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MEPOZ [IPQTON

ZTOIXEIA MAOHMATIKHZ AOTIKHI KAl OEQPIAL LYNOAQN

KE®PAAAION 1
ZTOIXEIA EK TOY IIPOTAZIAKOY AOTIZMOY *

§ I. MpoéTaoig (amAfl, kammyopiki) fi SAAwWOIG. — ‘H Ewoix T
&TrAfls TpoT&oews i SnAdotws, dxpiPéoTepoy Tis whoyuefis mpoTdoews», Oeopel-
Tan o5 pia TpwTapX Ik Evvola, dos Evvoia uf Embexouévn dpiopdv. Eis 16 cuvtakTi-
KOV, AX., f| (&AR}) TpdTaos opileten &5 «Adyos aurtoudratos ( moogoouds 7
yoantog ) ué évredds dmlody meoteyduevovy.

Eis & Mafnuomixa kai yevikés eis v Aoyikny (kAaooikiv Aoyikiv) 8k ol
Spov «mpdtacis f) dfMhweigy EvvooUpey plov Ekppaociv pé vonug, arpIBéaTepov
évrooTuey TO megiexduevoy, T0 Smoiov Exppdlopey dwd puds mpotdoewmg ué Ty -
votay ToU ouvTaxTixod xai dud T dmoiov dvvdusha xavd droifiis Eva Todmov v
anopavfduey, dv elvar alnléc 4 ywevdds, dmoxdelovtes dliny meolnrmow. OUTw,
T.X., N EKPpaois :

« 6 dpbuos 10 elvar dotiog »,
elval pia Aoyikn TpdTaots, kafdoov 8,11 altn éxepdder elvan alnbés.
‘Oupoiws 1) Exppaois :
« 6 dpilfuog 4 elvar modrog »,
elvar pla Aoyixny mpdTaois, kabdoov 8,11 alTn Exopdder elvan wevdég.

To Trepiexdpevov Aoimov wids mpoTéoews (Aoyikfis TpoTdoews) émbéyetal
GvaykaoTik&®s &va kal udvov Eva TGV YapakTNPIoU&Y « aAnBic», « wev-
dég» oUBETroTE Sueds elvan kal dAnGes kai weudts (doyn) T dymipdocwg ).

Tas mpoTdoeis, ws yvwpllopey kai ék TéY pobnudrwv Tiis Tponyoupivng
T&EEWwS, T&S TAPICTEVOUEY CUUPBOAIKES HE MIKpX ypduuaTa ToU AaTivikou &h-
eapnTou, kaTtd TrpoTiunow vt p, q. 1. ..

"Eav pia pdTacts p elvai &Andns, ToTe, Kad udvov ToTE, Abyouev &1 altn el
«npny aindeiag a» xal ypaoopey T(p) = «, &&v 8¢ altn elven weudng, ToTE, Ked
povov TOTe, Aéyopev &1 Exel « ipfy ahndeiag w» kal ypdeopey T(p) = y. ‘Emo-
péveds, Eav TTpoTaols eUpedf Exouca auyypdvws kal Tds SUo Tiuds dAnfelas o
kal y, TOTe ToUTo &mroTeAel dvTigaoiv.

* BepeMwThs TAS Aoyikfis TGV TpoTdoswy Umfipfev & oTwikes @ihdoogos Xpoownnog
(281-208 Tr.X.).
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Mapadeiypara: lov: ‘H &kppaois p: «"0 2431 = (2,3) elvar puya-
duxoe apifuds » glven pia pdTaois (Aoyikn TpdTaols), kaBdoov TS Trepiexdpe-
vov auTfis elvan dindés, fitor T(p) = a.

2ov : *H &qpaots q : « 0 V2 elvaw gnrog doliuder even pler Aoyikd) Tpdra-
15, kaBdoov TO TepleXOuevdY TN elvan weudts, fiTor T(q) = .

3ov: *H Egpaois « & dofluds @ elvar peyalitepos tod 10» &iv elvan mpdTa-
ai5, 51671 Bev EmiBEyeTan Eva TGV XUPOKTNPIOUGY « alnbijs », « pevdijs ».

Els Ty Siamimwoy TGV TPoTATEWY Kal YevikWTEpov TEV Ekppdocwv, 18iws
8¢ els T& MafnuaTticg, ouvavtduey dpous kal oupPola, Streos T.X. €l T& Svo
TpdTa Tapadelypata: « pryadikdg aplpdg», « pntog apilpdgn, «2 -+ 3in, « V2»
xad ATBos dhha Tapduoia, T dmoia Exouv wlav xabwoiauévy xal wviuor onua-
aiav eig GAny Ty didoxeray Ti5 énefepyaoias évos Oéuarog. Eig ThHv TrepiTTLTIV a-
Thv kahoUuer Tous Spous kal T& oUpPola otaBepas. *AvTiBétaws el T TrapaBerypo
3 15 gluporov x Bév Exer povadudy onuaoiay, Buvarar Ay, TO x v& elvan elg
ologbfimoTe uotkds dpiBuds 7 dréun el oloodfToTe TPy paTIKS apifuds. To
abTo ounPaiver s v Ekppaciv 2x = 6. ‘Opoicws els THY Exppaov x2 -+ V2 > NAd
& oUuPoda x xad v (&po kal T x* kad y?) Eyouv draBdploTov kal pfy pdviuow
onuaciav, xatéyouv 8t Ty Béov Slo olcovdhmoTe, amd plav eidikny KaTnyopiav,
duTikeipéveov, Ay, T x elven els oloonmoTe Quokds kal TS y el oloo8n)moTe
TpayHaTIKGS GpiBpos. T TolaUTar oUuPola Gvoudlomey petapintig. Oavepdy
elvan Thtov ST1 Exgpdosls Tepiéyouotn weTaPAnTas Siv elvan TrpoTéoes.

§ 2. Mpotaclakdg T0mOg § dvoikTh mpédTaoig. — "EAEyOn dveoTépw
611 plar Exopacts mepéxouo LeTaPAnTas 88y £xel vonua TpoTdoEwS, Kabdooy Siv
yveplbouey dv TO Tepieyduevoy alTis elvon dAnBis B weudks. Mia TolaUTn EK-
ppacis yiveton mpdTaos, éTav al tv Adyw peTaPAnTal dvTikaTaoTalolv i oo
Bepdrs dpiouévns katnyopias. OUTws 1y Ekppaois :

«6 X elvar peyoAUTepos Tou 10 »

€& yivy mpoTaois, &v ) peTaBAnTh x dvTikaTao Tl pé Eva olovdnTroTe Tporypa-
Tikov dpifpdv. "Edv Ax. dvTikaTaoThowusy TS x Bid ToU 12, 8& wpoxiyn 1
TpoTaos : «& 12 evan peyalUtepos ToU 10 wE Ty dAnBeios o. 'Edv Tréhw
QuTikaTaoTHoWHEY TO x 8i& Tol 7, B& Tpokiyn # TpdTACIS

T «& 7 glvan peya-
AUrepos ToU 10» pé Tipfv dAnBelas w. ‘Ouolws § EKQPaTTs :

« Quoikds &p1Buds X Siapel TOV TRXYHaTIKOY &plBudy ¥
yivetan TpdTaol, ddv dvTikamaoToBoly Y. TS x=5 kol y=735V2 ut Tty
éanbeias o, kaBds kol B x=7, V=133 pt Ty dAndsics y. MapaTtnpoU-
Hev €86 &T1 Umréipyouv Lelyn TIGY TGV weTaPANTY X kol y &mo Slo xabopi-
Lopevar oUvoAa, év TrpokelEvey &TTO TS GUvoiov T PUOIKDY Kol &Trd TO cUvolov
oV TparyuaTikéy dpifudy, Bk T& dmoia 1 Exppaais

ylveton &Andhs mpdTaois
kal GAAa

CeUyn Tiwdv T&Y X kal v, 51k T& STroia altn yivetan weudns mpdTaots,
Al Expdoess 1 «o x elvan peyaduTtepos Tol 10», «& puoikds &p1Buds x Bicupei
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TOV TPy HaTIKOY &piBpov y» K.&, KahoUvTal mpotactakol tomor 1 dvoukrai npo-
taoeig, &AAws mpotaciakal cuvaptiioelg wds, dvTioTolyws SUo peTaPAnTd.
levikdds : IMpotactaxdg tomeg (| Gvoiktd} mpéracig) pidg § TEPLEGOTEPQY
peraPint@v kareitar pia EkQpaoig, 1) Sroia mepiéyer piav i neposotépag pete-
Brntag, kai 1 6noie wabictator mpdtucig t6te, kol poévov thte, &v ai fv Loy
petapintal avruiketactabody and oroiyeia £vog 1j neprocotépov cuvorov.

