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KE®PAAAIO 1

AKOAOYOIEZ fTPArMATIKQON APIOMON
I. BAZIKEZ ENNOIEZ — TTAPAAEITMATA

§1. 'H &vvoia Tiis dkolouBias. — Sty mponyoUpevn TEEN udBaue

a . .
&11: xdfe ovvdotnon a: N — E: » —» a(v)eE ué medlo dotouoi 16 abvolo N
oY guowdy doludv xal tués o éva pij xevé aivodo E, 8nAal1| 4 dmewxdvian,
mov dgilerar dnd iy dvriorouyia:

T Ty
Al T v
CI(I), a(2)l a(3): e CL(‘I?), = uta s

Aéyerar Gxodovbia otoryeiov tob cuvélov E.

Ztiv mapaméve &vmioToiyia T& TpdTuTa (&pyétumra), 8nA. ol guoikol
&piBuoi, Aéyovton kai deixres, &véd ol elkoves Tous, BnA. of Tiués Tiis dxoAoubiag
a: Nav — a(v) e E, Myovtar kai 6por Tfis dxoroudics. ‘H Ekppaon a(v) oup-
PohileTar ouvhABus ué a, kol AtyeTan & wviootég f) 6 yevikdg Bpog Tils dkohou-
Bias. "Eton Exoupe: -

(1)

g —a(V) , ¥ veN
opo

Zriv dvmotoryia (1) ouvhBes TapedeimeTon TPWOTN ypapur kal ypd-
povron pévo of eikdues. Mpdgoupe SnAadn: (=0 i+ Al lonat. b (2

Eldik& 6 oy Myeton mp@Tos Spos Ths drxohoubias (2),6a, BeUTe
pos dpos koxk.

ZuvtopdTepa T dxodouBia (2) & TH oupPorifoupe ds &Efs: a,, veN,
fla, v=1,2 ..., &éun ué: (a,), v e N kai dxdun mé olvropa pé: ().

ZTiv elduch) TepimTwon mou 16 E = R, 1) dxohouBic a: N — E AéyeTan
axolovbia moayuarxdv doludv. “Qoe:

‘Opropdc. "Ovoudlovpe dxolovlia mpaypatikdv aplBpdv xdfe (novooTua-
vTn) dmewdvion, toé cvvélov N 1w guowvedy dolfudv otd atvolo R raw npaypa-
Ty aplfudy.

Zrd Emdpevar 0& doyoAnBolue pove pé drohoubies TrparypaTIKEY &p1Budov.
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"Eto1 oo £Efis ué Tév Spo:  wdxolovlian O& tvvoolpe @ «dxolovBia moayuatixdy
Golfpudyn, BnAadn: a: N - R: v - o, eR.

Mopadeiypota : 1. "H axosnflic tdv guowxdy dolBudv, SnA. f &xoloubia:
1,2,3,...,v, ... Tis émolas & yevikds (viooTds) 6pq5 elvan & &pibuds v, BnA. a, = v.

2. ‘H ékohoubia: 1, —‘,12— i % b WA % y -~ uE yevikd 8po: a,= —1—-
3. ‘H éxohoubia: —1, J— y - i IOREOE Gl 0 i ... ué yevikd Spo: a, =(—1)"l .
2 3 v v
4. "Av &meikoviooupe ToUs TepiTTOUS @uaikoUs &pibuous oTév EpiBud 0 kal Tols &p-
Tious QuaikoUs oTév &piBud 1, & mdpoupe ThAv dxkoAoubia: 0,1,0,1,...,0,1, ...

‘H &xohoubla alTh ouvhBos ovpPoAigeTon cs EEfs:

0, &v v TepiTTOS
N3v—> o=

1, & v &pTios.
5. ‘H é&kohouBia pé yevikd dpo o, =1 + (=1)¥, dnAadn | dxoroubia:
052 5052 wvaa 510 25 4 s

AUTH 1) drohoubia pé drpiPéoTepn SiaTUmwon ypdeeTai:
¢ { 2, & v=2k (k quoids)

ay =

0, & v=2k+1 (k dxépaios = 0).
2v
+3

a: N—-R: v->a,eER.

6. Gewpoupe Triv dxorovbia a, = ,v=1,2, ... ‘Opiletar Ero1 pla &mexdvion:

Alvovtas oTéd v BiaBoyik& Tis OeTikés &xépaies Tipds, malpvoupe ToUs Spous Tns. Thé
dvoduTikg #| Tapamdve &xodouBia oupPorileTan pé Tis Siaxboyikés Tiwés Tns:
2 4 6 8 2v
“EolBOS R s hG T SaLh i D TERSA
% [apatnpioes. 1) *Amd T& mponyolpeva mapadelypaTta PAémoups 811 pla dxoroubia
a,, v € N elvan tedefws dpropuévn, dtav Exouus pla ouvdptnon f: N — R, mou dkepdlel pnt&
Té yevikd Spo a, Tiis dxoAoubias, SnA. &tav SiaBéroupe TéV TUTo: a, = f(v), Sdmou [ 4
YVWOTH] ouvdpTnon TOU V.

2) Mia dxohoubia elvan tmrions yvwoTn, &Tav divovtan énapxeic TpddTol Spor Tiis dwo-
Aoubias  kal Evas avayoyikdg tomog (Gvadpopikf oxfon) mol EmiTpémer v& Pploxoupe Tév
twdpevo 8po a,y, x&Be Spou a, &mwd Tév TponyoUuevd Tou i yevikéTepa &md dpiouptvous
&md Tous Tponyouuevous Tou. “ETon Exouue dxohoubies Tiis mopefis o = a kal ayy, = I(a,)-
fi yevikdTepa THis wopefis: oy = «, o, = B kal a,y,; =1 (a,, ay-y).

*AiLer Suws 886G va Tovicoupe T& EEfis ¢ [id vd dploovue mhjpwe pia  dxolovBia
ay, V€N pé pla dvadgopxr) oyéon dév doxei pdvo d dvaywyixds times, dAdd elvar dnapairnro vd
Eépovue xal ixavd apilfud modrwv dpwv tms. Natl &v ol Tipués ~WUTGV TGV TpwTwy Spwv
Tiis &xoloublas &AA&Eouv, TéTe dAA&Ler kal # &kohoubla, 3v kal & &dvaywyikds Tns TUTOS
Tapapéver & 15105."Emrions mwoAhés gopés 8Ev elvan &pkeTd vd dplooupe &mAdds Ikavd &pibud &wd
TmproTous dpous wmds drorouBias. Elvan &vaykaio v Séooupe kal Tis ouvBiikes txeives ol 8&
pé&s tmiTpérouv vé& Pplokoupe, pé Ty dvabpopikn axéon xal Tis «&pyikés» guvBijkes, doous &
pous Tiis &xohoublas «,, v € N Bfhoupe (PA. oxeTik& kal &oxnen 2).

3) Mepixés gopés 16 Beiktn v ToU a, Tédv malpvoupe Etol, dote vh Séyeron Tis Tipds:
0,1,2, ..., dmére | dxoroubic yphgeTan: o, &, &, ..., Ay, ... £ aOTH TAV TepiTTROON
& viootds dpos Tiis dxoAoubias elvan & «,;.
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4) Té mhfifos TGv Spwv mids droroubias a,, v € N Bév elvan Temrepaopévo, Evéd to obvolo
v Spwv g elvan uvatd va elvan Temepaouévo. Té gUvodo alTd 1 oupPolilovpe pé a(N)
xal T dpilovue ds 16 avvolo TdY mpayuarixdy dolbudy x, ol dmoior elvar igor pé xdmowo
bpo Tijc dxodovfiag, BnAadn a(N) = {xeR : Umdpyer veN pé a, = x}.

276 mapdberypa 4 Tiis § 1, WX, T6 oUvolo Tév Spuwv Tiis dkoAouBias elven a(N)={0, 1},
tvid T6 TAfiBos TéV Spwv Tns slvan &meipo.

‘Ewlons o716 mapdberypa 5 elvan a(N) = (0, 2}, tvéd Td Afifos TéV Spwv Tng elvan
&rmreipo.

Inpaveiki napotipien. ~Omws §époupe &md Tis Tponyolpeves Téels, TO
oUvoro TGV pnTév (oUpueTpwv) kal &ppnTwv. (dolupetpwv) &piBudv AéyeTton
agbvoko R 1@V mpaypetikdv ambpdv. Té olvolo alTtd Adyeton kai ehbeia
v npaypankdv apBpdv, &v Bfloupe v& EkppoaoToUue pE T pAdooan
Ths [ewpetplas: ol mwpayp. &piBpoi Bewpolvton ToTE b5 onueia Tfis eUbsias,
YV aUTé y1& T& onueia Xpnotuototolpe Té& iSia oUpuBoAa pé T TOU YpNoIHo-
TOIOUPE YIX V& TapaoTfigoupe Tous Trpayd. &pifpols. AUTh f Tautomoinon
TGV Tpoyu. dpifuddv ué T onpeia fvds &ova Paciletan o Eva &lwpa, oUp-
pwva pé 1O dmolo: ueralt Tdw moayu. dolbudv xal Taw onpeiov fvig dfova -
ndoyet pla du@ipovoaijuavrty dvriotoryia. AnAadn of k&Be TpaypaTikd &-
p1Bud duTioToiyel Eva kai pdvo onueio ToU &fova kai dvTioTpdews. ‘H dugi-
povootiuavTn ot dvTioToiyia ToU R pé 14
onueia dvos &fova, pds EmiTpémel vé Becopolpe
ToUs Spous s dicohoubias s TeTunuéves TEY Chatindcty 9y - G
onuelwv dvds &ova (BA. Evavti oyfjua) kai
v& dvmipeTwmifoupe Etor Tis dkoloubies Tpoyp. dpiBudv s dxohoubies on-
pefcov ToU &Eova. ‘H yecopetpik alrhy EmomrTeia 8& pds SieukoAlvel TTOAY Tra-
poxdTw yi& vd KaTavorjooupe uepikés kouvoUpyles Ewvolss kai &modeifels Opi-
opéveov TpoTdoswy ToU B& SiaTumrddcoupe.

§ 2. Npateig peraki akorouBitiv.—"Eotw o7 16 olvoro SAwv Tév dko-
Aoutév mpayuaTik®y dpBpdv. ‘H facwa) iodryra o1d of OpileTon s EEfis:
¥ (o), (B) e, (a,)=(B.) a,= B, Y& xdBe veN.

MetafU Tév oToixeiwv ToU o7 pmopolpe v& dpiooupe 16 dfporoua, T
dtapopd, TS ywduevo kol Té Aniixo, s pla twions dxoloubia wparyp. &piBuddv,
BnA. & Eva oToixelo ToU . "Etor & (a,) xad (B,) elvon 5Uo drohoublies, TOTE:

*Ovopdoupe G0poropa Tév (a,) ki (B,) TAv droroubiar (o, +P.),

'81]30'.81'] ThHY: [+ P10 o SR 0 o S PR S o - IR

“Qoe: () + (B =(a,+PB.), veN.

’Ovouddoupe Sagopd Tiis (a,) peiov T (B,) Thv dxohoubia («, — B.),
SnAadn Thv: o —Py o —Py ..y &y — By

“Qoe: (av)_(ﬁv)=(av_ﬁv)v veN.

"Ovouddoupe yivopeve tvds mpayp. &pifpoU A &l thv (a,) Thv &koloubia
9
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(Aat,), SnA. THv: e R TS . e

“Qoe: Aa,) = (Ax,), v eN.
*Ovopdoupe yivépevo tév (o) xai (B,) v dxohouBia («, B,), SnAad
TV By GaBay oo 0GB s s
"QoTe: (a)-(By) = (oBy), v EN.
’Ovopdlovue nnhiko s (o) &1 Tis (B,) vé B, # 0 3 v eN, v &koA.
o a . a
—Y ), 8nA. ThV: = -
( .V) ‘3] Bz ﬂ,,
“CoTe: (a,): (By) = (a,:B.), veN.
‘Ovopdfoupe @rdivtn mip Ths (a,) TV dxoroubia (| «,|), dnAadn
Tﬁv: ‘al|' [az!l"'llale"‘
“Qoe:. | () | =(a,]) veN.

