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KE®PAAAION I

TPIFONOMETPIKOI APIOMOI AGPOIEMATOX
KAl AIA®OPAX AYO TO=ON

1. IPOBAHMA.—Ex 1@V TpLycvopetpik®dy apbudv t@v mposavatohi-
opévov 1650V a kai B va droloyigBoby oi tpryovopetpikoi apifpol tav t6wv

«—PB xai a+ B.

A) "Ynokoyiopog tod ouv(a— B). Y
OewpOULEY TOV TPIYWVOUETPIKOY KU-
khov (O) kai ToUs mpwTevovtas
&ovas X'OX kai Y'OY Tév ouvnui-
TOvoow kal TGV fUITOvewy &vTioToiycws.

~ an
"Ectwoav Al xal AB &Uo TéEa
oo Tpos T& o kad B, Evla A fy kowd)
apyn abtédv. Al ouvteTaypéval TGV
I'kai B o5 pds Tous &fovas X'X
xai Y'Y elven dvTicTolyes

X= _r]ZD'UVG }
y— T =i

Kkad X:CLB 2B }
Y =BB=nup

“Ayouev Thv BA kd&Betov Tpds Thv I Ek Tol opoywviou Tprydvou
BAT &yopev :
BME=BA®+ Al = (x—x")24 (y —y")?

»

i Bl = (ouva —ouvP)? + (nua —nup)?
= ouviax + ow?*p — 2ouva ouvp + nua + NuP — 2nua nup
= 2 —2(ouvaouvP 4+ nuanup) ()
‘H Tipny ToU ToEoU Bl elvan o — P+ 2k (keZ)

"Ayopev Thv eUBelav )("OBX1 kal T & adThv K(}GETOV Y;OYI, Tas 6Tolag
Becopolpey s TpwTelovTas &fovas Bid TO TéEov (Br) a—B. "Ex tou T &-

yousv Ty kédetov T, mpds THy XX, &méTe of OUVTETarypévan TGV B xai I &
elve CXUTLO'TlemS

= 0B =
=0

\ I

Kai

O, = ow (x—P)
=0T = u(a~ﬂ)]

w

\e



"Ex ToU dpBoywviou Tprywvou Bl 6 Exoouev :
BM2= B3+ M= (x, — 1)*+ (7, — 0)2= [ow («—P) — 1 *+ nu? (x=P) =
=ow? (a—B)+ 1 — 20w (a—P)+ nu? (x—P)
=2—20uv (a—B). ()
"Ex Tév oyfoeaw (o) kad (') AcuPavopev :
2 — 20w (a—PB) =2 —2 (ouva cuvp + Nux nup),
&€ oU:

Va, VB ovv (a — B) = ovva ouvp + npa nup 1

Agbrepoc tpomog : Karde 76 Becopnpa ToU Chasles elven
> > B > =
yawv (O, OB) = ywv (OX, OB) — ywv (OX, or) + k.2w
B0 keZ, kol of Tipal TGV ywvidy ToUTwY EKPP&GoVTal els dxTivia. "Apa:
R
yov (OF, OB) = p — o+ k.2m.
5 ) >
Kartd Ttov 691cr|.xc‘>u TOU écm-replkou yivoutvou SUo S1aVUopaTwY Ol kai OB,
* ‘ —> e e
elvaa: or.oB=|or| . |oB |ew @@L BE
Emeidn 8¢ elvan kai
I —> > |
|or|=| 0B | =1
- —>
ouv (OF, OB) = ow (B — &) = ow (a—PB),
A mponyouuévn lodTns ylveTon :
—> >
Or . OB = ouv (a— P). (ety)
Eis o dpBokavovikoy Sjws ouoTnua &Eovev elvear :
-
Ol . OB= xx' } yy' = ouva ouvP + nux nup. (o)
"Ex Tév (o) kai (o) ouvéyouev OTi:
ovv (& — B) = ovva cuvp + npa nup
Anhadf TpokUTeTEl TEAW & TUTOs (1).
B) “Ynokoyiopdg 100 ovv(a + B).—Emeidn 6 timos (1) ioyler 81 ke T0-
Eov a kal B, EmeTan 6T1 B foyxUn kol Stav Tebf) vt B 1O — P. Anhadn :

ow (a + B) = ouvaow (—PB) +nuanu (—P)
= ouva ouvP — nua Nup,

kafboov ouv (— B) = ouvP kol nu (—=B) = — nup.
*Apat :

Ya, VP ovv (e + ) = ovva cuvf — nua npp 2




[) “Yroloyiopdg tob np (o + B).— Edv eis TOV TUTOV (1) Béocwuey &vTi Tou o
e .
oo, AcpBévopey :
s ™
wv[(-?—u)gﬁ] cruv(—mo[) quB—rnu(E——Q)nuﬁ (1)

cruu(l?rﬁa—ﬁ)—w"[ = B)]ﬁﬂu(ﬂﬂﬁ)

*ANAG _n_
ouv (_f"d) =Tnua Kal nu T_ ) - ouvaq,
omoTe M) lodtns (1) yiverau:
Va, VB np (@ + B) = npa ovvp +- nup svva 3

A) "Yroloyiopds 100 mp(a — B).— Edw els Tov TUTTOV (3) Béowpev dvtl TOU
B 10 — B, AauPdvousv :
ni (@ —P)= nuaow (—B) + nu ( —P) ouva

= Tua ouvp — nup ouva
“Apa :

Yo, VB nit (@ — B) = npa cvvp — npp cuva 4

E) “Ynoloyiopog tiig £¢ (@ + B). — 'Edv UmoBéocopev 611 ¢ auv (a+B) # 0,
omep loyUer Si& a-+ P # % + km, (keZ) 6& Eycopev:

nu (@+B)  nua ouB 4 nup ouva

e (a+ )= ouw (a+PB)  ouva ouvp — nua Nup

(1)
‘E&v ouva ouvp # 0, 8mep ioylel &id:
o £ %4— ki xal B # %—{— k,, (ky, ky€Z)

To1e ) (1) ypdoeTon SiaBoyikdds
nua ouvP NP ouvea
MM ouvp + nuP ouva ouwa ouvf  ouva ouvp
G ouva ouvp — = 5
Tua nup ouvaowp  nuanup
owaoup  guva guvp

MHS S s nup
b owa ~ ouB  spa+ P
M P 1 —epaegp
ouwva  ouvP




: : cpa + £of
Apa: : E‘P(ﬂfﬁ)=l—?r_a—;a—£@ 5

Tr) “Yrokoyiopos tilg £¢ (a— B).— Ecwv sis Tov TUTIOV (5) Btocouev &mou P
15— B, 0& Eyeouey, &v a—P # lzl-r km  (keZ)
epa ¢ (= PB) _ £ —epP
1 —cpasp (—R) 1 +epoepP’

ep (a—P)=

xabdoov sival € (— B) = — epP.

