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KE®DAAATIO I

AKOAOYOIEZ NMPArMATIKON APIOMON

I. BAZIKEZ ENNOIEZ — TTAPAAEITMATA

§ 1. "H é&vwvoia Tiig dkohouBiag. — ZIThv mponyoUpevn TEEN mébope

o a ’ o

Omi: xdfe ovvdornon a: N — E: v —» afv)eE ué medio épiouot té aivolo N
v guody aplfudy xai Tipés o Eva wi xevd odvolo E, dnhadn 1) dmewdvian,
7ot dpilerar Gnd Ty dvricTouyiar

1 ’ 2 1 3 g e oae g ¥y s oee o
LR P ¥
A R BN S e al - - -

Adyerar dxolovBia etouyciov tob ovvérov E.

Ity Toapaéve duTioTorkia T& TpdTuTa (&pyéTuTa), SnA. of guoikol
Gp1Buoi, Aéyovton kai deixres, 8véd ol eikdves Tous, BnA. of Tipés Tiis dxorouBios
a: Nav — a(v) e E, AéyovTan kai dpoc This dxohoubias. “H Ekepaon a(v) ouvu-
BohifeTar ouvfifeos pé a, kal Aéyetan 6 vioatdg f) 6 yevikdg Bpog Tiis dxolou-
blos. “ETon Exoupe:

)]

a, ﬁu(v) s, M velN

Zthv dvnioToikia (1) ouviBus TrapadeimeTan f) TPWTN: ypauph kol yp&-
ovTtan povo oi eikdves. [pagoupe nAadr: o, 0y, &y, - .0\ Ay, oo s (@3]

EiSik& 6 o, Aéyeton mp & Tos Spos Ths drolovbias (2), & o, BeUTE
pos 6pos k.OK.

ZuvTopdTepa THv dxolouBia (2) 6& TN oupPorifoups s Efs: o, v N,
a,v=12, ..., &kbun ué: (a,), veN kai dkdun mod olvropg pé: (a,).

ZThv elBikf TepimTwon mou 16 E < R, 1) dxolouBia a: N — E Aéyetan
dxolovbia moayuarixav dolfudv. “Qoe:

‘Opwopic. *Ovopdtovue axorovdia npaypank®dv apbpdv xdfe (Lovooruc-
vTn) dmewxdvion tod ovvdlov N rdv guowmay doludv ot ovvolo R rdw npayua-
e aplBpdv.

Ztd Emdpeva & doxoAnBoUpe pove pé dioloubies TpaypaTikGv EpiBuddv.
7

WnoionoiOnke amod 1o ivotirouto EknmaiSeuTikrg MoAmkrg



*Eto1 o1 £Efs ué Tov Bpo:  raxolovbian B& tvvooUpe :  (dxolovlia moayuatixdy

Golfudvy, BnAabr: a: N — R: v —>a,cR.
Topadeiypata : 1. “H drosnBiu 1dv quomdy dobudv, BnA. fi droloubla:
1,2,3, ..., ... Tiis dwolas & yevikds (viooTds) &pos elven & &p1Buds v, BnA. a, =v.
i ) 1 1 1 o1
2. ‘H éxkohovbia: 1, s T pé yevikd Spo: @,= =
3. ‘H éxoroubio:—1 = i i =1 L £ yevikd 8po: « 7(-1)"—1—~
. : ,2r 3,-..,—- u...uYE po- v = =
4. "Av &meikovicoupe ToUs TreprTToUs uoikoUs &piBuocls oTdv &p1Bud 0 xal Tous &p-
Tious @uUoIKoUs oTév &piBpd 1, B& mapoupe ThHv dxoroudia: 0,1,0,1,...,0,1, ...

‘H dxohoubia adTh ouviiBws cupPorifeTan s EEfis:
0, &v v mep1TTS
N3V = &=
1, &v v &pTios.
5. *H &rohoubia pé yevikd &po a, = 1 + (—1)*, Snhabf # dxoroudia:
05,2,0,2,. . i
Al # &xohouBia pé dxpiPéoTepn BiaTUTwaon Yp&@ETAL:
{ 2, & v=2k (k quomxds)
o, =

0, & v=2k+1 (k éxéparos = 0).
2v

6. Oewpoupe TV droroubia a, = 3 L,v=1,2,... ‘Opiletan Ero1 pla &medvion:
v

a:N=>R: v—>o,ER.
Aivovtas oté v Siaboyik& Tis GeTikés drépaes Tipés, mwafpvoupe Tous Spous TNS. mé
&vaduTikG f) Tapaméve &xohoubia oupPolileTa ué Tis Biaboyikés Tipés TNg:
2 4 6 8 2v
7 L P S Sy 0 SRR R )

% Tlapenpiosis. 1) *Amé T& mponyoupeva wapadslyparta BAéwoune 11 pla &xohoubix
a,, v € N elvar tedelws doropévn, dtav Byoupe pia guvdptnon f: N — R, moU Ekgphle pnT&
T4 yevikd Spo a, Ths dxohoublas, BnA. Stav BibéTouue Tév TUmo: a, = f(v), dmou I 4
yvwoTh ouvépTnan Tou v.

2) Mia dxohouBia elvan rrions yvwortn, &tav Slvovran énagxeis TpddTol Spor Tfis dxo-
Aoublas kai Zvas dvayoyikds tomog (Gvadpopikh axfem) Tou tmTptmal va Pplokoupe TV
grrduevo 8po ayiy k&Be dpou o, &md Tév TponyoUuevd Tou f yevikoTepa &md dpiouévous
&méd ToUs TponyoUuevols Tov. “ETor Exoupe dxohoubles Tiis popefis & = a kal ay.y = f(a,)-
fi yevikdTepa Tiis uopefis: oy = o, o =P kal oy = - Fal. L

*AEiZer Bpcos £ vé Tovioouue T& EEfs : [ud vd dpivovue nljpws pla  dxolovBia
ay, vEN ué pla dvadpopusr) oyéon 6év doxel pdvo 6 dvaywyrxds Timog, dAAd elvar drapaityro vd
Eépovue xal ixavé dpbus modrwv v Tng. Nartl &v ol Tipés UTAY TV TpwTwy Spwv
Tfis dxolouBlas &AA&GEouv, TéTe &AAGEe xal # &xohoubia, %v kad § &vaywyikéds Tng TUMTOS
Trapapéver & iS10s. Etrions ToAAés gopés BEv elvan &preTo vé& dplooupe dmAds Ikavd &piBud &mé:
TpdTous Spous wds dxoroubias. Elven dvayxaio vé Béooupe kal Tis ouvbiikes Exeives TToU 6&
uds tmpémouv vk Ppiokoupe, ué Ty dvabpouiks oxéon xal Tis «&pyixis» auvbiies, Saous &-
pous Tiis drohouBlas «,, v € N BEhouue (PA. oxeTik& kai &oxnon  2).

3) Mepikés gopés T6 BelkTn v ToU a, Tév malpvoupe ETol, doTe v&k BéxeTan ~lg Tipés:
0,1,2, ..., dwdTe 1 dxohoubic yp&PETAn: Gg) Oy, Ogy + v oy Tymgy w0 v Z aUTh Ty mepimwTwon
& viooTés dpos Tiis dxoAoubias elvar & ay-;.

8
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4) Té wAfifos Tév pwv s droAoubias a,, v e N 5év elvan TemEpaTuévo, Evdd 16 obhvolo
1@y Bpov Tns elven Suvatd vé elven memepaopévo. Té olvoro alTd T oupBolifovpe pé a(N)
xal 16 dpilovue dic 16 odvolo TdY moayuarixdv dolpdv x, of dmoior eivar igol Hé xdmoio
Gpo 1ijc dxolovBias, Bniadh o(N) = {xeR : Umdpyer veN pé o, = x},

276 mapdBearypa 4 Tiis § 1, T.x., TS oUvoho TéV Spwy Tiis dkohouBias elvan a(N)=(0, 1},
v 16 TAfifos TV Spwv Tns elvan &Treipo.

’Emions oTé Tapdderypa 5 elvar a(N) = {0, 2}, tvdd T6 wATfos TéY Spev Tns elven
&meipo.

Inpoviki rapatipnen. "Omes Eépoupe &md Tis TponyoUpeves TéEels, TS
olvoro TV pnTé&Y (oUupetpwv) kad dppnTwy (doUpueTpwv) &piBucsy AéyeTon
aivodo R tév mpaypatikdv amlpédv. Té olvoro altd AéyeTtan kol e00sia
v mpaypankdy  apBpdv, &v  Bfhouue V& EkppacTolue Wé Ti «pidooan
s ecouetplos: of mpayn. &pifuoi Becopolvtar TéTe 5 onueia THs eUbeias,
yv a0Td yi& T& onpela XpnouotoloUue Té {81 cUuPBoda ué adtd o Xpnoipo-
ToIoUME Y14 V& TTOpaoTAGOUNE Tous Trparyu. &piBuols. AU f| TauToToinon
TGV Tparyp. dpiBpddv pé T& onusia fvds &fova Bacileton o’ Evar dEiwua, olp-
Quva pé 16 omolo: uerafd Tav moayu. doludv xai tiw onpeiwy évic dfova O-
wdoyer pile Gupuiovosiuavry dvtiotogla. Anhadh of kdBe TPAYPATIKO  &-
piBud dvmioToryel &va xai pévo onueio ToU &Eover kad GuTioTpdgws. ‘H dugi-
povooriuavTn alT] dvTioToiyia ToU R pé T&
onpeia fvds &ova, udis EmiTpémel vé Becopolue —,e - e s e . . o
Tous Spous wds dkohoudias cos TETUNpéves TEW Aal) ay, La
onuefwv dvds &fova (BA. EvavTt oyfina) kol
v& dvmipeTwmilovpe Eror Tis dxoloubies Tpayp. GpiBuddv s &koAouBies or-
uefov Tol &fova. ‘H yewpetpik alth EmomTeia 86 Wis Sieukohdver TTOAU Ta-
PAKATW YI& V& KATQVOT\OOUME HEPIKES koavoUpyies évvoles kol &modeifers dpi-
OuEvwy TpoTdoswy ToU O& SiaTUTTiCoULE.

§ 2. Npakeig peTaks axoroudidv.— Eorw o T6 cUVOAo Shwv TGV dKo-
AouBiddy TrparypaTikéy &pifudy. H Bacuxi] lodryra oT1é o SpileTon o EEfis:
M (Gv)r (BV) €., (av) = (ﬂv) = a, = Bv Y“ﬁ k&fe veN.
opa

MeTafU Tév oToiyeiwy ToU o/ pmopolue vé Spicoupe T6 dfpotopa, T
dagopd, 16 ywduevo ked TS anlixe, s pia émions dxohoubia Tpoayp. &piBudv,
8nA. &5 #va oToiysio ToU . “Etol &v () kad (B,) elvan 8Uo droAoubies, ToTE:

"Ovoudgoupe §8poropa t6v (a,) ko (B,) Thv drohoubia («, +8.)

