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KEDAAAION 1

TPILQNOMETPIKAL EEIXQYEIX

L ‘Opiopoi — pucikai €vvorur

11, Tvwpifopey €k Tiis "Alyeppas Tov oplopov  pids GAyePpikig EElowoews
&5 Tpds ¥, A(x) = B(x), émou A kai B elval ouvapThoes Wds METaPANTTS
(&yvidorou) x. “Eav Ev ToUAdyioTow TGV HEAGY  TTis dvwTépw E§iowoEws, TrE-
PIEXT THY TipHv WIS ) TEPIOTOTEPWLVY TPIYWVOHETPIKGV guvapThoewy ! els THY
Btow @(x), &mou ¢ TuyoUTa owvdpTnols Tis QUTTS TPy BOTIKTS METAPANTRS X,
Tote f) tElowois alTn koheiTal pryovopstpikn  Eiowoig G5 Tpos X. My al
E10coeis:

1
nuy 4 ouy =2, owdX - — 5, ep(ouvy) = o@(npx), )

QX = X Mux tow’x =1 @
elval TprywvopeTpikal E§10woEls.

Kde ToEov ¥, TO Omolov EmoAnelel piov TPIYWVORETPIKNY  E§iocoaty,
fitor kaBioTd TOUTHY 10GTNTA, KOAEITAL PEPIKN ADOLS auTis (m.x. 16 TOEOV
2 : s L ; oy s
Xo= -% eluan pia pepikn Aots Tijs Beutépas ék TGV tEiowotwy (1)). To ouvorov
TGV pepikddv AUoewv WIGS TPIYWVOUETPIKTS ¢Eiocooews  KaAeTal YEVIKT ADG1g T
&mAGss Abag, ) B2 eUpeots Tiis Yevikijs AUoews koelton Eridvaig THiS TPIYWVOUE-

Tpikfs E100EwWS.
*Edv kd&fe TéEov ¥ elvan Avals (uepikn) "pds TPIYWVOLETPIKTS éElooews,

! Atyovtes «TpryWVOuETpIKal OUVapPTNOEIS?, tvvooUpev Evralla, EkTOS TOV oUVapPT NOEWV
N, ouv, €9, o¢ Kal Tas dvTIoTRPOPOUS auTév, 6 dpifovTan els 1o Keg. V. *Errioms, UmevBuplfopev
671 ol yvwoTol TprywvopeTpikol &piBuot nux, TUVX, EPX xal oy elvar dxpipdds ol Tipal Tév TpI-
YWVOUETRIKDY OUVAPTHTEWY T, OUV, £ kal og dvTioTolyws els T onueiov XER.

*H &veE&pTnTos peTaPAnTh (f, dos GANws Abyouev els THY Trpokeiubvny TepiTTwa, TO TO-
ov) T@V ToroUTWY cuvapTiigewy, eval Trpary paTikds &piBuds. "Eg’ tEfs B¢, TavTa T& YpPnoiuo-
ToloUpeve TéEa B& BewpolvTan 6T Exouv peTpmBf ué povada T axrlviov,
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101 1) EGlowols aUTn elval TpiywvopeTpikn  tavtdtng (Y. # Teheutalo ik
T&v (2)).

Elvar Buvartov émions, oUbév Téfov va émainfeln piav TPIY WVOHETRIKNY
é€iowaiv, omodTe altn kaheltal ddbvatog (.x. 1 iowols nux = 2).

‘H tmikvois olacdnmoTe TprywvopeTpikiis Efiodoews oTnpileton i Teo-
gdpuwy Pocik®dy BewpnudTwv, T& dmoia SixTuToUVTan CUVTSNWS UTTd TGy Ké-
Twb {oobuvapiddy:

. = 2Ky 1y
(D) nux =1y <= x=pm+(—1)y { . :
) g (el Y S RER)
(1) ouvy = ouvy <= | X7 AR (x€Z)
X = 2KT—y

() epx =epy <= x=xw+y (k€Z)

(IV) opx = opy <= x =ty (kEZ)

EridUopey kad BIEpEUVEIMEY KATWTEPW QPITPEVAS KAGTTIKAS HOPQAs TpI-
YWVOHETPIKGY E§looEwy, els Tas OTrolas dudyeTan, &v yével, kébe &ANN Tpryw-
voueTpikn E§lowols.

2. Oepehdderg tpryovopetpikal EEl0MO0ELG

2.1. py = a(aER). TIpds emiduow Tiis E1owoews TaUTns, TopaTnpoULey, &1i:
o) ‘B faf >1 (<= a>1f a<-1), # tiowoss elvan &&Uvaros, BidTi
nex|< 1 &ix kabe xER.
B) 'Eav [of <1 (<= —1 < a <), té1e f) Eiowois &xel Auow, Thv dmoiav TPoo-
BiopiCouev s EEfs:
B.) 'Eav O0<a<1, tote Umdpyel TéGov ¢ (eUpiokdpevov Si& Tév TIVAKWY) [E
— 1 U o o i
O<p< 7 xal ToloUTov, GaTe Nue = o, dmdTe | Elowaig YP&PETO:
nUYX = NKe . ()
TMpopavéds 16 ¢ elvou pla pepiksy AVois Tfis (1). "Ev ouvexeiq, yprouo-
mol0UvTes THY dvewTépw iooBuvapiav (1), elpiokopey THY yevikiy Avow Tiis (1),
1) Smola elven:

x =k (-1)r gee2) « | X7

x= @p+Dm—p

MaparnpoUuey, péow ToU TUTOU (2), 671 €ls kdBe Tipfv Tou dkepaiou K
duTioTolyel kal pia AUois (pepikn) Tiis E§lowoews (1). "Emi moapadelyuari, Bia
k = 0, eUplokopev THY pepiknv Aoy X = @.
B.) ’Eav -1 < a < 0, TéTe petaoynuatifopev fgoduvduws THY Trpds dwiduociv
teloway, ds kdTwbi:

NUX = & <=+ -nux = -a <= NU(X) = -
Els v Tedeutalay Spws Elowo elvar 0 <-a<<1 kol ouvenrdss, édv Beco-

ApEZ) (2)
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pricwper &yvwaTov ToEov TO - ¥, ) tElowois altn elval  Tfis TpONyOUPEVT)S
Hopoiis (mepimTooots By) kad EmAveTan dvaAoyws.

1 oo 1
HAPAAEIIMA 1. N& &miaudi 1) Elowois: nudy =— 5 kol v& eUpedf] Ex TV

HEPIKGY AUoewv albTiis, 7 ¢AayioTn BeTikn.

agy : ™ . )
Enthveig: ‘H Bobeioa Eiowaois ypagetat : nudyx = nu(—? ). ‘H oyevikn

Aois adtiis SideTon UTTO TEOV TUTTWV:

2km
3xe= 26 —¢- (KEZ) X="5 —1g *ED )
™ L 2p | T
e = 2p+ 1T+ (PED) X =511 €D @

"E€etédopey kot &pyryv, molan &k Tv ebpeeioddv AUoewy elvar BeTikal.
Ivat i Aoeis elven fetikad, Trpémer kol &pKET:

1 7
3 —Tg--,o Km-B—q‘—W‘)O} <= {K>W kal P>_I§'}

"Apa, B1& k= 1,2,3,... kad p = 0,1,2,..., NauPévopey, & T@v (1) kal (2) avri-
oToiyws, BeTikds Avoess. “Emrl TAdov TopaTnpoUpey, OTL:

[Z_K"rr i 2070 AT

X417 K wad XpH>XD’ V KIPEZ'

‘Ofev, af (1) kai (2) elvan alovoal oUVapPTHTELS S Tpds K kai p QUTIOTOIXWS.
2uveméss, ek TEV MepIkdY AVoewv (1), T EhayioTn BeTid) dvTioToiyel els THV TI-
11

18

‘Opolws, &i1& p= 0, ebplokopev Thv EAayioTny BeTikny AUgtv &K TGV HEPIKDY

Wy k= 1 kai elvan ¥, =

. T : S T
Aloewy (2), 1 dmola elvar Xo =78 “Apa, ) EhaxloTn BeTikny AUois elvat I8

. 3 1
TAPAAEITMA 2. N& EmAvBf f) EElowais: M = ——- .

: : -3 1
‘Eridbvorg: ‘H Sofeioa Eiowans elvan looblvapos ue Thy nu(—zx) T

: 1 ] i oS
Emiong, elvan yvwotdy, &Ti nu%: — Ko ouvettdds 1) tElowag ypdoeTan :

gt (:;l() = qulg—. ‘H yevikf AVois oUTis elvai:

_%&jmju(ﬂ])r-g- (xEZ) €]
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*Ex Tiis (1), AYovTes chyePpikéds cs Tpos ¥, eUpiokopey:

x=—FHED(—F) D) @
2T T e @

HMaparfpnoig. Els Tov duewtépw Timov (2) 1ébn x dvtl «, Bidm, d&v 10 & Aappavn
8has Tds drepadas Tipds, TéTE kKol TO -k AapPdver Shas T dxepaias Tipds kal (-1 )k - (-1)*, &pa
& mpokitrTey TUTros (3) elvan looduvapos pi Tov (2).

2.2. ovvy = A (AER). "Omeos kol els THY Tponyounevny BepehicdBous popeiis
TpiywvopeTpikiy EEiowaly, Biaxpivopey kal v TPOKEIWEVE Tds K&TWBI TrepITTTCo-
gels 65 Trpds THY Tap&UETPOV A:
«) ’Eav [A|> 1, TéTe 1) E€lowas eivon aBUvarTos.
B) ’Edv 0 < A <1, ToTe Umépyer T6€ov ¢ pe 0 ¢ 12T kal  ToloUTov, aoTe
ouvp =M, oméTe 1) flowars yphgeTan:
oUVY = OUV. (1)
*H yevikn AUois Tis (1), Pdoer Tis icoduvapias (I1), eivau: yx — 2k ¢ (ke Z).
¥) *Eév -1<A<0, T6TE peTaonuartifopey Ty églowaory (1) s efis:
ouv = A <=+ -OUuvX = -A <= ouw(m-y) - -A
"Exopev pos Emidvow Ty tiowoy ouv(tr-x) = -A ut 0<-A- 1 kai dyvw-
oTov TOEov TO T-X Kol ouverréds ueTamiTrTopey Els ThHY Trponyoupévny TepinTe-

aw (P).

ITAPAAEITMA 1. N& EmAudf ) ticwais: ouvdy i !

"Enidvoig : EUplokopev &k T@dv AoyoplBuikdv mivdkwy 1o éAdyiotov Beti-
kdv TOEov T TOlOUTOV, OOTE cruv-r:-;— . TTpds, ToUTo, AoyopiBuilopey THY Te-
Aeutaday lodtnTa kal Eyxopev:

Aoy owT = Aoy-i—#?\oy ouvT=-Aoy4 =+ Aoy ouvT=1,39794 — 7—75°31'2]1""

Suveméds, ) yevikd AUois Tiis Sobelons E§iocoecws elva:
3y = 360%=75931'21"" <= x = 120%=£25°10'27"" (xc2Z)

2.3. epx =) (A€R). 'E&v A 0, elpiokopev & TV mwdkwy TéEov w i
gpw = A kal ouvertdds ) Elowars ypageTan:
£PY = EpW (1)
‘H yevikd) Aais Tiis (1), p&oer ToU TUmou (Il1), elvan: x = km fw  (kEZ).
*Eqv A <0, Té7e Siapoppovouev Thy Sobeicav Eiowatv s EEfis:
X =A += epx=-A <> p(-0=-A (A>0)

Wneiomotr|Onke amé 1o lvotirouto EknmaibeuTikng MoAmikrig



Ore, # Tpss Emihuow Elocars ep(-x) = -A elvan Tiis mponyoULEVNs Hopefis,
Ut dryvwoTov TéEOV TO -X. y

Ka®' Spoiov drpiPdds Tpdmov EmAveTen ko fi émoptvn Beuehidodng Tprywvoue-
Tpikn tflowois:

24. 69y — a (aER).

= = : 3m
TIAPAAEITMA 1. N& ebpefolv T& &vTds TOU &GUOIKTOU BIGOTHHATOS ( O'Z
160, T& EranBetovTa THY Eflowo g2y =V3.

Aboig: ‘H Sobeioa Eflowals ypdpeTon ep2y = Eq>l3r- +*H yevikny Aoig atiis elvan:

bl KT . T
2% =W+ += s s T (x€2).
'EE UtroBioews Speos EYOME:
sy L LB 1) i e Sk e o I
0X«’_4_¢=p0<——2—_1 ﬁ6,7<;—4— = -46-_(.‘2-(—4— 6 <= 3'-_1(\6
1 7
Al wévey &xépanan Tipal ToU K EVTOS ToU BIACTHATOS (rf e elvan O

kal 1.’Ev ouvexelq, BéTovTes Tds dnepadas alTds Tiuds ToU kel TV eUpebeioav
¢ W ™
Yevikiy Ao Tis EEiodoews, eUplokopey GVTIOTOIXWS BUo TéEa, X g Kol
18
s s :
" AVapEPOHEY KATWTEPW QPIoHEVAS BepeA1caBels TprywvopeTpikds E61000EIS
kol 1&g AvUoels aUT@V:

™
X: T—l—

, T& bmroia elvan Kol T& CNTOUHEVAL.

MR =0 ety By =oKEE cuvx=04=e-x:|<-rr—&—%

T
nuy =1 > x= 2w g ouy=1 <= x= 2T
T owy =—1 <=+ x= (2k+1)m
ey = —1 <= Y =2xkm— 5 b
0 H opX = 0 <= )(=1<'|'r—1—7
EQN U e e

(Els 8Aas a5 dveoTépo TepITTTROOEIS elval KE 7o

3. Tpryovopetpikai £Elo@oglg dvayopeva gic Oepehdderg

3.1. Tpryovopetpiki Eiicweig tiic popeiic f(t) =0, BB t TPIYWVOUETPIKOS

&piBuds Tou ToEou Y Kai [(1) dxépaiov TOAUDVUHOY G TTPoS t. ( ]
Mpds Emidvow wds TolUTng trocmoews  Epyalopeda s Efis @ "EmAvo-

Hev THy g Tpds t EAyeBpiknv telowow (1) = 0 kai Ec"rwoom,tl_,\ oy Eral e

~
oo

\,
A 9
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pitan arfis. ToTe, | TprycovopeTpixhy &€lowois 1(t) = 0 elven looBuvepos ué T &s
k&Twhl Bepeicobels TprywvopeTpikds Efiocosis:

b= by, b=t s Bty
al omoicn EmAUovTan ebkOAws kol of AUoeis airé@y  elvon YeEvikn) AUois Tiis
f(t)y =0,

ITAPAAEITMA 1. N& Aubfi ) E§iowois: nu?y +2nu2y —nuy —2 = 0.

Abog ¢ “H Sobeioa EElawois loobuvduws ypagetar:
(ux—nux) +2(Mux—1) = 0 <= nux(nux —1) +2(nux —1) = 0 <=

= -2 (a)
<= (X +2)(nux = DMx +1) =0 <= | nux= 1 (p)
nix=-1 (y)

‘H tfiowais (o) elvan &BUvaos, ol Aloeis tév (B) kal (y) flvan &vtioTol-

WS X = 2KTT —I-%' Kai X:ZK"T'—%‘L (xeZ).

Maparfipnois. “H Giepedvnois mds Tprywvouetpikils Efiodoews (1) = 0, Tis Tponyoupt-
vns Hop@fis, dudyetan kv yéver els Thv Biepedvnotv Tis &vTioTolyou dyg Tpds t &AyePpixiis tioca-
aecos f(t) = 0, AauPavopévay Errl mhkoy Um' Syw 1@y dplwv petafolfis Tos TPIY WVOUETPIKOU
&p1Buol t.

M.y  tiowots aep?x +Pegx +y =0 (250) A 209’x +Pogy+y =0 (as£0) Eyer wdvrore
Ao, tg'doov A=p2—4ay>0, dmou A # Bakplvousa Tiis BeutepoPadiloy (s Tpds t) EEioca-
oews at? + Pt 4y =0."H Siepetvnais Tiis anu?x +-Prux +y =0 (a£0) § aguv?y +Bouvy 4y —0
(x 7= 0) dvéyeran els THY Biepedvnow Tiis &vTioTolyou &hyePpikiis trochoecos at? - Pt *'.Y =
pt -1 <t <1 (B1om éTébn nuy =t f| guvy =t).

Tlpds mAnpeoTépay kaTtavdnaw Tfis dvwTépw TapaTnprioews dvagépopey
T& Emopeva o TrapadelypaTa:

TTAPAAEITMA 2. N& dmAubfi 4 &lowais: anu?y +Bnux +y =0, a# 0. (1)

‘Erihveig : Ofrovtes nux = t, Exouev mpds EmlAuow Thy dyePpikiy EEicoo
f(t) =at? +-Pt+y=0 “(-l<t<l). )

"Eotwoav t, kal t, al pilal abriis. Ak va elvan of piden alren Sexrad, Trpé-

rer kad dpkel va eplokwvTal vTds ToU kAeioTol SlaathuaTos [—1, + 1]. Ev&iage-

popeda Suws, v elpowuev Umd mofas dvarykalas kal {kavds ouvBrkag peTafy

Tév o, P kal y oupPalvel Touto. ZxeTikdds Siakpivopev Tés dkoAoufoug TrEpI-

TTWTELS.

1) "H &lowais (2) Exer piav povov dextijy pibav els Tds i€ TEPITITCOTEIS |

1,) Mic kel pévov plfa s (2) edploketan dvtds Tol &voiktol SlaoTrpaTos

(1, +-1). Tlpos ToUro, Tpémet kai dpwel vé elven:

f(+1DI=1) <0 <= (a+B+v)(a—P+7) <0.
10
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15) ‘H pio pize elvar & —1 ot f) &AAn keiTon EkTds ToU SlaoThnaros =1, +-1].
TouTo ioyuel, Stav kal povov dtav:

(f(-l)-—- 0, || >1) e (au—B—l-yf—O, L \1)

o

Admr, 2 = : i LA L o
16T, d&w t, = -1, TOTE, Emwald kal tit,= -, ouvéystal t, = il Fuve

wéds, 1) pila t1=—-lc;“ elvon 2xTds ToU BlaoThpatos [ —1, 417, &9’ Sdoov 2: 1.
1) ‘H pia pifa elven 10 1 kad f) 8AAD kelTon ¢ktods Tou Sraothiuaros [—1, 4 1]

Tpds ToUTo, Trptmel v &pkel v elva:

(r(+1)..<0, %‘ - 1) P (a—i-ﬁ+7=——0, ‘% ,\1)

|
2) ‘H tiowors (2) Exer do dexrag pilag s T EEfs TEPITITOOEIS:
2,) Al Buo pife Tiis (2) edpiokovTan EvTos ToU SiaothpaTos [—1, +1]. Els Thv
TepimTwow althy of duaykaio kol ikaved ouvBiikon elvat:

((A‘-O, af(=1) 20, ef(41) 50, —14 2%«.,0, 1+%«0) EF
2a 2a

2,) H tiowots (2) e BimAfiv pitav tvrds ol BlaothuaTos [1, +1]. Tpds
ToUTo, Trpémrel Ko GpKel:

> (Bder>0, ol +9) S0, olahn) 20 1 boo 1igo0)

pi—day = 0 kai —1 < -—-2% < +1

3) "H tEiowais (2) oddepiav Exer Mooy els T&s EETs TrEPITITAOEIS:
3. ) Al piZen s (2) elvan pryadiked <= A= p2-4ory <0.
3p) Al piZen Tfs (2) elven TparyporTiked kal KelvTon ExTOS TOU BlaoThoTos
[-1, + 1]. Al dvarykaiat kal ikaval ouvBfiken Tpos ToUTo, elvan:
[al(=1)<0, af(}1)<0] <= [ax(a—P+Y) <0, ala+p +y)<0] A

(A_.\O, af(4+1)>0, 14 f_u-,o)#, (pz_zwy;o, (@t Biy)=0, 1+ n)

»

f
(A0, at(-1)>0,-1 b o)ﬁ(pﬁwéa a(ap+y)>0,-14 2 o)
Kab® Suotov dxpipéds Tpdmov EmAUETal kal SiepeuvaTan 1y £flowaig
aouvy? +powy +y =0 (a#0).
TIAPAAEITMA 3. A1 mrolas Tipds ToU AER # Elowois epy? + Aepy -1 =0

Exel piaw povov AUow, TAnpoloay ThY oxtow 0 <y < Z—T 3

\veg: "Exk Tiis B‘ESOuéVT]S oytoews: 0 <X -{w;—r ouvayetal eg0 <epy <€ g kol

11
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ouverdds 0 < epy < 1. Ofropev epx = t kal # Bobeioar tficwors ypagetan :
e(t)=t*4+AM+1=0 pt 0 <t <1, (1)

"Armrcutolpev 1) E§lowats (1) va Eyn wiav pbvov Sextiyv piZav, #ror, ulav
uévov pllav tvtds ToU SraothuaTos (0, +1). Tpds ToUTo, Trpémer kal ApKel v

elvan:
PO)P(1) <O <=+ 1-(A+2) <0 <= A<—2.

*Apa, Bi&x A <=2, ) flowols e@®x FAepx +1 =0 Exer piov pdvov Ao

tvtds Tou SiaoTthparos (0, l‘;— D

3.2. Tpyovopetpikai Ewodeeig pé nepiocotepa 10l Evdg dyveota t6Ee. Occo-
poUvTes GAyePpikds EEiowoes TepIooOTEpwY ToU &vds dyvdoTwy, elvan Buve-
Tév, v& EmexTelvoopey TOU Spiopdy TS TprywvopeTpikiis Eiohoes 1.1 xal
el TprywvopeTpikds E§10woels TEPIGTOTEPWY TOU fuds dyvidaTaoy TéEv. TTy.
ol tiodoslg

X HY) Hnu(X —y) = 2, €92¢ = ey,  ouuly — nu(y | g )

elvon Tprywvopetpikal Eiocoers SUo dyvwoTwy.
TMMAPAAEITMA 1. N& tmAvbf 1y &lowas: nuy — auvy (E).

. p . m )
Erilvag: AUTn ypbgeta cruv( 5 —Ly) = ow2y kal elveg looBUvanos pt Tég

kaTwhl SUo olkoyevelas dAyePpikidv ESiocharcov:

g—A\{J—ZKTT b 2%, KEZ W - %—2)( 2w (1)
=) (keZ)
; —y =2k —2y, KEZ Y Tz—r F2x —2k (2)
"Qote, f) yevikty Aaois 1fis (E) elvea:
{GLW)ERXR:XER,y — g — 2)() —2xm, keZ) |
{(x,¥)ERXR:XER,y *l;-- F2x —2xm, keZ)

‘H (1) mapiotd els dpboydviov clotnua &Evev piav olkoyéverlay Tra-
paAifiiwv edBady, dtav & k BiaTpéyn T6 Z. ‘Opoiws kai ) (2) wapora plav
olkoyiverav TapoAAfiAwy elBeiddv (V& yivn ypogikd) Tapdotacsis Tév Sdo Tou-
Twv olkoyevelddv TrapaAAfiwy eUBeiddy).

3.3. 'Opoyevitg tpryovopetpikiy Eiismaig de mpog nuy kal ouvy. Oftw rkaheito
m&oa Efowors Tiis wopefis e(nuy, owvy) =0, Smou TS TpdTOY iAo UTHS
elvon drépaiov Spoyevis ToAudivupov s Tpds Ny kat ouvy. My, ai tiodoris:
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Mu*x -+ 3ouv?y — 2nuyouvy = 0, nu3x +ouvy +nuiyxouvy — 3nuxour?y =0
elvon Spoyevels TprywvopeTpikal EEIomoEs. L
Tlpos Emituow wids ToiUTns EElodoews, Biaipolpey &v yéver (g’ doov Tou-

To elven Buvartdy, BSnAadhy ¥ 7 KT+ -g-) &updTepa T& péAn alTiis BE guv* Y,

émou k & Pobuds dpoyevelas, dmrdTe TpoKUTTTEL dhyePpixn Elowaots dos TPOS EPY
kel ouveTréys peTarriTTTopEy €ls THY Trponyoupévy KaTyoplay TPIywvOUETPIKGY
EE1ochoecov, AnAod,. Eav 1y dpoyevils TprywvoueTpikt Efiowaols p(nuy, ouvy) =0
ExEl PoBudy Suoyevelas kKEN, ToTe aliTn ypageTan oUv* X f(epy) =0, (ouvy7=0),
OmdTE Eyopev v EmAUowpey Th EElowot f(epx) = 0, o f(epx) elvon dué-
POV TToAUGVUPOY €5 TIPOS EPYX.

ITAPAAEITMA 1. N& ¢miAubfi 1 é§lowais: nu’x—(l_-{—vg)nu)(crwx +V30uv2y =0

‘Eridvowg : Edv ouv y — 0, f) Bobeloa Efiowois Bider nuyx = 0, T omoiov

flvan &BUverTov!. *Apa, UmoBétovTes ouvy # 0 kal Sicpolvres dupoTepa T

MEAN T (1) pt ouv?y, AauBdvouey ep2x—(1 +V3) epX +V3 =0.Al pifen Tijs Seu-

TepoPabpiou (ds pds epy) avTiis Eiodoews elven 1 kal 3 kal ouverrdds Exomev:
epx=V3 )

; T . ; &
H yevixd) Ao Tfis (2) elven {x€E R : x = KTT+'4_ , KEZ}, 1) B¢ yevixt| AUois Tiis

(3) elven {xER : ¥ = p'l'l"iv% ,» PEZ)}.

IMMAPAAEITMA 2. N& #mAvefi # tlowors: anu?y - Pouv?y +ynuxouvy = 8

‘Eridvorg: ‘H Sofeica 2Elowats ypdeeTan 1 anu?X + P ouviy + y nux owy =
B(nu2y ouv?y) ked ¢ adTiis Aaupdvopev:
(a—8)nu2y + (B-8)owv?x +ynuxowy = 0 (1)
‘H lowaos (1) elvon pla SeuTepoPdduios duoyevis TprywvopeTpikly EElowais.
Tpos &rriAuay Todrrns Sioxpivopey Tas KATWH TIEPITITWOEIS:
1) "Eawv a# 85, Té1e ouvy %0, Bidmy, kv ouvx = 0, 7| &lowais (1) ypagetan
(0-8)nuy = 0 kai Eweidh a—8 7 0, mpoxumTer nuy = 0, Step &rotov.
Eis v meplmreoov abrhy Sicipolpey &updTepa T& pen Tijs (1) ué ouv?y
kol AcpPdvopev THv Eflowoiv:
(0—8)ep?x +yepx +P—5 = 0, ©))
f| dmola elvon &AyePpikdy s Tpds epy kal Exel AUow, & kal pévov v,
Y’ ~4(ax—8)(p—5) = 0.

! TouTo anualver, &1t al Alces Ths E10coews guvy = 0 Btv elvan Aoeis THs(l) xal ouve-
s, UmrediTovtes ouvy 7 0 Biv Tepiopilouey Tdg AUoeis Tiis (1),fiTor Bty Exouev &mwdAeiav piidv.
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2) 'Eqv o= §, 7y tElowois (1) ypapeTan:
(B—8)ow?x +ynuxouvy = 0 <= owx{(B—8)ouwvy +ynuy) — 0 <
{ ouwyx =0 ()
(B—8)ouvy +ynux =0 ®

‘H yevikty Aois Tfis () elvon ¥ =2k :{:g— (keZ)

Abag tiig (B). ‘H éflowois alrn elven pia TpwToBdbuios Suoyeviis Tprywvo-
peTpikty Eflowons kel Siakpivopey Bi& TV AUy altiis Tés KdTwd TEPITITCIOELS :

2,) "E&v y #0, ToTe ouvy # 0, dméTe BiaupolvTes dupdrepa T& HEAN THs (P)
. 5 &-
pe ouvy, eUplokopev yepy +p—8 =0 f) epy = —;@, fi ool EmileTon et

25) 'Eqv y =0, 1) (B) ypagperar (B-8) ouvy = 0 kad 2w piv P=28, altn even
&opioTos, fitor tmodnbeleton Bik kéde XE R, v 8t B £ 5, 167e elvan oosiva
wos p¢ Thy ouvy = 0, Tfis dmolag f) yevikd) AUois elven:

X = KT —|—‘—2Tr~ (xeZ)

Mopatipnog. ‘H mponyoupévn Eiowaors (1) elvan Suvardy va EmAUBT kal kat' EAAov
Tpomov, 81 Epappoyiis TéY TUTTwY UtroPifacpol (R d('rm'rs'rp:zycoulcpo(;)_ Béoer TV TUTrov Tou-
Tov, alTn ypdgeral:

1—ouwv2 14-owv2 2
(ambliEsr ) 4—2—1 i m—;—x- =0 <= yn2x+ (B-a)ou2y = 25 —a—p

‘H Terevtala tiowois elvar pia ypapuikh Tprywvoperpikd tlowais (S1& Thy EriAuct
TauTns, TpPA. KaTwTépw TepiTTLOW ¥).

MevikcoTepoy, Exopev Eiodoes Tiis popefis F(nuy, ouvy) = u (0 5 peR), mou 16 Ty,
ouvy) Tap1oTa dxépatov oAuwvupor kal Spoyevis ds Tpds nuy, ouvy kal PabuoU &ptiou. *Eav
& Porbuds dpoyevelas elvan 2p(pEN), TéTe Buvdieba vé ypdiywpey:

f(nuy, ouvy) = 1 <== f(nux,ouvX) —u(nu?x +auviy)e = 0

‘H redevTado Sucs Eioeois elvan dpoyevils (Babpos dpoyevelas 2p) kal trridveran kard 1é
YvwoTd.

M.x. # tlowaors Snuty +4np2xouv?x +Touwvty = 4 (1) looBuvépess ypégeTan:

(1) <= 5Snuéy+4nuixouviy + Touvty - 4(nuiy +ouww?y)? = 0 <= £4Y - deply + 3 0,
f dmola EmAveTon eUkdAwS.

»

34. Dpappiki) tpryovopetpikt) gicwois. AUtn elvan Tfis popeds
anuy +Pouvx =y, ofy #0,!
fitol 16 TpdTov péAos auTfis elvan pla ypopuikt popety Téw Y kol ouvy.