£po — £@P 6

"Apa: ep(e —P)= T4 cpucep

Z) ‘Yroloyiopds tiig o9 (o + B).—'Edv UtroBéowpev OTL :
nu(a+B) £ 0, dmep loxve Bix: a+P = ke, (keZ)
ke muanup =0, émep foyle ikt a # k,m xal B # k,m, (ky, ko €Z)
B Eycopev S1aBoy K :

0 ouvi(a R BTN OUVE: ouvp —nuanup
o (a+P)= nu(a+PB)  nuaouwP +nupouwa

ouva ouvP nua NUP
nuonup__ neanup oo opp—1
nuaxowp | nup ouva cpP + oogu
nuanup | nueanup
"Apa op(a+ B) = oo bl 7
cpa + o¢p

H) “Yroleyiopos ths o (o — B ).— Eis Tov tumov (7) OéTopsv Gvti B TO
—PB kai Exopev :

ey gpmag =Py 1 —ocpaopp—1  oguogp + 1
sl Vs opa-op (—P)  opa—oop  opP—oga
Apa o (o —P) G&(%?E—'}&a-; 8




2 , : ™ ! L o
Mepikai nepintirosic : Edv ;3:1_, TOTE @ — = 1 kal Bi&

4
'a,i%Tk"n- s@-z--.—eqau s s
! = £ et R —-T»i, (k,k€2)
W 4 g 1 — epa
G#-Z——I\'I‘IT luecpwauecpcx
kai dix
a - + ko, o iy a
= 2 ==t
4 =
BELEA L X e e
o LS 4 I ™ 1 + epa
= 5 s e, £pa
Il T )__ 14 tpa . l—a)——! — £Qa 9
s £ T 1 —sga £\ "1+ sga
E®APMOTI Al

1. Na droloyicBoiv of tpiywvopstpikoi dpifpoi tdv t6Ewv 15° kai 75°.
Avborg : "Emaidn 159 1+ 759 = 900, Emeton &7

nu 15% = ouv 75% = guv (45° 4 309) = guv 45° guv 300 — nu 45% nu 300 =

2 7 2 PR 4
ouw 15°% = nu 75° = nu (459 + 30") = nu 45° cuv 30° 4 nu 300 cuv 450 —
SOTNVE e VBT
S % 2 z 4
el O:GUVTS“_ Vé6—V2 v, (VG—VE)E_ _V3
£p 159 = oo 75 W - VerVs ) = 2-V3.
e Sl MG V6 + V2 iy _(]/6_—}— LR v
o 15¢ = e 75° = i 7 0 =2+ V3.
‘Qote 8& elvan :
150 = guy 750 — Vﬁ;w £p150 — @750 =2 V3
= — 10
ouv 150 = u 75 = Ve : 2 o5 = gp75° -2+ V3




2. N amodeiygdij 611 :

Vo, VB nu (@ -+ B) np (@ — B) = np2a — np?p = cvv?p — ovvia. 1
"Anoderlis ¢ “Exouev SiraBoyikeds
u (@ -+ B) i (a— B) = (nuax ouvp + uB ouva) (nue owwp — NP owve)
= nu2a ouvP — Nu2P ouvix
= np2a (1 — nu3) — nu*p (1 — nua)
= nuia — nula N3P — NuP + nuPa nup
= nula —nup
= 1 — owia — (1 — ouvB)=ouvp — cuvia.
3. Eig niv tpiywvov ABI va arnodeiy8f 6t :
L =anp (B—T) + pnp (T — A) + ynp (A — B) =0.
*Anédeific : CEmaidty a= 2RnpA=2Rnu (B+ ), meTon &1
anu (B— )= 2Rnu (B+T) nu (B—T)= 2R (nu*B — nu*l).
Mg kukdifis B8 TPOTTTis TEY YPAUMAT®Y &, B, v kai A, B, I’ AapPdavopuev :
$— 2R (quB — nu2M) + 2R (nul — nu*A) + 2R (nu*A —nw?B) =
— 2R (nuB — nul + il — nu?A + nuA —nu2B)=2R - 0=10.
TAYTOTHTEE YTTO ZYNOHKAZ
4. ’Eav @ + P + y = n, v anodery0i 6t :
12

eou | £ - £0y — £@a 0P £9y.
‘Anedaibig : “Eyousv: o+ B=mw—y. 'E§ioouvTes 8¢ T EpaTrToudvas &u-

QoTéEpV TV PEAGY aUTTis, EYOUEV :

. EQa -+ €
ep (e+P)=cep(T—y)=—¢epy T -]%‘z;‘%:—sw,
&€ o0 : cpa 4 £@P + €@y = QO PP EPY.

Maputipnotg : ‘H dvwtépw iodtng (12) d&v Exer Evvoray apBpod, Tav pia TGV yewidv ai
3 = ™
BAyeven —.

