bépa. TToAAés gopés pdé-
MoTa Bév Guagépoupe iSiaitepar TS Pooikd oUvolo, &v alTd koBopileTan &mrd
TGO TrEpIEYOpEVO TOU BéparTos.

Enucioon. T fva Sidypoupa Tou Venn 16 Baoikd oUvodo TaptoTaveTar ouvnfos pé
SpBoydvio, éméTe kébe Umoolvord Tou Tpémel v& oxebidleTon péoa o alTd T dpboydvio.

§ 13. Kapreoiavé yivépevo guvoAwv. — “Ag Bewpficoups SUo pf kevd
oUvoda A kai B ds Umroouvola vds Pacikol ouvdhou Q. Amd abté & Slo oU-
voha oynuatifeTar (Splletan) fva véo olvolo, Té émoio AéyeTan Kapieolavd yi-
vopevo ué mpdro mapdyovra 16 A xal Sevrego mapdyovra vd B kai ouuPohileTan
uE A X B. AUTd TS kouvoUpylo olvoho Spifeton dos £Efis:

AXB= {(o,P): ac A xai feB}

opao.

To oroixeio (o, B) e A X B Adystan «diarerayuévo Cetyosn. Ta “otoiyeia
o kal B ToU feUyous Aéyovtan dvTioToiyws modty xal dedreon ouvvrerayuéim
(fi moofodn) Tod ledyovs. *H Paowa) iodtyra Spileton 016 A X B ds EEfis:
(@ P) = (', p) &> (a=0o xai p=Pp).

DexdpaoTe € Spiopol 6Ti: &v A= o €itTe B= o, T6Te A Xx B= 4.
*Exoupe Twpa Tis iooSuvapies:

AXB=g 4= (A= g €t B= @)

AXB# o + (A# @ kai B # g).

Ztiv mepimTwon Tou elvan A = B, TdTe 16 xopTeciavd ywdpevo A x A
ouuPohileton ué A% ométe TS oUvolo TEV feuydv (o, @) pé x € A oupPoll-
Zetan pé A kai Aéyetan 7 duaydwiog ToU A2, Tlpogavéss elvan: A < A

“YrevBupiZoupe &rdun &1i: 616 kapreciavé yivopcvo 8o cuvérov Sév Em-
tpénetan 1| dvuipetabeon tdv mapaydvrov, Snhadn, yevikd, elvai: AxB#BxA.

§ 14. Npaeig petait ouvoAwv.—31& Emdpeva Umobétoupe 8T1 T& oU-
voha moU Tmadpvoupe elven Utroguvola Evds Spiopévou Pacikol ouvdhou Q£ @,
SnAad) oToixeia ToU L(Q). “Omws Efpoupe kai &md Tis TpomyoUueves T&Ees,
petalU TéV oToixelwov ToU F(Q) propolue vk Splooups pepixés mpaters.

“Yrevbupifoupe pé ouvropiar abtés Tis Tpdes:

). Tops) 8%0 ocuvdAwyv. Z¢ k&b Lelyos (A, B) e #(Q) x L(Q) dvrioToryel
Eva UogUvoho ToU £, ol Aéyetan topfy T&V A kai B, cupPorileta pé A (1 B
kol Opiteton cos £Efjs:

ANB {xeQ: xeA xai x B}

Avo olvora A kai B Aéyovtan Eéva perald tovg, TOTE xod pévo ToTE, &v
A B= z.

Té xkevd olvodo elvan Eévo pé dmrorodriroTe oUvoro A, Emeldny loyUer:
Afleg=g" xl BT A=12.
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B). “Evwey 8¥o0 cuvérwv. Zé kdbe Lelyos (A, B) € #(Q2) x £(Q) dvti-
oToixel fva UtrooUvodo ToU Q, ToU Aéyeton Evaen Ty ouvodwv A xal B, cup-
BoAiZeTon pé A U B kai opifeTan cos £Efjs:

AUB= {xeQ: xeA cite xeB}.

TMpogavdds Exouue: AUB= o = (A= g xaf B= 2).
Inpeioon. “YmevBupifoupe s 16 weiren onualver dT1 éva dmoioBrToTe oTorKEio X

Tiis Evergews &vnikel f) udvo oTd A f wdvo ord B A dvfiker kal otd SUo oUvoha A xal B.

v). Awagpopd 800 ouvéAwy (ouvoreBewpnTind draopd). Z¢ kibe CeUyos
(A, B) e #(Q) x £(Q) dvrioToiei fva Umoolvohe ToU 2, mou Aéyeton dra-
@opé oD ovvorov B and 16 oivoko A, cupPolifetcn pé A—B kol Opileton
s £Efs:

A — B {xeQ: xeA xoi x¢B}

Efvon mpogawes 811 y1& dmolobfjrote olvoho A Exoupe:
A-A=pg, A—g=A kal g—-A=g.
§). Zuppetpueh) Srapopd dbo cuvdAwy. Zé k&b Leliyos (A, B)es(R) x £(Q)
&umioToiyel fva ImooUvoho Tol Q, ol AéyeTon cuppetpikil Sragoph tdV A kai
B, cupPoAiletan pé A + B kai opifeton cos £€fjs:

A+B— {xeQ: (xeA xoi x¢B) site (xeB kai x¢A}.

Ao Tév T Thvew Spiopd ouvdyovpe 6ti: A + B=(A—B) L (B=A).

2716 Bidypapua Tou Venn, mol Ppi- Q
okeTon BefId, TTOPICTAVETOL 1) OUPUETPL-
k7 Biogopd A + B &méd T6 oxicouévo
pépos TéV ouvddwv A kal B.