'Ovopddoupe tetpaymvikf pila wmds dkohoubios (a,) pé a, =0 ¥ veN,
THv dxoh. (Va,), 5nA. Thy:
‘ Va, Va,, ..., Va, ...

"Qore: J@) =@/a), veN.

*Avéhoya Opifoupe TN pifa k-Td€ews (k > 2) wds dxoloubias. "ETol

k k
Exoupe: Via) =a), veN (k> 2).

MNaparipnan. Ol Tapamwavw Spiopol pmopolv va yevikeuBouv kai yi& Tis TepimTacers,
xal pévo y1’ autés, wou Exoups Temepacuévo TATBos dxoAoubiddv.

§ 3. 'H é&vvoia Tiig ppaypévng akoAouBiag.— "EoTtw o, v €N piax &-
koAoutlia TrparypaTikGy &piBudy. Alvoupe TolUs Emduevous dpiopols:

‘Opiopie 1. Od Aue St ) dxolovlia a,,v € N elvar dvo gpaypévn, tore
xal pove tote, dv dmdoyer moaypatixds aoflucs s Térows, dore: a, =5 yid
xdfle » € N. .

‘O &pi1fuds s,xoBads kai k&fe &AAos Tpayu. &piBuds ou elvon  peyodUTepos
&md 16 s, Aéyeran TOTE Eva dvo @paypa Tiis dkoroubias o, v e N.

‘Opiopog 2. Od Aue &reqj dzolovlia a,, ve N elvar Katw @poaypévy, Tite
xal pdvo Tére, dv Vmdoyer moayuarixds dolfucs @ térows, dote : o=a, yid
xdfle veN.

‘0 dpifipds o, kaBods kai kafe GAAos Tparyp. dpiBuds ou elven pikpoTEPOS
&méd T o, MyeTan TOTE Eva xdtw gpaypa Tiis dxoAoubias a,, v e N.

‘Opropog 3. Oa Aéue St 1 dxodovbia a,,v € N elvar Qpaypévn, tote xai
udvo tdre, dv elvar dvw xal xdrw qoayuévy, Snhedh dv dmdoyovy moayp. doll-

-

pol a, s (o = s) térow, dote: ¢ < a, =s yud xdfe v € N.

AnA. plo droroubBia ay, v e N elvon gpoypévn, TOTE kai povo ToTE, v

10
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Umrdpyel kAewoTd SidoTnua [o, 8] oTd dmolo durikouv Aol ol Spot Tns. “Etol,

mx. fy dkorovbia o, = ;l , v € N elven @parypévn, Emedr| loyve:

050:,,:—‘1}—51 M veN — }

s hid A % N

BnAadn &hor ol &por Tns durikouv oTd kAeloTd Sidotnua [0, 1].
Opiopog 4. Od Aéue 6t 1) axolovlia a,, v € N elvar anolitog epaypévy,
Tdre xal pdvo tdre, dv dmdoyer (Oetixds) moayuatixos aolbuds 0 térowns, dave:
lay] = @ ¥ veN.
Té 6 Aéyeton TOTE Eva dnoluvto gpaypa Tfs «,, v e N. Elven gavepd 81,

&v 8 elvan Bva &mdAuTo @paypa, TOTE kol kdBe &AAos OeTikds &pifpds ¢ > 6
elvan emions éva &mdAuto @pdypa Tis «,, v € N.

ZuvoyilovTas T& TapaTTave EXOUME:
1. (a,) &vw @paypévn <=+ (IseR, ¥ veN, o, < s)
opa
2. (o) k&Tw @porypévn -(T» (3ceR, ¥veN, o= a)
3. (o)) gpoypévn <« (JoeR,IseR, vveN, o= a, =5s)
opo
4. (a,) &mol. ppaypévn <= (36 e R, M veN, |a,| < 6).
opa
loyxuer 1) &g ioobuvaplia:
(o)) ppoaypévn <= (a,) drnokibtag @paypévi.
MpéypaTy, &prel v& AdPoupe: 6 =max(|o|,|s]).

Hapatipnen: "E€aitias Tiis md mwavw ioobuvauias oté émwdueva of Spor gpaypévn xal

adrolibrwg @paypévn 8& ypnoipwomorolvran pé Thv Tﬁm onuaoia, xwpis Sidkpion.
MNapadeiypeta: 1, *H dkorovbia a, = m.} —, v=1, 2, .. .clvan gpaypévn, tmeidn:
Ky i

[uv:=—- é%gl ¥ veN.

2. ‘H dxorovbia a, = (—1)" - .7, veN elvarl ppaypévn, dmedn |uv|:_1=_ =1 wveN.
v

3. ‘H édxorovbia a, = skl , v=1,2... elvar gpaypévn, Ewedn:

v4-1
it e s ] YCvieN.
jv+1] v+1

& H daoNouble @, = L OOEV) BV TEY, L1 g
Sv2i]

"Apkel va &moBeifoupe & | @, v=1,2, ... elvon dmworlrws gpaypévn. Tpdyuars,
yi&k xéfe v € N Exoupe:

. elven gpaypévn.

& l_] viouv(3v) + Vvonuv | _ | viowv(3v) |+ | Vvinu |
e

V4V _vit v 2 2
Svi41 S5vi4+1

SFT =501 “5i 5

=

Il

SnAadd : | &l % ¥ vVEN.

11
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§ 4. "H &wvoia Tiig povéTovng axoAoudiag.— *Eorw a,, veN pla dxo-
Aoubla TporypoTikGy dpiBuddv. Afvoups ToUs Emduevous dpiopols:

‘Opropds 1. Od Aéue bt 1) axolovbia a,, v € N elvar ab&ovea, oupPol. (a,) 4,
Tdte xai pdvo véve, dv loyder: a,<a,,., yid xdbs v € N.

‘Opropdc 2. Od Adue Gre 4 dxodovbia a,,veN elvas yvnoing abovoa,
oupPoA. (a,) L, Tdre xal pdvo tdve, dv ioyier: a,<ay, yid xdbe v eN.

Opropdc 3. Od Adue v v axolovbia a,,v eN elvar @bivovea, cupBoA.
(e ¥, Tdte xal pdvo tdre, dv ioyder: a,=ay,, yid xdfe v € N.

‘Opiopic 4. Od Aéue Gve 4 dxoiovBia a,,v e N elva yvnoing @bivovea,
oupPol. (a,)7, tdre xal pdvo tdre, dv loyver: a,>a,., yid xdbe » € N.

‘Opropds 5. @d Aéue dri 4 dxodovhia a,, v € N elvar otabepi, tére xal ué-
vo 1dve, dv loyder: a,y = a, yud xde v € N.

Mia dxoroubic «,, v e N ol dvfiker of pla &md Tis TUPATTEVL KATNYO-
ples AéyeTan povétovn dxohovBia. EiSikéTepa, &v ) dxohoubic elvan yvnoiws ol-
fovoa fj yvnoiws gBivouoa, TéTe Abyetan yyneing povétovn éxolovdia.

Hapompiions. 1. K&l yvnolws povétovn drohoubia elvan kal povéTovn, &év loxue
Bums kaf T civ-r{c-rpo:po (yrari;).

. AV (a )T, Té-re a, = o Y1 kdbe v € N, 8nA. TéTe 1) drohoudia (a,) elvan kéTw ppa-
yuévn ué B k&Tw gpaynx TOV TpdTO Spo Tns. “Oucia, &v (a,)), ToTE a, = o, yi1& Kkébe
v EN, BnA. 1éTe f (@,) elvan &ve gpayubvn pé Bva &ve gpdyux Tév TpdTO dpo Tns.

3. Né& va quopiaouue 76 elos povoTtovias wds dxohoublas (a v, Tis ™d wolAés @opés,
tpyaldpaoTe pé pia &mwéd Tis Emdpeves neBdSous:

(o) ’E€etalouvpe 16 mpdonuo THs Sixgopds: A, = a,yy — .

(P) "Av of dpor Tiis (a,) BiaTnpolv Tpdanuo, TéTe, auvAws, uykpivoupe T Adyo

Svbr g Th povdba. *Amé T oUykpion alth E§dyoupe oupmepdouaTa yi& TH povoTovia

Tis dxoloubias.

(¥) -Bplokouue petagl 8o fi Tpidv wpdTwv Spwv THs dkohoublas TH oxéon, &wé Thv
dmola Exoupe ik Evdeafn HovoTovias kaf Ererta, pé T pébodo Tiis TéAIaS traywyfs, &mober-
kvUoupe TV &viooTikh oxéon, | émola 8& kaBoploer TeAikk Té elSos Tis povoToviag Tfis (ay)-

Hﬁpd&iwuw:. 1. *H dxorovbia a, = l, v=1,2,... elvan yvnoiws gBivovoa, twadr:
Ay} = V+l < T=G’v ¥ veN.

2. H drohouBia a, = v3, v =1, 2, ... elven yvnolws atifouoa, breidy:
Qypy = (v+l)’>v’ =a, ¥ vEN.

3. *H é&xohoubia a,= _:1 »v=1,2, ... elvar yvnolws alfovoa, tweadf &v oxnua-
Tloouue T Siagop& A, = @,y — a, Exoupe:
A Saas L e Vasgapn il Se oy N
AL B e b 6 i, oy 0 i il bl
BnAabf: - g > O, ¥ VEN.
* 4. NG therdoere g npbs T povotovia tiv dxokovdia mod dpifetar dnd thv Gvadpopuxh
oxéan : ty=a+a’ xei @ =a>0
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Abon: Tpdra—mpddta pe draywyn dwodewvioupe d11: a, > 0 ¥ veN. "E€&AAov
dpéows PAémoupe 8Ti: oy = a < a + o, BnA. o < . “Apa, &v fj drxoroubla («,) elvan
povéTovn, B& mpémer v& elven yvnolws abfovoa. "Eotw Acimév  ETii ak < @k, TOTE

"“: < &;‘:H. SméTe a—;—aﬁ < a4+ ui“. SnAadn aky; < akep Apa (a,) f

MNé& Tis povdToves drohoubles guoikédy dpiBpdv foyler §) &Efis xpnoiun
TpbdTUOT) .

* Ilpbtaon. “"Av k,, veN eivar pia yvnoiog aiifovea axolovbia guowkdv api-
Bpdv, tote ioyder : k, = v na xabe ve N.

’An;éSmE,n. (Mé Emayowyi). N& v=1 loyve, émwedn k, eN, &pa k, = 1.
"Eotw 67 loyver yid v=p (peN), 8nA. otz ky = p. Tore kuyy > k= i,
&pat kyi > p. "Amd ThHY TeEAeuTada dvicoTnTa, Emead of k,,, kai p elvan guoikol
&piBuoi, Emeton 6T kyiy = ptl.

Qote: ky = p = kyyy = utl. "Apax k, = v y1& x&be v eN.

¥ § 5. 'H &vvoia Tiig UmakoAouBias.— "Eotw a,, v e N pla dxoroubia
mwpayH. &pifudv. “EoTw dxdpn pia yvnoiws alfouca dxoloubia guoikdv &pi-
oucv (k,), SnAadn:
k1<k2< <kv<kv+l<

Téte dpiletan pla droroubic (B,) wé TUTO: B, =0k, W v €N, SnAadn 7
drohoubia: Qhyy Oy -- oy Oy oo ¢))

‘H dxohoubia (1) Aéyeton dmaxolovbia Tfis (o).