SnAadh ThH 4Py ey tPe gy o P

"Qoe: (=) +(@B,)=(x,+B.), veN.

"Ovouddoupe Sagopd Tiis (a,) peiov T (B,) Thv dxoroubiar (o, — By
Snhadd Trv: C‘l‘ﬁu o — Py -.., @, — By,

"Qore: (@) = (B) = (@ — B.), veN.

'Ovopdloupe yivépeve vds Trparyp. GpiBuoU A &l thv (a,) Thv dxoloubia

9
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(Ax,), SnA. Trv: 7 JEcr V' SRR v, A

“QoTe: AMa,) = (Aa,), v eN.

*Ovouddoupe yvepevo tév (o) xai (B,) Thv droroubia (o, B,), SnAadn
Thv: By oaBs e OB i

"Qoe: (a,)-(B)) = (o,-B.), veN.

*Ovouddoupe nnhiko Tiis (o) ik Tiis (B,) wé B, # 0 3 v eN, THv &xoA.
(;:),Sn?\."rﬁv: %11--%,...,-;—:-,...

"QoTe: (a,): (B = (a,:p,), veN.

*Ovopélovpe amdlvtn Tpf Ths (cxv)- v dkoroubia (| o, |), SnAadn
T -9 PR [ 7S PR . ) e

"QoTe:. [ (@) | =(a,]), veN.

’Ovopdloupe tetpaymviki] pila mds dxoroubias (a,) wé @, =0 ¥ veN,
THv &koh. (Va,), BnA. Thv:

N R - S

"Qoe: \/a)z(\/c;v_), veN.
*Avéhoya opifoupe T pifa k-Td€ews (k > 2) wmds dkohouBias. “ETol
x k
Eyoupe: Vi) = (\/o:_,), veN (k> 2).

MNapathpnon. Ol Tapamdvw Spiopoi pwopouv v& yevikeuBouv kai yi& Tis TepimToes,
kal pévo yi' adTés, ToU éxoupe memepaouévo TATBos dxohoubidov,

§ 3. 'H évvoia Tis ppaypévng akohouBiag.— "EoTtw a,, v e N pix &
koAoubia TrpaypaTik@dy &piBuddv. Alvoupe Tous Erouevous Opiopous:

‘Opropoe 1. Od Aéue 6t 1j dxolovhia a,,v € N elvar dve @paypévn, rdre
xai povo tote, Gv Vmdoyer moaypatixds aofuds s Téroog, wote: ay = s yid
xafe ve N.

‘O &piBuds s,kabws kal k&be &Ahos Tpayu. &piduds Tou elvon  peyaAuTepos
&md TS s, AbyeTar TOTE Eva fivo gpaypa Tiis dkoAoubias o, v e N.

‘Opropdc 2. Od Aéue &t 1) axolovlia a,,ve N elvar kate @poaypévn, Tite
xal povo Tire, dv dmdoyer moayparixds anlfpds o tévows, dote : o=a, yid
xafe veN.

‘O d&pifuds o, kaBws kai k&Be dAAos payu. &piBuds ToU elvon pikpoTEPOS
&méd 16 0, AbysTon TOTE Eva katw @paypa THs Groloubios o, v € N.

‘Opropoc 3. Od Adue fre 7 axolovlia a,, v € N elvar @puypévn, tdre xal
wovo tdve, dv elvar dver xai xdro goayuévn,! SnAod1 dv dndoyovy moayu. dold-

pol o, s (o = s) térowor, dore: ¢ < a, <s yud xdle v € N.

AnA. pie drohouBia «,, v €N elvar gpayuévn, TOTE kol povo TOTE, dv

10
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gépyet KAewoTéd BidoTnpa [o, s] oT1é &mofo &ufikouv Aot of dpot Tns. “ETon,

my. f| Gxohoubia o, = —i— , v eN elven gporypévn, Emeidn loyve:

Oéa.,:Tél M veN — T T ¥

5nAadn Aot of dpor Tng dvrikouv 0TS KAeioTéd Si&kotnua [0, 17].

‘Opropos 4. Od déue bt 1) drolovbia a,, v € N elvar dmoddtmg @paypévn,
vdve xal pdve tdre, &v tndoye (Oetinds) moayuarixds doibuds 0 térowog, @ore:
lay] = 68 ¥ veN.
Té 6 Aéyeton ToTe Eva dndluto gpaypo Tfis o, v e N. Elvar gavepd T,
&v 6 elvan Bva &méAuTo @pdyna, TOTE kal k& &Mhos Betikds &pifuds ¢ > 8
glvon Emrions Eva &mwdAuto @pdyua Tis a,, v eN.

SuvoyilovTas Té Tapamdve EXOUME:
1. (o) &vew gporyuévn ey (I3seR, ¥ veN,q, < s)
2. (o) x&Te @paypévn =t (AceR, ¥veN, o= a)
3. (o) pparypévn -QT:—(HO‘ER,ESER,VUEN.Géd\,gS)
4. (a,) &moh. gpayuévn +=> (30 e RY, ¥ veN, oy = 6)-
“loxter fy &fis looBuvapia:
(a,) @paypévn <= (0,) drolitong @paypévi.
TMpdryuartt, &prel vé AdPoupe: # =max(|a|,|s]).

Hopatiipnon: *Eectias Tiis ™o Tave loobuvauias ora tméueva of Spot1 gpayptvn xal
anohbtog @paypévy 8& ypnoipomoolvTan pé Thv i onuaoic, ywpls Sidkpon.

Mupadeiypara: 1, H dxorovbla a, = 2V

, v=1, 2, .. .elven ppaypévn, Emweibn:

v
2. ‘H dxohovbia a, = (—1)" - L’, veN elvar gpoarypévn, tmadn | o, L.—_:[i =1 yveN.
v

3. ‘H dxohoubla o, = YTV | y—1,2... elvar pporypévn, Emeidn:

v+1
[vouw | _ v 1
=_——= ¥ veN.
Levl [v+1] T v+l =

4. ‘H dxorovbia a, = Viewia9) ¥ oinvl w¥=1,2 ..
i 5viL1

*Apkel v& &moBeifoupe 6T f «, v=1,2, ... elven &mohlTws gpaypévn. TpdypaTs,
Yi& xébe v € N Exoupe:

. elvan gpaypévn.

la, =IO + Ve | [vlow() [+ | Viimw] _v4Vy _vitvt 2t 2

SV 1 = Svir1 SarT =5e41 “5 5
BnAadt : lay] < %. ¥ veEN.
11
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§ 4. "H &woia Tig HovéTovng akoAouBiag.— *Eorew o, veN plee dxo-
AovBlar TparyperTikéy &p1Bucov. Afvoupe Tous émduevous Spiopols:

‘Opropig 1. Od Adue i 7 dxodovfia a,, v € N elvau aiovoa, cupPol. (a,) 4,
Tdre xai pdvo rove, dv loyder: a,< ayq yd xdfe v € N,

Opropds 2. Od Adue &r 4 drolovbia ay, v €N el yvnoing alfovoa,
oupol. (a,) 1, dre xal udvo vore, dv ioyvet: a,<a,y, yid xdfe v eN.

‘Opiopic 3. @d Aduc ém 7 dxolovlia a,, v eN elva ¢Bivovoa, ouuPol.
(@) ¥, tdre xal pdvo vdre, v ioydet: a,Za,,; yiud xdbe v € N,

‘Opiopic 4. Od Adue du 7 daxodovlia a, v e N cha vioiag @bivovea,
oupBol. (@), 7dre xai pdvo vdre, d logdet: a,>ayyy yid xdfe v e N,

‘Opropids 5. Od Adue Sre 4 dxolovhia ay, v € N elvar atabep), rdre xal ud-
vo Tdte, dv loyle: a,y, = a, yid xdfe v e N.

Mix dxoroubia a,, v e N mou dviikel o¢ pie &md Tls Tapaméve KaTNYyo-
ples Aéyeton povérovn axodovBia. Eidikérepar, &v #) droroubia elven yvnoiws oi-
Souoa ) yvnolws gbivousa, TéTe AéyeTan yvnoing povétovn dxolovBia.

Mapatnpioec. 1. Ké&be yvnoiws povétovn dxoAoubla elvan kol uovéTovn, Bév loyvet
Spews xal Té &vtioTpogo (yrati;).

2. "Av ()1, TéTE @, = &, y1& kéde v € N, nA. TéTe A droroubia () elven k&rw ppa-
YHévn pé dva kédTw pdyua Tév mp&To épo Tns. “Opora, &v (a,)), TéTE o, = o y1& kdde
vV EN, Bn). 17e 1 (a,) elvar &ve ppoypévn pé fva dve gpdypa Tév wpdTo dpo Tns.

3. Né& v& kaBopiooupe 16 elbos povotoviag mds dxohoublas (a,), Tis T TOAM Qopés,
toyalduaote pé pia &md Tis dmwdpeves ueBdSous:

(=) *E€erélovpe T wpéonuo Tiis Sixpopds: A, = [ -

(B) "Av ol Spor Tfis (a,) Biarnpolv wpéonuo, TéTe, ouvhiBos, guykpivoupe 16 Adyo

et T T uovdda. 'Amé T oUykpion abTh Edyouue oupmep&ouaTa yi&k T povotovia

Tiis &roAoubias.

() Bpioxoupe petaft 8uo f Tpiéw TpwTWY Spev Tis droAoublas TH oxton, &mwd Thv
Smola Exoupe wid EvBetn uovoTovias kal Emerta, pé 1A péfodo Tiis TéAelas Emaywyfs, &mobet-
kvloupe TV &vicoTikr ayéon, 4 mola 84 xafopioer TeAik& TS elSos Tiig uovoTovias Tfis (a,).