Elven qavepd éTi: &v AN B= g, o

TéTE foxve: A+ B=A UB. A \B

€). SvpmAnpwpe cuvérov. ‘Ovoudloupe cupnhipope évog cuvorov A ag
mods 10 vmegodvoio 2 koi T6 ouuPohifoupe pé Ac fj A', T6 olvoho ol OpileTon
cos EEfis:

Ac = {xed: x¢A} =Q — A,

opo

*Apeon ouvétela ToU 6 Tavw Gplouou elvar of iodTnTes:
ge=Q xai Q= 3.
*Emrions  yi& 6moiodnmoTe ouvoho A ioyUouv ol cuvemarywyés:

yx,xeA=>x ¢gAc kol ¥x,xcA°=>x ¢A.
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§ 15. 'I816mTeg TGV Mpafewv TGOV oUVOAWV.—MeTaflU TV TrpdEecov
T&Y ouvdAwy ioxlouv ol dxdhoubes iB16TnTES (TouTdTNTES 0TS F(RQ)), TOU
uds elvar yvowoTés kal &md T& pabrjpata TéY TponyoUuevey TéEewv:

a) 1iig Topfig: B) tiic évaosng :
a) ANB=BNA ‘BI)AUB=BUA
) AN(BNND=ANBNT | B)AUBUD=(AUBUT
o) ADA=A [B) AUA=A
o) A B sAAD BB | P AcAUB Bc AUB
o) AcBe AnB=A | Ps) A= B = AUuB=B.
‘loxUouv dxodun ol Emdpeves Slo émiuepiorinds 1816 TES:
AN (BUN=ANB) UMANT)
AUBND=(AUBN(AUD.
Mapatiipnen. Of 1&16TTes (o), (By) elvon yvwoTés ds vépor 7ijs drriuerabéoews, o
(o), (Ba) o5 vépor 7ijc mposerawgioTixdryras kai ol (), (B;) ds vépor 7o advwduoy THV
mp&ecov U kai M. Téhos, &mwd Tis 1B1dTnTEs (o)), (By) TpokUTTEl &T1 Kobéva &md TE oUvora
A, B elvan Umepolvoro Tiis Toufis A N B kal Umoolvolro Tiis évddaews A U B, SnAadn:

ANBc<cAcAUSB, ANBesBgAUB
¥) tiic dwagopig : 8) tijc ovpperpikiic Svagpopdg:
Y) A—B=AnNBe §) A+ B=B+A

¥2) A-B=(AUB)-B=A-(ANB) [ §) A+ B+ N=(A+B)+T
Ys) (A—B)NB=g,(A-B) UB=AUB || §,) A+ B=(AUB)—(AN B)
yDA =B 4% A—B= g 8) AN (B + N=(A0B)+(AnD)
£) 1ol cvpminpdpatos :
§) ANAT= &, &) AUA*=Q, &) (A=A, &) Ac<B = B c Ac.
"loybouy &xoun of émdusvor 8Uo TUTOL (vépor tob De Morgan):
(&) (AN B)=AcyBe, (ee) (A UB) = AcBe.
AZKHEEIZ ("
‘Opada A'. 7. Aivetan T6 glvodo A = (&, B, y}. N& Ppeite moiés &md Tous Tapa-
xk&Tw oupPoliouols elvan owoTds Kai Toids Aavbaopévos kal yioeri;
1) {a} €A, 2) a CA, 3) {y} CA, 4) {a, P} €A, 5) {2, A {&p}} CA.
8. TS Buvapoolvolo évés ouvéhou E Exer 32 ortoiysia. Mo oToiyeia Exer TS E;
9. "Av a e R, B € R, v& mpoobioploete Tols mpayp. &piBuols x, ¥, @oTe v& loyler:
(x*—y% % + ¥} < (> P).
10. "Eotw A={x€eR: -3 <x <3} xaf B={xeR: | <x <2} N& ThpeTe Eva

Spbokavoviké clotnue &Eévwv xOy kai v& Tapacthcete oTé Emrimedo x0y T& kapregiavd
ywopeva A x B, B x A.

Enp. “YmevBupiZovpe 8mi fva oUotnua &Eévwv Abyetan dpBokavoviké, &v elven Spbo-
yovio xal &v ol povédes, wou Exouv dpioBel v oTols &GEoves, Exouv Toa prkn.

* "Amé i mpoTewdpeves yi& Aon &oxfoers aUTol ToU Kepohalou vk SoBodv Soeg
xatd v Kplon ToU B18&okovTtos dpkolv yi& TH EuméBuwon xé&e EvéTnTos.
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‘Opade B'. 11. *Av A, B, I elvan UmooUvoha £vés Pagikol cuvdrou £, vé Belfete &t :

1) AN(AUB) = A= AU(ANB), 2) A—(BUN =(A—-B)NA-I)
3) (A—-B)U(A—B°)=A, 4) A+B=(ANB°)UBNA®)
5 (A—B)—(A-)=ANTNB®, 6) A—(B—I)=(A-B)Uu@BNr).

12. Né& Beifete 811 y1& dwoiadnmoTe olvoha A, B, I, oroiyeia Tol F(Q), loxvouv:
D (ANB)N (ANN)° =ANBAT*, 2) A+ (ANB)=A-B
3) (A—B)UT = (AUDN(B® UD), 4) A—(A—B)=ANB
5 ASBesy MT-BSI—A, 6) A—(BNMN=A-B)UA=T).