Mapadeiypota: "Eotw f) dxorovlia a, v=1,2, ... kal fj yvnoiws alfovoa &korou-
Ol &V &pTicv QuokdY &p1Budv k, = 2v, v =1, 2, ....TéTe dplleTan fy dxoloubia Ak, = Oy,
v=1,2, ..., 5nA. fj &koroubla: o, oy, A, - - ., Kyyy ..., 1) OOl &mwoTereiTan &mwd Exeivous
ToUs Spous Tiis a,, v=1, 2, ... oy &xouv &pTio Beiktn. ‘H dxoroudia alTr elvan ple Umraxo-
AoubBia Tfis (a,) xai AéyeTan Omaxorovdia thv dpniwv daktdv. “Opoiax opifeTon xai ) draxo-
AovBia tdv meprttdv daktdv Tis a, v =1, 2, ..., BnAadn 1) dxoAoubia:

Ay Ogs Xy Agy—1r - - -

*Etor, Y. & a, = (1) ,v=1,2, ..., ToTe f) Umraxohoubia TéV &pTiwv BTV

1o o bl
4’ 6
. 1y 1 1
kal TéV meprTTdV dakTdv elven Ay =1, — —, —— , ..., —— ...
¥ ' i el TR -1
’Emions pla &AAn Umraxoloubia Tiis a, = (—1)¥- 1_. v=1,2, ... elvar 1} &xoAouvbla:
v

elvan f:

§ v e e g ——

e -

1 1 1

Clk'=agv= 1_,v=1,2,...5n3\.1‘| é—. -—2T ’ Fr"'l—z—v—""

2\r
npbtpuvc’-')s pla dkolouBia  Exel, yevikd, &mweipes UrrakoAouBies.
"ABdhoyn mopotipnon. *Emabd, olupwva pé Ty mopamdvw mpoTACT,
foxtei: k, =v M veN 8& Eoupe: v > vy, = k, > v,

¥ § 6. "H &vvoia: axépaio pépog mpaypatikod api@pold. —"Eotw x
fvas TpaypaTikds &pibuds. Alvoupe Toév EEfis Spropd:
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Opropic. *Ovopdlovue dxépmo pépog 100 x xal vé cvufolriovue ué [z],
Tov el peydlo dxéoaio dolud mod 0év Smeofalver 16 .
"ETol Exoupe:

=1 5.
Té dxépaio pépos Evds Trpayp: &pifuol x dmrodeikuletan §T1 elvan povaBikd.
"AxpiPéaTepa droBeikvieTon oTd MadnuoTiké # EERs:

Hpétaon. (Geovnua 108 daxéoaion péoovs ). —Ta ke mpoypatiké apOpé x
Urapyer Evag kai povo Evag dképuiog o pé: a<x<a + 1.

‘H moparméve mpdTaon uds Aéyel 8Ti: pd xdfe v dnd 16 R drdoyet fva
xal pdvo fva dudotnua Tijs pooyis [a,a + 1) pé a dxéoao dolbud, ard émoio

anjxer 6 . Y f
3 ~ < 3 r ._6
Oplletan ouverrdds # dareidvion: | ‘
» [l ==t
S g e ] vdv vEx<v+1 |
[I: i md —v, v —v = x<—v 1, 2 o] 2 3 %
&Trou v Quoikds érpleﬁés Al 16 undév (BA. oy. 1). 1
Biid ® D 5l Al Zx. 1
ATd T& Trponyolueva Exoups, AoiTréy, &Ti:
v xeR, [x] = x < [x]+1 (D

“Aueces ouvémreies TRs (1) elvon ol EERs i816TnTes ToU dképaiou pépous:
o) x=[x]+68 YxeRkai 056 < 1. B [x+k]=[x]+k, +xeR, vkeZ.
Mpdoynam, &md thv (1) Exoupe: 0 < x—[x]<1 kai &v Béoouue x —[x]=0,
ToTE efvan: x =[x] + 6 pé 0 < 6 < 1. Ni& vé& &mobelfoupe T B) TopaTnpoUe
T1: Emeldn x =[x] + 6,0 =60 <1 &oupe: x + k=[x]+k+60<6 <1
kai ouveméds [x 4+ k] =[([x] + k) + 8] =[x] + k, &¢oU 16 ([x] + k) € Z.
Enpeioon. "Améd Tiv (1) #xoups: ¥ xe R, x—1 < [x] S x.

§ 7. "H &wvoia: i ouvBhikn p(v), veN ioxie Tehika yia kabe veN.—
"Eotew p(v) wia ouwvlrikn oté N Supgovolpe vé Aéue oTd Emdpever &T1:

H oty p(v),v e N ioyber tehikd y1d kabe ve N, rdre xal Hove Tdre,
dv dndoyel deirng vy € N, dnh. dv dmdoyer fvag ep‘uo‘mog dollpds vy Térotos, dote
7 owbhjen p(v) elvar pla ravrdryra ovd odvolo: N, ={reN: » = ).
olvropa: & yud xdle v = vy 1 onlijen p(v) elvar pla ainijc modraon.

Eifikotepa 04 Mpe 8T ) owwbikn A 1 1816 Ta p #roU &vagépeTtan of pio
drodoubia (). foxVer tedued pud Blovs Tovs deixres, loobUvopo: Tedued Blot
ol doov 7ijs axodovlias (a,) minoody wif cvbixny p, ToTE kod pdvo TOTE, &V
Urépyer Evas guoikds &piBuds vy TETOLOS, GOTE ) dkohoubic ety ;1\, v=0, 1,2, -
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SNAGDY 0 Oy, Cypigy - ° 0y Kygiws - - V& Exel TV iB1dTTR P "ETOon, &w mox.
1
By i 1,2, --- elven pla dxorouBic mpaypoTikédy &pBuddy kol p(v)

) ouvbikn: o, < o8 TOTE SiamioTwvoupe dudows 6T 1y ocuvBrkn p(v) loyxlel

redmd pud Glovg Tovs Oeixres, SnAaBN Tedmd GAoc oi doot Tijs axolovliag

1
ol = ;,v:—-l, 2, whnooty Tij ovvlijun: o, < ]%3 . Tpdyuo, &pkel véA&Poupe
65 vy = 501 (yiarti;), &mdTe Exoupe: yid kdfe v e N pé v = v, =501: o, = -41—
1 1 1 2 2 enq oz ; .
= 5 =500 < 556 = 000" — 10° H dxoloubic Aortidv sy, v=0,1,2,---
i, s g = - ; L 2 &
Exer v iBiéTnTa: Shot ol Spol TNS elvan pikpdTEPOL &TTO  TO i ZUVETTGOS
1
) dxorouvdia o, = oy = 1,2, --- &xer telixd Shous ToUs Opous TS MIKPO-

; iy = Lo et e R 2
Tepous &md TO o+ AUTS pé &AG Adyla onuaiver OTi: dv éfatéoovue Eva meme-
; — sl J /) Sler bk i .
paouévo mhijos Sowy Tijs dxolovlias a, = Pt 1,2, -amd tijy doyi), dnladn

2
TOUG: @y, Gy, . - . U0 @6 Exel kai mépu dAor oi Goot g elvar puxodteoot 4 TO ——.

10

'AEwanusionteg noparnpioeas. 1) "Av pia ouvBhkn p(v), v € N loyler TeAik& yi& xébe
v EN, ToTe UTépyel fva TeTepa o uévo oUvoho BewTdy, OTO OTOl0 A p(v), v €N 8év

loxUet. “ETo1 oTd Tponyouueve Topdbayua, &v v € {1, 2,3, sy D00}, ToTE 1
p@v) : oy =% < ..1%_3_ dév foyuen.

2) *Av pia cuvlikn p(v), v € N elven TautétnTa 016 N, BnA. loxle yi& k&fe v € N,
TéTe, TTpogavdds, foyUel kai TEAkd yi& ke v € N* 16 dvTioTpogo Sucos Sév elven &Anbés.

§ 8. ‘H &vvoia Tig mepioxiis fi yeitovids onueiou Tol R.— "EoTw
fvas TpaypaTikds dpiBuds o (aeR) xai Evas BeTikos Gpifuds e (e>0) ToOTE
dpiletan T6 duowTd BidoTnua  THs wopefis : (a—¢g, a+€), TO omoio AéyeTan
reproyi 7 yerrowia tod onueiov @ pé kévipo 16 a@ koi éxtiva £ (PA. Guéoows To-
pakdTw oxfua):

" R
a

o—
-E a+€

e B e

{=Fe

MevikéTepa: meproxi fj yertovid évog onueiov a dvoudletar xdle dvovetd dud-
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otnpa (y,9), ©6 dmoio meoiéyer 6 onueio a, SnAadh o e (v, 8). "Etor m.x. 16
Sidonua (1, 2) elvan mepiox ol V2, Emaidh V2 e (1, 2).

‘H meproxn ué kévtpo T onueio o kol pé dxriva £ B& oupPorileron pé
(o, €).

Qote: m(o,€) =(a—gate)={xeR: a—e<x <+

"Av a=0, Téte (0, €) = (¢, +£) = {xeR: — < x <e} kal Aéyeran
neproyf 7 yertovid 1o pndevoc,

Mia oAU xpriowun mpdraon elvar Efs: (¥x) X € n(a, £) é=| x—a | <e.

TMpdryport
(¥x) xemr(o, €) = x (0 —€ & +£) b dx—5 < X <Gt E4=d|X—a]| <&

Enp. Kévete dmohlTws xTiiua oas Tis Tapardve looBuvanless. ©& Tis xpnoipomToloUue
TOAU ouyvd &md 6@ kal mépa. Mé& vé PePaicobeite TpootfTe kol TV Emépevn TapdoTaon:

&ty T

(=4

£ ——

EiSiké& y1& a=0 Exoune® (3x) xem(0, €)= Xxe(—¢, +£)<=>—e<x<e <= [x| <t.

Inpoviki napatiipnorn. “Exovras tdpa méyn kad Thv TPOTyoUpeVn
Tapdypago, B& Aéue &Ti: teAkd Bhot of dpov pudg axodovias a,,v=1, 2,0
Boioxovrar  orijy  meproyy] nfa, &) évds onueiov a, tdre xal uovo tdre, dv
Ymdpyet deinrns vy € N rérowos, dore: yid xdfe v = v, ioyier: a, € n(a, £), dnl.
lay, —a|< e AUTS, oUupuwva pé Ty TPOTN Tapatipnon Tiis § 7, elvar mdh
looBuvapo pé: aindoyer va meme oaocpévo mljfos Spwv Tiis dxolovbiag
ay,v=1,2,- - -mo¥ Poloxovrar Extog vijc negoyijc (a, €), SnA. éktds ToU SiaoTh-
HaTOoS (a—s,c(+e)- ;

* Inpeioon. "Omws pdBoue xal orhv mwponyoluevn TéEn, &v x e R, Y ER, ToTe #
[X —y | wapoTéver tiv é@noetaon d Toy TpaypaTikoU &piBuol x &mé Tév mpayu. &pi-
fud y. ‘Opiletan £1o1 ) dxdhouin Gmeiévion :

d: R? > R: (x,5) -9 5 dex, y) = Ix—y|
‘pé Tl mapakdTw [B16TnTes:
d; 1 d(x,y) =0 ¥ (x,¥) € R? kai d(x, ¥) =0 <= x=y (5nA. 7 dndoraon até R
elvar poj dgrmri).
d, : d(x,y) =d(y,x) ¥ (x,¥)e€R? (6nA. 7 dndoraon oré R ehar TUUpETOLXT] ).
d; : d(x,y) = d(x,z) + d(z, y) ¥ x, Y.z €R (Bn). 9 andoracy ord R Exer vy Tt
yovx ibidtnra).
TS &7 # &meévion d: R* - R pé Tomo d(x, y) = [x =y | &xe Tis: Tpels 1816TNTES
d,, d,, d, Tfis dmooTdosws elven duéows pavepd, dprel vé Eavabupunoupe Tis yvwoTés 1816Tn-
Tes THs &moAuTns Tpfis. “Eton, T.X., YI& THv dy Exoupe:
dE Y =1x-y ==+ G-y IS|x-2]|+ |z2—y| = d(x, 2) + d(z, y).

