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KE®AAAION I

TPIF'QNOMETPIKAI EZEIZQYEIE

1. ‘Opiopoi — pocikai Evvorat

L1 Tvepifopev & Tiis "ANyEBpas Tov Opiouov wds dhyePpikils Eiocoews
&5 Tpds X, A(Y) = B(X), émou A kol B eivar ouvepTroes wias peTaPANTS
(&yvidboTou) X. 'Edv &v ToUAdyoTOV TGV HEAGY Tis QvooTépw EE1T0WOEWS, TrE-
PIEXN THY TIAY WES T) TEPICTOTEPWY TRIYWVOHETPIKEY cuvapThoewy ' els TV
Btov (Y ), 6TToU @ TUYOUTT OUVEPTNOIS THS QUTTS TpaypaTIKiis ueTaPANTHS X,
TéTE ) Eiowors alTn kaheTan tpryovopetpkl isweog ds mpos X. TTx. ol
tiocosis:

1
nuix-+ouvy = 2, ouvdy = — 5 ep(auvy) = o@(nuy), €Y)

gpY = X, NHIXHouviy =1 (2)

elvan Tprywvopstpikal £51060EIS. _
K&be téEov y,, TO Omoiov ¢gradnfeler plav TprywvopeTpikny Eficwaoty,
fiTor kaBioTd ToUTny iodTNTa, KOAGTAL pepikl hbeog aUTis (m.y. TO TOEov

Xo= 2115 elvon pia pepikn) AUois Tis BeuTepas ex TG tEiowoswv (1)). To olvorov

TEV pepikédy AUoewv Widls TPIYWVOUETPIKTS giooecs kahelTal yevikyy Abeig 1
&TAGs Adeg, 1) 5t elpeois THS YEVIKTS AUotews keelTal Erilvelg TS TPy wVOue-
Tpikfis iodoews.

"Edv kdfe TdEov ¥ elvan Aboig (uepikty) wds TprywvopeTpikiis E§icwoews,

U AéyovTes «TplyvopeTpikal oUVapTATEISY, tuvooUpey dvrauba, fxTds TAV CUVAPTNOEWY
NH, ouy, ep, 0@ kal Tés QVTIOTPOPOUS alTédy, ¢ pilovrar els TO Keg. V. "Emrions, UmevBupifouey
&1 ol yvwoTol TprycovousTpikol dpifpol nuy, ouvy, epx kal ogy elvat dxp1péds al Tipal TGV TEI-
YWVOUETPIKGDY TUVEPTHOEWY T, OWV, EQ xal og dvmioTolyws els TO onueiov XER.

‘H dvebdprnTos peraPAnTh (fl, ¢s &AAws Aéyouev els Thy TrpoKepEvny TEPITTWOW, TO Té-
§ov) &V ToloUTewv ouvapTioewy, eval TpaynaTikes GpiBuds. *Eg’ EEfis B¢, TévTa T& YXpnope-
ToloUpeva TéEa B& BewpolvTon &1 EXOUV peTpnBfi ué povdba To dxtiviov.
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T61e 1) Elowog alTn elvon TprycovopeTPIKN  tavtéTng  (TTX. 7| TeAeutaler €K
T8V (2)).

Elvan Buverdv Emrions, oUtv Tdfov va EmaAnBeln piay TEIYWVORETPIKNY
iowoy, 6moTe alTn kaAeiTan Gdbvatog (TTX. 1) E€iowats nuy = 2).

‘H ¢mrilugls olaaBhTToTe TPy wVoUETPIKTS E§lowoews otnpiletan émi Teo-
gdpwy Paoikdy BewpnudTwy, T& Smrola BiaTuTroUyTal CUUTOUWS U TGV Ké-
Tt iooBuvapidv: : 5

A . L _1Yp X = 2km4y 1§

(1) nux = nuy <= x=pr+ (1Y =+ (s S (x,pEZ)
X=2xmty 0
X = 2KkT—y

() epx=repy <> x=xmty (KEZ)

(IV) ogx=opy <=+ x =Tty (KEZ)

*EmiAlopey Kol SIEPEVVESHEY KOTWTEP®W QPICHEVES KACOTIKAS HOpPas TPI-
yevopeTpikGy E§io0oemv, €l T&g Omoias GvéryeTan, £v yével, kdbe GAAN Tpryw-
vopeTpikt| Eficwals.

(1) ouvy = ouny <> { (xeZ)

2. Oepehi®ders TpryovopeTpikai Liohoeig

2.1, nuy = a(aeR). Tpds Emidvow Tiis tE10oews TaUTNS, TEEETNPOULEY, BT1:
o) Eaw o >1 ( <= a>1f a<—=1), 1 tfiowors elven &BUveartos, B10TI
Inux| < 1 81 ke xER.

B) Ewla <1 (+= —l<« <1), téTe ) ECiowois Eyel Aoy, THv dmoiav Tpoo-
Biopifopev s EEfs:

p;) ’Eav O<a<l], TéTe Umdpyer ToEov ¢ (eUpiokdpevov Bl TEWV TIvaKwv) upE

:

™ g = . I L .
0<o< 5" kal ToloUToV, GOTE MEP = o, OTOTE 1| Eflowols ypageTaL:

THY = NHe (@)

TMpopavéys T ¢ elvan pia pepikhy AVois Tois (1). "Ev OUVEXEIY, XPTOIHO-
TOIOUVTES THY QVWTEP iooduvapiov (1), evpiokopey Thy yevikiv AVow Ths (1),
1) émola elvan:

ke Y (XSRS
| x=(@p+Dm—o

MopaTnpoluey, Wégw ToU TUtou (2), 8Tt el ke TipfY TOU dkepaiou K
dvmioToiXel kal pia Avoig (uepikny) Tiis e§iowoecs (1). Etri mopadelyuaTi, Sia
k = 0, elpiokouey TNV PEPIKNV AUCIV X = @.
B.) ‘Eav -1 <a< 0, 7o71¢ peTaoynuaTiCopey loobuvducs TV TIpoS EmiAuciv
tElowotw, ws kaTwhi:

nUX = @ <=> -NuX = -a <= Nu(X) = -
Eis Thv TeAevTaiav Suws fiowov elvan 0 <-a =<1 kad ouverdds, v Beco-

pel) (2)
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powpey &yvwoTov ToEov TO - X, fi Eiowos almn elve Tiig WpoTyouuEvns
Hopefis (mepimTeaais By) Ko EmAvETon QuaAdyws.

1 Lk o
MAPAAEITMA 1. Né #mAubf ) igiowais: nu3x =— 5 xal v& gUpedy &k TAV

EpIkGSY AUoswv aUTis, | EAaioTn BeTIKT.
. ™ .
"Enidvowg : ‘H Bobeioa Efiowols yPAPETA : nu3dx = nu( 5 o ). H yevikn

Alois adriis Bidetan UTO TGV TUTTWV:

2k T

‘Tr e —
3XK= 2Kt —-g (KEZ) \ K ”'3 18 (_KEZ) (l.)
'7 o

*EfeTdlopey Ko Gpyny, Troiol i TV eL‘:psBsw&w AUoecov elven BeTikal.
“lvx o AUoeis eiven Berikad, TTPETTEL K& GPKEL:

PAq S 2o | Tm =4 [ -.__1._ i p>
[ 3 18 O KGl 'j" B ],8 0] > l L= 12 Kai p

r\J\‘-J

(1
“Apa, Bix k= 1,2,3,... kai p=0,1,2,..., haPcvouev, éx v (1) xed (2) dvmi-
oToiyws, Betikds Avoers. “ETl wAgov ToparTnpolpey, OTL :

Xx41= %k ke Xp+1>Xpo» A k,pEZ.

“OBev, af (1) kai (2) elven adifouoat GUVAPTATES s TIPOS K Kad p GUTITTOIXGS.
Zuv:rrmg, & Téov pepikdy Auoeawv (1), 1 E\ayloTn feTixh dvTioTOIXE £l TTW TI-

1lm
MY k= | xai elvar X1 = 18

“‘Opoiws, Bk p = 0, evplokouey THY BayloTny BeTikiiv Ao &k TGV HepIkY

y bt ey et 7
AMgewv (2), 1) omoia elvar Yo =1_T;— Apa, 1) EhayioTn BeTikt Avoig elvan 18

3 1
ITAPAAEITMA 2. N& &miAvéf 1y &§iowois: inx Sk

- ity T -3 1
Eniivowg: ‘H Sofeica ifiowos eivan iooduvauos pe THv Mi (._23) e

5 1 : e Ay :
Erriong, elvar yvewoTov, 6Tl nu% == o RO SOORIE ) tEiowols ypageTal :

o S TR

T]H(—i;—x) = qu%. ‘H yevikn Mots aUTHs elvau: ¥ il ;
_%X (-l (€D Yle AT
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*Ex Tis (1), AUovTes GAyePpikéds 6 PSS X, eUpioKouEV

*2?7,*(4)*(*%) (ED) <> @
x=2T (g e ®

Toparipnaig. Els Tov dvetépw Tétov (2) Eréfn k &vti x, BiéT, tav 1o Kk AcuPévn
Shas Tés repalas TipGs, TOTE kal T6 -K AapPdvel SAas TaS dxepaias Tipds kad (-1)x = (-1)%, &pax
& TrpokUTITWY TUTTOS (3) elven {godivaios pe TOv (2).

2.2. ouvy = » (LER). "Omews kol €l Thv Tpomyouptvny BepeAhicbous  popefis
TprywVoUsTpIKNY EEiowaoty, Sioxpivopey kai &V TpoKeEIpEve TAS KETWH TEPITITG-
oEls G5 TIPS TNV TIAPAUETPOV A:
o) 'Eav A|> 1, téTe A tlowos eival GBUVATOS.
B) ’Eav 0 <A <I, ToTE Umépyer TOGov @ uE 0@ = -gf kol ToloUTOv, COOTE
ouvg =A, omoTe 7 Efiocals YPOQETOL:
: ouvy = CUVQ. (1)
‘H yevikn Auais Tfis (1), P&oer TS ioobuvapias (1), elvan: y =2k +¢ (KEZ).
y) *Edw -1=A<0, TéTe peraoynuarifopey Ty &iowow (1) & &fis:
ouvY = A <=+ -OUVX = A <= auv(m-y) = -A
“Eyopev Tpos EriAuciy Thy Elowo ouv(Tr-x) = -A pt 0<-A=1 xoi &yveo-
oTov TéEov TO Tr-¥ Kol oUVETTES peTarTriTrTOREY s TV Trpomyouptuny TrEpiTIToo-

ow (B)-

IMAPAAEITMA 1. N& émaubij ) éiowois: 0\..'\)3)(:_3}_ .

*Enijvoig : EUplokopev & T@v AoyopiBuikédy Tvdkwy TO EAGioTOV BeTi-
afr 1 e 4 :

kdv TéEov T TOIOUTOV, OTE OUVT =~ - Tpos ToUTo, AoyapiBuilouey THv Te-

AeuTaiov lodTnTa Kal ExopEv:

Aoy ouvT = hoy%- = AOY guvt=-Aoy4d =+ Aoy o= 1,39794 = 1=75°31"21""

Suverdss, 1 yevikny AUois Tiig Bobeions EEr10woews elval:
3y = 360°%+75°31°21"" <= X = 120%=+25°10"27"  (xeZ)
2.3. egy=» (AER). 'E&v A = 0, ebpiokopev ik TGV mvdkwy TOEov w
epw = A kai guvertds 1y E§fowais YPApETAL:
EQX = &P (1
‘H yevikfy AUats Tfis (1), P&oer Tou TUTIOU (), evai: X = x4+ (x€Z).
*Edv A <0, T67e. Siapopgcovopev THy Sobeioav £fiowov s EERs:
epx=A <« x= A > ()= (A=0)
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OUtw, fi Tpds émilvow Elocwals ep(-X) = A elvan Tfis TPOTYOUMEVT)S HOPPTS,
ut &yvewoaTov TOEOV TO -X.

Kaf® Spotov xpiféds Tpémov EmAleTan kol Emropéun BepeAlcddng TPIYVOUE-
Tpikn E§iowaols:

24. ogy = a (eER).
MAPAAEITMA 1. N& edpefolv & EvTos ToU &UOIKTOU BisoTmHaTos ( 0,3‘;)
TéEa, T& EmadnBelovTa Thy Elowotw ep2x =V3.

Abeig: ‘H Sobeioa Efiowats ypdgeTan ep2) = E(P-%- . ‘H yevikny MNois aTiis elve:

2x=|<11+~'g‘ <= X=%‘L+% (xeZ).
"EE Umrobéoews Opcos ExOuEV:
0<x<§14=> 0<E—1—1«\ il P O K1T<:3—1T L et o K .\7
4 2 6 4 6 3 B 6 3 6

) sl o4 g o : 1 7 x
Al pdvan drtpatan Tiwal TOU K EvTOS ToU BlaoTANATOS (— G g6') glver 0

kal 1, ’Ev ouveyelq, 8fTouTes Tas drepaias andTas Tipds ToU K eig THY ebpebeioay
T

Yevikiy Ao THs Efiocoews, eUplokopey dvTioToixws &Uo 16, X iy kai
et IR O ¢ Ll e e ;
Xz =~2—+ et o otrola elvan kad T& {nToupeva.

*Avagépopey KaTwTEpw plopévas Sepehicobes TPIYGVOUETPIKGS E§towoes
Kai Tdg AUoels alTddv:
nuy =0 <= Y=k cu»’)(:0<=>)(‘”‘<"'f‘_g'
ouvy =1 <= ¥ = 2w
owy =—1 <= x= (2x+1)w

nux =1 <« = 2xmw j

nuy = —1 <= ¥ =2xm— -;—

D e
Y =0 <= Y =xm oPX Seadlh atlaklon

(Eis 8hag Targ QUWTEPW TIEPLTITIOELS glvan kKEZ).

3. Tpryovopstpikai Eicd@osis avayopevar gig Oepelibdeic
31, Tpryovoperpikt ESiowolg tijg popoils (1) =0, fvha t Tplymvous-rpmbg
&p1Buds Tou Tofou X Kai f(L) dxépaiov ToAUGVUpOY G Trpds L.

Tlpos &miduoiy pids TOwUTNS tiotoes tpyaldusda s £6fs : EmiAvo-
Hev THy s Trpds t GAyePpikiv EElowow [(t) = 0 kol EoTwoav ty, ts,.., L, al

9
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pilan atrriis. TéTe, f TprywvopeTpiks) Efiowals f(L) = 0 elven looBlvapos pé Tag
KérToBt BepEAIOBEIS TPIYWVORETPIKGS EEIoTElS:

t= tll t= t2 bl ) = |-‘vn
ol &moin EmAUovTal elxGAws Kai ai AUceis a¥TV elvan A yevikf AUoig THS

ey =10,

MAPAAEITMA 1. N& Aubfi ) &iowos: nux +-2nu*x —nux —2 = 0.

Abag : ‘H Sofeioa é§iowais {ocBuvdpes YPageTal:
(Wx=nex) +2(u2x—1) = 0 <= nux(nux —1) +2(nu*x 1) =0 <=

nux=-2 (@)
> (MEx +2)(ux — D@ +1) =0 <= & nux=1 ()
nix=-1 ()

‘4 Eiswols () elven ABuvares, o AUgels TV (B) kai (y) elven dvmioToi-

¥s § = 2KT ~—;i kel f =2k ——-,r-- (xeZ).

Maparppnerg. “H Siepeivnols wss TorywvopeTpIkis Eiodaews (1) = 0, Tfis TponyouvpE-
VNS HOpPQTiS, JVayETAL V yéver :g TNV Sepeuvnow T35 dvmioTolyou g rpods t dAyePpuiis o
gews f(t) = 0, AauPovopévey i ey Uor Sy TéV Spiwy peTaPoliis TOU TprywWVOLETpIKOU
dpifucy t.

M.  iowors ceg?x +Pegx +y =0 (37:0) f 209X +Pogy+y=0 (a70) &e mévrore
Ao, t¢’doov A=p2—4ay =0, dmou A 7 Biekpivevoa Tis SeutepoPoduiou (dg mpds t) -
arws at? + Bt +y =0.H Biepedvnans Tis anu’x + Pnuy +y =0 (a3:0) f aowv?y +pouvy +y =0
(a5 0) &uéryeTan el Thv Biepetvnow Thg dvTioToixou dAyeRpikiis §iotoews at? +Ptty =0
pt -1 <t <1 (Biém éméfn nux =t A aquvy = t).

Tpds mAnpeoTépay kaTawénaw T QVWTEP® TTOPATNPTOEWS QVAPEPCLEY
T& Emopeve Suo TapodelypaTa:

MAPAAEITMA 2. N& émiubii § iowois: anudy Py +y =0, a#0. (1)

Erilvoig : Ofrtovress muy = t, EXOMEV mpos EmiAucy Ty dAyePpikiv ficwaw
f(t)=at>+pt+y=0 (—l<t<l). @)

“Eorwoav t, ke t, ol pifa cdrfis. A& va elven o pllon almon Sexted, Tpt-
Trer ke Apiei v ebplokwvTon vTos Tou kAewoTou BizoThuaTos [—1, +1]. "EvBiage-
popeda Spas, va elpoopev Utrd molag &vaykaias ko ikavds cuvBrikas uetagu
TG a, B kai y oupPaivel ToUTo. ZxeTikGd Biakpivousy Tds dkoloubous epi-
TTWOE.
1) ‘H iEiowos (2) Exer piav povov dextiy pilav els s Efis TepiTTOOES:
1,) Mia kel pévov pida Tiis (2) ebploxeTan &vrdg ToU &voikTou BlaoTipaTos
(—1,+1). Tpds ToUTo, Trpémst Kol &pkel va elvan:

f(4+1f(=1) <0 «=> (a+B+1Na—-P+v) <0.

10
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15) “H pix piga elvon 16 —1 kai ff &AAN KelTa tTds ToU SiaoThuaTos [—1, +1].
ToUro toyvel, Tav kal povov Stav:

(f(—l) o, | X >1) AL (a—ﬁ+y: g, (1 >1)

Adm, g t, = -1, TOTE, gre1dn kal tyt, = Zuve-

0 . ¥
——, ouvvayeton ty=-~-—.
& & ax

éds, ) pila rzz—% clvon kTds ToU SiaoTthuaTos [ —1, 41, &’ Soov :%} =1,
1,) ‘H pic pifa elvan 16 1 xad 1 EAAN KelTan ExTOS TOU BIOOTAUXTOS [-1,+1].
Tlpds TouTo, Tpémer v &pkel v elvan:
iy ; ||
- — =1 Y= 0, e 1
(1+n=0, 1% ) = (uHS# 1> )

2) *H &lowors (2) Exet dbo dextag pilag els Tas EETs MEPITTCOOES:
2,) Al 8o pitn Tiis (2) gipioxovTon EvTds TOU BlaoTiUarTos [—1, +1]. Eis mv
TepiTTeoow aUThv of dvarykaic kol ikaval cuvBijken elvan:

((A:,. 0 ety SO ()G TRt 1+-2%>o) Fe
> (p—day=0, a@—p 720, al@+p+y) >0, —1 o g g 1

= y=>0, = 0, ‘ =0, tag <0 5
2,) °H t€iowos (2) Exs SiTARy pllav dvrds ToU Biaothuartos [—1, 4 1]. TTpds
ToUTo, TrpéTrel Kol GPKEL:
 Jon vt == e gm0
p—day = 0 xai 1< b = +1

3) ‘H ifiowois (2) obdepiav Exer Moty els T&s £ETis TrEPITTTAOEIS:
3,) Al piZan Tiis (2) elvan wyoBixal +=> A= B2-doy <0.
35) Al pifen Tis (2) glvon TrperypaTiked kal kelvTan gkTOS TOU SiaoThHaTOoS
[~1,+1]. Al dvayxaia kad ixaval guvlfikan Tpds ToUTo, Elva:

[af( 1) <0, af(-+ 1)<0] <= [ax(a—p+Yy) <0, a(a+P+y) <0] §
(A—_\O, af(+-1)=>0, 1 4 SE .:;'0)@([31—4@(_;_0, a(a+p+y)=>0, L+ P "0)

20
A
(Aéo, af(=1)>0,—1+ fa o)ﬁ (‘32_4@;0, a(a—piy)=0,-1 ZEcx 50)

Ko®® Spotoy dxpipéds TpdTrov EmiAveTan kat SiepeuvdTan 7 t§iowaoig
aouvy? +powx +y =0 (a#0).
TIAPAAEITMA 3. Ak Trolas Tipds Tou AER 7 E6lowas epx® + Aepx +1 =10
T

a1 play pdvov Ao, TATpoUTaY THV OXETIY 0<x< ok

. : ; ™ ; £
Avorg: 'Ex Tiis SeBopévrs O)ETEWS: 0 <x <T ouvayetan £90 <epy <€<PT kal

11
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ouvendss 0 < epy < 1. Oftopev epy = t kai 1) Bobeioa EElowols ypdgeTal :

o(t) =t*+At+1=0 pt 0 <t <l (1)

*Amontoupey 1) Elowaois (1) va Exn piav pévov Sexthy pilav, fitol, Wwiav

pévov pitav évtds TOU Sixatriparos (0, +1). TTpds ToUTo, Trpémel Kol dpkel va
elvan:

o(Mp(1) <0 <= 1.(A+2) <0 <= A<-2.
*Apa, 81 A <—2, 1 lowais ep?x +-Aepx +1=0 Exa piav pévov Alciv
tvrods Tou SiaoThpatos (0, —.Z— )i
3.2. Tpryovopetpikal E§iomoeg pé mePIocoTEPE 1ol Eévog Gyvoeta t0fa. Osw-
polvTes GAYEBPIKAS E§IOCOOEIS TIEPITOOTEPWY TOU Evds dyvewoTwy, eval Buva-
Ty, v& EmEKTEIVeUEY TOU Oplopdy THS TPIYWVOHETPIKTS tfiocoews 1.1 kol

els TprywvopeTpikds E§10CI0EIS TIEPICOOTEPWY ToU Evds dyvwoTwy TéEwv. Tly.
ai t§iowoels

S geE
nu(x +y) Fnu(x —y) = 2, 92X = 9y,  ow3y = nu(y+ 4 )

elven TprywvopeTpikal E§lowotls SUo &y VWOTWVY.
TMAPAAEITMA 1. N& ¢mAubf 1) égicwois: nuy = ow2y (E).

*Enidvoig: AUTn ypageTal cuv(lzr- - )= owv2x kal elvan fooblvapos pt Tas

kbTwb BUo olkoyeveios dAyePpikdy E§lodaewy:

%—\p: 2k -+ 2y, KEZ Y= %—2)( —2kmt (1)
= = = (xeZ)
- = = 2xw—2, keZ =t B ~Tiem . £2)

“Qote, f) yevikhy Aois Tis (E) elvea:

| W)ERXR:XERY =5 — 2x —2«m, kEZ} U

L
{(W)ERXR:XERY =5 +2X —2m, xeZ}

‘H (1) apioT& €els dpboydviov oUoTnua &Edvwy uiav oikoyéveiay Ta-
padAfirwv evBady, &Tav & k Biaxrpéxn TO Z. ‘Opoles kal fy (2) mapiotd play
oikoyEveray TapaAAniwy elBadv (va yivn YPOQIKT TapdoTacis Tév BUo Tou-
Twy olkoysveidy TapadAfiwy elfeadv).

3.3. ‘Opoyeviic tpryovopstpikiy diicwoig dg tpds npy kai ovvy. Oltw koheltan
maoa tlowols Tis Lopefis @(nuy, ouvy) = 0, dmou TO TP&TOV pEAos  QUTIS
elvan &xépaiov Suoyeves TToAUGVUHOY s Tpds Ny kai ouvy. Ty, ai todoes:
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Nu2y -+ 3ouv?y — 2nuyxouy = 0, Ny ouvy - nuixouvy, — 3nuyouv?y =0
elvon dpoyevels TplywvopeTpiKal E€10000EIs. ]
Tpods émridugty pias TolaUTns £Elooews, Slcupoupey tv ytver (¢¢’ Goov TOU-

A . R L
To elvon Buverév, BNACBT X 7 KT+ —2-) &peoTepa T PEAN aUTHiS pE CUVE X,

Smou k 6 Poduos Spoyeveias, &tréTe TpokUTrTEL CAyePpikn Elowals @5 TPOS EPY
Kol ouveTréss peTarTiTrTopEY Elg TRV TpoTyoupévTy KaTnyopicy TPIY VOLETPIKEV
tErodoewy. Anhabn, tav Ty dpoyevis TprywvopETpIKY EEiowals @(nux, OWX) = 0
Eyer Pabudv dpoyevelas xEN, TOTE a0 ypégetan ouvEx f(epx) =0, (ouvx70),
&moTe Exopey va EMAUCWHEY THY tEiowotv f(epy) = 0, dmou f(epy) elvan dwé-
paloy TTOAUDVUHOY (5 TTPOS EPX.

IAPAAEITMA 1. N& #miAudi f t§lowaois: nux—(1 +V3‘)HHXGW)(+V§6‘W2)(=O

*Enibveic : 'Eav ouvy =0, f Bobeiox tiowais &iBa nuy =0, TO dmolov
flven &BUvartov!. *Apa, UmoBETOVTES ouvy 7 0 kol SloupolvTes dppdTepa TX
BEAT Tiis (1) uE owv?y, AapPdvouev ep?y—(1 + V3) epy + V3 =0.Al pilen Tiis Sev-
TepoPaBuiou (s TPOS EPX) i Eiocoews elvan 1 kol 3 kad ouvemdss Exouev:

= 2

ay 4:,{E*vx 1 @

ex=V¥3 ()

“H yevikd) Aois Tiis (2) elvat {(xeR:y=xm -ﬁ-j} , KEZ), f) 8¢ yevikn Auals TS

r
(3) dves {xeR : X = p+— ., PEL}
¢ 3

HMAPAAEITMA 2. N& #mhubii f flowois: anu®y +Bowv?y +ynuxowy = &

Enidvoig : ‘H Bofeioa Eflowots ypageran i anuiy -+ P ouviX +y Nk oWX =
8(nuly +ouv?y) kai & cuThs Aaupdvopev:
(a—8)nux + (B-B)ouvx +ynuxowy = 0 M
‘H i€iowots (1) elvon pia Sevtepopadiios dpoyevis TprywvopeTpikd Elowais.
Tlpos #mridvow TaUTns Slaxpivouev Tas kaTwd TEPITTTWOEIS:
1) *Eaw o # 5, tée ouvy =0, Bi1om, &v ouvx =0, fy Ebiocos (1) ypdgeTat
(a—8)nu2y = 0 kol tweid? a—5 7 0, TpoxUTrTel nuy = 0, &ep &ToTrov.
Eis Thyv TeplmTwe aUThy Siaupoumey GppdTepa T& péAn THs (1) ué ouv?y
kol AcapPavopev Ty Elowoiv:
(c—8)ep?x +veQx +P—0 =0, 2
f) émola elvon dAyePpikh &5 TPOS EQX kai Exel AUow, v kol pévov Ew,
Y —4(a—8)(p—5) = 0.

! Tolro onpalve, &1 al Aoes Tfjs tE1odoews auvy = 0 5tv elvan Avoeis THs(1l) kal ouve-
Twéds, Umrobétovtes ouvy, 7= 0 BtV mepiopilopey Tas AVoES THS (1),fior Siv Eyopey dmadiaray pEov.
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2) ’Edv a= 8, /| tflowos (1) ypapeTar:
(B—8)ouv?y +ynuyouvx = 0 <= ouvy{(B—8)ouvx +ynux} =0 <>
{ ouvy = 0 ()
(B—8)ouvx +ynux =0 ®)

‘H yevikny Aot Tiis (o) elven x =2k j;-;— (xeZ)

Abaic tiig (B). ‘H flowois alrn elven pia mpwToPdduios Suoyevlis Tprywvo-

HeTpIkT tEiowats kal Biaxpivopev Bix THY Ao aUTis TS kaTwh mepimTwoes:

2,) Eav y #0, 1o1e ouvy # 0, éméTe SraupouvTes dupoTepar T& peAn Tis (B)
8- . TN Rl S

e ouvy, sUploxopev yepy +p—8 =0 | epx = 7‘3 , T omolar gmAleTan elxdAws.

2,) ’Edw y =0, © (B) ypdperon (P-8) ouvy = 0 xai &&v pév p =8, alrn even

&bpioTos, fiTor EroAnfeveTon Si&x kéde xE R, gav &t B # B, ToTe elvan iooBuva-
pos ut THY owvy = 0, Tfis dmrolas # yevikd AUois elven:

X = K1T+-% (xe)

Mapatipnowg. ‘H mwponyoupévn Efiowots (1) elven Buvaroy va EmiAudf kal kat’ &Alov
TpdTroV, 81’ Epappoyiis TV TUTTWY Utropipacuov (R ATOTETPaYWVIoHOU). Bdost TdV TUTWY TOU-
Twy, aUTn YpageTal:

1 crw2 1- c-uv2 H2
(O’. 5) X+(B 5) I X+YT1 X

= 0 <= ynu2x+ (P—a)ouv2y = 25 —a—p

‘H -rs]\e\rrcxlc( é&lawmg elvan pia ypapuikn TpiywvopeTpikly lowors (Sid thv EmiAuoty
TauTns, TPPA. KaTwWTEpw TEPITTWOW ).

Mevikddtepov, Exopev Eowoes Tiis popefis f(nux, ouvy) = p (0 = peR), émou 1o (K,
ouvy) TapioTa dxépaioy TOAVGVUMOY Kal GUOYEVES 65 TTPOS MUY, ouvy kai BaBpou dptiov. 'Eav
& Paduds dpoyevelas elvan 2p(peN), ToTE Suvdpefa va ypdapwpey:

f(nuy, ouvy) = B <=>= f(nux,ouvyx) ey +ou?y)e =0

‘H teheuTaia dpcws éfiowas elvon dpoyevis (Paduds duoyeveias 2p) kal EmAdeTon kaTd T
yvwaTd.

My. fi tEiowots Snu*y +4nu2yowv?y +Touviy = 4 (1) looBuvapws ypagerar:

(1) <= Snuy+4dnuixouviy +Towwy - 4 +ow?x)? = 0 <= epiy - 4@ +3 =0,
f omola EmAveTar €UKOAWS.

3.4. Dpoppikiy tpryovopctpiki Elisooc. AU glval TS popeiis
anuy +-pouvx =y, ofy #0,!
fitol 1O TpdTov péhos alTiis elvan pia ypOUUIKT) HOpPT TGV Mux Kuxi ouvy.