13. *Av A, B, T, A elven oroigeia Tou F(R), v& Beifete &1 loyUouv ol TuTor:
HDAcSTABESA = AxXxBcsTxA, ) AxBAN=AxXBNAxDN
3) (A x B) N(Tx A) =(ANT) % (BNA), 4 Ax (BUN=(AXBUAxT)

5) (A—B) x (T—A)=(Ax NN (B®x A®), 6) (A—B)yxT=AxN—-BxT).
14. "Av A, B elven UmrooUvola Evés PagikoU cuvdrou 2, vé Belete 6Ti:
1) ASB & PA)SF(B), 2) P(ANB)=F(A) NF(B), 3)PA) UFP(B) =P (AUB).
15. N& Belfete, 8T1 y1& dmoiadfioTe oUvora A, B, T, A foylouv of mapakérw TiTol:
D(TxA—-AxB)=[(r-A)x AJU[Fx (A-B)]
2) (A x B)* =(A° x B®)U(A® x B)U(A x B).
16. “Av A, B, X, ¥ elvan otoiyxeia Tou FP(RQ), vé& &mobeifete Tis ouvemaywyds:
1) B X € BUA® = ANX=ANB, 2 AANnBesY cBayp AUY=AUB.
17. *Av A, B, I' elvan BeBopéva oUvore, vé Ppeite Thv ikav xai dvayxaia ouvBfxn,
dote vk Umdpyouv oUvoha X yi& T& dmola 8& elvan: AN X =B kai A U X=I. Katémv
v& TpoobiopioeTe aT& T& oUvoha X ouvapTros TdV A, B, T.
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*KE®PAAAIO II

AZIQMATA PEANO-MAOHMATIKH #i TEAEIA ENArQrH

§ 16. Eicaywyd.—d& Tols Siagdpous kKA&Sous Tév MabnuaTixésy Exouv
KOTOoKeVaoOET oUOTANATS &TTO ((yaoaxTnooTixécy (Bepericoders) iB16TnTES, OTiS
omoles oTnpileton GASKANPN 1) Bewpia. “ETol, yi& kdbe kAdBo Bivetan Evos EAd-
X10T0s &p1BUcs X apaKkTNPIoTIKGY S10TATWY, &md Tis Sroles KaTdTIV TTPOKUTITEL
omoladrimote &AAT iB16TNTa. AnAadr &v Becopricoupe dAnbels aUTés Tis (xopo-
KTNPIoTIKES) i816TNTes, wmopolue vé drmoBeifoupe, pé aloTnEd paBnuaTikd TPS-
o, émoladfimoTe &AAN iBidTnTa. Altés Tis «XOPOKTNPEIOTIKESY 1816TNnTes Tis
dvopdlovpe aEidpata.

Zré Mafnpamixd yi& vé elvon v TéTolo oUaTnue &EeoudTwy «TapaBekTdy,
el v& Exel T& E€fis Tpia yvowpiouaTa:

o). N& elvon mhijpes, SnAadn mpémer vé arnpilel kad vék koAUTTTEL SAdKANPN
T fewpia y1& THY dmrolx Exel kaTaokeuaoBEL.

B). N& evon @vetaprnro, SnA. Stv mpéme kavéva &md & &EidhpaTd Tou v
elven ouvémrai dAAwv &EicopdTwv ToU OUOTHUOTOS, Kol

7). Né& elven £hedbepo avripasemv, SnA. &v pia TpéTaon elvan cuvémeia TV
&€ioudreov ToU cuoThparos, Bév Tpéma kad f dpvnon Tns v& elvan ouvémeia
grrions Tév 18w &ErwopdTwv. Mé Aa Adyla, Stav TO oloTnua abtd Sév
o8nyel ot ula dvrigaon Tis wopgfis: «p elvar adnbiic xai p elvar pevdiion.

“Evet TéT010 OUoTnUR &ElcopdTwov, pé TO dmolo elcdyovTtar oTd Mabnue-
Tik& oi quoikol &piBuoi elven T6 EEfs:

§ 17. "AZibpara TOV puoikidv apiOubiv ‘katé Peano®. — Oi puoikol
&p1buoi, moU TS olvodd Tous ouuPorifoupe ué N, Exouv Tis dxdAoubes ((yapa-
xrnowoTiégy 1816 TEs (GELDpPaTE):

P, : "Yadoyer &vag rovidyoro guowds dolfuds, 6 1, 5nA. 1eN.

P, : Kafle guowds dolluds v Eyer Evav «kmopevor guowd dollud, ol Tév
oupPolifoupe pé v + 1, 8nA. & v e N, TéTe kai v + 1 eN.

Py : Aév dmdpyee guowds dolbuds mob vd Exe émduevo vdv 1, Snh. yi& xéde
veNelvar v+ 1 £ 1.

Py: Aév dmdoyorw dagogerinol perald vovs guowxol doluoi mob vd Eyoww

* G. Peano (1858 - 1932). ‘lvaAds pafnparikds kal @iddoogos.
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Tov o Emduevo, BnA. &v ueN, veN kai 4 + 1 =v + 1, Téd1e elvan p=v.
P : "Av yud fva dmoocdvolo S 1od N, ioydovy:
(i 1e5,
(ii) dv v €8, 1dre xaf (v+1) €S,

1618 76 ovvolo S ovuminter pé v6 odvolo N v guowdy dofudv, dnd. S = N.

Of mapamavw mévte iSi1dtnTes Py - Py ToU ouvdhou N elvan yvwoTés ds:
t@ aEvbpata 1o Peano yi&k T6 oUvoho N TV @uoikGv &pifpdv.