"Exovras Tdpa tméyn THY Trapammdve onuefeon kai TAV TponyoUuevn
Tapatipnan Sietumdvoupe THv EEfis Xprioiun mpdTaon:
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Tpbtacn. a,€ n(a, &) <> d(a,,a) < & Nvé ke veN pé v = v,

‘H maparéve TpéTaon pé Adyia Sierumdveton d EEfis: Tedixd Ghor ol
Boou s dxolovbias a,, v € N Poloxovrar ovijy megoyy nfa, €) évdg anueiov a,
Tdve xai pdvo Téve, dv oi Spor g mod Exovv deintn v = vy dnéyovy dmd T xévrgo
a Grndoracy uxpdreon dmd Ty dxtiva e.

ALZKHEIEIEL

‘Opasa A" 1. N& ypéyete ToUs mévte TpdTous dpous T&v dkohoubidv:
1 2v+ 1 v

a) 1+T.V=|,2.---. B) _;’4”,=1,2““. Y) -—-m.\«‘=1.2,.--.
—1)w, v= cvt v = D ¥ a0
8 a4+ wv-Dw,v=12..., g aw B R S oT) % +2v+l'v_]'2""
- tyw v41 -t
) (D = =12 ..., M) —2v_l,v—1.2,...
2. N& yphyere ToUs Bixa mpdtous 3pous oy, &y, ..., Gs %10 &v Eyoups TV &va-
1 13
Spopikn oxéon: @y =1+ — xal & =—5 .
Ti mapaTnpeite;
3. Né& d&mobeifere 8T ol dwoloubies a,, v=1,2, ..., TwoU bpifovran &wéd ToUs Tapa-
kéTe TUTOUS, elvan povéToves kal gpotyuéves:
1 __u+1 - 2v _2v—1_
D a= TR 2) ay= e 3) ﬂ.——m: 4) Sy
¥ 'Opasa B. 4. Tlos &mwd Tis émdueves dwohoudles «,, v = 1,2, ..., wou épifovral
&mé ToUs TapakdTw TUTOUS, Elvan ppayuéves xal moiés Bev elva:
__venudv B vt e
1Y) &= D av=— 5 3 av= 4) a,=v.37Y
_2v45 - L _ nuv + ou?Sv
B = g e, = v+ owiy ) A= vy

5, Ty wponyoupsvn &oxnon ouls &wéd Tis dxoAoubles 1) —4) elvar povéToves xal
Toiés Bév elvan. Mé& Tis povéroves v& xadoploeTe T eloc Tijs povortovias Tous.

1 v
6. N& &mobeifete 611 1) dxooubia u,:(l-i-T) ,v=1,2,... elvan yvnoicws alfou-

1 vil
ca, tvid f) dxohouBia P, = (l+T) av= 1,2, ... elvan yvnoics gBivovoa.

‘YrobeiEn. N& &mobeifere T loxver a, > &, (GvrioTorya: B,y > B)) Y& kdBe
v=23, ..., &pol tpapuboete kaTéAAnAa kai TH yvooth &vigétnta ToU Bernoulli.

7. "Av o, PEZ pé ap:-*lxalx.:i;v_z +%,u:2,3, ... vé& &moBe.
Eete & loyUer:

%S %} yi& xbe v =5,

BnAcBh f dxohoubix Xy, v =2, 3, elvan telk@ @porypévn.
157
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II. ZYTKAINOYZEEZ AKOAOY®OIEZ — H ENNOIA TOY OPIOY

§ 9. 'H évvoia Tol dpiou akoAouBiag.— As Becopricoupe TV &rkoloubia

a,v=1,2, ... pé yevixd dpo: «, = ! , dnAadn TV &xoAoubia:
3 4 5 v4-1
2, A 4 gy T e (1

MNé& v drohoubia alrrr TraparTnpoUpe &T1 ioxte Té iEfis
2

"Av u&s Sobel évas Betinds doluds, T.y. 6 0,2(: ==

et
S

kai Becoprioovpe THY

&mooTaon ToU o, &md 16 1, SnA. Y | a1 |= el

—1| = -‘1’—, TOTE EXOUME:

[a,—1] <0,2 &= —l—<£<—+u> 5;
v 10

Snhadn: f &méoTtaon d(a,, 1) =|a,—1| <0,2 yi& «éfe v=6,7,8, ...

A 2 2 )
1 &ANids: a, e‘(l ~ 15 1+ W) y1& k&be v = 6,
2 : 2 2 .
eiTe AKOunN: 1— 0 <a, <14+ o yi& kdabe v = 6.

100

"Av Todpar pds Sobel Evas &AAos BeTikds &pibuds, .. & 0,05 (— j—) kad
Becopriooupe kal waAL TV &mdoTaon Tou a, &mwd T 1, 8& Exoupe:

[a=1] <005 €= + < 2 = v> 20
5 5 e
BnAadn: I-gg<ov<1+ oo Y& xée v =21

2¢ dvddoyo oupépacua B& karoAfifoupe &v AdPoupe, wy. 0,75, f 2,25
kal yevikd Evav omoiobnimoTe BeTikd dpibud. ‘AxkpiPéoTepa: &v &vti ToU 0,2
Tou 0,05 xTA. Tépoupe évav drowedimore aolfud & > 0, T6TE 8& KaToAREoupe
ot dvdhoyo ouumépaoua, 8nA. foxver TO EEfis: «dmdoyer JSelxtng v, TéTot0g,
dote vd loyvet: | a, — 1| < e yud xdbe v = yyn.

/ g 1 1
Mp&ypaTy, Exouue: |a,—1| =g < E =V > bgot”
"Apkel Aoimov @ v, v A&Poupe Evav dtrolodnTroTe guoikd &piBud peya-

L St gl 7 P
AUTepo & TOV B (Tétolor guoikoi &piBuoi Utrdpyouv,

1) 1 1
Y. 6 l?] +1, {E—] o1 [T] + 3, kTA.).

* “YmevBupiZoupe 671 [x] TapioTéver TS dxépato pépog ToU x. ‘loyler: [x] S x < [x] + 1.

18

WngionmoBnke amoé 1o ivotirouto EkmaiSeuTikrg MoAmkrg



IapaTnpoupe Topa 611 of kéle &khoyn ToU BetikoU &pifuol g, & Selkng
Vo, &6 TV brroio kad peté ol Spor Tiis dkoroubias (1) TAnpoUv TV | o, — 1 | <e
f| tooBlvopa THv: 1 —e < o, < 1 + ¢, EapTdTon yevik& &mod 1O g, ¥’ aUTod
o1& Emdpeva ouxvd 6& ypdgouue vy = vy(e). “ETol, yi1& £ = 0,2 Exoupe, Smws
eibape Topomdve vy = vy(e) =6, & yi& &=0,05 Exoupe: v, =vy(e) = 21.

*Amtéd T& TponyoUpeva PAéoupe s fi dkoroubia (1) Exer TV iBidTnTa:
Mé& kée € > 0 Ymrdpyer Beiktns vy = vo(e) (BnA. ol éSapTtdTon &mwd TV €) Té-
Tolos, GoTe: ) &méoTaon |a, — 1| ToU Spou a, &wd Tov &piBud 1 elvan pi-
kpdTepn &GS TO £ yi&k ke Belktn v = vy =vy(e), &nhadn TeAixkd& &lo
v+1

ol Goot tijg axodovBiag o, = , v=1,2, ... Poloxoviar of wGBc meproy]

Tod 1.
THv dxoroubia (1) oU #xel TV Tapamdvew iBiotnTa TH Aue ovykhivovoa
axohovlia kai Tév &pBud 1 oTdv dmoio alTh ouykhivel TO Aéue Gpro 1) dpraxi

npf T1fs  &rohovflios o, = v+l o n— U e

*Amd T& TponyoUpeve d8nyoUpaoTe TOpa oTO vé Bwooupe Tov EEfis ye-
viké plopd:

‘Opropde. Od léue dtv 9 dxoiovdia a,,v=1,2, ... cvykkiver otdy moay-
patixd doifpd a f) Gt teiver otdy moayp. dolud a A Gre 6 Gpro Tijs dxolovliag
(a,) elvar 6 moayp. dobuds a xoi abtd 6& TO oupPohifoupe pé a, — o f
lima, = @, dre zal pdvo vdre, dv yud xdle & > 0 dmdoyer deintng vg = vy(e)
(ToU #apTdTal, yevikd, &mo TO €) Térotog, Wote vd loyder :

la, —a| <& pud xdfe v = vy(e).
SupPorikd & TapaTduw Gpiouds SiaTutrdveTar s EEfs:

a,—>a > Ye>0 Jvy=ve): la,—a[<e ¥ v=y (€))
opo

‘0 dpiBpds o, &mws eiTope kal Tapamdvw, AtyeTan dpro ) opraxf Tipd
Tfis &koAoubias o, v = 1, 2, ... Enuecovoupe: opa, = a fi Mo ouyvc: lim*e,=a
# &mioloTepa o, — a kai SiaPdloupe &vtioTotka: doo o, foo pé o f) o, 7ei-
ver (ovyxAiver) oTO o )

Sty eldiy mepimTwon ol elvon @ =0, &nA. lima, = 0, 7 &xohoubic
a,v=1,2,... dvopdlerca pndevikf. ToTe & Topamdvw opiouds SiaTuTr-
VETO1 cUvTopa s £Efis:

uv—>0¢:;>va>0 Jvp=ve): |a,| <& M V=V (2
*Etor, w.X. 1) daxolovlia a, :TI, v=1,2, ... elva pndeviarj, ywarl &v e

* Té gupPoro «lim» elvon ouvtopoypagla Tfs AaTvixiis Aégews: limes (= épio) kal xpn-
cpotroriTan S1edvdds oTd MadnpaTikd.
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elvon Evas dmoloodfimoTe BeTikds &pifucs, ToOTE &v oupPoriocoups pé vy TO M-
xpdrepo &md Tous puaikols (BeTikols dwepaious) &piBuols wou elvan peyahu-

Tepor &mwd TO -i—, BnA. &v v, =[_le-]+1 = v,(€) Exoupe:
. 1 1 1
y1& kébe vgv,,-)v>—81->7—<s,5n2\. iﬂv|=T<E.

'Apd: a, = T - 0.
1
P
v
oTikf) ogalpa (Tém) Thve o Eva Erriwebo. Té Oyos o1éd dmoio gbdver ) opalpa xé&de pop&
Trou &vamrnba elvan pikpdTepo & T& TponyoUuEva xal teMxd | ogaipa looppotel Twhve
o6 brrimebo (Pyoc dvanndrjocws pndév).

Enp. *H éxoroubia o, = v=1,2, ...0upila Tis dvarndhoes ol kével piax Hha-

‘Opolws % dxodovlia a,=(—1)" —j—,v: 1,2, ... elvar undevixi.
ven ol o 1
TMpéryuaTt: luv]='(—1) 3y el S e VR

"Apa :

% 5503 vu=uo(e)=[%]+ I o] <€y v 2 ve).

SUVETTGS a, = 0.
Znp. ‘H &xorovbia a, = (—I)VL, v=12,..., dvadutix& #: -1, _12.., a5 '_.’15" ; 'Tl;_
v
Bupiler Tis alcproes tvds Ekxpepous, TGOV Sdmroleov Té TA&TOs ouvexds EAOTTOVETO péxpl
v& pnbevioBei.

