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MEPOZ MNPOQTON

STOIXEIA ANQTEPAX AATEBPAZX

N. BAPOYXAKH — B. ITAIKOY

KEDAAAION |

MTEPI ZYNOAQN

1. OPOAOI'IA - EYMBOAIZMOI

1.1 Toppore. Kdbe Atfis Ty omolav peraxepilopeda, evon 10 alufioloy
wds twvoias. Tas Brapopous paBnuaTikas évvoios TaploTdpey &Y1 povov pE Adkerc
GG kol pE B adpfeda Ty, pt GTAG ypdppata i ARG ypapIKa oTHaT
kal ouvbuaopous avutév. TTLy.

«f) 90l AB», «& dpiBuds 5», «AB», «ox 4 P =0» «y av.

1.2 ‘lodtng. Alc oUpPora x kai v BuvaTol va TApIgTOUY TNV QUTHY
fwvolaw i kol #woics, ol &moicn fBecopouvTan Gmmd piow GPIoUEVTY ETTOWIV  TOU-
Téonuot. Eis Thy mepimrwow adtnu ypagopey X =Y, XPTOIHOTIOIOUVTES TO OUM-
BoAov = Tifs igdTyTos. "H dpunois Tou x = v TapioTaTa puE X # v (10 olp-
Bohov # dwaryryvaoketon «Biapopov Tou » ). TLy.

55 5=2+3, mE=1 ==35 324

1.3 Tovoka - Zrogeie. Els dpiopévas mreprrraooes  pia Evwora Suvatat
V& vofiTan & advodor Gplopbvey ke Siaxexpiutveor ANV Evwoiiy TGV oTOL-
yeloy Tou. TLy. pla ebBeic G5 cUvohov TV onueicov s, pla Takis s oUvoiov
TGV pednTEY TS K.0.K. CAAAG Kal fv ouvcrov BivaTal va elven oTorKEiov &GAAou
ouvdhou. TIy. pia eUBeict gToryeiov wids TpICHATIKTS Emgaveias, pia Takis oTol-
yeiov &vds ZyxoAeiou dempovudyov o5 ovvohov atewy KA. "AtioonpeiwTa oU-
voha &plfpddv pé t& omoia Hi5n Exopev doyoAndfi eival Ta cuvoAa !

TV QUOIKGY Gp1Budy
Tév dkepaiwy THs TAp1BunTIKiS ”
TE dxepadcv &piBudy (oxeTIkGY dxepaiwv)  f
TGV pNT&Y &pifudy
TGV TPayHaTIKGY Ep1Buddy
TGV BeTikddv TrpaypaTikdy &pi1ludy
F TGV PN APYNTIKGY TREYRaTIKGY &piBudy
TGV pryoadikdv apifudv.

O‘F-UFPWONZZ
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Th éxppaoiv  «To X elvan oToryeiov ToU E» ypagopev xcE (7 xad: Eox,
5TETE Kai dvaryyvhoKopey «ék Tou auvdhou E 16 aToiyeiov X») xpmoidomolouy-
Tes TO oUPPohov € ToU drjxety els atvodov. TTyv dpymow aUThs 8& ourPorileouey
pt x¢E (7 kal 1 EAx) kai yevikdds Thv &pvnoiv This évwoiag THy omoiow TapioT
Ev cUuBoAoy B& onueltvwper Bi1d iy pagils TOUTOU ME piov ypoupmv.

apatipnoirs. "Avti toU épou oToiyeiov ¥pnaipomoritar loodurduws kai o &pog
onueiov kal pdhioTa cUTos eivar Alav EmTuyhs els THY MepimTwow Tou ouvdhou R T@v Tpa-
yraTikGY dp1Budy kai Tou ouwohou C Tév piyadikedy dpiBudv, Ta oToixela TGV Omoiwy,
s 757 yvwpilouey, TapioTovTa S1d Tdy onutiwv wds ebleias | vos émméSou dvmioTolyws.

1.4 Tipotaciokig throg — Xuvbiwkn. Eig ta Mabnuotika xpnoipomoiotv-
Tl ouxvk Ekgpdoels G ai Groioubor :
« X elval GKEPOIOS »
« x elvon lcookehés Tpiywvov »
« x Sionpei ToV dpiBuov 10 »
«xeE»,
al émoian kai dirobiSouv dploutvas iBioTnTas elg TO X.
"Exppdotls TepiEy Vo Ev oupPolov x, G5 al duwTépw, YapakTnpilovrTa,
s elvol yvwoTov EK TV uueﬁuéﬁwv TGV Trponyouutvwy Tatewy, Bidx Tou Gpou
avoTactaxog Timac meadyor v aiufiodov x. TAV £lg éva TpoTaciakdy TUTOV p(x),
TrepLEoVTa Ev cUPPoAOY X, AUTIKATOOTI|OWHEY TO CURPBOAOY X LE Ev ovyxexpiué-
vov oToryeloy o 1], o5 Aéyopey, TO X AGPn o5 TipfY TO a, TOTE, ¢ Spiropol, & Tpo-
Taolokds TUTros kaBioTaTor wpoTaols TNV omoiaw ouuPorilopev we p(a). TLX.
p(x) @ ‘O x eivor uotkos &pibuos
p(2) ‘0 2 eiven guoikos &pibuos (&Andns)

;(i) i) ijf gival Quotkos Gpifuos (weudng).

TuvfiBus eis Eva TpoTaoiakoy TUTov p(x) UmoTifeton &1L TO X AcuPivel
G5 TIPAS TA OTOIYEIX EVOS OUYKeKpIMEvoU ouvdhou E, fiTol s Aéyouer, T6 X dua-
todye 1o E. Tote 10 X weheiton petafiinmi, & 8¢ mpoTaciakos TOTOS  aviijxy
flc 1o 1. OlTews, 1) étiowols

: x}—x+2=0,

f &moia elvan TpoTaTiakos TUTos (Bletl;) ypdgeTar pé T mpoUmobeow &I
T6 % elven &pifuds. Eiven Aoimov 1 élicwos abrn wia oudnkn els &v ouvolov
dpBudy myx. 10 R f) 10 C.

"Av p(x) eivon pla ouvdnkn els 1O oclvohov E, T6Te B Abywpev 6T1 év oTot-
yetov & Tod E adyooi vy ovvllijxngy tadtyy TOTE Kal uévov TOTE, &v ) TrpdTOOIS
p(o) eivon dAnBris. “Av &mi TAéov kéBe oToryeiov Tou E mAnpot Thv cuvBrknu
p(x), TOTE 7| ouvBnkn alTn KaAeTTol TAVTOTYS elc 0 E. Ot :

« ‘O x eivon puoikds dpifpdsy elvon TauToTng gl To N
«(x A4 1)t =x* + 2x + 1» elvon TauToTns €5 TUXOV oUVOADY &pIBUY
«x:+ 1 = 1» elvan TauTtdTns els 10 R.
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"Emrions, v p(x) xai q(x) elven ouvbijkon els 16 ouvorov E, 8a Adyouev
611 a) vy p(x) ovvendyerar Ty ovrljxgy q(x) kai 8& cupPorilcper ToUTO
pe p(x) = q(x) ToTE KAl poévov TOTE, dw kéBe oToxeiov ToU E 1O Smolov TAn-
poi TNy p(x) TAnpol kol Thy q(x).

Al owbfiken p(x) kal (x) keAdoUvtor {godivapor TOTe Kal podvov TOTE,
dv p(x) = q(x) ke q(x) = p(x). THv icobuvapiay Tév cuvfnkdy p(x) kai ((x)
oubPoAilopey pE p(x) <=q(x) kad dQuayryveokopsy «fy ouvlrkn p(x) elvan i-
coBuvapos RO THY q(X)». "Av BfAwuey va SnAcowpey 8TL ) icobuvauic
p(x) <=q(x) dUo ouvbnxdv UpicTaTan i OpioHoU, TOTE YPTOIUOTIOIOUMEY TO
oUuBoiov =, dnAadn ypdogouey p(x) = q(x).

1.5 "AlysPpa ovvérov. Kora thy émelepyasiov évos palinuarikou Héparos,
KOTA KOwover, UTTEICEQXOVTAL GTTOKAEIOTIKGS T& oToixela fvds ouvdrou £, To
SmoTov kaeiTan fuoiedy aivodor. TLy. €ls pév Sidgpopa mpoBAfucTa THs “Alyé-
Bpas Exopev 180 Becoprioel dos Pacikov alvoior T& clvoror R TéY mTparypaTikdy
apiBucoy, els B¢ Thy Emelepyaciav dpropéveon yewpeTpikéy TpoPAnpdTov ds Po-
owodv abvorov @ Exouev Becoprioel TO oUvolor EAwy TV EMITESWY OYHATWY.

"Eotwoav A kai B 8o olvoha pt ororyeia ik ToU Pacikol ourdbiou .
Qs yvwoTdy, AMyopey 8T 0 aidvodor A eiven Smociroior Tod B kol cUMPOAI-
Couev TouTo pe A = B TOTs xal pévov ToTE, &v i aovllijxy XEA aeveadyetar Ty
xeB. Zuvtéuws :

A € B <= (xeA = xeB).

opo
‘Emions 1 lodrig 8Uo ouvdhwv koi 1) Ewola Tol yryaiov dmocuviiov
(ouuPoriloptvn pe <) Spilovtau, dx YVWOTOV, @5 KaTwd :
A=B <> AcBka Bc A

opa

AcB <> A < B kal A # B.

opo
Mic guvdnkn p(x) eis 1o Paoiov olvorov Q dpilel T& avorov S Sheov TG
oTorxeicor Tou €, T& Smola wAnpolv TalTny. TolTo TaploTduey pé | xe€d:
p(x) |, fitor 8= {xeQ: p(x) }. Mx. v Q=R, {4 owbikn x2—1=0 bépi-
o 16 ouvehor S={xeR:x*—1=0}={—1,11) *ANia GlioonueiwTa
UmooUvoha Tou R Opifdueva e ouvbnkdv eivan T& dxdhoudy, YVWoTa QS
SicotnuaTa Tou R
I " Avoiwedr Sidorype pé droa o, B (o= B) -
(e Pl={xeRs o< xap )T
2. Kiwwtdy ouiotypea pé dxou o, B (o B) :
[e,Pl={x€R: a €x < P}
3. ivotror dowoTepd, sleoiv defid dudotiua pé deoa o, B (o B
(o, P l=TeRia<x < B )
4. Khewariv aotateod, avorrroy defid ddamina pwé dxoa o, B (a< B)

[o B3 = { xeRu < x < B}
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3. P Améoavtoy Gototend, dvorxtov dekid ddoTyua ué dxoov P
— § v .« v o
(—00’ B) = 'l‘\‘:R"\ s B ¥
6. " Axfoqrrov dototeod, xleiotov Oebua OudaThua pe dxooy P
29 g e, it g

(—o0,p]={xcR:x < B}

7. Andoavror defud, dvorxtov doiaTeod dwdaTyue uE dxoov &
(o, + )= {xeR: a < X }

8. adoavror defid, xheioTov dotoTeod OWAGTIG HE (dX00Y O !
[o,+0)={xeR: aa £ x}

"Errions mapaTnpoumey 6Tt kol ké&fe UtrogUvohov S Evos Pagikou ouvdrou
BUvaron va apooTali, ds dveTépw, Bia wds ouvlfkng, THs ouvbnkng xeS.
OUToos Eyopey S = { xef2: xeS |
To ovohov GAwy TGV Utoguvdhwy £vds Bacikou cuvdiou Q ocupPoAilo-
pev wé 2(Q). Eis ToUto épilovtal, ds yvwoTdy, ai mpatels U, N, — OO T
TUTTWV
AuB={xe: xeA f| xeB}
ANB = {xeQ : xcA xai xeB }
A—B= {xeQ : xgA xai x¢B}.
Mia émoTrTin épunveic T@v Tpdiecov ToUTwy BideTan €ig TX K&TwE oYX~
JoTe

A B A gty

To kevov olvoov @ elvan, g yvwaTdy, 1| Siagopd A — A, &mou A Tuyov
Utrootvoror Tou . ’Emions 10 cupmAfipwpa AS &vds ouvdhou A, Utroouvohou
ToU Paoikou ouvddou 2, opifeTan, ds yvwoTtdy, Gs N Biagopd 2 — A, fiTol

AC=0—A={xeQ: x¢A }.

Metafy Téw Tpdtewy U, M, — UpioTovTon of k&Twd TUToL (TauTOTNTES

gls TO 2(D)), yvwoTol els fuds tx TGOV pofnudTey TEY TponyoupEvey Tatewy:

AuB =BuA ANB =BnA
Au (Bul) = (AuB)url An(BnlN) = (AnB)nl
Augd =A AnQ = A
Au{AnB) =A An(AuB) =A
(A—B)uB=AUB (A—B)nB= ¢

An(BuT) = (AnBY)u(An).

1.6 Zevyog — Kaptestavov ywvopevov. “Ev otoiyeiov a 5150uevov &g mpdton
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cad v oToryetov B Bi186pevor 65 dedTevor oxmuaTilour Ev véov gTorKEloy, TO OTrOTOV
yodoetan (o, P) kai koAeitar Zedpog (SiareTaypévov). Ta oToiyeia kai P Tou
[eUyous kahoUvtan andty xad devréoa, dymaToiyws, awvzetaypivy (N mgofio-
Ay) Tou (eUyous.

"Ex ToU duetépew opiaual ToU [eUyous owvdyeTon 611 dUo [eUyn eival
foa, étav 8y1 pévov oynuaTilovtan dmd T& (S oTorgela, GAAG TG OTOIXEIX
aOTd Sibovtan kai pé Ty abThv SiaBoyny, BnAadn

(o, P) = (v, 8) <+ a=1y kai p=25.

Kod® &uotov tpdrrov Spileran piee (SiareTarypévm) TpIss (o, oy &) i Wi

VLGS (00, - sy

Moepodeiypata :

1. "Ev «Aéopa pi pidunTiy o ked Tapovopcothy B Suvatar vk TapacTadij s {euyos

(«, B).

2. Els myadikds &piBuods o + Bi Suvatan va TapacTadi) s feuyos (o, B).

3. Eis dycw petatl BUo 6pdbuy o kai P Blvaran va mapaoTadi ds Lebyos (o B) 7
(B, o) dvardycws Tou éqv SietdyeTan eis ThHV Edpav Tis o f) ThHs P dvTioToixws.

*Eotwoav Tdpa Slo oUvoha A kai B. To cUvolov Téw leuydv (o, P) ne
oA kai PEB ypdgetar A x B kol kedsiTon xaoteqiaviy yuvipevoy 100 A éai Tob
B. "Hror :

AxB={(x,y): xcAxal yeB }.

‘Ouoicos opileTan 16 ywduevay A% Ay ... X Ay 65 TO glvohov TV VG-
Boov (0, Gy -+, 0) BE cEA, BidkdBe ke { 1, 2,.. . v | (), dos Adyouey, kal &GAAws:
Bid ke x = 1,2 ... ). EiBikdrepov 70 AxXA oupBohileTon pe A2, 1O A AXA
pé A% K.0.K.

To alvodov A Téw leuydw (&, o) pé asA kaheltal drayriag ToU A% Tlpo-
pavis A = A%

Iapodeiypate :

1 A={apy) B=(12}
Ax B={( 1) @2, (B 1) B2 (v D (1,2))
Bx A={(l,), (LR, (Ly) @ @B @Y} #AxE

2. "Av A elvon 15 ouvorov Téwv moboopaipik@y Ouabwv, ol dtoian AauPdvouv pé-
pos ls v TpwTABANUa, TOTE TO cUvolov TGV dydvwy Tou TpwTabAnuaToes eiven A2 - A, ¢’
boov 16 pwtdfinpa BieldyeTan €ls SUo yUpous (Brati;).

IMopotnpnois. Mia ixgpacis mepiéyovoa Buo sbﬁﬁn?\a X kol y Suvaron vi Becw-
PO s mepitxovoa v oupPohov, To leuyos (x, y). Thy. ol ékgpaoes:

A L X 1. F
«To khGopa —- elvon dvdycyov »

« ‘O x Biopei TOV ¥ »
«x:42yt=2»
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KehoUvTal mpoTastxel THT0L TEoH zorTes Ol afufoka x zai y kal Blvavron v BewpnBouv
5 TTpoTOgIOKOL TUTOL TEPIEYOVTES &V gupPoiov, T leuyos (x,y ). Kat’ dvahoyiav opilovran
kol TPOTACIOKOl TUTTO! TIEPIEY OVTES Tpia oUuPola fi kol TEPITTOTEPS (TreTepaTuEva) TOLOXUTAL,

2. ANTIZTOIXIAL — ZYNAPTHXEIZ

2.1 "Avniotoryie. AUo oTolyeic ToU QUTOU T BIXQOPETIKGY ouvéAwy Bu-
vaTal ve GUYSEUTOL AOYIKEX, V& OUTYETIjwvTAl. M.x. 6Tow Adywpey «10 Tpi-
yovov ABI Exel eppadov 100m® ouayeTICoMey & Tolymvor  pE Eva aotlpdy, 1
Grav Aeywpey «d dpiBuds 25 eiven TETPSywYOV ToU 5» ouoyetilopey BUo dot-
Ouots k.o KorwTépw etetalopey TolaTes ouoyeTioels oToryelwy o ouvd-
Awv, T& Omoia Stv eival Guarykaios SL0QOPETIKS:.

"Eotewooy A kol B U0 uf Kevd ouvola Kol €l5 OUYKEKPILEVOS TpoTos ().
el kavoow 1§ pla Blodikacta) we TOV Stroiov slven Buvamdy TouhdyioTov Ev XEA
v~ guoyeTileTon pE fv f) TepIoooTERa yeB, O Abywpey TOTE OTI oopiofn wia
drtioToryta | dmecdviai O K ToU A gl To B. ©& onpeicoveopey Bt

g :A—>B 8id T ouvoha
x %y B T& cuoyeTilouEva OTOIXETD!

Mio &roTrTikd] Epunveia THs direikovioecws BideTon elg TO k&Twh oxfua
-

To ouvorov A koeltol adwoloy dgetyoias THS O Té otvodov B kaheiTol

alvodov dpifews Ths o, 1) 88 Ekgpools X .y ( émola elven § oupPoAIKD popen
ToU TpdTou, Péoel Tou dmoiou kaBopilovTan T& QuTioTOIKS oTolXEID) KOAETTOL
Timog Tijg o. ‘H Ekgpaois X %y Quay1yVeoKETA «TO X dvmnoTorkiletar () &-
TreikovileTon) &1 THs 0 Els TO y» f) «TO Y elvan durioToryov () elkcw) Tou x B1&
s o».

“Oha T& oToiyeiot XCA, T& Omoia Exowv (TouhéyiaTov Ev) duTioTor oV
yeB, dmoTeholv v gUvohov % (o) TO Omolov KOAETTAL qediov dpiopoi (domain)
T#s dvmioToiyias o. Eiven Aormov : J

(o) = {xcA: A yeB it x5y} s ACH

(1) «T..» anuaivel <Hesye: (rovtayioTov Bv)..».

10
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"Oha & oToiyeia yeB, T& omoia elven dvrioTorya fves (TouhdyiaTov)
XEA, dmoTeAoUv Ev oUvohov A(0) TO Omolov kaeltal mediov Tiuav (range)
Tfis dvtioToiyics o. Elven Aormoév.

#(c) = {yeB: I xeA pé x %y lc B

'EE opiopou THis dvmioToiyias loxver Y (o) # @& kai #(a) # @ (Sreeri;).

“OAa tax eUyn (x,v) i & Omrola foylel x 7.y dmoTehouv v cUvolov
S, Umroouvorov ToU “(o) X A(o) &pa xkai ToU A X B, 10 &moiov koAeiTan
yodgnua (graph) Tis dvtiotorgias o. Elvar Aormov :

So={(x,veEA xB: x %y} #d.

“Qote k&fe dvmioToixia o @ A — B #xel fv ypdonua S. = A x B, d&a
kol GuTIoTpoguws K&be pn kevdv oUvodov S, Utoolvohov Tou A x B &piler piav
dutioToryiow o pe TUTTOV :

o=
X =y <> (x,y)€8
kol ) omola éxel ypdenua 16 S, fitor S, =S (Biati;).
Hopedeiypora :

1.LA=B=R, x->y <> xt42y=1.
X2+2y2=1=1—-x*=2y220=x><1 = (@) < [—1,1] 'ANa kai [—-1,1]

— 2 pt x>y (Sati;).

S G(a), Biom &v xe[— 1,1], ToéTe Umdpyer ¥y, TX. ¥ 5

"Apa G(o) =[-1,1].

-L..ﬂ' i";Tu. o

1
xXPf 2yl =1=x]1=2yt=x? >0 = y°< = #o)c [7——1—- ) ,_’lA ] ‘AN
2 V2 A2
A& ’:[ : l]cﬁ’(}s'l&v e[ l I] 5T IS X
Kt ——, ——— | € 9(0), &ioT — ——, —— |, TOTE UmMUpyE X,
V2 'A/Z VL N afE d PX
——— a 1 1
™Y X = O3 wt x>y (Barl;). "Apx [_ __]
X-x= 4V 1=2y%, pt x —y (Sati;) pa #(o) VARV,
-
2 A=B=R, x—y< x*+Dy*-x*=0,
X
'Ev mprtors maparnpoupey &1t S1d kéBeé xeR Umepyer y, my. ¥V = \/iif v HE

o
X —y (Datl;). "Apa Z2(c) =R.
e 2

(x2+ Dy2—x2=0 = y? :i:’:;——l— < 1= @) = (—1, 1)."AMd ki (— 1, 1Y = (o),

G
Bi6m1 & ye(—1,1), TéTe Umdpyel X, Y. X = , B X —y (Biati;). "Apx

A(o) = (—L,1).

Vil
o
3 A=B=R, x >y <= G+ Dxt=y:=0,
loyvouwv (o) = (—1, 1) kil #(o) = R (Biari;).

11

WYnoionoiOrke amo To ivotirouto EknaiSeuTikrg MoAmkrg



4 A =B=R, xi:u;!' = x+y< L

loyouv (o) = R kai #(0) = R (&ati;).

Emaidy Z(o)= A xal #(0) < B ueraxaipiioueda elbidTEpOY  TAS K-
opéoels «dvTioTor o Tor AL .» (Gvrl & 7ob), Stav Behwuey vé BNAWOWUEY
6T %(c) = A xail «SvmigToric. .. fmi Tob B», étav Oéhwopey va BnAdowuey
ém #(c) = B. Obtws 7 dvtioTonyia

ToU mapadeiyporos 2 elven 1of Roeig o R
ToU TrapadelypaTos 3 glvon £ tob R éai 1ot R
ToU TapoadeiyuaTos 4 elven 7od R fxi ron R.

Tropetpiki] (] 7PUQLKY) TOPICTUSLS avrietoryiog. Els iy mepimTwo,
&mou Téoov TO ouvohov dgeTnpias wmds dvTicTorios o ¢ A —> B, doov kai TO
cUvohov doifews auTiis eiven Gmroouvoha ToU cuvdhou R T@U TrpotypaTikGdy
&p1bucdy, TO YPEGNUX S, auTis dmoteheiTon &mo (eUyn rparypaTikGY &pibudoy
(x,v), T& omoin, 65 YvwaToy, TapiocTovTon S onpeicov P ToU &mimebou g
tupadveran els & Zy. 5. OUtw 10 ypdgnua S TapioTaTtal 81 Evds oTHEIooU-
véhou Tou EmimESou (PA. Zy. 6), TO Omoiov kaeiTol yempetoud) (N yoaguen)
napdoracis THs dvTioToias o 1) dxoun kad dedyoappua TTS O

Bi-‘j‘-‘é‘li
) i !
—E O ke
Ey 7 =y 8 . 9

artiaToryia Tov A els 16 B dvriaToryia éx vod A éxi Toi B dvmioToryia Tob A £mi too B
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*Avtiotpogoc avristoryio. “Eotw 1) dvmioToiyia o ¢ A —> B Tfis dmolas 1O
ypdonpe eivon -
Se = {(x,y)eA x B: x5y } #4.

AC dvodhayfis Tiis BiaBoyfis Téw oToryeiwy Tou (eUyous (X, V) TPOKUTTEL
TO drdAouvbov UmooUvohov ToU kapTeolowoU ywoudvou B X A
S*={(y,x)eB x A: (x,¥)€8: },
T dTolov Tpogaviys elvon érriong pm kevov olvolov.
‘Qs eidopev duewTéprd TO olvorov S* opilel picv dvTioTorxiow &k TOU

B els T6 A pé TUToV -
R
Emaidn 88 (y,x)eS * <= (X, v)ES, <= x Ty, 8& ioxin kai

o
1 a

o & i Y
"Av Aoimov Ev onpeiov X dvmioToryileTan 81x TS o Eig TO ¥, TéTE TO TeAeuTtiov
ToUTO B1&x THS Oy vTigTorKileTon oA eis TO X. ‘H dvTioToiyia oy wohelTa
dvtiotoopog avtiototyla TS o kad oupPoAileTan pE ot "Qaoe

g asl

Xy @y > x
"Apa 1) dvTioToryia ot Exel Trediov dplopou TO Teblov  Tipédw Tfis o xal mwebiov
Tipdy TO Trediov dplopol THs o, nhadn ioyuouy
Z(o-1) = #(0) kai #(c™") = ¥(0).
l'lapun']prlmg. TuvnBes, OTav TpokerTal va PEAeTNB  pepoveouévews N o 7Y, évah-
Adooopey Ta X kad ¥y peTall Towv, SnAadn SewpoUper XEB kai yeA, doTe T X v& aupPoriln

g —1
3 Y - - ’ 2 : » (R 3 a
TIAVTOTE TUXOV OTOIXETOV TOU CUVOAOU GQETT|PIOS. Hrot x — ¥ (xal {oobuvdpcs y— X).

Mopadeiypara :
1. 'H dvtioTpogos dvtigrorxia Tiis GumigToryies ToU mwopadeiypaTos 1 BideTan Umo
ToU TUTou
a-1

X—y <> y+&=1

2. ‘H &vrioTpogos dvmigToryia Tis dvTigToryias Tou ToapadeiynaTos 2 elven fi dwTi-
oToiyia ToU TopadeiyuaTos 3.

3. ‘H dvrioTpogos dvmioToryia Tiis dvTioToixias Tol mopadelyparos 4 eiven 1) iBic.
*Emreidn, ¢ opiopou Tiis dvtioTpdgou dvmioToryias, elvon Tpogovns 1)
looBuvapia

(x, 7)ES; <= (¥, X)E8,~
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kol Emreidn), 6Tav TPOKEITAL mepl YPaPTIBETWY elg o R?, T onpeia Pa= (3%, 9)
woi P ¥ = = (y, %) £lVal CUPPETPIKS 65 TTpds THY
TG TNY BIXOTOUOV d Tfis yovias TV &tovwv
(Pr. Zx. 10), T& SroypéupcTa TGV dvTioTol-
lev ag kai o! 0 elvan E'lTlO"T]g rn'.'uuTm/rA (.05
mpds Ty (.

‘Qc eibopey  GuwTEPw, 51 k&be SGvTi-
aroiyio o loyvel

a a =1
X~y <>y — X

kot ETroupévers i THY dvrioTpogov AVTIOTOl-
yiow o THS @ fa oy

o (=) =y 10,
y—>X < X—=>Y,

gmou (o~1)~! elvan | GwTioTPOPOS Tfs o1, "Apa loyver xai

o (Cad
X—>Y &= X =>Y ~

rent

SnAadh N QvTioTPoPos THs duTioTpOPoU WIS gynioToryias o elvan f) iBia 1 o.
TurTOUS Y PAPOUEY

(o) '=o.
‘H is16Tns alTn EpunveleTal YEWUETPIKGS T Bonﬁsta Tfis OUMMETpias ©og TPOS
i Bixotopov d (PA. 2X- 10) Téw SiaypaupdTey TEY dvTioTOy 1V 0 Kol o
(Braeri;)-

2.2 Tuovapmyotg. ‘H Ewoia Tiis suvopThoews elvor &mo Tés Bepehiadels
ueBnparigs éwoias. Thy piloper g €idikiy &vTioToryiow.

Mia dvrioToryie [ Tou A €ig 16 B koelTOn qurdoTnols TOTE kol pdvov TOTE,
&y Kk&be xeA Exn B kal povadixoy dutiororyov yeB. O ?\eywuw ToTe 611 9) |
clvar GUPADTNOS JiE nedloy dotopod 10 A ral TYag €lg 1O B ol elvar povoaij-
HaVTOS avriatoryla (7 ;:dw)m,wavmg dmetwonatg) Tov A cic 70 B kal 8& ypaguwpey

- [: A —B f AB\—>\’EB

To v, GvrioTorKov (elkcov) TOU X S THs [, Aéyetan kal Ty T | éle 10
%, ouppohileTen &8 kad pE 1(x). Fpocepouev TOTE :

= (o)

“Apa 1) EKQPaOls Y = = f(x) elven GAAN popen TOU X L y, Snhadf ¢ Timog
riig §. To xeA AéyeTan avebdoT)ToS perafiiyo) THs 1, o B¢ veEB é&yornuivy
petapdnm) THS i

*Av B =R, Tote f) [ AéyeTan A0y PATIHI] TVPAOTIS. "Av Bt Eml AoV
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foxin kal A= R, Tote aUTn ASYeTan Toaypatisy) covdotiors pids oy -
Trijc perafiyris (Bid To Bidypapua wds Towung ouwapTioews PA. Zx. 11).

: B oo b Lop iy ’ 5 ; &
Ty i ToU TUmou Rax —» x* OpileTan pio mparypatik) ouvdptnols wids Tpa-

YHaTIkTs peTaPAnTis. ‘Opoiws ked 81 ToU TUTrOU X L vV 1—x? opiletan pia
TPAY UETIKY) oWvapTnols Wds TpoypaTikis petaPAnTiis pé mediov dpiopol To
Sidotnua [ — 1,1 ] "AvmiBétws mapatnpoUpey 811 ik TAV duTioToriGw TGV
TapaderypaTwy THs mponyoupévns § 2.1 oubeuia civan ouvdptnois (BioTi;).
To olvorov Tév Tipdv Ths [ : A -~ B, &nAadn to meSiov Tipdv #(1)

aUThs oupPolileton kai pé [(A), fjTol :

f(A) ={yeB: 3 xeA ut y=1(x) }.
Mevikcdrepow, Gv X = A, 1oTe pe [(X) oupPohiloper 16 cUvorov TGV TIpddv Tis |
el T& Bragopa oToixeia Tou X (BA. kad Zy. 12), fror :

f(X) = {yeB : IxeX wt y=1{(x) .

g le e

f
Ty, 11 x—>y Sy 12

"Avtiotpogog ovvapets. “Eotw wia ouwdptnes [ A — B. "Agou 1y |
elven dvmnioTorgio 100 A els 1O B, Umdpyer 7| durioTpogos drriororyia
f=1: B — A kol udhioTa, &5 yvwoTow, loylou :

Z(f-1) = A1) rai 2(1-1) = 2(1) = A.
"Av 1§ dvmioToixia 1 : B = A eivan Emriong cuvdpTnots, TéTE alTn kedeiTol
Wrtioteogos cuvdotyas Tijg 1, OmoTE 8& Tpima va loylou :

1) (') =B, &pa #(f) =B, 1O dmwoiov onuciver 811 §) [ pémel va
elvan dvniororgia #ni Toi B,8nAadn kdbe  yeB va elven dwrioToyov i riis |
Evos xeA.

2) Kae yeB va éxn Six Ths [ & ki povadedr dvtioToiyov xeA, dpa
Exeivo dkpiPdds Tou Omolou dvTioToryov Bik Tfis f elvan TO .

‘Qore, &v 1) dvniotoyic ! elven owvdprnois, To6Te k&Pe veB elven dvri-
oToiyov 816 Tijs [ fvods kai povadizot xeA, i) dmep 1o adro (Siati;), [(A) = B kai

X,EA, X,EA } () # 1(x2)
= [(x X5)-
X, # Xy 1 2
Mia ouvdptnais [ mAnpoloa Thy owbfikny TalTny keheiten dupiporo-

15
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aypavros avvdaotyos () dmecainoig) Tob A éni toi B. Tote, PePades, xad 0y I
elval  GP@IHOVOCTIUEVTOS TUVAPTNGTIS Toi B #mi Tol A (Biatl ;) Cloyle guoikd
f looBuvapia Tév TUmwy (PA. Zx. 13) :

y=1[x) <« x=[1(y)

*AmreBeiyfn Acimov duwTépw 16 dxdhouBov Bewpnua

221 OEQPHMA. /I auvdpryoc @ A \—> B #yer dotioroogoy auraoT)-
aw, dnlady 1 avvatotyia 71 B — A elvar éniang auvdpThols, TaTE Had pivor
;

’ » o - ’I [ r = L] i 7 “/ ~ TO"‘; A 1"‘7!‘ o B
ToTe, dv aiTy (Onradn i) ) elvar duEUOYOTHIUYTOC GUVADTNTIS T Ton B.
v

3 14 2z

s , ] o ey I
APPLUIOVOTIIAVTOS TUPAOTO ATIGTOOE0S CUPAOTHOIS

A —Bxkaif,: B |—T.

Eiovlzoig ouvaptijosav. "EoTtwoow SUo ouvapThoels Ii:
eA &ia s Iy, &g

Ak BroBoy kil ATTEIKOVIEEWS &g’ Evds pév Evdg oTOIYKEIOV X

16
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ETépou 8¢ Tfis elkdvog Tou I,(x)eB d1& Tfis 1, dvrioToyiletar els 16 xeA & oTol-
Xetov y = L,(L(x))el (BA. Zx. 16). ‘H dvmotoiia h: AT pt x B L(0(x))
elvan pla ouvdpTnong (Broti;), f Omola keeiton oivfeaic Ty auvaptyoemy f;
zai [, wal oupPorileTan pé f,of, Ator h — [yol,. *O timos s h elven Aormrdw
¥ = h(x) = L{L({x)).

‘H mpdlis T ouvbéorws  auvapThotwy elvan avoceTaiploTix), BSnAabi
foyvel

i fo(fyol) =(fyefy)ef,

&5 ouvdyetan & ToU KéTeodi oXnHaTOS.

T Ch
T B — 5
T . fz“’fz -
(hof)ef,
Zy 17

Napadeiypora :

i L 1(x) = 2x + 3, xeR kol fu(x) = nux, xéR. ‘H olwbeos foofi altév Exer OOV
29k
X —— nu(2x + 3).

2 fi(x)=x*+1, xeR xal f,(x) =4/x, xeR,*. "H otvbeors f,of, atréoy Exer TU-
f,of
o x~o3 YR

4
I i) =] x|, xeR xel fu(x) =4/%, xeR,*. ‘H ovvbeois foof, alrdv Exa TUmoOV
291,
X yTx7T.
3. ATKHIEIX

3.1 Aeifate 311 els 1O P(RQ) {oyvow :
1) Ac B <= AUB=B 2) A B <= AnB=A.

3.2 Acitate 811 el 16 P(Q) toyvouw :
DO =g 2@ =0 3)(AX=A 4 AUA°=Q 5) AnAc=g

3.3 Acitare 611 ¢lg T Z(Sy loxvow (tUmor ToU de Morgan) :
(AUB)® = A°nB® kai (ANB)® = ASUBS

17
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3.4 EGpete 16 weblov opwomou kai <5 TeSiov Tipdy Tév dvmoTonéw o ¢ R —R,

ai émroicn opifovTan UTS TGV
1) y*=x 2) y=%x 3 y=x2+1 4 3x+2y=1
Shit atepyr=11 @) wy o W) x2+yt<1l 8) <y < xt+ 1

3.5 Toion eiver ai dutioTpogor dvmioToigion TV duTioToI 1V TS Tponyouuévns
doknoews 3.4 ;

3.6 Tloicn &k TV AvnoToI 16V THS &okfoews 3.4 elvar ouvapTHOES kal Toiar &&v elvan;

3.7 Ak T&s cuvapThoes Ek TV GyTIoTONIGY Til &oknoews 3.4 molar Exour dvTi-
OTPOPOUS CUVOPTTOEL”
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KEDAAAION I

AATEBPIKAlI ENNOIAI KAl AOMAI

1. AIMEAEIZ ZXEZEIL EIZ ZYNOAON

1.1 "H &vvow tijgc oyéoewg. Eis & Mabnuotika mapoucialouv 18aitepov
&uBiopépov dvtioToryion, T&OY dTolwy Ta cuUvola dpeTnpiog kol dpifecos cupri-
mrour. TolalbTen dvTioToryian Xapaktnpilovrar s oyéoeis. "AkpiPéoTepoy, wia
dvmioToiyia o : E — E xoReTtan dyuedis axdors elc 1o E fj kod &mAds oyéaig eis
w0 E. TTy. of dvmioroiyion Tédv Tapaderyudtwv Tis § 2.1 Tou Keg. | eivon oyéoes
els 16 olvohov R Tév mpayparikdy dpifuddy.

Eis v mepimTwow was oxéoews o @ E —E 6 TUmos altfis ypdpeTon ou-
vNBes ¢ xay dvti x Sy, fitor

Xoy <> X -5y
Kal duoryryvdokopey ToUTov «X eUpiokeTal els THY o}éow o pé TO y».

Hapodeiypara :

E: rogov pn) mevor aivodov
1. xo,y <> X kol y oupPohilowr 16 aUTd oTorxeiov Tou E (TuvTduws: x =y)

E=N
2. Xouy <=> & x Bwupel TOV y (TwwTduws @ X|y).

3. X0,y <> TO Khdopa - elvan dvdywyov

4. xo,y <> 1 Blagopd X — y elvan moAAamAdaioy Tou 5 (Zuvtdpws i x =y mod 5)

E=R

5. X0,y <= 06 X tlvon peyaduTepos Tou y (ZuvTopws: X > y)
6. xo,y <= & x elvan pikpdTepos fi foos Tou y (ZuvTdpiws : X < y)

E: 70 advoioy tay avbodmov

7. X0,y <= 6 X elvan mathp ToU ¥
8. X0,y <> X kal y @oitoUv &g THv alTny Tatw
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E: 70 odvoloy Tan evleidv Tob fmédon

9, Xxo,¥y <> 1 X elvon k&BeTos TTPos TV Y ( SuvTopws: X A7)

10. X0,y <> X kol y Exouv The adTtiy BietBuvo (ZuvTéps: X || y)

E=2(Q)

11, X0,y <> TOX civen Urmoouvohov ToU Y (ZuvTopws: XS v)

a

MaparnpoUuey o1t 81 Gpiopévas ik TEY QvwTEpw oytoewy Exouv xabiepwdi elBika

cupPora. OUTws :

&vti: Oy, O O; Oy T T On
Y pUPOHEY duTioToiyws ! =, M P
Al oxéoels =, > Kai <, s oytoeis gis 10 R, Exow Biary pappaTa, T& 6ot BibovTat

eis T& K&Twbh oynuoTa

y| i ¥
: ¥ ’ by l bt
| , 8 R

‘ > AR SRR RN
- 7“7?0'*’ e == = ®

/- |
|
Ey. 18

1.2 Buowkei katnyopion GYEGEQV. "Eyexat TR oTouBandTnTos  HEPIKGV
isloThTwY, ol omoial dpopouv €ls oY £toES, Sraxplvoper TGS KATWTEP®W Bookas
KaTnyopics oxETEwy | >

sAvaxhaotikai oyioeg. Mia oytois o gis 1O oUvohov E xaheiran dva-
slaotien) (1) abromabig) TOTE kol povov ToTE, &v '

(A) xox ¥ xeE 0.

TouTto onpaiver éT1 T (eUyos (x, x) elven ororyeiov ToU YPAPIUATOS Sq
kai péhioTa B kade xeE, BnAabh N Blorywvios A Tou E? elvon UrmrooUvohov
ToU Sg. "AM& kal TO dvTicTpogov elvon dAnfés, xaf’ Soov

Ac S, = (x,x)ESe ¥ xeE = xox % xeE.
"QoTe
o elvar dvaraotixg <> AS S
Al oytoeis 0y, Oy Oy Tar T F1o xai oy, TEV TapaBeryudTwy THS TPON-
youpdvns § 1.1 ebvan varhaoTiKal,

(1) @gf..» onuaiver «did ndfe..»
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Sopperpucai oxéoeg. Mia oytows o els 1o oUvohov E wkodeiTon ovppees

Torx1) TOTE KOl povov TOTE, QU
(2) xoy = YyoOX.

TolUTo ouvemdyeTcn ThHY igobuvauiay Xoy <= yox (Biacri;) xoi Emerdi
fay <= yolx, 84 loxin yox <= yo'x, fitol o =o' AN xai QvTIoTPO-
P, o =o' guveTdyeTal OTI XOy <= XO ly <> yox. "QoTe loyuel

o elvat \’)’i'JNJHFT'_'l}‘.‘J.,‘ HE = o

"Ex tév oyboewy TEW TapaderyuaTwy Ths Tponyoupdrms § 1.1, ai oy,
Oy O, O, Oy Kai gy, Elvet GUUPETPIKA.

Avniooppetpikal oyéong. Mia oyéois o el TG olvoov E koAelTal
DTIT e T TOTE kol pdvov TOTE, Qv
(A—2) Xoy xal yox = X=Y.

OUtes, ik Téw aytoewv TGOV TrapaderyndToov TiS Tpotyoupévns § 1.1, e
oytoels 0y, O, O Kol oy elvat QU TICUBHETPIKG.

Meroponikai oyéoas. M gytols o els TO oUvohov E woelton perafia-
Tex)) TOTE Kol pdvov TOTE, &

(M) XOy xai you - XOZ.

OUrws, ik Téw aytoeov T TrapadElypaTwY Tiis mponyouptvns § 1.1,

al oy, 0, 04 T T Ts Ouw kol oy elvar petaPoTixad.

2. IEOAYNAMIAI - KAALEIX IEOAYNAMIAE

2.1 ’loodvvapic. Mia oyeois gls To ouvohov E, 1) &molar given -
(A) dvarhoTir, (2) ouupeTpiki kai (M) peraParixi

koheTtan igodovagda (R oyéots ivodvvapias) els To k2
Mia icoBuvapio cupPorileTal ouwnfws wE ~ fi= f kai =.

IMopodeiypata
1. “H {odTns elven pic icobuvapia.

2. ‘"H dpowdTng es &v oUvohov Tprydvey evan pia icoBuvapia, 516 :

(A) Tlav Tpiywvey eivon &uotov Tpds tauTo.

(2) "Av Tpiywvor ABI clvan Guotov Tpos To A'B'TY, ToTE kal 0 A'B'T given dporov
Tpos 1o ABT.

(M) “Av Tpiywvoy ABI elvai &uotoy Tpos T A'B'T kal ToUTo eiven Suotov Tpds TO
A'BT', téte kai 1o ABIT eiven Suotov Trpos TO AUBUT

3. ‘H maparAnhic pt ebpeiav onuaciav (||), xxdaes ko ol oxéoes a,, o, T § 1.1 elvad

looBuvapio.
4. "Eatew T6 ouvohov E =N N. ‘Opilopev eis 70 N N Ty oytow o Bi& Tou TUTTOUY
(o, Vg, v) <> s+ v = v
Thy. (3,5)0(7,9), Bom 3 +9=T1+5, @& (6, 35, 4), Brom 6+ 4 # 543
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‘H oytors altn elvon pic igobuvapia, xad doov loylouv :

(A) OlovBrymoTe [eUyos (u,v) ebpiokeTan s ThHY oxtow o mpds kauTs, Aiter (By)o(py),
ST p+v=p+w

(Z) "Av T (W, V) eUplokeTen gis ThHY oxtow o pé 1o (W, v'), ToTE kad TO (1 vy elpi-
oxetan elg THY oxéow o pé TO (M, v). Tlp&ypaTr

Ee@ V) <> p+v = +v <= Wt v=p+v <= ), ).

(M) "Av T (p,v) eUpiokeTan els ThHY oytow o pé TO (W, v') xaiToUTO pETO ((TIRO"
TéTe kol TO (W,v) ebpiokeTan els THY oxéow o ué Tov (u, v'). Tpdypaty
(V.V) oW, v') ] -4:}{“,.‘ V'”: WAV
W, v, vy | WAy =ptv
pF v = 4 <= (e () "QoTe

(W) v)
(') ("

j } (U V) V)= W) + W) <=

} (Vo v

2.2 Khiogig ioodvvepiog — Xoveiov mnhikov. "EoTw ~ uie igoBuvapia
e TO oUvohov E. Kéfe oroiyeiov aeE efvar iooduvapov mpos fautod (& ~ ) kal
EuSeyoptveos Tpds GAAa oToiyeic ToU E. To ouvolov T&V oToixelew Tou E, T&
omrola elvon iooBuvapa Tpods TO o KkeAeITal xhdoig ioedvraulus Tol «. AU-
0 ouuPorileTon owvnfos wé [o] i A A iA(a) (Tpds GTOQUYTIV OUYYUOELS
&monTeiTe, fvioTe, OTWS ypPAPwHEY, AVTIOTOIXWS, koi [l A_ T kA (),
fva BnAdcwpey THY ioobuvapiay ~, ds Tpos ThHY dmofav Becopeital 1) KAGOIS
icoduvapias ToU ).

TTopaTnpoupey OTL :

1. Ai wddoeig loodvvaplas elvar pi) xevi avvola.
Mpdypar ik ToU piopol Tiis kKhdoews &vog oTOIXElOU &, TTPOKUTITEL OTL
aUTn TEPIEXEL TOUAGYIOTOV TO a.

2. Ai xidosig o igodvrduorv ototyelov tavrilovtar,

Mpéyport: & o ~ P, TOTE XEA <> x ~ a, 6Tou A elvan f) kKAGols loo-
Buvopios Tou a. ‘Emopéves, Adyw TiS peTaPoTIKOTNTOS THS ~, (X ~ o Kei
a~P) =x~p = xeB, &mou B elvon 1) KAdos ioobuvapias Tou P. “QoTe
A< B. “Ouoiws dmobeivletar kad B A (Biari;). "Apa A =B,

3. Al xhaoeg m’w'-; ) igodvvduey atougelmy 0008y xowoy ototyelov Exovy,
frot, g Aéyopey avtar eivar Eévar.

Mpdypat &v o + P, TéTe of KAdoels ioobuvapias AB aUTdv eiven Eévan,
51671 &MAws 8 UTriipxe XEANB, émdTe PePaics XEA <= a ~ x kil xEB <=
X ~ PB. CANAG, Adyw TS peTaPoTikéTnTos THS ~, (a0 ~ x kol X ~ B) =
o ~ B, émep &roTov.

Supmepaivouey Aorov 6T ai kA&oels iooBuvapias elvel piy keva Utroou-
voha Tou E, Eévar petaly Twv dva Suo ki &l Adov kéBe oToiyelov Tou E efven
koTaTeTaypévoy eis piow kAdow. “Apa 1) ioobuvapia opiler piaw dwauégioy Tou E.
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TS oUvolor TGV KhGoswy loobuvapics kodeitan odvoior myAlzor Tob E O
Tijc ~ kol oupPohileTan pe E [~

Mapaderypa. *Eorwooy E 16 olvohov, Tév pabnrtdv Evos [upvaciou xal 1y fgo-
Buvapia ~ els o E, 1 dpilopévn UTo TOU TUTTOU
X ~ y <= Of pabnral x kai y gorTolv els Ty a¥Thy TEGW.
‘H khdots ioobuvapias Tou pafnTol o elvar 1O olvoAov, TO OToiov Exel oTOIXEIN TOV o Kal
ToUs ouppadnTés Tou, SnAadh elvan 7 TéEIs wabnT eis THY dTolow gorTd. To E Swapepileran
Aormrov els Téakers padnTdv, SnAabh To cUvohov mnhikov E/~  elver £8& TO ouvohov TGV Ta-
tewv ToU lupvaciou.

3. AIATAZEIZ EIZL LYNOAON

3.1 “H ¥vvown tijg dratabems. Mia oyéos els 10 alvorov E, 7 omola elven:
(A) dvarhaoTikg, (A-Z) dvmiouppetpikn kal (M) HeTOPaTIKT
koAeitan dwarabis (B oyxéoic dtatdenms) elg o E.

Mia Si&ratis oupPoAileTon ouvmficos pe < . "Av &v oToiyeiov a Tou E elpi-
okeTan els THY oxéow -2 W& oToiyeiov B aUToU, Snhadn -2 B, ToTE Aéyouey OTI
«a Tponyeitan ToU Pr f looduvdpws «pB EmeTal ToU oo,

Té ouvorov E eic 10 omoiov £xel 6piodf) uia Sidrafis —  xohelTon TOTE
daterayuivor aivolov (G5 Tpds THY -2 ). "AkpiPéoTepov  TO SiareTory pévov
alvorov mapioTaTon Bk Tou levyous (E, = ).

IMepadeiypata :

1. ‘H oyéois < eiven pix Sidratis els o R, Biom ioyvowy :
(A) a < a, 6o a=a.
(A-3%) "Av « < P xal p < o, T6Te elvan kai a=f
(M) "Av a <P xai p <y, Tote elvan kad & <y
"QoTe 1o cuvohov R elvan Siaretaypévoy g Tpos THY oxfow <.

2. ‘Opoiws /| aytors < eivan plo Bidrakis el 76 P(Q) (Sraeri;).

3. *H oxéois o, () Tis § 1.1 lvon pia Siaralis eis 0 N, 816m1 ioyvow :
A ala .

(A-3) "Av a|p kol Pla, TéTE UTdpyouv quotkol GpiBuol k kol A pé B = ka kal
a=2Ap, &pa p=xk(@P)= (xM)P kol toptves kA = 1, dnhadn x=A =1,
fiTol ¢ =P

(M) "Av alp ke Bly, ToTE UTrdpyouy Quoikal &piBuot x kad A e B = ka xad y = AB,
dpa y = A (ka) = (M), Bnhadn aly.

Tlapatipnois. Mia peraPoaTiki oxiois els 1o olvolov E xaheitar xal yvnoia Si1a-
Takis eis 1o E. Obrw .y, fi oxtors < &g 16 R elvan pia pimoia dudrabs els 10 R, vd altn
Btv eivon Bidratis els To R (Biaeri;). To alTo oyuer kal Bid ThHy oxéow Tou yvnolou UToou-
véhou C eis 16 2(Q) (Broti;).

"Av — elvan pia Bidrakis els TO E, TOTE, Suvdper TauTns, OpileTan pia oyxéors -2 ¥ eig TO
E Umwd ToU TUmou

X2*y <> xyxad X #y,

1 dmoic Biv efvar Si&rakis els 1o E, &AA& pia yvnola Siaratis el autd (Brari;).
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3.2 ‘O, pepuen drgtelrg. "Eotw -2 pia Sidratis els 16 E. Avo oTol-
yelo «, P Tou E xodouvTat ovyrologa (Si1& THg 2 ), TOTE Kal povov TOTE, GV
foyin a2 B A P= o OUTw Y. o TporypoTikol dpifuoi 1, V2 elven ouyxpi-
ool (Biax Ths < ), Bidm foyxver | g V 2. Tevikdys 'rrcxpc:-rnpofjusv 811 TUXéUTEg
mparypaTikol dpiBuoi o, P elvan ouykpiaiuol, Snhadh loyver a < P A P <
Mia Si&ratis efs 10 E, g .y ) < elg o R, S v omrotav ocw):,mns oTol-
yeiar ol E given ouykpiompe koheTTon i) A poauuvey didtaks s T E. Mia
Sidrokis el o E, 7 6moia Btv elvan SAIk) Si&rakis, kKohelTon peawxy) odrale gls
6 E. Eis Thv TepimTwom pepikis Srorétecs eis TO E Utrdpyouv PePfaics oToryEia
Tou E, Té &moia 8tv elven ouykplotua dg mpos ThHy Um’ Syw SiaTatw.

Iopadeiypato :
1. Eis 16 oUvorov E Showw Tév kUkAwy dpileTan pia oyéots Srarélews —2 UTTO TOU TUTOU

X 2 ¥ <= &xTis ToU X wikpdTepn fi Tom Tis dkTivos Tou y.
AUTn elven pio oxéais s Sratatews el T E (Sreeti;).

2. ‘H Sidratis = els 10 2(Q) (dtav 10 Q Exn TouhdyioTow BUo oToryela) elvan pia pe-
pikhy Siaratis eis 1o #(Q), Hiom Gv A eivan ph kevov kad yvfigiov Umoaivodor Tol Q, TéTE Ta
A kai A Biv eivar ouykpioa (Siai;).

‘H oytos Biardtews or (1) Tou TapadeiypaTos 3 Tiis § 3.1 elvar wpogavdys upiar pe-
pikn Sidtabis els To N.

4. MIPAZEIX EIZ EYNOAON

4.1 "Ecotepiei mpaflg. "ATS Ta TpdTa ypovix THs oxoAiis {wfs, ©
podnTis tloikeloveTon pE Tds kohoupévas Tpaters, omws . N Tpoodeots, 1
daipeots, & moAamAaoiaopss kol ) Siaipears dpiBudv. "ApydTepov elvan eig
Bécv Ve Dydoun) &piBpovy eis BUva, v elplokn T Eveow fi T Touny BUo ou-
vohwv KA. Kowov yapoaxTrpioTikoy Shov altéy Tév «mpdtecvy elvon 6T1
EKKIVOUPEY &Tro dde oTorkeia Evds ouvdAou Bid va koToATEopey S1a puds d1od1-
kootes (f) 6mola opileTal dmd THY ouykekpipévny wpdlw) els &v Toltov oToIXETOV
(& kohoUpevoy &mroTéAeoue Tiis Tpdlews) ToU adTou ouvdhou. OUtw Y. &
Tous dpifpols 3 kad 5 Bia pév Tiis Siabikacias THs mpoofioecs koaTaAtyopey
elg TOV GpiBpov 8, Bia B¢ Tiis Siadikaoiag ToU ToAhamAaoiaouoy s Tov 15. 'E-
Te1dn) els dpiopbvas Tpaters GAAGooEl TO &moTEAeoua OTaw &TAdY kol poévov
gvoAA&Eopev- Ty Siadoyxny TGv oToixeicy, Té Omoia TO Snuioupyouv, Smcos
.. €l Ty deaipeow dpiBudv, i TolTo Ba Becopolpey St els piow mpGEw
tkKwoUpey o Cedyos oTorxelwy el TO &molov kad dvtioToryifouey Ev TpiTov
oToiyelov, TO &moTéheopa TS Tpatews.

’Ex e dvawTépw 6Bnyoupsda gls TO va Boowuey TOV dKOAouBov yevikoy
Spioudy :

Mia povootjpewtos &meikovials €k Tou E X E = E? €is 10 E kadeiron éow-
reotxd) modkis T &TAGS modfic els o E. "Av Bia wds mpdtews % els 1O E TO (U-
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{os (a, P)eE? cumioToryileTan els TO oToiyeiov yEE, TéTe ToUTo elvan PePaicos
HovooTpdyTes Goploptvoy kol KaAeTTal drmotéheaua  Tijc modewms % Eml T@Y
o, B oupPorileTen B¢ pE a * B, AiTol Y=o * B. Eis Thy mepimTwow TaUTnY,
&rou Utrdpyer TO ATOTEAEOX Tfis wpdtecas * Emi TEV @, P Aéyouev iooBuvapws
kol &1 ) modbic & % P elvar EmTpenti).

Mpos oupPoriopdy Blagodpwy Tpatewy ypnoipomoloUvtan kai oUpPoAa
6 Y. T& +, c,°.m,4 A KA

A& Tag Tpdkers mpoodeots () xal dgaipeois (—) eis T olvorov N
TV quolkéy &piBpddy TopoTnpoUpey 6T Bix pév Tii TrpocBioecws kafe (eUyos
(o, B) quoikdy &piBucy dvmioToryiletan els fva kad uovadikoy QuaTKoY AapiBuoy,
T &Bpoiopx TGV o kel B, Tx. 3 +5= 8, 7+ 9 =16 xo.x., dnhadi f mpdo-
Beais eivon pla povoofuewTos dmeoviols Tou N elg 76 N. *AvmiféTws T dpai-
PEGIS Oéy Efvon pia MOVOTTMOVTOS GITEIKOVIOIS Tou N2 glg 7o N, 81471 elg 1O (eU-
yos (7, 10) Btv dvmioToryileTen 1 T &ooupéoews QUOIKGS &p1Bpos, nhab
(7 —10) ¢ N. Tlpds Srkpiow TG GvawTépe TEPITITGOEWY Myopsy &’ £vg gV
6T1 1) pdoBeais eivan pic TPdLLS ¢ Tou N, &g Etépou Bt 6T 1) deaipeois elva
Mo pepikny mpdkis sls TO N.

[Cevikés pia HOVOTT|HOVTOS Smreikonots Tou E? elg 1o E koheiTon (EowTepi-
kn) mpakis éni ToU E, &v@ uic (towTepikn)) mpdlis els To E, # &mola dév elven
Tpdtis éni Tou E koeiTan uensea) ok gls 0 E.

Mepadeiypata :

1. ‘O ToMamhaoiaouds () eiven pahis énd Tou N, Biomi Bidx kéBe {eUyos (o, PeN?
\"Tffrpxa fv kal povaBikdy pwvdueror «- PeN. "AvTifiTws 1 Siaipeois (1) elvan pegnen wpdkis els
TON, Biomi (3:5)¢N.

2. ‘H «Oywais s Suvauvr, S Thy Omolaw dvtl ak P ypagouey ab given patis i

ToU N, Bi1611 Biex kéfe (o, P)EN? elvan kad aleN. "Avmbétes alrn elven pepikf) pdlis el TO

olvohov Q TéV pnTdy &piBudY s grriong Kai els TO guvolov R T@Y Trpay patikdy &prfuddv,
1

Biomi # wpakig (—2) ¥ Stw elvan EmITPETITY.
3. ‘H Evwois ki | TouR guvohwv elvon pdkers Emi Tou P(Q).

4. "Av F 5 elvar 1O ouvohov SAwv &V ouvapThoEwY Pt Tediov dpiouol TO A kal TipGs
els 16 A, ToTEf) OUVBEDIS TUVPTHOEWY (TTppA. §2.2 ToU Keg. 1) elven mp&lis émi ToU F 4,

81411 B1& kébe [eUyos ouvapthoewy (f p)eF, i olwlecis fopeF 4.

IMopatiypnorc. ‘H mpabis ToU ToAhamAaoiaopou els 76 R Exer ThHY iSidTnTa !
TG ywdpevor SUo @uaikdy dpifudy elvor trrions guoikds &piBuos. “H idiéTns abtn Sev Ugi-
oToTal Si& Thy mpdt Tiis Sioptoews els 16 R, 81611 O mnhikov 3:5 Biv elven puoikos dpi-
Buds. Ta dvwTépw ékppalouey AéyoVTES &’ Evos piv OTL 1 mpddis Tou ToAAaTAaoiacuoU elvan
xAewoms) els o otvohov N T@v quoIKiY &pidud, &g’ Erépou B¢ Smi A mpdtis s Bicpozes
Oév glven KAetoT) elg To N. Tevikéds pia Tpatis * el TO ouvohov E koeiTan xietory eis Ev Uro-
olvohov A Tol E TéTE kal pdvov TOTE, &v Bk kade Leuyos (o, B) ororysicwv ToU A TO &ToTé-
Aeopa Tiis wpdlews o * B dvke Emrions el TO A
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‘Avnperafenikal mpageie. Mic mpdtis * ¢ Tou E wedeltan dvripetalle-
i) TOTE kol pdvov TéTE, v foxum :

(A) g% B=p %« % aeE xai PEE.

Ovtw :

1. ‘H Tpdodecis kai & mohAamAaoiaopds émt ol R elvan mpaters dvTi-
peTafeTial.

2. ‘H fweoots kai f Town émi ToU 2(Q) elvon Suoiws dvTipeTofeTikal Trpdels.

3. *Avmifétas 1) «Uywoig eis Suvapivy g ToU N 8y elven GuTipeToBeTIKD
Tpakis, S1om Y. 2% # 3%

Mposgrmpronikei mpateg. Mio mp&lis % émi ToU E koeiTan moooeral-
ouoTid) TOTE kol wovov TOTE, &V igyun :

m (axP)xy=axPBxry) V ocE, BeE wai . yeE.

Ol .y, 1 Tpbofeois kol & rohhaTAcTIoouos £l Tou R s émions 1
fucoois ked A Toun émi ToU Z(Q) lvau Trpétels TPOTETAIPIOTIKG, EVED avTiféTos
N «Uyeals s Sovapwy ¢ tou N 8tv eivad, Si1oT1

1
@x 1) x3=(2)"=8 xal 2% (I* g g

nAadn (2*1)*3;&2*(1*3). -

Cevikol mOpatnpiioeis. Mi a0y oy ouupohifopey 76 (o # &) * o, fitol
O * G o 0y = (0 % O) * O ‘Opoios Spiloney o * o % 0y k & = (o # 0 #* 0) ® &, Kal YEVI-
KOS Oy Oy % ook Oy * O, = (0 % Q¥ s * Qly-y) * Oy

1. "Av 1) wpahis * eivan TpogeTaiploTIky  Suvapeda .. el TO oy * O ¥ O kO kO
V& QUTIKETAOTHOWHEY OTadhToTE Sradoyixd OTOIXEIR ut To &moréhsoua Tis Tpalecs Emi
auTéY. OUTW LY. &) * 0 k Oy * O % O = (o % O  Gy) %0 % O = Oy * (@ % O) % 0, K Gy =
o * (0 * Oy * O) * o

2. "Av §| mpdlis * eivan dvmieTabeTIk Kol TTPOCETAIPIOTIKY), TOTE Buvdueda ..
lg TO O * Qg % O % O, * O &
a) N& dvriperadéowpey Buo oiadjmore otorxeic. Ty, T& Bradoyikd o, Kai ay, 51611
ay kO k Oy kO * & = Oy kO K (O k) KO = O ooy k(O F Op) % O, = O * O * O % O * O
T& pf) Sradoyikd a, xal a, 61 trravnAaipuévns GuTipeTabéoews Bradoyikdy o Etfs:
Oy % Cty o Oty ok O K O = Oy kg % OOy K O ¥ @y = oy % Ok Ok Oy K Oy == Oy K O K Ok Ok O

B) N& QUTIKQTOOTHOWWEY viadjmore OTOIYEIX ué TO &moTéhecpa Tis Tpdlews gl
alTév, 81611 Buvdueba TEETOV V& T& KaTAoTHOWHEY SiaBoyIKE.

3 To Ok ak ... kO YPIPOHEV CUVTOMWS * "t Eidikéds Ta4Va xkal Yo mapr-
bt T
w (QOPES

oTépey dvTioToiyws pE va kal aY fitor +Ya = va kal ¥ Y

o= o,

Ovdétepov atoryeiov npalemg. "Eotw x pia mpdtis el TO oUvohov E. “Ev
oToyelov weE kaeiTan oddéTenor oL ETOY Tijg % TOTE Kal povov TOTE, &v loyun :

O w¥xa=ax o=a Voaeck
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QUrw :
QUBéTepov OTOLKEIOV THe + Eml Tou R elven 10 O

» » ToU - &mi ToU R elvon 1O 1
» » Tfs u Emi ToU 2(Q) elven TO &
» » s N Em ToU 2(Q) elven TO 9.

To oubttepov oToixeiov wds Tpdecas elvan  povoonpdvTeg GOpITEVOY.
Mpdeyuoary &v 1 Tpdtis x Exn dvo oUBETEpQ OTOLKEID TX @ Kol w', TOTE &g’ Evog
piv @ % @ = o', B1OTI o o clvon oUBéTepov oTolxElov Tis %, &’ ETEPOU 3¢
w % o = o, 516T Kkai TO w' elvon oubéTepov oToryElov THS *. “Apa o = w'.

Toppetpik otoryeie g npog npdiy. "EoTw x pia mpdlis g o E, 1) omola
Eyel oUBETEPOV OTOIXETOV 16 . Auo oToeia @, B Tou E kaholvTen avppetatnd
B¢ ToOs TV * ToTe kol povov ToTE, &V foyin

(Z) axP=Ppx a=w.
T o AéyeTon TOTE quupETotzoy 1ot P ig 7005 T % kol looBlvapews TO B AbyeTal
GUUUETOLROY TOD & e moog TV *. Ol -

1. TUBHETPIKOV o0 aER G5 Tpods ThHy Tpdodect eivon O &uTifeTos Tou
—aeR.

2. "Av acR — {0}, ToTe TO CUPMETPIKOY oUToU G5 Trpos  TOV  TOAAG-
TAcoloouoy efval © GuTioTPOPOS TOU égR —{0}.

3. SuppeTpikov Evos um xevou ouvdiou AeP(Q) ds mpos Thv Evwow v
Utrépyer. ‘Ouoiws Bev UTrépyel Kal OUBPETPIKOY &vos yvnaiou UtroouvdAou Tou
Q ¢ Tpods THY TORTY (Bracti;).

‘Opakov grorgsiov og npog mpdfiv. "EoTtw » wicr Twpdkis éml ToU E. “Ev
oTolygiov & KehsiTa duatov 0 Gmlomonjaoy G5 oGS THY ¥ TOTE Kol povov
TéTE, &v Bk kabe xcE xoi yeE ioyvow :

i e=iohae Ve 55 X =y xai x®¥xa=y*a => X=Y.

Oirreos dos TTPOS HEV Thy Tpodcbecy k&Be oToryeiov acR elvar  duahov, ds

Tpos B8 TOV TOAMGTAGTIATHOY k&@e otoryeiov acR — {0 | eiven Spoov, &é

GumiBéTes O 0 Btv elvan SpoAGY, BIOTL TX.
0-3=0-5#3=5.

‘Empepiotikiy npadis @G mpog dhiny. "EoTtwoav §Uo Tpdlers # kal s &
<ol cirros ouwdhou E. ‘H mwplLis * KONEITOL EiuentaTis g Toos Ty » TOTE
ol povoy ToTe, dw S ke acE, BeE kai yeE foyuowy :

() (B 0 y) = (o B Alaan) vl (Boaiy)x &= (B *a) = (y*a).
Mapatipnois. “Av 1 wpdtis ¥ elvon dvripeTafeTikn, TOTE Tpogawdds toyuel
ax (Bey)=C(x* py= (a* y) <= Buy)x a=(P % a}n (y * o)
ko Emropéveos pia GuTipeTofeTIK TTPSLIS * ¢l ToU E elven EmipeproTikd g rpos
Thy Tpdkiv = (El ToU E) TéTE Kt pdvov TOTE, Gv )
ax By =(x* B) = (@ *Y) v oeE, BeE xai yeE.
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OUTw :

1. ’Emi ToU R & moMamAaciaouds elvon EmipepioTikh mpdfls €5 TPos
hy mpbodeciy, 16T 4@’ tuds pbv oUtos elvon dvTipeTadeTikd Tpdlis, 4@’ ETEPOU
B¢ ioyuel

a(B+y)=op+oy ¥ ocR, PeR kal yeR.
*AvriféToos 1) Tpdabeois Biv elvan ETIPEPIOTIKA o5 TIPS TOV TOACTTAQTIOTHOY,
5161 24+ (3-5) # (2+3)- 2+ 3).

2. ’Eml o0 2(8) A fvwos elvon EmipepioTIkG g PSS THY Topty, 810TL
ol elvon dvtipetodeTikn kal oy Vel

Au (BN = (AuB)N(AUT) ¥ AeZ(Q), Be?(Q) kai Me2(Q).
‘Opoiws Kol 1) Tour eival ETTILEPIOTIKT] G5 Tpds Ty Evwaw, S1oTL alTn elvon
g¢mions dvmpetoBerikh kol ioyUel

AnBUD) = (ANB)U(AND) ¥ AeZ(Q), Be#z(Q) xai Me2(Q).

4.2 "EEmtepiki) npigig. Eis roAhds TEPITITOICELS EXOMEY TUVOITHOE! «TTpd-
Eeio» of omoien éxtehoUvTar Eml oToixelwy SvnrdvTew els BioopeTik& oUvola
e &rrotéAeauc dvijkov eis TO & &k TGV guvdhooy TouTwy. T1yY. TouTo cupPaivel
glg TOV TOAQTAGCIOOHOY EVOS rohuoovUpou £mi Eva &pibpdy, émou TO &moTE-
Aeouc elvan Emions év mohudvupov. Tas mpaters aUTds, Tpos Biakplow &md Tag
TolQUTos THS  TpOTyoupévns  Tropay pagoy, dvopdlopey ffwrentxdae Tpdkels.
*AxpipéoTepor ) Ewola THis ElcoTepikiis Trpddews OpileTan g EERg

"Eotwoay Yo pi kevd ouvoha A kal E. Mict HOVOCTIHOUTOS QTTEIKOVIOIS
(owdptnais) ToU A x E &g 16 E woheitan éfwteown)) modi éni tob E ked
oupPohiletar ouvnbicos pé - OUrw Si1x ds ELeTepIkiis Tpalews . ke (euyos
(A x)ENXE dvmioToiileTon els & kai povadikov oToiyeiov vEE, 1O dmolov ka-
Aeiton Srotéheoua T (BEcoTepikiis) Trpcdecds ¢ml T&v oTorxelwv A, x kol
oupPohileTar pe A - X, fiTol

y=2A.X

TuvfiBoos TO oUpPoiov - apaetmeTar, SnAcd ypagopey AX kol évwoouper A - X,
65 oupPaivel Bi1&x kdBe mpdtw oupPoMlouévny uE -

[opudsiypota :
~ 1. ‘O ToAAaTrAacioopss SiaviouaTos Tol ywpov Em TpaypaTikey dp1Bpov elven pia
worepikhy mpdlis els THY mepimTwow, émov A =R xai E elvar 16 ouvohov Shwy TV Birawy-
GUETWY TOU XWPOU.

2. A=R, E= #(A R) T clvohov Shwv TéV TpayPaTIKGY oUVapTHgEwY pE mEdiov
Spropol TO Ui} KEVOV olvorov A. ‘H Tp&lis ToU TOMGTTAGOITUOU SUVApTTOEwS ¢l &piBpov,
1 amoia &1 (A, feR % F(A, R) dpileTon UTTO TOU TUTIOU

g=Af < g(x) =MEX) A xeA

evon Tpogavés pio EEwTepikd mpdkis ¢m ToU F(A, R).
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*As Becopricoopey £ 10U E tkrds s tbaTepikdis pdtews - kol plov éow-
Tepikiy pdtw * . O& Myouey 6T ) foTegu) Toase elvar EmuueooTig 06
ao0c Ty (fomTeova)y) mpaln ¥ TéTE KOl povoy TOTE, G ioyin

Ax % y) = (Ax) * (Ay) ¥ AN, xeE kal yeE.

Ty, émi ToU ouvdhou E Tév BIQUUCIGTWY TOU Ywpou opilovTatl, G§ yver-
otdy, BUo mpdles, pia wTepi, & Torhamhaciaopds () SiaviopoTos Ei
TRy HOCTIKOY Spifpdy kol pia tocatepikn), 1) TpSobeois (+) BiavuopaTwy,
Si Tég Omolag loxuel

—> — —> —» — —
A(V, +Va) =AV, + AV, ¥ AR, VieE i VieE.
OuTtws, © TTONAQTAGTIOOHOS  BIVUTUETOS gmi TpaypaTikoy GpiBuoy glvan Emi-
uepioTikny R&LIS 63 Trpds THY Tpoodeav SICVUTUETOY TOU XWPOoU.

5. IEOMOP®IEMOZ.

51 "H ¥vvols tod icopopgiajod. EtSouev els v § 2.2 ToU Keg. | ém1 pia
GUQILOVOTTIHOVTOS &mekoviars (ouvdpTnots) [ Evds un kevou ouvohou A &l Evds
&Mou #Triong N kevou guvdhou A’ TrapExEL v elyépeiav &g’ Evds pév V& «uETO-
Palveopevs 4o Ev gTOIXEIOV xeA s & dkpipdys oToixelov X'€A’, &g’ éTépou Bt
Biax s duTioTpopoy (1 v «@moTplpwpery 6o TO X gls 70 x. ToUTo Exer dlio-
o7 kaTahAnAws, STaY & ouvora A kai A’ efven Epwdiooubva ué wpates.

"Ag Bewpriowpey Twpa OTL * elven pic (Bowtepixn) pdkis &mi ToU A. ToTe
SpileTon kad i Tou A’ upie Trpalis = 0§ KOTWTEPW :

o = B BT
R
} ! |

o % P = ¥ ,
BnAadn Si& Tux VTS o, B v A Becopoupey TG GuTioTory o, B adTdv &v A Bi&
s dvmioTpdgou 1, STOTE & &moTéheoua y THs Tpdleos % Eml TV o, P dv-
TioToyifeTon Sicx Tis [ els O y'eA’, To émolov dpileTan G5 TO GmOTERETHX
THg Tpditews = gl e o, P

TToAAGKIs ouppaivel 1) Tpdtis m v elven amAouoTépa TRg ¥ Kol EKMETO-
ACUGLEVOT TOUTO Vi EKTEAOUHEY THY * Euptows Bl TTS B D5 KATWTEPW :

R ==

‘ | | | f-1

x
1

! b kol

o) B
Brhadn eUpiokouey TRETOV 1& durioToyx oToiyela o, B’ & A’ TG @, B Bix
T1is [ xadl drohoUfes TO &TTOTEAETHN y' Thg = €l TOUTWY, OmoTE TO dvTigTolK OV
ToU y' &1k Tis QuTIaTPOGOY (~1 gfven TO dmoTéheopa Y Ths * Emi TGV o, P.

v pundey

' 5 3 o e s —— —
Otres .y, &v A elvan O aUvohov T &piBud Tis wopefis 1 00...0 pe
Tp&lw TOV roAAGTAGTIGTHOY Kal A =N, ToTE
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5 pndevika 4 pndevika 9 pundevika

100600 10000 = 1 000000000
It )t 11

"Ex Téw SwewTépw dyouelo els TO v Bawawopey TOV OpIoHOY !

"Egtewoay BUo pf kevd ovoda E kai E' ¢ Ty OTrolwy BecopoUpEy GVT.-
oTolYwWs TS (oW TERIKAS) Tpdtels ¥ kal =, Mig GuEIpovocTiHaVTOS ATTEIKOVLOIS
{ 100 E tml ToU E' xeheirtan loogoogiopcs g w005 rac modferg % #ai o w TOTE
kol povov TOTE, Av ioyum

f(x % y) =1(x) = {(y) ¥ xeE kai yeE.
“Av utrépyT els icopopionos ot E &l Tou E/, 65 dvwTépe, TETE T& GU-

voha E ked E' xaholvron ioduoppa @ meos Tas modéets * xai .
Hapadeciypute :

1. E =R+ 10 olvohov Tv BeTikév &pmbudv utE Tpdtw .
E'= R 76 ouvohou TV TrparyhaTixédy &piduddy pg mpdtw +,

[ = Aoy (& BexaBikds Aoydpibpos) : R7aX v-i> royxeR.
‘H f = Aoy eivai, @ yvwaTov, AUPIHOVOTTIHVTOS &mekéviols Tou RY &l ol R wad wéhi-
ota loyus
Aoy(xy) = Aoyx - Aoyy,
BnAadi o Aoy elven g icouop@Iouds G Tpos TaS Tpatels - kal + .
OUTw Bi&x Tov UmoAoyioudy Tou ywopévou aff Buo BeTikdv &p1Buddv Epyaldueda s lis:

a p = ofp
M& yprioews Aoyapibuikdy mvaKwy = = v—~>—\\r = _.,.\\f = -]
hoya - Moyp = Aoy(ap),

Bnhabn v ywouevov ebpioketan i &TAfis TrpoofEoEws.

‘Ouoicws, tmeidhy 6 Aoy elvan Emions €is {oopopplopds g Tpos Tag mpdles @ kal -
(&1ai; ), &v Tnhikov eupiokeTar Bt &TAT]s GQOIPETEWS.

Té dvewtépes Einyoly ThHy eUpuTaTnY ypfigw els THY TpaKTIKAY TV AoyapiBuikcv -
vaKwy Kol ToU AoyapifpikoU kavovos.

2 E = ( 76 olvohov TG pryadikddy apbudv ué mpdtiv -,
E': 16 alvohov T&V BlovuopdTwy ToU tmimébou TAY ExovTwy dpyny THY &pxnv
O Tév dfovwy pE Tpdtw +,
£ (-~ E 8&i& Tijs otoias durioToiyov ToU wiyabikol &piBpou a + Pi elven TO Bid-

—

vuopa OV pé guvteTaypévas o, P
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“H f elven €ls loopopiopds &5 PSS Té&s mpdles Tiis Wpoohioews wyadikdy apipdv kal
The Tpoabéatws BiavuopdTey (Beri).

5.2 Buocika Osopijpate Eni tOV IGOROPPLORDY. "Av I elven els ioopop@iouos
100 E &l o0 E' &5 mrpds Tas Tpddels  kal W, ToTe loyUow T& drohouba
BewpridaTe :

52.1. [ [, d@riotoopos g [, elvar efe toopongiouos Tob B éal tod
E tc moos Tig mpakets = ol % .
TMpéyuaTt f -1, 5 dvtioTpopos APPIHOVOTTIHGVTOY dmekovioews, elval
pia Ap@IUOVOTTILAVTOS gmeikéviols (ouvgptnais) Tou E' i Tou E (MppA. § 2.2
ToU Keg. 1). "Av Topa X’ kol v elvan TUYOUTA OTOLKETX Tou E', ToTE TaUTAl B1x
THs ouvapThoews [ GvmioTolyifovtan  dvTioToixws gl T& oToIYElA X Kad Y
Tou E, fiTol
x = I-1(x") kel ¥y = f(y") A lgobuvducs ' =(x) xai y' =I(y).
‘Erouévess, &mrein 1 | elvan elg ioopopplopds g TrPos TAS TPGLE * kel =, B&
EXWHEY
Ky =100 = ily)=1Ce% ),
Spa kal
i e 3= 110G % P =% %y = 1) # 13,
fiTo1 '
Fi(x’ my)=[11(x) = ! 1(y) ¥ x'eE’ xai y'el’,
BnAadn 1y 1 elvon elg icouopPIoNOS TOU E' &1ri Tou E cos rpos Tag Tpdters = Kol * .

5.2.2 “H npakwg * éni 100 E efvar avriuetalietiny Tote xal Hovoy Tote, dr
jj mpdkig w éni 700 E' elvar dvtipetalerin).

TlpdypaTy cpkel & Beifeopey 811 A SvmipeTaBeTIKGTNS THS * GUVETTAYETAL
Ty dvTipeTofeTIROTNTE THg =, BIOTL TO duTioTpogov TPOKUTITEl TOTE €K TOU-
Tou Kai Tou yeyovoTos OTi, Suvduel Tou Tponyoundvou Bewpriuatos 5.2.1, 1
{-1 glven émrioms {gopop@ITuos.

"Egroooew AorToy BUo TUXOVT OTOIXELX x' kai y' Tou E. Telrta Sk Tfis
-1 dunoToiyifovral dymioTolyws ey 17 oTOIYElR X xai y Tou E, ftol

x= [} x)xal y= -1(y) 7y loobuvanos ¥ =), ol ¥ =1(y),
Smrore, emweidn A | elvan €l icopop@IoHds G5 oS Tas Tpdtels % kol w, B Exconey

X' wy =1 = f(y) =[x % ).
*ANAG, Aoy kol TS GumeTaBeTiKOTNTOS THS * , lo)Uel
f(x # ) =y * ) =1@)y= )=y = x"

"Apc Yoy Y WK W x'eE kai y'EE,

‘BnAcdh kai f ks = elven QTipeTOdETIKT.

"4'2 3 “H modfic® &xi ToD E elvar T000ETALOIOTE] TOTE ®al udvor Tdte,
Sl
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dv 1) mpakic w émi tod E' elvar moooeratoiotin.

Mpaypat Sia Tov avTdv Adyov, d kol els TO TpomnyoUpevoy Becopnua,
&prel va dmodeifoouey 6T1 ) TpooETAIPIOTIKATNS THS * CUVETI&YETON THY TTPOCE-
TAIPITTIKOTN T THis = .

"EoTtwoar Aotmov tuydvTa gTorkeia x', v’ kai z' ToU E'. TalTta §1& T
[=! dvrioToiyifovtar dvmioToiyws els T& oTokela X, ¥ kal z ToU E, fTor

o=0="Yx); ¥= ) kol z =1z
7 {ooduvduws :
X =ilx), yi=ly) xai 2= i(z),

omoTe, emadn N f elven els icopopeiopds s mpos Tas Tpdtels * kai =, B Exwpey

(" wy) w2 =(x) = f(y)) = {(z) ={(x * y) » [(z) ={((x % y) % z).
"ANAG, AOYW Kol TR TPOCETAIPIOTIKOTNTOS THS * , loyUel
(G y) ¥ D) =1(x # (v % D) =1(x) = Iy % ) = i(x) » (Iy) » 1(2)) =
=x"n (y' =uz). "Apcx

(x"my)wz' =x"us(y nz) ¥ x'eE, y'eE' kal z'eE,

dnAadn kai N mp&kis = elven TpooeTaipioTIKT).

5.24 "Av ) moakic % énl tov E Eyer pddétepor atotyeiov o w, tite nai
i moakic w Emi ot E' Eyer oddérepov aroiyeiov 1o f(w) = w'cE'.

MpdypaTr otw x' Tuxov oToixeiov ToU E' xai fotw x 7o dvrioroiyov
adTou Six 1Fs 171, ol x = [~1(x") 1) looBuvdpws x' = f(x). ’Emeaidn 1o w elvan
oUBéTepov oToiyeiov THs % 6& foyUouv

Wx X=X Kal X% w=xX,

oméTe, Adyew Tolu 611 1) f elven el Ioopopgionds s mpds Tas mpdkels ¥ kol w,
0& Eyowper &’ Evos pév

X' = (x) = (o x x) = f(w) = f(x) = () » x',
&g’ Etépou 5t

x' =) = f(x % w)=1(x) = f(w)=x"n f(w),
fjTol

f(w)s x"=x" kai x'» f(w) =x" ¥ x'eE,
BnAadn TO ' = [(w) elvon oUBétepov oToryeTov THs Twpdtews .

6. OMAEL.

6.1 'H Evvowe tiig dpadog. Mapernprioausy 8n & Tpdters dpilopevan els
SiapopeTika olvoda Exowr kowds iS10TnTas K. T mpdodeols el To R kal n
Tour) els 1O P(Q) elvar mpdlers dvTipeTaBeTika, TPOCETAIPIOTIKAE, £XOUV OUBE-
Tepov oTolxeTov KA. To ganvdpevor Tolro elven olunBes els T& MaBnuoTike
kai ddfynoey els Ty kordTat ToolTwr cuvddwy (s T& Smoic opifovtan
mpdels pe kowas i810TNTAS) Els Karnyopias pé iSiantépar dvopaaiav.
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"Eoteomav fv pf kevdy olvohov E kal x pia (focwepikn) mpétis i ToUTOU.
To E xoheitan dudg e mons iy modfny * TOTE Kal uovov TOTE, G

(M ) modks * elvae TOOTETAOIOTIHY)

(0) 4 mpabic * £xet oddérevoy otoryeior wEE

(2)  #dlle arougeiov Tof E Eypel TUUPETOUROY (IS TIOOG THY * .

"Av fy TTp&Eis * elvon Emml wAtoV Kal dvTigeTabeTikn, TOTE ) Ouds E kadeiTan,
eiBixcotepoy, drTuetalleTi dpas G5 Trpods THY TREEW *.

[Muaputnpiioes :
1. 76 otdéreoor orogyeior @ Tijc * eivar povadizov (TIpPA. § 4.1).

2. To auupetoor ToyovToS oTOLEDY el s oos vip % elvaw énilons povadudr.  Tpé-
yuart &v P kol y elval GUMMETPIKE TOU & &5 Tpds THY %, TOTE B Exwpey
axPp=Pra=w kol ary=yra=ow,
SméTe, Emadh 1) * elvan TrpogeTanplo Tk, 8a Excomev xal
prw=Prlary) = (Brdry=0ry=Y.

- « s kY ~ + L 2
To wovaBikdy CUHHETPIKOY TOU & G Tpos TNV * TTAPIoTWUEY ouvfifes pE a.

Tapedsiypata :

1. To cuvohov Z T drepaiwvy elven duds 6 mpos THy Tpodobeow, §i1oTt ¢

Mat+@+y)=©C+P+Y \/ aeZ, PeZ kal YEZ (TPOCETXIPICTIKOTNS),

(O a+0=0+a=a \f aeZ, Enhadh 1o 0 (0eZ) eivon olBétepov aToryeiov Tiig
mpooféoews.

&) at+(-a)=0 i/ aeZ, Bnhabh kéde dxépoiog o EYel CUMBETPIKOV Gog PO THY
Tpogeaw Tov ETions dxépaiov — &

s AyTiBéTeos To alvohov Z BEV civen Opas @ TTpos TOV ToAAaTAaciaouov, 81611, &v kai
wos elvan npocﬁalplcﬂkég kol £xer oubétepov oroiyelov 1o 1 (l€Z), tv ToU-
Biapopos Téw — 1 kad 1, Bev £yl CUBETPIKOY G5 TTpOS TOV TTOAAaTTAQo G-

& ToAAaTAagiac
Tols Kabe drépanos,
audv &v Z (Bari;).

2. Té olvohov A Tév &pTicw arepaiwy elvon duas g pos TV Tpododeay, BioT 1) Tpda-
Beors elvan TpOCETAIRIGTIKY, EXEI oubtTepov oToixeiov To 0 (OeA) kol kdde dpTioy o Exer
CUUHETPIKOY G5 TTpos TV wpboleov Tov Emions &pTiov — Q.

* ApTiBETeos TO oUvohov A TGV &pricov Biv elval Spds ds Tpos Tov TOARGTTAXT IO MOV,
51671 Biv Umdpyer OUDETEPOY ororyeiov Tol moAhaTAaciacuou év A (Biari;).

3. To guvohov Q TéW pNTEY dpiBpcdv eivar ouds 65 TEos THy Tpdoeaw, Bi1dT §y wpRo-
oBeois elvan TPOTETIPICTIKA, Eyel OUBETEPOV OTOIEIOV TO 0 (0eQ) xai k&b pnTds o Eye
GUUUETPIKOY €3S Tpds TV Tpoofeaw TOV trions pnTov — o

‘Exrions To ouwohoy QF =Q— {0} 7dv prrdv apiBudiy Tév Biragdpwy Tol 0 elven
oMamAaoiaoudy, BoT & TOMGTAXCIGOPOS €IVl TPOTETAIPIOTIKGS,

Suds G Tpds TOV T e g :
€Q ") xal k&Be p1os o # 0 Exer CULBETPIKOY G TROS TOV TOA-

Eye1 oUBETEPOY OTOIXEIOY Tol (1
sl
Aamrhagicoudy Tov émions pnTov oo # 0.

4. T ouvorov R Tdv mpaynaTikédy &mbpdv elvan Opas s Tpos THY Tpdabesv. ‘Opoifaus

<& atwohoy R* = R—{0} elvan buds dog Tpds TOV TOAAXTAQGIATHOV.
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5. "Eotwoav E={ 0,1, 2 } kai * pia mpabis opifopévn Gmo Tou Tivakos :

A
* 0!1§2

ofoli1]2 0 Q0 ol WD 1. 28 DD
——|—]— Bhadi Gxl=l 1lwl=2 omil=0
LRl A i <2 =0 O 2=10 1 +2=0, 2%2=1

EUkdéAws mpokUmTel 611 fy mpdlis * eivan TpooeTaipioTikn, Exel oUbéTepov oToiyeiov To 0
Kai 6T1 T& oToixeia | kai 2 givan guppeTpika dos pos THV * , SnAadn &1 16 olvoAov E eivan
ouas s Tpos THy mpdtw * .

Téhos Tapatnpouper 6Tt SAa Ta dvwTépw Tapadeiypata duddwy doTedouv dvTi-
peTafeTikds dpdbas (Siati;).

6.2 Bucwka Ocopiipeta éni tdv opadov. "Av E elven pla ouds pe mpaliv

%, TOTE loyUouv T& dxkorouba Oecopripara :

6.2.1 Kale oroyeior acE elvar amiomonjouoy (Guaior).
A
MpérypaTl' &V o % X = a % ¥, TOTE, EmMeldn UTEpXEl TO TULUETPIKOY o TOU
o g TPos TNV #, B Exwuey
- A
oax (ax X) =a % €axx V)
kal Adyw Tis EmpepioTikOTHTOS Tiis TRAews «,

A A
(ax)xx=(ax)xy § wrxx=wxy f| x=y.
“QoTe Beiyfn 6T ax x =oax v > X =Y. ‘Opoiws d&mwobeikvieTar kai 611
X% q=Yy#% a +X=y. "Apa TO oTorxeiov a elvan amAomoinciuov.

6.2.2 "y o, B elvar Toydvra atoigeia év E, 1ot vdaoy i) ificomois x * P=«,
doov xal 1) é&lomaig B x X = o fyee plar povadeyy gy éy E.

Mpdyuar (i) x x P=a <= (x % P)* P=ox P, Bom 10 p xard 10
Trporyouuevoy Becopnpa 6.2.1 eiven dmhotromoipor. 'AAAG, Adyw THs TTpooETal-
A A

ploTIKOTNTOS THs %, (X * P)x P=xx% (P* P) =X % w=1x. "Apx
X% P=a <> x=ax p.
R o ) ~ A A
(i) Oupofess: Prx=a <= Px Px X)=Pxra <= (B xP) x x=Px «
~

A
= Wx -\':E*O'. < x=px a

6.2.3 "y o, P eivar Togdvta otoryria év E, 10Te T ovpuetody toh o x P
~ ~ ~ A A
elvar 10 B * a, fror kP =P*
Mpéyuer: Aoy Tfis TpooeTaIPIoTIKGTNTOS TS *, loylel &’ Evds wév
A A A A A ~ ~
(a*P)x Pxro)=ax Px Pxa))=ax (PxP)*a) =ax (0* &)=
A
= o % a=w, &  ETépou B¢,
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(B o) % (orx B) =P (aw (an B)=P » ((ax aJx P) =P r (o f)=
=PB xPp=w. "Apx

~ A A
ok =P x a.

[evikcotepov, av oy, o, . . .o Eivol TuxovTa oTorxeia év E, ToTe TO auppe-
. - T 4 X ™ B A
TPIKOV TOU Oy % O % ... % Oy ;% Qv EIVOL TO v ¥ O, % ... % Ay * Q.

Awvdueba Topa, T Penbeia ToU BewpripaTos 6.2.2, v Opicwopey &l ToU

E xai plov wpdlv  «ovppeTpiknivy Tis * Bi& Ths omoias els kdbe leuyos (o, B)
SvmigToryifeTon 1 povadikn Avois Tis Ehwwoews X * B = «, SnAadf TO oToI-
A A
xefov a % B. ToutéoTv f) wpd&lis % émi ToU E OpileTtan Imd ToU TUTOU
o * [3 = % B

T mpakiv « ds ouddos E ouxva cupPolilover pé + kai ThHy xohoUuey
aodofeary f) pé - kol TV kaAoUpey moiiariacrasucr. ToTe oupPoAilopey dvTi-
aTolyws
TO  oUBETEPOV OTOIXETOV LiE 0 (unoér) A 1 (norig)

) . - ; S e 07 M

TO CUMUETPIKOV TOU O UE — O (avrdlicror Tov a) — KO“Of"‘(rtl'rmrguqmvnma)
~

T cuppeTpikny TREEI # e — (agalvecis)  f s (dadorons ).

6.24 Fi; play dudda B pd qodie + 0] - loylovr, artiatolyms, did xdle

ok, BeE xai yeE v mdvob :

L (a+P)+y=a+B+Y) L’ (aB)y = a(By)

2. a+0=04a=a 2Val=la=a«a

Ja+(—a)=0 3.'0({;-:]

4 (D=« 4. ”"L oy

5 ~0=0 s =1

6. a—p=a+(-P 6/ a:p=o

T @ P =Rt D=—Pp-a T o= =1 .4

8 —(a—p=-[la+CPl=  Sap=—r=1 t=pLl=pu
= () +(~0) =P+ (~)=P-a 85§

RS R el R Y(wB):ﬂa—g):(m%:
=y 4o +i=f = 0Ho-p =(ye) : p
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0.y~ (@ +B) =y (@ HI= 107y @B =Y 5=

=y +[EB+ED]= (% =)

—y+ Pl EA=-B—a  =(ygx) =0 :B:a
Ly ta—pi=y +(P—a)= 1 y:(@:p)=yP:a)=(P):
=(y+p) —c

7* AAKTYAIOZL

71 ‘H fvvoia 1o daktokiov. "EoTtwoay E & un kevoy clvolov kol ¥,
Suo mpdtels émi ToUTou. To cuvorov E kodeltan daxtiiioc ¢ moog Tag aoueg %
xal m TOTE Kol pévov T6Te, &v 10 E elvan u:ra,ur'r(;zalrr/r; Gpeas g moog Ty odso
* wai ¢m whéov 7 Tpdfis = elven mooceTawotoTea) Kol STUEOTTIRY (DS TOOS
Y *.

"As oupPoliowpey, ds ouwndes, Tas Trpdtels * kol m pE -+ kad - dvTioTol-
¥oa5, OéTe el Evar BaxTUALOY E (&g Trpos Tas mpdisls + kai - ) 81 ke o, P kad

y loxUow :
(A) e = B +«
an- (e+ R+ a+@+Y) |- @)= (P
© a+0= O =

® atC@=Cota=0 -
o(p + ) = ap + ay
(B + Y)a=pa+ya
"Av f| wpdkis - elvon émiong duTipeTadeTiky), TéTE & BakTUAOS E koheiTon
dvtipetaletinds daxTiliog cos Trpds T Tpdlels + kol - . ‘O Oplopss Tou Ba-
kTUAiou Bt &rranel ThHy Uapt ouBetépou oToryeiou T Tpatews - (povddos),
glg TAS TEPITITAOELS OUWS, &mrou TouTo UTTApXEL Aéyopey OTL 6 daxtiiios E Exet
povada.

IHopodeiyporta :

. To olvohov A Tév dpTiwy drepaiwy elven dvtiperaBerikds BakTUAtos ¢ TPOs TAHY
-rrpoaescrw xal »ov ToAAaTAGoIxTHoY (Ywpls wovdda), B16T &’ tvds uév, g eiBouev &s TO
Tapddery pa 2 Tfig § 6.1, 1O A elven pix &vmipeTafeTikY) Opds d Tpds THY TRoOoleow,
& étépou BE 6 TOAAGTAGCIGTLOS elval, @ vao"cov, AQvTipeTafeTIKGS, TTPOTETOIPITTINGS
kol €l TrAfov ETIREPIOTIKOS o5 Tpds THY Tpoolecty.

2. To oUvorov Z Téw &repaicov &p1Budv elvon dvTipeTabeTikos SakTUAos G TROS TNV
Trpocascrw kal TOV TToAAaTAGolaonoy kol poAioTa pE povada, §16T1 &g’ évos uweév, &g eidouey
glc TO Tap&Baypa 1 Tis § 6.1 T0 Z eivar dvTipeTaeTin Ouag cs wpos THY Tpoobeay, ag’
ETépou BE O ToAAaTAagiaouds, & &olos £xel oUbétepov oTorxeiov Tov dpibucy 1 (1€Z), eivan,
g yvwoTov, GuTIHETaBETIKGS, TTPOTETaIPIOTIKOS kad émrl TwAfov ETMIPEPIOTIKGS G5 TrPOS THY
wpdolecv.
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3. "Opoiws T& oUvora Q Tév pnTdy kai R TéV TpaypaTikdy &pibudv elvar duTipe-
TafeTikol BakTUAIOl G5 PO Tag mpales TS TpooBioews xai ToU ToAaTAaTiaonol Kal pd-
AMoTa GupodTepor Exouv povada.

7.2 Baowa Ocopipata énl tdv daktokiov. "Av E elvon els Sawtihios dog
TPos Tas Tpdters - kad -, TOTE, EkTOs TGV Bewpnudoov Tis § 6.2 TV dpopav-
Twv els THY aodabeom, loyUour kel T kaTwh :

1. o0 =0a=0,
iomi: aP+0)=0op+ a0 <= afp=0oPf a0 = c0=0
B+ 0)a=pa+ 0o <> Pa=pa+O0a = Qa=0.

2. a(—B) = (—x)p =—(ap),
Bivri: 0=c0=oa[Pp+(=P)] <> O0=0of + «(—B) = a(—B)=—(ap)
O0=0p=[a+(=a)]p = 0=0of + (—a)p = (—o)B=—(ap).
JaB—y)=ap—ay zai (P—y)e=Ppx—yaq,
Bem: afp-y)=a[p+ (=Y ]=B+al=y)=B+ (—ay) =of —ay
B—ya=[p+ (¥ ]la=Ba+ (- y)a=Ba+ (— yo) = Pa — ya.

4. (G] L f d\) {B! T+ [31 AT E’a) =
= ofy + P+ .- FouPet P aPot L F et L+
a4 oPs o+ .o A ePie
5. "y ¢ darxtihoe E elvar drvtiperaletixds, ToTi ioytel xal 6 Témoc Tob
dtwvipon, HTol :
(atp) =
v F— 202 | ¥\ epy—2 v S
o (IV)O‘ 30 4 ()P (v 2)oB" (v..l)GIB' Y+ pr=
" 3 Hv—=1) o _ape 4 L T . )
— o’ vV ='p 4 H‘.’ )« 2GR S 5 ofpr=2 4 vafl 1 py,
8* EOMA

8.1 'H ivvowe tob copatoc. Eotw E els artiperalerine daxtidiog o
Tpos T Tpdkels + Kad - ‘O Boktuhios E kedeiton admua de mods tig moakeg
+ wai - TOTE koi pdvov TETE, v TO oUvohov EX = E — {0} even (dvtipetabetiky)
S dos oS THY TPEEW ¢, omoTe els Ev odpa E Sia xébe o, B kad y loyuowr :

1

(Al R =R E | op=pa
Mm @+p+y=at@+y)| (@B)y=apy)
(0 a+0=0+a=« ol =le= &

&) at+ ()=o) +a=0 | ca'=ala=1, a £0
(B +v) =cp + ay.
"Oha Té dveoTépw Elval GpecOl ouvéTrelal Tou Spiopol Tou CWPATOS AN
s al = la=a, 7| omoia kaTd TOV bpioudy ToU copaTos ioxUs pévov Sid
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acE*, nAadn &1 o # 0. 'AmobekvieTon Spes 671 foyvel kad 01 =1-0=0,
B16T1 B1& o # 0 (m.y. s o Suvdueda va AdPoopey To 1 ka® Soov 1€E¥, fiTol
1 # 0) éxopev :
0 l=(c—a)l =al—al =a—a=0
1'0=la—co)=la—la=a—a=0.

INopadeiypato :

1.TS ouvohrov Q Té&u pnTdY dpiBudv elvon odue &g Tpos TV Tpooleow kal Tov TToA-
AaThagigopdy, 516m &g’ ivds piv kaTd To mapdberyua 3 Tis § 7.1 glvan dvmipetafenikog Sa-
KTUAI0S o5 Tpés THY TRdaBeoty kal Tov TorhamAaciaoudy, &9’ ETépou B koTd TO Tapdadel-
yha 3 THs § 6.1 16 oivorov QF = Q — {0} elvan dpds cos Tpos TV TOAAATAGGIOTUOY.

2. ‘Opoiws T6 olvohov R T@dv trpaypaTikéy &pifpdy elvar odpa g mpos THy Tpoo-
Beowv kai TOv ToAhamhaociaoudy (Siati;).

3. To civohov Z Téw dxepaicov apibpédy Bév elvan odpa (ds Tpds ThH Tpdabecv kai
Tov TToAAamAaotaoudy), 51611, & kad To Z eiver dvmipeTabeTikds BakTihos. TMapaberyua
1 Tiis § 6.1), 70 Z'=2Z — {0} Bt eiven dpas s mwpds Tov TorhamAaciacpov kad Soov
Stv UTapye, fv yével, & dvTioTpogos fvos dkepaiou fv Z Y. ToU 2.

8.2 Boowko Becopipata ini tdv copdtov. "Av E clven & odpa s wpos
1&g TpdEes + kad -, TOTE foxUowr T& xaTd

1. "Oda 1o Deeodjpata Tof daxtvAlon o5 Toog TS npaleg + rai - (§7.2).

A<y ; ok e b ™
2. "Oha 1 Deooijpate Tijg Spddog B T005 TV zoab - (§6.2) pé vy aoov-

adleay dre T aTotyeia dvijxovy els To E¥ = E—1{0}, ogiady eivar 0.

3.afp=0 <= =04 p=0.
Mpdypar () =0 = a=017 P=0, 51611 &p’ &vds pev

(@B=0 xaia #0) - —(B)=0 = (- )P=0=1p=0 = p=0,

&p' Erépou B¢ (afp =0 kal B # 0) = a=0 (Biati;).
(i) (=07 p=0) = ap =0,
Biom: a=0=cp=0p=0
B=0=op=ad=0.

8.3 Awretaypévov odpe. "Eotwoay 16 odpa R Ty mparypotikéy apib-
wGsv (dog Trpos Tas mpdes Ths Tpooboews kal ToU moMAamAaoiaouoy) kol
16 UmooUvordy Tou R T BeTikGv TpaypaTikéyv dpi@udv. Qs yvwoTov
ioyUowy :

(i) A& kéBe xeR loyUs arpiPdds pia ek TV k&Twd cuvbnkdv

x=0 1 xeR+* 1 —xeRf
(i1) xeR o R
yeR+ = (x +v)eR* kai (xy)eR™,
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BnAadn) 1O R elvan kAeiotov s mpos Ty mpdabeotv kal Tév ToAAaTrAactacpdy.

ZpaTo puE TAs GUaTEp IB16TNTOS TOU owiaTos R T&w TPAYPATIKEDY &pi-
Budv yapakTtnpilovtar 81& ToU &pov darerayuiva oduara. "AkpiPéoTepor Ev
o@ha E (dg mpods Tos mpdtels + kai ) kehelTaw dliedic dwatetayudvor f ko
AMAGS dtatetaypdror TOTE Kol povov TOTE, &v Umdpxn €v YmooUvorov E Tou-
TOU ToloUTOV, (oTE v& foyxUouv :

(1) A kéle xcE loyUer dxpifdds pla ék TéV x&Twb ouvBnkév :

¥ =0 ff xeE* f —xeE*
(i) xek!
yeE+

T& oTtoixeio Tou B koAouvran Oetexd arocyeic oG BiaTeTarypévou  ocs-

patos E ta 8¢ duTifeTar TOUTOWY dovyTixd.

} > (x + v)eE+ kal (xv)eE"

NMapaderype @ Extés Tou owpatos R Tév mpaysarikév &piBudy kod To odpe
Q T&v pnTdV dpiBpdv eiven BrateTayuévor, 8101 Bid TS UmoouvoAdy Tou Q' TéV Betikadv
pNT&Y foxdouv :
(i) Ara kaBe pnTov apifpor X ioxUer Gkpipdds pia ék TdY Kk&TWH ouvBnKdy :
x=0 1 xeQ' fj -xeQ
(ii) xeQ

veQ | (x + y)eQ" kai (xy)eQ'.

Alatoiic kol dwatetaypévoy abpa. "Av Ev ohupa E givan SiareTorypévon i
oUvohov BeTikdy oToiyeicv TO B, ToTE SpileTon eis TO E xal pia SAiky Sidratis
-2 81 TOU TUTTOU :

%2y (y—agCEt =FEraul 07F.
Mpéypat
(A)  x = x, &iom (x—x) =0ek,".
(A—Z) "Av x <y kol y == X, TOTE X =Y,
Sidm, v x #y, 1ot [(y—x)eE,t xai (x—-y)EE,t] = [(v— X)EE+ kal
(x —y)cE ], 1 &motov dvrikertar gls v owbikny (i) Tol Slaretayuévou G-
paTOS.

(M) "Av x -2 vy kod v -4 %, TOTE Kol X ¢ 7,

5161 &g’ Evog pév Sidx x =¥ A v =2 Touto elvan Trpogaves, &g’ ETépou Bt Bik
X #y kai y # z Exouev

(x 2y Kkaiy= 2) = [(y —x)eE' kai (z —y)eE+],
16 omoiov, Adyw Tiis cuvlhrng (ii) TOU BIaTETayBEVOU TOuaTos, ouveTdyeTan
6T (y —x) + (z—y) =(z—x)EE", dpa xai (z —x)eEy", Bnhadh x < z.

Eis T Siametayuévor odua R Tév mpoaypatikdy doibpdv m.x., i Sidratis
< OpileTan Umd TOU TUTIOU !

C <y = (y—xER,"

9%, YYMITAHPOMATIKAL ENNOIALI KAI E@APMOI'AL

9.1 "0 dukthhiog @V mpuypuTik®V  cuveptioiov. "EoTtw 7 — F(A, R)
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76 oUvohov SAwv TEOV TPOYUOTIKGDY CUVOPTNHOEWY e Kowov ediov Opiopou
& uf kevow olvorov A. "Av a elven els TporyHaTIKOS apl@uog, TOTE THY OUVAPTTN-
ow, | émola drmekoviler kéBe xEA els Tov &piBudy o, ouuPohilopey TEAW pE a
Kol Adyopey, Tpos Bidkpioiv &mo ToU &pibuol a, ) oraliesd ovvderyos o (€
ToU A). OUTw T.y. yphpovtes Se.# tvwoouper 81 fi oTafepd guvdpTnots 5 (¢
Tou A) dunkel els TO oUvolov F.

O& bpicwuey kaTwTépw Em ToU F Buo (EowTepikds) Tpdtels, THY TTpOC-
feow kol TOV TOAAGTTAGCIXTUOV.

Npoobeorc. "Av | kai g elven Blo TuySVTa oToiyeia Tou .7, EnAadi) BUo
ouvapTNoEs, TOTE B1& TOU TUTOU :

s(x) = 1(x) + g(0)
SpileTan pla véo TporypaTiky ouvdpTnols s pe eSiov dpioHoU TO A, Snhabi)
seF. Thy owdptnow aUtiy kehoUpey dootopa tév [ kal g kal T oupPohi-
lopev pt [+ g, ATor s =1+ g

‘H oUrws oprofeioa émi Tou F# wpdlis -+ Tiis TpooBioews TATPOT T K&~
Toobh :

1. Evar avperalerin), 816m, & s’ =g+ f, Tote 8& eivon

5(3) = 16 + £() = 86 + 109 =5 () ¥ xeA.
*Apa s = s', dnhab)

(A) f+g=g+ T

2. Elvae nooseraporon), B1om, &vs =+ g) + h ke s" =4 (g + h),
ToTE B €elven

S(x) = (4 () + h(x) = (1) + 2(x)) + h(x) = 1(x) + (5(x) + h(x))

=I(x) + (g +h)(x) =s'(x) V¥ x€A.
"Apa s =s', Bniabn

(TT) (I+g+h=I+(g+h)

3. Yadoyet obdétepor otoryeion Tijs moooléoems xal elvae Toito 1f atalend
ovrdotyag 0 (énl Tod A), 81T

(+0)(x) = (x) +0=I(x) ¥ xeA,
&pa, Adyw ked Ths dvTineTadeTikdTnTOS TiiS TPOTHEoELs,

(@) e [+0=0+4+T=I[ ¥ [eF.

4. M wdle (€7 dmdoyer dvrilievos  avvdotyo =1 (ooupetosor aroggeior
1ie [ g woog Ty medolesn) xal elvar aiity ) oovdgryms, ¥ éaola 16 XEA dvri-
ototyiCer els o —I(X), onladi)

(= D) =—[{x) ¥V xeA.
MpaypoaTt
[(x) + (— D) = 1(x) + (= 1(x) ) = I(x) = [(x) =0 ¥ x€eA,
&pa, Adyw kai Ths dvripeTaleTikOTNTOS TS Tpooioecs,

o) [+ (=D=(D+I1=0 V7
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*Ex 16w dveoTépw ouvdryetal Aotrov 611 (TTpPA. § 6.1): 16 advolov F Giww
TOY TOWPHATIHOY TOVAOTITEOY [LE zowor aedlov dotapot &y alvolov A elva pla
avripeTalleTioy Guig G¢ mpog Ty Todsn + Tig ooaliiaems.

[okhanhactaopdg. ‘Ouoiws opilouey TO yurduevor Ths ouvapTioews [e#
¢l Ty owépTtnow ge#, dg THY guwépTnow p THy opilopévny IO ToU TUTrou:
pCO) = 1) - ().

Tattny oupPohilouey pé 1. g, figoy pr=il= g

‘H oUtws dpiodeica €l Tou .# mpdlis - ToU aoilariaciacuot elven, dos
eUKOAWS  OUVAYETAL, T TaleTix], A0oET@maTn) K Empeotatin) s mog
iy mpoolean, nAabn ioylouy :

(A) lo = gf
an (fg)h = f(gh)
(E) f(g + h) = lg + fh.

"Qore harmov (TMpPA. § 7.1) w0 atvodor F dlen viw apaypatixdy ovvaor)-
; g et S : %
geow pé zowoy medloy Gaiopot v oivoior A elvar avtipetaletins daxtiiios g

nndg Tag mpalels + xal .

Hapatpiioeis :
1. "Emaidh 16 # elvan opds s mpos Thy wpdobeaw, dpiletan Emopéves xal i mpdkis
ouvtifiws Bid Tou TUTOU
f—g=1+(—g)
2. 70 duxrihaz F Eyec povdda, Snhabi Utrdpyer oUBETepov aToryeiov ToU ToAAaTTAG-
claopoU kal pdAioTa TouTo Eivat ) otabepd owvdpTnots 1, 81T Bix Tuyeloav ouvdpTnow

THS apaioliaem: Em TOU F 6

fe# loyie
fool = 1f(x)y = f(x) W xeA.
"Apa "
fl=1f= W feF. ;
3. "Av f even pia ouvdpTnos gs 10 F 7= F — {0}, T6Te ut = oupPohifoney ThHY
owvdpTnoiv ThHy oplouévny Yo Tou TUTTOU
1 1
F0 = -

1 ! i rie : cri A, Sl
‘H ouvépTnols £ Bév Guriker dv yEvel ElS TO S, Siomt altn éxer mebiov Opiopou TO oUvodov

= { xeA : f(x)#0 }, TO dmoiov glvar Urooivohov ToU A. "Av Spas B =A, Snhabdh f(x) #£0,
1

W xeA, ToTE 1) oUVdpTnOIS f.-e.f‘ kal elvon TO guppeTpikoy oToryelov Tiis  dog TRoS

THv Tpdlw Tou sroMahaoiacior, B16T d’ tvos utv
1 L
— = = [(x)="1 X€A,
P (x) f(x) %) x) VX

dnhabn

1
—[=f = 5
f

—| -
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&o’ ETépou Bt v g elven ETiang ouppeTpIKOY oTotxeiov Tiis f, ToTe fg = 1, EnAadny

f(x)g(x) =1 % xeA kal tmopéves g(x}:l%c-) VoxeA.

; 1
AP =

4. 0 daxridos F Oy elvar adpa (Gs Twpds T Tpdlers + xai - ) BidT TO F* =
F = {0} Biv elvan Spas dog Tpds ToW ToAAaTTAagIxoPdY, Kab® doov Biv UTTApYEL €V YEVEl CUpME-
TPIKOV oToIXEiov 5 Tpds Tov ToAAGTAGC 1oAY, X B1& Ty owvapTnow feF*, 4 dmoia lg
& dpiopévor X, A AapPdvel THy Tipdw 0, v B1a kdBe xEA Brdgopov Tou X, AapBdvel THY TIUAV 5.

9.2 "0 daxtiliog 1@V moOlvOVOPIK@Y cuvaptijocmy. Mia  TperypaTixn
owdpTNOIS P WIS TPaYPaTIKTS peToPAnTiis S18ouévn &1° fvds TUTOU Tiig HopPiis
PX) = ax + oy X1 4 L a4 o,

Smou oy, oy, . . -,y Elven TpoypaTikol &piBuoi, kedeiTan TOIVOVOIIRY  Toveo-
THoLS WSS TPOyMaTIKAS peTaPAnTHS.

Té olvorov #, Shcov TéW TTOAVWIUMIKGY GUVapThoEwy ds TRAY HXTL-
kfis ueTaPAnTiis eivan mpogawdds UmooUvodov ToU cuvdou F — F(R, R) 6Awv
TGV TpayuaTik®Y ouapTrhosy pé Tedlov dpiopol Té olvohov R Téw eles
yHaTikéy &piBudy. ‘H mpdabeois kal 6 moAamAaciaouds Emi ToU .Z eivon Tp&-
teis kAewoTal el TO UmooUvolov F, TGV TOAUWYULIKEY cwapThoewy, B14TI,
@5 elval yvwoTtdy, Téoov To &dpoioua doov kal To YWSUEVoY BU0 TOAUWYULIKGY
guvapThgEwy eival érions ToAuwvuMIKY ouvdpTnals.

To oUdtrepov artoiyeiov Tis Tpoobioews, BnAadn 7 otabep& owvdpTnoig
0, cos emiong kai To oUbéTepov aToIyETOV TOU ToARaTAaoiaopol, SnAodh f oTo-
Oepd ouvdpTnols 1, elvan ToAuwvupikal owvapTnoess, fitor 0.7, kai le#, . *Emi-
omns, N cvTifeTos ouvdpTnols — p PSS TTOAVWVURIKTS awvapTriosws p elvar kad
QaUTT) TOAVWIUUIKT) ouvdpTnois.

"Ex Tév dvwTépw mpokUTrTEl 6T1 £ls TO UtrooUvoAor F TGV TTOAUWWILIL-
K& owapTiaewy TAnpoUvTar Shal ai {816TNTes THs TpooBéoecs - kol Tol
moAAGTTAGG T oL + Tfis Tponyouusrns § 9.1. ‘Emoptves: Ti aivoior F, G
TV TOAOVOUIDY GUPAOTITEDY s TOAYRATIHIS ueTafiinric eivae el artipe-
talletixog duxridog tg woos Ty aodolleow xal Tov rolkamhaciacuor xal pdiiora
6 daxtiiiog oftog Eyer povada. TE oupmépacua ToUTto ekppadopey Abyovrtes 6T
TO oUvohov F, TGV TOAVWVULIKGY ouvapThoewy dmotehel Eva SuTipeTaBeTI-
KOV dmodaxtidior Tou BakTUAou # TV TRy uaTIKGY ouvapThotwy, & Omoi-
05 £¥el povdda.

9.3 To odpe t@v pntdv ovvaptijccov. Mia TPAYHATIKT TUVAPTNOIS T
wds TpaypaTikis petaPAnTis Bi8ouévn B’ Evds TUTTOU Tfis nopefis

=18

émou p kal q elval ToAvwvuikal cuvapTHGEls wds mwpaypaTixiis peTaPANTHS
ueé Thy q Bidgopov Tiis oTabepds owvapTricews 0, Kaheiton gyri) curdeTyois

42

WYnoionoiOrke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkrg



Wds TpaypaTIkiis PETaPANTHS, ouuPoriletan B kol pé f—;, fiToL 1 = -[-]'

Al ToAvwvupikai ouvapTnoEs elven kal pnTal, 81611, Qs TpoKUTITEL dpé-
ows ék TOU GvewTépw OpIoHOU THS pNTRS cruvcxp'rr']crecog, ) TTOAVGWVURIKT) ouvép-
TNoIS p OUPTTTEL pE THY pNTAY ouvdpTnow --. "QoTe 16 clvodov F, TGV

TOAVEVURIKGY ouvapTnotwy elva \JTroe:L':uo?\ou Tou owdiou F, T&W pnTHY
CUVOPTTCEWV.

"As Becopfiowpey TWPA TES PNTAs CUVOPTNAOELS 11, Iy, Ty TGS S18opévas du-
TIOTOIY WS UTTO TGV TUTTWY :

n( = “A2EL =2t neo=

: X — 1
Té mebia dpiopoy TGV owvapThioewy auTédy elvan duTioToiyws
F(r) =R, “)=R—{01}, 2@m)=R-{1)
Al T&g SUVEPTHOEIS Iy Kl Iy TrapaTnpoupey 6T els T Topny “(r) N%(r,) =
=R —-{0,1} T&v medicov SpiopoU Twv ouumiTTouy, Sniabh loyie

r(x) = _1 =ry(x) ¥ xeR—-{0,1}

5]
7 icoduvdpws :
x(x— D=102~x) ¥ xeR.

TouTo ékppdlopey AbyovTes OTI ai pryTal ouvapThoels 1, kad 1y elvan icoddvagol
N o Mevikéds, &v r= % kel = % elvon Tuyouoal pnTal ouvapTiosls,
O& Adywpev 611 alTal eival ioa kol & ypagwpey r =1’ TOTe kai povov TOTE,
&v ioyUn pq' =p'q, fToL *

JRE R .L <~ pq =7pq.

q q upo
OUtewo .., ¢ eidouey QueTepw, Iy = Iy, £ avTiféTows, G eUkdAws SlamioTou-
TeH,, T 52 T Kl T =0

"Avertépes iSopey 611 Ta Tebla dpiopoU TGV pNTOY auvapTAoEwy Iyt

Kai 1y elvan BiagopeTikd, &nhadn ai pnTai ouvapTioels Bév Exour kowdy TeSioy
dpiopoy, s oupPaivel Sia Ta TeAvwrupikas ouvapThoels. ‘Etropévcs 8iv Suvd-
ueBa v Becopriowpey T oUvorov F, TG onNTEY oUVaPTNHCEWY G5 UTTooUvoiow
ToU ouvdhou F TéW TPXYHATIKEY OWapTNoEwy Ut k&Tolo (ovykexpipévov)
Kowoy TeSiov Splopol Kad KaTd CUVETTEIOW Bév Suvapeba va Oplowpey THY Tpdo-
Beow kol TOV TroAAaTAaoopoy el ToU F, @5 Gploauey aUTas s THY § 9.1
B ToU guvdhou Z. Al mrpdlers adTan SpilovTan i ToU F, dos &k ¢

) o =t p D 3 :
Mposheors. " Alooiopa dUo pNTWY CUVARTIOEWY TKGI}T— koAeiTon 1
i 1

Pz + P2 Aron
N2
Pi . Pa __ PaGe: T Palh

0 qa 9142

pnTh tmions ocuvapTnols
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‘H olreos dproBeioa mpdkis Tiis agostévenms #ml Tol F, TANpoT T& kaTwdi

’ . » . D ~
1. Eivar avrperaletoa), 810T1, Qv ry = Pooi =22 v Tuyoloa
4 G LH

pnTal cuvapThaels, O Exconey
P1 Pr _ P2+ P _ Pedit P9 _ P2 ik P

— = H

E q. 0192 Q2T qs qu
fiTot
rp+r,="=ry+ 7.

2. Evar mpooetawtatin, 810711, &uv 1 = %, o8 =—%’ Kal ry = g” elvea
= A i o 1 2 3
TUyolUoal pnTal ouvapTrioes, B& Exwuey
(_n._ g i Pan s D Gk Palr o Par B (P P L PO L ol (S P P
q, Ja } s T2 Ty 129
Pideds + (Pals + Pad2) Ty _ Po Pads + Pads _ Pu 4 (P2 QJ_)
= s !
194 T J24s Ty qz qa

fiTol
(ry+r) +ra=r+ @+ r3).

3. “Yadpyer 10 0ddéreoor orovgeiov Tijs mpooflédems xal eivar ToiTo 7] 0T
Oepct ovvdoryais 0 (07, s ToAUGYUPIKT owdépTnols), Bi1oT, Bix TuyoUoo

A ’ ) 3 ’
pPNTAV CUVEPTToY r::T, oy el

-

P Sl el B T ]
i R e e
&pa, Aoyew kai THs dvmipeTadetikdTnTos Ths Tpoolioews,
(©) r+0=0+r=r ¥ re¥F,
4. Awa zdfe onuipy ovvdptnow T = % vadoyer avtiletos oyt ovvdotnoeg

o — P .
—T xal ebvat afity 1) —ql—, dioT

: P el pASRDIT . D
l+(—r)_-q_+T_ q‘l 7(12‘01
&pa, Adyw Kol THS duTipeTaBeTIkGTNTOS TiiS TPOTETEWS,
(%) r+(—0)=(r)+r=0 ¥ reF,

*Ex 6w dnépod owvdeyetar Aoimov 81t (TTpPA. § 6.1) 16 advodov F,, Taw
ONTOY GUVAOTHGEWY JLAS TOAYUATIHI]G peraflntic ebvar pla dvripetalleting duag
@ Fodg Ty mpatw + Tijs meoobéaems. 3
P

Molhanhasraspog. [nduevor 800 pNTEOY oUVEPTToEWY ? kol —& koAeiTal
T qQa
A pnTh é&wions ouvdpTnals 2—‘-2‘-‘-, fiTo!
142
Pai Pac PaDsh
q1 Qa 10192

*H oUtws dpiofeioa émri Tou #, pdkis - Tou ToAAaTAaciaouou elval, cos
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gUKOAWS ouvdyeTal, arTiuetaletix, TOOTETAIPIOTING  KOL EMUEPLITN ()G TOOS

iy modalicory, BnAadh Bi& TuoUoas PTITAS GUVOPTTTEIS Ty, Ty, Ty loxUow :

(A) Pyl = IyT
m (ryr,)ry = ry(rary)
(B) ry(r; + r,) = rpry + Ml

“Qore Aorrov (TTpPA. § 7.1) 10 advaldov F, Tdw onTidy TUYAOTHOEMY (LGS
Foayuatieis peTapiyTig elvar avripetalletizog daxtdlioc (g moog Tag mpdEews + xal .
oay, /

Emri TrAéov TrapaTnpolUuey ST

Vodoyer T obdéTenor atorgeior 100 Rollaviactaciod (novig) xal elvat

roto 1) araleod cuvdotyms 1 (1EF, 6 TOAVWYULIK oUEPTNTTS), 810, S

~ \ . ) » ‘
TuyoUoav pnTHY GUUSPTNOW T :f—{ , loyue
1 >
rl = li]_ :4—}‘ -:-.-l—-:r'J
q 1 q q
&pa, Adyw xai Tifs dvTipeTafeTIKOTNTOS TOU TTOAMOTTAQTIOTHOU,
rl=1lr=r ¥ re#,
At 7 -, i
2. e wdfle oy GordoTya 1= !T dudgooor  Tijg  atalleods  ovraotij-
= - ; il ]
GEMS 0, .‘)J,‘/‘.;!r\)‘f |\,,,/‘|.* = F,— 1 0 : VAUGLEL OV TOIROY GTOLYELOY '[.' ”r); JT("‘”-:

s 5 i . w = . \ ol .
Tlh’ TOLAUTTALTHLT ROV xal elval TOUTO 1 ONT) FUVAOTHOLIG T'- . 81071

1 P ey P B . 1 =1,

r E T W X };_ = an T pg 1

&pa, Adye Kol Tiis GVTINeTafETIKOTNTOS TOU ToAAaTTACC IO NOU,

plos dp 10 ceidd =y (0]
T i
" v v Fi ’7*__ .“_(01.', s el ) L R -
QoTe AoImtdv 10 aiveioy Fp* = Fp— {0y eivar opug o5 ap05 THv modlda-

ahamiaauor ki Emropévas (TTpPA. § 8.1) o alvadov F, Shov Tav onTOY Guvaot)-
Gemy uids moapnatis werafiytis dnotedel  o@pa Gg w05 TAS modEe Tije

aouclioens #al Tob mollaTiactacpor.

9.4 AlavuopaTikog YOpPos. ‘(s ciBopev, TOoOV Eis THY WepiTTwow ToOU
SaxTuliou dcov Kal TOU TgwHATOS, opilovTan Buo mpdters 4 kol - &updTEPOL e~
Tepuzai. Elg Ta MabnpaTtix Suws TapovoidlovTal ouxvd kal olvoha épwdia-
outve pé plav famteptxy TPALW + kol piow £8wreoizny wpdkw - . TLy. émi o0 ou-
vohou SAwv T@r drarvaudtoy oD Fthoow  ExouV op1ofi) 1) EowTepikn TpaLls Ti
apoaliioemg kai 1 tEeoTepIKT) Tou -m?f.a*rﬂ.amurrym» ént aplfpov (TTpPA. Topdder-
yua 1, § 4.2). Qs elven yuwcr‘rov ék TGV paBnudmev Tponyouktvey Tétewy Bk

TUXOVTa BlovUopoTa V, \’1. V:, V:; K&l TUXOVTOS TIPOyPaTiKoUs dpifiuols A,

{foyvouv :

45

WnopionoiOrke amo 1o ivotirouto EknaibeuTikrg MoAmkrg



e wainia Voo bl a \
aoalleas TOLLCATTAQGLAGHOS ETTL ulelnm'

i R R Bt
Y+ V=V, +V, AV, 4+ Vo) =AV, +AV,
o e = N S e o
Vi+ Vet V=4V +V | G+ 0V =2AV4u
V40=0+V=V AWV = AV

—a —_— - —>  —
V4+(=V)=-V)+V=0 1V =V.
(SvTipeTaBeTikn) Opds) ‘
*Etrions &1l ToU oUvGAoU F, TV TIOAUWVURIKGY CUUapTNOEwY, £KTOS TS
(towTepikiis) Tpdkews THs mooalifoemg, BlvaTanr va Opiabf kai pia EfcoTepi
mpakis, 0 mollaniactaopuis énl dolucy, s Efs 1 &y p o elvon plo TTOAVWVUMIKT

owdpTnols  pE plx) = ox’ + o x4 L 4 aX + o kol AER, TOTE yivi-
wevoy Tije P i tov ooy A KOAEITOL T) TOAUGVULIKY ouvdpTnots (| 1) Bi5opévn
Umd ToU TUTou q(x) = (Aat)x¥ + (hery OxY' 4 L. 4 (Agy), fiTol = Ap.

Mapoatnpolpey ko gis THY TepiTTwow TauTny ToU owwdrou #, &Ti, 61
TUXOUGES TTOAVGUVUHIKGS CUVOPTNTELS ), Py, Py g KO TUXOVTOS TTPOry BOTIKOUS
&pifpous A,p ioyxvouv :

aocollenig noidanliaciacuos Exl dollpdy
PrtP2=pPet | Alpy + po) = Ap1 + Ape
PutpytP) = (pat Pt Pa | A+ Wp=2p - pp
p+0=0+p=p | Mup) = (wp
p+(=p=(p)+p=0 | Ip=p

Al pév iB16TnTes THjs TrpooBécews elvan dpeoos auvéTele ToU 6T, G eiBopey
gis THy § 9.2, 10 #, elvon duTipeTedeTik) Spds dis PO TNV Tpoodeow, ai 5¢
1514 Tes TOU TTOAAATACGINOMOU i &pIBRdY guvdyovTal eUKOAWS &K TOU OpIoHoU
Ths tEwTepikiis TaUTns TrpdEecs.

T& dvwTépw oUvoha, TGV SLOVUORETWY TOU XWPOU Kai TV TOAUWVUNI-
K&V ouvapThoEwy Was TpayuaTikiis ueTaPAnTiis, €is T& Omole, s eibopey, ai
mpaters THS Tpoobicews Kol ToU ToAAamAaolaopoU el &plBpdy Eyxouv kotds
B1oTNTas s GveoTépw, dvopddovTan dtarvauutizel yieor. 'Emions mapornpou-
pev &11 &v Ta Al TeplopioBouy eis TO odpa Q Tév pnTdy GpiBudy, ToTe ai dvw-
tpoo 1816 TEs TOU oA aTAGGICoHoU ETT &pifucy BratnpouvTan. TTpos Bidkpiow
Tou &v T& X,p fecopouvTan eis TO adpa Q Tév prtdy dpiBudv f els T6 odpa R
TGV POy BaTIKGY &pIBuGY, Aéyouey K. 6T1 TO gUvorov Fr Tév moAuwvupikdy
ouvapTNoEWY Elval Els darvaatieds ydoos DTeodvn TOD G0OUATOS Qf 10 Fi
elvan €l dunvopatizis yhoos Daeodrn Tob aoparos R.

Tevikdds, &v A elvan Ev odpa (s Tpos Tas mpdtes Tis Tpoobioewds kol Tou
moAAaTAaoiaopol) kai E elven v prfy kevdv ouvorov tpwdiaopévov pé Suo Tpd-
teig, plow towTepikny TNV moodoleoty ko pioy EEwTepIkNY TOV moAlexluctacuoy
gl orovyeion or A\, 8& Mywpev 6T o E eivar eic Marvapatizoc ymoos Tep-
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dver 7ot odparos A TETE kol povov TETe, &v TO E elvon dvriueralerin) duds
s mods Ty modaleary kad Bid kdle x, v v E wed Ap év A loyUowy :

AMx +y) =Ax + Ay
(A + p)x = Ax + px
A(ux) = (Ap)x

Ix =x.

100 AZKHZIEIX

10.1 EGpete T&s dvakhaoTikes, CUMPETPIKGS, QUTICUPPETPIKGS Kol MeTaPaTikGs OXé-
oerg 0 : R —> R, ai omoian dpifovran ¥me v :

Iy x*—y2=0 ) xt4yr=1 Nx+ys<0

4) X* -y = mwoA. 10 5 xy =0 6) x*—xy < 0.

Toian &k Tdv dvwTépw oytoewv elvon icobuvapiar;

10.2 Acitare 671 7) iodTns els év oUvodov E elvan 1y povn oyéos, 1 dmoia elven TOUTOXPS-
Vs GVaKAQOTIKY, OUPMETPIKT Kol GQUTICURHETPIKT.

10.3 "Eorwoav pio edela D kol &v onueiov P airiis. "EE dpiopod Aéyopev 811 16 on-
ueiov AeD-{ P } ebpioketan els Tiy oxéow o pi 10 onpeiov BeD—{ P } té1e kai pévov TéTE,
av 1o P &év keiton i ToU eUBuypdupou TpfHpatos AB, fitor

AcB <= ABN{P}= .
Aeitare 611 1) oxtos o elven pia icoBuvapia ked EUpETE T oUvohov TnAikov (D—{ P D/o.

10.4 "Eorwoav émimebov E ko edfeia D avrou. *EE opiopol Aéyopsy 6T1 T onueiov
A€E-D eUpioxetan €is THy oyéow o pé To onpeiov BEE—D 1é71e kal pdvov Té1E, &V TO £UBU-
Ypaupov Tufjua AB Bév Tépver i edfeiav D, fitor

AgB <= ABNnD= @.
Acifate 611 7y oxéors o elvar pla iooBuvapic kai ebpete 1O olvolov TnAikov (E—D)fo.

10.5 "Eotwoov E, kai E, 5Uo Tepvdpeva émimeda. *EE opiopolU Aédyopev STi TS onueiov
Ae(E,UE,)*" ebpioketan els THv oxtow o pé 1o onueiov Be(E,UE,)® ToTe kal pdvov 1éTe, &v Td
eUBUypapuoy Tufipa AB Biv Téwer Ta Emimebo E, kai E,, fiTor

AoB <> ABn (E,UE,) = @.
Acitare 671 1) oxéois o elvan pia fooBuvapia o elipete TO oUvorov TRAikoy (E,wEy)¢/o.

10.6 "Eotwoav ¢mrimedov E xai onueiov P avtol. 'EE Spropou Aéyoper 8Tt TO onueiov
AeE—{ P } eUpioxetar els THy oytow o pt 1o onueiov Beb—{ P } TéTe kai pdvov TéTe, dv T
onpeia P, A, B xeivron émi eUBeios.

Acitate 511 1) oyéols o elvan pia looduvapia kel eUpeTe T& guvolov nAikov (E—{ P }) [o.

10.7 "Eorw ebfeia D. "EE dprouol Aéyopev &t TUXov anueiov uf keipevov Emri Tiis D
eUpiokeTan els THy oxéow o pé onueiov B un keipevov Erions éml Tis D TéTe kal pévov ToTE,
Gu ) evBela D kod T onueia A, B keivtan ¢l Tol adTol EmITESov.

Acitate 671 ) oxéais o elvon pia foobuvapia kai elpeTe 1O olwvohov mrmhAikov D¢/o.

10.8 "EoToo €els 10 oUvodov ZX(Z—{ 0 }) /| axéors o, | émroia &pileTan 4Trd TOU TUTOU

(e,B)o(a',p) <= ap’ = «'p.
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Aeltoare 811 1) oxtos o elvar pla looBuvapia kai elpete Tas KAdoes loobuvapios TV
otoixelewov (1,3), (0,7), (-5, 8), (2,4 xal (3,-2).

10.9 Aeitate 6T :

1) f| oxtors = els 10 R elven pia OAikd) drdratis.

2) 1 oxtois 2 Tou UTrepouvdrov el TO P(Q) (Stav To Q Exn TouAdyioTov duo oTol-
¥eto) elvon pla pepikny Bidratis.

10.10 AeitaTe 611, dv — elvan pia Bidralis el v ovvohov E, TéTe B1x Tou TUTTOU
Xy <> y-2x
opileTon tmions pla Sidratis = eis 1O E kahouptvn dviseyy dudralis iz =2 .
*Erl rhéov Belfate 6T, Gv piv ) -2 elvan SAkn Sidtalis, TéTE Kal 1) Buikn Tng = elvan
¢mions OMikh) BikTalis, &v 8¢ ) — elvon pepikf) Sidtalis, TéTe kod 7y & elven émions HepikT
Siatalis. A Epapupoyifis ToUuTwy drodeifaTe £k véou THv Tponyoupévy &oknaw.

10.11 Eis 16 oUvorov C Ty pryadikdy &pbuddv épilopey TNy oxéow —2 s il :
"EoTtwoav 8Uo pryabikol &pifpol o + Pi kal y + 6i. Téte, qv pbv a < vy, ypdoouey
a+Pi<y+5i, &v Bt a=1y kal P < B, yphoopev érions o + Pi 2 y + Bi. ZuvTopws :
: a+Piy+8i <> a<yfi (x=y kai B < 8).

Aeifate &T1 1) oxéors aUTn elvan pla SAikn Sidratis els 16 olvorov C Tév pryadikédv
&p1Bpddy, 1) Omola kadeitan ownbuws Aefucoypague) dwurale es 1o C.

s
10.12 “Eotwoav of mwpdlers *, =, A, [] kal A €ls 1O glivorov N T&v quok@v &pib-

uév, al opifdpevan Ud TOY TUTTWY @

X*y=2x+y, xmy=x-+y, XAy=xy}, x(Jy=x—2y, xay= *3,-.-”;‘1
Molan &k Téwv dvwTépew Tpdlewy elvon Tpdters &l Tou N kai mwoian elvet pepikai mpd-

teig efs T N ;

10.13 “Eorwoav of mpétas % ,m, A,[] xala els 10 R, al dpifdpeven Umd Tév TUTWLY !
x#y=x+y+3 xmsy=xi+y? xAy=4y, x[Oy=x%y, X4y =x%>

Mot &k T@V dvwTépw Tpdiewy elvan KAeioTal gls To oUvolov A Tév dpTiwy dxepalowr;

10.14 TloToan &k Tév mpdlewv Tiis mponyoupévns dokfoews elvat
1) dvripetaberikad; 2) mpooeTaipioTikal; 3) dmpepioTiked s wpos THY Tpdobeow;
4) tmpepioTikal s Tpds TOV TOMATAGTIACRSY ;

10.15 Tloian éx Té&v mpdlewv Tis &oxfoews 10.13 Eyouv obbétepov oToryeiov; EUpete
&, g
T& OUMMEETPIKG OTOIXETX Q5 Tpods TS Twpdlers ToUTOS.

10.16 AcltaTe 8m1 T& ovoha R kai C, Tédv pryadikév apibuév Tiis nopeiis « + 0i
elven lobpopga Téoov g Tpos Tas Tpdters T Tmpoobéoews TpaypaTikddy &p1Budv xal Tiig
Tpocbioews Pryadikdy apiBudy, &oov kai Tpds Tas Tpdters ToU ToMAamAaoiacuol Tpay-
pocTikéy &p1Bp@y kal moAAaTAcoiaopol Hiyadikddy &p1fudy.

‘Opoiws Beifate 6T kal T& oUvora R kal C° 1év gavracTik@y &pibuddy, dnhadh Tov
pryadikéy &piBudv Tiis popefis 0 + ai, elven lodpopea s mpods Tas pdlers Tiig Tpoobioews
mTpaypaTikdy &piBudv kol Th mpoobioews pryoadikav apibpdov.

10.17 Aeitare &1 § wpdobeors Eml Tou Ny (Ng =N wu{0}) elvar mpooeTaipiomiki,
iyel ouBéTepov aToiyeiov TO 0, &AA& TO N, Btv eiven opds g Tpods THY Tpbobeav.
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10.18 AgifaTe o671 @

1) To ouvorov C Tév wmyobikdy &pdudwv eiven GumipetabeTikn Opds s TTPOS THV
Tpodobeaiv.

2) Té C'=C—{0} eivan dvmiperaBetivf ouds s mpds TOV TOANATTAQTIGTUOY.

3)* To C eivan dvmipetademikds SaktUhios €5 wpds Té&s mpdtes Tis wpoobéorws kad
TOU TTOAAGTTAGTIaC PoU.

4)% To C eivan odpo dos wpos Tés mpakers THS Trpoofécews kal ToU TOAAGTTAGGIGOHOU.

10.19* Acifore &1t 16 odpa C TéY pryadikdv &¢pbudv Sév elvan BiaTeTayutvor adpa.

10.20 ’Emri Tou owdrou Z(Q) (Q # @) Bewpotper Thv mpdlw T ThHY dpilopdvny Imod
Tou TUTOV A

A B=(A-Bu(B-A), B

f émola kahelTon avppueton) dagood.
Aeitore 611 :

1) To #(Q) elven dvmiperaletiki duds o mpds THY
ouppeTpikiy Siagopdv, fTor

(A) A+B=8B+A

(m A+(B N =(A+B)+T

(0) At @=0+A=0 ALE
[3) A+ A=

2)* To 2(Q) eivan dvripetabeikes Saxtihios s pds Tas mpdkers + ked M.
3)E "Av 16 Q Eyn TouAdyioTov BUo oToEi, Té1e 1O Z(Q) Bbv elvon odua dx TPoS
Tag wpdleas + kol N,

10.21* "EoTtwoay 16 guvohov F = F(A, R) Tdv mpaypaTikédy ouvapTiioewy pé xoi-
vov ebiov dpiouou TO olvohov A kai ol wpdtes TTis Tpoobicews (EowTepikn) Eml ToU F xkal
Tol TroAAamAcoiaouol i TpaypaTikoy &pibudy (EwTepikn), ds aUta dpichnoav dvTi-
oTolyes els THY § 9.1 xal els 16 mapdderyna 2 T §4.2. Acitare 611 10 ouvohov F (s TPOS
Tés mpdlels TaUTas) elvan els avuopaTikds ¥&pos Umepdvw Tou owpatos R T&Y Tpaypa-
TGV &p1fuddv.

‘Efetdoare iBiautépes Tag mepiwraoes, dwou A= { 1,2}, A={1,2,3} kol A=
=T
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MEPDOE AEYTEPON

STOIXEIA MAGHMATIKHZ ANAAYZIEQZ
B. ITAIKOY

KEGAANAION Il

MEAETH ZYNAPTHZIEQN

1. MONOTONOI ZYNAPTHZEIE

1.1 AbEovom kai gdivovsm cuveptijosis. ‘H ouvdpTnois ¢ pe @(x) =x3 Bio-
Tnpel Tpogavdds THY guokny SidTativ TGV Tparyua-
TIKGY &p1BuGY, SnAadn loyvel
X1 < Xy = X% <X = @) < 9(xy).
Mevikéds pia mwporypaTik) ouvdptnow [ pids
PHE) e TpaynaTikls HETaPANTHS BraTnpouod, 6g kal 1) 9,
oa | ' Thy guaikiy Bidralv TGV TpaypaTikéy &piBudy
S Iiz > KohelTan yoins atfovoa. "AxpiéoTepoy Bl uiav
cwéptnow [ : A 1> R ut A = R Spilopev :
/ ‘H owépTtnots [ kedeitan ypryoions atbovoa
5 TéTe kol povov TOTE, & Bik ke x,, X, v A foyun.
Xy 23 @iy=x* M X <xp = (%) < [(xy).
‘Ouoiws 1) owéptnols [ kodeiten yrnoiong
ghivovaa TOTe o pévov T, &v Bk kaBe x,, X, &v A foxin
@) X, < xp = (%) > 1(xy).
y My. 7 owdpTnots y ke w(x) =—x elven yvnoies
Sy pivouca ouvapTnols.
"Av ai (1), (2) dvtikaraoTafiov dvTioTolyws
0x o TV
TR @) me=m = n) & fx)
i @) xm<xn = () > (),
B T&Te Aéyopey gis pdv Ty mepimTaaw Tis (17) 6T A
owdptnols | elvan atéovou, els &t ThHy mepimTwow
32 gry=-—x s (2) ém A [ elven ghivovoa, fiTol :
‘H ouvdprtnors [ koAeiton adbovoa TOTE Kai
poévov ToTE, &v B1d xdBe x,, x, &v A ioxum
X< X, = f(x) < I(xy).
‘H owvdptnois | kaheitan ghivovoa TOTE kal povov ToTE, dv i kdbe xy,
X, &v A foyun

X <X, = [(x) = 0(xy).
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*Emions Méyopsy $m pia ouvépTnots | eiven pvyolog povitovog TTE kol
novoy ToTE, dv ol elven yvnoiws altouca f) ynoiws phivouca. "AvTioToiyws
8¢ Aéyopev 611 1) [ elvan povdToveg, & altn elvan alfousa 1) gbivouoa. JANTeQ¥lod
Bnhcacoopey TO €105 T povoTovias WES CUVGPTHOEWS XPTCIHOTIOLOUNEY T K&-
Twh oUpPola :

[+ A A < [ elvan yumoiws altovoa
Py A 'y < I elvon ywnoiws ¢divouco
ft+t f [ A < [ ¢ alovoa
A f elvon gbivousa.

"Av f) owvdprnals | elvon oTadepd, dnradi kabe xEA ameikovileTon B1& Tiig
['els Tov adrov TpaypaTikoy dpifuoy T T adTd TO Tediov dplopou H(I) alTiig
elvon & povopehis oUvohov, TOTE, TPOPawds, 1 I eival TauToy pdvws autousa kel
9bivouoa. ‘AN kai dvmioTpdpws, &u f auvdpTnois felvan TauToxpodves ol
tovoa kai gBivousa B Exwpey B1d Xy, Xy &0 A (X # X)) 6T I(x) = f(xy), &n-
AoBty 811 [ elvan oralepd ouvdptnots. Tlpdypart Bix x; < x,, Exopey &g’ Evds
My f(x) < [(x,) (Giomf’), & drépou B I(x)) = f(x,) (Bromf ), fitan
[(x,) = 1(x,). ‘Opoics Bicx X, < %y, Exouev [(xy) < 1(x) (Brom [ 1) wed f(xy) 2 1(xy)
(81671 ), fitor méhw [(x,) = I(x)- “Qoe eBeiybn 6T :

1.1.1 “H owdoryors [1 A > R (A= R) elvar otalleod tdve xal pdvor tdte,
v ) | elyar Tavtoyodvos alfovaa xal glivovoa.
"As pEAETHICMEY TGP G5 TPdS TRV HovoToviaw THY TPy UATIKNY TUrép-
™Tow w pt w(x) = %, | &moix Tpo-
Pawdds Eyel Tebiov SpiopoU TO guUvOAoV
R—{0}. y
“Av BexBdupev 81 Ty ourdpTNOlS W
elvon glivousa, Bniadh 6Tt
X <X = w(X) 2 0(X),
TOTE B1dr x, = — 1, x, = | kaTaMyyouey eis
Todtomoy —1 = w(—1) = w(l) = 1. — - 4
‘Ouolws, dv BexBduey 611 1 w i- >
var aftouoa, Sniadr 411

i o

X Xy o) < e,
TOTE S x, = 1, X, = 2 KATOAT)YOHEV
? 1
s 1o & = < (2) =—. |
dromov 1 = (1) < w(2) = Xy 25 w1 y=—r

‘Qote ) owdptnots w BEv elvan
HovdTovos, TTapaTnpoUpey duws 61, & Tep1oploOidLEy 81 xy, X, &v (—o0,0), loyver
1 1
(3) Xp <Xy = (X)) = S = i w(xy),
fitor TAnpouTen 1 owbnkn yvnoiws ¢lolons ouvapTnoews &v (—wo,0) Aéyo-
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pev 8t els Y mepimToow Tadtny &1 1) ouvapTnals w elvar yvnateos gbivovox
&v (—w,0).

‘Opolws kol 51& Xy, X, &v (0, +w) loyver f (3) ke Aéyopev dvardyws 6TL 7
w elvan yvnolcws ¢bivousa év (0, +e).

Fevikéds, & 814 Thy owvdpTtnaw [ loxin 1 (2) Si& kdbe x,, x, &v B, dmou B
elvon &v pf) kevdy UrocUvodov ToU meSiou dprouol A alrfis, ToTe Aéyoper OTL 1
f elven  ywyalog ghivovon év B xal oupPodiZopev ToUTo pé f 3 B.

‘Opoioss Abyopey &1 f [ elvon yipolwe atéovoa év B, &v ) (1) foyin ik
K&BE Xy, X, &v B, G5 émions kel &1 Ay [ elven adéovaa év B fi glivovoa év B, &v 7y
(1) & (2) dvmioTolyes loxin Bi& ke Xy, X, &v B. Xpnopomoloupey 5 Tous oup-
Bohiowous {4 B, [1B kal f| B, iva SnAdowuer dvmioToiyws OTi 7 f elvaa
yimoiws attouca tv B, altovoa &v B kai gbivovoa év B.

Mly. f| ouwdprnois fuiTovoy, oUVTOWS T, elval ywnoiws outouoa

™ T 3 ; i . a3 . 5 2l o
& { S -2—] kol yvnoiws gbivouoa év [ o } [evikwTepov, QV K GKEPOIOS
foy Ve
™ T i % ™ s
T I[QKTT % 2K'rr+-2~] Kad nu*[QKTT-+-—2—,<2K-Jr])TF+E}-

1.2 To povétovov kai 1 oOvlcorg cuvvaptijoewv. ‘H mporyuaTikn CULGPTN-
o5 o pt o(x) = ax, 8mov a oTabepds TpayUaTIKGs EPIBLOS Biapopos Tou 0 elven
yvnolws povéTovos kai Ba-
AoTta Bid piv x > 0 elven
yl yvnolws altovoa, &10T1
\ X <Xy = 0¥ <O0Xp =
o(xy) < o(xy),
B 88 a < 0 elven ywnoios
Bivovoa, 516T1
X; < Xp = 0X; > OX, =
y=ax, a<0 o(x,) > o(xs).

“Hroy :

a>0 =o? F!<0:~cr?}

. lecopeTpIkES 1) owvdpTnols o TapioTaton Bid
y wids etBelas ds el T& oynuara 26 kai 27.
P S "As Becopriocopey Erions kol TNV TROYUATIKNY
gwdpTnow T pt T(x) =x + B, émou B oTodepds
TpaypaTiKOs &pibuds. ‘H ouvdpTnois T elvan yvmoios
¥ avtouoa, 810T1
/5 0 e e B LIRS () < T ()
Td Sidypaupe Tiis ouvopTroews T elval ) gd-
y=X+p (& >0) Beia ToU oyfjuaTos 28, f Siepxouévn Bix TGV on-

Zy. 28 peicov (— B, 0) kai (0, B).
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"Av Tdopa w = Too elvan 1) ouvdeois TV ouvapTroewy o kai T, SnAadh
N owdptnois 1| &idopévn Ud TOU TUTTOU
w(x) = 7(o(X)) = ox + P,
Smov a, B TpaypaTikol dpiBpol
MEa # 0, TOTE TEPATNPOUUEY y y
&1 loyvouy :

a>0=wt||lacd>w] e B| o
! o -
Bi6TL Bix piv o > 0, -4 ‘0 * 1 -ENE
Xy Xy = cxxl_g_ﬁ & ux2+|3 b
w(x,) < w(X,), @iy =ox + B, a>0 ©:y=ax+ P, a<0
Bi& 8 a < 0 Iy 29 (B>0) Sy 30 (B>0)
X <X, = ax+P>axy+ P = w(x) > (X

Td Bi&ypappa Ths ouvbBioews w Ty owvopThoewy o kal T elvar 1y edele
TV oxnudTwy 29 kai 30, 7 Biepxouévn Si& TV cmue{mv (— £ O) kai (0, B).

"EE Shcov TEV duwTépwy guvayouer OTL elg pév TN mepiTTewow o > 0 1) olv-
BE(li'lg w 'rr]g yvnotmg (IUEDUCIT}S OUVCIPTT]O‘EO)S o Kai 'TT]S éTrlc'T]g Yvno'lwg o:quuo'n;
UUUapTﬁcsws-T elvar Ouciws yvnoiws attovoa cuvdapTtnors, els 8¢ THv mepiTToow
¢ < 0 f olvBeois o Tis yvnolws ebivovons ouvepTioews o kai Tijs yvnoiws ad-
Bolons ouvapThoses T clvan yunaiws gbivousa ouvdptnois.

Fevikéys, &v g : A —> B, [: B 1> R elvar wpaypaTikai ouvaptioes (A,
B Umroouvora tou R), téTe dpileTal, s yveaTov, fi ovBeoisabtdv feg: A 1> R,
loxler 8¢ 16 kdTwd fecopnua.

1.2.1 O@EQPHMA. "Lotw dre ai ovvaptijoe g xal | elvar yyyolows  povi-
Tovor, Téte, dv pdv Guydtesorelvar 100 avtod eldovs povetoviag, 1 otvleats fog
abrdy elvar yyyolns abtovea ovvdpryow, dv 0f abtar elvar dtagopetinod eidovs
uovoroviag, ¥ otvleowg fog adraw elva yolos ghivovoa ovvdptyots. Axolfé-
OTegoy oyvovy Ta xdrwin :

a) 6 ] 2 fapd b 4 } o 8
1 21 1 21
; U T T T ==
:C) * }.—'» hg : d) f: }$ fog I
g3 =it | g+

A

g 3
*Anddetéig: a) X; < X L g(x) < g(xy) == r(g(“l)) < f(g(xs)), fiTor
X; < X, = fog(xl) < fog()(,_) "APCI fcg e

)
by x<xe B3 gx) < 80 e @G > glxa), fron
H<x, = fog(xl) > [og(xy). Apa fog 3.

D a BF oln) 0D ¥ g < fe(r), o

53

WYnogionoOrke amo 1o ivotirouto EknaiSeuTikrg MoAmkrg



Xy i, = I'w(\l} < fog(x,). "Apa fog .

g3 f:k
d) x,<x, = ”(‘1)-»’8(-\'2) = 1(g(x1)) > (e(x)), fitor
Xp <X, = "f'(‘(l) lc“-"(xu)' XAPO: [=g b

12.2. ©& tpapudowpey Thpa 16 dvwTipn Bepnpa 1.2.1, &1& vd pedet-
owuey G5 TPdS TV povoToviaw THY TpaypaTikhy owdpTnow w ot w(x) =
= ji Tg » Omou ¢, B, v, 6 elven orafepei TpoypoTikol &pifuol wé y # 0. *Ev

. o . s S . . 8
TPWTOIS TAPATTPOVUEY OTI TO Trediov Opiopou THs W eival TO oUvodor R —{—; }

ki 6T émi TrAdov loylel

; o s el I Y = e B Py
\\(X)_JY(X_'__E_)_ Y(‘,E) _Y Y_(X_:_E_)T
Y ¥ T
fiTot
(4) yi=wix) = i+ £
Gl Ry
= ¥
. I“
&Trou ET0N et B0 Elz llyad
Y Y

Elvon mpogawés, éx Tol Timou (4), &1 Bix ¢ = 0 (Snhadn 2 =0)

fi w slvan oTabep& owdpTnos, fTol

E ‘= 0 = woTtafeps

|cx
v

Lia ¢ # 0 maparnpoUpey ST B W eivm m’.-vﬁsmg ATTAGY TG oUvopTn-
OEWV &y, &, &, g HE gm(x)=x + — o B(X) = —, g(x) = ex kal gy(x) =
= %+ X, fITol W = g0 (g0 (g, 08,)). E'rrouzuc,og, Suuoc_uel ToU Becopripartos 1.2.1:

aeolnTmeg ¢ > 0 :

{ (—o0, 0) } = Gog Y (—co,-ﬁ,%) ?

&
v
o Y (o0 '_Tf)] = g (og) ¥ (—0— )
;

23 A d
8

¥ ¥,0 0 M | = = o

gyo(go ) ¥ (~o0, Y); ey

g2 4
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acolarmag ¢ < 0

551

:/E( a0 0)} = gﬁogli(_wl_%)

gr.ov" (Aw b= :7) } = gy (R0 g) X (“ 0, g)

£3 "
o (o @) 2 (— 0 —?)] = wi(-o— %)
g2
Hror i Bl Ty
%Bl<o _A\u(_m_g.)g R0 wa(-m,-3)

‘Opoiws dmodeikvlovTal Kai :

%fg%‘(()’ M e ,+oo)1 EE;PO \\':(—%.+w7‘

Ta C(U(,OTEPOJ D'UpTTEPGO’UCITO’. G'X€T1K00§ U.E TT]V IJOVO'TOU{O{U Suvaron va tla-

XBoUv kai &m’ edleias éx TGV OPITHGY yvnoicws atovons kal yvnoiws pbvolons
CUVAPTHOEWS.

Adypoppa Tiig ouvapricsag w. TAv Béocopey
8 ok e g'
X =X + -}_,.' \ = y y

ToTE & TUTOS (4) Bidel

lap|
e AT
Y= X‘ c= ¥
Oi &Eove; X, y petariBevron mapahAiAcws €l ToUs X, Y pE Gpymyv TO onueiov
C= (— = ) To Bidypappa THs W BideTan elg T& kdTwh o¥nUaTA !
¥
s‘l
a
L.
] T
_ ox + [5 | P 0
yx+6' yB&
Ly 33
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Hapodeiypota :

BonOnrixot tnoloyiopot

2x + 8
L )= e Dl Ry v kL
x+3 X430l + 3
x)=2 + & %+ 7
y=wk)= -
x+3 3 ¢
C=(-32 x=0: ?ﬁ2+?¢8=6+c4c=2
YT y
i
¢l BB anfe
.... ﬁ-i--——-f—g« s —p B i
T
~raus xait
2y 34 “'}_x+3
w3 (—w,—3) xaiwi(—3,+oo').
T e 5x 43 | Bonbruxoi tnokoyiopol
x +3 S o
= Ll by T 2 e
5 4 X 2
ymw(x)=_2—+‘_m5__
A Sl ) b a2 9
2 e e L ) e s
A JE e et e
*(_’32" T) 2
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1.3 To povétovov kai 1} avtiotpogog cuvaptyeis. Eotwi: A - B(A< R,
B< R ) pio yvnoicws povétovos guvdprnas ToU A émi tou B. AUtn elven ToTe
kai &upipovooripavTos, dnAadth &1d kdbe x;, X, &v A loyuel

) xp # Xy = [(x) # [(x).
Mpdrynar Suvdpedo va Umrobéccopey, Xwpis PAGPNY THs yevikdTnTos, 8TL X; < X,
(els Ty dutibeTov TepimTwow, ENAGBN X, > X,, fvehAdooouey Tov pdlov TV
Xy Xy), OmoTE O& oyun
() < f(xo), &0 12 A 105) > 1(x), & T Y.

"Apa TéwToTe loxUer 1y (5) kad Emopéveos 1 | elvan duginovooTuavTos oUVEPTNOIS
ToU A &mi ToU B.

Kotd 10 Becapnpa 2.2.1 ToU Keg. | Umdpyel kal 1y dvtiotpogos Tiis yvnoiws
HovoTdvou ouvaptrioews [. "AkpiBéoTepor ioxUel T drdhouliov Becopnua.

1.3.1. @EQPHMA. "Av [ : A — B elvar pla yvjoloc povitovos gvvdotyats
Tod A éni tod B, tdre tmdoyer ¥ dvtioteogos ovvdotnas 1T adrijc xal pdliota
ioydovy

s dnd 4 B = Ftcg

“Amdoefis. ‘H Gmaplis Tijs dvTiaTpogou ouvapThioews [~ éxer o1 dmo-

BeiyBff dvewtépw. TTpds &mdBeifw kol TGV Aormddy cupTepaoudTwy Tou Becopn-
HaTos Biakpivopey TS TTEPITITWOELS :

a) 1'% sai 71 Gyt Ewadfy fy 1! Bév elven yvnoiws altovoq, Urdpyouy
X X, elg TO Trediov Opiopou B alTiis pe
%y ket IR Z k)
"ANAE
[+
f(1(x)) = [0x) =X 2 xy,

) 2 [M(x)
Smrep &rotrov, BIOTI X; < X,

"Qote £Beiybn o1 f X

L [-1 4

b) [y wai 1% dy L. ‘Opoiws, cos kai €lg TAYV TPONYOUBENMY TrepiTTOGW,
Emeldn 4 i L Bty elven yvnaics glivovsa UTtap)oUY Xy, X, &V B pe
%, &%y wol (530x) € 7 (xe):
AN

I v

e < ()
TO dmoiov eivan émions dToTov.
“QoTe EBeixfn 6T f L = !

[ (x)) 2 10 (R)) = X 2 Xy,

Hapadeiypato :
‘H mpayuaTik owdptnals ¢ pe @(x) = x* (PA. Zx. 23) elvan &g yvwoTdw yvnaing

3
abtouow, &pa kol f) dvTioTpopos aUTis cuVapTNalS @~ Tfis dmolas & TOmos elven @-1=4/x
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elvan frrions yunoiws alfouca xal pdhiota 16 Bidypappa abtis (PA. Zx. 36) elvon oupue-
TPIKOY, f Tpds TNV SixoTdpov Ths TpwTns ywvias Tév &ldvwy, ToU BlaypduuaTtos Ths .

Y
Y
Fa .
I,f’
r,/
{i----=
€50 Srrr"
o~ "2
e 1 x =
£
v ]
il
!
s
K]
(Rl el R T AR foy
Xy 36

2%, levikestepov, 1) owvdptnos [ upé f(x) = X1 (v Quoikds dpiBuds) elvan yvnoiws
cibouao; BIOTH Ky Ky = gVl Ve f(x ) <f(x,). ‘Opoiws xkai 7 dvrioTpopos f-!

2y
aUThs, Ths Omolas & TUmos elvan f1(x) = -\, X, elven émions yvnoiws altovoa. T Sia-
Yp&upata Tév guvapTnoewy f kol {1 evon PePaicws uupumpmc ws TPoOS THY Si1XOTOHOY Tiis
TPWTNS ywvias Tév &tdvwv (PA. Zy. 37).
2. AKPOTATA EYNAPTHXEQE

2.1 Miyotov kai £héyrotov ouveptneens. Al iy ouvdpTnoi @ pé ¢(x) =
= 1 — x* TapaTnpoupey 6T foyUel

Y P(x) =1—x* < 1=0(0) ¥ xeR,
EnAadh ai Tipal Tfs @ oudémoTte UmepPaivouy
1 Y TV T els 10 0, fitor Tov dpibudy ¢(0).
Eis v mepimrewoow TalTtny Aédyopey dT1 1) ¢ Ta-
4 A N3 polucrlc'rgsl uéylc’rau~ els 10 onueiov 0, THy 8¢ TI-
0 . wiv s @(0) kehoupey peyioTny Tiwnv s @. E-
Tions Tapatnpouper 611 1| ¢ elven yvnoios
So X attouoa dpioTepd Tou O kel dkpiPtoTepov v
(—o0,0], &1 ioyue
Ly 38 pry=1—x® =i Ol = e ]
@ mapovordlen péyaror ic o 0. O(x,) < o(x,)
o émions kai &1 alrn elvan yvnoiws ¢bivovca detia Tou 0, &i1éT
Dgx<x = 1-%">1-x%% = 00> 0x)

To Bidypopua Tis cuvapTnoews ¢ Sideton els TO Zy. 38.
"Avahdyws i T ouvdptnow y pé w(x) = (x — 1)* mwaparnpoluer éT1
wx)=(x—1)* 2 0=y(l)  xeR,
dnAadn ai mipal Tfis ouvapTthocws @ UtepPaivouy THY Tiwny (1) adTiis. Eig
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THY TepiTTwow TauTny Aéyousy OTL

TO onueiov 1, THv 8¢ Tiunv Tns w(1) xohoupey Eha-

Xiony Ty abTiis. Emions mapoTtnpoluey 6T 1 ¥
Y evan yinoiws gBivovoa dv (—oo, 1], dnAadn &-
pioTepd Tou 1 kai yunoiws abiovoa év [ 1, + o ),
nAadn &elid Tou 1. To Bidypauua Tfs ouvapTh-

cews  Bideton els TO Ey. 39.

[evikéds Bic piow ouvéptnow 1 A — R (A=R)
Aéyopey &1 Tapousidlel pdyioror (R oAtov -
otov) elg Ev onueTov X,EA TOTE kol povov TOTE, G

loyun

f(x) < I(xy) » x€A.

AN

0

Al BH

1 x

iy =(x-1)

oUVAPTNOS Y Trapovatalel EAay10TOY Elg

y waoovadle fhdyiotor ez o 1

Trw Tipd [(x,) kehoUpey TETE peyioryy Ty (R oduor péyioror) Tiis 1.
‘Opoloas Aéyopev 611 1) | Tapouoidlel fdaytotor () dhixdy fddyiotor) els &v
onueiov x,EA TOTE Kol povov TOTE, dw ioyum

f((x) = [(x,) ¢ x€A.

T Tipw I(x,) kehoUpey 1éTe flaylotyy Ty () Ghadr éldyoror) Tis 1.

‘Equppoyai :

1. I oevdorgo | opd 1(x) = ax? (eeR—1 0 }). Aoxpivopey Tds éffis Suo TEPITTUOOES:

FE0lTTOG o

‘H I apovgidler Fidparor els 10 0, Bidm
I(0) % xeR.

[(x) =ax®* 2 0
[ 1 (—0,0] 8i6m
Xita )
ik [0, + @), &iom
0l x

Ni =at <oxs?t

Y

> ax,® > o,

-0

- 1)

- 1(x) -

(=]

Ty d0 [y

= ax?, a >0

AEDIATOE

‘H I rapovoidler yésnaror

o< 0

els 70 0, BidmM

[(x) = ax? < 0 = [(0) / xeR.
i X (—o,0], 5167
X< KXo € 0= 0ox® < oax,? = (%) < (%)
ko [0, 4+ o), S16T1
0 <N, Ng o> oay? ax,? = f(x,) I(xy).
o
. S [
i€
Wi

Xy 4l

y= (a6 G € o 0.

2. 71 rpwepo: aevdotyos devréoor falpos T opé f(x) = ax® + Px + vy, émov o, B, ¥

Touypatciol aollpoi zai o # 0.

Ev rpdrTors oy Uer

Yy=ax®4+BX 4 ¥ = u(\-‘-
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omoTe, & Tebi

=l p Pl doy— p
X_x+%r kal Y=y S T
TETE G’ Evds ubv B loyun
Y =aXe,

&g’ Erépou Bt o &foves x, v B4 vetagepfoly TapadAiAws els Tols X, Y ui apxnv Td anueiov

N B day—p*
C= (_. o _Ta_) (PA. kaTeotépey Ty. 42 xal 43).

NapBavovtes Tdpa G’ Syw T4 Tponyolpevoy TapdBelypa, cupTepaivoper ekdAws

&t :
; ;
aeointwors o >0 { aeoinrwos o < 0

| [ mepovoidder éndyroTo eig To _ _EI‘L | fi [ mapovoidler péyiotov els 16 __Qp

a [0 4 -
3 (o) a2 [ ve) | (o B[ B ).

Ix. 42 f: y=axi+ Px+v, a>0 2. 43 f: y=ax? +Px+ v, &< 0.

3. "M dwwerodyonos Tordipos avrdgryms [ opd [(x) = axt 4 BxX® 4y, dmora, B, Y moa-
yrarizol apilpol xai o # 0. *H perétn Tis BiTeTpayovou Tpiwvipou cwapTtnoews [ Pacifetar
i Tiis Becoprioecog TAUTNS &5 owvbéoews Tis ouvapThosws h pé h(x) = x* xai 77 TRIWVULOU
OUVaPTNOEWS & pé g(X) = ax? L BX + y. Xpnototroiotyes TouTo, SnAadn Td 6T [ = geh,
£V ouvBuaopd peTd ToU SewprpaTtos 1.2.1, Suvépeba vdr HEAETHIOWREY  THY BeTaBoAny Tiis [
Kl va yopdtoper 6 Bidypapua albTiis, s tupaiveTan els T kaTwO) TapadelypaTa :

Hapadeypa 1. 100 = 2x4 — dxr—
h(x) =x2
B(x) = 2x2 —4x — | =X p3
Auvéper Tév oupmepdopdTwr Téw TPOT Y Oupéveoy fpappoydv | kal 2, f HeTOPOAN T&V
auvapThoest h xad g Bidetan UTo TEY KT TIVEKWY :
X 0 X 1 |

h(x 2 al S i
Bl w7 | N
'Emeidn 1(x) = g(h(x)), mpémer v HEAeTHowREY THY owvdpTnow I, d Tpds THY po-
voToviav, els Ta UTodlaoThpaTa TGy (=00, 0], kai [0, + ) €is T& dmoia N h mAnpoi Tés
ouvlnikag
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h(xX)=%*< 1 kol hix) =x¥= 1,
fiTo1 els & BaoThuaTa (— e, — 1], [=1,0], [0,]] xed [ 1, + ).
(i) Eis 16 Bidotnua (—eo, — 1], ds mpoximTe &k Tol mpddTou Trivakos, 1) oUVApTNOIS
I elven yvnoiws gbivousa, dpa
hx)=x*=2(-1*=1 ¥ xe(-w,—1)],
Enhadh al dvtioToryol Tiwad Tiis h dvrjkowy els 16 Bidotnpa [ 1, + ), &mou, ds TPOKUTTTEL
&k ToU SeuTépou Trivaxos, 1) g elvar ywnolws alfouoa, "Apa, xatd T6 fedpnua 1.2.1, fy olv-
Beois go h, Bnhabi | ouvdptnois I, eivan ynoions gOvovea & (—oo, — 1].
(ii) Eis 10 Sidotnpa [—1,0], ds mwpokimTa ¢k ToU TphTow TriveKos, ) ouwépTtnois
h elvan yvnoiws gBivovoa, &pa
h(x)=x*< (~1)*=1 % xe[-1,0],
SnAady ai duTioToryor Tipal Tiig h dvrxowy els 16 BidoTnua (— w0, 1], Smov, dx TPOKUTITEL K
ToU Beutépou Tivakos, Ty ¢ eivan £mions yynolws eBivouoa. "Apa, kaTd TO Sewpnua 1.2.1, 7
oUveats [ = gel, elven yuaios ailfoven év [ — 1, 0).
(iii) "Opoiws eis 7o Bigornua [ 0,1] ds wpokumrter ék ToU TpdTou Tivakos, § gurd-
PTNois h eivon yvnoiws abfovoa, dpa
hx)=x*< I*=1 % xe[0,1],
&nhodi al dvtioToryor Tiwad TAS h dvrkouy s Té Bigotnua (—oo, 1], émou # g elvar yvn-

olws gbivovoa. "Apa f) ouvbeois [ = goh elvan yuyaiw: gbivovaa v [0,1].
(iv) Téhos, eis 10 Bidornue [1, +w) f owdprnois h elvor yvnoiws atfouoa, dpa
hx) =x* 2 4= V xel[l, + o),

Bn}\nﬁﬁ ol dvriororyor Tipad Tiis h dvijkouv els 16 BidoTnua [1, ), 6mou, s wpoky-
TTel &k Tou Beutépoy Trivakes, | g eiven miong yvnoics abfouvoa. “Apa fi olvBeors [ = goh
elven pipoins abfovou év [ 1, 4+ ).

Ex Thv dvetipw mpokUmTel & kaTwh wival petafodiis Tis f.

f(x) Ny —3 {ﬁ -1 N —3 /

Ty dd [:y=2x"—4x*—1.

61

WnoionoiOrke amo 1o ivotirouto EknaiSeuTikrg MoAmkrg



Hagddewypa 2. f(x) = 2x1 Fdxt 3
h(x) = x2
EO0) =2%% oy 3 — 2(x + 1) —5.

Ol mivaxes peraporsis Téw owapThoewy h kel g efvar of kérewd :

X 0 %

|
1'
| h(x) \4 0 A [ a(x)

7
-

"Ex Tév dveorépa mivdkwn HeTaBoAdis Tév ouvapThoewy h kol &, Buvduer kal ToU B
pAMaTos 1.2.1, OWaYETal eUkdAWs & kdTwd Trivad HeTaPorfis Tiis BrreTpaycovou TPV
owapThoews [ = goh,

Ly 45 1 y=2x4445_3

2.2 Tomka akpitara ovvapticeng. Eis 1o Tapdderypa 1 Tiig QuaTépeo
Epapuoyfis 3 eidopey 611 1) SITETPGy wos TpIcovupog owdptnais | pt f(x) =
2x1—4x*— 1 (BA. 2y. 44) Trapovsialel Téoov els TO anpeior — 1 doov kal eis 1O 1
(OAIkOV) ENdyioToy pi EAayioTny Tipny T — 3, "AvTiBéTas 1 cwépTnols alTn
&év Tapovo1alel (OAikdw) MéytoTov. "Av SGuws mepropioBiopey €5 TS &voikTov
Sidortnue (—1,1), vée TXPATNpoULEY 6T1 {oyUer

I(x) < {(0)=—1 ¥ xe(—1,1),
SnAcdn af Tiped THg [ elg T SidoTnua (— 1,1) kv UmrepBarivouy THY Tipfy aUTiis
el 10 onpeiov 0. Eis Thw TepiTTwow TatTny Aéyopey 811 1y owapTnois | Tro-
pouci&ler els 6 onpeiov 0 rommdy HEYLOTOY,

Fevikéds Aéyopev &1 pia ouwdptnois [ : A | R (AcR) Tapovoidde
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Tommxoy péyotor el €v ompeiov X,EA TOTE kol povov TOTe, &v UTTapXT &V drvoi-
zroy Bidotnpa (a, b) mepiéyov TO x, kol TepieyOuevov els TO Trebiov dpiopou A
Ths I, fitor x,£(a, b) < A, TooUtov, doTe va loyin

f(x) < f(xy) ¥ xe(a, b).
Thw Tipny f(x,) kohoUusy TOTE tomxds peylotyy Ty () tomzéy wéyiator)
Tiis I.

‘Ouoiws Aéyopev 611 1y ouvdpTtnols | mrapovoldlel Tomxdy éddywaror els Ev
Onpeiov X,EA TOTE kai povov TOTe, &v UTdpYT Ev drowxror Sidotnua (a, b)s A
TEpIEor TO X, kal ToloUToy, CoTe va foyun

f(x) = f(x,) ¥ xe(a, b).

Thv mufy [(x,) kedoupey TéTe Tomueds faylonpy Ty (1) Tomxdy éid-
roroy) Tis I

"Otav pia owdptnots | wapouaidln es Ev onueiov X, Tomikoy péyioTov
N Tomikdy ENGy1oToY, TOTE Abyopev &T1 alTn Trapouctdlel gl TO onpelov X, To-
uxay dxootatov. TLy. f) SiteTpdywvos Tpicvupos ouvdpTtnals { ug [(x) =
=2x' —4x*— 1 (PA. EZx. 44) mopovoidle es T onueta — 1,0,1 Tomiké dxpo-
Tata. "Axpipéotepor altn mapovoidlel els T& onpeia — 1,1 (OAikdy) EdyioTov
kai gis 1O onpeiov 0 Tomikdv péyloTov.

3. MEAETH XYNAPTHIEQX KAl T'EQMETPIKH TTAPAEXTAXIE AYTHX

3.1 ‘H perérn mds mpoaypaTIKils cuvapThioews WSS TTPAYRATIKTS WeTa-
B7\T]Tﬁ§ owioTatal el THY Tomiky (kord SiaoThpaTa) peAéTY TS HovoToviag
alTiis, TOV kabopiopdv T@v onpeiwv es T& dmola alTn Tapovoidlel TOMIKA
dxpoTaTa kai TOV UTTOAOY10UEY TEV AKPOTATWY TIRGY aUTHs, TTOl TGV TOTIKES
HeyioTwy ked ToTikds EAayioTov Tipddv Tns. TT) Bondeia 16 dvwoTépw aTorxeicwy,
Ta omoic TPOKUTITOUY €K THs PEAETT)S MIAS ouvapTnoews, Suvdueda va Tapa-
OTHOWUEY Yewpe TRIKGXS TN UTT Sy auvdprnow, fitol v yapdtawuey 1o Sidypau-
Mot aufis. Eig v xdpativ Tou SiaypdppoTos mds cuvapTRoews G1EUKOAUVEL
TOAU O ¢k TGV TTPOTEPWY kaBoplopos Gplopéver onueiwy Tou BlarypaupaTos
&idey dpevar avbaipéTws Wév, GAAG els TpdTov, dotr v YopakTnpifow TO Sid-
Ypoppa ko' OAn, el Suvartdy, THY EKTACIY TOU.

3.2 H ovvapmerg | pé [(x) = yVo? —x¥ Grov o,y npaypatikoi dpi-
Opoi kai o > 0. To mebiov Spropol auTfis eivan Tpopavds TO KAEIGTOV Sido TN
[—a, a). *Emions 81 y = 0 1y owdpTnois | sivar yynoicws abfousa els 1o 81d-
otnua [ — e, 0], 81611 Bi&x xp, Xy & [—, 0] {oyle :

% <Xy o= Xt 4 matex? ot xt o Vol —xd < Vit —x =
() =y Ved—x2 < y Vo — x,? = I(x,),

&6 alTn elven yvnoiws givouca eis 10 8dotnua [0, a] 86T Sid x;, x, &v [0, a ]
loyve

Xyl Xy X2 Xttt > —xt =V Xt > Ve,

[(x) =y Vat—x? >yl o2 —x,2=I[(x,).
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‘Ouolcs 81& y < 0 éxopev f Y [— o, 0] xed 14 [0, a].
“Ofev 1) petaPold) Tis ouvapTnioews | &iSeTon UTd TGOV MIvdKWY :

. 4
| | |
[ % =g 0 o | X | —a ? o

i@ | o w20

\
- | =
i) (e fmim By

y=>0 Y <0
Tpogawéds 1 ouvdpTnois | Tapouoialer els T onuetov 0 el pév THy Tepi-
mrwow y > 0 péyiotov pé peylotny mipdy yo, els 8 Ty mepimTwow y < 0
EAdy1oTov pE EhayioTny Ty ya.
To &idypauua Tfs ouvapTroews [ 6i8etan els T& k&Twh oxfuara:

y yA
¥a
= S o SR | a

E o| e ‘ﬁﬁ;/
Iy 46 Ly =yYai—x:, y >0 Ty 47 i1y = yYaix*,y< 0!

Tpds drpiPeaTépay ydpat ToU Biarypduparos s oUVaPTHGCEWS oX§516-
fouev mpdTOV Gplopéva onuela ToU Bioypduparos, T &mola YapakTnpilouy
aiTo ka®’ SAny Th EkTaciy Tou. OUtw .. &5 Ty dvwTépw TepimTwow 51k

3 . i ; = . .
a=4, y = Xapbooopev TO Bidypoupa Tis owapthoews | pé f(x) =

i’—-V'lG —x2 T§j Ponfeia &g’ Evds pév ToU Trivexos peTaPolfis auTiis

PEEERY
x |[—4 0 4
i[‘(x)l i Ko

L
&o’ Erépou B¢ ToU kaTwTépw Trivaxes, & dmoios 5ider T CUVTETQYHEVOS GIp1-
Cuévey onpeiwy ToU SlaypdupaTos. -

, fy 08 o
o —4i -3 -2| -1 q@

|
i gy el O RIE el
O T e TR [BVT;Bv?’sz[ 0 |

¥ -kQ’TC‘I 'ITPOO'S'?')/ID'W

| | 0 iu%\zﬁo;z%; 3 \QQOJZﬁD‘L% ke
| _77‘7- 1 | L [ ; |
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e L ) .
3 | 1 !
] 1
72 P . L o
2 H i i ]
74 :
4 } ' :
!
/ ! 1 ; :
| ! !
| |
i ! \
H | i
| H )
7y =3 z i E T 3

Iy 48 1 y= ZVI16-xt.
Eidwkai nepintiroeg :

321 y =1, opdavy [(x) =/ o* — x2 Eis TH TERITTTWOIW TAUTNY EYOHEY
s Sidrypapua Tis | T ded fuikUkAlov kévtpou O ke dxTivos a. Tpdyuarts &g’
fvos pév, Buvauer ToU Mubaryopelou Beopiuaros, Tuxoy onueiov P = (x, y) ToU
Bixypdpparos Ths | mAnpol Thy oyfow OP* = x® 4 y*=x®4 (1/o?—x%)*
=x*+ (o —x¥) = o, Gpa 1) AmoCTHOIS TUXOUTOS Onupeiou ToU Sioypdi-
parog Tiis [ &mo T dpyxny Tév &Edvewv civar oTaBepd ion pE a. Ag’ ETépou &t
Tuyov onpeiov P = (x, y) Tou duw fluikukhiou (&pa y > () elvar onpeiov ToU
Siaypaupatos s | -kaf’ doov, Suvdpel wEAw Tou TMuboryopeiou Becoprjparos,

ot =0Pr=x*4y* = y?=cf—x? y= v ot -3t — (x).

Zp. 49 Liy=+/—xt Dy 50 iy =—a/ @ —xt By 5F VP

Wpoq)o:ucb; TO Bidrypappa THs ouvapThotws — [ elven TO Ké&Tw HIKUKAIOY
kévtpou 0 kel Gxtivos o (BA. Zx. 50). "Apax dkukhos kévtpou 0 kai dkTivos a elvan
7 évewois T@v SiaypappdTer TV auvapThoewy | kai — 1. Tuyov onpeiov P =
= (X, ¥) Tou kUkhou kévtpou 0 kai dxTivos o fkavorowel THv oyéow

(6) X%y = a?
a5 eUkOAws ouvdyetan ik Tou TMuBayopeiou Becoprparos. "AAG kai duTioTpd-
Qus Tuyov anueiov P = (x, v), T¢ &mroiov ikavotroiel Thv (6) keiton £l ToU kUKAoU
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kévtpou 0 kel drTiwos o, dos edkdAws ouvdyetal maAw ¢k ToU TTubayopeiou
BecwprpaTos. .

“Qote 1) oxtols (6) xopoxTnpiles TO oUvoAov TGV onueiwy ToU EmiTédov,
T& 6Troia kelvtan &l ToU kUkAou kévtpou 0 kal dkTivos o kai koAeital éElomang
ToU év Adyw kUkAou.

[evikcoTepov 1) oyéois

M G=x)+ -y =,

omou X, ¥, €ivon oTtabepol mpayuaTikol apifuei, dia

v Y4
I o m ; \
! THs dQvTikaTaoTaosws X =x-—X, kal Y =v—y,

YPageTal Kol oUTw

bR
N omola eivon ) €liowols ToU kUKAOU WE KEVTPOV TNV
apxnv G = (x,, v,) 1@V véwv dldvan X, Y kal drTivos
o (BA. Zx. 52). ‘H dvwtépw oytos (7) kahelton 8Ei-
agwog TOU KUukAou kévtpou C = (X, v,) kai drTivos a.

Ty 82 (X=Xo)*H(y—yo)*=a?

322 y= E—, oniadn {(x) = % Ve = x%,dn00 £xtig Todb o xai 16 B eiva

fetixog daofucg. Els Ty mepimTwow TauTny 6 mivat petaPoriis Tiis [ elven

I T
i
! X a 0 o

|
|
|
|

J Ix) ' o A ;|3*\4 0

Ta Saypappora Tis [ kai Tiis — | SidovTan eis T& k&Twh o¥fuaTe

Hy
=S

Tobditiy— %yaz,,\z £y Fd _f;y=_%yu2_x-_-

Trv évaow Tév dvewTépw SioypaupdTwy TéY ouvapThoeey | kol —I kahoU-
pev Ederpy pé xévroov 0 xal fudfovas «, P.
Tuxov onueiov P = (x,y) Tis év Adyw &AAelpecos ikavomolel Thy oytaw
x2 Vi ¥ :
® =1,
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81971, Gv pev 7O P dvnrn el TO Sidypoppa Ths | (xehoUpevoy kel dver wjpddier
pis pé wivroor 0 xai juuifovag o, P), Exopev
Yo % VvV at—x? = yi= E (o?—x2) = (8),
Qv 8¢ 16 P dvnkn els TO Bidypoppa THS — I
(kahoUpevoy kol xdte Juididemps pié éivroon
0 xai judoras o, P), éxoper AW

v :_% Vo — x? yi= E;(Gz_x-.-) - (8).

‘AMAG Kol QuTioTpdgs, & &1 fu on-
peiov P = (x, v) ikavomoieitan 1) (8), 1é1e TO
P elvon anpetov Tijs éAAeiyews, 816T1

(8) e P e 55055 et ]
y=0 T T gV et —xt = Ca
. Ebleapis pid xévroor 0
P aunker els 1o Bidypoppa THg I xai fuudforas a, P
(8) B S
y<0 P V==V et —xE s P odvira s 16 Sidypoppa Tiis — I

H oxtois (8) xapaxTnpile: T onpeia Tiis EAAsipews pé kévtpov 0 kad fud-
tovas o, P kai keAeitan flgmaig Ths v Aoyw EAAelpecs.

3.3 'H ovvaptnorg | pé [(x) =y \/ x* —a? imov o, y npuypatikei apiOpoi
kui o = 0. To mebiov dpiouoy adriis eivar Tpopowds 1) fvwaots T SlaoTnpdTwv
(—o, a] kai [o, 4 00 ). Kat’ dvaroyiav mpos Ty mponyoupévny § 3.2 ou-
véryeTon €UkGAWS OT1 O mival peTaPoAfis Tfs ouvapThgews | EXEl @5 KATWH :

‘ = T |
x | —o o« x | —al « '
| |
00 | w0 0 Tiw | aoofo s |
Y >0 Y<0 ¥

. 56 f:y=y¥x*—ca, y >0
Eis tiv xapatv 1y SiaypapudTay Tév dvaTépw oxnudTey 56 kol 57 Bi-

67

WnpionoiOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



guxoAUvour kal af edfeian pé Efiodoes v = yx kol y = — yx, 5161, .. Es TV
mepimTow y > 0 £xopev

0=y V=@ =y x| 1-Z <y x|
dpa kal
f(x) < —yx ¥ XE(—0 ,—a] ds Emions kad f(x) < yx ¢ X[, +o0).

EiBikéds Twpa &v Gewprioper Ta Siary pappaTa TV ouvapThoEwy, T oTrola

dvTioToIXOUV El§ T&S TIMGS Y = % Kai y = — g'
¥ Smou koS ToU o kai TO P elvon BeTivds apibuds,
3¢ 7 TéTE THY EBvwooy adTédy (PA. Zx. 58) kahoUpev -
5 mepfiolny.
‘H oyéois
X2 v
©) gt

o5 eUkOAs auvdyeTal, ket dvadoylav kol Tpos
THy TepiTToow Ts ENAelpews, YapaxTnpilel T
onueia Tiis UmepPorfis kel kodeiToan Eflowatg

TS, %
Xty Tés elfelog pt ttiocooers v S X Kal y=
.l‘x. 58 ? == E =1 i x
dnepfoin =— -—E{—x, ai &moial BievkoAUvouy ThHY  Y&patw

Tfis UmepPorfis ut Etlowaw THY (9) koholuev dovumrtdTovs aUTs.

4. AZKHZEIZ

4.1 a) Mehethoate ds Tpds THY povoToviar Tas oUVapPTROES, ol émoion dpilovran Yo
TéY TUTTLV &
) () =x+1 2) fx)=-x-1
3 5 1
3 ftx)=x*41,x20 4 1x) = =
B) "Av A { elvan pia povéTovos T yvnaics wovoTovos guvépTnots, Ti oupTmepaiveTan
yevikéss Si& Thy ouvdpTRow — f oxeTIkdS pE THY povoTtoviaw ouTRs ; “Av kal alTn, BnAadi
f) — I elvan povédTovos, e cvoyetiletan TO €ibos Tiis uovoTovias TauTns pt TO elbos Tig po-
votovias Tiis f ;

Lx 20

y) ’Efetdoorte 1O aUTd EpdTnpa, o5 Ev B), Sia T ouvapTnow % dmov £6G UTo-

TifeTan PePaicos 61 f(x) # 0 i k&de X Tou Tebiou dpropol Tis f.

4.2 "Av f kal g elvon povétovor ouvapTrioels pE kowdy Teblov dpiopou, Ti gupTEpai=
veTa, (s Tpods THY povoToviav, Bid TO &bpoiopa [+ g kai 1O ywouevov fg abTdv,;

4.3 MehethoaTe Kol TUPAOTHOXTE YEWUETPIKES TAS OUVAPTTIOELS, al dtoian épilovran
Umd TGOV TUTTWV
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TR B g = X+2

DX =51 A =gy 3) f(x) = o
X 3x 42 4

9 (=5 5) f(xy = L2 6 iy = 2

4.4 MehetioaTe kol THPAOTACATE YEWHETPIKES Tag ouvapThoEs, ai dmoio dpifovral
Utd TV TUTWY: :
1) f(x) = 3x% + 2 2y f(x)=—4x*+1 3) f(x) = 2x'—1
4 f(x) =xt—3x + 2 5) f(x) =—2x*+43x+ 5 6) f(x) =3x2—2x—-5
Nix)=x14+2x2-3 8 f(x) =—2x" | 3x2 45

4.5 Xapatate Tas EMAeiyeis pé Eiowoes:

xZ ‘YE . ‘\:2 xE

) 7+ 5 =1 x4 =1 ) 5 +yi=1
XE 12 'l' l‘-‘.' .'2 .2

9 tE=! e vl O F+4=2

4.6 Xapdtate Tas UmepPords pé thowoels:

_xj_}'zﬁ ; 3:2‘7 xz g
1) 5 TE—.] 2)1\“—??1 3)1—6——3!:]
xﬂ yz_ yﬂ— x! ”
4) T_—S—MS S)xﬂﬁ?_‘l 6)Eﬁy=—4
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KEQAAAION 1V

AKOAOY®IAI KAl ZIYTKAIZIZ AYTQN

1. AKOAOYOIAL HPAIMATIKON APIOMON

L1 'H Evvowa tijg akolovliug, Mvewpiloper #5n (Keg. |, § 2.2) v tworaw
THS ourapThoECos WS WIds HOVOoIUGVTOU drretkovigecos [ EVOs cuvdou A els Evar
ouwodor B (A,B UmoriBevron K7 kevd). Mpdgopey St
A —> B kai &AAws Asx [(x)eB
Ked Aéyoper 11 ) I elyen o ouvdpTnots pé Tesiow 6p1ouol 1O olvolor A ki
TIRGs eis 16 B,
Kora tabra pig oWapTNOIS o ué TeSioy OpIouoU 16 aUvodov N Téu Qual-
KEW Sp1Buddn kad T s T6 B 6 ouuPoMabf oUre :
a: N> B f| kai &Aws Noy - Fa(v)eB.
‘Kdbe SWEPTNOIS s ) QueTépw o koAsiTan Hle dxofovlia OTOLYElY TOB  gopd-
Zov B. EiSikés, &v B = R 1 drohoublar o kodeiTan dxolovlia  moayuarieiy
aolyd.

‘Qote : dxolovhia Aoy peatizdy aotludv eivar wafle OUVAOTHOIS ped Tedion
OGUOT T aivodor N i PGy dolludy xal Tiuds eic T atvolon R zéw apa-
yHatixew dolludy, Oniadiy pla HOVOT) tarTog l}."(z:f‘}frjl‘lr)'f; 08 N ¢ic 76 R.

Eig v TEPITTTWOW WS dkoAoubios o ouvnBifoper Greog THY Tipfy a(v)

o Ny v

o | e | e | ST
€lg TOV OTroiov TapeAgiTETal ouvhfg ) mwpoTn YPAUUN kal yp&oovTon pdvow
oi épor Tfig droAoubias, HTor :
G Oty o e i
‘0 6pos &, kaheiton TP&TOS Epos THis v Aoy drohouBios, & o, BelTepos Spog
Kol yevikéds o &, VIOOTOs Spos alTis.

"Exa émikpanoe Smreos els Th TEPITTWOW Wi drohoubios o TopioTaTal
alitn 8id T Speov Trg s &v (1). Adyoper B¢ TéTe @ dxoiovhia oy, o, oy, . . .,
s o» 1) kad EMAcog @ dxoloviie o, o, Oy -2 ». ZUVTORCOTEPOY 1 dioAouDic
(1) mopioTorar ki ofres

o, VEN f) kol dAAews Sy =120
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[Mopudsiypaza :

1. 1) &kohoubia TGV Quoby &pBpcv, fiTor ) &kohoudia
12,3, Ve
Tig otolas viogTds dpos elvan & &pmbuds v, HTol oy = v.

2. 1} drohovuia

1 1 1
Ly e s S
2 gy el | g
THs omoias & viooTds Gpos elvan & &piBuos A , fitor &, = . §
v v
3. 1 dxoroulia
1; 4; B v2,
4. 7] dxoAoubia
1 1 1
T e . v
2 B =D v
L1 Deopetoiery maodotase axolovlics. "Eotw o, v=1,2,... pla dxo-

AouBior TparypaTikéy &piBudv. To ypdenua S, aUtiis eiven TOTe TG oUvohoy
{ (Lo, Zigad. o (0t), 55 1
‘H yewpetpikn mapdoTaots (10 Sidypapua) adtoU f s dAAws Aéyouey
Tiig droroubios «, v=1,2,... &moteAeiTon &md pepoveoutva onueic TOU Ei-
TESou s EupaiveTan els TO kdTwh oxfipa 59.

uh

; SR v s s ' 1
1‘.1.2 (f)grxy‘ufw'y axolovlia. Aa T™mv drohoubiay aqQ = — , v= 1,2,, e

TapaTnpoluey &1t ioyUel
Oga:%r\;lVUGN DL‘? 3"4: i

v

fro1 dao ol 6pol Tiis drorouBias TauTns dvnkouv eis TO KAsloTov didatnua [0,1],
Myousy 8¢ ém A dkohouBia aUTn elvan goayévy.

Fevikéds - pile dzolovllin avaypatiedr dollpay oy, v=12,. .. xaleita
Poayuivy ot xal udvor ToTe, dv Sadoyovy moayuatizol ool Yy xai & TowiTor,

DOTE yi iy

7l
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(2) y < a,<8 ¥ veN
"Av Teopa B elvon &piBuds peyahltepos T foos Tév |y | kai | 8], TéTE f
(2) cuvemrdyeTal &g’ Evds pév
o, <8< |8 €6 ¥ veN
&g’ ETépou Of
a, 2y =—|y|l=z—9 ¥ veN

5 ety .
Apa, ioyuel TOTE

3) —0 e, €8 ¥ veN
1 {ocobuvdicos
4 |a,| <8 ¥ veN.

AN kad QvTIoTpdgws, dv foyin 7 (4), TOTE Tpogavds 1) dxohoubiat o, v =
—1,2... elvon pparypévn, 81411 1) (4) elvon fooduvapos Trpos ThY (3). ’E8eixfn
Aortrov 0TI :
Mia éxolovdia moaypatoady dolludy oy, v —=12... clva gpoayulvy TOTE
xal pdvoy Tdte, v dadoyy monypatiog dpluog 8 rotoitos, date va loyiy
|t ] = 8 % weN.
‘O &piBuds 6 kodeiton TOTE godypa T droroudias a,, v=12,...

L s ; ¥ < v , 2ouw
Oparypéven  drodouBicn efvanr Ty, ol :T—Ul— c =2 el —:JV— i

v=12, .., 8idTL ioxvuow

vt ML & P = -

<ok o oy T | <1 % veN
Ko

2o |2l ¢ 2 g7 o ven.

v | v v

*AvTiBéTeos of dkohoubicn V3, v=12,... ke —vP 4w, v= 1,2,... Btv elven

ppaypévar (Bioti;).

1.1.3 Movdrovee dxoiovlia. 'E@’ &oov &k ToU Oplopou Tns 1 droAoubia
glvon pia ikt mepiTTwOLS ouvapTnoews, o Ewolal  puovaterog kol prnoins
povdtovas dxohoubla TrpacyparTikGY &piBudy elven TPOPAVEIS TUUPLVCOS TpoOs
Tous duTicTolyoUs GpiapoUs Tous Sobévras eis Ty § 1.1 Tob Keg. 111, & peryno-
Tikds CUVEPTTTES Wds TparyHaTikils ueTaPAnTi.

"AKplﬂécrrepov sl dxohoubiar TrparyuaTikéy &pifudn ay, v =1,2,. .. elvat
atttovoa  TOTE Kol pévov TOTE, &v

il iy & Sy

‘Opoies A av, v=1,2,... elver glivovoa TéTE Kad povov TOTE, &
v B o= @y 2 O
Kor dvohoyiav, f| dxorouBia o, v = 1,2... elvon pév pwoiog adfovoa, &V

I [ VRN CHE < - 7
elven 8¢ yolos glivevoa, &

vV O, >
2
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Ty, 1) dxodouBic v2, v =1,2,... elval ynoiws allovoa, 81671
VB o= oy <,
2or o s ; 1 ' ; i
V6 1) dkoAoubia - v=12... elven yvnoiws gbivouoa, &iéTi
B o i e 3
v<u T p'-
1.2 "H Evvowr tijc UmoxorovBioc. "Eorw 1) dxoloudic a,v=1.2,..."Av
Becopfiowpey kai T dxkorouBiow TEw dpTicy Quaikd &p1Bpddv 2v, v = 1,2, . . .,
TOTE Bk Biadoy ks dvTioTol{oEws @5 KaTwTEPw

v =20 >,
OpileTan pice véa dxoroubia y, v=12,..., 5nAadn 1 dxoroubia
Doy gy, Dy w0 Ol
1) &mroia droTeAeiTon &Trd Exelvous Tous dpous Ths o, v = 1,2,. . ., ol émroiol £y ouv

&priov Befiernr. ‘H véa alfn dxorouBic kodeitar draxoiofia T o, == 1,2,
Kad péhiota dmaxoiovlic T AOTiy deteTn.
‘Ouoiws Suverran v Sp100) kal 1) dmaxokovbia Tiw aeortiv drxrav Ths
o, v=12,..., 65 1 dkorouBic
Gy WO W sy G
My &va,=(—1)" ‘—iw, v=12,..., 1T | pév Umrakooubia TV &picov

Sewcrév elvon 1
4

1 1 1 1
T For by T =

N 8¢ UmrokohouBiar TV TepITTGY SeTéy elvon

1 1
N WA SR A L

3 5 2v-1
Fevikdds, v dvti Tijs dkohouBias T dpTiww 7 mepITTOY PUTIKGY Gpl-
Bucsy Oecopriocopey piav yvnoics cffouoow dxoloubior puomkdr dpiBudr k.,

=12, .. (&pa k, < K,.,), TOTE B1& Braboyikils dvTioToryioEws s KaTWTEPW
v =K, —> 0,
OpileTen pio véa droroudic O, , V=12,... (1] abvBeois aek T&V dkoAoutdd

(waqp-rr']crscov) K kai o), &nAadn 1) dxoAoubic
\ Blieys e oy iy e, i
N Omola keheitan dmaxoiovdia Tiig E W=Dl

1.3. Mndevikai axokovBion. "Eotw 1) dxoroubict oy, v=1,2,... ut oy =
— et ¢ .
=(-1y — fito1 7 drchoubia

1 1 1
~ly 5 =y gy G l)V—gm,...

"As Bewprowuer Thpa 1o Bidypappa aUTiis (BA. Zx. 60), fver GeTikdy &pi-
By ¢ .. Tov € = 0,4 ked Tos elBeios pé EEiodoeig y=¢kaly=—¢, ai dbmoia
ey TapdAAn Aol Trpds Tov GEova TGV X kad Spilowy Emi ToU émimréSou picy ramiar.
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PRao

—r-a, .- ""’il

Zy. 60

Maparnpotuey els 1o dvwépw Zx. 60 11 Té onuela P, kai P, ketvran fxrds
Tiis Towias, v T& &mo ToU Beiktou v =3 kal mépar duTioTorya onueia, fTol
T& onueia Py, Py, Py, ... ebpiokovrean SAa évtds Tie Tauvias Tév SUo TapalAn-
Acwv. Touto onuaiver 871 ai Tetaryuévar ToUTwy, fiTol of Spot oy, oy, &, . .. TS
&y Adyw drooubias xeivrtal eis TO dvoikTow BidoTnua (—¢, €), fjTo!l

—e<a < VYV vzy=3 (e =0,4)
N looduvdpws
| [ =e % b Zi=235

"Av Toopa AaBwpey fva &AAov BeTikdv dpibudy e Ly, Tov £ = 0,16 (ui-
KPOTEPOV TOU TrpoT)youpévoy) kal émoavohdPuwpey T& dvewTépod TOTE KATAATYOUEY
els TO oupmépaopa 6Tt T onueia Py, Py, Py, Py, Py xai Py kelvron &kTods Tijs dvTi-
oToiyou Tauvias, évdd T& onuela Py, Py, Py, .. eUpioxovran fvtds Tis fv Adyw
Tawiag, dnAadn o TeToryuévar TV onpeiwr ToUTwy, fiTol of Spor @y, o, o, . . .
Tfis &v Adyw droroubias kelvtan el TO dwokTdy BirdoTnua (— g, £), fiTol foyvel

—Elia, < W W zu=7 (e=0]16)

7 loobuvdues
3 [fenilise o 2 =7,

Eis T0 altd ounmépaoua katedfyouer kol &v AdPopev s € olovdriToTe
BeTikov aplﬂuov uovov Tou 81’ ékaaTov € dhAdaael & BeikTng v, (dveoTépw eibopey
6t 8 e = 0,4 éxouev s v, T6 3, vid 81k £ = 0,16, T 7).

Thw &v Adyw droroubiav, o, v=1,2,... ¢ ov=(— 1)" , | &molat TAN-
pol T& dvwTépw, YoapoakTnpilopey s undeviayy dxolovliay.
"AvtiféTes ai axohoubion B, = (— 1), v=12,. .. kaly, = L_(z_J’, v =

1,2,... B&v TAnpouv T& dvwTtépw (PA. Zy. 61 kai 62) kel émopévas Sy SUvarton
va xopaktnpiofoly dx undevikai dKO?\ouﬁiou._
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Zy. 61 Ty 62

Ex T@v dveoTépw 08N yoUueda eis TO va dwowper Tov Elfis dpioudy :

Mia dazoiovhia aoaypatizan daolludv o, v=12,. . xaleitar pndevie)
dxolovfia xal O coufoliZouey Toito ué o, =0 § zal dAdos lim o, =0 tdre
xal pdvoy tite, dv dwd wdfe € > 0 Smdoyy Oelerng vy = vy(€) (€Eaptdiueros éx
ToU €) TowoidTos, HoTE i iGyvY

la, | <e ¥ vz
Dovrépong :

o =0 <> Fe>0 3T vy=w(): |a, | <& ¥v 2y

opa

Hopaudeiypota :
1

1. I dxohorbin oy = — , v=1,2... elvar pmdevoes), B16T1 Br&x TuydvTa BeTindy &pri-
v

Budy ¢ UTrdpyer BeikTns v, = v,(e), kal dx ToloUTos SUvaTan 66 v Angbi) el Quowkds &pr-

s , R o] - S —
Suds peyadtrepos Tol .+ ToloUTos, doTe G’ b uiv

1 1

v Vi

N

Us vy = o=
dg’ ETépou B¢, Aoyw Tiis EkAoyfs ToU v,
1 1
e v
<& N vz, "QoTe tBeixbn Om

vﬂ -

"Apa ioyvel |a

v

T O v,(e) (c’xpkci va Angbij v, > -l-) | oy (< € % v v, fiTore, = i )
e

1 A ) ; ;
2. 1 axolovbia oy = v Lov=1,2, ... elvae pydevea], B16T1 Bk TuxdvTa feTikdy &pi-
v
Budy ¢ Grdpyer BeikTngs v, = v(e), ki G ToloUTos Buvarar va Angdii els puaikds &piBuds
“EYU}\\'JTEPDS TOU i_ , TolouTos, WOTE A’ Evds pév
j | 1 1
VY = (O = = &=
n 1 v ]IV VUD
G’ iTépou B¢, Aoyw Tis EkAoyfis ToU v,
1 e
Vo = 7] S s s
5 Vv
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"Apa foyuer |ay| <€ ¥ vz
“Qoe Edeiydn o1

Ye>0 3 v(e) (c’:pxei va Angdf vy > l) oy | <& % v = v, fTon cxv:_vl.:_, 0.
e v

1.3.1. *Idryrec tw pmdevindyv dxolovfidy. Tvwpilopev §i8n &k Tév pa-
Anudav Tis Tpotyoupéins Talews Tas KkaTwli 1B16TN TS TGV PNBEVIKGY GKo-
Aoubiédv :

1. a, >0 = |o,| =0
AUTn ouvetrdyeTon kol THY
a, >0 < —a, 0 (hati;)

v

2, a, >0 = a, =0,
&mou o, , v=1,2,. .. elven TuyoUox Umraxohoubic Tfis a,,v=1,2,..., dnAadn
wdlle dmaxolovlia undeviis dxolovliag elvar Enlong pmdeviay dxolovbia.

3. a, >0 = «, v=12,... eha gpayuém.

To dvriotpopov Btv ioyler dx &mroBewvletar Bix Tou mopodeiypaTos &y =
= (—1)¥ (Bari;).

4. Ejg} > a,+ B, >0.

5: a, =0
B, v=12,... qoayuévy
AUTn petd Tiis 1816TnTos 3 ouvemdyovTal THY

= O:vﬂv —=0.

g" :8 ] = ap, >0 (Giari;).
6' Z{ER-~>O } = Eta, =>0.

AU petd THis 1Bi1dTnTos 4 cuvedyovTol THY

teR, a, -0 ‘
: neR, B, — 0 ] = Ea, +np, >0 (Bati;).
Eidiés Bix €=1 kol n=—1, wpokimre:
a, =0
ﬂv“*{]} = 0""_‘3\1_"”0-
T |a,|<|By| ¥ veN
[3\.» —0 ] e, >0,
8. o, -0 = »\/1le -—?‘0

76

WnoionoiOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



"Egappoyoi :

1. ‘I dxolonflia oy = —— L, v=1,2,... ebvar pndevier). TlpaypaTt
viv A2
v v 1
| = —— g — = —
[ewt= ey To ) ;. ¥ veN
5 g L i ; ge! actey . \ v
kai émeidn B R 0 £meTon, Suvéper THs iB1éTnTos 7, 611 Kad e, —

2. H dxoiofin oy =V =2V v+ 1, v=1,2.. . ehvar pmdevonsj. Tlp&ypoTv
1 I 1 1
_ < ————— = ——— <« — &N
¥ +2+vVedl Yo 4 V3 2v¥v v Y

|ty |= VWP F2-Vvifl=
Kal Emreibn) l —» 0, katd THY iBdTnTa 7, elvar kal ) drohovbia o = Vi + 2 — VV“_TL
v
v=1,2,... undevikn.
3. "l arodovbic oy = ¥, v=12... pé @ aralepor mpayparedy dpiludy xai | w (s |

elvar pydevia). Mpdrypaty
Ak @ = 0 elven Trpogavis.

A o # 0, Bxopev 0 < o] <1 = L‘ - 1. "Apa ‘L| =140,0>0 xai troptves
|| w
( S 1
&) lov|=lo "= 5w W veN.

PAMAG KaTd THY yvwoThy dnodtnta Tou Bernoulli, fitor Ty dvicdTnTa
(14+0)Y = 1 +v8 (dmobabis Bia Ths Emaywyikis ueBdBou),
Exopey
(1 +8)Y> v8 % veN,
ométe ) (5) Bider 1 -

laple o = -z 5 N SN

*Apa, treid el i 0, uvdper Taw iBloThTwy 6 kol 7, TwpokimTel 8T1 Kl f) drohoudia
v
@ =’ v=12,... 0<]|w|< 1) el undeviki.
1 1 1
My. al &kohouBicn v V= S P, KT 1,2, . wal v V= 1, 2,... elvan

SAat pnbevikai dkohoubict.

1.4 Luykhivovsar dxohovBial. A Tiy droroubiov o, = vt L y=1,

2,... mapatnpoUpey 6T oxlel o — 1 = % , ol ) dkorovbic e, —1,v=1,2...
eluar pnBevikny &rohoubic. ToUTto Exgpalouey AbyovTes 611 1 dxoloubia -’#
v=1,2, .. ouyxhivel pos Tov Gpifpdy 1.

Fevikéss Abyopey 6Tt «uia dxoloviia moaypatixdy aolluinv oy, v =1,2,...
ovpxdiver mods Tov moayuatiey aoluoy [y f| dANwS aTelver mpog Tov moayuati-
#ov Goulludv » kol oupPolifopey TOUTO pt o, 1 A lim a, = TéTe wal pévov
TOTE, & o) dwodovlla o, — 1, v=12,..., onladny 1 axolovbia

o —1, =1, op—1..., av=1, ...
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elvar ndevizy. Tov apiBuov | KehoUpey dotoy Ty dnwwxy Ty THs  dkoloubiag
oy, V=1,2,... ZuvTopws :

lima,=1 <= ay—1—0
opa

Mvepilopey A5N &k T@Y pabnudTwy Tiis Ttporyoupévns Takews 6T T dpra
Tipn dkoAoubiag eival povoonudyTews opopévn, SnAadn loyle
li =
o ] o fe= 1y (B
1.4.1 @EQPHMA. "Av oy, v=12, ... ehar pio drolovliia TOAYUATIEDY
aoludm, Tite al xdrol pOTAaES Elval [FONTYAUOL.
() lima, =1
(ii) A wafe & > 0 dadoyet Setntng vy = vo(g) (EEaptiuevos éx To¥ €)
Towitoe, dote i loydy | &, — 1| < & du xdle v = Vo
Anddatic® (1) = (). MMpdypar lim o, =1 = lim (e, =) =0, 0
&moTov, Suvdpel TOU Opiopol THs pmbevikis &xoloubias, onuaivel OTL
Ve>0 3 vy=wE): a1l <e ¥ vz,
(i) = (i). Tlpdryuarrt' Suvdper ToU dpiopou THs undevikiis dkohoubias 1
TpdTaos (ii) onuaivel 6T 1 &rohoubia o, — 1, v=12,... elva pnBevikd) Kol
ToUTto ouvendyetan Thy ().

. 1
Mopatipnols. A Bewprocuer Thy droloubiov e L v=1, 2, ..., | émola, &g
2 v

= v+ 11
yvwoTéy, ouyKAivel TTpos TOV &piBudy 1, TéTE TOpaTIpOUEY OT1 kad 1y dxohoubia o Y=

L2, nhabh f) dkohoubia

2 13 14
T A
1) dmoia TwpokUTTEl £k TS oy l, v=12,... Bi& Biaypagfis Tév Séxa TpwTWY Spwv Ui,
v

tmrions ouykhiver kel pdMoTa TPOS Tov &pifpdy 1, Biém
v+ 11 1 1

s 1 1= T e

Mevikdds ik ToU dpiepol Tiis ouykhwouans &rohoublas cuvdyetan eukdAes &T1 ) iBidTng ToU V&

elvan pio dxoroubia ouykhivouoa BiaTnpelTal xal petd THY Biaypoaghy &vds  memEouopivov

ARfous dpov aUTiis kel pdhioTa # Spraxhy Tiwh Topapével dpeTGPANTOS.

1.4.2 *Idwrnres tiv  ovyxdwovedy  dxolovliiv. Mveopifopev {on &k T
pofnpdTov TS TTpONYOUHEVNS TdEews Tés K&t 1B16TNTAS TEW oUYKAWOUTEY
droAoubhddv :

1: a, >l = |o| =1
2. a, >l = ok, >
&TTou Ok, v=1,2,... elai i Urrakohoubla Ths o, v =1,2,. . ., Snhadn xafle

Smaxoiovbla  ovyxiwotons  dxolovliag elvar énione ovyrhivovoa drodovllia pé

Ty by doariy TLpay.
8
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3. o 1 = «, v=12,... cha goayuim.

v v

Ti oupmepaiveTe Tepl ToU GUTIOTPOPOV |

4. O =% 11 = o, + ﬂv o ’ll L 15,_.
By =1
A o, —+ly
. ‘ B, =4 L
ﬁ\_:’[-z]:.’a\ﬁ‘ >12
AUTn guveTrdyeTar THY
teR

z} ~ Ea, > E (BiaTi)),

o, >
| mole, Suvdpel Tiis (4), ouveTrdyeTan kol THY
teR, a, =
T}ER, @v '>,'.:

EiSiéss, Sidr £ = 1 kad m = — 1, TpoxUTITEL

] = ta, +np, =t +nb.

] R
v >lg
6. o, >1#0 L 4
&, EOwEN = ~ T
Al peTd THs Tponyoupéns 1810TnTos 5 ouveTréryovTan Kol THv
a, >4 #0
B. =l = % o 4 ~i—2~
a, #0 ¥ veN v -
i a, > h
B, =L = L <l
a, < B, FveN
/8, B, =1 l
Y. =>! = a, »>L
B.<a, <y, ¥ veN |
Y, a, > =V Ta, [ >V L.
*Eqappoyai :
4+ 345 1 ; :
L lim S = Tedywam
3 5 3
: LT
vi4+3v+t5 v(]+v+v’)_ v E
S T T 1 = 1
ol 1 v’(4+ﬁ) 4+Ti
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Al drohoubial duws 3 = 3..1,, e (RS 3 =_1_ : 71, v=1.2... xal E =5
v v v v ov vt

e

v=1,2... elvoa 6Acn pundevikal dxoroubiar. ‘Emopéves

v

]im(1+ 3 +_§2):1+0+0:1ma lim (4--52)—:4+o=4.

*Ape, Suvaper Tiis 1B16TNTOS 6 TV oUYKAVOUT &V dxohouthdov, Eyouev

i3 5
+=+ =
lim Uz;r?i'il'_?:lim = u_l Va—%.
h -
4 -+ 5

v
2. lim vV a =1, énov a oralepds Oetixds doluds. Moxpivopey Tas efis TEPITITCITELS :

i) a=1. Elvan mwpogavés.
v
i) o> 1. Ottopew 8, = Ya—1 v=1,2,..., éméTe &pxei v& Bellwpev o1 &y — 0.

v

Mp&ypat Exoper Yo = 1+ &,, ftor

(6) a= (145"
Emeidn 8, > 0 % veN, Suvaper Tiis dvicdTnTos Tol Bernoulli, 8& Exwuey kai (1 -+ 8,)Y =
1 4 vby, omwéTe 1y (6) 6ider
" a = 148, > vd,.
aan DBt e 0,

v -

16 dmroiov, katd THY BidTnTa 8 Téy ouykAwousdv dxohoubiiv, guveTrdyeTan 6T1 &y — 0.
iii) @< 1. Els Ty mepimrwow TayTny éxoey — > 1 ko Emopveds, kaTa TNV RO
o

v

o 1 3
youptvny TrepiTTwow i s Ly AyTOL = o LD &troiov, Buvduer Ths 1816TnTOS 6 THW
o i
Va
Y 2 1
ouykAvouodv dxohoubidv, ouveTrayeTen OTL Yo — 3 1

1.4.3 T6 povérovor xal 1] abyxiwog dxolovfias — O doliuds e. "Ag Becopn)-
v—1

cwpey TpddTov THY  dkoAouBiaw == Y= 1.2 005 ITOL “THY
1 2 3 v—1
0,5' ?, zv, ey v PRI
ko Bevrepov THY dkphoubiow v, v=1,2,..., fitor Ty dxohoubiav

120 TGN S Y21
Ar* &ugoTépas TapatnpoUper 8Tt elvon abtouoon kol pahioTa yvnoicws
alfouaan drohouBian. ‘Ex ToUTwy Buws pévov f| mpoaTn, SnAabn 1 drohoubia

o <

"; 1, v=1,2,... et gpoypévn (Brarri;). "Emi mhéov maparnpolpey OTL 1)
drotoubior alrn cuykiiver kal pédhoTa lim v%l =1, &® dvmBétes N V3,

v=1,2,..., f) éwola &tv elvon ppacypdvn, 8tv guyrAiver TpdS TPAYHATIKOV Pl
Opov (Siarri; ).
To yeyovds 11 1) alfovoa kol @poryuévn droloubia u—g-l, v=120
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SuykAivel TPOS TpaypaTikoy &piBudy Bexoueda &T1 loxUel yevikdds Bid kdde al-
Louoav kal gparypévny drohoudiay. 'AxpiBéoTepor Beydueba To drdhoulor dEfwpe:

i " . . ’ ) oy
Adiopa. "y oy, v=1,2, ... elva pia povirove: xal g oaypévy axoiovlio tpa-
yuavidy dodludy, Tate alfty avyxiiver 300¢ dzowor aoaypatir doflpor,

A

‘O dplluds e, "As Bewpriowpey TNV dkoAouBiav o, v=1,2,. .. p¢
1 1 1
w=L¥ 54 g P o nema
8nAadn Thy droAoudiav
5 8 65 163
' A e
Xdpw ouvtopias, s Tév TUTTOV Tfis &roroubias o, v=12,.. . elodyopey TO
SUuPorov v! (v TapayovTikdy), TO dmoiov OpileTan ds ké&Tw
H=12l=(1H2=1-2, 3!=21)3=1:2-3 «xal Imaywyixds
vl=(v—=1DMWw=1-2-3""v

2

NE)(cu.lev Aottrdv

1 I 1
a, = | ‘!“l"!+§j_“|“ 'Jrﬁ
‘H dvwTépw droroubia o, v=1,2,.. . elvanr alfouca e uSAIoTE YVN-
olws alfovoa, 5101, &v v < Y, TOTE
G — o, =
1 iy A 1 1 1 i T
(Isbsprposi TET eI ¥l ot gT)=
1 L. s 3
:(U+ l)'+ +Ti' - 0: nToL o, < oy
"Evri mrAdov 1) droAouBic altn elvan gparyuévn, S16T1 dg eUkdAws ouvdyeTon
1 1 1 1 g 1
IS e oar Rt e T
Kal yepikég
] ! g 1E T 1
R o O e T = i
v—1 gopis
OéTe Kkad
B el 1 L <1+ (gt gt )
= +’1T+‘2|++_VT‘- 2'12 av-1 !

TO &moiov, Buvduel Tou TUTOU ToU dBpoiopaTos TV v TPWTOY Opw YewHE-
TPIkf{s TrpodBov, 5ibel

1- o | :
0, <1 +-—-=3— 2v1<3 % veN.

“ : ; 1 1 1
Qore Aormdw #) dworoubla o, =1+ 7+ 57+ ... +57 » v=12,...

elvey altousa kol @paryuévn ko ETOHEVCS, Buvduel Tou TeBévTos dvwTépw &Eic-
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pertos, o0t ouykAlvel Tpos TpayusTikoy &piBudv. Tov &pifpov TouTov mapl-
aTédpey s Ty Mabnpatikiy “Avdiucy Six Tou ¢, fiTol

¢ = lim (l-;- LI . = 1).

1! 2! D

Oi 6pol Tijs dxohoubias o, v= 1,2,... uds &iBowv Trpooceyyicels Tou
i ~ g 1 1 B sy \
&p1Bpol e. Tlyx. 6 8pos o = 1 + 47 + 57 + —31‘ - —211-1» — S—; 5ibel TNV TTpOOC-
. g @ 1 S i
éyyiow e = 2,708, 6 6pos oz = | % St 31. a3 41 a0 51‘ ::% SiBer Ty

. e 1 1 1 At 1
mpoctyylow ¢ = 2,716, & &t Opog oy = 14 3 * 5 ET oall - ?!u+ =7

LTyl SO ) ) s
=<5 5i8el &xpiPecTépay TPOCEY YOI, TNV

ez 2,718

2. TA TYMBOAA + o kai —oo. E[MNITPEINTAI KAl MH TIPAZFIZ

2.1 Ta obpPoro 4 oo kai —oo. Mia pfy ppaypévn dxoroubic Tpaypa-
TIKEY &piBuG a,, v= 1,2, ... dtv guykhivel Tipds TparypaTikoy dpifudy, Bi1oT
&g, BnAadn &v alTn ouvékAve TTPOS TpaypaTikoy &pifudy, TOTE, KOTX ™y
iBiomTa 3 Tév ouyKkAwouody dxohoubiddy, B& firo gpayuévn, Smep  &ToTrOV.
Elg “cfiv meplmTmoty, STou f) un @poryuevn drohoubiar o, v=1,2,... elvar kai
alfouoa, s . f v4 v=1,2,.. , Aéyouev 6T alTn «amewlleTar Betindon 0
wavyxhiver 7pog TO 4 o » i dioun «teiver moog 10 + o » (T oUuPodrov + oo
GOy LY VOOOKETaL «aiy dmetpory).

Eis T mepimTwoy avfovons kad pi ppaypévns droAoubias ., v =1,2,...,
&nAadt &meipilopévns BeTikdds &rohoubias, &v e elvan el Betikos Gpibuds, TOTE
Umdpyel BeikTng v, = v,(e) To1oUTOS, GOTE V& foyun

) G> e
TMpdyuom &v ToUto Bév foyxue, ToTe 8 fTo

1
o S_?VVEN

v
xoi fmadn f a,, v=12,. .. el altouoa,
.

v VEN,

o €« < s
6 &rfoiov onpadvet 8T A &, v=1,2,... 8& fiTo pporypévn, &mep &TOTIOV.
Teopa, Aéye Tou 611 f) o, v = 1,2,... elvon aftouoq, Exouer

vy = O, Z 0Oy

kod Bduvdper Tiis (7),
vy = > %

v

"Qore thelyfn 611 i Ty abfovoay kai ph gporyuévny dxoouBiov &,
v=1,2,... loxua :
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M tuydvTa BeTikdy &piBuov €, EnAabr Sia kdle ¢ > 0, Umdpysr Belkng
Vo = v,(€) TOlOUTOS, dOoTE V& oYUM

1
o> VS
Kotémw téw dvwTépw eivonr TTAéov guoikoy va Bwowpey Tov kaTwb ye-
VIkdY Spropdv Trepl TS oLy KAioecs droAouBias Trpey uaTikGY dp1BREY TPoS TO 400 .
B& Aéycopev 6T : 1) dkorouBia TpaypaTikGy dpifudv «,, v=12,...
Cdrepiletar Detizdigy R SAA@S «avyxiiver qoo 16 -+ 0y ) &kdun «relver moog
T0 o0 », kai 6 oupPoM{wpey ToUTo ME o, — 490 ) lim o, = 40, TéTE
kel pdvov ToTE, dv did xafle & > 0 dadoyn ocixtys v, = v(e) (Ffaotdiuevog
= - = i , 1 ; i
00 €) TowiTog, Gote va oyl O > dua xdlle v = v, ZuvTdpes :

lima, =40 < ¥ £>03 v, =y(E): o> iﬁ Vs,

IMapadeiypota :

1. ‘I axodovlic taw grovein dolpdvv, v =1, 2,. .. dzeawllerar Oetinds, ftor v —>+ o
(Braeri ;).

2. H axolovlia v+ 1, v=1,2,..., dnylady 9 dxolovlia
2, 8 M0 vy Wb T
enilerar Oerieds. TpdyuaTr S Tuydvta SeTikdy &piBudy & &pkel vk Angdij &5 v, = vy(e)

elg Puoikds dpifuds peyolUTepos TOU _l, orroTe, Emeldn vi 4+ 1> v, 0& Excopev
3
1
vitRlsvzey>— YW ovzw
3

"Qove : Bix kdfe £ > 0 Gwdpyer BeikTng vy = vy(e) (Gprel va Angdii s TorolTos el

PUOIKOS &piBuds peyahUTEpos ToU ._]ﬁ) ToloUTos, OTE -‘.1:? 3
€
- = ¥/
wvrls—e N vz 4
€ fonkifN
o1 v 4 ] o o0, i
B
C‘H dxoroubior —v?, v=1,2,..., 8nhadn 1 \ _ ng’,
a NI &
P T T e - ST

elvey Tpogavéys ehivovoa kal uf ppaypévn. Kat’ dvehoyion mpods Ta dveotépw,
0% NBuvdpeba v eimopey 6Tt altn &meapiletan &pvnikés. “Aliler vé moapaTn-
Powyer €56 611 # dTiBeTos drohoubia, BnAadh i — (— vy =12,... &me-
Pileren Berieds.

Cevikéds B Aéycopey 811t 1) drohouBiar mparyuamikédy dpibudv «,, v=1,2,. ..
«d?‘ce(gfi‘amt apTedgy 1) GAAWS «ovyxrdlver meds To —00 » N dxopn  «relvet
005 16 —0 » kal 8% oupPohilepsy ToUTo pE o, ——o0 fi lim o, = —o0 (T
SUuPoror —oo Query ryveoKeTol  «tday dmepovy ) TOTE Kol povov ToTE, v
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7% aveletog daxodovlla —a,, v=12, ... dmewpiletar Oetieddc. ZUVTOMWS !

lim «, —— o < lim (—_Oiv)=-¥-;_li

loyvouv T k&Twb GewpripaTa :

2.1.1 OEQPHMA. ‘[ dxolovlia moaypavixdy dolluiy o, v=1,2,...
dmetpllerar GpwTieds ToTe xal pdvov tote, dv dua xdfe € >0 dmdoyy Oelxtng
vy = vo(e) (EEapthuevos éx Tob €) towites, date va loyly

cxv<——1? Yoy 2o,
*Andbetbic. lim a, = —w <= lim (—a) =40 <> ¥ 6 >03J vy, =

1
=v(e): — o> —Yv 2y <Me>04d vu:vu(e):orv<——i— Yoz

2.1 2 ®EQPHMA. "Eotwoay ai dxolovflatay, v=12,.. xaip,v=1,2,...
Hé oty < ﬂy du xdfle veN. Tére iloydovy:

: 2
L lim a, —-+oo = lim B, = 4o ‘i xm‘i limp,=—-0 = lima,=—w

*Anddetkic. lima, =40 =% >0 I v, =y (e): a, >% ¥ oz
kel ToUTo petd Tfis a, < P,V veEN ouvemrdyovtar &Ti
V¥ e>0 3 v, =w(e): B“’>_:_ Y vy =lmpy=+4w.

‘Qote Beixn 671 : lim oy = 4o = lim B, = 40, & TOU Smoiou ebkoAws
gdryeton (méds; ) kal 6T lim P, =—c0 = lima, =—00.

Qs eidopev dvwTépw els TO TapdBeryua 2, 1) dkohouBia vt 4+ 1, v=12,. ..
&meipileTon Betikdds. ToUTo Suvdpeba TAfov v& cupTrepdvwpey Gpéccws, Buvdpel
ToU dueoTépw BecoptinaTos, Tiis oxéoews v < v 4 1 % veN kai Tou 6T1 v — 400 .
‘Opolws &k ToU dvewTépw Bewpripaos ouvdyovTton evkoAws 6Tt V2 —v 4 | — +e0,
—3 >—00 kai —V2 420 —2 > —c0.

213 Ta odpfola —oo, +oo xai 1) dwdrabic Tav mpayuatie@y dplbudy.

Qs yvwoTdy 81& ouykAwouoas drohoudias TparypaTikédy &pibpddy foyver (§ 1.4.2,
iBi1oTnTos 7)

lima, =1, LeR

lim B, = L, LeR =l s

a, < B, ¥ veN
& &molov mailen amouBaiov pdAov els THY TexvikNy TG dmodeitewy TOAAGY
Becopnudreov Tiis Mabnporikiis *AvahUoews. Aid Tov Adyov autov & dplowpey
Si&ratv els 1o ouvohov RU{ —o0, +c0 } els Tpdmov, doTe va loyin T dveo-
Tépeo kal els Tag MEPITTWOEL, SOV f pla Ay kol of BUo dprakai Tipad by, I, elvan
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& ey ouuPérey —n  kal too. Tpdyport &v BexBdpev ToUTo, B& Eycouev
lima, =1, leER
lim B, = +w = [ € 4o
a, € B, ¥ veN
Kol &reidny, e Opiopol, TO oo BEv elvon TpayuaTikds &piBuds B Tpémer va Opi-
Tupey

‘Ouoieos 88nyoupeda eis To va dplowuey

—o0 <IVIER | ki | —68 <4

2.2 % "Emutpentai kei pi mpafeg petold 1@v ovpférov —wo, +w  xai
WY mpaypankdv  aplpdv. Els 10 olvohov Ru{—co, +o0} Sivatan va
Spieholy, pepikal Tpdters, 1 Tpoobeois kal & ToAAaTAacIaopds (s Emions
1) &paipeois kal 1) Siaipeois) els Tpomoy, cdoTe va pfy 68nyouueda els dvmipdoeis.
Al mpdters adTa Spllovton dog émektdotls TGOV QuTioTolywy Tpdtewy el TO R.
Tpiy TTpoywprowuey eis TOV dpiauoy Tév Tpatewy ToUTwy B& dmodeitwper Thy
&kéhoubov iBi1dTNTA :
oy —> o0
B, = x, xeR
’Ev mrpddrols TaperrnpoUper 811, Suvdper Ths iBidtnTos 3 Ths § 1.4.2,
dkohoubia B, elvan pporypévn, Bniadth Utrépyel TporypoTikes dpifuds 6 TolouTos,
Gore | B, | < 6 Six k&b veN, Aol
(8) —8 < B, &V veN.
"Eores Tdbpar Tuydy BeTikds &piBuos € kol EoTw eF = ]:: o r OTOTE
&, > 4o = Ty, =y (%) o, > % Yz,
Emopévess, Buvdper Tis (8), 8 Exconev Ko

1 14 Be _
a, + B, > Eq.\—e::——E '_B_T b

} = o, + B, = + 0.

Qoe Edeiyfn 6Tt
Ye>073 v, (BEapTadpevoy ik Tou €%, &pot Kad & ToU €): o, + P, > 15 Yoz,
fitor &7y a, + B, - +o.

T ponbela Tis dvetépw &mobeybeiong iBioTnTos Buvdpeda va Bikaio-
Aoyfowper dos rritpereTiy THY Tp&EW 400 X dg émions kal TAY X + (o0 )
&iom o, + P, > 4w < B, +a, > +o) kod pshioTa v Spiocopey

too +x=x+(+ow)=+®.

Kot duooyiow mpods T& dvwTépe oTnpildpevor eml {BloThTew Té
dkohouBicy Suvdpeba v dplooper Tas Slagdpous EmiTpeTrTas Tpdlels s ka-
TmTE‘pm .
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“IdidTyTes

o, — +oo "
By >x,xeR| = % + Py >+
<> —e0
Bv %V,KER } =iy +B\‘_ —oo (SIGTI';)
o, —> -0
B, — 4o } = o, +P, =00 (Brari;)
Oy = —nb
SRS } = a,+ B, = —w (bieti;)

o, —> —00
o, >0 =

o, —=—1-00

(_ CI\‘) ==

B,—>X,X >0] = a,p, = +oo (iati;)

o, —>—0

B,—>X,x > O} - a p, — —oo (Biarti;)

o, = 4w
B, -x,x <0

a, —>—o
B,—>x,x<0

o, —>X,XER
ﬂv =00
B, #0 ¥ veN

a, —x,XeR

Bv ==
B, # 0V veN

} = a,p, - —o (Bioti;)

—

= ap, > +w (Gati;)

—0 (Siaetl; )

= 2 50 (Siotl;)

“ B,

_i,

= (= &) — oo (é€ dpiouod) |

‘Emitpental mpdterg
® X=X+ (40) =+ ¥xeR

(—0) +x=x+(—0)=—0 ¥xcR

+00 4 (+0) =+

(+0)x =x(+0) = 4o ¥ x =0,
&pat (o0 ) (Ho0) = +o0

(_OO,)X'=X(—00):-—00 x>0,
&pa (—oo )(+00 ) = (40 )(—® )= —oc0
(oo )x =x(+w0)=-00 ¥ x <0,
&pot (00 )(—00 )= (—o0 )(+00 )=—0c0

(o)x=x(—w)=+x ¥ x <0,
pa (—0) (—0) = 4w

X

e =0 ¥ xeR
=B =0 ¥ xeR.
—0

“Ex Tév dvwtépw EmiTpemTdy Tpdlewv ouvdyetanr 6T1 kol T mpddis

+eo — (=), SnAabn N +oo + (—(—w)) elven EmiTpemth, Si16TI
= 40 kai émopivws +e — (—0) = 4w + (42 ) =

—(~») =

4+ ."QoTe 40— (—w ) =

= 4. ‘Oupolws ouvdyetar kal —o — (o) =—».
"AvTibétos 1) mpdtis 4w — (4o ) Btv SpileTon dos EmiTpemTh, B16T &v

o, —>+w ke B, -+, TOTE f| drohovbic o, — B, v=1,2,-""
vel mévtote Tpds TO undév 7 &AAov povoonudvTos

8ty ouyKAi-
Gpioutvor  &pifpov 1

dicdun Tpods Ev TEY oUPPOAwY —co, oo . TMpdypom dpkel vt AdPowopey &g’

fvos ptv o, =vi+v > 4w kal P, =v? >+, SmoHTE a,
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>

1
-— =0,
v

Kat’ dvedoyiav, Bev opilovran s émitpemrral ked of xkéreodi Trpdtes
(Broeri: ).

2oag g ' . 1 \ a P
AP’ eTepou OF o, = v 4 —= > +w ki B, =v® >+, dmoTe @, —B, =

My fmroental modferg

Fo —(+2), -0 + (o), 0H®), O0(—w), (+0)0. ()0, =
i W T -

o4
= e T "0 o -, aeR.

Okai—
"0 0

p1
pv

2.3 I'evikny rapatipnois. ‘H moapdoTacs »6mou p kal v guoikol

SpiBuoi, S1& ptv 1 oTaBepdy Spiler picw dxoroubicy Thy a, = H T l‘ =1, 2000 0
i)
NTo1 T
p4+1 p+1 p+1 w41
T I SR el Sy
& ¢ . i ¢ I : 3 -1
N omola ouykAiver kad péhioTa lim o, = lim u:v =0.

"Av Spows Bewpriowpey TO v oTtabepdy, TOTE 1y TropdoTagg b1 Spilei
Y

Rew SAAnY dxohoudiav Thy B, = “—U-E 1, = 1,2,.. .; fEorTHi
2 3 4 Bl
2T T TR
€ ¢ s o " , s 3 w41 1
N oToia emions ouykAivel kel péhioTa lim By, = lim i,
Mpds Bidkpiow ToU moiow dkohoubiow &k Tév a,, v=12,... f B, p=
=, = T - 1 : 8, e A e ¥ e
=1,2,... Becopoipev els 16 lim ”-Sv—. yp&popey &g’ Evds piv lim E:'Tl S Ty
v
PGty TeplrTwotw, Snhadh Sik THY dkoroubiow a,, v =12, &g’ ETépou
8t 1im “j; L sk v TepimTeo THs dxohoubios By, = 1,2, . "QoTe Exopev
n
PR T 1 ) VR |
iim“+1:0 ol Jim B
v [ W

Fpépopey ¢rrions ioobuvdpes kad

Bkl og o Bl gL
gt : :
w v wooouov
Avti iy oupPdAwv lim §j - - xpnowomoloivTal émions kad T& UpBora lim
n b v+oo
N 5@ “Emoptves Suvdueba v ypéyowper {oodurdpews
. . 1 1
lim ““:0, i B e
n v—500 1—+00 5 v
n C’(Kéuq
- 2 SN ST
HV v 00 WY p—rgg V
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3. AZIKHZIEIZ

3.1 Tloien & TGV dxoroubidv ay, v=1, 2

-+, of émoicn opilovran UTO TV kK&Twh
TUTwy elven ppaypévon kal moicn Bév eivan ;
4+ 20 ynusv
iy g,n LRI By oy 2l o= 0
= T ) s T = T
3 2
4 a,=TEW 5) ay= s 6) oy = 57—

2v 4 nuv

3.2 Mofou &k T@v dxohoubidv Tiis Tponyoupévns doknoews eival povoTovol kai Troim
Btv elven ; KaBoplooTe kal 16 €ldos povoTovias &1k Tas povoTtdvous b alTdv

3.3 Awoate Tpeis Siagdpous UtraxorouBias B Ekdotny dk Tév elg Ty &oxnow 3.1
dxohoudidov.

3.4 Aeitore 611 ol droroubiocn ay, v=1,2
TUTTV elven GAan pnBevikal
v e I ol 14 Yv
1] e STy 2) ay=VYv+5—Vv 3) ay=

., al éoicn dpilovtan VMo TGOV K&TWE

v

5 i s
B o= () BT By T IY

6) a, = v (Vw2 —v).

3.5 ‘Ymohoyloate Tds dpiakds Tipds TGV drolovbidv ay, v = 1,2 , al éoicn dpi-
fovtan Umd TV KkdTwb TUTTRV:

D a=) 142, wers 2 ay= 2L
LV —3v+42 i i aeR*
BT 4 ay=VY@+ayv+b)—v

beR*
a a¥
5) a.,=v(l.— 1 +7), aeR* 6) a,= =, aeR+
3.6 ‘Ymohoylooare Tds Oploaxds Tipds TV dxoroutéw ay, v = 1,2 , al  dmoien
opllovrar Umd TGV KaTWO TUTCOY
See s -y et e O T
) ay= o v 2) ay=—2

1 1
S o
i 'YTro?\cy[crorrE Tés kdTwbh dprokds 'nudg
u.:lvl
1) hm v‘+l 2) hm v’+l 3) llm e
5 L 2wy R ST
lm T 9 i &) in e
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KEDAAAION 'V

IZYFTKAIZIZ ZYNAPTHZEQN

1. ZYTKAIZIZ LZYNAPTHEEQL AlIA X — 4o

1.1 Eis 16 mpornyolpevor kepdAaioy foyoABnuer pté THv oUykhiow dko-
Aoubésy TparypaTikéy dpiBud, ol omoial, ds eibouey, dmoTeholy piay dmhou-
CTATTY TePITTWaIIY TPAYPaTIKGY cuvapTiotwy. Eis To mapdv kepdhaiov 8&
EmexTeiveouer Tas fwolas TRs ocuykAoews kal THs Splaxiis Tiufis Bk TpayUaTI-
K&s guvapThoels pids TpoypaTikis peTaBANTHS kal kad TedTov B Tpdtopey
ToUTo Bi& POy HOTIKAS CUVOPTHOEIS GPICHEVAS TouhdyloTov els Ev &mrépavTov
SidoTnua Tiis popefis (o, +w ), émou a otabepds mpoyuaTikes &piBuds, Bn-
Aobiy Bia ouwapThoes | pé (o, +0) & Z(1).

1.2 Mydevikai suvaptijoeig d1a x — +oo . ‘Qg yvwoTtov foxlow v —+ 4w
Kad %— — 0 kad pdhioTa ) SeuTépa TOUTWV Elval ouvETrElx THis TRWTNS, G5 GA-
AwoTe kai yevikdTepoy oyUel
X, —>+w 1
1 : . B
0 s uEN} %y 0,

1

B16Tix, >4 > ¥ e>0 3 vy =1): x> —- ¥ v 2, kai ToUTo Bebo-

Méwou &1 x, > 0 % veEN, ouvemdyeTon OTL

1 " 1
¥V oe>0 3 v, =v(e): =—<e ¥ v 2w, fro-— 0.

Xy

1

g

g e 2 . : « < . 0 1

Try iB16tnta (1) éxppdlopey Afyovtes OTL 1) owwdpTnals | ué f(x) = —

XE (0, 400 ) elven undevies) otz x —>-+oo (TOoUUPOAOY X — oo GvarylyvedokeTEn
. . 1 % . 1

“X Teivor mpds To 40 ») kal ypagouey — ——-0 f  lim — =0.

£ * xerdoo Rl

Mevikéds, &v | elvan plo ouvapTnols piouévn TouAdxioTov els Ev SidoTnpa

TS wopefis (o, oo ), 0& Aéywpey &Ti «j avvdotyarc T oelvar pmdevisa) dud

X—>+4oo» kol 8& oupPorileopey ToUTO pE I(x) — =0 f limf(x) = 0 TdTe
= x-++co x—++c0
kad pdvov TéTe, & dua wdle daxodovbiar x,, v=1,2,. .. pé xE(q, +oo) ¥ veN

%l X, —» oo loyiy 1(x,) — 0. Zuvtdpaws :
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| x oo opa

i(x) —= 0 « ( . 23 : } = f(x,) =0 )

Hapadeiypata:

1. "H ovvdotneis { pé 1(x) = \2\_;317, xe€ (0, +00) elvar pnderxy da X —> 400,
Mpdypar: &v xy, v=1,2,... elvaa "r\l.rxoDcrcvx &rohoubio GeTikddv Spwy pE X, —> oo, TOTE )
dutioToyos dkohoubia Tipé@v  f(x,) :.“\;_l"f?,lV ,v=1,2,... elvan pndeviks), 816 &g’ ¢-

X+ 3xy
\L i \_1" 1
vos piv f(x,) = e &g’ Etépov B¢, Adyw Tiis (1), . 0, oméTe kai " >0,
Xy

1
Xy

3 —> 0 kal Eropéveds

0+
f(xv)—)'m:().

"Qote £8elyOn 611 B1& K&Be dkoAoubia BeTikdv Gpawv X, v=1,2,. .. ptx, - +o, f) dvtioToI-
%08 dxoAoudia Tipdv Tiis ouvapTioews f, SnAadn 1 drkoroubia f(x,), v = 1,2,.. . elvon pnBevik.

1
2. “H owvdptnots | pé 1(x) = ?. x€ (0, +o0) elvar undevizy dta x — + o . TMpdypo-
X

Ti* &prei vex Beifwpey 811 &w x,,v = 1,2. . .elvan TuxoUoa dkohoubia BeTikddy Epwv pE X, —>-f00,
1

TéTe 1) drohouBia Tmdv f(xy) = v v=1,2,... elvar undevikry. lMpds ToUTo foTW
TUxOv BeTikds &piBuds g, OoTE & Exwpey
1
Xy—=> Fo = Bk TOV £ T vy = v,(et) : Xy ey Movz v,

TO dmolov, Emeidh x,>0 % veN, ouvemayetar 6Tt

1 1
— <! N v =y, 0nhabl ——= <& ¥ v =,
K Vixy
“QoTe tBeiydn 611 Bk TuxdwTa BeTikov dpifuoy £, EnAadn Si1d kdbfe £ > 0 Umépyer Bel-
KTNs v, (ElapTopevos €k Tou €) TolouTos, oTE va loyun
1
R B 7
e Vo
fiTol & ——LT -0
X
1.3 Zuykhivovear cuvveptioerg d x — 4o . Aix Thy owdédpTnow

pe {(x) = —3%'J TapaTnpoupey Tt f(x) — 3 =% Kol Emopévas T ouvdpTn-

oig [ —3 elvon pndevikn 81 x — 400 . Kat’ dvahoyiav mpos ThHv mepimTrow
TGV dkohouBi@dy Aéyopev kal é6& 6T 1) owvdpTtnois [ ouykhivel S1& x — o0
Tpos Tov Gpifpov 3.

levikéds Aéyopev 611 pia owvdptnois f dopiopévn TouldyloTov els &v Si1d-
otnue Ths popefis (o, +0) «avyriiver dtd X —> 400 @pds Tov dpludy I» A
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QAACOS (Telver O X —- 400 moog Tov dmbupor [y kal oupPohrilopey ToUTo pE

f(x) oy I A lim [(x) =1 167 kel pdvov TéTE, B i ovvdorye [ — 1 efvar pn-
0 X 5+00

Oevizd) dux X > b0 . Euv-rouwg :
|III1|¥—I-<—>-|\—J-— 0
Jnet fg) €9 g
Tov apifucy [ Kor?xoﬁuev r’;’r_mw ul ciyrum]v Ty ThS  ouvaptnoews | 8id
X =400,
"AmroBeikveTan Topa 6T1 Bk piow ourdpTnow [ dpiopdvny TouddyloTov
els & SidoTnua THs popoefis (a, +oo ) foyUel TO kdTwl :

1.3.1 OEQPHMA. /I covaotyoc | qoyxiiver 0t X —» 400 mpds oy dot-
O | vive xai pdvov téte, dv out wdlle dxolovlhior x ,v=1,2, .. ué x (a, +0)
VVEN xai x, — 400 ioydy lim [(x) = 1.

Zovrduens :

.-li.m I(\) A/ .~:::- (x" . } = lim l(\\) — 1)

x> 400 x € (a, +0) ¥ veN |

X,—> 4o
Ei =] « —D= ¥
Amddedgis. lim 100 =1<> lim (169 =1) = (X‘E(a‘ -+—oo)‘v‘ueN}

> lim (f(x) =) =0 ) a5 (:((:im)vvm} - lim i(x,) = )

Hopadeiypota :

x24+8x+5 y
1. "H owdgryes { pd [(x) = ERE A J5% ¢ xXe(0, 40) oupxiier B X—>+4o0

: 1
Toos THv dmbuir T Mpéy paTr

_ ] xtBrs k. 3l
() =5 = 5yt & I5x T T
X+ 1
"AMAG, ¢ eiBepey els o TrapdBerypa 1 Tiis wponyoupévns § 1.2, loy el XTF 3% ;ur?o 0

x24+8x+5 1

fea lim o s — 5
¥ +o0
3
X :
I avvdornes 1 pd [(x) = S, xe(0, L oo) ovyxdiver da X —> 400 meds TV
S -5
0l -é— Mpdyuart &v Xy, v = 1,2,. .. eivar Tuxovoa dkohoubia BeTikdov Spav pé X —>+co
3
! b e 1
TOTe f) drohouBia f(x,) = —— v v=1.2,... ouykhiver Tpds TOV &p1Bpdv 5 BioTi &g’
2V x+5
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T XYy, 3 1 5
tuds piv f(x,) = s A &o’ ETépov 88 — >0, =— > 0 kai =— -0 ki tmo-
oL Xy V‘X\, V.\'\,
Y,
1+0-0 1
uéves f(x,) — —2—‘—+—0 — = 5
"Qote 8elybn 6T Hi1d kdbe drohoublav BeTikéy Spwv Xy, v=1,2,... p¢ Xy—>+400, 7

dvtioToryos dkodoubiar Tipdv Ths ouvapThoews f, SnAadh # dxohoubia fGwiv=1.2,...
1
ouykMiver pdg Tov &plﬁpou 5. "Apa, Buvdper Tou dwwrépm Bewpripatos 1.3.1., oy
Yak =2
lim ——5 =]
x40 2¥x+5 2

L3.2% "Anewplduevar  fetindss 4) dpwmridss  ovvapmijoelg St X —+ o0
A i owdpTnow f pé f(x) = x? mapaTnpolpey 611 &v x,, v=1,2,... elvea
TUYoUoQ dKoAoubia TparypoaTikGy dpiBpdy pé x|, > 4o, TOTE kai 7 dvTioTol-
Xos cdwodoubia v i(x,) =x.% v=12,... &mepiletcr OeTikéds, Siomi

f(x,) =X, =X, X, - (+0) ( +20) = +o

Abyopev B¢ els Ty mepimTow Taltny &Ti 1) ouwdpTnois | pt [(x) = x? &meipi-
LeTon BeTikdds S1& x — 400 .

levikéds Aéyoper &Ti ula ouvapTnois | dplopdun TouhdyioTov els &v Bid-
otnua Tiis Hopefis (o, +c0) «dmewilerar Oetinds o X —> 4oo» T SANWS
«ovyrdivet i X — 400 mpdg TO +0 » T GKOUN «Telver dut X — 400 POC

70 +oo» kol oupPolifopev TolTo Mt f(X) ——= 4o i lim f(x) = 400 TOTE
x—-+400 X—p 400

Kkal udvov TéTE, & did xdfle axolovbiar x,, v=12,. . ué x (g, 400 ) ¥V veN
®al X, ——+oo loydy lim (x,) = +oo . Suvtdpws :

lim {(x) = 400 <=
x+400 opa

(xv - 00

X, (o, +o0) VVEN} =lim f(x,) = 4o ) ‘

1

Kat” dvehoyiov pos Ty mepimTwow Tév droroubitn B& Aédywuey &T1
owapTnois { «anewlletar dovyrinde did X — 4o i &AAwg «ovyxdiver dud
X =+ 7po 0" —oo» T kdun «relver did X >+ o0 mpdc 1O —c0» Kal B
cuuﬂo?\lgwueu TouTto pE f(x) i A lim f(x) —c0 TOTE Kai pdvov TéTE,

X—++4-00
&v icrxur_] lim (—[(x)) = +oo ZUu'rouoog
i
| lim f(x) = —c0 ol hm 1 (— () = +eo
I X~++00

My ) owdptnois { pt f(x) = :3;1:—1(, xe(0, +00) dmepileTon  dpvnTIKES

81k x —» +4oo. [Mpdyparr:
- 1) = 577, X0, +)
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kol 81t TugoUoay dxoroudicy x,, v = 1,2, - BeTikév Gpeov pE X, > oo foyue

R e B o Bk

3%, 1 4 3+0
a x\' ¢ 2
Qpa lim  (— f(x)) = 400 kai émopévws lim EXER el
X—>=+00 X400 3x+1

"Ex 1év dueotéper ouvdyeTan Topa eikdhws &1 O Bedpnua 1.3.1 ioxve
xad eig TH mepiTTwow, omou fi dprakr Tiud | elvar Ev TGV oupPéiwr o0, —0 .
AxpiPéoTepoy loxlel TO drdAoufiov Bedpnuc.

1.3.3 @EQPHMA. "H awdptyoe [ ovyxdiver dta x — +o0 modg 70 1
(lerRu { —e0, 40 }) vdre xal udvor tdve, dv S wdle axodovliar x ,v=1,2,...
ME X € (o, 00 ) YV veN xai x, =+ logdy lim [(x,) =1 Zwrduwce :

L S

j Im [(z) =1, ; X, =+ 00
e s ( v } = lim f(x,) = 1) |
J [ERU {~c0, +00 } PRI e |

*Anddeitig. ‘H mepimrowors [ER elvan Tpogawns ék Tou Bewpripatos 1.3.1,
aog gmiong kai 1) mepimTwols [ = +4-co Ek TOU Opiopou Tis dmeipifoutvns BeTikéds
By x —> 400 cuvapTroews. ‘H &mopévouoa meplmTwos | =—w  ouvdyeTal
EUKkdAeog cog £Eis :

5 X, =>4
thmf(x) =—00 <= lim(—=I(x))=+40 <= (x € (o, +00) ¥ veN } i
+ apo opo v

X, >+

im (—1(x)) =+ )é (xve (o )VveN} plers e )

2. TVTKAIZIE ZYNAPTHEEQE AlA X —>—c0

y . oy +1
2.1 A. “As Bewpriowpey Thy owdptnow f pé [(x) = ;\"'_ 5+ XE(—w, 0)

Big Ty dmofav TapaTnpoUuey OTI

X,—>—00 o s X, + 1 :1+3_'v L S S

el N T T Ty Y B0

.\'v
~ ; ; " 0% 5 i \ c+ 1

Tolro txppddopey Abyovtes 6L 1) owvapTnots [ pé f(x) = };x_z , XE(—o0 , 0)

; . Vi S " . . E x+1 1.
OVykhiver Bid x —>—oo TS TOV Ep1Buoy 5 Kol ypagopey ,(]erlw T =

Fevikéds Aéyopev 6T pia owvdpTnois [ wpilopévn TouAdyioTov els Ev Si14-
TNua Tfs popefis (—oo, &) «ouyxiiver dui X —>—00 mpog Tov  dgduoy b 7
OAAGS «refver ik X > —o0 moog Tow dolliudy [ kol auuPoiilopev ToUTo Pt f(x)——> 1

X—>—00
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A lim [(x) =1 TOTe ke pévov TéTE, &v dict walle dxoroviiar X, v = L2 = b
x>0

x,E(— o0, cx) VvFN xal X, —>—00 m/m, lim f(x )= Zuu*roumg

BRIy ("“ g } = Hin f(x_):l)
opo

| x> X e(—oo q)‘v’veN
Tov GPIBIJ.OU { KcO\ouusu dowoy N dotaxy Ty TR CUVOPTTTEWS [ Bix
X —>—00 ,

B* Al fwoicn Ths OeTikdds kal &pynTidds dmelpilopevns ouvapThoews Bl
X ——00 oOpilovTon kot dvahoylav Tpos THY TepiTTRoow x —> 4o . Axpl-
Péatepov, &v I elvan pic ouvdpTnols Gplopévn ToUAGKIoTOY €S g BiaoTnux THS
popefls (—0, «), TOTe Opilopev :

\
. X, —»—00 .
lim f(x) = 40 <> & = lim f(x,) = 4 .
x—lb_w( ) rie 0po (_\IVE(—OO , o) Y veEN } ) o ) |

Kai

lim f(x) = —c0 g =1 hm (— I(\)) = 400

00
|

omoTe, xoT dvahoyiay Tpods TO Gewpnua s 3 3, dmobeikvleTan OTI

x!@;’(x):z, }ﬁ(\ ——0 } lim r(xv)=’)

| leRU{=00, 4+ } X, (—0 ,0) W vEN

Iopadeiypata :

2l
xz -1 X!
7o Tov dotudr 3. Tpdyuar &v Xy, v=1,2... elven Tuyoloa dxodouBia TrpaypaTikGY &pi-
Opdn pt xy < — 1% veN kol x> —00, TOTE

1. ‘I gwvdgrnos [ pé 1(x) = XE(—o0,—1) ovyxhiver da X —> —o0

. 3]

_ Bxi TR 30

E Ao lhe i e R T 4
"X,

51671 -14 — 0 kal ‘l — 0 (&ari;). "Qore Ebeiyfn om
Xy o
Xy—>— 00 e 3x,2 -+ 1

xy<—1 ¥ veN} % x‘.ﬂﬁ-x\.zg'

fiTo1 611 lim —
x—>—e0 X' X

2% “H guvdotyois [ pd 1(x) = ¥ x* —x, xe (—o0,0) drepilerar feTixds dua X — —co

MpéypaTt: & Xy, v=1,2,... elver TuyoUox dxohoubia &pvnTikédy Spuov pt Xy > — 00, TOTE
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/

((x) =V xt—xy= V .;'V"V(l #_:l_) = \'\-iv‘ 1 *-xl— i va" 1 ﬁ"{l—' -

> (—0) VI =0 = —(—w) ] =+w,
fitor
e = fimn VE T T mo=k
X< O & veN} = lim Yx# —xy =+,
Snhadn  lim VxP—x= +o
-
3* H owdprnog | ué I(x)=xV xf—x, xe(—w, 0) drewilerar dgrjmxis Bid
X = —c0 . MpdypaTt &v x,, v = 1,2,. .. elvar Tuyoboa dkohoubia dpynTikdy Spev e Xy — =,
ToTE N
f(xy) =Xy ¥ X2 — Xy — (—0) (+® )= ~w,
fiTol
Xy—>—0
X, <0 % veN
nhadh lim xVx? —x = —e.
X—>—00

}:— limx, VX —xXy=—001

3. LYI'KAIZIE EYNAPTHIEQE AIA X —>Xx,

3.1. Toyxhoig ovvaptijgeng &e x —x, + 0. A& Thy owaptnow ¢ e
gx)=x+Vx—1, xe(l, 4 ) moaparnpovuer 871 ioxler

2

x, =>1

x, > 1 ¥ vEN} > gx)=%,+Vx,—1=>14+VI-1=1
\ 1 -
‘Opolews &i1& Thy owdptnow h pé h(x) =, x&(5, +eo ) TapaTnpou-

Hev &1 {oyUel

x, =>5 ]
©) e e | = BRI =zt
8!
i zv;SSVVEN]:,Ve>03vuzv,,(e):0<x.,_5<sVu;vﬂ

: 1 1
= Ye>0 3 v, =v(e): h(xy) = B M0 2,
fitor &1 lim h(x,) =+
"Bk @ dveoTépod, THY Hév 1B10TNTX (2) txppalouev Aéyovtes OT1 1) ouvdp-
™o g pé g(x) =x++/ x— 1, X (1, +o0) ouykhvel 81 x =1 4+ 0 wpdg Toy
GpiBpoy 1 al ypdpopey lim (x + AV x=1) =1, Ty 8t ot (3) Ekppdlopev
x—=1+0 Y

1 2 . -
Abyovres 811 f ouvdptnots h pé h(x) =— xe(5, 4o ) dmepileTon  BeTirddg

. \ v . . 1
Bict x 5 4 0 f) ouyKhoer Bicr x —5-+0 mpds TO fe0 ol ypdgouey im g =

=4-c0,
Meviéds, & | elven pia ouvdpTtnots dpiopévn TouhdyloTov els & BidoTnue
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s pop@iis (X,, B), &mou xR, B& Aéyoopev &11 abTn «ovyxAlver St X > Xy + 0

modg 1o Iy T EARws «Telver S x —»X, + 0moog to Ly, omou leRU{ —0, +oo }

kel 8% oupPohilwpey ToUTto pE [(X) 575! A lim f(x) = TéTe kol povov
=

x—>xg+0
TéTE, &v da xdle drodovfioy X, v= 1,2,... ué x,€(xy B) VvEN xal X,—>X%
ioydy lim f(xy) = [ Zuvtopes :
e et - B0 il Gl e et o |
i XX +0 * } < (X, == Xo }_—> lim f(x,) = [)
|  IeRu{—c, +w} i x € (X, B) ¥ vEN

To 1 kohoUpey Gotov A Goiay Tepry Tiis CUVAPTNTELS f 51k x >%,+0.

“Av | = 0, TéTe 1) ouvdpTnols | kaheiTen undevit) Oed X —> X + 0. ’Emions
el Thy TepiTTwol, STov = —0 Aéyopev kol OT1 1) owéptnots | dmepiletat
dovnTindg did X — X, + 0, & elg T mepiTTow, dmou | = o0 Aeyouev 6T
o amewpilerar Oetixndc S x — %, + 0.

Mopadeiyporae:

1. ‘H owdornoie { wt f(x) = (x—1)* + V\z—):l , xe(0, +o0 ) avyxdivee did

x — 4 0 mpde wow dofudv 1 (+ 0 TibeTan ouvfiBas dvtl ToU 0 + 0). Mp&ypaTt &v Xy, v=1,2,...
elval Tuyoloa undevikn dxohoubia GeTikGY Opoov, ExOuEV

e e e
(xy) = (% Han XA 1 (¢ P 0241 :

, ; el -
e xila—"lo((x‘ : +vx=+1) b

¢ ; \ X
2. ‘H awvdotnog I pé 1(x) = T X€ (1, +o0) dnewpiterar dorrinds Oud

x — 1 + 0. TMp&ypott-

X, —~>1 A ) w
i veN } = lim T —oo (Sarl;)
¢ SN e e ;
kal fopévas I(x\,).— a0 Xy T—%p 1.(=0) =-—o. "Apx xhrlnTu g = -

- 32 Tiykhoig cuvaptijoeng S X —»X, —0. A& Thy ouwdpTnow g it
gx)=x +V1—-x, x€ (—o0,1) mopoarnpoluey, Kot dvahoylov mpos ThHY
(2), 611 loyuel

x, >1 s e e
X <1VV5N] = gx)=x,+VT=-x, >1+VI-1=1
‘Opoiws Si1& Thy owdptnow h pé hix) = x——_l_ = xE(—00 ,5) TopaTnpOULEY

o loyUel
x, =5
x, < 5% veN

b= =g >
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B16m

X, =5
2 b ineatr | = Ye>03TFy=vE: 0<5—-x,<e ¥ v 2y
=% e>013 v, =w(Ee): 5,_1,; >LE - v
SMAadh lim <—— = 400, &pa lim ' = —o.

T dvwtépow exppdlopev AéyovTes &’ &vds pév OTi 1) cuvdpTnols g pg g(x) =

=x+4 V¥ 1—-x, xe(—c0, 1) ouykAiver &1& x —1—0 Tpds OV &p1Budv 1 kai
Ypdpopev lim (x + V1 —x) =1, &o érépou & 8T 7 ouvdprnois h p¢ h(x) =

X—>1-0

= = xe(—oo, 5) dmepiletar dpymTikéds ik x —5—0 A ouykAiver Bik

x—5

) . \ ' : 1
X —>5—0 mpds 10 —o0 kai ypagopey lim —— =—c0.
x—5-0 X3

Tevikéds, v | elven pia owwdpTnols piopévn TouAdyioTov els &v BikoTnpa
Tiis popefis (g, X,), émou X,ER, B& Aéywper &1L altn «ovyxdiver da x —x, — 0
node 7o Iy ) EMAws «relver 0wa X =Xy — 0 oo 7o by, érou leRU{ — o0, + o0 }
kai 6& oupPoAilwpey ToUTo pé f(x) fol A lim [(x) = | To7e kai pévov TETE,

X—+Xo—0

X-+Xg—
& i wdfe axodovfiay x,, v=12,... pé¢ x,&(a,x,) ¥V veN xal x, =X, loyly
lim f(x,) =1 Zuvrdpaws :
P i ) TR
el i e } - (*“ ?‘f{ Jyven | = lim i) =z) |
|  lERu{—oo,—i—oo} opa X 09 X, :

To | xahoUuev fowov T doraxiy Tyupy Ths owopthoews [ ik x —x, — 0.
"Av [ =0, TéTe ) owvdpTnols [ kaAeiTon pndevixa) dui x —x, — 0. "Emiong
els Ty TepimTwow, émou | = — o Aéyopev kal 671 T cwdapTnols | dmewiletar
C’tgvrmx(ag S X —>x, — 0, fvd elg TNV TeplmTwow, émov [ = 4 oo Abyopev 6T

3 >
aUrn dmewlerar Oetiede o x — %o — 0.

Mapedeiypata :

1. “H ouvdptnae 1 pué 1(x) = (x + 2)* + V);i:i_l' xe(-- 1,0) ovyxdAlver Sta x -~ 0

T90g Tor deufpdr 4 (— 0 Tiberan ouvnBes dvtl Tou 0 —0). Mpdyuar &v x,, v=1,2,... elva
TuxoUoa undevikd, dkohouBic pé x,e(—1,0) % veN, &xopev

( WLl
f(x) = (xv + 2" + VT "“ - (0+2) 4 ]/1 —5 =4

x:—1

“Apa lim ((x + 2)* +v x ) = 4.
X=--0

1 ;. : kil
2. “H owdprnag [ pé 1(x) = == xX€(— 0, 0) dnewilerar dpvyrinds da x — — 0. TTp&-

Yhory
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W

Vo =

Xy <0 %/ veN

1 1
He>03vy=wle): -3 > ¢ WV 2 Ve BnAadh lim(g—ﬁ ):—i-cc, &palim—/ = —®.
X € x5y e

v

- _)_0
= } = ¥ e>0 13 vy =w(e): 0 <—xy <¢ A v
1 1

“Qoe Belybn oM
x,—>0

% o ] o a
X, <0 ¥ UEN} z-:-llmE:_oc, fito ‘l_l,n;lu?,—r-:—oo.

X
3. H ouvdprnowc [ pé I(x)= 7. xe(— 1,1) amewpiletar Betieds og x—>1-0.
Tpdyuam® &¢’ Evos uev
Xy > 1 1 ; .
XL ¥ VEN} = e — 4 o (Bari;),
&g’ Evépou Bt
Xy

]
1—-x,

1
o,y MRS,

X
“Apa lim 1=t
P x—:—I;rLO L=t
3.3, TOyKAOIG GUVOPTHOEWG St X —>X,. “Av Becopriowiey plaw ouvap-
tnow [ dplopévny TOUAGYIOTOV glc & ouvohov Tis wopgfis (o4 xo) U (%o P
éTe B adThy SUvaTal TPOGAVES vé bpiaBij Tooov ) Ewoid Tfjs ouyKAioEES
Bt X —> X, + 0 6oov xal Six x —x,— 0.
Ty & f(x) = .‘%—{’ x€ (—oo, MU (0, 40 ), ExonEV
1
im X =1k lim —r=—1 (Goti;)
x++0 | | x+— 0 X |

X

Errions 51& 1(x) = 2o, xe(=, DU, +o) Eowey,

X

f ; X% — Il
im 2Tl =2 xal lim 21 _ 9 (sierls)
] x+1—0 i.— 1
Eic Tiv TereuTaiow ToUTNY TEPITTTWOW TapaTnpoUpey 6T
A x*—1 : %2 — 1
lim ‘—(,——1— =2= lim i B
Soedsiols X = iy ¥=1

2
ke txppalopey TouTo Aéyovtes OTL A ouwdptnols | ué f(x) =%11_ "

xe(—o0, DU, 4oo) ouykhAlver Six x 1 Tpds TOV GpiBuov 2

Fevkéss, & [ elvanl piot oUVGPTNOIS dprouéu) TOUAGYIOTOV els v oUvohoV
s popeiis (o x,) w (%, P) Sov x,ER, & Aéyoopev OTL almn «ovyrAiver dud
X —> X, moog T by T GAAGS «relver duie x —> Xo pog TO l», &0V leRU {—o0 , T® }
kai 86 oupPoMlwpey Touto pE I(x) 7~ ! A lim () =1 ToTE KOl povov

k2 XX,

TOTE, QW
lim fx)= 1 = lim f(x).

x-+xg+0 x+X,—0
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ZuvTdpws :

\ T

lim {(x) ={,

; ol & <= lim [(x)=1=lim f(x) ‘
|

|

leRuU { —c0, +oo} opa Xxg 0 X+xq—0

To | kohoupey dotov 1) dotasapy Tuny Tis owapTioews 81k X — X,.

“Av | =0, Té1e | owdpTtnols { kadeiTon undeviey dua x —>X,. "Emriongels
Ty mepimtwoy, émov [ = —co Aéyopev kal 8T1 1y owapTtnols | dmepileTar
dgwyrixdic Mt X —>X,, v el THY mepimTwow, omou | = 4o Aéyopev &TI
«UTn drewnieTan Oetixeds i X —X,.

Iapadeiypata :

. x?—5x+6 o ,
1. “H owdotna; | pé (X)) = e A XE(—00, 2) U (2, +00) ovyxdlver did

X2 zo6: Tav delpor — 1. Tlpdypart:

x*—-5x+6 _ (x-2(x-3)
: - 2

—= T =x—-3 % xeR — {2}.

AN ToTE TpokUTITEl EUKGAws &T1 lim (x — N=—1= lim gx —3), Bnhad
X >240 x>

by CoELE petm S o+ , fitor lim B g =—1.
X=*210 x—2 X—>2-0 x—2 X->2 x—2
1 ST : i
2, I owdornoe £ pi 1(x) = =5 xe(—oo, Mu(0, +w) dmewiletar Betiedrs S
X 0. Tpéypar: &v mpdTols ExOuEY
Xy >0 } =, E > 4o (GiaTi;
x,> 0 % veN Xy ¢ Z
; 1 1 1 , A e
Kai : RS S, M e i o) 400) = 400, Tor  lim . =
ETTOUEVOS ¥ — e . o (+ )( ) n x40 X3 4.
‘Ouoicws Exopev
Xy =0 } = L—a——m (&rai;)
X;<0 A veN Xy
S 1 k! 4 A i e
Kad Emroptvess X = o= — (o) (~w) = +o, fro x—IJ—Tu & =t
“Apa lim alit g 4.
x>0 X*
x — 1 ol e y
3% H govdoryme §opd 1(x) = ’\\_2 , Xe(—o0, 0)u(0, 40 ) amepilerar aormrieig
i x> 0. Tp&yuam dv Tpdbols Exomey
X o !
Lo » Xl L (1) - (ho)(l - (k) = () ) =0
X >0 \#veN X! Xy Xy
ke Eropdveos  lim
X—>+0
‘Opoiws Exouev
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0 s S = (1)~ X = e = ()Y

x, <0 %/ veN Xa X, 3
kol éropévars  lim x—1 —— . "Apa lim X e
x—>—0 X! § x—>0 X*

SyeTikéds pé THy oUyKAow B1& X — X, X,ER ioxUel T8 dxdAoubov Pagixkdv
ecopnue, TO Omoiov elvan dudhoyov ToU BewprpaTos 1.3.3 Tou &gpopdvTos &ls
v oUykAow Bid x — 4 0.

3.3.1 @EQPHMA. "Eotw | uia ovvdotnows dotouévy Tovddyiotoy eig & av-
vodov Tiic popgiic (XU (x0,B), X,ER. "H ovvdotnos f guyxdiver dud X —>Xq
noos 16 L (IERU{ — o0, + 0 }) wdre xai udvoy téte, dv &ud xdbe dxolov-
Blay x,, v =1,2,... péx,e(a, XU (*qB) W veN xai X, — X, logoy im {(x,) =
= [. Zwrduwg :

e =i, ’ P T
X—>Xg ) l < (lv Xp } = lim f(xv):l:)
| leRU{~w,+w} | X, (o, %,)U (%0,B) ¥ veN

*Anddebic. A) *Eotw lim f(x) =1 "As Sewphiowuey TUYoUoay &KoAou-
x-+Xg -
Biaw x,, v=1,2,. .. u xE(eX)u(XP) ¥ vEN kel x, — X, Bk T omofa
Siokpivopey Tas ké&Twdi TPETS TMEPITTTWTELS :

1. *loybee X, < X, 0C & memegaouévor mhifflog dentiov. Eis t1v mepimTrTaoov
TauTny S1& Siaypoagiis TG Opwv TS X, V = 1,2,. .., ol &mwoTol TAnpoly THY oXETIY
X, < X, TpokUTTel pla droroubler y,, v = 1,2,... &i& ThHv Omolav Tpogaveds
toyUer yvE (Xo, P) ¥ veN kai Emi mAtov, Suvduer Tiis mrapanphoews Tis § 1.4
00 Keg. IV, ¥y —>X,. “Apa, tmadh umerédn lim f(x) =1, foxver lim f(y,) =1
T dmoiov, Suvdpel THs aUTis (5 GQULITEPW !;:;pcrrnpﬁcrsms, ouveTraryeTon OT
lim f(x,) =1L

2. loyder x, > X, 60 & mencoacuévoy mhifog dewxtiw. "EVTEALS dvaAo-
yos TTpdS THY TPOTYoUUévnY TrEPITTT@aW auvdyetal kad E56 811 oy el lim [(xy) =
=1 (&mwodelis; )"

~3. Oddepla Tév mepmrdoewy 14 2 loyder. Mg Sy pogis Tév Spwv TS
x,,v=12,...0ldmoiol AN poly THY oxtomw X, < X, TPOKUTITE! pict Ymraxohoudic
Xep V=1,2,... Ths x,, v=12,... &i& Thy dmolav wpopavdds foyUer X, €(Xo,P)
W yeN kal &1l TAov Xe, —> X, (1816Tns 2, § 1.4.2 ToU Keg. IV). "Apa, gTre1d1) Ure-
Té0n lim {(x) =1, loxve

X —>Xg

4) lim f(x,,) =L
‘Opoiws 51& Biory pagfis Tév dpav s X, v=1,2,.. ., ol &trofol TAnpoly TNy oxéotv
X, > X, TpokUTITEL pia Umakohoubier x,,, v=12,. .. Tfis Xy, v= 1:2;: v, BIcK
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Ty Smoiaw ioxver x,.6(0, ) ¥ vEN kol x,, =X, "Apa, Emwaidn UmeTédn
lim f(x)={, toyle wkoi

X—>x,

(5) lim [(x,,) =L
>Avwrripcu SicTraoapey Ty dxkoroubiav xy, v=1,2,... ¢ &lo UrokoAoubics
™S TGS Xxy, v=1,2,... kai X, v=1,2,. .. B1& &5 émoics ioyvouw QvTioTOlY WS

ai (4) kad (5). Ex Tév oyéoecov ToUTwy dmobeikvieTon &1 foyUer ked lim (x,) = L

“Qo7e kel s Tas Tpels dvwTépw mepirTdoes E8elybn ST lim ix)=1
SmAabh 6T fy oxtols lim I(x) = owendyeton THY

Xy =X s p

© st s)ut ) ¥ oveN | T lim I =1.

B) "Eotw &1 foyuer ) (6). Tote alrn mpopowdds ouvemrdyeTan &g’ tvog pév

X, =X,

v

X,E(x,, B) ¥ veN = limi(x,) =1 fitor  lim f(x) =,

X—>Xg4 0

49> étépou &t
X =¥X0

x,E(q, x5) ¥ veN

X=>Xg—0

} = limi(x) =1, firor lim f(x) =1,

"Apat ) (6) ouvemrdyeran Thy lim 1(x) = L.

XX,

4*. IAIOTHTEEZ TON ZYTKAINOYEZQN EYNAPTHIEQN

4.1 "Eotwoav oeRU { —o0, +o0 | kel [ pia ouvdpnos dbpioutvn Touhdyl-
OTov el &v cuvorov (o) Tiis Hop@iis:
(o, @) U (g, ), Gv oER
(o, +00), Gv 0= +00
(—o, @), Gv 0 =—00.
Bl + TponyoUpever é8dgiar Exel Opiodfi el Shas Tas TepiTTdoEs 1) Evvoie

,l"jl'l (x) =1, émou IR U{ —co, +o0 }. To | koAelTon éte dptov i o) T
[+3

e owvaprijoens | B1& x —o.

Qs eiBopev N8N N olyKAiols WIS cuvapTnoews 810 X —- 0 YapoakTnpileTal
""'C'Iv'rovs & T&Y ouykhvouadov dkohoubidoy Tpds TO o kal ToUTo dAAoTe pév 2E
“Plopol (TTpPA. m.x. § 1.2), &AhoTe Bt Und Bewpnudreov (TTpPA. m.x. Becophuara

3.3 xai 3.3.1). ZyeTikdds loxUel 81'6Aas TS TEPITTTWOES TO &kOAouBov Bechprpua.

4.1.1 OEQPHMA. /[ owvivtyowe | avyxiiver 0w X~ mods v |
(leRry, { —c0, +o0}) wite xui povoy ToTE, dv duid xdlle dxoiovfiav x,, v =12, .
HEx.eU(e) ¥ veN kal x, —a loyiy lim I(x,) = 1. Zwvrduog :
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Iim- fx) =1, S o [
i(—;;{u{ -0, + o }} gt (xv‘fl'(a) ¥ veN } = o) = I)
) _ ‘

> AmdderEic, Dk o = -+ oo, TO fecopnua ToUTo cupimTTe pé TO Decopnua
1.3.3. “Opolews kai Bix o = — oo, TO Becdopruar TEAW toyuer (TTpPA. § 2.1). Té-
Aos, Bix oeR, O Becopnpa oupTriTTEl pE TO Decopnua 3:3.1.

T# Pon@eiet Tou Becopripartos TOUTOY &modeuiorTan eUkohws kol B TGS
GUYKAVOUOTS CUVOPTTIOES dvdhoyol iBidTnTES TTPOS txelvag TV drkohoubicov.
Mpiv Spos BIQTUTIOWUEY KOTWTEPW TAS iB1éTnTag TGV gUYKAMVOUTEY oUvap-
TrHoewy B& Opiowpey TPHTOV v Bwotaw  THS goayuévs GurapTijoems, M oTroia
ouvBteTanl WE THY Ewolay Tiis ouyKhioews cuvapTHoEws, G5 GrpLPES oupPaivel
ko pt Tos dkohoubias (TTpPA. i5:16Tes 3 wad 5 THs § 1.3.1., cog émrions kai 1810
nta 3 Ths § 1.4.2 Tou Keg. V).

Mia ouvdpTnais |, cs duewTépo, kaAeiTal qoaypévy els T TEoLOLIY TOD ©
ToTE KAl povov TOTE, &V UTEpYT TTPOYHATIKOS &piBuds B ToloUTos, COTE et
loyun

[T(x)] <& ¥ xeU(d).
To 6 koeTTaL TOTE godyua Tis § &ls Ty mEQw0 Ny ToU .
s ' T | B i 2 ¥ \ §

Ty. | ouvdptnois I ue [(x) = €lvan gparypevn TooOV glg THY TEPIOXTY
10U oo, boov kal ToU —wo, B1411 loyler &g Evds v

1|
l;—‘s 1 ¥ xe(l,+ o),
&g’ ETépou BE
1
5 | = 1 ¥ x€(—0,—1).

‘Quolws alTn elvon pparyuéim ki eis THY TEPIOYY TOU 2, B10T1 Loy Vel
J |
=15 1 ¥ xe(1,2) v, +o0).

s AvtiféTeos ot Btv elvan gporyuévn s THY Teproxiv Tou 0 (Biati;).

4.1.2 Nwvdper o0 Beopijuaros 4.1.1 dmoderatortar ol xdtoll 10dTHTES

-~ -~ € \ . o A
1@y ovyrlwovaiy ovvagTijoeny OTo Ty apoiindfeay drws al onueodueval émi

@ dotaxdy Tydy modfe elval émitoental.

1. | goayuérm elg Ty megoyiy 000 | 4 9
lim g(x) = 0 R
X—>0

2. lim [(x) =0 = lim|[{(x)] =0 <= lim (—f(x)=0.
X =0 . X—»T

X-»0O
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e =0 | imicr—o
[T < o) | ¥ xeU@y ]~ Wm0 =0
SRS § <l el = g ’ﬁ c‘ao il o o

lim [(x) = [, =R = I ebvar qoayuévy eic iy AEotoyny TOb O.

=0

lim gly=1 | U} ee0) =h4d

lim f(x) =1, ‘
lim {(x) = [,

sa = Iim {(x)e(x) =1, L.
o = l lim ey =41,
A=a

AUTn peTd i Tponyoupérns 1816TNTOS 6 cuveTrdyovTar kal THY

teR, lim (x) =/ !
] o 18 P o I . S
neR, lim () =1 |- DL mghoel) = Hy ot
Eidikéds 81 £ = 1 kai 1 = — 1, mpoxdmrTen
Iim [(x) =1,
iim ) =l [ ‘- I\TJ, Heh=algi=h
X=0
8 limf(x)=1+#0 s A ]
N0 ] > Il]n*f(’\j' =
i(x) # 0% xel'(o) X0 10

AlTn perd Tijg Tponyoupévns i81oTnTos 7 ouveTrdyovTal Kai Ty

10.

11,

limi(x) =1/ #0

N—=a

lim g(x) =1, =~ lim
.\—rn' } X0 f())

[(x)# 0 ¥ xel'(o)
lim I(x) = 1,

N—=a

lim g(x) =1, sl s,

X=a

f(x) < g(x) ¥ xeli(o)
[tx) € hi) < 86%) v xell(o) ‘[

g _ L

Lt

lim h{x) = [.

lim [() =1, limgx)=/ |
. S o V|1, &v leR
F T | = ,
firie (x) ={ == |\||J1 VIf(x)| = { g e :

A ]
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5. ALKHZIEIEL

5.1 ‘“Ymrohoyioate Tds k&Twd OplaKas TIpAs :

1 . TUX nusx
1 lim 2 fim e 3 lim
) \'>§(O)\ +3 ) );IV—,OU b 4 ) x—>400 )\:'-E--."
4 i £NHE. sy lim Xtl &5 i ol
) x -!P? o X+ 1 ) ximeo o ) xi-mDO xt—1

5.2 “Ymohoyicate Tas k&Twh Opiaxds TIMES :
1y lim ZLﬂg_”Q.E 2y lim (Vx(xFtoy—x) 3) lim (V4x* 5% + 2 —2x)
x> 400 xX—>4-00

x-»>400 X34 —x? A4

g lim P L e e B T (e B

) x—]-moo 41 ) x L"::D 5x? 41 ) e imw x4+ Bx¥ 4+ 7
 § ¢ 3 2 5

e jim, > 3% fim . 2o 9)* i G

) x—> 100 x"+7 ) ,.--Ln«‘m x4 42 ) —!—Tco X2

5.3 ‘Ymohoyioate Tas kéTwh opraxds Tiuds :
5 2x . S
O Mo ERRRE oy i EEEX gy gy (VR
) x—>—00 X* 41 ) x—]»njoo—x“+8 ) x;rilwx( 2 Lty

54 * “Ymwohoyloate Tas kéTwh Opiakds TINES :

O i SRS T S i | K ) i o
x—>—00 2X + 4 x—>—00 X+ T x—>—00 X4+ 2 x—>—00 X2 +3x+ 4
5.5 ‘YroloylooTte Tas kdTwb Oprakds Tiuds :
1§ A Tssn it S E
X140 x—1 x—>1—0 X—1
3) lim e=rEeas 3x+2 4) lim lx—2|+x*=3x+2
x—>2+0 x—2 x—>2—0 Xx—2
Sibilim, . T kA &) il 2
x40 |X[X >0 |X|x
5.6 ‘Opoiws UmoroyloaTe Tds Oprakds TINAS :
T o e T S T e
xmya XU 2 x—>1 %=1 x—>1 2x*—5x+3
Xk =
4) hm ,_—l- (AW quoikol &piBpol) 5) hm Sx*—3Y2x'—
1 Y xt—2
S TS R SRR e
x>0 x* x—>—1 X242x+1 =0 | x|
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KED®AAAION VI

ZYNEXEIA ZYNAPTHZEQN
1. H ENNOIA THE LYNEXOYE LYNAPTHEEQE

L1, Al fecwpoUpevan xai els To Tapov kegdAaiov ouvapTnoets elvan Shan

TpaypaTikal ouvapTioels W8S TPayYUaTIKAS peTaPANTHS.
xr—l
{: Qv X 1

A& Ty ouvdpTnow g pe g(x) = N
0, Gl

TapaTnpolusy 811

1 ) =11 il e = P
lim g(.\)fh[}'ll — =2 # 0=g(l)

x==]1 X

el
AvtiBiTes Sia Thy ouvdpTnow h ué h(x) = { T Rl TapaTnpol-
2 L, bvx=1

Hev &1

lim h(x) = lim B =2=h(1),

x—>1

% / o z

Iy 63 Iy 64
g elvar daovveyrjc €lc 1o 1 h elvar qvveyns elc 1o 1

Eig Thy Seutépav mepimTwatv Aéyouey 811 f ouwdpTnals h elvon ouveyns g T
Snueiov 1 (Zy. 64), v elg THY TNV TepimTwow Aéyopey 611 ) ouvdpTnois
£ elvon douvexiis els TO onueiov 1 (Zx. 63).

} Mevikéds 81& piow ouvdptnow [ pé Trediov bpiopol tv didaTnua A Aéyopev
ST T efven guveyn)s el To onueior X,G8, TOTE Kad pdvov TéTE, &v

lim 1(x) = I(x,).

Hapatijonows. "Av 1O X, elvar TO AploTepoV Grpov ToU SiaoTruaTtos A, To-
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T¢ Eis TOV GUeOTEPW OPIOUOV S1& Tou lim [(x) éwooupey 6 him [(x), && &
x—>xg+0

X—*Xo

T x, eivar TO Betidv Sxpov ol BiaoThuaTos A, évwooUuey 6 lim f(x).
x—>xp—0

"Av ) owdptnois [ elven ouveyts els kaBe onueiov ol SlaoThuaTos A,
TéTe Neyopev 811 alTn elvar guvegis el T A R &GS, elvar ovvERS-

1.1.1 @EQPHMA. ‘I cvvdptnows [ elvat auveyls &lg TO GHUEIOY x,EN TdTe
wal pdvoy ToTE, v dud sidle drorovllay xv,v="12;. - pid XA ¥ veEN xal Xv—> Xy
foytec lim f(x,) = (x,

Xy—>X
[ ooveyns elc 10 X,EA <= i > lim [(xy) = [(x )
auveyns €5 TO X, = ( Ceh ¥ veN } (=) (%) }

). Zuvvropmg

* Amddeitis. "EE dpiopol, TO OTL 1) I elven ouveyns gis TO X, €A onuaiver 0T
lim I(x) = [(x,). TouUto Tréhw, & TO X, Elval &xpov ToU SiaoThpaTos A, on-

XX
0

X, =X,

uadver, & dpiouoy, i (TTpPA. § 3.1 kai § 3.2 1ol Keg. V).
@ "'

x,e0 ¥ UEN} =l ~ fx0).

Eic iy mepimToiy, émou TO GMHEIOV x,EA 8tv elvan ipov ToU SiaoThuaTos A,
16Te 1) loobuvapia THs oxéoecs lim [(x) = f(x,) xai Tfig (1) ouvayeTa #x TOU
XX

\ll

Becopfiparos 3.3.1 ToU Kep. V.

[opadeiypota

1. Kdbe otabeoid ovvdornais ebvai auveyns (Srati;)

2. I owvdornaes §opd [(X) =X elvae auveyns. Tpaypatt
X, X, = {(xy)=%x,—>X= f(xq).

*Apa lim f(x) = [(xy) kal Touto B kGBE X,.
X=+Xu

3. "I gevdoryos [ pé 1(x) = ax® (x qraxos aolpos) elvat aoveyns. Mpaypart

. X, >Xp = Iix ) e=onk, ! == ax,X = {(x,) (Brati;)
*Apx lim f(x) = f(x,) xal ToUTO B kabe X,
X=>Xo
4, “H owvdgryois [ pé 1(x) = | x | elvar ovveys. TlpdypaTy kat& Thy iBweTnTa 1 TOV

ouykAwouodv dxohoubicv (§1.4.2 10U Kep. IV) Exouev
Xo—>Xo = |Xy|—= %l = (x)— f(x0)-
“Apa lim f(x) = f(x,) xal TouTo Bi1& kabe X,
X—+Xg

1.2. 'I6wdtnteg TV GUVELOV suvoprieeav. Elg T koTewTépw BecopripaTd
SiBovten pepikal Pootkad 1B16TNTES TGV TUVEXEY TUVOPTTCELY.
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1.2.1 GEQPHMA "Forwoar [ xai g ovvaomijoeg pf  xowdy mediov dot-
opod &y dudornua A, Ay ai [ xal g eivar ovveyeic ovvaptijoes, Tote Téo0v 0 dipoi-
oua |+ g Soov xal 1o ywvdusvor Ig adtam elvar ovveyeic ovvaptijoeg. Ay 0 éxl

f
14 by (U, o Al
wibov g(x) 5= 0 ¥ X€eA, tite #al 10 mnAixoy o, Efvai ouveps ovvdgToL.

*Anddertig. "Emeidny ai ouvapTioes | kal g elvon ouvexets els 0 TUyOV ON-
uefov x, ToUu SiaoThpoTos A, Ba ioyxin
lim f(x) = f(x,) kai lim g(x) = g(x,).
X Xg

X=Xp
‘Emropdveos 81 Thy TuyoUoaw dxoroubiaw x,, v=12,... nt x €AV veN kai
X, —x, fa ioyin
(2) lim I(x,) = {(x,) kai lim g(x,) = g(x,),
&pa

lim (1(x,) 4 g(x.) = f(x0) + 2(x,) xai lim [(x)g(x,) = f(x)g(x,)-
“QoTe Edeixfn oOTI
2 E8 X veN] o (T () = () + 85 = (%) + g(xa)
Kai
X,—7> X, i fo)( — f(x )e(x, s (x)e(x) = (fe)(x i
] 900 = 0K 00 = ()
&pa, Suvdpel ToU Bewpriparos 1.1.1, TpokUTTTEL OTL al cuvapTnioss | + g kal
fo efvon ouveels eis TO X, kai ToUTo B kdfe x,EN.
"Av Téhpa UtroBéowpey kal g(x) # 0 % xcA, téTe, i T1is (2) xai ToU 671
Tpopavéds g(x,) # 0 ¥ veEN, TpoKUTITEL OTIL
i) _ _f(xa)
a(x,) s’

X, =X, TURTINE S0 (- oA
;\,E‘A\VVEN} M e Rl v

< & " . o A ; {
Omde, Buvdper ToU BecopripaTos 1.1.1, TpokUTTEL OTL KAl T) CLWWAEPTNOIS = elvau

lim

fTor 611

OuvexRs els TO ¥, Kai ToUTo Bict K&e NoEA.

"E@appoyi. Qs pio &mAf {popuoYT) TOU 9rmpTiuaTos TOUTOV TTpoKUTITEl 11
K& TroAUGVULIKT SUVGpTNaTS £ lvan ouvex s, ws GBpoiopa HOVGVULGY CUVIPTTIOEWY,
af drroia, s eidopey gis TO Tapdderypa 3, efvan ouvexeis ouvapTnoss. “Emriong
kal ad pryTad ouvepTnoers eiven CUVEXETS ouVapTNOELS, G10TI pia pnTH ouvdpTnals
elvan TrmAikov TTOAUGVULIKGY cuvapThoey, SnAadn cuvex®dv cuvapTHoEwY.

1.2.2 QEQPHMA. “Fotosayr ai ovvaotijoes ¢ A= A xal 1: A >R,
drov A xal A elvar dtaoTipata. Téte, (g yvwordv, dpiletar 1) ovvleoich =10
: - i, 5 o e
@y St tod Tiémow h(x) = [(g(x)), XEA xai pdlora ioyve
[ cvvexis : ;
x : = [eog ovveyrg.
g aurerns
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* Anddeitic. *Eotwoay onpeiov X,eA kai x,, v = 1,2,. .. Tuyoloa &rohoubia
pe x,€A W veN kal x, —>X,. ToTe, émeidn ) ouvdpTnois g elvan guvexis, eXOHEV
lim g(x,) = g(x,). ’Emions, AMoyw Tiis ouvexelas Tijs f, &opev 611

lim g(x,) = g(x,) = lim f(g(x.)) = [(8(x,))-

"QoTe &8elyfn 671 & | kal g efven ouvexels ouvapTiioers, TOTE

o lim | 1
x,A % veN = i) St
SnAad? &1 A oUvleols h = fog T g kal f elvan guveyns els TO onpetov X, kol

Touto B1x Kdbe x,EA.

Mopadeiypata :

1. “H auvdotnois h pé h(x) = Va® —x* (a Oetixds apbuos) elvat gvveyijs. TouTo mpo~

KUTETEL EUKOAGS EK TOU dvoTépew Bewphparos 1.2.2, kad” doov f) ouvdpTnois h dlvata v Bew-

pn8ij s ouvBeots SUo ouvapThioewy g kal [ pé g(x) =a* —x% —a S X s « kal f(x) = Yx,
0 < x< 400, ol omolan elvan ouuexﬂg (Braerl;).

2. “H gvvdprnog h ué h(x) = V;:-j_—l elvar auvexs. Tpdypart | owvdprnals h BU-

& B

vorzon vé Bewpn8ij dxs oUvlests SUo cuvapTiioewy g kal f pé g(x) = :i i—i kad f(x) = VX

ol dmoiar elvan ouvexeis (Siari;).

-

2. Al TPIFQNOMETPIKAI ZYNAPTHEEIE
2.1 "H cuvaptnoig fipitovov elvar ooveyfs. Qs yvwoTov ék Tiis Tprywvo-
petplos toylel &g’ évds wév & TUTOS

nux — X, = 2w 25 ow 2R,

&o' ttépou Bt
| nut| < |t] wed |owt| €1 ¥ teR.
‘Emropéveos B Eycopev

©) Inux—nuxo[:2,nu’%i”‘ louu% gglE=l. fujx—x,|
“Av Topa x,, v=12,... elvar Tuxoloa dxorouBic TpayHaTIkGY &piBuddy ué
X, —>X, TOoTe 1) (3) Biber
. | nux, —npx, | < | x,—%,| >0,

fitornux, — nux, =0, dnAadn lim nux, = nux,.

“Qoe EBeiyfn 611 Xy —> X, = lim nux, = nux, kal TouTo S1&k k&Be X, fiTO
&m f) ouwvdptnols nu elven ouvexns.

"Ag UEAETTIOWHEY TMPa THY owvdpTnaw fuiTovov. A’ auThy elva YVWITOV
tk Tiis Tpryoovoustpios 8Tt elvan megioduxn ué meplodov 21, Snhadn loyver

nu(x + 2m) = nux ¥ xeR.

"ApKeT ETropévcs v peAeTiowpey TauTny els B SidoTnua pfkous 21 LY. ElS TO
Bidornpa [ —, ). ‘H petaPoid) Tiis ouveyoUs ouvapThoEws N s o SidoTnea
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[—m, ] BideTan el rov k&Twb Tivaka
T = 5 ‘ = : G e 7#
0 Srien hig

| nux D'\_‘k‘] A ?/ﬂ '1 B o__i

Ex 10U Trivekos TouTou tppaiveTan 611 els TO omupeiov — f;— i ouvdpTnols MK

Trapouoider eddyioTor foov pt — I, v els TO onpeiov -; Tapouoiélel  péyi-
w 3 ~ o : Y - am
oTov foov pi 1. Mevikdds alirn opouotéler els T& onpeia 2kt — 3 k=0,+1,42,...

é7\0':)(l0'rov foov pt —1 kai els T& onueia 2k +;, k=0,--1, +2,... péyroTov i-
cov pé 1.

Zy. 65 y = nux.

2.2 'H ouviprnoig auvnpitovov civar ovvexds. ‘Qs yvewotdy i Tiis Tpi-
Yovouetpias foyUel

(4) owx =mu(5 —x) ¥ xeR
kal Emopéveas ) ouvdpTnols ouvnuiTovoy Blvaran v Bewpnli dxs cUvleots Téw
SWiey@dy ouvapThoecy g it g(x) = % — x xai Ny, TO dmoiov, Suvdpel ToU Becw-
Plinarog 1.2.2, ouvemrdyeTan THY GUVEKEIOW TTIS OUVOPTTOEWS OUv.

‘H cuvépTtnais ouvnuiovov elvan eprodixn pé mepiobov 21 &5 ToUTo oUVG-

YeTou & ToU TUTrou (4) &k ToU drolou TpokUTTTEL Kal & kT TrivaE HeTaPoAfs

Qrrijs efs TO SidoTnua [— —;—r, 37“]

| } ks : 'l!l' : 3
% [_—2— 0 o " 2
o il f ok B I i -
i | I
0 1 0 -1 0
o o 1T 0 N 1 A
y
' =
s AR S Fodr B TR
> 3% 20 gl v \:“’—,' -7

Ly, 66y = ouvx.
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‘H ourdpTtnols ouvnuiTovoy Trapouaialel €is TO onueiov 0 péyroTov ioov
ut 1, &véd eis TO onueiov T i\dyioTov foov wé — 1. Tevikéas atrn Tepovaialel &is
& onpeia 2k, k=0, 4+ 1, -+ 2,... ptyroTov foov ué 1 kal el T& onuETa
2+ D, k=0,+1, £ 2,... tA&yloTov ioov pe — 1.

2.3 "H ouvapmnolg fgantoptvi eival guveyne. ‘H ouvdpnois €@ opileTal,

X

¢ yvwoTé, UTrO TOU TUTIOV €QX = Tm xai Eyer TeBlov opiopoU TO guvoAoV

TEW TTPOY HOTIKGY Gp1Buddv gEoupéael TGV prldv THS CUVaPTTIOEWS UV, BnAadT
TéY &piBpidy k- %, =0 9 A 2ns H ouvdpTnols £Q O TrnAiKOY
oUvEX GOV CUVOPTTTEWY elvan, Buvdpel ToU BecopTHaTOS 1.2.1, ouvexns eis xbe Bi1&
oTnHa THS HoPPTis (KTI' + g, x+ Dm+ -;—), wom e 1, i e DNGE ST
ouvdpTnow TauTny iox el & YVWoTOV

Eq>(x+v):£cpx‘v‘_\';=|<rr+ —:—, k=0 41,4+ 2,...

xal Eoptvers dpKel v TH peReTHowpEY s TO BIGETNRA (_ - :';)

e ¥ 4 " o 1 S ¢ i s #
H ovvdptyais € &mval pryoieis atfovaa ev (— 51 D ) Tp&rypaTt a@

e e 2 [l G . o e Pty . g
gvog pEv Eyopev MU X 'y Kol ouv 1y ) TS &Troia oUVETTayovTal OT

0 < nuxp < Nuxy ]
0 < ouvx, << OUVX; [

O\<_x1<x2<-j— {

2 = EQN; < EQNy,

ftor 6T £ X [0, %) , &g’ Etépou O, ¢rreIB) 1) €@ €lval TEPITTT) QUVEPTNOS,

BnAabn ioxuel px = — ep(—x), Exouev

_,;L =, <X =0 0 & —X < —F < —g— - gp(—X,) < £@(—X,)

€QX, < EPXy, TTOL EP 2 (———;_r-, O]_

*Emriong Bix Thy ouvdpTnow &g loyUouw

lim epx = + o0 xal lim epx =—o0
- ( b c Ll
| *== —0 XF= =0

Mpdry ot gy TTPLOTOLS EXOHEV

T ™
Ky owx, —>ow 5 =0
= =5
__'127_ <xv<_T25vueN owx, > 0% veN

(‘v‘ e>0 Fv=v,(e): 0 < owxy <& ¥V )v,,) =
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1 1 1
e & . : = > >
(\7‘ e>0 3 v, =v(e) o, = Vv > u") A o
Qote Aormév ioyve
g ™
Xy =5 THX, —*»ma?:l
™ ™ = 1 =
4"? ‘*-‘)\‘. \7VV€N W"f"-f—m
1 ) b i
EPX, = MUXy 0 — = 1l (+w)=+0c, fitor 611 lim epx = +ow.
Ay b1
X—+ E 0
< ’ v ¥ ¥ o .
Ouoleos &moBevieton kad T 671 lim  gpx = —co .
b : +0
! 4 ! |
F: f:
! il
| /
/ 1
4 ,r', 3
£ R
/ A
an ‘' nm bie / x4
L A 0 > b g g
B M e e B I N
S n4 i x
/ 7 |
/

Zy. 67 ¥y =eox.
2.4 "H ovvapmoig ovvepantopévn eivar euvexfc. ‘H ouvdprnong op Opi-

QE . . & o g 5 oUuX v i . o
TAI, S yvwoTov, UTTO TOU TUTIOU OQX = m— kal Exer Tebion OpIoHOU  TO

SUvokov Té&V TpayuaTIKY &piBudy taipéoer T&Y piléw THs owapThoEws My,
1, = 2,... "H owdpmais og s nhikow

'57]7\0(81‘] TGV dpfudv km, k=0,
Surey &y ouvapTrgewy elval, Buvdpel Tou BewprjuaTos 1.2.1, ouveyns els kdde
+2,... Ak v owVapTn-

Sidornua Tfis wopefis (x, (x + 1)), k=0, + 1,

oW TauTny ioylel s YYwoTov
Go(x +T) = opx ¥ X £ KW, k=0, £ 1, £ 2,...

kel Emropéuaas Gpkel v pedetnBi abtn els O SidoTnua (0, ). Elvan émriong yveo-
OTov ¢k Tiig TprycvopeTpios 611 ioyUel & TUmoS
™
opX = Ecp(? —x),
8 6Troiog uds EmiTpémel VE UEAETNOWHEY TNV 0@ oTnpildpevol émi Tév ouuTTEpQL-
USTeow Tiig Tponyoupéuns Tapaypapou. OUtw Ty, 1) op, ds owbeois Tiig
Yol gBwovons owepthoews g wé g(x) = -12l —X, x€(0, ™) koi Tis ywn-
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olexs avfovons év (ﬁ%—, %) ouvapTHoEwS £, Elval, kotd TO Becopnpa
ol Kep. llI, ywnotes gblvovsa & (0, m). "Emions TTOPOTTPOUMEY OTL

T 7_" T '7”\ .7777 =5 B e "

| lim opx =+ Ka lim opx = —c0 |

| X—>+0 X—>n—0

Mpdeypartt &g’ £ds pév

X 0 ol ng T
ey }_j i
0<x,<m VveEN —1—;-<1;——xv<12r-\7‘ueNl

&o’ ETépou B¢

™

12!

SRl o
™ s m
L << —x,<5 V¥EN : g
2 2 e v } = lim EEP(—E"—-XV)Z—}-OO:-l]mU@XV:-FOO.
lim epx = +o0
x,,..;i —0
“Qoe edelybn OTL
x,—>0 " i
% = lim ogx, = +o0, fjTor 6T lim ox = +oc0.
0 <x,<m ¥V veN X-+40
‘Opoiws &mobeikwleTan kol ST1 lim ogpx = —ow .
x=+n—0
Y
|
l | 5
1 1
1l W 3
1l i l
N Ly :
1% 1% }
\
[ (R I
- e x|
\
) iy Wil 20 I L Sl e s
i = i \ . x
' L ! \\\ '
| \\ | N l‘
e ]
‘i Y i “, !
1 A I 1 !
[ 1 | V!
: | = : i
1‘ i i 1 |
L
Xy, 68 y=o0¢x
3. H EK@ETIKH KAI H AOT'APIOMIKH LYNAPTHEIZ
3.1 ‘H #xkOetikn ovvaprnos. Qs yvwoTov kéBe POy UaTIKOS &p1Bpos ¥
Exel piov SexoBikiy TAPAOTAOW X = Yo WrWer o Wye s &mou , elvar dxé-
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paios &piBpss Kod Wi, Wa, oo Wy, o ElV ynela, &nhadh drépaior dapibuol

w0< y, €9 V veN. ‘H drodouBia v, =y, ¥y ...y, v=12,... elvan
uio atfouoa dxooubict pnTé &pBpy, 1 dTola ouykAivel TpGs TOV TrPaY Ma-
Tikdy &piBudv x. "Eml mhéov 1) drohoubia r,, v=1,2,... elvan pperypévn 8161,
s yvwoTdy, loye

(5) W €W, W+ 1V oveN.

"Av fewpriowuey ToOpa kel fva BeTikov dpiBuoy a > 1, ToTe, Emaidn N éwora Tiig
Buvdpews auToU g5 pnTov dpiBuoy elvar yvaor, Opifeten f) drohoubia
i @ vy AT wan
7 émole pudAioTa elvon yynaics alfouoa kal émi wAlov gpaypévn, &16TI, Adyw
kai Ths (5), loyuel
a% < av < av'! W ovelN.

‘Erropévess, xatd 1o &lwpa THs § 1.4.3 ToU Keg. IV, ) drohovbiata’y, v=12,...
guykAlvel Tpos TRy paTIKOY &piBudy, oV OTToTov TraploTédMEY pE at, fiTor dpiloper
a¥=lima' .

Tiw dvewtépw Evworav Tis Buvdpews &pifpou a > 1 elg mpoyuaTikdy &pibpov
EmexTeivopey kol Bid 0 < a < 1, opilovTes dog k&b

Mda=1: =1
; I yx
N D a1 a*:l/(j)_

*Exletiipy (exponential) cvvdotnom ué paow tov Oeteedv dplfludr a ko-
Aolpey Teopar THY ouvdpTnov THY dpifouévny  UTrd Tou TUTOV y = a¥. TalTny
oupBohilopey pé exp,, NTOl eXpa X = a¥, EiBikéds Thv &kbeTikny ouvdpTnow ué
Béow Tov dpidudv e (§ 1.4.3, Keo. V), 8nAabt) v ouwdpTnow exp, cuuPohi-
lopsv d&mhovoTepov pé exp kai KOAOUPEY TaUTNY QTTAGS Exfletixny avvaotnow.

"Ex ToU opiopol Thg éxBeTikds gUVCPTTOEWS eXP, TTPOKUTITEL EUKOALS &T1
airn #xer mediov dpiopol To alvorov R TV Ty aTIKGY &piBpddy xai Trediov
TipGy TO cuvohov R+ T@v BeTikGY &p1Budiy, Emouvas ioy Vel

av >0 % xeR.

*Emriong dmodeiwieTon 611 1) ixBeTIKT] oUVAPTNOIS exp, elvatl povdTovos kai ou-
vexfs ouvdpTnols kad i whéov 6T1 loyUour Ta koTwdl

, | exp, * lim a*=-4 o0 xal lim a* =0
l a>1 |expl, Im S

exp. oraleod ioy ué 1

lim a* =0 xal lima*=+4c0
x> | 00 X - 0O l

l0<a<l]| ePa ¥ .
|

EiSikéss 8160 a = e > 1, Exouev T A tkBeTikd) ouvdpTnols exp elvar yvnoicws
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avtouoa kai pdhioTa ioxUour lim e¥ = +foo kai lim ¥ =0. Ak T EkBeTIKTY

X | 00 X — 0O
TOUTNY GuvdpTnow &modeikvleTon émions kol & TUTTOS
(6) ez 14x ¥ xeR.
i It y
1 '
i i 1
|
E GI i 0 x
Ly 69 y=a* a>1 Ly 70 y=at 0< a1 Xy, 71y =¥

Téhos, Siax Ty éxdeTikiy ouvdpTnat exp, &modekvbovtal kol al k&Twd
xapakTnpioTikad 181671 TES
a¥t¥y = a*a¥ gkai (a¥)¥ = avy,
ai otola €ls THv mepiTTwow pnTdY ékbeTdv elvon 181 yvwoTal ik TGV padnpd-
Twu TpoTyoupivwr Taktswv.

3.2. "H Loyapbpuiki cuvaptnors. Qs eiSopey dvwTEpw 1) EkBeTIKT ouvdp-
Tnois exp, Bix a # | elvar yvnoiws uovédTovos kal Emopéves (Gewdpnua 1.3.1
ToUu Keg. Ill) Umdpyer 1) dvrioTpogos Tavtns, 1) omola kaheitan Aoydodpos i
aoag faowy oy amlbuoy a kol ovpPorileron pé log, . ‘H owdptnos log, £xe
mrebiov opiopol TO auvodov R Tév BeTikdy dpiBuddy kai mediov Tipédv TO ouvorov
R T1év mpaypatikéy &piBudv. "Ex Tou opiopou Tiis ouvapThoEws TRUTNS TRo-
KUTTTEL Quégws OT1

yi— loolse =-a¥=x
Eidikdds 1) auvdpTnaots loge koAelTan guaixic doyaoluos xai oupPolileTar amAol-
oTepov pE log.

‘H ouvdpTtnois log,, 5 dvtioTpogos yvnoiws povoTévou cuvapThoEws,
elvan Emwlons yryoimg povétoros wai pahiota Bid a > | elvan pwpalons atéovoa,
e i 0 << a < 1 elvon pwgoios glivovaa (Bedprpa 1.3.1 Tou Keg. lII). *Emri
mrAéov &mrodeikvUeran 611 alTn elvan owvveyis s émions kai 6T1 ioyvouv T& kaTwh

=3 =] log, &, limlog,x = 4 oo #ai lim log, x = — ‘
X+ x+ 0 |
0<a<l1| log, Y,limlog,x =—c0 xal lim log.x =+ c0 |
X - 00 x=+-+0 |

ElBikéas, emeibny ¢ > 1, & guaoikds hoydpibuos elvar yvnoiws altouoa ouv-
&pnois ué lim log x = 4+ @ xal lim logx = —c0. ’Emiong 8 Tov guoikdy
X—--00 x+10

Aoydpifuov foyuel kal & TUTrOS
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(N logx s x—1 ¥ =xeR*

b y?
B R N x
Zy. 12 y=logix, a >1 Zy. 73 y=logax, 0< a< 1 Zy. 74 y=logx

Téhos, Sid Tov AoydpiBuov log, dmobeikviovTan kal ai xérwd yapakTn-
ploTikal {B16TNTES
log, (xy) = log, x + loga ¥, logn)i, =log, x —log,y xai log. x¥ =ylog, x.
3.3 "Afwonpsiotor idotntes. Q5 eidopev dvwTépw ioyve
y=log,x < a¥=x (a# 1),
i THs omoias, maldn a’ = 1 kai al = a, cupmepaivopey &1

(8) ‘ "log“ 1=0 xa! log,a=1(a#1)

"Erraid) 1) ouvdptnois log, elvan dvtioTpogos Tiis exp,, loxUel mpogavis
a st =3
Kai elikdds B1& a = ¢ ioyUe

o108 — 3

< ' o ¢ o {Joga\* _ ,xloga &
OTrOTE OUVXYOUEV OTL ax —(r ) = , TjTO1

(9) a¥ = [,xlugn

*Errions logx = loga'®®%* = log, x - loga, fitol

Ing;( ;
(10) | log,x = Gia vt 1y

"AMol &ElogmueicTol TUTOL Elvan ¢rmions kol of k&Twh

x—1 i logx
(11 lim =1 ‘ (12) Ll
x>0 |

I |
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4. ALKHZEIZL

4.1 Mehetoate ds Tpds THY ouvéxElow Kal TAPAOTATATE YEQUETPIKS Tdg auvapTi-
oels Tas Opilopdvas UTd T&Y TUTWY :

1 1
x; E‘xvxe[o,“f] = Gvx #0
1) i(x)= 1 DIx)=4¢ °
T+X.&UXET'I] 0, &wx=0
I %6 i i
— v x nH—"r &v X
Nix =1 * 4y f(x) = x
0, &v x = X, avx <0
1 .
nuﬂ—'cxvx#o -‘X—nuTrcwx;éO
SIx)= 6)* [(x)= :
IO G x=0 0, &v x=0

4.2 Aeitote 6m1 al owapTroes of dpifduevan U T@Y KkéTwd TUTWY elvan ouveyeis :

1) 1(x) = oun(x* + 3x) 2) f(x)=ow ¥ 1-x* 3) f(x) = nu(ow3x)
3] 3
4) 1(x) = nu 3:'_+l 5) f(x) = EJTLTL 6) 1(x) = owu(x? + £93x)

v

T) f(x) = 28%+MHx (]  epx) 8) I(x) = log(l + x*® nux) 9) f(x) = 3xe0(x* +1)

4.3* Zrnpilduevor els Tov TUmov (6) Selfate dT1 loyvouy :
ex—1 e* — |
1 < % < e % xe(0, +o0) xal e‘s—x—sl Y xe(—wo , 0),
Suvaper TGV ol Beifate Tdv TUTOV (11).

4.4* *Opoiws ornpiléuevor els Tdv Tmov (7) Belfare 611 loydouw :
1 logx logx 1
= Syl W xe(l,40) kal 1< =1 S 5 ¥ xe(0D),

Buvéper Tév Sroleov Seifare Tdv TUWoV (12).
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KEDAAAION VI

MAPAFQroz IYNAPTHZIEQZ

1. H ENNOIA THE IMAPArQroy LYNAPTHEEQEL

1.1 Al fecopoUpevon els TO TapOV KeQGAQIOV CUVOPTNTELS elval SAhat Tpa-
Yuariked ouvapTioels pids TrparypaTtikiisueTaPAn Tiis. ‘H éwora Tiis mapaycyyou
Hi&s ouvapThoews elvan, émws kad 1) Ewola Tiis ouvexeias ouvapTnoews, ouvbe-
Sepéun pt T Eworaw Tis ouykAioews.

“Eotw [ pla owvdptnols pé medlov opiopol & Sidornua A kal EoTw
€A, TédTe Bix ToU TUTTOU

£(x) — f(xg)
go(x) = =) xed - (x,)
6pigﬂ'ou pla ouvdpTnots gy, T OOl kaheiTal anhixov dwagopdy Tijc 1 elg 76
() —I(xa) \ s
Mueiov x,. "Av UtrdpyTn TO Ilm g(\{) nAadn To lim g o elvar TolTo

X—+Xg
Tparyporikds &piBuds, TOTE ?\syousv 611 ] avvdetnos | mapaywyiletar eic o
Tueion xp» | EAAws «dmdpyer 7 mapdywyos (SkpiBéoTepov 1) modTy mapd-
Yoyoe) 1ijg | elc 16 anueiov Xg». Thy Oprakny  TaUTNY TIUHY KaAoUWey TOTE ma-
Odywyov (delﬁéO"’TEpOV mpdTNY :mga'ymyuv) s [ els T& onuelov x, kai pdhi-

OTe oupPohifopey TaUTNY B [ d:iix)—] ey, N U x=x, f dxdun  ['(x).

Luvrépes | :
" Lo 1) — ()
f (XO) = 11m 7‘(4_';%

Iapatnpieeg. 1) "Av 10 X, Elvm T otplcrrepov &kpov ToU BlaoThpaTos A,
e els TOv duwTépry SPICHOV gvvooUpey TV (‘\mocKnv TIpfy 81& x —>x,+ 0,
96 & 1o %, elven TO Sekidv rpov ToU BiaoThuaTos A fvwooUuey THY dploikiy Tiufy
Big x —x, —0.

2) Amobeivieten Tt 1 Umeplis Tfig Tapaydycy wds ouvapTiicews el
& onpeiov oUVETTaYETOL THV OUVEXELQW TauTns el 1O onueiov TouTto (TTPPA. Ka-
TWTépey iSidTnTe 1.5.1).

IMopadeiypora :
1. Eic tip aepintwow i oralepds guvapTijoems ¢, fitol [(x) = ¢, Exouev
L) =AY e, B s
] - —t—>— = lim = lim0=0
© X=Xy —x]_]nl—?!, ¢ X=X x—x, X~ %o XX, 4
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fiTot ) = 0.

xn
kal péAioTa & TUTOS oUTos foyUer Tpopavids B1& Kale TPOYHATIKOV &p1BpoY X, YPAPOKE

(c) =0.

2. [Lic vy mepirrmaw, drov {(x) =X, Exopev

v bt

i 3 X— gl ol
SRk e L
fTor
(x)'x' X =1
kol péhioTa & TUTros oUTos ioyUel B kéfe TpaypaTikdr &p1Bpdy X, ypdpope S Emions
oy =1
3. iz v meplarwow, émov 1(X) = x*?, Exopev
x? —x,¢
(X =lim ————=1lm (x4 %) = X¢ + Xo= 2%
0 xxy X —Xo X *Xg
fiTol

M ymxg = 2Xa
kad pdMioTa & TUTOS 0UTos loyUer 1 kébe wpaypaTikdy dpBudy X, ypdeouer 5¢ dpofws
(x?)' = 2x \
xad Abyopev 611 1) owéprnows I pd [(x) = x* mapaywyiletar els 1o mebiov dpiouol Tng K
péhoTa els THY Tpokeipéuny TepiTTwow THY ouvdptnow g pt g(x) = 2X koAoUuev opd”
ywyov Tijs 1.
Cevikéys, &v S1& plav ouvdpTnow | pé wedioy dpiopol v Sidornua A UmépXTl
7 (mpdotn) mapdywyos aUTiis Six kabe xeh, TOTE & TUTOS
y =)
opiler piav ouvdprnow [', 7 dmola Exer mebiov Spiopol Emions 16 SidoTnua b
kol THY Omolay kehoUpey maodywyor (&kpiPéotepov modryy mapdywyor) THS f
e s ; = . , g ot
& A ) amAdds (modtyy) mapdyoyor Tic . TadTny oupPolifopey ke pé ——.
Eis v mepimTooo, mou dpileten ) (TrpddTn) Tropdywyos [ T cruuotp'r'r']crewsf
Aéyopev 8T «f ovvdotnais § mavaywyllerar &v A» ) &mA&S «ij ovvdotnotg § 7"
paywylletary.
"Av 1) ouvédpTnars | mapaywyiletal, ToTE elvon Suvertov vé TraporywyileTe
kai 1) owvdpTnois ' els &v onueiov x,€4A, omdte, &v TolTo oupPaivn, THY Tapd”
yoyov ('(x)),_, xehoUpev deutépaw mapdywyov Tis [ els 16 anpeiov %o

kal oupPorilopev TaUTny pé 7(xy) A [d;[‘((f)]

“Av Topa UTdpyn 7 SeuTépa mapdywyos Ths [ els k&be onpeiov xeh, ToTE o
TUATOS

fi dwoun ue (1(x))"xx, .

y=1"(0
Opiler plov owvdptnow " pé ediov Spropol mions To Bidkotnua A, 1) dmoic K&
AeiTan devtépa mapdymyos Tig [ év A fy &mAGS devtéoa napdywyos Tijg . TautnV

oupPolilouey kal pé ?Ti% My
(X)) x=x, = (@X)'s=s, =2,
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8ism @vy, , =limZ=2—lim2=2.

X-+Xg ° b X—+Xg
"Apa Umréipyel 1) BeuTépa Tapdywyos Tiis TUVAPTHOEWS I e f(x) =x? xai elvan
abrn A oTafepd ouvdpTnols 2.

Kat' dvahoylav épilopev Thy TpiTny Tapdywyoy wds cuvapThoews { s
™y Trapdywyor THs Seutépas Tapay@you alTis Kai ETaywyIkdds THY vio-
Oty Trapdywyov V) abTis Six ToU TUTOU

= (f-0y, v=23,...,
Smoy pe [0 oupPolifouey  ThHY wooThy Tapdywyov Ths . Emions Bid Thy

PO dvi
Yooty Tapdywyov ) ypnowoToiTal kal TO oUppohov =

12 Teopctpiky] onposic g mapayGyov. *Eortw [ pla crwc'xp-rning g
Tedioy bpiopou v SidoTnua A kal fotw Py = (X (o)) Ev onuetov ToU Siax-
Ypduparos avtiis. "Av Becopricuwpey kal & GAAov
ONuetov Py == (x, 4+ 1, (X, + 1)) ToU Srerypdp-

y
berrog dag el Th S1& Tév onueiwv Py, Py Biep-
Xouévny elBeicy, 7y dmoia koaeiTan Téuvovoa Bi&
ToU P, edBeio TO Sidypoupar Tiis [, TOTE & ouv-
TeAeoTh)s korreudUvoews THS TepvouaTs, dnAadT 0
é?)Gﬂrrouéun THs yovias o, dideTal UTd  TOU .
T\:’TTQU =
o Qpﬂ” . f(x, + n) — f(x0)
EQQy = P.Q n vy 75
N 8¢ tFiowois Ths Temvouomns elvan
. f(x, + —f(x ; i
©) y = 1(r) = et W=l (),

n

» f(xy +m) = 1(x ey
Av Tdpa GroBéowpey 811 Utépxel TO lim (}"—i—n;? o) dnAadn ém Umép-

n—+o
XeL 1) Tapdyayos 1(x,) Tis ouvapTiioews I els To onueiov x,, TéTe Spilfetan dos
Plak) Eiowars Tis (T) Bix 1 =0 pia étlowols eUbeiog
(8) y — (xg) = ['(X)(x — Xo)
8'EPX0uévng &k Tou onuelou Py = (X,,1(xy)) kol EyoUons ouvTeAea TNV KaTeuBuy-
Oecos Th 1'(x,), fiTor (PA. Zx. 79)
9ot = 1'(x,).

Ty evfeiow TouTny opilopey o Y Epamtouévyy evldeiar Tob dtayodupatog

Tig [ eig o anueiov P

1.3 Kivnuotiki onpacie tijg napaydyov. *EoTw E’m 1) Béois x GAkoU on-
Helou kivoupévou i c0Belog ExppdleTal guvapTHOEL TOU Xpovou G, fjTol
x = I(t), ted = [ty t:] (v ¥povikoy Bl&oTnpa).

To mrhixov Siagopidv T(l)[;@ glg ThHY Xpovikhy oTiyuty TE[t,, t]

-7
; iefl . » U o
SKQpdler ThY péayy TaydTyTa TOT DAixod onuelov #atd O yoovixoy ddoTnua peta-
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& T otiypdy T xal t. THy piokdy Tipy THs péong TaUTns  TEXUTNTOS Bix
t =1 opilopev dx T (oreyualar) Taybryra U(T) Tod Slixkod onuelov xatd Ty
yoovueny oriyury T, fitor opifouey
f(l) f('f)
vu(t) = hm ——— ={'(7).
"Av Tdpa ) oTiymaia 'rorx\rrns U(t) oplgr;"rcxl S1& k&Be Ypovikhy oTIy Ry

LE[ ty, ty ], TOTE TO TrmAikov Sixgopddv U(l) U(T) tgpdlel TV péony Emetd

yovgw 100 VAixod onpuelov xatd TO YOOVEHOY 6£aar7wa peTald @y aTeyudy T xal
1. Tip Spraxty Tipfp Tijs péons TauTns EmiTayUvoews Bic b - T Spilopey dg THY
(oreypalay) émrdywow y(T) xava T goovwy oty T, fiTor Spifouev

() = hm Um _U(T) = y'(7) ='(1).

1.4 * Awgopikdv ovvapticeng. “EoTtw [ pla ouvdprnois, f dmola mapa-
ywyiletar g & Sikotnua A, "Av X, elven Tuxov onueiov ToU S1aCTHUATOS B,
TéTe B1& ToU TUmou Y = I'(x,)X OpileTen piac (ypoumikd) ouvdpTnois, fi dmoia
keI Ten duagopuxdy i ovvagtijoews { eig T onueior X, kai oupPolileTan pé
di(x,), firor :

df(xg)

X Y =&)X

Ei§ikéds, &v Bewpriowper THY TAUTOTIKNY owvdpTnaty, dnAadn Thv ouvdp-
ow T i T(x) =X, TOTe TO Siagopikdy dT(x) = dx oTiis €lg TO onUEToV X,
dplleTen, kaTd T4 dveTépw, o5 1 ourdpTnols 1| Bi8ouévn U Tol TUTou Y =
=T(EXX=1-X=X, fiTot

XNy FaX

kol értopéveos 1) ouvdpTnais £'(x,)dx Exer Tomov Y = (%)X, Snhadn alrn oup-
minrrer pé 16 Sapopikdy df(x,). *Apa loyUer & TUTTOS

df(x,) = '(xg)dx,

6 omoios kal SikaioAoyel TOv oupPohiopov ['(x,) = Tijs TapayyoV

df(x,)
dx
s TnAikov Siapopikdv.
‘H yecopetpikn épunueia ToU Siagopikot df(x,) THs ouvapThioews f els 1o
x, 8i8eTon els 1O EvawTt Zy. 75a, Smov 1

y Vi » 139 &pyn 6w &Edveov X, Y elven TO onpeiov
& Po =(xy, 1(xo))-
i e L S Qs eibopev dveatépa els Tuy OV oM~

’ petov x,eA dpileTar TO Siapopikdy df(x,)
Tiun 100 df ) aime f els T x,, SNACBT SpileTan pla po-

A P, VOOT)HOVTOS GTEIKOVIOIS ME TUTTOV :
1X EX Asx — df(x),
E ) émola els 16 Tuydvy xEA dmrekevile!
/i Eiife i 4 picw owvdptnow, TO Sagopikdy df(x)
Zy. 75a. Tiis [ elg T onueiov x. Ty &mekdviow
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ToUtny kaAoUpey dtagoowxir Tig owvapTiaens | kai ouppoAilopey pe df, fitor:
daf .
Aex ——» dI(x).

1.5 "Idtotnteg v rapayoywy. “EoTwoay Buo owaptroes [ kad g pé
kowdy Tebiov dpiopol &v Bidotnua A, Tore ioyvouy T& k&TWwh:

151 "Ay 4 ovvdotnos | aapayoyiletar &y A, Tdte aby elvar coveyns
CUYAOTY OIS,
*Amddetic. "Eotw Tuyov onpefov x,e8. "Exouev ToTe

x) — f(x ’
[() — f(xp) = 2 (x—xg) ¥ xeA—{x,}
Kol Eropéveos ; o
lim (1) = [(x)) = lim S22 him (x —x,) = F'(x,) - 0 =0,
X=b Xy Xe=p Xy « X—# Xy
fitor lim f(x) = f(x,), T& omolov onuaive 611 i cuvdpTnols | elven ouveyrs

els 15 onuetov X, Tou BlaoTiuaTos A.

[apamijonais, To dvtictpogov Tfs 1B16TnTOS TAUTNS Bev loy e, nhabh pia guvap-
™ot Suvarar v elven ouvexns, EAA vé ph) Tapaywyiletar. Touto dmodeikvietar Six Tou

Tapadely paTos Tis CUVAPTHOE®WS g f(x) = x|, | omola, G ibopev el 1O TapdBeryua 4
Tis § 1.1 tou Kep. VI, elvon ouvexiis. AJTn Spes Btv mapaywyiletal els TO onpeiov 0, Siom
1(x)—10 _ Ixi=10] _ ixl { l,avx >0
B e AR W T <

Kal trropéve
e li 10— _ AL Lol L NG,
m %I, ) == .

x>0 x=>—0

"Apa biv Umdpyer T6  lim i %(p), snhabh i ouvdptnois [ 8w Tapaywyiletan
x>0 A=

els 16 onueiov 0.

1.5.2 "Av ai ovvaotijoes | xal g aaoayoyCorrar v B, Tite mavayoyilor-
Tat xal of ovvaptijoeg |+ g xal [ —g xai padiota laytory
T+ =F+¢g xal (I—g) =1—¢g.
* Axddeikic. TAV X, elvat TUYOV aTUETOV Tou bixaThpaTos 4, TOTE Exopey
((x) + g(x)) = (T(xe) + 8(x)) _ 100 —f(x) ik g(x) —g(x)
=y X =Xy —%j

Kol Eropéveos

(6 o), _,, = fim L0280 IO ERED i O
+ lim K_(\z—:_%ﬂ = I.'(-\'u) S }.{"{X"),

fitol (I(x) + g(x))'x =) g'(x,) kai TouTo Bia kdBe x,€4, TO dmoiov

Onpaiver 61 (f+g) =0 +g"
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‘Ouoicos dmobemvieTar kai & dvTioToryos TUmos Six THY Biogopdw.
EiBikés, dv g elvan f) otabepa owdpTnols ¢, loyve
(T4+c) =TI (Bati;).
1.53 v al ovwasmijors | xal g masayoyiloviar & A, tdte mavayoyl-
letar xal 0 puwvdpevov g xal pdliota ioyie
(fg) = 1'g 4 fg’.
“Andoeikic. "Av X, elvan TuyxOv anpeior ToU BlaoTnpaTos A, TéTE Eyopey

[CORC) — Mgt _ L6 &(x) — f(x) 8] + LIGg(x) — 1(x) B _
X — Xy X —Xo
f(x) — [(x, a - %
e (\3 - x“(\ ) }.I(.‘() i ‘(\ ) (\) I-F\ )

"Emeidn Supws 1) g mapaywyiletan &v A, Adyw Tiis 1.5.1, altn elvon ouvexns
Kol ETTopéveos hm g(x) = g(x,), oméTe AcapPdvopey

(e, , = lim % lim 00+ 1) lim '(i‘“‘“)

ot s ; ;
= I"(xo)g(xo) + (xy) g (xn)
kal TouTo Bi1dx kdbe x,€A, TO Smolov onuaivel 8T
(Ig)" =g + Ig~
Eidikdys, &v g elvon 7 oTaBepd ouvdpTtnols ¢, ioyls
cel) = el’ (Srorrl;):
154, "y al ovvaorijong | xal ¢ naoayoyCovtar &y A zad fopdy  g(x)

5 % e - f & 3
# 0 ¥V xel, rdre napayoyletar xar 16 aniixov — xal pdliora loyie
H /

( r)'u g —1Ig'

Eidiaig, dv [ elvar 5 oralleod qovdotyog 1, loyde

L 8
M iy a2
Anddeifig, ©& &modeiloopey mwpddTov Ty (1). "Av x, elvar Tuydy omueioV
TOU SiooThuaTos A, Exouey
. 1 1
B0 T B _ 11 g(x)—glx)
- X —Xy g(xy) g(x) x—X, )
*Emreibn) Spows 1 g mapaywyiletan év A, Adye Ths 1.5.1, altn elvar owvveys el

i ; o : 1 L ;
tmopéveos lim g(x) = o(x,), apa lim 0w OeTE Acppavopey

1 ’ . | 1 . g(x) —g(xw) = 1 1 o'(x.) =
(_u('i)').x i T ]T] a(x) lT? Nmx = o ey 8 o)
D
£ (xa)
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kal TouTo Bl K& x,EA, TO dmoiov onpalver 611 loyler 1) (1).
Tepa, duvaper Tiis (1) kai Tos 1.5.3, éyouev

(B =()=rd +1G) =g +

) taci
gz gﬂ .
1.6 Al mopaymyol oTOEIMOHY TIVOV GUVOPTIGE®Y.

1.6.1

(xv)’ —yx¥-1 (U = 2.3!' s ')'
Qi y =2 Eyopev i1 Umohoyioer émi (x*)" = 2x = 2x*"1, &nhadn 6 & Adyw

TUmrog {oyler. ‘H &mobeitis Tou TUTOU ToUToU elg THY YEVIKNY TrepimTwoly émi-
TuyydveTon B1& THg Emaryeoykiis peBdBou s EEfS ¢

"Eote 611 loyver (x%)" = kx*1, &moTe, Buvdper Ths 1.5.3, 8& ioxun

(%) = (x - x9) = (X)'x* 4+ x(x*)" = 1 - x¥ + xext~1 = (k + Dx*.
"Qore Seyopevol 11 6 TUTos 1.6.1 lox el B Tov uaikdy &piBudy k (x

> 2) bei-
tapey &1 oUtos ioyUel kad S1& TV Emopevoy auTou guatkoy dpifiuoy k + 1. "Apa
S TUmos 1.6.1. oyuer Si& kdBe QuOIKOY SpiBudy v = 2.

1.6.1 (1 )‘: —2L . x #0 (v goowog doludc).
L x\‘ \-Vrl

Qi v — 1 & 1UTros oUTos foylel, B1oT, duvaper Tis (1), Exoumev

(L)':_(_Q':_Lf .
X

X2 Xz R
Ay y = 2, Buvéper Téoov Tiis (1) doov kal Tou TUTOU 1.6.1, Exopev

(=53

_(X"): i X _"\v_l .
1.6.2 (nux)' = ouvx.
i 3 4 . ny > ~
Katé mwpédTov dmobeikpyopey TOU TUTTOV lim M — 1. "Ex Tfis Tprywvoue-
y >0 J
Tplog elven yvwoTth 1) dvniodTns NUy <

<y < €@y \:/_\'(:(0 . Strof

: 7), 1) omola ypdgpe-
Tal joobuvduws kai oUtw

. Y ; fil
owy < el ,\C(ﬂ. 5 )
H reheuraia attn dwodtns foxve kai Bik ‘\'E(# —g ; 0), 816
. ™ y _Tl'_
Je(=7.0) = -ye(0. 5)
Qore e8eiydn 6T
@

ou(—y) < -'WE%L) < 1 = ouwy < “—-L‘” 2]

y ™ ™
i B o6 el D
)ETraSr\, T& ouvnpiTovoy elval ouvexTs owvapTnols éxouey lim ouwvy = owl = 1
Vil
T 3 : oMY
%ol ¢ TUmros (2) 6iser TéT= lim 17) =l
y—>0 &

MTpds &mdbeibv Tapa Tou TuTrou 1.6.2 Bewpouper TUYXOVTA  TTPOyPaTIKOY
“pBudy x,, omoTe Exopey
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X=X X+X X —X
BUUV 0 0

nux—mux, _ 2™ 2 2 X+
5 = = ouv
X —X, X —X, X —X, 2
2
X —X,
; 3 : . el ,
kai Emeldn &9’ fvds pév, s dvwTépw dmedeiybn, lim e 1, &g &té-
X%, "o
. X 4%, Xo + Xo __ : ~ : e -
pou 8¢ lim owv = guv— = owx, (Aoyw Tfis ouvexelas Tou ouvn

X—+Xg 2 2
pitévou), B Exwpev
(Mux)'x—x, =1+ ouvx, = owvx,

kol ToUTo Bid kéle TPy paTIKGY dpiBRdY X,, TO TroTov onpaivel &T1L (Ex)" = ouvx:

1.6.3 (owx)' = — nux.
Kat’ dvodoyiaw mpos Thv mpomnyoupévny 'rrspi-rr-rooow gy opev
— X, X + X,

oUUX — OUVX, = ay ‘2A' Ao

ouvx)’ = lim = lim —
( ) R X=+Xg X —Xq XX X—Xp
i X —xo
“t X X X X
=—lim —— lim np —+—° =-1 ngri'%' = — NUX,.
X=+Xg —. X—+Xg -

1.6.4. (e¢x)'=g—‘j’q=l+eq>2x, X # KTF—}-% k=0, + = S R

‘H &méSeifis ToU TUTOU TouTou EmITuyYdveTan 81 Epappoyfis T 1816TnTos 1.5.4:

(egx)’ = ( THX )’ _ (nux)'ouvx —npx(owx)’  _ OUXOWX — X (— npx)
PR =\ ouvix Y “ouvix
_oowikx4npix 1
N ouvix T ot
' 1
1.6.5. (opx) = e — =—(+ogk), x#xm(x=0,+1,4+2,...)
. fowx\' _ (owx) nux —ouwx (Npx)’ _ (= MEX) MHX — OUVXOUVX
lepm)i— nuX) R nHEx r nuEx
_ neix 4 owx ik
i TGRS i
.
168, () =6t
“Exouev :
ex — X _ elX-Xo)tRg — X0 ex—xo— 1
A== hch X —X, i TR
omde, Emerdn kard Tov TUmov (11) Tis § 3.3. ToU Keg. VI loxue
3 e e | M- 4
lim S22 =1, 6& Exoovev kol
ra X
S 1
= WU s — %
("‘);—-x lim SN bl e

X~ Xg

SR Sl P omgins " S Nt
kal ToUTo B1& K&BE TPAyYHATIKOV &pifpov X, TO &troiov onpaivel 611 (¢¥)" =«

124
WnoionoiOrke amod 1o ivotirouto EknmaiSeuTikrg MoAmkrg



1.6.7 (logx)' :T’ xe(0, + c0).

“Exouev
[EE Vi
_lig)’ — logx, __ o8 Xa _i__ o8 Xa
X —X, TR T R {
e

OméTE, éTrEle] kot Tov Tutov (12) Ths § 3.3. 1ol Keg. VI ioyle

Ing

lim =1, B ¥ycopey Kkai
BT Se
Xy
1 i =y 1 logx —ﬁlﬁnﬁgf.\(’“ p Rl 1
o R R s Bl B
X => %,
Kai ToUTo S1dr kdBe BeTikdy &p1Bpoy X,, TO dmoiov onuaiver 61 (logx)' = _I .
Eme1dny kard Ttov tumov (10) tfis § 3.3. ToU Keg. VI foyle
log,x — lo8gx Y E
X = e (a # 1), fBax Exwuev
1 1
(logax)" = ,[,g Qogx)’ = u.m X Noga
"Qoe ioyUe, yevikwTePOY, 6 kaTwb TUTrOS
1.6.7 (log.x)' = —— xe(0, + ) (a # 1).

hlg;,d

1.7. HNopaydyieig cuvditov ovvaptijceng. ‘O Umoloylouds Tiis Taporyd-
You s ouvapTrioews T Ponbeic Tou Opropou alTiis elvat v yével Aav émriTovos
kel TrpakTikGs eis TTOAAGS TeprTT@OoEls GBUvaTas. Al 1B16TNTEs TAY Tapaydywy
Kai of TUtror of obévTes eis Tas Tponyoupivas Tapaypdgous 1.5 kai 1.6 Slvaran
V& tpapuooBoly kaTaAAfAcs Bid TOV UTTOAOYIoMOV TEY Tapaydy ey kel dAAwY
CToiyeld&y ouvapThoEwy, S T.X.

Clog -+ ex)” = (10gx)’ + (9 =+ i+ ¥R wal x # e 4 F
(xk=0,4+1,42,...)

*Ev ToUTols, TOUTO £l§ TTOAAGS TEPITITAOELS OTOIXEIBY auvapTioewy Sév
tvor Buvarréy, g . S1a THY owdptnow Thy Spiloptiny UTS ToU TUTou
¥Y=ouw (2x + 3), Tiis omoiog Gupws Buvdpeba v Umooyiowper (oxeTikdds
Eﬁké}\ms) THy Tapdywyov 8” &n’ elfeias épappoyfis Tou dplouol s EEfs
ow (2% +3) —ow (2%, +3) _ | —2ns (X=X A (X +X,+3)

X —X, X — X,

(ownax +3))" = lim

Xo

=—2lim n“(_\_ ")_ limnu(x + %, +3)=—2-1 nu(x, + %, + 3) =
X—+Xg ES Xk Xy

== 2nu (2x, + 3) kai ToUTo Bi KdBe TpaypaTikoy &pmbudy x,. “Apa.
(ow(2x + 3))"' = — 2np(2x + 3).

X=+Xo
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‘H dvwtépw ouvdpTnols Tifs omoles Umedoyioaper Ty Topdywyor SU-
voran vé Gecopn i das 7y cuveots BUo ouvapThoewy, THS TUVAPTHOEWS & pe g(x) =
— 2x + 3 kal ToU ournuitévou, ol mapéycwyot Tév émolwy UmoloyilovTan el
KOAes Buvdpel TGV 1BloTHTWY Kai TV TUTTwY TV Tapaypaewy 1.5 kol 1.6.
Efvar Aoirov guoikdy vé dvalntnij kamolx oxéols peTaty Tfis TOPAYWYOU ThHS
owBETou cuvapTHoEwS Kal TEY Trapaywywy TV ourapTioewy, ai drolal ouv-
BéTowr TouTrw. ‘H oyéols alTn BieTon els TO drodhoubor Becopna.

1.7.1 @EQPHMA. "Forwsar ai ovvaotijoes g2 A = A xall: A 1= R, dnov
A xal A elvar daotijuata, ai dzoia dmoléToper dre mapaywylovtat, Tore 1) oiv-
Oeaic h = leg abrav (1) drola g yraaror dollerar dm 108 Témov h(X) = f(a(x)),
xEA) mapayoyietar inlons xal pdliota loyie

h'(x) = I"(2(:))g' (%)

*Amddeitc. * "Eotw x,EA. "As fewpniowuey TuyoUoay dxoloubiav x,, v=
=1,2,... st x,eh— {x,} ¥ veN &k tipy Sroiav Siakpivopey Tas K&TwbL TPETS
TTEPLTITUWOELS !

1. g(x,) = g(x,) 0 & memepaouivoy whijflog deverdn. Eig v mepimTwow
TaUTy S1& Siaypagfis TéV Speov THs X, v=1, 2,,.., ol omoiol TATNpOUY TNV
oxéow g(x,) = g(x,) mpokumrtea pia droroubia vy, v=1.2,... &1 THy OTroiay
Tpogawdds loxuel v, —-x, (TTpPA. mapatipnow § 1.4, Tou Keg. IV) Ked

a(y,) # g(x,) ¥ veN,

OTOTE EYOMEV

b —hx) _ hG) b g0 =BG
Vom%e | EO)—8&) T Fe—%e
_ ) =) 80 =80
g(v,) —e(x0) TR T

"Emeidn &€ Umobéoews Utrdpyowr ai mapdywyor '(g(x,)) ke o'(x,), eukdAos
SiamioTouTan 671 ioyvour kol

lim —ELD =D (g(x)), lim BN BED _ g(x,)
‘Etropéveds lim h(; — h“(\") = ["(a(x,)e'(x,) ki, Buvduer TAS TaPaTTPNOEWS
175 § 1.4. ToU Kecpl.vi\-‘, loyver émiong

©) fi B0 R el ).

D alx NS (x,) OF & ‘[67(“!1(1”‘![1 vov wh UOO.’; deweriow. Elg Thv mepimTooy
TaUTny Bix Biaypagiis TV Spowv THS X, Vv = 1,2,..., ol éwoiol TAnpolv THY

oxtow g(x,) # g(x,) TpokumTEl pia drohoubia v, v =1,2,... 81& Ty Omoiav
Tpopavdys ioylel y, X, kol

g(y) =g(xs) ¥ veN,
bmoTE Eyopey &g’ Evos pEv

a'lxy) =lim ”(‘ ) =8 i - =0,

v —Xao D
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&g’ ETépou Bt

lim 2RO M0 — o) _ lim @G~ f@ea) _
Yo =Xy Yv—%X ¥y —X,

Kol Eropéveos, KoTd THY Toapatipnow Tis § 1.4 Tol Kep. 1V, loxuer émriong
hes) =h(s) g

X, — X

Teopa BiamioTouTan eUkdhws &11 kai el THY TEPITITROo Y TarTnY loyUer 6 TUTos (3).

3. Oddepla v acoatdoewy | A 2 ioyver. A& Biaypagiis Tév  Speov

Tis X, v=1,2,.. ., ol émoiol TAnEoUY TN oyéow 2(x ) = g(x,) TpokUmTer pia

Utrecoroubiar x,,, v=1,2,. .. TS X V=0,20. 506 MY émroiav Tpopavds ioy Vel

Xey =X, (181605 2, § 1.4.2 ToU Kep. I1V) kai g(xe,) # a(xk) ¥ veN. Ak Ty
Umrakoloubicy TadTny, kpIPéds o5 ke g Ty mepiTTow 1, mwpoximTar éTi

lim

; h(xe,) — h(x, " .
& lim 222090 _ pregie sy g,
‘Onoieos B1cx Sicrypogfis Téw Speov Tiis x., v = 1,2,..., of émoiol mAnpotv
THY oxéow g(x,) # g(X,) TpokUTTEl pia UnokChoublr my W= 1,0 s

X,v=12,... &1ia v omolaw TPOPAVES foxUel X, —+x, kol a(xu,) = g(x,)
Y veN. A Ty dmrakorouBiow TOUTNY GKpIPEKS Cas Kai gls T mepimTwaw 2
TTPOKUTITEL 6T

. h(xy,) — h(x,) ' .
) lim =MDy sy,
Ay o
"AvwTépw Bieodoaper ThHy dxooubiaw x, v = L,2,... &s 8% Umako-
Aovdias Tng Tas xk,, v=1,2,... Kei Xpo V=12,... 8i1& 185 Smroiag foxvouy

ai (4) kai (5). Ex Tév oxéoewv ToUTwy amrodeikvleTon &1 loxUer kai & YOS (3).
"Qore kai els Tés Tpels dvootépoo TEPITITOOES Edeiyln &1 ioxver & TUTros

(3), Bnhady &m1
X, =X,

— Tim 20) = h(x,) Pl NN
X EA — {x, } ¥ veN } i X I (F(-\n))i-. (%),

v — X
»

TTOlL
lim 0= MW e D) R hi(xg) = "(g(xo))g’(x,)

X=+Xg X —Xp
kel ToUTo Sick TUXOV X,EA, TO dmoiov onuaivel &1
W) ="gx)e’'(x) ¥ xeA.

'Eqappoyai :
L (WX +3)) = (—nu(@X +3)) (X +3)' =~ nu(2x +3).2 = ~ 2nu(x 4 3,
Eis 16 dmotéAeopa ToUTo elyopev xatoAnle kal TpoONYyouRives 811 &' elBeiog tpapuoyiis
TOU épiopoU Tiis Tapaywyou.
2. (a®)' = a*loga.
Kard tov Tomov (9) Tiis §3.3 ToU Keg. VI &yopev aX — pxloga g ETropéves
@' = ({-xlug:l)‘ = exloga (x]ug;[)‘ = exloga ](I;_‘,’El — :l"luga.
3 (XM =ax?1, xe(0, + c0).
‘Ouoieas Eyopey x3 = ealogx xai ETouéves
(x)" = (ealogx)’ = ealogx (alogx)’ = ealogx a(logx)' = x# a i = axt-1
= il
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Eisikdds Si1d a = 2 Aappavoper

SR S SR AR T e s
(?.J)i_fxz =fx + , fjTol (Vx)_zvx.
el X
4. t4l) = ——.
(Yxr+1) g
BB AL e X
Mpa (Vx4 1) = ——— =——
e L) = zv=+1("+) WeFl 2T Yorl
levikeotepov loyler & TUtos
VIE®) = - (Brariy)
3 2V (x) ¢
Mivat t@v mapaydywv T@v xvpwwtéowy otolgewwddy ovvagTijoewy
f(x) '(x) f(x) f(x)
x" V=T x® axe—l
ex er ax a* loga
1 1
logx 23 log i( x loga
X ouvx ouvx — nux
1 | 1
£pX x| apx e

2. O POAOEX THE NAPATIQroy EIZ THN MEAETHN ZLYNAPTHIEQE

2.1 ‘H #woia Tiis Toparyddyou etutnpeTel TG péyloTa els TAYV pehéTnv pids
auvapThoews Gyl pévoy B16m Buvdpeda v kaTapTiowper TayUTEpoV Tou Trivoka
peTaPorfis adTiis, dAA& kol &10T1 pbo Tis Tapaywyou Buvdpeda vat A&Peopey
AeTrTopepéoTepa oTolyeia i TRV oupTEpigopay Tou Siaypduparos TaUTNS
ka® SAnv ThHY Extaow adtol. T dkorouBolvTa Becopfipara épunvelour Tov pdAov
Tiis Tapaydwyoy s THy peAéTnv TUVOPTTITEWS.

2.1.1 @EQPHMA. *Av 1} avvdptnos § magaywyilevar el & anuelov X, nal
napdvordler Tomxdy drodraror els T onueiov toito, Téte loyver I'(Xy) =0

> Anddekic. "As Umrobéowuer OTL 1) ovvc'xp'mcn; f Tapoucidder TomikOY ué-
yioTov els TO onpeiov x, (f) mepiTTwols Tomikol EoyioTou dmodekvieTon dvo
Adyces). "Exouev ToTE 811 Umrdpyer v dvoikTov SidoTnua (a,b) e x,£(a, b) c2(h)

ToloUToy, oTe v& loyxin
f(x) < f(x,) V¥ xe(a,b).

Outw
109 =) (g 32 x&(x,, b) kai A0 Mmooy xe(a, xy),
Wy FE
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bméme Emadh A | mapaywyiletan els T onpeiov Xy, O Excopev TdoOV
160 — 1)
X=Xy

I'(x,) = lim ,r(“s - i(x") < 0, éoov ked '(x,) = lim A

x=+x, 10 X xg—0
BnAadh 1'(x,) = 0.

To QuTioTpogoY TOU dvwTépw BecopriuaTos Bév loyver. ‘H iocdTns I'(x,) =0
Buvarov va UploTaTal, ¥wpis 1) owéptnois [ v Tapouai&ln v Tomikdy drpo-
tatov els 1O onugiov x,,. ToUToT.y. ouuPeaivel els THY
mepiTTLoow, dmou [(x) =x* x, =0 (Swti;) (BA.
Zx. 23, Keg. 1.

MewpeTpixdds N Umraptis &vos TomikoU dkpoTd-
TOU Tiis ouvapTAoEws el TO onuelov X, onuaivel
(els v mepimTwow, Smwou oUapTNOIS Topa-
ywyileten els 10 x,) 611 1) épamTopévy ToU Sia-
YP&uuatos Tiis [ ey T onueiov P, = (eor F(x))
elvat TrapdAinios TTpds Tov dfova TEW x (PA. Zx. 76). Zy. 76

212 @EQPHMA Toi Holle "Eore | o ovvdptyowg ué medioy
60topoT Ev xletaron dwdotiua [a, b], 1) daola elva aVErNs xail éni midoy mapaym-
yilerar eic 6 dvorxTov drdetyua (a,b). Tore, av f(a) = f(h), dndoyer x,6(a, h)
Tatoitor, more ['(x,) = 0.

¥

To Bedpnua TOUTO EPUMVEUETON YEWMETPIKGS (BA. Zx. 770) cog &Efis : &v

Xy Tle. Xy, 778.
Hia kapTrUAn (BnAadh To Sidypapue wds GUVEXOUS oUvapToEwss) Exovoa ¢pa-
TITOREVN els k&Be onueiov TNs TéuveTcn UTTS wids elfeiag TapaAiniou Tpds TOHV
dEova Tév X els BUo TOUAGKITTOV onpela, TETE gl & ToVAGY1oTOV anpeiov # Epa-
TTouern Tis kapmUAnS TauTns elval TapdAAnAos Tpos Tov &fova TGW x. EiSi-
ks els ThY mreplmrTwa, dmou f(a) = (b) =0, 7 YEWHETPIKT épumveia ToU Beco-
ppaTos ToUTou SideTan el TO 2x. T7p.

To drohouBoly Becopnua dmoTedel piaw yevikeuow ToU fecpriparos ToU
Rolle elven 8¢ yvwoTdy g Veronua tijs wéons tiuic tov Mregopizos  Aoytouot
 dkéun &5 Bedonua T nmemepaouévey adénoswn.

2.1.3. @EQPHMA . "Eotw [ pla ovvdotnos pé mediov dpLopod & xleoror
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Sudornua [a, b, 9 émola elvar ovveyns xai éml nhéov mapaywyiletar glg To dvor-
wrow dudotnpa (a, b). Tore Smdpyel Xo€(8, b) TotolToY, dote

I'(xg) = L@_z):_f,id)_

> Anddeikrg. TO Becopnpa Toiro elvon &UECOS CUVETIEIR Tou BecopripaTos
ToU Rolle tpoappolonevoy Bl THY ouvdpTnaw g M

o) = (D 1@+ (o) T

bh—a
‘H guwépTnols g IKaVOTIOLET Tipdry BTl TS Umrobtoeis ToU BecdpriaTos ToU Rolle,

ko doov alTn elvan TpopaVids ouvex s, TrapaywyileTon & (a, b) xai pdhoTa

e () — 1(a)
D= b gy

¢mh oy &8 g(a) =0 = g(b). ‘Erropévoss UTTSpxE X,E(@, b) TowoUTov, GOTE
va loxun

: 3 fby — f
g (X) =— I"(x0) + -(% —_,fi) =0,
o) =

fiTot I'(x,) = s

‘H ysmp&*rplxﬁ onuaoia ToUu BewpnuaTos
<outou (PA. Zx. 78) elven 1 ifis ¢ & pia xaumUAn
EXT tpaTrTopEn elg kdBe anupeiov NS, ToTE €l BV
TOUAGYIOTOV OTHEIOV 1) EQUTITOREVT Tfjg KQUTTUANS
TauTns elvan TTapdhAnACS TrpOS THY TEWVOUT O gUfeTaw

Thjv BlepyOLEVTY Bix 6w Grpoov TS KOpTTUATS.

2.1.4 MOPIEMA. " ula ovvder)ois { mapaywyiletar g & Sudornua A xal

pdhora loyin (x)=0 ¥ x€eA, tdre 1] OVYAOTHOLS aifry hapfldver g 70 Oud-
otqua B orabepdr Towp.

» Anddeikic. “Eote x* dv oTabepoy onueiov ToJ BraoTHRATOS A kol x TUXOV
& Ao onueiov ToU BlaoTHUATOS TOUTOV. Kara T Becdopnpa THS péamns Tiufis ToU
Aogopikou Aoyiouou UTrdpyEl OTPETOV X ToloUToY, GaTe va loxUn

{_(L‘z‘;;,yf) — f(xg) =0, 8pax 1(x) = [(x¥) ¥ xeh.

2.1.5 MOPIEMA. “Av ol ovvaoTijoes [ xal g mapaywylovial elc 0 Oud-
orpua B xal pdliota ey '(x) = g'(x) ¥ xeb, <ére ai ovvapnijoes § xal g
Stagéoovy xata piav orabeody, onhad ioyde 1(x) = a(x) + ¢ ¥ x€A.

* Amdderkic. & THY ouvapTnow h = [ — g TOPOTNPOULEY & toyte h'(x) =
=X -gx= 0  xeh kol émoutvess, KaTd 16 mopiopa 2.1.4, 1) h Acppa-
ver gls To SidoTnpa A ortafepay Tipry, EoT ¢ TAp f(x) = g(x) +¢ ¥ xeh.
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2.1.6 OEQPHMA. v ] ovwiotnow | mapayopilerar eic i dudotypa B,
ToTe loydovy Ta xdrmb

M(x) >0 ¥xeA =14 A F(x) <0 ¥xeh = f Y

A
| Fx) 20 MxeA=f1A | I'(x) <0 VxeA =1} A

3 TAmddede. "EoTw '(x),> 0V xeA. Tére, & x,, x, eivan TUXOVTQ onpeia
ToU SlaoThUeTos A pE X, < X, B Eyowpey, Suvdper Tou BecopripaTos Tfis péoms
Tiufs Tou Alagopikou Aoylopol, 8T1 Umdpyel X0E(Xy, X,) € A TooUTov, GoTe
F'(xg) = "2 oo f(x,) — 15,) = F(xe)(xa — )0, Brdad 1(x,) < I(x0),
TO omoTov onuaivel 61 1) | elven yvnoiws altousa &v A, "Qoe E8eiyOn 611

F'(x) >0 % xeA = [1A
T& Umdhoima oupmepdouaTa ToU Becopriparos EEdyovton kot dvéAoyov Tpo-
Tov.

2.1.7 @EQPHMA. “Eoto | pia covdotyoc du Ty daolay vrdoyet 1) dev-
Tépa mapdymyos eis 10 dubotnua (a, b) xal elvar aivry ovveyne. Tdre, dv x,(a,b)
ue 1'(xy) =0, iaytovy :
["(xp) < 0 =9} I magovawiler tomuxiv péyioror eic 16 Xq
["(xy) = 0 =4 [ 7apovordlen Tomxir dyioror cic o Xg:
Azddeisig. "H ovvéyxeia Tiis Seutépag Tapaywyou [ kai 1) dvicdTng ["(x,)<0
owvertéryovtal (PA. Zx. 79) 611 Umdpyel BidkoTn-

ha (a,,by) pe x,e(ay,by) =(a, b) xai ["(x) < 0 W y
xe(ay, by,) (Smodeitis; ). -

"Apa, Suvduer ToU Tpomyouuévou Becopri- \ /
moros 2.1.6, 'Y (a,, b)) xai émopéves B i L Eh -
F(x) =0

. } = ['(x) 2 1(x,) =0 ¥ xe(a,,x,] =
f : (all x(I]

4 (ay, x0] = I(x) < f(x] ¥ x€(ay, x,).
‘Ouoicog
fr(xu) =0 : ; v
% [tb) } => '(x) < '(x) =0 ¥ x€[x,, b)) = 1 [x,, b)) =

f(xy) = (x) ¥V x€[x,, by).
“Qote &BeixBn (PA. Zx. 80) 6T loyue
f(x) < f(x,) ¥ xe(ay, by),

SnAadh 611 1) [ mopoudidlel TOTIKOY péyioTov
els TO onpeiov X,.

‘H mepimrwaos [(x,) > 0 ouvayetan &1
EpatppoYTis TOU TrPOTYOUPEVOU CUPTTEPAOHOTOS . 80
81& v owdptnow — [ 8i& Ty dtroiav Tpoga-
viss B loyun (—1)'(xp) =—I'(x) =0 xoi (=1)"(x,) =—1"(x,) < 0, émdre
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—1f 8& Tapoustaln romxdy péytaTov gl TO onueiov Xy, TO dToiov onuaiver 8T 9
[ Trapovoidlel Tomikdy EéryloTov €S 6 %, (Brorii)-

‘Egoppoyi. AS HEAETHOWHEY TOOPS els tpapuoyty TEV Svewépod THY Bi-
TETP&Y WY OV TPIGVUNOY ouvdptnow [ e {(x) = 2x4 — 4x* — 1, i omolav Eue-
AeThoopey kai s THY §u24 (tpapuoyn 3, Trapad. 1) ToU Kep. 1l (BA. EX. 44)-

Karrd rpédTov Ymrohoyilouey THY Trpdotny kol BeuTépow mapéywyov TS f,
fiTot

fix)=(2xY) = (4x®) -0= 8x?—8x =8x (x*—1)
fitte)y = (8x%) — (8x)' = 24x* — 8.
Al pilen g TPRTNS Tapaywyov |’ elval — 1, 0, 1 Bix &8 Smolas loyuowv
f"(—1)= 24-8=16>0, ') = _8 <0 ka f'(1)=16> 0
kol EToptvods, KOTX 1O Becopnpa o P Tapovaialel ooy EAdyioTOV ElS
& onueia — 1 kol 1 xai TOTIKOY pEyIoTOV gl o onpeiov 0.
*Erions ouvéryovTal eUkOAWS Kad TA k&Tw ¢
f'fx) <0 ¥ xe(=2,— 1) xai ¥ x€(0,1)
f'(x) > 0 ¥ x&(— 1,0) xal ¥ xe(l, +00),
& &roia, Buvdiel ToU BeopmPaTOS 2.1.6, guveTrdydvTan T Eifs -
fY (—cw,—1) £+ 10,173 (0,1) xai f X (1, 4,
SnAadn T& CUPTTEPAO HOTA Tou Trivaxos peTaPOATs g s § 2.1 o0 Keg. Il

22 Kouproi xei xothat GUVAPTTOELS. “EgTw plor oudpTnois { p& mediov
Spioyol dv BidoTnua A, 1) dmola maporywyileTon v A. TéTe, 65 yvwoTov, UTISPYE!
1 éq)o:'rr"rouévn gig TO TUYOV onueiov TOU Slcxypc'xpuufég
s, As BecopT|TwHEY Tohpa THY TEPITTTWOW koTd TNV
Srotaw TO Bidypaupa THig GUVEPTNOEWS f geiton &veobev
g tparmTopEvns €l & Tuydv onueiov Py auTou (PA. ZX-
}.:'0 81).
*Eqreidn, o5 EiDOUEV gig iy § 1.2 TOU TApPOVTOS KE-
y. 81 ohaioy, 4 ttiowois TS EQOITITOMEVTS ToU Biary pABUaTOS
s f elg TO onueiov P, = (%o f(x,)) elvan bl
¥ = () + IGeo)(x = Xo),
& Biéy paupa g I keTTan Gwoobev Tiis ¢porTTOpEVTS TOV glg TO onueiov P, TOTE
kol uovov TéTE, &v foxim f
f(x) — f(x0) — f(xo)(x —Xg) >0 St xeh —{ X, k
Els Thy &uwTépeo TrepiTTTWOW, gmov fi TEAeuTada OXECIS toyuer B1& TUXOV XGED,
Abyoupev 6T f) ouvdpTnals f elvon wwory) & A A &TTAGS
#VOTH]- ‘
' Avahdyws, &v BexBipey s 6 Bidypanpa THS f

'p %
. weiton k&rwdey TS EporTTOpEVTS TOV rlg TO TUYXOV onHETOV
e P, crrol (PA. Sy. 82) B KOTOATIEWUEY, duoloss, els TO &l
TouTo cupPailvet éte Kol pdvov TOTE, & B TUYXOV X ED
2y, 82 foyun
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r<\) = II('\-U) = |"(3\',,) (X E= -\'n) < 0 ¥ xeh— {_\'“ }
Eis v mepimrwow Tavtnu Aéyopey Ot 1 | elval xofdy &v A 1) GmAGS x0il).

“QoTe :

| Tror & B o 1)~ 1) ==Y >0 ¥ x,y 0 & i x #
I = 9 opo
‘ [ xoidy év & <= () — I =P —¥) <0 ¥ xy v A ué x #y

[Mapadeiypata :

1. “H aovdoryoiz [ ué [(x) = x*eivae zvori). Tpdypom® gyoper
y= ) =G -y = =y = 2y —Y) =X —yi—2xy + 2yt = X? = 2xy +Yy?=
=(x—y)® >0 % x #y (Pr Zx. 83).

Y L
b3
0f o«
X883 y==x Ty 84 y=—-x*{2x—2.
2. "H owvdornows { pé [(x) = —x% 4 2x =2 edvat xolly. TpdypaTy Exouey

) — () = I'NE ) ==X+ 25 =2 —(—y'+ 2y -2y + D(x—y) =
—X 4224y 2y + 24 2yx — 2% —2y* 2y =—XP 42Xy —yi=
=—(x—y) <0 ¥ x #y(Pr Zx. 84).

3. H owvdoryog 1 pi [(x) =X ebvar zoiln év 4
(=00, 0) xai xvoty) év (0, + o). Ipaypary £y ouEy
() — () — [(y )(x —y) = XP =y — 3y*(x = y) =
(X=y)(x2 + Xy 4 yH— 3y3(x-y) = ()P 4 xy=2y) = T
= (x—y)(x+2y)
Kai Etropéves
[xX) =) = ((x —y) <0 % x,y v (-0, 0) pEx #y
Kai
() —fF(N)-(x—y) =0 % x,y v (0, +oo) pex #y. - Xy, 85 y =

Eis T& TehsuTaiov £k TOV GvwTépw TapabelypdTwy TopaTnpoumey &Tl
| U’ Syiv ouvdpTnots elvan koidn dploTepd Tou O kad kupTn Setix ToU O (PA.
Zx. 85), éxppdlopey S¢ ToUTo AéyovTes &1 T ouvdpTnols magovoidlet xupmy
elc o 0.

evikéds Aéyouey 8T1 pia ouvdpTnos | pé mediov opiopol év duoikTtor Sig-
otnua (a, b) masovowdler xapany els o oyueior X,€(a, b) TéTE Kai povov ToTE,
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&v alrn elvan kolAn &v (a, x,)

y kal kupTn &v (x,, b) 1) & eiven
1 kupTT) &v (a, X,) kai koiAn év

'_%“ (%o, b) (BA. Zx. 86 xkai 87).
To dvrioToryov onueiov P, =

(xy, 1(x4)) TOU Brary pdppatos
THs oUvopPTNOEwWs KaAelTal

Sy 86 Zy. 87 TOTE onueiov xaumis CUTOU.

2.2.1 @EQPHMA. "Fotw [ pla ovvdotyows o Ty dmolay dmdpyet 1) dev
Téna maodymyos g 16 dudotyua (a, b). Tore loydovw :
f"(x) >0 % xe(a,b) = [ xvory é&v (a,b)
f'(x) <0 % xe(a,b) = f xoldn & (a, b).
*AmddetEig. "Av x, y elvon TuydvTa onpeio ToU SiaxoThuaros (a, b) pE x # y,
TOTE KOTS TO Becopnuar Tis péons Tipfis Tou Alagopikou Aoyiopou UTrépyer on-
peiov x, petofU TGV X kal y ToloUTOV, OOTE
() — 1(y) = F'(x)(x =),
OTmoTE {oyxVel kai
f(x) — () = FME—-y) =[I'(x) — (¥ Jx—¥),
T6 &moiov, B1I° Epappoyiis A ToU Becopripartos Tiis péons Tipdis Tou Alagopikol
Noyiopou &ix thv ', Bidel
© 10— Iy) — () =) = (5 — =¥
émou TO v, keiTon peTall TEV X, kal y.

’ETeldn T x, keiTon peTaty Tdv X kad vy, foyxler (X, —y)(x —y) > 0. ‘Emopé-
veos, 1) oxéois (6) eis ptv THY mepiTTeoow {7(x) > 0 ¥V xe(a,b) ouvemrdyetan T
i(x) - i(y) - 'y ~-y) >0,

BnAadf 811 1) [ elvon kupTh &v (a, b), &g 8¢ Ty mepinrwow [''(x) < 0 ¥ xe(a,b)

guVETTayeTOL OT1
i(x) = i(y) — I'(y) (x =) < 0,
dnAadn &t 1y [ elven kofdn év (a, b).

"Eqappoyai : 7
1. ‘H cwvdptnois | peé 1(x) =y ¥V af —x2, a >0 elvar xoidy 6ia y > 0 xai xvory did
y < 0. lp&ypaTr® Exouev

1 . 1 X
Vi = e B R R e S
X)) =" o (2 —x)' =7y s (- 2x) Y —
kol
Yai—xa (— 2x)
T i af —X? — X e
rx)=-y (x) VG’—X;:L(_VGz—Xz) ok Ge—iﬂVe—;\ -
Sty Tiat AN A
=l (at—x?) Yai —xt
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‘Etropéveds, Sik pév y > 0 Exopev
f'(x) <0 % xe(—a, a), &pa f koidn &v (—a, ),
B 6t y < 0 Exouev
"(x)< 0 % xe(—a, a), Gpa | kupTh & (—q, a)
(BA. Zx. 46 xal 47, § 3.2 10U Keg. lII).

2. "H owvdaornoig [ pué I(x) =y Vxt—af, o« =0, s Yy >0 eha ®olAn TégOV Ev
(—00,— a) dooy xai év (@, + o ), évp diay < 0 elvar xvpri) tdooy dv (— e, — ) oov xal év
(o, + ), (BA. Ex. 56 kai 57, § 3.3 ToU Keg. llI). Tlpaypartt éxopev

(x—a?)’ 2x X

fO=Y v Y 2vx-a Voo
Kal
e x
) =y ) ¥xi—a —x(Vxr—oa?)' _ i FE‘E ik
X2 --a? X — s
al‘.
=-y

(x—a?) Vi* —a¥
‘Emropéveos, 81 utv y > 0 Exopev
(x) <0 Téoov & Xe(— o0, — o) Soov kal N xe(g, + ),

Bix 8t y < 0 éxopev
f(x) > 0 Téoov % Xe(— 00, —a) Soov kal ¥ xe(a, + o).

2.3 *Acopntotor. Ag Bewpriowpev picv ouvdpTtnow [ dpiopévny el &
BidoTnua Tis popeils (o, + ©). Mia elbeia
ut ttlowow y = ax + P xoAeiTon doduntmrog
T0d drayoduuaros tijc [ (PA. Zx. 88), &v ioxin

lim (f(x) —ax —p ) =0.
X=+4 00
*Ex THs oytoews TauTng TRoKUTTTOWY of TU-
mor: a = lim & xal p =lim (I(x) —ax).
x+400 X400
TMpdypari: & TUos P = lim (f(x) —ax) elvea
X—»+ 00

Tpogavs, £vdd & &AAos ouvayeTal oUTw :

lim ( f(x)—ox)

" f(x) T [(x) —ox _ xate =SB T
lim (__x_ﬁ _G) i ]1?; X - lith % e 0
x—++00 e X+ 00
fitor  lim A8 &
x++00

*Ex 6y dueeTépw auvdyeTal eUkdAws &1 O Gwv 6w x, Snhadn 1) lfeia
pt towowy =0 (a=p =0), elvan dolpmTooTos ToU BiarypdupaTos TuyoUaTs
pnBevikds ouvapThoews B1d X — 0o . TLx. ToUTo éupaivean els T& Zy. 89 xad

T ; i i $ 4 i 1 n 1
90 &1& Tas ouvapTroels Tas Spilopevas UTIO TEV TUTTWV § = — Kal y= —7uXx,

ai &moian G yvwoTtov elvar pndevikad Sik X — + oo
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Zy. 89 y= % Zx. 90 y= %nux

‘Ouoicos, el ThHy mepinTwoly, Smou UmobéTopey THY ouwvdptnow [ dpi-
ouévny els &v SidoTnpa Tis popefis (—w, a), Aéyoper 611 1) edfeic pé Eicway
y=ox+ P elvar deduarwros 100 dwayodupatos i |, dv ioyin
lim (f{x) —ax —p) =0,

=]

Xep —
omoTe loyxUowy émions kal of TUmor :
a=lim 2% koi B =1lim (I(x)—ax) (Brari;).
x>-00 * X - 00,
Elven Aormov mpogavks 671 & &Ewv Tév X elvon doUuTTwTos ToU Siecy pdupartos
TUXOUOTs BNBevikfls ouvapThoews Bid X —>— . Ty, ToUTo éupaiveTon els T
Zx. 89 kai 90, Smou ai Gewpoluevan ouvapTnioels elvor pndevikad 81& x —» — oo .
Téros, &v B iy ouvdptnow [ Umobécwpey &m1 elvar Soplopévn (Tourd-
XioTov) el &v dvoiktov Sidotnpa (a, b) (a, b mpayuarikol &pibuoi), ToTe Aé-
Youey &g’ Evds pév &1 1y edfeia pt iowow x = a elvar aodurteTos Tob dtayodu-
patog g f, &v ioxun lim (f)(x) =00 fj —oo (PA. Zy. 91 kai 92), &g’ Etépou Bi
X—>a-+

671 1) elbeia pe Etiowow x = b elvan doduntwrog T dwapoduparos Tig | v

foxin lim [(x) =4 o fj —oo (BA. Zx. 93 kai 94).
x—>b—0

i y Yy ! y

| { i

a‘ — al e e
Iy, 91 . 02 Iy 93 Sy, o1

M. els. 10 Zx. 89 6 &twv T&v y elvon dolumTeotos ToU By p&puaTos
(Brorri;), &vdd dvmiBéTeos els o Zy. 90 TolTo Bév ouuPaiver.

2.4 ’Egappoyoi &ig v pehitnv ovvaprijocmg. Ta dveréipn ilaybévta
ouptrepdopaTa Pas EmiTpéour v peReTriocwpey piov ouvdpTnow T Ponbeia

Tfis TpwTNg kel Seutépas Tng Tapaywyou dletdlovtes povov THY peTaBoAy
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Tol Tpoofipou alTév. OUTws, X1 Mévor duvdpefa v kafopiowpey TOTTIKES
(xatd Siothpara) TO eibos Tfis povoTovios (Ex TOU TPOCTIHOU T TPWLTTS
Tapayyou katd To fedpnua 2.1.6) SAAY Kad TO &v Ty ouvdpTnois elval kupTh
f kofAn (& ToU TpooTjuoy Tiis Seutépas Topaywyoy kaT& TO fedpnua 2.2.1).
‘Errions 6 xofopiopds Tév onuelwy els T& dmola N owdpTtnols Tapoucidlel
TOTIK& GKpOTOTA f) KapTy eiver edxepns, & Bt kaBopiopds Téwv BOUNTITW TGV
SieukoAUvel ls T XGpat ToU BloypdppaTés TS, Eis 1& dkotoufouvTa Tro-
paBeiypara yiveton ooghs ) Texvikn TS HEAETNS WSS CUVEPTTOEWS.

241 U ovdoryoig I pé I(x) = 5 x* (x — 3). "Exouev :
I(x) = 5 x*(x=3) * pimn Tiis 1:0,3
I'(x)= —g— x(x—2) - pifen Ths [":0, 2
') =3(x-1) soatled s gty 13
SynuaTilopev Tov drdhoubov ivaka SiatdooovTes Tas pifas @ f, I, I
¢mi &fovos kai  ompeoUpev Emi T@v dvTioToiXwy SaoTnudTwY TO TRGOTIHOV
Tév ouvapThoewy, I, I kai I. Téhos, ¢k TGV oToryeiwy ToUTeov Edryopey gl T
TeAeUTOOW Y paupiy ToU TrivaKos T CUNTTEPEOUATA pas émri Tfjs povoTovias Tiig
f kod ToU &v aUTn elven kupth) f) KofAn. ZnueoUuev B¢ kol T& onuela, Smou f
owdpTnols [ Tapoudidlel KapTTY (k), Tomikov péyioTov (T.p) Kol Tomikdy EA-
xioTov (T.€). Kérwdey drpipdds Tou Trivakos TouTou yap&ooopey 1O Bidypapua
Tis ouwvapThoews (BA. Zx. 99).

el ? ? 400
Li(x_w + 0 - - 0+ +
7

e - = MY N . T
= - - - - - 0 +

| f@ 0 ; -
g o T K Ty T o i

" Koifin | Hoidn | Huprnt | Kuorn Kuorri

syleasianes

95 y:—.l—x’(x-ii)

Dy, !
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Eis Ty TeplmToow Tis QeTEP owapThoews Bt UTEpYow doUu-
mrwTor (BiaTi;).

A
x

2.4.2%. “H owdornorg 1 pé 1(x) = e * . "Exouev :
1
—_—— 1
) = £ xai ()= ¢ X (Biorr;)
1 lime %
; g N ey O LRI SUE
S B e i T S

1
X

lim (f(x)—0-x)= lim e
X+ w X =g
elvan &oupTrTeatos (Bi1dt x — —oo eUpiokopey AW THy ot &oUNTITWTOY).

*Erra1df) 1) ouvdptnois | 5&v elvan Gpiopévn els TO onueiov 0, f| yvéoig T&V
Sproxdy Tipédy  lim {(x) xad lim  f(x) SieukoAlver els THY yapotv ToU Bra-
x—>+4+0

x—>—20

= 1. "Apa 1) e¥fela ut Eicwow y = Ox4+1=1

1

yeduparos. Eig iy TTpOKEIMEVTY TrEPITITCOTY &rrodetkvleTar lim e * =4

x—> —0

-

Zy. 96 y=e *
2.4.3 “H owdpmag e {(x) =x + % "Exouev :
) =1 — o plfen 7fis It = 1,1
foiny | B
i (X)— x?
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“Emions lim —2 =1lim (1 +op)=1rKa lim (f(x)—1 %) =lim L
X400 x++00 2 x400 X
*Apa 1) evBeia pt Elowow y =1 x4 0=x elvan &olpmTwTos (810: X —> —00
eUplokopey TéAw Thy alThy doUpmtwTov). "Emadn 1 ouvdprtnois f Bk elvon
piopévn gis T 0, Umoroyilopey Tds OPIAKAS TGS hm {(x) = lim (x -+ %):
X—=+—0
=04 (—0) =—c0 kai lim f(x)= lim x+;)=0+(+m)=+m,~p‘pq
X=++0 X'?"'ﬂ =

kol & &tewv TEV y elvan GoUpPTTTWTOS.

—co =1 [

frx‘ o ‘. - - ,:, +
_f‘"[xl L - % !

+ oo

= + +

f - “2 e

+

+

riy | Nare — '

Hoifin \Hoin | K qom[ Kuprn

3. O POAOE THE IMAPATQIOY EIE TON YIIOAOIIZMON OPIAKON TINQN TIMON
ATTPOEAIOPIETOI MOP®AI

= = 0 \ . : .
3.1’ Anpogdioprator popeai tod thmov - A& Ty owdptnow h ud

h(x) = E‘ﬂl_‘*'lf.)_ TrapaTnpoUuey 8T loy Vel Togov hm Iog (14+x)=logl=0

Soov kad lim (¢F — 1) = ¢ — 1 =0 xaiémropéves 'n'pog U'rro?\oy:cruou THs Oplokis
x>0
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L (l + 2 1|m f(x)
og X x=0

TI 11m 8év SUvaral va tpappocfi 6 Tutos lim B
uie i b 7 o lim £00)

x
() mpakis U' s yvwoTdy, Stv elvon EmitpetrTn). “Ev ToUTos, Suvdueba va Utro-
Aoyicwpey Thr Spiaxny TadTny Tiphy G5 EEfs

log (1 +x) —togl
log{lJri)_: Iogtl £x) —dewl ~ fai. X o oxs—1 ghx %0

e T | oX — 2% — gb

kol ETropéveos

lim log( +x)—logl

i Iopi(l +%) _ x20 iifﬁ——u-—-—— = AEI_Ug(l‘Jr X)) = - 1_4:2 o1
x+0 & —1 Bine Case () e
xX—=+0
‘Opiaxai Tipol dos 1) dvwTépe, BnAadn Opraxal Tiwad Ths Hopefis :
lim 1, &mou lim I(x) =0 = lim g(x)
X+ Xy ( ) X=¥Xg XXy

~ s ; \ S o, ~ , i g
KOAOUVTAL  darpoodidotoTor jpopqal To0  TUTOU —5= AxoAoufoUvTes Ty auTnv

e e . g, . g % 5 o log (1 +x)
TEYVIKNY, 0 QuwTépo Bid TOV UToAOYIoHOY Tiis Opiaxiis TILfS lim —1

x—+0 =
Buvdpefo v &modelfwuey TO drdhoubov Bewpnuc.

3.1.1 GEQPHMA. “Fotwoay | xal g cvvaotijees pé xowov mediov 0otopod
& adwodoy Tiic uopwiic (2, X014 [Xe, b) 4 (a, %, Jul %y, b) = (a, b), ai dmota
raoaywyilovtar, elg 6 onueior X, ué g'(xo) # 0. Tore, dv f(xy) = 0=g(X,),
ioytet
lim —=% 1) f.()—KQ ;
X—+Xg b(\) g'(Xe)
' Anddeérg. "Exopev
Hx)— f(\(“)

fx) _ f(x)—1f(xo) _

e e Y
X —Xg
omée foyle kal
i 1O =10
lim f(‘() = XEEn X — Xy — f(xn} "
B T i B EGD £ G
XXy X =Xy

Dnueiwotg : *Avotipe s THy TepiTTTooow, émou TO Kkolvov mebiov oplcuou
Tév | kai g elven THs uopefis (a, x,] &1& ToU oupPdrou lim gwooUpey TO

X=+Xq

lim . *AvaAdyes s THY mepimTeol, dmov TO Kkowdy Trediov dpiopol Téw [ kal g
X—+x,—0
clven 15 popofis [ Xy, b) Bi& Tou lim gwwooupey TO  lim .

XX, x=+x,1 0
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"Egappoyai:

1. lim T;T — 1. Tapatnpouuey 671 ToUTo elvon pic &mpooBibpioTos wopet ToU

x=+0
TG % “Exoper (x)' = 1 kal (1 —e) =0—e* (=x) = —e X (= 1) = e7¥, bmwoTe kaT
5 . X o (X)x=» |
16 dveotépw Secpnua Aaupivouey l]1"12 ey b 7 s el )

I — guux e . - : ' . N
B T = — 0. Mapatnpodusy 6Tt ToUTo eivar uia &mPooBIdEIOTOS HOPRH

PO Sl

TOU TUITOV -9 . “Exouev (1 — owx) =0—(~ nux) = nex kad (x — )y =1-0=1, omére

0
: T L0, (1 — owx)'y—n nuT
X TO & ¢ i’ i@ hapPavopey lim ——— —— A X=T S
katd 16 dvwTépw Oecopnu B Ll Gt s i

=0

]
0

*Extds Tou Gewpnuatos 3.1.1 yvwoTou el Thy PipAloypagia g kavdvog
w00 de I' Hospital ioxue xal TO kaTwh Gewpnua.

3.1.2 OEQPHMA. “Hotwoay [ xal g CUIapTHOES 1E xowoy edlov 6otauod Ev
abvodov T HOOGIS (a, %) 71 (%0, b) 7 (a, XU (X, b), ai drofae maoaywyllov-
rar. Tdre, dv im {(x) =0= lim g(x), {oyvet

X=Xy X# X
i 5 f(x
lim —?,gl\l‘ ={ = lim r()f) = (.
X—+Xg B \X) X=+Xy L’()‘)

Eic To Becopnue TOUTO TO X, Suvaral va elvon kad Ev TEV oupPoiwv 4o
| —0, 6wdTE TO Kooy Trediov opiopou T [ kad g 0 elvan T popefis (a, +%0)
A (=0, b) &vTioTolyws, &rokAelouévns QUOIKS THS TPITNS TEPITTTWOEWS.

‘Egappoyai :

L. lim— i ~ -2, Tapatnpoopey 6T ToUto elvan  pix  dmpooBidpioTog
a0 et x =1
0 1 ’ - . i
popef| ToU TUTOU - Eyoutv (3% =2, (¢t4x-1y=eX(=x)+1-0=
(2

™ S TN 1 Trpoupsy  OTL Sproxn Tphy lim B, SR
p R (— 1) =1 et TERATE Iy e (e X +x—-1) —
i 2% .34 Tim X given émions pla &TpocBioploTos HOpeT TOU TUTTOU i,
w0 L—p* x—>0 —-pX 0

& Swsle waNisTa dmeNeyloln s T tveripw fpuprayi: L. TAp: e v dvcanéer Sidipn-
pa 3. 1. 2 loyue
= Iim G =2 lim ST )

" X*
SR e T TR Nt
\l!l.'l‘lu p-r4x—1 x>0 (r¥+x=D) x—+0 1—e-*

Sl —NBX (. Mopartnpouuey 8Ti Touto elvar pia dmpooBidpioTtos popgt
x? )

x—r0

TOU TUTOU iy “Exopev (X —nux) = I —ouvx, (x*)" = 2x xal mapatnpoluer 6T f) dpi-
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(x—nux)" lim 1 — oux

axf) Tipn lim :
x —> (Xz) X==0 2x

elvon Emions pia drpoadiopioTos HopeT

TOU TUTTOU -g . AUTn, Bwéuan ToU Bewpfpatos 3.1.1, Umohoyileton &t elvan Ton pé

A cruvx) =0 -m = ._D— = 0, fjtor loxver Jim -(X—TM— = 0. "Apa Kat& TO

e 2 2 x—0 Y
Becopnua 3.1.2 AapPévopey kol lim ﬂ =103
x>0 X

x—1
3 hm el E - s x—1_ i <
g y M 1. Mapornpoupey &T1 1o—xus1x1l’nl !:g L lug(‘-llirlm—x_ =3
X
1 log ’L’Tl
=logl=0, s twions xad lim  — =0, Snhabh f oproxh Tud lim — elvan
x> 40 X x—>+ oo __-l_
p.9
- 0 .
uia &mpoadidpioTos popef) ToU TUTOU —o—xcﬂ tropévess, Buvdpet ToU Bewpripartos 3.1.2,Exouey
log X! (=) = () 22 e
T R SN R R Y S =T\ X0 iy 22 E
x—> 400 J_ x—>+400 L 3 x—> 400 - 1 x—>+00 ___1_
X ( b ¢ = x!
= Jim X = lim b i e s
>400 | —X x>+ _l_‘ 1 0-1
-
3.2 "Anpocdiopiotor popooi tod thmov _T_ﬁg ‘Opiokal Tipad Tfis  popefs :
i fi -
lim —((]%, mou lim f(x) =4 o = llm g(x)
X—*Xg XXy
KoAoUVTal  dmpoadidotaTor  poopai ToU TUmov _-:%— £ ’A'rrpocalopio'rous HOPPAS

o0 TUTroU TouTou Suvduedo v Urohoyiowpey Ti Ponfeix ToU droloubou Bew-
phuartos, TO dmroiov elvon dvdhoyov Tpds TO Bewpnuc 312

3.2.1 @EQPHMA. *Eotwoay | xal g ovvaorijoers pé xowdv medlov GpLopod
& abvolov Tiic poopiic (8, Xo) # (%o D) 4 (2, x)U(Xes b), ai émotar mapa-
yoylloyrar. Tére, dv lim [(x) =+ = hm g(x), w’xvu

. I(x) .. f(x) _
,}L“:o g'(x) iy xh?;lg g(x) =

Eis 10 Becbpnue ToUto Suvaran riong To X, v& elven Ev TV ouppoiav
+ o0 fj — 0.

‘E@appoyei :

1. lim
x—>+00

lﬂgi‘ — 0. TapaTnpoupey &T1 ToUTo elven pla &mpocBiépioTos popgef ToOU
= ;
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::: 2 (Brai;). “Apa, Buvdper ToU dvwTépw Bewphuartos 3.2.1, Exopey
©

TUTTOV
1
lim 98X _ gim 9%€X _ 4 X _ohim L _g
=t X e (X) x—>+0 1 x—>+00 X
1 1 1
3 e X X, " 5 ex . e X
2. lim =—oc0. [aparnpobpev éT1  lim == lim — __
x—>+0 logx x—=>+0 logx x—>+0 — logx
1
x
trrl wAéov &1 1) dproxty TR lim s elvan pla &wpoadidpioTos poped) Tol TUTTOU S
x—+0 — logx Fo
(Brarl ;). "Apa Eéxopev
1
r —
s a L) =T RE Ve e ) &
lifh: o lim *° -7 __ — lim = lim “_ =
x—=+0 —logx x—=>+0 (—logx) x—>+0 LA x—>40 X
X

1

— Hm L. Tim ¥ = (o)) m 40
x—>4+0 X x> 40

xal Eropéves
1 1

’ e * . e X
lim = — lim =—(4+®)=—w
x—>+0 logx x—>40 — logx

3.3*% "AnpocSiopiotor popeai tdv TNV 4o — (+oo) kei 0 (+o00).

3.3.1 ’Ampoodidoiator poppai Tov Timov + © — (4 ) elvon dprakad T

pad Tfis wop@fis :
lim [f(x) —g(x)], 6mou lim f(x) =+ 0 =lim g(x).
X—>%p x—>xg XXy

Al &mpoaSiépioTol popeal TOU TUTOU TouTou dudyovTan els ToladTor

¥ 1 ; L., S
TOU TUTTOU _0_ Mpérypor & F= ¢  ka G= g TOTE mapaTnpoluey St

G(x) —F(x)
lim [f(x) e g(x)]—"m[ Fo Goo] Am ERG0)
omére Emelbn ] 1
; et i i () == e e L o
Jion B = Sty TRe T o e o T Fe O
0 x—Xg XT"xg

4 611 1) Opraiet) Tiwn lim o) —Fix) elvan pla &mrpoodid 3
ouvayouer OTL 1) OPIGKT) TIHT) xrxg FIG(X) H POCOIOPIOTOS POPQT

el 0
TOU TUTTOV BTk

: 1 I Yewrd
Mapaderypo. : xlf}) (I_Ogm = ?)— 5. Tpaypar:
; 1 [\ x* —log (1 +x?) 4 :
o (lo'g(ma‘”?i) e Tlog (1 Fxyy N TeTada abm Spraxt

b 0
Tipdy elvan pia &mrpoobidpraTos popen ToU TUTTOU o (Brati;). "Apx
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2x

— i
g Z10g U PXY ) 2L0BC Ry L+ w7 -
x—>=0 X*log X x—>0 o X x—>0
+ (x + (1 +x2)log (1 +x7))
%2 0 )
= & & = )=
xl—-u X2+ (1 +x2) log (1 +x¥) ( e L
ot C9) = lim 2x = lim ——l — =
r»u x4 (1 +x)log (1 +x2)) x>0 2x(2 + log(l 4+ x2)) x>0 2+ log (1 + x*)
1 1
240 2

3.3.2 ' Ampoadidpiotor popgal 1ot témov 0(+ o0 ) elven Oproked Tiwed THs

Hop@fis
lim f(x)g(x), émou lim {(x) =0 kal lim g(x) =

Al &mpooBidpioTol popead Tou TUTOU TouTou dudyovTan gl TolaTas ToU aUTToV

0 " L 0 ‘
2 xad vloTe ToT TUTOU - (&rari;).

0 +o0
™ e " i logx
Hapddevypa ¢ lim xlogx = 0. Tpdyuar: lim xlogx = lim =2~ =
x—>+0 x> 0F x—>+0 1
i
s logx
= IL":_“ i , &ou | TeheuTala dpraxd Tiuh) elven pla &wpoodidpioTos Hoped ToU TU-
X
x5
L
+w o —logx o (=logx) ; 5 S dilic
I 1 — = i = limx=0.
o e e b 3=l S < Mo
X X X2
— logx
"Apaxal lim xlogx = —lim T ==0=0.
+0 X P AR
X

3.4% "Anpocibprotor popai tdv tomav 0% (+ 0 )° kai 1+,

3.4.1° Ampoadidpiotor pogpal Tod Tomov 0° elven dpraxal Tipal Tiis popefis
lim [ f(x) J#®, émwov lim f(x) = 0 =lim g(x).
o X—>xp X—>Xg =g X—>Xg
3.4.2 *Anpoobdidpioror pogpal tot témov (+eo)® efvan Spiokal Tiped Tfis
uopefs : 2
lim [ {(x) =, mou lim f(x) =+ 0 xai lim g(x) = 0.
x—>xg x*Xp KXy
3.4.3 *Anpoabdidptator poppal Toi Témov 1+° elvan oproxal Tipad TS
Hopefis :
lim [f(x) @, émwou lim f(x) =1 kad lim g(x) =
X—*Xq X=*Xo

X—>xg
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"Ohat af dvertépe GTpooidpioTol poppal dudryovTon €lg THY TolaUTNY TOU
TUTrou 0 (400 ). Tpdyuomt: dos yveaTov (TTpPA. ooy (9), § 3.3 ToU Kegp. VI)
ioyer

[i(_\') ]g(\! = (.s;{\)lsagf(x]

kol Adyw Tiis ouvexeias TS tkBeTikfis ouvapTioews tpapudleTonl O TUTTOS
. lim  g(X)logf(x)
lim [ f(x) [ = lim p&tlest) —= o 7%
X r Ky

X—>Xg

kol Eropéveos drydpeba els TO v UmoAoyiowaper ThHy dplaxiy Ty lim a(x)logl(x),
el
7 &moia els SAas T QVWTEP TEPITITLOENS glven (R dwayeton eUkdAws) pia

&mpoaBiopioTos popeh Tou TUTou O(+ ) (Brais).

INapadeiypata :

L lim x* = 1. TTapatnpolpey 6Tt ToUTo eivan pia &mpoodidpioTos Hopen ToU TUTOU

x—>+40
0°. *Exopev
lim xlogx
lim x*=lim exlogx — g x—>40 = ¥e¥ =1,
x—>+0 x—>+0
Bi6711, ds Umehoyiodn els Ty §3.3.2, 11:1'10 x logx = 0.
X
1.7
2. lim x x = l. Tlapatnpouper 671 TOUTO elvan pia dmpooBidpioTos popet) Tou TU-
b s of- ]
Tou (+ ). "Exouev
I i - Wi IOEX
im x * =lim ¢X ’ XD = et
X+ 00 X—++00
i e ekl g 3 dim, X g
16711, G Utrehoylodn eis e el

1
3. lim (owx) * = 1. Mapoarnpoluey 61 ToUTo elvon pia d'rrpou'é'i‘éplc'ros' popety
x—>+0

ToU TUmou 1+%®. “Exouev

1 1 lim 1
el o log ouvx 0 > log ouvx
lim (owx)* =Jim ¢ =e =e'=1,
x—>+0 x—>+0
5161
(owvx)’
; log ouvx i log auvx)’ . ounx
lim - log owx = lim log awx _ pipy (0B OWX) _ jiy b
x—>+0 X x>+0 X x40 (x x—=+0

= — lim epx = —eg0 = 0.
x—*+.0

4 ALKHEEIE

41 'Yrohoyloare T&s (rpioTas) Tapaywyous T&Y ouvapThgewy T dpifoptveov Utrd
TéHw KaTwl TUTTWY @ | s
> ¢
1) f(x) =x* 4+ 2+ 3 2t wx (e N IS =GcFy
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4 I(x)= e 5) I(x) = x'+ 2)( 3 6) 1(x) = owx + logx
x4+ 1 -1
7 )= X 8) f(x) = x*egx + —— 9) f(x) = Jowx + X _
X X x2 41
4.2 'Opolws UohoyioaTe Tés Tapaydhyous T@Y ouvapThoewy TV Opilopéveoy UTd
TV KaTwh TUTWY :

b} f(x):‘}x—l 2) f(X)=,—l—
Vx 1
3) ) = Ve i3+ 1 4) () =Vx+1+Vx=1
1 1 S
R (679 [ b=l
S T 2 fory= v::_ﬂ
7 f(x) = ow(3x + 2) 8) f(x)=nn(3x +2)
oo ) % — 1
9 1) = — 5 10) i(x) = griﬁ
11) f(x) = 3nu'x + 2ouvix + 1 12) f(x) = Vegx + 1
R e 14) J(x) = log nux + x*
15) f(x) = (x* + x)* + log (x* + 1) 16) 1(x) = (nux)loex
D) ) =x*+142"% 18) f(x) = egx™.

4.3 EUpete T& Tomikd dxpdTata TEV ouvapThaewy Tév dpiloptver Umd T k&Twbh
TUTTWVY :

1
D) =nme@x+3) 2)Ix)=x'—-2x*+5 3) {(x)=nn—1"
4.4 Acffoarte 671 peToafy Shewv TdV dploywvicy pé oTaBepdv TepipeTpov TO TETpy wvov
Exel TO peyoAuTepov EuPabdv.

4.5 Acifare 611 peTaly Eheov TV TpIydvwy pt oTabepdy meplpeTpov kol oTabepdv Pao v
16 loookehis Tpiywvor Exer TO peyahUTepov tppabov.

4.6 Aeifare $m1 peraby Shwv TY Tpiydvey pt oTabepdv mepipeTpov To iodmAsupov
Tplywvov Exer TO peyohutepov EpBabov.

i 4.7 Aeitore 6Tt
frupth &v A <> —f xoidn & A,

2
4.8 Acifare 11 ol doUpmTwTol Tiis UmepPofis ut tllowow -}c%- — —{3—‘—1 (TTpPA. §3.3

100 Keg. lll) elvan kal dodumrwTor T&y auvaptiioewy Tév dpiloptuey Umd Thv TUTTWY

o =2 yome wihw=- £ vma,

4.9 MeheriiooTe Kkal TopaoTACKTE YEWHETPIKDS T&§ OUVOPTNOES TS dpifoubvas
Umd TGV kéTwh TOTWY
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1) f(x)=3x'-2x2+3 2) f(x):x(x"--—ltl)
3) f(x) =2x*+3x2 42 4 ) =F+me

4,10 “YwohoyioaTe Tas kaTwdh &mpooBiopioTous popeas :

i X5=1 oy gy JOBEX 3) lim _WOX

1) ]xl_‘:l[ ux —_] ) xl—rl xr=1 x=0 nuﬁx
; : X— g~ —2% L X — Mpx
Gy ETOX, Syl ek 6) lim 2= ¥X

B 1133) epPx ) x=0 X — nux x+0 XY

411 ‘Ymohoyloate T&s kdrwb &mpoodiopioTous HOpPRAs :

X

—ax
i S 2) lim £
- ,‘limw x + logx oy XT
2 log (x—1) 4) lim log(x*—8)
3 il_?z X +x— 10 ) el T rx=12

412 % ‘Ymohoyioate Tds kéTwd &mpoobioplaTous Hoppas :

. 1 : 1 o
1) limOYflogx 2) lim (Tﬂx)sq)x 3) lim (_ﬂ!ogx
X3+

n x=>140
x-vT—O

413 * ‘Yrohoyloate Tas k&Twd &mpoodioploTous Hop@ds :

1) lim x ™ 2) lim (log x)2-* 3) lim X ;Ll )x

x=++0 x=++00 X=+ o0
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KEDAAAION VIl

MEPI OAOKAHPOMATOZX

1. AOPIZTON OAOKAHPQMA

L1 Hopéyovsa wai aépistov dhoxiipopa. “Eotwoav | kai F ouvapth-
oels pé xowov mediov dpiopol Ev SidoTnua A. O& Aéywpey dT1 | ouvdpnalg F
elvan pla mapdyovoa 1 dAAws v ddotaror dhoxdijomua tijg | 8w A TETE Kl pdvov
ToTE, &v | F mapaywylileren kal ioyin
F'(x) =I(x) ¥ xeA.
"Av F elven pia mopdyouoa s [ év A, TéTe oupPoAilopey ToUTO ypdgovTes
J i(x)dx = F(x), xeA
(16 oUpPorov [ [(x)dx dwayryvcboketar «dAoxAfpooua f(x)dx»).
"Qote Aoirov
JI()dx = F(x), xeA <= F'(x) =1(x) ¥ xeA.
opa

Ty. | owdptnois our Exel Tapdyouoa THY curdpTnow nu, S16T1, ¢ elvan 81
yvwaToy, (Nux)’ = ouvx. "Apa fouvxdx = nux, s émions kal fouwwxdx = nux + ¢,
omou ¢ oTadepd, B16TI Kkai 1) ouvdpTnals N + ¢ elvan pia Tapdyovoa Tiis auv-
aptioews ow (Biati ;). Al cuvaptnoes Tfs Lopefis N + ¢ elven kad of pdven
Tapdyouga Tiis guvapThoews ouy, kol Soov loyUer To drkdAoubor Bedpmua.

LL1 @EQPHMA. "Av F xai G elvar ddo magdyovoar Tijg ovvaptijoews f éy
A, tote abrar dagpéoovy xata ulay oraflepdy.
Anddeikic. Zuppuvews Tpds TOV Oplopdy TS Tapayovorns loylour
F'(x)=1(x) ¥ xed kol G'(x)=I[(x) ¥ xeA.
"Apa F'(x) = C:'(x) ¥V xel xal Emopéves, kaTd TO wépiopa 2.1.5 ToU Keg.
VII, _ioxiet F =G + c.

[Mapadeiypata : Av tpapuoyfis Tév Tomwy TéY Tapaydywy cuvkyovTal edkGAS
ol dxdAouflol TUTTOL :

1. Jodx = c. TMpaypaT Touto € dpiouol elven looBlvapor pt (¢)' =0, Td dmoiov
@5 yvwoTtov loyuer.

2. Jadx = ax. Tlpdypatr ToiTo & Spiopol elvan oobuvapoy pi Tov YvwoTdv TUTOV
(ax)’' = a.

3 fxvdx e xV+1 xV+1 )l . (x\H[)'_ (v + 1) xY =

T v= 1,21.-.;..), npc&ypu'n.' S s et e
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Aoser 6 ool ¢ Y Ovapov pi [xVdx =
) =xV, 1o Omolov EE Opiopou Eelvon icoBuvapoy pé [

"Qoe Beiybn oM (v_ﬁ
XV

=l

4. fij\:— = =y T)'\ > (v:2,3,..,). [MpdoyHaTt (_tv—l)x v_l) ==

%o Oy ook WO o . SR RIS
B i ({‘ ] [t e | ( (val)E ) = = Dxa-y XA - (- 2) X

1
5. f(L =logx (x >0). Mpé&yuarr (logx) = —
6. [ x¥dx = m (a # — 1). Tp&yuaTr

==,

xa'l U Xall) (a+ 1)‘(-'1
(a+ 1) = L at1

7. [ ouvxdx = npx (#Belybn 7150 qvwTépwo).

8. [ nuxdx = — owx. Mp&ypatt (- ourx)’ = — (— NuX) = Nux.

i" . a ) T e——
9. fm:v:x = gpx. [payuati (e@x) e

dx ; 1 )_ 1
10, [ —opx. Mpamem (o’ == (=) =

11, [erdx = e, Tlpdyparr (e%)' = €%

a*

loga

a* ) (a¥)' _ aXloga

12, fardx = (a # 1). Mpdynaty (@ = e T

- ,
[ivat doolotey Sloxdnpopdroy  TGY )opLwTé0mY  GTOLYELWODY  CVVRQTIIOEWY

LI e AW g oo rial ‘
. | f(x)dx
() f 100 H ERER NS
L e PN/ IR S S | - S ,‘
‘ XVt }! _]_ v>2) i =9 1 -
xV i rrl H XV & (v = ]) X
3 - :I B [ log x
xa (a#=1) i‘ ;%_—1 i: ¥ (x>0) g
nUX | — ouux Il ouvx nux
| 1l 1
1 | — gpXx i STk EPX
nuix : | A i
g ‘ L ii ¢ loga
| Serimiiigt oo ) § iy

1 ‘2‘ l'svmm TomoL 6loxlnpmcemg Al eis Thy Tapdypagpov TaUTNY Becopoy-

HEVON CUVOPTTOEIS YrroTifeTan, OTTOU yparédeTal, 8Tt Exowv Tapdywyov.
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121 JIIx) + g(x) Jdx = ff(x)dx + [g(x)dx.
Mpdoypart kaTd TOV 6piopdy Tou doploTou SACKANPGUATOS, EXOUEY
(STIx) + g(x)]dx)" = £(x) + g(x) = (fI(x)dx)" + ( Jg(x)dx)’,

TO OTroiov &mrodeikviel TOV dveoTépeo TUTTOV.
NMapaderypa :
Sx+edn = [xdx + [erdx =
122 Jaf(x)dx = aff(x)dx.
Mpaypar ( faf(x)dx)’ = af(x) = a(ff(x)dx)’ = (af{(x)dx)".
Mapadeiypara :

xl+1
|

x X

+ e =L2_2+e".

V1
1. fax¥dx = afx'dx =a X o A
f J v+ 1 v+ 1

2. (els owdiaoudy perd Tou TUmov 1.2.1) [(a, + X+ .. +acxx)dx =

= fadx + Jaxdx + ... + faxxxdx=ax +PLxs 4 ... +_* xx+1,
2 k+1
1.2.3 O tdmog tijc xara mopdyovrag Sloxinpiosnmg :
JIGOg (x)dx = [(x)g(x) — [I'(x)g(x)dx.

Mpérypam: (f(E (R’ = I()g'(x) = [ 1O+ I'(x)e(x) ]
= '(og(x) = (1()g()" — ('(x)g(x)dx)".

Eidikés &1 g(x) = x Eyopev TOV drdAoubov TUTrOV

123 [I(x)dx =xi(x) — [ x['(x)dx.

Iapadeiypata :

1. [logxdx = xlogx — [ x(logx)'dx = xlogx — fxi—,dx = xlogx —[dx = xlogx —x=
= x(logx — 1).

2. [ xlogxdx = f%ﬂ logxdx :}filogx _f__)_cz_ﬂ (logx)'dx = x2—210gx 7f—\§— %dx =

x* 1. yid x?
=g logx — SR T(Zlogx— 1)=——(logx? — 1), fiTo

e A 1
= yrlogx — 7 [xax = 2

2
Jxlogxdx = )‘T (logx? — 1).

3. [e*nuxdx = S nuxdx = e*nux — JeX(nux)'dx = e¥nux — [e*ouvxdx =
= e*nux — f(e")'c'wxdx = e*npx — [ eXowx — [eX(owx)'dx ] = e*nux — eXouvx 4
+ [eX(= nux)dx = e (ux — owx) — [e*nuxdx. "QoTe 8eiydn 6T
Jexnuxdx = eX(nux — owx) — [e*nuxdx,

£k ToU Omoiou eUkOAWS ouvdyeTan &T1
o NUX — oUvX
Jerquxdx = X ———5———

1.2.4 "0 timog i Groxlnodioems 8. dvtiraractdoemg :
JH(eCNE C)dx = [ SIAY |y,
&mrou els 1O Selidv pédos ToU TUTTOU EwwooUpey T1 pETX TOV UTToAoyicHov Tou
Ji(v)dy ogeidopey v& dvTixataoThowpey TO ¥y pE TO g(x).
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Mpds &méeitw Tol TUTOY Toutou Bétopev F(y) = [I(y)dy (&px
F'(y) = I(y)), omoTe GpKel v& Beitwpev OT1
F(g(x)) = JT(g(x))g' (x)dx
ToUTo TpdyuaTt loyxUe, §1671 kard T Gecdopnua 1.7.1 Tou Keg. VI epl Topa-
ywyloews cuvbéTou CUVOPTTOEWS

(F(g(x))’ = F'(2(:))g'(x) = Mg(x)g' ().
Iapadeiypota:
1. Jouv(ax + B)dx = -—L— [ouv(ax + B) - adx = 1—,; [oun(ax+p) - (ax+B)ydx =

1
= —;—[ Jowydy ]y=ux+ﬁ =— [Ny Jyaxip = &T nu(ax + B), (az 0).

2 j‘de = log | x |. ‘Qs yvwoTov ioyuel fd\_" = logx, x€ (0, + ). Ak xg(—,0),
1O SAOKATpWHA TOUTO ymrohoyiletar s EEfis :

%_—_—f:l_)_c(—l}dx:f__l; (gx)'(lx:[f%rly] = o g

y
= log (~ x), xe(- , 0)-
01 8uo TUTOL SAOKAT|PLTEWS

f(_;\l‘. = logx, x&(0, 4 ) xai f.d?} = log (—x), x€(—,0)

dx :
tvotrotolvTan elg TOV (—\—: log | x | (Bari;).

1

Rl P9 oL s B 2x1-=ﬁj' T It d e e
3.fi.uém ) fl_H._,( yx = o ;0 (1 +xYdx =
1 | e
:% {f—\l_ o ]!’==l T i [log |y | ly=1ine = ;‘ log (1 4 x*) = log VI + x2.
: fr 3 A 1 + log X 72i< Mpds Utrohoyiopdy Tou OGAokAnppa-
{x—l)"(x42) x—1 x—1

Tog TouTou OéTopev
¥

X —2

1 = et B
EeiG-g) &1 =T
kol UTohoyilopey v ouveeiq T& o, B, Y @5 gbfs ¢

Ak TTOAAQTTAGGIROHOU &ugoTépuv TGV uEAGY Tattng Emi (x — 1?2 (x = 2) AauPévopey

] = a(x—1) (x—2) + B(x —2) + y(x - 1)?
kol pera Tas TpGLEs
1 = (o4 Y)x? 4 (= 3o+ P = 2y)x -+ 2e—2B +Y)
«al ToUTo Bix kdbe XeR, 6 drroiov onualivel 6Tt
(a+y=0,—3u+B—?y=0, 20 —2B +y=1).

"Ek Tiis £mAUOE®S o0 ouoThpaTos TouTou elpiokoper (o= — I, p=-1, y=1) (&rati;)
kad Eropéveds foyUel
o TR B !
S GED = x-1 G-1p TE-2°
“Apa
dx Lk xS dx dx
GorPE-2 fx—1 (x—1)=+fx_z-
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] ;ifl :fx_l_l (2 1) “ ‘i_\"_' L = [ log | v ] o =loglx =1

S T ks “1\] il i} G b
_I(i—-'—l)ﬂ'__, T e A o e R o NN S o e o
" dx il e dy v 1
i | e 2 S0 = Tow iy = Your | x=2 |.
‘-,X—'Z JX*z(\ 2y’ o8 [f ¥ L X [] =1 AN 22 log .\
Od& £ywpev Aorrov :
[' dx 1 WA 1 | [s=2
Sy = teslx -1+ g0y e lx—2] = g0y e |
‘0 dvwTtipw TUTTOS foy Vet eis EkaoTov TéY BiaaTnuéatwy (—o , 1), (1,2) kai (2, +o ).
Todx HER! C dy i | i
5. — = —— X+ 2)dx = l —-—J = Vo ey =
JVN-r? "VN¢2( ) SV R il Jy=x+4:
| e
ly ==+ 1]
= =f2%]  —are
-5+l !
— v Xt
6. Jepxix = [ o iy = flasd o= “‘L] =
SLERELE = owx YT T Jowx (oux)dx = — Jov lymave
=—[log|y|] ymaix = log |ouvx].

7. ferdx = — [er (=1)dx = = fe —* (=x)dx = = [feXdy), _ =—[e"),__ =—e*

X Xt X : i
8 *. fg*");"dx:u!c‘"(l—f—l—! +“2_! ks P +'v’|) (u.":O,l,Q,.,.), To  ohokAn-

pwpa ToUTo Umohoyilopev Tij Ponbeix Tis dvaywyikis nebobou, ds étfs :
Ma k >0 Eyopev : : !
5K(x) = [e*x®dx = — [x5(e*)'dx = —x* e¥ + Jex (x®)'dx = —x¥%e~* + kfexx-1dx =
= —x¥eX 4 Kkl (X), y
fiTo1
[(X) = —X* % + K |-y (),
dmréte Bk k = 1,2,...,v hapPdvopev : ‘

. (4
(01) I (%) = —xe™ + Io(x) | T3
- . ; :
(o) ()=~ X% 4 20,(x) 51
(9a) Is(x) = —X%e~* 4 3ly(x) %
iy
(ox) e(X) = —x¥e=* 4 K | (X) =
(,) (X)) = =xYe ™ 4l (X) %
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M& oM GTARGIGTHOU GupoTEpWY TEV HEADY TOY QUWTERE oytoswy Emi Tov Belik éx&oTng
dvayeypapuéiov  dpibuov (w.x. Tis oyéoews (o) Emi TC‘W%) Kai kaToTv 81 Tpoobéoecws
K!

KaTd piAn aUTdy TpokuTrTel (&gou yivouy al kaTdAAnAol &mAoTomaels) OT1

1 X x2 %Y
1 Ltk =G0 — T = a1 e — i — o e =%
Kai Emeibny, dg fBn Uehoyioln s TO TponyoUuevoy Tapaderyud, lo(x) = [e=rdx = — e-x

6& Excopev

a2

. X X X
W0y = Jevxvas =—utex (L4 fr 37 + oo+ 57) -

o]

1.3 "Ackijocic.
1.3.1 “Ywohoyioate T& k4T &OpIoTA SAOKANPOUAT :
v [eovery 2 [ ity 0 e o
132 ‘Yrohoyloare T& k&Twh dépoTa OAOKATIPOOMATA :
1y J ¥2x + 3dx 2) ’ o ld: = 3) fi"_j_\T]

1.3.3 ‘YmohoyicaTe T& kaTwfl AopIoTa OAOKATPLHXTX !
o gl J ;
¥ e 5 n

1 .‘ Y1 Fx! o 2

1.3.4 ‘YrohoyioaTe T& kéTewd GoploTa ShokAnprpaTa

1) Jopxdx 2) [e-sxdx 3) [xe-dx
4) [eYouvxdx 5) [Snuixdx 6) [eotxdx

= 3 [@x-»—3xT 2 dx

1.3.5 ‘Ymwoloyloate T& k&Twdl &opioTa GAoKAnpLpaTA
1) [ nukx nuvxdx 2) J nukx ouwxdx 3) | oukx cuwsdsx,
&mou k, v quotkol &piBuoi.
(XpnopoTroimoate QuTioTOIY WS TOUS TUTTOUS ©

KX TUYX = [ our(x — v)x — our(k 4 v)x ],

NUKX GUWX = -~ [nu(x -+ v)x - nu(k —v)x 1

1
2
1
2
GUVKX OUVWX = %. [ ouv(x - - V)X + ouv(x — V)X 1).

1.3.6* ‘YmoAoyicaTe & k&Twdh ddépioTa OHAOKAT pPOPATE !

; : e =i 08 9 T onex i 3 f XoOwx
) ] (auvx + 1Hx) Vourx —nux dx ) j (IFouwx) dx - 3) T

] NNHX gk 5 7 HEG ____)2‘“
e J (i -+ cruvx)21 )‘f (xqux - owux
1.3.7 EUpete duary wyikols TUTTOUS B1d T& OAokAnplpaTa :
1) [nuvxdx 2) Jowvsdx (v guoikos &piduss).
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Tij Pomeiq T&w TUTwY ToUTwy Umohoyioate T& dhokAnphuata [nu'xdx kel [ouvixdx,

1.3.8 % Elpete dvaywykdy TUmov 81& 16 dAokAipwpa [log¥xdx (v=0,1,2,..) kal
T Poneia ToUTou UmohoyloaTe o dhokAfpwpa [logixdx.
2. QPIEMENON OAOKAHPOQMA

2.1 'Opropog kai idwotntes. "As Bewpnowuey uiav ouvdptnow [ dpiopévny
elg &v BidoTnua A, 1) 6Toia UmobéTouey 6T elvar ouvexT)s kail Eyel Tapdyousa
v A(Y). "Av o, B elvan TuxdvTa onuela Tou A, ToTE 1) Biagopd

F(PB) — F(),
Smou F elven pia oapdyovoa Ths I, elven dvetdprnTos Tiis éxhoyfis Ths Tapa-
yovUons F. Mp&ypati katd 10 Becdopnpe 1.1.1, Tuyoloa mapdyovoca G Tiis |
Siagéper Tis F kata plov otabepdv, fitor G = F + ¢ kai éropéves
G(B) — G(e) = (F(B) + ) —=(F() + ¢) = F(B) — F(a).

Trv Siagopdv F(B) — F(a) kohouuev doiouévor Gloxiijomua tijs | dao o

B
Ewg P xal mapioTéuey TouTo pé [ [(x)dx, fiTou
u a ~
[ 1(x)dx = F(®) — F(o)

B
(10 aUuPorov [ [(x)dx dvayryvioketan «dhokAfpwpa [(x)dx &1rd a Ews Pr).
Ek ToU dvwTépw Opiopol ToU GpIopévou GAOKATIPLPOTOS ouvdyovTal
dpéows Ta Edfis :
[I(x)dx =0
Kal g
a B
JI(x)dx = — [ [(x)dx,
[ a
Ty dagopdy F(B) — F(o) mapiotdper ouvnbos kai pé [ F(x) ]E, fiTor
[ F(x) ]!: = F(B) — F(a). Kat& TatTta
1]
e Fieods = [FOT = [f1edx

“Tapatnpouuey émions éT1 16 GhoKANpLPQ f?f(x)dx élapTdTOl  TOOOV
o THY ouvdptnow [ Soov xal &md Tous dplﬁuo%g o, B, ol omolol kahoUvTan
dxpa okoxinodicems. "AVTIBETWS TO SAoKAT|pLopa [j'f(x)dx 8tv ElapT&Tan &mo
T peraPAnThy X, &nAadn TouTo Biv d?\?\c’xccetu &V QUTIKATOOTHOWHEY TV

peTePATTHY X OO W&s &AAns, fiTor ioyUel

B B
[ Ii(x)dx = J I(t)dt.

(1) 'AmoBervietar elg thv Malquazuciy "Aviivewy b7 5 ouvéyern t7g [ ouvemayeton Ty
Grpfv mapayeiong abTie.
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Iepodeiypata :
p
1. [adx = a(P — ).

B
Mp&ypatt Jadx =[ [adx }2 =[ax ]E =ap —aa=a(f — «).

: 1
2 Jxdx= -
| ety
1 1
1 e e i B0 |
Mpdypart’ {xdx =[ [xdx ]0 = [7]0__2-_ ==
: 1
2 — e
3 {x dx =
: : R N 1
* = b e | [l e e witieS ey
Mpé&ypari brx’dk =[ [xdx ]0 [ 5 ]0‘ 3 s
n/g
4. [ nuxdx = 1.
0
& n/y /g )
Mpéypoart® [rexdx = [ [nuxdx I, =[—ouwx 1, =—ow I; +owld =—0+1=1.
i

2 .
5. [ logxdx = log 4 — 1.
1

Mpdryparts Buvape toU &v 1.2.3 mapadelypaTos 1, Exouev

Z
[logxdx = [x(logx — DI} = 2(log2 — 1) —1(logl — 1) = 2Zlogz ~2 + 1 = logd ~ .
1

1
X —
e r — 2_
6.{1_'_){2 dx = log 4/
Mpéyuart Suvduer Tou &v 1.2.4 TapadelypaTtos 3, Exouev
i LD ¥E

1 | 1.1 | sk I% B
X J"*A-X—”dx |:- l(lg\"l+.\z =lugvl-+-]"—log]“]+02:
fW de=| JT1+x* — o L o
0

= log V2

2.1.1 *Ex 100 dowsuod toi dowouévoy 6loxlnomuaros cuvdyovtar edxding
L jia e
(dnddeitis; ) oi xdarwb Timo !

F L0 + 8001 dx = fieodx + feCoyds

fﬁaf(x)dx =a _]'Bf(x)dx.

212 "Ay a, B, Y elvar onueia Tod daotijuaros A, Tite loygder 6 timog
B B
fieodx + [ 1dx = [ i(x)dx.
a ) a

Mpdyuom & F elvos pla apéyovoa Tiis f, ToTE TpoPavdds Exousy
[F(y) — F(@ ]+ [F(®) —F(» 1= FP) - F(),

Brhcdh TOV ST TUTIOV.
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2.1.3 *loyber ¢ thmog (yrweros @ Timos The péong Tiuis)
B
J ) dx = 1(x0) (P — =),

dmov Xo v ratdllidov ayueiov 1ol dvoixted Suaomijuatos (o P).

Tpéyuar &v F elvar pla mapdyovoa tfs f (fitor F'(x) = {(x) ¥ xed),
ToTE, Kot TO fecopnua This wéons Tiufis Tou Alagopikou Aoyiopou (Becopnua
2.1.3 tol Keg. VI, Umdpyer x,£(a, B) ToiolTov, doTe vax foyxun

F(P) — F(o) = F'(x)(B — o) = I(x)(B — &),
SnAadn
B
JIG)dx = I(xo)(B — @)

AC épappoyijc 1ot avetéon Tiaov Tijg uione Tiuic avvdyortar (anodedg;)
ta watwle :
oG b

= [{(x)dx= 0
) > :

{(x OV.\'G[OZ,E]}

a<p

e S | _
o0 > o) Laalap } = ~lfl(.\)(lx > {g(x)rl.\.

2.1.4 layde éalong xal ¢ témog
2 ' #(f),
[ i(gC)g'(dx = [ i(y)dy.
@ w2 (a)

Mpdyuar dv F elven pia mapdycvoa Tiis 1, ToTE, katd Tov év 1.2.4 TUmTov
e 810 AvTIKATOOTATEWS SAOKATpdoEwS, AcuPavopey

fr(gmg'(x)dx = [ 11 )dx || = [ 10y hesew |, =
[[FO - s | = [FCa0) 15 = F(a(®) — Fg(ed)= f1<>)d\

X . -l i e
Egapuoyit: of Vi —xvax = [ owxax.
: =

5 “,”2 T:l’.’. %[y

Mp&ypaTt® j ouvixdx = J cuvxowxdx = V1 —nuix (qux)’dx =
- s =" = Tfs
n

Lbits 1 1

= [ vicpdy=[vicpra= [Yiceax

i K =l

w(=3)
Auvdpeba Thpa, Ti Ponbeia ToU TUmou ToUTou, v& Utrohoyiowpey Td SAokMfipwpa

1

J YT =xFdx o s :

1
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“Yrrohoyilowey kaTé TpdTOV TO &bpiaTOV SAOKATIpwHA

3 X 1 Loy

Sowrxdx = f l_i_gu_vZ} dx =5 fdx + 3 , ow2xdx = 12 X + l_ fm.\,gx (2x)'dx =
1 1 ; 1 1 1 1

= 5 X+ — rdy = —X+ Uy — X s X =
FE+ g Ufwv.\ .\]_\______:_‘ =Xt [wu.\]_h L X+ o nu2x

= % (2x + nu2x),

fiTol

fo‘wexdx — ‘-li (2x 4+ nu2x).
"Ev ouvexeiq, Buvapel Tou dvwTépw &modaybévtos TUTOV, AopPévopey &T1
1 n§2
» i o 1
jﬂ —x'dx = J ouvixdx = [T @2x + np2x)]
=1 —xn/2

n/2
1 i 1 ; 1 1 a
o ki) ol WM TR S STk < TS
fitor Umehoyioln 6T

1
S S e,
f'Vl_x‘dx=~i—

|

2.2 To d@popévov dhokiipopa ag éppadov. "Eorw [ pla cuvdptnois dpi-
opéun kol ouveys elg TO KAEIOTOV BI&OTNHA [« B]

ut f(x) = 0% xe[e, P ] "Eote ¢mi mAfov E TO yoo- Y,
piov ToU ¢mimédou TO Spifduevov Umd ToU By pdi- s
uarros Tijs I, Tou &lovos 16y x Ko TEw eUfelddv  pe Edi- P\/‘\

ooelg x = o kad x = B (PA. zx. 98), fitol

E = Sidypopua { (X, y): & € X <P 0sy < i(x)} . 3 :
"Ag Becopriowiey KaTd TpESTOV THY R e
dmou 7 I elven ypomwikn oUVGPTNOIS SnAadn f(x) = s

vx + 6. Tote 16 ywplov E elvon v Tpaméliov (PA. ZX.

99) p¢ Poeis (TrapaArnious Tpos OV Glova TV y) Exoucas wikn f(a) kel
[(P) xoi pé Uyos Exov pfikos P — a OUTws 1) Twn
(E) ToU éuPobol ToU Tpameliov E elvau

Y

f fi) |---------
() J; ®_ (p - a. )
"EE &\ou TO ShorAnpwha aales
i ‘ﬂ 1 p ;“! { E j
ff(x)dx :J(yx + '{S)d.\::[ny-yx2 + Bx ]u = I L IB
= % yp® + 5p _(_é,de + BG) - Xy, 99

= Ly )+ 5@ -0 = (5 Y@+ +8)E-0="FEE0=
~ et OBED o) = KATIE (B ), fron
JL! f(x)dx = (E).
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‘O TUTros oUTos oY UE YevikdTepoy ke s THY TEpiTTTwa, Smou 7 [ elva
ploe rodvpaniay aoviotnotg, Bniadn piee ouv-
&pTnois THS bmolos TO Bidypoupa elvat uia
TOAUYWUIKY) Ypopun X 7| Ay A, AJA, TOU
Zy. 100. "Exouev TOTE

(E)z(el) +(E-_;)'Jr(Ea)

T ie0dx + [ 1(x)dx + F i(x)dx = ? f(x)dx,

a;

o sh
o
>
+

B
%
B

-

m
8]

)

hm

fjTo1 TTGAW

as ﬁ’ a2 [

Sy 100 { [(x)dx = (E).

‘0 TUTos olTos ioyler B1' oiovdrimoTe mAffos TAeupdY T U Sy Tro-
AUy @UIKTS YPOapuTs.

"Ac ErrawiABuwpey ToOpa eis THY TEPITTCOW Tijs Tuyovons auvapTioews [
A& Biopepioeeos ToU KAEIlGTOU BIOOTTHOTOS
[o B eis v ioa wépn Opilevon uic oAUy w-
ik auvépTnots, I, Tpogeyyifouoa v {6
tupaiveTan els 16 Zx. 101 &wx v = 4. "Av ko-
Atoouey E, T durioToixov xwpiov Tou Ermi-
éSou, To &moiov Spiler 7 [, (Bnredn E, =
Bi&ypanma { (x,y): a< x < B, 0<y < [(x) }),
TéTE KOAOUPEY TIUTY ToU £uPadou Tou Ywpiou
E o lim(E,) (&, PePoicos, ToUTo Umdpyn
wal efvon TpayuaTikes &pifuds), fiTol

i i)
o (E)=lim (E,)= lim [f(x)dx.

Rl
2
~

¥
R,
P
4

&

[ O )
el

‘(b ST g g i =SS 2
9

K

*AmroBeikweTan els Ty MabnuaTixiy “Avéhuow 8T, o Tas TeBeioas dvwTEépw
Utrobéoeis, ioyuel

[ B
lim [ [(x)dx = [ {(x)dx.
“Qoe ko elg THY yevikiy TEpITTTWOW oY UEL
i
[ iG)dx = (E).

Hagatijoyoes. ‘H dvetépe péBodos atnpiletat els Th [Béa T Tpooeyyioews ToU -
Pabol, To dmolov mepikAelel pio kaptUAn, Yo Tou tppabou, TO droiov mepikAeiel plokyye-
ypoupévn el aUTHY TOAUY®UIKT Ypaup. ‘H iBéa aUTn OgeiAeTan eis Tov “Apyindny, &
&Toios teripHoaey TaUTNY eis Tov UTOAOYIoHOV TS Tipfis Tou épPadol TapaPoiikou xwpiov.

Mopadeiyparta :

1. f(x)=x?, x€[ 0,a]. Els Ty mepimrwow TadTny 16 dvtigTorxev ywpiov E ToU émi-
méSou eiven Ekeivo TO dmolov TepiExeTal PETOEU TOU BlaypappaTtos ThS f, Tou &Eovos TGV
x kal s e0fefas pi tElowow x = « (BA. Zy. 102): "Exouev :

A ]u at 92‘ ool

(E)=z‘x=dx = [fx=<ixJ:=[—§— - =—

il 30 B 13
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2. [(x) =nux, xe[0,m]. Eig thv mepimToow TauTtny TO dvrioTorkov ywpiov E Tou
tmimreSou elvan Exkeivo TO GTrolov TEpIEXETON PETAlY TS fimTovoeiBoUs kaptriAng kal ToU Bia-
oThuaros [0,7] (BA. Zx. 103). "Excpev

n
(E) = [nuxdx = [-owx]j = —owm + owl=—(-1)+4+1=2.
0

y

Xy, 102 Zy. 103 Sy, 104

3, Enfadiv fowteouoi #éxhov dxTivos a. "Ag Bewpriowper TO EmiTeSov xweiov E 1o
Smoilov TepiéxETal peTady tou Biaypéppartos Ths [ ué f(x) = Ya? —x%, —a <X € a xal
ToU &fovos Téwv X (PA. Ex. 104). "Exoupey

(E) ﬂ_‘[:':\/’ai__*xa dx .-;Jf avqé:)z dx = &2;‘! vt(——z——)g (-'—:4)'(1};=

w
1
o e e
= of f\/l—,\'zdy:u’_{x/l—x?dx
o

13

| o —— 2

I ooact A e

kol #rreisd, s Umehoyiabn &v 2.1.4 (tpopuoyn), J‘-\/ [—x®dx= =, 0& Exepev (E) =
1

‘Etroptves ) TIMR TOU tupadol ToU towTepiKou KUKAOU dxTives a 8& elvan 2(E) =2 =T
4. ' Epfador éamreouot fhdetpemz. "As Beoprigwpey Ty Ay pé ttiowaw

A — 1, 5nhabh THY EAAEYWY i kévtpov 0 kol Huato-
ol 3 B ) 5 -
vas o [f"Eo-rm Bt E 16 yooplov ToU tmimebou 10 STroiov TEpIE-

o . .
YeTat peTaty Tou Broy pauuoTos TS I () =~ Vai—xt,

_g<x < okl ToU &fovos TGV X (PA. Ex. 105). "Exouev

TOTE

A o3 >
(E):f—%??iﬁdx:pﬁ{\/l—(%) dx = Y
=afp fvl:(\?)“ (_;_)'dx= 053—“:[]"-1_—' yrdy = %y, 105 —,;; +%: e
1
aﬂ_{ V1 —xtdx
159
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5 T .
kai Emeidr), dos Umehoyiodn &v 1.2.4 (¢eapuoyn), J Y1-x*dx= o 0 Eywpev (E) =
=1
map
2,
fudtovas o, P eival TTap.

. ‘Emroptveos ) Tipn, ToU tpPadol ToU EowTepikoU Tis EAAelpecas pE kévtpov O kol

"As Beopriowpey Topa BYo ouvapThoes [ Kol g dpioutvas kel ouvexels
f e PlutI(x) = g(x) ¥ xela, Bl "Av E maploTd T Yopiov Tou émimédou
(BA. Zy. 106), To &moTov TepléxeTal PETARY TGV Biay pouudTey TEY ouvepTr-
aecov [, g kal TEV elBaidv pe Eiocoes X = « kol x = B, ToTE TO #uPaddv TOU Yw-
plou ToUTou elvan 1) Biapopd Té&Y EuPadiov T ywpicv E kol E; (PA. Zx. 107
kal 108).

i Ui Ui
£ ) | : ] Sq
s N sty 4o Dt
R - i e MO e o
Ly 106 Zy. 107 Zy. 108
“QoTe EXOUEV
B p
(E) = (B¢ ) — (B¢ ) = [ f(x)dx — [ g(x)dx,
a a
fjTol
B
(B) = [ [{(x) —g(x) ] dx.
a
MMopadeiypate :
1 [(x) = X 2ai g(x) =x° To tuPabov Tou ywplou E ToU ¢mmébou (PA. Zx. 109)
elvat
! . 1 xt  x37! 1z 18 0t 00
® = J (x—xdx = [J(x4x=)dx]0_[42——-1--]0_T-——3—— —5-—?)=
Ml w5 Ly
2 3 6
¢ ;
T Ut
—— o
Ly, 110
160
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2. {(x) = owX xai g(x) = nux. To éuPabov Tou ywpiou E Tol ¢mmédov, 16 dmoiov
mepiéyeTal peTall Tis owwnmiTcvoaibeus kaulAns, Tis firiTovoaous kapmUAns kal Tou &lo-
vos Tdv ¥ (PA. Ex. 110) eiven

n

- :ni.!li AN [f(auux — nex dx ] . = [ NUX -+ ouvx ]"”. ==

™ s 2 Y2 7
=g B o = (Dol = jﬁ” L vz — = VR
vl = VE ol
2.3 "Ackiooig 6
2.3.1 AeifaTe 611 :
n 2 n
1 [ nukx nuvxdx =0= [ ouvkx ouwwxdx (x,v guoikol, Kk # v)
] )
2) [ nukx ouwxdx =0 (x, v puoikoi)
_z '
3) [ nukxdx == I ouvikxdx (x guaikos)
-n -1

2.3.2 Asitare 611 514 ke puaikoy dpiBpoy v ioxUow :

! i nls aicdsii @
1 | ntisds = 1254(2"(2v;) g 2) ,ll]' Uy = 3_25_4__(252:)0.
2.3.; ‘YirohoyioaTe TG Gptopéva SAOKANp@paT !
1) jl ‘ouu”.\dx 2) f; 'qu“‘” "y,
6rrou v givon Quoikds apifuos. : !

2.3.4 N& Umrohoyiofi] f) Tuf ToU tpPadol Tou xwpiov E 1ol ¢miméSou, TO dmoiov Tre-
x? vE
piéyeTan peTaty Ths EAAeiywews pé éicwaow o + 1'32 =1, 1ol xUxhou wévrpou 0 kol dTi-

vos T (r < o kad 1 < B) kal Tév BeTiké@v fuiakovwy (BA. Zx. 111).

Ty 111 Ty 112 Ly 113

2.3.5 N& Umoroyioffi f Tiuf Tou éufabou Tou ywpiov E ToU émiméou, Td Smoiow

mepriyeTon peTady TEY SlaypoapudTwr TGV owapTioewy [kl g pE I(X) = ¥ x kad g(x) = x2,
0<x <1 (PA Ex 112).

2.3.6 N& vmodoyioff) f Tiufy ToU éuPobou Tol ywpiou E ToU EmITédou, TO Stroiov

TepiéyeTon peTaky ToU Siaypapparos Tis  pt 1(x) = x"/* kai v etbady ut tiokoss y = |
X =2 (PA. Zx. 113). ‘
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NMEPIEXOMENA

MEPOE NPOTON
STOIXEIA ANQTEPAX AATEBPAZ

KE®AAAION I
MEPI ZYNOAQN

1. "Opohoyic — Zvpfolropoi

1.1 ZUpPora

1.2 ’ledrns . ;
1.3 ZUvoha — ZTOTyEIT AN,
1.4 TTpoTaoiakos TUTOS — Zuvbrikn .
1.5 "AhyeBpa ouvoAov . &
1.6 ZeUyos — KapTeaiavov Y wopEvoY
2. "Avniotorzivn — Zovaptioog

2.1 *AvmioToryia

2.2 ZuvdpTnois

3. ’Ackijosg .
KEDAAAION 11

AATEBPIKAI ENNOIAI KAI AOMAI

1. Aweheig oyfoeig eig obvolov .
1.1 ‘H &woia Tiis oytoews
1.2 Baowkai kathyopion oxioewy.
2. 'loopuvapior — Khaceig iooduvapiag .
2.1 ’loobuvapia .
2.2 KAdoeis looBuvapias — ZuvoAov TnAikoV .
3. Awatabig eig abvolov
3.1 ‘H éwoia Tijs Siardlews.
3.2 ‘Ohixf, pepikfy Siarabis .
4. Npakeg eig obvohov
4.1 *EcwTepikn medlis .
4.2 *EtwTtepikny mpalis

162

WYnoiomoiOnke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkrg

Sehdg

19

19
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5. “loopopropdg
5.1 ‘H Ewoia ToU icouopgiopoy .
5.2 Baoikd BewprjpaTta i TGV igopoppiopdv

6. ‘Opag o
6.1 ‘H &wola Tijs dpddos .
6.2 Baowka Becopriuara émi TV 6ud8wv

7* Auktoriog .
7.1 ‘H Ewoia Tou SakTuAiov .
7.2 Boowd fewpripaTa émi TV Botx'ru?nmv :

8* Lopu
8.1 "H &woix ToU oOPGTOS .
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