Té &Eiwpa Py Aéyeton: «f apyf tig téhewng (f pobnponkiic) Eneyoyijg»
kel BloTuTrdveTan oupPolik& ds EEfs:

( hek )#S:N.
veS = v +1e8

2 alT) TV dpxn oTnpileTan, émreos 84 BolUue TapaKETW, PI& YEVIKT) Bé-
BoBos &modeifews mwoU ypnoipomoleitan oTd MoBnuaTikd Trpokeipévou vk &ro-
Beryfei 611 Evas wpoT. TUTOS p(v), ToU ékgpdleTon pé TN PonBeix kdrrolou
uoikoU &piBuol v, Exer foxU yik SAes yevikd Tis Tipés ToU puoikoU &piBuou v.
‘H péBobos ol elvan yvwoTh ds: uébodos dmodeibews pé téleta i) palnua-
Tuen) nayoy] i dAMGS: pélodos Tis Emaywyiis dmodelEews.

Zyxoma: 1). TS &€icoua P, pds taocganiler 811 16 ouvoro N elvan Sikgopo &md T6 Kevd,
Tepiéxer TO Quoikd &pibud Eva (oupfodixd: 1).

2). To dEicopa P, Biver T yevikn péfodo Tiis kaTaokeufis TGV guoikdy &piBpddv. ETol
ué &oeTnpla 16 Quoikd &piBud 1, yik Tév droio Eyive Adyos 016 Trponyoupevo &Elwud, KaTa-

oxeualeTan k&be &ANos puoikds &p1Buds. "Av Tév Emdpsvo ToU 1 ocupPoriooups pé 2, Tov Emo-
pevo Tou 2 pé 3, Tév Emdpevo ToU 3 pé 4 k.o.k. B Exoupe &Ti:

W=, 37 I wyvgEer) o0

Mpéyuar, &v kahéooupe S 16 oUvodo (1,2, 3, ..., v,v 4 1,...}, Exoupe: S = N. EE&AAov
1 €8 kal v k €8, Té1e 6& elvan kai k + 18, #mweidn 101 kaTaokevdoape T6 oUvolo 8. Téte
Suws, oUpgwva pé Ty &px1) Tis Téhaids Eraywyfs, Odelvaa N =8 =(1,2, ..., v,v + 1, ...}.

3). 'Amo 14 &fibpoTa P, kol Py ouvdyeton 871 of guotkoi &pifuol v kal v 4+ 1 elven
Siadoyikof, SnA. petafl Tous Bév Umrépyer &ARos guoikds &piBuds, &pa kdfe Quoikds &piBuos
Exe1 axpipig Evav wémduevon (yrati;). "EEGAAov y1& TS guoikd dpiBud 1 Exoupe: 1| S v yi&
k&be v € N, yraurd xal & 1 Aéyeran 6 éhiyiotog dnd toig puoikods ambpodg (SnA. juxodre-
gog a7’ Glovs tots guowors dpbuovs).

4). Mé = oupBohiloupe 016 Py T «facixy iodryran oté N, Snhabl Tiv loétnTa
moU EmTpémel v& Siokplvoupe T& oTorkeia Tou N peTagl Tous.

§ 18. 'H pébodog amodeifews pé pabnuarikn fj Téhera émaywyn.—IIpiv
Bratumdoooupe T Becdopnua &md TS dmolo &mroppéer 1 uéBodos &modeifews upé
Tehelx Emwaywyn (uéfodos Tijs Téhewas Emaywyis) 8& dvagepBolue o Eva
Tap&derypa:

Hapaderypa : NG dnodeiSere 6t na ke Quowkd apbpd v ioyder 6 tonog;

143454 +@v—N+Qv—1) = v )
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Mpdyuar yi1d v =1 & mponyolpevos TUmos yp&getan: 1 = 12, 16 dmroio elvar &Anbés. “As
BexBolpe Tdpa 671 & TUTOS adres loxuer yik v =k (k € N), 8nA. n1 loyve:
14+34+54+---+2k-3)+ Rk—-1)=k?
TéTE, &v Trpooféoouus kal oT& BUo péAn Tns Té 2k 4 1, 64 Eyoupe:
[L+34+54-- +@k-1D]+ @k + 1) =k* + (2k + 1).

AMG: [1434 -+ (2k—=D]+ @k + 1)=1+4+3+... 4 [2(k4+1) = 3] + 2(k + 1) — 1"
t8dMdou: K24+ 2k + 1) =k?+ 2k + 1 = (k + 1)?
kal Emopéveos: 1+34+54- +[2(k+1)=3]+[2Ck+ D=1]1=(k + D

“Qove &moBeifaue 6Ti: Umobérovtas T & TUmos (T) loxver yi&k v =k, &moBeaxvieTan
&1 aldrés loyler kal yi1& v =k + 1. ‘Emoptves, meidn f6n Exer SiamioTwbel 81 & TUmos (T)
foxUa y1& v =1, 8& loxle yi& v = 2. ‘Ouolws &gol ioyver y1& v =2, B& loxve & (1) xal
yi& Tév Emopevd Tou, BnA. yi&k v =3 kal Siaboyik& yid v=4, v=>5, ..., BnA. yi1& kéfe
puoikd &pifuos v.

Té dxdhoubo Becopnua Bepedicovel TRV &mroBeikTik pébobo, ol dkoAou-
froaue oTéd TponyoUuevo TapdSeayua.

§ 19. @ewpnua (rodty popgr Tijs Télewas Enaywyiic).— Av p(v) elvar Evag
npotaciakog tomog pé chvolo avagopis t6 oivoko N tév Quoikdv apOpdv, té-
tolog (orte :

a) va elvar akndfg 7 mpéraon p(l), xai
B) va civar dindic A npérasn: Yke N, pk) = pk + 1),

tote (SnA. Stav ouuPaivouv Té &) kai P)) 6 npotaciakég tores p(v) elvar &hn-
O1g (ioyder) 11a kabe ve N,

"Anddeiln. "Eotw S 16 olvolo, T4 Smolo mepiypdgsl & TpoTaciaxds
TUTos p(v), Snhadn: S={veN: p(w)

Mé& v &moédefn ToU fewprpaTos &pkel vk &modeifoupe 8T1 T6 oUvoro S
Exel Tis iS10TnTes (i) kad (i) ToU &Eibparos P, ToU Peano. Mpé&ypari,

() 1 €8, yri i wpdraon p(l) elvar &md Thv Umédeon (o) EAndrs.
"Errions y1& kéBe keS = p(k) == (&md T B)) p(k + 1) =» (k + 1) €5,
8nAadn: (i) &v veS, TéTe xai (v 4 1) eS.

