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MEPOZX IIPQTO

AZEIOMATA TOY PEANO-MAGHMATIKH ENATQI'H

*KE®AAATO I
ZITOIXEIA ANO TH MAOHMATIKH AOTIKH KAI TA IYNOAA
EMTANAAHYEIE KAI EIYMITAHPQEEIE

Zxomos abtoU Tou Kegohadou elven vék EmavohdPoupe Tis md Paoikés Evvoies
&mé T MoBnuaTtikf mpoTtaciaxn Aoyikn kad T& ZUvoha, Tou pdboaue oThv
TponyoUusvn TéEn, kai vé Sieukpvicoups Th onuacia T&Y Aoyikédy Aégewv kad
ouuPdAwy, TA OTolx TROKEITAN V& XpnolpoTIoijooups TapoakdTw, GoTe ol
dpropol kai of mpoTdoes ol Umdpyouv o’ alTd TE PiPAio v& pmopolv v&
Siarumwlolv ué ocuvrtopia kai pé cagrvela.

§ 1. NpoTtaciakoi TOmol - Mpotaoeig.— Of Evvoles: mporaciards Timog,
npdracy pas elval yvwoTé &mwd THv TponyoUuevn T&En. "Exel pdbape 61i: Mix
pofnuaTik Ekgpaon ToU Tepiéyer Eva ocUpPoAo X TH AfYE mpotaciakd TOmO
tfic petaPinriic x kai TV TapioTavoupe pé p(x). "Av TOpa OTOV TTPOTATIOKS
T0mo p(x) dvTikaTaoTooupe TH ueToPAnT (dxabdoioro ovufolo) x pé pia
ouykekpipévn Ewoia, EoTw A, TOTE THY Ekppoon ToU 8& Trpokiyel T Aéue
roniki) mpéraon | &mAds mpétasm xai Thv ToapioTdvoupe pé p(A) 1) &mAou-
oTepa pé p.

Z1a pofnuoTikd kai yevikk oTh)] Aoyikf) (kKAaoikh) Aoyikn) pé Tév Spo
«npbraony éwoodue ula Expoacn pé avrorelés vinua, 1 dmola émidéyeTar évay
dxptf@c and Tovs do yapaxrnoiouods: «ahnOng», «yevdfer kal ué THv Bix
T&VUTOTE onpaoia.

Mopaderypa. "Eotw & mpoTaciakds TUTOS:

p(x) : «d z elvar dpriog dpiBudc.
‘H mwpdTaon: p(2) : «d 2 elvar dpriog dgifudcn elven &hnbng, vd ) mpdTaon:
P(3) : «d 3 elvar dgriog dgifudsn elvan  wevbig.

Ol yopaxtnpiopol dinbric, pevdijc Ayovtan tipég dAnberag Tis TpoTdoews
p kal oupPorifovton pé a, ¢ dvtioToiyws. Tis Sidpopes (Aoyikés) TpoTdoes,
6maws Eépoupe kal &md T& pabfjuaTa THs TponyoUpevns TéEews, Tis TaploTS-
VOULE YEVIKG PE pikp& ypduuaTa ToU AaTivikoy dA@oprTou kai kaTd TrpoTi-
unon ué p, q,r, ...
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“‘Otav 16 mepiexdpevo wds mpoTdoews p elvon dAndés, ToTE Adpe &t 1
TpoTaoT Exel upl dhibeiag o kol ypdpoupe T(p) = o, dvéd GTav T Tepieydpevo
Ths p elvan weubts, ToTe Abpe &1 fy p Exerl Tpd) dhfBctag w kol ypdgoupe T(p)= y.
“QoTe:

T(p) —— { a, & p &Anbrs
oPS |y, &v p yeubrs.

‘H ovyxexpipévn Ewvoix A, pé v mola dvtikatioTolpe TH peTaPAnTh x
TOU mpoTacicxkoU TUTou p(x) yik v mpokUyel TrpdTaon, T Afpe T TS
peToPAnTiis. Té olvoro Q Tév Tipédv Tiis weTaPAnTHs T6 Aépe obvolo dvagopiig
ToU dvTioTorKou TpoTaciakol TUTroU kad T6 oUvoro TV Tipdy Tis peTaPAnTHs,
y1& Tis Omoles & TpoTaoiakds TUTTos yivetan TpdTaon &Anbns, T6 Aépe: olhvoho
npdv diAberag ToU TpoTaciakey TUTTOU.

§ 2. NooodeirTes.—IUngwva pé alrd ToU elape Mo TV, &v 1) peTa-
BAnTY &vos TpoTaciakoU TUTOU duTikaTaoTabel pé Eva dpioptvo oToryeio Tol
ouvdou dvagopds Tou, TéTe & TpoTaciakds TUTEs yivetan pia (Aoyikn) mwpé-
Taorn. Elver Suvatd Suws &md Evav mpoTacioxd TUTo v AdPoupe pia Aoyikr
TpéTaom, dv ToU mpotdoue Bidpopss tkppdots, 8Tws: (dmdpyer (TovddyoTo)
&va. . .», (pd pegundn, «yid xdfen, «yid Eva dxofich, «yid va td moldy, (yid
xavévay K.G&., aUTés Aéyovton mocodeikteg. “ATS ToUs o VW TTOTOBEIKTES Of:
wdmdpyet (tovidyioro) fvan kad (yud xdfen, Stos Eépoupe kal &md THV A’ T4EN,
Eyxouv iBiaiTepn onuacia otd Mofnuarikd ki Aéyovtan drapbroxée, kol &uti-
ororya kabohikdg, mocodeiktng. ‘O TpddTos oupPorileton pé T oUpPoro I
kol & BeUTepos pé TO 3. Ol moocoleikTes, &mows elmope kol mé ThVw, prrai-
vouv upooTd ** oTols TpoTaoiakols TUTrous. “ETol of ékppdoes:

o) «JreR, p(z)» (BraP&loupe: windoyer (Tovidyioro) &va z a1d 2, dore vd
loyder p(x)y ) xal &\NGds: «yud &va (Toviddyioro) xe@ loyder p(x)n).

B) «¥ xeQ, p(z)» (BroPddoups: «yid xdle 2 ioyver p(x)n) elven Aoyikés
TpoT&oels kal pdioTa 1 TpwTn Aéyeton drapErexd kol 1) SelTepn keBolki) mpd-
taot). "ATd aUtd ol simope, cupmepaivoupe Tdpa 611 : KaBe dmapEraxi, kal
avTtioTorya kbe kabohiki, npbracy elvar ndvtote Loyiki] npéracy.

Inpeioon. ‘H E&gpoon : «dndoyer drgifdc &van fi &GS «indgyer &va xal pdvo Evan
TapioTévetan oupPolixg pé fva &md T& aupPoha: I, «FT', « () ».

§ 3. Noyikoi oOvéeopol—ZiuvOeres mpordcels.—2Tr MabnuaTiks Ao-
yixt), émreos kad oTv kabnuepvr) OuiMa, 8¢ ¥pnoiuoTroloUue uévo &rriés TTpoTAoEIS.
ZuvnBews Tis drAés TpoTdoels Tis ouvdioupe peTal Tous pé Bidgopss AéEers kol
Exppaoels (ouvBeTikd), Tis Omolss dvopdloupe hoyikolg euvdicpovg, kal oynua-
TiCovue W’ alTd TOV Tpomo vées (ouvBetdTepes) TrpoTdoses. Tis mpotdoss aUTés

* Té alpPoro ﬁ onualvel, érou cuvavtaTon 58, «foov £ dpiouous.

** Frd tmopeva, yid edkorla oTd Ypdn.ytu;a, ol TooobeikTes B& drolouBolv TOAALS popts
Tous TpoTaciaKoUs TUTOUS.
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Tis Aépe obvletes mpotdoec, 271 Aoyikn T&V TpoTdoewy Aoyikol oUvBeopot
BewpolvTan ol &fis ixppdoeis: «xai), «elren, «ipy, «dy ..., véren, ardre %al pdvo
Tdre, dvy- Erions 1) Ekppaon Gy (6év )n, Stav pmraiver prpooTtd &md wd TPOTUTT.
"Autows Trapokére 8& Solue pé Toidy Tpdo emBpolv o onpocia Tév Tmpo-
Téoewv of Aoyikoi cuvdeopot.

§ 4. NpaEeig perafs Aoyik@v mpoTdoewv.— "Eotw L 16 alvolo Ty
(&mA&Y) Aoyikdy mpotdosey kaf pia ouvapTnon T pé Teblo Opiowol TS oU-
voho L kod medio Tipdv 16 (Biuedds) olvoho {a y} Bniadn:

T: L s {opl: pis (p) e{a, yl

Oi Bidgopor TpéTol, CUppwva pé Tols dmofous cuvstovTtan of amhés Trpo-
Téoels yi& vé& oxnuaticouy pia owvlern mpdTaon, dmoTeAoly Tis hoyikés npé-
geig peTaby Tév Tpotéhoewy. Mé T4 Porfac AAOITTOV, T@V Aoyik@v ouvdioucoy
Eépobicloupe 16 olvodo L Tév &mAdv Tpotéoeey pé Aoyixés Trpd€es. Efvan
Qavepd Twpar 8T1 yik kdbe oUvBeTn TpdTaon SpileTan dkpiPdss pwia Tind oTd
{o ). "H mf Tfis ouvletns mpotdoews o1é {oy} A émola Adyeton kaf
apf difberag tiig ebvletng npotdssng, Spifetca EmaxpiBdds &mwd Tis Tipds &A1)
Beias TGV &MAGY TrpoTéoEwy ToU TV &moTedotv kod &md TV TpéTO TTOU
owbtovtan altés yik TS oxnuaTIoNs Ths oUvBeTns TpoTdoeaws.

Of Bepehicoders Aoyixés mpdeis ko of Tiwés &Anbeias TEW oUvBeTov Tpo-
T&oewy ToU oxnuaTifovtar W aUTéd TéY TpdTo, Erress Eépoupe kol &méd T& po-
BfipoTa Tiis TponyoUuevns T&Eews, elven of &€fis:

1. Z0%evEn. Tilevtn dbo mpordoewy P.q dvopdlovus Tijy modraocy «p Kai q»,
(oupporik& «p A q»), iy dmola deyduaore @b, pdvo drav xai of dbo mpord-
oets p, q elvan dinbeis, xal yevdij of xdbe dadn meginTwon: dnAady:

% & 1(p) =a=1(q)
T(p A —=
®AD opa { Y, of k&Be &AAN TrepiTooon &

2. "Eyxdetomixy SidlevEn. "Eyklaonki 6levEn do moordoewy p, q évo-
pdlovue iy modraon «p gite q» (oupPolixé& «p v/ q»), Ty dmoia deyduacte yev-
&1 pdvo Grav xal oi dvd mpordoeis p,q elva yevieig, xal aindy of wxdfe dlin
neginTwon: SnAoady:

v, & 1(p) =y =1(q)

Tl —_—
(pva) opo { a, ot k&be &AAN TepimTooon @

3. "AmoxdeioTin S1alevly. "Anoxreonicy SalevEn dio mopotdoewy P, q
dvopdlovus Ty medtaon «p i q» i SAMGs «ij péve p i pévo q» (oupPorik&
«p V q»), ify dmola deyduacre yevdj, drav oi ddo mpordoeic p wai g Eyour Tijy
e Tyr] ddjBeias, xal aAnbyj, rav of p xal q Exovy dwapogerinds Tiués dhajfeiac
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SnAabd) :

y, &v 1(p) =1(q)

T(p vV q)opic_[ a, &v 1(p) # T(qQ) -

4. "Apvmon. "Apvnon wds mpotdocws p dvoudlovue Tijy modraon «byu p»
(oupBohik& « ~p»), Ty dmoia deydpacte alnli, Stav 7 p elvar pevdiic, xai pevd
§rav 7§ p elvar aAnbirje: SnAadr:

o &v 1(p) =y

T(~p)m3:_§ { y, &v 1(p) =«

C)

*ATéd v (4) cuptrepaivoups &T1 o Tipds dAnBeias TEV p xal ~p elven Twév-
ToTe dvriferes.