P

341, Abeg tfic anpy 4 Poovy =17y, aPy #0. 'Emabdn - ER, ouvdy:-

! E0kéhws SiamoToltar &1, tav aPy = 0, | ypaupikh tiowois AapPdver dmhoustérny
uopeny (Bepedicodn).
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7o, &1 Uépyer wavToTe T6EOV (eUprokdpevov Ek TGV myvdkev), Tou dmolou
1) iparmrropévn tooUTon pé ToV &piBuoy % ;

‘s ik ToUToU, TPds Aot Tiis E§iodoews XPNOIHOTIOIOUMEY TOV HETAOYMUATL-
TUOV £Qe = % M)), émov w elvan yvwoTdv TOEoV kal cuverréds 1 tiowoig
YpdpeTan:

anpy + Bovvy = y <=> MY+ f% ouvy = %4 <= NPy epuouvy = g <=

NUY ouvw '+ﬂU¢°‘5WX='% qUVG <= nu(x%—m):% oww (E).
‘H reneutala Sues Eiowaos (E) elvan 1 yvoo T Bepehicadns tElowons 2.1,
Ty &mrofoy EmAUopEy KaTd T& YvwaTd, fiTol: "Eav l% ouvw = 1, 8tv UTdp-

s = ¢ 3 \ Y ~
Xl oUBty TéEov, Tou Gmofou TO ouvnuiTovoy va elvat o Kol CUVETTGS T

tiowors anpy -Pouvy =y elvon &BUvaTos. ‘H oovdixn Svvaréntog Looemg
tiic (E) elvan 2t cuvew | <1, f &Toia MEPAUTEPW dvoveTan looBuvdpws @5
| «

| | 2 2 1
£ERs: %o'uvc.o | <1 <= %crw’coél <= % i ieqﬁzwf 1 <=

b

Y oo o] 4 4P Py i (29))
(o4

i
“Apa, ) ypouuikn tElowols Exel Ao, tv kal pdvov v, TAnpoUTon f

owlrikn (Z). TTAnpounévns Tiis (), BtTopev ~I— cuve = pd (M,), &mou B yvew-
\ , 1Y Rl Y 5
oToV TOEOV pPE — T <0 = o i (E) yphgeTat:

(x,pEZ)

nu(Y @) = Nud <= {X“’*?K“*'e {x$2v<--+-e—m

X+w=(2p+l)-rr~6 x=(2p+Dm—8-w
Al 800 TeheuTaicn oikoyéveran TéEwy &TOTEAOUY ThHY yevikiiy Aow THs ypoupt-
Kfis EEiothaEws.

Mapatnpioeig ¢ 1) MNdoa teiowais TS popofis ey +PoPX =Y, aPys40, dvdyston €l
Ty iy THs Elodoewns ynue + (a—p)ouve = a+B, 8mou w= 2y (Gt ;).

2) EfSopev 811 1) ouvBrikn BuvatdTnTos FmAOEWS THS anuy + P ouvy =y evan a® 4+’ >y
Eaw of + B2 — y?, éte [qub] = 1, fvexa kal @V (My), (Ma).

‘H dvooTépw ypIHMIKD TPIYWVOUETPIKT éiowors elvon Buvarov v Emi-
AUBR kai &1’ BAAng peBoBou, ThHy émofav TEPLY PAPOLEV KATWTERW.

3.4.2. Aborg tijg anpy - Poovy =1, apy 7 0. *Exqppdalopey, ptow yvwoT®dv
15
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TUTWY, T& nuy kal ouvy ouvapThioel Tis e )2( (of TUTOL OTTO1 loytiouy

ut ¥ 7 2k, kEZ) kal ) Elowors ypdpeTan:

2eq )2(— l—apz—)L

o = = Yo sen(Piy) ept %—20@ ’é; Y—B=0(1)
1 2 X 14-ep?=-
e i

‘Emions, moparnpoluey, 81 Bid X = 2k 4T f) ypapuikd Elowos ypheeton:
anu(2em 1) +Bow(2km ) =y <> «04P(-1)=y <= By -0
“Apa, 1) ypapukt E§lowals Stv EéyeTan dog Aloels T& TOHEQ:
X = 2k 4w (k€Z), £’ doov PB4y #0.
Bdoer tév dvwtépw Siakplvouey Tas droAoUbous TepirTaroes ¢
1) Eqv B +y #0, Té1e ) mpds Aow Eficwais elvon igoblvapos i THv

(1), fi omola elven dAyePpixd s TTpdS 5‘P§ kad EmAUeTan Kot TX YvewoTd.

‘H ouvbnikn BuvatdtnTos EmiAvoews Tiis (1) elvan:
A= 4’40y +P)(y—PB) 20 <= o P2 5 y2
2) 'Edw By =0, T67e 1) ypowukn Eicwols ypdeeran:

o +Pouvy == <=-anux =—B(1 + ouvx) <= 2anu X o X -—2powv? X <
X
owg = 0 (1
qu%—(cmu :?)g |-[30'UV§) =0 < 8
X 1
ame= ﬁcuu%( =0 (2)
‘H yevich) Aois 1fis (1) evan x = 2xm + w (xe2Z). ‘H (2) ypageran

X P

£P 5= gmAveTan KaTa T& yvwoTd. "Emi mAdoy, tp” Soov P -y, mpo-
kutrTel B2 = y?, dmoTe o 4 B &y

Mapatipnaig. Auvvdper Tfis dvatépw ktebelons neddBou Emiloec TS ypapuikiis Eigch-
aews, ouvdryetan, 811 T nuy kal ouvy tkgpddovTtar ouvapTiioa Tig sq;é Hévov k' Saou B | y 0,

dmwéTe karrahfyopev els ThY EEiowaty (1), Edv 8 B+ y =0, dkohouBoluey Tév & Tiis mreprTborws
2) txrebévra Tpdmov EmilUoews THis ypapuikiis Eiodosws. Els dugortpas Tés meprrriboeis Ema-
veuplokopev THv yvooTthv  ouvBikny  BuvardtnTos EmAUoews THs ypapwkiis oo

o B >y

IMMAPAAEITMA 1. N& EmAub 1) E§locoos: nuy +V3 ouwy — 2, AcZ.

‘Enidvorg: ‘H E&lowots E&xar Aow, &9’ Soov  mAnpolTan 1) ouvbrxn :
124 (V3)?2 & (20)2, ¥k Tiig dmolas evplokopev: -1 < A < 1. Fx Tfis TeAeuTalas
oxéoews xol Emeidny & A elvan drépanos, ouvérystan A = -1,0,1,

16
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‘Apa, 1) Bobeloa EElowog Exel Ao, o kol pévow v, T A elven -1,0 kad 1 kel &
elvon ToTe looSUvapos uE Tas k&Twd Tpels EElocdoEis:

Ny |+ V3ouvy =—2 (a), nex+ V3ouvy = 0 (B), nux -+ V3ouvy =2 )
Atmg tiig (a). ‘H tfiowors (o) ypageTan:

bl
¥ 3=
nuy +ep 7 OUVY =—2 <= X +— T oux ==2 <=
% UV —-
3
™ T
ﬂuxow%r~+nu % owy = — 20W g P T'W(x Al VBA) BEL e
E = W oer x= ZKW——SI (xeZ).
X+_3‘ = KTT—‘? X g
Abmc e (B). ‘H (B) ypdoetan: epx = —V3 xal f) yevi Aois abrfis elven
2t veZ
X =KTr -+ _3—'n .

Abmc tiic (y). TIpds Avow Tarns dxohouboUpev Thv alhy éxpipdss Topeiav

Tr 4 ’
uE Ty Abow Tiis (a) kal edplokopev nu (X+T) =1, 1fjs 6molas A yevikt) AU-

o15 elven ¥ = KTT--I-'IGT—, kEZ.

35, Topperpikd] dEicooig Gg mpdg Mpy Kol oVVY. OUteo kodelten maoa EEi-
owois Tfs popefis f(nuy, auvy) = 0, &mou f(nuy, ouvy) elvar oUPHETPIKOV
Siépaiov TTOAUGVUMOY Gos Trpds MUy Kal ouvy. Elven yvewaoTdv Ek Tiis *ANyEpas,
871 xéfe ouppeTpikdY ToAUVUpoy (dxépaiov) s pds ¥ kad y elvan Buvatdv
va& tkppaohi] ouvapThoe T&V OTOIXEIWDMY OUHHETPIKEY TTOPATTHTEWY X+~‘P
kal yy kal, oUVETTas, k&Be CUPHETPIKT TprywvopeTpikt Effowois BuvaTal TeAkdds
va A&Pn ThHY popehy Ny +ouvy, NHX owy) =0 (E).

Mpds émidvow Tijs E§lowoews (E), tpapuOlopEy TOV UETOOXNUATIONOY
nmy |+ oovy =t (M,), & &moios Ev ouvexela ypageTai:
nuy | nu( 'g_ﬁ ):t-&ﬂ-?nu-%cuv(%-—x) =l Vme(%—z) =t (MY
"EE &\ov, &k Tiis oxboews (M), EXoHev:
(nuy -+ ouvy)? =t = nu?x +oux? 4 2:1“)(0”"’)( =12 = 1 | 2nuxouvy = t? =>

t2-1
nuEoVVY = - i

12-1
Béoer Tév (M) kal (1) f lowois (E) ypageTan r(t,-7) =0 (e).

ATt flven pla dhyePpikt E§icwots Tpds t, Ty dmofav EmAlopey kal edploko-
pev 1a t."Ev ouveyele, BéTovTes THY eUpeBeioay Tiphv ToU t els THv tEloweiv (M,)
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Wnepiomotr|Onke amé 1o lvotirouto EknmaibeuTikng MoAmikrig



kol EmAUovTes THY Bepehicddn TauTny Elcwaiv, TpooBiopilouey To X A T
Biepetvnow Tiis hyePpikiis iocdoecs (e) 0& mpbmer va onpecodd, T 1A dp1a
peTaBoAfis ToU t elven &mo -V2 Ews V2, fitor V2 <t <V2, 5i1671:

s

-1 ch( ) x)gl > -V?f{‘/fc\w(‘g' -x) <V2 < V2 <t <VZ (My),
Aoyw kai Tiis (M,).

MMAPAAEITMA 1. N& &miubij ) éiowots: a(nuyx +-ouvy) | Bruy ouvy —y (1)

"Enidverg : *H mpods Aow Efiowors elvar | &miovatépa poped CUUHETPIKTS £E1-
OWoEws. Zuugaves Tpds T dvwTépw EkTeBvTa, BéTopey nuy | ouvy — | xal
11 tClowols ypdoetan:

a4p Sy > B2 12) =0 ()
Suvetrdds Exopev:
@)
V2 cuv(% ’X) =t (M)
EmAtopev Thv SevtepoPdbuiov Egiowaiv (2) ki ebpiokopey & t. *Ev ouve-

Xelg, péow s BepeicdBous Efiodoecs (M), elploxouev 16 y. “lvar o plZon THig
tGiocoews (2) elven Bexrad, mpémer kol prel va kevTan duTde ToU SlaoThuaTos

[-V2, V2]. Al lkavad kad dvaykaion ouvBifken Tpds ToUTo elven yvwoTal
Tiis AAYéPpas (Emions, wppA. 3.1.).

mﬁl

IAPAAEITMA 2. N& AuBfi 1) &lowois: nudyx 4-ouv’y =1,

Abeg : ‘H pds Aow Elowois elvon ouppetpike, 81611 Sév peTaPdAieTon Bicx THg
dvTipeTaBéosws TV npy kal ouvy. AUTn, Buvdpsl kel T&v TpONYyoUpévmY,

ypaeeTai:
x4 owx = 1 <= (nux Houw) (X +ow?x —nuyouvy) — 1 <>

(50 =1 @
V2 cuu(-g-x)i_t (€,)

Kot’ &pyfv EmidUouey Thy GAyePpikiv éSicwav (g,). Tlpds Tolro EyOpEV:
32

(nuyx +ouvx) (1-nuxouvy) =1 < l

t: e I +=t3-3t42 =0 <= (£*~t)—(2t-2) =0 <= t(t>—-1)-2(t—1) = 0
t—1=0
t— 12+t —2)=0 <=
R ) [t’—l—t»ZwO

Ar EmAoews Tév TeAeuTalwy Eiohoewy edpiokopey Tas pilos THs (¢,),
al omolon elven t, = 1 (81mrAfi) xai t, = -2. 'H pila -2 &mopplmreTen Adyw Tiis
(Ms). Ev ouveyelg dvrikadiotédpey els thy Elowoiw (g,) THy Sektiv pllov kol

18
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Eyouev rpds AUav Thy EElowoy V2 O’Uv(% -x):l. AU looBuvdpas ypageTar:

/2 T ™
"”U( :—; ‘X) L2— <= cruv( %, —x) B e s L X =2+ 3 KEZ<—

2 4 .
Y = 2kt
g T 1= E KEZ)'
K= — (QKTr 51 ) (xk€Z) < l X=21<Tr-!"g“ (

4. Tpryovopstpiki) Enidvoig tijg devtepofabpiov EElodosmg
ay’ + By ty=0 (o B, yER) (1)

4.1, ’Emeaiby xR, Umdpxel we (— —g ; %) ToloUTov, GaTe egw =¥ (M,) kal

ouverréds ) Elowois (1) ypageTan:

e w

M
(1) <= cep’w+Pegw+4y =0 <= Qorats +[30uﬁ5-0;+y= Bl s
anp’w | Pripwouve 4—ycuv2m=04;»cc(l-cuv2co)+[5nu2m+y(l+crw2m)=04ﬂv-
Pnu2a -+ (y—a)ouv2ew = —(a+y) 2

OUres ) Aots Tis E6iodoews (1) dvdyetat els THY Ao Tfis EEiocdoews
(2), # émola elvan Tfis wopgfis amux + Povvx =Y kal EmiddeTan, @5 yvwoTdy,
Bidk s pcrTng HeBSBoU EmiAvoeds TNs, s EEfis:
1) "Edw B # 0, SicnpoUpey dugdtepa & péAn s (2) pt B oxod Exopev:
e AN

nu2e | 5 ow2w= — B 3)
"Ev ouveyeia BéTopey Y—i;-q epy (M,) kad i (3) ypboeran:
a+y
nule | epyouve — — k- —EY = NU2w+y)=—- ) ouvy 4)

‘H ouvdrkn BuvardTnTos EmAvcews Tis (2), @ yvwoTdy, elvai:
B2 4 (y—a)? & (a+7)? <= P~y 20.
‘H Tedeutala ebpeBeioa ouvbrixn elvan 1) yvwotdy ouvlrkn UttdpEews pi-
L&y (rparypaTikGV) TS BeutepoPoduiou E§iocaews (1). TTAnpouptvns Tiis ouv-
Brikns Tortng, ) EElowoig (4) Exer AUow (Grati;), fyror Umrdpyer Té6Eov o= R ToI-

oUTov, GOTE NUP — — G}I/Y suvy (My) xod ouvemds | (4) yp&eeTal

nu (20 4 ) = nue. Al Aoes TS tEiocooews TauTng elven ol kérwd olkoye-
velan ToEwv:

(xeZ)

(55— "=t

ol g nole
ole o€

l{J
D (AeZ)

sy = NIt}
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Elven epuo, = ep (KTr—E— % - %—) = (% = ,m) kol

epw, = eg (AT L B = op e » OOTE, Pdoer kot TR (M

N-€

al pidar 7 BeutepoPobplou Eiochoecos (1) elvan:
X1 = €p (% —%i) ; X2 = 09 (“g_+ %i) ).

2) 'Eav p=0, 1| (2) ypdperan (y—a)ouv2ew = —(« +y). A Ty Aow T
tflowoews TaUTns Siakpivopey Tds droAolBous TIEPITITCOOEIS :
2,) 'Bav y—a=0 ( <= a=1y), 161 1 tlowois elvan a8Uvactos, BidTi Gkv
elval Suvartdv v elvon ket a4y = 0 (Siaerl; ).
2,) Ev y —a#0 (<> aFy), 161 § Elowoig TN ypdeeral
2= Y (6).
Q=Y
‘H owbrkn SuvardtnTos Emidloews Tis (6) elvon:

ety

la—y
fitor Emaveuploxopey Th yvwoThv Ek Tiis *AAyéBpag owbrxny Yméptecds Tpa-
yHaTik@v pigdv, 5idm pt = 0 # Siaxplvovsa Tis (1) elven A — -day kai B
mpEmel AN0 <= -dayn0 <= ay <0. TTAnpouptung Tiis ouvBiikns TalTns,

Umrdpyer T66ov o€ R pt ouvg 1ok 1 kod ouvetrdds 1) (6) ypdgpetan ouv2w —ouve.

Sl = (0+y)’< (0—y)? < ay <0,

=
‘H yevikl) Abois Tfis Tedeutalas Eficcoews elvan:

{weR::w=xr+ —‘g—- » KEZ} U {wE R: @ = Aw— g ; AEZ)
Zuverrdds, Buvaper kad Tiis (M,), ol pllon Tis (1) 8& elven:
Xt =, X2 = -e9-3-.

Mapammpioes : 1) “YmoBirouev, 811 ol edpebeloat pifen (5) elvan Toars TéTe & Excopev:

(3%)-r(3+5) <> w(§-$)-n(I-3 )

P b ™ P hd ™
D =K'F"|'—2' ey <= o=xm+ 5 <= nuge(l, —1) (xeZ).
| | )2
'Ex ToUtov, Pdoer kal Ths (M;), ouvdyetan ‘Ggycuvw | = ] 4= CUF;1Y) owly =] <=
e DE S Ty S m o Sty auig
p? 1 tepty = '( sznc Ka Tlns( 2), TpOKUTTTEN:
aty)
LAY L et e S =0
B gy Typ Ll
2

fitor ebploxopev Thy yvwathy & Tiis 'AAyéPpas ouvBrhkny Umdpfecs BimAfis plns.

2) 'H yvwoth & Tiis "AMyéPpas péBobos EmilUoews Tiis BevtepoPaduioy Eiodoees
ax? +Px+y =0 Siapépel oboiwbid Ths dvwTépw dvagepBelons TprywvopeTpikiis peddBou, Bib-
T kat' aUthy Siv EAgBnoay U’ &yw ol yvwatol dAyePpikol TUTol, ol drolor Tapéyouv
Tés pilas Tiis SeutepoPadulou Efiodoews.
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ALKHEIEIEX

1) "Emitoare Tds kTt Efiocoes:

5t s 3
B} wv(Zx—%)r-wv?f 2) nu()H" 'g)frgu(";——-%()
3 crw(2)(+ %) = ouv3y 4) dnutx =1
™
5) ow3yx+1=0 6) stp()({- 5‘):7
b 1
7) ouvdy +ouvy = 0 8) wv(?x—T)ﬁ.mi-
1
9) dnuix—3nux= 7 10) ouv4yx —nu*3x =0
T
11y dnge(@y=1) = | 12) g (2~ ) = o93x
2) 'FrmivoaTe Tas kéTwh tiohoes:
D e (x+5) =2m(x +5) 2) ep(@OR(BX) = -1 (%PeR)
T ™
3) ey ep2x =1 4) ECP(X' i‘)—3cq:( -?)
T 1 3
) s9 (x )= T (T %)
3) Né& EmauBf § dos pds X Efawais: Inuy! = nua (nua >0).
4) N& oy T& kérw ouaThnara:
T 4 e (2X-= ) = oy
1){ on(2x-3) = 2 2) (ﬁ E
~MEX ST S o =X =T
5) N& tmidubouv al ké&Twd E§iocoes:
1y eg2x = eo(w+ 5 ) 2) eqxeqy = 1
3) nu(x%—%)—% o'w( -%)——0 4) ow(x— W) +3ow(x+y) =4
6) N& tmidvBouv al ké&rw Eiohors: o
1y 40wy -2(1 +¥3)owwx + ¥3=0 2) 2nuix +¥3nux-3=0
3) 3(1 - owvy) = nu*x 4) ep?y+(¥3- Degy - ¥3=10
5) np2x= EQY 6) ULWZ)(-4G’UVX-5——0
7) ep2x = 3epX 8) nu2y = nu’x
9) 2nuy nudy =1 10) Snux - 2ouv’y - 3nuy ouvy = 0
11) ow2x+ 1+ ¥I)nu2y - 2V3ow?x =1
7) N& tmidubolv al xérwb Eiodoes:
1) nux+¥3owy=7V2 2) 2nuy +3ouvx =3 3) ¥3nu2x + ow2y =1

4) nu Xy % =1 5) nux towx —nuxowy =1 6) auvy —nux+nuy ouwy =1
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8) Na& EmiAubBolv al kéTwbh Erodors:

1) nu2x+npéx = 2nudy 2) nu3y+ouv3y = nux +ouvy
3) ouv2y —ouv3yx +nuSy =0 4) nux+nu3y = 2nu2y
5) nuy+nu2y +nudy =0 6) ouvy ouvTy = ouv3y ouvSy
: 3x X 5 ™
7) ouvy +ouv2y = 2nuy nu2x 8) 2ouv 5 oW 5 = Y2 cuv(?- '-X)
9) epx +ep2x +ep3x =0 10) 14guvx +ouv2y+ouvdy = 0
. 11) 2nudyx = 3ouvy +ouv3y 12) epy = 2 Y2 ouv2y — 092y
hy V3] 1 X % X
13) Bowy = A +E\i\aj( 14) 20w 5 -nu5- =2 (Boorre 2 = )

X 3%
15) npx+nu2x+nudy = 4ouv 5 ouvy ow 5=

16)  14nuyx-+nu2y +nudy = ouvy - ow2y +ouv3y

9) N& EmiauBolv kol SiepeuvnBolv al kérwbh Eiomoes:

1) Anp?x -2 -2)nux+A+2=0 2) nu2y = Anudy

3) (w—Dnux—2(u+2)nux —1=0 4) 2nux -+ 2nuy ouvy = A

5) 2ouviy —Anu2y = —A 6) ouvy+ nux =k  (xeZ)

7) (A =Dnpx+ A+ Dowy = 24 8) A(nux + ouvy) —nuy ouvy = 1

10) A rolas Tipds ToU A #) tlowots auv2y 4+ Anpy+ 1= 0 e Blo pdvov Adoeis Furds ToU
BiaorrpaTos [0,27].

™
11) N& Emidvefi 1) Elowois nu2y = ouv (T'BX) kal va &mobeiy8f] &11 ol Aoeig alTiis Tapr-

oToUv 8o olkoyevelas TapadAfiwy etBeadv (els dpboydviov ovoTnpa &févev). N yivn ypa-
@Ik Tap&oTacts TGV BUo ToUTWY olkoYEVEIGY TopaAAAwy eUBeidy,

3 5
12) 'E&v Y€ (0.-—211) , vé& FmAueT kal BiepeuvnBi 1) tlowois: Anuy +ouvy = 1 -3
13) N& tmiAubfi ked Biepeuvn8ij 1 dos Tpos X tlowois: ow?y 4+ ouw? (a—x) = A (a,reR)

14) Né& émiufolv al xdrwh E§iomoes

1) egp(mnuy) = ap(mwouvy) 2) nu(mowvy) = ouv(mnuy)
3) 8 ouvyouv2y ouvdy = | i 4) nu3x = 4nuy nu2ymudy
™ 8Y2 7
—_ = - — 6) 8 =
5) ¢ ( X) t E‘P( 3 +X) VH—“'E ) Bnuy ouv2y ouvdy = 1

7) (nux+ouvy+epx)? = nudx+owix+ep?x  B) owwTx = 2nuxnu2y (5 - Boww’y)
9) (aux -l-wvx) ( L+ o) Heox-+oax 20

10) nux +ow 3= 200 (F + %)

11) nuyouvy —nulaouvy —owanuy = 0
12) nux+nu2x +...+ne () =0

15) N& émiduBolv kal Siepeuvnouy al kdTwb Eiohoes:

1) ¥i4ow?y+ Y1+ nuix=YA, A >0
2) (nux+ouvx+Aepx)? =nudx -+ ouviy 4+ Alepy
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3) nuy -+ ouvK +EpX +oPX - Teny +oTeux = A
4; :“§X+UW’X“ x, k€Z (&mobelEare mpddTov, ST1i -l <nudyx+ouwiy <l).

™
55 % VASRREL = owx, A> 0 xal xe (0, F)

16) N& eUpeBolv Té& vtds ToU Siaomiparos [0,2m] TéEa, T& dola trradnBetouy THY Elowow ¢

ouv2y = V2(ou X +nHX — NEX TUY7X — SUXTIHX)s
17) N& ebpeb 1 lkaviy xal &uoryxata quvdfkn, va 1 Elowaos pouvy—(2u+1) nux =4 Exn Yo

Nicerg 5, x TOWXITCS, GOTE

™
@) s =Xl =

3
[‘3\! ¥ b X2 = 7
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KED®AAATION II

TPIFONOMETPIKA LYETHMATA

1. Baowai Evvoiar — opiopoi

1.1. "Ev ocVotnpa Eiodaewy, ik @y dmofwy ula TobAdyioTov elvan Tpiycovo-
ETPIKT), KOAEITOL TPIYOVORETPLKOY GOOTTHA. "Evvoeitan, 611 of dhyePpikal 61
odhoels Euds TpryWVOHETpIKOU oUSTHHATOS, v Umrdpyouy, elvan bv yéver 2Eioc-
oeig G5 Tpds T& &yvewoTa TOER TAV TPIYWVORETPIKEY Eiohoewy ToU ouoT-
poTos ToUTou.

Al tpoppolépevan péBoor &1 Ty EmrfAuay Tév TprywvopeTpikédy ouoTn-
pérwv elvon &v yéver &uddoyol Trpos ékefvas TEV Tprywvouetpikédv Efiohaewy,
Bty Umrdpyer 58 plo yevikhy péfodos Six Thv EmlAuoty Tdv ouoTnpdTev TodTev.

Kot v ErmiAuoty dvds TprywvopeTpIKoU ouoThuaTos, fmisickopey TTévTo-
Te v elpwpev looBlvapov dhyePpikdy ovotnue kal 81" altol vé Tpoodiopicw-
pev T& &yvwoTta TOECQ.

2. Lvertfparae §bo EEedosav pé dbo ayviatoug

Karatépw dvagtpopey dpiopévas Bacikas kaTnyopias TpryvopeTpikdy
oveTtnuéTwy Slo Eiohorwy pé Suo dyvdaTous.

2.1. 'H pla tdv ehocav elvar dhyeppixi. Ta Pociatepa ovotrpara s
karnyoplas a¥Tiis elvan Td kérrwb:

(A) [ X teay =« } { G }
nuy +enuy = p ouvy -+eouvy — P

(B) [X+~w=u } { xis.w-va} ‘ x-!w—-a}
nux nuy = P nuy ouvvy — p ouvy ouvy = [
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e s

XTay=«a ]

£
) £y — P EQXEPY = P E%\_)'() u
gy =

(B) { X ey = ] { X taY=a } 2:}(&’

opx €209 — P TPXOPY = p O-qu: B

X4y =a ] X teay=«a
(E) § nux B owx _

R 2 ouvy

Eis 6Aa T& dvawTépw OUGTNPATA T& €, Kol £, AapPavouy Tas Tipas 1 f—1
kal o,pE R.

Kard Thy Avow &vos ExdaTou TV dvwTépw TUTTNHATWY EMBIOKOHEY V&
elpwpev Ek TRs BeuTépas TRV tEiohoewy TO dfpoloua fj Thv Biagopdv TGV TO-
§wv x kal , &¢° doov & THS TPWTNS tiocoews Bidetar f) Biapopd f TO
&Bpoiopa TOUTWY GVTIOTOIKWS.

XY = (2)

nux+nuy = P
To Sobtv oUoTnua 100BUVEHWS YPAPETAL:

2.1.1. 'Enilvoig 100 GUGTIHOTOS & {

Tp =

Xty=«a
@) <= zn“X'z\PUW X;_P —p PR 21'11-1';"‘ Guv%p= B (1)

A& Thy Aow Tiis 2Ei0daews (1) Siaxpivouey Tas EEfis TEPITTTAOELS:

1) "Edv qu%?&o ( <= a#2m x€ZL), Téte f) #lowos (1) ypheeTan:

auy )(?-;\P = P e f) émola elven plo BepeAindng TprywvopeTpikt Elowais.’Eav
2nu - 2
[ E,ai = 1, alty elvar &dlvaros kol ouveTT&ds TO ouoTnua elvan &dbuvatov,
g
‘Edwv - P <1, To1e Undpyer TOEOV @ TOIOUTOV, WOTE OUVP = P = kai
2nu 7 2nu i

1) tElowaois ypapeTal ouv )%_‘4;’ —owvg.'H yevikh Aais Tatns elvon X—p=4km1-2¢

(xeZ), &mére TO ovoTnua (2) eval loodUvapov pt T& dkdAouba Blo dGhye-
Bpik& ovoTfipaTa:
Xhvims {x+w=c }
BoainiapR B BN S B
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Al Aoeis 16V oueTnudTwy TouTwy &vTioTolXws elval: { X=2KT+¢ | % :

Y= -2k — - % } kad [ X = 2K —@-f %, W= —2KTT 4 @ - % } , 6moukeZ
Kal o 7 2k,
ii) *Edv ﬂl—l% =0 (&= a=2«m, keZ), 1018, tav pev PA0, 1) £lowois (1) eival

&buvaTos kol ouverréds TO cuoTnua elvar dduvatov, édv & B=0, f| (1) elvau
&bpioTos. “Ex TouTou ouvdyetal, 6T 1 eiowals (1) émohnBeleron &1 kdbe LeU-
yos (%) Té§wv kal ouvemds 1) AUols ToU ouoTiuaros elvai: X =0, y = a—0
pt 86 R (Tuxov).

*Avaddyws EmAvovTon T UTdAoiTar ouaThipata Tis ouddos (A).

Hapatiipnorg. ‘H ouvbrikn SuvaTodTnios ToU dvwTépw émAubivTos ovaThpates (2) elvar:
| a
: ‘3 } <1 <> pr<dqu? 5 Tiv owvBrkny Tautny edpioxopey kal s E§fis:"Ex Tfis mpwTns
a |
s
Tév EEwdotwy ToU auoThuaros (£) ExoHev y = a-x, SmoTe §) Beutipa 1év Eiodotwy ypageiar:
nux +nule-y) = B <= nux -+ neeouvy - owvanpy = B <=~
(l—ouva) nuy -+ MU ouvy = B (E)
*H rereutala tElowars elvar Tiis pop@iis anpy + P ouvy = y, &1 1y dmoiav 1) ouvbnkn &u-
varétTos elvan o+ B2 >y 2 *H ouliin altn 814 v (E) elvai:

a
(l-owva)? 4 nula > P2 <= 4nu? 7= B2.

T
=
HIAPAAEII'MA 1. N& émAuff 10 ovoTnua: i
NEX TRy — “2
*Eniluaig : To cuotnua ToUto looduvdpws ypapetal:
™ S
ot [xv=1
+y_1[T7 S ot S O
e e [ a N
2nu Tcuv 2 5 2np ZoW
AR L
+y 1 g 21
Rt = =l
ow S5 5 Xty =4k 3 (keZ)

*Apa, TO Tpds Emiivoy cuoTnua elven loobivapor ut T k&Twhl Buo dA-
YePpika ouoThaTa :

i A
gy SRl !
2m L 2t
X-;-q.,-=4|<'rr-+—3— X}\yffhm——?’—
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T& biroia EmAdovTal EUKOAWS Kol TTPOaBIOpIfoUEy TA yVwoTa ToEx ¥ kal .