5. 'Eav ai yoviau a, B, ¥ ixavorowodv v icotnta:
£9a + £@P + £9Y = £Qu 2P £¢y, (D
noia oyfolg cuvdéel tag yovias Tadtog )
Avowg : *Ex Tis oxtoews (1) AauPavouev
epa + e9f = — @y (1 — epax £9P). @)
*Eaw evar | —eporepP = 0 f) g epPp = 1, ToTe
epa 4+ epPp =0, €€ o0 : ega= —coP,
# émofa ioéTng Siv oupPiBdleTon pE THY epaspP = 1. “Apa :
1l —epaepp = 0

10




kol kT’ dkoAouBiav éx THs (2) AauPdvopey :
e@a + e -
= csnrep s o P GBSy = e ).
Apa: a+P=(T—y)+vr Aa+Bty=mLvr= (v-- D =km, (v, keZ)
*EvTelBev TrporyTrTel 871, E&v o + B+ y = km, 1 oxtois (1) efvan dAnds.

6. ’Eav o + B + v = n, va anodey0ij b1 :

osvvia -+ ouvp + ouvly 4 2ouva ouvh cuvy = 1 13
"Anodeiiis : "Exouev o+ P=1—y, kai ouv (a |- P)=ouwv (T—y)=—ouwy
ouva ouvP — npa nup = — ouvy

Pl | s L]

ouva oUVP + ouvy = nua nup.
YyoUvTes B8 GupoTEpa T& PEAT TaUTNS els TS Tepdrycavo, EXOpEV :
owix ouvp + ouvly + 2 ouva owP ouvy = nula nup =
= (1 —owia) (1 —ouv?p) = 1 — o — oW?P + ouvia ouvp,

¢ o0 : ouvia + ouv?P 4 ouvly + 2 ouva ouvP ouvy = 1.

Mapatipneig : "Edv loxun 6 timos (13), s guvdéovtan al yeviai a, B, y ;
‘0 tomos (13) ypdgzTan :
ouvty -+ 2ouwaoguvBouvy + ouvia + ouvip — 1 = 0, [¢))]
kal BUvatal va BecwpnBf TO mpdTov pEAOS s Tpidhvupoy Tou SeuTtépou Babuol ds Tpés ouvy.
‘H Biaxpivouoca A ToU Tpiwvipou ToUTou elva
% = ouiaouviP — ouvia —ouvif + | = (1 —ouvia) (1 — ouviB) = nuianup.
"Apa al pifar ToU Tprwvipoy ToUTou tivan :
— ouvaouwf 4 npanup,
BSnAadn —ow(a+ B) kal  —ouv(a—PB).
“Apa 1) tSicwois (1) ypdeeTan :
[euvy + ow(a + B)]lowy + ow (c—B)] = 0.
"EvTeuBev EmreTon 8T ¢
ow(a + B) = —owy A ow(a+ B)=ocw(r—y),
&€ ol atP=4 (mr—y) + 2km (k €2)

A LG:tBiY=(2k+1)TI

Ta S1rA& onueia elvan &ve§dpTnTa T6 &v ToU &AAou.
‘Opoiws Epyaldpevol, elUpiokopev &T1:
’Eav ai yovia a, B, v ¢nainBebovv v icotnta :
ouvvia + guvip -+ ouviy — 2ouva cuvp oovy = 1, 14

t6te ai yovia g, B, ¥ ovvdioviar Sid 1OV oxfccwv: a4+ B + 7 = 2kn, (k €Z).

7. ’Eav petald tdv kupiov otoryeiov Evog tprydvov ABT boistatar 1) oyéois:
a = 2fouvl,

va anodeiydf) 6t 106 Tpiywvov todro cival ioookehic.



'Arnodeilig @ ‘H Bofeioa oyéals ypa@eTal :
2RmuA=2 - 2RnuBowl A npA=2nuB ouvl
nu (B+ M) = 2nuB oul
nuB owvl + nul ouwvB = 2 nuB cuvl

NuB owl —nul ouv B=0
e (B=F)=0, ¢E§ ob: B_Tl=k. 180° &wBa keZ

e s F I s

*Emre1d?) B kai [ elvan yovicn tprydvou, Fmetan 611t k= 0. "Apa B-T=0,
o0 B=T. "Apa 16 Tplycovov ABF elven icooxelés.

AZKHZEIZ
1. N& Umrohoyiodolv of TprywvoueTpixol &piuol TAs yowvias 1057,
2. BEw 0<aL -121 0<<p<< % Kal npa = % oup = % v& UTroAoytofouv al
TapAITAOELS
nu(a—p) ow(a—Pp) e(a=B) op(x+pP)

15 1200 ik -
3. 'Edv % < a< T, %2'" <P <2 kol nua= e guvp = Sl UmrohoyioBouv

al mapacTages :
nu(@+B), ow(x—Pp) epa+P) ocela—P)
5
ais

™ 1 et
"Ed e, — =P i = - = — =, va UToAoy1-
4 'Edv 0 <Ca< 7 < p<m xal ouva = ouvp 5 Y

obolv ol TapacTacEs

I nu(a+B) ow(a—B) ep(a—Pp) oo(a+p)

xai 2. ’Eav epx = g, va &moBeaydfi 6T1: aouv2x — Bnu2x = .
A - 3w s ; 8 4 . -
5 v m<a< - 0<p< - Xl epx = 1= owp = 5 V& Ytrohoyiotouv

al TapagTaoss :
m(a—p) ow(a+B) to(a+B), op(a—p).
6. N &modaixdouv al drdrovdor TauToTnTES :

L. nu(a—Pp)owd + qupow(a—p )= nua
ow(a—p)ovw(a+p)—nu(a—p)nua+ B)=owla,
nu(60° —a ) ouv(30° + a) + nu(30° + a)ow(60°—a) =1,
cww(45° —a ) ow(45° — B ) — nu(45° —a ) np(45°—B ) =nu(a+ B )
(450 + a) ow (45— P ) + ouv(45° ~ a ) nu(45° —p)=ocw(a—F )
ouv( 36° —a ) ouv( 36° - a) + ouv( 54° - a ) guv(54° — a ) = owly,
0uv(30“-¢-c:)o‘uv(BD“—ct)—nu(30°+cx)r}u(30°7c:)E%
qu( v+ 1)Anu(v—1)A+ ouv(v + 1 )Aouw(v—1)A =ocu2A,
MW+ 1) Anu(y +2)A 4 aw (v+ 1)Aow (v+ 2)A=ow A,