*Emriongs # dxolovbia a, = —1—, v=1,2, ... elvar pndevixij.
Vv

TMp&yuar: |Gv|*—’-‘1[——v“<5 = V> %

1 1
wApu: -V-E>0 3V0=VD(E)=[-ET] + 1: ¢ V=V, > —E—z‘ lq-xﬁgl:

1

S —= <E&

v Vv
1

v

lay| =

e

T

“Qoe: o 0.

TMopaTnpoUue -ra'opa.é'n: &v lima, = o, TéTE &md TH OoUyKplon TEV Opi-
opdwv (1) xai (2) wpokUTTEl ST 9] dxolovbia 8, = (a,—a),v=1,2,.. .elva
pndevinr xai dvrioredpms. "QoTe:

lim a, = ¢ <= lim(a, — @) = 0:] 3)
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*Eto1, r.x. £xoupe: lim -—:?1:—1:3, Eraidn Iim(?’vu—_!r1 - 3)=lim % =0.

"Amd Thv (3) Emetan &1 & yevikds Spos wds drohoubics (o), 1| dwoia
ouykAiver Trpds Tév dpifud o pmopel TévToTE V& ypagel ds Efs: o, = a+5,,
Omou &, & yevikds Spos mds undevikiis drkohoubios.

HNoparnpiiosic. a). "Av y1& pia drodoubia (a,) foyve: a, = a, Y& kéBe v = v, €N, BnA.
A (@) elvan tedixa otabepf, TéTe ) (a,) ouyrhive kol Exel Spio Tév a. TMpogavds, &v a, = a,
M veEN, TéTe: lima, = a.

ElSwéTepa ) oralepry dxohoubla oy, =0 % veN elvar pnBeviky dxohoubia.

Mpostgze! “Av (a,) elvan undeviks) dxoloubia, 8¢ onuaivar 1 ol &por Tns elvan Toor pé
unbév. MdMoTa moAAés gopés cupPaiver: a, — 0 xal Spws @, # 0 3 veN. T.x., 1) édxoroudia

e e W Dt
v

B). Zexwovras &wd Tis icobuvaples:
Joy—a| <€ e= a—e<a,<a+e = a,€(ax—¢ a+ ) = m(a, €)

kal Exovras Uméyn ThY Tapatripnon Tis § 8 oupmepaivoupe & ThHY (1) 8Ti: of abe me-
o] Toil dplov a puds uyxlivoveas axolovbiac (a,) Poioxovrar tehixd Blor of dgor g, évd
nenegaopévor mhnfovs dgor Tne, EvBeyoptves kal xavévas, Poloxovrar éxrds Tijc megioyiic
nfa, g). ‘Emoptvess: & 7 dxodovfia (ay) ovyxdiver ordv meaypariné doibud a0, vére and
xdnoto delxtn xal mépa Shot ol dpor Tijc (a,) elvar dudgogor Toi undevéc (viati;).

). “Omws efmape kal oty &pxn aUTol Tol Kepahalou xatd Th fGewpnon wds dxo-
Aoublas woMAés gopés EmikaAoUpaoTe TH yewpeTpikf Emomtela. *ETor péxpr Tdpa TohAés
popts Bewpoloaue Tols Spous s dxohoublas dx TeTpnuéves TGV onueiwy tvés &fova xai pé
aUTé Tév TpdTo dvTipeTwifape Tis drodoubies TpaypaTIKGY &p1Budv s droAoubies onueicov
ToU &fova. Emedf) Speos Evas mpayp. dpibpds fubéyetan véd mapouci&leTan TEPITTOTEPES
&mé pla gopés ds Spos ds dxohoubias, Emetan 81 fua omueio ToU &ova EvkyeTan vk Tapou-
owéleTon TeproodTepes &S pla gopés. [ alTé T Abyo, ToAAés gopés TapakdTw yik TH
YewpeTpikf] mapboTaon Tis dxoroublas (a,), xprowomowolpe Evav &ho Tpémo &meikovi-
oews: dmeovilovpe, 016 xagreciavd énimedo Rx R, tév Ggo i a, 016 onueio Mv, a,).

‘H yewperpikn mapdotaon Tfs dxoAoublas elvon TéTe Eva olvoho &md ((pepovouévan
onueia ToU émmédou (PA. oy. 2).

8). *Eote pla pnBeviks) dxorovbia a,, v=1,2, ... TLy. f| dxohouBia ol SpileTen
&md Thv dmekdvion:

aN—->R:v - a,= (—l)"‘l-_il.,_.
et < ) i3 1 eyl
paTTpoUpE OT1: u(N)_[I,—v._z_,T.—-_._,..,( 1) }
L

“Exovras Tdpa UMéyn THv Tponyoluevn Tapatipnaon f yewpeTpIk Tap&otaon alTiis
Tfis éxoAouvblas &moTeAeitan &wo wpepovwudvan onuela ToU EmiméSou, S paiveTon oTd
oxfiux 2 Tiis Emopbvns geAibas.

0 épiouds (2) mou Bdoope yi1& TH pndevikA dxoAoubia tmbéxeran Topa TV EEfis
yewpeTpikn Epunuela: “Ag wépoupe Eva Betikd dmBpo £, .. Tév € =0,17 kol Tis e0Beies
ué Eocoes y == 0,17 kal y = —e = —0,17 1ol elvan 'n'cxpdc?\?\n?\es ué Tév &fova TRV x
kal dplfouv oo tmimebo wia «rawian (PA. Ex. 2).
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Mapatnpolpe oTd mapakdTw oxiua &1t T& onuela M, My, My, M, xal M, Pploxovrat
£ &b TV Towia, fvd T& onpsia woU Exouv Belktn v = vy = 6, SnA. T& onueia Mg, M,,

Mg My, ... Ppiokovtan Bhe péoa oThv Towic TGv Slo mapaAifrwy. AUTS onpalver o
y
M

Qo

Ex. 2

ol Terayptves TGV onueicov abTdv, Snh. ol dpot: oy, &, &g O, ... THS dxoloublias 1190 -

pope Pplokovtar o1 dvoiktd BidoTnua (—, +€), BnA. o & Teployd ToU pndevds. “QoTe:
—E<D:,<+§@=}id,,|<£¥\}2\!o=6 (e=0,17).

*Av Tdpa mhpoups Evav &AAo BeTikd &pifud € M6 pikpd &md TV Tpomyoluevo T.X.

Téy £ = 0,09 kaf twavar&Poupe T& Tapamdve, TéTe PAémoune TS T& onueia My, My, ...,

M., ... Bplokovtar péoa oy Tawia wol dpifouv ol elfeies y = ¢ = 0,09 kal y = —& = —0,09
kol aUTéd onuaiver wEAL 811 ol TeTarypéves TGV onuelwv alrdy, Snhadf ol dpor oy, g s s
&, ... Tis &kohoubics ToU TMpaye Ppiokovtan §hot oTéd BrdoTnpa (—, +€). “Apa foyUe:

— < Q< 4 e O <E M VZY=12 (e = 0,09).
16 1610 ouptrépaopa katedfyoupe kai &v mépouue s € ‘émoiobnmoTe BeTikd &p1Bud,
pévo ol yi&k x&Be & &AA&Eer & Befktns v, (Tapamdve elbaue 8T yi&k € = 0,17 Exoupe ds v,
16 6, tvd y1& €= 0,09, 16 12).
"Qote: of xdfe éxhoyi) toi ODerixoi Goluod e dmdoyer évag delxtns vy, & dmoiog éfaprd-
Tar and 1o &, dnlady vy = vofe).
1 Tapamdve oxfipa 2, Tapatnpolpe dkéun STi: kaBds TO v wadbdver dregidpioTan

16 Bidypappa Tév onpelwv M (1, 1), M, (2, - ; ), M3(3, r;—) , --. 6ho xal TepiogoTEpo

«ninoidlen xai TEAK& (Telver vd méoer wdve ordr dEova Oan. Tr alré Ty dkodoubia alrh

A Dl Ll agietrl it el ToU lkavotroll T& mapamdvew, T XapokTnpifoune s
v

pndevirt) dxodovdia.
*A o k1o N& Sdoete dvtioToxn yewperpikr punveia ToU épiopou (1) yi& 11 ovy-

KAivouoa dxolovbia: a,= vtl s M= by 25 i
v

NAPAAEITMATA

lo. Né dnodeifete 6t § axolovlic a, = ;:—l ,v=1,2,... Exer 6pro th povade.

Aven. Tpéyuar, yi& kabe € > O Exoupe:

1 1
a—1'|= PRI e
| | - Sy E = V>~

_"___[I__l_
v4-1 T v+l
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*Apa:

¥ Ee> Ogvozvn(e)=[l_]+1: 5 v%vﬂ:-lT:.p |lay—1]| <& ovvemwdis a, — 1.
E

20, "Eoto a, = 2_"3‘:‘_L, v=1,2,.. Na arodeitete bt : lim a, =%.
v
Adan. TTp&yuar:
2 2v—1 2 1 1 1
- — | = —_——— )= - =] = = > —.
o 3] Em 3| ’ 2] R i o B ~
YApa:
1 2 e e D
¥ex>03 vu=vn(e)=[3_ +1:| a— -5 <t ¥ v = vy(e), ouverrdds lim By = s
3
30. 'Eoto a, = vy s v=1,2,... Na anodeilere om: lim ay = 1.
vi+1
; . . | vE—v v+ 1 2v 2 2
Aton. TpdyuaTi: |ey—=1] —!‘mﬁ-q =V2—H <?: T<EHV>‘—E—-

Anhabr| yi&k omotoBrioTe BeTikd &pifpd & Umrdpyer Selkrng vy = vo(e) (&pkel s vy v& A&-

Boupe dmroiobnmoTe guoikd &piBpd peyehiTepo &mréd TS = kai TéToio1 guoikol &pifipof Umép-
€

Xouv, T.X., & [L] + 1, [i]-}- 2.[i]+ 3, xTA.) TéTol05, BOTE Y& Kdbe v=v,(e) >_§-
3 € £
foxve: |a,— 1| < ouvends lima, = 1.
40. Na anodeilete dm 1 dxorovdia a, = (/v + 1 —Vv),v=1,2, ... elvaa pndevikiy
Avon. TMpaypaTi:

o001 =l = |5 5| = WTET= VB) (VT 4¥D)
(Vv 14 V¥)

(+1)—v fs 1 . 1 sL
Vi T o Vol Vo] v v = o V2 e

YApa:
¥Ye>03 vu=v0(£):-[]_2] -+t e l<e ¥ vEv,> Le "QoTte a, - 0.
N €
O& Bdooupe Twpa kol Eva TapdBerypa dxohoubias Tou 8 ouykAivet oT6 R.
50. Na amodeiete 611 % dxohovlia a, = (—1), v = 1,2, ... 8¢ ovykhiver otd R.
"Andderdn. “As UmoBiooupe (&tomos &maywyf) 8T f) dkohoubix (a,) ouykhiver of
Kk&Tolo TpayuaTikd &pibpd x. Aniadh EoTw it lima, = x (xeR). Tote y1& x&fe e > 0,
Gpa kol y1& e = 1/2, Umépyar Belktng vy € N TéTtoios, daTe vk foxuer:
| (-D¥—x| < % ¥rE g
El8ikda:
[(=1)%—x| < _é_ M o | LI -;_

Emeidn vy = vy kal vy + 1 = v, TéTe Spcws Exoupe:

PED = et =] DX b S D o e < g Ly

AnAady: DY = (=) < 1 ()]
AN [ (=1)% — (=1)%e+!] =2 @
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*Amé Tls (1) kal (2) AapPévoupe 8112 < 1, wpdypa ol elvan &romo. "QaTe f UdBean ToU
xévape y1& Ty dxohoubla o= (—1), v=1,2, ... &m ouyxhiva of x&molo TpaypaTikd
&p1Bpd dBnyel of &romo. “Apa #) drohoublx (—1)Y,v=1,2, ... 8 ouyrhiver oTd R.

