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MEPOZ IIPQRTON

ITOIXEIA MAOHMATIKHI AOTIKHEZ KAl ©EQPIAT IYNOAON
KE®AAAION I

MAOHMATIKH ITPOTAZIAKH AOITKH KAI ZYNOAA
EINIANAAHYEIZ KAI ZTHMIIAHPQEEIZ

§ |. NMpéracig (amhij, kamyopiki) - Mporaciaxdg Timog.— ‘H Evwoia
Tfis GmAfis TpoTdoews *), dxpiPéoTepov THs «Aoyuxiic mpordoewsy, BewpeiTan els
T& pefnpaTikd @5 pla mpwtagyxr Evvowa, SnAadly s Evvoia uf Embeyouévn
Spioudy, s Evvola prf Suvapévn v dvaybii els &AAnv Ewvoiav. Els 10 ouvteakTi-
KoV, A.x., f| (&mAf]) mpdTacis opileTon &5 «Adyos ovvrouditaros (mpopopixds
1) yoantis) pé dvredids andoty mepegduevovy. 'EmeEnynpaTikes Suvdueba Tdhpx
v& eimmwpey OTi: Els T& pafnuoTikd kol yevikéds eis THv Aoyikfyv (KAaooikiv
Aoyiknv) dik ToU Spov «rpbtasigy (ATAf], kaTnyopikn) évvoolpey plav Exepa-
o pé TAfipss vonpa, 7 omoia EmbéyeTon Eva dkpIP@s &k TV XOpaKTNPITHEY
«@dnBio», «yevdijgr xai pé Ty oUThv TévToTE onuaciav, &xpiPéoTepov évvo-
obuey 1O mepieyduevor, To dmotoy Expodlousy dia uids moooTdoews ué iy Evvolay
108 ovvTaxTixod xal dut 16 Groioy dvrdueba xara éva dxpifdc Todmov va dmopay-
Oopey, dv elvar dAnbés 7) pevdés, dmoxldelovres didny mepinrwow. OUTw, Y., 1)
EKppaOIs :
«6 agtbucs 10 elvar dotiogy (1)

elven pia Aoyikf) mpéraos, ka®’ doov &,T1 alrn Ekepdder elvan dinbéc.
‘Opolws 7 #kepaots :

«6 agibuos 3 elvar drawpérne Tov 8» (2)

elvan pla Aoyikfy mpdTacis, ka®' doov 6,11 alTn Ekppdler elvan pevdés.

Ol yaparTnpiopol ainliés, yevdés kaholvTon tipai dindeiag xal TapioTav-
Tar ouvfifes pE o,  duTioTolxws. Tds Siapdpous (Aoyikds) mrpoTdoEs, @S
yvepifouev kai éx Tév poBnudTwy Tiis Tponyouuévns T&EEws, T&s TaploT-

* OepeAieoThs Tiis Aoyikfis Tév mpoThoswy UmfipEev & oTwikds prAdoogos Xpoounnog (281 -
208 m.X.). 'H vewTéipa dvdmrruis THs pobnuarikiis wpoTaoioxfs Aoyikiis dmrnoxéAnoey mhei-
aTovs HeydAous pricodgous kal pafnuaTikols, dx Tév Leibnitz, Boole, De Morgan, Schroder,
Frege, Russel, Hilbert, Ackermann, Tarski k.d.

WnionoBrke amod 1o ivotirouto EknmaiSeuTikrg MoAmkrg



pEV YEVIKES M& MIkpd ypdppaTa TolU Aatwikel dAeapriTou kai kaTd mpoTi-
pnow pEp, q T, ...

‘Otav TO TepieySpevoy wds mpoTdoews p elvon dAndés, TOTe Abyopev OTi
| TpoTaois Exel mpnv dindeiag @ ol ypdgouev T(p) = o, &tav &¢ TO mEpIE-
youevov Tiis p elvon weudls, ToTe Aéyouev STL alTn Exer upfv dinlsiog v kal
ypégopev T(p) = y. “QoTe:

*
T(p) = {

opo

a, & p &Ands
Y, &v p \peudiis.

Els v Siatimwow T&V TPoTAOEWY Kol YEVIKWTEPOV TGV EKPPATEWY,
i8lcos 8¢ els T& pabnuaTikd, ouvavTdpey Spous kal cUpPoAa, Smws, T.X., Els
T&s dvwTépw mpoTdotls (1) kal (2) @ «dprios dolbludsy, «diawérner, «10», wai
Afifos &AAa Trapopol, T& omola Exouv piav kalwmpropéviy kei pévipov onpa-
ciav eig dhnv v Sudpkewav tiig inelepyasiag £vog Bépatog. Ta TolalTa oUu-
PoAa kai Spous KoholUpey, s yvwoTov, otabepis (&roukds fi karnyopikds).
Els T& pofnpaTikd Supcs ypnoipotrololvtal kol &AAo Ekgpdots, s, T.X., T :

«6 x elvar dpriog Goifuocy

&mou 16 cUpPolov x Btv Eyel kabwpioptvny ki pévipov onuaciav. Oltw, ).,
TO x SUvaTar v& UmodnAol Tov &piBudv 7 f Tov ]/Erﬁ Kai olovBnoTE &AAoV
&piBudv. To oUpPodov x, T dmoilov, G dvwTépw EAéxBn, B&v Exel uovipov on-
paciav, keAeiton peraPhnti. Eis Thy dvwtipw Ekppacty mapatnpoluev &T1 :
&v ls Thy Béow Tiis peTaPAnTiis x Géowuev piovkaTdAAndov oTabepdv, ..,
&va olovdrioTe Quotkdy &piBpdy, ToTE alTn kalioTaTan pla TpdTacls (GAnbhs
A yeustis).

Exppéatis, o5 ) dvwTépw, &ls Tas drolas TO cUuBolov x Bév Exel xabwpi-
gpévnv Kai povipov onuaciav, SnAadn TaploTd plav peTaPAnTiy, kai ai omoion
koBioTavTar wpoTdoels, STav 1) PETaPANTH X &vTiKaToaoTaff] &md TUXOV oUY-
Kekpluévov oToryeiov A Evds ur| kevol ouvdhou Q, koAolvTal, @ elvan yvwoTov
&k T&V pabnudrev Tiis Tponyoupdvns TéEews, wpotaciokoi tomor 7| dvoiktai
npotdcels, GAAwS TPOTACIOKAL CLVAPTRGEIS MISS METAPANTTS.

To ouyxekpipévov oToiyeiov A, To omolov dvTikabioTd ThHy METaPANTTY,
B1& v& TpokUyn TpoTaols, KaAeitanr TpR Tiis peTaPAnTiis. TO olvodov Q TV
TGV Tiis peTaPAnTHs Kaheiton abvohev @vagopic ToU U’ dyiv mpoTaciakol
TUTrOV.

*Avaddyws Topa opileTan kai 1) Evwoix ToU mpoTagiaxked TUTou &Uo 1
TEPICCOTEPWY METAPATTEV.

Xé&pw ouvTtoplas ovpPoAifopev ToUs TpoTaoiakoUs TUTTOUS pE uiaw pe-
TapAnTiY, X THY X, Six Tév: p(x), q(x), r(x),..., ue BUo peTaPAnTds
mX. Tas X,y 81k 1@V p(x,y), q(x,¥),... Kai yevikéds Bk v 1O mAfiflos peTa-

* T gUpPohov: <T onuaivel, &mrou ouvavtaTon 5@, «ioov EE Spiopoi.
)
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PANTSS : p(XyXg,. .., Xy) Kod Evvoolpev 8mi: 9 uerafints x diatgéyer &v oivo-
Aov avrixelpévaw, dvriotolyws 1o (edyos (x,y) tiw pevaflnrdv v obvoloy (ev-
yiv dvtixeypbvoy, tiorolyws &  obvoloy v - ddwy avruepévar i Ta dnoia
dvapéperar 1) Expoadis p,...

To &v Adyw oUvolov koAsitan ebvohov dvagopls ToU Um’ Sy mpoTta-
olaKoU TUTOU, TO 8t cUvoAov T&V TIpGY THs METaPANTHis ) TGV peTaPAn-
Tév, S Tds omolas & TpoTaciokds TUTTos koBioToaToan &Anbhs mpdTac:s,
kaAeiTal obvohov tpudv dinbeiag Tol mwpoTagiokol TUmou. Oltw, Y., T #k-
PPOOTIS :
p(zy): «y = 5z — 12, &ba 16 ebupotoy | mapiord vy Betixiy revpay. pilavy
elvoan  els wpoTaoiokds TUTos TV BUo peTaPAnTdv X,y pE  oUvolov
&vagopds TO Rt ¥ R, BnAcadn f) petaPAnT x SiaTpéyel TGO oUvoAov TV un
&pvnTikGY &p1Budv, ) B y TO oUvolov TGV TpaypaTikGY &piBudv. 'Edv fidn
&vTikaTaoTiowpEY €5 TOV p(X,y) fk&oTnv TGOV HETAPANTEV pé ouykekpipévny
Tighv TpokUTrTouy (&AnBels ) Wweubels) mwpoTdoes. OUtw 1) wpdTaols p(4, —2)
elven &Andns, &véd 1) p(3,2) elvan weudis.

§ 2. Mooodeikral.—Qs eAéxdn dvwTépw, 6Tav 1 ueTaPAnTH Evds TpoTa-
olakoU TUTou A&Pn ds Tipfv v dpiopévov oToixelov ToU ouvdiou dvagopds
Tou, TOTE & TpoTaciakds TUTTos kalioTaTal TpdTaocis. ExkTds duws TolU TpdTou
ToUToU Utrdpyouv kai &AAor TpdTol, Buvaper Tév dmolwv Buvdpsha va kaTa-
oThiocwuey v TrpoTaciakdy TUTTov Aoyl wpdTacv i KAeloTov TUTOoV (&An-
8] fi weudd). TTpds ToUTo &piel vé& TpoTaSwuey ToU TpoTaciakol TUTOU Blopo-
pous Ekppdoels, s ol: «indoyer (rodddyiorov) év..n, «did pepuedn, «did
wdflen, «OC Blan, «OC &v dxoifdcny, «OU &v 1o moldy, «Br oddévy K.&., oi dmoixi
koAolvTan mosodeixton 7| xPavnistai. 'Ex TéV dvwTépw TocodekTdy of :
wdmdoyer (todAdyiorov) évy wod «did xdfen, A5 yvewpifopsy kal & TRV pobn-
pédrewv Tiis Tponyouptuns TaEews, Exouv iBianTépav onuaoiav els T& palnuaTika
kol kahoUvTon drapElokds dvTioToixws kabBolikdg mesodeiktng, TapioTavTon 8¢
GvTioToixws S1x TGV oupPdiwv @ «dy, @yfr.

