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I

1. TO ZYNOAO C TQN MITAAIKQN APIOMQN
1.1. Eicaywyn

ZTMv TponyoUpevn TaEN udBaue 811 ol piles Tiis BeutepoPabuias tElocoews
ax?4-Px+y =0, «#0, op,yeR €))]
Sivovton &md TéV TUTO

p 4 VE Iy
EensE T @

"Av elvan Bi-day >0, TTe of piles auTés elven TwpayuaTikés. "Av Suws elvea
p2—4ay <0, Té1e fy (1) Bév Exar piles oTd R. ZThv TeheuTada olTr) TepitrTooon ol
pides s (1) Exouv T popen kLAl kai TpokUTTToUY &S TéV TUTO (2), v -
15 ypagpTei()

4/ 2
x=—%i$i ©)

Ol &pifipol k+Ai dvrikouv o’ Eva glvodo elpUTtepo &md 16 R, 016 olvoho TéV
wyadikédv &pi1fucv.

Eidikétepa 1) &lowon x2=—1 <« x24+1 =0 & piles Tis -+i, dnAadq
glven 2=—1 «xai (—i)2=-I.

Meté Tis Tapamdvew Tapaboxés kai Th SiamwioTwon 671 12 =—1 kaTaAf-
Eaue oTd oupmépaoua &T1 oi pryadikoi apilpoi «ouprnepLpépoviary Hreg Kai ta
dubvope a+Px pé x = i.

“As BupnBolue pé Toapodelypara s ikTeAoUue Tis Pagikés TpdEes Tpda-
feon kol ToAAaTAGTIoUS OTS gUvodo TGV piyadik@dy &piBuddv. MN& Tols wi-
yadikoUs dpifpods 3421 kai 4451 Exoupe:

1. (342i) + (4+51) = 3+2i+4+51 = (3+4) + R+5)i=7+7i, xai yevikd
(o +Byi) + (ay+Boi) = (2, +0y) + (B, +Bo)i @

1. ‘H popefy abth ogeideton oTév ‘EAPeTéd pabnuaTiké ToU 18ov aicva Euler
(1707-1783) & émoios oupPdhioe TAv V—1 pé 16 i mou sven 6 &pyikd ypdupa Tis AéGecog
imaginare (pavtaoTikds). Mponyouuévews ol pabnpatikol ToU 16ou al. elxav ypdye «Tumikés
VB day = Viday—p? - VI, étav p'—day <0.

Tév 190 al. & Meppavéds padnuaTikds Gauss (1777-1855) TapéoTnoe yewpeTpikk ToUs
wyadikoUs &piBuolds pé onueic ToU Emimédou kal &mébale Etor ST ol pwryaBikol &piBuol elvan
tfioou guyxexpipévor (kai &x1 pavtaoTikol) Smes kai ol mpayparikel &piBuof.
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I1.2.

2. (342 - (4+5) = (3-4) + 3-5)i + (2-4)i + (2-5)i2
G4+ 35+ 2D+ (25D
(3-4-2-5) + (3-5+2-4)1 = 24231, kol yevika

(o +B,i) . (0o +-Boi) = (a,05—B,By) + (0B +asp)i (3

*Akdua elvan pavepd 61 oTd pryadikd &piBpd a-f-Pi umopolpe v& &vTioTol-
Xiooupe TS SiaTeTarypévo LeUyos (o, B) kail dvtioTpoga. ZTnv émdusvn Tapdypago
6& opicoupe Tis Paoikés p&Eers pdodeon kai ToAAamAaciaoud oTé cUvoho
T&V BroteTory péveov Levydv Tou R X R €101, doTe v&k T6 TauTiooupe pé T6 oUvolo
TGV wyodikdv apifuddv.

Il

1.2. T6 odvoro C cdv ogivoro dlatetaypévwy Levydv tob RxR.

Oewpoupe TO oUvoAo
C={zlz=(ap), «eR, BeR}
kol TN yvmo‘rﬁ igdtnTa TV oToIXEl®wY TOU
(a,Py) = (oaP2) = oy =y ki By =P, (¢))
316 olvoho C opiloupe BUo Pacikés pdels, Trv Tpdobeon kal Tov TOAAGTTAG-
oleopd, pé & ouvnn oupPoda 4 kel -, . Té &bpoioua kai Té ywopevo
8Uo oToiyeioov (o,B;) kai (o,B,) Tou C opifovron pé Tév dxdAoufo TpdTo:
Té GOporopa: (05,8,) + (02:,) = (0 +05,B,+Ps) @
Té yvopevo: (a,B)) - (0,,B,) = (@,0,—P, By @By +asB,) (3
(AetTe T okomudTnTa QUTGY TGOV Opiouddv TapaPdAlovTds Tous pé Tous TU-
ous (4) kai (5) Tijs Tapaypdeou 1.1.).
*As Tépoupe Twpx TO UtrooUvoho R’ ToU C, roU Exel yi& oTorxeia Tou SAa
T4 oToiyeia Tijs popefis (,0), kai &s kéwoupe petafl alTou kai Tou R THv dugpl-
povoofipavTn &uTioTolXix
R'3 (a,0) <> aeR
Mé& do ororyeia («,,0) kai (&;,0) ToU R’ elven
(@,0) + (o5,0) = (0, +5,0) ©> (0, +a,) e R xad
(@,0) - (23,0) = (,05,0) «> (oy-a5) € R
Anhadn: o) To &Bpoiopa SUo oToixeiwv ToU R’ dvmioTorileTon &ugipovoot-
uavTa oTéd &EBpoloua T@v dvtioToixwy oToixeiwv Tou R, kai
B) Td ywduevo BUo oroiyeicov ToU R’ dvrioToiyifeton &ugipovoom-
povTe OTO Ylvéuevo TéV duTioTorywv oTorxeiwv Tou R.
‘H SramrioTwon was alth uds émTpéme v& «TauTiooupe» 16 R’ pé 16 R kal
v& Becopolpe Etor 611 efvor R C C. Metd &1d almd pmopolpe v& ypapoupe:

8
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I 1.3.

(0,0) =@ “4)

"Av opigoupe (,p)* = (o,B)  (o,B) kai oupPodicoupe pé i 16 oToryeio (0,1),
T6Te 8& elven:

12=(0,1):(0,1) = (-1,0)
kol oUpgwva ué Thv (4)

iZ=—1 (5)
Emadn duws elver  (B,0)i = (B,0)-(0,1) = (0,B), 08& £xoupe:
(@,p) = (2,0) + (0.p) = a+ (B,0)i = a+pi ©)

“Apa: th toydv otoyeio (o,p) tol C «ravtileraw pé 16 yvwetd pag pryadikd
apOpé a+Pi. "ETor 16 olvoro C épodiaopévo pé Tis TpdSers Tis Tpoohicsws kal
Tou ToAAaTAcOiaopoU, ToU T& é§aydpevd Tous Sivouv oi iooTnTes (2) kai
(3), elvan 16 oUvoAo TéV pryadikidy dpifudy kai Té& SiateTaypéva Ledyn-oTorysia
ToU C—dvoudfovton pyadikol &pifpoi.

2710 Aoyioud ouvnfws oi wyadikoi &pifuoi ypnoiwoToloUvTal pé T Hopen
a+pi dvti (o,p). ‘H xpnowdTnTa Tiis popefis («,B) 0& pavel ot yewpeTpikn
TOUS TTApAOTACT).

‘H mapamdvew «tavtion» («,0) = a pds émiTpémel v& yplyouue

k.(a,p) = (xa,xp), x eR. (1)

1.3.’I816tnTeg THg npoabéoews al Tol noAAanAasiacpod até C.
I. ’1616TnTEeg TR MpooBéoewg

Elvar gavepd 611 1) mpdabeon, Smews SploTnke, Exer Tis (810TnTES
2,42, = 2,41, (GvTipeTafeTikn)
(z;+2,)+2; = 2, +(2,+23) (TTpocETaIPIOTIKT)

Y& GAd T& z,,2,,24 € C.

'Akdpa ioyUouv oi dxoroubes TpoTacEs:
Ipétaon 1. "Yrapyer évag kai povo piyadikog apiipdg L* tétorog, date yia 6lovg

1005 pryadikoig apbpois z va ioyven:
z+*r=1 €Y

"Anodeign: "Av elvan z = a+-pi kal I* = x+-yi, To1e ) (1) ypdgeton loo-

Suvaua
(@-Bi) + (x+yi) = at-Bi = (a+x) + (B+Y)i = at-pi =
<at+x=a kal P+y=Pp < x=0 kai y=0

"Apa 16 oToixelo £* = 0-40i elvan 16 povadikd moU ixavorrolel Thv (1)

9
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I13.

yi& kdfe z € C. Té oroyzio 0 -+ 0i dvopaleron oddétepo otoryeio yid Thy npo-

obeon 616 C kai y1& sdkoMa 6 Aéue pndév kol 16 cupBoAiloupe ué O.

Ipotacn 2. Ta kabe pyadiko apOpé z dnapyer Evag kai povo pryadikog apOpog
z* tétowog, dote va loyier:

z+2zv=0 (2)
"ArodeiEn. "Av elvan z = o4-Bi kad 2* = x+yi, 161 1| (2) ypdgetan igo-
Suvapa
(@+-Bi) + (x4yi) =0 <> (atx) + (B+y)i=040i <
< atx=0 kad P+y=0 < x=-a ki y=-—Pp
"Apar & myaBikds &pifpds z¥ = (—o) + (—B)i elvon & povaBikds yi& TS pi-
yabikd &piBud z = a4-pi, ol ikavotroiei TH oyion (2).
‘0 myadikog apOpos (—a)+(—Ppi, mTou y1& eUkohia Tév ypdpoupe —a—Pi
kol TV oupPolilovpe ué —z, dvopaletan dvrifetog Tod z = a+Pi §| 16 ovppe-
Pk otoryeio tob z = a+Pi nd v npécheon oté C.

Ilpotasn 3. Et6 oivoro C ioybe 1 icoduvapio
7, =1, < 4LH+2=I,+2Z 3
‘Arédertn. o) ‘H ouvemaywyn z=zy=212=1,+2 y1& Sha T4
z € C elvon pavepry &md Tév Sdpropd Tis mpoobéosws.
B) ©& &eifoune Ty ouvemraywyh 7,z = z,4-z = 7,=z,, ToU &moTeAel
6 vopo tiis diaypagiic otiv npéabeon oo C.
Mpéypati:
Ltz=2+2 = (2;+2)+(-2) = (2,+2)+(—2)
= 224 (—2)] = zp+[z+(—2)]
< 2;4+0=12,40
5 Iy =i,
Ipéraon 4. ‘H ificwon z,+z =1z, 2,2, e C (d) Exer povadikn Aden otd C
™My z = Z,+(—zy).
"AnédeiEn. “Exoupe SiaBoyikd
ntez=12, < (2+2)+(—2) = 29+ (-2,)
(z+21)+(—2y) = 2o+ (—2,)
z2+-[2+(—21)] = 2o+ (—2,)
z+0 = 2,4+ (—z,)
z = zy+(—2zy).
H povaduw] Moy tijs dodosng (4) dvopdlerar Sragopd tob z, anéd 16 Zy
xal ovufoliletar pé zy—z. Aniady elva

25—, = 2+ (—2,) ©)

'8¢

10
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I 1.3

‘H modén, pué vy drola folaxovpe T drapood dvd puyaduedy doludy, Gvopd-
rera Goaipeon.