OUTews ai eCicwoeis kal al dviodboeis elvan TPOTTIOKO! TUTTOL,

Xépw ouvtouias ocuuPoAifopsv ToUs TpoTaciaxous TUTOUs ut plav petae
BAnTHV T.x. TNV X S1& Tév: p(x), q(x), r(x), ..., vt 8o peTaPAnTés Y.
Tas X, y S 7@V 1 p(x, ¥), q(x, y). .., xad yevikéds Si& v peroPAnTds : P(Xi, %y
ooy Xy ) Kol BvvooUpev OTL: 3f uetafiinTy) x diatpéyer &v advolov avtixepdvan, dr-
TigToiyws T {etiyos 1@y petafintdw (x,y) &v advolov Cevydy dvtixeiuévor, dri-
oToiyws & ovrolov v—ddwr dvtxepévor, eis Ta drola dvapéoerar i xgoacic i
T cUvolov alTd KGXAOUUEY ¢OVOLOV GvaQopic ToU TTPOTACIOKOU TUTTOV.

T oUvorov TV TIMGY TiS HeTaPANTHS fj TGV ueTaPAnTéy, Sid Tés émolas
6 TpoTaciakds TUTTos kaBloTaTon dAndns TpdTacs, kKaAsiTar ghvolov TIR®Y Ghy-
fsiag ToU TTpoTaCIaKoU TUTTOU.

Elvanr gavepov &1 els THv TrepiTrTeooiv mpoTaciakol TUtrou TTEPICTOTEPWY
s W& ueTaPANTAV TO cuvolov &Anbeias Tou elval, &v yével, Ev odvolov Sia-
TeTarypéveov Levy &y A yevikdTepov v-&Bwov dvTikeipéveov. OUteos el Tov Tpo-
Taoiakdy TUTTOV p(X, V) «3x 4 y= 8», &5 clvorov dvapopds Suvdpeda vi
fewpricwpey TO owvorov R x R, 8nA. 1o GUvoAOY LevyGv TporypoTingy dpi-
Budv. Téte TO oUvolov dAnBeias Tou elval 1o clvolov (Shwv) TV Siarteta-
yuévwy feuydv (X, y), T& omola émainbelouy th iootnTa 3x 4y =8, Ay,

& Zetyn (1,5), (2,2), (%3) K&

Inpeimworg: NMpogpavéss ol ocupPolicuoi p(x) kai p(y) voolurtar d Tavtdonpot, fitor
76 ypdupg, 1O Omolov cupPoAilel THY peTAPANTHY Biv peTaBdAher 16 €lbos ToU TpoTATIAKOT TU-
ou. Katd cuvémeiav, dAAayn ToU &yvimoTou els plav éiowov f dvicwow, 8i8a oobiveapoy
tEicwow fi avicwov.

§ 3. Mooodeixtat—"Eotw p(x) els TpoTaciakds TUTOS kKad € TS olvohov
&vapopds Tou. ToTe T glvorov Q ywpileTan s BUo alvola, fiToi s TO oUvolov
Qo , Bix T& oToryela ToU dmolou & TpoTaciakos TUTTOS p(x) yiveTan Aoyl Tpd-
Taols pé Tipmv dAndelas a kal 10 guvodov Q,,, Bid TA oToiyEia ToU dTolou & p(x)
yiveTo AoyikT) TPOTACIS HE TIUTY &AnBeios .

TToAAdkis Bl v& BIaTUTICOOWHEY TTPOTAoEls, ai oTroial ypnolyorrololvtal
els T& MafnuaTikd, TTPOTACCOUEY TOUS KAAOUUEVOUS TOo0dEikTUC,

Oi mrooobeikTan, &mrws yvwpifouey xai ék Tiis mponyoudévns Téews, elval
8o, fjTol :

1). ‘O xoAouUpevos brnupélokos mocodeiktng, oupPorilousvos pé «d», boTis
SVaylyVOOOKETO « drrdpyer Todldyioroy fr...» eite kol GAAWS « did pegixd... ».
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2). ‘O xedolpevos kaBorikdg mosodeiking, cUUPoALOMEVOS HE « f», GoTIS
Quary Iy veookeTan « dua xdfe... » €iTe kol &AAws « 60 dla Td...».

Ol TrocodeikTal TPOTACTOVTAl TPOTACIOKEDY TUTTGWY OUTW :

1). «3 xp(x) » &vayryveookeTan : «UTTEPYEL v TOUAGYKIOTOV X, GCTE va loyun
p(x)», €iTe kai oUTw «B1cx pepika X, loyuer p(x)».

2). « Fxp(x)» dvaryryveookeTton : «Bik ke x ioyUer p(x)» iTe kad 00T «By
SAa T& x foyvel p(x)».

MapaTnpoupey Topa T £6fis : "Av p(x) elvar €ls wpoTaoiakos TUTos, A.X.
«0 X elvan TrpddTos dpi1fudsy kal Q elvon TO ouvolov dvagopds, is TO TTapdderyud
pas, A.x. 7O guvohov N T&v uaikédv &pifuddv, ToTE

1). *H Ekppaois «3 xp(x)» elven pia Aoyikn) mpdTaots, kafdoov alTn Aaup-
VEL THY TIPAY o TOTE, Kai pdévov ToTe, &v T olvolov Q, 8év elvan kevov (Bniadh
76 gUvohov Q, elvan yvnoiov UtrooUvohov Tou Q) kol THY TNy W TOTE, Kal po-
vov TéTe, &v TO gUvohov Q, elvan kevdv (ftor T Q, = Q).

2). ‘H &epaois « 3 xp(x)» elven pla Aoy ik TpdTagis, kabdcov altn Aaupi-
Vel THY Tufv o TOTE, kal povov ToTe, &v 2, = Q (3nAadf 16 Q, elven foov pt
TO Kevdv) kol TIPNY W TOTE, Kal pdvov ToTe, &v Q, elvat yvfiotov Utroovoiov ToU
Q (BnAcdn 1O Q, elvan Bidpopov ToU kevou).

Mpotéoes Tév poppddv 1) kol 2) kahoUvtan vmapliaxal, dvTioToiyws
noootixal TpoTdoes. “Ex TéV dvwTépw ocuvdyopev Twpa &Ti: Mia Ornapfraki)
aviiotoiyeg pia mocotikh mpotacig eivar mavtote pie hoyikn mpdtacig.

Mepadeiypata: lov: ’Eav p(x) elvan & mpoTaciakds TUTOoS :
«x+5 = 13» pt clvohov &vagopds TO cuvorov N TV puoik&dY &p1Buddy, TOTE
| TpdTaos ¢ « N xp(x)», EkTevdds fi: « A x, xeN pt x +5 = 139, elvan yeubns,
Biomi 1o Q, = {8, 9,10,. ..} elvar yvioiov UrrocUvohov ToUu N, tvd ) TpdTaois:
«3 xp(x)», tkTevads 7 « 3 x, XeN p¢ x4+ 5 = 13», elvan dAnbns, S16T 16 olvo-
Aov Tipddv &AnBelas Q.= {8, 9,...} elvan Bi&popov ToU Kevou.

2ov: 'Edv p(x) elven & mpoTagiakds TUTos : « (x 4+ 1)2=x242x+ 1»
E oUvohov dvagopds TO cuvohov R Tév mparypaTikéy &pifudy, ToTe | pdTa-
ai5: «NEAxp(x)» AapPdvel Thy Tipnv &, ST Q, = R.