10. ep(B-y)+ep(y—a) +ep(a—PB)=ep(P—y)ep(y—a)so(a—P).
MoTe éxer évvorav dpifuou 7 iodTns 10 ;

V@ N oo W

7. N& &moberydi 611 :

ow(a + B)ou (a—PB)=ouyla — nup = ouvP — nuia.
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8. Na dmwodayfiy &t

i R B ) E ol EBS e S G L
ouva ouvp cuvP ouvy guvy ouva
> ne(P—vy) ne(y —«) ne(a—Pp)
2. + —_— = 0.
nup nuy NHY NHa nua nup
9. N& dmodeixfouv al dxdAoubor isdTnTes :
1 (e + praw(e—B) 6
: cuvia ouvP S S
2 epa + e _ nu(x + )
T cpa—eoP u(a—B) "’
2nu(e +P) 5 i
i ow(x - B) - ow(a—B) B30 R
£p2a —epla
4 1—ep?2aepia Eplecpc
opdaoplda + 1
Seesaeoola
6. (owva — nua ) (ow2a — nu2a ) = owa — nu3g,
p(a—Pp) + 9P
1t _ T = gfa.
T—cp Ca—PJe9p ' *
Mote ai &vewoTépw lodTnTes Exouv Evvoiav &pifipou ;
10. N& &moderydf oTi: ;
ouv2x + ouv?( 120° + x ) + ow?(120°—x ) = 5
11. Na& &modeixdij 611 al TapaoTdoels : :
1z A = cuvix — 2ouva ouvx ow( a 4- X ) + ouv*(a + X ),

2 B = ocuvix — 2nuaouvx nu(a + x ) + nui( a4 x )

eival qvefépTnTol ToU X. TMolow elven 1O &Bpoicua TGV BUo TOUTWY TAPACTATEWY ;

12. 'Eav a + B = 45°, vé& &mwodeiydij omi:

1. =~(1 +epa) (]l +epp) =2,

Kai 2. CE&Qv nUX —TBy = o, ouvx + ouvy = B, va Umohoyiobi 1o ow(x + y)-

Aepetvnois.

13. 'Eav eis Tpiywvov ABI elvan A + [ = 1359 va amodeiyfij 6T -

(1l +-0c9pA)(1+opl)=2.

2. ©pp = Yzz ,  va amoberydi

B T TG ok
14. Eav0<u<42~xm 0<B<-2 Kai EQa = o
oTi: a—p = 45
15. 'Edv a + B + y = m, v& dmwodexff éTi:
a P Vi x p ¥
o e p B e Bl St o B B
2 gepx opP + oop o@y + oy opx =1,
3. (oga -+ ooep) (o9P + opy ) (opy + oga) = oTena oTeup oTeny,
guva ouwp | gwy
nupnpy | nuynue | nuanud
opa + ogP o oo + 09y |, O9y + ooa
¥ i ol ) = L
epa +— B . 0P + eQy Py + £9a

13
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6. neta + nuP + nuPy — 2ouva owvp guvy = 2,

7. 02+ €92B + €92y = @20 ep2P €2y,

8.  ow2a+ ow?2B + ow?2y = 1 + 2ouw2a ouw2p ouvly,

9. nu2a + Nu22p + nu22y + 20uv2a ouv2p ouvy = 2,

10. nu=%+nu“%+nu2%= l—%u%nu-g—nu %
16. N& dmoderydij &mi:

1. auvta + ouv?(60° 4 a) + ouw?(60° —a ) = -,

2 netx + nuz( 1200 + o) + nu2( 1200—a ) =
17. N& dmoBery8ij oTi:
ow(B—vy)+owy—a)+ cuv’(u*ﬂ)—Zcuv(ﬂ—y)cruv(yAa)o'w(cx—ﬂ)El

l\:Lw I\3|u~’

18. Eis wav tpiycwvov ABI v& amoSeyff) o11:
anu(B—T)  PBm(F—A)  vynu(A—B)
nuB + nul nul + nuA nuA + nuB
Ui =1 ) B“ﬂu(r*A}ﬁ_ y'nu(A-B) _ 4
nuA nuB nul
19. Eqv a -+ P + y + & = 360, va amodeixbf oTi:
epa + £pP + 9y + €98
opa + a9 p + opy + opd
20. Eis wav tpiywvov ABT vé &modeiybij 611 :
nu(AﬁB):uz—Bf 5 ynu(AgB)zc‘z—ﬂ’
nu(A +B) i B A sy
3. (Pry)owA+ (y+a)owB+ (afPlowl =a+ B+,
a—2yowB  B—2aowl  y—2BowA 0
ymB G B nuA :
TéTe Eyer Evvoiav &pifpol 1) 2 ;

It
=

= epa eppP €9y £@d.

21. ’Eav u-}—ﬂ—i—y:%, v& &mroderydij g :
0ga + 09 B + 09 y = opx aop opY-
22 Eav x>0, 0<a<%, 0<p<—’2r-, 0<y<—12l, xai

ooa = Vx®+ x*+ x
oop = Yx+x 1+1 v& &moBaixfi éT1: o + B =Y.
ooy =¥V Tt 1)
23. Eis mav Tplywvov ABIN va &modayff oTi:
MWANU(B—T) + nuBnu(r—A )+ nul nu(A-B) =20

2. Eava+ P+ y= lzr— vé& dmobeixbij &1 :

. nuta 4 nuep + nuty + 2npanpp nuy = 1,
2. Tiés ouvdtovtan T& @, B, ¥y, &v foxin 1 -nponyouuévrﬁcré'ms 7
25. 'Eqv A 4+ B = 225°, v &mroBeryfj 611 : ;
apA apB

1
T+o9A 1+ opB 2




26. ‘Eav a+ P+ y = % v& &roderxdij 6Ti:  epla 4 £¢?P 4 e@?y = L.