HNMapedeiypora: 1. ‘H dxoroudia a, = i sv=1,2, ... elvar yvnoies pbivouoq, tmeidn:
v

ﬂv+1='v—j__T = —i-=ﬂv ¥ veN.
2. 'H &xohoubia o, = v?, v = 1, 2, ... elvar yunoiws alfouoa, Emeidi:
Ay = (v+1)>v?=a, ¥ veN.
3. "H dkorouvbia a,= :_1 vv=12, ... évar yvnolews atfovoa, tweb) &v oynua-
v
Tlooupe T Biagopdk A, =a,,, —a, Exoupe:
L A g an VA | S NN N,
N R Ee T S b m 0 Y e
SnAabn: Syiy > @y ¥ VEN.
* 4. NG tietdoete g mpdg T povotovia thiv dxolouvBia mod Opiletan &nbé thv dvadpopi
oxéon : 0y =a+al kel o, =a>0.

j2
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Abon: TpdTa—TpdTa pe traywyr dwodakvioupe &11: «, > 0 ¥ veN. *EE&dAdov
&utows PAfoupe 8T1: oy = a < a + of, BnA. o < @, *Apa, &v 1) dxohoubla (a,) elvan
povéTovn, B& mpémel vk elvan yvnolws abfousa. “EoTw Aoimév  8Tii ak < Okyy, TéTE

uri < aﬁﬂ, bméTe u+c:ﬁ <a+ o:iﬂ, SnAadf akiy < Gkig Apx (2) 4

Mé& Tis povdroves dxohoubies Quoikddv &pibuddv loyxter i £fis xpnown
TpdTaon:
* Ipotaon. “"Av k,, veN elvar pia yvnoiog aiiovea axoiovbia guoikdv dpr-
Bpdv, tote loyver : k, = v 7@ xdfe ve N.

"Amoderln. (Mé émaywy). Mi& v=1 iloxe, émeadn k, eN, &pa k, = 1.
*Eotw &1 foylel yi& v=p (ueN), nA. 6 ky = p. Tére kyy > ky =z i,
&pa ky > B AT ThHY TEAeuTala dvicdTnTe, Emaidn of k., xai p eivon guoikol
&piBuoi, &metan 6Tt kg = w4l

“Qove: ky = p = kyoy = u+1. "Apa k, = v y1& kébe v eN.

% § 5. "H &wvoia Tiig UmakohouBiag.— “Eotw «,, v eN pia droroubic
Trparyl. &piBuddy. "EoTew dxdun upia yvnoiws alfousa drohoubia guaikév &pi-
Bucdv (k,), Snhadn:

I<iky < e s Koy o
Téte dpileton pia droroubicr (P,) ué TUmo: B, =k, ¥ v eN, BnAadh 1
dxoAoubia: Ok, Oy -0y Oy m
‘H drohoubia (1) Aéyeton Dmakohovbia Tiis (x,).
Mapadeiypata: *Eote f| dxorovdia a,,v=1,2, ... kai 1| yvnoiws atfovoa &xoou-
Bl TéV &pTicov uaikdd dpiBudv k, =2v, v =1, 2, ....ToTe oplleTon fy dxoloubia Ak, = Oy,

v=1,2, ..., 5nA. f| dxohoutia: oy, 4, g, - .-y Ayyy « o ., T) OOl &moTEAEITON &S Exelvous
Tols dpovs Tis a,, v =1, 2, ... wol Exouv &pTio BelkTn. *H dxohoudia alth elvan pia Umraxo-
Aoubla Tiis (a,) xai AéyeTan Onaxodovdia tdv Gpniwv dektdy. "Opoiax Spifetan kal 1) drako-
Lovdia tdv mepitrd@v dawtdv Tis a,, v =1, 2, ..., dnhabn 1 &xoAoubia:

oy, oL, G, S0 gy e

*Etor, mx. &v a, = (—1)¥ ,v=1,2, ..., TéTe ) Umaxohoubia TV &pTiwv BeKTROV

i1,
O A b R
NS 1
3 ’ 5 i‘v_':'__!" DU

’Emions pla &AAn UmakoAoubia Tis a, = (1) —1—, v=1,2, ... elvea 1§ dxoloubia:

v

ok, = Cgy= '21_»-’":]'2"" SnA. 1 -;— B -—zl—l ’ %; Rigtery, %,

Tpopavéds pia &kohoubia  Exel, yevikd, &meipes UmakoAoubies.

"AEwbhoyn mepatipnon. *Emeadn, oUupuva pé THY Topamdve TpoTaoT,
foxtei: k, =v M veN 8& Exoupe: v> vy = k, > v,

elven 7):

ml»—- cI»—-

kad T&Y meprTTddY Bektddv elven f: —1, —

» § 6. "H &vvoia: aképaio pépog mpaypartikod apiOpod. —"Eotw x
fvas TpacypaTikds &piBuds. Alvoups Tév EEfis Opiopd:
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‘Opropbds. *Ovoudlovue dxéparo pépog tob x xal 74 ovpuflodilovue pé [z],
Ty md peydio dxépaio dplud mod Sév tmepfaiver Td .

*Etot éxoupe:
B95)=3, [-21=-2, (0,141=0, -32)=—4, [V3I=1 |3 ]=2

To dxépaio pépos Evds poryp. &piBuou x dmoSeikvieTon &T1 elvea povaBikd.
’AxpiBéoTtepa drodevieTal oTd MaBnuoamiké ) &Efs:

Mpébtaen. (Oeionua toi axéoatov pE000s ). —T'é kGBe mpaypatiké &mOpd x
brapyer Evag xoi pove Evag dxéparog o pé: a<x<a + 1.

*H mopaméve mpdtaon ud§ Aéys 8Ti: yid xdle x dnd w6 R vrdoyer fva
#ai pdvo &va Sidotnua i woogic [a,a + 1 ) ué adxéoato dolfud, ord dmeio
avijrer 6 x. Y f

‘Opliferon ouverrédss f &mreixdviqn:

; AR _[vwé vEx<v+l xal 4 i

EliwR=Z:x -Liy xl= {_V,&V —p 2 x oty ], 22 =] ? i 2 3 x
Smou v @uaikds &piBuds # T6 undév (BA. ox. 1).

"ATé T& Tponyolpeva Exouue, Aoidy, &Ti:

|
.

v xeR, [x] £x < [x]+1 ¢))

"Augoes ouvetteles Tiis (1) elven oi EEfis iB1dTnTES TOU dxépaiou pépous:
@) x=[x]+6, YxeRkai 0 <6 < I. B [x+k]=[x]+k, ¥xeR, tkeZ.
Mpéeypam, &md v (1) Exoups: 0 = x—[x]<1 kol &v Gtoouns x —[x]=8,
ToTe elvan: X = [x] + 0 pé 0 < 0 < 1. Né& v& &mrodeifoupe T B) maparnpolue
Stz Emmeidn x =[x] + 6,0 <6 < 1 Exoupe: x + k=[x]+k +06,0<8 <1
ko ouvermdss [x + k] = [([x] + k) + 6] =[x] + k, dgou 16 ([x] + k) € Z.
Enpsioon. "Awd thv (1) fxoupe: ¥ X€R, x—1 < [x] S x.

§ 7. 'H &wvoia: i ouvenkn p(v), veN ioxltel Tehikd yid kGOe veN.—
"EoTtw p(v) pic ouvbikn 016 N Supgeovoupe vé Adue oré Emopeva 6m1:

‘H embijen p(v),v e N iogder tehné TWi k60 ve N, vdre xal udvo tdre,
dv dmdoyer delntng vy € N, dyl. dv dmdoyet fvag guowds dollude vy Téroios, dote
N oy p(v) ebvar pia TavtéTnTa 016 gdvolo: N, ={reN: » = v}, Thé
oUvTouc: & pud xdfe v = v, onlijen p(v) elvar pia aAndijc nodraon.

EiSioTepa 8& Adpe 61 1) ouvbhkn # 4 81T p Aot dvagépeTan of pla
dxohovbia (a,). ioyvel redmd yud Glovg Tovs deixtes, loodUvapa: Tedwxd Glo
ol Soou tije dxodovbias (a,) mAnoody Tij ovwlijxn p, TéTe kai pévo TéTE, Gv
UTrdpyer Evas guoikds &p1Buds v, TéTolos, oTe 1 dkoAoubia Oy V=0,1,2, %..,

14
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SNAGBN Nt Oy Syprns ** %9 Oughwn <o+ vé& Exet THY iBi1dTnTa p. “ETOL, v WX
1

Gy V= 1,2, .- elven pia dxoroubia mporypoTikédy &pibuddv kaf p(v)

# ouvlnkn: a, < o TOTE BamioTdvoupe &uéows 6TL 1) ouvdnkn p(v) foxier

relixd yud Glovg Todc deixreg, BNACBT Tedied Glow i door Tijg dxoiovliag
: 2 ] ; e

o= F‘;,v=1, 2, minooty T1) avwllijxn : A< g - MpdryparTi, &pkel vé AdBoupe

& vy = 501 (yrari;), dméTe fxouue: yid ke v eN pEv = vy = 501 e, = —L—

1 1 1 2 Zle TRRET , ;
g;;_m <= 560 — 10007 — 10° H dxohouBic Aoimév otsgpiyy v=20,1,2,---

re g - o ; S a2 -
Eyer v iB1oTnTa: Aol of &Gpor TN elvon pikpdTEPOL GO TO 08 ZUVETTES

A dxohoubia «, = s e 1,2, -+ Exe1 tedwed OAous TOUS Opous TNS WIKPO-

i S sy ydy 2 AL 2
TEPOUS &TTO TO 10 AUTé pt &TA& Adyia onpaivel 8Ti: dy éaroéaovue fva meme-

. 1 g ;
paoguévo mhijflog Gowv Tijs drolovliag a, = —, v = 1,2, -amd rijy doyij, ondadi
v
T005: @y, Oy, . . . ,sgp G0 ExEl kai wépa dloc ol door TG Elvar puxpoTECOL ATO TO 0.

*AEwonucioteg taputnpicag. 1) “Av pia ouvdikn p(v), v € N loxUe TEAIKE y1& k&Be
vEN, TéTe Umdpyel Bva TeTepa o pévo olvolo BexTdy, oTd dmoio A p(v), v EN dév

loyUel. *Etor o1 mponyovuevo Tapddaryua, &v v € {1, 2, b8 1 Pl (s i T
1 2 .
NMOE L s 8év loyUen

2) "Av pia ouvBhkn p(v), v €N elven TautéTnTa 0T N, 8nA. loyver y1& xébe v € N,
TéTe, Tpogavdds, loyuel kal TEAk& yi& k&le v € N' T &vrioTpogo Suws Bév elval dAndés.