34.1. Abeg tiic anuy -+ Povvy =7y, aPy 7 0. ‘Emadn %ER, ouvdye-

! EdkbAcs BiamioToutan &1, dv afy = 0, f) ypouukn lowos AapPdver dmhovoTdTny
poppnv (Bepericodn).
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T, &1 UTépyEL TéwToTE TOEOV (eUpiokdpevoy &k TGV TVAKWY), TOU &roiov
' . NG

f) tparrropévn icouTal u¢ Tov apifpov o

‘Qc #x ToUTOU, TPOS Ao Tiis EE10WOEWS Y PTOIHOTIOIOVHEY TOV HETOOYTHTI-

ouodv aq)m=£- M,), émou @ elvan yvwoTov TéEoV Kol UVETIGS | &lowois
a

YPaQETAL: ; > ?
amuy -+ pouvy = Y <= U = <= MUY HEPUOUVY = - <=
b
Y cww—lfnumcuvx=%:— oUVW <=> nu(x—{—m):—; oww (E).
‘H TereuTala Gpws EEiowais (E) elvan 1) yvoooti) BepeAicodng tEiowais 2.1,
| ¥

|

; Ty f e Ao vin | V) L 1, ‘Bt tmép-
T omroiav ETIAUOMEY KT T& YVWoTa, fyTol: E&v ¥ ouvw E> p

; y y . 5

U i : - kal CUVETTE
Xgl ouBtv TGEov, TOV &mrolou TO cuvnpiTovov va elvan = ouvw s 1)
Eigwars anuy +Powwx =Y clvan &BUvaros. “H ouvbikn duvatétnrog hbotog
tiic (E) elvan | Y guve | <1, fi omola TrepcnTéped GuaAUeTon 1ooBuvapws s

x

i | il ; G WSOt
£€fs: —O-!—cruvmigl ++ FIWiO= o TTee~ -—
Yl atpray @

o2 2
Lo

*Apa, 1) Y POHIKT tElowog Exer Aow, tav kal podvov Edv, TAnpouTal f
2 ¥ B . 3
ouvBrikn (Z). TTAnpoupévns TNS (), GeTouev T ko nuod (M,), &trou B yvw

T = T8 A . ;

oTov Téfov pE — <0 <5 KA Tl (E) ypagerou:

Xt —2xTr -8 ﬁ{x.—&("; Bmca (pEL)
Al BUo TeheuTaion oikoyEvelar TOEWV drroTeAoUv T yevikiy Aot THS ypauui-
kfjs EE1owoews.

MUK +o0) = neb <« {

Mapatpioag : 1) T&oa tlowors Tiis wopefis aepx +Poox =Y, uﬁy;&o,l &uéyeTtan €ls
Ty Emiluow Ths EEiodoews ynHe + (o plovvw = a g'_ﬁ- A 2y (Brai '-}z- Fome
2) Eidopev &11 1) ouvBTikn BuvaToTnTOS EmriAUoews THs anuy + P ouvx =y evar a® B>y
"Edv a2 4-p2? = y?, TOTE [nue| = 1, fvexa kol Tév (M), (Ma2).
‘H dueotipw yPSBHIKT TprywvopeTpik EEigwols elvan  SuvaTdy va Emi-
VB kol 51" GAAns ueBoBou, THY OTrolav TIEpLYPAONEV. KITWTERL.
34.2. Abog tiig anpy + Poovy =1, affy # 0. "Exgpdlopev, HEOW YVWOTOV
15

WYnopionoiOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



TUTTWV, TX TUYX Kal ouvy ouvopTnoel Tis P —>2(— (ol TUTTO1 O¥TON {OYUouy
pE ¥ 7 2k 4, kEZ) kal f Elowais ypdgeTan:
) X 1~sq:~2
A
e +p

!+sq>l--§~ 1 -tep?

X
2)( =y > B+ Y)ep? X—20e0%5-+y—p=0 (1)
’Emions, maparnpoUuey, 811 S1& Y = 2kmw T 1) ypaupikn £icwos ypdgeTat:
anu(2km +) +Poww (kT +m) =y <= a-04+P(-1)=y <= B+ y=0
“Apa, 1) ypappixn Elowois 8tv SéyeTan s Avoels Ta ToEa:
X = 2xkw+m (kEZ), ¢’ Soov Py #0.

Bé&oel tév dvwTépw Blm(plvousv Tds dxohoUfous TrEPITITWOELS :

1) ’Eav B+y #0, 1éte 1 mpods Avow &Eiowois elvar {oobuvapos pé THY

(1), 1y omola elvanr dAyePpikn cos TpodS sq:—}z(_ xol EMAUETAl KaT& T& YVWoTE.

‘H ouvbrkn SuvardTnTos EmiAUoews Tiis (1) elvan:
A= da>~4(y +B)(y—B) 20 <> 4B 2y
2) ’Eav B Fy =0, TéTe 1) ypappikn glowois ypdeeTan:

an -+ Bouvy =—B <=+ anux =—B(1 +-owy) <> 2emu X owX — g X <

]

ow- = )
cruv;((cmu —Hicuvr )r: 0 <
cmu}z( Bcruv >==0 (2)

‘H yevik Aois Tis (1) elvan ¥ = 2k + (KEZ). ‘H (2) ypdoeTan
2 ).2(_ =li— kad EmAvETAL KaTd T& yvewoTd. 'Emi mhtov, Ep’ Soov B =-y, Tpo-

kUTrTel B2 = y?, oméTe o 4 B >y

IMaputhpnois. Auvduer Tis dvwTépw éxteBeions pebdBou emAloews Tiis ypauuxis eEi1oc-

geews, guvdyeTal, 5Tt T& nuy Kal ouvy tkepalovTal oUVapTOE! Tiis €9 E udvov ép’doov B+ y 50,
&mére katahyopey eis THY E§iowow (1). "Edw 8¢ P+ y =0, dkohouloUpey Tov éx Tijs TepiTrTdoEws
2) rebivra TpdTrov EmAUCEWS THS YPAHHIKTS tEiowoews. Els dugotépas Tas mepimreooes Eva-
veuploxopey THY yvwoThv owbfkny BuvaroTnTos tmAvoews TS Ypaupikils EEiodoews
o pz = .Yz'

-

MAPAAEITMA 1. N& &mivéi 1 Elowois: nuy V3 owy = 27, AeZ.

‘Eridvorg: ‘H lowois Exet Aow, &p° doov TAnpoutan 1 guvBrkn :
124(¥3)2 & (20)?, & Tiis Smolas ebplokopev: -1 < A < 1. 'Ex Tijs TeAeutadas
oytoews kol émadn & A elvan drépanos, ouvdyetan A = -1,0,1.
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*Apa, 1) Sobeioa tElowals Exer Ao, Eqv kad pévow B, 16 A glvar -1,0 kad 1 kad 6
elvar ToTe loo8Uvapos pE Tos k&Twbl TpEls ESlocoEls:
nuy +V3owy =—2 (&), nux-+V3owx=0 (B), nux+V3owx=2 ()
Aberg tiig (a). ‘H #iowas (o) ypageTau:
e -
i ey =2 S WY O = d S

DU =

3
UKoUY+ - OWX = — 20W - <> nu(x+—13l) Boligaga

x+% =2K1T—*%‘ <= X = 2w 561T (xe2).

Abeg tiic (B). ‘H (B) ypdgetan: epx = —V3 kal # yevik) Aois atiis elven
2t
X =KTr + _3_1 KE Z

Avoic tile (y). TTpds Alowy Totns xohoufloUpey THY auThv dxpifdds Tropefav
e et L = , 3 a
hE THY Avow Tiis (o) Kol EUplokopey mu (X +T) =1, Tiis émolas ) yevik AU-

a15 glvan X = K'ITJ,—-% , KELZ.

3.5, Tuopperpikn) ibicwmoic @3 mpdg Muy  kai cuvy. OUtw koAeiton mdoa EEi-
owais THs popefis LMY, owy) =0, 8mou f(nuy, ouvy) elven ouppeTpikdY
&répanov TroAudvUpoy G TPos Ny kad owvy. Elval yvwoTdv & Tiis "AlyEPpas,
&7l kéBe cuppeTpikdy ToAUGVUMOY (&képaiov) s mpos X kal W elven SuvaTov
V& ikppaoff] ouvopTroEl TGV OTOIXEIWBMY CUMHETPIKGY TrapaoTdoewy X -+
kai yy kal, ouverréss, kade CUMHETPIKT TRrywvopeTpikn E§iowols Suvaral TEAIKES
V& AéPn Thy popehv f(nuy +-owvx, nux ouvy) = 0 (E).

Tpos émituow Tiis &iowoews (E), épapudlopev Tov petaoynuaTiondy
Ny - govy = t (M,), & omoios Ev ouvexelx ypapeTan:

al T oYl
nux%-nu(-g——x) :t<:>2nuTGUV(—4~—x) =t <= VZGW(TT:-—X) =t (M)

"E€ &Ahov, tk Tiis oxtoews (M;), Exopev:
(niy -+ ouvy)? =t = nuy ouy? +2nuxouvy =t* = 1 4-2nuxouvy = t* =
t3-1
npyoovy = - (D).

( . t2-1
B&oer tév (M,) kai (1) 1 &lowois (E) ypageTal f(t,—? ) =0 ().
AUt elven pic GhyePpixr Eicwais s pds t, THY omrolav EmAvouey kai eUploko-
Hev 16 t. *Ev ouvexelg, BétovTes Thy ebpebeioay Tipfy T0U t els TV Eflowov (M,)
I
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kai EmiAvovTes Thy Gepehicodn TaUTny Eficwatv, mpoadiopiGouey T0 ¥. A ThV
Biepelvnow Tiis SAyePpixiis Ef1o0d0ecos () B& Tptmal va& onuelwd, 61 T& Spiat
peTaPohfis ToU t efven &md V2 &5 V2, fiton V2 <t <V2, &idm:

1 <ow (% -x) v e YEYE cw(% -x) <VZ <= V2 <t =VZ (Ms),
Adyw kai Tis (M,).

TTAPAAEITMA 1. N& EmiAubf 1) iowois: a(nux +ouvy) 4-Prux ouvx =y (1)

*Eridvoig ¢ ‘H mpos Aow &iowots glvat 1 STACUOTEPY LOpPT| TUMPETPIKT]S £61-
COOEWS. ZUPPLVLS TIPOS TA dvwTépw EkTEBEVTS, BtTopev MUy Louvy = t kal
1) 1€lowals ypageTau:

2

at-H%P 21 =y <> Pt*4+2at—(PB+2y)=0 )
SuveTrdds Eyopev:
@)
1 3 ud
D = ygom(gx)=t
*EmiAvopey Thy Seutepopdabuiov tflowav (2) xal ebpiokopev 1O t. 'Ev ouve-

yelg, péow Tiis Bepehicobous giodoews (M), ebploxouey 15 Y. “lva ai plfan i
Eodoews (2) elvan Bexad, mrpémer kol GpKEl Vo KevTal EuTcs ToU S100THHaTOS

[-v2, V2]. Al ixoval kol duarykaion ouvBiikan Tpds ToUTo elvan yvwoTal &
iis *Ahyéppas (émions, wppA. 3.1.).

[APAAEITMA 2. N& Aubfi 1§y Elowars: nudx 4ourdy =1.

Abeng : “H Trpds AUow Egiowats elvat cuppeTpIk, 816T1 Btv peTaPdAAeTan S1a T
dvripetaBéoes TGV nuy kal ouvy. AU, Buvdper kal TV Tponyouivay,
yphoeTon:
nudx +owiy = 1 <= (nux Fowx)(nu?x +ouvix —nuxouvy) = 1 <=
2
BAE )= o e
s

V2 C"U"'( i X) =t (%)
Kart® &pyfyv &milvopey THY Shyeppikiy EElowow (&) TTpts TolUTo ExoMEV:

(nux +owy) (1—npxouvy) =1 <= \

t§—2£z — ] <> 13-3t42 =0 <= (t>—t)—(2t-2) =0 < t(t2=1)-2(t—1)="0
t—1=0
— t—Dt*+t—2)=0 <+ { At Do

Av EmiAUoews TéV TeheuTaiwy E§lohorwy eUpiokouey Ta&s pilas Ths (81),
of &mroian elven t, = 1 (BimAR) kai t, = -2. *H piga -2 &opplrTeTon Adyw TS
(M3). ’Ev ouveyeiq dvtikaboTpey els THv tElowow () THY BexThy pilav kal
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Eyopev Tpds Ao THY ¢Elowav V2 cruv(—-g- - )=1. AUt loobuvdpws ypapeTat:

7 T T T ™
NN ESTAME AU S
X = 2«

X:%—(Zmi-z_) (xEZ) <= = (xEZ).

4. Tpryovopetpikn inikvowg tiig devtepoPadpiov ESrodosmg
ay’ +Pxty=0 (a8, yER) (1)

: w1 N !
4.1, Emadn xR, Umdpxe we (— -5 7) TotoUTov, doTe e =¥ (M) kal
ouverrdds 1) Elowors (1) ypdgeTou:

nulw THW
(1) +=> cep+Pep+y =0 = et poety =0 =+
GﬂuszrBnuwcuvw+ycw2w=04=»a(1-wv2w)+[3np2m+y(1+m2m)=0_,:,_
pru2e - (y—e)ou2e == —(x +Y) @

OUreos 1) AUglg THS tiooews (1) dvéyetan els THY AUow TS E§lowoews
(2), 1 dmola elven THS popefis anuy + Pouvy = y xkai émAUETal, G5 YVwoTo,
81 Tfis TpcbTns LeBOSou EmIAUCEDS Tns, s EEfs:
1) *Eav B 5 0, Bronpolpev GupdTepa T& piAn THs (2) we P xad Exopev:

nu2w -+ )—f;cw2m= —G‘Ey, 3)

"Ev quveyeiee BéTopev )—%{f = @y (M,) kal ) (3) ypageran:

! a_‘:_
Nu20 |- epYouv2e = — a-gy = (20 +y) =— _BI ouny )

‘H ouvlrn SuvardtnTos EmiAvoews THs (2), ds yvwoToy, svai:
B2 4+ (y—)? 2 (a+Y)? <= Pi—day 2 0.
‘H Terevtala eUpeBeioa ouvBikn efver ) yvworhy ouvBrikn Umdpfews pi-
L (mporypormixésyv) Tis SeuTepopaduiou iocaoews (1). TAnpoupévns Ths ouv-
Brikng Tartng, 1y iElowas (4) Exer Mow (Biati;), fiTor imdpyer Tofov ¢E R ToI-

olUTov, &aTe NP = — G:Y ouvy (M;) ko ouvemds 1 (4) ypageTan

M (2o + ) = nue. Al Auoeis THs tfiocoews ToUTns elvan of k&rwd olkoyi-
Vel ToEwv:

wliKT\'+—q2’—-‘ﬂ2J— (xeZ)
™ ?
2

0, = AT+

___\{_J__ =T
D a2 (Ae2)
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Elval epw; = e (mr+ —g— A%) — €9 (i L. i) ke

202
EQW, = EP (?m - 121'_ —% —-;L) = Uq:(—qz_)——i— %), omoTe, Péoet kai Tis (M),
al pidan Tfs SeutepoPabiiou giodoews (1) elvan:
x=o(F-%) = 243 ).

2) ’Eav P=0, 1) (2) ypdoetan (y—o)oww2w = —(a+y). A& Ty Mow Tiis
Eiochoecos TauTns Slakpivoper Tas dxohoufous TEPITITAWOEIS
2,) Ew y—a=0 ( <> a=Y), 1o1e 1 tflowois elvar &blvaros, i oev
elvan Buvardy va elval kel a+y = 0 (Biarl; ).
2;) 'Eqv y —a#0 ( <= a#y), To1E 1§ Eiowois alTn ypagpeTal
Rt Y s,
a—Y
‘H ouvBhkn SuvardTnTos EmiAvoews Tiis (6) elvan:

1 |

|22 <1 o @i @) < ay=<0,
fitor #maveupiokopey THY yvwoThy & Tiis ‘ANyEBpas ouvbrikny UmdpEews Tpa-
yuaTtikédy pigidy, sioti pt p=01 Siaxplvovoa Tfis (1) elvar A = -4ay xai B
mpémel AN0 <= -day 0 <= oy <0. TIAnpouptvns s ouvbrkns TaUTns,

Utrdpye T6gov g R pé ouve L : kal ouvetrds ) (6) ypageTal ouv2w =ouve.

a_
‘H yevix) Avois Tiis TeAeuTados tEiowoews elvan:

{COER1CO=KTT+% 5 KEZ}U{meR:wzkwm—g—, AeZ).

Suveréds, Buvduel kad Tiis (M,), o pifen Tiis (1) 8& elvon:
¢
= ECP'Q‘ y X2 = -EQ 423_ !
TNapatnpiaeg : 1) “YmobéTouev, 871 al edpebeioan pifen (5) elvan oo TOTe B Exwuev:
L BT 2 LYY L e L R e
E¢(§"E’)"°¢(2+2) #lz=gl-og 5 7 —
2 YowmtT—g—F =+ e—wri g 4= el -1} (xeD.

a+ | ()2
*Ek ToUTov, Pdoer kal Tiis (Ms), ouvayeta B & ouvy b5 1 sz owly =1<4=-

B
y 2
& gzﬂ : 1'+ls¢zqi = 1. "E avriis xal fis (M,), wpoxumTeL:
@yt ool g e B24oy =0
p -y’
1+ ¥

fiTor eUpiakopey THY yvwaThy i Tiis *ANyéPpas ouvBfikny UmépEes BimAfis pigns.

2) ‘H yvworh & Tiis ‘AlyiPpas wboBos Emiioecs Tiis BevtepoPabuloy oo
ax®+Px+y =0 Biapéper olowbids Tiis GVWTEP® &vagepbelons TPy wvopETPIKils peBobou, B1d-
T xar althy Biv EAfiglnoav UT' Sy ol yvwoTol diyeBpioi Timon, ol dmolor wapéyouv
Tés pifas Tiis SevtepoPabuiov E§iomoews.
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1) ’Embocte Tds k&Twh Eiohoes:
1 cruv(2X* %) = cruv—sg—
3) m(2X+ —;) = ouv3y
5) ouvdx+1=0
7) ouvdy +ouwvy =0

9) Anwx—3nux =73

ALKHZXZEIZ

(et 2)=m (-2
4) dnuyx =1

6) ep(x+ 3 ) =-1

8) o\m(2x—%):__;_

10) ouv?dy —nu23y =0

™
1) 4nw@x -1 =1 12) eo (2~ ) = oo3x

2) *EilUoare Tés k&Twb Elotoes:
1) ep (x+13'—) - 2nu(x+;)
3) epx ep2x =1
5) e (x- —})= %E? (%'

3) N& tmidudfy ) g mpos X Eiowois: nux!| = nua (nua >0).

2) ep(a)ep(Px) = -1 («PeR)

9 ep(x-5) =309 (x- 5

4) N& tmidvBolv T& xémwb ouoThuaTa:

™ 1 £ (2x-.3r_ = o
ou| |2y —=) =TT 3 X
1){ (ZX 3 D 2) # )
-TmEX =W S G

5) N& bmiduoty al kérwbh Eiodoes:
™
1) co2x=ep(v+ )
™ L5
(a5 ool ) -0
6) N& EmiAubouv al kdrwbh éEwdwnsL
1) douvy - 2(1 +¥3)owyx+ ¥3=0

3) 3(1 - owwy) = N’
5) nu2y = epx

2) epxee2y =1

4) ow(x— ) +3ow(x+y) = 4

2) 2nu*x+V¥3nux-3=10

4) eg?x+(V3- Degx - ¥3=0

6) ouv2y - 4ouvy -5=0

7) eg2x = 3epx 8) nu2y = nuy

9) 2nux nu3x =1 “ 10) 5nu?x - 2ouv?y - 3nuy ouvy = 0
11) oww2x+ 1+ ¥Y3)nu2x - 2¥3ow?y =1

7) N& EmiavBouv al ké&rwb E§lomoes:
1) npx+\"§wvx=\{2" 2) 2nuy +3ouvy =3

4) ¥ —ow5 =1 5) nux-+owx—nuxowx =1
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3) V3nu2y + ow2y =1
6) ouvy —nux +nux ouvy = 1

4 |



8) N& tmAubolv ol k&rwd tiodaes:

1) nu2y +npéy = 2nudx 2) nu3y+ouvdy = nux+ouy
3) w2y —ow3y +nudx =0 4) nux+nu3x = 2nu2x
5) nuy-+nu2y+ne3x=0 6) ouvy ouvTy = guv3y ouvdy,
3x X = ™
7) oy +ouv2y = 2nux nH2x, 8) 20w 5 ow 5" = V2 wv(-z —X)
9) epy +ep2x+ep3x =0 10) 1+4ouvy+ou2y+oudy =0
11) 2nu?y = 3ouvy +ow3y 12) egy = 2 Y2 ouv2y — g2y
13) Bowy = \"3+ 2 14)2wv13(~-n_pr.§‘=2 (Oécrurref)é—r_-m)

neX - owx
X 3%
15) nux+nu2x+nu3x = 4ouv 5 ouvx oW 5

16) 1 4mux+nu2y-+nudy = ouvy - ouv2y +ouv3y
9) N& Emiiubolv xal Biepeuvnlolv ol ké&rwd E1omaes:

1) Aquiy =2 —nux+A+2=20 2) nu2y = Anu3y

3) (-Lnux —2(u+2)nux ~1=10 4) 2nuPx+2nux ouvy = A

5) 2quvy —Anu2y = —A 6) ouvx+ nux ==k (k€Z)

7y (=1)mex+ A+ 1)ow2y = 2A 8) Aamy -+ owvy) —muy owvy =1

10) Ak molas Tipds ToU A 1 Elowats ouv2y -+ Anux+ 1= 0 &ar Blo pévov Aoess tyTds TOU
Sigorhparos [0,2m].

11) N& ¢maubf 1) lowars np2y = ow (.—Z--Bx) xal v& &moBeiybf 611 al Aloes alriis Topr

ooty Suo olkoyevefas TapoAAiiwy eoBaidov (els dpBoydoviov cluoTnua &fdven). Na yiva ypa-
gy map&oTaos Tév Slo ToUTwy olkoyevedy Tapahifiwy sy,

12) *Eav Xe(o,i;i) , ver EmAue kol Siepeuvni 1 tlcwoig: Anpy+4ouvy =1 —3A

13) N& bmaubii kal Siepeuvnffi fi &5 pos X iigwars: oy +ouv? (a—x) = A (x,AeR)

14) N& tmiuvBolv al xdrwd thiowoes ¢

1) ep(mmuy) = o9 (Touvy) 2) nu(rouvy) = ovu(mnuy)

3) 8 cuvyow2y ouvdy = 1 4) nudy = dnpy np2xnedy
™ ™ 8Y2

BYia (f ’—X)-.L — +\{) = V - 6) Bnuy ouv2y ouvdy =1

7) (nux+ouwvx+egy)? = nx+ow x+ep’x  8) owix = 2nuxnu2x (5 —Bowx)

2
9) (ux-Fow) (14 ) +extoex+2=0

2x o1 S ¢
10) mox +ow 3 =202 (F+ F)

11) nuxowvy —nulacuvy —ouvianuy = 0
12) nux+nu2x+...+nu () =0

15) N& &mAuBolv kai Biepeuvnfolv al kérwbhi Efiodors:

1) YItowix+ Y1+ nex=VA, A>0
2) (nux +ouvy+Aepx)® =nuPx+ouvx+ Mg’y
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3) nuy -+ ouvx +epx -+ opx +Tewy toTeuX = A
4) quiy+ow?y =k, ke€Z (&mobeifate TpdTOV, &ri: -1 <nudy+owiy <l).

Loy T
5) A YATquix+1=owy, A>0 xal xe (0, ?)

16) Né ebpeboty T& tvros ToU Biagmhuaros [0,2] T6fx, & bmola tranfevouv THv Elowow ¢
au2y = VZ(ouwdx+nudY — HX TUWX — SwwXni?x)s

17) N ebpedii § Iavh) kel dvayaia oudfikn, iva #) Eiowais pouvy—(2p+1) nux =u &n U0
Aoeis ¥y, Xz TOIUTAS, QOTE:

E
@) [x1 =Xzl = g

3
B) at+tXa="7"
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KE®AAAION II

TPICQNOMETPIKA LYETHMATA

1. Buoiwkai Evvolar — oplopol

1.1. "Ev oUotnua tiohoewy, i Tédv otolwv pla TolAdyioTov elvar Tprywvo-
HETPIKT, KaASiTal TpLy@VopeTpikdy cOOTNRA. 'Evvoeitan, 811 al &AyePpikal 61~
OhoEls EVOS TPIYWVOUETPIKOU CUCTIHATOS, g&v Umrdpyouy, elven Bv yéver E§1g0-
oels G5 Tpds T& dyveaTa TOL TOV TPIYWVOPETPIKGY EE10¢ooewy ToU ouaTi|-
UCToS TOUTOV.

Al tpapuolopevon péBodor B1x T ETiAUGIY TGOV TPIYWVOHETPIKGY CUCSTN-
uérwv evar v yéver dvdhoyol TPos txelvas TGV TprywvoueTpik@v E§lowotwy,
Bev Umrdpyer 8t pla yeviky peBodos Si& Thv EmiAuoly TEV oUCTNUAETWY TOUTWV.

Kord THv Emiduoty duds TEIYWVOHETPIKOU GUGTHUATOS, EMBIhKoUey TTQVTO=
Te v& eUpoopev ioodlvapov &hyePpikov oUoTnua Kol 81" aTou v& Tpoodiopicw-
pev T& dryvwoTta ToEQ.

2. Tvetipara 800 i&ismosmv pé 600 ayvdoTovg

KorreoTépoo duagpépouey OpIopévas Pacikas KaTMyopias TprywVoUETpIKGY
ouoTnudTwy dUo E§locoewy Pt Buo Sy vedoTOUS.

2.1. "H pia tov EEwehecov clva dhyePpuciy. T BaoIKWTEPR CUOTHUATX THS
karrnyoplas auTfis elvan Té kameods:

(A) [ XTEMp =« } { XTeaY =« ]
Y +enuy = P ouvy +eouvy = B
[ nuy nuy = P nuy ouwy = B ouvy ouvy = P
24
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() Xteay=«a ] { XFey = } z(.‘::lw i
[ epX +E£0y = P epXEPY = P X _p

QY
J-g,y=a
(N [ Xty =« } { X+ay=«a } §¢X1\P
oy +e0pX = P opxaey = P = P
X+ey=«a ] X+ay =«
(E) § nux_ -p Lty Sl
kY S

Eis dAa Té dveoTépw OUOTALAT T& €; Kol €; AapBdvouy Tas TIHas 1q4-1
kal o,peR.

Katd Thy AUow &vos EK&oTou TGV QvwTépw OUCTNHETWOY EmidioKopEy V&
elpwopey Ex Tijs SEUTEpOS TEV tEiowoewy TO &Bpotopa fi THY Siagopay TEV TO-
Swv Y kol , k¢’ Soov &k TS TpdTns £Eiocboews BideTan 1) Siagopd f TO
&Bpolopa TOUTWY &vTioTolyws.

2.1.1. "Enikvoig 100 ovotipatog : { X+‘4l’ =a =
Y -+nuy = B
To Softv ovotnue looduvapws ypdgeTai:
X +W T X+ \]J =

@) =

2ux+w Xé—q{=l3]*:* Znu%wv)%P=i3 ey

A Ty Ao Tiis Eiocoews (1) Siaxpivopey Tas EEfis mepirTdoEs:
i) ’Edv nu—; #0 ( <= aF2m keZ), téte f| tflowas (1) ypdgeta:
ouv _21‘) - , 7 omola elvan pia Bepehicdobns Tprywvopetpikn Eiowais.’Eav
o
2nu o

P

‘_,J—; > 1, altn elva &BUvaros kol ouvenrdds TO oUoTnua elvanr &BUvaTov.
[ o
12nu —-

nu 7

*Edwv |— d <1, téte Umépye T6fov @ ToloUTov, doTe ouvg = g = Kok
: (o fee @
2nu —-| 20—

1) tlowais ypheeTan owv Xé_"’ =owg."H yevix Aois o elven X—y =4kmi-2¢

(xgZ), éwéTe T ovornua (2) evat looBUvapov pt Ta dxdhovba Blo EAye-
Bpik& ocuoThuoTa:
Xt+y=a } [ i e

eZ
X —y = 4k +2¢ x—y = 4w —2¢ } (=)

25
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Al Aoets Tév ovoTtnudTav ToUTwy dvTioToiyws elvar: { = 2xm+09 +c21

Y= —2kT— ¢+ % } el { X=2K‘ﬂ‘—cp-|—%, \p=—2l<'rr+q>+% ] , 8moukEZ

Kal o 7 2k,
ii) "Ecw nu-;i =0 (<= a=2xT, KEZ), TOTE, E&v wev P70, Ay Elowais (1) elven

&BUverTos kol ouvends T6 ouoTnua elven &SUvaTov, fav 88 B=0, | (1) elvea
&dpioTos. “Ex ToUTou cuvdyetal, 611 ) gigeots (1) éroAndeleton Six k&de Lgu-
yos (W) ToEwv kai ouverrdss fi Aois ToU ouoThpaTos elval: ¥ =8, y=a—0
pt 8 R (Tuyov).

*Avaddyws EmAlovTton T UTroroIma ovoThuaTa Ths oudbos (A).