Il. "1616TnTeg ToO moAAamhaciacpol

Elven gavepd 811 kai & ToAAammAacioouds Exel Tig 1816t TES
2,0, =10 (GvripeTadeTikn)
(2,.2,) .23 = 2,.(25.2) (TrpogETapIOTIKT)
kol kdpn elvan TpdEn EmuepioTikn &g TS TV mpbdafeon, SnAadr
2,.(z,+23) = 2,.2,+2,.23
y1& OAat T& zy,Z,,%4 € C.
O4& Beifoupe 6Ti kal oTéY TMoMaTAagiaous ioxUouv &vTioToiXes TPOTATELS
pé éxeives Trou Beiope oTrv Tpoofeon.
Mpotacn 1. “Yrapyet évag kai pévo (* € C tétorog, Bote 71 ha ta z € C va
ioyoer:
z.(F =12 1"
An6daiEn. “Av elven z=a-Pi kai 0¥ = x-+yi, T61e ) (1) ypdoeTar foodu-
vapa
(at-Bi) (x+yi) = a+Pi < (ax—Py) + (ay+Ppx)i = a+pi =
= ax—Py = a kai ay+px = B. "Av émmhéov elvan o4 p* 0, TOTE EXoupe
T povadiky AUon x=1 kai y=0, &v®, &v evan a2+ PB2=0<a=Pp=0, TéTe TS
oUoTnua slvar TauToTikd Kai cuverds Exe kol TR Avon  x=l, y=0.
"Apa & pyadikés apifpos L¥=14-0i elven 6 povadikds ToU ikavoTtrolel v (17)
yi& ké&e z € C.'O pyadikog apOpog 14-0i dvopaletar obdétepo ototyeio yid tov
rohhanhaciaopd oté C kal yi& eUxohic Tov Aépe povada kai TV ouppohifoue
pé 1.
Tpotaoy 2°. Ta kade z € C pé z # 0 drapyer Eva xai pove z* € C, date va ioyoen:
z.tr=1 @)
*ArddeiEn. “Av elvan z=a-+Pi #0 kai z¥=x+4-yi, | (2') ypdgeTan looduvaua
(ax—PBy) + (ay+px)i=1+0i < ox—Py=1 kal PxAay =0

~ 1, ¥ ] ] ’ a
xad, &pol elvan a?4-P2£0, 16 oloTnua B& Exer T povadikf Avon x=m

kal y= *Apa & wyoBikds pifuds z* = i elven

it G SN
a2+[52 : q2+[52 GZ+I32
& povaBikés yi& TO myadikd dpifud z = at-Pi#0 mou ikavomoiel T (2.

‘O pryadikds apibpog i, mo0d cvpPoriCeran z7! 1 %, dvopaletan

L e B
u2+ﬁ2 ‘12+B2
dvtictpopog tod z i kai 6 cuppetpiké aroryeio 100 z=a+fi #~ 0 @ tov moh-

hanhaowoopd otd C. Elvar Aortrdy,
11
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I 1.4

B L a —B .
z7! = (a+4pi) 1=GT_'jF2 +m2'- z#0
HNpérasn 3". L6 C ioyia 0 ovvenoywy: z,.2 = .z kai z # 0 = z,=2, (3%

(*H mpdTaon avth elven & vépog i draypaeiic atév  mollanlacioopd ot6 C
kai ) dmwodefn denvetar yi& &oknon).
HNpétaon 4. "H iliowon z,.2 = z,, 2,2, C, z, 40 (4') Exer povadikn Loy
oto C tiiv z = z,.2,!
(‘*H &modaln defvetan yi& &oknon).
“H povadue) Aon tijg ebodaeng (4') dvopdlerar anlizo 106 z, did z; xal

5
ovufodilerar zy:zy 1 2. Anlad elva
21

= =251 , z;#0 (5

“H nodéy pé mijy dnola foloxovpe 16 mniixo ddo pyadan aoludw, évoud-
Ceraw Oraipeon.
— X' Eva pyadike apibpd z = a+Pi t6 a dvopaletar mpaypatikd pépog kai 16 P
ovopaletor gaviastikd pépog(t).
— Of duvdpers (a+Pi)*, k € Z opifovtan émws kai 016 R wé z'=z y1& kdbe
zeC, z°=1 é1av 2+#0, kal 2#0 étav k < 0. Of Buvdpeis UYmoloyilov-
Ton Omes kai of Buvdpers (a4-Px)Y pé x=i kai i2=—1.

1.4. *Aoxvjcelg

1. Aci€re émi: °+it4+i+i34+it+is+i04i7 =0,
2. TpoodiopioTe T& o,p'e R, doTe ol myabixol &piBpoi
(Ba+14p) + (2a—P)i kai 7—i v& elvan Toon
3. "Av a,B,ye R xal (a+P)—yi = Sy+(c—B)i Seifte ém1 8& elvon 2a—P=y.

1
4. "Av a, B, y € R —{0} xal g- :—g- = 7, SeifTe &T1:

2(a+B)+ (P—c)yi = Sati.
5. N& gépete oTf) popet) a-+PBi Tis mapaoTéoes
@) 3if 204N 5wz p) ?_—2:
5 (0=2042D)
2-iv3 ) "G+ @3

6. Acifte 6T1 #) Eflowon x*481 = 0 ikavomoitan &mé ToUs wyabikoUs &piBuovs:

¥) — (5+iV2)-?

1. Té mpayuatikd uépos tvds myadikol &piBuol z = a+Pi cupBoriletan Rez xal Té
pavTaoTikd Imz. Anhadr elvar Rez = o kol Imz = B. ‘O wmyabikds &pibuds a+pi ué op #0
Sdvopddetan kabapds fi yvrigios piyabikds &piBuds.

12
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I1.5.

= 3Y2 a4y, M:_;_\{z _Bw2 3vV2

L =14, xp=2f (—1-) kel xg=-—— (1-).

S| 5 3 (-1+D 3 ) ( ) 4 3 (=)

7. AsifTe 6T1 0TS olvoho € o) fi Tpdobean elven wpdEn dvriuetalerik kal TpooeTal-
pioTikf kai B) & TOAAXTAGTIATUOS elvon Tp&En &uTiMeTaBETIKA, TrpogETaIploTIK: Kal
dxdpn ETIHEPIOTIKY G Tpds THY Tpdabeon.

1.5. Zuluyeig piyadixoi dpiBpol

1. "Opiopds

‘0 myadikog apbpos a—pi dvopalera ovluyng tob pyadikod aplpod z=

—a+Pi xal oupPohileton ué z, BnAcdh z = o —Pi.

Emeibny  elven (z) = o+Pi =z, oi piyadikoi apibpoi z Kai z  ovopalov-

. ovluyeig pryadikoi apiBpoi.

Elxoha PAéTroupe 0T 71z =20, xai 72 = 2P, SnAadn TO &bpoiopa
xal Té ywduevo SUo ouluydv wyadikdv dpibuddy elvat TpaypaTikof &pifuol.

1. "1616TNTeg TV ouluydv HIYasIKDV apiBp@dv

Mé& ToUs ouluyeis pryadikols &pifuols dvapepouue pepikés ¥priolues 1Bi1oTnTES.

«) (o)== B Z1+32=;1+Z—2 Y) t1—2p =2,—7
8) ZitZat.. tov=2+2%+... +2,veN ©) 2ty =12y Iy
OT) ZyZg3... B, = Zy'Zy . Ly VEN ) &) =@"veN

n @9 = @, z#0 6) (%) o By i) mm—om, KR
2 Zg

*Anodeilers.

B) "Av elvon z; = ay+Pyi ked 2y = af-Pol, TéTE B elvan 2,42, = (o +
+u2)+({51—|—_[.32)i kel OUveTtdds z,+zp = (& +e)—(By+Pa)i = (o —Pai) + (et
—Pal) = 2.+ 2y

8) *Amé T B) kai pé ThY Umoeon &m yid v =« loxler z,+2,+ . . EEE
=z, +2F .. .4z, Talpvoupe: zy+2Zy+ . . . 2t 2o =(2F 2ot +2x) FZes1
=2,+2+... T —z_1+;2+. .. +;K—I—ZK.,.1, Trov &mrodeikvuer &1 f i510-
nTa loxle yi& kéle v € N.

€) *Av elvan z; = o 4Byl Kkl zy = i -Pui, TOTE B& elven

2,2y = (&P Pa) + (1Pa+ P

Kol ouveTrédg 2y 2y = (,0—P1By) — (Bat+aBy)i ey

13

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoMmikrg



I 1.6.

"E§Mov z, 7, = (o —P4i) - (ot—P,i) = (qlaz“*ﬂlﬁz)‘(qlﬁff‘xzﬁl)i (@)
Oi (1) kad (2) &rrodekviowy M EnToUuevn.
Ol &moBeifers Tév Umdhorreoy BloTTewv dprvovtal yik &oknon.

1.6. *Eqappoyég
1. Oi povor pqy mpaypatikoi myaduoi apibpoi, mod 16 @Bporopa kai 16 yivopeve tovg elvar npa-
THATIKOG apiBpég, elvar oi ov{uyeig.

"AnodelEn: “As elvan 2y, 2, € C—R pé v iBi1dTnTa (2 +2;)€R kol (2,.2,) eR. *Av  elvan
=Xty kal 2y, = X, y,i, Té1e 4 18161 MO Exouv Blver T6 aUaTnpa

X1¥a + Xo¥, =0 < Xy =X
Y1:¥2 # 0 Yi-Ye #0

OméTE & 7, = X, 4y, YPEQETAl Z, =X, —y,i  Kal OCUVETIGY 2, = Z

i+ y.=0 ] Yzz—}ﬁ}

1-

2. TAv Evag miyadikég apOpiog elvan pila mig modvmvopikiig tErodoeag pé TPAYRATIKODG GUV-
tehedtis, tote Kai 6 ovfurfig tov elvan Eniong pile abrijg tiig E§whosag.
"Anodarn: “Eorw dwm £xoupe THv ToAvwvupiky EElowan
i(x) = ax o xl L, 4 axX+a, =0, a, #0

ué TpaypaTiKoUs ouvTeAeaTés, f) dmroia Exer Y& plla Tns TS pryadicé &pidud z, Bnhaby
1(z) = 0. ©& Belfoupe dmi 1 élowaon alrh Exer y1& pila tng xai Tév z, 8nAadn {(Z) = 0.
"Emeidn) & oufuynis ToU 0+0i elvar & tauTds Tou, dpket V& Seifoupe &Ti i) = 1.
Mpdypor f(2)= oz fa, 21 5. .. +oyz+a,

= @'+ a2l 4 fagia, (i, 8) Tiis 1.5)
= az' o, 2T 4 4 @z + a, (l86t. i) s 1.5.)
= @) "+ y (B + ...+ qz+ o, Clsist. ) s 1.5.)
= 1.