27. 'Eqv a 4+ B + vy = m, v& &modaiydij oT1:

=1

1. oo%x + o + og?y = 1,
2. 9t et gt g
28. 'Eav 0 < x <7 % <y < % v& &modey 87 6T1: np( x + y) < nux + nuy.

29. ’Edv al ywvian Tprycvou ABI érainlebouv Thv lodTnTa :
nuA + nuiB 4 nuil= 2,
va &modeix6f) 811 TO Tplywvov ToUTo elvan dpboydviov.

== 2
Sl A e O )
€ nu2a
31. N& &modeiyffj 611

1. nux + owwx = Y2 ouv (—}— x) = anu({— + x),

]"5 it (% — x) = Y2 ouw (% + x)_

9. HPOBAHMAE—’EK TOV TPLYOVOUETMKDV apiBp®dv tdv Ttposavatoliopé-
vov t05wv a, B, v va dmoloyicBobv ol tpiymvopstpikol apibpol tob @Bpoiopa-
tog o+ B+ v

A) ‘Yroloyiopos tob npu(a + B + v).— Exouev Siadoyixdds :
nu(cH— P+y)=nu[(a+P)+ y]=nu(a+PB) ouvy + nuy ow (a+B8) =

= (nua ouvp + nup ouva) ouvy + Ny (owa ouvP — nua nuB)
= NuU oWV ouvy -+ NUP ouvy cuva - Nuy cuva ouuB —nuanuB nuy.

I, v& &mroderydfj 6T1: 9%y = oo epP.

2% TUV X — TBX

“Qoe :

nu (@ - B -+ 7) = npa ovvp ovvy + npp cvvy cuve + npy suva covp — npa P Ry

A np(e + B+ v) = X npacovfoovy —nuanpfnuy 15

B) “Yroloyiopog 100 ovv(a -+ P 4 y).—"Exouev SiaBoyikds :

ow (a+B+y)=ouw [(a+B)+v]=ow (a+p)ouwy—nu(a+p)nuy =
= (ouva ouvP — npa Nup) ouvy — (npa ouvP + NuP owva) nuy

= ouva ouvP ouvy— nuanup ouvy—nuanuy ouvp — nuB nuyouva.
"Qoe :

ovv (a 4 B + v) = ovva covf cuvy —npa npp cvvy —npp npy cvve — npy npa cuvp

A cvuv(a + B+ 7v) = ovva ovvf ovvy — Z nuanpp suvy 16

15



I) "Yroloyiepog tiig £¢ (a - B + v).— Exoupev Siradoyixdds :

nu (a4 P+y)  Znuaouvp ouvy — npa nup nuy )
ow (a+PB+y) ouwaouwpouvy —Z nuanup oy’

ep(a+P+y)=

étav elvar ouv (a+P+y) £ 0, &mep loxler Bia a+ P+ y # g—+ k.

"Edw 8¢ elven kal ouva owvP ouvy #= 0, Smrep loyuer Bik

™ ¢ T : W
> + ko, kai P £ o ko, xad ¥y # = kytr, (kg ko, ki€Z)
BlenpolvTes dppoTEpoUs ToUs pous Tou KA&oUaTos Tou BeuTépou pehous Ths (1)
81 ouva ouvP ouvy, AauPavopey :

& =

L spo — epacpfepy
ep(a+B+7y)= T =% couzel 17
. . tgo + e9P + oy — £¢a £@P £gy
d s e 1 —cgocop — e0p 9y — @y £9a

A) “Yrohoyiopos tijc o (a + P + v)-— Exopev Siadoy1kds :

ow (a+ B+y)  ouvaouvp ouvy —Znuanup ouvy )
n (a+P+v) Z nua ouvp ouvy — nua U nuy
Stavelvar nu (a+B+y) £ 0, &mep toyia Six: a4 P+ y # km.

"E&v &t efvan kol nua nup nuy == 0, 8mep ioxle Bia: a #= kym kal P # kym
kal y £ ko, (kq, ke, ky€Z) SiaipoUvTes GugoTépous Tous Spous ToU KAGOPQTOS
ToU SeuTépou péhous TR (1) Sk mua nuP nuy, AcuPavopey :

op (e Pt y) =

cpacpp oy — L oga
SR ol = e 18
» opa o 43 — oo — O — G
G doti p =22 op sy — 09 ¢p — ooy

oof o@y + o9y apa 4 cpacef —1

AZKHZEIZ
32. "Ek Tév TUTwv 15 — 16 — 17 kal 18, ol émroict &iouv Tous TprywvopeTpikols apifpols

ToU Téfou @ - B + y, va EayBolv ol dkéAouBor TpiywvopeTpikol &pifoi :
WP+ y—a) muly +a—P) nu(a+pP—vy)
m(e-P—-y) m(P-a—-y) wly—-a—-PB)
ow(p +y—a) ow(y+a=Pp) ow(a+P-vy)
ow(a—B—-vy) ow(P—a—y) ow(y—a—p).
Q(P+y—a) e(y+a=P) latpP—y)
e (a-P-y) ep(P-y-a) eply—a—8)

oe(P+vy—a) oe(y+a—P) oela+P—v)
SOl B CE (B a0 G o BR)S

RGN e D e



cren B 8
33. '"E&v  epa = = 9B = 5 Y = % kal 0 < @, B,y < %. v& UtroAoyrofoly

oi TprywvousTpikol apiBuci TGV dipoioudTwy o + B+ y.

o 3 12 =
34. 'Eav nupa = = nup = 3 MHY= % v& Umohoyigfouv ol TprywvoupeTpikol &

pibuoi nu(a+ B + ¥y ), ep(a+ P + y), Sedoptvou 6T 0 < &, B,y < %

TPIFCONOMETPIKOI APIOMOI
AKEPAION MOAAANAAZIION TOZON

10. TIPOBAHMA.—'Ex t1®v tpryovopstpik®@v apBpdv £vog 1650v @ v bro-
AoyiaBodv ol tpiywvopctpikoi apibpoi t@v tofov 2a, 3a,.... va, (veZ)
A) "Yroloyiopos 100 np 2a.— MNvwpilopev 6T :
nu (a + B) = nua ouvp + nup ouva.
"Av 8¢ Tebf) duTi B TO o, AapPdvouey