ALKHEIEIZ

‘Opdde A~ 8. Né& e> 0 v& mpoodioploeTe BelkTn vy = v, (€), DoTe y1& v == vy(e) vk
elvati |a, | <€ &mwov a,v=1,2, ... elvar:

2 3 nuv + ouvty 3
) ay=—2_, 2)a,= , B e g g :
) vy ) @ 4v2 — v uEs v ) Vvig 2
” _3v—5 s _ 3
9. "Eotw @, = 3 ,v=1,2, ... N& &moBeifete &1 : lim o, = =
v
10. T& € > 0 v& mpooBioploete BelkTn vy = vo(E), GoTe y1& v = vo(e) v& elvau:
vl
-1
] < E

11. N& &moBelfere 811 #) dxohoubla: o, =A/vE+ 2—4/VE + 1,v=1,2, ... elvor pn-
Beviki).

* ‘Opada B, 12. Tk € > 0, v& wpoobiopioete Belktn vy = vy(E), doTE yi& v = ve(e) v&

elvan: o | <6¥
&mov a,,v=1,2, ... elvar:
o . vl _ nuv + 20uvbv = ‘
1) Gv—m, 2) a,= ETo 3) o= ‘T- 4) o, =4 +v + -V viHv+2

’E@appoyt} yi& e = 10-5.
13. Né& e > 0 v& mpoobiopioete Belktn vy = vy(€), DoTe yi&k v = vy(e) v& elvan:

oy ——| <E,
&mou a,=Ve(Vv+ 1-vv)v=12 ...
14. N& d&moBelfete 811: &v f) dwohoubia a,, v=1,2, ... elven unBevikr), TéTe O&
elven pnBevikry kal #) dxoloubia: B, — Vie,, v=1,2
T S

I11. IAIOTHTEZ TIA TIZ ZYTKAINOYZES AKOAOYOIEZ

3¢ Ohes Tis ﬁcpaxd'rm i816TnTes of dwohoubies BecopolvTan TrporypaTiKs
kad T& Spi& Tous dpiBpot TparyuaTikol, ki STav dxdun Sév T6 Tovibouue iSiaiTepar.

§ 10. 1&6TnTa L(T6 povomijjiavro Tod Goiov).—Té Bpro ovykhiveveag &-
kohovliag a, v = 1,2, ... elvar povoenuaviwg opiopévo.

AnAadn : a.,-*u'} = a=a
a,—>a
*Anédertn. “Eotw (dmaywyn of &romwo) 6T «, - « kol a, - o, SOV
axal « &pifpol Tpayporikol pé o # o ToTe % > 0. "Apx yi&
| —a'| = i v ATl -
= 0 Umépyouv BeikTes vy, v, TETOIO1, GIOTE:
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|o—o|

[yl st T B ¢))

|uv-u‘|<'—“;—°".v\:gvo" 1))

Tote Spws y1& xkébe v = v, = max{v,’, v,""} loylouv guyypdves ol (1),
(2) kai ouverrds, TpooBéTovTas KoTd PEAT, Aappévoupe:
lay—a]| +|a,—a'| < |a—a'|.
"Qote yi& x&e v = v, Exoupe:
la—o |=|(@—a) = (0, ~a) | S o,—a| + a,—'| < |a—a'].
AUTS Sueos elven &romro, Emeidh) Bév umopel v& elvan |a— o' | < |a—ao |-

* § 11.'1616TnTa Il.—Kée dnaxohovbia ovykhivovoag dkolovBiag Exer 16
610 p” adtiy Bpro.

Anodq :

o > 0 = o >a

"Anddern. “Eotw pia dxorouBia (a,) Tou ouykAivel oTév TrporyuaTikd
dpifud o kal (o) pic Urakoroudia Tns. TéTe Exoupe: yi& kéle € > 0 Ymdpyet
Belkng vy = vy(e) TéToos, DoTE V& foxUEl: |a, —a| <& VM v = Vo (€))]

"EoTw Thdpa Evas guoikés &pifiuds v = v, TOTE, oUppwva pé Thv TpdTaom
Ths § 4, Exouue k, = v, 8mov k,v=1,2, ... elvan uic yvnoiws abfovoa
dxodoubio puoikdy &p1Budy kai ouvemdss k, = vy (BA. kai TapaTip. Tis § 5).

Téte Suws &mod Thv (1) Taipvoupe: ok, —a| <& ¥ v=v, "Qote
loxve: ¥ €> 0 3 vo=v,(e): ok, —a|<e ¥ v=v, kad y1& k& drorouBia
(k,) 1 quowév &piBudy. Suvemdds ok, —> Q.

HMupatnpfioss. @) T dvrioTpogo Tiis Tapamdvew TpoTdoews Bév loxler wavToTe, EnA.
v ax — a, 8év Emetan kot dvéyxn 8T kal a, — a, & tEdMAoy gaiveTan oTd Tapdbel-
yea: ay =D v=12 ..., o, =(-12*=1 -1 kal Spws # dxoroubia a, = -1y,
v=12, ... 8 ouykhiva (BA. Tap8. 5, oeA. 23).

B) "Av pla Umoaxohoubla wids dxoAoubias oty =Tl P

. 8¢ ouykvel, ToTE kal 1)
drohovbla a,, v=1,2, ... 5 ovykAlver (yiari;).

1) "Av Umdpyouv Bud Umraxkohoubles mds dxorouBias a,v=1,2, ... wol ouyxiivouv,
&AA& of BiagopeTiké Spic, TOTE 1) (at,) 8¢ ouykhiver (yieri;). “Evor, my., #§ d&xohoubia
Sv=(-1)%v=12 ... 8 ouyrhive, yiori | UmaxehouBia Tév Spwv Tns ué &pTio BelkTn
elvai: a3,=1 — 1 xal # Uraxohoudia Tév Spwv Tns ué TeprTTS BelkTn elvan: ayysy =—1 - —1.

* § 12. I616TnTa lll.— Ay peN xai aeR, tore ioyder :

G, > @ 4= a,,—> «

"Anbdeign. ‘H dxohoudia (a,4,) elvan Umraxoroubia Tis (a,). "Apa
o, —> O -y, > O
O& &mrobel§oupe Topa &Ti: dv &y, —> @, TéTE &, —> .
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Mpéynati, &@ol a.p — & y1& € > 0 Umdpyer Befktng vi: | Quip — | <g,
M v =y (1), Oftoue: ve=p+v,. Tote y1& kdle guoikd &piBud v = vo =
p-+v, Exouue: v —p = v, kai ouverrds &md v (1) Tadpyoupe: | (- p)+p—d | <e,
SnAadh | o, —a| < yi& ke v = v, "Apa: a, — a.

Znpeioon. *H sidrnta 11 Siarumdvetar pé Adyia mié yevikd s Efis: “H «Bwaypagip
i 1 «npocdikn» Bpov mob GviicTolody of nemspacpivo nhiifog deiktdv SEv Ennpedter M oiy-

Khon mig axokovBiog. AUTS oupPaivel, yiaTi f) iBidTnTa TS ouykhioews Wids dxoloublas
&viker oTls 1816TnTEs O oxUouv «Tehikdy. Edkoha kavels ptropel v& SiamioTdoe 811 &mo

mé T&EN kol perd, yi1& thy wpdTn dxohoubla, of dpot TV dkoloubidv (o) kad (@ + p) 8&
oupmimTTouV.

& 13. "1516TnTa IV.—Kabe svyklivovsa axorovbia elvar gpaypév.

Anhobdn: a, > a = o,, v=12... gpaypévn

*Anédeitn. "Eotw pia dkohoubic (a,) pé o, — « kai fvas =g, > 0.
Téte foyler: |, —a|<g Y& kdbe v = vy = vy(gy) Kai ouvetrds:
loay|=la—a+al S ja—al +]a <gt+lal, ¥ vzv (D)
Alaxpivoupe Topa ‘g TepimTcOoES:
(1) *Av elvar vo=1, ToTe |, | < ||+ € =¢, ¥ veN kai ouverddsd
(a,) elvan &mohUTeos gparypévn, dpa kal @porypévn.
(i) "Av vo>1, TOTE Bewpolue ToUs Spous: oy, &y, ..., &y —y Kol BéTOUME:
(PEmﬂX{IOI”,EC(z‘,...,IGVO_IE,EO+‘GI} (2)
Téte &md Tis (1) kai (2) AauPdvoupe:
la, | =9, ¥ vel.
"Apa ) dxorouBlior a,, v=1,2, ... elvar w1 gpaypévn.

Zyokio. Mk méd &wAf kai oUuvToun &mébafn elvon kai # EEfs: 'AgoU  a, - &
fwetan 8T yik e=1 > 0 Umépyet vy =v, (1): o, —a| <1, ¥ v =,

‘Omére: lav|=la—ata| = loy—a|+|al <l+|al, ¥ vZv,
*Eorte: B=|o |+ e+ -+ |a, I+ A+ ]al).
TéTe: lay| = 6, ¥ veN. "Apx &, v=1,2, ... elvon gpaypévn.

Toporpnotl. Té &vricrpopo Bév loxver wavToTe, BnAadh Umdpyouv @payuéves &xo-
Aoubies oU B¢ guykhivouv. TLY. # dkohoubia o, = (—=1)", v =1, 2, ..., & kal elvor gpayué-
v, &pol |, | =|(=1)'|=1=1, ¥ veN, & ouykhivar (BA. mpd. 5, § 9).

Elvan Emions gavepd &1 “Av pic dxohouBla (a,) Bév elvan gpoyuévn, TéTe A (x,) 6¢
auykhlver (yiari;).

§ 14. "1616TnTa V.— Té yivépevo pndevikiic dxolovliag &ni gpaypévn
elvar pndeviki) axolovbia.

a, - 0

Anhod:
WA (E)) epaypivn

}—)avﬂv—ro

*Anodeiln. "Agol ) (B.) elvan gpoypéun, Emeton &t elven kal &mwohUTws
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ppayuévn kai ouverrdss Umépyet 6 > 0: |B,| <6, ¥ veN. @y
‘E€&MAov, &gol 1 o, — 0, EmeTon &Ti yi&k ke e > 0, &pa kai yi1&
g— > 0, Umdpye Setxtns v, = v, (%) TETOIOS, IOTe V& foyUer:
[ot,,f<%,-vv2vo. @

Tére Suws, y1& xéle v = v, &md Tis (1) kot (2) ActpPBévoupe:

IavalzlavHBvl <ie=E

i}
"Apa: ap, — O.
neé 1o:
piopa 1o a, > 0 2 et 2%
keR
né :
piopa 20 a, > o L
keR

TS mwp&dto Tépioua elven ueon ouvémela TS TponyoUuevns i81éTnTas,
&v Becopricoupe s (B,) Th oTodepry drohoubic P, =k, 3 veN.
To mopiopa 2 elven dpeon ouvémeia Tol opicuaros 1, dgol (aty—ax) = 0.

Mapatpfiong. 1) "ATé 16 mépiopa 2 yi& k=—1 Eoupe: «, > a = —a, —» —a.
2) "Amo 16 oupTrépacpa ToU Toplopatos 2 ouvdyerar &Ti: lim(ka,)=k-lime,, keR

§ 15, '1&16TnTa VI.—"Av 1 (B,) sivar pndeviki axolovdio kai 1 (a,) dxo-
Aovbia tétowa, Gote: y1d kdbe v = v, eN va ioyvel :
iuvlgk'lﬂvln (k>ﬂ)
t6te 1 (@,) elvon Zriong pndevikn dxolovdia.