"Emrions f: « 3 xp(x)» AauPdver Thy Tipnv «, 8167t 10 Q, elvat icov ug TO ke~
vov agUvoAov.,

Jov v Edv p(x): «x®+ x+ 1 < O» pé cUvorov dvagopds T6 clvohov R 1é&v
TPUYUSTIKGY GpIBPddY, TOTE f| TPOTACIS &

«Axp(x)» bkTevids 1) «3Ax, XER pt x2+ x + 1 < O» elvan weudng, S16T1
Q, elvanr 16 kevdv oUvorov kai cuveTdds Q, yvnoiov UTooUvolov Tou R.

"Ewrions 7 wpdTacs :

«Ixp(x)» txrevdds f : «3 x, XER : x2+ x+ 1 < O» AauPdvel Thv TipHv W,
&iom Q= 7.

8
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Oi TocodeikTal TpoTaooovTal Kai TpoTaciakdy TUTwY &Yo § TEPIOTO-

Tépwv PETaPANTOV olTw :
A XY plx,y), dnAadn i kébe X Kkad kéBe ¥ loyUar p(x, ¥).

I x 3y p(x,y), dnAadn Umdpyer (TovAdyioTov) Bv x xal fvy, doTe v ioyun
p(x, ¥)-
M xIy p(x,y), BnAadt Bia kébe x Umdpyxer Ev y, doTe va foyxun p(x, v).
I x5y px,y), dnAadn Urdpxer x, doTe Bid kéde y ve foyin p(x, v).

Al dvewTépw TrpoTdoels elval Aoyikai TIPOTACELS.

MapaTnpoupey &T1 els Tas SUo TPWTAs TEQITITWOEIS EmITpETETON peTdBeos
MxNy kai dx3Ty, ATor loyver :

VXY POLYI= VY VX p(xy)
Ax3dy plx,y) =3y3Ix plx,y).

ToUTe &ev émiTpétreTan gls Tas SUo TeAeuTaias TepITTadasls, g Belkviel TO K&Two! -

[Mapadsiypa @ "Ectew p(x, y) & wpoTaoiakes TUmos: «'O x elvan wikpdrepos
ToU y» W€ oUvoAov Guagopds TO guvoro R T&v TmrpayuaTikddv &p10uddv, T6TE 1§
TPOTATIS :

MxFy p(x,y) AauPdvel tThy Tiunv a, vd 1 TpdTaoIs
Ay A x p(x,y) AcuPdver THy Tiwdy .

‘H 1rpdTn éxppdder @ «Sia kdfe TpaypaTikoy &pifuoy Utrdpyerl els peyohu-
Teposy, Evd ) SeuTépa ékppdlel @ «Urdpye els dpifuds, daTe kdle dAhos v elven
MIKPOTEPOSY.

§ 4. ZOvOeToL TrpoTaocelg. — "Ag Dewpriowuey THY TPOTAGIY
«& 4 elvon &pTios ap1Buds ».

AUTn elvan pia &TAT) Aoyt TpdTaots, kabdoov els aUThy dutioToiysl
Tipn «&AnOns». AUTN ékgpddel piav iBi1dTNTa, THY Omolav #xel &v dvTikeipevoy
(Tp&yua), BnA. o dpibuds 4, fiTol Thv BidTNTA !

c1% «. .. elvan &pTios Gpifudsy.

TMpogavéds 1) i810Tns altn dvagépetan kai ey dAAa duTikelpeva (&piBuous).
OUTes, éav gls TNV Béow Tou 4 ypaycwuev TO 7, TOTE 1) TPOTAOIS :

«& 7 elvan &pTios &p1Buds »,
elvan Emrions Aoyikn TpoTaois, kaBdoov gy abThy dvtioTorkel 1 Tiug «peudnsy.
Thv idwwtnTa (1) kaAoUuev &v «katnyopnuor.

Al TpoTdoels: «& 4 elvan &pTios ap1fudsy, «o 7 elvan &pTios dpibudsy, Stv Su-
vavTal vé& xwpioBouv els 8o A TepioocoTépas &AAas TrpoTdoes, Biv cupPaivel Suaws
16 a¥Td Kad pé TV TPOTATIV ¢

(L) «Oi &p18poi 10 xal 12 elvon pTiom.

AUTn elvon piax Aoyikn TpdTacts pé Tunv dAnBeias o, dAAG ywpileten &g
SUo &AAas TrpoTéoels, fiTol !

(2) «5 &p18uos 10 elval &pTios» kal «& &piBuds 12 elvan &pios».

9
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"E8® 6 ouvBecuos «kai» Traide fva pdhov oxMUCTIONOU HI&S VERS TTROTATELS ,
s (1) & 1@V Blo &mAdY TpoTdoewy (2). THv ds &vw TpdTaciv (1) xaholpsy
sovbetov mpotacty.

levikdds : Mia npotacts kaheitar 60vBetog 1618, Kl povov 16tE, v cuvictatar
£5 ami.@v mpotacemy cuvdedepivov petald tov pé dudgopa cuvvdetikd, ta omoia
KUAODPEV LOYIKODS GUVOEGHOLE.

Fevikdds els TNV Aoyikny TGOV Tpotdaewy Bewpolvtal s Aoyikol oUvBeouoi
ol ExgpaoEls | «Kaiy, «giten, «Eav..., 10T€..», «t0te, Kal povov tote, dvw, Emions f
Epoaais «by», oTav TifeTon PO W& TpoTdoEwWS.

Ex 18V dvwoTipw Aoyikdv ouvdéouwy & pev «Sx1» slvan povopek g ouvSsouos,
810m TrpoTdooETal WIdS TTPOTATEWS, of UTrdAoiTrol Spws elvan dwpedelg, 16Tt ouv-
Béouy Buo TwpoTagEs.

[Mapadeiypota svvBitwy npotdcemy.

a). «'O ap1Buos 3 eite & dpiBuds 4 elvan TepITTSN.,

B). «'Eav & 4 divon &pTios, tote & V2 elvan &ppnToss.

y). «O guaoikds &piduds 16 elval &pTios tote, xal pévov tore, &v SrapfiTen
qxpIPdys Bia Tou 2».

8). «Oy1 & 3 elvan &priogy == «6 3 8&v elvan dpTiosy.

EUxoheos Buvdpsfa va dmopavBidpey 6Tt al dvwTipe olvBeTtor TPOTATEIS
elvat Aoy ixal TpoTaoels wé Tiwfy dAndeios o Katd Tov yapaxTnpioudy Ty dve-
Tepw ouvBéTwy TpoTdoewy elkdAws SiamioToUTal 11 f) Twn dAnBelas Towv tEop-
T&Tal ek TGOV TIRGY dAnbelas TGV &TAGY TpoTéoewy, E Hv alTan ouvioTavTar.

Eis Ty Aoywiy TV TpoTdoewy Bexoueba yevikdds &1 &k SUo Acyikdv Trpo-
Tagewy ouvicTaTtar S ouvBiosws alTdv ut Eva dk TOY Aoyikdv ouvBéoucov
«kaly», «citey, «EGu. .., TOTE. . .», «TOTE, kol povov TOTE, dvy pla véia Aoyikn Tpd-
Taois. Emions ¢k w&s rpotdoews (Aoyikfs) Sid TrpoTdecs THs &putioscws «OY1»,
TipokUTTTEl ula Aoyixn TpoTaois.

Al mpoTdoels Becopotsvan iTe Leovwéves, iTe BuvTods AcyikeU cuvduacpol
ueT’ dAAwv TpoTagewy, Ouws s Ev glvorov, &moTeAoUv &vuTikeiusvov HEAETTS
Tou uépous Exsivou Tis MadnuaTikfis Aoyixfis, 76 émolov kaAsitan IMpotaciaxoc
Aoviopog.