A o i (o3
LAPAAEIIMA 2. Na #maufn 10 ouoTinu { e
‘Enihvorg : “Exouev:

(B s {w—'Bﬂ-x } P { y = 3m-x } s 10

nux + MeGr -x) =1 nux +nux = 1
1y T
W = 3m—x Y= 3m—x =3 —xm—(1) =
{ 1 }-@—r{ 1,‘1"‘4# e (xe2)
L= o X =K1+ (—1) = x =K+ ( —1)* %
; X ty=«
2.1.2. 'Eniivoig 100 SLGTIRATOG & { Oy = B =)
Té Sobtv oUoTnua icobuvdpws ypageTaL:
= ty =« J
: Yy =«a ) X PRl
s [ o (X—y)—ouw (X + ) = 2[5} e { ouv(¥—y)—ouva = 2f }
At B
{ ow(x-y) = 2B +owa (1)

*Eav 2P +owval> 1, 1 lowos (1) elvan &dUvaTos kal cuvem:b; ;ré ou-
ornua elvar &0varov. *Eav Suws [2p +ouvel = }. 'rv.’):re B'Wdueecx v& EU.poouEV
TéEov ¢ ToOUTOV, MITE CUVP = 2p + ouva, émoTe 1) tElowors (1) ypccq)rr:xl
ouv (X —y) =ouvg.‘H yevikn AVois aUTis elvan X—y =2k ¢ (xeZ) kal ouveTt®ds
75 oUornua (Z) elvan looBuvapov pé T grépeva dUo ouoThuaTa:

{ §t$:;Kw+¢p} G { ;{(j{\f:2:n‘—cp } (22)

EUkdAws evpiokopey o1 al Aoels TGOV OCUTTNHATWV (Z)) kad (Z;) dvTi-
otoiyws elvat:

S o Bl & o G AR
X = KT i-%'i- '%"*’;“‘T’“%*j Kal X =K — = . 5 Y= KT;+2_|_ 5 -

[upatipnots. ‘H ouvbrkn Suvardimros triAUoEws ToU dvwTépw ougThpaTos Suvaral va
o b « .
Adpn Thy popgh —owv? 5 = B<nu? T (Brartl; ).

Ka®® éuciov TpdTrov EmIAUOVTAL kad T& Uméhoima ovoThpaTa THs Oud-
Bos (B).

X l y=a
i nutos : w ®
2.1.3. 'Enikvolg 1ol GUGTIPUTOS : eox Hepy =B (X, WAKT |’7 , x€Z)
27

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrig



Tpd s AUoews Tou ovoThuaTos Unevbupifopey, OT1 1y ouvdpinols épa-
wrroptvn Biv elven copiopbvn (Biv Exer Evvolav mparypaTikol dpifpou) Bia T
™ T

ToEa KT - o ke Z kod ouverréds Ba Tpémel va UroBtawpey ¥, WK -+ 5 KE Z:
*Ev ouveyela,td Tpds Aow oUotnua (Z) petaoynuaTtifeton iooduvdues ds Efis:
) f]jcﬁ:) — X+:u;q e |
H&_ qufy =% J cuvﬁuv'y ~F Pomaup = nux
i) 'Edv P70, TéTe 1 Beutépa Efiowals TOU TEAEUTQIOU OUOTHHATOS YpAQeTai:
QUVY OUWY =T1_‘I;_<§ kal ouverrdds Exopev Tpos EmiAvow TO ovoTnpa:
T
{ guvy aUUY ZUEE ;

& &mrolov EmiAUopey drpiPdds &raws kad 16 2.1.2.

ii) *E&v B = 0, TéTe #) Beutépa Efiowais ToU Sobévtog ouoTruatos (2) petaoyn-

partifeTan g £€Ts:

epX +Epy =0 <= @)X = -EQY <= EPX = Ep(p) <= X =Ky, KEZ <>
¥ +y = xm, KEZ.

Xt+ty=«

XAp=ir KED:

T &molov Tpogavds elvan dBUvaToy, Eav aF Kk i1k k&b kEZ kal dopioToy,

tdv a= km &’ Ev KEZ.

*Apa, ExoMev v& ETIAUGWLEY TO OUTTIHA: {

Xxty=a

2.1.4, "Enilveig tod ovotipetog : [ = ) :
# spxepy =B (X, ¥ A3, xez) )

*Ex Tis Seutépas TéV Efiomatwy ToU ouoTipaTtos (Z) AapBdvopey:

_MEX Y P kai & aUTiis, ¢’ doov P 7 1; mpokUTrTEL:

ouvy, ouwy
ouv ouvy fnux nwy_ 14+B | ouw(x—y)_ 14P
ouvy ouvy —nux nwy 1 —P ow(x+y) 1-p°
ZUVETTdds EyOUEV:
X+ty=a Xty=«a
@) = § ow(x—y)_1+P = c_rw(?_(—_\_._y)= 14p ¢ +=>
ow(x+vy) 1-p ouva 1-p
p i
148

ow(X—y) i B guva
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"Eqv i ouva 1, Td avoTnua elven dduvatov. “EoTw +Pauva|<l

7P =
Téte 1) TehevTaia Eiowals EmAvETal KATA T& yvwoTd Kol eupiokopev ThHy SIO:—
Popav ¥—y.
"Edw B = 1, | Seutépa Tédv Efiowoecv ToU Sobévtos ouoTrpaTos (2) peta-
oxnuaTileTon s EETs:
g
spyepi=—1 <= Ep—=opyiieen seX =ty (3_.- —w) >

iy
X =K | -121—\{,), KEZ <= W+X=KTT+'2—. KEZ,

OUTws Exopey va ETIAUTWHEY TO gUOTNMA:

ty=a
Xy = k- 2

n T \ )
To ovotnua TouTo elval &BUvaTov, £’ Soov oFKTr + 5 S kabe kel
Kai Eyel AUgw, ¢’ oov a = kT % &1 &v k€Z. ‘H Aais alrn elvan: y = 6,

y— 71% — 0 ut kEZ xal 0 R (TUxdv).

Tovilopev i8icutépeds, 611 els -rc‘xg AUoels ToU &vwTépw ouoThuatos (Z)
Ut &pyEl & TIEPIOPITUOS X, 7 KT —, ke Z. wX. 8& mpémer els Tdg TeAeuTaiag
eUpefeioas Avoeis va elvan € 7 0.
Xottl=
2.1.5. "Eniluoig 1ol cvotipatos s { epx B
ey
‘H BEUTépcx 16V #ilochoewy Tou ovoThuaTos () Exer Evvoia, ép’ daov

&)

X Y KT ;—T,Z— kal g 7 xw (keZ). "Ev ouvexelg altn, Pdoer yvwoTiis 1816Tn-
Tog TV dvodoyitdv kal pt Pk, ypdgeTan:

toxteoy _ P+l nu(x+w) _ ﬁ+1 1 - !
i o Ll ey vy <= B+ Dnu(x—y) = @-Dnu(x+w)

OUtw, 10 boftv ovUoTnua elval lcoSt'Jvomov HE TS drdhoufiov yvwaTov
oloTnua :

X+y=«a
= )=@___1 po
nux — ¥ p+1n

*Amropével v& e€etdowpey Tas TepimTwoels P= 1 kal p=-1. Kor’ alrds
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f Seutépa TV E€lochaewy TOU gUOTAMATOS () AcuPavel GrAoUOTEpay LopygnV
kal oUtes elplokopev duéows dAeyPpikiv Elowo Tdy ¥,y kal 170 ovoTnu
EmiAUeTan eUKOAWS.

T& Umédhorra ouaThuaTa Tis ouades (M), dos kal T7& ovothuaTa Tis dpd-
Bog (A), emAlovTen Gvahdyws.

K=
St e ; ) s
2.1.6. "Enilveig 100 cuoTpatog nuy L (e, ke D) ()
nuy
*Ex Tfs Beutépos Tév E§locoewy, fp” Soov P 1, Exopev:
L N g
2np*
nux+ney _P+1 ? 2 _p+l .
nux -y P 1 e e B
2nu g W 2
g X P
= 5 R “5—1
*Apa, TO oloTnux (Z) looBuVaBws YPAPETXI:
X+ v ’x Fy=a
(5] s x+w Xy _ Bl <+ Xy _ Bl
U(P 2 B"_l lE‘P 20([) 2 B“l U)

(o # 2w 1, kEeZ)
i) 'Eav g —;- #0 (<= a= 2k, KSZ), TOTE EXOUEV TTPOS ETIAUGIY TO GKO-
Acufiov yvwaTov oUoTTHA!
Xmy=2o
-y B+1 «a
W TR 1R
i) 'Eqv eq % =0 (== a= 2«m, kE€Z), 101 7 Egiowois (1) elvan dduvaios,

¢’ doov P #~—1 kal océpxcr'rog, gav p=—1, SmoTe o AUgels gls THV TeAeuTaiav

o] R
meplmrwaw eva: x=7,):+ 7, Wi o =3 ek 8c R (tuydv).

‘E€etdlopev Emi mMov Thy meplmTwow a= 2kmw-m, kora ThHY dmolav
l € % Bev dpileTan kol ouverrdds Bev Suvdmeba va Epopudowuey Tov dvawTéped
txTebévTa TpéTov Bid THY AUow Tiis E§iowoews (1)."Eav Aormov elvon a2k,
ke Z, TéTe TO Sobiv oUoTTUa YpagETal:

X+ y=2kw+ T i L W
nNKY =b e )l(ik; ' (xeZ)
@k 4+ m—¥%) =
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1o 1ereutaiov ovatnua elval dbuvatov, &g’ doov P # 1 xai dopioTov, tav P =1.

*E&v, TéAos, UroBiowpey 81 = 1, f SeuTépa TV EEl0c0EWY TOU GUOTT)-
Wartos (2) AapPdver dmAouoTéTny Hopeny Kai 10 ouoTnua AUeTal EUKOAGS.
Kaf® duolov dxpipés Tpdmrov EmAUovTal kai T& UmoAoima ouoThuaTa Tfjs Opd-
8og (E).

2.2, Topperpika @g npds 1@ 168a. Ta KAGOTIKE OUCTHHATA Tfis katnyoplas TarU-
s elvan T& k&b
{nuxhww—a} {nuxnw~G }
ouvxouy =B |’ | ouvx+ouwy=p ]’
NHY NHY = a ouvy CUVY = O
{ }, { } KA
nux +nuy =P nuy ey = P
A& i EmiAuoly EVOs OULHETPIKOU TPIYWVOPETPIKOU OUOTTHATOS, T8I0~
Kopev v& peTaoynuaTiowpey ToUTo els TpdTOV, GOTE va tpugaviaBouv &yve-
ota Téfa T& X+ kal X —y.

oYK oUW =& o
nux iy =P =)
To Sobév oUoTnue MeTooynuaTiGeTal loobuvapws cos EEfis:

(B9 s [wv(x—w) +ow (X +y) = 23] e { ow(x —y)=a+p }
ow(x—y) —ow(x +y) = 2P ow(x ty)=a—p
To TehevTaiov oUoTnua  Exel Auoy, tav kai uovov éav |a+ B | <1 kal
|a—p|= 1. "Ev 7fj mepirTdoer TayTn UTdpyOUV 166 @,,92,E R 1t 9,,9,,E
[0,77], TolalTa, doTe oW, = o |P kol oW, = o —P Kal cuveETds TO CUTTNUX
Yp&peTal:
ol Soem 11 ST S FL D
ouv (X +y) = oue; X+v=2prte,
*Hrol To Sofdv olornua (E) elvar iooblvapoy pe T& kaTw ovoTnuaTa :
{ =iy = 2T j { X—\= 2kt }
X+ ¥ = 2pT+ @2 Xxty=2pm—¢, |’
lx—q;=2nr—q>,} {)(—k|}=21<1-r~’:|:.l }
X+ = 2pT+ 2 Xty =2pr—9,

2.2.1. "Erilveis 100 ovotipatog : {

Ta dvwrépw ovoTthuata elvar &hyePpika Kkal EmAUoVTal EUKOAWS.

nux+nuy = 1
[IAPAAEIIMA 1. N& Avbfi 10 ovornua : g ()
OUVY oUW =&
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2nu X E%WXE‘P-_ 1
Aboig : "Exoupev: (2) <+ S

auv(— )+ ouw (X + )= g_

S Gt S, Kb W o X—9 L
=y ~ guv s T 2 auv 2 2
by 3 | T L= yrtpls 3
et i o, s ) 0 gl IS
2o0uv? 2 9 Y —141—=2nu 2 5 auv P w2, 1
*Ev ouveyelg, BéTovTes N X —‘I,)- ¥ @ kat ow X E Y _ o, Exouev pos émii-
1 3 S P
Auow TO dAyePpikdv ovoTrpa: { WP = o pi-w?= z }. Al Aloges abtou
1 ! LTS g ! Lo
evan p=1, w= 7 kal ¢= ~1, w=~— o s OTOTE dvoryoueba els T kaTwbL
TPIYWVOHETPIKA GUOTHUATA:
cqu;W-—l ‘ UWXE“V_._,I
| 1 &), i i (22)
X T AR =
nu ok nH 2 5

To ovotnua () elvar loobuvapov pé T& dxdhouba ShyePpikd ouoThpara:

X;wz.?mr XE\‘-)ZQKTI'
(k, A\EZ)

iy o FRMISTRONEY ot O
i _27\Tr|6 2 2hTr- 3

= . 15 e
’Ex ToU Trp@Tov eUplokopev: X = 2(k+ A)m e A 2(A — k) 6

5m 5
*Ex ToU Seutépou euploxopev: X = 2(k+ ATt =, y=2QA—K){ %‘

‘Opofws EmiAvetan kal TO O'L‘JUTT[LKC( ()

2.3. "Ex piiig tovhayiotov t@V tpiyovopetpikdy EGiodiosay 1ol ovotiputeg npo-
xonter dpéowng dhyeppikn Egicwoig @V dyvaetav ToEWV.

ow(x +y) =1

(03]
2nux+nuy =0

TIAPAAEICMA 1. N& AuBij 16 oUoTnua: {

Abeg ¢ ’Ex Tiis rpcoTns TéV Efiohoew Tou Bobévros ovoThpaTos (Z) Aappa-
VOUEV:
ow(x+y) = owl <= X+ = 2k, kEZ <= Y= 2xm — ¥, ke’
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"AvtikaBioTévTes els THY Beutépav TV E§1o00EWY Tou (Z), Exouev:

20+ (2K —X) =0 <= 2nux —nux =0 <= nux =0 <= nux =0 =
X = pm pEZ

"Apa, ) AUois ToU ouoThpaTos elvat: X = pT, Y= 2k — pm (K,pEZ).

T
nux=nw (y+ 7 )
ITAPAAEII'MA 2. N& Aubfj 16 ovotnua: = " 2
nw (7 —=X) = 2nu* 5 +ow(y+ 5 )
4 2 2
"Ex Tfis RS TV Eiodoewy elplokopey Tds dhyePpixds E§iocoes:

s
(% = 2k L|J+% , X =2+ T—Y— 5 ) =
3
(x = 2xm+ y+ % . X= DRt =

*EE &\hov, 1) Seutépa TéV Efiodoewy TOU SobévTos oUOTAUATOS ypapeTa !
e ( % —x) = 1 —ouvy —nuy. Zuvemds, 1d mpds EmiAvow ovotnua elvan loo-

Blvopov pE T& ké&Twd SUo cuoThuorTa:

3
X:2KTT+\P+T—;- X = 2K —Y+ ==
() xal - (22)
nu 141 —x) = 1 —ouvy —nuy i ( % —X) = 1—ovwy —npy

'Ev ouveyelq Exouev:
T
X = 2w+ y+ 7

(Z1) <=
: nu(%—2m—w—-%)= 1 —ouvy —nuy

St

R
]x=2m+w+% l#‘x=2m+w+z\ﬁ

x=2m+w+%l
ouvy = 1

y = 2AT

l —nuy = 1 —ouwy —nuy

(kAEZ)

T
<= {ij("“)“ﬁ
y = 2hT

X=2 K=A)mw+ %
"Avadbyos, EmikvovTes 1o (Z,) eUploxopev: " (xAEZ)

e ]
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3. Zvotipata neprocotépav tdv 600 dyvootmy

"EmridUopev komwTépw & XOPOKTNPIOTIKOY OUSTNMA TEIGY ryvdiaTed

Xtyta=m
ITAPAAEITMA 1. N& Emwiduii 6 olotnua: Jogy opy  ogw (aBy#0)
T R

*Erilvoig : Mvwpifopev &1, &&v ¥ + o = T, TdTe
OPY OPY - QY OPw - opw oy = 1. Zuvemdis Eyopev:

[ OPX o@Y + 0Py opw +ogwopy =1 (1)

Xt pto=m (2

(Z) <= § opx=Ax EH )
y oy = AP @
L Opw = Ay )

‘H (1), duwvéper év (3), (4) xal (5), ypdgeton A2(of+ By+ yo) =I
Moparnpotpey, &11, dav piv af + By +ya < 0, 10 olotnua evanr &Svvaros

1
tv & of+Py+ya>0, TéTe A=+
VaP+By+ya

. Oétopev

1 =
= A; Kol ——— = A2 TO olotnua (5°) & oo
VaB+py-+ya 1 Vap+ By +yo 2 n (Z) elvau loo

vapov . Ta k&Twbh 8Uo cusThpaTal

Xtytw=m Xtyto=m
opY = A& aPY = A,
z 1
opy = AP @0 1 gy np bk
opw = A,y opw = Ay

"EoTwoav w,, w, kai w; T& TéEa ToU SiaoThuaTos (0,7) TolaUTa, doT
0pw; = A;q, 0w, = AP kal ogw; = A,y Tote Eyopev:

K= Xtyto=m

s OPX = Opw, X = KT+ o, et

( l) s oPY = ogw, <= y = KT 0, (Kth-KJCZ)
TPW = OPwW, W = K3 wy

"Ex ToU TeAeuTaiou ouoThuctos AcuPdvopey
Xt o =0+ K +K3) T 00+ 00,4003 <= T —(K; Ky K3 )T =00, + 0, + o,
"Emeidn Suws w; € (0,m), (i= 1,2,3), owéyeran :
0 <4 W+ w; <3 <= 0 < —(Kk, +154 K;)T <37 <=
=2 <K+ Kt k3 <1 <= (+K+k) € {—1,0})
"Apa, 1) yeviki) Aois Tou ouoThuaros (Z,) elven:
X= KT 0y, Y= KT+ w;, =K+ w3 p& (K4 KK3) E{—=1,00
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AZLKHEEIE

B) N& tmAuboiv T& kaTwh ouoThHHaTa &

; 2m ™ ™
Nebwi=—a s P e XY=
1 3 2) 2 - 3)
3 s 3+V3 9% _ 3
[ nEx Ny = 7 NUEENYS ey
4
™ LA Xty =5
ty=— X—¥=13 3
4) FET A= 5) _12 6) e
| eox ey =1 epx = V3 gy ouvy | 2
: i X+v=g
7 WelEi= 7 8) 6 i
opyY — opy = 2 nu2y +ne2y =5

19) N dmidufolv T& ké&Twdl guoTruaTa:

ouvy oy = 2V6 cuvy suvy 3 (nux —nuy) +Hanuy ey = 3
™
SR, Y.
3) X+2y= 3
ey -+ 126y = 5V3
20) N& #miuBolv T& k&Ted ouaThpaTa:
1
S e nUX WY = 7 =2V3
1 g 20uvy, ouvy = 1 2 4 : 3 [EEP)(-I-E‘P\V 2\"3:
eoX +HEQY = 2 ouvy oUW = 7 ogx+opy=2Y3
i 1 nex +npy =0
YD ow2y+ow2y = &5
8 [ nux+nuy =Y - 5 ) ot 14 O
| nudy +nudy=¥2 2(nux +nuy) = 1+72 i
nuy —nuy = 1 e N2y +nu2y = 1
T)lcw guq}__l s){nuxnw 2 ){E isnj}4
RO eqx+epy = 2 7 1
10y 2nulx —y) =1 1y 9eqy +eqy = 4 12) 2nuy ey =1
2ouv(x+y) =1 20¢y +40py = 1 2(ouv2y—ow2y) =1

21) Né& tmiwbodv kel Siepeuvnfoly T& k&Ted ouoTAHaTa:
4y = X _ =
1)[xw a (a€R) o | B=a 3){x+w «

o e nHy A iy e
nuy + nuly = 1—owa | Y= nu2y —nuiy =P
" Yy =2 lnux+nuw = nuax { ey MUY = &
Ny ey = Pnux—nuy) aquvy +ouvy = 2Aauva ouvy +ouvy =P
ouvy +ouvy = a 8 {cuvx-%—mmup:l
) X Y
[ﬂ’—é-*fﬁ?}g“=[3 cruv-fiAcruvak
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22) N& EmAuvBolv T& ké&Twd cvothpaTa:

Iy [ auvy Ny gy ey — 0 2 l owvy - ouny =V2
X =4 X - EQy = 2nu(x-+y)
L3
Y = M (‘P'F——q—)
3) 4 nuy == ouv2y
™ Y ™ ouvy = nu2y
nu(; = )—hu - Fow (w b ~2—)
Xty - R
» (nu P —auv 3 ) 1 —npx
3
KXy = —

23) Né& tmAuvbolv kol Sieptvnfolv T& cuoTfpara:

EPX = Aeqg2y 0 bl d Anpx

EPy — Aeq2y 2ouvy -+ ouny =

nuyY = Ny +a) epax
15\ [

nu(a—x) = 2nu? % fouv (y +2a)

24) N& tmAuvBolv T& ouoThpara:

X4ty tw=mr ouvy -+ ouny = guvw
1) ) epxtepy=3 2) { ouv2y o2y = guv2w
| ey +Epwd =4 ow3y +owldy = ou3w
Xhytw=
D s Y6-V3
il il 3 EXP + Epy +£90> = €Y Epy £9d
3) Yy o =yt 4) { aPX OPY + QY 0w +ogw opy = 1
€ 5 80 5 = VI-V2 auv?y -+ ouw -+ ouwe — 2ouvy, oUVY UV = |
m
X, @ € ( 0, '_2—)

25) N& &mrobeixdii ) looSuvapia:
owa-ouw (a+x) +ow (a+y)=0 } { 14 ouvy+ouvy = 0 }
<> a€R)
{ nua-nu (eHx) +nu (a+y) = 0 nux -+npy = 0 (
kel vé EmAuT 1o aloTnua.’ Edv (%o, ) Elvar pla Alots adtol, Belfate 11 T& mépara Tdv TéEW
a, a+y, kal o+ y,, trl Tfis mep1pepelas ToU TprywvopeTpikol kukAou, &moTeAolv kopupd
loomAedpou Tprydvou.

26) N& EmAvdij 16 ovoTnpa:

{xf’rw'kw=ﬂ
Loy, Lo 0o
o ﬁ == Y " D‘.ﬂY%D
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KEDAAAION III

TPICQNOMETPIKH AITAAOI®H

1. ‘H #vvowa tiig araroroiis

L1. “H fwwore Tig &modolefis xal Tiis &maeigotons, &g yvwoTtdy i Tiis "AA-
YéPpes, dmrdpyer el TIOPAUETPIKOY oUoTNnHe, ToU &molou al Efiohosg elvan
TeplogdTEpat TGV GyVEOTWY.

“EoTeo &V TPIYWVOMETPIKOY TIOPOUETPIKOY CUTTNHA 1 tE1ocoEwy ut v &yve-
otous, BB pu>v. To oVoTnua TouTo, &meos kol els TV "AlyePpav, tvBéxeTon
V& Eyn AUow f v& piy Exn Avow. Aeybuevor 811 TO oUoTnHa EXEl AUcw, ed-
plokopey plav oyéow petafy TGV TapapETPOV, v omolov kedoUpey amolkei-
Povgav ToU ouaThueTos. ‘H dmadelgovoa, NotTrdv, EE Spiouol tkppdder TNV Gvery-
kaifow ouvBfkny, va TO oUoTnua XN AVow. *H tpyacix 8¢, Bix Tiis dmolas eU-
plokopev THY &mohelpouoa, koAelTal analowpl) TAV Bewpouptva dyvdoTwy
) &mradss ool

Korertépe dvapbpopey Gpioptva mropabelypara dradoigfis.

1.1.1. Na copedij | arakeipovoa tod GUOTHHATOG ¢ { i (P #0)
Pouvy =5
Aeybueda &1t T gUoTnua ExE AVow kal EoTe X = Xo Wa AVois adTol.
ToTe 0% Eycopev:

aniyX, =Y nuXoﬂ% v \? B\?
: = X1 = nietowi, = (—) +(—) —
Powvy, = 8 i S 5

OUVYy = _ﬂ_

youb
-
‘H reheuTada elpebeioa oxtols elvan f| InToupévn &odelpovoa.
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opx (1+ nux) = 4«
oy (1 —nuy) = 4p
*EoTew ¥ = X, Mia Alcis Tol Bobévtos ouoThuaTos. ToTe B Exwuev:
{ opXo (1 NkY,) = 4 } - { OPXet OWVX, = 4ot } kY { oPXe = 20+ 2B |
oXo (1 —nuxoe) = 4P TPXo — OWWXo = 4P owy, = 20—2p |
WY, _
= ¢ NMHKXo
ouvy, = 2a— 2P

1.1.2. Na e0pe0ij 1 arnaieipovsa 10l svotijpatog : [

20} 2B

*Ek TGV TeAeuTadwv oyéoewv, ép’ Ooov of — B2 750, AauPdvouev:

_ap :
e T SR = Y, +ouviy, = (Z I ﬁ) + (2a—2p)* =
-p
ouvy, = 2a—2p
o — B\? B
(G+B)+4w—ﬁ>—n

) &mola elven kol ) EnTounévn dmodelpovoa,
1.1.3. Na eOpe0ij 1) anoleigovea tol cvotipatog :

Xty=«
epx+epy =P (BYER)
OPX+OoPY = QY

"Edv (Xor Yo elvan pio Aois ToU SobévTos ouoTHHaTOS, TOTE TTIPOKUTITEL :

ot Wo = & XoTWo=a
Xot o = o || kot wo) _ o WE g
EPXot EPYo = EQP [ =» ] OUVY, QU * =» 1 GUVYoOUWW/,
OPY ot TPV, = OPY [ l B(Xot+Wo) _ oy N S ot
NkX, NHY, MUY, NHY,
Ex 16V TeheuTaiwv oyfoswv, ¢’ Soov nua epP oy 7 0, AauPdvopev

Xot Yo = & ]
TUVY, TUVWY, =Tanup @ = l
NXo Y, = MU EQY J
{ XoT Wo= &
ow (Yot Wo) = NH (0pP — £py)
(o9p —epy) epar = 1
‘H Teheutader eUpebeioa ouvrkn elvon ) dmaielpovoa ToU Bobévtos ou
OTTHOTOS.

ot Wo =« 1
OUVYy TUNY, —THX o MY, =THC TP —TJUCt EPY.

} = ouwa = nua (opp —epy) =
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ALKHXEIZ

27) N& &mroheighii 1o X peray TV k&t E§1owoEwy:

aynux+ PiowWX = Y1 i 0
X+ Paowvy = Y2 e

) N& &mreeighfi T X MeTatl T@Y KéTwh Eiomowy:

Iy X+ @) =1 2 neY + oWy = & 3) o) (1 4+nux) = 4a
nu(x+ B)=v ep2x + 092X =P ogx (1 —nu) = 4p
4) ney +owy =« 5y SRS 6y DTMVERSEEYR o)

nwixFowx =P nuy ouvy +oww?x nex = P Anu2y = 2nu(x -+ @)

2. 29 =0
7y S+ Pruxowx+ y ouvx v
) amuix+ Plaux owvx+ Y'owix =0 ki

29) N& &modegdf 1o o petaby Tédv Eiobotwy:

xinpa+y? owva = APnua ouva
ylouva —yinua = Alouv2a

30) N& &modeigpbolv T& ¥ kal y petafl v k&Toab 10Ty
1) nux4nuy=a, ouxtouwy =0 X"W=Y
2) nux+nuy = o, owytowy=p, € 32( £ % = e’ %
3) epxt+egy =@ oext+oey =P e i=s Y

) *Eav al thiodoes nuy + ¥3 aquvy = 1 xal nuyx-+ouwx = A Exouv kowfv Abei, vd eUpe-
B o A,
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KED®AAAION 1V

TPITQNOMETPIKAT ANIZQIEIZ

1. "Opwopoi — pacikai Evvoran

"Edv els &v ToUAdyioTOV TGV WEAGV WSS SAyePpikfis dviowoews di o
X TEpiEwvTan els T TepiogdTepol TprywvopeTpikol dpibuol ToU y, TéTe 1) vl
cwalg kaelTon Tprymvopetpikl dvigwoig &5 Tpos x. "Ev mpokeipévey mepiopifd-
ueba el TprycovopeTpikGs Avigmatls £vds &yViOTOY, YEVIKWTEPOV OPwS, ST
SxkpiPdds kai els Tag TprywvopeTpikds E§iowoels, Suvdpeda va Becopriowpey kal
TPIYWVOHETPIKAS GVICMOELS TEQIOCOTEPLV TOU VoS dryviooTwv.

Kafe To€ov x,, TO dmolov EmadnBeler plav TprywvopeTpikiy dvicwoiy 6
TPOS X KOAETTOL pepikf] Abotg fj &mAdds hberg altiis. T oUvohov Téw HEPIKEN
Aoewv H8s TPy WVORETPIKTS diohaews KoAEITal yevikT) Aicig abTis.

T oUvohov TéV Aloewy vTods ToU S0 TTHATOS [0,21] md&s TprycwvopE-
TPIKTis dviotgews ws Tpog Evaw &yvwoTov, KOAETTa £idikly Abowg alTfis.