§ 8. 'H évvoia Tiig mepioxfig i yeirrovidg onpeiou 100 R. — "Eotw
fvas TporypaTikés dpiBuds o (aeR) kol Evas BeTikds &piBuds e (e>0) ToTE
dplleTon Té &voikTd Bidotnua  THis popefis ¢ (x —E, o +€), TO omoio AdyeTan
repLoy f yELTovLa ToD onpeiov a pé Kévipo 10 o xai axtiva ¢ (BA. duéows To-
pakdTw oXfike):

R

levikdTepa: meprogi 1) yertovia £vég onpeiov a dvoudierar xdfle avouxtd dud-
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atnua (y,8), 16 émoio mepiéyer T8 onpeio o, SnAadh o e (v, 8). "Etor m.y. 16
Sidornpa (1, 2) elven Tepioxn) ToU V2, dmeidy V2 e CL2):

‘H meploxn pé xévtpo 16 onueio o kaod Hé STive € 84 oupBoAileran it
(e, £). '

"Qote: (e, ) = (a—¢, te={xeR: a—s<x <aqa + €).

"Av a=0, 1é1e T(0,¢) = (& +e)={xeR: s <x < e} kal Adyeten
TEPLOYT T) YELTOVIG TOD undevoc.

Mia oAU xprioiun TpdTaon elven # EEfs: (¥X) x € n(a, &) 4| x—a | <&,

Mpéypatt
(vx) XET( €) 4= X € (X —€, & + ) ¢mp x—£ < x <O Edm | X—a| <k

Enp. Kévete dmodiTews KTipa oos Tis TapaTdve locBuvauis. O& Tis Xpnootoiolpe
TOAU guxvd &md E86 kad Tépa, M& vé PePoncobeite TpootfTe kal TV Emdpevn Tap&oTaon:

—y g e T
& -¢ X o h

-—

Eidic& y1& a=0 Eyoupe: (¥x) xem(0, ) <= xe(—e, +&) <= —e<x <e <= |x| <.

Inpavuki napatiipnon. *Eyovrag Twpa UTdwn kai v TPOTYOUpEYT)
Tapdypago, B& Aéue 811 tehkg Ghor oi Bpor pudc dxolovlias a,, v — L2
Poloxovrar ey negoy) wfa, &) évde onusiov a, rite xal udvo tdre, dv
trdoye delntns vy € N TéTowg, dote: yid wdbe v > vy loyber: a,enfa,z), onl.
le,—a|< e AUTS, oUuQuve pé Ty TPWTN TapaThpnon Tiis § 7, elvan &
looBUvapo wé: «dndoyer fva meme eacuévo akifos Spwv Tis dxodovliag
a,v=1,2,...700 foloxovras &xt0g ijs meotoyic T(a, €), 8nA. &kTds ToU SiaoTh-
varos (a—e o 4 £).

¥ Inpeioon. *Omws udBaue xad oThY TponyoUuevn TdEn, &y x ¢ R, Y ER, ToTE §
|X —y| mapioTaver iy amogtaon d Tou TPAyUaTikou &pifuol x dwd Tédv Tpayu. &pi-
Bué y. ‘Opiferan Eron ) &xéhouln dmrekévion:
d: R? - R: (x, y) i* d(x, 3')0.,::. lx—y]
ué Tls TapokdTw 8167 Tes:
d; 2 d(x, ) =0 % (x,¥) € R® kai d(x, ¥) =0 <= x=y (8nA. 4 dndoraay oré R
elvar i dgvnrizg).
d, @ d(x, y) =d(y, x) v (x,¥Y) eR? (BmA. andoracy oré R elvay TUUpETOLRY ).
d : d(x, y) S d(x, z) + d(z,y) ¥ x,y,zeR (8nA. % andaracy ové R Exer Ty Tou-
yovea) idbryra).
TS &1 f &mewdvion d: R® - R ué Timo d(x, y) = Ix =Y | e Tis-Tpeis 1BiéTnTes
dy, dy, d, Tfis &TooTéoews elvan Qutgws pavepd, dpkel vé Savabuunfoipe Tis yvworés 18167n-
Tes Ths &mOAUTNS Tufis. “Evon, T X0 Y1& Thv d, Exoupe:

d(xr}’)=lx—.‘fi=F(X-‘Z)+(z—y)|§|x—zl+FZ—YI=d(¥.1)+d(z,Y)-

“Exovtas Thpa Umoyn v mapamdveo onueiwon kai THv TPOTyoUpevn
TApaTPNOT SiaTuTTdovoupe Thv Efis Ypriowun mpdTaon:

16
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Ipéraon. a, e n(a, &) <= d(a, q) < & Y6 kGe veN pé v = v,,

‘H mopoméve mpdTaon pé Adyia SrotumdveTon ds &€fis: Teduxd Hlov ol
dgou puds drolovlias a,, v € N folonovra oty megtoy] wfa, ) Evds onusiov a,
TdTe xai pévo Tdte, dv oi dpor THE mob Eyovw delxrn v = vy dnéyovy and 6 xévroo
a dandoracy wixedteon amd Tify dxriva e.

ALKHZIEIZ

‘Opada A% 1, N& ypéyete Tols mévte mpcaTous Spous T&Y &koAoubidy:

1 ot Wikl v
o) 1+T,v_],2,..., B) —uzg,V—l,Z,..., Y) —-—1+v2,v=],2,...,
= - St gz (GO v o
8) a4 (v—De,v=1,2,..., 8 oo L =10 oT) ——v—+m,v71.2,...
L o s
g (=) - = =152 vy an) r_l-,v_l,Z,...
2. N& ypéyere ToUs Béka mpiTous Spous o, &y,..., O, @y & Eyoupe ™v dvo-
1 13
Spopikr oyéon: Ay =1+ = ot o= =35 -
Ti TapaTnpeite;
3. N& dmoBeifete 811 ol dxohouBies a,, v =1, 2, .. ., ToU opifovTen &md Tous Tapa-
ké&Tw TUTOUS, elvan povéToves kad gporypuéves:
e _v+1 v _2v—1
1) &= =i 2) a,= oy 3) av_ua—:, 4) a‘,_u+1.
¥ ‘Opdda B 4. Towts &md Tis Emdpeves drohoubles «,, v =1,2, ..., mou &pilovrai
&mé ToUs wapakdTw TUToUs, elvan gpayuéves kal Toiés Bév elvan:
_venudv _ 1 v vl S
1) cxv—m, 2) a,= e 1 = o= 4) a, =v.3-Y
2v+5 v? nuv + guv?sv
=—ii 6 ay=—n-——, = —— ——
2 & 3% ) & vV + ouyiy D= v Vy

5. Tty mponyoUuevn &oxnon ok &méd Tis dxooubies 1) —4) elven povéroves xal
Toiés B&v elven, Mé Tis povéroves vk xofoploete 16 eldog Tiis povoTovias Tous.

LAk
6. Nd& dmobeifete 611 ) droAoubia cx\,=(1 + T) yv=1,2,... elvan yvnolws alfou-

I Vol
oq, v®d 7 drohovlia B, = (H—T) yv=1,2, ... élvar yvnoiws gbivouoa.
‘Yrodergn. N& dmoBeifete ém loxle «, > a2, (dvricToixa: B, , > P.) y1& kdbe
v=23, ..., doou tpapudoeTe xaTdAAnAx kal TH yvwoTd dvicdtnTa Tou Bernoulli
. . Sy .
T A A =—1x x‘=d\ - b = _w=203 . & &irobe
vaPeZ pi af ai o e o
Eete 6T foyve:
x| = _‘Ll Y& kafe v=5,
40
BnAadn 1 dwodoubia x,, v =2, 3,... elvar tehk@ ppaypévn.
17
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I1. SYTKAINOYZEZ AKOAOYOIEZ — H ENNOIA TOY OPIOY

§ 9. ‘H &vvoila 1ol dpiou dkolouBiag.— As Bewpriooupe THv dxoroubia

Oy i1, 2, L DR yEniKe: Bpoi o = v-tl , dnAadn TNV d&xoAoubia:
3 4 3 v+1
2 ol e B e e R (@)

MNé& Tiv dxorouBia alT Taparnpolue 611 loyUer Té &Efis:

*Av uds SoBel évas Oetixds dofludg, T.x. & 0,2(: —lz)mi Becwptiooupe THY

dmdoTaon ToU a, &md 16 1, SnA. thv | a,—1 |="'_|‘:1 =

1 i
1| = L RITE EYOUVpE:

=11 <02 4= — < = = v> 5,

10
BnAadf: f &méoTtaon d(a, 1) =|a,—1] <02 y1& kdbe v=6,7,8, ...
% = 2 2 e
f dAdds: a, € (l =10 1+ ﬁ) yi& ke v = 6,
i1e &xdun: 1—£<0t 14 - % k&fe v =6
E un: 10 v = 1—0— Y& KaUe v = O.

~ 100

"Av Tdpa pdis 8oBel Bvas &AAos BeTikds dpibuds, k. & 0,05 (— i) xad
Becopricoupe kai TéAL TV &mwdoTacn ToU a, &mo Té 1, 8& Exoupe:

1 5
|C(v"‘-'1‘ <0,05 = —V—'<m =3 V>20
; 5 5 o =
SnAadn: l—m<av<l RS TR k&Be v = 21.

St &uéhoyo oupmépaopa B& karaAnfoupe &v AdPoups, w.x. 0,75, § 2,25
kad yevikg vav émoloBrmoTe BeTikd dpiBud. "AkpiBéoTepa: &v dvti ToU 0,2 4
ToU 0,05 xTA. Trépouus &av dmowdimote dolud & > 0, ToTE 8& kaToAnfoupe
ot dvéhoyo ouumépaopa, BnA. foxUer Té EEfis: «dmdoyer delxtng v, Térouog,
dote vd loyver: | ay,— 1| < & yud zdbe v = vy

i 1 1
Mp&ypaTi, Exouue: |o,—1| R I o L M
Apkel Aoy s v, vé AdPoupe Evav drolodnmoTe puoiko &piBud peya-
gl i [

AUTepo &md TOV T (TéTolol guakol &pifpoi Utrdpyou,

: Al 5 1
Y. © l—s—] A [—E-] s [_s_] + 3, xTA).

* “YrevBuplfoupe 61 [X] TaploTével TS dxiparo pipog ToU X. 'loxle: [Xx] =S x < [x] + L.

18
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TMapoTnpolpe Twpa 611 of kéle &khoyn Tol Betikol &piBuol &, & Belkrns
Vo, &md TSV dmroio kad peTé of Spor Tiis dxoAoubias (1) TANpolV ThHY |, — 1 | <
| looBlvapa Tiv: 1 —e < a, < 1 + ¢, EapTdTon yevik& &méd 16 g, yI' alTd
oT& Embpeval ouxvd B& ypdpoupe vy = vye). "ETon, yi& &= 0,2 Exouue, ST
eibope TapoTdvw vy =vy(e) =6, & yi&k &= 0,05 Exoupe: v, = vy(e) = 21.