§5. "Alyeppa (Aoylopog) TV mpoTacewy. — Asyousda &1 Umrdpyet
gv gUvohov STAGY Aoyik@v TrpoT&otwy, TO dTroiov cupBoiifouey pi 1T T& oToi-
xela, €€ v 1o TT owioTaTal, SnA. T TpoTdoels, oupPoiilopey, ds #Aéydn xai
gls Ty § I, WE T& ypduuaTa p, , T, §,.. . Asyxdpeba &l mAéov ST eis éxdoTnv
TpoTaoly p ék ToU TT dvTioTorxsi dxpifdds els ¢k T@Y BUo YopakTnpiopdy :
«@hnbngy (o), «peudisy (w), Ator Bexdpeba &1 UpioTaTal pia povecnuavTos
dmeikdvials ToU ouvohou TT eis 10 Binehés olvorov {a, w}: Mpdeopey &

T MT—{g y} A xai &g TTap — T (p)e{o, w}
Qi T povoonpavTou TaUTns &Treikovioews T ExdoTn TpdTaTls P AcuPavel dkpi-
péss wiaw Ty T(p) dv { &, w}, Thy kahoupébuny tipfy akndeiag Ths TpoTdoEwS p.
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BewpoUuey Tpa Tous k&Twb AoyikoUs ouvBéouous, TH BonBeiq TV dmrofcou
tpodialopsv TO olvorov TT TGV &rAY TpoTdoewy pé «loyixac modfeicy

1). ‘O ouvdeopos «kai», SoTig cupPotileTen pt « A » kal S1oPaleTan wanlep-
fign, i «xad», YpnopemoleTtar Sid ToV oxnuUaTIoUSY THS Aoy ifis Tp&Eews -'rﬁg
ovlevieme.

2). ‘O oUvBeouos «elte» f «ij», & dmoios oVuPBoAileTan pE « \/» xai BroPade-
Tou «dudlevdicr, XpPNOIHOTIOEITAL ik TOV oynUaTIoNdY T Aoyfis mpdews tiic
(Eyxieronikfic) dralevEecws. i

3). ‘H &kgpaois «iav. . ., téte. . .», f dmola CUUBOAIZETON Ué «==>» Kai Sl
PaleTan «émstar», «ovvemdyetars, XPTOILOTOEITAl Bi& ToV OXNUATIONOV Tig
Aoyikiis Tp&ews TTS cvvenaywyiic.

4). 'H &xppaots «tdte, Kal povov tote, ve, 1) dmola OULPOALETON P «<=>n
kol BraPaleton «fxerar xal drTioTodpogy « cvvemdyetar xal AYTIOTOGPmE Y,
xpnoipoToleiTan Si& TOV oXnuUaTIoONSY THs Aoyikils TpdEews Ths (hoyikiic) iso-
duvapiag.

5). ‘O Aoyixos ouvBeouos «by», 8oTIs oUpPoAileTan vt « ~ » Kad SiePadeTan
«oye» | «dévn, xpnowomoleTtan 81k TOV oxnuaTioudy Tiis Aoy ks Tpdecs Tijs
APVNGEMS.

Deyoueba Towopa T £ 1 o). *Eav el Tév Teoodpwv mpdiTww auUVBETuwWY
Te07] peTafy Buo olwvdnmoTe &TTAGY TrpoT&oEwy p kal q ék TolU TT, TéTe TPOKU-
e pia oUvBeTos TpdTacts, ) omoia xchelTan abvleTog npdtactc Tpmtng falpi-
doc. "Htot 81& k&Be LeUyos &mAdv TpoTdoewy p kai q & Tou T af TPOTAOELS ;
PAG PVG P =>q, p <> g elvar oUvbeTol poTdotis TpWTNS Pabuibos. a-
vepov elvar 671 of Opor Tou LeUyous p kal g émiTpémeTan vé ouptinTouy, fitol of

PVP, PAP, P=Dp P-=p
elvan érions ouvbeTol TTpoTdoels TS Pabuibos Bia kabes mpdTaciy p &k Tou [T,

B). 'E&v 6 TréptrTos Aoyikos ouvBeguos Tedf] wpod Tuyolons mperdosws
éx ToU T1, ToTe TrpokUTTEL plo cUvBeTos TpdTaos, Kahoupbun émions npotng
Babpidoc, fiTor ~p elval oUvBeTos TROTaoIs TRWTNS Pobuibos.

§ 6. MNpakeig peTaft Aoylk@v mMpoTacewv. — Al ékdotny civletov
TpdTactv TS Pabuidos dpileTon dxp1fdds uwia Tiun v {q, W ) T Ponbeia Tév
kaTwTépw mvdkowy. ‘H 1iud 1Tfis ouvBéTou mpotdoews v {a, g}, ) dmoia kake-
Tou kel Teun alnflelus tijs avvfivov mootdoews, OpileTan TAfpws Bk TGV TIMGY
dAnBeias Ek&oTns TV &TAGY TpoT&oEwyY &k TGV dTofwy ouvioTaTal kol Tol Tpo-
TToU ouvBicews alT®V TPOS OYNPTIoUOV Tfis ouvBéTou TpoTdoEws, off)(i Spws
&1Td TS TrEPIEYOHEVOY QUTV.

Of Bidgpopor TpOTTOlL cUVBETEWS QALY TTPOTATEWY TIPOS OXNUATIONOY ouv-
féTou TolQUTTS, ATIOTEAOUY TAS «AoyiKag mpa&eig» peTafU T&V TrpoTdoewy.

Al BepericdBeis Aoyikal mp&bes elven al &6fs :

1. Z0fevErc: T &aydpeva Tiis Aoyikils mpdews Ths ouleufecos A
TapéyovTal oXNMaTIKGS, 8Trws yvwpifouey kal &k TdV padnudrwv Tiis mpon-
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youptvns Tégews, Bix Tou kaTwd Trivakos kahouptvou mivakog Tipdv dlndeioag

‘ - TS ouleubews p A q.

pAaq Avvdper Tou évavTt Trivakos, 1) Tiuf T(p A q)

" THs TpoTdoews p /\ g SpileTan fon pé o, SnAadbn
" T(pAq) = a TéTE, Kai pdvov TOTE, &v T(p) =

| ¥ T(q) = o - elg Twhoav EAANV TepiTTWol ) Tipn
¥

©
o

(H

s pAq elvan fon pt y, flTor T(p A q) = Y.
“QoTe . "H oblgvllg 800 npotasewmv elvan -
An0ng tote, kai povov tote, Gy apgpotepar ai npotaceig elvar ainbdeic.

Mepaderypa: "Eorwoav al mwportdoes :

€€ 00
€ o0 €0

2
p: «'O 2 clvar pntog apiBpog» kal @ «'O 5 elven dpvnukog apipogr.

Tote fy oUlevbis adtév pAqg: «O g elvan pnTos dp1Bpds kol & 5 elvan dpvnTikdg dpibpog »
elvar pia ouvdetos pdTaos, ) drrola elvon weudis (Satl ;).

2. Eykhawonikn oualevlig ¢

Auvéper Tou k&Twb Tivaxes, ) Tiph T(p Y q) Tis TpoTdoews p 'V ( oplleTan

ion pt w, fTor T(pV q) =y TéTE, Kal uévov TO-
p q pvqg Te, &v T(p) = T(q) =y els T&oav EAANV Trepi-
o T o . 1 mrwow f Tph s pV q elven fon pE a.
(2) a ¥ G "Qore: H (byrdeiomikh)) dualeviig 600 mpo-
¥ a & taosov civar ainng tote, kai povov totE, dv
¥ " ¥ pia tovlayictov 1OV (dnkdv) mpotactwv elvar

. aknmingc.
Mapadery pa: Elver ainbing i slver weodng 0 npotaaig @
« O apibpog 17 clvin téiewov terphyovov cite o Y 2 sivan ippnrog»;
‘Anavineig : 'H ovvleros abdtn mwpdrtacis elvan dAnrs, Biom, dv TapacTicwper i p
¢ : ; S )
e mpoTaoty : «'O dpifpds 17 elvan Téeiov TETpdywvovy kal Bl ( THY TTpoTaoIY & « O V2 el-
var dpprytosy, Exopev T(p) = g xai () = a. "0y, ouppdvws Tpds TOV AvwTépw Trivaka (2),
) awvleTos TTpOTATIS :
PV «d dpiBuds 17 elven TEAelov TeTpdywvov elTe & V2 elvan GppryTos»
eluon dAnbns.
3. Xuoverayomyn :
Auvépel Tou katwb Trivakos, f Tpn T(p == () THS TPOTEOEWS P = (
bpi€eten fom pé y TéTE, KOl Wovov TOTE, &v T(p)=a kai T(q) =y el§ maoav

T &AMV TEpiTTwoty fy Tiph Ths p => ( elvau fon
p q |(p=>4d| pta fiTOl:
t 1 ; T(p =+ )= .
a a a 5 " ;

3) Qote : "H ouverayoyn p == (¢ slvar yeuo-
i ¥ j: ong tote, Kai povov tote, Gv i p elvan ahnlng kai
$ = 4 i ¢ elvor wevdng. Eig maoeg tag Ghhag mepi-

Y I ntheoeig elvar aindne.