‘H Tprycovopetpikn dvigwes, f omola émadnBeleTan i mwdoav Ty
ToU Téfou (MeTaPAnTiis) TO dmolov epIEXEl, KOAEITOL PéVIROG TPIYWVOUETPIKT
dvicwaois. <

KarwTépw dvagépouey dpiopévas Paoikds karnyoplas TPIYWVOUETPIKGV
dviowoewy Evog &yvdoTou,

2. Ogpelel®ées TPLYOVORETPIKAL GVIGOGELS

‘H Aois olaobnmoTe TprywvoueTpikiis dvicdoews dudyeTal KaTd Kavovo
els Tag droAoUBous BeuehidBels TplyovopeTpIkds AVITMOOEIS:

nuX=a, gux=a, epX=a, opx=a  (x,aE R)

2.1 npy < 0. A Ty Emiduoiv Tiis dviodosws TalTns Siakplvopey  Tdg #Efg
TIEPITITCOOELS ¢
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) *Eaqv o< —1, A Sobeloa Gviowals dvor  &Buvaros, BidTt mux = — 1 Bi&
kafe ye R.

i) "Edw o > 1, f) dviowois elva HoVIPOS Tplywvaue-rpmﬁ dvicwals, 81611 nuy =1
_Blé( ké&Be xe R.

iii) *Eaw a =1, ToTE f dviowos trrenBeveTan Bidk kabe TOEov, EEcupouptveoy TGV
Ty x, T& dmoia elvan Avoels TS tEiodoews nux = 1. "Apa, yevikh Auois
T dviocooews elvan:

™

R—{xER:nux=1}= R—{xER:x=2¢xmw+ 5, xkeZ}.

iv) *Fotw, Téhos, —1 < a< 1. Eig Thv meplmTwow authy Sioxpivouey  Tas
E€8is, &l TAfov, TEPITITCOCES:

«) Edv 0 <a<l, triAvopey Ty &vigwotv YEWUETPIKES (ypogikids) &l
Tiis mepigepelas TOU TPYYWVOUETPIKOU kuxhou. TTpds
ToUTo, tpyaléueda s tEfis © Naupdvopey ¢ri TOU
&Eovog TV HITOVWY BIGVUopa OP TolouUTov, WOTE
(OT’) — o kol ptpouev kadeTov ¢l Tov &Eova BB’
tls & P, f) mola Tépver THY TrepigépelaV elg T& o=
Wia M kad M’ (EX. 1). TTpogavéds, kade 6oV X
HE dpynv A xal Trépas TUYOV omuEioV Tou TOEOU

B

—_
M'B'M, tEcupéoer TGV EKpwY M ked M’, gmodn-
Beter Thy dviowow nux <a it 0<a<l.

*Ev ouveyele, EmBIcokopev vé gUpLopEY &vou-
Tikéds THY YEVIKTY AUow Tfig Sobelons AVICWTEWS. Xy 1
Tpds TouTo, eUpiokouey TpédTOV THY elSiknv Auow
Kal € afis Tpoodiopifopey &uéows THY YEVIKT|V AUOlY, G§ ouvdyeTal £k TS
tmropévns looBuvapias:

U < & e))
Uy < & <= we [0,27] (2)
¥ = 2KTr + @, veZ (3)

(Elvan Trpogaves, 611 k&Be To50v XE R TiBeTan UTrd THY HOPPHY
¥ = 2K + @ ut kEZ kal wE [0,27] ).

"Ex Tis &veotépw looBuvanlas, TapaTnpoUKey, BT Kk Tis AUoews TTis dwi-
adoews (1) elvon Buvardv v& eUpopey THY YEVIKTIV g Tis NuX <o péaw TS
(3). ’Eri mhAfov, 1) AUois Tiis (1) pé TOV mrepropioudy (2) elvan # elB1kn AUoIs TTiS
Sofelons dviohoews. *EmiAUopey Thv dviowaw (1), fto1 ebplokopey THY elBIKiV
Ao Tiig Sobefong &vIoWIEws. MTpds ToUTo, EoTWoQW @ xal T—¢ T& uova T6€a
ToU KAEIGTOU BlooTHHaTos [0,27r] pé nue = nu(m—9)=a 0<=¢= Izr- ). Tote

T& péva UTreSIao THRATS o0 SraoThparos [0,21], T& dmoia troAnfedouy THYV
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dvicwow, elval (m—¢,2w] kai [0,9). *Apx, 7 elbikfy Avois elvon :

(mr—,2m] U 0p)={weR:T—p<w<2w} U {weR :ng-_;qa}
‘H yevik) AVois Tiis Sobeions dvicdoews eUpioxeTal, éav els T& &xpa TGV
Biaotnpdrwy Tis idikiis AlUoecs TpooBiowpey TO 2k pi KEZ (Tuxév), Aoyd
kal Tfis (3).
"Edv Btowpey A= (2km +T—9, 2kw+21] | [k, 2 + @), TéTE M
Yevikn AUcis elven UZ A, fitoi: xR 13 kEZ ut A, )
KE

) "Eqv —l<ta <0, tmidbopev THv dvicwo kat’dvéhoyov dkpidds TpdTov:

Kab’ Sporov dxpipéss Tpédmov EmAleTan 1) dvicwois nuy > a. ‘Opolws &
Aovtan ke ol dvicoe§iodoes nux < o Kal MUy X g, dpkel els T AVoels TS
GVITWoEWS MUY << o fj MUY > o v Emiouvdpopuey kal THY yevikiyy AUow Tiis 261
OWOEWS TIHY = d.

2.2, ovvy < a. TTpds Aow Tijs dviowoews TauTns, Siakpivopey, ds kal Tponyou-
pévews, TAs k&Twdl TEPITTTROoES:
1) ’E&v a < —1, §) &vicwois elvar &BlvaTos.
i) "Eav a > 1, /| &viowois elven pdvipos TprywvopeTpixt) dvicwats.
iii) *Edv a= 1, Té7e 1) dviowors dAnbeler Sk k&be TéEov, EScuptorr TGV TOEWY
¥ = 2w, kEZ.

Zuverrdds, f) yeviki) Aois elvoa: R—{XER : x = 2«m, keZ}.
iv) ’Edv —l<a<l, Tére EmAlopev THy &vicwow yewpeTpikdss. "Eml Tou &fovos
TGV auvnuITovwy Bewpolpey Sidwuopa PO ToloUTov,
&ote (OP) = o kol gépopey kdBeTov Emi ToU &fovos
AA’ gls T onuelov P, Téuvouoay Thy Tepipépeiav els
T& onueia M,M" (ZX. 2). K&Be 1é6Gov ¥ ué &pymv 1O

JA A kal Tépas TUyOV onpeiov ToU TdEou M', €Eaui-
/ poupéveov TéV dkpwyv M kal M’, &radnbBeler ThHy
Sobeloav dvigwalv.

"Ev ouvexelg, mpos elpeotv Tijs eiikfls AUoews,
UmroéTopev 11 ¢ elvan TO TOEov EvTds ToU BixaTi)-
paros (0,1) pé ouve = a. "Apg, 1 &ibikn Avois el-

Zy 2 var: (¢, 2m—9@)={XER:p<x<2r—9}
MpootéTovTes els T& &xpa ToU BiaoTruaTos
Ths €idIkfls AUoews 1O 21k, KEZ eVplokopev s kal TPONYOUPEVWS TNV YEVIKTV
AUowy Tiis Bobelons dviodosws.
"Avahdyws EmAlovtar al: ouvy > @, oury < @, Kol ouvy = «a

' To guvodov (] A elvan 1) Evwors Tav &mefpwy SiaoTnudTwy Ay, 6Tav 10 K BlaTpéxn
xEZ
16 oUvoAov T@V dkepalwy &mbuddv.
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1
IAPAAEICMA 1. N& mAugfi fi dviowais oW < 7 -

‘Enidluaig: Eplokopey & Buo kai povadik T6Ea BvTds TOU SiaothuaTos [0,21),
~ 1 = . ; T 5T
Téy Srroleov TO GUVTRT|TOVOV glval = - ToUTy, G YVWoTOV, elvan 3 Ko =5

Kéde TéEov ¥, TO OTrOTOV TEPQTOUTA elg v omueiov

-~ . r e

ToU Té6Eou MAM', GUPTTERIACHPOVOHEVEY kol TRV
&kpwov M kot M* (ZX- 3), elven Avois Tis Gviow-
aews. TTpopavdds, N giBiky Aot elvai:

[0, -g—] U {45;—-(,211’}, f B¢ yevikn:

UA,, mou A= [2m, 2kt %] u
KEZ

[2xm+ 5;- , 2k 2]

ArAadr, &ueAUTIKES, k&Pe T6Eov X TS YE
Vifis AUoews TAnpol pla T@Y K&TwB OYEOEWY!

2k <y < 2k 1,;—, 2+ 5—?—5)(52&114—211 (xkeZ)

23. goy < a. ‘H dviowois oirn Exer TAVTOTE
Miow, &g doov o€ R, TV Smrolav euploxouey &S
e “Eotw a>0 (v a<0 toyoloueda Gvod-
Yes). “Emi Tou &Eovos TGV éqacm-rouévwv Aappa-
vopey Sravuopa AP TololUTov, OOTE (AP) =« kol
Becopolpev THY gUBeiav TNV BIEPYOHEVTIV tk TGOV O~
ueleov O kai P, Tépvouoav THV TEPIPEPEIY glg & M
ked M’ (Ex. 4). Elven fi8n Tipopavs K ToU oXN- e
porrog, 6T kafe TéEov, TO OmoioV Eyel TEPQS TU- £
— T

Yov onpeiov ToU TEEOU MAB' # Tou Togev BA'M' (2Ecupoupbvaov TV Grpwv
M koi B §f B xai M) tranfeder THY dvicwaw.

Ev ouvexelq, EoTwoov @ kol T4+ T& povaBik& 16€a TOU SlaoTHpaTos

[0,27] w¢ epg = (Tt g)=a 0<¢ ‘./_-121 ). Téte # eldikhy AVols elvan:

(% : Tr+<p) U (%, 2‘rr] U [0.9)-

‘H yeviki) Auos &v TIPOKELUEVE) eUplOKETAL TAXUTEPOV, &pxel el T Grpa TOU
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dlaoThHaTos (1;—, L cp) v& TpooBécwuey TO KT Wt KEZ (Tuxdv). *Hrol, &

B, = (km + :g-, K- 4 @), altn elvo:
UAi={XER : x=«kmw+8, k€Z, 12". <b<m+ol
KEZ
"Avaddyws EmiAlovtar af dviodioels epx<a, opx<q, opx<q, &5 kai o

EPX0, ePX T, OPX2C, OpXQ.

3. Tpryovopetpikai Gvichoelg
avayopevan gig tag Gepehdderg

Al Baoikal popal TprycvoueTpik®V dvighoewy, dbs kal ai uéBoBor EmAU-
oews aUTdY, elvan &v yéver dvtloToixor Tpds Ekelvas TéV TpiywvopeTpikéy EE1od-
oecwv. OUtws, 1) Emiiuals wds &vighoews dvdyetan elg T EmiAuciv BepeAicoBév
TPIYWVOHETPIKGY dvigtoewv. "Emrl wapadelyuar, 1 dviswars f(nuy, ouvy) = 0,
émou @(nux,0uvy) &répaiov GUUMETPIKOY TTOAVVUMOY dog TPOs MUY Kal guvy,
elvan piar Paoikh popeh) TprywvoueTpikiis &viodoews ko dmiAveTan e SKpIPads
ki 1) dvrioToiyos ouppeTpiky Elowaos. *Hrot, &5 yvwaTdy, ExOpEV:

2
f(nux, owwx) S0 <= M

t=V2ow (5 %) (@)

‘H &viowais (1) elvan pia dAyePpikd) dviowois d mpds t kad EmiAveTal
KaT& T& yveoTtd "Eotw t 2 t, pla Avois aUTiis. Téte, Exopev mpods Emiluoty
v &vicwa Vfo’uv(% —x) = 1, ( <= guv (% “X) s %), 7 omola el-
var pia Bepediddng &viowats.

Korwrépw EmAlopey  dploptvas YapakTnpioTikas  Hopeds TPIYWVOE-
TPIKOV &VICWOEWY.

IAPAAEITMA 1. N& dmAubii # dvicwois: (2nux—V3)(2ouvy—1)(epx—1) <0.
"Enibvoig: TIpds Emidvow Todrns, dpkel va elpwpev & onpela Tév Trapaydvraov
ToU TpdTOoU” pEAOs, STav TO X Biatpén TO BidoTnua [0,2m]. TTpds TolTo,
TrpocBiopifopev Tds elbikds AUoels TV k&Twd BepeAicodidy dvigdoewy:

2nux —V3 >0 <> nux>¥

1

2o0uv —1 >0 <= oWX >

X —1 >0 <= ey >1
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Al elbikad Avogls aUT@Y, £UPIOKOPEVO cUKGAWS KOT& T& YVwoTd, Gl
STofycws elval:

2 51 ™ TR T 5 ) 3w
(%: *;): ('SIT,QTI]U[O, '3) Kad (—4‘r Q*)U(‘E‘ ' —2‘)

*Ev ouveyelg, TpoOs EUPESLY ToU onpelou TOU TIPRTOV péhous Tiis Bobelong
&iodooecws, KaTAPTIGOHEY TOV KOTWTEP VAKX

™ T ™ 2w 5t 3 51t
y 0 \RR &g o g il aatiie 2h An
T L il i, O I o S e s | TN
v g e S T R | = e
| R S G T il o (PR T R e T
N £l G b M = e I+ 4 el

Exén T — (2nux—-V3) (2owx—1) Eox—1)- .
*Ex ToU dveTépw TrivaKos TEAPOTTPOUHEY, &Ti 1) eidikn) AVoig Tiis Bolelons
duiodhoews elval:

T st Thmendl 2t 5w STipet D0
(z'3)U(§-7)U(i‘-i)U(ﬁ“'iﬂ

* AveiluTikéss, ke ToEov X Tiis EIBIKiS AUoEws TTANPOL pia TGV ETTopEVeV OYECEWY

eTrioel qr o rpl e Dy 5t 3 5w

'Zx“‘:_S" ?“:X":_’: "3‘4<X<4 ’ —Q_<X< 3

3 ; d
HAPAAEITMA 2. N& émiAufij 7| dviowais 3% > ]—/2— kol v onueiwBouv i
THis Tepigepeias TOU TPIYWVOPETPIKOU kUkhou T& BlaaThuaTa TEV ToEwWY, gv-
Tog TGV dmoiwv TrepaToUVTaL al AUGEIS TTS-
5 3
‘Enilvoig : Oftopey 3X =@ kal EmAvopey TNV &viocwolv npw > 12_. H yevikn
Aigig TauTns elvan:

i
U A, vt b= (2Kﬂ'l- 1;" 2k 1"'—;‘); keZ.

KEZ
SuveTrdds, EXOHEV:
T 2w K I i el 21
2K‘TT'|'§' <3X <2k |- —3* <= 2Tl.’-—3 4 g \X\ZTT 3~ '|-“—9— (1)
*Ereibr) Opoos elval K= 3ptv, 0=V <3, f) oxtois (1) ypdgeTai:
P e 2my | 2w
2mp—g =g N <2mpt+ 35— Tg (pEZ)
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‘E§ orfis ouvayetan, 111 elfikn Aais T Sobeions dvicdioews elvd
( 24 -+ e ; i - En-) (v=0,1,2). Eis tkdoTnv TiuHv ToU crepadou Y
3 9 3 9
&vTioToIxel kol &v ImodidoTnua ToU SiaaTruaTos [0,21] Kad ouverréis eUplokope
Tpia UmoBiaoTnuaTta Tol [0,2m] (2x.5), tvtds TG
omolwv TepaTolvton ol Aloerg s dvicwaews
TaUte elvau:

w2
”““‘*(?T)
) It 81
SLce
13

14t
Wi 2y (—9-—,—9—)

zn
9

“‘-_.-/

3.1. "Avicweig tij popgiic : anuy - Povvy + v = 0 5

"Emein) 1) dvtioTtoixos lowots anuy+Pouvy -y = 0, s eidopev, émiAle
Tal kaTd Vo TpodTous, olTw kal 1 Sofeloa dvicwos elvar Buvatdy v EmAUEA
Katd 8Uo TpdTOUS.

a’ tpdmog. “Y1d Th mpoUmdbeaiv &Ti X 7 2km T (ke Z), Exgpédopey T

NKY, OUVX OUVGPTNOEL TS ¢ X kai EYOMEV:

2
2eq g— 1 —eq? —)2£
(1) <= «a + B TY 20 <=
1 —}-sq)z% 1 - eg? %

r—p) E@’% | 2aeq % fB+y=0 2

‘H reheutaia Spws dviowols (2) elvan BeutepoPdbpios c TS € )2<— kal
EmAVeTar eUkOAws. OUTws f) Avais T dvicwoews (1) &vdyeton els Thy Abow
BepeAicoBidoy dviowoewy Tijg Hoppiis €@ —;.g = a, ac R.

Eqv X = 2k (k€Z) 1) (1) yphgeTon:
anu(2km+- )+ Pow (k) 4y = 0 <= — Pty =20 < y=p (k€2)
"Apa, T& 6§ X = 2k T 0& elvon Avoei Tfis dviowoews (1), ép’ oov y = B.

B rodmog. ‘H (1) ypagéra:

(L Se= gt i wvx*%: Y= 0
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[3 ) 03
T T\ 3 oepww = — (M) Kol OUVETICS
*Emreidn % eR = 3 wE (—- 75 2) HE EQ =

\apPdvopey :
120 (2)
WO L Y20 = = [nu(x+w)+ ouve
(1) = alnixt etV Tg 12 =
Aroxpivopev 51 Tdg EEfs TIEPITTTWCES:
o

i ¢ ~ 0, dwdTe f| (2) Ypape-
1) *E&v o> 0, TéTE, EMEIDT) Kol oWV 0, EmeTa s 5

| - = ola &vd . eic Thy OepeAiddn NUY 2 A
: Y uve, 1| omola GUYETX: glg TNV
T nuy @) 2 UV, n n

y
i ; @ o adve B (2) yp&eeran: NH(XT @) — 20U,
) ‘Edv a<0, 0T — o <0, dwdTe 1 (2) YPAP

A dmrofa dvéyeTon kal TEAW els THY X = A

5 -¥2<0 1
NAPAAEITMA 1. N& ¢mAubfi i qviowols - V3 nux+owx —¥2< n

*Enilvoig : AUtn looBuvaues Yp&ETaL:

V2
-—=)<0
(1) <= V3 (npx ;_‘L’3_ ouvy, — % ) Tt (ﬂllX-l-EqJ € X V'B)

s l@-“ {HU(X _%)_‘% ouv 61<0 > Q‘Anu(x—’r—-z-) —v—é-} <0 <>

oUV —
6 Vz
I (x Jeis ) ]

Ofropev X+ T — o, dmoTe Exopev Trpds AUGIY ThH duioeow MW < 5= -

6 ¢ )
‘H yevikn) Avois TouTns lvat: _n_

! < 1+ (xAEZD)
PASI i-%?— <w < 2xm+ 2 kel AT < < 2AT ) (
[ i eUplokouey:
'EE alrév Kol trebn X =9 — g
‘ = < 5 KAEZ
2KTF'1*L—<X<2KTF‘1'£%E kol 2hmT— % < ¥ < 2Tt B @ )

12
ol &trofen &mroTeAOUV THY yevikily AoV 715 (1)-

a1
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AZKHEIEIZ

32) "EmAboate Tds k&Twd dvicdoes:

1) TIIJ'X>-VTB 2) epy > -V3 3) ouvy < — é
1 1
4) nu(x—g-)‘:T 5) Wv(xﬁ—;)>7 6) opx > 0

33) ’EmAUoaTe Tds dxorolBous dviodoeig:

)

1) op3x > -1 2) nudy < — 3 3) owu3y < —;—

1 2
34) Neé EmAvdii ) dviowors nuSy > 5 xal vé onpewololv i Tiis Tepigepelas ToU Tpiywvope-

TpikoU kUKhou T& BlaoThikaTa TGV TéEwy fuTds TGV dmolwy TepaTotvTar al Alass ™ns.

35) Elpete T&s elbikds Aloeis Tév kérwbd dvighoewy:

1) (nux —1) ouvy —1) (epx —1) < 0 2) (owx +1) (nux —2) (epx -+ ¥3) < 0
1 ; | 1
3) (2nex—1) (cwx+ ) (eox—¥3) >0 4) (YZnuy 1) (eg2y ~1) < 0
5) (x—2) nu3x <0 6) xouvy > 0.
36) N& EmiduBolv ol ké&Twh dvicdaeis: .
1) 3nuy + 2ouvy > 2 2) epx + opx> 1 3) ow2y > nuiyx -1
4) nu2y > ouvy 5) nux + ouvy> 1 6) Y3ouv?y —1 —Snuiy —4
I 2x — 1
7) ¥3 —douv?y> 14-3nuy 8) ?%‘%;(_ < 9) nu?x — nu2x + 3ouviy > 2
2nu2y — 1 A
10) 2R — o T > 0 11) 3(nuy +ouvy) — Snuy ouvy > 3
nuX 4 guvy
1
12) g — ouvy

37) N& &miAvbii 4 dviowois: nu2y > nula, —1—; o< 1‘:— :

38) Né emAubT| kal Biepeuvndij f), ds pos ¥, tElowars: (2ouve —1)x* —4x 1 2(20uvg | 1) =0,
0< @< 2m
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KEGAAALON V

ANTILTPO®OI KYKAI KAI YYNAPTHXEIX

L. ‘Opiopoi — pacikai Evvornt

1.1. *Ex ToU &piopol ToU nux (XE R) ouvéyeral, 0T TO FﬁuiTo\i‘OV ‘(OU\»; OIM;OS
0 -ﬂu) elven wia ouvépTnots pé TreBiov dpiaHoU TO IR kod mi&ov TIRGY 1O Er* ' m](_
Elvan BnAcdh 1o nu pia TpayaTIKT)  OUVGPTNTLS  HISS "TP‘J‘Y“GT‘KWS' et
BAntis kal Exel ToV TUTOV Y= TX: Suveréds duvaueda va Becopriowiey TV
& A g %
TTEIKOVIOIV e P2 O AT ()
nu B | 11

Roy 25 nuboEl-—tatt) e ,
5 . e : to 70 Tuxov XE R (fi, s &AAws Aeyo-
Smrou f) T THS CUVOPTTOEWS nu(X} € 3l
Mgy, ﬁnsixcbu TOU TUXOVTOS ¥ Bix TS M) glvar & yVOOTOS TPIYWVOUETPIKOS
&pifpo : ' 1 ] )
i IEIG";L:'(mPoOuw tml oy els Thy ouvdptnow (1), o1t kade wE( 7 71' i 11
Bty elvan dvrloToiyov (elkcav) Evds povoV XE R, Biomt 1) Eiowals nux =Y ¥

; Dar :
Iyl < 1 Biv Exel, &5 YVWITOV, plav povov AUov. TG Eav = 5 TOTE 1) YEVIKT)

™
A — Dl iy PO S 7 i
Mois Tijs EEl0watws NUX = 5 glven: {x€ Rix =K1 (-1) T kEZ) Kol

p—

1
2
= Exer Gvtl b — fiTou:

ouveTréds k&@e X =K+ (—1)* 73 ut kEZ Exe dvtigToiXov 1O & AT

L 1 % KO 2
nu {xw + (=1)* T 1= ) i1 kabe ke

*Apa, 1) Greikovigls Nk Sty elval GUPLHOVOOTIHOVTOS kol ouvemds T QvTi-
groiyia N o '
1 &mola elven 1) GvTloTPOPOS &vmioToryia ThS CUVaPTTOEWS n, Bev Elv?u Vouuap-
Tnots, Snhabn B&v Umdpyer 1 &vrioTpogos CUVGPTNOIS TNS QUVaPTTOEWS T,
G aUTn cpiodn. 3 ‘ .

: GU’TET'I\) gum;]mpaopicwuev THY CUVEPTNOW TMH gl &v kaTGAANAoY BIGOTNHX
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(UroBiaoTnpa ToU R) .y, TO 5

J, EnAady) fewpricwuey THY ouv-
&pTnoLv:
g
U [‘—2 ’ 2] — [ =1 =10

ToTE 1) dvTioTolyia:

elval ouvépTnois.
"AmoBeikvieTal yevikeTepoy, OTI 1) ouvdpTnols np Evtds ToU KAEloToU

SiaoTripaTos A, = [KT‘I‘— 12.5, KT EJ (k€ Z) elvan-dpgipovoonipavtos L. TTpd-
yuati: "Eotwoav ¥;,X; EA, X 7 KT % y (keZ, 1=1,2), y; F=xm —% '
(k€Z, i=1,2) xai ¥, # X, “Ymobétopev nuy, = nuy,, OmwéTe X, = 2p1 + X2
(PEZ) A X1 = @p+1)m—x, (PEZ) ki cuvemdds Exopev:

Xi =X = 2pT )

XitXa = 2pwtm (2)

"E€ &AAov, £€ UmroBioews Eyxopev: KIT— % <X; <K+ ; kal KW—% <X2 <KTT+—21I;
OToTE: —TM <Yy = X2 TT (3]
2k — T < X, + X2 < 2kT AT 4)

Ex 1év (1) kai (3) AapPdvopev: —m < 2pm <M =3 — é— <p <% =

p=0 = X, = X2 1O Omoiov elven &dUvarov, 16T UTeTédn X, 7 X,. "Ex TGV
(2) xai (4) TpokUTrTEL:

Ak —m<2pm AT <24 = k—1<2p+ 1<t 1 > k—1<p<¥,
TO dmoiov elvan &BUvarTov.’Ex Tév dvwtépw c;uvécys'rm OTL My, Fnuy, kal guve-
TS N ouvapTNOIS MY, EvTos ToU SiaoThuates A, <R, elvan dugpipavootpavros
Bia k&be kEZ. "Apa, Tis ouvapThoews nu Teptopiloptuns €ls TO SidoTnua A, ,
Utdpyer 1) avtioTpogos owvdptnots, fi dmola oupPoriletan pé ok, np kal kokel-
Tal @viigTpogos Kukhki euvapineig Tiis ouvapThoews nu. ElfikdTepov, tav
k=0, ToTE EYouev TNV ApPIHoVoCeTIHAVTOV &TTEIKOVIGIV

Togunu:{—'g‘ v l;-J T {_IFIL 1]!

' “Ex 1@ podnudrwv Ths 'Avadloews (TpPA. oek. 15) yvwpilouev é11 pla &mexdvios
I: A —— B elvon dugipovoompavros, d&v kal pévov Edv :

v X1€A kol v )LEA BE X1 75 X2 = I(X1) o5 1(Xa2)-
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gt
e B W T ~
Tof qp (T6Eov fimTovOV), THY BE Ty Tof nuy aUTiis el TO TUXOV OTuEioV

; \ ~ Lot BB 1k
bidT1 A, = [ = . Thy ouvéptnotv Tof,nK 0& TropioT®uey £ EETS W

1 .
; ; g A 5
XE [ 1,4 1], & KOACUUEY TPMTEDOLOAY TIHNV. T.x. T Tot nu 5 TapIoT& T

1T+ KT - L
Hova@ikoy ToEov ToU BIGaTHUATOS iﬂ r T —2—1 , Tou émolou TO fuiTovoy elvan
1 N oTo 1 Ty <Ouoiws, ¢€ &piopoU EXOHEV :
5 BnAadn TO = (Tog nu G ). ‘Ouoiaws, € op

T ks
T e,
Tog nu ( = 7) g kai Tof nu 5
A& ToU oupPdiou 108 MY TrPIOTEUEY TNV é:v*ric"rpocpo»: av'nc_"roixmw fis
ouvapTiosws (1) kal ouveTTéds TO TOEMUY HE IMPI‘:—;;' ] delGTf\’. TO cuzo?\;\f TGV
TéEcov, TGOV bmoiwy TO fiuiTovov elvar fjTolr TO GUVOAOY TGV HEPIKGDV AUTEWY
s tEiodoews Uy = Y. 11X

1 ! | 71&1"’_, 7
TOEnu%—:—'{xeli:nux—wz} {xER:x =kt (~1)* = kEZL}

™
ST es it e
“Ouoicos givan: Tofnu 1= {x€ R:x = 2t 5 kEZ}

"Ex ToU &piopoU Tijs CUVOPTHOEWS o, MU owvayetal, B kabe ke Z kal
Bl kdbBe @ pt || =1, oT1

a) nu(Tof, nky) = ¥

B) Tof nu( —y) = —ToE nhy

y) Tof nuy = k- (—1)* To§ nuy
nHX = ¥

X = Tobai ol & | compoel

ye [—1+1] xelff, ﬂ |

1.2, Kot dvdhoyov dxpipdds TpoTTOV us?xe:r'd'rcxl TO Trpc')p?n[wq :rqg .lUT.mE:
€ecos GUTIOTPOPOU CUVEPTNTEWS TS owup:-mcews c.uv~ (cévuvr]u -royos\) :o:' c;:o
BeikvUeTon 6T UTTEpYEL 1) &vTioTPOPOs au‘vccp"rncns auTns v'rods TOU ux_ "(T;L:.Nu i
A, = [k, xm+m] wt xeZ (d"l‘l‘éSElglgj): Hiocv-ric-rpoqaos ouv 5:?":1 'r?ng . sv
TroEWs OUV, TEEPIOPILOHEVTS TauTn;s Els TO ontc"rn~pa Dy, G‘UE.\[30 iZeT pA ‘ :_ ?
Kol KOAETTAl AVTioTPoPog KUKALKT| auvﬁpr'l]mg THS cuvae-rncrews’cuv. 1o : =

€yopev TO BidoTnHa [0,7], i &vTioTOIXOUOX 313 E[S‘ TOUT:D -?'UVOIPTT]GIS.- TZU(;ZU\i
& cuuPonifeTon pé Tol ovv (T6Eov ouvnpITévov). H Tipfy Toé 'cruvx -:1;“ n P
Thoews Tof ouv s o Tuxov XE [— 1, 1] xodefran mporebovea . LY.

T
Tog owv —;—:—g—, ToEouv (—1) =T xai Tog ouv 0 = - -
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ALx Tou oupBdAou 1€ ouv B& Trapio Tpey THY dvrioTpogov dvrioTolyioy
s ouvaprioews ow : R -— [ —1,} 1] kad cuvends 16 To§ ouny pé |y < |
elvan 76 oUvohov: To§ ouvy — { YE R : quvy — VT S B

1 1
Tof ouv B = {XER : ouvy = 5 } =

={xER : x = 2¢m 4 g—, keZ} U {xeR:x —'2KTT—-T;-,K€Z}.

"Ex ToU bpiopol Tijs ouvapTioews Tog, ouv Erovtan T& EERs:
a) auv(Tof, ouwy) =y, ykEZ kai y e[ -1, -1].
B) Tof ouv(—y) = m—To§ owwy, v we[ —1,+1].