Ao T& wponyoUpeva BAémoupe s 1) dxoloubia (1) Exer ThY iSidTnTa:
MNé kéBe € > 0 Umépye Beikng vy = ve(e) (SnA. roU E€apT&Ton &md ToV €) Té-
Tolos, doTe: ) dméoTaon |a, — 1| Tol 8pou a, &wd TV &piBud 1 elven wi-
KpOTEPT) AT TO £ Y1& k&fe Belktn v = vy =v,(e), BnAadf TeAik& Glo

1
_v_—\l}-_ s v=1,2, ... Poicxovrar of xabe mepioy)

ol dgot s axolovhias o, =
Tob 1.

Trv &xohouBic (1) ol Exer v Toapomdve iB1éTnTa TH Adue ovykiivovea
axohovbio kal Tov &p1Bud 1 oTédv dmoio alTh cuykAiver TS Aéue Gpro 1) dpraxi]

Tpf s dkolouBios o, = st A i e e |

"ATo T& Tponyouueva S8nyoluacTe Twpa oTé vak Scdoouue Tov EEfs ye-
vikd Splopd:

Oprondc. @ Aéue dmu 7 dxodovfia a,v=1,2, ... ovykhiver otév moay-
poatixd aoilfud a fy Gt teiver ordy mpayu. dofud a ) St 16 dpro Tijc axolovbiag
(a,) elvar 6 moaypu. dofuds o kal alTd 6& T6 oupPoAiloups pé o, > o f
lima, = o, tdre xal pdvo vdve, dv yid xdfe e > 0 dadoyer delnrng vy =wyfe)
(mov EapTdTon, Yevikd, &md TO €) Térowog, Gote vd loyder

|a,—a| <e wpd xabfe v = vy(e).
ZupPoAik& & Tapamdve Opiopds SiaTuTdveTon s £Efs:

u,,-»ai—p:)#t:)-ﬂ Avp=vye): la,—a|<e Y v=v, (€))

‘O &piBuds o, Smows eimape kal Tapoamdve, Adyeton dpro 7} dpraxi Tpf
Tiis drodoubias a,, v =1, 2, ... Enuacvoupe: opa, = a fj md ouyvd: lim*a,=a
f| amholoTepa @, - o kai BiaPdlovpe dvtioToxa: dowo o, oo pé o f o, Tei-
ver (ovyxAiver) oTd a.

Ztiv elikfy mepimTwon moU elven @ =0, 8nA. lima, = 0, f &xohoubia
a,v=1,2 ... dvopdletar pndeviki. ToTe & Tapamdvew Spiopds SroTuTre-
veTal oUvTopa o EEfis:

4,0 e Y E>0 Tv=ve) o |<e Vvv @
';E-rm, m.X. 7 axolovlia a, =%, v=1,2,... ebvar pndevinr], yrari &v €

* Té obupoho «lim» elvon ouvtopoypagia Tiis Aativikfis Aéfecws: limes (= &pio) kad ¥pn-
owomotitar Siebvdds ord MabnpaTiké.
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elvan fvas émoloobrimoTe BeTikds &piBuds, TéTE &v ouuPoliooupe pé vy TO piI-
kpdTepo &md ToUs guaikols (BeTikoUs dkepafous) &piBuovs ol elvan HEY OAU-

Tepol &Td TO —i-, SnA. &v v, =[i—}+l = vy(€) Exoupe:

1 1 1
Y& k&be vgvo-)v>—£1—>-v—<s,8n7\.iav[=;-v—l<s.
” 1
Apa: a,= — = 0.
v
Znp. *H dxorovbia «a, = i yv=1,2, ...0upile Tls dvamrnbfoeis ol k&ve pia EAa-
v

aTik opaipa (TéT) Tave o' fva dmimedo. TS Uyos oTé &moio gBdver 4 ogalpa k&be op&

ToU dvamnbd elvan pikpdTepo &méd T& Tponyolueva kal tehkd f opalpx looppoTel mhve
o1d tmiwedo (Tyos dvamndijoews undév).

(3

‘Ouociws % dxodovfia a, = (—1)" %, v=12,... elvar pndevinr].
Mpdysom: \uv¢=)(—-1>“%4=% ceesv> L.
“Apa :

Me>03Fyi=v(e)= [%]—k Li e, | <Eyg v = vyle).
ZUVETTRIS : a, — 0.

i it
BupiCer Tis alwprioes tvés tkkpepols, T@Y dmofwy T6 TAGTOs ouvexds EAaTTdveTa Héxp1
v& pndeviodel.

IZnp. *H &xoroubia a, = (—1)"_]“, v=1,2,..., &vakutix& fj: =1, 1 1 !
v

’Etriong 1 dxolovbia a, = —L, v=1,2, ... elvar undevixs].

Vv
Mp& om-|uj——1—<e >—1-
PG g e o
» 1 1
Apa: ¥ e>0 3v0=v0(e)=[?l+l:v v =y, > - loyue:
[G\,=='L§-1—<E
v Vo
“Qoe: u——1—+0
: e ’

Maparrnpolue Tdpa &i: &v lima, = o, Téte &mé T oUykpion TV Spi-
ouddv (1) xal (2) wpokimrter émi: 7f dxodovdia b, = (a,—a),v=1,2,...cha
undevixr) xai dvriorpdpws. "Qoe:

limae, =a <= lim(a, —a) =0 3
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“Eto1, m.x. éxoupe: lim %

=3, bmreid lim("“’v—J“l o 3)=lim % =i0;

A6 Thv (3) Emetan &1 & yevikds 3pos mids dxohoubias (a,), # Smola
ouykAiver pds TOv dp1Bud o prropel mhvToTe V& Ypagel s EEfs: o, = a+5,,
Omou &, & yevikds Spos wds punBevikfis dxohoubios.

Mepatnpione. ). "Av y1& pia droroubla (a,) loxle: a, = a, yid k&fe v = vy €EN, 5nA.
1) (@) elven tedika otaBepd, TéTe f) (@) ouykAiver kad Exe1 Spio Tév a. Tpogavdds, &v a, = «,
% vEN, Téte: lima, = a.

EifikdTepa f) oTaBepr) drohoubix a, =0 ¥ veN elven undevikn dkoAoubia.

Mpooikre! “Av (a,) elven pnBevikr) dxohouBla, 8 onualver &11 ol Spot 1ns elven foor pé
undév. MéhoTa wohrés gopts oupBaiver: &, — 0 xaf dpws a, # 0 % veN. TLy., fj xohoudia
1

o, =—,V=l,2,...
v

B). Zexwdvras &mwd Tis looSuvapuies:
Jay—a| <e = a—e<a, <a+e e a,e(x—¢ «+ € = (o, €)

xal Exovras Umdyn TV TapaThpenon THs § 8 ocuumepaivoupe &md v (1) é71: 0é xibe me-
gioxt) Tod dplov a ds cvyxilvovsas dxolovlias (a,) Poioxovrar tedixd Giot of boot s, évid
nenegaopévov mhrfove Goor Tne, tvBexopévas kol kavévas, Pploxovrar &xrds Tic TEPLOYTIG
afa, ). ‘Emoptvess: dv 1 dxolovbia (ay) ovyxdiver orde ngayparixé dapilud a =0, vére and
xdnoto deixtn xal mépa Gloi oi Gpor Tiic (a,) elva didpogor Tod pundevde (yiati;).

7). "Omas elmape kai oThv &pxfi aitol To Kepohadou xatd TH Becopnon wids dwo-
AouBlas TOAMES gopés EmikahoUpaoTe TH YyewHETPIKA tromrela. “ETol péypr Tdpa moAAés
gopés Becopoloape Tols Spous wids dxoAoubiag &5 TeTUNMéVEs T&Y onpefwv Evds &fova kal pé
aUTé TéV TpdTo dvTipeTwmilaue Tis droAoubies TpayHaTIKGY &p1Budiv ds droloubies onuelwov
ToU &fova. 'Emeidry Suws &vas mwpayp. &pibuds tubéyeTon v& TopoudidleTan TEPICTOTEPES
&md pla gopés s Spos s dkoroubias, Emetan 611 ver anueio ToU &Eova EvBéxeTan vé& Tapou-
o1&leTon meproodTepes &md pla gopés. M auTd T Adyo, moAAés gopés TapakdTw Y& TH
YEwpeTpIkA TapdoTaon Tiis droheubias (a,), xpnoiuomoiolue Evav &Aho TpéTO &mrEiKovi-
Oews: dnexovifovue, ord #agreowavd éninedo Rx R, v dpo s a, oté onueio M,(v, a,).

‘H yewuetpikf mapdotacn Tfis dxodoubias elvan TéTE fva oUvoro &md ((uepovwuévan
onueia ToU EmiméSou (PA. ox. 2).

8). "Eoted pla pndevik dxoAoubia o, v=1, 2, ... M.x. f éxohoubla moU piletan
&mé ThHY &mekévion:

a: N—>R:v > q,= (—1)"-‘._1-.
v

MapaTnpolpe &11: q(N)={1, b ‘ hl_ — L, ...,(--1)"—’_1 - ]
L v

2 3 4
"Exovras Tdpa UTéyn Thv TponyoUpevn Tapathpnon YEWUETPIKT| TapdoTaon alTiis
Tfis dxohoublas &moTeheiTan &méd «pepovwpévan onpeia ToU Emimébov, dmws gaivetar oTé
oxfina 2 Tfis émopéuns oeibas.