Oi TrooobeikTan, s EAéydn, mpoTdooovTal *) TPOTACIOKEGY TUTWV 0UTw:

o) «JIxp(x)» dvayryvookeTan @ «Umdpxel (ToUAdyioTOV) v X, DOTE V&
loyun p(x)», eite kai oUTw: «B1& pepikd x foyuer p(x)».

B) «\Axp(x)» dvaryryvidokeTon @ «di1x ke x foyuer p(x)», eite kad oUTwo
«B1’ Oha T& x foyver p(x)».

*Eoteo Q TO oUvodov dvagopds ToU mpoTaciokol TUmou p(x). Tolto
ywplberan els 8Uo alvola, fiTol els T oUvorov Qq, 81& T& oToIKElx ToU dTroiov
6 mpoTaciaxds TUTos p(x) yiveTon Aoy TpdTaols pE Tipny dAnfeias o kol
TO gUvohov Qy, Bik T& oTorxela ToU dmolou & p(x) yivetan Aoyikhy wpdTacis

* KarwTépw, X&pv edkohics, ol moooSeiktan Emovran tvioTe TEV TPOTATIOKGY TUTTWVY.,
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ut Tty &AnBeias w. Elvon govepdv Thpa 6T1 ai ékppdotls TGV popedv o) kai
B) €lven Aoyikal TpoTdotis pE Tipds dAndeics dvTioTolyws TS :

“@spo = |5 iy Tvxp(ryy = & 2 D=
W, Ev Qo= ¢ W, Eav Q=L ¢

TpoTdoels T@GV popeddv o) kai B) koholvran dmapfiaxal, dvrioToiyws
xaflodixal, ENAws mayxooutaxal TpoTaoels. 'Ek TGV dvwTépw ocuvdyopsy Tdpa
611 : Mia drapilokt) dvTioToiyws pia kabolki) npotacig sivol navrots pia lo-
ki) mpotacic ij khelotdg Tomog.

Oi ooobsikTan TpoTdogovTal Kal TpoTagiakéy TUTwv dUo fi mEplocoTE-
powv PeTaPAnTGY.

Enueinag. ‘H Ekepaois «bndgyet dxgific évy, ENAws «indoyes £v, xal pdvov évy mapi-
oTaTen oupPoAikas 81° tvos TGV oupPoAwv i i ly, «if's, «@ P

§ 3. Aoyikoi olvdeopol - ZOvOeTor mpotaoeig.— Eis iy pofnuaTikiy
Aoyixfly, &mres kal els TV kabBnuepwny dmAiav, tv YpnoipoTrololpey pdvov
ATAds poTdaoels. ZuviiBws Tas ATTAGS TpoTdoEls ouvdioper PeTall Twv Pt Sio-
popous AfEels Kai éxppdoels (ouvdeTikd), Tas oTroias KaAoUpey Aoyikodg ouvdE-
opoug kai oynpaTifopey xaT’ alTov Tov TpoTov véas (ouvBeTwTépas) TpoTdoEs.
Tas Toiaras TpoTdoels dvoudlousy ouvbitong mpotdseis. [evikéds els THy Aoyi-
kv T@V TpoTacEwy, @5 Aoyikol oUvdeouol BewpolvTar ai éEfjs éxppdoels :

«xeiy, «eltey, «ijp, «av. .., 161e», «totE, Koi pévov tote, Gy, Emions 1
Exppaots «oyr (88v)», Stav Tifeton Tpd wEs TpoTdoEws.

Ex TGV dvwTépw AoyikGv ouvbéouwy & pev «dye (dév)» elvan povopeiig
oUvBeopos, 8161 TpoTdooETan WSS TpoTaoews, of Umdhoirol Spws slvan Sipe-
Aelg, 8161 ouvBéouv Suo mpoTdoels. KoTwTépw B& pedeTiowpev KaTd Tolov
TpdTrov Emibpolv eis THY onuaciav TV mpoTdcEwy of Aoyikol cuvdecpol.

§ 4. MNpa&eig perald Aoyik@v mporaocewv.— Eis 11y pabnuorikiy mpo-
Taglakiy Aoyikiy Sexoueda 811 Utrdpyel v cUvoAov GTrAGY Aoy IKEY TTpoTdoEwY,
1o dmolov oupPoiifopev pe L, T& 8¢ oToiyeia, € dv 1o L ouvioTaran, SnA. Tas
TPOTATELS, oupPoAifopey, ds EAéxBn ol eis Tiv § 1, pd T& ypdppaTa p, q, 1,. . .
(Xwpis Befktas ) kai pé Beiktas, AX., P1, Par---» Qur Gar- - o5 Iy oo e )

Aeyopeba gml wAfov &1 gls EkdoTny TpdTaow p €k ToU L dvmioToiyel pia
kai povov Tipf dAnbeias, fi o 7 W, fiTor Seydpeba 611 Umdpyer pla ouvdpTnols T
pe mediov Opiopol Tns TO ouvorov L xai ediov Tiudv Tns TO SipeAis oUvolov
{a,y}, fiTor:

T: L—>{ay}: p— 1(p)e{ay}.

Tij Ponfeia T&v Aoyikév ouvbéopwv Epobdidfopey TO ovvolov L Té&w
AmAGY TpoTdotwy Ut «loyuxas medéeigy. Mio ToixUtn mpdgis ololaoTikGs
owvigTaTal £is Trv, g5 Bobeioav AmAfiy TpdTagiv T Lelyos ATAGY TpoTLoEWY
& ToU L, dvmioToixiow wés véas TpoTdoews, fiTis KoAeiTan edvletog mpétaotg
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npdns Padpidog. MdMoTa 8t gls THy mpdTny meplmTwow f &L KoAsiTan
povopsiis els 8¢ THy SeuTépav diuedis.

AV ixdotny oWvletov TpdTaow TpwTns Pabuidos SpileTan dxpiPdds pla
Tinf v {oyy). ‘H Tipny Tifs ouvbétou TpoTdosws fv {ay,} | omola koAsiTan
Kal Ty ddnbelas Tijs ovvbérov mgordosws, OpileTon TAMipws &K TEV TIPGY
dAndelas éxdoTns TV ATAGY mpoTdoEwy &k TGV Omoiwv ouvioTaTal Kol €K
Tol Tpomou cuvbicews aUT®V Tpds oXMUaTIoUdV TS cuvbéTou TpoTaoEws,
oUyl dpows &mwd TO mepeYduEvoy alTdy.

Oi Bikpopor TpdTrol ouvBéoews GTTAGY TTPOTUCEWY TPOS OXTUATIOHOV
ouvBéTou TolauTns, dmoTeAcUv TAs «hoyikdg mpaEeisy peTafU TGV TpoTdorwv.

Al BepehicoBeis Aoyikad mpdes xal al Tipal dAndelas TéY olTw oynua-
TiLoptvaov cuvBETwy TpoTdoewy, S Yyvwpifopey kal gk TV palnudTwv TS
Tponyovpévns T&Eews, elvar of &Efis :

1. Eoleviig. Kalotuey o0leviiy ddo npotdoewy p xai q vy apdracw «p xal
q», ovufolixis «pNg», Tip dnolay Seydpcha aAnlls] pévov drav ai ddo mpordoss
P Kai g elvae aAyleic xal yevdij el ndoay didny meolnrwon, fitor :

a, v T(p) =0 = T(q)
W, els m&oav &AANY TepiTTTROY

(1

T(phq) —— {

opa

2. "Eyxderenkt) hualeviic. Kadoiuer Eykhewetikiv Swalevbwv 7 xal dnlac
ualevbuv dvo moordoewy p xal q iy mpdracw «p it g», ovpPoluxds, «p\Qr,
T 6rotay deyducha wevdij udvov, drav xal al dbo mpordocis p xal g elvar wevdeic
wal @An07j els waoay dAAny mepintwow, fro :

T(pVq) ==

opo

{ g, twv T(p) =y = 1(q) @

o, els w&oav &AATY TEpiTTTWOW

3. Aroxiereniki dualevEic. Kaloduey anoxderonikiv saleviiv ddo mpord-
gewy p xal q Ty medtacw «p ij q», dAdws «ij povov p §j pévov g» ovuPolixds
«p N g» Tip 6moiay dexydpeha pevdij, drav xai ai 6o mpotdoeis p xai ¢ Eyovy Tiy ad-
iy Ty dAnbeias xal dAnbij, 6ray ai p xai q Eyovy dragpdpovs Tiudac dAnbeiag, Fjroc:

T(pVq)=—

opo

y, tav 1(p) = 1(q)
{u, b (p) #7(q) )

MNopaderypa. Eig ta Mafnpoanka 1| Exgpacis : «6 a elvar peyarvtepog ij ioog tob B» opi-
Leran dig £EfiG :
a =B iav, xai povov 2av, « P i a =p.
Katémv tod dvatépm dpiopod moia 1) tpf dAnbeiag tiig mpotdozmg : «4 = 3n;
Anavinoig. Auvdper Tol & dvew dpiopol 1) dvwTipw mpdTaots eivan looBUvapos Tpos
Ty : «4>3 § 4-=3». AUTn &moTehei piov &mrorAsioTikny Sralevbiv ut ipfy dAnbeias a, Biom,
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&v TapaoTiigwuey pE p THY TpdTaow : «4>3» kel ut q TV : «4=3», Hopev T(p) = o xal
(Q) =y, fro1 7(p) =4 (a).
Enpeioorg. "Ex ToU dvetépn mapaBelyparos oupmepaivouey 811 efvon dpBov v ypd-
PWHEV «X = X» B1& xd&Be XER (Giori;)
4. "Apwmorg. Kalovusy Gpvnow pidc mpotrdocws p iy modracw «dyr pr»
ovpfodixdic « ~ p», dAdwe Py, 1) dmola elvar ainbiis, drav 4 p elvar pevdis xal
yevdrjs, dray 1 p elvar adnbijc, ot :

T(~p) =

opo

{ o, v T(p) =y @

Y, &av T(p) =«

Ex Tév dvwTépw ouvdyopev 6T of Tiuad dAnbeias TéV p kel ~ p elven
Tmé&vtoTe &vtifeTol.

5. Zvvenayayi. Kaloduey svverayoyiv ddo mpordoewy p, ¢ tiv modracw
«k@v p, 1dte g», dlAws «p ouvenGyeton g», ovufolieds «p = q» iy dmolay deyd-
ueba yevdij pdvov, 6ray 4 p elvar ainlng xal 1j q pevdns xai Ginbij eis wdoay diiny
meplnrwow, froL:

{ y, &v T(p) = a xad T(q) =y )

T = —_
(® Y a, tls wdoav EAAnY TrepiTTwOIV

opo

IMapatnpiioeig ) "ANAor TpdTror SiaTumrwoews Tiis guveTraywyfis p = q elven xal ol

s :
1. «p elvar ixavy ovwbizm Sia gq»

2. «q elvar dvayxaia owwbixn éa p»
3. «iva q dpxei py.