Y) Tofsouny =kt (~1) Tofouwmp +[1—(~1)* 17, xEZ Kol

&) ’loyuer 1 iooBuvopia:
X ~= To§ ouny I PR
vel-1,41] xe[ o ]

Hupatipyois, *H ueAén Tiis dvniotpdpou Tijs ouvapTriosws ouw Quayetan els TRy TP youué-

m
vV, Aoy Tilg oxéoews ouvy == Mp (—2 = ) » Becopoupévns eis 16 BidoTnua A, =[x, (x| 1)n])

HE KEZ.
L3. "H ouwvdptnols ep pe TUrov W = epx elvan Opiopévn v
R'—pie Ry mpg, KEZ}

kad AcuPaver Tipas év R.°Qs yuwotdy, 1 ouvdptnols alrn biv elvar dpgipovoo-
HavTos Kol oUveTréds Bev Uttdpyet 1) duTioTpogos ouvdpTnals auTis. "ATroSeikyle-

Tal OHwS, OTL &VTOS ToU BlooTruatos A, = (KTI.' a4 K- Tzr) (kEZ) 1) ouv-

apTNols &p elvon duiuovoorpavTos &l kai ouverrds elvan Suvardy vi Opiofi
) avtioTpopds Tns. Mpdypar: *Eqv XuXe EAc (KEZ) ut ¥, 7= ¥, kal Uobé-
OWUEV EQX, = EQXa) TOTE X, = pT X, (pPEZ) kai £§ aUTiis éxopev Xi—X2 = pT.
"E§ &AAov, elvan:

KTrk'g—\::x, <K |- 121 ()
(xeZ)
KTT — 321 <Xz <KW |- :g— (2)
Ex 1M (2) mpokUmer:
T o Ly s .
— KTT {- 5 = X2 = —KIT — AR Sl - 5 < =2 < —KTT | 0l (3)
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A& ipooBéotws KaTd WEAT) TGV (1) kai (3) ?\uuﬁ;uo:ev: E;-rr <% =2 =T
T, Péoel kal TS oyéoews X1 — X2 PT (pEZ), EXoM 7.0

. Th < pIT = 1T SN ] e P e
2uvertéys | OXEOIS X1 — X2 = PT yivetan Xu _X1‘ 20 = Y, == X-;,’—ro’ -
oy &romrov, BioTl UTETERN X1 75 Xa- "Hro :5)(l 7 Y2 45» EPX4 ::EX;CO“MS
~APG. Umépyel f| GVTIOTROPOS ouvdpTnos TNS QUVaPTT|TEWS EP, TEPIOP

'” at i AlleTon pé
Tabrng s O SidoTnua A= [ KT— 5 o KT + _2_)' fiyexcalel DU Sl
C kT T ; Tfi§ CUVAPTTOEWS EP.
W5, £ kol KoAeITal GVTISTPOPOS KUKALKT] GUVEPTIOLS TT) gl i
EiSikcoTepov, E&V K == 0 o SidoTnua A, glvan Ay = (ﬂ 519

> i L 4Eov
dQuTigToryoUon €ls TOUTO OUVEPTNOIS mgoeg‘ B cru;ﬂo?\lﬂe;m::}év le:i.:q) (168
tpamrropévng). ‘H miwn Tof egx THg TUVOPTIOEWS o €@ Els

XE[R—{xER: x= AT ‘g' S AEZ KOAETTAl TIPWTEUOUOX Tipf. TLY.
T o1
Tofepl= g , Tofep(-D=—7 ToE epV3 = 3

Ko®® duotov dkpipéds TpéTTov, bpileTan N dv-rla-rpogos mzvétp'rncn:_—r:g)g:ug;_
' ¢ Y &ornua A, = (K, KT s .
i : 10p1ouévns TOUTNS els TO Bt ' :
A?]C;\E:;i'] G;n;éipmvzeim &T1 1) ouvapTnols oP elvat )dUCP‘VOUOUTWWTOS e, &vTO§
v ' - 58€1EIS ;).
ToU BrooThpcTos Ac= (xm, 1 =) (&0 ‘ ’ .
i :O(ET-TCI:G Sprapou -rr.."n,vJ ouvapTHoEwWY ToE, Ep K o€, 0@ OUVEYETOL:
iy 7
a) ep(Tob.Epy) = W \/ yE R ko N ;E
B) Tof ep(—y) = —ToE @Y S e R e
y) Tofepy = K + Tofepy, 3 YER ki N ;

'Eﬂiong &roBelkVUETal EUKOAWS OTL:

v

1 .
T = <0
TOEEq:qJ:'I'oEcscpl , tw >0 kai Tof epy = — T To§op —, v W
W ) I3 !
Ta ar dxpiPéds foxuouy kal B1x THY oUVEPTNIW Tof, 0@, KEZ

- ] : i
L4, pugrki) nopdotects @V avratpbpwy KUKlih(bV ouu;tlpt:\aa::o; fl"vlc,ofl fﬁf“i
émy, taw | elven pio oUVEPTNOIS s ngYL!OETgiﬂS ligjﬁcg;f;];ﬁmmv B
i o : kot Sey
OTpo@og aUTTs, TOTE T Bioy papHaTa L fjas A
dvslc:irc?ixm§1!g dpboycviov oUOTNH &Edvav, elval U.UUIJET'PlKCf wsa'lgi:as é::l-
TpdyTny SiyoTopov. T Pondeiq TouTov, elvan elkohov va xc:pcx&r.ouev‘ T 32:; "
Ugra TjrrIw )é:v'nc‘rpéq)c‘ov KUKAIKEY OUVCPTTOE®Y, "J‘F‘KEl EEBGIWS!:;CLV&;IZ@F)SG_
> 5 GV T £V OUVOPTIIOEWV. ZUYKEKD ;
T & SUpQTa TV TPTYWVOHETPIKG v
ey 11:3/ Pgr\fap—mmv ToEnw, s dpiofn &ueTépw. AUTn eval 1| &vtioTpogos
Sl o .
v o5 &, T& Bia-
Tfg oUVapTNHOEWS T yTds TOU BIOOTHMATOS [ —~ 5y l Kol oUVETTQS,
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ypaupara S kad S T@v ouvapThgewy nu kal Tof nu dvTioToiyws (Zy. 6) Bﬂ
elvan ouppeTpikd ds TTpos THY TrpaTnv SixoTouov d.

’Ev Trpokeipévew, UtroBETopEy YvwoTov T Sidypauua S (fiuiTtovoedhg KGIJ"

TUAT)) THis ouvapThoews N

by *Ev ouveyeig, Becopolpey TV

cuvdpTnov Tok, ni, ke Z.H

3 d ypagikt TapdoTacts aUT

7 B TpokUyn Bid TopodATY

Aou peTagopds Tou Siaypab|

Horos ST Tiis Tof nu katd

Kkt (KEZ) kal ToUTto Evekd
Tiis oXETEWS:

706 nux = k1 +- To§ nux

fr\ l'l. '; /ﬂ‘{)’ {pfe 2%
o 2 x/;’/ o7 Ka®® Spoiov Tpdmov, Yapdo-
| govTtal T& SloypapuaTa TGV
Q? Urrohoimeov &VTIoTpdpwY KU“
/ e | KAIKGV oUVapTNOEwWY.
v \ ' ~ » i)
/' - T& Sioypdupara Talta Sibovral elg T& Ko
/, ¥ Twh oxnuaTa (7, 8 kal 9):
o
Xy 6
.
v
d
3] e n <

-2

2y, Lz 8
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[IAPAAEITMA 1. N& Bexff) 6mi:
™

1
To§ £ % -+ TobEp e = )

1
*Anddeiilg @ OfTopev To€ e¢ B a ()
1 ] L
ki Tof eq 3 B (Il), bwoTe e = 5
kal epp = —%— . ’Ex ToU &piopol Tiis

% 4R;
TP TEUOUSTIS TIHTIS Tok e T ouv-

5 L S
GyeTan QUECWS OTI _—2—<c:< 5 0

iy it
Zy 9 pofcos OUVEYETAL — 5~ <p< 5 Erer

™
< g ——, WpokUTTel 0 <a <—-
81 dpes elvar: eg0 <ega -LECP-Z- Kol ep 0 < epP <&@ 4 P 4

Kol Q< P < — . Zuvemdds, &k TOV (1) xai (1) Exopev:

1 1
gga= 5, PP=73 2

ki34
o Db

(1)4#@[‘3:‘3;— (€)

D<a<

*Eqri Aoy, Suvapel Kol TV oytoewy (2), elvcxll:
-_— ‘,!,

o 2 4]
£ o + EQ [3 il
ep (a4 P) = T 7ECP- - — ) ‘ s

A o -+ p=Km kEZ. 'Apkel Aorrdv v Beifwuey 6T k=0, dmdTe
P, =

4 : :

TpoKUTITEL 1) GTTOBEIKTEX oxtas (4). Ex TV oyéoewv (3), Bid Trpoobégews KaTd
.IT 1 o~ Z .

péAn AapPévopev 0 < o+ P <5 kod GUVETIGYS EXOMEV:

i s 1 1 0

K e e
OL;K“%.@_-:”Q_-‘E*#ZHKil} <=

IAPAAEIIMA 2. Eav ¥ >0, ¢ = 0 xal xy < 1, ToTe loxUel 1| oytois:

X+ W 1
To€ epy + Tob epy = - Tofep " Xy (€5)
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Xqu"‘O

e "Ev ouveyeld

*Anodeibrg: 'Emeidbn xy <1 kad ¥+ w0, ouvdayetan

BéTopev Tof epy — o, Tof epy — P kal Tof ep lx ):l-’_ Y, OmoTE Eopev: |
X
PO = ¥, EQP — W, €@y — 2
et R R L e €9
s i T
0<cx~:-§-, 0\‘(3-7;5-, 0-:y<;~'2ﬁ (3)
{1y < ahp="% €))

EE & , - . Ay 9 epp Xty
EE &Ahov, Péoel kal TéV (2), elval: ep(a| p) — iins e L
= gy, OMOTE o -+ P =k + 7y, KEZ (5). "Apkel v Beifwpev 6T1 k= 0, dmdTE
Béoel Tiis (5), mpomkUmTel A dmodeikTéa oxéols (4). *Ex tdv (3) AcpPdvopey :

—lzr- < at Bp—y <m. 'EE abrfis kal Tfis (5) wpokutrTer:

™ 1
—— KT < > — = <k <] <= xk=0.

) 2
|
|
IIAPAAEII'MA 3. N& ¢miAubf 7 €lowais : To€ nuy | Tof nuy V3 — 12[ )
Enilvog: To mpédtov pélos Tijs Bobeions E§iomoews OpieTon (Exer Evvolav),
k@’ boov elvau:
5 1 IV e
—1<y¥3<1 BgA™ 3
"Ev ouvexela Bétopev Tof nuy = a kal Tof nuxV3 = B. Katémw Toutoy
EXOUPEV
nHa = X, nuB =xV3 . @)

I —ges

iy

ot =3 @
(1) <= V3—< R
B o g

Aiakpivopey Tas drohoUBous TIEPITTTCTEIS:

a) 'E&v x =0, 1é1e, Pdoel kal TGV (2), (3), TPOKUTITEL — s <x=<0 kol

2

il <P <0, émdte — 1w <a+t P <0. ’Ex Touriou guvayetal, 611 1) éCiowals (4)

2
elvan &8uvaros.
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H

) ’Eav x>0, ToTE, Péosr kal TV (2), elven 0 <ax<—5- kal

o,:pf:_“z_( > 0< 3 —{3-1%).

'Apu, EYOMEV

nua = ouvp
i

0-:ix~§}%~ .O('X"_Bﬁ
x= V1 =3x? At i 1
3 [ B2 =T
0~<)(,<:V_3a Qi iyi= 1'% 2

NMopashpnerg. Al Ty Avow Tfs Eiocoees (1) Tol dvwtipw mopabelynoros, Buvdpeba véx
dxorouBfioeopey kal T Eoptvny piBobov @

Stcopolpey Thy Elowo nua = np(-'; —[5) (1), # dmoia elvan looBuvaios pt Tas kaTwd -
ToE:
T pmmt (—1e «€Z ()

s g
*Ex 1o tEigdoewv (1), Bid x —0 Aappdvopev THY tElowow o —p=a( <+ atp= 5 )

*EE aurol Btv ouvéyetan i al thadoes (1) kal (4 clvan looBuvapol, ARG &mhds &Ti kade
Nais s (5) even kad Mg iis (1). “Apa, By edpoopey TES voeis Tiis (1) kal EAbySouey wola EE
atrey elvan xad AVats s (5), Exorev EmAUTEL Thv (5), # dmola elvan {goBuvapos it ThHy (1).

ITAPAAEITMA 4. 'Edv x>0, w> 0 ai 2 yp? <1, v& Beiy 0 ot
Tof nuy, 4 Tof nuy — Tof nu(xV1 —¥*+ Wyl —x*) M

‘Anbdaitrg ¢ “Ex Tiig Umobéoews x? +¢? < 1 owayeral oy < 1, y< 1 xal
XVl =2 -+ V1l—x* < 1, ouverréds T& BEAT THS (1) dpltovren (Exouv Evvoraw).
*Ev guveysiq BéTopev:

Tof nuy — @, Tofnuy =P kot Tof nu(xV1—¢? +yVl—x»=7y, oOmote

Eyouev: nue = Y, NHP =y, MY = xV1 —y? 4Vl S (2)
- - T = = ;IT__ = = ,T,r.
0 <a < 5 0<p<— ; W=yt (3)
(1) <=2 akP=Y (4)

Auvdper TV (2) Acppavopev: nu(a -+ B) = nuaouvp - nup ouva =

= oVl —nu?p + nupV1 —nwia = XV1 -y + @V1 —x? = nuy. "Ex Tiis &ro-
Beybelong oxEoews nu(ed- B) =nuy Stv ouvdyetal kot dvéykny &m o P =y,
#fitor # &rmobeiktéa OXEOIS (4). O& TpETTEL ¢l Aoy va Befwpev ST

DY
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i
2
§ov a4 P kal y & Tfis lodTnTos TEY AuITéVWY Teov. Mpdypary, éx i
X+ yr<1 Exopev :

X +9'<1l = nula+qup<l = nula<l—nu?p = nula< oup =

r
O<a+p< 7 o ETEBN kad 0 <y < -, doTe v& wpokUyn # lodtng TV T

| nua] < |owB | = nua < ouP = nua < nu(;—r—p).

, s ™
Ex Tfis Tedeutalas oyéoews, Emeidh kol 0 < T_B< l;a, ouvdryeTan :

™

o< 5B, omTe 0 <artB < >

TTIAPAAEITMA 5. EUpete Tds Tipds Tfis TOPACTTAOES ;
Yy = o€ ep(agx)+ ToE op(epx).

Averg : Oftopey ToE ep(opy) = o kal Tof o@(epy) = P, dmdTe Exopev:

epo = oy kol opP = ey,
T

fiTol: epa= £ (7 — ) kal opP = og (.1.2T_ -'X)-
’Ex Tév  TeAeuTalwv oxéoewv AopPdvopev: o = k1 - —; — X, KEZ Ko
™
B = Am+ N AEZ. "Apa, 1) Bofeloa TopkoTacs Yp&peTon :

Y= o+ B = km-}- lQT— —x+ A+ —2“”——)( = (k4 A41)m -2y

Al Bidgopol Aoimdy Tipaed Tiis TapacTdoews elvor: {yER : y=pw -2y, peZ

TTAPAAEITMA 6. N& &miAubfi ) dvicwars: “2To€ nu -% - To€ nuy < _'r2r_ (1)
‘Enflverg : Té mpddtov pédos iis (1) Spietan, €’ Soov |y | <1. ’Ev ouveyeig

1
6étopev Tof nu g =a kod Tof nuy = P, dmére Exopev:

1
U= -, NP =x 2)
T T iy
1y
o lin e N
iy d =
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hs 413 s
Elve - 0<a<% => O-<2a<12 = Q> =20 >——5 = -27>—2--—2cc>0

J ™ iy ] )
Ex 1fjs TereuTadas, e elven kol =5 <p< -5 CUVAYETAL:

il < g < owv2
13&7—21 <= nuB\nu(2 20() 4:»{“”[3 vu]

T Ixl=1
Ix1<1 |xl<1 S

2 ok

<= {nui&<1—2nu2a } <= X<1—"§ <~ X=79
-1=x<l ey = L=y =

= —lEZX<75-

ALKHEEIE

\ Tév dxoroUBov ToPaoTEOEWY &
V2

2) n (ToE nH 'i")
8m 4

5) Tof nu (T\u E 9—) 6) P [To& guv ( - T)]

1
8) 2Tofeq JB—- - Tof e -7~

39) N eUpedoly al TiHal
oy 4
1) Tef T]P!-:—- 3) ow (ToE it —5—)

4) ow (2 Tof cuv —g-)

7y Tofep¥3+Tobep 1

40) N& SeryBouv ol k&Twh lodTnTes ¢

1 1 TP TS
1) Tof e T"}'TOEE‘P o FTOEECPIT =
2) Tof og7 +Tof a8 - Tofoe 18 — Tof o¢3

3) ouv (2 Tofeq "1[‘) = nK (4 Tof e - ;ﬁ)

o 1 50e paTh
Tobep o 1+T°§ o rl 4 (a=> 0).

| 41) N& Bedi H TaQUTOTNS -
I : LT V1 Tof e 1 ]
42) Eopete Bid molas Tipdg  ToU v loyuE f| oxtois : o Ep 51 211 i

43) "Eqv Yy w= 0, v& Baxbi &t
™ |
Tof eqy 4 Tof spy +Tof epea = 5 <= XV oo oy =1
= T
44) N& 8eydii o Tofepx -+ TS ey~ 4 ' taw x> —1 kal
1—% 3 " b
ToE epy 4-Tobe® 1 | X = =y dav < -l
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45) 'Edv x>0, =0 xal =1, 1é7e loyie # oxéos

Xty
1 — - Tofep 2+
Tof sgx -+ ToE sgy — m - ToEep 7 .

46) Acifare 871 : Tof epy - Tof epy — x| TOf €@ -lxj;;-) (X, €R kal k€Z)

xy—1

47) 'Eqv x> 0 kol w> 0, Beiare &mi: To§ ogy 1 Tof opy = Tof ag Ty

L

48) ‘Edv x> 0, w> 0 kal To€ nuy -+ Tof npy < 7 , ToTe loyuer 1) oxéors (1) ToU Tapabelypate
4 (CApxel va Beybii &71: Tof nux+ Tof nuy < % === 2 hyi<l)

49) 'Eqv x,y,0> 0, va Beixbij &1 :
Tof ouvy +Tof ouvy + Tof ouves = ™ <=+ x? Lyt w? + 2yyw = 1

50) 'EmAboate Tds k&Twh oo

3x L .o L. TF
1) ToE e =7 + ToE og = 2) ToE nuy +Tof nu2y = =
2 s 1 s
3) Tof eg 5 — Tof epx = 4 nu (Tog - _2.) = s (ToE G} 1)
2x+1 b1
5) nu [2 To€ nux] = x 6) Tof egy + Tof ep éi s

51) MpooBioploaTe Tov &xépaiov x els Tpdmrov, GoTe 1) tropévn Elowors va Exn Ao :

Tof Eq:i;l__} {-Tok sth; b = k1 +To§ ep( ~7)

52) N& tmAuBolv al k&Twdh dvicdoes :
1) Togsw'%:v —341 2) Tof epy + To op(y —1) = %

1 417
3) [mof nu—5- <3~

»

53) N& trdubi] 1) dviowors @ nu [To§ o {owv (Tofepy) > x.
1
54) Edperte Tés Srapdpous Tipds Tiig TapaoTtdoews W = ouv ( T T0€ nua), 0 <a <1. "Ev ouve-

1
xeler, Bel€are &1 16 ywdpevov alrdv looUtan pi e (= -1).
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KEDAAATON VI

ENTAYZIZ TPITQNOY — TETPAIIAEYPOY

1. Xytoeic petald @V GTOLLEIMV TUYOVTOG TPLYDVOL

L1. JupPohitopev ue o,B,y SvTIoTOIYWS T uﬂ::q TGV 'z'r?\s,uzoiv e&;b}g\é-rzy:j\.,mf
ABT kol pt A,B,T T& pétpo TEV TPIBY YwVILV TOY. Eg [&nt;A,b &w)( ::5« ?-
«mheupd o &uTi T «pfjkos TS TTAeUpds a» s o kol }’]“«ym\f amww& i : ;
Tpov Tiis yoovias A». To abTo PePadas B foxim kol B1° SAa T Y ypou
ke gia! TOU TPIyCOVOU. \ .

. U;?l:r(}supci Kai Z?ymvicl fvds Tprycovou elval Betivol dpiBpoi kol guvBov-
Tan, €5 yvwoTov £k TS ecopeTplas, Bi& TGOV kaTwh o)toEwv:

A+ BT =T

e #Laifo g by
|| ij;lw. c[;.-'l?q o4 (1) (Tprywvikh iB1411S5)
|a—p|<y<alP

1.2, @zpehrdderg Odpadeg TOmOV. Mera€u Tév Kuplwv oToiyeiwv (G'R'Y'A'B'r,)
tudg Tprycwvou ABD Urdpyow, ©S fdn szp[l,ouev, Bléqaopc;: cx;caio (é-n;:
Tol) Y- Népog TéV HITovwY, Noépog TGV cn'Nnul'rév'cov K. 'w. C(81"T Ff. i
84 dvagépwuey kol O &mobeifeouey TPEIS BepehicdBers Spddas TUTWY, Sl TG
Y KUpIe GTOIYETS EVOS TPIYWVOU. ¥
6“0[(0'?EZ:;5;::T?BFG-ru;&:v Tplywvov kal 0 70 kévTpov TS TIEPIYEY PRV

it A tuvooUpey v TIPOKEINEVE) TO PTjKOg
1 AE LIKSY OTOIXETOVD fuds Tprydvoy, .
T A:);Z\glrjﬁs :-,:Szu TuruaTos, To dmolov EXEl oytow pE TO -r"p{ywlvm{. ﬂx al -;rzsu?o:,
T;U' ﬁm};i B1xorgum W AT, tuds Tprydvoy, elvat ypoUuIKE OTOIXEIR aUTOU. To tuPabov tvos
uym, g xy L; d i b
Tpryou Ba PecopfiTan t’ EEijs YPOMHIKOV OTOIXEIOV oquUTOV.
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|
|
|

mep1gepeias aTol, dkTivos R. épouey THv Sidpetpov BA (Sx. 10 f) Zy. 11). ’Ed

TR LAy
A<"2*(T] A,>-§—),

TATE K TOU Spboycwvi-
ou Tprywvou BIrA Eyo-
vev (BI) =(BA)nuA (A
(Br) = BA)nu(m—A)),
oméde el dppoTépag Tag
TEPITITCOOELS TIPOKUTITEL
a=2RnpA, 81611 elvon
A=A kai nu(m-A) =
nu A. Emi mhAdoy, édv

Zy. 10

Zy. 11
™ A 3 ’ " 3 ’ b 1 < - 4’
A= 5 4 BiamioToUTan eUkdAws OT1 ioyUel kol TéAw 1) &moBeiyfeiva oyiol

a= 21 nuA. "Avahdyws pyaldusvol, elpiokopey = 2R nu B kai y = 2R nul”
"Ex ToUtwv, ouvdyeton TO Becopnpa TV fuitéveov (Népos TV ApiTévev):

2 . B Y,
nuA  nuB mul 2R &

"Exopev, fidn, thv tmopévny BepeAinrdn dpudda Ty ;

T - 4 1
(A) | oA nuB  nul
A+-B+T=m 2

T Seutépav Oepeliadn opdda TUTwy &oTtedoly of yvwaoTol TUTor Tol
Oeopijpatog tdv suvpurivev (Nopos Tév ouvmuitérewy). "Hror:

a? = P2 y? —2By owA 3]
(B) B? = y?+4 o? —2ya ouvB 4
v? = a?+ p2 —2of owl 5

Els Tuyov Tpiywvov foyxler nuA = np (B + M) kad ouvenrdds Eyopev:
NUA = nuB guvl+ nul" cuvB <= 2RnuA =(2RnuB) ouwl - (2R nulM)ouvB <«
o= P owl+vy ouB (Buvdpe kal Tou TUou (I1)).
A& kukAixfls B Evadhoryfis TéY o,B,y kol A,B,I AauBdvopev Ty drdAou-
Bov Bepehicdn OpdBa TUTrwy, ol dmrolol Ekppdlouv TO Bedpnpa 6V mpofoi.div.

a= P ouwl 4y ouwB 6
() P =y owA+ aowl 7
Y = aouvB- B ouwA 8
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12,1, @chpnpa. 'E&v o, B,y >0 kal A, B, I & (0,m), TéTe ol dveTépe Suades
Torew (A), (B) xal (M) evai looBuvapol.

‘Arodaitig: (A) = (B): 'Ex <00 TUTTOU 2 AcpPévopey : A= T— (B+T) =
wA=np B+ = nuA = nuB owl + nul owB = nu*A =
nu2B ouvil + nul ouv?B +- 2nuB null owB owl = nu?A =
nu2B (1 — nu2h) -+ nu?l (1 —nu?B) + 2nuB nul” ouvB owl =» A =
nu?B — nu2B w2l -+ nu?l — w2l nu?B + 2nuB nul’ ouvB owl =» nu*A =
nu2B 4 nul -+ 2nuB nul (owB ouvl —nuB nul) = nulA =

2B 4 nu2l+ 2nuB nul ow(B-+T) = nu2A = nu2B-+ nutl — 2nuB nul” ouvA

A npA

‘Ex THs TereuTados, Paoel kol TEV oyEoewy nuB =P - e nulF ="y -

TPOKUTITEL
i

NW?A = B—;nuzA .Lﬁ nuiA — 2 %’%nuzA ouvA = a? = P>+ y* 2Py owA.
o (o}

2z

‘Opoleos &moBekvyovTon Kal of gredhormol TUTIOL Tiis pddos (B).
(B) = (M: Awx TrpooBioews TOV (3) kol (4) haupavopev:
I 2y? —2By ouvA —2ya ouvB =
2y = 2y (BowA+«a ouwB) = y=FP owA |- a ouvB

*AvoAGYy WS TIPOKUTITOUY xal ol ool TUTOL TS duddos (IM).
M = (A): TToAAarAaci&lopey &upoTepa TX péAn Tiis wev 6 pt a, THg St 7
Mt B kol ExouEV &uTioTolyews: a® =af ouvl - ay owB, p* =Py ouvA-- of owl.
Tag teheuTalas ayEoes &popoUHEY koT& AT kol TTPOKUTITEL: a?—p? =
Y(couvB—pouvA). 'EE alTiis o Pdoer THis 8 EXOUEV:
P2 — (couvB-+ PowvA) (aouvB — PowvA) =+ a?—p? = a*ouv’B —Prouv’A =
a?(1—owv?B) = P2(1—ow?A) = anuB = pInuiA = anuB —= PnpA, Bidm o,
B, nuA kol nuB Betixol &piBpoif. ‘Onoicds &modeikvdeTen 6Ti: Pl = ynuB,

RO NN o
T =R =

*Atroptvel vér Beifeopev 0T AL BT = ’Ex ToU Becopripomos TGV fpi-

. & Lol I kol ouvetds, Buvd i
Téveov AapPévopey P= - nuB, v = A nu o I vapel Kal

nrA
THig 6, Exouev:
o= . nuBouvl -+ - 22 nulouB = nuA = nuBowl+ nulowB =
nUA nuA
nuA = nu(B+ ).
* AveA by ws TTPOKUTITEL neB = nu(C+A) kai nul = nu(A-B). Ex TéWV
TeheuTadewv TPIGY OYECEWV Eyouev:

63

Wnepiomotr|Onke amé 1o lvotirouto EknmaibeuTikng MoAmikrig



B+l = 2kw+A # B+T= (2x'+1)m—A
F+A=2Ar+Bf M+A= (2A'+1)m—B { <=
A+B=2umr+4I A A+B= (2u-}-1)m—T

B+ M-A = 2kmfj A+- B+l = (2’1 (kx'€EZ)
M-A-B=2Ar fi [+-A+B= (2A'+1)m (A\A'€Z)
A+B-T ==2um fj A+ B+T = (2u'+1)m (wu'e)

"Emeidn Spcos elven A,B,I" € (0,1) owvéyetar 611 (A+B+T) € (0,3m) o
(B+r-A), (r4+-B-I), (A+B-IN) € (—m2m). Zuvemdss, TapaTnpolpey &T
'Edw B - —A = 2k, 1OTe elvan: —11 <261 < 217 = — _‘1'? <K< 1= k=0
Eav A+B4-T= (2« |- 1), Tté1e €lvan:
0< (@k'+ 1w <3m = ——:1? <K' <l =>x'=0,
"Apa, Tehikdds Exopev A4B T = (Biatl;)
AiacrutroUpey fiBn kel dmoSeikvlopey Td Emduevoy Becopnpa:

1.2.2. Oehopnpa. 'Edv of Betikol dpifpol of,y «xai ol Berikad yavian A, B, |
ikavorrololv Tds oyéoeis Tiis OudSos (A), ToTE, Umdpyer &v kal pévov Ev Tpl
ywvov, Ut TAeupds o,f,y kal ywvias Tas A,B,I

"Anbderis 1 “Eotw Tpiywvov A'B'T’ ToloUtov, dote (BT')=a, B' = B xd
IM=T. 'H korookeut) &vds ToloUTou Tpiydwou elvan TrdvToTe duvarr), 16T
B4I'= B'4IM<mw. Elven A'++B'4T' =, émdte A’ + B+ T =1 kad ouverrdds
Péoel kai Tiis (2), wpokUmrTer A’ =A.
"Emrl wAboy, Buvdpuel ToU OewopripaTos TGV fTdvev Bid T Tplywvovr A'B'T
EYopEY:
(BITE)S S AR (A'B')__)_ o e S s (AR
A" quB’ T qu T nuA nuB - nul
"Ex Tfis TeAevtadas, Porr kol ToU TUTOU 1, AapPdvopev (IA’) — B kai
(A'B") .
"Apa, Ta E oToixeia o,B,y,A,B kol I elvan oroiyeia ToU Tpiycovou A'B'T,
To wovooriuavtov ToU Tprydvou A'B'T' elvar Tpogavés.
"Avagépopev kaTwTépw SUo BewpriaTa ,TéY dtolwy of dmrodelfeis oTnpi-
Govran els v looBuvopiay TEY BepeAiodidy dpdBwy TUTwY Kal els 70 dvawrTtépw
Becopnua kad ouverrdds TopadelovTan.

12.3. @chpnpa. 'Edv ol Betikol dpibuol a, B, y kai of ywvien A, B, I
AB,I" € (0,) mAnpolv Tés ayéoes Tiis dpdSos (B), TéTe Utrépyel v kai pdvov dv
Tplywvov pt mAsupds Tas o,B,y kol yowvias Tés A,B,IM (&méBetis;).

1.24. Oedpnpa. 'Eav ol Betikol &piBpol o,B,y kai al ywvia A,B,I & (0,r)
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Tplyw-

TAnpoUy TAs oytoels ThS budBos (M), TOTE UTTapPXE! svs K;\ ;&ovo» &v Tply

vov, pt mAeupds Tas P,y kal yoviag TS A,B,I (amwodegis; i
Xpnoipor S1& T Emrdueva elvan kat ol dxkoioulol yvwoTol :

L3. Tonor tod Mollweide.