5. Zuvenaywy. Tuverayoyf] dde moordoewy p, q dvoudlovus iy modrasn
«liv p, tote q» fj &AAIGs «p ovverayetor q» (CUpPPoliké «p => q»), T Omoia
dexduaote wevdij, uovo drav 7 p elvar almbijs xai 7 q pevdijs, xal dinby oé xdfe
GAAy mepinTwon: BnAadi):

SO { Y, & T(p)=a kai T(q)=y

o, of k&be GAAN TepiTTRON ®)

opg

INapatnpioeg: a). "AAAol TpdTol BlaTUTTdoEWS THs ouveTTaywyfis p==Pq elvar kai of
EEfis:
- 1. «p elvar ixavj ovvbijen yid q»
2. «q elvar dvayxala ovvbijxn yud py.
B). *Av 1} mpdTaon p elvan weubrs, TéTE § cuvemaywyth) p==(q slven TévToTe &An-
O1s yi& kéBe i &AABeras Tils TpoTdoEws q. “Av Suws 1) ouvsTaywyh p==q &lvan &Andis,
TOTe dév EmeTon &1 dmwodfmoTe of wpothoels p kaf q elvon &AnBels.

7). ‘H ouveraywyn qa=pp Aéyeton avtiotpopn Tiis: p=3q koi f| ouvemaywyr:
~Pp=p ~q Aéyetan a@vrtibetn THs: p=3q. Téhos 1 ovvemraywyrn : ~q=p ~p Aéyeton avu-
otpogoavtifetn Tfis: p=p q.

6. Aoywny) igoduvapia. Aoyiki icodvvapia ddo moordoswy p,q dvoudlovue
iy modracn «p tote Kai pévo toéte, dv q» f) dGAMSS «p ouvverdyetar q koi dv-
Totpdpacy (oUPBOMIKE «p &= q»), Ty dmola deyduacte dAnbyj, udvo drav xai oi
o mpordoes p, g Egovv Ty dia Tiprj ddibeag, xal pevdij, drav of p xal q Exovv
diagogetinés Tipués dlijfeias Snhadn:

{ a, &v 7(p) = T(q)

Hp o DT 1 A T(p) # 7(q) 3

*Attd ToV Spiopd TS IoéSwuuicrs eUkola BiamoThvoups Tdpa &Ti:
lL.Lpe=p 2(pe=qQe=(qe=p) 3 (pe=qAqeD)= (per)

8
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Inpeimon: "Otav BfAcupe v& Snhaooupe &1t ) looduvapia pé&=pq 8Uo mpoTdoswv
Utrdpxer € Spiopol YpnoipotroloUpe Té oUpPolro m, SnA. yp&goupe p :p—ab q.

‘Avakegudrainen. O Tipés &ArBeias TAV Trponyolpevwy Aoyikddw Tpdewy
(ouvbégewy) TToU dmoppéouv &o Tous Spiopovs (1) - (6) dmobidovTal ouvotTi-
K& pé OV drdroubo miveke Tpdv aindeiog:

EoLevEn |'Eyxi. Awal.| 'Ar, Awal,| Zvveryoyn | loosvvapia "TApvnan
Ay PAGQ| PVg | PMq | p=q | Pé=q | ~P | ~q
[0 o o x W @ fed W ¥
o |y y x x y y y o
v (o4 W [+ o4 [o 4 Y x W
¥ Y ¥ Y y o o a o

§ 5. Tautoloyieg - TauToAoyikég iooduvapies kai avrihoyieg.—Mia
oUvleTn mpdTaon, i dmola oynuaTifetan &md  fva  «mETEpacuévo*»  TATBos
GTAGY TTPOTACEWV P, , T, ..., TOU cuvbéovTton petafU Tous upé T& oUuPola
(AoyikoUs guvdéopous) A, V, V, ~, = kal &= T dvopdlouue, Strws pdbape
kai oy Tponyolpevn T&En, hoyiké tomo. “Etol, A.x., f| Ekppaon:

[(p = @) A ~q] = ~ p elvan évos Aoyikds TUTTOS.

Aivoupe Tdpa Tols dkdAouBous Spiopovs:

1. Od Aue 6t fvag Aoyixdg Timog P elvar tavtohoyie, tdre =ai pdvo tdte,
dv Exer iy aljfetas o yud xdfle cvvdvacud Tudy dlijletas Tév moordoewy moi
Tov guvléTov.

*Av P elvan pia Tautohoyia, ToTe ypdgouus: P kai SiaPddoupe: 1) mpd-
Taon P elvan Tautohoyia.

‘Opioptves TauToloyies, #meidn) E&xouv xofohikn loxy, Aéyovton dpyés f
vopor. Tétoies TauToAoyies elvan of vépor tod “Apietotéin:

1. Nopog tijs Tavrornrag: p=p
2. Ndpos tijc wij dvrupdoems: f=~[p A (~p)]
3. Nopog 100 amoxAewopod tod Tolrov: FpV(~p)

Inpeioon. PpaoTika of SYo TeAeutaior vépor BiatumdvovTal ds EEfs:
Néuos Tfis ufy &vmipdoews: «puia mpéracy xal 1 dovior] Tns Oév pmoeei vd eivar xal oi
dvd aAnBeicn. Nopos ToU dmoxAeiouol ToU TpiTou: wxdfe modracy xal 4 dovnor Tng dmox-
Aelovrae duoifaian.
*AAAes &E1oAoyes TauToAoyies elvan kol of EEfis:
4. p «<~(~p) (vépos dumhijs dowvijoem )
5[(p=29A@=r1)]=(p=r) (vduos cviioywuoi).
2. Od Mpe dre dvag loyuds tomog Pelvar tavtohoyika isoddvapog ué évay

* 5nA. 1O Affos Tous va EkppaleTan pé Eva Quoike &piBpd (= 2).
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dAko doyuxd timo Q, wad 8& ypogoupe P = Q, 7dre xai udvo tdre, dv Egovy
qdvrore Ty (0w Tips) dhijfleas, dnh. dv 1) icodvvapic P €= Q elvar Tavrodoyia.

Ao TV Gpioud aUTéd guvdyetat émi of cuuPohiopoi: P=Q kai |—(P«=Q)
elval Toutdonuor. "QoTe:

P=Q & FPoQ

Hapatfipnen. ‘O cupPoriouds P = Q &év elvan Tautdonuos pé Tév: P = Q, yrari
6 mwpddTos Snhdver 6T1 & Aoyikds TUTros P Bploketat o) oxéon «=» pé Tév Q, Bvd P Q
dnAdver uia Aoyikd) mpdTaon.

"Afiohoya TapoBelypoarta iooduvamddy, 1ol elven TauToloyles, elvan of
yvwaoTol &mé Thv TponyolUpevn T&EN vépor tob De Morgan :

~pPpAQ = (~pv(~q)
~(PVe>(~pPA(~.
Té &1 of mapaméve looBuvapies elven TauToloyles dmoBekvieTan pé Th
Ponfeax Tév dvtioToixwy mivdkwy &Arbeios.
Enpeioon. "Emadh (PEPQ) kal P = Q elven, &mws efmape mé mhvw, TauTtdonuot
oupPoliopol, yr’ aiTéd of véuor ToU De Morgan pmopel vé& Siatumrwbolv xal Etoi:
[~ ADI=~P) V (~D) [~CV DI =[(~p) A (~D]
"A€loconueicoTes éions elvan kai of yvwotés &md ThY A’ TéEn icoBuvapies:

L(p=>q=(~pvqg
2.(pe=>Q =[(~pvaAlpv(~q)]
32eVM)a=[~p)AqivipA(~D]

HMepatfipnon. 'Améd Tis Tpels TeheuTtaies Tautohoyles oupmepaivoupe 8T pé Tis Aoyixés
mpdges: ~; V' , A umopolue vé& kgphooupe Tis &AAes Aoyikés wpdEes, SnAabh TH ouvema-
ywyh (=), Tiv looBuvapia (&=p) kal THv dmokdewoTikh H5iddeuen (V): Emopdves émor-
oobfjoTe Aoyikés TUTos propel vé SaTutrwBel pove pé T& Tpia ouvBetikd: A, V, ~.
"E§éMAou &md Tév TpdTo vépo Tou De Morgan Exoupe: p A 4 = ~[(~p) V (~@)L

“Apa ptropoUpe droiobfiTmoTe Aoyikd TUTO v& TV Ekgpdooupe pove pé Tous AoyikoUs
ouvbéopous: V, ~

3. Od Aéue Sve Bvag loyueds timos Q elvar dvihoyia (¥ e avripasn ),
Tote xal udvo tdre, dv 1 dovnorf Tov ~ Q elvar Tavrolopia, Snhadh dv Exec Ty
dinfzias p yud xdle cvvdvacud Tyudy alifieias Taw moordoswy mwod téy ovvbérovy:

Mio dvTidoyia oupBoAiZeton pé TrpéTabn ToU oupBélou: ~|—.

HMopadeiypo. Na Seilete dr1 6 hoykog tomos QUp, q): (P=>q) e=3(p \ ~q) elvan évridroyia,

Aden. AUTS ouvdyeten dubows &md Tév dkdhoufo Trivaxa:

P q ~q P=34q9 | PA~q | Q.9 | ~Q® 9
o o y a ' y a
[ y a W <4 v a
¥ a Y a ] ¥ @
Y i o a Y b4 o

10
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Tevikf naparipnon. Adtd ol péypr Tdpa dvamTUSope oYETIKE pé TO
Aoyloud TV mpotdoewy loylouv kal yi& TpoTtaciakous Tutous (&voiyTés
TpoTdoels), ué TH povn Siagopd &TI & yapokTnpiopds wdlnlicn f «yevdiion
8d dvagépeTan oTd oUvoho TIpGY This PeTaPAnTis f| TGV ueTaPAnTdY T&Y duTi-
OTOIXWV TTPOTUCIGKEY TUTTGV.