B) ’Edv 1y wpbTaois p elven weudtys, TéTe f) ouvemraywyt : p => q elven TrdvroTe dAndns
Bi1& Tioav Tiuhv dAnbeias Tiis TpoTdoews q. "Edv 8¢ f) ouverraywyn: p = q elveu &Anbis, TéTe
d¢v Emeton dvorykaiws &1 ol mpoTdoeis p kal q elvoen dAnBeis.

1) ‘H ouvereywyn: q=>p koAeitar Gviiotpogog Tis: p => q, N 8¢ ouvewaywyr :.
~ p =» ~ q Kaheiton dvriBetog Tfis: p = q. Téhos 1) ouveTmaywyr|: ~ p = ~ p KaheiTan
avriotpogoavrifetog ThS: p = q.

8) ‘H wpdTaots p kaAeltar Td «agdrov pélocy 1) «if vmdleaicy kal 7y q TO «devregor uélogy
A «rd ovpmépacuay THS cuvemaywyfis: p = q, f| émola koAeiten Kal OmoBenikn npoTacis.

Hapaderype. “Eotw 1) ouvemoaywyn: p =3 q: «dav 1& Tplywva ABI, A'BT' elvan
foa, tote ol yavia Twv elvar foar plo wpods plavs.

‘H Umrdleors p ¢ «Tx Tpiywva ABT, A'B'T' elvan foom elvan ixaviy ouvliikn 81& 16 oupré-
poopa Tijs ioéTnTos TéV &vTioTolXwv yuvidv. To oupmépaoua q : «&i ywvian Tév Tprydvwy
elvar foan pla wpds wlavs elven dvaykaia guvdikn (ouvéreia) Sik Thy lodtnta T@Y TRy,
BnAabh Gtv SlvavTar T& Tpiywva vé efvan Toa xowpls al ywviar Twv v elven foa pia wpos piov.

Enueinog. ‘H Eppaois «ovunegaivetawy elvan Bidgopos Tiis dxppdoews wovvendyeray,
xa®” &1 Srav Abycopev &1 ) wpdTaais q elvan ouptrépaoya Tiis TpoTéTEWS P, tvvooluey &1 elvon
Buvardy v droBelfwpey THY &ANBeiav Tiis q oTnpiGéuevol els THY dAfBeiav Tiis TpoTdoEws p,
v N ouvemraywyn p = q loxver, &w A  elvan dAnbhs, dvebapTiiTws ToU taw 1 p elven &An-
Bhs A weubts.
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6. Aoyki ieoduvapia. Kaloduer (Aoyuxiy) icodovapiav ddo mpordacwy p,q
7y modraow «p thte, Kai povov tote, Gv g», dlAws «p ovvendystor ¢ Kol avri-
otpbpmgy, cvuflodueis «p<=-q», T dnolay deydpeba alnlij udvov, Grav xai al
dio mpordeeis p,q Egovy Tip adriy Ty dinlelos xal yevdij, drav al p xel q Egovy
drapdoovs Tiuas dinlelag, fror:

a, tav T(p) = T(q)

y, & T(p) =#1(q) ®

T(p <= ) o [

"Ex Tol épiopol THs (Acyikfis) loobuvapias évwooluev 6T loylow ol
g€fis 1B1dTNTES :

1.pesp 2 (pe>q)<=>(gep) 3. (p+>qhg<>r)= (p+=>T)

EInpsinog, "Otav SiAwpey vd SnAdowpey &71 ) fooduvapia p <= q 800 TpoTdaewy Upi-
atoTon €6 Spiopol XpnotporoioUuey TO oUMPoAOY <=%-, fiTO1 YpagouUEY D <=3 .
opc opo
*Avakepaloinows, Al Tipad dAnBeias TGV dvwTépw Aoyikév wpabewy (ouv-
Btoewv), dmopptovoan &k T&Y opiopdw (1) — (6), &modiSovTan ouyKeVTPLTI-
ks Umd ToU k&Twd mivaxeg Tipdv dlnbeiag:

ZolevElg |'Eyxh. Awal.| Ar. Awig. |Evvexayorh looduvapia TApvnotig
! ! PAD | PVA | pPVQ |pP=q|P<+=0d| ~Pp ~q
[+4 o [+ ¢ [+ 4 vy x [+ 4 ' W
o ¥ W o a ¥ Y L =
vy x v e [+ 4 x v [+ W
v | v y y y o a a o

§ 5. Taurohoyiali— rautoloyikai igoduvapiar kai avridoyiaL—Mia
cUvbeTos mpoTaols, f dmola popgdveton &mo &AAas mpoTdoEls p,q,r,. . ., TE-
Tepaouévou TATBous, ouvBeopévas pE Ta oUpBoAa (AoyikoUs auvBéapous) A, V,
V, ~, =, <= KoAeiTon, 05 yveoTdv, hoyikdg tomog. OUtew, m.x., ) Egpa-
oI5 : [(p=q) A~ q]l =~ p elvan €ls Aoyikds TUTros.

Aidopev Twpa Tous k&Twb dpiopous :

1. @a Aéywuey 61 &vag Aoywxds témos P elvar tavtohoyia tdre, xai pdvoy
Tdte, dv xabiorarar aAnbic modragic dud xdbe avvdvaoudy Tiudy dAnbelag @y mpo-
tdoewy, ai émoiar Tov cvvléTouvr.

Al TauTtohoylar cupPorifovtan ué mpéTafiv ToU oupfdhov: |-, fiTor:
&v P elvan pla TauTodoyla, TéTE yphoouev : — P.

‘Qpiopéven TauToAoyian, Adyw Tiis yevikils foyxUos Twv, kaAolvtan apyai
fi vopor. *ASidAoyor TauTohoylan elven al &Efis:
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1) Néuos tijc ravrdryrog : = p=p

2) Nduog 7ijs bundijs dowjoews : = p <=~ (~ p)
3) Néuog vijs tob wgitov dmoxdeiocews: |- p V. (~ p)
4) Nouos wije dvripdosws : =~ A (~p).

To &éT1 alrou elven TauToAoyial, TrpokUTrTel & Tol ké&Twd Tivakos

P{~P| ~(~p)| PA(~P) |[P=2D| P<=> ~(~pP) | PV~p ~[pA(~pP)]

ol y o 7 « o « o
ol v |y o a < a

"ANAD &E16Aoyos TauToroyia lven kai 7 £Efis -
[(p= DA (=)= (p=r1) (vduoc cvilopiouoi).
2. Od Mywpey dte Evag Aoyunde témos P elya Tavroloyikdg igodbvapoes moos
&va @hov doyixdy Témov Q xai 0c yodpouey P = Q tdre, xal povoy Tdte, dv Exovy
mavrote Ty adriy Ty dhnbelac, ond. éav 1) loodvvaula P <=+ (Q elvar tavrolo-
yta, fjTor:

PEQ:::I—(P*#Q)

HpoctEare: ‘O ocvuPoiiouds P = Q S&v elvan TauTdonuos pt TOV : P <= Q
(Brari;)
"A€idhoya TapadeiyuaTa loobuvaméy of dmoicn elvon TauToAoylen elval
ai :
~(PAQD =+ (~p)V (~q)
~ @V Qe (~p)A(~q),
al émoion elvan yveworad ds vduot ros  De Morgan xai &rmroBeikviiovTan elkdAws
B Tév mvdkeov dAndeios. Auvvdper Tév GvoTépw ol vépor ToU De Morgan
YpdeovTal kol olTew :
~PAD=CEPI VD, ~Ove)=(~p)A(~0q).
‘Opolws Exopsv (PA. MabnuoTikg A’ Tupvaoiou, oeAls 32 - 33) :
L= q=(~p)Vq
2. (p+=> ) =I(~p) VqlAlp V (~q)
3. (V) g =I(~p)Aql v [pA(~ Q)
Hapatipnows. "Ex tév tp16v dvwréown TaUTOAOY18V ouvdyousy 8T Btk TGV TpdEecov :
Tiis &pvfioews, Tfis ouledEecos kal THs Biabelfecos Buvdieta vi Eppdawper Tés &Mag TpdEers :
Tiis ouveTrarydoyfis (=), Tiis looduvaplas (+=) xal Tfis &worAeioTikiis SralevEecos (V) xkad

ouverrdds oloodfimote Aoyikds TUmos Slverran v Sioruebii povov Bk TV TG ouppé-
Awv: A, V, ~.
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*Emraidh 8¢, xard Tov véuov Tou De Morgan, Exouev: pAq = ~[(~p) v (~q)] ovu-
mrepadvopey 871 Buvdueba olovBfimoTe Aoyikov TUTOV Vi TOV EKQPATWHEY povoV B1&c T&v Aoy~
kév ouvbiouwy (TUVBETIKGY) @ V, ~.

3. Od Aéyouer dre Evag hoywos timog Q elvar dvndoyia, dllws dvtigacs,
76tE, xal pudvoy Tdve, dv 1 dgymoic Tov ~ Q elvar Tavtodoyia, fror dv xabiorarar
modTacts yevdic dua xdfe ovvdvacudy Ty dinelas Ty mgordaewy, ai dmoiat TOY
avviéTouy.

Mia dvTidoyla oupPolifeton pt wpoéTafw Tol ouuPoiou: ~ |—.

TMopadevype : Aciate 6m 6 hoyikdg timog: (p==>q) <= (pA ~ @) elvar dvudoyia.
Aborg. T &1 olros elvan dvmihoyia TrpokUrrer &k ToU kéTwh mlvaxos els Tov Gmolov
B(p,q) TapioT& TOV &v AOyw Aoyikdv TUtrov:

1 | |
B uie ) T i S e G R | B(p.q) |~B (p.q)
S—— ‘7 S | [ f,illg. s S
o a it | e w v «
o g o W a | v} i o
v | « L S Sl LA G o
W Al e A - LT O o

*Ex ToU &vetépes Trivakos TepartnpoUpey 8Tt f Tiph &nbeias ToU Aoyikol Timou B(p,q)
elvan mévtoTe W Bi1d kdBe ouvBuaoudy TRV &Anbeias TGV p kol q. 'Emiong & Tiis TehevTaios
orfiAns ToU &vertépw Trivaxos PAémopev 6111 ~ B(p,q) elven TauToAoyla. "Apa s ~ —B(p.q)-

Teviki) rapatipnois. T uéypr Tolde dvorrtuyBévTa mepi Aoyiopcl Tév
TrpoTaoEwy foyUouv kol &v els ToUs dvwTépw Trivakas T& oUpPoAa p, q, T,. ..
dvTikaTaoTafoly pé TpoTaoiakoUs TUTows (&voikTds TpoTdaELs), TV dmoicv
Sucos TO dAndEs 7 weudts 8& dvagépeTan es TO olvoAov TédV TS PETaPANTHS
f| TGV peTaPAnTV TGV &V Ady® TrPOTACIOKGY TUTIWV.