A—B
BBl e A
Y it
CH B pf— = guvV A;B 10
% 2 v iy
A—B
G—ﬂ L = E@ - 11
Sp T 2 2

1.4, Tpiyovopetpirol apwpol  T@OV fjpicc@y YOOV TPLY@YOD  CUVLPTIOEL TQV
mheopdv abtob.

A = —p) (7). 12
By v{‘ﬂY

A _q/70—a) 13
ouv E == x/ -— iay

A Ry 14
o 1l V ()

1.5. Toror tob Eppadod tprydvou.

B 1 1 |

o r 15
E -—lfﬁvnuAﬁgngf 7 P

_apy - 16
- . 17
EVTED D)

E— 2R? n_pA nuB nul 18

1.6. ‘H axtig R ouvaprioel Ty TALLPOY TPLYOVOL.

i o aBy 19
R= VeGP ()
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Mapatipnorg. Ol TUmor Tou Gewpriparos Téwv ouvnuTévwy peTaoxnuaTifovtal péow Tdy T
v (15) ToU upaboy els xpnoluous TUtous, ds EEfs:

1 A
a? = P24y~ 2Py owA = o= pPLy? 4 (7 By nuA) %VK = a?= B+ y? —4Eogh
“Qote foyUouv ol TUmor :

o =f?+v>dEopA , B’=17>+{a’4EapB , y?= a?}p*—4Eopl i
"E§ alrdy mpokUmrTouy duéows kat ol Témon ¢
3 p2+y2—a? % - al-p2 ™ uLFBZ——Tz
opA = AR apB — ik 1 OQL = B 7 T (v)
A& mpoobéoews Bt kaTd wéAn TV TeEAeuTaiw ToUTwY TUTwv, AapPavopev:
a? B2 +4-y? = 4E(ogA +ogB +agl') )

Of dvawrépew tUmor (I1), (1v) xal (v) AVouv ToAUmhoka TpoPAfuaTa, els T& dmold
tupavifovtan ol Topaotdoes: o 4B24y? , opA+ opB+oell , P2+y? —a? kA

L7. "Yyog tpiyévov. “Eotw v, TO & Tils kopugfis A Uyos Tprywvou ABI.

A *Ex ol dploywviou Tprydvou ABA ExouEV:
\ Ve=ynuB (Ex. 12) kel ouvemdss, trreidy
8 Y = 2R nul, mpokimrrow ol TUtron:
¥ Ug
Vg = 2R npll nuB 20
B T r Vg = 2R nuA nul’ 21
T v, = 2R nuB npA 22

A& Thy &moBefw Tou TUmou 20 EAfgln B, I < % tv B> J?f— f

r = —g- 6 TUTros loyler méAw (Biai;).

‘Emrions xpfiowwor elven xod of dkéAouBior yvworol & Tifs I EWHETPiaS Bepe-
A10Bels Tiron ¢

av, = Pup = yu, = 2E 23

1.8. "Axtig 7ol Eyyeypoppévov cic tpiyovov kikhov. *Eore p N dxTis ToOU
els Tpiywvov ABI tyyeypaupévou kikdou O. Ex s Fecopetplas yvawplopey,
St (AD) =T —a (2x. 13), dmou T elven 1) fiumepipetpos Tol Tpiywvou ABI.

"Ex ToU dploywviou Tpiydvou AAD Eyouev (AQ) = (AL) E‘p% kal ouveéss
p= (T.—-O!)SCP é—\— - "E€ ool ked Péoel Tob TUToU 14 Tpokimrrer:

! Ol Timor, ol éroior Exouv AaTivikiy &plBunaty, Stv elvan &véyxn v& dropvnuoveuBolv.
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p= (T—) HTERI Gy )L
T(T—)
= \/ i@&éi:c;:@'f@i}) =t

Tehiéss Exomev ToUs x&Twb Pocixous
TUTTOUS : *

o= (1—a) cp o= (-B) &9 5
[ 24

= (-Y)®® 5

4o VE:’E.)__(T:_ﬁj__(T-Yj s 4

T

*Ek Tédv 24 AauPdavopev:

A B
Xy 13 p3 =(-r-~oc)('r#[5)('r~y)e¢T € 5P 5
‘ A B I
o (1p)° = (1) (1—B) (7-Y) TP 5 €9 59 =
A B I
E3=E2115q>—;£<p—3—scp—2r—=> E= T%0p & g =P
B I3 A B r
TP =7 €p %E“’TE‘P? = Pas(t S-gonpoBe R S 2R
*Ex Toutou 8¢, TrpokUTITOUV EUKOAWS xal ol Emrduevol Yprioipol TUTOL:
A B I
1=pmp_z-oq>7mp-§— VII
A B I
— 22p@ e £Q —— EP —— VIIL
E = t’e¢ 3 £Q 3 80 — I
A B r
— 5260 — OO — P — X
E = pop 5 00 5 003 I

1.9, "Axtig tob rapeyyeypappévov KOKAOU tpryvov. “Eotwoav Oy TO KkévTpov
ToU Tapeyyeypaupbvou UKoV, ToU &vTioToiyoUvTos s THY TAeUp&Y o« TpI-
yéwou ABI xal pg f) drls abrol (X 13). 'Ex Tiis Mewpetplos yvoopiZouey
8t (AE) = T xol ouvemdys toU dpfoywviou Tprydvou AEO, Exouev

Po = TEQ —}-\2— *Avtiororyor TUTrol B loyUowv kal Bid Tég &XTIVOS Pg s Py kel ol

TrpokUTrTouy ol Paoxol TUTTOL:
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A B r ]

Pa=Teq = | Py =TEP = [ Py =Te¢ /| 2 ’
|

|

= o i o A A o
AcipoUvTes KaTa PEAN TOUS TUTTOUS P, =T €0 5 kel ps (T—a) €9 - TTPOKU-

Pu . T P £
= =} — = = -
T—C Pa T—O Pa T—Q

AUTEL:

*Exousu Aormdy Tous Pacikous TUTTous (yvwaTol kel ék i MecoueTpias)

E ~ ' E 27 |
Toay | BF = —Pp P —Y |

E®APMOIH 1. Awr ka0z tpivovoy v da170f M oxémg: E=V pp, pyp, -

"Anédertic ¢ 'Ex tév Timwv 27 ko Tou TUmOu 25 Bix oA AT I oY
KaTa péAn EXOpEY :
E® E}
QPP P = s airys R PT R

E2= pupppyp = E=VPPupppy -

E®APMOIH 2. AsiZate 611 eig kabe tpiyevov ioyde :
1 1 1 | BN, e | 1

P, Uy Uy ‘ v, p

P P
*Anddailie ¢ Bdoa Tév Tumwv 27 Eyopey !
1 i A - TP

ey aac e e S :
Ir—dy iy o w U
Eo ~ B a5p 0

’EE &AAov, Phoel TV TUT@Y 23 elvan :
d et e 1 @ 30w sty op om
BT A R TR R OB e e B

*Ex v dvwoTépw ouvdyetal dptows 1) loyUs TS &modeikTéag oy EoEws.

Mapatipneic. Of Timor 23 § 27 Epapudlovrar &v yéver els TpoPAiuaTa, eis T& dmola Tra
pouaiddovTon T Gwn Uy, Vp Kal uy fves Tpiydvou f ol &kTives pa, pp kel py TGV Tapey yeypap
péveov KUKAWY,

1.10. "Eootepikn diyotopog tprydvon, "Eotw (AA) =8, 1 fowTtepikn Gixo
Téuos, f| dvTiocToixoUsx els Thv TAeupdv o Tprywvou ABT. ’Eqv E elvar T
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; ATA dvi-
Basdy Tou Tprydvou ABI kal Ey, Ea & BBaB TV TPIy@VWY ABA,
Tolycos, TOTE EXOHEV (ZX- 14):

Zy. 14

: . Enuf‘—+l[ﬁ8¢nu—g—=>
E=E+E = 3 fywA= 7 Yelt * 2

A A A A

E—n ( )sﬂ

1 __1_ +v u_._,:p,?ﬁyg-uv 2—B+Y =
E‘E’Y(‘?ﬂu 3 cuv—2)— 2 8, (P ) 2

8 = 2ﬁ C!"l'\"—A— = S — s L _—guV—- =>
a a

P+Y 2 = 2RnuB+2Rnul
AR npuB nul A
L iﬂj@pr auv i = b= #‘——AB%————'B——*—' ouv 3 =
¢~ nuB+nul 2w 24 ow =
2R nuBnuC
g L B _r
ow o

Y e TUTTOVS °
"Apa, Eyomev TeNKEds TOUS &Toll Paoikous TUTIOUS

2RnuBnul
g i ow -
B i M Sl
i 2R nul nuA
b= g oW % - = 29
W ow
W AnuB
20P Y 2RnpANUB
B e 2 UW&EB 30
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a1 hqmtspucn dugotopog tprydvon. “Eote (AE) = A, 1 tEeoTepikT 81)(01
Hos, | dvriaToixoUoa els THY TAevpdw o 'Edw u¢ E,, E, 'rrc(po(c'rncmw-:v

éupoda Tdv Tprydvewv ATE, ABE édvtiorolyews, TéTe 8& elven @ E = | E, —Eil
(Ex. 14), &iom fav pév elven B> T, 161 E,—E,> 0, &4 5¢ B <I, 101e E,—E, <
Eml mMéov  Troportnpoluey, 611 EAF == '15“ -+ %— Kal EAB = —12\;— —g- (510T|

EAB = _12T— ). "Ev ouvexeiq, Bdoer kad T@v TUTwy (15), Exopev:

__ o LB P e S BN Dol i
E=|E/—E,| =» 5 By nuA = ,2[3A.,T]IJ( 2---1——2*)—7.2-}’&;7“1(*2“——')!

2
1 e Al di o Al |
= -§By-QnuTG‘uv—z—m:?BAucuv?-—5)/13“0'\1\)—2—3’ = ‘
By A 2.2 RnuB-2Rnur" A |
A= - A, = - =
P IEl 2T T el e T
~ 4R nuB nul A 2R nuB nulr’ A
A“= = SR T —_— = Aa — e
[ B2l oy BT 52 e dl Al "
=2 7 4 =g
2RnuBnul’ .
A, = _Rl;tﬂl:;”——f (&1611 N —2— 0.
=

Zuvetrids éxouey ToUs k&Twd Paoikols TUTTOUS

2y _ 2RnuBnur
Br= i - | :
B—y" [*2 Budr 31
=
 2yx B _“ 2RnuMnuA
A e
i e Y 32
sl
|
= 2a§3 F 2[\nuAnuB
T j—pi ™ 1. A=B] 33
Slas

L12. Avapeoog tpryévon. “Eore y, 1) Sidpesos, 1) dvrioToixoloa el THy TAev-

b Ymotiferen Bk y (4= B#AD), Sidmi &\Aws Biv dpileran ) dwtepikd BiyoTdpas A .
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v o Tprycovou ABI. "Ex ToU Bewpripatos TéHV Slopéowy EXOHEV:
Py =2 + ﬁ = 2B+ Y =4+’ =
2(B y2) = 4u2+ P>+ y? ~—2[57 owA = 4u2 = P>+ Yy + 2Py owA —
dul =P yord (7 By nuA) opA = 4ui= P>+ Yy +4E09A.

*Erri mhfov, & ToU TUTou 42 = P2 +y?* + 2By owA, Pdoe kol ToU TU-
fou o2 = B2+ y? —2By ouvA, TrpoKUTITEL: 4UE = a4 4By owA. OUtws Exopev
ol rrrous:

g T A [5’+Y’+4E°¢A—°(2+4¥5Y°WA 35

43— y'+ o+ 2ya owB = yi+ '+ 4E 0gB = Pl dycowB |- 36

4p2 = o2+ P2+ 2P owl = o+ P>+ 4F ol = y*+ 4o owl 37
¥

nupa . SuvaTdy, Bid Tiis Xprioews PondnTixis
T ¢. 'O Tumos dig? = PHHy? +2ByouvA elvai
m"[ﬂ:.' ‘:Enurmc'xnumwen els TpdTOV, BOTE V& elvan AoyioTh Siix Tév Aoyapibuwv f Bidpecos
Yo Mpdyparrs, & TUTos oltos ypégeTan S|cx50xn<w; 3 "

2 L
dua* = (B*+v") (ow’ —g- + nuls ) + 2By ( ow? 5 — Mo )—

A P=yf® o &
B+yyow B4+ By g = @+ Vo 2+ (p_ﬂ,) W 5 | =

(ﬁ+y)aw——vl+(ﬁ+y) 4

A ™ oo ;
BérovTes E_’_‘; € 5 = QW (———2- <w< ':T) £y opev:
ﬂ+7)ch—— VH—E@wﬂ* 2ug = (B+y)ow & l'reuc.:|

R (nquB +nul
Pty A:, 2R(uB+nul)

= M=o 2 Ha = " Douwvw &
B4+r_ BT JA BT
2Rnu ;' ow —5— A 2Rouv 2c:rw 5
owe LAt ouvw

EOAPMOrH. N& ékqapcxcrﬁow 1& orowxela T, p kal pg TUXOVTOS TpIycovoy
SWwapthoe THs dxtivos R kal TV ycov:cov aUToU.

Abag: Elvea: -r=-2— (a+p+y)=:—2— (2RnuA + 2RnuB + 2Rnull) =

A B i
1= R (nuA + nuB + nuN) = 7= 4Row—-ow—-ow5- .
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BoyIkdds:

*Ek ToU TUTTOU TouTou, Pdoel kad Tév Tutrwy 18 kal 25, AapBavouey SIJ
|
|

By 2R? nuA nuB nul’ 1
g R
4Rowv 5~ OW—5- OUV—5-
bow ) (2o 5-) (2rvrowry)
2R (21‘|u—z—cw 7 Znu-w—cu 5 2qu--cv»-2— il
P ET ' A e VORATT3 |
4Rouww—+— 2 ) 5 oW |

A B r
= 4Ry 5 M 5Nk -

: 5 A i 5 i |
IMvepilouey 6T1 p, = T EP 5 omoTe dvTikabioTdvTeES Elg TOV TUTTOV TO

Tov THV Trponyouuivws eUpeBeloay Ekppaaiv Tou T, AapBavopey

A
M -
A B r 2 A B
Pu = 4R OUY —5= OWV - oW - it e Pu= 4Rnu—2 Wi Qb
2

"Qore Exopeyv ToUs dwohoUBous Xpnoiuous TUTous :

A B T

t = 4R ouvv 5 qVY 5= OUV - X)
A B r

p=dR nu - mp 5 M 5~ XD
A B E

o = 4R np 0, e e (XID)

1.13. Taparipnoig. MTavra T Yok oToIgela tvds Tpiydvou (Thevpal, Eppabov, Gy, &
Topo1, Bikueoor, mepipetpos, dxtls byyeypaupévou KUKAOU, AKTIVES Trapeyyeypappévwy KUKAC
ExppddovTtal ouvapThge Tis dktivos R Tiis mepryeypappévns epigepelas xal TéY youdv! alr
kal pdhioTa Si1& TUTwY ToloUTwy, MoTe va elvar BuvaTtos & B Tdv Aoyaplfuwv Urohoyio
abrésy, Ol Tumror olron elvan: (Il), 18, 20, 21, 22, 28, 29, 30, 31, 32, 33, (X), (XI) (XI)
& Tehds TUTTOS TS TponyoUdévns TapaTNEoEwS.

‘H dvartépw Tapathpnats Exer oroubaiotéTny onpaciav ik Thy EmiAvow T&Y Tpry bv
G5 0d Bwpev dpéows els T& Ewdpeve.

L Tév TprycvopsTpikédy dpifpdv Tév ywwnidy. Touto Bt B& tvwooupey mavToTe, S1av
YOOUEV 5TI YpappIkoy T1 aTorgelov Evds Tprydvay Ekppdletal auvapTioe Tol R kal 1év yov
avuTov,
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ALKHZIEIZ

%) Els xdfe Tplywvoy v dmobex8ii 8Ti:
1) onu(B — M) + Pru(C — A)+ ynu(A—B) = 0
2) aouvA + PouwB + Y owvl = 4RnuA nuBnul
3) (B + y) owA + (y+ &) owB+ (ot B) oul = 27
4) o+ P2+ y?=8R? (1 + awA owB owl)

A
5) a(owB —owl) = 2 (y —P) ow? 5
6) (p—y)?ow? -% + @+ )l _2_ e
P
7) y*= (a—PB)* + 4P’ 3

i b
8) a(B—7) o9’ o + Bly ~o)apt 5 +vla—PYori 3 =0

A

I ol 4 p? _Yz N ,,q_z__,a_z_.ﬂ. & E:fr\pZB-_}: B’nu?g_ B A

9) E= —RTB-T — 2(ogB—o9AL 4 (B )
4ep — oF

(@ -PHnATB _ 5 r ) (T Y) oW A B£A)
10) E=—~ T ey Yy -B (T :Y) 7

e A papppy _ _Ma®t Up't Wi
11) E= pppyip o == "0 = 3(opA+o9B + ogpl)
12) aogA -+ PogB 4+ yool = 2(R + p)

A B r P
13) nu‘—iﬁ‘-nu’—ernu‘T:lﬂm-—

T'l

3 e ——
. 14) E= Rp(nuA+ nuB+ nul) = —12- Yaipiy? nuAnuB nul =

Va VB Yy _ . PBPY _ (a-+Pppy

=2R? 3]
. & pp Py p+ Py
-t X
d 16) va+ vp+ Uy = By gg_*'ﬁp
" A 1 20wA

1
vd By T BY
18) a’owv (B — ) + Plow (F—A)+ ylow (A —B)=3apy

P i
i
|
4
)ESG) *Edw €els Tplywvov ABI loyin f oxtois: R owv(B - M) =8a
tvan dpBoydovioy.

57) *Avaykalakal lkavh ouvlhxn, v ty Tplywvov ABT elvan dpBoydiov, elvan:

A B I3 A B " it 2
£¢ —2—+ e 5 5 T @7 DT

N 58) 'Edv els Tplywvov ABI elvat ba =Y+ +é7e Bel€are OT1:

p o
o w%*(i!-w’g)nu(ﬂ——r)

kel &uTioTpéPLs.
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|
59) "Ev Tpiywvov elvan loookehss, tav loxun pio TéW drohotBuwy oytoewy: P
1

o r B
1) owv? T nuB nul 2) a=2powl 3) (r—P)og e g 5 "
1) 2= o090 5 5y dvp— 2 0p & 6) (atPlop o = ceoh + Py
SOOI O L]
T By UB—rU_r—mp 2 £ ey "
i
60) Els k&Be Tplywvov va dmobey i 6T ‘
B-I I
1) Bgouv 5 = Ug 2) 8a by (P*— Y = 4pyE (B> ¥)
B r a
3) patpptpy=4R+p e Colie sl i
B r r
5) & 5 € =—§; 6) o > 4ppa 7) pat pp=4Row? 5
1— (2R 4 )
8) pupp + ppy = P 9) ouvA ouvB ouvl = Lipe iﬁ‘Jﬁp) :
1 iy ! ; _Dpr?
10) Pu+ te= _u; 11) vqup |+ Vpyy + Uyug i

2

12) papp+ pppy - PrPa=T

61) *Edw els Tpiycovov elvan E = % V(P F v)* —o?, TéTe 10 Tplywvov elva loookehés.

62) *Eav al TAeupal Evos Tprycvou elvat BroBoy kol dpot dp. TpodBou kal | peyehuTEpa YV
elven Bimhaoic THs HikpoTépas yovias, TOTE al TrAeupal Tou elvai dvédhoyor TV apBpdv 4,5‘

kol AQuTIoTPOPWS.

63) 'Edw eis Tpiywvov loxun pia Tdv &xorolBwy aytoewy, To Tplywvoy eval dpfoydviov :

1) nulA+ nuB+4 nuil=2 2) E=1(r—a) 3) E= ppu

4) E=pppy 5) pptpy=« 6) pp+ pr— 2R
SN BSaey

7) egB + el = 5E 8) op 5 = B

»

64) 'Edw o Bidpzoor pp kal uT.Tépvwv-rm kaBéTws, va Baydi &1 :
A
1) 2(c9B+ ogl) = opA 2) owA> =

A B-I
65) Acifare &T1 vq = dp, v kal pévov kav 3nu 5 = oW 5

66) ‘H dvayxaia kol lkavi) ouvbrkn, Tva #v Tplycwvov elvai dpBoydoviov elvat:
B I§
Pep 5 + veo 5 = 2(R —p).
67) Elvan uvardy al mheupal tvdg Tpiydvou v& &moTehouv GPIBUNTIKAY f) YEWHETPIKAY Tpdob
Stav al ywvier Tou ebplokovTtan dv 1By, Trpodde;

68) *Edv £is Tplycvov elvan a = g, TéTe Bel§ate 6112

Y (151) 0= F(1501)
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%) *Edw els Tplycvov foxin R = Y ppa . TOTETO Tplycvov elvan dpBoydviov kal loookehés.

) *E&y el Tpiywvov elvar 1> 2R+ ps véx bp1oBfy 1o elbog ToU TPIYwVOoy.

) Eig Tpiywvov elvan a* 4 B*=v* t&w xal pévov tw 2np*l = epAegB.

.'I) "Eév w,p kal 8 elven &vrioTolyws ai ywvia 1&g dTrolas oynuatile i Si&uecos Hy Stuywvioy
iy covou ABF pt Tds Theupds a,p kal y abTol, Tée BelfoTe 6T ¢

a) ogf = 209A + ool

B) opp = 209A + o@B

y) 209w = |opB—ogl| (m;-‘_% )
8 gl S

dapgnpe

e
13) "Equ O elvan towTepIKOY OTEIOY TPIY VoY ABI ToioUTOV, GXOTE O/A\B = OBl = O/FTA - w,
elgarre &1
o) opw = o@A + 0B+ ol
B) oTepleo = oTen*A + oTep?B + oTen?l

T
Y)WST

5“‘7 Tpiydvou ABI xal O T6 wévrpov THig TEPIYEY POMBEVNS mepigepelas xUToU. "Eav OK elven 4
oraats Tou O &md Thy Theupd, Beifare &1

1) (OK) = RowA, mou R elvor # dls thc TepiyEypapévns TEPIREpEias TOU Tpi-
Fvou ABT.

2) (HA) = 2RowA

3) (HA") = 2R owB ouvl

4) A'=m2A, B' =728, = 2l (A',B,T" elven al yeovlai Tou dpbikoU Tpryovou).

5) (BT') = Rnu2A = aouvA

6) (A'BT')=2E ouvA ouwB owl

7) (OH)? = R2(1-8 owA aguvBowvl)

{: "Egtwoav ABI 8§uydviov Tplywvey, A'B'TY 1o 8plikdv Tpiywvoy avTol, H 1o dpboxrevtpov

8) ouvAouvBouwvl ;—%—

TMola fy Hopeh TéV dvewTépw OYETEDY, Srav 16 Tplywvov elvat &uPAuydviov;

L "Erilvoig tpry@vev

5okl ‘Omopoi kai paoikai Evvorat. Koheltal Emiduoig Evds Tprywovoy, & &1’ Umo-
loy10p00 TpocEiopIouos TV &y veaTWY Kupiwv atoryelwy Tou, STav Sobouv
Tpdg TouTo Eopkii aToryEla QUTOU.
‘H ¢mrfAvotg Tprycovou elval els ik TV KUPILITEPLV TKOTIGV Tfis Tprywvo-
kerplas kal ToUTo, Bi6T &UTN v &BUvaros Bid Tiis Mewpetpios. *H dBuvania
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= 5

altn THs Mewpetplas Ogeideton els 70 yeyovds, &T1 Btv Utrdpyouv cxéoexs,d
Strolan v ouvBiouy T& Ypapuikd Kal ywviakd oTOIXE tvds Tprycovou. Thv 8
okoMav Tautny afper f) Tprywvopetpla Bid Tfis eloaywyfis TV TpIywvoueTP A
k&v &piBudv ywvias, T Ponbeiq Tdv Strolwy, kabioTaTon Buvard f omrapf

oytoewy peTafl TEY Y POHpIKEY oToryElwy Tplydovou kol TGV TPIywvopeTpIKE 2,
Sp1fpdy TGV yovidv alTou. &
O& Aéywpev 811 pla Erfivois  elvan duvati, &¢’ Soov Umdpyel Tpiycvd B

TowoUTov, (aTe Té& &k THs EmAUCEWS EUPIoKOUEV GTOTYEl kai T& SeSopéva oTO|
yeia elven oroiyeia Tou. "Ev tvavTia TreprTrTAoEL, 1) ErfAuols B AeyeTan d&ﬁvutﬂd‘
‘H elipecis TéY dvaryratcov kal ikovév ouvBndv  petafu TV 8580;1&\10’“
oroiyelwy Bia v émfAvow tuds Tprydovoy, fva i EriAvos elven Suvarrh f) &BUvE
Tos, KoAelTal Siepeldvnois. |
*Eg’ EEfis, AéyovTes yoviaki) 6xE01S A ypappukd] oxéog Evds Tpiycvoy, o
twvooUpey k&Be Tprywvopetpikny Elowaw (R tElowow) s Trpds TAS yoovk
A,B,I" #) xdbe iowow dg Tpos T& yPOHPIKE OTOIYETX TOU TPIYWVOU TOUTOV.
Suveméds, T& BeBopéva TPOS tridvo Tpiydvou oTorkeia BuvavTal 'h’ji

elvan ypaupikal f| ywviaxal oxEcEls.
|

2.2. Maparnpioes: 1) Kabe ypapuk dpoyevig oyt Evdg tprydvon elvar igodovapog Jif
piav yoviaxny axtav. TolTo ouvéyetat bk T yevopévns TrapaTnpioews (1. 13), &mi wavta )
ypauuikd oToiyeia tvds Tprydvou tkppélovtar ouvopTthoer Tol R kal Tdv yoviy alTd
Suveréss, fv Ekppdocwuey TX ypapukd aToixea Tiis ypauuikis Spoyevols oxtoews auvapTid
toi R kal Tédv yowiddv kal drahelyopey 1o R, B& Tpoktyn pla yeviakhy oxtots. T1.x. "Ex Tﬁw
ypaupikiis dpoyevols oytoews avy = Py 0 Excopev : i |

avg — Py <= (2R nuA) 2R nuB ) = (2R nuB) (2R null) <=
4AR? nuA nuB nul = 4R? nuB nul’ <=~ nuA =1 <= A= —; X

2) "Ex 800 ypappik®v pi opoyevdy axfocmy npokinTEL pla yoviaxiy oxforg. AidT, tav tkppdod
LEV T& YPAMUIKG OTOIXEX T8V BUO YpoupIKGDY aytoswv ouvapThoel Tou R kal TV ywvidy 4
&rahelywpey 16 R petall adtdv (ouvhiBas Bi& Bidiptoecos katd péAn T oytoewy), B TrpoKUy|
yoviakh axtois. Ty & &Y ypappikdy oytoewy By =K 0 kal E = A2, &mov kA BeBopivl
dp1Bpol, B& Exwpev:

B-I B4-T
P—y=x 2ZR(MB—nul) =x <+ 4Rnu 5-ow 35 =K <>

B-I_ A B-I A
4R np =g i =K <= l6R? nu? ‘E-nn’ 27 e (1.
! A A
E— A2 <> 21R? nuA nuB null = A? <= 4R’ W oW 5 nuB nul = A*  (2)

Ardx Bioipéoeoss kamd pédn v (1), (2) TrpoxUTITEL 1y ywviakh oxtors

PR O

nH oA nu 2 K2
A A?

ow = nuBnul

*Eotwoay Tpeis ywvio AB,I kol els &p1Bpds R. "Ex Tiis Mecopetplag yvwplifouev, 611 ¢
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vl kal dvaykaial ouvbiikar, v UTapxn Tplycvoy ut yevlas Tas AB,IM xal dxtiva Tepiye-
Pappévng Teprpepeias aUTou, pikous R, elvat :

A>0, B>0, >0, ALB+T=m R>0
°‘Ptx. Eyopev THY tropévny Paoikiv triAuov ¢

3 Baouki) inikvoig. N& &miaubfi Tplycvov i Tév Buo ywwdy Tou xal Tiis
Ktivog THg TEPIYEYpaMpéVNS mepiqepeiag  aUTOU. Anhobh SiBovran: A= &,
3 9,, R—x (8,,8,,x Bedopévor &piduof).

Tpés EmriAvoi ToU Tprydvoy TouTou Bewpolpey TO oUoTnHa:

A=9, A:Bl
B=#9, <+ ' B=20;
A+B4T=m = w—(8,+92)

“lvee 76 oUoTnHE ToUTO EXN BETIKAY AUoIv Trpémrel Kol GpKel:
(8,0, 8,>0, T—(8,+6,)>0) <=+ (6,>0,8,>0, 6,46, <)
*Apa, al ouvBiijka SuvarTdTNTOS THS triAvoecs Elvat:
8,>0, 8,>0, 8, 8, <m, k>0.
'Ev ouveyelq, &k @Y TUTTV o = 2RnuA, p =2RnuB kad y =2 Rnul” mpoo-
Blop(Zopey Tés TAeupds ToU Tprydvoy, o Srofcn B elvan:
a—2knud, P=2xnud, y—=2KTMM 6, +92)

42-4- TUPQCOVES TTPOS TAS AV TEPW TTapaTNPNTEL, Biaxpivopey TPETS TEPITITC=
Ot1g EFmIAUOEV.
Q) AlSovtan BUo ywviakal OXETELS el plac ypaupiki pfy SUOYEVTIS:
B) AiSovrar BUo ypampikal OXETES, e Tév dmolwv pia ToUA&yloTOV Elval uf
Suoyevis kol pla ywviakd. ‘
Y) AiSovran Tpels ypouuikal OXETELS, b Ty dmrolcoy pia TOUAGYIOTOV glvan pmy
”;éuOysur']g.
] Al meprmrrdooers P) kal y) dvayovTad, Suvdpel TEY GuoTépw TrapaTnpef-
Uecoy, elg THY TreplTT@aW o) (Braerl;). .

Tpds EmiAvowv ToU Tprydvoy, gle THY TeplTTROW &) mapoaTnpoUuey STt
Al Byo BeBoptvan ywviakal OXETES, by ouvBuaoudd kol uE THY A4-B-+[ = m, &mo-
TEAQUY U TPLYWVOHETPIKOV aguotnua (R guoTtnue) (), ue &yvaoTOoUs TS Yoo~
Viog A, B kal [ OUros, 1y EmriAuois ToU Tprycvou ApxIGEl ut TOV Trpocdloplapov
Ty yeovidy ik ToU gUOTAKXTOS (3). *Edw 1o oloTnua ToUTto Exn BeTikiy AU-
ow (A=0, B>0, [>0), TéTe mpoobiopifopey Tés ywvias. "Ev ouveyelg, ik T
SeBopévns yPOUMIKTs OXETEWS mrpoodioplifouey 15 R, &poU Trponyoupéves Ex-
Ppdoopey T& YPOUHIKK oTOIXEN auis ouvapThoe ToU R kal Tév yownidv A,B,T.
LEXOIJEU olTws dvaydf s THY Booixiv triduotv.

