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MEPOZ MPOTON

TTOIXEIA ANQTEPAX AATEBPAX

N. BAPOYXAKH — B. ITAIKOY

KEOGAAAION |1

MTEPI ZYNOAQN

1. OPOAOI'IA - XYM BOAIEMOI

1.1 Toppora. Kae Aéfis Thy omoiaw petoyeipilopeba, sivar 10 atufloloy
wds tvvolas. Tas Siapdpous puadnpaTids fwvolas TaploTouey 51 povov pe Affeig
G kol P dAAa odufoia Y. wE GTAS ypdupoTa f) GAG Ypogika cTMOTA
koi ouvbuaopols auTtév. TTy.

«fy eUfeiar AB», «6 dpiBuds 5», «AB», «oax + B =0», «y/ .

1.2 Teotne. Alo ocUpPora x kai v SUvarten va TapigToUv THY QUTHY
tworaw 7 kai évwolas, ai &moixn BewpouvTon &mo piav dplopévnu EToyw  ToU-
Téonuor. Eis Ty mepimTewow adThy ypagousy X =y, XPT|CIHOTIOICUVTES TO GU-
BoAov = Tijs ivdtyreg. ‘H &pvnois Tou X =y mopioTarar pE x # v (76 olu-
Bohov # GuaryryveookeTon «Bikgopov Tou » ). TLy.

bi=18, 5i=2+ 3, nu-gv = % % :%, 3# 4.

1.3 Xovora - Ztoigeta. Eis dpiopébvas mepimmridoss plo Evvola Suvaron
v& voRiTon G5 afvolov Gpiopivey Kai Blakekpipévey  EMAwy Ewoiddy TSV aTot-
yetwy Tou, TLy. pla evBeia ds alvorov T onpsiwr Tns, pix T&lig dos oUvorov
6w padnTédy TNs K.o.K. AN Kai Ev obvohov SuvaTal va elvon oTorxeiov &GAAoY
owéhou, TLy. pia edBeio oToiyeiov WSS TPIoHATIKTS Emiaveios, pia Tékis oTol-
yeiov fvds Sxohelou fempovuivon 65 ovohov Tétewy kA m. "AticonusicoTa oU-
vohat &piBuédy pé T& ool fidn Exoue doyoAndf) elvon T& oUvoAx :

TGV QUOIKEY Gp1Buddy

v drepaicov Ths ApiBunTikiis

&Y drepaiwy &p1Bpddy (oxeTikdy drepaicov)
TG pnTédv Gpibudv

TV TpoyHaTikGY Ap1Budiy

TG BeTIKGY TPy uoTIKGY &pIBUY

T&Y P EPYNTIKGDY TIParypaTIkGY &p1Buddv
Téy pryodik@y apifud.

=

+

OFRAONZZ
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Thv ékppaocty  «TO X eiven oTolxeiov Tou E» ypdeopsv xcE (A kal: Esx,
OTOTE Kal Guary1yveooKkouey «ék ToU ouvdAou E O oTorxeiov X») ¥pnoiuomolouy-
Tes TO oUuPolov € ToU anjxew eis abvolor. Thv &pynow alTfis & cupPoAilwuey
pe X¢E () kai @ EAx) xai yevikdds thy &pvnow Tiis éwolas Ty dmolow TapioTd
&v oluPodov B onueicoveouer B1& Slaypopfis ToUTOU pE piav ypappnv.

Hapatiipnec. "Avii ol Spou oToiyelov ypnotpomoitan looduvdpws kad & Spos
onpeiov kal péhioTa obTos efvan Aiav EmiTuy s els Ty TepiTTwow Tou ouvdhou R Téwv Tpa-
YHOTIKGY &p1Bpdv kai Tou guvohou C Tév pryadikay &pifudv, T& oroiyeia Tév bmroiwy,
@5 H8n yvwpilopey, apioTavtan Six Tov onpeiwy was eVfeios 1) tvos émimédou AUTIOTOIXWS.

1.4 Ilpotasiokog tonog - Rovlfkn. Eis 7 Mafnuatika ypnoipormoioiy-
Tl CUYVA EKPpacEls s i drdAoudor :
«x elvon dxépaiog »
« X elvol ioookeAes Tpiywvov »
«x Bronpel Tov &pibpov 10 »
«xeE »,
al émoicn kai dmodibouv wpiopevos 1B10TNTOS €is TO X.
"Exgpaosis mepiéxovocn v oUpPolor X, dx ai dvwrépe, yapakTnpilovtal,
@5 glvan yvooTov ék TGV pabnudTwoy TV Tponyoupivwy Tafewr, Bid Tou Gpou
TpoTasiaxos Tinoes megiéyov év abuflodor X. "Av els Eva TpoTaciaxdy TUTOY p(X),
TeplExovTa &V oUpPolov X, QUTIKOTOOTTOWHEY TO oUuPBolov x ué &y aUYREROLLE-
vor oToryeiov o 1), cs Abyopey, TO X AdPn cos TNy TO @, TOTE, €8 dpiopol, & Tpo-
Taglakds TUTos kabloToTon TpoTaoIs THY OTolaw  oupPohilope pé plo). TTy.
p(x) : ‘O x elven quoikds &piBpos
p(2) : O 2 eivan @uoikos ap1buos (&Anfns)

;(%) S0 -2—— glvan QuoIkos apiBpos (weudr).

2uvifieos es Eva poTaolokoy TUTToV p(x) UToTifeTen 611 TO x AcuPdvel
G TIpGs TG oTorxela évos ouykekpluévou owvohou E, fiTor ds Aéyouey, T6 X dia-
Toéyer 10 E. Tote 10 x kaeiton petafinri, 6 88 mpoTaciakos TyTos aurlijxn
eic 1o L. OUtws, © Eiowols

x2—x+42=0,

1) omoia eivon TpoTaTiards TUTTos (Biati;) ypageTan pé Ty TwpoUmdéfeow &Ti
TO X elven &piBpds. Eivon Aoimov 1) Eliowois altn pia cuvdikn eis &v olvolov
Gpibuédv my. 1 R { 10 C.

"Av p(x) elvon pia ouvBrjkn eis T ouvorov E, TéTe B& Abypey 611 & otor-
yelov & tot E whnooi iy ovvlhjsny TavTyy TOTE kai pdvov ToTe, dv 1 TPOTACIS
p(e) eiven GAnBns. "Av Emi mhéov. kéBe oToryeiov ToU E mAnpol THy cuvbfikny
p(x), TOTE 1) owBNkn alTn kodeiTan ravrdrng eic 7o E. OUtw @

«‘O x eivon guoikds &pifBudsy elvan TautdTng s T N
(x4 D)?=x*4+2x + 1» elven ToutdTng els TUYOY oUvolov dpiBud
«x*4+ 1 > 1» elvon TautédTns s & R.

@

WnpiomouBnke amoé 1o votirouto EknmaiSeuTikrg MoAmkrg



*Eriong, &v p(x) kol q(x) eivon owdfiken el 16 olvohov E, 0& Aéyowopev
&1 4) ovrlijzy p(x) owvendyetar Ty ovrlijzgp g(x) xai 8 cupPonifwyey ToUTO
ut p(x) = q(x) TOTE Ko novov TOTE, &v Kk&e oTOIXEIOY TOU E TO STroiov AN~
pol Thv p(x) TAnpol kai Thv q(x).

Al owbfiken p(x) xai q(x) kohoUvron isodivauor TOTE Kal povov TOTE,
dv p(x) = q(x) ke q(x) = p(x). Thv ioobuvauiav Tév ouvBnkddy p(x) kai q(x)
cudPohilopey wE p(x) <=q(x) kel duayryvookouer «f) owvbnkn p(x) elven i-
goblvapos Tpds Ty q(x)». "Av BiAwpey va Enidowper 6T 7 icobuvapic
P(x) <=q(x) BUo ouvbnkév UpicTaTon & Gpiopou, TOTE XPTOIMOTIOI0UNEY TO
cupPoiov = nAadh ypdgouey p(x) A= q(x).

1.5 "AkyeBpu cvvokov. Kata iy dmelepyaoiav évos pabnpaTikou BépaTos,
KOT& KaWova, UTELOEPYOVTaL AMOKAEITIKGS Ta oTolyeia fvos guvdhou @, T6
Otroiov keAeiTan famxdy aivolor. TLy. g pév Sidpopa TpoPAfipaTa Tiis AlyE-
Bpas éyoper f15n Bewpnoer ds Paoikov auvoror TO gUvorov R Tédv TPAYBATIKGOY
&p1Buchy, els B¢ ThHY Emelepyaoior OPIOUEVLY YEWUETPIKGY TrpoPAnuaTwY G Pa-
ooy gUvoroy Q Exoper Pecoprioel TO oUvolov SAcov TEOY ETITESWY OYMUATLOV.

"Eotwoav A xai B &Uo oUvola pé oToryeia &k Tou Pacikou cuvoAou Q.
‘Qs yvewoTov, Aéyopey OT1 T alvolov A elvar tmoaivolov ToD B kol oupPohi-
lopev TouTo Pt A = B ToTe xai povov TOTE, &v i) omlijxy XEA ovvendyetar Ty
xeB, TurTopws :

AcB 3 (xeA = xeB).

Errions 0 lodmnc BUo ouvdhwv kol 7| Ewoia ToU yrnoiov dmoguvrdiov
(ouuPoiilopérn pé <) pilovTan, g yvwoTov, s k&Twd! :
A=B <= AcBxaiBc A

opo

AcB <= A cB«ka A #B.

opa
Mia ouvlfixn p(x) els 1O Paoikdv cuvorov Q opilar T olvodov S SAwv TGV
oToryelcov Tou Q, T& Omola TAnpoUv TaUTtny. ToUTo TopioTdpsy pé { XER:
p(x) Y, ftor S = {xeQ: p(x) }. Thx. & Q=R, A oubixn x*-1=0 opi-
let 16 olvohov S ={xeR:x*— 1=0}={—1,1} "AMa d&lioconueiwta
Umroouvoha Tou R opildpeva Umod ouvBnidy elvon Ta drdArouba, yvwoTta dog
BiaotnuaTaTou R :

1. > Avorxroy ddotypa ué dxoa o, B (o< B) :
(o, By = { xeR: a<x< P}

2. Kietoror ddotnua pé depa @, B (< B) =
[o)Pil={ xeRi o < = < B}

3. voxrov aototeod, zhewtov debid ddoryua pé dxpa a, P (a< B) :
(o0, p]={xeR:a<x < B}

4. Kieiariw dowrend, daroxtov oefid dudotypa pd dxoa o, B (o< B) @

[ BY= { XER i€ %P
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3. ladoartor dowsteod, dvorxtoy defun ddothpa wé dxoov P
(—,B) = {xeR:x <P}
6. Aréoartov Goworepd, xleotov debia ddotnpa pé droov B o
(—o,B]l={xeR:x < B}
7. Améoavtoy defid, avorxToy AouoTEod OdaTypa i dxooy & !
(o, +0)={xeR:a<x }
8. ilddoavtor dcbid, wletoTov dowaTeod daTne wE dxoor o :
[, +0)={xeR: o € x }
*Emrions mapatnpouuey 6Tt kai kdBe Umoouvolov S évos Baoikol ouvdiou Q
SuvaTal v TapaoTadf, ds dvwTépw, Sia wds ouvbrkng, TRs ouvlrkns xeS.
OUtows Eyopev S = { xefd: xe8§ |.

To olvohov Ghwv TGV UTTooUvohwy fvos Bagikou ouvdhou 2 cupPolilo-
pev pé 2(Q). Eis TouTo opilovTal, cs yvewaTtdy, ai mpdkes U, N, — GO TGOV
TUTTV

AUuB={xeQ?: xeA 7| xeB }
AnB = {xeQ : xeA kal xeB }
A—B = {xeQ : xcA «al x¢B}.

Mia EmrorrTikn épunueic TG Tpdiewy ToUTwy GideTon elg T KdTwb oxH-

HOTO

i, fey A i
o

PR AuB Pyl ANB 2o 4 A—B

To kevov olvodov @ elval, s yvwaTov, 1) Siagopd A — A, émou A Tuyo
Umoolvoov Tou Q. ’Erions TO cupmAnpwpa A° &vos aurdrou A, UroouvoAou
ToU Bacikou cuvdhou R, OpileTan, &5 yvwoTdy, s T Slagopd Q — A, fiTol

AP =Q—A={xeQ: x¢A }.

Metaty Tév mpdtecw U, N, — YpioTovTon of kaTwd TUMOI (TAUTOTNTES

els 1O 2(Q)), yvwoTol elg Huds ék TGV padnudmwv TGOV TPOTYoUNtrcy TEEEWY:

AuB =BuUA ANB = BnA
Au (Bul) =(AuB)uTl An(BnlN) =(AnB)nl
Augd =A . ANQ =A
Au(ANB) =A An(AuB)=A
(A-B)uB=AuUB (A—-B)nB=¢g

AnBul) = (AnB)U(AND).

1.6 Zevyog - Kaprteowavov yivopevov., “Ev oToryeiov o 8186pevor g modtor

&
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Kai fv oTorysiov B 8i18duevov s dedTeoor oynuaTilouv Ev véov aToiyeiov, T drrolov
ypageTan (a, P) kai kaheiton Cedpog (SrateTaypévov). Td oToxeix o kai B ToU
lebyous kohouvTan mowty kal devtéoa, dvTioToixws, cwtetrayudvy () mpofio-
A1) Tou [euyous.

"Ex ToU dveotépw dpiopol ToU [eUyous cuvdyetan & Bo (edyn elven
ioq, 6tav Ox1 wovor aynuaTilovtan &md T (B oToikela, GAAG TA oToIXETX
aUTa BiSovtan kai pé Thv oty BiaBoyny, Snhadn

(¢, B)=(y,8) <+ a=1y xal p=25.

Ka® Spotov Tpédmov opileten pia (Biatetarypérn) Tpids (o, 0, 03) A Hia

Vics (o oy <l e

HNoepudeiyparta :

1. "Ev kh&opa pi apifpnTiv o kal TapovopaoTiv P SlvaTton v TapaoTtabii g lelyos

(o, B).

2. Eig pryabicds &pifpds a 4 Pi Suvartan vk mapaoTaii s ebyos (o, B).

3. Eis daycv petaiv SUo duddwv a kal B BUvatan v& mapacTali) s feuyos (« B) A
(B, @) dvadoyws Tou éqv Bielayetan £ls Ty ESpav Tiis o f) Tijs P dvTioToiyws.

"Eotwoav Tpa BUo ouvora A kai B. To olvohov tév (euydv (o, P) ué
acA kal PeEB ypageton A B kai koheiTal xaoTeoiavoy povduevoy Tod A £nl Tob
B. "Htot :

AXB = {(x,y): xcAkai yeB }.

‘Ounoiws opiletar 1o ywduevor A;x A, ... X A, G5 TO oUvodov TéV vid-
Boov (e, @, - - -, 0) ME OCEAL B kdBe ke | 1, 2,. .. v} (f), dos Abyopey, kai &AAwS:
B k&fe k = 1,2 .. . v). EidikcoTepov 16 AXA cupPolileTon pt A%, 1O AXA XA
pE A® Kok

To alvorov A Téw [euydw (o, o) pt aEA koeltan dayanros Tou A2 TTpo-
pavés A = A%

IMepadeiypata :

Lo A= {6 B yakaliB={ 1, 23}
AxB={(x01) (2), B B2, 1) .2}
Bx A=1(1a) (1,8) (I, y), @) 2B, (2 y))% Ax B,

2. "Av A elvar 1o oUvohov Tév Toboopaipikdy Sudabwy, al dmoim AapPdvouv pé-
pos eis &v TpwT&BAnpa, TéTE TO cUvolov TGV dywvwy Tou mpwTabAnuaTos elvar A? - A, &’
Soov 1O TpwTdBAnua BietayeTon els BUo yUpous (Siari;).

[Mopatipnols. Mia éxppacts mepiéxousa Suo oUuPora x kol v Suvaranl vd Beco-
pndij < mEpiExovoa v gupporov, 1o leuyos (x,y). TLy. ol éxppdosis:

: X
« To xhé&oux ¥ elvan dvéywyov »

« ‘O x OBioapel TOV ¥y »
«xt+2y'=2»
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KOAQUVTaL TooTaciaxol TUroL Tepd govtes Odo oinfloia X xai y kol Svvavtar va fecopnfouv
s TpoTaglakol TUTrol mepiExovTes &V oUuBolov, TO LeUyos (X,¥ ). Kot dvahoyiav opilovran
kal TpoTaciaxol TUTC! TEPIEYOVTES Tpia oUpPola f) kal TEpIoodTEpa (TETEpACHEVE) TolUTA.

2. ANTIZTOIXIAI — ZYNAPTHEEIZ

2.1 "Avnictoygio. AUo oToixeia ToU aUTou 1) Bla@opeTikéy guvoAwy du-
vorral va ouvBéwvTal Aoyikds, va ouoyeTilwvTal Tly. éTov Aéywper «To Tpi-
yeovov ABIM Exer éuPadov 100m®» ouoyeTifouey Ev Tolymvor pé v dodudy, f)
Srav Aéywpey «d &piBuos 25 eivon TeTpdywvov ToU  5» oucyeTijopey Blo dot-
Ouots x.ox. Katwrépw eletafopev ToloTas cuoyeTioes oToixeiwy SUo ouvd-
Awv, T& omoia Btv elval dvarykaiws SiapopeTikd.

"Eotwoay A kai B 8o i kevd olvoha kal els ouykekpiuévog Tpdmos (Tr.X.
el kavdw 7| pic Siadikaoia) pt Tov Otolov eivan BuvaToy TouddyloTov £V XEA
v& gquoyetileTon pé Ev fj mepiocoTepa yEB. Od Aéywuev ToTe 61 copiobn wia
d]-f.lq'rm;{"a ﬁ ametxoroi; o K Tou A eis TO B. O& UT]UELC;.)UL\)LLEV Be

o:A—>B 8id & cuvoha
x %y Bk T& ouoyeTI(opeva oToiyela.

Mia émorrTikt) Eppnueia Tfis dmeikovioews bibeTon el 1O kéTwh oyxfua :

To ocuvorov A kodeitanr atwoior dpernoiag THis 0. To olvodov B kaheital

. T ~ < v oa =3 e .t : « i S
aivolov apifews Ths o, 1) B8 Ekepaols X -2y () omola elvan f cupPolixs) popet
ToU TpdToU, Pdoel ToU dmoiou kabopilovTan T& dvTioToKa oTolyETa) KoAETTCH
Tinoe Tijc 0. ‘H fkppaois x > y dvaryryveooketan «TO X dvmiaToiyileton (i &-

meikovileTon) 81&x TS o el TO y» fi «TO y elvon dvrioToryov (1 eikdw) ToU x ik
THs o».

"OAa Ta oToyeic XEA, Ta Smoia Exouv (TouAdyioTov &) duTigTolxov
veEB, &moTeholv Ev oUvorov Z(o) TO OTrolov KoAeTTon mediov dowouod (domain)
Tfs dvTioTolyios o. Eiven Aormév :

P(o)={xeA: JyeB it x Sy} c A
(1) «¥..» onpaiver ¢imdpye. (TovrdyiaTov Ev)..».
10
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‘OAa T& oroiyeia yeB, T& omoia eiven dutioTorya évos (TouhdyioTov)
xeA, &mroterouv fv oUvorov A(o) TO &molov kohelton medlow Tyudv (range)
Ths dvTioToryias o. Elvenr Aormov.

A(c) = {yeB: IxeA it x Ly }sB.

*EE Spiopol THg dvTioToiyias loylel “(o) # & xai #(o) # @ (Bioi;).

"Oha & {eUyn (X, ) Si& T& dmola fogUer x 7.y &moTteAoUv Ev gUvohov
Se, UtrooUvotov ToU (o) X #(c) &pa kal ToU A x B, 70 omoiov koheiTon
vodnua (graph) Tis dvriotoiyias o. Eiven Aormdv :

Se={(x,y)eAxB: x5y} #@.

“QoTe k&fe dvmigToyia o 1 A B Exel Bv ypdonua Se © A X B, dAA&
kol &uTioTpOpws ké&Be pn kevov olvodov S, Umoouvorov Tou A x B opiler picw
dvTioTolylav oy MWE TUTTOV :

o
X =y < (x,¥)eS
kai 7y omola éxer ypéenua 10 §, fitor S =S (Siexti;).

Iapadeiypata :

.LA=B=R, x>y <> x*+2y:=

X42r=1=1—x=2y220=x2<1 = @) = [—1,1] "AM& kai [—1,1]

/ 5 o
< G(o), Bidmt &v xe[— 1,1], Téte Umépxer y, X ¥ = V 1 —2x e x —> y (Bai ;).
"Apa G(o) =[-1,1]

1 1 1
AH2yr=1=1-2y2=x 20 = y*< - = #(O)ES [_f L } AR
YIS s () T
x\[‘ L] < a0, o L e B Ty
g [ , 510 el ——, — |, Y i x;
& Kl NPV o), 8ot av y e TOTE UTTAPYE
= T = o 1 1
Ty x =V 1 -2y, wt x —y (Bxrl;). “Apx ‘%(U)=[_’x7f’ ‘\/—2 ]
o
2 A=B=R, x =y < X+ Dy*—x*=0.
; X
*Ev mpaTols Tapatnpoluey 611 Sk x&fe xeR Umdpyery, mx. ¥V = ;‘/‘ﬁ ué

X -:-y (Braeti;). "Apa Z(0) = R.
xl
2+ Dyr—xt=0=y*= ST 1= 2(0) < (—1, 1). "ANhakal (— 1, 1) = #(0),

(+3
16 &v ye(—1,1), TéTe Umdpyer X, TX. X = Vly—ﬁ’ ut x —y (Satl;). “Apa
#() = (—1,1). s

3. A=B=R, x >y < +1)x—y =0
“loyvowr  Z(0) = (—1,1) xad #(c) =R (Srari;).
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A =B =Ry s Ty

loyboww “(c) = R xal #(0) = R (8ieti;).

Emeibny (o) = A kal #(0) = B petaxeipilopeba elBikcoTepov  Tos Ek-
ppdasts «dvTioToixia rod A...» (Tl &x tol), STav BEAwuey vd  BnAdocwyey
611 7(0) = A kai «dvmioTorxia. .. émi tod By, dTov fEAwpey vd Bnidowpey
11 #(o) = B. OUtws | dvTioTorxia

ToU TropadeiynaTos 2 eivar 7o R el 70 R
ToU Trapadeiypartos 3 elvar éx 1od R énil 7od R
ToU TopedeiypaTtos 4 eiven 7ob R éal 7o R.

Feopetpien (i ypagiki) repactaclg aviuetogiog. Eis iy TEPITTWAY,
&mou Tooov TO oUvohov deeTnpias wids dvTioToxios o @ A —> B, Soov kai TO
oUvohov doifews auTiis elvon UmoouvoAa Tou owvdAou R Téwv mparypaTikédy
&p1Bucov, TO ypdonua S, aUThs dmoTeAeiTon &mo felyn TRy UaTIKGY &p1fudov
(x,y), T& 6moly, s yvwoToy, TapioTavTan Bik onpeicov P ToU EmiméSou dog
gupaiveTon el TO Zx. 5. OUTw TO ypagnua S, mopioTatan &1 tvds onueicou-
véhou Tou EmméBou (BA. ZX. 6), TO OTOToV KEAELTTON yewuerows (R yoapix))
aapdaracs Ths SvTioToxlos o fy dkéun kol dudyoapua TS .

J
Pe(x.y
b T e =
i
1 H
i
] 1 z

g (Mo
L
Ul -.-—A.j)w);—- x
. 7 Xy & -

avtiarogia Tod A eic 10 B dvtioTorgia €x vod A éni roi B dvTitoryia 105 A i o5 B
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*Avtiotpogog dvriotovgia. "EoTw 1 dvmioToria o ¢ A —~ B Tfjs omoias TO
YpS&Pnua Eivat
So = {(x,V)EA x B: x5y} #d.
A tvohhayfis Tis SiaBoyfis Tév oToryeiwv Tou {eUyous (x, V) TPOKUTTEL
16 &xohouBov UmooUvohov TOU kapTesicwou ywopévou B x A
S* = { (y,x)eB x A: (x,¥)eSq },
1o &molov Tpopawdds elvon émiong  ph Kevow cUVOAOV.

‘s cibopev dvewTépw TO ouvolov S¥* Spiler piov dvTioTol {ov &k TOU
B eic 10 A pt TUTTOV :
S

LT--
s S S X @IS

'Emreidh 8¢ (y,X)ES * <= (x, ¥)€Ss <= x -2y, 8& ioxin kal
U.h

¥ b K S
“Av hormrov &v onueiov x dvmioToryileton Bid Ths o el TO v, TOTE TO TeAeUTCIOV
ToUTo i THs 0w dwTioToIKileTon AW eis TO x. ‘H dvmioTorgia os KaAeTTON
avtioToogog dvtiatoryla THs o kai oupBolileTal ué ol "QoTe

o —1

e — e
"Apa ) dvTioToia o Exer Teblov dplouol TO mediov TpdY TR o kai Tediov
Tipésy TO Tedlov GpiopoU THs o, Gnhadn ioyUouv

% (o) = #(0) roi #(0~") = %(0).

[Mopathpnolc. Suvhbes, dtov mpokertal v& pedetn i pepoveuéves N o ~t, dvaA-
AdooouEy T& X Kai ¥ peToky Tewv, BnAadh fewpoluey xeB xal yeA, doTe T6 X v& oupporiln

ag-1 G
TréwToTE TUXOV OTOIXETOV ToU auvdhou &peTnpias. "Htor x - y (xal looBuvduws y—= X).

IMepadeiypoto :

1. ‘H évrioTpogos dvTigToria Tiis dvTioToryias 10U TapaBeiyparos 1 §ideton Umo
ToU TUTTOV
o-1
x —y < y+22%=1

2, ‘H &vrioTpogos GvmoToixia Tis dvmioToias Tou TapadelypoaTos 2 elven 1) dvti-
otoyia ToU TapabelyuaTos 3:

3. ‘H dvtioTpogos &vrioToikia Tiis &avmioToryias Tou TapabeiypaTos 4 eiven 1 idia.

Emeidn, 86 Opiouol Tiis QuTIoTpOgOY dvTioToiyias, elvan Tpopavhs 1
{ooBuvapia
(x, Y)ES; <> (¥, X)ES;-

13
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Kai émeld), Staw mwpdkerTon el ypapnudTtwy gis 16 R¥, T& onpela P = ¥
ked P ¥ = (y, x) evan CUUUETPIKG G5 TTpOS THY
mpwTnY Sixotduov d TR ywvias TEY dEdveov
(PA. £x. 10), T& Braypdppara TV duTioTol-
X1V o kad o 84 elven émmions anuueToid b
mpos T d.

Qs €ibopev dvwotépw, B kdbe dvTi-
oToixia o loyvel

o o —1
Xyt oy

ol émopéveos Bix Ty dvrioTpogov duTioTol- —A— : ‘ 3
xlov o1 THs o B8& ioyin

o=t (ot 2y 10,
y—X < X—y,

&mou (o)~ elven ) dvricTpogos TR o1 "Aper ioyler ko

- =1Y=—1

X —c:» Yy <= X e )_>:‘,

Snhadn 1) QTIoTEOPOS THS QUTIOTROPOU Lids dvmigToiyias o elven 7 16i fo
ZUVTONWS Y PAPOuEY ’

(ol =
‘H i816Tns altn EpunveleTon yewueTpIKES TP PonBeic g OUNLETPiag G TrpdS
Thy Sixotopov d (BA. Zy. 10) Tév Siaypoapudre Tév QTIoTOIYIGY O Kal o !
(Brorri;).

2.2 Rovaptnors. ‘H éwoix Tfis ouvapTroews elven dmro Tas OepelicaSerg
palnuaikas évwolas. Ty Spilouey cos eiSikiy avtioTory o,

Mia dvtioToixia [ ToU A eis 16 B koeital oUrdoTyois TETe Kol pdvoy TOTE
v ke xEA Eyn B kad povadixor dutioToiyo A€ Sre’ & .t
; - X1 & o i X v yEB. O©& Aéyoouer tére omi iy f
Elvar ovvagtiowg pé mediov dowopod 1o A xai Tiuag els 16 B A i1 elva

‘ a g ; - Hovogi)-
mavrog avtiotougla (1) povodijpartos axedviais) tod A eis 16 B ked B Y|

papupey
[:A —B # Asx - yeB.

To y, dwrioToixov (elkdw) ToU x &1k Tiis [, AéyeTton kai Ty tijc | oeic o)

X, aupPohifetan 8¢ xai pe f(x). Mpdpopey TéTe -
F = {(x)

"Apa 1y Exppaois vy = I(x) elvan &AAT) popen ToU x et v, Snhady g
tijg I. To xeA Aéyeran avebdotyTog pevaffiym) Tiis | g
pnetafinty Tiis I

EAPB — TR roqend AbyeTon mpaypatie) ordoTy oI,

708
TOo Bt yeB F!ff,'yrwtéw,n

"Av B¢ bl mAdow
14
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foyUn kai A R, ToTe alTn AéyeTal TouypdTiz) GUrdoTycis s Toaypu-
Tixijs petafinris (B1d 1O Sidypappa mds TolalTng cuvapTHoEws PA. 2y 11).

o I o g ; i ) =
My &1& Tou TUTou Rax —» x? OpileTan pia Tpory uarTIkn oUVGPTNOIS MIGS TTPa-

yuaTikfis peTaPAnTis. ‘Opolws kal &i& ToU TUTOU X .5 V4 [ —x? opileTar pia
TpaypaTikd cULGPTNOIS WS TrporyucTikiis peTaPAnTiis pé mediov oploucu TO
Bidotnpa [ — 1,1 ] "AvniBétws Toapatnpoluey §Ti & TéV dvTioToI Gy TEY
TapaderyudTwy Ths Tponyovuivns § 2.1 oUbepia clvan cuvapTnois (Brati;).
TS cUvolov TGV Twddv Tfis | @ A =B, 8nAadh To mediov Tindv A(l)

aUTfis cuupoAiletan kal p (A), fiTol :

f{(A) = {yeB: 3 xeA pe y=1{(x) }.
Mevikotepov, &v X = A, 1o1e pe [(X) ouuPohilopey 1O glvoroy T&Y TIRGY TS |
gls T& Sidgopa oToryeia ToU X (PA. kai Zy. 12), fiTor :

f(X) = {yeB : IxeX pt y=I(x) }.

*Avtiotpogog ouvapinois. “EoTw pia owdptnois [ A —» B. "Agou 7y I
elven dvTioToyia ToU A gls TO B, Umdpyer 1 dvrioTpogos dTioTolyia
f-1: B— A kal pdhioTa, ©5 yvwoTdy, ioylouv :

(-1 = () xad 2(1-) = Z(I) = A.
"Av f dvmioToixia (-1 : B — A elven émions ouwvdpTnots, TéTe aln kaeiTan
arTioToogos auvdotnoig tijg [, 6moTe O& Trpémel va ooy :

D (1Y) =8B, &pa #(f) =B, 10 bmoiov onuaiver dT1 Ay [ TpEmEL v
elvan dvmioToryia éml Tod B,BnAadn kale yeB v elven gutioToiyov Sidx TRs |
fuds xeA.

2) Kafe yeB va éxn Bia s [ &v kad povadueov vtioToixov XeA, dpa
tketvo dxpiBéds Tou omolou dvTioToixov Bi1& Tiis [ elven TO y.

“Qate, & ) dvTiotorxia [ elvon auvdprnois, ToTe kK&be yeB elvon dui-
oToryov 1 T | gvos kai povadixot XeA, T dmep o alto (Siati;), [(A) = B kai

X;€A, XA
o gl PO
Xy #F Xy
Mia ouvdpTnois [ mTAnpoUoa Ty owdnkny TaUTny KoAeTTal dugipovo-

15
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@juartos avdorya (i) daresonoic) ob A fxi tob B. Toe, PePaiws, kai 1) [
T, 3 ’ ' e 3 v ~ g

glvon GugipovoonpavTos owvapTnals Tou B émi ol A (Siari ;) loyvel puoike
7 igoBuvapia Tév TUTwr (BA. Zx. 13) :

Yy=Ix) < x=1-1(y).

2y 13

‘AmedeixOn Aaiov dveoTtepw TO drdAouboy Beopnua

A OEQPHMA. “ff ovvdoryeic | : o Yoo ,
22 fa -1 B—’ peie 1A B Exer '“'Tl’fl'TQr)’j o qurdoT)-
' Lady ) AVTLeTOLYiA : B — -7 e ; g
G, Onplady 7 A sivae LTINS GUraoTyog, Thte xal pivoy

Tdre, dv aity (dprady o) 1) civae dugyovomijuartos avdotnoie Toi A énl 1o B
0 g ; !

g gl . 15

QQPLIOVOGIHarTos GUrdoTHOS dvrioroopos auvdor
5 S oUrdOTHmIS
Eovlzaig ouvaptiseov. "Eotwoar §Uo cuvaptiosic [ A ->Bkaifl,: B E
y Sin . S ; ! 2 e L
A BroBoyIkfls GTEIKOVIoEWS & EVOs pév fvog oTOIXEIOU XEA i T 1, &g’
12
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Tépou 8t Tiis elkdvos Tou [(x)EB Si& T I avrigToryileTan gl TO XEA Ev oTOI-
eiov v = L(L,(x)er (BA. Zx. 16). ‘H dvmoToixia h: A—~B pé x X REE)D
Tvon pia owvdpTnots (Siari;), T omoia kadeltan atvleaic Ty ovvaetijoeow f
cai [y xai oupPohileten pe fofy, firor h=fyo . ‘0 TUmos Tis h elven Aorwov
y = h(x) = [,(1(x))-

‘H mrpatis Tis owvdioews ouvapTiigewy eivan qoogeTalotaTixy, SNAh
oy Vel

fao(fpel) =(fyel)eh

Gs ouvdyeTon Bk Tol kaTwd oxnpaTos.

FoThot)

f,. of,

o |

(Frof)ef,

B 17

Mapadeiypata :

1 0,(x) = 2x + 3, xeR xai f,(x) = nux, xeR. "H olvleos f,of, abTdv Exel TUTOV

FERS |
X ——y NW(2x + 3).

2 ) =xt+ 1, xeR kal f(x) =1/ X, XeR,*. ‘H olvbeors fyof, alrdv éxer TU-

fyof)
wow xS YT 1

4 i
3. f,x) = x|, xeR xai ,(x) =4/ x, x€R,*. "H olvbeois foof, aUTdy Exer TUTOV

foef, eli= T
X—— ¥ |x]|.

3. ALKHEEIZ

3.1 Acifoate 8T els 1O P(Q) loyvouv :
1) A< B <> AUB=B 2) Ac B << AnB=A.

3.2 Acifore 8m els 10 P(Q) foylouy :
D =@ B=0 HA)X=A 49 AUAS =Q 5) AnAc=¢g%

3.3 Acifore 6 els T P() loxvow (timor Tol de Morgan) :
(AUB)C = A°nB® «kal (A(‘\B)c = AuB®

YngiomouBnke amoé 1o votirouto EknmaibeuTikrg MoAmkrg
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: ; e = R
3.4 Elpete 1o mebiov dpiopoy kai TO TeBiov TV TWY dvmioToiidv o @ R s

al omoicn Gpifovrar TS TRV

=X
5) x*4+y*=1 6} x<Y

2) y=x ey i 4) 3x+2y=1
X Dx4+yrsl 8 x<y<xt41

3.5 Toicn eivat ol durioTpogol avmioToiyion TGOV dvmigTory1dy TS TpOTYOUKEVTS
&oknosws 3.4

: T A
3.6 Tlolan éx TGV QUTIOTOIXIGY T GOXNTEWS 3.4 glvon ouvapTToEls kal Tola Bty elvan;

37 Ak Tds cwvapThoels €K TV &uTigTory16Y Tis GOKNoEwWS 3.4 moiatr Exouv &uTi-

oTpoPOUs CUVOPTNOES

WnoiomouBnke amé 1o ivotirouto EknmaiSeuTikrg MoAmkrg
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KEGAAAION 11 |2

AATEBPIKAI ENNOIAI KAl AOMAI

1. AIMEAEIE ZXEZEIE EIZ ZYNOAON

1.1 ‘H ¥vvowe tiic oxéocws. Eis & Mabnpatika mapousialouy iS1aiTepov
fuBiagépov dvTioToryian, TG dmolwy T& olvoha doeTnpios kel dgitews oupTi-
Trouy. ToloUTan dwrioToryion yapoaktnpilovtar & oyéoes. “AxpiptoTepov, pia
dvmioToiyict o : E — E xkoheltan dupuednys oxéog elg 16 E f xad mrhéos ayimg el
6 E. TLy. of dvniororyiot Tév mapaderyudreov Tiis § 2.1 Tol Keg. | elven oyéoels
els TO gUvodov R Té&v TporypaTikdy dpifipddv.

Eis thv mepimTwow wds oxtoews o 1 E —E & TUmos aUTHs YPOgETON TU-
B p¢ xoy dvti x -5y, ol

Xoy <> X A2y

kol dworyryvcaokopey TouTov «x eUpiokeTat els THY oxéow o e TO Yo

IMapadeiypata :

E: 7oyow pi) xevov avtvoiov
1. xo,y <= X xal y oupPoAilouv To alTd oTOIXEIOV Tou E (Zuvtdpws: x =y)

E=N
2. xoy <= & x Bipel TV y (ZuvTOpes @ x[y).

3. X0,y <= TO KAdoua X elvan dwdywyov

4. xo,y <> f Biapopd X —y elvai ToAAaTAdsiov ToU 5 (Zwwtépws : X =y mod 5)

E=R
5. xo,y <= & x elvan peyadUTepos Tou y (ZuvTopws: X > )

6. xo,y <> & x elvan wkpéTepos fi foos ToU y (Tuvtdpews : X < y)

E: 70 otvoloy tdv dvlpdmwy

7. Xo,y <= & X elvan TaThp TOU ¥

8. X0y <= X xal y gortoUv es TV aUThy T&kwW

> ] 9
WnpiomonBnke amoé 1o votirouto EknmaibeuTikrg MoAmkrg :



E: 76 atvoior Tow ecleicn Toi Emmédor

9. xo,y <> 7 X eiven ké&BeTos wpds THY y ( ZuvTépos: X Ly )
10, xo,y <= x kal y éxouv Ty authy Siebbuvow (Zuvtépos: X || y)

E=2(Q)

11. X0,y <> TO x siven Uroolvehov Tol y (ZuvTouws: X< y)

Mapatnpoluey 6T1 8I' Gploptvag ik TEY QVOTEPW oytoewy Exouv kabiepwdii elbika
guppora. OUTws :
vl : Oy, Os T4 Oy T G Oy

YPpagouey &vTioToixws : — i e = i =5
Al oyéoels =, > kai <, ds oxioes gis o R, Exow Biaypdupara, T& émoia Sidovral

gls T& KATWH oynHuoTA :

: 2
Vi
.//
S— _,jﬁ], —_— I“

v

\

i
DS My 1Y Sy 2

1.2 Baowkai xatnyopial oyfoLov. "Eveke TTis oTouBondTnTos  pepikGdv
iSloTATRV, al dmolm dpopouv els axtotls, Biakpivopey Tds kaTwTépw Pagikds
kaTTyopias oxéoewy :

*Avaklastikai oyfosig. Mia oxéois o eis TO oUvodov E koAeltan dva-
xhactixy (F adromabhys) TéTe kol pdvov ToTE, &v '

(A) xoX: xR O,

ToUTo onuaivet 611 16 (elyos (X, x) elvan oToryelov ToU ypagrpoTos S,
kol udAioTa S1& kéle xeE, dnAabn 7 Siaywvios A Tol E? elven Umoolvohov
ToU So. 'AMG kal TO dvTioTpogov elvar dAnfés, kab® Soov

A= 8 = (% x5, v ek = xox % xeE.
“QoTe
o ehvar avaxdaotixyg <> DA< S,
Al oxéoes 0y, O, Oy, Og Tg Oy Kol 0y TEV TapaderypudTwy T Tpon-
youpérns § 1.1 efven dvakAaoTikad.

(1) «A...» onuaiver «Bua xafe...»

20
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Tuppetpikai oyfosig. Mia oytow o els 1O oUvohov E kedeitonr guppue-
Totxs) TOTE Kol pdvov ToOTE, &

() XOY = YOX,

Touto cuvendyetal THY looSuvapiov xoy <= yox (Siati;) xoi émedn
Xgy <= yolx, 8 loxun yox <= yo-lx, fitor e =01 ‘AR kai duTioTpO-
gus, o =0 ! ouvemdystan éT1 Xoy <= X0~y <= yox, "QoTe loyvel

G.’-'l‘l'h!l fo"l(_lH-fTF_HHl:l <= 0=a 14

"Ex Téw oytoswy TRV mapaderypdTwy Ths mwponyoupdins § 1.1, «i oy,

03, Oy Oy Oy kol gy, Eiven ouppeTpikadl,

“Avtiovppetpikel oyfotig. Mia oyéois o el 1o olvohrov E kodeiTon
ArTiovpueTot) TOTE Kal wovov ToTe, &v

(A=3) XOY #al yoxX = X =Y.

OUTws, &k TGOV oxéoewy TV TopadelypdTwy Tiis Tponyoupévns § 1.1, ai
gYégEls Oy, O, O, Koi oy elvan dwTiouppeTpikad.

Metafatikai oxéoeg. Mia oyéois o els 10 ouvorov E kedeiton petafia-
Tix)) TOTE Kl povov TOTE, Av

(M) XOy #al yOr =» XOZ.

OUTtos, &k ToY oyfoewy TGOV TopaderyudTwy Tis mwponyouudins § 1.1,
af o, 0., 04 05 O Oy Oy Kod oy elven petoPoaTikad.

2. IZOAYNAMIAI - KAAZEIZ IZOAYNAMIAZ

2.1 'looduvepic. Mia oyéols els 10 olvohov E, 1y omoia eivan :
(A) dvaxhaoTik, (Z) ouppeTpicn xkai (M) peTaBoTiki

koAeiton ioodvrauia (1 oyxéo loodvrauing) eis to E.
Mic icoBuvapia cupPohileTan ownfws ¢ ~ f{ = N kai =.

Mapodsiypota :
1. ‘H igdtns elvon pia iooduvapia.

2. ‘H SpomdTns elg fv glvolov Tprywvwy eivan pic igoduvapica, SiéTt :

(A) Mav Tpiywvor elvon Guciov Tpods tauTo.

(%) "Av Tpiywvov ABI elvan Sporov mpos 10 A'B'T, Tote kad 16 A'B'T eiven épotov
mpds 1o ABT.

(M) "Av Tpiycvov ABI elvon Spotov mpas & A'B'I kai TouTto elvan dpotov mpos To
A“B"T", té1e kai 10 ABIM givon épowov mpog td AVB T

3. *H mapaAAnAia pé eupeiav onuaciav (|)), xabds kal al oytoes o, o, Tis § 1.1 eivat
iogoBuvapiai.
4. "Eotw 16 olvodov E = N = N, ‘Opilopev eis 10 N « N Thv oxéow o &i1& ToU TUmoU
e, v) < pfvV=yp+u
TLyx. (3,5)0(7,9), 81611 34+9=7+5, &v&d (6, 3)$(5, 4), Brém 6 +4 # 54 3.

WnpiomoBnke amoé 1o votirouto EknmaibeuTikrg MoAmkrg 21



‘H oxéois alrn eivan pia icoBuvapia, kad® Soov loylvouv :

(A) OlovbnimoTe feuyos (W,v) ebpiokeTan eis THY oxéow o wpds Eautd, fTor (Wv)a(u,v),
Si16T p+v=p+ v

(2) "Av TO (b, v) evplokeTan eis THY oxéow o pt 16 (U, v), TOTE kal TS (W, V') eUpi-
oketan els TNY oxéow o pé 1O (W, v). Tpdyuartt

(Wo(W V) == u+v=w+v< W tv=u4v < (W, vy v).

(M) "Av 7o (wv) eVpioxetan el TV oxéow o & TO (W, v") ki ToUTo PETO (1, v')
TéTe kel TO (u,v) eUpiokeTan el T oxéow o pe Tov (', v). TTpdypom:
(uwv) o', v }_¢=> { HEEP S REY
o', ve(u, v') Wt =ty
pH4v' =p" Fv=<= (4, V) u,v"). Qo

(RGN
(' v)a (v

b v v = )+ @)

} = (, Vo, v,

2.2 Khiozrig igodvvapies - Lovohov mnhikov. "Eotw ~ pia loobuvapia
els 1O alvodov E. Kébe oroixeiov o€k elvon ioobivapoy mpos tautd (o ~ o) Kai
dvbeyopdvws mpods dAAa oTorxeia Tou E. To alvolov Téw oToryeiww ToU E, T&
omoia elvon ioodUvapa TPos TO o KOAEITOl xidoic ivodvvapias tob o. AU-
T ouuBohiletar ouvfifs e [o] i A T kA(@) (Tpds dmopuyty cuyyUotws
&monTeiTan, évioTe, OTws Yp&PweEy, AVTICTOIX S, Kal [a]_H A_ 1 xA_ (),
fva SnAdowpey Ty loobuvauiay ~, s Tpos THr drolav Oecopeitan 1) xAdois
iooduvauios Tou o).

TMopaTnpoupey 0TI :

1. Ai #idoes icodvvapias elvar i xeva oibvola.
Mpdypatt ék ToU dpiopou Tis kKAGoews fvds oroiyeiou TTPOKUTITEL OTL
alTn Tepiéyel TOUAGXIOTOV TO .

2. Ai xhdoec ddo loodvvduoy atoryelmy Tavtifovrar,

MpaypaTt &v « ~ B, ToTe XEA <> x ~ «, émou A elvan N KAdois ico-
Buvapias ToU o. ‘Emouéveds, Adyw TR WeToforidTnTos s ~, (X ~ o Kal
a~p) = x ~P <= xeB, émou B elvan ) Khois icoduvopias Tol p. "QoTe
A< B. ‘Ouoics dmodeikvierar kol B A (Biari;). "Apa A = B,

L e
3. Al xhddaeg dto uy loodvwdpwy atotyelov oddéy xowdy atolyeior Eyovy,

fitot, dc Aéyouey abrar elvar Eévar,

Mpdypar &v o & B, TOTE ai KAdoes icobuvapios AB aréw elvon Eévan,
B16m1 &MAcos Ba Utriipxe XEANB, oméTe PeParicos xEA <= o ~ ¥ xai xEB <=
X ~P. CANAG, Adyw Ths WeToPoTIKOTNTOS THS ~, (& ~ X kod X ~ B) =
o ~ B, &mep &roov.

Zupmrepaivousy Aormov 8T1 i KAdoers icoBuvapios elvon uf keva Utroou-
voha ToU E, Ebva petall Teov &vd Vo kol i mAdov kdbe oTolxeiov Tou E elven
KaraTeTarypevov els piav kKAdow. "Apa 1) icoduvapia dpiler pioy dwapépioy ToU E
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To oivodov Téw KAhdoewv icobuvapias xoheltan otvolov andixor tod E o
Tiig ~ kol oupPoAileTon pe E [~

Nopaderypa. *Eorwoav E 10 clvohov, Tév pafintédy fvds lNupvasiou kal 1y ioo-
Suvapia ~ el O E, 1) éprlopévny Umrd ToOU TUTTOU
X ~y <> Ol pobnrai x kad y gortolv els v althy Tatw.
‘H kAdais ioobuvapias Tou pafnTol « elvan TO ouvolov, TO oOmoiov éxer oToIKEld TOV o Kai
ToUs ouppadnTds Tou, Bnhabn elvan f) TéEis padnTéY els TH dmoiaw portd. To E SrapepileTon
Aormov els Takers padnTdr, SnAadh To glvohov TrmAikov E[~ elvan €86 TO olvorov TRV T&-
tewv TOU lMupvaciou.

3. AIATAEIZ EIZ EYNOAON

3.1 "H Evvowa tijg draratewg. Mia oyéois eis 10 olvodrov E, fy émolo elvan:
(A) dvoxAaoTikn, (A-X) dvriouppetpity kal (M) petaPaTiki
kekeiton dudrabic () oyfowg dardfews) el o E.

Mia Sidrabis oupPorileTar ouvibuws pé =< . "Av &v aToryeiov o Tou E elpi-
oKeTan glg TNV oxéow -*  pE oToryeiov P avTou, Snhadt o= B, TOTE Adyouev OTL
«a mrponysiTan Tou Py 7 iooBuvdmes «P EmeTan ToU ov.

To olvorov E els 10 Omolov éxel opiofi] pia Sidratis = koAeiTan TOTE
dtateTayuévor alvoiov (cs Tpos Ty -2 ). 'AxpiPéoTtepov  TO BlaTeTarypévoy
olvodov TapioTaTol ik Tou (eUyous (E, = ).

Iopadeiypata :

1. ‘H oyéois < elvan pia Srdrabis els 16 R, 8i16m foyxlow :
(A) a<aq dioTI a=a.
(A-Z) "Av a < P kai B < o, ToTe elvan kad a =P
(M) "Ava <P xai P <y, Tote elvar kal a < ¥

"Qote Td ouvohov R elvar SiaTeTaypévoy s wpods THY oxéow <.
X

2. ‘Opoiws 7 oytois = elven pia Braratis els 0 2(Q) (Srai;).

3. ‘H oxtois o, (|) s § 1.1 elven pia Sidrabis eis 10 N, 816m foyvowy :
(A) ala
(A-3) "Av op xal Pla, TOTE Umdpyouv guoixkol &pifiuol k kal A pE P = xa kel
a=2AB, &pa P=xk(AB)= (kKA)P kai émouévews kA = I, dnhady k =A = 1,
fitot a =P
(M) "Av alp kal Bly, TéTe Umdpyouv puokol dpifpol k kol A ué B = kakal y = AB,
Gpa y = A (ka) = (Ax)a, SnAadn afy.

Mapatipnois. Mia petaBaTiki oytols es 16 olvohov E kaheitan kal yvnoia Si&-
Tabis gls 1o E. Ot m.x. N oxéos < els 16 R elven pia prpeia ddraliz eis 10 R, @ by
&tv elvon Bidrabis els 10 R (Biarl;). To alrd loyuea kal ik 11y oyéow ToU yvnoiou Umoou-
véhou C el 1o 2(Q) (Brari;).

“Av -2 elvon pia Biaratis s T E, ToTe, Suvdmer TadTns, dpileTon pla oxéorg -2 * el To
E Uméd Tol TUTOU

X2*y <> x=2y«xax#y,

1) émola Bev eiven Sidralis els 10 E, dAA& pia yvnoia Bidratis els avTd (Siati;).
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3.2 ‘Okwiy, pepkny duatafic. "Eortw = pia Sidralis els 6 E. Alo oToi-
yela @, P Tou E kohoUvton ovyxolowwa (Bic Tfis <= ), TOTe kol pdvov ToTE, &w
loxUm a= P i = o Obtw m.X. of TpaypaTikol &piBuot 1, V2 eivan ouykpi-
apor (B tiis < ), &16m loyver 1 < V 2. Fevikdds TOPATTPOUYEY OTI TUXOVTES
TpayuaTikol &pifpol @, B elvan ouykpiotpol, dnAadn foxler o < B fj B < a
Mia Si&ratis eis 16 E, dos ). f| < els 10 R, Bix v dmolaw oladijmote oTor-
yeia ToU E elvan ouykplowe kaheitan 6] ) poaupa) dudraéc gs o E. Mia
Bidralis eis T E, ) 6moia tv elven OAkn Sidratis, kodeiton pepixr) ddrakic els
76 E. Eis v mepimTwaoi pepikis Stardlews gls 1O E Urdpyour PePaicos oToiyeia
ToU E, T& dmrota 8év efvan ouykpioiua dos wpos Thy U’ Sy Sidrakw.

[Mapodeiypota @
1. Eis 1o oUvohov E dAwv Tév xUkAwv dpileTan pia oxéos Siaratews -2 U1rd ToU TUTOU

X -2 ¥y <> éxris TOU X WikpdTEpn 7 fon Tis dkTives ToU y.
AUTn elvan pia oyéors Shixfis Sardlews eis 1o E (Siati;).

2. ‘H &iaratis © els 16 2(Q) (dtav 16 Q £x1) TouléyioTov BUo oToiyeia) elvan pia pe-
pikn Braradis el 10 #(Q), Bi1om &v A elven uf kevov kol yviioiov Umoaivodov Tou R, TOTE T
A kol AS Biv elvar ovykpiowa (Siai;).

3. ‘H oyéois Siatdtews o2 (1) ToU mwapadeiypaTtos 3 1iis § 3.1 eivan Tpopaves pia pE-
pikfy SiaTatis eis o N.

4. MMPAZEEIL EIZ ZYNOAON

4.1 "Ecotepisi mpalig. ATO Ta mpddTa ypdvia T oxohikiis {wis, 6
pofnThs tLokeoveTal BE TS Kehoupévos Trpdkes, Smroos Y. N Twpdeheois,
doaipeois, 6 ToAAaTAXOIaoUOS kail 1) Siaipeois Gp1Budov. "ApydTepov elven sls
Béow va Uyoovn apiBuoy eis dlvauw, va eUpiokn THY Eveoaty Al THY Tounv Slo ou-
vohov kAT, Kowdv xopakTnpioTikdy SAeov autdv Tév «mpdlecown elvar &1
EKKIVOUPEY QO dvo oToxela Evos ouvdlou Bid v KaToAntwuey S1d s S1adi-
xoofas () omoia OpileTan dmwo THY guykexpipéviy Tpatw) el & roitor aTolyelov
(16 xohoUpevov &rmoTEAeoua TH Tpdtecs) ToU ¢l rol ouvdioy. ObTw Y. &mo
Tous GpifBuols 3 kal 5 Bix pév Tiis BioBikaoiog 175 Tpoobéoews kaTahryopey
el TOV &pibpov 8, Bix Bt Tiis SiaBikacias ToU TOAAATTAXT1aTPOU el Tov 15, *E-
Te1dn els wpiopévas Tpdlels GAA&ooEL TO dmoTéAeoux STow &TAGS Ko pdvov
dvodrdEwper T SioBoyny TGV oToryeiwy, T& omola TO &nuioupyoly, Omcos
X fig 'rfw. d‘cpuhipww &piBucdy, 81 ToUTo B Bewpolpey STt els wiaw Tp&Lw
txkwoley o Ledyog oToiyeiwy els TO dToTov kai dvTioToryilopey v TpiTov
aTolXEToV, TO &TOTEAEoa THs Trpdlecos,

Ex Tév dvewTépw SBnyolueba els To v Scoowper TV drdAouBov YEVIKOY
OpIoHoY !

Mia povooniuevTos &meikévias ¢k 10T E x E = E? eis 10 E kaheitan oo
Tegua) apdbis T SAGS mpats eic 6 E. "Av 81& wids mpdtes % els 16 E 10 leU-
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los (a, P)cE? dwTioTorkileTon &l 1o oToiyeiov yeE, 1oTe TouTo elvan PeParics
HovooTuduTws Gplopévor kel KaheiTon  dmotédeoua  Tijc modfemg % éml Taw
o, P oupPohileTon 8¢ pE o * B, fiTol y = a * P. Eis THv mepimTwaw TedTny,
&mou Utrdpyel TO dmoTéAeopa THS Tpdlews % £l TGV o, P Aéyouey looduvdpes
kel 611 1) moafis o * P oelvar fmToenTi).

Tpds ouuPoilouov Siagépov Trpdlecov ypnolpomTololvTal kol oUuBoia
@ Y. T& +, v,o0m, 5, A KA

A& Tés mpdders mpooBeols (+ ) xai doaipeors (—) &g TO olvohov N
TG QuUOIKEY &piBudy TapaTtnpoUuey &TI Bi1& pév Tiis Tpoabéoecs kabe (eUyos
(o, B) quowd &pibuddyv dvnioTorileTan els évar kal povabikov uaikov &pifudy,
T6 &fporiopa TéwW o xal B, ™. 34+ 5=38, 7T+ 9 =16 k.n.k, dnhadn ) Tpdo-
Beots elvon pio povooruevTos drmeikoviols ToU N2 eis 1o N, "AvtiféTtws 1 doai-
pecis dév efvan pla wovoompavtos &melkoviols Ttou N2 elg 10 N, 81611 els 1O (eu-
yos (7, 10) 8tv dvmiotoryileton Bi& Ths dpaupéocws puotkes apifuds, BnAadt
(7 —10) ¢ N. Tlpds Sicpiow TGV dveaTépw TEPITTLOEWY Aéyopey &’ Evds ptv
&1 1y wpdobeots eivan pia Twpahis Eml ToU N, &g’ ETépou B2 éTi f) doaipeois elvat
uic pepikny mpdlis eis TO N.

Mevikdds pic povoorpavTos Sreikéviols Tou E* eis 10 E kaAeiton (EowTepi-
kf) wpdtis éni ToU E, tv§ pia (fowTepikn) mpdlis el 1o E, 1) omola dév elvan
wp&kis fni Tou E koAeTTon weowe) modks gls 1o E.

Iupudeiypata :

1. ‘O TrorAamAooiagpos (- ) elvon mpatis émd Tou N, 16T Sik k&be Leuyos (o, B)eN?
Utrdpyet &v kol povabikdy prduevor a- BeN. "AvtiBiTws f) Biaipeois (:) elven pepixn wpakis eig
TON, 81671 (3:5)¢N.

2. ‘H «iywois els divapws, S Thy Smoiav avtl a* P ypagouey of elven wp&lis ¢mi

ToU N, 16Tt &1 xébe (o, P)EN® elven kal afeN. *AvmiféTes alTn eiven pepikly wpakis els T

otvohor Q Té&v pnTdv dpifpdv s Emions kad eis TO ouvorov R Tév Tpaypamikéy &pi1buddy,
1

Biom Ay mpdkis (— 2)7"' Bty elvon EmTpeTrTA.
3. ‘H #veoois kai ) Topn ouvoAwy elven mpdaters Eml Tou P(RQ).

4. "Av F 4 elvon TO ouvohov SAwv TGV guvapTnoewy pé mebiov 6picuol TO A kal Tipds
els TO A, TéTe ) olvBeors owvapTnoewy (TTpPA. § 2.2 ToU Keg. I) elven wpdtis émi Tol # 4,

816m1 B kdBe {eUyos owvapTroewy (f, g)e.;?"i\ 7| owwbeots fogeF 4.

IMapatipnols. ‘H mpdtis Tou moAAamiaoioouol es 0 R #xel iy 1816t :
TO ywépevov Blo quoikdy &piBudv eivan émions guoikds dpibuos. “H i816Tns aldtn Siv Ugi-
oraton Bi& Thy wp&kw Tiis icuptoews eis To R, B1oT1 10 mnAikov 3:5 Biv elvan guokds &pi-
Onds. Ta dvwTépw txppalomer Aeyovtes &g’ tvog ptv &1 i Tpdtis Tol ToMamAaciaopol eiva
*lewors) els 16 ouvodov N T&v uoikédy &piBudv, &’ Etépou Bt O ) mpatis THs Siptoscag
88w elvan KAeroTh els 1O N. Tevikdds pla wpakis * eis 10 ouvolov E keheltan xleots) els v Umro-
o0vohov A ToU E TéTe kal pévov ToTe, &v Bidx kdBe LeUyos (o, B) Troryelwov Tol A 1o dmoté-
Aeopa THs Tpdlews o * B dvike Emions els O A.
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"Avuperafstikal mpalag. Mia mpalis * éml ToU E xodeitan dvripetale-
T.xf) TOTE kol povov TOTE, &v loyum :

(A) a* P=Pp* «a Vv acE kai PeE.

OlTew :

1. ‘H mpéobeais kai 6 moMamAaciaouds éml ToU R elven mpdiers duti-
peTabeTirad.

2. ‘H Bveoais kad 1) Topn &l Tou () efvon dpoicws dvTipeTadeTikad TTpates.

3. "Avmibéres | «Uyewots els Svapvy éml ToU N 8iv elvan dutipetaBeTicd
p&kis, S1vm my. 2% # 3%

Hpooetayprotikal npaters. Mia mpdtis x émi ToU E waheitan mooseTar-
ooty TOTE kai pdvov TOTE, v loxUn) : 3

M  (cxBry=cxPBry) ¥ ek BeE xai yek.

OUtw Tr.x. 1) Tpooeois kai & ToAAamAaoiaouds émt Tou R g Erions 7
tveoos kal 1) Toun éml Tou #(Q) eivan Tpates TpooeTapioTIKAl, VG dWTIBETCYS
| «Oywois els Suvapwy émi ToU N Bev eivan, B1oT1

@x D) x3=(2)°=8 xai 2% (1% 3)=2
Snaodn (2% 1% 3 #2 % (1 % 3).

lii
):2

]

Fevikal mopetnpioels. M o, + o, * oy oupPoriloper 1o (o * a,) * &, fiTol
oy ko ok oy = (o) * 0p) * 0y ‘Opoleds Spilopev o * oy * oy * o, = (o * @ % o) * o, Kked yevi-
KEIG O K Gy % ..o KOy kO, = (&) %8 k... kA ) * @,

1. "Av f) mp&tis * elvon TpooeTecupioTikn  Suvdueba Ty, els TO O kO k Oy * O O
V& QUTIKATAOTHOWHEY OOUBNTOTE dadoyixd oToIXela W 16 dmotéheopa THs mwpdlews i
aUTév. OUT Y. o) % O * O % & ko, = (&) * & * @) * o * o = &y * (o * o) * Ok O
o k(@ * 0p ok Q) * ag.

2. "Av 1y Tp&lis * elvenr dvTipeTafeTikn kad TPOTETAPIOTIK, TOTE Suvdueda Y.
elg TO o) * 0y * 0 kO, ¥ Q¢
a) N& dvnpetalécwper 800 oiadjnete oroiyeia, Tly. T& BiaBoyika ay kol &, Bi16T1
Oy % O * G K O, K 0 = Gy % Oy (00 % O, o O = 0 % 0 (& % Og) oty = 0 o 1y o oty Ol K
Ta pn Sradoyika o, kai oy 81’ EmavnAeiupévns dvTipeTabéoews Sraboy k@ s Efis:
Oy 00y 4 OO % O, Oy = Oy % Oty OOy % O % Oy == O 0 % O % Gy kO, = O Kt % 0ty 4 O, K GG

B) N& dvrikatooThowuer ofadijmors oToixela pé To &moTéAeopa THs wpdltecos i
aTéy, Biomi Buvapeda TpdTor va T& KATAOTHoWREY BraBoyikd.

o b e e ‘ g v ~ 8 St b L
3. To a* «a g B YPAagouey ouvtdpows * Yo EiSikéds Td Vo xal Vo Tapi-
v QOPES

oTduey vTioToixws WE va kai oY, ATol +Y o = va kel Vo = V.

e - ; . . o
Ovditepov atoryelov mpatews. “Eore x piar mpatis eis 16 ouvorov E. “Ev
oTolyeiov wek kaheltan 0ddérepor arouyeion Tijc % TéTE Kad pdvoy TéTe, & loxun :

© WX = wi=ia - Fack,
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OUtw :
OQuUBétepov oroiyeiov Tiis + émi 100 R elvoa 16 0

» » ToU - émi ToUu R elven 18 1
» » s U Emi Tou 2(Q) elven TO O
» » THs N Eml ToU 2(Q) elven 1O Q.

To oUbérepov oroixeiov wmds mpdews elvon HOVOoudvTimg  GpIopEvo,
TMpdoynart & 1y mp&lis » Exn &vo oudtTepa oTolyETa TA @ Kod @', TETE &g fvds
HEV % w = ', 81011 TO w elven ouBeTepov  oToikeiov Tfis %, &’ Eépou &b
Wx W = w, 56T Kal 16 ' elvon 0UBETEPOY GTOIKETOV TS *. "Apa w = w'.

Zuppetpika otoryeia g npog npaliv. "ot # pia Tp&Lis els T E, 1) omola
Exel oUBkTepov gToIyETOV TS w. AUo oroixela &, B ToU E kahoUvtan oupperorcd
@5 Meos Ty % TOTE Kkai pdvov ToTE, &v loyum

= a*xP=px% a=w.
TO o Myeton 1éTe vupeTonor Tov P s agdc Ty * xal iooBlvauws T6 B Adyera
OVUUETOLOY ToD & g moog oy *. OUTw :

L. Zuppetpikdy ToU aeR s wpos Thy TpéoBeow elvan & dvriBetds Tou
—aeR.

2. "Av aeR — {0}, TOTE TO GUMPETPIKOV QUTOU cos Tpds TOU TTOAAG-

3 '

. P i 1
TAaoIooRoY elvar & duTioTpopds Tou ?ER— {0}.

3. Zunpetpiov fvds wh) kevol ouvdhou AEP(Q) s Tpds THY Bty Sty
Umrépyer. ‘Ouoics Stv Utrdpxel Kal CULKETPIKOY Evds yvnoiou Utroouvdhou Tou
Q 5 mpds Ty Topdy (Siaxtl;).

‘Opokov sroryeiov dg npoc mpitv. "Eorew # pia mwpéks émi toU E, “Ev
OTOIXelov o kaeltan duaddy T dxlomovjoywor és mods why * TéTe Kkai pdvov
ToTe, & B1&x kdde xeE kai yeE loyUow :

A¥ X=axy = X=y kol X*a=y*a = x=y,

OUteos das pos wév iy mpdobeaiv k&be aroiyeiov acR eiven Suaidy, cg
PO Bt Tov ToAAaTAGGIGSY K&bE oToryeiov acR — {0 } elven oucdodv, i
SvTiBéTws 16 0 Stv elven Spaidy, B16TL LY.

038 = 0ki5Eba8 =5,

‘Empepioniki npagis g npdg @rhny. "EoTtwoow BUo mpdters x ko émi
ToU aroy owdhou E. ‘H mpdkis # kaAeita EReotoTg 5 Tpog Ty ® TETE
Kai povov TéTe, dv Bid k&be ocF, PEE kol yeE ioyUouy :

B) o= P = v)=(a*xB) a(axy) xai (B = y)*-oc: B*a) = (y*q)_

Mopatipnorg. "Av 1) mpalis * elven dvTipetaletivg, TéTe Tpogawdds ioyve
‘O:*(IB s y)=(ax*P)s (a*y) <= (P "Y)*a=0P % )u (y * «
kai Emopéveos pia dvripetabetind pdkis * &l Tou E elval EMIPEPICTIKT o5 Trpos

™ p&ty = (¢l ToU E) ToTE kel pdvov ToTE, G
ax (Pwy)=(xx*p)w(x*y) ¥V aecE, BeE xai yeE.
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Olrw :

1. 'Emi tou R 6 mwoMhamhaciaouos elval émpepioTiky mpalis ds mwpds
TV Tpdobeoty, 51611 &’ tvos utv oUTos elvan dvmpetadeTikn mpdtis, &’ ETépou
8¢ ioyue

aB+y)=op+oay ¥V ocR, BeR kai yeR.

‘AvmiBéTwas 1) Trpdobeois Stv elvan ETINEPIOTIKT 5 TPOS TOY TOAAGTTAGGIGOUOY,
B16m 24+ (3-5) # 2+ 3) (24 5).

2. Emi ToU 2(Q) 1y tvawois elvon EmIMEPIOTIKN s Tpds THY Topmy, B1OTI
aUrtn elven dvtipeTaBeTikn kol ioyUEl

AUBAN = (AUB)N(AUD) ¥ AP(®), BEA(®) kal Fen(@),
‘Ouolws kol f| Toun elvar ETIEPIOTIKY @5 TTpos THY Evooty, BI16TI alTtn elvan
¢mions dvmipeTabeTinn kal loyuel

ANBUD) = (AnNB)U(ANM) V' AeP(Q), Be2(Q) xal Me2().

4.2 "Eforepikn npadig. Eis moAAds mepimThoEs Eyouey oUVVTHOEL «TTpd-
taigy ol Omoian ékTeAouvTon Emi oToixeiwy dvnkdvTwvy els BlagopeTikd oUvola
pé droTéAecHa Quiijkov eis TO Ev K TGV CUVOAWY ToUTwy, T1.x. TouTto oupPaivel
els TOV TOAAaTAGOICoUdY EVOs TOAVWULOU BTl fva &p1Budy, dmou TO dTroTé-
Aeopa glvan £rions v ToAudvupoy. Tés Tpdtels adTds, Tpos Biékpiow &mo Tag
TolUTas TS TpOnYyoUMEnS  Tapaypdgoy, dvoudloey  féwrenneic Tpatss.
*AkpiPéoTepov T Eworat Tfis étwTepikils mpdtews Spiletan s EEfis

“EoTwoav Yo un keva odvoda A xai E. Mia wovoorpovros dmeidviais
(owépTtnais) Tou A X E els 70 E xaheitan 8wTepuey moaic éni tob E wai
oupPolileTon ouvniBeos pé-. OUtw i WG ewTepikiis mpdlews - kdbe (eUyos
(Ax)EAXE dvmioToiyileTan els v kol povaSikov oToiyeiov veE, 1o &moiov ka-

fton &TOTEN fs (& A 4 e . g
AeiTan f)‘.‘ITOTE s‘crua TT]E (tEcoTepikfis) Tpdfecos Emi T ooiyeiov A, X kad
oupPolileTonr pe A - x, fTol

Vi e
Zuvnfoos -r,o cuu[?ok?u ; -rroqia?\emrrm, SnAadn ypdoousy Ax kol éwooupey A - X,
dx oupPaivel Bix kabe mpdtw cupBoMlopévny ut -

[opadeiypota :

1. ‘O moAAarmAaciaopds SleviopaTos Tou xwpou #mi TpaypaTikoy &pifpdv elven pia
gtwTepikt) wpdLis el THY Tepimreow, dmou A =R kai E elven 16 ovvohoy Gheov TG Biawu-
CUATWY TOU XCopou.

2. A=R, E= F(A, R) 10 olvolov EAwv Té&v TRAYUATIKGY ouvapTioewy pé TreBiov
opiopel T pn kevov ovvohov A, ‘H mpatis Tol Tolamiaotacyuoy ouvapTroews tmi &piBudy,
1 omoia &1 (A, £eR x F(A, R) dpileTan Umd ToU TUTTOU

g=Af <> g(x) =A(x) ¥ xeA
elvon Tpopavdds pic EEwTepikhy Tpdkis Eml Tol F(A, R).
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“Ag Becopfiocopey Bl ToU E éxTds Thg EleoTepikils mpdtews - kol piav fow-
Tepikiy TPAEW * . O& Aywuev 8T i fwTeon) moakic - elvar fmpeoioTiey OF
To0s T (fomteotny) mpdakny % TOTE xai pdvov TOTE, Qv ioyun

A(x % v) = (x) * (Ay) ¥ AeA, xcE xal yeE.

M.y. #mi ToU ouvdhou E Téw SiowuopdTwy Tou Ywpou opifovTal, @5 yvw-
oTév, BUo Tpdies, pia 2EwTepik, 6 moAAamiaciaguds (- ) SiawvopaTos ¢
TpayuaTikoy &pifpov kai pia towTtepikn, 7 mpdcbeos (+ ) SravuopdTwy,
81 Tag Smolas loyUel

—> =P o —_ — =
AV, V) =AV, + AV, ¥ AeR, VieE kai V,eE.
OUtes, 6 ToAamAaoiaouds dioviopatos Eml TpayuoTikoy dpifudy slvan émi-
vepioTikh Tpakis cos Tpds THY Tpoaleciv BicwuoudTwy TOU Ywpou.

5. IEOMOP®IZMOZL.

5.1 'H #vvoia tob icopoppiopod. Eidopev eis v § 2.2 Tou Kep. | 611 pia
Sugipovoonipavtos drmeikéviols (quvapTnois) [ évos un kevou ouvdiou A Emri Evos
&AAou érrions pf kevou cuvodou A’ Trapéyel THY elryépeiay &g’ Evds pEv va «peTa-
Baiveopevs &md €y oToryeiov XEA eis & dkpifdis aToixeiov x'€A’, &g’ £Tépou Bt
B1&x Tfis dvTioTpdpou 1 v «EmioTpEpwpers Ao TO X els T x. ToUTo Exel &tio-
T8 karaAAfAws, dTav T& ouvola A kal A’ elvan épwdiaopéva ué pdtes.

"Ag Secopriowpey Toopa 6Tt * elven pier (fowTepikn) mpdlis émi Tou A, ToTe
opiletan kod &l ToU A’ pia palig B G5 KATWTEPW !

= .
;,:,-r; Y
S

a « P :
i
'

= | [
v |
(oo R o] = % 5
BnAadny Bik TUYSYTO o, BT & A Gecopolpey T& dvTioToa o, B alT&Y év A Bid
Ths dvTioTpdgou [}, 6moTE TO dmoTéAeTPa Y TS wpatews * Emi TGV a, B dv-
TioToryifeton Bi Tiis § €ls 1O y'€A’, TO Omolov SpileTan g TO AmoTéheTua
Tis Tpdkews = émi TV o, P
ToAMGkis cupPadver ) palis w va elven dmlovoTépa Tiis * kol Ekpeta-
Aeudpevol ToUTo vt EkTeAOUPEY TNV * Eupécws B1d Tfis & o5 KOTWTEPW :
a x p =Y
| A
=
a " B' = Y' [
Bnhadi eUpiokoper Tp&TOY TA duTioTorKx oToixelx o, B’ v A’ v «, B &
s [ kai droAoUbws TO dmoTéAeopa y' Thg = £l ToUTwY, dTdTe TO dutioToryov
ToU ¥’ B Tijs dvTioTpdgou [ elvan TO dmoTédecua y Tiis * Eml TEW q, P
vV HndEVIKG
Olrw m.x. &v A elvan 1O ouvorov TG &piBuddy Tiis popefis 1 00. .. 0 u¢
Tpakv Tov ToAAamAaoicopdy kai A' = N, ToTE
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5 undevika 4 pndevika 9 pndevika

e, —— —
100000 - 10000 1 000000000
|t i P11
5 + 4 = 9
’Ex T&Y dvwTépw &ydpeda els TO vd Shawpey TOV dplopdy :
"Eotwoav SUo uf kevd ouvoha E kai E émi Tév dmoicv Becopotpev &t
oTolyws Tds (BowTepikds) wpdlels * kal =, Mia dpgiuovoonucvTos dmeikdviol
[ Tou E émi ToUu E' xeAelton lgopoppiopos &s mpos tac maodfeg % xai m TOT

Kol povov ToTE, &v loyum
f(x * y) =1(x) = f(y) ¥ xeE kai yeE.
"Av Utrapyn els oopopgiopds ToU E émi ToU B, d dvwtépeo, ToTE T& 0U
voha E kai E' kodoUvtan ioduooga ds moos tas mpdéec % xal w.

Mapadeiypata :

k. E=R" 16 olvohov 1w Betik@dv &piBucv pi mwpdEtw -,
E'=R 76 ololov Tév mpaypaTikidy &pifpdv pi Tp&Ew -+,

f = Aoy (O Bexadikds AoydpiBuos) : R*ax -L AoyxeR.
‘H [ = Aoy elvar, 65 yveoTéy, GueiHovooiuartos &meikévors Tou R+ &l ToU R kel péh
ata loyUe
Aoy (xy) = Aoyx + hoyy,
BnAabn & Aoy eivan els loopoppiopds s pos Tas mpdiers - kad - .
Olrw Bi& Tov Urohoyiopdy Tou yivopivou off 8vo Betikidy dp1Bucv Epyaldueda s Efg

a B = aoff
A& yphioews Aoyopifuikddv mvdkwy — — ——>Y| — e
Roya + AoyB = Roy(e),

SnAadn Ev ywouevov eupickeTan 81 &mAfis TpooBégecs.

‘Ouoiess, émeibiy & Aoy elvan érmions els igopopgionds g Tpds Tés Mpdlels : Kl -
(Brariz ), v mnhikov ebpiokeTan 81 &mAfs dpapéoecs.

Ta dvwtépw éinyoly Tiv elputdtny Xpfiow els Thy TPAKTIKAY TGv AoyapiBuikdy -
vakwy Kkai Tou Aoyapifuikou xavévos.

2. E=( 715 obvohov T@v miyoBikédy dpibudy pi &t 4
E': 16 olUvorov TGV BiawwopdTwy ToU Emimibou T&y ¢

O Tédv dbtdvewv pt mpdliv -,
f:C€—E && 7fs émolas dvriotoryov Tou Hryadikou &pibucl « + Bi eivan To Bid

EXOVTOV dpyfiv THY &py

—
vuopa OV pé guvtetaypévas o, .

BB,
Byt

By
0
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‘H f elvan €ls ioopopgionss s wpds Tas mpdkers Tis mpoodéoews wryaBikdv &piBudv kol
THs mpooBéoews SravuoudTwr (SiaTi;).

5.2 Baowa OBeopipata ini tdv icopoppiopdv. "Av [ elvan els ioopoppiouos
ToU E émi ToU E' ds mpds Tas mpdles * koi w, TdTe loyuour T& drorouba
BecopriuaTa :

5.2.1. N 1Y, dvrioroopos wic f, elvar els loopoopioude vod B éni tob
E dig npos tac mpdter: m xal % .
Mpdypari 1) 171, s dvTioTpogos dupipuovoonudvtou deikovicecs, elveal
pio dugipovoohpovTos dmekdvicts (ouvdpTtnois) Tol E' émi tou E (MppA. § 2.2
ToU Keg. [). "Av Topa x' kai ¥’ elven TuydvTa oToryeia ToU E°, TéTE TaUTa Si&
Ths owapTtioews [} dvmioTorkifovten dvmioToixws eis T& oToixela X kad y
ToU E, fjTo1
X =["1(x") ked y=1"'(y") 7 IlooBuvdpws: x'=((x) kai y' = I(y).
‘Emoutvess, émaidn # [ elvon els icopopiopds s pos Tag mpdkels ¥ kol w0
Ex ey
Xy =100 = [(y) = I(x % y),
dpa kel
1x" = y) =10 % y)) =x » y = 1-1(x") * {13,
nTo1L
f=lie” o ) =N (e L) e R kel EED,
SnAad) 1) [ efvan €ls icopop@iouds Tol E’ émi Tol E dos mpds Tég wpdlers = ko % .

§.2.2 "l noati % éni 100 E elvar dvripetaletixn téte =al udvov tite, dv
1) Apakic w énd tod B elvar dvtiperalietin).

Mpdyuar dpkel va Beifwpey 6T f dvmipetaBeTikdTns THs * ouverdyeTan
T dvTipete@eTikdTNTG THs =, 810T1 TO duTioTpopov TEOKUTITEL TOTE Ek ToU-
TOU kel Tou yeyovoTos OTI, Buvduel Tou Tpomyouvuévoy fewpripatos 5.2.1, 1
! €lven émions icouopeiouds.

"Eotwoav Aormov SUo TuyovTa otoixeia X' kal y' Tou E'. Talta Si& Tiig
f=1 dvTioToryilovton dvTioToiyws eis T& oTorkeia x kal y ToU E, fiTol

x=["(x) ket y=I["Y(y") 7| iooduvducws : x' = I(x) kai y' = {(y),
OTéTe, Emaidn 7 [ elvon els icopopeiouds ds Tpos Tas Tpdlels ¥ ko m, O Excopey

X' wy =1(x) = f(y) = I(x % y). SGME TN
; sl ol S , 5 St [aS A
ANNG, Aoyw kal Tiis dvTiweTabBeTikéTNTOS THS * ioxUer e )

I(x » Y)=1fy » x)=Iy) n {(x) =y = x". !\_}

o)

At x'ny' =y nx' ¥ x'eE kal y'eE’, \o/zf
<

SnAa®ty kai 1) Trpdtis  elvon GuTIwETOBETIKT. il

5.2.3 "H mgakic * éxl 1ot B elvar wosetaipiotin) tite xai udvor ToTe,

WYngiomoOnke amod 1o ivotirouto EknmaiSeuTikrg MoAmkrg 31



dv 1) apdbic w gni tob B elvar moooetawpioTin).

Tpdoypary i Tov altdv Adyov, dx kal els 1O Tponyolpevor Oecopnpe,
&prel va &rodeifwpey 8T1 1) TpooETAIPIOTIKGTNS THS * CUVETTAYETQL THY TrpogE-
TAIPICTIKOTNTA ThS = .

"EcTwoar Acimdv TuxdvTa oToixeia X', v’ kad z' Tou E'. TaUta S1& THs
"1 avmioToikilovten dvmioToiyws els T& oToIXElX X, ¥ Kedd z TOU E, fiTol

x =[x, y =1y xad z = {-1(z")
7 ioobuvdpws :
x'=1(x), vy =1@) xai z' = {(z),
omde, emeidn ) 1 elve els ioopopeionds d pds TS Tpdteis % ki = , B4 Excopev
(' =y w2 = (100 « () » [(2) = I(x % ¥) = f(z) = f((x # y) * 2).
"ANAG, MOy kol THS TPOCETAIPIOTIKGTNTOS Tfis * | loyve
(Gxy) % ) =1Ix % (y % 2))=10) « (y * 2) = (x)  (I(y) = () =
=x'n (\' L] Z‘). ”APC(
(X' wy)mz'=x"w(y az) ¥V x€F, yeE xal 2k,
BnAadm xal 1) wpals = eiveanl TpooeTapoTIKT.
5.2.4 "Av 4 moafis % éni vot E Fyer oddéregor oToryelov TO W, ToTE XAl
0 modfs w €l tov E' Eyer 0ddétepov otoryeion T4 () = w'eE’

Mpdynoar foTw X' TUYOV oToIXEiov ToU E' ked forey x TO dvTicToi oV
abTou &1 s [, fiTol x = [1(x") § iooduvdpws x' — [(x). ’Emeidny 16 w eivan
oudétepov oToryelov Tis * O& loylouv

Wx X=X Kal X% w=x,
omoTe, Aoy ToU &1 ) [ elven els ioouopplopds d PO Tas Trpddels % Kol m
O Eyouev &’ fvds pév
X' =1(x) = f(w* x) = f(w) = I(x) = () = X5

&’ éTépou Ok
, X =100 = (% % @) =1() = f() = x" n f(c0),
TTOl1

f()ax'=%" wod x'= (w) =x' ¥ x'eE’,
SnAadn 1o w' = f(w) elvon oUBTepov oToryeiow Ths TpdEscs w,

6. OMAEL.

6.1 "H Evvown tijg dpadog. MapeTnpiioapey fi8n &1 mpdters & {bueven €l
B1aQOpETIKE TUVOAR EXOUV Kowds 181N Tag X T Tpdobeois € -E‘: l: s
Toun els TO P(Q) elvan mpdters STipeTaBeTIKG, “POGETcnplngmsi i Kc);a'f]
Tepov oToixelov KA. TO awdpevov Tolto elvan oUvnBes elc Tc'x' r\:XOBW ov E:
kal ©dnynoev els Ty karédrativ To10UTwY ouvdiwy (eicFa cx!Ti,uG-an(
Tpdels wE kowds 1810TnTaS) els KaTTyoplag wi iﬁlm-répqv C’Jvouaciq:x opifovtan
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"Ectwoay &v pn xevdv olvorov E kal » piet (Bowrepikn) mpélis &l TouTou.
To E kedelton dudc s moos Ty medlw * TOTE Kol povov ToTE, Qv

(T 4 7edks % elvar TPOGETALOIGTIHI]

(0) 1] modkig % éyew oddéreoor atoryeior weE

(2) wdfle ororyetor o0 E Exer qvpuetooy a5 woos T *

“Av Ty Tpdlis % elven i Thkoy kel dvTipetadeTik, TOTE fy Opas E kadelTan,
eibikoTepoy, drriuetaleTod) Guas €5 TPos THy WPESEW .

Hepatypijosic :
1. T6 ofdérepor aroggeior o 1is % evar povadizor (TTpPA. § 4.1).

2. 10 ovppetowor Togovros otorzelon €k 05 moos iy % elvan éxions povadodr. Tlod-
Yo Gv B ked Y elvon GUPPETPIKA TOU & G TRos T &, TOTE Ba Exwpey
a*P=Pra=ow kal axy=y*ra=w,
oméTe, tMEldY f % elvan TrpooETaIpIaTIKT, f& Excoper kal
p=Prxw=P*(axy)=Pra)xy=wxy=y.

A
To povabikdy cuppeTpikdy ToU a Gf Tpds THY * TapioTduer ouvndus pé o.

IMopadsiypata :

1. To oWvolov Z Tév dxepaiwy eivan ouds cs mpos Ty mwpdoleow, 816T :

(Ma+@+y)=(+B)+r ¥ oeZ, PeZ xal yeZ (WposeTaIPIOTIKOTNS),

() a+0=0+a=a ¥ aeZ, dnhabn 10 0 (0eZ) eiven oUbétepov oToryeiov Tiis
Tpoobéoews.

(3) a+ (—a) =0 ¥ aeZ, Sniadn kd&be &xépoios o Exel OUPPETPIKOV o5 TPoS THY
Tpooheow Tov émions Sxépoiov — o

*AvTiBéTeos To ouvohov Z Siv elvan duag s Tpos Tov mohhamhaciacudy, SioTi, dv kel
6 ToAhamhagiacuds slvan TpooeTauplaoTIkGS Kol Exel oUBETepov oToiyeTov T 1 (1€Z), v ToU-
Tows KkéBe dxépaios, Sidgopos TGV — 1 kal 1, Bév Exel ouppeTpikdY G5 TTpos TOV TOAAaTAQCIG-
oudv & Z (Siari;).

2. To oUvohov A Téw &pTicov dkepaiwv eiven Suas os Tpos TH Tpoodeaw, S16T f wpodo-
Beots elvcn TpooeTaIpIOTIKT, EXEl OUBETEPOV OTOIXEIOV 10 0 (0eA) xai kade &ptioy a Eyer
SuppeTpIKOY (o5 Trpds THY Tpdobeow Tov Emions &pTiov — a.

*AvTiIBETws TO aUvohov A TéY dpTicwy Bty elvan dpas s Tpds TOV ToAAaTAaciaouov,
86T Biv Umépyer oUbiTepov oToIyEioy TOU ToAhaTAaclaopoU Ev A (BiaTi;).

3. To olvohov Q Té&v pnTdy &piBudv elvon Spds ds mpds THY Tpodobeow, S16TI fy Tps-
afeois elvan TpooeTaIPIOTIKT, EXE oUBétepov oTorxeiov 1O 0 (0eQ) xai kdfe pnTos a Eye
OuppeTpikdy g Tpds THY Tpdodeow Tov Emions pnToV —a.

"Evriong 10 oUvohov Q7 =Q — {0} Tév pnrdv apiBpdy Ty Srapdpwy Tou 0 eiven
dpds g Tpos Tov ToAAaTAadiacudy, 819Ti 6 ToAMaTAACIAoPds VAl TTPOTETXIPICTIKSS,
Exe1 oUbETepov oToryeiov To 1 (1€Q ") xai kafe pnTos o # 0 Exel ouppeTPIKOY S TTEdS TOV TTOA-

il
AamAaciaopovy Tov Ewions pnTOV = £ 0.

4. To gUvohov R Téw TparypaTik@y &pmBuddv elvar dpag dog mpos Ty mpoabdeaiv. ‘Ouoiws
TO oUvorov R*“= R - {0} elven opas Qs TTpoS TOV TOAAGTTAQTIGTHAOY.
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5. "Eotwoav E= {0, 1,2} kel * pia mwpakis dpilopévn Omd Tol mivaxos :

A O] 2

O] (SRS ) 0% 0=0 1%0=1, 2% 0=2
= — Bnhabd Q% l=1, 1'%1'=2 2:%1=0
i W Rl T R

Edxéhess mpokiumrer émi fi mpdtis * elvon mpoceTanpioTind,  Eyer oUBETepov aToryeiov TO 0
kol 6T1 T oToryela 1 kad 2 elvon oUBPETPIKA G5 TTPOS THY * , BnAadf 611 6 cUvodov E eivan
opag s Tpés THY Tpatv * .

TéAos mapatnpoluey 871 SAa T& &vwTépw Topadeiypata dudbwy dmoTeholy dvTi-
veTabeTikag opadas (SiaTi;).

6.2 Buowka Ocopipare &éni t@v opadov. "Av E elpen pia duas pe mpalv
* , TOTe ioyUour Ta dxolouba BewpruaTa :
6.2.1 Kdafle aroryeiov ocE efvar AT loaou]a oy (Gualiv).
4 ¢ = i . . s W iy " A
Tpdoypars &v o+ X =ax v, TOTE, ¢medn Umdpyer 1o CUUHETPIKOV o TOU
o o5 Tpds ThY ¥, O& Excopey
A A
ax {ax X)) =oa % (CEBY)
kot Adyw Tiis EmiuepIoTIKOTNTOS Ths Tpddecos «,
Eexx=@ErDHy A Orx=wry § xeow
“Qote Beixfn O ax X =ax ¥ =X =y. ‘Opolws &mobevietar xai &1

X% Q=yx* a >X=y. "Apx To oToixeiov a elven amAomooipoy

6.2.2 "Av o, B elvat Toxdvra atoryeia év E, tdre vdooy i 8 lommis X * B=a
Hoov xal J;' ;'.;'-‘!’rrffm‘r:; ﬂ *X = O ef";:&'f ‘Hl'm' ’.'.'f)]‘f[f)f;{f:ip }_,’.n-”, é&v E. !
Mpaypar (i) x* P=a <= (x % B)* P=ax B, &iom 1O B kaTd TO
TtponyoUpevor Becopnua 6.2.1 eivan &mAomoiaipoy. AN, Aoy THg TPOTETAL-
proTikéTnTOs THS ¥, (X% )% P=X%x B B)=xx cy—x. "Apa
X % [3:0( < X=0x I3
“s < i’ o A A
(ii) Ouoles: Prx =o <> Bx (B* X)=P % o < (B e é‘* b

~
S w*X=P% a <> x=Px a

PRl Bl A S p 3
6 ? £y @, p ”/':w nf”'r:\‘ otorgeia &v B, tdre 10 TOHUETOU0Y ToD O * B
ehvar 76 B ¥ a, fjTor okP —Ri& o
. © NS fi : = iy e b
I'[pcxylicxﬂh oyw Tiis 'ITp?GET('f\IpiO’TlKOTT}TOg Trlf *, loxUel &g’ Evos piv
(ax P)x Bx)=cax Bx Bxa))=ax ((BxP) x G e e

= & % a=w, &p ETépou B¢,
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(%f&)* (% B)=Px (@x (ax P =P *((a% Q)% P) = P (wx P) =
=P xB=cw. "Apa
oxp =P x o

lMevikarTepov, &v ay, o, . . . ,& vl TUXOVTa oToryeia & E, TéTe 1O ouppe-
. = » ~ ~ A A
TPIKOV TOU O % O, % ... % Oy % Ov EIVOD TO Qy * g % oo ¥ Oy ¥ G

buvspeda Toopa, TH Ponbeia Tou Bewpnuatos 6.2.2, v dpicwpey émi Tou

E kol piov mpativ «OUPPETPIKTIYY TTIS % S1& T1js Omoias clg kdde leuyos (o, B)
QUTlUTOlegsTC(l 7 uovadikn ?\uols T éiiooews X * p=a, dnAadbn TO oTOI-

Xelov o % [3 ToutéoTiv: ) mpalis  émi ToU E oplgsTou UTrd ToU TUTTOU
o B=o B.

Thv wp&liv » wds opddos E ouyva oupPoriloper pé -+ kal THY kKohoUpey
avdafieay T pé - ked THY kKeAoUpey mollamiaciacudy. ToTe ouuPohilopey duTi-
oToiyxas
TO  oUdéTepov oTOIYEIOV i 0 (uigoir) il 1 (uovag)

. . - s E = o ) 3 : -
TO ouppeTpikdy ToU a P& — o (arrifieTor Tod @) — kala ! (briaroogor tof a)
~
TN ouppeTpikny TP&EW * pé  — (agalosois) 1 s (daloeais).

6.2.4 Lic pioy dudda E pf aodio + af - doydovr, dytigrolyes, o wdle
ocE, BeE ui yeE ra xareln :

L@+p)+y=a+P+Yy) L' (aB)y = «(By)

2. a+0=04+a=a 2 ol =la=a«

3ot (-a)=0 3.'(}%:1

4-—(-‘*6):0{ 4’ }," ;—:u

o) 5 =1

6. c—B=a+(-P) e P = é

L@t P =P+ D=-p-al g=0 =1 :a

8 —@-p)=-la+(Pl=  gg=—r= y=Pi=bu
=B+ () =p+(-a)=p-« e

S y+@—PB)=y+la+(-p)= 9 y(a:ﬁ):y(a-é):(yq)%:
=(ya) = B Sty e =(yo): p
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Wy—G+P=y+[-@+p]= 10 y: (B =y =

=Y +[EB+a]= =v(z +)
—+EBHCd=-B-a  =(yL)l-p:pia

1. y—(a—P)=y+ P—a) = oy («:B)=yPBra)=Pp) :«
=y + B~

7+ AAKTYALOS

7.1 'H Evvowe 1ol daxtvkiovn. "Eotwoav E & pn kevdv oUvolov kel #, =

’

' I 3.y ¥ A 0 - ‘- - 1 \ s

5UC‘J ﬂ'poc,Eetg &nl TouToy, To ouu??\ov _E KOAETTA duxTiiiog dig mpic Tas modleis *
xal w TOTe kai puévov T6Te, &v 16 E elvon dvryueralerin) Guag dic 200¢ T oAk
* kai émi mAéov 1) mpdlis = elvon mooceTatpoTi) kal EmpEntaTee g oS

i - i <

THY *.

"As oupPBolicwper, s oumbas, Tds Tpdtes * Kol e ué + kai . &TioTol-
xws, OwdTe eis Evar BakTUAlor E (ds wpos Tas mpdters 4 kel - ) E1& ke «, P ka
Y loyvouy :

(A) at+p=p+a e

m (t+tp+y=c+PE+v) a(By) = (ap)y

©) a+0=04+a=a Ayl

0y at+(—0)=(-)+a=0 = = T

AP +y)=0of + ay
(B + y)a=pa + yu
"Av 1) mpdtis - elven émions dvtipeTadeTikd, ToTe & BakTUAos E kadeltan
vripeTalletinds daxtidiog @S TPos Tas TpPdlels + kai . . ‘O Spie|ide ol Do
K’TUN‘OU Bev d-rr:cn-rsi -rnv G"]T:Ipilv OG§ETEIPOU oToIxeiou Tis TpdEecs - (uovados),
ely 05 TEpiTTTChoEls Sws, Bmou molTo Umdpxe Aéyouss &mi 4 dawrddioc E et
[ovaoa.

Mapadeiypora :

1. Té olvohov A Tév dpTiwv dkepaiwy eiven QvTipeTaeTikds BakTUAIos dog Tpds THY
Tpoobeav kal Tov ToAAaTAaOIaouOY (Xwpis Hovada), §i1dTi &g’ tuds pév, o eiBopey €lg TO
Toap&baypa 2 Tis § 6.1, T6 A elvar pic dVTIuETC!eETIKf] duas g Tpos ThHY Trpdofecy
Go’ éTépou B& O ToAAamAaoiaopds elven, s YvwoTov, GuTipeTafeTIKGS, )

g : ; (o ] : d TPOTETAIPIOTIKSS
kol émi wAov ETIMEPIOTIKOS 5 Trpds T Tpdobeaiv.

2. To oUvohov Z Tév dxepaicov &piBudv elvan QvTipeTaleTik
"pégaegju kol Tov ToAAaTmAaoiaouoy kai pdAioTa pi uovdda, Bi1om &’ Evds pév, s eidoper
els o Tapdderypa 1 Tis § 6.1 10 Z elven GuTipeTaBeTIK Guds dog TPOS THY ':'nceemv ag’
Etépou Bt & wohhaAoiaopds, & birolos Exer olBétepoy aToyeiov Tov &pifudy lp(iez) e'ivaq:
s yvwoTov, &vTipeTabeTikds, TpooeTaiploTikGs Kai i TAde : :
mpocheaiv,

05 SakTUhios s Tpds THY

vV ETIUEPIOTIKGS g Tpos THY
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3. ‘Opolws T& cUvoha Q Tév pnTdv kai R Tév mpayuatikédy dp1Buddy eivan GuTipe-
TafeTikol BaxTUMot d Tpoés Tas mpates Tis Tpoohioews kol ToU ToARamAaciaguoU kol pa-
MoTa &pedTEpOr EYouv povdde.

7.2 Bacwkd Ocopipate ini 1@v daxtuiimv. "Av E elvon els SoxTUMos g
Tpos Tés Tpdkas 4 kal -, TOTE, EkTOs TG BewpnuaTwv Ths § 6.2 TV dpopv-
Twv el THY aodelear, ioyuow kol T kaTwd

1. o0 = 0a =0,
Siori: afp+0)=op+ ol <> afp=op+al = a0=0
(B + O)a = Pa + 0o = poa=pa -+ Oa = Oo=0.

2. o(—PB) = (—)p =— (ap), 7
Sidti: 0=a0=al[P+ (—P) ] = 0=af+a(—p) = of—p)=—(ap)
0= 0p—fatC]B <=0=0p+(a)p = (—a)p=n—(aP).
3 aB-y)=op—ay xa (Pp—y)a=pa—yq
Siomi: aB-y)=ca[p+ Y ]=B+al-y)=ep+ (o) =cp —ay
®—yya— (B + () o= P+ (= y)a = e+ (~ yo) = Pa — yo.
4 (i e I Bk Bk < D =
:QIIBI -}- a]ﬁ._,—f' —‘—Glﬁ, “1"03[314“3‘352":‘ ] ST C’%B'\'“{‘ 28 Ak
LBy ot o e T P
5. 7 \y ¢ duxridog E eivar dvrperaletinds, tote loyder xai 6 1dmog Tod
dwvduov, 1ot
(a+pyr=
=+ (] )ep + (5 )P F (Jo)opr2 () JoBr ot 4 pr =

=" b= U(UEI_) fo A ‘2&2 s O ‘igv_z_l)aﬂﬁ\!—ﬂ + Udﬁ""] e B\- 1

8 TOMA

8.1 'H fvvola tob copatec. “Eotw E els avriperafietizog daxtidiog &g
mpds Tas mpdkers + ko . ‘O dakTUAIOS E xohelton odua é¢ moog g modfelg
i - ToTE KO povoy TOTE, &y TO olvorov E* = E — {0} elvan (dvmineTaBeTikn)
Sudss 65 pos THY Tpdtw -, omoTe €ls Ev odua E Bia kdbe o, P kai y foxvouy :

A) a+p=p+o ap = Pa

M (@+P+y=c+@+7)| @By =c@y)

((®))] a+0=0+a=a al = lao=1o

) at+(—)=()+a=0 gat=ola=1, &« £0

o +Y) = o + a.

“Oha Té& G Tépod efvan GUETOL CUVETTEIOL TOU OPITHOU ToU omUaTos TANY

s al = la =, f Swoia kard TOV oploudy ToU odpaTos ioxer pévov Bik
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acE*, nhadn Bia o # 0. AmoBevieton Spes o7 loyler ki 0-1=1-0=0,
S19m S1& a # 0 (.. b5 o duvdpeba va Aapwpey 10 1 o’ Soov 1E*, fiTor
1 # 0) éxopev :
0-l=@—-o)l=al—al=a—-a=0
1'0=lc—a)=la—la=a—a=0.

TMaopadeiypata :

1.Té oUvorov Q Tév pnTdv &pifudy elvat o@ua @5 TPos THY Tpdofeaw kal TOV TOA-
AaTrAaoiaoudy, 510T1 &g’ Evos pEV KOTX 16 Tapdderypa 3 Tiis § 7.1 eivan dvmipeTaBeTikos Sa-
®TUMOG G Tpos THY Tpoobeaw kol TOV ToAATTAGOIao ROy, dg’ ETépou BE kaTd TO TrapddEl-
yoa 3 Tis § 6.1 16 auvorey Q* =Q — {0} elvon Ouas dos TPos TV TOARQTAGTIAOTHOY.

2. ‘Opoiws T& gUvohov R Tdv TpaYHaTIKGY &pBudv elvan odpa ds Tpods THY Tpoa-
Gegv ki Tov ToAAaTAaciaapoy (SiaTi;).

3. To olvohoy Z Tév dkepaicov &piBudv Biv elvon odua (G5 wpos TiHv mpodoleow kai
—ov oM aTAaoiaousy), 81611, &v kal To Z elvar dvmipetabeTikds SaxtUhios. Tapdderypa
1 this § 6.1), 10 Z"=Z— {0} biv elven pds ds mpds Tov ToMarrhaciaoudy kal’ doov
Biv Utrapyel, v yével, O QUTIOTPCPOS tvog &kepaiou &v Z .. ToU 2.

8.2 Boowka Osopipote imi 1OV copdrov. "Av E elven fv ofdpa og mpos
T mpdkels 4 kol -, TéTE foyUouy T& KATwOL :

1. “Ola 7o Oewolfjuara tob daxtviiov ag mpos tag modéeg + xal - (§7.2).

S Ot ot o e Dt i et e (R6.2) jub e gt
adbecy dre T aroizeia avijovy eig 1o E¥ = E — {0}, dnlady) civar 0.

3p=0 < a=07 p=0.

Mpsywer: (i) ap=0 = a=0 A B=0, Biom1 &’ tvds pv

(@B=0 kaia #0) = —(aB)=0 = (+-a)p=0=1p=0 = B=0,

&’ ttépou Bt (P =0 xai p #0) = a=0 (dari;).
(i) (@=0H p=0) =ap=0,
sivmi: a=0=ap=0p=0
p=0=0f=a0=0.

8.3 Awatetaypévov odpe. “Eotwoav 10 odua R Tév mpaypoTikév &pif-
uéw (dos Tpos Tas Tp&les Tiis Tpoobéoews kol ToU moAAamAaciaopol) kol
10 Umoouvordy Tou Rt Tdv BeTikddv mpoaypoTik®dv épifudv. Qs yvwoTdw
ioyUouwy :

(i) e kéde xeR loyvel drpiPdds pia &k TGV k&Twd cuvbnkdy :

x=0 A4 xeR* f§ —xeR+
(ii) xeR+ ‘
yeR*+ } > (x + y)eR* kai (xy)eRH,
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Bnhedh TO R+ elvon KAeigTOw G05 TPOS THy Trpoofeow kal TOV TOAAATTACC 10T POV,
Scoparo pE Tas dveTépw iB10TNTOS ToU owpaTos R Tév TpayuaTikéy &pi-
Budsv yapakTnpilovtal &1 Tou Opou Srareraypiva adpara, AxpiBécTepoy
oo E (s Trpos Tas mpdles + kol ) kaheiTal Ghirie  daretayufvoy T kol
&TAGS datetaypdvoy TOTE Kal povoy TOTE, &v Umdpyn Ev Umoouvorov EF Tou-
Tou TOWOUTOV, CdoTe v& loyuowv :
() Midx kéBe xcE loyer dxpifdds pia ¢k TGV kaTwl cuvlnkdy :
x=0 7 xeE+ @ —xek*
(i) xeE '
_ } - (x + V)EE" wai (x)eE!
veE
Té& oToyela ToU B xeholvron fetixa ototyeia ToU SlaTETay VoY O0-
uaros E o 88 GutifeTar ToUTGOV doryTesd.
[upadsiypo @ *Exrés Tou oduaros R Tév TpaypaTikéy &pbudv kal TO odux
Q Tév pnTav dpifipdv eivan BrateTaypbvoy, 516T Bid TO UTroouvohdy Tou QF TGV feTikdv
prTéw igyuouy :
(i) A& kéde pTov dprbuov X loyver axpipdds pic ik Ty kaTwh ouvbnkdv
x=0 f xeQt' f -xeQ!
(it) xeQ’ }

o (x + YEQ" Kai (xy)eQ".

Avdtadle Kol Stutetaypévoy sopa. "Av v odua E elva BraTeTary pévoy e
cUvohov BeTikGy aTolxelwy To EY, ToTE OpileTan elg TO E kai pia 6hikn Sidratig
2 8i1& Tou TUTTOU :

=y <> (y—x)eE"=E'u{0 Fi
[Tp&rypatt:
(A) X -2 x, &6 (x —x) = 0ek,".
(A—3) "Av x 2y kal v = X, TOTE X =Y,
Biom, & x #v, Tote [(y —¥)EE, ket (x—y)eE,t] = [(y—0)ekt kal
(x —y)eE" ], To omolov gutikertar el Thy ouBrkny (i) ToU SiaTETaypEvoy G-
peTos.

(M) "Av x == y kol ¥ =7, ToTE Ko X = %,

Bi6T1 &g’ Evos v Bl X =¥ f v = 2z TOUTO Eivau Tpogaves, &’ ETépou B Bick
X #y Kkal y # % £ OMeY

(e el et @ = [y DR Bl g)eE ],
TO drroiov, ANoyw Tis ouvBnxng (ii) ToU BiaTeTorypEVOU CWHOTOS, TUVETTAYETAI
8T (y —x) + (z—y) = (z—x)eE*, &pa kal (2~ x)eE, ', BnAadn x =< z.

Eic 16 Bieeretaryuévov o®ua R Tév TparypaTikdy dpifudy .y, N Siaratis
< OpileTon YO TOU TUTIOU !

<y <> (y—0eR,",

9%, YYMIAHPOMATIKAL ENNOIAI KAl EOAPMOTAL

9.1 "0 HaKTHRIOC TOV TPUYRATIKOV GUVEPTIGEOV. *Eotw #F = F(A, R)
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6 oUvohor BAwv TEV TPAYUOTIKGY CUVOPTNCEWY UE KOwov Tediov Oplauou
v uf kevov ouvorov A. "Av o elvar els mpaypaTikds dpifuds, TéTe TV ouvdpTn-
gw, 7 omola &meikovilel kéBe xcA eis Tov apiudy o, cuuPolifoper TEAW pé o
kad Aéyouey, Tpos Bidkpiow &md Tou dpifuolU a, i otalleva cvvdptyorg a (i
ToU A). OUTw T.X. ypdpovtes SEF évwoolper &Ti M) oTafepd ouvdptnals 5 (émi
Tou A) dunkel elg TO oUvohov F.
O& oplocoper kaTwTépw Ml Tou F Blo (fowTepikds) Tpdtes, THY TRoOC-
Beoiv kal TOV TTOAMQTTACCIGCUOV.
Mpoabearg. "Av | kol g elven BUo TuydvTa oTorgeia ToU #, dnhabn &Uo
ouvapThoEls, TOTE S1& Tou TUTOU :
s(x) = 1(x) + g(x)
dpileTon pict véor TpatypoTikd) owvdpTnols s pe mediov dpigpol To A, Bniedih
se#. Tiyv cuvdpTtnoy aUTHV xohoupey dllootoua 1Y I kad ¢ kal THY cupPori-
lopsv pt f+ g, fAiTor s =1+ g
‘H olreos dpiobeion &mi ToU F mpdbis 4 Tfs Tpoobigecs wANpoT T& Ké-
Tobh :
1. Ehvar avriperaletoa], Bi1611, dv 8" =g + I, TéTe B& elvan
s(x) = I(x) + g(x) = g(x) + [(x) = s'(x) ¥ xeA,
*Apa s = s', BnAadn
(A) f+g=g+T
2. Elvar moooetapiotizy, 81071, Gvs =+ @) + h kel &' =+ (g + h),
ToTe O elvan
s(x) = (4 g)(x) + h(x) = (Ix) + g(x)) + h(x) = I(x) + (g(x) + h(x))
= [(x) + (g + h)(x) =s'(x) W xeA.
"Apa s = &', BnAadi
(1) (T+g +h=r1+4 (g+h)
3. Yadoyer ovdérepor aroryeiov Tijg mpoalévens xal eivar Toito i orabeod
ovvdpryos O (éxi Tot A), 81671
F+0x) =1(x)+0=1I(x) ¥ xeA,
&po, Aoyw kal THs dvTipeTaBeTiOTNTOS Tiis TpooBioecas,
(®)) f+0=0+1=1f ¥ fez.

: e mj.m fef«‘ bdoyer dvrilieros  auvdotyeg -1 (GvppeTooy aroryeion
ijg [ ¢ moos Ty medoleow) xal elvar ality i) cvvdotyos, % ool 16 XA dvri-
otoy(ler eig to —I(X), dnlads)

=DE) =—Ix) ¥ xeA.

Mp&ypatt:

1) + (= D) = 1) + (= 1) ) = ((x) = [() =0 ¥ xeA
&pa, Adyw kol Ths dvTipeTaleTIkOTNTOS TS Tpooficews,
() lp(=i= D=0, Yilc#,

1
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"Ex Téw dvewTépe ouvdyetal Aormov 671 (TIpPA. § 6.1): 16 advolov F Ghew
TOY TOUYUATIHOY EVAOTIOEOY ui zowoy aedioy Gotopol v alfvoiov A elvar pia

avripetalletiz) dudg &g moos Ty acifn + s aooliaes.

Moihamhactaspos. Opolcs dpilopsy 10 puduevor Tis ouvapThotws [€F
gl T, oudpTNoW gEF, G5 TV ourdpTnov p THy dpifopévny UTTO TOU TUTTOU!

p(x) = () - e(x).
Tatny ouuPorilopey pé f- g, fitoi p=1-g.

‘H olitws dpiobeioa &mi Tou # wpdlis . ToU moliamiactacuod elval, s
eUKOAWS CUVAYETEL, @TieTalleTixn, TooGeTaioneT) ko émipentaTizg (g m0OG
™y modalear, Snhadn ioyvouv :

— of

(A) lg=g
(m (fe)h = f(gh)
(E) f(g 4+ h) = fg + fh.

“Qote horov (TpPA. § 7.1) 16 aivoloy # dhow Téw aaaypaTixmr covagTi-
aea i ooy aedtov Gowauat atvodov A elvae avripeTalleTieos daxTiliog ¢

mong Tag modfeg 4 xal .

THopatypijoeis :

1. ’Emeidf 7o F elven opds @ TTpos THY Tpdoleaw, dpileTan Emoptveas xal fy Tpdtis
TS dpmodoem: T TOU F g ouvnBus Bid Tou TUTTOU
f—g="1+(—g)
2,70 dweridao: F Eyer povdda, Snhebi Urépys obbitepov oToryEiov TOU TToOAAGTTAG-
Slacuou kai pdAigTa TOUTO Eivan 1y otabepd ouvdpTnois 1, 86Tt Bix TuyoUoar ouvdpTnaw
fe.# ioyue

f(x)1 = If(x) = f(x) ¥ xeA.

Ak
fl=1f=1 % fe& :
3. "Av { elvon pic ouvdpTnars eig 10 F ° = F — | 0}, ToTe pé 0 oupPorilopsy  THY
owépTnaw Thy dpiloptvny UTo ToU TUTIOV
1 1
i

‘H owéptnos :. Siv dufker v yéver els 10 F 1, Bi1om alTn Exea Tediov dpropol 16 oUvolov
= {xeA : f(x)#0 }, 16 dTolov slvan Utroguvorov Tou A. TAv dpws B =A, BnAadn f(x) #0,
Y xeA, ToTE | owdpTnols ;'-E,f“ kad elvan TO ouppeTpikdy oTorxeiov Tiis f s wpds
Y Tp&EEy Tou TToAAaTTAaoIao oy, 81T &g’ fvds piv
%(x) fx) = f(lx) I(x)=1 % x€A,
BnAabn

f=f =1,

e

o
f

-
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G’ etépou 8¢ &v g elven Errions cuppeTpikdy oToiyeiov THs f, ToTe fg = 1, Snhadh
f(x) g() = 1 % xeA xal Emoptvers g(x) = E(L‘ W xeA.
X)

1
e =

4. "0 daxridio: F dév elvae adna (s Tpods Tag wpales +kai - ) &dT TO F* =
F = {0} Bev elvon duds Gs mpds Tov ToAaTTAGGIaoudY, kad’ doov Biv UTrdpye v yével ouppe-
TPIKOY oToIXEIOV G5 Trpds TOV ToAAaTAaoIcopdy, T.X. B1& THY ouvdpTnow fe #*, f émola el
& dproucvor x,€A AapPaver Ty Tipfy 0, g B1a kébe XEA S1dgopov Tou X, AapPdver THY Tty 5.

9.2 'O daxtbhiog @V molvwvomK®Y ocvvuptiocoy. Mic  TpayuaTiki
OWVEPTNOIS P &S TTpayBaTIKTS ueToPANTHs Bi18ouévn) 81° évds Timou Tiis Mopeiis
plx)i=iox” e m T v T g,

Smou &, &y, . ., Qv Eivon mpaypaTikol &pBuol, KkeAelTar molvewnuia) cevdo-
THOtG WGS TpaypaTikils peTaPAnTis.

To ouvohov #, SAwv TEV TOAVWIUPIKGY OUapTiocwy mds TPOY HaTI-
Kfjs peTaPAnTRs eivon Tpoowdds UmooUvohoy Tou ouvdhoy # = F(R, R) 6Awv
TV TRAYUATIKGY gurapTrigecy pé Tediov dplobou T6 olwolov R Téu Trpa-
YHOTIKGY &piBudy. ‘H mpoceois kai & morhamAaciaopds émi Tou # sivon Tpd-
teis kAeioTal eis TO UmooUvoAov F, TRV TTOAUWVUMIKGY ouUVOpPTNOEWY, B14TI,
& elval yvwoTéy, Téoov TO &Bpolopa ooV Kal TO ywdpevov 0o TroAUGYULIKGY
ouvapTrgewy Eival EmionS TTOAVWUULIKT CUVapTNaIS.

To oUBétepov ororyeiov Tl mpoobBiaecas, EnAadn 1) oTafepd cuvdpTnois
0, do émrions xal 1o oUBETeEpOV oTOKEIOV TOU TTOAAOMAGGIGGUOU, S1Aadh T oTa-
Bepa ouvapTnots 1, eiven ToAucvupikad ouvapTnges, fitol 0% kol 1e#, . *Emi-
ons, N dvtifeTos ouwdpTnols — p W& TOAVWVUIKAS ouvepThoews p elvan kad
QUTN TTOAUWVUUIKT) CUVapTnols.

"Ek TGy dvwTépw mpokUmTEl ST1 Eis TO UTogUvohov F . 1éu Tohuwuupl-
KGOV ouvapTnoEwy TANpouvTar SAct ol 1816TNTES TS TrpooBécews + kol Tol
ToAAaTTAaCIaopoU - Tis mponyouuevns § 9.1. ‘Emoptvws: 1o aivoior F e Gl
TV TOLDOVUUADY GUYAOTIGEDY JUAS TOAY HATIRIG HETAfiiyTis elvar el aITLE-
talletixig daxtiiog dic oo Ty medaleoy xal Tov .7n)./‘.u.‘r?.um:m;rr}z-' xal pdiiota
6 Oaxtilios oltos Eyer povdda. TO oupmépacia ToUuTo txppalouey Aéyovtes 611
TO oUvohov #, TRV TOAUWIUMIKGY CUVGPTNoEWY &ToTeAel Evar GuTipeToBeTi-
KOV PmodaxTilior TOU SokTulou F TGV TpayuaTIKGY cuvapThoewy, & ool
o5 Exel povdda.

9.3 To odpa 0OV prdv ovvapticeov. Mia mpayporiky owdpTnol v
mds TporyuaTIkis UETAPANTHS Bi8ouévn B1° fvds TUTrou Tfis popeTs
— P
il a0’
Smou p kol § Elval TOAUWVUMIKX TWIOPTAGES WIGS TTRXYHOTIKTS METEPANTHS
ue Ty  Sidpopov Tis oTabepds ouvapTicews 0, kedeltan oty gurdetiog
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pids ey uaTikiis PeTaPANTS, cupPorileTal BE kol pe l[%;, ATor r = —E

Al TroAuvmvupikal ouvapThoels elvan kol prTal, S10T1, & TpokUTITEL G-

ow ik ToU dwwTépw Opopoy TS pNTis ouvepThoews, 1 TTONVGOVURIKT) TUVEp-
' 2 3 3 ' ) o 1 0 ~ ~

TNOIS P GUUTTITITEL WE THY pNTHY OUVapPTNOIY ~l}‘. Qote TO oUvohov F, TGV

TTOAUWYUMIKEW OUvapTHoEY Elvel UTTOoUVOAOY TOU cuvdrou F, TGV prTEV

OUVEPTNHTEWY.
"As GEPTTWHEY TWPX TES PTTAS GUVGPTACEIS Ty, Ty, Ty TAS S18opévas Q-
TigTolyws UTTO TGV TUTTWY :
x* 4 2x + 1 g X s 1
].l(x) = A e 'u(x) == Rt l:i(-\) = il
T& mebia Opioyol TGV CUVEPTHOEWY aUT@Y Eivon AUTIOTOIY S
g(t)=R, @(r)=R—-{01}, Z()=R-{1}.
Mi& T CUVERTHOES Ty Kol Iy TtapaTnpoUuey Ot s TV Topmy Z(r) N%(r,) =
=R —{0,1} Tédv mediwy 5PICUOU TWV GUUTIITITOUY, dnAadm loyuvel
X ! v —
T'-:(x) = X —=% T = l‘:l(\) ¥ xeR—{0,l }
1) looBuvduws :
x(x=1)=1x*—¥) ' ¥ xeRi
Touto éxppdlopey AbyovTes OT1 ai pnTal cwvapThoes T, kol ry elval fooddvauot
N foar. levikdds, Guv 1= —};— e s cl— f—; elven TuyoUoal pnTai ouvapTioEs,

8 Aéywpey &1 alran eivan foar xal 00 ypapwuey r =1’ TOTE Kol povov TOTE,

qv ioyin pq = p'q, fTor:
I p ’ '
2L = pqg =pq.
q q upo
Ot r.y., s eidopey QueoTEpw, Iy = Ty, v duTiBETas, 5 EUKOAWS BiamioTou-

TQl, T, # T, Kal Iy # Ty

"AvwTépw eibopey OTL & mebia Gplopol TGY PTGV CUVOPTATEWY Tyl
Kai r, eival BIapOpETIKE, snhadn ol pnrai ouvapTnoels Bév Exouv kowov Tediov
Spiopol, s oupPaivel ik Tés TOAUWVUHIKGS ouvapThoEL. “ETroutvag Gév Buvd-
peboa va Becoprjowuey TO OUVOAOY F, TV PTGV GUVOPTATEWY QS UTTOSUVoAOY
ToU ouvdhou F TOW TPXYHATIKGY CUVOPTAOEWY pE KATTOlO (ouykekpiuévoy)
KowoY Trediov Spiopou Kai karer guvéTelow Sév Buvdueba va Opiowuey THY TTpdo-
Beo Kol TOV TTOMAGTAGIaouoY éml ToUu F, Qs dpicauey aUTas elg thv § 9.1
&l Tou owdhou Z. Al mpaters alTan dpilovtan Eml TOU Fp Cog et -

Pa P2

pooOzarg. ~Alfootaua U0 pnTGY CUVOPTHOEWV —q——m‘lr‘-l— KOAETTON 1)
1 2

_1);‘1-_.7+_ P:% - 1"]1'0: : -
[ PL Y v 5
P1 Pr _ M9

 + 1
T q: 01

pPNTH Erions ouvapTNOIS

201
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‘H olTws dpiofeioa mp&iis Tiis ﬂgoaﬂe’asm; ¢l ToU F, TAnpol T& k&Twl :
Yo -

. Elvar dvriperaletix), 8107, Qv = %— Kal I, = [’T glvar  TuyxOUCQL

1

pn-rci cuvapThoels, & Exwpey

Pioy Pa_ PGPl Palit P _ P2 B
T 92 T2 q2T Ja qQy
fiTol
I Ty =Ty 4T
2. Elva moocetatpwoti], 810, &V Ty = -[;*—, oy — ’:! kalr= E])" elvan
L2 b1 2 & t
Tuyoloa pnrtal ouvapThces, Ba Exwuey
( Pu Pe Yy Po_ PiletPady 4 Pr_  (Palat PG T RGT .
(TR ) 1s T 9y T2y
_ Pitels + (P + PGy _ B Pk Pa: _ Pa (B D)
LR ELH Lh LT : | !

fiTol
(p+ 1) + =TI+ (ry + 1y).
3. "Yadoyet 10 0VIETEDOY TTOLYELOV Tijc mooafiéoews xal elvar Toito ¥ oTU-
Oeoic oovdornes O (0e#,, o TOAUGVUMIKT ouvdpTnos), 8161, Sik Tuyoucay
PNTNY TUVEPTNOW T z--}-:-, {oyUel
jsh o = N 2 plfoq p
T]-'+_0_ q i 1 l]l —q
dpa, Adyw xol TS vTipeTofeTiKOTNTOS TR Tpochicews,

(8)] r+0=0+r=r ¥ re#,
4. M =dle f_H_JTl'uI' ouvdoTnow T = q dadoyer avrilleTos onti) ovvdoTiowg
— 1 xal eivar atity ) ".W 510

T TR A R

q q* q* :
&pa, Aoy kal TS duTipeTadeTikGTNTOS TiiS TPoThiTews,

) r+(-n=(n+r=0 ¥ re#,

"Ex 16 dueoTéped ouvdyeton Aotmov &1 (TTpPA. § 6.1) 0 advodor F,, téw
ONTAY GUVULTHGEWY (LGS mouypatieds petafintis elvar pla avtipetaletin) Guag
e modg Ty mpdkw + Tijs mpootécens.

Mo))hanhacraopde. wduevor 8Uo prTEY GUVAPTTOEWY 1(;' Kol :L’ KOAETTON
1

12
f| pnT émions ouvapTNOIS L—’;z fiTot

Ba SRt s Babat
g1 92 . N9:
‘H olrws dpiobeioa éml ToU F, mpdiis - Tou ToMamAaoiaopou eival, s

44

WnopiomouBnke amé 1o ivotirouto EknmaiSeuTikrg MoAmkrg
&>



; . 5 , | o e \
cUKOAWS CUVXYETAL, avripetaletin], TOOTETAOIOTIXY Kol EmipueotoTing g TOOG

Ty modalleoy, SnAadh) B1& TUXOUCAS PTITAS CUVAPTNOELS Ty, Ty Ty ioyvouy :

(A) Iy == ey
<n) (Il!]'-_‘)r:; = l'1(l‘21‘3)
(B) ry(ry 4 ) = 0y Iyl

“Qore Aormov (TMTpPA. §7.1) 10 alvoiov F, TOY OHTOY GUPUNTYOEMY LG

AoayUATIZIS peTafiinTic eva drrieTaleTi0s daxTi0g e ong Tag modkels + xal -
Evri rAdov TrapaTnpoUpey ST

1. Yndoyet oddéTepor aroryeioy ToU qoldamhactacuot ((povaig) watl efvet

TotTo 1] oraflepd oovdoTidais 1 (1e#,, ¢ TOAWVUPIKT cuvdpTnols), 51611, B
Ny ‘ ' A e et
TuyoUoay pNTHY OWPEPTNOW I =" , IOXVE!

e bep e DRl TR T
|l-l1-1‘—l‘1-q r,

dpa, Adyw xai THS SrmipeTODETIKOTTTOS TOU TTOAAQTTAXT I AT HOY,
rl=1r=r ¥ re#,.

c ; Aol » 5 ,
2. Auy xdle onyTyy GUrAOTHOW = 'i_I Mooy THS orallesas ovvaoti-

4 -~ - < \ 3 1 = "
aeme O, dyladiy re gk G ) L Sadoyet GUUUETONZOY OTOLXEIOY —= (5 [0S
{

. P 1 i 5 - P 5 =il .
TOV oilamiaciacuoy <ol Lodl TOUT0 ) onTy oOVYAOTHOIS -}T ,5101’1

1 B Pq . PQ 17 =i
r g P qp 1Y 1 !

Spa, Adyw kai THS AuTieTaBETIKOTNTOS TOV TTOMATTAGT 10T OV,
1 1 - e A
r-- = —r=1 o reF x=F#,—{0].
"QoTe AOITTOV Th alruloy F o= Fpil 0} elvar Guds Mg 0OE TOV T0Al0-
Thaciacuor Kal grropéveds (TTpBA. § 8.1) 10 atvaior F o Ghow TOV 04TOV COYAOTI
o e V. i 5 | : v i
aemy ,tt!&._: ."!t_m;"rr(mzf,-: Jl!f-‘Tfllll‘/.r.yTl.t; AIOTEAEL  gmpa ¢ TH0g TUg JAPUCEIS THE

Tooaliécemg xal TOU LOAIATAAGIAG OV

9.4 ALOVUGHOTIKOS 7 OPOS. ‘Qc cibopey, TOOOV EiS THY TIERITITWGIV  TOU
BokTUMOU Ho0V Kol TOU CLIRATOS, Spilovtan SO mpaders + xad - dpedTepol fowm-
Teorxzal. Elg T& MafnpoTika Opes TapovotalovTal ouyva kai oUvoha fpuwbdia-
ouéva pé plow EaoTennay TRSEW + Ko plow é&mreouayy Tpdkw - . Ty, émi ToU ou-
vohou Sheov Tan dravvoudTen TOT yihpov  EXOUV 5prodii 1) EowTeplkn) TpatIs TS
qpoclégems Kol 1) EleaTepIKT) 100 avisamiactacpon Exi dolduoy (TTpPA. Topddel-
Yoo 1, § 4.2). ‘Qs eiven YVWOTOV EK TGV LOBNUETWY TTPOTY OUEVLOY Tatewy Sik

—y —> - > It i » .
TUyOVTa SrowiopoaTa V. V,, Vy, V3 kolb TUXOUTSS mporypaTikous apifipous A,u,
loyuouy :
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aodalleaig rollariaciacuos Eni aptludy

T e AV V) = AV AV,
Vit at VD =i+ V0 +7 | G+l =V 4 iV
Ve 0= Deln=y AWV = )Y
ViV =(-V)+V=0 V=V

(vTipeToBeTikn ouds)

"Erions émi ToU ocuvdhou ., TGV TOAUWIUMIKGY oUVapTNOEWY, EKTOS TS
(fowTepikiis) mpdecss THs mooaléceme, BlvaTanl va op1off) kol pla EEcoTepix
TPGES, 6 aviiundaciucuos fal dodlude, s &g ¢ w p eiven pio ToAVwYURIKD

owdpTnols W p(x) = aX’ + &, X" 14 ... 4+ oX + o, kal AR, TéTE Y0vd-
Mevoy Tig p Enl why dppoy A KOAETTOL 1) TTOAVUMIK owvapTnals ( 1) Si8opéun
Umd ToU Timou q(x) = (Aa)x’ + (Ao )x"' 4 ... o (Aa,), fiTor q = Ap.

Taparnpoluey kal els THv mepimTwow Taltny ToU ouvdiou Fr 611, B
TUXOUGQS TOAUGWVUIKAS GUVGPTNTEIS P, Py, Pa ps Kol TuyxdvTas TpoaypaTikoUs
SpiBuols A,u ioylouv :

nodadeac | aolkamlaciacung Exl aolipd
Prt+pP2=pa+pm | APy + p2) = Apy + Ap,
Pr+ (2 + ps) = (pr + p2) + ps | A4wp=2Ap+up
P+0=0+p=p | Alup) = (wp
P+p=0Cp)tp= [ lisn

Al pév 1816 Tes Ths TrpooBéoews elvan dpecos ouvéTele ToU &T1, o5 eiBopev
gls T § 9.2, 16 F, elvan dvmipeTafeTIKY Suds dog TPOs THY Tpdobeow, ai &&
iB10TNTES TOU TOAAGTTAQCIAOHOU & SpIBudy ouvdyovTean elkdAws ik TOU SpiopoU
Tiis EfwTepikiis TaUTNS Trpdecos.

T& dvwTépw olvola, TV SiavuoudToov ToU XOPOU kai TEW ToAUwIUI-
KGOV oUVaPTOEWY MIGS TTporypaTIKTSs ueTaBANTs, € T omolea, ds eibopey, of
mpdlels Ths mpooBécews kel ToU moAlamAacicouoy i ap1Buov Exouv kotwds
B1oTnTes G dvwTépw, dvopdlovTan diarvapatizol ydoor. 'Emrions maponpol-
pev OTL &v T A,u epiopioBoly els To odua Q T PNT@V &piBuédy, TéTE ai dvw-
Tépw 1B10TNTEs TOU TMoAAaTTAGGICoUOU 2T &piBudv SiarnpovTar. TTpds S1ékpiow
TOU &v T& Al Becopouvtan els 1O odpa Q Tév pnTéY &piBpddv 1 gis To odua R
TGV TPAYUOTIKEY &pifuddy, Aéyopev ¥, 6TI TO oUvorov F, T8V mroAucovupikédy
CUVaPTNoEWY £lvan els dirvouatizos yioos dacodve Tob coparos Q §) 16 F,
elvan el dtarvoparizig yooos daepaver Tob aohparos R,

Fevikéds, &v A elvon év odua (co5 oS Tas mpdtels THs TpooBiécews kal ToU
moMamAaoiacpol) kai E elvon & pry kevoyw olvodov Epwdiacuévor pé Suo Tp&-
Eeig, ulow éocoTepikiy THY modallecy kel piay ELWTEPIKNY TOV moAlamiamiaoyuiv
émi atozeiov Ton A, 0& Aeywpey 611 16 E ehvar eic darvapatixog ydoos Saeo-
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iver Tob oouatog N TOTE kad pévov ToTe, v To E elven dvriueralieixy s
s mode iy modelea kal B1& k&b x, ¥ v E kal Au v A loylou :
Mx+y)=Ax+ Ay
(A + Wx =Ax + px
Aux) = (Au)x
b

10. AZKHZEIZ

10.1 EGpete Tds QvokAQOTIKGS, OUMPETRIKGS, GVTICUPUETPIKGS —Kai peTaPaTikds oxé-
oeis o : R — R, ol 6mwoian épilovtanr UTO TGV @

) xt—yt=0 2) x*yr=1 Nx+y<0

4) x*— y* = ToA. 10 BYexy =0 6) x*—xy < 0.

Tolen #k ToV duwTépw oyicewv elvan iooduvapiar;

10.2 Acifare 611 1) lodTns el &v olvohov E elvanr 1y povn oxéos, fi emoia eiven TauToXpd-
Vs GuakAGOTIKY, CUMMETPIKT Kal QUTIOUMHETPIKT.

10.3 "EoTwoav pia eUfeic D xai &v onpeiov P altfis. "EE Spiopou Aéyopev 611 TO om-
Heloy AeD-{ P } eUplokeTan el Ty oxéow o pé 7o onueiov BeD—{ P | To7e xai povov ToTE,
&v 16 P 8tv keftan &l ToU eVfuypdupou Tunuatos AB, fitor
AoB <= ABNn{P }=@.
Acifare 811 1) oyéors o elvan pia looBuvapio kai edpete 70 odvohov Tnhlkov (D—{ P /o

10.4 “Ectwoav émimebov E kal eUfeia D aUrtou. "ET opiopou Aéyopev OTi TO onueiov
AcE-D ebpiokeTan els THy oyéow o pé 1o anpeiov BeE—D ToTe wai upovov ToTE, Qv TO UBU-
Ypaupov Tufua AB Bév Tépver Thy ebfeiav D, fiTor

AcB <> ABNnD= .
AeitoTe 811 f| oxtows o elven pla iooBuvania kol edpete 10 oUvohov nAikov (E-D)fo.

105 "Eotwoav E, kol E, BUo Tepvdpeva émimebo. 'EE Opiopou Aéyouev 6T TO ompueiov
AE(E,UEQ“ eUplokeTan els THy oxtow o ué To onpeiov Be(E,UE,)® ToTe xai povov ToTE, Qv TO
E“"a\':'ypauuou Tufjua AB Biv Téwve T& émimeda E;, kai Ei, fiTon

AcB <> ABn (E,uEy) = @.
Aeltorte 611 1) oytols o eivan pla looBuvania kal elpete 1O oUvohov TnAikov (E,UE:)/o.

10.6 *EoTwoav énimedov E kai onpeiov P alTou. 'EE dpiopou Aéyopev 611 1O onueiov
AeE—( p } eUpioxeTan els Ty oyfow o p& To onpeiov BEE—{ P | ToTe kal povov ToTE, v T
ONugia P, A, B keivron émi eUfeios.

Asifate 511 ) oytots o eivan pia iooBuvania kai elpete & olvohoy mAikov (E-{ P }) [o.

10.7 *Eotew ebfeic D. "EE Spiopou Aéyopey &T1 Tuy OV onueiov pf) keipevov ¢mi Tiis D
pioketan eis THv oyxéow o pt onuelov B pf keipevov émiong éml s D ToTe kol povov ToTE,
V1 elBeia D ked Té onueia A, B kevton i ToU atTou émimiSou.

Asitore 611 1) oyéors o elvan pic iooBuvapia kal edpete 16 gUvohov TAikov D¢fo.

E

Q2.

10.8 "Eotw eis 1o olvohov ZX(Z—{ 0 }) 1} oxéois o, | émoila opileTan Umo 1ol TUTOU

(xB)o(el,p) < ap’ = o'
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Aeitate 61 N} oxtois o elvon pla looBuvapia ke edpete Tas KA&oels ioobuvapics TéHY
croieiwv (1,3), (0,7), (-5, 8), (2,4) kal (3, —2).

10.9 Asitate &mi:

1) ) oxéois = el 16 R elvar pix dhksy Sidrakis.

2) 1 oxtois 2 ToU Umepouvdhou els 1O P(Q) (STav TO Q Eyn TouhdyioTov SUo oTol-
xela) elven pla pepixn Siaratis.

10.10 Aeitate 611, dv -2 elvan pior Sikratis els &v oUvorov E, ToTe Sid Tou TUTTOU
Xy <= y2x
OpileTtan Emions pia Bidratis == eis 16 E kohoupévn Ovizy darafs i -2 .
"Emri whéow Beifare &1, &v ptv | —2 elvon SAkA SréTakis, ToTe kal f) Buik Tg S elvan
émions oMk SiaTatis, &v 8¢ A < elvar pepicny Brdralls, ToTE kad ) B efven tmiong pepikt
Sidralis. Av Epappoyiis ToUTwy &mrodeifarte €k véou Ty TponYyouuévny &oknoiv.

10.11 Eis 16 ovorov C Tév myadikév dmbudv épiopey Ty oxtow —2 o s :
"Ectwoov 8Uo pryadixol dpibpol a + Pi kal y + 8. Tote, dv piv a < y, ypdgouw
a+Bi-2y+Bi, & Bt a=y kai P <5, ypdpouev émions a + Pi < y + 8i. Tuvtduws
X a+piy+8i< a<yf(x=y«ka p < 8)
Aeffare &m1 ) oxéors alTn elven pia SAkN SidTalis els 16 owvorov C Téw wryodikiov
Spibpddy, 7| ool kaheiTan ouvhBws Acfixoypapixn ddtatic s 16 C.

10.12 *Egrwoav al mpates *, =, A,[] xal a €5 10 olvohov N T@v quoikéy &pid-
uidv, ol odpildpevan UTO TRV TUTTWY :
x#y=2x+4+y, xmy=x-+y, XAy=xy? xOy=x—2y, xay= — xl
yE
Moian ék TV dvewTépw mpaecv elvan mwpateis émi ToU N kai Toian elven pepikal Tpd-
Eeis els TO N ;

10.13 "Eotwoov of wpdkeais *,m, A,[] keda els 10 R, al dpildpevan Umrd Tév TUTwY ;
X*y=X+y+3, X my=x®+y? X Ay = 4xy, X y=xy, XAy =X

Tloton &k TGV &vwTépw Tpdtewy elvan kAeioTal els TO oUvodov A Ty apricov drepaicov;

10.14 Tlolan ¢k T@v mwpdlewy Tiis wponyoupévns doknosws elvan
1) dvmpetabemikai; 2) mpooeTaipioTikai; 3) édmipepioTikal g Tpds Ty wpdabeoiv;
4) EmipeproTikal 5 Pods TOV TOAAQTAGCIATUSY ;

10.15 Tloiau éx Tév mpdiewv Tis doxfoews 10.13 Exouw oUétepov oToryeiov; Elpets
T& OUPPETPIKE oToIXETx @5 Tpds Tas Tpies TaUTas.

10.16 Acitare 6T T olvoha R xad Cp Tév wyabikdv dpipdyv Tig popeiis « + 0i
elvor lodpopga Téaov ds Tpos Tas mpdlers Tis Tpoodioews mpaypaTIkGY &piBuddv kal Tiig
mpoofioews wyaBidy &piBudy, doov kai Tpods Tas pdkes ToU ToMamAaoiaouol Tpay-
poTIk@Y &p1Budy kal ToA\aTAGTIGTHOU Py aBikdy &piBudy.

‘Opolws deffaTe 611 vai T& olvoda R kal C° Tév PAVTACTIKDY &p1Buddy, SnAadn TV
myabikéy &piBudy Tiis uopeils 0 + i, elven Ioducppa ds mpds Tas mpdters Tis Tpoobécews
TpaypaTIK@Y &piBudy xal T Tpoobéoews wryabikdy dpiBudv.

10.17 Acitare m1 i) mpdodeois bl ol Ny (Ny=NuU{0}) elven TPOCETAIPIOTIKT,
Exe1 oUBkTepov oToixelov 16 0, &AA& T Ny Btv elvan dpds s pos Thy Tpéobeaiy,
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10.18 Acitare 611 ¢

1) To cuvohov C T@v wyadikédv &pibudy eivar dvmipeTadeTicd Suas @ Tpds THY
Tpdobeaiv.

2) Te C*=C—{0} elven uripeTaBeTike Opas s Tpds TOV TTOAAQTTAQO GG HOV.

) To C eiven dvmipetabetixds BaktUhios s pds Tas mpakers Tis mpoohioews kal
TOU ToAAaTAGo1aT OV,

4y To C ivon odpa o mpods T&s mpates Tiis Tpoobégecws kal Tou TToAAGTAaTIGoHOU.
10.19* Acitare 611 16 odpa C ToV myadikdv dpifudy div eivar SraTeTaypéivor odua.

10.20 "ETi ToU ouvéhou 2() (Q # () Becopoupey ThHy wpdtw T TV opifoutvny UTrd
ToU TUTrou
A B=(A-BUB-A), & B
N émoia kaheitan GuppeTon Sagogd.
Agitare 611 :
1) Té 2(Q) elven duTineTaleTIkn opds dg mpos THY
OVlpeTpikiY Blagopdy, fiTol

(A) A+B=B+A
M  A+E ID=A+B)FT e
(&) At @=@+tAh=4d ’

2)% To #(Q) elven dvmiperadeTikds SakTUAlos s Tpds Tas Tpdtes T okad M.
3)% "Av 16 Q Eyn TouhdyioTov BUo oToiysix, TéTE TO P(Q) Bty elvon adpa G5 TEOS
TS mpdtas T Kol M.

10.21* *EoTtwoar 6 oUvohoy F = F(A, R) T&y mpaypatikdy ouwwapTioewy HE Koi-
Vov mredion bpropoU To alvolov A kai ol wpdtes Tis mpoobioews (EcwTepikn) Emi TOU # Kol
Tol oA omrhaciaopol il mpaypaTikoy &pibudy (ElwTepikn), g adTa opiodnoav &vti-
9Toiyws efs THY § 9.1 kai el TO TapaberyHa 2 Tiis § 4.2. Aeitare 611 16 oUvolov F (G Trpos
TaS Todtes TavTas) eiva ig SravuopoaTikog Y@®pos UTepdvw Tou owpates R T@Y Twpaypa-
TIKGHY (ip]ﬁu(:m> .

"Efetdoate 1Bioatépes Tag mEpITTGOOES, OTOY A 120, W =% 1,23 ol A=
=452 vl
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MEPOEX AEYTEPON

ZTOIXEIA MAGHMATIKHE ANAAYSEQS
B. ITATKOY

KEGAAAION Il

MEAETH ZYNAPTHIEQN

1. MONOTONOI LYNAPTHEEIZ

1.1 AbSovem kui gOivovsar cuvaptijesc, ‘H owdpTnos ¢ pé p(x) = x? Sio-
TNRET TPOYaVES THY puatkiy S1&Taky TEY TPAY U
’ TIKGY &pifudv, Eniadr loyUer
T <X =X <30 = 0x;) < P(xy).
levikdds  pla TPAYPATIKY ouvdpTnols | mds
TPXYUATIKTS peTaPAnTiis Siatnpoloe, ds Kkai LROR
. | Ty Quoikiy Sidratw Téw TPOYHaTIKGY &piBudy
I . ch?\e’hou yvalos alifovaa. "AxpiBéoTepor B1d plow
owaptnow [ : A > R ut A = R épifopev :
/ ‘H ouwdédptnois [ keheiten yenaoing atfovoe
% TOTE Ko pdvor TOTE, & S1 kéde Xy, X 80 A Hoyin.
Yy 23 @:y=xt (1 X <X = [(x%) < 1(x,).
‘Opoiws 1 owdpTnols [ kadeiton yyqoiog
plivovoa TéTe kol povoy TETE, G Bid Kébe X1, Xp &0 A loyun
(B = ) i)
TT.x. 1) owdptnois y pe W(x) = —x elvar yynoiws
pbivouoa ouvdprnois.
"Av ai (1), (2) dvrikeTaoTaBoiy dvTioTolyws
UTrd Téw
(1) St d0G) < (%)
(29 o= el (oG o M)
TETe Abyouen els piv THY TepitrTeooy Tfis (17) 611 N
owépTnois I elven aitovaa, els B¢ T TepiTreow
X 2 @iy=x s (2) 6T Ay [ elvan ghivavoa, fitol :
‘H owdptnos [ kadeiron afovea TOTE Kol
Movov TéTE, &v &1 kafe x,, X, &0 A oyl
0= X =) < Gs)!
‘H owdptnois | kedeitan Flivovoa TéTE ke pdvov TOTE, GV Bidx kdbe Xy,
X, & A foyun

[]ir )] N

) X Il(.\!) 2 i.(.‘:g)‘
50

WnepiomoBnke amoé 1o ivotirouto EknmaibeuTikrg MoAmkrg



‘Emrions Aéyopev &1t pia ouvdptnos [ elven pwmjolme povitovos TéTE Kkal
Bovov ToTe, &v aUTn elvan yvnoiws afouca 1 yvnoiws efivouce. *AvtioTolyws
8¢ Atyopev 611 ) [ efvar povdrovos, v altn elvan alfouca 1 pfivovoa. Aid v
SnAdowper T £ibog THS povoTevias WIds TUVapTHOEWS XPNOIHOTIOIOUMEY T K&-
Twh gUppora : E

[+ 7 I A < [ eivar ywmolws alfovoa
My o I'\y <= [ s yvnoiws ebivouco
4 /4 1 A < [ flvan adfouoa
fl A Iy <= [ evan gbivousa.

"Av Ty ouvdptnois | elvon oTedepd, SnAadn kde xeA dmeovileTon S1& THg
lets o0 atrrov TpaypaTikoY Gpifipov i TO aUTo TO Tediov Opiopol AN alrfis
elvon gy povoueAés oUvodoy, TOTE, Tpogavds, ) | eivon TauToypdvws alfovoa kol
Pivousa. ANAG kol SvTIoTPOPwWS, Av 1| auvapTnols | eivan Tautoxpdveos al-
fouo kai glivouoa Ba Eyxeopey St xX;, X, &v A (X, # X)) 6T I(x,) = I(x,), Bn-
7\0‘571 ot 1) I eivan orabepd auvdpTnois. Mpdyuot 81 x; < x,, #xopey &’ &vds
MY f(x) < f(x)) (Bi6milt), &@° Emépou BE I(x)) > f(x,) (Biémif]), fror
i(x,) = f(x,). ‘Opolews 81& x, < x,, Exopev 1(x,) < f(x,) Brom [1) xed 1(x,) = 1(x,)
(Bromy I, ), fitor wéhw [(x,) = (x,). "QoTe E8eixbn ot

1.1.1 "I sovioryoig I A 1-> R (A< R) elvaw oralflepd vite xai udvoy tite,
: g : 0
G V3 3 ’ L ’
YT elven Tavtoyodvig aitfovaa xal glivovea.

"As pereTrowuEy TWPE Qg TPOS TNV PovoToviaw THY TPy LaTIKNY ouvdp-
MOW w0 pt w(x) = 1, f omoia wpo-
PGS Eyer meBiov Spiopol TO oUvoAov
Bfo .
"Av BexBper 6T f) owvdpTnols W
Eluey PBivouca, Snrabn o
Xy = o= (g S (X)),
TOTeBigix, — — 1, x, = | karrodyopiev el
Todtomor —1 = co(—1) » w(l) =1. :
. ‘Opoiaws, &v BeyBduer &T1 N w El- ‘
% «Gtouca, Bnhadh &Ti

[

e L B w(x;) < w(xy),
OTE &i& x, =1, x, = 2 KaTaGAH)yOuUEV
55T &momon 1 = w(l) < @(2) =~ !

- 2y 25 wr y ==
e Qoe 4 owdpTnols w Stv elvan
Voo, Maparnpoupey duws 611, &v meplopiadiduey 81 x;, X, &v (—,0), loyUe
1 1
3) <X o) = > L= a(xy),
Xy x5

(i1 TANpoUTan 1) ouvBfikn yvnoiws @divouans cuvapTroews Ev (—w,0) Aéyo-

; : 2l
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pev 8¢ els Y meplmTwow TavTny 6T1 ) owdépTnols w elven yvnoiws efivoucd
év (—0,0).

‘Opolfws kal 8i1& x;, X, &v (0, 4w loyle 1) (3) kel Atyouer dvaddyes 611 1
w elvan yvnoiws @bivouoa &v (0, ).

Teviéds, &v S1& Thv auvdpTnow | foyxun 1 (2) Bi& kéde x,, X, &v B, dmou B
elvan £v U kovow UtrooUvodov ToU Trediou opropoU A alTfis, TOTE Aéyouer OTI 7
[ elvan  ywyoiog phivovea év B kel ouuPolifouev ToUTo pé f ¥ B.

‘Opofcos Méyopey 671 1) [ elvan yoions adéovoa év B, dv 1y (1) loyin &id
k&b Xy, X, &0 B, s &mions kai 6T Ay | elven adfovoa év B 7y gllvovoa év B, éw
(1) 7 (2') dvrioTolyews loxun Sk kébe x,, x, év B. XpnoiuomoioUpey &8 Tous cup
pohigpous [ 1 B, fTB kad fi B, fva dnicwowuey dvtioToiyws ot ) [ glval
yvnoiws alfovca év B, alfousa év B kai gbivouca év B.

My. f ouvdprnois fuiTovov, ocuTouws nu, tlvar yrnoiws oltouctd

5 T b, 1 i ¢ . 3 ar e 3 ; ” Sy
& [u 5 —2—] kol yvnoiws gbivouoa &v [ ST ] MevikcoTepov, &v K dKEPQIOS
ioy et

nu t [2K1T ~; y 2k + %} kol M Y [2KTF -+ lzT- ,(2x 4 1)+ —g—] .

1.2 To povétovov kai 1} oOvleoig ovvapticemy. ‘H mpaypaTikh ouvdpTl
o1 o pE o(x) = ax, dmou a oTadepds mpayuaTIkes dplBpds Bidgopos Tou O eivdl
yvnoiws povoToves kai pd
MoTa Sid piv x > 0 elval
yvnoiws aUtouco, G10T1
M, = e iy =
o(xy) < o(xa)
Bi& 8¢ o < 0 elvon yvnolws
pivouog, 81611
Xy <5 Ky = X T, =
o(xy) > o(xy).

¥Hmor

[ === 0‘;‘
lecopeTpikés 1) owvdpTnos o TapioTeTan 810
y s ebfeias s els T& oyruaTa 26 ke 27.
G "Ag Becpriocopey rrions ke THY mporypaTikdY
¢ ,wlc'xp'rncrw T T(x) =x + P, émou P oTabepd
Tpory HaTiKGS dpiBuds. ‘H ouvdprnais T elven yvnoi®’
attouoa, 8161

/ T R e

To Sidypappa Tiis ouvapthoees T elvan 7 0

y=x+p (B >0 Beia ToU oxnpaTos 28, 1 Siepyopévn Bix TéwW off
Zy. 28 uelov (— B, 0) xoi (0, B).
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"Av Thpa w = Teo eival 1y oUvBeols TéY ourapThicewy o kal T, SnAadn
| duvdpTnois f Biopévn UTTG ToU TUTTOU
() = T(o(¥) = ax + B,
Tou a, B TrpaypaTikol &pifpoi
It o 0, ToTE TTAPATNPOUPEY yI ﬁt
T oy tou

|
; \
A>0 = w* a<0 - W} LS50 (3 Bl KS;

Bi6m Sndﬂu-év 163 l> 0, % /g L L
G <x, = gx4P < ox, P

0-7(\1) co(\ w:y=ox+p, a>0 wry=ax+p, a<0
& Bt o < 0 Iz 29 (B>0) Iz 30 (B>0)
UCX, = oax P> ax,+PB o w(X) > o(x.).

To Sidypappa Tfis ouvBéoews w TAY ouvapTricewy o kol T elval 1) elbeio
T oxnudToov 29 kai 30, 1) Siepyouévn Bt TG onpeicov (— & 0) kai (0, B).

"EE Shcov TéW dwaaTépeo ouvdyouey ST el pév Ty mepiTrTwa o > 0 1 alv-
€015 w Tfig yvneiws avtolons ouvapThoews o kai Tiis émions yvnoiws altotons
OWapTioews T elvon duciws yinoiws attoucsa ouvdpTtnois, e 5t Thv TepiTTwoW
© <0 1y ouvBears w Tis yynoios gfwolons cuvapThcews o kai Tfis yynaicws al-
totone ouvapTroews T elvar yvnoiws elivouoa ouvdpTnois.

Fevikéds, &v ¢ : A —> B, [: B > R eiven mpayporikai ouvaptiioers (A,
. UTtocuvoa Tou R), 16T SpileTan, ws yvewoTdy, ) oUvBeots alTév (e g: A — R,
OXVet 82 To kaTwB Gecdpnuct.

1.2.1 @EQPHMA. “Loro 61t al ovvaotijoeg g xal f elvae yryolog pove-
Vo, Tere, dw piy uurjrru oot elvar ToD adtob eidovg ;mvr:rm'rug, ) abvleos feog
LIPS yyaing aifovea ovvdoTyos, dv 08 adtar ehar dwpogeTiod eldovg
HovoToniy;, i abvleote Teg abraw eiva yrnalos ghivovoa ovvdgrnow. *Axgtfé-
TeQoy igyiovy ta wirwlt :

i = — — St e B

| o

- fy

a) r'\ = fop ])) ¥ = foo

| gt } = fog X gt g -

e R T ,},I AR

e) r,}__ e d) v}_ fag % |
(r: o3 ,77#!

55 vl .
“Anddetic: a) x; < X, —Sog(xg) < g(x) == f(g(x)) < (g(x)), o1
X1<X2 = f"g(\l)\ ]og\(h,) APU oot

b) my<x, B2 glx) < m) o f(g(xy) > 1(g(x)), firor
NSx = fog(xy) > fog(x). "Apa fog 3.
iy
) x> x EX g0 > a0 = KeCw)< (E(), Frro
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X <Xy = fog(x)) < feg(x,). "Apa feg .
g3 A i
d) x<x, == a(xp) >g(xy) = [(e(x)) > fle(xy)), fitor
X <Xa = [og(x;) > log(x,). "Apax fog J.

1.2.2. B& épopudowper Tpa 10 duwTipw Decopnua 1.2.1. S1& v pehet)

COPEV @S TPOs THY povoToviaw THY TRUYHOTIKNY oWdpTnow w pé w(x) =

_ ox 4B k; ¥ ; o P

S aeE e Ol g, B, ¥ & eivan oradepel mparyuaTikol dpifuoi ut y # 0. B
' -~ o 1\ ] < - ~ 1

TPWTOIS TTaPATTPoVpEY OTL TO Tediov OpiopoU TAs W eivan TO oUvoior R —{—3

kol &T1 i wAboy foyuer

&
\"(X) = - [38 = a(‘ ?) uacxya !3 :-—G— — 0:8_ ﬂ.); ¥

.. DI e O e
fiTol

) y =w(x) = % 1 : ::E,

Y
6TTOUE'TE’9‘Q = — (157?1/: des |; gl 5
e Yk

Eiven mpogaves, &k Tou TUmou (4), 6Tt Sidx ¢ =0 (5nAadn I“ig = )
ey

N w elvan oTaBepd ouvdpTnois, fjTot

[ eap s e e
j:y 220 = W otabepd

Awx ¢ # 0 mapatnpolpey &11 1) w elval oot &TrAGY Twédy ouvapT’

) \ 3 1
CEWV £y, s 0y, & (X)) =X+ —, o,(x) = —, 0.(x) = cx kad £) =
=0 ¢ 521 ;“ﬂl 54 HE rxl(\) X Yy ' “L’(\ X' .113(3) = CX Kl g—'ﬂ(-") =

a ¥ = B . s ~ , i
= 5T X ATOLW = gyo (gpe (2, 081)). “Emoptveos, Buvdmer Tol Bewprporos 1.2.1

aeplarwog ¢ > 0 :

g2

+< >

1

J2

(o0, 0) ] = a0 3 (—00.—‘ %)

geo 2 ¥ (—°° ;_%)}

Gt > g (@og) ¥ (-0~ 2)
~3 A

Y

gy 0(g:e 1) i(v—oo—%)} B ,,(_w _3)
g, X v sy
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o
"":'L'TT!U(]‘,'; e i )z

5—'1*
A0 g0, tl—o0,— )
w0 | = Eem ¥
5
o8l —co,—'g)} o ﬂu“(.‘—’z"%-"z):(— 00;“_5')
gii &
23]
‘»11"(‘—13"41):(#001* *) " "y
i W R o,
LR I ( Y)
HTQ];
LT i ‘ | Ep—
HeB|. Y 5) 2= \\‘(—co _—5—)
iYBI,\_O = Wi —c,— y B Ve
‘_-———_

‘Ouoteos dmodekvovtan ko :

ﬂ'q\.

| y%‘fIO > \\':(7%7,%700)

oot

L

Ta dvotépew oupmepdopaTa OYETIKGS P& TNV povoToviow Suvatal va £a-
XBoly ki & efeice ik T Opropdy yunoios altolons kal yynoiws gdolons
WWPTﬁcswg.
Awrypappe tijc cuvaptijoeng w. Av Biowuey
x

5 :
{ =X+ — Y=v— —
X=x+ L Sl

T & TUTros (4) Bidel

p
&
573 O y?
Of &Coves x, y peTertiBevran mapaAnAcs gis Tous X, Y e &pynv TO onueiov

e
‘., o T Y

Cs (- .3, i)_ To Bidypappa THs W §ideTon elg T& K&TWH oxNUETA
Y

yt
\
\
Sw
n
__' La,
‘0 I
\
}':_qx-i‘_i-}’r ap o foﬁ' afp 0 =%+'|3- ap —0
o ] Y= =45 |ys|” 7=
Zy.. 31 Zy. 82 Zy. 33
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Hepodeiyparta :

Boylinrixol dnodoyiopol
2x+8

i B y = 2 2
2 e 2
y=wx)=2 4 1
=t e 8
T ©
G =¢a39) x=0: —j-":2+3—:«\-8=6+0’.>c=2
YT y
e
|
I
2x + 8
w34 wiy=—"—_
& Mg )55 )
wi(—o,~3) xai w3 (-3 + o).
- i 5x+3 | Bonbnrxoi tnoloyispoi
i 2x +93 5x+3 _ 5 | C
e hid T n
5 4 - x4
F=WEx) =5+ —— 3
X b
2 i B S 2
S R Etipssta g Tu s
2R 2
A
|
i
J
e |5
:f
=3 0 >
il i)
5x+3
Ly. 35 Y=
Bt N EE o

w A (—00,—%) xal wI(—%,+w)-
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1.3 To povotovov kai 1) aviictpogog cuvapinos.'Eotw [t A > B(A< R,
€ R) uia yvnoiws povdTovos cuvdpTnals Tou A émi tou B. AUTn elven ToTe

kai SupiuovoouavTos, BnAadl) Bi& k&b X, x, &v A ioyUe

BY: Xp # Xa = [(x) # [(x).
n?dYU(XTI' Suvdueba v UroBécwopey, Ywpls PAGPTY THg yevikoTnTOS, OTL X << X)
VEIS T &utifetov mepimTwow, SNAadh X; > X,, EvoAA&ooouEY Tov pdAov TEW
Xy, dméTe & loyim
! [(x,) < ((x), dv I3 A I(x) > I(xy), v [ Y.
AF_’O‘ TavtoTe foyue 1) (5) kel Emopdves 1) | elvan dpgipovoonucwTos cuYEPTNTIS
T A &l Toi B.

Koré 16 Becopnua 2.2.1 ToU Keg. | Umrépyer kai 1y dvrioTpogos Tiis yvnaies
HovoTéuoy owvapthoews [. "AkpiPéoTepov loxUel TO dxdhoulior Becopnpat.
. L3.1. @EaPHMA. “dv {1 A — B elvar pla pweine povitovos ovvdotyos
0y

2.1 = ‘ ) ) B i a
i A 27t 105 B, tdre dmdoye i) dvriotooqos covdotyors 7Y adtijc xal pdliota
‘Uxm)m, :

r o =1 4 W plar f—1 W
fts p gt

“Arddetic. *H Umaplis Tis duTioTpdgou ouvapTrosws (1 Exel 1181 &ro-
dvwtépe. Tpds &rmddeaf kol TGV Aoéy ouptmepacudtwy ToU Becopi-
Harog Sickpivopey Tés TEQITTAOOELS

a) [+ xqi -1 oyt 2. CEmadn Ny 1 Bev elvan ywnoiws altouoa, Umdpyour

aElXBﬁ

X R . LA
b Xy els 1o meBiov Spiopou B avutiis wé
; w2 g e G 2 PR
AM\(‘)( 1 2 1
6y

e (1)) 2 10-105)) = % > X

OTren & )
P aTomov, Si6m x, < X..
Qoe 8eiydn 6mi f 1 = [ 7.
DYEE Y Gyt 3. ‘Ouolws, o5 kad els THY Tponyoupdvny TEPITTTWOW,

IR i 5y elvan yvnaicws gbivovoa Umépyouw xq, X, &v B e
,A;\Rc'x Xyexy kel B e L)
1
= = (5 = () =% 2 x,
U } (1)) :

TO 8
OTroj ¥ Sl .
Tolov elven ETTIOTS QTOTTOV.

Qoe deixln &m £y = [ .
napuﬁﬁi‘“,lutu :
L*H TpaypaTiky guvapTnots @ ki (x) = X* (BA. Tx. 23) elvar ds yvwoTov yvneiws

QGEO » ‘ i v & 3
Yo%, &par kai 4 dvtioTpogos auTiis cuvdpTnals ¢! Tis dmolas & TUTes elvan @l=4/x
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elven &mions yvnoiws atliouca kal pdhioTa 1O Sidypappa alTiis (PA. Zx. 36) tiven oupp
TpIKSY, s Tpds THY SixoTopov Ths TPWTNS ywvias TV &lovwy, Tou Siaypaupartos Tis

Yy
¥ 7
i ’
8\‘ 4 %l' i
¢I 7 Foi
), i/
! 1 ——
4 i S@-I //lal‘l 5{4
|| 2 ; 2|
o i x 22700 o x
(s 1’
i t ] lll
95 o) ekl
i i 2y+1
¢ y=x* ; ¢~ y=4/% ry=x¥+l & fliy= 4/x
Ly, 36 Zy. 37

2%, Tevikcatepov, 1) owvépTnols f ue f(’() = X2t (v Quoikds &piBuds) elvar yvnolio
clitouoe, SIOTE X; < Xa == X2V < X2V f(x1)<f(\c) ‘Ounoiws kad i dvrioTpogos {
2V

aUThs, Tiis Omoiag & TUTos eiven f1(x) =
ypéupara Tév ouvapthoewy f kal ! eiven PePaiws ouppetpika s mpos THY BixoTdpoy TF

TpwTNs ywvias Tédv didvev (PA. Zx. 37).

\ ‘X, elven Erions yvnoiws atfouoa. T& 519

2. AKPOTATA ZYNAPTHIEQZ

2.1 Méywrov kal £hdyretoy suveptiosns. Ak thy ouvdptnow @ pé @(x) ?
=1 —x* moparnpouper 11 loylel
Y P(x)=1—x* < 1=0(0) ¥ xeR,
SnAadh ol Tiwal Tfis @ oUbémoTe UmepPaivoV
1 TV TIpY Tns el 6 0, fTor Tov &pibudy (p(o)
Els tryv mepimTwoo TauTny Adyouey Ti 1y @ O
i q _ pouaialel péyioTov els 16 onpeiov 0, Thy &8 !
0 v s @(0) kehoUuey peyioTny Tipny TS @- L
Tions moapatnpoUpey &1 | ¢ elvon ywnait
Sp allouoa dpioTepx ToU 0 kol dkpiPéoTepoy é
(—,0], Bom1 foyle

.38 pry=1—x° e s 0 = 1 —x2 = | —x2
¢ magovotdier péporor ;16 0. o(x,) < ¢(x),
s &mions kol 6T1 aUTn elven yvnoiws @Bivovca Selix ToU 0, 5161t
0sx<x = 1=-x2>1-%% = o) > ¢(x,).

To Bidypaupa Ti)s cuvapTnoews ¢ Bibetar el 1o Ty, 38,

"Avodoyws i Thy owdptnow W w(x) = (x — 1)? rapoTnpoUpey o1

Y(x) = (x—1)* > 0= (1) v xeR,

SnAadt ai Tl Tis ouvepTioEws W UmepPaivouy Ty Ty (1) aUTis. E
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™ mepimTiow TalThy Aéyouev 8T1 ) oLVAPTNOS Y TTOPOUCI&(El EAGYIOTOV &g
TS onpeiov I, v 8¢ miunv s w(l) koAouper EAa-
Xiotny Tipfy adTis. "Emions mraparnpoupey 611 1y Y
Y &van yunoiws gbivousa &v ( — o0, 1], nhabh &-
PIoTepd Tou 1 kai yvnoiws alfouoe &v [ 1, 4 @ ), 5
BTV\C‘-SI‘] Belid ToU 1. To Sidypoppa Tis cuvapTn-
Ofs v BiSeten sig TO Iy. 39.

TCevikdis S1& plow owdpTtnow [: A => R (AcR)

¢ o w e 0 1 x
fyomey 8mi mapouoidlel pdyraror (R dimor iy
(o o = . v . » &
lmi’) els v onuelov X,EA TOTE kal pdvov TéTe, &v Mo 3y wry = (x=1)2
ayy b e e
Xun W Taooraidlel EAdyioror els o 1

T Tipn | -!(\) UV'I(XU)'V \F}T W (R 6Aidy uds B f
N [(x,) kahoUpev ToTe peyioryy Tyoy (R GAmor péyioror) Tis 1.
‘Opoicas Aéyousy 8T f) [ mapouosidler fdyiaror (R Gy Eldyiotor) €ls &
ONueToy X,EA TOTE kKad povov TOTE, Qv ioXUn
. [(x) 2 I(x,) % x€A.
T Ty f(x,) kehoUuey ToTe fdaylornyy Ty (R Gluey Eidyiarov) Ths 1.

"Egappoyai :
Ll givdoryos ©ped f(x) = ax? (ceR—{ 0 1). Awkpivouey Tés tEfis SUo TepimTedgeis:
aeoiatma; o >0 TeolATO01S & 0
r'(‘il‘ ‘ncxpcucnc’xgsx Frdapiaror gis 16 0, Bidm H I mapouci&ler pésnaror €l 10 0, 516m
FD =0t > 0= [(0)  veR. I(x) = ax? < 0= 1(0) \/ xeR.
. */( —,0], 8161 T (—»,0], &iom
TS < 0= x> ot = fix) = Hxa)n | % X S0 = a2 ooa? = 106 £0e):

P
A [0, + :
OSN, @), Biom

{

N =

[ [0, + ), 86T
=X = oan,? <axe® = (%) <M(xp). (0 €%

Ui o B S et e i) > [6xs).

Y Y

0 z f
x40 i y=eax? a>0 B Al B y=axt o (.
T 2.1 Totdhripos gevdoryoes devrégor fallnes [ oug f(x) = ax® + Bx + vy, daov o, B, ¥
ST (30} ool xai o # 0.

Ev TPWTOIS oy el

Y=oax?® 4 px 4+ y = a(x'—'j—

a|®
s
Se—
~<
1
Q
7 e
P
t
R
il
t
—
=)
|
o+
B
S—
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omoTe, Gv TeBN
oy po
da

'_‘C=x-|~——ES

okl Y =y -

TéTe do Evds piv B& loxun
Y = aX?,
&g’ ttépou B¢ ol &loves X, ¥ 8& petagepfouv mapaAifiiws s Tous X, Y ut dpyhy TO onueio
c=(-— B ,@’:—ﬁ) (BA. xaTwTépw Zx. 42 kol 43).
2a 4o
AopPdvortes Topa U Sy TO TponyoUuevov Tapdberyua, gupTepaivopey EUKOAWS
6T :

| acolntwor; o <0

P ‘ P

# { rapouoidfer EAdyiaTov Eis TO — o ' N | mapoucialer péyroTov els 1O — B

'l’(*w.—%] wod £} [— 2%. 7‘*00) i ft(*m-*'zﬁd] KG{[I[“ 2[!3&' +°°)'

aeointmos o >0

4Q

Ex. 42 f:y=ax®*+Bx+vY, a>0 Zy.d8 12 }':ux2+ﬂx+y.u<0'

3. “H dwrerpdywvos toudvupos avvdotnois [ peé {(x) = axt 4 Bx® + vy, daov o, B, y 70
suartizoi dglpol xai o # 0. *H peAETn TS BiITeTpayvou Tpiwvipou guvapTiioews { Paciler
¢l Tifs Becopricews TaUTns s ouvBioews Tiis ouvapTnoews h pé h(x) = x* kai Tfs Tp1covypc’
ouvopThoews g Bt g(X) = ax® + Px + y. Xpnowomwoiolvtes ToUTo, Snhabh 16 éTi [ = g=|‘;
& ouvbucopd uMeTa Tou Bewpnuaros 1.2.1, Buvdueba va peAetriowpey ThY petaPorfy TS
kol vé yapdtwpey TO Bidypanpa auTiis, G5 tugaiverar ey Td xéTwh TapadelypoTa

HMaodderypa 1. f(x) =2x' —4x2 — 1
h(x) = x*
gx) =2x*—4x—-1=2(x—1)2-3.
Auvépel TGOV TURTIEPOTUATWY T&V Tponyouutvey épapuoydv 1 kai 2, fi petafoln 6
guvapthoewv h kal g &ideTan Umo T@Y k&TWH MWK :

X 0 o 1 ‘
RaTE @ SumaDiaii T 5 | 80 | A
Emaidy) f(x) = g(h(x)), Tpémer v& pehetnowuey Thy guvdprnow f, ds mpds THY p?.
voToviaw, els T& UmoBlagTiuaTa T&v (— o0, 0], kai [0, + o0) els & dmolx § h wAnpoi T
ouvnkas
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2 hix) =3 £ 1 kol h(x)=x>2= 1,
7ot els & BraoTHpaTA (—e0,—1],[-1,0] [0,]] xai [ 1, + ).
(i) Eis 10 &1dotnua (— oo, — 1], ds wpokimrTel dx ToU TpdTou TivaKes, 1| cuvdpTnais
yvnoiws @bivouoa, dpa
h(x)=x22 (-1)*=1 ¥ xe(—w,—1],
"5117\381‘-! al dvrigToryor Tipal Tis I dviikouv eis 1O BidoTnua [ 1, + o), dmou, ds TpoKUTTTEL
* Tol Beutépou Trivaxos, 1 g eivan yvnoiws attouca, "Apa, katd 16 Bedpnua 1.2.1, # olv-
Beons goh, 8nAadn 7 owvaptnois [, elvan yryoins plivovoa év (—o, — 1].
(i) Eis o &1dotnua [ —1,0], s mpokiTTEl €k ToU TpdTov Tivakes, f) oudpTnois
Yvnolws gfivouca, &pa
hix)=x*< (—1)*=1 % xe[-10],
32}“51‘1 C‘I'l avTioTory ol Tipal Ths h dvikow els 16 BidoTnua (— e, 1], dTrov, s mpokUTTEL €K
GU:@BEUTEPDU mivakos, 1 g elven émions yvnoiws ¢fivovoa. “Apa, katd To fedpnua 1.2.1, §
2015 [ — peh, eivon yryains avfovea év [ —1, 0]

h elvoy

h Elvey

(i) “Opoicws eis 70 SBidarnua [ 0,1] s mpoxUmTel ik ToU mpdTov Tivakes, 1| cuvd-
PTois h efuey yvnoiws ablovoa, &pa
o il(x)z.\f’."ki”.—.!l “gfxfE[D,l],
Uimq n al avtioToiyor Tipad ThH I dvnkowv els TO SideTnUa (— o0, 1], &mou § g elvan yun-

S 9Bivouca. "Apa ) guvBeaws = goh eiver yunoio: glivovoa & 10,1 1.

(iv) Téhos, eis 16 Bidornua [1, +w) f ouwdprnos h elven yvnoiws abiovoa, &pa
hix)y=x¥2 18=1 xXe[1, 4w
i b ' ' ai 'r'ﬁ; I _c’xuﬁxlnu:v els TO S'IéUTITIJOT [1, + ), &wou, ds Tpoky-
e HK 10\‘; BeuTépou mivaxos, 7 g elven imions yvnoiws abliovoa. "Apa 1) ouvleais f = gch

"eing atfovea v [ 1, + ).

"Bk 1éw dvewrépw mpokutTel 6 kémedl Tival petaPodds Tis I,

& e
MQB‘} al dvrioToyol ik

asointworg off < 0

N

Iy 44 f:y=2x'—4x*—1.
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IMapdderypa 2. f(x) = 2x? 4 4x* -3
h(x) =x*
gy =2x244dx —3=2x 4 1) —5.

Ol mivakes peraPolfis Tév ouvaptioewy i kol g eivan of kaTwb :

‘ X 0 X -1
| — - —
| |

HE = g D _;{(x)l = A

’Ek Tév dveoTépw Tivakwy petaforiis Tév ouvapThoewy h kai g, Suvauer kal Tou G
prpatos 1.2.1, ouvdyetan eUkdAws & kaTwb mival peTaPolrfis Tis SiteTpayovou Tprwvipd
ouvaptiigews = goli.

f(x) '\4 7‘3 /1

Zp. 45 0 y=2x4-4 4523,

2.2 Tomka akpotare ovveptiicews. Eis 1o Topdderypa 1 Tig AveoTER’
tpappoyfis 3 eidopev OTIH) BiTETPdywros TPICVUROS owdéptnois | ut (x)?
2xt—4x* — 1 (PA. Zx. 44) mapouoidler Toéoov eis TO anueiov — 1 doov kai glg TO
(6Aikov) EAdyioToV pE EAaioTny Ty 16 — 3. "AvmiféTws 1) ouvdpTnols ol
&tv apoucidler (OAkov) péyioTov. "Av Sucos TeploploBGpey  elg TO GuoirT?
Sidotnua (—1,1), TéTE TapaTnpoUuey 611 oy el

[(x) < 1(0) =—1 ¥ xe(—1,1),
BnAadh ol Tiped T I els TO BidoTnpa (— 1,1) Biv mrepPaivouy ThHY Ty aTh
els 16 onpeiov 0. Eis Ty mepimTwow Taitny Aéyopev &1 fy ouvdpTnois | e
poucidlel els 10 anueiov 0 romxav péyiator.

levikéds Aéyopev 6T ple owdpTnois [: A 1—>R (A = R) Trocpoumét’;f
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oy uéywror els & onuelov X,EA TOTE kod pdvov TéTE, &v UTpyn BV dvo-
oy Sidonua (a, b) mepiéxor TO x, kal mepiexdpevoy els TS Tediov dpiopol A
™s I, fitor x,5(a, b) = A, TooUTor, GaTe v& loyxin

= I(x) < [(x,) ¥ xe(a, b).

W T f(x,) kaholuey TOTE Tomxis  peyioryy Ty (R tamady péyiaton)
Ui

Ouolws Aéyopey 8T 7 ouvdptnols | mapoucidlel Tomxor EldyroToy €lg Ev

ON e 4 . il , e el - \ . -

NHeTov X €A TéTe kol pdvov ToTE, dv Umdpyn B droreror Sidotnua (a, h) = A
TEpiEyoy T ¥, Kkai ToloUToV, GTTE v foyin

[(x) = i(xy) ¥ x€&(a, b).
) Tryw T (x,) kehoUpey TOTE Tomixic Erayloryy Tyopy () tomxoy Eid-
,furrm.) Tﬁg £
h Otav pia ouvdpTnois | Trapoucialn els €v onueiov X, TomkdY péyloTov
N Tomkey Ehdylo o, TOTE Adyoper 6T alTn Tapouoidle eis TO anueiov X, To-
’;' axpotaror. TLy. 1) BiTeTpdywvos Tpicvupog owaptnols [ pe f(x) =
= A e I . 5 . % N Lyl
Aty 4x*— 1 (PA. Zy. 44) mapouocidlel eis Ta onpeia — 1,0,1 Tomikd drpo-
h :rq. AxpiBéoTtepor altn Topouoidder s T& onueio — 1,1 (6AKkdv) EAGY10TOV
Gl fle o : R
ElS To onueiov 0 Tomikdy péyioTov.

3. MEAETH XYNAPTHIEQEL KAl FEQMETPIKH MAPAZTAZIZ AYTHZ
B ~3.1 ‘H perérn wids mpaypaTikiis cuvapThosws WS TPOYHATIKTS HETO-
QG:IWS G‘Uvic'rcx"rm Ei‘g -rﬁxi -romxﬁ’u (Kotl-rc'x §10t(cr'rr']ucx'rot? HeAETTIV TS HovoTovias
&Kpc?-i' TOv Ifotefapllci.zov ARG e O’ITOTC.E' cxi:-’rnh 1TijOUO‘lO'E~§El 'romtiét
usyio.?-m KO‘II TOV ulro?,\oylc,mou TQY impom:'mjv me? cxu;rqg’, T|TC:1 TGV TOTFI'K(.OS
o évm-v Karl ’TOT'TlKo.)g e?\?cxlc:rwv Tt TS, TH ﬂonﬁetzg RO SRR EpEa TS el Gl
UTﬁUwOlOE ’TTPOKU'TTTO-\‘JU £!< Tng} L:s}\s"rng chtg GUVC:p'TT]G‘EfOS, wacxueeu‘vcr ’Tro:pa—
e UfU YEC:\)UE r‘plxwg' ThHY Om Syw o'uvr:xp"rﬂcnv, T}T?l Ve Xotpc(jiwueu TO Slotyp(‘):u—
e TUS El(i TNV Xo{zpaiw Tou Slu‘ypoEuuc‘r?g mas mfvccp'rncﬂrsws alE\’JKOAUUEl
ék?\syéo £k -rfm,- w'po~repcov kaopiauos C:\JPIO'HEI:"(AJU onueiwy ToU BiaypdupaTos
Meva alBcipéTeos pév, GAAG efs TpoTrov, ddaTe v xopaktnpilouy TO Sid-
TPt o &Any, €l Buvartéy, THY EkTagiv Tou.
Bxoi suz H ouvd?tqmg I ne I‘(x? — y}/cc*' =X iirmuﬁ o, Y TmpayputiKol api-
La > 0. To mediov dpropol aUThs elvan Tpogovéds TO KAELGTOY BidoTnua
% ). ’Emrions Six y > 0 % owdptnois [ elvar yvnoiws alfovoa eis To 514-

or
e [~ q, 0], B16m Si1x Xy, Xy v [ —a, 0] ioyuer
X C 2 2 a p » e -
1SX = x2>xt>al—x2<a?—x2= Vel —x2 < Val—x, =
W () =y Ve —xf < y Vo —x = i(x),
T ! 1 E) A 1 ’ Y 3
,IU\;-{ VTN elven yunoics pbivouoa sis To BdaTnue [ 0, & ] 86Tt 818 Xy, X, &0 [0, a]
Vgl 5
LH < 2 2 : 3 a : 3 3 ; ;
Lt it e x g xtsat R Var ok > V=% =

)=y Vee—x2 >yV ot —x?=1i(x.).
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‘Opofws Sik y < 0 #opev f Y [— o, 0] xad £ 1[0, a ]
"OBev ) peTaPolrn Tis ouvapThoews I difetan Umd TéY TIvdKWY

; X —« 0 | | x = 0 o
e Wl (el g SO gy [ B A 0
e R i y <0

Mpogawéds 1y ouvdptnois { mapouoidder &g & onueiov O els pév Ty Trept
oo Yy > 0 uéyiotov wd peyloTny Ty yo, &5 88 iy TMEPITTWOW Y <

EhdyioToy pé EAayioTny Tipfy ya
To Si&yponue Ths ouvepTioews | Bidetan elg T& k&TWH oYNHOTA:

Y v
,E a 0 a
TR e
\\ -5
ST,
== ‘ﬁc’r{

Zy. 46 fy=yYa—x% y >0 Zy. 47 iy =yVai—x2, y< 0

Mpos drpiPeotépay yapatv Tou BloypapuaTos wds ouvapTioecs oye51d
lopey TpddTOV GpIopEva oTpEia Tou Siorypapportos, T& dmola yapakTnpifoV
QuTd ka®' SAmy Ty Ekrooiv Tou. OUTw .. €s THy dvewTépw mepiTTwaty B

o =4, Y:% Xopdogopey TO Bidypaupa THs cuvapthoews [ pé [(x) =

_2_V'T€_ x? Tij PonBela &’ Evos pév ToU Trivakos peToPoAfis aUTis

.

e

o0 B b et

) | 013 0

&g’ éTépou B¢ TOU KaTwTEpw Trivakos, O omoios 8iber T OUVTETOQY LEVOS !

optveov onpeicov ToU Blary paUpaTos.
e e e - — 1 -3 o i s x 4|‘7__/'
x,_4;—3,_2’_1’0‘1 2\3[4
| LT IR T s ] el o ool || e omit, r
e ISV s ] a3 [ vE [ v | o
i | 4 \ B0 ‘t 4 AR 1

Koré mpootyyiow

1) \ 0 \ 1,98 ‘ 2,60 ‘ A !-42,90 1 260 | 1,98 0
| ) | e

¥
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Xy, 48 1:)’=*4TV16—x*.
EiSikai nepinthonc :

s 53:2'1‘ Yy = 1_, A_),}_f‘uhl;, I'(.\;) = v oof —,xa. Eis v mepimrwow TabTny Eopey
i loEypcruu?( Tfis |~TO ave fukUkAior kevtpou 0 kai dkrivos a. MpdypaTis &g’
S uEv, Buvduer ToU TTuBaryopeiou Oewpriparos, TUyOv onpeiov P = (x, y) ToU
EEQ}:Péuuorrog Ths [ whnpol Ty oxtow OP?= x? 4 y? =x2 4 (y/oP—x?)*
;;:;-F Ecc'—' ixﬂ‘) :‘a'-',, &F,)O( rl (’}',WO"UTO.’UIE TUXOVTOS  aTjueiov  ToU  Siarypdp-
. S T lhcmo THY dpxn TéY dtovewv eivan oTabepd fom pé o *Ag’ Etépou Bt
l;(c“"ﬁnuslov P=(x,y) Tou dueo fpkuxhiou (dpo y > ) elvon omueiov Tou
YPABBaTos THs | ke’ Soov, Buvdpel TEAIY TOU TuBayopeiou Bewpriuarros,
GE:OP2:Xﬂ+y! = yE—=gl—xt =y \/&‘-':_ = f(x).

>, M | ) L, e =
49 Ly =+/c_xt Zy. 50 —1y=—+/a®—x? Ly 41 X4 yr=qt

KEVTPGTJPth\TGJ’g T-(') S1dypapue ThS cr\ivotp'rﬁce‘wg — I IeIucu TO Kc'J‘r-r’m TiMikUKA 10V
A guﬁ)ﬁlg Tég:' *gKTIUOS « ([5?\ Ex; 50). Ap(?: OKUK?\.DS K‘EU'TP.OU 0 kal akTivos o efvan
i 1y pappaTey Ty ouvaptioewy [ kal — . Tuyoy onpeiov P =
(Xé)’) ToU kOKkAou kévTpou 0 kel dxTivos o ikavorolel Thy ool
Gog :Oié;\ : . S i :.GE' g
B TUXC‘::S owayetar & ToU l"fueo:)iopmou Bewpriparos. "ANAG kal duTioTpd-
onueior P = (x, y), Té dmoiov ikavotrotel T (6) keiTon &l Tou kUKAou
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kévtpou 0 kel drTiwos &, ¢ elkdAws ouvdyeton oAl ék Tou TluBeryopeiol
OecopriparTos. '

“Qore f) oytols (6) yoapakTnpeiler TO oUvolov TGV onueicwy ToU émiTédoy
T& &moia keivton i ToU kUkAou kévtpou O kal dxTives o xai kohelTan é&iomat
TOU év AOYe KUKAOU.

MevikcdTepOY 1) OYEOIS

N (x —x)* +(y —¥,)* = o,
BTOU X, Vo Elvan oTabepol mpayuaTikol dpifpoi, 81
TAS QVUTIKATOOTAOEWS X=X —X, kal Y =y — Y
ypdeeTan xai oUTw
X2 4 Y2 =

7 omola elvar 1) Elicwois Tou kUKAOU pé KévTpov TT)l
dpyxnv C = (x4, ¥y) TGV véwv &tdvwr X, Y kai GxTivos
o (PA. Zy. 52). ‘H dverépw oxéols (7) xoheiton £&0
cwaig ToU KUKAou kévtpou C = (x,, v,) Kol dxTivos o

2y 52 (X—Xa) - (y—Yo)i=a?

B

322 y= < Omlad flx)i= % Vo — x%,6m0v éxtic 100 o xai 16 P elva

Oetizog apfuoe. Eis Ty mepimTwow Tavtny 6 ivat petaPoriis Tiis | elvan

a

0o A

X

& 0
\ [
f(x) l lla

0

T& Sioypdupara s { kai Tfs — f §iBovron eis T& k&Twb oXNuaT :

Hy

p

[=4

Yo By —f:y=—%yuz_xz

Iy 53 f:y=

Thv Evwotw TGV GuwTépw SiaypapudTawv Téy owapThoewy | kol —f kahoU-
uev Edewpwr pé xévroor 0 xal fuudbovag o, P.
Tuxov onuetov P = (x,y) Tfis & Aoy ENNeiypews ikavomroisi Thy aytol

-xﬂ yz oY
®) ey
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B1671, & piv o P dunkn elg TO Bidypappa Tis [ (kahoUpevov ki dver 1juiéiddec-

Vi i wévroor 0 xal qudtovas a, P), Exopev

Y=oV @R - yr=t(@-x) = @),

uﬂ

@ 8¢ 16 P durkn els TO Sidypopua Tiis — I
(kehoUpevoy Kad xdre nueEdienpis pé wévroor
0 xai fHuwiéovas o, B), Exopev AW

A e E: (Gz_xﬂ) = (8)

B e o
J=—_ ot — X2 = yi=
= Y

"AMG kai dvTioTpdpws, & 81’ Ev on-
Helow P = (x, y) ikavomoisitar ) (8), TdTe o
P elven onueiov THS EAAeiyews, B10T1

(8) T

WEal TIT gV EEES
P aviver es 1o Sibypaupa THs [

®)

Xy, 66

Ellepic pé wévroor 0

SN

G2+ ﬁ?

==

xal fudfovas o, B

v<0 } > _\"—”—"E—\/C:g—!* > P dvikel els 10 Sidypappa Tiis — I

‘H oxtois (8) yapaxtnpiler T& onpeia T EMAelyeos pE kévrpov 0 kal fuid-

EOU Qg

o B kad keeitan oo Ths & Adyw EAelypecos.

3.3 'H ovvaperc [ pi [(x) =y x*—a? énov o Y mpuypatikoi amBpoi

Kai o

= 0. To mediov dplopou adTiis elvar Tpopavés | Eveoais Téw SraoTnudTWY

~ %, a] kai [« + 0 ). Kot dvadoyicw mpds THy Tponyoupévny § 3.2 ou-

[ Sy ek e ; G
Xyeren EUKOAWS 671 & mivat weTaPoAfis Tfis ouvapThigews [ éxer dos kdTed :

j X | —a | « X
ikf(x) ‘ N 0 e A Y
Ne=10

Ly 56

y=yV¥xt-aty >0

Zp 67 hy=y¥x®—at y <0.

Els v X&pativ Tév SiarypapudTwy TEY dvwTépw oxnudTwy 56 kai 57 Bi-

WnpiomoBnke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkrg
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eukoAUvouy Kai ai euBeian ut Eiodoels y = yX kal y = — yx, 81671, WX, &5 TV
mepiTTwow y > 0 Exopev

i e W o

() =y V= =y |x| | 1-% <y|x]

&pa kal

f(x) < —yx \ Xe(—0 ,—a] ds émions xad f(x) < yx ¢ x€[o, +o0).

EiSikéds Topa dv Becopriocopey T& Siory pdupaTa TV oUVApTNoEWY, T OTOId

vTigTolyoUV els TAS TIMAS ¥ = % kel y = — —E’
Y &Trou tkTds ToU & kal TO B elvon BeTikds &piBucs,
TéTe THY Bvewaow adédv (PA. Zy. 58) kooUuey U-
qepfolay.
‘H oxtois
x? y?
©) gy

s elKdAws ouvdyeTan, kot dvahoyiaw kad Tpos
Thv TepitTwaw Ths EAAeiyecos, xapaxTnpile Td
onueia Tis UmepPoifis kol kadeiton Eélowats
aUTis.

xt oy Tas evfelag pt Ebiowoes y = P X y=
.68 m— =1 «
imepfols) =— %-x, ai &molon SieukoAbvouy Thy  Y&patl

THs UmepPoAfis wé étio sw Thy (9) xoholUpey dovumtdTovs AUTHS.

4. ALKHEEIZ

4.1 «) Mehetrioarte s Tpds THY povoTtoviay Tas ouvapThioes, al dmoict Spilovron Vit
TEV TUTTWVY :
1) fxy=x3+1 2) f(x)=-x"-1
1
3 fx)=x24+1,x=0 4 f(x) = ———
) 1) ) 1) = oy
B) "Av i { elvan pler povéTovos §j yvnoiws povéTovos guvdpTnots, T auu'rreporiva'rf"‘
yevikés Biderfy ouvdpTnow — f oxeTikés uE THy povoToviay alTis ; "Av kai alrn, SnAad’
f —I elvan povéTovos, wéds ouoyetiletar T €lGos Tiis povoTovias TalTns pt T £ldos TS po
voTtovies Tiis f ;

x=0

y) ’Efetdoare 16 aUTd Epldtnpa, ds Ev B), Bi& THY cwwdpTnow % Smrou £66 UTY

TifeTon PePaics 811 f(x) # 0 Brx k&be x TOU Tebiou Spropou Tis f.

4.2 "Av I kal g eivon povétovor ouvapTiioers ut kowov mebiov bplopoy, Ti oupTrepd”
veTa, s pds THY povoTtoviay, Bi1& To &poropa [ 4 g kal TO ywénevov fg aUTGV;

4.3 MeheThooTe Kol TOPUOTHOOTE YEWHETPIKES TAS TUVOPTNCEIS, al émoian 6pi§ov‘fﬂ:
UTd TV TUTWY ¢
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2

T
5) 1) = X2 ®r0>—f‘jf

4) 1(x) =

3\+2

4.4 MehetriooTe Kol TapAOTHOXTE YEWUETPIKES Tas cuvapTnoes, of dmoic dpilovrean
UTtd 1@y Tmen:
) f(x) =3x2+42 2) f(x) =—4x® 41 3) f(x) = 2x1—1
4 (X)) =x2=3x+2 S)f(x)=—2x*43x+5 6) f(x) =3x2—-2x -5
DI =x'+2x*—3 BIX)=—2x"43x2+5

4.5 Xapatarte Tas EAAelpers pé thiodoers:

c2 2 r
])L+L=1 2)_\;24.-%2:1 3 2 +yz_
A 5) xt + 3 =4 8 iy
6 T B ERY

4.6 XapataTs Tas UmepPohras pé fliowoes:

2 e T i
5 —L=1 yxt—g=1 3)——)2ﬁ1
2 2 r2

4)%~_%=s 5)xaul9_=4 6)'T6——y2=4
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KEDAAAION IV

AKOAOYOIAI KAl ZYFKAIZIZ AYTQN

1. AKOAOY®IAI INMPATMATIKQN APIOMON

1.1 "H ¥vvow tiig dkolovBiag. Mvwpilopey 180 (Keg. |, § 2.2) Tnv éworav
TS ourepTHoEws 5 KGS povoonuavTou dmelkovioews | évds ocuvdhou A els Eva
ouvodov B (A,B Umotifevtan pn kevd). [pagopev Bt

f:A > B fj kal &A\ws Asx — [(x)eB
kol Aéyopev 611 1) | elvan pia ouvdpTnots pé mediov dpiopol T clvohov A kai
Tiugs eis o B.

Kata talTa pic ouvdptnols a ut medlov opiopou 16 aUvorov N Tév guol-

K&V &piBuddy kol Tipds els T B 8& oupPorioti oltw :

a:Ni—> B f kad &AAws Nav — a(v)eB.
K&Be ouvédptnois s 7 dvwtépw o koheitan pia dxolovlia ororyelov 1od guvi-
Aov B. Eidikdds, & B = R 1| dkohoubiar o koheiton dxoovlia moayuatiedy
aotfudv.

"QoTe @ axolovlia mpaypatixdy apludy elvar xdbe ovvdotnog pé medior
0ptopod T6 atvolov N 1@v guotedy dolludv xal tiuas eis 16 advolov R 1dv moa-
yuatixay doudy, dnlady ula povosjuavros drexoviog tov N elg 1o R.

Eis Tthv mepimTaow mas dxohoubios o ouvnBilopey émws THy Ty o (V)
aUThls oupPorilopey pE o, ypagovTes TOV Quoikdy &piBpdy v ds kdTw Selktny
Tou o. Al Tipad wids dkoroubics o kahouvton Spol aliThis kod Suvdueba vi ToUs
kaToywplowpey els fva Tivaka 6 kéTwd

g L... v

o oo B el R o
els Tov omolov TopodeimeTon cuvnics f TPWTN ypapph kai ypeovTol pévoy
ol &épor Tfjs dxohoubias, fiTol :
€9] Oy Oy Ogyen, O,
‘0 8pos o, koAeiTon TPGTOS Gpos Ths év Adyw dxoroubias, & a, BelTepos 6pos
kol yevik@®s O o, vogTOs Opos aUTTis.
"Exer émikpatnoel Omws gl THy mepimTwow wds dkoroubios o mapioTarTal
aUTn Sk TGV Spoov s dos v (1). Aéyopev 8 TéTe @ aroiovlia oy, o, Oy, . - -1
Ay o2 N ke GAAwS «j axodovlia oy, oy, oy, . . .». ZuvTopdTepov 1) dxoroubid
(1) mapioTaTon kol oUTw :
a,, VEN N kai &A\Aws o, v=1,2,...

v
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IMaopedeiypata :
L. 1 drohoubia Tév Quokdy &piBuddv, fTor f) dkohoubia
L T

Tiis omoias viosTos Bpos elvan & dpibuds v, Aot ay = v.

2. 1) dxoroubia

b b T M
2 3 v'’
Tiis dmoias & vicoTds Gpos eivar & dpibuos 1 , fiTol &, = R "
v
3. 1 &xohovttia
O U
4. 1) dxohoubia
1 1 1
=y oy e Y
2 3 Unis. v
L1.1 lewperona) maodorams axolovliag. "Eotw a, v=1,2,... pla dxo-

Aoudiq TPayBaTIKGY &piBpddy. To ypdpnua S, abTiis elvar TéTe TO olvohov
$ile0D)s (2i0s) i) =0 ),
‘H yewuetpixi) TapdoTaots (TO Bidypopue) alTol f) ds &MAws Aéyopey
Tiis Swohoudias o, v=1,2,... &moTeheitan &md HEHOVCOpEV omuela TOU &TTi-
TESoy G EpgaiveTan ey TO kdTwH o 59.

O e e .
G- - g
af- . :
(2 et e R R = e e D +
N 7 ] 3 i 3 3 i
i H
e ) :
o . 5
L e
Zy. 59

. 3 2 i 1
'n- 112 Doayuévy dxolovhia. Md& THy dkoloubiov o, = T 1.2,...
APATNpoUpey &T1 toyver @ &

O<o, =1 <1 ¥ veN oLy + % 1

fiTor 8aoy oi Spor Tfjs droAoudias TaUTns Gunikow els T KAsioTw BidoTnua [0,1],
Ouev B¢ 811 #) drohouBic alrn elvon goayuém;.
Tevixéa pia axolovlla moayuatixdy apludv o, v=12,... xaleitar

L s -~
?QClyusm; TOTE xal pdvov TiTe, dv Vmdoyovy moayuatizol dplfuot y xai & Towiror,
“ote yg ioyiy
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(2) Yy £a,£8 ¥ veN
"Av Topar B efven dpiBuds peyahUTepos 1) ioos TGV |y | kai | 8 |, ToTE )
(2) ouverrarysTon &’ Evos LEV

a, €8 <8 €8 ¥ veN
&p’ & épou BE
a,z2y=z2—|y|l=2—-8 ¥ veN
"Apa, ioyler ToTE
3) -8 <a, €0 V¥ veN
1 looduvapws
“4) [Fecall < 05w sye N,

"AMAG Kol dvTioTpdgws, &v foyun 1y (4), TOTe Tpogavdds 1 drohoubia o, v =
=1,2... elvon pparypévn, ST A (4) elvan looBuvapos mpos v (3). EBeiyfn
AoiTrov OTl :
Mia axolovllia moaypatiedr doliudy o, v =12 .. elvat qoayuévy tite
xal povoy tdte, dv dmdoyy moaypatixog dollpog O toetrog, dote va loyiy
| e, | <8 % veN,
‘O &piBuds § kaheitan TOTE odyua Tiis cxohoubias a,, v=12,...

> . P 4T . 2ouwy
Dpayuévor  &roroubicn elven Y. al L}Tl ST £ N T = Ty
v=1,2,..., 8idT ioxuow
) v Vv v
A TP T P T =
v +1 v+ 1 v+
Kol
2auw 2 |ouwy 2
|2 2ol ¢ 2 <5 veN.
*AvTiBéToos of dxohouBicn v3, v=12 ... kai —vi4v, v=12,... Btv eivat

gporyuévar (Brari;).

1.1.3 Movdrovog axolovflia. "E@’ Soov &k ToU &piopou Tns f) dxoloubicl
elvon pia eiikn TepimTWOIS oUVKPTNOEWS, of fvolcn  povdtovoc Kad wnolns
wovétovos drohouBicr mparypaTikéy dpifudv elven Tpopavels cupgves Tpos
ToUs duTioToiXoUs Oplopous Tous Bobévtas eis Thv § 1.1 Tol¥ Keg. I, S1& mporypa-
TikGS CUVaPTNOES WES TTPayUaTIKTS PeTaPAnTHS.

*AxpipéoTepoy pla drohoubia Tpayuamikdy dpiBudy oy, v =1,2,... elvat
atifovoa TOTE Kol pdvov TOTE, G

P = o, < O

‘Ouoiws 7 ov, v=1,2,... elven gbirovaa TéTE Kol pédvov TETE, &v
U =S Ny = o
Kat” dvodoyio, 7 drodoudia o, v=12... elven v pwnolwe adfovoa, &

s H = av < uI-ll
elvon 8¢ pwyolws phivovoa, &
VM = ay > O
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TT.x. f| dxohoubia v2, v=1,2,... eiveu yunoiws altovca, §16TI

v o= vE gl
6 1 drohoubic —l—, v=12... elvar ywnoiws pbivouca, Siém
T
== = u_ S Tl,_
L2 'H Evvowr tilg brnakodovbiag. "EoTw 1) dkorouBic o, v=1,2,... "Av

eEmpT']crquv kal Ty dxohouBiow TéV dpTicov QUaIK®Y aptBudv 2v, v = 1,2,. . .,
ToTe Biy Sradoyikfis dvTioTolyioews Cg KOTWTEPW
V=2V =,
Spileron Hiot véar doRouBiar oy, v =1,2,..., 8nhadh 7 droroubia
4 Qyy Oy gy - -0 Clay,
T] Omoia drroTeheiTon drrd gkeivous Tous Spous TRs a, v = 1,2, .. ., ol émoiol Exouy
SpTioy Befwrny. "H véa alrn dxoroubia kedeltar daaxolovlia Tis o, v=1,2,...
el wdhiora draxotovliia Taw aotiow detxrdiv,
‘Ouoiws Buvarran v op1obfy kel 1) Sraxoioviia taw TEMTTEW detxTDY TS
% v=12,. .., ds A d&kohoubic
O g s 1

My dva,=(— l)"iu, v=12,..., Té1e f piv Umaxohoubia TEW dpTicov
Beirésy efven n
bl i
g e R T
N 8¢ Umokohouia Téw TreprTTadY SewkTdv elvoa
1 1 1
_ll_m,ffl S s e
3 5 2v—1
Fevixéds, v dvri Tijs dkohouBias TGV dpTiwy f TEQITTGY QuaIKEY dpl-
O Becopriceopey picw yvnoiws abtouoar drohoulior quaikév Spifpuddy k.,

V— g ; . LT ; f ;
= (&pa K, << K,:q), TOTE B1& Sradoxikiis dvTioToryioEws cog KATWTEPW
y vV > K, —> O,

Spi " L ; 20 1) A iy
PileTon Mia véa dkoloubic a, , v=1,2,... (| owleois aok TGV dxoroudiddy

CWopThoewr) k ki «), SnAadh 1§ dxoloubia
o Clicyy Oieyr Qlgre = v Ky gy v
N Sroig kaheTton dmaxodovfia THs o, v=12.., %

1.3 Mndevikai axohovlior. "Eotw #) dxoroubic «, v=1,2,. .. ut o, =
= T : .
=1 -+ fiTor # droAoubia
1 1 1
_]' By g (— l)vhi-,. e
"As Bewpriocopey Toopa To Bidypouue autiis (PA. Zx. 60), fver BeTikdv dpi-
i T.X. Tov € = 0,4 kol T eUfeios pt eiocoas y =€ xal y = —¢, of dmoiau
Y& TapdAAn Ao Tpos TOV &Eovar TV X kal Spifouv el ToU émiméSou plav Tawiar.

euév €
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kel P

Zy. 60

TMapaTnpouuey gls TO dvewTépo Zx. 60 611 T& onueia P; kai Py kelvron éxTog
Tfis Towlas, dvdd T& &md ToU Beiktou v = 3 k&l wépav dvtioTorya onueiw, fiTo!
T& onpeia Py, Py, Ps,... eUpiokovtan SAa évTos Tiis Touwias Tév SUo TopoAAn-
Awv. ToUto onpaivel 6T1 ai TeTaypéven ToUTwy, fjTol of 6pol oy, Oy, A5, . .. TAS
&v Aoyw dxoAoubias keivton el TO dvoikTov Bidotnua (—¢, €), fiTor

—En g =E N v =wv—3 (e=0,4)
1| icoduvapeas
e |Ple i i =B,

"Av Thpa AdPewpey Evar &Ahov BeTikov dprfuov e . Tov e = 0,16 (w-
Kp&TEPOY TOU TPOTyoupévoy) Kol EmavaddPuwpey Ta duwTépw TOTE KATaAT) yopeY
els 6 oupmépacpa 611 T& onueia Py, Py, Py, Py, P; kal Py kelvton éktods Tis dvti-
oTofyou Tawias, v@d T& onueia P, Py, Py, .. elpiokovton dvtos Ths dv Adyw
Towias, dnAabt| ol TeToypévan TGOV onueiwy TouTwy, fiTol of dpol o, O, Ay, - -
THs &v Aoyw droroubias kelvtan els TO dwoikTow Sidotnpa (— ¢, €), fiTor loyUe

= = lay=En B v uie= T e —0116)
7 {ooduvdpucs
oy | = A sy =T

Eis 10 aUtd guumépacua kaTeAfiyopey kai &v AdPewuer s € olovdrmoTe
BeTikov &p1Budy, povov Tou B’ ékaaTov £ dAA&ooEr O BeikTns v, (GvwTépw eioueV
871 Biox £ = 0,4 Eyouer 6 v, TO 3, dé 81k & = 0,16, 16 7).

Tiy & Adye dxohoubiov, o, v=1,2,... &t a=(=1)* +, | Smole wAN-
poi T& duwTépw, YoapaxTnpiloney s umdevieny dxolovfiav.

"AvTiBéToos o drorouBicn B, =(—1)",v=12,... xal y, = v =

= ()Y

2 El
1,2,... 8v mAnpolv T& dvwTépw (PA. Zx. 61 kai 62) kai Emopéves Bév Suvaral
v& yapokTnpiofouv s pndevikai dkolouBial.
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SRR

1

S ————— ERERN L . T S

i i i

Zy. 61 Zy. 62

"Ex Tév dvwTépeo 68nyoUpeda eis TO v& Bdbowpey Tov Efig OpIoUOY :
{ Mia dnolovlia mpayppatdy dolfipdr o, v=12,... zaleitar pndevien
Wodovlia xal Od cvpfoiliompey Totto wé &, =0 7 xai dAdoc lim o, =0 tdre
%l udvoy tdte, dv M wdbe € > 0 drdoyy Oelntng vy = vo(e) (Ebaprdiuevos &x
Y00 £) rowitog, dGote v loxly
[ieta ] el N4
Zortdpes :

oy >0 <= ¥Me>03 vy=ue): |, | <e ¥v 2y
opa |

Mopadsiypata :
L. “H axoiovlia o, — .l_. yv=1,2... elvar pndevier, $10T1 Bk TUY VT BeTikdv dpt-
v
Busy ¢ UTrépyer BeikTng vy = vo(e), kal 5 ToroUTos Blvaran E5& vé Anebii els guaikds pi-

6 : T |
uds HEYaAUTEPOS TOU == ToloUTOos, GoTE &’ Evds piv

1 1

do’ uav"j‘u”:'\}?gvﬂ,

¥ Ertpou B¢, Aoy Tis Ehoydis ToU v,

Vo > jf = -— < E

"4 € Vo

P loyler |o,|< e N v v, "Qore EBelydn 6o
Ve 0 3 v, =v,(e) (dpxs? vé Anedf v, > l_) oy |< e % v v, fiTOra, = (4 S0

€ v
- 1
2. 'H dxodkovbia a,=——, v=1,2, ... elvar pndevier], 51611 B1& TUXSvTa BeTiNdy &pt-

Yo'
e .
Vi UTrdpyer Beiktng v, = v,(e), kol g TotoUTos Slvatcn v& Angdf els puoikds dpiBuds

He v = o " s \
YGAUTEQDS ToU _12- , ToloUTos, WoTe &' Evds pév
E

1 1
v2U0=>}G\,I= VV— é—vf'l
G ) 2 " 0
¥ trépoy 5, Adyw Tiis ExAoyiis TOU vy,
1 1
Vit —ET = v_ <&
0
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YApa foxtar |ay| <& % v = Vo
"QoTe EBeiyOn 611

e-0 3 v(e) (6pKEi va Angbi v, > 1

?): |av] <& ¥ v = v, fTO1O,= 71 —0.

v
1.3.1. *Idwityres wiv undevixdy drolovlidy. Tvewpilouey fdn Ex TGV po-
Bnudreoy Tiis Tponyoupéins Takewos Tas karoob 816N Tag TGV undevikddy dKo-
Aoubiov :
1. o, >0 <= |a,| =0
AUTn cuvemrdyetal Kol THY
o, >0 <= —a, >0 (Gori;)

v

2 a, >0 = a =0,

&mou ay, , v=1,2,... elvar TuyoUo« Urrakohoubia Tfis o, v =1,2,..., BnAadn

xdlle Smaxolovbia pndevixils axolovbias elvar éniong pndevixy dxolovlia.

3. a, >0 = a, v=12,... elvar goayuév.
Té durioTpopoy Bty loyuer s &modeikvietal Sia ToU Trapabelypatos o, =
= (— 1) (Bicerd;).

a. g:g] = o,+p, 0.
5 a, >0

B, v=12,... goayuév $Baels

AlTn petd Tis 1B16TnTos 3 ouveTéryovTon T

0
g" :Ol = o,p, >0 (Bati;).
X t
B iy } = ta, >0,

AUTn petd TR iB16TnTOS 4 Cuvemrdyovtar ThY

teR, a, -0 ’
neR, p, — 0 } = ta, + 1P, >0 (Bati;).

Eidikéds 81 £ =1 kal n=—1, mwpokUTrTel
a, =0
{a,-m} = «,—p, >0
1, | o, | < | B, | ¥ veN
B, 0 } a, >0.
8. dv—}()# '\/lu‘,{—>0.
76 &
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’Egappoyai :

1. "H axolovbia o, = %iv_ ,v=12,... eivac pmdeniziy. Tlpdypartt
v+
v v 1
e R B SR gl T ek
Lyl vi4v42 v? v V' veN
Kai G vi > () EmeTon, Suvdper Ths 1Bi1dTnTOS 7, 611 Kal ‘ﬁ — 0.

2. ‘H dwolovbia ay= Vv +2— Vvl 41, v=1,2... evar pmdevir). Tlpeyparr:
1 1 1

— 1
oy )= v 9 g [l - = .= - N
e Yvw+2+ V41 Yoo 4 Yo 2v¥v % g vis

1

Kl imesy L >0, katd Thy iBiéTRTa 7, elvan kad f drohouBia oy = Yo + 2 - Vv 1,
v

V=1,2,. .. pnBevik.
“H dxodovbia ay = w¥, v=12... pé @ erabepir moayparixor dplpdy »ai | @ |< 1
hac yopdever. Tlpaypat
A w =0 elvon Tpogaws. 0
Ais o & 0, Brobivi0 < |o| <l = > 1. “Aga [ =} 88> 0 xel Emoutvos

| o]
1
RN
"AMG kaTd THY yvwoThy dnodtnTa Tou Bernoulli, fTol T dvigoTnTa
(14 8)Y =1+ vd (dwédabs s Tig Emaywyikis pebdobou),

%) [ == A4 veN.

EXopey
(1+8)y=> ve ¥ veN,
bmére # (5) Bider ey
|ay|< vle o TR V¥ veN.
"Apa, Emretdn Lo 0, Buvéper Tav 1BoThTwY 6 kal 7, wpokimTeal 6T kad f) dkohoubic
v
A= w¥ y— 1,2,... (0< |w|< 1) eiven undevikn.

1 LW g ot
Ty. of dxorouBicn v, V= 1, 2,000 Frav= 1,2,... kel Tgv . V= 1,2,... evan

SAay MnBevikal &kohouBiar.

L4 Zuykhivovear axohovbiar. A THy &koroubiav o, =

ﬁ ) A e S ; .

2. Toparnposper 11 loyUel &y — 1 = — , fitor dxoroubiaa, —1,v=1,2,...
= o ; L ek i v+l

Equl unBevixhy dkohoubic. ToUTto éxppdlopev Abyovtes 8Ti 1) drohoubia "’;

=12,... ouykhiver Tpds Tov &piBusy 1.
rEle(A)S Abyopev 811 «ula dxolovllia moayuatixdv aolludy «, v = 1,2,.
yrdiver modg Tow TOUY UATIHOV am();u_w Iy 7| &AAws ¢ Telver TPoS TOV moaypati-
dy aglﬂ,uov [» kol oupPolifopev TouTo pt o — 1 f) lim &, = ToTE kol povov
ToTe, &y 7 axodovtia a, — 1, v=1.2,..., onladn 1 axoloviia
o =1, =1, g—1..., av—1
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elvar pmdevier). Tov &pduov | kaholuey dowor 7 dpiaxsy ryp s dxohoubic
oy, v=1,2,... Zurrduws :

Ime, =l eso, 10 |

| opo |

Mvepilopey 181 & T&Y pobnpdrwy Tiis TrponyoupEns Taiews 6T1 1) OpLaKn)
T dxoAoullics elven povoonpévtws dpiouém, Snhadh loy el

him' o, = ,
lim a, =1, } = L =1, (5ari;).
14.1 @EQPHMA. "4y oy, v=1,2, ... elvar pla dxodovlia moayuarixi

dplfudv, Téte ai wdrwlbe mgotdoe elvar isodivauo.

() lima, =1

(i) A xdfe € > 0 dmdpyer Seintne vy = vy(e) (Bkaprispevos éx o €)
TotodTog, date va loydy | o, — 1| < & dua xdle v > v,.

‘Anddeikic* (i) = (ii). Tpdypor lim «, =1 = lim (oy—10) =0, 10
dmoiov, Suvduer ToU Splopol T unSevikiig drodoubias, onuaiver 811

Ve SI0RHR = v o, — U< V=)

@) = (i). Mp&yuor Buvdper ToU Gpiopol Tiis undevikfis dxohoubios 1
pdTaois (i) onualver T ) dxohoubia a, — 1, v=1,2,. .. elven pndevikn Kol
ToUTO ouvemrdyeten Thy (i).

s v+ 1
HMapatnpnois. "Av dewpricwper Thy drohoubiay J;—— v v=1,2, ..., §| dmoia, &

vt 1l
v+ 10"

YVROTOV, SUYKAVEl Tpds TOV &piBudy 1, TéTE TapaTnpoluey 6T1 kal 1 dxoAoubia v=

1, 2,..., 8nAadn | dkoroubia
1213 14
IFEZT R = Ey e
Vit 1, v=12,... 8i& Bieypagiis T Bika Ty Spov alTAS
v
trrlons ouykAiver kal péhioTa wpos ToV EmBudy 1, Biém
v+ 11 1 1
10 ~! =<y —o
Tevikdds & ToU Spiopoy Tfis auyrhwolons dxohoubios cuvéyerar elxéAcs &Ti 7 5187 TOU v&
elvon pia dxodoubia ouykhivouoa Brarnpeitoar kol petd Thy Biaypagny tvds  memepaouévo?
TAfBous Spwv alTiis kal pdhoTa f) dprak Tipd Tapapével duetdPAnTos.

1 Omoia TpokUTTTEl K TS

1.4.2 *Iddrnrec tdv  ovyxdwovady  dxolovOuiv. Tveopilopev HBn ék Taw
ueBnudroov s mponyoupévns Télews Tds kéTwh iBidTnTas TGY cuyKAwouodV
dxohoubiddy :

11 a >l = |o| =1

2, a, >l = o, =1,
émou &, v=12,... elven pla Umraxohoudia Tiis &, v = 1,2, . . ., BnAadn xdle
dmaxodovbia  ovyxiwodene dxolovbias elvar émionc ovyxdlvovea dxolovlia jué

Ty adTy dotaxny Ty,
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3 a, >l = a,v=12,... o poayuém.
\ = 4 ,
Ti ovpTepaiveTeE TEPL TOU  QVTICTPOPOU ;

4. o, >0

pv _>'l2

} = o, +Pp, >4+ 1L

S a, =1,
Pl
A':'Tn OUVETT&YETOL TTY
teR

a, =1

] = o,B, >hL1L

} = ta, > U (Bati;),

N Smofa, Suvdpe THs (4), ouvemdyeTen kai ThY

teR, G, == .!‘1

EiBiess, 514 £ =1 xed = — 1, mpoximrrer
o,
BVA>I2} = av_ﬁv'_>li_'[2-

6. o, —> 1+ 0 1 1

oo DRy N[ T ST

A\"’TT] BeT& Tfis Tponyoupévns i816TNTOs 5 cuvemdryovTan kol THY
a, =>4 #0
B, =10 = By g [_

o, #0 ¥ veN & 1

7. a, >0
ﬁ‘, 4:'[2 = Il < }2—

a, < P, ¥veN

Y, =1 = a, =L
B.sa, <y, ¥ veEN

° o, > =/ ToT >/ 1.

"Egappoyai :
2
L lim 94';3__:.";"_5 :%. MpdyuaTt*
3 5 3 5
2 4= s 1 il e
v’+3v+5_v (l'v+v2)_ +u+u?
Y T 1 - 1
ye (4 0 T1) 4+
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3_-__3—1—, v=12..., ln:,1 ..1_, v=12,... xal
v v

Al drohoubion dpes
vy v

v=1,2... elveu Aou pndevikai dxoroubict, ‘Emropéves

“m(1 4 % e E‘g) —14040=1xa lim (4 ¥ :.;

v

“Apa, Buvéuer Tiig [B16TNTOS 6 TOY oUykMvouody dkohoubiddy, Eyopev

vi+3u+45 1_1‘-%-{-% 1
e sl SRR W
lim S im 3 b =

vi
v
2. lim v/ a =1, drov o oraleoss Oetixos dolfudc. Aaxpivousy Tés EEfis TepimTdIoes *

1) a= 1. Elvar mpogavés.

v
ii) a> 1. Gttouev 6, = Ya—-1,v=12,..., émote Sprel va Beitwpev 6T &y 0.

v
MpdyuoT: Exopev Vo = 14 &, fitot
6) a= (145"
Emeidny 8y > 0 % veN, Buvéuer Tijs dvicdtnTos Tou Bernoulli, 8& Eyxwpev kai (1 4 8,)Y Z
1 + vB,, oméTe ) (6) 6idear
a =14 vd, > vb,.

0L 8, < 2 —00,
v

"Apa
16 émolov, katd THy (516 Ta 8 TéY ouykhwouady &koloutdy, ouvemdyetar 611 8§, — 0.
iii) @< 1. Eis Thv meplmroow TauTny éxopey — > 1 xai émopévas, kara Thy Trpon
«

v

— 1 :
youpévny TepiTTwow s 1, fmor ;— > 1, 1o émoiov, Suvduer Tiis iBi16TnTos 6 T
o —
Ya
N 1
ouykAvouov dxoloubidv, ouveTayeTan 8T1 Yo — B 1

1.4.3 To povirovoy xai 1) ovyxhiog axelovlias — O dofuos e. "As BecopTl

= it 4 : -1 , :
owpey Tp&dTov TNV d&koAoubicw vv—, v=.2,0. ., fiTor Ty
2 3 v—1
0,—2—, g, E, G o 00
kal SeUtepov Thv dxoroubiav v, v=1,2,..., fitor Thv droAoubicv
e AN o SN
Ar &ugotépas Tapornpouuey 6Tt elven alfouson kad pdhioTa yvnolo
atfouoat drooubion, 'Exk ToUTwvy Spcos wévov f mparTn, Snhodh f drohoudi?

3—-5—[, v=1.2,... elecr gpayutvn (Siari;). Emi mhiéov mapornpoluey gmi 1
droroubia alTn ouykAivel kad péAlota lim u—%l =1, @ dvmibétws 1 v’
v=1.2,..., f émoia Sév elvor ppaypévn, 8iv ouykhivel Tpods TparyparTikdy &P
Buov (&roeri;).

To yeyovds 6T 1) alfouoa kad @poryudvn drkoloubia v;—i, =12y
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GUyKhiver Tpos TparypaTikoy pifucy Sexoueda 6T1 ioylel yevikdds Bid kdBe al-
tovoay kai ppaypévnv droAoubiav. "ArpiPéoTepov ey opeba TO drdAouliov &licopa:

Aliopa. " v oy, v=1,2, ... elvar pla adbovaa xal goayuévy daxolovlia moa-

YUt eay aollpon, tote alty cuyxlivet a0 xamowy apaypatizoy doldy.

‘O aoifludg e. "As Bewpniowpey Ty dkolouBiar o, v=1,2,... ut
1 1 1
gl iy o A
Mok e v ek i e ewe

Smas) Ty dxoroubiov

I 163

2' B Y3 tTha Y TEA g v

2 3 24 60

Ko ouvTopias, eis TOV TUmov Tfis drodloubics «,, v=1,2,... elodyopsv TO

%UpBoAoy v! (v mapayovTikdv), TO omolov pileTon dog kdTwbd
H=1,21=(1h2=1-2, 3!=@2N3=1-2-3 «xai emoaywykds

: pli=ill—="1)hy= 1o 2= 3 o

Exouev Aormov

1 1 i
= O Ay CEs
g, =14 %
'H dueorépw drohoubia a,, v=1,2,... elvar aliovoca kai udhioTa yvm-

of u ' n 5 .
05 otouoa, 5167, & v < Y, TOTE
]
%—q, =
1
p!

)1 )

1 1 1
(1+‘]!"{"...+‘ﬂ'+(7'+71)‘!+"'+
1

= A= =0 HiTol o, < &,
o i e O, v
"Emri rAéov 1y dxoAoubia alTn elvar gporypévn, S10TL s eUkOAWS ouvdyeTal
1 1 1 1 I tniotliis) ol
TS5 sr S’ FT L5 - o
el yepikase :
1 ! ¥y i
STl w2 P

—_—
v— 1 qopés
Smére Kadd

1 1 1 1
g=14 L4l 44l <14 (It gtgte )

-r‘ © =) - . e i ~ . o

) OToiov, Suvdper ToU TUTTOU ToU &BpolopaTos TV v TTPLTWY 0PV YEWUE-
TRIKT . "

PikTis mpodBou, Sidel

Lmv
0<cx,s1+—-—21-:3_—23—_,<3 V¥ veN.

I

2

“ 1 1
QoTe Normodw ) dxohoubia a, = 1 +ﬁ+—2-!-+ vos i Vil 2,

tlug, alouca kad pporynévn Kai Emouéveos, Suvdiel ToU TebévTos dvawTépw -
81
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Haros, alrn ouykhivel Tpds TpayuaTikoy dpiBudy. Tév &piBusy TouTov Tapl
oT&uey eis THY MabnueTikdy 'Auor?\ucnu 81a Tou e, fiTo!

e=lim (lJr |+2|+ +L)_

vl

o Spot Tfis droAoubias a\, V= 1 S2ee uczg Si'ﬁouu Trpocreyyicms ToU
&pifuou e TLy. & &pos oy = 1 + '1_! + —2—! + 3— % — 74- 8iber Trv Trpoo-
¢yyiow e = 2,708, 6 opos a; = 1 + -llr + -21] -+ 3 + : + Si«Sel -rf]l-’
Tpootyywow e = 2,716, & 8 Spos oy = 1 + —ll— + 71. 3]—_;. = 5' + 6f

195
= 518e1 dxpiPecTépav Trpoosyylmv 'rnu

e 08

2. TA EYMBOAA + 0 kai —co. EMITPENTAI KAl MH ITPAZEIS

2.1 Ta olpPola + co kai —oo. Mia pn epaypérn droloudic TPy pe-
TG GpiBuddv o, v= 1,2, ... 8ev ouykhivel Tpds TpaypaTikdy dpifudy, Si16T!
&Ahws, SnAadn &v alTn ouvékAve TTPdS TTRACYUATIKOY ap1bpov, ToTE, ko TV
iBioTnTar 3 TV cuykhvousdy dxohoutidy, 0& fito gparyudun, omep  &roTrov
Els thv mepimTwow, &mou f uf gpocyubvn dkoroudic a,, v =1,2,. .. elven K
altouae, cs .. f v3, v=12,. .., Myopsv 61 «lmn «dmewiletar Oetiniey 1
«ovyxdiver mpoc T6 + o » Ty AKOpN «rTelver mpds TO + co » (TO gUuPolov +
QUAYTYVGOOKETOL «otw dTTEL00V).

Eis v mepimrwow avtolons kai pr) ppoypévns drotoubics o, u=12, =
dnAadty dmeipilopévns BeTikdds -dkoAoublas, &v e elven efs BeTikog &p1Bpds, TOTE
Umdpyer Belktng v, = v,(e) ToioUTos, GOaTe v loyun

1
@) Oy >
Mpdyparis &v ToUTo &¢v ioyve, TOTe & fTo
1
o, € — ¥ veN
kal &meidf) f|) «,, v=12,... elvan allouoq,
1
o€ a, < = % VEN,

TO dmolov onuaivel 811 1 a, v=1,2,... 8& fjTo pparypévn, Smep &roTrov.
Taopa, AMoyw ToU 6T 1) a, v = 1 2 - elvan altovoa, Eyouey
vy = cx,,;cc\.o
kot Suvduer s (7),
1

V2, = ctv>'?.

“Qore &8elxfn &1 Bk Ty allousav kal uh eporyptvny dxoroudicy v
== oovEr
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Qice Tuydvrar BeTikdy &piBudy €, BnAadn Sid kdfe € > 0, Umdpye BeikTng

V= 5 2 et
" =v(e) TooUTos, GoTe v& loyun

0(\.>u€1— YoV o2 oy,
Karémw tésv dvewtépe elvon Théov guoikdy v Showpey Tov K&Tobt ye-
Vikdy Opiapoy mepl Tijs ouyKhioews drxohouBias Tpary poTiKGY 18PV TTpos TO 400 .
; O& Aéywuev 6T 1 1 droloudia TpayHaTIKGY &ptbudv o, v=1,2,...
ff:‘naf?t’ismt Oetieingn 1) &GAAWS wovyxdiver mpog To + 0 » T &kdpn «relver mpog
To\ +w 0, ked & oupPorilwpey ToUuTOo ME &, —> 4+ fj lim a, = 40, ToTE
K pdyoy TOTE, &v S xdfle € > 0 dmdoyy delntne vy = vy(e) (éfaotchuevog éx

Toj % 5 \ , 1 ¥
0 €) towites, Gore vi oyt oy > s owa xalle v = v, ZuvTOps :

lima, =+ <> ¥ £>0 3 v =vp(8): 0, >— M3y, |
|

Mepodeiypata :

L H dxodovlia tow prowdy dpludv v, v =1, 2,. .. dreollerar Betindds, fTor v —+ o0

Grari, ).

2. 'H drodovbla vt +1, v=1,2,..., Snhadn 1) axolovbia
Bt 2,5, 10, - T
TERer g Octiins. Tparyporr Bi& Tuxévta BeTikov &pibuov € dpkel vd Angdij s v, = vy(e)

3!
) PUoIKSS  &piBuss ueyaAUTEPOS TOU l, otdTe, Emardn v 4 1> v, 8& Exwpey
€

u"+I>u;r0>% Mov =,
"Qote : B1g kdde ¢ > 0 Umdpyer Belktng vy = vy(€) (&pel va Angbij s ToroUTos €lg

Pue y ) -
kg &p18uds peyohiTepos Tol %) TOIOUTOS, (OTE

li"'-}-]>L Mov =,
€

ﬁTm "’2+1*-+ao

H droroudia —v% v=1,2,..., dnhadt) 1) dxoAoubic
-1, —4, =9,..., —¥3,...

0‘1 TTPopawdds pivousa kai pf) gporypévn. Ko’ dvohoyiaw mpds & dvwTtépe,
* NBUvdyedo v elmreopsy 611 altn &mrepileTon dpvnTikéys. Atiler va ToapoTn-
10U 8565 & f &vrietos dkohoubia, BnAadth Ny —(—vH)y=1.2,... &me-

Pl €Ty eeTlK(:)s'.

. Tevikgds B Aéycopey 81 1) drohouBla TparypaTikdy &piBudy a,, v=1,2,. ..
et0 i eray dovnridc» T &AAws «ovyxdivet mpdc To —0» 1) &xOpn  «relver

"'\'rufa T6 —00» kal B4 oupPoAilewpey TouTo pE a, ——00 fj im a, = —0 (T

OAov —ao dvarytyveookeTol  «adnyy dmeovy ) TOTE kal povov TTE, &v

ely
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9 dvrlferos dxodovbia —a,, v=12, ... dmewlletar Oemixdg.  ZuvTOpws |

rlim a, =—00 <= lim (—a,)=+w J

“loybour T& ké&Twh fewpfipaTa :

2.1.1 OEQPHMA. ‘H drodovfla mpaypatindy dolfudy oy, v=1,2,"
anewitetar dovprinds 1éte xal povoy tdte, dv da xdfe € > 0 dmdoyy delxTng
vy = Vo(€) (éfaprddpevos éx Tod €) Towidtog, dote va loyvy

orv<—LE Mz,
*Anddekic. lim o, =—w <> lim (—a)=4+ 0w <= ¥ e>03 y =

=vy(e): — d,,>%’v‘v = = e=0 vn=vu(E)lﬂv<—% You =W

2.1.2 @EQPHMA. “Ectwoay ai dxodovblatay, v=1,2,.. . %aip,v=1,2,.
ué oy < Py dwa wdfe veN. Tdre ioyvovw:

Fimav:w{»m = lim B, = o0 #al | lmP,=—w = lima,=—w

——

*Anddeikic. lima, = 4w =% >0 I v, =y (e): «, >% Yz
kel ToUTo MeTA THis o, < P,V vEN ouvvemdyovton 6T1
1 3
Ve>03 v=y@): py>-- Vv 2y =>limpy=+ew.

“Qote E8eiyfn 6T : limay =+ = lim B, = 4o, é TOU Smoioy KON
gEdyeTan (mdds; ) kal 6T lim B, =—00 =lima,=—0w.

Qs eiBopey dvwTépw els TO Tapdderypa 2, 1) dxodoubia vt 4 1,v=1,2, .
&meipileTon Betikdds. ToUTto SuvdpeBo TAfov v guuTepdvwper &utows, Suva
ToU dvwTépw BewpripaTos, Tis oxéosws v < v2 4 1 % veN kai ToU &T1 v — 4
‘Opofws &k ToU dveTépw BecopripaTos auvdyovTal ekdhws 811 v —v + 1 — +¢'
—v® >—00 Koi —VE 4+ —2 > —0.

2.1.3 Ta odpPola —oo, oo xai 1) dudrabic Tdr mpayupaTixdy GouOpd"
‘Qs yvawoTov Sid ouyrhvoloas droloubias TpaypaTikdy dpBuddv ioye (§ 1,44
ididtnTos 7)
lima,=1, LeR
lim B, = b, l,eR =il
ols e ips Bos veN' ‘
.10 Omoiov Tailer omoudaiov pdlov els THY TexvikNY TGV &modeitecov 'rroMﬁ,
Becwpnudmav Tis Mabnuarikils "Avetoecws. Aia Tov Adyor auTov O 6pi003|"£'
S1&ratw eis TO owvohov RU{ —w, +oo } els TpdTOY, doTe v foyxin TO d"“rl
Tépw kal gl Tas MEpITTOOEL, drou 1 pla fy kol of SUo oplokal Tipal &, el
84
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¥ TG0 ouuBdAey —w  kal 4. Tpéyuarr &v Bex0éuev ToUTo, & Excouev

lima, =1, l[ER
lim B, = 4= =l £ 4w
o, < B, ¥ veN

“Ql reidny, 28 Spiopol, T 4o BV elven TparyparTikGs dpiBuss B TrpéTer vé Gpi-
Opgy

[ < 40 ¥ leR

—— SEE— |

Ouoims &8nyoupeba els 1O v& Opicwpey
EN-— = |

—0 <l ¥ leER kol | —® <+

_ 22% "Emrpentai kai pi npaferg petald t@v ovpfoleov —wo, 4w Kai
Sy Tpoypotik®dy  aplpdv. Eis 10 ovorov Ru{ —eo, 400} Blvarten va
lp‘,erﬁv, 6 pepikad Tpdtes, A mpoobeols kol & ToAAaTAGoIaopds (s Emions
n‘QqJO:ipemg xad 1) Siadpeois) els TpoTOV, OOTE V& iy O0BnyoUueba Eis AvTIPATES.
l:‘TPC'er]g adran Spifovtan dos EmekTaoEls TGV dvTioTolywy mpdtecwv eis TO R.
,PEV Tpoywphowiey Els TOv Opioudy T@Y Tpatewy TouTwy B& drodeitwuey THy
“KSAoufoy iBioTnTa
oty —> 400
B4, S TiH e
. ’Ev Trpgb'ro[s Tl'OlpCI"l'T]pO\:'HEU o, Suvapet TS iSIéTnTOS 3 TS § 1.4.2, 'f]
;K:?\OUGIQ( B, elven pporypévn, Bnhadf) UTdpyel TparyparTikds &pifuds § ToloUTos,
Te | B, | <6 Bix k& veN, fTol
(8) —Bia Bl =l yelN)

.
OTW Thpa Tuydy BeTikds dpiBuds £ kal foTw e = 1 -:L—e—e, omrédTe
® a, >+ = Ay, =y (e¥): a, > - U2
Toudves, Suvéper THs (8), O& Exwmev Ko
B> —0=1E% o= v v>y,

] [ €
Qore elydn &1

=0, (BtapTdopevoy &k ToU £, dpa kai ék ToU €): o, + B, > 15 vz
Nroy 811 a, 4 Bv —> 400,

e ,Tﬁ Poneiq Tiis dvwTépw &moderybeions iGidTnTOS Suvd\:ust?a v& dikalo-
(SI)?UCOHEV & gmiTpeTTTHY THY P& 00 + X G émiong kol TNV X + (400 )

T &, 4B, >4 < B, +a, >+ ) kai péhioTa va Spiowpey
400 +x=x+ (4o )=+c0.

dxon Km:’ duahoyiay Tpods T de:répco c"rnplgc?uevm é'n:i : !
TCQTE?):?KOU Buvdpebo va Opicwuer TS SIAQOPOUS ETITPETTAS TPALES C§ KO-

iSloTnTLY TGV
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ldwoTyreg

o, > +oo

B, > x,xeR | = %+ P, >+

P,—>x,xeR =&, +p,~>—oc0 (Siori;)
a, —> 400
av —> -0

}
o
}

=, +B, >0 (Biarri;)

ey =>—00

B, —>—c0 ; = a, + B, = —w (Siai;)

a,—>—00 = (—a,) = +oo (2 Spiopol)
o, >+ = (-a) >—w

Oy =k 00
ﬂv—>X,X > 0} = o,p, >0 (Gari;)

Ay —>—00

B,—X,x > 0} = a,p, = —o0 (Siari;)

o, —> 4w

B, =x,x <O} = a,p, > —oo (Brari;)

e — 00

B,—x,x <0] = op, >+ (Borl;)

s
Emrpenval mpdteg

+0 +x =X+ (40) =+ ¥xek

(~0) +x=x+(-w)=—0 Vxek

40 + (+e0) = oo

~00 4 (~00) = —0
~ () =+

(+o0)x =x(+0) =40 ¥ x >0,
Gpa (4o0) (o0 ) = 40

(—o)x =x(—w)=—00 ¥ x>0
&par(—00 )(+00 ) = (400 )(—00 )=~
(+00)X=X(+uo) =—0 ¥ x <0,
&per (400 )(—a0 )= (—o0 )(+00 )=—2
(o )x=x(—w)=4w ¥ x<0,
8o () (=0 ) = +o

o, —>X,XeR
E:;S;:ZN :»g— -0 (Biari; ) :xg=0‘v‘x€R
e(‘; —X,XeER >
Ui o i SR
Ex T@v dwootépw EmiTpemTédy Tpdfecov ouvdyetan ST kod 7 Trpdtt

=

+o0 —(—0), 8nAadf | + + (= (—w)) elven EmitpemrTh, B16T1 — (—0) Z
=+ kal fmopeves +00 — (—0) =+ + (+20) = +w."QoTe 40— (—o0 ) Z
= 4. ‘Opoiws ouvdyetan kol — — (400) =—x.

"Avribéteos i TPGES +o0 — (+o0) & dpiletan dos Emirperrd), Hiom &
a,—>+w xai B, >+, TOTE | droroubla o, —P,, v=12,-- 5 oUYKJ‘I'
Vel TGUTOTE TPOS TO uNdév ) &AAov HOVOOT|UAWTWS  coptopévor  &piBudy E!
rdun mpos & TGV oUMBGAWY —o0, +ao. Tlpdypart dpkel vé AdPoopey &8¢
tvos ubv @, =vi+v >+ kol B, =1 >4, éméTE @, — B, =v —>+&°
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3 & 1 1 5 .
b éTEF'OU St a, = vz—i-ﬁ — 40 kal B, = — 40, &wodTE a —PB.= . N —0.
v

s Kot dvadoyiav, 8év opilovran cos emTpemTal kal of kéTwh Tpdies
i ;).

My émroental mpdec

T~ (+0), —o + (o) 0(+m), (), (+0)0, (=)0, T

+ 0
0 4w — 4w —0 0 \
W'-m’E'T‘T’FKm_-'QER

2.3 I'evikf} napotipnoels. ‘H mapdotacts 2

1 . N .
1 QTTOV | Kal v @uoikol

dp‘eum B1& pév u otabepdy &pilel piav cho?\ouGlocu Ty o, = 2 + I, vi=1,2,.
v
ﬁTDL Ty
p+1 p+1 p41 u+1

W PITI QTP ey wp 't

N dmofy ouyKAiver kad pédioTa lim o, = lim % :v—l =0,

Av Spcs Bewpricwper TO v otafepdy, TOTE 1| TapdoTacis —-+ Opiler

ke & &\ dxohoubiow ™Y B = %—1, p=12,..., fTo1 Ty
2. 3y 4 M1
) —‘;lz_lEr"'l pe 't
"l oy &rriong ouykAlvel ked pédioTa lim By = lim “—;—:E :%.

Tpds Giéwpiow Tou molow droAoubiav ik Tév o, v=12,... A B, v =
Ehe . Bewpolpev eis T lim P—;L—, Ypagopey &g’ vog pév Iu‘n :;1 S1x T
BPQT"W mepiwTwow, SnAadh Six Ty dxodoubiav oy, v=1,2,---, &p’ Erépou
5 P »

hi“ —W—l i Ty mepimTeow Tis dxodoudias By, w=1,2, . "Qote Exopev
lll’l’lu+ l_0 «xa llmm—]
My it)

p'&‘POMEv Errions lco‘éuvctp.cog ko
p+1 0, R

- ol S woou
A ouupoAwy lim i —> xpnoipomololvTen érrions kad T& oUpPoAa lim
f‘] ! v v=oo
Emropévars Suvdpedor v Ypaywuer iooduvdpcs
2 1
l::]=0, lim u:—v =~‘1,-
" v=—00 H—C0
ﬁ dl(()un
b+ 1 o +1 1
—— It RS
HV v BV peg Vv
87
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3. AZKHEZEIZ

3.1 Moion # T&v dkoroubidv ay, v=1,2-- - ol dmoien Spilovran Ud TEHY K&TU
TUTwY elver ppaypévan kal ol Stv elvan ;
1)jor— A 00 2) iy 20 3) ay = YIH5V
U St by
_ VvV 4w i o v?
4) e 5) Gy = 7y G ay= e

3.2 TloTen ék TGV dxohoubidv Tis Tponyoupéing doxnaecws elval povéTovor kad ol
Btv elven ; Kafopioare kal 16 elos povotovias B1dx o HovoTdvous EE alrTév.

3.3 Aboate Tpeis Siapdpous UakoAoubias &1’ EdoTny & TGV els THY &okmow
droAoubidv.

3.4 Aelfate 811 al dxohoublon &y, v=1,2,..., ol &mwoim Spifovrar Umd TéY KETO
TUTY elvar SAan unSevikal
_ v e e _ 14+
]) (vaﬂ-s",ﬂ 2) C!vav—i—.i VV 3) Qy = 2
ol 3 w + ouv Ty 3 A !
4) ley= (Vv“ +2—V_}) 5) ay= B‘;v'? 6) a, =v¥ (]f vi42 — Ug]'
3.5 “Ymoloyioare Tés Sprokds Tipds TAY dkohoudidy ay, v =12,..., al éwoic OF
lovran Umd &Y Kk&Twh TUTWY:
l)av=VI+%.aeR+ 2)av=_;1+2";§:“_+"
L,V —3v+42 s’ | Nt LI aeR’
& Bt e D o=VYo+a)@+b) - v, p
5)qv=u(]—v1+i),BER+ 6)«::=a—v,a<;R+
v % v!
3.6 "YmoloyioaTe T&s Opiaxds Tiuds TGV dkohouBidsy ay, v=12,..., of &moi®
dpllovrar Imd TéY KéTwh TUTWY:
S e w47 1 1
1) Gv—W 2)Clv=-—2“’(T_—{»_l—)n 3)0(v=[+§‘+...+7
3.7 “Ymohoyloate Tds xé&rwh Splokds Tipds ¢
. pv? o g . TR
1 l||1‘n V1 2) ll‘l;n e 3) llﬁn PR
: [ . 2W L 2m
4) ll‘l:n W+ 5) hgn e 6) 11‘1::1 T
88
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KEQANAION V

ZYTKAIZIZ ZYNAPTHZIEQN

1. ZYTKAIZIE EYNAPTHIEQZ AIA x — 4o

L1 Eis 10 mponyoupsvor kepdhaioy NoyoAnBnuey ut TNV oUyKAIo &ko-
°‘{91c73v TpaypaTik@dy &pifudy, ai dmoial, ds eiBouey, droTeholy picw &mhou-
OT&TTW TEPITTTOOW TTpaypaTik®Y owvapThoewy. Eis 1o Tapov kepdhauov B
KZEKTEiVQ)ugu Té&s dvwoias Ths ouykhioews kai :rﬁg dpiokiis Tiufs S1& TpaypaTI-
'rof‘, SWapThoers pids TpaypaTIKAS LlE'l"Gﬂ?\T]"TT]S Kai ch:rd mwpddTov f& Tpdloopey
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&S Ty mrepimTeoow, émou I = — Aéyopev Kkai 6T ) oWApTNOS f t.::nﬂgt.te':’at
AovnTidye S x —» X, — 0, &v €ls TH mepimTwaw, émov =+ Aéyoupev 6T1

QTN Greplletar Oevixis Ol x—>x,=0.

IMopodeiypata

; = — vihivet g X —>—0
1. “H ovvdornows  pé 1(x) = (x +2)* + v&_z — xe(— 1,0) ovyxdi

T90g Ty aoifuov 4 (— 0 Tiberon ouvifws dvtl Tou 0 — EJ). Mpérynam & Xy, v=1,2,... elven
TUxoloo pnBevikhy dxohoubla pt X,&(— 1,0) % veN, éxouev

il —
o ]
() =G+ D+ V5~ (°+2)’+V1_02
hApCX llm ((X+2)’ +‘\/;K ):4
X5—0 X -1

- imepil i mc dua x — — 0. Tlpa-
2. “H gwvdoryoig T pé 1(x) =7 x€(— o0, 0) dretpileTar dgynrixds dud X P

Yuary

97

WnpiomoBnke amoé To votirouto EknmaibeuTikrg MoAmkrg



Xy < 0 % veN
Me>03v,=vw(E):—— >
“QoTe £5elyOn o1

1 1
— v = v, Enhadh lim (— —) =+, &palim— = — o
Xy Xy

Xy->0

> M e8>0 3 v=96) 0<—X, <& M vz =
1 1

v [

xy—=>0 o1 N A
Xy <0 % veN .--hmx—\':—w.n‘rmxl_l’rzlnk—_ﬁ—m.
e ’ ) X ’e
3. “H owvdotnyoic f pé (X)) = T xe(— 1,1) daepilerar Oetiedc Sta x — 1 -0

MpdrypoTts &g’ tvos pév
Xy 1 il gl 2
el I A ueN} = — + o0 (Siati;),
4o’ Etépou Bt
1
=X, T~ () = 4.

X
Apa lim T—7 = to.
: x>l—0 1 =X
3.3. Liykhiowg ovvaptijeens dd x —>x,. "Av Bewpricwpey plav cuvap
Tnow | dpiopévny TouddyioTov els Ev oUvorov THs popeiis (a, x,) u (X, B
ToTe 81’ auThy BUvaTan wpogavdds va opiobi Tooov 1) Ewoia THs cuykhioews
81 x —>x, + 0 Soov kai Biax x —x, —0.
; X "
My &k f(x) = TR x& (—oo, QU (0, +00), Exouev
lim 2 =1k« lim ‘x--‘- =—1 (Biari;
x>0 X ool e ( )

e . x?—1
Emions &ix {(x) = \x—l s XE(—00 , 1)U (], 4c0 ) Exopey,

=2 xai lim Y1 =2 (iori;)

i xt—1
lim — o
xepl0l 0 K X+1—0

Els v TeheuTaiow ToUTny TepimTwow TapaTnpoUpey 6T

: x:—1 X x2—1
lim —-=2= 1 =
x=+1+0 x = x-li[;n—n x—1
kai éxppdlopey ToUTO AbyovTes &T1 1) ouvdpTnols [t T f: _11_ :

xe(-c0, NDU(, o) ouyrhiver 81k x — 1 wpods Tov &piBudy 2.
Fevixéys, &v [ elvon pla ouvdpnols dopiopévn TouhdyioTov €ls &v olvoo!
Tis uopefis (g, Xo) U (X, B) Smou xR, 8& Aéycouer &1 alrn «ovyxAivel dud
X X, Aeog 10 Iy §j GAAWS (Telver dia X — Xy mpog 16 Iy, &mou lERU {—o0 , 4@ }
kol 8& oupPolifeper TouTo pE f(x) T.}'."I A Im {(x) =1 TéTe xai povoy
u X=X
TOTE, AV i
lim Gy =0 = lim  f(x):

x=+Xg+0 X=+x,—0
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ZUVTORWS ©

lim f(x) =/,

- 0 him =1 = hm iz
!ERU{—OO, '{CK)} ops X—=+xy 0 ( ) X=xo—0 ( )

To | kahoUpev Gotov §y dotaxyy Ty s owaptioews | S1& x — X,.

"Av [ =0, téTe 1) owdpTtnois [ koAeTTal pyderxn) dia X —x,. "Emionseis
T mepimTwow, émou [ = —c Myousy xoi 671 T ouvdpTnots [ dmeileTm
df_'l'?,“n‘.'czt?jg S X —-x,, t@ els THY TepimTwow, émou | = 4o Aéyopev OTI
T drewileta Detinedc did X —X,.

Hopodeiypota
x*—5x 4+ 6
1. “H ovvdotyog [ pé 1(x) = "LMV_-—LQ—_' XE(—00, 2) U (2, +00) ovypxiiver dud
X2 apos tov doldusr — 1. Tlpaypatt
xt—5x+6 _ (x—-2)(x—3) _ |
ToES = BT —x-3 W xeR - {2).

;
AN To7e TpokUTTEl eUkdAws 611 lim
X2

(x—=3)=—1= lim (x— 3), 5nhadn
0 x—>2-0

lith, e mon RO R RO e e O P 6R
X—>240 x—2 X—>2-0 X =2 X—>2 =2
2. "H owdprnos [ pé f(x) = —‘Iz , xe(—o0, MU0, +0) dmewoilerar Oetindds dia
0. Tlpdynar &y mpdTols Eyouey
Xy —> 0 1 n
= — —»+4oo (Biarl;
¥, >0 ’vaeN} " e Bt (hisshy)
Kl troptes o e Tl el (40 ) (+0) =4, Hroo lim . +eo.
Xy} Xy Xy x—>+0 X*?
‘Opoiws Eyouev
Xy =D =0 s (Broeti;)
X,y < 0% veN Xy ¢
kal oy O T LS W —0) = i im L _
OpEvog et (—0) (-0 ) = +e0, fiTOl o = = 4c0.

“Apa lim SN 4.

x—>0 X!
3% H owvdorgos 1 pé 1(x) = x;ll xe(—co, MU0, +0 ) dmeoileTar dpryrixds
Oiay - 0. TMpaypari® &v TpaTols EXouer
e
Xy —1 1 1
= v o A Y 1 —(4+0))=(4+00)(—0w0) =—

RS0 v T e = (15 X = () = G- m) =
Ktxié'rrouévmg i _xfl A

x—=+0 Xx?

“Ouoicas Eyopev
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x,—> 0 Xy—1 1 1
KV<UVVEN}' ;\.x =% (1‘;\;') > (—0)(l—(—®))=(—x)(+o)=—®
; : x—1 ) SE. 28 |
kal Emopéveg xE—Tu = Apat 11_11:0 =

IxeTikdds pE THY oUyIAow B1& X —X,, X,€R ioxve TO dxéhoubov Paoikdv
Becopnua, TO Stmoiov elvan dwdhoyov Tol Bewpriparos 1.3.3 ToU &popdvTos &l
THY oUYKAoIw 81 X — 4 0.

3.3.1 GEQPHMA. “Eotw [ pia covdotnow dotoudvy tovddyaror el & ob-
vodor iic poopic (e,X)U (XeB), XoER. “H ovvdotnoic | ovyxhivec dua X—Xo
mooe 16 1 ([ERU{ —c0, +0}) ToTe xai povoy wdve, & o wdfe drolov
Blay x,, v=1,2,... péxe(a, XU (X,P) V¥ veN xai x, —x, loyiy lim {(x,) =
= 1. Dwrépwg :

| lim f(x) =1, ] " .
i X—>Xg <= ( } = lim f(xv)=[)
leERU{—, + } j x,€ (o, X)u (%0, ¥ veN

> Amddertic. A) “Eote lim f(x) = 1. "Ag Bewprjowusy TuyoUcow SKoAou”
x=+Xg
Blow x,, v=1,2,... pt x,€(e,x)u(%,p) ¥ vEN kal x, =%, Bi&x Tiw STrofow
Srarpivopsy Tas KkéTwd TPETS TEPITITAOE :

1. *loyter X, < X, 0 & memepaouévov nlijoc deverdy. Eis Ty mepiTToo
TauTny S1& Srory pagis TéV Spuwov Tiis X, v=1,2,. . ., ol &mroior TAnpolv THv o}t
X, < X, TpokUTTEl pla drohoubia y,, v=12,... &i& Ty Smolaw Trpopawdds
ioyel € (X,, P) V¥ veN xal &mi mhéov, Buvduer Tiis Topatnprioews Tis § 1.4
ToU Keg. IV, yv —X,. “Apa, twerdty Umetén lim f(x) = [, loxver lim i(y,) = L

x—+Xg
& &mroiov, duvdpel Ths aUTis Gs duwTépw TapaTnefoews, cuveTdyeTal OT!

lim f(x,) =1

2. *loyber x, > X, OC é memegaouévor niijfog deverdw. EvreNdds &woho-
yas Tpos THY Tponyoupivy TreplTTwow ouvdyeTal kai £86 811 foyve lim f(xy) =
= [ (&modetis; ).

3. Qvdepla v meprnrdraewy 1 7 2 ioyder. Mk Sixypagfis &Y Spuov TS
x,v=12,... 0lémwolol TAnpolv THv oxéow X, < X, TwpokUTrTEl pict Umrakohoudio
X, v=1,2,... Tisx,v=12,... 8i& TNy omoiow Tpopavids ioyUel X E(Xp,P)
% veN kai &l TAéov Xy, —> X, (1816TNS 2, § 1.4.2 ToU Keg. |V). “Apa, Eme1dr) Ure
Té0n lim [(x) =1, foyxve

@) lim 1(xe,) = L.
‘Ouofcos 1& Siory pagfis Téw &paw Tiis x,,v=1,2,. . ., oi dmoiol wAnpolv TNV oxEot
X, > X, mwpokUtTel ple Umrexohoubiar x,,, v=1,2,. .. THs x,, v=12,... 1
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Thy &molav loylel x.,&(x, X,) ¥ vEN kol x,, =X, “Apg, Emadn UrreTeln
lim f(x)={, loyler xai
0

X,

(5) lim i) =L
"AveoTépw Sieomréoopey T dxohoubiav Xy, v = 1,2,... els &Uo UmokohouBias
™S Tés Xyyy v =1,2,. .. k&l Xy, v=1,2,. .. B1& T&s broiag ioyvouy dvTioToiyews

o (4) kai (5). "Ex 1év oyéoewy ToUTww dmobekvieTan 611 loxuel kailim f(x,) =L
“Oore Kai els T& Tpels QeoTépw TepiTTdoEs E8eixdn o1 lim I(x,) = 1
SnAodh 6T/ oxtols lim f(x) =1 ouvemdyeTan THY

X, =>X,

® e o B) e | = MG =
B) *Eorew &m1 loxver 1 (6). TéTe alrrn Tpogawdds ouvemdyeTan &’ EvOg eV

X, —*X, 4 el \ e
X,E(Xq, B) V¥ vEN } > lim {(x,) =1, firor  lim f(x) l,
&’ étépou &t

Xy, =Xy

= limi(x,) =1 * im () =1.
X, (o, x4) ¥ vEN} lim i(x,) =1, fito lim f(x)

X—>Xg—0

"Apa 7y (6) ouveméyeTen Thy lim [(x) = L.

b ly)

4%, IAIOTHTEE TON EYTKAINOYEZOQN LYNAPTHEEQN

4.1 *Eotwoov ocRuU { —0, +0o | kol | pio ouvdpTnols GPIoHEDN TOUAGY1-
OTov glg &v ouvorov U(o) Tfis Hopefis:
(g, o) u(o, B), & o€R
(a, +0), &v 0=+
(—w0, o), Gv o=—00.
Eis o TPOT Y OUUEV EBapia EXEL Sprodfy eis Shag TOS TEPITTWOES 1) fwol
lim f(x) =1, émov leERU{—00, +® 1. To I keheftan TOTE dotov N Sotasd) T

X—>q
i owaomijgeme | Bia X — 0.

“Qc elBopev BT 1 oUyKAIOIS KIGS CUVEPTTOEWS B1& X > o yopakTnpileTat
T&yToTE ¢k TEW OUYKAIVOUOGV GrohouBigy Tpds TO o kal ToUTo GAROTE pev b
Opiouot (TTpPA. m.x. § 1.2), &AhoTe Bt U1 Becoprpdreov (TpPA. .y, BecopripaTa
1.3.3 kad 3.3.1).yerixdds loxver B1’6Aas Tos TEpITT@OES TO dxdAoubov Becdpnua.

411 OEQPHMA. ‘[ ouwvdotyog | ouvyxkiver o X —0 m00g o |
(leRy {—c0, 400 }) ToTE ®al povoy e, v dua wdlle dxolovliar X, v = [RORE
#8 x €U(o) ¥ veN xai X, —»0 loyy lim I(xy) =1. Zvrrdpog :
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lim I(x) = |, e
X+a = iR = = 1 f(x —
| leRU{ -0, + o0 }} = (x"{‘_l () ¥ veN } HHE !)
lzddecis, i 0 =+ o0, TO Geddpnua TolTo oupTiTTEl WE TO Becopnua

[.3.3. “Ouofws xai 81& 0 = —c0, TO Becdpnua TEAW loyter (TTpPA. § 2.1). Té-
Aos, Bix ocR, To fecdpnue oupTiTTel pE TO fecopnpa 3.3.1.

T3) Ponleiat ToU Becopriparos ToUTou &moSeikviovTal eUKOAWS kai S1d Tag
SUyKAWoUoas cuvapTrioers dvdAoyol i81dTnTes TPOs Ekeivas TV drohoufidov.
Tpiv Spws Biatutrdomper kaTwTépw Tas 18161 Tas Téw auykAwouody guvap-
Thoewv B& dpiocoper TpdTov THY Ewolay T poayuévne covaotijoemg, T 6mola
owdeTon pE THY éwvolar Tis ouykAloecs ouvapTnoEws, s drpiPdds oupPaivel
kad pE Tas dicAoubios (TTpPA. i816TnTes 3 kal 5 Tis § 1.3.1., & #nions kai i616-
™Ta 3 Tiis § 1.4.2 10U Kep. V).

Mia ouvaprnos I, ¢ dvwtépw, kedeitat qoaypévy €is Ty TEGLOYY TOD O
TOTE Kai pévov TéTE, dv UTdpyn TPAYUATIKOS dpBuds € TooUTos, ¢hore v
ioyun

[I(x)] <0 ¥ xeU(o).
TS & koheiten Téme podypa wijc | els Ty TEDLOZNY TOU @,
. ; W e s ) ; S .

M.x. ) owdprnois | pé I(x) = « Sl gporypévn) Tooov els THv TEproyiY
ToU +oo0, Gaov kal TOU —co, B16T1 ioyUel &’ Evds kv

Ll _
e 1t Xe(l, + ),
&’ ETépou Bt
i
| X 7 |
‘Ouoiws alrn elven pporyuévn kol els Thy TEPLOXTY TOU 2, 81671 foy el
L.
”Xii &S ]' v XG(],Z) U(Za +°3 )
"AvmiBétes almn Stv elvon ppocypévn els Thy Teplox v ToU 0 (Siaeri;).

<1 ¥ x6(—c0,—1).

4.1.2 Movdper 106 Oewrorjuaros 4.1.1 amodeseviovtar ai xdrwmb iddTnres
TV OVYRAVOLE@HY GUYapTIjoEDY Do Ti)y aoiadleacy  Grnog ol onuetoiyevar éxi
THY Gotaxdy Tudy modfe elva EmrpenTal,

L T goayuévy elg vy mepioyiy tod o ¢
lim g(x) = 0 } = lim f(x)g(x) = 0.
X—»0

2 im S () = 0 Irim [[(x)] =0 <= lim (— f(x)) = 0.

X-—»0 X—»a
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3. limg(x)=0

% iy = lim f(x) = 0.
TS Lot o

4. lmi) =1 =1lim|f(xy|= [l!], & leR '
Nro Xesi +o0o0, G =4+ | —o00.
5 lim [(x) =1, IeR = [ elvar goayuévy els o)y mevogny Tod o.
N0
6 limix)=1

A—ro

7. lim{(x)=1I

X=0o

lim g(x) =1,

\=+0

- lim I()ex) =1, .

X=>F

AUTN peTd THs TRonyoupévns 1810TNTOS 6 cuveTGyouTal Kal TTV
EeR, lim I(x) =/

XN=+0 = 1j El(x o(x =t/ 4 VP
neR, lim g(x) =1, [ \TE'( e L
Eitikeos B1& € = 1 kai n = — 1, TpokiTrTel
lim {(x) =,
A=+0 . h [(x) — «{x = — 1,
el IR S
s ey g g
8. l-‘iﬂll(.\) ] P .

i(x) # 0% xel'(e) | * Wy =0 -

AlTn petd s Tponyouutuns iBi1oTnToS 7 CUVETTaYOVTAl Katl TV
limdte) =k %0 l
X—=30
; r(x /A
- lim () &

imo(x) =1, ; =
lim g(x) =1, AN T R A

X=a

I[(x)# 0 ¥ xel'(a)
9. limi(x) =1

\ba

lim g(x) =1, i< T

A—rO

f(x) < g(x) ¥ xeli(o)
10. 1(x) < h(x) € g(x) ¥ xel(o) }
lim [(x) =1, Iin1 =1

N =+

- lim h(x) = I.

) = Vi1, &v IeR
L g (%) = b= !Iljl Vot = {7: ¥ mElit g

\-va T '
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5. AZKHZIEIZ

5.1 'Ymoloyloate Tas k&Twb Sprakds Tipds :

: 1 L X o muSx
1 lim . 2 14 Rt Lo 3 1 st
) x>0 X'+ 3 ) x!-lvgou X ) X—T];oo X3+ 7
4) lim XX 8 dim X+l gy gy 41
x—>+00 X?+4 1 x-»+00 X —1 x->+00 X2—1

5.2 ‘YmohoyicaTe Tés kéTwd dprakds Tiuds :

It lim =y lim  (Vx(xFa)—x) 3) lim (V4 F5x+ 2 —2x)
x> 4 Xx—>400

x=+400; xt—x? -2

i s 5y% fim) XX A
x—>+00 3x2 A4 | x—>+00 5X? 4 1 Py iy

7* lim e 8)* lim X =~ x* 9* lim X —x°
x—>+00 X0 J_ 7 x—>+00 X242 S T 1) 9

5.3 “Ymohoyloate Tas kaTwd Sprakds Tipds :
1 X* nux. 2 I x® 4 2x i g
) llem x“«l»l ) xam_'lm —x¥+8 3 x;lﬂmx(vx +l+x)
54 * ‘Ymohoyloate Tég k&Twh Sprakds Tipds :
7
D b o e yedime X arstin ) o E - A5 i X S

x—>—00 2X 4 4 x—>~00 X7 x—>—00 X4+ 2 x—>ﬁm X? 4+ 3x + 4

5.5 ‘Ymohoyloate Tdg k&Twb Splakds Tipds :

1) lim xXP-2x 44 2) lim —2x+4
X—>1+0 x=1 ot =T

Sl EE et 4 T AlE=Eltxt= x4l
x—>2+0 x—2 S50 =)

5) lim }’,Lz 6) lim _)(1 + 2
x—>+0  [X[x -0 X[X

5.6 ‘Opolws UmroloyioaTe Tas Opiakds Tipds :

. ¢ — 4 . x*+2x -3 . x?43x —4-
B Wt oy iy et ek 0 3 skt
’ x—>yp X'—2 ) sep T ) :}l—T} 2% —5x 4 3
A ==
)& lim = ) (Au quotkol &piBuof) 5) lim  S9x*—3V2x*—4x
x—>1 xH—1 x—;—.'ﬁ- xt—2
: Jonil : 3x® 4 6x g, |
G lim i a2s b edel,
) x'l-{"tl.’! X ) x—lb—l x242x 41 8 ;}l—[:]o | x
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KEDAAAION VI

ZYNEXEIA ZYNAPTHZEQN
1. H ENNOIA THE EYNEXOYZ ZYNAPTHIEQEL

1.1. Al BewpoUpevar kal el TO TTapdv kepdhaiov ouvapThoes elvar SAoi
TPy HaTIKGl TUVaPTNOES WdS TPOYHaTIKTS peTaPANTHS.

X* —
x-—1"1
0 ,&wx=1

S : : av x # 1 5 =
M TNy owépTnow g uE g(x) = TOPaTTPOUREY BT

x:—1
x—1

lim g(x) =Ilim =2 % 0=g(l)
x—>1 —>1

s
‘AvtiBéTas Sk THY guvdptnow h pé h(x) = { e L 1 TAPATTPOU-
y v x =1

Hev &1

; .oxt—1
lim h(x) = lim —— =2=h(l).

x—>1

63 Xy. 64

Zy.
h elvar cvoveyne eis 16 1

g elvae dovveyis €is 1o 1
Eig Thy Seutépav TepimTwoy Aéyouey 6T 1) ouvdpTnois h elvar guvexns els 1o
Onueiov 1 (Ty. 64), &vd els THY TpoTNY TepiTTWOW Afyopey 8T1 1) ouvdpTnaIs
8 elvon douveyns i To onueiov 1 (Zx. 63).
Fevikéds B1d piav owvdprnow [ ué medlov Opiopol v BidoTtnua A Aéyouev
Sl almn elvan ovveyle el 0 onuetov X €D, ToTe kal pdvov ToTE, &V
lim f(x) = [(x,).
X-+Xo
Hagatijpyog. “Av TS X, elvon TO &pioTepov &kpov ToU SiaoThuaTos 4, To-
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e els TOV Gveotépoo Spropdy Bik ToU lim [(x) éwoolpey 1o lim ((x), W&
X—>Xo x—>xq+ 0

TO X, £lvan T Sebidv dkpov ToU Siaothparos A, fwoolpey T lim [(x).

x—>xg—10
"Av 1) owdpTnots | elvar ouvexns els kéde onueiov TolU SiaoThuaTos A,
TOTE Aéyouper 6T aUtn elvar awveyns el 6 A fy &AGS, elvar avveyis.

1.1.1 QEQPHMA. “H ocvvdotyois [ elvar ovveyis elg 1o onueiov X,EA Tdte
xal pdvov Tate, v dwa wdbe dxolovhiay X, v=12,. .. ué x,eA ¥ veN xal Xv—>X,

ioydee lim f(x,) = I(x,). Zovrdums :

i Xy—>X =y :
| fovveyic elc 10 X,6A <> " 2 = himd@x) = 1) ) |
ouvvEyNs Eig TO ( L A } o :

*Amddebic. EE opiopoU, 16 611 1 [ elvan ouvens els 1O x,€A onuaivel éT1
lim f(x) = [(x,). ToUto wdhw, & 70 X, £ivar dxpov Tol SiaoTrpaTos B, on-
padver, €€ dpiopoy, &t (TTpPA. § 3.1 kai § 3.2 ToU Kep. V).
X

¢)) XTF_A_;'; VEN} - lim (x,) = £(x0).

Eis T mepimTwow, dmou TO anueior XA Bev elvan &kpov ToU SixoTrpaTos A,
ToTE 1) looduvapia s oytoses lim [(x) = 1(x,) kai s (1) cuvdyeTar ¢k Tou
X “0

Becopripactos 3.3.1 Tou Kep. V.

[opudeiypota

1. Kdbe orallcon avvdotyoi; eivar amveyns (Srari;)

2. U owvdoryars [ opd [(x) =X eivae ovveyns. TlpaypaT:
X, —= Xy = (X)) = x, —>x, = (%,).

"Apa lim f(x) = [(x,) xai TouTo Bi1& kae X,
X=X,

3. “H ovvdotyos [ pé [(X) = ax® (k growds dodlpos) elvar avveprjc. Tpaypomt
X, —>Xg = (X)) = ax,*—ax,* = {(x,) (Bati;)
*Apa lim [(x) = [(x,) kal TouTo B1& Kdbe X,
X+ X0

4, “H ovvdotnais [ pé 1(x) = | x | elvar ovvegjz. Tpdrypam xord thy iB1dTnTa 1 16V
ouykAougdw drxoAoutidv (§ 1.4.2 Tou Kep. IV) Exouev
Xy = el = o) .
"Apa lim f(x) = f(x,) kol ToUTo Bid xdfe x
X=*Xg
1.2. 'Iaotnteg t@v ovvex®v ovvoptijosov. Eis Ta kaTwTépw BewpnipaTd
BidovTan upepikai Paoikad 1B10TNTES TGV CUVEXEY TUVAPTTICEWY.
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1.2.1 OEQPHMA "Forowoay | xal o f)’r‘i‘m_nT.n,:m—‘.l: ‘H." xowoy medioy f;l_t."'

opoi v daatyua A Ay ai [ xal g efvar avveyeic omvantijoe, Tote tocay i dfoot-
oua [+ ¢ doov zal t6 yoduevor 1g abtdn elvar ovveyels ouvaotijoeg. "Av 08 éal

A 2 L 8l 1 \ ‘
idoy g(X) = 0 ¥ xel, tdte xal 1o aniizom g flvat ovreys owdetiots.

*Arddeidic, "Emeidn al cuvapTioes [ kal g elvon ouveyeis ig To TUXOV o1)-
Beiov x, ToU SiaoThpaTos A, 8 loyun
lim f(x) = I(x¢) kai lim g(x) = g(x,).
X=>xy

X=*Xg

'Ewouévw; B ThHy TuxoUoow éxorouliow x,, v=12,... p¢ x AV veN xai
Xy = x, 8& loyun

2 lim f(x,) = [(x) =ai lim g(x,) = g(x,),
&pa

fim (FCx,) + a(x,)) = 105) + 8(x) % Tim 10 a(x,) = 1(x,)g(x,)
"QoTe edeixbn om

X —=>Xy S A LNl N e Nk oy e ey
e v ven] = () = 1) ) =150 + (50
Ko
:‘.’—A\:‘O[ \JEN} 3 (IH)(\\) = IA('\'\).‘:(‘\‘) = r(xu)g(-\:u) — (f;{)(x(,),
Gpa, Suvéyel ToU Bewpnparos 1.1.1, mpokuTrTel 611 of owaptnoss | + ¢ kai

fg eiven ouveyes elg To X, kai TouTo Six kabe X,EAD.
"Av Tihpa UtroBéowpey kad g(x) # 0 ¥ xeA, ToTE, & Tiis (2) kol ToU ST
Tpogawés g(x,) # 0 ¥ veN, mpoxutTer &1
f(xy) _ _f(xo)

Iim ) S

NTo1 81

e o } " (j) (x,) = f(k:v) i
x A Y veN 5 B(xv)
Smée, Buvdper ToU fecopriuarros 1.1.1, mwpokdTrTer 81 kai ) cuvo’zp“rnmg‘—j- efvan
OUueyis gl TO X, Kol ToUTo Bl kabe X EA.
"Egappoy. ‘Os pic &mAn épapuoy T Tou Bewpriparos TouTou TRoKUTTE 8TI
K& roAucovupiKh ouvdpTn oIS Elval auveX TS, 65 G0POITHE LOVLVIMWY CUVapPTT gL,
ai omoien, s eibouer eis TO Tapdderypa 3, elvan ouvexeis owapThoes. 'Etmiong
kal of pryrad ouvapTT|oEls ElVon CUVEXETS ouvapTioels, S16TI pia pnTh ouvdpTnols
elvgg TnAlkoy TToAVVURIKGY ouvapThoewy, BnAadn cuvexdv cuvapTroEw.

1.2.2 QEQPHMA. “Eotwoar ai ovvaprtijoes ¢ @ A1— A xal I: A |—>R,
don A wat A slvat dtaotijpara. Tdte, ¢ praatdy, dolletar 1) oivleoic h =feg
Wiy ron timov h(x) = [(g(x)), XEA xal pdhota loyve

[ oureyy] 5
Z??‘Q = [og gureyis.
& ovvExYS
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* Anddeitis. “EoTtwoay onueiov X €A xai x,, v=1,2,. .. TuxoUox &rohovbict
i x,€A ¥ veN kai x, —>x,. ToTe, émeidn | ouvdpTnois g elvan ouvexs, EXomeY
lim g(z,) = g(x,). ’Emions, Moy Tiis ouvexelas Tfis I, éxopev &mt
lim g(x,) = g(x,) = lim f(g(x,)) = 1(g(x,))-
"Qoe E8eixhn 611 &v [ kal g elvan ouvexels ouvapTioels, TOTE
X,—>X,
x €40 ¥ veN
BnAadt) 611 ) ovbegis h = =g TéV g kai [ elvon ouveyts els TO onuelov X, ol
TouTo B1x kdfe x,EA.

= lim h(x,) = h(x,),

Tepadeiypata :

‘H awdgryo h pé h(x) = Vet —x* (& Oetuxds dpifuds) elvar avveyrjs. Tolto mwpo”
KUTTTEL Euxo?\wg #k ToU dvwTépw BewphuaTos 1.2.2, ka®’ doov f) ouvdpTnois h SlvaTton va fecr-
pnéii s ouvbeats BUo ouvapTroewy g kal T pt g(X) = o — %%, —a < x < axa {(x) = ¥Yx
0 < x< 4o, af dwolan elvan uuusxexg (Brai;).

2. “H owdgryoig h ué h(x) = V§2_i_i elvar ovvepijc. TipdypaTt® 1) owédptnots h &U0-
(3 we
vaTal va fewpndii s olvlests SUo ouvapTrioewy g kal f pe g(x) = Sl wal 1(x) = VX,

x2-1]
al dmoicn elven ouveyeis (Siari;).

2. Al TPICQNOMETPIKAI EYNAPTHEEIZ
2.1 ‘H ovvaptnoig fpitovov givan ovvexig. Qs yvwoTtov & Tfis Tprywvo-
petpias loyUer &’ Evos pév & TUTTOS

MUK — X, =2 M > ow XFXe,

&g’ ETépou BE
[nut| < |t] ki |owt| <1 ¥ teR.
‘Etropéveds O& Exwopev

(3) | nux—nux, | =2 |nu%""| lowxg2e| <o lxoxel g = x x|
"Av Tdpa x,, v=12,... elven TuoUoa drohoubia TporypaTikidy dpiBuy e
X, =X, ToTe 1y (3) Bider

| nux, —nux, | < |x,—x,| =0,
fitor nux, —nux, 0, SnAadh lim nux, = nux,.
"Qae 88eixfn 871 Xy =X, = lim nux, = nux, kai Tolto 14 k&b x,, {70!
8T | owdpTnots nu elvon ouvexTs.
"Ag peAeTHioWHEY TP THY ouvdpTnow fuitovor. Al adTiy elval yvwoTtd!
&k TRs Tprywvouetpias 0Tt elvet mepioduxy ué mepiodoy 21, SnAad loyler
Nu(x + 2m) = nux v =xeR.
"Apkel Eoptveos va peheTiiowpey TaUTNY els B BidoTnua pAKoUs 2T LY. ElS 70
Sisornua [ —m, 7] *H peTaPold) s cuveyols ouvapTrioews Ny gls TO SidoTnEd
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e ‘ k

i | =7 = 0 i
ix | — 5 2
| |
| £ -
x| o8y =1 & 0 2. 0 N 40 |
| & 5=t :

p e e E L Y
’Ex ToU Trivaxos ToUTou épgaiveTan &Ti elg TO omugiov — —5- T GUVAPTNOIS MM
~ 3 \ e ™ I '
Tepouoialer EAdyioTov foov pE — 1, &v@d elg TO onpeiov 5w Topouaialel  WEYI-
i H \ 2 ™ 1
oTov oov pt 1. Mevikdds alrn Tapouciader els T& onpela 2xm — 5, k=0,4 1, +2,...

\ - ™ i u
E\dyioTov foov pé —1 kai els TQ onuEla ¢ + 77, k=0,+1, +2,... péyroTov 1-
oov pe 1.

Iy, 65 y = nux.
2.2 'H cuvdptnolg cvvipitovoy glvar ouvexig. Qs yvwoTdv & Tiis Tpi-
Ywvopetplos ioyue
=il —\:) ¥ xeR
(4) owx = U 5 —?
kad Emopéves #) ouv&pTnols ouvnpiTovoy Suvarar ver fecopndfy dos olvbeois Téw
. T o kS e i ~ X
OUVEYEY GUVOPTATEWY g UE g(x) = —- — X xainu, TO otroiov, Buvdpel Tou Beco

Plucrros 1.2.2, cuverrdyetan THY OUvEXEIQV Tis ouvapTHoEwS oUV. A

‘H owvdpTnois guvnuiTovoy elva TreproBikd) pé mepioBov 21 g TOUTO CUVG-
Yetan &k Tou TUTrOU (4) EK ToU OTroiou mpokUTTTEl Kal & kéTwh Tivat peTaPolfis
b els TO SidoTnHa

Xy, 66 y = ouk.
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‘H owvéptnois ouvnpitovor mrapouaialer €ls 16 onueiov 0 péyiotov foov
pe 1, Bvdd el TO onueiov T EAdyioTov foov pé — 1. Mevikdds alTn Tapovaidlel €1
me onpelen2ien, k =0, - 1; - 20 peyioTov icov pe | kai els T onpeia
(x4 D, k=0, L1, 4 2,... &éyoTov foov pé —1.

2.3 'H ouvvapnog égantopévn sivar ouvexiic. ‘H ouvdptnois ep dpiletay,

&5 yvea Ty, UTd ToU TUTTOU £px = ;::\ kai Eyel mediov dpiopoU TO gUvoiol
TGV TPoyHaTIGY Sp1Budy Eaipéoer TV pmilddv Ths ouvapThoews ouv, SnAadn
TV apifudv k- %, k=0, 41, & 2,... ‘H owdptnois ep dx TnAikov
CUVEXGV ouvapTroEwY efvan, Buvdper Tou BewpruoTos 1.2.1, cuvexhs el k&de Sict
OTNHA TTS HopPTis (mr -+ j, (k + Dy + IQT), k=0, 4 1,4-2,... Mi& iy
ourdpTnaiv TaUTny loyUel s yvwoTov
ep(x + ) = epx WV X # K -},K:O,! 1t 2t
kol ETopévess Gpkel va THY peAeTnowuey els 1O SidoTnpa (7 ,T;, 1; )
Hoovvdotyois €@ civar svyaiog afovaa S (—: ; 2) Mpdyuat &¢’

Ao A ™ ‘ » iU o \ i
gvog pev exopev nu L | 0, ) ) kai ouv Y | O, 2-), Ta Omola guveTdyovTal OT!

B Simie - T, [

T
Ogsx << —— = Y d L EQX) < EQX.,,
2 2 0 < guvx, < ouvx, | 5

x £ o, ™ Semer At 25 : i i
nTol OT1 € X [D, T) , 0@ ETépou BE, Eme1dn T € Elval TTEPITTH CUVAPTN OIS,

Bnhodn ioyuel epx = —ep(— x), Exouey
m

2

A

R O T R % > (= X,) < ep(—x,) =
EQPX; < £@X,, fiTor ep * (—%, OJ,
"Emrions 8ix v cwdptnow ep ioyUouy

lim epx =+ 00  kai lim epx = — o
o - L

i X 5 0 N — 5 +o
MpdypaTy &v TpedTols EyouEy

s 1%
Xy —> - OUVXy > oW =0

2
™ ™ =5
=5 ALKy < v vEN ouvx, > 0% veN

Ve>03Tv=vy(e): 0 < owwx, <¢ ¥ v ;u‘,):’

Far T
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1

1
= i — v = = —> - 00,
(V e>0 3 vy =wle): e Vv 2 v(,) T, “+
"Qoe hormoy ioyve
Xy > 5 nhx, ->nu 5 =1
== 1 =
his m
— = <X, <5 VveEN e
oL i 2 guvx, =
1 et ke )
EPX, = MPXy —— —> l1-(+0) =+ o, fitor éT1 lim epx = +ow.
X, :
X—+ 5 -0
5 0 ] Az " .
Ouoiews &modeikvieTon kad T 611 lim - epx = — 0.
X - ; +0
Y )
i 1
i H
I i
i i
/ /
/ /
/ //
/ ‘ lam
s
-dg I/ ’g Q > _”-// -3
2 R R T e 7 iy T -
/ / e
/ /
// 4
! i 10
i [T
/ Lzt
I Lt
i |
| L
I 1]

Zy. 67y = epx.
2.4 "H ouvvapneig cuvegentopévi sivat suveyic. ‘H ouvapTtnols o opi-
gETcxt, 6% yvwoTdy, UTO TOU TUTTOU O@X = 91—%: kal Eyel Tredlov Oplopol TO
SUuohoy TGV TPAYMATIKGY &pifudy gtaupéoel TV pilddy TS ocwvapThoews Ty,
aﬂkash & B wm, k=0, £ 1, £2,... ‘H owvdpTnols o s TrnAikor
SUvey Gy guvapTHoewy elven, BUVGUEL TOU Bewpriuaros 1.2.1, ouvexns e wdbe
81(&0‘1‘7‘1“& Tfis IJOPCPﬁS (KTT, (K -+ ])'IT), K= O, =+ 1, 5 2,- P\ Fo T'll']U qudp"rn-
W TNy loyver s yvwoTov
og(X 4 ) = cpx ¥ X # KT, k=0, 1,+2,...
ke Eropéucog dprel vax pereTn B adTn eis 70 Sidotnua (0, ). Elven émriong yve-
OTov éx Tis TprywvopeTpios &T1 ioxver & TUTOS
™ -

oPpX = sq)(—z— —:\),
© Srroios uds ETITPETIEL VA HEAETTIOWUEY T 0@ oTnpifopevol Emi TGOV oupTepa-
OUdTeor Tiig ponyoupbvng Toapaypdgou. Oltw TX. 7| o9, s owleois Tiig

Yol gfwolons cuvapThoews g W g(Xx) = g —x, xe(0,m) kol THs yin-
111
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’ 3 ' 5 L " ' \ \ ' 1
oiws avtouons &v (_'f' 7) owapTnoews £, elvan, katd T6 Bewpnpa 1.2
Tou Keg. lll, yunoiws gbivovoa tv (0, 7). *Emions moaparnpotpey éT1

L s
lim opx =400 kal lim opx = —co
X—>+0 X—>n—0

Mp&ypatt &g’ éﬁc‘)g 7 ;év

0 > —X -
X, —> }:> 5 T
0 <x, <m ¥veN —F < g —%X,< o ¥ veN
&g’ £Tépou Of
U e e
2 Y 2
™ ™ m
-5 < 5 X, <+ VVEN : :
2 2 2 }i‘hm E¢(;—Xv):+003]1m0q>xv=+oo.
lim epx = 40
x..,?"--o

“QoTe &8elyfn &m

xy—>0 :
& } = lim opx, = 400, fitor &1 lim opx = 4o

0< X, <= 1 ¥ veN X—++0
‘Opoiws &mrodevieTon kal 611 lim ogx = —co .
x—+n—0
Y

I 1 |
1 I I
[} | |
[ |
i Hil i
1\ [ |
it I !
A Iy |
Iy (L

[ !
A \ |
et !‘ \, |
i 1 T | N an |

B el Al 2 T NTT lom

H &y 1 0% 5 x
| \\ I \\ I

i
| \ b |
1 \ ! Do

A ! \

| \ 1 Wl
| \ I A
| \ | i)
1 i i Y
! | | H
H | h
1

Xy, 68 y=o¢x

3. H EK@ETIKH KAI H AOTAPIOMIKH EYNAPTHEZIE

31 'H éxbetiki suvapnos. Qs yvwotdy kébe TPOYyMaTIKOS &pifuds ¥
Exer plav SekoBikny Tap&aTaay X=Wo Vi Yoo - Y,..., Omou y, elvon b
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PUIOg &IPS Kol W, Yoy -« o) Woo - - EVOL ynoie, SnAadh dképaior &p1buol
E0< @, €9 W veN. ‘H drohouBla r, = Wy, Yy Yo . .y, v= 1,2 e T EJVGY

< ‘

dio ot ouoe drohoubice prTéw &piBpdv, 1 dmoia ouyihivel Tpdg TOV TPy HA-

Tikdy dpiBudv x. “Emri wAfov f dxodoubia v, v=1,2,... elvat pporypévn 86T,
g yvwoTdy, loyUel
(3) W Sy, Syt 1V oveN.

Ay Becopriocopey Topa kal Eua BeTikov GpiBuov a > 1, ToTE, ¢rraidn) 1) évvorx TS
Suvdpecos alrol els prTov dpifpdy elven yvwoTi, dpiletan 1) dkohoubia
am AR S it 5
i émroic péAioTa elvon yvnolws alfouoa kal émi Aoy @poryuern, 8161, AOYw
kai i (5), loyver
avo < a'v € av'l % veN.

IETFOuéuwg, kaTd 76 &Eicona THs § 1.4.3 ToU Keg. 1V, f) dkodovBiaca™, v=1,2,...
OUykAiver Tpds TTpayHaTikdY Gpifuoy, TOV STrotov TTapioTépey pé a¥, fitor Opilopev
¥ =lima™.

Tﬁ“ dueotépo Ewvolaw Tiis Buvdiews &pifpol a > 1 &g wparypaTikov apidudy
fMekTeivopsy kai i 0 < a < 1, dpilovtes &g KaTeob

Aga=1: I"=1
2 e B <
M D<a<la a-‘zl//(;)_

*Esfletiayy (exponential) ovvdotyow ué faow r—fh' Oeteseoy aoluor a Ko-
Aolpey Tdopa THY owvdpTnoly THY Spiloutvny UTré TOU TUTTOU e a“ Tau-rm:*
SUuBoAiloper pE exp,, NTOl expa X = a¥, EiSikdds Thv &kBeTiknv ouvapTnoty [..ts
Sow tov &pidpdy ¢ (§ 1.4.3, Kep. IV), §nhadh ThHY ourdpTnow exp, cUBBoAi-
Coney &mhovoTepoy pE exp Kai KohoUpey TauTny &TTAGs Exletieny avw’igmmv.

"Ek ToU OpiopoU Ts ékBETIKTS CUVEPTTTEWS eXP, -rjpo‘,q’m-rsl E\'JKO‘?\{OS é"m
iy éxe1 TeBiov Oplopol TO ouvorov R Téw 'ITpd)/p.ﬂTIKOJ\'J &p1Bpdov kai Tebiov
TWEY 15 ouvohoy R+ Téw BeTikédy &piBuddv, Emoutvws loyuel

a* >0 % xeR.

g A : ‘ - ' 3
E'lTicrng &rodeikvueTan OT1L 1) EKOETIKN OUVAPTNOIS €XPa elvon povédTovos kai ou
YeXNs ouvdpTnais kol ml TAdov OTL {oyUouy Ta k&Towb

& im a*=+4w xai lma*=0
l a > 1 i eXPa A x—lbl-::rtlﬂd -+ L

exp. otafepa lon ué 1 i
|
|

16 2 <l i im a* =0 xal lima*= 4o
i0<ﬂ<1|expa+r xl_:era 0 lim a

Eialkd')g Bix a=e > 1, Exouev 8T M xfeTikhy ouvdptnots exp elven ywmoics
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aliouoe kai pdAioTe oyUow lim e¥ = +co kai lim ¥ =0. Aix iy éxBeTix

X+ 0O X—+—00
TQUTNY oW&pTnoty dmroBekvleTal gmrions kal & TUMOS
(6) R RS B )
f
\
1
0I T T
Ty, 09 yv=ia* a>1 Zy: 70 y=a% 0g a= 1 2. 81 y=£

Téhos, i TN éxBeTikiy owvapTnow exp, dmodekviovton kai of kaTwd
XapaktnploTiked 1815TnTES
aT ¥ =a¥a¥ xai (a¥) =a*y,
al &molan gls T mepimTwo prTdy &kbeTdr elven A8n yvewoTal ik TEY podnper
TV TTPOTyoUuévwy TaEewv.

3.2. 'H royepBukn ouvvaptnerg. Qs eidousy dvwtépw 1) exBeTiky cuvdp-
Tnots exp, & a # 1 elvon yvnoiws povéTovos xad Emopévcos (Becapnue 1.3.)
ToU Keg. lll) Umdpyar 1 dvrioTpogos TauTns, 1) dmoier keheitan Aoydoduog
awog fdow Tov dpluor a kal oupPohileton e log, . ‘H ouvdptnos log, &xé
Trediov opiopoU TO ouvorov R+ Tdv BeTikédv &pifuddv kai mrediov Tiudy 6 gUvoho!
R Tév mparypaTikéy dpifiudy. 'Ex ToU Opiouoy Tfis ouvapThiotws TalTng TpRO”
KUTITEL Guéocss ST

Vi—=logix <=8y —x
Eidikéds f) auvdpTnots loge kodelTon guanns loydoos kad oupPorileTen dmiol-
orepov pé log.

‘H owvépTnois log,, @s dvtioTpogos yvnoiws povotduou auvapTioews
elvon Emriong yryoimg povitoros kol pdhiota 81 a > 1 elvan yryaiog atfovat
@ Bix 0 < a < 1 elver ywolog glivovea (Gedpnua 1.3.1 Tol Keg. IlI). *Emi
TAfov dmroBekvieTal OT1 aUTn elven auveyi)e dos Errions kad &1 ioyUouy T& k&t

a =1 log, 1, limlog,x =+ o0 xai lim log,x = — oo
x+tow x40 g
0<a<l| log, Y,limlog.x=—00 xal lim log,x =+ oo
0

X=4 a0 X—

EiBikéds, &meidbn e > 1, 6 guoikds Aoydpifucs eivan yvnoiws alfouoa ouv-
dpnots pé lim logx = + % kal lim logx = —co. ’Emions &id Tov puoikdV
x—--CO x—=+ 0
AoydpiBuov ioxUel kal & TUTrog
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(N lopx <x=1 % xcR*

i
’ |
e 24 -
. 7 y=logax, a >1 Zy. 73 y=logax, 0< a< | Ey. 14 y=logx

Téros, Bi1a Tov AoyaprBuov log, amodeikviovTal kol ol kdTwhl yoparTn-
MoTikad 1816 TES
log, (xy) = log, x + log. v, loga % = log, x —log, y xai log,x¥ = vlog, X,

3.3 "Afwoonpeintor iB10TNTES. ‘Qs cibopev dveoTéped ioyUel
i 10§Ia X <= A =X (a # 1),
K Tis &mroies, emaidn a’ =1 kal a' =a, cupTTEpaivopey OTL

(8) | log,1=0 =ai log.a = Vita 1)
Etreidn) 1) ouvdpTnols log, eivar cvTioTpogos TS expa, loxUer Tpogavids
a |Ug“t —
X eiBiéds Six a = e loyue
e logx — y

i ’ a\% xloga
Smdrre cuvdyopey OTL a¥ = ((*"’“‘) =.¢" %, ol

) aX — gtlose

Enions logx = loga'®* = log, x - loga, fyTor

| Iy n
(10) logex = [2n (@ # |

e

) ST ' . : 4
ANoy &EroonpelwTol TUTor elvat £miong KAl o1 kaTwd ¢

L O

o st (12) lim 22X =1
(1D == =

a3

|

[

1
x>0 X

e
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4 AZKHZIEIZ

4.1 MeheTrioaTe s Tpds THY ouvéxElay Kal TUPOOTHCATE YEWHETPIKES Tds Tuvap’
ot Tas Opilopdvas YO TEV TUTTWY :

1 1
x, &v XE[G, 7] — dnxE 0
D fx)= ) i) =] ¥
"2—+x, &vxe(T' i] 0, &vx=0
1 1
=5y o0 xak 0 nm— & x>0
3 x)=1 * 4 1(x) = x
0, &wvx=0 X, wx <0
1. 4 1 i
X’nuT! G x #0 Tﬂﬂ_’m’x#o
5)*(x)= 6)* f(x)=
0, &vx=0 0, &vx=0

4.2 Acifore 61 al ouvaptioels al dpildpevan UTd Téw kdTwd TUTEY elver guvexE

1) f(x) = oww(x? + 3x) 2) I(x)=ow ¥ 1-x* 3) f(x) = nu(ouv3x)
i 3
4 1(x) = ’:—,:_-»1 5) f(x) = 5’53_%1% ' 6) 1(x) = ouw(x® + ep3¥

) 1(x) = 207X (1 fegx)  8) I(x) = log(1 + x*nu'x)  9) f(x) = 3xeors” + 1
4.3* Ztnpildpevor els Tov TUTrov (6) Beitate &1 foylouy :
e*—1 e* —
= e* N xe(0, +0) kal e* < <1 % xe(—wo ,0),

Buvéper Téwv dtrofwy Seltare Tov TUmov (11).

4.4* ‘Oupoclws ornpifopevor els Tov TUov (7) Seitare &1 toylouy :

1 logx logx 1
~ Sor <l Vxel4w) xal 1< < — ¥ xe(0,),

Buvéper T&v Omolwv Belfate Tov TUmov (12).
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KEDQAAAION VI

TAPAMQroz ZYNAPTHZIEQZ

1. H ENNOIA THE MAPATQIrOY LYNAPTHEEQL

1.1 Al Becopoupevan els TO Tapov KepaAaiov ouvapTnoels elval SAal Tpa
Yhamiked cuvapTioels wds TrparyuacTikijsueTaPAn Tis. “H éwoia Tiis Tapaywyoy
Mg quvapThoecs elvar, &mres Kkai f| Bwola THis ouvexelas ouvapTNoEws, ouvBe-
Bﬁué\m pE Thy Ewolay Ths oUykAioews.

*Egtw [ pia ouvdptnols pé mediov bpiopol & Bidotnpa A kal EoTw
%EA, Téte 81& ToU TUTOU

il L ek )

X —Xq
Spileren pio oUVEPTNOIS Ex,, T OTOIC KOAETTO anhixov dwagopdv Tis { eig T0
{(x) —

Mueioy x,. “Av Umdpyn To lim g(x), Bnhadh TO i
X—+Xp

f;(x")-- kal elver TOUTO
X=X Xo
Ty porTikds &piBpds, TOTE AEyouey 4t wj ovvdptnotg | napaywylletar &g 0
Tueioy xg» T &AM «lmdoyer 1 napdywyos (SkpiBéoTepov 1] mpdTy magd-
Yoyoc) i 1 elg T anueiov Xg». Thy Splokiy TAUTNY TIUTY koAoUPEV TOTE ma-
Upwyoy (SxpiPéoTepov modity mapdywyoy) THS [ els TO onuelov X, kai PEAI-
i - g df(x - ' A 21 '
OTa gupPolilopey TaUTHY e [Vd(\:‘), ] e ) JX))Yx=x, N dwdun 1'(x,).
ZUvTéuwS .
. f(x) — f(Xo)
f (XD) = lim *-)—,'jx“‘—.
X-+Xg
Mapatnpioes. 1) "Av 16 X, elvat T dpioTepdy &xpov Tou SiaoThparos A,
T°’TE ele TOV duwTépw Sploudv dyvooUpey TNV Oplaxny TIUMY dix x X%, +0,
WE &v T x,, elven TO Belidv Expov ToU BlaoThuaTos A ByooULEY THY OpLakiY TIMAY
Sigr x ->x, — 0.
. 2) *AmoBeikvieTar OTL ) Umaplis Ths Tapayyou wids cuvapThoews &lg
% onueiov ouveTréyeTon THY CUVEXELQW TAUTNS glg 1o onpeiov Touto (TTpPA. ke
Twrépe. {G16TnTar 1.5.1).

IMopadeiyporta :

1. Eic iy acpintwow Ti6 oralegic owragrioews ¢, fiTol f(x) = ¢, Exopev
f(x) — I(x c—C "

()’ =lim @ — Gy _ lim = lim0=0,

X=Xy x—>x, X —Xq XX, X—Xp XX
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Arol fiey =10.

X Xn
kal péhioTa & TUTOS oUToS oy UEl Tpopavds dia k&be TpaypaTikov dp1fudy X, YpagopeY
(@) =0
2. iz i weoinrmow, Gaov f(x) = x, Exouev
. X —Xp .
X =lim ——— =lml=1,
( X=Xq el X —X, =i
fiTo1
), = 1
kal pahioTa 6 TUTos olTos ioxUel Si1d kaBe TpaypaTIKSY apBudy X, yp&eouev 8¢ Emwions
) =1,
3. Eiz mp aeplarwow, drov 1(x) = x*, Exouev
Xo® : ' !
X = lim (x + Xq) = Xq + Xy = 2X,,
Xg x—>xy
fiTol

(_\'2)')‘ o =25
Ko padioTa & TUTog oUTos layUer &1d k& TpaypaTikdY dpiBpdy X, Yp&pouev 8¢ duoiws
(1) =2x
kal Aéyopev 6m1 ) owdptnots [ pé f(x) = x2 Tapaywyileton els 1o mediov dpiopoU TS K
HaAioTa gls THY Trpokepbvny TEpiTITWOW  THY ouvdpTnow g ui g(x) = 2x xarobuey TP
ywyov Tis f.
levikdis, v Bi1&x piow ouvdpTnow f ut mediov opiouoU &v SidaTnua A Gdp)
fi (mpeon) mapdywyos aUTis S k&be xEA, TéTe & TUTOS
y =1
Opiler piow owvdpTnow I, | mola &xer mediov dpiopol fmrions TO BidaTnUd
kod Ty dmofaw kehoUpey mapdywyor (SkpiBéotepoy TodiTgy magdywyor) TS
; s o ; - ; ; il
& AR amAds (rpdty) mapdywyor i . Torny ouuBoAilopey koi pé v

Eis tiv mepimTaow, dmou opiletar 1 (rpcytn) Tapdywyos {* Tfis ouvapThoes
Aéyouev &mi «i) ourdpryas | mapaywyiletar tv A f GmAdds «f ovvdornog [ A
ua):myh.&‘ruw

"Av 1) ouvdpTnois | 'rro:paymyzge*rm TOTE elven Suvartdv vé 'ITC(pC(Y&)YlC€To
kai 1) owdptnois ' els &v onuelov x,€4, dmdte, & TolTo oupPaivy, THY Trep
yeyov (I'(x)),_ i KoAoUpey Beu-répcxv Toapdywyov Tis [ el TO onueiov
d2f(x)

|8

xz

kol oupPohifousy TauTny pé '(x,) [ A ddun pé (X)) ex.

"Av Toopa Umdpyn 7 Seutépa apdywyos Tiis | el kdBe anueiov xeh, TOTE
TUTTOS

Y= (x)
opiler piov owvdpTnow ' pé mediov dpiouol éions TO Sr.c’xcr'rqua A, 1) 6mofa K¢
Aeiton devtépa mapdywyos ijg [ &y A f) &y devtépa magdywyog Tijs f. Towrrf

oupPohiloper kad pi gl TT.x.
(XD sz, = (2%)'x=x, =2,
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i @xy, . =imZ=Z o lim2=2,

X=¥Xg -0 X=Xy
?Pﬂt UTtépyer 1) SeuTépar Taplywyos TS owvapTthoews | pé f(x) = x? kai elvat
™ ) oTafepd ouvdpTnols 2.
. Kat’ dvohoyiow Spifopev Thy TpiTY TEpdywyoy KISS CUVEPTNOENS [ g
W Trepdrycoyov Tis Seutépas Tapaydyoy aUTHs kol draywyikéds TV vio-
Ty rapdywyov (¥ auTis Sik Tou TUTTOY

) = (fo-h), v=2,3,...,

Toy p¢ [ gupPoAilopev THY wooThy Tapdywyov Tiis f. "Emiong Six TV

f g dvf
ooy Tapéywyov {¢) ¥pnoiuoTeleiTal Kal TO aUpPoiov d—\‘"

12 Ttopetpiki onpooic T rapaydyon. “Eotw | pic ouvdptnols pé
Bioy Spiopol v Sidotnua A xod gotew Py = (xq, [(x,)) Ev cnueiov Tou Bia-
Pperros aTiis. "Av BewopTicwiey kol &v GAhov
Meioy Pr=Gag b my & n)) Tou Sy pdp-
o5 Gy ked THY Biex Tédv onuelwv Py, Py Biep-
(Ql_*évnv £0BeTaw, 1 dmoia kaheiTan Tévovoa B1&
;:;‘E::‘ eUfeia Té, Blc'xypcz';fuot Tﬁgf}', -ré"sre 7\6 ;uu:
: s kaTeuBivoews THS TEMYOUOTS, OTIACOT 1)
Pamropdun THs yoevias a,, et Umd TOU _
Nimroy

_ QP f(xo 4+ 1) — [(X0) T
: o n Xy 75
| 8¢ gEigeaois Tis Tepvovons elven
3 f Xp + ' f Xo =
(%) y — i) =Gt WIED ().
: ] T X+ 1) — [(x APk
Av Tdpa Ymrobéowopey ST1 UTdpyel TO lim E"—% (o) dnAadn oT Umap-

n—+o
XEL 1) Tapdywyos 1'(x,) T ouvapThoews | els TO anueiov X, TéTe SpileTon G
Moxy EEigwaois Tis (1) S 1 — 0 pia Etioeaals eUBeiog
Bie () ) : o ) N f(xq) : T'('\'u)(x‘ ',_ xu') . 3
cmF’)(cm‘sur]; tk ToU onuslou Py = (x,,{(%,)) xal xouons ouvTEAECTNY  KorTewBiv-
© Thy (x,), fitol (BA. EX. 75)
epor = {'(x,).
- T‘f]v eBeiow TaTny Opilopey G5 THY épantopivy edleiay T0D dLayodpuatos
1 eig 1o anpeiov P,

" 1.3 Kivnpatiki onpacio tiig nepayéyov. “Eotw &mi i Béois x Aol ony-
flou ivouptvou i e0feias ikppdleTal ouvapTNOEL TOU Xpovou i, fjTol
x=1f(t), teA=[ty, t,] (v ypovikdy BidoTnua).

f_([_)_l,:[(?_)_. els Thy xpovikhy oTrymiv  TE [ty b]

To mnAikov Sragopdv —

:
Kong . . . ;
PP THY péony TayiTyTa ToT VALXOD anuelov xatd T F00VIHOY OUAOTHUA PHETG-
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&0 T oTiypudy T xal L. THy Spraxiy Timy THg péons TauTns TayUTnTos S
t — Opilousv s THY (oTiymaiar) Tayiryra U(T) Tod dlixod onuelov xara T
xgovuey aTiypny T, fitor Spilopev
: f(t) —1 ’
u(r) = lim O=IO__

t=t

"Av Tdpa 1) oTiymeia Tayits u(t) Spifeten Bix k&be xpovikty oTryp!
te[ty, ty ], TéTe TO TMAiKOY Siapopdov itt)_:_rﬂl xppdler T pbany dmrd

xvvay Tov VAo onueiov xata T yooruxov didoryua petald viv otiypdy T Xl
1. Thv oprokfv Tipfy Tiis péons TaUTTS EmITayUvoEws S t — T pilopey cog THY
(oriymalar) émvdyovow y(T) xard Y yeoviny atiyuny T, ol Spilome!
y(T) =lim n-———u(? ) 35, vi(Ty=1"(1):
t1 ek

1.4* Awgopikdv cvvaprieews. "Eotew f pia ouvdpTnats, 1 émola Toapd
ywyiletan els & Sidotnua A. "Av x, elvea TUXOV onueiov ToU Sixothucctos &
TéTe B1&x TOU TUTOU Y = f'(x,)X SpileTan piac (ypomukn) ouvdpTnois, 1y drold
xaelTan diagoguedy Tijc ovvapmijoewe f eic o anueiov X, ko oupPoliletan
di(x,), fitor :
df(xp) .

X =Y = "(x)X.

Effikéds, v Becoprioeopey Ty TauToTixiy owépTnoty, SnAadf Thy ouvdp
mow T pt T(x) =x, TOTE TO Biagopikov dt(x) = dx aUtfis el & onueiov X,
OpileTan, verd T& dvertépe, s 1) owdpTnots 1) &i8opévn Umd ToU TUTOU Y =
=TEX=1:-X=X, fito1

dx
X—>s>Y=X
kai Etropévas 1 auvdpTnois £'(x,)dx e Tomov Y = f'(x,)X, SnAadh adrn ou
miwTel pé 1O Siagopikdy df(x,). *Apo foyUer & TUTros

df(x,) = f'(x,)dx,

6 émolos kol Sikauoroyei Tov oupBoiopdy HiGe— 9{5{;_01 THS Tapaydyol

s TnAikov Slopopikéiv.

‘H yewpetpik Epunveiar ToU Siapopikot (i o) TS ouvapThoews f els TO

x, 8iBeTal els T EvawTt Zx. 75a, &mou 1l

y \ L &pxh Tév &tdveov X, Y elven T onpeiov
A7 Po =(x, f(xy)).

Yl R R S AR “Qs €idopev dvwtépo €ls Tuydy on-

pefov x,€4A Spileren 16 Siapopikdy df(x,)
Tiis f els 10 x,, SnAadh dpiletan pla po-

A P, vooT|uevTos &Trelkdviols pé TUTroy :
X o ; Asx — di(x),
,: #) émolo els TO Tuyov xEA dmreovile!
/f/ g s “  ulaw owdpTnow, 1o Siagopikov df(x)
Zy. 7ba. Tfis f elg TO onuelov x. THy &meicéviow
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TGy kehoUuey duagoowxdy Tijs avvaptijocns | kel ouuPorilopey pt df, fAror :
daf v
Aex —— dI(x).

1.5 ‘Ihwmreg tov rapaydyov. “Eotwoay 800 owapTnoes [ kal g pe
kowody Tredlov dploucy Ev Sidotnua A, ToTe loyvow T& KéTwh:

1.5.1 Ay % owvdotyorg | mapayoyiletal dv A, tite alty elvar ovveyg
TwdaoTyais.

> Anddeic. “Eotew tuydy -onpeiov X eA. "Exopev ToTE

I = i) = O (y _x) W zel—{x)

X —Xp
ko Erropévas s
lim (1) = 1(x0)) = lim 20719 fim (x —x,) = '(x,) - 0 =0,

X=Xy X=Xy . = X=FXq
A ' o < r A3
Tror lim f(x) = [(x,), T& &molov onpaivel OTI 1) OUVAPTNJIS [ elven ouvexns
XX

8 1o anueiov x, ToU SiaoThpatos A.

[Tapamijonois. To dvtioTpogov Tis iB16TRTEs TAUTNS Bty loyGe, Bnhabi wia o‘uvép:
™ols Buvactan v elvan ouvexrs, ARG va pfy Tapaywyifetal. TouTo &modeikvueTan i Tou

Topagelypatos Tis ouvapTioecs [ pe ((x) =[x [, 1 bmoia, ds eibopev els TO TapdBaypa 4
TS § 1.1 ToU Kep. VI, elven ouvexns. AUTn Speos bév Trapaywyileren els 1o onueiov 0, Biom
f(x) — f(0) [ |=0] . ix| . l,évx >0
= =0 e 0h o el G O

kel Eroptvas
. I —1(0 . i) ~10) ...
lim %é)= 1, lim = L.
e x>0

"Apa Bty Umrdpyet 1O lim _I(_xz = !;)(9_) snAasf f ouvdpTnois [ Btv Tapaywyileran
x>0 A
8 1 onueiov 0.

1.5.2 "Ay ai owvaptijoes § xal g magaywyllovtal &y B\, tdte maoaywyilov-
W xai ai ovvaorijoeg [+ g xal [—g xal pdlioTa loyrovy
((+g =F+g =i ((—g)'=r-g.
> Aaddekic. "Av x, elvan TuxOv onpeiov 10U SiqoTrpaTos A\, TOTE Exouey
(%) + 200) — (1(x) + gxa)) _ FG) —1G) + gx) — g(xa)

X —Xg X — Xy X —X,
ol Erropdueg :
9+ 809) — (1) + 86) _ i 00 = 1x)
() 4 gy, = lim ‘(r*(’\*)'i"'<l)*?\f.—57,(\‘)*' . o e

+ lim Q%::%(_\ﬁ = r'(xu) == g,(xu)l

Aty (F(x) + g(x)) x—x, = ['(%0) + £'(x,) wa ToUTo 81 Kb X,E4A, TO dmolov
“Muaiver 6m (T+g) =1+ ¢
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‘Ouoicws &modeikvlsTon kel 6 dvrioToryos TUmos B THY Siapopdv.
Eidikéss, &v ¢ elven 1) oTafepd ouvdptnais e, foxlel

(I +e) =I" (Baxi;).
L5.3 "y ai ovvasmijosg  xai g aaoayoylovta & B, tite Taoayy
letat xal 1o ywduevor 1g xal pudliora toyie
(fg) =T1'g 4 1g'.
“Ancdefis. "Av x,, elven Tuxdv onpeiov ToU SiaoThpaTos A, TéTE Eyopey
IXe(x) — Meaelx)  _  [1G0) g(x) — 1(x,) g0 + [IG)a(x) — f(x) glxa)] .

X —X, X —%p

09 — f(x 5() — 8(x,
= L0209 oy i) B o8,

"Emre1dn Suws 1 g mapaywyileton v A, Adyw Tiis 1.5.1, aUtn elva ouveyf
kai Emopevexs lim g(x) = g(x,), oméTe AauPdvouey

@Oy, = lim LI i g6y 4 i(x,) lim 5O = O~

= I"(x¢)g(xy) + 1(x,) .‘—f'(-\'u)
ki ToUTo 814 kdbe Xx,EA, TO dmoiov onuaiver ST
(fg) = I'g +Ig".
Eidikés, dv g elvon 1) otafepd ouvdpnais ¢, ioyel

(el)" =cl" (Broeri;).

1.54. "y ai cwaotijoeg | xal ¢ qaoayoyiCoviar év A eai loydn o
gy : L rn

r e a7 ] ) 4 i
# 0 ¥ xel, tdre aaoayoyileta zal v6 aniixov il paiiora loyde

( r)'_ f'e —fg'

Fidizadg, av [ efvar iy aralleoa avvdornors 1, f,-;x,jp,
1 ) o o
& T
*Azddeikic, O dmobeiteouey wpddTov The (1). “Av x, efvan Uy onpeid’
Tou BiaoTnuaTos A, Exopey
1 1
Bx)  glxe) 1 L g(x) —a(x,)

N R Bl oo,

"Emeidn Sucos 1) ¢ mapaywyiletal &y A, Adye T 1.5.1, abtn elvar ouvexhs Ka

émopévoos lim g(x) = g(x,), Gpa lim ._J(\)I "(1\ ) omaTe AapPdvouey

X—+Xg x—x, oL LT
1R | ! o B0x) —g(xy) 1 1 ;
i = 1 it = St

(e n = =0 10 we lm "OCE Ko ey &0

__ )
gi(xa)
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| ToUTo Bié ke x,EA, TO bmrotov onuaivel &1 toyoe f (1).
Teopa, Suvapel i (1) kal TS 1.5.3, Exopev

(B =(rdy=r &+ (2) =1+ (- B)=

1.6 Al mapaymyor oTOyEI@EOY TV GUVUPTITEOV.

1.6.1 (x) =wx" (v=23,.. e
& v =2 Eyouev fibn Umohoyloer & (x?)' = 2x = 2x*1, Bnhadh) & & Adyw
mog ioyve. H &rdBeifls ToU TUTTOU TOUTOU elg T Yevikiyy TEpITTTWGW £~
VY QveTal Bl T ETOrywy KRS peBoBou cos ELRs :
"Eoto 671 loxUer (x¥)" = kx*7, o1roTe, Suvdpa THs 1.5.3, 8a loxun
(X"‘ ‘,-1)' —_— (.‘{ b xx)' _— (X)'KK + X(.\"")' =1-x*4+ KXl = (K + 1)xx'
Qore Beyopevol 61 © TUTIOS 1.6.1 toyUea Bia Tov quotkdy Gpibpov k(x = 2) Edel-
ey &1 oUTog ToyUel kad Bid TOV Errdpevoy QUTOU QUOTKOY dpi1Buoy k + 1. "Apa
 Tomos 1.6.1. foxuer Sik kaBe pUOIKOV GpiBudv v = 2.
v

1.6.1 (%\,)': A ) (v g paxde aotlpog).

V1

L i 3 i . ~ a
N p — 1 & TUTros obTos tayver, B10T1, Buvauel Tns (1), Exouev
! 1

1 N ') ] sees IS
("\—) it |
g 2, Buvdpel TOOOV TS (1) éoov ol ToU TUmou 1.6.1, Exouev
( ! )'_ AN Sl

e it e R

W

1.6.2 (nux)' = ouvx.

; = : : o . By > ”
KoT& mpéTov GmodeikvUopEy TOV TUTrov lim n)— — 1. ’Ex THs Tprywvous-
v0

i * S L3 . - : b £ g ) o
Plog eiven yvoeoTh ) GuiodTng MHY < ¥ = epy ¥ yE(O, 5 ), 1 omola ypage
Ta {goBuvdpos kal olTw !

ouvy < D%f- Sl ye(O, 32—)

N ¢ 3 ki ; .‘ 5 ; T !
TeAeuTala alTtn dviodTns loyUel Kal s1& ve(——5- 0), B1oTL

)E(— _-rzr_, 0) = —)’G(O, _'_;’_) . ow(—y) < l“i_'cﬁ <1=owy< g o
” OTe i‘ESs-'.Xen &1 3
o g < 1 v se(- 30 3)

ETTE!Bf’] 16 guvnpiTovoy elvat ouvex s CUVEPTTOIS EXOHEY lim awy = ow0 =1
i)

Kol & rgrros (2) iber Tote lim 1 = 1.
voro !

Tpds &moédeifv TP ot TUTrou 1.6.2 BewpoUpey TUXOUTE  TTPaYHATIKOY

PBudy x,, dmoTe ExOHEV
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X=X X+4x X —X
2 o 0 S o
NUX — NUXy _ e e X +X,
X —X, X —X, = WX 2
2
X — X,
: v PO : ; e s
kol Emeidh &o’ Evds pév, G dvwTépw &medelyfn, lim i 1, &g’ ¢
xxy "0
2
= X +X X X . % . ~
pou 8¢ lim ow ——* = ouwv —";_ *= owx, (Aoyw Tfis ouvexelas ToU ocuvr

X+Xg
HiTOvoy), B& Eycopev
(MUX) 'x—x, = | - ouvx, = owx,

Kai TouTo 81& ke Tpory HarTIkGY dp1Budy x,, TO dTroiov onuaivel 511 (Mux)’ = oun

1.6.3 (owx)' = — nux.
Kar* dvedoyiow mpds Tiv mponyoupéimy mepimrwaw Exouev
X —X, X+ X

OUVX — OUVX, =2nu T

(owx)' = = lim = lim =
) Gy X=bXg Xi—=Xg X=+Xg Ri==Xo
e
e ___2_- hmnux+x» =1 TIIJKH }m:—ﬂuxo-
X=+Xg _X_:ﬁ' X—+Xg
' 1 ™
164. (e9x)' = — - =1 + €9, x# kw4 sale=0+1,22...
‘H &moBeitis ol TUmou TouTou EmiTuyxdvetan 81’ Epapuoyiis Tiis i516TnTos 1.5.4
(epx)’ = ( nNHX )’ _ (nux)'owx — nux{owx)’ _ owxouwx —nux (—npx)
PR =\ 5 ouvix N o e
_oux+nuix 1
T owix T owix’
5 1
1.6.5. (ogx)' = o =—(4o09¥x), x£tur(xk=0,+1, 4+ 2,...)
(opx)' = —‘wvx)' — (OWX)' nuX — owx (nux)’ (= 1uX) nEX — owxowwx _
nHX X A nux ¥
___n;t'x-f—cruv‘x__ 1
2 nux T
16 G (cte=tex
"Exouev
eX — e e(XXo)txg —eXo ex—xo—1
G e X — X, = S
omoTe, Emeldn kara Tov TUmov (11) Tis § 3.3. ToU Keg. V1 ioyue
lim £ x"qil =1, 84 #ywuer Kai
x> Xy J
(60 s, = Iim e G T

Xy X —Xg

xai ToUTo 81 kdBe wperyuaTikoy &pifudv x,, TS dmoiov onuaiver &T1 (eX) = ¢
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1.6.7 (logx)’ =i—,, xe(0, + ).

'EXOIJEU
2 log g
log = X
logx — logx, __ _Uf KRl ey
S xEx, | X B oy
o

Omére, dmraidn koTd TOV TUTTOV (12) s §3.3. o0 Keg. VI loyUet

8%,

lim = 1, B Eyoopey xal
s )
Xq ; : lt‘gX—liﬁ_}‘j_L By 1
Qogx)y oy = hmft==—rse — 1 o
: x> Xg 1
kol TouTo Bick ké&Be BeTikov apibuoy X, T dTroiov cnu—cxwa oTl y(logx)' =
"Emaidhy kord tov Tomov (10) TS § 3.3. ToU Keg. VI loyuel
log,x = L (a # 1), 8& Exooue
: loga l J ]
(log.x)’ = loga (logx)" = loga x  xloga
Qe foylel, yevikatepoy, © kéreofl TUTTOS
167 fopn) = s x(0,+ 203 (& # 1

xloga’

1.7. Mapaydyiog ovvlitov auvuptf]ua(ﬂs. ‘,O ~0wo?\o}:;cru<l>; ';;ng Ziﬁgz;-
You wids ouvapThoews Ti Ponbeix TOU bplopoU auUTTS elvan v e Bey Tovos
kel rpakTiKGS S Tro?\?\c‘xlg TEPITITAITES &buvaros. Al la‘lOTT]TE;; ;mu \tagug;:l::
i i Bobt ic Té tvas Traparypégous 1.5 kad 1.
el of Ul of 5oBévTES Els TS TTPOTYOVHEVOS TAPS Y , 2
V& Eparppoofolv KaToAAAGS Bie TOV Ymrohoy1opoV TEY TTapoywywy Kal &AAwv
OTOIREIBEY CUVOPTITEWY, 05 TN 1 1 x i
! e n R e RTHEE S
(logx + epx)’ = (logx)’ + (9X) = 5 e 5
xk=0,4+1,%2,...)
*Ey TouTols, ToUTO &l TOAAAS TEPITITWCELS OTOIYEIWBGRY cfuu?(pvnc"rsw\': Bev
tvor Suvarév d:)g Y. Dl TV ouwépTnow THY Sprlopevny ,U'ITO TOU TU‘IT(E)_U
Y =ouw (2x +' 3), s omoias OHos Suvapeba v UTTOAOYIoWPEY (oyETIKGS

e o Sop S Blabike
50&6?\@5) THy TrOp&ywyoV & &m evbeloas Epappoyns ToV Splojuoy @5 ECTis

ow (2x +3) —ow %o +3) _ iy, =2 foi,«),ng&@#ﬁ%
e X = Xu

(owv(2x +3))’, = lim

X=+Xo
X=*Xo

=—2 hm T"”—\_(--x-zx“)- lim np(x + %, +3) = —9-1 nulx, +% +3N=
X=Xy =8 el X+ Xq

= —2nu (2%, + 3) xai ToUTto Bia xabe TPy BATIKOV &piBudy x,. "Apa.
0
(ow(@x + )’ = — 2nu(2x + s
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‘H dveotépw owépTnols Tfs Stoiag UmreAoyioaper Y TPy wyor &
vatal va Bewpndfy dos 1 ouvleois Suo TUVOPTNOEWY, Tiis oUVaPTADEWS g uE g(x) -
= 2x 4 3 xai ToU ocuunuitévoy, o Tapdywyol Té Gmroiwy Umrohoyilovran el
KOAws Buvdust TAY i810TATwY Koi TEY TUTWY TG Topaypagwy 1.5 xoi 1.6
Elven Aormov guoikéy vi dwalnTnij k&mroia oyéors peTady THg Topaywyou Tf
SUVBETOoU auVapTNoEWS Kod TEY Tapaydywy TV SUapThoewY, af droial ou
BéTouy TalTny. ‘H oxéois aiTtn BiSetal els O dxdAouboy Becxpnue.

1.7.1 @EQPHMA. "Eotmoay gi oovapTioes ¢ A > A xai f: A I—> R, dno
A xal A eivar NaaTijuara, al droiar Smoliitousy dre ragaywyilovrae. Tdre 1) oty
feots h = fog adr@v (4 smola de Yrootey 6olleta fa5 Tor timon h(x) = [(e(x))
XEA) mavayoyitera énlone xal udhora ioyie

h'(x) = I"(g(x))g'(x).

"Anrdoetic. * "Eotw x,eA. "As Becopriowper Tuxolaay drohouBioy Yoo Vi
= 1,2, ptx cA— (X} ¥ veN 8ia v dmoiaw Siokpivopey Tas k&Twh Tpel
TEPITITWOEIS

1 g(x)=g(x,) 6’ & memepaouivoy wAiflos dewerdv. Els Ty mepinTeoot
TaUTnY S1d Biaypapis Téw Spwv Tiigx,, v=1,2,..., of émoiol TANpOUY T
oxéow u(x,) = g(x,) TpokUTrTel pia droroubic Yoev=12... 5i& v émolo
Tpopawdds foxver y, —»x, (TTpPA. moapotipnow § 1.4 o0 Kep. V) ki

8(y.) # g(x,) ¥ veN,
6ToTE Exopey

DG =hix) _ h(y)—h(xy) _8O) g

Yy — Xy f—t(."‘-) = g’(xl#) x Yy —Xg.
— _TEG)) —flet)  g(y,) —g(xy)
T gy —alx) B P

‘Emreidn €€ Umrobéoecos Umrépyoww af mapaywyor ['(g(x,)) xai 2'(x,), eUKOAWS
SiamioToUTan 6T foyvowy kai

lim -_r(:((“)))_‘:(('\*()‘)) = I'(a(x,)), lim n(“)_‘ B — gt
‘Erropéveds lim E“}—Z%"(\—"): I"(a(xo))g'(x) xed, Suvdue THS TapaTnprosws
Tfis § 1.4. ToU qu;.vl\", ioy Vel émrions

® lim 2D =M. _ i),

2. g(x)) # g(x,) 0° v aemeoaouivoy alkijfios devxry. Eis Thy mepimteow
TauTny B1& Biarypagfls Tév Spav Tiis x,, v — 1,2,..., of émolol TAnpoy THY
oxéow g(x,) # g(x,) TpoKUTTTE pia dxoAoubior vy, v = 1,2,... Bi& thyv drrofav
Tpogavdds ioyUel y, - x, Ko

H(}’\):#’(XU) ¥ veN,
OmoTe Eyopey &’ fvos pdv
8'(xy) = lim

}1(_\' \-) =¥ g(\-n)
¥

: i — 0
— Xy A

v
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&g’ éTépou BE

. r(y —1{z(x, : f(g(x,) — f(g(x“)l_ o
lim _I_‘(-\\}f)_____‘:l_(x_“)ﬁ — lim '&&}_V\z%l_\fii — lim —8\ s —0

r

kol Eropfvoos, KQTA THY TapaTTpnot Tfis § 1.4 o0 Keg. IV, loybe ¢rions
: h(xy) —hx0)  _ g
lim =
Topa BiarmioToUTen eUKdAws OT! kad gl T TEPITTTRO W TOUTNY ioxtla 6 -r:rrrog" 3.
3. Ovdepta tiw mepmtdoeor 1 1 2 ioyde. D Brarypogis TV Opwvy
Ths X, v =1,2,. :.; ol émwolol TTAnpoUY THY oyéow g(x,) = g(x,) TTPOI(LiT['T;El pllcx
l:’Tran«)\?\ou{}ic: Kwy W= 1200 TN Wy V= 1,2,...51& i Omoiow Tpoovads lO‘XU‘El
Xi, —>x, (18i0Tns 2, § 142 ToU Keg. IV) kai 2(xx,) # g(xp) ¥ veN. A Ty

Y > ~ L3 ) 3 1 I3 v 6"{1
UTrakohouBicy TauTny, dxpiPéys g kol elg THY TEPITITLGIY 1, TrpoKUTITEL

@) lim 0] ZRGW — (g(x,)) £'(x0).
Xgy — R0 I } _
‘Opoiws B1& Biaypagiis TGV Gpwv THs X, V= l,?,. .., ol omolol Tr7\np0\:uu
Ty oytow g(xy) # g(x,) TPOKUTITEL piac UtreodouBior Xy, = 15202 o T:r]g
X, v—12 .. 5i& Ty Smoiow Trpogavds foxUEl Xu, > Xy KX a(x,,) = g(x,)

W yeN, Ak Thy UakohouBiow TouTny Sxpipcds G kal glg THY TEPITTWOW 2
TPOKUTITEL OTL

(5) lim 1) ZRGD. — p(g(x,))g (%0)-
Ty . F ' o« L
*AveoTépoy BregTdoapey TV drohoubiav X, v = 1,?,. E(iS S'UO ,UTT(E:(KO
Aoubics TNs TES Xey, v=1,2,. . Kod Xy, V= 1,2,... Bi& Tas &moios ioyvouy

ai (4) kad (5). *Ex TéV oyeoeev ToUTwy drrodenueTan 8Tl loyUel Kal O TU'rrog' (3).

“Qoe kad elg T&s Tpels QUTEPW mepimrTedoeis Edelydn OTi loyuel 6 TUTOS

(3), snhadh 6T
Xy, =Xy

x .0 — {x,} ¥ veN
NTol

| < tim 2= — (g G,

lim 200 = B0 1 g(x))g () A W(xe) = [ (B(RaDE (xo)

kel ToGTo Bix TUXOV X €A, TO Omolov anuaivel OTi

h'(x) = I"(g(x))g'(x) W xel.

*Eqappoyai :
1. (ow(@x +3) = (—awm@x+3) (2x &3 == T’w(2x + ?} -.2 - 2nu(2x + 3).
Eis 1o &moréheopa TouTo EiyOMEV kaTaAfte kal Tponyoupévws BU AT eUfelas Epappoyiis
ToU Gpiopol Ths TOpayYou.
2.0 (@M =arloga: : Ty, .
Karg +oy tumov (9) Tiis § 3.3 ToU Keg. VI #youev a* = e*'08 kol Eropévess
(‘i")' 2= (f"“"ﬂ"‘)' — pxloga (x!pgu)' — exloga loga = aXloga.

3. (x3) =ax* xe(0, + ).
‘Opofes Eyopey x® = ealogx xai Eropiveds

' v o y
(x%) = (ealogx)’ = enlorx (alogx)’ = ealogx a(logx)’ = x"a =gyt
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e 1
EiSikéds 81 a = 7 Aaupdvopey

('_;‘ ] L gt W Ator (Yx ‘_“‘_l
X =5X =X T (x)—zv;-

4 (V)= —
Mpdy part ('I"mT)': % x:41) = ;7 2x = %,:
2Vx*+1 2¥x+1 Yxi41
Tevikdrrepov loyver & TUTog

(V1) = —&

W— (Brari;)

Mivat iy magaydywy t@v xvptwréowy otougewddv cuvagtijoewy

i(x) £'(x) f(x) } f'(x)
x" pxE=L x? axa=1
e ex ax a* loga

1 1

logx = log, x T

THX owx | oux — nux
1 1
EPX = opx - e

2. O POAOZX THE IIAPAIQIrOY EIZ THN MEAETHN IYNAPTHEIEQE

2.1 *H &woia Tfis Tapaydyou Eutnpetel T& péyioTa els TV PEAETTIY W8S
ouapTioews Sx1 uévov B16T1 SuvdpeBa vd karTapTiowuer TayUTEpO TOV Trivakd
ueTaPoAfis alTfis, dAA kal S16T1 péow Tijg Tapaydyou duvdpeda vi AdPeopey
AeTrTopepEoTEPX oTOIKElar Bi& THY oupTepigopdy ToU Biarypdppatos TaUTNS
ko®” SAny Thy EkTaow auTol. Ta dkodouBolvTa Becwpripara Epunvetour TOV poAov

Ths Tapaydyou s THY WEAETNY ouvapTrioews.

2.1.1 O@EQPHMA. "Av 1) owvdotnow | nagaywyiterar eic & onueiov X, xai
magovoudlel Tomixdy dxpdratov elg 76 onueiov Toiro, TdTe loyver f'(x5) = 0.

"Anddeiig. "As Umoblowper &t # owédpTtnols | TAPOUTIAEl TOTIKOY pé-
yioTov els TO onueiov x, () TEpiTTWOIS TOTIKOU EAayioTou &moBeikvleTan dva-
Adycs). “Exouev TéTe 81 Umépyer v dvoikTdy SidoTnua (a,b) pi x,6(a,b) c2(f)

ToloUToV, WoTe v& loyun <3,
f(x) < {(x,) ¥ xe(a, b).

OUtw
f.<’?c—_—§fu"°) <0 ¥ xe(xq, b) ki -‘(*)f—j’il >0 ¥ xe(a, x,),
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omoTe émeldn 1) | mapaywyileTan gis To onpeiov x,, Ba Excpev TocoOV
P — hm l(&) o) o 0, 8oov xai I'(x,) = lim Je) =1l

b ay No X=bxg—0 Ry |
BnAaadh I'(x,) = 0.

Té dvtioTpogov Tou dvwTépw BewpnpaTos dev ioxUer. ‘H lodtng I'(x,) =0
Suvatdy v UgioTaTal, yweis 1 ouvdptnots | va mapovoidln & Tomikdy dkpd-
TaTov e TG onueior x,. ToUToT.y. cupPaivel eis THY
TepiTwow, owou [(x) = x4, x, =0 (Bari;) (PA.
Zy. 23, Keg. IIN).

MecopeTpikéds 1 Utraplis fvos TOTIKOU AKPOTA-
Tou Tfjs ouvapTHoEws eis TO ompeiov X, oTuaive
(els Ty TepimTwow, Smou 1 ourdpTnols TOPA-
Ywyileten sis 16 x,) 6T ) épaTrTopévn ToU Six-
YpaupaTos Tiis [ els TO enupeiov P, = (x,, 1(x,))
elven mapdAAnAos Tpos Tov dEova Téw x (BA. Zy. 76). B 7

212 @EQPHMA toid Rolle "Eorow [ pila covdotyoc 1é Tediov
Sptopot fv letotiv dudatyna [a, b, ¥ daola elvat ovveypg xal nl aléon mapayo-
s ol v y , g et R e B il :
YiCetar eic 0 avorzrov dwdotyua (a,h). Tore, dv [(a) = [(b), dadoyee x,e(a, b)
Towtror, Gote 1'(x,) = 0.

Té Becopnpa ToUTo fpurueleTon yewueTpidds (PA. Zx. 77a) s £fs @ &w

)I‘

Xy, Tla. 27 TP,
Mo koprriAn (Bnhadh T6 Sidypouua wds ouvexols ouvapTioews) Exoucd toa-
TTopévn els kdBe onpeiov Tng TépveTon U Wids e0feias TapaAAniou wpds Tov
SRover Téov x els 5Uo TouAdyioTOV onpETa, “TOTE €ls Ev TOUAGY1oTOV onueiov 1} Epa-
TTopévn Tfis kapmUAns TauTns elvar Tapdhinios mpos Tov &tover Tév x. Eidi-
kG glg Ty TrepimrTeoow, dmou f(a) = () = 0, f yewueTpikn Epunveia ToU Beco-
Pkearos TouTou BiseTan els 10 Zy. T7P.

Toé drorouBoly Bepnua &moTehel piaw yevikeuow Tou Oewpriuaros Tol
Rolle etyen &2 yvwoTov 6% Hedionua Tijs puéons Tiuis Tov Aagootzos  Aoyiouod
T] cxKC’IJT] s Dechonpa Taw 'r."ummuwnw adkijoewmy.

2.1.3. OEQPHMA . "Eotw [ pla cvvdotyois pé medlov doapot év xlewaroy
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Sudotyua [ a, b, 1 dmola elvar cuveyns xal éxl aAdoy magayeyilerar el TO avor
wrov dudatnua (a, b). Tore dmdoyec x,€(a, b) towiror, diote
o) f(b) — (@)
(%) = =TT
* Anddetic. TO Becopnua ToUTo elven Guegos ouvémela ToU BecopnipaTos
Tou Rolle tpapuolopévoy Si& Thy ouvdpTNOW ¢ ke
5 I(h) —f(a
ol = dy S ey A B
‘H owvdptnols g ikavoTrolel TPaypaTl Té&g Umrobéoeis ToU Becopripartos Tou Rolle,
ka® Soov aUrn elven Tpogavds auvexns, Tapaywyiletal &v (a, b) kai pdhioTd

P s f(h) — f(a)
gle=— i =

¢l mhéov Bt g(a) = 0= g(b). ‘Emopéveos Umdpxer X,E(a, b) ToloUToV, QOTE
va ioxun
f_l;'(xl,) =13 1"(x,,) =+ r(ljl)] : f[(‘l) =0,

firor £(x,) = _!“'ﬂ_‘::f”) !

‘H  yewpeTpikly  onpacio Tou BecdpnuaTo!
Toutou (PA. Zy. 78) eivan 1) EEfis 1 G pic koWTTUAT
HEY EXT) EQOTITOHEVT) gls k&be onueiov Tns, TOTE Els B
L ; i TouhdyiaTov oTugiov ) éparrToptvn TR KapTTUAS
TN €lven TapdhAnios Tpds TN TéwoUoaw eubeial
T S Thy Biepyouéuny Bi& TG Ekpwv THs KauTTUANS.

vt
.f.hl!,,,,,,,,, st

2.1.4 NOPIEMA. Ay pia ovvdotyos I aaoayoyleta el év ddatypa A xa
udhota loyiy I'(x) =0 ¥ x€EA, tdte 1) auvdotyog alty Aaufidver el TO S
arua A oraleoar Ty

> Anddetic. "EaTw x* #v oTabepov onpeiov ToU SiaoTripaTos A kal ¥ TUYS
&\ho onueiov ToU SaoTAuaTos TouTov. Kata 16 fecopnpa i péons TIWTS Tot
Aiagopixol AoylopoU UTEpyEl CTBETOV X, ToloUToV, CoTe v& loyUT

L= PO rx,) = 0, e 1) = I(e¥) F xeA.

2.1.5 NOPIEMA. Ay ai owvaorijoe | xai g mavaywyilovrar e 10 ok
cryua B xal pdlora iogiy ['(x) = g'(x) ¥ xeh, t61e ai ovvaprijoes { xal b
dagloovy xava play oraleody, dylady loyie 1(x) = g(x) + ¢ W xed.

*Anddeifre. Mk Thy owépTtnow h = [ — g mapaTnpoUpey 671 foyuel h'(x) =
=['(x) —g'(x) =0 ¥V xeA kal Emopévws, kaTd TO moplopa 2.1.4, 1) I Aappd
vel el TO BidoTnpa A otabepdy Tny, fotw c. Apa f(x) = g(x) + ¢ ¥ xeb
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2.1.6 GEQPHMA. "Iy ) GUraoTHoS I qaoayoyiletal €l &y ordorypa B,
! L) aaymy /!
Tate igyrony T sl

| 1(x) >0 ¥xeb =1 % A F(x) <0 Vxeh =17 A

) >0 Vxeh =114 I() <0 ¥xeh =1, A

s Anddetic: "Eate I'(x) > 0% xeb. Téte, &v Xy, Xo ElVQ1 TUXOVTO ONUET
Tou SiooThpaTos A PE X; T Xy, B Exwuey, Suvduel ToU BecopripaTos TS PEOTIS
Tiufis Tou Atagopikou AoyigpoU, OTi gmdpyer X,E(x;, X)) € A ToloUTOVY, GOTE

F(xy) = f(\:_).:—%;\:,), apa 1(xy) —1(xy) = (o) (X2 — X1) >0, Snhadh 1(x;) < [(x),

Na
T Strofov onuaiver & A [ elvon yvnoies aUfouga tv A, "Qoe £Beiyfn 6T
F(x) >0 ¥ xed = X4
T& moAeITa GUUTEpATUOT TOU BecopriarTos EtryovTal kat dvdAoyov Tpo-
Trov,

2.1.7 OEQPHMA. "Fotom | i FUVAOTIOLS i Ty dmolay dmdoyer 1) dOev-
Tépa maodymyos £lg TO MAGTY L (a, ) xal elvar aity ooveyng. Tdte, dv xoE(a,h)
ué I'(x,) = 0, loytovr :
["(x,) < 0 =1} I 7agovordlet TomOY pEyoToY i TO Xo
[ s qapovetdLer TOTEOY 2ddyiaTor €l TO X
* addeitic. ‘H ouvéyeia Ths BeuTepas Trapaycyou I kaif dvootns i (x,) <0
ouveTrayovtal (PA. Zx. 719) 6T Ymépyer S1&oTn-
o (ay,by) e X ECa,b) =(a, h) won [0 <0
xe&(a,, by,) (&mwédalis;).
“Apa, Buvdusr ToU TTpOT Y OUHEVOU Becopt)-
oo 2.1.6, ' Y (ay, by) ko ETTOPEVEOS
{.,():") = } = 1'(x) 2 f(x,) =0 W xe(ay,Xo] =
v ("‘11 Xn]

f 4 (anx) = f(x) < r(-\'ul v XE(OI,X,,I.
“Opoies
fix) =
“.(i") — ¥ } - 1) g () = 0 % xel[xg, b)) = I [Xe b)) =

- ['\m ])1)
i(x,) > 1(x) ¥ X€[Xq b)-
“Qove edeix®n (P ZX 80) om loyver
f(x) < I(xo) ¥ xe(ay, D),

Brhadh &1 f | Tapousidlel TOTIKOV UEYIOTOV
gls TO onueiov X,.

‘H mepimrwors [(Xe) = 0 ouwvdyetan 8
gpappoyfis Tou TIpOT)Y OUHEVOU CUUTTEPATHOTOS Sy M
Bi& iy ouvpTnow — | Bid TV &rroloy  TPOQX-
vads B toyun (=)' (X)) =~ fil)="0 xal £)(x) =—1"(%) < 0, oméTe ©
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—I 8& mapoucialn Tomikor péyioTov els TO anueiov x,, To &roiov onuaivel 6T1 1)
[' Tapouoidder Tomikow EAdyioTov &g TO x, (Biati;).

"Egappoyi. "As pedetnowuer Topa els épappoyny Ty dveTépw ThY Si-
TeTpdywyov Tpiwwupoy ouvdpTrow [ pé f(x) = 2x1 —4x% — 1, THy omoiow épe-
Aetrioapey kai eis T § 2.1 (¢pappoyh 3, Tapod. 1) ToU Keg. |1l (PA. Zx. 44).

Kora mpéoTov Umrohoyilopev iy mpdotny kel Seutépay Trapdywyov THs |,
fjTol

"(x) = (2x1)" — (4x*)' — 0 =8x* — 8x = 8x (x* — )
f"(x) = (8x¥)’ — (Bx)' = 24x2 — 8,
Al pilan Tfis mpedTNg Taparyyou I’ elven — 1, 0, 1 &ia Tas dmoias loyvouy
"(=1)=24-8=16>0, (") =—-8<0 xkal ["(1)=16>0
Ko Eopdvess, kot TO Becdopnua 2.1.7, A I Tapouociddel Tomikdy EAdyiaTov €l
T& onuela — 1 kad 1 xad Tomkdy péyioTov els O onpeiov 0.
"Emrions ouvdyovtal elkdAws kol T k&Twh ¢
I'(x) <0 ¥ xe(—, — 1) xai ¥ xe(0,1)
F'(x) > 0 ¥ xe(— 1,0) kai ¥ xe(l, 4),
TG omoia, Suvdel ToU BecopripaTos 2.1.6, ouvemdyovtan Ta R |
B3, — 10 1 8 0 0 O Ui d (1)
SnAadn T& oupmepdouaTa Tol Trivaxos wetaPorfis THs | Tis § 2.1 ToU Keg. 1.

2.2 Kvprtai kai xolhar ovvapticeis. "Eotw upia owdptnois [ pé mediov
opiopov iv SikoTnua A, 1 dmola apaywyileton év A, ToTe, cas yvwoTdy, Umdpyet
N EpamTouEVT €ls TO TUXOV omueiov ToU SiorypdupoTos
Trs. "As Bewpriowuey Twpa THY TEpiTTWOW KaTd THY
- omoiav 1O Bidypapua THs ouvapThoews | keiTon dweobev
Tis EparrTopéuns eis TO Tuydv onueiov Py adTol (BA. .
PD 81).
"Emre1dn, s eiSopev €is Ty § 1.2 ToU TrepovTos Ke-
2y 81 gaAaiov, 1| étiowors T épamrTouéuns Tou SiaypdppaTos
Tiis [ els 6 onueiov P, = (x,, f(x,)) elvan 1
¥y = 1(x) + I'(xe)(x = xy),
70 Si1&ypapua Tis | xkeitoan dveolev T EpamTopévns Tou els TO onueiov P, TéTe
kal pdvov ToTE, &v loyun
f(x) — f(xy) = F'(x)(x — %) > 0 ¥ xeA—{x, }.
Eis Ty dveotépwo mrepimTaooty, &tou fi TeAeuTala oyéals foyver Sid Tuydy X EA,
Aéyopev 611 1) owapTnois f elvar xvotyy & A fi &TAGS
HUOTH]. :
B, ‘Avadoyws, &v BexBidpey ST TO Bidypapua 'rﬁf; f
keiTon kaTwley THg épamrTopévns Tou els TO TUXOV amueiov
Py ccrrol (PA. Zx. 82) 8& orrodnEopey, dpoiws, els TO 6T
ToUTO oupPaivel TéTE kal pdvov TOTE, &v Bid Tuyov X,EA
2y 82 oy
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I(x) — [(xg) = 1'(xq) (x = Xo) < 0 ¥ XEA—{X }.
B Thw mepimreoow TadTny Aéyopey 6T 1 | elvat xafky dv A 1) &GS w0idn).

“QoTe :

[ Tomgrh & 8 o (O —FIE-) >0 ¥ X,y & A x #y |
1 i ope |

i [ xofdy &v A <= () —I(y) — ) (x—y) <0 Yoxy b A pdx #y
opo
Hopodeiypata :

1. i owdoryers g 1(x) = x*eivat wror). Tlpdryporys Exouey
M) — gy — Ply)x 3 = X°—y® — y(x— ¥) =X} =y = 2xY o+ 2% = X1~ Zxy ok y? =
S(x—y)2 >0 % x # y(BA Zx. 83).

i)
i 0 ‘1 —F
o -i/
0] %
Xy 83 y=x* L. 84y g K2 DD
2. "H owdgmnos | pe [(x) = — X2 4 2x — 2 elvae xoida). Tlparypat Exopey

B (s~ (s ) K 28 =2 — (=P 22 =D = C Y+ Q=P =
X0 Loy 2 4yl 2y + 2+ 2yx—2% -2 +2 = —x? +2Xy —¥* =
S~(x—y)t <0 % x #y(PA Zx- 84

3. ‘I auvdoryers § uk f(x) =%* civar #olhn ev
;‘ 0, 0) wai wvots) év (0, + o). Tpdyuatt’ Eyouev
)~ ty) — Py Yx —y) =% —y* =3y -N =
(;‘_‘m“ 4 xy 4 yi— 3yix-y) = -0 Hxy=2y) = ' 7
> =yt 2) :
f“' ETopévws
e s R e O Y

100 — f(yyr(y)—(x —y) =0 ¥ %,y &0 0, ) WX # - 3. 85 y =
. Eis o6 TeheuTaiov &K TGV CUWTEP® TrapaSelyudToov  TTapaTnPoULEY 6Tt
N U Sy ouvdpnols elvat kofAn &protepa ToU 0 kad kupTh Betix Tou 0 (PA.
ZX‘ 85), éxppdlopey Bt ToUTO AéyovTes OT | ou&pTnois mapovoidler xapmny
Heiivd: I

Tevikéds Aéyouev 6T1 pic ouvéptnats | pé mediov opiopol v duolkTov Biax-
Mua (a, b) magovouile wauny Eig TO oNpEioY %,E(a, b) TéTE Kal pdvov TOTE,
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av alTn elvan koidn v (a, x,,
kal kupTh) év (X, b) 1) &w eival

= KUpTT &v (a, x,) kol koiAn &
’_K\, (xo, b) (PA. Zx. 86 kai 87).
i To durioToryov onueiov P, =

(X, f(x,)) ToU Sy pdppatos
TRS OUVOPTNOEWS KOAEITA!

Zy. 86 2, 87 TOTE gnueiov #aumis oUToU

2.2.1 @EQPHMA. "Eotw | uia ovvdotyois o iy dmolay drdoyer 1) dev
Tépa mapdymyos s 1o duiotnpa (a, b). Tdte loyiovr :
1(\) S .\'E(El, |J) ol Ht‘@?‘r} éy ((‘I,h)
['x)<0 % =xe(a,b) = & xoiln & (s, b).
*Amodectic. "Av X, v elvan TuyovTa onueia Tou SiaoTtriuaTos (a, b) pé x # v,
TOTE KaT& TO fecdpnpa Tis péongs Tiufjs Tou AlagopikeU Aoyiouol Umdpyel o)
peiov x, peTolU TGV X Kal v TOIOUTOV, GOOTE
[(x) = () = F(x)(x = ¥),
omoTe loyver kai
I(5) = I(y) = ") — ¥) = [ F(x0) = 1) I(x =), _
TO dmoloy, 51’ épapuoyfis TaAw Tou Becprinartos Tis péong Tiufs ToU Alapopikol
Aoyiopou Si1& Ty 7, §ida
©) f(x) — I(y) — I'(9) (x —¥) = "(¥o)(x — ¥)(x — ¥),
étmou TO y, kelTol peTORU TV X, kol y.

"Emeidn 1o x, keiton petaty T8V X kai y, loyuer (x, —y)(x —y) > 0. ‘Emout
veos, 1 oxéols (6) s pév Ty mepimTeow (x) > 0 ¥ xe(a,h) ouvemrdyetan 87!
o) = Hy) — Ty (X —5) =70,

SnAadn &Ti ) [ elvan kupTn év (a, b), €ls 8 Ty Tepimrwow (x) < 0 ¥ xe(a,b)

ouveETTayETOL OTL
fG) —I(y) —F'(y) (x—y) <0,
dnAadn &1 1) [ eiven xofAn év (a, b).

‘E@uppoyai :
1. “H owdotnows [ ué [(x) =y Vot —x2% a >0 efva xolly Swa y = 0 x=ai xvoth M
y< 0. Mpdypatt® éxopev

. 1 T 1 3
f(x)=vy - (X L N Sony— N 8D bl
ISR S Sl e B ol e
ko .
- e e )
e =y e R b

=—Y =
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‘Etropéucas, S1& piv y>- 0 Exopev i
[(x) =0 % xe(—a,a), épaf koiAn é&v (—«, ),
B 8¢ y < 0 éxouev ,
i [(x)< 0 % xe(—a «) &pa { xupth & (— o, @)
(BA. Sx. 46 xal 47, §3.2 ToU Keg. lll).

2. “H owvdgryais [ ped [(X) =Y ¥xz—a? a>0, f}“? Y 0. eivar  xolln "Te}m)l' (-l
(—o0 ,— &) ooy xai £y (a, + 0 ), frp oLy < 0 efvae wvgr) a0y £y (— o0, — Q) doov xai &v
(a, + o), (BA. Ex. 56 xai 57, §3.3 Tou Keg. III). TlpaypaTt® Exouey

X2 — a?) 2x :

= ( e
=y 2Yxt—at =Y av—a

kad

JOO C e L Sl A
2 — o

(x) =y

ot

=Y (;:’ = G’) ]!\.! =l

‘Emropéveds, 51 wiv y > 0 Exopev ¢ : ' ;
g I"'z,x) = 0 Ttéoov Y Xe(— ™, —a) boov kal ¥ xe(a, + ),

S1& Bt y < 0 Eyouev 4 : ) 8
f'(x) =0 Téoov \ XE(— %, — o) doov kai & xe(x, + ).

2.3 *Agbpntotor. As Becopniowie wiaw ouvdpTnow | dpiopémy els &
BidoTnua THs popeis (o, 4 ). Miar evBeict
1 Eiooooy v = ax + P keAelTan doluaTeTos Uk
T0i drayoduparos Tijs I (BA ZX 88), &v ioxun
lim (f(x) —ox—p)=0.

X=+ 00 £ _?:I, ——————— : /-/,»

"Ex T oxéoews TaUTNS TrpokUTTOW Of TU- qnpl =

Tol: o = lim RICY R p =lim (1(x) —exx). = --74— —— r
X=» 10O € X+ 400

Mpdypam & TUmos B :Jil‘ltﬂ(r(x) —ax) elvan T

Tpogavrys, Evéd O ENAOS cuvdyeTan oUTw !

0

lim ( f(x)—ox)

- : ﬁ 0
; [(x) U o S e
lim (— = -—ot) T_l'];} x xl:mm X o0
x=»+00

ftor  lim ﬁ)_ =0,
X=-+00 b . . : L
"Ex TG GQuedTépmw OUVKYETal ekdAws BT & &Ewov TGV X, BrAadn 1) su'em
It EFlacowy =0 (o= Bi==0);cheaidoubarrores TOY &vauuuu(csz Tuvgagucng
T : ‘v oo . TIy. ToUTO EpgaiveTal Elg TX 2X. kad
BnBauikfs ouvapThoEws Bid X — X g pagend 1,
90 81& T&g cUVPTATELS TAS Spifopévas UTrd TéY TUTIY § = kol y= -nbx,
ol drroian dy yveoTov Elval unBevikai Bi& X —> 0.
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Zy. 89 y= % Zy. 90 y= —)]Tnux

‘Ouoless, els 17y mepimTwoy, mou YobéTopey Ty guvdpTnow | dp
outvn els &v BidoTnua Tiis wopefis (—w, o), Abyousy &l 1 eUbeia pé éfiowol
Yy=0xX+p ehar dadparwros 1oi daypduparos vic f, &v loyun

lim (f(x) —ax — p) =0,
X—+—-00
oméTe loylouv émiong kad of TUmol :
a=lim &
x+-00 X

Elvan Aormow mpogawes 811 & &Eeov Tév X elvan doupmrTeotos ol Sioty p&pperTo
TUXoUons UnBevikfls ouvapThoews 1 x —— 0. [Ty, ToUTo tupadveTon elg ¢
2. 89 kai 90, Smou ai BecopoUpevan ouvapTHGELS Elven undevikai &1 x —— o0

Téhos, &v Bi& THy owdpTnow | Gmobéowopey &1 elvan Gpiopévn (TouAd
XioTov) €fs &v dvoiktov Sidotnpa (a, b) (a, b mpayparikol &pibuot), TéTe A
Youev &’ &vos pév 8T ) edBeier pé Eiowow X = a elvan aotuntoros Tod dtayodu
parog tijg {, &v loyin lim g(x) =+ fj —oa (PA. Zx. 91 kai 92), &’ éTépou &

X—>a-t

6Tl 1) elbeia pé tlicwow x =b elven dodumrwro: Tob dwayodupares tijg [ &
foyun lim % f(x) =+ f —o (BA Zx. 93 xal 94).

X—>h—

S I 4 ol s
| / \

Zy. 91 Dy 92 Zy. 93 2y 94

kad P=lim (f(x) —ax) (Seti;).
X=+ - 00

TLx. els 16 Zx. 89 & &kwv Téw y elven &OUPTITWTOS TOU BiorypdppoTos
(Biarti;), &ved dvmiBétaos els TO Ey. 90 ToUTo v oupBaiver.

2.4 ’Egappoyai cig v nelétnyv . ovveprijoenc. T GuwTépw  EEayBévTd
oupTrEpdopaTa pas EmITpETOUY v HEAETT|OWpEY picw ouwdpTtnow Tij Ponbeia

Ths mpwTNs Kol SeuTépas Tng Tapaywyou etdlovTes pévov THY METOBOATY
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ToU TpooTiuou auTdy. OUTws, &xt wovov Suvaueba —U(‘I Kue?picmuiv TO‘IT'IK(TJS
(ko SioThuaTe) TO €idos THS povoTovias (&x TDU. Trpoc,rnp\ou TS -rrpco"rn‘g
Tapory®you kaTd T Bedpnua 2.1.6) SANK kad TO Qv T pUsaInEls elval kUpTT
) kofAn (8k ToU TrpocTpoy THS BeuTépas -rrcxpcxyobyoxf KO'\'TC(‘ TO Gewpnua 2.2.’1).
‘Emrions & koaBopiopos TGV onueicoy els Ta omoid 1 O‘UU&EIPTT]E}'[S "ITCIPOUO"lCXQEl
Tomkd dKpoOTATA ) KawTrny Elvan eUyepns, © Bt KGGOE’[UHC‘)S sy GOUTTTETOOY
Sieukohlver els Ty Yépokw ToU B1ary pAUpOTOS TTS. ~E'.s T m(}o?xoueouw-rcx To-
paBeiypaTa yiveTan cagns f TEVIKT THS HEAETNS WSS OUVAPTNOEWS.

. I . ]
2.41 “H euvdomois [ pd (X)) = 5 x2 (x — 3). "Eyopev :
() = 5 x*(x—3) - piar s [:0,3
) =—2x(x—2) ° pilar Tis I':0,2
"x)=3@x-1 - pife Tis {7: 1. ; o
Synuorilopey Tév didroubov Trivaxa SiaTdooovTes TAs pifog TV f, Pt
i &fovos wai onuetoUpev émri TGV duTioTolY WY BIXCTNHATWY TO mpéOTpOY
Té&Y guvapThoewy, 1, I kal f. Téhos, & TGV oToXEly TOUTWY gEdryopuey els TV
TeheuTaiay ypopuiy ToU Trivakos T& cupTEpGouaTE pas el TS pouciwovlcx; TT]:S
f kad ToU &v adTn elvon kupTh i KoiAn. ZNUEIOUNEY 5t xai T& onuelg, ol1'ro>u A
QuudpTnols | TEEOVOIGJEL KaWTTiY (x), TOTIIKOY PEYIOTOV (T.w) Kol TaTicay ENG-
XioTov (T.€). Ké&twbey dxpipéos —oU Trivokos ToUTOU Yapdooouer TO Bidypauua

s ouvapThoews (PA. Zx. 95)-

& i 2 3 e

5k :

f' + MR e

e B8 — % e

T T e S T

t*_'m - Bkl e b il
S v W == I A‘\‘ .T,E / /

Hoifn | Hoidn | Auprii | Huorn Kuorn

Zy. 95 J’sza(x':i)
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Eis Tiv mepimrwow Tiis dvwTépw ouvapTroews Bév Utrépyouv  &oUu-
mTrwTor (Siati;).

1
x

242% “H gwdotiow [ ué f(x) =e¢  * . "Exouev :
I

1-2x

x4

— 1
MO = L5 xai ()= e * (Buari;)

1
‘Erons Jim & —jim X e — g
- oo X —> + oo | X—* 4+ o
lim (f(x)—0-x)= lime *

X 4o

= 1. "Apa ) elfeia p¢ Elowow y=0x+1=1

elvan doUpmrwTos (Sik x —> —oo edpiokopey TEAW THY alThy doUpmTwTov).

"Emeidn) 7} ouvapTnois | 8tv elvoa dopiopéun els & ompeiov 0, 1) yvdois T&V

Sproméy Tiwédw  lim  f(x) xed lim  f(x) SieukoAdver eis Thv yépatv ToU Bia-
b3 ]

> —10 X > 4

ypéuporros. Eis Ty mpoxeipévny mepimTwooy &moSeikvletan lim 6 * = 4 o
x=* —0

—
x

kai lim e =0, &pa kod 6 &wv Td y elvon dotpmrrwTos (BA. Ty. 96).
X =10
L T +eo
§' @) + + +
A + + =
f (x) + + +
Foprri i Hatn

1
Ep 96 y=¢ *

243 “H ovvdgrnow [ pué f(x) =x + -—;- “Exopev :
fifx) =1 —-%' piCon s f: — 1, 1
B
Bi(®)=—
138
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Emions lim —& —lim (1+l,)=1 kal lim (f(x) — 1-x) =lim L =0,
X400 x X~ 400 X X—+00 x+4+00 ~

"Apa ) ebeic pt tlowow y=1-x 4 0 =x elvon dolumrewTos (B x > —o0
eUplokopey AW THY qUTHY GOUUTITCOTOV). Emeibny ) owdptnois { Bt elven

Gpiopévn els & 0, Urohoyilopey Tas dpioxas Tipas lim {(x) = lim (X + rl—)=
x—+—0 X—+—0 X

=0+ (—0)=—o0 kai lim f(x)= lim (x+%):0+(+w)=+w,mpﬂ
S Xx=++0 x—=++0 E

ke & &feov TGV y elvon AoUUTITWTOS.

+ [ | g
— T : e =
—— =t - -i =
= ey 1 -l 1 I
N | e —
& vanil Huprn

Hoidin HoeAn

1
2y 87 y=%+ ¢

3. 0 POAOE THE [TAPAFQrOY EIL TON YMOAOTIEMON OPIAKQN TINON TIMON
ATIPOEAIOPIETOI MOP®AI

3.1 ’Anpochroprator popoi Tod -n’mov—g— . A v owdptnow h pe
hix) — Eﬁf(#)— TapaTnpoluer 6Tt loxuer Tooov limolog (1+x)=logl=0
(B x>

Soov kai lim (=)=~ 1 =0 xaitmoptveos wpds UroAoyiouov Tiis dprakiis

x=+0
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lim [(x
i l’i" log (1741r x) Bty dlvaral v tpappooti] 6 TUTos i-(l-lf(l} é%; @;—x:—
(n Tpatis —O—, s yvwoTéy, Btv elvan EmitpetrTn). “Ev ToUTols, Suvéueba va Gro-
Aoylowpey T Oplokny TaUTNY TIMNY @§ ELTS -
log (1 +x) —logl

log (17_1'17\) 5 IUE-.(lF :)' MR Tuee ',}xi‘;'u— M x> —1 @ x %0
¥ X
KOl ETTOpEVCOS
lim _li)_ggl_—{—l);lggl_ 1
] log(l +x) _ x-0 il il Eliog(l + X)), TR 150 B
S P N T T N e~ S i N
X0 X

‘Opiokad Tiwad Gs 1) dvewTépw, dnAadt opiokal Twal Tis popefis :
f(x o : :
lim -(_), Smou lim f(x) =0 = lim g(x)
X—+Xq X=+Xg X=X
- T e ol o B ! e
KoAOUITAl dmpocdidototor poppal Tt Témov —. AxolouBoUvtes Thv bt

0

ot eben £ : e s \ o < D a log (1 +x)
TEXVIKNY, 5 duwTépw B1a Tov UroAoyicuov Tfis Opiakiis Tiufis lim =
X0 = e

Suvdpeba va &mrodeifwupey TO &rdhouBov Becopmua.

3.1.1 OEQPHMA. "Eotwoar | xal g cwvvaptijoerg ué xowdv mediov doiopod
e ln v Tl T 10, 1D A (5, %, Dm0, B = (s, 1), of dipois
magaywyllovra, eic To anueiov X, ué g'(x) # 0. Tore, dv 1(x,) =0=g(X, )
ioyvet

i () _ I'(xy)

vz B T EOX)

*Anddekrs. "Exopev

f(x) —1(x,)
i) _ 10— -~ x-x
B0 = B9 ~8G) — B gbw > ~ v
X —X,

omoTe foyler kai
tim 100 —1Ga).

lim f(x) — XX '-\'—X.."__ o=
xoxg BX) iy 8OO —8(Xe)
X—+Xq X —X,

Dnueimos : "AveTépw els THY TepitrTwoty, dmou To kowdy Tediov dplouol
6w f ked g elvon THs popefis (a, X, ] Bix ToU cupPdrou lim  évwoolpey To
X=»Xg
lim . ’Avahdyws eis THy TEPITTTLOOW, &Trou TO kowdy Tediov OpiouoU T&VY f kai &
X—+x,—0

elvon Tiis popefis [ Xg, b) B1& ToU lim éwwoolpev 76 lim .
X=+ Xy X=Xy 0
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'Egappoyai :

1. lim *IAX:,‘— — 1. MapaTnpotpey 6Tt ToUTo elvan wie drpooBidpioTos Hopetn ToU
=0 T
0 2 ; . S 3
TUTTOU T "Exouev (x) =1 xad (1 — e X) =0—e*(=x) =—e¥(=1)= e OMOTE KT
' S el S
1O &uwTtipw Bepnua AapPavouey !am i (1 ﬁ.v*") = el e 1%

— guvx : i - ; o ; ;
2. lim =g = 0. TlapoTnpouuey 0TI TOUTO Elval pla &mwpoobiéploTos Popet
X — T
X—=n

0 1 ' PR
Tou TUTOU o "Exopev (1 —owwx) =0— (= nux) = nux kel (x—m)' =1-0=1, éwére

; 1 — ourx (1 —owx) y—= nuT
Kot y i i ‘ 1 = SAERRTT e - =
atd 1o dvwTéipw Bedpnua AapPavouey _I.IJ: = e 1
0
= 0
1

*Extés ToU Becopriparos 3.1.1 yvwaToU els THY Biphoypagiav s kavdvog
ToU de I Hospital ioxuer kai 10 k&t BecopmHa.

3.1.2 OEQPHMA. “Eotwmear | zal g TURQOTHOELS UE #OWwoY edloY Gotauot &y
e a 7
Glvalor TJI, Hoog q_, (a Xy ".' (\“, ]I) ,l,l (.1, u)u(\.,, h), at omotal magaywyylior-
tar, Tdre, dv lim f(x) = 0 = lim g(x), ioydet

X=Xy Xd\»
s B0 L S =
Im &) vy B

Eis 16 Becopnpa ToUTO TO X Suvaran va elvar xai Ev TV oUPBOAwWY -0
Al —w | &mdTe TO KOWOV TrEdioV dpiopou Tav | xai g 66 elvan Ths wopeiis (a, +o0)
Ul

(=00, b) dvmioToiyws, GITOKAEIONEVTS PUOIKA THS TpiTNS TTEPITITCTEWS.

"Egappoyai :

1. ik X — 2. TlapaTnpoUiey &T1 TouTo €lvan pia  AmpoodiopioTos
T = 1
0 ] i 1 . 2 N
Hopeh Tou TUTOU T “Eyopev.  (x0'=2%, (7 +Hx— 1) =et(=x)+1-0=

] ; - . o 4 3 & (xh
XN+ 1l=1—¢* ka TapaTnpOVMEy OT! T Oprox TI[J-TE x]_]t:nﬂ TR

; ; 5 . t ; N 0
lim 2 _ 9 Iim ,__l_\_ clvan Emions pia &TPOTBIOPITTOS HOPQPT) TOU TUTIOV Fee

x>0 | —¢ ¥ x>0 = (
) dmroia pdhioTa Umehoyiofn es THY duwTépw tpapuoyny 1. "Apa koTa TO dvwTépw Fecopn-

ha 3. 1.2 loxuel

! : X
i s =i " . =2 hm =2-1=2,
\l“lll‘n p=X4x—1 x—>0 (f Fx- x>0 l—e-*
2 hm YT EY 0 Mapatnpouuey 6Tt TOUTO ¢lvon pla &mpoodidplaTos wopgn
x=*0 ek

Tol Tymou O *Exopev (X — nux) =1 —owx, (x*3) = 2x kol TapaTnpoupEr 6TI 7 Opl-
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axf)y Tipy lim ) gy l—owx g trions wia &mpoobidpioTos Wopet

x>0 (x%)' x>0 X
TOU UTrou _g. AUTn, Suvduper ToU BewpripaTos 3.1.1, Umohoyileten T elven fon pé
(1 —owx)'y—y nuo 0 0.7 ; : (x—mux) _ o » N
______________ MW X =0 frorloyva Jim =—_24  =0. "Apa xaTa T
Wl i, TN S Ty P
Bewopnua 3.1.2 AapPévopey kal lim L—ﬂ# =0.
x—>0 X
log x=1 i
: X - K e
3. lim ———=— 1. Maparnpoipev &1 foxver lim log = =]0g( lim 2=
Arati® i X —> + o X x++ow X
v
log x_;l,l
=log 1 =0, ds #mions kai lim A= 0, 5nAadn ) opraxd Tpn lim — ¢lven
x> +o X x>+ _1_
X

pia &mpocbidpioTos popef) ToU TUTrOU % kad Eroptvess, Suvdper Tol Becopripertos 3.1.2,Exouev

log * 2 (108 5=) = (%) S
im —  * —lim A~ X%/ —lim 2= *>*7 =1lm — —=
x—> €0 1 x—>-+00 I x—>+00 ___1 x—> 400 _‘_}_
= ks = =
= in = — lim L salpclify o Uy

x—>4+00 1 —X x—>t+00 1
* -1

3.2 ’Anpocdiépiator popoai tob ToHmOL _T_— ‘Oprokai Tipad Tiis pop@fis :

lim i , 6mou lim f(x) =+ o = hm g(x)

XXy ( ) X>*x,
koAOUVTAl GrooddidploTot  popgal Tot THmov :—I-*-ﬁ' ’A'rrpoo'&opio"roug HOPPSS
ToU TUTToU TouTou Suvépeba v& Urohoylowyey Tf Bonbeiq ToU d&kohoUou Bewr-
pripertos, TO dmroiov elvon dvdAoyov mpos T Becopnuar 3.1.2.

3.2.1 GEQPHMA. "Eatwoar { xal g covaprijoec pé xowoy medlov Sotouod
& advodov Tiig poopiic (8, X) 7 (%o, b) 7 (a, x.)u(X, b), ol dmotar maga-
ywyllovrar. Tore, dv lim {(x) =+ 0 =lim g(x), ioyver
x—>xg

4 Hx) e 1(x)
Iniamles Mgy =1

Eis 16 Becopnpa ToUTo SUvaren Emions TO X, v elvan &v TéY ouvuPoAwy
+ 0 f| —00.
'Egappoyai :

1. lim log.x — 0. Mapatnpolpey T ToUTo elvan pia &mrpooBipiaTos uopet Tol
x>+ X
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TUTTOU o (Biorrl;). *Apa, Buvduer ToU dveTépw Becoprinaros 3.2.1, #yopev
=+ o0

i lBX _ g QogX) g T onm L
ijoo x x—'l-TOO x) x>+ 1 x—>+0 X
1 _| _1_
i n Giew S5 D o lim &> -
= o = ——=  xai
21 xljﬂ.u T =—00, APATTPOVL RLLIPOE e Lo

1
11m " lven ploa &wpooBibpioTos popet) ol TUTOU ki
>0 — 10X oo

trrl mAdov 11 1) Oprakd) TIUT

+

(Brari ;). "Apa Exouev

1
x x . x? . e
im ¢ — lim ¢’ = lm ————"= lim =
x—>+0 — logx x—+0 (—logx) x=>+0 x—>40 X

| =

_ lim 1. tm e = (4w)(+x) =1
x40 X x40
kal Eopéves :
l —_—
x X
lim £ = lim ._E.._—:—(+ao)__go‘
x>+0 logx x40 —=1lo

3.3% *Anpoodiopietor popeai tdv TV oo — (400 ) wai 0 (4-00).

33.1 ’Ampocdidoiator poppal o TETOV + 0 — (4 ) elvon Opraxal Ti-

uai Tiis popefis :
lim [f(x) —g(x)], &mwov 111;[1 f(x)=+ 00 = hm g(x).
X—>xg Xo

Al &mpooBidpioTol popeal ToU TUTOU  TOUTOV dvéryovml els TolaUTOg

1 e Tl HIEE
T % Mpéyporr v F= kai G= o T0Te TapaTnpoUpEy OT1
__1#] im G —F(x)
lim [ () — £(9) ]“xl_‘:?[ o om) =i Feewm
] s
omére Emreidi : . 1 1 0
: o e VL lim =0 = v T — %
lim F(X) — lim (%) T 4o Yol x—*xq ( ) xlii‘;log(x) iy

X—>x
9 X—*Xp

, 1+ G —F(x) . 3
Tuvdryoper 6T1 T dpraxt TIUN 1121;1 FeGM elvon pla &mpoodidploTos wopet

ToU TTrou ~g— !
i E = l) = Mp&ypat’
Hupabewjia: b ( Tog 1 +x‘) x)=7"
i ot 1\ _ogim Xl 4X) o) 4 vehetala aln Sproad
x>0 ( log(1 +x%) F—}’_) T x>0 x’ “xtlog (1 +x%)
T elven pla &TpocidpoTos HOpPT TOU TUTOoU 5 (&rati;). “Apa
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oy Xiolog (XY gy GC-log A +30) iy o a
iy SOy 1_’0 S g Hz—\ (x2+ (1 +x9log(l +x“))
= lim = _— (&Trpoc&éplc-rog popot) Q)m

=0 X'+ (1 +x%)log (1 +x*) O L

(‘(2) =1 _.___2.\."——_ — linr _,7_"!_4_5

=lm AT Olg AT xvo 2x@ + 1og(l +x) = e Tog + 59
e A
20T 2

3.3.2 ' Ampoodidpiotor poogai Tod rémov 0(+ o0 ) elvon Opraai Tiped THS

HopQTs *
lim f(x)g(x), 6émou hm f(x) =0 kal lim g(x) =+o0.

XXy x—>xg
Al &mrpooBidpioTor popgai Tou Tu-rrou TouTou dwéryovTat ls To1UTas TOU TUTTOV
0 3ot ~ 0 )
5 Kol tvioTe Tou TUTIOU + (Brorti; ).
. . : g , I ; log x
Mopadeiypa : lim xlogx = 0. Tpaywar  lim xlogx = lime o=
x—>+0 x—>+0 x—>+0 |1
X
—logx r )y Sk ; ! ; -
— lim ol 1 TeAeuTala OpiaKd Tiun elvar pia &mpooBidpioTos popef Tou TU-
%=
X
1
TOU i) Kal ETopévws llm —108% _ jim 4(:—!-09" x') Sy e limx=0-
© >+0 1 x—>+0 1 ) x=>+0 L x40
X X x?
logx = "
*Apa kal 11m xlog}. == hm o =0=0.
X

X
3.4* *Anpocdropratol popoai tiv tonav (°, (4 )’ kai ki

3.4.1° Ampocdidpiator poppal Tob TimoY 0° efvon Sprokad Tipal Tfis pop@fis :
lim [f(x) @, émov lim f(x) =0 = lim g(x)-
x—>Xo x—>Xq x—>Xg

3.4.2 > Anpocdiudotoror poppal Tov Témov (o0 )" elvon Sprakal Tiped  TAS

pop@iis :
lim [ [(x) J&*=), &mmou ]|m f(x) 4+ o0 kol limg(x) =

x—>x0 X—>Xq

3.4.3 > Ampoadidotatol poopal ot Timow 1+°  efvan Sproed. Tipal TS

HopRTis
lim [ f(x) J#®, &mou lim f(x) = 1 kel lim g(x) = +o0.
X>Xyp X—>Xp

X—>Xg
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“Ohat of deatépw &mpooBidpioTor poppal dvdryovTan gl TNV TolUTNV TOU
TUtrou 0 (o0 ). TTpdypoarTt 65 yveaTov (TTpPA. TUTTOY (9), § 3.3 10U Kep. VI)
loyuel

[ [(x) ]g(x) it (m.l-\)lugf(\)
kai Adyw TR ouvexeias THS aBeTIKTs ouvapToEws épapuoleTon & TUTTOS
lim  g(xNogf(x)

lim [ f(x) [ = lim ¢e®loefd = ¢ X %

X>Xo X~ 7Kg

Kal Emropveas Gydpeda s To v UTTORO Y ioWHEY Th &praxny Tidw lim g(x)logf(x),

X~*xXg
f| omoix el GAas Tas SvwTEPw TepiTrTeooes  elval (i GveryeTon eUkOAws) uia
&mrpoodidpioTos popeh Tou TuTou O(+ o) (Broei;).

Mapodeiypata :

1. lim x* = 1. Maparnpotuey &1t TOUTO efvan pla &mpooBiopioTos Hopety Tol TUToU
x—>-40
0°. *Eyopev
lim Xlogx
lim x*=lim exogx = ¢ x> t0 = xe' =1,
x> +0 x> 10

Bi1émi, cos UmeAoyiohn eis Thw §3.3.2, Iim x logx=0.
=40

1
2. lim x x = 1. Moparnpoupey OT! TouTo elvan pla dpooBidpiaTos popgt ToU TU=
x>t

Tou (+ ). "Exouev

. log x
. -:— logx .E;‘..mw j—
lim x * =lim ¢X T =X == 1,
X+ 00 ]
g e s ¢ N B : logx
BibTi, s Umehoylodn eis Thv § 3.2, lim —— =0.
x=p X
1
3. lim (owx) * =1 TMopaTnpouney &T1 ToUTto elven pia &mpooBidpioTos pope
x>0
Tou TUmou 1+%. "Exopev
1 1 lim |
— — log ouvx >+0 = log guvx
i x i X =e e =ev=1
lim (owx) * =lim ¢ = :
x—+0 *=40
Biom 1
a y . (ouvx)
: 1 g log owvX _ y; Og OWVX) _ iy TWX Ly
lim L logowx = lim =2——== 1M =—c =
x—lnl-n-u X log x> +0 x x40 (x) x—>+0 1

—— lim epx = —90 =0
x—>+40

4 ATKHZIEIE

4.1 “YrohoyloaTe TS (TpeaTas) Tapay Lyous TV cuvapTioewy TV dprlopévear UTo
TGy k&Twbh TUTWY : .
X

1) B(x) = x* + 2x + 3 2) 1) =x*(x +1)° 3 I =gxT1p
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2 242 5
o 1=2+3 = b e

NiG= = — 8) 1(x) =x* &9 + — 9) f(x) = 3owx + %

4.2 ‘Opolws UmohoylooTe T&s Tapaywyous TV guvapTioewy TV opifopévey Yo
TGV KaTwh TUTWY :

D 1) =Vx=1 ) 10 =——
Yx +1
3 IX) =V +1 4 1) =Vx+1+Vx-1
1 1 T
5) f(:() e e e B n X2 — 1
Vel  V¥x-1 )= v;rrl
7 1(x) = ow(3x + 2) 8) I(x) = nu(3x +2)
SR ep2x — |
Al ouv3x 10 1y = p2x + |
11y f(x) = 3nu'x + 2ouvix + 1 12) )= Yepx + 1
19) 169 = ;f;:“(‘;‘;ﬁ) 14) 1(x) = log nux + x*
15) 1(x) = (* +X)* + log (x* + 1) 16) f(x) = (mux)lorx
175 iyt Hl g E 18) f(x) = egx™.

4.3 EOpere T& ToTK& dxpdTaTa TGOV ouvapThoewy Tév dpilopévewy Umd TGV k&TwH
TUTTOV :

1
DI =nu@x+3) 2) IX)=x'-2x*+5 3) (x)=nu5"
4.4 Acifare 811 petatl Showv Tév dpoywvivy pi oTafepdv TeplpeTpov TO TETpéywvOY
Eyer 7o peyohuTepov EpPadov.

4.5 Aeiforre 6Tt peTafyU Shwv TGV Tpiydvey it oTabepdy TepiueTpov kal oTabepay péow
16 toookehis Tpiywvov Exel TO peyahUTepov EpPabov.

4.6 Aeftare 6T peTaly SAwv TV Tprydvev i oTabepdw meplueTpov TO fodmAeupov
tplycovoy Exel TO pEyoAUTEPOV tppadov.

4.7 AcifaTe 6T
fxupti) v A <= — [ koidn &v A.
2 ]

4.8 Aelfare 11 al doUpmrTwTol Tiis UmepPolfis pi Eticwaw % — 'yﬂT=l (TTppA. §3.3
Tou Keg. Ill) elven kol GoUpTrTwTol TEY ouvapTrioewy TEV Spilopévay Umd T&Y  TUTTLV
£,(x) =% Yxi—ar kel i (x) = — % Vxi—ot.

4.9 MeheThoaTe kol TGPOOTNOGTE YEWUETPIKES —TAS guapTtioes Tas dpilopévas
UTd TéV KaTwh TUTLY :
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1) f(x) =3x' —2x*+ 3 ) )=t _1 4)
3) f(x) =2x*+3x2+2 4) IX)=x+ &

4.10 “YmoloyicaTte T&s K&Twb &mpooBiopioTovs pop@ds :

xe -1 : log x 3y lim JHEX
e i‘-r:} E=l 2 il—:rl, xr-1 ) x40 nuﬁ).
. —e*—2x — NPX
Qo SNy et = 6) lim =
9 1'_% eppx ) x40 X — X x0 X

4.11 ‘Ymohoyloate Tds kaTwh &mpoodioplaTous Hopgas :
—-2X

i e* 2) lim &
Gl iR B P
. log(x*—8)
- log (x —1) Ay lifa
2 sz X +x—10 )Ha K 1—*&—12

4.12* “Ymohoyioate Tds x&Twh &mpooiopioTous HOPPES

1 1
; B A0 JRL A TN
1 xllmov“()gx 2) lim (2 —‘>-)€‘i”t 3) it \logx x—1

x*iz-—o

413 * ‘Ymohoyloare Tés kaTwh &mpoabiopioTous HOPQAs

: x4+ 1 3\x
1) lim x ™ 2) lim (log )2 3) lim ( x )

x—++00
x40 x—=++00
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KEOGAANAION VII

MEPI OAOKAHPQMATOZ

1. AOPIZTON OAOKAHPOQMA

1.1 Mapéayovea kai ddpiotov dhokifpope. “Eotwoav | ki F ouvepTii-
oEls P kowdy Teblov dplouol &v Sidotnua A. O& Aéywuev 8Ti fi ouvdpTnols F
elval pia aodyovoa T EAAws & ddoworor 6loxdijpoue tijs fév A ToTE kal pdvov
ToTE, dv 1) F mapaywyileton kai loxin
Ei(x) =lix) V xeAl
"Av F elvon plo mapdyovoa Tiis { &v A, TéTe oupPoliloper TouTo ypaovTes
[Hx)dz = E@), xel
(1o oUuporov [ f(x)dx cveryryviookeTon «OhokApooper f(x)dx»).
"QoTe Aolmrdv
[ i(x)dx = F(x), xeh < F'(x) =1(x) ¥ xeA.
opa

Tl.y. f) owdpTnols ouv ExEl TTOpGyOUTa THY ouvdpTnaw nu, 8101, ¢ elven {150
yvwoToy, (nux)’ = ouvx. "Apa fouvxdx = nux, s érrions kad fouvxdx = nux + ¢,
&mou ¢ otadepd, 516T1 kai 1) oUEPTNOIS MK + ¢ efvan pia mopéyovoa Tiis ouv-
aprhoews owr (Siarl ;). Al ouvapTioss Tfis wopefis nu + ¢ elven kai oi péven
Trapéyoucan Tiis ouvapTigews ouv, ko’ doov ioyel TO dkoroulior Becopmuar.

1.1.1 eEQPHMA. "Ay F xai G elvar 0o napdyovoar tijs ovvapmijoems f év
A, tite adtar dagépovy xata piav orabepdy.

> Aaddeikis. Zupgoves TTpds TOV dpiopdy Tiis TaparyoUans ioxuouy

Fi(x)=1(x) ¥ xeA ral G'(x)=f(x) ¥ xeA.

“Apa F'(x) = G'(x) ¥ xel ol émopévax, katd 1O mwopioua 2.1.5 ToU Keg.
VII, loxter F=G +c.

[Mopadeiypata : Ar Epapuoyfis TéV TUTwY T&Y Tapaydywy auvdyovtar eUKOAS
ol &xdAouflor TUTTOL :

1. JOdx = c. Tlpdypotr ToUTto ¢ Opiopol elvon igobuvapov pé ()’ =0, Td dmoioV
&g yvwoTov ioyUel.

2. fa(lx = ax. MMpaypaT® TouTo €& Opropol eivar fgoSUvapor pé Tov yvwoTdy TUTOV

(ax)' = a.

3, [xvdx =

\V+l » xV+l L3 (xv+])' (v + 1) x\'
= 2y S 7 — = = x%
v+1(v Jilllpay b (v-i—l) v+ 1 v+41 &
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"Qote £8eixbn OT1 (—il—) —x¥, To émoiov & Opiopol elven loobuvapoy pE [x¥dx =

v+ 1
xV+1
BEESS
1 i
dx i el % A = 2.3 ) Hptyuory (__f,._d) m
4- f"T'J = - (U— l)?v—l (U l3' } P Y (V— ])X Vel

1 1 1 o) A VR (g 0 1 =i
& ) T (—= )= e = gmem X

1
5, fd% =1logx (x >0). Mpéynam (logx) =7

xa“ : 4
6. Ixa(lx = m (a £ — 1. Tpdrypatt
_\-uu 4 o (xau): - (il .*_ 1)x-’.l :x",
(a+1) Sl v el

7. [ owxdx = nux (¢Beixbn 80 v TEPW).

8. [ e = —ouv. Tlphoypiam - (—owx)’ = — (= RIEK) =NHX.
1
dx . . PR et el
& f — =epx. Tpdypom® (%)= Gy -
dx : - ) =
W o — o Mpéypomy: (= o9x) == (_mﬂx o

11. fe"dx = ¢¥. TlpaypaTt’ (e = et
x ax\’ (a®)’ a*loga =
a’ : o [ — —_—_——= =
12. [axdx = T (a # 1). Tpaypant (loga) loga Joga
HivaE  Goolotew ShoxnpwpdTay oy xOpLOTLDOY GTOLYELODY  TVVAOTIOEDY

D e R | e \ |
I ¢ [ f(x)dx
i | St ” | [
s ————— "_-Q_/;l |1 L (‘,>2)‘ % 1 T l
fy | v I AR | G-Dx k
| 2 | = log x '
x® (a#-1) = i_ i 1 = (-x >0) | g
THX — guvx ‘ guvx nUX
! ! :
! ' b gl : o
it | 3id | ouvix X
iy ' I % a
ex ‘ e ‘[l e Joga
t (| e

Al elg Ty Tapdypagoy TRUTNY Becopou-

: oi TOnOL GLOKANPATENS. :
bk letan, 6T1 EXouy TPy YOV.

MEVON oUVOPTTIOEIS YrroTiBeTan, OTTOU XpPEI
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121 [[f(x) + g(x) Jdx = [f(x)dx + [g(x)dx.
MpdypoTy katd Tév dpropdy Tou dopioTou SAOKANPOUATOS, EXOMEY
(ST + g())dx)" = [(x) + g(x) = (fI(x)dx)' + (Sg(x)dx)",
o &moiov &modeikvlel TOV duwTépw TUTTOV.
HNapaderypao. :

Jix+edx = [xdx + fesdx = X0

S +e"::x_2+ex.
141 2

1.2.2 faf(x)dx = aff(x)dx.
TMpdyuart ( faf(x)dx)’ = af(x) = a(fT(x)dx)" = (aff(x)dx)".

[Mapadeiypara :
v, — Vv — Xv+l —. a
1. faxdxfafxdx—am_v_iw i

2. (els ouvBloopdy petd ToU TUTov 1.2.1) _lw(aﬂ +a; X+ .. +acxx)dx =

xVtL,

K+ 1
1.2.3 ‘O timoc tijs =ara maedyovrag Gloxinodraens :
JI)g (x)dx = 1(x)g(x) — [F'(x)g(x)dx.
Mpdyuerr ([(0)g()dx)” = I(0g'(0) = [ )2+ I'()g(x) ]
—"(x)g(x) = ([(x)g(x)" — (ST ()g(x)dx)".

Eidikéds B1& g(x) =x Eyouev tov dxdhoubov TUmoOV
123 [ i(x)dx = xf(x) — [ x['(x)dx.

xk +1,

= fa,dx + faxdx + ... +faxxxdx=aux+aT‘x3+... +

IMapadeiypatae :
1
1. Jlogxdx = xlogx — [ x(logx)'dx = xlogx — [ x5 dx = xlogx —Jdx = xlogx —x=
=x(logx — 1).

2 3 2 x2 ¢ 2 T N |
2. [ xlogxdx = f%—*logxdx =l_;—logx —f——;— (logx)'dx = —;—mgx —J —%—de =

x? 1 x! 1o xt x2 X2 =
= Tlogx - 7fxdx == logx — e (2logx — 1) = ——(logx® — 1), fiTo1

2
[xlogxdx = 34— (logx® —1).

3. [e*nuxdx = f(e")'nuxdx = e*nux — fe‘(nux)'dx = e*nux — [eXouvxdx =
= e*nux — J(e9)'ouvxdx = e*nux — [ e¥ouvx — fe‘(cruvx)'dx] = e*nux — e*ouvx +
+ [eX(— nux)dx = e* (nux — oux) — Sexnuxdx. "QoTe £8eixbn 6T
Jexnuxdx = eX(nux — ourx) — [e*nuxdsx,
tk ToU GTrolou eUkdAws ouvdyeTal 6T

NUX — X
,fe"qu)cdx = gt X = owvX

1.2.4 "0 tinoc i dlorlnodioews O dvtixaractdoems
FHECNE )dx = [ Sy |y—gee, |
&mou els T Selidv pélos ToU TUTOU dvvooUuer BTI peTd TOV UTTOACYIGHOY TOV
[i(y)dy ogeitopev v& dvTikaTaoTnowuey TO y ut 10 g(x).
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TMpos &médeifw ToU TUTTOU TouTou BéTopey F(v) = [I(y)dy (&pa
F'(y) = I(y)), 6méTe dpkel v Selfwopev 6T
F(g(x)) = [1(g(x))g'(x)dx
TolTo TpdyuaTt ioxel, BIOTI KaT& 76 Becopnua 1.7.1 Tou Keg. VII mepl mapa-
Ywyloews ouvbéTou ouvapThoEwS

(F(g(x))' = F'(2(x)g'() = fg(x)e'(x)-

Tlapodeiypata:
1
1. [ow(ax + B)dx = L Jouv(ex + B) - adx = — [oun(ax+B)- (ax+p)dx =

%[fauv‘}d) hmaxtp = — [nu}) ]) G :—L—nu(ax + P, (axz 0).

2, ff_}; = log | x |. Qs yvwaoTov igxle f[{\_)‘ = logx, x€ (0, + ©). A& xe(—,0),

To 6?\0K?l1-|pmucx ToUuTe UmohoyileTan 6 tEfs :

—f_( 1)dx = f__ (—t)d\—[f__d\ . eflop el

10g (—x), xe(—e2 , 0).
01 BUo TUTOI SGAOKATPWOEWS
dx _ logx, xe(0, + ) kai [d—:‘- = log (—x), x€(—,0)

X

2 dx =
fvomroloUvTan els TV fT =log | x| (BaTi;).

. S (e S S S — (2x)dx = ﬁf (1 +x%)'dx =
1+ x® 2 1 + 1+

=5 [ o =-2v[|umi]\‘-l:,.-= L tog (1 -+ = log VI
= ay |- !

f N a jog 2| Tipds Umohoyioudy ToU ShokAnppe-
(x— 1)2(\.—2) x—1 !
Tos ToUTou OéTouev
! e S SR
6\——771)'-'-(':\_2) =1 x=1)p " x-2

kel Grrohoyifopsy v ouvexeia T& & P,y s £

Atk oM GTTAGOIGOHOU GUpOTEPEY TEY HEAGY TAUTNS g (x — 1)? (x — 2) AapPdvopey
l=a(x—1)(x-2)+Bx-2) +y(x—1)2

kal perd Tds mpdtels

— @+ YR+ (3a+p-2r)x+ (20-28 +7)

kal ToUTo Bix k&be xeR, TO Omolov onuaivel 6T
(== =Ty =0, 2= £y - '
"Ex THs &mAUoEWS TOU guoTHMaTOS TOUTOV eupiokopey (a=— ,p=—-1,v= 1) (Braxri;)
1 1 1
B : o s 2 s 7 "
(x—l)*(x~2) x—1 (x=1) X—

Kai Eropéveos ioy Vel

'Apu dx

G_—’l)_dz—x(r:i)_z-f\-l f(\_l)z"'f .
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f(x ix1)2 :fu --1 iy “\h J & L}"Tl

O Eywpey Aorrdy

r _llx - | { __1_" o e 1
T e s T $ =

‘0 duwoTépw TUTTOS [oy Vel eis ExaoToy T&Y BiaoTnpaTwy (—wo , 1), (1,2) kad (2, 4o ).

\'—21
x—1

17 Tow

dx

5. 'vx = 7277—:_[“]_ (5 + 2y —“V:—‘J o =1~ Jy Vs

AR [, v }
=\ . et e
— k| £
= I oy=t
e U AT el B il 000
6. [epxdx J S dx = — fcmux (owx)dx = — U v ]! =
=—[log|y s log |ouvx]|.

=

7. ferdx =— fe* (-Ddx = — fe - (—x)ydx = —[[exdy) _ _, =—e"),__,~—¢

X X2 20
8 *. fv-‘x“d.\' =l a"(l =+ 10 =+ T s il ) (v=0,1,2,...). To oSAokhn-

pwpa ToUTo UtroAoyifopey Ti) PonBeiq Tiis dvaywyixis peBodou, s Etfis :
Mia k >0 Exopev :
l(x) = [e*x¥dx = — [xfte®)'dx = —x¥ e=* 4 [e* (x)'dx = —x*e* 4k fe*x¥-1 dx =
= —x¥Ke~* 4 Kl (X),
fTol
e(x) = —xFe~* 4k | (x),
oméTe Sia k= 1,2,...,v howPévopev :

1

(o) I (x) = —xe ™ + Iy(x) Ti
2 k)

@) 1 (x) = = xte=% 4 21,(x) |
byl

(3) 4(X) = — X%~ + 313(x) 5
| 1

(ox) (X)) = —x%e~* 4 k | (x) o

) LX) = —xY =X +vl,, (%) -
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A& TroAAaTTAGOIGoHOU GUEOTEPLY TEV pEAGY TV dveoTépw OXECEWY il Tov Belid EkdoTns
g y . . 2
3 ¢ = z g e kaTomv Si1& wpoobicews
dvayeypapuévor  apifuov (11.)(. Tijs oxtoews (o)) Em TOVK!) Kol st

kaTd péhn aUT@Y TTPOKUTITEL (&pou yivouv al kaTdAAnhol drhoToioe) 8T

1 Tl e i ‘7..._ﬁ,.4
i (x) = l(x) — 11 e — 57 =
) o kel B
kai dweidn, cos f5n Umehoyiodn s TO TEPOT)Y QUPEVOV rapaderyua, ly(x) = Jerdx = — e7%,
& £y opey g 5 x‘_)
|\A(-‘-)=J1¢* xxVdx = —vle \(1 +I_1_+2! 4o+ =)

1.3 ’Acxiogig.
1.3.1 "Yworoyioare T& Ké&Teobt &oploTar OAoKATpLPETA :

x4 4 2x2—3x + 1
‘“ 7 ”‘ el <3 T T dx.
b ftT2>’{ﬁ-Tf f(\ HE+D J G-DE+

1.3.2 “Ymohoyicate T& kaTwh doproTa SAOKATPLPATE

dx 7\'___.
: — N ey dx
b FYaE s I e e t
1.3.3 “Ywohoyloate T& kaTwO c’xc‘:pm’ra SAOKATPWHATX
f s e SO 3) J‘(foB)Vx! x4+ 2 dx

I)IVH\"' ;) v3\»12\j1
1.3.4 ‘YmohoyloaTe T& kaTwh &bploTa SAOKATPLOHATX *

1) [opxdx 2) [e¥dx 3) [xe-+dx

; 2xd
4) [eriouvxdx 5) [nuexdx 6) [eprxdx

1.3.5 “Ymohoyloare T& k&t GoploT SAOKANpLPATA ; f e
1) [ nuxx nuvxdx 2) [ nuxx guwwxdx 3) | owd
Smou x, v guoikol &piBuoi.
(xpno'!.pm'romo‘u're alecrrlemg Tous TYTTOVS *

THKX TIHVX = — [cuu(K —v)x — ouv(x + v)x ],
+ -k —v)X ]
TIUKX OUWX = MQ_ [u(x -+ v)x nu( ) -]

—wx]).
GUVKX OUWWX = _;_- [ ouv(k + V)X + ouv(x —V)x 1)

& Ka X6 SAOKATIPWHOTA !
1.3.6* ‘YmoloyicaTte T k&Twhl GOpIoTa CACKATP

SSoEaee XOuvxX
ux dx nEXl Jax 3) f_._f Sulias Bl
A f(wvx oy o i 2 f (14ouvx)® (xnux 4 ouvx)?
2 2(1\
\T]il\ dx 5) ( —— 3
;) f(l +ouv\) r XMUX + OUUX

SAOKAT PLRATA
U 5 1KoUs TUTTOUS Bix T& O
iy dm)l,)w}np vxdx 2) Jourxdx (v quatkds Gp18uds).
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TH Ponbeia TéVY TUTWY ToUTwWY Umohoyioate T& dhoxAnpdpara [nuixdx xal Sowixdx,

1.3.8 ¥ Elpete dvaywyikdv TUmov Bid 16 dAokAnpwpa flng"\‘dx wv=10,1,2..) xai
T} PonBeia ToUTou UmoAoyicare T ShokAfpwpa [logdxdx.
2. QPIEMENON OAOKAHPOQMA

2.1 'Opiopig kai idwotnreg. "Ag Bewpnowpey plav ouvdptnow | dpiopévmy
els &v BidoTnpa A, f) dmoia YTobéToney 611 elven ouveyTs kai  Exel Tapdyouad
v A(). "Ava, B elvan TudvTa onueia Tou A, TéTE 1) Biapopd

F(B) - F(a),
omou F elven pia mopdyouoa Tiis [, elvan dueldprnTos Tis Exhoyiis Tis Tapo-
youons F. TlpdyuaT: katd 16 fewpnpa 1.1.1, TuyoUoa Topdyovsa G Tijs |
Biragéper Tiis F kata piov otabepdw, fitor G = F + ¢ kad Emopévess

G(B) — G(&) = (F®) + ¢) —(F(a) + ¢) = F(B) — F(a).

T Siagopew F(B) — F(a) xahoUuev dunauévor dloxijomua tic [ ama @

il
fwg P kol ToploTdpey TouTo pE [ [(x)dx, fitor
B
[ 1(0dx = F(B) — F(a)

(o oUppoiov } [(x)dx dvayryveokeTan «OAokAnpoopa [(x)dx &md a éwg Pr).

’Ex Tou uc’wi'répw OPICHOU TOU GIPIoHEVOU OAOKATPWUATOS CUVdyovTal
&uéows T& EETs ¢

[ ix)dx =0
Kot :
f x)de= — fn f(x)dx.

THv Sagopawv F(B) — ;:(cc) 'IT(IplO"TG:LLEU ouvnBos kal pé [ F(x) ]E, fiTol

[F(x) ]’ = F(B) — F(c). Kar& Taima
f i()dx = [FI = [ [i(x)dx ]

G 3 I3 o i\ 1 0 B ~ ’
TMapatnpoupey emions &Ti 16 dAokAnpuwpa [ [(x)dx  EaptdTan  TéCOV
a
amo Ty owapTnow [ doov kal &md Tous dpiBucus a, B, of dtoiol keAolvTal
ﬂ 1
dixpa dloxinpdoens. "ATIBETWS TO OAokAfipwpa [ [(x)dx Bk EapTdToan &md
w

T peTaPAnThy X, SnAadh ToUto Bév dAAdooel Gv AvTIKATACTHCWWEY THY
peToPANTAY x OO wds &AAns, fitol loyuer

B B
[ 10)dx = [ it

(1) A*:ob‘sr./uus-m clg v Mabnuatudy "Aviiuow 6709 cuvéyerr tig [ ouvendyetor TV
UropEw mapayolong abTie
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Maepadeiypoata :
B
1. [ adx = a(p— o).

p 0
IpéyparT’ Iadx =[ [fadx ]: =[ax], = ap —aa=a(p - a).

1
== T
L L
1pétypq-n f\d‘( =[ Ixcl\] [_%.10 =——g=73
1
(1; e
; 1 Gl 02 1
b
Mobyuns s =1 freax] =[5 ]i= 5 -5 =
n.";
4. .fnuxdx =1.
n/a i w e i
Mocypar: fﬂu\idx =[ Jnuxdx ]0 =[- cw\(] 0 ="V + ouw i

2
5. [ logxdx =log 4 —1.
1

Modyperr Buvdper 1ol &v 1.2.3 mapadeiyuaTos 1, Exomev
2 i A
.rlogxdx = [x(logx — 1)]2 = 2(log2 — 1) —1(logl — 1) = 2logz —2 4+ 1 =1logd — 1.
1
= 2
6. fl e dx= log 4/ 2-
nPéyuaTl Suvéuer ToU v 1.2.4 Tapabeiyuaros 3, EX°IJE"’l
d il——: log'\"_l:{—-)(T } =logy [+ 1It—logV1l+0* =
f1+x=d"—{fl+\” N =
=log¥2.
2.1.1 Ex 7oi dpiopod To0 Gowuévov Ghorlngdpatos ourdyovrar evxdAng
(dnddectis;) of xatw@t Timot :

! [£(x) + g(0] dx = f i(x)dx + [ g(X)dX
_{'af(x)dx = aj [(x)dx

212 "4y o, B, y eba onueta Tod 6zaa‘n],ua1:og A, tdte loyder 6 Tomog
j‘[(x)dx -+ j'f(x)dx = j'f(x)dx
f, ToTE TPOPOWEdS EXOMEY
Mp&ypart & F sival piat Trdpd:youocx Tiis
i [F(y) - F(@ 1+ [F® —F(M ] =F(@) - F(=),
Snadt Tov dweTépeo TUTIOV.
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2.1.3 *loyder 6 Témos (yvwotis d¢ Timos THG ufons Tiums)
B
[ Hx)dx = [(x)(P — @),
a

drov X & xavdilnlov onueiov Tob avowxtod Saotijuaros (&, B).

Mpéypar & F elvar pia moapdyovoa Tiis { (ror F'(x) = I(x) ¥ xeb)
TédTe, KOTd TO Becapnua TS péons Tids ToU Alagopikol Aoyiopol (BehpnHd
2.1.3 10U Keg. VII), Ymépyer x,e(q, B) ToloUToV, MoTe v& ioyin

F(B) — F(o) = F'(x))(p — &) = (x)(B — =),
BnAadn

I = 1(x0)(B = ).

A dpaopoyiic 108 drotéow TUmMOV TijS MEGNS TIURS OVYAYOYTQL (rlm]ﬁm&rc,-')
Ta xatol :

-1

=
=

0 ﬂ-ff('x)dx; 0

OVxe[a,B]]
a<P

B' > ( v ﬂ
f(x) = g(x) V¥ x€[q,p] } ad {I(*)b‘ = uf{-’(x)dx.

2.1.4 *loyver énlons »al 6 Timos
B g(B)
S i(g(x)g' (x)dx = J(r)f(}’)dir'-
w gla

Mpdryport &v.F elven pio mapéryouoa Tfis [, ToTe, kaTd TOV 20 1.2.4 T0MO
Tfis 81’ AvTIKAXTOOT&OEWS OAOKAT|PLITEWS, AauPdvopey

fr(g(x £ (dx = [ P2 dx || = [ (@AY egeo || =
— [ RO s ]} = [FGe00) 1 = FGe®) — Fle(@)=] 16)dy.

a

n'f,,
¢ 2
"Egappoyi: fl"l —x¥dx = f auvixdx.
=l "
xly s oy
Mpdypar J ourixdx = j OUVXOUWXAX = r Y1 —neex (qux)'dx =
W
= "/2 = “,"z i n,"a
n
UL 1 1
= f Vlfy3dy=_jl’1'—7y2dy=f‘/l—x“dx.
= -1 1
A '

AuvapeBa Topa, T Ponbfeia Tou TUmOU ToUTOU, V& UmoAoyicwper TO ShokATprok®
1
[ YT =xtdx o i
-1
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‘Ymrohoyilopev KaTd TPOTOV T& dopiIoTOV SAOKATIpLRE

guvixdx = flyowex 1 i l (ou2xdx = X + L ow2x (2x)'dx =
uvxdy dx =5 dx+ 5 2 4 )

2
) A » 1 < =H) ] 1 . 1 s
s O B T T = 5%+ MR =
2X+.4.[Jquv_\,l,\]y”1x_2\r 4[“- e 2 7.
= .l, (2x + nu2x),
fitor

fcuvﬂxdx = ; (2x + nu2x).

*Ev ouveyeiq, Buvéper ToU dvwTépw &rroberyBevTos T0mou, AcuPavopey 6T1

1 n/2 | i3
f‘/i —xdx = f guvixdx = [T 2x + ﬂuzx)l = =
—1 —n/2 X
1 (L i s
=) — T S TR 2

fitor Ymeroylobn T

w .

1
J' V1—xtdx =5
=

2.2 To dpropivov dhokkijpope O gnpadov. "Eoto [ pia owwdptnois dopi-
Opévn kai ouvexhs €is TO KAEIOTOV Siaornue [o P
b f(x) > 0V xe[o, P . “Eow éml whéov E 7O X2 2
plov ToU EmimESou TO Spi{dHevov UTO TOU Biory pan- ! 5;
Warog Tiis [, ToU &lovos TGV X ai Ty edfaiddy pE Eli- \/’\
Odoes x = o kal x = B (BA. Zx. 98), fiTol e
E = Sisypoppa { (x,y):a £ x < B, o<y <I(®)} "

"Ag BewpTiowEy kAT TPETOY Thy mepiTTROW, @ B =¥
Smoy 1) [ elvat ypopuwiks oUVGPTTOLS snAadn [(x) = Ryl
YxX + 5. Tore 10 Ywpiov E eiven & tpaméliov (BA- 2X. ; \
99) pt Pdoers (TrapahAfiious Trpds oV dtova -r&:)v y) #xovoos wikn f(e) ke
{(B) koi p& Uyos Exov pijkos P — & OUtos 1 TIUN !

(E) ToU éupadol Tol Tpaeliov E eivau e
i) W;,f(f?.), B — ).
)EIIE &Ahou TO OAoKATpLoud - fio) |- :
B |
laieghers P | 3
J 090 = [rs 4 oydx =gyt + 5%, | O
Xy 99

= _% yp? + &p _(‘;_yqi - 50{) =

~ Lyt a4 58 —0) = (VP + ) +8 )P =

~ (e +8)+(B+d R-o)= @)jfﬂ@_(ﬁ — a), fiTol
- 2

WPyt (po)—

J 1odx = )
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‘O TUmos olitos loyUel yevikcoTepov xad els T TepiTTwoly, dmou A | gival
y wia modvymwiz) auvdptnog, Snhadh pic ouv
&prnoig Tiis omolos TO Sidypanpa elven pid
ToAuyvIKn ypopuf T T Ay Ay Ay, Tol
Zy. 100. "Exopev ToTE
(EY=(&)+ (&) + (&)
oy o 3
JIx)dx + [ [(x)dx + F f(x)dx = ff f(x)dx,
[ wy @y a
. : . > TNTOl T&AWY
ay a, g By B
Xy 100 uf [(x)dx = (E).
‘O TUTos oUTos ioyvel &1° olovbrioTe TATBos mAsupdiy TiiS UTe’ Sy o
Auywvikiis ypapuis.
"Ag traviAbwpey Tapa els THY TEpiTTWow THS TUXOUAT)S OUVXPTHGEWS I
A& Biopepicews ToU KAE10TOU B1ooTT)RaTos
a, P els v oo pépn Spilevan pior TOAUYW
vikhy ouvptnots [, pooeyyilovoa Thy [ 6%
-Sf tupaivetan gis To Ty, 101 Bk v =4. "Av K&
Mowpev E, 16 dvtioToryov ywpiov Tou el
wEdov, TO 6moiov Opiler 7 I, (BnAadn E, =
Sidrypoppa { (x,y): a< x < B, 0<y < [(x) 1)
TéTe KOAOUMEY Tiufy ToU épPaou Tou ywpiot
E 1o lim (E,) (&, PePaics, Touto UmépXT
kol glvon TpaypaTikos dpifuds), fiTol

0 B
. 101 (E)=lim(E,) = lim [f(x)dx.

-
£
S

>
-
wl'n

m
(3]
(%)

(o] EEE

%
>

2 R
&

O

]

™

R

ik

*AmrodeikvUeTan els THy MaBnuaTikfiy *Avéduoty &T1, Ud Tés Tebeloas dwwTEpe
UtroBéoeis, ioyuel

B p
lim [ f,(x)dx = [ {(x)dx.
“Qote ke elg THY yevikny TepimTow oy e
B
JI(x)dx = (B).

Hagatijoyois. “H dvetépw pidobos otnpileTan eis Thy iéa Tiig wpooeyyioews Tol &
BoaBou, To dmolov mepiAeier pla kapmUAn, Umd Tou EpPadou, T dmoiov mepikAeier pia dy YE
ypouuévn els aUThy Tohuywvikd ypappr. ‘H {&éa altn ogeideTan el ToV ’Ap)(u.u']linu.'5
&moios Epfpuogey TaUTNV els TOV Urohoytoudy Tis Tiufs ToU EuPadol mapaPodikoU ywpioV:

[Mopadeiyparta :

1. f(x)=x? xe[ 0,a]. Eis v mpm-rmmu TaUTnY T6 &uTioToixov Xwpiov E Tou
Tiébou elvon Exeivo TO dToiov TepiyeTar peTaly Tou Biaypapparos Tis f, ToU &lovog 6
X kol Tiis ebBeias ué tticwow X = a (PA. Zx. 102). "Exouev :
02 a®

@ pon - [fon = (5)= § -5 =%
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2. [(x) =nux, xe[0,m]. Eis THy mepiTTLOW TAUTNY T6 dvtioToryov Ywpiov F ToU
TITESou Eivan EKEIVO TO OTTOloV TEPIEXETAL peTaly TS fiiTovoaibous KapTUAns xai Tou Sia-
Thuaros [0,m] (BA. £x. 103). "Excuev

n
() = [nuxdx = [-owx]y = —owm + owl=—(-DN+1=2.
0

2t

1

L
; Xy 104
Xy 102 Zy. 103 i

et T *Ac O howpey TO EmiTedov X iov E 16
3, 'Fufuadir éowteotzod xiAov dxTVOS d As Becop £ Xwp
- i -

& 4 A ¢ A= VYo —x%, —a<x £a xa
STroior mepEyeTal peTaly ToU Biaypduuatos TS fut f(x) = Yo

ToU &fovos Téw X (PA. Ey. 104). "Exouev

(E)-—f\/c@—\’ll\rf VI—(‘_J ll\fu’fvl— %‘)'dx:

«

1
* . — e
= a? —yidy = o? ] —xtdx
= fu\/l vidy a_j;\/
v — ® = 'rrcx’
2 5 Toxtdx= | 6& Exwuev =

Kl dmreibi, s Umehoyiobn v 2.1.4 (fgapHoyf), f il e dx= 2 X

ma®
3 il KT T yelven 2(E) =2 -5 =mal.
‘Evropévess f) Tipf) ToU EuPaBol ToU EowTEpIKOY cokhou &kTivos a B eiven 2(E) 2

E wpnow ho EMAepw pi Etiowow
4. 'Enfadiv éaoreoxon Edelpens. "AS Qewpriowuey TNV EAAEIYIY |
X2 e
TF iy |3.. = 1, Snhadh THY ENREnWY ut kévtpov 0 kal Huato

& brroiov TEPIE-
vos o, B. *Eoteo Bt E 16 ywpiov ToU gmiméBou T

By=—0
XeTan peraty Tou Sy papparos Ths [ wEI(X) =g Voi—x¥,

~asx € okl ToU &Eovos Tadv X (B X 105). "Exouev
ToTe

4 5
(E)——f ¥ aE —x? (l\“ﬂfVl— % Bd,\'=
‘““’f\/** = )d‘““p_ufuw_’zdy" £y. 105 -2—:+E::
°ﬁfﬁ:§dx
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e Sy s
kai Emre1dn, s Umedoyiobn fv 1.2.4 (¢papuoyn), f}l l—xtdx = -, 0& éywpev (E) =
g
T

e ‘Erropdves # Tir), ToU EuPadol Tou EowTepikol Tiis EAAelpewds E kévTpOV 0 kat

Auddovas o, B efven Tap.

"As Bewpriowpey Twpa Vo owapThoes | kol g dplopévas kal ouvEXED
o Bl e I(x) 2 g(x) ¥ xx, B]. "Av E mapiotd 16 Koopiov ToU émimrébov
(PA. Zy. 106), To dmmolov TepixeTal HeTaly TGV SiaypaupaTwy TGOV cuvapTl’
oeoov [, @ kol TE elBe1é pE Eiocoeis x = o kol X = B, TOTE TO éuPaBov ToU X&”
plou ToUTou elvon /| Siapopd TV EuPadiv TG ywplwy B kad Eg (PA. ZX. 107
kai 108).

TR Rt i
k_/s:\ , . Ep | k/g_\
o Pt T £ SO - o
I a B = a B x | a B =
Zy. 106 Zy. 107 Zy. 108

“Qore Eyouev y .
B = (B )~ (&)= HEdx—] glodx,
fjTo1

(® = [ 1169~ ) dx.

Iopadeiypata :
1. f(x) = x %ai g(x) =X Té tupadov Tol ywplov E 7ol émméBou (BA. Sx. 109)

elvai
. Il' f i 1 xr x3! 12 13 02 03y _
e B e R 0
(E) D(K x*)dx (x=xt) g 2 v ) 3 2 3
st b ple
R e
U
oz
E
g
i %ﬁ
x T ; e
i e
Zy. 110
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2. {(x) = owvx xai a(x) = nux. To éupadov Tou ywpiou E Tou tmébou, TO OTroiov
TepiéyeTan PETAEU TTS uVT|ITCYOEIBOUS KOUTIUADS, TTS AMITOVOEIBOUS KOUTTUATS kal Tou &fo-
o5 Téov Yy (BA. Zy. 110) eivan

e 2 L n/y
(E) = J (ouvx —nux)dx = { ’ (ouvx — nux )dx = { nUX 4 guvx ] X =
0 4

0
T T Y2 V2
=nu b ow g - (nu0 4 ow0) = - 5 } 5 — 0+1)= e
iTol "
®=Y2-1
2.3 "Acknoag
2.3.1 Acitats 6™t
n n ;
1) J nukx quvsdx = 0= [ ouvkx guwxdx (kv Quoikel, ¥ # V)
2o S
5
2) [ nukx ouwxdx =0 (x, v guokol)
-m
" n
3) [ nuikxdx == I ouvrksids (K UOIKES)
-n -

2.3.2 Asitare 671 51 kabs guoikdy &piBuov v loyuouv :

/o ; "l 2.4+ (2v)
T 1-3...(2v—1) i A :

1y | nutvsdy = 2_4”?_(2”))4 2) _(l! auvhixdy = 350 TE, Ty
0

[ pe]

2.3.3 ‘YmohoyioaTte T& Gpiopéva SAOKAT|PLPAT §
nf. ’T, : i
1 [ ouwVxdx 2) [ owViixdx,
o 0
Otroy v elven guoikos dpiBuds.

2.3.4 N& Umrohoyio8ij | Tuh ToU tppobol Tou Ywpiov E ToU é¢mmedou, TO OToiov Te-
Ak yE S ; N
Pléyeton petaky Tiis EAAeipews pé eflowow o + o, =1, Tol kUkhou kévtpou O xai dxTi-

Vos ¢ (r < & kal r < P) Kai T Bemikdy fmakovey (@A, Tx. L11).

Zy. 111

235 N& Gmohoyiodii fi T Tou ¢uPadou ToU ywpiov E ToU tmimédou, TO OToiov

TepiéyeTan peTaly TAV Slay papHaTRY &y guvapTioewy [ xal g pt f(x) =¥ x xal g(x) =x3,
Osx <1 (Br 2x 112)
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2.3.6 N& Umohoyiofi ) Tiu ToU éuPabol ToU ywpiou E Tol Emmédou, TO Omold!
TepiéxeTan peTaly ToU Siaypdupatos Ths f pt f(x) = X"t kal TG el pé Ehigwoasy = b
x=2 (PA. =y 119).
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3 (Feuka)l o i e b ;
3.2 ‘H ouvépTnos f ué f(\) — Y ch*—\;-, &mou @, y TpaypaTixol dpiBuoi
kal a >0 :
3.3 ‘H ouwvdprnois f pt f(x) =y Vﬁ —a?, &mou @, y TpayudaTikol dpibpol
kai o > 0

4. ’Ackfoelg .
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v
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