ToTe Spws, oUppwva pé Té &iwpa P; toU Peano, 64 elvan S = N, 3nA.
T6 oUvoho Tdv dMfifeias ToU mpoTaciakoy Tumou p(v) elven 16 N, Tou
onuaivel 611 & p(v) yi&k xdBe veN elvon &k TpdTaon &Anbns.

Inpeioon. “H Epapuoyn Tiis uebddou Tfis pabnparikiis A TéAeias traywyfis yiveran oty
mp&én of Tpix aTddia, s EEfis:

@). 'EraliBevor. *AmoBekvioupe &1 A mpdtacn p(l) elvar &Anons.

B). Bfina anoé o k ot6 k + 1. Oewpoipe fvav (dmoiodrimoTe) Quokd dp1Bud k kal
ué Ty Umélean & A mpdtaon p(k) elvan dAndrs, &moBeikvioupe, TéTe, 8T1 kal fi TpdTaTn
p(k + 1) elven &Anbrs.

7). Evpnépaopa. Zuvduddovras T& o) Kad P) oupmepatvoupe, oUppwva pé Té Tapa-
wave Becdpnua Tiis TéAeias Eraywydis, &Ti: p(v) dAnbis (loyler) y1& xdde v € N.
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E®APMOTEEZ

1n: Na anodeifete 5t nia k@fe Quowkd &pbpd v ioyxder & tomog:

PO : 142434+ +v = "#3 ®
"AnédeiEn @ Mé& v=1 1 (1) yiveron : 1=l(1_;r_‘l, &Anetis.
B) *As Bexfolpe 811 f) (1) loyuer yi& v =k (k € N), SnA. &7z
142+3+. +k=XED @
©& d&modeifoupe Thpa 11 f (1) loyter kad yi& v =k 4 1, SnA. &
L4243+ +k+ k= EEDESD ©)
TMpéyuatt, &v mpoobéooupe kol oTd BUo péAn Ths (2) 76 (k + 1) &xoupe:
U+2+3+ 0+ R+ G+ D=KEED L @y p-CEDEED  gra04 4

(3) loyler

v) Zupripaopa : Z1é o) &modeifape &11 p(l) elven &Andns. =1é P) &mobeifape i
&v p(k) elvar &Andrs, TéTe kai f) TpéTaon pk + 1) elven &Andns *. Zuverds, oUppova ué
16 Becopnua Tiis TéAeias Emaywydis, N (1) foxve yi& kébe v € N.
: 2n: "Av a slvan ¥vag mpayp. apibpog pé a=—1, tote e kabe uokd apbpd v ioyder:

q(v): (14 = 1+va (dwwdrnra toi Bernoulli).

‘Anadein. o) Né& v =1, | Tapamwdvw oxéon loyue s igdtnTa.
B) “Eotw 611 loylel yik v =k (k € N), 8nA. éTi:

1+ k=14 ka )]
©4& &mobeifoupe 311 6 q(v) loyver kad y1& v =k 4 1, 8nA. émi:
A+ Q=14+ (k+ Do . @

MpdypaTy, &v worhamAacidoovpe kol T& SUo péAn Tiis (1) émi 14+a (16 1 +a elvan

un &pvnTikds &piBuds, Emaidn a = —1) Exoupe:
1+ k= +a)(+ke)=1+ka+a+ka?=1+ (k+ Da, yari: ka? = 0.

*Apa A (2) loyve. Zuverrds, s.\:T;pwvot pé 16 Bempnpa Tiis TéAeixs ETaywyds, f &vi-
gétnTa Tou Bernoulli loxver yik kéBe guoikéd &p1Bud v, (pé Ty Umébeon puoka T a=—1).

*A g ko N& ierdoete y1& Toiés Tipés T@v a kal v & mpot. TUmos q(v) loxle pé
16 Toov;

3n: Na npoodiopicete Eva guoikd apbpo v,, dote va dinbeder W ovverayoyh :

V= v, = 3">100 (ve N).
Aban. 'E@apuéiovTas Trv duigétnTa ToU Bernoulli pé o =2 Exoupe:
3v=(1+2)"= 1+ 2v.

Mé vé elvar 3¥ > 100 dpkei: 1 + 2v > 100_«=» 2v>99 kai v = v, =50 =5 3¥> 100.

‘AEwohoyn mapotipnon. [ToAAés gopés oupPaiver Evas Tpotaciokés TUmos p(v) va
Eyel dos oUvolo dvagopds Eva yvrioio Umoouvoho Tol ocuvdhou N. Zthv mepinmTeon auth
T6 Becopnua Tiis TéAelas Emaywydis loxUel (Tpogavdds) ué Trv E§fis Spws SariTwon:

“Av p(v) elvar Evag mpotaciakds Tomog pé olvoro dvagopig to N,,n = (veN: v=v,}, dmov
veN, tétowog dote:

* Elvan gavepd 671 oty &médefn Bév Emoufe pdho moids frav 6 k.
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a) va elvar dindig 1 npétaon p(v ), xad
P) va elvar dGinOig 0 npoétaon: ¥ ke Nyy» p(k) = p(k+1),
t6te & mpotacaxig timog p(v) ioxber G kabe uowkd Gplud v pé v = v,.
‘E@appoyf. Na deibete dn ia kade guoikd apiBpd v=3 ioyier : 3> (v+1)0 (8]
"Anbdein. a) Mé& vo =3 4 (1) yiverar: 33 > (3 + 1)2, 6nh. 27 > 16, &Ands.
B) "Eotw STt yik v=k (ke N,k = 3) f) (1) loxle, 8nA. &ri: 3k > (k41)2 2)

©& Belfoupe 611 f) (1) loyuel kal y1& v =k + 1, 5nA. émi: 3kl > (k 4-2)2 3)
Mpéyuar, &weidn &mwéd T (2) Exoupe:

3.3k > 3(k + 1)?, 8nA. 3k > 3(k + 1)2 4)
&prel v& Befoune &Ti: 3(k + 1)? > (K+2)? =3 3k? + 6k+1> k* +4 k+ 4, S5nA.
&pxel v& Beifoupe Ti: 2k +2k> 1 & 2k(k 4+ 1) > 1.

‘H Teheutala Spws dvicdtnTa loyve, yiori k = 3.

“Apa 1 (3) loyle. Zuvemdds, ouppwva pé THY TpomyoUpevn Tapatipnon, 1 (1) loyde
Y& xéde Quotkd &pibud v = 3.

Exodrre: 1) ‘H tmadnbevon wmds mpotdotws yi& Bi&popes BiaBoyikés Tipés Tou Qu-
aikol &p1Buol v, Tx. yidv=1,2,3, ..., v, 8év dpkel y1& vé& oupTrepbvoupe 311 1 TpdTAON
loxver y1& k&be v € N (dreldfe Erayory))..

‘Avninapaderypa : “Av v guaikdg apidpog, tote & apBude (v + v + 41) elvan npdiitog ;

'E8& maparnpolue 8T yi& Tis wpéies Tp1dvTa dvvid Tinés ToU v f TpdrTaon &Anbeler,
SnA. yik v =1,2,3,...,39 & &piBuds (v3-+v+41) elvar mwpistos (BnA. Bév Exer &AAo Branpétn
txtés &md Ty EauTé Tou kol TH povdSa): Suws yik v =40 & dpifuds: 402440441 = 412
Sév elvon TrpdTos.

2) 'H &méBeafn wds wpothoews yi&k v =k + 1, pt Thv mpoumébeon 3T alUTh loyxue
yi& v =k (k € N), 8év taopahiler wévtoTe TV &AfBaix Tiis TpoTdoews ¥ v e N. Mpéer
SdmewobfimoTe v& kévoupe T Emodflevan yik v = 1 (fi, &v Bév Exer vénua yi& v = 1, mpémer
vk kévoupe Thv ETadfiBevon yi& v = v,, Smou Vg O EA&y1oTOs Quaikds &p1Buds yi& Tév dtroio
Exer vénua A mwpdTaon).

‘Avunapaderypa: “As Umobéooupe Tt f fodtnTa: «v =v + 17» loyler y1& v =k,
Xopls v& Exouue mponyountvws EakpiBhoe &v auTh oyl yik v=1, BnA. foTw &Ti:
k =k 4 17. MmopoUpe, TéTe, elkoha vé Seioupe &1 auTh f) ledTnTa loxve kaf yi& v=k + 1.

TMpdoypam, Exoupe:

k=k+17 e k+1=C+ 1T+ 1 & k+1=(+ 1)+ 17.

AUTS Spes BEv &pkel yi1& vé oupTrepdvoupe dm1 #) lodTnTa v=v + 17 foxUer yi& k&
vEN (016 mapdderypd pas pdhioTa SiamioTdvoupe duéaws s Sév Umdpxer Kapid  Tipn
ToU v y1& Thv dmrola dAndeler f lodTnTa).

§ 20. AelTepn popodn Tijg TéAeiag § padnuartikiis émaywyis.— Mix
GAAN uoper) &moBeikTifs weddSou ToU oTnpileTon Emions oTAYV &pxn TS
padnuaTikiis éraywydls BepehidveTon pé TS Emduevo:

Oewpnua (debregn pooprj Tiic Télewas émaywyic)— "Av p(v) elvar Evag
mpoTacluKkds thnog pé glhveko dvagopis 1 cbvoro N t@dv puatkdv ambudv té-
o105, Gote: y

a) va elvar dinbeic oi mpotaseg: p(1), p(2), ki

B) 16 ka0 keN pé k >2, pk—2) A pk —1) = p(k),
t6te 6 mpotagiakdg timos p(v) elvar dindig (ioyder) na xade veN.
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‘YrodeiEn. N& mwépete 16 olvoho S={veN: v=11 (p(v—2) Ap(v—1)}
kol vé& dmodeifete 6T TO S Exer Tis 181dTnTes (i) wkod (i) ToU &ficdpaTos
P; ToUu Peano. *Apa. ..

O& dcdoouue kal pia EAAN d&mébeifn ToU Trapamwdve BewonpaTos, oTN-
pigouevol Suws oThv EEfs mpodTaon ToU dmobeikvieTon oTd MabnuaTikd:

Ipétaon (doyy tob Eldyiorov guowot anluot)— "Av S eivar Eva pi
kevd Dnocivolo o0 N, téte 16 S Exer Eva fhayioto otoiyeio, 6nk. ToTE DIApyEL

Evag (GepPidg) guotkdg apibpog voe S pé iy idomnte: v, = v yid kabe veS.