Naparfipnotg. ‘H ouwikn Buvardntos Tou dveTépe EmAvdivtos ovaTheTes () elveas

1__9 €1 <= pr<dnul —z—.Tﬁv ouvlirikny TaUTnV eUpiorouey kai s EEfis: Ex Tijs TRLTNS
‘ 211“";'_'
Ty Eiohoemy ToU ouoThuaTos (Z) Exopey y = a-X, &méTe 1) Seutépa T Eiocoewy YpapETal:
MY FNE(Ey) = B <= X+ MHATUVX - owvanpy = B <=~
(1—ovva) npx+ nea owx =P (E).
*H tereutala éiowas slvar Tis popgiis anux + B ouvy = vy, 8i&x THv dmoiav 1) cuvliikn Su-
vecréTrTos elvan a2 4 P2 >y *H ouvbrikn almn Six ™y (E) elven:

X
(lowva)? +nuta > B2 <= 4nu? 5> B2

Y= 3
MAPAAEITMA 1. N& ¢mAubf 10 ouoTnua: i
MY MY = -
*Eriivorg : To ovotnua ToUTO looBuvdws yp&eTat:
b1y i3
Xv= | [re==
A | 1 T B X+\-|" 1 <=
2”“%””")(;4}:71 lZ”“ BT T
'lT i
A== AT 5
il 2
ouv X_;LP=-%- X+y :4K"n':‘TTr (xeZ) 3

*Apa, TO Trpds EmiAuow aUoTnua elven ioobivapoy pé T& kéTwb Slo S~
YePpikd OUSTHHOT :
] T
== o e
9t Kad g
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& &moia EmiAUovTal eUkOAws kal Tpoodiopifopsy T& &yvmoTa TOEx X Kal .
X+yp = 3w

(6}
nuy +nuy =1

MAPAAEICMA 2. N& muvdii o otornua: {

*Eniiveig : “Exouev:
(E)-(=b—{w=3“_x } <=r{\+,=3“—x } <

nux + G -x) = 1 ey +nux =1
{ W = 3T \p =31 % Y :‘3'|T—'L"T—(1)" 'Tﬁl 7
1 } <~ { - S } <= (ke
X = o Bk x =kt (1) T

, ty=a
2.1.2. "Ernilvorg 1ol GOGTIRATOS & { i (=)

nUXNBY = P
Té Sobiv oUoTnua lcoBuvauws ypageTal:
Y=o X+y=«a s
S { o (X—y)—ow(X+ ) = 2[3} o { ow (x—y)—ouva = 2B }
{ XY=«
ow(x-y) = 2B +owa (1)

Eqv 2B +-owva|> 1, 1 Eelowaos (1) elvan &BUvaros kal ouverrdds TO oU-
ornua elvon &8uvatov. “Edw Spas |2B ouvel < 1, TéTe Buvdpeba v& elpupey
TéEov @ ToloUTOV, GOTE oW = 2P+ ouve, dmote f ECiowais (1) ypageTan
o (y—y) =ouvg.H yeviki) Alois aUTiis elven X—y =2kt 4@ (KEZ) kel ouvedds
T8 qUoTnpa (Z) elvan looBuvaov & Té& Emdpeva Blo cuoThpaTa:

A XTy=a
{ ))i—\:j: 2KTT'}'CP} 0, { X —y =2kT—p } @2)

Etkdhoos evploxopey OT1 ol AUoels Tév ouoTnpdrav (Z,) kol (Z;) dvTi-

oTolyws elvan:

X =K1+

g ==l

r|-e

o x (o] e @ a
ol = kAl =kw— -4 =, Yy=—xn++=+ = -
Maparipnorg. ‘H ouvbrkn SuvaTdTnTos EmAUcews ToU dvwTépw cuoTthuaTos Suvaro v&
o > a i
Adpn T poppiy —ow? 5 = P MWt 5 (Biorli).

¥ 3 {4 3 b1 € 14 [ -~ € s
Ka®® Spolov TpoTrov ETIAUOVTAL Kal TG UmdAciTa  ouoThuaTa  THS OH&

Bos (B).

Xt+y=«

n 63
e@X Hepy =P (X, y7#¥T 4= , kEL)

2.1.3. "Enilvoig 100 o0OTIHATOS ¢
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Mpd Tiis Aboews ToU cuoThpaTos UrmrevBupifopey, 11 1) owvdpTnols épa-
Trropéun Btv elvon dpropéun (Btv Exe Evwolav mparypaTikoU dpifpol) Bix T&

TéEa KT - %, kEZ xal ouverréds B TpeEmel vé Urobéowpey ¥, \.|;#=|<-n‘+%, keZ.
*Ev ouveyeio, 10 Tpds Aoty ovotnua (Z) petaoynuaTifetar looduvéncs 6 Efis:

Xiy=x AY=8

(2) = 16 Gl S ) W
oUVY guvy J

{x+w=u }

e P Pouvy ouvy =nua

guVY ouv
i) *Eqv P #0, TéTe 1) Beutépa EElocoais ToU TeAeuTalou auoTHpaTeS YpAQETAL:

ouvy oUWy =’%‘f kel guvetréds Eyopsv Trpos EmriAuay T5 oloTnua:

[x+w=u
T
oUvVy oUW = p =

16 &trolov Emihlopey dxpiBdds dmos kad To 2.1.2

ii) *Edv B = 0, Té7e 1) Beurépa Eiowas Tou Sobévtog ouoThpaTos (Z) petaoyn-

portileTon dog EEfs:

epX +epy = 0 <> epx = -€py <= X = () <= X =KWy, KEZ <=

X-+y = xm, kEZ.

+yv=«

PR

& dmolov Tpopavdys elvar dbuvaTov, tav a7k Bia kdle xEZ kai &dpioTov,

dav o= km 81’ &v kEZ.

*Apa, Eyopev v ETMAUTWUEY TO oUoTNHA! {

YEENi=
2.1.4. "Enilveig 100 GLOTHHATOC & { T y
P 9 epx ey =B (G ¥ # KT+ o, kEZ) @)
*Ex Tiis SeuTépas Tév EfiowoEwy ToU ouoTrpaTos () AauPdvopey:

e g B kal &€ aUTiis, &p” Soov P~ 1, mpokUmTel:

TUVY oUW
ouvy ouvy+nux ey _ 1P ow(x—y)_ 1+4p
guvy ouvy —npx Ny 1 —P ow(x-+y) 1-p°
TuveTrdds EXOHEV:
Xty=« X+y=a
@) =+ § owx—y)_14B [ = J owlx—y)_ 14p ¢
ow(x+y) l-—-P ( owa  1—PB
Xty =«

aw(X—y) =i e E auva
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I \
"Edwv i TF guva > 1, 10 oUornua eivan &&dvarov. *EaTo ! %_—l: f-acmvvcx Fl.

-P
Téte 1) Teheutada é€locoats EmMAVETO KaTd T& yvwoTd xal eUpioxopey THy Sia-
Popav ¥—y.
Eav P = 1, 1) Seutépa TGV E§1omoewv ToU BoBévtos ouoThuaTos (X) peTa-
oxnuaTifeTon dos EEfs:

X ey =1 <= EpX = OQy <> ey =€ (%—w) >

x:mr—:-lzr-—% KEZ <= \P+X=KTF+-;§. keZ.
OUTeos Exopev va EmMAUTWUEY TG oUoTnpa:
XY=«
w (x€Z)
Xy =K+ 5

18

2

To cloTtnue ToUTo elvat &BUvatov, 29’ Soov ok + Bia ke keEZ

e

kol Exer AUow, €97 600V & = KT - 5 81" &v xeZ. *H Mois aln elvan: x = 8,

k[J:K'n'Jr—.rzE — 6 ut k€Z kal 8 R (Tuyov).

Tovifopev iGrouTépes, &1 els Tas Aloeis ToU dvwTépw cvoThuaTos (Z)
Utrdpyer & TePIOPIoHOS X\ 7= KT - 321, KEZ. m.¥. 8& Tpémel els Tas TeheuTalas
eUpebeicas Avoels v elvan 8 7 0.

K=
2.1.5, *Enilvoig tol ovotipatog : EPX 8 )
EQY

‘H Seutépa TéV E§1ooewy ToU ocuoTthiuaTes (T) Exel Ewvoiav, &’ doov
Xy %K'rr+l;— kai y 7k (KEZ). 'Ev ouvexelg alrn, Bdoer yvworfis 1816Tn-
Tog TéV dvahoyldv kal pE P41, ypdgeTau:

epx+epy  B+1  nulx+y) _B+1 J o
px—epy  P—1 nu(xjw) o B+ Dnulx—y) = @E-Dnux+v)

OUtew, Td Bobtv oUoTnuax elven looBlivapov pt T drdioufov yvwoTdy
oloTnua :
Xk

nu(x — ) =p — |

‘3+ lﬂucc
*Amropével v EeTdowpey Tas TEpITTRoES B =1 kal P = -1. Kot alirds
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1 Seutépa TGV Eflowoewv ToU ouoThuaTos (Z) AcuPaver &TAoUo TPV HOPQTIV
ki olrws eUplokopev dpéows GheyPpikiy Efiowoy T@Y X,y kol TO oUoTnua
tmiUeTan eUKOAWS.

T& Ymérorma cuoThuaTa THs SuéBos (), ds kai T& ouoThuaTa THS Op&-
Bog (A), &mAlovTan GvaAdyws.

Rr-p=a
"Eni v j : 1 Z
2.1.6. Eniivoig 100 cvetijpatog X _ B ( #¥m, kEZ) ()
nuy
*Ex Tfis SeuTépas Tédv Eflochoewy, tp’ Soov P = 1, Exopev:
% + b S,
2nut———ow 2 B41

nux+ney _p+1 - 1
nex—nwy Pl ZWﬁEmexéy ol
x+y_ x—¢_Pp+1
ek i T |
“Apa, 16 ouoTnua (Z) ioobuvdpws ypdeTai:
X+ y=a Keep =g

@) = _xty xv_ P+l ¢*[ & g Bl
e L |E¢20¢ =51 ®

(o 2xw+ m, KEZ)
i) "E&v ep % £0 (<> o= 2xm, XEZ), TOTE Exopev mpds EmfAuow TO dKo-

Aoufiov yvwoTOV CUTTHA!

Xl
1
@X;w p— U‘P

ii) "E&v €9 5 ==0 (<= «= 2«m, kEZ), Té1e 1) Elowois (1) elven &dlvaros,

i’ Goov P /E —1 xal écoplc-ros, tv B=—1, 6'rro1‘e ol AUceis els THv TeheuTaiay
x

Teplrreooy eve: )(_=~§+ 7. W= o s ut 8 R (Tuydv).

*E€etélomev Eml mAfov THY ‘rrspm'rwcrw a= 2k, kard Ty Omolav

1 € % Biv SpileTan kol ouvendys Bev Buvdpeba va Epapudowiey ToV dvwTépw

txreBivra TpdTov Bk ThHY Alow Tiis §locaews (1)."Edv Aormdv elvan a=2xm-},
ke Z, ToTe T6 Bobiv oUoTnua YpdgeTan:
X+ y=2kmr+ T s =

THX Lip = (xkeZ)

N2kt 4+ T—X) F
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To TerevTaiov ovoTnua elvar d8lvarov, i’ Soov B 7 1 kal &opioTov, tdv B=1.

*Edw, Téhos, Umobtowpey 611 P = 1, | Beutépa TéV EfiotdoEwov ToU ouoTh-
uaros (Z) AcpPdver GTAOUSTETNV HopeAy kol TO oUoTNUX AUeTon eUkOAwS,
Kaf® &potov xpipdds TpoTov émiAtovTan kol T& UTrOAOITa GUITANATA TTis OG-
Bos (E).

2.2, Topperpid dg mpog Td téZa. T kAaooikd ovoThuaTa TS xarnyoplas ToU-
s elvan T& kérwdi:

nUX MY = « } { MUY MYy = o }

{ owyouwy =B |’ | ouwy+owy=pJ"’

{ MU MY =& ] [ owyouw=«a

nux+ney =p 1* U nux ey =p

A THY Emiducy Evos GUUHETPIKOU TPIYWVOUETPIKOU TUOTHHATOS, ETIBI-

KOPEV V& METCOYTHOTITWHEY TouTo el TpdToOV, doTe v EupovicBolv &yvew-
ora TéEa T& Yy kol X Y- e

&
ouvVy guvy =a ]

nHxX Ny =P @
To Sobiv gUoTnua petaoynuaTifeTan iooduvdpuws s EEfs:

E) < ow(x—y) +ow(X +¥) = ZG} — { ow(X—y)=o+p }
{ ouv(x—y) —ow (X +y) = 2p ow(xt+y)=a—p
To TeheuTaiov ovoTnue Exel Aow, v kol pévov &v |a+ P | < 1 xal
la—p| < 1. ’Ev Tf mepimTddoel TaUTy Umdpxouy TéEx 94,¢2,E R 1t 91,92,E
[0,], ToraUTer, GOTE TUVPy = a-P kol ouvg, = a—P kal ouverdds TO oUTTNHA
YpégeTan:
ouv(y — ) = TUVe; ] h [X—WI 2k @,
{ ow (Y +y) = oue: X+y=2pmwie,
*Hrot T Sobtv ovotnua (Z) elvon looBuvopov pé T& k&Twb guoTHpaTa &
¥ =y = 2K+, ] { X—Y =2+ g, }
{x+w=2pw+¢z Xty=2pmr—g, |’
X—\P=2KTT'—‘P1] [X—W=2KW—‘P1}
{ xty=2pm+: )" | x+y=2pm—g,

} KA

2.2.1. "Enilvoig 100 GLOTARATOS * [

} (x,pEZ)

T& dvwTépw ouoTHPAT elvan dAyePpikd kal Emidvovtan eUxdAws.

nux+ nuy =1
na ITMA 1. N& Avbf 1o oloTtnua : 3 )
PAAE G -
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2nu sz,“,’ S XEY: 1
Avoig : "Eyopev: (Z) = e

3
ow(x—y)towxty) =5

x+y _  x—w_1 S NG o SRR
a[* 2——‘ auv - ’2'*" == 'f U 2 ouv 2 2
<=
B He 3 X=9 b G o A
2ouv? X 7 Y 141 —2np? )7(725{: 5 ou? 5 —nu? 5
X+v )

"Ev ovveyeiq, BétovTes Ny 7 =@ Kol ouv 2 e Eyopev Tpds gmi-

1 3 T -
Aucty TO dAyePpikdv oUoTnua: { we = o pi-w? = 5k 1. Al Aloeis oUToU

1 \ I L 32 ! \ '
gvan p=1, w= 5 kal = -1, w=— o OmoTE dvaryopeba el T kaTwh
TPIYWVOHETPIKK CGUOTNHATA:

cuvx_wzl T Sk LS
2 2
(21, (Z2)
ey L O G P
Té oUornua () elven looBuvapov ut T& dkdéroubax dAyeBpikd ouoTruaTa:
X_w.—_-2m-r X;\E=2K'!T
i e §r (x, AEZ)
N ALY SRl
2?\1r+ 5 D) 2t 3

s
Ek ToU TpdToU eUpioKopev: X = 2(x+ Ay -g, Y =2 —x)m+ =

5t 5t
’Ex ToU Beutépou elploxopev: X=20k+N1T+—, y=20—x)+ =

‘Opofess mAletan kad TO oloTnua (Z;).

2.3, "Ex puig todhagiotov 10V TpLy@vopsTpikd@y ESlohocmy 1ol ovetijpatog rrpo—
xintel apécag ahysppikn ilicwois 16V ayvhotav oLov.

APAARTONACL, ¥ TAdad sy - ik ha) =1 oS
2nuy+nuy =0
Avoig 1 CEx Tis TpdTns TGV E10c0ewy ToU Sobévros ouoThuaTos (Z) AauPd-
VoEV:
ow(x+ ) = oWl <= X+ y=2m,kEZ <=> = 2k — X, KEZ
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*AvtikaDioTédvTes el THY BeuTépav TAY Efiotoewy ToU (Z), Exopev:

2nux4- (kT —x) =0 <= 2npx —nuX =0 <= nux=0 <= nux =0 <>
X = pm, pEZ

*Apa, | Aol ToU ovoThipaTos elvat: x = pm, y = 2km —pm (K,pEZ).

R
nux=1nn (¢+ 7 )
IIAPAAEII'MA 2. N& Aubf] 16 ovotnua: ’ bt
T — P e I e
M (7 =X =25 +ow(y+5)
"Ex Tiis mpoTns Téov Efiocoewy elploxopey Tas dhyePpikas tflowaeis:

(= 26T+ gt o ) X =2 oy )=
3
(x = 2xkm+ Y+ % y X = 2km—y+ TTT 3

’EE &\ov, 1 BeuTépa T&v EE1odoewy ToU BoBévTos OUTTIHOTOS YRAPETI!
nu ( % —x) = 1 —ouvy —Muy. Zuvemds, TO Tpds EmiAvow ouoTnux elvan foo-

Blvapov pt Ta ké&Twb BUo ouoThpaTa:

3m
X = 2Ky X = 2w —y+ -
) xal (2)
T AT
N (7 —X) = L—owy—nky ML =X)L =otmy—nay
"Ev cuveyeiq Exouev: '
T
X = 2cm+y+ 7
(zl) < T ar =
e (Z — 2k —y — T) = 1 —ouvy —nuy
818 2
™ 5L
\x=2m+w+-g— l*i" X = 2KT+ - X=2xwty+ 7
—Nuy= 1 —ouvy —nuy g = o
i
=2 A -
s | XA R e iy
= 2AT
X=2(K—Nm+ 7
"Averdyws, tmidUovTes TO () eUplowopev: = (xAEZ)
y = 2Am + 5
3
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3. LuoTipata nEPEcotipmy TdY §00 ayvieTwV

EmAUopEV KOTWTEP®W £V YUPOKTNPIOTIKOV OUCTNHA TPIGY C&yvioTwy.

xHyto=m
IMAPAAEITMA 1. N& émAuvbii 10 ovommpa: opx _ oy _ o9w (aPy#0) (2)
g B ¥

*Enikvoig : [vepilopey 1, &v ¥ +y+w =T, TTE
opY OPY + OPY 09w |- opw oy = 1. Zuvemdds Exouev:

( ooy ogy +opy ogw +opwopx =1 (1)
| xtyto=m @
(Z) <= { opY=Ax (3 =9
opy = AP @)
L 09w =Ry €)

‘H (1), duvdper tév (3), (4) kai (3), Ypageran A (o Py ye) =1.
napq—rqpuﬁ'“gv, éT1, v pev of + By + ye = 0, 76 oVornpa elvanr &BUvatov,

tav Bt afp+ Py+yx >0, T6TE A= . OfTopev

= Yop+By+ya
1 . —1
= Ay KXl —————
Vop+By+ya Vap+py+va
vapov ué T k&Twh dlo ouoThuaTa:

= A;. TO oVomua (Z') slvan ioodu-

Xtytow=m Htr =t
o = A& S8l T = A

l apy = AP B oy = AP (22)
TPpw = 7\1'}’ opw = AzY

"Eotwoay w,, w, Kol w; T& Téfx ToU Siaothuaroes (0,m) TolauTa, OoTE
opw, = M@, ogw, = AP xal ogw; = AY. ToTe Eyopev:

Xy trw=m XTytrw=m
O = Py X = K T+ @,y

e aQy = GPw; T lv=xmto, (kuaksE2)
opw = crqamz o= K3TT-|- wsy

’Ek ToU TeAevTaiou ouoTMOTOS AcuPdvouev :
YAyt @ = (Ky Ky K3 ) T @+ @y +003 <= T—(K; KKy )T =0, +-w,+w;
*Emaidny Spews w; € (0,m), (i= 1,2,3), ouvéyetan :
0 <w,+ W+ w; <3m <= 0 < —(Kk, +K;+ K3 )T <37 <=
—2 <kt Kt ks <l <= (k4K +x3) e {10}
*Apa, 1) YevikT] AUais ToU cuoThpaTos (Z,) elvat:
X = KT+, Y = KT+ 0;, =K+ w3 pt (K+K+K3) € {=1,0}.
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AEKHIEIZ

18) N& tmiiuBolv T& ké&Twhl ouoThHjaTa :
27

‘ t X+ = X =y T
X+y="5 = B =
1) 3, 2) 1 ‘: - 3]t & 6
\ U MY = 7 nex-Fawty = 20 S
4
™ ™ < 2
=t =M= Xty =
4) ] xrp=g g 12T 6 3
I + =1 s Y3 S O
| EPX ey EPY EQy ouny 5
T
ty= o Xtp=—=
7) ] XTW=3 8) o
l ooy —opy =2 U2y +nu2y = =
19) N& #muboly Té& kérwbh ouoThuaTa:
et -3
V1 Sl g4t
ouvy+ouvy = 2V6 owy oy 3 (nux —nky) +4nux by = 3
™
+2y= 5
a5 | AT "
3egy - 12eqy = 513
20) Né& #rriuBoly T& kéTwdl ouoTipaTa:
1 i
20uvy owvy = 1 e spx ey = 2V3
1) } 2) 3 3) -
epy +epy = 2 ouvy oy = - wx-Fopy=2Y3
i 1 +npy =10
=72 o2y - ou2y = — X1
4) { THY +NeY - 5) 2 6) o
b= 12 2(nux +nuy) = 1+V2 i
| eshual e 8) [ Xy = { nu2y+nu2y = 1
| enies =l X +eqy = 2 epx-+epy = 4
2nu(x —y) =1 ) [ 9epx +eqy = 4 12) [ 2nux Ny = 1
: 2owv(x+y) =1 209x +4oqy =1 2(cw2y—ou2y) =1

21) N& tridufolv xal Siepeuvnfolv T& k&Twd ouoThuaTa:

2 nuY _ =

Bt ous x—¢=B nuy —nuiy =p
o, ) X hp=an 5 {nux+nuw=2?~nuu ’ {quxn;,w:q
’ nex -+ nuy = PUX-—NBY) ouvy 4 guvy = 2houva quvy 4 ouvy =P
. ouvy +ouny = a &) {wvx;wvwi’l
)lw%ﬂfp%ﬂi ow o-+ow — =A
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22) N& ¢mAuvfolv Ta kéTwb oueThpara:

1 { ouvy Ny +epy epy = 0 2 [ ouvy + ouvy =V2

epx gy = 1 e -+ epy = 2nu(x-+y)
kX = nu (W + 1)
3) 2 ) { e = ow2y
= nu2
nu (% —x) 21111’E +ow (\H— 12’_) gyl
L5 —\ 2
(nux '2w—cruvx—2"y) =1 —nuy
5)
e
MUY -+ Ry = 3
23) N& émiAubouv kal Siepévnfouv T& ouoThpara:
D B epx = Aeg2y iy = Anuy
nula—y) =2nu? —g— +ouv (y+2a) ey = A2y 2ouvy+-ouvy =1

24) N& tmiubolv T& ouoThuaTa:

X+y+w=m ouvy + oWy = ouvw
1) { epy +epy = 3 2) { w2y, +ow2y = ow2w
epy +EQw =4 ow3y +owdy = ow3w
D G
ol Y Y6-Y3
{7 e 3 EXP + EPY +EPW = EPY EQW EQe
D) Yy o = v 4 IU‘PX oy +apy ogw-+opw opy = |
W oty = V392 ouv?y +owip+owe — 2ouvy ouvy ouve = 1
™
wvoe (0 7)

25) N& &'ﬁoﬁstxﬁﬁ 1) looBuvapia:
{ owa+oww (a4x)+ouw (a+y) =0 } e { 1 +ouvy-+owy =0 } (c€R)
nua-nu (@) 0 (a+y) =0 nuy -y =0
el v ErAuBf TS ovoTnue Edy (XoiWa) elvon pia Abots alrol, Beifare 8Tt T& TipaTa TGV TEEWY
a, a+¥Xe xal o+ Y, il Tis Tepipepelas TOU TplywVOHETpiKaU KUKAoU, &TroTsAoUv KOpUPAS

igomAslpou Tprydvou.

26) N& dmAvdi 16 ouoTnpa: ,
{ X+y+o=" .
TB e Dl 2 R
Dl T eyt
36
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KEDAAAION III

TPIFTQNOMETPIKH AITAAOI®H

1. "H £vvowa tijc aralowpiic

1.1. *H &woia Tiis &madolefis kal Tiis dmoadeipolons, ds yvwoTov éx T "AA-
YéPpas, dmdpyer els TOPAUETPIKOY oUoTU, ToU oOmolov al Eiooels elvan
TEpioadTEpal TV Gy VAT TV,

*EgTeo 8V TRIYWVOUETPIKOV TIXpaeTpIkdY ouoTnua p £§100aecov HE v &yvod-
oTous, BB p>v. To oUoTnpa ToUTo, dmews.kad eis Thv "AlyePpav, évBéxeTon
V& By Adow f v piy Exn Avow. Aeydpevor &mi O ovoTnua Exel Alow, el-
piokopey piav U’XEG’W peTaU TGV ‘n'c:pqu'rpmu THv Omolav xodoupsy analzi-
Qoveav Tou ousTAuaTos. ‘H dmadeipousa, Acitrov, € Spiopol ikgpader THY dvary-
kaiaw ouvBrkny, fva TO ouoTnpa £xn AUow. ‘H épyagia 8¢, &1 Tijs dmoias ei-
piokopey THv dmaeipovoay, koAeiTan arahowpt) TGV Bewpoupveoy dyvdaoTwv
N &mwAds &mahoipr].

Karwrépeo duagépoley Gplopéva apadetypoara dmahoipiis.

; % : anuy =
L1.1. Na eopebij 1 anakeigpovoa 100 GUTTIRATOS { HL= (cB #0)
Pouvy =&
Aexdpeda 61 TO oUTTNH Eyel Aow kai EoTw ¥ = X, Mia AUois aUToU.
Tére 8& Eyoopev:

Y
.y N ™= =
e B | PR )
powt =5~ | cungy = 3
% afleny
o h

H o euroder eUpedeioar oxéols elvan 1 EnTouutvn &edelpouoa,
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oy (14-nuy) = 4«
o) (1 —nux) = 4B
"EoTo ¥ = X, Wi AUois ToU SobévTos ouaTruaTos. Tote 84 Excopev:
{ agX, (14 nux,) = 4a } { TPXg T+ OUVX, = 4 } { 0Px, = 2o+ 2P }
=5 =
oQX, (1 —nkxoe) = 4P TPXo— WX = 4P owvy, = 2a—2p

1.1.2. Na e0pe0i] i dnakeipovoa tob cvoTipatog : [

VYo — 204 2P
= 1 X I
ouvy, = 2a— 2P

*Ek TGV TeheuTaicov oyéoewv, £p’ Soov o? — pB? 70, Aoppdvopev:

P
[ X0 = a+p = MUY, + oW, = (cx s E) + (2a—2B)* =
\ owy, = 2a— 2B

(:{ E)+4<a—p)-—1

7 dmola elvan kel 7 EnToupévn dmodeipouoc.
1.1.3. Na giope0ij 1 analeigovea 100 CUGTIHATOS &

Xxty=g«
epx+epy = 9p  (aByER)
oPY+TPY = TQY

*Edv (Yor Yo Vet plo Aois ToU SofevTos CUCTHHOTOS, TOTE TTPOKUTITEL:

Yot Wo=¢ Yot WYo=¢a
= it
QYo EPWo = PP (=] TVUVXo ouny, =" UUVXOGUV\PO
[onv opyo=oey | | Mo ¥o) _ o0y I ke
NXo MY X0 MY
Ex Tév TeheuTalwv oxéoswv, ¢’ Goov nupa epP oy 70, AapPdvouev:
[ NoT o =< 1 -
OUVY, TUVY, =THanup | = [ Yoo i }
J | ouvx, UV, =N, NBY, =NHG PP —NHE EPY

NHXo NHY, = THX EQY

= { i B I = owa = nua (opp —epy) =
ow (Xot Yo) = NHa (098 — e9Y) |
(o9P —e9y) epa =1
‘H Tedeutaia ebpebeioa ouvbrkn elvar ) dmaheipovoa ToU SobtvTos ou-

OTT|HATOS.
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ALKHIEIZ

27) Né& &mahepdfi 16 X ueTabl T@v xdrwh Eiodoewy:

anux+ Piowy = y: :
X+ Prowy = y2 (22P2 — 0aP; 7= 0)

28) N dmedaighfi 10 X petafl TV K&Twd Eficdoswy:

1 n(x+ @) =u gy houwi=a 3y X +nux) = 4o
nuix+ Py =v EQ2Y - og2y =P ooy (1 —nuy) = 4p
4) iy -Fovw=a 5) EPY T OPY = & 6) Aouv2y =ouv (X +a)

nudxFowix =P nUX ouVX +ouviy iy = P

anu?y+ Pnux ouvx+ ¥ owiy =0 .
D amuix+ pramyowx+ yowix=0 X #0)

Anu2y = Znu(x+ <)

29) N& &mraheiplfi 1O a peTafl TGV tEicoecv:
x3nua+y? ouva = A*npa ouva
Yiouva —yPnpa = Aou2a

30) N& d&mraheipBolv Té ¥ kol  uetall Tév k&b Efiodaewy:
1) nu ey =a, owxtowy=p, X—y=Y
- 2 AN L )
2) nux+nuy=qa, owxtouwyw =P, 5 ep 5 =’

3) epx+epy = oPx+opy =P, Wy

31) ’Edv al tEodoers nux + ¥3 ouvy = 1 kad nuy +ouvy = A Exouv kowhy AUow, va edpe-
8 7o A
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KE®AAAION 1V

TPIFONOMETPIKAI ANIZQIEIX

1. ‘Opopoi — focikai Evvoran

*Edv els &v ToUAdyloTov T&VY peAdv mds GAYEPpikiis dviodioesws s Trpds
¥ TEplywVTAl Els | TEpIoodTEpOl TprywvopeTpikol dpiBuct ToU ¥, ToTe 7} dwi-
cwots KOAEITaL Tpry@vopeTpikl] avicwolg &5 TPos X. Ev mpokeipévey meplopifs-
peba eis TpIywvopeTpIkas AViowotls Evds &yVOoTOU, YEVIKWTEpoV Guws, &Trws
SxpIPdds Kol els Tas TprycvopeTpikds Eglowotls, Buvapela va Bewopriowpey kal
TPIYWVOLETPIKSS AVICKOEIS TEPIOOOTEPWY ToU EVOS &yvadaTwv.

Kabe 1dEov ¥, TO dmroiov Emainfeler piov TprywvopeTpikiy dvicwaoty ¢
TpOS X, KOAEITCL pepiki] Abawg 7y &mwAds Liog aUTiis. TO olvohov T@v pepikév
AUgewy s TPIYwVosTRIKAS &Viowoews KAAEITAL yeviki Lioig aUTis.

Té cUvodov TV AUcewv Evtds ToU Slaotipatos [0,21] mds Tprywvoue-
TRIKTS Gviocoews s Tpds Evay GyvwaTov, KahelTol £idikn hoolg aUTiis.

‘H Tprycwvopetpixf &vicwols, | dmela imodnfeleran S maoay Tiphy
ToU Téfou (HeToPAnTiis) TO oTroiov TEPIEXE!, KOAEITCL HOVIHOG TRIYWVOUETPIKT
Avicwols.

KaTtwtépw duagipopey GPIOHEVAS PATIKAS KATMyopias TpiywVoUETpIKGY
dvigwgewy Evos &yvwoTou.