AZLKHZIEIE

‘Opada A", 1. N& Ppeite Tis Tipés &AfBeios Ty dxdAoubwv cUvBeTwY TpPOT&OEWY:
) G>NDAE=), B E<HVE=T+1), y) AT=8+T7) V (5=25),
8) 2>5 = 3=4), &) C>5e@=9), o1) (T=4+3) ¢ (2=5).
2. Na& Ppeite woits &md Tis Emwdpeves TpoTdoels elvar TauToAoyies kai moiés dvTioyies:

QD PAQ@=D]=>q B VDA~ A(~D]L MPVEPADED

8) ~@ADe> ~[(~P)V(~a)] & pV (~plalaV(~q)
3. N& &modeifete 6T1 % p, ¥ q kai ¥ r &mwd 16 olvoro L ioylouv:
DPAQVRISPADV @ADL -~ P pVEAD=pP=pAGVD

NP DAC=D=@V)=q, DEYOVEADI=@VD
O [eADVI~P)A(~q] =[p = ql. o7) [P=pq]=~[PA(~D]=[(~p)Va)
‘Opada B'. 4. "Av y1& kéfe wpéraon q elvar T[(~p) = ql=qa, vd &roSeifete 611: T(p)=w.
5. N& Ppeite Tis Tiués &Alaias T(p), T(q), &v elvan yvwoTtd éTi:
@ Mp=p DA@YPI=0 By rp Vo)A@ ==y
6. "Av T(p 4= q) =y, v& Ppeite THV TILH &ARBaixs T(P), dmou TS P mapioTdver pix
&md Tis dkdhoubes (oUvBeTes) TpoTOEIS:

D) [P &= (~DIAL(~D) = Tl B =@vplalaV pl

§ 6. 'H évvoia Tol cuvéAiou —"Evvoieg ouvadeig pé aiTi.— a). H
Evvola ToU ouvohov ToU p&s slven yvewoTh &md Tis mwponyoupeves T&Eeis, slvan
ofjuepa pia &md Tis ™o Pacikés kol yproipes Evwoies oTd Mabnuamikd. “H
Evvola alirr), Smreos dkpiPdds kad 1) Bvvoia TRis (&mrAfis) TrpoTdoews, OswpsiTal
oT& MafnpaTikg s «doyuein Ewola, 8nhadn s Evvoix ol Bév EmbéyeTau
opiopo, s Evvoix ToU Bév pmopel va dvaxbel of &AAn Evvoia.

T AéEn cuveko, &mews pdBape kal oty A’ T&€n, T Xpnoipomololpe STav
Bihovpe v& GvogepBoupe of duTikeipeva tedelwe dplopdva wal «diaxexpiéva®y,
ToU T& Bewpoupe G5 pia «didriran.

*AkpIPoloywVTaS TEPIOTOTEPS, UTTOpoUME V& TroUupe &Ti:

Zrd Mabnuaried deydpacte 6re émroémerar «mo A A dy dvrucsipeva  mwot
elvar évredde xablogropdva nal Siaxexpiuéva perald rovs vd td Oewpobue @g éve
véo avruxeluevo, mod 16 Adus o obvoho Taw dvrieyiévor adrin.

AUTéE TS dvTikeipever T& Afpe cuvniBos etougeio ToU cuvdAou.

Mepikés @opés, kupiws of pepIkG QEuOTa YEWPETPIKTS QUOEWS, QVTi Yid
Tév Spo «olvodor yprolporroitar & Spos «ydpog» ki TOTE AvTi vé  Abue
oTolXEio ToU ouvdhou, Afus «onueion TOU Ywpou.

* ol Eeywpifouv TO Eva &md TE GAho.
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Té& olvora cupPorifovton ouvhBes ué Té kepaaia ypbuuata: A, B, T,...
xai T& oToixeia Tous pé Té wikpd ypduuaTa: o, B, v,. . .

Mé& v& dnhcdooupe 811 16 ovoryeio = awjxer ord otvoio A, Ypdpoupe :
x €A tvd bTaw T6 oToiyelo X Oév dvrikel 0TS A, ypdgoupe: x ¢ A.

Mé& xébe oroiyeio x kal k&Be oclvoro A foyvel pia, kad povo uia, &méd Tis
&€fis BUo oyfoeis: x €A, x ¢ A.

B). Baowkny isétnte cuvohov. SUpgpova pé Soo elrope TopoTdve, T
dvTixeipevar o mpoopiovtan vé& dmoTedéoouv Eva oUvolo, dgeilowv vék Sia-
kpivovTon T Evar &md T6 &ANo. AUTS onuaiver &Ti: &v wépoupe Buo orrorad-
TOTE &M aUT& T& QuTikeipeve, TrPETTEl V& pTTopoUuE v& TroUpe pé BePatdTnTal
6Tl T& &uTikeipsva adTd elvan BragopeTikd petalU Tous f Exi. *AxpiPéoTepa,
&v a, B mTapioTdvour BUo dmoiadfTroTe oToiyelx Evds cuvdlou Z, TOTE elvon
PéPano kai ué ThY 1B TévToTE onpocia, éT1 T& o xai B mapioTdvouy | Bév
TapioTdvouy 16 1810 oTorkelo ToU E. “Etol, PAémoupe 811 1) Evwoia ToU cuvéAou
ouvBeeTal oTevd pé T Bwoila wds woyéosme iodrnragn moU OpileTon peTafy
Tév oToixelwy Tou, pé THY Smolx urropolUue vé T& Siokpivoupe. AUt THY
lodTnTe, ToU TA ouuPoriZoune é « =», TH Ape Paorkh ioétra ToU ouvodou,
Yi& v& Ty dvmiSiaoTeihoupe Tpds ké&Be SAAN «iodTNTOR TTOU propel vé& eloeryBel
ueTagl TéY oTorysiwy ToU ouvdrou. *ETol, yid v& BnAdoouue 8T T& o Kol B
TapioTédvouy 16 1810 oToixelo Evés ouvdhou I, yphgouus o =P, dud dv T& o
kai B Bév mapioTavouy Té 810 oToiyeio ToU I, ypdpouus o B. T.x. oté
ouvoho N TGv guoikédv &piBuddv Exoupe:

T=5FE72; 5=4+1, F =2 8+#5+4 4.

7). Hapodeiypara : *AficonpeiwTta oUvoda apiBuddv, pé T& Omolae Exoupe fi8n doyohn-

el xal moU & T& cuvavThoouus oTd Emdpeva kepdAana, elven T& dkdAouba:

T6 obvoio Tdv puowmdy dolbuav: 1,2,3, ...

T6 oivodo Tdv dxegalwy TRs delbunrixic: 0,1,2,3, ...

76 ovvoio T@Y dxepaiwy dolflpdv: ..., —3,—2,—1,0,1, 2, Aoet s
Td ovvodo Tdy gyran doludv.

T4 uivedo Téw mpaypatixdy dolbudv.

&

=
5
S

76 otvolo tdv Oetindv, dvmioTolXws uif doynTixdy, mpayparixdy doludy.
wij dgvn do

O% mONZZ

16 ovvodo Tav pryadixdy aolbudv.

§ 7. Tpémol mapacTaoews évég cuvérou.—MdBaue ois TTPOTY OULIEVES
Té&Eers &1 Eva oUvolo elvan EvTehdss kafopiopévo &tav Sivovton SAa Tou T& oToI-
xela elte Stav Siveton pia 16T TOU XopoxTnpiler T& oTorxeia Tou. "Evol
oi moé cuvnbiopévor TpdTTOL TapacTaoews £vds cuvdlou elvan:

a). Topaotaon cvvohov pé Gvaypagi 1OV otoyciov tov. 3 ol TV
TepimTwon duaypdgoups SAa T& oTorxeia ToU ouvdAou dvdpeox of Sud duTi-
kpioTd &ykiotpa. ‘O TpdTos PéPoia altds Sév elvon TréuToTe TPAKTIKOS Kal
yv «UTS uepikés gopés Eva oUvoro moploTaveton pé dvaypagr, péoa of &yki-
oTpa, dpioutvey &mé T& oo el Tou of ouvBuaoud pé Teheles (auviBus Tpeis)
pé Tis dmoles dgrjvouue vé éwvonfolv SAa T& oToieia TToU Tapodelyape oy
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&vaypagty. “ETot, Y., T6 oUvoho N T&V QUIIKEY &p1Buddv pTropel V& TopaTTa-
et pé: {1,2,3, ...}

Snueidovoupe £88 8T, Emradn 1) éwoia ToU ouvdhou B CUVETTEYETOL KOUIK
S1&Tafn y1& T& OTOIXEIX TOU, WTTOpPOUNE KATS TTV dvarypagr) V& YPAPoupE T&
oUpPoAa Tév oToryeicov Tou pé dmola T&En BEhoue.

p). Hapactacn ocuvdhov pé meprypugi JopukTtnpoTikils idotntag Tdv
stouygiov tov. “EoTw fves TpoTagiakds TUTos p(x) pé oclvoro &vagopds T6 Q.
Té& Bi&gpopa oToryeia ToU Q ol gyowv THY (ididtyrar p (BnA. of Tipés THS HE-
TaPAnTiis, pé Tis omoies 6 TPOTACIOKGS TUTTOS YiveTan wpoTaon dAndns) &mo-
Teholv (TpooBiopilou) Eva olvoro. Té clvolo aUtd cupPohileTon s EETs:

{xeQ: x & Ty iddryra p} fi {x e Q: p(x) ainbijc} A &mAoloTepa,
drav glvan yvwoTd 11 mpdkeTar yid 16 oUvolo Gvagopds Q, &mAdSs pé:
{x: p(x) }. Mé Ty Tapaméve onuacia 8& Becopolue oTé Emdpeva TO oupPo-
Mopé: { x € Q: p(x) }. ‘Emoutvess, &v A = {x € Q: p(x) }, ToTe 6 TPOTATIOKSS
tUtros p(x) «meoryodpen T& oToryeia ToU auvdiou A. TlpdyuaT:

(¢ x)x e A & p(x) dAnbns.

*A€ioonueicoTa cUVOA TPaYROTIKEY &pIBudY TToU TEpIY paQoVTal pé Tpo-

TacickoUs TUTTous elvan T& dxéAouba, YVwoTd G5 Srastipate TPy . &p1fpcav :

1. *Avoikté Sudotnua pé dxoa a, f(a < f):
(o, P)={xeR:a <x <P}, e

2. Khewotd dudotnua pé dxga a, f(a < f): : '

[o B]={xeR: a<x < B}, - 5
3. ‘Hpi-avoiktd and debrd pé dxpa a, f (o < f):

[a,P)={xeR: a < x <P}, 2 5
4, ‘Hpr-avoiktd and amotepa ué dxpa a, fi (a < f):

(o, Pl={xeR: a <x = B} e _[-3,

§ 8. Emékraon Tiig évvoiag Tol ouvohou. ZOvoAla povopehn. Té kevo
oOvoho.— ATd Tév TpéTo ToU Exel Xpnoipotroindel uéxpl Twpa 7 Evvola ToU
guvdou, ouutepaiveTan 8T1 k&fe clvoro €xel BUO TOUAGYIOTO OTOIKEC.

STH Oewpic TéY Zuvdhwy elodyoupe kai gUvoha ToU Exowv tva povo
orolyeio kai T& Aéue povopeht ebvoka fi pé pid AEn povosivora. "Eva TéTolO
olvoro pé (povadikd) oToiyeio TO a, ouuPohifeTon pé {o}. Tovifoupe &3& TN
Slagopd ToU Umépyel duépeca oTé o« kol oTé {o}: TO TPETO oupPoAiler
v oToryeio K&Trolou ouvdhov, tvds Té BeUTepo elvan oUvoho ué povadikd oTol-
yelo T6 . "Etol Eyouue: « € {o} kal a # {a}.

Té kevod sovoro. “Eotew Evas mpoT. TUTOS p(x), & dmoios yid kdbe Tiun TS
peTaPAnTis x yiveton Weudns TpdTOOT, Y., & TPOTACIOKOS TUTOS:

p(x): x elvar puowds dolpde didgooos Tob .