Més paivetan &m 1) ouvemaywyf bév elvan dvmipeTaBeTikf Aoy ik Trp&&is ;
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Mapadsrypa: Elvar dhnbng fi weudng 1 aPOTUGLG ¢ « (3 =4) == (T = 2) »;
"Anavineig @ 'H mpdTaois elven dAndis, Siém, Gv TopooTHoWUEY Bt o oTHY : «3 — 4,
kad i q TV @ «7 = 29, TapaTnpoluey &1 ) p elvor weuBiis () kal 1 elven dAnds (o). Fuve-
TS, TUHPLVLs TTRPOs Tov Tivaka (3), f) oUvletos TPOTAOIS
P=pq: «tdv 3=4, 7d1e T>2»
elvar dAnens.
Mopatfipnors: "ANAoi TpdTrol SlaTutrddoews TS oUvETTOy Wy Tls p=q
elvan kai ol £€7s :
«p eivatl ikovi oovOikn dua g»
«q elvar avaykaio ouv0ikn 6ta p»
«imdleorg : p, oupnipacpa @ g»
«p, 60ev (»
«p, dpa g»
.« ovvayetol £K Tob pr.

VAN~

Mapaderypa: "Eotw i) ouverraywyn : « [iv 16 tpiywva ABF, A'BT
elval Toa, Tdre al yovian twv elvan Toar pla 1rpds piows.

‘H Umdleots p: o«ta Tplywva ABI, A'BT elven foay clvan ikovi) ouvihijky
Bix TO ouptrépaopa Tis (odTnTos TG dvTioTolymy ywwvidy.

To ounmepaoua ( @ «ai ywvien TGV Tpiyovey cvon foon pla pds povn
elvan dvaykaio oovikn 51 THv lodtnTa TGV TRydvow Enhadl Biv Bivavta
T& Tpiywva v elvan foa xwpis ai ywviar Tov va elvon foar pla mpos plav,

4) Aok icodvvopia.

Avvdpsr Tou k&Twb wivaxos, 7 Tind T(p <== q) Tijs TwpoTdoEws <= q
opiCeran ion pé o, TéTE, Kol povov ToHTE, &
T(p) o ty) S0ev A Tipt) T(p <= ) elvan o
HE W, Gv, ko povov &v T(p) £ T(q).

o]
k=]
a

4 : "Qoe: TH (hoyukn) ieobvvepio civar dhn-
¢ Ong tote, kui povev torte, Gy ai dho mpotdonig ci-
o var suyzpoveg GAn0eis i cuyypovag yeodeic.
| | ‘H Aoyt loobuvapia elvan dvripetabeticr
roywn mpddis ; N& oxnuatiolij & oxeTikos mival dinbeiog
Mapaéevypa: Eivar aindng fj elvar wevdng i npdtaoc @ «(2 - 5) <> (4 = TN»;
‘Aravinoig : H Bobeioa loobuvapla elvanr dAndig, 616m, &v rapasTiowpey Bia p
«2 = 5» kal Bidx ( : «4 > T», Exopev T(p) woxad T() . "Erropiveas, oupgavas mpos Tov

mivoka (4), 1) oUvBeTos TTpPOTOOIS
P 4= q: «02 5 16T, Kol pdvov 1oHTE, v 4 = 7w

€€np| o
€n€aQ

elvai dAnbns.
Mopatnpiosrg: u). 'Ex Tou oplopou Tiis (Aoyixiis) loobuvanlas tvvoou-
pev o1l loxUouv ai EETis 1B1OTNTES !
1. p <= p
2 (p <= q) <= (q <= p)
3 (p~ve q Aga>il = (p+i1
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B). "AAAot Tpdmot AekTikis SioTuTrcocews s looduvapiag «p <= q» elval
Kad of £Efjs
1. «p éav, xai povov Zav, q»
«p elvar ikavi) kel avaykaia oovlixn dia ¢ ».
3. «p npinc kal dpxel ».
4. «p xal q elvan hoyikdg igodivapor T &TAGS «icodbvapory.
5. «p = ( Kai avTioTpOQWS ».

N

Lnueimorg: 'Eav BAwpey vd Bnicdowpey 671 f looduvauia p <= q 5Uo TpoTd-
gewy UploTaTon £ Op1opol, TETE XpNOIUCTIOIOUMEY TO oUuBoAoY =, HTOI YPEPOUEY P =3 q.
opao opo
5 TApvmerg: Katd Thv doyikiy aihy mpafiv Si& kéBe mpdTao p
exdueba piav wpdTaoy Tfis popefis «dy1 py, cuuPoMlopévn « ~ px, f) drola slven
ghnths TOTe, kol povov TOTE, &v i p elvan weudns, weudhs §¢ &v f p elval &Anbrs.
Olrews & mivag Tipdv &Ainbelas THs &pvhosws « ~ p» elvan & xdTewb :

Avvdpel ToU EvavTi Trivexos, ) Tipf T( ~ p) Tiis Tpo-
P ~p Taosws ~ p OpileTan TrévToTE Sragopos (dvtiBetos) T
(5 0 '«|JWA Tipfs T(p) THs TpoTdoews p.
" ) “Ofev, v 71(p)==a, T6Te T(~p)=y kal tav
(p)=y, Tt T(~p)=a.

“Qore : Al tipei dhnBeiag t@v p kai ~ p elvar navrote aveibetor.

Mapadciypa: 'Eav p: «d V2 slvar pntdg apbpog » v ebpeBfi M| TpR T(~p) T
EPOTACEMS ]

Averg: "Exousy T(p) =y, &pa T(~p) = q, fvba:

~poadyt & V2 eivan pnTds &piBpds » = « 6 Y2 Stv elvon pNTOS &p1Budsy.

Mapazfipnorg: "Extds 1@V dvatépw Aoyik@v ouvBicucwy XPNOIHO-
TolelTal evioTe dog gUvBeapos kal f) Exppacts « i povov ... § povoy . . .», 7| dtrola
aupPolifeTan pE «V» 1) «va. T7 Ponbela ToT qvwTépw ouvBéopou axnuaTifeTa
7| Aeyouévn anoklerotiks) ralevErg. Olres, 1 &rroxAeioTik?) Si14Zeugis SUo TpoTd-
ogwv p,  GUpPoRifeTan pé: p Vv q | pV q xal dvarylyvdookeTan «f pévov p 1 po-
vov (. ‘H ouvleTos TpdTaois p v q, kaTaTaooopévn kol alTn el THY TPWTNV
Pedpida elvan, Sreos yveopifopew ék Tfis Tpomyoupvns TéEecws, dANOTS TOTE, Ko pd-
vov TOTE, &v ai Tipad dAnBeias TéV p kai q elvar Sidgopor, weudns B¢, Stav al Tipai

m ahnfeias Tév p xal q elvan Toat.
P q 1 PYY ‘Ofev Exopev TOV EvavTi Tivaka TGV &-
'u' T a-ﬂw_v{;—- AnBelas Tfis dmoxAeioTikfs Bialel€ecas p v q.
(6) b " o Auvéusr ToU Tivaxes ToUToy, f Tl T(p v qQ)
" e Tf]g TrpoTétUEmg PV q dpileten ion pé o, ToTE, Kal
¥ " " uovov ToTe, &v T(p) # 1(q) xai T(pV q) =\,

TOTE, Kad pévov TéTE, &v T(p) = T(q).