"0 dpiouds (2) moU Bdoaue y1& TH undevikh dxohoubic tmidéyeTon Thpa THY EEfs
yewpeTpik) Epunvela: *Ag Tépoupe fva Betikd apBpo ¢, X Tov €= 0,17 kai Tls elBeles
ué E1ocdoels y =€ = 0,17 kai y = —e = —0,17 moU elvan TapdAAnAes pé Tév &fova TGV X
kol Opifouv oTd Emimedo pla «rawian (BA. Tx. 2).
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TMepatnpoiue oTé mapokdTe oxfiua 8Tt Té onueia M;, My, My, M, kal M; pplokovren
EEw &b THY Tawla, dvé T& onpela woU Exouv Belktn v = v, = 6, SnA. T& onueia.M,y, M,,
Mg M, ... Pploxovtan 8he péon oThv Touvie Tdv Blo ToapoAAfiwov. AUTO onpaiver o

ol Tetaypéves TGV onueiwy alT@v, Snh. of dpot: d, &y, Oy, A, - - . TS &xoAoubiag rou -
pape Ppiokovtan oTé &vokTd Bidotnpa (—€, +€), SnA. of & Teploxn ToU unbevés. “Qoe:
— <A, < +E fmetp [0 <EMVEZV=6 (e =0,17).
*Av Tdpa Tépoupe Evav &AAo BeTikd &piBud e Mo wikpd &mwé TOV MPOMYOUPEVO T.X.
Tév £ = 0,09 xai dravehdBoupe Té Tapaméve, TéTE BAbToupE s T& onpeia My, My, ...,
M,, ... Pplokovral ptoa oThv Tawvia oU dpifouv of elBeies y = e =0,09 kol y = — = -0,09
kal aiTéd onuaiver wéA1 8T ol TeTaypéves TEY onpelwv alTd@y, SnAadf ol Spot oy, Gy, - -
&y, ... Ths dxoAoublas woU Trpape Ppiokovron Bhot oTé HidoTnua (=€, +€). "Apa loyle:
—€ <Gy < LE fmp | o] <8 iV E V=12 . (6=10,09).
376 1610 oupmépacpa katafyoupe kal &v Thpoupe s € ‘érro108nmoTe GeTikG &piBpd,
pévo mou yi& k&be & &AMl & BelkTns v, (Tapamévw eiaue &T1 y1& e = 0,17 Exoupe s v,
16 6, vd yr& e = 0,09, 16 12).
"Qote: oé xdle éxAoyr) Toi Betinoi dpibuei & Vndpyer fvas delrrng vy, & dmoiog éfaprd-
Tar and Tov &, Snladr) vo = wvofe).
276 Tapaméve oxfna 2, Tapatnpolue dkdpn &Ti: kabds TO v wadédver dnegidpioTan

T6 Bikypapua TV onueiwv Mi(1, 1), M, (2. —%), M,(3, _;—) s - Sho kod meproobTEPO

«mAnodlen xai TEMK& «reiver vd méoer mdver ordv dfova Oxn. TV alTé Ty drohoubia alTi
a,v=12...pf a=-1)"1 i
v
undevixrj dxoiovbia.

*A o knon. N& Shoete dvtioTorxn yewuetpikt] punvela Tol dpiopol (1) y1& T ouy-

KAlvovoa dxohovbia: o,= v+1 Bl [ M
v

TwoU ikavomomwi T& Topamdvw, T XapakTnpifouue ds

NMAPAAEIIMATA

1o. Na drodeiere 6n 1 dxolovbio a, = ,v=12,... Exe1 6pro tf povada.

A
v+1
Abon. Mpayuaty, y1& kéde € > 0 Exoupe:

v

ba i v+4-1

~1I__1._<_L e .
Towtl oSSk g
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"Apa:

M e> Ogvo:vo(a):[L]-{- 1: ¢ vgvu>%=¢ |ay—1| <& ouvewdds «, — 1.
£

20, "Ecto a, = 2"3— 1 ,v=12,... N@& Grodei&ere 6t : lima, =%
v
Aven. Tp&yuar:
2 2v—. 2 1 1 1
J“"'T|= T’”T’_I"T i e
"Apa:

¥ e> ng,,:vo(e):[L].p 1 ;| i _§_| <E M V= v(e), ouverdds limu,=%
Vi

. "Ea =
30 O ay 2+1

, v=1,2,... N& anodeikerec 6nr: lim ay = I.

A . vi—y v+ 1 2v 2 2
Adon. rrpcn/ucm.|<=:v—1t—]“rI R e B e
AnAabfy yia omolobrioTe BeTikd &pi1Bud £ Umdpyer Beiktns vy = v,(e) (&pkel ds v, v& A&-

oupe dTrolodrioTe puaikd &p1Bud peyadUTepo &md TS _2__ kai Tétoio1 guoikol &piBuol Umdp-
P b g P! = P

Xouv, T.X., & [_2_] + 1, [i]+ 2,[i]+ 3, kTA.) TéTol05, WOTE Y1& K&be v=v,y(e) >i
£ 3 € €
foxver: |a,— 1| < g ouvewrds lime, = 1.

40. Na anodeitere 61 1 dxohovdic a, = (Vv + 1 —4/v),v=1,2

s« o« ElVol pndeviki.
Avon. TlpayuaTi:

Pl = et VT Vi [ Lo N (Wb 1 4 ¥v) L
(Vv 1+ vv)

+D-v 1 _ 1 1
WHI+ Vv Vetli vy v eV e

*Apa:
¥ e> 03 vy =vy(e)= [Lﬂ]-{-l: o, | <e ¥ v=v,> lz “Qote a, — 0.
€ €

O& Bwooupe Tdpa kol Eva TaphBeryua dxohouBias Tou 8f ouykAivet oTd R.

50. Na @rodeifere 6m 1) axolovBia o, = (—1)%, v =1,2, ... 8¢ cvykhiver ot6 R.
"Anddaiin. "As UmoBfooupe (&tomos &maywyn) 871 f dkohoubia (a,) ouykAlver of
K&Trolo TpayuaTIkS &piBud X. Anadh fotw &mi: lima, = x (xeR). TéTe yi& kéfe € > 0,
Gpax kai y1& e = 1/2, Umdpyxe Seixtns v, €N TéTolos, GoTe v&k loyle:
| (=1)* = x| <% ¥ v v,
EiBc&:

[ (=D%—x| < _é_ I [ L _;__
tradn vy = v, kal vy -+ 1 = v, Tére Spows Exoupe:

FGLy = 1Pt = (Do X e (D)lob ] S (=D o] XDt [ < b L

Anhabi: | (=1)% — (=1)%+"] < )
*AMG; | (=1 —(— l)"u‘ == 2)
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*Até Tis (1) kal (2) AouPdvoupe 61 2 < 1, mphypa moU elver &romo. “QoTe f UrdBeon ol
kqvape y1& v dxodovBla a,= (=1)", v=1,2, ... &n ouykhiva ot xémoio TpayuaTikd
GpiBud dBnyel of &romo. “Apa ) dkodoubia (—1)%, v=1,2, ... 8¢ guykAiver o1é R.

ALKHIEIZ

‘Opade A 8. T& e > 0 vk Trpoc&mp{crs'rs 85[1(111 Vo = Vg (€), DOTE Y1& v = v,(e) v&

flvar: |a, | <€ Smwou a,, v=1,2, ... elven:
3 _ B 4 ouiy 3
1 ——-—-, 2) o, = g 3 =—, 4 v —_——
daanr b - i Sy
9. "Eotw a, = -5 ,v=1,2, ... N& &moBeifete &11: lim a, = i
4v 4
10. Mé& e > 0 v& TpooBioplaete BelkTn vy = vy(e), doTe yi& v = vo(e) vé& elvan:
v 41
-1
i < &

11. N& &mrodeifete 811 ) &xoloubia: o, = AV/vif2- Vvi+4 1L,v=12,...elvar pn-
Bevik.

* 'Opdda B'12. Né € > 0, v& TpoobioploeTe Belktn vy = vo(e), doTe Y& v == vg(e) vk

elvan: |ay] <&
dmov a,,v=1,2, ... elvea: D
1 nuv + 2ouvdv
D “v:mr 2) ay=——r z+] » ) ay= _"\/1‘_—1 4) oy =4V Fv + 1-VvifvE2

’E@apuoyn) y1& € = 10-%,
13. TNé& e > 0 v& mpoobioploete Belktn vy = vy (), DoTe yi& v = vo(e) v& elvan:

VR 1 e
) = 2 »
Strou a,=\/;(\/v+l—V\T),v:,l,Z,...
14, N& &moBel€ete d71: &v 1§y dkohoubix a,v=1,2, ... v pnBevikry, TéTE B8&
elven pnBevikn) kai 4 dxoAoubia: ﬁ\. \/! wlt | wi=1 2 1

HII. IAIOTHTEZ TIA TIZ ZYTKAINOYZEZ AKOAOYOIES

2¢ Shes Tis apaxdTe iB16TnTEs ol dxoAoubies BecopolvTan TpayporTikés
kai 1& ép1& Tous &p1Buof mparypaTikol, ki STav dréun Sév T6 ToviZouue iSialTepa.

§ 10. "1&16TnTa L[ T4 povosijuarvro tob dolow)-—T6 Bpo cvykhivoveag &-
kohovbiag a,,v=1,2, ... elvme povoonuaviwg dpiopévo.

AnAady) : :"::_} = a=a

"Anédeiln. “Eotw (dmaywyn of &romo) éTI o, - a kaf &, —» o, &Tou

o kol o dpiBuol mpaypaTikol pé o #£ o . TéTe L& 901

> 0. "Apa yi&
|e—o'| : Ot s .
&5 5 0 Umdpyouv BeikTes vy, v, TéTol01, doTE:
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|a—o'|

|CK\,—G}< 2 3 VVEVO'

€]
’ - e q' e
Iau—dl<|—-z—l.vv?§vo ¢))
Tote Suws y1& xdfe v = v, = max{vy, v,"} loxvouv ouyypdues ol (1),
(2) xad ouverréds, TpoohéTovTas KaTd pEAT, AcuPdvoupe:
Jay,—a| +|a,—a'| < |a—a'].
"Qote y1& k&fe v = v, Exoupe:
la—a'| =] (0 =)= (a,—a) | < [y —a| + |a,—a'| < |a—o].
AUTS Suws elven &rotro, Emeidn &év umopel vé elvan lao—a'| < |a—o].
» § 11. '1&16TnTa Il.—Kabe drakolovlio cvykiivovsag axohovBiag Exer 16
810 p° adtRy Gpro.

Anhode :

a > ¢ = ox ->a

"Anédeign. "EoTw pia droroubiar (a,) ol ouykAive oTév Tpayparikd
&p1Bud o kai (ay,) via Uraxohoudia Tns. TéTe Exoupe: yid& ke € > 0 Umépyer
Belktns vy = vo(€) TéTolos, doTe v& foxle: |a,—a| <& ¥ v =y, (€))

"Eoteo Tdpa Evas puoikds &piBuds v = v, TOTE, oUupwva pé TV TpdTaon
Tis § 4, Exoupe k, = v, émov k,,v=1,2, ... elvan pic yvnoiws atfovoa
dxolouBlia puoikédv &piBuddy kai ouverrds k, = v, (PA. kai TapaThp. THs § 5).

Tote Spws &md v (1) Taipvoupe: ok, —a| <g& ¥ v=v, "Qote
loxlei: % €>0 3 vo=vy(e): |0k, — a|<e ¥ v = v, kai y1& ké&fe dxoroubia
(k)1 quowdy &piBudv. Suvemdss ok, —> o.

Iapatnpioeg. @) Té dvrioTpogo Tiis wapamwdvew Tpordoews Bév loyver wavroTe, SnA.
&v ok, - o Btv EmeTon kot dvdykn 8T kaf o, — @, Smws EE&AAou gaivetan oTé Twapkbet-
yea: oy, =D v=12, ..., a,=(1)"=1 = 1 xal dpws # d&xorovbia a, = -1,
v=12,... 8 ouykhiva (PA. TapB. 5, geA. 23).