Fewd&Tan T6 EpwTnuo: Toid elven TOTe TO guUvoro {x: p(x)};
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Elven duocws pavepd 811 1ié kavéva x e N 8¢ yiveron &indrs TpdTHOT
S p(x) dpa 16 {x: p(x)} eivan Bva «odrolon ué navéva arouyeto (1)

Tértoio #mrions eiven kai 16 olvoro: {xeR: x2 4+ 1< 0L

"Amé Té& mponyoUpsva Tapadetyparta yivetren gavepn A Gudykn v& Tapa-
Bexfolpe &va oUvolo Tou v& ufv Exer xavéva oToikeio. AUTS TS oUvolo &uTi-
oTOIXel OTOUs TPOT. TUmoUs p(x), ToU yivovton wevdelg TpoTdoes y1a kade
ool X ToU ouvbAou dvagopds Tous. “ETal gBdvoups vé SexBolpe iy drapky
évig xal povadixot owdlov, mwov 6év Yyer orougeia (1) AUTS TO A, Sws Eépou-
ME, «16 KEVO olvoro» Kol TO TopioTdvoups pé o ) pé {}

Enpsioon. Aév wpéma vk ouyyéoupe T& oUpPora: {0}, { @}, . Ta Blo mpdra
TaploTdvouy &md Eval povopehés olUvolo b groixsio 16 0, &vrioTolyws TS 2, WD TS Te-
AevToio TapioTével T6 Kevb oUvohe. *Emrions onueidvoups S1i {0} = 0 (yraei;).

§ 9. Zuvbnkn kai TautéTnTa Oé cUvoho. — Kébe TpoTOOoIaKAS TUTTOS
p(x), ToU émolov | peTaPAnTh X AcuBdver ds Tipés T& oToiyeia Evds guvs-
Aou A, Atyeton cuvBikn oté A, ©& Aéue &T1 &va oroiyeio a Toi A Ixavomowsi T
onbijun p(z), TéTe ked pévo TéTE, &v f) TpdTaon P(x) elver EARBHs.

Mia ouvBrikn p(x), moU dAndeler y1& kdBe x €A, MyeTan tovtéTTo
616 A. “Etol, m.y., & TpoT. TUTOS p(x): «x* + 1 >0» elvon TautdTnTa 0TS R,
Emerdn adTds dAndedel yik kdbe x e R, &6 & wpot. TUTOS q(x): «x + 1 > O»
elvan owvbrixn o1é R, Emadh dAnfela pdvo yik x > —1.

§ 10. "H &vvoia Told UmoguvoAou. loéTnTa o cuvéAwv.— Eote 811 A
kal B elvon 8Uo pr kevd olvoda. ©& Abue 871 «vd odvolo A elvar drochvoro 706
By, i (d\ds) «rd A mepiyerar ovd By, kod 8& 16 oupPoAifoups pé: A<B,
TOTe kol uovo ToTE, &v ) oy z € A ovvemdyeTar Ty = € B.

Mé& ouvtopia ypdgoupe:

AcB (;:)(V-x:xeAast)

Avti A = B ypdgoupe ioodlvapa kel BD A+ éméte SiaPadoups : B
elvon drepoivoro 100 A A 16 B repiéyer 16 A.
Té o Becopeitan Umoouvoho kéds ouvdhou Kol Umrepotvodo pévo Tol iSiour
BnA. 7 < B y1& k& oGvodo B kol péve o D o.
H iodrnra Blo ouvdhwv kal § &wola Tol yvijatov dmocvvdiov (TroU oup-
PohiZeton pé C) Splfovran, Smas Epoupe, s EEfis:
A=B<«=3AcBkai BcA
opa
ACBe> A =B kai A £B.
opo
Hapatipnon. Tpémer vé yiveton Sidxpion HeTa€l TéV ouuBdAwy weEn, T dmroio Aéyeton
oUuPoAo ToU wdvixer of . .., kel «<», TS dmolo Aeyeten avpfodo éyrderouon. Tiarl 16 €

ovoxeTifel oToixsio pé olvoro, tvéd TS < ouoxetiler alvodo pé alvoro, kal o) Gewpla
TéY ZuvdAwv oToiyeio kol ouvoho malfouv SiopopeTikols pdAous.
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§ 11. Auvapooivolo évég cuvéhou.—"OTtov Sobel #var oUvolo, UTTOPOULE
v& Becopolpe TO olvoro T&V Umoouvdhwy Tou. Té olvolo Tév UmoouvoAcwy
tvos ouvdhou E ocuuPoriZeton pé P(E). “Qore:
FPE)={X: X cE}={X:xeX = xekE}.
Té 2 xad 16 E elvar mpogavds Utoolvora ToU E, &pa elvon oToiyeia
ToU H(E). ‘Emoptves ioylouv: @ e #(E) kol E e #(E).
*EE&AAou Eyoupe Tis Aoyikés iooBuvapies:
Aeg(E)<= AcE
{o} e #(E) = x €E.
Enusioon. ‘O ToapakdTe Tivakas Kivel TV Tpogoy T Has o Evav TUTo, & dTolos oUTYE-
TiZer Tév dpiBud Tdv UTroouvéAwy Evds ouvdhou pé TOV ap1Bud, Tou Ekgpdler TO WATfos
16y oToelov Tou ouvéiou. Ty &piBpd, ol Ekepdder T6 TATBos T&Y oTorKElwY Evds ouvs-
Aou E, &mews Eépoupe kal &méd Tis mpomnyoUueves T&ess, Tov dvopddouus mainbikd apiBpd xal
16 ouppolifoupe ué v(E).

alvoho E v(E) “Ymootvohe ToU E v(& (B))
2l 0 @ 1(=2%)

{a} ! @, (o) 2(=2YH

(= B} 2 . {=h {Bh (= P} 4(=29
(=8, 3 2, (), B} (v} (= Bl e ) By vh (& By ) 8(=2%

&, {a}, (Y, {y} {8}, {a, B}, (o ¥}, (=, B}
{a, B, v, 8} 4 {B, Y} (B B), {y, B}, (o, By Y} {2 B B} 16(=2%)
{e, ¥, 8} {B, v, 8}, {0, B, v, B}

*ATé Tous dpifpous Tis TeheuTalas oTHAns Tol Tapamdve Tivaka 63nyoUpaaTe oThv
elkaoia 8Ti: &va abvodo pé k atoiyeia Exer 2 Pmocivola.

*looBUvape &mobaxvueTar* 6T1: “Av 16 cbvoko E Exs k atoiyeia (ke Ny,
t6te 16 oovoro P(E) tdv droouvérwv tov 0a Exer 2K otoiyeio.

AnhaBh: V(E) =k = vw(F(E) =2

I’ afté, 16 odvoro P(E) Aéyetan kai duvaposivodro tod E kol oupPoli-
Letan TroAAEs gopés oTr Biebur) PiPAioypagia pé 2E.

§ 12. Baoiké givoho fj oGvolo avadoplis.— ZT& HOBNUOTIKE TTPOKEL-
plvou vé& meepyaofolpe Eva Bépa EexivBue &md Eva Opiouévo oUvolo, toTw
Q£ o, kod karémy pé Péon T& oToixeia Tou kol Té Sidpopa UTooUVOAK Tou
Trpoywpolpe oty duémrtugn Tol BéuaTos. “Eva TéTolo oUvoAo L, TToU T& oTol-
ela Tou kal Té& UmoaUvord Tou EupavifovTon dmokheloTIKG KarTd THYV gmre€ep-
yooia ToU Béparos Aéyeton Paciké clivoro | obvolo dvagopic (meidf o alTg,
xard THY Emefepyacia ToU Béparos, dvagépovton SAa T& EAAx ouvoA).

* ‘H &wodeln 8& Sofsl o’ fva &wé T& Emdpeva Kepdhana (PA. Keg. 1X).
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Té Baoid olUvodo yevik& Siapéper &mrd Bépa of Btua. TToArds popés p&-
Miota Bév dvagépoupe iSiaitepa T6 Baoiké oUvolo, dv aUTd kaBopileTon &méd
T TrepiexSuEvo ToU Béuartos.

Enpeimon. Z v Sidypopua Toi Venn 16 Poaoikd olvoro TAPIOTAVETA ouvrBos pé
Spboydio, dméTe kéBe UToaUvord Tou TpEmwer v& oxeBidletan pboa o” alTd TS dpboydovio.

§ 13. Kapreoiavé yivépevo cuvéiwy. — "As Becopficoupe SUo pr| Kevk
olvoha A kad B cys UrooUvola éuds PaoikoU auvddou Q. ATd altd & SUo oU-
voda oxnuaTtileton (SpiZeTan) fva véo olvodo, T6 dmoio AdyeTan Kapteoiavd yi-
vopevo ué modro magdyovra 16 A wai devrego nagdyovra vé B kai oupPolierat
HE A X B. AUTO T6 kanvoUpyto olvodo dpiletan dos &Efis:

AXB=—{(e,P): acA xai PeB})

opo.

To oroigeio (o, P) € A X B Myetan «Searetayuévo (edyocn. Ta “oToiyeiax
a kal B ToU Zebyous Aéyovtan dvrioTolyws modry Kol dedrepn  ovvrerayuéim
() mpofoli)) ot Cedyovs. “H Pacixij igdrnra Spileton otd A X B s EE7s:
(0 B) = (", P') = (x=0o xai p=p).

AexdpaoTe € dpiopol &1: v A= o eite B = @, 161e A X B= 2.
“Exoupe Tddpa Tis iooSuvapies:

AXB=g &= (A= g ¢ite B= 2)

AXB+# o «> (A g kal B # p).

ZTiv TepitTwon woU elvar A = B, TdéTe T4 KOPTECIQVS yivdpevo A X A
ouuPoliZetcn pé A2, émdTe TO oUvoro TEV fevydv (o, o) pé xe A ouuPoll-
Ceten pé A xal Myetan 7 duaydwiog ToU A2, Mpopavéss elven: A <= A2,

“YmevBupiZoupe dxdun 6Ti: o6 kapreciave ywépevo dvo cvvorov div Emi-
Tpénetar 1| Gvupetddeon tdv mapaybvrov, dnAadn, yevikd, elven: AXB#BxA.

§ 14. Npageig perato cuvéAwv.—Sth gropeva UtroféToupe &1 T& oU-
voha oU Tadpvoupe elvan UrooUvoAa fvds Spiopévou Pacikol ouvdiou Q+ 7,
BnAadn oToiyelx ToU P(Q). "Omes Eépoups kai &md Tis TponYyoUpeves T&els,
HeTaU Tév oToixelwy ToU P(Q) umropolue v& Spicoupe uepikés mpateic.

“YmevBupiZouue pé cuvtopiar atés Tis mpdEes:

@). Top 8%0 cuvérwv. 5t kdbe Lebyos (A, B) € P(Q) x P(Q) dvTioToryei
&va Umocivodo ToU Q, oU Aéyeton topn Téw A kol B, oupPoAifeTon ué A N B
kal Opileton o EEfs:

ANB=—{xeQ: xeA kai x eB}.

opo

Alo glvoha A kai B Aéyovtan Eéva petald tovg, TOTE kol pdvo TéTE, Gv
A-B= 2

TS kevd alvodo elven Eévo pé dmoiobhiTote avoro A, Ereide loyver:
ANg=9g wxl @NA=g.
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B). "Evwor 8§00 ouvédwv. ¢ k&le Lelyos (A, B) e #(Q) x £(Q) dvti-
oToiyel Eva UtrooUvoro Tol §, ol Aéyetcn Evoen TV ouvéAwv A kai B, oup-
PoniZeton pé A U B kai opileTon ds £Efis:

AUB = {xeQ: xeA &ite xeB}.

Tpogavéss Exoupe: AUB= o = (A= @ kai B= g).