" CArédeicn tob Ozwpipatos. “Eotw T T6 ouvoho, TS GTolo TEPLYpagEL
6 mpoT. TUTOS: ~p(v), dnAadn: T ={veN: ~ p(v)}. Eival gavepd s yik
k&Be v e T | dvtioToixn mpdtaon p(v) &év elven dAndrs. Thpogavéss 1 ¢ T
kaBos kai 2 ¢ T. "As BexTtoupe &1t 10 T Bév elven 16 kevd oUVoho' TOTE,
oUpgpwva pé TAY Tapamdvw TpdTaomn, TO T Exel EAdxioTo oToixelo, E0Tw
16 vy e T. Tore Exoupe: v, > 2 kai f) pdTaon p(v,) Bév elven dAnbns, évédd
y1& k&be v e N pé v < v, 7| dvtioToiyn mpdtaon p(v) elvan &Anbrs. Eival
Suos: 2 = vy—1 <vgkal 1 < vy—2 < v, kai ouverréds ol mpoTaoeis p(v—2)
kal p(vy— 1) elven dAnBeis. TéTe Suws, oUpgowva pé THv Umdleon B) Tou Beco-
prpaTos, 8& elvan dAnBrs N p(vy) oUTd Suws sivan &romo, yiati v, eT.
Elvan Aoimév T = @ kad ouverrdds & p(v) elvon &Andris (foyxter) yi& kéde v € N.

EZnpeioon. Nd& va dmobeifoupe pia wpdtaon Tis wopefs (¥ veEN, p(v) ) otnpibouevorl
ot1é TponyolUuevo Bedpnua, txteAoUue T EEfjs Tpla PripaTa:

a). 'Amodeikvioupe &1 kofepla dmwd Tis Tpotdoes p(l) kai p(2) elvar dAndns.

B). Oewpolpe fva (dmoodAToTe) Quoikd &piBpd k, (k > 2), xai pé TAv Umdbeon STi
kabepia &md Tis wpotdoes p(k — 2) kai p(k — 1) elvar &Andes, &mwobdeikvioupe 6T kai i Tpo-
Taon p(k) elver &Andis.

7). Zuvdudfovtas T& o) kai P) oupmepaivoupe, oUugwva pé TO Tapamdvw Bewpnua,
éT1: p(v) dAnbrs (loxve) yik kébe v e N.

"E@appoyi. Na arodeilete bnt nia kadbe Quorkd apbpd v icyoer :

pv) : B+Y5) + (3 —V5)" = noh. 2"
Anodan. Otroupe S, =3 + ¥5)'+ (B3 —V5)". N& v=1 xai v=2 fxouue dvi-
oToiyes: 8, =B+ ¥+ (3-7V5)=6=3.2" = moh 2!

S, =G+ ¥52 + (3—¥5)? =28=7.2 = oA, 2.
“Apa kafepla &md Tis TpoThoes p(l) xad p(2) elven &Anbrs.
*Eotw &1 kabepla &mwo Tis mpotdoes p(k —2) kaf p(k—1), émov ke N pt k > 2
elven &Andrs, SnAadn fotw &Ti:
Sk-s =3 + ¥Y5)k-2 4 (3 — V5)k-2 = moh. 2k~ kai '¢})
Skoy =3 + V¥5)k-' 4 (3= ¥5)k-' = mon. 2k-1 (2
©d d&modeifoupe O kai #) wpéTaon p(k) elven &Andrs. Tpdyuat, & oynuatiooupe Trhv
lowon P' Poduol oy Exer piles Tous &piBuols: x, =3 - V5 xai X, =3 - V5.

AUTh elven 1 : x*—6x +4=0
“Exoupe TOTE ; B3+ ¥5:—63+ ¥5) +4=0 (€))]
(B-V52—-603-V5) 4+4=0 @
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"ATS Tis (3) kal (4), &v ToAAamAxTIdooupE Kal T& SUo HEAN Tous pé X, K-1=(3 | /B)k-2,
X,5-2 = (3 — V5)k-2, &urioroiyes, AauPdvoupe:
B+ V563 +V5)k1 - 43 +V5Hk-2 =0 3)
G- V5k—6(3 - VHk-t 43— Y5k-2—0 4"
“Av mpoobiooupe Tis (3°) xal (4') kard péAn kal AaPoupe Urdyn kol Tfs (1) kai (2), Ppl-
OKOUPE 8T1:
Sk —68k—; 4 45x, =0
"Apa: Sg = 68k ; — 45k, ©)
*H (5), &v A&Poupe Uméyn Tis (1) kal (2), yiverat:
Sk = 6.moA 2k-1 — 4 oA 2k-2 = 3 roA 2K — 1roh 2K — oA 2k,
SnA. f) p(k) elvan &Andiis. Tuvemds, oUuguva wé TO Tponyouuevo Becdpnua, & p(v) loyer
Y& xkébe v e N.

Mapatipnon. Mepikés gopés oupPaiver fvas TpoTagiakds TUTes p(v) v& Exel s alvolo
&vagopds fva yvfioio Umoolvode Toi N. Tére 7 Belrepn Hoper This TéAelas Emaywyfis Epap-
uoleron s EEfis:

o). 'AmoBeikvioups THv dAffaa TGV TpoTdoewy P(o) p(ve + 1), &mou v, € N.