§ 6. Teyvikf mpayparomoinoig Tiig guledfews «A» kai Tijg EykAei-
omikijg Sraledfewg «Vn.— "EvTaifa Secopoluey oxdmiuov, Smws Bi1& pEPIKEV
XOpaKTNEIoTIKGY TrapadearypdTwy Epapuoyfis Tiis dAyEPpas TEV TPOTACEWY
Tpooptpwiey els Tov dvayvdeTny Thy IkavoToinoy, 871 TeAsicos &onpnpévar kat’
&pyiv uodnuariked wvolen SuvavTar v elpouv Mav onuovTIKES Kal TpaKTIKAS
tpapuoyds.

Els dmAcls Tpdrros Sick v Exwmev T&s BUo Tipds o kad @ Wwds TPOTATEWS
p elvan ¢ THY Borfaiav Evds Biaxédmrou (T.X. BiakoTrTOU peUparTos, SiaKOTTOU
UBaros k.T.A.). OUtas Exopev : T(p) = o, & & BiakdmTns elvon KAEIOTOS (xAs1-
oToV KUKAwua - BiépyeTan pelipa) kal T(p) = y, &v & BiokdmrTns elvan &VOIKTOS
(&vorTdy kUKhwua - kv BitpyeTan pelipa). Els 81akdmrTns oupPoiileTtan s EEfs :

EiooSos f/pl “Efobos
(BraxdrTns)
ol Abyouev 811 &moTehel: «z6 xixAwua Tijs mpoTdoews pr.
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“YmoBéTopev Tapo, &1 els AowmrThp A elvan ouvBeBeubvos uE plav YV
peduaTos kai 811 petaly s Ty s kKal Tol AaumrTiipos TapeuPdAiovTal, Ko
Siapdpous Tpdrous, BiokdTrTal p, q, T... Elvar gavepdy, &t td A elven elc
Aoyikds TUmos TGV p, q, T..., fitor: A = A(p,q.r,...). Zuppwvolpey &¢:
T(A) = «, &v & Acumrtip ewTiln Kai T(A) = g, & 6 haumrTip Btv guwTiln.
Obre 1) oUteulis p A q BUo TpoTdoewv p kal q &moBiSeran &Td TO «KUKAWHOD °

e
(MaxdmrTon v oe1p) A @

TAZIZ
Maparnpotuey 8T1 & Aapmrthp pooTilel, ftor T (A)=1(pAq)=a, pdvov

étav xai of 8o Biaxédmrron elvan ouyypdves kAeioTof, #Tol T(p) = @ Kai
T(q) = o, &vé® 8dv pwTiler eis TEoaY EAATY TEPITTWOLW,

«kUkAwpa Tiis pAg»

H 818eudis p V q BUo mpoTéoewy p kad q &mobideTan &rd TO «xikAwpas :
P
o

TAZIZ A
(AioxdmrTan v wapaAifiig)

-;— «KUKAwpa TS p\/ q» =

ToparrnpoUpey 611 & AapTrTip S8v puoTilel pévov &Tav kai of dlo SiaxdTrTon
elvan ouyypéves dvoiktol, fitol T(p) = y = T(q), tvéd peoTiZer &ls TEoaV EAANY
TEPITTWOW.

"Exovtes U’ Sy T& dvewTépw Kkai Tds TauTohoyias 1), 2) kai 3) Tis
oeAibos 16 Buvdpeba Twpa elkdAws v OXTNHOTIOWHEY TA «KUKAGUOTON TV
TPOTEOEY v

P=4q P<=q, pYq
&vba ) &pvnois ~ p Tiis p 8& TaploToTa pE BlakdTTTNY KAEIGTOV (&vT. dvokTéy),
&tav & p elven BioxdmrTns &voikTds (GvT. KAeloTOS).

18

WnionoBrke amo 1o ivotirouto EknmaiSeuTtikrg MoAmkrg



AZKHEEIEZ(*)

A -1, N& evpefolv of miped &inbelos Tév kérwd ouvlétwv TpoTéotwy
«) (9=3)A(@>5), P)@<3VE=7+1), y) (27 =3.8) ¥ (5% = 25)
5) 3 =4)= (5>7), ¢£) (2>5) 4= (5*=9), a1) (7T =4+ 3) +=(2=5).
A -2, Tlofon & TGV kéredt ouvBérev TpoTéoewy elvan TauTtoAoylal kal molon dvmihoylea;

o) [pAG=Dl=q B) (p¥d) A [(~PIA (D] ¥Y) PV(PAG) <= P
8) ~(pAq) <=+ ~[(~p)V (~D), e) [pv.(~m1 A [qV (~q)].

A -3, Acelforre 671
@) [pAqvD)I=[(AD VvV (PAD]L B) pv(pAaT)=p=pA(pVr)

NIp=> A C=>)=[(pVD=>ql 8) [(pY)V @PA)]= (VD
O [@ADVICP) A (~D]1]e[p <=+q] o7) [p=>ql=~{pA (~D] =[(~P)V q).
B-4. 'E&v, 5i& x&@e mpéracw q, evan T (~p) => q) = o, Beiforre S T(p) = .
B-5. Né& etpedfj ) Tiph &\ndelas &xdorns &V TpoTéoewy p kol (, yvwoTolU Svros &Ti:
) Hdp=>A@vpl=a B) TEVHA@=Pp)=y.
B- 5. "E&v T(p <= q) =y, v& eUpebii  Tuhy &nbelos T(P), Bvba P roapiotd pla T kéreb
TPOTATEWV :

) [p += (~ Q] Al(~p) <=ql. B) [p=> (@vPIA[qVp].
B-7. Adoare T& «kuiAdparan Tév K&Tw cuvBETwy TPOTETEWY 1

p=>q, pe=+q pY¥q [l@vpva)ATlvPAD.
B-8. N& eUpedii | Tiphy &hnbeias T(A) 1ol Aoyikol TUTTOY A, BB A elven :

[(FAG@vevDIvVe AD ] A[GAD VIEAG VTV ]
Tij Pondelg ToU kuKkAduaTos BioxoTrTdy Kal yvwaTolU dvtos &Ti: T(p) =y = S1oxémrTns &vol-
xtés, T(q) = a = Braxdmrrns Kheiotes (pg of &pviioels TGV P,q)-

*Andvinoie. T(A) = . EnueidoaTe pé PéAn i uE Eyxpowuov ypopida THY «BraBpoudivr
Ty émolav dwohoufel 1o peduax &md THY meyhv Ews Tov Acprrriipa (A).

§ 7. "H Evvoia Tol guvéhou.—Qs yvwoTdy pia ucBnuoriky Sewpla ouv-
foraton  &md doyuxods 7 modrovs Gpovs, dottoubvove  Bpovg, dbudpara xal
Oeworjpara. “H Bewpic TéY ouvoAwy elven pia peBnuaicd Gecopla Exovoa TOV
&pov ahvokov s &pyixdv Spov, &udd of yveoTol, & T mponyoupévey T&EEwY,
&por : «dmoovvolovy, «tous) owwdlwvy, «Evwow cvvdlwvy x.d. elvan dpifduevol
Spot.

*EmeEnynuoTikéys Suvépedoa v eimeopey 8T

Eig v pafnuaricd deyopeba dti émiroémerar oA avricelueva capds xabw-
otopéva xal diaxexpiuéva petasd Ty va Bewgnbody e & véov dvruxeipevoy, TO
dnotor xadoipey To odvohov Tdv Oewgovuévey dvruxeluévoy.

Té& &pyixdds Becopolueva &umikelpeva, &k TV omrolwv, ds Afyopev, AroTE-
AsiTon TO oUvohov, kohoUvTan etoyeia Tol ouvoAou.

*Ex TéW dvoTépw ouvdryopev 8T, grotrTikGs, TO ouUvohov elval Exppaois
«oUAAOYTis», SVTIKEINEV®WY, TP keBepiopéveoy Kol BIOKEKPIEVGY ueTaly Twv,
&moTteAoUvTwy oUTw plav TAfEn «OASTTTON,

*EvioTe, els cpiopéva Btpata — kuplas YEWUETPIKTS Quoews — &uTl TOU

* Al poTewdpevan &oxnoels SlexpivovTan els 8Uo Kkorrnyoplas onueioupévas Sicx TEY ypop-

pdrwv A kol B, Al &oxfioeis pé 1O SraxpiTikdy A elvan of &mhovcTepan, ol dmolat Korrde TO TrAET-
arov elven &ueoot ouvémeion Tis fewplas, ol 58 onpeloUpeven p 16 B elvan ouvBetdTepat.
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Spou «olUvorovy Xpnotpomoleitan lgoduvduws & Spos «yfpog» xal ToOTE, &uTi
oTolxEiov TolU ouvohou, Aéyousv «onpeiovy Tol XWpou.

“Ev oUvohov onusiobTan, ouvnifos, LE kepoaTov ypduua Tol &ApapriTov,
AX- ¢ A, B,T...,EZ X k1A, Td& 58 OTOIKEIX TOU PE UIKPY YpdupaTa o,
By

THv Ekppacv «v6 x elvar ovoryeiov Tov Ay Yedpopey x € A xproipotoioty-
TEs TO oUMBoAOY € 70T dwijrew elc ovvorow. “H &pvmois Tiis TpoTdoews x € A ypd-
petan: x€A. “Ofev, k& THY &pyhv Tiis ToU TpiTou dmorhioews, B Tuyoy
oTorygiov x Kol TUXOV oUvodov X 8 dAnBeun pévov pia Tév TPOTAOEWY 1 «X € Z»,
«X € Z».

‘H tvvoix Tol ouvbhou elven oevéss ouvBeBepvn e THY Evvolay WdS qoyé-
cews lodtnrosy Gpiopévns peTafy TV oToixeiwv Tou, 1) &mola oupBoAileTen
ME « = », kel Pdoer THs dmolag Becopoliney Talra, 2&v 8&v ouvblwvtan Sik Tfis
OXEOEWS =, G5 BlaKekpiubve peTaly Teov. "AxpiPéoTepov 1 Seydueba Gt dbe
odvoloy I orougelov magiotwubvay ué a,fy... e dpudiaoudvoy ué pia oyéow
lodenrog, djrou ve : dua ndbe Levyos a,f éx 105 X elva BéPaoy xai xara &va dxpr-
Pas Tedmov (povoonudvrag), v Te a xai B magioroiy Té adrd avouyeiov ot X,
dndte yodgouey @ = B, i) 61e vd a xai B ddv mapioToTy 6 adTo atotyeiov tod X,
émdre yodpousy a=k fi. Obrws els T ovvorov N Téy PUOIKEY &p1Budsy Exopey :

5=342, 7T=4+43, 35£2, 85+ 4.