Enpgioon. YmevBupifoupe s Té weiren onuaiver &1t Eva dmolobfimoTe oToiyElo X
THs Evdoews dviikel fi udvo oTéd A fj pdvo o1d B 1 &vfixel kai o1& Uo olvoha A xai B.

v). Auagpopd 8Vo guvéiwv (cuvorobewpntin draopd). Z¢ k&be CeUyos
(A, B) e #(Q) x #(Q) dvmioToixel &vax Uroolvolo ToU 2, ToU Aéyeton Sua-
@opd tod ocvvéhov B amé té6 olvoho A, cupPoliletar pé A—B ol OpileTan
o EEfis:

A — B = {xeQ: xeA xoi x¢B}

opo

Elvan mwpogavés 6Tt yi& omolodnmoTte olvodo A Exoupe:
A-A=g, A—g=A kxai g—A=g.
8). Zuppetpunn Sracpopd Vo cuvéAwy. Zé kéle LeUyos (A, B)es () X #()
dvTigToryel éva UmooUvoho ToU Q, ToU Aéyeran cuppetpiki Sagopd @V A kai
B, oupPoltiZeton pé A + B kal opileTon cos &fis:

A ﬁ_—Bﬁ {xeQ: (xeA kai x¢B) site (xeB koi x¢A}.

*Amréd Tév T v Opiopd ouvdyoups éTi: A+ B=(A—-B) U (B—A)

16 Bidypappa Tou Venn, mToU Ppi-
okeTon 8e§1d, TTOPIOTAVETAL T CUMPETPI-
ki Biagopd A + B &md 16 oxixopévo
pépos T&V guvohwy A xai B.

Elvan govepd &mi: v AN B= g,
TéTe foyuer: A+ B=A UB.

€). ZvpmAfpwia cuvérov. ‘Ovopdlouus ouprhijpopa £vog ouvdrov A dg
mode 16 Smegaitvolo 2 kai TS cupPohifoupe ué Ac fj A, T6 olvodo oy SpileTon
aos e€fis:

Ac == {xed: x¢A} =0 — A

*Augon ouvémela ToU md Téww Opiopou elvan of iodTnTes:
pe=Q kal Q= @.
’Erions  y1& &moiodfmoTe oUvoho A ioyUouv of cuveraywyss:

VX XxeEA=>x ¢A° kal VX, x A= x ¢A.
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§ 15. ’l&16TTeg TGV rpafewv THOV TuvOAwv.—Metafl TéY TpdEecov
Tév ouvdAwy oxUouv ol dkdhoubes 1B1dTnTEs (TauTdTnTES OTS F(2)), ol
H&s elven yvewoTés kad &mwd & paBuara T6GY TponyoUuevwy TéEecov:

a) tfic Topfis: B) tfic évidorag :

o) ANB=BnNnA B AuUB=ByUA

o) ADBND=(AnB)NT B AUBUD=(AUBUT
o) ANA=A B AUA=A

o) ANB< A ANBcB Bd) AcAuUB B<cAUB
o) A= B« ANB=A Bs) A<B < AUB=B.

"loyUouy &kdun of Emdpeves Slo émpeoiotinés 116N TES :
ANBUN=MANBUWBNT)
Au@Bn = ALuBn (Aul).
Moparipnon. O1 i&idtnTes (o), (By) elven Yvwotés s véuot Tijg dvriuerabéoeme, ol
(02), (Be) s vopor 7ijs mpooerapiotidryras xal of (o), (By) o5 vopor toi advwduon TéV
wpdecov U kal N. TéAos, &mé Tis i8i16TnTes (o), (By) wpoxUTTEl dT1 KaBbvar &S T& oUvoha
A, B elvan Umrepodvodo Tfis Toufis A N B kad Urootvolo Ths Evedoews A U B, SnAadn:

ANBcAcAUB, ANB<cBc<AUB
1) tiic Srapopis : 8) s ovmpetpikiic Sragopd:
Y) A~B=ANBs 8) A+B=B+A

Ys) A—B:(AUB)—B:A—-(Ah B) || &) A#l—(B-j— r):(A+B)+r
Ys) (A—B)N B=g, (A-B) UB=AUB GS)A-ﬂ—B:(AUB)—(Aﬂ B)
Y) ASB & A—-B= g &,)AH(B-'{—F):(AHB)%(AHF)
€) 1ol ovpminpdpatog :
g) ANAc= g, &) AUAc=Q, &) (Ac)=A, &) AcB > B < Ac.
“loxUouv dxéun ol émépevor SYo TUTroI (vépor tob De Morgan):
(&) (AN B)=A:Be, (e5) (AUB): = AcNBe.
AZKHEEIE (")
‘Opéda A" 7. Alvetai 16 olvodo A = {a, B, v} N& Bpeite moids &md Tous Tapa-
k&Tw oupPohiopols efvan owoTds Kal motds AavBacutvos kaf yiari;
1) (e} €A, 2) a CA, 3) {y} CA, 4) {o, B} €A, 5) {2, A (a By} CA.
8. Té Buvapooivoro tvés ouvéhou E Exe1 32 oroiyela. Tléoa oTorgeie Exer 16 E;
9. "Av a € R, B € R, vé& mpoobioploete Tols mpayp. &pibpols x, y, doTe v& loyle:
(xz'—ya! X + F? = {G, ﬂ}
10. "Eotwo A={xeR: -3 <x < 3} kai B={xeR: 1 <x <2}. N& TépeTe fve

dpbokavoviké aloTnua &Eévev xOy kai vk TapaoTNoETE oT6 Emrimebo xOy T& KOPTETIaVE
ywopeva A X B, B x A.

Enp. “YmevBupiZovpe 811 fva ovoTnua &Eévev Aéyeton dpBoxavoviks, &v elvan Spfo-
yovio kaf &v of povédes, oy Exouv opiofel Tdvw oTols &Eoves, Exouv foa prxm.

* 'Amd Tis TpoTewdpeves Y& Aon dokfoes alTol ToU Kepodalou v Sofoiy Soeg
xkat& v Kkplon Tol BiBd&okovTos dpkolv y1& Thv tpmédwon kéde EvéTnTos.
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‘Opada B'. 11. “Av A, B, I' elvon UmrooUvoda Evds Pacikol ouvdhou Q, v& B:fete &11:

1) AN(AUB) = A = AU(ANB), 2y A-(BUN=(A-B)NA-T)
3) (A-B)U(A—Bt)=A, 4) A+B=(ANB°)UBN A®)
5) (A—B)—(A—T)=ANTNBe, 6) A—(B-N=(A-B)UBNI).

12. Né& Belfete 611 y1& dmoiadwoTe clvoda A, B, I, otoixela Tol F(Q), loylouv:
1 (AnNB)N (ANN* =ANBNT*e, 2) A+ (ANB)=A-B
3) (A—B)UTl =(AUNN(B® UD), 4) A-(A-B)=ANB
5) A B T—BSI—A, 6) A—(BNN=(A-B)UA-T).

13. *Av A, B, I, A elven oroigeiax ToU P(RQ), v Beifere d11 foyuouv ol Timor:
1)AsTABSA = AXBcsTIxA4, ) Ax BNN=(AXBNAxTI)
3) (Ax B) N(Tx A)=(AND) x (BNA), 4H Ax BUND=MAxXBUMXxXTDN

5) (A=B) x (T—A)= (A x DN (B®x A%), 6) (A—B)yx T'=AxN—-BxT.
14. *Av A, B elven Utroolvoda évds Pagikou cuvdrou Q, vé Seifete Sti:
1) AS B & FA)=HF(B), 2) F(ANB) = F(A) NF(B), 3) F(A) UL (B)=F(AUB).
15. N& Beifete, 8m1 y1& dmoiabfjroTe oUvora A, B, T, A loylouv of mapak&Tw TUTOI1:
DIxAD—AxB=[T—A)x AU x (A-B)]
2) (A X B)* =(A® x B°)U(A® x B)U(A x B®).
16. “Av A, B, X, ¥ elvan otoixeia o P(Q), v& &mobeifete Tis ouvemaywyés:
1) B X € BUA® = ANX=ANB, ) ANBesY=B=y AUY=AUB.
17. "Av A, B, I elvan 8ebopéva olvoha, vé Ppeite Trv lkevr) kal dvaykaio ouvlfkn,
hoTe v& Umdpyxour oUvoda X yik T& érmoia 8& clvar: AN X =B kai A U X=I. Karémwv
vé& TpooBioploete alTd T& olvora X ouvepthoa Tdv A, B, T
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*KE®PAAAIO II

AZIOMATA PEANO-MAOHMATIKH ij TEAEIA ENArQrH

§ 16. Eicaywynd.—M& Tols Siapdpous kAGSous Tédv Mafinuamikév Exouv
KaTookevaobel ouoTnpaTa &md (yapaxtnowotixéen (Bepshicddels) 1816TnTes, oTis
oroles otnpileTon SGASKANPN 1) Bewpia. *ETol, y1& kdde kA&Bo Biveton Evas EAd-
10105 &pi1fuds XopakTNEIoTIKGY i810TATwWY, &wd Tis OToies KATOTIV TPOKUTITEL
oroladfiroTe GAAN iB16TnTa. AnAadn &v Bewpricoupe &Andels abTés Tis (Yopa-
KTNPIOTIKES) 1810TNTEs, umopoUpe vé &rodeifoupe, ué aioTnpd pofnuaTiké Tpd-
o, dmoradfiToTe &AAN iGidTnTa. AlTés TiS «yapoakTnpioTikésy (S1éTnTes Tis
dvopdZoupe aEibpata.

Ztd Mafnpatikd yi& vé elvar va Tétolo oUoTnua &§1wpdTwy «mapaBekTon,
mwpémel vé& Exel T& EEfis Tpla yvwplopaTa:

a). N& elvan mhijpeg, dnAadn mpémel v& ornpilel kal v kaAUTTer SASKAT PN
T Gewpla y1& Thv omrola Exel kaTaokeuaobel.

B). Né& elvon avegaptnro, SnA. 8év mpémel kavéiva &md T& dEiwpaTd Tov vk
elvan guvétreiar AAwv &EiopdTwy ToU ouoThpaTos, kai

¥). N& elven EhetBepo dvripaoewv, Snh. &v pla TpbdTaon elvan cuvémeaia Tév
&EiwpdToov ToU cuoThuaTos, Bév Trpemel kai 7| &pvnon Tns vé elvan ouvémeix
gmions Tév By dfiopdTwy. ME dAAa Adyia, STav TO oUoTnua oUTd Bév
o8nyel of pia dvtigaon Tis wopefis: «p elvar dindis xai p elvar pevdijon.

“Eva TéTolo oUoTnua &fiwudTwy, pé 16 dmolo siodyovtal otd Mabnua-
Tik& ol guoikoi &piBpol elven 16 EEfs:

§ 17. "Afipara TOV GuoIKBY apiBpidv katd Peano®. — Oi guoikol
&pifuoi, ToU TS oUvoArd Tous oupPolifoupe ué N, Exouv Tis dkdAoules (yasa-
xrnowotixéc) 1816 TEs (GErdpata):

P, : “Yrdoyer fvag tovddyioro guowxds dolfludg, 6 1, 8nA. 1eN.

P, : Kdfe guouds dolbuds v Exer évav «Emopevoy guowd dplflud, mol o
oupPoiifoupe pé v + 1, 8nA. &v v e N, TéTe ki v + 1 eN.

Py : Aév dmdoyer guowds dolfuds mod va Exer érduevo tdv 1, BnA. yi& xdabe
veNevon v+ 1 1.

Py : Aév dmdoyovr dragopetinol perald vovs guowoi dolbuol mod vd Eyowv

* (. Peano (1858 - 1932). ’lteids pabnuartikés kal giddoogos.
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Tov o Emduevo, BnA. &v peN, veN kal p + 1 =v + 1, T61e elvon p=v.
P;: "Av yud &va Smogtvolo S vod N, loydovr:
@ Ies,
(i) & v €8, tdre xai (v+1) €S,
tote 0 otvodo S ovunminver ué vd abvolo N v guowmdy aoudy, dnl. S = N.