Tovifouey 1B1atTépads, &1, By TO oUoTNUA () Exn Gemixnv Avgw kal el-

4V R0, ToTe UTEpYXEL Tplywovov, ToUTOV Goe T& Sebopéval oToIEla kel T&

.
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& Tis EmAUCEKS EUPICKSUEV TOIOUTT, V& elven oTolyEa TOV.

"QoTe, ai ouvbiikar, fva TO ovoTnua (Z) Exn ferhy AVaw kol elvd

R= 0, elven ai cuvBfiken BuvardtnTos Tiis EmAUcEWS.

MAPAAEITMA 1. N& &miAudfi Tplycvov ¢k TéV oyécewy !
B—TI=w>0,pty=wy, kal p=A7, dmov KA w Bedoptvor &pibuot.

*Enidvaie : T SeSopéva pds EmiAuaiv ToU Tpiydvou elven @ Mia YOOVIaKT) oyt
o15 kol BUo ypoupikal oxéoels, & TGV Smrolwv 1) pic (p = A) elvan pf Spoyevis

*Ex Tfis dpoyevous oyéoews P-4y = KU, EXOMEV:
B+y= kv, <= 2R (nuB 4 nul) = 2«R nuB nul"

amu BT 0w BT « @nuBrun)
4 B 5T own BT —qowv(B-N—ow(B1} (1)

“Apa, Exopey TTpods ETIAUCIV TO oUOTNUA!

B—T=w B-I=w

A w
@9) = 4cuv—?- O’UVT — k (ouvw + ouvA)
A+B4+lMN=m A+B4+T=mw

‘H tflowars (2) looBuvduws ypageTal:

(2) <= 4cmv£2‘-w cruvj;— =K (cruuco+2o~w2%—1) <=

2Kcruv2% —4o'uv-c7j- <:rw-},o“7 4K oww—k = 0 <=

W

(2)

: A A A
{ ( O’UVT)Z Kc'uva —ZUW—E— ouv-5- —Knu’% =0 (3)

)

*EE &Mou elvan: >0 <=2 >0 <= (A+B+4T)—(B-T)>A > m—w > A
*Ex Tordns kol émedty B—T =w> 0, ouvdyetan &Ti: Edv TO dveoTépeo cr\l'“

ornua Exn AVow, adtn O& elvan feTixr, TOTE kal pdvov TéTE, STV

A T w T
0<A<TF—CO<TT-¢=>O<T<'"2‘—-——2—<T4=>
o A L R e
>O'UV-E>0'UV(2—2) 2 ,)T]u2

€]

Suverréss, ol plga THs E§10coecs (3) elvon Bextad, £p” doov TAnpoly ThHY (4):
Tpds ToUTo, d yveoTov & Tis "ANyERpas, Biakpivopey Tas Grohovbous Trepk

TITUIOEIS:
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) ‘H (3) Exer wiow Bexti piga, v Kkal povov tav :
i (nu—wz—) £ (1) <0<

¢

ul 2 W 2 o @ @ \ W 2 guv—- — K1 2_.)4:0 .
\Khz il 2 =2—2)(|K 52 2
— & NMb—7— — v —— ——QGUV—') <0 =
2 H 2 auv 2 (KU = 2

n — —_— = AV == 2 0 (5)
2 = 0 <= KOUV >
HW OUV 2 ( K OuvV 2 ) 2

) ‘H (3) &y BUo Sextas pidos, Bav Kol pdvov Eav:
w P p

A >0, df(nu%)>0, af (1)>0, Mo+ =<0 145,>0
*Ev ouveyelq, & TTiS SeSopévns YPAHHIKTS oXEoEWS P = A kol Péoer ToU TU-
A B [Rat L T
Tou (XI) Exopev: A = 4Rnu - MM M 5= - EE alriis eUpiokopey 16 R kal

Suverréss Exomev dvorx®fj s ThY Pooikiy ETAUTWY. .
"Bl 1rAov, fva To R elvon BeTikov, TpETEl kot &pkel A>0. "Ex T BeBoptvng ayé-
Oyg Bty = KUy TTPOKUTITEL kal x> 0. :

w

‘H guvetikn (5), tg’ Soov K> 0, YpaeTal: oW —5- = T
W

) W . _
‘ Ermiong éxonev: o f(qu% ) = k(= 20w 5 M 5~ ) =—K MW <0(&16T k> 0),

i(’\!vewé‘bg 4 tiowas (3) Btv Exer Suo Bextds plGos. A e
TehIK®S, CUUPUWVWS TFPOS & dvewTépw, eUplokopev oTL ol ouvBijkan Buvarrd-
I w 2
Tros Tiis EmiAvcews elven ¢ A>0, K= 0, 60 = e
|

| , : B
" UAPAAEITMA 2. N& ¢mAuvbfi Tpiycovov i o oxtoewv: B = w, g =K

| T
kal §, = A, &mov KA, BeBopevor &p1Bpol kot 0 <o < —= -

ol Tprycvou elvan: Mix ywviakt) oxé-

CEridueic : T SeSopbva pds Emfhuoty T
s i feov A pla (8= A) elvau ) dpoyevns.

oI5 kal BUo ypouikal oxéoes, &K TédY &Tro

B Tfis duoyevols oxéoecs By —K TTPOKUTITEL k1, BidT, dav k=1, ToTE P =Y,
iV

ey B —= I kad ouverdss BT —0, &mep &voTOY, Abye Tiis Beboubvns oxEoews

P Lali i o ouveyelg, paoe yvoTiis {B1drnTos TéY dvaloyiddv, Eyopev:
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B 2RnuB _ B nuB - nul’ _ et
7Y K <= QRnur—K <> HE K = BT ] <>
B+T B=T
il == - I, E@B-}-FO‘PB#!‘ L Kistl
S Gl ] Sl 7 OS]
2 uf—f-—ouv 5
Suverréys, Exopev Tpds EmlAuoiv TO ouoThua: |
B-l=w B =t
A+B4+T=mw A-B L =/t
Bil. Bl ®ble R
2o Al P e e

12
'E&v 16 &vwTtépw gUoTnpa Exn Aoy, aUtn elven BeTikn, Stav kol pévall,

&rav (s kal els T& Tponyoupevoy TrapdBerypa):

S R, SR U N L BN (LS A
Tk el g °‘P2"q’2_2)"f"°4’?5q’

m\_ °

‘Emroptvess, fy tElowaos (1) Exer Bexthv Ao, &Tav ko pbvov étaw:

KiHs —_ 34#KH 1 1
il N e 20 i .‘

*Errl mhbov, &k Tiis ypouuikiis oxéoews B, — A Eyouev: . Rnug n;_.ll’ — A kd

ouv
2
Aouv Bz_—r
t€ alriis eplokopey 10 R = i o OUted, xerrahyopev els Thy Pooiil
trAvo. ’
a1
‘H Eiowors (1) emAbeton os E6fig: "Emeids : : i EQ —(;— > 0, Umdpy

166ov O (sUprokdpevov AoyapiBuikds) pt 0 < 6 < ToloUTov, o
8 kt+l 5 = : A Ly v
Gp= ol g T ouverrdds 1) (1) ypaeeTan o9 A% IR oy i H 7\ucl‘|
aurtiis, & 0 < A < r, elvan A = 0. Elptfn olrews 7 yovia A kal ouvetrdds 0
dveoThpw oloTnua tmiveTon edkdAws. TTpds dAokAfpwaty Tfis Siepeuvrioecas T
EmiAboews, TapaTtnpoUpey OTL R>0 —= A>0. 1
“Qore, ol ouvbijkan BuvardTnTos Tiis EmAUCEWS elvais shi =0, kel

2.5. Klaoowkai émitacie. 'Eqv T BeBopéva mpds EmiAuoiy Evds Tprywvou Elvd?

kUpia oToiyela TOU Tpiydvou TouTou, TOTE Myoupev &émi 1y Emwihuoig elvdt
xhaooki] Erilvaig.
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1 Emuaudn i . TOV = @Bz 03 o= K. pos ErriAuowv
S0, Na émaudij tpiywvev Ek T@VE A LR : ; i 2
OU Tpryvoy TOUTOV, Gog QVEQEPTPHEV kol elg TAG YEVIKGS TEPITITCOOELS, Bewo

OULEy TO CUCTNHA :

A= 8, A== 0,
B=19 e R=0 .
Af'rBz;l' - Tr I =m—(0; 62}

To ouaTTnue TOUTO EXEl BeTikiy AUgwy, EQV Kol povov -écllv: B,;l:), eé-,, 0;
)| 8, . "Ev ouvexelg, & Tiis YPOHHIKTs OXETECS & - K EXOMEV: K nud,
R ;\K . “Exomev fiBn yvwoTd T ororyeia A,B,I R kai QUVETIRS, TTPOX -
pOGUE\: T}L:?rid T& yvwoTd &k THs Pagikiis trri\voecs. Emtl mdov glvan: R 0 <=
K
Mud,
va: 9, 0, 8,= 0, 8,18 <m, k>0

0 <= k =0, tropéves ai  ouvlijka SuvaroTnTos Ths EmAUoews el

Na & i @OV : L, =R, A=T10. ‘Y'rroﬂﬂé'rouev
if 0 2';(_10 S:;?”gll; p\f)_'r:':"'g;_rﬁ“év quv-rig ﬁEpnTT‘dJU:’:l, elvan wpcq)m,i'és o-r; 182
Eivmlauvcrrﬁ # #rriduais. Of TeBevTes Treptopuzuoi GG'EUP‘C’KOVTO Bepaieos
Tiis ouvnifous Biadikaaias TS BlepeuvnoEws TS ém?\uo:m;. G A
*Ev ouveyele, UmoBiTopey By (K > 1), émdte, P
Tou 11, Exopev TO oUOTNUA!

A=9
A8
[ A+BT=T
A”EBFT rﬁkv AT | et -l
i o B 2
R ke T2 2 T rfA

; WIS ¢ -5 0.
\'Em;t‘n‘] Suws elvon 0 < A < T kal k> A (iGh=>"0), “euycy TRy 28 Ty 99

N @

Errihvopey Thy tElowow (1) mpos elpeow TAS Siagopds B —I. TTpos TouTo £oTe
|

k=R o smore b -
| Yoovia ¢ pe 0 < —% = % TolaUTn, GOTE EQ 5= 1 At omoTe f) €8
{l“cocns (1) ypogetai:
B-I ¢ B-T P B == !

; ARk A e I )

‘ : t TO OUOTIRA:
‘ 555, TE g Quov BE TO gUOTTH
'; Suveridds, TO QVWTEPW TUOTNHA elvan looduvapov |

A=0
A=20 T qJ_E
= =1
f A Br=l= 1 =% B=.mg g
i B-I= Fo) A
i 4 Bty g el
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*H eUpedeioa Alots ToU ouoThuaTos elvanr Betiks. Tpdypar, éwedn 0 < 6 <11 =

0 i ™ 3] 1 ¢ 6] |
&L L — = e IO e~ e = ; = oy 3 » > 5
0< <5 > 55" 0= B 5 i Tt 0. ’EE &Ahovu, Emeid|y
K—A K—A

e P . 3Ea ] 4 e B e
< 1, & Tfis oxéoews eQ 5 = O 5 OUVAYETQL: £ o < 0P 5

K+A K+7\

(AP i WO B e, SIOEE S k| s .
E¢?“w(2 2)#’2“2 Bl o r Batorn & i
™

*Apa, TO ovoTnua £xel TévToTe BeTikiv AUaw (piav) kol guveméds 1) é'rTi"
Avois elvan mévToTe duvarrt]. “Ev ouveyelq, & Tiis a — k Exopev 2R nuf = k k@

E€ aUTfis elpiokopev 0 R = 2.1].:6— = 0. OUTws Eyoupev Guaydi els THy Paoix
tmriAvaiv. ,
Eaw P <y (<= K<), tpyaloueda dvadyws. "Eav uws P =y (<= x =M,

TéTe A Ewivois elvan dmhouatd, &iomt B = M= % _.g_ - :

2.5.3. Na tmabfj tpiyovov ik 1@V mhevpdy tov. Ta Sebopéva Tpos  EmiAual|
flvon: a=k, B=2, y=H omou kAu Bedopévor Betikol dpiBpoi. "Ev Trpokel
péveo, ol htov kaTéAAnAor Tutol, elvar of TUmor 14. Zuvetrdss, Eyopev Trpo
trridvow 1o cloTnua:

A_)ERED, 8 /G060

WaTd - 2 s(s—2) '
EQ —-g—-a—— VLS—S_(%)}E)T:A) Omou 25 = K+ A4 1.
D s g s i Bk
Elven yvwoTtov &T1: e >0 <= |[A—p|<k<A+tp (1)
"Eav elven (a—_s(?—f%_i) = 0, T6Te Umdpyer ToGov 6, (eUplokdpevov Aoyopl
. b o LS YRS el
Bpikéds) pt 0 < 8, < m ToloUTOV, WOTE E o= o oméTe 1)

. n : ~ ; ’ A 8, .
TpcyTn TGV EE1ocoewy ToU QVRTEPW CUTTNUATOS YPOPETAL Ep —5- = EQ —- H

Elowois alrn Exer wiav pévov Alow évtos Tou Blaotipartos (0,m), 7 omoid
elvar A = 8,. *Apa, o ixaval kad dvaykaion ouviikal, vt TO oUoTnua Exn plav
wévov Alotv tvtds Tou SiaoTripaTtos (0,), elvar:

A=l <kK<AtH M—K<A<p+xK [K—A<p<x4+A =
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"Eotewd (A=0;, B=198,, = - §,) ) Aois aUT. ‘H grridvols 0a elven Buvae-
o = 11 e 2 : 3
Y, ¢’ doov 8, + 0,03 = ToUto Suws loyve, B1OTI ! Ag’ tvds yvepilo
tv &7y

9, (5—7\)_(3*“)
K2 = 2 ot =2h quvBiuE e S Ty

‘A’ Etépou ol &piBpol KA,p Kol 8,,8,,8; TANPOUV TS UTEEeéCE\Z;?{IaeE:);
Muaros 1.2.3. kad guvermds dlvar  oroiyela Evos TP‘Y‘-"W‘;‘ Ev cdc‘);\;'éﬁl_
s k — 2R nue, evploxouev TO R kol ouverrds &vccyoueec;: gl THY Poaoikn
gy, Al ouvBiiken BuvaTdTnTOoS Tfjs ETIAUOEWS glvon of (2).

& &mobeiy B kal & 3
Noparipnoig 1. ‘H oxéors 8+ 82+ 8, = T BuvaTal v i :
Elvai: sq)—eq)—+eq>-§-scp—+eq: PhE
YT R Y (= T =D I \/‘”‘i’(s_‘;;?l_‘;) DR
RO IGN TR (W)

i VwoT T T 46,4+ 63 = 2pm+ M, pEZ.’Emer-
. UToU G 2 8; oxtos elvon 8, +02+ 03
Ef o § YvwoTov T PE afy Tédv 8,,0: kal 83 e
1), TPOKUTET 8, <31 kol ouverdds EXouev
8N Sucog 6,,0,,0: € (0,7r), TPOKUTITEL : 0<8,+ 82+ %

-] <= p= =0 <=> 8+ G4 =T

1
0<2pr+4 w<3w = —T e £ —n <PF

3 TTPOPAVEIS
Nuparhpners 2. 'Eg’ &€, Tpd Tijs EmMAUOEWS tvdg TpIy VoY 0 B:—rmuwmc:g:uu::\;i c_?[ g?m,m
Teplopiopols B1& Tés TAeupds () T& ypuumxu oTOIXEIR yevmms) Kal TusKyTOU o
%5 wac—:év dvar: A,B,T € (0,m), k> 0 Buk xé&de YPaUUIKOY OTOIXEICY

i D= =N A=0.
254, N mavdi) tpiyovov &k 1y : @ =¥ f o ;
TMepiopiopoi: k>0, A > 0 kol 0<B <. 'Ev ouvexelq, &k TV BUO ypauu
kiSy oyboewy EXOMEV: ' }\
A_mw = 2 e
[3 Q}WHB@_;E-@nuBf X

2R nuA k nuo
ZUveTrds, %xousu mrpos EmiAuawy 16 oUoTnHa
A=#8
A+BT =T

A
— NG 1
nuB = —ni ey
- 3 1 e
| *ErriAUopey Kol BlepeuvELEY v (1) TMpds TOUTO, Sroxpivopey TS KaTWh
| TEPITITAOELS 3 | s
A 1 Tuan &BUVOTOs Kol OUVETTEOS f) &mwihuoig elvan GBU
Edy — nu> 1, Téte ) (1) elvet
| @) Eov ~—nué>

/| varos.

B v —1 S TOTE T| v v, T |V 6 Tolav P[ KOHEV WS é{‘ ns: 'EQ"['()
) E s pB l, 6 € (1) EXS'I 7\\..'01 ' [ EUPLO M
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s
2
o5 (1) ypdgeran nuB = nue.‘H tlowais aln, Exe SUo Auaels tutdg Tou SiaoTh A
parros (0,1), ol dmolen elvan : B= ¢, B = w—¢. 'E§ abrdv, Pdoel kal T&Y B
mpdoTeov  E§locooEwy  TOU dvwTépw ovoThuatos, mpokutTel: = w—0-9|,
= ¢—0. "Apa, Exopev Tpds tridvoilv T& ouoThpaTa ¢

A=§8 A=10
=9 l @) B=v—q>‘ (=)

= m—9—¢

1o Tofov W 0<g< ko TOIOUTOV, WATE MU = % nub. Zuvetréds, 7 glow B

—

*Egerddopey Umrd Trolas ouvBrikas T& S TEpw UOTAMATX gyouv BeTixil
AUoiy. Tlpds TolUTo, Siaxplivopey Tés dKohoUBous TTERITITCLOES:

B,) ’Ecv GQ% (4=p 0 < —;), Téte @—0 <0 (= [=0) xai ouvert &

16 oUotnua (Z;) elvar &Buvatov, fitor Btv Eyer BeTiknyv Avow. To alotnud
(Z,) Exar Betikhv AVow, eV kad povov v i (>0 <= m—0—¢ >0 <=

A
m—0>0 <= nu(m—0) >nup <= NH8 > nup <= nud > ;nue-:::»w/?«-

B,) 'Eav 6< I 1ére m—8—9>0 kal ouvemdds, 16 oloTnua (Z,) Exet BeTiknY

2
AVoty. To ouornua (2,) Exer BeTikiy Abow, éav kal pédvov tdv: =¢—0>0 <=~

A
P08 <= nue > Nub <= s O Nul <=+ A=K

TuvowilovTes T& QUWTEPW, #yopev TOV kaTwb Tivara.

2

a< P nuA ouBepia AUOIg
N T [ a<P Buo Auaels
B A S 2 l a=p ula Abois
a>pnu
AT a< P oudepia Aois
Akl { a>p upla Aol
A< 12T— pla AVaig
o= B nuA
N ouBepla Avois
=5
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6. Eidwcotepov, v TO TIPOS trriavow Tplycwvov eval dpboycoviov (B& ouu-
ohiZeopev TdvToTE THY SpBTY yoviov pt A), <éTe, AapPavouévou U’ Sy 811

A= g( = BT = -1;4), 16 &ueoTépw gUITNHA (2) (2.4) 6« glvan &v TpI-
rovopeTpikdy ovoTnua () oUoTHUa) TV OEEIY YOVIRDV B,I" kai ) émidvais Tou

6Paoyc..a‘.:icml Tprycdovou B elvas Suvarrt], B Kol pdvov &y, UTTEpXN BeTikn AU-
% (B>0, I>0).

NAPAAEITMA 1. N& #mAubii dpboycoviov Tplycvov tk TEV: A=K P= A

Enijvog : Of &pyikol Tepiopioyol glval ¢ K = BN (] ouveyelg, &x TGV

Blo SeBoptvav YpommIKGV O ECEWV kal Paott tou tumou (X1) Exomuev :

i 4Rnu—g—nu%nu% i A ZﬂH—% nu%ng%
e 2RnuA il P
%= anu% N ~;— <= 2nu —2 n ; 3\-2 -
ouv B__L_gw B;—F 45 7‘1_1? < OWV B2r = oty % 7\‘:2
L E A Tk

"Apa, Exouev Tpds Erriuoty TO CUCTTMA:

B

y B-T V2(27 1 K) (D
R 2K
'Edy 1o ouoTnMa ToUTo EXN Aoy, aUtn & efvan PeTikr), b kol podvov Eav:

B—I | T

s ;
OSlB—rl<T+~#O\7 9 o'y <
= BT = V2
cr\.nJO,;cmrv—2 : = cuv%— = laow g == "9 (2).

Suverrdds, A tElowats (1) Exer AUow, Stav kal pévov Tav:

VZRA+x) _ V2 V2(A +x) _ k(v2—-1)
1;*-—~2"Kr—f)'2 <= 2 :_1"47‘?\, 7) (3)
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TTAnpouptvns Tis ouvbrikns (3), fy Elowors (1) 6& éxn AUow kal ouver
euplokopev ThHy Sragopav B —T, omére elkdAws elploxopey Tas Seias yoovl

B kal T,
Al ouwbBiikar SuvaTdTnTos Ths EmiAloews elvan:

" E
oz, N0 Ag—K(—v—zi_—]-)—.

Eily Ao VLD

, To Tpiywvov 84 elven loookedes (Siari; ).

MAPAAEIIMA 2. N& £miivbfy opBoydviov Tplywvov ik Tév:
a=x, 838, =A* (KxAER).

Eniveig: ‘O &pyixds meplopiopuss elvan: k > 0. ’Ev ouveyeig, &k Tédv 8Uo e80!
pbvcov pf Spoysvdy ypouwmk@y oxéoewy Suvdueda va elpwpey plov yewviokd!
oxtow. Tlpaypari, &g’ &vds EXOHEV: ?

2
i Y S g s SRS
e e OV 5= WV -

B r
I 2
A= 16R*nu 5 W ()
*Ag’ trépou, elvon: a=2R <= x=2R = k*=4R* (2)

’Ex Ttév (1) kai (2) Aappavopev:

B I B-T B4TI
7 2 2 2 el i v i
A? = 4k’np 7 M - <+ =2 [cw 9 ow —5
B:=T o}¥2 B-TI A? V2
2= 2 s L = el e
A= 22 ol 5 5 } > oW — 92 2

ZuveTrGds, Exopev Tpos ETTiAuoy TO gUOTTHA:

1
B4r=T7 3)
B-TI A2 V2

i Wi >

5 O

*Eqv 16 ovoTnua ToUTto Exn AUow, abtn 6& evoan Betikd, éav kad pdvov &

B
0<|[B-T|<T—A +> 0<|B-T| < 7 <= 0= 2r e
4 Bay ]
oqu__‘;cruvi—z- “;cruvfg—@léovv 755 >l/2—-- (5)
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Ao, e ) Elocoots (4) Exn Bexrhy AUow, TRETE! Kol GpKel:
N VI V2 ) A "
e = PSR L 0
h2K1+2>24='2K2+ <1 <= K,g2 V2 (6)
) TTAnpoupévns Tiis awbhKns (6), T tlowats (4) Exet Ao,
tUpiokopey THY Blapopaw B—I xal ouverrds -rrpoxwpoﬁpev KOTd
Tehkéds, ol ouvBiikan SuvaTéTnTos Tiis EMAUCEWS elvan:

A2 =
K>01 _KT _<_ 2—V2

o 8E aUTiis
T& YVWOT&.

ATKHEIEIZ

- 15) Na bl Tplywvov bk TV K&Twh aTOIXEIV!

T 2 ™
= — e = = =10, F= =
nHB g.l‘ g @ 180 2)p=20, v 3
EaL 4) y=4, A=2r owl= 12{

Pa=1, p="3+1 A=—5

5y p=2, y=V24 I=F 6 p=2y=131=3

7) a=2p, e Sy 8) o R, A=2T

9ya p—y=AB=2r 10) a.A.%:h

76) Ne& tmihubi Tphycovoy Ek T&v k&b oToryEiv:
1) aAT 2) «,B, p—y=~2
4) a,uq, B=20 5) o A ta
7) A Vg B+y=2a 8)a T B=2

3) o, AE
6) ABt+y="A Va=2
9) &, A, PP+ Y =M

1) Né tmiudi dpboydviov Tplywvov ABT (A = -121) tk Téov Emoptveay oToIKElwV:

1) a,p 2) Va, B 3) B pr=K 4) va Ha 5)p B
6) a, &p 7y xR 8) 27, Va 9) B, at va=2A
8) Né& EmAubf Tpiywvov t v drohoUBov oToKElWV:
B 5

9B + EQ 5 =V

g
1 u,B—F:w.—Eﬁ:?\ 2) o, E=2, @ 5

4) o, A upt Yy =4

S 3) @A P-y+va=h
Y
5) Gy pas B—T =@ >0 6) o —-=AB=2r
7) Pa: £B: Py 8) va, U Yy DANATE By == A Va+ pa=K

covou, Eav yvwplfwpey, &1 T prxn alT@v elvan
ahutépa yovie eval Bimhaoia Tis RiKpoTEPAS.

87

afouv al TpEls mrAeupal Evos TEIY

79) N& uUmohoy!
ol kal &1 1| BEY

Tpels Siaboy kol dxépaiol &p1fu

Wnepiomotr|Onke amé 1o lvotirouto EknmaibeuTikng MoAmikrig



80) Els dpfoycoviov Tpiywvov 8lbovran T& TufjpaTa p kai v, els T& drrola Siaipeitar 1 (.l'm:r:siuo\}\‘lJ
Uto Tiis Sixorduou 8g. N& Umrchoyiofiouv Ta aTorxeia «,B,y, 8y kal vg. ‘

81) Al Trheupal B,y tvds Tprywvou dmoteholv &piB. mpdoBov, "Eav &ibetar 1) ywvia A, va uTré
Aoyiobouv al &AAai ywvia, 9

82) Eis tplycvov 8lBovran 1 otoxela R, p kai a? + P2+ y? =8R2 Na& Unodoyiofouv al Aev
pal ToU Tprywvou. |
83) 'Edv els Tplywvov elvar agA = 2 xkal o¢B = 3, va Umoloyiobf # ywvia I (Gvev mvdnmv)‘l
84) N& tkppaodii, ouvapTioe T@v TAevpddv Tou dploywviou Tprywvou ABT, 1) tgamtopévn if
ywvilas Tév Siapéowy g kal py. :

|
85) Al mhevpal Tprydvou dmotehouv &pif. Tpdobov, f) Bt Biagopd TS MikpoTépas ywvias al
ToU &mwd ThHv peyaduTépav elval % . N& Beixdfj &11 al mheupal ToU Tprycvou elven &vdhoyo!
Tpds Tous &pibpovs: V7 —1, V7, V74 L.

86) 'Eav els Tplywvov elvan [ = -g: , TéTE va Berxfn &

Py O L
g4y By

87) Edwv el Tplywvov elval E = A ﬂz i YI = —23q- kal epB el = 4, Td1e v& \'on?\oylcﬁoul’i

W

T& a kal epA.
88) "Edv els dpBoywwviov Tpiywvov foxun B (B + 2y) - y?, v& 8aybii ém1 B = "181 ‘ !

89) Els 6pBoydoviov Tplywvov BiBeran #) 6fela ywvia w s Biapéoou pp peTd T UrroTevolans
a. ZnTolvTran:

1) N& dpioiouv al ywvian B kad I

2) ElUploxopev BUo Tipds Si& Th ywvlav B, 1és B, kai B,. N& Serx6fi 671

B+ By = —*

2 Thedad,

90) No& dmAuvbf] Tplywvov ik TV vy, €9 -g- £Q -g Al

91) *Edv al mAsupad Tprydivou elvan dvddoyol Téw dpiBudv Y6, V3 kai 1, Umohoyicate Ta
fultova kal cuvnuitTova Té@v ywwvidv abtou. 'Emlons, Belfote om1 A—B = —121; kal é11 f) Bid-

pecos Hg elvan k&Betos els Thy mheupdy .

92) Bewpoupev 16 Tpiywvov ABI kal Uyoupev kabétous, émrl 1hv AB els 16 A, dnrl thv Bl el 10
B kai émi iy AT els 16 [ "Edv E’ elvan 16 ¢pPadov Tol Tprydvou, Tou oxnuanifopévou Utd Tdv
kabéTwy ToUTwy, TOTE:

E
T (oA +o¢B | ogl)?
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) 'Edv w,p kol 6 elvar al yoviar al oynHaTiféHeval UTro <&y TAeupdy TTpocavaToRlgpEvey
vomeupou Tprycovou Kal Evds &Eoves, va Seiy b 6m1e

1
(nuw nue nud)? + (guve owve ouvl)? = e

93) BewpolUpey kavavikhy Tupapiba v apoTAedpwy EBp&Y, TS 61101&-; 1) m':tpéﬂ?-\‘eupog dllo:p.‘l\'\
oy o kal f) ywvia Tis kopugfis tk&oTns EBpas 29. N& ymohoyiaBolv ouvapTTioe! TV & Kal ¢

1) T dhkdy Eupabov,

2) ‘O &ykos THs Tupapibos, ‘

3) 4 dwris TS TEPIYEY paUiVTS Opaipas xal

4) 1 dwtls THs Eyyeypanuivng ogaipas.
95) *Egrw R 4 dkig Tijs Tep1yeypanpévns epipepeias Ths PaoEcs ABT TPWOPEOY“[’“\KUU E‘lSATBO
0 Tetpaébpou OABT. 'Edv wy, w2 kal w; elvan dvtioTolxws af 8ledpor ywvian BT, kal i
Bei€arre dm1:

a) V= % R3 npA nuB nul YouvA owB owl, émou R elvan & &yxos ToU TeTpatdpou.

) ouvws = YopA ogB
y) ouviw; + guview, + ouviws = 1

3. Terpanhevpov
31, Kuptdv tetpandevpov. Al yoviat A, B, I, A kai al mAevpal o, B,y,8 g

kKupTou TeTpamAsdpou (Zx. 15) yapaktnplfovTtal, érreos kal E.ls T Tpiyr.:)vov,
| &g KOpla OTOIYEIQ TOU TETPXTTAEUPOV.

'M bt Al Sixrycovior 8, kal 8y, 16 tuPadov E,

; b ‘\ \\\___\ f mepipeTpos 2s, M yovia @ TéY Bia-

-2 L : B s kol k&Be &AAo oTOIKEIOV
L<\}'C ol 6 P4 G g

(ypaupidv fi yoviakdy), TO OTTolov ouv-
i \ / SteTon it TO kupTOV TETpaTAEUpov ABIA,
\ kohoUvTa  BevTEPEDOVIA  OTOIYEIX TOU
>\ i /, TETPATIAEUPOV.

3.1. 1. Tytoac petald TdV sroryEinv
KuptoD TETpAmAEDPOL. "AVapEPOUEY KO-
TTépr Gpioptvas PooIKas oXECES pe-
Tafy TV oToryelwv gvds KupTOU Te-

TPorTAEUpOV.
Xy. 15
32.1. I'oviet nhevpdv kai Sayeviov. * Avory wpoUvTES K TS TTPOGOVOUS oxé-
Orcog (AR) (Al) (AB) _ 1 xal péoer ToU BewoprinaTos TGV NTOVWY,

- (AT) * (AB) ~ (Ad)
' tpiokopey dpéowas TOV TUTIOV !
nur; | nuB | mwd:

.

nwd el neBy
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"Epyadduevol &vahdyws, KXTaATyOoHey els ToUs TUTTOUS:

nel;  nwB  mud, o nwl,  nul A,
nuA  nul,  neB, " A nud,  naly

’

nUA, - r]}{A TWB; oty nuB, ! nuA i nul, L)
nuB T MuA,  npd, "onul o nuB,  nuA,

AB Bl A AA il ,
‘Ouolws €k TTs OYECEWS B 'TA BA  AB 1, eYplokopev TOV TUTOV!

nuA, nuB, null; nud, = npA,; nuB, nul; nua, 2

3.1.3. "Eppadov. AloBoyikdds Exouev (Zx. 15):

E— (AOB) + (BOF) -+ (FOA) + (AOA) = E—

(AO) (BO) e +

rof

1 L (80) (FOynuo 1 5 (TO) (80) s +- ; (80 (AC) o =»

E- L [(A0) (O] [(BO) - (OB)] s = E = 7 (AT) (BA) o |

Suvetds, AauPdvopey TOV TUTTOV: ’

1
E= 5 5,8, nuw 3 ‘
3.1.4. IMhevpai, Srayovior kai yovia v Seyaviov. YEoTtw Z TO Inueiov 101
uiis TéV TAeupdy P kol & kupToU TeTpommAedpou (Zx. 16). Auvépel Tou Bec’
PTHOTOS TGV CUVTIUITOVGV, EYOMEV:

a? — (OA)*+(OB)? | 2(AO) (OB)ouvw

p2 — (OB)*| (Or)*—2(0B) (Or) owvw ; \
y? = (0A)*+ (Or)*+2(04) (or)cww"’":{ x\_
82 — (OA)? 4 (OA)? —2(0A) (OA)ouvw e

E§ alTdv AapPavouev: Zy. 16

a?—p?+ y2—b? = 2[(OA)(OB) | (OB) (Or) | (ON)(0A) - (OA)(OA)] cuvew =

(o +y2) — (B* + &%) = 28,8, owvw 4
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80 o1 e & 2= 2 4 R ZM) ouwvg,
Oumms EYOMEV = (AZ) @r)? —2(AZ) (
= (ZB)*+ (2A)2—2(ZB) (ZA)owe, o = (ZB)+(ZA)*~2(ZB) (ZA)ouve
kel y?= (ZB)2+ (ZM)*—2(Z8) (ZT) ouve.

‘Ex ToUTwv K&l PAcEl TEV OXETEWV (ZA) = (ZD) +(LA),
(ZB) == (ZI) + (TB), mwpokyTrTel & TUTrOS:

(6,285 —(oF +y*) = 2REIVE ?

: : BV TL 4) xad (5)
3.1.5, "Eppadov cvvaprijcer mEpRETpoL Kol yovidv. 'Ex TGOV TUTTGV “) (

Tpokymrel &péows © TUTOS:

E- -}i(qz—sif‘--yz—ﬁ’)ew \ 6

: —1~ I =
‘ R A+ Y K
EE &\hov, elvan: E = (AAB) +(ATB) = 3 adnuA + 5 P

4E — 206 nuA +2pyul (D) SR "
*Evrions, Exomev: 8,2 = o 52 205 ouvA Kol By% = p2+y?*—2Py owl.
' 2 Ly r =
'EE aurédv Bk ouvdyeTal a? + 52 —2ad owhA=Pp?t+Y 2132 ouv
o +82—p2—y? _ 2a5 ouvA — 2By cuvl (2):
A . \ oL
“YipoUpey GuQOTEpa T& WEAT TGV (19, (2) els o TETpyVeY KL TERREEE
| Touew KOTd PEAT), &TOTE TTPOKUTITEL! ¥
IGE’L (a2 82 --P* —y?)? - (208 nuA + 2Py nul)2+4 (2a5qu—2ﬁyouul‘) —p
{62+ (a2 B2 —p? —y?)? = 4a?8* + 4Py : _8oPyd ow(A + 1) =

= 2 _8aPyd [1+ ow(A+ )] =
16E2-+ (o 4 87 —p? —y?)? = (205+ 2BY) p e
LB+ (o4 5% —Biy?)? = (206+ 2py)? ~16aByB W™ 9

A+
@il ——
16E? = (2084 2Py)? (a4 82 —P? — e R e T

'sA‘i_r
eEr L By SE— LY ) By Teayp et o =

2 A'{'[j
16E2 = 16(s — &) (s—P) (8—¥) (s—8)— 16apyBow® o
(2s = o+P+Y+8)
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OuUTws eUplokopey TOV TUTIOV:

E= /6= =B =) =8y —apyB o™ -

3.2. Kuptov tetpanhevpov Eyypaynpov sig xikhov., "EoTw TO &yyeypapucvov lf

KUkAov TeTpamAeupov ABFA (Zx. 17). luwpilopev émi B+ A

NHITOVWY, AapPavopev:

B uz_Haz_Yz_Sz
A C R
*Ex 11is (1), Buvdpel kai TGV TUTTWY
e L e Vi ~owB B _ V_T?fm{y_B
£ 17 2 2 2 2
AapPdvopev:

il Ee DBy B = AR,

u[31—y5 2 Gﬁ ‘YS

'EE aUTddv 8 TrpOKUTITEL: EQ % - VE: : 3; E::g% (2s

"Qoe, Exopev Tous Emopévous Pagixous TUTTOUS:

oot
ouvB = —ouv A. "E§ &AAov, &k TGOV Tpiywvwy ABri
kol ATA, Buvdpel xai Tou BewpfipaTos TGOV cuv"i

o?+p2—2aPp ouvB = y24 52— 2y8 ouB —»

B (s—a)(3—-P) ‘B (a—y) (8=8)
g V s Folegs V oB+ys
B (3—o) 5—P)
2T e E-8)
: A+T o =t Dy ;
Elvar A-|-T = m, émrdTe ouv TEET 0. "Apa, & ToU TUTTOU 7 AcuPdvopev:
E=V(E—o) s—B) (s—Y) (e —8) 9
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Al Biaydvior &, kal 8, Tou éyyeypauuév?u TE;I‘[’)CITF?\SUPOU ABIA (Zx. 17)
""'T07\oy{£ou7ul ouvapTNHoEl TGV TAEUPGY TOU S £€fis: :
Els tov TUTrov 8,2 = o« - P? — 2af ow B, dw-rn<u81'c*r63u9\‘: 'Thv 'rrpc?nyouuevms
tipeBeioav Tipdy ToU owB (3.2), omoTe peTé Tés TPGGELS, EUPIOKOUEY:
53w (i BED (6D By).
; i ap +Y5 .

“QoTe:

. B8 (a6 -+ BY) (o - P5) (oB F75) 10
4 __,V(GY .Eg)ﬁF?BFBY), 5=V a5 +By

"Ek ToU Tpiydovou ABI (Zx. 17) AP avopEy:
B B
5, = 2RnuB = &, == 4RNWB —- oW 5~

bnére, Buvdpel kad TG TUTWY 8, 10, TTPOKUTITEL:

| L /(o8 +y8) (@Y B5) @1 BY)
| g Y S e e e 11

oy 7;17:_ V(ap + ¥8) (ay+ B5) (b PY)

ALKHXIEIX

96) Eis kucTov TerpdmAeupoy ABIA va SeayBolv al oyéoes: i
nuA  nuBy npA, _ nubanpAs 8 nuA nui % nur:nuA,
nul ~ nuBy nulz — ned, nuly null N nul2 npd,

97) Kuptol TerpamAeupou difovtan al mheupal @B,y xad o yeoviar B,I'. N& ebpefouv al ywvia
AA xai A Theupk 5.

98) N& eUpe0fi T EuPadodv TeTpaTTAEUPOY, +ou &roiou al TAeupal elven 3,4,5,6 kai al Buo dmévav-
| T yevian Exouv &Bporopa .

N
99) *Eaw 1 TeTpdmrhsupov ABMA elvan mepty payiboy el kUkhov, 16T E= YV aPydnu - 5

100) N& dmroBery@i, 871 els Trepiyey pauuevey epl KUKAOU TETPATTAEUpOV ABlA elven:

B IR A
anu %nu~:,—=vnu TG
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ok 7 e
101) AiBeraan Tpamifiov ABIA. 'Eqv BAI = y kai ABA = v, Beifarre &1
TIBX

5,
) opx — opy = opA — 0B B) 5" Ty

102) *Edv & Terpdheupov ABIA givan gy ypdypov kal Trepry péydov el kUkAo, vé Berydf 611

A B —
a) e 5 = ig p) E=aPep = y) ow A= :55+ g;'(’

5) eg? _2’_ = %_i- £) mpw = iic.?)g?s (w eiven 7 yovia TGV Biarywvieov)

103) Els mwav &yypdyiuov TetpdmAeupoy lox Ve Ep i;" — E‘q - ﬁ)) ES = 8)) , dmou e vd
s—a)(s—Y

1) ywvia TGV Starycovicw ToU TETPATTAEUPOV.

4. 'Enilvoig 1eTpamhedpov

4.1. Al Birydwvior Evos KUPTOU TETPATTAEUPOY ABIA ywpifouv ToUTo €l Td
téooapa Tpiywva ABT, BrA, FAA ki AAB, T& omoix kahoUvTal  pepukd
wpiyove. Mid TV TPy WVwWY ToUTwY  BleUkoAUVETan  OUXl poévov 1) &v yeve
oTroudt] ToU TETPATAEUPOY, a5 A8 eiTopey, GAA kai ) #miAvols aUTou. Kaohel-
Ton Enidvelg EVOs TETPATTAEUPOY 6 81’ UTrohoy1oHoV mtpooBlopiopds TV &yver-
oty Kuplwy oTolyElwy Tov, &tav BoBouv Tpds TOUTo ETOpKT) oTOrXEx auTou.
SuvnBws, 1| Emiiuois £vdg TETPOTTAEUPOU EMITUY X GVETOL Bi& Thg EmIAUOEWS TV
PEPIKEDY TRIY VWV aUToU.

MevikGs Opes, © TPOTIOS EmiAUCELS EvOs TETPATTAEUPOU TrolkiAel QoS-
yos TGV Beboptvev Tpos ETiAvoY oToryeiwv adrol, Anhadi, Udpyou TEPITTTC)-
oels kaTd Tas drolas, £ TGV SeSoptvev Bi&x THy EmiAuciv oToikEiwy TOU TETPO”
TrAeUpou, oUBty Ek TAV PEPIKGY TRIYWVWY oUToU ETTAUETOI.

Ol ypnotpoTmoioUpevol &v yéver TUTIOL B1&k THY grriAuoty fvds TETpaTTAEUpOY
Bty EkAEyovTan pdvo petafy TV TUmeov aiToU, SAAG kol peTeU TV TOlOUTWY
TOU TPIYwWVOU.

TTpds TAnNpPECTEPAV KeTaVdT|oIY TEV AVETEPW, TopabéTopey T dkoAoudd
TapadelypaTa

[IAPAAEITMA 1. N& #mAubf kupTov terpdmrAcupov ABIA & TGV gToIyElwY
A,B, By kol & (2. 18).

*Eridvotg : “Ex Tfis EmiAUcecs TOU TEIYWVOU BrrA Umrohoylifouey Tas yawvios Bz
[ xad A, Suverréss, i ywvia B= B, + B, UmrohoyifeTau.
'EE &\hou Exouev : Ay +B Me=n = (A-A)+B+ (T=T)=m =
A-T=m+A-E@+D )
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'Ex ToU TeheuTodou T@V TUT@Y 1, TPOKUTITEL |
_ nuB, el nwA o)
e mla = B,

Al (1), (2) &moTehouv Ev &TTAOUV TPVY OVOHETPIKOV cn'icr-rréua, & ::]SO:;T;OE
Tl &rrolou TpooBilopilopey TAS yovias A kai T Suvetrdds, EXOMEV TP p
o1 Tas yoovlas A= 2w — (A +B+ D]
kai A, = A—A,. "Axohoubuws, &’ ETIAU-
Okwg TGV pepikdv Tprywvewv ABI kal
ABA (Umohoyilopev T& AOITX KUPIX
OTolyEic TOU TETPATTAEUPOV.

NAPAAEICMA 2. N& EmAvBii kupTov
TeTpdrAeupoy EK TGV aTolXEY
a, A, Ay, B, kad Ay

Ey. 18

"Eniiveig : Tpogavds (Zx. 18), k T@v
Oxtoewv ) : ‘
N s 1At I = 1B, A DR A maoaBIAICoKRYANES WG A xai T,
= 1° 2

dmére Eyopev: B 4 A= 2w — (A+T) ¢Y) . '
'Ev ouveyel, & ToU BeuTépou TGOV Uty 1, AapPavopev:

B _ neA,meB. o)

nud — nuA e, : |
*ErmiAVopev T oUoTnua T&V E§100aEwy ), (22 ko TTPC'>0510P[C°U£;1:C?ZOY¢;V:X;
B kol A, Metd Todma, 51 ETIAUGEWS TEV HEPIKEY TPy VLY TpoablopiGop

Aoimré oroiygia ToU TETPATTAEUPOU.

MAPAAEITMA 3. N& ¢miAudfi kupTov teTpérAeupov Ek TGV TAEUPEY O, B, Y, 5
Kol Tou #pPadol E = K2,

Enihoig : "Ex TEV HEPIKEY Tprydoveov AAB kai AFB (Zx. 15), paoer kal Tou
Becopriuaos TEV OUVMIITOVAY, ExOUEV: 19, ) ¢
5,2 = o? + 52 — 2ad ouvA —» o ouvA — Py owl = Sea s it @by
5,2 = p? +y*— 2Py owl

8 —P—Y® 2 gmore Ay (1 ApETAL:
| Tipds etkohlaw, BkTopey ——— 5 A2, omére ) (1) yp

| o ouvA — By owl = A% :
! sl P
| *Errions elven: E= (AAB) + (ATB) = ki =S8 A + —- Py e
4
ob nuA -+ By nul = 2¢%
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OUtws Exopev Trpds EmiAuoty, Bi& ToV TPooBloplopoy TGV ywvIdV A xd
", 16 tmwouevoy oUCTNUG:

ad cuvA — Py owl — A? Py owl — a8 ouvA —A? (2)

ob nuA - Py nul - 2¢? } Wy { Py null = 2x* — aB nuA )
“Ex 16V (2) xai (3) mpokUTITEL:

(By)? (ouv?l +nuil) = (ab ouvA —A?)? + (2x* — a® uA)?

4ic2a® NpA |- 22208 ouvA = o282 4 At | 4kt — pey?

AV bmAUoews TR TeheuTalas Elowoews, | Omola elvan TS popQTs:
anuy + Pouvx =y, euplokopev ThY yawviay A. ’Ev ouveyela érridvopev 1o TPl
ywvov AAB, Tol émolov yvewpifouev BUo mAeupds o, & kal v TEpiexouévny
yoviav A. Ex Tfis EmAloews Tol Tp1ywvou ToUTou ebplokopey ThHY B, kal Ta$
B,, A.. Téhos, tmAvopev TO Tplywvov AlB kol ebpiokopey Td&s  ywvias
A,, B, [ xai ouvendds, TpoaBiopilopey Tds ywvlas ToU TETPOTTAEUPOU.

MAPAAEITMA 4. N& EmAubii kuptov TeTpdarheupov tk T&V TAeupdy o, B, ¥s b

kod Tou éuPadou E = k2.

"Enilveig : "Ex Tév pepikdv Tprydvwv AAB kal AMB (2x. 15), Péoer kad ToU
BECOPNHATOS TEOV TUVNUITOVWVY, EXOUEY

2 2.1eR 1 5 S o R X )
By = - BF 200 gunsk ] = ad ouwvA —Py owl = G i e ¢Y)
5,7 = P24 y? —2py owl =

21 82 B - 1 P |
QéTopEy el 2 ot A A2, omoTe 1y (1) ypageran :
ad ouA —Py ouvl = A? 3

Tpogavéds elvan: E - (AAB)+ (AB) = L= -% ab npA | ;— Py nul =

ob nuA 4 Py nul == 2«*  (3)
00w, My tév (2) kal (3), Exouev Tpos Erriduow To TPIYWVOHETRIKOY GUO T
ab auwA By owl = A? By ouvl = ab ouvA —A? (4)
aB nuA + By null = 2«? ] 7 [ By nul = 2x? —ab npA )
*Ex 16V (4) kai (5) AapPdvopev:
(By)? (ow?l+ nu?) = (o ouvA —A2)? |- (2«* —aB nuA)? —»
(4k2aB) NpA | (2A2a8) ouvA = a8+ A+ 4x* —Pry?

AV EmiAUoees Tis TeheuTalas E§iocoews, 1 dmola elvon Tfis popeiis
anuy | P owy = y, eVploxopev Ty ywviav A. "Ev ouvexely EmiAUouev 1o Tplyw-
vov AAB, ToU émrolou yvwpifouey Tas BUo mAeupds &8 xal THY ywviav A.

"Ex Tijs &miAUoews ToU Tpiydvou ToUTou eupiokopev TV 8, kal Tas By
A,. Téhos, tmilvopey 1O Tpiywvov AlB kai eUplokopev Tas yovilas A, By, I,
kol ouverrdds, TpooBiopifouey Tés yowvias ToU TeTpaTrAEUpOV.

96

Wnepiomoir|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrig




ALKHEIEIZ

10d) N& tmiudifi kuptov TETpATTAEUPOY ABFA i 16v arergelwv 81,A1BLT kal .

¥ v SlbovTtan ol
105) N& #miAuBfi kupTdv  TETpATTAEUpOV tyypdyov els kUkhov, TOU drrofou
TAeupad Tou.

U o Ay,By,
106) N eUpeBolv al yevie KUPTOU rerparmhetpou ABIA, ToU &trofou BiSovran al yovien Ay,B,
B, kal A,.

107) Ne& ¢miaubf kupTdv TETPATIAEUPOV tk TGOV TTAEUp@V TOU xal s yowviag Tou.
’ " ;
108) N& ¢miAubf Tpamélioy, Tou dtolov §i5ovTan ol Biarydovion 84,52 kal ol ywvian Tou

109) N& EmilvB TapehAnAbypanpoy, ToU dmolou BlBovTan :
E(tuPabdy), 2s(meplperpos) kal pla Sixycovios B.

G i
110) 'E&wv kupTol TeTpaTAEUpOU ABIA tyyeypappévoy elg KU&?\O\:‘. ;1 Irheulp;i?\:x‘;ﬂgf‘,iof:qug :
Aoym &V &piBuddv 5,6,7,9 xad 16 ppaddv E = 100, T6Te véx eUpetiouv a [el

Skl ToU TrEptyEypappévou KUKAOU.
U &g TAsupds.
111) N& Ymoroyiefolv al Biaywviol tpameliov, TOU Strofou yvwplfopey TS TAEUD

112) N& tmiAuBf mapahAnAdypaupoy ABIA t TOW:

2s % =2, o (yovia Biaycoviewv)
! 2

v TAeupds o kal
113) N& émAvbfi TeTpérmieupov, tyypynpov kol Trepty péyinov €l wUKhov, Bk TS péis
T yawdy AB altol.

ypappévov gls kUkhov &kTIvos R. Né& eipefolv al ywvio

114 Kuprév TetpdmAeupov elval weprye N sRlipyic

: UpeTe
alroU, tdv yvwpllopey TaS mAeupds a,p kol Y. Ev ouveyelg, eUpeT
Mo T& TpdPAnUa.
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KEG®AAATON VII

TPIF'QNOMETPIKAI XEIPAI

1. "Opropoi — Pocikai Evvoran

1.1. “YmevBupifopev v mpTols Tov Oplopdv wmds oelpds. “Eotw «, o, ay, n

Q, , ... kia dkoloubla TpaypaTikGY &p1BudY. Ocwpoupey  Emrions TNV &koAou-
giav o,, 0,5, 03, ..., Oy, ... Evla:
) =il
5= O - O
T3 = O + C2 4y
o, = Oy + &3 + oo + & (veN)
‘H oUtws épilouévn dkodoubia o, |v=1,2,.., & Tfis dxohoubics
a,fv=1,2, .., koAeitan «droroubia TGV pepikédy ddpoiopdTwyy 7 ouvnbéoTe-
[+ e}
pov ceipi kol THY oupPorifopev pt Ta, . O &pibuoi a, oy, ay, ..., @, .. KO-
v=]

AoUvTan dpor Tiis oeipds, & B apiBuos a, (VEN) dvopdleTan vioetog Spos TS
oeipds. To Gpiov Tfis dxohovbias o, |v = 1,2, ... 1@V pepikév &BpoiopdTrv

o
koheiTan d0poope Tiis oeipds 3o, . Aniadr, éav
v=1
lim o, = lim (&, +o; +... +a,) = aeR,
v=»+gg v—¥ o0
o0
T6TE Aéyopev 6T TO &Bpoiopa Tiis oepds Yo, elven & dpifuds o kal ypago-
v=1

o
Uey ¥lex, =o
v=1]

Eidikcotepov, #av oi Spol Wids Oelpds TEPIEXOUV TPIYWVOHETPIKOUS &pl-
Ouols, TOTE 1) oElpd KOAEITOU TPLY@VORETPKI] GELpa.

Maparrnpoupey, 611 Sid va elpwpev To &Bpolopa ds oelpds pémel TTpEd-
Tov vé elpoopey TO pepikov &Bpolopa (SnAadi 16 dbpoioua TGV v TpMTWY Spwv
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) kod &v ouveyelg T& Sprov aUToU. ToviZouev, 611 els TaS TMEPICCOTEPOS TTEPI-
Trdhoels oeipdy, T pepikov &Bpoloua oy v UmohoylleTon xai oUVETIES BEv
tlvon BuvaTdv va UmohoyioBi TO &bpoioha Tfig oupds. M Tag TEPITITOELS
TaUTag Stv TTPOKEITAl VX doyohnBidpey.

AlarutroUpey kol GroBetkvUopEy kaTewTépw, Hiow Xphoipov wpdTacy
Bi& THv elpeow ToU pepol &Opolouaros Copropéveov oEpidV.

-]
12. iporoorg. "Eav 6 viootdg Gpog @, pag oe1plc -E(T“ tifetan UM TV

Ropoiy @, = f(v) — f(v + 1) (1), & kG0e vEN, tote 10 pepkdv d@dporopa
o, §iscrar Ond tod tonov o, = (1) — f(v+ 1) @) "Eav 8¢ a, = f(v+ 1) — f(v),
e g, = f(v 4+ 1) — (D).

"Anodeifig : ‘H &mdBeifis TPy HOTOTIOEITAL Bix Tis Tehelos Emoywydis. 'Eav
v 1, T6Te, &9’ tvds evan oy = &y, &P trtpou al (1) xal (2) ypégovTat:
o = f(1)—1(2) xad oy = (1) - 1(2). "Apc, tmeidh kal o) = @, OUVAYETN
811 Bix v — 1 1 TpoTacis loxver. “Ev ouvexeiQ Beyoueda 81 1) TpSTOOIS foXUEl
Bl v = x, ATér loyer: o= (1) — f(x) 3)
EE &AAou elvan: Oy = Ox + Gxrr (4) kod Ctepy = f(x + 1) — f(x +2) (5)
A& TrpooBécews TV (3) Kal (5) koTd péAn TTPOKUTITEL:
O+ Cxt1= fi(l)— flx+ 2),
Srére, Buvdper kol TS (4), AUPGVOUEV: Txy1 = f(1) — f(k +2), Bnhadi
TpdTagis loyuer Sk v = K - 1 ko guveTréss 1) TPOTATIS creedely o).
"Averdyws drmoBeikvueTan kod f Beutépa TepiTTWOIS. Sl
KorrwTépe, 6 meplopiaBiouey gls pepikd TrapadelypaTa kol m:n-:n?slg TPI-
Yoovopstpigv oeipdv elbikfis uopefis, Els g brofas kol TO pepikdy GBpoioa
kal T &piov auTou UtrohoyibovTal.

6
nua + 2 nula 4 4nu’ & A e 42w A

NAPAAEICMA 1. *E&v aE (o, 1) . ée v eUped T &@potoue Tiis oeipSs:

Aberg : Of &por Tiis Sobelang oaipds elvan Spot gBivovons yEwUETPIKTS TTPooBou
kol OUVETTGIS EYOMEV:

(2 nua)® — 1 ol nHa 9 4 nua )
= T onna—1 nux 4=+ 0= 5 a1 (2 nue)¥ + 1 =2 npa €9

1
'EE (mobéoewos Exopev: 0 < o< %4:» 0 < nua < 5 = 0<2nua<l

Suveméss: lim (@nuey*=0 @
v—r+00
s b ; : SR |y S o o
Errlons, & Tis (1) wpoxuTrTEL: ]:,TJ,% e 1VHT°§2 e + 15 e !

9
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o&troTe, Adyw kal Tis (2), Exopev:

3 nua Cohefd nHa \
lim o, = = 2v=lnuv o= — , 5nAadfy 1o &fpolopa T
J.;;c,: 1__21“-“1 vz'-‘l n 1 21_] n n P
o
oeipds elvan -+ ﬂ; g

o n a ® 3
TMAPAAEITMA 2. N& ebpebfi 10 &Bpoiopa Tfs ospds:  Inu 2:15 oW 43
ve|

; 5 g 3
Aboig : “Exopev: o, = N v YW oT

L 3w s 4
2:!,, =2 nH W*? auv ?\'4—2 - Zuvz nH i;- =Ty Pvatl G

__1_. i 1 o
ay, = 5 nu—27~?nu vl

Maparnpolpey 81i: o, = f(v) — (v + 1), dmov f(v) = 5 W —;;— .

Suvetréds, Phoer Tiis dvwTépw TpoTdoews, B elvon:

: 1 i3 1 iy 1 1 Ry
Uv=f(1)~—f(v+1)=—2—nu—5-—_2_nu il fﬂjn”‘ ovil

} 1 1 1 1
Elvon: hmovti—fhmnu _7—-7.0 5

v—+o00 v—=>+o0 2v+l
1
*Apa, To &Bpoioua Tiis ceipds elvat s

1
TTAPAAEIIMA 3, N& ebpebfi 10 &Bpoioua Tiis oeipds: L £Q ; :

»

Aboig : "ATroBeikvUETa EOKé'Ams 7 'rotu*ré-rns: EPX = OPY — 2092 (N

Bk tis (1), Six x= 2v , Eyouev: €9 2 = g¢ —-gv——«20q> 2371 <=

1 o 1 o4 1 o
TEQT 5 7 0.@?_ ov—i oe iv--l 3
‘Erropéves:
1 o 1 (s o
e 2 = 5 O~ i L~ 10D,
1 o
Smou f(v) = oot 99 i
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‘Apa, Boer Tis &mobeiyBelons *rrpo-rdxcsw; 1.2 6 eTvcn;
= 1 ot apa —
— v+ 1)=1(1) = 5799 = 2v — s iee 20 - 99 o opa =

1 S
o 1 a 2
o o-uvj.. 2—--——o'q)d=—0'W'§v—'ﬂ* Ef——dq)d
2 o o i
nu ov 2V
"N
. s a i Vel opat =
Elvaa: lim o, = — lim ow o Jhirn' e
V= + 00 & v +oo v—+ +00 n”’g;
1 1
= —ow0:.]l —oga=— — 0P
o o
X — tim WX _ | kol lim =0
(elvar yvewoTtdv 811 : ll—r,nu oy :1{% T 1 kot S 2\, )i

1
"Apa, 1o &Bporopa THs oelpds elvan =i opa.

NAPAAEITMA 4. *Edv o > 0, v& ebpedii 16 &Bpoona Tig oeIpds:
o a
E T8 11y Gt D

Abioig : "ATroBeikvieTal eUKOAwS &T1 (OXETIKGS TpPA. KEP. V mopdSerypa 2):
et A 1
"Edw x, ¢ >0 = ToE ey —To epy = ToE €@ 7~ S
Elvon: va =0 kad (v 1)a>0, ¢ veN, &ivm a>0. ‘Erouéves, &k Tiis (1), 8i&
— (vt Da kal g = va, AauPavopev :
o (v+ 1a—va

To ep(v+ 1) —ToE epva = Tof ep e (‘H— Tye

ToE ep(v+ 1)a—Tof epvar = Tofee 11y (4\:-—\1 Do @)
'O viooTds Spos Tis oeipds elvat:

= i o bex sk 1o — Tof egva = f(v+ 1) —1(v),
o, = Tofeg I GF Do To ep(v+ )

&mwou f(v) = Tof eqva. '
‘Emropévess : oy = f(v+1)—1(1) = Tofep (v+ 1) a—Tofepa, &mdre, Pdoer “rijg

(1)! EXOL(EV . l)a E TOEE g
oy= Togep ot s = Tokow; T L
v
101
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Elvan: lim o, = lim Tof ep T , = Tofep( lim
v—+ + 00 v—>+ o0 C!2+ ‘i“C(
v

1
= Tof e ;10 = To§ ep =

*Apa, To &fpotoua Tis oelpds elvat Tof e _i_: , Bnhabn:

@ 1
3 To€ep = To§eq Bt

o
L~ 14v (v4 Da?

AZKHIEIZ

©
115) N& etpefii 16 &bporopa Ths oepds 1 g
v=1 gv gyy _:?u_
v

©
116) N& etipedfy T &Bpoioa THis oeipds B ToE o (14 v+ v2).
vl

(Ymédefis: 'Edv x>y >0 =% Tok ogy — Tof agy — Tof ag

a

3v

0
117) N& 8erdfi 811 16 &Bporopa T oelpds B MK —- TEW 3:‘ : given 0.
v-1 =

118) Né& epefolv T& dbpolopaTta TGV K&TWO TEIPdY :

S Llel) S g
g) v’?,(T?v_Eq’ F) B) B 5 ™ o
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