Thv a5 &ve lodTnTa, 1 dmola Biomxpivel T& oToiyElx ToU ouvddou I ka-
Aclev Pacukily iodtnra pds Bidxpiow dmd Kkdéde ATy «looTnTon dpifoutvny
& Z. ‘H loéms ol mAnpoi 1ds &Efis XAPOKTNPIoTIKES 1816 TAS @

i) o =a 81k kébe €T (adromabis ididryg)

i) "Edv o = B, TéTe P = o (ovppetouns) idiiTng)

iii) ’Ev a =P koi P =y, TéTe o = Y (uevafarie) Bidoe).

"AgioonpeicoTa oUvoda &piBpdv pé T troia Exopev 1i8n &oyoAndd elvan
T& KT

N: 16 oclvolov Tév uokéy &pibpdv: 1, 2, 3,...v,...
No: T olvodov Tév dxepaiwv Tiis apilinmxies 00l 20 b -
Z : 16 oUvohov TéV dxepaicoy GRS sy Vst Z=Rua0,0 02500 3

Vi ats
Q: 16 olvolov T&V pnTéY &p1Bucy
R: 16 clvohov T&V TpayuaTiké &p1Budsv
C: 16 oUvolov TéV pryadikidy Gp1Budv.
"Emions 8& mapioTépey pé R, R} T olvohov Tév BeTikév, dvTioToly s
uh &punTIGY TrparyuaTIKGY &p1Bucy.

§ 8. Napaoraoig ouvérou.—Td kevdv odvoAov.—"Ev alivohov elven dopi-
opévov Eav BiSwvton SAa T oToryeia adTol f) é&v Sibeton i8i1dTns XapaxTnpi-
fouoa T& oToiyela Tou. “Ofev of ownfiels Tpémol TapacTdotws Evds cuvdhou,
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ds yveopilopev kai &k TGV pobnpaTwv TV Twponyouuévewy TéEewy, elvan: ¢
8¢ dvaypagijc @y avoigelwy Tov dvTds &ykloTpwy kol ¢ dd megueagils yage-
wrnototixiic iddTnTos T@v oroyyelwy Tov TR Ponleiq peTaPAnTiis kol &yki-
otpov. "Ev cUvohov SUvaran dviote v& ToapacTadf xal 81" dverypagfis, &vTos
&yxioTpwv, dpioutvey oTorgeiwy Tou &v ouvbuaoud peTd TEA21GV, Gmou ai
TeAeTan UroBnAclv T& pf &verypogopeve oToryeia, T& dmola évvoolvTal & ToU
Tpémrou BnAGTEWS TEY &vorypapopévey oTOIKEIWY Tol Bewpoupévou cuvoAou.
Oftw, T.X., T cUvohov TE&V QuUoIKaY &piBudy Slvaran va TapacTodi :
(s i

Suvohov pi &v pévov otoixeiov, 8mws, T.X., TO {a}, KoAeITCl povooTor-
yeraxdy T kel &NAs  povoueréis odvolov (7) povoabvoior). Tovilopev tvTaiifa
ThHv Biagopdy petafU a kai {o} : TO piv mwpdTOV &moTeAel oTolyElov ouvoAou
Twés, Td Bt Belrrepov elven ouvoAov pi povadikdy oroixeiov To a. OfTw o€ {a}
kal o = {a}.

‘Qs &AdyOn el THY Tponyouptvny Tap&ypapoV 1| #wvoia ToU ouvoAou
elvon XapoxTnpiaTik) Tis GAdTNTOS TEW duTikeipévooy, T& omola TO &mapTi-
Zouv, Eha B T& dvmikeipeve pids piopévng 116t ToS fecopoluey s v ovohov.
To yeyovds altd dmobider &g T& oTorEla Evds ouvdlou piav Kownv iBi1oTnTCa.
Kor& ouvémeiav els EkaoTov olvohov duTioToryel pla 110Tns, iy dmolav éxouv
S\a T& oToiyeia ToU ouvéAou kal povov aUTd. AvTioTpbgws, Els EkdoTnv 81
érnra p () dvmioToiyel &v dxpiBdis ouvolov, Tol dmoiov T& oToIygia Kol uovov
ot Eyouv THY iBidTTa p ().

TTpds &mopuyfiv Trapepunveldy kol SvTIVOHIGY Beyoueda &1 pla 1816™S
p () &vagépeTon els dvTikefpeve, T& dmola dumjkouv gls &v dpiopévov olvorov
Q. *E&v Tdpa &v &vTikelpevoy a€Q Tebfi v p (), fiTor &v ypdywpev p(a), TéTe
76 p(a) ounPohiler plov Aoyixiv mpéTaow, Sik v émoiav Buvdueda va dro-
povBidpey Ko Bva kal pévov Tpérov, v alTn elven &Andns 7 yeubtis. ToTe
Bi& ToU oupPdrou : {x€Q: p(x)}, €iTe dAAeos {x€Q / p(x)} i dcopn, dtav elven
yveortdy &t mpdkertan mepl ToU ouvodou L, GmAGs Sikx Tol ouuBohou :
{x:p(x)} épiferan dv Umooivorov A Tol Q, Tol émrolfou T& oToikEla Kal udvov
attd elvon SAa Exefva T& a€Q Sid T& dmoia 7 p(x), cs Aoyikn TEOTAOIS,
Aappdver THY TIEAY wadnfhijcr. "Qoe Bexouebar 6T1: Awd xdfe atvodor Q2 xal
play iidryra p( ) deilevar dud 70D ovufdiov {x€RQ : p(x)} ndvrote & otvolo,
106 émolov orowyela elvar Sha Exelva Ta X€Q, e Ta dmoia 1] modracis p(x)
elvar adnfric. “Ymd Thy s &vew onuaciov B Bewpdopey els T& trrépeva TO oUp-
Podov : {x€Q: p(x)}. ‘Emoutves, & A = {x€Q: p(x)}, ToTe 8% elvan :

(7 X) XEA <= p(x) SANBis
"As Becopficeopey i8N TOV TROTOCIAKOY TUTIOV |
p(x) : «6 x elvar dudgpogog 70 X»
TiBeton TéTE TO Epdytua Tofov elven T6 auvorov {x: p(x)};
"E8& mopatnpolpey &T1 TO oUvohov ToUTo Sdv Exer oTOIXE, kaf’ Soov
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x = X, 60ev p(x) yeudns wpoTaols Bik k&b x. ‘Opoiws, &v :
p(x): «xER ué x®+ 1 <0

TToiov elvanr 16 oUvolov {xER: p(x)}; Elvon méAv gavepdv &1 81’ oUbiv
x€R 1} p(x) xabioTaTan &Anbhs mpodTaois.

‘Ek 1@V dvwTépw TopaderypdTwv kabioTaTton pavepd f) &vayxn mapa-
Boyfis &vds ouvdhou — &veu oTorkeiwv — els Tpdmrov, doTe va dvTioToikfi TolTo
els ToUs TpoTagiakols TUTrous p(x), ol dmoiol BiBouv WeuBsis poTdoEls Bidkdde
x. OUrws dryoueda els 16 v BexBodpev Ty drapbw &vdg xal povadixots cuvvdlov,
T0 omoiov Oéy Exyer otoyyeia. TO olUvolov ToUTo KoAEITal, & YVwoTodY, «16
Kevoy gbvohovy kol mapioTaTtar: ¢ A { ).

Enueimoig. Aty mwpémat v ouyyéwpey ToUs oupPolriouols: (¢} kel ¢, kad Soov &
ouppoliopds: { ¢} onuaiver : TO povopehts guvodov, ToU dmrofouTd (Hovabikdv) aToiyeiov elven
TO Kevoy oUvoAov, Evid ¢ onpaivel : TO Kevdy oUvoAov.

§ 9. Tuvbfikn xai Tautémg eig olvolov.—Kd&be TrpoTaciakds TUToS
p(x) TolU omoiou 1) peToPANTY X AcuPdvel ds Tinds T& oToryela Evds ouvdiou
A xaheTtal cuvBikn eig 0 A. "Edv p(x) elvanr pla ouvlfkn els 1o olvorov A,
TOTE O Abywpev T & arougeiov @ Tod A mingol Ty owbiny TavTyy, ToTE
kad pdvov TéTE, &v 1) pdTaots pla) elven dAnd1s.

Zuvbnikn p(x), 1 omola wAnpoUTan Sk kéfe a€A kedeitan tavtotyg &g
t0 A, OUTws & mpoTaciakds TUTos p(x) : «x2 + 1 > 0» elvan TauTdTns &ls T
R, 8161 mAnpolran Six k&Be xER, &vdd & TpoT. TUMOS q(x): «x 4+ 1> O»
elven ouvBrixn &is o R, 81611 TAnpoUTan pévov Bk x > —1.

§ 10. "H &vvoia 1ol dTroouvéAou. lodtng 800 cuvdéAwv.—"Ectwoav A
kal B SUo py keva odvola. “Qs yvwoTov, Ayousy 8T1 «1o ovvodov A elvar dmo-
gbvohov Tod By, eite &AAws «r0 A mepéyetan (éyxdelerar) eic vo By kal oupPo-
Aifouev ToUro pé : «A C B» TéTe kKol pdvov ToTE, &v 7 owvbiixy x€A ovvemdye-
Tar Ty X€ B, ZuvTdpws :

ACB<+= (Vx: x€EA = x€B)
opo

"EvioTe Aéyouev els Ty mrepimTeoow Torny 871 TO olvohov B elven drep-
cbvodov Tol A f) 611 TO olvolov B membyger O A.

AeySueba dT1 TO Kevdv oUvolov elvan UmrooUvohov oloudfToTe cuvdhou,
fitor ¢ C B, 81& x&fe glvodov B, tvés elven Umepotvodov pévoy Tol EauTtol Tou,
firor ¢ C .

Emions 7 iodrns 0o ouwvddwv kol 7 Ewoia Tol ywpoiov dmoovwdlov
(ouupohlopévn pé C ) SpilovTan, s yvwoTtdy, olrw :

" A=B<+=>ACB«xa BCA

opo

AC B ACBxal AdeB.
opo
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Ex TV &vwTépw Splopdv Elvan Tpogaves &1 T& cUpPora « =» kal « T»
Umaxotouv &vTioTolyes &ls Tas kdTwh iBidTnTas :

a) A=A (adromabic)
) A=B=B=~A (ovppeTouxt))
Y)A=Brxad B=T=A=T (uerafavizn)

o) AC A (adromalbig)
BP)YACBr«kai BCA=A=B (duovuusctoxi)
Y)YACBxkad BCT = ACT (uerafarvaj).