It Bewpla TéY moAvwwipwy | wpdTaon avTh &moBevieTan kaf pé &AAo Tpdro.,
3. Na tmhvbel 016 C 4 tiswon 2—z+(—z)=0 (1)

"Emilven: ‘H (1) ypéoeTan fooblvapa 2—37—7 — 0, xal &v elven z = X+yi, Té1e 4
TedevTada yivetan:

27347 — (x—yi) =0e> (~4x+2) + (=2y)i = 0 <=

1
—4x42=0 xal ﬁ2y=0¢x:—2—- xal y=0,

1
"Apa f) &lowon (1) fxe T4 Avon z :*;_—-kﬂi =75

Alvoupe dxdun pla Epapuoy woU, &v kaf Sév &rroTeAet Epapuoyt) T 18107 Twv TGV gu-
Luydv wyadikév d&pibBucy, Tapougiklel vBiagépov.

4. ZUugwva pé Tév oproud «Tetpayoviki pila &vog myadikol apiBpod & =a+Bi dvopalovpe
KGO pryadico Gpilpé z = x+yi mob ikavonowei thv thicwon 2! =&», vk Ppeite ThY TeTpa-
ywviki plfet Tol € = 5-12i,

14
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I17.

Aben: *Av & piyabikés &pi@uds z = x+yi elvan | Terpaywvikh pila ToU € =5-12i,
ToTe EYOUME:
(x + yi)? =5-12i <>
<> x2-y?42xyi = 5-12i <
<> x'—y?=5 kal 2xy=-12 m
“Apa 84 elvan xal (x2—y?)? = 25 xai 4x?y? = 144.
TpooBéTovTas katd péAn Tis Bud TeAeutaies E§iowoels Exoupe:

(x*+y%)? =169 <> x*+4y*=13.

'EmiAvovTas 16 olotnua x*—y*=>5
xt4y*=13 }
Tralpvoupe x =43
y=+42

Aol Spews elvar kad 2xy = —12, 16 ovoTnua (1) 8& Exe Tis Aoeg
=3 , yn=-2 xad x,=-3, ¥y =2
*Apa Umdpyouv BUo TeTpaywvikés piles
2, =3-2i xafl 2z;=-3+2i TOU = 5-12i.
Tevika SeifTe 671 kabe pryadixds dpiBuog a+Bi #0+0i Exer dbo Saxexpipéves tetpayovikéc
pifes.

1.7. "Aoxvceig

1. *YmwohAoyloTe ToUs X,y € R daTe ol pyabixol &piBuoi
z, = =3+i(2x—y) kal 2z, =x-5y-3i v& clvon ouGuysis.

2. 'EmAvoTe Tls Tapakdrw Eowons pé dyvwoTo 16 pryadiké z
Q) z=-2 P)z=—4z xal y) z2+z2=0

*Av 2,z € C, ToTE: 2,.2, =0 (2, =0V 2, =0).
z,.2
2.5

W

*Av 2,2, 2€C pé z4.z # 0, Beifre é-n—zl- =
2

w

. "Av 2% = 78, TéTe 84 elvan pévo ze R i z € I(D)
6. ‘YmohoyloTe Tous x,yER dote va loyve:

1
(—xP=(+x)*+y+1=—7"

= 14 xi
7. “YwohoyloTe Tév xeR HoTe vé& loxer 142iv2=3. ltx; Y
8. Bpeite Tls TeTpaycwvikés plhes ToU wiyabikou 2+ 2i.
¥ 5+6i

9. “YmohoyloTe ToUs x,yeR, doTe v& loxie 1+21 +3+2l Bl

10. Bpeite 16 &Bpoigua TéV v-Spwv:
i+(243)+(4+5D)+6+Ti) + ...+ [2v-2 + @v-1)i], ve N
11. 'EmAvore Thv dElowon 23—(3+i)z+4+3i=0, zeC.

1. Té atvoho I elvor 6 Umootvoro Tou C pé aroixeia Tiis wopefis (0,B), B#0 xkal dvo-
pdleTan oUvoAo TGV QaVTACTIKGY &pifudv.

15
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I18.
1.8. Métpo tiv puyadindv dplBpdv
I. "Opiopdg

INa t6 pyedikd apbpd z = a+-Pi 6 pi dpvnrkig apiBpog \/]12+B2 dvopa-
Cetar amolurn T j pétpo tov xai oupPorieten pé |z, nAadn
Izl = lo+pi| = Va'+f
"Emaidn elvan 2z = a-+p2, 04 elvan
i = Vzz

Elver gavepd &1 elvan [z =0 yi& kéfe z € C.

‘Otav’ elvon z = a+40i, #oupe |z| = Vi = |a|. "Otav elvar z = a+-pi
kad B0, TéTe loyUer [z[2 # 22, yiari & |z)? elvon BeTikds, 8v@d & 22 elvon dpvnTi-

xos fi elven yviioios miyodikds dpifiuds. AUt elven pie omoubaia Biapopd petady
T&Y oToixeiwv Tou R kai Tou C—R.

II. "1616TnTeg ToO érpou TOV piyadik@v apibpv.
*Avagtpoupe pepikés Paoikés 1816TnTEs ToU METPOU TGV wryadikddy &piBuddv.
"AV 2,24,Z,,. . .,2, tlvar myadikol &pifuoi, TéTe 8& elvan:
) [z342y| < |z + |25] (Tprywvikn dvicdTnTa)
B) lzitzet. ..z < 2|+ 2]+ ... +lzs, veN
Y) 2=zl | <lzg+25) <|2g|+ |2y

8) |21-zy| = |24]-|2a €) 121°2y...2,=|2| |2]. . .|z,|, veN
or) [z¥|=1z|*, veN &) |z =lz|7Y, z#0
% |2y
—| == 1z, #0.
m zz! 24| *
‘Amodeiterg:

@) "Av z; = oy B0 kol 2z, = oy +Pui, | {nToUMEV yiveTon
[(eateu) + (Br+Boil < |ay+Byil + oty +Pol| =

\/(a1+a2)2+([51?;;32_)2 = \/aﬁ—{—ﬂlz -+ \/aee-{-ﬂg kai, &poU T& péAn el-
veu pr) &punTikel TpaypaTikof, Tradpvouue iocoSuvaua

(a+e)?+ (B +-Po)? < o2+ B2 o+ Bo®+2V (o + B,2) (o, + By <=
e ‘/0‘12%2+a12522+“;2$1T+E{B;r (1), omore
) "Av ayo, P, <0, 7 (1) dAnfelel odv yvAcix dwioéTnTa

i) "Av 0<ayo,+PyP,, ToTe 1) (1) yiveton isoBuvapa:

16
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ey By 2Be? + 20006B,By < ayPap b o Bt b ayB By R =
0 < (oPs—oPy)? 1 Omola dAnfever TavTa.

‘H InToupevn 8& ioyver odv lodtnTa, dTov elvan
0<ct, 4Py Py kai oyfy—a,Py=0 (2)
"AQoU 7, 7y = (a0 +PyPy) + (aufi—xB,)i, of oxéoes (2) iooduvauoly pé Thv
(21-2_2)230. "Apa loyler |z,+2y| < |2y 4|2, 2, 2, € C xai yiveran lodTnTa
Stav (2,2,)=>0 # loodlvana étav (z,2,) >0.
*As BuunfBoUue 6T f Bl oxfon oTols TpaypaTikoUs &pifuols elvar ja+-B| <
< |a|+|B| kai 7 lodTnTa loyUe, étav a-p=0.
8) “Exoure |z,:z,* = (Zl'zz)'(hTz) = (lez)'(;-l';z) =
= (@'2) (22'2) = 2% |l = (24| [2)?
<> |2y 2y = |2y] * |2

1.9. ’Aoxvicelg

1. Aci€te Tls Umodhortres 1516TnTES THS Tapaypheou 1.8.
2. Asifte 811 y1& k& 2,2, € C loyle: ||2,|—z,]| < |2;-2,] < 124] 4 |2Z4]-
3. Bpeite T& pérpa TéY myadikddv &p1@pdv
5 == " e A e 4
&) 4-5i ) .(V?Jﬂ—)a 9 ( 3i (Vv 3T1\{5 )_.(1—.1/3) )
27Kl i(1-iv3) 4-iV3
i) pépvovtas wpdTa TolUs wyaBikols o popeh a-+Pi kal
ii) xpnowpomoivTas Tis 1816TNTES TOU péTpOV TV pryaBikddv.

4. Bpeite TS pétpo ToU pwryadikol &pifuol (%) , veN.

5. Bpeite 16 miyadiké z, yi& Tév omoio [2—1| = [2-2| = [z—i].
6. "Av.z = x+yi, Ppeite TH oxéon petafl TdV X kai y, ol dpifeTan & T lodTnTa [2—i|=
=|z42|.
7. 'EmAUoTe o1é oUvoho C Thv éflcwon z2+(z| = 0.
8. Bpeite ToUs pyadikoUs z, yi& Tous omofous loyver:
|2|2=2iz+2a(l+i) =0, a>0
mepiopllovTas kaTtdAAnAa Tov a.

9. AV 2,,2,,24,%, Elvon pryaBikol dpibuol pé z5.24 # 0 kol

2 |z 22

2
Z

Z

zl? + |zg)2 < 1, Beifre 8T z_;

10. “Av ol wmyodixoi z,, z, ikavorroiolv Tis oxéoes
lz4+25| = lz)] = 129l 17| #* 0, ©&eifTe 61
17)—25| = ‘/Sizﬂ-

17
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I21.
2. TEQMETPIKH NMAPAZITAZIH TQN MITAAIKQON APIOGMQN

21. 'H &dmewévion t@v pryadixdv &pibpdv otd onpeia tod
&émumédov.

‘H dpeipovootiuavtn duniotoixion of kdfe pwyodikd &pibud z = x-+yi
Tol. Lebyous (x,y) eR? 68nyel, &g elTraue Tpomnyouutves(l), oTh yeopetpki
tov mapdotacn pé Eva onueio fvds émiméSou. “Ag mépoupe Eva EmimeSo (TT)
kai Evar dpbokavovikd oloTnua &Eévwv x0y o’ autd (Zx. 1). Elven gavepd émi
oTé piyadikéd &piBud z dvTioTorkel odw Eikéve tov Té onueio M(x,y) ToU émi-
mEBou aUToU kai dvTioTpopa oTéd onueio M(x,y) dvrioToryel & wiyadikds &mb-
ués z = (x,y).

*H épgipovoctipavtn dvTioTolyion wryedikéy &pibpddv kai onueiwy ol (TT)

>3 i |

uds EmITPéTTEl V& XPNOIMOTIOIOUME oUXV& YA®ooo YewueTpikh ko &vti yi& 16
myadikd dpifud z va wAdue yid 16 onueio M. I’ atd kai of x,y dvouddovTta
KOPTEGIAVEG OUVTETAYREVEG TOU pryadikoU &pibucl x-+yi. TS émimedo (TT), wou
XPTNOILOTIOEITAN YI& TNV TapaoTaoT aUTr, AéyeTan pryadiké Erminedo 1) Eninedo
10D Gauss.