N (o +- @) = MU oUVA + NUa oUVX

n J nu2a = 2npacvva 19

B) “Yrnoroywopoc tob ovv 2a.— [Nvawpifoyev 6T1 :
owv (a + B) = ouva ouvP — nua NUB.
"Av 8¢ Tebf) &vTl ToU B TO a, AapPévopey :
owv (& + &) = oUVa oUVa — Tua Tua

f owv 2a = ouwvia — nula (1)

‘O TUTTOS 0UTOS YpageTal Kai s £E7js :

ow 20 = ow?a — npla = 1 —nula—nuia = 1 — 2 nuta (2)

Kai ouwv 2a = ouvia — npla = owvia — (1 — ouwvia) = 2 ouvia — | 3)
"Qoe :

ovv2a=1—2np2a = 2ovvia — 1= ovvie — nula 20

I') ‘Yrohoyiopog tiig €9 20.— "Exk ToU TUTIOU :

e (a+Pp) = iSial o i P= a, AauPdvopey :

1 —epaepP ’
B - BEEIERS). L F ERin et o I 21
E‘P(a‘a)_]—sq:acxecpcxﬁl-s@za’ s . T 11— o

17



‘O TUTTOS 0UTOoS foyUE Sid :

o # g LG il e o % + kg, Bvba (k,k€Z)

A) “Yrodoyiopog tiis 6¢ 2a.— ‘Ex Tou TUTTOU :

L ay 99 opp —1 SRt e Sin ;
o9 (a+PB)= oo L cHE i p= a, AapPdvouev :
P e S co’a —1 29
o¢ (a4 a)= S e fitor : c@ 20 2o2 |
‘0 TUTos oUTos foyxuel Bik 1 a #= kT kal o # % + k,m &b (k,k,EZ)

11. Oi tpryovopetpikoi apibpoi tod t6&ov 3a. — Edw &ls Tous TUTTOUS 15—-16
17— 18, oi émoiol BiBouv ToUs Tplywvouetpikolus &pifpcls Tou &bpoioportos
& LB + v, QUTIKOTOOTHOWHEY T& P kal y 8i1& ToU g, eUpiokopey GvTIoTOIXWS :

nu3a = 3nua ouvia — nuda = 3nua (1 — nua) — npla =
— 3nua — 3npda — nuda = 3nua — 4nuia.

cuwda = owia — 3ouva Npla = cuvia — 3owa (1 — ow?ia) =
— owia — 3ouva + 3ouvia = 4ouvia — 3ouva.

_ 3ega—eqia . _ 0¢’a — 3opx
ep3a = T s kol  o@3a = oL
QoTe : Sewi S onh
3a=3 dnpie Saligein s
nuda=3npa — =
23 % . 24
suv 3o =4ovvia — 3ovve e oc@a q— 3_9'3(1_
3o09%a —1
‘0 pédTOS TEV TUTTwWY 24 Eyel Evvolav Bid :
2 TR oz = e A ; : At : :
3a = = ke, €€00: a #= i —,-k?, Raldr e 2k kyr (k,k,€Z)
‘0 SeUTepos TV TUTIWY 24 Eyer Evvoiav Bi1d :
3a 7 k,m, £ 0U: a# k2%, kol a £ + % + kg (ko ks€Z)

12. Tonor tob Simpson.— TMpogavéss eivan :
nu (@ +P) + np(a—P) = 2npx ouvp }
ow (o +B) +owv (a—PB) = 2ouva ouvp |,
& TOV Smolwv EmeTon 6T1:
o (x +B) =2npaxowp —nu (x—P)
kai ow (a + B) = 2ouva ouvP — ouv (o — B)



"Eav 8towpsv &mTou a T pa kal érou B 10 o, AcuPdvopev &vTioTolyws :

e (e + o =2np(pa)cova —qp(p — a 25
vy (1 + 1)@ = 2 ovv (na) cuva — oov(p — Ha 26
‘Ex T&V TUTv ToUTwv Bia u =1, 2, 3, 4, 5,6, . .. OUVAYOUEY GUTIOTOIYGS :
Nu2a= 2nua cvva cuvvle =2ovvia — 1
Nu3e=3npa —4npia ovv3a=4douvvia — 3ouva
npda = (dnpa — 8npda) cuva ovvda = 8ovvia — 8ouvia | 1 27

nuSe=Snpa — 20npa 4 16npia ovvSa = 16ovv’a — 20cvvia - Sovva
npéa = (6npa—32npia+32np’a)ovva | suvba =32cuvia—48cuvia-|-18uvia—I1

13. EPAPMOT H.— Na Hro)oyicobv oi TPLYWVORETPLKOL apiBpoil 1OV Yovidy
18Y, 360, 549, 720,
Abog : "EoTtw a= 18, 6mdTe Sa= 90° A 3a -+ 20 = 90° kai 3= 90° — 2a.
“Apa: nuBa=np (90°—20)=ouwv2a 7 3nua—4npda=1— 2t
il 4nuia—2npla—3npa+1=0 §{ (muo—1) (@nuat2nua—1)=0.
"Apa, | Mua—1=0, & o0 nua=1="nu90° &t a=90° T& &moiov
amoppimTeTal, xabdoov éTébn a = 180,  f 4npla+ 2nua—1=0,
T b £ ; ;
g Ths dpvnTikdis pilns &moppiTrTouévns.

ol i i
"Apa:  ouvl80— I —nu2l8o— | _( Vsé_ 1-) :—le—JT;i’

¢ oU: nul8l= nua= -V

‘ 1
Kai cuv18°:zV10+2V5 :

ol o mplel W5 10W5
OTTOTE : € 180= =TT 5

"Ex ToU TUmou owv 2a= 1 — 2npfa, B a= 18¢, Eyousv:

s e
ouv 360 = 1 —2nu2180=1—2‘( Lak-2 )= 5+ 1.
“ 4
B i 2 —
ke nu236°= 1 — ouv2360= | —(*YiLwl‘) A0 2¥5
4 16
i bt
e nu360 = o | 10-2V5 ,
1 & ﬂl—l36" R
A S E SR e TR
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"Emreidh) 88 1804 720=90° xai 3694 54°= 90°, Emeton Oti:

28

Nu729=ouv 18° nu 54° = guv 36°
o 720= nu 18° it ouv 54 = nu 36°
€9 72°= o 18° ep 54°= o 36°
op 720= ep 18° op 540 = ep 36°
* AvaKepOACIOUVTES, EXOMEV :
0 0 y5—1 360 = ouv 54" = —I—Vl(l sl
np 18 = ouv 720 = - ne = =
s L 0 e V51
ovv 180 = nu 72 :TVIO_I'ZVS cuv36° = np 54° = )
1yy—————— e
s¢18":c¢72°:‘-5»—]/25—101/5 ..;.9360=mp54uz]/5f21/5
18° 720 'I/S i) g oPp 36° = E(P540 = 4—_—1:
sQls’ =0 /ot = L2y Vs “ Vs

AZKHZEIZ

35. "Eév nua = 0,4 xai 90° < o < 180°, v& UmroAoyiofouv ol &p1fuoi :
nu2a, ow?lx, £92a, Oo@2a.

36. ’Eqv owa = % kol 0° < o < 900, v& UmoAoyioBouv of apibuoi :
nu2a, ow2a, £@2a, op2a.
37. *Eav npy — ouvy = 0,2, v& Umohoyiodij 1o nu2x.
1
38. 'Eav npa = % nup = kel 0< e P <%, v& ooy o8 T nu( 2a + B ).
39. *Eav 4nuix —2( 1 + ¥3) nux + ¥3 = 0, v& UmohoyioBolv ol dpibuoi :
nu2x, owv2x, e2x

40, 'E&v owa = —; v& UtroAoyioti) TO ouv3a.

41. 'Eav npa = :—5’1' vé UtroAoy1o8i) T nu3a.

42. 'Eav epor= 3, vd& Umrohoyrodi) 1 ep3a.

43. Na &mobeiyfouv af dxéAouBor lodTnTes:

P 1 + o@a
L [Fowza =~ 0 Srpge un AR
nu2a opta 4+ 1
2. 1 —ow?2a = oo 7 U‘Pg& = = TEpZQ,
Ay iy =
3.  owia— nula = ouvla, a. co (s N = oluv2c:2 :
4, opa—epx = 2092aq, 1 4+ nu2a
2a
e e 9. gt gl = T
& ooa+ pa ol got Fec) 1 + nu2a

TéTe Exouv éwvorav &piBuol T& HEAN TAHY &vwTépw footTnTWV;
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44. N& &mroderyBouv al &xdrovdor icéTnTes : -

Ly =
1. UUvz(T—a)—qu’(%—u)EnuZa,
2. ep(45° + a ) —e@(45° — a ) = 2eq2q,
5) ep(45° + o) +ep(45° — a) = 2ren2a,

T GLAN
4. 1 —2np2 —4——?) = nua,
_l—aq>=(45°——cx)

5 _— =
TR s
6 cuva + Mua _owa—nua 2920,
ouva — nua ouva 4+ Mpx
7 nux + np2a e
i 1 + ouva + owZa A
1 —ow2a + np2a
g: 1 + ow2a + nu2a e
ey
: @& ar S = T 700w 2o

MéTe Exouv Evvolav &piBuou Ta péAn T&dv 5, 6, 7, 8, 9;
45. N& dmodayxBolv ai dxdhoubor lodTnTes :

nudx  ouwda Bowa + cuv3da

1%

e ewa. S e
3, By —
3 nuda + nula o e i ouvia — ouv3a i) nuda + npdx 8
ocuvia—ouv3a ouva e
5.  4nuiaouv3a + 4ouvia nuda = 3nuda.
6. ouwiaouvda + nuta nuda = owla.
7. 4npanp (60° + o) nu (60° — ) = nu3a.
8. 4douva ouv (60°+ a) ouv (60° — &) = cuv3a.
9. epaep (60° + a)ep (60°— a) = eg3a.
10. o9a + o¢ (60°+a) —ap (60° — a) = 3o¢3a.
11.  ep3a—c02a — epa = e@3a e@p2a ega.
MéTe Exouv Evvolav &P1OHOU T HEAN TAY &vwTEpW icoTnTwWV;
46. N& &modeixfolv al drdroubor TauTodTNTES !
e?2x 2% : s, 2(3 + ouvdx)
L 2+ e@®2x 1+ epix 8% S etk = 1 — ouvédx
1 1 oo EPa
B4 — — = g2 4. =
ep3x — eQa op3a — opa 2ees opa — op3a o epa—Eep3a :
1 It | Sca gk
e e S RnE e coda 6. 4 (ouvba+nuta) = 1 + 3 cuvi2a.
TMéTe Exouv Evvolav Gpibuou TG HEAN TGV GVwTEpw lcothTwv;
47. N& &mrodeayff oTi:
¥5—1 17 137 1
NE=4 2 0 — Ey b S it gy e
1 nuE72° — nu60 3 2. ey R 5
3 T 13-rrfﬁ41k 4 ™ 2_1'r e e Lo
. TIIJIO TIIJ—ID s 4 . Ny 5 ne 5 T]U—5‘T'IIJT-—- i S
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48. ’Edv a = 18°, va dmobeiyfij 6T :

4Y54 2
1. ow?2a + 2owida + 3owba + 4 ouvBa = — —4L,
5
2. fua + 2nu2a + 3nuika + 4nplda = L_’—fv—
3. ouva ow2a ouv3a ouvda = -:1—2.
4. epaeplaep3a epda = 1
49. N& amhemromBouv of TapaoTaoels
nda + nu2a

1. E=3-4cw2a + crwf!a, 2% m.

3. 4(ouwsa + nptax) — 3 (ouvia — nuia)l.