2. OpeleidOEIS TPIYOVORETPIKAL AVICOTES 9
‘H AMiois olacBnmoTe TPIYWVOHETPIKTS GViowotws dudyeTal KaTd kavdva
gls Tas drohoUBous BepeA1dBEIS TPIYWVOHETPIKAS AVICWOEIS:
MUY 2Q, owWy=2aq, @X=20q, opx=a  (x.0€ R)

2.1. mpy < a. M T EmiAvow Tiis dviowoews TauTns Siakpivopev Tas EE7S
TIEPITITUOEIS ©
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i) "Ev o< —1, f) Bobeioar dvicwols elven &Buvarros, Bidm nuy < —1 Bik
k&Be ¥ R.
i) *Eav « > 1, 7y qviowots elven udvipos TpiywvopeTpixi) dricwots, S10T1 nuy =1
Bix kabe xeE R.
i) E&v a =1, T7e 1 dvicwais Emadnfeletan Sid kéde 1680V, tEoupouptveoy TGV
TéEewov ¥, T& dmoia elven Aoeis Tfis Eiowoews nux = 1. "Apa, f yeviki Auois
THs dvighoews elval:
R—{x€R:mx=1}=R—{XER:x=2m+ 7, kEZ}.

iv) *Eore, Téhos, —1 < a< 1. Els THv mepimrwow abtiy Siokpivouey TaS
£Efs, £l TrAfov, TEPITITWOEIS:

o) 'Eav 0 <a <1, &miUopev Ty dvicwow yewpetpikdds (ypogikds) i
Tis Trgplqgepgicxg Tou TplYCﬂVOUETp!KOf} KUKAOU. MMpds
ToUTo, tpyalousda s EEfis : Aaupdvopev & ToU
&Eovog Tév HruTdvwy Sidvuoua OP ToioUTov, MoTe
(OP) = o kai gépouev k&etov émi Tov &fover BB’
Elg 16 P, 1) dmola TEHVEL TNV TEPIQEPEICV Els T om-
Helg M kad M’ (Ex. 1). TTpogavds, kéde Tofov ¥
HE dpyfv A kol Trépas TuXOv omueiov ToU Té§ou

Nﬁ'\m, tEanpton Tév dkpwv M kel M, Ewadn-
Bever Thy dviowow nuyx <o pt 0 <a<l.

"Ev ouveysly, tmBicxouey v elpwpey. dvoiu-
TikGdg THY yevikny AUow TS Sobelons dvicwoews. ST
Mpds TouTo, eUpioxopey TpdTov THY Elbikiy AUow
kel $€ oiris TrpooBiopifomey dubows THY yevikfy Augw, &5 ouvdyetal & TS
troptung ioobuvauios:

new < o (D
nux << @ <=> | we[0,2m] @)
¥ = 2« + w, xeZ (3)

(Elvan mrpopavés, 811 kéde 168ov XE R TifeTon Umd v popenv
¥ = 2K+ @ wt xeZ xai we [0,21] ).

*Ex Tiis dvooTépw iooBuvapias, TapaTnpoUuey, &T1 &k Tiis AUoews T Avi-
Odoecos (1) elvon BuvaToy V& eJpwpey THY yeviknv AUow T nuy <a péo Tis
(3). *Emri mAdov, f) Avois Tiis (1) pé Tov Tepiopiouoy (2) elven # eldikh Aois Tiis
'GDBeicmg dviodoscs. “EmiAvopey Thy dvicwow (1), fitor ebpiokopev ThH eldikny
Miow Tiis Sobeions dviowoews. TTpos ToUTo, EoTwooav @ Kal T—p T& pdva ToEa

y St AN ,
ol kheroToU BiaoThparos [0,21] wé nke = nu(r—¢) =a (0 <= 5 ). Tére

T& péver SroBiaoThuecTa Tou Sixorfparos [0,21], T& dmola fmaAnbelouv ThHv
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dvicwow, evan (r—@,2m] kai [0,9). "Apg, #) eibin Aboig elven :
(m—¢,2m] U [Op)={weR:mr—9p<w<2rw} U {weR :Ogmgqa}

‘H yevik) Aots Ths obelons dvicdoews ebpiokeTal, tqv els T& xpa TGV
BlaoTnuéTey TS el8ikiis AUoews Trpoobiowpey T 2kT pE KEZ (Tuxov), Adyw
kol Tfig (3).

*Edw Btowpey A= 2k + 17—, 2k +27] U [2xm, 2k + ), TOTE 1)
yevikn AUais elvan UZ Aty fitoi: (XER : I kEZ ut xEL )

KE

B) *Edw —l<a <0, émAlopey THy dvicwov kaT QuaAoyoy SxpIPEdS TPOTIOV.

Ko’ Spotov dxpiPdds Tpémrov Emikvetar 1 &vicwois nuy> a. ‘Opofws émi-
MovTan kel af dvicoefiodhoeis nuy < o kod Ty 2 &, dpkel el Ts AUoEIS TiS
&VIoHoEWS Y << & f) U > & v Emouvdywpey Kal THY Yevikily Ao Tiig €€1-
ODOEWS LY = .

2.2. ovvy < a. Tpds AUcw Tiis dviodoews ToUTns, SIGKPIVOHEV, G5 Kad TTpoTyoU-
péveds, Tas KETwWO1 TrEPITITLOTELS:
i) Edv a< —1, f| dviowais elver adlvaTos.
i) *Eqv a > 1, | dviowons elven povipos TprywvopeTpIKT &viowos.
iii) ’Eav a= 1, Té1e 1| dvicwois dAnbeve ik kdde T6Eov, EEauptoer TV TOGWY
¥ = 2k, KEZ.

Suverrdds, 1| yeviki) AVots elvan: R—{x€ R : x = 2«m, KEZ )
) "Eav —l<a<1, Té1e émAvopey ThHy &vicwow yewpeTpikds. Emri ToU Ggovos
16y cuvmuITévey Bewpouney Sidwopa PO ToloUTov,
&oTe (OP) = o kai pépopey k&Betov émri ToU &ovos
AA' gl 1O onpeiov P, Téuvouoay ThHY mrepigépeiay els
& onusia MM’ Ex. 2). K&Be 16ov X 1é dpxiv TO

P samma
n A xal Tépas Tuxov omueiov ToU Té§ou MA'M’, EEai-
poupévev  T@V Gkpwv M kal M', &moaindele TV
Sobeioav aviowav.

*Ev ouvexelq, pods elpeotv Tiis eibikfs AUoews,
UrroBéTousy 811 ¢ elvan Td Téfov EuTds ToU BlaoTih-
perros (0,1 pé ouve = o *Apa, Ty eiBikn Auols el

Zy. 2 var: (@, 2m—@)={XER:p<x<Z2m—9}
MpooféTovTes els T& &xpa ToU Bla@THMOTOS
Tfis elbikiis AUoecos TO 21k, KEZ ebplokopey dx kal TponyoupEves THY YEVIKTV
AUotv Tfis Sobelons dviowoews.
*Avordyws EmAdovTon aii owvy > q, oWY = 0, Kal ouvy = o

L T6 oUvohov |J A elvan 1) Evaots Tdv &melpav SiaoTnudTwy Ay, STav TO k BaTpéxn
KEZ
Td olvolov TdV dxepaicov apidpdov.
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MAPAAEICMA 1. N& &mAulfi 1y dviowois ouvy < %

*Eridvorc: Evpiokopev T& BUo kot povadikd TéEa dvtds Tou SxoThparos [0,2m),
A e g : 1 Sty 5 ; ™. DT
&y &rolwy TO auvnufiTovoy elvat 75 TaUra, ©s yvwoTdy, elval — Kol —— .

3 3

K&fe TéEov ¥, TO Smoiov TepgrroUTon els &v onpeiov

AN s

ToU TéEou MAM', oupmepiaauPavopéveoy kol TGV —
&xpeov M kad M’ Ex. 3), elvan AUois Tiis dvicw- /
cewos. Mpogavdds, 7 EiBIKN Aots elvan: ;’/

R 5w 3
[(}' 3 U [—3*,217], 1 &8¢ yevikn:

UA,, 8mou Be= [2)(11', 2m+%] U
K€Z

s
¢

NIRRT
i
e

M

|
sl
-- __()T__l = =
51T : = \'.'
[2xm—+ = 2k 21t). =

AnAadn, SvohuTikGs, k&Pe TOfov ¥ Tiis ye- Ty 3

Vikis AUgecos TATpol uiar T@Y K&Twh oxéoewov:

2k <y < 2K+ % 2kt zgiéxﬂ 2k 21 (xeZ) P

23. ggy < a. ‘H aviowos aUrn  Exel  TWaVTOTE
Ao, &g doov o€ R, Thyv Stroicv eUpiokopey s
&is: "Eoto o« >0 (Bw o< 0 tpyaldusda Gvars- A
yexs). *Emi ToU &Eovos TRV dparrTopéveoy AcuPa-
vopev Sidvwuoua AP To1oUTOV, dote (AP) = « xal
Becopolpey Thv eubeiav Ty Biepyoutvny K TGV on-
uefcov O kad P, Tépvouoav Thv Tep1pEpEiav gls Ta M
kai M’ (Sx. 4). Elven fiBn mpogavs & ol oxf-
uerros, 1 Kkéde TOEOV, 16 Omolov Exel Tépas TU-

R = : —
Xov omueiov ToU TéEou MAB' A ToU ooy BA'M’ (E§cipouptveov T&OV &xpuov
M kai B' f§ B ki M) trrohnfeter THY dvicwaow.
*Ev ouveyelq, E0TWOXV @ kol @ T& povadik& TOEx TOU SlaoTHMATOS

[0,21] ut cpp = ep(mt @)=« 0 <o <-g— ). Tote i el8ikfy Abous elven:

(3. o) U (? 2ﬂ U 0,9).

‘H yevikn) Avcls tv TrpoKEIREVE) EUpiokETal TayUTepov, pkel elg T& dkpa ToU
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B1aoTNHaTOS ('rzr g T q)) va Trpooftowpey TO kT ug kEZ (Tuyov), "Hrol, &av

i o T
= (KT + 4, k- T+ @), alTtn eival:

4 51

UA={xER : x=rxmw+8 kEZ, l;;
KEZ

Averdyws EmAvovTan of QVIgWoEls epX <, OpX<q, opX<q, G kai al
EPX T, EQYTQ, OPY—=Q, OPX<=C.

<fB<m4ol

3. Tpry®vVopeTpikal GVIGOGELS
avayopeval £ig tag fepehr@oeg

Al Boolkal popgal TPrywVopETpIkéY VIThoewY, @S kal ai uébodor emA-
oews aUTéy, elval dv yével dutioToiyol Tpos kelvas TGV TprywvopeTpikdy Efioc-
cecov. OUteos, fi EmiAvois s Guiotoews GudryeTal Els THY EmiAuaiy Bepehiwdav
TpIyWVouETpIKGY dvigdotwy. Eml mapadelypati, 7| dvicwais [(nuy, ouvy) = 0,
&mrou @(nuy,ouvy) GKEPOIOV GUPMETPIKOV TIOAUMVUKOV QS TTpos muy Ko ouvy,
elval pla Pacikd) LOPPT TRIYWVOUETPIKTS GVIoWoEwS Kal EmAVeTan Gres SrpiPas
kal 1] dvrioToryos ouppeTpikr Elowais. *Hto1, @S YvwoToV, £Yopev:

2
B )= 0" T
f(nux, owx)=0 <=
t=V2ow (G - @

‘H dvicwois (1) efvan pla GAyePpikn dviowois &g Tpos t kal dmiAleta
KaTd T& yveoTtd. “Eotw t = t, pia AUois autiis. ToTe, Exopev mpos émidvo
ok 5 ™ B3 t A
TMv duicwaw V2 o-uv(z— )§ iy ( <> gw (Z ﬁx) = f%)' 1 omola €l
val pia BepeAidddng dvicwais.
KatwTipw EmAUopEy GPICHEVDS XOPAKTNPIOTIKGS HOP@AEs TPIYWVOHE-
TPIKGDV AVIOWOEWV.

ITAPAAEITMA 1. N& #&mAubi 1) dvicwois: (2nux—Y3)(2ouvy—1)(epx—1) <0.
*Exidveig: Tlpos EriAvow TouTns, &pkel v elpwpey Ta omueia TGOV TTaporydvTwy
ToU pdTou phous, tav TO X BiaTpexn 1o Sidonua [0,2m]. Tlpds ToUTe,
TrpooBiopilopey Tas eibikdas AUOELS TGV kaTwh BepeAinddy dvighoewy:
; V3
2nux —V3 >0 <= nuy > -
1
2ouvy —1 >0 <= owy > 5

epx —1 >0 <= epx >1
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Al ei5ikal AUgels qUT®Y, EUpIoKOpEVal EUKOAWS KaTd T& YVWOTE, QvTi-

oToiyws eival:
™ i 5m % 3w
O"s")““‘(rié’)“(l : 2)

T 215 5t
AN

"Ev cuveyela, Tpds elpeoiv ToU onpeiou Tol mpcyTou pihous Tiis Bobelong
dvigcoeess, KaTapTifopey TOV KaTwTépw Tivama:

T 7T i 2m 5w 3 51t
B\ SRl g L s e
TS, ST s < G A S s R N e S T
] e et = 1 oe T =T S I
=] . | pelesn el =0 b il sl el
T el i F | = | o e

*Exén = (2nux—V3) Qouvx—1) (epx —1).
*Ex ToU dveTépw Tivakos TapaTnpopey, ST ) eidikn AUois Tiis Bobelons
duiccroEws EIVOL:

Srpe 2m 5t 3 5t
3 (s Bl )

* AveduTikGs, ke ToEov ¥ Tis eldikfis Aoews TAnpoi pia Tdv Emoutveoy oxETEwY:

e Wi ol 21/<5Tl' 3TT'< <5;n‘
TR R T B L s

PAS3 1 8
& £ A n & V3 1 wa elfoly &l
TIAPAAEITMA 2. Na& &mAvbf 7} avicwaois 1’1“3X>—2— kol v& onp
Ths Tepigepeics TOU TPIYWVOUETPIKOU KUKAOU T& SiaoTrhuaTa T&Y To§wv, Ev-
Tos Tév Gmmoiwy epaTouvTan al Auoels Tng.
y 3 i e . ‘V3 8 i
*Eriiuoic : Oétopey 3 —w Kal ETIAUOHEY TNV Quiowolv Npw > 5 H yevikn

AMaois TaTng elvea:

A o 2w
KEZAK pt A= (QKTH 3 2xcrr- 3 ), KEZ.

Zuvetrédg, ExOMEV: y
2w 1 g T st iy
2w+ ;_r <3<t - <> 2 g <x<2my +5 )
Emreidn) Spws elval K= 3p+v, 0= v <3, 1) oxtors (1) ypageran:

9 T K L2 20T
21Tp 4 .;'Uf —{- §- =W ‘-.2TT'P’1’ "3‘ =4 .1.__9_ (pGZ)

45

YnoionoOrke amo 1o ivotirouto EknaibeuTikrg MoAmkrg



'EE outfis owvdryeran, 671 1) elBikn AUoig Tfis BoBeloms dviodoews elval
2ty n
&vTioToiyel kal &v UoSidoTnua TOU SiaoThperTos [0,27] ki ouvetréos elpiokopey
tpla UrebiaothucTa ToU [0,2m] (x.5), tvres TV
S dmolewv meporolvton ol AUOEIS TTS QVIOWOEWS.
an 21t TaUra elvai:
2 )
-

s —2—?} —}--291) (u=0,1,2). Eis éxdotnv Ty ToU d&xepatiov v

e v=2—(
. 5

3.1. "Avicoowg tijc popoiic: anpy +pouvy+ v =0 (1)

*EmeiBf) 1) &vriotoryos &iowas anuy+HRPouvyty = 0, ds eiBopev, EmAve-
Tor ketd BUo Tpdtous, oUtw kai f Sofeloa &vicwots elvan Suverrdy va EmAudi
kot BUo TpOTTOUS.

d' todmog. YTd Thy TpoUmébeay 8T X F 2xm+ T (KEZ), ikppdlopey T

MUY, OUVY CUVOPTNOEL TS £¢ -)2(— kol EYOMEV:

25c|:n72)i 1—592%
(1)~ « i =l
I +eg 1+ep %

(y—Pyeo*} +20ep 3 FP+Y =0 )

‘H TeheuTaia Spws dvicwaots (2) elven SeutepoPddios ds TPoS £ é_ )
FmiAUeTan eUkOAws. OUTws 1 AUois Tis dvicwoews (1) &vayeran els v Avocw
X

PepcAlcaddy dvigwoewy TS HOPQTS - £ o> = a, ac R.

Bdv x = 2k (keZ) 1) (1) ypdgeTan:
anu(2xm+ )+ Pow@kr+T)+y 20 <= —P+yY 20 <= y=p (x€2)
*Apa, T& Té6a X = 2 T 8% elven Avoeis Tiis dviocdoeas (1), i’ Soov y = B.

g rodmog. ‘H (1) ypogéTau:

a =<

(1) <= alnpx+ ng'x--- )=0
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*Emre1én % ER = 31 wE («— % i %) pE epw = % (M) kad ouverrdds

AcpPévopey:
U

x | il
(1) = ot ooy +L )20 <= Tt @) g owelZ0 (2)

Aaxpivopey fi8n Tas E§fis TEPITTGDOES:
P a , . ,
i) ’Ed&v a> 0, ToTe, Emeidn kol ouvew> 0, EmreTa =as > 0, émoTe 1) (2) ypoge-
Tar: Uy +w) = — {? ouvw, f omola dvdyera: els Ty Bepehicddn nuy = A
if) ’E¢ <0, ToTE — =<0, bmdTe ) (2) ypdgeTan: NU(X+ @)= — Y suveo,
i) ’Edv a< 0, s =

1) dmofo dvéryeTan kal TEAW €ls THY NuX = A

TIIAPAAEITMA 1. N& émiubf fi dvicwois : V3 nuy+ ouvy )P0 1)
*Enidvoig : AUTn looduvdnws ypogeTan: :

3 ! i V2 3 Ao I _}2) =
(1) <= V3 (ﬂUX'T”g— ouvy — ]’—3 <0 <= V3 | nuyte9 3 oUVY, V3 (0]

V2 ’ o 2
e 8 ol )]sl 1) e
ow

._6_ —_—
nu(x+ %) = \/72
™ . B i . 5N
Otropev ¥+ & =y o Exouev Tpods AUow ThY dviowo nuw < -
‘H yevikf) Avois TaUTns elvai:

. e
2Tt i,:_i;_ <w < 2k 2w kal 2ATm <w < 2\ & (x, A€ Z)

L e
'EE alrdov kol Emredn X = @ — = eUploKopEy:
T ¢

s y oy : - s
i < ¥ < 2kt & = 2hm— 3 <<= 2hTr 15 (x,AEZ)

af &mroian droTehoUy THY Yevikiy Avotw Tis (1).

2K -
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AZKHZIEIZ

32) ’EmAUoaTe Tds ké&Twd dviowoes:
1) nuy> 122 2) ey >—V3 3) ouvy < —%
4) qy(f%)C% 5)crw(x—%)‘>%- 6) ogx >0
33) 'EmAvcate Tds drorouious Aviowatls:

Y2

My
- 3) owdx <

1) op3y > -1 2) nudy < —

1 7% = . -
34) Na& dmAv ) dvicwaois nusy > - kal va onpeiwdoly Erl TS TEPIQEPElas TOU Tprywvoue-

Tpikol kUKoY T& BiacTruata T@Y To§wY EvTos TV dtolwy TepaTouvTal af Avgas Trs.

35) EdpeTe Tds eibikds Aloeis Tdv kaTwi dvicwoewy:

1) (mux —1) QRauvy —1) (egx —1) <0 2) (ouvx+1) (nux —2) (spx-+V3) <0
P nin—1) (cwx -%—) (opx-¥3)>0 4) (VZnux —1) (ep2x 1)< 0
5) (x—2) nu3x <0 6) youvy > 0.

36) N& tmAvBouv al kérwd dviowoes:

1) 3nuy + 2ouvy > 2 2) ey + opx> 1 3) ow2y > nuiyx -1
4) nu2y > ouvy 5) nux+ owx>1  6) Y3owwyx—1 <5nu’x—4
/3 i} Euﬁxll = 9) nu? SO P R )
7) ¥3 —4ouviy > 1+ 3nuyx 8) e T nuAY — nu2y + 3ouviy >
2nu2x -1 ) =
10) I =2 >0 11) 3(nuy +ouvx) — Snux owvy > 3

Y -+ guvy =]

W

‘IT( s
— s =,
4

37) N& Emidvei § dviowors: nu2y > nula, 3

38) N& Emihubf kal Biepeuvndi 1, s pos ¥, tlowois: (2ouve —1)x?* —4x-+2(20wve+1) =0,
0<¢<2mw
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KEQAAAION V

ANTIETPO®OI KYKAIKAT XYNAPTHZEIX

1. ‘Opiopoi — Pacikai £vvorat

1.1. *Ex ToU épiopou ToU nux (XE R) ouvayeran, 611 1O fpiTovov (ouUVTOUS
T6 ) elvan pic ouvdpTNols KE TTEiov Spiopou To R ko ediov Tipdv To [—1,-+1].
Elvan SnAabf 7O Mi Wi TPXYHATIKY  oUVAPTNTIS MaEs TPAYUATIKTS HETC-
PANTs ko Exer TOV TUTTOV Y = TuY. Suvemrdds BuvapeBa va Bewpriowpev TV
&TTEIKSVITIV: R
figae===al=laLE Q)
Rayx - nuGOel-1,+1],

dmou f Tl Tiis OUVEPTNOEWS nu(x) s 16 Tuxov xe R (f), cos &AAws Aéyo-
Lev, ) elkdov TOU TUXOVTOS X B Tiis M) elvan & YvwoTOS TPIYWVOUETPIKOS
&piBuds nux: pE oy = ,

MapaTnpoUmEY il mAéov els THY owvdpTtnow (1), 6T kdbe we[ —1,+ 1]
Siv elvon GvrioToryov (eikcv) fvds wévov XER, Biém ) Eiowois nux = W g

Iy < 1 Bév Exel, o5 yvwoTov, piav povev Mg, Tlx. dav @ = -5 TOTE 1) YEVIKT

g™ . L i
AUois Tiig E§1000EWS NUX = 5 &AL e B =t (=) 5 2 KEZ} kad

e AT ol
GuvETTES K&OE X:Kﬁﬂ;(_])\' % pé KEZ Exel dvTioToIXOV TO - ,TjTOL:

2
1 iy
N { e + (=1)* fg_ 1= o Biax kale kEZ.

*Apa, 1 &TeKOVIOIS NH Btv elven dp@iuovooTipavTos Kal ouveTdds f GvTi-
oToiyia AU [ = R,
§ émofa givan #) dvioTpogos GvTioToia Tfis ouvapTfioecs nu, Sev elven ouvdp-
Tnois, Bhabh Siv UTdpxe fi GVTioTpogos oUVEPTNAIS Tiis OUVAPTATEWS N,
o aUTtn Gpiohn.

*Edw &pcs Tepiopiowhey Thy ouvdpTnow nu els & katdAAnAoy BidoTnua
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(UmoBidoTnua Tou R) myx. TO g " IETJ’ BnAadn Bewpricwusy TV ouv-

GpTNoIV:
T :
e lrfi ’ 21 ——3 | —=l=t1,

ToTE 7y dvTioToyia:
T

™
i =L+l —= [— 9 5]
elval ouvépTnais.
*AmoBeikvUeTan yevikdTepoy, OTI T ouvdpTnols NP EvTos ToU KAeioToU
i ™

SiacThpaTos A, = {KTT— —, KT+ —

5 5 (k€ Z) elven -duguovoonuovtes b Tlpd-

yuati: "Eotwoav ¥, X2 EAg, Xi 7 KT+ % , keZ, 1=1,2), y; Fxw ——g p

(k€Z, i=1,2) kai ¥, 7 X2. YTobéTopey MPX,; = NEX2 OTOTE X, = 2pTr + X2
(PEZ) A X1 = @p+1)m—x, (pPEZ) xai guvemdds EXOUEV:

X1 —Xz = 2pm (1

Xi+X: = 2pmtm  (2)

rrir, s ; ” i Thg o T ™
EE &AMov, € Urobeoecs Exope: kTT— 5 STRS Las) Kal KT— 5 <X2 <x1r+§—,

OTOTE: — T W =W ST (3)
2w — <X, F X <2kW T 4)

Bk 1év (1) kad (3) AcuPdvopev: — T < 2pm T = — ; <p < —; =
p=0 = ¥, = X2, TO Omoiov elvan &BUvatov, BioTt Umetédn ¥, 7 X.. Ex 1@V
(2) kai (4) TpokUTrTEL:

An—mw<2pr4m<AntT = x—1<2p+1<t1 = k=-1<p<K,
16 &moiov glvon &8UvaTov. Ex TGV dvwTépw guvayeTtan OT1 Ny, 7Ty, Kol OUVE-
@S ) OUVEPTNOIS MY, tuTds ToU SiaoThuaTos A, <R, gven dpgipavootipovTos
Bia k&fe keZ. "Apa, TR ouvapTAoEws TP TreplopiZopévns el 16 Sidotnua A, ,
Umdpye 1) dvtioTpogos auvdpTnols, 1 bmoia oupPolileTal pé toE, Mp Kol KoAel-
Tal avtioTtpogog KUKMKI cuvdptnolg Ths ouvapTroews nu. EibikaoTepov, tav
k= 0, TOTE éyopey THY SUPIUOVOOTIHQVTOV &TTEIKOVICIY:

—s [—141],

.

= T

ToENK [— 5

' Bk 16w podnudrov Tis "Avahioews (mpPA. oeh. 15) yvawpibopey &1 pla &TreEIKOVIONS
f: A — B elvar dugipovoonpavTos, t&v kal povov v :

v X1 €A kal v €A uE X FE X2 = [(x) #E 1(Xa)-
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Sivtt A, = dg - %] . Thv ouvéptnow Tof,nu 8& TapioTduey g’ EEfis ue

Tof np (TdEov fuTovou), THY 8¢ Tipfyv Tof nuy alTiis els TO TUXOV oneiov

= ; ; ; 1 s
€ [ —1,+ 1], & kxhoUpev TpoTEVOVORY TPV, M.x. 10 To€ nu 5 TapieTd TO

T

i £ .TT gl 1 1 1 < !
uovadikdy TéEov ToU S1xaTHRaTOS [ — 5 + 7 |» TOU bmoiou 16 fHuiTovoy elvan

1 i e o
A , nhadh 10 — (ToEmnu B % ). “Ouoicws, €€ SpiouoU Eyouev :

2
Tognu(—]‘%)‘—‘ _;;- kol To§ nul = %—

o 4

Ak ToU cupPoiov To€ np TapIoTOMEY THY dvTioTpogov &vTigTotkiav TS
ouvapThcews (1) xad ouveT@s 16 Tofnuy pe |y < 1 wapioTd& TS cUvolov TEV
T6Ewv, TéY Omoicv TO fiuiTovov glvar y, fTo1 TO olvolov TV PEPIKEDY AUCEWY
s tEiocoews NX = - 11X

1 T
TOEnu%: {(xeR M= 5 j= {XERix =1t ¥ = ; ®EL:

‘Opoleos lvan: TogNK l={xeR:x=2km+ % » XEZ}.

*Ex ToU &piopolU THS ouvapTnosws Tof, nu ouvdyeral, 81 kéle kEZ kad
51 kéde p pE |y =1, o1

o) nu(Tog, MY) = Y »
B) To€ nu(—y) = —Tof nuy
y) Tof Ny = KTt (—1)* Tof nuy
T MY s T 4
8) X OE. n‘uw <= ™ l‘ Dy
ye [—1,--1] WE [ = i '2'} ‘ L

1.2. Kot duédoyov Sxpipds TpoTTOV EAETETOl TO TPOPANUa Tis UTrdp-
€ecos AUTIOTPOPOU CUVAPTHTEWS Tfis ouvapThoews ouv (ouvnuiTovov) xai dro-
SencvleTen OT1 UTEPYE! T &vTioTpo®os ouVApTNOls aUTiis évTos ToU B1xaTHuaTos
A, = [xm, k-] pE kEZ (&médeibis; ). ‘H dvTioTpogos ouvapTnois Tiis ouvap-
THoEws ouv, TEPIOPIGOMEVNS ToTns els TO BidoTnpa A, , oupPolileTon pé to€, cuv
Kl koheiTan AvTioTpopos KKK suvapINoIg TNS ouvapTniosws ouv. Aia k=0
Exopev 16 SidoTnua [0,7], f| dvTioToroUoa 8¢ els ToUuTo ouvapTtnols Tof ouv
8 oupPoAiZeTan pé Tog ovy (té€ov ouvnuitovou). H T Tof ouvy Tiis owvap-
Toews Tof owv els 1 Tuxov XE [—1,+ 1] xoheitan rpotedovsa np. My.

Tof owv %:%, Tofouww (—1) =T xal TO&OU\)O':—;—-.
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A& 1ol oupPdiou tof cuv B TapioTduey THy dvtioTpogoy dvrioTorylay
THs owapThotws ouv @ R -—— [ — 1,4 1] kai ouvewéds 10 10§ ouvy pe |y 1
givar T6 oUvolov: Tof ouny = { XER 1 owwy =y }. TL.x.

1
To owv é— = {¥ER : ouvy = 5 1=

kg
={x€E R: Y= 2k + AL " KEZ} U {XEH Y= 2KTI'—§ g KEZ}.
*Ex ToU &piopol Tiis ouvapTroews Tof, ouv EmovTal T& EERs:

a) ow(Tof, ouvny) =y, YKEZ kal y yE[—1,+1].
B) Tof ouv(—y)= m—To§ouwy, y ye[—1,+1].

y) ToE, ouvy = k- (—1)* Tof ouvp+ [1 —(—1)* 1%, keZ xal

ye[-1,+1]
8) ’loyvel 1 iooBuvapia:
x = To§ ouwy } i e
oy xe| oma |

Mopatiipnag. “H peAérn Tijs dvTioTpdpou Tiis oUVapTTiTEWS OWV &uayetan els TRV Tponyoupé-
L . Sl

vny, Aoyw Tiis oxigews ouvy = N ( 5 —}() , Bewpouptvns Eis 10 BrdoTnpa Ay =[x, (k+-1)T]

ué K€Z.