ZUugwva pé TV Tapamdvw TapdoTacn of TpaypaTikol &pifuoi X, Tou
ToUs «TavTioaue» ué T& Leuyn (x,0), TaploTdvovTan pé T& onuela ToU &ova TV
TeTpnuéveoy x'0x, ¢ omoios y1’ alTd dvopdleTan mpuypatikdg d&ovag Tou ou-
othuaToes. Of kaBapd pavtaoTikol &piBucl (0,y) dvtiotoryolv oT& onuela Toy
&ova y'Oy Tév TeTaypévwy, 6 dmolos Y1’ alTd dvouddeTon pavrastikog dEovag
ToU OUCTHUOTOS.

276 ox. 1 mapoTtnpoUue 611 oTév duTifeto —z ToU wiyabikoU &pifuou z
&vTioTo1Xel TG ouppeTpikd M™ ToU onueiou M ds pds Thv &pxny 0 ToU ovoTriua-
Tos kal oTé ovuyt z ToU z T ouppeTpikd M’ ToU onueiou M ds rpds Tov mpary-
paTikd &fova x'Ox.

(1) “Ymoonuelwon Tfis Tapaypbgou 1.1.
18
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2.2. Tewpetpixn eixéva tob &bpoiopatog xal tijg diagpopds
8o piyadixdv dplBudv.

‘H dugipovoonipavTn dvtioTolXion pryadikidy &piBudv kal onueicv Tou
wyodikoU EmiméSou pds EmiTpETEl TAV Gu@ipovosTipavTn &uTioTolyion TV
wyadikdv dpiBpdv kai T SiavuopaTikGy dkTivev T&V onpelcv Tou pryadi-
kou émimédou. "ETor m.y. oTd piyadikd &piBpd z = (x,y) dvrioTorxel T6 onueio

—_
M(x,y) kai oTé onpeio M(x,y) dvtigTtoixel f| SiavuopaTikr dxtiva OM  (Zx. 1)
) —_— —
kol &pa 016 7 = (x,y) dvniotoiyel fj OM.Triv OM Trjv dvouddouue dravvopetiki
axktiva tob pryadikod z.
—>

Elven elkoho vk BoUpe 611 |OM| = Vx3+4y? = |z|, BnAabr) 6Tt TO upéTpo

=% ek L 1 L ~ = > -
Tfis OM looUTton pé Té pérpo Tou mryadikou dpifuou z.

ME 17 Ponbei TGV BravuopaTikGy dkTiveor TEY wyadik@v &pibudyv uro-
polpe vé Ppolpe Tis SiavuopoTixés dxTives Tol &@poiopaTos kai Tfis Siagopds
SUo wyuBikédv dpiBudv kal vé Eppnvelooupe ETol yewpeTpikd T Tpdobeon
kai TV &paipson oTd C.

*Ag Trépoupe ToUs wyadikols &pifuols z, = X,y kal z, = X,y kal
tis dvrioToiyes eikdves Tous M, (x,,¥,) kad My(%,,Y,) 0TS pryadiké émimedo (2x.2).

=l =3 " -

Of BiavuopoTikés dkTives TGOV 2, Kail z, elvan of OM, xad OM, dvTtioToixakal TO
” — _

&Bpoioua 7,42z, Exel y1& SiavuopaTiks Tou dkTiva T Biaydvie OM Tou ma-

1 ’ I [ =z ]
poAAnAoypdupoy Tou Spifouv of OM; kai OM,.
Mlxq+xg,y1+¥2)

Mqlxq,¥1) Mgy

Mp(xg vp) 4~ My(xa¥2)| -

7
Mixg-xq,y2-v4)

3x. 2 5x. 3

r I3 e—_ e b " g -7 3 1 2 ! e
Té &idvuopa MM, =0OM,—0M,, ol &pileton &md Triv &GAAn Sicrycwvio ToU
TapeAAnAoypéupou alToU, elvan foo pé TN SiavuopaTikn dkTive Ths Siapopds
Zy—2, TGV prycSikédv &piudv. ‘H Siapopd TapioTdveTon pé TH SIOVUOUOTIKT

dcrive OM’ (Ex. 3), mou elvan ) &AAN TAeupd& ToU TrapaAAnAoypdupou Tou
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123,
I3 3 0 e ‘. v i 0 0]
kaTaokeudleton pé TAeupd v OM, kai Siaycovio THv OM,. E1& oyfpara 2 kaf
3 —
3 UtroBéToupe 6T TO TTapaAANASYpappo TV SiavuouaTikéy drtiveoy OM,, OM,
elvan kaTaokeudaipo, SnAadn T& onpeic O,M,,M, B¢ PpiokovTon Tréwew of el-
Bl ypappr. "Otav 1é& onpeia O,M,M, Bpiokovtan mdww othv iGia elbeia, ToTE

Exoupe eUkoda TO &bpoloua kai T1) Siagopd TV 2z, kai z,. AUTO paiveTon oTd
oyxnuora 4 kai 5.

Zi+Zp ZipZq
Zo Za

Zig=Z4 Z4+Zg

Zq

|
|
Y

Zy. 4 2y 5
‘Egappoyi: Mé th Boifeia tiic yeopetpikiic napaotiosmng 1@v myadik@v aplpdv Selbte
v idwbenta v) tiic napaypagov 1.8.
'ATé 16 Tpiywvo OM;M Tol oy. 2 Taipvoupe
I(OM)—(M, M)| L (OM)L(OM,) + (M, M) <= |(OM,)—(OM,)|(OM)K(OM,)+ (OM,) <=
= — - —
HOMl!—\OMzH < |OM| Q LOM1| e ‘OM2|¢
N2y = l2gll < 1234 25] < 124] + 12,

2.3. ’Aoxnvoelg

1. N& rapaotaBoiv o1é pyadiké tmwimedo of wyabikol &piBuoi 2+ 3i, 2—3i, —2+ 3i, —2—3i.
2. N& mapaoTtaolv o1éd émimebo Gauss Tpeis myaducof 72,25 kal fmata of  piyoSikol
2y + %o+ 2y Kai 2y 25— 24
3. Aeifte pé T Pondeara Tiis yewueTpikis TapaoTaoews TOV pryabiké &pibudy &1 foyUer

l124] = 22|l < |23=25| < 124 + |24].

20
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3.1

3. TEQMETPIKEE E®APMOTEX TOY METPOY TOQON MITAAIKQN
APIOMON

3.1. "H éElowor tod xindov
“As elvoan O 7y dpyn ToU dpBokavovikel GUOTAHATES OTO ¢rrimedo Gauss

xai M(x,y) éva onueio Tol émmédou, ToU &méxel &mréd 16 O dmdoToon lon pé a

(Ex. 6.).

#Mix y)

i g s =
M,
Zy. 6
*ATd T dplBoydvio Tpiywvo OAM Exouue (OA)?+ (AM)2=(OM)?, SnAabdn
xi4y? = @ 1)

“Av pé xévtpo TO O kai dkTiva a ypdyoupe TOV kUkAe (O,a), ToéTE TO TUXOV
anueio M,(x,,y,) aUToU Tou KUkAou ikavoTrolel v (1) ke dvrioTpoga.Mpdrypartt’
a) elver (ON)24H(TM)* = (OM,)?, BnAadA x24y.2=a% p) “Av N(x_v,) €-
van fva onueio Tou Emmédou pé x P4y ?=of, TOTE &poU x, 24y 2=(ON)?,
8& Exoupe (ON)? = o kai &pa (ON) = q«, Tou onuaiver &1 16 gnueio N elvan
onueio Tou kUxAou (0,a).

*Apa 1) #iowon (1) eiven ) e€igwon ToU kUKAou (0,&). "Emreidny TO onueio
M(x,y) elven ) eikdva ToU pryadikou &piBuol z = X-+yi, BnAadn 7 OM &lvan 1
BiavuopaTikf Tou dxktiva, ) (1) ypdgeran igoblvaua

|22 = a® fj xai |z = &poU a=0.
“Eton &xoupe TO gTroubaio oupTrépaoua OTL:

— Lt6 puyediko inincdo 6 olvolo @y cikovov tOvV pryadik@v z mod ikavo-

21
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L 3.1

nowby t oxion |z/=a, a>0, elvar 6 wokhog pé KEVTpO TRV dpyf O xai axti-
va ion pé a.
Elvor elkoho tdipar vé Solue 611 yik 16 wyadixd &p1Bud z = x+yi 1 oyxéon
lz] < «
dpier TS EowTepikd ToU KkUKkAou (0,0), Evéd A oyton
|z| > o
Opiler T6 EEwTepikd Tou.
"As elvan tdpa M (x,,y,) Eva otafepd onuelo ToU émimédou Tou Gauss
kal M(x,y) Tuxdv onusio Tou, oy drmexer 4o 16 M, oTubepny dmdoTaon fon
ué a (Zx. 7).

e T

MvwpiZoupe &11 #) &méaraan (M M) Biveran &md T oyéon
(M,M)? = (x—x.)% + (y-¥,)% Bnhad
(x—X)*+(y—Y,)* = a? 2)
AV uE kévTpo TO M, kai dxTiva o ypdyouue Tév KiKho (M,,@), Té1¢ y1&d 76 TU-
Xov onueio Tou M,(x,,v,) Exouue: (x—=%.)24-(¥,—¥.®) = o, BnAadd of ouv-
TeTayuéves kéle onuelou ToU (M, o) fkavorroloGy T (2).
"Avtiotpoga: "Av N(x,,y,) elvar fva onueio Tol ¢mimeSoy, yid 16 dmoio loylel
(%) +(y—y.)* = o, 16T, 9ol (Xy—X,)2+(¥y—y.)’=(M,N)2, 8& Exoupe
(M_N)? = a2, 8nAadr (M_N) = «, moU onuadver 611 76 N elvaa onueio Tou kU-
kAou (M, «).

‘H (2) Aormdv elvan 1) Efiowon Tou kuKAou M,,@). "Av T& onueia M(x,v)
kai M (x,,y,) elven of eixdves Tév wryadikdsy &pOuddy z = x+tyikai z, = x_+y.i
avtioTorya, ToTe f) &icwon (2) ypdoeta :

lz—z,[*=a® fj |z—z,| = o, d@oU a>0.
Ebkoda PAémmoupe &1 # oxéon |z—z,| < « opiler Té dowTepikd ToU kUKAou
(M,,@), &v& 1) |2—z,|>a Opiler T6 EEwTepikd ToOU.

22
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I3.2.
3.2.

e ]

1. Bpeite ta onpeia tod piyadikod émnédov, yud ta omola elvan: |z| = [3—4i| (1),
Abon:  "Exoupe |4 = |3—4i| <> [z] = V314t es 2| =5 3}

*H (2) elven 1) tEiowicn ToU kukAou (0,5) o1é yadikd Emimedo kal Gpa ol wryabikoi &pif-
pol, ToU Exouv elk 5 T& onueia aUToU ToOU KkUkAou, elvar Avces Tiis (1).