B). *AmoBeikvioupe 3T1 ) dAffeix TEY p(k) ki p(k + 1) ouvemdyetan ThHv &Afbeaa
Tiis p(k 4 2), dwov k & dmoloadhToTe Ppuoikods &pibuds v,

¥). AT T& () kad (B) wpokUmTel, TéTe, | dASeia TMs p(v) Y& kéfe uoikd
&p1Bps v = v,

AELKHEEIZ

‘Opada A”. 18. Mé 11 péodo Tijs pabnuaTixfs Emaywyfs vk &moBeifere dmi yi& kdde
veN loxlea:

o) 2+4+67i-...+2u:v(v+ 1)
B) 13+23+32+...+U1=_é.v(v+])(2u+l)

/ ) 3 L ISR IV I B AT +v)2=% vi(y + 1y3,
B) 22+ 4+ 6+ ...+ (2v) =2 + 1),
&) 152 4,231 B o vy 1) o= Tl V(v + 1) (v + 2).
19 "Av 0 <o #1 yidkdfei=1,2, ..., v, v& &rmodeifete pé Eraywyn &ri:
Ata)d+a)... A +a)> 2" Yao,...a,  (¥veN)
20. N& dmoBeifete 8T1 yi&k kdbe Quoikd ap1fud v = 4 foyle:

i 3 o ¥
@ (%_) >v4 1, (i) 31> v, (i) VIS Vi

21. Mé T péBoBo Tis TéAelas Emaywyfis vé &roBeifere &T1: &v aER K0S asS 1,
TOTE Y1k K&Be QuotkS &p1Bud v loyler:

1), (1 —o)"s= 1 —va, 2) (1—u)v__-=:=1+1m.

22. "Av a > 1, v& &moBelfete 11 yi& wdbe puotkd &piBud v = 2 loyle:

0<\v/a‘“—1 <%(u—1).
-
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23. *Av oy, 0, ..., ERT xal oy =a + & + «- - + &, v& &mwobelfere ST1:

D d+e)d+e)---(ltoa)zlto ¥ veN
2) (ct1+ocz+-"+av)(qli+:_2+...+?1;)_2_v’ -VVEN./

‘Opéda B, 24. Né& &mobeifete, toappdlovTtas Thv dpyr Tiis Téheias tmaywyfs, &T1: &v
yi& Eva Umroguvodo K Tol ocuvohou N T&v guamddy &pibpdy loylouv:
@ leK xad @) &v vekK, 1éte kal (v + 1)K,
TéTe 76 K elven 16 kevd ouvoro (BnA. K= @). -
25. N& &moBeifere 8Tt & mpoT. Tdmos p(v): 2 + 224-... 4 2¥= 2¥+ Bév elvan &Andris,
&v kod &md Thv dAdBeic THs p(k) ouverdyeTa f) dAndeaa Tiis p(k -+ 1). Karémv vé dmodel§e-
T &T1 4 &pvnon ToU mpoT. TUToU p(v) elven Tpdtaon &Anbfs yi&k kdbe veN.

26. *Av B eR pt 0 = 1, 16T Y1&k k&be veN, va &mobelfete 6T1 loylen:
[©) o = v(e—1) , (i) &+ = (v41)6—v.
27. Mé TH uéfobo Tiis TéAeras Emaywydis v& &modeifete ST1 O &pibuds:

(-]

elvon guoikds yix x&be velN.

28. *Av o — Bty = moA.4, Smou o, B, Y €Z pé ¥y = 0, TéTe v& &mobeifete, tooapud-
TovTas TH Belrepn popgn THs TéAelas Emaywyfis, 6Tt yi& kéde veN loyler:

S, = (ot + PYY)' + (x—PBYY)* = moh. 2%
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MEPOZX AEYTEPO

AATEBPA KAI ITOIXEIA MAOGHMATIKHE ANAAYZEQY

KE®AAAIO III
AMOAYTH TIMH TPArMATIKOY KAl MIFAAIKOY APIOMOY
I. OPIZMOI — JAIOTHTEZ

§ 21. "An6AuTtn TipR mpaypaTikod ap1®pold.— ‘H éwoix Tfs &mdAu-
NS TIMfs WpayuaTtikoU &pifuol uds elvea YvwoTn &mé TAV Trponyoluevn
T&EN. ‘Exel pdBope 811 dmdhurny npn () nétpo) évds mpayparizod aotuod a,
oy TV efyaue oupPorica pé o, elvar 6 idoc o dolluds a, dv elvar Oetinde

7| pndév xai 6 dvrilerds Tov —a, dv & dpluds elva AovyTInds.

< a v a=0
Qote: A= i
% |—a, dv a<0
3 3 3
Mapadeiypata: | +8| =8, | —4| = —(—4) =4, J— T’ = - ( = —4)=4'.

A6 Tdy mponyoUpevo Spiopd cupmepaivoupe i | TapdoToon |« |
8¢ yivetau moTé dpvnTiky® elven, Smreos Atpe, Evas pi| dpvnrikég ambpés ko
pdhioTa:

¢ >0 = a#0 «xa [a/=0 < «=0.
"Aueoes ouvéTeles ToU mMd Tdvw Spiouol, ToU Tis Eépoupe kad &md
TV TponyoUuevn T&En, elven kai of EEfs:
L [a|=0é3a0=0, 2 |a|=—aea=0, 3. | —ot|=[a| (BA. xal o). 1),
4 |o—P|=|B—a| yi&kdfe o, PR, 5. |« |=| B |[«=a=PV a=—Pp(c,BeR).

HNapatiipnen : 'Amd Tév Tpdmo ol Spioaue THY &MOAUTN TR Evds TEQYUXTIKOT
&p1Bpol x, yiveran gavepd 811 aty (Bnh. 1 &méAvTn Tipn) Bév elvan Tapd pia uovoofjuavTn
&medvion Tou R émdve o1é Rg‘, drpiBéoTepa ) &mekdvian:

z, v 2> 0 £ &
| 'R>R$: a2z =1 0, &z=0
opo

—x, dv 2< (0

‘H ypagikf) map&otaon THs y = | x| darobiSe- -
To1 pé Tls Yo fuevdeles € kal € ou BixoTopolv Tis
yovies TV &Edvev (BA. oy. 1). Zx
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