1.3. ‘H ouvépTnois ep pé TUTOV Y = gy Elval GplopEvn) Ev
T
R—{xeR : x=xm+ o KEZ )}

kol AcuBavet Tipds &v R.°Qs yvwoTdy, ) ouvdptnols alTn bév elval dugipovoot-
pavTos Kal guveTrys Bty UTTdpyEl | duTioTpogos ouvapTNals aUTils. *Amobeikvue-

X : s T !
Tau Gupcos, 811 dvTos ToU SiaoThpoTtos A, = (mT =5 KT -2) (k& 2Z) 1) ouv-

dprnols e elval UPIHOVOTTIHAVTOS ETTE kal ouveTr@s elvan Buvatov va Spiofh
f dvrioTtpogds Trns. Mpdypati: "Edv X, X2 EAc (KEZ) ue ¥, 7 ¥, xai Umole-
COUEY EPY, — EPXa, TOTE Xy = PTHX2 (PEZ) kai €€ aUTiis Exopev X, —X2 = pT-
’EE &Ahov, elval:

mr-%<)(, -f:n<'rr-|--r2E (L) -
(xeZ)
s irds
KTT—'T <Xz KT | 2 (2)
Ex Tfis (2) TpokuTrTEL:
i i
—K1T:—-g- > —Xa ,—..—:mug <=> —KIT — —2—<—x1 < —KTT |- ;- 3)
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M TrpocéaEws kara pEAn ey (1) xed (3) AopPdvopev: —m <Y, — X2 <,
&méTe, Phoer kal THs OXECEWS Xy — X2 = pT (PEZ), Exouev:
—mwZpT<T %=+ —1l<p<] <= p=0
Suvendds i oxéois Xu — X2 = pT Yivetat X, —¥: =0 = ¥, = X2, TO &molov
civar &totrov, 510TI UTeTEdn X1 7= Xa- Hror @ ¥, A xa <= £@X; 7 £Xs -
*Apa, UTdpyEl T QUTIOTPOROS CUWVEPTNTIS TS CUVAPTHOEWS €9, Tepiopilopivns
i ™

TaUTns els 1O BidoTnHa b = (KTV— o BT &0 '—2—), 7 omoia oupPohiletan pé
tol, £ kal kaAeTal GVTiGTPOPOS KUKLIKT] GUVAPTNGIE TTS OUVAPTIOEWS EQ.
EisixdTepov, §av K= 0 16 SidoTnua A, givan A, = ( = 1—;— 5 %) , | &t
dvrigToryoloa s TOUTO ouvdpTnols Tog,ep B oupPoriletar pé Tof e¢ (TdEov
tporrropévng). ‘H T Tof epx Tis cuvaptiicews Tof ep &is TNV Béoiv
XE[R—{xER: x=2Am Izr- , AEZ )} ] xeAsitan mpwTebovoa Tipr. Ty,
12y

™ £
Tofep 1 = % : TO‘EE‘P(—I):—Z . ToEeqpl3= %

Ko®’ Spoiov drpiBds Tpdmov, opiletan fi dvtioTpogos ouvapTnals Tfs ouvap-
Thotws o@, TEPIopILOHEVNS TaUTns els TO BidoTnua A, = (km, kw -+ ), KEZ.
Anhod, &moBeikvieTar OTL | OUVOPTNOIS 0@ elva &ugivopooTiuavTos Emi, EvTos
Tou StaoThpaTos B, = (kr, KT +4-r) (dmodatis ;).

*Ex ToU 6piopou T&V ouvapTnoewy Tof, e¢p k&l Tof, op guvdyeTal:

o) ep(Tob. epy) = W, WV WE R kai 3/ kEZ

p) Tofep(—y)=—Tofepy, *f yeER

y) 1ok ey = k1 + Tofepy, * wE R kal v/ kEZ.
"Emrions &moSeikvieTan eUkOAws OTL:

b ‘ : [ |
To&sq‘:\u:ToEqu)I; , t&v y >0 koi Tof epy = — -+ Tof op q_}’ tv w<0

Té avra drkpiBids loxUow kai i THY ouvapTnow T0E, 0@, KEZ.

1.4, I'pagiki) mapaotacs TOV AVTIGTPOPOV KUKAIK®DV cuvupti]cn:m\:. I'vcopig-ougru
&1, v | elven pia ouVEpTNalS WSS -rrpuypof'nfﬁg ugjamq-mg 'fm =14 ‘,Iv.-”-
o1pogos aUTfis, TOTE T& Blory papaTa ,S.—'Km Sp.q TGV ouvapToEwy f Ko 1—‘1
QvtioTolyws elg opfoydviov oUoTnua a?okuﬁ, elvan OVLHETPIK &g TrpOs Thv
TpdoTnv BiyeTouov. T1) PonBeiq TouTou, €lval tuno?\s:v vé xcpafﬁwuev‘ T& Slqupqp-
Hara TGV AVTIOTPOPLV KUKAIK@V gUVapPTTIOEWY, 'CIpKE!. PePaicog pf:; YUQPICOHEV
Ta BloypdppaTa TV TRLYWVOHETPIKGV c,suvcxpf'mosm\:. ZLIYKEKplLl‘EU(:Jg,'GEwpou-
ey Thy ouvdptnow Tofnu, s Gopiofn dveTtépw. AlTn evon f vtioTpogos

kail ouveTr@ds, T Sia-

i ST
R )

s ouvapToews N EVTOS ToU BiaaTTHaTOS
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ypdupaTa S kai S~ Té@v ouvapTAcEwy N kel Tog np dvTtioTolyws (Zy¥. 6) 8
elvon CULPETPIKE )5 TTPOS TV TPWTNY &ryotouov d.
’Ev Trpokeiptved, UtroBéTopey yvwoTdy To Sidypoupa S (flutovcedng kap-
TUAN) TS ouvapToews NH.
1y "Ev ouveyeig, Bewopoupey THV
_ cwépTnow Tog, e, kEZ.'H
“d YOOPIKN TapdoTaTls CUTHS
B& Tpokiyn Sid TapoaAAn-
Aou peTapopds ToU Biarypdu-
patos S Tiis To§ nu kot
k1t (KEZ) kol Touto Eveka
Tijs O}EOEWS:
7§ Uy = km - Tof nuyx.
S, _I Ko’ Suotov Ttpdov, yapdo-
covTal T& Sy pdppaTa T@V
UTroAoiTTwy AV TIoTPOPWY KU=
KAIKGY ouvapThioewy.

7 ~ . . on
/,- \ T& Sixypdupora TauTa Sidovran es Té k-

: \ Tewf oynuata (7, 8 xai 9):
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[TAPAAEITMA 1. N& Beiyffj omi:

i 8= L e
i T e e AR =t 82

*Andderlig ¢ Oftopey Tot ep % =a (1)

kai Tof e % =B (), omwoTe ECPC(='%'

; 1 o Sy
N X xod egP = 5 - ’Ex ToU opiopoU THS
l
Al ‘ o 1

v mpwTevouons Tiufs Tof ep .§=u ouv-
i
1
i

i ; it w ks T
s dyetan dptows 6T ——- <A< 5 O-
Zy 9 poiws ouvayeTan _"1_27' <P <= —g— "ETrel-
T % = LS i e ™
81 Bucws eivon: ep0 <epa <ep- Kal €@ O0<epP<cq 4 TPoKUTTTEL 0<ax g
kel 0<p < l;_. Suvenas, tx tev (1) xad (1) Exopev:
1 1
ga=, 9= (@)
F i, 3
0<a<— 0<p< ) 3)
()« otB=p @
*Emi TrAdov, Suvdpel kol T&V oxtoswv (2), elvan:
1 1
S
i peetepiBr e o 3 S e
@ EFET I ann ) auideailbe
=

"Apa, o P =K _1_%, kEZ. ’Apkel Aoimrov va Beifwpev 611 k= 0, omdTe

1 | uf

TpokTrTel §) dodeiktéa oxtals (4). ’Ex Tév oyéoewv (3), Bid wpoobioews kaTd
155 AP e

l-lé?\n ?\auﬂduouev 0< a- [5 2= ——2-— KOl OUVETIWS EXOHEV:

'rr 1

i 18 e =
O*QKTTJ"T".'T“#*‘E"-'K'\ ~=+ k=10

| =

TAPAAEITMA 2. *Eaw x > 0, y = 0 xai xy < 1, Té1e loxUer f) oxtais:

Xty
Tof egy -+ Tof epy = Tofep  * i (H
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*Anedeibrg: "Emeidny xy <1 kal x -+ > 0, ouvdryeren X +¥ = 0. ’Ev ouvexela

T—x%
Bétopev Tof epy — o, Tofepy = P kai Tofeq IX—X% =y, OmoTE Eyopev:
Xy

EQpa = ¥, E =\, E = 3 2

pE =" WP=W, BY=7__ @
'rr s ™

0<OZ‘~\"2—, O<B‘\'2—, 0‘Y<42— (3)
(1) = atP=vy C)

LIRS i g ) Loy EPteoB  xt+W

EE &AAov, Pdoer kad T&V (2), elvan: ep(atP) = il
= eQy, OTOTE & +P=KT + Y, kEZ (5). Apkel va Beifeopev éTi k=0, OTroTE,
Béoet s (5), TpoTKiTrTEl Ty droBelkTEx OXEOIS (4). ’Ex 1&v (3) AcuPdvousy :
—-:g- < ot B—y <. E§ aUtfis kai Tiig (5) mpokUTrTel:

_%<Kw-:;1'r <~ -—-L<K<1 <« k=0,

2

MAPAAEITMA 3. N& &mAvBfi 1 elowats : Tof nuy -+ Tof nuy V3 = % (1)
*Enihverg : To mpédTov péhos Tis Sofelons grooews OpileTan (Exer Ewvolav),

tp’ doov elval:
~1<y<l v3 V3
s i, e
{migxwgl] B = 3

"Ev ouveyela 8étopev Tof nuy = a kai Tog nux¥3 = p. Kardmy TouTou
EXOMEV:

nua =y, nup=xV3 (2)

-—%-<u<%,—~.r2r—<[5<-g— 3)

]a—+ﬁ=% 4)
Wyt 1w
5 ks

Araxpivopey Tas droAoufous TMEPITTTWOEIS

a) "Edv x <0, TéTe, Poel kal 1év (2), (3), TpoKkUTTTEl —% < a0 ol
= % <P <0, oméme —w <a+ P <0. Ex ToUrou ouvéyeta, 811 1) Elowais (4)
elvan &BuvarTos.
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B) ’Edv x>0, ToTe, Péoer kai 1@ (2), elvan 0 <a< % Kai

T ™ ™
*Apa, Exouev:

nHa = Np (% - B) ! nua = ouvP ]

(]) <= e o ~V37 <
0<x£v73 _G‘X;"T[
X = Vl _BXI 4)(2 =l [s 1
V3 = el A1 <~ Y= =.
0<x;—§- 0-;)(-;__—3— 2

Napatipnois. A& Thy Abow Tiis todeews (1) ToU dvwrépw mapadelypates, Suvapeda v
dxohouBfiowiey kol THY Emopévny uéfoBov :

Al i1 3 1
Bewpolpey Thv Efiowory nua = Ni (j?‘ -?’) D), 7| émoia elven looBlvapes pt Tds kdTwh EE1-

OWOEIS:
Ezr—fﬁ—:K’ITJr (—D)xa, xeZ (an
¥ ¢ : ™ ™
"Ex téwv thowoewy (1), Bi1& k =0 AapPévopev Ty tfiowotv = P=a (<> aip= = ).

*EE aUrou Biv ouvéyetar & ol tewwwoes (1) kai (4) elvan fooBUvapol, ARG &mAds 611 ke
Agis s (5) elvan kal AUois Tiis (1. “Apa, t&v elpopey Tas Moes Tis (1) kal EréyEwpev Tola £§
aUTay evon kal Aots Ths (5), Exomev EmiAUoe Thy (5), | dmroia elvan loobuvapes pt Thv (1).

TIAPAAEITMA 4. 'Edv x>0, >0 xal x*4-y? <1, v& Saydij om:
To€ nuy + To§ niy = To§ nu(xV1 —y2+ V1 —x?) 6]

'Anodeilg : "Ex Tiis Umrobtoecss x* + y? < 1 ouvéyetan & x < 1, w< 1 kai
XV 4y V1-x*< 1, cuvermrdds T& pEAn Tiis (1) opifovtan (Exouv Evvoiav).
"Ev ouveyeia BéTouev: . %

Tof nuy — o, ToEnuy =B kal Tofnu(xVl—y? +yVl—x3) =y, &mére

Souv:  mua= X, B =, nHy = XVI—y? +yVl —x* )
L o SBE -
By, O pie S s 3
(1) = atP=y 4)

Awéper Tav (2) AcuPavouev:  mu(a - P) = nuaowp 4 nup owva =
= npa V1 —nu?p + nepV 1 —nuPa= xV1—y? + ¢¥1—x* = nuy. *Ex Tiis &mro-
BeryBeions oyéoews nu(at B) =nuy Btv ouvayetal kot duéykny 6T at P =Y,
firor 1) dmodatéa oxtois (4). O mrpémel &ml Aoy va Beifwopev &Ti:
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O<a+p< % , tmredn kal 0 <y < % , taTe v TpokUyn 1y lodTtng TéV TO-

v a-P kal y & Tiis iogdTtnTos TRV AuiTéveoy Twv, [Mpdypart, €k THS
X2 +yi<1 éxouev:
Ayi<l = qulatnup<l = nula< ]l —nu’p = nuda < ow?p =

[ nuet | < |owP | = nua < oUW = U< qu(;—r-_[a)_

; j ; - T T )
*Ex Tfis TeAeuTalas oyéoews, Emadn kol 0 < —2—ﬁ]3 < 57» Ouvdyetal:

b1 le ] 813
u<—2—f[3, omoTe 0 <at-P < 5

TIAPAAEITMA 5. Elpete T35 TIpds Tiis TOPAOTAOEWS:
y = 1€ ep(apx)+ 108 op(EPX)-

Aboic : OfTopsy Tof ep(ogy) — o kai To op(epy) = B, OTOTE Exopev:
Epa = OpY Kol opP = ey,

5 ™ . T
TTOL: EQa = £ (7— ) kol opp = J¢ (—i“' = )

Ex Tév  TeAeuTadwv oyéoewv AauPdvopsv: o = KT - %— — ¥, KEZ xal

B=An+ %— X, AEZ. *Apa, 1) Sofloa TapdOTATIS YPAPETON:

Y= a+ p = kw4 % —)+ A+ % —x = (k+A41)m -2y

Al Si&gopot Aormdy Tiuad Tiis TapacTaoews elvan: {YER : y = pw -2, pE Z}

1
IMAPAAEITMA 6. N& &miAuff 1 dviowais: 2ToE nu 3 -+ Tof nuy < % ¢D)
*Eridvoig : To mpddTov péhos Tis (1) opileran, £ Soov [y | <1. ’Ev ouveyEld

Btropev To§ nu Lo a kod Tof nuy = P, omdTe Exopev:

3
1 -
nua= =, Nup =X (2)
™ T i
; b1
Ixi<1
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™ ™ ) T T it

Elven: 0 <a< == 0 <2a< e 0> —2a> =gk o —2a>0
. 5 i : v T ew T , )
Ex Tfis TeAeuTaias, Emadn eivan kal s <p< ) owvéyeta:

{ NP < ouv2a }

k19 T
L —2a . nup <nu (? —ro)

FUES [xl<
<1—2nuia x«;lmg o=
ST { nup - oai ] <= 9 <= 9
= s =gt Sl
—= —l=x< 5
ALKHXIEIZ
39) N& elpedoiv al Tipal Tév drohoUBwv TapacTdoewy :
5. e A
1) Tog nu %3— 2) ne (TOE nu}zi 3) ow (To§ o —5—)
3 8 4
g ow(2Totow—) 5 Totm(ni'g) 6) 9 [Totow (~+)]

a 1 : 1
7) TeEeg¥3+Tofeq 1 8) 2Tot ep T Tok &g -+

40) Na& Beryfolv al kared lodTnTes ©
i

1 1 ¥

—_ ——+Tokep — =
1) Tofep — + 10505 ‘5"’,3 i
2) Tof o7+ Tef 098 +-Tofog 18 = Tof og3

3) ow (2 Tofeg ) = nu (4o =)

a 1 ™
N& ey f tautérns @ Tofep 1'|‘T°§ Qouri— 4 @>0)

41
s

= —

v
42) EGpete 516 mrolas TGS Tol v loxter | oxésrs : Tofep 1 +Tof e P

43) 'Edw y,y,00=> 0, va BB 511
™
o

Tof ey + Tof epy +Tof gpw = —- <= Xy +ypw twy =1

l1—x m :
) N& Bayii om Tofepx+ Tof ep I+ = téw ¥ > —1 kai

1-—% 3
TeE ey +Tof € H‘X: —g s X< -1
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45) *Edv x>0, w=0 kai xy=>1, 1éTe loxve f oytos

To€ egy -+ Tof epy = -+ Tof ep %‘-ji“@
¢ - Y Xt+¥
46) Aeifore &mi: Tofepx + Tof epy = Kk TOfEP T\ (X €R xal k€Z)
Xy —1

47) *Eaw x> 0 kai w>> 0, Beiare 611: Tof oy +Tof opy = Tof o¢ Xty
48) 'Eaw x> 0, w> 0 kol Tof nuy -+ ToE nuy < -121. TéTe loyver 1) oxéons (1) ToU mapadelyparos
4 (Apxel va Beiy®ij 6mi: Tof nux -+ Tog nuy < 1;— <=+ y2yi<l).

49) *Eaw x,y,w> 0, v Beaydi o1 :
Tof ouvy, -+ Tof ouvy -+ Tof ouves = 1 <=> ¥yt e 2xyw =1

50) 'EmiiUoarte Tds kimwh tEloagers

3% 1 .. AT G
1) Tofep =t Tof o9 i 2) Tof nuy +Tof np2y = -
2 s 1 =
3) ToEep = g Tof epy = - 4) nu (TGE 2] _2—) = ep(Tof ouvly )
2y 41 ™
5) nu (2 Tof nixd = X 6) ToE eox+Tok 05 53~ g

51) MpooBiopioare Tov dképaiov K els TpoTOY, Goe f) iropévn Elowars v Exn Alow :

Tof e ’;f } +Tof e Xg—l = ke +ToEeg( —7)

52) N& Emiuvdolv ol k&Twd dviowoes :

1) Tof mfi- > ? 2) Tok epx+Tof ap(x —1) < %

1 4
3) | 7ot 5= | < =
53) N& Eridudi f) dviowots @ nu [Tof og {ow (Tofepy )= -
1
54) E0pete Tas Siapdpous TIMds Tiis TApRoTATELS Y = oWV (3~ 1§ nua), 0 <a <. 'Ev ouver

1
xelg, Beifore dT1 TO ywopevov abrédv looUtan WE &7 (a2 —1).
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KEDAAATON VI

EIIAYZIE TPIFTQNOY — TETPAIIAEYPOY

1. Lyéoeig petadd 1AV oTOLLEIOV TUL6VTOS TPLYDYOL

L1. SupPolifouey pE o,y QUTIoTOIXWS T& KN TGV TrAeUpdY Evds Tprydou
ABl kad pe AB,I T& pérpa TV TPy ywwidv Tou. 'Eg” EEfs B& Abywpev: 1
«TAeupd o» vl TO «pijkos TS TAEUPSs a» s kal | «ywvia A» dvtl TO «pé-
Tpov Tiis yevias A». To atTo PePaiws B ioyun kol 81’ Gha T& yooviaxd kad ypou-
k& oToiyeia! ToU TRLywVOU.
Al Theupad xad ai yovian &vds Tprydvou elvan Betikol dpiBuol kal guvBtov-
Tau, g yvwaTov EK TS Mecopetpias, 81 TGV k&Twh oyéorwy:
A+B+T =TI

[B-yl<a<P+y

ly—al <P <y+« (1) (Tprywvikyy iB16Tns)

| B | <y <a+Pp

L2, @epeliddeg opadeg TOROV. Metagu TGV kupiwv oTtoixeiov (a,B,y,A,B,IN)
fudg Tprymvou ABI Umapyowy, ds f18n yvwpifouev, Sidgopol oytosis (TU-
Tor) .y. Népos TV AuTdveoy, Nouos T&v ouvnutévew kKA. Kotwrépw
b duagtpwpey kai B &rrobeioopey Tpels BepehicdBels Spddas TUTTwV, Sid TGV
S1rolwy ouvBtovTan T& KUpla OTOIXEIX EvdS TRIYCOVOU.

"Eorewoav ABI Tuxdv Tpiywvov kai 0 1O xévtpov Tiis mepryeypapuivng

1 AbyovTes «ypapikov oTOIEIOV? fvds Tprycovoy, EvvooUpev Ev TTPOKeIpévy TO pijkog
olouBfmoTe ebfuypdunoy TuipeTos, TO drolov Exel axtow pt 10 Tpiywvow. Ty, ol mAeupad,
T& Gyn, ol Siyorépor kAT, fvds Tpiycvoy, elvan ypappikd otoixeia auTol. To EuPabdv dvdg
Tpiydovou 8 BecopfiTan to' iEfis YPaupikdy oToiyeiov avTol.
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Tepigepsias auToU, dkTivos R. Qépopev THY BiaueTpov BA (Zx. 10 | Zx. 11). "Eav

A<%(ﬁ A>—g-), 2imep K A

TéTE Bk TOU Spboywovi- " Nk Bﬂr
ou Tpiydvou BrA Exo- B a i
wev (BD)=(BA)nu (A |
(BM) = BA)nu(r—4)), Ch- N
SToTE el APPOTEPTS TAS \SAE'A
TIEPITITCOTELS TIROKUTITEL Va
a=2RnuA, &iom gva - NTRIRINE
A=A kai nu(m—4) )

nu A, CEmi mAfov, Eav Zy. 10 Ly X

™ ~ ot ,. 2o \ . < 2 % ;
A= 5 BiemioToUTol EUkGAws 6Tl loyuel kad TaAw 1) &modeiyfeioa oxEdls

a— 2R nuA. "Avardyws Epyalduevor, elpiokopey Bp=2RnuBkai y=2Rnul.
Ex ToUTwy, ouvdyetal TO fecpmpa TGV furévey (Nopos T&v fuTovey)!

# B ¥ _on I
neA  nuB  nul ah

*Exopev, fidn, THY Emopevny BepeAicoBn Spada TUTTwWY

a p 28 e 1
(A) nuA  nuB  nul
At B+l=m 2

Ti Beutépav Bepehicodn dpdda TUTTGY &motedolv of yvwoTol TUToL TOU
feopipatos T@V ovvnurovey (Nopos TGV ouvmuTovwy). "Hror:

a? = P2+ y? —2By owA 3
(B) p? =y o —2ya ouwvB 4
y? = o+ p? —20f owvl 5

Eis Tuyov Tplycvoy 1
nwA = nuB ouvl 4 nul’ ouwB

oyUel NUA = i (B + I kol ouvemdys Exouev:
<« 2RnuA = (2RnuB) owl+ (2R nulM)owB <=

o= B ouwl+y ouwB (Buvépe kal ToU TUTov (11)).
A& kuKAIKTs BE tvadhayfis TV o,y kal A,B,I hapupdvopev ThHv &roAoV”
Bov BepeAlddn dudba TUTwWY, of omoiol txppdlowy TO Bedpnpa thv mpoPoidVve

a= powl+yowB 6
(D p =y ouA+ aowl 7
y = aowB+ B ouwA 8
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1.2.1. Ozhpnua. 'E&v &, B,y >0 xal A, B, [ € (0,m), ToTe al dvwrépro ouddes
Tmwy (A), (B) kad (M) elven looBuvanor.

*Anédatig: (A) = (B): 'Ex ToU Tumou 2 AauPdvopev i A=Tm— (B +T) =
nuA =nu (B +T) = neA=nuBowl + nul owB = nu*A =
2B ow?l ++ nu2l ouv?B + 2npB null ouvB owl = nu?A =
nu2B (1 — nqu2l) +nu?l (1 —nu?B) 4 2nuB nul’ owB owllm = nu?A =
2B — nu2B nu*l -+ nu?l — nul nu?B -+ 2nuB nul" owB owlm = nu*A =
nu?B - nu?l - 2nuB nul" (owB ol — nuB nul’) = nu*A =
Nu2B-- nul-+- QnuB nul ouw(B+ ) = nu?A = nuB+ nul — 2nuB nul” ouwA

o , A A
Ex Tis TeheuTadas, Poel kal T@v oygoewv nuB =P ﬂi_.. y el =y ﬂi '
TPOKUTITEL:
WA — I3_ S A+ L nuPA — 2 {3Y 7 NWA owA = o = P24 y? =2By owA.

*Ouoicos &mrodeikviovTar kad ol UméAortol TUmol Tiis duddos (B).
(B) = (IN): A mpocbéoews Tidv (3) ked (4) AapPavopev:
P = a* P>+ 2y* —2Py owA —2ya ouvB =»
2y? =2y (P owA+« owB) = y =P cwA | aouwB

*Avardyws TrpokuTTowy Kad of UmoAoror Timor Tis dpddos ().
(M) = (A): ToMamAao1&Gouey SppoTepa T& péAn THs wiv 6 pE o, Tiis 58 7
WE P Kai Eyopev &vTioToIX0S! o =oB owl 4 oy ouvB, B2 =By cuvA - of oul.
Tés TeheuTalas oxéorls GeaipoUpey Kard pédn xkal mwpekimTer: of —p? =
Y (aouvB—BouvA). EE alTiis kal Bdoer Tiis 8 Exopev:
@?—p2 — (aowB+ PowvA) (aouvB — BouvA) = a®—P’ — a’ouv’B —prouviA =
@ (1—ow?B) = B*(1—ouv’A) = a’nu?B = P nu’A —- anuB = PruA, Bidm «,
B, nuA xai nuB Betikol &piBuol. ‘Opoiws &moBewvietan émi: Pl = ynuB,

g B L S
ik A nuB - nul

*Atropével vé Seiwpev 611 A+ BT = . ’Ex Tol Gewprijporos T&Y fui-
a [o Ve .
Toveov Aappdvopey P= A nuB, y= e null kel guverrdss, Suvdua kad
Tis 6, Exouev:
i SA nuBouvl + T]lc.le nulouwB = nuA = nuBowl+ nulfouwwB =
NWA = nu(B+T).

*Avaddyws TpoxUTTTEL NUB = nu(F+A) xai nul = nu(A-+B). 'Ex té&v
TeeuTaicov TPIGY oxEoEwY EYOUEV:
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B4l = 2w A f| B4+ = (2x'+1)m—A
F+A=2Am+B f M+A= (A" +1)m—B | <=
A+B=2um 4T f A+B= (u--1)m—T

B4 T—A= 2k i A+B+M = '+ (xx'EZ)
r4+A-B=2Am f T+A+B= @\'+1)m QANEZ)
A+B—T =2uw {f A+ B4 T = Q'+ (Wu'eZ)

*Emreidf) Spews elven A,B,I € (0,m) owdéyeren 6t (A+B+T) € (0,3m) kol

(B+T—-A), (+B-I), (A+B-T) € (—m2m). Suvetdds, TroporTnpoUuey OTL:
*Edw B4 M—A = 2icmr, Té7e elvon: —mw < 2w <2 = — —12— <k< 1=>k=0.
Eav A+ BT = (2¢'+ 1), téTe elvan:

0< (x4 1w <3m =>—%- <k'<l=x'=0.

*Apa, TeAikd®s Exopev A{-BH = (&l )
AvcrruroUpey fidn kai daroBenkviopsy TO ETTOUEVOV Becopnuac

1.2.2. Osipnpa. 'Edv of fetikoi Gpibuoi a,p,y kol ai ferikal yovia A, B, I
ikavoToloUy Tas oytoes Tijs Opddos (A), TéTE, UMépYEl BV kai pévov Ev Tpi-
yewvoy, pE TAeupds o,B,y kal ywvios Tas A,B,T.

*Anddeitr : “Eotw Tpiywvow A'BT' ToroUTov, Gore (BT')=«a, B'=B kal
‘= T. *H xoTaokeuny &vds ToloUTOU TPIYGVOU EVal TOVTOTE Buvarrt), 16T
B4l = B'4+IM'<m. Elvar A'4-B'4I"=m, omote AL BT =1 kal ouverr®s
paoel kad Tiis (2), wpoxUTTel AT =A.
*Emri TrAkov, Suvdpel Tou BewpripaTos TV fuTdvey Bi& T Tplywvov A'B'T'
EXOMEV:
(BAE) PRI A RS (ABD « A (A'B")
= L= — e = = ——
neA’ nuB nul A nuB nul
*Ex THs TeAevTadas, Pdoal kai ol TUmoU I, AauBdvouev (TAD=PB kot
(ABY=7.
*Apo, Ta £§ oToIyEl o,B,y,AB kai T elval oToiyeia ToU Tprycovou A'BT"
Té povooT|HQVTOV TOU TPRLY®VOU A'B'T' elvar Trpogavés.
*Avagépopey KaTwTépw BUo BecdpriuaTa @&V dmrolwv of &mobel€eis onpl
LovTan eis ThHy looduvapiov TévV BepehiBidY SpaBuwy TUTTWY Kal s 7O dvwTépd
Becbpnua kol ouvemds TrapaheiTovTal.

1.2.3. @copnpa. ‘Eav ol Getikol &piBpol o, B, ¥ xal ol ywview A, B, T pE
A,B,l € (0,) mAnpolv Tés oxtotls Tiis Ouados (B), TéTe Urépyer &v kai pdvov BV
zplywvov ué wheupds Tas B,y Kal yewvias Tas A,B,I" (dmdBefis; ).

1.2.4. Ocopnpe. "Eqv of Gemikol &pibuct a,f,y kai o ywviar AB,I" € (0,m
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Thnpotv T&s oyéoes Tiis Ouddos (M), ToTE Umépyer &v ki podvov &v Tplyco-
voy, pt TAeupds Tas P,y xal ywvias tas A,B,I (&modekis;).
Xpfotpor S1& T& fmdpeva elvan xai ol &xdAovflol yvwoTel TuToL:

L3. Toror tob Molweide.

a— r _ A-B 9
e s il

L S R
——Y—rnuTgcuv 5 10
TgEpRene b A0
P2 2 u

L4, Tpryovopctpikol apipoi w6V fjpiccov yovidv tpry@von cuovaprtieel 1@V

Thevpdv avrob.

w A= ERED | n

By
S riT—a),
ouv o ﬁ_py, 13
A s/ GE=PaEy).
£Q 5= i TE‘I’—G) . 14

LS, Tonor tob Eppadod tprydvov.