2. L16 myadikd éminedo Ppeite tig Aboeg tiig Ewwharng
lz + 2410 =2.
Enikvon: *Eyoupe [z2+2+i| =2 < |2—(—2—i)|=2 (1) xof clpgwva pué T& mwporyou-
peva ) (1) EmroAnBeleTon &wéd ToUs miyabikols &piBpous z, wou Exouv eikdves oTé Miyadikd

trrimeBo T& onueia ToU kUkAou pé kévTpo T eikéva ToU wiyadixol —2—i, EnAabn 16 on-
peio M, (—2,—1) xal dxkTiva a = 2. (Zx. 8).

Zx. 8 2x. 9
3. Bpeite 1@ onpeia 100 pryadikod Emnidov, ¢ ta onola elvar:

lz+2| = |z—(—1+10)|-

Avon: "Exoupe |2+ 2| = [z—(—1+1)| < |z — (=2+0i)| = |z—(=1+0) )

*As elvan A(—2,0) 1 efxéva ToU wiyaBikoU —2+-0i ked B(—1,1) ToU pryadikol —1+1 (ZX. 9).
*Av M elvan f eikéve tvds miyadikou z, ToTe 16 [2—(—2+0i)| mapioTdver Ty &méoTaon
(AM) xal 16 |2—(—1+i)| TAv &méoraon (BM). ’Emeidfi BfAoupe [z—(—2+0i)| = |z—
(—141)], 8& mpémear v elven (MA) = (MB). AUTd onuaivar 81 ol elkdves T@v Aoewv Tfis
(1) loaméyouv &mé Té oTadepk onueia A kai b xai &pa dvijkouv aTf| pecok&feto Tou AB.
*Avtiotpoga: Kdbe onueio M(x,y), elkéva Tou wyabikol z = X-+yi, Tou ioaméye &mod 1A
A xal B, & ikavorroiei thv lodtnTa |2—(—2+0i)| = |z—(=1+1), nA. Thv (1). "Apx T&
InTolpeva onueia dmoTeholv TH pecokddeTo ToU TufpaTos AB, pé A(—2,0) xai B(=1,1).

4. Etb pryadiké Erinedo Ppeite mod dvikovv oi cikéveg @V pyadik@v apludy, mod elvar Luv-
oeg 1iig EElohomg
2|z-3-2i* + 2lz+1-3i2 =21
Abon: "Exoupe  2z—3-2i* + 2(z4+1-3i]* = 21 &

21
[z—(34-2D)| + |2—(-1+3D) =75 )

23
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276 pryadikd tmimedo malpvoupe T& onueia A(3,2) kal B(—1,3), wou elven elkbves THV -
yodikédv 34-2i kal —1+43i qvrictorxa (Zx. 10).

Bila,)

Ix. 10 Iy, 11

"Av M elven 4 elkéva mids Avgews Tijs (1), Téte f (1) uds Ader 6T (MA)E4-(MB)2 =

G +(-1 3 2
“Av K elver T¢ péoo Tol edblypappou TpAuatos AB, TéTe B4 elvan K( L i ) =
= K( i; —2—) kal &mwé T6 mpdTo Bedhpnua T&V Sapfowy oTé Tpiywve MAB TpokU-

mre &m (MK)? = 24_1 . @?. "ANAG (AB) = V'T7, éméte (MK)?=1, Snhadfy (MK)=1.

5
"Apa 16 M dvriker of kUkAo pé kévtpo K( 1,—2-) kal éxtiva a=1. "Eto1 ol Algeis Tis (1

Exouv elkdves T& onueia adToU ToU kUkAou, & omoios Exel tEicwon

lz—(l+% i )

5. Ztb myadiko Erminedo Ppeite 16 oOvoro 1@V cikdvov @V pryadikdyv apibpdv z, mod elvan
Moeg tob ovethpatog:

=1.

3
|z=24-1] < 7 |z—4—i| > 2
Avon: Z16 oxfiua 11 Bivouus T yewpeTpiky elkdva Tis AUoews ToU TpoPAnuaTos. ‘Agh-

voupe yid &oknon T SikaicAdynon TV dmwoTeheoudTwov.

3.3. ’Aoxfjcelg

1. Aeifre 6 1y &Sicwon tob kikhov |z—z,| = @ maipver T popen
2z = 2Re(z 2o) +a’—|z,)?

2. Ztd wyabiké imimedo EmAUoTe Thv tflowon |z—2-43i| = 5.

3. Bpelte T& onueia Tol wiyadikoU émimédou, yid T& omolx elven  |z—i| = |2+ 2.

4. Bpeite T& onueia 1ol pyabikoU Emmibou, y1& T& dmoix elvon  [z—2| < |z|.

5. Z1é wmyabikd EmimeBo Ppeite TS oUvoro TéY elkdveov THV pryadik@y, Tou EmaAndelouv
™y |z—1| < |z+41].
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I 4.1.

6. "Av elven |2—8| = 2|z—2|, ze C, 8eifte 81 04 elven |z] = 4.
7. "Av |z] = 3, Ppeite T& onueia ToU myadikol Emmébou, Tou elven elkdves TSV uryadikédv
() =2z, (B) 1—-z, (y) 3z2—1.
8. Bpeite 8hous Tols wyadikols &piBuols, yi& ToUs dtrofous elvan: 3 < [1+4-i|<4.
9. Bpeite Shous ToUs pryadikols &piBuols, yi& Tols dmoious efve: [z—12 4 |z +12=4 .
10. Bpeite ToUs miyadikols z, of omoior Emaindelouv ouyypévws Tis Efiochoes
| z—12 5 1—4

|y 3

= 1.

4. NMOAIKEZ ZYNTETATMENEZ MIFTAAIKOY APIOMOY

4.1. ‘Opiopdg

"As mdpoupe T6 miyadikéd &piBud z=a-Pi+#0 xal T SavvopeTikh Tou
&xrlva OM (Zx. 12). Elven [OM] = V@ Lpi= p.

-
Blop) y . Mla,8)
B
a9
<
a
0 i i
x! (a.0) E
Py
MaleyBy)
o
. 12

“Ohot of wryadixol, ou ol eikdves Tous elvan onueia ToU kikAou (0,p), Exouv T6
1810 uétpo pé Tév z. M v& mpoodiopicoupe AoTréy 11 yewpeTpiky elkéva Tol z,
Bév elvan &preTd T ubtpo Tou. “Av Suws Eépoue Lali pé TS péTpo p kai TH ywvia
8 € [0,21) ol oxnuaTier & BeTikds HuidEovas Ox pé T4 BiavuopaTikg dKkTiva
OM o0 z, TOTe 1) eikdva M(a, ) ToU z kaBopileTon TAfpas &mrd 16 Lelyos (p,0).

Elven pavepd (Zx. 12) 6m 1& ororgeia Tév Leuyddv (a,p) xai (p,8) cuvbtov-
Tau pé Tis oyéoes:

25w

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoMmikrg



142,

p — W
)
oWl = —— __ xed nud = —pi o 0<<8<27
e Vi

"ATé Tis oxéoers (1) PePorwvdpacTe &1, STav Sofolv T& o kal B, TposSio-
pifovtar povooriuavTa Té& p kal 8 kai dutioTpoga.

"Apa k@b piyadikog apbpog (o,p) #~ (0,0) propel va dprotel kai pé 16 (-
705 (p.0).

Ta avogeio toi ledyove (0,0) dvoudiorrar molkés ouvietaypéves tod -
yadixot doifpot z=a-+fi. Eidudreon 6 p dvopdlerar (8mews Eépoupe) pétpo
100 z xal v O mpotedov bpiopa (Argument) tod z xai ovufodilerar Argz=0(1).

Té pryadixd &piBud z = a+-Pi, kTés &md 16 Lebyos (p,0) Tou Bpiokoupe
&mé Tis (1), Tov mpoodiopiler kad ke GeUyos (p, & + 2x), keZ. M’ aUTd Ka-
0g yovia ané tig 0+ 2kn, k € Z dvopaletar SaTAds Gpropa Tob pryadikod dpOpod
z kal oupPohileTon argz.

4.2. IapaSelypata

1. Z16 ox. 13 gaiverar 671 yi& 16 pryodikd &pidpé z, = 2-+2i elvan (p,,8,) = (2\/2_,%1)

™

fi  yevikdTepa (2\/‘2_', x4+ a ), k€Z. "Opoia y1& Tév z,=—1+iV3 elvan (ps:0y)=

27 21
= ( 2, T) fi  yevikdtepa  (p,.6,) = (2,2Kn+T), keZ. Tis Tiués Tdv p xal & prmro-

poUoaue guoika va Tis Umohoyicoupe kai &mé Tols TUmous (1) Ths Tapaypdpou 4.1.

Vi ¥
3 — — T Z2
zg Iy L
7,22 o183
P22 / \
\\3" A=t { {/\\\1
A i x/ P 3 o Z X
\ \T 3 E 1
1= i
e [e] 2 x
%4
o vi
. I3 Iy. 14

2. Ot wmyadikol dpifuci z, = (1,0), 2, = (0,1), 23 = (—1,0) xai 2z, = (0,—1) Exouv kowd ué-
Tpo p =1 kol dvrioTora mpwTelovta dploparta Argz, = Arg(1+0i) =0, Argz, =

; ™ 3
= Arg (0 D=—75~ Argz; = xai Argz, = 7 (Zy. 14).

1. Em Piphoypagia uepixés gopés dos Argz Oewpeitan ) ywvia 6 ué 8 e (—m,m).

26
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I 5.1.

3. Ol mohwkés guvteTaypéves ToU wiyadikoU &pifuol z = 1—i V'3 elvar:

f— 5 " 5
a) p=VI+3=2 xal B) 0= =5 ‘H Twn 6= 3 Pploketan  elxoha &mwd TH
1 -
ouocTnua ouvh = = nue = — _\2/3, 6 e[0,2m).

4
4. "Av ol Tohikés ouvTeTayuéves ToU &pifuoly z = a+ Bi elven (2 f %), ToTE P&lovTas

- s 4
oTols TUTous (1) Tfis Tapayppou 4.1 VaE P =2 kai 6 = KN Ppiorovpe 611 & Wi-

yabikds abTds &pibuds elven & 2 =—1—iV3.

4.3. *Aoxfoelg

1. Bpsite Tis mohikés ouvteTarypéves (p,8) TV wyoaSiKGy &piBudv:

7, =3+0i : 75 = 34-3i ; z5= (03,
z3 = (=3,3) : Zg = (_3,0> < % = 335
z; = (0,-3) i 25 = (3,=3).

2. Mpdyte o1 popen z = o +Pi Tols wyadikoUs dpiBuous
i = O 3w
zl=(3,—3~), 2 = (20, 2.3:(\/3,7), z;:(ln—z)

kad dmecovioTe Tous yewpeTpikd oTé Emimedo ToU Gauss.

z
3. Bpeite Tis ToMikés ouvTeTaypéves TV myaBikdy &piBudY z,.z, kol Z—l. &v elvan
2

2 = (3-%) xal z, = (2,—;—).