Inueinog. Mia «oxéoisy fimis elvon  adronmabyls, ovpperowa) xal perafarix) xaheiton
isoduvapia (7 oxiowg icoduvepiag), dvdd pix oxtos, fims elven adromalbrs, drriovuperouxn wal
petafarixn xoheiton SudraBig (i oxforg Sardfeas).

IMepacnpioaig: 1) “Exaotov olvolov elvon Umoolvedov Tol foutol Tovu, oldémote &t
yvfioiov Urroouvodov Tol Eautol Tov. *Edv 52 A5EB, Téte 8 Umdpyn &v (TolMéyioTov) oTol-
yelov ToU fvds ouvdhov, TO &moiov Bty O& &viikn els TO &AAo alvohoy (&wetl; ).

2) Tlpémer v& yiveton Biréxpiols petafy TGV oupPodwy « €», T dmroiov KaheiTal cUuPoiov
Tol «avijrew eic...» kol «C », 16 dmolov keheltan oUuBoAov éyxieiouod, 5167t TO Wiy € ouoye-
TiZe1 gToryeiov mpds ivolov, Té B C olvolov Tpds auvohoy, els B Ty Bewplov TGV ouvéAwy
oTotyeiov kal aUvohov Traifouv BiagopeTikols péhous. TotouToTpémes EEnyeiTan Siatl wavroTe
foxler: {a} zka.

§ |1. Baowdv oGvolov ij oGvohov avadopiic.—Kara Tiv émegepyaoiov
Evds podnuaTikol Béuarros kabopifouey € &pyfis &v olvolov Q= ¢ ué T& oTol-
yElo kad T& UmogUvoha Tol dmofou Epyaldueda. T olvohov Q,Tol émoiou T&
oroiyela kal T& UmooUvord Tou EugavifovTon &rokAEioTIKES KaTd ThY EmeCep-
yaoiaw Tol U’ Sy Béparos, kaheiTan Pacukdv cbvodov T chvolov dvagoplc
(Emreidi) el alTd — kot THY. E§éTaow ToU Ut By Béuaros — dvapépovTan SAa
T& &Aa cUvoda). OUrw, m.Y., &ls &v mpdPAnua &hyéPpas ol peraPAnTal ToU
8& TapouciacBolv els ToUs &vTioTofyous TpoTaciakoUs TUTous 8& dvagé-
pwvToan el & yevikdv oUvohov, A.Y., els TO oUvodov R T&Y TWporyHoTIKEDY
&piBuév. ToUTo 8& elvan T¢ Paoikdv olUvodov &’ A Ta UmooUvola, T
Smoia 8& Tapouciacfolv els To U’ Sdyw TwpdPAnuC.

To Paoikdy clvohov Biagéper &md TpdPAnua el TpOPANua Kai péAioTa
ToAAdKIs TapaAsiTeETan & dxpiPhs kafBopiouds Tou, BIGTI GO TO TEPIEXOUEVOV
Toll TwpoPAfjuaTos kafoplleTon kai TO Biov.

§ 12. Auvapooivolov Evag ouvdhou.— As Bewpriowpey &v pi) kevov oU-
vohov Z, TéTe Suvdueda va dplowpey Ev olvodov, To dmoiov oupPohifopey e
P(E) xal Tob dmolou oToryeia elvon SAat T& UrooUvora ToU Z, fjTol:

c?(Z)o—T;{X: XC3Z}={X: & x€X=x€Z}.

Té oclUvohov Tolto koheiTal: 10 Svvaposivolov tob I eite: 16 obvolov
v droovvéhov Tob E.
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Mpopavéss : @ EP(Z) kal ZEFP(Z).
"AmoBevieTan ¥ 811 1 *Edy 16 avvodov X &y v 1o whijflog aroiysia, TdTe TO
dvrapoatvordy tov P(X) Eyer 2 w6 aibog atotyeia.

§ 13. "AhyeBpa TOV ouvéAwv.—"Ag Bewpriowopey v Bagixdv olvolov Q,
ToU Omolou T& UmooUvora &g oupPohricwpey pt A, B, T,.. ., ot &t P(Q)
TO oUvoAov TévTwY T&Y UTrocuvdhwy Tol Paoikol cuvdrou Q. ‘H #woia TS
lodTnTos petafl ouvdhewy, fiTol aToixeioy o0 F(Q), Thy émoiav dploapev &g
Ty § 10, Slvaran v Becpndii s Baoikd lodTns s Td P(Q). Auvdper Tiis i0d-
™TOs alrriis T& UmooUvoda Tol Q BewpolvTar Siaxekpipva petal Twv. MeTofU
oToixeiwy ToUP(Q) Suvépeda Thpa va dpicopey mpakers s £Efis : "EoTwoav
AEP(Q) xal BEP(Q), TéTe dpilovran :

§ 14. TopR 800 ouvéAwv.—KodsiTan Topt] TGV A kai B kail oupPolile-
Tar pE ANB 16 ovohov, TO dmoiov TEPIY PAPEL & TPOTATIaKSS TUTOS «z € A xai
Z€B». "QoTe:

ANB={xeQ: xcA A x¢B)

"Ex ToU dvwTépw Spiouocl ouvéyetal éT1: Ay Topn ANB &mapTifeton &mwd
TQ KOW& oTorKela TV ouvdheov Axal B. *Edw T& olvoha A kai B Sty E£xouv Kowd
oToiyeia, KoAcUvTon Eéva. "Qote: T& oUvoda A xai B elvan Etva petatd tov,
ToTE Kai pévov TéTE, &v ANB = @,

To kevov ovodov elven Eévov Tpods olovbriroTe olvohov A, BidT foytouy :

ANZ=0kd @NA=2.

§ 15. "H Toph ouvéAwv kai f} 0iZevEig.—Eav T& olvola A xal B 6pi-

fwvTtan Bi1& meprypagdis g KaTwTEpw :
A={x€Q: p(x)}, B= {xe€Q: q(x)},
TOTE TO oUvolov: {x€Q: P()Aq(x)}, fitor TS olvohov (OAwv) TéY TIuGY
THS METaPANTHs X, ai dmolan kabioToly &An0f mpdTac ToV mpoTaciaKdy TU-
mov p(x) Aq(x), ovumimrer ué Ty Topdv ANB, fror:
ANB = {x€Q: p(x)A q(x)}.
TMpdey o
(Vo) «a€ANB <=+ a€A AcEB <« P(@Ag(e) <=+ ae{x : p(x)Aq(x)}.

§ 16. "Evwoig 800 ouvéAwv.— Koeiton Evooig TGV ouvbhwv A kai B
xal ouvuPoriletan pi AUB 1O olvodov, To dmoiov TEPIYPAQEL & TPOTATICKYS
TUTOS «z€ A4 elre 2E€ By, “Qoe :

* "H &mdBeifis 8& 506 els To kep. XI.
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AUB={xeQ: xeA V x€B}

'Ex Tol dvawTépw Opiopol ouvdyetan éTi: 1) Evwols AUB &mapTifeTan
o OAa T& oTolxElx Tol ocuvdhou A kai SAa T& oToixeia Toll ouvdou B. TMpo-
avéxs TO kevov gUvoAov elvar T oUdétepov oToiyeiov Tiis mpdEecs U, fitor ik
k&Be olUvorov A loyler :

AU = @UA = A,

§ 17. "H Evwoig ouvéAwy kai 1) (Eykhetorikh) SiafevEig.—'Edv & oU-
voha A kai B opifewvTon 81 meprypagfis o KaTwTépw :
A={xeQ: p(x)}, B={xeQ: q(x)},
TOTE TO oUvolov, TO dmolov TEplypdgEl & TpoTaoiakds TUTos p(x)Vq(x), oup-
miTTel pE TNV Evwow AlLB, fitor:

AUB = {x€Q: p(x)V q(x)} (8iati;)
§ 18. Awadopa 530 cuvdAwv (ouvoroBewpnTikh Sradopd).—KohsiTan

dapopa Tol ouvddou B ék ToU A kol oupPoAileton pé A-B 1O oUvodrov, TS
otrolov ey pdeel & TpoTaoiokds TUTos «x €A xai x& By, “Qore :

A—-B={xeQ: xcA A x¢B}

"AmrapTileTon Aoimov f) Siagopd A - B &md xefva T& oToikeia ToU ouvd-
hou A, T& dmoia Bév dvrikouv gls TO olvodov B. Elvan mpogavés, éT1 81 Tuyov
olUvolov A loyUouy :

A-A=0, A-@=A xa O-A=0.

§ 19. Awadopa 800 ouvolwy Spilopévwv Sia meprypadfig.— ’Edv T&

ouvoha A kal B dpllevtar Six meprypagfis @s KaTwTépw !
Ai={zeQ: p(x)}, Bi={xe@: qx)});
TOTE TO gUvolov, TO dmoiov mepypdgel & MpoTaoiakds TUTOS p(X)A(~q(x)),
oupmitrTer pé ThHYy Biagopdv A - B, fiTor:
A-B = {x€Q: p()A(~q(x))}.

TMpéoypart :

(Fo)a€A-B 4= €A N B +=> p()A(~(q(x)) <= xE{x: p(x)A(~q(x))}.

§ 20. Awaleunikov GBpowopa fj ouppetpiki} Siadopa &G0 cuvéAwv.—
KoAgiton Sralevtikdy #Opowope T) ovpperpixi) Siogopd, ouvTOUwWS cuppetpo-
Sragopa oV A kail B ol oupPolifeTen pt A + B 16 glvodov, 1o dmolov Trepi-
ypéoer & TpoTaoiokos TUTOS «x € A xal x€ B elre X€B nai x€A». "Qoe
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AtB ={xeQ: (xcA AXxéB)V (xeBAXgA))

Elvai ouvenrds: A + B = (A-B) U (B-A).

Els 10 mapamielpws Sidypappa
Toll Venn mopioTaTon ) CUMMETPIKY
Siapopax A + B &md 1o Eoxicopévov
HEpos TGV ouvdhwv A xai B.

o
Elven rpogavs 611 : &v ANB = @, B

ToTe foxuer: A+ B = AUB.

Zx. 2

§ 21. Té &aleuTikdv EOpoiopa xal 1) amokAetorik S1afevEig.— *Edv
T& olvoha A xal B dplfwvral Bi1& meprypagfis ts kaTwTépe :

A={x€Q: p(x)}, B={x€Q: q(x)}
TOTE TO oUvoAov, TO Smolov Teplypdger & TpoTagIakds TUTOS p(x) Y q(X),ouk-
mitTel wE T oupueTpikiy Siagopdv A + B, fToi:
A+B = {xeQ: p(x)Vqx)}.
§ 22. TupmAjpwpa ouvéAou.—- Kodsitar ooprhipope tof covélov A

g mpds 10 Q xai ouuPoriletan pé AC TS glvodov, T6 dmrolov TEprypdeer & Trpo-
Taolakds TUTTos «x€ A», “QoTe:

At—=(xeQ:x¢A}=0—A.