Qote: "H anoxkewonixh Sialevtig dvo npotaccwy elvar ainbng tote, kai poévov
thte, v A pia elvar @lndig xai f dEhin yeodis.
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IMMapaderypa lov: Eig td Manpanka 1 Ekgpactg @ «b a eivon peyakirtepog § ioag

tob B» Opilerar dg £ETG:
e=p<+=a>p i a=5

opa

Katomy 1o dvorépo dpopod noia N tupf ainbeiog tiig rpotdceoc : «4 = 3»,

'Aravinorg: Auvdusl ToU ds &vw dpiopol N dvwTépw TpdTacts eivat lao8lvayios
us TV : «4 > 3 ) 4 = 3». AUTn Spes elvar dAndhs, 818T, &v TapagTAGWUEY W p THY TpdTa-
ow: «4 > 3» kal pt q TAV: «4 = 3», Efxouev : T(p) = axal T(q) = . 'Eml whéov 52 oUBétrote fues
&p18uds slvan xad peyaAUTepos kal igos évds &Adou &piBuol. ‘Etropéveos ) ouvbetos rpdraais ;

«4 >3 A 4= 3» dmoTekel uiav &mokAeioTikny Bideubiv, ouvetrds, auupdveas TPOS Ty
Tivaka (6), éxopev: T(pVq) = o

Enpeiowotg. Ek ToU dvwtépw mapadelyparos ouumepaivopey 611 ¢lvon
SpBov v& ypdpwuey : «3 = 3» kal yevikds «x = x» N xeR (Bari ;).

Mapaderypa 20v: Katdmy tob dpiopod, tov drolov Edmeapcv i v §1 S iy
Loyiknv mpotaciy i dnkoowy, ti elvar i Exepaoig : «'H oo elvar pie akndic i yeu-
3¢ mpoTUcLS ».

'Aravinoig: ‘H dveotipw ixgpacts elvar dmokhaoTikn Siddeubss, Si1om 1 (hoyis)
TpoTacts i ShAwots elvat fi pévov dAndng (xal dy1 weubns), i povov weudhs (kod yit dhndis).
AnAadt) f) BriAwois oubétroTe elvan kal GANONS kal weudns.

Mapaderypa 3ov: "Eoto pia oikovévewe pé 0o tékva, aueotespa dayopra. “Eotw P
N npotaoeg : « To peyardtepov tékvov elvar ayopy kai q 1 rmpoétuois : « To mkpotepov tikvay
elvar ayopi». Na arodoonte Leknik®dg thy oOvletov npotacwy pYq kai va shpnce tiv tpsy
arnbeice tavTng.

Amavinoig: ‘H olbvletos mpétaos pvq onpaive :

pVYiq: «"H povov 10 peycAuTepov Tékvov elvan &ydpl A pévov TO pikpdTEpoY .

AUTn elvan fooBuvapos pé Thv @

« ‘H olkoyévera Exer &va dydpl xal Eva xopltol »,

Mpogavdds 1 Tiuf) &Anbeias 11is mpoTdoews TalTns elvan (= yei8os). Els 16 alrd ouu-
Tépaaua KaTaAyopey xal é ToU mivaxkos 6, &v Angdfi U’ Syiv dmi: T(p) =«a, T(q) =«

Qo : T(pVa =y

Avakegalraimorg Ol €€ dvwTépw mivakes Tipdv ddndelas Tév
Aoyikddv Trpd€ewv Tl ouleUews, &ykAeloTikiis Sialeufews, &morAeloTixis Hia-
Ceuews, ouveraywyTis, looduvaplas kal dpvricews SUo Tpotdaewy p, q ouvo-
wilovTal eis Tov kaTwdl mTivaxa :

[ I | Eileudig j'E',n:Ju. A\ét.-j ‘A, Awal. |Zuvverayoyn looduvapi : TApvnoig
S PAG | PVd | PYA |[pP=—>q P<=>d ~p ne
ot = e ]
¢4 [+ | x | o ¥ a o y y
@ vy @ « v Y v o
vy | « | W o x a y o W
A O R i e Y o SR
! I I |
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§ 7. TauvTtoAoyial kai adroavripdaoslc.

1. Tovtokroyiar Mia ouvletos TpoTacis A, els ThHv otrolav Eugpavi-
Covtat o &mAal TTPOTATELS Py, Py, - -, Px £k TOU cUvdAou T, keeiTan pia T v T o-
Aoy ia 1ot xal udvov TOTE, v fy TR dAnBeias alfis elvan Ay o (= dAAbai),
1 kaBe «ouvBuacuovy TInGY dAnBeias TGV &TADY TPOTEOEWY Py, Pa,- - -, Px -
Al TauTtoloyic oupPoriZovral pt pdTagiv Tol oupPdrou : -, fiTor:

—A onuaivel: 3 mpdracis A efvar uia Tavroloyia.

'AfidAoyol TauTohoyial elvan ai EEfs ¢

1). Nduog tijg tavtdtyros : — p == p.
2). Nouog dumdijc dpwioews @ = p <= ~ (~p).
3).  Niuog damoxdeloews tpitov : = pv (~p).

= o~ [p A {~p)]:

Té o elvar TauTtoroyian, patveTan oagdds ék TV k&Tw TIvdKwy

4).  Niuos avugdeemc

P ~pl ~(~p) PA(~P) pP=>p Pp<= ~(~p) pvV ~p ~ [PA(~P)]
al oy s W a o @ a
v o« v I a o a

Mapornphoerc: 1) ‘Qpiouébvon Tautoroyial, Adyw s yevikfis ioyvos
Twy, kxhoUvTal apyai i vopor. Mapadelyuata ToloUTwy TauToAoyidy elvat al
GvwTiow Tautchoyiar (1), (3), (4), af émolan eivan Tpeis éx TSV Tecodpoov
vépwy TR Aoyikfis ol *ApiotoTédous *) .

Oi vépor Tiis Aoyikfis ToU *AploToTédous slvan of k&Twdi TECOQpPES :

a). "0 viuos tiHc tavrdyroc

7). 0 vouoc 1ij; davigpdoewe

v ). "0 véuoc 108 dmoypdvroc Aovor kai
8 ). "0 véuog tijs Tod TpiTov dmoxrieiveonc.

2). "H Tautohoyia (3), kard Ty émolav ék 8o &uTIQATIKGY TTPOTATEWDY P
kad ~p f) pia elvon dAndhs kal fy GAAT weudts, péon kaTdoTacls Stv Xwpel, ko=
AgiTan kal Gpyn ThS ToU péoou A TpiTou dokAsicEws.

Mopaderypa : Na de1y0{) 611 | katwh icodvvapia :

~(PAQ = ~pV~q (Néuug“roﬁ De Morgan)
gival tavtoloyia.

* BeuehicaThs Ths AoYIkfs, yevikéds g mioTAUNS TV vouwy THS oxéypews, Umfjplev & &k
Zrayeipav Tiis MakeBovias péyas pidéoogos "Aprototéine (384 - 321 T X )

16

Wnepromotr|Onke amé To lvotirouto Eknmaibeutikng Mohmkrig



ADorg: IxnuaTilouev Tov dxdAoubov Trivaka Tudv dinbelas Tiis So-
feions {coduvapias :

P | 4 ~P | ~q | PAY ~ (pAD ~pV~q ~ (PAQ) = ~ DV~ q
aa Yy v S ¥ ¥ a
o ¥ N a % a a a
Y| @ o W W e a a
vy oy o« < v S a «

"Ek Tou dvwTépw Tivakos apaTnpoUpey 8Ti f Tipd dAndelas Tis Sobeiong
icoBuvapias elvan TdvToTE o, ik ké&be cuvBuaoudy TipGy dAndelas TV p kal q.
"Apx 1) Sobfsica looBuvapia sival TavToroyia.

"Qoe : =~ (pAQ) <= ~pV~uy.
Enpeiootg: Katd Tov autdv Tpdrrov &meBeikvieTan kad 6 £Tepos vopos Tou De Morgan
~(PVA) = ~pA~1

2). AdtoavrTieaoetg Mia olvbetos mpdtacts B, els Thy omolav

¢upavifovtanl ol &TTAQl TPOTACEIS Py, P, - - -4 P, KEAEITAL & UToavTigpaois
TéTe, kad pdvov TOTE, &v 1) Tiuh dAnfeias aUTis slvanl y (= weUdos), Sia kabe
cuvBuaouoy TiuGy &Anbeias TOV GTTAGY TTPOTACEWY Dy, Poy- - -y P | ouvTouW-

Tepov, STav 1) &pvnols aUTHS elvan wia TauToAoyia.
Mia cUToavTipacts oupPoiiletan pé mpodTagiv Tou cuuBdiou ~ -
Mapaderypa : Na de1x0f) 811 1 mpotaoig : (p=—==q) <= (p A ~q) =B{p. )™
cival abtoavtigaaoic.
A 0ol g: ZYnpaTifopey TOV Trivares TI&dY &AnBeias TR TpoTaoews B (p, ).