5. TPITQANOMETPIKH MOP®H MITAAIKOY APIOMOY

5.1. "Opiopol xai Bewphpata

EfSope mponyoupévws 611, &v (p,8) elven of Tohikés guvTeTaypéves ToU wi-
yodikoU z = o+Bi # 0, Té1e 6& elvon:

= o+ p? = 7& = — i f=—— B— =
P '\/U +ﬂ , ouvd ‘\/az_i'__ﬂa Kal My ’\/dz—*- B2 p (1)
ue 0 < 8<2m

"Atéd Tls oytoas aUTés Taipvoups:

a=poovl kai P =pnub,

27 "
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doTe & myadikds z = a-+Pi walpver T popen:

z=p(owvB+inud), pé 0<H<2m, p=V o4 p? (2)

‘H poponi adth Aéystor tpiyovopstpiki] popot tol pryudikod a--Pi.
Duoik& dvti yi& T TpwTelov Sploua B pmopolpe vé Tépoupe dTro1obt-
ToTe &AAo Sploua TTis popefis 82k, x € Z.
AnAabn:

a+Pi = p(ouv8-+inud) = plouv(8+2xm) +inu (6+2xm)], xk € Z,
omov p= \/c:{'l-}—i'.’;'J kai @ e[0,21r) pe
P

o
owl=— kai nue=—
p p

6))

"Otres paiveTtan &mé 16 ax- 15, y1& 16 wyadikd z = 141 elven
z=1+i= V2 (cuu %-an E)

= V2 (wv(wa%—%)%inu(%n—i— —I—;—)), ke Z.

¥
1 z

B2

3. 15

‘H TprycwvopeTpikn poper|) TGV piyadik@y &pibudv Ponder oo vé dvTipe-
TWTiooUE TTOAAG TrpoPAtjuaTa Kai vé Swooupe yewueTpikn Epunveia oé TOAAK
fecopnTiKG ouuTEp&OUATA.

O& Bcooupe dpéows TapakdTw pepikG Xphotua BewpripoTa.
Qewpnua To. Avd pyadikoi apiBpoi z, = p, (cuvl, +inpd,) kai

z, = py (ouvl, + inub,) elvan foor, dtav kai povo Hrav

pr=pp 0,—0 =2 kel

‘AnoédeiEn. "A@oU 1) z; =z, ouvewdyeton O6TI p; owvd; = pyouvd, Kkal
pinub,=p,nub,, TOTE 8& elven p?(ouve,+npe,) = p2(ouvB,+nud,), oméTe
p1=p;. “Apa ouvl,=ouvb, xai nub,=nud,, omoTe 8,=2xm+6, f| 8,—0, = 2km.

28
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Bewpnua 2o0. Té yivopevo dbo pryadikdv apbpdv clvan Evag pyadikds apbpdg
mou Exer pETpo TO yvopevo tév pEtpov tovg kai dpropa 16 EOporopa TdV
opropaTmy tovg.

"AnodeiEn. "Av z,=p; (ouvh, +inud,) kai z, = p, (ouvl,+inud,),

Exoupe: z,7, = p,p,[(ouvd,ouvl,—nub nué,)+i (cuvd nud, +nud,ocuve,)].

“Apa: 7 = pipy (WU(8, 18)) +inu(8, +6,)) | (4)

‘Emaywyikd Seifte 6Ti: "Av z, = pe (ouvl,+inpb,), k = 1,2,...,v, totE :

2y Zge o Zy = PyoPye Py Jo0v(0, 40,4 .o 40 ) Finu(0, 40,4 ... +0)] 5
"AviElven py=py === pRal B =0, = .. .=0,=8, TorE5=%—...=20.=

= p (ouvB}inud) kai f| oxéon (5) yivere:

[ z"¥ = [p(ow+inpd)]* = p* (ouv(ve) +inu(ve)) | (6)

“H (6) uds elvan ypnoiun TapokdTw kai avapépetal oav Osdpnpa De Moivre.
“Aueomn ouvéteia-Tiis oxéoews (5) elvan kai 1) yvwoTn pos i5i16TnTR TOU pETPOU
TOU ywopévou ToAADY miyadikidy dpifuddv, dnAadn

| |2y Zg. . By = |2,] * 2] ... [2,] ] )

'ATé T oyéon (5) PAémwoupe dkopn OTi:

1
2xmr+Arg(zy -2y . ..2,) = Arg 2, -+ Argz, +... +Argz,, O ®

dmov k kaTdAAnAos dképaios &pi1fuds

OQewpnua 3o. ‘O avriotpogog évog pryadikod apbpod z+0 Exev pérpo t6 dv-
tiotpogo tob pitpov Tov Kai Gpiopa 16 dvrilero tob dpicpatoc tov.
"Anodarln. "Av z =p (ouwvB + inud), p#0, elvan Evas wiyadikds &piBuds, ToOTE B&
elvan ke : A ._c.r_‘_".‘.'e_im_"e )
z  plowBfinud) p ouv0{nuB
1 : 1 ;
= ?(awe_mue) — T [ouw(—8) +inu(—8)].

Qewpnua 4o. Téo nniiko 6V pryadikdv ambpdv eivar fvag pryadikog apd-
pog mob Exer pérpo 16 Loyo tdv pETpwv tovg Kai Hpiopa ) dlegopd TdV OpL-
opatov tovg. AnAadn:

Ty = ouvl, + inud 2 :
1= py (ouvh, +. nub,) }é 21— P1orouy(0,—8,) +inu(®,—8,)]
zy = P, (OUVB,4-inpd,) # 0 Zg P2

1. Tpéagoupe 2kt Arg (7,.24...2,), yraTi elvan @avepd &Ti 16 &Bpoigua oTéd B’ uéhos
Tiis (B) wmopel va wiv avixer otéd [0,2m).
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I5.2
TMpdey parti: % =12y°2y" = [py(owl, -+inub,)] pl(cuv(-GzHinu(—ﬂz) -
2 2
= L [oun(O—0)+inu(®0.)].
2
Népiopa: ’loyxte (ouvd+4inpd)-* = cuv(—vl)+inu(—ve), v e N.

5.2. Napadelypata—"Epappoyég
1. Tpayte 16 pryadikd apps z = V 3+iat TPLYMVOPETPIKT] HOPOT.
Aben: Elvar a = V3, B=1 xai &pa p= V31 =2.

*Emions ouvh = %3— kaf mud = % ué 00 <2,

&md Tis omoles Taipvovpe  § =

a\!:l

™

*Etot elvan \/ﬂi =9 (auv 3 +i :’]u% )

2. Té idw na t6 z = —2—2i.
Abon: Elver a=—2 kal B=—2 kai &pax p= Vai+ p? = 22,

" 2 vz ’ 2 vz _—
ouvl = — VT =" 2 kol nud =— 27_5:—7, pé 0O < 2.
"ATé Tis TeAeuTales Taipvoupe € = =7t omoTE

= 5 5t
—2-2i =2V12 (ouv% +ing T)'

11 11
3. Ipayte ©0 piyadikd apbpd z =4 (ﬂuvi-'t + inu-a’-t) ot popen a+pi.

11
Avon: Elvar p=4 «xai 8= Xz dpa

=76 *
11 vy - 11 1
u:éauu%:tl.T:Z\/B kai B=4nu % :4.( = '2—) = -2, bmore
z=2V3-2.
4. Bpeite ta tEayopeva tdv npateav:

6(ouv20°+ inp207)
1/3 (ouv 40° + inud0")

1
o) 6(ouv20® + inu20°) . 3 (owv 40° + inu 40°) B
Avon:
1
a) 6(ocuv20°+4inu20 ’);7 (ouv40° 4 inud0°) = 2(owv(20°4-40°) +inu(20°4-407)) =

. 1 N -
= 2(ouw60’ +inu60”) = 2 (TJHT) =14iv3,

6(ouv20° 4 inu20™)
B) 173 (owdd" T mudd)

=18(owv(209--40°) + inp(20°—40"))= 18(cuv(—20*) +inn(—20%))
= 18 (owv20° — inu20°).
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5. Na vmoloyiotel 1) nephotacn (

=\ 7
VZ Ve )
2 2
Abon: Mpheoupe Té myadikd dpipd z = __"22-{- i% Of TPIYWVOUETPIKT HopeT .

Elvaip = V % + % = V2 o, &pol T6 onueio (‘/2? ,__"26) &unker otéd (1) TeTOapTN-

1
uépro, f ouvd = —-Biver 8 = i (TpwTeUov Sproua) "Apa:

\/ \/_ \/2(

cruv—+1r|u ) 'Amd 16 Gecopnua De Moivre Ppiokoupe:

([_ 4 l\/_G) [\/f(ow% g inu%)] = (Vf)’ .(aw?. % + inw 7-}) -

- T
8V32 (GUVT e mu?) -

gwg—(% +i VTT) =4vV7 +4iVE.

=\ 7
(F+)
6. NG anlonownbel 10 xihdopa : —(W

! — =
Aben: "Amé T6 TponyoUuevo Trap&bayua Exouvpe (\/2—2+1L{2é_) =8V2 (GW% +

.
+inw 3 )
Bploxoupe Tdpa TV TPIYWVORETPIKN Hopen ToU V3L, Katd Té& yvwoTd Exoups

LA, Hx . 1w
Vii=2 (va + mu—), SméTe

- 1l 11 11

(Vi-)e = [ (ouv Z +mp—63)] =23, (auvB +inu3. Tﬂ) =
Il  Ilw ;
= 28, (WVT +inp T) = 8 (ouv270° 4 inu270°). "Apx

Z _
(‘/ +1—)7 8V X(ow60° +inu60°)
T Wi T 8(ow270°+inu270°)

= VZ (ouv(60°—270°) +inu(60°—270%))

= VZ (oun(=210°) +inu(—210%)) = \/zT( = l/i+ 5 ) = i26_+:l/.;

7. Teopetpikn napiagtact tod YLvopévou z;.z, Kai tod nnkikov zi: @V pyedikdy  apipdv
7, = p, (ouvh, +inpd,) kai z, = py(ovvd;+inpd,) pé pyp, 7 0.
) Elven z,.2, = py.ps (Ouv(8,+8,) + inu(®,+8,)).
Trpégoupe T wi& &é Tis BravuouaTikés dxTives 6?41, BI-,‘:’I2 (Ex. 16) TV 2, ol 1, EoTw
ThHY 6Ff|5, kaTé ywvia fon pé 16 Arg z, kai Tévew oTé popéa Tiis TeAkfs dxTivas Traipvouue
onueio M, doTe v& elvar IBR‘I] = pype. TS onpeio autd M elvan avepd 81 opiler T Brawu-
opaTikf axTiva 6?\‘4 ToU wyadikol Z,.%,.