1 1 e
Ezfﬁynu}\:—z- yunuBf-iaﬂnur 15

apy .
E= 43 _ 1
E=VT (@) (—B) (-7) 2t M

Bl 18

“E— 2R? nuA nuB nul

6. 'H aktic R ovvaptijoer 1@V TALLpOY TpLy®vov.

Py . 19

R = VP ()
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Napueripnoig. Ol Témor Tou BewpripoTog TOV CUVMIITOV®Y  PETOOYTIHOTIGOoVTOL BETw &V TU-
meov (15) Tou tuPaBol els ypnoiuous TUTOUS, s EETs:

1 A
o = p2y*—2fy owA => o= pity?—4 (T By quA) %\{I}A = a?=p24y? —4EaqA.

"Qoe foyvouv ol TuTol :

o =2 -y 4EcpA , B*=7y>+a’—4EoeB , y*=a’ -p’—4leel nn*
*EE adtév TpokUTTouy duéows kal ol Tdmor
» 524,72%2 . Yz_i_uz_uz = a? H}:_.Yz
opA =t ooB =, opl = —p— (v?
A& Trpootiéoews BE kaTd péhn TGV TeheuTalwy TolUTwv TiTwy, AauPavopey:
a? 2 | y? = dE(GeA | apB | aql’) ()

Ol dvwrépw Tumar (), (1v) kal (y) Avouv ToAUTAoka TpoPAfuaTa, Es TX orroid
Eupavifovtan al TapaoTaoes: a? P t+y?, opAlaeBtogl , P4y -—o® kA

1.7. "Yyog tpryévov. “Eote v, TO & Tiis kopupfis A (yos Tprycwvou ABI.

i ’Ex ToU 6pboywviou Tprywvou ABA Exouev:
£ U, = ynuB Ex. 12) xai ouverrdys, Emedi
6 y = 2R nul, mporimtouv ol Tutor:
Yol
L a4 U, = 2R nul’ nuB 20
o L r vp= 2R 1‘,|.1A_n|..l_r 21
Zy. 12 v, = 2R nuB nuA 22

M& Thy &mésagw ToU TUmou 20 £Anedn B, I"‘:lzr— + tav B> g— fi

_.]
Vv

—g— & TUTros loyuer TEAY (Breeti;).

*Errions ypnowor elvat kal of dxdhoubior yvwoTol &k Tijs MewpeTpiog Bepe-
Alobels TUTTOL :

av, = Pup = yv, = 2E 23

1.8. "Axtig tob Zyyeypuppivov gic Tpiymvov kikhov. "EoTw p ) dkTis ToU
el Tpiywvov ABI &yyeypaputvoy kukhou O. *Ex Tfis Mecopetplas yvepilopeys
81 (AA) = T—a (Ex. 13), dmou T elven 1) furmepipetpos ToU Tprydovoy ABI.

*Ex ToU dpBoywviou Tprydvou AAO Exouev (AO) = (AA) e % kol oUVETTES

p= (T—)EQ —’2\7 . ’E€ alrrol kel Péoer ToU TUToU 14 TpokUTTTEL:

1 01 7iror, ol émroion Exouv Acivikny &pibunow, 8tv elvar &vdnykn vé drropvnuoveufouv.
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p=(—) |/ =B G—y)

T(T—x) T
o VI,(,TT_"_‘)__(T;@_(I—Y) Sespet
= T
Tehkéds Exouev ToUs kol Pooikols
TUTTOUS :
A
=) e ememi(r—0 ) up -g— =
& 24
T (SRS
V= B Gy
o | R oD g
T
’Ex Tév 24 AcpPdvopey :
Iy 13 3 A B
P = (1) (T-B)(r—yJep - e Beg [
P)(t—y)ep el

= (1p)* = T(1-) (1B) (1) Tep - ¢ L

A B r A
3 —F272%p — @ — EQ — — = B r
E?=E'1%p - ep 59 5 = E= TzE‘P?Eqﬂj =5 =h
30p o B
Tp==1—5¢754’§—5¢—2—=”P=TS(P—§-€‘PTBB¢P-§- VI
"Ex ToUtou 8¢, pokytrTouy eUkéAws kal of Emdpevo, Xproiwol Témor;
i A B e
t#pleTf"PTU‘P—zﬁ VII
A B r
E = rzz:(p—z—a(p 3 &:cp—f VIII

o e AR L Bl
L—pc(pzc¢—i~c¢p——2— IX

1-!1. "Axtig tod mapeyyeypappévov Kiklov Pydvon. "Eotwoar O, 7o KéVTpov
‘ro'u TOpeyyeypappévou KukAou, ToU dvTioToiyolvtos eig TV TAeupdy o Tpi-
Ydovou ABIM kol p, 1 dtK'rii autou (Zx. 13). ’Ex Tis I €WETpias yvwpldouey
ot (AE) = T xal ouvemds & ToU épBoyewviou Tpydvou  AEO, éyopev

Al ; ;
Po = Tep -5 AvTloTorxol TUmror 8 loxUouv kal &1k Tog &KkTivas pg, p, kal oUTw

TpokUrTouy ol Pacikol TuTOL:
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A B I
Pa=TEP 5 Pp=TEP —5 | Py i 26

5 oy L A A '
Alc1pouvTES KATO PEAT TOUS TUTTOUS Py =T €@ 5~ K&l p= (T—a) ep - TTPOKU-

Pa T P E
TCTEL — = = = = gl
T—Q Pa™ 1 « [ R—

“Eyopev Aoirov Tous Paoikous TUTTOUS (yveooTol rkal ik THS FecopeTpias)

E E E

B == T—0t Pn T T"|3 p{ = T—y 27

EGAPMOTH 1. Aui ka0t tpiyovov va deiy0i 1 oyiowg: K= Vop.pap -
*Anddertrg ¢ CEx TédV  TUTGY 27 kal ToU TUTou 25 Sik TOMTAXTIAGHOY
KoTa PEAT) EXOUEV :
E* E¢
PuPp Py P = (—a) (1—P) (T—y)T = Pe PR PYRT ET =
E2= pupppPy P = E=VPPaPppy-

E®APMOLH 2. Asifare 6t gig kade tpiywvov oy ¢
T O | 1 |

1 e o — l =
e =

_F“ B P —pT v, Ly

*AnodeiEilg ¢ Béoe TéY TUTWY 27 éxouev :
il Lol 1 i ZEL P iy Tt 3r— (cct-B+Y) =
Pa  Ps Py E

"EE &Ahov, Pdoer TV TUTTWY 23 elval @
il g Liee 1 o i P BY CI-!’[3'|-Y72_TW:___1“

Vy U—{‘l;_u_y'”Zi: '?TE.FQ_E: DB S BT ol B

*Ex oV dvooTépm ouvdyeTal Guéows 1 joyus Tiis &moBeikTéas TXETEWS.

Mapatipnag. Of TUmor 23 7 27 tpappolovTan &V yiver els TpoPApaTa, gls T Omwoia A"
pougidGovTal T& Uyn Va, Vp K Uy Evds Tprycovou A al dxTIVES po, pp Kal py TV Trapey YEY paH”

péveov KUKAWVY.

1.10. "Ecotepiki] digotdpog tprydvov. *Egreo (AA) =B, 1| EowTepikn BiXo~
Top0s, ) dvTigToioUoa &ls THY mheupdy o Tprydvou ABL. “Eav E cfven TO
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éuﬁo,csrbv ToU Tpryddvou ABI ki Ey, E; T& tuBoB Tdv Tpryddveov ABA, ATA dyrie
OTolyeos, TdTe Eyouev (Zx. 14):

Zy. 14

bl | A
iy P8, nu o =

1 1
E=E+E = Pl By MuA == 7 Y8, Nt

1 A Axa 1 A
“2‘ 5Y (27]11 "'Q—G'UV —2—) — ? 8, ('37"' Y)n” "i_ =2 25}/ oMy '%= (B F Y) 5:1 =

2py 7 2.2R quB-2R nul A
5, = S gu —— = b, = s R
By 12 2RnuB2Rnul "W 3 =
_ 4RnuBnul v—A- ey 4R nuB nulr A
“7 nuBnul 2 G SPTIN - (l
nH 9 ouy ~
2
s 2R nuBnur
g2 T ¥
2

"Apa, Exopev TeAkds ToUs K&Twbl Poagikols TUTTOUS

2By A 2RnuBnur
Bl e — =
Ty 2 BT il
ouy =
2
8y = £ ouv B . 2RnulnuA
Y+« 2 M—A 29
auv ——
2
_ 26 T _2RnuAnuB
- 2 A-B 30
ULy
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1.11. 'Elotwpkn digotoépos tprydvou. "Eotw (AE) = A, 1) &EcoTepikn Sixotd-
pos, 1 dvTioTolxouca els TRV TAeupdv o. Eav pé E,;, E, TopacTriowpey T&
tuPoda Tav Tprywwvwy AlE, ABE &vtioTtoiyws, ToTe 0& elvon @ E= | E; — E; |
(Zx. 14), Biom edw pév elven B> T, téte E,—E,> 0, éav 88 B <T, t61e E,—E, <0.

= N A e ;
Emi mAfov mapatnpoupey, 611 EAl = —g— 1'7*2— kai EAB = ;r__%_ (Glleay!
EAB — -:— ). "Ev ouwveyeie, Péoer kad tév TUTwv (15), Exopev:
™, A I ™ A
E=|E —E;| = gﬁ THA - ZBA nu(z -2—)—7yA..nu(-2-~—2—)
A A A 1 7l
= e - AL o = el ="
2 By- sz ow I3 - ¥, ouv 7| =
2By A 2.2 RnuB-2 Rnul A
T i e B I e
= E e T 2R |nuB —nur | ™ %
4R nuB nul A 2R npB nul A
A“ = P—pm= = Au = = M~ =
B . Bar| 2 BT A 2
"“‘FI“ 7] avv ) | ETW 2 nue 2'!
(i
dee --2-:-]{”;8 ’I‘_“ (Bibm nu—-g ~0).
TW 2
Tuverrdys Exopey Tos k&Twhl Paoikous TUTToUS :
2By A 2RnuBnpl
By = Pop =i 5
“Tp-n 2 | B-T 31
ey
2y« B 2RnulMnuA
a7 ki 3
M 9
A, ; 20{[‘3 1__: 2R nuAnuB
Cja—pl ™ A-B 33
e,

1.12. Avapscog tprydwvov, “EaTe p, 1 Bidescs, fi dvrigToiyoUoa elg Ty TAeU-

U Yrotifetan Py ( <=+ B#AD), BT &AAws Biv Spiletan 1) EfcoTepuchy BixoTopos Ag -
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P&V & Tprydavou ABT. *Ex o BecopripaTos TGV Siauéowy Eyopey:
pr-y2=2u12 4 —c;i = 2(°+y*) =42+ o =
2B*+y?) = 42+ P y* —2Py oWA = 41— B y2 1 2y awA —
42 = B2 y24 4 (-;4 Py nuA) ToA = AL — BA A AE ol

"Eml mhéov, &k Tol TUTroU 42 = B2 + y? + 2By owA, Bdoel kad ToT i
ToU o = B2+ y2 —2By oA, TpokUTrTer: 4p2 = o 4By ouvA. OUtcos Exopey
ToUs TUTrous :

4ua2 = B4 y?+ 2Py ouwA = P+ y*+ 4E oA = o+ 4By ouvA 35

4uf = y*+ o+ 2y owB = y?+4- o+ 4E 0B = B2+ 4ya ouvB 36

42 = a®+ P>+ 20 ol = o+ P24 4E ol = y2+ 4aB ouvl : 37

Mopatfipnaig. O timos 4pg? = P y2 +2PyouvA elven Buvatdy, Bi& T Xprioecws Ponbnrikiig
Ywvias, vé petacynpariodii els Tpdmov, doTe va elvan AoyiloThy B Téw AoyapiBpwy | Sidpcao
Ha. TTpdypari, & TUmos olitos ypégperal Siaboyikdds: >

A A A
e = (B2+y?) (UUVZ 7 T i )-l- 2By ( oz — nuz-zA— ) =

A A A B— 2
202 DY BN TN ) 2 Hal ¥ A
(B+y)ow? o+ (By)* ity = B+ y)? ow? 2 [1+(;_3‘_}Ly)5¢13],,,
i
2 A By
= P+ y) ow= ‘/14“([3;‘), Qs
St a w '
BéTovTes By £Q 5 = EQW (—? <w< 2E ). SXoueE:

s
20a= B+ y)ows V I+ elo = 2u = (B+y)ow ?A | TEpe |

By B i PR BT oA
S e e BTG R R e
Bub i & oep ”
S ot B e PG Wiy
oUVW UUVE’ = imm_-; -

E®APMOI'H. N& éxgpaofolv & oToixelx T, p kad Pa TUXOVTOS TPIycovoy
ouwvaptioer Tiis dkTivos R kal TV ywvidv adtou.

- I 1
Aborwg: Elven: T =mr (@+B+y)= 5 (2RnpA 4 2RnuB + 2Rnulr) =

T=R (MuA +nuB +-nulM) = 7= 4R0’w—g—m,rv§auu_g_ ¢
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*Ex ToU TUmou ToUTou, P&oel kad TdV TUTwy 18 kol 25, AopPdvopev Sia-
BoyIkds:

E' L 2R? npA nuB nul
RS —_ . i
e 4 Rouv —2 GWT cruv%
21'{1(21] i /2\ )(21']“ - OV - L )(2'“1 qu—%)
£ Nmeee % = r "

4Rcruv 5 OW 50UV
A B r

=4Rnu e 5K -

R 1D =Ty, i ~
rvaigougv OTl p, = TEQ -‘72- , omoTe avTikabioT&vTEs £is TOV TUTTOV TOU-

Tov THY Tponyoupives elpsBeloay Ekgpaotv ToU T, AapPdvopey

A
e =5~
A B r 2 A B B
= ey o= = g, = ARAIE b
Pu 4Rouv2wvzcuv2 et 4lnu20uv2cuu2
oUV ——
2
“QoTe Eyouey ToUs dkoholBous ypnoipous TUTTOUS :
r
17— 4R ovv % oLV -;—;_ ooy = (X)
A B I
- e o e Xl
p=4Rmpu —— mp —- Mk (X1
A B By
— - — OOV —— Xl
po — 4R p 2 oY ovY — (X11)

1.13. Maparipnars. Mavta T& ypappik atoiyeia fvds Tprycvey (mheupal, tuPodov, yn, Siyo-
Tépol, Bidueocol, mepluetpos, dxrls Eyyeypapuévou kUkAou, GKTIVES TTOPEYYEY pappévey KUKAwWY)
tkppdlovTar auvapThoel Tiis drtivos R Tiis mepryey pappévng epigepelas kad T&BY ywvidv! abtol
kal pdAioTa S1& TUTTwV ToloUTwy, MaTe v elval Buvatds & Si&d TGV AoyapiBuwy Utrodoyiouss
abt@y. Ol Tumor obror elven: (II), 18, 20, 21, 22, 28, 29, 30, 31, 32, 33, (X), (XI) (XII) kal
S TEAIKOS TUTIOS TS TTPOTYOUREVT)S TTapaTnpioes.

‘H dvwtépo Tapatipnats Exel oroubaioTéTny onpasiav S1& THY ETiAucty Tév TPy dvevy
s B4 18wpev dpéows els T& Emdueva.

! Tév Tprywvopetpikidy &piBudy tév yondy. Tolto &t 8 tvwoolpey avtoTe, bTav Aé-
YWHEV GT1 YPOUUIKOY T1 oToiyeiov £vds Tprywvou ikgpdleTal ouvapTiioel Tou R kal tév ywwidy
auToU.
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AZKHEIEIZ

55) Ei xéfe Tpiycovov vix crobeidfi 571
1) anu(B — 1) + Bnu( = A+ ynu(A—B)=0
2) aouvA + PowB -+ ¥ ouvl = 4RnpA nuBnpl
3) @B+ y) owA + (y+ @) owB + (a-+ B) owl =2t
4) o+ p2+y*=8R* (1 + guvA ouvB ouwl)

A
5) a(owB —owl) = 2(y —~ p)ow? 7

2

—_— =

6) (B—y) v o + B V)M 3

-
7) ¥ = (x—B)? + daprw’ T

E
2 A | py—odowt 5 +y(a—B) o0’ 5 =0

8) a(P —v) o9 P o
i = -+ Pnu
@pproy? _ «—P' ST EPTRCR gsp
9) E= — i B_T ~ 2(cgB— AL 4 (B#A)
4ep —— S
2 -— A
10) E= —@izr‘--‘%'ﬂ‘%;i‘i  VBY G-P) G ) ow o (BFEA)
T :
A _ papppy _ _Hab bt
L) B pirpR g Ry 3(opA+ 0B+ opl)
12) cogh + pagB + yool = 2R+ e)
A 2 p— —_— —
13) nu? 5 i- nu? ol A TIME o = 1 IR
TR e et s T2
14) E= Rp(nuA + nuB+ )= — YopryT nAnuB nul = — L
Ogmeliion
viliupay | eper _ larPieey
15) E=2R* = 50" = %optp Pt Py
: py -+ yatop
16) va- v+ V¢ = IR

A
A rl_ L _1_ 5 2ouv
D) S T apge Py
18) a?ow (B—1) -+ plow (M—A)+ yiow (A — B) = 3oy
56) 'Edv eis Tpiywvov ABT foyxin 0 oxé
elvan dpBoycoviov.

57) *Avaykaiakal lkavi) quvlnkn,

B r A B I
€ %r-‘.—eqa—z—_}-eq:?+eq)7£@5-aq>3=2

58) "E&v els Tpiyovev ABl elvan g =y, ToTe Beifare ST
A A .
B = (1 1 e@? 7)nu B-N

kad QuTIoTPOPWS.

WnoionoiOrke amod 1o ivotirouto EknmaiSeuTikrg MoAmkrg

fua tv Tpiywvov ABT elvar dpBoycwviov, elvan:

B-I
o15: R ouw(B—T) =8yoww 5 , ToTE TO Tpiywvor
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59) "Ev Tpiywvov eiven ioookeAds, tav foyum pia TV dkoroUbuwv oytoewy:

. A . B B
1) ouv? — = nuB nul 2) @ — 2p owl 3) (1= Pog 5 = Tep
4) 2vq = aop % 5) 41p — a® o¢ % 6) (a+P)og -g— = aepA | PeopB
W o i
R teh ki 3 3

60) Eis k&fe Tpiywvov va amoberxij &ti:

B-T
1) 8gowv T Vu 2) 8y Dy (B2 —¥?) = 4BYE (B> ¥)
; 4 e B~"~E _|:ﬁcx
3) put ppt pr=4R+ p CP—Q'I ?2—-&
B T ) £
Ny wy = gp“ 6) of = 4ppa 7) pat pp= 4R on? 5
3. N
8) papp - ppy = P 9) ouvA ouvB owl — 'T—'ﬁifp)
1 1 2 2572
10) o i il 11) uaup + Upuy 4 upuy = F;'{r

12) pupp + papy - PrPa =T
61) 'Edw eis Tpiywvov elvan E = % V(B + y)* —a? 187 16 1piywvov elvar loookehds.
62) *Eav al mhAeupal fvds Tprydvou elvan BiabBoxikol Spor dp. podSou kal ) eyahutépa ywvia
elvan Brhaaia Tijs wikpoTépas ywvias, ToTe al TAeupal Tou eivan dvdAoyor Tév &piBudv 4,5,6

kal GuTIoTPOPLS.

63) "E&w eis Tpiycvov loyxun pia Tév &kohotBwy oxtoewy, To tplywvoy evar dpboydviov :

1) nwtA+ 2B+ nuil =2 2) B=wir—a) 3) E=ppa
4) E= pppy 5) ppt pr=« 6) ppt py = 2R
a? B o - ¥
; T 8 A
7) epB - epl ¢ ) og 5 B

64) "Edv al Bidpeoor pp ke py TépvaovTar kabéTtows, va Baxdn &t ¢
A
1) 2(o¢B - ogl") = agA 2) owA > &

A BT
65) Aciate 611 ug = 4p, #&v kal pdvov tav 3nu o Al

66) ‘H dvaykaia kel ikavi] auvBiikn, fva év Tpiywvov elvar dpBoydviov elven: o
B r )y
Pep 5 + yeo 5 = 2(R—p).

67) Eivan Buvartov al Aeupai gvos Tprydivou va droTehouv dpiBunTIKIV i yewpetpikiv tpdodov,
&tav ol ywvia Tou ebpiokovtal dv &piBu. Tpodde;

68) 'Edw eis Tpiywvov elvan a = vy, TéTe Beifarte oi:

Y (v = e

L (vs-1 ) =p= Z(y5+1)
74

WnoionoiOrke amod 1o ivotirouto EknmaiSeuTikrg MoAmkrg



69) *Edv els Tpiycovov loxun R = Vo pu s TOTE TO TplycvOV efvar dpboydoviov kal loookehks.

70) *Edw elg Tptywvov elvan T 2R+ p) v bp1o8ii TO €lBos ToU Tprydvou.

71) Eis Tpiycvov elvan ot + p* = y*, tv xal povov v 2nu2l = epAeqB.
12) *Edw o, kal © efven dvmioToixws ol yavion Tas dmolas oxnuaTiler f BIcEsos 1y GEUYwViow
Tprydvou ABIM pt Tos TrhAeupds P xal y auTol, +ée SeiarTe OT1 X

a) og8 = 20pA+ opl’

B) opp = 209A+ 9B

|
¥) 2090 = logB—oel] (@=—5 )

4|J 2 kaz
§) gpA= 4
) &5 daynhod

N 2N
73) *Edv O elvan towTepikdy oNHEIOY Tprycovou ABI Toloutov, Gote OAB = OBl = Q/["A e,
Beifare &1
a) opw = apA+ opB+ agl
B) oteptw = oreplA+ orep®B oTep?T

m
e
Y i

74) *Eoreocay ABI dEuydviov Tpiywvov, A'BT' 1o dpbikdv Tplywvov altou, H 1o dpldkevtpov
Tou Tprycvou ABI kal O & kévTpov TS nePlyeypauuévn; mepigepeias avTol. "Eav OK elvan 1)
&mrdaTacis Tou O &md THY TAEUpAY, Beiarte OTL &

1) (OK) = RowA, émou R dvat A dxrls Tis mepryeypauuévns Tepigepelas ToU Tpi-
yawvou ABIT,

2) (HA) = 2RouvA

3) (HA") = 2R owB owvl

4) A'=m-2A, B' = 2B, I = w2 (A",B',["" elvea of yavia ToU dpBikol Tprydvou).

5) (B'T')= Rnu2A= aouvA

6) (AB'T")=2E guvA ouvB ouvl

7) (OH)? = R2(1-8 owA cuvBouvl)

8) ouvAcuvBouvl = =

Tole 1 popgh TV dveottpes oxboewv, dTav TO Tplywvov elvan &uPAvyaviov;

2. "Enilvoig TpLyOvev

2.1. ‘Opopoi kai pocucai Evvorar. Koheital grnilvaig Evos Tprydvou, 6 B Utro-
Aoylouou Trpocblopionds TV &yvioTwv kuplwv oTorxelwy Tou, dtav Bobouv
oS TOUTO ETrapKi] OTOIYEIX aUTou.

‘H #rriucis Tpryvou elvan els ek TGV KuplwTépwv okoTtédv Tifs Tprycvo-
peTpias kol ToUTo, 81611 alTn Elven &Suvaros S1& Tiis Mecopetpios. “H dBuvania
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alrn Tiis Mewustplas opefdeton efs 16 yeyovds, 6T Siv Umdpyouv oytoels, ai
Srrofan v& ouuBtouy T YpopuIKd Kol ywviakd oToryeic fvos Tprycvou. Thv 8u-
okeAlaw TaUTny oipet 1) Tprycvopetpia Bik Tfis elooywyfis TGV TprywvopeTpl-
kv &pidudv ywvias, Ti Ponbeia Tédv omolwy, kabioTatal Buvetn 7 Umaptis
oxtoewy peTalU TV yPaUUIKDY OTOIXEIY TPIywyou Kal TdY TprywVopeTpikiy
GpiBudy TV ywwvidv oUTou.

Od Afywuev 6T1 pia EmiAvols elval dvvariy, ¢ Goov Umdpyel Tpiywvov
ToloUTow, (oTE T i THis EmAUoEws EUpIoKOUEVa oToryeia kai T& Bedopevar oTol-
yeia elvan aroiy:ia tou. *Ev évavria TepIrToEl, 1) émiduols G AéyeTon addvatog.

‘H elpeots tédv dvaykaiwy kai ikaviv ouvlnk@v petagl Tdv Seboptvaov
aroryeiwv Sia Ty o Evos Tprydvov, fva 1) érihuois elvar Buvarn f) dBuva-
TOS, KOAEITH BLEPELYIOIG.

"Eg’ 675, AéyovTes ywviakt oxioig | ypappikiy oxéolg £vos Tprywvov, Ba
tyvooluey Kkade TprzwvopeTpikty Eflowoy () giowow) ds mpods Tas ywvios
AB,T 3 k&8 iilowoy ¢ Tpos TA YPABUIKA oToryela ToU TPIYwVoU TOUTOV.

Suvemdss, T SeSoptva Tpods EmiAucy Tprycvou oTtoryela SlvavTal v
elvar ypappikal ) yoviakal oytoes.

2.2. Napanpheeis : 1) Kabe ypoppukn 6poyevig oxiolg évog tpryd@vov tivan ioobivapoeg pe
piny yoviakiy exéev. ToUTo ouvdyetan & TRS yevopévns raparnproecs (1. 13), ém mévra 18
ypapdikd aTorgeia Evos TpIywvou tkppdlovral ouvapTrioel Tou R kol TGV ywwidv autov.
TuveTréds, av EKppATWHEY TX YPOUUIKG OTOIXE THS Ypauuikiis dpoyevels oxEOEWS OUVApTIOE!
ol R xad Tév yowdy kal dmadelpopey 10 I, 8a mpokdwr pla yoviaxs oyéois. T1.x. "Ex s
YPOUUIKTS OpoYevoUs oxEoews auy = PY B Exwpey :

- By <=> (2R npA) 2R nuB nul) = (2R nuB) (2R npll) +=-

T
4R npAnuB nul = 4R? nuBnul == nuA =1 <= A=——-.

2) "Ex 300 ypappikay ur Opoyevev oxictmv TPOKLNTEL pia yoviakn ayiolg. AidTi, fav kgpaow-
eV TX ypaupikg oToiyEia TéY Blo ypappikdy oxigewy guvapTioa ToU R kal 1év ywvidy kol
armrohelpoopey o R vercll abtéw (ouvhfus S1& Siaipioews kard péhn Tév oyioecv), 8% mpokiym
yoviakh axtots. TLy. &k Tév ypapukdy oxtoewv P —y =k = 0 xal E= A%, émou kA Bebopévol
dpiBucl, B Excopev:
B-I B+-I
B—y=x <= 2R (MB—nulN) =k <% 4R H-ow — =k <=

r

a

B-I A B— A
4R np —- Mo = K = 16R? np* —5 o= (1)

nu
2 IH

i, A
E =A% <= 2R2nuA nuB null = A% <= 4R° nu 7 ow -y nuB nul =A% (2)

A& Bianptoews kata péAn Tév (1), (2) mpokutrTel 1| ywviaki] oxtons :

B
np? - ey .

2

A
oW 5 nuBnul

*Egrwoav Tpeis yovia A,B,I kai els &pifpos R. "Ex Tfis Mewpetpias yvwpiGopey, 611 o
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{ ¢ i 3 B,I" kai &xTiva Treprye-
Ikaval kol duaykaicn ouvbiikay {va Utréapyn Tplywvov He ywvias Tas AB, pry

‘ { JTou, WY R, eva :
YPouuévns Tepigepeias au;ou-.oun;c_:\‘:sos  SHoregd r 2 o i

"Ape, Exopev THY EToptvny Paoikhy EriAvary

2.3 Boowki] iriduoig. N& priAulR Tpiycovoy &K :rc”iav Guo ‘ym\%&)v TOU ;m s
&kTivos T TEPIYEYPOBBEVNS TI‘EPI.CPEPE[C!S) aUrou. AnAcdt Bibovrai: A= 0y,
yo1Bpoi).

B=#6, R=«k (8;0:K Bebopévol opt ' i 52 .
ﬁpo‘g é'lTi?\SUll:) ToU Tprydvoy ToUToV fecopolpey TO OUOTTHA:

A=8 A=19,
B;ezl < § B=6,
A+B+T=m M= m—(0,46:)

“lvar TO cUaTNHA TOUTO EXT PeTiki|v AUGIY TIPETTEL Kol GPKEL ! J
(8,0, 8,0, Tl'—“(el‘|'ez)>0) g (e.1>0192>01 8,46, <)
“Apg, ai guvbijka SuvaToTnTos THS ETIAUOECS glvat:
8,0, G080 i 0. : :
"By guveyelg, ik TGV TUTT@Y &= ZI}n‘uA,_E = '2“1““8. kai y —2Rnul mwpoo-
Biopilopev Tas TAEUPAS ToU Tprywvoy, ai omolal B elvan:
W B e T (8, +62)

3.4, Tunodviss THbs TOS e TEpw TrapaTnENOE, Blakpivouey TpElS TEPITITW-
4, Zupguv
Otlg ETTIAUCEWV. T S g
o) AidovTon dUo yooviakal oxEoels Kal HiG Yo Sy, OUPYERS, ) '
B) Alsovtan 8Uo qupp.mcxi oxtoEls, ik Téw Gmoiwv plol TOUAGYIoTOV ElVAL U1
Spoyevie kad pia ywviakn. e ' — L :
;; Z'BTIS i ypopikat oyéoels, &K TGV OTrolV W TOUASYI10TOV EIVAL 1T
iBovTa
SUOYEVTS. : oy, ; i
AL ;?‘S pITTTQOEIS p) xal y) duayovta, SuvdpEl TRV QUWTEPW TTAPATTPT-
i me
, ‘ Biati;).
i W TTEPITTTWT Y o) ( ' : " w gl
OEV, ;s'ﬂlgvmupcw ToU TPrYGVOU, El§ THY TEPITTWOW Q) TIOPATTPOVHEY f:m.
Al &¢ goggopévm wilm(ot'\ oytoes, v guvbuaoud® kal pt Thv A+B LT = v, &mo-
i Buo Be ishie 3O e j ]
EAOUV EV Tpl}’LOUOU-ETP‘KbV oUomnua (i ovoTnue) (2), e ‘an"*’GTOUS T8,
Ui A B kal I OUTws, N trriAvcts ToU Tprywvou dpyilel B TOV TTPOCBIoPITHOV
. (IJ: éi(. ToU ouoThpaTos (Z). Eav 1O oUoTnua ToUuTo Exn BeTikiy AU-
\’VI | i’ A ! I3 3 -~
T ):0 0, B>0, I'=0), toTe TTpoodiopilopey TAS YWVIaS. ’Ev ouvexeiq, ek TTS
gl\g (éu,- : p&ml"(ﬁg oxtoews TpoodiopiCopey 16 R, &@oU TpOTYOUREVWS EK-
cpsp;:w:lsu I&x ypuuun«‘z oToIyEia aUTHS ouvapTroel Tou R kal TGV ywvicv AB,l.
» o 3 % gis T Paoikny Emiduoiv.
Eyopev oUToss vary®i € sl - ; : X
3 LjToviCopnsu iBicaTépes, OT1, EQV TO oUOTNUX (Z) #n BeTikiy AUow ko -
R-0, ToTe UTTAPXE! Tplycovov, ToloUTOV GIOTE T Beboptva oTolXEla Kad Ta
veu R=0,

i
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&k TTis EmAloews eUplokOPEVa TolauTa, va elval oTOIXEIT Tou.
“QoTe, ai ocuvbiika, fva T6 olotnua (Z) &n GeTikfy Alow kal elven
R=> 0, elven ai ouvdfiken SuvardTnTos Tiis EmAUcEews.