Of mapamwéve mévte i516TNTES Py - Py ToU ouvdrou N elvon yvwoTés ot
n 1 5
ta afibpore tob Peano yi& TS oUvoro N Tdv @uoikdy dpifpddv.

To &fiwpa Py Aédyeton: «f dpyn tiig téhewag () pebnpotikiic) énoywyijg»

kal SraTutcoveTan oupPoiikd dis EETs:

( b )==>S:N.
veS = v+1eS

2’ alTh) TV dpxn oTnplleTal, S & Bolpe TapaK&TW, P& YEVIKT Pé-
BoBos &modeifews Tou ¥pnoipotroeital oTd MafnuaTikd Trpokeipévou v& &ro-
Beixfel 071 Evas TrpoT. TUTOs p(v), TroU ékgpddeTon pé TN Porifaix k&moieu
puaikol &pifuoU v, Exel loxU yi& Aes yeviké Tis Tiués ToU @uoikoU &pifuou v.
‘H pébodos aithy elven yvewoTh Gs: pélodos amedeilews pé tédea 7 palnua-
Twer] Emaywyi] ) dAMGS: uéfodog tijs Emaywyixic amodelfews.

Zyoda: 1). T &iwopa P, pds tacpanile 811 16 cUvoro N elvan Bikpopo &md T6 Kevd,
TEPIEYEl TO QuOIKS &p1Bud Eva (ovpfolixd: 1).

2). Té aiwpa P, Siver Tr yevikf) péBodo Tfis xaTaokeutis TGV uoikddv dpiBpdv."Etot
ué &geTnpla T6 Quaikd &p1Bpd 1, y1& Tév Smoio Eyve Adyos oTé TponyoUuevo &Eiwua, KaTa-
okevdleTan k&Be &AAOS Quoikds &p1Bpds. “Av Tév émdusvo Tou | cupPoriooups ué 2, Tov Emo-
Hevo Tou 2 pé 3, Tév Embuevo ToU 3 pé 4 k.ox. & Exoupe dTi:

N={L2 3; < awvskd, ...}

MpéyupaTi, &v kahéooupe S 16 oUwoho {1,2,3, ...,v, v+ 1,...}, Exoupe: S = N. ’EE&Ahou
1 €8S kal &v k € 8, T61e 8& elven kai k - 1€8, Emeidn éTo1 kataokevdoope 16 cUvoro S, Tote
Spws, ouppuwva pé TNV dpxn Tiis TéAeias Emaywydis, Bdelvaa N =S ={1,2, ..., v,v + 1, ...}.

3). 'Amo 1& dbidparta Py kai Py ouvdyeston 811 ol guoikol &pifpol v kal v + 1 elvan
SiaBoyikol, BnA. peTafl Tous Bév Utrdpyer &AAos guoikds &piBuds, &pa kdfe puoikds &p1buds
Exel axpiPig Evav «émduevon (yrati;). EE&AAoU yi& 16 guoikd &pibud 1 Exoupe: 1 = v yi&
k&Be v € N, yr'alrd kal & 1 Aéyetan & Ehaxyietog and toig Quokog apBpodg (BnA. suxpdre-
po¢ an’ Glovs Tovs growmeds aplbpoic).

4). Mé = oupPohifoupe oT6 Py T «facwua) iodrnran otdé N, dnhadh Thv lodtnTa
mou EmiTpémer v& Siaxplvoupe T& oToryeia ToU N petafy Tous.

§ 18. H pébodog anodeifews pé pabnuarikn fj Téheia émaywyn.—ITpiv
SiaTuTdooupe T Bewpnua &d T droio dmoppéel ) pébodos &modeifecs wé
TéAelx Emaywyn (uéfodoc i Téleiag Emaywyijs) 0 dvagepfoipe o Eva
Tap&Berypa:

HNapaderypa : Né arodeibete bt i kabe Quokd appo v ioyder & tomog:

143454 +Qv—3)+Q2v—1) = v* (@)
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Mpéypatt: y1& v =1 & mwponyoUpevos TUTros yphoetan: 1 = 12, 16 dmoio elvar &Andés. “Ag
BexBoUpe Topa &T1 & TUTos alUTds foyiel vik v =k (k € N), &nA. &ni loyve:
14+34+54+ -+ @k=-3)+ 2Zk-1)=k*
TOTE, &v Tpoobéooupe Kal oT& BUo péAn s TS 2k - 1, 8& Exoupe:
[1+3+5+ -+ @k—D]+ @k + 1) =k + @k + ).

AMAG: [1434 -+ (k—1]+ 2k + 1) =143+ + [2(k+1) = 3] + 2k + 1) -1
tdnou: K2+ 2k + D=k®*+2k+1=(k + 1)?
kai Eropéveos: 143454+ - +[2k+D=3]+[2k+ 1)—=11=(k + 1)

“QoTe &mobeifape T1: UmoliTovtas &T1 & TUmos (T) loxUer yik v =k, &mwoBeikvieTan
&1 aUtds foyle kal yi& v =k + 1. ‘Emopéves, Eeidny 180 Exer SiomoTwlel éT1 6 Timos (T)
foyue y1& v =1, 8& loyver y1& v = 2. “Opoiws &pol loyle yi& v =2, & ioyle ¢ (1) kal
yi& Tév Emopevd Tou, BnA. yi&k v =3 kal Siadoyik& yi&k v=4, v=3, ..., BnA. y1& xdbe
puoikd &pifud v.

TS dxdhoubo Becopnua Bepedicover THv &rodeikTikn péBodo, 1o dxoAou-
Ofoape oTd TponyoUpEVe THPESElYUa.

§ 19. Oewpnpa (modty poowr Tis Téleias naywyijs).— Av p(v) elvar Evag
npotaoiakds Throg pé oivohe dvagopic 16 obvoko N tdv puokdv apBidy, té-
10106 (oTE :

a) va glvar ainbig 1 mpérasn p(l), xai
B) va eivar ainbic W npétacn: ke N, pk) = pk + 1),

tote (BnA. Stav oupBaivouv T& ) kal PB)) 6 npotusiakdg tomog p(v) elva &ln-
B (ioyxoer) 1ia kabe veN.

*An6deign. "Eotw S 16 olvoho, TS émolo Trepiypdeel & TPOTATIOKGS
TUTos p(v), 8nhodn: S={veN: pW}

Né& thv &modealn ToU Bewprinaros &pkel vé &mrodeifoupe 8T 16 olvolo S
Eyer Tis iB16TnTes (i) kal (i) ToU &fidbpaTos Py ToU Peano. Tpdypar,

(i) 1 €8S, ywarl | wpodTaon p(l) elvar &md v Umdleson (a) &Andns.
’Emions y1& x&fe keS = p(k) = (&wd T B)) plk + 1) = (k + 1) €5,
nAadn: (i) &v veS, ToéTe kal (v + 1) €8.

TéTe Spes, oUpgova pé 16 &Eiwua P, ToU Peano, 8& elven S = N, 8nA.
TS oUvolo Tudv &AnBeias ToU mpoTaoiakol TUmou p(v) elvan 16 N, Tmou
onpaiver 811 6 p(v) yi& k&fe veN elven m& mpdTaon &Anbis.

Enpeioon. ‘H Epapuoyn Tfis pebdBou Tfis pabnuarifis fi TéAeios Emaywyfis ylvera oty
wpd&tn of Tpia oT&dix, ds EEfs:

a). "Enalfi@svon. *AmoBekvioupe &t f) wpdTaon p(l) elvan dAnbrs.

B). Bijpa and 16 k oo k + 1. Oewpolpe Evav (dmolodfiToTe) guaikéd &piduéd k xal
ué TV UméBeon T f) wpdraon p(k) elven &Andris, &modekvioupe, TéTe, 6T1 kol 1} TpdTAON
p(k + 1) efvoa &hnbrs.

7). Zvpnépacpa. ZuvbBudiovtas T& o) kal P) oupmepalvoupe, oUppuva pé Té Tapa-
wave Bedpnua Tiis TéAaias Emaywyidis, &1z p(v) &Andrs (loxler) yi&k x&fe v € N.
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E®@APMOTIEZL
1n: Na arodeiere 6n yié kabes puokd dpbud v ioyoer & tomog :
P : 14243+ v = "@ )
"AnédeEn @) Mé v=1 1 (1) ylveren : 1=lU;fJ, SAnbiis.
B) “As Beybolpe &1t f) (1) loxber yi&k v =k (k € N), nA. 11z
1+2+3+...+k=ﬁ§'ﬁ @
©4& &mobeifoups Tdpa 11 1 (1) loyver xad y1i& v =k + 1, 8nA. dTi:
1+2+3+---+k+(k+:)=__(1‘+132(k+_2>_ ®

Mpdypary, &v wpoobégouue xal oTd SUo wéAn Tfs (2) 16 (k + 1) Exoupe:
A+243 4 +0+ G+ D=2EED Ly p-GFDEED 5504 4
(3) loyue.
¥) EZvpnépaopa : 1 o) &mobelope 11 p(l) elven &Andris. Z16 B) dmobeifaue &t

&v p(k) elvan &Anbris, ToTE kai f) mpdTaon p(k - 1) elven &Andrs *. Suverrdss, oUpgwve pé
T6 Bewpnua Tijs TéAaas Eraywyds, 7 (1) loxte y1& k&Be v € N.
2n: "Av a glvon Evag npayp. apbpog pé a=—1, tote y1d kaBe Quokd amBud v loyder:
q(v): (d+a)' = 1+va (avadryra o Bernoulli).
‘Anodarn. o) Na v =1, §) wopawévw oxéon loyue s loéTnTe.
B) “Eotes &1t loyuet y1& v =k (k € N), 8nA. &7i:

(14 k=1 + ke (O]
©a dmobeifoupe 611 6 q(v) loxle kal y1& v=k + 1, 8nA. &mi:
1+ o)kt =1+ (k -+ De. (@)

Mpdypaty, &v woAAamAacidooupe kai T& SUo péAn Tiis (1) &l 1+a (16 1 +a evan

un dpvnTikds &piBuds, Emedr) a = —1) Exoupe:
Q+akilz=(1+a)(l+k)=1+ka+a+kat=1+ (k+ Da, yorl: ke? = 0.

“Apa 1) (2) loylel. Zuvemrds, oUuguwva pé Té Bewpnua Tiis TéAelas Emaywyfis, f dvi-
gétnTa Tou Bernoulli ioyler yi& ké&be puoé &piBud v, (ué ThHv Umdleon guokd dTi a=~1).

"Aexnen N& terdoete yi& moiks Tipés T@v « kaf v & poT. TUmos q(v) loyler pé
T6 Toov;

3n: Na npocdiopioets Eva guokd ambpd vy, date va dhnbeder 1 cvvenayoyn :

V=YV, => 3'>100 (ve N).
Avon. ’Egapudlovtas Thv dvicotnTa ToU Bernoulli pé o =2 Exoupe:
=14+ 2)"=1+ 2w

Mé& vé elvan 3¥ > 100 dpkel: 1 + 2v > 100 <=> 2v>99 kaf v = vy =50 =3 3" > 100.