To ouutrAfipwpa AS &rapTiZeTan Aormdv &md T& oToryeia ToU €, Té& dmoia
Bev dvfikouv els 1o olvolov A. ’loylUouv Tpopavids of Efs iodTnTes : @° = Q

\o

kad Q¢ = @. *Emrions elven mpogavés, &11 81& Tuydy olvohov A loyuow of ouv- -

emorywyal :
Vx, x€EA = x€AC xal Vx, x€ Ac = x€A.

§ 23. To oupmAfjpwpa kai fj dpvnoig.— "Edw 16 civohov A SpileTon 51

TEPLYpaQiis G§ KaTwTépw :
A={xeQ: p(x)},
TOTE TO ouutAfipwpa AC Tol cuvdiou A oupmimrel pd T& gUvorov :
{x€Q :~p(x)}, ATor:
: A = {x€Q: ~p(x)}.

Mpdypati: (Vo) a€AC <= a€EQAGEA 4= a€QA (~ p(a)) <=
a€{x€EQ: ~p(x)}

Fevikf neparipneig. ’AvakepoAoidvovTes T& &VoTépm TOPOTNPOUMEY
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&1 : Bk TuyévTa olvoha A, B UnrooUvoha Tol Paoikol owvédou Q, # Evwais
AUB, # Touh, ANB, f Siagop& A-B, fi ouppetpikf) Siagop A+ B xal 10
oupTAfipopa AC elven émions Umrootvoha Tol Paoikoll ouvdAou Q, fiTor, loyUer :
AUBEP(Q), ANBEP(Q), A - BELP(Q), A + BEP(Q), A€ P(Q).
*H &veoots, | Touq, 1) Siagopd, f ouppeTpIk: Slagopd Kai TO CUMTTAT)puapa
tvds ouvdhou xoholvTan mpateg els To S ().

§ 24. ‘1816mTEG TRV MPGZEwY TRV ouvdAwv.—MetafU TGV Tp&gewv
« 18y ouvdhay YploTavTal of k&Tw TUTor (TauTdTrTes £ls TOIARQ)), yvworTol
els fuds & TV padnuérwv TéY Trponyoupévey Tagewy |

a) tiig topfic: B) tiis Eéviozamg:

o) ANB =BNA B:) AUB = BUA

@) AN(BNT) = (ANB)NT B,) AU(BUI) = (AUB)UT
o) ANA = A B,) AUA = A

«) ANBC A, ANBC B B,) Ac AUB, B< AUB
o) ACBesANB=A | Bs) AcB<=>AUB=B.

*loyvouv i htov af k&Twd BUo émucptoTixai iS16TnTES

AN(BUI) = (ANB) U (ANI)
AUBNI) = (AUB) N (AUr).

Mepatipnoig : 'Ex Té&v &voTépw ol Timol (o) (Py) elven yvwoTol s vépol Tijs avtipe-
raBéoeme, ol (og), (Ba) & véuol Tic mpogeraipioTixdrnros kel of (etg), (By) o5 vépo1 TOT GV~
vdpov Tév TpdEeov N kot U. Téhos &k Tév Timaov (), (B,) TpokUTrTEl &T1 EKXOTOV TV OWVE-
Awv A,B elvan Umrepoivorov Tiis Topfis ANB Kal {rrootvohev THs Eveboews AUB, fitor:

ANBC AC AUB, ANBC BCS AUB.
y) tfig Sagopis: 3) tiig ovppctpikiic SraQopis :
y;:) A-B = ANBe l}ﬁl)A-!-B,:B-_I-A

ys) A-B = (AUB)-B=A-(ANB) |8) A+ B+ =(A+B)+T
vs) (A-B)NB =@, (A-B)UB = AUB | &) A + B = (AUB) - (ANB)
v) ACB<++A-B=0 !s,) AN(B + ) = (ANB) + (AND).

g) ol ovpminpdpates:

g) ANAc = @, &) AUAC = Q, &) (A°)" = A, g) Ac B<=Bcc Ac
"loyUouv Emi mAfov of ké&Twh BUo TUmor (vépor tob De Morgan) :

(&) (ANB)c = AcUBe, (es) (AUB)c = AcnBe,

§ 25. Kapreoiavov yivépevov GUVOAWY.— “As fewpriowpev &Uo pf
Kkevd gUvoha A Kol B Umootvora dvds Pacikol ouvéhou Q. °Amd T& BUo aUTa
oUvoha oxnuaTifeTal (6piLeTon) &v véov olvolov, TO &Troiov KoAeITal xagreota-
vy ywduevoy pé modTOV mMagdyovra 76 A nal dedregoy 70 B xod ouupodileTan pé
A x B To véiov ToUto ouvolov dplleTan s EEfs
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AxB={(a,p): x€EA xal PEB}

TS oroigeiov (o) EAXB kodeiten & daretayuéroy Ledyos &Bev TO xap-
TeClavoY yvopevov A X B dpileTan ds 1o olvohov mdvTwv TEV SiarteTarypéveoy
Cevydv (op) pE a€A kad PEB. Ta oToiyeia a kai B Tol Letyous koholvTan
dvmioTolyees mpdity kol devrépa ouvvterayuévy (R mpofols) Tol Lelyous.

‘H Paowr) lodtns épiletan dv A x B s Efis :

(@p) = (¢',p)<>a=a kal p =P’
'Eqv A = B, T6Te TO kapTEciovdy ywdpevov A X A TapioTaTar pé A2,
TO 88 olUvodov Tév Leuydv (o,a) pé c€A maploTaTal cuvTdpws pé A kol kohsi-
Tou duaydivios ToU A2 Tlpogavéss A C A2,

'EdvA = ¢ eiteB = ¢, TéTe Opllopev: A X p=¢p X B= ¢ x ¢ = ¢.

“YwevOupiZopev drdpn &mi: Eig 16 xagreciaviy yuwduevoy &o cvvéiwy dév
loyber % avryueralferi) ibidtns. Andabn, v yéve, elvan: AXB =& B A, &xtds
tw elvar A =B fj 6 els TolA&yioTov TGV TapaydvTtav slvon TO Kevdy olvo-
Aov.

Ka®” Suciov Tpémov opileton 1o kapTegiawdy yivdpevov pé TEpioooTE
pous &mo SUo mapdyovTas : OUTw, m.x., &v A, B, T elvan pé kevdk Urocivora
ToU Q, &pilopev &5 kapTeciavdy yivouevov A Eml B émi I kad oupPoAilopey pi
A x B x T, 10 x&rwbt olvodov ;

AXBXT={(apy): €A PEB kai yeT},
SnAadh TO oUvohov TGV «darerayuévor Touddwry (x, B, y) ut a€A, BEB kai
yer.
ALKHEEIZ

A-9. AfSeton 16 oUvodov A = {a,B,y}. Tloia &k Tév k&Twh oxéoswv elvar &Anis kad Troia
6x1; AwaicAoyfioare THY dmévTnolv, ;

D) («}eA,  2)acA, 3) (yIcA,  4) (aplEA,  5) {0, A (aB)}cA
A -10. TS Buvopooivorov Evds guvddou Exer 32 otoryela. TTéoa ororyeix Exe1 1O olvodov;
A-11. 'Edv a€R, BER v& épiofolv ol wpaypaTikol &pifpoi x,y olUTws, doTe v loyum :

(*=y%, x4y} € {op}.

B-12. ’Ecv A,B,I" UmroocUvoda Evds Bagikol ouvdhou Q, Beifare &1i:

1) AN(AUB) = A = AU(ANB), 2) A— (BUT) = (A-B) N (A-I)

3) (A-B) U (A—Bc) = A, 4) A+B = (ANBS) U (BNAc)
~5) (A-B)— (A-T) = ANINBe, 6) A-(B-I) = (A—B) U (BNT).
B-13. Asifore &1 B1& TuydvTa oUvoha A,B,I aroixeia ToUGA(Q), loxvouwy :

1) (ANB) N (ANMNe = AnBNTe, 2) A+ (ANB) =A-B

3) (A-B)UT = (AUT) N (BeUT), 4) A~ (A-B) =ANB

5) ACB<=>T_BC A, 6) A—(BNT) = (A-B) U (A-T).

B - 14. AibeTan dos Paoikdv ovvodov 1o Q = {1,2,3,4,5). N& épiofoiiv Té& Urootvord Tou A,B,I
(8" Epapuoyfis Tév vépwy Tou De Morgan) yvworoU Svrtos &Ti:
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ANB = {24}, AUB = {2,345}, ANl ={2,3}, AUl ={1,2,34).
*AkodoUBws va oproBolv kal T&: AN(AUB), TN(AUB).

A-15. "Eotw A = ({x€R: --3<x<3)} xal B = {x€ER: l<x<2}. AdPere &v &pboyc-
viov olotnua &Edvewv xOy kol mapaotiioare els 1o tmwimebov XOy t& KopTeciowd
ywopeva Ax B, BxA.

B-16. *E&v A,B,IA oroiyeia Tou P(Q), Beifare &n1 foylouv ol Timor:

1) ACl A BCA = AxBCIxA, 2) Ax (BNMN =(AxB)YN (AxI)
3) (AxB) N (FxA) = (ANM) x (BNA), 4) Ax (BUIN =(AxB) U (AxTI)
5) (A-B) x (T—A) = (AxT) N (Bex Ac), 6) (A—B) x I = (AxT)— (BxT).

B-17. ’E&v A,B Umoolvola tvds Pacikol guvdhou Q, Seifate &1i:

1) ACB<=>P(A)CP(B), 2) P(ANB)=P(A) NPB), 3) FP(A) UP(B)SP(AUB),

B-18. Aeifare, 11 S1& TuxdvTa olvoda A,B,IA foylouv ol kértwh Timor:

1) (FTxA)— (AxB) =[(I'-A) x AJU [l x (A-B)]
2) (AxB)e = (Acx Be) U (Aex B) U (AxBe).

A-19. ’E&v A,B,X,Y oroixeia Tou SP(Q), Beiforre Tés ouveTrorywyds :

1) BEXCBUAe = ANX =ANB, 2) AcnNBEYCc B = AUY = AUB.