ITAPAAEITMA 1. Na& émAvdfi Tpiywvov ék Tév oyéoewy :
B—lMN=w=>0, B+ y=kyu, kai p= A, 8Tou Kk,A,w Bedoptvor &pifuoi.

*Enilvoig : Ta SeBouéva pds EmiAuciv Tou Tprydvou elvan @ Mia yowviakn oyé-
a1s Kai 8Uo ypapuikal oyéoers, ék TGV omoiwy 1) pia (p = A) elvar un Suoyevrs.
"Ex Tfig dpoyevols oyéoews P4y = Ky, EXOMEV:
B+y=rxu, <> 2R (nuB + nul) = 2xR nuB nul
4nu B;r cw-Bj- = k (2nuB nulN) <=
B+ B-I

4np 5 s =x{ow(B—I)—ouv(B4+M} (1)

"Apa, Exouev Tpos ETIAUCIY TO oUOTNHA:

B—TI=w BT =w

A @ \
49 At 4cruv—2- Y= X (owvw +owhA)  (2)
A+B4+T=m A+B4+T=mw

‘H &Elowois (2) looduvdpws ypdpeTal:

(2) <= 40\1\:% o*uv% =k (ouvw 5—20\1\)2-2——1) =

2Kc‘uvl—§— —4cuvc,oT qu—g— +x ouve—k = 0 <=

A A A W
f ( U'UUT)I KU’UU"’T —Zmnt% ouv-5- —KYHJZT =0 (3)
"EE MAou elvan: T>0 <= 2M >0 <= (A+B+MN—-B-N>A <= 1m0 >A

’Ek T kad €t B—T =w> 0, ouvdyeTtan 811t "Edv 16 dveoTépw oU-
oTnua &n Aow, adTn 8& elvon BeTikn, TOTE Kad pévov TOTE, Tav:

A »
0<A<T—<T <> 0<__2_<g——%<;;_ﬁ
A
ouv 0> ouv -‘3- :wcruu(—g——%) <= l>cuv-—2- ?:)111-1% (€]

Zuveméds, ai piCon Tfis t§iooews (3) elvon Sextad, £9” Goov TANpoUY TNV (4).
TMpods ToUTo, s yvwoTov Bk Tiis "ANyéBpas, Bioxpivouev Tas dxoholUBous mepi-
TTWOEIS:
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o) ‘H (3) &y piav SexThv pilav, t&v Kai pdvov v :

% (nu%) f (1) <0<

w w w 5 w
(Knuz-czo— =2 cruv-;—) ﬂ“? ——KT]}J.Z—T) (xm2 O’\JV--2—-—K1]|_1 7) <0 <=

= qp—%— cuvi; (Kcuvzi;— —20uv%) P =a

w w
nucoo‘uv-c;—(xcuvT—Q) = 0 <= K OW—- -2>0 (9
B) ‘H (3) ixar Suo SexTds pilas, éav kal povov Eav:

A>Qafbu%)>&amn>qfwﬁ_ B

w P

yo e =B T
"Ev ouvexelg, & Tiis BeBouévns ypauikiis oxtoews p = A kal Paoel Tod TU-

A B r. . S - i

mrou (XI) Exouev: A= 4Rnp —- U —= Nk 75— . EE auTfis epioxopey 1O R xa

ouveréys Exomev dvorxBii gl THY Paoikny iAo,

*Exri TrAdov, fva T& R elven BeTikov, TpeTrel Kal GpKel A>0. ’Ex Tfis deBouévns oxé-

oews P+ Y = KVa TTPOKUTITEL Kol K> 0.

: W 2
‘H ouvetkn (5), &’ doov k>0, ypageTan: auv s P

w w O ‘
*Erriong ExOHEV: O f(nuT )= x(— 20\:\:-—2_ M —~ ) =—k Nuw <0(&16m k> 0),

i et Eyel BUo BekTas pifas.
ouveréds 1) Eiowons (3) Bev EXel y o i = .
TeAIKESS, CUBQUVES TTPOS T& &voTépw, eUpiokopey 8T1 ol ouvbiikan Buvaro-

w 2
TS Tis FMAUTEWS evan : A>0, k>0, ow - >

f 2y oydoswy: L O B
ITAPAAEITMA 2. N& EmAvlT Tpiywvov Ek TV OYECEWV: B—I = w, 3 =K

\ s
kol 8, = A, OOV KA,® SeBopévor dpifipol kol 0 <w < - -

*Enihveig : Ta BeBopbva Tpos ¢riluo ToU Tpryvou elvar: Mia ywwviakh oxé-
015 kal BU0 ypaumikad oytoers, &k TV droiwv A pla (8= A) elvan pry dpoyevrys.

2 ; P | ; e b ; iy
*Ex Tfjg OHOYEVOUS OXETEWS 5 =k TrpokUTTTEL KL, B10TI, é:'xv k=1, Té1e B=y,
&0ev B = I' kol ouverdds B—I =0, mep &romov, Adyw Tiis deBopévns oxEoEws
Dcw< LS o ouvexelq, Paoel yvwoTiis 15161 TOs TAY dvodoy iV, EXOHEV:
2
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P _ 2RnuB _ B nuB +-nul __ k41
T_K# LT nul ==y - e el |
2 B——rcruvn*vr
ot B g gt s B - BT el
. B F BEITT & wilin. |
MU —5—ow =5
Suverrds, Exopev Tpds Emidugy 1O oloTnua:
B-TF=@a B=[=iw
A+B+T=m A+B4+T=m
BAF o Bialr silof ™ B ottt &
A P e e = \"“’T:K—ls‘"T M

’Eqv 70 duewoTépw oUoTnpa Exn Abow, atn elven BeTikr, dtav kol pévov
&tav (ds kai els TO wponyoUpevoy TapdBeryua):

L e L iy i pronr S0 B 2B
<2 2—2\2@0!;)2 o 5 5 MGQQ‘PT
‘Emropévess, 1) E€lowais (1) Eyer SexTnv Alow, Stav kod povov dtav:

V(U P .o, A

" els Tl b i T 6 g

’Eml mAfov, ik Tils ypopuikfs oxéosws 5, = A EXopEv: 21{1’]“88 Tlllfr = A xel
2
Aouv B;r

¢ alrriic eUplokopey 1 R= . OUTw, karahiyopev &ls Ty Pacikny
£ aUTiis epiokou Ee R Y s v P n

emiduow.
: o ox+1 o
‘H tEiowars (1) émAeTan s E€fis: "Emeidn ::tl P % > 0, Umapya

T6fov B (ebpiowdpevov AoyopiBupikds) upE 0 < 8 < T  TOlOUTOV, - (OOTE
op % = :i_i 2] -czi kai guventdss 1 (1) ypdgetan og —gﬁ = op —; . ‘H Adoig
olrriis, &meidn 0 < A <, elven A = 8. EUpéBn oUtws f) ywvia A kal ouvends o
dvoTépw oUotnua EmAveton eUkdAws. TTpos dhoxkAnpwov Tijs Siepeuvngecs Tiis
EMAUCEWS, TTOPOTTPOUNEY OTL : R>0 —= A>0,

"Qoe, o ouvlfikan SuvardTnTos THs EmAvcews elvar : A >0, k > 1.

2.5. Khaoowkai émidoec. 'Eqv T Seboupéva mpds Emihuow Evdg Tprydvou elvan
kipla oToryelx ToU Tprycvou ToUtou, TéTe Afyousv 611 1y Emiduais elvan
Khaoowkn) Enilueig.
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2.5.1. Na &maudij tpiyovev ik tdv: A=0,, B=10,, a= k. Tlpos émiAvow
ToU Tprycdvou ToUTov, s dvepepauev kal Els TS yevikds PTG, Beco-
polUpey TO GUOTNUA :

A;BI A___el
B—0, | B=8,
A_*_B,!‘r;;'rr r:T['—(Gl +ez)

To oUoTnua TouTto Exel BeTikfiy AUow, édv kal povov Edv: 6,>0, 6,0,

6,+ 8, <. 'Ev ouvexelg, i TTs ypauuikiis oxéoews o —« Exouev: k==2R nud, —

a8 21‘]':\6, . "Eyopev 181 yvwoTa T& oroysia A,B,I R kol ouverndss, tpoyeo-

pouuey kKaTa T& yvewoTa & Tiis Bagikis émlvoecs. ‘Eri wAtov elvan: R>0 <=

5 Ke ~0 <> x>0, &mopdves ai  ouvlijkon BuvaTdTnTos Ths EmiAvoews el-
s L o D

2.5.2. N& émdvdij tpiyovev ik 1@v: P=«, y=21, A=0. “Ymwobéropev
k=0, A= 0 kol 0 <8<, 81671, &v vavtia TepiTToE, elven Tpopaves &T1 kv
elven Suvarrny 1y émivots. Of Tebévres Trepiopiopol 8 elpioxovTto BePaicos kal gk
Tfis ouviifous Siobikaoias TTs Slepeuvnoews TTis EmMAUCEWS.

"Ev ouveyelq, UmoBétopey B>y (<= k >1), &méte, Péoel kad ToU TU-
‘rou 11, Eyopev TO gUoTNUA:

A=96 A=29
AHBYTr=% A+B4T=m

BT By A [T | BT _xA_8 (1
e T L P T )

*Emreidn Spws evan 0 < A< kad k>A (kA= 0), ouvdyeTan :t; op g_>0.

*EmriAvopey Ty EElowo (1) mpos ebpecv tijs Biapopds B —T. TTpos TouTo Eore

. i — A ] }
yeovia @ pi 0 < _q2>_ < % TolaUTn, QOTE £ % —_—: ) 0P 5 moTe &
ocwois (1) ypagerat:
B-I ¢ B g ) Yt SO
;_q;_Qf_ecp-Q-—qur N <> B-TI=g.

Suverréds, TO dvwTépw ovoTnpa elval iooBuvopoy pé 1O oloTnua:

A=29
A= T IS S
A}+B+T=m ) <= B=7+§_§'
B )
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‘H eUpebeioa AUots ToU cuoThuaTos elvar BeTikd. TTpdnyuar, émreidn << =

o B L A w9 8 2 3 ; ;
0< 5 < 5—.;5—5,-0:» B.-.—f+§—§>0. EE d&Ahou, émeidn

K~l<1 £k TH toews € E—K—AG J ouUVaYETAl : € ke E:b

KT7\
T 6 T f i1 6
m%*wﬁmi)ﬂ%<§_iﬂ§_%*§>0é
|
I'—2 5 2>0

*Apa, TO oUoTnua Exel TavtoTe BeTikny AUoly (pluv) kol guveTrdds 1y Emi-
Avois elven TévToTe Suvartd. Ev ouveelq, & Tis o = x Exopev 2R nué — « koi

¢€ aUTiis eUploxkopev 16 R :-2;115 = 0. OUrws #yopev dveydi els THy Paoiknv

Erridvow.

"Eqv P <y (== x<M), ipyagouba dvahoyws. "Eav Buws Pp=y (<==k=A),
¢}

Té1E 1y EmiAvois elvan &mrhouoTaT, Siom1 B=T = % g s

2.53. N imivbf] tpiyovov &k tév mhevpdv tov. Ta BeBopéva Tpds émiuoiv
fvat: a=x, P=A, Y= Smou kAu Sedoptvor Betikol &pibuol. “Ev mpokel-
péve, of TAfov kor@AAnAol TUTOL, glvan of TUTol 14, Zuvemdds, EXOUEV TTPOS
tiAvo TO ouoTnpa:

A (s—M) —w) B R
s v e o ot B sGG—A)
E (S_K) (S_-A) étmou 28 = K+ A+l

L B(s—n)

Elven yvewoTdv &T1: E=AIE W) U o A ek i N D

s(s —k)
’Eav elven (——(7;)—(?;2 = 0, Téte Umdpyer ToSov 8, (eUpiokouevov Aoyopi-
& s—A) (3 — u) ’ "
Buikéds) pt 0 < 8, < T TOOUTOV, GOTE £ 2' ("?(75)—( R oémoTe 1Y
5 . A 8, .
pdTn T E10GoEwy TOU GVLTEPL GUOTHKOTOS YPORETAL Ep —= = &P 7’ H
Eiowois olrn Exe plav povov Alow Evtos ToU SiaoThpaTtos (0,m), i omola
elvan A = 8,. “Apq, o ixaval kol dverykedar ouvBiikan, fva TO oUoTnua éxn piav
pdvov AUoty &vtds Tou Siaotrpoaros (0,1r), elvan:
A—pl<k <Aty u—K<A<p+x, [k—N<p<k+A =)
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"Eotw (A =8, B=26,, = 8;) f) MWois alrn. ‘H émiAvois 8& elven Suva-
T, 29’ doov 8,4 8,4+ 0, = . Tolto Sucws loxUe, Biom : "Ag’ tvos yvwpilo-
HEV OTL @

6 G-NG—w
1 A% - p? =2\ ouvb ' Sl :
K A+ ucviqiv-etpz V s(s—K)

‘Ag’ Etépou of dpifipol kA u ke 8,,0,,8; TAnpoUy Tas Umobioers ToU Beco-
priporos 1.2.3. kai ouvemds elven oToiyela évos Tprydvou. 'Ev ouveyela, &k
Tfis k= 2R nué, evpiokopey 10 R kal ouverrds dvarydpea eis Ty Pacikiy émi-
Avow. Al ouvBfikan BuvaToTnTos Tiis EmAUcews elvan ai ().

Maparipnorg 1. ‘H oxéos &, 31 83 =  SUvaron v dmoderyfij kal g £Efis:

5 0, 8, 6 83 9,

Elvan: etpzstPTJrecp-z—etpz-,—ecpzscp—:
) ) =) (=—1<)‘ G (s ) | /6 60 ) _

V 6 -0 52(s—A) (s—H) s2(—H) (5—x)

*EE atrtol G5 YVeoTav petagl Tév 0,0, kal 8; oxéons elvan 6, +6, + 8, = 2pm -+ T, fEZ. Emrer-
5% Sucws 8,,8,,0; € (0,m), mpokuTrTEl ¢ 0 <8, + 8+ 8y <3 Kkai ouvemdds Exouev :

1
0<2pm+ w<Iw > —w<Zpw<2w = — 5o<p<l = p=0 <= 0,+ 0, + 8, =",
Maparapmers 2. 'Eg’ 675, pod Tiis émAvoews fvds Tpiydvou B& Bétawpey Opiopévous Tpopavers

TEproplopoUs Bia Tas mAeupas () T& ypauuka oToixela yevikdds) kal Tés ywvias abrel, ol &oio
s yvwordy elvat: AB,T € (0smr), k> 0 B1&x kéBe ypapuikdy oToryeiov k ToU Tprydvou.

2.5.4. Na émivbij tpiyovov ik tdv: a =k, =13, A=0.
TMepropiopot: k>0, A >0 kal 0<B < m. *Ev ouveyeiq, &k Tév 8Uo ypauu-
K&V OYEOEWY EYOMEV:

p_2RnuB A muB & ,
o  2RnuA i &g U <+ nuB - = T]l;_ﬁ;j. ¢
Suverréss, Exouev Tpos EmfAuoy TO oUoTnua .-‘.*
A=20
A+B+T=n oL 8
A \
MuB = —nué (1) L

*EmiAvopev kad Siepevvddpev Thy (1). TTpos TouTo, Siakpivopey Tas kdTwbdi
TIEPITITWOEIS

«) "Edv A nue= 1, Té1e f) (1) elvon &8uvaros kal guvendds 1) Emidvois elven &8U-
K

VarTos.

B) 'Edw i nue <1, Téte 7y (1) Exer Aow, THv omrolav ebpiokopev s &fis: *Eotw
K
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@ T0 TOGov pE O< @ < % kad ToloUToV, DOTE TP = % nub. Zuverdds, 1) Eloco-

ois (1) ypégetan nuB = nug.*H Elowois almn, Exer 8Uo Aoeis &vtds Tol SilooTh-
perrog (0,1r), ol émoien elvar : B= ¢, B=m—¢. 'E§ alrdvy, Pdoer kai Tév Buo
TpdTwy Elodoewy ToU GVWTEPW OUSTAUOTOS, mpokUTTEL: = m—0-—09,
= ¢—0. "Apa, Eyouev mpts Emiiuow T& ouoThpaTa !

A=8 ] A=26
=@ Z) B=m— (Z2)
M= m—b6—9 l N=¢-6

*Eferdlopev Ud molas owvbrkas T& dueTtépw ouoTApaTa Exouv Bemikny
Ao, TIpds TolTo, Biokpivopey Tas dioAoUbous TTEpITITWOEIS:

2
16 oUotnua (Z,) evar &uvarov, fitol Bév Exer BeTikiy Aucw. To ovoTnpa
() éxe Gemikfy AUow, v kol pévov & : =0 <= 1—0—¢>0 <=

By Eop & ul (4:... < -12-[), Téte @—6=0 ( <= [<0) xal cuvemdds

A
T—0>9 <= nu(T—8) >nup <= nui>nue <= nué > ?nuﬁ <= K> A,

B.) 'Eqv 6 < g, Té7e T—B—0> 0 kel guverrdds, 16 ovoTnpa (Z,) Exer BeTikny
AUo. To oUornua (Z,) el BeTikny AUoty, sav kel povov éqv: [ =960 <=

e>0 <= nue > nud <= % e Nd <= A=k

ZuvopifovTes T& GuwTépw, EXOUEY TOV k&Twhi Trivara.

a<< P npA ouBepia AUois
( SuUc Avuce
el <P Blo Aoes
l 2 | axp pic Aos
a>pneA | st
[ sl a<<P ouBepia Aois »
2 a>p uix Alois
A< = pla Avaois
2
a=pnuA
A % oudepia Avoig
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2.6. Eidikdrepov, tav 1O Trpds Emiduowv Tplywvov elvar dpboywviov (& ouu-
BoAilwuey TGUTOTE TNV opBnv ywviav pt A), ToTE, AcuPavopévou U Syiv OTL
A=T ( = BT g) 70 dverépe oloTnua (3) (24) 8 dvan & Tpi-
ywvopeTpikdy avoTnua (fj ovotnua) Tév 6ady ywwndy B,I" kai 1) émiduois Tob
dpboywviou Tprywvou 8& elvon Buvars, Ew kad povov Edv, Umdpyn Betikh AU-
ais (B>0, I'>0).

ITAPAAEII'MA 1. N& émAubfy dpboycviov Tpiywvov ék T@v: a=1k, p=A.

Eniiveig : O &pyikoi mepiopiopol elvan @ k > 0, A > 0. ’Ev ouvexeig, éx 1@V
BUo Sebopfvwv ypappikédy oxioewy kai Pacel Tou Tumou (XI) Exopev :

A B [ B
4Rnu—o-NH 5 MU 5 2 2nu W — e &
B e e = —— e
o 2R nuA K B
B 5=
A 2A
—=Y2qu— M — = 2nu — u — = ——
K 8 2 kY2 i
B—I" B+l _ 2YV2 v B=T T AY2
auv 5 — ouv 5 —— <= 5 — ou s -
B-r A2 V2 - B-T VZ@r+%
ouv o e 5 <= OU\ e

r_ Y2@a+x @)

IS 2x

*E&v 10 oUoTnHa ToUTo EXT Aoy, altn 6 elvan BeTikn, éav kal pévov ddv:

i | BT T
Oé!B—r!\-.'—Qﬁ-ﬁ:}O‘ D) _.4_4~,
B-I ™ B—T_ ¥2
owl > ouv o ,—cuvT <> 1 > ouw s ().

Suverréds, 1) Egiowais (1) Exer Ao, Otav kal pévov dTav:

V2@ +x) _ V2 V2@A+x) _ ., k(V2-1)
L ar gy v A oo e S L RSl

85

WnopionoiOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



TTAnpoupévns Tiis ouvlrikns (3), fi Elowars (1) 8 £xn Aoy kol oUVETTESS
Euplcncou&v T Biagopdv B—T, &méte elkdhoos elpiokopey Tas Ofeias yowviag
B xai I,

Al owbfikan BuvardtnTos Tiis EmAvoews elvoa:

k(V2-1)

k>0, A>0, A< 5

, T6 Tplycvov 8& elven loookerds (Brati;).

MAPAAEITMA 2. N& émAubfi dpfoycviov Tplywvov ik T&V:
a=k, 838, = A (x,AE R).

"Erilverg: ‘O dpyikds mepiopiopds elvan: k >0. "Ev ouveyela, éx T@v &uo Bebo-
péveov WT OpoyEvGY ypcxumxmv oxéoewv Buvdpedo va elpowuey uiav YWVIGKNV
oxtow. Tpyuar, &g’ Evds Exouev:

4R? nul nuB
Su 87 = #YT. 'i'r_ -~ 7\1 = —_7B_I'
ouv 7 auv T ouv —2— auv —é—

B r
2 — 2
A= l6R nU == Nk —- (1)
‘A@’ Etépov, elvan: o= 2R <+ k=2R wr=4R* .(2)

*Ex tév (1) xad (2) AcuPavopev:

B r B-T BT
- R 2 M4t e 2 2 —_ =% L
A? = dk’nu znu 5 <« A= 2x [cw 5 ow —
B[ VZ B—T A2 V2
253 = e S
A% =2k [crw 5 ] <> oW 5 Ty
SuveTrdds, Exouev Trpds EmiAuciy TO gUuoTnUal
msin 10T
B4T= - 3)
; -
o e <418 4 y

*Eqv TO oUoTnua TouTo Exm Avow, oUTn B& elvan BeTikr), E&v kai povov EGv:

) Ly 'B ['| 0
0<|B-T|<m—A <= 0<|B-T|< -5 — 0= 5 i

[B=-r) % BT

|
0> > le=y >—§—— (5)
O’W,_UUVI Q——l)mjv—‘—}—*#b- = OUV — 2 7]
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*Apa, iva f) Elowois (4) Exn Bexthv Ao, mpémel kal dpkei:
A2 V2 y2 a2 A2 e
1572‘<—2~r»2->—274=>—-2;5—+—2—£14=b—K—z52~V2 (6)
TMAnpoupévns Tiis ouvbiikns (6), 1 iowois (4) Exer Aow, dméTe €6 aUTiis
eUpiokopey THy Srapopdy B—T kal ouvemrdds mpoxwpoUuey koTa T& yveoTd.
Tehikdds, of ouvbfiken SuvatdTnTos Tis EmAUoews elvan:

2

ALZKHZILEIZ

75) N& tmiAuéi Tplywvev ik TGOV K&Twl oToxelwy:

™ 2w
I Pt ai= 180 = = =1
jB= g Pigmaig=1 2)p=20, y=10, T= 3
Pa=1, p=Vit 1l A= > 4 y=4, A=1, owr:"%
= = :
5) p=2, y=V2 =+ 6) p=2 y=V3,r=7
7) a=2, r=331,r552\/37 8) o R, A=2r
9)a p—y=AB=2l 10) a.A,“E—r-—;\
76) Né& bmiAubii Tplywvov ik TéV KaTwh oToiyEiov:
1) aAT 2) B, B—y=A 3) o, AE
4) a,vg, B=2r 5) o A, ta 6) A\ B+ y=»A u=a
7 A ve PHy=2 8) a, T, B=2I 9) o, A, PP+ y2 =22
e
77) N& bmikudii dpboycwviov Tpiywvov ABI (A = ‘2‘) &k TGV Emopévewy oToyElwy:
1) ap 2) va, Hp 3) Bpt+y=x 4) va, Ha 5) ¢, B
6) o, g T TR 8) 27, va 9) B, a+ Ug=A
78) Ne& dmiAubi Tplywvov tk TéV dxohoubwv oToryeiww:
= KEE =} = A? E_‘.. e
1) a.B—F—w.vK:r ES 2) Ot,E-?\,scp2 <EfP-?-v
3) a A, B—y+ Ya=A 4) o, A, up+ Uy =1
5) @, o B—T=@>0 G)G.%:?\.B:ZF
7) Pa: PR Py 8) va, up, Yy 9 A B+ y=2 Vat pa=x

79) N& Utroroyrofouv al Tpeis TrAeupal Evds Tprycvou, Eav yvwpilwpey, &1 T& KN aUTédv elven
Tpeis Braboy kol &xéparor dpifpol kal éti fy peyadutipa ywvia elven Simhacia Tiis wkpoTépas.
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80) Eis dpBoydviov Tpiywvov Bidovtan T& TufpaTa 1 kai v, &g T& dmoia BinpeiTan 1) UroTelvouos
Umo Tiis BixoTéuou By, N& Umohcytofiouv ta ororyeia «,p,y, Bu xal vg.

81) Al TAsupal o, B,y tvds Tprycvou dmoTeholy &pib. TpéoBov. 'Edv Bideten 1) ywvix A, vé me-
AoyioBouv al &hdes ywvial,

82) Els tpiywvov SiSovrar T& oroxeia R, p kai a? + B2+ y? =8R?. Na Umrchoyiofoly ai wheu-
pal ToU Tprywvou.

83) "Edv els tplycwvov elvan opA = 2 kai 09B = 3, vé& Umodoyofi 1) ywvia [ (Gveu mivékwv).

84) N& tkppagdij, ouvaptioe Ty mAeupdy Tou dpfoywviou Tprycvou ABT, 1) épamToptvn Tis

yovias Tév Siapiowy ug kal py.

85) Al Theupal Tprydvou dmoTeholv &pif. Trpdodov, 7| Bt Biagopd TS mixpoTépas ywvias al-
™

TOU &To TRV peyaAuTépav elval 7 N& Berydfj 811 al Theupal ToU Tprydvou eiven dudhoyor

Tpds ToUs &piBpols: VT —1, V7, Y7+ L.

m

5 ToTE V& Beixdi oTi:

1 1 3

si v T By R

86) 'Edv &ls Tpiycovov elvan [ =

5 20 s y
, PP+ Y= 5 kai epB coll = 4, Tdre v& Umohoyiobouv

(NN

87) 'Edv els Tpiywvov elvan E =

T& a xai egA.

ool o

88) 'Eav eis dpfoydwiov Tpiywvoy loxin B (B+ 2y) = y?, va Beydii én B

89) Eis dpBoydviov Tplywvov Bileton 1) 88ela ywvia w Tiis Siauéooy pp peTd Tis UToTevolong
a. ZnToUvrean:
1) N& épioficiv ol yowviat B kai I
2) Evpioxopev 5o Tipds Si1& v ywviav B, 1&g B, ki B:. Na Seaixdf oti:
B+ B, =

I (5}
R

3 e - B I

90) Na& tmAuvBf Tpiywvov &k TGOV oV, €9 = B =

91) *Eav al mhevpal Tprydvou sivan dvdhoyor Téw dpibudv V6, ¥3 kal 1, Umohoyioare @

. ~ ~ S ¢ o s 2 p "
fuitova kol cuvnuiTove Té@Y ywwidv abtol. "Emions, Seifate é1t A—B=—- kal o711 1) Bia-

HECOs Mg elven ké&Betos els THY TAeupay Y.

92) Bewpoluev TO Tpiywvov ABI kai Uyolpey kabéTous, i ThHy AB €lg 10 A, Emri trv Bl €ls 10
B xai &l Thv AT els 16 . "Eav E’ elvan 16 éuPabov ol Tprywvou, Tou oxnuamibopévey Umd Tdv
kaféTwv TolTwy, ToOTE:

g

-E?- = (opA +4-o¢B+ ogl)?
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93) Edv w,p kal 8 elven al yeovlan al oxnuanifépeven Ume T&Y mheupdv TrpooavaTohlopivou
loomAelpou Tprydvou kal éves &GEovos, va Serybfi Emi:

3 1
(e g Mp8)* + (owwe ouve ow)? = —

94) Oewpolpey kavovikfy TupapiBa v mapamhelpwy ESpdv, Tiis dmolas # TapdTAsupos dKuT
elven a xkai ) ywvia Tiis kopugfis ék&oTns eBpas 2¢. Na Umrohoyioloelv ouvaptiice: Tév a kal ¢:

1) To &hkdv Eupabév,

2) "0 &ykos Tijs Tupauibos,

3) 7 dxris Ths MepryEyparpims opaipas kol

4) 1y dkris Tiig Eyyeyparpévns agaipas.
95) *Eoree R 1) &xis Tijs TepIyey pappevns mepigepeias Tis Pdoews ABI Tpigopboywviou €l 1o
O TetpaéSpou OABI. "Eav ), w; kal wy &ivar dvrioreiyws oi ieSpol ywvial B, TA xal AB,
Belfore 611:

&) V= % R> npA neB nul YouvA ouvB owl, émou R elven & dyxos 1ol Tetpatpou.