‘ALwohoyn mapatipnon. TIoAMés gopés oupPalver évas mpoTaciakds TUTos p(v) vé
Exer &g olvoho dvagopds éva yvfigio UmcoUvolo ToU guvédou N. Ztfv mepimrwon alTh
16 Gedbpnua Tiis TéAetas Edmaywyfis foxvel (Tpogavdds) pé ThH s Spws Srarimwon:

“Av p(v) elvar Evag npotacakiog tomog pé eivoho dvagopic to N“o = {veN: v=v,}, Orov
vEN, tétorog Gote:

* Elvar govepd 811 oty &mdbeifn Sév Emanfe pdho mords ftav & k.
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a) va slvar dinbdng W npéraon p(v), kol
B) vé elvar &hnbig W mpbraom: ¥ ke N, , pk) = p(k+1),
tote & mpotaciakig thmog p(v) ioyder NG kGbe Quotke dpbpd v pé v = v,

‘Egoppoyf. Na cifete 611 yia xaBe guotké ambpo v=3 ioyoen : 3V >(v4+1)1 m

"Anodegn. @) MNé vy =3 4 (1) ylveren: 32 > (3 4 1)%, &nA. 27 > 16, &Andrs.
B) *Eotw &1t yid v=k (ke N,k = 3) fy (1) foxve, 5nA. dmi: 3k > (k4-1)? )

©& Beffoupe 61 Ay (1) loxbel kad y1& v =k + 1, 8nA. 8mi:  3k+1 > (k 4-2)2 3
MpdypaT, tweadf &mé T (2) Exoupe:

3.3k > 3(k + 1)2, 8nA. 3k+1 > 3(k + 1)2 “4)
&pwel va Beifoupe &1z 3(k + 1)2> (k+2)? = 3k2+ 6k+1> k? -4 k+ 4, SnA.
&pkel v& Beloupe &Ti: 2k* + 2k > 1 &> 2k(k + 1) > 1.

‘H tedevtala Suws dviodTnta foxve, yiotl k = 3.
" *Apa 1) (3) loyUen. Tuvemds, oupgwva pé TV Tponyoupevn Tapatipnon, 1 (1) loxua
Y& kéBe quoikd &pifBud v = 3.

Eyxodie: 1) ‘H twadnffevon mds mpotdoews yi& Sidgopes Siaboyikés Tipés Tou Qu-
ool &piBuol v, m.X. yidv=1,2,3, ..., v, bév dpkel y1& v& oupmepdvoupe &1 1) TpdTaon
loxver yi& x&be v € N (dredifs énayowyii)..

‘Avainapadaiypa : “Av v guoikdg apbpog, tote & dpibpog (v + v 4 41) elvar mphirog ;

‘E&& maparnpolue 811 y1& Tis pddTes TpidvTa fvnid Tipés ToU v # TrpdToon &Andeva,
8nA. yid v =1,2,3,...,39 & &piBuds (vi+v+41) elvon mpdsTos (BnA. Sév Exer iAo Biaipétn
txTés &méd TéV tauTd Tou kal TH povdba): Suws yi& v =40 & &pBuds: 40°+404-41 = 412
Stv elven TrpédTos.

2) 'H &mwébefn wds wpotdoews yik v =k + 1, pé Ty mpoUmédbeon st adth loxua
yi& v =k (k € N), 8v tEaogahiler whvToTe THY &Abei Tiis TpoT&oews ¥ v € N. Tptmer
dmewobnmoTe vi kdvoupe Thy Erodrifevon yid v =1 (R, &v Bév Exer vonua y1& v = 1, pémet
v& xévoupe Thv ETohfiBevon yi& v = v,, &Tou v, & EhdyioTos guaikds &p1Bpds yi& Tév droio
Exe1 vénua ) mpéTaon).

‘Avuinapdberypa : “As Umobfooupe T ) fodTnTa: «v =v + 17» loyla yi&k v=k,
Xwpls vé& Exoupe mponyouutvws Efokpipdon &v alTh loyle yi& v=1, SnA. foTw ST
k =k + 17. MwopoUpe, 167, elkoAa va Seioupe &1 auTs ) lodTnTa loyve kal y1& v=k + 1.

Mpéypari, Exouue:

k=k+4+ 17T e=a3k+1l=(k+1N+1e k+1=k+1)+ 17

AUTS Spws dv &pkel y1& vé& oupmepbuoupe 311 ) lodtnTa: v=v + 17 loxla yi& ké&be
VEN (o1 mapdberyud pos pdhoTa BiamoTdvoune dpéows Tads Sév Umdpxel Kom& Tiuf
ToU v y1& Trv omola &AnBeler 1) lodtnTa).

§ 20. AelTepn popdri TAs TéAelag f pabnparikis émaywyiis.— Mia

&AAN poper) &mrodeikTikfis uefdBou ToU oTnpifeTon Emions oThv &pyxn Tiis
pofnuaTikiis Emaywyfis BepshidveTon pé TS Emdpevo:

Qewpnua (dedtegn poopr i télewas émaywyiic)— “Av p(v) elvan Evag
npotaciokos tonag pé ohvolo dvagopic t6 civorho N tdv guakdy apbpdv té-
Towog, (ote:

a) va slvar dindeig ol mpotaseig: p(1), p(2), xed

B) né xabe keN pé k >2, pk—2) A pk—1) = pk),
tbéte & mpotaciakds tinog p(v) elvar aindng (ioyder) Né kade ve N,
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'Yrodeibn. N& mépete 16 oUvoho S={veN: v=I11f (p(v—2) Ap(v—1)}
kal v &mobeiete 611 T S Eyxer Tis iB1oTnTEs (i) kai (ii) ToU &EicouaTos
P; tou Peano. *Apa. ..

O& bwoovpe kai pia &AAN &mwédeifn Tou mopadvew Bewopnjuatos, oTN-
pifopevol Spws oThv EEfjs TpoTaon ToUu &modsikvieTan oTdk MabnuaTiké:

Ipéraon (doyi) ot Eldyiorov quowxod aollpes)— "Av S eivar Eva pn
kevd Omoobvolo tob N, téte 16 S Exer Eva ELGyioto otoryeio, dnh. 101 LmapyEL
Evag (GkpiPiic) guoikog apBpog vye S pé iy idbtnre: vy = v y1d kdbe ve S,

" Anédeitn tob Ozwpipatos. “Ectw T TO oUvolo, TO OTroio Treplypoigel
O mpoT. TUmos: ~p(v), SnAadn: T = {veN: ~ p(v)}. Eivar gavepd s yix
k&Be v e T f durioToixn mpdtaon p(v) Sév elven &Andrs. Thpogavéss 1 ¢ T
kafeds kol 2 ¢ T. *Ag SextoUue 811 16 T 8év elvan 1O kevd oUvohor TOTE,
oUppwva pPé THV TapaTavw TPoToaTn, TO T €xel éAdyiocTo oTorkelo, EéoTw
TO vy e T. TdTe Exoupe: vy, > 2 kai 1) mpoTaon pv,) Bév elvan &Andns, &véd
yi&k kéfe v e N pé v < vy fj &vrioTtoryn mpdtaon p(v) elven &Anbns. Elve
Guws: 2 = vy— 1 <wvykai l = vy— 2 < v, kai ouvetdds ol potaotls p(v—2)
kai p(vg— 1) elven &AnBeis. ToTe Suws, oclupwva pé THv UTrdBean B) Tou Beco-
pfiparos, & elvar &Anbnhs ) p(vy) altd Suws elven &romo, yrati vy e T.
Elven dormmév T = @ kol ouverrdss & p(v) elven &Anbns (loxler) yi& kdbe v e N.

Enueioon. Né& v &mobeifoupes pia wpdTaon Tiis popeiis (¥ veN, p(v) ) ornpilduevol
o716 mponyolUuevo Bedpnua, Ektehoupe Td EEfis Tpia PripaTa:

a). *AmoBeikvboupe 811 kadepia dmwd Tis wpoTdoes p(l) kai p(2) elven dAndrs.

B). Oewpolpe Eva (dolodniToTe) guokd &piBud k, (k > 2), kai pé THv Umdbeon &
kabepia &wd Tis wpotdoes p(k — 2) kal p(k — 1) elven &Angrs, dmwobekvioupe 6T kal 1 Tpo-
Taon p(k) elvar dAndis.

7). Zwvdudfovtas T& o) kal P) cupTrepaivoups, oUppwva pé T Tapamdvw Bewpnua,
&1 p(v) &Andns (loyie) yi1& kéde v e N.

"E@appoyfl. Na arodeifete dnu yid xabe guowkd apbpo v ioyver:

pv) : B+YV5)" + 3— V5" = nod. 2"
*Anodeikn. Ottoupe S, =3 + ¥5)* + B3—V5). N& v=1 kai v=2 Exoups dvTi-
OTOIXWS: 8, =G+ V¥ +B—V5)=6=3.2' =ToA. 2

S, =G+ V5 + (3-V¥5)2=28=7.22=moA. 22
"Apa kaBepia &wd Tis mpothoes p(l) kai p(2) elvar dAnbrs.
*Eotw 6T kafepia &md Tis wpotdoes p(k — 2) kol p(k — 1), émou ke N pé k > 2
elven &Andris, BnAadn Eortw OTi:
Sk-g = (3 + YBk-2 + (3— V5)k-2 = mwoh. 2k~ «ai (1)
Sk-; = (3 + ¥Y5)k-! 4 (3 — Y5)k-! = oA, 2k-1 @
©4& &mobeifoupe 611 kal f| wpdtaon plk) elvan dAnbns. Tpdypar, & oyxnuaticoupe TV
lowon B’ PaBuol ol Exer piles ToUs &piBuols: x, =3 + V5 xal x, =3 — V5.

AUTH elven 1) : x2—6x 4+ 4=0
*Exoupe TOTE : B+ V5)2—6(3+ V5 +4=0 3
B-V5*—6(3-Y5) +4=0 )
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Ao Tis (3) Ko (4), &v woMaTAaoidooupe kad T& 5Uo piAn Tous wé x K-3=(3+ 1/5)k-3,
X,5-2 = (3 — V5)k-2, &vriorolyws, AapBévoupe:
G+ V5HE—6(3 +V5)k-1 1 43 +-V5k-2=0 3)
3— V5)k—6(3 - V5)k-! 43— V5)k2=0 4"
“Av Tpoobéooupe Tis (3') xai (47) katd péAn kal AdPoupe Gmown kel Tis (1) kal (2), Ppl-
oxoupe &Ti:
Sk — 68k + 45k, =0
*Apa: Sk = 68—y — 4S8k, )
‘H (5), &v AdPouue Umdyn Tis (1) kad (2), yiveTou:
Sk = 6.710oA 2k-1 — 4 oA 2k-2 = 3. oA 2k — oA 2K = TroA 2K,
SnA. fi p(k) elvon &AnBs. Zuverrds, oUpgoova pé Té6 mponyolpevo Bedpnue, & p(v) loyle
Y& k& v e N.

Iapatfipnon. Mepikés gopés oupPaiver Evas TpoTagiokds TOmos p(v) va Exel ds oUvoro
dvagopds Eva yviigio Utroolvoho Tol N. TdTe # Seitepn popeh Tiis Téhsios Eraywyfis tpap-
péetan s £Efs:

a). *AmoBeixviouue Trv dAfBeix TGV TrpoTdaewy p(vy), p(vy 4 1), Smou v, e N.

B). ‘AmoBeivioups &tr ) dAdax T&Y p(k) kal p(k + 1) ouvemdyetan Thv dAflaix
Tfis p(k + 2), émou k & dmoloodhmoTe QuoIKes &p1Buds =v,.