B-20. 'Edv A,B,I efvan SeSopéva olvole, elpete Thv Ikoviiv kal dvorykaiav ouvlrikny, doTe vé
Umrépyouv ouvoha X pi Ty IBidtnTa: ANX =B xai AUX = I'. "Axohotficrs mpocbio-
ploate T& olvoda X ouvapThioer Tév A,B kai T.
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KE®AAAION II

AEIQMATA PEANO — MAGHMATIKH #§ TEAEIA EIATQIrH

§ 26. Eicaywyfl.—TIlplv f| BSiotumdowpey t& BewpruaTte, Ta omola
owioTolv Thv uéBoBov Tfis Emaywyikiis &modeifews, & Tapoaxoioubricwpey
T K&TWh EKQUVTTEIS

a: A xdfe puaxdy dobucy v ioyver: 14+ 2 -+ v = ; v(v+ 1)

B: Eav a elvar mpayuarizos Gollpds pé a = — 1, téve dua xdbe puoixoy
dolpoy v loygdee: (14 a)v = 1+ va.

¥ Al xdbe guodv dobudy v =4 loyde : (-g-) S

& : Aui xdOe guowdy dobudy v loyder : (3 +V5) + (3 —V5 )= nod. 2.

Ex 16V dvatépo EkQviioewv Tapatnpoluey &t UTdpYouv TPOTACIa-
ol TUTo1 pt olvorov dvagpopds To cuvohov N TéV guoikiv &pifpdv kal olvo-
Aov Tiuédv &inbeias T N fj &v yvriolov UmoolUvolov Tol N.

A& THy &mdBai€v poTtdotwy, ¢ af dvwTépw, épapudlopey eibikiy &mro-
Bewtikfiy  péfoSov yvwoThv s : ««Mabnpankn 7 teheie imayeyfy, dAAws
«pélodog tfig Erayoyikiig dnodeifewgy.

THv uéBobov THs Emarywyixiis &modeifews, fiTis dmoTedel pic Bepehicodn
Texvikiiy 81 8hous Tous KAGBous TGV pafinpaTikédy, petexepiotn TO TPGTOV
el T& podnuoTikd & EAAnVikfls kaTaywy s *ITadds F. Maurolyco (1494 - 1575),
dgefde1 B2 TO dvopd Tng els ToUs peydAous pabnuaTixols : J. Wallis (OUcAA1s)
(1656) xai De Morgan (1838).

Katwtépw & iBwucy els molav Paoikiy iSidTnTa Tév puoikdy &pibudsy
onpifeTan 1) &v Adyw &modeikTikn pébodos.

§ 27. "AEwpara TéV Puoik@v apiBpdiv kara Peano*'— O gucikol
&p1Buot, Tév dmolwv TO oUvohov TTaploTaUEY, s yvwoTdv pt N, elodyovTal Ti
PonBeic TV k1wl &EwopdTww :

*Atiwpa I "0 1 elvar guowxis dofuds, fitor 1€ N.

*Atiwpe 1. Aw xdfe puowor dobudy dndoyer els, xal pdvoy elg, «Enope-
vog» guods Goluds, fiTor Bik ke vEN = v + 1eN.

*Aiwpa I Ady Smdoyer guowos doluds v pé Emduevor wov I, fyTou
v+ 1= 1 (dxpiPéoTepov v + 1>1) Bix kédbe veN.

* (3. Peano (1858 - 1932). ’lrahds nobnuarixos kai grAdoogos.
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"AZiwpe V. Ado guowol dgibuol, ol Soioe Eyovy Tov adrov émdpuevor elvar
ioot, fiTol Bicr ke uEN kol S1&x kébe vEN, foxver: p+1 =v+1 = py=v.

"ABiwpa ¥V (apyn tiic pednpankiic §i teheiag traywyiic). “Eav S clvas &
avvodov guoxdy (dniady) S C N) rowiror, dote :

1€8 (a)
xal dic xdfle KEN,
KES = k 4 1€S, (b)
Tdte 16 odrodoy S cvuminrer pé 16 odvolov N tiw puowdy apludy, fror S = N,
Enpeioog : ZupPohifopsv, o YyvwoTov, ToV Emduevov ToU 1 pt 2, Tdv dmdpevov Tol ?
ut 3, Tov Emdpevov TolU 3 pi 4 koK. Taparnpotpey &m 25=1, ko’ doov &v fro 2=1, TéTe & 1
8a fiTo & Ewdpevos ToU 1, Tolto Spws GuTiphoket pds T6 dflcopa 1. ‘Opoiws elven 3552, ko’
Boov &v BexBiuev 8Tt 3=2, TéTe, otk TS &Eicopa IV, 8& Aito xal 2=1, Td émoiov Suws wéAw
elven weuBks. Mevikdds SuvépeBor v& &roBeifwuey &1 dAct ol &piBuoi, of émrolor AapPévovTan Srav
Taipvepey Tols Emopévous ToU | doaodnmoTe gopés elvan wavTes SiapopeTivel. ‘H &mwédeiis
Tfis TpoTdoews Tawrtns, AiTis Siv O Sobf E5d, ornpifeTan els 1o &ficopar V.
- "Exovtes U’ Sy ThH dveotépw onueioow &modeikviopey sixdAcs &1 :
Ne==31 2, 85 srvpitete Jued)

Mpdrypary, &v xaléowuey S T oUvolov f18203 i3, L3,
mapatnpoUpey éTi: S C N. 'EE &Adou 1€8S. 'Eqv 8¢ k€S, TOTE, CUUPLVWS
TPOs THY kaTaokeufv Tol cuvddov, kol k -+ 1€S. “Ofev, Suvduel Tfis &pxfis
THS MabnuaTikis éraywyds, 8& elvar N=§ = {12 Bk Lok

To k&rwh fecdpnpa BepeAicover THY &modeikTikny pébodov THs TeAeios
Eraywyds.

§ 28. ©@cpnua (riig TeAciag tmaywyfig).—'Eav p(v) sivax £ig npotacia-
koG 10nog pé olvolov avogopic t oivelov N thv Quotk®v apiBpdy torolitog,
Gote @

p(1) givar aindic npotaoic
Kol S0 kafe ke N,
p(k) = p(k-+1) (aAnbig)
Tote & mpoteciakdg tomog p(v) slvar dAndig (ioyber) e kabe vEN.

Té dveTépw Becopnua e xpfiow Tév cuuPdAcy THs Aoyikfis SraturoUTan

OoUVTOMWS OUTw :

{(p() A [VKeN:p(K)=> p(k 4 1)] } dhnbiig — p(v) @indic V veN

"Anbdéaific. Oewopolipey TO olvohov TGV dAnBeics  ToU TPOTATIOKOU
TUmou p(v) kal TO koAoUuev S, fitor: S = {VEN: p(V)}, dnAadn S elvan
Exelvo TO UrocUvolov T PUOIKEY &p1Budsy v, Bik Tols dmrolous & TrpoTaciaKds
TuTros p(v) kaBioraTar mpdTacs &Andis. To odvorov S Btv elven T KEVOV, B16T1
TO 1€8, & Soov p(l) &Anbns. *Errions Sik kdBe ke S foyer

keS = p(k) = plk + 1) =k + 1¢S (Brerri;)

32

WnionoBrke amo To ivotirouto EknmaiSeuTikrg MoAmkig



"Qote 1O S Exer T&s 1B1dTnTas (&) kai (b) ToU &iduaTos V, ouptritTel
&fev pt TO oUvorov N, fiTol To glvolov Tiudv &Anbeias ToU TrpoTaaiokol TUTOU
p(v) elven N.

Mopatipnoig : Zvppaiver ToAAdis évas mrpoToaolokds TUTos p(v) va Exn s olvoiov
&vagopds Ev yvfiolov Utroguvodov Tou cwvdrou N Tév quoikidv dpibudv. Els alriv 1rv mepi-
Treov 1o fedpnua Tiis TeAeias Eraywyfis loyxver (rpogavéds) Umo Thy Efs Suws SraTUTrwoy:

"Eav p(v) elvar eig mpotacwaxdg timog pé odvokov dvagopig 10 Ny, = {(VEN:v.Z v},
gvla v, €N, towoitog, dote :

plve) eivar adnbig npotacig
koi Sue kGBe KEN,
p(k) => p(k+1)  (&lndng)
1618 6 mpotacroKog Tomog p(v) ioxier S1a kKabe QueIKOY apBpPoY v pé v = vo.

‘H dvwTépw poTacis ué ypfio TéV cuppdiwv Tiis Aoyikis BiaTuTroUTar SUVTOMS OUTw |

{POVIA [ ke N (k2vp) : p(k)=>P(k +1) ] } ddnbiig=>p(V) dAndiisVveN : v,

Inpeinoig : Els 10 dvertépw Bedpnua omnpifeTon 4 pébodos Tiis Eraywyikfis &modeifees.
Ker’ alrriy, B1& v& &rodeifeopev THy dAnBetov mds mpoTdosws p(v), tpyaldpeda ds EEfis:

a) 'EralnBevois : *Amodeaikviopey Thy dAnbeaiav Tiis wpoTdoews Sik v=1 (¢’ Soov altn
B1& v=1 Exe1 vénua) A Si1& TOV EAd(10TOV QUOIKOY &p1Buoy v, B1a Tév STreiov alTn éxE1 vénua.

B) Bijpa 2k 100 k gig 10 k+1. “YrobétovTes &1 1) WpdTaois dAnfeva1 Biav =k, k€N, SnA.
p(k) &Anbrs, &mobeixviouev i) Pondelqx Tiis dAnbeias Tis p(k), mlovdds 8¢ kal ToU p(l),
v &Mierav Ths p(k+1).

v) Zvpripaope : SuvdudlovTtes T& o) kai B) ouumepaivopev, Suvdper ToU BewphaTos
Tiis TeAelas Ewaywyfis (§ 28), &t f) wpdraots p(v) &Anleler S1x k&de VEN f Sid k&be v=vo,
tp’ doov v, elvan & EAdyioTos puoikds dpiBuds, Bik Tov dmolov f) p(v) Exer vomua.

E®PAPMOTAI
In : A k@B Quowcdy apBpodv v ioyber :
14243+ 4+ v = Lv0+D @

*Anodailig : "As ovpPolriowpey 81k Tou 8 Té glvorov (VEN: p(v)}, &vBa p(v) elven &
TpoTaciakds TUmos (i). ©& Beiwpev TéTE S Tiis weBoou Tis TeAsias Eraywyfis 611 S = N.

Tpéyporr, B1&x v=1 Exopev: 1 = —é— 1(1+1), 16 dmoioy, Tpogavis, elvon &Andés, fiTor11€S.

“Yrolécwpey Tdpa 811 & dpiBuds k€S, TéTE & TpoTagiakds TUwos (i) lojuer ik v=k, fitor

elven I+2-+—3+---+k=—é—— k.(k+1).

Ak poobioews, els dupdTepa T& WA Tils TeAeutadas lodTnTos, ToU k-1 AcuPdvopev :
(14 2% 3 5 Dol FrEaii =—} k (k1) + (k+1).
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