B) ouvess = YogA ogB
¥) ow?e; + ol + ouvies = 1

3. Terpanicopov

3.1. Kvprov tetpamievpov. Al yowvian A B, T, A kai ai mAevpal o, B, v, & Evds
kupToU TeTpoAeUpoy (ZX. 15) xapakTnpitovtan, émws kai eis TO Tpiywvov,
@5 kOpla oToIyElr TOU TETPOTTAEUPOU.
Al Biaywviol 8, kai §,, 16 tuPadov E,
1 meplpeTpos 2s, | yowvia w TV Siax-
ywvicov, ds kal k&Be &AAo ogTorysiov
(ypomkdy fi yoviakdy), 10 dmoiov ouv-
BeeTon pe 1O kUpTOV TETpSAeUpoy ABTA,
kchoUvTan  devtepebovia oToixeia ToU
TETPOTTAEUpPOU.

3. 1. 1. Zytonic perald 10OV orovyciov
kuptod tetponievpov. "Avagipopsy  ko-
TWTEPW QpITPEvas PaoIKAS OYECEls pE-
TofU T&V oToryelwv Evds kupTOU TE-
TPOTTAEUpPOU.

Ey. 18

3.2.1. Tovia mievpdv kai dayoviov. "AvaywpoUvTes & This TpogavolUs oyé-
(ALY . ARTIEE. BB o 0 sias . : e
(AD) : (AB) (AD) kai P&oel Tou Becopripectos TAWY fuiTovVGY,
eUpiokopey GuEcws TOV TUTIOV
el nuB  nud,
nud - nuly,  nuB,
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"Epyaéuevor dvohdyes, KaTaATyopev €5 Tous TUTTOUS:

nulz | nuB nud,

i nud, Wl A,
nwd el nuB,

=1,
A ned, el

nuA, nud  nuB,  nuB; nuA el

nuB  muA,  mub, nul * nuB,  nuA,

‘Opoieos £k Tiis oyEoEws —AB . Br . r—Av . an — 1, eYpiokopev TOV TUTIOV:
X BF "TA  AA™ AB

nuA, NuB, Nl NuA, = A, nuB; nul; nud, 3

3.1.3. "Eppadov. AaBoyikds Exouev (Zx. 15):
E— (AOB) + (BOI) + (FOA) + (ACA) = E= % (AO) (BO) nuew +

%{BO) (TO) nuw + -E (FO) (A0) nuew + % (A0) (AO) nuw =

E~ 5 [(AO) + (ON)] [(BO) + (O&)] nueo = E = 2 (AT) (BD) i

ZuveTrdds, AapPdvouey TOV TUTTOV:

1
E = 5 5,5, nuw 3

3.1.4. Tlhevpai, Sraybvior kai yovie v Swwyoviov. "Eote Z 16 snueiov TO-
ufis T@dY Theupddv P kol 8 kupTol TeTporAeUpou (2. 16). Auvdper Tou Beco-
PHHOTOS TGOV CUVIMITOVWY, EXOUEV:

N
o = (OA)*-(OB)*+2(A0) (OB)owvw e a,/]
St e Gl O b L /w/ N ; % |
y? = (OA)*+(0I)*+2(0A) (ON)owew ~ N N/
82 = (OA)*+(0A)* —2(0A) (OA)oww T .k\___.‘_r_/.-f\’\ /
*EE qUimév AcuPdvopey: g N

o —p2 4 y2 67 = 2[(OA)(OB)+ (OB)(ON) + (OM)(0A)+ (OB)(OA)] ouveo =

(C(: 1 Yl)"‘ (‘32 e 52) = 2518: ouUvw 4
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‘Ouoleos Exopev: 8,2 = (AZ)* + (ZIN)* —2(AZ) (ZI) owve,
5,2 = (ZB)*+ (ZA)* —2(ZB) (ZA) owep, o = (ZB)*+(ZA)?—2(ZB) (ZA) ouve
ki y?= (ZA)*+ (ZM)2—2(ZA) (ZT) ouve.

*Ex TouTwv kail Pdoel Tév oxéoswv (ZA) = (ZA)4-(AA),
(ZB) = (Zr) +(I'B), TTPOKUTITEL & TUTTOS:

(8,2+8,2)— (a* +y?) = 2Bd ouve 5

3.1.5. "Eppaddv cvveptijoer nepuiétpov kai yovidy. ‘Ex tév tumwv (4) kad (5)
TrpokUTrTEl &péocs O TUTTOS:

E= % (=P +y?*—582)epw 6

3 1 1
EE &AMov, elvan: E= (AAB) + (AIB) = ™ ob nuA + 5 By nul =

4E = 206 nuA + 2By ul (1)

*Errions, Exomev: 8,2 = o+ 82 —208 owA xai 8,% = P4 y* 2By owl.

"EE adTédv BE ouvdyeTal ! a? + 82 —2a8 oA = B? + y? — 2Py owl =
a? 482 — P —y? = 2a8 ouvA — 2By owl  (2).

“Youuey QU@OTEPT T& pEAn T@V (1), (2) &ls 1O TeTpdywvov kal Tpooht-
TopEy KaTA PEAT), OTTOTE TTPOKUTITEL:
16E2+ (a2 4+ 52 —B? —y2)? = (2aB A + 2By nul")?+ (208 ouvA —2By owvl)? =

16E2+ (o2 82 —B2 —y?)? = 4a*8? + 4P*y? BaPySow(A +T) =

16E2+ (o2 + 82 —p% —y?)? = (208+ 2Py)* —8aPyb [1+ ow(A+ )] =

16E2+ (a2 +82 —P*y?)* = (208 | 2Py)* —160Pyd ouv? < ; L8
2 2 2 232 2 =T
16E7 = (2664- 2By I —(0P+- D5 =Py ) E=TaPyBiouniosy e
1 2 | 2 2 2 Aﬁ"r
16E? = [(o+-8)* (B —¥) [(B+ v)*~ (a—B)"] —160Pyd owv? —5— =
, A+T
16E2 = 16(s —«) (s—P) (s—y) (s—08) — 16aPyd cuv? s

(25 = at-B+y+8)
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OUtws eUpioxopey TOV TUTTOV:

e e : AT
L V(s;a) (s—P) (s—y) (s—B) —opyBow" T !

3.2. Kuptov tetpanhevpov Eyypayipov &g kUkhov. “EoTw TO Eyyeypaupivoy elg

xUkhov TeTpéarAeupov ABFA (Zx. 17). lvewpilopsv Ot B+ A=, omoTe
ouvB — —ouv A. EE &Ahou, ik T@V Tptyvey ABI

kod ATA, Suvdper kai ToU Bewopriparos TGV ouv-
nuITéVeY, Aaupdvopey:

o?+p?—2aP owB = y*+ §2—2y8 owB =

) az'}'Bz—YI*S?_
P

*Ex 1iis (1), duvdpel kad TV TUTrROV

B 1—owB ) Ui /"l-frcuvB
== iy Gl \; 5

Aappavopev:

B 1/G—o) —B) B 1/G—x)(-9%)
Ha = \// oBt+ys e \/ ap +yd

'/(":"‘G} (S_E’) (25 a

B
’EE oUTddv BE TTPOKUTITEL: €0 =57 = G =5 ‘ B4y +85).

"Qoe, Exopev Tous Emoutvous Paoikous TUTTOUS

(s —c) (s—B) B _1/G—y)E—-8
n“h_#z\/ ap +vd 'UW—Z—_\/ op+vy5 '

B _1/G=0G-B
*2 "V(a—y)(s—m .

Elvon A-+T = 1r, doTE UV A j? r = 0. "Apa, & Tou TUTTOU T AcuPdvopev:

E=V(-a) G—B) =) —9) 9
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Al Biarycoviol 8, kai 8, ToU &yyeypoupévou TeTparAeupou ABIA (Zx. 17)
UmoloyilovTal ouvapTnael TRV TAeUpdY Tou s EEfis:
ts Tov TUTTov 8% = a? - P? — 20P ouv B, dvTikaBioTdPey TNV TTpOTyYOUMEVLS
eUpebeioay TiuRy ToU ouvB (3.2), omdTe uetd Tas wpdEes, eUpiokouey:

5,4 AU LE) (6 o By)

of +y6 -, "Qoe:
5 1/ +B5) @B FBY) s, - (IR EEED |
e \ c(p -+ YS abd —+ BY
*Ex Tou Tprywvou ABIT (Ex. 17) AapPavopev:
= 2RnpB = &, = 4RnuB E— ouv —% ,

Smédre, duvdpel kal TéV TUTTWY 8, 10, TpokUTITE:

R \/ /(of + YB) (ay+ PB) (a6 Py)
(s—a) (s—B) G—y) (s—85)

11

— 42 V(B 8) (@ + PS) @5F By)

ALKHIEIZ

96) Eis kupTdv TETPETTAEUPOV ABTA va BerxBouv ol oyéoeis:

nuA  nuBineA,  nubanuA, 8) A NeB  nuA:nuB,
nul nud — nul; nua,

o) nuir T nuBy nul:  nudg ul,

97) Kuptol TeTpamAeUpoy SisovTan al whevpat o,f,y xal ai ywvien B,I. N& eUpeboly al Ywvici
AA xai N TAeupa 8.

98) N& elpeffi 7o Eppabov TeTpaTrAeupoy, ToU émoioy ol whevpad sivan 3,4,5,6 kai of BUe dmtveay-
T ywviar égowv &dpolopa .

99) 'E&v 1O TerpémAeupov ABTA elvan mreprypéyapov els kinhov, ToTe E = Y oBys nu 5

100) N& &moBeiy®f), 8T els mepryeypampévoy mepl kUkAou TeTpdmAeupov ABIA elvan:

Sl ) - e oy
M - R =yl 5
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A
101) AiBeton Tpamiliov ABTA. "Eav BAI — y kal ABA = y, Beifare omi:
NHX

8
a) opy — opy = oA — apB B) ‘5%7 e

102) *Eéw 6 Terpdmheupoy ABTA elvan byypdyiiov Kai Tepty payiuey el kUkhov, v& Berydij &1 ¢

A _ VB Ee= ) _ ob-Py
Dwy=Vgz PE=kwz ) WA=y
5) eq? _C;— = 5‘)5( £) THw= i;aa)éz (o0 elvan ) ywvia Té@Y Siaywvin)

w

103) Eis mav dyypéyipov TeTpdmAeupoy loyue: €@ & = =R (-8 , omou w elven

=) G-Y)

fi ywvia 1@ Biaywviwy Tol TETpaTAEUpOU.

4. "Enilvoig tetpaniedpov

4.1. Al Biaydvior fuds kupTou TetparheUpou ABMA yewpiCowv ToUTo €lg TG
Téooapa Tpiywva ABI, BrA, TAA kol AAB, T& Omoia kohoUvTal HEPIKE
wpiyova. L& TdY Tpiydvey ToUTwV SreukoAUveTan oUyi pdvov ) év yével
oTrouf) Tou TeTpatAeUpou, s fidn eirouey, SAAY Kkad 1) éiAuols alTou. KoAei-
Tou Eridvalg Evds TeTpamAeUpou & 81’ UTToAoyiopoU Tpocdiopiopos Tév &y ve-
oTwv kupiwv oToiyelwy Tou, STav Sofolv Tpos TOUTO ETapKT] oToIXEla aUTOoU.
Tuvnhfiws, 1) ETiAuols Evds TETpaTTAEUpOU gmTuyxdveTan ik TRs EmAUoews TV
HEPIKGY TRIYGDVWY QUTOU.

Fevikdds Sucs, & Tpodmos EMAUCEwS EVOS TETPOTTAEUPOU ToIKIAEl AVaAd-
yas Tév BeBoutveov Trpods émiuaiy oToryelwov aUToU. AnAadt|, UTT&pYOoUY TEPITITC-
geis KoTa Tag OTrolas, &k T&V Sedopbveov B v émiAucty oTorgelwv ToU TETpa-
TAeUpou, oUBEY &K TGV HEPIKEY TPLyGvwy aUToU ETIAUeTal.

Of ypnoiuoToloUuevol év yéver Tutrol &1& Thv émriduoy dvos TETPaTTAEUpOU
Biv EkAEyovTal pdvov peTagU TGV TUTTWY otToU, GAAG kol peTaU TEV TOIOUTWY
ToU Tplyvou.

Tpds TAnpecTépay kaTavdnoly T&Y &vwTépw, TapodéTouey T dkohovla
TrapadelypaTa

IMAPAAEITMA 1. N& émAubfi kuptdv TetpdmrAevpov ABMA & Tév o-rmxsi(.o\;
Ay,B, By kai &; (Zx. 18).

*Enidveig : "Ex Tiis émiAUoews ToU Terycovou BIA UmohoyiGouev Tas yewvias B,

I kai A. Zuverréds, | ywvia B= B, + B, UmohoyileTon.

EE &\\ov Eyxopev : A, 4B TM=m = (A—-A)+B+(T-T)=7 =
A-T,=m+A —B+) (H
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"Ex ToU TeAeutaiou T@V TUTwv 1, TROKUTITEL |

B, null nuA
e et 2 B MR fa
nuA nul, =B @

Al (1), (2) &moTehouv &v &TrACUV TPIywVoRETPIKOY TUTTNUE, &K TTis AUcEWS
Tol émolou Trpoodiopifopey Tas ywvias A kad [, Zuvemdss, Exopev mpooBiopi-
oel Tds yovies A=2mr—(A4+B+T)
kad A, = A—A,. *AxohoUbus, &' EmAU-
oews TV pepikdy Tprycvay ABIM kai
ABA  Umoroyilopev T& Aoimd kipia
OTolYElX TOU TETPXTTAEUPOU.

MAPAAEIIMA 2. Na& £mAubfi kuptov
TeTpdrAeupoy Ek TGOV OTOIYEICOV
a, Ay, Ay, B, xal A,

*Enidveig : Mpopavids (Zx. 18), &k tév By 18
OYETEWY
A=A, +A, kai [=m—(B,+4,), mpoobiopifopev Tas ywvias A kai T,
oméTe Egopev: B+A=2m—(A+T) (1)
*Ev ouveyelg, ik ToU BeuTépou T&V TUTWV 1, AauPdvopev:
nuB _ nuA; nuB,

2
nuA  nupA, nua, @
*EmiAUopev T6 ouoTnua Tév Eicdoewy (1), (2) kal mpooSiopifopev Tas yewviag
B kad A. Metd TauUTe, 51’ EmAUCEQS TV pepikddV Tprydovwy TpooBiopilouey T&
Aoimd ororyela ToU TeTporTAeUpov.

TTAPAAEITMA 3. N& &miAubfy kupTov TeTpdrAeupov éx Tév TAeupdv o, B, y, &
kai ToU éuPadol E = k2

*Enitvog : ‘Ex TV pepixkdv Tpiywvewv AAB kal AMB (Zy. 15), Péoer kai Tol
BewpnuaTos TV CUVTHITOVGV, EXOMEV:
5,2 = a? 4+ 5% — 2a8 ouvA
5,2 = P2+ vy>— 2By auvl

2 1 2
= od O'UVA = ﬁY owl = &— T_S_Z‘EZTY_Z (I)

piusz no o3
TMpos elkoMiow, BéTouev -S_Jf%.

=22, &méte (1) ypdpetan:
a8 ouvA — By owvl = A%,

*Emrions elvan: E= (AAB) 4 (AIB) = «* = % ad nuA - % By nul =
ab nuA - By nul = 2«2,

95

YnopionoiOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



OUrws Eyopev pds Emilvow, §1& TOV Trpocdiopiopdy TV yownidv A kal
[, 1o Eémdpevov oUaTNHA!

oB ouvA — Py ol = A? By ouvl = of ouvA —A? (2)

ab npA + Py null = 2¢? } [ Py null = 2x* — ab MuA 3)
*Ex tédv (2) xai (3) mpoxUTrTE:

(By)? (ow?T + nu*l) = (o owA —AD? 4 (2k? — B NuA)? <=

4i2a® TuA - 2A%aB cuvA = o8 + A% -4kt —Pry?

Av tmilvoews Thg TeheuTalas Efiowoews, 1 bmola elvan This popfis:
anuy -+ P owy = v, epiokouev ThHY yoviav A. ’Ev ouvexelq Emilopey TO Tpi-
yavov AAB, ToU émoiou yvepilopey SUo TAeUpds & & kai THY TrEPIEXOHEVTIV
yoviav A. "Ex Tiis émiiUoews ToU Tprycvou TouTou eUpioxopey THY 8, Kal TaS
B,, A,. Téhos, émAlUoupev TO Tpiywvov ATB xal eUpiokopev Tés yovios
A, By, kol ouverd®s, mrpooBiopifopev Tag yovias TOU TETPOTTALUpOU.

MMAPAAEITMA 4. N& émAubf kupTOv TETpATTAEUPOV ¢k 16V TAeUp&Y o, B, Y, B
kol ToU #uPodol E = k2.

*Enidvoic : Ex Tév pepixédv Tprydvev AAB kol ATB (Zx. 15), p&oer kai ToU
BecopriparTos TAV QUUTIIITOVGY, EYOMEV !

5,2 = a’+ 52 —208 owA
5, = p2+y? —2py owl

Sk e 1y T o)

} = ob cuvA —py owl = 5

262 B2 I ]
OéfTopev o o e A2, oméTe 1y (1) ypageron :

2
a® cuvA —py ol = A? (3)
Tpopavéds elvor: E= (AAB)+ (ATB) = k*= —;— & nuA + -;— By nul =

ab MuA + By nul = 2«2 3)
OUTe, My Tév (2) kai (3), Exouey TTpds ETTIAUGIY TO TPIYWVOHETPIKOY TUOTNHAL
ad ouvA —py owl = A? By oul = ob ouvA —A? (4)
o8 nuA + Py nul = 2«¢? } 3 { By nul = 2k* —aB nuA (5):
*Ex Téov (4) xad (5) hoppdvopev:
(By)?(ouww?l+ nu?) = (o ouvA —A*)*+ (2x? —aB NpA)? =
(4x*aB) A+ (2A%aB) owvA = o?8+ At 4kt —p2y?
Ar BminUoews TTis TeheuTalas E§iocoews, T &mrola elvan Tiis Hop@fis
a nuy-- P ouvy = Y, eUpiokopey THY yaviav A, Ev ovvexelg Emiivopey T0 Tpiyw-
vov AAB, Tol émolou yvwplilopey Tds 8Uo mAeupds «,8 Kal T ywviav A
*Ex Tfis mAUCEWS TOU TpIyddvou ToUTou eUpiokopey THY 8, Ko Tds By,
A,. Téhos, FmiAUopev 1o Tpiywvov AMB xal etplokopey Tas yowviag A 85, T
kal ouverrds, Tpoodiopifouey Tas ywvias ToU TETPATTAEUPOV.
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ALKHZIEIZ

104) Na émAudti kupTov TeTpdmAeupov ABIA 2k Téow oToryeiwv 8,,A,B;,I xai .

105) N& emihudf kupTov TeTp&mheupov dyypdyipov els kukAov, Tol omofou  SiSovran al
TAeupai Tou.

106) Ne& elipeBouv al yeovian kupToU TetparrAetpou ABIA, Tou dmrolov SiSovtan al ywvia A,,B,,
B: kal A,.

107) Né& émAuBii kupTov TETRETTAEUPOV Ex TGV TAEUPGY Tou Kad s Ywvias Tou.
108) N& dmAubfi Tparméfiov, ToU bmroiou Sifovtan al Siaydvion 5,,8, kat al yewvicn Tou.

109) N& tmAudf mapaAAnAdypappov, Tou dmoiou BiSovtan :
E(tuPadév), 2s(mepiuetpos) kal pia Siaycovios 5.

110) *Eav xupToU TeTparAetpou ABIA Eyyeypapuévou els kixiov, al mAevpad o,B,y,8 elvan dvé-
Aoyor Tév &piBudv 5,6,7,9 xad 16 EpPadév E = 100, TéTe véx evpefoiv ol TAevpai adTou kal )
dxls TOU TEpryeypappévou KUkAou.

111) N& UmoroyioBolv al Siaydvior Tparesiou, Tou dmeicy yvwpifopey Tas TAeUpds.

112) N& dmAubf mrapaAAnioypappov ABIA éx Tév:

8,

2, 'S; =2, o (yowviax Btorymvlmv)

113) N& &mAubf Tetpdmheupov, Eyypdwikoy kal Teptypdyiuov sis xikheov, & Tis TAeupds o Kal
TOV yowidv AB adTou.

114 KupTov Tetpémheupoy vt Trepiyeypampévoy el kUkdov dxtivos R. Né& ebpefolv al ywvic
aUTol, tav yvwplfouey Tas TAeupds P kai y. "Ev ouvexelq, elpete Umd molav ouvBrikny e
Ao 1O TpoPAnUa.
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KEDAAATON VII

TPITQNOMETPIKAI XEIPAIL

1. ‘'Opopoi — Pouoikai Evvoran

1.1. “Ymevbupilopev év TrpmyTols TOV Oplouoy wds oepds. "Eotw o, &y, Sy, -y
a, , ... ko dkohouBia TrporyuaTIKGY ap1fucov. OswpoUpey  £mions TNV AKoAoU-

Blav o, 01, O3, .oy Oy 5 ... EVB:

Ty = 4

G, = oy O

03 = @ Gy Oy

o, = oy +oy + ..o (veN)

‘H oltws oOpifouévn dxohoubic oy |V = 1,2, .., #& Tfs dxohoubics
a|v—1,2,.., keheitanr «droroubia TéV pepIkédy dfporopdTeovy i ouvnbéoTe-

ee]
pov ceipd Kal THV oupPohilopey e Fa, . Of. opIBUoL. ety (O, Olah e gy 55 em TKEES
V=1

AouvTal Bpov Tfis orpds, & B¢ dpiBuos oy (VEN) dvopdleTan viootdg Opos THS
oeipds. To &plov T dxohoullias o, |V 1,2,... T@v pepikédv dBpoioudToov
9 (] P

koheiTon aOpowepa THs oeipds 35a . Anhobn, Eav
ve=1
lim o, = lim (& + 0z + ... +- & )= aE i,
v-»+on V= o0 g
o by » ~ -~ £ € 1 \ g
TdTe Adyopev 6T1 To dfpoiopa TS OEIPAS 2oy glvan 6 &piBuds o xal ypdgo-
v=1
oo
HEV 3o, — o
ve=1
EidikaTepov, éav of Spoi wids oeipds TrepléXouv TPIYWVOUETPIKOUS  &pl-
Buols, TOTE 1) CEIPa KOAEITXL TPLYWVORETPLKN GEIPd.
MapaTnpoUpey, &T1 B1& va eUpuwpey T6 &fpoioua wds oeipds TrpéTel TP~
Tov v& elpwpev To pepikov dBpotopa (Bniadn To dfpoioua TV v TpWTWY Spv
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ns) kol &v ouvexeia 6 Spiov atTol. Tovifouey, &t els 15 mepioooTépas Tepl-
TTWOEIS CEIPAV, TO pepIKdY &Bpolopa o, Stv Umrodoyileten kal CUVETTRS Bev
elvan Buvatdv va Umodoyiohii T &Bpoloua Tiis capds. Me TAS TEPITTWOELS
TaUTas SEv TPOKEITAL V& GoyoATOG ey,

‘ Alorru*rrouusu"mi dmoBelkvUopEy  KaTwTépe, iy XPNolov  TpdTaoIv
S1& v eUpectv ToU uepikoU adpoloyaros mpioutveoy OEIP&V.

12. Mpoétacic. "Eav 6 viestrds dpoc o, miag oeipig §uk. tifetar bro v
v 1

popeiiv o, = f(v) — f(v + 1) (1), a xadc vEN, tore 1 REPIKOY GOporapa
o, didetar bnd tol tomov o, = (1) — f(v | 1) (2). "Edv 8¢ a, = f(v + 1) — f(v)
tote o, = f(v + 1) — f(1). ‘ ’

Arnodeibig : H &médeais wpayporomositar Sid Ths TeAelos Emorycoydis. *Edw
v=1, 1éte, &9’ tvds elval o, = a,, &g’ Erépou ol (1) kai (2) YpapovTal:
o = (1) —1(2) xai oy = (1) —{(2). *Apq, émaidn kal o, = a,, owdysTo
11 81 v = 1 1) mpdTaois ioxve. Ev ouvexelq, Bexousba 8T f TpdTacis oy vel
Bi& v = x, fi7or foxler: o = (1) — f(x) 3
"E§ &MAou elvan: Oxir = 0k F oy (4) kad « p1=1I(k +1)— (k- 2) (5)

Awx mrpoobeoews @Y (3) xad (5) xor& wéAn wpokdTrTer:

O + e = 1)~ f(x - 2),

émote, Suvduer xal THs (4), AouPdvouev: oy, — [(1) = f(x+2), Bnradh
mpdTaots foyUe 1 v = K {1 kai ouverrdss 1) péTacis Amredetydn.
"Avaddyws &oBeikvieTan ko 1) Beutépar mepimrTeoois.

Korreorépeo, B& mreplopiobiddpey els pepica: mapadeiypaTa kad dokdoes TpI-
ywvopeTpikedy oeipdv eidIKTs  popefis, s Tas dmolas kal To HepIkOY &Bpoloa
kol TO Spilov aToU UtoAoyifovTa,

FY e ™ : A « =~ Y w
TITAPAAEITMA 1. "Eqv aE (0, ?> s TOTE vax eupelf] 10 dBpoiopa Tis oeipds:
nue + 2 a4l o - 2y o -

Abeg : Of Spor Tiis Bobelons oeipds elven dpor phivovons YEWLETPIKTS TTpodSoy
Kal GUVETTGIS EYOMEV:

_ @nuay—1 _ M vy T
g, = zﬂua_‘l NH& <= g, 27]“0:‘_’1 (2 ﬂ“a) " i_2nua (]‘)

"EE Umobéoecos Exopev: 0 <o < —2* <> 0 < nua < %— <= 0<2nua<1

Zuvemdds: lim (2npa)v= 0 2)
V=400

o

*Errlans, & fis (1) mpokimrren: limoy = o ™% Jim (2 nua) +
® -2 nua’

Y=+ 2nuq—lv—>+
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omoTe, Aoyw xal Ths (2), Exoupev:

. - T G el e S TR &5 5 4 =
{Tf:; e s ey ?_‘]2 nuY « o dnhadn TO &bpoioua THS
oelpds elval lf—ngc:]ua ;
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MAPAAEITMA 2. N& etpeffi 10 &fpoiopa Tis oe1pds: El'qu 2::2- cuv—;fl

v

4 i ™ 3
Abeg : “Eyopev: o, = ni vrT oW o gy >
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TT T T
20, = 2 M4 FE oW gng 20, = MM 7y~ —MH 5y

c:c—l o el 5
Vel SRR LB B

Maperrnpotpey d11: o, = f(v) — (v +- 1), émou f(v) = -;— nH ; :

Suvetréds, Péoel Tiis dvewTépw TPOTEOEWS, 6 elvon:

) 1 ™ 1 L A ENs
o=y =00+ LS i = WO = 2 2 et
1 I T 1 1 1
Elvan: limo, = = — = limnp = e, (=
s TRV Te e Sl T 2 2
*Apa, T& &Bpoloua Tis oepds elva —;— z
; iy e 5 & o ] o

TAPAAEII' MA 3. N& eUpedfi 10 &poioua Tis oeipas: X 5 €@ 5 -

v=1

Abowg : AmobeikvUeTan eUkGAGS fi TOUTOTNS: EQX = opy — 2092) (0

*Ex s (1), Bix x= %— , EXouev: €@ —% = a¢ —;——2 ag 2:1] <~
1 | a 1 o
Fhm T N TES T L

‘Etropévas:

1 a 1 o 1 <

=% @ o =7 O T T L = e fv + 1) — 1),
1 a
&movu f(v) = ST 9% 5
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*Apa, Pdoer Tiis dmoderyfeions wpoTdoews 1.2, & elven:

7 1 a 1 1
o, =Iv+1)—11)= t?Tcr@TiFmp%:? cq:%—crcpo(:

1

@
a o 1 a oy
= OUY = - O e B s o —o%a
KL+ W
a
; Lo a : v
Elvan: lim o, = — lim ouww— - lim — opa =
v— +00 V—=>+oo 2\; V= +00 o
nu o

1
= -&-oruv()-l—crq:cr=%—oq>a

v 611 s lim X = Jim WX _ A
(elven yvewoTov OTI zl—rf:: = :1_{% = lmiv_].l?w = = 0).

“Apa, 16 &Bpolopa Tiis oelpds elven - — 9%a.

MAPAAEITMA 4. 'Eqv o> 0, v& elpebfi 10 &Bpoiona s oeipds:

El 5 14+v (v 1a?

Abeorg : *AtroBeikvUeTan eUkGAws ST (oxeTikds TpPA. kep. V TapdBerypa 2):

"Eqv y, ¢ >0 = Tof epx —Tof epy = Tof ep ;“;‘; M
Elvan: va =0 kad (v 1)a>0, y vEN, 81611 a> 0. ‘Emopéves, & Tiis (1), Si&
¥ = (v+ Da kal y = va, AapuPavopey :

Tof ep(v+ 1)a—Tof egva = Tof g ](_:—_i:ég%-;gz e

a
Tof ep(v-+ 1)a—Tof epva = Tof eg ey e (2
‘O viooTds Opos Tiis oelpds elvan:
a, = Tofep I_:F\T(:Jrl—w = To€ep(v+ 1)a—Tof epva = f(v+ 1) — 1),

&mou  f(v) = Tofepua.
‘Emropdvas : 0, = f(v41)—1(1) = Toep (v + 1) a—Tof ep o, dmére, Pdoer “rijs
(1), Exouev :
40 s va a
o,= Tofep e To&e?ﬁo?’iT—?cP— Tof eg I - ﬁu’
v
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v— -+ v—r+ o0 V=> oo

Elvai: lim o, = lim Tof ep i = Tofep( lim e
o+ s 2 14a?
v v
(o4 1
=T = =
o eq = Sy To ep =
"Apa, TO &fpoioua Tiis oeipds elvan  Tof ep —.}[_ , dnAadn:

o = Ty
— q)H—w(\)—}—l)cﬁtz_ o

AZLKHZIEIZ

115) Na& elpebii 1o &Bporopa Tiis cepds o‘% 1

V=1 gy gyp &
2v

116) N& elpedfi 10 &Bporoua Tiis oeipés QEQ To§ o (1+ v+ v3).
v=1

Xy + 1

(Ymébais: 'Edv x >y > 0 => Tof opy — Tof ogx = Tof ag s

)

o
117) N& Berxb1j 671 16 &Bporgpa Tiis ceipds 3 nu 3i TEW eiven 0.
v=l| L/

o
3v—1
118) Né& ebpebolv Ta dbpoiouaTa Tév kdTwh ceapdv :

ol xy2 @ a
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