B) "Av pla Umoakodoubia mds dxoroubias a,v=1,2, ..
dkoroubia a,v=1,2, ... B¢ ovykAlver (yiari;).

7) "Av Utrdpyouv Sud Umakoloubles wmids droroublas o, v = 1,2, ... wol guykAivouv,
dAA& of BiagopeTiké Spia, TéTE ) (o) i ouykAver (yiari;). “Etol, .., f) dxohouBia

oy =(-1)%v=1,2, ... 5 ouykhive, yiatl f§ UraxehouBia T&V Sdpwv Tns pé &ptio Seiktn
elvon: ay,=1 — 1 kal A} Umaxohoudia Tév pwv Tns ué TepITTS BeikTn elvan: Oy =—1 = —1.

* § 12, 1616TnTa lIl.—Av pe N xai a e R, tote ioyder :

. B¢ ouykMve, ToTe kal 1)

G, > @ = a,.,—> a

"Anédeitn. ‘H dxoloubia (ay4p) elvan Umaxoroubia Tis (). “Apa
o, —> O = Xysp — Q.
©& &mobeifoupe Thpa 8T1: &v &yip —> @, TOTE &, —> Q.
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TMpdryuort, dpol aysp — & yik € > 0 Umdpyer Sefkrng vyt | Sy — | <,
¥ v =wv (1). Ofroupe: vo=p+v,. Téte yi& e quokd &pibud v = Vo=
P+vy Exoupe: v—p = v, ko ouverdss &md Th (1) TOAPVOULE: | C(yop)sp—& | <E,
SnAadr |a, —a| <€ y1& kéfe v = v, "Apa: a, — .

Enpeiwon.'H iSétnta 111 Siarumdveran pé Adyra Mo yrviké s iEfis: "H «Siaypapnp
fi 1 «nposBixn» Bpov mob dvuatorxody of nenepuopivo mhijfog Sewktdv dév Ennpealer T aby-
xhion pig dxolovbiag. AUTé cupPaiver, yari f iBidTnTa Tis ouykAloews wids dxoAoudlag
&vtiker oTis 1816TnTeEs TTOU loyUouv «Tehikéy. Edkoda kavels ptopel v& SiamoTdoe 811 &wd

m& TéEn kal perd, y1& v wpdTy éxohoubia, of Spor TdV drohouBidv (a,) Kai (a, 4+ p) 8&
oupTiTTouv,

§ 13.71816TnTa IV.—Kdbe ovykhivovoa dxolovdia sivar Qpaypévn.

Aniabr: o, > a = a,, v=12,... gpaypévy

"Anédeidn. “EoTw pix dxolouBia (a,) pé o, —> & kai fvas e =g, > 0.
Tote loyler: |a,—a|<eg yi& k&l v = Vo = Vy(&) kai ouvemdds:
lov|=lay—atal< lag—al +|a| <g+|al, ¥ vy, )
Arakpivoupe Tpa Tis TeprTTdoEs:
@ “Av elvor vo=1, 1é7e |, | <|a|+ & =¢, ¥ veN kai ouvemdst
(o) elven &moAUTwos pporyuévn, &pa kai ppacypévn.
(i) "Av v,>1, TéTe Becopolue Tous Spous: o, oy, .., &, _; Kol BfToupe:
q)EmEX{IOtlLIGzI,...,[orvu,ll,Eo+|ClJ} ¢
Téte &mé Tis (1) xai (2) Acupdvoupe:
lav| =9, % veN.
"Apa ) dxohovbia a,, v=1, 2, ... elvar Tl pporyévn.
Zyxokro. Mik mé &mhAd kal olvropn &mdbeifn elvar kai A EEfs: ‘Agol  a, - g,
EmeTon 6Ti: ik e=1> 0 Umépxel vo = vy (1): Ja,—a| <1, ¥ v = Vo.
‘Omore: lavl=]av—a+t+a| = lav—a|+|a] <1 + |al, ¥ vz v,
"EoTo: ﬂ=|qxl+lqel+""‘l“ld\-,-l.l‘i‘(l‘l‘lqu-
Tée: foay]| =8, ¥ veN. “Apx a,,v=1,2, ... elva Ppaypévn.
Hapatipnon. Té GvtioTpogo Bév loxler wavToTe, EnAab Umépyouv ppaypéves &ko-
Aoubies ol 8¢ guykhivouv. Tly. # dxohouBia a, =) v=12 ..., & xkai elvan ppaypé-
v, ol |a, | = (=1)"| =1 =1, ¥ veN, & ouykhiver (BA. mpb. 5, § 9.
Elvan &mions gavepd 811 “Av pia dxohouia (a,) 8év elvon ppaypévn, ToTE 1) (a@,) B¢
ouykAiver (yiari;).

§ 14. "1&16TnTa V.— Té ywopevo pndevikiic axohovliag #ni Qpaypivn
elvar pndevikn axodovfia.

a, - 0

Soptpon B.) opaypévn

}—ravﬂv—>0

"Anédeign. 'Agol 1 (B,) elvan ppayuévn, Emeton & elvan kol &moAUTws
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gpayuévn xai ouverrdss Umdpyer 6 > 0: B, 1 =86 ¥ veN. (1)
*EE&MNov, &ooU | a, — 0, Emetan ém Y& k&l &> 0, &px xad yi&
€ P € . o . '
5 0, Umdpyer Belktns vy = vy (T TéTOIOS, COOTE V& loyUer:
£

lay| <5+ ¥ VZ Vo @

Tore Suws, yi&k kébe v = v, &mwd Tis (1) xal (2) AapPévoupe:
3
|avﬂv1=|avupv| <_‘e_e=E

“Apa: ap, — 0.
MNépiopa 1o: a, >0 = ka, > 0
keR
Népiopa 20: & >0 | 5 ka - ka
ke R

Té mpéyto Topiopa elvon Gueon ouvemelx TS Tponyoupevns iBidTnTas,
&v Becopricoupe s (B.) T oTtafepr) dxohovbia B, =k, ¥ veN.

Té mwépiopa 2 elvar &ueon OUvéTEla TOU TIOPITHATOS 1, &qol (a,—a) —0.

Mapatnpiosig. 1) *Amé 16 mopopa 2 yr1& k=—1 #xoupe: a, >« - o, > —a.

2) *Amé T oupTépaoua ToU ToplouaTos 2 ouwvéyetan 8T lim(ka,)=k.lima,, s+keR

§15. "1&16TnTa VL.—"Av 1 (B,) sivar pndeviki dxolovbic kai | (a,) dxo-
Lovdia tétowa, @ote: 1@ k@Be v = v, € N va loyder:

Euv] gk!pv}; (k>0)
tote 1| (a,) elvan émiong pmdevixi daxohovBia.

|avi gk 1ﬁvi: Yyv=wv

Anpeby; k>0,p >0

}-» a, >0

*AnodeiEn. Aol B, — 0 Emeren: Y1k kdbe € > 0, &pax kol yi& % > 0,

€

Urdpyer BelkTns vy =V, ( i ) TéTolog, oTe vé& loyue: |By| < -

V& K&Be

V=V,
TéTe duws yi& ke v = vo = max{vy, vy} 8& loyUouv ouyxpdves oi:
€
la, | S k-[By| xad [By] <

kol ouveds:

et} = k| Bel << k-%:s MV = Vg

“Apa: a, — 0.
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Mépiopa.— wy = Bl veN
i lay] < [B], ¥ LA
B, —~0
"Egapuorii. N& drmodeilete 6n: a, — _ WY _ o
vitvt1
Aben. "Exoupe :
_|_nu3v 1 1 ”
lay|= T | |§V3~rv+1 < Tie <T—>0. Apx a, - 0.

§ 16. ‘I&16TnTa VII.( Ididryra tav icocvyriwovadv axodovfidv).— Ieyber:

pp=a, =1, vy

- > o
B >a kai vy, > «a }

"Anéderln. "Agol B, — o EmeTon: yi&k kéBee > 0 u-rrcipxﬂ BelkTns vy = vy(E)
TéTotos, oTe v& loyler:
[Bv—o| <¢ ¢ a—c <P, <a+Eg ¥ v=wE) )]

"Emions, &pol y, - a Emeton &mi Umdpyer Selktng v, = vy (€) TéTol0s,
DoTE: *

[Yv—a| <e = a—e <y, <a-+g ¥ v @
"ETo1, yi&k kéBe v = v, = max{v,, vy, vy} 8& Exoupe:
a—e<P, S, =Sy, <a+¢
SnAadn: a—e<a, <ate e |a,—a|<g ¥ v=v,
*Apa: o, —> o
IMopatipnon. Mia eldiky mepimrwon Tiis mopamdve {BidtnTas mToU TH
ouvaVTOUpE ouxvd elvar ) EEfis:
& B, -0 kol |, | = B, T61e &, — 0 (PA. kad Tlopioua, § 15).

Mpdypar | o, | < B, ¢= —P, < a, < P, «ai &pol B, — 0 == —B, —0.
"Apa: o, = 0.

§ 17. "l&i6TnTa VIILL.— "Av 800 dxorovBizg (o) kai (B,) ovykhivovv xai
loyoer a,<B,, v veN, téte 8a Eyovpe: lima, < lim f..

Anhodn: i i b - a<p
a, <B,, ¥ veN

"Anéderln. Tryv IBidtnTa ot T Befxvoupe pé TH wBoSo Tiis dmaywyfis

ot &romo. “E0T® 811 el a>p. Téte a;

P > 0 xai émedh «, - o, B,—> P

Umépyxouv vy, veN pé:

q2 s vy, kol (€))]
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B.-Bl< 25B v vz, @

"Apa, Y& kdBe v = v, = max {v;, v,} 0& loylouww ouyypdvws of (1) kai

(2) ol ouverrés TpooBéTovTas kot pEAN AcuBdvoupe:
|ay—a| +|By—B| <a—P 3)
AM&:  B,—P-a,tas|B—P-a,ta|S|B—Bl+a—a| (@)
"ETol, yi& ke v = vy &md Tis (3) kol (4) maipvoupe: )
B.—P—o, ta<a—Pp, BAedh: P, <a, ¥ vy,
AUTO Gpws elvan &rotro, yiatl B, > «,, ¥ veN.