- T i

p q ~q p=q pA~q B (p, @ ~B(p,q)
(o3 I3 Y a W W o

o % x Wy x W o

¥ & Y =t v ¥ a

v W S x v ¥ a

"Ex ToU &vwTépw Trivakos Trapeinpouuey &Ti 1 Tiun dAndeias Tiis TPOTATEWS
B (p,q) elven mavToTe W, Sia k&Oe ouvBuaoudy Tiuéy dAnbelas TéV p kal q.
*Errions &k THs TeAeuTaias oTAANS ToU dvwTépew mivakos PAtmouey &1 ~ B(p,q)
elvan TauToAoyia. "Apa: ~ = B (p, q).

Fevikf mapatipnors T& dvamruybévta péxpr Toude mrepl Aoyt
ouoU TéV TrpoTdcEwy foxUouy kal Gv el Tous dvwTépw Trivakas T& oUpPoAa p

* *Eytalfa 1O oUuPoAOV « = » omuaiver: ouvTouws oupPorilopev THY &pioTepd PO~
Tacw pé. ..

1

(&)
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kal ( dvTikaTaotafoly ué TpoTagiakoUs TUTOUS (qvolktds TpoTéoss), THV
droicov Bucs Td dhnbis 7 yeubss b dvaoépnTal gl TO glvodov TipGv TS peTa-
PANTAs f TV peTaBANTEY TV du AOY®W TTpOTAGIaNEY TUTTV.

AXKHZEIZ

1. "EcTtwoav ol dvoctal TPOTETEIS :
p: <O x elvan pnTos dpifudsy,  q: «°O X efvan PUOIKOS &p1Budsy,
a). N& ypagolv U6 ouuBohikiv uopehy ol kérawbi Ekppdaels :
. «'0 x 8év siven pnTos dpBudsy,
2. «0 x Biv elvon QuaIkds Gp1Bude»,
3. «'O x elven pnTds xad By1 Quoikds &p1Buds»,
B). Na Biarumwfodv ut Atkeis ol kdTwd (Aoyikol) TUTor :
PV4 PAG ~PA~T PA~G DV~ & q==P ~P<=~q.
2. Ti onuaiver ikdorn TOV k&Twd AOYIK@V TTpoTaoEwY ;
) (3<DAT < 8), B) ~ (== p)
Y) (x<O)V(x=0)y (x > 0).
3. “Exouv vénua ouvBétou mpotdaews al tkppdoers ;
a) «oxfipa V TUTOSH. B) «7 <=~ 3». Y) «AvaToAfy V AlUgisy.
CAnavines : b1 (Buari ;).
4. N& elpeBouy af Tipal dAnBelas TV k&Twd ouvditav TPOTETEWY :

a) (4: 13&) Vi 8) (3%<5)=>(2=2),
NA=4+H=>02>5), 5 @=3)<>G=7,
9 (2T=3-8)y(5'=25)  or) 2>5) <=+ (3= 8).

5. Awaiohoynoate Biati f mpdTaos: «’'E&v & TepikAfis Ato ToTapds, TéTe & Mapbeviow
eupiokeTan els Tas "Addvasy slvan &And1s.
6. Acifare 671 ik&oTn TGV Eopéviv owBEiTwy TpoT&oEWY elvan TauTtoAoyla.

@ ~ (PAG) <= (p = ~ ), P) pAQ = pV/q,
Y) pAPVA) <= D 8) pV(PAQ) <= p,
8 (= 1) = (~pP)Vq, o) (PY ~ PNV ~ q),
O A=+ 0]=q MIP=DAP = ~q)] = ~p,
D= DN{@=1)] = (p == 1), D VDAL <= (PATIV (QAT).
7. Aeifare OT1 EkdoTn TGV Emopvey ouvbéTwy TpoTaoEwY elvan alToavTipaos.
@) (PADA(~ PV ~ Q). B) (YDA~ pA~ Q)

V)~ PAQD 4= ~(~PV ~q), &) ~PA~ g <= pVq.
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KE®AAAION II

EZTOIXEIA EK THZ OEQPIAZ TQN ZYNOAQN

§ 8. "H Eévvoia 1ol ouvorou.— 'H tvvoia Tol ouvdiou, G kal 1) Evwora Tfig
Aoyikfis TpoTdoews, BewpeiTal s TpwTapyikh Ewoia, ts fvvola pf Embeycuévn
Spiopdv, ds Evvola uf duvauévn v &vaydfj eis &AAnY Evvotav.

Eils T& MabnuaTikd Sexoueba 611 émiTpémeTan TOAAS QuTikeipeva oapdys ka-
fwpiopéva kal Siaxekpipéva peTall Twy va fecwopnfiolv ws v véov dvTikel-
pHevov, TO omolov kKahoUuev 16 agivolor 1év lewmpovudvan artixeipuévor.

T& &vTikeipeva oupPolilovTal ouvniBws pé Pikpd ypaupaTa ToU dheaprTov,
X & B, Y,. ... Ev cUvolov duvTikelpévaov cUPPoAILeTal pé Ev KEpaAaiov ypaupo
ToU dAgaPnToy, T.X. Z, A, X, xwpis BePaiws TouTo v givar UTTOYPEWTIKGY, TT.).
els Tv yewpeTplav cupPaivel ouyva 16 dvtioTpogov. Ta dvtikefpeva a, B, v, . . .,
T& dmrola opilouv Ev oUvorov, A.X. TO Z, kahoUvTal els THy «yAdooav Tév guvo-
Awwy», atotyeia ToU ouvdrou X, ToAAdkis 8 kal anueia Tod ouvdlon P

AU fv Tuydv oToiyslov x kal §1° Ev Tuyxdv ouvorov I Bexdpeba STi loxlel pia
povov &md TS OXEOEIS !

1) x€eZ (8nAadt) 16 ¥ dvnkel glg 7O Z fj 10 x elvon oTorysiov Tou E).

2) x ¢ T (BnA. 16 x Biv dvnket elg TO Z f TO x Stv eival oTorgelov ToU ).

‘H #wvola ToU ouvdrou elvan ocuvdebepdun pé Thv Evwolav pds «oyéoemg
iodryrogy dpiopévns peTafl TV oToixeiwy Tou, Paoe T dmolas Bewxpouuev

TaUTa, t&v Stv ouvBiwvten Sidk THs oyfoews =, &g Biaxekpiuéva peTablu Toov.
*AkpiPécTepov @ Sexduela bt xdle oitvolov X ovovyelon a, v, ..., 7Y, 2,

X 74 2Py ¥ Y
elvar dgpwdiacuévor ué pla oyiow lodryrog, fitor 6T Sus xdle Ledyos otougelon

z,y éx to0 X elvar Bépaioy xal wata Eva dxofiis Todmov (= povoonudrtec),
dv T4 orouyeia Tadta elvar foa, dmeTe yodgouey x =y, i dudgopa, dmdre yod-
pouey T £ y. ‘H oxbois alrn wAnpol T&s €S xopoxTnpioTikds (B16TTOS
(= &&ivopata) Tijs lodTnTos :

o) x==x ¥ xez (udromalne ididtne)

B) & x=y, T0TE y=X (ovuperor) iboTng)

¥) & x=7y kal y=13z, TOTe x=1z (uetafaria) ibidTng).

THv s &vw iodtnTa, | dmola &pilet 10 Z (Biokpivel T& oToiyEla Tov) Ka-
AoUpev «Pacikfiy ioéTnTar Tpds Bidkpioiy &To kabe GAANY «iodTnTON Opifouevnv
dv Z.

Mpoot&ate! Td aluporov = oupPorilel THv Pacixfy ledtnTa kal Bév
Trpémrel v& ouyyénTan pt TO =, ToU &molou f onuacia Exer fidn Enyné.
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Mopodeiypata ovvorwv.