14. [IPOBAHMA.— Zuvaptnies tfig £9u va "I‘.)Tt()l()'}'ldﬂoﬁ\' ol tprywvopeTpl-
kol ambpoi tijg yoviag 2a.
Abog @ Tveopifopev &T1 ¢
1 e

2or — : o
owla=——— ko nupia = —
1 + ep%x 1

o £+ % + kT (keZ)
kal kaT® dkohoubiav :

1 L 2Eo
1 +ep2x 1 +epid

MU 2 = 2 nua ouva = 2 epa ouvia = 2 e@at -

epx 1 — @

1
— 2 2 — e —
ouv 2a = ouvia — nuia e e gl

nu2a  2ea ! o £ i o
ow2a 1 —epia’ 23 U?T+k1—2— kol a # j:T_|_k2.”

£p 20 =

o o 5 : TE n
0p2=ger W G # Qki+1) 5 ko =+ kam, (koo k ke€Z)

"AvaxepahaioUVTEs EXOUEY

2zpa 2zpa
— e 2, — —=maow
fikew 1+ g¢%a SRy 1 —eo2a
; : 29
1 —z¢% 1— sq%a
ouv2a = e o op2a = =
Oi TUTro1 oUtol elvan prrai ékgpacers TV nu 2q, . . . CUVOPTNOEL THS £Qa.

15. Fewperpikn éppnveia tdy torwy 29. “Eotw O T kévTpov ToU Tplywvo-
uETPIKOU KUKAOY, A # dpyn TGV Tofwv kai AZ 6 &fwv T&OV épamrTopévev. 'Edv

t = eox = AT elvan pia Tipn TS Epormropéuns, 1) dmola &vTioToiyEl el T& SUo
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GvTiBiapeTpik onpeiac M kal M; ToU TprywvopeTpikou kixhou (O ), TéTe T&
T68a, T& OTola Exouv fparrTopévny t = AT TrepaTtoUvTal el TO onueiov M
M;. "Apa o Tipad alTédv 8& elven a4 km, Smou  keZ.
Ta SimAdoia To€a & Exouv Tipds 2 (a + k) =
20+ 2kt kal 8& mepatoUvTon dravta eis TO onpeiov P.
E&v Aotrov yvwpilwpey 6 onueiov T, slvan &péows
yvwoTov kal To onueiov P. *Apa ol Tprywvopetpikoi &pi-
Buoi Tou Té§ou AP elvan TeAsiws dpropévor.
*AVTIoTPSPWS, E&v elvarl yvwoTov 16 onueiov P, elvan
yveoTov duéows kai TO onpeiov T, &pa kai 1) éparrTopévn
ToU TéSou AM f| ToU TéEou AM,. AnAadf &k TGV Tpiyw-
VOPETPIKGY &p18udv Tou TéEou 2a elval yvwoTn 1) epa.

I=ouvZal | 1 20 N 2«

Dbmios, elvak nu2a  2nuaouva B A ml

16. IPOBAHMA.— Zuvaptiicer tiig €@ —;— va brokoyieBolv ol Tprymvope-
tpukoi apiBpoi tiig yoviag a.
Avorg : "Edv eis Tous TUTrous 29 dvTikataoTrowuey THY ywviav a Six Tijs

' x . \ .
ywvias ——, AauPdavouey Tous TUTTOUS.

2 ’
28*1)% qu;%
npe. = ——— £QU =
a a
T iy S
14 g¢ 2 1—z¢zop 2
30
a a
1—e@®— 1—z0?—
cmva:ii cpo = u2
ANl =i
14 czo 2 2£(p2

’Evtatfa TapaTtnpoupey &T1 ol TprywvopeTpikol dpifpol Tfis ywvias o ék-
= otk o
ppalovTan pntds S THs €p 5

Of TUTmrol Tfis TTpLdTNS oTHANS Exouv Ewolay B1& @ o £ 4 w4 2 k.
‘O TrpddTos TTis SeuTEpas oTNANS Exel Evvolav Bic

Cit (2k1+1)-f21 Kkl o # i%+2kz'rr.

‘O BeUTepos Tiis SeuTépas oTNANS Exet Evvolav Bia :
a #= (ky+ 1) ™ kad a#= 1w + 2k,
woa (k, ky, ky, ks, k,;€Z).
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17. IIPOBAHMA. — Zuvaptijoer 100 ovv2a vi OmoloyicBobv oi tpiycwvops-
kol apBpol tiig yovias o.
Avboig : Mvapifopey 811 :
ow2a= 1 —2nula kol ouv2a= 2ouvia—1

"Ex ToUTwv AauPdvopey :

F=onwiPes o s : 1 — ouv 2a
uig = e foUl TG =R s

2
i 2
Kol ouwla= ]+—02UUE, ¢€ 00 : ouva= 4 vizu—u
B4 elvon 8¢ kadi :
1 —ouv2a s
G 3 == k

e e &v o # + 2+kTr (keZ)

Kai apla= Gl & a# km kai o # 2k,m, (ky, ko€Z).

1 —ouw?2a’

*AvakepaAaloUvTes EXOMEV ;
i e o)
W= ok 2 =< V1T owv2a
iy 1+ ovv2a - 39 14 ouva
auva_iv e | M i\/1—6'1)\?2(1

"Ex Tév dvootépeov gafvetan éT1 TO TpdPAnua Exel Téooapas AUCELS, TS :

31

1—ow2a 1 — owv2a
U = + e nee=— |/ ——
1 T R 3 i
guva =+ \/M ouva = — Vﬂzﬂ
Z 2
2a
il l —ow 2a i 1 —ouw2a
nua = AT U= — -\ N
2 £ S Dl 4, BhEL e
Vl+cuu2cx x 1+ ocuwv2a
se= STl = oguve = e

18. T'eapstpikn épunveia @V Abcswv tobtwv. TO S1TTACUY TTPOCTIUOV T&V
dvawTépw TUTWY-EEnyeiTan s EETs
e ~
"Eotw 6T elvan: ouv2a=p= 0P, kai AM=6 710 &dyioTov feTikdV
T6Eov, ToU émoiou Td ocuvnuiTovov elvan .

24