Ao & XM, ¥ vy

= a, >0
k>0, —>0 }

"Andderln. ‘Aol B, — 0 Emetan: yik ke € > 0, dpa kad yik —;— > 0,

Utrdpyer BeikTns v, = v, ({1_) TéTol05, o v& loyle: | B, | < —% Y& Kkdbe
v = v,
ToTe Sucs yi& kdbe v = v, = max{v,, v;} 8& foxUouv ouyypduews oi:
€
|ev| = k| By| xai IavI<T

kal ouverrds:
lay| Sk-|By] < k‘%=5 ¥ V=V
“Apa: a, = 0.
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néplapa.— Iavl g lﬁvl s M VEN

B 0 }#uv—>0.
vy = >

. - " npdv
Epappoyf,. N@ arodeifete on: a, = P =% 0.

Aben. "Exoupe :

nu3v
viifvt1

1 1 1

= e 0. "Apax a, — 0.
lovl vitv+l i vifv S i

=

§ 16. ‘I&16TnTa VIL( [didtyra téw ivoovyxdwovody dxrodovfidy ).— Teyber:

pp=a, =7, vZw

- a,-> a
p. > a xai y, > a }

*Anbbe1En. *Agol B, — o EmeTan: y1& kéde € > 0 Umrdpyet BelkTng vy = va(e)
TéTol05, GoTE v& foyver:
[By—a| <t b a—e <P, <a+E ¥ V=vye) €))
’Emions, &poU y, — o Emeton 6T Umdpxer Belktns vy = vy () TETOI05,
DOTE: .
|y, —a| <€ &= a—e <y, <ax+eg ¥ v=vy(e) 2)
*Etol, y1& kéfe v = v, = max{y,, v,, v5} 0 Exoupe:
a—e<P,=a, =y, <a+te
SnAadn: a—e<a,<a-+€ e |a—a|<g ¥ V=V
*Apa: o, — o
Iopatipnon. Mia eldikfy mepimwtwon Tiis Tapamwdve iBi6TnTas TOU TH
ouvavToUpe ouxvd elvan ) EEfs:
& B, >0 xal |, | < B, TOTE c(. - 0 (BA. kad Tlopiopa, § 15).
Mpéyuat® |a, | < B, = —P, < a, < P, kai &gol B, > 0 = —B, —0.
*Apa: a, — 0.

§ 17. "1616TnTa VIIl.— "Av 8o dxolovbics (a,) xai (B,) cvyxiivovv xai
ioyoer a,<p,, 3 veN, tote 0a Exovpe: lima, < lim p,.

AnAad: ':’v: :v” pl;_::N ] - a =P
*Andbertn. THv IBidtnTa abrfy T Sefxvoupe pé T peBodo Tiis dmarywyiis
ot &romo. "EoT® &1 elvon a>p. Ti 25 B,—~ P
UTr&pyouv vy, v,eN pé:
|u,——u|<a—;£,¥vgvl Kod (9 h]
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B.-Bl< 2By vz, @

"Apa, yi& kdBe v = v, = max {v;, v,} 8& loyUouv ouyypévws of (1) kai
(2) ol ouvemrds TpooBétovTas KaTd pPEAT AauPdvouye:
lay—a| +|B,—B| <a—p 3
‘ANG: B,—P—a,ta<|B—P-ata|< BB+ a—a| (4)
"Eron, yid kéfe v = vy &md Tis (3) kai (4) madpvoupe: '
Pyv—P—o, +a<a—PB, B8nhady: By<a,, ¥ v=uy,
AUTS Suws elvan &torro, yiati B, > a«,, V¥ veN.

*Apa: x=p

Népiopa 1o0: a, —>a - a=s
e, <s, ¥ veN

MNépiopa 20: B, > B = o< P
o < ﬂv . M veN

"Anddertn. "Aneces ouvémees Tis TponyoUpevns iSi16TnTas, &pkel v& T&-
pouue Tf oTafepry dkohoubia (B,) ué B, = s, dvtioTorxa TH oTaBepr dxoAouBic
(«,) v a, =o0.

Enpsioen. MpootEre iSiaitepa Tis mepimrdioes s = 0 kal o = 0.

¥ § 18, "I61dTnTa IX.—INé xaBe axohovlia mpayp. apbpdv (a,) ioyoer :

a > a
OG> @

]Q—ra,-ra

"Andberin. “Eotw 81t o, > kaf o,y — o TéTe ¥ > 0 Umdpyouv Beixtes vy, v,eN pé:
|y —a| <e, ¥ vy, kal |op —a]| <eg ¥ vV,
©fToupe: vy = max{2v,, 2v, — I} kai Tapatnpoupe ST1: Kdbe rpualxo"s dp1Buds v B&
elvon v =2k (&pTi05) fi v = 2k — 1 (mepiTTds). ‘OmdTe:
(@) &v v elven &prios (v = 2K), TéTe y1& v = Vo EXoUpE: 2k = 2V, mup kK = V) map | dk—x | <,

SnAabn: |lay,—a| <€
(i) &v v elven meprTTés (v = 2k — 1), TéTE yi&k'v = Vobxoupe : 2k —1 = 2v,— |l mp k = v,
= | %k-—x| <& Bnhadi: lay—a] <e

“Qove: ¥ v = v, Emeton dmi: |, —a| < e kol ouveméds a, — a.
Té dvrioTpogo elvan duéows pavepd &md Thv IBidTnTa 1 Tiis § 11.

IV. TIPAZEIZ METAZY ZYTKAINOYZQON AKOAOYOIQN
H AATEBPA TQN OPIQN

"Av (a,) kad (B,) elvon droloubies TpayuaTikéy &piBudy, TOTE, STrws pdk-
Baue kol oty dpyny alToU ToU Kepohaiou, 16 &Bporoua, §) Siapopk, 16 ywéd-
pevo kai Té TmAiko Tous efvan dvTioToiyws of dkoAouBies:
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. a,
(o + B (a=p, (@) et (32)
dmov o1y TeAeuTada mepiTtToon UtoTiBetan 6mi: B, # 0, W veN.
‘H oUykhion Tév Teheutalwy dkoloubidv kol T& &pic Tous E§apTddvTan
&md T oUyxhion kai T& Spia T&V droroubidv (a,) xal (B,).
*AkpiPéoTepa foyUouv ol Emdpeves TpOT&OES:

§ 19. 'I&1é6TRTA X. (r})‘,m «lf'fgufrrf'_f.rm.;).—'AV lim a,=a xai limp, = B, tote
onapyer 16 lim (o, + B,) xai icolrar pé a + P.
AnAadn: r lim (o, + B,) = lima, + limp,
*AnodelEn. *Agou lim o, =« Emreton 8Ti: yid ke e 0, Gpax kad yick % >0,
Utrdpyer Selktng vy=v, (-;—) = v,(g) TéTolos, ddoTe v& foyver:
loy—al <=, ¥vzy )

*Etrions, dpou ]imﬁv‘= B, Umrépyet BeikTns vy = v,y(€) oTe vé oy er:

1B =Bl <5 ¥ V2 @

TéTe Buws, yi& kébe v = vy, = max{v,, v,} 8& loyxlouv ouyypévews ol (1)
kad (2) kai ouverrdds 8& Exoupe:

¥oe>0nal v vz ve = | +P)— (B =i(x—0) + B~ P)| =

E €
= |Gv—di i [BV_BW L =ik a6,
2 2
SnAadh: CMe>03v,=ve(e): | (o, + By) — (@+P) [<e, ¥ v=v,.
AUTS onuaiver é11 Umépyer 16 lim(a, + B,) kai &t loyve:
lim(a, + B,) =« + p=lima, + lim p,.
Enusimon. Mopolpe vé SiaTuTdooupe kol pé Adyta Ty TapaTave iBi1éTnTa s EEfis:
Té Gpro tob &Bpoicpatoc S0 svyklivousdy axolovbdv elvar oo pé 1o @bporopa oV
Opimv Tovg.
Maparnpioes, 1) ‘H mapaméve 1S iotnTa émektelveTan kai oty TepimTwon Evés me-
Trepacutvou TARBous ouykAvouadv dkohouBiddv. Aniadn ToTe foyvel:
lim(a, + B, + -+ + x,) = lime, + limB, + .- + limx, (€3]
2) Mpooitte! # (1) Btv loyUa &v T6 TAfBos Ty mpooBetéwov Bév elvan TMETTEPATUEVO.
AUTS gadvetar kal &méd TS dxdhoufo dvmimapdBeayua*: *EoTw Eva elfUypauuo Tufipa AB
pé piikos Too pé T povada, T6 dmolo Sianpolue of v Toa uépn (VEN). ToTe Exoupe:

1 1 1LY 2
ST G AR b 2
*Av &\iBeve 1) (1) yi1& dmoloBrimoTe TAfifos TpooBeTéwy & Talpvane &md T (2):
i 1 1 1 o o ) I ;
1+=1lim (T+—v—+ vt T):llm—;m-lr]lmT—]— o4 llmT =0 (pevdés).

* "Eva mapdBeiypa pé 76 dmoio &moBeikvlieTan T pia mpéTaon p elvan weubts, dvo-
ualetan dvunapaderypa Tiis p.
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3) Té dvriotpogo Tiis 1BidTnTas X v &Anbeler TdvToTe, nAadn &v 16 &Bporoua
Bud droroubiddv elvan ouykAiivouoa dxoroubia, auTd 5é guverrdyeTtan Kot dvdykn 6T1 kafe-
& &’ abTés elvon ouykAivouoo drohouBic. Elven Buvatd pdhioTa vk b ouykAiver olte 1
plor olTe §) &AAn. TLx. y1& Tis &xolouBies: a, =" v=12 ... kai By = (=1)v+1,
v=12,... loyva:

@+ By=(D"+ D" = (1)1 + (=1)] =0 — 0 xai ducs xapior 86 ouykAiver.
"Exovras Tdpa Uméwn kol ThAV Taparnipnon 1 Tiis § 14 ioyve:

§ 20. "1&16TnTa XI. (o0 dagopds ).—*Av lim @, = @ xai lim B.= B, ot
bmapyer t6 lim (a, — B,) kai icobrar pé a — f.

Aniadn: ' lim (o, — f,) = lima, — lim f,

"Anodei&n. “Exoupe:
a, > o, >
BB } = p.p
§ 21. Népiopa.—Ta kade & n e R ioyder:

] Ly 0, 0B) > 5B L) Bk Pl 0P,

a, > a

B, > B

‘H &mddeiln elvan dpeon ouvémaia Tis iBi6TnTas X kai ToU TopiopaTos 2
Ths § 14, Eldik& y1& € =1 kai = —1 Taipvovpe Thv iSidTnTa XI.

} = (Ea, + nB,) > &a + np.

§22. "1&éTnTa XN, (oo yopivor ). —"Av lim a,=a wai limp, = B, tote
brapyer 16 lim (a,-B,) xei icovrar pé ap.
AnAas: lim(a, - B,) = (lima,) - (limp,).

"Anodelgn. “Exoupe:

GVBV—' GB = C!‘.B,. P urp i d‘.ﬁ = GB = a\'(pv g p) c B(c‘v W 0)' (l)
Oi drohoubies (B, —PB) xai (o, — o) elvan undevikés kad # (a,) elvan pporypé-
v (yrari elvar ouykAivouoa). TéTe Sucos Eyoupe:

(§ 14, ’15. V): Pugh "’(,) } = a,B,—p) >0
(a0,) ppayuévn
o, —a =0

(14, Top. D S 7E ] — Bl —a) 0.
€
"Apa, &é v iBidtnTa X: o, (B,—B) +Pp(a, —) — 0. AnA. «p,—ap - 0
Kal ouvetrds: «pB, — of.
“QoTe: lim(a,-B,) = a-p = (lima,) - (limB,).