L. TS alvohov tév guawkdy apldudv: 1, 2, 3, . .
AMeTan pe 16 yp&uua : N.

2. To alvorov Tév axepaimv apbpdv : 0, +1, -1, +2, -2, .. ., & vV, =V, . ..
ToUto cupPolifetan pé 76 ypduua : 7.

3. To clvohov t&v ptédv apbpdy, &mep oupPBoAifousv pé @ ().

4. To cUvolov Tév mpaypatikdv apbudv, &mep oupPoAifopey ué TO ypdpua
R, &vé ut 1& oUpfora R*, Ry ouuPohifouev Tols BeTikoUs Tpay paTikoUs &p1-
Quous, &uTioTolyws Tous un PVNTIKOUS TPy MATIKOUS G&p1Buovs.

5. To clvolov Tév myadikdv apbpdv, Strep oupPBoiiZouev pt T ypduua C.
Olrw, Suvdpsl TaY v Tépw oUPPoAlouddy, & Exopey :

< V. .. ToUto oupPo-

leN, =S €N, VZeQ VIER', —L¢qQ', —2e7, 3+5ieC

§ 9. Mapaoracig guvéhou.— ZuvnBels TpdTol TapaoTaaEwS Evds ouvd-
Aou elvan of kdTwb o :

a). AU dvaypagiig t@v otorzsiov tov. Eis thy mepimrwov UtV EkaoTov
aguvodov OpileTan &1 SnAdioecos (Gvaypagfis) dAwv Tév oTolYEiwY TV dunidy-
T gy aftd. OUTw, Ty, TO gUvolov pi oToyEla alToU Tous dpifuous 1, 2,
3,4 8& oupPolifwuey ypdpovTes T oToIxela Tou petabU dyxioTpowv, fiTol :

234l
Karta Tov ovuBoAigudy ToUTov Bv el onuaciav f oelpd wé THY Smolav Yp&-
Pouev TG oToIyElR TOU gUVORoU LETaEY TV dykioTpwv. "Ofev T4 : {1:2, 3, 4},
{1,3,4,2}, {2,3,4, 1} w7 ocuuPorifoww T6 aitd olUvoiov. levikéds :
{o By, ..} ouuPohile &v alvohov, T dTroiov Spiletan dmd T& oToIxslx a, B, ¥
xod &MAa dxoun, T& émroia ik ToU TpdTrou BnAmatws TAY o, B, v ¢vvoolvtar kai
— Xépiv ouvtopias — TapaAeiTovTal,
Olrow 18 clvohov TGV puaKEY dp1BuGY oupBoAileTar s kdTwH! -
N={ 1,2, 3, L 2},

B). Awa neprypagfic t@v otorxgimv tov. ‘O QVwTEPW TEOTTOS TTaPaoTAOEWS
tvds guvdhou 81" dvaypagfis TEV oToiyEiwy Tou Bt BUveartol v Epopuocti
TPaKTIKGS (ToUhay1aTov) els THY TEplTTwWalY cuvdou 1t peydhov &p1fuodv oTol-
Xeloov, Ay, els TAY TEpiTTROW ToU cuvdAou TGV dvoudTwov SAwy TV KQTOIKWY
s Edpdomns ki BecopnTinés els v mepiTTwocy ouvdiou uE &rreipov TrAfifos
oToiyeiwov Ay. ToU ouvdrou Q T&V pnTév dp1Buddy. Eis Tag TEPLITTTAOCELS aUTds
T& cUvoda SpilovTtan 81 1S10THTWY dvapepoutvay gl T& oTolkeia alT@dY. “Oha
T& dvTikelpeva wIds @piopgvns (B16TnTos Secopolpey s Bv gUvoiov. “Av 7 i816Tns
oupBoAifnTar pé: p( ), ToTE p(x) ouuPoriler Thv (&voikThv) TTpdTacWY A dAAwS
THY owBAKNY © «TO dvTikelpevoy x Exer TN 1B1otnTa p( ».

* TS aUpPorov = (foov) omuaivel, dmou cuvovTdTal, «TO aUTO Suvéper OpiouoU (eite
cupPoliopoy) ué».
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Mg {x : p(x)} ounpohiZopey TOTe TO oUvolov TEV GUTIKEIMEVWY pE THY iB16-

TnTa p( ). OUtws, & Ax. p( ) ouuPoliln Thy iBidéTnTa:

«... glval &pTios &p1Buds»,
TéTe p(x) cupPoriler Thy (&uoikTtnv) mpdTaow @ «6 X elvar GpTios piBudsy.
AUTn kabioTaTan Aoyikn TpdTacls, &v AVTIKATAOTACWHEY TO X ué Eva &pifudy
& 6moios pdAleTa, E&v oupPi va elvan &pTios kaBloT& Thv TpdTaclv GANGT. ToTe
16 {x: p(x)} ounPohiler TO glUvorov (Shwv) TEY dpTicoy &piBuddv.

TMpds &moguy v TTapepUNVEIGY kal dvTwopddy Beyduela ST1 pia iBiéTns p( )

dvagépeTan g AuTikeipeva, Ta oTrola dvnkouv els Ev dplopévov guvolov Q. *Edv
Teopa &v &vTikeipevov a€Q Tebf v p( ), fiTol &v ypdypwuev p(a), TéTE TO pla)
cuuPoiiler piov Aoyixhv TpoTaow, S1d Thy omoicy Buvdueba v’ dmogavBipev
kaTd Bva kad pévov TpdTov, &v aTn elvan GAnORs 7 weubrs. ToTe 81& ToU oup-
pdAou : [ xeQ:p(x)} site &Aws {xeQ|p(x)}
SpileTan Bv UmrooUvorov A Tou £, ToU omolou T& oToiyEla kel udvov alitd elven
Sha Ekeiva T& X €52, 8id T omoia ©} p(x), &S Aoyikn TpoTaots, AauPdvel THv
TRy «dinlijsr. "Qoe Bexdueba 811 1 A wdlle abvalor Q2 xai piav ididryra p( )
doiletar due Tod avufidlov {re : p(x) ) advrore & atvolov, toi dmolov oro-
yeia elvar 6la Exeiva ta v €82, ha T omoia i modrac plx) elvar ainlis.

Yo THY 5 &ve onpaciav 8 Bewpddusy el T& Emopeva TO oupfoiov
{xell: p(x) } ‘Erroptves, 8dv A —={ x€Q: p(x)}, ToTe elven :

M ox, X€A <= p(x) d&andns.

NMapaderypa: "Eotw O wpoTaoiokds TUmos p(x) @ «x*—3x+2=0»
ut oUvorov dvagopds TO guvolov R Tév mpoypaTikédy dpifuddv. Al mipal Tfis
peTaPANTHs X, of dtrolan kafioTouv TOV p(x) &Andf TpoTaow elvan : 1, 2.

‘Etroptveos 10 1 { x€R: x2—3x -+ 2=10} elvon 16 BipeAés olvorov { 1, 2}

Mapatfipnoig: To oluBodov «:» fl « » GVEYIYV@OKETAL €TOIOUTOV, (TTEY, TO B
Tpo ToU s &ved cuuPdAou ypaupa SnuicupyEl T& GUVOACY GUUQMVWS PGS TNV PeT& TOUTO
ouvBniknv.

§ 10. To kevodv olvorov.— Aeyoueda Ty Umapiv tvds cuvdiov, T omoiov
kahoUpey «to xevor oivolory kol cupPorilopsv touto wé { } 7 GAAws uE &
ToUTo elvat &v oUvotov, eis TO dtroiov oUdty oTolyelov dwrixel, fTor Sk kéde QuTi-
kelpevov x loyvel x ¢ @. OUTtew 76 ovodov : {x€R: x24 1= 0} elven 0 xevov.
‘Opolws, &v Oewphowuey T6: { xER 1 x # x } == K, Siamiothvopey dpéows fat!
TouTo Biv BUvaTan va Fyn oTorkeia, fiTol N x eR loyve x €K

§ 11. “YmrooGvolov &@AAou cuvéhou. “Ymepoivohov. “losmg 800
guvoAwv.

"Eotwoav A kai B BUo ur kev& ouvola.

a). @& Aéywpev : « T advodor A elvar Sroatvoiov Tob By eite &Aoo «1o A
neoégetar (= yxlelerar) els 16 By xal 0a ovuorllouey tovto pé: «AS By
16Te, xal udvoy tdre, dv dud xdlle r€A EneTar TEB.
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