B) Zvpépouue TH BravuopaTikf dxTiva 6?4, ToU BrpeTéou z, (Ix. 17) xatd ywvia fon
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2

ué 16 —Argz, xoi dmws Tponyouptvws Bpiokouue Té onueio M pé |6F41 = —2— . "Emaidn
1
y
M (Zq-Z5)
MplZg)
My(Zq)
o

i 2x 16 13

elven :_’ :%3_ (ouv(8,—8,) +inu(8,—9,)), yiveten gavepd &1 16 onueio M, Smws Ppidn-
1 1

: ; = = Zy
ke, Opifer T BravuouoaTiky &ktiva OM Tol mnhAfkou S
1

. Na dmokoyiateiv oi tpryovopstpikoi apiboi tob toZov 30, v yvmpifovpe 1005 TPIY@VORETPL-

xoig ambpoic tod toov 0.

Aben: "ATé 16 Becopnua De Moivre Eoupe ouv(vl) +inu(v8) = (ouvd+inu®)Y, veN (¢))]
M& v=34# (1) yiveras ouw38 + inu3d = (ouvB+inud)s, SnAadn

ouv30+4inu3 = ouv®e 4 Jiguvinul—3ouvinu—inwe kol ouvemds

ow38 = ouv8-3ouwinu® = ouv*8—3ouv(l—ocuv?8) = dour*—3ouvl Kal

NK36 = 3ouvnpd—nued = 3(1-nuO)nue-—nu’s = 3nud—4nuse.

5.3. *Aoxfcelg

) 8

2

32

Né& ypagolv of TprywvoueTpis woper ol wiyoBixol &pibuol:

1 V3 - I
T-Tj’ 242V3i, —=v34i,

. Aei€Te &1 TS Becdpnua De Moivre

(p (owvb+inud)) ¥ = p*(ouv(v8) +inu(ve)) foxie xai &tav ve (..., —3, =2, =1}

. Né& &mobeibete 6m :

o) (V3Fiye = _pise,
e PR s
B A+iD'+(1-)*=22 ow 2 VEN, ) (L4i)y—(l—i)*=i2 ? nu, veN

8) (ouvB+inud) "+ (ouvd-t inub)-*=20uv(v8), (ouvd--inud) —(ouvl-+inud)-"=2inu(ve).

. N& ixppdoete T& ouv58 kai nuS6 cdv moAudvupa T&HY ouvd kal N8 &vtioToia.

1 1
“Av z = ouvB+-inud, Seifte 6T 20uvd = 1 T kai 2inué = o ]
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I 6.1

6. PIZEZ TON MITAAIKQON APIGMQN

6.1. "OpLopéc—0Bewrprpa
‘Opiopéds. Nwoth pila Evog pryadikod apiipod & = a+PBi siver kabe myadr-
KOG aplfpog z = x+yi pé v idwotnta
(x+yi)" = a+pi.

©4& Beifoupe, pé 16 Becopnpa ToU dkolouBel, 611 k&Be pn pndevikds piyadikds
&p1Buds € Exer v AkpiPdds SiapopeTikES PeTaEU TOUS VIOOTES PIles.

Qewpnua: "Av E=p (ocov0+inud) sivar Evag pryadikog apbpog pé p~0, tote ol
pyadikoi apiBpoi

v — 042k .
z. = 4/p |ovv +v Tl"-f-n",l

9"’?‘" . e D s oyl

elvon drapopetikoi peratd toug kai eivar oi povor mod Eradnbebovv thv Eficwen
z¥=E.
*Anddeicn: O& tgetdooupe dpyikd &v Utrdpyel pryadikos dpifuds
z = r{ouwvw-+inpw), ToU vé elven viooTr pila ToU § = p(ouve+inud).
M& v& oupPaivel altd, mpémel va loyvel
plowd+inud) = [r(ouwvw-+inpw)]¥ = rY(ouwv(vw) +inu(vew)) (1), Bniabdn

p =r¥Kkal v =042k, KeZ f T = 4/p kad c.J=ei3£T, kel

042k . 6—}-\)2KTr), i @.

“Apa z=Vp (cw — g

‘H (2) pavepcover THv UtrapEn Tol z, SnA. wds viooTds pilos ToU &.

O4& Beifoupe Twpa 8T ) (2) ik k=0,1,2,...,v—1 B&ivet v BixopeTixég
Tipés Ths viooThs pilas ToU §, pé §£0-+-0i, Tis omoies 8& dvouddouue viooTés
piles Tou € kai 8& Tis ouuPoAifouue:

¥ i 2k
7= Vp (auv0+3mt Finp e+v — ) k=012,..., v—1 0]

21 ouvéyeaia B& Beifoupe &1 y1& SdmoladnoTe AAN TN Tou k € Z 6 zZc &

ouptritrTar pé pia &md Tis TIpéS Z,, Zy,2s, - - -, Zy—y TOU Slvel & TUTOS (3).

MpéypaT i) *Av fitav zy = 2, A, u € Z, A#p kal O<<A, u<<v, ToTe O& Empe-

0L2A  6--2um
vi /| W

e vé& elvan = 2pm, p € Z, Snhadf) A—p=pv, pel

Elvan épes 0 <|A—u| <v kai Emopéves 0 < |pv| <v, BnA. 0<|p| <1, 16 omoio €l-
var &romro, yiori dév Umépyel pe Z pé O<|p|<la

Apx Za # Zu Y&k SAa T& A, p e{0,1,2,...,v—1}, BnAadn of v T Tiis (3)
elvan SiaopeTikes peTafl Tous.
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I 6.2

) NadxkeZ pé x ¢{0,1,2,..., v—1}, nhadn y1& x=v 1 k<0 0& Eyoupe:
k=Av+v, AeZ kai ve {0,1,2,..., v—1}, OmdTe

v

T = \/E[O_WL-I-EK'IT + inu E—f-szTrT ]

= \/E[cruu w@%ﬂ“ + m‘ﬁ("zt’lﬁ_ J

= v’ﬁ[ow (2Aw+w) +inu(27m+e—+v2”" )J

- \/E[qu fadem, . iun] v vef01,2,. .., v—1).
v

v

"Apat 6 z, ouutriTrTel pg i &wd Tis Tpés oU Bivel & TUmos (3).
*Etor Beifaue 611 Urdpyeuv v dkpiPdds SiapopeTikol peTafy Tous pryodikol z,
of émofor émaAnfelouv v z¥ =§ =p (ouwd-Linud), étav p # 0.

Téhos, émeidn Shot of z,, k =0,1,2,...,v—1 elvan BragopeTikol peTaly Tous,
6& Exouv kol BiapopeTikés elkdves, STav &meikovioToUv TS wyadikd émimedo.
AUTO B& @avel oTd TapadelypaTa 1 xai 2 ol dxoAouBoiv.

6.2. Mapadeiypata— Epappoyég

1. Bpeice tig tpeic kufikic pileg o0 —1+ /3 i
Avon: Qépvoupe dpyik& Tév —14 V31 of TprywvopeTpiks popen.

Elvar —1+4/31i =2 (owl20° + inul20°) «xai TéTe
3

i 120°+360°«\ | . 120°+ 360°x
b= VE{ow( ) 4 m(FEE )], o2

3 3
V2 (owd0° + inud0?), z, = V2 (ouv 160°+inp 160%) ,

zZ,

Tx. 18 Sx. 19
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2.

3.

T 6.2.

3
By == \/2_(cuv280" + inu2807%)

MewpeTpixé ol kuPikés plles mou Bprkaue &meikoviGovTan oTis kopugts lgbmAeupoy TPIYD-
3

vou tyyeypapptvou of kixho dxtivas V7 ut wpdotn kopugr] T6 M, oy (OAT\OMD)=40° .
(Zx. 18).

N@ mapooToste YEOQUETPIKGE Tig VIoTig pilec tob pryadikod apibpod z = p (ouvD +inpd).
Avon: O1 viootés piles ToU z BivovTan amd TdV TUTO

642k 'J
v

04 2xmw | .
P i

, k=0,12,...,(v-1), xaf elvan

&

1

<<
cal |

q

g
<|e <@
o

S

3
—

e

e .
=
—
<{¢' :Im
+

Y

4
~—
(i

s = Voo 24 2T i (- + 20T ]

v v

v
Mapornpolue T Shes of viooTés piles <ol z Exouv T 810 pétpo, BnAadh |z = Vo

9 27
xal Bpiopa TéTolo, BOTE &M KATOIX GPXIKT T V& aufbver Biaboyd kaT& -

*Omress eimape kai mporyoUpeva ol wyodikof alToi &pifipol z, dmeikoviGovTal ot onuEia
v
ToU pryadikoU Emimedou, woU elvan onueia Tou kUxkAov (O, V). @x 19).
Na $mivfet 1) iticwon z° = —064i
: ™
*Enilvon: “Exovpe 28 = —641 = 64(—i) = 64 [UW( — l;*) +inu ( = 7)] '

b6méTe Taipvoupe:

3 ——121---{—2«11- - %+2K1T
e = VEE| oW i |, k=012
) S|
M& x =0 elvan: 2, = 4(UUV% —inu —z—) =4. (—2-——1.-5),

™ .
yi& k=1 elva: 2, =4 (UW—Z— + inu— ) =4 (04i) = 41,

T oy AW vy 1
yi& k=2 elvan: 2, =4 (GUV? =T ml.i-g) =4 (— —i'—l-—z—).

TMapatipnon: Ké&be iSiowon Tis popefis z¥ = a, émov a € C, « #0 xad veE N dvopdleran
Bubvupn EEiowen kai EmAleton pé T Bofifeia Tol SecopfipaTos Ths Tapaypégou 6.1. yi&
16y Uohoylouéd T@V v vieoTdy pibdv 1OV pryadikév dpifpdv.

4. Na #mdodei 1 itiowon: 28 = —V3+i.

"Enidbvon:TpdTa ypdpoupe TV —V34+1 ot TpIywvopETpIKY LOPYH.
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I 6.3.

“Etor Exoupe: z5=—VI|ji=2 (ouv 150°4-inul50°), &méTe of piles lvon

5 e o - o
= 1504360 . 150°-+360
NG (ow . X 4 inu = “—), K =0,1,2,3,4.

Z.‘:

2 O T |
z VZ (ou30°+inu30%) = V32 (—2—~ + i T)

o

1

5 o e
o 51360 ) o B
7, = V2 (ou" il ;36 + inun 10 ;360 ), K.T.A.

5. Na tmivlel 1 igiomon: z¥ = 1 (1) (Nwotig piGeg tiig povadauc).
"Emilvon: “Exoupe z¥ = 1. (ow0°+inu0”), éméTe ol v piles elvan

Ve 042 . 0 2k
7, =] (ow—-}'(1 + inu —ﬂ) = ouv— + nw—, k=0,1,2,...,v1

Ot v aUrés piges Tis (1) Aéyovtan kai viootég pileg tiig povadac.