IZnueiwon: ME Adyrx f) mapaméve 1éTnTa Siatumdveton ds i6fs : Té dpro Tob -
vopivou 800 cuykhivouodv axolovtdv civar ioo pé t6 yivopevo tdv dpinv Toug.
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TMapomphoss. 1) ‘H wopamwéve 1816tnTa dmexteiveran kal oThv mepimTwon tvds Te-
mepaopévou mAfiBous ouyxkAvouadv dixohouBidv. AnAadf TéTe foyver:

lim(a, Py Yy - - - X,) = lima,-limp,-limy,. . .limx, 49}
ElsikéTepe, &v k dxohoubles elven Toes, TéTe loyver:
a, = a = lim(a)k = (lima,)k = ok (keN). @

2) Tpooikrel # (1) &v loyVe &v T wAfBos TEV TapaydvTwy bév elvon Temepaciévo.
*Errlons 16 &vrioTpogo Tiis mapamwéve [Bi1dTRTas Yevikd Gév ioyxle (map&beryuas;).

§ 23. "I&6TRTa Xl (o0 7niixov ) —~Av lime, = @ xai lim, = B 7 0 xai

axopn Gv B, £ 0, 3+ veN, tote dnapyer 16 llm( ) xai iooliton pé -

B. B
AnAadi: _ lim ‘;" = _%;L

*Anddartn. “Eotw 6T 0 # B, — P # 0. Tapoarnpolue TpdTa-TpddTa 871

%:av-—ﬁl—v . "Apa dp‘xﬁ v& dmodeifoupe 6T : ﬁlv — %, dnhadn OT :
1 1
——— = 0.
Biis +Pud) <
TMpédypaT, yi& kébe veN Exouue:
| = Term=re e e PP M
*E€&ANov, &goU B, > B #0 = ¢ £> 0, &pa kai y1&k e= —ﬂ—l > 0, u-
mépyer Seictns vy=vy(e) TéTol0s, DoTe v& loxve: | B, —P| < Lgl MoV =V,
"ANAG: IBl=IB.| = |BP—BvI=IB—BI
smére: 1B1—1P.1< 121, smaast: 18,1 > 1B1— 1BL=1BL v v 2,
kal ouverrds: Tll‘<T2-—,vavo
1 2
*Apa: —_— =—, = 2
e AR T &
‘Emropéveds, &md Tis (1) kol (2), Tehik& elvan:
> 1 2
0 T Rl v [ ¥ ; 3
B TP ﬂzIB Pl V2V, ®)
*AMG B, —P — 0 (ywari B, — B) xai ;2 =k > 0. Suvemrdds (PA. § 15)
1 1 1 1 1 1 1
—ﬂ—v-——p——-roﬂb pv Fna‘nl. hmF::_ﬁ_:W._.
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TéTe Sucws Eyoupe:

o, lim o,

lim 5* = lim (cxpl—) = (imat,)- (1im ﬁl_) - (lima,)-ﬁ - T

Hopampioeisa) Té dvrlotpogo Tiis Tapamdve mpotdoews yevikk Bév GAndever.

AnAadh f Umapfn ToU lim (“") 8¢ ouvemwdyeron TavtoTe THV UtrapEn kabevds &md T&

By ;
limay,, limp,. MNopaderype: "As wépoupe ds a, = (1), v=1,2, ... kai p,= (—1)*+',
v=l, 2, ..., TéTe [im(ﬂ) =1, v® xapia &’ abtés Tl dxohoubles B¢ ouyxAlver.

2) Mpoot&te! otis tpapuoyés yi& vé kdvoupe xprion THs Tapamdve [616TnTas Tpémel
TTpoTyouRtvws vk Exoupe éacpaiica Thv Urapn Tév dplwv TéV droloubidy ToU &piBunTi
kol TapovopaaTii kal dxdun &1 16 Spio Tiis dkohoublas Tol TapovouaoTi elvar Sidgpopo &md

T6 undév (BA. mpdTo Tapdderypa ot oeAiba 34).

3) Na& kdbe dréparo &p1Bud k loyier:

0#B, > B #0 = limPk=(limp,)k =pk  (keZ)
‘H mapamdve ouvemaywysd dmoTehel yevikevon Tiis (2) mol Siatumdvoupe oty Tpd-
™ Tapatipnon Tis § 22.

§ 24-1816TnTa XIV.— "Av lim a,=a, téte drapyer 6 lim | a, | kai icobtar
pé |a .

AnAadn : | ag>a = |a|->|a] |

‘Anédargn. Zfpoupe &md Ty TpomyoUmevn T&En &Ti: ¥ X, yeR loyle:

||x|—|yJI E|x—y]|, omoTe Exouue :
|| av!—|ot!| < |la,—al, ¥ veN kai (a,—a) =0, &poU a, - a.
"Apa (§ 15, Tlopiopa): (Ja, | — | a|) — 0 kai ouvendss | a, | — | «|.
"QoTe: lim| oy | = || = | lima, |
IZnpeioon. Mg Adyia # Tapamwave 516TnTa SiotutrdoveTan ds EEfs: To Gpro tiig émo-

Avtng tpfig magovykiivoveas axolovBiag elvan igo ué thv érodven tpf Tov dpiov Tne-
HNapotnpiicac. 1) Té dvtioTpogo Tfis Tapaméve wpotdoews Bév loyvel, éxtds &v
@ =0, dnAcbi &v lim| o, | = | a| # 0, Bév Emeton kai lima, = a, xai aiTé yioti elvan Suvatd
uia dxoroubia vé& quykAiver doldTws, ywpls Sucs 1 181x vé ouyxhivel, dmws &uéows gali-
vetanl &mé T6 dxdhouflo dvmimapdBerypa: *Eotw a, = (—1)", v=1,2, ... “Exoups:
lay|= (DY =1 =1 kal dpws o, =(=1),v=1,2,... 8 ouyxhlva.
2) Eidik& y1& @ = 0 loyler f) dxdhoudn loobuvaula :

l O > 0=y — 0, > 0 6= [0y| - 0.

‘H &méBefr Tns elvon duéows gavepr) dpel vh Bupnfolpe &t | oy |=] —a, |=1| ay ||

§ 25. 1&16TnTa XV (0w pifac)—Av lim @, = a, téte ioyge :
| limv|a,|= V[a| = Viim a, ’

*AnodeiEn. (i) "Av a=0, Intdue vé& Beifoupe STt V]a, | — 0. Tpdyuart,
&pol a, — 0 émetan 611: ¥ € >0, &pax kad yi& €2 > 0 F vy =vy(e): |, | < e
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M V2V ATS ThY: [a, | <€ = V]a,| <g ¥ vEv, "Apx Via,| = 0.
(ii) *Eotw Tdpa @ # 0. Aol a, — o Eyoupe: | a, | — | o, dmdTe:
e, | — || = 0.

’E€dANou loyler:

" _ eyl = el 15, v 5510 18 V14
|lvTeT—/Tal|= VT T (lewl—la) >0 14)

Tére Spews (§ 15) efvan: Ve, | — Vx| - 0 kad ouverdss Ve, | = V]l

Mapatmphosg. 1) *ATd THY Tapamdve IBi1éTnTa cupmepaivouue éTi: 1@ odpPola lim
kai V' imipénetan va Evalldooovrar dpiotepd and thv dxokovdic a,, v=1,2,...
2) Thé yevikdk foyler: &v a, =0, ¥ veN xal lima, = a, TéTe:

k K

lim Va, = 4/lime, (keN).
o Oi iBidTnTes TOU &moBeifope oTis TponyoUpeves Tapaypdgous pds émi-
Tpémowv vé& Pplokouue Tis Opiaxés Tiués dpioutvav dkoloubidy Sy1 Paocel TOU
Spiopoy, &AA& UTohoyromiké dvoAUovTas ‘16 yevikd Tous Spo, STrws paiveTan
o1& fméueva TTapaBeiypaTa:

) 2+ dv—T 2
TNapaderypae lo. Na arodeigerte bt lim e s
Abon. "Exoupe:
4 7 4 7!
2 gt | sy TR
4 4v—-T7 v (2+ v v"’) - b v vi
4+ 1 1 = 1
v’(3+ ﬁ) 3+ =
Of dmedoudin: Bus S imeipibion B don e b LS nomes v
v v vt v v
7’ el _1’_, v=1,2, elvan &hes unbevikés dxohoubies. Zuverrdds Exoupe :
v v

]im(2-§-% ——:T)ﬁ2+0—0=2 xaf !im(3+;l;)=3+0=3 # 0.

Tére Suws, cUupova pé v iBiétnTa XIII Tfis § 23, Eoupe:

4 7 - T
ot 2ty o Wm2E5 -55)
e e i o 1 E
Ti maparnpelte;
Iapés Né érobeitee fnu: Im X — V" T1 _ o
paderypa 2o. o3 .

Aven. “Exoupe:
1 1
w1l "3(1‘T+‘VT)_L_ b=tk
v -3 2 T

2
V»(1+—v~—T I+=
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| R
"AMAG: Tim L =0 gof lim — ¥S "V _ 2 s R
vi 1 3 14+0-0 1
=
Vv 41 1 . 1]: & v15
Apa: hmm = hmTz‘ . lim — 3 =0.1=0.
I P
" Vo
Inueioon.

'ATé T& BlUo mponyoupeva TapadelyuaTta maparnpolue k&t ToU oy et
Yevik& oTis ouykAivouoes dxoAouBies: “Orar 4 Babuds toi dolpnrii eivar ioo; ué 6 Pabud
Tl magovopaoti], tére T6 xidapa Exe Gpo Fvay dolpd  moi elvar 6 Adyos Tdv currelearav
@y peyotofdbuay dowr doluntii xai magovojaatij, &vid Grav 6 fabuds roi delbunTii eivas
puegdregos and ©d Pabud tov magovouanriy, rére 6 #hdopa Exec Gpo T4 pmdé.

§ 26 Mepikés aEloonpeiwtes kai xprioipes épappoyéc.—3' Ut T
TApaYpago MeAeTEME epikés drkohouBies TToU B& wds elvon TOAY Xpnoipss ot
Emopeve, y1I’ aUTéd oUVIGTOUME 0TSV dvaryviooTn vé Bdaer  {SiaiTepn TTpocox .

n. Na arodeifere bn 1 dxokovbia a,= ', v = 1,2,.

<., Omov @ apiBpog TPAYRATIKGG
pé || < 1, givan HNdEVIKA.

AnAadn: hwl <1= g, =0 -0

"Anodeign. a) "Av © =0, TéTE o, = @' = 0, % veN xai ouvenrds o, — 0.

P "Av @ #0, Té1e 0 < |w| < 1, dmédTe J:)I > 1, 8nAadn o] — 1> 0. ©ttoupe:
e 1 =0, &mou 6 > 0. Tére, &md T yvwaTh dvigéTnTa ToU Bernoulli, &xoupe:
|w]

T:W= 140 = Jula_l'=(l +0) = 14vB> 0 = | = | " <L:_;_ ; ‘1’

"Qoe: ]u,i:]w”]-(—al__-_:.,vvet‘i.

"Apa, tmedn % — 0, &wd v iBiétnTa VI wpokitrTer &T1 kal iy dxorovBia o= w",
v=12 ... (0 < |w| <1) cvar pndevikn.

Qote: ¢ weER pt —1 <w <1 foyUer: limwY= 0,
¥ 21 "Eoto pia dxorovdia a,, v =1,2,... pé a, £ 0 3 veN. Na amodeitete b :

av+1

lim =k <1 oy

v

"Arodergn. *Agou ll’il_l -k, 0=k <1) &metcn ém1 : ¥e>0, dpa kal yi& 0<e<1—k
oy

Umdpyer BelkTns v, = vy(e) : I I%

—kl <E ¥ Vv,

"Eto1 y1& x&Be v = v, Exoupe:
| &g | i | @iy |
[yl | ey |

“Apa: law|Sela] ¥vzv, @O0<w<l).

—k+k |§i ’L:l_

_k\—f—- k <et+k=w émov 0 <w <1
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