*Apa o =P
né :
piopa 1o a, —> a - g <s
a, <s , % veN
Népiopa 20: B, > B = o<
c < B, , ¥ veN

"AnodeiEn. "Apeces ouvémeiss Tiis Tponyoupevns i8idTnTas, &pkel v&k A
pouue T oTabepn) dxoAoubia (B,) ué B, = s, dvtioToiya T oTabepn &xoloubia
(o) M€ a, =0.

Inpeiworn. TMpooéfte iSradtepa Tis meprmrradoes s =0 kaf o = 0.

* § 18. '1616TNTa IX.—Td kafe dxohovbia mpayp. apOudv (o) loyier :

[) P
- 0, > a

Oyy—y—> @

‘Anodeign. “Eotw O o, »a kal o,y — o ToTe ¥ > 0 Omdpyouv Belktes v, v,EN pé:
|egv—a] <g ¥ vy Kab |0y —a| <€ ¥vZv,

©ftoupe: vy = max{2v, 2v, — 1} xal mapaTnpoUpe &Ti: k&Be @uoikds &piBuds v B&
elvar v =2k (&pTios) i v =2k — 1 (wepiT1ds). ‘Omde:
(i) &v v elven &pTios (v = 2k), TOTE Y&k v = v, Exoups: 2k

BnAabn: lat, —a| <€

(i) &v v elven meprrTés (v = 2k — 1), TéTE Y1& v = v, EXOUpE :
|, —a| <E

Z2v, = k= v, e | op—a| <g

k—1z2v,—lap k=,

= |G —a| < Bnhadn:
QoTe: ¥ v = v, EmeTan 81k | o, —a| < & kai ouvemds a, — o.
Té GvrioTpogo elvar dpéows pavepd &md Thv IBidTnTa 1L Tiis § 11.

IV. TIPAZEIZ METAZY ZYTKAINOYZQN AKOAOYOIQN
H AATEBPA TQN OPIQN

"Av (a,) kal (B,) elven drohouBies TpayuaTik®dy dpibuddv, TOTE, Smws ué-
Baue kai oty &pxn alTtou ToU Kepadaiou, T6 &Bpotoua, 1) Biapapk, 1O yivo-
pevo kai 16 TmAiko Tous elvan duTioToixws ol dkoAouBies:
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(«, + By, (o, =B, (ap,) xa (g_)

dmou oThv TeAeutaia epiTTwon UmoTifeton &z B, #£ 0, 3£ veN.

‘H oUykhion Té&v TedeuTaiwy dxoloubiddy kol T& Spi&k Tous ESapTddvTan
&md T oUykhion kai T Spix TAV dxoroutidv (a,) kai (B,).

*AxpipéoTepa loxlouv of Emdpeves TpoThoeis:

§ 19. "1&16TnTa X. (oo dbooloparos )—"Av lim a,=a ki limp, = B, wéte
orapyer 76 lim (e, + B,) xai icobzan pé a + .

Anhadh: [ lim (a, + B,) = lima, + limp,

*Anddertn. "Agol lim o, =a EmweTton &T1: y1é& kéle e 0, &pat kal y1& —;— >0,

Utrépye Selktng v;=v, (”;H) = v,(e) TéTol05, ddoTe v loyler:

lay—a| <=, ¥vzv (0
"Emrions, dgou limB, = B, trépyer Selktng v, = v,(€) ooTe vé loy e :

1Bo—Bl <5 ¥ vZv @

Tote Suws, yik k&fe v = v, = max{v,, v,} 8& loylouv ouyypdvws ol (1)
kad (2) kad ouverrdds & Exoupe:

¥ e> 0Kl ¢ vz v = (o + B~ @B =1 (a,—a) + By~ B)| <
< lay—a| +[B—Bl <o+ =¢,

SAeBA: V&> 03 v, =up(9): | (@, + B — (B [<e, ¥ vZv,
AT onualver émi Umépyer T6 lim(a, + B,) xai &T1 loyler:
lim(a, + B,) =a + p =lima, + lim B,.
Znueimon. Mmopolue vé Siatumdaoups kal pé Adyta THv Tapamdve i8idTnTa ds iEfis:

To 6po tob aBpoiopatog dvo cvykhivovady dxorovbrdv elvar ico pé 16 GBporopa tdV
dpivv Toug.

Tapatnpiosg. 1) ‘H Topaméve i816TnTa émekteivetan kal oTrv mepimTwon évds re-
Tepacuivou TATBous ouykAouodv dkohoubiddv. Anhabh TéTe loyve:

lim(a, + By + --- + x) =lima, + limp, + .- + limx, 1¢))

2) Mpocigte!l 7 (1) 8év loyxUe &v 16 WAfBos Tév TpoobeTiwv Bév elvan memepaouévo.
AUTS gaiveton kai &mé TS dxdAoubo dvTiTrapddearypo*: "Eotw fva edflypappo Tufjux AB
pé pfikos foo pé T povéda, T6 dmroio Sianpolpe of v Toa uépn (veN). ToTe Exoupe:

1 1 1
It W A LT o Tl .
o e S T @
“Av dAnBeve §) (1) yi& dmrorodfjroTe wAfBos TpoofeTéwy B& Talpvape &mwd Th (2):
. 1 1 1 e | fop | . Ak 5
1 #1lim (T+ —;——G— e T) _hmT+ lrmT+ cee IlmT =0 (ypevdés).
* "Eva mop&Berypa pé T6 dmoio &mobewvietar 811 pia mpéTaon p elvar weubts, dvo-
ualeTon @vnimapaderypa THs p.

30

YnoionoOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



3) Té &vrioTpogo Tiis B1dTnTas X &év dAnBeler TévToTe, BnAabn &v TS &bporouc
8ud dxoroubidv elvan cuykAivouoa drohoubia, alTd B¢ guvemwdyetar kat dvdykn &T1 kafe-
w& &’ abTés elvan ouykhivouoa drolouBia. Eiven Suvatd pdhiora va ur ouykhiver olte )
pla ofte f) &AAN. TLx. y1& Tis &kooubies: o, =(-1)", v=1,2, ... xal B, = (=1)"+,,
v=12, ... loyve:

o + By=CD"+ (D' = (=1)'[1 + (-1)] =0 - 0 kai épws kapla 86 cuyxAiver.
*ExovTas Twpa Umodyn kai Trv moapatfpnon 1 Tiis § 14 ioyve:

§ 20. "1&6TRTA XI. (dowo diagoodc).—"Av lim a, = @ xai limB, = B, t6te
onapyer t6 lim (o, — p,) kai icotitay pé a — .

AnAadn: lim (¢, — ) = lima, — lim f,

*AnddeiEn. “Exoupe:
ot & AR o +(—B.) — x+(—B), BnA. a—P, = a-P.
B, P ] - —Bv_>—l3}=’ g

§ 21. Népropa.—INa xade £, n € R ioyden

a, > a

} - (Ea, + nB) > Ea + .
[

‘H &mwddeifn elvan &ueon ouvémeia Tis iBi1dtnTas X kai ToU TopiouaTtos 2
Tiis § 14, Eidik& y1& § =1 xai n = —1 waipvoupe v i8i1otnTar XI.

§ 22, "18167TnTa XIl. (Joio prvopdvon).—"Av lima,=a xai lim B, = B, t61e
orapyer 16 lim (o, - p,) xai isottar pé af.

AnAadn: lim(a, - p,) = (lima,) - (limp,).

*AnéderEn. "Exoupe:

ap,—oBp=ap,—op +ap-ap=aB,—P) +pPla,—). (1)

O1 &xkohoublies (B, —P) kai (a, — ) elvan undevikés kad ) (o) elvan pparypé-
v (ol elvan ouykAivovoa). TéTe Suws Exouue:

14, 75 v): PP *"? } = a,p,—Pp) -~ 0
() ppaypévn
a,—a —>0

(5 14, Tép. 1): } 2 pocd, L&) L

peR
*Apa, &md Ty iSiétnTa X: a(B,—P) +P(x, —) — 0. AnA. o,p,—ap - 0
kol ouveTréds: ap, — op.
"QoTe: lim(a,-B,) = a-p = (lima,) - (limp,).

Inpeioon: Mé Adyra f) Tapamdva iB16TnTa Sratumdvetan s é§fis : To dpro tob 1~
vopévou 800 ovykhvovody dxolovdidv eivor Too pé 16 ywvopevo TdvV dpioy ToOUG.
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Topatnphioes. 1) *H mapaméve 18i6tnTa tmextelvetan kol oty weplmrwon fvds Tre-
Tepaoptvou TANBous ouykAwouodv dkohoudidv. Anhabih TéTe foxuer:

lim(aty By-yy - .. X,) = lima,-limB,-limy,. . .limx, )
ElSikéTepa, &v k dxoloubles elven Toes, TéTe foyer:
«, - o = lim(a,)k = (lima,)k = ok  (keN). )

2) Mpootgtel 1) (1) Bév loxber &v 76 wAfiBos T&Y Tapaydvtwy Stv elvan memepacpévo.
‘Erfons 16 dvriotpogo Tfis mapamdve iB16TnTas yevikg Stv loxver (Tapdberyua;).

§ 23, 1&16TnTa XN (oo wyiizov ).—"Av limae, = a xai limB, = B # 0 kai

v

dxopn Gv B, # 0, 3+ veN, 1ot dnapyer t6 lim (-9—) xai ioofitan pé %-

B.
AnAosH: lim ‘; - %’n‘%

"Anédarin. “Eotw 611 0 £ B, - B £ 0. Mapornpoipe TPATE-Tp&ATE &T1 :

g: =ions ;v . "Apa dprel v& &moBeifoupe & : 51\; - -é—, SnAadn 6T :
1 1
R
B Bl
Mpéyuar, y1& kéfe veN Exouue:
1 1 [B-B.] _ [B~BI 1
bt [ = = % v 1
B BT TR I iR TTRI 1B PP -
"E€&ANov, &gol B, > P £0 = . £> 0, Gpa kol yik € = Ls— >0, U-

Tapxer BelkTng v=v,(e) TéTol05, hoTe V& loyve: |B.—B| < lgll, MoV =y,

smore: 1p1= 18,1 < LEL, smast: 1p,1> 11— LBL_1BL 5,
kol ouverrés: Tlvl <-P2W_ y ¥ vy,
1 74 2
"Apat: Pt e Sin e T Hly
e BB~ TBE ~ B’ YVE™ =
‘Emropévews, &md Tis (1) kai (2), Tehik& elven:
i1 1 2
B "B S p PPl ¥vz ©)
"AMAG B, —B — 0 (yioTi B, — B) ko —‘32{ =k > 0. Zuverréss (PA. § 15)
1 1 1 1 Tl 1 1
ﬁ-——p—%O% E-—)-?, ST]R. llmE-=F-—mv—'
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