¥). 'Awd 1& (o) kal (B) wpoxUmre, TéTE, i dAfax THs p(v) yi& xkéfe Quoké
&p1ud v = v,

ALKHZIEIX

‘Opddo A’ 18. Mé 11 pédoBo Tiis pabnuaTikiis brayeyfs v& &moBeifere &1 yi1& kdde
veN loyle:

) 244464 ...+ 2u=vv+1)
B) l’+25+3”—]-...+u3:_%_u(v+[)(2v+1)

vy P S e Fiey 1 +u)=:% vi(y + 1)1,
8) 2442+ 6 4 ... + (v =200 + D
O VLAY 3 v e = % v+ 1) (v + 2).
19. "Av 0 <o £ 1 yi& kdbe i =1, 2, ..., v, v& &moBelfete pé Emaywyn 8ti:
Utoa)+ea)...(L+a)> 2" Voo ..a, (¥ veN).
20. N& dmoBelete 611 yi1& «dfe guoikd &piBud v = 4 loyler:
) (%)> v 1, (i) 3t v (i) 3E e

21. Mé 1) péBoBo tiis TéAeros Emaywyfis v dmoSeifete ST &v aeR P 0 S a1,
TOTe Y1& kébe puoikd &piBud v loyle:

) Q-e)'=1-vs, 2) (1—u)~=_<_l+‘m.

22. "Av a > 1, v& &moBeifere 8T yi& k& guowd dpiBus v = 2 loyle:

Qs 4@l £ (= D
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23, "Av oy, 0, ..., o ERT kad oy =y 0+ -+ + @, v& &mobelfete &11:
D dte)l+a)- - (I+a)=1+o0, ¥veN

1 1 1
2 A — PN Sy - 3
) (o + o + T“")(ul+u,+ +dv) v vveN
‘Opado B, 24. N& dmoBel€ete, tpapudlovras Thv dpyd Tiis Téhelas dmaywyfs, 8t &v

y1& éva Umroolvodo K Tol ouvéhou N T&v guowdy dpifpdv loylouv:

@ le¢K «kal (i) &v vegK, 11 kad (v 1)gK,
ToTe 76 K elven T kevd olvoro (BnA. K= @).

25. N& amoBeifete 611 & mpoT. TUTOS p(v): 2  224... 4 2v=2¥+! Bév elvan &Anbrs,
&v kol &wd v dAfaa Tis p(k) ouverdyeton §) dAABera Tfis p(k + 1). Kardmiv vé dmobeife-
Te 6T1 ) &pvnon ToU wpoT. TUTou p(v) elvan Twpdraon &Anbris yi& k&be veN.
26. *Av 8 e R uf 0 = 1, TéTe Y1k kdBe veN, vé &mrodel§ere &11° loyler:
() &= vE—1) , (i) o = (v41)o—v.
27. M¢ 11} péfobo Tijs TéAeias Emaywyiis v& &moBelfete &T1 & &piBpds:

e Li(1EY5Y 1-¥5 \'
s 2 i 2
elvon guoikds yik kabe veN.,

28. "Av o — By = moA.4, &mov o, B, YEZ pé y = 0, TéTe v& dmodeifere, Epopud-
LovTas T Beltepn Wopen Tiis TéAeias Emaywyds, 811 yi&k kdbe velN loyler:

S, = (x+ BYY)" + (x—BYY)" = moh. 2v,
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MEPOZ AEYTEPO

AATEBPA KAI XITOIXEIA MAOGHMATIKHEI ANAAYIEQEX

KE®AAAIO I
AMOAYTH TIMH MPArMATIKOY KAI MIFAAIKOY APIO@MOY
I. OPIZMOI — IAIOTHTEZ

§ 21. "Am6Autn Tip mpaypatikod api®pol.— ‘H fvvoiar Tis &moAu-
NS TIpfls TpaypaTikoU S&piBuol pds elval yvwoTd &méd Trv Tponyouuevn
T&En. "Exel pdope St dndéhvrn upn () pétpo) Evds moayuarieot doluot a,
ol Trv eixaue oupPorioer pé o |, elvar 6 iog ¢ aollude a, dv elvar Betixdg

7 undév xai 6 dvriferds Tov —a, dv 6 dolfuds elvar dovyrinds.

2 a, v a =0
QoTe: la| = i
—a, v a <0
3 3 3
Mapadeiypata: | 8| =8, | —4| =—(—4) =4, ‘ = T| = — ( — T ):747'

AT Tév TponyoUpevo Spiopd cupmepaivoupe &Ti 1 TapdoToon | «|
8¢ yivetan moTé dpvnTikn: elven, Smeos Adue, Evas pi Gpvnrikdg apBpdg kol
péAioTa:

|x|>0 e a#0 kai |o|=0 ¢« a=0.
“Aueces ouvémeies ToU mé Tdvw Opiopol, Tou Tis Eépouue kal &md
Thv TponyouUpevn T&En, &lvan kol of &Efis:
l |o|=cémdx =0, 2. |a|=—ae=a=0, 3. |—a|=|a]| (PA.kai ox. 1),
4. [o—P|=|P—a| y1&kdbe o, R, 5. | a|=|pP |[¢=cx=PBV a=—P(x,peR).
Hopatipnen : "Amd Tév Tpémo ol dplocue Ty &méAuTn Tpn Evds TpayUaTIKOD
&p1Buol X, yiveron gavepd &Ti oltry (BnA. f &mwéAutn Tiph) Bév elven mapd pia povootiuavTn
dmeikévion ToU R Embve oTd Rg' , GxpipéoTepa 1) &meikdvion:
xz, dv 2>0 €y
| [:Re=RT: z->|zi§a 0, dvz=10

—x, vz <0

‘H ypagikf] map&otaon Tis y = | x| &mobibe-
Ton pE Tis Blo fuieubeies €, xal g, ToU SixoTopolv Tis
ywvles T@v &Ebévawv (BA. ox. 1). Zx. 1
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BAZIKEEZ IAIOTHTEE TQN ATIOAYTQN TIMQN TIPACM. APIBMQN

§ 22. 'léié6TtnTa l.— TG kGle rpaypotikd apbpd o Exovpe :
—la|=a=|al.

*Anddertn. Alaxpivoupe BUo TrepITTTEOES:

1) =20 |a|=a«kal émopbvers: —| | = a=|«].
Apa kai: —|a|=a=s|al.
(i) e <0= |a|=—a kal émopéves: —|a|=a <|a].
*Apa kal: —|ja|lsa= |al.
“Qoe: VYaeR, —|a|=a = |af

TMapatipnon: 'Amd THv md wavw 151dTnTa Exoupe:
INé xafe xeR elvan: |x|+ x =0 kai [ x| —x = 0.
MoTé Suws Bév Exoupe Toutdypova Th BimAf dwvisdtnra: —|X| <X < |x|.
§ 23. "1&16TnTa Il.— Nd kabe tpaypanikd aplpé o Exovpe : |a |2 = o
"AnddelEn. "Av a = 0, Té1e | a| = a kal dpa |« |2=o® *Av a < 0, TéTE
|| = —a kal guverdds | o |2 = (—a)? = o2

"Qoe: M aeR, |a|=a?

. "AGbhorn napatipnon. "Av o € R, TéTe | a|? # a?, Smrws 0& SoUue &pydtepa. ‘Erropd-
vaws 1) lodtnTa | a|® = of ouvbyeton 6Tt aeR.
ZTfiv Tponyoluevn T&EN &moBeifoue Trv Emduevn mé yevikn TpdTaon:

§ 24. "1616TnTa ll.— @ xabe a e R xai ke ve N oybovy :
i 12V oy2v s 2v+1 a2v+1 » &V (1 % 0
@ |a]¥=a,; @) | L il

V.

Mépiopa.— INé k@be a e R kai veN loygder: 1/a¥ = |a|.

*Etor oty eldikr eplmwTwon yik v =1 8& yp&goupe: Val=a|.

§ 25. ‘l&i6tnTa IV.—Ié rpaypotikods apiBpois x, £ pé & > 0 ioygdovy ol
hoyikég iocoduvapisg :

[X| See=—ES<X=< e4=px® < g2

*AnéderEn. “Exouvpe Thv looduvapia:
|x|S¢e = —=< [x|=e (yrorl: — <0)

*ANAG: —<|x|<€e 4= —€s<x=<e f§] —E=<-Xx55
dnAabry: —€e=<|x|=<€t 4= €= x=E
"QoTe: |x|S€e e=» e xX=e

29

Wnepromotr|Onke amé To lvotirouto Eknmaibeutikng MoNmikrig



“Exouue &mions Ty loobuvania: | x| < e <= [X |2 < €® &= x2 <2
Qore: YxeR kol 6> 0 foxlel: |[X|Se €= S x<e &= x2< ¢
Inucioon. “loxle: | x| Se &= x €[—¢, +£] (BA. kal §7,B).

Mépiopa. —"Av-e >0 kei a e R, 1618 116 kG0z xeR Exovpe tig ivoduvapieg :
[X—a |St = a—zc=x=<a+¢e xele—e, a-¢g].
Haparipnon. Mé tév 1610 Tpémo &mobekviovtan of (Aoyixés) fooduvaples:
in: [X| <€ = —€ <X <t ¢ XE(— }5)
n: [X]>¢e &= (xX>eV x <—).
‘Egappoyés: In: Na dnodeifete tiv icobuvapia :
2=x=8 & |x-5|53.
"Exoune: 2=x=8 ¢ 2-5=x-5=8-5 e 3=Sx-553 &= |x-5|=3.
2n:"Av a < x < B, v@ &nodeitets 6n 1 nopdstacn :

y=|la—x|+|p—x||

(s> 0)

Bev tgapriaton dnd 6 x.
"Arddeln. 'Emeid o < x < P fyoupe:
a—-x <0 la—x|=x—a
e T g B S P
AZKHZIEIZX
‘Opada A", 29, N& Beeite Tis dxépones Tipés ToU X, Y& Tis dmroles elvau:

1
1y x| =32 ) |x|>18 Kal |xl'=5, 3) x——z—i<3,

30. N& &modeifere 81t yik kébe X, y € R foyder: | x2— 3y+1l=|3y—-x2—1].
3. "AvxeR xal |2x + 9| =3|x + 2| v& &roBelfere 611z x| = 3.
32, "Avx,y € Rkl yVXE—xVyT 4 x| x| — y| y| = 0, v& &mroBeifere 611: | x [i=|5
3. "Av @ < B <y <8, v& Ppeite Tis ikgpdosis THs TapaoTdotws:
¥ =|a—x||Pp=x| + |y=x]
Xwpls T¢ oUpPodo Tiis &wdAuTns Tipfis, y1& Tis Sidpopes TporypaTiés Tipks ToU X. ‘Ymépyouv
SlaoTipata ol malpvel Tiés T6 x, oTd dToix | mapdoTaon y Sév EapraTar &md T X;
34, N& wdvete 16 1810 y1& Tiv: y=|x—5| + [3x + 1|+ |2x=3].
|x+1] —]x=1}

* ‘Opdda B'. 35. Alveton ) ouvdprnon f pé T0mo: f(x}_I X+ 1x=1]"

N& &moBelere dmi:

X, & Fxl=1
f(x)=

<& |x|> L

36. "Av o5 P € R bt o < B, v& ypdpete pé Ty M &mAf Buvatr| popen TéV TUTO Tis
dmekovioews f: R — R, 8mou:
@) =[lx—a|=|x-p|].
37. & mouds wparypartikés Tipés ToU X Exel vénua TpayuaTIKoU dpifiuol A TapdaTaor):

v

e 2v
y= l_x_l_ VX! L VITTX[F20—[xF, (eN-(1)
X X
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