2 2 2n 2
Mapatnpolye 1z, = UW*':,E g “_'E = (ow=- +inu —“) » x=0,1,2,., .1

2w s T 2m
omoTe z, =1, z, = ouy e Iy Zj= (ow— + lTll-l—) =%

Ly=120;% Zy=0Y. .00y =20
“Apa oi viootig pilsg tic povadag civar oi:
2n 2n
Lz, 2% 2,%...,2," pé z, = ovy = +inp —.
Mé& v=3, éxoupe Tis kuPixés piles THs povddas ol elven:
2 1 ,.V3 1 V3

i e

2
z, =1, 2 =ow g +1nu—§ =~ 2_,_[_2,22_‘:1__2 5

Oi xuPiés pides Tfis povadas, &v &mekovioTolv oTéy KUKAG (0,1), eivar xopugés lodmAeu-
pov TPI.YU)UOU

6.3. 'Aoxvoelg

1. N& émAufolv o6 C of oo,
@) 22=8 P)22=2421 y)2°+64=0, 8§ 22=1+iV3, € z5+64i=0 xal
oT) 3x5+4+24x% =0
2. Aegre dmi s plCes Tiis tE1ochorcos (A+2)** + (1—2)*¥ = 0 pa&s Tis Siver & TUTMOS:
Z = ieg -2—':‘:—1 ™, &émou k = 0,1,2,...,(2v-1).
3. Né& d&mewkovioTolv o1d myadiké émimeSo ol pifes Tiis LEiodoews 2% = —V34i
4. "Av 2,2, elvar of wyaBikés kuPikés piCes Tiis wovadas Beite &mi:
a) 2t =12, kal 2% =3z,
P) 1+z;+2* =0 «wai l4z,42,2=0,
Y) (14224 32y) . (1422,+32,) = 3,
8) (l-+2,—20)* = (I—2, + 2,)%
5. Aeifte &11 & z = owvBinuB~£—1 YpageTan kai

36

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoMmikrg



I 6.3.

14+xi
= S K € R xat&AAnlos.
1 vy
6. Acifte 611, &v x,y,2€ R xal w=— -sz‘-i—zg , TOTE 84 elvan

@) (1—w) (1—w?) (I-w?) (1-w?) =9,

B) x4y 2lxy—yz—zx = (X+yw+20%) (X+yi+zw), Kal

¥) X yipai-3xyz = (x4 y+a) (Xwy+ot) (x+wty+o).
1

7. "Av elvan w = — T3 +i¥ SeifTe &M TéTe 04 elvan:

o) o +PF = (a+P) (ae+Pw?) (aw+pw)
B) (atPB+Y) + (otPwtyw?)+ (a+Pw+ yw)® = 3(o+ B+ y* 4 6apy).
8. AeifTe 6T1 kdBe W& &md Tis TApaoTATES
2= at2p+2%y, 1, =a+z2B4zy, Smou z =i:t7i\/_3. 8¢ petaPddietan, & dvTi-
xaTaoThoovpe Tous a,B,y pé Tols a+-A, P+A, Y+A, Ae R dvrioToiya.
9. AeifTe 6112
(—z+22) . (122429 . (l—zé+28)...(1-22" + 22%) = 2%,

&mou x &pTios Quatkds kai z TuxoUoo kuBikh piyadikd pifa THs MovéSas.

10, "Av ve N xai z =ii2]_\13_, Beifte 6T of povadikés Tiwés TS TAPAOTACEWS

K =2z2"42" elvan —1 xaf 2.

3r
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38

. ZYNTOMH ANAKE®AAAIQZIH

. Té olvoho C={zlz=(«p), aeR, P eR} pt

(a3,,) = (ax,B;) <> 0,=0, kai p;=p,
{uppl) + (‘12!'}2) = (a1+“29 B)+”2)
(@B - (05,B) = (0,0,—P:Ps, a,fr+0asBy)

elvar 16 oUvoho TV pyadik@dy &p1buddv.

. O1 myadikoi &pifuoi pmopolv vé &meikovioToUv oTé onueia &vds Emimré-

Bou (myodikd émwimedo).

. Z16 myaBigd émimedo & kikAos kévTpou (x,,y,.) kai dktivas pétpou a Eyel

¢€iocoon

|z—z,| = @, 6mov z, = (x,,¥,) k& z=(xy).

. "ANAes ouvTeTaypéves Tou pryadikoU z= (a,B) #(0,0) elvan of molikés (p,9),

" — a B
&mou p = V2| P2, 8e[0,2m) ué owl= —— kod Npuf=——— .
p TP, 8el0,2m) Ve =

. Mé 11 BoriBerar Tév ToAkév ouvTeTarypéveov Tous ol myadikol &pifiuol Taip-

Vouv TTV TPIYWVOUETPIKT) TOUS HOp@T

l z = p(ouvv + inpod) |

Mé& Tous wryadikous z = p(ouv8{-inud), z, = p, (owvd, +inud,),
Z, = p,y (ouvl,+inul,) ioyouv:

7, = Zy <> py=py Koi 0,—0, =2kn, kel

Zy . 2y = py.pp [ovv (0,4-0,)+inp(0,40,)]

72y =2 ooy O—0)) + ik O—09), P70
2

1 1 .
= = P— [oov(—0,)+inu(—0,)l, p.7#0
2

Zy
z¥ = p¥ [oov(vO)+inp(v0), veN

Ké&be pry undevikds piyodikds &pibuds € = p(ouvd--inud) Exer v AKpIPGdS
SiagopeTikés peTalU Tous viooTés piles, Tis:

v 042
Tyl \/E(auv +v'm +inp B+‘2,|m ), xk=012,..., v—1
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10.

11,

12,

AZKHEZEIZ TA EMANAAHWH

C*Av z # —140i kal z # 1400 Beire &dmi:

z—1
o) orav |z| =1, ToTE & &p1Buds 21 elven kaBapds pavraoTiks, Kal

z—1
B) &tav & dpBuds _z_:kul_ elvan koBapds gavtaoTikds, TOTE |z] = I

. & xéfe o R pé o>1 Ppeite ToUs pryadikols z, mou Emahnfedouy v #Elowon

z+ajz41|+i=0.

. T kdBe o3>0 Ppeite ToUs wyaBikols ol mainbebouy Ty 2|z|—4oz+ 1 +ia =0

. "EmiMoTe T6 olotnua  z34-w® =0

22, mt=1, & ol 7,00 elvanr wyabixol.

z
. Adifre 811 @) |2,+24] = |Zy]+|25), &V ?; > 0, 2,,2,€ C, xal

Z
B) 12yt 2yl = l12)]=12all, &Vf <0 xal z,,7,€C
z
. Aifte 8T Q) |2,—2,| = |I2,|—lZ,ll, &V z_: >0, z,,2,€ C, «xai

Z
B) 124—2,] = |21/ +2,], &v ?: <0, 7, 2, € C.

Té&v omuelcov ToU myadikol EmiméSou, ou elven elkoves TV myadikddv z pé:
|2—2,| = N|z—2Z,| kal A # 1.

AdifTe &xdun &1 TS KévTpo alToU ToU kUKAou elvan 1 elkéva ToU pryadikou

Z,—A%Zy Az, —2,)
Z, = 11_7\5 kal 1 dxriva Tou elvar a= — 19|

. *Av 2—10| = 3|z—2| &eifte o1 |z—1| = 3.

. “YmohoyloTe ToUs x,y € R, ol ikavotroolv Thv (x+-2yi)* = xi

1
*Av |zt = |z2—1|, Beifte 6T Rez’= — .

2
*Av z =x+yi, x,yeR xal 2z?4+z4+1=0, TéTe B& elvan
jz| = |z+ 1l = 1.

Bpeite 16 pérpo kal TS Spropa ToU pryadikoU &piBpol

™
7 = owva—inua + ouvl 4 inus, 0<u<—2—,

. *Av |z+ 16| = 4|z+1], Seifre dm |z] =4,
LAy z=x+4yi, z7l'= (Pt + (atyD? pé aB,yeR xal

atPi, atvi 81 undevikol, UmohoyioTe Tis Tipds TEY TAPACTATEWV
i) x*4y? i) (x—a)*+y? woi iii) Rez ouvapThoa T&vV op,y.

LAV 2y = (o) [ (@2—1), z#1/& 0< lal <1,

Betfte 6Tt |24] Z 1, STawv, xal uévo &tav, |z| Z 1.

. *Av [3=14122, =E+in, z=x+yikal§ N X, YE R, Bei€Te &1t

WnpiomoiriOnke amd 1o lvotiroUto Eknmaideuikrig Molmikrig

. "Amorhévioc Kokhog: "Av z, xal z, efven SeBouévor myadikof &pibuol, Ppeite T6 olvoho
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17

18.

20.

21.

22;

23

24,

25.

26.

b Eo = €40 + (it = 220 |

0y 20 = VIFSyP Ay 4 1hakyt
20t = V(I Fx'—y?)2 FxTyf  —]—x? 4y?

BeiETe ST |2—2y[2+ (2, Ty|? = 2(21)2+ 2|2,]* kel FmerTar BeifTe &1 Y& TuydVTES - |

yadikoUs zy kai z, 8& loyUe

— Vol |41z, + VR = 2,2l + Iz,

AeifTe &1 ol elkdves Tév Sraxexpiptveov wyaBikidy EpBUGY 1,,2,,7, 0TS uyadikd Emimedo

73—,
Bpiokovran ot elBela ypaupr, 8Tav kal pévo &rav zl ; =A€eR.
]

- TAv yid ToUs myoaBikols dpiBuols z, kal z, elven 2] <1 xai |z,] <1, BetfTe 6T

l2y=2g] << |1=2y2,|.

"Av 24,2, elval miyadikol &piBuol kal A >0, BeifTte 1
.

1
et nlt < QR+ (145 ) .

"Av ol &pibuot z,, z,,...,2, ikavomroioy T dvicdTnTa
2,—i Zy—i z,—i |
z,+i| ’z.+i < g ] =k

T6Te 6& IkavomoloUv kal THY
L z,—% ’ 1
2 +z,+ ...+ 2,41
Bpelte & dxdhovBa &fpoiouaTa:
Z =1+xoub+xPouw28 + ...+ x - low(—1)8 Kol
' =xnud + x*Nu28 + ... +x nu—1)8,
G xeR kal O0<B<m.

“YmohoyloTe T& dxdhouba dbpoiouara.

% = 14vouvl+ ( ) ouv26 +w ouw 38 4 ..., kol
—1 —1 —2
z'=unue+”(f2)nuze+"("1)2f‘; ) w36+

2 .2
"Av  w = guv Tﬂ+lﬂl-l-§-r,veN Kol

A =x+yo +ze™+ . 1l k=0,1,2, ..., v=1, ut X,¥\Z,. .., T TUXOVTES
wiyadixols &pibpols, Seifte &mi:
AP+ AR+ .o+ A2 = vOxi® 4+ 1y + ... + |72
Acifte 811 6 uryaBikés z = X- yi pmopsl v& YpapTel pé T popern
#l [ I-Az . 2A

T+ e 1+7\’-| émou Xy, A€ R.

N& EmuBel 4 fElowon (22-1)¢ = 16(owvatinua). 28, 0Cac =
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AATEBPIKEXZ AOMEZX

1. Aipeleis mpaieig

2. "Hupiopdadeg-'Opddeg

3. AakTUAiol

4. Zwparta

5. AlavuopaTikei X@pol

6. Zuvroun avakepalaiwon
7

. "Ackfoelg yia émavainyn

Wnepiomotir|Onke amé 1o lvotirouto Eknmaibeutikng MoMmikrg



Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrig






