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MEPOZ-TMPOTON

ITOIXEIA MAOHMATIKHXE AOFIKHE KAI OEQPIAY TYNOAQN

KE®AAAION 1I
ZTOIXEIA EK TOY IIPOTAZIAKOY AOTIZMOY *

§ I. Mpéraoig (amhi, kamnyopiki}) fj dfAwoig. — H fwoix s
&mAfs TrpoTdoews i SnAdoss, dpIPéoTepov Tiis «hoyixils npoTdoewsy, Bewpei-
Tan s pia TpeTapy ikt vvola, 6g fvvola W) EmiBeyonévn Spioudv. Eis 16 ouvtaxTi-
K6v, A.x., f| (&TAR ) TpdTaos SpileTan g «Myos ovvroudratog (mpogonixde 7
voantog ) ué évtelds dndotv mepieyduevorn.

Eig T& MaBnpamixd kai yevikdds els v Aoy (kKhaooikiy Aoywdv) S Tod
Spou «mpbtacis f| dihooigy Evvooluey piov Exppacy pé vénug, SxpipéoTepov
érootuey 10 mEQEyGuEvOY, TO Smolov Expodlopey S s mootdoews pé Ty -
volay 10U oLTAXTIROE xai dua To dmoivy dveduela xata aroifiss &va Tpdmor v
drnoparfduey, dv elvar alnbic 7 pevdds, amoxdelovres aliny meplnrwaw, OfT,
™Y, T Ekppaois :

«6 dpilbucg 10 =lvar dotiog »,
tlvan pfec Aoyixd) mpdTaots, kabdaov 8,11 alTn Ekepdler elvon ainfés.
‘Ouoiws 1) Exppaois : :
«0 dpiluds 4 elvar modvog »,
elvan piac Aoyikn mpoTaots, kaboéoov 8,71 ol Ekopddlel elvan pevdéc.

To mepiexdpevov Aormov wdls mpoTdoews (Aoyiiis TPOTAOEWS) EmbéyeTal
dvaykaoTik&ds fva kal pdvov fva TéY XEPOKTNPITUDY « GANDEG », « yev-
BEgx»* oUBEoTE Sucos elvan kod dANBEs kad yeubis (‘doyn tijs dvuipdoenc ).

Tds mpotdoers, &5 yvwpifopey kail &k T@v padnudrev THs TTPOTYOUuEVT)S
T&Eecos, Tas TAPIOTAVOUEY TUMPONIKEDS ME WIKPE YPAULATE ToU AoTivikod SA-
PapriTou, Kot TpoTiUnCwW KEp, q, T,. . .

"Edw plec mpoTaois p elvan dAndis, TTE, kad pdvov ToTe, Adyopey S alTn Eyel
“Tipdlv ahnbeiog a» xal ypdpopey T(p) = a, édw 8¢ alrn elven wevdig, TOTE, Kad
HOvov TETE, Méyopey 8T1 Exel « iy &Anfeiag y» kol yp&popey T(p) = y. ‘Emo-
Heveos, B TrpdTaots eUpedf Exouoa ouyypdvws kol Tds BUo TGS dAnBeios o
Kal , ToTe ToUTo &moTehel dvtipaoiv.

* OepehiwThs Tijs Aoyikfis Tév TpoTdoswy Umiipfev & orwikds P1AGoogos Xpoounnog
281-208 m.X.).
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Hopedeiypata: lov: ‘H Eppaots p: «'0 213 = (2,3) ebvar piya-
duxos dpiludg »* elven pia TpéTaols (Aoyikn TPOTaOIS), Kabdoov 1o TIEPIEX Oe-
vov s elvon dandes, ftor T(p)= .

20v: *H ékgppaois q: «°0 V2 el 01705 dobpde» elven pla Aoyixn TPOTO-
o1s, kafdgov TO TrepleySuevdy Tns elvan eudes, fitor T(q) = y. )

3ov : *H Ekopaois « & dolbuds = elva peyaditepos oi 10y Stv elven TPOTO-
ais, 81611 Bév EmbéyeTon Eva TG XAPAKTNPIOUEY  « ddnbhis », « pevdijc ».

Els v Siarimwoty 1év mpoTdoewy kol YEVIKOTEPOV T&V Ekppdoewy, idicog
8¢ els T& Mafnuarixg, ooV TdUEY Spous kal oUuPolAa, &rros T.X. €l T& Svo
TP&Ta TapabeiypoaTa : « pryadikdg aprOpoS », « pNTog amOpGgy», «2 - 3i » «V2»
xai TARfos dAAa TTapdpoie, T dTroia Exowv piow xalwowouévy xal #dvepoy onua-
alay els Gy Ty dudoxeiar s émebegyacias évog Oéuarog. Eis THY TEPITTWO al)-
T kehoUpev ToUs Spous kai T& oUuPoAa etabepds. *AvTifBéTeos eis o Tap&Bery pa
3 70 oUpBoAov x Btv Exel povaBiki onuaoiav, &vara AX. TO x va& elvan €elg
oioodrmoTe QuUOIKSS dpIBuds | dxdun els oloodhmore TRy BaTIkds &piBuds, Tod
aUTd oupBaiver els THv Ekppaciy 2x — 6, ‘Ouoics eis TV Exppaoiv x? +V2 > ye
T& oUMPoAa X kad y (&pat kad T& X2 Kk v Eyowv crafdpioTov kal ph pdvipov
onuaciav, karégouv 8¢ THy Béoty Suo olwvdnmoTe, &md plav eldikny kerrnyopiay,
GuTikelpéveo, A.x. TO x elvon el cloodfoTe PUOIKDS Ked TO y €ls oloonmoTe
TPayuaTikes &pifuds. T& TolalTa oUuPola dvopdlopey netafintag. Oavepdv
elval TAdov &1 EkppdoElg TEPIEXOVT L veTaPANTASs StV elvan TPOTAOELS,

§ 2. Mporaciakdg T0mOg ij dvoikr mpéTacig. — Eréxdn duwrépw
671 pia Ekppaois TEPIEX OV eTABAT TS Biv Exer vénua mpoTdoews, kaBdooy Siv
yvwpilopev &v 1O Tepieyduevoy aUtfis elvar dAndis f) weudts. Mi To10UTT) EK-
Ppaois yivetan mpdTaots, STaw of dv Adyw petaPAnTail dvTikaTaoTaBoUy ME oTo-
Bepas dpropévng katnyopias. OUTews 1) ékppaos :

«6 x elvar peyadUrepos ToU 10y
8& yivy TpdTaas, &v METaPANTY X &vTikaTaoTabf pé fva olovBnmoTe mpaypo-
Tikov &piBudv. "Edv A.y. SUTIKATAOTHOWHEY TS X B1& Tol 12, 8¢ mrpokvym
TPSTaTIs : «& 12 lvon HeyoAUTepos ToU 10» pé Tipfv dAnbelas o. *Edv mwéw
GUTIKATAOTAOWHEY TO X Bid Tol 7, 8& mpokiyn 1 TpdTaoIs : «& 7 elvan peyo-
AUtepos ToU 10w pi TIpNY dAnOBeics . ‘Ouolws 7 Ekppaois :
«O QUOIKOS &p1Buds x Bioipel Tdw TPXYPATIKOY &p1Budy o

yivetan mpéTaos, dv dvTikaTaoTaboly TX. TO x=5 xal vy=35V2 ut TIpRV
dAnBeios o, kaBoxs kai S1& x — 7, y—= 33t TV dAndelas y. Mapoarnpoi-
Hev €86 ST1 Urdpyouv Lelyn TIpGv Tév HETAPANTGY X kol y &mrd Lo kafopi-
Gousva gUvola, 2u TIPOKEINEVE) &TTd TO GUvoov TEY PUaIKEV Kal &md TO olvodov
TV TPy PaTIKGY &p1uddv, Bi& T& dmroia 1 ékppaois YiveTan dAnods TPOTaOIS
kail GAAar Zebyn) Tipédv Tév x Kol ¥, 814 1& omrola el yiveton Yeudt|s mpdTaois,

Al éxpp&oers : «d x elven HeyaAUTepos Tol 10, «b puoikds &pifuds x Biaupei
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TOV mporypaTikoy &pifudy y» K.&, kehoUvtan mpotasiakel tomor 1 dvowcral npo-
thozig, &AAws mpotasiakel ouvapticss wds, dvTioTolyws Yo peTaPAnTév.

Mevikdds :  Mpotaswakds thmog () dvoukei npdracig) mds i neprecotépay
retafintdv xeheltar pie Ex@pacig, 1 droia nepiEyer piav ij neplocotépag peta-
Pintag, xai 4§ drofa kebictatan npéracig tore, kei pévov téte, Gv ai iv Aoy
retafinral dvikerastabody énd ororysia &vos i TEPLOGOTEPMV GUVOLMY.

OUtws ai tgiowoeis kad af dviohoes elvan TPOTACIaKOl TUTTOL.

X&pw ouvtouias ounPolifopey ToUs TpoTaciakoUs TUTTOUs pE picy WETO-
PANTHY Ty, THY X Bi& T : p(x), q(x), r(x), ..., ut dvo VETOPANTES .Y,
T&s X, ¥ B1& TéV : p(x, ¥), q(X, ¥). . ., ke yevikéss Si&k v METaPANTES @ p(xy, X,

-y Xy ) kad Evvoolpey 61 ¢ 1 petafinm) x Suarpéyer Ev oivolor dyvrietudveon, dr-
Tiotolyws 16 Ledyos T@v petaflytiw (,y) & odvoloy Levyaw dvticeipévan, dvri-
otolywg & aivoloy v—ddwy dvticeydvan, cic T dnola avapéperar % Exppaoig p,...
Td clvodov altd kehoUpey shvoloy avagopic ToU TpoTaciaKol TUTTOU,

To oUvodov T&V TILGY Tig HeTaPANTHS §) TGV peToPANTRY, S1& Tdg oTroiag
6 TpoTagiokds TUTTOS KadioTaTal &ANONS TpdTaCTS, KoAEITaN Ghvolov TRV G-
Oziag ToU mpoTaiokol TUTTOU.

Elvan gavepov ém1 s Thy mepimrwow mpotaciakod TUmou TEPICOOTEPWV
THs pds peToPANTEY TO oUvohov dhnbeias Tou elvan, &v yével, & otvolov Sice
TETaypEveoy Leuy®v f) yevikdmepov v-dBawv duTikeipbvoy, Obreos els oV TpoO-
Taowakoy TUmov  p(x, ¥): «3x4 v=8», &s aUvorov Quagopds Suvdpedo v
fecwopriocopey 16 olvodov R x R, Bnh. 16 olvolov CeVy &V TrporypaTikG Y dpi-
Bucdv. Téte 1o olvorov dAnBelos Tou elvar 16 oUvolov (6Aeov) T&V BroreTor-
Yrévoov Zeuydv (x, ), T& dmroia ¢moAnBelowy THv {océTnTa 3x y =38, Ax.

& Zeoyn (1,5), (2,2), (—g )K.a.

Enpeiworg: Mpogavids ol oupPohioyoi p(x) kal p(y) vooUvta & TauTéonuol, fiTo!
TO ypéuua, & dmroiov cupBoiiler Thv peTaPAnThY Bév petaPddier O elfios Tol TpoTacioKol TU-
mou. Kara ouvimeiaw, dAAay? Tou dryvadoiou els plav Eiowav § dvicwow, (el {oobivapoy
Elowov §) dvicwo.

§ 3. MooodeikraL—"EoTtw p(x) s TPOTACIAKOS TUTIOS Kad ©Q T aUvodov
dvapopds Tou. TéTe Td alvotov Q Xwpiletat gis 8Uo oclvola, fTor eis T& alvorov
Q, , B1& T& oTolyeia ToU dmofou & TpoTaoiaKds TUTToS p(x) yiveton Aoyikn mpo-
Taols pé Ty dAnbelas o kad 1o alvodov 2, , Bick T oToixeia Tou drrofou & p(x)
yiveton Aoyikn) mpdTaols ué Tipdy dAnbelas .

TToAAékis 81 v BiaTuTdiowpey TpoTdoess, of &troic XPNoHoTTol00vV T
i T& Mo@nuortiké, TpoTdooopey ToUs kahoupévous mogodeiktag,

Oi mogobeikTal, dmws yvwpifopey xal ék T Twponyoupévns Taews, elvan
Uo, fiTol :

1). ‘O xehoUpevos draplraxdg nosodsiktng, oupBoAILOuEVos pe «H», SoTig
tvery Ly veooKeTa « dmdpyet TodAdyioTor &...» EiTe kod GAAWS « Gid pepued... ».
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2). ‘O xahoUpevos kaBolkog mocodeiktng, oupPorifopevos ut «NfE», SoTis
&uary TyveooKeTal « dud #dfe...» elte kel &MAws « 8¢ Sla Td...».

Ot mooobeikTon TpoTdoTOVTON TPOTATIGKEY TUTWY 0UTw ;

1). «3 xp(x)» dveryryvdooretan : «Umépyel &v TOUAGYIOTOV X, OTE v& oy
p(x)», eiTe kai 007w «Bicx pepiké x, loxer p(x)».

2). «3F xp(x) » dvaryryvoooketon : «Bic kéBe x loxUet p(x)» efTe kad oUTos «51°
SAa T& x {oyUer p(x)».

Maparnpoluey Tdpa T& Efis : "Av p(x) elvan €els TpoTaciakds TUTrOS, A.X.
«5 x elvan pddTos &p1fuds» kad Q elvan Td oUvolov dvagopds, els TO ToapdBerypd
pas, Ay, TO oUvorov N T@v guoikév &piBuddv, TéTe

1). *H Eepaois «3 xp(x)» elven pia Aoyt pdTaats, kaBdoov aln Aoppd-
VEL TNV TV & TOTE, Kod pévov TéTe, &v TO agUvolov Q, 5tv elvon kevdy (Bnhadn
TO guvodov Q, elvan yviigiov UogUvodov Tol Q) kad TH TN @ TOTE, Ked pé-
vov T6Te, &v TS oUvohov Qy elvan kevdv (fitor 10 Q, = Q).

2). *H Eppaois « N/ xp(x)» elvan pic Aoyikh TpdTaais, kabboov aln AapPé-
VEL THV TIUAV o TOTE, Kad pdvov ToTe, &v Q= Q (8nAadty 16 Q, elvan ioov e
TO Kevov) Kad TIpMY W TOTE, Kal povov TéTE, &v Qq elvan yvrigiov Srootvodoy Tol
Q (8nAadn 10 Q, elvon Sikgpopov Tol Kkevol).

Mpotdoers Tév poppddv 1) kai 2) kedolvren dmapfiaxal, &vTioTolyos
mogoTixal TPOTdoels. Ex TGV dvawTépw ouvdyouey Tdpa &Ti: Mia UrapEraxi)
avuietoiyog pia mocetiki npdtacig elvar mavtote pio hoyukq npbracic.

Mapadeiyparta: lov: E&v p(x) elvan & TPOTACIAKOS TUTTOS :
«x+5 > 13» & alvodov dvagopds 1o ouvodov N TGv guatkédvy &p1Budsv, ToTE
1) wpdTaos : « \Fxp(X)», ExTevdds fi: «NEx, xeN pt x+5> 13», elven weuss,
B1om 76 Q= {8, 9, 10,. . .] elven yvrigiov Umrooivolov Tol N, #vés 1 TEOTHOIS !
“J xp(x)», xreviss N : «I x, xeN pé x+ 5 = 13», elvan dAnbiis, Si6m1 16 oUvo-
Aov T dAnbelas Q.= {8, 9,.. .} elvan Bidgopov ToU Kkevol.

20v: 'Eqv p(x) elvon & mpoTaoiakds TUTos @ « (x4 1)2= x2 |- 2x+1»
Hé oUvolov duagopds T cuvohov R T&Y TrporypaTikgy dpiBudsy, Téte N TpoTO-
g15: « N\ xp(x)» AauPdver T T o, 51011 Q, = R.

“Emions #: «3xp(x)» AapBdver Thy Ty a, 81671 10 Q, elven Toov pt TS Ke-
vov oUvolov.

Jov: "Eav p(x): «x+x+ 1 < 0» pt ovodov dvapopds 16 olivohov R Téwv
TRaYUaTIKGY &p1fuddy, ToTE ) TPOTACIS :

«NAXp(X)» EkTevdds M@ « X, x€R pé x2+ x 41 < O» elvan Weudns, 81671
Qq elven TO kevdv oUvorov kal cuvetrédds Q, yvrolov UtrogUvoiov Tou R.

"Emions 4 mwpédTaos :

«dxp(x)» bxtevids ) : «d x, XER : x2+ x4+ 1< 0» AopPével TV TV W,
1o Q= &.

8
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Oi TrogoBeikTan TpoTdocovTal Kal TpoTaciakdy TUTwv &Uo 1 mepiooo-
Tépwv PETOPANTGY olTow :
MMy p(x,y), 8nhad) ik kdbe x kol k&be y ioyler p(x, v).
I x Iy p(x,y), dnhadh Umdpxer (TovAdyioTov) Bv x kal Evy, doTe vd oy
p(x, ¥).
M x3y plx,y), Snradn Sik ke x Umdpyer Bv y, doTe v& oy p(x, v).
3 x My p(x,y), 8nhabn Umapye x, doTe S k&be y v loyin p(x, v).

Al dvwTépw TpoTaoEls elvan Aoyikal TpoTdoEls.

Mopatnpoupey &T1 Els TAs SUo TTPWTAs TEPITITAOES EMITPETETCN WeTABECIS
M xNy kal Ix3Ty, fiTol loyer :

VXY pPGGY)= VY WX p(xy)

Ax3y p(x,y) =3FyIx p(x,y).
TolTo 8tv EmitpémeTal €is Tas SUo TeheuTalas TepITTTATELS, G5 SelkvUel TO k&TwOI
Iopaderypa : "Eotw p(x, y) ¢ wpotaoiokds TUmos: «O x elvar pixpdTepos
ToU y» pé oUvolov dvagopds To cUvolo R TV TrpaypaTikéy &pibuddv, ToTe
TPSTOCIS
W x3y p(x,y) AapPdver THY Tiply o, Evid 1§ TpdTaONS
dy A x p(x,y) AauPdver Thy Tiphv .
‘H mpcTn éxppdler @ «Bi& kdbe TporypaTikdy dpiBudy Umdpyel els peych-
Teposy, Evéd 1) BeuTépa Ekppdler @ «Urapyer els &piBuds, doTe kéBe dAAos vér elven
MIKPOTEPOSH.

§ 4. TOvOeTor POTACTELG. - "Ag Bewpriowpey THY TPSTACIY
«6 4 elvan &pTios piBuds ».

AUTn elvan pla &AR) Aoyixd) wpdTaois, kaBdoov els alThv &vTicToixE f
Tipn «&Andnsy. AUtn ékgpélea piav iBidtnTa, Ty omolav Exel Bv dvTikeipevov
(Tpdryna), dnA. & &pibpods 4, fitor THY iBidTHTa

(@) «. .. elvan &pTios &p1Budsy.

Mpogavés f id16Tns alTn dvagepeTan Kai el dMa dvTikelpeva (&piBuous).
OUreos, v els THv Béow ToU 4 ypdywuey 16 7, Téd1e 1 TpdTOOIS :

«6 7 elvar &pTios &p1fuds »,
elvan twiong Aoyd) Tpdraos, kaBdaov s aUTHY dvTioTolyel 1 TIuh «yeudtisy.
Tnv iBrotnTa (1) koAoUpev v «katnydpnua».

Al TpoTdoels: «b 4 elvan &pTios &p1Bucsy, «6 7 elvan &pTios dp1Budsy, Stv SU-
vawTtar va ¥wptaBolv els SUo 1) epioooTépas &Ahas TTpoTdots, Biv oupPadver Spcos
TO aUTS Kad pE TNV TPSTACIY

(@) «Oi &pi1fpol 10 kal 12 elven &ption.

AUTn elvon pla hoyikn mpdTaots pe TRy dAndelos o, dAAK ywpileToa &g
Blo &AAas TpoTdoels, fiTol

2 «& &p1Buods 10 elven &pTiosy kol «& &piBuds 12 elven &priosy.
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"E8& 6 oUvBeopos «kai» mailel fva pdhov oxnuaTiopol was véas TPOTAOEWS,
This (1) & Tév 8o &mAGY TpoTdaewy (2). THv ds dve TpéTacy (1) koholuey
ouvbetov mpotacty.

levikéds : Mio npotacig koheitar ovvletog tote, Kai névov 1618, Gv ouvictata
i€ anhdv npotdccmv cvvdsdepivav petald tov pé diagopa OUVOETIKG, TG Omola
Kaholpev Loyukovg ouvdéopovg.

levikdds s T Aoyixfy 16V TpoTdoewy Bewpolvtal s Aoyikol ouvBeapol
of EkQpdosls : «kai», «eiten, «E@v..., 101€...», «16TE, Kai povov t0te, dv», Eions
Ekppaois «byr, STav TifeTan wpd mds TpoTdaEws.

"Ex Tév dveoTépeo Aoyikév ouvBéauwy 6 pév «8x i elvan povopsing cn’;uﬁscmog-,
81071 TpoTdooeTal Pi&s TPOTATEWS, of UTrdAciTrol Spews elvan dwpedeic, 516T ouv-
Béouv BUo TTpoTATES.

Hopadeiypare covlitov npotaccoy.

o). «'O &p1buos 3 gite O &piBuds 4 elval TepiTTASH.

B). «’Eav 6 4 elven &pTios, tote & V2 elvan &pp1TOSH.

Y). «O guoikos dpifpos 16 elvon &pTios tote, Kkai pévov tote, by SroupfiTon
akpIPdds 81 ToU 2».

8). «'Oy1 6 3 elvan &pTiogy == «b 3 8&v elvon &pTiosy.

EUxéAws Buvdpeba va dmopavBiduey 611 al dveTépw oUvletor TTpoTdoEls
elven Aoyikad TpoTdosls pg Tipnv dAnBeias a. Katd tov XOPOKTNPICUOV TEW &veo-
Tépw ouvBETwY TTPOTECEWY EUKOAS SlamioToUTan ET1 1) TipT) &Anbeios Teov Eap-
TaTON e TGOV TGV GAnBeias TV GTAGY TpoTdoewy, £ GV alitar cuvicTavTa,

Eis tnv Aoyiknv Tév mrpotdotwy Sexdueba yevikdds &1 2k Slo Aoy k@v Tpo-
Téoewv ouvioTaTal 81 ouvbicews oUTOY uE Evar €k TV AoyIk@v ouvdiopcwv
«Kkaiy, «eiTe, «dav. .., TOTE. . .», «TOTE, kol pévov TATE, dvr Wia véa Aoyikh Tpéd-
Taots. 'Errions ék wds mpoTdoews (Aoyikds) Sik TpoTaEews Tiis dpvrioews «y1»,
TPOKUTITE! pict AOYIKT) TTPOTACIS.

Al TpoTdoes BewpoUpevan eiTe pEpoVwpéves, giTe BuTos Aoyikol ouvSuacouoU
uet’ &GAAcov TPOTAoEWY, OUWs 5 Ev oUVOAOV, ATOTEAOUV &uTikeipevoy PEAETTS
ToU -pépous tkelvou Tiis MabnuaTikiis Aoyikfis, To &trolov keheitan IIpotaciakig
Aoyiopoc.

§5. "AlyeBpa (Aoyiopdg) TGV TPOTATEWY. — Aexdpeda dT1 Umdpyel
&v oUvodov GTAGY Aoy kv TpoTdatwy, Td dtroiov gupBoAilopey wé T T& oTol-
Xela, €€ v 16 TT ouvieTartan, 8nA. T&s poTtdoers, cupfoAilopey, dx EAExOn kad
el THY § 1, pé T& ypdupara p, q, 1, 8. .. Aexoueda Emi mAdov ST el EkdoTnV
TpdTaow p ék ToU T dutioToryel dkpiPéds els &k T&Y Suo XOPOKTTPIoUEVY :
«dhnBisy (o), «peudisy (y), fitol Beydpefa 6T UploTatan pia HOVOOT MOV TOS
amekéviots ToU ouvdlou TT el 16 BipeAts oUvohov { o, ) Mp&gopev & :

T M—{a y} A kad &5 Thop — T (p)€{a, W)

Li& Tijs povoonudvTou TarTng dmrelkovicecos T EkdoTn TPOTACIS p AapPdver drpi-
péds piav Tiwny T(p) év { o, @}, T kahoupdvmy Ty ainbeiog s TpoTdoEwWS p.
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OewpoUpey Twpa Tous k&Twdi Aoyikous cuvdéapous, Tf Ponfela TéY dmoiwy
EpoBiddopev TO oUvorov TT TGV &mAGY TpoTdoewy Pé «loyxds modfeicy

1). ‘O olvBeopos « kain, doTis cupPoriletan pé « A» kol SraPdleton «¢avleo-
&gy, fi «xai», ypnowoToleiTal 8id TOV oxnuaTioudy Tiis Aoyikiis TpdEews THs
ovlevteme.

2). *O abvbeapoes «elte» T «ij», & OTroios cupPolileTan pé « V» kol SiaPdde-
Tan «dudlev€icy, XpNOIWOTIOEITAL 81& TOV oXNUaTIONOV Tiis Aoyikfis Tpé&ews tiig
(Fyxherotuiic) Sralevteng.

3). ‘H Ekppoois «&av. . ., tote. . .», 1) oola cuuPolileTon pé «=>» kai Bia-
B&leTon «wémeTarh, «ovvemdyetary, YPNOILOTOIEITAlL S1& TOV oxnuaTIoNOV TS
Aoyikils TpdGews THS ovvenaywyiic.

4). *H Ekppaols «tdte, kai povov tote, dvn, 1) OTola oUPPoAifeTal pé « <=+»
kol BioPaletal «émetar xal avtiotedpwsy Ny «ovvemdystar xal dvTioTedpwgy,
XpnooTroeital S1& TOv oynuaTioudy Tiis Aoyikfis Tpdecws Tiis (hoyukiic) ioo-
Suvapiag.

5). ‘O Aoyikds ouvBeopos «Byvr, 8oTis cUPPoAileTon pt « ~ » kal SioPadeTon
«dy» Ty «dévn, XpnoIHOTOIETTON BI1& TOV OYXNUATIOWOV Tiis Aoyikiis TpdEecws Tiis
apviosmg.

Aeydpeba Topa Ta €6fs 1 «). "Edv els TV Teoodpwv mpdTwv ouvbioucy
Tebfj peTau BUo olwvdhToTe &TAGY TpoTaoEwy P kal q &k Tol TT, TéTe Tpoky-
TTel piac guvBeTos TpdTAOoIS, Ty dmola kasiTan oivbeTog mpdTass tphTng Padi-
Sog. "Htor 81k kabe felryos &mmhddy mpoTdoewy p kai q 2k ToU I of mpoTdoers :
PAQ pVQ, p == (, p <= q elvar olvleTol TpoTdoels rpeoTns Pabuibos. da-
vepdy elvan &T1 of Gpot ToU Celryous p kad q EmiTpémeTan vé& oupTiTTouy, fiTol of

PV P DA Bi=hp P,
elveu Errlons obvBetor TpoTaoels TpwTNS Pabpibos 1d kébe TpdTag p dk Tol T,

B). ’Eqv & méumtos Aoyikos oUvBeopos TeBij mpo TuyoUons mpoTdoews
& ToU TT, TéTe TpokUTTel pic oUvleTos TpdTaots, kohouptvn émions mpdTG
Babpidoc, fitor ~p elven oUvleTos TpdTaTIs TPWTNS PabpiSos.

§ 6. Mpakeig perafy Moyik®dv mpotdoewv. — Al ikdotny olvBeTov
TpéTac TpoTns PaBpidos OpifeTan SxkpIPs pia Tinn év { o, W TR Ponbeia Téw
KaTwTépw mvékwy. ‘H Tipn Tiis ouvbéTou mpoTdoews v { o, y}, | Omoia kodel-
Tanekal T dinlelas Tijc ovvbétov mpotdoews, OpileTan TApwS Ek TGV TIPGY
SAnBelas fxdoTns TGV GTAGY TTPOTACEWY £k TGV GTroitwy ouvioTaTan kal ToU Tpd-
Tou guvdéoews alTY TTpds OXNUOTIONOV THs ouvBéTou TpoTdoews, olyi Suws
&Tod TS TEpIEXOpEVOY UTEV.

Oi Bicipopot TpdTrol cUVEECEWS GTTAGY TPOTATEWY TIPOS OXNUATICUOV OUV-
Bétou TolTnS, doTEAOUV TAS «hoyikdg mpaleicy peTafl TEOV TrpoTdoEwy.

Al BepehicoBeis Aoyikal mpdgels elvan of Efjs .

1. E6CevEug: T& tfoydpeva THs Aoyixfis mpd€ecos THs ouleUtews A
TapEXOVTal OYNPOTIKGS, Trws yvwpilopey kal &k TV pobnudrwv Tis Tpon-
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Youpévns TéEeews, 81 ToU kéTwhi Trivaxos koAoupdvou nivakog Tpdv dhndsiog
ThS ouGelEews p A g.

P J q | pAaq Avvéper Tob EvavTt Trivaxos, § Tipd 4(p A q)
’ i ‘ﬁ o Tfis mpoTdoews p A q OpieTon fon wt o, SnAadh
) - ¥ ¢ T(pAq) =a TéTE, kal pévov TOTE, v T{p) =
¢ 4 ¥ T(q) = o &5 T&av EAANY meplmTeoty T
M ¥ ¥ Tis pAq elvea fon pe g, fiTor T(p A g) = y.

“Qore: "H oolevéig 800 npotascmv sivar é-
M0fg tote, kai povov tote, dv appotepor al Tpotdosig elvar ainOeis.
Mapédderypa: "Eotwoov ol mwpordoers :

2
p: «'O =i elvar pntog apBpog» kol q: «O 5 elven dpynrikig ap1lpogy.

Téte 4 oUleubis avtdv pAq: «O % elvar pnTds &piBuds kad & 5 elvan dpynTikds &p1Buds »
elvan pia alvleTos pdTaois, 1) dmrofe elven weubns (Breerl ;).

2. ’Eyxherotikt) Salevtig :

Avvéper Tob k&Twd Trivaxos, 1) T T(p \/ q) Tis TpoTdoews pVq épileTen
fon ué g, fitor T(pV q) =y TéTe, Kl pdvov TS-
pPvq e, &v T(p)=T(q) =y €eis &V EAANY Trepi-
TTRoW 1 TN THs pV q elvan fon pé a.

“Qote: "H (ByrheioTikd) Sratevtic dbo npo-
tdoeov elvar ahndig tdte, koi pévov téte, Gv
pia todlayiotov tdV (&nhédv) mpotacsev slva
aindng.

Mapéaderypa: Elvm ddnbic i elvar wevdig 1 npotacLg :

«'0 ambpog 17 glvan téherov tetpayovoy eite 6 V2 elvan Gppnrog»

’Anavinoig ¢ ‘H oUvletos altn mpéTacis elven &Andris, &idmi, v TapaoTiowpey ik p
T mpoTacv : «'O &piBpds 17 elvan TéAeov TeTpdywvovy kal Bi&k q ThHY wpdTaow : «'0 V2 el-
van &ppnos, éxopev T(p) = Y kal T(q) = «. "O8ev, ouppdves Tpds TéV dvwtépw mivoxa (2),
1) oUvleTos TPOTATIS

pVq: «&b &pibpds 17 elvan TéAetov TeTpdywvov eite & V2 elven &ppnTOsy
elvon dAnbrs.

3. Zovenayori :

Auvdper ToU k&rwd Tivakes, f Tk T(p == q) Tfis TPOTAOEWS p = q
OpiCeTon fom pt y TéTE, kod pévov TéTE, &v T(p)=a Kal T(q) =y €ls m&oav
&AAnY TepiTrTeooy ) T Tis p == q €lveu fon
P=q| uta fToI:

. T(p =>q)=q,

&)

€ o€ | a
<A QA

€€napn T

3) “Qo7e: "H ovvenayoy p = q clvar yev-
o7¢ tote, Kai povov 118, Gv 1 p elvar dAndig kai
N q elvar yevdis. Eig ndoag tag dhhag repr-
nthosig elvar ainbdic.

Tés eadvetan &1 4 ovveTrarywyt 8év elven dvTipetabetikn Aoyixd) mpaEis ;

€€nn| T

€ao€0 2o
=B =B -
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Mapaderypa: Elvar dhndig if wevdiic 1 npotacig: « 3 =4) = (7> 2)»;

"Aravineig : H mpdraois elvar dAndis, Si1dmi, &v wapaoTiowpey Bid p Tiiv: «3 = 4y
Kol S1&x q TV : «7 > 23, mopoTnpoluey 811 1 p elvon weubls () kal ) q elvan dAndis (o). Suve-
e, gupeavws Tpds Tov Tivaka (3), 1 ouvleTos TpdTaas :

p=-q: «&wv 3=4, o1 T>2»

elvan &Anbis.

Mopatiipnoirg: "ARhor TpdTrol BIXTUTROEWS TS CUVETTOY WY Tis p = q
elven kal of &7 :

1. «p elvan ikavi) sovOikn dud @»

2. «q elvan dvaykaio covOikn dua p»
3. «bnéBeoig : p, oopnépacpa @ g»
4. «p, 60ev q»

5. «p, lpo q»

6. «q ovvayeton £k ol pr.

Mapaderypao: "Eotw 1) cuveraywyn : « Eav T& Tpiywva ABI, A'BT’
elvon foo, 7dre af ywvia Tewv dvar foar pla TTpdS picwy.

‘H dmdfeots p: «t& Tpiywva ABI, A'BT’ elvan oo elven ixavy ouvlfkn
Six 1o oupmépaoua Tis lodTnTos TGV duTioTolKwY YWy,

To oupmépaoua q @ «oi ywvion Tév Tprydvey evar oo pia wpods piawy
elven dvaykaie oovBikn Si& T lodtnTa THY TRrydvoy BnAadh Siv BlvavTtan
T& Tplywva va elvar oo ywpls ai yovicn Twv v glven Toar pia TPoS piav.

4) Aoywki) ioodvvapia.

Auvéper ToU k&Twd Tivakes, f) Tipy T(p <= q) Tis TpoTioEws p<=rq

| opifeTon fon wé o, TOTE, kol pévov TéTE, &
P=-Q| 1(p)="1(q) &6ev | Tiuh T(p <= q) elvan fon
e g, &v, kal povov &v T(p) # T(q).

"Qote: "H (hoywxiy) icodvvepio civor ahiy-
O1g tte, kai povov tote, dv ai §00 mpotdoerg ei-
var suyypiveg ainleig i ouyypovog yevdeic.

{ ‘H hoyikf) iooBuvauia elven &vTipeTofeTIKN
Aoyixty mpakis ; Né& oynuaTiodfi & oyetikds miva€ dindeias.
Mapaderypa: Eivar adndig il elvar yeodig M npotacis: «(2=5) <= (4> T»;
’Ardvineig : ‘H Bofeioa looduvapia elvan dAndas, Si14m1, &v TapaoTHTWEY B1& p:

«2%= 5> kol 81& q: «4 > Ty, Exouey T(P) = Y xad 7(q) = . ‘Emopévess, TUUPDVES TTPOS TOV
Tivaka (4), | oUvBeTos TpdTaos :

P <= q: «02=05 10T, kel pdvov TéTe, &v 4> T »

(4

€€aopn|T
€n€n | o
a€€n

|
1
l

elven dnbis.
Mapatnpioerg: a). 'Ex Tou dpiopol 1fis (Aoyikiis) icobuvapias Evvool-
uev &1 loyUouv ol &6fis iB16TnTES :
1% p<=7Dp
2. (p+=>q > (q+1p)
3. (pe=>qAgq<=1) = (p<1).
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B). “AMhor Tpdmror AekTIKTS S1aTUTThoECHS Tis foobuvapios «p <= q» glvat
kol of £Efs ¢
«p £av, wai pévov Zav, q»
«p elvar ikavi] kai dvaykaia suvBijky d1d ¢ ».
«p npérer kai Gprel q ».
«p xol q civar hoyikdg ioodbvapown 1) GTAGS «igodivapow,
«p = ( xai GvrieTpéQog ».

SRS i

Inpeiootg: "Edv 6Awuey vk SnAdowuey 811 1) loobuvapla P <=~ q 800 Tpotd-

oewv UploTaTan ¢€ dpiopou, TéTE XPNOIoTOIOUNEY TS oUMPoAov “=», fiTOL YPOQOUEV p oy -
opo opo

5) "Apvnorg: Kord Ty Aoy alThy Tp&Ew Bid Kkdbe wpc’)-rcxopw P
Seyduebar piav TPOTATIY Tis uopefis «&x1 p», oupBoAlfopéun « ~ p», 1 dmola elvan
&Andns TOTE, Kai pdvov TOTE, &v 1) p elvan WeuBnis, weubtis 8¢ dv 1l p eivon &Anbns.

OUtes 6 Tiva€ Tipéy &AnBeias Tfjs &pvnoews « ~ py» elven & K&Twb ¢

Auvvdper ToU Evavi mivakos, 1 Tiud T(~p) Tiis Tpo-
T&oEwWS ~ p OplleTan TévToTE Bi&gopos (&vrifetog) TS
Tiufis T(p) Tis mpoTdoews p.

‘Ofev, t&v T(p)=o0, TéTE T(~p)=y xad tow
T(P)=y, TéTe T(~p)=cx.
“Qote : Al npai ainbeiag t@v p kai ~ p elvar navrors avtifetor.

(3

Teepdderypa: "Eav p: «6 VZ elvar pnroc amBpds » v sipedf 1t T(~p) tiig
TPOTATEMG  ~.].

Avorg: “Exopey T(p) = y, &pa T(~p) = «, &vba :
~ P «Bxt 6 V2 elvan prres dpiBuss » = «6 V3 5iv elven PNTOS &p1Budsy.

IMapetiqpnorg: *Extds T6v GvewTépw AoYIKEY ouvStoucoy XPNo1po-
TroleTTan évioTe s oUvBeouos Kad 7 Exppaois « i pévov . . | fi pévov . », 1| dmola
oupoliZeTan pt «v» A «vr. T Ponbeia Tol dveotépo auvBtouoy oxnHaTigeTon
1 Aeyouévn dmoxieiotiky dralevgic. Olreos, 1) &mokAsloTIKA B1aev€is Uo TpOT-
o€wv p, q oUpPoAifeTat pé: p v q A p v q kol QvaytyvdokeTan «f pbvo p ) pé-
vov q». *H olvletos mpdraois p v q, kataTagooutvn kad alTn efs Thy TPWTNV
Poabuiba elvean, Smreos Yvopifopey &k Tiig TpoTYoupévns T&Eews, SANBNS TETE, Kal pd-
vov TOTE, &v af Tipal dAnsias Tév p kol q elvon Sidpopor, Weubns 8¢, Stow af Tipcd
&Anbeias T@v p kol q efvon foa,

P [ q " Pvq ‘Ofev Exouev TOV BvavTi Trivaxa TG &-
u_—‘ = ‘ T Anbelas Tiis dmorAeloTikds Sioelecos p v q.
(6) a | ¥ & Auvéper o0 Trivaxos TouTou, AT 1(p v q)
¥ 5 & ‘rﬁs 'n'poTé:oec:)s PV q Spiferon fon pt o TOTE, Kol
¥ I’ " ¥ povoy e, oK TFp) ;& T(q) kal T(pv q)= v,
TOTE, Kad pdvov TéTE, &v T(p) = 1(q).

“QotE: ‘H aroxigiaTiN) aalevgic 8o npotdscov sivar GAndig tote, kai povov
tote, dv 4 pia eivan ainbig xai 1 iy yevdi.
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Mapaderypa lov: Eig ra Modnuanka 1 Exkppacig : «d a slver peyakitepog fi Toog
Tob B» Opiletan dg EERG :
e=p<+=a>p i a=4
opo

Katomv 100 Gvotépo opopod mola 1| upn dinbeiag tiig npothoewg : «4 = 3».

Anavinolg: Auvdper Tou G Gvw Opiopou f) dvwtépw mpédtacts elvar foodlvapos
HE TV : «4 >3 f) 4 = 3». AUTn Sucos elvar dAnbis, B16T1, Gv TapacThowuey Pt p THY TpdTA-
ow: «4 >> 3n kel pt TV «4 = 3», Exopev : T(p) = axal T(q) = . "Eml mAfov B2 oUBémoTe Evas
&p1Bpds elvon kal peyediTepos kad Toos tvds &AAou &piBuol. ‘Emropdves 1) ouvleTos pdTacts :

«4 >3 f) 4= 3» &moTehel piav &mokheicTIKNY B1&CevEiv, auveTrdds, ouppdvws TTpds ToV
Tivaka (6), Exopev: T(PV Q) = a.

Inpeioorg. 'Ex 100 dvewtépw mapadelypaTos oupmepaivopev 611 elvan
Spliov vat ypdpopey @ «3 = 3y kal yevikdds «x = x» M xeR (Biarl ;).

Mapaderypa 2o0v: Katomy tod dpiopod, tov dnoiov Eddoapev cig v § 1 Sid v
ropikiv mpotacy i SAkwowy, ti elvar 1) Ekgpacis i «'H dfhwoig elvar pia dinbig ff wev-
B¢ mpoTAGIG Y.

'Arnavinoig: ‘H dvotipw éxppacis elvar dmokheloTik) 8i1aZeukts, 5161 1) (Aoyiki)
TpoTaols fi BrAwos elvar i povov &Andis (kad Sx1 weusis), fi uévov weudts (kal Sy1 dAnBiis).
AnAabdi) 1) 8NAwois oudémoTe elvan kal dAndns kal weudrs.

Mapaderypa 3ov: "Eote pia oikoyiveia pi dbo tékva, aueétepa aybme. “Eoto p
1 mpotacig : «To peyakotepov tékvov clvan dydpry kal q 1 npotaois : « To pkpoTepoy tékvoy
glvar Gydpry. Na arodbonte heknxig v oovletov mpoétacy pVq kel va sipnte iy tpiy
ainlsiag tabne.

’Anavinorg: ‘H owvletos mpdTaois pv q onuaiver :

pvq: «"H pdvov 1o peyoddtepov Tékvov elvan &ydpr i uévov TS pikpdTepov ».
AUTn elvan foodUvauos . TAv :
« ‘H olkoyévela Exer Bva dydpr kal Eva koplot ».

TMpogavds 1) Tiuf dAnbelas 1fis mpoTdoews TalTns elvan w(= yeidos). Els 1o alrd oup-
Tépaona kaTahfyoper Kol ik ToU Tivakos 6, & Angdfi Um’ Syw &mi: T(p) =« T(q) = «a.

"Qoe : T(pvq) =y.

'’Avaxegaloioors O & dvwtépw Tivakes Tipdv dAnbeics TéV
Aoyikév mpdecov THs ouleUeeds, EyrAeioTikiis SialevEecos, &morAeloTIKTS Sio-
GeVgecos, ouvemaywyfis, iooBuvanias kal &pviioews SUo TrpoTdcEwY p, q cuvo-
yidovtan els TOV ké&TwH Trivoka

i ZoLevEig !‘ny?». Al "Ar. Awil. [Zvvenayoyh [Tooduvapia [ "Apvnoig
P q ;

pAa pV4q | PY4 |P=>q|P<=d| ~p Tatt

B G

o (o4 o o v o x W Y
o y Y o « v 7 y x
W « ) o a o W o W
y y y W y o o a «
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§ 7. Tautohoyial kai adToavripaoceig,

1). Tevroroyiar Mia cUvleTos TrpdTacis A, el Ty dmolav ugant
Govtat ad &mAad poTéaes py, Par- .+, Px & TOU oUvSAoU T, kodheiTon plec T o U T o-
Aoy fo TéTe, kad pévoy TéTe, &v ) Tin) dAnBelas adis elvan | o (=dAnBex)
B1& kdbe «ouvBuaoudYy TIuGY Ahnbelos TGV SmAGY TPOTATEWV D), py,. . ., Pi:
Al TauTohoyia ouWBoAiZovTon pt mpdTafiv Tol oupPdrou : -, ftor:

FA onuaivel 1 5 modracic A elva pia Tavtoloyia.

"ABi6hoyol TauToroyiar elvon of EEfs

1).  Nduos g TWTOTHTOS ¢ - p = p.

2). Néuog dundifs domjosws : I+ p <= ~ (~p).
3).  Nduog dmoxleloenc Tofrov: = pVv (~p).

4). Néuos dvrupdoenc Bl (D oo .

To 611 efven TauToAoyian, paivetan oagdds ik TéV kT TIVEKWY

]l*=b-~(~P)‘ PY~p [ ~[pA(~p)]

|~ e s R

] [ W (e | o ‘ x ‘ o
o | o
W W o l o | @

Haopetnpioeig: 1) ‘Qpopbvan TauToAoyiat, Adye T Yevikijs ioyog
TV, koholvTon dpyai §j vopor. Mapadeiypata TolodTwmy TOUTOAOY1&Y elven o
GvwTépo Tautodoyiar (1), (3), (4), ai émoim elvan Tpeis & Ty Teaodpuoy
vopwy Tiis Noyikfis To0 *ApioToTéous *) .

Ot véuor Tfis Aoyixiis To "Ap1oToTéous elvan of ke TECOOpES :

p|~p ~(~pP) | PAC~D) [p =2

a
¥

a'). O vduos tijc ravrdryroc

B'). 0 viuos tiic dvupdoswg

Y'). 0 vduog voi dmoypdvroc Adyov ki
d). ‘O viuog T T0b TplTOV droxlelocnc.

2). “H TovTodoyia (3), kard THv &mrofay i Suo A TIPATIKEY TTpoTdoEcoy p
ko ~p 7 pla elvan SAndns xai f &AAn Weudis, péon kaTdoTaols Siv XOWpPET, Ka-
Aettan xad &pyy Tiis Tol péoou 7 TpiTou dmokAeioeas.

Mopaderypa : Na de1x0f) 611 1) kGt igodvvapia :

~(PAQ <= ~pV~ q (Nopog tod De Morgan)
elvar tavtodoyia.

* BepehiwThs THs Aoyixifis, yevikéss s ETIo TN TY vpwy TS oKéecs, Urrfjp€ev & #x
Zrayelpov Tiig MakeSovias péyas PAdoogos 'Apatotéing (384 -321 m.X.).
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Aberg: Iynuotifopey Tov dxorouvlov mivaka TGV dAnbsias THs Bo-
Befons iooBuvapies :

pi q| ~p|~a] PAG| ~GAD | ~PV~g { ~ (PAQ) <=> ~ PV~ q
[ [

«la|ly |y | « % J | S

o \p’q} « W o o [ a
Yol a |y |y o A a
\p‘\p’ a a W a a s

"Ex 10U dwwTépw Trivakos Taparnpoluey &Ti 1) Tipd) dAndelas Tiis Sofeions
looBuvapias elver dwToTe o, 81& k&fe ouvBuaopdy TGy dAndeias TV p kai q.
“Apa 1) Sobeioa looBuvapia elvan TauToAoyia.
"Qoe E~((pPAQ) <> ~pV~aq.
Enpeioorg: KardTov abrov Tpdmov dmobekvieton Kad & ETepos vopos ToU De Morgan.
~(PV3) <= ~pA~aq

2. Abtoavtigpbdoeig Mia oUvletos mpéTacts B, s Thy Smolov

tupavifovtan af dmAad TPOTACEIS Py, Py, - - -y Prc , KOAEITOH AU TO &V T | paocis
TOTE, kad pévov TOTE, Ev A Tiun dAndelag auTfis elvon @ (= yeldos), Bi& kdbe
SuvBuoopov TIp@Y dAnBelas TGV &mAGY TpoTdoEwy P1r Par- - -2 Px | CUVTOUGD-

Tepov, STav 1 &pvnois abThs elvon plo TauToAoyia.
Mia airroavTigaols oupPoidetan pi TpédTabv ToU oupPdiou ~ |-,

opaderypa : Na 8ery0i) 611 1 npotacs : (p==>q) <= (p A ~q) = B(p,q)*
tlvar abtoavtipaaoc.

A ¥ o1g: Zynuotifouey Tov Trivoka TIpGY dAnBelas THs mpoT&oews B (p, ).

. L e e LB | ~Boo)
; ; ! ‘ !
fo 4 [ [ Y ! (8 v | - 2
L= S 1] & i W S ¥ 2
I skt & i | i a
T T i oA ity sl o o 2
! |

"Ex ToU dvwTépw Trivaros Tapoarnpoluey &1 1) Tiuf &AnBeias Tijs TpoTdoEws
B (p, @) elven éwtoTe W, Bi& k&b ouvBuaoudy Tipddv &hnbelas Tév p kad q.
Erriong ik Tfis TeAeuTalas oTAANS ToU dvcoTépo Trivakos PAgopev &1t ~ B(p,q)
lvon Tautohoyta, "Apa: ~ - B (p, q).

Fevikfn repatfipnore T& dvamTuxBévTa péypt ToUSE mepl Aoyl-
TpoU TV TrpoTdoEmY foxUouv Kkai &v els Tous dveoTépeo Trivaxas T oUpBoAa p

* "Evralfo 16 oUpPorov « =» onuaiver: ouvToucs ouuPodilonev THY &pioTepd Tpd-
TXov We. ..
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kol q dvTikaraoTafolv pE TrpoTaciokous TUTTOUS (GVOIKTAS TPOTAOELS), TV
omoicov Buws TO dAndis i weubts B dvagépnTan els TO olvohov TIP&Y Tfis peTo-
BANTAs 1) TGV PeTaPANTEV TGV &v AdY TpoTagiaKkdy TUTTWY.

AZKHZEIZ

1. "Eotwoav al dvoiktal wpoTtéoes
p:«O x even pnTos &piBpdsy, @ «'O x elvar puoikos &p1Budsy.
a). N& ypagodv Umd cupPohikiy popeliv ol karwd ékpploss :
I. «'O x 8&v elven pnTds &p1Buds»,
2. <O x Stv elvar puotkds &p1Budsy,
3. «'O x sivan pnTds Kal 8¥1 Quaikds dpibudsy.
B). Né& BrerrumrawBoiv pé Aéets ol kérwd (Aoyikol) TUmoi :
pPVa, PAG  ~PA~T  PA~T PV~d T=P ~P<=~q
2, Ti onpaiver éxdoTn TGV k&TWI AOYIKEY TTPOTATEWY ;
o) (5CDHAT 8, B ~ (x=B)
Y) <Oy (x=0V x>0
3. “Exouv vénua ouvBéTou TrpoTéoes ol EKepaoes ;
a) «oxfiua v TUTOSH. B) «7 <=~ 3». y) <Avatodd) V Aboisy.
CAravenaig @ By (Srori ;))-
4, N& evpefoiv ol Tipal dinBelas Tédv kaTwd ouvdéTwy TpoTaoEwy :

1
9 (¢4=12) vo =8, B (3<5)=>e=2,
Y)(7=4+3}*‘——>(2>5), 8) 2=3)+=(5=1),
€) (27=3.8)v (52 = 25), ot) (25) +> (3 =8).

5. Awcnohoyfioate Siarl f) mpéTacs: «’Edv & Tlepihiis fito moTapds, TéTe & MapBevcov
eUploxeTan els Tas *Abvasy elven dAndis.
6. Acifarte &T1 kdoTn TEY Emoptvev ouvbéTwy TPoTdoEwy elval TauToAoyia,

o) ~ (pAG) <= (P = ~ ), B) pAG = pVq,
y) pPAGPYVI) =P 8) pV(pPAD <= P,
e) (p =+ 1) <= (~P)Va ot) (pV ~PIAEGV ~ ),
5) [pA(p = D] = q, MIP=DAP=>~Pl= ~p
) [(p = DA =>1)] == (p =T 1) (VAT <= (PADV (GQATD).
7. Aeiforte 871 dkdoTn TGV Emoptveov ouvbETwy TpoTdoewy elvan alToavTipasts.
) (PADA~ PV~ Q) B) VYDA~ pPA~Q),

Y) ~(PAQ <= ~(~PV~D: 8 ~PA~q<=pVa.
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KEPAAAION II

STOIXEIA EK THXZ QEQPIAZ TQN ZYNOAQN

§ 8. ‘H Evvoia Tol cuvéAou.— H Evvora Tou ouvdhou, G kai fi Evvora T
\oykfjs TTpoTTEwS, BecdpeiTon Cog TPeoTapPYIKN Evold, ds Evvolcr uf) émibexouévn
Splopdy, 65 Evvola uf) Buvapévn v' dvay8i els &AANY Evvoraw.

Eis T& MafnuaTikg Beydpeba 611 emiTpémeTar oA dvTikeipeva copdds ka-
Jopiopéva kol Stakekpipéva petagy Twv v Becpnolv ds v véov &v TiKEl -
levoy, TO bdmoiov kohoUpev 76 advolor T@y Dewpovuéven dvticeiuévon.

Té& dumikeipeve oupPohiifovtar ouvnfws pé pikpd ypauuaTa ToU chgapnTou,
wy. &, B, Y,- ... Ev cUvohov duTikepévawv cupPolifeTan pé Ev kegoaiov ypdupa
ToU dAgaPfToy, T.X. I, A, X, xwpls PePaiws ToUTO vé elvatl UTTOXPEWTIKGY, TC.X.
is v yecopetpiov oupBalve ouxva 16 dvtioTpogov. Ta dvtikelpeva o, B, v, . . .,
1& dmroia Spifouv &v ouvodov, A.x. TO Z, kahoUvTal s THy «yAddooav TéY ouvé-
Acovy, grotyeia ToU ouvdhou Z, ToAAdKis Bt ked onueia 106 avrdlov Z.

Av Ev Tuyov oToryeiov x kol B1° & Tuxdv oUvolov X Beyoueba 611 foy el ula
Hovov &TTO TS OXECEIS

1) xeZ (6nhadn 16 x dvrkel els 16 Z | 1O x elvon oTorygiov ToU Z).

2) x ¢ Z (5nA. 1O x Btv durikel glg TO Z ) TO x Bév elvau oToryeiov Tou Z).

‘H #vvola Tou ouvolou elven cuvdeBepéun pE Thv Evwolaw WSS «oyéoenms
lodryrogy dopiopvns petabu Tdv oToiyeiwv Tou, Pdoe Tis omolag BecopoUpey
TaUTe, v Stv ouvBéwvTan B1& Tiis oytoews =, s Slakekpipéva peTafl Towv.
’AKplBécTspov : deyducba St xdfe otvodoy X orovyeiwv a, f,y, ..., %,¥,2, ...
elvar dpwdiaouévor pé pla oyéow lodtyros, fiTol OTi: dua xdfe Ce

vog arouyelwy
T,y dx rot X elvaw féfaoy xal xara &va dwxoifds todmov (= povoonudrrag),
dv va groyyeia Tadra evar ioa, 6moTe ypdpouey T =y, 1) duipoga, émdre yod-
pouey x #y. ‘H oytors altn mAnpoi Tas EEfis YapokTnpioTikas iBi0TnTOS
(= &GivpaTta) THs iodTnTos !

M X= % Vi LmEZ (adtomalne iddag)

B) & x=y, Tote y=x (ovppetouen ddrng)

y) & x=y kol y=1z, T1é1e x=12 (perafarin) ididTng).

THv dx &vew lodtnTa, 1 dmola dpile TO = (Siakpivel T& oTolyeix Tov) Ka-
Aolpev «Paoikiy lodTnTay Tpds Bidkpiolv o kabe GANY «iodTnTon Spionévny
fv B

Mposétate! To olpPorov = cupPolite v Paoikhy fodTnTa Kad Sév
TpéTEL V& oUyYENTaL B Td =, ToU dmolou i onuaoia Eyer fon EEnynoi.
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Hopedeiypota cvvorov.

1. To cbvohov TGV guekdy émbpdv: 1, 2,3, . . ., v,. . . TolTo ouppo-
Aeton pt 1O ypbuua : N.
2. TS oUvodov Tév axepaiov apbpdy : 0, 1, —1, 2, -2, .. 4y —y, . .

ToUTo oupPoAifeTon pé 16 ypdpupa : Z.

3. To olvolov 1@V pntédyv aplpdv, dtep oupBolilouey pé ; Q.

4. To oUvolov T&V mpaypatkdv apbpdy, émep oupBorilopey ut 16 Yedppx
R, &v& ué & olpPora R, Ry cuuPorifopev Tols Betikols TPy HaTIKoUS dipl-
Bpous, dvtioToiyws ToUs wn GpynTikous TrparypaTikoUs &pifuols,

5. To cuvodov TGV pryedikdv amlpdv, Smep oupBoMilopey pé to ypdupa C.
Olte, Buvduel TV dvwTepw oupPoliopdy, B& Eywpey :

1€N, _%g N, Y20, Y2ZeR*, ——g- £Q%, —2¢Z, 345icC

§ 9. Mapaoraocig cuvéhou.— Zuwvibels Tpdmol TapaoTdoews £vds ouvs-
Aou elvan oi k&Twbd Blo :

a). AV avaypagils 1@V otoiyeiov tov. Eis THy mepimTwow aUThv EkaoTov
ouvodov dpileTan &1& SnAddoews (dvorypagfis) GAwv T&V oTolyelwy TéHY GVTKOV-
Tov els a6, 00T, Y., TO oUvohov pE oToryeia altol Toug &pibpovs 1, 2,
3, 4 0& ouuPohilewpey ypdgovTes T& oToIKElx TOU MeTalY dykiaTpeoy, ol :

{R152,8 A X
Kard tov ovuPoMiouov Toltov Bév Exel onpaciov f oeipd pé TV émrolay yp&-
QOUEV TA OTOIYEIX TOU oUVOAOU METAEY TéV &ykioTpwv., "Ofey T4 - s
{1,3,42}), {2,3,4,1} kT oupPorilouv 1O alitd oUvohov. Mevikés :
{a, B, v,. ..} ouupolilel &v olvolov, Td drofov Spiletan &md T& oToIyElx &, B, ¥
xal GAAa Gropn, T& dmola &k ToU TpdTTou SnAdoews TEY «, B, Y &vwoolvTol kol
— X&pv cuvTopias — TapoAeiTovTal.
OUTw 10 oUvohov TGV QUOIKEY &p1fuGY cupPolileTal 65 k&b -
N={1,273,...1%.

B). Awa meprypagiis t@v otoyyeiov tov. ‘O dvwtépw Tpdos TUPACTETEWS
tvos ouvddou B1° duarypagiis TEV oTolXEiwv Tou Stv Slvatar v EQappoati
TPOKTIKES (ToUAKIaTOV) €ls THY TEPiTTTCOTIY GUVSAOY W Heydhov &piBudy oTol-
Xeioov, A.x. els T epiTToov ToU ouvdhou TGV dvopdTwy SAwv TEY korTolkwy
Tiis Ebpcdmns Kol GecopnTikdds els v mepimTwow cuvéiou pi &meipov TAfifos
oToryeleov A.x. ToU ouvdhou Q TV pnT&Y dp1Budv. Eis Tés TepimrTdroels altds
T& oUvoda Spilovtar &1 iBloTTWY dvagepoutvav Es T& oToiyela alTév. “Oha
T& &vTikelpsvar wids dpiouéung 1816TNTOs Becopolpey s &v olvohoy, "Au 1 iBidtns
~ ouuPohMgnTon pé: p( ), TéTE p(x) ouuPohilel Ty (dvoikThv) TrpdTaov A EAAS
THY ouvBrikny : «Td dvTikefpevoy x Exet THY 816 T p()».

* To oUpPolov = (foov) onuaivel, dTou cuvaVTaTal, «TO a¥Td Buvduer dpiopol (eite
ovpPoAiouol) pé»,
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Mt {x: p(x)} cuuﬁo?\il;o.usv TOTE TO oUvohov TéW &vTiKemEvaoy pe Thv- 1816-

mra p( ). OUteos, &v A.x. p( ) ovbPoditn Thv iBidTnTe:

«. .. elven &pTios &piBpds »,
T61e p(x) cupPoriZer T (dvoikThv) TpoTaow 1 «b x elvan &pTios &piBudsy.
AUt kebioTaTon Aoyiki) TpdTaois, &v AuTIKaTaOTAHOWMEY TO X W& fva &p1Budv
& 6moios pdhioTa, Eav cuuPi va elval &prios ka@ioTq THY TpdTacw &ANGR. ToTe
6 {x : p(x)} ounPoAiZer o alvohov (SAwv) TdV dpTicow &p1Buddy.

TTpds &roq ryfv Tapepunveldy Kol dvTivopédy Sexouedar &T1 pia iBiotns p( )

dvagpépeTan els duTikelpeva, T omoia dvnikouv eis Ev coplopévov ouvorov Q. “Eav
Tepa v dvmixeipevov a €2 Tebf &v p( ), fiTor &v ypdywuey p(a), ToTE TO p(x)
ouuPoiilel piav Aoyikfy mpdTaaty, Six Thv omolav Buvdueda v’ dmogaviduev
Ko Eve kel povov TpoTrov, dv altn elven &Anns 7 weudng. Tote &1k Tol oup-
BoAov : [xeQ:p(x)} eite &os {xeQ|p(x)}
OpileTan #v Yroouvorov A Tol Q, Tou dmoiou T& oTorKEla kal pévov aUTd elven
S xeiva T x €Q, B Ta omoia 1) p(x), G Aoyiki) TPoOTACLS, AapPdvel THY
Tty «diyicr. "QoTe Sexdpeba 611 Aud xable odvodov 2 xal plav ididtyra p( )
Spiterar due Tod ovpfolov {xef : p(x)} mdvrote & ovvolov, Tod dmolov otot-
xela elvar GAa éxetva ta x€Q, dua Ta dmola 1) modraocs plx) elvar dinlis.

Yo T s dved onuaoiav 8& Becopddpev els T& Emopeva TO cUpBolov :
{xeQ:p(x) ) ‘Emopévess, by A={xeQ:p(x)}, ToTeelven:

M ox, X€EA <= p(x) d&Anbis.

Mapaderypa: "Eotw 6 wpotaoioards TUTos p(x) @ «x*—3x+42=0»
M glvolov dvagopds TO guvorov R Tév mporypaTikddy dpiBuddv. Al Tipal Tfs
HeTaPANTiis X, ai omoicn kabioTov TOV p (x) dAndf TpdTacwy elven : 1, 2.

‘Eropéves 16 : { x€R: x2—3x+2=0} elven 10 Sipehés obvorov {1, 2 }.

Mapatipnotg: To oUpBodov «:» f| « | » &QuayryvdokeTal «To10UTOY, (OTE, TO BE

Tpd Tol s &vw oupPoiou Ypdpux Snuioupyel TO OUVOAOY CUMPWVLS TIPOs TNV HETX TOUTO
SuvBKnV.

§ 10. To kevov oOvolov.— Aeyoueda iy UmrapEiv évss ouvdAou, T6 doiov
kahoUpev «td xevor odvolovy kal oupPolifopev ToUTo pé { } 1) &Mhws pé &.
ToUTo elvan &v oUvohov, sls TO dmolov oUSty aToixeiov ke, fiTol B1& kdbe &vTi-
Keluevov x loyvel x € F. OUTw 16 guvorov : { x€R : x2+1=01} elvan 10 Kevow,
‘Opoigos, &v Bewprowpey 16: {XER: x # x } =K, SiamoTdvopey dpéows 6Ti
ToUto Btv SUvaral vé& Exn oToiyeia, fitol £ x€R foyve x ¢ K.

§ Il. “YmoolvoAov &AAou cuvolou. “Ymepoivolov. ‘lodtng 800
SUVOAWY.

"EoTtwoav A kai B 8Uo pr) kevd ouvola.

a). @& Mywpev : « T6 abvodoy A elvar dmoadvolov Tot By elte &AAws «to A
Tepiiyerar (= éyxheletar) el 16 By xai Oa ovpfoAllwuer totto pé: «AS By
Tte, nal udvov tére, dv dia wdle x€A Emerar x€B.
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‘O dvwTépw Splopds pt ypfiow TV oupPdiwy T Aoyikfis BiaTumroUTal
ouVTOpWS oUTW :

ALEB <= (xeA = xeB)

opo

B). O Aéywpev @ « T atvodor A elvar dnepaivoior 105 By xai Oa avpfoli-
Copey voito ué «A 2D By vdve, xal uovoy tdve, dv 16 B elvar drooivolor 100 A,
*Hror ; A2 B «— BC A.

opa
To oUpPorov « 2 » QuarylyvaoKeTol «mepiéyer To» 1) &AAoos «Eyrleler 10,
Y). ©& Myowpev : «T6 A ehvar yvijowr Saoadvelor o5 By xai 04 ovufloii-
Coper totto ué A C B wove, xal pdvoy tite, dv 10 A C B i dadpyer & (Tov-

Adywotor) yEB pé y € A.
"Hror: A CB <= (% xeA — xeB) A (3 YEB:ygA).

opa
8). Oa Aeywpev: «To A elvar ioov ué w6 By xal O ovuflodlioper Tovro
ué A= B tote, xai povov tdte, dv ioybovy cvyyoivoc: A C B wal B.C A

2uvTdpws O Oplouds oUTtos BiBeTan s k&b -

A=B == (ACB A BZA).
opo

‘O opiopos oUTos elval ioodlvapos pé
(A=B) = ((Vx:xeA=xeB)A(y: VEB — YEA) = (XA <> x¢B).
"Eqv t& olvoha A, B Bt elven foar ypdgouev: A £ B (A 814gopov ToU B).

"Qore : A # B <= ~ (A=B). 2

Koerdmv Toutou & Opiouos ToU yvnoiou Umroouvérou Siatumoita oUVTOUWS
QUTW !

ACB <= ACB kol A==B.

opo

loyuouy af k&Twd iSi1dTnTes :
-1). AC A && kdle oluohov A (adromathc)
2). E&vACB kai BCA— A=B (avticopupeTou))
3). ' BEavACR kol BECT = ACT (uerafaring).

Inpesiocic: Mia oxtos, fTis elven adromalijs, AVTIOVHHETOG) Kl pevafarix kahel-
To1 oy foig Sretdiems. ‘H oyéos « © » elvan Gy oxtols Sratdews.

MMaparnpiecig: 1). "Exaorov olvohov elvar Urootvotoy ToU £auToU
ToU

2). "ExooTov oUvolov Btv elvan yviolov UrosUvolov Tol éautol Tou (Braxri;)
3). TO kevov civohov Becopeitan E§ dpiouol &g Troatvohov kdde cuvdioy.
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4). Av #&ooTov alvohov & v oTolxelwy Umépyouv 2V UTroouvoha. To oUvo-
Ao Ehwy TEY UToouvdhey fuds auvdlou T kaheiTal Svveposivolov ToU ouvé-
Aou T xal oupBoMleTan ué @ F(Z).

5). Tlpémer v& yiveton Slc'xkplms peTafy TGV oupPorwv « E», TO dTolov Ka-
Asitan oUpPohov Tou «dvmikel elg. ..» kol « C», TO Omolov kaAelTar cUpPolov
TolU «repiyeTaly, B16T1L TO ptv «€» ouoxeTile oTolxeiov mpds olvolov, TO Bt
« C» ouvohov Tpds oUvodov, &g & Thv dewplav TV ouvohwy oTolyEoV Kai
olvorov Tadfouv BiagopeTikoUs pdhous. ToloutoTpdmoss EEnysiTal Siati ThV-
Tote loyue {a} # a. Tlpds wAnpeoTépav kaTavénow Tou TeheuTaiou Bidouev 1O
§€fis yapaxTnploTIKOY Tapdderypa: Mia kaoeTiva, ) dmola mepitxel Eva Siap-
v Kkad TimoTe &AAo Btv elvan TO aUTO Tpdyma wE TOV BiaPhTny.

§ 12. Baowkdv aGvolov ij oGvolov avapopds. — "Eav kata Ty dvé-
mTuE Evds «LnTANCTOs> Bewpdduey T& UooUvoha Evds YevIKwTEpoU ouvoAou
Q, ToTe 1O Q kaheiTon factkdy covorov §j cdvokov dvagopis, (Emeadn €ls QUTO —
Korr& Thy 2EéTaoty ToU nTruaTos — dvagépovTar Shar T &ARa oUvoAa). Mevikéds
Bs kéfe «ZhTnEce ToU deopd& alvola, EmiPdAieTar va koBopilnTan TpdTa TO
Baoikév aUvohov, Tou Omolou UmogUvolov opeiher v elvan k&be dAAo olvohov,
TS &moiov dpgavileTal KaTd TN dvémrTu§iv ToU U Sy {nThPaTos. ¥ANAws
Umrdpyel kivBuvos v mepimécwpey els duTipdoers (Gvtivopias). OUtw .. s
& TpoPAnua EmieBopeTpias Bacikov gUvolov fi oUvodov dvagopds O elvan T6
oUvohov TV onueiwv ToU emméSou. Emrions eis &v mpoPAnua dAyEPpas ai ueTa-
PAnTai ToU f& TapousiacBolv els ToUs dvTioTolxous TPOTaCIaKOUS TUTIOUS 164
dvapépwvTal els Ev yevikov alvolov A.x. els TO aglvorov R 1@V TparypaTikédy &pi-
Bucsv. ToUTo B elvar TO Poaoikdy ouvolov B’ Sha T& Umroouvoda, T& dmoia G
Tapovotcatoly s TO TPOPAn.

To Paoikév ovvohov Biagéper &md TpdPAnua eis TpoPAnpe kol péhioTa TTOA-
Akis TapaeimeTan & GkpiPns kaBopiopds Tou, B16TL MO TO TEPIEXOUEVOV TOU
TpoPAuaTos keoplfeTon kal TO 1Biov.

Mpakeig perafd ouvoAwv.

"As Becwprjocwpey Ev Pacikov gUvolov Q, uf kevdy kal TeAeiws wpiouivov
(A.y. Q=R ), Tol &molou T& UmrooUvola &g oupPolicwpey pé kegaAala ypduuaTa
Ths dApoPriTou A, B, ... E, X, Y* T0oTe Suvdipebar v Spiocopev Ev ouvodov, T
bmroiov oupPohifouey pé ﬂ’(Q) Kai ToU &mofou oToiysia elval dAa T& UTrogivo-
Ao ToU Q. ToUTo dpileTon kol pé iBi1dTnTa dog EERs

PE)={X: XCQ}={X: v xeX = xeQ}.

Meta€U oToryeicov ToU cuvéroy P (R) Buvapeba Todpa va opicwuer Tpages
G5 EEfs
“Eotwgar AEP(Q) xai BeP(Q) Tdre dpileTon :
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§ 13. Topi) 800 ouVEAWVY.— Kareitan Topt) ToU A pé 16 B kad oupPoAile-
Ton pE A M) B 16 ké&Twh odvodov

ANB={xeQ: xeA A xeB}

Olrws, v A={0,1,3,4} kad B= {1, 2,8,5 ) vo1e ApB= {1, 3%
"Ex 100 dveatépou Spiopol ouvdyetan &1 ;
ANZ=2NA=g xad ANQ=0NA=A 5i& rdfe Acq
’E&v ) Tout) 8Uo ouvdwvy elvan TO kevdy oUvodoy TOTE, kad pdvov TETE, T& oUVOha
kohoUvTton Efva petald tav.

§ 14. "H Topi) ouvéAwv kai 1) 00TevEig. —Eotwoay Suo olvoha A, B
OpiGépevar Sia eprypagfis kai p(x), q(x) dvTioTolYws of TpoTagiakoel Tor
HETaBANTRS X pé oUvolov &vagopds 16 Q, fiTol EoTwoav :

A=TxeQ: p(x)} xal B={xeQ: q(x) }.

"As oxnuatiowpev 16 olvodov T={x€Q: p(x)Aq(x)}, SnAad? 1O gUv-
olov (BAwv) TGV TGV THs peTaPANTHS X, of dmoica kabioToUy ouYyypdves
&Anbels mpoTdoels ToUs TpoTaciakoUs TUToUs p(x), q(x). TMpogavéss téte to
elvon ) Topn @V ouvdhwv A, B. “Qoe :

ANB={xeQ: px)} N {xeQ: qx) }={xeQ: p(x) A qx)}.
Mapaderypa: "Eotwoay 7& oUvora :
A={xeR:x*—5x +6=0}, EE(xeR:x’—QzG).

‘O mpoTaoiokds TUTOS : «x? — 5% + 6 = 0» kabloTaran &Anbiis TpoTaoIs S x = 2 il x =3,
¢ &\hou & mpoTaotakds TUTOS: «X*—9 = 0» ylvetan EAnbis mpéTacts Bix x — 3 7
X = — 3. Topf} T&V ouwwdrwv A kol B elven 7o povopehic f| povootorxeiakoy ouvodoy { 3}
OUMPBOAIKES Yphgouey

{xeR:x*5x+4+6=0) M {xeR:x>9=0}=(xeR: (x’k5x+6:0)/\(x2_9:0) b={3].

§ I5. "Evwotg cuvéhwv. — KohsiTat fveats tou A ut 6 B kal OUPPoAiZe-
Tol g AUB TO ké&Twbi oUvohov :

AUB={xeQ: xecA Vv xeB}

Obrws, dv A={0,1,2,3), B={2,3,4}), Téte AUB={0,1,2,3,4)
"Ex ToU dvewtépw Spiopol ouvdyeTtan &1 ;
AUZ = ZUA=A kai AUQR=QUA=0 &&kdfe A (=lie)
kaficos ko : '
‘¥ x: x€A => xe(AUB) ko My: yeB = YE(AUB),

fiTor : ACAUB kai BSAUB 8&i& kébe A Be2(Q).

§ 16. "H &vwoig ouvéAwy kai 1 (¢ykAeioTiki)) S1agevEig. — "Eoreo-
ooV T& oUvoda: A ={xeQ: P(x)} kai B={x€Q: q(x)). Oewpolpey kai T
oUvohov T = {x€eQ: P(x) Vq(x)}, fitor 1o clvodov, T& &molov OpileTon &ro
Shas Tas TS THS HeTOPANTHS X, of dmolon kafioToly ToV TPOTACIAKOY TUTTOV
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p(x) eite Tov q(x) &AnGA TpdTaciv kol pédvov mfrrc'xé. TMpopawéds & T 8tv elvan
TiToTe &AAo Trapd 1) Eveoots TGV SUo ouvdAwy A kad B. “Qoe
AUB={xeQ: p(x) } U {xeQ: qx) }={xeQ: px) v ¢(x)}.

Mapaderypa:

"EoTw : A= {xeR: 2o x Al B=xel: S5=x=12)
Tore: AUB={(xeR: Q<x=NV E=x=12)}=({xeR: 2<x=12}.

§ 17. Awadopa 500 cuvéAwv (ouvoroBewpnriki) Stapopa). — Qg
(ouvodoBeopnixfy) Biagopdv Tol ouvdlou A AV T& B, cupPohiloutvn pi
A — B, 6pidopev T kdTWH oUvorov :

A-—B={xeQ: x€A A x¢B}

OUress, tav A ={,B,y,5}, B={0,B,8,¢ 1), 161e A—B={y). ‘Opoies, tav
A =R (= oUvohov TV TporypaTIKGY &piBREY), B =0 (= ouvolov Té&v prTédv
&piBucsv), TéTe R — Q elvan 16 olvohov Tév dpphiTwv (douppétpwy) ap1péiv.
ZYnuatik@s 10 A—B mapi-
STaTan pé TO EoKiaapévoy pépos Tou Q
A els TO TapoTAslpws 1y papua 2
Tou Venn (oy. 1).
‘Eav & A kai B dpifwvtan
Sick reprypagfis (§ 9, B), fitor, &
A={xeQ:p(x)} xal A/ \B
B={xeQ:qx)}, tote:

A~B—{xeQ:p)A~qX}.

el

§ 18. AaleukTikdv d6polopa fj ouppeTpikr) Sladopd 530 cuvoAwy.
Qs BraleuxTivdy &Oporopa | CUUUETPIKNY Blagopdy, ouvTduwS CORHETPOSLapOpaY,
8o guvdrwv A kal B, Thv &molfay TaploT@uey B1& Tou oupPdiou: A T B kol
BioPdgopev 1 «Ad ov By ) «A xdvroa ovv By, dpilopey o kdTwb alvolov :

ATB ={xecQ: (xeAAXEB)V (XeB A X£A) )}

Elven ouveréss : Q
AYB=(A—B)L(B-A) g
Eis 1o Tapamietpeos iy pap-
Ha ToU Venn mopioTaTon 1) ovp- KR
Hetpucsy Swagopa A + B &mod To o n
OKloopévov pépos TGV guvdiwv A A B
kai B (ox. 2). Ix. 2
L e e T
* Toé oupPorov: — onuaivel, 6rou ouvavtaton £5&, « loov £ dpiouol ».
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§19. To draleukrikdv @Bpotopa kai 1 amokAetoTikd S14TeuEig
"EoTwoow T& olvora: A ={x€Q: p(x)} ki B={xeQ: q(x) b ToTE elvan

AtB={xeQ: (p(x)A ~qx) V() A ~p(x))].

Ozwpolpey kol TO alivohov I = {(xeQ: p(x) v q(x)}, fiTor 76 otvodov, T¢
bmotov SpileTon &id Shas Tds Tiuds TS ueToBANTHs x, of GTroiod kabioToly 1
VoY TOV TpoTasIakdY TUT~W p(x) SAndf TpdTao v EiTe A podvow Tov q(x) dAn-
67 mpoTaov. TTpogavéss 16 = elvat T SUMHETPIKT Blagopd TEY SUo cuvdAay A, B.

Nore: ATB={xeQ:p(x)} +{xeQ: 1} ={xeQ:px) v q(x)}.

Inpn. "Edv AN B= @, 5nhadn t& ouvora A, B elvot Etva peTabU Teov, TéTE
A+TB =AUB.

§ 20. ZupmAnpwpatikdv oivolov. — “Eote O 16 Paoikéy olvohov kad
A &v UrooUvorov altol. Tod glvoroy Téw oTolElwy ToU Q, T& dmoia Siv Gvr)-
Kouv els TO A, koeiton CUUTANPORATIKGY cDvokov Tob A, &AAws supmhipopa
00 A dg mpog 1o (Umepolvorov) © kal oupBoAileton pé: Ac » AL A A A CoA.

“Qorre : A [XEQ:XEA)}=Q — A,

opo

Eis 70 k&1 oyfijua 1o Spboycoviov pg Thv TEPIMETPOY Tou TAPIOTE T Por-
gikov glvohov Q, & KUKAOS TO VrrooUvolov A, T6 8¢ « &mroptvov » &moe T Q
éoKiaopévoy pépos Tou oX. 3 mopoTd T oup-
TANpwpa ToU A.

"loytouv Trpopavéss i £6fis {ooTnTes ;
CQQ =Q° = & kad CQE = 4o —0)

IMapaderypa :
Edv Q:{1,2,3,4,5} Kad A={24}
TOTE : A“:{I,B,S}.

Enp. Ak 16 GURTANPWUOTIKOY GUvOAoY loxvow ol ouveraywyai :
Vx xeA =+ x€A® kal Vx, xeA® —> xgA.

§21. To oupmAjpwpa kai 1 dpvnoig. —EoTw p(x) €is TPOTATIOKOS TU-
oS uE oUvoAov dvapopds  kai oUvorov dAnbeics T A, fiTor: A= [xeQ: p(x)},
TOTE : VX, XEA <= p(x) &Anbrys mpdTaas,

&pa ) &pvnois Tns elvon weuStys, ol ~ p(x) yeudts. *Eml mhéov
X, XEA <= p(x) weubis, dpa ~ p(x) &Andiys mpdTaors.

Olrw 10 clvohoy - {x€Q: ~p(x)}, 1o dmoiov Spiletan &mod Shas T
TGS THS peTaPANTHS X, ai émoion kaBioTolv 16 : ~ p(x) A8 TpéTacty, elvan
TO oupTApwa AC Tol A.

Qote: Eav A ={xeQ: p(x)}, tore Ac ={xeQ:~px}.
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Hopaderype: "Eav Q@ = N xal p(x) @ «'O x elvon &pTios ualkds dpifpdsy,
TOTE TO GUUTTATpwHa ToU cuvdhou A = [xeN: p(x)} sfvan T ovvohov Té&v e-
MITTEY QuoIKddY &piBpddy, fltor To: At = {xeN: ~p(x)}.

§ 22. "1816TTEG TOV TrpaEewv TV ouvOAwv.— Baoel Tédv Tponyou-
HEveoy Oplopwv &mrodeikviovTal elkdAws of k&Twd i818TNTES TGV Tpagewy :

A). Tijg topijs.

o) ANR=A, fiTol 1O Pagikdv clvolov elvar oUdétepov oToryeiov Tis
Tpaecos ().

a,) ANB= BNA, fitor 1) wpdgis M elvan perabeTi).
o) ANBNT) = (ANB)NT, fitot f wp&Eis M elven mpodeTaipiotin],
o) ANA=A, fitor 1) mp&&is M elvan dddvauog.

o) ANBS A, AnNBcB.
o) loyus A S B <= ANB = A,
B). Tijc "‘Evaotag.

B1) AUB = BUA, fitol 7| mp&is U elvan ueraberea].
Ba) AUBUIMN) = (AUB)UT, fito1 ) mpalis U elven mooseTaiarie].
By) AUA= A, fitor ) wp&kis U elvar dddvauos.

By A AUB, Bec AUB.
Bs) ‘loyuer: A € B <= AUB=B.
“loyouy émi TAfov ai k&t Yo dmiuentoTixal 1810TNTES
AN(BUIM) = (ANB) U (ANDN)
AUBNM = (AUB) N (AUM).
I'). Tijig dwagopis.
¥) A—B=ANBe.
¥2) A— (A—B)=AnB.
¥s) AN(B =T)= (ANB) — (AN,
‘ Yy (A—=B)UB=AUB, fitol f} vwois Btv elven émipepioTike ds Tpos THY
lapopdv.
ys) loxyter: AcB<=A—-B=g.
A).oTof) dralevktikod abpoiopatos.
5) AtB=BtA.
&) At(BTIM=(ATB) *T.
Oy AE g=A, AT Q=A% & At A=Ip AtA=—0
5,) An(B t N = (ANnB) t (ANI).
8) ActBe=A TB.
8,) AUB=A+ B+ ANB.
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E). Tob copnhnpdpatos.

g) (A=A Bix k&l A C Q.

Ez) ANAC =g, AUAC =Q.

g,) 'loxuei: ACB <= B CA°.

§23. No6pot Toll De Morgan.—’loxUou oi k&b 8o TTor :

1. (ANB)s=Ac UBe 2. (AuB)e=AcnBe,
*An6dsklg Tob tomov 1.
o) N x: x€(ANB)° = x¢(ANB) = x¢A V x€B' TolTo 8nhoi &1 :
xeAc V xeB®, firor xe(A®*UB®). "Apx (ANB) S A UB® (l.a)
B) My: yeE(A°UBe ) == (yeA®) V (yeB® ) Tolto Bnhoi:
(y€A) V (y€B), oBev ye(ANB) = ye (ANB)e.

*Apa: At U B (ANB)e. (1.p)

*Ex 16w (1.) kad (1.B) EmeTton dpéows & TUmos 1.

‘O TUTros 2 dmrodeikvietan fidn eUkdAws (s ;).

Inueiooig : ‘H amodeabis 8& ndUvarto va yivy kal ds EE7s

"Eotw A ={x: p(x)} kal B={x: q(x)}, Téte xord Tds §§ 14, 21 &
youev dvmioToixws ANB ={x: p(®) A q(x)} ko

(ANBY ={x: ~(p(x)Aq(x))}.

AMG:  ~(pAGE) ) = ~p(X) V ~ q(x)  (§ 7, mops. 1).

‘Etropéveos :

ANB) ={x: ~(PEIAGE))}={x: ~px) V ~ q(x)} =
={x: ~pX)}U{x: ~qx)}=Ac UBe.

§ 24. Awaypappara Tol Venn kai MNoyiopog Tév mpotacewv.—E-
oTwoav 8o olvoha A ={xeQ: p(x)} xai B = {xeQ: q(x)}, T& émoia To-
ploTavTon Bi1& kUKAwv €ls TO o). 4, UmooUvoda Tol Pacikol cuvdhou Q. O in-
THowpey va dplowuey TS :

F={xeQ: p(x) = qx)},
fior 16 oUvolov T&v TSy Tiis wetaPAnTiis X, of dmoicn kaBioToly THY Guve-
maywyy p(x) = q(x) dAndi mpdtaow. Qs yvwotov f ouvemarywyh
p(x) == q(x) elvan &Anbns mpdraois s T £Tis Tpels TepITTTITES ¢

1) ’E&v p xai q elvan ouyypéves dhnbeis mpotdoeis,

2) "B p \yeubis kol q &Anbis kad 3) *Edw dugdTepa elvon weuseis.

\Auvc‘:usl ToU &vavTi oyfipatos & wpoTa-
A /B o !C!KDS: TUToS P(x) KaBioToTon &AnBns TpdTO-
= 015 B1& Tiuds s weToPAnTHs els Tas cmepio-
e xas» 1, 11, & 88 q(x) &1 TGS TEV TEPIOY GV
IL 1L *0 p(x) xoBioToron weudhs kad & q(x)
¥ o %\;‘]91’]5 TFP,(”T‘IUIS Bi1& Tipds s meproydis 1.
o5 kodioTavtal dupdTepor yeustis Six Ti-

wds Tfis peTaPAnTis x els THY Teproxfv IV,

Zy. 4
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OUteo 1o oYvorov I = {x€Q: p(x) = q(x)} Exer s eixodva, &g 10 0. 4,

T& onuela TGV meproydv 1L 1, IV, *AM& af meproyai I, 11 xed IV elvea drpipéds
1) elkcov ToU guvorou Ac U B.
*Apa N={xeQ: p(x) = q(x)} =A°UB.

§ 25. Kapreolavov yivopevov ouvoAwv. —"As Becopfiocpey BUo un
Kevd oUvoha A kal B, UmogUvola Evds Paoikol ouvddou Q. "Amd T Slo albtd
oUvoha oynpaTiZetar (dpifeTan) &v véov ovolov, TO dmolov KoAelTal xagTesta-
voy pvduevor pé modTov mapdyovra 1o A xal dedrepor o B kal oupBoAileTan
Mt A x B- T véov ToUTo oUvolov dpifeTon dos EEfs ¢

XB={(e, P): Y a€A xai ¥ peB}

To oroiyeiov (o,p) EA X B xodeitan & daterayuévor [edyos SBev 16 AX B
Opileten cos TO oUvolov TévTwy TEHY BiaTeToypéveor euydv (o,B), ué xeA
Kai BeB.

T& otoiysic o ki P ToU Zedyous koholvtan dvTioTolyws mpdTy xoi
devréoa ovvretayuévy (1| moofoly) Tol Lelyous.

‘H Paoixn) iodTns opileton v A x B dos 6fs :

(@p)=(a,p) —= a=a «d P=Pp"

Edv A= B, ToTe 76 A X A oupPolifeTan ué AZ

Té olvorov A TéY Zeuydv (o) pé a€A kodsitan diaydviog Tou A2
npocpcrvd')s AEAR,

Edav A=g@ fi B=g, tote dpllopev: AX @ =@ X B=g&.

Mapadevypa: 'Edw A=11,2,3} wxail B={ap}, Tore:

AxB=((La), (1p) (2@), (2B) (3:2), BP)} W&
BxA={(al) («2), («3), (B.1) (B:2): (B:3)}

TMaparnpoUpey &7 : A xB # B XA

Mevikéds : Eig 10 kapresiavov yivopevov div loyder 1 peradenixi idotne.

Ka®® Suotov Tpdtrov SpileTon TO KXPTEGIQVOV YIVOUEVOV Wé TEPICCOTEPOUS
amd Suo Tapdyovtas T.X. &v A, B, [ elvar pr) xeva Umoguvoha Tou 2, opi-
Copew cog kapTeoiawdy yivdpevov A émi B &mi T kad oupPohiCouev ut AxBxTl
TO KéTead oUvodov:

AxBxT={(apy): o€A PeB «xa yel}
SnAadh 1O cUvolov T&W «darerayudvon Touddovy (apy) Y aeA, PeB
kai yel,

Inpeinorg : Oecopolpey 1O givohov R TV TpaypaTIKEY &p1Bucv *) kai oxnuoTifopev
TO KapTeoiavdy ywépevoy :

RxR=((xy): ¥ xeR xa ¥ yeR},

fito1 18 otvorov Té@v SiarreTaypéva Leuy®dy TpaypaTikdy dpifudv.
e o il

* Td gUvohov R Tév Tpaypatik@y &pidpdv koheitan ouxvd: Edfcla t@v mpaypatikdv
appdy eite dAhws Ebkheiderog ydpog Saotascng 1.
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To R X R = R? xoheltan, fav BEAwpey v éxppaobdpey ut Thv YAGooay T#is TecopeTolas,
Edxieidewov Eninedov f) Edkheiderog x®dpog Swasthocwg dbo. :

AZKHEZEIZ

8. N& dprobolv kal 81" dverypagils 7OV oToryelwv Twv T& kéTwd cuvolg :
1y A={xEN: x* <50}, 2) B={x€Z: X BiaapéTns Tolb 24 §,
3) F={xEN: 5=x=29 Tfis popefis v2+ 1 pt véN }, 4 A={xEN: 5 <x< 6}
9. N& épiofolv xal Bi&x meprypagfis éxaoTov Ty dkoAouBuwv cuvdiwy :
HDA=(12345}), 2B={1,49}, Hr={24¢s 10},
8) A={aen0u 0l HE={11,13,1517,19), 6) 3={ 11, 42, 43, +4, 46, +12).
10. Aidovton T& oUVoAn:
A={xeN: 3<xsST7} wd B=[5674) Nesayofiér: Baa
11. 'Eev A={x€ER: 3x =21} Kad y=1 ¢ y =lA : .
12 'Fov. B={xER: X»_25-0} xd. T={5) hm
13. AlSetor To oUvodov: A Z{ o B,y } Tofet &k TGV K&TwH o
mola 81 ; AkanoAoyroate THY dmdvTnow.
Df{ealea 2)acA H{ylcA H{aple{apy] 5 {2.a{xp})cA.
15, 'Eéw A= ('1' 2,3, 4 }r v& Guaypagolv SAa T aToIyEla Tol Euuuuocrwé?\'cu PA).
15. Té‘ Buvc:uoo'uuo?\‘ov ?vos a'uvdz\ou Exer 32 aroryeia. Méoo OToIX eI EXel TO oUvohov :
; 16, ’Eciv Ay, elvan Td a\{vo?\'ov TGV BlaupeTdY TGV 18 Kol Ay TO glvorov Ty 81(:1, ETEOV
To0 Gpifuol 42, dploate T& olvora Ay M Ay kal A, U a,,. i

=B
Xéoewv elvan dAndis Kad

17. *Eqv A, B, I Umoolvola évds Baaikol auvéhou Q, Selfate 11 :
DANMAUB =A xa AUMNB)=4, 2 (A-B)NB= &
3)A+B=(ANB )IUBNA"), 4 (A-B)U(A-B°)= 4,
5Eawv TMA =B A «kal FUA=BUA=—-—>—B=F,

6) A—-(BUN=(MA-B)NA-N, 7 (AUB)+(ANB)y =A+B

i B A-BNN=A-B)U K-, 9 A—(B-A)=A, 10) A%(,«;—:s)—ﬂr

18. At.&m ds ooy otvoov T8 0={1,2345) Ny 8p10dy T& oot ?\’_ v

A, B, T' (81" Epappoyfis Tév vouwy Toi De Morgan), yveworoi SvTos &1 : ol
ANB=(24} AUB={23,45} anr—{z3), AUT={1,234)}

‘Axoholfews vé Spiofolv kal & A M (AUUB)Y, TN (AU B). o4 o

19. AlSovron td odvora: A={1,2,5}, B {2,4) Na& Sprofody T4 -

1) AXB,  2) BxA 3)a 4 p 5) Ax (Aﬂ-B)

20. ’Eav o, B, v, & elven TuydvTa GUTiKetpever, v Bery®fj &1 -

e @l = {8, ) = @=ypp

21. AlSovtan 81 meprypagiis T& oUvolg

A=(xER: x*—5x'{ 6x— 0] «xad B={x€R: x*_3x_ x}
MapaorroarTe Té& kK&Twh cUvola Si& TEPIY pagfis kal &verypagis Téwv o-rmye[wv-'rcov :
LIAGAB, - 2)SA DB, N 3) A —B, 4) B-A, 5) A)i-B |

22.’E&v A={x€Q: p(x)} xai B={xeq. q(x) } et

dnBeias Tiis looBuvaplas p(x) <= q(x) elven 16 :

=38)

v Bei§orre 611 6 qUvoroy TipdY
(AMB) U (A° N B® ), fitor:
{(x€2: p) +=aw}=anp U @ AN BC )
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MAG@HMATIKH i TEAEIA ETTATQIH

§ 26. Eicaywyn. —"As Tapaxoroubriowey Tas Ekpwviioes TEY KaTwTEpw
TPOTETEWV :
1). Mg xdafle pvowoy dolucr v ioyder 3 iodtne :

142434 --v-u;-v:.—{v-(v—o—l).

2). Eav a> —1, deifare dru ioybec: (14 a) =14 va, dd zdle poowor
doducr v
3). To mhijlog tdv draywvicwv molvydvov Eyovtos v xogupdac icotrar ué
r(v—3 )

2
3Y
4). Awe veEN pué v=4 va deylfj o7e : (—_) )_‘> v+ 1.
5). Aeibate dre: NFvEN 6 aplfuoc 724 16y — 1 Stanoeirar e rod 64,

"Ex TGV dvoaTépw Ekpooviioewy Tapatnpolpey 6T UTdpyouv pabnuaTikad
TpoTdatls, eapTwpeval &To Eva puotkdy &p1Budy v, TGV drrolwv THv dARBeiay
GEAOLIEV v Seifeopev S1c k&Be v EN 1) Sk kdfBe QUOIKOV Gp1PdY peyadUTepov 1 foov
65 BoBtvtos QUOIKOU &PIBUOT v,

A Thy GmoBei§iv Tol0UTWY TpoTéoEwy Epapudlouey eldikiy daroBeikTikiy
HEBoBov yvewoThy @51 «Maldnpotiki) fy teheia Enayoyip.

“Qote : MaOnpenikn i teheio énayoyn korsitor pia yevikn péodoc amo-
Sﬁiﬁswg‘ 1 onoia E@appoletar mpokepivon v’ anoderylij 6t pia npotacic, gig Ty
Swtinmoy tiig onolag avegipetar guowkog aplpdg v, ainledet Sia kale veN i
B ke QUoLKOV aplipov v = v eN.

KatwTtépw 8« iBwpev els Toiaw kard Péov dpxnv otnpifetan 1 &v Adye
“ﬁoﬁeu«rmn péBodos.

§27. Ocpehidderg i816TTEG TRV PUOIKDV ApBudv (afibpara
TGV ¢puoik@v apl@pdv kara Peano *).

To olvodov N TGV uoik@y apiBudv opiletan T Ponbeia TéV kdTwb
SEropdreoy :

Aglwpa I. ‘O 1 elven puoikds &pibuds, fitor 1eN.

"Agiwpa Il A& ke puaikey dpifudy Grépye els, kai ubvov €ls, «Emdpevosy
PusikSs dpiBuds, Aol At vEN = v 1 eN.

"Atiwpa 1. Atv Umdpyel uoikds &pifpds v pE Emduevov Tév 1, frol
V151 (GrpiPéoTepov v+ 1 > 1) \fveN.

'A§iupa 1V. Abo guoikol &piuoi, oi dmoiot &xouv ToV alTdv émdpevoy el-
Vai fgol, fitor %, vEN kad M ueN @ v+ 1l=p+1 — v=1p.

—_—

* G. Peano (1858 - 1932). ’ltohds pabnucerikds kel piAéoogos.
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"Aiwpa V. Kabe ovvohov puaikidv dpibpddv, eis 1o Smoiov kel & 1 ko
Hogu pE oiovBnmoTe Quaikdy &piBudy v dvnkel el aUTS kol & Emduevds Tou v +1
oupTriTTelL YE TO oUvodov N Tév Qualkédy &pifudy, fiTo1, &v & Yooy A b'
ToU cuvdhou N TAnpol T&s £€fis BUo i816TnTas : e

(a) 1e8
() VveS =+ v 1e8

To Tedeutaio &Eiwpa xapoakTnpifeTon kai di «doyy Tijg HaDnuareeic 3 e

Jelag (nlijoovg) émaywyijer T Ponlele Tfis dmoiag &rrodeikvleTar T KO:f&:é AL
I

§ 28. ©cwpnpa (1iig TeAeiag Emaywyifig).— Fav s Riay mpotaciy p(v)
gig v datdnwory tijg domoiug avopéperar o QuoLkdg ambpog v, sivan Y\‘o‘cn‘)v]?' ’

1) "H npétaoig ainbeict fia v= 1, ijror p(1) éinOfig kai i W?\éc;u i

2) pg tyv dndbeary b1 ddnbzosr dua vk, arodeikvistay Gy abtn @hn0ster
kai o1 v =k -+ 1, fjror p(k -+ 1) dhnd7g, v p(k) aAn0is kai totito Hig m’,c()r:‘nk N
to1 e 1 npotacic p(v) Ginbeict ua kabe puotkoy appoy v €N,

" To dvwTipw fewpnua pé xpfiow TéY oupPs AT
uBsAwY T = =
e NS Aoyikfis SiaTutroUTol

= S =N.

’Anéderfig: "Eotw S 16 gUvoloy (BAeov) Tésy
Tous bmoious fi p(v) elvar &Andris, fitor Eore
e : S={veN:pw)}
TO oUvolov ToUTo Biv elvon kevdy, 81671 1o 1€S tp’ 3
owve : ‘ ! € ooov p(1) &Anbrs. *Erl
TE?\E?'-'. &v k‘GS. Tote ki k+1€S, 81411, u keS, tore I:El\; 057?\\“%7]'5. "Em
(8. 2) xed p(k+ 1) hnrs, ouverrdss k + 1 ¢, “Qoe Tb!S ¢ o 'Oew
Tas (a)< Kad (b)\Tou &iiparros V, ouprritrer &6ey bé TS aduohov ilﬂ "(FO(S }SIOTT]‘
melw fi (Aoyikn) TpSTaos p(v) dAndede i k&Be puaiksy dpleué.u il
b
Hapatipnoic: SupBaive TTOAA &KL
B1& Tipds ToU v peyaduTépas 1) foas dpiopt y
o0 v peyah HEVOU puatkol dpifpos Is T, {
th(iw Uty 1O Becdpnuat THs TeAetos ETary oy s icr)(\',rspl (i:r Uo 1 E‘S wa ‘"Efu'
£€Tis Spos SoTimwo pt ypfiow Tay OULBSAwY THig 7\O)ﬂkﬁsp' sl

PUOIKEY &piBuddy, Bid

S Mo TpdTacis p(v) v& &y vénua

{P0Vo) A 1DK) EAONG —> p(k + 1) ]} ddnog —s 10) Bindie VT eN 1= |
1V,

X ) \ s
Tol: 'Kay ula modt ; .

2 ; i amgqp,(v) dhnbedy dui » = Yo al Snollétovre dre adnbedel
W Twa Ty 108 puaot dpluos v, Zore v S A / ainbeve
wal dua oy Ty v=lk+4 1, rdre 5 ; Yo, anodeléwper Gt anfedet
" ! y » TOTE Y ﬂQOTGo’tg p(,p) dl 08' a0 o .
dpiludy » = v, NUever dua ndbie guowxoy
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«). "AmoBeviouey Thy dAHBeiav THs TpoTdoEwS BI& v — 1, (¢’ Soov i
v=1 &xel vénua). 'Edv 81 v=1 | mpdacis Siv Exm vénua, Thv érainBedopey
Bic Tov EAéy10TOV QUOIKSY &piBudY vy, Sid Tdv STrolov gxel vonua.

P). “YmobérovTes 871 f) wpdTacis dAnBelet Sk v k, k EN, 8nA. p(k) &An-
015, dmroBeikviopey T BonBela Tiis dAndeias Tiis p(k) mloavéss & Kkal Tou p(l)
T dnbeiav Tis plk - 1).

Y). Zupmepaivopev, OUPQUVWS TTpos T Oecopnpa Ths TeAeiog Emaywyfs
(§ 28), 871 1) TpdTOUOIS GAnBeYer Bix Kdde VEN.

E®APMOTI AL
In: Ava kabe guotkov apOpdv v ioyde 1 iodrng :
1

‘A édetEig: "As ounPoriowpey Bi1&x Tol S To ovvorov T VEN, 81 1&
Smrola 1y (i) dAndever. TéTe 1€, S16m 1) (i) &AnBeler i v= 1, ka®’ 811 :

1
1:7- 1-(141).
Ymrobéaepey Tpa 811 6 &p1Buds k dvrker els 1o S. Tore f (i) dAnBeler &1’ avrrov
Tov (puoikdv) dpiBudy k' ftor elvan

14243+ k= k- (k41).

"Eqw mpoobiowpey o k+ 1 €lg dupdTepe T AT, Acppdvopey :
14243+ -tk (et D= (1+2+... 4 )+ (k+ D)=
1 k(k+1 2(k+41 1 :
=G+t D=SEEDE2CAD Ly gy
Zuverréss, &v 7 (i) dAndeln S1& v— k, Tére i (i) dAnBever ko B v=k+ 1,
80ev &v keS, ToTe k+ 1€S. “Apa KaT& THY dpyiy Tfis uadnuaTikdis Emorywy s
fouev S = N. "Emreidn 8¢ To S elven 1O oVvodov Ty VEN 81k T& dmroia 1y (i)
<5(?\T]efsf.rst, cupTrepaivopey 811 1) (i) dAnBeler S1& kdbe PuoIKOY &p1Budy v,
20: "Av 0> —1 kai veN, vi dex0ij ot :
A+a)yr=1+va (@viebing tob Bernoulli). (ii)
’Ar6deriig: o). Ak v=1 loyxde a5 laon, Emady :
(l+ai=1+a=1+1.a
B). "Eotw ém1 61 v=k (keN) H dvigdTns dAndelel, dnAadn foTo &71

(1+a)k=14 ka. (p)

"Ex iis dAndeios Tiis (p) O& dmobeifeopev &1 dviodTns (i) loylel kod ik
'=k+1, #roi:

(2 14 (k+ 1) o @

MG & dmroBelEeopey TH dABeIa THs ouvemaywyfis (p) == (q).
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TMp&ypart, TOAACTAGGIGLOVTES SupdTepa T& pépn T (p) Eml ToU BeTiKdY
apiopdy (14 o) Exomev BraBoyIKads

(- okH= (1 +ka) I+ @) =1+ ka4 (k1) a2 1+ (k4 1)
ol : (1+)kti=14 (k+1)a
"Apx ETav SAndeUn 1 (p), SAndeder kad 7 (q), ouverrds 7 dmodeikTéa dvicdTng
(ii) &An@ever Bic k&fe puoikoy apiduov v.

3n ¢ A ke Quotkdv apBpdv v = 4 vi deiyBi) bn : ( % )v> e o

Anaderbrg: A v=y,=4 1 dvigdrns loyla, Siém:
2N 8l
(7) = >5=4+1.

“EoTo 871 81 v =k (k€N ut k = 4) 1) dviodng (iii) loyue, fron

k
A

*EE quthis B& Beifeouev 611 1) dnodTns (i) foxler wal &1k v=k 1, fiTot 6T1:

3 k41
(2) > @+n+1
3 k+1 3
Tpdoypar, Emedn (7) = i k+1)

dpwel va Belfoopev 6T :
S e Dyl e st (it iy

SnAadn : k41> 2.
‘H Tehevtadar Spes dviodtns foxUel (8161 k = 4). "Ofev ) droBeikTéa dviodTns

i
(7)>v-}-1

ioyUer B1cx kéde puoikdy Gpifipoy v = 4,

Hapatnpfoerc: TToANds, Si& va dmobelfwopey &1t pla mpéTaots p(v)
&Andever Bi1& k&Be QuUOIKOV SpIBLSY v, droBekviousy THY dRBeicy alTis B1° Bvr
onuovTIKoY &pIBOY B1aBOXIKDY PUTIKEY TIHGY Tol v, Ax- Bixv=1l,2,...v,kad
drooubeos ouuepaivoLey &1 alrn Bcr dAngeln Sid kée v e N (aredns Emaywyij)-
“H pébodog alivn onyet modddxis eis é o g a ) 1 éva ovumepdopara xal 0ty mpb-
mew va Ty petayeolduela. “Ev xhaooikoy Tap&Betyna Totats mhdvng elval
fy €€fis Yeubns pdTacs ToU Euler :

«Eav v guowkdg amude, t6te 6 appdg (v — v 41) elvar npdroc.

‘H mopdoTacts vi—v+44] Six v =1, 2, 3, ..., 40 sisa TpdaTous piBpols

(wi) Exovras SnA. &hhov Bicupbrny EkTds Tol tauTol Twv kal Tis povdBos), S
B v = 41 &ider:

vE—v4 4] =412_4] 1 4] =412,
BnA. &pibudy pfy mpdiTov,
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‘Opolws Ek ToU yeyovdTos 0TI i EKppoois 22\-‘# 1 5idet 1&x v=1, 2, 3, 4
TpooTous &p1Buols Btv Suvdueba va oupmepdvwpey 8T1 ) elpnuévn Exgpaais Bider
TperToUs dpifuous Sik TavTas Tous puoikous apiBuous, kal' Goov Bix v=1>5 1
v Aoyw Ekppaols 5iBel oUvBeTov &piBudv.

"Emrions 8tv &pxel ) &modefis Tfs dAndeias THs mpoTdoews Sk v=k 4 1,
Me Thv UmdBeatv 611 altn dAnfeler Six v= k. Tlpémer dmeoadnmmoTe v dmrobel-
KvUwuey THY &dAnfelav auThis 8ia v=1 (fj, &v &&v &xyn vonua 8ix v=1, &mwodei-
kuwlopev TNV SANBeiav S1& v = v, évlla v, & EA&X10TOS PUaIKDS dpiBuds, 81° v £xel
vénua 1) mpoTaois). TMepl TouTou BePonolpebar &mo ThHv E6fjs weuddj mpdTooty

«Aw VEN ioyoer: v= v 17»,

Mpdypay, a5 Tapodeiyowpey vé E§akpiPoowuey KaTd ToooV 1) GVeTEPW
TROTaols dAnBevel Six v = 1.

‘Yrroféowpey 6Tt altn elvan dAnbns Sik v=k, fitor: k=k+4 17, ToTe
EXOHE\’ k+4+1l=k+17)+ 1

A k1= (4 D417,

SnA. ) rpdTacts dhnfeval Bid v=k+ 1 pé TH Ywdbearw 8T dAnbele Bix v= k.
Fr 16v dveotépe Aormov auvdyopey 8Ti: givan @voykaiov dnog kol af dbo Dmo-
Oéseic 1) kai 2) 1ob Ocopipatog tiig teheing énaywydic ninpoivtar, iva sivar 16
Supnipacpa alndic.

§29. Meviketoelg 100 Qewpripatog Tijg TeAeiag "Emaywyfic. —
‘Extos Tis uopeiis Ths (&mhfis) TeAeiog Emaywydis, THv omolav dvemrTOEopey
Tponyoupévas, UTrdpyouy kai Buo &hAan popgal alTiis, ai dmoicn TrapéyovTal
UTTO Ty kéTwd BUo BewpnudTov, Ta oToia dvagipopey dveu drodeifecs.

§30. @ccpnua l.— Eav p(v) eivan pia (hoyiki) mpotaois, gig v dutd-
TGy tiig dnoiag Gvagiépetal O uaikog ambpog v, 1| dnoie nhnpol tag EEfg
UnoBégere: 1) «p(l) elvar arndign: 2) pé tiy Omobeoiv Gt f| pv) din-
Oeter Sug kafe veN pé v < k, arodewkvietot dtu i) p(v) aknledsl kai Sa v=Kk
Kai tovro Sui toxov keN pe k> 1, tdre: 1 p(v) aknbeber Sue xabe veN.

'Egappoyin Na daxdi (ha tiig teheiog inaywyiig) 6 1) avicdng :

210 10% @nbeber S1i kale vEN.

'ArnodeiEig: Axv= 11 dvodtns &ndele, fitor 210 > 10%

"Eorw &1 altn &Anbeva S1d k&Be v <k (kal ToUTo Bid Tuyov keN pé k> 1), omore
foxouy ol Eytoess : 205100 ket 210D 5 103K,

& 1y Smroleov 51 TOAAGTAGCIGOPOU KaT& WHEAT) TTPOKUTITEL : glok = Bk, fitot f) v Adyw
ﬁvmé"rns foyUer kad B1&d v = k* ouverrds loyue 210vi~, 10%Y 81k kéBe v eN.

§31. @ecopnpa Il. — Yro0éoerg: 1) "loyver : «ii p(1) xal p(2) eivar
&knﬂstg», 2) pé v OnéBeorv 611 @rnBedovy oi p(k —2) kei p(k —1) anoder-
kvoetar §m 4 p(k) ahnbeost kai todto did toxdv keN pi k > 2.

Zopnépacpa: f p(v) Ghnbeder S1a ke veN.
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‘Egappoyn Na& deydii bu da xabe guotkov apbpov v tooe
Sv=(3 + Y5)" + 3- V5) = nod. 2.
'Amoderbrg: Axv=1 kol v=2 Eouev dvtioTolyes :
Si= @+ ¥+ 0G-V5=6=3.2
B,= G+ 150+ G-Vipr=28=7.2,
*Apa | mpdraois loyie Bik v = I kal v=2.
“Eoreo &1t arn foyxve 51 v =k —2, k—1 (Bix tuxev ke N, k > 2, firor:
Sk-2= B+ V) 2+ B V552 = wor . 252
Sk1= G+ V3! + B V5% — mon . ok-1,
O bel€eopev TéTe OT1 ) TpdTATIS adTn loyUer kal Bk v = k.
Tlpds ToUTo Becopoupey T Effoway ut pifas x, = 3 + V5 kai x, = 3 — V5.
AUTn elvea iy x?—6x+ 4= 0.
EukdAws Tohpa SiomoToUTar &t
B+ V) + 3= V5)¥ =Sk = 6 Sky — 4 84
kal Emopéves :
Sk = 6 - oA 25! _ 4 1roh 252 — o, . ok :

fito1 f v Ay TpdTaos loyUel kal Sk v = k.
*Apa f) TpdTaots, Buvauel ToU Becapriparos I, loyver Bic ke PUTIKSV &p1Budy v.

AZKHZIEIZ
23. No& &mroBeiyBolv Bic Tiis ueboBou Tijs Mabnuariiis "Emorywyfis af kéwt wpotdoers :
s 2 Ve B ] v+ 1) @v41
L 13424344y ____Ts_ﬁ_) L2 e
P i s = (L2434l 4oyys ot veN
3. L4345+ H(v=1)=wt W veN
1 1 1 v
ol i T s b veN

V
W) bid ) e G R
IS Gy = ¥ veN.

24. Mid kéBe puokdy &piBpdv v, vé Berybij i
1. 'O &pibpds 7 4 16v—1 Srapeiton 61ty ol 64

5.

2, » 34v+2 e 26v+1 % A % 8117
3. » ol igaiiay . 5y Wl Sley
25, 'Edv v TU) oV pUOIKSS &p1Buds,

va drmrobery oy by wykéss o dvigéTnTes ¢
1. (1—c)v=1-va S1rou I=sa=s1

1
2. (l—u)V<ma. Strou l<a=1

1\ 1 1 \=v
O R A N
v 1
5, T<1+2+3+“'+V<(‘”§1)-.
26. E&v o, o, - .

-1 v GeTivol &piduol, Siégopor Tol 1, v& Beiydij &vi:
e+ (4o )>2 Yoz

- Oy
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27, 'Eqv o, oy &, -, aveRY kel oy = o, + oy + -+ + av, SeifaTe dT1:
It (1+dl}(]+0.|)”-(1+C!v)‘f_:1+0'v W veN.
2. (I-a)(l—ay) - (l—av)=1—ov, Omoudpws 0 < ay, -, oy < 1.

3, (1+ul)(l+a,)-~-(l+uv)<il—u_, i S oy 1;
NN

1
4. (e:.+a.+---+m)(?-+ui+---+c1—)g-m_v= W veN.
1 2 v

28. No Beydi) (51 Tfis ueddbou Tiis pabdnpuorixiis tmaywyfis) &1 16 mAfifos Tév Siaywvicow
v({v-3)

s

29. Na Berxolv (51& Tfis eBoBou Tis padnuoTikis Eraywyfis) al kérwd &viodTnTES :

ToAuydvou ExovTos v—kopupds BiSetan U TolU TUTou

3 v
L 2" st oE sil0) 020 W3S Yy i >3,
3. 2H<107Y, Bk kdBe pwuveN pi: u>¥v,

T+ Y24 V34 Vv -
L RALEs k] >ZW, ¥ ven.
30. N& &moberx8ij o1 124 304 52 ... 4 (2v—l)’=‘L‘W;_—l), W ueN,

31. Opolws 1*+4 3+ 5+ ... + (u=1)8 =2 (2v*—1), veN.
32. N& &moBerydii 6T1 & &pibuds 10¥ + 3. 4"+2 | 5 Bioupeivon 51& 9, v N.
33. "Edw 8 &piBuds BeTikds # 1, vé dmoBeydi 611 Sid kdde v e N loyde ) dviadrns :
D o e AR 1
Y

. 34, 'Edw a* — Py = moh - 4, BB o, B, y € Z ut y = 0, Tée Seiforre 81 Bk kil PUOIKSY
PBuSY v loyve :

SvE(d-l-ﬂ\"Y_)v-i-(02—[3’/}7)"=1'ro?\~2".
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MEPOZ AEYTEPON

AAFEBPA KAl ITOIXEIA MAOHMATIKHE ANAAYZEQXE

KE®AAAION III
ATIOAYTOE TIMH IPATMATIKOY APIOMOY

|. OPIZMOI! — IAIOTHTEZ

§ 32. ‘Optopds. —’Anoiotog Tyt Evog mpaypatikot aplpod kakeitar ad-
tdg obrog 6 aprOpdc, 2ay elvan Oetikdg i pndév, 6 avtibetdg tov, Eav 6 apBpog civar
apvTikog. A -

‘H &rrdAUTOS Tilh EVds TPy HOTIKOU &pfuoU o oupPorifeTon i @ o kol
&vory Ly VEOKETAN : «amdAvrog Ty Tod a» *) . Qs Gueoov ouvéTeiaw Tou GuwTEP
&plopoU EXOUEY : ;

P X la|=¢, tov a=0

kol |al=—0q, v a<O.

3 3 3
T A g
Otre: 12]=2, 10| 7| ( 4) -

*Ex ToU GvewThpo GpIoHOU TIPOKUTITEL GTL ;
Mo oaeR  glvar:  Ja|=0.
> AVQAUTIKOITEPOV EXOHEV
|la| >0 = a#0
kd o] =0 = «=0.
“Ofev 1) TapdoTaots |of elvan piy apvntikdg apilpdc.
sEyreufev Emeton & E6fis looBUvapos dpionds Tiis &moAUTtou Tipfs Ty paTikol
&p1Bpol

s Arohvtog Tyl (7 pétpov) Evag npuypetikod dpBpod o kakeitan 6 pi) GpvnTIKdS
apbpoc, 6 dnolog dpiletar oltom ¢

lel=

opa

{ a, tav a=0

—a, tav a<<0

* T gUpPorov |a| s kal f) dvopaoia Tou, dgelhovran els Tov Meppavedy pabnuaricév Kar
Weierstrass (1815 - 1897).
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IAIOTHTEZ TQN ATIOAYTQN TIMON

§ 33. "I1816™ g . — Oi avribetor mpoypetikel apbpoi Exovv isag &modo-
TOUg TIPAG,

fiTol : ’Edv. 0 €R = |a| = |—q|

’Armoderfug: Aoxpivopey Tpels TEPITTROE :

(). 'Bw @>0, ométe —a <0, = |a|=0a kal |—o]=—(—a)=a.
"Obev : o) =|—a|.

(ii). 'Eav a=0, omédtekai —ax=0, =+ |a|=0 xol |—c|=0.
"OBev : o) =|—«|.

(iii). E&v a <0, omére —a >0, = |a|=—a kol |—a|=—a.
“Obev kai el alTnyv T MEpimTROW || = | —«].

"Qoe : V oeR = |—a|=|a|

Mépiopa. —Edv @, BeR —> |a—B|=|p—al.

§ 34. "1616™g I1. —Eiav a npayparucdg apdpéc, tots :

—le|=a=al.

PAnoderEig: Aaxpivopey 8o meprTdooes ;

(i). 'Ew e=0 = || =a ko tmopbvess: —|a| S a = |af.
‘Ofev kai 1 —|a|=a=|al.

(ii). Eqv @ <0 = |a|=—a «kai émoptves : —la|=a< |«
‘Ofev ki :  —|a| =S a=|al.

Obdémote elvan: — o] <a < |al.
"Qoe : YV aeR = —|a|Sa=|q|

Mopaeripnoic: Bk Tis dvwrépw 16i1oTnTos Emeten &pdocss :
W oxeR =[x |42 =0xux|-x =0

§ 35. 18166 HL.—To terpayovov g anolitov npfig évig mpaypatikod
Ip0pod icolital Tpdg T TETpdywvov ol dpbpod tobrov, ol loyver @

. Y aeR =+ |a|?=a?

’AndderEig: 'Eav a=0 = |a| =a kal dpa |a2= a2
Edv @< 0 = |o]=—a kal ouvemdss |aP= (—a)?= o2
“Qoe : M aeR = |o]t=al
EZrovdaia napatipnors. Edv aé B = |a|? # o2
OUtws, ¢av aeC, BnAadn o= x-iy, (y # 0) = |a|2 £ o (Btorri ;).

39

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrg



Kard TadTa 1) lootns |« |2= o ouveTr&yeTal TO TPOYHATIKOY TOU o kal TO
Bipopov | a2 # o ouverrdyeTan 6T O « elval THs popefis A+ ui, oupPoikéds
(A, u), omou A ueR kol pF 0.

Moplopa lov. — Fevik@tepoy ioydovv td k@t :

| x !lv — X2
2v+1 o =
3 x€R, vEN = IXI2V+'={ x2vtl gav x=0

tx2v+ll gav x < 0.
VS
Mopiopa 20v. —'Eav a€Rl xai vEN = Vo = |al.

Kotd TouTe elvan e
x, & x>0

Yxt={ —x, twx<0
0, v x =0

Els 8has T&s mepimrTados Suvdneda SBev v ypdgoopey : Vx2=|x]|.

§ 36. 1516™NG IV.— Avd k60 Celiyog (g, X) mpaypetik®v apbpdy pe £>0,

ioyber 1 Aoy icoduvopia :
x| =t == —e=xSe.

Anoderbig: "Eotw dmioxia: |x|Se = |xPS ¢ fj xora TV 1B16-
nre x*?=¢ f x2—e2=0 f| (x—¢) (x+¢e)=0.

AT, KAT& T yvwoTd, dAnBetel ik —e = x Se

"Qoe : x| Se = —e=xSe,

'Aviictpboog: "Eortw tdpa éTi loyle :

—e=x=t = (x+e)=0A(x—-e)=0,

oo (x+€) (x— =0 A x2—e2=0 f| x2=¢% 16Te oupgvws TIPS Tt
mépioua 2 THs Trpomyouvuévns iB16TnTos, Emeidn kai € > 0, Exopev: | x| =«
"QgTE —eSx=S+4e = [x|Se

“Apa : V (g X)eR"XR: |X|Se <= —t=x=¢

NMapotipnorc: ‘Opolws &mrodeikviovTtan ai Aoyikal {goduvapia :

1n. —g <X <& <= |X|<¢g bnov £>0

2ec. (x<-—t fi Xx>¢8 <= [x|>¢ Bnove>0
‘Egappoyai. In: Na dnodeuxdfi f (hoyuci) isoduvapio:

2=x=8+= |x-5|=3.
Mpéyuar, & TV 2=x=8 4= —3=x-5=3 <> |[x-5|=3.
20: Na anodex0ii fi (homkh) ioodvvapia :
[x—x| <& 4= x—e<<{x<x,} 8.

Mpdypom @ [ X—Xo| <€+ —e << x—X, <& < X—e <X <X+ &
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‘AméAuTtog Tipi) aBpoicparog fij Srapopig
mpayparik®dv apibpdv.
§ 37.°1616™g V.—'H andhvtog tipij tod aOpoiopatog Svo TPAYRATIKAV GpL-
Judv elvar pucpotépa i ton 1o abpoicpatog t@v drolitmv updv 1dv tpocletiwv,

firon o+ B = |al+IB|

’AmoderEug: Tpdypat, ik Téy YVWOoTROV oxéoewy (i51otns 1) :
—lalSa=|a|
—|BI=p=1p]|
1k TpooBioews KaTd uiAn, AapPdvopey
—(el+IBD)=a+p=(a«|+IPI)

@l kard THY TRONyoupévny 1B16TNTY, Exopey

la+Pl=|al+|B]. G.1)
Mapatipnorg: ‘H iodtns dAnbeler TéTE, Ko pdvov TOTE, &v: af =0
Brori ;).
"Ofev picr oAU Ypficiuos TpdTaots elvan £€ns
le+PBl=la|+|B| <= ap=0. (5.2)

Mépiopa lov.—'H arélvtog tpd tiig Srapopag doo npaypatk@®v apipdv
var mkpotépa ij Ton 100 GBpoiopatog t@v anoritav @Y tov,

fiton - le—B|=|a|+ Bl (.3)

Mpéoypar, éav els Thy (5.1) Béocopev &vti B 16 —B, 0 Exouev :
la—Bl=lal+|—B|=|a| +|p|.
To foov loxUer TOTE, kal pévov TéTe, dv: P =0 (Biarrd ;).
‘Ofev ioyUea fi Aoyixn icoBuvapia :
: le—fl=le|+[f| <= ap=o. (5.4)
Mépiopa 20v.—'Edv @y, @y, . . ., @y ER, 1616 S1d k@ veN pi v=2 igyoer:

logt oyt & [ S0y [+ o]+ - |y |

‘H &mébeifis elikohos Bk Tfis pabnuamikfis (Tedeias) Emoycyiis, yvwoTol
VTos &1 i v = 2 foyve (§ 37).
'’Egappoyi: 'Eav |a|<% Kai ||3|<% — o+ B|<s.
TMpdyuaTt, 51° épappoyiis Tév (5.1) kad (5.3) Exopev :
la £ BISlal+IBI< %ﬁ—%:a
*Apa : la+ Pl <e
4!
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38. "1616™5 V. _°H énolotog Tipq tiig dagopds doo rtpwf!.lunxfw ﬁ‘.pl:
Gpﬁ)\sgiv(.n peyalvtépa i ion tijg Srapopis TV dmolbTov npdv t@v apopov Ko

oiavéinote TAELY,

frov: | o whER| = la—BI=lal—IBl wal la—PI=1PI—|e]

‘Anodergrg: *Ere1dn a=a+p—Pp=P+ (@—P), Exowev Koo THY
1518 e 2
mTZf?:m (@—P)I = 1Bl+1a—Bl, & ol: ja—BI=|al=|Bl (1)

‘Opofoeos : p=p+a—c=atP—a) TApx: 7
1Bi=la+ B—D|S|al+|p—al=la|r|a~pl & ol:
la—PI=IB|—lal. 6.2)

Mépiopa. _ *H anolotog Tpd 1ol dbpoicpatog 00 mpaypoenik®v aptlp®v
givar tls:')ulmépa f{ Ton tiig dragopic 1OV anoibtov Tpdv 1@y aplpav ke’ olav-
sqmote talLy,

frov: | 3 @ BeR | = la+BIZlal—BIxai [a+PIZ1BI-lel | (63)

Tpérymari, &pkel ks TOS (6.1) xai (6.2) va Tedf) vl P 1o —.

§ 39. "I6t6mNg VII. — Awa kaBe Lebyog mpoypetik®dy apbpdy ioyds

] Hal—1Bl|=\a+ B

‘Anbderirg ‘ExTtav (6.1), (6.2) ke (6.3) Exouev :
by s |l =181 = e & P .
kol &g’ Erépou: IB|—lal=lak Bl A4 —la+BI=|al—|BI. (7.2)
*Ex éw (7.1) kol (7.2) ouvéyouey Thy B1mAfiv AodTN TS ¢
e+ BlS|al—|BIS|a LBl
# émola, kAT Thy iBidTnTe 1V, ypéoeTal
llal— 1Bl =lat Bl. a3

Kot drohoubio, Péoet kal Tiis i&10TnTOS V, 6& elvan :

o, BeR | = [lal= 18| ={a £ BIS|al+1p] 4)

Hapatipnols ExTov iBioTNTwv TéV &modaybivtwy s Tag TPOT
youptvas TPy pAPOUS, PETE TGV dVTIoToiXWY TOPIoR&TwY, ouvdyouey OTH

B o BeR| = lal=1BI=|lal—=B||S|a+ pIS|al+I1B |

"Ackno1g EfeTdoare woTe els Tés oxéoers (7.5) toyver To foov.
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"Am6AuTOG TIpR Yivopévou mpaypanik@®v aplbudv.

‘ §40: 1I516mg VIII. -- ‘'H énélvtog s tod ywopévon 8bo mpaypotikdy
apipdv isoltar mpog 10 Tivopevov té@v amolitov TGV 1OV Tapaydvav.

*Hrol la-Bl=la]-B|
'Anoderfie Qs yvwordv (§ 35, wéplopa Zov) ifoyve :
Y=z
"Apa
|aPl= V() = Voo - B? = V¥ . VBT =|q|.|B|. @1

Népiopa lov—Eav ay, ay, . . ., o, € R, 1612 818 ke veN p v = 2 loyier :

|“1‘a2'“3“'a~'—1'avi:lul|'|uai' |‘13|--a“1v-1|'|uv| 8.2)

*H &modei§is eUkoAos 81cx Tis pedddou Tiis TeAelos Emarywy s, yvwoTol Svros
611 Bix v = 2 foxUer (§ 40).

Mépiopa 20v. —Eav acR ki veN ioyie naveots :

le¥|=]al ]

Mpogavéds, dpkel els THy (8.2) v Te6f Oy = Oy = o= .

s = Oy = Oy = X,
"AméAutog Tipf TMAikou &G0 mpaypartikidy apbpdv.

§41. "1816mTg IX. —"H andlvteg tph tod mnhivov Svo TPOYPATIKGY GpL-
Oy isodtar mpog to TNhikov TOV drokitev TGV abtéy.

a

"Hron : T

I Z-IIQT:" Evla B == 0.

’AnoderErg Tlpopavdds, Exopev: o= % B (UmroTifeTan R #0)

ke Emroptvers kara THY 1516t Ta VIII 84 elven ;

Llg el o lsl [«

s lic]= 5 B B [B], ¢&€ol: l |_“31,
. P L
Qote : Vu,ﬂeR,B#o‘zt-iﬂlﬁlm

Méplopa. — Awa kale a€R né @ 520 xai keZ ioyie :

lo¥| = |a|k.
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Mapadeiypara tpappoyiis TGV avwrépw idlotiTwV.

Mapadervypa lov: ‘Eav o < p oeibate 6n 1 naphoraog
A=|la—x|+|p-x]|
Sratnpel otadepdy upfy, dtav 0 X perapidrdretor petafd thv a kai B, o1n-
raéf o <x<B -
'‘Anoderkrg: Erreidhy o < X < P Exovev :
e Lt L T TR e A
p—x>0| |p—x|=B—x| } " '
BnA. 1) TTOPAOTATIS A elvan QueE&pTnTOS TOV X, ¢p’ doov PePaiws o < x < P
NapatApnolc: To aurd loyle xal &Toav a=x=p. Tl ovpPalve 1 x <L @
a
Ax>Pi '
Mapaderypae 2o0v: ‘Eav a, PR, va arodaryij i icoduvapia :
l|a|—|Bl|=]a+B]| < ap<0.
'Anoderfrg: *Ex Tfis looTnTOS lla'.—lﬂll:id—i—[il AapuPévopey TV
(lal=1B112=0et+B?® A (el=1p])! = (= +p)?
f at—2|a||p|+PP=c+20P+P* A |of |=—ab. “Apa : of < 0,
kodoov, Eav fiTo ap =0, 6afiTo, i€ Spiopou, |ap |= op.
'‘Aviictpboog: Eow o < 0 = |oP|=—aP § |a||B|=—oP
A —2|al|Pl=2cp A a?—2|al||B|+ Pi=of+ 2P + P*
f |0‘|2—2i0‘lIBH—IW:(0‘-H3)2 A (o] =[B])2= (=+P)*
“Ofev : \ldl:-li31|=|u+[5|_
Mapaderypa 3ov: Eav xR pé: -2 =x=3, deifare 6nr:
|x2+dx —2| =23,
sAn6derErg: “Exowev (Tlop. 2ov, § 37).
| x84 4x—2| S| x[P+4[x|+2
Tépaéx*ré’av—?éxé?'@ 3Sx=3 =+ |x|=3, fg: 252

SUvETTES |x244x—2[=9+124+2=23.
Mapaderypa dov: ‘Eav o, BER xai o® = P2, Bsibate 6u:

lal—181 , [lal—1Bl| | la+BI
Tal=1pl] ~ Te=Bl ' Tal+1pl

Aborc: Tpopavés, i of # B* dider: o 7 |P|, &6ev xal o # P
*Ex i (7.5) § 39 Exouev

1l =181 =1l —1Bl] [lal= 1Bl Sa=pl xai ot BIS|al+IPL

=3

44
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lcl—1Bl oy llai—1Pl o _le+B| -

llal—ipl] = * Te=Bl ~ " Ta[+IBl
Kot 26 cUTédv, B1& TpooBioews kot PEAT), ACPPEVOUEY :
lal=IBl  llai=IBl| | 1o+B]l 4
llai—rgl] T Ta—p1 T TalH (BT
Mapaderypa Sov: 'Eav o, peR, ap = 0, dcilate b1 ol dvicodnres :
1 20+ P a ap + 2a®
| —|<1, |—fa
ek O e DO e

elvan Loyikdg looddvapor, dnhedn 1 &b tiig pidg cvvendyetar tiv diiBeiav
t@v droloinmv.
’AnoderEuig: i) *Eotw &T1 dAnBevel fy rpadyTn. ToTe Exopey

3 2
’ i:rzg <1 f 40®+ 40P+ P? < o+ 40P+ 4P? fi 3a? < 3p* §) o < P,
BEol: || < |P| ko tmwedhy |B| > 0, Emetan %<1 il %’<1, fiTor,

loyuotons Tis TpwTns, loyler kad ) BeuTépar.
*H&n, &k TGV BUo TpwTwY, Si&d TOAGTAGCIGOUOU KaTd WEAT, AcuPévouey ;
T of I - N \ 202+ op
lat28) TpT <! N | gt
(ii). “Eore émi &AnBeler 1) Sevtépa. TéTe dxorouBouvTes dTifieTov Topetav
@Bdvopev &k TS BeuTépas els TNV TpdTnv. *AkpiPéoTepov Exouev BiaBoyikeds :

< 1.

% <1 f a®<P® A 3c@<3p A 4o+ 4aP+ PP < a4 4aP | 4p2
2
A (Qatp)< (a+28)? A (§u++zg)< 1, ko ko Thv § 35, op. 2ov,
pLES
EyOuEY ¢ c:+2|[3 e I

a

B ] < 1, B1& TTOAACTTACCICOHOU KT MEAT,

*Evretfev, &k ToUTns Kol TiS
AopBévopey Thy TpiTOV.

(iii). Téros EoTw 6T &anbever 1) TpiTn. ToTe Exopev :
o (P + 20) o 2a+P

=lofolms =l

P (x+2P) P a+ 2p

*Ex Tis TeAeuTafos &vigdtnTos fmetan &1 B& ToxUn A pla ToUAdyioTov TV
GVITOTT TV : 20t p
=P a+2p

Jloyuouans Bt s uios TGV GuwTépd duigoTn Ty, foyUel, ds EBelydn els
Tég Teprrrcooes (i) xod (ii) kad 1) &AAT.

»

<l <l

>
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Oa EEeTATWHEY xaTwTépw kol SUo Eldika Topadelypata mpoctfaTte TNV
&médeabwv

Mapaderypa Gov: Al 1od cupforov max(a, p), dvrieroiywg min (a, B),
supforilopev 1OV péyIoTOV (maximum), dvriotoiyng Tov £haytetov (minimum),
#K d00 mpoypoTik®dY aplpdy @, B, tobg dnoiovg dpilopey obtwm :

&0 = : a, £av o <P
max (o, ) = { s [T) ; min (a, p) =

p, v p>a B, gav p=a

Katomy tev avatépn Oplopdy v gopeli] 1) Gvadotikl Ex@puots TV max (a, p)
wai min (g, p) cvvapticel THV @ ki B kol tiig drolitov Tipdig tiig Swugopig adtdv.
Aborg: I Eav a=p Exouev:

at+P4(@—P)  a+Pria—Bl _ atB+|p—al
2 o 2 2

max (o, p) = a=

i +B—la—Pl _ a+p—|p—qal
nuin(a,p)zp:ﬂﬂ_z(_a_ﬁ.=“ 5 ek 2[3 af
IL. Edv a < P Exouev:

—o) _ afPB+IP—al _ atPtla—
max(a,ﬁ)=ﬂ=G+B+2(B o). p 2B al o [3+2|0: Bl

min (o, B) = a=

a+p-—(@-) otP—|P—al a+tPB—|a—p|
2 2 2 :

Mapadeiypa Tov: Eav p, kai p, slvor ai piCor Tob tprovipov x2 | Ex 1

koi toybovv: |E] =2 ki m>1,
1 1

G fi 6ms —t—=12
va dery0i dn S

'Anodeibrg: ‘H Boxpivouosa ToU Tprwvipou elven :
€2—4n =4n?—4n =4n(n—1) >0, &én n > 1,
&pa T TpicovupoV ExEL piLas mperypaTikds kol &vicous, Bick Tés dmroias B Eycopey :

Prtpa=—§ €))
P % Pa = 1] (2)
Aiéx Sronptoeeds TEV (1) kol (2) xard uEAN AauPévopey ;
R1Pe i
P1 P2 n 3
*Ex Tiis (3), &v AdPoopev Tés STOAUTOUS TINGS GUPOTEPGY TGV PeEAGV, EXOMEV ©
| prt P2 | :| 4] EE A deatnes] = | EL: lgl .
| P1Pz | [T | Py P2l [n| ) Sl
*Emeidh) 86 Umobéoews | §|= 2n, 0& Exwopey
lp1+pal 1€ 2n
2l mlmh B 2ol wren i 1ol )
lpal + 1Pl n n )
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"AMAG, (iB1omns V, § 37) 1 Ipyl - lpel = [ pyt pel OoTe, Adyw kai Tiis (4),

i [p1l+1pal | Py P2l
£V 2L T T2 TP TTRL 2
S Tesl-Tpal = Tpal= |pg)
1 1
T + - =
1 fpl |Pai
ATKHIEIS

35. 'Eav o, P R, v& &mobexfoiv af ioobuvapian :
llal=|Bll=la=p| > op=0,
2. a|p[-Bla|=0 <= |aitpi=|a—p]|.
36. EUpete Tds dxepalas Tipds ToU x 81& Tés dmoias slven :
Ly e 3,0, oo B || SalyB iode) e ainY
37. Eav a <P <y <8, v evpedf] moTe f} TophoTaos:
A=la—x|+|B—x[+|y—x|+|5—x]

Biornpel oTadepdy Tiuv.

38. AibeTan ) ouvdpTnois { pé Tdrror :
[x+1]—|x=-1]

Né& &modery0ij &1t
e ko il 1

f{x) = 1
= v |x|>1.
39. ’Edv o, B YeR ut oy # 0, v &moBeiydij 61 :
o ol _i_jz“:LYz + Yit e
[«|+ B [Bl+ [v] Y|+|°‘
40, Muix Trolag TPOYHATIKGS Tipds ToU X Exel vénua Tpey pacTikoy &p1Bpol 1 ToapdoTaos:

‘ =|la+P+ vyl

2v
y= V T + V2-Tx[+2¢=[xPF, (v= UaIKDS &p1Buds > 1),

41, Eav o, Be R, Belfare STt o B|+P|a|Scp + [op | Tote loyver 16 = ;
42 Eavx, yeRmt x <Oxaly = |5-3x|-2|x]|, va &modeiy®ij 6Tz [ x| — |y |=5.
43. 'Eav x, yeR— {0} kalloyle:

x|yl +ylx|]

-2,
=¥
v &rrobery0ij &1 ol &pibpol X kal y elvan dpdonuor.
T : + y, v& &moberybij 6mi: | x| 1yl
44. Eav x, yeR, x# LY XV om |X+y{+|‘x—y|é1'

45, 'Eav x,yeR xad 2x+y + 4=0, vadmoBexdfidn: |[x|+4 |y|=2.

46, "Eqv o < P <y <B, v&d&moBaybfidm: [B—y|<|a—5].

47. *Edw ol guvteheotad Tiis E10doecs x* 4 yx + &= 0 wAnpolv Tas oyéoess :
[l+y+8|=|1-y+8] xad |y|>1+]5|,

Befforre 671 1) bv Adyw EElowais Exer pilas TpaypaTikds xal dvigous.

47
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48. 'E&v o, B, vy, 8eR wt v # 0, v& &mroderx®ij 611 al oytoes
p-8|l<la—y| ) xd |¥[<IB] @
+-15
‘. p v/
49. 'Eov «, PeR xal |a| > 1, Bei€ate én ) lodtns: P =

<2

ouveTrdyovTal TV
SR
1—|al
ouvemdryeTal TAS ; .

1 | a=——F5-
gl > kal « T=(P]
50. 'Eqv X, y, z€R, Beifore &Ti:

|x+y—z|+|y+z—x%x[+ lz+x—y|=|x|+|y|+]2]-

51. Aeifote 6T1: max (0,2x) — min (0,2x) = 2| =l
52, Aeffarre & E EdoTng TGV oytoEwV

2x + 3y i 2xy + 3y?
3y + 2x =1 ‘x <l 3xy + 2x* <1 (x, yeR, x5 0)
emovton ol &AAat BUo.
lod Pl o lal 1l

Edw « PER, v &mobey@ij & : =
§3. "Edv o« PER, va dmoBend® &n: 1T T ST Tar t T AT

54, 'Edw ol o, B, ¥, X, ¥, Z€R, elvan Biagopor ToU unBevds kal TAnpelv Tés oytoes:
z
T+ [x|4+y|+1z]

Y:

X i ¥

o= TITRrFTy Tl P TFEIF I+ 1ar
vé Utrodoyiofiolv ol X, ¥, Z ouvapThioet T&V o, B, Y-

86, 'Eov x€R kol |2x 4 9| =3|x+ 2|, v& Umohoyoi f | x |.

56, Ak & Lebyos TG TéV X, y loxlel f lodtng:

|xv—=3y+1|=|3y—x*—-1].
§7. 'Edv x, yeR xal y V@ —xVy + x|x|-y|y|=0, Belfarre mi: [x|=[y|.
58. 'Eéw o@ = Py kal 2(P+v|+ [y[> 6+ Py, vaBaybfj émd&elvon:
vz Ipl=3uilyliz=2% |pl<3.
59, 'Eav |x|> |y, Beffore &

| x| Lyl | x| Iyl

e L e -

El =¥l =I=0yT ~ Tixl-131] =2
60. Eav y> 1, |[B|= 27, Bel§are 6m al pifon x,, X, Tfis Eiodboews x*—Px+y=0
5 ; 1 et

mAnpoUY THY OXETIV & +m_ 9

61. *Edv a kal B elvon &pibuol BeTikol, vér Beiy0fj &mi:
| Va- VB | s VTa=B]-
62. 'Eaw x # y, Gelfore &T1:
lvm;_\"f'i'_)ﬂ(lx—y{.
63. 'Eav o, B, YER xal (B + ¥) (v + @) (x4 B) # 0, 8eifore &11:

lal P Lyl 3
TEE IR I Thalt &
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64. MetafU molwv Opicov peTaPédietan & Aoéyos %, 6Tav S1&d ToUs TpayupaTIKOUS
[ a+2p

&piBpous a, P loxin 1 &wvicdrns : e i 1
P P loxim 1 n | 2axp|<
65. *Edw § elvan pila Tiis éElc'd:crsms ax? + Bx + y = 0, va deayxbi) émi:
lal+BI+iv]
| < ——F
1 i lal
66. "Eav I’;|—+1 = )::]—4" [ V& &mobeydi 611: xy = 0, (X, y€R).

67. ©ccopolpey THY iowow: x* —2ax + P = 0 P& ouvTeAeaTds TpaypaTikoUs dpiBpols
kad pidas py, pa- "E&V | py | = | pys v dmoBaxdii 6mi: a4 Vo + (BI= (1 4+V2) . |pul.

68. '‘Eav [y —o| < [x— m| kad || <|q|, va&moderxdij &1:

69. Aldetan 1y éﬁiuwmg ax® 4 ﬁxy —yy? = 0. 'E&v petafy &V pidv X,, X, kal TéOV ouv-
TedeoTdV aUTiis UploTavton al oytoes :

— | <3, (UmoTiBeten: w, ¢ # 0).

[ %+ x| B 2
ixn+Xal+\x,x,|_‘°‘E' 1_I“|—Tp|. ay = — 0,
va &modeybi) 61 : y = :l:—;—-

70. "Edw § elvan plbar Tiis t610choecs x4 4 ax® 4 P = 0 kal elvea | §| < 1, v& Berydij 6m
B elven wavroTE :

o+ B[ <re + | 2.

EZIZQZEIZ ME ATTOAYTOYE TIMAZ TOY AMNQETOY
ETIIAYOMENAZ ENTOZ TOY R.

O xBtowpey KATWTEPE TOV TpdTToV EmiAUoEws, 2uTos Tou R, HEPIKEY popodv
Eiodwoewy, els Tés dmolas UTrelotpyovTon dmdAuTor Tipal TpaypaTikéy &piBudv,
G5 &yveooTwy.

§ 42. 1. "EmiAvoig Tiig EStowoews a|x | + B =0, pé a, BeR kaia 0.

Arcpivopsy BUo TEPITTOE :

). “Eotw x > 0, T7E (&6 dp1opol) Exopey x| = x kol f) EElowors ylvetan :

ax+P=0, & ob; x:_%,

‘H Tipfy adrn o0 x 0 elvan Bextd, Ew Ikavotor Ty x > 0. Anhade :
i s :
>0 (H
*Evraiifer, tav of > 0, SnA. &&w of wporyuaTikol dpifuot o kad P elvan dpdon-
Mo, ) (1) 8&v &AnBevet Kol émoptvas 1) Sobeio Eiowots Biv Eyer Aoy,
*Edw Spoos ofp < 0, 8nA. of o kad B elvan Evepdonuo, 1y (1) dAnbeler kad mo-

Méves ) BoBeioa EElowats Exel Aow, ThHy x= — _E-.
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p). “Eote x <0, TéTe | x|= —X kol f) Bobeloa EEiowais yiveton :
k. B
—ax4+p=0, EEol: x= —
‘H ipfy adrn ol x 8 elvan BexTh, t&w TAnpol Thv x << 0. AnAadn :
2 < 0.

(o

@

‘H (2), Tpopaveds, dhnbevel B af < 0. ' '
“Qoe, §) tElowots a| x|+ B= 0 elvan addvatog, 1) dAAws Eateprpévy hboewg

rav of TrparypaTiKol &piBpol o ka B efvar dudanuol, Exel 8¢ altn Aoes

o5 TTPOS X,
X=— B kol x = =, tav of o kai B elven Erepdonpor. Eis Thv Seutépav wepi-
oty Aéyousv OTL ticwois a|x|+Pp=0 elven icoBlvapos mpds T ¢
pe
]

¥). ‘Edw p=0, Eyouev a|x|=0, kalouvvends |x|=0, &0l x=0.

Té& dveoTtépw auvoyifovtal glg TOV kAT Tivaka :

Ilivag Sizpsvvijosns tiig: o [x |+ =0

af >0 7 alx|+p=0 daddvatog

—

B

a|x|+f=0 = X::i:;-

af <0

ﬁﬂ=0ﬂﬂm+ﬂ=0 Lo
-

Mapadeiypora: lov: Na mAv0f 1 &Eicaoig: 2 |x| —3=0.
ADaug: "Exouey, & TPOKEILEVE), a=2, P=—3 koi émeidh afp=—6 <0

f tEiowots 2 |x|—3=0 Exer T&s AoeIg: X = + 5

2ov : Né #mvdf 7 ilowog : 4[x|=~—"7T.
Aborg: H iflowals yppeTal 4|x|+47=0. Evroudo elvon o= 4, p=7

xod Braidh of = 28 > 0, 1) Bobeioa EEiowois elven G8ovatos.
43. 1. "Emihvolg E5toQoewg Tijg popdfic : ajx |+ Bx+y =0 (1)
pt a, B, YER—{0}
Araxpivopey TPEiS TEPITITCIOELS 3
). "E&v x > 0, Eopev £§ Spionol | x|=x kol f Sobeion ¢Elowans ylveros:
i Pty = S o By e iy S gy o

Edv a4+ P #0, § (2) 8ida: x=—_&l_ﬁ_
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A& va elven Bexrd) ) Tip adTn ToU x, mpémel v ikavorrolfj Thy x > 0.
AnAobt) Trpémer
Y » Y "
-———>0 <0 a+-p) < 0.
TE f i y(a+p)

a+p
B a+B=0, fj (2) yiveton Ox=—1y. Ewaidn &¢ y+ 0, abrn elven &5U-
varos. Zuvetrdds kai 1) (1) elvaa addvareg.
#) Eew x <0, Té1e |x|=—x xai fj (1) yiveten :
—ox+Px+y=0 § B-c)x==y A (@a—PB)zx=y. 3
Bdv a—P #0, § (3) 5i8ar: x= ?Z_B'
A vé elvan ) Tipn) adTn ToU x Sextr), Tpémel v& ikavomoli THY x < 0.
AnhadH : E§g<qegw:y@—m<a

Eav a—P=0, 8nA. a=p, 1} (3) elvan &&Uvatos, 29’ doov ¥ = 0, Kar’ ko-
Moubiow kai f) (1) elvar Gdbvatog.

7). ’Eav x=0, 1612 f) (1) yivetea y = 0 xal &p* doov y = 0, { &iowoig
elval adovatog.

*Ex TV Qv TEpw ouvdyouey Tov dkdAouBov Trivake ;

Ilivag Siepevvijoeng tig : « |X[4+Px+v=0

atp#0 ‘ :
y(a+p) <0 X[+ PX 7= 0= x_—__h_FB,

atp=0 | 1 &ficwoie (1) sivar adotatoc,

i

a—BF£0
7((1_[3)<0 “lxl%‘ﬂx+7=0=-x:m

a—p=0 M &icwog (1) siver adovaros.

Enpeiootg: Mk P =0 Exouey Thy ueppiw | (§ 42).
"Acknotg: Eferdoate Tas k&Twh iSonTépos mepimTedoes ;
® p=1 y=0 @ oc=4+1, p=1, y=0.
Hapadeiypata: lov: Naimivlf i &icoo : 3|x|+2x—4=0.
ADoug: AappdvovTes TAS Exppdoels a+ B, y (x-+p), TOPATNPOUUEY 8T1:
a+P=3+2=5#0 xal y(a+P)=—4x5=-20<0.
MAnpodvTon &6ev of cuvBiikan Tfis TepITTACEWS o) Kal Ko’ dkoAoubio 1 Sobtioa

tE EmiByeTon G§ AUV THY oy
owolg EmBey P =5
"E€ &Ahov, Emeit) e —P=3—2=1#0 kal y(a—B)=—4x [z i)
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1) Bobeloa e6iowalg tmBtyeTon s (SpvnTikiv) pifev THY

‘,_l'_=__i:_4_
2=Ta=p 1
20v : Na Emhodi] 1 tticwoig |x|+x+2=0. ()

Aberg: "Eotw x>0, Téte |x|=x alfy (g) ylveTcn :
x+x+2=0 i 2x=—2, 8€ oU: x=-—1.

*Emreit) Sucos UmeTeln x > 0, f mpn x=—1 &moppimreTan,

*EgTew Thpa X < 0, ToTE |[X|=—X kai ) (e) 8i8e1: —x+ x+2=0, SnA.
2=0 (&Buvaros). N

A& x=0 1 (g) 8ider émrlong 2 =0 (&BUvaros).

*Apal # E§lowors x|+ X+ 2=0 &&v Exer Moorv.
ToUto &AWaTE TO GVEPEVOPEY, 51611 dv Trpokelpéve Exopey a= 1, B= 1, dmdTe:
a—p=1-1=0 ko kot dxohoubiow 1) EElowaois (€) elvar @ddvarog.

§ 4. 111. "EmriAvoig EG100oewg Tiig popdiig : ax’+ Blx|+y=0 (1),
émou a, P, YER kai a #0.
Emreidh 51 xé&@e xR elvou: 2= oy 8 ) 80pﬁeicrcx Elowois ypageTan:
a|x+Plx|+yY=0 # émolet elven Seutépou PaBuol 6o pods | x |.
‘Eqw Otocopev |x|=y, | dvwTépw Eiowors elvan loodivapos Tpos T cloTnpe :
ayis- Pyt y=0
Ixl=y,
o TOV Spov 8TI RO VOV ol (mpayvaTikal) un dpvnTikal pilen THs EEl0hoews
dos Trpds y uas Tapéxouy Tas pigas Tis Bofetons. ‘Emopéveos 1) (1) 8& Exn Auow,
2o’ Saov Exel, TOUNGY10TOV, wlaw pibay TpayuaTKY W dpvnTikiy # Eiocis |
oy®+ Py +vy=0. @
* AvouTikcoTepov Biokpivopey oS kaTwd TeprTToes :
In: 'E&v p?—day <O, A (2) Exer pilos wyadikas kel ouvendss §) (1) ov-
Seplay Alotv Exer.

2a: Edv p2—4ay =0, 9 (2) &yar T BrmAfiv plfav y=—2—BG Ko ouveTréds :

(1). ’Eqw __2;5— >0, &nA. of <0, 1éTe ) (1) B& Eyn dos pllog Tés:

Lt S A
Xy == Kl xp=——.
(ii). "Edw -2-2 <0, 8nA. ap >0, TéTef) (1) oUBepion AUow Eyet.

3n: 'Eaw P?—4oy >0, 1) (2) &e Vo pilas wporypominds, dmée :

(i). 'Edv %‘ > 0 kal — % > 0, dugdTepan ai piZed Tfis (2) elven femixod

kel Eaw kehéowpey cUTds ¥y Kl ¥y, TOTE ) (1) 8& Exn dog AVoeis, Tas AVoes TEVY
tiohotwy | x| =7y, kb |X|=Yy & TGV émoiwv AauPévopey x = -+ y, kol
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x= 4y, fiTor 1| (1) 8& Exn els v mepimTwow TatTny 4 pifes, TS :
Xy =¥n XY La=Voi Xj=—Ysi

(ii). 'Eav -)uL > 0 kad —»2— < 0, dpedTepan ai pifen Tiis (2) elven dpvnmi-
kad, omoTe 1) (1) oUdepiav bow Eyer (v R).
(iii). ’Eqwv _} <0, ) (2) &xer Yo pifas éTepootipous, EoTw Tds v; <0 < vy,

omote f) (1) O Exn cos AVoeis, Tas AUoeis Tis | X|=y,, & THs dmolas Eyopev :
1=V X=—VYa
ZuvowilovTes T& dveTépw Exopey TOV KETwH Trivoka :

Mival dwiepevvijoeng tijg: ax? 4 f|x|+y=10 1)
p2—day <0 1 EEicwoig (1) elvar Gd0vartog £vidg tol R.
—L>0 ax® + B x| + :Clm:»x—:i:i
2a T . 20
pt—4day=10
= % <0 1 &Eicwoig (1) sivar @dvvarog.
T p 9 ;
T> _T>0 foax24Bx|+v=0 Exa 4 pilac.
p:—4ay >0 —E— >0 —% <0 | 1 #icoong (1) slvar adivarog.
e
v -
% <0 M ax®4B(x|+y=0 Exar 2 piloc.

Mepikiy nepintoos : 'Eqv y = 0, Exopev iy iicwo :
“[x|’+ﬁ|x‘=0 A x| -(a|x]| +P)=0, omére:
b x| =0, & Tfis émolag x = O

7 afx |+ p=0 1 omwola Exer idn pehetndf els iy § 42.

Hapadsiypara: lov: Na ¢mhvbij, &vrdg tob R, 1 tEiocweg ¢
x2—5|x|4+6=0.

Aborg: ‘H Sofeioa &lowors yp&oeran @ |x[2—5 x|+ 6=0. (1)
Ottopev |x|=y (y>0) xal 7y (1) ylveren :
y2—5y+6=0.

Al pifon airiis elvon y;=2 kal yy=3. "Apax |x|=2 kal [x|=3, & T&v
Smolcov Exopev : x= £ 2 kol x= 4 3.
“Qote, ol pigon Tijs Sobeions E€iowaecws elvat :
, O PR N T I SR
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2ov: Na imhvdi 1| icaog @ x* — 4| x|—12=0. (?)

Aborg: ‘Emadh ‘dven x%= | x [%, BToves [x|=y (y > 0) Exopev TV
tEiowow : y2—4y S 12=0, " ;
&md THY omolov Aaupdvopey ¥ = 6 wai y = 2. “Apa 8& elvan

[x]|=8 (3) Kad [x|=—2 (4)

*Ex THs (3) Eyopev: x= k6.

*H (4) efven &duvorros. '

‘Emroptvess, ai pigan Tiis (2) glvan: x;=6 kai x,=—6.

Mopatiipnorc: *Avehdyws Epyalopsla Bik TNV emiluoty, EvTdg Tou
R, ifiocoewv THS uopgfis : ax?+4Px 4y |x |+8=0.

Mapaderype: Na tmhodif i Eiowog: x2—3x+2|x|—-6=0. (D

Adborg: Ma x=0 7 (1) elven &dlvaros.

"Egteo x>0, ToTE |X|=x xaif (1) yiveron:

P _3x12x—6=0 f x—x—6=0, f émola iy pilas Tds :
x—3 kol x=—2. ’EE alrdv Sextd elvar povov 1 fetixny.
*Egreo Téopa X < 0, TOTE [x|=—x waif (1) yiveton:

x2—-3x—2x—6 =0 § x*—-5x—-6=0.
AU Exel pldas Tés: x=6 xoi x=-—1
*EE arédv Bext) elven povov fi x = — 1, dos TAnpoUca THY ouvdiknv: x < 0.
“Qoe, of pigen Tfis (1) elvan: x=3 kad x=-—1.

§ 45. IV. 'Emrihuoig EElo0oewg Tiig popdiig : [A(x)| -+ |B(x)|+...+
|P(x)|+ @(x)=0 (1), émou A(x), B(x),..., P(x), Q(x) axépaia mo-
Aucvupa Tol X p mpaypartikolg oUVTEAEOTAG. — Ald Thy elpec TGV
TrperypaTikdV Aboecov Tijs (1) EgeTdlouey T& mpdonpa T A(x), B(x), ..., P(x),
fitor Tév TapaoTdoewy, al ool eUpiokovTal Evidg ToU oupBdiou Tijs dToAU-
Tou TIufis, Si& Tas Slapdpous Tpary LATIKGS TIGS TOU X kai Bdosl TGV TrpooTuwy
ToUTwy EEcdelpopey T& &moAuTa, SnAadn dvTikabioT®dRey TdS TapaoTdoes pi
&rohUTous Tiuds, S1& TAw fowv Twy, kaTd TOV dploudy, dveu &moAUTwy, eUpi-
oKrovTES OUTwS Els EkaoTov BidoTnpa TPV ToU x kai piav, dveu dmoAUTwy Ti-
pésv, looduvapoy Eiowoy Tpods THY (1). Al Aloes Tév Eiooswy ToUTwy, p’
doov eUpiokovTan Ex&oToTe els TO duTioTolKov Bi&oTnUX peTaBolfis Tol x, elval
Bextad g Aoers ik Ty (1), &AAws dmroppitrTovTal.

MopaBéTopey kaTewtépw pepikd opadelypara mAUoews t6iocoewy TS
wopefis (IV) mpds mAfipn kaTavénow Tou Béuaros.

Moapaderypa lov: Naémho0ij, Evidg tob R, 1 ilicoeg :

—2x+|x]—-3|x—2| +5|x+1|=-5 (D
Aborg: ‘H Bofeioa ¢§iowols ypdpeTan :
|x| =3 |x—2|+5|x+1|—-2x4-5=0. (2)

Al Tipad ToU x, of dmoion undevifouv ExdoTny TapdoTaoty ebpiokopivny

&vtds ToU ouuPdhou Tiis &moAUTou Tipfis elvol koTd cepdv: x=0, x=2,
x=—1.
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Tas Tugs TauTtas Tou x Tomofetoupev émri &Eovos katd T&Ew alfovTos pe-
yébous, dos k&t gaiveren :

s = 0 2 e

Miaxpivopev 118n Tés droAoUbous TEPITITWOEIS :

@) ‘Ew —oo <x<—1, TéTe 6& elvon:

410 | [x4+1|=—-x—1 kad 1) (2) elvan iooBuvapos Tpds 16 cUoTnua :
x<0|= |x|=-%x —x—3(—x+2) +5(—x—1)-2x+5=0 } D).

x—2<0] |x—-2|==x42 Foz— | >

‘H ¢Eicwais ToU ouoTuaTos §ibet: x = —-% (Bekt)), 605 WAnpoloaThv: x < —1.

p) Edv —1=x<0, 6& elvan:

x4+1=0 [x+1|=x+1 [xalf (2) elvea ioodlvapos Tpds 16 oUoTnua :

x < 0= |x|=—x | —x—3 (=x+2)+5(x+1)-2x45=0 =)
£e2<0| |E—2|=—x42 =) "
‘H &€lowols ToU ouoTfiuaTos Bi8et: x= —% (BexTny), 5 TANPOUCH TNV :

-1l=x<0.
). ‘Edw 0=x<2, tére:

%140 [x4+1]=x+41 }kui 7} (2) elvan iooBUvauos Tpods TO cUoTnua:
x%Ol———‘-— |x[=x =3 (—x+2)+5x+1)-2x+5=0 G,

x—2<0| [x=2|=—x+2 0=x<2 g

‘H éEiowois Tol cuoThuertos &ibet : x:—% (&moppitrTeTat), ds pf wAN-

polioa THv: 0=x < 2.
5). ’Eav 2=x <+oo, O&elvon:

L0 ol |x+1]=x+1 xkad 1) (2) elvoan {ooBlvapos Tpds Td alioTne :
x>0'=>— |x|=x x=3@E-2)+5@x+1)-2x+5=0 E.)-

x—2=0] |x—2|=x-2] 2=x. :

‘H #Elgais ToU ovoTtfpaTos &ier: x= — 16 (&moppimreTon), s pf TANpoOU-

ox THV: 2= x <+ 0.
4 4

“Qoe, of piden Tiis E§iocdoews (1) elvan 1 x= — % kol x=— 5

Mapathpnoerc: Tpds Taxutépay elpeoiv TGV TporypoTikéy Aloewy
T#is (1) oxnuerTiGouey Tov els T émoptvny oeMBa Trivaxa, els Tov dmroiov on-
petolpey T& Trpoonpa TGV EvTds ToU oupPdiou Tiis dmoAUTou TIHs TopaoTS- -
oewy els T ExdoTOTE BiaxoTrpaTa TV TINGY ToU X, kaBds Emiong dverypdgopey
kol Tég dvmieTolyous els ot looBuvépous Trpds Thy (1) Eiodoes ¢
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T e ] |x|w31X—2|+5|x+11_2x+5:0 ZUpTEpAOPHATA
=R | o = lexg3-2-5a+D~245-0 =>x=m§~t-:(—°os—l).5="ﬁﬁ-
T [ IE= i
| o |+ |3 5D =2 +5=0|=> x=— ¢ [-1, 0), BexTi,
0 —1-0—""" 4
-+ | + 4x4+3(x—2) +5(x+1) = 2x+45=0 == x =— --5—6[0.2),6mopp1m.
2L-0
b S e x_j(x—2)+5(x-i—l)—2)i+5‘—=0 = x=—16€[2,+m), &mopp.
w0

Mapadevypa 2ov: Na edpehoby al npoypetikoi Moseig tfig dEwchoeng :
]x2—5x+6i—2]x—1[+2x—3=0.
Aborg: Oftopev:
A= x3-5% L 6= (x—2) (x-3), 7b7e: =

Jee 2 3

+
I
+

o s )
kdB=x—1  TOTE. == i

“H&n oynuaTifopey, ds kol TponyoupEves, Tov dxdAoulov Trivoka :

R {x!—5%46|—2|x—1|+2x-3=0 ZvumepdopaTa

=l 4 | — | xa5x46+2(x—1)42x—3=0 Pifen wyaBiked (&mopplmrovran).

=X 5:{;1'5 , BekTHy pdvov 1 :
5-15
3 €[1,2].

L [ x*—5x4 62 (x—1) + 2x —3=0

— | + | —(x*-5x+6)—2(x—1)42x—3=0 Plfon pryadiked (&mopplmrovrat).

=_ x — 5:1:2]'5 , SekTh pdvov 1 ¢
o 5 x2—5x+46-2(x—1) 4 2x—3=0 .
i = 5“2“ € [3, +0).

*Ex ToU dvetépe mivaros kabloTatal gavepdy 11 f Sobeioa tElowots s

. . ; 5 5
pévas oy HoTIKas pifas Exel Tas: %
Mapadevype 3ov:Naémlvdfi xai vi Sicpevvn0f] 1) tisong :
[2x —|2x—1]] = —ax. a

A b oug: Emeadn 10 mpdTov pédos elvan BeTixdy f undéy, Sik vé loyin A (1)
& mrpémer vax elvon x = 0. ToUTou Tebévros, Emeton &mi

2x=0 7 2x—1=-1 1% 2x-1<0, &pa [2x—1|=—2x+1 kai ) (1) ylveran :
12x— (1-2x)|=—=Mx f |4x—1|=—2%x. (2
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"Emeidn x =0, Emeton 4x—1 <0, dpa [4x—1]=1—4x kaif) (2) ylveren:
l —4x =—2A%,
‘Emropéveos 1) Sobeioa iowas elvan loodUvapos TPOs TO oUoTNUa :
] —4x=— A% d-AHx=1
x=0 } o x=0 ]

Alokpivopey Tapa Tds 7S TEPITITCOCELS :

). 'Edv A= 4 2, ) £iowois Tou ovoTtiuaTos (3) ylveton: 0-x= 1, kod
elvan &BUvaros, §1& T&oav TIPRY TOU X, "Apa kol 1y éEiocwois (1) elven &dovarog,

F). "Edv A £ 4 2, f) #lowais ol ovoTfiuaros (3) §ibe :

1
A= s

3)

‘H mwd) ol mpémer va mAnpot Ty x S 0. AnAadh) mpée
ﬁgo RA-NS0AN24AN-420h A+2)A—2) =0,

"Ex TodTns EmeTon 8T AS — 2 kad A2 "Emeidn) 8¢ UmeTidn A £ o
Emetan OTL : A =2 ol A>2,
“Qoe, 1) Sobeioa Eiceoos (1) &yer Aow pdvov, dtav :
A< -2 kal A>2.

ANIZQZEIZ ME ATTOAYTOYE TIMAS TOY AINQETOY

§ 46. Ao Ty Emiduow, tvrds Tol R, dviodoewy pt dmodlrous Tipds Tol
dyvaaToy, tpyadousBa fkdoToTe KaTd TpoTov dvéhoyov Trpds Tov Tpdov
EmAUoews EE10woEwy TS &vTioTolyoU HOpQTis, dos tgeTénaav s o TponNyoupé-
vas mapaypagpous (§§ 42, 43, 44, 45).

‘Omeos els Tas e§1000¢1s pé &roAdTous TS Tol dyvdoTou, olTo kol elg
T&s dviodoels ebplokopev els EkaoToy Si&oTnpa veTaPolrfis ToU dyvdoTou kal
piow, duey dmroiTev TinG, foodivapoy dvicwary Tpos THY Sobeicay. Af Topad
T&V SiaoTnpdrev (Aoewv) tkdotns looBuvdpoy &VICWOOEWS PETE ToU &vTioTol-
Xou SixoTnuaTos TGV Tol dyvdaToy, drmroTtehody Tas AUoeis-Tiis SoBelong
dviodoEews.

TMpos mAnpeaTépav kaTavdnaty Tou Béuaros TapabéTopey KOTWTEP pepIKe
TapadelypoTa EmAUTEWS dvichoewy Siapdpeov popedv,

Mapd@derypa lov: Na émdlobf 1 avicoog : LXI;_S ~ E%'E o
Aborg: a). 'Eqv x =0, 1é7e [x|= x xad 1) (1) looBuvape T —
3 4 = ouppiPaoTai.
x=0 x=0
"Apa: x=0. @
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B). 'Eav x < 0, Téte |x|=—x kalf (1) looBuvapel pt 1O cUoTNHA

—x=5 x—8 —Tx>—4 4
_):3)“_ SrTteL ‘ — s By oupPiBaoTad.

x <20 x <0 X0
*Apa: x <0, 3)
*Ex 1w (2) kel (3) ouvdyouev o1 1y (1) dAnBever Six kafe x ER.
Mapaderypa 20v: Ao noiag np(mmmcdg Tipdg tob X Exel vonpa mpa-
ypatkod apidpod 1 naphotacg : V3x2—10 x| —E 3. e}
Aborg: M v Exn vonua TrparyparTikol &pipol f) TapdoTaols TpTE |
3x2—10 (x| +3=0, A tmadh xP=|x|?
3|x2—10[x|+3=0. )
Otrtovtes |x|=7y (y = 0), Exopev 16 toobuvapov pds THY (2) cloTnpa :

1
3y —10y+3=0 | _ 3(y—3)(y—?)§0
ygo

y=0.
i 1
Td g Gve oUoTnUa TANEOUTal Bid: y=3 kal 0=y = =
ToTe Opws  EXOMEV : 1
[x|=3 kol lx\éT.
‘H mpdorn ypégeTar: x*=9 # x#—-9=0 ) x-3N(E+3)=0
kol dAnBeler B1d: x=-3 kal x=3. : 1
‘H Beutépa, dos yveoTov (§ 36), elvan iooBUvapos Tpds THV: — 5 =x= S

“Ofev, i Tap&OTATIS V3x2—101x|+ 3 &xer vonua mparyporrikol &pifpot
Bi& Tas EERS TIpGs TOU X

1 1
T e B, _egméxé?, 3I=x <+ o0.
Mopadsrypa 3ov : Na émhv0ij, &viég tob R, 1 dvicwog :
2x+ 4
Ix+1)-2x|+x—1]-ZL 50, M

A © o ug ¢ Epyatopso kard TpdTIOV &VEAoyOV LE TOV EkTedbvTar el THY TTROT-
YOUREVT|V TIPSy POV © ‘
Al Tipad ToU x, al &moicn unBevifouv Tas TapaoTéoes TS dvTds TOU oUp-

Béhou Tiis &rroAUTou TS, elvan kaTd oelpdv of Efis: x=—1, 0, 1.
©ETopEY : =x+1 :;{-.. ety : 3
B=x —— :; gw_ : . + -
r=x-—1 3;%_.,, y : B
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Katoptifopev dxodolbws Tov KaTwTEpw Trivaka, es Tov dmoiov onpeioUuey

T& Tpdonpa TV Evtds ToU cupBdAou Tiis dmoAUTou TIpufis TopaoTdoswy e T&
ko ToTE Sl TANOTA TEV TINGY ToU X, s TaUTa xaBopiovran Ummd Tév eis ThH
Tponyoupévny oeAiSa mivakiwy, kafcss driong vty pdpopey kal Tég dvTigToiyous,
els T& &k&oToTE SlaoTAMATE TIMGY ToU X, fooSuvduous mpos T (1) dvicdoes,

x | A B r Jx+l|—2|x[+[x~]|—2—x;—4>0 ZupmepdopaTa
= kT ] 2x+4 | el
—(x4+ D42x—(x-1)— —" > s i
Ll il 1 " 5 %€ (=00,~2)M (~e0,—1)=(-0,-2)
3
= X>——- "Apa:
ol el Rl [CTR VRS PR R R w N 5
xXe(— =, 10y =i
o x ( 4+ca)m[ 1,0) ( 4.0)
1
= X < —. “Apa:
+ |+ | = | D)—-2x—(x—1) - 2};*‘{ >0 1 2 i 1
} o X€ (—ao.—z-) Moy = [0.5)
+ |+ |+ e maly - g T <=2 "Apa:
xipn o e |xe(—oo.*2)ﬂ[l,-,‘-oo)= &.

5).

Avoes Tis (1) 0& elven af Aoeis 6 kérmt CUOTNUATWVY :

g 2x -4
= 2x—(x—1)—
o). —(x+1) 4+ 2x—(x-1) =0 =>2X+4<0]=;.X<—2 ouppi-
e X ] X < — | |PacTal.
"Apat —Roiimi =2,
2x -4
cEAD+ 22— (- -—5—>0] _ 8x+6>0 — T = |oupe
-1=x<0 i=x=0 -1=x<0 et
“Apa : —--2—<x<0.
2x+4-4
@D —2x—(x-1)— 5 >0 P__¥12x—6<0 ., x<—‘,12-- ouppI-
- 0=x<1 AEmr e | Mo
'Apa: 0§X<—;‘-
2x+4
(x+1) = 22+ (x=1) = —5—>0 =>_2X+4<0}=>x<—2 douppl-
B = x =1 | PegTor

"Qore, 1) oBeioa dviowots (1) &Anbelel 814 : x < —2 kol — _i_ e 1

2
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Mapaderypa 4ov: Na £mhvfij 1) Gvicwoig :
||x|—-5]>[i3x|-3]. m
Avorg: Yyoluev &udTepa T& LEAT Tfis (1) els T TeTRdywvOV Kol EYOUEY !
(x| -5 > @lx|=3® & (|x][-3)*~ 3lx|-3)2>0
A (41x]-8) (-21x|-2)>0 A 8(1x|—2) (Ix|+1) < 0. 2)
AMNE |x|4+1 >0, Bix k&Pe x €R, xotd ouvémeiaw Ex Tfis (2) Exouev
|x|-2<0 @ x| <2, 8ol: 2<x<2
Mapaderypa Sov: Na dewy0f] 6nv e kGBe mpoypatikiy TpRv tod X,
{oyber 1 oyéong ¢ :
ix—-2|+|2x—l|é~2-. (1
Ara moiag Tipdg tod X ioyde 1 iootng ;

Aboug: EpyoGopevol, Stes kad elg TO TopdBerypa 3, Eyopev TOV Ké&Tw
TrivoKa PETE TGV OYETIKGV CGUUTTEPOOUETAOV

3
% {x—2|+|2x——1|é‘2— ‘! Zvpmépaopa
j 3 ‘ 1
—o0 ~x=)-(@Zx-H =5 \ —0 L1
1
2 3
? —(x=-2)+ @x- =5 \I '1Q—§x<2
|
7 3 |
(x—2+ (2x-1) = 9 { 2=<x< 400,
-+

*Ex ToU dveTépw mrivakos ouvéryouev 81 1) oxtals (1) foxle Sik kéde x €R.
‘ . 1
*H lodTns, ©F ETKOAWS padverta, loyve Six x=_2__

SYSTHMATA ME ATIOAYTOYZ TIMAZ TON ATNQSTON
EMAYOMENA ENTOZ TOY R.

§ 47. 1. "EmiAvoig ovoTfparog Tiig popéii :
a|x|+Blyl =¥ ]
alle’ﬁl“”:'h
&mou &, B, Y, &, Py Y1 TpayHaTikol &pibuo, dveEdptnTor Tév x, y.
Oftopev | x|=%; |y|=y1 xad 10 cUotnua (1) AapBdver THy poperyv :
ax; + By, =y }
X+ Byi= " )

M

2
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To oUornux (2), UroTiBepévou 611 : af; — a,p # 0, Exar Alowv THv :
O L e 014 b i
ap,—oyp U oaB—af
"Emaibn) 81’ olavBhmoTe Tipfv Tév x ki y elven |x|=0, |y|=0, T8
ovornua (1) 0& éxn Alow Téte, kal pdvov TéTE, &V
YB-viP 5 1= &Y o
aBy— oy i aPy—eyp
‘Yo Thv mpoUTdleciv Taltny af AUgels ToU BobBévTos cuoThpaTos elven of Avoerg
ToU Letyous TéV ooy

X1

YPi—viB oay; — oY
X|=—212 "2 =—71 ;
=g Y=o, —ap

Tds Omolas eUplokopey dys EEeTédn els THv § 42.
Mopadsrypa lov: Na imluBf 10 cdotnpa :
5|x|+3|y|l =23
Aborg: Oftopey [x|=x,, |y|=7y; ki TO oVornua (1) Acupéver ThHv
Hop@V :

3%, -2y, =10 ] @)

5z, + 3y, =23
AUovTes ToUTO, EYONEV : X, =4, yi=1,
Téte oi Augels Tou Bobévros ouoThuaTos elvar ol AUgels Tol PR v
tiomoswy :

|x| =4 ]' b of - x= | 4

|y! =1 y=+ 1.
"Qoe, ai piGon ToU oueThuaTos (1) elven & Zevyn :

(x=4, y=1), x=4 y=-1), (x=—4, y=1), x=—4, y=-1).

Mapaderypa 20v: Naimhobij t6 cbonpa :

x|+ |yl =1
x*+yi=1

Aborg: To Sobdv oloTnua ypdeetan kal olrw :
x|+ |y|=1

- [x[*+|y*=1.

TouTo elvan looSdvamov pds TO myc-mua;

x|+ |y|=1
|x-y| =0.

*Amrd THv Seutépav Efowow Exopev: x=0 §| y=0.
A x=0 Exopev & Tiig Wpcdns 100w ToU ouaThuaTos |y|= 1, € ob
y=41 kol 51k y=0 Eyouev |x|=1, £ ol: x= 4 I,
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“Qoe, ai Avoeis Tou Bobevtos ouaThuaTos elvat
(X=0, ¥y= 1), (x=0,y=-— ), (x= 1, v=10), (x=-—1, y=0).

§ 48. 11. "EmiAuoig oucThparog Tijg popdiiG :
a|x|+B |yl +rx 8y =k ] W
o[z By Frx-Foy=k
&mou ol ouvTeheoTal TGV &yvedOTWV kai of oTabepol Spor elvan TrpoarypaTikol
Spi1bpoi.
Araxpivopev Tas EETis TEOoOPQOS TEEPITITCIOELS
o). x=0, y=0, oméTe |x|=x, |[y|=7y xal 76 cUoTnua (1) elven iooby-
vapov Tpds TO !

oy s B e &

(@+y)x+ ' +8)y =K
Al y) cxpvn—rn(m Aoels ool efvan Alaeis ToU Sobévrtog guaTrhparos.
Suveyifouey T Emiiuoty BECPOUVTES GKOUT) TAS THEPITITCITELS ©

P a0 B2 Bl D3 S0 T = 8 <0, 72 0.
Mapaderypa: Na gopeboiv al duépuun Loezig Tod cUGTHPATOS
x|yl Ix|=—

x| +2y]+ X+ 2y =0.
Avoug: 'Ex i wpidns maparnpoley mi x £ 0 xal y #0.
Maxplvopev fi5n Tog KATWO TEEPITITCIOEIS
o). ’Eav x>0, y> 0, ToTe 1 WPWTN TGV E§10MoEwY YiveTal :
xy+yx=—06 fi xy=— 3, ToUTo Suws elvan &Buvarrov, BiéT xy > 0.
p).Ew x>0, ¥y< 0, ToTE 1) TPWTN TGV Sobeiodiv EQiocgecov yiveTal
—xy+xy=—6 i 0=-—6 (&buvarov).
y'). ‘Eqv x <0, y>0, Tote | TN TGV Sobeiodiv Eiiodioewy Bibea émlons
Xy — Xy=-— 6 ﬁ 0=-6 ((S.SL’ND:TDV)
8'). 'Eqv x< 0, y<<0, ToT¢ &k Tijs TTPWTNS T&V Sobeiaddv Efiodioecoy 7\0(11[50{—
vopev:  xy =3, & Tijs dmolas ouvdyopev: x=1 kal y=3 f x=3 «ka
y=17 x=—1xal }:—3 i x=—13 xal y=—1, ko’ Soov of x kal y Tpé-
T!'El kot THY Ekpddvnot, v elva dképaiot,
*Erreidt) 8¢ umetédn x < 0, y <0, f) mpwtn Tév Efiodoewy ToU ovoThpa-
TO§ n)\npou-rm Umd Téw Leuydv: (x=—1, y=-3) | (x=-3, y=-1).
*ANAG TS LeUyn aUTS, Gs eUkOAwS BlamioToUTal, TANpolv kod THy SeuTtépav
tEloa Tol ovoThuaros. “Ofev af EnToupeven Aoeis efvan T& Zebyn :

=1 kol I=-3
y=-3 =_1
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§ 49. 11l. "EmiAuoig ouotnpaTtwy eidik@v popdiv.—MopabéToyey Ka-
TwTEpw TapadelypaTa EmMAUoEws cuoTnEdTwY EISIKGY TV HopedY :

Mapaderypa lov: NaedpeOobv ai dxéparar xai piy dpvnrikai tipai tédv
X kol y, ai onolar ikavorowiy td chotnpa @

[t g =Tt 24 3= 17 M

x—3y=0. 2

Adeorg: 'Ex s (2) AopBdvopev : x=3y. 2"
Auvvéper TauTns 1) TPWTN YiveTo :

By+y-7|+3y+y=7 & |[4y-T7|+4y=T. ©)

Aaxpivopey fiBn Blo mepimTdOoES @

«). Edw 4y—7=0, nA. 4y =T fy= %, B Eyoopev: |4y —T| =4y -7,

omote ) (3) ylveron: 4y — 74 4y=7 §| 8y= 14, & fjs: y:—z—. ‘H Tipd) dpeos
adTn Btv elvan BexTn, kab’® Goov Btv elvan dkepala.

B"). 'Eqv 4y—7 <0, BnA. y < i, Ba Exopev |4y —T7|=— 4y —T) xaol
N (3) ylvetan: — @y —=T)-+4y=7 f 0.9 =0, fito1 TauTdTNS 5 PSS V.

*Emreidry Spws, kara THY ékpcovnoty, wpémel TO ¥ vér elvan dnépatov kol i)
dpvnTikdy &  Evds kal &’ ETépou, kaTd TOV Teploplopdv, TpémEl v elvan
y<_7_, oupmepaivopey 81 o {nToUpevon Tipol ToU y elvan : y=0 4 y=1,
bmréTe tk Tiis (2') Exopev dvmioTolxws x=0 f x=3.

"Qoe, al {nrovpeven dkepatan kol ph) dpvnTiked Tiped TéY x kol y efvan :

(x=0,y=0) kal (x=3, y=1).

Hapadervypo 2o0v: Naimhobi, £viog tob R, 16 chotnpe :
4x=2]+]y—1]=5 W
4x — 3y =6. )
Aboig: Aaxplvopey T&s Efis Téooapas TepiTTGOES |
Mepimtwots In:’Eow x—2=0, y—1=0, 1é7e 10 oUornua ypdgeran:
4(x-+@GF-D=5 ﬁ§4x+y=l4 x=3
: 4x—3y=6 | 4x—3y= g2,
To LeUyos TouTo &moTehel Ao ToU gusThipaTos, kaf’ Soov ai Tiped x =3
kol y=2 ikavoroioly Tas ouvdrikas X —2 =0 kal y — 1= 0.

, EEol: i

MepimTwors 2a: "B x=2=0, y—1 <0, 17e T oVoTnua ypdgeran :
4(x-2)-(y-D=5 ,|4&x-y =12 sl

ir EE ol 4
4x —3y=6 dx —3y= 6 el
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*Erreidh) f) T y = 3 Bt ikeworroel Thy y — 1 <0, ol Tigal x= %, y=3

§tv &roTeAoUv AUg ToU CUOTHHOTOS.
MepimTwots 3n: 'Eqv x—2<0, y—1=0, TéTE TO CUOTNHA YPEPETAN

AE-2 U O fi Wi y::Z’ ¢ o0 : 2=
4x —3y=6 4x —3y=6 y==2.
*Ermreidy f) i) y = — 2 Bév ikavorroiel v ouvbniknv y—1 =0, ai Tiped x =0,
y=—2 8&v &motehoUv AUow Tol oUCTHPATOS.
MepimTwots 4n: 'Edw x—2<0, y— 1 <0, TéTe TO oUOTNMA YpapeTan :
9
_4(x—2)—(y-—1)=5 4x+ y=4 i o Xesoe
4x —3y=6 4x —3y=6 !
y:-—-—z-.

T6 LeUyos ToUto &moTehel Aow ToU ouoThpaTos, kad® Soov al Tipal

x:_z_ iny—_u-% ikavotrololy Tés cuvbikas x —2 < 0 kol y—1 < 0.

“OBey ol AUoels ToU ouoThpaTos elvon T& Ledyn :

x=3 x=9/8
Kol
y=2 y=-—1/2
AZKHZEIZ
71. N& tmivolv, tvtds ToU R, al dxdhovlor thiadoes :
< i e L 3x+5
L 2)x|-3=0, 2 &(x|-2x=7, 3 gore=-2,

4. xl..7|x1+12r——0, 5 x*—3|x|+2x—-6=0, 6 x*—4x+2|x|-3=0,
7. |xpP=5|x|-17|x|+21=0, 8. |x#|—|3x4|4+2=0, 9 |x|=|x-1|=5-3x,
10, 2x—3|x+3|=5|x+1|+4[x-5|+6=0, 1. |2x—1|-3]|x—-1]|=1,
12. [2x—1]+ |x|+[4x+1[=3|x=3|+7=0, 13. [x-2|-3|x~1|+2x-5=0,
14, |x—-2|+x*—4x+10=0, 15. |[x*=3x+ 2|+ |x—4|-13=0,
16. Ixill—\xi2l+[xi3h=0 17 | x*—3x? 4+ 2x— 1 | = | x*—1| + | 3x* —2x|.
72. N& Emiiubolv kal vd Bigpeuvnbolv ol dxdhoubor Eiocoess :

I 2x43|x|=A+2, 2. |x—|x—1||=ax+1,

3. [x=3|-A|x—1]|=2 4 Alx|+3x=-1,

5 Ju=1l|lx+ @-1|x|=mw-1

73. N& &mAuBolv of dxdhoufior dviacoers :
|3x|—2>|x| + 8, 2. 3|x|+4|x=1|>5 3. 2|x|4+x>10,

3|l 4= x |2x0—5] _ x|+ 1
e ] 1 3 i
4 —= = 5 |2x+1] 4 |6x|>9, 6 7] 5

o =
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T. |xP—4x+ x|+ 6>0, 8 |x—1|4+|x-2|-1<2x,
9. |2x41|—4|x-3|-|x—4|>3, 10, |xl4|x=1]+|x=2|>9%
11. ilxi+x{—i|x1gx‘<‘x—2|, 12, jx=d| 4 x=24 [x=3]| <x+1,
* 74 N& tmidubolv kol vé Siepeuvnfolv ai dvigdhaeis
Lo Alx|+2x > 20 -3, 2. Ix=1l|4+A|x-2|>1L
75. N& Bery 0] 6m Sicx kdde parypaikiy TipRy ToU X foyler i oxtors :
1 9

| 5
I(x)= e :
Q= ik o 2 7

+|x=-2|=

-Mx—
I

Ak Tolas Tipds ToU x loyver 1 fodTns ;
76. Avd molas TporypaTIKAS Tids ToU X Exel vénue TpaypaTikol dpifpol ikdoTn THOV
k&Twd TapaoTéoewy ;
A=YTxpF+21x1-4, B=Yix{8x—9|-24.
77. N& tmdvbolv Ta xkéTwdl ouoTrpera

2|x|+3y|=11 5 Jlxl=2]y|=5 3 |xl1=2y=3
3ix| =5|y|=7 x| +3)y| =9 x4 |y|=6
5 |2x —3y| = 12 s [x=1|+|y-3|=4 6 |[x|+|y-1|=3
xA4y=7 x!'—y'=8 x|+ |y—-2|=4.
78. ‘Opoiws T& ké&Twb ;
4 [x=2y 14+ |x+y—-1|=2 g, 2lx=y|+|x+y-3= 9
X+ 3y=2 3 2x + 3y = 19.
79. "Eqv a¢ R va émAubi 76 ovortnpa
[x]+|y| =«
ay = X3,
80. N& eupeBolv ol éxépanen xai Betikal Aloers To TUOTHHOTOS
yty|x|=6
B |7 |~1x| =2
81. Na etpeBolv 1& Lebyn Tév drepaiwv X, v, T& dmroia Ikavotrolody TAS OYECEL :
Iz 4 L >0
Yokl ]2,
82. N& ebpeBolv ol drépatat Algels ToU ouoTrparos ;
X'=yz
[y 2 = x2 -1
83. N& &miAubf kol va Siepeuvnbij 16 ovornpa:
A4 y|=2x
3x 4+ 5y =2
. FENIKAlI AZKHZEIZ ETIl TQN ATIOAYTON
84. 'Edv o, Be R Ti cupmepaiveTe dk Tis oxfoews |a| + |p| £ 0 ;
85. 'Eav o, B, x, ye R, ut of # 0, loyUow &t al Buo oyéoers :
x=ofla|+|B]} ka y=B{|a|+]|B]|},
TéTe 6& loylouv kal of
ke Lt gy} Bl o 4 Y W
VIx[+1y] Yix[+Ty]
kal &vTioTpdgws, al SUo TeAeuTalan cUVETTYyOVTaL Tas SUo TrpdTas,
5 65
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86. "Edv of # 0 xai of < 16P?, v Seydi} it

| & B |
- iy 4‘
87. 'Eav |a| > 1, &eifare 6m1:
1
lcx+-—l—1<|u|< +—f|

88. "Edv (x # y)eR xal Bidgopot ToU pnbeves, Belfare &1
ey VE=yr [ix; b 1/5;%_] "
Xy X—¥y X y )
89. *Edw 6 TparypaTikds &piBuss a ikavomord] Ty oxtow |a| < T e drrodey8i) éTu

90. ’E&v o, B, ¥, X, ¥, 2 € R, Seiare &m1 &md T oytoes :

X ¥y z
O e, = ' Y=
FEID

Tzl + %]

gmovTon oi oytoes : i ;
1Py S 5 'Fl* B TR
91. "lva f) lodtns | a| x|+ Px| | = a|x |+ Px elvon TowTdTng dox TPOS X, TETE!
Kol &pwel a+P=0 kol a—p=0.
92. N& tferdonTe, éav al stu’slg o+ B=0 kal a—P=0 eivanal Tkawad kol dvaryraial
ouvBiijkai, fve ) lodTns | a| x| + 5)( |=Pp|x]+ex elvan TauTOTNS dog TPoS X.
93. 'E&v «, BeR xal |x| = ox + Px - 1, v& Umohoywodij & x, dore v elvai :
e+ Bl<L
94, N& eUpeBolv Td SicoTripara peTaPolfis ToU X, &ls T& ooia ) wap&aTaos:
y=|x=5|+13x+1|+|2x=3]|
elvan GveEdpTnTos ToU X.
95. Acifare Bi& TpaypaTiKoUs &piBuols &, P &1 &ird THY oxiow
A+ |a])=1+a+ |af
EmrovTan af 12p—1|<1 kol e (1—=|2p—1[)=2p~1
kol &vTioTpdgws, &md Tas &lo TeNeuTaias EmETON f) TPWOTN.
96. “lva 1) lodTns la|x |+ Bx | = A|x |+ Bx elvar tautdtng dos pds X, mpETE!
Kal GpKel :

i I A la+B| [a—=P]
A=#2‘+ 3 kal B = 5 5 ;
97. Edvx, ¥y, 2eR xad X2+ y2=12 |x+¥yi< ‘ZJZ_._I,Té-rE:!‘Xe—Iy\i<5'

98. N& eipeBolv & BiaoThnara peTaPohfis ToU X kai al dvticTorkol Tipal Tou A, ve

f) mapdoTagts: y = [ A + 1|+ | 2Ax + 3| elvan dvsgd:p'rr]-ro; TOU X.
3 1

99. AiBeton f) TApATTACIS P Y. = i X + 5 5 |
1). Al ikopdoes abTis &veu Tol ouuBdhou Tiis &molUTou Tipfs Bid Tés Srapdpous Tipds Tol X
2). B&oe ToUTeov vér eUpedf) 1) EhayioTn Tiph aUTis, dTav TO x Siartpéyn ThY ebeiow TV Tpary P
TIKGY &p1Bpdv.

100. 'Edv 1) tfiocwots x* + Px + y = 0 &n mpaypaTikds pifas kal elvon @

FI-l¥]
— == S
. LS

X — + |x—2]|, v& ebpebolv :

B —5y* << 5P|y |, v& Beix8ij éi:
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¥

101. ’Ex Tis oyéoecss : X, = s gmovtan al oyéoes :
1!
1—[%|>0 ko y,= "l_x\'l‘xﬁf kol GvTIoTPSPES,
B 1
'Evd & T1év oxéoewv :
. ¥a Ya
- L O = X, = —_—
I R =S A ST T A B
Erovtan al oytoers :
| %y = %y | o R = g 5
P [aih=1% | >0 IS = e Yz 1_Fxl|_!xg’!<mdv'nm"poq>ws.

102. 'Eav |A| <1, v& dmobaydf i &€ tcaoTng TV oytoewy
Ix+Ay | <A+ 5, |x|<]yl X+ Axy | < | Axy + ¥
Erovtan al &AAon Slo oy EoEIS. 3 ot
a¥3 pvY3

e : S} = = _—
103:°E o, By vel vl of=—1, v25 x=— 2v—1) "

v Beybij &ti: 49 |x|=V3

104. Afdetan 1) &icwois: xt 4 Px + y = 0, #vba B<y< 0. N&daydi én, tav

P1 P2 (Py > p,) elvon of piden alrfis, & elvan: | py | < p, < 1 + | B
105. Na ebpedij ) oyéors peTafy TGOV ouvTeAEoTRY Tiis EiodoEws :
a|xP+Px+P|x|+a=0,

v alTn Exn 10 Guartepor Buvarrdy TAFHos TRXY POTIKGY piLév.

106. "Edv o, PER— {0} wai |a|— [P | > 1, v& Berx0ij om1 1) Eficwos x* +ax - B=10
8iv Buvaran va £y dugoTépas Tos piGas Tns dxepaias.

107. Acifare éT1 &1 mparypaTikoUs dpiBpols o, B,y Gmd Tés oyboers: 2P |=c=y,

Emetan 6112 @ = —— Vay — PP Katémw otrou Belfare &1 dxépaior dpifipol o, B, ¥ TANpolv-

= V3
Tes Tas e oxfoes elven pévov ol a = 1, =20, y=1, & doov ay =1+ B
108. "EoTtw P mparyuaTikds dpifuds S1agopos ToU undevds kai TololTos, doTe 1Bl 1
foTw dmions X TPy poTikds &pifuds kefpevos dhyePpikdds petofy 0 kal B,
=L
109. 'E&v §,, €, elven al pifen Tiis Eiodoews x2 — 2ox - B = 0 pt TporypaTikoUs GuvTeNe-
oras kal loyim: 0<<|& | <|&],

N& 8erx6i 6T

| 2]
110. ’Eqv v >0 xal «, B, YeR, &eifote 611

; vesoll [T | v—oB—pPy—ya|_|1/6
!&+ﬁ-}:T_i_—B*!étv3V| (1) xal '“‘f‘ﬁ""'}"f’_“_l_—p'?)/—ré“/‘f

. o T 2 j_@_; _g_&jz/ 2
va Beiy i) 6mi: 2ot —P—| 2 2 y2'! < 20% — B,

@

111. AiSovrtan T& Tprovupa
f(x) =ax® 4+ px + vy
px)=o'x® + B'x 4 ¥
"Edv x4, X3 (% < X,) o pifan ToU £(x) xal py, py (py << py) o plZat Tob @(x), vé &rodel
X871y looBuvauia :
([{x) | =e(x) ¥ xeR) <= (x,=p; xal x,= 1)
112. Aidetan 1) éfiowais :

TLERN 7. ol [Eaa

Xt A A x4 1 =10,
Né& 6p1987) & A doe alTn v Exn Téooapas pilas wpaypaTikés Kal Gvioous,
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113. ’Edv %, y, z € R v& 8eix8ij o1 &k Tijs oytoecs

(x2— y? + 22) = 4xPz? )
govton al oytoes :

lIxI-1yl|=12l @ xat [z[sIxI+]y] ®
kol GuTioTpdPas, drd Tds Buo TeAeuTalas EmeTo | TPWTN.
114. 'Eav x, ¥, ze R— { 0} kai foyvouv al oxtoes
Xiy? 4 x%=y%?  kal X 2'>|xz)|+lzyl,

v Beix0fj omi: Iy |a < |yl=1z]
% e e B2
2) 7t o

115. ToU x AcuPdvovtos Tipds &kTds ToU Bicoriuaros («, y), va ebpebi) T6 onueiov s
Ehs o LR L M
Viv—xi  VYia=x| Vip—x]

1) -Atd xXxZoa<pP<ly
2) ARG Ve By K
Yrodatic: Otoare Via—x| =k, VP—x| =2, ¥y —x| = u xal ikgpéoore Thy
mapdoTacy y cuvapTiger Tév k, A, w
116. 'E&v |a| 4 |B| =1, &vfa o PeR— {0}, v& Baybij om:
a4 || F+{rer+ |5 |25
117. Aideton f) tElowos ax? + Px + y = 0, fvba o, B, y €R pt ay # 0 kal [p,| # |2l

TAPACTAOEWS : Y =

, gls Tas k&Twd TEPITTEOES ¢

&vla py, p. of pidar Tis éSlowoews. 'Eav M = mux{ I -—E-‘-‘ ’ ‘ —g“— ‘I }, Beiorte OT1 :
| 2 | 1
B | | g |
1). 2‘1_ eremesli—a |
) Zoy | e
2) g B
' |" " 20 |

3). MAnpovpévay Ty Umobéoewy elvan P 5 0.
118. N& émAuBij 1O ovoTnua:
2x = [t D= 7
[x=2|+|yl+x—y=14
119. ‘Ouolws TO cUoTnpa : .
z
R TE T

O<zSsriysor

120. N& ebpeBolv ai &képaicn AUTES TOU oUTTHHATOS
(x+ 4y?) (22 + 4) = (xz + 4y)
1628 — 56 -;Li+45<0

X2+ yr 4 | xy| < 64

121. Afdetan 1y £§lowons :
alxP+PBIxP+plx|[+a=0
Belforre 811 ol dwéryeTan els THv EriAvo TGV EiodoEwy
x|+ 1=0 (1) kol alxP+P-)|x|+a=0 (2).
"EmiUoare Tés Eiodaers (1) kal (2).
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122. "Edv o, B, x R, Seifoare S
(x—a) (x—P)=0 <= min (a, B) = x = max (o, P).
123. 'Eav -g-'-. —gi—, SEIAS -g‘i elvon oladnmote kKh&opara pé Pk % 0, k = 1, 2
1 £ Y
v& dmoBeiydij &i:

m‘m(—;‘. % _g\{_)<7dl+a,+...+au< (_cz1 u,‘ ﬂ),
1

eV

T A e

124. "E&v &, B, y e R xai loyxbouy al oxéoes :
op
S B gs i :
Y= TRT=rpT A el >R
va amodery 8 811 0 foylowy kad ai oytoes
Py oy
0= —-—TJ _—_ Kal =
HEL P= T
125. Ewv ol %, ¥, @ TpaypaTikol &pibuol, va Beiyd &t1:
bt bl 1
!yT—E|+‘c’o_¥§?"‘l‘m =
126. N& Aubfi 1o olornua:

9 1
7 (e
3x-5|y|=1
x|yl+ylx| =4
127. "Eqv ol mperypatiol dpifipol x, y, 2 mAnpolv T&s oytoers :
X2 y¥ 4 2d > 3xyz
xyz <<0 xal

x2v+|_ylyt_: 0,
& amoBeixBij 671 0l x, y elven BeTikof.
128. "Edv of mpayuarikel dpifuol o, B, y mAnpodv Thv oyéow :

[«+Bl+ B+ v+ |y +al=ay (la|+ B+ |y])
& &moBery 7] 6m1 8% TANpoUY kal THY oxtow :

apy = 2.
129. "Eav § elvan pila Tiis Eiochoews : XY + axvl L4 ay = 0, TotaUTn dote
§1 > 1, elven B¢ éml mAéov: |q| >max (o, ley,... ey ),
ote Belfate 6112
T<lgl<2

130. Edv of ouvteheoral Tol Tpreovipou : x* — 2ax

+ B elvon mpaypaTikol &pi@uol pé
# 0 ke py, py elvan al pilen Tou pd [p,| 5 |p,|,

Obocopey &¢ :

P | eri) m‘*min(lp‘ | pa ) : gzqz_B‘
M= b ===y — ; = =X, 2z A—:2 ;
M Omm&({ 5 5| ! = lies Ko | 5|
X &mroBerydf 611 :
). Al pifon 100 Tprovipou slven &pBpol mparypomikol kol &vigor,
B). ’loxvouv ol oxtoes:
AT LM g s e _;<m<_ﬁh~11,
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KE®AAAION IV

ITOIXEIA EK THE QEQPIAX TQN AKEPAIQN IIOAYQNYMQN

I. AKEPAIA TIOAYQNYMA MIAEZ METABAHTHZ

§50."Evvota Tol moAuwvipou. —'Eotw R 16 olvohov Tév Tpory uarmikédy
&p1Bpdy kad &v oUpBolov X, kahoUpevov «petaflntip ¥, TO 6molov kat &pYNY
oUBéva Tpary UaTIKOY Gp1Bpoy TTaploTd, ueTd ToU dmoiou Buws OTUEIOUNEY TTpd-
Eeis TGV oToryelwy Tou R, s édv fjTo kol TO x €ls TparypaTikes dpifuds T yevi-
keatepov els pryaBikds dpifpds. OUTws 1) TapaoTaois xk, dmou k guoikds dpi-
Buds, 6& oupPoiln &AGs plav popenv yivopévou xX...x, émou T6 X B& Trepl-
AapPdveTan o5 Topdywv k gopés, dpoiws fi TapdoTacts axk, dmou aeR kol
k €N, 8& oupPolifn piav popenyv ywopévou ToU TparypaTikol &pibpol o i TO
oUpPorov x¥. ‘Opifopev dxdpn, 611 16 x=1, o6moTe ax”= o Si1x ke aeR.
Katdmy toUtwy &iSopev TOV k&Twd Opiopdy :

Koeitan aképarov nolvdvopoy Tou X, k&l Ekppoois Tfs HOPETS

Ay XY Oy g XV - - oy X - g, (D

émmou o, ay,. . ., Gy, &, oTabepol TpaypaTiKol dpiBuo kai v puoikds dpiBuos il
undév. Oi oy €ER kohoUvTal euvteheatal ToU ToAvwvipou. TO o Bewpeitar @S
ouvTteheoThs ToU x. Al ékppdoels TRis popfis ok xX, &vba k quoikds 1) undevs
kohouvTal Gképuia povivopa kal &moTehoUv Tous §povg TOU TTOAUWVUNOU.

‘H TmrapdoTtacis (1) elvan &v véov oUpPolov **), 8nA. btv onuaiver Tpocbeov,
otTe EAANY T TPEEIY peTAlY TEY TPy paTIKGY dpBudy o (k=0,1,2,...,v)
kol Tfis peTaPAnTis x. ‘H onpacia Tfis mapactéoews (1), dnA. ToU dxepaiov o~
Avwvipoy; B TPoKUWT KATWTEP KATOTIV GpIopévey i810THTwY Tas OTroias B
dpiceopev & alTHs.

KarewTépe vl drépaiov TToAucvupoy Tou X 8 Aéywuey GmAdds kal TTOAUGVY-
pov TOoU X.

Ard Té TOAUGVUPG TS METAPANTTS X ué TTpayuaTIKoUs ouvTeheoTas B xpn-
glpoTroiddyey Tous oupPoiiouols : f(x), e(x), m(x), g(x),...

* Ak ToU Spou apctafintiy X fvvooUpev Ev oUpPolov, TO dmolov BuvaTa véa Gvrirpod®”
TEUT) TO TuXOV oTo1XElov Evos ouvdAou &piBudv. “Yrépyer Siagopd HeTafY Tiis peTaPAnTiis X xal
ToU &yvaoTou X, Tov dmolov cuvavTdpey els Tds tEiodoes. ‘H pév petaPAnTn X elvonr amAds &v
oUuPolov kal Emopévas Exer dmpooBidptotov Tipfy, 8uéd & &yveaTos X Exel TpooBiopioTéay TipAY:

** To x kard THv mapdoTacty (1) tvds woAvwwlpou Tailel Tov pdAov Evos axabopis
otov gupforov, &GAAws dkabopictov perafintiig.
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Ot 84 ypdpoopey :

(= x +ay x4 . o, x4, 2
&vBa 16 cUpBotov «==» onuxivel 871 Si& ToT f(x) TapioTaTal TO MoAUGVUOY, TS
oroiov O(UC!YPGCPETC(I els TO B’ péhos.

Edv oy £ 0, T61E & BkBéTns v TR veTaPANTRS X KaAelten Babpéc Tol Tro-
Auwvipoy (2). "Qate:

Babpac £vos axepaiov moklvovopoy 1(x) = a, x¥ 4 a, —X' L 4 aX g
Kokeltan 6 ueyahvtspog Exbitng tijg perafinric x, g Oroiag ocum? LEOTI|G Elvat
SLagopoes tod pndevog.

Olmew Tou moAuwwviuou f(x) = 5x% —2x2+43x—1, & Poabuos elvon 3,
& ToU Tohuwvipoy (x) = 2x2— V3x 1, 6 PabBuods slven 2,

"Eav v =0, 1é1e Eyouev TH aradepdy rolvévupov, To dmroiov dmroTeAsiTan
Ao Tov oraBepdy povov Spov Kol ouVETTEd eivan dueEdptnTov TOU x. Eis v
weplTTwow oy, fp’ daov & oTabepos épos a, # 0, B& SpiAéduey wEpl TTOAUG-
vipou Babpod pndév, Sniabh) kabe oTabepts TpayuaTikds &pifpos o BecopeiTal
tos ToAvvupor Tol x, BaBpol undey, &g’ doov o 0. Oltw, A.x., & &pibuos 4
SuvaTen var BecopnBi) g dképaiov TToAUGhVUROY TOU X [i:cxﬁuou undév, 51071 Suvdpela
V& ypaywpey 4 = 4x0,

Eav mavTes of ouvteAsoTai ToU (2) elven Siapopol ToU undevos, TéTE TO
f(x) AbyeTen mhiipeg mokvdvopov ToU x, GAAws AbyeTat Ehianég.

To moAudvupov vicoToU BaBuol ds Tpos x Blvartan Errions v Ypoogd :

I =gt ax+ox?+ . o o x, o £ 0 (3)
8nh. kaTd TAs dvioUoas Suvdpes Tou x.

Kafe oAvwvupoy Blvaran ve émektalii kai mépav Tol Poluol Tou, dpkel
TPOS TOUTO V& EMIOUVAYWWEY Spous pE oUVTEAET TS undév.

O0Tes 1o Tohucdvupov (3), Pabuol v, StvaTan v YPoqQi

X)) =g+ ax+ - @y X 4 a1 XVH 4 X2 o ooy xR (4)
BE o £ 0 kel Sp=0ypa= . = ;=0 ¥ k=1,23...

“Ex Tév dueatépwo ouvdyouey Tdpa 8T1 Buvdpefa v ypdipaopey SUo ToAu-
vupa pE To aUTo TATifos Spwv, TpocféTovTes eis TS pikpoTépou Pabuol ToAuds-
vupov Spous pE gUVTENECTAS WnBEv.

"Edy wévTes of ouvTeAsotal ToU Toluwvidou (2) evar pndéy, TéTe 16 f(x)
KoAeTon pidevikoy mohvdvopov. "Qote: To Gxéparov mohvdvopoy :

i =ax'+o_ x4+ - t+ox+a, oeR, k=0,1, 2,
Koheltar pidevikdy rokvavopov ij rokvdvopov &k tavtétnrog icov mpag pndiv iv
R o1z, kai povov tote, Gv navres of suvredeotai tov elvar pndév.
Eis Tnv mepimToooiv alTiv ypapouey :
fx)=0

kol GuarytyvAokopev : « f(x) éx TavtdtnTog igov mpos undév ».
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Karémv ToU dvetépw oupPohiopol, & épiapds Tol pnBevikol ToAVwVUoY
§i8eTon cuVTOMWS OUTwW :
Eaw f(x) = X+ oy X1 ogx oy, o €R, k=0,1,2,...,v,

TOTE :

I(x)EOa:r—uvzuu_1=---=a1=a0=0.
opo

TToAudwupa ik TauToTnTOos foa pds undiv obdéva Pabuov Exouv.
*Edw 7o f (x) Btv elvan To pndevikdy mohudvupoy ypagoper: f(x) # 0.

§51. “AhyeBpa (Aoylopdg) TGV mMOAUWVIPWY.—"Ag Bewpriowhey T
cUvohov TRV kepaicov TOAUGVUMWY TOU X U CUVTEAESTAS TrparyporTikous &pi-
Buous, T brrofov TapioTdusy pt R [x] & oToiyeia £€ dv 16 R [x] owiotaTal,
SNA. T& dxépane ToAudVUpa Tol x oupPolifouey, cs Eéxdn els ThHv Tpomyou-
pévny Trapdypagov pé : f (x), ¢ (x), ™ (x),. ..

‘Qs yvoortov (§ 8) f Evvola ToU ouvdlou elvan ouvBeBepévn pe ThH Evvolav
Wss oytoews Paoikiis lodtnTos. *H Paoikh iodTng opiletan v R [x] oUTw :

Eqv f(x), 9 (x) € R[x] kol elvat:

f@X =g+ '+ oy x +a

P(X)= PRy 4P x e B x + Pos
T6Te B& Afywpey 8T1: td d00 moivdvopa f(x), @ (x) elvarloa, 2av kai povov dav ol
cuvtehestal t@v opopabpiov dpav elvar (oot

Eis Thv mepimrwoov alThy ypaopey :

f(x) =o(x)
kol duayryvaokopev i « f (2) éx Tavtdyrog loov mic 70 ¢ (z)n.

Kerémiv ToU dvatépe ouppoliopol, f Baoikn iodtns év R [x] opileton ouv-

TOPwS OUTW :

1(x) = @(x) <= axy=Py Bakade k=0,1,2,...,v.
opo 5

TTpogavéds Buo undevikd morudwupa elvan ik TauTdTnTOS foat.

MeTa€U Tév oToiyelwy Tol ouvdrou R [x] Suvdmeba Topa vét OplowueY
mpd€ers s E€fis : “EoTwoav I (x), ¢ (x) € R [x], ToTe® !

a). KohoUusv @8poropa Tédv ToAvwovupoy f (x) = o x¥ - QX4
+ox+ oy kai @ (x) = By X'+ Bux' '+ - +Pix+ By kal ouppohifouey
TolTo pé: f(x)+ @ (X) TO TOAUGVULOV :

(Gu+ﬂv)xv+(av—l+i3v~l) xv—l+ ---+(a1+f31)x+(a{,+ﬁo).

* Aeybueda, &veu PAGPns THis YevikdTHTOS, STL T& TOAUMUUN f(x) xad @(x) Exouv TO el
6 TARBos Spav. *Edv Té {(x) kal p(x) Stv Exouv T& atd TATifos Speov, TpooBéTopey els T oAV
Gvupov it dhrywTépous Spous, Tols draiToupivous Spous pé oUVTEAETTAS BN OV,
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B). KoAoluev avrifzrov Toj ToAvwwUpoy ¢ (x) =P, x¥ + Bo—i=! 4 o
+Bix + By kel cuuPoAiZopey ToTTo Wé : — P(x) TO TTOAUGVULOY :
(=B ) 2 + (Pom)x'! + - + (=Bx + (—By)
Kol ypdpopey

=PUR) == By XY Bl rtl e — Py x =Py
1). Keholuev diagopav ol ToAULVOPOU @ (X) = Py x¥ + Peuy x¥ ' 4 -0
+ Brx -+ By &0 1O ToAUdvULoY | @ =a "t x4 L o X 4 o, kad

ouuBoAifopev ToUTo pé: f(x) — ¢ (x), T6 moAuwvupoY f (x) + [— ¢ (x)]. *Hrol
1 Siapopa f (x) — ¢ (x) BYo moAvwuinwy [ (x), P (x) dvcryetan es dBpolopa
ToU [ (x) kal Tob dvmiBéTou Tol ToAuwvULoy P (x).

Auvdper Thpa Tédv o) kai B) f) Siagopd | (x) — ¢ (x) elven 16 woAudvupoy

(O‘v—iBV)X"TI‘(O‘v-l‘BV-I Jxt b (o~ By x+ (@t = Bo)-

"Ek T Spiouddv TouTwy mpokUTrTouy dudowss & &6is :

L. T6 otvorov Tév oAvwuiuewy R [x] elven wederorim &5 Tpds THY Trpda-
Beaiv, BnA. o &Bpoiopa BUo ToAvoviuwy K Tol R [x] ket els T R [x].

2. Té moAudavupov cupPolilel v &bpolopa Opeov s uop@fis ay xk .

3. “H mpdodeois Tév TOAVGWVUPWV EXel THY PeTadeTikny Kad TPOCETAIPITTI-
KNV 818N Te, fiTol : &dw Tr,(x), y(x), y(x) € R[x], TéTe loylouy :

(%) + y(x) = my(x) 1 (x) kabeos xad
(%) + [my(x) + T(X) ] = [m,(x) + (X)) 4 my(x).

4. “Ywdpye oUbttepov oToIYEIOV Cg TPos ThHY Tpdadeaty kad elven TS pnSe-

VikdY Todudvupov, fiTol, v o(x) =0, Tét1e ioyuel :
f)+o(x) =1(x)+ 0 =f(x) Bi& x&be [(x)eR[x]

Mapatipnoig: O Pabuss Tol dpoiouaros 1) Tfis Siepopds §Uo Trohvco-
vuwy elven uikpdTepos 1) foos ToU peyloTou &k Téw PBaBpddv 1éV Buo TroAuw-
vUpcov. OfTe :

‘Eav k elven & BadBuds ToU dBpoiopatos A T Slagopds &Uo TeAvwwipwY
f (x) kai g (x) BaBudv v kai dvTioTolyws, EXOMEY

k = max (v, p).

To 871 0UTos SUvaran v elvad WikpSTEPOS paiveTal &mo T EEfs TrapdBery e :
Av I (x) =5x14-4x3—3x 41 ol g (x) = —5x* 4 3x% = 2x 2, TdTe

elven () +gx)=7x*-5x+3.
8). Kaouuev nivépevoy 5o poveowuwy ax” ko Pxk TO povdvupov ofxvtH,
fion ; (ox¥) - (Px# )= apx' i,

g). KaAolUuev yivépevov Svo drepadeov ToAuwvipwy | (x), g (x) xkai oup-
BoAiZouev ToUTo ué I (x) - g (x), T6 ToAudvupoy Td dTroiov oxnuoTifeTon &mwod
T f (x) kad g (x) Pdoer ol “EMLUEQIITINOT vipovy, fiTo1 &v ToAAaTAdT GG WpEY
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&hous Tous Spous Tou | (x) ¢l ExaoTov dpov Tou g (x) Kad Trpogficwpey GA T
TTpOKUTITOVTC pEpIK yivopeva s OUTos, g
f(x) =gt oy x4 -+ + oy XY Ko
g(x) =Pot+Prx+ - +Pux,
TéTE TO Ywdpevoy aUTAY elvan TO TTOAVGVULOV
m(x) = [(x)-g(x) = Py -+ (ctaPy + XPo) X + (P2 + Py caPy) XA
+ (2R3 + Ps + Py + cPo) x3 L e By xR
MaparrnpoUpey 671 6 fedpdg 1ol yivopévou igoton pi to GOporepa 6V Pa-
Opdv @V napayovov.
*Ex TéV dverTépw OpIopddy TPOKUTITOUV Topa T& EETS ¢
1. T& ovvorov Tév ohuevipwy R [x] elvan xleigroy g mrpos TOV TTOAAG-
TAaoIaopéy, SnA. TO ywdpevov &Uo ToAvwviuwy &k Tou R [x] dvnker mévTtoTe
els T R [x].
2. ’loyver f| émpepioTikn 1816TS ToU TOAGTAGCIOTHOU &S Tpds TV
Tpdobeoty, ol dw m,(x), Te(x), Ts(x) e R[x], TéTe loyer :
[ra () -+ T (6) ] Ty (X) = 113 (5) () - ()3 ().
3. ‘0 mroAAaAcoiaapds TEHY ToAvwvUpwy Exel THy peTobeTikiy Kol TpooE-
TapioTikn 1516TNTA, fiTO! gav T, (%), me(x), Ty(x) € R[x], ToTe loyuouwy :
Ty (x) -y () = my(x) -y (x)
my(x) [1ra(x) m(x) ] = [my(x) my(x) ] w5(x).
4. “Yrépye oUBETepoV oTOIXEIOV (OF TPOS TOV TOMXTTACCINOUOY kad elvat
T Trohucovupoy | (x) = 1, fitol ioyue
f(x) ¢ (x)=1-9(x) =09 (x) xxdbe ¢ (x) € R[x].
ot’). KadolUpey v—ootily dovamy évos drepaiou Tohuwvipou f(x) = a, x¥ +
gy XV - b o kel oupPohiZopey TaUTNY pe [f(x)]", T ToAuwvuoY

&rrou of TapdyovTes ToU SeuTépou uEAOUS elvan v TO AT Bos.
Tuvételon ToU dvedTépou Gpiopol elval

1. [l - [fe)P= [T+
2. LGyl = [(x)
3. [I(x)-g(x))'= U] . [g(x)] .

Hapatfpnorg: To olvorov R[x] Tév TOAUGVURG@Y it Tpory HarTIKoUs
cuvTeAeoTas EpuoBlaopévoy i BUo Tpdges @ THY wpdodeotv kol TOV TTOAAGTTACGIO”
opdy, ds aiton Gpiotnoav dvetépw kai of dmolan TAnpol Tés Trpoo:vcxcpspfif{’
oag 1816 Tas, &TOTEAET &V XOPOKTNPICTIKOY Tapdderypa wds BepehicdBous &
yeBpixis tvvotas, T to Saxtvriov, Evvolav Thy dmrofav 8 pdbwpev el v &1V
T&EW.
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‘O BakTUAlos obTos AfyeTan «MOLDOVOUIKOS SaktOllogy kol oupPBoA leTan pe
R[x].

*ATroBeikvlopey KaTwTépw Blo BecoprpaTa :

§ 52. @epnpa L.—Eav 9 (x) # 0, tote Gvaykaio kai ikavi] cuviKy i
va glvar f(x) - @(x) = 0 sivar 1(x) = 0.

"Amodeilic 1 o). ‘H ouvbikn civar avaykeio. “Eotw &1 f(x) e (x)=0
xed f(x)#0, @ (x) 0. "E¢’ Soov | (x) #0, Umdpyer auvteheoThs adToy
o 7 0 (v Baduds ToU f (x)). *Erriong tp’ doov @ (x) # 0, Umdpyer QUVTENETTTS
abrou B, # 0 (4 PaBuds Tou ¢ (x) ). Toéte 70 ywdpevov | (x) @ (x) 8& Tepi-
AapBdun &5 Spov TOV o B, XVTH it a Bu 70 xai Emouéveos f(x) - @ (x)£0,
Omep &romov. "Apa f (x) = 0.

B). H oovOikn civar ikawi. Mpcoyuart, &v @ (x) =By Xt B xtle, | 4
+Bx+By kel 1() =0, 6t [ (x)-9 (x) =0 - (B xt+ Bog x4, 4
X+ Bo) = (0-B, ) x4 (0B ) X7 4. .+ (0-B) x4 (0 Py = 0 - 301-
+0-x#! . 4+ 0x+0=0.

§ 53. @edpnpa I1.—Eay f(x), g(x), (%) R [x] kai elvar @ (x) 7= 0, tote
dua va v £ (x) - o (x) = g (X) - ¢ (x), npiner Kai dprel va sivan f(x) =g ).
"Aroderdig : Tlpdypam, 1 1) -@(x) = g(x) 9(x) divan lcoBUvapos Tpods THv:
109 (x) — g(x) 9(x) = 0
7l P(x)- [f(x) —g(x)]=0
kol Emadn o(x) £ 0, kord T Becopnue I, f TereuTala oxéots elvon iooduva-
HOS Trpds TV :
f(x) —g(x) =0, SnAaln:  f(x) = g(x).
’ALidroyog onpsioorg: *EEShwy tay BEXP1 ToUBE cupmEpaoudTawy
ouvdyopey 8TI TO oUvOAoV TEY drepaicov ToAvcowipwy R[x] pi QUVTEAECTGS
Trpay pacTikous apifuols elvan xiesiotdr g Tpds Tds Tpeis mpdEers, TNV Trpdodeay,
TV &paipestv kad ToV ToAAaTAGTIaoudY, els TV dToiov HaAloTo toyUer 1) peta-
Betikny 1816Tns. "EE dAAou (Becop. 1) ywdpevov 5o oAV elvar ooy pé To
unBev TéTe, kal pévov TETE, dv Ev ToUAGyIoTOY €6 aUTY elvan T undevikdy Tro-
Aucvupov. TTévTa TauTa xapokTnpifouv & olvoroy Rlx] Tév Sxepaiwv ToAu-
wrinwy @5 iov «ikepaiav neprogivr. Mept Tfis evvoias ToU BaxTuriou kai Tfis
Grepaias Teployfis B Yvopiowuey TepiocaTepa s THY ExTnv Té&Ew,

§ 54. "Ap1BpunTikd Tipd mMoAuwvipou.— Qg EAéxOn eis Ty § 50 &is &v Tro-
Aucovupov [(x) onueiolvTal Tp&Eeis, af omoial, &v TO x o’rv*nm-rcxc'rcxﬁﬁ pe Tu-
XovTa TporypaTikdy &pifudy o, SuvavTar vd ExTedeaBoly, &mroTe TPOKUTITEL £lg
TTpay uaikos &piBuss, Tov otroiov oupPohilopey S Toy (=) ked kohoUpey api-
Ounruciiy ety ToU ToAuwvipoy | (x) 81& x=a. OUres, tdv

f(x) = 2x4—5x34-3x2—x —5
) elvan ; f(2) =2.2¢-5.28 4 3.22_2_5 =3,
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‘0 &pifpds —3 elvan 1 &punTikn TN TOU ToAuwvipey f(x) i ThHy TV
x = 2. To abtd oAudavupoy B1& x =3 Bida: {(3)=46.

"Ex ToU dvetépw Opigpol TpokUTrTel &1 fi &pibumTich Tiun ToU &Bpoi-
opaTos (yopévou) Bue TroAuwvipwy iooUTal pé 16 &Bpoiopa (ywopevov) TV
EPIBUNTIKGY TIUGY TEV TOAUWVUKLY.

*Ex 10U 6piapol Tiis iodTnTos BUo TOAUWIUNWY TTROKUTITE! &T1: 8o ék tav-
totrog iou molvdvopa Exovv isag apipnridag tpag. Tpdyuatt, £&v

f(x) = av X + x4 - F x4
CP(K) = ﬂv xv '|" Bw‘-lxv_1+ iy + BLX + [30

xal (%)= o(x), 67e & =Py, Gvm1 = Pomty -5 = Py, G =Py (PA. § 51)
B elven ko : [(0) = @(a) B xéBe TparynaTikdy &pibudy o, BioTi:
f(«) = oy ¥ + Gyt o a4y =
= By a 4 Py’ i Byt B = 9 ().

Téhos, &k Tou 6piapol ToU undevikoU ToAvwvUHoU, TrpokiTTel OT1 1) dpiBun-
Tikd) TIpf) TTOWTOS undevikol TEOAVWVUpOY elvan oTafepd kai Tom) TAVTOTE RO TO
undév, B1& k&Oe TIMNY TS peTaPANTHS X.

Hapatipnotc: EiSous dvwTépw 611 T6 oUpPoiov x &v TG ToAuwvU-
o F(X) = o X o XM - X O f(x) eR[x] &ivaTton va Tl
koTooTadf 81° oloudfoTe TpayHaTiKoU &pifpol, &1° & Kl KaAeTTal peTaPAnT
ToU TrohuwvUpoy. Atk Tiis TolaUTns VTIKATAoTACEWS €l EKaOTOV TPy HOCTIKOV
&piBpoy x dvTioToixel €ls Tpayuamikds &pifuos ¥ = oy X¥ + Oygx 14 o
o, X+ o, fiTor T oAvdovupoy [ (x) = oy xV+ oy X1+ - - FoyX + %
Spiler piov ouvdpTnaw, Thy &molav Tapiotdpey tmrlong Sid Tou {(x), ué rediov
Sp1opol T ouvorov R Téw TTpory MarTIKGY EpiBpddy kol Tipds dv R, pé momov ¢

y=f(x) = x +aax—+% THX + % ¢Y)

Ai ouvopThioels Tod TUTToy (1) kohoUvTal nolvovopikai cuvaptioeg i axé-
pmar pnrai ovvaptijoelg Tob X.

‘Opilopev &1 SUo ToAVVUHIKA ouvapThoess f (x) kal @ (x) AéyovTd!
# TauTéTnTos foan kad onusicUpey {(x) = p(x) TOTE, Kol pévov TOTE, o
oo elvan Toan S1& Taaas Tas TS THS ueTaPANTHS X évtds Tou R.

"Edv Bepaiws Suo moAvdvupa f (x) xai @ (x) W TTPaYHATIKOUS OUVTEAE
otds elvan ik TauTéTnTOS fo0, Exouv BnAadn Tous arrots ouvTeAeoTds, TAUT®
Spigouv tvtos Tou R kal loas TTOAUGWVUMIKES TUVaPTNOEIS.

*Ev Tols Eroptvols B yivetan ¥pfiots Tis txppdoews : «Bewgoiuey Ty GmES
HOVIOWY f:x—u—)-uvxv+qv_1xv—1+.-.+c(1x+q‘

100 R év 1 Ry. A Tiis dveotépw Exppdoews B& tvwoddpey &1 BecpoUpey THY IV
vapnow { dpiopévmy &mi ol B pt Tipds & R, Spuoptvny UTd TOU oV ¢
@)=, x + x4 - oy X+, Sid xeB.
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§ 55. "Evvoua Tijg pilng £vog moAuwvipou. — "Eotw o un pndevikdy

TIOAUOVUHOY :
fD=axtax—"+ ... oax+a, (1)

ToU omoiou of ouvtedeoTad elvan TpaydaTikol dpifpol. "Eqv Sid x =p 7 Spi-
OunTik T ToU ToAvwwipoy (1) evan fon pi undév, fitor f (p) =0, TéTe &
p kadelton pila Tol mToAuwvipoy (1).

TL.x. ToU moAuwwipou f (x) = x® - 4x% 4 x — 6 piGar ivon of &pmfpoi 1,
—2,-3, Bbmelvar: f(1) =0, f(-2) =0, f(=3)=0.

"Edv &v dképaiov morudvupoy Eiodawpey p Hndev, TOTE Aéyouev STi Eyo-
vev piav dhyeBprkfv Eficwarv.

Oleds, & Tol ToAvwvULou (1) Exorev T dhyeBpikiy E€icwow v Pabuod :

Sy X o, Xt L & x4 oy =0, (2)

Eis T mepimrow adtiv & x Biv elvor mrhfoy 1 metafilnm, AN pic pila
ToU ToAuwvipou (1). Ai piZen Tol ToAvwvipou (1) elvan kot piZon s i0coroog
(2).AEite va Tovio®T 811 elvan évTedis Biagopos 1) Evvora Tfis E§10coecos f(x) =0
&md iy évoray [(x) =0 ToU HnBevioU moAuwvlpoy. AT s THY TPWTNY
mepiTTwow T X elven pila Tol ToAuwwipoy f(x) xai Emoptves éxer mpoadio-
proTéav TIpMY, &vQ s Ty Seutépay TEPITTWoW 16 X elvan f wuetafinm)» ToU
ToAveovipou f(x) kal Emopéves Eyer dmpocbidpioToy Tiunv.

“Ev rohvcovupov Exer Evvoiaw kdpun kal iy To oluforov x dvTikaTaoTal
ME pryaBikous &piBuous, OUVETI&YS TO TTOAUGIVUOY (1) Buvardv va Eym kai prya-
Bikas pilas.

TL.X. 76 ToAvcvupoy {(x) = x5+ | Exer s pilas Tous dpifucus :

i LEilE, L L-0Y3)
28 2

KaTémv TotTeov Sibopev Tov E#s Yevikdv dpiopdy THs pitns :

Kehelrar pile Evog akepaiov rokvavopou f(x) # 0 xafe apipog mpaypatixog
ij myaduxoc, botic Tbipevog Gvti tob x cic 19 nolvdyvopoy 1o pndevilel.

ZuvTéuws 6 oplauds oUTos BibeTan g £Ef :

‘O p sivar pila tob f(x) <= f(p)=0.
opo

.

‘H plla dAyePpixiis E€iowoews, XY UTIKR fi pryadikr, Addyeta aryeppikog
apBpoc. "AxpiPéoTepov i Elg doluce CeC Ayerar dhyePpucoc treodva toi R
T6Te, xal pdvov 10T, dv Smdoyy dxdoatov aokvdvopor f(z), irol flz)eR[x], ué
f(¢)= 0. Els &piBuds, Sotis Bév elvan CAYERPIKSS, KohelTan OmepPaticés. “Yrep-
PaTikos &piBuds elvat, Ax., & yvwotds dpibuds = 3,14159, ws kai & dpl-
Buds e, mepl ToU Omolov ylveran Adyos els Emdusvov KepdAaiov.

Oi dAyeppikol &pibuoi dUvavtal v elven pPNTOl A &ppnTol, dAAG Siv Erre
Ton &1 ke &ppnTos elvan S yEBpikds dpiBuds. TMopdderypa of dpduol 1 Ko e.
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Eis Thv "Aveotépav "AlyePpov kad ThHv Qewpiav T@Y "AvoduTikdy ZuvapTi-
ogwv dmodeikvUeTar TO k&Twd Becdpnpa

§ 56. Oewipnpua 1ol D’ Alembert. — Iav dxépaiov nokvdyvopov pi cuv-
teleatas npaypatikog (i pryadikovs) apbpovg, Pabpod v = 1, Exer Eviog tod ov-
vorov C t@v pryadikdv apldpdv piav todrayetov pilav.

T Bedpnua ToUTo Svopdletar Oeuchi@des Oechonua Tijs " Alyéfoas. Tolto
BieTutreodn To mpdTov UTo Tou D’ Alembert katd 16 1764, &AN 1) dmddedis
U’ ol Biv fito adornpd. ‘H mpodTn alotned &mddelis éyéveto 1O 1799
Tapd Tou Gauss. "ExtoTe £8800ncav kad &hhen &mobeifeis (Cauchy, k.d.).

To Becopnpa ToU D’ Alembert éEaopaniler uév v Umrap§v pilns (Tparypa-
Tikf|s A} pryedixfis) Bid kéde moAuwvupoy Pabuol v=1, Biv apéyer s pébobov
EUPETEWS TOUTNS.

‘H dvalntnots pebdBoov B1& Ty elpeoiv pildv wds dhyePpikiis E§1o0woews v
BaBuoU ouvioToron eis TNy elpeoiv yevik@y TUTTWY, Sid Tév otreiwy oi pliar Tiis
tlomosws EkppdlovTal ouvapTnoel TEY TUVTEAEOTOY auThis Sia T&Y mpdfewy
Tfis Tpochéoews, dpapioecs, ToAMaTAaolaouoU, Siapéoews kol Tiis E§orywyfis
TGOV piiikéy. "Amodeivietar 8T1 81 Tas E§lowatls péypr TeTdpTou Paduou elvat
BuvaTdv va ebpeBoly ToroUtor TUmol. ‘O Abel dmédeaifev 611 Stv elvon Buvatdy,
els k&0 TrepiTTCW, V& UpeBoly yevikol TUTor ik Tés E€locdoes Babuol peya-
AuTépou ToU TETAPTOU.

§ 57. "Edappoyai émi TGV £k TauTéTTOG ioWV TTOAUWVIPWY — ME-
Bodog TAV 1WpoodioploTéwv TUVTEAESTRV.

‘H iodtns Tév cuvTteheoTdY TGV dpoPaduicy dpwv 8Uo ék TauToTnTOoS otV
mohuwvipcoy (§ 51 ) pd&s EmTpéel v& Trpocdioplowpey  TOUS OUVTEAEOTOS
Evds ToAuwvipou el Tpdmov, GoTe v& TATPOl TouTo dpiopévas ouvnkes. ‘H
péBoBos alTn elvon yvowoTh s pébodog tdY mposdopiotiov cuvTEALOTAV.
"As Swopev wds EpopudleTon 1) péboBos alTn els ouykekpiuéva Tapadelypara

'Egappoyn In: Na npocdopiocloiv ui apiOpntikei tpei tdv a, B, ¥
oiitwg, dete va oyl 1| TovTéTNS :

2x3 +ox?—13x+ B =2x"+4 (y — 2) x> — (y 4 12) x — 67.

Abog: Emadn t& molvwvupa TauTa elvat £k TauTéTnTos fow, of ouvTe-

AsoTal TV alTdY duvduewy Tou X kal of yvwoTol opot 84 elvan fgorr BnAadn)

8& elvan : y—2=« Yy—2=a«a
—(y+12)=-13 } = y+12=13
~6y=p 6y=—p

AovTes TO cUoTnpa ToUTo eUplokopey
a=-—1, p=-6, e+l
‘EQappoyi 20: Na edpedi] dxépatov molvdvopov I(x) tpitov febpod,
© Omolov déyetan @3 pilav tov apBpdv pndiv xoi Eraknbeder iy tavrétyre
f(x)—fx—1) =x2
78
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’Axolovbwg, Bacst adtod, vi Oroloyisij 10 &Oporopa :
124224324 ... +v8,  (veN).

Abeorg: To InTolpevor ToAucvupor 6& elvan Tiis popefis: f(x) = ax®+4-
Px?+yx+ 8, tvla «, B, vy, 8 mpoobiopioTéol ouvteheotal. Emeidn) f(0)=0
b& mpémer 6 =0 kad 16 wOAUVUNOY YiveTan @ f(x) = ax?+ Px2 4 yx.

Aoy This Umrobéoews 0& Exwpev :

f(x) = 1(x~1) = ax® +PBx? 4 yx —a(x—1)* — p(x—-1)2 —y(x—1) =

=3ax?— Ba—2B)x+ (a—B+¥y) =

"EE alriis, oupguwves pods Tov Spiopdv Tis {odTnTos SUo ToAvwvUcwy
(§ 51), wpokUTrTEL

B3a=1 o=1/3
3a—2p=0 ¢, &€ol: P=1/2
c—p+y=0 y=1/6.

‘Etropéveds TO InToupevov TroAumvupoy elvan :
1 1 1
f(x)E-B—x3+—2~x2+wgwx. 1)

“Ex Tfis TautotnTos f(x) —f(x—1) = x? eUplokopev, BéTovTes Bradoy 1kbdg
x=1,x=2, ..., x=v:
f(1)—1£() =12
F2)—1(1) =22
13)—-1(2) =32
f(v) = f(v=1) =2
TMpooBéTovTes Tas lo6TNTas TaUTars KaTd PéAT, edplokopey :
fv) —1(0) =124+ 22432 ... | v2, § &wedn f(O) =0 Eyopev TeEAIKES

Il e s i f(V)_—v3+_._ vt v= V(‘“+1)6;(2V+1)_.

Egopproyn 3n: Hikevi kol avaykaic cuvﬁl’]xq, Sua va elvan 10 khaopa

a XV oy X4 e F o X+ a

R e L R

.

] X e il
avetaprntov tob X, sivor i : Tl BN T ﬁ:—-
An6derErg: "EoTw 6T 10 KAdona elvan dve€dpTnTov ToU x, fitor, ém
looUTa, oioudnmoTe dvTos ToU X, Tpds &piBudy k. ToTe B Excopey :
[ Sl e i o £ )
ﬂvX +‘3v—lxv_l+ +‘31x+pﬁ i
fi o XS X b gx oy = kB X+ E By x4
+ kpix+ kB,
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*Emreidny Ta Buo TalTa oAvdvupa elval & TauTdTnTOS fow, B fywpey TS igo-

™TOS : ay=kBy, vt =kBvt, ..., =kPy, atg=KkPy.
*Ex TGV iooThTwy ToUTtwy Acppdvousy :
e =Sl 1 S0, )
Bv Bt Br Po

"Hrot, t8elyfn 671 1 ouvbiixn elvon Geryxaia.
O Beifwpev &T1 adrn elven ko ikaviy. Mpdyparr &v oy in A (2) ke KeAET 0o~
uev k Tous Toous Adyous, B Exoopey
a,=kBy, t—1=kBy—t, ..., ;=kB;, =k,
To obtv kKh&oua TéTE YpdgeTan :
oy X XLt gy k(B XY A+ Pe— x4 B +Be)

7777777 = Ky

By PP Tt . FPX By B X FPax .. +BX+B

5 el - o : L
fio1, elvon &ve§dpTnTov ToU X Kol foov TEVTOTE TPOS g"’-

v

AZKHZEIZ

131. N& mpocBiopiodoiy ol mperyuarixol dpibuol «, B, v, fvat TO TOAUDVUPOV
Qa + 1)x* + (3p—Dx + Qy + B —a) elven & TauToTnTOS unsév.
132. ‘Ymépyouv Tial TGV A kal w Bk Tas dtrolag TO TTOAUdVVLOV
A—Dx2+ 2u+ 2)x + A + w—3) elvar & TauTdTnTos UNdEV ;
133. Edv of + PP+ y* = 3aPy xai o+ P+ y £ 0, 8fx o P, yeR, Beifare ST
T f(x) = (@—PB)x* + B—y)x + (y —a) elvan T unBevikdy ToAuwvupov,
134. N& mpoobiopioBolv T& a, B, v, va Té mohucvupoy 2x* + 4x + 5 looUTan i TauTo-
TnTos pé: a(x + 2) (x + 3) + Px(x—1) + v.
135. N& mpoobiopiaBoiv of mparyuarikol &piBuol o, B, y, Tver T& moAvwvupoy
f(x) = x* — 2x* + ax? + Px + 4 elvan TeTpdywvov TOU Tpwvipoy X: — X 4 Y.
136. Motan &k TGV KaTwh TapacTdoewy elvan dvedpTnTol TOU X ;
3x2—5x + 2 4x? —5x — 1 L2x’—6x“+2x—2

&) 6x*— 10X + 4 ' P 8x*— 10x +1°' Y) w3 fx—1

137. Tpoodiopioare T& A, U, lva T& KAdouaTa :
=gl b s Tl g R R i el L i
x4+ 5x 4+ 1 P 4x 4 (A —wWXx +A—u

Eyxouv Tinfv &ve§dpTnTOv TOU X.

138. Aéyopev 611 Td ohudvupoy [(x) = oax® + Px® 4+ yx + & elvan Téherog wuPos, TOTE
xal pévov ToTE, Eaw TifeTan Umd THY popenv: a(x + k), keR. Kardm TodTou, Belfate OT!
ol Ikaval kad dvayxaion ouvbfixa, fva 16 f(x) elvan TéAeos kUPos, elvar: PP = 278, P = 3ay:
* AkohoUBeos Selfarre 611 Td TToAvdvupoy ¢ 8x® + 36x! + 54x + 27 elven Téheros kUpes.

139. lpogSiopioare T& A, W, v, va | TapdoTacis

A—Dx + (u + Dx* + (= Dx =15
3x*—6x* 4 x—5

efvon dueEdpTnTos TOU X.
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140. ’Edv 16 modvavupoy f(x) = x¢ + ax?® + Bx® + yx + & elvar Téherov TETPAywvoV,
v Setydf 6mi: y? = 8! kal (4P — a?)t = 6485,
141. MpoaBiopioaTe T& A, B, I dore v UploTaran 4 TQUTOTNS
2x? 4+ 10x -3 A B r
BEE=8 2+l T mLs T Eo3
‘YroderGeg ¢ "ExteAéoore mpdEers els TO SeUTepoy péhos kol tiohoarte ToUs &piBunTas TGV
8Uo peAddv,

142, N& elpebiy duépaiov mohudovupov {(x) TeTéprou Paduol, To drroiov BéyeTan s pigav
TOV &piBudy pnBiv kol Eranfelel THY TauTdThT : f(x) = f(x = 1) = x* Béoei ToUTaw vé evpe-
0% 16 &Bporopar: 194 23 4 38 4 ... 4+ 93, peN.

143. "E&v o + B + y = 30, v& mpeoBiopiofolv ol TpaypaTikol &pibuol «, B, y, iva TO
(a—2)x*+ P~4x+y—-6
X'4 2x 4 3

144. Na& opiofolv of «, B, v, & olrws, doTe:
avé + BV 4 yu - Bu =13 4 28 - 38 4 ... o, veN.
145. N& dmmoBei0ij &1, v T& dxépaia ToAvchvupa ;
f(x) = Ax* + 2Bxy + Iy? 4 2Ax -+ 2Ey + Z
o(x) = oax? + 2Bxy + yy? + 26x + 2ey + L
elvan &k TauTdTnTos foo, & elven :
A=o B=p =y, A=85 E=¢ Z=1L

KAdopx Exn Ty &ve§&pTnTov TOU X.

Aiaiperémg dGkepaiwv MoAUWVGHWY

§ 58. TeAcia Swaipeoig. —'Eotwoav f(x) kol o(x) Blo d&xépaiar TroAUC-
wwpa Tou ToAvmuupikol Saktuhiou R[x ] ©& Aéywuey :

To nolvdvopov f(x) drarpeizar (GxprBdg) Sid tod molvovipov @(x) # 0 tots,
xai pévov tote, By Onapyy dxéparov rolv@vopov n(x) € R[x] rowodrov, dore :

1(x) = o(x) - n(x). (0

Els v mepimTwow authv Myousv bmions &11: To f(x) elvan deawperor Sk
p(x), f) 10 I(x) elvar moAlaxddowor ol o(x), f| N Salpeots (x) 1 o(x) evon
tedela, Ty Gkdun TO @(x) drawgei (dkpiPiss) TO (x) xal ypdpouev @(x)|f(x).

Katémv ToU cupPoliopol TolTou & dverTépr Spionds Bidetan ouvTdpcos
ws EEfs :

o(x) | f(x) 40:» T n(x) eR[x] : 1(x) = o(x) n(x). )

"Edw 16 moAudvupov [(x) év Bioupfiten Sik ToU o(x) # 0, 161 ypdopopsy :
e(x)/1(x).
Ta wodvewvupa f(x), p(x) xal m(x) keAoUvTan dvTioTolyws Swmpetéog,
dumpérng xod nnhixov Tiis TeAelas Sronpéoecs ToU f(x) ik ToU p(x).
"Apeoor ovvérelar tod dpropod.
«). 'Eqv v, u(v=p) xad A elvan dvmioTolyws of Baduol Tésw f(x), p(x) xal
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m(x) 0& Exwuev (§51€) pbA=v, &1 A=v—y, I . «6 Padpog tod mn-
Lixov icovtar mpog THY Srdgopiv 1V fubrdv SLunpctéon we ! NALPLTOUN.

B). To undeviedy morvivupov dwapeival (axotfiiig) a0 murtoc i) pndevixot
sodveripov g(a) wal dider anlixov pndév. TMpdyuem foyver: 0= @(x)-0.

¥). Hay mokvdnvopoy duapeltal (Gxotfag) Sno martos oralegod Tolveripoy
= 0, (énl. oralepds moodTnTos 7 0). Mpérypar, éxv

f(x)= o x¥ SEUMEND Cant s RS o« 3.6 =) kai o(x)=c*, ceR, c# 0

EOMEY THY TPOPAVT) TAUTOTNTA ©
oy X oyt xt o =C - 1% X o) q:' Sl ZE c:;" \TEH
&rou TO fuTds THS &yKUANS SKEPEIOV TTOAULVULOY elvan TO TrRAiKOV.

"Ex ToU &piopol (2) xal ToU BecoprjucrTos § 52, TPOKUTITEL TO HOVOOT| UV TOV
o0 Trnhikou. *AxpipéoTepov foxel fi TpOTATIS :

*Eav g(x)| f(x), tove dndoye drotfiis & modvdwopoy afx) e lifx] Towitoy,
Gote va loyly 1 TAUTOTHS !

f(z) = g(x)-=(z).
MpdypoaTt, Eav UTHpXE kad Etepov ToAvcovupoy T (x) € R(x ] ToroUTov, GoTE
I(x) = o(x) - m(x),

61 0 Joyue ¢ p(x)[m(x) —m(x)]=0, xad Emeidhy ¢(x) # 0, 8 elvan, o
16 Becopnua § 52, m(x) —m(x) =0, &€ ol: w(x) = m(x).

T# PonBeig TédV dvwTépw SmroBekviopey T k&b BecopfiporTa:

§59. Oswpnpa. — Eav o(x) | 1(x) = o(x) | 1(x)-o(x), e kale mohvd-
vopov o(x) € R[x].
'Anéderirg Emadh g(x) | [(x) Exouev: f(x) = (x) - m(x), &Bev xoi:
f(x) o(x) = @(x)- [T(x) - o(x)] = @(x) - m(x),
tvha Ty (x) = w(x)-o(x), BnAadn: o(x) | 1(x) o(x).
INopotipnoig : Mk o(x) = ¢ loyve : Eav g(x) | I(x) = @(x) | cf(x), ceR.

§ 60. ©chpnpa. — Eav o(x) | 1,(x) kai @(x) | 1,(x) == o(x) | 1,(x) 4= f(x).
AnéderErg "Exopev: f(x) = m(x)-9(x)
fo(x) = ma(x)-(x)-
“Obev : f,(x) + ,x) = [m(x) £ (%) ] (x),
fior @(x) | f,(x) = fo(x)-
*Ex ToU Bewprpartos ToUTou Kad Tii TapaTnPHOEws ToU Pecopripartos § 59

TpoKUTITEL TO K&Tw !

* To yphupa ¢ elvar TO dpydv Tiis Atfecos constant = oTafepd kol Biv mpémel va
ouyyénTan pt o oupPolov € = clvohov TiV wyadikéy apibucv (Complex numbers).
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§ 61. @cwpnpa. — "Eav  o(x) | {,(x), p(x) | 1,(x), ..., o(x) | L (x), e
@) | e 8,(0) + eofu(X) 4. . . e £y (%), EvBa ey, C, ..., ¢, TURobom ctabepai.

§ 62. @epnua. — Eav  ¢(x) | 1,(xX), ¢(x) | 1), ..., 9(x) | I, (x), tote
O(x) | T4(x)-Ty(x) - -+ L (X).

‘H &mrdbefis dos elkohos apodeimeTal.

Noépiopa. — ‘Eav o(x) | i(x) = o(x) | [I(x)]Y N veN.

§ 63. Oewpnpa. —'Eav o(x) | f(x) xai f(x) | @(x) == {(x) = e-@(x), ecR.

Anodergrg "Exouev f(x) = m(x) o(x)

Kad o(x) = my(x)-f(x)
OUVETTENS f(x) = m(x) mo(x) f(x) kai gmadn {(x) #0
kaTd 16 Becoprpe § 53 mpoktmrrer o (x) my(x) = 1.

TéTe Sucs EkaoTov TGV Toruwvipwy T, (x), T,(x) Tpémet va elvon Baduol
undév, nAadt orabepai (Srati ;).
"Qote m(x)=rc;, Ty(X)=rc, B8x ¢;, ¢z ER—{0}.

P 1 A
"Apa [(x) = c;0(x) T 9(x) = eof(x), omoTe [(x) = = @(x), dnhadn ye-

ViKds 1) = e @(x).
Inpeioworg 'Ex Tol Bewprjparos ToUTOU TROKUTTEL QuETws OT1:
’Edw @(x) [ I(x) = cp(x) |f(x), ceR—{0}.

Oi Bienpéton @(x) kai cp(x) Tou f(x) kaholvron icoddvapor dwupétar. "EE
SAwv TGV loobuvdpwy SiaipeTddv £vds ToAuwvupou f(x) Exelvos, doTis Exel s
CUVTEAEGTT|V TTS peyaduTépas Suvdpens ToU X THv povdda, KoAeiTal Kiplog dwat-
pETNS.

§ 64. TauToég Tijg AAlyopiBuikijg Sratpéocwg. — "Ev yéver 1) Sicipeois
BUo TuyovTwy drepaitoy ToAuwvipoy Bév elvan Teeio. Els Tpodmos ik va EAey-
Yopev &v &V ToAuGvupoy Sioapd) v Ao elvon 6 dxdhoubos :

"Eotwoav, Y., T& mohvavuue 2x2—T7x+6 xai 3x + 1. “lva TO Bebre-
pov Biaipfy dkpiPds TO TpdTOY, TrpéTel V& UTrdpyT dképaiov TroAucvupoy T(X)
TOLOUTOV, QOOTE :

2x2—Tx+6= (Bx+1) - w(x). H
"Emreii), cos eAéxBn § 58, 6 Pabuds ol rnhikou iooltan Trpds THv Siagopay TGV
Babfov BienpeTéou kai SicnpéTov, EmeTtan 61 T W(X) TREmEl v& elven TTPGTOV
Babuol, fiTor Tiis popefis ax - B. ToTe f) (1) yiveTan :
2x2—Tx+6= (B3x+ 1) (ax+ B) = 3ax?+ (a4 3p) x4 B,

STréTE, KaTA TOV Spiapdy THs 00T Tos 8U0 ToAVWVIPWY, B Exopey cUYYpovws :

3g=2 ‘H mrpcotn TouTwy Bidel o= % A& o= % kal P=6
a+3p=—7 A Sevtépa BEv &Anbelel, 1611 :
2 2 2
=6. | ==t B e e
£ | g +36=75418=182#-7
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Suverréss St Umdpyel Tohudvupoy T(x) mAnpolv Thv (1), &pa TO 2x2—-Tx+6
Btv Sianpeitan dxpiPads &1 ToU 3x 4 1. *Ex ToUTow oupmrepaivouey oT at’ &al-
peow pdvov 1 Sialpeois BUo Sxepaicov TOAUVUNWY Elval TeAElQ.

Eig THv yeviknv TepimToiy &vtl THs TautéTnTos (1) Tiis §58 {oyUer 1)
xohoupdyn, TAQUTOTNS TS dhyoptfpikds Siraipéoews, N omoia Sio-
poppoUTan kol &moBelkvUeTal &md TO ké&Twh Becopnua

th’opqpu.—AoBévwv §00 axcpaiov morvavipwy I(x) kal @(x), pabudv v
kai p avuieroiyag (p = 0), Onapyovv mavtete dvo povooTpavieg Gpioptve no-
Av@vopo n(x) kel v(x) &k 100 R[x] towadra, Hote

1(x) = @(x)- 1(x) + v(x) (2)
koi padpog v(x) < padpod o(x).

To m(x) xohelTaw drégatoy anhiov ) ddyogilucndy anlixov (ouvTopws a7~
Alwov) kad TO U(X) KoheiTan Smélouoy Ths Sianpboews Tou [(x) Bik Tou p(x), N
5t TauTtoTng (2) 1) guvdtouoa SicnpeTéov, SloupETIY, nAlkov kai UttéAorTov
xoeiTat Tavtdrne i (dhyopifpexic) dtatpéaews.

'AnoderErc “EoTwoav T& TTOAVWVUNC &

f(x) = ay x¥+ Ov—1 Xt 4 - x4 0, (v # 0)
(x) = Pux"+ Brigt et Pyx 4 Po (Bu # 0)-

O& &mobeifwpey
a). Thy Orapley Ty n(x) Kai v(x). TIpds ToUTOI Siaxpivopey Buo TEPITITATELS

MepimTwois In: "Ewv vy, Tée TO Bedopnuce toyUer, dpkei va AdPeo-
pev m(x) =0 xad v(x)=1(x), &1e ) (2) loyvel, B1OTI EXOMEV

f(x) = o(x)-04 f(x).

MepimTwotis 2a: 'Eav vy, TéTE BloupoUvTes TOV TPETOV dpov a xV
ToU SicupeTéou §id TOU TrpcdyTOY épou P, x¥ TOU S1anpéTou AaHPAVOUEY Gas TrmAiKoV
TO dképaiov uovc’ovuuov% XV, TO dmoiov &5 kohtocopey T, (x), fiTot:

in

v v,

m™(x) =
MoAamhaoidloves Tov Sraupérny @(x) & 15y (x) Acppdvopey &g Y WOUEVOY

TO TTOAULVUHOV :

p(x) m(x) = o XV %“— Bzttt
n

Ay

Pu

& &motov Eyer petd Tou f(x) Kowdv ToV TtpédTov Spov. ay XV .
SynuaTilopey THY Siagopdy :

f(x)—o(x)m(x) = (Gv—l = %i- pu—l) - St (C‘v—z = %ﬁ- Bu_z)x"—z a0, 5

"Edw kobowiey vy (x) TO TOAUGVVHOY ToU BeuTépou pEAous, ExOuEV

1(x) — @(x) T (x) = Ui (x)
A I(x) = @()m(x) + uy(x), we Baduby u(x) =v—L. (3)

'3)"2 i XY= '2_+_ oo g‘_ anv—u,
n
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Tore: (1). Eav v—1 < p 1 (3) &modexvie To Becopnua.
(ii). 'Eav v—1 =1y, #pyaldpevor dpoiws ml tév v, (x) o5 Sionpeteov
kai @(x) ds Braupétny, AauPdvopey :
U (x) = p(x) - Te(x) +up(x), uE Podudv uy(x) < Pabuol v, (x).

*Edw Toopar glven méhv : Babuds uy(x) = (= Pabuds ¢(x) ), ouveyilopev THv
auThy Epyaciow dml TéY u,(x) Kkai @(x), fiTon: B& Umapyn wEAW Ev TnAikov Te(x)
kai Ev TToAumvupov uy(x), coTe va elval

Us(x) = o(x)-Ty(x) +ug(x), pé PaBudv uy(x) < Padu. uy(x).

Ot BabBpoi TéW Uy (x), Up(x), uy(x) Padvouaiv Siaboyixkdds EAaTTouuevol, &po
8& pB&owpey TeEMKES eis v ToAumvupoy Pafpol wixkpoTtépou Tou Pabucl u Tol
@(x), 67 6& MiEn 1 Epyaoia altn. Oltw 6 Eywpey Tas iodTnTOs

[(x) = ()M (1) 4y (x)
vy (x) = @(x)m(x) 4 va(x) C))
Up() = @(X)Ty(x) + v(x)
Uk () = ()1 (%) + Yk +1(x),

&Tou T vy 4 (x) elven oAucvupoy BaBuol uikpoTépoy ToU Paduol 1 ToU ¢(x).
*AbpoifovTes Tas lodTnTas (4) koTd péAn AapBdvopev weTd TS ATTAOTIOITEIS
() = () { () + M)+ + M1 ()} v ().

OttovTes: M (x) 4 mo(x) + -+ A M (x) = m(x) kal Vg 1 (x) = u(x),
phavopev eis Trv dmodeikTiay TAUTOTNTA

[(x) = o(x) T(x)+u(x), w Podu. u(x) < 1 (= oduds 9(x)).

B). To povoofpavrov tiic nepactacswg (2).

Ta Lebyos Tév Tohvwaviuwy Tr(x) kai u(x) elven 16 uodvov Bid T dmroiov
ioyler 1) (2), 8161, v elvan kad

1(x) = o(x)-m'(x) + v'(x), pt Pabpov v'(x) <y,
ToTe: w(x) = m(x) kal V' (x) = v(x).
MpérypaT, mweidt) :
9(x) () + U(x) = ()T () + V' (%),

Eyouey ; [r(x) — 7' () ]p(x) = v'(x) — u(x). 5)

" *H tautéTns (5) Bév Buvatan va& foyum, guf wévov & m(x) —m'(x)=0
kad u'(x)—u(x) =0, Bnhadn:

m(x) =7(x) el u(x)=v'E),

B16T1 &AAws TO TpddTo pEAos T (5) elven ToAucvupoy Babuol = b, Evé TO Bed-
Tepov péAos elval TToAuwvUpOV Babuou < u.

To Becopripa &fev &rredeiyOn wANPLS.

Mapatnpoac éni tiig tavtétnrog Sapéoeans (2).

1). E&v u(x) = 0, Té7e & Tis (2) mpokUTTEl 7 TouTdTns (1) Tiis TeAelas
Blaupéosas.
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2). "Ex s (2) Emeran : ¢(x) | £(x) —u(x), Bnhadn f) Siapopd ToU SicupeTéiou
Helov T UtréAorov elven Sicapett) S1& Tol SicupéTou.

3). “O Pabuods Tou axepalou TnAikou ioolTal Tpds THY Blapopdy TEW Pabudv
BranpeTéou kai SioupéTou.

4). Eav ¢ (x) Z 0 1) Tautdtns (2) ypdoeeTo :

f(x) u(x)

— (X ),

2 = ")
pE Pabpov u(x) < Pobpol (x).

: , - ey . oy U(x) I
To moAumvupov Tr(x) KaAeiTan «to axépatov uépogy Kol TO olEy «T0  Ymjotov
rlaguarioy pépocy TOU s{e9
; o (x)

5). “H péboBos TN omroiav fkoroubfioapey S1& v &mobeifwpey TO dvwTépw
Becopnuar pds Bider Evav  ddydpiluor 81 Tol dmolou Suvdpedo vi ebpiokwpey
T& ToAudvupa T(x) kal u(x).

Mapadarypa. ’Eav I(x) = x*—1, @(x) = x + 1- elipete @ povoenpavieng dpiopéve mo-
Advopa n(x) kol v(x), Gote va elvan:

1(x) = o(x) - n(x) + v(x), pt Pubp. v(x) < fadp. (x) = 1.

Abog. “Exopev :

U =1(x) —m(x) - p(x) = (X*— 1) —x*- (x+ 1) =—x"—1, m(x)=x*
(XY= up(X) — (X)) - (X)) =—x*—1 — (—X) (x+ 1) = x—1, m(x)=—x
V() =u(x) —mE) ox) =(x—-D-1(x+1)=-2 my(x) = 1

“Apa :

T(X) = My(X) + my(X) + m(x) = X, — X + |
U(X) = uy(x) = — 2.

Moépiopa . — To dnolornov tiig Srmpicews £vog akepaion molvovipov f(x)

dua tod Swvidpon X—a icobrar mpdg TV apBpunTikiy iy ol rolvevipou dud

X =@, fitor;

levikadtepov, ioyUer 6Ti: To drokowrov tijg Swmpéocmg tob f(x) S tob

ax+B, a,peR, a £ 0 civar:
u:f(——ﬁ—)
a

’Ex ToU dpiopol Tiis plins évos dkepaiou ToAucwviuou kal TolU AVWTEPG
ToplopaTtos cupTepatvopey

Mépiopa Il. —Eav p elvar piGa tob I(x) <= x—p|1(x), fiToi:

IO=0 +> tO)=G-pmx |,

Evle n(x) axéparov molvdvopov Tob X, fjror n(x) eR[x].
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IdoTnTEG TRV GKEpaiwy TOAUWVIHWY

§ 65. ©@ewpnpa. — Eav axiperov mrolvdvopov I(x) Srarpiirar &’ £vdg Ekacton
@V Stovipov 1 (x—p), (X—po), « .oy (X—py ), EVOa pypsy ..., pu GpBpol Srago-
por GAAfhov dva dvo, tote Ba Suarpijtan (GkpipdS) Kai dia tod yvopévou :

{x—p;) (X“‘*P-_J SRER (x‘_Pu )
Kal avtiotpopog.

AnoderErg O& dmobeifwpey 1O Bedprua B THs peBdBou Tfis TeAelos
emaywyfis. “Eotw émi 10 f(x) Biopsitan Sid 16 Swwipeov (x —py), (x — po),
ceay (X —pu ), TOTE kOTX TO Topioua Il Tiis wponyouuévns Trapaypdpou B
ixwpev:  f(p)=0, f(p,)=0, ..., f(p,)=0.

"Eoreo ry(x) 10 TnAikov THs Sicipéoecos f(x): (x —py), OTe & Eycopev:

((x) = (x—py) - m(x) ¢y
fiTol, f) mpdTacis ioxUel dik p= 1.
Aeyopeba 611 loyver ik u= k, fitor Seyduebo &1t :
fi(x) = (x—p) (x—py)... (x=px) T (%) @
O& Beifwpev 61 foyvel kal Bix u= k- 1.
MpdoypaTis dav Béowpey els Ty (2) x=pyiy, B& Excopey :
e e e e (Pr+1— P )Tk (Prs1)-
Emweidn f(px+1)=0 xad prii—py#0 Mj=1,2, ..., k 0&elvar:
Tk (Pry1) = 0.
Tote Sucos, ouppavws Tpds TO mopioua Il § 64, T y (x) Sleupeitan Sik ToU
X—pyy1 kol EoTed T 1 (X) TO TMAiKow THs Blonpéoews y (x) : (x—py 1), TOTE:
e (%) = (X — pyp1) - 1 (X). 3
Tij ponBeict Tijs TeheuTaias TauTdTTOS, ) (2) YpdoeTon :
f(x) = (x—p) (X—pa) ... (X—px) (x—pry1) Tg1(x)
fiTo1, 1} wpdTaos loyxuer kai 81 u=k+ 1, &pa loyle Si1& ké&be puaikdy dp1Budv .
To dvrloTpogov elvar Tpopaves.
§ 66. @ewpnpa. —'Edv 10 axépaiov molvdvopoy :
() =ax+eax 4 +ax4a,, a7#0
nndeviCeton Sua v dragdpovg Tipag T X, TGS D Py Pas - - ¢y Puets Puy TOTE Ba EAM-
Oz0q 1 ieotng :
() = ay (x—p) (x—pg) -+ (X—=pva) (x=py).

’Anbddevgrg. Emadn f(py) =1(p,) = - =I{pw1)=1(p, ) =0, &mwe-
Tal, ouppdves Tpos To opiopa I § 64, &1 T wohudvupoy (x) Bicipeitan
&kpiPds B1& TGV Sreovipwy

X—'Pp X=Pas ++y x"Pv-h X-_Pv~
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ToTe Spas, GUPPMYWS PSS TO TponyoUpevoy Bedpnue, 6 SicipfiTal kol 81 ToU
yvopévou :

(x—p) (x=pg): -+ (xX=pva) x—pv),

kaBdoov : Pr# P2 FPsF - F Pl P F o
*Apa, kKaTd T& yvwoTd, 8& dAnbelin 1) TauTdTns :
) =E—p)x—pg) - (x—pvy) (x—py ), )

Strou T TS TrAiKov.
Emreidt) 6 Sioupetéos elvon Bobpol v, kabos kai & SionpeTns, TO TnAikov T
8& foolTan pé 6 TrnAikov ToU TphToU dpov o, XY ToU SiaipeTéou §1& TOU TTpTOU
Gpou x¥ ToU BlaipéTou. AnAadm :
& XY
X

gi= =Qy,

omoTe 1) (1) ylvetan:
f(x)=a (x—py) (x—pg) -+ (X—pv—t ) (x—pv). )

Maepatipnorg "Edvels Thv Teheutadav TautdtnTa (2) elvon py=p,,
TéTE TO yiwvdpevov (x —p,) (x —pg) YiveTar (x —p,)? kal Aéyopev OT1 7) pila
p; elvon dunddi, f) elvon Pabpod morranhotnrog dbo. ‘Opoiws Eav elvon p, = p,=
= py, TOTE TO ywdpevov (X —py) (X —py) (X —p,) yivetar (x —py)? xal Aé-
youev 811 1) pifa p, elvan tpurhiy, 1) elvan fabpod nolianiétnrog tpia.

A& va eipeba TrepiocdTepov dipiPels BiBopev TV k&Tw YeEVIKOV OpITHOY :

Mia pile p évog rohvovipov f(x), Srapdpov 1o pndeviked, Ba hiyopey bt el-
var mollanhij taEews k, i elvar Balpod moldanhotntog k (k dxéporog = 1), to1e
Kai pdvov torte, dv :

(x—pF|1(x) wai (x—p)tifI(x).

‘Eav k=1, 7o7e 1) pifa p AéyeTton amhij, t&v k=2 Sunkhfj, x.o.x.

Elvan pavepov 671, tdv &v éxépaiov wohudvupov f(x) &xn wiav pilav p
BadpoU moAAaASTNTOS k, TOTE 6 Padpos v avTou elven = k.

*Ex ToU dvwTépeo Opiopol TrpokUTrTel Twpa 1y E§fis oroudaia mpdTaos :

‘H avaykaio kai ikavi) cuvBikn, iva sig apbudg p elvar pila, fabBpol nodda-
nhotntog K, £vog mohvavopov I(x), elven : va brapyy dxépatov mohvdvupev ¢(x)
totobtov, BoTE @ )

1 (=x—pF ox) xai (2) o) =0

'’Ané6derErg: ‘H ovvbixn clvar avaykaie. TlpdypaTi, T 871 Umdpyel
dxtpaiov TToAucovupoy @(X), TPOKUTITEL &Trd TS yevovds, &T1 1o f(x) elven Siai-
peTov Bik (x — p)k, &pa Exouev :

I(x) = (x—p)* - 9(x).

"EE &Adov, #v fito @(p) =0, TéTe x—p|@(x), A p(x) = (x—p) -m(x)

xal Emopéveos B Toyue
f(x) = (x —p)ett.w(x), &nA. (x —p)st!|f(x), 6mep &romov.

‘H ovvOiikn elvan ixavi). TTp&ypaTi, Urobéowpey OT1 :

f(x) = (x—p)* - 9(x) M

ue o(p) # 0. (2)
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*H (1) Sexvie, 81 mpdypaTt 16 f(x), elvar Sroapetov B (x — p)¥, fTo

(x—p)E [ 1(x).
’Edv xad (x —p)E+!| f(x), TéTe Buvdpeba va elpwpey drépaiov TOAUGVULOY

g(x), doTe:
fx) = (x—p)**! - g(x)
f f(x) = (x—p)k - (x—p) g(x). 3
ZuykpivovTes Tas (1) kai (3) AauPdvopev
¢(x) = (x —p)-g(x). €
‘H (4), 8ix x=p, yivetau:
e(P) =0 glp)
f ?(P) =0,

&mrep &rotov, 810T1 dvTikerton gls THY (2). *H TrpdTacis 6Bev dmreBeiyfn.
"Ex 6V &veoTépw ouviryouev 8i: Els xéBe pidav moluwvipou f(x) FE 0
dvTioToyel poveonudvtws €ls péyioTos dxépatos k = 1. "Edv ovveréds TO TroAUVG-

vupov {(x), PabuoU v, Exn s pilas Tous dpiBuols py, py, ..., px Kol EK&OTNY
HE Padpov TOAAGTASTNTOS Ay, Ay, . . ., Ax QvTioTOIYCWS, B Eycopey :

I(x) = oy (x=p )™ (x—pa)*s: - - (X—pi)*k,
évBa elven MAA 4+ A=V, (k=v).

‘H mropdoTaois altn, fitis elvar povoonudvtws dpiopévn Sid kdbe oAum-
vupov, &v 8tv AauPavetar Ut dyiv ) Béais TGV TTapaydvTav Ev aUTH, KaAelTon !
« dvdlvowg tod molvenvduov [(x) eic ywduevor mpwtofabulwy mapaydvrwyy.

Egappoyf: Tod mohudvupoy [(x) = x84 3x5—4x1—6x%+4 x?43x 42
dvabetal €is ywdpevov TpwToPabpicv Tapey vt s kéTwd :

1(x) = (x — 1)%x + 1)3(x + 2),
fitor Eyel 1&g pilas 1, —1, —2 eis PaBuols ToAamAdTnTOS dvTioToiyWs 2, 3, 1.
§ 67. ©cwpnpa. — 'Eav 10 dxépatov molvdvopov :
i(N=ox +a 1 x '+ .. fax+a
mndevitetar Sia v+1 mpdg tob X, Sopdpovs petald tov, téte tolto sival 10
mndevikdy molvd@vopov.
'AndderErc "AgUmobiompey 611 ai v+ 1 Bidgopol dAARAwY Tipal ToU x:
P1r Pas - +0 Py oy Pyt
undevifouv 16 Troducovupov f(x). TOTE, OURPWYWS TTPOS TO TpOTYoUpevoy Beds-
PNbe, B Excopev
fx)=o (x—py) (X—pg) ... (x—pv ). ¢))
H tauténs (1), 81d x = pyyr, Yiveton:

f(p"'i'l) = Qy (p\'ﬁ I_Pl)(Pv:‘ l_Pz) et (pV—H"Pv )= 0’ xaBdoov f(p\v‘+l) =0. (2)
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‘Emrerdh) 88: pupt A PLF P 0 T Py 0& elvan :
(Pust — P1) (Pvi1 — po) -+ (Pet1— Py ) # 0,
Sre b Tis (2), EmeTon &1t oy = 0. ToTe ducs 76 moAudvupoy f(x) yiveron:

f(x) = Gl X A T V2 A oo 0y X A S 3
*Epycadbuevol duoiws kad gls 16 ToAucvupev (3) &mrobaikviopey, 0TI Gh.1 = 0.
‘Ouoiog TpoypolvTes eUplaropey &T1: oy =0, =0, ...,0,=0, % =0.
"Qoe, Smedekydn &T1: Q== =0 %= 0. (4)

‘H (4) dmodeikviel TO Becopna.

Teappoyn: Asifote o1t 10 TOLVGOVUROY @

1(x) = (x—)2 B-y) + ) (—0) + (x—)? (6—P) + (e—B) B—) (=)
gival &k tavtoTnTog pPndiv.

Abo1g: Eukdhes BiamoTolpey Ot o) =1@)=f(y)=0-

*Emaby 1o [(¥) elvan BeuTEpOV BoBuol kol undeviZeTon Si& Tipdg TOU X
TEPIToOTERDS TOU Poduol Tou EmeTon, OTI 18 f(x) elvon & TOUTOTNTOS pnBEv.

Mépropa . —Iay GKEPELOV TOLVOVUROY Pabpod v, ExeL v 10 okl SLapopovs
pilac.

Népiopa 1. — Eav 10 dxépaiov TOLVAVOHOV :

1(x) =0y X¥ + Gy X o0 0K+ G

pndevilstar & ancipovg Tipag tod X, tote Tobre elvar Fk TELTOTTTOQ nroév.

MNopropa 1—"Eav 800 axépara mohvdvope 1(x) woi @(x), pebpav v, hap-
Bavovy Tc abTdg TINAG S0 v 1 dragopovg Tipdg Tod X, tote T TOLVOVVRO TRTTO
glval £k TavtdTjTog o,

§ 68. @cwpnpa. —'Eav 1a GKképuaa TOLVOVURS

£,(x) = oy XY 0y Xl s Xy, O # 0
1,00 = Po X" + Bt X1 o FBixBos B F 0

Fyovv Tig abTag v Slagdpovs @AV PILES Prs Pos v v oo Pys TOTE ¢
Bo _ Bo1 _ B _ B

ay -1 o 9

kal aviioTpogos.

'Anoderbig: Kard t& yvword (§ 66), 0 Exwiev

f(x)=o (x—p) (X—p2) -+ (x—pv) Gl)
fo(x) =By (x—py) (X—p2) - (x—pv ) @)

‘H aytors (2) ypdeeta:
g = —E% coy (X—p) (X—p2) - - (x—pv )= %’T fa(x)- 3)

"E&v Bt TebT) %—"— =k, & Tis (3) Aoupévouey :
f,(x) =k - f,(x), BnAcd
By XV 4 Bua X1 4 o+ B+ Po= ko x¥ -+ kotg X971 4 - - - KoyX + kay,
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kol &k ToU Spiopol Tiis iodTnTos 8Uo ToAuwviuwy, Exouey Tds OXETELS :

szkuv ' Bv-l:ka\'-l 3oy l-)’l:ka]_; BQ:kGO (4)
» &'_Pv‘! = e ﬂl ‘_,_El
5 bl B_A ®)

'Aviictpopmg: "EoTtw 8T &Anfeler §y (5). Oétopev Tols ioous Ad-
yous (5) foov pé k, &Te Exopev :

Bv: ko, ’ Bv—i == kc’:vﬁ-l PRI ﬁlz kalo B{): kuﬂ'
Tome:
fo(x) = ko XV + koy—g X1 -+ b kay = k(o x° 4 cv—g X1 -0 ),
fiTor : I(x) = kf,(x).

*E€ alriis wpokimrTel 671 kdBe plla ol {;(x) elvan xad pila ToU oAuwvipoy

fy(x).

Muparipnoig : Al lodtnTes (4) v &vrikadioTavTan Umd TéY loothTwy (5), &tav s TéV
ouvteheoTéw By , j =0, 1, 2, ..., v, mx. & Pu-a, elven pndév. 'Ex T (4), i oxéois Pv-a = k-av-r
&5 BiBer kal av-a = 0, &7e T& ToAvdVUpa [, (X), f,(xX) Bév 8& Exouv TV Spov pE Td xv-* Kal &

145 tedrnros (5) 6 Aefmrn & Adyos %"-:‘_, *E&w réAv TS ay-n, elvan pndéy, & Adyos —Etil Btv
V- V-

EXEl vonua TpaypaTikoU &p1Bpol xal ouverrds kal AW peTafy Téw Adywv Tév looThTwv (5)
8tv & Umdpyn & Adyos —ﬁ—"—'—.
Q-2

§ 69 Oshpnpa. — *Eav 10 dxéporov norvdvopov (x) = e, x¥ + ey X 4+
+. b ey X 4 dg, @y # 0, pE TpaypOTIKODG CUVIELEGTHG @y, Gy 1y. . ., Oy, Oy Of-
Xeton Gg pilav tov pryadukov appov a i (e, PeR, B # 0), tote O déxerar dg
pilav xai tov ovluyi avtol a — if.

YrrotifeTtan &1 & Pabpos Tol ToAuwvipou f(x) eivar peyoTepos f foos Tou 2.
’An6derErg: "Eotw ¢(x) TO oAuvupov Seutépou Paducu, TO dtroiov
Exel s pilas ToUs dpiBpols o+ if kad a —iP, fiTor:
9 (x) = [x— (a-+iB)] [x— (x—iP)] = x*—2ax + (o + P2).
To f(x) Brenpoupevov ik ToU ¢(x) 9& Bodam), kord T yvwoTa (§ 64), Tn-
Akov dxépaiov moAudovupoy, EoTw TO T(x) kal TpwToP&buiov Umohormov g

TPaYUATIKOUS GUVTEAEDTES, £0Tw TO ¥X - 8. ToTe, kard THY TauTdTnTa Sioi-
ptoecas drepaicov TTOAUVUPWY, B Excopey :

f(x) = 9(x) - m(x) + (yx +9). (n
Emeiddy f(a+ip) =0 xai (a4 ip) =0, & Tfig (1) Emweran :
y(@+ip)+8=0

A (oy 4 8)+ipy=0, £ ol: {w%izg. 2
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*Erraidh Spes P 7~ 0, EmweTan, & THs Seutépas TGV (2), Y= 0. ToTe, & Tiig Trpcd-
s Té@v (2), mpokimTe §=10. :

Ay =8 =01 (1) ylveron:

i(x) = 9(x) (). @)
*Ex 15 (3) TPOKUTITEL
(- ip) = 9(a —iB) m(x—iB)

ol émeidh o(a—ip)=0, & evar: f(a—ip)=0, fitor 1O f(x) BéxeTon éx pi-
Zow kol TOV pryadikoy apudy o — ip.

Fevikcprepov ioyver o Kkérwh Becoprpat :

§ 70. @cpnpa.—Edv dxéparov TOAVGYLILOV, j1E TPUYROTIKODG CUVIEAESTES,
déyetar dg pilov OV pryadikdv apBpov o+ ip (e, BeR, p 7+ 0) eic paBpov nollao-
nhotnrog k, 0 dExetar Eniong 6¢ pitav kai Tov cvfuyii TOV o —ip koi padrata pd
oy abtov Pabpov mohlarhoétniog k.

‘H &mrébatis Bid Tis elg &roTrov oy wyfis.

Mépiopa I.—"Edv aképarov TOALAOVOROV £(x), pé mpoypatikods ovvieheotds,
Eyq pyedikag pitag, 0 rhiifog TV pryadikdy plLdv elval dpriog amBpoc.

Mépiopa Il.— 'Axépatov rolubvopov nepretod Bubpod pi mpaypatikods ovv-
teheotag Exel tobhayiotov pioy npaypatikiy pitav, dptiov 52 Padpod dbvatar va
Exq kei maoog tag pilag Tov pryadikdc.

§71. ©cwpnpa. —Eav axéparov molvdvopov pé pntodg cuvieheotag Sé-
yetan piav Ty o + VB (weQ, BeQt, p 02 rov 0 €Q) Ba déxeran Eniong kai
TV o — VB woi pohiota pi 1ov adtov fadpov nolhanhoTnTos. ;

‘H &mésefis elven dvédoyos Tiis TOU TTPOT Y OUpEVOU BecoprporTos Kol @5 153
ToUTou émagleTan ds &oKNTIS.

E@appoyh Na chpedii nolvbvopov tetaprov padpod pt dxepaiovg aguvteheots, 0
smofov va Suapficar i to0: x*— (V2 + 1) x+1 Y2.

A6 arc Taparnpolpev OT1:

xt— (V24 i)x4+i¥2=(x-V2) (x—1)-
*Eqv {(x) elven T InToUpevoy TONUGVULOY, TOTE, Erreisd Braapeitan B x — V2, Buvé-

per ToU dveTépe BecopripaTos, 8& BroupfiTat kal B1& x + V2, buoiws Emeidh SiapeiTal Bick
x —i, Buvéper ToU Becpripcrtos § 69, 6 SrapfiTon kal 51& x + i, 60y, Buvapel Tou Oecopripo-
Tos § 65, B& BrunpfiTon kol Si& ToU ywopevou alrtév, Tuvemdds 0& Excopev :

t(x) = (x-¥2) x+V2)x-HE+D= -2+ 1) = xi—x'—2.
§ 72. "Edappoyai émi TRV iSloTfiTwy TOV dkepaiwy moAUWVIpWY.
'‘Egappoyi Lln: Iposdiopicate tolg mpaypatikodg apdpods @, p, ive
0 nolhvavopoy I(x) = x3—2ax*+-px+6 Srarpfitar S1d Tod yrvopévou (x—2)(x—3).
Abore °Emadh BéAopey TO TOAJGVULOY f(x) = x¥—2ox2+ Px +6 va
SiipfTan (dxpiPdds) Bik ToU yivopévou (x —2) (x—3), EmeTon Tt &prel va
BiaupfiTon dxpiPéds Brx x —2 kol 81 x—3.
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Tpds ToUTo TrpéTrel Kai cpel :

1(2)=—8a+ 2p+ 14=0, fitor da—P= 7 (1)
{(3)=—18a+3p+33=0, fror 6a—pP=1L (2)
AlovTes TO guatnua Téw efigdaewy (1) kai (2) elpiokopey
=2 p= 1.

Enpeiomg : Tous TpaypaTiKoUs dpifuols o Kai B Tis dvwnipw tpapuoyfis suvapea va
Tpoobiopiowpey kai &1 &AAwv Tpémwv. ‘Epapndoate fvav & altdv 51k Thv eUpeaw TQV
o kal B.

‘Epappoyn 20: ’Axépaov molvdvopov f(x) &mpovpevoy S x+H1
5i5c1 Omoroimoy 2, Srarpodpevov g x—2 dider drolowrov 11 xai S x-3 dida
orohownoy 6. N s0pe0il td tmororrov tiig Simpioewg tob f(x) did tod YIVOPEVOV

(x+41) (x—2) (x+3).

Avborg: 'E§ Umobéoews elva :

(—1)=2, f(2)=11, f(=3)=6. )

To mrohvcovupov  [(x) Sianpolpevoy B1& Tou yivoptvou :

(x+1) (x—2) (x+3),
16 droiov elvon TpiTou PaBpol, B Bdon &v TnAikov m(x) xal &v UmmoAorTTOY T
oAU SeuTtépou Paduol, £0Tw TO ax? + Px 4 y.
Kord THY TauToTnTa Tis Siaipéoews 0& Excopev :

f(x)=(x+1) (x=2) (x+3) - w(x)+ ax?+pPx+v. (2)
Oétoves els Ty (2) Biadoyik®ds x = —1, x=2, x=-3 kai ExovTes Vi
Syv Tas (1), AauPdvopey 16 oUOTNHA :
g=fRtay=2

(@) § 4a+2p+y=11
g 3y =6,
AUovTes 7o ouotnpa (Z) ebplokopev : a=1,p=2, y= 3.
"Qote, TO {nToUpevov Umdrorrov Ba elvea : x* o+ 2% 43,
§ 73. Iyéoeig peraly 1OV piILEV kai TRV ouvreAeoTOV tvog ake-
paiou moAuvwvipou. — *EoTw TO dképaiov ToAUDVUHOY !
fx) = X'+ G 2t o ety (o F 0)
BoBioTw, e piZas Py, Pas Py - -0 Py—t+ Py -
‘Qs yvwoTdv loyUe :
@ X+ o X Xt G = (x—p) (x—pg) (X —pv). (1)
DicnpoivTes dupdTepa T& BEAN TS (1) &1 ToU o, # 0 xai ExTehouvTes
Tds wpders els TO SeuTepov péhos, TO rrofov kal BiaTdooopey KaT& Tas KaTIOUoOS
Buvdpels ToU X, Exopev :
Cy—y Qy—2 9

x_v_*_u_xvfi,*, )xv—2+...+_

a, Ay

x+ L=x'—(ptpat-+
- By ) X (papart Pia -t s o petBe J XS R e (=0T Bypy i B
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*E€icouvTes ToUs ouvTeAeoTds T@v igopafuicv épwv-Aapfavouey Tas oxé-

OEIS :
Gy
Si=mtptpat P S
[\
Sy = s+ paps PP PaPs Py Py o= 7&\.}4
— | Uy3
Sy = piPoPs + P1PaPst - o0 A PiPP T P2 et Py Sk
—— a
Sy =piPaPs--- Pt By =(=1) Eﬂ

Al oytoers alton peTaly Tév pitdy kol TGV oUVTEAETTRY EVOS TTOAUWVUHOU

elvon yvwoTal s oyéoss Tou Viela.

A& TGV oytoswy ToUTWY Buvdpeba va eUpwpey TToAUGVUpoY, Tou &Trolou

Eyxouv BoBf ai pilan.

Ko

'‘Egappoyn In: Aidetar 16 morvdvopoy :
f(x) = 2x* — 3x* - 4x — 8.

'EGV Py Pos Py Elvan @i pilen tod £(x), va £bpelij i ipn tiic nopastacsng :

pi-1=p3 i,
Adeig : ‘loyel Tpopavéis 1 iooTns
ot p3+ 3= (Pt PatPa)* =2 (it PiPs + PoPa). (1)
AN : Pyt pat 93:__,—,2,3,,:% @
PPzt P1Pa+ ngaz—g—= : 3)
‘H (1), duvdpuea Tév (2) kai (3), ylveTan :
i+ pi+ pi= (%)2—2'2 =%—4=—j4—-

'E@appoyn 2¢: Na edpedi] molvdvopov tpitov falpod, voi onoiov dvo

piton elvan of apBpoi p; =5 kol p,=i.

Aborg: "Eotw axd4-Px2+yx+8, o # 0 70 LnTovpevov ToAuddvuuov

TpiTou Bobuou.
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TéTe, oupgooves: - 2os Ta;, syéoels Tou Vieta, 8& éxcpey :

__ B " g e
Pitpetps=—s fivor ST o
R F B Wi
P1P2 T+ P1Ps+ PePs = S nrot 1= "o = Y=e
3] ! )
PiRsPsi== g TTol S5=-— T 8 =—5c. ;
“Ofsv 16 {nToUpevoy moAudhvupov elvat : \
f(x) =a(x®—5x24 x —5). i

* AaipeToTng axepaiou roAuwviopou dia Tol Swwvipou (X —a)’.

§ 74. @ewpnpa. — "Aképuov nohudvopov (x) Smpeitar dud 1ob (x —a)’,
VEN, tote, KOi povov TOTE, dv :

fl@)=10, 1,(a)=0, f()=0, ..., .(a)=0,

Evla 1,(x), £,(x), ..., L,.1(x) lvar dvnioroizeg 16 anhike tév Swipiocmv :
ix):x—a [(®ix—0, ..., La®:ix—a.
’AndderErg: "Eotw ¢(x) 16 mnAfkov Tfis Siaipégewos ToU f(x) &
ToU (x — o), ToTE Exonev: f(x) = (x — )’ - o(x). (1)

Mk x=oa f (1) 8i6a f(a) = 0. ToUro onuaiver 811 16 {(x) BroupeiTan Sick
X —oa. 'Eqv f,(x) elvan 10 wnhikov Tiis Siapéoewss ToU f(x) Si& x —a, TOTE,
BionpolvTes dupdTtepa T& MEAN Tiis (1) 81k x — o, AapPdvopsy THY TaUTOTNTA @
f(x) = (x — )" o(x). 2
A& x=a 1) (2) 6ida {;(x)=0. ToUro onpaiver &1 T6 ToAUdVUpoy f;(x)
Srarpeiton 81& x — a. "Eqw ,(x) elvon 1o minAikov Tiis Sicuptoews f(x) 1 x — o,
ToTE, SroupolvTes dupdTepa T& WEAN THs (2) 81 x — a, AapPdvopey THY TauTS-
e () = (x— )2 g(x). 3)
Aid x=a ) (3) 8idar f,(a) =0, 10 dmoiov onpaivel 11 10 {,(x) Bicipeitan
81 x — a.
TTpoywpoUvTes, kaf’ Guotov TpoTov, elplokopey 611 TO TnAfkov THs v —1 Ta-
Eecos elvan : foa(x) = (x —a) - @(x). )
M& x=a 7 oytois almn yiveraa f,1(a) =0, SnAadf TO mTOMUGVULOY
fu1(x) Srenpeitan S x — @

’Avtiectpégowg ’E@ doov f(a)=0, {;(a)=0, ..., fi1()=0, 6&
Excopey :
f(x) = (x — ) {;(x) A& TTOAMATTAGTIGOUOU TOUTWV KOTS PEAT), Acti-
f1(x) = (x — ) f,(x) | Pévopev THv TauToTNHTA
f,(x) = (x — a) f4(x) fx)= x—ao)'f, (x),

..................... 7] &Trola pavepcovel 811 TG TToAvwvupov f(x) Siapei-
fomt () = (x—) fy (x) | T B1&x (x — ).
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Mapatfprnorc Ak vk Sefwousy 671 dxépaiov TeAuGVUMOY SianpelTal
518 Tivos Suvdpews Tou X — o tpyalduea ToAAdkis ds EETS :
MéBodog tiig dviikatastaseas. “Eotw ém 1o moAuwvupoy f(x) SionpeiTal
B1a (x — o) ToTe O& Exwpev THY TOUTOTNTA !
iz) = (x—d)* - p(x): M
OewpoUpEy TOV PETOOXTMATIOUOV
X—a=y <> X=y+« (2)

Hy+a)=7y" - o(y+o) ©)
&mou (y 4 @) kal @(y + ) drépaiat TOAUGVUIA TOU Y.

"Ex Ths (3) mpoxUmTel 6Tt 1O {(y 4 &) Bicupeitan drpipds ik Tou yi
Mpds TolTo dpkel 10 f(y + ) vé& orepfitan oTadepol kai wpwToPadpiou Spov,
fiTo1 va elvan THs Hop@fis :

[y ) =a ¥y 3 1 o ayihay

‘Opofws fva 1o {(x) Sianpfitan Si&e (x—a)?, mpémer kad dpxet 16 f(y 4 «) va
SicapfiTan i y?, fjtor v elven s popgfis: f(y+ o) = o v oy y 1 4
Ao e agyt b o ¥3, 8101 Bid ToT peTaoMPaTIOHOU (2) TpokUTrTEL OTL !

i(X)=@Ex—-a)p mx) <= {F+a)=y" w(y+a)

'Egappoy i 1n: Eav v guawkdg apibpds, va deuybij 6tu 10 molvdvopov:

(=vxt! —(v41)x*+1
Swpeirar dua tob (x — 1)%

kai 7| (1) ylveton:

Aborg Aix x=1 Eyopev:
f(1)=v—(u+4+1)+1=0.
*Apa 16 [(x) Sraupeitan Six x — 1. "ExtehoUvTes v Siaxipeotv elpiokopev
TV TauTédTnTA !
f(X=GEx-=1) - [ =1 +x24 ... +x+1)] ¢))
*Edv Otocopev f(x) =vx¥ — (xV1 + x*2 4. . .+ x4 1) raparnpolpev 61 :
f(D=v—(+1+...+141)=v—v=0. Tolro &nhol éT1 TC TOAVLWU-
pov f,(x) Siaupeitan Si& x — 1, dmwoTe B Exwopev
f,(x) = (x = 1) w(x). 2
“Evexar Tatlns, A (1) yiveTan :
fx)= (x—1) - n(x),
1) émola pavepcover 811 16 f(x) Sraupeitan &1k (x — 1)2
'EQappoyi 2a: N drnoderydi ot 10 nolvdvuopoy :
f(x) = xt —9x3 - 25x2 —24x 1 4
Srpeiton (GepPide) dua tod (x — 2)2
Arm6derEg: *Exteholpey Ty &QuTiKaTOTAOW !
X—2=y<=> x=y+2

%
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xal Eyouev: f(y+2)=(y+20¥—-9F+2)*+25(y+2)*-24(y+2)+ 4
MeTd ThHv EkTéAeav TV TpdGecv et‘:pi&KouEv :
Hy bdi=y—y—ap Pllayea)
i Bi& Tfs &vTikaTaOTAOEWS y=X — 2 EXOuev !
f(x)=x-2)2-[(x—2)2-(x—-2)-5],
# 6ol pavepcovel 811 T f(x) Sroupeitan Hid ToU (x — 2)%

* Qewpijpara émi TOV OoAoimwv.

§75. Ocwpnpa lov. —Eav v,(x) koi vy(x) elvar td drndrotna tdv Sranpé-
csov 1,(x) :8(x) wai Iy(X):8(x), 8(x) = 0, dvnisroiywg, tote ioydel 1 Aoyiki
icoduvapia :

8(x) | 1(%) — fy(x) <= vy(X) = ().
Amsbetsg 1 "Eote B(0)| f(x)—{y(x), T6Te f,(x)—fy(x) =8()-w(x). (1)
EE &Ahou Exopev :
f,(x) = 8(x) m(x) + v (x), Pobu. u(x) < Pabdp. 5(x) (2)
(x) = 5(x) Ty(x) +up(x),  Bobi. uy(x) < Poby. B(x). 3)
Ek Tév (2) kel (3) AapPdvopey :
f,(x) — fa(x) = 8(x) [my(x) — my(x) ]+ vy (x) — uy(x).

*ANAG, Suvaper Tis (1), 1) Sadpeos [f;(x) — [,(x)]: 8(x) elven Tedela kad
ETTopéveds : U (x) — Uy (x) =0, 2 0T: u(x) =u,(x).

PAviiotp 6@ oc: "Eotw 671 v (x) = uy(x) kad é1i:

f,(x) = 8(x) -m(x) + vy (x) kol f(x) = 8(x) wy(x) + vy (x).

Téte B& Eyoouev :

f(x) = fp(x) = 8(x) - [m(x) = my(x)] == B(x)|f;(x) — fo(x).

§ 76. @cpnpa 20v. —Eav vy(x), 0,(x), ..., v, (x) elvar dvaietoiyng ta
Onéhoina t@v Smpéocav §;(x) 1 8(x), 1,(x) : 8(x), .. ., 1, (¥) : 8(x), tote ai Srnpé-
oag [1,(x)+ L)+ - + 1 ()] 8(x) wai [0,(x) +vy(x) + - - + 0oy (1) ] 2 3(x)
Sidovv 10 adtd dmdhormov.

'Anbderfurg: “Exopev, & oupPoMowpev T& Toludvupa &AGS pé
f,8, mYv &l {(x), 8(x), m(x), v(x), T&s oyéoEis:

fi=0m+vy AdTon pooTiBépevar kaTd péAn SiSouv :
fo=8my+ vy | fy+ Tt A =8(m+ et M)+ (v vy + -4 w).
) fy=0m+y, *E€ arrfis AapPdvopey :

fy=8m 4w (f;+ 1+ £ = vpt b u) =8(m 4Tyt ).

*H TerevTade TauTdTns Aol &T1 TO & Sicupel THY Sidpopdy TGV TToAUwVUpWY

fi4 I+ kel u+up+ - oy, gmropévads, Suvdpel ToU TrpoTyouuévou

BecopruaTos, ExaoTov ToUTwy Slaipolpevoy Six Tou §(x) Biber TO aUTo Umd-
Aottrov,
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§ 77. @zwpnpa 3ov. — Al drnobioerg toll Bempijpartog 2, 16te ai Sunpéoeig
[1,(x) - fo(x) - - - fu ()] 2 8(x) wai [y(X) - 0 (X) - -+ v, (X)] £ 8(x) Sidovv 10 adTd Do-
Loimov.

'"An6derlug: Tas oyéoas (o) Tiis wponyoupéuns TOPAYPAPOU TTOAAG-
TAao1&opey KaTa PéEAT) Kol Eyouev :

ffy o =814 (uuy ... vy), )]
évla T dképatov ToAucdvupoy TOU x.
"Ex tfis (1) Aappdvopev THv oxéoiv
[ feesie B il fits e iy = &,
M omoia kad drrodeikviel TO Beddpnua.

Mopatfpnorg: Ta Bewprpata 2 kal 3 ioylouv ki &v dxdun Biv
dvTikaraoTabolv dAa T& moAudvupa [, (x), fy(x),. . b (x) Bid Té&v droroimey,
GAAG povov pepikd & alTédv.

Mépiopa—"Eiv v(x) elvar 10 drdlowmov tiic Sumpéormg f(x) : 6(x), tote
ai Sapéoeg [(x)]¥ : 8(x) wai [v(x)]* : 8(x) didovv 16 adrd OmororTov.

’Egoppoyi : Eav @, B, 1, & clvar axéparor pi dpvnrukoi, va dew0f 6t 10 molvdvopoy :
0t L B2 4 gl B Gaipeitan axpifiddc Six tob :

x4 x4+ x4 1.

'Ano6derErg: ‘O Binpertos yphpeTan @

(xe)u X% 4 (x4)B xt 4 (x9)r x + (xl)ﬁ "

"Ecw ékTedéowopey Thy Siadpeoty x*: x® 4 x4 x + | eUplokopev Ymrdhormov 1. "Apa T&
ywopeva (x9)e - x* kal 1e . x* Sicipoupeva Sik ToU X2+ X2 + x + 1 BiSouv TO aUTd Umo-
Aorov (PA. Bewp. 3ov kal mWopioua). ‘Ouolws T& ywoépeva (x4)B - x* kad 1 - x* Sioupotpeva
&1& Tol x? + x* + X + 1 8idowv TO aiTo UmrdAorov, Téx e loyUouy kal Bid Té (x1)7 x kal
1v - x &g’ fvos kal (x4)8 kai 18 &g’ Erépou. ‘Emopdvas T& moAlvdwupa :

xotd 42 | Al L 4 ) 19 53 4 1B P x4+ PP =3 x x4 1
Siipolpeva S1x Tou x? 4 x* - X+ 1 BiSouv TO aUTd UmdAoimrov. 'AAAE TO UmTéAoiTTOV
Tis Soaptoecs (X 4 x* 4 X o 1) @ (X 4 x* 4 x 4 1) elvan pnbév. "Ofev 7 Siaipeois
(G ot e B o RS ) ol N B I S ) elvan TeAsic

*“Ymohowrrov Tijg Sralpéoswg axepaiou moAuwvipou f(x) Sia
Tol diwvipou X' —a, EvBa veN.

"Eotw &v diépatov odudvupoy f(x), Paduol k, kol els puoikds &pifuds v,
HIkpSTEPOS 1) ioos ToU Pabpol k Tob roAucviuou f(x), fitor: v = k.
Tée {oyle 1) kdTeob wpdTaos :
1o modvdwopor f(x) Sbvarar va elfj a6 Ty poppiy :
() =& fra( )+ & ¥ oo @) + - - - + 2fu( @) + fof @), M
6nov foa(2), frs(2), -+, fo( ), fo(2’) dréoma moAvinvvua Tob z* .
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Mpdypati: of &kBétar Té&v Speov ToU f(x) 8 elven | ToAAamAdTIe ToU v 1
ToAAaTAdola ToU v nUENuéva katd 1 f) roAv+ 2 f moh.v 4 3, k.o.x. Of Spot
TéY omoiwv of ékbéTan elvon ToAAaTTAdo1x ToU v B& Sidouv To f(x¥). Of dpot
@V otrolwv of éxbétar elvan roA.v + 1 6& 5i8ouv T xf,(x¥). Of 8por &V dmoicwv
oi éxfétan elvan moA.v + 2 8& BiSouv 16 x2f,(x¥) K.0.K,

Lnpeiootg: Ty ds dvw mpotaoty Suvduedo va dmodeifwuey alotnpd-
Tepov Si1x Tiis pebodou Tfis TeAelas Emarywys.

’Egoappoyn: Eorw f(x) = 3x" — 5x8+ 8x% — 3x4+ 2x* — 4x2+ 7x+ 3
kai EoTw 611 v=13.

Auvéper Tfis dvwTEpw TpoTdosws TO f(x) SuvarTon va ypoagf) Umd THY pop-
QTV : f(x) = x2(8x3—4) + x(3x® —3x3+ 7) — (5x%— 2x3 — 3).

§ 78. @cwpnpa. — Td dndélowrov tijg Srorpéoemg drepaiov tolvovipov f(x)
te0évrog Ono i)y popeiv :
f(x) = X! fa(x) + X2 fa(x) + - - xE(xY) - £y(xY)

dud tob Srwovopov XY —a elvar :
U(X) = xv-l t‘f-l(a) + Xv_z fv-?.(u) + 252 + th((.l) + fu(a)-

’AnéderErg: 'Ex Tou Becopfipartos § 76 TrpowimrTel 811 TO UmdAorov TS
Sraipéoecas f(x) : (x¥ — o) elvan: U(x) = vy (x) +upa(x) - - - ug () Fup(x),
Smou Uy (x), uea(x), .. Ui(xX), up(x) elvan dvTtioTolyws T& Umdhoima TéHY
Brauptoscov : x% £ (xY): (2" — o), 22 f0(xY): (x¥ —a), ..., xi (%) (¥ — @),
fo(x¥) : (x¥ — ). To Umdhormov Sucws Tfs Sinpéoewds ToU f,.(xY) Bk ToU
X' —a elven 1 f,.(a), 8167, E&v Ted xV =y, ToTE, G5 yvooTdv (§ 64, TopI-
ouc 1), 16 Umdorov Tis Sroupéoews £y (y) @ (v — «) elven u= f, (). EE &\~
Aou T6 Umrdhormov Tfig Siapéoews ToU x¥ ! 8i1& ToU x¥ — o elvar a¥Td ToUTo TO
x¥1, 8§16 elvon pikpoTépou Pabuou O BiopeTtéos dmd Tow BiaupéTnv. "Apa TO
ywépevov xV-!-fi(x¥) kai 7o x¥1-fi (@) Sicnpodpeva Sid Tol x¥ — o 8iSouv T
abTd Urdhora, CAMG T6 Umohorrov Tfis Siaupéoews xv1- Ly (@) (x¥ — a) el-
var 10 x¥-! {1 (). “08ev v, (x) = x¥! ().

*Opofeos uy.2(x) = x¥2 f,2(c), ..., U(x) = xfy(), vy(x) = fy(ax). *Apa:
u(x) = xv! () + x¥2 fea(e) + - - - 4+ xf (@) + £ ().

Mépropa. — Ara v Srapijtar 10 dxéparoy molvdvopov :

1(x) = x*1 B (x) + X2 fa(x) 4 - - A xdy(x) o+ £(x)
Sue toll XY — @, mpéner wai dpwel va elvan :
foa(@=0, 1,2(a)=0, ..., L{@)=0, f(a)=0.

'EQappoyai: In: Na copedfj to dnorowrov il diapioewsg tod dxepaion morvwovi-
pov f(x) = 2x° — 3x* | 4x°® —2x* -} 3x — 4 x 10D Srwvdpov x* |- 2.

Aborg: To f(x) ypégetan : f(x) =x*(2x*—2)— x(3x®—3) + (4x*—4). ’Edv &g
ToUTo fécwpey dmou x® = — 2, AauPdvopev TG {nToUuevov UmdAormov :

u(x) =—6x + 9x —12.
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2a : ’Eav a, B, v Betikoi dxépaion, vi e0peBf to dmdrovmov tiig Simpéoeng tob axepaiov
modvovipoyr 1(x) = x> 4+ xPH L 15 56 rop x0 — 2,
Aderg: To f(x) ypleeta:
I(x) = x2 ()" o x(x0)® +- (o)
"Edv eis ToUTto Béocopev dmou x? = 2, AapPdvopey 16 UmdAocimov.,
u(x) =21t x2 4 2B L x4 o0

AZKHZEIZ AIAQOPOI EM TN MOAYQNYMON

146. N& mpooSiopioBolv of mparynaTikol &pifyol g P, y olress, doe vé TAnpoly Ty oxé-
ow o + B 4 y¥ = 3afy, T 5 moAudwvupoy [(x) = x* + ax? + Bx + ¥ v& AapBdvn THv TI-
pnv 7 &1 x = L.

147. ’Eav v g N, v& &moBex8ij 611 16 roAudvupov :

X =Gx+ Dv—xv_2x-1
Sianpeitan ik Tob : 2x? 4 3x? 4 x.
148. N& mpoodiopiofoiv ol mparypartikol dpifuol a kol B, fva 1o TTOAVEVUHOY :
f(x)=2x* + ax®*— 13x + B
elvan Sropetdv ik Tol:  (x —3) (x + 2).

149. Né& mpooBiopioBolv 7& k kol A kol vér evpeBoiv ol plZen Pur Pas Pa TOU TTOAVGVUMOU
I(x) = x* —8x?— 8Ax + k, &v yvopllwpev &1i: p, = p,.

150. N& dmofeny8fj om Td mwohuchvupov : f(x) = x¢ 4 3x* —3x?—7x L 6 SraupeiTon
Sk Tou (x — 1)

151. N& mwpoodioprofolv ol mpayparikol &pifuol o kal B, va T ToAudvupov :
f(x) = xvt! 4 ax + P SrepiiTar Sk ToU (x — 1)? kad vé edpebf 6 TTnAiko.

152. *Axépaiov moAucvupoy f(x) Sioipolpevoy Sid x — 2 5iBel GéAoiToV 12, Biaipotipevor
8¢ B1& x — 3 Biber UméAormov 17. N& eUpeBij 16 UméAormov Tij Broipioews f(x) : (x —2) (x — 3).

153. "Edv 76 oAvdvupov X + ax 4 P elvat SioupeTov Bid Tod (x — k)?, Beffare 871 peTally

o \* ;3 ]
TGV a kol P UploTaTar 1) oyéos: (-3—-) -+ (7) =0,
154. "Eqv 1 Tpeis Brapdpous Tinds Tou x T TPIGVULA :
(@—2)x*+ (Pp—Dx+y xad x2+ 5x +a+1
AauBévouy foas &piBunTicds Tipds, v Tpocbiopiofoiv ol TpayparTikol Gpifyol o, B, y.

155. "Edv drépanov odudvupov f(x) Siaipfital Sik Tol x — 3, v& Berxdi 6T1 1O MOAUD-
vupov f(4x —5) Bicipeitan Sidk ol x — 2.

156. "Eav 16 mohvcvupov : f(x) =x¥ + &y 4+ nz¥, (veN, v=> 2) elven SiaipeTdv Bid
TolU ohvwvipou @(x) = X* — (ay + Pz)X + oPyz, TéTE B foyin ) oxéors :

aiv s E’} TR
("Yrodergrg : "AvadloaTe TO @(x) els ywdpevov TPy OVTWY KTA, ).
157, Ne& Serydi) 671, tav a 5 P, TéTe 1O Umdhormov THs Siaipéoews ToU ToAvwvUpoy f(x)
Bi& ToU ywoptvou (x — a) (x — B) elvea :

ey = KDO) | Bl )

"Epappoy els Thv Siadpeow : (x¢ — 2x® 4 3x* - 8x — 9): (x—3) (x~-2).

158. Epete v Ikoviy kal dvorykalav owdfikny, tva f) Elowos: x? —3ex + 2p =0
&xn BimAfiv pigav.
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159. TpooBiopicate T& o kal B doTe 1 Hiowos x* — 24x — 72 = 0 vé Tifeton Ymd THY
v 3
wopgiv (;—:-—g) = -—;—‘ "Axohoufews v Aubf Ay EEiowors adrrn.
160. ’Eqwv 16 Umolormov Tiis Brapéoews ToU moAuwwipou f(x) = ax! 4+ Px* — 18x2 4

+ 15x =5 8ia Tou p(x) = x* —3x - 2 even u(x) =4x — 7, va a0 61t a =1 xal B = 4.
161. Aeifore dm1 16 Urdhormov Tiis Siipéoews dxepaiou Tohuwvipou f(x) ik Tou x* — of

elvar 76 u(x) = L(i)—gc-f(n:al x + ?w :

162. Awx molas Tinas TéV k kal A Td mohudwupov : [(x) = 3x* — kx® - 5x% — 9x 4 A
Biopeiton &1 x2—1

163. Eaw (a—=B) B—¥) (y —a) # 0, vé mAubij 16 ovoTnua :

ot alxtay +z=1
PP+px+py+z=1
Y+yx+yy+z=1

('Ynodergrg: Maparnpioate 8111 modvdvupor (1) = 12 + xt* + yt + (z—1) Exer pi-
los & a, B, y).

164. ’Axépaiov Tohucovupov [(x) Sixipolpevoy Sid x? + x + 1 5ider Umwdhormov x — 1,
B.IGIPOUL\EVOV 5t By x* — x - 1 8iBe1 UrdAormov 2x -+ 1. N& eUpedd) TO UmdAormov Tis Sicpéosws
f(x): (x*+x*+ 1)

("Yrodergig : Topornpfioame 8Ti: x* 4+ x* 4 1= (x® 4 x + 1) (x*—=x + 1)).

165. "Eotw 1y &iowois x* + ax* + Px + y = 0, Tis omolas ) pla Tév piLév elvan Tom
ut 16 &bporoua TGV SUo dMAwv. Na elpedi moix ouvlrkn Utrdpyer peTabl TOV UVTEAESTEY TS
tiowosws Kal va edpebouv al piGen Tns.

166. "Eqv k, A, we N vé& Sery8i ém1 16 mohudvupoy x3k+2 4 xI+1 4 x3u Sionpeiton Bid
x4+ x + L ‘

167. MvwoTod dvros 811 1O moAv@wUpoy f(X) = X* ++ ax? + Px -+ y ut dxepaious ouve-
AeoTds Sionpeiton B ToU x* — 2x + 1, va Bexbij O |a| + [P+ |y | =3

168. 'Eav —4 kal —164 elvan T& UmoAoima TV Srepéoewv [(x): (x 4 1) kad {(x):
(x = 3) &vmioTolyws, TéTE v& eUped) TO Umdhormov Tis Brcploecs [(x) : (x* —2x — 3). Edv
T Tohvevupov f(x) elvan TeTépTou Pabuou uk pidas 0, 2, —2, Tola fi &AAN pila Tou ;

169. ’Eév veN, va d&modedj &1 7O mwohudwupov: x*HE_ Qv+ x¥+2 4
(2v ++ 1)x* — 1 Sicupeiton B Tou (x*—1)%

170. EQpere Thy petal TV o B, v, & oxiow, va af pidet py, p,, py TOU ToAvwVGOU :
ax? 4+ Bx* + yx + & wAnpolv THY oxtow (™ py + ps = 2ps.

171. N& opiofolv ol mpayuatikol &pifpol o kal B oltws, cote T6 MoOAUcVULOY
Xt 4 (a—P)x3 + 20x? — 5x + 4 v& Spfitan Sid THs peycdutipas Suvatiis Suvduews ToU
x—-1 °*

172. ’E&v T& molvdvupa f(x) =x*+ ax — P kal ¢e(x)=pPx*~ax—1 w o PeR"’
Exouv piav TpaypaTikhv pilav kowny, TéTe loyvouv al oyéoers

S ; 5
D prpitpi=—2x 2) [p|+ [P+ [pal > 5= 8B py, py py elven pilan 100 £(x).

173. Acifare 611 B1& kdde piav p ToU ToAvwvlpov f(x) = xv + LIS s R -
+ &, bE TpayuaTikoUs guvTeAeoTds, loxUel f) dvigdTng
fpl <1+ lav-t|+|av2|+ -+ oy| + |a].

174. AiSeran 10 moAvwwupov f(x) =x* + ax + B, (o, PeR) xal & Tpay haTikds &pi-
Buds n ut n = 2. ’Edv m kehéowpev tov max { [ £(0) |, |f(n) |, |f(—=m) |}, Téte Beifate &T1:

m = max {| {0} |, [T(n) |, {{(=n) |} =n.
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175. Edpere T perall Té@v o, B, v, 8 oxtow, fva ol pifat py P2 Par Pu ToU TToAVWVUHOU
X4+ ax?® + Bx? + yx + & ouvdtwvtar Bidx Tijs oxéoEws 1 Pyt P2 = Pa +ipg
176. *E&v 6 mohudevupov [(x)= x*+ ax? + Px + v, {vba « P,y € R, Exn SimAfv pigav
&piBpdy p kai elvar p=0 A p=1+ V2, vé& &mobeaydi éTi:
[+ |Bl+1lyI=p+ 2p
177. N& &mobeydij 611 10 Umddormov Tis Sianpéoews drepaiou TOAVLVULCY f(x) &1& ToU
x?—2px + p* even 161 T(p)x + f(p) —pm(p), Smou w(x) elvar Td TAdkov Tis Sionpéoecos
[1G0) — 1)1 (x — ).
178. *Aképaiov Tohudvupov Siaipolpevoy Bid X - 2 8ide1 Umdhormov 7, BiipoUpevov Bik
x — 3 5iBe1 vréAorrov 17. Ti UrréAormov B Sdan & TouTo Bicipedf) B1& ToU X* —X —6; Mpoodio-
oloare &v TowlTov moAudvupoy. ‘YroboaTe droholbuws &Ti TO ToAudvupov ToUTo elval TpiTou
Bobpol ko Breapeiten ( dxpiPéds ) Bk Tou 2x* + x — 3. Tloiov elven ToTE ToUTO ;
179. 'Ev o, P, YER, ¥ # 0 xal al pifan py, Pz Py TOU TTOAVCOVULOU
f(x)=x*+ ax® 4 Bx+ vy
TAnpolv Tas oxéoes: |py|=2|pa| = 3| py|, TOTE Belferre Smi: [aP | <11y .
180, AfBeran T drépxiov TOAUGYULOY B TPy HOTIKOUS OUVTENETTAS :
f(x) =a, x" + o, SR S B 0 S o
Ottopev | x | = 0, UmobéTovTes 01, ked m=max { ||, oyl [l - ey [P G
N& &mobeyxfi) &mi:

\.‘1'-1_1

6—1

[f(x) | =m -

Il. AKEPAIA TIOAYQNYMA TIOAAQN METABAHTON

‘Opoyevi] kai oUPHETPLKA TTOAUWVUlA.

§ 79. Eicaywyikai évvoial — "Optopoi. — ‘Qs eis Ty § 50 cpiohn 1)
Ewvoiat ToU dkepaiou TToAvwvUpoy WEs PeTOPATTTiS PE TUVTEAETTOS TPy HATIKOUS
&p1OpoUs, KaTd TOV alToV drpIPGS TPOTIOV ElTCyETal kad 1) Evvora ToU TTOAUWVUHOU
v 16 TAffos peTaPAnTRV X, Y, Z,. .., b

*Emreidn) els GAas oxedov Tas épapuoyds Trou SUVOVTOMPEY €ls TO TTapOV Ke-
péhaiov al peTaPAnTai Sev elvon TreploodTEpOl TEV TPIBY, Bi& ToUTO KOTWTEPW
8& meploproféipey el TOAVGVUPE TEIGVY peTaPANTOY X, ¥, % ai B¢ TpoTAoES
of &moicn 8& SiaTuTrwlolv yevikelovTal, év yévet, Kol B1& TOAVVULY TIEPITTOTE-
pwv PeTaPANTEVY.

Karédmv Todtou Sidopev Tous kdTwb Spiouous :

@). *Aképarov povvopev TGV X, ¥ ,Z KOAEITON TTEOQ Ekpaois TTS HOPETs

axkyh zv (¢Y)
&mou o (oTaBepds) mporyuoTixds Gpifpds kai k, A, W quotkol &piBuct fi unbév.
0 &p1fpds o kaAeiTan guviehesTig TOU povewipou (1), T& 8¢ oluPoda x, ¥, z
kehoUvTtal perePhnrai. To &Bpoiono k+ A u Tédv ExeTddv, &g’ doov o # 0,
koAeitan fabpog Tou povaovipou (1).'Eav k=A=p= 0 kai a 7% 0 T povaovupov
(1) &véyeTan el TOV oTaBepdy &piBpov o kal Aéyouev glg adTnV THY TEPITTWOW
611 1O povaovupov (1) elven Padpod pndév. ‘Eav a=0, T4TE TO HOVOVULOV KO-
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AsiTan pmdevikdv kad Bév Spiholpev Si1cx Tov PadBudv Tou. Téhos tav a £ 0, Aéyousv
871 1O povadvupov (1) elvan dos pods x Pabuol k, ds wpds y Pabuou A, ds wpos
z PoBpol p, ds Tpos x kal y Pabuol k + A, k.o.k. OUTw, )., TO povavUuow :
— 3x2yz? elvon Gou Pabuou, évéy s pds x kai z elvon Padpol Sou.

). Avo poviovupa kaAoUvTon Bpota (&5 Tpods Tas PeTAPANTES Twv), &v &v TH)
TapaoTEoE! TwV EXOUV TaSs QUTAES PeTaPANTAS Kal tkdoTny pé Tov alTdv éxBétny,
Blaptpowv B¢ (&v Biagépouv) povov katd ToUs ouvTedeoTds Twv. OUtw, T.X.,
T& poveovupa 1 —3x%yzd, 2x%yzd elvan Spoia.

T& pf) Spota poveovupa KehoUvTal GvopoLe.

Té& povdovupa Tis Bopefis : axk y* z¢ kol —axk y* z¢ kahoUvTon Gvrtibera.

AUo pf) nBevika povavupa axk yr z¢ kol BxY yP 27 kehoUvron Kk tavtdTi-
tog Toa koi ypdgouev axk y* z# = Bx¥ y? z° TOTe, kal povov TOTE, &v

=13, k =v, A =p, B =o.

7). To G0poropa TEOV dxepaiwy povevipwy @ agxfiyhizh,  ouxKeyhagts, |
o, xv yk" 7' mapioTaral oUTw ¢

alxk,yl‘zl—l. -+ dzx"=y’*vz":+ S e Xi"v y"v 2,

*Edv 8& T& &5 dvoo povaivupa elvar Spota To &Opotopa ot elvar povavupoy
Spotov Tpos alTd, EXOV oUVTEAETTRY TO &Bpoloua TGV GUVTEAETTEV TGV pove-
vUpov, fiTol:

g xEyr gt Xk yr 2 oy xRyt = (o ot - o) xEyh e
‘H elipeais ToU dBpoiopaTtos TGV duoiwv povwvipwy kadeital Gvayoyi otTév.

‘H Sragopi SUo povawvupwy dudyeTan els Ty Tpdodeaiv Tou dvTiBéTou Tou
&paipeTEOU HOVG@VULOU.

Ivdpevov TGV drepaiwy poveovinwy ayxkayhizi, ayxkeyhagis, |« v ylv 2

Hibiat iy

Xkl+ki"'v o tky y?., T R U o ’

KOAEITQ! TO LOVOVUHOV @ OGO, . . Oy

*Ek THs dvewtépew Exppdoews ouvdyouey 871 & Paduds Tol youbvou Suo f
TEPIOTOTEPGV W UNBEVIKGV HOVWVUHWY G5 Trpos Ek&oTny weTaPAnThv icoUTar
Trpds TO Elpolapa TéY Paduddv TGV povwvipwy ds Tpds THY év Adye weTaBAnTAV.

*Axépaiov povcovupov Afyopev GTi elven Srnpetdy 81 &NAov, pn) pndevikol,
éxepaiou poveovipou, TOTE, kal pévov ToTe, &v Umrdpyn dxépatov povaivupov, TO
Smroiov ToAhamAaoialopevoy Eml T GeUTepov Bidel TO TpddTov, fiTol STav T
Trnhikov TV §Uo povwvUpwy glval drépaiov povavupov. TIy. TO drépalov povd-
vupov 12x%y225 efven SioupeTodw Bic ToU drepaiou uoveovipou 4x?yz?, 8161 16 Tiny-
Akov elven TO dépaiov povadovupov 3xyzd.

). *Axtparov molvdvopov TGV X, ¥, z KeheiTon kéde &fpotoua dxepaicov po-
VeowlpwY TEV X, ¥, z, & Tév omolwy BUo TolAdyioTov elval dvdpoia, fitor v
drépaiov TTOAUGVUHOY T&V X, ¥, 2 elvar pla TapdaTaals Tis Hopis :

cxlxk‘ylnz“l i azxk,yi\,zu,+ ek a Xk“ ykv zuv x (2)
&TroU &, Oy, . . ., & (oTCBEPOL) TparyparTikol dpibuot kad ki, Aj, i, 1=1,2, ..., v
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dxépanol Wy &pvnTikol. Of &pibuol oy, @y, . . ., & koAoUVTCl GuviEheatal ToU Tro-
Auwvipou (2). T& povavupe, 8§ Gv oUykeltal & ToAvdvupov (2), kaholvTal
Gpor atol. OUtw, Y., T) TEPAOTAOIS

S5x%y?z — 3xy%z + 2x%yzd — Txy
elven &v dképanov TOAUGVUNOY T&V X, ¥, z W poUs T povdvupa
5x3y%z, —3xy’s, 2x%yz%, —Ixy.

Ald T& TOMNGOVUPS V BETAPANTEV X, ¥, Z,..., b 6& Xpnoiuomoidduey Tous
oupPoriouous :

1(5,Y.2,. - o) B 0 T%. . .t) f T(y.5,.. 8 7 g(x,y,%,. . .,t) KA
Orw, T.%., TO ToAudwupov (2) TGV ueTaPANTEY X, y, Z YPEPETAL
[(x,y,2) = o x* Y e agxKryRazih 4 o xKeyhazi, 3

KeoUpey « avyypévov » &v dxépaiov TroAUGVUpoV gls TO &Troiov Exouv EKTe-
AeaBff af onueiwbeioa TpdEeis kol 1) dvaywy T&Y dpoiwy Spuwv.

Koreotépa AéyovTes «odvdvupory. 8& Evvodduey «axégator drnypuévoy molvd-
YOOI .

*Edqv mévTes of ouvteheoTal vos ToAuwvipou f(x,y,%,...),v TO TAfibos
peTaPAnTéY, elvon unBév, ToTE TOUTO KOAAETTAl TTGAW pdevikdv molv@vopov 1
noludvopoy £k Tavtétteg ioov mpog pndiv.

Els Thv meplmToow authv ypagopev Emions: (x,y,z...) = 0. EigTryv
&urifeTov & mepitrTwotv ypdeouev :  I(x,y,z,...) FEO.

Balpdg &vds, uf undevikol, dxepaiou Tolucovipou keheitar & péyioTos Pa-
Buds TGV povavipwy autol. OUTw, .., TO ToAVWVUHOY

f(x,v,2) = 3xy® — 6x° 4 3x2y%® — 52¢, elven EPSSpou Pabpol.

Bafpds tves ToAUwVURoY 65 Tpos piay peTaPAnThv KoAEiTan O peycAUTepos
tcdiTns Ths peTaPANTHS TadTns. O0Tw TO dvetép Tohudvupoy {(X,y,2) & TPOS
Thv ueTaPAnTHY X €lvar Sou Paduou, ds pos y 3ou ko s Tpos z dou Pabduol.

£). “Ev dxépaiov ToAudvupov f(x,y,z,...) ToU émolov mwhvtes of Spot
(&1 Spotor) elvan povdvupa Tou aTol BaBpou ds oS TAS YeTAPANTAS X,¥,%,. . .
koheitan dpoyevic. ‘O kowds Poduds TéV Spwv Tou kaheiton Babpog dpoyeveiag
TOU TTOAVGIVUHOU.

Kéfe pf) undevikov moAudvupoy {(X,y,%,. ..), v Poduol Suvaran vé ypagi)
Kord Eva dipiPéds TpoTOV UTO THY HOpenV

T 100) =6 Sh o e B 6 S Aaei | e folnyad. e . (4)

tvba fy (x,y,2,...), k=0,1,2,...,v elvan dpoyevés Tohuawvupov k Pabuol opo-
yevelas f) T& pndevikdy oAudvupov kot fy (x,Y,%,. - ) #0.

Ets Tepimrrooaiv ka®’ fiv 1o woAudwvupov f(x, ¥, z,...) Exel ypagf| Umd Thy
popeny (4) Abyopev 8T1 ToUTo Eyel Siataybij es duoyeveis duddas.
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Karédmiv TouTtwy &v &répatov ToAvvupoy Tp1&dy peTaPAnTEY X, ¥, 2 BUva-
Tar v SrororyBj els Spoyevels duddas s k&Twd :

[(x,y,2) = o+ [a,x + Gy + oz ] 4 [ oy X2+ oy 2+ agz -+ o, xy + oyxz+ ogyz] +
+ ayox® 4 A y® 4 oez® 4 aygX®y + oy X oy
fvla a, oy, 0, Oy, Ay, K, . . . Ol ouvTeAeoTal TOU TTOAVWVULOU,

ot’). To &bpotoua, N Siapopd kai TO yivouevoy TToAUWVIRWY TpIddy Kal ye-
VIKGS v PeTaPANTGY OpileTon dos drpiPéds kol S1& ToAvdvupa pids HeTaPAnTis.
Katd ouvémeiaw kol T moAvdvupa v 16 TATBos peTaPAnTdv ué TpoaypaTikoUs
ouvTeAeaTAS GTOTEACUY Jaxtiidor, & dmroios oupPolifetan pé: R[x,v,z,...].

‘H iodTtns peTafyu Suo dxepaicov ToAuwvipwy, TEPLEXOVTWY TS QUTS HETO-
BAnTds, OpiteTon dos kol Bia T ToAUvUMa &S peTaPANTIS. CAkpiBéoTepoy Aé-
Youev &1L :

Abo axépare mohvovopa f(x,y,z,...) kei @(xy.z,...) eivar oo ij &k tav-
otqrog ioa, kai ypagopev f(x,y,z,...) = @(x.y,%, ...), T0TE, Kai povov to1E, GV
cUyxkelvial and ica povovopa ij Snep 10 adtd, dv 1| Swepopd tov civar o pndevi-
kdv molvdvopov. “HTol :

Iy, . .) = 0EY.5. . ) <= [(5L),25...)—e(%y,2...) =0
opo

OUtew, .Y, T& TOAULVUM :
f(x,y) = ax2+ Pxy + yy2—8x+ ey +8 xad o(x,y) = 2x*—3xy +y2+5x+4
0 elvan &k TauTdTnTOS low, TOTE, Kai povov TdTE, &v ¢
0":zr ﬁ:_Bi V= it 8:—5, te=0 0=4.

). KahoUpey amOpnriknyv tipflv. ToU mohvwvipou f(x, y, ,...) 8i& x=a,
y=p z=Y,..., W apy,... &piBuol mparyuamikol f ulyaﬁmoi -rov api-
Buov (a,B,y,...), & dmoios mpokitrTel, &v &5 TO ToAucvupoy [(x,y, z,...) &v-
TIKXTAOTHOWHEY TAS PETAPANTES X,V ,Z,- . Bl 1@V o,B,y,... dvTioToiyws.

*Ex ToU Opiopol Tis lodtnTos o ToAuwviiwy v PETaPANTGY kai ToU opi-
opol ToU pnBevIKoU TTOAVWVUNOU TTPOKUTITEL OT1

Eav 1(%,7,2,-..) = 0(%,7,%,. .. ) == [(ap,y,...)=o(xp,y,...) xal &
[(x,y,2,...) =0 = f(a,B,y,...)=0 Bix k&fe v—&dax TGV a,B,y,... TdV
X, ¥, &... QGuTIcTOIY 0.

Mapatipnote A Ty &mésefw mpordoewy, al dmoict dvagépovTal els ToAULVUIA
TOMGY HETaPBATTEY, Biatdooopey ouviifuws alTd dx Tpds plav I-\ETGBP\T]TTW "AxpiBéaTepov toyue
A £6fjs TpdTaos

Kafe pi pndevikov molvivopov f(x,y,2), v Badpod @g mpog tiv petafinuiv x, ddvara
v Swtaydi katd tag xenoboog duvapeg tijg perafintiic X KOTE POVESIKOV (RovooTjpaviov)
tpomOV OO TRV ROPERY

1(x,y,2) = Iv (v,2) X" + Iv-1(y,2) X' () X+ (Y2, 4)
ivla Iy (vs2), Bv—1(¥s2),. .., 1,(¥,2) Gxépora molvivopa tdV petaflntdv y,z xai Iv (y,z) # 0.
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TMpogadds ) Sidragis alitn yiveren s £ERs ¢
FulAéyopev TpddTov Tous dpous ol oTroiot Eyouv TO X els THY peyahuTépow Suvauw v kal perafyu
Uty EEdyouey Koy TapdyovTa TO XV, &TE Exouey dos ouvTERESTHY TOU XV &v yével TOAUGUULOY
Tév y xal 7, TO drroiov kahoUpev fv (y.z). ' Axchouicos guAAEyopev Tous dpous ol dtroior Exouv TO
x g Ty Svapy v — 1 kal peTaU abTdy Eayopey Kowdy Tapdyovta ToV X¥— ! ke Exouev 0T
G5 GuvTEAeaTHY ToU Xv—! &v yéver TTOAVOVUMOY TGV Y Kai 2, TO &Troiov kohoupev fv—1 (y,z). Tlpo-
ywpcUvTes ko’ Spotov TPATTOV ouAMEyopey TEAos Tols Gpous ol omotol Bty Eyouv TNV peTaPAnThHY
x kad ol &moior dmraprifouy TOV TeAeUTATOV mpoafetéov [y(y,z) ToU &varrTiypoTos ).
To atrrd Tohudvupoy [(X,y,2), tav elvon Paduol p oo Tipds piaw &AANY peTePAnTIV X
Ty ¥ Slvaran vé Siataydij kaTx 1&g karrioUoas Buvdpess ToU y, BnA. vé Adpn Ty HopQTV :
f(x,y,2) = (5,2) y# + fu i(xz) yrt A L+ LB Y A {.66E); (4
gda  fu (x,2), fp—10%2)0. . f,(x,2) &xépona TOAVG VUM TEY X,z kot [ (x,2) #E0.
Egappoyh To TIOAUGVUHOV :
f(x,y,2) = 5xty*s® — 3xyz® + 2x%2 — xty 4 4yx —Txy? + 32—2y
BloTACTETA KOTX TAS Kamouoas Suvdpels Tis pETAPANTIS X 65 Ké&Twb ¢
f(x,y2)=0y2 —y)x* + (22 —3yz)x* + @y —Tyz) x + 3z —2y).

n). *Avéhoyor TrpoTdoes TPOS T& Bewpnuarea | xal I Tév §§ 52, 53 Batu-
mroUvTal Kol 818 TTOAUGVULS TreploooTépwv TS KISS peTaPAnTaY, fjTot:

Tov : *Edav 16 ywvopevov dbo dxspaiov rolvovopov f(X.y,%,...) Kai ¢ (X,¥.7,...)
sivon £ tovtoTTog pNddy Evd 10 Ev £5 adT@Y 8fv sival 10 PMdEvVIKOV TohvGVL-
pov, tote o Ghho sivan £k tavtéTnTog pndév. Anhabi :

"Bav T(X,Ya%. . .) - @(LY,Z,. . D=0 kel @ (5,57, . .) F0 = 1Y%, . J=0.

20v: 'Eav L(X,0,%,...) « 0%, . )= g (Y58, . - . ) » O (Y55 . ) Kol

oYLy, . ) EO, tot1e: TEXYZ. . ) =gYh. ).

AwaipeTdTng Grepaiwy MOAUWVOPWY TTOAAQV peTaBAnriv.

§ 80. Teheia Swaipeois. — ‘H Tereia Biadpeats drepaicov TOAUGVUN®@Y TrE-
pICCOTEPWY TS Wds peTaPAnTiY OpileTon g kot 8§51 TG TTOAUCOVUMO! MAS HE-
TaPAntiis. Ot B& Aéycouey 611!

To piy pdeviKov roiv@VLROY @ (X,¥,Z,. . .) Sropsl 10 f(X,¥:Z,. . .) xaiypago-
pev @ (X,¥,%. - .) | £(X,Y5%. . . )s 1618, Kol povov tote, Gv dndapyy dxipaiov TOAVMVU-
pov m(X,¥,%. ..) towitov, Gote va leyon 1 TOUTOTIG *

BT Es . - ) = O(XY2s. - ) - T(GYZs . ) ey

Els Thv TepimToaotv auThv Adyouev ¢rriong éT1 TO Tohudvupoy 1(x,Y,%,. . )
Supeirar (GxpiPdds) A elven Stawpetov §1& ToU ToAvwwiuoy @ (X,y,%,...) 1l
Grodpn &1 Ay Siaxdpeats [(xX,¥,2,. -+ ) 8 (XY - - .) elvan telela.

To ToAvdUEOY TT(X,Y,%,. . .) Keheiton Emions anlixov Tiis Tehelas Broapé-
oews B(x,y,2,...) ¢ 9(x,¥,%. .. ). O0Tw, T.X. T ToAucvupoy [(x,y) = x*+y?
Sroupeitan (dxpiPdss) S1& ToU @(x,y) = X2 —xy + ¥* kol 5iBer nAikov TO ducé-
pouov ToAumvupoy (X, y) =X+ Y.
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Elven pavepdv 611 16 wndixoy tijc tedeiag duawodéoewe f(2,y,2,...) 1 @ (2,Y,2,...),
jjToL 16 modvdwopor m(Ly,z,. . . ), dollerar povoonudvtws TpdypaTl, Eav UTriipye
kai &AAo ToAudvupoy T (X,Y,Z,. . . ) TOIOUTOV, GOTTE :

X T o) = PERYaZpein) * TR B o) 2
TOTE, Suvdper TV (1) kai (2), 8& eiyouev:
@(x,y,z,. 2 ) g ‘.FT(X,y,Z,. : ) = q’(XIY!Zs- 2 ) > Trl(xJY!Zr- C )
Kol ETTopévas :
q:():,y,z,. & ) j [TT(X,y,Z, 212D ) =% 'ITI(X,y,Z,. o) )] =0 (3)

AN @(x,¥,%,...) FE 0, 88w (§79, 1) 8&elvan :

T L) =Ty g0 0 =0 0 iy . ) = miEys...)

AnAadn) v povev TAikov UTrdpyel.

Enpeiwarg Es mhy mepimrwoy moAvwvipwy mepiocoTépey Tiis mds peTaPAnTEY Stv
{oyUe1 Ev dvdhoyov Bewprua pds 16 THs § 64. Kard TalTa:

Dobivtwy 8Uo Tohvwvipwy A(x,y) kal B(x,y) 8&v Umdpyouv mévTtote &lo ToAudVUpa
Q(x,y) kai R(x,y) (né Pabuov Tol R(x,y) mkpéTepov ol Pabuol ToU B(x,y) ) ToioUTww,doTe :

Axy) =B(xy) - Q(xy) + R(xy).
HDapadevype: A(XY)=x*+ 2xy*—x+ 1, BEy)=x+y-1.
*ATroBelkvUoNEY KATWTEPG MEPIKE Paoikd BewprpaTa SicnpeTdTnToS.

§ 8l. @zwpnua.— 'Axépomov norvdvopov f(X,y,z) Snpeiton Sk Tob Srwvi-
pov X —y 1018, Kai povov téte, dv: B(y,y,2) =0, 8nA. kebloTaTan &k TaUTOTN-
Tos undév, dtav s auTd TeBT dvTi x TO .

‘Anodate. “EoTe 81 x — ¥ | [(x,y,2), TOTE, d&v koMbowuey T(X,y,2) TO
mnAikov Tiis TeAelas Siaaptarws f(x,¥,2) ¢ (X — ), 6& Exwpey THY TauTdTTA !

I(X'Y:Z) = (X_Y) ‘j"(xn)’:z) (1)
*AvTikaBioTévTes els Ty (1) TO x 81k Tou y AcuBdvopsy
f(y,y.2) = 0. 2)

'Aviiotpbgms. *Eote &1 foyle 1} (2) kai 671 v elvan 6 Poabuos Tol f(x,y,z)

¢os TPOS TN peTaPAnThv x. TéTe TO f(x,y,2) TideTon Umd iy uopeny :
[(x,2) = (D% + L (y,2) X 4 - -+ h(2) X+ 1(y,2).

"Edv ékteAéocopey T Biadpesiv Tou f(x,y,z) Bi1d x —y, Ba ebpoopev &v -
Alkov 1r(x,y,z) xal &v UmrdAorov undevikol Pabuol s TPos THY PETaPANTHY X,
BNA. &v dképaiov TOAUVUPOY Wf) Trepiéyov TO X, ARG pdvov Tas peTaPAnTds
v Kad z.

"Edv u(y,z) kaléoowpey TO & Moy Umdhormov, 6 EXwHEy TNV TAUTOTNT :

f(x.}'lz) = (X *Y) 3 TT(-‘I,}’.Z) s U(Y,Z). (3)
*AvtikefioTévTes gis THY (3) TO x pé TO v kol EyovTes U Sy Thy (2)
AapPévopey :
u(y.z) = 1(y,y,2) =0,
SnAadh 1O u(y,z) elvar TO unBevikov ToAvdwuoy, &Te ) (3) yivetan :
f(x,y,2) = (x=y) - T(x,y,2), dnAadh (x—y) |{(x,y,2).
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§ 82. @ewpnua. —’Eav axipaov molvdvopov 1(x,y,2) Swupfitar &0 &vog
EKGOTOV TOV BIOVOROV: X —Y, ¥ —12, Z—X, 161 0a Sunpiitar kai Sud Tod yvopévou :
x—VF-2)(z-x)F0

Kol aGvriotpogug.
’Anédevgig Eq doov, £ UmoBiorws, TO f(x,y,2) Sroupeiton B x —y B Exoopey, tav
™, (X,y,2) xahéowyey TO TAlkov T Sicupéoecws ToUTnS

Iy = x—y)  muy.o). M
"Eaw s v (1) Tebfj rou y T z AauPdvopey :
{(x,2,2,) = (x — z) - m,(x,2,2). )

"Emeidn) Sucos 6 f(x,y,2) SronpeiTton Bi&k y —z, 8 elvon (§ 81 ) f(x,2,2) = 0.
Téte dpexs & Tifs (2) mpokUTrTer 1 T, (xX,2,2) =0, &1ém X — 2z Z 0.

"Ex s m(x,2,2) =0 mpokUtrTer &1 TS ToAVGVUNOY T (X,¥,2) Sionpetran (GkpiPdds) Sik
Y =2, &8y 8% Eyopey, tav T, (X,y,2) keAbowpev TO TAlKov THs Sioupéoews TOUTNS &

™ (Gye) = (y — 2) m(y,2). 3)
‘H (1), Adyw 15 (3), yiveran :
fxy2) = (x—y) (y —2) m(xy,2). (4)
"Edw els iy (4) Tedfj Smrov z 1O x AapPdvopey :
f(X.)’,X) = (K = }') (5’ o X) = vz(xlyrx)- (5)

"Emeidn Suws 1o {(x,y,2) Snpeitar 1% ToU z — x, 8& elven f(x,y,x) =0.
Tée Spaos &k Tfis (5) wpokimrrer: (X, y, x) =0, Sdmt (x—y) (y—x)=£0.

AMG my(x,y,x) =0 &nhoi 6T TO moAvUoY T,(x,y,2) Siapeitan  (dxpiPé) S
TOU z—x. *Apa:

m(xyr) = (2 —x) - mlxy.z), (6)

Efa m(x,y,z) elvai 16 TnAikov Tiis Sianpéoews (X,y,z) 1 (2 — x).

‘H (4), suvdper Tfs (6), yiveran:

fyn)=G&-y)r—2) (z—x) - m(x,y.2).
Zuvemds 1O [(x,y,2) Sicupeitan dkpifdds kal Bicx Tod ywopévou (X —y) (y —z) (z —x).
To dvtioTpogov eivar Tpopavés.

AV dvaddyou Tpdrrou dmodeikvieTal kol TO kdroodi :

§ 83. @ewpnpa.— Edv ixéparov mokvdvopoy 1(x,y,z) Srpijran :
() e x+y, y+z, z+XxX <= Sunpeitar kol bia E+y) (y42) (z4x)
(if) &a  x, ¥s z, <= » » » X-y-z
(ii) 3a X+ y—2Z, y+2—X, 2+ x—y <= » » » (X4y—2) (y+ z—x)
(z+x=y).

LInpeimorg Ta mponyolpeva Bewpripata loylouv yevikds Bid kdBe ToAudULOY
f(x,y,2,. .., t), v TO TAfBos peToPAnTEY, af 8¢ &mobeifers elven TavopcidTUTIOl TGV &veTépw
@s Kal &1&x moAvwvuua TpGv HeTaPAT TGV,

'E@appoy i 'Eav v puowkdg apidpig, va da1xBf 6t 10 molvdvopoy :
f{x,_v,z) = (X i ¥ L z)2v+l A x2v+l i Y1v+I 2 z2v+l
Simpeltar §1a tod yivopévou : (x+7¥) (¥ + 2) (z+ x).
Adorg "AvTikabioTdvTes To X B TO —y els 1o {(x,y,2) eUploxopey :
I(_."J."rz) = (—J' +y+ z)2~'+1_ (_y)2v-i- 1 ),2v+1_ zZv-}-l = ZZV-H o ylerIH yl‘v—{-l_ ZZV+I;.=' 0.
"Apa 1o {(x,y,z) Sropeiten (SkpiPéds) Bid x - ¥. "Ouofws &moBeikvieTan &1 Sroupeitan 1 y + z

Kal® z + x. Téve Spess, ouppdvas Tpds T& TeAeUTaloY Becopnpa 10 (x,y,2) 8& Srcupfitan kel Bid
ToU ywoutvou (x + ¥) (¥ + z) (z + x).
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‘Opoyevi] moAuwvupa

§ 84. "Opropoi.— Eis iy mapdypagov 79 eidopey dti: “Er axépator mo-
Avdwopoy 8o 1) meploooréowy peTaflntdy xelelrar dpoyevic Tdre, xal pdvoy
Tote, dv dlov ol dpor Tov, dnlady) Ta povawvvpa (i undeviea) & dv alyxetal
elvar To8 adroi faluot d; mods 6 avrolov Taw uetafiinrav.

"0 komwds Paduos Tév Epwv Tou keheitar fadpdg opoyeveiag ToU ToAvwvUpou.
Ol7rew, mx., TO moAudvupov : f(x,y,z) = 2x8 — ¥+ 3284 x%y + 2z — 22
+ 3xyz elvan duoyevés, Tpitou Pabuol. 'Emions & mohudvupoy e (x,¥) =
= x%y — 2x%y® + 3xy? elven Opoyeves TeTdpTou BabBuol Spoyevelas, Evé TO Tro-
Avcovupov : g(x,y) = x2+ y2 -+ Xy + x + v 8 elva Spoyevs.

"EoTw Tdpa v dpoyevds mohucovupov [(x,y,z), Babuod buoyeveios v, TOTE &
TUX GV Spos alTol B elvan Tfis popeiis 1 axk yo 2, Evba o (oTaBepos) mparypo-
Tikog &pifpods kol k,p,u puotkol dpifuoi 1 pndév TolouTol, oTe v elval
k+p+4u =v. ‘O 8pos olros, taw Td& x,y,2 dvTikaraoTaboly duTioTolyws UTd
TGV YIVOUEVeVY : AX, Ay, Az, EvBa A TUX GV TrparypaTikds dpiBuds, A == 0, yiveTen :

a(Ax)k (Ay)P Azt = o - Rk+p+it gk yp gn = Av . gyk yP ozt ,
fTor roAAamAagiaeTan i A, *Eg’ doov & Tuycav 8pos Tol Trohuwvipou {(x,y.2)
ToAAaTAcoédeTon e AV, ETeTon 811 kel TO TrOAUGVULOY f(x,y,2) ToMamha-
ciéleTon &l A . CEvTelfev EreTan 6 £Efis iooBUvapos Gpiouds Tol OpoyEvoUs Tro-
AUGVUHOU

"Axtparov molvévopov I(X,y.z, ...) kaheitar dpoyevic, v pabpod, tote, kai povov
tote, Gv DeigTaTal )| TAVTOTYG :

IAxAy,iz, .. )=av. XYz o)
dwwkdle RreR, R #0 xal  (Xy3...) # (0,0,0,.. 3

Moapaderypa: To molvdvusor: [(X,y,2) = x® 4 yo L 43 3xyz elvat dpoyevs Tpi-
Tou Pabpol, BidTi Exouev:

[(Ax Ay Az) = (Ax) (Ay)d+ (Az)*=3(Ax) (y) (Az) =20 - (x34 yo4- 2-3xyz) =N . {(x,y,1).

"Acknois, ‘Amodeifare TV icobuvapiav Tév dvaTépw BUo Oploudiy
TOU OHOYEVOUS TroAUGVUCY.

. 1816TTEG TOV "OpoYevRV MoAUWVIpWY

§ 85. "1316Tng I.— T yivépevov d00 dpoyevédy molvovipov siva éniong
poyevic morvdvupoy, fabpod dpoyeveiag igov mpds 10 ibporopa tév Padpdv @y
800 molveVipoy.

'Anddsilic “Eotwoay T dpoyevi mohvadvupa [(x,y,z), o(x,v,2) Po-
Buddv bpoyevelas v kai GvTioToiyws. ToTe B Exwuev

f(Ax, Ay, Az) = A - 1(x,y,2) €))
P(AXAyAzZ) =M - o(x,y,2). @)
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"Ex 1@v (1) kai (2) AapPvopey THY TauTdTHTG ;
fo\xr?‘yr?‘z) c P (7\.‘(,7\3{',?\2) = f(x,Y;Z) i @(X-YJZ) (3)
‘H (3) nés PePancover 811 16 ywdpevov f(x,y,z) - o(x,v,z) TGV SUo Opo-
Yev&v oAuwiney elvar Emrions dpoyevis oAudovupoy v - Poduol opoyevelas.
Mapatfipnorg To ywduevov fvds dpoyevols kol fvog un Spoyevols
ToAvwvUpou kafds kal TO yivdpevov Slo 1) OHOYEVEY ToAvwWULWY elval TToAU-
wvupoy uf Suoyeves (Siari;)

§ 86. "1816Tg I1.— To mnhikov tiig teheiug Sumpéocac 5o opoyevév mo-
Avavipey gival tohudvopoy dpoyevic, Buduod dpoyeveiag isov npdg Tijv Sragopav
t@v fadpdv td@v 300 ntolvavipwey.

’Anéderiie "Eortwsav f(x,y,2), 9(x,v,2), m(x,y,z) dvTioToiyws &
Bioupetds, & BropéTns kol T TnAikov wds TeAelos Sicupéoeos kad v, v>uw
dvTioToiyws of Pabduoi opoyevelas TéV f(x,y,2) kai o(x,y,z). Tote 6 EYCOMEY

f(x,y.2) = ¢(x,y,2) - w(x,y,2) &)
f(Ax,Ay,Az) = A - (x,y,7) 2
P(Ax,Ay,Az) = M - 9(x,y,2). 3)

‘H tautotns (1), 2w 1d x,y,2 dvTikatacTaboly dvTioTolyws Ud TAW Ax,
Ay, Az yivetan :
f(Ax,Ay,Az) = ¢(Ax,Ay,Az) - w(Ax,Ay,A\z)
Ay Suvéper Tév (2) kad (3) :
A f(xy,2) = M- 9(x,y,2) - T(AX,AY,AzZ). 4)
ArcapolbuTes TS (4) kai (1) kord wédn AopPavopey petd Tas TpdEels :
T(Ax,Ay,Az) = A . w(x,y,2),
| omoiax nAoi &T1 TO TnAikov elven Spoyeves ToAuwvupov Padpol duoyeveics
V=,
Inpeioorg *Hisiwms Il dmobekvieran auvtopdTepav Bid Tiis els &romoy Aoy wyds,
ExovTes Speos U Sy kad THY TraparThpnoY Tiis TPOTYyoUéVTS TPy pagou.
Mapatipnorg To&bpoioua fi 1) Bragopd BUo dpoyevdv ToAuwvipcy Biv elvan TévtoTe
Suoyevés ToAudvupov. TTepl Totrou BePaiovpsda ik TaY Ké&Twd! TapaBery paToov :
'Eav  f(x,y,2) = x® + y® + z*— 3xyz (Suoyevés TToAucovupoy TpiTou Pabuol)
kai  @(xyz)=x*+ y*+ 2’ +xy+yz+zx ( » » Beutépou  » )
TOTE TO &Bpoiopd Twv, fiTol TO TOAUGOVULOY :
o(x,y.z) = {(x,y,2) + ¢(x,y,2) = X*+ y* + 2° + x? + y? + 22 + xy + yz + 2x —3xyz
Btv elvan dpoyevis dos mpds T& X, ¥, 2.
"AvriféTeos, tdv Becopricwpey T TTOAUGVUPG
f(x;y,z) =x"+ y* 4 22— 3xyz (Suoyevis ToAudvupov TpiTou Padiou)
g(x,y.2) =x% + y¥ + z°x + S5xyz  (Spoyevés moAucvupoy TpiTou Paduol)
TOTE Kol T6
T(y2) = [(x,y,2) + g(x,y,2) = x* + y* + 2% + x%y + y%z + z%x + 2xyz
eivan dpoyevis ToAudvupoy kal HahoTa Tou adrod Pabpol dpoyeveias.
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Fevikdds : To abpowopa dbo i nepocotépoy Opoyeviy molvovipev 0a slvar dpoyevig
noLuGVUROY, £av T TOAVOVLRE Ta Ornoia mpostibevtar slvar tod abtod Pabpod dpoyeveiog.

AZKHZEIZ

181. Aeiforre 71 TO ToAvdvupov 1 f(X,y) =5 VX* 4 y* — Bxy efvan Spoyevis TpeTou Pabpol
Spoyeveias.
(2 2yt
182. Aciate 611 TO MOAVGVUNOY 1 f(X,y) = S_i;LiT elvarl duoyevis undevikoU Poduol
Xy + 4yt
OpOYEVEITS.

ax® + Py? + yz?

183. Aibeton T6 mohudvupov @ {(x,y,2) = — . Dcifore &1 elvan dpoyevis

ué Pobuodv opoyeveias 1/3.

184. Aciore 6T 1O TOAVGVUMOY 1 [(xX,y) = 9x%y? + 3xiyt — 14xy? evon Spoyevés, 6-
y8dou Pabucu Suoyeveias,

(N yivy els Tas dvwTépe doknoes xpfiots Tol Seutépou dpiopol).

185. ‘Ouoleds, Tij Pondeiq ToU Seutépou dpiopod, Seifare &1 TO TOAUVULOY

f(x.,_\') e=ybo— 5x‘y =1 styz = SXZ}':' + X)"" = ys
elven dpoyevis Sou Poabuol dpoyevelas.
Xy + yz + zx . 1 y
X+y+z X2 y? 4 z2

Elven Spoyeveis; *Ev xamagaTikij mepimTadoe v ebpedij & Paduds Tiis duoyevelas Tev.

186. AiSovtan al:

ZuppeTpika moAuwvupa

§ 87. BonOnrikai évvolar — ‘Opiopoi. — o). *Ectwoav v 1o Affos
Biagopa GAMAWY BloTeTaypéva oTOIYEI Xy, Xq) - . ., Xy, TX STTOTS BewpotvTan
s oroiyeia fvos owwdhou E, fltor E={x;, x,, ..., %, }.

Koheitar pet@feorc 1@v v adtdv oroyeiov wabe dpoipovosipavtoes
aneikoviarg tob gvvodov E éni tod £avtod tov,

OUrew, Y., v E={x,y, 2} kal Becwpriowpey Ty &reidviow :

X 4>y, V > X, 7 <> Z,
ToTe aliTn elven pia petdbeois TGV oToryelwv ToU TpipeAoUs ouvdiou E.
Thv dvetépe &meikévioly (peTdleow) TapioTdpey oupBoAikés olTew ;

X y Z k *)
E ( ¢ 1 t ) fj &mhouoTepoV ( oY g )
L S i Ve e 7
Metabéoeis Tob TpipeAols ouvdhou {x, ¥, z } elvan kai of &€fjs :
x -8y ?-) (x i T Z)(X y Z)(x y z)
( X v z/, X A y )' ( y Z X Jy Z X Wil Z Y X/

"QoTe & TOU TpipghoUs ouvdhou { X, ¥, 2 | AapPdvopey 6=1.2.3 petabéoss.

*) Els Thv TpoTny ypauuiy ypdpovTten T& TpdTUTTa Kad elg TiY Beutépow kéeabev EdoTou
TTpoTYTIOV 1) elkcov arol.
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Eis &v &émdpevov kepdhanov 0 &modei€eopey &1 T9 whijlos tdv ueralécewy
évds ouvdlov éx v aroyelwy elvar loov moos 6 ywipevor 1.2.3. . .y,

Mia eldiks) mepiTTwols petabéosws elvan xeivn k@ fiv éxcoTov gTolysiov
ToU ouvohou E drmetkoviZetan els 16 Emopevéy Tov, TO 8¢ TeheuTaiov oTolXEloV X,
gls TO TpddTOV X;. AnAabty fj peTdBeois ;

Xy Hpr A y ST Xy )
( Xipy Xy © N X;

Mia Tolein ueTéBeois kohelTon : KUKALKT) petafeaig.
%, ‘H dvopaoia altn &nyeiton duéocos ddv T v
{v \ BioTeTory péva OTOIYEIX Xy, X, ..., X, POVTaCHGpEY
L2V 811 elven ToTrofeTnuéva i wids TEMQEPEIDS KUKAOU
kal Becopriowpev Bv kivnTov 16 dmrotov Siarypdoet ThY
mepipépeiay (OX. 5) KaTd THY gopdv TroU Semkviouy
%3 T& PEAN, TOTE TO KIWNTOV PeTd TO X, 0& ouvawThon
TO Xp, METX TO X, TO Xy. .. Kol TEAOS PeT& TO ¥, O

/ SUVQVTACT) TGAWY TO X,.
Kukdixad petaBéoers &k 8Uo oToryeicov kaholy-
Tou elfikdTepov avripetaliceig.
F). "As Becwpriowpev 181 TO oAU VUMY fGoy) =x*+ y2—3x 2y + 1
TRV PeTAPANTGV x kol y. ‘Edw dvTipeTadéowuey T HeTaPANTAS X kol y, BnA.
tav Btowpev duti X TO y kad vl y TS x 64 TPOKUYT TO TTOAULVUROV
[(y,x) = y*+ x2 =3y +2x +1, 1o émoiov Tpopavéds elvan Bidgopov Tou f(x,y),
fitor Exopev : f(y,x) # [(x,y).
"AvmiBiéToos £qv Bewpriowpey TO ToAuhbvupoY
f(x,y) =x2+ y2—2xy + 3(x +y) =5
kal dvripetabéowusy Tdg METOPATTAS TOU TTPOKUTITEL TTOAUMVUpOY 2K TOUTOTT-
Tos foov mpds TO Sobév, fiTor v Tpokeipbvey Toyver : I(y,x) = 1(x,y).
‘Ouoieos, Ev Becopropey TO TOAUGIUNOY TPIGY METEPAN TGV :
f(x,y,2) = x3+ y?+ 23 — 3xyz
Kai épopudowuey i TéY HETOPANTEV ToU X, y, z piav oiavsfhmoTe ueTabeov,

25

. YN 7 0 ) iy . i ; A e
Ax. Thv: (z ¢ ), fiTol &v Bécwpev GvTi x T 7, dvTl y TO X Kkod GuT %
:
T y B& mwpoklyn TO ToAUdVUNOY :
f(z,x,y) =23+ x3 4 y3 — 3zxy.

Elvou 8¢ : f(z,x,y) = {(x,y,2).

Ta mehudovupa Tév 8Uo TeAeuTaicwov TOPOBEryUATWY KEACUVTAL ! GURPETPIKE.

Katédmv Toutwv §iSouev Tov £€fs Op1oudy ToU GUPUETPIKOU TrOAVGVYLOY.

"Axéparov, pij pndevikév, nokv@vopov 800 i meprosotipay petafintév ka-
Agiton cuppetpikov thte, kai povov tote, dv &1’ oiucdijnote perabiceng thv PETA-
BAnt@v tov mpoxinry noAvdvupov £k tautéTnTog loov TPoOS TO apyuKiv.
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O, g f(x,y,2) elvon oUPPETPIKOY TTOAVGVUHOY 65 Tpds X,y,z B Exw-
MEv :
i(y,2,x) = (z,x,y) = {(y,x,2) = {(z,y,x) = {(x,2,y) = {(x,y,2)-
1), "As Bewpriowpey R8N TO TOAUGVUHOY :
f(x,y,2) = x¥(y — 2) + y2(z—x) + z3(x — y). €Ly

EUkdAcs SiarmioToupey &1 1O &v Adyw ToAuwvupov Bév elvan CUUHETPIKOY,

KOTA TOV SofévTa dplopdy, 16T, E&v AdPewyey THv petddeov ( Kcprdon ) Kad
2 T

Ty pappdowpey éml TGV PeTaPAnTéV Tou, 8& mpokiyn ToAudvupoy [(z,y,x)

Bi&popov ToU SobévTos.

*AvTiféTes, Eav BTl TEW PETARANTEV TOU X,¥,z EQUPUOTWUEY THY KUKAIKAY

petédfeoy, ol &v Btowuev dutl x 16 y, &uTl y TO Z kol dvTl z TO X, B& Exoopev
1(y,2,%) = y2(2 = ) + 22(x —y) + X2y — 2). @
Suykpivovtes Tas (1) wad (2) AapPdvouey :
f(y,z,x) = {(x,y,2).

Eis THv TrepimTawooy adThy Aéyopey 811 TO ToAudvupov (1) elvor kukhkdg
ooppetpkdv. "Qoe :

*Aképarov, pij pndevicov, molvdvopov dbo 7 neprecotipov petafrnidv xka-
reltor KVKAMIK®G CURMETPLK OV 1018, Kal povov tote, Gv & olacdnrote
kukhikiig petabiocong v petafrntdv tov wpokinty moAvdvuvpov Ek tavtdTi|Tog
foov mpds 10 apywkév.

Elvon pavepdv Topax 8T1 kée ouppeTpikdy TroAuwvupoy elval kol KUKAIKES
ouppeTpixdy, TO dutioTpogov Sucs Bév dinBeter (Biati;).

Kerteotépo el TEpITrTadoeis kol &s TO roAucovupoy elvan KUKAIKGS GUMHETPIKOY
8& ToviZcopev ToUTO iBioTépas.

Mopatfipnoie. Els v mepimTwow moAvwvipou SUo peTaPAnTdv oi
Evvolan : «cm,upergmdv moAvdrupory Kol «xvadinds ooupeTowdy molvdvopory €l-
val TaUTOoT o,

"1816TTEG TOV CUPPETPIKDV TOAUWVIHWY

§ 88. "1816Tng 1.—To tbporopa, 1 Sapopd kai 1o yivdpevoy 3o cuppstpi-
K@V tolvovipev clvar TavToTE GUPHETPLKOV TOALGDVLpROV.

‘H &mwéBeifis das elkohos TopaAETETaL.

§ 89. "1d16™Tg 11.—To nhikov tijg tEAeiag Sraipéong 500 cuppsTPLK@Y To-
Awovipov (T@v adtédv perafhntdy) sivar cuppetprdy nodud@vuopov.

‘Anbderbic *Eorwoov f(x,y,2), o(x,y,2) xal w(x,y,z) dvmoTolycs
& Bicnpeéos, Bioupérns kai 1o TNAiKov Tis TeAelas Broupéorws TRV CUNKETPIKEY
rorvovUpev [(x,y,2) kol @(x,y,2) £ 0, TOTE B Eycopev :

f(x’er) = ‘P(X-Y-z) 3 TF(X,Y,Z). (1)
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. = : ” b.¢ Z :
M& wmds Tuyovons ueTaféosws TV X,y,2° T.X. TS ( ¥ ), 7 (1)
s Gl
yivetan :
1(z%,y) = 9(zx,y) - T(xY)
f [(x,y,2) = 9(x,y,2) - W(zX,Y), @
5161 T& Tohvmwupe £(x,y,z) kel @(x,y,z) Umetébnoov OUUHETPIKAL
A& ouykploews Téw (1) kad (2) AapPovopey :
(z,%,y) = T(X,¥,2).
‘Opolews PePanovueda 811 ) oladrimore &AAN petdfeots TV X,y,z kafioTd
10 TAlkov T(x,Y,z) & TOUTOTNTOS igov wpds EauTo &fev TO T(X,y,2) Elvat oup-
HETPIKOV TTOAUGLVULOV.
HDapatipnors Eav t& modvdvupe {(x,y,z) kai @(x,v,z) elvan kukAL-
K635 GUPMETPIKG, TOTE TO TnAlkov T(X,Y,2) eluan KUKAIKES OUUHETPIKOV TrOAUG-
VUHOV.

§ 90. *I516mg |1l.—Eav axéporov rnolvdvopov I(x,y,z) eival coppetpiov
Gc mpdg Tag petafintic x,y,z ol Snpfiter (axpiféc) S0 1ol dxepaiov Tolvw-
vopov @(x,y,z) 7 0 (obyi ket® avayxny cuppsTpucod), TTe 06 Sronpijtar d1a naviog
nolvavipov, 10 onolov npokdnter £k 100 @(X,y,z) 6V olacdinote petubiciog 1@V
petofintov tov.

‘AnéderErg “Eotw m(x,y,z) TO TnAikov Tiis TeAeias Srcupéoecos
f(x,v,2) : 9(x,y,2), TTe B& EXWUEV TNV TAUTOTNTA :

f(x,y,2) = e(x,y,2) - T(x,y,2). 1

"Ed&w el duodTepa T& pEAT THs TauTdTnTos (1) EkTeAéowpey plav olavBiymo-

Te peTdleov TAV X,y,z° Y. THY (X Hesper™ ), Td Tp&TOV péAos Bev PAGTITE-
S

Tan, 51671 16 1(X,¥,2) elvan ouppeTpikdY TTOAUGVULOY, EvEd TO BeuTepov pEhos yive-
Tar: @(y,x,z) - m(y,x,2), koi Emopévas f| (1) yp&eeTon :
f(x,y,2) = e(y,x.2) - (y,%,2). (2)

‘H (2) Sewvier 611 16 £(x,y,2) Brapeiten (Gxpipéds) Sik tol ¢(y,x,2).

“‘Ouoicos PePaiotpebor 81t T (x,y,2) Srcupeitan Six TawTds &AM oAU~
vipou, T &toiov TrpokUTrTel ik ToU @(x,y,z) & olaodnmoTte &AANS weTabBioews
TRV X,Y¥,2.

Enpeioorg Edw Td mohudvupov f(xX,y,z) elvar kuikhikés ouppetpikdy i iBidrng Il
foyuer Utrd Th £6fs Spoas SiormiTwoy :

Eav dxépatov rolvbvopov 1(x,y,z) slvar kxokhk@¢ coppetpkdv @g npog tdg peraPin-
10¢ X,z Kai Swmpfitar Sid 1ol dxepaiov moluvwvOpov O(X,¥,z) # 0 (odyi kat’ avayknv cuvp-

petpikod), tote 0a Swnpfitr kai Sie @OV mOAOVORQOV Q(Y,Z,X) Kl ¢(Z,X,¥), 1¢ énoia mpo-
kOntovy &k 10D Q(X,y,z) Sud xvkhkfig perabicewg t@v perafini@v tov.
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Mépiopa. — Kukhuedg CUPPETPUCOV moAvdvupov f(X,y,z) Stonpetdy Suq x — y

0d elvon Srapetov kel S1a tob Ywopévou (X —y) (y —z) (z — x), duapetov S

X -y 0a giver Suaupetov kal i tod Twopdvov (x -+ y) (¥ + 2) (z + x), dwarpetov
8¢ dud X |y — z 0a civan Sranpetdv kai S Tod YLVOREVODL &
x+y—2) V+z-x)@E+x—y).

§ 91. "1816™g IV.— Eav &v aKEpaiov  moludvupov f(x,y) ovpperpucov ag
Tpdg tag petaPhnrag X,y eivan Sapetov dua x — ¥, 00 ivar Suaperov kai S
@~y

‘AnédeiErg ’Emadn 1o x —y Broupel 76 f(x,y) Umdpyer moAubvULoY
m(x,y) TooUTov, ddoTe ;

fay) = (x—y) - m(xy). €3]
Tome f(y,x) = (y —x) - m(y,x). (2)
"Ex téov (1) kad (2), tmadh 1o [(x,y) Umetéon cupuerpikdy, EeTon
(X =y)m(xy) = (y - x) - m(y,x)
i G =) [w(xy) + m(y,x)]=0. €)]
‘Emedn x —y #£0, & T (3) #Emeten :
m(xy) + w(y,x) =0,
A dvTikabioTéduTes T x ik TOU y Exopev :
TV +T(Y) =0, A w(y,y) =0,
auvemréss T (x,y) elvon Sicupeov Si& x — y. Katd Taldra mdpyel roAudvu-
Hov @(x,y) TowoUTov, doTe:
T(xY) = (x—y) - p(x.y).
Téte ) (1) ylveroa :
IEy)=(x-y) - o(x,y),
& Tiis otolas ouvdyeton &mi 1o f(x,y) elvan Sicuperov kad &1 ToU (x—y)2

§ 92. Mopdai TGOV KUKMKOG OUpPETPIKGV akepaiwv mMoAuwvi-
Hwv.— “H yevixd) popen Tév kukAikég OUHUETPIKGV dKepaicov TroAVww ey MEXPL
TpiTou Pabuol elvan ;

@’). Aw 800 perafinric x wkai ¥y-

D). Tlpwropdbuia : x(x+y)+B, o PpeR, a=£0.
2). Aevregofdfuia :  a(x2+ YO +Bxy+y (x+y)+ 5, % By, 8eR  kai
azx0 § B#O.
3). Towofdfpa : a(x®+y%) 4 P(x?y 4 y2x) +YXy+8(x+y)+¢ «f,...ccR
Kad a0 § p=#£o0.
). Ava tpeic peraPinrag X,YZ.
D). Howrofdlma : afx + Yt+2)+B apeR, a0
2). devregofdua @ o(x24- ¥ +28) + B(xy +- Yt zx) 4+ y(x+y4z) L &
GPySeER kal o B0
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3). Towopdfma @ a(x®+y3+4 %)+ B(x?y + x*z+ y*x + y’z + 2 +2%) +
+ yxyz +8(x® + y® +22) +e(xy +yz +2x) +-0(x +y +z) +n, o«
0,8,y,8,68, neR kal & ToUAdyloTov TGV o B,y # 0.
*As &mroBeiuopey TO o, TGOV dvawTépw :
Tlpdry ot k&b ToAdvupov Seutépou PaBlol dos pos x kad y elven Tiis Hopgiis ©
f(x,y) = Ax* +By? + I'xy + Ax + Ey + © )
&ba A, B, T, A E, © (orafepol) mporypatixol dpifpod, 6x1 Aot UmoypecoTikés # 0.
A& vt elvon TOUTO KUKAIKE GUUMETPIKOY TTOAUMUULOY, TIPETTEI VX TIOPQUEVT) EK TOUTOTITOS
foov mpos EauTd, Bi’ olaobnmoTe kUKAIKTS peTabéoews TAV X, y (dvmipeTabioews).
Ar dvmipetabéosws TGV X Kal y TPOKUTITEN TO TTOAUGVUHOY
{(y,x) = Ay® + Bx? + lyx + Ay + Ex 4- ©, (2)
75 dmolov deeiher va elvon & TauTdTnTOS ooV TRoS TO ToAuvupoy (1), fiTer:
Ay? + Bx? + Iyx + Ay + Ex + © = Ax® + By® 4 'xy + Ax + Ey + ©.
AcuBvovTes U Sy Tov dpioudy Tiis lodtTos (§ 79) Slo moAuwvipewy MOAAGY peTaPAn-
Téoviyopev : Ay*=By? Bx!*=Ax?, lyx=Txy, Ay=Ey, Ex=4x, ©=0, ¥ av:
A= B, A=RE;
Ofttovts A=B=q, N=p, A=E=y kal © =5 eiplovopev 611 T0 ToAucowupov (1), Tpetel
vé elvan ko’ Gudykny TS HOp@Tis :
(s + ¥ + Bxy + y(x + y) + 8.
Kot dvéhoyov Tpdmov elplokovtan kad ol yevikal popeal TGV KUKAIKES OUHUETPIKGY TO-
Aveovipwy, Tds dmolas dveypdyaney dvawTépw.

§ 93. Ta oroyewdn cupperpika moAuwvupa. —"As Gecwpriowouey v
HETOPANTAS Xy, Xy -+ -1 Xv, TOTE T& GMACUOTEPS TUHHETPIKY TIOAVMUUKG €S
Tpds o elvan T k&Toodr @

Sy =Xi- Xk ooy

Sy =X Xp+ X Xg+ -0 + X Xe - XpXgt A XXy A 0 - Xt Xy
S; = X XoXg+ XyXpXy+ ¢ ¢ ¢ - XyXpXy + XoXaXg+ ¢ - - - Xv—2 Xyt Xy
Sy = X;XeXg * o« Xy .

T& QuedoTéped TTOAUGOVUHG KEAOUVTAL GTOV(EVDST] CUPPETPIKE Tolvd@YVVpE TGV
UETOPANTOV Xy, Xgy -+ oy Xy
OUtw, T.Y., T& OTOIXEIDEN CUUUETPIKE TroAvwvupa BUo psTaPAnTdy X, y
elven Té S,=x+y «xad S;=xy,
TPV peTOPANTEY X, X, z elvon :
S;=x+y+z S, = xy+ yz+ zx, Sy —Xyz.
*AtroSeikvieton 8T 2 [lar dxépatoy cvupetoundy molvdwopov divarar va Ex-
poaclij mdyrote xata fva xal udvoy TEOTOY OVYAQTIOEL TMY TTOIYEWWODY GUUUE
oKDY TOAVWYDHWY.
OUtw, T.X., TO CUMUETPIKOV TTOAUGVULOV :
_ (x,y) = x° — 2x%y — 2xy* 4 3 &
YpapeTal
Xy = Gry)'—ayE fy)=— 2yt =G+ y)* - 5xy(x + )

116

Wneiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrg



»

Bt S S;=x+y «al S;= xy,

ToTE | f(x,9) = S1 - 58,8,,
fjTo1 TG oUNPETPIKOY TTOAUGVUpOY (1) Exer éxppoobfi cuvapthoe ey OTOIXE1E Y
CUHHETPIKGV TTOAVWIULOV TG HETARANTGY Tou.

§ 94. "Opoyevij kai KUKAIKGIG CUPPETpPIKG moAudvupa.— Elvar gave-
pov &1 &v &képatov TTOAUVUpOY Suvartar vk elvan Spoyeves s Tpds T HeTaPAN-
TAS Tov Yeopls CUYXpoves v elvan kad kukAikéds OUHBETPIKOV &§ Tpds alTes kad
QUTIoTPOPWS, SUvaTal v gveat KUKAIKESS OUMLETPIKOV Yaopis vér elven kad Spoyevis
OUYXpOves. “Ymdpyouv Suws TepiT . hoels Kad® ds £v drépaiov ToAUGLUpOY Exel
auyxpévws dugoTépas Tds 1B16TNTOS Tiis Suoyeveios kad Tfis kuKAIKRs ouppeTpias.
“Ev Toi0lTov moAudwupoy Stvarran v TPOKUYT &Trd &V KUKAIKESS OUUKETPIKOY
TOAVGVUNOY, &y Tapaieipbolv of Epor altol of KOUTXOTPEPOVTES TRV Spoyéveiav.
Olrws ebpiokopey, X, OT1 T& péva duoyevij kal OUY'XPOVES KUKAIKESS OUPHETPI-
K& oAV TPIGY PeToPANTEY X,V,% elvet TGV k&t HOPQ&VY

1). TlpddbTou Pabpod : a(x+y+2z), ceR, o£0.

2). Deutépou Pobuod : a(x?+ y2+ 22) 4 P(xy + yz + zx), ‘o PER.

3). Tpitou Boduoy : a(x? - Y+ 28) 4 B(x2y+ x%2+ yix + y2a + w*x+z%y) 4

+ yxyz, oB,yeR.

‘Ohat T& oToryeicb OUBHETPIKG TroAU@VUPA Tis § 93 elven oUYXpovws ked
OHOYEVT.

Mpogavéys loyler 7 TPOTAOIS :

To mnhixov Tijs tedeias duupéoews o Opoyevdy xal xvxdixds ovpuetody
modvwriuwy elvar molvdwopor Opoyeris xal xvadinde ovpueETooY (Srati ;).

§ 95. 'Edappoyai émi TGy opoyevaiv kai OUMHETPIKDV dKepaiwv
moAuwvOpwv.— Al péypt ToUse TPOTAOEIs €Tl TGY Spoyevéy kad OVUUETPIKEY
TOAUWVUMGV XPTCINEUOUY TTOAAGKIS 14 V& PETaTpéTreopey Tayéws els youeva
TapayovTwy 516gopa duoyevfi kol ouppeTpik ToAVGVIE, &Tres YiveTan pave-
pov &md T& KaTwh Tapadelyparya

Mapaderypa lov. Na tparnii &g yivopevoy TapaybVTOV 10 moludvopoy :

1(x,y,2) = (X~ ¥) (3 + ¥9) + (y — 2) (y* +- %) + (72— X) (2% + x?),

Avoig: Tapatnpolpey 6T 81& X = y efven &,y 2) =0, &pa Td ToAUVULOY {(x,y.2)
Braapeitan (GpiPéds) 81 ToU X — y kal Emeidn elvon KUKAIKESS ouppeTpikdr B SranpfiTan (§ 90, mwo-
pioua) kai 8i& ToU ywepdvou (x —y) (y —z) (z — x). "Emreidh 8t kad 6 Sroupeéos kal 6 Saupérng
elvan Troduvcovupa OpoYEvT] kal KukATKGS CUHUETPIKE, B1& ToUTo TO TnAikov THg Siaiptoews Tattns B
elvan Spoyevis Kal KUKAIKES CUUETPIKOY TIOAUGYUpOY TpwTOY Baduol, deol 1o f(x,y,2) elver Te-
TépTou Pabuel kal & Siupétns TpiTou. O elven &nAabi) TolTo T Hepgfis : alx + y + z), &vba
a oTabepds Gpifucs.

Karémv TodTow B Exwper Thy ToutdTnTa

(x=y) 24y + (—2) (*+2%) + (=x) (2*+x%) = et(x+y+12) (x—y) (y=2) &=x) (1)

*H (1) glvan &Andns Bia &oav Tiptv 7@ X,y,z. AiSopey els & x,y,2 plec TpidSa avfaipéreov
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Ty, ol dmolm Spess Bty pnBeviCouv Tov Biawpéry (x—y) (y—z) (—x) mx. x=1, y=2
7z =10 xaléTis (1) AapPévopey a = 1.
‘Etropévess ¢
(x=y) (¥ + (y=2) (v*+2%) + (z—x) (@ +x%) = (x+y+2z) (x-y) (y—2) @)

Mapadecrypa 2ov. Ni deryghiy 61 10 mohvdvopov I(x,y,z) =(x +y + 7)* —x° —y® —z®
elvar drpetov o1 (x + ¥) (¥ + 2) (2 + X) wai vi edpeldi) 10 mnhikov Gvev Ektelécewg tiig
SuaLpEoeme.

Abaorg: 'Eaw eg o f(x,y,2) TeOf vl x T —y eVplowouev f(—y,y,z) =0. "Apx TO
f(x,v,z) Sicpeitan Bix To0 x + y ko émaidi) elvon ouppeTpikoy B BicpfiTan kel &1 ToU ywo-
pivou (x 4+ ¥) (v + 2) (z + x). *Emadn Spows 1o {(x,y,2) evan duoyevis Kad KUKAIKES ouppe-
Tpikdy TréuTTTOU Padpod, & & Bipttns (x4 ¥) (v + 2) (2 + x) elvan TOAVCOVUHOY  GUOYEVES
Kol kUkAIk@s ouppeTpikdy Tpitou Pabipol, Emeta 511 Td TnAlKov 84 elvan ToAudvupoy duoYevEs
Kol KUKAIKESS ouppeTpixdy BeuTépou Pabpol, fitot Tiis HOPPTiS :

alx? + y* + 22) + B(xy + yz + 2x), Bbao, P TpaypaTikol &pibuoi.

"Apa B Exwiey TV TOUTOTNTA ©

(X y+ 1) mxs—ysad = () (7 +2) GHx) [a(xi+y*+22) + pley+yz+an)) (1)

‘H (1) elvan &Andhs Bix Tdoav Tiphy 1&v X, ¥, .

Ottovtes ele THY (1), T.X., X = ¥y = z = 1 elpiokopev :

«+ B = 10. @
OétovTes Bt dxoroubes els Ty (1) x =0, y =2, z= -1 eUplokopey :
5a — 2B = 15. 3)
Avovres To oUoTnua Tév EEodoswv (2) kol (3) elploxopev: =5, p =5 kal 16 nToU-
pevov TrmhAikov elvan LT s 1 ' i e e e ZX).

§ 96. Tovropog ypadi) GBpotoparwy kal yiwvopévwyv.— EvioTe wa-
pouai&lovton &BpolouaTa Tils BoPPTs :

a4 B e Yo 0:[3 = i}Y T Y% 0(2(5 = Y) = ‘32()’ T u) = Yz(d = B)r KT.A.

Té& dfpolopaTa aUTd TapioTévopey oupPohikdds s EEfis (dvTioTolyws) :

2a, 2ap, Sa(Pp—y).

‘Opolws ypnoiuoToloUpey To oupBoiov TT 81& TV UPPOAIKNY YpagnV Yivo-
péveov. OUT@, Y., TO ywopevov: (B—y) (y — ) (x — P) maploTavouEy cud-
BoAIKEdS PE TR —vy).

AZKHZIEIZ

187. N& ypagouv mhAfpws of drxéhoubor EKPPACELS :
S -y)  ZE@—v)h  Z(eB—v*) (ay—P).

188. Na& &mobeikdi o1 :

Za?(B + y) + 3aPy = (20)- (ZBY).
189. Na& &mobeyff Tt

By (P + ¥) + 20By =TI(B + ).
190. *Ouolcs &é11: aPy(Ea)? — (EPy)? = afyZe® — ZPYy* = TM(c® — Py).
191. N& eUpefolv al Tipad TV

KEpMD P 1SN =0t

EOpET A T
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192, N& dmoBexbij &mi:
(@ + P+ y)* = Za® + 332 + 6 ZaPy.

193. ‘Opoiws &1 : (Za)t = Zo? + 2Zop.
194. N& Umodoyigbolv af tkppdoels :
1 B+y o
AT =t e B ) ) W o R Ep M T
P rEpen P iempey "V tupass
4o — 1

195. N& ey 6m1 10 z T B =7 Btv EapraTan t TV o B,y.
MMoia # T ToU ddpoiopaTos;
196. 'Eav o + B+ y = 0, vx Utrohoyo8ij T6 :
(s55) - (=557)
a—y o )
197. N& dmodery8ij &1t
Z(aB —y*) (ay —P*) = (Ipy) Py — Ta).

AZKHZEIZ ETl TN OMOTENQN KAl ZYMMETPIKQN TIOAYQNYMON

198. *E&v 1(0,y,2) = 0 xai f(—x,y,2) =1(x,y,2), Té1e 1 xépeniov ohudwunov f(x,y,z)
Breupeiton Biéx x2. *Edw 8¢ 1ri Atoy 16 f(x,y,2) elvan kai OUPHETPIKGY TTOAUVUpOV, ToTE B Sioi-
piiTar & x2yze,

199. TMpoodiopioars Tous TpayuaTikous &pifpos a kal B, fva T oAU VUL
f(x,y) = 4x* 4 12x% + ax®y® -+ Bxy? + y* elvan Téherov TETPAY WOV dkepaiov ToAuwvpou.

200. "E&v O ounpeTpikdy oAudvupoy f(x,y) BrapfiTon B1& (x — YRR+, TéTe Bk Sicpi-
Tan K B1& (x—y)2k+2, ke N,

201. Né& dvauBolv els ywopeva TapayovTwy af KaTwdl TapacTdees ©

@) XG—2) + ¥ (2x) + 22(x—y), B) X(y—2) + y(a—x)* + 2(x—y)* + Bxyz,

Y) X(V+D)+Y G+ )+ 22(x+y) + 2xyz, 5) x(yi-2t) 4 y(2'—x*) + z(x'—y9),

& (X=¥) X+y)» + y-2) (y+2) + (2—x) (z4x)n
202. ‘Opoiws ol kdTwb :
@) (Hy+2)— (y+2—x) — (24 X=y)s — (x+y—z)®
B) (=22 (y+2-2x) 4+ (z—x)? (2 X=2y) + (x—y ) (x+y—2z).

203. N& &miomombfouv al pnral TAPAOTATELS ;

HYo S PR R P TR )b B )
& (x-¥) (y—2) (z—x) Y X(y=z) + y3G—x) + 2 (x—y)

204. N& Berx87 6mi 76 mohudvupov f(x,y,2) = x"(y—z) 4 ¥ (z—x) + 2/ (x—y) eWvai Sicite
peToy ig ol (X.¥:2) = (X=y) (y—2) (2-X) Bi&k k&b Quokov &piBdy v = 2. N& elpebii 16
TnAikov Bi1& v = 3 Gueu éxTedéoecos TRs Sioupioecos.

205. N& BexBij 61 16 ouppeTpikoy ToAUGULOY : £ %0 XaX0) = %0 4 x84 3 + x3,

2 : s .
AopPaver THY Hopefiv: [=8,— 38,8, + 8, &la 51,8, S, T& TTOIXEIDBT CUMpETPIKS Tro-
Avdovupa GuTIoTOIXWS TpwTov, Beutépou kad TpiTou Pabuod T HETABANTEOV X,, Xy, X, X

206. “lve TO TOAUGVUNOY [(X,¥,2) = ax + By + yz + & elvan TVHHETPIKOY oAUV oY,
Trpémer kal &pKel V& gvol a = p = y #0.

207. Né& dvahubolv els ywopeva Tapaydvtwy af ;

o) Iyzl(y—z?), B) Z(y+2)*—23x? + 6xyz,

y) Ex(y+z)t—4xyz, 8) (x+y+z)—(y+z)— (24 %) = (x4 y)* + x4y a8,
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208. N& Tpoodiopiodij mohudvupov f(x,y,z) Obuoyeves kol KUKAIKGS OUppETpIKOY 20V
PaBuol TotolUrov, dote: {(0,1,1) = 5 xad {(0,0,1) = 6.
209. MvwoToU BvTos ST1 TO TOAUDVUIOV
3x? 4 12y* 4 1022 + 26yz + 172x + 13xy
elvat ywopevov 5Uo OHOYEVEY TOAVWIUHWY lou Pofuol Spoyeveias, va eUpefioUv T& TOAUGVVHG

Ut
210. Né& Serydij 6T 10 TTOAVMVULOY :

txy2) =X [2(x—y) -y X+ ¥ [x(y—2)—22(x—y)*] + & [y*(—x)—x*(y—2)'],
veN, elva Siaperdv Bk Tol ywopévou P = (x—y) (y—2) (z—x). Toiov 76 TnAikov;
241, Né& &moBeydij 611 TO ToOAUGVULOY :
1(x,y) = & + B(x+y) + y(x3+y*) + 8xy + e(x*+y?*) + Ay +xy")
AapBdver THY popenv
F(XY) =a+ BX + (5-27)Y + yY* + (A-3e)XY + eX3,
smou X = x+y kad Y = xy.
212. N& Beydij 6T TO TOAUDVUMOV
(yz) =12 [(Hy+2)% — 4y — g+ o) = @™ + X4y +a] veN, v=?2
elvan BiaupeTov Bik Tol TTOAUWVULOV :
px,yiz) = (xFy+2)t — (xy) = (o)t = G x)* + xt 4yt o+ 2
('Yrodergg : Maparnphoare &t1 16 o(x,y,2) xal [(x,y,z) unBevifovrat Sid x=0, y=0,
2=0 xal 811 x + ¥y + z [ [(x,:2)).

Il ANAAYZIS PHTOY KAAZMATOZ EIZ AGPOIZMA ATIAQN KAAZMATON

§ 97. "Oplopédg.— KaAoUpey pndv khdope s Tpds X TO TrnAikoy g({—))

o dxepaiooy TOAUGVUGLY G pds X, dnhadt ke TapdoTacw TS popfis :
f(x) Oy XMy il e C(1!{+ %o

k e e ] 1

CY=3) =R+ Bea x4 o+ Bux t Py -
i=011’--~r|"'- v e . 2oL \ '

&mov o, B . 0l o mporypaTikol &pibuol, 1 kal v dxépator GeTikol®) kad
j::  Jot AL R IL

o # 0, By # 0.

Tij ponlelq Tév & TauTdTTOs fowy kepadwy TOAUwVUNWY Suvdpebo va
&ualUowpey T pnTév KAdoua (1) els &Bpolopa EAAWY GTAGY KAKOUATWVY.
TMpos EmriteuEiv Sues Tfis &vedoecws TauTns, TpETel & &p1dunThs Ths (1), SnA. TO
mrohudvupov £(x) vé elvan Pabuol pikpoTepoy &md Tov Podudv Tol Tapovoua-
oTou. 'Ev tvavria TepirTddoel, SnA. v & Pabuos ToU &pifunTolU elvan peychu-
Tepos f ioos ToU Paduol ToU TapovopaoToU (i = v), i &véduols ToU KAGouaTos
f(x)
e(x)

ToU Padpol ToU TTapOVOUaTTOU.

dvéyetar els THY &vdAUGY KAGOUaTOS ut Podudy dpiBunTol WikpdTEPOY

* Mg p=v=0 716 k(x) yiveran %, #ro1 elvon pia oredepd, Sia v =0, b= 1 76 k(x)
1 ]

yivera év ohuvupov.
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TpdypaTi, tav m(x) wohéowpey 16 TMAlkov kal u(x) TO Yméhormov T
Bionpboews [(x) @ (x), &omev: f(x) = @(x) - w(x)+u(x), OEmoTe:

f(x) u(x)
— ——=mi(x J 2
2@ =" o) @
Mpogavéds 1o m(x) elvar p—v Padpel kad 10 u(x) Pabpol pikpoTépou ToU v.
"Ex Tiis (2) elven Toopa pavepov &1 1) dvdAuois Tol khdopaTos %g%— Gvé-

v(x)
¢(x)
&p1BunToU elvar pikpdTEPOS ToU PabBuol ToU TrapovouacTol,

yetal gls T &vdAuotv ToU KAKTpaTOS

, €l TO Omroiov Spws & Pabuds Tol

§ 98. "Avalvoig Toli xAacparog a\:—:—x—;— eig dBpolopa amAdv kAa-
x
oparwy, dmou & Padpdg Tol f(x) elval pikpérepog Tol Babpol Tod
$(x).
Aroxpivopey T kdTwh TEpITTTOCES
Nepintoorg I Eqv 16 ¢(x) &xn pévov anhis mpoypotwas pilag

P11 Pas - - -y Py, iTO! BV Elvant TS LOPRfis @(x) = (x—p;) (x—py) ... (X—py )*?,

TOTE Buvdueda va TpooBiopiowpey v TparypaTikous dpiBuots A, A,,. . ., A, Tol-
oUTous, doTte vé& dAndeln 1) TauTdTNs ;@
f(x) f(x) A, A, A,
= =1 4 co 03
9~ Gpn) ) o) Xy T a7 T O

Mp&yuam, &k Tis (3), dmehAaoooutvns T&Y TapovouaoTéY, TTROKUTITEL 1
TAUTOTNS :

G = Ay G—pa) (x—pa) -+ (=P ) + Ay (x—py) (x—p3) .. (x—pv) + -+ +

+ Ay (5= (x—p3) ... (x—Pv-1)- C))
"Ex Tfis (4), B1& X =Py, Pay- - -y Pv, AauPdvopev dvTioTolyes
(02)= Ay (rpe) (rp)- - (i) = A= s IO
K= Al enl) O e SRS e
....................... f(pv .). RAREL

flev ) =Av (pv =) (Pv —P2) - - - (pv —Pv1)=>A, =

(Pv =P1) (Pv —P2) - - . (Pv —pv-1)’

Hapatfipnore Ta Ay Ay ..., Ay TpooBiopifovTen Kal ik Tfis TauTéTnTos (4) &pkei
va tkreheaBolv ai pdEeis els T6 BeUTepov wEAos kal E€10wlolv of auvTeheoTal TEY iooPabpiwv dpwv
TV eV Tiis (4), Aubij Bt dxoholBuws TO cloTnua, TO dmolow B Tpokiym.

**) Aexopeda, mpds ebkohlov T@v Umohoyiopdd, &t & ouvteheoThs By ol @(x) elven
loos pt Thy povédar ToUTo Siv Tepopilel THY YyevikéTnTa, kabéoov : &v Sronpediy & &pibunTis
kal TapovouaoThs ToU kKAGoparos (1) S1& Py , Smep Umerédn £ 0, 1o KAGoua Btv peTaPdiieTan,
tvéd tmiTuyyaveTan, STrws & ouvTeheaTis ToU XV yivn) foos pods THY wovda.
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5 N s fix): LN XA
E¢appoyfi. Nadveludij 1o khaopa : G = 5=2) =3

cig 0poropa anlév
KLoopdtov.
A D gt g Suppovas Tpds T& dveaTépe Exopev THY GvéAuov
2
(x—l? (ij2§(i—3) g'{\fr' w ?izz_ i 'x’ésé" ®
*Ex This (1) Aappdvopev :
Xhx4+1=AE-2E-3)+AE=-DE=-3)+A&E- 1) (x—2). )
‘H rautédts (2) Hix x = 1, 2, 3 5ida dvmioTolyws : A= ,;, , Bg==T, A= —123‘.
“Obev:
x4 x 41 3 7 13
B e | TR e T e

Mepintoorg IL "Edw 16 p(x) &1 mpoypertikag kal noklankis pilas i
yeikGTEPOY anhic kol mokhamdhig mpoypatikdg pitag, fitor &v elven, .., TS
Hopgfis :

e(x) = (x—py) (x—p2) (x—pg)k ... (x—pu)*, pEl4 14 k4. A=y,

TéTE TO KAGOPX —-(——} SuvaTan v ypogi kotd Eva kol pévov Tpomov U

TNV HOPQTV:
f(x) A, A, By B, Bk M,

S TP e oI =t
o(x) X—P1+ x*Per X—Py NECEE =N (x—pg)¥ s X—Pu i
M, M,

S [ S
R0 A =
&mou Aj, Ay BBy o i By s M;, M,, ..., My mpaypatixol &pibpol xoToh-

MjAcos Trpoadioplbopevol.
"As tpyaodispey Si& 1O dmholoTepov émri TapaderyBaTwV.

@ . Edx T

tP(X) (x iT 2) (x+3)7 eig {bporopa

‘Eoappoyn In: Na dvarvdi 10 xhaopa
anldv Klaopitov.
Adorg Zuppoves Trpds T GvaTépw EXOMEY :

x4 dx+7 _ A B, B,

T R TN T T M
*Ex TatTns, 81’ &mrahoigfis TGV TapovouaoTav, AauPdvouey THY TauTdTnTA |
X2 4 dx + 7= A(x + 3)* + By(x + 2) (x + 3) + Bo(x + 2). (2)
*ExtehoUvtes Tas mpdSes els 1o BeUTtepov péhos Tiis (2) ebpiokopev :
X+ 4x + 7 = (A + B,) x* + (6A + 5B, + B;) + (9A + 6B, + 2B,). 3

*E€1000vTES TOUs oUVTEAESTSs TGOV Towv Buvdpewy ToU X T@v peAdv Tiis (3) Aappdvopev
T olUoTnua :

A+B =1 6A+5B,+B;=4, OSA+6B, +2B,=T.
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AbovTes TO aloTnux ToUTo elplokopey :
A=3, B, = -2, By, = —4.
x4+ 4x 4 7 3 2 4

BRin s TS e - T RS e

f(x) _ 3x*—9x° 4 4x*—3dx + 1

'E N 2a: Na avaivd h s =
Qapporn 2a @ avaivdf) 10 xhaopa prv s =2 F 3¢

elg
Bporopa anhdv khoaopdtmv.

Aborg: Zupgdvws Tpos Té dveoTépw 1) dvdAuois BiSeTon Yrd Tl TUTIOV :

x4 —9x  +4xt=34x 41 A A, A, B, B,

G-2r x+3r = x-2  G-2yr T G-z Txr3 vt meo

"Epyagépevor 1181, 6mes Kkai &ls Thy Tponyouptvny épapuoyv, eUpioxopey :

Ar=1 A =0, Ay= -3, B,=2, B,=-5,
Kal tropéves 1 EnTouptvn dvdhuais elvan :
Sxtoxishdxt—adx Rl LR 3 4 2 5
E2PET3IF -2 @-2F Tz i GEIT

Mepintoorg I ’Edv T pnrdv kKAdopa elvar Tii§ Hopofis :
f(x)
Sou & Paduds Tou f(x) elven pikpdTepos ToU 2v, v éképaios =1 kal B, y Tporyuo-

Tikol &pifpol wt p2—4y < 0, TOTE Umipyouv TparyaTikol dpifuot A,, B,, A,, B,,
-++, Ay, B, ToioUTol, doTe vé foyun :

) = Ax+ B, e A2X+-Bz i A, x4 B,
P+ Px+y) = XAPxty | E+Pxty) @+ pPx+y)

“va karaoThowpey oaptoTepov O Tpdype, & Epyactipey £’ tvds Trapa-
Selyporros.
fIxy x541

Eoappoyf Na davaldij 16 xhaopa i ey

gpdtmy.
Abourg: TlaparnpoUpey 871 & X! — x + 1 Exer myaBikds pllas, &ml mhdov &8 T Khopa
—(S(TX_L:::_]T)T TAnpoi SAas Tas Umobtoes Tiis TeprrTadoecss 1, &par & Excopev THY dvduay
xt 4+ 1 = Ax + B, + Ax + B, Ax + By ‘ o)
(x*—x+ 1)* x*—x+1 (xr—x -+ 1) (x*—x4 1)
"Ex e Acupévopey :
Xt 1= (Ax + B (x*=x - 1)* + (Ax + B,) (x* = x + 1) + Ax + B,.
"ExtedolvTes Tés mp&Eers els 10 SelTepov péhos kal E§100UvTEs ToUs GuVTEAET TS TRV Tocow
Suvépecoy Tol x Tav BUo peAddv, AapuPdvopey &v TpwToPdduiov ol T e ds Tpds Tols &yvaoTous
Ay By, A, By, Ay, By, T dmroiov Audpevov 5ider :
Ar=1, B,=2 A;=1 By=-3 A, =-1, B,=2
'n‘\\mmfhc-r&weg efs THy (1) Tés Tinds adTds AapPdvoper THY dvédvay :
Lo xRl o x4+ 2 + x—3 - x—2
(XP—x+1)y " x*—x+1 (x—x+ 1) (x—x 4 1)

eig G0poropa dnddv Kha-

-+
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Mepintoorg IV. E&v 1o o(x) &mn pilag npaypotikic xai myadikag
anhc 7 mohhamdig, TéTE loyUouy ouyxpovaws ai meprmrraoes H kad |1,

X4 2 ¢
¥ 2 5 - e el O o SO 9 . i
Egappoyf Ni dvakvdf to xhbopa @@ F I elg Bporopa Khaospdrov

Aboug: 'O TapovopaoTis Tol KA&ouaTos yp&oeTan (x —1) (x -+ 1) (x®+ 1)2, fron Exer
pilas mTpaypaTikds &mAds Kol uryabikds ToAAaTTAGS (81mA&s), 80ev, TUUPWVES Trpds T MEPI-

mrooes | kal 11, 8& Exeopey Ty ké&Twh Gvéduoty :
X+ 2 e By + P Bx+ Ty Bix+ T, 153
G-+ E+1)? = x—1 X+ 1 X4+ 1 (341

A& morAarmAaoiaool TV peEAGY Tis (1) &l (x®—1) (x* + 1)* Tpoxdmrre: :
X+2 = A1) (0 1) Ay(e1) (e 10 Bk ) (1) (3 1)+ Byx-Ty) (T,
Ofev TEAIKGS :
X+ 2= (A4 A+ B)x® 4 (A —A, + Tt + (2A, + 2A, + By)x® + (2A,—2A, + Fg)x? +
+ (Al S A:t" B: T Bz)x g5 (Al o An n rl o rs)'
A& ouykploews T6v ouvTeNeTTEY THY BUo Towy ToAVLYILLY TTpoKUTITE! TS K&Tw ypayi-
WIKSV oUOoTNHG ;@
Al. + An == B1 =0
Al— A+ T =0
2A, +2A,+ B, =0
2A,—2A, + T, =0
AL+ A;— B,—B,=1
Al— A= T —T, =
NovTes Td oUoTnpa ToUTo eUploxopey :

3 1 1 1 1
lA|=T- Asz_—r Bl:_Tl Bx=—a—. rlm—7n M= —1
kal Eropévaos ) {nrouptvn dvédvos elvar :
1 1 1

T2 _l, 1 Batj 1 Tx—{—ug— ~-2—x+1

(=TGN TS sl g e s (x3-- 1)
EDAPMOTIAI
2x 4 1

. Na vlf o _ GTWV.
In. Na avedvbij to xlaopa EFD @D &lg dBporopa anlév kKlaopdrwy.

Aboug: Maparnpolpey &1 #) Biaxplvovoa Tob TPiwvipou X? + x 4+ | elven &pYNTIKT.
"Apa Td KA&Tua SéyeTon THY dvdhuoty

2x+1 A Bx 4+
(x+l)(x‘+x+])=x+1+x’+x+l' )
"Ex Tfis (1) Acppévopey :
X+ 1=AK+x+ 1)+ Bx+ N &+ 1) (2)
ey 2X+1=(A+B)x"+ (A+B+Nx+ A+ 3)
TUVETTESS ;
A+B=0, A4+B+4 =2, A+T=1.
*Ex s EmilUoecos Tol c'uo'-rﬁua'ros-roﬁ-rous\‘:p[n'xouev: A=-1, B=1, =2
s 2 4 1 x+2

1
U W oy B e e
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Tnp. Taxela ebpeorg tihv A, B, I,
"Ex Tijs TawtéTnTos (2) S1d x = —1 = A= —1,

» » » » » X=0 = A4T=1, ¥€fs: N=2,
"E€iwotvTes Tols ouvtedeotds ToU x? els dugpdTepa T& péAT Tiig (3) elploxopey :
0=A+4+B == B=1.

1
E+DE+x)
TOPOVOpGsTAG T mapdyoviag tob napovopactod tob Sobivrog.

Aborg: O mapovopasThs ToU KA&opaTos YodgeTa
X+ 4+ D=x@E+1) x4 1)
Kal oupgdvews Tpds T& TponyoUleva B Exwpey
1 fo: A 5 L BUE . FrseA
(x*+x) (x4 1) x  x+1 x*+ 17

"Ex Tiis (1) AewPdvopey, tv ixteréoopey T&s mpdEes els 16 P’ pédos :

IE(A+B+r)x=+(A+F+A)x'+(A+B+A)x+A. 2)
"Ex s (2) mwpokdrrTer TO kéTwdh oloTnua :

A+B+T=0 A+T+A=0, A+B+A=0 A=1.

AbovTes T oUoTnua ToUTo eUplokopev: A= 1, B = — %. I e _é" A __%_

2a. Na évalv0ij t0 xhaopa gig d0poropa xhaoparwv Exéviov dg

M

"AvTikatioT@vTes els Ty (1) Tds Tinds adTds AauBévopey Thy dvédua :
1 ol BT 1 x+1
Py @A) SR 2D O
x'—2x—-13 ;

3. Na avalldii 10 xléopo Yoy 3 Ci6 Gfpoiopa amdév klaspdrov.

Abeug: Maparnpotuey 6Tt & &piBunTis elvan moAudvupow peyaduTépou PabuoU &md Tov
BaBuov Tol TapovopaoToU. AlcipolvTes Tov &pBunThy &1& Tol TapovouaoToU Kal TpétovTes
TOV Trapovopao Ty el yIvouevoy EXOHEY, ouppdvews Tpds Tov TUTov (2) iis § 97.

x*—2x—13 5x -7

Fie et e e
5x -7

"Epyaldpevor fisn els 16 khdopa EoHGFD s els Ty meplmrwow |, sbploko-

Hev 811 ToUTo loouTon ué: 2 3
x=3 K x+1
"Apa Exopev :

x3—-2x—13 _ 27 3
x*—2x—3 = L) = X—3 +I‘x.+1“'

4n. No avahodff 10 xhéopa ﬁv——l)l(sz elg GOporopa 800 Khaopbrov ol i
BonBeiq tfig avarbocmg tadtng va £opedf to Edpotopa :
1 1 1 1
T3t tsr ot mmheEn:
Abarg: “Exopev katd T& mponyoumeva @
1 2 WA B
T T W T U T

"Ex Tadrrns AapPévouey :

1=A@2v+1)4 BC2v-1)
A 1=2A+BWw+ (A-B)
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‘OmdTe :

A+B=0
A— B=1.
AbovTes T6 gugTnua TeUTO eUpiokopey : A :7;4—, = ___5121.
“Ofev :
i ot vl St :
PrER D 2v—1'“2u+1)' L
"Ex Tiis (1) AauPdvopev :
‘ e Sy L L
i vt -7 (-3)
: ! Lo Lgl 1
Ma v=2 : ﬁfff(j-——s—)
1 1 1 1
Bt =7 (5-7)

AN i e b ( = AW )
S TG DL 2\ e v
TlpooBéTovTes TS s Gve lobrnTas kaTé péln, euplokopey :

1 1 1 1 1 1
stastsat o TeneT 1)*-7(‘% i)

AZKHZIEIZ
213, N& dvohuiolv els &dporopa &TAGY KAGTU&TWY T& kéTwd prTd KAGopoTa ¢
1 1 ) 3x—1 3) Bx?—19x + 2 e 771
damharD’ Dw-mF6 D EFda-Da-o O T
xb 4 2 xt—x+1 3x2 4 Tx + 2 10x2 4 32
N Eraty O@EDeD D EFDEIETH OG-
214. ‘Opoifws :
1 3x 4 4 ) .o O ) S 15 £ NS 4) NI I Ny
ko ey X —6x! + 11x—6' GE—1) (x* + 1 x2—2x + 5)
2x8 4 Tx*—2x —2 53_(’—4 x3 7x—10
B) R ) i —s5x 1 &' Do ) GCx—4) x—1)¥
215. Né& &vaubij els &Bpoiopa KAaopaTeoy TO KAGOPQ 3411’_:;__)(_14:_2

: ; x+1
216. ‘Opoiews T6 e T

217. To xhdopa m va dvoudij els &Bporopa BUo KhaopdTwy kal Tfj Pon-

Belq Tijs dvahUoews ToUTNS v eUpeBfi TO &bporoua :
1 1 1
satsat TEEne+2)
218, To alTd Bix 1O KAGoUa m kol Tf Ponbei Tiis dvalUoews TalTng v EU-

= 1 1 1
pebi} TO &bporopa: -1-—:7_"4- m+3_-5+'“+_v(v—+_27'
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l

1
219. Acifore 11t 1 1 v

1
TR T e D el 2 BT
220. N& &vohudi) TO KAGopa m els &Bporopa BUo KhaopdTwy pé Tapovoua-
atds &vmioolyes v(v + 1) kal (v + 1) (v+ 2) kal Tij Ponbelq Tis dvalUoews TauTns v& eb-
pebij TO &Bporopa:

1 1 1
e zna W inrnory

¥ : 3 1 ,
221. 'AvodvoaTe TO KAAouX L DrD, . GtD els &fporopa Suo KhaopdTwy,

i TG drrolwy T Ev vé Eyn TapovopaoTiv O (v + 1) (v +2) ... (v 4+ k—1) xai TO ETepov

WW+FDW+3)...v+k=-D v+ k).

IV. AIQNYMOI EZIZQZEIZ

§ 99. "Opiopbdg.— KahoUpey Srdvupov Eicmowy pé Evav dyvwoTov, kdde
dxepaday tElowoty THS Hopfis :

Ax% 4 Bxt = 0 D

émou x & &yvwoTos, A kad B TparypaTikol dpifuel (ouvteheaTal), uh EfapTia-
pevor &k ToU x, pt A B % 0 kal k, u dxépaior uf) &pvnTikol, Sidgopor GAAAwY
kad oUyl duedTepor pndév.

§ 100. "Enihvoig Tijg Siwvipou EEiotioewg (1).— O Beifoopey elbus
Spéows &T1: mica dudvopog 8Elowais Tijs poogis (1) avdyetat €l iy Entlvow
Tijs dwovbpov dodoews Y + 1= 0, Gnov v guouds apibuds.

Mpéypor &w UmoTedf), Gvev PAGRns TR yevikdTnTos, 6Tt k> p=0 1
(1) yiveroa :
x* (Axk—++4+B)=0

Kkad elvon looBuvapos pt To LeUyos Tév Eflohotwy :
=0 (2) ki  Axk—+4+B=0. (3)
‘H (2) Exar piav x =0 eis Podudv TI'O?\?\C('IT?\éTT]TO; M.

‘H (3) elven looBUvapos WE TAV ¢ XK= — _K’ 1) &moia, dv Tedf v=k —p,

VENG e "= -%: a, ylvetan:

X'=a (4)

To mhiifos Tév piZdv Ths (4), TpaypaTikéy kad pryodikdv, ever v, of
vViooTai piZen ToU o, kal evpiokovTal, &Tas B ey els piav TéV Emopéveov Tapa-
YP&pwy, B1& ToU TUTroU Tou De Moivre.

"Ev TouTols ducs Suvdpeba va elpwuey Tés pifas Tiis (4) Kal 65 égns

"EoTw ¥ f) TTRWTEUOUTX VIOO T piga ol |a, fiTory = Wdl & oU: y'=|a.
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Tore: tv o> 0 —> |o|=a xal fi (4) ypéperan: x'=y" f (%}): 1, tvid

tv o <0 = |a|=—a kai f| (4) ypaeeTan: XW=—v"1 (%{r—)v=—l.

X \ . = . : .
Ottopev — =y kol ai BUo TeEAeuTaion EE100haEls YPAPoVTAL GVTIOTOIXWS !

y—-1=0 () kd y+1=0 6)

‘Erropéveos 1) EmiAvols TS Bleovipou Eiotoews TS RopeTis (1) &véryeTan
els Thyv EmriAuaw Tiis Swviuou tEiocoews THS HopPfis (5) i (6).

Tpds &riduoty ToUTev Siakpivopey 800 TEPITITCOTELS

HDepintowarg I: 'Edv v= 2p+1, BnA. v mEPITTSS, TéTE

‘H (5) ylveton: (y—1) (y**+ gyt oo by 4+ 1)=0 kal elven loodiva-
Wos ut TO LeUyos TGV EGI0GOEWY 1 Y — 1=0«kad y2* 4 y* '+ - - +¥+ 1=0
Ty Srroleav ) TeAeuTada elvan GuTiaTpogos.

“Ouoicos ) (6) ylvetan: (y+1) % — y#l g —y 4 1) =0 xai elven {oo-
BUvapos ué To Lelyos TéV gEiootwv: Y+ 1=0 kal y?p—y?*—14...—y+ 1=0.

Hepintowergll: 'Eov v= 2p, BMA. v &pTIOS, TOTE:

‘H y* 4 1=0 yiveran : y*+1=0 f y° +%~= 0, | omola Bic ToU peTo-

Téhos Six v=2p # (5) ylvetan: y* —1 = 07 (yp—1D(@G°+1)=0
xai elven iooBUvapos ué To Lelyos Tév Efiowoewy @ yP — 1=0 kai y?4+1=0,
Exatépor Tév OTolwv Guéryetal els ulay TV TPOTYOUREVLY HopRLoV.

oxnHaTIoNoU ¥+ »)I—: 7 dvéyeta el Eflowow p Poduou.

§ 101. "E¢appoyai émi TGOV Suwvipwy EEIOWOEWY :
NMapaderypa lov: Na tmlv0f 1 &gilcwog :

2x8 4 3x3 = 0,
Aborg: AUt ypaestal x? (2x* + 3) = 0 xad elvan looBivapos pé To Leuyos T@V Eioc-

oewov x2 = O kal 2x8 + 3 = 0.

‘H mpeytn Exet THY SimAfy pitav x, = X, = 0.
3

‘H Beutépa elvan loobuvapos pE THv : x® + —2— = 0. Ofropevy X =Y - ‘f % kal ) TeAeu-

TCX‘GY‘VETGI.‘%)’S{-—Z’ZO Ay+1=04 G+HHE*-y+DH=0

*Ex tatTns Eopev y = — L xad y'—y + 1= 0, #) émrola Avopévn Biber: y = —l—i:%\li

3
Otroves 1&s Tipds TauTas el THY X =¥ \f n-;—, Eyopev s pilas Tiis Soleloms :
3 3 3

]/ izt ER 1/ —iY3 [FaT
x‘=x‘=0, Xy = — %, x_.=_+_21.!2. %' x5=1 513 v_g_
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Napaderypa 20v: Na tmivdf 1§ iicong:

x4 81 = 0. H
s KN

Abeorg: AUTH ypdgetan: x4+ 34 =10 § ("j’) +1=0. @)
Ofropey 1 - = y (3) xal § (2) yiveran y* - 1 = 0.

3
ATTY ypagetan: (341 —2y'=0 f (4 V2Zy+ D (r-V2y+1)=0 xa
elvan looBuvapos pds 16 Lelyos TAV Eiodoewy :
e Y2y 4+1=0 «a y—VZy +1=0.
V24il2 2 4iV2
AlTan Aubpevon Sibouv dvTigTolxws @ ¥ = -—E-%—l—— Kai y = e 12] i)
BtTovres Tés Tipds TauTas els Ty (3) Exouev ds pifas Tis Sobelons :
S S eif2y . SSENE=iNE. L AU . Stfe-i)a)
1‘_'_“‘_‘2—__/7 Xy = 2 1 Xy = gy ey ¢ X, =

E

2
Mapaderypa 3ov: Na edpeboby al xufikal pia tiig povados.
AbGarc: "Eore x fi kuPih pifa Tfs novédos. ToTe 6 Exwpev ©
x*=1 #f x*-1=0 @ @-1)@+x+1)=0.
"Ex TerdTng Eyopev X = 1 kel X 4+ X o 1 =0, f dmola Avoptvn 5iber:

e R ; "
e Etroptves al Intodpeven pilen elvo :
-1+if3 -1-i13
po=1, P: = 7*-;'* == e —}I‘—'

EvxéAws &mobeikviopey 6T :
P+ P+ P=0 paps =1, |1,=p:, Py =Pl

AZKHZIEIZ

222, N tmivBouv ol kéTwd Eiodoes ©

1) x*—5=0, 2) x¢+2=0, 3) x4 16=0, 4) 34 4+7=0,
5) 8x*—27=0, 6) 8x*+ 125=0, 7) 32x*+41=0, 8) x¥-1=0
223. "Edw p, kal py elvan of pryoBikal kuPikal piten Tiis povédos, Seifare &

D (14 py)t = pu 2) (+pi—p)—(1—p+p)=0,
D A+2m+3)0+3m+2p)=3 D A-p+p)d+p—p)=4
224, Né& ebpebolv al kupixal pibat Tis &pynTikfis povédos.

225. N& etpeBolv ol TeTparywvikal plgon Tév &puddv i kal —i.

TprywVopEeTpLKT popdf pryadikol apidpod.
Tomog Tol De Moivre.

§ 102. "Opiopa pryadikold apidpol z 7 0.—"Eorw o myodikos &pi-
Buds z— x 4 iy pt z # 0 xad x, y € R Exouv ToTE fwolav &v R of TapacTéoss:

X y
e e —_—
m? TR Tyt

; X : ¥
z=X+ly:W‘(——“—1W+lmrx2—Hi) 1))
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_ kol & z BuverTan va ypagf UTro THY popenv :




> . X y b
Emraidn : —-1= TS VT E Y]
n Vx2+ y2 Vx+ v2

\ X 2 v 2 :
Kol - . i e c\nss e
( Vx2+ y? ) ( Vx2+ y? )

X v
Very ' Vrye

TO fiplTovor kaTtaAANAou ywvias @, fiTot :

TX

BuvavTal va elvan dvmioTolyws TO cuvnuiTovoy kai

X b

ey M Veiy .

Qs yvwoTdv, Utdpyouv &meipol To TATiBos ywvia, ai dmolar wAnpoUv Tég
oytoeis (2), T& 8¢ pétpa otV els drtivia Blagépouy kaTd drépatov TOAAXTAG-
giov ToU 2. 'Ex Toltwv Umdpxel dxpiP s pia, i dmola mAnpol Tas (2)
kol &mi AoV THV ouvBhkny: — T < @ = . TowTnv koAoUpev @ to Pacikov
(nportedov) dpropa tol pryadikod apbpod z — x + iy (7 0) kai supPolrilopev pé :
Argz (Argument = Spiopa).

quVP

Mapaderypa: Mk Tov myadikdy &piBpov z = | -+ i-]rfl Eyopev TO oUaTNuA
1 3
ouyp s = TII—l‘P:(}[';, T P=T,

i ol 9=-3, dore: Arg(l+i]3)= us

MecopeTpixéds TO Spioua pryadikoU &piBuol z TaploT& TNV KUpTHv ywviav,
Thy dmoiav oynuaTifer & BeTikds fmdgwv Ox petd s SiavuopaTikiis dxtivos
OM, Tijs TapioTmons TOV wryadikov dpifuov z, ws tupaiveTan el Tas TEpITITO-
oels TGV kdTwh oxnpdTtav (PA. Zx. 6).

y g
M, Liva I Y
Mgi
i MM 2
[e] x [e) 1 H o ) ==
Arg (0VE) =2 Argi=Arg2=0 Argi=§
9, y y
HigM
[ n
A P il
fe) E M O X (y-%ﬂ X
Arg (1:)3f Arg (-1)=m AP AR ELTTHE
Zx. 6

§ 103. Tprywvoperpixh popdt) pryadikold apiBpold.— "Eorw els pryo-
Bikds apiBuds z= x + iy # 0. ‘OpigeTcan ToTE 1) dmdAuTOs TIpR ) péTpov oUTod,
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lz|=Vx2+ y2=p kai 10 Spropd Tou Argz= ¢ kal foylouv, s eidopev dveo-

Tépo : oUVP = — 1 e r:i, nue = it 0P (1)
¥=*+y P V=*ty: P
Ek Tiis (1) éxomev:
X = pouvy, Y=pPnue
kai & pryodikos &pibuds z= x -+ iy AopPdver TNV popenyv:
X +iy=p (ovve +inpe) (2)

‘H popot) els 10 2ov péos Tfis (2) kodeitan 1 Tprywmvopstpiks popery tod pi-
yadikod ambpod z = x -+ iy.
OUreos elven, .., (BA. kad oxfiux 6, § 102) :
=1 (owv0 -+ 1inu0), —1=1 (ouvm + i nur),

i:l(cuu%Jrinu—g—). ——i:l(ow(_%.).{..jnu(_ﬁ;))'
1+iV§:2(wu,3“T—+inul}), —1_i:ﬁ(m(_,3;)+inu(__3‘_;[)),

E—l(wv-?w--+i 21T)
eiE PRI o

Kdbe dowow piyabueic dplbpos 2= + iy # 0 Eyer dxoifide play torywvope-
Toua mapdotacw z=p(ovvp +inug), Smov o elvar 1) dndivtog Toun) Tob z (1]
dAws 16 péroov Tob z) xal ¢ T Paowdr Spwoud Tov (—n < @ =n).

‘AvrioTpdgees ¢ Aws xdfe diatetayuévoy Cetyos (p,p) ué o >0 xal
< ¢ =n dndoyet drpifids els puyadixds dpluds z = x + iy # 0 pé Torywvo-
HeToua poppiy : o (ovvg + Lyue) 0UTos elvan & pryadikos dpiduds pt x = p ouvg
kal y = pnue.

Kardmv toUtwy Exopev TV Aoyikfv icobuvapiav :

; = ST, ST ey
l4i= V2(o~uv—4m+1n|-l—4—)a e

X = pauvvg p=Vx*+ y?
<= . X e y
y= pupe O'U"'P"—?s "II-“P—F

Mapactfpnore: Emabh owe = ow (2km + ¢) xal nug = nu2km + ¢), émou
k=, +1, £2,. ., f) mopdoTaots (2) yphgeTon Umd T yevikwTépav popery

z=x + 1y = p [owv(@+ 2km)+ inp (9 + 2km)] 3)

EUxdhcog &rodeikvieTcn Tipa TO KaTa :

§ 104, Ocewpnpa.— Abe pryadikoi ambpoi yeypappivor Ond tprycvopetpr-
Ky nopgqv elvan ioor Tote, kai povov tote, dv Exovv ioa pétpa kai dpioparta Sragé-
POVia gorg dxéparov wolhanhaowov memoepsiog.
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'Andderlug Tpdypor, év Eyoopey :
PL(OUVP; - i Nu@,) = py(oUve, |- | NUP,),

6 elvan :
PIOUV, = Pyouvg, ==+ plouvip, = plouvie, L pi(owvip, + NP, ) ==
PLTIHO; = Py MUY, = p; NuPp; = p? nup, =p3(ouvie, + nup,),
g8 ol: pl=p? kalimedh p, >0, p, >0, EmeTon: P P

omwoTe B elvan :
TUVP, = OUVP,
NP, = NUP,
‘Aviietpbéoos ‘Edv p=p, xkai @, — @, = 2k, 8 éxcopey :
UV =0WVQs,| THP; = THY;

= = @+ 2km, € o0: ¢, —¢,=2kn.

kal kot dxoAouBiav :
P1(oUve; +inug,) = py(oue, + inug,).

Xpfjoig Tijg TprywvopeTpikiig popdiig ptyadikdv apidudv cig Tag
mwpaZelg.— “H TprycovoueTpikhy popet Téw pryaBikéy dpiBudv uds EmiTpiTel v
xTeMéowpey dmmholoTepoy TOV ToAAamAaiaoudy, Thy Siaipeaiv kol T Efa-
ywyny TéY piidv TGV pryadikidy spifudvy.

"AkpiBéoTepov loxlouyr Ta k&Twhl fecwprpaTa

§ 105. @ecpnpa.— To yivopevov 300 pryadikdv apllpdv eivar eig pryadikog
apidpog Exmv pétpov pév to yvépevev chv pétpev @V myadwy, Spiopa 8¢ 1o
@0poropa TdV dpopdrwv avtdv. “Hrol, édv:

= py(ovve, + i nug,)
Ly= Py(OVVY, -+ [ MUQ,)

'Am6de18ig "Eqv moAamhagidowpey kard péhn Tas Sobeioas B Exwpey

4123 = P1Ps (OWVQ, +1nug;) (GUVE, +inuPy) = pip,[ (OUve; oV, — MK, NP, ) -+
+ 1 (0uve N, + MUY OWey) = pip, [OUV(@, -+ 9y) + i NH(Py + 92) |-

== L%y, Py [ O0V(Q, - @y) - I M9, + @) |-

§ 106. Népiopa.— Eav 2, = p,(ovve, + i nue,), z, = py(ouve, + i nuey) ...
b - Ty = py (GUve, -1 Mpe, ),

tote @

TyZy o oo By = PPy P [OOVO + @y ... f o ) Finule, + 0,4+ ..+ 0,)] (1)
‘H &médeibis va 8o67j dia Tijs pebdSou Tijs padnuaTixiis Emaywyis.
Egapporyi Na copedff to tEayopcvoy :

[ 2(ouv 300 + i np 300 |- [ Y2 (ouv 400 + i np 40°) || 13 (ouv 50° - § e 509) |-
Abeurg: "Eyouev diadoyikdds :
[2(ouv 300 + inu30° ) -[ Y2 (ouw 40 + i nu40°) |-[ V3 (ouw 50° + i nu500) | =
=212 Y3 [ow(30° + 40° + 50°) + i qu(30° + 40° + 500] =

Z 276 (owv 120° + i nu 1200) = 2f§(~%+ ,i_ﬁ):_vﬁ 39z,
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§ 107. ©ewpnpa.— "0 avrictpogog Evdg myaducod apbpod z (= 0) Exsu pé-
tpoy pdv 10 avtictpogov tod pétpov Tov, Gpropa 8¢ o aviibetov tod dpicparg Tov.
’An6derirg Tpdypary, &v z=p (ouvp + i nue) Exouey Sradoyikdds :
i 1 1(ouvp — i nue)
- -1 ; — = - : B —
ERfewgainig)d p(owe +inug)  p(ovve +inug) (Gwe—inug)

= '-1 - (owg — inug) = ;— [ow (=) +inu(—9) ]

ouvVp — i MUY

 plouvie + nup)
Kotd Ttauta:

[ p(owe +inug) |~ f[cwv(-@ +inu(-9) .

T#j Ponfelq Topax TV ﬂewpnuomov Tév § § 105, 107, Emeton dpéows TO
KaTwbh

§ 108, @cwpnpa.— Té nnhixov dbo myedikdv apbpdv eivar pyadikdg dp-

Opdg Eymv pérpov 1d tnhikov 1dV pétpov tov kel Spiopa Ty Sapopav @V dpr-

sudtev tov. “Hrol, #v:

z,= p,(cove, + i NKY,) } i

%y ) o
i == —[oov(p, — @) i np(e; — @) |-
2y = py(ovve, + i Npey) # 0 P : !

Zy

Yrnoder1&rg “Exopev: : =1z,-23' KTA

Mapaderypa Na copebi to nnhixov : T

Adorg: *Exouev:
0 1 L]
Z(mNIBU + inu 180°) 2 [ owv (180° — 45%) -+

o e il
L il i r(cw45v+inu450) 7z
2 1 1

— 1350+ ainuilsse) = il Lo )=

(owv n ) ](2_( }’Z_Hﬁ)

+ inu (1800 — 450)] =
r
1
= —)=~1+i
y—( T r_) +i
§ 109. ®chpnpa (De Moivre). 'H viooti) dovops pryaducod amopod civan
Ryyadikog aplpdg Exov pétpov Ty vieativ ddvapy tob pérpov tod pyddog xal

propa o v—nhacov 100 dpioparog abrod. *Hrol, v
z=p (ouvg +inue) = z*=p" [ow (vp) +inu (vp)
Q)

n

A
O TUmros (1) & dmroics Bider THY vioo TNV Suvopuy dvos piyadikou dpifucy cl-
TUymos ToU De Moivre™®

[p (ovve + i npe)|¥ = p¥ [ovv(ve) + i nu(ve) ]

Yl yveatds Umd T dvoua :

SRR e T

* De Moivre (1667-1754). FéANos padnuarikés.
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AndderErg: 'Eqv el Tov TUmov (1) Tiis mapaypdgou 106 Béowpey :
Iy =Zy= - - = Zy=p (OWe + i NuQe), TéTe TpokUtTel & (T).
NMapatipnorgl: To fecopnua ToU De Moivre Suvaron véa &mrobeiydf kai Si& T
ueBobou T Tedelag Emaywyis.
‘YroderEug: *H mwpoTacis loyua Siad v = 2. *Yrmobéoare 6T loybe 81 v = Kk xkai Bei-

Eare &1 loyxler Sia v = k + 1.

Mapatfipnorgll: O Timoes Tou De Moivre loxue kai étav 6 v elvan dképanos dpvn-
Tikés. TlpaypoTi, Eyouev : .
Lp(owe +inug) I™* = {[p(owe +inug) 71" = {p ! - Low (—¢) + inu (—9) 1}

p k. [ow (ko) + inu (k) ], keN.
PiTar pyadik&v apibpudv
§ 110. "Opropdg.— Aoliévros évig puyadizoi dolluod a + (0,0) xalotuey

voatiy pilav atted, (ovpfolwoucs @ Va), xdle myadicov aotluoy z Towiror,

dore: z¥ =a, fiTol:

Va=2z «— 2v=a @))
opo

Oa Belfwopev Twpa 11 Umapyouv piyadikel dpibuol mAnpolvTes Thv (1).
MTpos ToUTo & &modeifwuey TO kdTwh Becdpnpua
§ Ill. Oewpnpa (mapEewg viooriig pitng pryadog).—
'Eav a = p (cuv0-- inul), a +# 0, civar toydv pyedikds appdc, drapyouv
axpipdg v duagopor drrlijlov viostal pilat adred, dnhadn 1 icwes :
zV=a H
Eyer axpifdic v dragopoug arifrov pilag, ai omoiar didovran £k tob TOMOUL :

= V3 oo (0T 2) (8 L L

Bla k—0, 5 2% i 1
’AmoderErg "Eotw 611 6 pryodikds dpifpds :
z=1 (oWg +inug)
gmronBever T E§loway (1). TéTe, oupgavws Tpos Tov TUtov Tou De Moivre,

EYOMEY :
¥ [ouv(ve) + i nu(ve) = p - (ouvl + i nus). (2)

‘H (2) Suws &Anbever ToTE, Kal pévov ToTE, &V -
r=p kai vp=0+4 2kmw, keZ.
"EE alTév AapPavopev :

r=Vp* «ka p=—""—, KkeZ.

v
*) Vp elvan # BeTikd) viooT pifa ToU GeTikoU dpifuol p.
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“Qoe :

gl A .B'."‘fk,? Finu 9-’-’-*—"—5-]‘“ ., keZ 3

"Edeixn Aormov &1 Umdpyouv piyadikol &pibuol, dpifduevor Umd Tiis (3)
Bia Tas Srapopous dkepaias Tinds Tou k, ofTives EmanBevouv Ty (1).

O Beiwpev Tapa &T1 v pdvov &md avtods elvan Siapopol peTabl Twy, ik
T&s Blapdpous drepatas Tinas ToU k. "AkpipéaTepov 8 Seifoopey 81

"Edv & dxépaios &piBuds k APy Tas Tipds 0, 1, 2, .., A, .., W, ..., v—]
dmro v (3) mpokimrTouy &vTioTolyws v dpiBuo ; T By By By ion -y gy o sepiiysd
Bi&gopor dAArAwy Kkal 6Tt &v k A&Pr) Tidy Sidgopov té@v 0, 1,2,.. ., v—1, BnA.
@ k=v fj k<0, téte & TpokiTTLv &mo THY (3) Wiyadikss dpifuds z B
OUPTHTITY) TTPOS Evax TGV Zg, %y, 2o, - - .,y Zy_y.

Tpdrypart, & Swowpey kaT dpyds els 10 k Tog v Sradoyikds Tipds : 0, 1, 2,

ooy (1), TéTe Ek Tiis (3) AowPlvouey v &piBuols z,, #y, Zg,. .., Ty ..., T

v
-, Zy—y, ol &moiol éxouv TO aUTS péTpov VP, Opiopara 8¢ dvtioTolyows Té

e R s 8+ 2Am 0+ 2um 84 2(v-D)m
v’ __‘_}' ’ v 3 A v iy 7‘] Ty naiag A\lih
Ol v o0ror SpBpa Za, Z i Ta ) e Biy e o S TeR S1apopotl SAANAwY,

81671, &v U0 TuySvTES EE QUTEV loaw Tool, EoTw of 7, kod Zy , 8Ba A, UEZ, AF£ U
kol 0=, p < v, 0 émpee :
Bat At 108 e Bumale or vl
v v

AnAadr A—u=k'v, k'eZ.

Efvar 8pws 0 << (A —u| << v kad émopévess 0 < |k'v| < v f U< iz =z
&romov, 1611 81’ oubty k'eZ elvan 0 < | k'| < 1.

“Qoe : 2 F oty N MNBE[0,v=1], A#u xal A peZ.

"Ag iScopey Topa T ounPaiver, Gv 6 k AdPn dxepaias Tiuds EkTds ToU BrooTi-
MaTos [0, v—1], 8nAad™ i oupPaiver Bia k=v | k < 0.

‘E@’ Soov ke [0,v—1], éav kahéowpey A 1O mnAikov kai k, TO YmdAortrov
Tiis Sicnpéoews k ;v 0& elvan: k = Av 4 ky, 6mou A kai k, dxépoior pt 0=k, <w
oA, kese (0011,

"Exopev 8¢ ToTE :

2% =Vp. |ow B 20w o r -1 St 80N o Iy e ] =

v i 1%

=Vo |ow (,e,f* 3“'1“. sk 27\11) +inu (-G-TL il—(ff-- = 27\Tl') ]

=YVp- UUV(ET_‘?kl_TT),.flnu(?,—i,fklj,)]:zk" kl:0,1'2'.__.v_]_.
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"Hron, &v k #0,1,2,...,v—1, 8nA. & k=v | k < 0, 16T & pokdmTooy
& THis (3) uryobixds &piOpds z cupTriTrTel TPOS &V TEV 2y, Z1, Zgy - + .+, Zy—ie

Qoe, mpdyuarty, Umdpxouv dxpipés v Sidgopol dAANAwY &pibuoi, of o
Troiol éraAnbevouv THv Eflcwaiv :

z¥ = a= p(ouvl -+ i nub).

Otrror 8i8ovtar Umrd ToU TUTTOU :

Zk :-{/F- [wv(0—+v2—kﬁ-)+inu(9+—vmft—)l C)

dmov k=0, 1,2, ..., v—I.

Mapatfnpnors 'Ex 100 dverépw BewprpaTos mpoximrer 671 kéde wryabikeds dpi

v

Buds a # 0 £xer dkpiPdds v vioaTds pidas, SnA. 6 oUpBohov Va Exel v Srapdpous Tipas (Tas (4)),
elvar Enhabn, s &AAws Atyopey, v—ofipavTov.

Obrw, my., V&= +2 V25=45 V2= 4 V2, &mou 16 oUuPorov ¥ s Te-
Tpaywvikis pilns Exer THY yvwoTthy S1& mporypartikoUs dpibuols Evvoiav,

KaTd TaUta :

Els v meproyfy Tév hryaBikddv &pbuddy (dxopn kol &v & dpibuds a elven perypaTikds dpibuds,
Snhadty ypdgeran oltw a = a + 10 pt agR) els 10 oUpPorov ¥ BiSopev Brrthy ompaciav,
fitor dxpiféoTepov :

Mt Ya, &mou a€(, opilovran xal ai 8Uo pilen Tiis t§iowosws 2t = a' altan cupTiTTowy
ToTE, Kol pdvov TéTe, &v a = 0.

T PonBeiq Tfis dvwTépw onpacias Tob ouppdhou ¥V &v €, Suvdpeda va txpplocopey T
Auoets Tfis SeutepoPadplou Eiooews : ax? + bx 4+ ¢ = 0pt az£0, a,b,ce C, 51& Tol TUTOU :

. i—=b4 ¥hi—dag ,
. 2a

a
’Egappoyai: In: Na cdpebii # V8I.

Aboig: "Exopev: 8i = 8(00\:—}-%- inu%r-) kal & TUmos (4) THs § 111 &ider :

. %+2k1r %»{-21{1‘:)
]’_l VB(cruu——+1nu—) 153 3 + inu 3 =
: 2k
IR NN
M& k=0 2( —+1qu6) i
Md k=1 2( 56 +nn5—6")=—l’3+!
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4
2a: Ne copedf o V2 + 21 3.
Abeorg: "Eyouev: 2+ 2i ﬁ=4(cruvg— + i qu%) xal & Timros (4) Tiis § 111 Bk

ve=4, p=4, a:-’;. 5iber :

. T ™
i - + 2kw - + 2km
2, = v;‘ (cuv-—g— - inp %) =714. [c’uv(-.jv_:‘__) % inu(—g- I )] =

[ ) G )

*Ex ToU TUtou TouTou S1x k = 0, 1, 2, 3 sipioxopev &vrioToiyws :

e R ; ™ - I ; T

o= V2 (ow gy + i gg) n=12 (ow gz +imgz),
13w | o an 5 197 . 19w

=12 (cruv 5t lm-\*-lz—). 23 =12 \(crw ==+ |nuf‘12—).

§ 112, Mewperpixi) mapdoracig TRV viootT@v piiav piyadikol
apiBpol.— "Eotw & wiyabixds apifuos a = p(ouvd + inpd), ut viooTds pifas
Tas k&Twh

v 2 ; ) 2
= Tp [crw (%+ o= M im(5+e-DT ]

Maparrnpoluey 611 T&ow i viooTal pifon Tou a Exouv TO aUTd pérpov,
fror |z | = vVa, k=0,1,...,(v—1), xai oplopaTa TolalTe, doTE &md TIOS
épxmﬁg Tiufis % avEdvouy Brapkdds KoTa ZT“ ToUto onuaiver &T1, &v AdRoopev
TS elkdvas aUTEY Mg My, My, . .., My el T6 pryaducov Emitedov, alron O keiv-

T byl kUxdou kévtpou O kal &KTivos Vp, 8& elven 5¢ kopugad kevovIKoU v—TroAu-
YWvou tyyeypappévou els TV KUKAOY TOUTOV.
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§ 113. "Edappoyai 1@V dvwrépw cig Tiv Adov Suwwvipwy EEi-
CWOEWV.

Mapadevypa Tov : Na imivdif 1 ticwoic: x¥ —1 = 0. (e8]

Abeorg: Al ypagetan x¥ = 1. "Emaidn 1 = 1 (oww0 + i nu0), & T0mos (4) Tiis § 111
8ibe1 duéows Brx v=v, p=1, 8=0;:

2k
s
v

x.\f-auu-z'-:?-J,-m . g @

Ar E&oTny TGV TINGY aUTdY Tou k TpokUtrTer €K THis (2) xod pla piGe Tiis Eiodoecws (1).
"Apa ) (1) Exer v pilas, af dmolan kehoUvTen viostai pilar tfic povados.
Ma k = 0 Exouev &k Tiis (2) v pilav x, = 1. Kal Emedny kord ToV TOmOV Tou De

Moivre €lven :
2k ; 2k 2w : 21 \k
oW —— + I —— = (Guvf-—— + inu -—-) ,  keN,
v v v v

al v vieoTad pifen Tis povddos elvar ol Suvdpe :
| ST LR 1L

5 i 2
&rev ¢ SRS S

Znp. Kébe pila Xy Ths uovédos, i dmoia Exer THy 1B TR V& 8idn Tas dAhas pilas ds
Buvapers aUTiis, koheiTan dpyikt v—oati pila tiig povasdog. My N x,=ow _21_1 + inu-?-TLE w
v v
elven &pxikd) v—oaTh pila Tijs wovddos, BiéT
X Xom X=Xy X ==Xy X=Xy o o wi e
Napasoiypa 2o0v : Na Emivdij 9 thionog: x* - 64i = 0.
Abvarg: "Exopev:
S = —64i = 64 (—i) = — N T
X i (=) 64(0‘Uv( 2)T!T‘rh( 2) "
“Apa 1) Tuyoloa ékTn plia 8¢ elvan kard TdY TUTTOY (4) fis popefis :

. — 7+ 2k T Sl
e Nz 2 & 2
X TN = +inp\— == k=0,1,23,45.

A k=0 elvan: x, =2 (cuvl—T;- = inu—l.%) = VZ-{— ¥3-i VE:"@

Ay k=1 elvon: x, =2 (cwu —:; —+ inp%) =V¥2 (1+ i). KA.

Napdderypa 3ov: Na Emivliy 4 icweg: 2° =1 | 1 |3.

Aborg Bétouey mpdmov Tov 1 + i I3 Umd Tprycvopetpikiy woppiv. Els Ty TEPOKEL-
HEVIY TrEpiTTOW Exopey :

p=JI"+3=2 «xal e=m;;(1+i1f3)=l3l,

&pa : .l+i}'§=p(aw6-+—ir|u0)=2-(Gva}ﬁ-inu‘;—).
Zuverdds & Timos (4) Tiis § 111 B v =3, p= 2, e=% Bi5e1 :
-n- ™
- + 2kw = + 2kw
3 Beels ; 3
Zy = 12 e e 2 3 =12. cruv(Gk-; I)ﬂ-+i<:]n(6k-+9-I).rr :
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’Ex ToU TUmou TouTov Bid k = 0, 1, 2 elpickouev Tas {nToupévas pitas, fiTor :

Ty = ;@' (ow J;er inu:;—'). ‘lr2 (qu - i --7;—).
‘f2 (cruv — - inu 1;1-7).
AZKHZEIZ

226. N& TeBolv UTmo TprywvopeTpIKN popeiv of k&twb piyadikol &pibuoi :

o) ; ___721., B) —3+4i, v) Y3 =30, 8) 2+ 27134 &) 313+ 3i,

ot) — 1 +—=if3 ) -V13+1i, 'q) 2 £ , 8) 1+ ouvt + i nut.

2 f3+1

227. Né& eVpedij T0 pétpov xai 10 Spiopa ToU ;

228. Aeigmﬂe-&& TV pryadikdy dpiBudv 6T 2% (—=3) = — 6 kal (=2) x (=3) = -+ 6.
229. ’Edv v guaikds &pi1Buds, vé &mobeiydij &i: i

(«). (ouvd—inud)" = auv (18) — i nu (1) '\:‘ﬁl.
(B). (ow + i nu8) ™ = ouv (—v8) + i nu (—vB). fg A
230. ’Edv 7z = ouwd - inud xal v € N, v& dmodeydfj &11: \; A
' + 2z Y = 20uv (v8) %
2 — v = 2inu (vO). “Qivais

231. Na dmoBey8fj oTt:
a (Q+Dr=64 P) Q+D°=(2)"2 y) (A4 i)ye=32,

8T e, (EEUe TR o (D e Y
= éui--]-?-- C)(_Hélvj) 1 ¥ keZ

232. N& kppachij & nu36 ouvapTioe Tou npd kal 16 w38 ouvapTios ToU owd &’
é?dpuoyﬁg Tou TUTrov Tou De Moivre.
233. N& evpeBolv T& Eaydpeva:
), ( S 13) B) (Al +7_1__.F_3__) Fimt, y)  (guw 129 4 inp 12010 IJ?_

234. N& émAuBolv (Tp1ywVORETPIKES) al kdrwh éiomoEs :
o) x*=1-iY3, P) x*+£64=0 y) 4x'+1=0, 8) x"+8i=0,
)., x4+ 1=0, or)x*=-8-8)3i, ) x*=—=13+1i n) 3x*+ 24x2=0
L _ 1 .

235, NexetpeBodv af Extan pilet ToU © —- (Y3 -i).

236, N cipedolv ol Térapren pifan 100 :  —8 + 8i [3.

237. Na etpebij 6 pétpov kal 10 dpioua Tol dpilucl (1 + auv 6 + inu 0)%

238. Afsetan: E= (1 + i3 + (1 —i[3)%. Aeifare dm: E = -2,

(Yrodeiig : N& yivy ypfiots Tis TprywvopeTpikiis popefis T@v pryaBikdv &piBudv).
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239. Aci€orre 871 6 wyadikds &piBuds z = ouvd® + i nub Suvorron va Ted] UTro THY pop@tiv :

2= —ll%i;?\- , mou A karéAAnhos TparyuaTixds &piBuds. N& dpiabij & A.
240. N& GmoSeydi) omi: i
@ D+ A-D =2 2 owll veN
V42
B) @+ — (- =iZZ cquIE, veN.

241. "Eqv ox , k=0,1,2,..., v—1 ¢elvai of v —ooral pilan Tiis povdBos, va dmodery b &ti:
a) l+owt+w+:r+o_; =0
B) Wy Wy Wy - @, = 1.

242. Mpéyore TOV pyodikov Gpibpdv 1 + i V3 Umo TprywvoneTpikiy wopghv ko Seifa-

1€ O6TL: ;
(Q+iy3)y=-8-8i(3.
243. N& dveduBij 16 pnTov KAGopa els &Bpoiopa &mAGY KhaoudTwy @

‘Ynodeitig : Maparnpfoate 611 x4 + 4= (x*—2x + 2) (x* + 2x + 2).

244. Aeifate OT1: i e e !
guv i W

ﬁrﬁ%ﬁ% =5 .

245. N& #mAulii (Tprywvopetpikds) 1) fowors xf 4 64 = 0. N& onpeiwbolv T& épi-
ouara &V 6 pii@v. Ths TapioTdvovTal YewpeTpikés al pifa s E§iodhaoews TalTns ;

246. N& mpoaiopiofolv T A, i, va & pryadikds dpiBuds : ]ff (ouv 45° + i np 45°) €l-
val pila Tiis thiowoews : X 4+2x* 4+ 3x*+Ax4u=0

247. Na eUpefiolv al pifer ToU Tohuwvipou :

f(X)E( t;‘)—l
A+ ¥+ 1-2)¥=0.

2 =1¢9 2k4-:1 T,

248. Aideton 1) tlowois:

N& é&modeiydiy é11:

&mov T6 k AapBdvel Tas Twds: 0, 1, 2, ..., 2v=1.
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KE®AAAION V

IIEPI AKOAOYOIQN ITPATMATIKQN APIOMQN

OPIZMOCI — |IAIOTHTEZ

§ 114. Eiocaywyikai évvoial.—a’). Aleotipata. "EoTwoav o kai p mwpa-
yHoTikol dpiBuoi®) put a < p* TOTE KahoUpev :

Tov. « Avouxtdy didotnua ane a &ws f» kai ouuPoiilouey ToUTto pé (o, B)
TO k&Twh Uroouvodov Tou R:

(,p)={xeR: a<x <P}

T& onueia (5nAadn of mpaypaTikel dpibuol) o xai P kahoUvTan Ko «dxpa
to? dtagtiuaros» (a, P), TO BE onueicv l—zjiz_——— « wtaor » | ENAws  « xévtgor »
ToU SraoThuaros. Maparnpolpey &1t el T6 dvoikTdy SidoTtnpa (o, ) Btv oupe-
praappdvovTal T& dxpa o kal P ToU BlacThuaTos, fTor of (o, P) kai P € (o, B).

Mopdderypa : B8y ={xcR: 3<=x=18)

2ov. «KAetotov dudarnua ué dxpa a, f» xai ouyPolilousy ToUuto Wt (o, B]
T k&Twhi Umoguvohov Tou R :

[e,pj={xeR: a=x=p}.
Eis ToUro oupmepihapfavovtan kai T& 8o &xpa o kal B, fiTor o, Pe (o, P].

Mapddearypa :  [—1,+H1]1={xeR: —-1=x=41}.

3ov. «Klewotdw dpiotepd, drowxtor debua dudotnua pé dxpea a, f» kai cupPo-
AZopev ToUTo WE [a, B) TO K&Twd UmmooUvohov Tol R :

[, ) ={xeR: a=x<p}.

Eis 7 [o,f) cupmepiapBéveTar pévoy TO &proTepdy &rpov a, oUxi Suws kai

T B fitor a€g[a,p), dAAG B ¢[p).

* Qs yveoTdy TO cuUvolov TEOV pnTdY (CupméTpwv) Kal dppnTov (dovHpETpwY) KodeiTal
olvohov Tév mpaypanik®y apbpdv. To oUvohov rouTo kaholpey xal «edfielay Tdr mpaypatixdy
dptfudvy (kv B\ ey va Exppaodidpey pé TH yAdooav Ths Mewpetplas): ol mpayuaTikol &pibuol
BecopolvTal TOTE €5 onuela Tijc edlefas. Ma TA onuETa XpNoIOTOI0UHEY T& oUTa oUpPoAa pé
ToUs TporypaTikols &pifuols. ‘H TauTtomoingls altn T@V mpaypaTikGy dpifudy pE Ta& onpela
wmés evbefos Paciletar els 1o dffwpa Tis dvmioToylas THs "AveduTikiis Mewpetplas. Kard 16 &fico-
Ha ToUTo peTabl TV TpayuaTIkGY &piBudy kal Tév onueicv Evds &Eovos UgploTaron pla &pgr-
HovoofpavTos dvtigToryia, SnAadt els ExacTov TpaypaTiKOY dpiBudY dvTioTOIXET Ev dpiopévoy
onueiov ToU &fovos kai dvrioTpdews.
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dov. « Avouetor doweTeod, xAeoTov defud dudoTnpa pé dxpa a, fr kol guupo-

MZopev ToUTo wé (a, P TO k&Twh Umoguvorov Tou R :
(0, Bl ={xeR: a<x=f}.

Eis ToUTo oupmepihapBaveTar povov T Bef1dv drpov B, ouxi dnws kal 6 dpioTe-
pov, fitor ag(e, Pl A& Pe(a, Bl

TMop&Beryua 0,11={xeR: 0<x=1}.

*Emmi Tis eufeics TGV TpaypaTikédy dpifudv T& s dvw SlaoThuaTa opl-
gravTal pé eUBUypappa TRAMaTa G5 KETw @

(% B) : [ B):

(e B]: . (e, B]: =«

Kot’ émrékTaoy TV QuwTépw SraoTnu&TwY, EXOMEV kal T drdrouba Bia-

OTHUOTA !
a

(—oo, ) ={xeR: x <a}: ~—

(—owo, a]={xeR: =)

(B +o)={xeR: B<x}:

[B,+) ={xecR: p=x}:

T& Strola KohoUvTal « drdoavtay (ploTEpd, €5 T& BUo TpdTA, GvTIoTOYWS
Befi1d, dos T& BUo TEAeuTaia), EV duTiBégel Tpds T TrpomyoUuEve TG OOl Ka-
AoUvTan «memepacuévay.
T& BraoTALTE TAUTA TapioTavTo &uTioTolyws UTd Tév Befix OXTHATWY.
“Yrépyowv &v SAgy émvéa TUTOL BlaoTnudToy. "EvioTe 0& ypdpwyey :
R = (— o, +0). Eis T& Emdpeva 8& cupPolifwuey ouyvd T& BlooTHHaTS v R
pe O ypduux A,
Enp. Té& cUpPora — oo (mhipy dacgov) kai oo (oiv dnetpor ) BEV MapLOTAVOLY TMpATHO-
tikobg apOpods. TalTa YpnIIHOTOI0UVTa GULTépE POVOY Tpos eukorlav els TOV oupPohandv.
). Meproy onuetov év R. “Eorew &v onpeiov «€ R kal & el BeTikds &p1Bpos
(e > 0). Ké&be dvotdv BidoTnua Tis Hopefis (¢ —¢ o« + €) KaheiTal «mepLoyT)
o6 anuelov a pd xEYTooV TO @ xal AXTIva £X.

@ 2 & R

©
a-& a+&
€

Fevikcotepoy : «lleptoys) évis onuelov E» koheitan ke dvoktdy BidoTnua
(x,B) TS dmoiov TepiEyel TO onueiov &, fiTor § € (a, P)-
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OlTw, A.y., 16 Bidornua (1, 2) elven meploxh o0 V2, 81611 V2 € (1,2).
') *Andotacic npuaypatukod dpibpod ard dilov. "Eotwoav x €R kai yeR.
KahoUpev «dandataow to0  dmd tod y» Tov ufy dpunTikov &pidpdv |x — y|, oup-
PoAiZopev 8¢ TadTnv pE d(x, y). "Qote elven
d(x, ¥) == |[x—y| % xeR xal 3/ yeR.
Al Eyer Tds EETis 1810TTOS ¢
dy: d(x, y) =0 xad d(x,y)=0 «— x=1y
dg 7 2 LAl )y =4(y: x) (ovpuerone) iowTng)
dy:  d(x,y) =d(x, z) +d(z, y) (rotypwve) idwtng).
Amadergig Ald, kai dy, elvon wpopaveis, ik ToU dpiopol THs d(x, ¥)
kol TGV yvwoTdv 1810TATWY Tév dmoilTov Tipdy. Gd dmodeifuouey 1y dg.
AT T yvewoThy 81T Ta (Tol dBpoiopcatos) TGV &ToAUTwY TIMGY EXopEY |
d(x, y) = |x=y|= | (x=2) + (z—Y)| = |x—z| + |z—y| = d(x, 2) + d(z, V).
Enpeioorc To olvodov R 1év mparyuaikédy &pifudv, pé mhy dmdoTa-
ow d, &g afrn wpicln dvewTépe, Abyopey &T1 elven els «petpikdg ydpog» kai ypd-
gouev (R,d). Fevikdds 0& Abywpev 6T1: & gdvoior 17 elvac el petpixog ydpog Tote,
xal udvov tdve, dv eis xdle Cetyos (x,y) oraigelov adrod aTieTOLYT]  £lC moa-
yiatixog deldpos d {2y ), 6 dmolog akeitar dndotacig Tan x €, y e E xal doTis
TAnpol Tas dvaTépe TEels iBdTnTag dy, d,, d.

"Aoxknois Eav d(x,y) mapiord thy dmdoTaciv Tou x ER &md Tou y eR
d(x, y)
1+4d(x, y)
fiTol, 611 kad ) d*(x, y) elvan émlons pia dmdoraois émi ToU R.

Bel€arte 871 kad ) d*(x,y) = £xel Tas dveTépw 1B1dTnTos dy, dy, dy,

8). Mijkog daatiipates. "Eotw A &v Sidotnpa (Bv R) pé dxpa g, B
dndotaci |a — f| wxaleirar 6 pijxos Tod dwotiuatos A» kel oupPohrileTon pi
u(A). "Qoe elvan -

(A) == |a — B = d(a, f).

Olrw 81&x Thv Treproxv (@ — €, & - £) Exopev ds pfjkos Tng 1o 2e.

. Mia gpiopog raparipnes sivar 1 £641g : "Eotw xR kod (xy—€, X, +€) 1
TEPIOYT TOU X, WE xTiva €. TOTE {oyue :

XE(Xy —€ Xo+6€) <= |x—x| <

Mpds émPepaicoiv TapatnplioaTe kal THY kéTwd elkdve :

4 3
X,-E\ X X, TXotE
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H ENNOIA THZ AKOAOYOIAZ

§ 115. *Opiopoi.— Mvwpifouey 3N, &md T& wodRpaTa TEY TPONYOUKEVLL
TéEecov, THY Ewvolav Tis ouvopThioews &s EmavahdBwpev tvraufa TOV Opt
ouodv TN :

Koolpev ouvépTnatv pé mediov dpiopoU &va olvolov A kai mediov Tiud
fva ouvohov B (T& A, B UmoTifevton # &) xdBe povoormuavTov ATreEIKOVITIY
ToU A el 16 B. pagouev 5¢ :

[: A—> B | xai &\Aws A3x —> f(x)€B.

“Eote Tdhpa pia ouvdpTnots o pé webiov Opiauou 1O ouvodov N T&v guol
KGv &p1Buddy kol Tiugs év B, altn 8& oupPoriot oUTw :

a: N——> B 1 xai &Mws N3v—> a(v) €B.

KdBe quvdpTnots dx 1) dveoTépw o xoheital @ «pie dxolovlia srotyeiov 1o
suvolov Br. Eidikds, &v B C R 1) dxoloubia o koeitan @ «dxokovBia mpaypa
k@Y apdpdvr.

"Qoe : dxodovdia mpaypatuedv doludn elvar xdbe ovvdernow ué medlov ool
apot 6 atvodov N 1@y oty dopilbudy xal Typds els 70 ovvoloy R 1@y mpaypatixd
dofudy, Bnhadh ula povoorjuarrog dmewdvio Too N eig o R.

Thy Ty a(v) wds dxoloubias a ouvndifouev v Thv oupPohifwuey |
ay , YpdgovTes BnAadth Tov puolkoy &piBudy v M KETW Beiktny ToU a. Al Tipc
wmds drohoublas o kahouvTan «dpory aUTHs Kol Buvdpeda vé Korrary copiowpey o
Tovs el Evar Trivaka dog k&Tewd

1.‘2|3L...|u|.

\
I

¢l ToV drolov TrapadeimeTan ouvhiBuws f) TRMTN Ypauut Kai ypapovTal UOVOV
dpor s dxohoubias, fitor:
Shp Chp Slvea & ey eim (1
‘O 8pos o, koeiTan TPdTOS Spos Tis v Adyw drohouias, & ay BeUTep
Spos kal yevikds 6 a, vooTos A peviog Spos Tiis dxoAoubios (1).
Eis T& Emépeva 8& Ypnolpomoiidpey Toldkis THY dkdhoubiov Ekppaoiy
«f) &rodouBia o, ay, GGy ..y Ay, o - »
Av aTiis tvvooupey, 8Tt Bewpoluev THv dkohovblav a: N—— R opid;

pévny oUTw :
a(v) =a, Bixkdde veEN.

SuvtoudTepov pic dxodoubia maploTaton kol olTw :
a, v=1,23, ... fj xal &AAws o, VEN.
O& Bhowpey Thpa MepIkd TrapabelypaTa dKoAoubiGv TPy UOTIKGY &
Oudov.
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L. "H dxohoubia TGV puoikédv dpiBudsv, fTor 1) dxoAoubia :
Lo 2535 o i wipiVe w0,
Tiis dmrotas vioaTds Spos elvan & &piBuds v, fTol a, = v.

2. ‘H éxoloubia :

=) 1
?,3—,. e TR

v

L,

Ths omolas vieaTos épos elvan & dpiBuos \1}—, fiTor a, = %

3. Hidkohoudleds 11, 1, ., L
4. ‘H drohovbia: ¢, c,c, .. .,c ... (évba ceR).

‘H dxchouBia ToU mopodelypaTtos 4 kodetTon «) otafegd dxolovlia a, = ¢,
r=1,2,...» "Ofev f dxohoudlx ToU mapadelypotos 3, elven ) orofepd dxo-
Aovlia ay =1, v=1,2, ...
5. Hduohowdlens =1, e e g (—l)"-L R
DR L v’
6. 'Edv dreikoviowiuev ToUs TrepITTOUS Puotkols &pibuous els Tov &piBudy 0
kai ToUs &pTious puoikoUs eis ToV &piBudy |, B& TpokUyT) ) dxoAouBia
B e R Y (0] LR
ZuviiBeos 1) G5 Gvew drorouBia oupBoAiZeTon s EEfis :

1, & v &prios
e e 0, &v v meprrrds.

7. 'H dxodouvBia: «a,= v=1,2 ..., ypdoeTar &revéds :

v+3'
2 4 6 8 2v
Tl 51 6! 7»--~:V+31---
Hepatipnows. *Eviote & Belktng v ToU av AapPéveton olrews, MoTe v Srarpéyn Tos Tipds
0.1,2,3, ..., swore ) droroula ypdeeran :
gy Qyy Oy =y Ay &y e

Bt 8pos ay—j elvat TETE & «rioaTéC Goog» Tiis dxoAoubias.

~ § 16, Tpadikiy mapéoraocig dxkoroubiag. —"Eorw o, u—dl oD =
uic dxorouBic TporypaTIk®Y &piBuddy. To Sidkypoupa altis elven TéTe T
oUvoloy :

B e S e e ) B R

T dmoiov elvan Umrooyvohov Tol KapTegiavoy ywoptvou N x R kal ouyl ToU
OWoOAou TV TrporypaTiké &piBudv. T oToigela Tod ouvdAoy I elvan (Trpoga-
v&s) Sidpopa peTafy Twv Kai mapioTavTal 51 «uepovwubveovy ompelwy  ToU
KapTeoiavou tmimeSou R x R. T oUvoov almév Tédv HEHOVWREVeY oTuelcov €l-
Val 1) ypagikh TapdoTacs Tiis dkohoubias a, , v — [
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Eis 76 k&Twb oyfiua mapioTavTa gvvea Gpot wds drohoubios oy , v = 1,25 s

Zx. 8

"Edu Becopfiotopey povov Tas TeTerypévas TGV ompeiwv ToU gmiTréSou, &1
&y mopioTaTar ypagkds f| dkohoubic oy, v 1, 2,..., £ouev ThHy ouvndn émi
£vds pdvov &Eovos TTapoTATIY THs &kohoublas o, , v =1, 2,. ..

OUTeos &k TOU GUWTEPE OYNUETOS EXOUEY :

v’ O, O O O 0 o iy Sg O ay v
AZKHEEIZ

; iy ; i ey ; 2v -+ 1 5

249. Mpéyate ToUs TEVTE TPWTOUS OPOUS TS dxohoulicg i av = S 120,
1
250. MpduyaTe TOUS OKTG TrpcaTous Spous Tiis dwooubias : Pv = —=r o v=1,2,
251. Mpéupare T drohouBiav Tév &pTicav PUOIKGY éplﬁucb;r :2, 4,6, 8,...0mo THV Hop-
DUV v = 12

252. péyare Thy dxorouBiow Tdv epITTEY puoikéy &pBuév: 1, 3, 5, 7,... Umo T

popeiv Py, v=1,2,...
253. MpdyaTe ToUg ErTd TTpCdTCUS Spous TS &rohoulias :

L0 G b AT U 4
e T Qi s
254. ‘Opoiws ypéyaTe Tous tvvia wpdTous Spous T &xohoubias
a‘,:(vl)"-ivl-, W IO e
255. ‘Opoles ypdyaTe Tous Trévte TpTOUS Spous Tis &rohoutias :
G -
Gy Vimm 1) 2y
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2 I4 » (3 2 ’ 1
§ 117. ®paypévn arolouBia.—a’). "Eore # dxohouBior a, = o V=102,
e 1 1 1
EKTEVEXS 1) : L B L e R
A TH dveoTépw drkoroudiay TapaTnpolyey &T1 loy el ;
1

uv:T.-_‘E_l i kdBe v =1, 2,...

fio1, SAo1 of épot Tiis dxohoubics ToTns elven wikpdTEpOL §) ioo1 TOU TIPOY HOrTi-
KoU &pifuol 1+ Aéyopev BE &1 1) droloubicr alTn slvon «ppaypévn mpds ta fvem
Ao TOV dpibpov 1.

Fevikéds 1 Mia drodovlin mpayuarizdn dpduav a,, v=1, 2, ... xaleitaw
Qpaypivy mpog ta dve &v R tdre, xal udvov tdre, dv rdpyn moaypaTixog dot-
Ouds s towitos, dare v loydy :

o =85 N VveN.

‘O &piBuds s kohelTan «dve podypa i dxodovbiag ay , v=1,2,.. . ». O0-

o g ; 5 ; s I ; 1
Tws, & dpifpos 1 elvan dvew @pdypa THs dkoloubias oy = —, v = R

v

Mpogovéss, &v s elvan Bv dveo ppdoypar wids dwoAoubics, TOTE kel k&Be EAAOS TTpa-
YHaTiKOS Gptbuds peyaAUTepos Tou s elvon Emrions dveo epdypa Tiis dkoAoubias.

B). Ev dvmiftoer pds Tas dxoroubias, of &toicn elven PPy HEVan TIPS T&
Svw &v R, Umdpyouv drohoublat, Tév ol &hot of Spor elvan pEYCAUTEPOL Ty
loor gudg TpoypaTikoU &piBuoUt Ax. f drokoubia o= 2v, v =1, 2,.. ., ékTe-
vEds 2,idib, (BN Pl
Al Ty dxohoubioy TalTny TapaTnpoluey &L ioyver :

2=a,=2v Bix k&b v=1,2, ...,

Abyopev Bt &m1 #) drodoubia alTtn elvan «@paypivn mpdc tad kato» &TO TOV
&pBpdy 2. Tevikdds : Mia dxolovlia mpaypatiey apludv a, , v=1, 2. .. xa-
lelrar @paypévn mpog th wdte Ev R wdre, xal udvov téte, v drdoyy moayuate-
#0¢ Goluds o towdros, date va loydy:

c=a 3 veN.

‘O Gpifpds o keeltan «xdro odyua Tijs dxolovblas a,, v = 1, 2,.. . ».
1), Téhog Umépyouv dxoroubia, ai omoicn elvan kad mpds Té dvew kai Tpds
A ] O ’ 1
T k&Tw ppaypévar év R Ay, 1) dxorovbia o, = = = 1,2, . . .,516m
loyle :

Oéu\,:-—‘lrgl Nt veEN ot TN S — 8

fiTo1, 8ot of Bpor Tng &viikou els TO KAeioTdY SidoTnua [0, 1 1, Aéyouev 8& eig ThH
TepiTrTeoov aThy, 671 fy drohoublar altn elvan «opaypéviy.

147

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrg



Mevikéds : Mia axolovlia npaypatizdy dolludv ay, v=1, 2,. .. zdlelral
opaypivy &v R wdte, xal udvoy dte, dv 1) axodovlia abty elvar zal mgos Ta dve
xal mpoc T4 xdrow geayudy & R, fitoy, &v s elvan dv dve gpdypa TR dkoAou-
Blos oy, v =1, 2, ... kai o TS &vTloToryov K&TW Qpdyua, TOTE ioYUE

= oy =g oBitoncdde sy 2 H

"Av Tdpa ¢ elvan dpiBuds peyaduTepos fi foos T@v |o| xai [s|, TéTe 7 (1)

ouverrdyeTal, &’ EvOs PEV

o =s=s[=¢ N VEN
&' ETépou BE:
o =o=—|o|=—9 Y veN.
"Apor ioxUel TOTE ¢
=0, =09 M veN (@)
7 loobuvdpes :
o =9 M VveEN, 3

*AMG kad dvTioTpogas, &v ioxin 1) (3), TéTE Tpogavés | droroubia ay
v=1,2,... elvan pparypévn, S1ém 7 (3) elvan iooBuvapos mpods THv (2). "Edeixfn
Aortrov OT1 :

Mia daxolovlia npaypatixdy dplbudy a, , v=1,2 ... elvar goayuévn év R
() xal dAAws «amodires goayudvy év Ry ) 1ote, mai pdvor tite, dr dadpyy mpaypa-
Tixos apflpos ¢ TowodTog, Gote va loyvn :

lov| = ¢ Blaxéle v=1,2 ...

‘O &p1Buds @ koAeiTon ppdyua, GkpIBETTEPOV «dndAvTor gpdyuay THS dko-

Aoublos o, , v=1, 2,... & R.

Opaypévn dxoroubic elvar mx. 22:” yv=1,2,..., 8o {oyue :
‘ i
2nbnf ZIM o @ o inie ife v=1,2; -
v | vi vi

‘Opoiws 1) drohoubia :

d\_:im;_\‘;?f,' vi=11 20 . ., 5o
_ | 4ow3dv | 4|owdv| _ 4 V=4 Yo -
Jaty| = bt S S B kdbe v=1, 2,

*AvTiBéTws ol dkohouBian :
jI et A e L o1 SR R S
Kol 16 B0 AR iy S e s
Btv elvan ppaypévar (Siati ;).
§ 118. "Eoro pio dxohoubia mporyu. &pibpdv oy, v=1,2,..., m.X. 9 dxo-

; S ; ) 1 =
houfiar o, = s 1,2,. .. kad ploc ouvlrixn . f): Gy < oo TApATNEOUEY

Smi,&v v=1,2,3,. ., 998 fron, & ve{1, 2,3, ..., 998}, § owbiixn & < oo
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Bev mAnpoUTal, dvTiBéTws &v v = 999, 1000, 1001, . . ., fitor &v keMéowyey
: ; 1 1

Vo= 999, 161e B1dx kdde Selktny v = vy = 999 | cuvbiKn @ o = > <508 TTAT)-

pouTar Tropd ToU Gpou &y, Aéyouev Bt els THY TEpITTwOW alThy 671 «redidc

Glou ot Gpor Tijc dxolovliias & — ey h= 1, 2,... ;hnpotr i de dver aorlijenm .

Mevikdds : &v a,, v =1, 2,... slvan pia dkoroudia TPCYBATIKGY dp1Buddy,
8& Mywopev : «redixds Ghor oi Soor Tijs axodovliag a, , v=1, 2, . .. nlnpoty wilay
aulijop 4] iddTyrar Tdte, xal povov Tdte, dv 4 vl 7 4] dtyg alnoodTal
maga Toi Goov ay o wdle deletyy vEN Efwpboer fvos memeoacpévon
awrdiov dewtiw, BnAadl| TdTe, xul povov Tdte, dv dndpyy el delntne vy €N Tow00-
Tog. dhate dua wdlle dedntapy ¥ = vy, 6 Gpog ay winooi Ty avrlia 7) ididTyTa TadTny.
§ 119. "Eotwoav &lo dkohoubion: oy, v=1,2,... xaiB,,v=1, 2,...
EXTEVEdS o
OO SR ot St Sy S
ﬁlr pg: ﬁ:i"--s 5Vr-“

Metall atrév dpilovTan T& Kk&Twbl :

MTodrne Al av, v=1,2,... xad By, v=1, 2,... kodoUvTon ioat TdTe,
kal pdvov TéTe, &v loxin @ oy = By Bix k& veN.

"AbBporopa tiig @, v=12,. . xai By, v=1,2,. .. koheitan | dkorou-
eid ( G\'+B\' ); W= 112:- " 53 5717\357'] ﬁ: o5} *Tt ﬁ]: a-l’!' le C[;; - Bg,- L] -;G\"f'ﬂv e

Avagopatiga,, v=12,... pelov B, v=1,2,. .. xaksitar f| dkohoubia
& =By, v=12..., 0B f: a,— By, G — Py .., W —By,y. ..

Cwépevoy Evog npaypatiked apibpod & inmi iy axodlovdiov a,, v==1,2,. ..
KahelTan 7 &rorovbia: Eay , v=1, 2,. .., ékTevéds 1} drxoroubia :

Bt Bon,o e B

Divopevov tiiga, , v=1,2,... éni v B, , v=1, 2, ... kedelta1 /| dxoroubic
o By w=1:20 0 LSBT N aaBiy OePait g O Py

Indikov tiic oy, v=1,2,... &a By, v=1,2,... pi f, %0 % veN,

KoAEITan 1) droAouBia, 7 omrola Exel Spous T& ATk TGV QvTIoTOlX WV Spwv TAY

oy
,B‘,, v=1,2,. .. &Tevéds 1) :
i
[« = Sy
B’ B B
Tetpayoviky pila arokovbiog a,, v=1,2,... p& ¢, =0 N/ veN, kaheita
1 dxoroudic : Ve y V=12, bkTevis

bC(lt Vc_2‘: R ) va, miae

&V Ay drohouBichy, SnAadn 1| drkohoubic
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MHAENIKAI AKOAOY®IAI TIPATMATIKQN APIOMGN
120. "OpiopéG.—Eotw 7 dxoroudia @y, v=1,2,... p& yevidv Gpov
pLop P

a, = (=1)*!. _3.;._ fitot #) dkohoubia :

1 1 1 1
1 —7, '—3—, ot (—I)Vl-T,

AlTn TrapioTaTal ypogikds G gls TO kaTWTEPw oxiita tupaiveral.

"As Oecopriowpsy Toopa fva BeTikov &pifuov g, . Tov e= 0,17, s émions
kod Tos elBelas pt ooy y=¢€e=0,17 kol y=—€=— 0,17, oi &mola
elvan TrapdAAnhol Tpos Tov Gfova Tév x kai opifouy ¢l ToU émiTrédou TV &Eo-
veov plav «ramlom (BA. Zx. 9).

Q=1 TRl

Q5 ‘.Mz

Y Sy. 9

Mapatnpotuey els TO dveoTépw oxfiua, 871 T& onueia My, My, My, My kai Mg
KefvTon BkTds TH Tonvias, Bvgd T& &md Tou BelkTou v = 6 kal «aépayy GvTigTOIXX
onusio, ol T& Mg, My, Mg, .. ebplokovTtat 6ha tvtas TR Towios T&OV BUo
TapcAAfiwy elfady y = € Kol y= —¢&. ToUTo onuaivel 811 al TeTaypévar TV
M,, M,, M,, M, kai M;, fiTor of dpoL oy, &g Oy Syr 5 Tfs &v Aoy drohoubias
KeivTon &kTos TOU AvolkTol SiaoTtnpatos (—g &), v ol &md TolU BeikTou
v =6 kad mépav dvticTorger épot, fiTol ol i o g Olg,. .. KEIVTON Bhou glg TO
&volkTdy Sidornua (—g, +&), Sniadn gis piav meployfiv ToU pndevos, koflocov
16 (—¢, +¢) ypdpeTau kol ol : (0 —¢, 0+ ¢).

"Qaoe —_tcoy<te M vavyw=6 (=017
) {ooBuvdpcs :

loy| <& N v=y=6.

"Edw Tpar AdPepev Eva &hov BeTixov &pibudy €, pikpdTEPOY TOU TPOTYOV-

pévou, T.x. TOV e= 0,09, kai EmavaddBoopey TE GQVOTEPW, TETE KOTOATYOUEV
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els TO oupTépoopa 6T TG onueia My, M,,. .. kal M), kefvton éxtds Tiis Touvias
TGv BUo rapadhniwy ebBeidv ¥y —e= 0,09 kal y=—e=—0,09, &v@ T& &md
Tou BeikTou v = 12 kal mépav dvTioTorka anueia, fiTol T& Mg, My, ..., My, ...
eUpiokovTan éutds Tiis dv Adyep Tawvias, SnAabr ai TETOY péval TGV onpeiwy Tou-
T, 1ol o BpO1T Gys, Cigi: -y Oy 1o on IS 0 Adyw drohouBics keivTon els TO
dvoikToy BidoTnue (— ¢, + € ), fitor loyve
—E << oy e N pyy=12 (e=0,09)
1) igoBuvdpws :
lo| < ¢ M vy, =12,

"Ex 1@y dveotépeo Trapatnpolpey &1 s Exdotny EkAoyfv ToU BeTikol dpi-
Buol e Umdpyer els BeikTns vy, O dmroios EapTdTan &mo TOV €, fiTol Vo= v, (€).
Olrw, Bid e = 0,17 #youev, s EAéyon QW TEP, vy v, () =6, tvé ik e 0,09
Exouev vy = v, (e) = 12.

Thy &v Adyw drodoubiav o, v=1, 2,0 pt o, = (=1)*1. -—i—, N omoia

TANpoT T& duewTépw XapakTnpilopey o «mdevikiiv dxolovBiavs.

Fevikéss : Mia droiovlio mpaypatizdv dolbuar a, , v — 1, 2,... noleltae
mndevin dxolovlia xal O cvppoiiZouey Toito ut a, — 0 téve, =al Hévoy ToTE,
s b xdlle £ > 0 Oadoyy Oeletys vy = vy () (EEapTcopevos, 2v yével, &k ToU €)
TowlTog, (ate va loydy

| o | <& da xdfe v=y,(e).

ZuvTdpcs, pé xpiicly TGOV yvwoTdv pas cuuBoiwy, & dpiouds ouTos i-

Beran cas E€fs :

00 <> M e>0 Av=v©):la]<e  vavy,

opa

§ 121. Napadeiypara pndevikdv dxoAoubidiv.

lov. "/ orafieon dxodovlic a, =0, v=1, 2, ... ebvar uydevee) dxolovbia,
1 e 3 ;

20v. ] dxodovdin @, = —, v=1, 2, ... elvar uydevierj, $16T1 Bix TUXOVTO
»

BeTikoy apifudy & Umépyet BeikTns vo= v, (€), kai s ToloUTos BUvaTan v AneoH
5 ol = . ne 1
€83 elg PUCIKOS APIBPOS Hey XAUTEPOS TOU : -*) ToloUTos, (oTE B1d KGBe v= V> —

3

i cale s 1 1
. §*1'<E, 81611 £k THiS b=

AT el
O U1 !GvJI'_I:_
v T vy

"Qore EBeiydn &

W¥e>043 Vo=V, (g) (&pxeivalnqneﬁvol—:—):idv [z‘%‘<e M ov=v,.

e e |

2 , 1 1
* Tolto ouuTrepalvopev, 8i16m loyver: |a, | = T <E <=> V> T
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- 1
Apa av—7—>0.

1 - : o
Enpeimoig: ‘Hdxorovdia o, = == v=1,2 ... UmevBupiler Tas &mooPevvupévas
dvornSnioes wids BAaoTikfis oeaipas bl tvds dmimeSou. TO Uyos elg TO omolov dvepyeTan 1

opaipa els ExdaTny dvarmdnow elval HiKpdTEpOY TPV TrponyoUpivwy Kal TEMKGG A ogaipa
toopporel &l ToU émmédov aTol (Iyos &varrndnosws unbév).

3ov. “H axodovfia o= (=1)" - —i— -0, 51T \F e > 0 Umdpyer v, (5), kai

: e : u 3 ; ; ol
d§ TOIOUTOS duvaTal ETONS va Angdi els puoikos &p1Bpds peyaAuTepos ToU -
(Biceti ;) Tol0UTOS, GaTE V& ToXun
1 l o
iy =1 (=1} | = < & B kdBe v = v, (g).
I
Enpeimorg: ‘H dxodoubic ToU Tapadeiypatos (3) UmevBupiler Tas &rrooPevvupdvas
aleoprioeis Evds ExkpepoUs 7 tvds Earmpiou mepl ThY Beow igoppoTrias alToU.

dov. “H axorovlia a, == v= 1,2, ... elvar pndevuer], B16T1 B TUXOVTA

1
Vv_’
BeTixdy &piBudy & Utrdpyer BelkTns vy = v, (8), xal ToloUTos SUvaTan va Angli
i : A ; =5l - . e
56 &ls puaikds ap1Buds LEYSAUTEPCS TOU =y To10UTOS, (oTE: i K&be v = vy > %

1 1 3 1 1 1
loyler: |y |=—== <EBOTIEKTAS: VE V> — = —==—<E.
) ian Vv Vv,
"Qoe Edeiybn STi:

Me>03vy=v, () (&pxsi va Angdfy v, > -é—):] ay | :'

1 |
_;}‘(E M v,

"Apa o, = —=—> 0.

Vv

JAIOTHTEE TON MHAENIKQN AKOAQYOIGQN

§ 122. “1816Tng | — Awe piav dxodovbiav @y, v=1,2,... TPAYRETIKGDV
apipdv loyoer :

'Eav o, >0 <= —a,—> 0 &g xai |a, |—>0

JAn6derEig: Mpdyuar 51Ty, &v | oy | < ¢, TOTE O elvon kai -
|—ay|=|av| <& xobos tmionskal ||av||=|av | <E

'Aviietpéoog: &v:—a =0, ToTe | —a | < g Bnhadn | av | <€ &pd
a, > 0, émwédTe xai | o, | 0.
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§ 123. "1516mg II. —’Eav 1} dxolovBia a,, v=1,2, ... slvar pndevixi,
tote kai 1) npokdntovea £k tavtng Sid npoodiknc i diaypagiic Evoc nencpaspuivou
nAfiBoug Gpov civar imionc pndevikt dxolovbia.

1 i

Mapaderypa: ‘Ha,= == 0, Tére kai f) dxorouvlia: P = Tl Lo
v+
EKTEVEX 1) : -—l— : !
iy B BE SR
1 éwola wpokUTTar S1& Siaypagfis TGV Tecodpwy TPDTWY Spwv Tis a, = + TP i

elven #mrions pnSevixd drohoudia.

§ 124. "1516mg [ll.— Kabe pndevikn axohovdia sivar gpaypévn.

"Htoi: | ’Eav a,—> 0, tétc a,,v=1,2, ... elvar qpaypévn.

PArobderErg "As Epapudowiuey’ Tov dploudy THg pndevikiis dxoloubics
Bid e= 1 = 0, TéTe Umépyer SeikTns vy = v, (€) ToloUTos, GIoTE V& foyun :

la | <1 ¥ v v, M
“EoTw Tdpa = max (o, [, .., oy |).
ToTe B Eyoopev :
o e I TR A e 2)

"Ex & (1) kai (2) mpokuTrTel :

v | <A+1=9 ¥ veN.

"Ofev f ay, v=1,2,... elvai ppayuévn.

Mapatqpnorg ‘H dvwtépw 8idtns 8tv dvtioTpépetan, fitor Kéde
Pperypévn droroubia Bév elven TévToTe pndevikn. Tlepl TouTou PePatovpeba &md
T £Efis TapdBelypa :

"EoTew 1) drodoubia @ o, = (—1)¥, v = 1,2,... &Tevdds 1) dxorovbia :

=1 1y

AUy elvan ppaypévn, B16m1: oy | =1 | =11 3 v=1,2,3,..,

& ToUTois Buess ot Sév elvar pndevikn (Siati ;).

AvTiféTws 1 droroubia ay = (—1)* - %, v=1,2,... elvar pparyptvn, 81611

{0')(\';5::
iqv|=l(_1)v..i_i_—_%—§1 M veEN kal ouyypdvws a, = 0.

§ 125. "I1816mg 1V.— To G6poropa ij i Srapopd 860 pndevikdv dxohovOrdv
elvar undevixdy axohovdia.

v=>0
*Htor : Waye T = a+ph—>0
p,—> 0
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ArnoderErg CEmeadn kata Thv Umdbeow oi a, kai B, v =1,2,. ..
glval pndevikad droloubion B Eywpev, ouppdvws TTpds TOV Splopdy pndevikfis

drohoubias : A xdbe € > 0, &pa kai Sik —;— >0, Umépyer Beiktng U(’)(,,Ez,)

KG\L VO (—2—), WOTE VO lG'XUTl] :

\c:,,[‘<—§ Bia kdabe véué(%—)zv& (1)
£ g 7 i JE "
|3y =< £ 1 k&de (= (—2—) =V, 627

sEa ) . . ~ rvif <E v oo f E & 5
Edv koAéowpev v, (e) TOV péyioTov TGV Vo (-2~) LUN (—Zn), fiTol av

vo(e) = max(vy, vy ), TOTE Sick ke v = vy(€), o dvicdtnTes (1) kai (2) TAn-
pouvTal oUyypdvws Kol Emoptvas O Excopev :
€ € e
iﬂviﬁvlf—fldvl+\ﬁvi<?+—f=5 Bidx ke v = yy(e),

filtor: |oy+PBy|<e xal |y —Py| <e BikkdBe v > vy(e).
Al TeAeuTaion dvicdTtnTes pds TAnpogopouv 81 af dkotouBion @ o, + By
kad oy, — By, v=1, 2,... elven pnSevikal.

§ 126. ’Iﬁlémi; V.—To ywopcvov pndevikiic dxolovBiog Eni @paypévyy
elvar pnodeviki) dxolovbia.

N a,—> 0
“Hrot: Eav 3 = a,p—>0
ﬁv »v=0112, ... Pppaypevn

’Ano6derEig: "Eotw @ &v pparyua Tiis dkodoubias By, v=1, 2,... ToTe
Eyouev [Bv =9 Sr&kdbe v =12,... (1)

'E€ &Mov, émeidt) oy, = 0 = A/ e > 0, dpaxal i _:F > 0, Umépyer Seiktns
Vg = Vo( %—) TolouTos, GoTe v loyun :

[l Jit Bi& k&b v = v, (2)

£
?

ToTe Spws, Bia kabe v = vy, Exopev duvdper Ty (1) kol (2) &1 :

€
\devI:\dvI-lﬁvl<—?;-q>:e.
“Qore E8eiybn 611 :
€
M e>0 3 v, zvo(?) P lawBe | <e N ovEv,.

“Apa o By = 0.
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§ 127. "1816™ g VI.— Té ywvépevov dvo, i yevikdrepov £vog memepuspévon
nifjfovg, pndevikdyv axolovhidv sivar pndevikny dxolovlia.

"Htor : *Eav ey = o f = 0
' By—>0 VR

‘Anmbberbug H B V=12 .. i Hndevix dxohoubic elvan (i&i16tns 111)
Ppaypéun, &pa | ay By M=1,20:0k o) 698 ywopevoy undevikfis émi PpaypévTV
elvar (i516Tns V) pndevikd) droAoudia.

) 1 1
Mopaderypa: o 7_..7_,0_ BVIT_,O — “1-5»-:% — 0.

"Acknoig: 'Amodeifate T dvwTépw B0t T dve§apThTws TéY Trpon-
Youutuwv i810TTwY, GAAL pdvov T Ponbeia o0 dpicuol undevikiis dxooubios.

"Ex 163v iBioTrTev IV kad V Emovran dpéows of kérwd Suo B1oTnTES

§ 128. "1816™G VII.—Eav a, —> 0, 1ot Ea, —> 0 S14 kile EeR.

1 3
OUraws, & Tiis T—rO — -T:B._‘ITF_)(]_

§ 129. "1516mG VIIl.— At kabe & cR, dav ; ‘*3} e g e
v —>

§ 130. "1616Tng IX.— "Eav B, — 0 xei 81& piav dxolovliay a,v=12...
oxim: oy || B, | Sakals v=1,2,..., téte 1 dkolovliac a,,v—=1,2...
tvan pndevik.

o [S|B| W veN
p.—> 0

"Hror : ‘Eav

] = a,—>0

'AnéderEig: *Ex ToU 611 Bu—> 0 EmeTan: Ak kde £ > 0 Umrépy el
0= Vy(e) ToloUTOS, oTE v foy U :
[Py | <<e Biakde v= vy(€).
Toéte Spess Exopev :

|aw | =] By | <& fitor  |ov | <e 81 kdBe v = vy(e).
"Apa a, = 0.
E@appoyi: Acibate bu: av:—z——lﬁ———>0.
vitv1

nPéryuOtTl 3

1 1
o=

P YT e

Mo [Guata -% —0) evar a = 0.

< — kal kaTa THY dvwTépw 1816-
v
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§ 131. Napadeiypara épappoyfig 1OV GvwTipw iSLoTATWY.

Mepaderypa lov. Asifote 6t q axolovbic o, = o, v=12,... pt o otade-
pov mpaypatikov apipdv kai || < 1 evar pndevin.
JAmesEELS, @), A1k w=0<1 eivan Tpogavis.

B). Atk w G, Exouev: 0<Clw| <1 = |":,1 > 1. "Apa --l—:o—lr-——l—% 6, 6>0
kol Etropéveos : )
AR 1
jav [ =|w li:‘wLU*"(ij,'é)V N oveN. (L)

AR &rrd THY yveaTiy dvigdtnTa Tou Bernoulli (§ 28, waps. 2), fitor TAY dviooTnTA
(L0 =1+v8

Eyouev : (1 + 8y >0 ¥ vEN
Tore fy (1) &ider:
1 1 1
iz 9] o el 5 o S0

"Emreidn %——- 0, Suvépe Tév iBrotATeow VI kol IX elvon kel &, = W= 0:

“Qote 1) drohoubia:
w, o, Wi ..., WY, ..

pt lw| <1 elvan pnBevikn.

OUre, T.X., al dxohoubiar : el QG025 i oY R et R
givan TEoan undevikal dxoroubial.

Mapaderypa 20ov. 'H dxorovdia: av=aw¥ ,v=0,1,2, .. pé |o| <1 kaiaeR,
fitor f: @, Ao, 0w, a0®,. .., OV ,. . . slvon pndevikiy.

TpéyuaTt* Buvéper Tou &vertépw TapabeliypaTos kal THis [516TNTOS VIL

Mapadeiypa 3ov. Asifote dn i axodovbia av = fvrz—Yvtl, v=12...
elvar pndevikn.

*Anddeiglg, Elvon yvwoTov 6Ti: X —y = :z;"; "Edw Blowpsy x=Yvi12, y=1V+L
EYOUEV ©
e e | GO L ek <
Pz + el | 2+ gl el Y

"Apa, tmeidn —i-—o 0, Suvdpe Tis iBeTnTos IX, wpokuTTel 6T Kad 1) dxohroudia :

a = V2 — i1, v=12,... v undeviki,

AZKHZEIZ
256. Acifare 61 al k&TwH dxohoudicn elvan pndevikai :
v (1) 14Ty —T5 _ {Arl
R S R S

257. “Ouofws af dxoroudiat :

1 el ] i
i) "_“""'vi””s", 2) Ve (Faw), 3 k=T 4) v . (fvi+4-v).
v
258, Awx & > 0, v& poaBiopiadi) BelkTns Vo = Vo(€), ©OTE Bix v == vy(e), vé el
Jav | <&
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Wneiomotr|Onke amé 1o lvotirouto EknmaibeuTikng MoAmikrig



dmou: av,v=1,2,... €von:

2 3 nuv + ouvdy 3
= = S L SRR st 4 ; == =
L) e vidy ! e 4ut—2v' o] e Vv d = fvrg2:
259. *Edw 4 dworoudia av , v =1, 2,... elvar pnBevixy, 8c elvan undevikn xai 7 ¥| v |«

SYTKAINOYZAI AKOAOY®IAI TIPATMATIKQN APIOMQN
ENNOIA TOY OPIOY.
§ 132. "Opropég.— "Eorw 1) droroublia :
3v-k1

Qty = I B S
v

e : ; 4 ; | .
Ax THY &5 &vw droAoubiav Trapartnpouuey 6Ti foxuel: oy — 3= —, fiTol 1
Y

drohouBia o, — 3, v = 1, 2,... elvan pndevikny dxolouBia. Eis Thv mepimTwov
; . S g i vl R el
ToUTnY Adyopev OTI 1) dxoroubia B N 1,2,... «ouvykhiver mpdg tOV ap-
Opov 3».
levikdds Ba Afywuey @ axodovlia a, , v =1, 2, ... apaypatixav dodiudy

ouYKAiVEL TPOg TOV mpaypatikdv apldpov a 1) &AAws teiver mpds TOV MpaypaTL-
KOV appov @ kol O& oupPolifwuev ToUTo pé: ay —> & TOTE, xal uovoy TOTE,
v 7 dxodovlia (@, —a),v=1,2, ..., 8nAadn 7 dxoroubia :
oy — O, Opg— Q& Og—&,. .., &y — Gy

elvar pndevi).

Tov &pifudv a kahoUuey «bprovs T «oprakiy Tpfv» Tfis droloufics oy , v =
=1,2,... xai ypdoopev : dpa,=a f| &Aws lima, = a.

To lim elvon ouykomty TS AaTivikfis Aéfews limes = dplov kol xpnoipe-
ToleiTan S1ebvdds.

"Ek ToU dvewTépw oplapou ouvdyetar OTL
flay, v=12... cvan pia pndevikn droroubia <= oy, = 0 <= lima, = 0.

"OBev & 6piopds Tiis ouykAvoUons dkohoubias SiaTuTroUTal SUVTEWWS OUTw :

lima, =0 <= lim(a, —a)=20
opa

OUtew B1& 1O TapdBerypd pas EXOMEY :
lim i =3, 56T lim( Vit = 3) = lim A, —0.
v v v

§ 133. NpoéTaocig.—H dpruki Tpi) pias suykivobeng dxokovbiag sivar po-
vosnuavieng Gpiopéviy, dnk. kabe ovyklivovesa axodlovbia Exer axpfdg Eva dprov.

’Ar6derErg 'Eqv ouviPaive o, = a xal ouyyxpoves o, > o uE a # o,
TéTe B4 Emrpeme ol : v —e,v =1, 2,... kal oy — ', v=1,2,... v& elvan un-
Sevikad dxohouBian, ouvemds kai fi Siapopd Twy, fiTol 1) dkoAoudic :

ph=(av—a)— (v —a') =a'—q, v=12...
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glvon unBeviky: alitn duws elvan aTafepd, fitol By = o' — o Bid kabe v=12,...
elvon 8Bev pnBevikd) TOTE, kal pévov 161, &v o'—a = 0 (Giati ;).
Ak Tés ouyKAwouoas drohoubias foye TO kK&TwWE :

§ 134. Ocwpnpa.— (loodlivapor opiopol ovykhouons dkoroubics).
"Eoto @, ,v=1,2,... pia dxohovlic npaypatikdv apipdv: ai katwb mpo-
TaoELg sival icodivapor :
(i). "H dxorovbia o, ,v=1,2,.. cuykhivel mpdg tOv mpaypaTikov apbpov a,
fjrot lima, =a, acR.
(ii). Ara k@0e £ > 0 Drapyer deiktng v, = vy(€) (EEaprdpevos £k 1od £) torodtog,
wote va oy @
la, —a| <& S1d kabe v = v,
"H 6nep 10 a0 :
o—¢e<a, <a-+& o kale v=v,
'Anodergrg () = (ii). Tpdyporr lima, = o = lim(ay, —a) =0,
TO &mroiov, Buvdpel ToU dpiopol Tiis undevikiis dxkooubias, onuaivel 11 :
A e > 03 vy=vy(e) TowuUTos, GoTe diax k&be v =y, loyver :
|y —a|<e = a—e<a <ate
(ii) == (i). Tlpdypary: Buvdpel Tou Opiouou Tifs pndevikiis drxorouias 1
mpoTaois (i) dnhoi 8Tt 1 dxodoubia o, —a, v=1,2,... slveu pndevikn, TOTE
Bucas, KaTd TOV dplopdy Tis avykAolons drooubloas, Emetan &1 limict= ex.

Maepadeiypate cvyKLvous®Ov Kol pi cuykivovs®y dxolovbidy :

lov: ‘H dxoroubicav = 1,v = 1, 2,. .., 8nAabn 1) dkorouBia: 1,1, 1,..., 1,... ouykhivel
Trpds ToV &pifpov 1, B16T1 ) dkodoubic ay — 1, v =1,2,... €lvon unBevikn dxohoubia.
Mevikéds k&Be worabepa dxodovliay : ¢, ¢, ¢,..., ¢, ... Bi& ce R, guykAivel pos Tov &pi-
fudv c.
o e " 2v—1
20v: Aciare bt 1 axolovbia ay = - Tre V=12, e
v
2 2v—1 2
ouykkiver mpog tov amOpov =5 fitor limay = lim _;;v =
'Anoderfrg. "Exopev: |
2v—1 2 1 1 1
R R e e i
kal Emreidn) :
LA S EmeTon : e et 8 L2
T 4 . . 5 . s o 2h
. Vi i
Quoiws elvan : lim T (B1orti; ).

AfSopev koaTwTépw xai §Uo Tapadelypata dkohoubidv ol dmoiar Sév ouykAivouv év R
TpootEaTte THY &mwdde§wv :

3ov: Agifare 6n ) awxohovlio a, = (—1)", v = 1,2, ... §iv cvyxhivar &v R.
'Anodeitlg. “Ymobéowpey 8Tt ) dkohoubla o, = (=1)", v= 1,2, - .- guyxhiver mpés Tva

1 2
&p1Budy x ¢ R. Tote S kabe € >0, &pa kol Bix e = =2 Umrdpyer Selktng voe N ToloUToS,
QoTe va loyun : 4

3 1
[ —x < =5 v ov= v,
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Ei8ixéds :

|(*—1}v,._xi/‘_1 = 1(_1)\-ﬂal_xi‘< 1

2 ,
8191 vy = v, kal v, + 1= v,. ToéTe Sucs Exopev
|- M =l ek 1) Sy x ey | < 4 =,
firon - | (=% = vt <1 M
TAMAG : | (1Yo — (-1yvet! | = 2. )

"Ex rav (1) xal (2) oupmepaivopev 11 2 < 1, &romov. *Emaidh i Umdbeors & ) dio-
Aouvbia (—1)Y, v=1,2, ... ouykdiva &v R S8nyel els &romov, oupmepaivopey 8T1 alTh dév
ouykhiver &v R,

4ov. Asiate 6m ) axolovlia a,=v, v=1,2, ... div cuykiiver &v R.

'Anodeifig. Ymobéowpey 811 4 dkorovBic: 1,2, ..., v, ... ouykAiver pds Tva &p1Budv

1
Y€ R. Tote Gobévros € = 5 Umépyer Selktns vye N TotouTos, Goe :
1
|V‘yl<? v V==,
Ei8ixds :
. i 1 . 1
Vo—¥l<—3 Kad |v°+1~yr<.§.,
516m : Vo=V, kal vy + 1=, Tére Spows EXOUEV :
L= G0t D=0 IS vt Iy |+ [y—v,| <+ + L

A 2

3 1 <<
fiTor <3

‘Emeish f) Umdbeots 6Tt Ay drohoubla oy = v, v=1,2, ... ouyKkhivel v R SBnysi el

&rotov, oupmepaivouey 8T1 aUTh 1) dxoloubia Sev ouykhiver &v R,

IAIOTHTEZ TQN ZYTKAINOYZQN AKOAQYOIQN
§ 135. “1816mg I. — "Egto | dxokovdia a,, v=1,2,... Téte ioyder :

’Egv o, > a => —g,—>—a

'Anddergig Tpdyuatr émeadn o, > a == (o, —a) = 0, TéTe Spws
(§122,18. Dkad ) —(oy—a)=—av+a, v=1,2,. .. efvar pundeviks &xohou-
Bic, fjTor : —oy — (—a) = 0. "Apx: —a = —a.

§ 136. "1816™g Il. —"Eote 1 éxokovbic @, , v=1,2,... Tore ieyier :

Eav o, —>a = MM*I“L—I

To avtictpogov d&v alndeber mavrote, dnhadi 1o yeyovég, bt 4 dxolov-
Ola 0,, v=1,2, ... ouykhiver npdg 10 | a| 8v cuvverayetar 6n a, —> a.

'AméderErg TMpaypar &md o, > o = (oy—a) =0, TéTE S
(§ 122,15. 1) kad | oy —al = 0.
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AN (o | — o] = | oy —a| > 0, &pa kal (| o I —la) = 0 (§ 130, i5. IX)

ToTe Opes : lim|a, |=|a |

T ém 1o dutioTpogov Btv loylel wavToTE Serxvuel TO EET Trapaderypd

‘H éxoroubia: 1, =1, 1, =1,..., (=1)*,... Btv ouykhiver (Biati ;) kad
Sucos 1y &rohoudic: (1], [=1[; [1], T[S 1 | ouykAiver gig 10 1.

Mapatnprocig: 1) Eis THv mepimTwow ko’ fjv 1 &rohovlia ay , v = 1,2,.. . elvan
pnBeviky, TéTE T 181678 I, &g tBeiybn § 122, dvmioTpégeTay, fiTol, &v | ay | — 0 => av— 0.

2). "Ex ToU guuTIEPGOUaTOS Thg dvwTépw 1818TTOS 1| guvdyeTan &Ti EMITRETTETOL VX ypo-

QWMEY ©
lim|av| = [limav

fitoi: To dpov thg amoldTov npfic udg dxohovliog mpaypaTikOY apldp@v, icodrar pi Ty
anélutov mpdy Tob dpiov abrig.

§ 137. "I&16mg ll. — "Ectocay ai axoiovbiat a,, v— 1,2, ... xai
Bosvi=1,2,...  Thte loyoer :
a, > a
"Edv = o, —p—>0
By = a

'Anddsrgrg lMpdyuorty, émadh a—a kol Bo—mp=12 . telvai
pnBevikal droroubict kai 1) Slapopd aUTddy :
(ov—a)—(Bv—0) =av—Ppv, v=12,...
elvan plo pndevikn dxoloubia.

§ 138. "l&omng IV. — K&0e ovykhivovea &v R dxokovbio sivar @paypéva.

*Hton : Eav o, - ¢ = oy, v=1,2, .. elvr gpaypévn

'Aroderrg [phyuar &mo ay = &« = (o, —x) >0, ToTE Spews
C15. 11, §124) ) ov—, V= 1,2,... elvon pporypévn, fiTor UTGp)EL TROYUATI-
ko &p1Buds 8 > 0 To10UTOS, OOTE va ioxun :
|oy—a|=0 Bikkabe v= 1Pt

TANAG |y | =] = |ov—a]
&pox KT peilova Adyov Exopev
lay |—|a| =8 Bix ke v=12,...
EnAadt : lay | S| al+8 S xdde e B S
A v [Z S1& kéfe v=1.2,...

bmov @=|a |+ 8.

"Apa 1) dkohoubla o, , v = 1,2,.. .elvan PPOry HEVT|.

Moparnphoas : @), ‘H 18i16Tng IV loyupifeTen 611 ula dxoheubia 1) dtoia ouykhive 139
R elvar gpaypévn. To &vtioTpogov Btv dAnfever mavToTe, Snhadi kade ppayutvn dxchoubia
8ty elven mévToTe ouykhivouoa. Tlepl ToUTou PeParoupeda &md 16 Efs mapdbearypa ¢ ‘H dxo-
Aoubio (—1)¥, v=1,2, ..., & xai elven epayutvn Btv ouykhiver (BA. mpd. 3, §134).
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B). H 15idtng IV elvan Emions xprioipos Tpokepévou va dirodei§wpey 6T dpiopéven &ko-
AouBicn v ouykhivour v R. OUtws, ) dxodoubix 1,2, ...,v, ... Btv ouykhiver &v R, Siomi
alrn &év elvon ppaypévn (Sl ;).

§ 139. "I816Tng V.— To @lporopa ij 1| Siagopd de cuykhivovsdv dxolov-
Odv suykhivel dvriotoixms mpog to dOporopa ij iy Swagopav t@v Opiwv adT@v.

3 o w6 —a
Hrou: Eav = o, 4+ h—>atP

B> B

Andderfrg. O d&moBeifwpey THY {BidTnTa povov Sid TO &Bpoiopa,
&vahdyws tpyalopeda kad Sik Ty Slagopdv o, — By, v = 1,2, ..
Mpaypoatt: meldh o, —axad By — P, v=1,2,... elven pndevikai dxohoubien
kol TO &Bpolopd Twv ¢
(v =)+ PBe—B) =(+p)—=(a+P), v=12,...
elvan pnBevixn) dkooubiar.
"Apa: o+ Py > atp.

Mapatnpiiocic: 1) 'Havetipw 1816Tns ypdgetan auviBas ds €S :
lim(ay & Bv ) = limay 4 limpy .

"Hror: To éprov abpoiocpatos (Gviietoixwg Siapopis) 3o cvykkvovsdv drolovthdy icobta
npog o @Opoopa (vniotoiyxwg dapopav) 1@v dpiey adrdv.

2). ‘H dvotépw Bi1oTns foxle kal S1& nemegpaouévas 16 nldijfloc ouykhwoloas dxohoubias,
fitor: lim(ay + Pv + -+ + Xv ) =limay 4 lim Py 4 .- + limxy .

3). ‘H dverépw 1816 Sitv loxver Bik ouyivouoas dxohouBias dasipov mirfovs. Tepi
ToUTou Tre1fdpeda ik ToU £Efjs TapadeiypaTos.

"EoTeo ebBUypappov Thijpa AB piikous Toou mpods Ty povéda, Té dmrelov Bicipoluey els
v foa pépn, tvda ve N, Tote 1o &fporoia :

1 1 1
Tf!- e e

1
kv Eyy v Tpogbetéous, O elvan Toov Tpds: —— - v =1, Bk kdde veEN.
'Edw Epapudacwpey TV qvwTépw 1816TnTa Bi1& TO dos &vew &bporopa Exopev :
=l l T TR e NS
hm(—v— G e -v—)_llm — i +lm— =040+ ..- +0=0,
fiton weubks, Ko® Soov TS EUBUYPaHLOY THiNG AB EAgbn pt pfikos Toov pods Ty povéda.

§ 140. "1816mg VI.— Eote 1 dxokovbia a,,v=12,. .. Tote loybe :

Eav  a,—>a =+ Aoy —>ha 3 reR

'Anoderiig TMpdypartr 816 f drodoubia
Acy —Aa = A(oy—a), v=12,...
elvan unSevikr), kaBdoov f| dkorovlio oy —a, v = 1,2,... elvar pnBevikd.
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Dapatipnoic: Ex 1ol cupmepdouaros Tis &vetépw 1816TNTOS ouvayeTal 5T éme-
TPETETAL VO YPAPUHEY !
lim-ay ) =A-limay, Biaxdle AER pt A= aradepdv.

Ol : limi:‘S-limL:S-O:D.
v v
*Ex 16w 1810 Teov V kal VI Emetan edkdAws 1

§ 141. "1816mg Vil.—"Ectocay ai dxolovbin a,, B sv—=1,2. .. Tote
ioyoer :

Eav Pk } = Eay +Mp,—>Ea -+ np ¥ &mneR.
B, —> B

§ 142. "1516Tg VIIl.— To wopevov 8bo cvykhivovedv axohovfiidv ovy-
khiver mpds 10 ywvdpevov tdv opiov adtdv.

. a4, —> a
"Edv v

*Hrot : B, — B } => a,f, —>aff

'AnoderEre TMpdypart ) dwoloudic :
a, By —oPp=oy Py —Pva—+ Bea—oP) =Py (v —a)+aB.—P), v= 1250
efvan pndevikn, B16TL &g’ Evods wv f o, —a—>0 kod By, v=12,... &g ouy-
Khivousa elven gparyuévn, &pa Py (o — @) = 0, &g’ ETépou & By—P—>0 kal
o otafepd, dpa aPy — p) = 0. ‘Emopéveds f| o Pv — ap; v= 1,2,... v un-
Bevikd) drohoudin, s dfpoioua unBevikév dxoAoubcov, ofev : oy Py — ap.

Mapatnpioersg: 1). To oupmpaoya Tis dvwTépe 1BidTNTOS yphgeTan ouvnfes 65
HE lim(ety - Pv ) = limay - limPy .
“Htor: Té Gprov 7ol yivopévov &bo auykhivovadv axolovhidy icobtar mpdg TO Yvdpevov
@y Opiev OV TAPEYOVIOV.

2). ‘H dvortépow 1816Tng Toyver yevikoTepoy 51& rEpIoTOTEPOUS TrapdyovTas, GAAG TIETTEpO-
ouévov TO mAfPos, fiTor: lim(av - Pv - yv - - Xy ) = limay - limBy - limy, - limxy .

To &m ) dvetépo 1Bi16Tns Stv loxe, dtav 5 TAffos TGV TapoydvTwv Bév elvar meme-
puu-pévou,'-rrE\ﬂéucht &k ToU E€fis TrapadelyparTos : *Eotw 1) dxoAouBia :

1 1 1 1 i
o) =(‘+T)'(‘+T)“ (L) =l 2
Korrr Thy 18167 VIII 9& Exoopev :
: 13y . ol " 1 : 1
hm(1+ T) ___hm( l+T) . ]un( ]+T) it hm( 1 'FT)'
AN lim( 14+ %) =1+ lim % — 14 0 =1 xal 70 ywopevov dAwv TOV TaporydVTwWY
1

v
elvon Toov Trpods Thv povéda, Gpa lim ( 1+ _u_) = 1, émep &romov, BIOTL s 8 TBwpev Ko

Tertpes lim 1+ +)= e — 2,7182818. ..
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§ 143. 186G IX.—"Eav B, - B+ 0 xai B, # 0 & wade v=1, 2, ...,

161e 1} dxohovbia —1---, v=1,2,... ovykhiver npoc tov Gmbpov Tl}w, ijton :
v

|
]lm _ﬁT A“ii— = Ti'm I}v

AnoéderErc Tlpdypar, éxopev :

SRR TN - T R Sy
TE pp(B=B).  v=12...

1) drohoudia Speos B-Py, v=1,2,. .. &5 cuykhivouoa mpods 1o B2 elven peryudvn,

' 1
&oTE Kad 1) dkohoubia _[3_53' v=1,2,... elvoa gporypévn (8iari ), ¢€ &AAou
i v
By —B.v = 1,2,. .. elven pic unBevikd) droAoubic, &ev kad 1
1 1
e T 1,2,. i
B B

elvan pnBevikn drohoubia, s ywopevoy undevikiis émi ppayutvny dxoloubio.
: 1 1
“Apa: lim i,
P e
§ I44' -lalémg X.—’Ec‘zv a, —» a, llv =3 B "F 0 xai civar ﬂv # 0 i xabe
v=1,2,..., tote ioyver:

Yrodergug ‘H dmddalis dmAovatdrn, &v Anebolv Um Sy ai iBi16-
TTes VIIT kad [X.

§ 145. "1816Tg XI.—Eav &00 dxorovbiar e, xai f,,v=12,... ov -

Khivovv kai ioyiy ¢, =h, v=1,2,..., 161 Ba Exopev: lima, = limf, .
’Ano6derfig "Eotwoav a kol B Td Spia TéWV o, v = 1,2,... kai B,
v =1,2,... dvmorolyews, fitor lima,= o kai limP, = B. O& Beifwpev &1
o= B,
"Ev Trpertols éxopey By — oy = 0 Sia kdbe v=1,2,. .. ’EE &\Aou 1) diohou-

bic B, —a, > Pp—oa. ToUrto onpaivel 611 ik k&fe € > 0 6& Eyoopev
B-a)—e<Pi—ov < (B—0)t+e N vvy=vy(e).
'Eqv fito o> B, 161e a—P > 0 kal 1) dveoTépw dviadtns Bid e=a—PB -0
Yiveran :
2(B—a) <Pv—ay <0 B k&Be v = v, (e),

Bniadn By < o TeAkés S” Shous Tols BeikTas, Smep dvTikertan els THY YTrdBegiy.
"Apa = p.

163
Wnepiomorir|Onke amé 1o lvotirouto EknmaibeuTikng MoAmikrg



OecopouvTes THY By , v=1,2,. .. v o, , v=1,2,... ¢ orafepdv &xorou-
Biaw Exopev dvt.oTolyws T& k&TwO TopiouaTa:

Mépiopa L.—"Edav oi Gpor dxorovdiag a, , v=1,2,... elvar dréd tivog deiktov
Kai népav pkpotepot ij ioor apibpod P, tore loyder : lim a, = p.

a > a
"Hroi: ’Eav & = a =§.
a, =P, Nfv=y,

Mépiopa . —"Eotw 1§ dxodovbia B, , v=1,2,. .. Tore foyie :

By —>B

SEia
Eav AR
= Pvy = ¥g

=> ¢ =p=I1im§p,

§ 146. "1516Tg XII. — "Estwoav al dxolovBior oy, Py, yo,v=12, ...
Tére ioyoer :

o B —>a, Tv=>a
av = 0, —>
= S V=13, s

’An s Ao By = o EmeTon: S1& kdbe £ >0 Umépyel Selktng vy (€)
ToloUTos, doTe vaioxin 1 a—e <P, < at& Bk kdbe v = v, (e).
‘Opolods &ard y, — o EmeTan &T1 Urdpyer SeixTng v, (e) TotolTos, doTe vé foxunm :
a—e <<y, <ate Sikkdbe v=v,(e).
TéTe Speos, Eav vy = max [v,(e), vy(e) ], 8 Excouev Sid kdde v = v,
a—E<B S, Sy, <atsg

fiTor a—E<<ay <o+ E
| igoBuvducs oy —a| <e B kdBe v = v,
“Apa: lim o, = a.

§ 147. NMapadeiypara épappoyiig TGV dvwréipw idloTATwv.

Mapaderypa lov: Acibate 6mu:
2 du—7 = 2
U s
Avorg Alcupoupev &pifunThy kal TrapovouaoThy Tol KA&ouaTos S1& T
peyalvtépas dvvduems ToU v, SnA. 81k v? kol 1) drooudia ypdpetat :

lim

Ao
g ayegl = by
< B e 618 ;
- 3+ =5
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Al dxohouBion Spws 1:4- mL, =12, i,v: 1,2,... kad _1:,7. _1_
v v e e )
v=12,... elven mdocn pndeviked dioloubion. ‘Emroutves Exopey ko OEIP&Y :
o4 7 : 4 7
LTI L e 7 ‘““(2* ‘r?ﬁ)
lim 5 = lim T e T
3+TE lim (3-|— ”\;7)
2+ lim — — lim s 1
= s 200 2
3+ lim 30 3
v
s Bt =] Mg S, o . i
QoTe: lim AT ] =3 = M TOV Aoyov TGV guvTeAeoTéw TEV

ueptarofafuloy Spwv &piBunTol kol ToapovopaaTol,
Tevikéds : "Oray 6 flabuis tod dollpyrod elvar Ioog i oy Pabucy tov Tago-
5 IR . sl
vopactod, 10 xhdoua Exer Ggiov Tov Adyov t@v ourteleotdv taw ueytatofabuiomy
Gowy dpufunTod xai TaQOYOUATTOD.

Mapaderypa 2o0v: Aczifate br 1§ dwodovdia a,, v=1,2,..., 1 6noia
dpileton Do tod Thmov :
Viemild il
Vi 2vi—3

a =

elvay pndeviki.
Abeorg Acapoluey &pmBunThy kal Tapovouso Ty Tol KAGapaTos Bik THs
ey cAUTEpa Suvdieas ToU v, BnA. B1c v8, Ste AapPdvopey o igoblvapov Kh&apa:

1 1 1
VW T
WLl &
1+———v5

I ] v

; 1 1
"AMG hm(iz—i—ﬁ—L):llm-—zz———hm—-{—hm_—o 0+O_0

Kai lim(l—}--——-——})—l{—th—*ﬂ—'.’:llm—a—l+20 3.0=1.

TéTe, Suvduel THs 1516 Tos X TGV auykhivoua@v dkolouiddy, Eyxouev :

ey e L
T I vi—y2 i1 ].mﬁ—-v—” Vi va_v3+v5 0 0
oy =lm ————==1 = L
YT 2ni=3 2 Dl bl e i
1+T Vo llm(1+v Vo

Fevikéds : “Orav 6 Pabpoc 00 dobunrod elvar pixodtepos Tot fafuot tod
Tagovouaotod To xAdopa Exet Gotov TG undEv.
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Mepaderypa Jov. Né ebpebif 10 6prov tils dxodovbios a, ,v=1,2,...pt

o.=Va, ¥vla a> 0.

Atorg (i) Oewpnowuey Ty mepimTwaow ka® fjv o > 1, 1éTe elven kal

v v

Vo> 1. Otrovres Va=1-+¢,, dmov g > 0, Eyopey : o= (1l &)’

7}, Kard v &vicérnTa ToU Bernoulli (PA. époppoyn 20, § 28)
a=(1+e) =1+ ve > ve,

ot 1
SrOTE ¢ 0<Ev<c:--\;-.

‘AMG lim o - %= 0 kai kot dxoloubiav (§146) lim €, =
“Ofev lim Va=lim (1 + &)= 1+ lime, = 1.

v
(ii). "Eotw 67T o < 1, ToTe elvan kad Vo < 1.

. = 1 4 )

BOétovtes Vo= T g, > 0, Exopev:
1 1 1 1 1
— e — = £ e ~

k¥ (I+&) = 14ve = Vg, 5% e - Wy lig =&
. o 1 1 L S : :
AME  lim — -« — = —]im —=0 «kai émropévews lim g, =

a v a v

‘Ofev lim Va= 1.

v v v v
@iii). A a=1, téte Va=VIi=1, &pa lim Va=limy1= 1.
Moapadervypa dov. Acitare 6t :

lim Vv=1.
PAn68e181c 'Ev mpdTols mapoarnpoUpey 1 loyter Vv > 1 &1k kdde

v=2,3, ... 8Bev Suvaueba va Béowpey : )

) Vv=(1+35,)% émou &, >0 Sikkdle v=2,3, ...
“Ex 1iis (1) Exopev 1 Vv= (1 +8,) f xar& v dvigdtnTa ToU Bernoulli

2 Vv=(148,)" = 1 + v§, > v8,

A b pak Py 1,

v Vv

*ANG lim —Vlv-,- =0 (BA. pd. 4, § 121) kad cuverréds lim &, = 0.
TéTe Spoos 1+51:—)- 140=1 xal (1+8)2>1-1=1.
‘Ofev &k Tijs (1) &xopev: lim %: 1
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Mopadsiypa Sov.
Bav lima,=a, ¢, >0, ¢ 20 — lim Vo, = Va.
'Anoderirg Tpogavix foyle :

== _g‘l_ <3 ,I,
\ ’ Vao+Va Vo
Emropévas :
2 oy —al
[ e e e A [a —al.

F T e |
TAMG oy —a >0 (Biom o, = o), kad ouvemrés Vo, — Va - 0.
“Obev : lim Ve, = Ve.

Nupatnpioes :
1). *Ex ToU guumepaouaTos ToU TapadelypaTos 5 ouvdyeran T dmiTpémeTan VX ypdgropey:
lim Yoo = Ylimay

fitol : 1@ copfora lim xai | Emrpincton va Evalhaooovrar apietepd tic dxokovdiog
@y, V=1,2; 0.0

2). Mi T&g UmroBéoers ToU TapadelyuaTos 5 loyve YEVIKOTEQOV

k k
lim Jay = Jlimay , #8x keN (Sari ;).

AZKHZEIZ
260. N& eUpefouv, tov UTapxowy, T& Spia Tév dxodoudidy i yevikous 8pous :
I T Yy o
DS g ool Qe Rebsadis iy
: s
1A# 2v8— - RO g T
4) (0t (2 -+ —) ' 5) av= 7l5n5’1?--i~2--, 6) Qy = ’I—_s‘iﬂ_ii
v e 64v:4-v + 1
261. A& e > 0, va poadiopiobi) Seiktns v, = vy(e), dore Six v = vy(e) v& elven :
| 2 _lL _l I
ke e 1 E e

262. Acifare ST i dxoroubla o, = DY, v=1,2, ... 5 ouykAivel v R,
263. ‘Opoiws ) dxodowdia o, =v?, v=12, ...

; 2vt
264. Eivar 7 dxodoubia a, = T 1,2, ... gpoypévn ;
265. Eqv 7 dxohovBia o, , v= 1,2, ... elvar opaypbvn, Beifare 611 kol | dxoAou-

Bia _1_. ca,, v=1,2, ... eva pparypévn Kol foyxer :
v
lim -, =0,

Vodr v 6 |

266. Aciforre 611: lim oo AT T i R
267. ’Eav # dxorouBla o, , v=1,2, ... cuykdivn &v R, Seffare 671 kod 1) dxohou-
Bic B,,v=1,2 ..., 08mou B, =a._; ¥V veN, ouykdive &v R xai loyle :

lima,, | =lima, .
v
268. Acifore OT1: lim v +v=1.
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MONOTONOI AKOADYOIAI
§ 148. "Opropoi— ‘H dxohoubla o, = 2", v=1,2,..., &nhabdn 1) drohou-
Bl 2598 95 B oiERE 8
Biarnpel wpogavds TN SidTafv Tév euoik@y dpiBudy, SnAabn loy e
Vo= M=o < o= 2
Mevikéds pia dxodlouvBio TpaypaTikéy dpifpddv Siotnpoloa, cos kol 7
o, =2, v=12,... T Sidtav TV puoIk&Y dp1fudv kadeiTar «yvnoing ab-

Eovear. ’AkpiPéoTepov Bid piav dxohoubiav oy, v=1,2,... Opilopev :
‘H axolovlia a,, v=1,2,... xaldeitar yvnoio , abfovoa tdre, xal pdvov

Tdte, dv loyly @ ay << @y O malle v=1,2,. ..
Kat” dvatoyiav opilopev :
‘H axotovbia a, , v=1, 2, ... xakeitar yvieieg @bivovea tdte, xal pdvov
Tdte, dv loyln : @ > ayyg O wdle v=1,2,...
1

OUtws 1) dxohoubia By = —rp R 1,2, ... elvar yvnoiws ¢Bivouca, 61671

o i 1 1
Bi& &V v elvon Oy = — > ————— = Oyy|.
v v4-1
"As Bsopficwpev fi8n Ty drkooubiav: 1,1,2,2,3,3,.. ,vy,. .. Ak v &
Aéyw dxoroubiov mapornpoluey &1 foyUer :

V= v =q

Aéyouev 8¢ els THv TepimT@aw alTny 671 f drodoubia a, , v= 1,2, ... elvan ai-
Eovaa.
*AxpipeoTepov 1 Oa Aépwuey dti 9 axodovlia a, , v=1, 2, ... ebvar aiigovoa

Tdte, nal povoy tdre, dv loydy : o, S,y Oa xdle v=1,2, ...

‘Quoiws: M drodovlila a, , v=1,2,... elvar @Bivovoa tdre, xal pdvor 1dTe,
avioyty : a = apqq Oaxdfe v=1,2,...

1 1 1 1 1
e e
(uf) afovoa). Kata ToUTta Aéyopev 6T picx droAroubic o, , v==1,2,... elvai
yvnoieg povétovog TOTE, kal pdvov TéTe, &v oltn elvan yvnoiws alfovoa f) yvn-
olws gbivouoa.

*AvTioToiyws B¢ Myopev éT1 | v, v=1,2,... elvar povérovog, &v alTn
elvan atfovoa T gbivouoa. TTpopavds k&de yvnoiws povoTovos droioudia elva
Kol povdTovos, Stv loyvel dpws To dvtioTpogov (Biatl ;)

At v BnAcoowpey TO eldos Tiis wovoTovias wids dkoroubias ypnotpoToloUpey
T& kK&Twh oUpBoia :

o, 1* <= o, gvor ymolos attovoa

1
OUtw, A.Y., Ty &koroubia —-, elvan gbivovoa

1 l <= oy tlvar poiws glivovea
ay § <= o, elvar abovoa
ay y <= a, elvar  glivovaa.
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‘H drodoubia: o, o, o, ..., @ ... ¢ Shous Tous Spous Tns foous ut a fumo-
pei v& Becopnfij cos ) (ovadikn ) mepimTwois drohoubics, 1) dmoia elven ouUyypo-
vas abfovoa kai eivouoa. AnAadh ioyve :

‘Ha,,v=1,2,...clvor otafepa <= Ma,,v=12,...clvn TavToypévag
abovea koi @livovoa.

Elven mrpopavés &1 kafe alfousa drohoubia elvanr rduToTs pporypévn Ké-
Toobev pé k&Tw Ppdrypa TOV TPEToV Bpov Tns, fvdd kéde pBivovoa dkoloubia el-
val ppaypévn Guwley W &vw ppdypu ToV mp&dTov Spov altis. “Ofev dodkig
KaTwTépw Aéyopey 6T1: uia povdtovos droroudia efvan pparyuévn, 86 Ewoolpey
mévToTe ¢ &v pév elvan alfouoa f) yvnoiws atifouoa &1 : alUTn Exel kol &v Gve
PparyHa, &v 8t elven gdivovox f) yvnolws gbivouca &ti: o Exel kol &v kGt
PPy Ha.

§ 149. To povéTovov kal §| obykMiotg akolouBiag.—As fewpiows-
Hev TrpédTov Th dkohoubicv vE v=1, 2, ., fiTol T :

1,4,9,16, . . .,v, . .,
kai SeUrepov TH dxohouBio 7:‘:_@1, v=1,2,..., fitot T :
1 2 3 v
—2‘“, "?‘, T,...,_‘H_—l,.‘.
Av &ugoTépas TapaTnpolpey 6t1 elven a¥f€ovoan kal péhiora yvnoiws atfouaa

dxohoubiat. "Ex ToUTwv fi TpcoTn Sev elvan gparyudvn (mpPA. § 117), otrre ¢ ouy-
KAfver Trpds memepaopévoy &piBpdy. "AvtiBétws f) BeuTépa, SnAadh 1) dxohoubla

{}%’F_l, v=1, 2,... elvaa gpaynévn, Bidm : ‘T:Tl =—‘;—:_—lél Sk kébe
v =1,2,... ’Eml mhtov TapoTnpolpey &Ti 1) dxohoudia ot ouyrAiver kad pd-
A =]
tota lim - | 1
Td yeyovds 6 #) aUfouoa kol gpoypévn  dxooubia %, VL O

OUyKkAivel Trpds Trpory MTIKOV &pibpov Bexopeba OT1 loyUel yevikdds Bid wkdde
«Eovoow kol gpaymévny Grohoubiav. "AkpiPéoTepov Bexduebo T dxSAouBov
&icopa

§ 150. "AZiwpa.— Kabe povétovog kal gpaypévn dxodovdic a,, v=12,. .,
tlvar guyklivovsa iv R.

MapotnpoUpey 871 TO dveotépw dEloua taopahizer Ty UrapEv Tol dpioy
els 1o oUvohov R wids dkoroublos ay , v=1,2, ... Umd dpioptvas oo, Aty
Trapéyer BePaics obbepiav Evbaiw Trepl ToU s 8& Irodoy108f] capds To Spiov,
SmwodmoTe Suws elvon omouBaiov v yvwpileouey els ToA&s TrepirTdaoeis T
ki dxohouBia auyrhiver tv R, 5161 TéTe elpeba TrepioodTepoy €l Btow V& Yrro-
Aoylowpey TH Spiaxny TiwAv Tis dkohoudias.

169

Wneiomotr|Onke amé 1o lvotirouto EknmaibeuTikng MoAmikrig



*Ex ToU dveotépw &EidpaTos EmovTtan of elfIkdTEpOL TPOTACEIS |

a). *Eov ula dxolovbia av, v=1,2,... elvar adovoa xai & & dver ppdypa
v Goifudy s, tote elvar ovyxilvovaa xal loydec : lima, = s.

B). 'Edv pla dxolovbla a, ,v=1,2, ... elvar phivovoa xal Eyer & xdrw gpdyua
7oy aolucy o, Tdre elvar ovyxdlvovoa xai loyter : o =lima, .

=
Mapadevypa lov: ‘H dkolovbia V—v—, v=12,... elvar mrpogavésy

aUfovoa kal gparypévn (Blc'm: V—:! =1- —i— < 1), 80ev ouyrhivel Tpos dpi-

Budy wikpdepov f) Toov Tol 1. AiGopev el T0 kaTwTépw OXF{Ha TOUS THEVTE TTPUTOUS

Spous Tiis droAoubics V—_V—Iy V=120

Y
i iz
(1 i : - 5
X o0 1 H 3 Q ) 6 7 x
! Sx. 10

Mopaderypa 20v: ‘H drohoubia 1+%,v =1,2,... elvar Tpogo-

véss gffvouca xal gperypévn, pt v kéTw gpdypa Tov &pifpdy 1 (81611:
Y

¥ , o |
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1 S .
1< 14 T B kafe v=1,2,... ), Emoptveas ouyrhivel Tpds piBudéy peyail-

Tepov 1) foov 10U 1.
Eis 10 oxfipa (11) fis évav oeAidos SiSouev ToUs &mwTd TpWTOUS Spous

3541, . 1
Ths GkoAoublas oy = 1+ e 152 ..

MMapetipnors. Els iy mepimrwow 1fs c€olons kad uf Pparyuévns
drohouBias ay=v%, v=12,..., 7| omola Biv ouykhiver Tpds TparypaTIKdY
ApiBudy, Aéyouey 811 alTn dreilerar Detivae. *AME kol YevikadTEROY S1& plav
adfousav kai piy gpayuevny drodoublaw o, v=1, 2,... 6 Abywpey 611
altn «amewilerar Detidicy, | GAAWS «ovyxhiver modg 16 + oo» N &xdun «relver
790¢ 76+ c0» (10 oUMPoAOY + 00 dvaryryvdoxeTan: «aty dncigovy).

Kar’ dvodoylay Si1& plav gBivousav wai uf) gpoyutvny dxoroudiov Tpa-
yuaTikéy &piBudv o , v=1,2,..., 8& Mywuev &1 alrn «anetpilerar dpyyze-
ey ) EANwS wavyrAver meos 16 — o » B dkdpn «redver RPdg T6 — a0 » (Td oUp-
Podov — o0 &very lyvWoKETal 1 «aTdiy dnrcipovy).

§ 151, 'Edappoyai émi TGV povordvwv dkoAouOidv

Nepaderypa lov. "EoTtw 1) dxodowdia Té@v duBabidy Tév eis SobévTa

KUKAOV £y yey poppévwy KAVOVIKGY TTOAVYMYWY, fiTol ) drodoubic :
ErSELAE SN

dmov E, 6 duPadov Tol yyeypauuivoy kavovikol ToAuyvoy pt v TAEUPSS.

E¥xdAws SiarmioToupey OT1 ¢

B by Er e P

fitor, 1) dwoAoubia E, , v=3,4,... elvan yvnoiws alfousa. *Emri whéov alTn elven
TPos T& dve pparymévn HE &veo ppdyat ToV dpiBudv, BoTis TopIoTE T EuBady
€uds oloUSTTTOTE Trepty ey pApKEVOU €ls TOV KUKAOY KUpTOU moAvydwvou. “Ofzv, Suvd-
ke Tol dvetépe GEicdnarTos, suvdyouey 611 f) &v Adyw dwoloubia E, , v—3,4,. . .
ouykAivel TTpos Bva TporyHaTIKOY GpiBudy. Tov mrporyuaTikdy alrrdy &piBuody, Bn.
T Sprov Tiis drohoubias Ev, v=3,4, ..., kahoUuev, & yveoTdy ék Tiis Meoope-
Tpias, uPadov Tol kUKkAoU.

Mapaderypa 20v: Mehetioare 1y dxolovBiay :

0=V, a=Y2 N2, 0= V2= ]2t VB VB s = YA e
Gg mpog o povotovoy xai Tiv GUYKALGLY.

Abouig: Tlpogavdds ExoMev: oy < oy “EoTe &mi: oy < A1, TOTE
24 oy <24 o A V2Ha<V2Z+opr, BnAadh oy < ogpa *Apa,
Suvéuer Tol Becop. Tiis TeAelas Emorycoydis (§ 28), B Eyopey @ a, < Oty B
v =1,2,..., fito1 | dxoroudia a,= V24 ey, v=2,3,... v yvnoiws ol-
Eovoa (povoTovos).
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*Efetdlopev Téhpa Ty Sroroubiav &v elvan gporypévn Gvwdev. TlpdyuoTy:
oy i— V2 < 2, foTw STikad oy < 2, TOTE 2+ ay—y < 4, €600 : VoL, <2
Snh. o, < 2. *Apa, KaT& THY &pynv Tiis Teelas Emaywyfis, loyver: oy < 2 Bid
k& v=1,2,..., fTor | dkohoubla o, = V2 + oy, v=12,3,.. .t oy =2 elven
pporypévn Gvoobev.

*Erroptvess, Buvdiel Tou &icopaTos § 150, ) dos dvw drotoubia ouyrhivel pos
TrparypaTIKOY &p1Budy, Somis B elvan pikpdTepos f foos ToU 2 (Biati ;).

*EgTw Aoimdy a= lima, , TéTe AapPdvovTes T& Spia dpgoTépwy TGV pe-

AGY TAs o= V2+ o, Exopev (Emadn lim o, = limoy 1 = o) :
lim oy = lim V2 4 o3 = V2 limo,_,

A a=V2+a f a?—a—2 =0, & Tiis dmoilas elpiokopev :

a=2 xai oa=-l.

‘H pila a — —1 &moppimretan; 516T T Sprov o mptmer var elvon BeTikog
&p1Bpds, kad’ Goov GAol of Spor TS avfovons ékoloubias o, , v=1,2,... even
BeTikol &pifpol.

“Ofev : lim a, = 2.

Mapaderypa 3ov. Acibars ot M dkohovlia a,, v=1,2,... pi:

20, + 4 K
Uy = __f‘.‘jt,, Kai a,=0

cuykhivel v R. Ioiov 10 dprov tiig év Aoye dxohlovbiag;

'’Andderbrg Tpopavids o < oy (81671 a0 _?_‘_{13’& = _.;1) ;
*EoTw 6TL o << O 41 ONA. e — ot > 0, ToTE elvan kol oty 1 << Ok 42, B1OTL:
A2 — Ok+1 = 2 3] it = 20'%4. : = -2-(-uk+l3_ o ) = M)

“Apa o, < o B ke v=1,2,. . ., fito1 fj droroubia o, , v=1,2,... elvan al-

Eouoa. AUTn elvan kai gpoyutvn pé Ev dve epdryna Tov GpiBucy 5, fiTol
| | =5 3% v=1,2,... Tlpdyuor joq |=0= 5. "Eotew 611 loyve : oy [=5,

B Sel€copev 6T1 Kadi | a1 = 5. TlpdypaT Exouev
(20 +4|_2]|ox|+4 -2-5+4 14
,ak'ﬂl':‘* k3 lé | k3| = 3 :—3—55
“Apa a, , v=1,2,... ppaypévn &vawbey, tmraidn 8¢ elvan kol aUouoc, kaTd TO

&Efewpa Tiis § 150, ouyrhive &v R mpos dpiBudy wikpdTepov f ioov Tou mevTe.
*Eortw X =lim a,, TOTE EXOMEV:

- . 2a,4+4 2x+4
x = lim a4, = lim s
f 3x — 2x -+ 4, & Tis émolas AauPbvopev: x =4

“OBev ) o, v=1,2,... ouyxhivel rpds TOV &pibuov 4, SnA. lim a, = 4.
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MHoapdaderypa dov: Mehetjoars tijv dkohovliov: av,v=1,2,... pé

1 i 3 8 1 3 .,
Op1=—{ & + . Kai alﬁ—z— G—}——G— , &vla 0> 0,

g mpdg 0 povérovoy kul v ohykhioty. IMoiov 16 Sprov tijg &v Aoyw dxodovbiag;
Aboig TaparnpoUpey kot &pyfv 6Ti: o, > 0 Bk kébe v=1,2,. ..

*E€ &MAov Exouev, &rd THY yvwoThy dvicdtnTa : x—g Y= vyx , Bvba x,y > 0:
1

Oyim= ==

(q,,,-ii 3 )"é o e V3, fitoi o, = V3 S kdde v=1,2...
2 Qy—1 Qy—1
*Emrions Eyopev :

3 3—a?
otH.]—o:.,:—;— (C{v+ ——)kdv:—« Y

= e =0 (Bom: 2 =3<+=3-a2=0),

fitor: o, =

oy O1& kéBe v=1,2,. .., BnAadi) 1) dkohowbia a, , v=1,2,...
egfvan gBivouoa. “Emreidf) 8¢ elven kal gporypévn éx tév kérTew, Biom

a=V3 Mv=12,..., 6 ouykAivr &v R.
*Eorew x TO limo, , TOTE elvan kaf :

|
x=limoy 1= 5 (llm oty +"liﬁ3§“): _IQ_ (x =i i)

X
A x2=3, & Tiis émoios AawPlvopev 1 x=V3 kai x=— V3 (&mwoppitrercn).
“Ofev : lim a, = Vi

FENIKAl AZKHZEIZ EMT TQN AKOAOYOIOQN

269. Ipéyporre ToUs WEVTE TPTOUS Gpovs TGOV K&Twh dkoAoubiddy

1 ; v
@) 14— el Za  B) ek (W=1jw vl 2y, R S
) + = v ¥) i
1 v--1 v—1 Y‘Jﬁ
B) e e % ) (SR ae S v 20 L, o) — =12
) o ) 1) PTER
270. Tloicu Bk TéV dkoroubiddv av , v = 1,2,.. ., ol éwolan Spifovtan Umd TGV K&TwH
Ty elven gpaypéven kad Trofan Stv elvan :
2 L vl
k) QYIS e 2)uv—vl+1, 3) ov = T

8 av=+nu~?. 5) oy =v.3v, )i oy VS SOy

vy

271. Tlotca &k T@v dkohouti@v Tiis Tponyouptvns dokfoews elvar povdTovor kal Trofon

Bty elvan ; Kedoploars T elSos povoTovias 81& Tds povoTévous Ef alrrédv. Tolan elven ouykAlvou-
oot kel Trofon al dpraxal Tipal TGV |

272. “Ymohoyloae Tas dpiakds Tipds Tév éxkohoubidy av , v = 1,2,. .. pt yevikobs &pous :
3vi—5
g8 3v+ 2

£ _ {23 —3 \2
EEIE o » e=(3527)"
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5 3vi4 2 Yv -1 v41
e I G 6) av=—"r

W-Fl' vy
7 dv=(VV+1—V\T)~‘/v+%. 8 av=Vvirv-—Vv—1v.
273. ‘Ouoicos :
=g ) _ 24 3v-—1 vi 4 2 Qus 3y
i e R S e N o =
1) Gy [P, B ko HZLV_tV e Mmoo

uB

274 "Edw lim av = o xal p € N, Selfare &1 lim(ad) = of, &nA. lim (o) = (limay)?

275. A € > 0, va mpooBiopiodij Sefktns v, = v,(e), doTe Sik v = vo(€), v elven
Jov | <e

émou av,v=1,2,... elven:

1 vi—1 nuv + 2ouvsv = =
DT 2) cv:;;q_—l‘. 3) av =T, 4) av=JvF1-1v.

*Egapuoy? Bix €= 107",
276. N& droberydij 6mi:

1) iovi=

3
e Q2 : vl p—1 1

D am | = 2) hm\/Tx,—_‘r=T_
277. N& dmoBeaydij 11 ol dxoroufian :

vt — | v+ 3 VI =3

0-'9=3v3—+2- ﬂv= *3‘)7_2. Yv = fon B 5 V= E,Z,...
elven ovyrAivouaar kai &xouv kowvov Spiov.

278. AfSovrton ol dxohoublan :

ay = Ve, By = v, yo=v, wv=1,2...

Né& darobeiy8ij 611

@) limey =limpy =limyy = + ©

Gi) lim ;"=+m, T AL [ R

By ay
i) A= = i P T B g
Yv Qv Yv
279. TvwoTol Svros, émi lim (1 + _‘1_’4)\' = e, v& eUpefoly T& Spict T&Y drohoubidsy
ay,v=1,2,..., aldwoia dpllovral Umd T&V TUTwV :
1 g1+-1-—)“ 25 dage e N 3 e e L A
) uu—( 5 ) uu—( v—1) ) ) uv—(—F).

280. N& &modeiy i) 1 :

1 1 1
[im[ 7_+-~+—-—]
T i o T
('YnoderErg: Mpoobioare kard péAn Tds mpopavels dvicdTnTas :
1 " 1 hi= 1
Yvirv = ik T vl

, k=1, 2,...,v kal tpapudoaTe TH I1Si1dTyTa X, § 146).
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281. N& Aubij 1y dviodTns :

i lim ‘2,:;__? +x ! = 1;3—
282. Aei€ate 6T al k&Twh dreloublan elven un\ljé'rovm Kol gpaypévan
. beas \’_1‘:_1 2) oy = {:ﬁf—li-nl_' ) o= \:Tfl»—l' 4) ay= 4."5‘1; 1.
283. Aciforre 61 f) dkohoubic @y , v =1,2,... ué: ‘
evt1= 1+ ay kel o =1
elvan yvnoies aifovoc, gpayévn kai éti: lim ay = l_fz ]fi
284. Afgetan f) dodovBiar oy, V= 1,2,.. ., w oypg = f4av + 3 xkai @ = 5.

N& 8eiysij 6mi eivan ouyrAivouoa kal vé elpedij 1o 3pidv .
("Y1éBeigis : Aeifare ST elven glivouoa kol pporypévn kérwley Trd Tou Y3 xr).
285. Afdevan fi dxohouBia oy, v=1,2, ..., €5 T bmolav elvar

< . 1 J
oy =N Kal av{l:--z—((]u-ﬁ-%‘-) Sidkdle v=1,2,...
Na& Bery@i) 611 elvon ouykAivouoa kal vé elpedij 16 Spiov Trs.

("YmeSafis : Zpiydiite &l s yvworis dvicéThTos x! _'12'_1’_ = xy xal Belbate &n
fi v Adye dxooubia elvan pporyév xal givousa).
286. Acifare &m1 1) dkoAowBia oy, V= 1,2, pir ayig = 3ov + 1
4

kal o =0 el
;fn atifouoa kal ppacyHévn TRos T& Gvw Umd Ts povébos. Tloiov Té Spiov Tfis &v Adyw drkoAou-
lag ;
: (“YwéBeagis : TlpoywprioaTe @s &ls 70 mopd&derypa 3, § 151).
287. Acifare 611 f) Gropoubic oy, v=1,2,. . pi: ayyg = V20 kol eg== 1 elvon ol
ouoa kal pparyptvn. Tloiov 1O Spiov Tjs &v Adyw dkohoubias ;
288. MeheTrioaTe 0§ TTPOS TO povéTovoy Kat 1y aUyrAiow Ty dxodoubiav: By , v=1,2,. ..

3py—4 :
pé: Pyl = ,55,, Siaxkdde v=1,2,. .. kal B,=-3

TToiov & 8piov Tiijs év Adyw droroubias ;
289, Acifore 671 ) dxohovBic: oy v =1,2,.. . pé:

a1 =a+ o kad oy=a dmou 0<cz§_i-

Elven yvnoics abfouoa kal &7t ouykAiver els THY pikpoTépaw pilav Tis Eiodoews ; t2— { 0,
290. Acifare 6T1 1) dxohoubia :
. u-,=(1+—1~)“. W 1, 874
v

tlvon yynofws atfouod.
291. Na& etpebolv, tav Umdpyouv, of dpraxal Tinal Tév dxohoubidy pt yevikobs Spous :
P24 .+ 2v3(v — 3 4 4u?)
=t 1T " 2 = L
LY | & v Wl e oy

: A s -
292. NvwoToU Svros &1t lim (l 5 T) = € va elpebolv Ta pra Ty dxohouBidy

Xy, v=1, 2,..., al émwoiat pifovrar Umd TGOV K&TW TUMTWV :

DR (1_+)”. 2 oy = (1 5 %) 3y (1 i %)“
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293, Acifore 11 1) dcodoubia :

+1
cr\,=(ll-}-—:—)V P [
elvan yvnoiws pbivouoa.
294, N& &mrodearydij 871:

1) b (1 ¥ —3‘-—) —e, 2 dm(1+ T‘,)‘: 730
yvwoTou Svros, &Ti: lim (1 + —i-)v = e.
295. 'Edv o, PeR* Belfare &7
lim (Vo F )T p-v) = 2EP,

2
296. Acifare 6m1 al dxoAoublon oy, v= 1,2, ..., ol &rolen dplfovran Umd TdY ké&Twh
TUmav, elvar m&oe pndevikal :
Y v! 2V.p!

1 o= — 2 =y 3 e

) «q = ) g v ) e Goy
Smou 1O gUuPolov v! (v TapayovTikdv) mapioTd Té ywopevov @ 1.2.3 ... v=vw!
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KEPAAAION VI

OEPI ODPOOAQN

OPIZMOI — JAIOTHTEZ

§ 152. Eioaywyf. — Eis 10 mponyolpevoy KepdAaiov pioapey THY Ev-
volav T droAoubias kal dredeifapey Tog KUPIWTEPaS 1B10TNTas TEY droAoubidoy.
Eis 1o mapdv kepdhatov 8& pedetriowpuey Tpels eiikdas Katnyopias dxohouBidv,
&doTn TéV dmoiwv Exel kal plav xapakTnpioTikAY 8167 *Avekdyws Tiis yo-
pakTnploTIkiis TaUTns 1816TNTOS Slokpivouey T drohoubias altds, Tas Solas
KehoUpey mpoddovg, el : a) *ApOpnrikig npoddovg, f) “Appovixig npeddoug
kai y) Ceopetpikag npoddovg.

I. APIOMHTIKAI TTPOOAQI

§ 153. "Opiopoi.—"Eotw oy, v =1, 2,. .. pia dkorouBia Tty lioriKioy
Ap1Opcsv. O& Aéywpev 8T1 « 7 dxolovlia :

a;, aq, Qgy vooy Oy, .. (I)
elvar pia Gpibpmuiky mpbodes T mpdedos katrd Siagopav Tdte, xal pdvov Tire,
@ &raorog dgos g (BkTds TOU TPATOV) moxinTy Ex Tod mponyovuivon Tov did
nooalécews Evog xal Tot adtod otalepod dofluot ».

‘0 orafepds aUTos SpiBuds, Sois mpooTifeTon els k&b Spov Tiis TpodBou
i v&x Beoy TV Emopevo, kahelTan «hdyogy Tiis &piBy. mpodSou ke TapioTeTan
OuviBeos pé T ypdupa w. Of dpor Tis dxohoudics (1) xaholvran Bpor tiic épr-
Ounriciig mpoddov.
Olrw, m.y., fi dxoloubia:

5ol 9l 13915175 )

elvon pla &piBun Tk TPSoBOS Ut Adyov w = 2.
‘Ouoicos 7 dxohoubia :
i T L e ) 3)
tlvon pler &p1BunTikd Tpdodos ué Adyov w= 3.
’Ex ToU dpiouol Tiis &piBunTikijs wpodBou, Tov Stroiov SieTutrdooopey dvco-
Tépeo, ouvdyopev 8Ti: ddv oy kol oy elven Bo Siadoyikol Spot &pIBunTIKRS
TpodSou ut Adyov w, TOTE O& Excopey :

G = +o v=12, .. ‘)

'Ex Tis (4) TpokUTTTEL D Oy — Oy = kol ToUTo Sk k&be v=1, 2,.. "
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*Evreufev Emeron 6 E67)s looBUvanos Spiopds THis dp1dunTikiis Tpoddou :

'ApiOpnrii] npbodog elvar ula dxolovbia dplbudv, Tijc cmolag &do olwvdij-
mate Siadoyixol Sooe T Exovy duagopdy, 1) omola icoltar pé Tov abrov mdvrete
dplludy, dote xakelrar Myog tic dptbunrixis mpoddov.

’Ex 1ol dvewTéper Spiopol ouvdyouey Topa T& EEfis:

a'). "Ecv 6 Adyos w elvon BeTikos dpifuds, ToTE ayri—ay > 0 1) oy > o, i
kdbev=1, 2,..., BnA. f| Tpdodos a, , v=1, 2,... elvor yvieing abfovea (&pa
kai aUfouaa).

B). Eav w < 0, ToTE 0441 < @, B1& k&fe v=1, 2,..., SnA. 1| wpdoBos
oy, v=1,2... elvanr yvijcing @livovea. OUtws | &piBunTike Tpoodos (2) elvan
yvnolws abfousa, évdd 1} (3) elvar yvnolws gbivousa.

Mapetipnois. Eis v TeTpippévny mepimrwow ko’ fiv w = 0, 1| &pifun-
Tikfy Trpdodos elvan pla drohoudla fowv &pibudv (oTabepd droloubia) kol G
ToioUTn elven TéTE, kol pdvov TéTE ouyypovws atfouca kal ebivouoa, ds EAéyn
kal elg 1O Trporyoluevoy kKepdAxiov,

‘1516mreg TG Gp1OuNTIKfig TTPO6SOU

§ 154. "I1816g L.— O vioatds Gpog @, apbpnruciic npoddov pi npdtov dpov
@, xai Abyov @ ebpioxetal, dv eig tov npdrov bpov abriig mpootedi] 10 yivopevoy 100 -
Aoyou Eni 10 mhfjfog tév mponyoupivev abred Spwv.

*Htou : o, =0 +v—1Do @)

'Andderfre. A v = 11 (1) Tpopowdds dAnBeder.
Deydpeda 811 dAnbever Bra v =k, fitor 6t loyler: oy = oy + (k—1) .
*E€ aliTiis, Bi1& mpoobiéoews els dppdTepa T& péAT ToU Adyou w, Exopev
o+ w=o;+ (k- 1) @+ w. "ANAG o+ 0= oy (Spronds &pifiu. TpodBou).
"Apa: o=+ (k—1D)w+t o f) ogp1=0+ko=0+ [(k+1)—1]w,
fitor f 1816™s | dAndeder kad Bidx v=1k 4 1, Emopéves, katd TNV &pynyv TS Te-
Aelas Emorywydis, dAnfevel Bid kdbe v=1, 2,. ..

'Egappoyf: Na ebpedfi 6 150c dpog tflg dmbunmnikiic npoddov 7, 15, 23, 31,..
Adbog ¢ Evraifa fyopev: o= T, w=8,v = 15, o5 = ;
Av Epapuoyfis ToU TUmou @, = o, + (v—1) @ ebpiokopey :
ay=T+(15-1).-8=T74+14.8=119
INMapampions: a’). "Ex Tiis dvotépw Bi1étrros oupmepalvopey 61 pia dpidpnTixd mwpdo-
8os elvoan Teeloos apiopévn, dtav Bobij & TpdTos Spos TNs & Kai & Adyos s w, &EiéT TéTE ol
Spot Tns Ga elven dvmioToiyes :

los &pos, 205 6pos, 305 &pos, 4os &pos, 505 &pos, ...
oy, a, + o, o, + 2w, o; + 3w, o + 4w, ... 2)
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B). ‘O Tiros (1) elvan pia Eiowag peTall TéY Teoodpwy pETaPANTGY o, oy, v, @, Qg
wpds EkdoTNY peTaPAn T i Efiowats elvan TpdiTou Pabuol’ &pa tav BoBolv al Tipal Tpi@v &k Té@w
TETOdpwY  peTaPAnTOY, Suvdpeda v Tpoodiopi-

Topey Kol Thv TetdpTy, EmAvovtes plav Elowoiv Ll
mpdTou Pabuol.

1. "Ek Tfis dveorépw mapatnproews (B) &yo-
seBa el piav «yewpetouely nasdotacwy TG Speov
rijs &pidunTikfis wpodBou ué wpdTow dpov ToV
<ai Adyov w. MpdypaT® & ecopfiowpsy SpBoydviov
TUoTnua &Eévev Ox, Oy kal & AdBopey &l Tou
Xfovos Ox Tas Sraboyikds Tiuds Tol v, BnA.
= 12

Znueioley dxoroUfuws T& onuela :

A, Bt ouvTeToypivos 1 kad .

A, » » 2.0 Hed eyt o 6 e

G % » 3 kal oy =0, + 2w & x
Ay » » v kd o, =a+ v-1)w

T& pepovoudva abTd onpela Sidouv wiay YEQUETPIKAY TopboTaoy TaY Spwv Tis dpi-
WNTiIkfis TpodSou pt mpditov Spov TS @, Kol Aoyov w. Ak va Exwpey Thv Eicwow Tiis
ypoupfis (ebfelas), #) omola Bifpyeton &md T& onueiac A, Ay oo Av .., dpiel el ToV TO-
Tov (1) v& dvTikaTaoThiowpey 10 v pi 170 X Kol To o, pt TO ¥, ToTE:

y=a + ()(-kl) w. (E}

§ 155. "1516mg H.— Eig n@sav appnuiiyv mpéodov ué memepacpévoy
Lijfog Bpawv, o G0poropa Sbo dpav lodkig dnexdvimy ( ioaneyoviov) tdv dxpov
ivar igov npog to E0porapa téHV «dxpovy Spov.

"Anoderbig ¢ “Eotw plo apifunTikd wpdoBos pi TETEpacUévoy AT fog Spaov
@l Adyov w. 'Edw 1) pdodos Exn v Spous ay, &y, . . ., oy, o , TOTE of 3por &, kad
X, elvo of dxpor Spot. Ao 68 Spot Tijs TpodBou Adyovton csanéyovteey TG &-
poov, & & els Eyn TéoOUS Epous TPd aTol, Soous & &AAos HET® alToU. Olreo,
X, of Bpot &, ked & elven loarméxovTes. ‘Ouofws of : oy, ay_s.

Moparnpolpey Twpa 6T1:

A+ oy = (0 + ©) + A= &+ (—1 + @) = &, + @,

Q3+ oy—2= (G + ©) + 2=+ (H—2+ @) = &y + oty =a, + a1,

oy + ez = (o3 + @) + 3= 3+ (3 + W) = oty + ay_r=ct; + a, KoK,
Qore, tv of v &pibuol oy, oy, O, . ., Ov—2, Oy—1, &y GTTOTEAGTY Sp1funTiknY Tpdo-
oV, TAOTE :

(et av)=(Hta2)="=a+a.

DUTeo, Tr.., of dkTdd &pibuot = 3, 5,7, 9, 11, 13, 15, 17 etpioxdpevor tv &p1Bun T
'Po6Be, TANpoly THy dvwTépw 1B1dTnTa, B1dTI €lvan :

3417=20, 54+15=20, 7413=20, 94 11=20.
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Mapatipnots : "Eqv Umépyn «peeaiog dpocy, fitor Spos mponyavuevos Kal
Emrdpevos ol adtou TARBous dpwv ( kad ToUTo 8& oupPalvy dodkis TO TATiBoS
Té&Y Spaav THs TpodBou elvan TepITTOV), TETE TO BiAdoiov Tou pesaiou Spou i-
goUTal Tpos TO &dpolopa TEY dkpwv épav. Ty., & Bewpnowpey THy &pibunTi-
Kkfjv Tpooodov ik Tév Tévte Spwv: 3, 5,7, 9, 11, ToTe 3+11=549=2.7.

§ 156. Mopropa.— ’Avaykeie kal ikaviy covOixn ive tpeic apbpol a, f, v
givar Sradoyikol dpor apOpntikiig mpoddov, xad’ fiv ta&uv ypagovran, elvar :

0

o B ; e « : : : .
Eis v mepimTwov altiv 6 B :—7—;1 KoAeTTar aptipntikog pégog TGV
o Kai y.
Tevikdds éay #youey v dolduots ay, ay,. . ., a, xaloduey appnTkdy péoov
v atrdv doludy xai masaTduey Todroy pé Ma, vov mpaypatioy dpilucy
M, — a4 ayt...+ay (2)
v
§ 157. "1&816™g I1l.— Td dbpoopa L, = @; + 0y + ... 4@, 1@V v 1pOTOY
Bpav apBpnuikiis npoddov didetar tnd tol timov :
(o, +a.)v
Loz iion (L

*Anodertrg. Avvdueda va &rodeiwuey Tov dvwtépw TUToV Sid Tiis peboBol
Tfis pefnueTikiis Emaywyds, ) dmwddealis duws altn, s elkohos, fmagieTal €
TOV dvayvaoTny. O Bdowpey plav GAAnY &mwoBeif, 1 dmola oTnpifeTon Eis
Thv Tpomnyouptvny iBidTnTa

[p&popev &’ Evos : S,=oy foy fog+re oz F oy fay
kol &g’ ETépou : Zy=0a +a— a2t oy oy 4o
TpoatéTovTes Tas BUo TadTas fodTnTas KaTd PEAN Aapupdavopey :

25, = (oq+ oy )+ (o + Sy—1) + o0 A (@ @) - (o4 o)
A dwedh) oy + o= G+ Sy = -+ = Gy L= o+ o Aoyw THs iGioT. 1]
kad ol oapevBéoes elvan v To TATBos, 6 Excouey
L (o +ov) - Y
2

Mépiopa.— T Gdporapa L, t@v v npdrav dpov apibpnrikiic tpoddov cuvap
Thost Tob npdrov dpov ¢ = a, 10D héyov o Kai o nhfboug v td@v Gpwv, dideta
Ond tob tonov :

22 = (oq-be, )-v fie E

2 [2a 4 (v—Do]-v

Z, )

(2
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Mapatipnow. Ol 8o TUToN:

a =0+ vV-1Dw xa I = ——
TEP1EYOUY TrEVTE QYvmoTous, TOUS &y, &, , 0, V, ok

*Edv Aormov p&s Soflobv ol Tpels £ altdv, TéTe ol dvwTépw BUo TUTTO1 dmoTEAOUY oVoTNpa
BUo E§10moewy pt Blo dyvaoTous, AovTes Bt ToUTo eUplorouey ToUs Utroholtrous Slo.

'Egappoyi. "Aplpnukiic npoddov & npdtog Spog sivar 2 xai 6 évéixarog 92. Na sbpe-
01 1| npoedog kai o @poopa v 20 mphrov Spwv adtiig.

Abag: Exousv oy = 2, 0, = 92, w = ;, I, = ;
Ek ToU TUmou @, = oy + (v—1) o Eyopey Bidk v=11, 92 =2+ 10 . w, £ oU: w= 0.
"Apa 1) Tpdodos elva 2. 11,20 29 38. . . .
" 20+ (v—1 :
Eg &Mhou tk ToU TUTOU 1 Z, = L, -(Y-z- Ly AapBdvopey Si& v = 20
4 19.9). 20
Zy = e '—:.2—)-- — = 1750.

§ 158. MapepPohi apOpnmikdv Evdiapéowv. — ‘Opiopoi : Of &pibpol
Xy, Xy, . ., X, KehouvTar apidpntikol Evéiapeoor Sobévtaov dpibpdy a, T TéTE, Kol
udvov TOTE, Av 1] TrETTEPATUEVT dxoAoubia :

) Myyeato, iy T

elvan pla &pibunTik Tpoodos.

AoBévtoov BUo apiBuddv o, T kahoUpey napepBorilv p aplpnrikdv Eviiapicwv
T elpeow p EpIOuddY x4, Xy, . . ., X, TOLOUTWY, GOTE Ty dxoroubia :

Q, X, Ko - o0 Xp, T VA Elvan &piBunTiky) Tpdodos.

A Thv elpeoiv TGV Gs Gve &pibunTikdv évBiaptocy dpkel vé Utrodoyiowpev
Tou Adyov Tiis dpiBunTikils wpodBou 1 o, Xy, Xgy. .., Xy, T

"Eqv TopaoTHOWHEY BE 00" TOV Adyov Tiis rpodBou auTfis, TOTE, Emeidn TO
TAfiBos TGV dpwv TN Elval K+ 2, 6 7 B elvan & dpos 6 kartéycov THY 1+ 2 Té&Ew
kol guverréds O fooUtan pé: o+ (42 - 1D w'=a+ (u+ 1) w'.

"Qove: T=a-+ (b+ 1) '
» o = t_T{_I 1
« "Apa S | @)

‘O TUmos oUTos kodeiTar thmog mapepforiis apbuntikdv ivéopicov f
ouvtdpws tomog Tijg apbpnuikiig napepfolfic.

‘OpioBtvTos, £k ToU Tumou (1), ToU «Adyov magenfodijer w', of InToupevor
&pifuoi elvat of :
T—a

p41°

(e
T u+1 T TeE R e i |
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Epaproyf : MetoEd t@v &pbpdv 9 kai 41 vi mepepfinfoby 7 dnbpnukoi Evdiapcoot.
Aboig ¢ ‘O Tumos (1) Tis § 158 Bider Bix  T=4l,a=9, p=17
oo, 4l=0
T T
kal ) Inroupévn Trpdodos elvar 1 :

Ol Ll a2l (255 29,5033, 2T vl

§ 159. Tupperpikh mapaoTactg TGV Spwv dplBunTikiig mwpobddou
nemepaopévou mAfBoug Bpwv. — 'Emaidh &ls Sidgopa mpoPAiuaTa dpi-
BunTikGY TTpodSwy elotpyovTal TpEls Ay TeploodTEpol dyvwoTol SiX ToUTO TTpds
Treproptoudy TéV SyvioTtwy, iBia éTav BiSeton TO dfpoicua TdY &p1Budy, ol
&moior elvar SiaBoyikol Spot &pidunTikiis Tpoddou, grdipoy elval va Exwiey
Ut Sy Térs EEfjs BUo TrEPITITAOOEIS @

Iepinraas 1n : “H npdodog Exer nepritév nhijdog dpwv.

*Eqv ) pdoBos Exn (2v+ 1) Spous, TéTe Umdpyel peoaios Tov dtroiov
TopIoTOWEY Mé Bv ypdpua A k& X kod £dv 6 Adyos Tiis wpodBou elvar w, ypdpo-
pev THY Trpdobov s &

X—ve,..., X—20, Xx—w, X, X+ ®, x+ 2w,..., X4 vo.

Iepintmorg 2a : “H npdodog Exer dpriov mAijlog pov (Esto 2v).

Eis Thv mepimTwoiv adThy Umdpyouv o « Hegaio » pot Tos dmolous Trapt-
oTédpev pE: x — A kad x-F A, &Te & Adyos w Tis TpodSou elvan :

w=(x+A)— (x—A)=2A. Tote 7} wpdoBos yp&geTail G EEfs -

x—(2v—1DA,...,x—=3\ x—A x+A x4 3N, ..o x4 (2v— DA
TMpémer va onpewdij &m1 els Thy mepimTwow oty 6 X 8év elvar Bpog Tfis &pifp.
TpodSou.

'Egappoyf ¢ Na edpefolv tpel dpibpoi, of dmolor elvar Swadoyixoi Spor apdpnnikiig
npoddov, tiv Smoiwv o piv G0poiopa clvar 33, 1o 68 yivopevov 1287,

Abog : ’Edv ¢ X TopaoTigmuey Tov peoaiov dpov Tiis Tpodou kal pé w Tov Adyov, ol
Tpeis dpifpol & efvan : X — o, X, X + . Kard Thy ikgddvnow 8 Exeopev TO ovoTnua :

(x—m)+x+(x+w):33} A 3x= 33 (1)
(x—w)-x- (x+ w)=1287 x (x!— w?) = 1287 (2)
‘H (1) 5i6e dpboes x = 11. TéTe § (2) Avopdvn ds mpds o BIe: w0 = 4 2.
*Apa ol InroUpevor dpibpol efvan s 9,11,13 /13,11, 9.

AZKHZEIZ

297. Mpéapare ToUs Skt TpddTous Spous Tis &pidunTikis wpodbov, THs dmolas & TpdTOS
8pos kol & Adyos elvar pifan Tiis thigoews :  x*—5x + 6= 0.

298, N& elpedij & Adyos &p@unTikijs mpeddou éav a, = 3 kol oy, = 80.

299. N& eupedij To &Bpoioua TEV v TPWOTWY QUOIKDY &p1Bpddv.

300. N& &moBeiy0ij 611 To &bporopa TéV v TphTWY TEPITTOY dpifpdv lgouTen pds T
TeTpdywvov ToU TATfous alTdv.

301, N& etpedfj 16 &fporoua TV TETPXYGV®Y TGV V TPOTWY pUOIKDY &piBudsv.
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(Yrddabrg : Xpnopomomoare Ty TavtétnTa: (X + 1)% = X% + 3x® + 3x 4 | xal 6
ooTe SiaBoyikds X = 1, 2,. .., v &l whéov AdPaTe U Syiv TO droTéheopa Tig doxfioews 299).

302 Edv I, =13+ 28438 4 ... v kad T, =142+ 3 4 .- 4 v, UmohoyloaTe
TO T, &vaywpouvTes &k Tis TavToTnTos : (X 4 1) = x* + 4x3 - 6x* - 4x -+ 1 kai dxohou-
Beos Belfate 6 I, = ()

303. N& eupedij To GOporopa Tév 25 mpdrTwv ToAAaTAGo iy ToU dpifpou 11.

30%. Els &piBunTikiv mpdobov Sifovrar #k T&V TévTe oTorkeiwv ay, w, v, a, , Z, Tpia
oladyroTe. Méoa Sidpopa TpoPArpaTa Suvdpeba v& oxnuaTicwpey kal mola; Els fkaoTov mpo-
PANpa v UroAoytodolv T& &yvwoTa guvapThioel &Y kAo ToTE YvwoTdy Kal vé yivy, Sdmov &-
TouTeiTan, 1) OXETIKA Biepedvnots.

305. ‘Opicate ToV k oUTws, doTe ol kéTwh &piBpel droTeholy Eiadoyikous dpous pidun-
Tikfis wpodbou : (i) 3k, k+4, k-1, () 3k-7 k+ 2, 12-2k.

306. Asifate 611, tov o &piBuol o, B, ¥ elven BiaBoyikol Spor &piBu. TpodBou, TéTE kal ol
&piByoi : x=a =Py, y=pP—-ay, z=7y'—ap
elvan BiaBoyikol Spor &pibunTikis TpodSou. Molos & Adyos Tév Adywv TG 8Uo aUTidV TPodSwy;

307. N& ebpedij & TpidTos Spos kai & Adyos &piBu. mpodBou yvweTol Svros 611 TO &Bpor-
Tpa TRV V TPOTWY pwv ayTiis Bix raoav Tipfv Tou v fooUTon mpds : 3vE 4+ v,

308. N& Umoroyiodf) 16 k&rwb &poioua tk v Spewv :

¥=1.2.-342-3.44 ...

(Yroduikrg ¢ Maparnproare & o, = v (v + 1) (v 4 2) = v* 4 3v? + ).

309. Na mopeupAnolyv petabl tdv &pidudv 9 kal 34 dobunTikol évBidpeaor nlTws, coTe
v& Trpokuyn pia &piBunTikh Trpoobos pE 11 Spous. TMoior clven of Spor olror;

310. Aciforre 571 1) Ikown) kal dvaykaia ouvlnkn, fva ol &pifucl a, B, y, kab’ fjv 1w Sisov-
Tal, dvijkouv els GpiBunTikny Tpdodov ()wpls kot dvdyknv va elvar Siadoyikoi) elvan @ 1) £§i-
Twais :

B Y=P

x4 1 y+

Exer dxepaiay kol BeTikny AUOW s Tpds X, ¥, tvla x elvan 16 TAfBos 1@V Spwv Tis &pbunTikiis
TpodSou TV EUPITKOpEVWY peTofy o kad B kad y Tév elprokopéveoy petafu P okal y.

311, *Efevéoare dv ol dpibuoi: Y2, Y5, Y7 é&morerolv Spovs (claobimote TéEeeos) udis
Kol Tis atTiis GpiBunTikis Tpoobou.

312, Tléoous dpiy. EvBicuéoous TpETel va apepPéhwpey petafu Tév dmbudv 1 kol 19,
Wore & BeuTepos EvBIGHETOS VO EXT) Tpos Tov TeheuTaiov EvBidpeaoy Adyov foov pé 1/6.

313. Na edpeboiv TEOTOpES &p1Bpof, ol &molor elvan BiaGoyikol Spor &piBunTIKFs TpRodBov,
&Y drmolwv TO &fpoioua tgoUTon Tpds 26, TO Bt &poioua TGV TETPAY WVWV Twv Tpds 214,

* 314, ‘O ~irapros xai & Sy8oos &pos dpifp. TpodBou Eyouv &Bpooua 18, of Bt kiPor Twv

Eyouy &dporoyia 3402. N ebpebi) i Tpéobos.

315, N& ebpedoly TEvTE &piByol, drrotehobvTes Biaboxikols Spous &pBunTikis podbou, t&v
Yveopilepey &T1 TO &Bpoiopd TWV elvan 45 xai 16 &bporopa Ty dvnioTpdewv Twv elvan 137/180.

316. Eig piav apidunTixiy TepdoBov T& &Bporopa Ey TGV v TpwTwy Spwv auThs Si& Téoav
Tiuy Tou ve N SideTan 1o Tou TuTov 1 Zy = 8v? — v, Na ebpebij 1) T&is ToU Spou, & dmoiog
Exer Tipne 263,

317. T& &dpoiopaTa TGOV V mpcrwv Speov Bue dpiBunTikéy Tpodbuwy Exouv Adyov %
818 w@oav Tipnv Tou v EN. Na eupedi] & Adyos TGV TEUTTWY Spwv TGV BUo Tpodbuv.
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318. ’Edv ol Betixol &pifpol «, B, y, 8 &roredolv dpifunTikfy rpdodov, vé &medexbij 6m1
dAnlever 1) oyéols:

4
2F2 S Yopys.

319. TMpoabiopicaTe T& a xal P oUTws, doTe al pllan py, py Tis E§1owosws x*—ax + P =0
kad al pilal py, py Tiis X2 — (Ba—4)x + P = 0, ypapousvan xotd THY TEEW Py, Par Par Py ElVan
Biaboyikol dpor &piBunTikiis Tpoddou.

320. N& EmiAvlij 1) fiowons x® —3x? — 13x + 15 = 0, 2aw yvopilwpev 11 al pifat Tns &iro-
TehoUy EpiBunTikiy Tpdodov.

321. N& ebpedij 1) oxors perall 1év o, B, y, dote al pifan THs brretparycovou E§lodoews :
axt 4 Bx® 4 y = 0, va elvar SiaBoyikal Spor dpiBunTikiis mpodbeu.

Il. APMONIKAI TTPOOAOI
§ 160. "Opropés. — Mia axoAovlia moayuariedy doludy

s Pl ER G B (1)
elvar appovikt) mpdodog vdre, xal pdvov tdre, dv 1) dxolovlia
) 1 .
TR e e W i Bl (2)
a; | ay a,

elvar dplunTing mpdodeg.
OUtews, 1 drohouBia TGV &piBuddy :
s e
?'-5 ] 7r 91
elvan &ppovikn Tpdodos, 81671 ol dvtioTpogol Twv, katd T abThv Tdw,
Beehen iy O
&moTehoUv &piBunTIKNY Tpdodov (pE Adyov w = 2).

*Ex ToU &vwTépou Splopol Tiis dpuovikiis mpodSou ouvdyouev, 8T1 {nTiuaTa
&popivTa dppovikny TpdoBov dvdryovTanr els EmiAvow InTnpdTov Tis dvTi-
oToiyou &piBunTikiis TpodSou. "Evexar ToUTou B& upeAeTriowUEV KATWTEPW TAS
KuplwTépas 1516TNTas TEV &puoviK@Y TRoddwv UTTd HopenV EpapUoy Y TGV i810-
TATWY TGV &PIOUNTIKGOY TTPOoSwv.

§ 161. Elipeoig Tol viooTol Spou pidg appovikiig mpoddou Tijg
omoiag Sidovtat ol 800 wphTol Spot. — *EoTw 1| &ppovikhy TPSoSOS :

Oy o A a Ol oy H

TéTe, katd TOV dpiopdv TaUTns, fj drohouBia : ——, —,. .., —,. .. (2)

; : ) 1
elval &piBunTikd) Tpoodos uE Adyov w = et
2 1
*ANG & viooTds Spos Tiis (2) 8ibeTon Utd ToU TUmou (1) Tis § 154, fTor:

- e (4-4)

y &) oy

o b ey w—=1) (o — o) ol Gg(v—1)—ay,(v—2)
%oy o, o0,
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"Apa 6 viooTds Spos o, Tiis &ppovikils TTpodBou (1) elvan ToTE & :

a,a,

GO—D=a 6= ®

a, =

§ 162. Zuvefkn, iva oi apiBpoi a, B, y clvay, kara Tijv doB¢eicav
Tagiv, diadoyikol Spot dppovikiig wpoddou.

"Eg’ oov of &pibpol «, B, v elva, kard Thy Sobeioay TEEw, SlaBoy kol Spor
; . i i T i |
&puovikiis Tpoddou, ol dvtioTpopol Twv -y e
ouov (§160), elver SiaBoyixol Gpor &piBunTikds TTpodSou kol ouveTri (§156) 6
Exwpev

-, KaTd TOV Bobévta Spi-

1 1 1 2
i e e =<
aty
’ 2ay
Apa : =
o~ b= )

AMAG kol GuTioTpoguws, Eav EAnBeUn 1) (1), TéTe of Tpeis dpibpol o, B, ¥
elvon SiaBoyikol Spor &puovikiis TpodBou (Siorri; ).

“Ofev @ ‘Ikavi) kal dvaykaio covdiky, iva of ambpoi o, B,y slval, xati v do-
Oeioav takwy, Sradoyikoi dpor dppovixiic mpoddou elvan 1 todtng (1).

Efs Thv mepimTeoow aUthy & P koheiTan Gppovixdg pisog TévV o kad .

Tevikéds : Aodévrwr v doludv ay, ay,. .., ay xalofuey Gppovikdv pécov
abran xal tov gvpfoiilopey dua My , Tov dolbudy :

v

M]-[=
1 1
"'a';‘F—'az-F O

1 @

ay

Mapatiproig : ‘H oxtars (1) dlvarar v& AdPn T popeiu :
o a—p !
Z=2"F  (Siel; 3
Y P-—Y ) 3)
Kata Talta, 1 Gvaykeia kai ikavij cuvBijxn, iva of émbpoi o, B, y elvar, katd
Ty dofcioav tafiy, Sradoyikol dpor dppovixfic mpoddov, elvar oi apibpoi a, B, ¥
V& groteholy Gppovikfy Gvaloyiav.

§ 163. NapepPor dppovikiyv évdiapéowv.— Ol dpibuol xy, x,,. . .,
X, kohoUvTal Gppovikoi Evdapecor Sobévtwy dpibudv a, T TéTE, Kol pdvoy ToTE,
% ) dkohouBia : o, Xy, Xay- - - Xu, T &fvon Gppovikd) TpdoSos.
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AoBévTwy TGV dp1Budv o, T kohoUuey mapepfoliy p appovikdv évilapéonv,
Thv elpeaiv b &p1Budv x,, Xa,. .., X, ToloUTwV, (aTe ) dkohoubia o, Xy, Xs,. . .,
Xy, T v& elven &ppovikt) rpdodos.

Tifeton Topa 16 £§ijs mpoPrnpa :

Metald t@v apBpdiv o kel t© va napepfinfodv p dppovixoi Eviiapcoor.

Mpds ToUTo dpkel v& mTapeuPAnBolv p &pibunTikol &vBidpecor peTafy Téd

A ] 1 =15 R = 2
Ep1Bpcdv = kad = Ex ToU Témou (1) (§ 158) Tfis &pibunTixfs TapspBoiiis eu-

ploxouev &v mpokelpéve :
1 1
B e
u+1l = (u+1)ar
‘0 timos (1) kodsital tonog tijg dppovikiic napepfoiiis.
‘OpioBévtos &k Tou TUou (1) ToU Adyou w’ edpiokouey ToUs p &p1BunTikols

(1)

1
tvdiapéoous THV oy kad —_§_~, 6moTe oi dvTioTpogol Tewv 8& elven of {nToUpevol

u Gpuovikol évBidpsoot TéY o kal T, fTol B Exwpey :
1 1 1

xlz——l—-———-, Xg = 1 ST el g Ky = 1

O =T
2O = B0 TR ph b ARTT
« T Do « T Do « TPt Do
'E@appoyii Merabd 1dv apibudy % xail % vi napepPinBobv 5 d&ppovixol Evbia-
peGo.
Avoug. Tlpds ToUto TapepPdiopey TévTte dpiBunTikoUs Evdiapéoous peTafy T@V &vTioTpo-

pov TV SoltvTwv ,fiTor peTaly % xad s

5 5 . 3
= p=>5 8ider1: w e

o 11 7 S e
Téte ol mévre &piBunTikol &vBidusgor Tav = xal 5 elvat ol ¢ 1o 1, 0 5 10
katd guvéreiay of fntolpevor dppouvikol EvBidpecol elvan ol &vtioTpogpol Tev, fitor:

10110 5’ 10

‘O mimos (1), Bk 1=

ST SRR R
3 ) 16 55 10
kal 1 &puovixty mwpdodos elvan : o 1, T8 o I

AZKHZEIZ

322. N& eupebiy & 3log Spos Tiis &puovikijs TpodSou 21—5, 3%' T kal & Bos &pos Tiis
-
BEAE]A
323. Né& poobiopiodij & k olrws, dote ol &pibuoi: 1 +k, 3+ k, 9 + k, ka®” fijv T&Ew
GiSovTon, elven SioxBoyixol &por &ppovikiis TpodSou.

Tpodbou: 1,
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324. "Edw a, B, y, & elvan SiaBoyikol por dppovixiis TrpodSou, vé dmobery8ij &1 :
L
BT
SIRY (i ; 1
o o elven &108 Spot Gpibu. Tpod -
{3 B T [‘3}' 1 S1oBoyikol Epot &pibp. poddou, TéTE of «a, b VY

325. Ecw

elven SmSQ-,(moi opor &puovmns Tpoddou.
326. N& moapeupinBolv 19 dpibpnTikel tvBiduecor kal 19 &ppovikel fvBidueool peTaby TGOV
&piBuddy 2 kod 3, "Edw Bt § elvan €ls dpiBunTikds évBidpeaos xod 1 ¢ QuTioToryos dppovikos Bk elven:
6

§4+ —=75.
n
327. "Edw ol &piBuol o, P, y ouvioTelv dpuovikiyy wpdoSov, TéTe kel of &pibyci
e I3 Y

Piry=a v
ouwnioToUv ETrions appovikiy TTpdobov.
328. "Edv ol dudonuor dpifiol &, B,y dmoTeholv dppovikiy Tpoobov, v& Saiybi 671 :
1) gjg i Y+g ol
) Pla—yP =20y (B-a) + o (y—P)t].
329. 'Edv ol o, B, ¥ owvioTolv Gppovikiv TpboBov, v Beaybi) &1i:

Pida . By

i 7
330. “Edv ol &pibpol ey, ay,. . ., @, dmoTeholv &ppovikiy Tpdobov, v amodeaybi & :
a0y + Oty + - oy, =(v-1) o, -

331. To &Bpoiopa TPV BraBoyik@y Spuwv wids dpuovikiis mpodou tivon %0—’ T B¢ &-
fpoioua Ty duTioTpdpwy Tev elven 15. N& imohoyiotouy of Tpeis &pibpof.

332. Na b ) Efowons 15x? — 46x* + 36x —8 = 0, yvworol dvros émi o pigat Tng
elplokovtan dv &ppoviki) TPoSBW.

333. "Edw qy, ay, 0, &y @ Elvea Gpot dpifunTikds TpodSou kal By Bar Psr Bys Ps elvan Spor
Spuovikfis podBou ket loxlow : & = B, = a kal ay = B, = B, v elpedfj 1o ywopevov Py

334. "Edw f) mapdoroois: o (B —y)x* 4 B (y —c)xy + y (a—B)y* clven Téhetov Tepd-
Yewvov of dpiBjol a, B, ¥ euplokovTan fv dppoviki] TpodSe.

335. 'Edwv of deifuol o, B, y elvar dpor dppovikfis TpodBou TéEecws A, p, v &rTioTolyws, v
Se1x07 1 lodns:

M=o+ V-NPp+ A—wy=0.

336. E0pere T ouvBikny, ive Tpets &pibuol a, B, v elvon Spot dppovikiis wpoedbou, oyl kat’
Svéryxny Siabeyxol kad Bl Tij Paoer Tiig elipebelons ouvlikns terdoore v ol &piduiol %' 1—15, 315
Guiikouv els dppovikty TTpdaBov kol Tofow.

337. "Eav al pidat X, Xar Xy THS tiocoews : x® + 3ax? + 3px + 0 B O erérre
holv Gppovikiy Tpdodov, B& elven:

3oy —y* = 2p*.
IIl. FTEQMETPIKAI TIPOOAOI

§ 164 'OPIOpOE._ "Eotw oy, v=1,2,... pia drohoubla mpaypertikéiv
&piBucsy, Siagdpwy ToU unBevds. O& Aéywpev 6T @) drodovdia :

Qyy Ogyoseg Aygean (1)
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ebvar pla yeopstpuki npdodog ) mpoodoes katd nnhikov TdTe, xal pdvoy TdTe, dv
&eaatos Bpos Tng, Gmd Tod devtépov xal fpefijs, mpoxvATY Ex TOT mPONYOLULEOU
Tov 8td modhawhadiaouot émi éva xal Tov abtov orallepov dolpcry.

‘O oTobepds aiTds &piBuds koheiTon hdyog Ts yewpeTpikils Tpoodou kai
TapioTaTal ouvhfos kal aUTos pE TO ypappa w.

Oi &por THs drohoudias (1) kohoUvTon kai Bpor THs yewpeTpikiis Tpoodou.
Odrws ) drohoubia :

2, —4, 8, —16, 32, —64,... (2)
elven plor yewpeTpikf) poobos uE Adyov w = — 2.
‘Opoiws 1 dxkorouBia :
1 1 1 1
1, e Al R (3)

. : ! . 1
elvan pla yeoopeTpikf) pdodos pé Adyov sz.
’Ex ToU GoBévtos Oplopol Tiis YEWUETpIxTis TpodBou ouviyousy &TL: E&v
a, kol o, elvon BUo BiaBoyikol Bpot yewpeTpikiis TpodBou pé Adyov w, B& E-
XOOUEV :

G =0y, v=1L12,. .. (€)]

"Bk THis (4) TPOKUTITEL: &y & =w Kai ToUTo Sk ke v=:1,2,...
*Evretfev Emeton & £ETis iooBUvapos dpiouds Tiis yewUETPIkTs TTpoddou :

Tsopetpici) npbodog elvar pla dxolovbla deludv, Tijc dmolas o myhixov
ayp1: ay S0 olwvdrimote Sadoyuedy Spwv Tyg loodrar pé Tov adtov mdrtote dpt-
Oudy, 6 dmotog xaleirar hoyog Tijs yewueTpixis mEoddov.

*Ek ToU dueoTépey Spiopol ouvéyopey Thpa T EEfs

(i). ’Ecw |@| > 1, 107 |ay 1] > |y | B ke v=1,2,.. ., BnAabt) 7 yew-
peTpIK? TTpdoBos o, , v=1,2,... elvan énokitms atfovea.
OUrws 1 Tpododos (2) elvon &mohiTws alfouaa.

(). "E&v |oo| < 1, 1o7e |otyy1| < |ay | Brax ke v=1,2,..., BnA. | yecoue-
TpIKN Wpdodos a,, v=1,2,... evan arolitwg @bivovoa.

) 1
OUTews f Tpododos (3) elven dmoruTws gblvouaa, B16T1 |w) = ]

INapotpnolg. 'Eav [w| = 1, BnAadn w = 4 1, Exopev:
(). A& w = 1 7 yeoou. Tpdodos elvan pia dkohoubia lowv &piBudy (oTodepa drohoubia

ay =a, Y v=12,...) xal &5 TortTn elvar ouyypdvews atifovoa kal glivouoa.
(). Ao = —1 1) yewpeTpikd) Tpdodos elvanr &oAUTws oTabepd, B16Ti @
Javil | = |av - @|=|ay|=]a | kal ds Torlrn elven ouyyxpéves &moAUTws abfovoa kal
gbivovoa.
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‘I3iomTEG TiiG YewpeTpikijg Tpoddou

§ 165. "18161ng |.— Eig ndicav yeoperpikily npoodov Exacrtog dpog tng icod-
taL pé o yivopevey tol mpdTov pov adriig éni ddvapy 1o Aoyov, Exoveay EkbBitny
v ambpév, botig avepdver o thijfog tév tponyovpivay abtod dpav.

"Hro1: a, =—a; 0¥, v=12,... 0

*Anodadig : ‘H 1816Tns Tpopavéds ioyue Si1d v = 1.

Aeyopeba 6T cAnBeber Six v=k, fitor &1 foyler oy = oty + kL
'EE alris mpokUTTEL o)+ w =0y - K. CAMNAE oy - = oy i1 (OpIopds yew.
TpooSou).

"Apa: Okl = oy - k=g - colktD-l
fiTor, 1) 1816Tng SANBever kal ik v=k - 1, Emropévess, ko THY dpyhv T podn-
partixdls émeryeoyfis, dAnBeler Six kade Quolkdv &pIBUSY v.

Egappoyai. In: Naedpedij 6 Tog dpog tiig yeopstpixiic mpoddov : %—, 1,2 4,...
1

Aborg. “Exopey o = el L 2= w=

AV épappoyfis Tol dvwripw TUmou (1) elplokopey : o, — & . 20 = 32,

=
2
2¢ : Na sopedi) 10 nhijbog v t@v dpov mag TEMRETPIKTG npoddov W) dnoia Exer :
=6 w=2  a, =307

Averg EigTov Timov av = ay - V-l Bétopey dvtl Tov @, w, av T& foa Twy Kol
Eyopey : oR=6.2"" § 21l=512

Emaibd 512 = 2° ) TeheuTaia lodTns ypdgera :

v=l 29 3£ ob: w—1=9 A v=10.

Napatipnog : "Ex Tis dvertépe 1816TT05 oupmepaldvopey 6m1 pla yecopeTpixd mpdoos
elven Teheies dpropévn, dtav 5007} & TpdTos Spos T &y kal & Adyos s w, B14TI TéTE ol dpor Tng
84 elvey dvmioTolyws

los dpos 205 pos  3os &pos  dog Epos  Sos pos . . .
X, oy, a0, oW, ot ... KoK

. § 166. 1816 g 11.— Eig ysopetpueilv npoodov pi nenepaopivoy mhijdog Gpov
W yivépevoy dbo bpov iodrlg Arexdviov téV dkpov, isolitor rpog 1o yivépsvov
tév dKkpov Gpov, av 82 1o n)fjfog tdv Gpwv elvar neprtov, 1618 6 pecaiog Spog
elvar péoeg avaloyog T@V dxpeV Gpov.

*Anbdertic. a'). "EoTeo playewp. mpdobos e v Spous: oy, o, . . ., el
kad Adyov w. Taparnpouuey 8Tt foyue :
Ay
a -+ Oy = (@) - (?) = 0,qy

oy - o2 = (ogw?) - ( 2 ): oy - ey
w?
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kol yeviréds, &qw o el Exn k &pous Tpd alrtol, 8¢t elven foos pé: Q- wk, ToTE S
Exwv k Spous pet’ altév Oa elven foos pé i—: OUVETTEdS TO YIvOUEvoy TGV BUo
i o)

ardv Gpov elvan @ (agwk ) - (—ak—) o

B'). “Eotw &1 TO WATB0s TGV Spwv elven TrEPITTOV, TOTE UTIGpYEL MECOTOS
Bpos, foTw & oy . ‘EE Spiopou elvanl o =1 - w kal o = e

’E€ alrrédv AapPhvopey :

2= (g1 - @) - (a—::i):al—l C O] =0 Oy ,

fiTor & peoaios épos elvan péoog dwdhoyos TV Grpwy Opwv.

§ 167. Mépopa I.— ’Aveykaie kol ixavij cuvBiky, tva tpeig apbpoi g, f, v,
kb fiv 1akv ypagovio, elvar Sradoyikoi dpor yeoperpkiic mpoddov elvan :

p* = ay ¢y

Eis thv mepimrwow adriv O P kodheiton yeopetpucdg péoog T poog dvaioyog
TV o Kal Y.

[evikéds : Kalotuey yeopetpidv peoov » mpaypatixdy dolpor ay, aq,. . . ,a,
xai avpufodiCopey TotTror pé Mp, tov mpayparixor doludy, ot dpllerat ofrm:

v

Mr= Vaa, ...a, 2

§ 168. Népiopa ll.— Td ywvépevoy I, =0, a,. .. 4, @V v TpdrOV Gpav
yeoperpukiic npoddov Sidetar dnd tob TOmOUL :

2
I = (e, a,) [@))
Enueiooig. ‘O dvwTépw TUTos SUvarar va ypagdj kal dos i57s :
v(v—1)
M=o -0 2 ,&mwouwdlidyosTismpoddou. (Atcri;). (2

§ 169. "1616™Tg lIl.— To @bporopa "L, = 0, + ay, +- -+ | @, td@v v nphrov
tpov yeoperpukiic npoddov pi Loyov @ # 1 didetar Ond tod timov :

_ e 0—a
e 5% o—1 n
*Anodeikrg : TloAhamAhaoidovTes dupoTepa T& péAn Tis iodTnTos :
zvﬁaj+ag+"‘+c‘v (2)
gl TOv Adyov w eUpiokopev :
WZ, = oW + Ay 4+ -+ - oty 3)
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"ApaipotvTes kaTd péAn T (3) kai (2) kai AapPdvovres Um’ Swiv &T1
EUpigKOMEY R S
Wi —Ly=ow—o | (w—1). = oo =iay,
*Ex Tiis TeheuTados lodTnTos, Hi& # 1, TpokirTer ;

Oy — Oy
Wy
w—1

: Aok gL )Nc‘x amoBeydij & Tumos (1) Tol &Bpoloparos Sk Tijs ueddSou
Ths nadnpaTikiis émoycys.

] § 170. I'Iéflopaf To @0powope T, = G+t .+ a, 1OV v tphray
dpav -Iam.psrpmqg ‘npooﬁou nE hdyov o == 1 5idcton svvaprigel tod mpdTov Hpov
ay, T0D Léyov o Koi 100 TAnboug v tdHy Gpwv tov Ond tod tHmou :

B Birler=1)
0o—1 M

"O :“'-"'TOS’ ey 8[551 16 &fpotona Tév v TPWTWY Spwv Tfis Yewy. Tpodbov,
XWPI§ va TIpIoTATAl QUaykn va elpoopev Tdv viooTdy Spov arTiis.

‘Egapporf: N& dnokoyisdi td Glpotopa tdy dxeg zphriov fpov tig npoddou :
2, 6, 18, 54, ..
Aberg : Els 7ov Tumov (1) (§ 170) 8étovres oy = 2, o — 3, v=282

\apPdvopey
_?_3::1) _ 2(6561 — 1)

-«
B= oy =) —eseo,

Napampiiens: @). "Eav els piav yeoperpixdy e : o
§ 169, 170 Bix 10 Zv Btv Buvovron vé éupuo:ﬁogv ?5‘]122??;. Eé‘t): lﬁ: E—xé.iﬁfam: lw(sl?nr::
ow, SnA. tw @ = 1, 1 mpdoBos Exer Shous Tols Spous T foaus i Tov TpéiToV Karl cruvefrc'f:s T
&potopa Tév v TpdTwy Spwv looUTa ut: By = q, +f o f .. +a=v-a,.

g'). Ol 8lo Tumor:
0w — ay
s A
TEpIéyouy TrévTE dyvaoTous, ToUs ay, &, @, v, Iy . "Edv Aormrdv pis ooty ol TEETs EE alTédv, ToTE

Ao e L) B ol B

Suvépeda v elpwpey Tous UroAoiTrous SUo EmiddovTes T oUoTnua Tév Eicdoswy (1) xad (2). *H
i ToU v Adyw ouoTiuaTos elval, dv yéver, elixohos AN TRV EEfs SUo TEPITITLOTEWY ¢
(i). "Edv {nrotvral of & kal w. Tére 76 oloTnpa téy (1) xad (2) 8i8er Thv igwaw :

CGo—a) o’ —F "L g =0, 3)
(ii). *Edqv ZnTolvTan ol o, o w. Tére 10 olioTnua Tév (1) xad (2) 818e1 Ty EElowow :
o0’ —F w0 + E,—o)=0. “

Al tGiodogers (3) kol (4) elvan v PaBuol kal &dw v & v <4 ofimon Embovron, tdy Spesg
& v > 4, wodyHa ouvnBéoTepoy, TéTe Biv kabloTerran Buvart) f) twiduois atTéw pe -rdtgl OTOIXEID-
Berg yvcdaets TS *ANYEPpas.

Mepika &mod 1é& Tapoumialopeva TpoPAfuata EmidvovTon pt Ty PorBeiav Tév Aoyapifucy
Thy Becplav Tév dmoiwy dvarrticoopsy es dv Tév éroptvay KepaAaiwv. :
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‘Equppoyiy 1 : Teopetpkiic mpoddov dnotedovpévng £ dktd bpov 6 tedevtaiog dpog
g ioobrar npog 384 wai 6 hoyog icodtar mpoc 2. Na cbpedf) 6 npdrog Hpog e kai 10 Epor-
opa v dpov e.

Aboig : "EoTwoav a, 6 mpdTos Spos, w & Adyos kal &, & viooTds Bpos Tiis yewp. Tpoddou.

. - kg o, — oy
Ex T@v TUTwv o, = ayw’ T kal 2, = = S1d w==2, v=28, a,= 384 AcuBdvopev
dvTioToiyWws :
A D
Ba—a -2 (1) wl =2 2% (g

’Ek Tis TpadyTns £xopey o, = 3.
*AvTikaioTivTes els THY (2) T6 @ pé TS Toov Tou eUploxopey
384.2-3
Ty = ——>— = 765.
* 2—-1
Egappoyy 2a : Eig yeoperpikny npoodov pé npdrtov dpov 10 5 6 Efdopog dpog tng icob-
tar mpog 3645. Na £0pedi) i npoodog kai va drmokoyiobil 10 G0poropa thv éntd npdrav dpov e,

q o, w—a,
Aberg : "Ex TéV TImev o, = oy’ kel Ev = - ] Six oy =5 v=1 xa
o, = 3645 AapPavopev GvTioToliyws :
3645=5.0 (1) xd I, = —364.;5;;._&:1: Cal )
"Ex Tfis (1) Exomev w® = 729, 8 fis: w = + 3.
A& w = 3 f) wpdodos elven: 5, 15, 45, 135,... 3)
Mk w = — 3 1) mpéebog elven 5, —15, 45, —135, . .. (C))]

‘H 1rpcdTn elvan yunoiws alfouoa, 1) SsuTépa Stv elvar olTe alfovoa olTe glivouoa, clvar
Spews &oddTws abfovoa kal pdhioTa yvnoiws.
"Ex s (2) 81' dvTikoTaoTdoews ToU w it Tas Tipds Tov -3 kel —3 ebpiokopev &vTioToly s :
5, = %5_ — 5465, ¥, = 3645(=3)—-5 = 2735.

To mpédTov &fpolopa dvagépetan els Ty rpdobov (3), To BelTepov el THY Tpdobov (4).

§. 171. MapepPori} yewpeTpixidv éviapéowv.— ‘Opiopot. Oi dpiBuoi
X;, Xa, - - -, X KoAOUVTaL yewpetprkol Eviiapecol Sobtvtov dpifudv o kai B, TéTe
kal pévov ToTE, &v 1) Temepaopéun droloudia :

, & Xy Xgpe ooy Xy P (D
elvan yewueTpIKk TTpoodos.

AoBévtaov BUo SpiBpddv o kai P kooluev mapepfolily p yeopstpikdv £v-
Srapicwv TN elpeoty g &PIBUGY X, Xy, . . ., X, TOOUTWY, GOTE 1) dkohoubia :

q, Xy, Xg- -, Xy, P va elvan yeapeTpixhy mpdodos.

A Ty elpeoiv TGV G5 Evo yewPeTpikGY tvBiopécwy dpkel vé elpwuey TOV
Adyov Tis yewpeTpikiis rpoddou (1). "Edw TrapacTiiowpey pé w Tov Adyov TS
TpodSou alTiis TéTE, EmEdh TO TATBos GAwv T&Y Spwv T elvar w42, 6 P O
kaTéyn THY W+ 2 Béotv kol ouverréds 6& Eywpey :

(n+2)—1 »

P=o - w 3 P=a-w*
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Tukl
"Apa: % V p ¢}
a

©

O tUmos (1) xedeiton tonog napepforiic yeopetpikdv Evéropiowy fi ouvTod-
peos Tomog tiig yewpetpikiic napepfoiiis..

‘H mrapepPolt) yewpeTpikév dvdiapéowy elval BuvarTt) els SAas TAs TrEPITIT-
oels, ATV THS TEPITTTOOEWS ko’ fiv i BobévTes dpibuoi o, P slvan ETepdonuol
(of < 0) xai 10 TATBos TGV TapepPatopévioy dpwy TepITTEs dpiucs (Bioti; ).

‘Op1oBévTos ek Tou TUTou (1) ToU Adyou w, of InToluevor dpiBuoi elver

'Epappori. Metold v ambpdv 3 xal 48 va mapepfrnolv tpeig yeop. Eviiapeoor.

Aborg : ‘Ex ToU TUtrou (1) Bit o = 3, B = 48 kal p = 3, AapPévopev :
4

[T TR
@ = Vr"g = V16, #ol: w=2.

{
Suverréds ol InToupevor yewpeTpikol EvBiduecor glvar ol : 6, 12, 24,

§ 172. ZTupperpixi) mapaoTaoig TOV Spwv pdg YEWHETpLKijG TTpo-
680u remepaopévou mABoug 8 puwv.— Tpos mepiopiopdy Tév &yvwaTwy s
Sidgopa TPOPANPOTE YEWUETPIKGY Trpodbuwy, 1Sia dTav &ideTen TO ywdpevov
6w &piBucdy, of omolol elvan SiaBoyikol Spol yewpeTpikdis TpodBou kahov elvai
v Egoopev O v Tas EEfjs Blo TrepiTrTOOE -

[epintwoig 1n: ‘H npoodog Exer neprizov nhijlog Gpov.

Eqv ) mpdodos Exn (2v+ 1) Spous, TéTE Umdpyer pecaios, Tov dmroiov
oupPolifopey pt x Kal v 6 Aoyos Tis TTpoddou elval w ypdpopey THY Tpdodov
ToTnY 5 EERS

X X

X el v
SO --,fw'--,x, X, X0 . .., X@¥ .

W' w?

Mepintoos 20 ‘H npoodog Exer dpriov nhijbog Gpov, Eotm 2v.

Bis arhv THY TEPITITWOW Utrdipyouv 8Uo «ueaaiory &pol ioaméyxovTes TGV dKkpuwv,

= . X ' o 4 iy ~ .
ToUs Omolovs TOPIOTRUEY pe: — - Kai xA, &Te & Adyos @ Tfis yewp. Tpod-

Sou elvon: @=XA: ;\ = N kol 7y Tpoodos ypdeeTan TOTE G5 6 ¢
X X X

AT Ty TN e

Abov v& onuelwlf &t gls THY TepiTTeow adThv 6 X 8&v tivar dpog THS yeco-

peTpIKTS mrpoddou kal & Adyos Tiis Tpoddov, G EAEyEN, elvon AL
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’E@appoy i Na eopeOoby téacapes mpoayn. appoi, of omoior elvan Sradoyrkoi dpor
TEOW. TPOOGOV, £dv T YIVOREVOV TmV isoiTon npog 729 kai 6 tétaprog icovtm mpog O YIvo-
HEVOV TV 00 pecaimv.

Aborg : Kard & dveotépen, TEPITTIOS 201, TapIoT@UEY TOUS {nToupévous &p1Bpols dos 267 :

X X
- .5
YR XA, XAY,
"Emeidn) 1o ywépevéy tewv lootTe Tpos 729, O Exropey :
i e T
Oy XA+ XA 729
7 Xt=729=27, ol: x= 433

"E€ &rdov, xata THv EKQQOVNOW, EXOMEY ©  xA® — (; ) < (xA) = x® bl A= x, t
s émolas ebpiokopev: A = 4 |3

Ak x =33 kA = Y3 ol Znrotucvor dpiBpol elven: 1, 3,9, 27.
MiEx =313 kadA == 13 evpiokopey mérw Tous [Bious &pifuovs.

§ 173. "ABpoiopa ameipwv Epwv amoAiTwg $pBivolong yewperpi-
Kkfig mpobdSou.— "Eorw pia yewpeTpiky Tpdodos pi TP&ETOV Spov TO a kad Ad-
yov w, fiTor éoTw 1 rpdodos : g

o, aw, aw?,. .., aw' L., (1)
"As oupPolticwuey ut T, o ddpolapa TV v TpdTwY Epoov T7is (1), 16 &mrotov, dos
YvwaoTov, 8ibetan UTTd Tou TUTTOU *

5 & (wr = D
w—1

"EoTod Tdapa &1 & Adyos w Tiis (1) TANPOL THY owudknY: 0 < [w | < 1, Snhabi
N (1) elvon dmohuTeos pBivouoa yewpetpixd mpdobos, ToHTE loyxUel TO kéTwb
Becopnpe :

§ 174. @ewpnpa.— Ava kads Detcoy appoy & (booviirote pikpov) drapyes
deiking v, = v (&) towdtog, dots va ioyon :

j E - et ) <t S kile v = v,
! 1— @
n o \ > 2 a
H &mep 1o alrd : HmE,—-
Vsio 1-o
"Amoderlug. Tpaypati: Z,— a+ow .- - + acov—!
aw’ — o [ o
e, — 1 s g > — el TR
4 3 w—1 i i (i

‘H dioAoubla ueos w¥, v=1, 2,. .. ut loo] << 1 elvan unevikn (PA. Kep. V
§ 131, mopdderyua lov).

. ! : ! o
Ofev : lim %, = — , owom lim—— s Gie=10),
Vi l—w R S
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*Ex Tou duewTép BewpruaTos &Bryoupctar els TO v Bodowpev Tov £ERsS
OPITHOV :

Kalotuey d0potopa tdV arcipov 6pov tiig drnokbtong ebvedeng YEORETPIKTG

i ; q a
Tpoddov ué modTov Spov Tov o xul Adyoy @ TOV mpaypHETLCOY aptducy ;e T00¢
—w

Tov dmotov cvyxdivet T dlpotopa X\ Tdv ¥ mpOTWY Gpwv TIjS YEMUETOLLS 7O~
ddov. [pdpouev Bt GUPPOAIKES :

o
Tiiooi

z i Z=oa4owt oWt .- koo 4 o=

-]

a
1—-o

“QoTe: Lav o] <l = L =L= (0

Abyopev 8t Téte ¢ «To @0porapo t@v ansipov dpov YE@UETPIRTIS Tpoddov pé
np@dTOV Gpov ToV 0 Kul hoyov o pd 0 < |o| < 1 icobran pé i—-g—m».
e Eov g =1 161e: E=1lf oo+ -0+ e A B =_1-_1$_
4
y
Avoic : Of &meipor mpoobetéor Tol &BpoiouaTos ouVIGTOUV YEwH. TTpGoBov ki TTpidTov Spov

*Eqoppoyi} 1n @ Na drokoyiadij 10 Gbporona 2 4 + ; -+ -:— 4o 4

« = 4 kod Adyov w = ; “Erroptvess 1 EnTolpevov Ghpotopa &i8etan Umé ol TUTOU 1),
4 4 s 4
fitor: 4] R T ?—4— ven = -—1—~=6-
=

‘Epappori 2a: Na £0pebi 10 wowvdv khaopa, and 1o omolov mapdyetal 10 SEKadLKOV
REPOGIKOV KAAOHG 4,513513. ..
Aboig : To Bexabikov mep1obikdY KAaoua 4,513513. .. yphgeTan :

L1513 513
4+ 000 T 10000 T
513
LAAN 513 511___513 ; _ leot b13
o BTl s D S SR
~ 1000

513 4509
Apa: 4513513... =44 595 = 559 "
[MapaTnpoUpey Aottroy 611 & Bekabikds apibpos 4,513513. ., Srav TO TATBOS TGOV BeKaBIKEY

. ; S 3 . 4509
Tou wnplev abfavel dTeplopioTes, TEIVEL TROS TV prToV dp1fpdy 550"

AZKHZEIZ
338. XapaxTnpioarte Tés k&Twh TpodBous ds pds TO povéTovey kal TO lBos povoTovias :
Il 8 16
it ,=6,12,. .., = e
&) 12,6, 30 £ 5 3,],3, oY) 3 12 8) —4 3 5
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339. "Eorw 1 yewp. mpdodos 1, 3, 9, 27, 81,. .. Aeifare 611 al Siragopai perakl Buo S1a80
XK@Y Spaov oynuariZovr wlav véay Yewp. wpdobov. ‘H iBi16Tns aldtn Sivarar v YEVIKEUBT 81
olavbrimoTe yewp. mpdoSoy;

340. MpoodiopioaTe ToV TPYUATIKOV &pi1Budy X o0Tws, hoTe of kaTwhi dp1bpoi dmroTerols
SiaBoykols Spous yewp. TpodBou : 1) x—2, 2x, Tx + 4, 2) 2x—2, 3x + 6, 12x + 6.

341. N& elpediy T mAfiBos Téw Spav yewueTpikils TpodBou, s T KkéTwh TEPITITCITEIS |

Da=4, w=4 3, =550, PYay=13, & =117 a, = 9477,

Va=4 o=072 3=145% 5 a =8, o i, 3y = 781,

342. N& oxnpaTiodi] yewp. TpSodos, 1) dmrofa Exer ds TpdTOV Spov T pikpoTépav pifav T
Eiodoews x* — 2x2 — 25x + 50 — 0 xal &5 Adyov THY peyahutépav pifav. Emi mAfov v EUPE-
87 16 &Bpoiopa Tév Spewov alTiis, TGY dmoiwy TO TAfifos elvan TprmAdaiov Tis TpiTnS pidns T
dvwTépw EiTmoees.

343. N& TopedPAnbouy 4 YewpeTpikol évBidpeoor petafy THS MIKpoTEpas Kal THis pEyoAU-
Tépass pifns Tiis Efiocaoes 2% — 5x — 3 — 0.

344, Na Seiy87) 6m1 16 &fporopa v YEWRETPIKGOY EvBiapéowy Trapepfodopéveoy peTaby 1

kai o loobTon mpés ;
v-{-lﬂ vl : v+41
Vo ( ch"—l) y ( Vcrvl).

345. Tewouetpikiis TpodBou € kT Speov T &Bporoua TGV 4 TpdTwY Spwv elvar 40, TV
8¢ Utrohoitrev T EBpoiopa elven 3240, Né Epedf] & Adyos xal & mpéitog Spos THis mpudBou.

346. To &Bpoioua 1@V Teoodpwy TpTwY Speov pBivoloTs yewp. TpodGou elvan 65, T
b¢ d&Opotopa T@v dmelpeov Epeov Tns 81, Na elpebi) 1) pdodos.

347, *AmroAUTes @bivovons YEWH. TpodBov & rpdiTos 8pos s elvon 1 1/2 Tou &Bpolouarcs
T@Y &reipwy Spoov Tns, T BE &Bporopa Tédv Blo TpdrTeov Speov Tns elvan 20, N& €Upeli] 1) TTpdobos.

348. N eUpeBolv Tpeig &pibuoi &moTeholvTes YewH. Tpdobov, £dv yvwpilwpey TO &fporopd
Tev 52 kai 16 &poiopa TG TeTpay vy Tav 1456,

349. Té &fpoiopa Tév dmelpeov Spwv dmohUTws phvolons YEWRETPIKTS TTpedSou elven 12,
70 8¢ &Bpotopa TV TETpary vy TGy &meipov dpwv Tns elvon 48. N& eupebij 1) mpdobos,

350. Né& eUpebolv T& Kdreod dfpoiouara :

¥2iq:1 1 . 1 1 1
«) ﬁ—_l- ) 2—_7.2_ ol D p)1-— 3 T G g
i
Y) a+p+ SRR (x>p > 0).

2 4
351. TTpds oiov &piBpdy Tefver T TnAiKov ToU &Bpoiouaros: 1 4 (—é—) + (;—) 4+

1\2v = ; 1 1 Iy . -
+ (2—) + -+« Bk ToU &Bpoiopatos: 1 4 5 + T e ( 2.) + -, 6Tav TOV > 0,

352. N& elpebolv T& kowd kKA&opaTa Kk 6y dtrofwy ToapdyovTtar T kémwdi Sekabiké Te-
p1odikd KA&ouaTa :

1) 0,17651651...,2) 2,341702702. .., 3) 27,327575...,4) 3,7292929. ..

353. Els lodmAeupov Tpiywvov TAeUpSs o ouvBéopey T& péoa TV TAEUpGY Tou kai eUpi-
OKOPEV véov ToloUTov. TO alimd Erravodappdvopey els Td véov TodTo ked olTw kabefiis. N& elpebiy
T &9poropa TEV EuPabdy kal Tév TEEPIHETPWV TGV &reipwov ToUTwy TPLy vy,

354. 'Eav a, B, v, & elvan Sradicy kol Gpot yewp. TpodBou v Sery 0y
D @+8) - @+y)—(a+v): (B+5) = (B
D B-yF+ -+ G—py = (a- B
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"' ———
355. Na Umrohoy1of7) ﬁwapdc-rcxm;:\/ off [ap V-Clﬂ | ..., 6Tav TO TAffos TV
k&Y elvan &mepropiaTOV.
356. *Fav ol mheupal Tpryovou oxnuaTifouy yeww. Tpdodov va By b7y, 611 & Adyos Tiis Tpo-

5—1 .

B0u ETraAnBelel TV OXECIV ¢ v: o < W < ]{5 ;,2" . ;

357. Tpeis ambuol X, y, % Exouv &lpoiopa 147, tavol x, v, « tlven Biadoy kol 6por apifiu,
mpodBou kal ci X, %, ¥ YEWRETPIKAS TpodBou, va =Upedolv of Tpcis avTol Gpibpoi.

358. 'Edw o, P, ¥, © elvan BeTikol wpaypaTikol dpifpol kal loyuer :

pr—ay =0, y*—P&=0, 7ToTe d& elven: a—8|=3|p—-Y!
359, *Eav ol &piBuol o, P, ¥ &moteholy yewpeTpikily TpooBov va dirobedi 6T
o 1 1 1

360, 'Edv of - aP + Pt =0 kal o 4 PP = y%, v& &modeixd7) 671 of &prfuoi 1 a, . [B\f‘i

&TroTeAouv yewu.s‘rpmﬁv Tpoolov.

FENIKAI AZKHZEIZ ETTI TQN TTPOOAQN

361, "Edv x, y, z€ R kai My, M, My, elvon dumioroiyes 6 péoos dpidumTikds, péoos yew-
HETPIKOS Kol péaos GpuoviKds alTidy, v& &roberyd7 &1 :
M,=Mpr= M, . (&vicdTns Tou Cauchy).
362. Eav x =0, y =0 O&eifateom:

l'ﬂl _2]‘3.

1 2 !
X+ FyExty

3
TTéTe toyUe To ioov;
363. Trv dxodoubiav TV GUOIKGY &p1BpdY ywpifopey ey dpdbas g dxohovbes :
1, (2,3,45), (67.8. ..., 12), €13,14,...,22), 22,24, .30 g
Né& eupedf & TpddTos Spos Tiig v—ooTiis dudbos ouvapTicer Tou v kal va Berybf ot 10 &bpor-
opa ThY EpBpdy TAY TreptAcuPavopivey el Thy v—ooThv duaba looUTon Trpds :

(Avi—2)~ [(u—l)“ - ”22’ 1}_

364, 'Eav 3, evon 1O &bpoiopa TGV V Speov &piBunTikis Tpodbou, ThHS Otoias o Aodyos
elvan o kai S, 10 &Bporgpa TOV TETpCry VeV TOV aUT®OY Gpwy, vi dmroberydi) 6T :

1 1
By — = 8= T va? (v —1),
i e .\;‘~5x-i-l¢_5_.‘/r;;_—5.\"r6 -t
365, "B FO) = Ve 18 X —6x+8 'xw—6x+8
: iy 33N, & 132
va Bey6ij 611 I (?5-) = a7
366. Na Seiydij omi: tav T &Bporopa v Spwv dmbunTikdy Tpoobuwy, al &mroien £xouv Adyous
Katd geipav 1, 2, 3,. .. glvar v TéTe of Tp@Tol dpor Twv &meTehouv gbivoucay &mbunTikiy

Tpdobov, # bmrola kai va dp1odi).

367. N etipedf ) ouvdrxn, fva al pitan Tis t1owoecs: X? + ax? + Bx 4 y = 0 &woreholy:
«). *ApiBunTikiy Tpéodov, P). MecwopeTpixfv Tpdcbov.

368. N& dprodij 6 k olTes, Saote of pien T tEiocooews x* — Bx? — 6x — k = 0 va &moTe-
Aolv TrpdoSov &pidunTIKAY 7 yewpeTpikiy kal va Aubi} 1 éiowars abrn.
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(Yrodewgig. Adpere U’ Sy té gupmrepdopaTa Tiis TponyouptuTs GOKNOEWS).

369. Xwpifopev 4200 dvrikeipeve el v + 1 ouddos obrws, doTe §) TTROITT OpAs V& TEPIAT-
Bdvn 5 duTikelpeva, 7 Seutépa 8, 1§ Tpitn 11, ko, N& ebpeBij 1o wARBos +@v SpdBeov, Tag
Smrolas Suvdueda véx oxnuaTiowpey kol TO TATBos Tidw UTTOAEITTOpEVGOY  GUTIKEIEVEOY.

370. 'E&v ol &, B, ¥, x, ¥, z €ivaa Betikol &p1Bpoi kai & pév o elven néaos &p1BunTikds T p
xaly, & 8 x ufoos dppovikes Tév y, z vé dmoBaysii 11: & ax elvan pégas YEUETRIKSS TéY By Kal

Yz TOTE, kel pdvov TéTE, dv e B e ()
N T
371. 'Eav ol Bi&gopor &AAAAGY Betixol dpiBuot q, By y elvon Brooyikal Spor dpiBpnTicdis f

-~

YEQUETPIKi[s T dppovikfis mpodbou, va dmeBeiyfi 611 Sid Kkdbe QuUoKSY GpiIBudy v =2 loyver
f| QuiodTng : £
af Lyt s 2 Rt
("Yrodartic, "Eapudoate thy pédoBov T Teheiog traywyds).
372. "EoTes ) dxodoubia: av, v = 1,2,... (1), Bi& Thyv dmolow elvan :
SGpp=E-eu;+nea, MveN (€ necR).
N& &mrodeiy8i 611 :
Eév 6 Adyos %2—, dmov a, # 0, elvan piZe T EE10cozws ;
] xf—gx—n =0,
TOTe 1) dkoroubia (1) elven yewopeTpikd Tpoodos.
373. ’Edv Sy elvon 6 &bporoua TV v TphTwy Spav YEWUETPIKTS TpodBou THs drrolas &
mpédTes Spos elval o = —5 Kkai & Adyos w = —*/ 4, v& &mraBery 8 émi :
: 20 20 |
(V e>0 kol W veN, ut “'>3(_ﬂf_ l)) = !7T-S\‘ T E,

Toiov 16 lim Sy ;
Voo
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KE®PAAAION VIT
ZEIPAI NIPATMATIKQN APIOGMQN

§ 175. ZupPoMaopdg abpolopérwv.— Emedn ouyvotara ouvavT@duey
dBpolopara TS HopPis :
o e R e A R il o )
Xprioiormotoley, B1& THY ouvTouwTépay Kol &TAOUGTEpaY Ypa@nyv, TO EAATVIKOY
ypduua T pds oupPolicudy Tidv &v Adyw c’t&potcpd-rmv. OUrw ypdpopey :

ul’i’dﬂcx;; +—CXV=EC"-'|.,.

T& Belrepov péros Tiis iooTNTOS, BnAcdn 1) cupPoii EKq)pO:cns By Quayyveo-

oxketan : wdflvotopa v (apdudv) ay and k=1 Zwc k= . O ouupotiopos
k= 1 k&Toodev ToU oupPorou X onuaiver 611 1 eiven /) mpcdbTn Ty, Ty dmroiav
AopBdver & Befktng K, Evdd & oupPoiionds k= v dvewbev Tou oupBorou E onuaivet
&mi & Seikrng k O BiroTpen ToUs guoikols dpiBuols piypt kal ToU gUatkoU &pl-
BuoU v. Téhos 16 oupPorov B onuaiver 611 Trpé'n'el v Trpooeécrwpcv SAous Toug O-
pous TroU EAdPouey BETovTes Slasoxmwg k=1, k=2, k=3.... k

L= V.
SupPamikédys kaTwTépw B& BéTcoper : Z]ak =
K
Auvdpel Ty dveTépe EXOUEV TOpA :
10

o). 1424+3+44+54+64+74+84+94+10=ZXk

=

1
9
B). 12422324 4245 6%+ 724 82| 92 = ¥, |2

2
YY) Xpt Xy X5+ Xg+ X T X F X+ Xyo+ Xy + X = L xy
k=3

8). oy + op+ o+ &= (& + Gt - o)+ (g o+ g ) =
3 9
. = Z a4 Z o
k=1 k=6
9 5 9
ﬁTOl . z Qg = E ok + z o {18
k=1 k=1 k=6

CevikcoTepoy  EYOMEV
Eoy=Eop+ X o, peNkaip<v
o k=p+1

AfSopev korreoTépeo UepikG dxopn TopaelypaTa Tpos TANpPEoTEpaY KaTavdT oty
Tou gupPorou E.
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Hapadevypa lov : Eis v mopdypagov 28 éxouev &rodeifel, 611 :

L2 B e U_(\fzil,)_
Tiw oxéow TatTny ypéeouey, T4 Pondeix Tol supBotiou E, cuvTéuws oiTe :
RS R

k=1
Hapatiipnowe. "AMa &€ioonpeicota dBpoiopaTa, T& dmola cuVaVTE Kavel
els Tas Epappoyds, elvan kel T g

@). 12422432 ... 2= E k2.
k=1

v(v+1) (2v+1)
Z i

v 2 = 2 v v 2
B) 13423433 ... 4 y3=3% |3 ur(u; 1)- , fitol foyver: L k3= [ Xk]
k=1 k=1 k=1
A Atiw Ak i _U(ur—{—l)_(Qv_Jrl)Ov‘-’ +3v—1)
). 144244 314 &.Ell - 30 .

"Aoxknois: "AmoBeifate Thy dARdeiay TéY (a), (B), (y) B1&x Tis uebdBou
Ths Tedelas émaywyiis.

[apaderypa 2o0v : Eis iy § 50 dpioauey, &1 GKEPOIOV  TTOAUCOVUHGY (o
PSS X, Pabuol v, elven pic dAyePpikh TAPAOTAOIS THs Hopefs :
f(x) = o+ oy 4+ agx24 -+ - 4@, x. (1
"HEn Buvapeba va ypdgoousy T ToAudvupoy (1) ouvTdpws olTe :

[(x) zk}\ioah Xk, oxeB, k=0,1,2,...,v kad o £0.
§ 176. Baowkai i816mreg 100 oupBbéAou X.— Al dxdhoufol 1816TnTES
¢miTpéTouy Eva dvetov Aoyioudy T Ponbeia ToU oupBérou L.
). 'B&v ay=a Bidkdde k=1, 2,. .. v, TOTE {oyuer : kéluk = vaL.
EiSikdds, tav o= 1 #yopev: kélak = Ell —'v,
ii). “loyver 1 moosletve) idistye, fiTol
_E(ak—rﬁk)-- Eork+2[3k kI (o~ By ) - iah—i‘.ﬂ,\..

iii). "Eqv A oTafepds mpaypaTikds Otplﬂp.og (un e&cp-rmusvos &K ToU BeikTou
k), Tote foyle

v v
ZAoy=A - X oy (idwtng duoyevelag).
k=1 k=1
iv). loybea :
kz_l(hak”’r BB ) =A -kz-lﬂk-i- u -kE]Bk, W M BeER.

200

Wneiomoir|Onke amé To lvotirouto Eknmaibeutikng MoAmikrig



v). ‘loyve :
v
E(og—ap_1)=o —ay (idwrne ovumribens).
k=1

"Aoknots: "AmodeifaTe Tds dvwoTépw évTe iB10THTAs TOU oupPdiou E.

Moputipnoig. Méxpt Téhpa Eypnopcromoaper ds Beiktny 6 ypapua k. TouTo eiven abfai-
seTov xal oUBtva péAov maifel, Suvdueda Snhadh va ypnopoTomowpey Sid 1O auTd &hporopua
kol &AAo ypdupa, s Beiktnv. OUTtwg Exopev

v v v

ot gt -+ oa, EkElck = pzlq" -rvzl o,

*Errions al Tiwad T&s omolas AapPaver & Seiktns SUvavton va petaPdiwvTal, TOTE Suos
8¢ peTaBSAAETAL TUY XPOVLS kal & Utrd 16 oupPorov T Seiktns, oUTw A.y. Exouey :

5 4 15
Oy - Ol - e Ol kzlqk -:kzoak__: 1 _:kzllck' 107

BnAabt : duvapela v avtiompey (i va fhatt@ompey) tov deiktnv Omo 1o ovpfolov X, dpkel
v Larthonpey (i va oDENCOREY) Kotd tov adtov aplbipov ta Opra (tac Gxpag tpdag) tob
gupfiorov X,

‘Egappoyn In: Yroloyicate 1 GOpoopa v v npdrov mepirtv apbpdy.

Avorg “Exouev:

v v v v L3
ST | G e SRl 1 T R e
ey k=1 k=1 gl k=i 2

v
Qe : P (2k—1) = v
k1

v
I (3v:+ 5v)
p=1

Egappoyi 2¢: Na arnromomn0i 10 khaopw : e
I (3v® — 3v)
v=1{
Aborg "Exousv:
v Y 4 v(v 4 1) (2v 4 1) v(v + 1)
i 3B 5B 3 ol LRl e ol S o
Eo S R

1 v=1 VN S . DI b S 2 il
= T G E D] vy 1)
i Fwvi—-3Lv e b i SRt Sl s O B S o
E Gv-39) i M e 6 2
v Diean B v 3
" SEED - el
: AZKHZIEIZ

374, ‘Ymohoyloate T& Kk&Ted &bpoiopara :

v v 1 v

= k + 1) Eo—r—x, T (k* + Sk 3),
G) kL[]\(k 1,, ﬁ) W k(k + l) Y) k:!( + )

§) E (e k412K, O ERGH2)(k+4), om) I (ki K+ 4ke).
k=1 = =

975, Té k&b dBpolouata vi ypagolv 8i1& Xpfioews Tol cuupélov E kai drorolbes vé
Umrooy1oBolv

&) 14 2:5-F 364 - £ 90+ 3),  P) 2x 4 4xt 4 Bx? 4 16x* + 32x",

y) leq a4 T4 .-+ Gv=2) B - 3% e e EDs
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376, N& &mobaybf 671 : Eke=— i L+

377. N& drrhomonfolv T kAdopaTa :

K K K

I (vt + 6V + 5v?) E (2v¢—v) E (v 3vd 4+ 2v)
I p==1 1

V. e v
oy — B o T

Z (vi 4 2v3 + v?) E (vi—v) R,

v—1 ST |
378. "Eqv oy, o, .., xal By, By,. .., By glvan wpaypaTikel &pifuoi, v dmoSeixBij 4

dvicdtng Tédv Cauchy - Schwarz.
v 2 v v
Darp e B e (e )
(Zad) =(2d) (Z8)
379. 'Eqv ve N Gelfate 6T eivan :
v 1 12 1
k=1 v

380. N& &modery8f) S1&x Tiis peBébou Ths TeAelas Emaywyfs 671, Bid v = 1, eivar :

vt

<he<®EY g [§1Vcn
3 k-1 K

& 3 =
§. 177. "H Evvola T1ijg oelpdg.— Ymobéowuey 671 pds Exer 5087 pia dko-
hovbia o, v=1, 2,... Tijs Omoics oi &por :
Chiy ClaTiClam et o 1y
elven TpaypaTikol apibpol. Aia kéfe veEN, oOpifousy 1O &Bpolopa :

Oy =0y +Og+ -+ q ;k;lo:k (2)

TéV TrpwTwv v Spwv THs (1). OlTes Exopey :
O=0;, Gy=0+0, OTg=;+ 0+ dy,...
Kat® almov Tov TpodTov poppcdvopey pia véav drkohoubicv oy, v=1, 2,... ut
Gpous Oy b gy o e gl (€))]
oi oroiol elvan dpoioparta Tév Spwv Tis (1).
T é&rohoubiav (3) oupguwvolpey va Thy oupPorilwpsy olTew :
o+ Gyt Gyt oo - T oUVTOPWS o Ay -

oo
f| ouvTopTEpa Kal drpiPéoTepa: T a, . (4)
v=1

«©
To avpfoiixor dlpotoua ay+ ay+ - + ay+ -+ 7 X ay xuleital cepa tdv
v=1

npaypatik®@y appdv o, , veN. Kd&be Spos TRs (3), EnA. kébe &bpoiopa

Oy= oy + 0y + -+ - 4 a KaheiTal «pepikdv GOporopar ) kol «tpijpe tiig ceipic»
(4). Of épor Tiis dxoroubias (1), dnAadn of ay, oy, ..., & ,. .. kaholvTa «Bpor

tig oeiplicy, O B¢ ay €idikcOTEpOV KaAsiTal «yEVIKOG BpOg» This Teipds,

Ex Tév dveoTépw cuvdyopsv Thpa OTL: 8i1& ToU Spou aeipd EVvooUuEy Ev
pabnpaTikov oUupolov, TO dTroiov TTaploT& TNy drkolovliav TGV pepikidv &Bpoi-
opdTwv Tis (1).
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Inpeiocig : Aty mpémal v& yivetar gUy)vais TS tvvolag Tiis drohoubias «, , v = 1,2,...
o

TGy Tpary waTikGY dpiBudv «, pé Ty oproddoay dvaTépw twowav Tiis ogipds K a, TV au-
5 ) v=1

TGV TPaYRATIKGY dpiBpdy. AlTta kaltor oynporifovran pé Tols autous Spous eivan Blo Ev-
varct Evichéds Si&gopor.

Hopudciypora cepdyv @
lov. "Eortw 1) oeip& E v=1424+34+ - Fv-
vi=]

Al Ty 0§ &V OEIPAY EYOMEV !

il
e

(o p— 1. 02'7'31 03_;6"_.’0-\.,—-_:

20v. "EoTw 7 dxohoudla o == ¥, v=1, 2,..., &kTevdds 1) :
1, @, w? (ISR ) . S €Y
THs &moias of Gpol &moTeholy Trpdoov yewueTpikiy pé pddTov dpov TO 1 ki
Adyov 1o . Ty &korouBiay Tév pepikddy &bporouaTwy Tijs (1), fiTor THYV :
oy =1ltotelit. . o, v=12...

KOAGULEY «YEOPETPIKNY GEPAV kad ThY oupPorifopey, kord T& AexBévTa, ol :

Ew"_’":"lfl‘-m—[‘mzrk...,I,m\’*l_l.. @)

v=I y
Enpeioog : Eviote f| &pibunois 16w Spawv mas oupds dpyetar pt Selkrny v = 0, ToTe ypd-

e e}
3 = e L = 4 e 4 ..
POMEV : VLU“., =Gy T Oy 1 Oy - e, 4

Ofrress 1) yewopetpixh oe1p& (2) Bhvamon vé ypagij kal ds s :

e el S SIS ST

v=0
v B L g Ll 1 :
3ov. ‘H gsipa: "20 o — i 2 e IR e B tteny (YEWUETPIKT OEl-

1 § e )
pd& pt Adyov = 27) ué pepikov dlpoiopa :

1 L 1 1
o=t b e

dov. ‘H otpd: Ev+1)=1:242.343 44 fv+ D+ -
: v=1
PE pepikdy dOporoHa: ) : v
o= 1:242: 3+ . +v-+ D=Zk(k+ H=Z k' + Lk =

= ﬁ",{"{“i‘_;%(z_vf-,l), A0 ;y,(,"f;'i)_= i v+ 1) (v 2).

Mapatipnots : ‘H Evvota Tiis &kohoubias Thv Omolav eibopev el mponyoluevov Kepd-
Actov vTiaTonyel els Ty Evvoiay Tiig auvapThoews kal ) Eévvola Tis oeipds dvTioToikel els Ty fv-
votay ToU ShokAnpcpaTos, Evvolav v dmrofav 8& pdBuopev eis T EkTny TG,
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§ 178. Zoyrhoig OEIpdG. — ewpriowuey THY Telpdy ToU TapadeiypaTos
3 Tfis Twponyoupéing TapXYpdoy, fiTor THY celpdy
1 1 1 1 1

VEH oy =1+ 5 4 ) = e ME pepikoV dfpolopa o, == 2 — T
‘H érohouBia Tésv MEPIKGV dBpolopdrwy : :
1
To—= 22— BT i3, =,
e0KOAWS BiamioToUNEY, 8T1 ouyrAiver eis TOv &piBuov 2, fitor lim o, 2, xafdoov
. o ]
lim B 0. Eis thv mepimrewoiy aUTHV Adyopsv 811 1 oEIpa X By GUyKAivel
v=0

g 5 : § ; | x

TPOS Tov &p1fpdy 2 kai Ypdgopey : X oy = 2
v=0
‘Quolws Eorw 1 OEIp& v§| B 1)1(2\: ; 0y uE pepikoy &bporopa (§ 98)
1 1
o, = 5 (1 T 1———). ‘H dxohoubia Tév HEPIKEDY &BpotopdTawv :
B

1 1
0":_2'(1_.2'\)} 1 )’ V=SR2

PAéropev &1 oUykAivel els Tov &pifipoy 1 /2, fiTo1 elveu lim o, = 1/2, kabboov
lim 2711— = 0. "Apa 1} ceipa vf;l eI 1,)1_(__2‘_) Dy auykAiver gls Tov &piBudy
1/2 kai kot dxolouBiav
Bt o Jow pgeneati el
v=1 (v—1)(2v41) 2
"Ex T6év dveoTépw TrapadelyudTewy 08nyoUpeda els o v& Sdawpey Tov EETs
YEVIKOV Oplopdy : n

O Ayopev 611 1 TELPGL 3 0y OUYKAIVEL PO TOV MPaypatTikoy amOpov o
v=1

o
kel O& ypapwpev ¥ oy =0, tore, kai novov tote, Gv 1 akolovlia tév pEPLE@Y

v=1
abporspitov 6, = a, + Ol b by V=12 3 GUYKLIVY] mpdg TOV mpa-
TreTIKOV aplpov o.
Zuvtdpos :

L T Oy =06 <= limo,=lim(o,+a,+ - +@¢)=lim & ay = o
v=] k=1

opa

‘O mpoypaTikds &pibuos o, pds ToV Smroiov guykhivel 7| &rohoubia ay ,

v=1,2, .. koheitan «ifporopa tiig oEipig 3} oy ». Anhabh) kahoUpsy &Bpoiopc
v=1

o0
s celpds L o, , T Spiov Tou &Bpoioparos Tév v TPWTWY Spwv olTis.
v=1
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"QBev dodkis YPEPOUEY :

o«
o+ttt oo=a0 1§ Ea=g
vl

- gl x Lo ; Voo .
EVVOOUEV OTIL T| OEIpa ¥ Ay elva UU‘,’KK]\)OUO'CX KXl TO GGPOIOUG T™ns elval o.
v=I

o0
"Eav &Aool oi dpol Tfis oeipds X o, elvon BeTikoi, 1) drkooubia o, , v=1,2,. ..
v=1

efvon alfouotr kai B1& v ouykAivy B& pémer va elvan gporypévn, &AAws 1) oy ,
v=1,2,. .. dsavfovoakai pun gporyuéun (BA. § 150, Tapar.) dmepieTon BeTinéds.

=)
Eis v mepimTootlv alTny Aéyopey &T1 «ij oepd X a, dneipilerar Oetikdoy xal
v=]

co
yodpouey ouuPoAIks @ L oy = - co.
v=1

“QoTe ;

T a, =+ o <= limo, =lim(e;, +0,+ - -4 a)=lmE o=+
k=1

v=1 opo

OUTws 1) YEWUETPIKT) OEIPG

i e T R
=0

e
pé pepikdv &fpolopa

gp= lop 2920 L Ov—E - gy ]
dmrapiCeTon BeTinéds, BioT lim o, = lim (2¥ — 1 ) =+ o0, kafdoov 1) dxohoubia
o,,v=1,2,... clvaa alifouca kai uf| pparypévn.

Kot’ dvdhoyov tpédmov Opilouev :

v
L o= —ow<lime, =1lim (@404 -+, )=1lim Z oy =— 00
=] k=

v opo -

Q0
Eis T&s 800 TeheuTaiag TEPITITMOES AEyopey &T1 «7) cetpa X ay ovyxriiver xat’ éx-
v=]

«Soyijrr.

Téhos Utrdpyouv oeipai, ai omoicn &&v ouykAivouy, oUTE TTPOS TTPaYUATIKOV
&p1Budy, olUte TP Ev TGV oupPdrwy + ® fj — o, Mia TolaUTn oelp& keAsiTon
camokhivovsa» f| «kopawvopdvip. OUTws, tav oy = (=1)"T, v=1,2,. _ 1éTe §

oelpd, 1) omoia popeaveTar &k Tis droAoublas oy, v= 1, 2,... d&moxAivel. TTpd-
yuaT, 1) dkooubia a, , v=1, 2,. .. BUvaTar va ypogi) :
1, -1, 1,-1,...

kad &€ aUTiis AauPdvopey
g=1,0,=14+(-1)=0,03=1+4+(-1}+1=1, 0,=0,...,

205

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoMmikrig



fTot 7 droroubia TéV pepikdY dBporopdTwy elvar ;

1, @1, 0
AUTn Spes dmoxkAivel (= Btv uykhiva Tpds TperypaTikdy &pifudy A TPOS
&v 1@V oUpPOhwY + w, — ). Katd guvéeiaw kal 1y oeipd, 1 omola TpokUTTTEL
&k TAs droloubias o = (=1, v=1,2,. .. &rokAlver.

Ex 1@y dvewotépw dpiopddv OUVAYOpEY Twpa 6T :

Aicx k&b oeipav £ Ay TPAYHATIKGY Ap1Ouddv loyUel drpipéds pia &k TéV kdTwd
TPOTATEWY : &

a). "H aewa Ege dlpotapa <= ovyxliv mods iva mpayuatixéy dpludy.

B). “H cewpa amewilevar Oetindc eite doyytinds <== 1) oewd ovypxlin xat’
Exdoyip.

y). "H oepa dmoxdiver (xvpaiverar).

Mapatipnoig 1n : 'Ex 1év wponyoupévwr elven pavepdy 871 1) Evvora: oewod oy jeat i
agifpcor &roTedel yevikeuow Tiis hyePpiiis tvvolas : dllgowopa moaypatizan dodudv (1 Blo,
Tpeis, KTA. Spous). Mia ToUTo 7| gEpdk dvopddeTar EvioTe kad «dlipoiopa pd daeloove Gpovey. Dév
TpiTrel Speos v yiveTar oy xuais peTabl TGV Blo dvwoidv (&fpoioua TpayuaTIKGY ap1Budov kai
TEIPX TPy UATIKGY dp1Buddy), Bi1dm TO piv Edporoua Temepacpévou TAOoUs TpaypaTikéy &pi-
Budv elvan €ls povoonuévTws Gpiouévos TpaypaTikes Gpifuds, évd Bk plav ouipdy Siv
Utrdpys TavToTe T Ebpoioua, kab® ET1 ) geip& fuTTopEl V& ouyKAlvy Tpds TS o0 § mwpds TO
—o0 1} &kéun kal va pnv ouykAivn. "AAAG kal Stav 1) oeipd cuykAlvy Tpds TPAYRaTIKOV &p1Budy,
T6 dfporgpa alTiis Bev dpileTan GAyePpikdds, dAAd péow Tiis bvvoias Tis ouykAloews dxohoubias,
&nAadn 1O &bpoigpa wds ouykhwolons oapds 8iv AapPdvopev pi Thv ouwvnfhouévny rpdofeaty,
EAAG &5 TO dowov Tijs drolovliag Ty pegidv alpoapdrov katd talra f Afis @ dlpotepan
Xpnootoletton £664 pé piav wodv eldikny onpaciov. *Emions &€ide v Toviodij 86 &1 16 olp-
Pohov El a, Bi& plov ouykhivouoav ceipav onuaiver kal Thy geipdr kel TO dlgotopd Tng, &v xal

v
al uo alrtan éwvorcn elven , s EAéxOn, Bikgpopor.

Maparipnowg 2a: 'Ex ToU Opiopou ouykhicews oeipds, ouvdyouey &T1: TPOKEIREVOU Ve
feTdowpey tw pla oeipd ouyrAivy ) 8x1 kad es THY TpdTny TEpiTTwow Bid v& elpwpey TO &-
Oporoud Tns, tpyaloueda ds E6fs 1 Eipiaxopey awaptijoet 1ot v 16 dlporapa g, TOY ¥ A0dTwr
Gowy Thg (peonedy dbgowopa) — Eav TolTo Slvertan v elpeli] — xal drelodlwe edploxopey 16
lim o, . 'Edv 76 lim o, elvar & mparypuarikos dpifuos o, 14Te 1) oetpd ouykhiver kai éxel ddpoiopa
To o, tw 16 limo, = + w i — 0, T6Te N gEpd &mepileTan BeTikdS fi dpunTiKs (&vTi-
gToiyws) kad Téhos tav 16 lim o, Bév Umdpyn, TéTE T cepd drokhiver,

"Ag iBeouev rars B Epapudompey Ta dvwTépaw els ouykekpipéva ropadelypora.

§ 179. Napadeiypara oclplv ouykAivouoGv kai pi.
TMapaderype lov: Na arodery0f) 6t 1 «dexadikn aeipin

) 3 3 3 3
T o T T
ovykhiver Kai paliota ioydet @
3 3 3 1
i = it ek - T~ .
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Tp&ypory, EXOUEV

3 ot B, B, b .3 1 1 1 pil ' i(l)v
Sw=tietT T =5 (Ut 5o e T 'mw—'x)* g )
“Obev :

: 1
limo, = é—‘ &iom lim -16;' =0

[lapaderypa 20v : Na pelemBi) 0| oeph :

ad (@+ o)+ @+ 20+ -+ et (v—Dal+ - (o # 0)
il Omoiag oi dpor drotehodv dpulpnTikny npbodov.
Abocig. Qs yvwoTov (§ 157) Exouev :
2a+ (v—1
o,= a+ (a+ o) + (@ + 20) + +0 4 a4 (v—-1)0) = —Gj—(;—)&’- -V

*Apa:
4+ oo, v 0 >0

limo, =
— oo, fav w <0,

“Oey . Kabe aupi tiic onoiag oi Gpor dmotehodv appntikiy mpoodov ouykhivel Kot
#kGoyny, dxpiPtoTepov : anepiletar Oenkic pév, av M avrigtorgog mpoodog tivar abovca
(0 > 0), apviukds 8, £av 1| mpoodog sivar gbivovoa (o < 0).

Mapaderypa Jov: N perem0f dg npog iy abdykkiow 1| YEORETPIKY OLLPA.

et aotantt - ta0' ... (@#0) (€3]
S tag Sragopovg npoypetikas Tpag tob Loyev o,

Aborg : To &Bporopa Tév v wpdTev Spev Tiis (1) elvar :

1 ' —1 « aw

i et e P iy s 23 2
o, = o+ aw aw? G a P = cr

Maxplvopev 7B Tas kbtwh TEPITTTWOELS &
(! . 9 i a
o). Eav o] <1, nh —1 <ol T67E, g BelyxOn els Thv § 174, elvan limo,, = T=%

Kol ETTOpéVeos 1) YEUETPIKT oeipd ouykhiver (dv R).
B). Eav @ > 1, TéTE 1) Groroubia W', v=1,2, ... elvea alfouoa xkal uf ppayiévn,
[+

i o (w’ —1 ; .
&pa lim @’ = + oo, éwoTe €k TOU TUTOU O, = —{6:1—) B (¥ — 1), Exouev:

limo, =

+ oo, tav a >0
l—:\o, tav o< 0.

¥). 'Eav o = 1, 67 ) capa elvan : o+ & & A kal Emaidn o, = va, Exopey :
limo, = + @ i —coo, xa@boova>0 f o< 0 (dvmioTolyxews).

§'). 'Eav @ = —1, téTE ) oep& elvan ;. @ —a + aA—Q 4 .0, OMOTE:
g oy=ad CR)=0 TH=ot COta=e gi=0iv

Kal yevikeds :

{ o, Eav v TEPITTOS
[o8
v

0, t&v v &pTios.
*Hror, 1 dxohoubior &V pepkdv &fpotopdrev evan:  «, 0, o, 0,. ..
Alrrn Spes Btv guyrhiver “Ofev B1d w = — 1, 1) oep& (1) &moxAiver.
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). 'Bav @ < — 1, 167 | oepd (1) ylverar : o — aw + aw? — awd+ -« £ awk F ...
Emady w < -1, ométe |w| > 1, EmeTen lim ¥ = + w0 f| — o, kabéoov & v elval
&pTiog fi mepITTOS dvTioTolyws, Sfev TO o, = r::_q_l (w¥—1), v=1,2,... oubéiv Sprov Exe

kad kot guvémeiav 1) (1) dmrokAiver. ZuvoyifovTes Ta dvwTépo EXOUEV
[
—— Ed | I
| s gav (o] <
Qﬁam"Eu-F—am-f—amE—}- codew o= F oo, tivo=lreie>0
y=0 — o, dava=lkaia< 0

anoxiiver, fav 0 = — 1.

1 1 1 1 . T ]
OUrws #) oepd : g = + 5 + 57 + -+, GUYKAIVEl TIPOS TOV TTpayRaTIKOY Gpt-
v=13
1
o 1 I
Budv. e | = — ;
Hov =13 5 Sivm | w 3<l
"AvmiBéToos 1) geipd
B -1V = 14 (1) 41 4 (1) + ..., &rokrive, Bi6Tt & = —1.
v=0

"As T5wpev Tpa kol Ev TapdBeryna oeipds Tis dmoias Bév Buvdpeda va elpwuey TO GBpoiopa
TAV v TTPRTWY dpwv TS,
Moapaderypa dov. ‘H oeipa :

E'-:f:1+;~+;-+--u+:f+--- )
kahtltar @ppovikd, Ot £xagtog dpog tng (£ktog Tod mpdrtov) elvar péoog appovikog
EKEIVOV TTOD TOV mEPLEXOLY.

Oa dmobeifeouev 6T1 1) s Gvw oeipd anepiletar DeTikdde.

3 - 1 1 ; e i ] 5
Eotw Sy=1 + 7 + o+ ==V 1,2,... f) &xohoubia TGV pepikddv &dpoiopdTwov Tfis
(1). Eikdhes Sramaroupey d11 ) Sy , v = 1,2, . . elvan yvnoiws abifouca dkohoudia Betikidv Spev,
fitor foyber: - Sv < Syl Biaxdbev =12, ..
"As Umoféowpey 8T ) Sy, v = 1,2,... elvar gpayptvn v R. ToTe, oupgpdves mpds T diwpa
(§150), A Sv,v=1,2,... ds alfovoa kal ppayuévn drkorouBia ouykAiver Eotew & &t :
lim Sy = 8.

'Emre1dfy Sv > S Emweron 811 Bid ke € > 0 (c’xpu kel B e = ;—) Umépyer  BeikTng

vy € N TolouTOs, QoTe :
|8y — 8| g% Bt kéle v = v,

‘Ofev, t&w m=v, kal v == v, Exouev:

[Sm =8¢ | = | (Bm—8) + (S—8) |S|8u 5]+ |8 —5|= 5 + 5= =
ElBikéds t&v v = v, kal m = 2v Exopev :

[Szv—Svlg-%— )

'EE &Mou, tav v > | Eyopev :

A 1 1 1 1 1 1
SZV_SV_(I+“2m+-"+T+u+1+“'+?\;)_(1+_2—+'“+—v_)_
1 1 1
SRy byt
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; ; 1 1 1 1 1
ANAG : > — e S e .:h—rlf S kdfe v > 1.

v 172" w27 T R T Yy
"Obfev : .
Ve 1 1 | 1 1 i 1
Sy — By = - — 1 o e, —_— e A — = . —_——
2 VT ! +2\")2u§2u+ G Regme o
OTréTe ouvdyeTal & :
4 s R
| Spy— ‘qv = il 2 ot €))

TS brrolov QvTIpAaKel Tpds Thy (2). “Emropéves ) UmrdBeois 811 f drohoubic Sy , v = 1,2, . .. elven
pparyuévn 68nyel s &romov, Zuverds, 1) dxohoubia TV uepikady dlporopdrwv Tis dpuovikiis
oelpds, ds alfouoa kel iy ppaypbyn, drapifeTan BeTikds, firot lim Sy = + o dwdTe, Kok TOV
Opiopodv ouykhioews oepds, Exopev :

1 ‘
— = 4 co.
v

Il M8

1

v

§ 180. M£Bodot elpéoewg Tol 4Bpoioparog TGOV v MPLITWY Gpwv
oelpdg.— Ymrapyouv Si&popor péfodor elptoeads Tou dBpolopaTos TGV v peaTeov
Spwv oeipds TIwos Gvahoyws Tiis popefis Tol yevikoU Spou avths. “Ymrdpyouv
Sheos kad oelpal TGV OTroiwv Bty uvdpeda v elpwuey 16 EBpoloua TGV v Tpca-

: o \ o]
Twv Gpwv, AX. f] GPUOVIKT OE1pd LlT' MopaBelypaTa dBpoioews oeipddv, Sn.

elpéoews ToU dlpoiouaTos TGOV v TpwTwy Spwv Twv, OUVOPTNACEL TOU v, EyouEv
181 yveota t& ddpoiouaTa TGV v TpdiTwv Speav dpiBunTikéy Kai YEWHETPIKGOV
TpodBuv. Atv UTrapyel Spws YevIkn peBobos Bid Tov Umohoyropdy Tod &bpoioua-
TO§ o, TéY v TpwTwY Spwv oiaabfmoTe ceipds. Eis Ty Tapoloav TUPAY PAPOV
0& égeTaompey uovov Gpiopévas TEPITTTAGELS els Tds dmroics elval Buvartd) f el-
peats ol ddpolopaTtos oy TGV v TTPWTWY Spwv oelpddy pé yevikdy Spov ay elBikiis

HOPQTis.

Mepintooig L "Eav b yevikdg 8pog ay tiis orpis & a, Sovarar vix
e v=l1

ebf] Do v popeiy ¢ v = @ (V) — @ (v+1) (1), dmov ¢ (v) ovvaptneig tob guet-
Kol apLOpob v (Gxorovbia), tote 16 G0poropa 1@V v wpdrev dpov adtiig o, slvan :

oo=0M)—o(+1) @)

Mpdryuar, v Béocopey els T av=0 (V) —9 v+ 1), v=1,2,... v, &opev :
a=9¢ (1)—¢ (2)
=9 (2)—-¢ (3)
=9 (M) =9 (+1).
TTpoaféTovTes kaTd péAn Tas fooTnTas TadTas, Exopey :
g+t - ta=¢()—pvt1)
A ov=0¢(l)—9 (v+1).
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Heparipio. “Eqv dmépyn 10 lim @(v) kai elven k, 1oTe &K Tfig (2) Eyopev :

x .
Eay=limo,=¢ (1)—k
v=I
*Egappoyiy Iy @ Na e0pedf 1o d0porope v v mphrav Gpov g oEPaG
o 2v+ 1
vf:, vi(v + 1)*
koOhe Kai 10 GOpoiopa avtilc.
Aberg : ‘O kds 6 aUTiis elvar @ o, = 2vil_
valg ¢ yevikds Opog fis A e

Emraidh) 2v 4+ 1 = (v 1)2—v? B& Exeopev:
e ol Lt o i - ol
o= R CE — G =M —¢ W+ 1), &mou g (v)= =

ToTE Spaws, CURPHVES Tipds T (2), 0 elven :
1
a,=¢(l)—¢ (i )=l _-(0-{- 1)

[ 2v - 1 = 5 % 1
Kad \'E-l F 1) =limo, =1, &om lim RS =
"Eguppoyi 2a @ N copediy 10 Gporopa tiig oepidc :
4 2 5 2\2 6 2)37 e i (2)v
3z 5+t (3) t s o ol =

i J Y, = +. 3 2\Y
Aborg : ‘O yevixds Spos Tijs oetpds (Z) elvan: @ = TUG?_WS 3 ( 3_.) )

s S s — e A
MMpds PETOOYNPOTIOUOY TOU YEVIKOU Opov, dvahUopey TpdTOV TO KAGOHG —+ 7 els &fpot-

opa 8o A& KhaopdTwy. Tipos TouTo OETopEY :
v43 _ A B
SEED = T
*EE alrrifs, Epyadépevol katd T yvaotd (§ 98), eUpiokousy A =3, B=-2, dteéExopev:

Tére & yevikds dpos Tiis oripds yiveran :
LR . SN L
N = TeE 1) 3. . 5 T 3% v.3' @+ D3
: : 2 2¥
fitor & o, ETéln IS THY HopeTv &, = @ W)—9 v+ 1) émov g (v) = P

Tée, Kotk Tov TUTOV (2), B& elven :
ov+1

= 1)— N)=2————, 86T =2
o, =¢()—9(+1) T 9 (1)
“OBev :
v 2 oI
lim o, = 2—lim —>—— = 2—lim —— - lim (-3—) e S
it 15 3Y v+

“Hrer fy oetpd (Z) ouykhver pos Tov dpiBucy 2.
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w
Mepintoorg I "Egv 6 yevikog 6pog a, tijg ospic X a, ddvatar va
1

V==

te0f) Ord v popeiy :

0=AeM+Bo(+1)+To(v+2),drov AL+ BLT'=0 3

tote 10 d0powspa 6, TGV v TpdTov Gpov adtig sivar:

o=A@) - To@)—Ap(+D{For+i2) O]

Mpdeynam, Exopey :

v v v v
o, "—‘Lﬁ oy --=k2‘{Acp(,k) t Bo(lk + 1) + Tp(k + 2)) = AZo(k)+BZgp(k+ 1) +
955 . k=1 k=1
v v—2 v—I1 v
+FTEZp(k+2)=A £ ok +2)+B Zok+2)+[ Zok+2)=
k=1 k 1 k=0 k=1
yemd v—12
~ i CUE R A LRt Sk Big 2y BT itk + )+ Bo -+ 1)+
v—2
+I“k?:l<p(l~' FD4 T e+ D +ow+2D=Ae )+ (A+B)e (2 +

v—2
FE+Noe(w+ D 4LTew+2)+ A+B+T) X pk+2).
k=l
Emwedn A+B+T =0 6re A+ B=—T, B4+ T=—A, Exouev:
o, = Ap(l) = Te(2) — Ap(v + 1) + Tp(v + 2).
Egappoyi) : Na e6pe0f) 10 dlporopa thv v npdrav Gpav tilg oeipdg :
5 8 ! vz

aa T zae L Ve neam ©)
Aboig : "AvedUouey TOV Yevikdv épov a, = —; —BF—-J—F2— elg &fporopa TPV AmAdv
viv+ 1D (v+2)
khaopdrwy. Tlpds ToUTo BéTovTeS !
v+ 2 dnhl S B r
T e R B T
kat [=—2

eUpiokopey, KoTd TX yvaword, A=B=1
Maparnpoluey 8112 A 4 B+ T = 0 kad & yevikds Spos Tiis aeipds (5) érédn Umd v poperiv @
a, =AW+ B+ 1)+ Mo v+ 2), dmou ¢ (v) =
Av Epappoyiis ToU tUTou (4) elplowouey :
1 1 1 1 2
N oG Bobhen R, e S
el =2 5 o T 2 i e
Mapatipnois. Mevikds, tv o, = Ap(v) + Bo(v+ k) + Fp(v + A) ut A+ B + =0,
ToTE TO 0, UmohOYiCETAL
o0
Mepintworg IL "Edv 6 yevikds Spos a, Tfis oeipds Lay, elvat Tis popeis :
v=1
o =1(v) +¢(v) +g),
dmou I(v), ¢(v), g(v) elvan ol yevikol Spol oelpddv, TéY omroiwy elval yvwoTh) f
eUpeots ToU dfipoiouaTos TGV v TpcdTwy dpwv, TOTe TO dBpoloua TGV v TpwTwY
Spwv alths UtrohoyifeTal.
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Hapadevypa. Ng £0pe0fy 1o abporopa ey v TPOTOV Gpyy e ouplc pd TEVIKOV Gpoy
a = "Ez'v-:f" KkeOdg kai 1o @Oporopa abtijg (= abporopa anzipov Gpoy mg).

Aboig : ‘O yevikog 5pos ypdoera :

SR S a by 1 4 +
= T3 = ‘éz’&:f'"';'z?ii_ = P T
fito1 & &, €10 Yo Th Hepgrjv % = 1(v) + o), mou p(v) = ;: Kai g(v) = ,14?'

8nAadn & @, Guehbn efs Sragopay Suo Spuwv, ExaoTos Ty OToiwy &mroTeAst ToV V100G, Spov
Pwolons YEWUETPIKTS TpodSay.

Tore ; Bik v=1 Exouey ;

L ow o~ ~ 20
Kai 16 ddporoyia TS Gelplis Lo, elvan ;

V=

) X 8
yiu" = hmcv i

. oA e e ~ e i ~
NMepinrwg, s IV: Eaw e YEVIKOS 8pos o, Tijs OEIpas X, elvag TS HOpQTis:
v=1
o =f) - x*, &mou f(v) érépaiov ToAVGWILOY Toj v,
TOTe TO &fpoiopa 6y V TPOTWY Gpeov aUTiig UmohoyieTan.
Napaderypa 1oy, Na mokonodi 1o Opotopa 1@y v TPHTOV Gpay s oripag :

%va""‘al +2x o 3x - dxo L, =l

v=

Aborg. "Eores -
Bv=1+2x 4 3x34 ... -+ Yl )
TTo?\?chrJ\ucndcz:ou-res T& WA Tis (1) émi x AcpBdvopey -
x2v1x~{—2x2+3x3+~-.+ux“. )
Ar &paipéoecos iy (1) kal (2) mpokdrre -
(I—x)By =1 4 o LR + xv—1 o xV
-V
AT, Emeisy dvar | i o SO DR C i,_‘_],lﬁ. yiveren ;
¥ =
x¥—1
li= . y = —_ b/
(d-x).5x, o VX
e v
A B lza Yoar
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[opaderypo 2ov. Na anodery8i 6t 10 Glpowopa t@v v mpdrev dpov tiic oeipdg :

2 3 4 v+ 1
T+?‘+?—+"'+—5‘f'§"“ [65]
elvan : Apuaa
4 4 -3Y

. . . Wil ; ” . .
Aberg. ‘O yevikos Spos Tiis (1), dnA. & -——3"‘— elvar ywéuevov ToU viooTol dpou pds &pi-

Bunmikfis wpoddou (tiis: 2, 3,..., v, v+ 1,...) kal ToU viooToU Spou wds YEWPETPIKTS
1 1 1
(-n‘-]; L S i e .). fitol elval O vieoTds Spos Wds piktiic wpoddov *).
Btropsy ;
e LY 4 w1
Ev—-?TF;#’*BS_T'““r":j—v—- (@)
Modhamhaoi&lovtes T& peAn Tis (2) &mi 1ov Adyov Tiis yewuetpixiis Tpodbou AcuPdvopey :
1 R B | .
mow s it e R €
AV dpaipéoecs Tév (2) kai (3) mpokUTrTer :
O _—
2 2 1 1 1. vi-1 1 P e
BT e P s I, M S e L ARl e A e R - LR
3}-“‘ 3 f 33*3: t et il STR e 1 : quil
Kal TeEAKGS :
i 5_ I “2v_~_§ E
AT

Mepintooig Vi’ Eav 6 yevikds Spos mas aeipds elvon dkepaia pnTh
owvdpTnols Tou v, dnAadh o, = ¢(v), vEN, Buvdpeba va elpwuey To &fpoioua
TAV v TpdTWY Gpwv aUTHS.

Mapaderype lov. Na eopedi) 10 Gpoopa tév v nporwv dpav tig anpig, tig onoiag

& yevikog Gpog elvan: a, = 12v¥—6v + L.

v v
Avaig: "Eotw o, =y o + - + o, = Za, =2 L (12v2—6v + 1), 70 Inrolpe-
vl v=1
vov &bporopa.

Aoy TdY yvwaTtdy 16101 Tewv Tou oupPorou E (BA. § 176) éxousv :

v v v v
o,= Z(12v*—6v+1)= EIX*— Zév+ I 1
v=1 v=1 v=I v=1
0 v v v L 1Y(2v 4 (L
§ o, =12 BV 6Ev+ 8 1= 1. 2L ())( i 1)76"(”2 LA v(dv - 3).
v=1 v=I v=I

Mapaserypa 2ov. Na eipedi} o dlpoopa tdHv v nphrov dpov g oapic :
1-3:5+4+3:-5-74+5-7-9+4 ... ()

* Mkt mpoodog koeitar pia dxohoubia dpiudv, ExaoTos dpos Tis dmolas TpokiTTE
4o TOV ToAAamAagiaoudy Tidv dvtioToixwy (duoTtagicov) Spwv BUo TpodBwy, s do18unTixis
Kol ids yecopeTpixis.
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Adoig. 'Ev wpcdors elpiokopey Tov yevikdv Spov Tiis oepds (). TTaparnpolper 11 ol
mpdTOl TapdyovTes TAV ywopévewv Tis Bobsions oceipds elvan ol dpBpol 1,3,5,.. ., of dmoios
dmoTeholy dppnTikiv wpdodov Adyou 2, ouvendds & mpdTos &pos Tol yivouévou Tol yevikol
Spov Tijs oeipds O efvar 6: 1 4 (v—1)-2 =2v—1.

‘Opoleas : & yevixds &pos Tijs dp1dunTiiis Tpoddou 3, 5, 7,... evan 2v 4 1
» » » » » » 85 Tl D »  2v+4 3.
‘0 yevikds &bev Spog Tiis Solelons oepds elvar: (2v— 1) (2v + 1) (2v + 3).

Téte 10 {nrolpevoy &poiopa Tév v wpwTwy Spwv Tiis (Z) elven :

o, =1.3.5+3.5.7 40+ (Bv=1) Qv+ 1) @v+ 3= B @v—1) Qv+ 1) @v+3) =
v=1

v v v v v
=L (BvV+ 12v0—-2v—-3) =8Ev + 2 Ev2—-2Lv—3% ] =
v=1 v=I1 v

v=1 =1 v=I1

S 'E(‘L:'l_)z + 12 viuar 1)_{3(_21+l)_ 5 ‘L(‘i;j_l,) B

Kol TEMKESS :
o, = v(2v® + 8v* + Tv—2).

v

AZKHZIEIZ

381. N& ypagouv ol émrrd wpddTor dpot TGV dkoroUbwy geipddv
0 v o 1 w 14w @ f v
0 BT p E—— v E-T0. 85 Eenpt Lt
) yasi Ve L P v=1 ¥ v L ) o
382. Na eUpebij 10 &polopa TGY drohouBwy oeipdu :
@ 1 ® 2 \v @ 3 xv
D Ew Bl )hw B ().
v=0 3¥ v=1 3 ) v=1 4
383. Na ebpedij pia oeipd Tijs oroiasg 1) &kohouBia TdV pepikiiv dBporopdTwv elven :

o). (1— ;V),v=1,2.,.<,|3).

v

vr

l—,u: | [

1
384. Acifore 6T 1) orpd: E ———— 5+ €lvan ouykhivouoa Exovoa &@poiopa i

e viE2) 4
385. Na& evpedij 10 &Gbporopa Tijs Feipis v%e] Q, . Omav o, = “(-EU_;:?TI("J'UTFI_)'

1 1 1
2.3 " Fad BED R T

387. No elpeff) 16 dporoua TV v mpdTwy Speov THs oEIpds pE Yevikoy Spov

o= i (W]r-)v kaBcds kal 1O &Bpoioud T,
v(v4 1) 2
388, Na elpedij 10 &Oporopa Tév v pditeov Spuwv Tiis ceipds pé yevikdy Spov :
a, = 2%‘_711 kai droAoufos va dary8if 611 : Ugl o= %

389. N& ebpeflj 10 &bporopa T@dv v TpdoTwy Spuv TEV Oeipdy, Tév dmofwy ol yevikol

Spot elvan :

386. ‘Ouoiws Tis oeipds : + s

a) 3vi—v, B) Bv—1, y) 8v¥—3vz, &) v 3u 2.
390. N& ebpefioliv of yevikol Spor Tév kéTwh oeipdv kol drohoubuws T& dBpolouaTa Tév
v mpaTwY Spwv alTdy.

cielid T oy e e W%ﬁugﬂp—_-‘--ﬁ_.
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391, N& ebpeBoly T& &Bpolopara TéY v TpdiTev Spuav iy droholBwy eIV
ayl 2442354 v+ E+3A -

By 1 (1 + —L) +o (1 L ek o 4 3) i
i) 2 2t ov—1
¥) Ao St A4 603 -k @+ 3) @ 4 o
392, N& &mobeydf 611 10 &bporoua 16V v TphTwv Bpwv TS OEpas
1 2 3 v
— _27.1._“2“_.1, S
T 1 v
elven L= o
vl
393. N Berk8fj ém: 1 + %— + % e it g\v‘_lﬁ Lm fsiv”,_}s

394. Na &moBergfj 671t

1 a2 1 y\v—1
1+2(1+%)+3(1+ T)"' .._+V(1+ T) A
. nEM e O RE 1‘,,,, i 5
395, N Sery i) ot ;-_1:1"(“ THGFN - %"
A 5 T

i 34 y
396. N& Beyli) 61 T 5~ T g fEia Tl 2-— TR

*1516TTEG OUYKAioEWG OEIPEV

Eis Tiv Trapdypagov oty 6& dmrobeifoopey MEPIKGS PaCIKAS iBi1oTnTOS
ouyKAwouadv oelpdv, & 1§ Pdoer TEV dmofv Buvaral Tis v ouvBudoT ouy-
KAlvoUoos GEIPaS KOTX TroikiXous TpoTrous. O dvagipropey ¢rrions plav oAU
STAR ouvBrkny, 1| ool fvon &vay kaia Bix Thy ouykhiow, Em Aoy BE
kaTdAAnAos, €S TTOARGS TIEQITITEITELS, TIPOKEIPEVOU vl &mobery8ij & pia cepd
d2v ouyihiver &v R.

§ 181, 1816 1.— "Eav piv GEpiay + Oy 4 « oo &y A+ oo (1) Elven oUYRAL-
vovaa pi @dporapa o € R, tote Kai ) e : a1+ @2t (D) 1} onoia mpo-
Kbmrey amo tijv dobeicay S mapakeiyeng TdV k npoOrov Hpov NG, givan Emiong

FUYKAIVOLGO.
*Anodaiblg ¢ “EoTwoav oy, V= 1,2,... xai Ly, v=12,... ai éxohoubict
TEW pepiédy dBpoiopdTwY iy oeipddv (1) xad (2) dvmioToixews, fiTol:
oy = S Oy 3)
Ly = Ot + k21 - + Qg 4y (4)
To (memepaouévov) &bpoloua oy b oyt e oy van elg TparyMomKos &pi-
B, Tov drroiov &S KOAEOWHEY 8, fitor: s=oyt+ ot -+ ok,
Ofropev i Oxie =+t 4ot Oppr o Gggy, OTE ExouE:
Ok v =54 41 T+ Fk+2 4 v - Oy
ﬁ Oy qv — 8= Xkl L P + gty - (5)
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‘H (5), duvduer Tis (4), yivetan:
Orrv—8=dt,; v=12,...
"Ex TaiTns Eyopev : limog v —s=1lim t, . 6)

"Ereidn £§ Umrobéoews elvea lim oy = «, dpa kad lim oy = @, ) icotns (6) 5ider :
V= 00
him ty = o —35.

’Ex Tabrns apaTtnpoUuey é1i 1 drohoubla Tév HepIKGY &BpolopdTwv Tiis oel-
p3s (2) ouykhivel 8te, katd TOV dpiopdy ouyrAigews oelpds, kai 1 oeipd (2) ouy-
KAfver,

Maparipnois. Maparnpolpev 811 TapaeimovTes Tous k TpddTous Spous wids ouykAvouans

o]

oepds B o, , TO &poopa alTis a EharToUTarl kot TH &bpoopa s TGV Tapalermoptveoy

v=1
Spwov. Tlpogavds tav # (1) Btv auykhivy tv R, ToTe kad f) (2) #rrions Siv ouykAiver. OUtws ol
oepat (1) kad (2) elvar wévTote Tijs adrijs picews, ENAadn # kol al Blo ouyxAivouoen &v R
(doyéras éav &iv Exouv TO alTo dfpoioua) A kal ai Slo ph guykhivovear. *AvrioTpépovTes
Tous péhous Tév (1) kal (2) oupmepaivopey 511 | oUyKAIos  uh wds cepds Biv PAdTTTETON, £V
els ThY dpx v cUTis TpooBicwpey Bv Temepaopivoy TATBos Spwv. O0TwS 1) TEIP :

1
T e

oo
a5 mpokUTTOoUTT €K Tiis &ppovikis oelpds L T Bid Tapodeiyews TGV Séka TpdTwy Speov
v=1

s, &meipileTan Setikdds.

§ 182. "I816Tg Il.— "Ectoeav Efaw=a wai I B.=p
v=1 v=1

800 ovykiivovear oewpai. Tote @

I). ’Eav LeR, 1 otrpa £ (ha,) civar Eniong svykhivovoa Exovoa dbpotopa La,
v=I1

o o
fiTon : E(Qa)=4re=i-Xa,,
v=1 v=1
Bnhad Siax Tas ouykAvousas oepds, STres kol Sia & ouvnBn dBpoiopaTa, loyle
0 dmupeptaTixnds vouos.
i
2). 'H ezipa L (ay + By) sivar ovykhivovea Exovoa G0powopa 1ov apilpov a -+ 5,
Cv=l
» = Ly o)
fiTot : L(ow+p)=Xa + EB..
v=1 v=1 v=1
’Anéderlig 1 “Eotwooav s,, v=1,2,... kai t,, v=1,2, ... o dxohouBicu

o0 o
T&V LepikdY dBpoiopdTwy TéY oepdv X a, kai L By, dvTioTolyws, TOTE :
v=1

v=I
Sy=o;+ o - Oy

. — Lk
tV:B[+B2+"'+BV i
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1). ’Edv 5, €lvon TO &BpOITHA TV V TTPMTWY SpwV THs OIQ. (?\av), Eyouey :
8y= Aoy + Ao+ - A=A (oo - —m)— o
Ex TaUns Eyopev : lim s'vi lim (A - s )=A-lims,= Aa, &10m1 lun 5, =&
Ek Tatns ouvdyopev OTL 1) trslpd(v§l (Aow) ouykAiver kai pdhoTa Tpos TO A-a.
2). Eav o, v=1,2, ... elvar 1) droAoulia T&V uepikdv dlpoiopdrwv
s QL?’.I(GWE- B,), & elvan :

S0 = (e 4 B) - (Gt B -+ + (@B = (@t gyt -+ @)+
ﬁ(ﬁ1+ﬂz+‘--+ﬁv)==3v+tv. V V:'l’?’
‘Ote: lim oy = lim(s, + lim ty) = lim sy + lim ty = o+ B, 80T &§ Umobioews
lim s, = o, lim t, = B.
TéTe, ouppdves Tpds ToV OpIoHOY UyKAiTEws oeipds, 1 oeip& B (o -+ By
v=I
GUyrAivel gis 1O o - B.
"Ex tév oupmepaopdTtev (1) kol (2) Tfis iBi1dtnTos Il Emetan ) yevikwépa
iB16Trs -
e) o
§ 183.1516mg 1L—"Eav £ o, — o xai £ B, = B pé a, PeR, ni nhéov 5
v=1 v=1
E kai n tuyovisg mpaypoatikol apidpoi, tote ioyben :

£ €.t b= La -+ np.

Eifikess 81k €= 1, n=—1 &xopev:
© © 28
L (a,—p)=0—p= L;uv— L;ﬁ"'
v==1 V= Ve

® 1 f Ll L0 At Jgais ’
Egappoyn: H UEIPG\,EO e ouyKAivel, 810T: ST o tml mAfov

@ 1
8t 1 b 2_1V cuyKhiver kel péhioTa, s E8eixdn els 10 mopaderyna 1 § 178 lc)(usl E o7 =2,
v=0 =
1 1 2

o0
. h
TR 3

&ev b o L

A

v=0 3. 2x 3

§ 184. "1816Tg IV.— 'Eav 1 oeipd ¥ a, ouykkivy (@v R), téte:
v=1

). N dxorovdia o, , v=1,2,... tdv pepidv abporopdrav civar gpaypéivn,
B). W axokovbia a,, v=1,2,... sivar pndevixi.

= 1 - 5 3 3 e 3 ]
"Anodaitic. o). 'Eav X ay =q, TéTE limoy = « kai f) dkodoubic oy ,v=1,2,...
v=1

@5 ouykhivouoa slvat pparypévn (BA. § 138).
B7). Ak v drodeifoopey TO BeUTEPOV CUNTTEPOONA, TIOPETTPOUPEY &L :
Oy =0y — Oy O1rKkdBe v=273, ...

217

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrig



’Ex Teitng Exopev @ lim & = lim (oy — oy y) = lim o, —lim oy = o — a= 0.
Al ouvdiikar (o) kad (B) T dverTépw iB10THToS elven dvaykaiar, AN oUyi kol
ixavoi. O0tws Umédpyour un ouykhivouson ceipad Bid Tés Srolas f () ®

ioyver : Ty, 1) oepd : b3) (—1)¥ &roxAiver (BA. § 178), &v ToUTols Spws 7 dkolou-
v=0
Blo TGV pepikédy dBpotopdTwv Tns elval poryuévn.

, ! ; I ; 0 4 ; ;
*Erions 1) Gpuovikn oeipd B — drrewpifeton BeTikdds, &v ToUTols 1) dwoAouBic
v=I|

1 ¥ .
B s 1,2,... elvan pnBevikr).

Mépitopa.— "Eoto a,, v=12,. .. pia dkolovbia npeypatikdv apildpdv pé

oo
lim o, 5 0, tote 1 oe1pd T a, d&v ovykhiver év R.
v=1

: 3 o2 2vl-1
Hopadevypa ¢ ‘H oepa VEI & g

Stv ouykAivel Trpds rpayupaTikoy  &pi-

Budv, 816t :
Uiy
3v+5 3

Zoprnépaopo : ©X TpoYwpduey els Ty perétny mds oeipds dog Tpods THY oly-
kAo, pnovov ép’ Goov O yevikos Tns &pos ouyrhiver els TO undév,

lim # 0.

§ 185. "1816™ng V.— ’Eav 1) osipa Elu\, cuykkivy kai 1) F_‘. I}., d&v ouvykiivny
V= V=
év R, tote 1) coipa §1( a, + B, ) 6&v cuykhiver &v R.
*Anddedrs @ CEmwadn By= (o, + By ) — oy, kal 1) Etcrv ouykAivel, KaT& THY
B16rnra i ﬁ-&;t".ryK?\lmg Tfis ?li (o + By ) ouverrdyeTan THY oy kAo THs ¥ I[?;\, ;
v v=

<]
‘AmokheieTan ouvends 1 oUyxhiols TS L (o, + By ), &’ Soov EE Umobicews
v=1

f 3 By Btv ouykhive év R.
v=1

HMopaderypa : ‘H oeipd 3 ( ) Sev ouyrAivel (v R), 81T 1) oet-
v=1

1
p& )3 = &rreipideTon BeTikdds Kal 1) oelp& ,‘Uf 2 - OUYKAIveL
1

)
[Mapatipnoig : "Edv o oeipai & a, kal % By dupoTepan Bev ouykAivouv év R,
v—1 v=1

=]
TOTe 1) geipa B (ay+ By ) Suvardy v ouykAivi, Suvardy Suws kol v ufy
=

ouyKAivy év R.
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©
Tapiadevypo : "Ew ay=By=1 % veN, Téte q El (ow+By) =+ o,
V=

oo S
Y Bueos oy = 1 kai Py = — 1 3 vEN, ToTE f]ll.‘l( oy 4 Pv ) ouyrhiver,

AZKHZEIZ
397, Tloicn oepal pé yevikoUs Spous Tols k&rwbt elval ouyrhiveugon xad moicn &1 :

1 = 1 Yo+ 1-Yv
1): oy = (1 + T) ST HZ) e ek L it ;

v

Vo
398 Fave, , v = 12,... kel B, , v= 1,2,. .. givon BUo drohoubiocn TolouTan, WOTE:

= [:\‘_—[5\,” O V= 12

OTe 1§ oelpd £ o, ouykhiver, v, kal pduov éqv, 7 dxooubia B, , v =12,... ouykhivy. Eis

v
v=1

NV Tepimreoiy aUThy EXOHEV :

£ o, = By —1, dwou | = lim B, .

v=1
v v
(‘Ynodaribig: o,=L |a'" = !\E] By —Pri1 )=Pi=Byp; ©TAD.
k= f=

399. Acifarre 6T1:
S
v.lTl VARV

et L 1 1

N SO . A,
Vi v v(iv+ 1) v w4171V Postt

al dkohoufics AdPeTe U’ Syv TO cupTrépaopa TH TPOTYQUHEVTIS KOKTOEWS ).

=1

('Ynodeitig : TlapathooTe 6T1: &,

§ 186. Zeipai pé Berikolg 8poug.— Eis Tyv deé{ypaq)&?v -rcu’m:w ?c‘x Heco-
DT TWUEY oelpds pE Gpous feTioUs, BnjA. oeipds i dmoion TpokUTTTOUY ¢€ CX?(O?\ONU-
NG o, , v=1,2,. .., &mou &, = 0 &i& kade v = 1,2,... Téte 1) dkohoubic T&V
EPIKGIY dfpolopaTwy oy = % Fogt oo, V= 1,2, Elven -rr‘o'w-rc'rre ou'J-\
Couca Kkl Eopéucs ) oElpd: @) ouyKkhivel TIPOS TTPOTY PATIKOY dpiauo‘u TOTE, KOl
Lovov TéTE, &v T drohoubia oy, V= 1,2,... elvon gpaypévn, §Y) (’:lfﬁlplgt:‘cul B'm-
Kidg TOTE, Kal wdvov TOTE, &V 1y dxohoubla o, v=1,2,... d&v elval gpaypévn.

*ATroSeik 1ouEy KATWTEP piow Poaoiy TRoOTACTW, Buvdier T é'rr?icxs Bu-
vapeo v EEoKpIPOVGINEY elg TTONAGS TEPITITCTENS, tav pia cm}péx ué BeTikoug 690}_-5
ouyrhlvn # &reipifeTon BeTIKGS GUYKPIVOVIES QUTHV Tpos piav GAANY yvwoThv
oepdy, 51° & kai 7 TPOTAOIS a0Tn KOAEITON «KPLTIPLOV GUYKPICERS aELpOVY.

o0 w0
§ 187. Kpirijpiov OUYKpioEWG.— ’Imvv?:lu.- Kul\,?:l B, slvar 800 oceipai
Totabtay, Gote =g, =p, Sawabe v=12,...
Tote : (1) "Eqv % B, ovykhivy, tot€ Kai | X @, ovykhivet.
=1

v=1

o0
x 2o - . - Py iy
(2) 'Eav % a, arewpiletur Denikds, 1018 Kol 1 V‘E_.il}u anerpiletan Oetikdic,
v=1
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*Anodertig tig (1)- YEgTwoow Sy, v=1,2, ... xad by, v=1,2,...¢c dko-
AouBion TEY peEpIkEY GOPOICHATY TEW E,cxv kai Elﬁv &yTIoTOIX S,
v v=
Aoy TS Ymobtotws oy = Py B1& whBe v=1,2,... Exopev, 6T1:
3‘2‘?""{'av‘éﬁl‘*'ﬁz'i‘""l"ﬁvzl\f' (H
"E¢” &oov 1 cre'.pét £ [5\, guykAiveL, 1) &rohoublo ty, v=1,2, ... elvan ppaypévn

Sy = O

(pa. § 184), TOTE opcog, G5 EURONWS q:awe-rm ik Ths (1), kad A 8¢, V= T
glval cppc(yuevn &veobev xoi gmaish o, =0 s ov=12, ..., 7 dkohoubiat Gy ,
w1, 2 elvon at€ouaa kal POy uEVN, &pa cuyK?\wa tv R, ToTe, ouppuves

TTpds TOV Splopov ouykAioes oepds, kal f ..Iotv ouyKAiveL
Eig Trv mepimTwow aUTHV EXOHEV Elcx\, = f By .
V= v
'Anodetrg tiig (2)- *Ag UtroDéowopey T 1) EIFB ouykhiver. TOTE, GUUPLIVES
mpds Thv (1), 1] oe1p& f.lo:\. guyk ivel, &ToTOV, Bi1oT &€ Umobéoews M %lav &-

Ll
mraiplieTan BeTIKES. *Apa | X By Gos oeIpd DETIKGY HpLV kai pf) ovykAvouoa
v=1

tv R ameipileran BeTIKGS.

v v 1
'E 1 ‘H o )_. __ guykhivel, DioT: < A
gappoyn In: wi 2 i) 3 AR
1
v=1,2, ... kal f) o8& £ o ouyKMver, €5 t5eiyfn €l 7O apdberypa 1 T § 178.
v=1

1
‘Egappoyi 2u: ‘H ofipa 2 = anepiletan Bemikds H1G PE Rup=1L
v=1V
1 1
Tpéyuom, v p=1, Tote w=v ¥ veN “Ofev = = u=1,2d .. 'ANAG T

1 1
c':puovmf‘] o's;pcx L — &mepifeTal BeTireds Kol KO ouviTeiay Kal 1) GElpu )". —r—, p=1 &melpis

ZeTan BeTindds, UUpcpuwws Tpos TO BEUTEPOV oUPTTEPETRS TOU kp1TTipioy wyxpio’swg oelpddv.

Ol i p'—-ﬁ—<1 #youev 6T :
1 1 1
el e B S
Rl v ¥z Y3 fv

el
Egappoyn dn: ‘H oe1pd & suykhivit e peR pe p > 1.
v=1V

TTpc‘xyucrn. qUTn Yp&pETA
1 1 I 1 T 1
qe (—'ff) (4u F‘*‘?)'T(gf?'f"'*xso)*‘
! 1 ) 1 ‘
T(T67_"T7F+'“*‘31°)Tm S
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'Emraidn elven ¢

1 1 135 2 1
o CagBu Tughu g gl - gt
Losmrd il i 1 Ljss. 1 4 b sl G5 D 1 1
494 ] 50_ 3 6P i 775- ¥ .4; 74;- i 4}; s -4-4;_ 411- 4P ! i 92p—2 !
1 1 1 Lo 1 1 8 1 1
O R B &t — e — = — =
8P 12 5P 8" 8P 8P 8 8" il

Emetan 811 of Bpor Tiis aepds (1), (firor al Tapevioes) elval wikpoTepor TGV dvmioToixwy dpwv
THs oelpds :
1 1 1 1

-lp- ] 20 1 2'.'|> C T 2_\,; 3 - R (2)
‘H oeipd (2), émaidn elvan s 1, ouykhiver (B1ari; ). TéTe duws, oupgvws mpods

T TpdTov oupTépaTua ToU KpITneiou ouykpioews, B ouykhiv kai fy (1).

i
"Qore, Bix peR, p > 1 10 cEIpa \-Elﬂ;"— ouykhiver (v R).

I

=2 ), ) I3 L = ’

Mapatipiors : Hoepd L —, 0V p TUX®OV TROYHATIKOS dp1fuds, KareiTar Apurovik
v=I1V

oEpE ptaeme Ko dos EBeiyn elg TaS Epapuoyas 2 kai 3 loyler :

1 d{—#oo. v p=1
ouykhivel, dv p > 1,

o s ]
A& p = | Eyopev THY &ppoVIKTV JEIPaV v)};"_ (PA. Tpb. 4, § 179).

NS KHZE2
400. N& elpedij Tolau ék TGV KaTwTipw Osp@y elvar ouyKAivousal kad Trotan o1 -
e | o vl o vi—3v4 2
w3 17 R = 3. : R
= G U g Sy Vel vt
el 2 Rl GV TN o
gl v=1 v v=2 y+ Yo
401. ’ArroBeifare émi: 'Edv 5 a, kal £ B, elven 8Uo oepal Berixédv Spuov kal
v=1 v=1
o
- lim —— = A,
B,
8mou A = 0, TéTe A Kol al Buo oepal eva guykhivougean f) xai ai 8o &1.
1 o 3 T
(Yrodea§g : Acifare 6110 - A= p—v = o A Tehikads Bk kabe v € N).
v

402. ZTnpiopevol els TO cupTEpaoHa TT GV Tépw GOKNOELS teTdoaTe s Tpds THY oUYy-
KMo Tés dkoAolbous TEIPSS
s Cho e B
1) VE] S ( Yrodabrg 1 Oewpnoate &5 P, =
w v+ 3 ) 2v+ 2 4 e ___3Uﬁl_

2) vz_l B ) \EI v+ vE—1" )VEI vi 1o
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§ 188. Zewpal amoAiTwg auyx}\ivoucut.ﬁ@c‘x Abywpey 8T

]

‘H oapl L‘: 0, GUYKAVEL anolitwg 10TE, Kol povov 101E, v 1) oeipd X | ay
v=1 vl
iy GrokitoV TGOV v opov NG, dnhedn 1N :
Ly ] 410 |4 lov ]
ouyKhivy mpog REMEPACPEVOY apopov.
Efven @ovepov 871, v oy = 0 Nv=1 9. 0w, TOTE | O | = oy kal 1) oElpd

o0
T @, GuyKAive, té&y, kal povov Eév, oUYKAVT) &mohuTaws. Edw buws pepIKol
v=1
ik TEOV Spwv Ay elven BeTikol kai pepiKoi &pvmTikol, T6TE GOTAR oUYKMaIS kol &mo-
AuTos oUyKAaLs BBV glvan TO aUTO.

* AxpipéoTepoy ToyUel 16 kTt Bevdpnua

; Try 7 g ¢ 3 A 7 ,.
§ 189. Oewpnpa: *Eav pio oepd I G suyrLivy dnekitws, TOTE aiity ovy-
v=1

Khiver kui anhog. To avtioTpopov &V igy et mavToTE.

oo
sAnodoibg ¢ TEoTw s L oy ouykhiver ATTOAUTWS.
=1

O&TOpEY By=|0ow|—% Hia ke v=1.2,. ..
ToTe EYOMEV

O—EE\,:-\avl——a\.é[u‘.[—l-i‘m“::2-|cxv§ M= 12,... (1)
“Exonev Bex i &1L ) oepd £ | o | guyrhiver. Tore dpoos ik Tiis (1) TIPOKUTITEL,

@
GUPPEOVLS TTPOS T8 YvwoTOV KpITTPIOV ouyxpioews, 6T1 kol f & Py ouyxhiver
v=1

Korrdx ouvéeiow kol al ¥ o, auykhiver, §14m1 Bk THS Bv=| Qv | — @ Exouev
v=1
a=|o|—Bv, V= 12,0, K ol oeipal P (el v B, , ouykhivouv.
i v=1 v=1
. e L e 1 L

[opadevype : 'H otpd El = I o = 1

ouyKAivEL
] : 1Y 1

TlpdoyporTl, EXOUEV: \—(Vg)-‘ = == e Ly 2

e e LS W ks :
ANG R B ouykhivel, 60ev ki T z -—(—v—,-,— ~ guyKAivel STrONUTOS, OTIOTE, KATO
v=1 v=1 =
1o &veotépos Becopniue, cUT ouyKhive Kal &GTTAGS.
IMapatnpiioeis: o). 'E&v ¥ a, ouykhivq &TroAUTES, TOTE aUTn auykhive
v=1

kai loyuel
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). T dvtioTpopov 1ol dveTépw Becapriucrrog B&v &Andetar awToTe. AnAa-
51, SuvarToy pia osipd va auykAivy, 2§ fi oeipd TGV &TOAUTLY TINGY TGV &pwv
rns v& Uy cuykAivn.

Topnépacpe. ‘H fvvolx 8fev Tiis dmohiTou ouyrhiioews glvan «loyvpotépay
THis dvvolas Tiis &Af}s ouyKAioews.

Mapaderypa 20v @ Asilats Gt | oewpd ) ﬂ%‘i guyKLivEL
v=1

TMpdrypaTi, EXOMEY

R T
"ANAG, cos eBelyOn els TO Trapd. 1 § 178, f O‘Elpﬂv?! 21‘_ ouykhivel, 68ev kal 1)
VEI n—;\{‘ guykhiver, 8nhadh 1 _T]ZNVL ouykAivel &modUTows. ToTe Sucws alTn
9& ouyrAivy kol amAGS.
AZKHZIEIZ

403. Tlofca & T dxohouBwy oeipdy elvan &moAUTws ouykAivousar; TMolai eivan ouyrhAivou-
a1y Tlotau 8tv ouykAivouv év R;

o v :_27 5 B 1 . o  OUVV
1. vf_‘,] el ey 2 f_l 1) oyt > va e
T Sl
é £ cDeme %), 5 E GLF 1 I
v=1 v=1 v _v.v

404, 'Eéwvicl | &, | ouyrAivY, Bei§orre 61 Kkad 1) G’Elpfxvs ,as ouykhiver. Adoare drcAotics
&y TapdSaypa tk Tol dmoiou va EnpaivnTan 611 BEv loyvel TTévToTE 10 QuTioTpOgOV.
405. "Eorw ;_i| | &, | =q xa V?‘:l qg =Pp,a, >0 % v=12,..., Belfote 61z
k ot > P

§ 190. Napaoraoig npaypaﬂkibv apbpdv pt dexadikag oelpac.

"EoTeo 1) dxoroubic oy = 10 ,v=0,1,2,...,tkTevéds A :
1 s N3 HY
R TR R T T
dmou w, v drépaitos Gp1Buds Kl Wi, Way Wane oy Wy o - elvan wneia, Snhabh
Srépcriol &p1Buol ué: 0O=y.=9 NEveN.
Oewpricousy THY GuTioTOIOV TEIPAY an‘ , fiTol TV

v=

2 W 6./ RTHE SR . S0 S 1
vEo1’ov—‘*’°+10 100 Figr T &

223

Wnepiomoir|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrg



Thv 6moiav kohoUpev «dexadixiy acwoary | kal &AAws «dexadizoy dprluorn e
&répaiov pépos i, kal &meipa Sexadikd ywneia Wy, Wy, . .. TalTny ouppohilopey
cuvTdpws Kol s EEfs :
N AR 6 T AT TR ALk
"Ag LEAETACWMEY Tpa, 65 Tpds THY oUykAiow, TNy Sekadikiy cepav (1).
To &bpoiopa o, TGV v TpwTwy Spwv (pepikdv dpotoua) elva :

nik e e O, A =
CEL B ST BEERT @

QVOAUTIKGTEPOV EYOUEY :

01 Yo 2= Yo+ Ll\ué 1 Ty =VYo ;}8’ i 1%32 » Kal yevikéds
0&'511W0+';{3 2 S 7;{};:;]] i _.i___;‘_%\’?_' #eed

TMopaTrnpoluey &T1 :

Yo =W+ \1{8 =wot+ Tc} ;%’., =l

dnAadn ioyuver :

Oy = Oy+1 kol TouTo-81d kdbe v=1, 2, 3,.. .,
fiTol /| dkohoubia (2) efvan alfouoa. *Emri wAkov, Emedh

Y b 4 e < 1 M veN (Baiy)

1) dxohouBia (2) elvan pparypéun wpds T dvw pE Gve ppdryua TOV drépatov &pi-
Budv y,+ 1. ‘Emopévas, katd 10 dEiwpa Tiis § 150, Keg. V, 1 drohoubia (2),
&5 alifouoa kal payutvn auykhiver Tpods Eva TparyuaTikov &pibpdv € = yy+ 1,
fiTor: lim o, = €. TéTe Spws kad 7 Bexadikny oepd (1) ouyxhivel, €6 opiopou

kai loyve :
BTN AR ST, I e =
'\Eo 10\,—-—\%}‘10,4—102* ‘L10V+ EVYoWiWa - WY ... =
= lim oy =§.

*Edeixfn &bev 1O EERS:
§ 191. @ekpnpa.— Mia dekadiki oeipa B —%‘-’;
v=0
suykhiver mavrote kai dpiler axpipds Eva npaypatikoy apOpoy £
Alsopev Tdopa TOV kaTw OpIoPOY

= Wo Wi Yo eoo Wy oo

§ 192. “‘Opiopdg.— Oa Léyopey bt 6 npuypatikdg apiipdg & napictaton
¢ pia dekadikn ceipd i Exer dexadikov avantoype Yo, Wy Wy ... Wy . .. TOTE, Kai

o0
povov tote, dv Onapyy pic dexadikn ceipa T —ll-,-f'r towaity, Gote va ioyin :

v=0 10
- = BN NG M
E=Vo ViVe ... W ... = Y+ 10+102+ &l 10\,"
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. Ty, xoheTTal TO «drépaiov uégos, T& B¢ Yy, Wa. . . TA «exadd yy-

@y TOU GVaTTTUYHaTOS.
* AmroSeikvieTan els T& padnpaTikd TO kaTw Pacikov Becopriua |

§ 193. @chpnpa TapacTacEws mpayparicod apiBpol Sia dexa-
ikfig oelplig.— Aud wile mpaypotikdy apbpov § dnapyer axppdc pic napé-
rtacig abtod Si1a dexudikiis oerpis, fjtou :

] YWy
gaboy =2 B
E=VYp W1 Vo - W Bt 1k

ic tijv dnoiay T dekudikd yneia S&v elvan b)u dvvig, and tivog BEocwg kel Tépay

QUTw, m.X- )
1 |
Bt W T I —=0,5000...
- 0,333 -2 00
397=73,27000... | V2=1,414213564. ..
29 25 0 it
e T o+ Tor -+ 09 + ... =17,2500. ..

Mapatipyes : M 0 3,27 GuTioTolyws To 1/2 Umdpyouv kai of TapaoTa-
3,27 = 3,269999. .. dvmioTolyws 1/2=0,4999, ..

otlg
AUtan Sucws &mokAeiovTal, BT EmavohapPdvetan dmd Twos Géoews kad

Tépav Td yngiov 9.
‘Egappoyn: Na copedi 10 dexadikdy dvartoype tod dpbped 7/11.

Wt M s SRS
F1otir T T M

7
Abowg : "Eateo &mielvai: - = Wa

(1) YPE&QElDﬁ kol oUTw
L i Vi Ys
04+ — (% 4 L

dpa y, =0 Kai troptves :
(e . UL R I R LT X
i + o9 t v+ i o o @
"Ex Tiig (2) mpoKUTITE!
70 e e o e
= =y, + 10 + 108 4 + o t
4 Y,
A 6+r =gt
Spx y, = 6 kal EmOpEVes : ” G g
S O o kot 1 L
T L ©)

Ex Tiis (3) TrpokuTrTEL:

0 Watgiiuad gl B o
T it g oo
7 s L

ﬁ 3+—lr=%+ ]0+l0’

Gpax yy = 3 KoK
Odrew TeMkéds & Exwpev

_17T= Yo Y1WalWa .- -

= 0,6363...
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* § 194. Mvépeva mpayparikév apdpdv pi TETEPAOUEVOUG T
wAijBog mapayovrag.— TloAAdkis mrapouoidlovran YWOpEVa Tiis popefs

Oy - Oy« Oy - - - &y .

A& T ouvTouwTépow YPOPNV XPNOILOTIOIOUMEY T EAATVIKOY Yp&upa TT Bic
TOV oupPolioudy TéY YIWVOREVWV TOUTWY., [pagpopsy

n Ok == Oy Qlpr Cly- -~ Qly .
k=1

To pédTov péhog &Vay 1y Ve oKeTal I'wépevor vaw (doludy) wy Gao ki — ]
fwchk=». TO oupPorov IT onpaiver, & TPETTEL V& ToAAaTAacIdowpey Tovs &pt-
Buovs, Tous dmrolous AauPdvopey, BétovTes BicBoyikés k=1, k — 2., k=v

"Ex 7ol éplopol TouTou, Emeten &1 :

v v 1 v v
a’). H]k:1-2-3---v, B TF e oy - Mo, 7). Moa=a.
k= k=1 =t

k=1

EdkdAws dmroSeikviiovron of xéreob 816 Tes ywopévewy -
v v ¥
D). U(cxkﬂk):( ﬂc:k)-( npk)
k=1 k=1 k=1

2T ey ) A ] g
k=1

k=1

LA {1 Qy
3 NM—E = 20 3¢ k=20, 152, .. .o
k=1 Ok Xy
v 1 1
Maepadevypa: Asilate 6n: 11 l*-*k—):f-
k=2 L4

TMpdyuartt elvon :

o1 e (e SRR SRR e i

AZKHZEIZ
X P i 1 1 _ v+l
406. Noa &mobeydij 61 kr:[z( st el T

. %, Qe ﬁl_l)_i
407. Na drrodeiydf] &mi: lim ]‘12( e ="

408. 'Edv x # 1, Seifare &m:
: k—1 1=y
m 1 4+ x2 = —
k=1 ( : ) 1-x
Mofe efvar ) Ty ToU ywoptvou atrrod dtay x — 1;

v—1

v
409. Né& elpedfj 1o lim 1T T
FN SR ey

v 1 b,
410. N& &moery®q 1) dviodtng : T (1 + JJPE ) >(2v43)72
k=0 +
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* § 195. "Amerpoytvépeva.— "Eotw oy, v=1,2,... pio dxoroulia Tpa-
yu.o:-;m&v &p1Budov. Koolpey ancipoyivopevov pt Spous (eite &AAws mapdyorrag)
roUs &pIBUOUS Oy, O, . - - TNV TAPATTAOW

O+ Ol o Ay * -+

SMAGBT ywopevoy pt defpous TrapdyovTas.

o
“Ev ToloUTov ywopevov oupBohifousy Bix Tou auppoiou : ﬂlotv » fITOL:
y=

Moy=0 gy - (l)
“ExaoTov ywouevov
v
Y= 04 Q- v =Ty, v=1,2,...
k=1

= ,
KOAEITOn PEPLKOV YLVOPEVOY TOU GTIEIPOYIVOUEVOU (1.

T& mwpdTa &TTEIPOYIVOUEVT E8dbnoav UMd T&V peydAwv  polnpoTikédv
Viete (1646) xai Wallis (OUMNIS).
*Ex Tou OpiopoU Evos &relpoyvopévou, EmeTan OTi
fa+a)=T0+a) T 1+
k=1 k=1 k=vi1
* § 196. ToykAolg évog amelpoyivopévou (rpaypar. apibpiv).
O& Abywpev : td ansipoytvopevoy Ma, pt @y £ 0, v==1,2,... ovykhiver mpdg
v=1
Eva appov v xai Ba ypagopey I a, =7y t01£, Kai povov Tote, dv 770, Y7 oo
v=1
Kai ini mhéov ioydy : lim ]'ll a= Y.
K=

ZUVTONWS :

flo, =7 <> limMay =7, v#0, £ oo
(-1

v=1 opa k

P 2
Mapaderypa lov : Na dnoloyie8iy 10 »Ez [1 = Vm]

Aborg : "Exopev :

2 _&-DE+2)
e T E S S T
Kara ToUTa:
. 1) @ehean 1428 Colodd
k‘jz[lmk@?‘l’j’ o L DT 2.3 3.4 v+ 1)
S o DY e JE i el B
= R e (e S DR R TR
"Ofev ’ ;
‘ 2 1 i & i —_—— e g—
lim nz[] 3 T(T:Ti') ] = xal gUVETTS E[:z[l - S 1)] =5
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1 1
Mapaderypa 2ov @ Ta areipoyivopeva il (1‘% —) xoi 1 (1 ——) S&v ouyxhivon
v=I ¥ v==1 vl
npog renepaspivov apOpov.

NpaypaT, Bi& TO TpdTov EYOMEY :
Vv

1 :
Y, =1 (lw‘ r—kﬁ):v-f— 1, &pa limy, = + o,

O 1 1 b
y,=T (1-—-m) = S Gpa limy, = 0.

A 16 mipldrov 0a Aéywuev &Ti ouykhivel kat' Exdoxfiv mpog 10 oo
At BeUTepov BG Abywpey 611 ouykAiver kat' Exdoxnv mpdg 1o 0.

AZKHZIEIZ

® 2 2
411, N& dmoBey8i) émi :vzz(l = V.:—]) =5

412, Né& pehetnBolv s pods THY oUykAiow T& k&Twh dTeipoywopeva :

1‘ ﬁz(l_i‘) 2, ‘_?';'I_l(l + 'vil_"[‘)-

v

FENIKAI AZKHEEIZ EMl TOY KEQAAAIOY TQN ZEIPON
413, N& &moberydij &7 :
£ (- 3kt—k - 1) = 7‘;- (O 4 6vt - Su -+ 4).
k=1
414. N& dmeberyff) 411 1 UElpfxvgz Ve lﬁ--]- OUYKAIVEl TTpos TOV &piBudy —Z—

415. Aeiore 61
= 1} 2

L OF DI+ 3
416. Na ebpedf] 7o &Bporoua TV v TpwTWY Speav Tiis oelpds :
L ol 1
1-4 ' 4.7 7-10

v v—1
417. ’Ec‘x\ai‘El a, = 3v? + 4v, v& ebpebij TO kE-] o kal dkoroUBuws vi ebpedj & o, .

4 7 10

418. N& eupedij 16 &Bpotopa Ts cepas: 1 4 —= + -7 + = Ll g

419, Na& elpedi} 1o &Bporopa TéV v TrpwdTev dpwv Tiis oelpds :

3 5 7
1-~'2+—-‘;;—-e-—8—+---
420. NvwoTou dvros 8Ti:
o 1 1 ®
e 2 . . A S i 2
VE T e, v& Bery B 611 : u.E] ATy 10 — e,

L w 1 ‘ e oo
421. Acifate 611 1) oapk VEI G ovykhiver (dv R), &vé 8tv oupPaivel 76 altd kal Sik

: 7 = 1
TNV OE1pav : B
v

RET
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Jv-1

422, N& i€eTandi, dos pds Ty oUyKAOW, fy ge1p& kE yevikev Spov ay = -G

; A 1
*423.°Edv oy, ByeR' ¥ k=12.. . vwaipqeRipt — o = L,
& &robeiyff &
v v 1 v 1
g Bké( v ﬂz )[; ! ( z p'): )E. (CAvioéTng ToU Hélder).
k=1 k= k

* 424, Aci§ore T

425. Aei§oate o1

v—I1 v
mMu-T@+u+l)

il o el e vi4 vl
VEl v—l T L A | $
- (w+nt+1 : .
n=13 p=1
426. Acifate 6T1:
1 1 nofn m
n—= Tl (l ]
v=1 1_+__m(, v=m-+1 V+c)
v+ ¢

427. Aelfate 671
I =131 &+ 1)
k=2

=2 k=2 il
e 2
k=2
428, N& pehetndii, g wpos ThHY CUYKAITIY, TO QTTEIPOYIVOUEVOV :
s (v+ 1)
y=1 v (V =k 2) ¢

429. AlBeron 6 ToAUGVUNOY £(x) =X? + Px —y wé pibas p, < py, 10T Swolov of owv-
Teheoral elvan TparypaTikol &pibuol kal wAnpouv ThY axfow 14 2B < 4y. Né& dmoberydfj éi:

)<
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KE®AAAION VII

AOTAPIOMOI — EKOETIKAI KAI AOTAPIOMIKAI EEIZQZEIE

I. AOFAPIEMOIL. OPIZMOI — IAIOTHTEZ
Eicaywyixai £vvoiai

§ 197. Auvapeig pe ExBEmv dppnrov aptBudv.—Eis v mponyouuévny
T4Ewv Gploapey duvdues ué ExBéTny drépoiov T kAaouaTikéy, fiTor pé EkdéTny
pnToV &p1Budv kol dmedeifoauey Tas KuplwTépas 1B16TNTas alTdY, TS dTrolas kal
UrrevBupifopey tvrauba :

Edv o, PeR’ xai x, ye€Q, (Q 1o olvohov T&v pnT@v dpbpddv), TOTE
loyUouv al k&Twd 1816TNTES :

1) . o =iakty 3)  (a-p)* =o* - px
20T e o =iy 4) - siloE )Y = oY,

"Eri wAfov :

5) ’Eav x <y, TOTE loyvel :
== o ik w1
o= =¥ Big. o=
= o e icime ) gl

"Qote : Aida > 0716 oluPorov a* elvan Teheicos dopropévov eis ThHv TepiTrTRIoIY
ko’ fijv 6 &xBETns x elven Tuyov pnTos dpiBpds.

Eis ThHv TrapoUcav mapdypagov yevikeUopey, EoTw kol oToryeodeds, THv
gvvoiav TRs Buvduews pé exBETnV TuxdvTa TporypaTikov &pifudv. TIpds ToUTo
opifopev TNV Evvolav ToU oupPdiou o, éTav & EkbéTng x elvon &ppnTos &p1Buds.
TTpds TAnpeoTépav. kaTavdnow Tou BéuaTos, &s Sewpriowpey kot dpyfv TO EEfjs
OUYKEKpIUEVOY TTapdBelypa :

"EoTtw 61 Oéhopev va Oplowpey T Suvapiv 0(]{2 , a€R*. Tlpos TouTo

OecopoUpey _uicxv aUfovoav drohoubiav pnTdv &pibudv p,, v=1, 2,... uE
lim p, = V2, m.x. Thv drohoubiav :
1, 1.4, 141, 1414, 14142, 1.41421,..., 1)
) émroler ouyrAiver pds Tov &ppnTov V2.
Zynuarifopey &xodoUBuws THy dkohoubiav o, v=1,2,... T&v Buvdpewv
Bé pnToUs ékbéTas, ékTevéds THY dxoAouBia
ol , o, qldl, ol 418 glétsz graat @)
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Eqv o > 1, T6Te k& Tiv {819TnTRL 5, 6& Exoopey
of < ol < alt < oAl = 142 & L altl = o,
YTo1 1y dxohoubBia (2) elvaa atfouoa Kol pparyuév), CUVETTES ouykhver (§ 150).
Eaw A 0 < a < 1 1 dxohoubia (2) efven gbivouosa kal gparypévn kol
196 TOIQUTT TT&AY oUYKAIveL
e o 3 ;
Té 6piov Tis drohoubias (2), 76 &moiov s EAexOn UTtapyEl aeR™, opi-
TOPEV G35 TV SUVauIY al?, 3 ,
“EgTeo Topa X TUXGV &ppnTOS ap1fuds, Exoov, Suvapel Tou BewpnpaTos
(§ 193), Bekadikdy QvdmTUYHS !
‘ = b o o TV i
Re=—i\ps, WP lo i by i = Yot 10"(' 102—0' i kg +
ked o el OeTIKOS PO HOCTIKOS &p1Bpds. :
Deyopeba, &vey PA&PNs TS YEVIKOTNTOS, OT1 & = 1 kai x > 0. ©fTopev :

LI)

Xy = Yot ‘?‘%’ "‘_;%22"“ ""{"—167, V=0, 1,2,: . 3)
Maparnpobpey Tdpa 6T1 1 axohouBla (3) elvan pio ci§ovoar drodoubia pnTéV
&p1Bpcdy, &l TrAfov BE pporyBEVT) Trpos T Gved P Ve ppdnypal TOV dxtpanov - 1
(8iceri; ). *Emreid) ExaoTos 6p0s s dxohoubias x, , v=1,2,... elven pnTos GpI-
Buds, 1 Suvaps o Exer Wioy EVTERGSS xoBawpiopévny Evvolav. "E§ &\hov, Emeidn
a > 1, éxouev :

Y1 Mi oy MW
a\v-<awut—ﬁ<uwo’rw—lm,<“.<dur,|l, (4)
fiTo1, ) dxohoubia TGV Buvapewy ¢ prrots &kdétas o, v=0,1,2,. .. elven al-
Eouoa kal pdhioTa yvnoles, mhEov Bt pporypévn TrpOs T é'wc\)—c':m‘o ToY avetl,
&pa B ouykAivy TROS Trpory HaTikdy &piBudy pikpdTepov A foov ToU avet! (§150).

Edw médw 0 < o= 1 7 dxoroubia o™, v=0,1,2,... cvo gbivouox kai
@parypévn Trpds T& K&TW Kol &S TolaTn elvat TEAW ouykAivouoa.

"Qoe, Bi& kéPe a € R UTapyel & Bplov Tiis dkoroubics o™, v=0,1,2,. ..

EE dpiopol BéTopey TP

a* = lim o™
opa

*Hroi: “Oplouey @ (315;!(1;4511 o8 a elg Tov dgonrov Exférny x, Tov mpayua-
e . 5 g : RE e |
TixoY Gpthpudy npog TOV G700V Tedver 1) axolovfla Tdy dvvdpewy pe onTovs éxfiérag :
ave, aveVs ave¥i¥a ., aV¥oViVa-- ¥y |
* Enueioors. 'Ev Tpokeive &roBewviovTan Té 6T
1). *E&v U0 drohoubion X, x: ,v=1,2,... pnrdv &pBudv ouyrhivouv dugdtepar el
N : x5 = 1,2,... ouykhivouy Errions els Tov altdv
Tdv &ppnTov X, Tée ol dxohoublon aXv , &V V= T s s
&p1Budy, Tov Strolov TrapIoTEMEY M o kol KahoUpev BUvapw ToU « &g Tov &ppnTov EkbéTny X.
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2). Al yvwoTtal 1816TnTes TGV Buvdpewy pe prTous EkBétay, Tas omoias dvepépauey els THY
dpyfyv Tiis Tapovons Tapoyphpov, ioxlouv xal s Thy wTepimTwow Suvdpewy pé ixBiTas dp-
prTous &piBuols, kaTd ovvémaiay pé EkBETas TuydvTas TpaypaTikous dpiBuols.

"Ev Tf) mpd€er, f) Blvoms of, &mou x &ppnTos, dvtikabBioTaTan S THs
Tpooeyylosds s o , Smou p pnTds ETapkdds Tpooeyyilwv Tov &ppnTov
&pifpov x.

"Evvola 1ol AoyapiBpou

§ 198. NoyapiBpog pé Baoiv tuyévra Betikdv aplBpov a # 1.—
*AmrodeikvleTan el T& pabnuaTike 811 Awr xdle Oetixdy aoaypatixoy apiluor a,
dudgpogoy Tijs povados (0 < a 7 1) wai xdfle mpaypatizoy dofuoy 0 = 0, vmdoyet
axgifids el moayparieos aolucs x (omric 7 doonros), Eis Tov dmolor vyovuevoc
6 a bider Tov 0,

fiTol : a* =0 (1)

‘O povoonpavTws OpILOUEVOs TPayaTIkes dpiBpds x, SoTIs TANPOl THY
(1), koheitan «hoyaplpog tod 0 dg npog Paowy a» kod oupPorifeton bt :

X = Aoy, 0 (2)

Kord T dvwTépw Exopev THv Aoyikiv icoBuvapiav :

Moy, 0= x <=>a* =10 (3

AiSopev Tapa TOV KaTwO Sprapdv ToU Aoyapifiuou pé Paow TuydvTe BeTikOy
apifpov a # 1.

Aoyapidpog £vog Betikod apBpod 0, dg mpag faciy a (0 < a # 1), kakeita [}
$kBETNG £ig 10V Omolov mpénar va Dyl 1 facic a Sa va ooy tov 0.

‘H (1), Adyw THs (2), Bider:

u?.u-fun —0 (4)

INMopadsiypata :
1) Aoy, 100 =2, &dém 10* = 100 i 5) Aoyy 0,001 = — 3, &oém 10— = 0,001

2) Aoy, 8 = 3, » 2=8 i 6) Aoy, (Tlg) — 4 5 (%)a = l_l
|
|

D reyiZ=g > 2= ‘ 7 derys 1 =0 (%)Ll
8) roys |3 =%, » @) =173,

4) toyy 9=-2, > ( 1,)*~= =9
Cevikf tapatiipnets. Tavtol koTwTépw, of &pibuol Tév oToiwv Aappdvopey
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rous Aoyapi@uous, 8& fewpouvTal ctukoi. Aoyapifpous &punTiédv &pibudy obTe
SpiGouev, oUTe peToryelpilopeda.

§ 199. Baoig Aoyapifpwy — Aoyuptﬂpnﬁﬁ ULII'!TI’"IGTCI._— ‘0 'I’TPCIYU:I-
TIKOS GpiBpos o, BaTis Elva BeTixds Kad Blé@‘opos 'r?g LtouaB,og, KO:NE[TGlI paarg TGV
AoyapiOucov. *Emre1bt) cos Péois « Sﬁvc‘r‘m vaﬂ?\ncpﬁ? OIOD'ST]TI"OTE BeTIKOS Treocysuc'x-
Tikds &p1Buods S1apopos Tfjs povédos, 51& TouTo S:JUCWTC? v oxnua-r‘m(ﬁo:)u‘ 14-
gopa hoyapifipixd guoThpaTa, T XpNOIHOTIOIOUHEVE QLS glvan T& EEfiS o,

lov. To Sexadikdv hoyoplpikdy cooTnue. OUTw K(I?\EITC{[!T(:) 0‘\.:,'0'1‘1]“{.:—): EKei-
vo, el To doiov | Paots o elvat & &prbuds 10: Q ?\oydpilﬁuog svos'cplﬁuoy ] e}g
16 oUoTNUE TOUTO KOASTOL Sexudueds hoyaplpog kai oupPohileton &TTAGS
?\o‘fﬁoc‘:”—'ﬁr;ngz;ﬁ?.loydpteum kehoUvTal Kad «:-to‘wof. }.oy(jf_,f{}#m» 7 «Hrig;{s lo:
yaopor® kol ¥pnoluoTotouvTal euptes el T& oToixewdn padnuoaTikd &i1x
TrpaKTIKOUs Kupioos TKOTIOUS. . .

20v. To Nerépov Loyapipukov shotnpa*®. OUTw koAelTal TO c\{'chnucx‘ EKEI‘A
vo, els Td &moiov | P&Ils & elvan & &ppnTos &piBpss e 2,71828. . ., doTis, s 8o

1 v
: 1 oXe fis i +— =2 .
1Beopev elg Eropevov Kkedhanio, elval TO Oplov TNS aroAoubiag ( 14 5 ) =

‘0 Aoy dapifuos Evos &p10pol 9§ €ls -rb“croc'rr]ucx otfrrc‘:" KoAETTO «—-vsrté‘pu:]ug }ueoyﬁfl-
Opogy**) 1] «QuaKdg royapbpogy ToU 9 K:" U”UBF’NFETG‘I 515'9sz ME « ?g‘ » ’srrs.
«Inb» 'rrapa?xerrrouévou Tou OSelkTou €, n"rcn slmn eig T? cUoTNUa aUTo ou:"n
y = log# yp&ouev ¥ = logh i y= lln(?. (?1 \JET‘TEPLOI 7‘\03/0:[318;,101,qumu%-rrmo}g;_
Tan kupleds &ls esmpnnxc‘xs PeAETOS Kal wg’EKfTou-rou TO WS avc‘.) ouoTnua BeoTroler
6 &My ouoTnrdTey Kupies el T& QuodTEPA paenuirqu, ‘ ‘

[Mopatijpnots. Ex ToU OplopoU TOV ho?'apiﬁueu e [?cm,w TU?(OUTCf feTikOV
&pBpdy o # 1 TpOKUTITEL 4T els Ké‘:BE BET:KQV -rEpayumm“ov .Gp‘,e‘fo" - 0:\.i"1'10'l'01—
xel dxpipéds €ls TrpaypaTikes &pifucs y, GaTIS IKQVOTIOIEY Ty éEicwow :

a¥ = X.
TooutoTpémres dpileTon pia UWC'XPTTICT:S. 1l i i;(.\')E éoy“'x }Jé wsSic;: bEl-
opoU o guvorov R TéV feTidy &piBucdv ol mediov TIWGY TO cUvorov R Tédv
Tpay oty &p1Bpddv, fiTol :

“ R*3x —> y= [(x) =Moy.x€R.

‘H s &vew ouvdpTnols i: R*—> R ovopdletan hoyapiBpiki cuvapn-
16 Kol Erroxs B péBopey €l v &y Té€w abtn elvar «j avrioTpogog ouvdo-
4 ~ — gl
THaIG TﬁC ExlleTiniic qUYaoTHOEWS x=a'»,

* Tlpbs Ty ToU *Ayyhou Mabnpartikod Henry Briggs (1556—1630), 6o TpidTos
i . Sv 10,
g : tv AoyapiBucy Tov apBuov E ‘
?\ugi‘; clkilspgj:‘;;“’:oﬁ IYOI;Pn Napier (1550-1617), oTis ¢mevdnoe TpdTos Tous AoyapiBuous
xal EAaPev g Péow TOV &pibpdy e = 27182 .
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Els dpBokavovikov ouoTnpa &Ebven f ypagikly TapdoTagls Ths AoyapiBui-
Kils ouvapTioews v = Aoy, X 8ibeTan, kord Tpdyeipov oxebiaoy, g T KéTwh
ox1uaTa.

y y

s
—
|
|
I
I
I
|
I
I
—

i

i
Y Ui
Ix. 13 Sy 14

"Ex T&v péxpr ToU8e AeyBévrwv kai T PonBely Tév dueotépw ypagikdv
TAPACTEOEWY EvvooTpey eUKOAS T EETs

1). "Excotos mpaypatikds &pifuds elvar AoydpiBuos évds kol pdvov OeTikol
dp1Buol.

2). “ExaoTos BeTikds &piBuds Exer Aoydpifuov Eva kal pévov TparyparTikdy
&p1Budy.

3). “Otav f) Béois ouoTruaTes Twds AoyapiBuwy elvar = 1, of peyairepor Tiis
povabos dpifpol Exouv Aoyapifuous BeTikols, &véd ol wikpdTepol auTiis Exouv
Aoyapifuous dpvnikous, To dutifetov 8¢ oupPaivel, dtav 1y Pdots elven < 1.

4). "O7av 1y Baois o elvar > 1, ab€avopévou ToU dpiBpol, abfdvetan ked &
AoydpiBuos ool kal duTioTpopus Eav &t « < 1, avfavopévou Tol dpiBuct,
EhatToUTan & Aoydpifuos.

Inpeioog. Elg Tty éktnv 148w 8& dmobeifwpev 61 loylour T& ké&Twd :

a >1 ‘ lim doy, x=—« kai  lim Loy, X =+
: Xx—+0 X—r oo
—_— Bl e e . IO O B S|
0<a<1 lim oy, x=+4 o0 kel lim doy, X=—oc0
[ X—=>+0 X—>-feo

TMpos émPePalwav mapatnpfioarte kail T& dvwtépw oyfuara (Zx. 13 kal Ty, 14).

AZKHZEIZ
430. MpoobiopioaTe ToV X tk TGV kdTwb fooThTeow :

Ddoy,x=3, 2)doyx=-3, 3) ?\oyg(%) = x, 4) ?\oyv:(9 ¥3) =x,

27 7
5) Aoy, B =% 6) Aoy, X = i 7) Aoy, Y2a=x, 8 Aoy, (7]’—1375) =X
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431. Etipete Ty dyvwoTov Péow X € R, x # 1, & 16OV k&Twb looThTwy :
2 1 81
1) oy, 25 =2, 2)hoy, 16= 5, B doy,5=5. 4) hovy (.lﬁg) .
432, “YmohoyioaTe ToUs Aoyapifuous TGOV apifpddv
1 11
3% 2. g5
g pds Paosss dvTioTolyws TS -
sl S M g8t
433, ‘YmohoyloaTe Tas k&t TOPAOTATES © :
Aoy, 81 —Roy, 64

8l, 64, 27, 4fz. 1000

@ = -
A0Yy,s 64 + Aoy 37 + Aoy, 4 v2
Moy 9¥3 :Roys T
yd T RRIe, S Aoy, 27-A 6;
Movs {55 — Aoy, v + hoy, 27 Aoy, |

— 5 4+ hoy, (Aoy,,20) —i?\oyu Yo
) Roys 2T+ T AoYea10 + Aoy 0,001
434, 'Eav aeR', o # 1 kal KOAETWHEY | X = ?\oyv(“—' Q, y = Aoy, of, &= Aoy ot Ve
& fj 611
Tobey0fj &T1 sl &
435, N& &moberydij 611 6 Aoy3 elvan &p10pds &ppnTos (= GOURHETPOS).

"1616TTEG TGOV Aoyapifpwy

§ 200. "1816Tg |.— Eig nav odotnpa Loyapifpov, 6 hoyapBpog tijg povadog
slvay o pndév, 0 68 royaplopog tiig factms glvan 1 povag, fiTol &

i i Jpaw=1) S aeBr—{i}

MpdeyuaT, k TOU dpiopol Tou Aoy apiBuou cos ékBéTou, Exouey :

o | et Noya L =0 . Kol gi=oi== doya= 1 sfaeR* ~ A1)

§ 201. ’1816Tng Il.— O LoyapiBpog tob ywopévou dio (BeTik@V) ambpdv g
npog pacy a (0 < a 7+ 1), icottar npog 10 d0poropa oy hoyapibpov 1@v aplipdv
abtdy, dg npog Ty eoTRy facty.

*Anoderlrg. “EoTwooav 8, kai 8, Suo (BeTikol) &piBpoi kai x, y AvTIoTOIY S
of ?\oydp'lepoi TWV, (:os T;Pés detv [e 8 Kora TOV é}PlUU(‘)V TV Aoyapieumv Exougu
T&s Aoyikds iooduvapias |

a¥ =8, <= X= Noye Dy ket ol =0, %=y Aoy, 8,. (1
’EE arédv AcuPavouey
ooy =9 -8, TR e 6,0,

235
Wnepiomotr|Onke amé To lvotirouto EknmaibeuTikng MoAmikrig



*AMAG 1) TeAeuTala fodTns Seikviel OTI ¢
Aoyq (8; - 8,) = x + y = Aoy, 8; + Aoy, 8,

N 0, 0,eR”

Qoe : gt

= AoY, (0, - 0,) = hoy, 0; | Loy, 0,

MNépiopa.—"Eav 0, 0,,..., 8, elver fztirol mpaypatixol dpibpol, tote ioydey :

AoY, (0;-0; - - 0,) = hoyy 0, + hoye B, + - - + Rovu By

f) émep TO QUTO !

v v
royq (I16) L doye O
k=1 k=1

‘H &médetis elkoros 81dr Tiis peBodbou s TeAelas Eray wys.
Mapaderypa “Exopev my. Aoy (7-5-4.3) = hoy7 + hoy5 + hoy4 + hoy3
kal &vTioTpdPws : Aoy5 + Aoy3 + Aoyb + Aoy2 = Aoy (5.3-6-2) = hoyl80.

§ 202. 1516 g 111.—'O LoyapBpog nnphixov oo apllpdv (Betxdv) dg mpog
Baowv @ (0 < a # 1), iocobtar mpdg Tov Loyapibpov tod Srmpetéov pelov tov Loya-
pBpov tod Srarpétov, dg npog TV adty Paciv.

Anoedartic. “Eotwoav 8, kai 8, BUo &piBuoi (Bemikol) kal x, y dvTioTolyws
ol AoyépiBuol Twv, ds Tpds Péow a. Katd Tov dpiouov Tév AoyapiBuwy Exouev
Tds Aoyikds ioobuvapias :

o =8, <= x = Aoy, 9, ki of =0, <>y =Roy, 0,

"EE a¥tdv AopPavouey
2
G

n

ofrgl =918, 0 oY=

*ANAG | TeAeuTaia fodTng Secviel OTI

9
AOYa (—{i) = X —y= AoYq 8, — Aoy, 8,.

0, 0,eR”

Qote 0. 4.t

— hove (%) — ot 8, — ko, O,
2

OUTws Eyouev T.X. Aoy —g- =hoy3—DRoy5

kol SuTIoTPOPES : Aoy 7 — Aoy 13 =20y 7/13.
Mépiopa I. — Oi avrictpogor apBpoi Exovv dvniBétovg hoyapiBpove.
TMparyparTt :
AOYu (é ) — Aoy, 1 — i\oy:, §=0—hoy, &= — hoy, 8.
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Néptopa 1l.— Ado Betuxol apbpol elvay Too 1618, kai povoy tore, dv of hoyape-
N adT@v, G npds v adriy Pacty, elvar loot, fiTor :

A0Ye 0, = Aoy, 8, <= 8, = 0,

‘H &mddealis eUxkoAos.

*Akiohoyog mapetiipnolg. Afov v& Eywopev TEVTOTE Tt Syw 611
AoYa (8, + 6,) # AoYa 9, + Mova 8y
AoYa (8, — 8,) 7 AoYa 6 — A0Ya 0
Aoy, 8;-AoYa By # MOV (8,-6,) = Aoya 0, -+ Aova B,

6
Aoya 6, : AoYa By # AOYa ('g:f) = AoYa 6; — Aoy B,

§ 203. "1816™g IV.— ‘0 LoyamBpog olacdiinote duvapcng £vog !ktumﬁ ap-
100 looftar mpdc td yrvopevov tod $k0&1ov Tiig Suvapeng Eri tov hoyambpov tiig
me‘:’:ﬂ'ﬂ:é‘g”t‘;‘;’fm 11 elvan Aoy, 8= X, E\iﬂa 6eR* kad 0 < @ # 1; "E&v
“, keR, elvon pla Suvaus ToU BeTikol &piBpoU 6, TOTE, émaldh) 6= o¥, Exouev
S (ux)k:akw_ ' ‘

"Ex TalTrs, KaTd TOV OpIoHdY TAV Aoyopifucwv, TpokUTTE |

Aoy, Ok =k-x= k- Aoy B

+ e |
“Qore - s 0eR*, keR h — 707s 0=k Doy, ©

0<a#1 ﬂ

§ 204. "1616Tg V. — ‘O hoyépiBpog olaadiimote pilng, pt dmoppriov Osnrxbv,
cobtar npo td nnhikov ol hoyapibuov tod proppiov 14 to¥ deiktov Tiig pitng.
*Andderbig. ‘H dvwTépw 1516Tng &TOTEAEl TTOPITHA Tfis ponyouuévns 1516-
rmros. MpdyuoT, &piel el v drodeaydeloav loéTnTa Aoy, 8= k-hoyq 0, v&
1

TedR =
0 my. k 3

Acppévopey TOTE

I v

= 1
v o— Aoy, VO =—- o
roy. B Ya VO % Aoy

\f 0eR*, vEN

Qore: Do

3
OUrrws Exopev .y Aoy V205= = Moy 205

Kal dvTioTpégws : ;_ Aoy 1014= Aoy VIOT4,
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§ 205. 16166 VI.—Eav 1 Pacig a tév royapiBpov eivar =1, ol apBpoi
ol peyalitepor tob 1 Exouv Betikodg Loyapifpovc, &v@ oi Betuol kai pukpérepo
w00 1 Exouv dpvnrtikovs Loyapilpovg, fiTol :

Y, 0 >0 = 0>1

'Eg 1
i ancas s VOIE S SR LU

"Anéderdic. "Eotw 811 Aoy, 6 > 0 & Ths o > 1 mpokiTrTel :
C()Lovuﬂ > 1

'EE ol : 8 =1

"Aviiotpogag. "Eotw 8 > 1§ Smep 1o auted o’ > 1M%0 opg aUTfis, Emel-
&1 o > 1, mpokUmrTer : Aoy, 8 > 0.

‘Opoiws dmobeikvieTar kad 1y Seutépar looduvapia.

Loy, 0

Mépiopa.—Tijg Paccng a td@v LoyapiOpmy oliong 1, & peyakitepog dxk Sbo
Oeticdv apbpdy Exer peyalotepov Loyambpov kai avTIoTPOQOG, fiTo!

Edv @ > 1, t4te: doy, 0, > hoy, 0, <= 0, > 0,

§ 206. °1816Tg VII.—Eav 1 Pacic a t@v LoyapiBpmv givar : 0 < o < 1, of
apiBpoi of peyariotepor tod 1 Exovy dpvnrikodg LoyapiBpovg, v of Betikoi kai -
kpoTepor 10D 1 Exovv Betikods hoyapiOpovs, fiTol :

MY, 0 <0 <= 0>1
27,0 >0 <= 0<0 < 1.

’Eav 0 <a <1 = {

Yrodaifue. TMaparnproate 671 : Aoy, 6= — Aoy /o8 kai tpapudoaTe droAoy-
Bas v Tponyoupévny i81dTnTC.

Méplopa.—Tiig Pacews ¢ td@v Loyapifpmv obong Betikis kai piepotépag tiig
povasdog, & peyehvtepog ik dvo Oetkdv aplpdv Exet pucpoteEpoy hoyamBpov kai
avrietpdgwg, fiTol :

’Eav 0 <a <1, tote: oy, 0, > hoy, 0, <> 0, <o,

Mepatipnowg. 'Ex Tév dvwtépw 8oty Tév Aoyapifuwy xabBioTaTan
Povepdy, 8T1 ué ThHy Bonbeiaw evos «loyaoiluxotd mhvaxocy, Tepl TGV dmrolwy H&
SHAfiocopey kaTwTépo, Suvduedor v amAoTroimowey Evar &pifunTikéy Uroloyi-
opov kai ToUTo 81671 Suvdpela v GUTIKATAOTHoWHEY Eva yivduevor pt fva &
Bpoioua, fva TnAikov pé picw Siagopaw, piav oywyhy pilns ué piav Siaipeow
KA.
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Eis v TeAeuTadav péhioTa eplrTwaw 6 AoycpiBuikds UTrodoy1opds elva
omopEUKTOS, ST O BelkTng ToU pifikoU elvan peyahUTEPOS TOU 3.

"Edappoyai tdv idloTATWV TGv AoyapiBpwyv
3a0®

& ) Oro poppiy akyeppkod aOpoicpatog hoyapifpov.
sp iy

1. Na éxgpusdi 6 207, ( -
Avowg. “Eyoupev :
3a? £ y d
On( = ) — oy, (3at) — Aoy, (5B - Jy ) = Moya 3 + hay, o — (Roys 5 -+ hoyip +
g Yy 1
+ hoys 'vY y = 1 + 2 hoy; &« — Aoy, 5--hoy, B — “ Aoy, Y-
2a. Na. épappocodv nisar al Suvarai idtotnTeg @V Royapibpav ixi tod
e
..ﬂ}‘--‘- Y, ivaaByeR’.
]
5B - Yuc-ﬁ"!'ﬁ

3a® -
KoY ——

Averg. "Exouev:

poy 35 TPY oy 3os - TB7- ¥) — oy (5P* f& B =

5p: - Jai B y?
[ 1
= [7\:»,3 + 3hoya -+ i (2hoyP + how)] = [?\oﬁ + 2h0yp + —5- (2hoya + RoyP +
11 5
1 ‘2?\oyy)] — Aoy3 —hoyd + = Aoyea — - hoyP — i Aoy ¥-
1
A L
3n. 'Eav Loy, i=— ]:" Loy, 1 =+ i= 1 e i
Aborg : ‘H Bobeioa yplpeTal :
S OUEIT] YP-‘P = p 3 ii_ﬂ
Aoy, i — Aoy, == T bl Ye = T
Kara tov dpropov ToU Aoyapifpou £y opev €K fis TeAeuTalCS {odTnTos &
Rt . L wRl
S B R e S S L.
1
dn.Eave > >0 kai o+ P = 110, deigate bt
a— 1
hoy ——si}- == oy + royp).

'AnddeiErg ¢ "Exopev: )
ot + Pt —2ap = 9aP i (a—P)l= 9ap 0 o«—p=37ep

: =t _yp

Tore Spcos B Eywpev o :
. . 1
Aoy (CLB_p) — roy fop = o (hoya + hoyP).
5n. Na daiyg0fy 1 ahibsie s icOTNTOG & 4
-;% 2oy 3+ 2 /D —4roy (J2 + D = 5 dov z—=1.
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Abog. Tlapatnpoupev 6T1: 3+ 2 J2 = (J2 4 1)

“Apa % Ay B+ 272)—4roy (J2+ 1) = % Moy (J2 + 1) —ddoy (J2+ 1) =
7 L n 2
= 5oy (Z+ -4y (12 + = - 2oy 2+ 1) W
"ANAG kaTd TO Topioua | § 202 Exopey
L 1 2
= A1) = = = =
Aoy (JZ -+ 1) = Aoy (],2 = ) =roy (121 @

‘H (1), Aoye Tiis (2), yiverar:
'1?{5' Aoy 3+ 212 —4roy (J2+ 1) = —255- Aoy (J2-1).

§ 207. MeraPaoig €E évog AoyaptBuikol cuotiparog eig ETepov
(aAhayf Pacewg MoyapiBpwv).— Al dueotépw 1Bi14TNTES TGV AoyapiBucy
dva@épovTan 6 Tpds THY alThv Pdow. TToAAGKs Buews TapevoidfovTal, &g Ev
kad 1o a¥Td mpoPAnua, AoydpiBuol s Tpos SiagopeTikds Pdotls, 6Te & Aoyl
ouds, &v &y &duvaTtes, Stv elvan elkoAos kal Bik ToUTo Ekeivo TG dtroiov EmBic-
kopev, eUBus €€ dpyfis, elval: TavTes ol Aoydpifuor vd dvagepBolv s Tpds
THY aUTnv Béotv.

ToUTe émTuyydveTan &1’ Epopuoyfis Tou kamwh BecophuaTos :

Qcwpnpa.— Edv yvopilopcy tov hoyapbipov évag apibpod, dg npog Pacwy
uva a, cipiokopev 1ov Loyapbpov tov, g npdg viav Paav P, fav dapéswpey tov
yvwetov hoyapilpov (O3 npog Paary a) S1a tob Aoyapipov g véag Paccng P, bg
npog tijv nekardv, fiTol :

W BeR* !
: Loy, 0
0<a#1 = hoyy 0= VN Y (1)
0 ety Yo
"Anbdeifig. "EoTw x O AoydpiBpos ToU 8, ds mpos ThHy véav Paawv P, fiTol
foTw 671 Aoyp 0= x. (1)
ToTe, kaTd TOV dplopov TéV AoyapiBpcwy, 8& éycouey ;
pr=9. @)

AapPavouTes Tous Aoyapiduous TGV perdy Ths iodTnTos (2), ds Tpds Pdow
&, eUplokopey

X AOYq P= Aoy 0, # o0: x=-——1"—1.
‘H Teheutada todTns, & Angbf Ut sy 7 (1), ypdeeTtan :

Aoy, 6
A =" :
OYn AGYu [3
Hapatipnow. ‘O TUmos (1) Topéyer Tov Kawova ebpécews TGV Aoyapifucwy
@5 Tpos TO AoyapiBuikéy cUoTnua pi Béow B, v Quolkd yvwplilwopey Tovs Ao-

O.E.8.
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yapibuous d Tpds TO CUTTNHA M Paow TO a. Nappavoutvou Bt Um’ Oy o1
gmépyouv AoyapiBikol Trivaes ds Tpds Pdotw 10, Buvdmeds, Ti) Ponfeig ToU TU-
mou (1) xwpls THY clvTagv vewy TwdKwy, vd eUpwpev TOV AoydpiBuoy oloudn-
TroTe SeTikol dpifuol s TTpos olavdnmoTe Pdotv Béropev.

‘0 TUmos (1), t&v Angdf o= 10, 81Tt dog mpds Paow 10 dmdpyouv miva-
KES, YPAPETAN !
Aoy 6 ;
?\OYU 8= ?\DY Q . (T )

Népiopa.—To yvdpevev 1OV royapibpwv dvo (Betikdv) apipdy dragopwy
Tijg povadoc Exatépov Ex0vVTog facuy tov ETEpov £ivan 1) povag.

MedyuaTt, Si& 6= o d TyTros (T) Bider :
AoyYed 1

Ve - = ——— ko’ Soov Aoy, a= 1.
Aoy, P Aoy B %

“Ofev : [3-0‘{0 pxroypa=1

*ALoonpeintog i00TNS.

‘O TUTros (1), TH Pondeiq ToU dvwTépw TOPICUATOS, YPaPETA!

\7?.07;; 0--207, 0 hoyp @

‘I\O'Yﬂ o=

: ] 6 o,
Enp. Mynuovikos kavoy : [5 = x T3 .
‘Egappoyai: In 'Eav 2072 = 0,301 kai hoy5 = 0,698 va ebpedR 6 hoy250 wai b
10, |
%2?\0\';01’ : a) Aoy250 = Aoy (2:5%) = Aoy2 -+ 3hoy5 = 0,301 4 3.0,698 = 0,301 + 2,094 =
G
= 2,395.
roy250 2,395 7956
B) roy,250= e & 001 ,956.

2a. Na droroyiodi 0 aplOpn Tkt Tt Tl TAPACTACENS

(h07,5 + 10¥s5) - hoveS
k=S

Anaig 1 "Exouev, Suvdiuel TOU TTOPITHATOS Tfis § 207 :

AT . e 0
('xa?_szij_@g) Novib _ Moy +hov3 _ Movs@3) _

Ve 1 Aoy 0 Aoy 6
Roys2-hoy3
§ 208. Tuhhoyapibpog tvog apipoil.— Koheitanr gvihoyapiBpog évos
BeTikoU &p1Buou B s Tpos Baow &, & hoydpifipos ToU QvTioTpogou Tou §, fiTol
ToU _é- cog Trpos THv idiav Béow kal onuetoUTo olTew :

ouAhoy, 8.
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"EXOMEV KOTX TauTa
ouhhoy. 0 = Aoy - el =Aoya l — Moy, 0= — Aoy, B.

*Evrevfev £meTan 1) TPOTACIS

‘O oulhoyamOpog Bztikob Tvog dppod O icottar npog tov  ‘Oetov tob
royapibpov tob 0.
"Qoe :
. 1
ovhhoy, 0 ="2%oy, - ki Loy, O (1)

‘H eloarywyt) Tév oulloyapifucy EmTpeme v &vtikafioTduey uiav Sogo-
pdv Aoyopi@reov Bid Tou dbpoiopaTtds Twv. OUTwS EXOPEY

0
AOY .« 9!' - hoy. 8, — hoY. 8, = Aoy 8, 4 oUAROYWD,.

Pl

Enu. 'Ex Tiis (1) Exonev 6T :

Loy, 0 -+ ovihoy, =0 (2)

ATKHZIEIZ

436. N& épappoobolv Téom al duvaral (&i10TryTeEs TGV Aoyapifpwy fmi TdY

Ix 1y 5. 12
1) - Aoyy3x — 23 Aoy = Ly 3) Aoy 5— )
Ys FZ\ Y 4x - y® Vis |2
3(x2—y*) 5x? .]ry'";r.
4) Aoy o e 5) Aoy ———*= .
), Aoy "I,an Ty ) hey Tye. ](x 2yy?

437. EUpete Ty Ty Tol: Aoys VSZ . V‘igﬁﬁ
438. N& &moBey8i ) GAfBeia Tév kéTeodt looTrToow ©
1. Aoy 3 + 2oy 4—Doy 12 =2hoy2

2. 3hoy2+ AoyS—Aoy4d=1

3: —%-AoyZS -+ ;loyﬁfr_}??\oy32:2?\oy2—i‘ Aoy 5

4. Royg % = Aoy @ + OUAROYRY — 1, &mwou o, B, YER", B #1.

439. *Edv Aoy2 = 0,30103 vi Umohoyo8f) f Tish Tiis TAPROTAGEWS ©

1 1 SR 1
y= 2—»?\0y2+%7\0y @+ Y2)+ 5 doy (2+ Y2+ )2)+ 5 Moy (2 V2 + ¥2)-

440, Aeifare 61 xrory — },?mvx !
441, E&v o P mpayuariol dpiduot ueyahuTepor Ts povédos, va dmhomombij Tap&-
oTHOTS ¢
y = doy (02 —1) + Aoy (B2 —1) — Aoy [(ap + 1) — (x + B)*).
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442, "Eqv Aoy2 = 0,301 xad Royld = 1,146 elpete ToUs Emopévous AoyapiBuous :

5 3
Aoy28, Aoy8, Aoy5, Aoy56, Aoy32, oy —;—, Aoy Y64, Aoy35, Aoy Y70.000 .
443, Aeifore 81z Aoy, P - hoypy - Aoy, a = 1Biakdfea, B, ye R — {1} .
444, "Edw loxin @ Aoy, ¥y = hoyy z - Aoy, X, Térebdelvan: X =y =z

445, Tvepifoves, 611 Aoy 2 = o kal Aoy 15 = B, va UmohoyioBolv ouvaptiicel Tév o
kal B ol TapaoTaoes :

5 5 —
1) Aoy, 17,2, 2) ?\oyvg ‘}’6 ]

446, 'Eav Aoy(x®y?) = a kai hoyx —Aoyy = B vé éxppaoBolv of Aoyx kal Aoyy ouvap-
Thoe TOV o kad B.
447, ’Eaw o, B, ye R' — {1} kol Bfocopev: x = Doy, (By), v = Aoyy(ye), 2 = Aoy, (aB)
v& &mrobery b7 om : xyre=% + y -z 2
448. 'Edw elvan Aoya — Aoyp = 0, Ti ouvéyetan 81& ToUs dp1Buols o kad P ;
449, N& eupedfj 1) Paois Tou AoyapiBikou ouaThuaTos €ls TO dtrolov elvan dAnis 1) fodTns:
2 (hoy, 8)* + Doy, 64 + Aoy, 8 = 9.

450. 'Opoiws : i
—_ R 1
Aoy, 1625 — Aoy, J125 -+ == 0.
i ;. Ao A
451, 'E&v o, P,y € R', Bidgopol dAAnAwy Kai B :.3, = ;OIE e '%tlz _)la_f_J v roBeny 0y

L1 T cx"-[3"-yyﬁ 1.
452, 'Edw ol o, B, y evan Bemikol kal xoTéyouv dvmioToixws Tas Tafeis u, v, p ey plav
YEQUETPIKAY Kol pioy Gppovikiy Tpéobov, Seifare &1t
a(B—y)roya + By -ty P+ vy (a—P)Aoyy =0
453. N evpedf] T &Bporopa TV v TPRTWY Spwv Tiis oeipds

§ a, ., ptysvikovdpov: a, = Aoy 38
v=1

454, *Edw ol &pibpol o, P, ¥ elven SraBoyikol Spol yewpeTpikiis poodou, va diroBery i
811 ol AoydpiBuot tvds dpiBpoU (BeTikol) s Tpos Paoeis dvTioTolxws a, B, v elvar Siadoyikol Spor
dppovikfis Tpoddou. f

455. 'Edv x, y, ze R', Bidpopor ToU &, dmou 0 <l a 7 1, kel elven :

1 1

koY X . uﬁ-iﬁ?

TOTE O £lven - i

o dlﬁﬂﬁz %
456. *ApiBunTikiis TposBou & Tp&Tos &pos elvan & Aoya xai & Belepos épos Tns & AoyP.
N& Serx0ij &mi 76 &Bporopa E, TV v pdTew Spay TS elvan
) |3v (v—1)
= MY
457. "Eqw x, v e R*, BelEare 6T loyler:

x* . )—\‘ = xY . v

X

458, 'Eav e R* xai g, v € N To100701, OOTE H >V, va& &robderydij 61 :

1 ’
Loy 4 @ )< — hoy (o).
n
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Aekadikoi AoyapiBpot

§ 209. "Optopdg.— Koteitan dexedikdg royapdpog &pi1fuol Twds 6 > 0,
& Aoy, fiTor & AoydpiBuos aldTol s Tpog p&ow 10.

Euvnec.og oV BekaBikdy Aoy dpiBuoy &piBuol 6 > 0 kohoupey kod &TAds Ao-
y&piBuov ToU B kad duti ToU oupPorov Aoy XpnowwomoloUpey TO 1 Aoy
(&vev BeixTou).

*Ex ToU &piouol ToU BexadikoU AoyapiBuou kai ToU ouppohiouou Exopev
TV Aoyikny icobuvapiav :

hoyd=x <= 10*=0 (€8]

OUTws, EYopey T.Y. \
Aoy100=Aoy10%= 2, Aoyl000=Aoyl0?®=3, Aoy0,01=Royl0 %= -2,

. it 3
Aoy V108 = Aoy 10 ':_5.,

Cevikéds : Haoa dovaug tod 10 ué dxOévny dplbudy pnrov (odpuetgor) Eyer loyd-
ooy Tov gnrov Tovrov éxbéTny, fTo1:
Aoy 10" = p, N opeqQ.
Eis thv eibikiv mepimrwow, kaf’ fiv peZ, & Roycxpteuog Tou 107 elvan
& dutponos &piBuds p. OUTws Exouey Tov drdAoubov Trivaxa :

x |...|0,0001] 0,001 |001]0,1] 1 ]10]100 |1000]10000]...

)t bz ke Leel e e [

0i Joydpluor Ty doilbudy, ol énoior dév elvar adupetgor dvvdpeis ot 10,
elvar dofpol doduuetoor. Tpdypar, &v 6 elvan els ToiolTos GpiBuds kal Urobéoco-

pev 611 oUTos Exer AoyépiBpov oUppeTpov dpibuov Ty, TOV mll__‘_' fva peZ,
v

1
veEN, 8nA. émi elvan Aoyl = %, ToTe 10Y = 8, &tomov, Aoyw Tiis yevouévns
Utroféoews Sid Tov 6.

OG0T T.x. & Aoy35 elvan &pibuds &olupetpos, 5161 &v fito : Aoy 35= % .

n
dmou UEZ, vEN, TOTE B& eiyopev : 10V =35f 2¢.50=5".T".

‘H TeAevtaia Sucs lodTng elvon &BUvaros (Biatl; ).

"Apa & hoy35 elvan &piBuds doUupeTpos.

"Qote : OF Aoydpluot SAaw T@v (Oetidr) dobudy, éxtog T@r ovupuétowy bu-
vapewy Tod 10, 8év dtvavrar va dmodoyolotv dxpifids, dAla wata mpooéyyiow
uudc exadixiic povddog (ouvhiBos UmohoyilovTan katd Tpootyyiow 0,00001).
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Ievikn] noputiipnoig. “Ev Tois émopévors yiveton Adyos povov mepl Bexadi-
v AoyopiBpwv. “Emeadn 8 1) Péots a= 10 > 1, mpokimTer #x Tfis 1816TNTOS
VI (§ 205) &11: ol &pibpol of peyodUTepor Tiis povaBos £xouv BeTikous Bexadikous
Aoy apifpous, of Bt BeTikol kol pikpdTEPOL TTis Hovados Exouv &pvnTikoUs Aoyea-
piBuous.

§ 210. Xapaktnpiotikdv kai dexadikdv pépog Evdg Aoyapibpou.

“Eotw 811 Béhopev vé elpoopev Tov Joy 557.

*ETre1dt) 10% < 557 < 108
O Eycopev, &v A&Puouey Tous Aoyapifuous TGV TEIGY PEAGY :

2'< hoy 55T < 3.

"Htot : hoy 557 =2,

AnAadd : Aoy 557 = 2+ d, mou d BeTikds &piBuos LikpdTepos Tiis povédos.

To dxtpaiov pépos (els TO dvwTépw ToapdBerypa & &piBuds 2) kaAeiTon «ya-
PakTpoTikdVy ToU Aoyapifuou, & BE BeTikds kal pikpdTepos Tiis povabos Sexa-
Bikds &pifpds d kaeitan «dekadikdv pépogy ToU AoyopiBuou.

To yapoxTnpioTikoy Evds Aoyapifuou, T.x. ToU AoyB, mopioTaTa cuppo-
Aikéds oUTe : [hoyB]. ;

"Ek ToU dvewTépo TrapabelyuaTos kal ToU 6plopolU ToU XopakTnpIoTIKOU
buds Aoyapifuou, kabioTaTon pavepoy GTL G5 XapakTnpioTikdy fvds Aoyapifpou
Opilopev Tow wixodTegoy Ex 0vo dradoyixdv drepaiwy, petald Tav dmolwy mepté-

Xetar ¢ Aoydolpog adrog.

OUrws, Exouev :

Eqv Aoya = 5,03426, Téte [Aoya] =5 kald = 0,03426.

Eqv Aoyp = 0,63752, TéTe [AoyP] =0 kol d = 0,63752.

‘Edv Acyv = —2,32715, té7e [hoyy]= —3, &1om: =3 < —2,32715 < —2.

To Bexabikov pépos elvan undtv povov S Tas diepalas Bunduers Tou 10.
Els wéoas Tas &AAas TepiTTDOES TO BexaBikov pépos AapPdvetan s BeTikov.
“Qore -

To dexadukov pépog Evig hoyapifpov glvar piy dpvitikog apBpog.

"Edv d elvon T BexoBikov pépos ToU Aoy® xal [AoyB] TO XapaxTnploTikdy,
TOTE &k T EoECOS ©
L Aoy = |Aoyf |+ d

TPoKUTTTE] :

d = 2oy0 — [roY0]

OUre Exopev
"Edw Aoy 0= — 3,45217, Téte Aoy 8]=— 4 xal d=—3,45217 — (—4) =
= 0,54783.
~ § 211 Tpomi) apvnrikol Aoyapi@pou gig fiapvnTikév.— ‘Eréxdn
:IuooTépw &T1 T BekaBikov pépos Evds AoyapiBuou elvan uf) dpvnTikds &pi1buds.
Emeidny duex of Aoyépifuot TV BeTIKGY &piBudy TV pikpoTépwy Tiis wovddos
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elvat &pvnTikod, of B¢ ToloUTol AoydpiBpor Bév elven eliypnaTol e Tév Aoyiopdy,
1&x TolTo Tpémopey Tols dpvnTixoUs AoyapiBuous els «ipapyntikoigy, BnAady
els AoyapiBuous Tév Stoicv povov T drépoiov pépos (YopakTnEITTIKGY) v
&punTiKoy, TO Bt Sexadikdy BeTidv,
‘H Tpomd altn ylvercn és £E7s
"Eotw Ty, & (8Aws) &pvnTikds hoydpifuos &p1fpoU TIvds
6 —254327 fzor & —2-0,54327.

*Edw els airov rpooticwpey —1 xad 1, Srep v TOV peTaPSAAEL, AapPdvopsy:

“Qote elvan : —2,54327 = — 3 + 0,45673.

"ANG T &Bpoioua ToU dkepadou dpunTikoU pépous —3 Kol ToU Bekadikol
0,45673 oupgwvoluey va T6 ypboowpey, &s EEfis 1 3,45673 Bnhabi) ypdgopey TO
ANV UTrepdves ToU dkepaiou pépous, Tva SnAdowpey, 8T1 ToUTo pévoy elvar dpvn-
TIKOV. YTO THY popehv alThy gaiveTan, &T1 YapakTnpIoTIkoy Tou Aoyapibuou
elvan 1O diépatov pépos —3, 5191 6 AoydpiBucs TepihapPdveTan peTaly TGV Blo-
Boxkadv drepaiwv —3 kal —2 kai SekoBikdv pépos ToU Aoyapifuou, TO dvaypa-
@ouevov Bekodikov pépos, 161 ToUTo elvan ) Siaxgopd, fy ol TpokUTTEl, &V
&md Tov Aoydpibuov —3 -+ 0,45673 deaupedii TO YoapaxTnploTikdy adTol —3.

‘Ouoiws Eyouev :

—3,75632= -3 —0,75632=—3 — 1 4 1 —0,75632 = — 4 4 (1 — 0,75632) =
= — 4} 0,24368 = 4,24368,

"Ex T&v dvewTépw TapaderypdTwy ouvdyopey Tov kdTwll kavdva ;

Kavov. Aw va todpouey dpvirizov loydplipoy eis fjuapyridy, abtdvopey
o dmdlvroy Ty o8 dxepalov xata 1 xal yedgopey 16 — tnspdro Tob o
oxopévoy digolaparog, debia 08 TodTov yodpoper dg dexadixd yygla Tag dago-
0dg T Gexadixdy yypiwy Tob dolévroc, Tof pév tedsvralov (onpavtixos) dnd
tot 10 vév 8¢ diiwv dwo 16 9.

OUrws, Exopev Tr.y.

*Edw Aoy 6= —3,85732, & Excopev : Aoy 6= 4,14268.

'Eqw Aoy 6= —2,35724, 6& Eywuev : Aoy 8= 3,64276.

§ 212. "I616TnTeg TGV Sekadikdv AoyapiBpwv.— ). To yapaxtnpr-
oTikOV £vog hoyapibpov civar & Exbitng tiig peyahvtipag dxepuiog duvapswg tod
10, 1) 6noia dév OrepPaiver tov apibpov.

"Anodeilrs. Tlpéyporis éav 10K elvon #) peyohuTépa dxepaia SUvags Tou 10
1 uf UmepPaivouca tov (Betikov) &piBudv 6, TTe B Excopey :

10k=6 < 10k+!, keZ.

’E€ o0 : k=Xy6 <kt 1.

"Apa 6 Aoy f) 6& elvan foos pt k A pt k- d, dmou 0 < d < 1.

"Ofev 16 yapaktnploTikdy ToU AoyapiBuov 8 elvan foov mpos k.
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p). To yopaxinprotikdy tod royapiOpov Evag apbpod peyelutépov TS pova-
og igobtar mpdg to mhijlog T@V yneiov 100 axepoiov pépovg adrod, Ehottwbiv
010 povada.

*Anodeigie. "EaTeo 611 & &pibuos 9 elvan peyaAUTepos Tfis povados. "Eav 1o
wépaiov pépos Tou 6 Exn k wnela, TOTE 6 6 & TepiéyeTan petofu 108! kal 108,
1Tol B& Excopev

10k ' =9 < 10k,
EE-0U. (k—-1)=2oy 8 < k.
"Ofev Td YaparTneIoTIKdY Tou Aoy elven Toov mpos (k — 1)
OUtw mY. hoy 235=2,.. . -
Aoy 53784 = 3,. 00
Aoy 3,748=0,.....

¥}, To yopaxtnprotikoy od hoyapibpov Evog Betikod apBpod pkpotépov T
lovidog yeypappévon Hrd dekadikiy popeNV, Xl tooag apvnTikag povadag, Som
tlvar 1) tagig 100 TPOTOV CINROEVTIKOD yngiov Tov peta Ty OmodruaTori|v.

"Anodatic. “EoTe 6T & BeTirog &p1Buds 8 elvan pikpdTepos Tfis MoVEBOS
(0 <8 < 1). ’Edw k elvan 1) Béo1s 7ol TTpGTOU oTuavTIKoU Yngiou petd THv UTro-
BlaaTody el Ty Bekadikiy popehy TouU 8, 0 elvan :

o t=e< 107"
E§ ol : Aoy 10 = Aoy 6 < Aoy 107"

il —k=hoy6 < —k+1

"Ofsv T0 Xupo(r.-rqplcrﬂxc'w 100 hoyf elvan ioov mpos —k.

Oltw .. Aoy 0,00729 =3,. ...

Aoy 0,27508 =1,.....
Aoy 0,08473 = 2,.. ...

Mapatipnorc. Ti Ponbeiq TGOV dvwTépw 1BroTATEY Buvdneda va elpiokwuey voepdds (&md

WYumS) T8 yoapawTnploTIKGY TOU AoyapiBuoy tvos apifipou.
"AVTIoTPOPUWS TOEX £ TV {SlothTeov P’ okad y' EmeTon ST

.8). "Eav 10 JepuKkInpioTikoy T0b hoyapibpov Evdg apBpod (Betikod) x eivan
aplpog Oetikog ij pnodév, 0tE O amOpog x Exer tooa axépaia yneio doag povadag
Eyen 10 yapokiyprotikoy kai Ev axoun. "Eav 6 LoyapiOpog ol X slvor fpapvnTikog,
©0Te 1O axépatoy pépog Tl X Eival 10 pndiév, 10 82 npdTOV SNUAVTIKOY yngiov 0D X
HETE Ty Drodlastoliy KaTéy el TaSY ionv pi 10 nhijfog @Y povadev tiig anolirov
TWiig tod yepaktnproTikod.

‘ OUteos, v TO XapaKTNPIOTIKOV ToU Aoyapifpou é&puol Twos elvan 3,
TS dkpaiov pépos Tou piBuou EXE TECTAPA nice g TO YAPAKTTPIOTIKOY Elvan
9, TS dképanov pépos ToU &p1Bpol EXEl gv yn@lov- v TO yopokTnpioTikov elvat 2,6
Cp1Buds elven Bexadikos TS HOPPTS 0,0y,Y2¥a¥a- - -+ b 1=y, S0
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' ¢'). ’Eav nodlonhacidoopey (i Sopéoopey) Eva apbpov &ni 10V, veN,
dexudikov pépog tob hoyapibpov div perafaiietal, 16 yapaKINPETIKOV Bpwg abrol
abEaverar (i ELatrobtol) Kata v povadag.

*Anodeibic. "EoTw 6 OeTikds dpifuds 6 pé Aoyd = yo, yiVaVy. .-
TMoAhamAaoi&fovtes TOV dpi@podv & &mi 10v , VEN Exopev TTE :
Aoy (10¥ - 8)=2noy 10¥+ Aoy 6=v+ Aoy 6=v+ v, ¥,¥s¥s. ..

= (Yo + V), Yi¥aVs: - ¢
‘Opoiws, SiaxipolvTes ToV 8 8ix Tou 10¥, veN Exopev :

8
gz ('10'7) = Roy @ —Aey 10 ==y Roy b= =¥+ Yo, FiFalgern =

= (¥o—V)r Yi¥eYs- - 2
Al iodtnTes (1) kad (2) Seikviouv 6T1 TO Bekadikdv pépos Tou Aoyapifuo
ToU &p1Buou 6. 10k, k € Z, elvon 16 arTd pé 1O Bexadikov pépes ToU Aoy, TO Yapd
KTNPIoTIKOY Spws ToU Aoy (6 - 10K) avfévetar (f) éhaTtouTal, &v k dpvnTikd
dKépanos) katd k povédos By oxEoel PGS TO XAPAKTNPIOTIKOV ToU Aoyd.
Auvéper Tfs dvwTépw 1B16TnTos of &p1Buoi .. 5, 50, 500, 5000,. .. Exou
TO aUTO SekaBikov pépos els Tov Aoydpifudy Tous. "Emrions oi épifpoi :
0,5 0,05- 0,005 0,0005...
Mopiopa. —"Eav 0o apibpoi Exovy ta adta yneie kel ket Ty abtiy 1d
Ewv, dwagépouy 8¢ povov Mg mpog T Béowy Tilg Dnodractokiic, of LoyamBpoi tw!
Sropépovv povov KATa TO YEPEKTNPIGTIKOV TOV.
OUtws, &av slvar .. Aoy 312,865 = 2,49536,
ToTe B elvon : Aoy 31,2865 = 1,49536
Aoy 0,312865= 1,49536
hoy 31286,5 = 4,49536
Aoy 3,12865 = 0,49536.

§ 213. Mpageig émi TV dekadikdv Aoyapibpwv.— Al mpdges ém
Tév Bekadikddy Aoyapibuwy yivovton kabdxs kal ol Tpages el T&V SexaBikdy
OYETIKGY Sp1Bpddy, pé Tapaiayds Tvas, Stav of AoydpiBuor Exouv dpynTikd
yaparTnploTikoy. Extevéotepov Exopev Ta EEfiS

«’). Ipocleorg royapibpov. Ak v Tpocbécwiey Sekadikols Aoyapifuou
TpooBiTopey T& BekaBikd pépr, T& omrola elven SAa BeTika kol TO dxépaiov pépo
ToU &BpoiouaTos alTédv TO TpoohéTopey SAYEPPIKES els TO dAyePpikdy &Bpolop
TGV dxepaicov pepddv TV Aoyapifucwv.

My. 1) Na yivy 1 npocOeoic : 5,57834 + 3,67641. "Exopev :

5,57834
¢ 3,67641 MpoodéTopey T Sexadika pépn Twv, &s guvnbos, kal Exouev TEAIKO
7,25475 kpaToUuevov 1, 8Te T dképoiov pépos TolU dbpolouaros elvan :

14+ D+ (B)=-T1T=T7.
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2) Na yivn 1) npoolcong : 2,85643 + 2,24482 + 3,42105 + 1,24207. "Exopev

2,85643

2,24482

3,42105 *Evtaufa To &bpowcpa TRV Sekabikdv pepiov Exer plav dkepaiov
1,24207 povéba kol guvemds To dxépatov wépos ToU dfpoiouaTos elvan :
3,76437 14+ D)+ 3+ 2+ 2)=-3= 3.

§). *Agaipeois Loyapipov. ‘H &paipeois Aoyapifipwy yiveton, Sros kal 7
Xpadpeois TévV ouvnBwy BexaBika &pBudv, 1) &t Blagopd T&V Bexadik@y Pepddv
Tvon BeTikds &p1Buds. Equ Bk THs Gpouploecs Téwv BekaBikdy pepdv TPOKUYT
TEAIKEDS KPOTOUHEVOV, —oUTo elven BeTikov kol wpooTibeTan (&hyePpikdds) ué 1O
XOPaKTTPIOTIKOV ToU AQAUPETEOY, &rohoubeos BE 6 &Bpoioua ToUTO &PaipeiTal
Ao TS YapaKTNPIoTIKOV TOU PEICITEOU.

Ty, 1) Na viva i dpeipeots 2.83754 — 5,32452. "Exopev :

4
223122 Evraifa Stv UTTdpYEl kpaToUpevoy, TO Bt KOPAKTNPITTIKOY loouTat
3,51302 pés 1 —2 — (-5) = 3.
2) Na yivn 1 apoipeois 3,48765 — 2,75603. "Exouev :
3,48765
2,75603 Evradfa T TEMKGY KpaToUpevoy even 1, TS BE XOPAKTTPITTIKOY
2,7;165 loouTan mEos : — 3 — =24+ 1==-3-(l=- DT

3) “‘Ouolws EXOUEV :
2,95842 567835  0,35893 2,72125
5,76923 085632  3,44972 5,28582

318919, 682203, 200921, 343543

Mopatipnois. < yvwoTtov (§ 208) elvan :
Aoya — Aoyp = Aoya + ocuhhoyp,
fitol ) dpadpeats tvds AoyapiBuoy GudcyeTan gls Thy Tpooleow ToU ouihoyapifuou
Tovy,
“Yrokoyiopdg 100 ovlloyapidpov £vdc apLOpod, yvestod dvrog tob Loyapibpov
Tou,
"Eorer &1 elvar Aoyp = 2,54675. Téte B EYCoUEY
: cuhhoyp = —AoYP = — 2,54675. )
"Emaisn (§ 211)
— 2,54675 = 3,45325, f) looTns (1) ylveren :
cuhhoYP = 3,45325.
*Evrelfev metan & EETS
Kavov. A va efpouey 10V cvlloydotfuoy évig apiuod, Tod émolov yrwolio-
pev vy Aoydotluoy, mooaléTouey elg 16 xagazrngm_rmdv roi Aoyapiuov 6 + 1
#al Tod dfpoloparos dAAATTOUEY 70 onueiov, drolotbws apatgoiuey T4 yngia Tod
Seradixot pdpove dmo TOD 9, éxtog redevralon ONUOYTIXOT, 70 Gmolov dpalpoduer
w6 voi 10,
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Katd tadre éyouey :

Moy a = 1,37260 =+ culhoya = 0,62740 ;
Aoy 0,06543 = 2,81578 = culhoy 0,06543 — 118422,

¥'). Ilohhandasraopndg &vag LoyapiBpov ini axéparov amOpov.

Aiaxpivopsy Yo mepimTdhoe :

’Edw
’Edv

i). ’Edv 6 axéponog eivar Ostikoe, ToTE TOAATTACCI1GLOUEY TO Bekad kO pépo
ToU Aoyapifiuou émri Tov BeTikdy drépaiov kai YPAPouEV LOVoY T& Bexadixd wnell
TOU ywopévou, Td B drépaiov pépos ToU yvopdvou TO TpoafiTopey dhyePpikd
els O ywduevov ToU xopakTnpioTikeU &l ToV BeTikdy dxképaiov,

Tl.x. N& yivy 6 nokiankacroopnoc : 2,65843 - 4. *Exopev :

2,65843
_ 47 'Evtalfa Té TeAkdv kpaToUpevoy eivan 2, T B¢ XOPaKTNPITTIKY
6,63372 ToU ywopévou looUtar mpés: (—2) -4+ 2~ —¢g — 6,

ii). ’Edv 6 dxéparog elvar apvitikds, T6Te MOAAGTAGT G0y Toy ouAAoyd
pifuov Tou &piBuol émi Tov dvTiBeTov Tol Grepaiov kal oUTws dydpeda els T
TPWTNV TepiTrTLOGIY,

M.y, Né yivy 6 nohhanhaciaopog : 3,67942 « (—4).

Edv Aoyx = 3,67942 == ogulhoyx — 2,32058 kol ouvemdis

3,67942 % (—4) = 2,32058 x 4 = 9,28232

). Awaipeaig Evog hoyapiBuov 8’ dxspaiov apiipod.

I). Ai& v Sicipéowpey ToV Aoy &1 GeTikol dikepaiou (puaikou) &piBpoi k,
€@’ Soov uév hoyf = 0 épyaldueba Streos els Tous Sekabikous p1Buovs Edv G
6 Aoy elven fuapunTirds épyaldusda s E7s -

la). 'Eqv & k Broupdj (GkpiPdds) T XapakTnpioTikoy ol Aoy, Téte 1cupol-
HEV XWPIOT& TO Bekadikdv pépos kai YwploTd TO XXPAKTNPITTIKOY kol TpooféTo
MEV T& TrmAika.

1p). "Edv & k Bév Sicupd] TO XopOKTNPIOTIKGV, TOTE TpooBiTopey els alTd
TOV MiKkpSTEPOY SpUNTIKOY Képaiov — oUTas, GOTE V& KaTaoTH Sipetov 16
ToU k, dioAoUbiws TpooBiTopey Tov -u els TO dképaiov HEpOs (TO STrolov Eval
TO pnbév) ToU Bexabixol pépous xai eUploKopeEy XwpioTd T& TnAika TéV SUo
aUTEY uepddv S1& ToU k, T& émroia kai TTpooBETopEy TEAIKE:S.

T.x. Na yivovv ai Stpéosig : 1) (6,54782):3 xai 2) (5,62891):3 .

AUtar yivovton dos EE7is :

1) 6,54782 S | ) -
B T : 5+1 *é ftll.62891 3 4 054297 —
0 + 0,54782 — 2,18260 i 6” o 2,54297
24 f . iy |
= 0+1,62891 |
0178 | il 12
' 08
02 | ‘ 29
‘ [ 21
0
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2. A& v& Bioapéowpev Tov Aoyd Bia ToU &pvnTikel dxepaiou K Blonpoupey

v gulhoy® B tol —k > 0.

Ty, Na yivy 1 daipeois (5,92158) : ( —2). "Exopev:
*Eav  Aoyx = 592158 ==* ouMhoyX = 6,07842, &Te B& Excopev :
(5,92158) : (=2) = (6,07842): 2 = 3,03921.

ATZKHEZEIZ

459, Na& yivouv fimapynTikoi ol Aoydpifpor @
1) —2,32254 2) —0,69834 3) —1,27218 4) —3,54042

5) —0,41203 6) —5,78952 7) —0,00208 8) -—2,05024.

460. péyare TO YAPOKTNPITTIKOV v Aoyapifpwy TéV kaTwh &piBpdv :
1944185 2) 2050 3)195 4) 0,003 5) 382,27

e rsT ) 137 g) 1225 9) 056  10) 304L7.

461, Tléoa dxépana yngio Exet &p1duds, ToU dyroiov & Aoydpifpos Exel XQpaKTTPIOTIKOY :

3.5,0, 1, 1, 4,.2;

462, Tloia elvan 1y T&Eis ToU TPWTOV GTUAVTIKOU YN@ioy peTé THY UroBiaoToAf ToU dpi-

LoU, Tou dmotou & Aoy &piBHOs EXEL xupcxx'rnpmﬂxév . —1,-2,-3,—4,-5,~7;

463. 'Eqv Aoya = 1,63819 Kai Aoy 4347 = 3,63819, v ebpedi) 6 a.

464, Aobévros & Aoy T = 0,84510, elpes ToUs Aoyapifuous T&V &p1@udv :

7108, 7-10¢ 7 o o sl
f : 100 10¢
465. *Eav Aoy 7283 = 3,86231, va& cUpebi & hoydpiBuos TEV GpiBudv .
0,7283, 7,283, . 0,007283, 728300, 728,3.
466. N& evpefoly T& E§oydueva:
hoy 124 — hoy 7,24, Aoy 0,65 — Aoy 6,9, Aoy 17,62 — Aoy 1,762

467. N& eupebouv of guAhoydpiBuor TGV &piBudv pe Tous Ké&Twhi Aoyupifuous &

1. 3,27284 2. 0,07257 3, 1,71824,
4. 5,27203 5. 4,75304 6. 1,03275.
468, 'E&v Moy = 2,29814 xal  DovP _ 784212, UmoloyiooTe T :
1. Aoyax + Aoy, 2. Aoya—AoyP, 3) 3hoya -+ 5hoyB,

3
4. 2noyp— .i, Aoy, 5- ; (roya + AoyP) — 5 (hoya—AoyP).

469, N& eUpefolv Ta kaTwd &BpolopaTa :

1. 527214 + 34751 + 1,81523 + 0,47214

0 467471 + 2,14523 + 0,67215 -+ 3,04703.
470. N eipebij 76 EEarydpevov &V k& Tpdbewy

1. 324518 4 1,41307 — 2,47503

2. 0,03182 —4,27513 + 3,82504 — 1,08507.
471. N& OmohoyioBoly T& k&Twd YIVOHEVS

15153,82307 % 5 2. 0,24507 % (=2) 3. 1,24513 x 4.
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472. N& bxreheofoly of kéreod: Sicnpéoers :
1. 489524:3, 2. S60106:(-3), 3. 524 (_ %_)

4. T,42118: 4, 5. 627508 : (-2), 6. 832403 4,

473. "Edw K elven 1o TGOS TEV dxepaicov &piBudy, Tév drofoy ol AoydpiBuor Eyouw Xof
XTNp1oTikdy k kad A elven 1o TAfifos Tév drepaicov, Tay droicov ol dutioTpogor Exouv Aoya
Buous pe XAPEKTNPIoTIKOY —A (A > 0), v Bery B &1 :

AoyK —RoyA = k—A + I

Mepi AoyapBuikdv mvéakwy

OKOUEV Tous AoyopiBuous Tédy Ap1Buddy ToUTwv KaTd TPOoEy Y11y (ouvnfu
0,00001). Emreiss €€ &\hou oy b =—MAoyo, EmeTen &1, &y Yvwpifeopey Tol
a

Aoyapifuous Tév Sp1BLGY TéY > 1, Suvdpeba vi UroAoyigepey kal ToUs Aoyap!
Buous T&v BeTikéy SpiBudv Tév < |,

'EE &Mov eiBopey 11 & AoydpiBuos tvds apiBuol &rmoresiton drs o HEpT
AT TO yapakinplotikéy Tou kad &mod 16 Sexkadikov Toy pépous,

TS YapokTnpioTiéy Tou ESeifapev els TRV § 212, s Umodoyiletan dart
uvfiung.

T Bexadixov pépos Tou Aoyoapifuou Svaran v UTOAOY 1067 gl olovdHmroT
emibupnTov BaBuov Tpogeyyloews pé Sexabikd Yneia, i Ponbeiar peddswoy o
omolan dvorTdooovTam els T dvadTepar paBnpamig, TH PonBeiac Ty peBdS
TOUTWY T SekaBixkdy HEPOS TGV Aoyapifucv SAcy TQV dkepaioy Gp1Buddy &rd
Tou 1 kad épetis, ouvnbes péxpt ToU 10,000, eUpédn kai KaTeypaon els mrivakas,
ol omofor Adyovran Loyappikol mivaksg f “MiVaKES T0U Sekadikod pépovgy».

- TowolUror Trivenes Umrépyouv Blapdpwv ei8&y, Els TEPLEYEL ToUg Aoyapifupous
Tév Suepaicov dpiBudsv &md Tol 1 s 10.000 HE 7 Sexadikd wnola. “AMos
11 SexaBixa ynota. "AMAos ué 14 BexaBixd wnola ko GANOS pE 5 Bexadind wnelia.
Al Tés ouviBers Suws Epappoyds &pkel & TEVTaWT p1og Tivag, 1ol émrofou Umép-
Xouv kai ‘EAAnvikai ¢kBO0EIS KoTA T oUGTNHQ Dupuis.

ToUTtov 8& TEPIY pépwpEy OUVTOMCS i T Emdpsva kal fa exBéccopey kal Tov
TPOTToV Tiis yprioecs avrol.

§ 215 Meprypadiy rav AoyapiBuik&u MVakwy Dupuis.— Oi io-

Yapibuikol rivokes Dupuis mepiéyouv Tous AoyapiBuous Téy drepaicov dpiBucov

Ti «Trivekan, SoTig Exel Angbi éx T Yok £k8doews Tof J. Dupuis.
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4
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8
9
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549\ 73957 | 965l 973 | 981 | 989 || 997 [*005 [*013 [*020 [*028
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|

Els v 1rpds Ta dpioTepd oTAANY, &veobev THg omoias Umdpya 1O ypdpua N
(Nombres = &pifuoi), €s 8¢ TS EAAVIKSs EKBOOELS TO Y PapHA A (&piBuot),
elven ypouptven of Bexddes TV &piBpddv, ai & povddes TV elvar gis THY aUTHY
SpilovTiav ypauphy peta Tou N. Eis Tds &AAas oTfihas elvan ypappéva T& Seka-
Bk pépn Tédv AoyopiBuwv. T& Buo ynole, T& omola els THY BeuTépav OTNANY
BAtmopey é11 Eéyouv, voolvTal FravehapPovopeve, KEXPIs oU &AA&Eouv. Kai
ToUTo, &16T1 oMol EpebTis Aoydpifuol Eyouv T& BUo TPHTX yneio kowd.

‘O hoyépiBuos txdoTov &piBpol eUplokeTon el &mou BiaoToupolvTan ol
0o vonTal ypappal, f &k TOU wnolou TV povabwy &youévn KaTaKGPUPOS Kal
T & ToU cuvdhou TéY BekdBuwy ToU &p1Buol dryoptvn SprlovTia.

‘O doTepiokog Tov bmroiov PAETIOUEY V& TIPOTEOCETaN TGV TPIBY TeheuTaiwy
BexoBixésy ynelwy els TIvos Aoyapifuous, pavepwVEL BT T& SUo TaPOAEITTOHEVC
TpdTa wneia fHAAagav xal TpETrEL V& AdPeopey TX Auéows ETTOPEVA.

_* Zupgdoveos Tpds T& dvcoTtpw EkTebivTa kol Paoer ToU dveTipe «rivakos,
EXOuev omi:

Aoy 500 = 2,69897, Aoy 5047 = 3,70303, Aoy 5084 = 3,70621

Aoy 503 = 2,70157, Aoy 5128 = 3,70995, Aoy 5017 = 3,70044

Aoy 512 = 2,70927, oy 5129 = 3,71003, Aoy 5060 = 3,70415.

§ 216. Xpfiowg TGV AoyaplOpIKGY MVaAKWY.— ToUs AoyapiBuikous Tri-
vakas ypnoipomroloUpey Tpds EmAuoiv TGV &rohoubeov TTPOPANHET®Y
1) Né etpedfi & Aoyépibuos BoBEvTos &p1Buol, Kal
2) N& ebpedij & &piBuds, & 60108 dvtioToryel els SoBévta Aoy dpibuov.
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§ 217. MpéPAnpa l.— Na edpedf 6 Loyambpuog SoBéviog aprdpod.

Lix Ty émfavow 1ol TpoPAfuaTos ToUTou UroBéTouev TpdTOV, 0TI O do-
Bels &p1Buds elvan TavToTe yeypaputvos Ud Bexabiknv popeny, kad Seltepov, 811
XPT|CIHOTIOIOUPEY TevTayneious mivaxas. Of mrivakes oUTol 8& uds Swoouv TO Seka-
Bixov pépos ToU AoyapiBuou, 814T1 TO YapaxTnploTikdy alTol 8 To elpcopey o
HVTIHTS, TUMQEVS Trpods Tds 1816TnTas P’ kal y' Tis § 212, Aid iy eUpeoiv Tou
BexaBikoU pépous, Béov vk Eyoopey U Swiv 8T :

To BexaBikdv pépos ToU Aoyapifuou évos dpifuol éEapTdTan pdvov &md
TH dkoAouBiow Tév kahoupéveoy onuavTIKGY wngiwy, 1 dmoia mmuyydvetan
TapaAeiTovTEs THY TUXOV Umdpyovoay UroBlaoToAfv kad T& unBevikd T& dTroia
TuxOV Utrdpyowv s Thy dpx v 1 els TO Téhos ToU Ev Adyw &p1Buol.

Zuvemdds kaTd T eUpeotv Tol Sexabikol pépous Tol Aoyapifuou B kafoTé-
Mev Tov Sofévta Gpifpdy dxépatov, fitor 8% TopaeiTeonsy THY UTToSiaoTOARY.
ToUTo, cos eibopev (§ 212, 18.¢"), Btv peTaPdAAel To LnToupevoy Sekabikdy népos.
Karé ToUta Exopev, &1 & Bexadikd pépr TéV &pifuddv ;

50,87 0,05087 508,70 5087000 5,0870

elvan T& alTd pe 16 SexaBikdv pépos ToU dpiBuol 5087,

"HBn mpos Emridvoiv Tol TebBévTos TpoPAfiuaTos Biokpivopey Tas k&Twh Buo
TTEPITITCOOELS :

MepimTwoig o "0 apbpog nepéyeran elg toig nivakag, fitor & apbpog
3Ev Exel neprocbTepe TV TE00APOV CNPUAVTIKOY YNQimy.

Eis i mepimroov adtiv, dpol elpwpev kot &pyny T XOPAKTTIPICTIKOV
ToU Aoyapifpou ToU dv Adyw &pifBpoU, eUpiokouey drkoAoUbws kol T BexaBikdv
uépos Tou AoyapiBpou Tou duéaes &k TEV Tvdkwy, &pkel vé elppey Toy fy Aoy
Gp1Buoy els Tous Trivakas, ds E€eTElN els Tponyouévny Tapdypagoy (§ 215).

Tepaderypa : Na edpebi) 6 hoyapbBpog tod 56,82,

Ataig : To yapaktnpioTixov Tou {nToupivou Aoyapifiuou elvar 1. Td Bekabikoy uépos elvan
TO aUTd (§212) pé 1O Sexabikov pépos ToU Aoyapifpcu ToU &piBuol 5682. "ANAG 16 BexaBikdv
uépos ToU Aoy 5682, dxs els ToUs mivakas paiveTan, eivan 76 75450. *Apax Aoy 56,82 — 1,75450.

‘Ouolws ebpiokopev 6T1: 2

Aoy 568,2 = 2,75450 ‘ Aoy 0,8703 = 1,93967
Aoy 0,000507 — 4,70501 || Aoy 3,74 = 0,57287.

MepimTwois B.—"0 ambpog dev repiéyetar &ig toig Tivakag, fitor obtog
£x£1 mEPLOCOTEPE TOV TECCAPOY UTQIOV.

Evplokopey mp@dTov, cos kai els TV mepimTwow o, T8 XAPAKTNPITTIKOY
Tou {nToupévou Aoyapifuou. Katdmv, Si& tHv elpsow Tol Bexadikol pépous Tol
AoyapiBuou, ywpifouev 81° UrodiaoToAfis T& Téooapa TP&Ta Wneia Tol SodévTos
&p1fuoy. Kat’ alTdv TV TpodTOoV yeypapuévos Trhtov & &p1Buds, TEpIEyETOn PeTaly
BUo SiaBoyk@v drepaiwv e Tesoapa wngia. H elpeois &y oy
KOU WEPOUS EMITUYXGVETON EXOVTES UTT Sy, &o’ #vds uiy T

ko’ v :

vexeix Tou Bexadi-
V yvwoThyv i810Tn 1Y,
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'Eav o, B, yER® xai elvar a < f <y = loya < doy f§ < doyy
kal &g’ ETépou TV Tapadoxnv, k@ fv

Vi puxode petafodas vy dpludy, al petafioial Tod dexadixod pégove elvat
davdloyor Ta@v petafoddy Taw aofipdn (xara apoceyywow, fray ai peraflodal T
Aollpdn elvar pixodTeoar Tis povadog ) ®al AVTIGTROQS.

‘H dvwtépw Tapaboyn bev elval Tehelws &An@1s, dxpiPéoTepov ai petapo-
Ao TGy Aoyapibuwy Stv elval dvdhoyet Tpos TAg peTaPords TEOV GplOuddY.

Mpérypari, Becopnaoopey SUo BloBoyikoUs dkepaifous o kai a+ 1, a>10
kol kohgwpey & THy Slagopay : Aoy (a +- 1) — Aoy o, fiTol
o+ 1

[0 4

§ —hoy (a4 1)—hoya 1@ & =Aoy
5 1
hil 5 = ?\oy( 14 ?),
¥ ; \ . ! 5
Maparnpoupey Twpa OTL: bk & — o0, 018 — —> 0, Exopev :

sl
)\D'Y(l—r -0:)-*0,
fiTol 5 — 0.

“Qoe, 1 Biagopd TéV Aoyapiucv duo BraBoy @y dkepaicov Bév pével TEVTOTE
f aUrh, GAA& EAaTToUTal Kod' Goov ol &pifuol avfavouv kai kot drolouBiow
Btv dhnbevs 811 1 alEnols TEV Aoyapifuwy elvar dvdhoyos Tiis augnoews TGOV
Gp1BucdY.

"Emreisy Suws 1 Siagopd alTn pével émmi TToAAoUs GpiBuous GpeTaPAnTOS,
Buvéuebo va GecoptiTwHEY, 00§ EyyrwoTa, THY atEnow Tév Aoyapifiuwy dvaioyov
Tpds THY alEnow Tév &pifpdy.

Karémy ToUtey, Bid Thy elpeoiv ToU Bexadikou uépous Tou Acyapifiuou
ToU &piBuoy Epyadoueda G els TS KaTwTépw Topadelypata tpgaiveTal.

Mopaderypa lov : Na gopedi 0 roramBpog tob 17424,

Avorg : To xcxpux'rr]plc‘.rll(év ToU {nToupévou Aoyapibuoy elvan 4. Xewpifopev Tou SobévTos
dpifpol 81° YmodiaoToAfs T& TEOOAPA mpdTa ynela kai olTws Eyopev Tov &pibpov 1742,4. O
Bclels &piBuds kal & 1742,4 Exowv (§ 212) To oUTO SexaSikdy pépos TcU AoyapiBuou Tov. "Ap-

o kel Mooy v elpwpey TO Sexadikov pépos Tou AoyapiBuou ToU &p1Buob 17424

Tlpds ToUro Epyalopeda s EEfis *Emeidry, Tpo@avdds, elvai ©

1742 < 1742,4 < 1743,
Emeren 6mi:
Aoy 1742 << hoy 1742,4 < hoy 1743,
*Ex Tis dvicdTnTos TauTns, tmaidt, ©F e T&Y TIvaKwY aivetal, glvan
Aoy 1742 = 3,24105 kol Aoy 1743 = 3,24130, wpoxuTrTer:
3,24105 < Aoy 1742,4 <C 3,24130.

"Hror & {nToupevos AoydapiBuos TEPIEXETA peTafl Tév GpiBpdv 3,24105 xai 3,24130, oi
omoion Biagtpouv katd 25 povébas TERTITNS Bexabixiis TaEews (H.E'.5.T)

*Ex té&v mvéxey PAéTope Erions &11 Tou &mbuol avfavoptvou kaTa 2, 3, 4, 5, ... dke-
paias LoviBas & hoydpiBuos aUTol aUERVETS! &vTioToiyws kat& 50, 75, 99, 125,... pe'B.T.
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Auvépefa dBev va Bewpriowiey Ty alfnow Tol Aoyapifuou dx EyyioTa dvéhoyov Tpds ThHY
aUEnoiv ToU &piBuol kal vé UmroAoyiowuey Téoov mpéer vé aunbi} O Aoy1742 = 3,24105 818
v& Trpokuyn & Aoyl742,4 kal &€ altol & Aoy17424. ‘O Umrohoyiopds yiveran s eEfs @

Els aiEnow 10U &pifpol katd 1 dvtioroiyel adf. Tou Aoy. kaTd 25 pe' 5.1

» » » 0,4 » » » s T

"Apa: X = 25 0,4 :710 ;J.EBT

Ko’ dkohoubiav :
Aoy 1742,4 = 3,24105 + 0,00010 = 3,24115

Kol ouvetrés Aoy 17424 = 4,24115.
Al dveTépo TpdEes SiaTdoaovTon kal s 67is
Aoy 1742 = 3,24105 || AU€nois &pibpiv 1 alnois hoyapifuwy 25 pe'.5.1.
Aoy 1743 = 324130 | g S SO N e W A
h = 25 x=25.04=10 ue'b.T
“Apa : Aoy 17424 = 4,24105 -+ 0,00010 = 4,24115.
Evpebévtos 6T1 Aoy 17424 = 4,24115 Exopev :
Aoy 17,424 = 1,24115, Aoy 0,0017424 = 3,24115,
Aoy 1,7424 = 0,24115, Aoy 174,24 = 2,24]115.

Mapaderypa 20v. Na eopedi) 6 hoyapbpog tob apipod 24,3527,

Adoig : T yapaktnpioTikdy ToU gnrovpévou Aoyaplfuou elvan mpogavés 1. "E&v & Troh
AamAacibowpey Tov Sobévra dpifpdy i 100, To Sexadikdy népds Tou Aoyapifuou péver (§ 212,
&peTaPATTOV. *Apkel Aoy v elpwpey T Bexadikov pépos ToU AoyepiBuou ol dpiBuol 2435,27

Tpss Tolro Epyaléueda ds kal els TO TponyoUuevoy Tapaderyua, fitor :

Aoy 2435 — 3,38650 || AUEnots dpifuddv 1 alnois Aoyepibucwy 18 pe’5.T.
Roy2436=338668 | > > 021 »  »  x; »

A= 18 | x=18.0,27 = 48 ~ 5 pe'sr.
“Apa : Aoy 24,3527 = 1,38650 +- 0,00005 = 1,38655.

Enpsioaig : Eis Tobs AoyapiBpikous mivakas Umapyouv dktds Tol mAaiofou mivakiBia, Eka
oTov Tév dmoiwy gipar ds EmikepaAiba plav TGV v T alTi) oeAis1 Siagopdv peTaly TEV Aoy
piBucwv Blo BiaBoyikdv &piBudv. “ExaoTov mwakibiov Bwnpeiten 81 edfefag

ypaupfs els BUo oThAas. TouTwy f) TRWTN GEpel TOUS puaIkals dpifiious 1,2, ..., 9, ] 18
of &mroior pavepdovouy BekaTa Tis dxepaias povados, 1 8t &AAN Tés dvTioToiyous
Té&v AoyapiBpcov avffoers els povaBas Tis TeAeuTalas SekaBikis T&Eews. TH Bon- 1 1.8
Beigx ToUTV UoAoyilopey &utows Tas alErigels TaY AoyapiBuwy, ol dmoict dgei- 2 3.5
AovTan els SoBeloa; Sragopds (A) Tév &pibuddv kol ToUTo B1d4T1 TaUTa BiSouv 3 5'4
&’ eYeios, B1& T&s Biagdpous Siagopds A, Tas Tias : 4| 72
Tt Ax2 Ax9 5 | 90
g IO/ e () 6 | 108
OGtws, & Umoloyiopds ToU Aoyapifuou ToU Tapodetypatos 2 yivere 7 1126
pt Thy Pofifaiar Tol mweakiiou, TO dmolov péper Emikepodida v Siagopdv 8 14,4
N 9 | 162

Els & TwakiBiov TouTo dmévavTi ToU 2 (0THAN «) elvan 3,6 kol dré-
vovTi ToU 7 sfvon 12,6, &G Emeibn 0 wnelov 7 mapioTd els Tov &p1Budv 2435,27 ékaToaTd
fitor uovébas 10 gopas wikpoTipas, TPETEl va AdBouey 1,26, “Qore els atfnow Tou &pifuo
xatx 0,27 dvrioToryel aUfnois ToU Aoyapifuou kord 3,6 + 1,26 = 4,86 ~ 5 pe.b.T.
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Ardrags Tdv Tpdgecv.

Aoy 2435 = 3,38650 A=18
Els aUtnow 0,2 abfnois Aoy 3,6
Sk . SUOTI S ACCE D MG | LER
&pa Moy 2435,27 = 3,3865486

Xl e Td Gov yneiov ToU Bex. pépous elvan peycAUTepov ToU 5, cU§dvopey katd povaba TO
sv yngplov, “Apa 8 elvan Aoy 2435,27 = 3,38655 kol ko' dkohouBiav Aoy 24,3527 = 1,38655.

§ 218. Mpopinpa Il (avriorpopor ).— Na copebi} 6 dpiOpdg, 6 droiog avri-
Touyel eig dobivta hoyappov.

A& Thyv émiAvow ToU TrpoPAruaTos ToUTou dvadnToUpey TpddTOoV Els TOUS
oyapiBikoUs TrivaKas TO SekaBikov pépos ToU Sobévtas Aoyapibuou. “Evexa Tou-
ou Slaxpivopey SUo TEPITTACTES, koBdoov TO Bexabikdv TOUTO pépos duarypd-
eTal f) pr elg Tous Aoyapifuikous Trivakas. To yapaxtnpioTikdy ToU Bobévtog
oyapifuou EmiTpémel TOV xaBopiopdy, ouupcves Tpos TV iBidTnTa &' Tiis § 212,
0U TTATBous TEY ynelwy Tou dxepaiou pépous ToU LnToupévou &p1Bpot.

'AxpipéoTepov Epyadoueda ds xaTwb : _

MepimTwots o — To Sexadukov pépog 10D hoyapibpov shpiowetar eig
0Ug mivakag.

*Eoreo &11 Ofhopey v eUpaopey TOV BeTikdv &piBpdv x, Si& Tév dmoiov elveon:

hoyx = 2,62716.

Aborg : Xepls vé& AdPeopsy Ut Syw 6 yapokTnpioTikdy 2 dvalnTtolpey mpdTov Els THY
ANy O Tdv AoyaptBpIkdY TIVAKWY Tév &piBuov 62, wol &moTeAouv T& Blo TpdTa yneia
oU Bexabikol pépous TOU AoyapiBpou, &xoroubes avalnToupev el Tov Trivaka Té& Erepa Tpla yn-
ia 716, Olreo PAbropey 71 ToUTa KEVTaL el THv 423nv Spilovriav ypapuhv kal oThAnY 8° Ta
PNoia Aorrdy, pt T& &Tola ypaQETAl & Lnroupevos &piBuds kal 1) Braboy ) alT@dv elvar 1) dkéiou-
o5 4, 2, 3, 8. ‘O InToUpevos &piBuds Aormov & elven & Eywv 423 Bexébas kol 8 povddas, fitol &
1238, "Emreir) ¢ & Aoydpibuds Tou Exa yapoxTnproTikoy 2, Enetan (§212,87) 61 & Lnrobuevos
(pBuds B Exn Tpla dxépaia yngie. “Apd Eyopev :

X = 423,8.

Ka®’ &potov Tpdrov supiokopey, &11 el TOV Aoydpifuov ﬂ.x.§.75343 &vmigToryel & &pifpd

),005668. Té ¥apaKTIPICTIKOY TOU 3 — 3 gavepdver &T1 Udpyowv Tpia unBevikd mpd e

TpTOU onpavTikoU wnglou 5 Tou 5668 (BA. §212,%').
Enpsioeg: *Eote 511 §éhopey va elpuwpey TOV &piBudy x, Bicx Tov dmoie elvan hoyx =2,63022.

EpyaZépevor ds dvetépw, mapaTnpoUpey 811 1o 022 Biv euploketan els Tas oepds Tou 63. Tote
SvadnToUuey atTd els Tés oeipds ToU 62 gépov Eurpoodév Tou doTeploxov (« ). Mpayuam TolTo
upPaiver, SiéT1 16 022 pet’ doTepiokou elploxeTal elg Ty TeAeuTalov oepav Tou 62, ‘O InTou-
1evos &pmiBuds x elvan ouverréds & 426,8. ‘Ouolws euploxopey :

*Edv Aoy x = 2,63003, ToTE X = 426,9
2,63002, » x = 426,6.

It

» Aoy X
MepimTwaotrs p'.—Td dexadukov pépog tod loyapiBpov div chpioketa
el tolg mivakag.
lov : *Eoreo &71 Béhopey v evpwuey Tov BeTikdy &piBudy x, Bi& Tov dmoiov
EIUQ[ ¥ 7\0}’){ — 1,25357
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Abong : Tlaparnpoluey 811 TO Bexabikoy HEpos ToU BoBévTos Aoyapifuou &vadnTolpevoy,
&5 Tponyouutvess, els Tous Trivaxas eYploxeTan veTafV ToU 0,25334 kai ToU 0,25358, &is Tous &-
melous dvmigToiyoly of dpiipol 1792 kad 1793 avrioToiyews. "Hror Eyopev :
1,25334 < 1,25357 < 1,25358

kal kot dkohoubiow :

17,92 << x "< 17,93.
"HBn mapotnpoUpey 811 :
A = 1,25358 — 1,25334 = 24 pe' 5.7,
Kal & = 1,25357 — 1,25334 = 23 pe'5.7.
AauBavopévou 8t U’ Sy &1 kaTd mpoctyyiow 1) alfnois Ty AoyapiBucv elvar dvd-
Aoyos Tiis atfnoecs T dpBudv xal KaTapTifovTes THv dxdAoubov Si&Ta, EYOUEY ;
AUENoIs Aoyapifuou katd 24 pe'.B.T. éper alfnow ToU dpifuoh katd |
» » P23 » » » » » Wiy
aADs ETT
24 24
TMpoobéTovTes els Tov 1792 tév 0,958 elpiowopey 1792,958, 8nhadh 16 958 To TPOCapTGEY
els Tov &piBuov 1792. 'O wpokimTeov &piBusds 1792,958 ExE1 TPoQawds T& alTd Pt Tov x ynpia
kal katd THY alThv ceipdy, AT Spes 1 Béoig Tis UmoBiooToAfis v TG X kavovileran dmd To
XOPOKTNPIoTIKOY TOU AoyX, &mrep &v TrpoKeéve elvar 1.
O& slven Aowrdw ¢ x = 17,92958.
ZuvtopwTepov 1 fpyacia altn Siardooeto G €7 ¢

= 0,958,

y =

1,25357 1,25358" ‘== 1793 || 24 1
1,25334 1,25334 => 1792 !; 23 ¥
sl e iRy P | = e B
Aiagopai: § = 23 A =24 1 e ] ol
sty X 5 = 0,958,
"Apa : x = 17,92958.

Enpeimotg : *H Biapopd A T&@v &xpeov @Y Aeyapibuewy, petafl 1év dmroiwy TEpléyETal &
Sofeis Aoydpifpos, koheiTar peydin Sragopa 1 58 Biapopd & Tol BIKPOTEROY ToUTwY &d 100
SoBévTos kadelTal pikpa Sragopé.

20v: Aiberar bt hoyx — 3,47647 xoi Inteitan va £0peli 6 x.

Aboig: Ek TévV Tvdkwv mapaTnpoluev &t

3,47640 < 3,47647 < 347654

kol &pa 0,002595 << x < 0,002996,
"H8n, pos elpeoiv ToU X, KEWVOREY ThHY &xkdAouboy Bidragw :
3,47647 347654 = 999 14 1
347640 347640 = 9995 | 7 )

Renenni 8 —7 A= 14 7 -
pop 1 yi=1 % 7= 05,

OUT® T& ONEAVTIKY \yrllqwior 70U X elvan kot cepav 2, 9, 9, 5, 5. "Apa & InToUpeves dpi-
Buos x elven & 0,0029955, Biém 1o XIPAKTNPIGTIKGY ToU BobévTos AoyapiBuou elvay 3. ‘Opoiwg
& Exwuey : . ;
Ecy Aoy X = 047647, tére x — 2,9955

» Aoy x = 547647, x = 299550.
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"Ex 16V dvwTépw EEQyETOn TAPX & drdhoudos :

Kavéy. Aw vi etoopey tov dodpdy éx Tob Aoyaoifinov attod, eig meoi-
nrwaw zall v ¢ loydpiluos (v 20 Sexadixdy Tov ufpog) dév eboloxeTal elg Tovg
nivaxac, maoaliétopey defud Tob utxpotéoov aptlpuod, Gotig dvtioTouyel €lc TOV pi-
wodregoy Tiw oyapilpwy ToD afvaxos petald OV dmolny ¢ dollelc Aoydoilipog
Tepté yeTal, TAVTa Té dexadud yrgla To0 -rr,'/t/ou Tijg dodoems 00 A, #vba 819
pzod xal A 1) peydin f)laq'onc: Mera Tavra xa oplCopey Ty Oéow Tijs Drodta-
orolijs, Aaufidvovres sa’ Gy 10 /ana/rquw"ruov roi dolévtas Aoyaoiluov.

"Edappoyai TOV Aoyapibpwv

§ 219. Mt Ty Boqeemv <& 1BoTATWY TAV Aoyapibucy ko 16w hoyapiBui-
K&y Trivékeov SuvdpeBa vd Gudycpey Tés TpdEels Emi TGV dpiBucy elg &AAas
dmhouaTépas, fiTor TOV toMharmAaoiaopov gs mpdateov, ThH Siadpecv sls dpai-
peaty, THY Uypwov s Suvdpes €ls oA orTAGoIaopoy kal Ty Eaywyny TV pi-
Lew el Biadpeo. OUT® pt xpfiow TV Aoyapifucov éxTehoUvTal Tp&Ees, o
Omoicn dAAws B ioav POKPOTATAL ko Buayepels, &V BN BuvaTtai.

T& Emdupeva TapaBelypaTa & KaTagTHTOWV Trsplccro*rspou capts OO0V
Heydhoog &TAOTIOLET THY aeriheaiy Slagbpooy Tpagecy 1 ¢papuoyt ToU Aoyiopol
Bi1&x Tédv Aoyapifucov.

Mapaderypa lov : N broloyiedi) drd 1OV Loyapifpmv 10 YLvopEvoV

x = 180,2 x 35,32 X 0,724.
Abog : "E :
Bovg : "EXOMEY : | ¢ = oy 1802 + Moy 35,32 + Roy 0,724,
*Ek 6y vk EUPITKOHEY 871
Aoy 180,2 =2, 25575
Aoy 35,32 = 1,54802
Aoy 0, 724 = 1,85974
?\oy X = 3,66351
“Apa: x = 4608,
ba i 7,56 = 4667 » 567
Tapéderyna 2ov: N coped 6 X, £V elval X “gog 17 70,00337 x 23435
Abate : AapPavovTes Tous AoyapiBuous ApgoTépwy THOV weAGY Tiis Bobelong TapaaTagEr |
Exouey :
Aoy x = Aoy 7,36 + hoy 4667 -+ Aoy 567 — (hoy 899,1 -+ Aoy 0,00337 + Aoy 23435).

"Ex Tédv mivéKey EUpIOKOEV ©

Noyi7i56== 0878527 L i 1 ey §99,1 — 2,95381
Aoy 4667 = 3,66904 l Aoy 0,00337 = 3,52763
Aoy 567 =2 1535 || Ry 23435 — 4,36986

7300114 || 485130,

Merd Ty &palpeoty TTPOKUTITE =
Aoy x = 2, 44984
e =20
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Mapaderypa 3ov @ Na s0pe0f 0 arfifog 1@v yrgiov 100 apifpod 8@,

Abog: @frovtss x = 8% wad y= gt eUpiokopev &1 :
x =8" «xai Aoyx =y Aoy8.

Emaidl) 8¢ Aoyy = 8 hoy8 = 7,22472, Emweran &m y = 16777300 meplirou kal
hoyx = 16777300-hoy 8 = 15151412,

*Ex ToTou PAéopev 611 6 x B& Exn mepitrou 15151413 dxépeia yneia.

Znp. “Aveu THs xpnioews Tév Aoyopifuwy émpeme Tpds eUpEcIv ToU ¥ v képcopev 7 TOA-
AamAaotacpols kai Trpds elpediv Tou X &Alous 16777300 treplov morAamAaciaopols.

Mapadeiypa dov : Na tmoloyioblil, kata nposéyyioty, 1 aptdpnuki tupn tfig napustacsng
L ——
27,32 x (@09 x_J0,003
Y0,0042 3 (345,6)"

Avotg : AapPdvovrtes Aoyapl@uous &ugotépwy TV peA@Y Tiis SoBelons lodtntos Exopev
oupgcoves Tipds Tas 1B16THTas TV Aoyapifpcu @

1 1 b
Moy x = (o 21,32 + 20-Aoy 1,04 + —~Aoy 0,003) — (=~ - Aoy 0,0042 + 2 doy 345,6).

Ek TV Trivdkev eUplokopey

Bonfntikal wpafeis ‘ Tehikal mp&fers
Aoy (1,04) = 0,01703 | Moy 27,32 = 1,43648
20 r
petmett 20 - A 1,04) = 0,34060
0,34060 e i
L e e e =+ Aoy (0,003) = 1,49542
Aoy 0,003 = 3,47712 B T
5 2 = poiopa = 1,
-lfhoy 0,003 = 2RISR o 2T = S e e e R e
5 o 5 o 5
=1 —|- 0,49542 = 1.49542 _‘11_ ;\OY (0'0042) = T,40581
Aoy 0,0042 = 3,62325 2 - Aoy 345,6 = 5,07714
%_ Aoy 0,0042 = 3.6%325 sy iﬁ;fgz—zfl omry| "ABpoiopa = 4,48295
=T + 0,4058] — 140581 "Qoe elvai :
1
.......................................... Aoy x = 1,27250 — 4,48295 =
Aoy 345,6 = o
el il — —3,21045 — 4,78955.
507714 |
"Ex Tév mwékev edplokopey ; x = 0,000615957.
AZKHZEIZ
474. N& eUpedf] & hoydpiBuos txdoTou & TGV Kkérwb &piBpdy :
1. 0,2507 5. 16,8372 9. 85,007
2. 4579 6. 5278,37 10.  0,0004124
3. 0,003817 7. 63,347 11 326,537
4. 107,3 8 25234 12. 14,1606
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.3_
8
14, 0,0682947 16. 5378,92 18 4724 =

13.  0,00643598 15. 31,2865 1¢; 524

475, N& eUpebij O BeTids &p1Bpds X, yvwoTou BvTos OTi
1. Aoy x = 2,48001 5 Aoy X = 487622 9. oy x = 0,70020
2. oy x = 1,96895 6. Aoy x = 2,99348 10. oy x = 1,66325
Aoy x = 4,97534 7. Aoy x = 1,79100 11. Aoy x = 4,15050
oy x = 3,69636 8. Aoy x = 2,78000 12. Aoy x = 5,25865.

476. N& Umoroyiofouv F1& Téov AoyapiBuwy al K&TwB TapaoTAOES ¢

1. 82,75 % 0,3974 2. 25200 x 3,1416 3. A3 % 05223

. 4,25 x 308 X 0,295 5. 372 % 7,8 % 9312 6. 3,14 x 25,2 x 395

7. 56314:9 8. 0,8276:25,2 9. 10025 : 4,35

10, 4,36% 11. 0,895% 12. 10,254 13 3,020
14. if2;33'1'2’. 15. ']fi 16. J1,414 17. Jw
18. 9,35¢ x 3,1416 19. 18,28 % 1,33 20. 0,45t » 2,25 » |3
2 YH3IX0® 2 \’[.{2?13'3< BB2Ligp. ) | ERDAL

4,5 2,59 0,85 3
477. 'EmAUodTE TAS kaTwh Eiotoes
1. x4t=58326 2. x5 = 0,0247.

478. Xpnmuo-rrmouv're; TOV TUTTOV :
E=1TG-G-P -7
Umohoyioare 1o Eupabov E tvdg Tprywvou, cU ol peis Theupal elvad
1
«—2025m, p=1802m kad y=733m (1=~ TepINETPOY).
479. “YrohoyiooTe THY &pOpnTIKAY TIAY 100 x, doTis dpileTon Umd Tis oxfoews
2 g I
@ Yy :
Smouy o 027355, p=2953 y=4340
480. Tpeis &piBuot a, X, ¥ SuvBtouTal Bid TS OXETES ¢
axy? = Jx.
evon o = 0,3 xal x = 1,8215
y = 0,5242.

lov. “YmohoyloaTe TO ¥; av
20v. “Ymrohoyloore o X, &v elval &= 10 xal
481. ewpeTpixiis TpodBoy §iBovTon o = 3, @ = 8 xod v = 13. N& ebpedf & 1305 Spos Tng
kal T &fpotopa I, Tév Spwv aUTHS.

482, *EraAnBedoare 814 Tiis XpHoews TV Aoyap 1BIKGIY TIVAKWY s &rohoUBous lodTnTas:

STIB X 68 . g3t 2. V85273 x 1 51,3388 = 5,62962
0,75 % 3,107
3 \[EEIX @Y - 0225855 4 _ 345X TISBE 11606
81,3 x 32,41 17,1826 x 'Y 0,002987°
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483. N& Utrohoyiofi) Si& Tév hoyapibuédv mvdakwy ) &piunTikd Tipn THs TapaoTdoews:
3
4,37 % {0,0004575 \ 2172 x 595
‘¥0,312 137 » 'f0,03
('Yrod. "YmodoyioaTte xwpioTa ékaoTov Gpov Tiis TapacTdoews kai mpoabicaTe dkoAoUbs
T& Earydueva).

Il. EKOETIKAI KAl AOTAPIOMIKAI EZIZQZEIZ KAl ZYZTHMATA

"ExBeTikai é§lo0oslg

§ 220. ‘Opiopoi.— Kaheitan éxbetikn) éEiomolg m&ox ifiowols, 1 omoia
TrepiExel plav ToUAdy1aTov SUvopv pé ékBETny Tov &yvwoTov fi ouvdpTnoiv Tva
TOU &yvawaoTou.

T.y. ai t§lowoes :

3x7781’ 23‘\;—1‘5_4\_%3.”0’ 5\‘2 2\:3:721
glvan ékBeTikad ESi1ocoers.

*Enikvoig exBeTikiis E€iocwoecos kaAeiTon M eUpeats TGV Tipév Tév &y vihaTwy
altiis, ai émolcn Thv &moAnfevouv.

Al ouvnbféoTepon ékfeTikad E§iowotis Exouovy fi BlvavTen va AdPoot plav
TGV droAoUBwy HopPddV :

a’). *Exfetikai £Glo0oag tiig popeig :

a = M

fvla a, PcB* xal @ 5 1.
Tpds émiduaiv Tis ci(vco'répw éxBeTikfs S 10waecog Biaxpivopev BUo TEpITTTWOELS:

MepimTwors .0 P eivar d0vaug tob o ij dovatar v petatpani cig 60-
vagy 100 a. ToTe, & elval B= ak 6 Eyeopev @ o = af kal ouverds x = k.
Tapaderypa : Na Emivdi i iicoonc : 3% — 729, .
"Erilvoig : "Emwaidh 729 = 3¢, ) Bobeioa ¢lowas ypdeeTan :
3} =3 kol Bi6a x=6.

MepimTworsll—0 B dév dbvarar va perarpari eic dovapry tod a. Eis TAv
TepiTTwow alThy AcpuPavorTes Tous Aoyapifuous dugoTipwy TGV WeAGY T
(1) Exouev :

: ; S Aoy P
X - Aoy a= Aoy B kol cuverrdys 8 elven x —
Aoy o

Mapadeiypa : Na Zmivlf 1 dicong : 2% — _:—.

Eniluoig : AapBdvopey Tous Aoyapifpous &upoTépwv TV PEADY Tis Soleions tiowoEws
Kal Exopey :
Aoy 5 —Acy 6  — 0,07918
Jhoy 2= A = - S ADY e = Tl
SRl APV By, X Aoy 2 0,30103

= —0,26303.
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p). *Exberikai EEromoeg e popeiis :

Do g(x) sivar dedopévn GUVaPTIOLS TOD By VOGTOL kaia, peR* pta + L
Mpogavdss &1t g(x) = X Eyopev txBeTIKNY tEiowotv THS TPOTYOUREVTS pop@Tis.
TMpos erriAuoy TéV tE1ocooewy TS KO pefis (2) Srakpivopey, ¢o5 Katl TTPOT) Y OUME-

105, BUO TEPITITCOTELS, wal) ooy of dolupol a xal B oelvar 1) gy dvvdueig £v0¢

L ot &
al tob adrod doilipov.

Mapaseiypa Loy : Na dmhvdi 1| E5io00e X" —=5x+1_ 243,
‘Enilvolg : 'Emwedh 243 = 3%, 1) Bofeioa Efiowats yphoeTan ©
3x*-5x 411 — 3° kal Bider A sy li=5 # x—5x+ 6=0. €]
Al piton Tiig tE10waEws (1) elven x = 2 kai x = 3, of &moien elven kad pifan T Bobeions
ElooEws.
Mapaserypa 2oy : N Emho0f 1) telowog : { A= =Rl
‘Enilveig : H Sobeica Eiowats YpageTal -
gD (x*9 _ 3" gad Bider (x — 1) x2—9)=0 # G-DE-NE+3)= 0.
Al pigan Tij E§1000EWS aUTis elven X = 1, x = 3, x = 3. AUt 5t elvan kal plgon Tijs do-
Beloms E€iodoEews.
Mapadaiypo 3ov: Na mulij 1 EEiowoig §3%—2 — 437,
*Enikuoig : AapPavopev Tous Aoyapifuous &upoTépwy TOV pendv THis Bobeions Efiocaecs
K Eyopev :

Koy 3T g 2,64048
Bx—2)-dy5= roy 437 i lxs ._.}‘QY 5 S _0:69857—
il 3x — 2 = 3,77767 kol E€ aUTRS ¢ x = 1,92589.
Mapaderypa dov @ Na #ran0f 1 ESlowolg
o =1, (¢b]

Evda o, p,ycR' wai @=1, B#1L

"Enihvots : AaubévovTes ToUs Aoyapiduous dpgorépey Tév HEAGY s (1) Exouev :
Aoy Y
‘ @

g doya=noyy B P =g

AoyapiBuous, eUploxopey :

Aoy Y
x» oy P 19Y (’?\o—y"u)

*Ex THs (2), AauPavovTes tx viou TOUS

3)

4 : & ¢ & elvat Aor Y > 0. ToUTo UpioT
A& v Eym vénua 10 BedTEPOY pthos Tis (3) TPETEL VX BV o0 Ty : PIT

Tou Srav of hoyy kal Aoya siva opoonuot, BnA. fi &ugdiepol of axal y vé elven > 1 ) &hgs-
TEpo\ < ik
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v). ’ExBetikoi iEtodozeig tiig popefig :

f(e*)=g(a") &)

fvle acR".
EiSikdds kaTwTépw B4 peAeTowpey E61000EIS TEOV PopRodY :
Yi: Aa¥® 4 Ba* =0
Yai A f Agrcti o At k=0,
Brle iy vieZ, i=12,...k
Al Eiomaes abtan dvéryovTat els Ty popefv (1) B s AVTIKaTOOTAOEWS :

o=y

Map&devypa Tov : N& gmvdi 1 2Elowog 4" — 7. 2F —8=0.
*Enidvoig : 'H Boleioa tfiowois ypageTan : 2% 7.2 —8=0xolbwTedij: 2* =y,
Exopev : yr—Ty—-8=0.

Al plgan Tiis E§1000Ews aUTHS thao: y;, =8 kal y,=-1.
"Aoa 04 elvan :

=8 (1) xa 2*=-1 (2.
‘H tlowars (1) ypdoeran 2¥ = 2% kal 8181 : x = 3.
‘H tlowog (2) elvan &8Ovaros, Bi16m 2% 2> 0 B xabe x € R.
"Qoe 1 pila THs obelons E§rodoews elvar x = 3.
IMapaderypa 2ov : Na Emivd{ 1 ESicwoig :

32 4 5. 3% 435 32— 128
Enidvoig : AUTn ypdgeTan .

X ek

3 -3=+5-3"+—~3——-—9—: 128.

Oftopev 3* = y kal Exouev TH Eficwaw

9y+5y+—§—~—yv= 128

S
A 128 y = 1152,
THay y=9.
ToTe Exopev : ¥X=9 § 3¥*=3" xa -G x=2

Mopaderypa 3ov : Na émivdj 1 thicong : 5=t . 55l g0,
'Erilvaig : AUTn ypageTan :
X £ 2
(55) +3.55.5-80=0

A (5%) + 75 - 5*—400=0. (

©ftopev 5% = y kai Exopev Ty tficwow :
y* + 75y —400 = 0.

AUTn Auopévn iBer : y1 = 5 xal y, = —80.
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Ofev 7 (1) elvar looBuvapos mpds To Letyos TGV trodoewy :
5¥ =5 «kai 5%=-—80.
H mpdorn Bider : x= 1
'H Seuépa elvan &Buvaros, 16T 5% > 0 ik kdbe x € R.
8). "Exbetucol $Erohoeig Tiig pOPYTS ¢

f(or) = g(P) C)]

Suv|Bers TEPITITCOCETS THS duwTépw pop@iis elvan ai karewbh :
5,: A-o*=B-p*
By A-a¥+B.ar- pr4T.p2x=0.

Ai €iocoers alTan QudyovTal eig THY popehyv (1) B1& Tfs dvTiKaTaoTAOEwS :

BE

Mpérynar, Bi& Bi1onpEaewds &ugoTépoy TV ueAdY Thg E§l0oews By By pox
alTn peTaoynuaTigeTal s TV :

By A-(g)hi.-B( g)“ﬂ‘--!‘—"—o

; a < st i
Kai 81& Tfjs QUTIKATAOTATES ( B )7 y (1), 1 €lowaons &, ylveTan !

Ayt+ B y+I=0.
_4AT =0, 8& Boaor BUo TrpayuaTikas pifas

Auoptvr auTn kal ¢p’ doov B2
(1) &ide T&s EkBeTiGs EEIOWOEIS :

Vi kad y,. Ak TS TIpds ¥ = ¥q K&l Y = Y2 1

X L iy oy .
( 2 ) —y, xai ( 2 ) - ¥, ol &TTolan AUOUTAL KATQ T& YVWOTA.

P P
Mapasdeiypa loy : Na &mhobf i tEiowog :
3-1x7472‘ 1 '5(71—-6»5x ].
"Enilvoig : ‘H Sodeioa $ficwos YpAgETal:
'2& zx 5.\ 6 5?\
TR T S | LR
2 3 1 - 1 6 )
A 2 (Tg*T)‘ i T
5 2 \x 16
! (=) -
5 2T 2 )4
y (&)=(=)"
"Apa elven : x =4

x inox 1l
Mapddeiypa 20v : Na tmAvdfi # &iovms: 3 9* —5- 65 =0,

"Enilvaig : ‘H 5od%ioa tEigwas ypageTal:
9, 0I5 L5 PR BN S0,
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MaipolvTes &pedTepa T& pidn alrfis Sid 3*% AapPhvousy Thy looblvapoy Eficwoy

2-(5)“—5.(:32)‘473;0.

(1
OéTopey (—2 8

3 ) =y xai f| (1) ypageron : 2y?—5y + 3 = 0.
AdTn Exa pilas: y, = 7 y: = 1 xai Eropéves # (1) sivan looBlvapos pé 16 fedyos
T&V E10WLoEWY

2 \X 3 2 \x
— 1 r— = 1.
( 3 ) g ( 3 )
AlTan ypapduevar :

G- = G-
x=—1 wxal x=0
¢'). "Exlstikai #Ewodoaig tijg popeiig :

8i8ouv &umioToiyes :

(tey=1

Evla 1 (x), g (x) molvovopikal cuvaptijosig Tob X.

Al &100oe1s Tijs duwTépd pop@fis Exouv Tpogavéds Alaeis Tas AUoels TGOV £Ei-
OWOEWVY : G fx) =1
() g(x) =0 xad f(x) 0.
Mopaderype : Na Emivdi 1 éEicwog :
-3+ 2 =1,

*Enidveng : (i). Al plfan Tfs x2 — 3x + 2 = 1 elven mpogavds AUcers Tijs Sobeiamns.
AGTn ypdeetan x?—3x + 1 = 0 xal Avopévn Bide :

e —E:tfvi kal x, = 73;_]]57
2
(ii). Al AUgEls TOU OUOTHMATOS
x—2x=0
xX*-3x+2£0
Tpopavéds ikavorroioUy Thv Bobeioav.
Elvan &2 X(x—2)=0 wd (x—1)(x—2)0.
"Apa : x=0.
‘Etropéveas 1y Sofeloa EElowais Exel Tds pias :
0t .4
X =10; X = i'zﬂ, — ,3,_—__]{5 s

Hapatipnos : “H Eiowois {I(x)}"M= B, &ba [ (x) Tohucwvupikd ouvdp-
Tnois ToU x, émAvetal, OTtav 7O P SlvaTtan v Tebf o THp Hopefv : P= o .
O Eyoopev ToTE : {f(x) }I® = a* kad ouverdds B elven | (x)=«a.

IMapaderypa : Na émivbody ai tiiohoag :

@ x*=4, ap. x¥*=-—1,

(iii). (x2—7x ot Is).‘(’f'n'x 415

= 27y
(i) "Exomwev 4 = 2 xal ouverrés B elvon x* = 28 *Ex Tarng mpokUTier x = 2.
(i1) "Exonev —1 = (=1)=" xal owemds B even x¥ = (1), Sre x — —1
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(iii). "Exouev 27 = 3% kol ouvemés B eivan (x? —T7x + 15)"""7"“5 = 3. AUt elvan
obyvapos ut Tv: xE—T7x 4 15=73 i xt—Tx+ 12 =0, f omolx Auopévn Bider :
$=3 ka =4,

"ExBeTik@ XuoTijpara

§ 221. “Opiopoi.— Kohsital chotnpa tkletikdv EElohoewy pt duo f) Tepio-
oTépoUs GyviaTous, TrEw ouoTnpa E§1odaEwy ék TGV oTolwy pla ToUASKIoTOV
van éxfleTiv.

Al Tipad TGOV &y veoaTev S1& Tas OTrofas ouvaAnBedouv al é§iodatis Tou ouaTn-
IaTOS gUVIOTOUV ADGLY aUTOU.

‘H grmridvols TGV EkBeTIKGV ouoTnUaTwy oTnpifetanr &l T&v BloTnTwv
Gy Buvdpecov Ko TEY AoyapiBucov ol THg gs ThY TTROTYOUREVTY TTaXpdry papov
KTeBeions Oecoplas EmMIAUCES TGV exBeTIvGV EE1oCooEwY,

Napodeiypora : lov, Na £mo0i) o choTnpa

FLI Mg 7]
X2 vt =27, g

*Enirvoig : To Sobtv oloTnua elvar loobuvayov Wé T :

923 +Y¥ 2 98

Xy -2 38,
Toi oy Zehy =T
ouTo &hnfever OTOV & vy =85
Alovtes To GUaTIa TOUTO EUpiokoey THY Abow 2 X = 25 y=3.
20v: Na émaubff 1o aOOTIRa :
3%, 4Y — 3981312 (1)
2Y . 5% — 400000 (2)

*Eriluaig : AappdvovTes ToUs Aoyapifuous &ugoTépuwy TEY peA&v Ty ooy (1) kal
(2) etpiokopey 1o looSuvauoy Tpds TO BodEv oUaTna ©
x-Roy 3 + y-Aoy 4 = Aoy 3981312 ay
y Aoy 2 4 X-Aoy 5 — Aoy 400000. @)
OttovTes Aoy 4 = Aoy 28 = 2oy 2 xod ToMaTAaoidlovTes T A THg (2°) i 2, elpi-
CKopey :
x Aoy 3 4 2y-Aoy 2 = Aoy 3981312 (L
2x Aoy 5 + 2y-hoy 2 = oy 400000. 22y
AbovTes 16 ouoTnua TOV E§IOOTEWVY (1'") kai (27) EUpiTKOPEY ¢
2 Aoy 400000 — Aoy 3981312 _ 2-doy (22-108) Aoy (2'4-3%) _
T Znoy5—hoy3 2 Aoy 5 — Aoy 3
10—10A0y 2—5hoy 3
~5_ ooy 2=Rers
"AvTikaBioTéyTes THY TIMY TEUTIV 10U x els THv BeuTépay TAV Sobaiodiv EEiocaswy elpi-
OKopey -

400000 _ &-1V 55
N 7—5{— TRETST) 3
B¢ g &rrofog Exouey y =T.
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"Apa ol pifon ToU ouoThpaTos elvon : x = 5, y=17
3ov : Na émlubi to ohornua :
x¥ = y¥ (1)
Xt —y (€]
"Enihvoig : Tipopavis Alots 100 cuathueros elvar : x — ¥ = L. “YrmobétovTes Thpa &Ti:
x>0, y>0ralx£1 £ ¥ eUpioxopev, &v AdPopev Tols hoyapifpous dupoTépwr TGV pe-
AGv T tiodaewv (1) kai (2), 811 T6 Sobity oUoTnua elven fooSUvapov pt 16 :

y-Aoy X = x-Aoy y a
3. Aoy x = 2-hoy y. @9
Branipoivres karer péAn Tas (1') kal (2") Exopev : %L = )25
ik Tiig dmolas AauPdvopsy  y = -3% G3)

OtTovTes TV TIHNY TauTHY Tol y els v Seutépav TV Sobaiodiv £610WoEwY Exopey ;
2
X* = (3;) 1 x*= —2— e
g5 g 4 9
f x3 [x - 4J =0, kal fweish) Umerédn x > 0, fretan: x = i
OéToves THY TipdY TalTnY Tol x el v (3) AapPdvopey :
) 9 2
by el
‘Emrouévads, kard T& dvewipe tkebivTa, of piGen Tol ouoThuaTos elven Té LevyT :

(x=1, y=1) xa (X=?f' yu-:—-!-)

Noyapi@uikai E§lowoeig kai AoyapiBuika guoTiara

§ 222. "Opiopoi. —a’). Koteitan Loyapbki) 2Eiswoie méoa Elowois,
omola mepiEyel ToV Aoy dpiBuov dyvdaTou 7| dyvootwv altiis fi kal guvapTr)-
oewv aUtdv. T1. ¥, of k&Twd é1odhoers elva AoyapifBuikai :

3 hoyx — ;— Aoy (2x+1)=2oy V2x—1 42
Aoy x+3hoyy=7
Aoy, (B3x + 1) — Aoy x = Aoy, (2x — 3).

‘H &miduais 1év AoyapiBuikéy Eiacaoewy otnpifeTan ¢l TéY 1BoTATWY
T&V Aoyapifucv. TToAdwis Spews 1y Emiduois wids AoyapiBuikiis EEiocoews &vd-
yetan es Emiduow Eiodhoewy TGV k&Twb popedy :

(i) Aoyx=y, (ii) Aoyx=2Aoya, (iii) Aoyf(x) = Aoyaq,
(iv) Aoyp f(x) = Aoyp g(x),
EvBa o yvewoTos BeTikos dpiBuds, f(x) 8t kai g(x) yvwoTod OUVapPTHCEIS TOU &yve-

oTov, al émolen UmdkewTon els TOV Mepiopioudy f(x), g(x) > 0 kad P 1) Bdoig
ToU Aoyapifuikol ouoThuatos (0 < B # 1).
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"Ex To dpiopiol ToU Aoy apiBuou kai Tob mopiouaros I, 18. Il 15 § 202 Tpo-
KUTTTEL Tchpar &1 ;
(i) ‘H &lowois Aoy x — y elvair tooblvauos pt v :  x = 107

(1) ‘H » Aoy x = Aay o » pETO oloTnua: Xx=aqa, o> 0
(iii) ‘H » Aoy f(x)=2HAoya » » » » P HE)=1 a >0
(MH > Roypf()=toysgt) » »  »  : Ix)=g(x), g(x)>0.

Enpeimag : Els mepimrwow ke’ fiv of AoydpiBuor Exouv Angbii dos pés Biagdpous Borers,
B petarpéravran mawTEs g pds THY alTHY Péoty,

B). KoAeitan ebotnpe hoyapbpxdy Eishocov méy oUoTnua t€iocoewy
& TGV drofewv pic ToUAdxloToV elvan AdoyapiBuik).

Al Tipad TéSY dyvaoTwy S1& Tds Omoiog ouvoAnBedouy af tE10choeis ToU
OUCTHUATOS OUVIGTOUY AUGIY adTou.

H émiduois Tév AoyapiBuikéy ouornpdraov otnpileton émi Téy ot T
TOV AoyopiBuwv kol Tfis dveotépa EkTeBeiong Becwpias Emidtoecos AoyapiBuikésv
E10woecoy.

Qs Tapadelypara éoTwoav T& dkdAouba :

Hopdderypa Tov: N 2mivbf 1 tEicwmg :
; Aoy (X 4 2) 4 doy [ X —3 =14 Ry 3.

"Exilooig : "Ev wpdrrois wpémea v efvan x 4 20, x — 3 >0, 6tex > 3.
‘Emasy 1 = oy 10, f Sobeioa tElowag ypageTan ¢
Aoy ¥x 42 + Aoy fx —3 = Aoy 10 + Aoy 3

il Aoy (Jx+2- ¥x—3) =20y . 10 13
u I+ =3 =10y3
i (x+2)-(x—3) =300
i X% = x — 306 = 0.
"EE abriis etplokopey : x=18 kad x=—17
Hx=—17 &iopplitrreTa, 65 u) TANpoloa ToV TEPIOPIoUOY X > 3.
Napaderypa 20v ¢ Na émAvdf 4 iicoac ;
. V;ﬁ"_ =10, 4]
Enilvorg 1 Hepoptopdc TpETEL v elven x =107
Yydvopey dupdTepa T wéAn s (1) els o TeTpdrycovoy Kal Eyopev
el (T (2)

Acupdvoper Tous AoyapiBious dupoTépawy T@Y peAGY Tiis (2) kai Exopev :
Aoy Ix - Aoy x = Aoy 100

) —;— (hoy x)? = 2
f oy x)? = 4
kal &pa : Aoy x = + 2.
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x="100.

*Edv AdPeopev Aoy X = 2 Eyouev Aoy x = Aoy 100, &par:
x = 0,01.

*Eav AdPapey Aoy x = — 2 Exouev Aoy x = hoy 0,01, &pa:
Mapaderype 3ov : Na &mivl{ 1 iSicoag :
lm‘]rz' (2 2oyyX « hoy, X+ loyv-é )==5. m
*Eniivoig : ‘H Sofeioa tfiowais elvan iooduvauos ué TV @
2hoy X - Moy, X + Royyz X = (y2)* =s.

Qg yveooTov (§207) eiven

Aoy X = -;%g £vla of Aoyx kal Aoya elvar s mpog Péow 10.

"

(2

Aoyw aUToU EYOMEV
Aoy X Aoy X kon Aoy X

Aesop s D ke b iy Pty A oy, R ROy T2 Oy X
YsX = Royd T 2oy 2’ A Aoy 2, V2 Aoy |2 Aoy 2.

Auvéyer adTédv 1) (2) yiveton:
Aoy X hoyx | 2Roy X g

Zhoy2  Aoy2 | hoy2
> AOYENE . pi( D EN g
u (7\0\{2) e (?\oy2) e %
EE oUThis eUpioxopev

Aoy X Aoy X

Aoy 2 e Aoy 2
’Ex Tfis TpodTnS £XOMEV :

Aoy x = 2hoy 2 =Rroy 4, dpa x=4

kal &k Tijs BevTépas Ouoicws Exopev :
1

1
Aoyx=—4?\oy2:7\oy2“‘=?\oyﬁ, dpo X = —

5

—_

Mapaderype dov : Na Emiv0f 10 obotnpa :
Loy X + oy y = hoy 14
3x—y=1
*Enidvooig : Hepopopds: x = 0, y > 0. *H wpartn iowos Tol ouoTfuaros ypageral:
Aoy (xy) = Moy 14 xal  BiBe: xy = 14
“Exouev olTw v& Emivowuey TO lgodivapov o-\'.rc—:'rnuu:
x—y=1
xy = 14.
Abopev T6 gUoTnue ToUTo Kai émetd wpémerx > 0, y > 0 eUplokopev :
x=7/3 «xal y=6.
Iapaderypa Sov : Na émivdf 10 chompa :
xlovy-i-l = yluyx+2
y‘i’x-F-Z = g¥=2
*Eridvoig : TMpogavis AUgis Tou ovoThpaToes evan: x =y = L. Yrofétopev Twpa 6T
x >0,y > 0 xoflcos kad x % 1 # y.

"Ex THs mwprTns, AoyoapifuifovTes, AapBdvopey
(hoy y + 1)-hoy x = (hoy X + 2)-hoy ¥y

i} Aoy X Aoy ¥ + Aoy Xx = Aoy X Aoy y + 2Roy ¥y
bl Aoy x = Aoy y?
e))]

kal ouvetds : X = y&
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Noyw Tadtns ) Sevrépa Eflowais Tol ouoThuaTos ypdpsTan
y IV 20
'Ex TaUTns, dmeidh) y £ 1, AauPdvopey :
TVi+2=2(y-2), ##: y=86
My = 61 (1) 6iber: x = 36.
‘Apa TO BoBiv oUoTnpa ExEl Tas Aboers :
x=11y=1) (x=236y=6).

AZKHZEIZ

484. N& tmiAufolv ol kdrwb E§iocoers

X—2
1. 51% —ep5, 2. 3N g7 3 VoprHE _gas
3T 4 \Tx—3 : : , :
4. (2)‘ 7(3)\ 050 20 9F =T BR o By gl B e TRE s
W .
7. 5‘*“:27--‘3,, 8 F-37 Tt T gl g, 0. E AR,
ox-2

10. (x*=5Sx+6)¥ 2 =1, 1. 3 _25=3%"1 L oxb3  gp LXD6X2425_ g

485. 'Opoiws :

x+41
3
8—4x% 3x—2 .B 5 2 X —X
1. 18 = (5412) i 2 et g2 fEs 3 R —x =8l aat),

X
SRS ) V4'_1 8 Ax—d s 15 . 25
¢ (g) V=70 53 e e )

6, S5 2o said =12 55 g%, A0 Vo g2y, fehel gmd

486. N& gmAufolv T& kdTwd ouoThHuaTa @

Y = 243 . :
 bralt S i PR et L
A e iy S (o) * Ssalgmlgs
e Byt TS s, coli N o B=3
Cgleg—to3 T glex=0 =2y
487. ‘Ouoiws :
S goX xX+Y¥ — ya % 0 (e \.”,',
Tl el | 3 o
iyl y‘\ tY — x3 }.'“':" =iy
488. N& émiAuBouv kad va Biepeuvnfouy T& k&Twd ouoTHuaT :
X _ py X = gv a4 b
" didiigen g =g el
x¥ = y¥ x¢ = yP xY = yX
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489. N& #miAuBolv ol kérwdi tiodoer

L Aoy (x+ 1) + 2oy [5x = 2, 74 % Aoy (x—2) + Aoy i:ix:;-_:’. = g"

2 5
3 Moy 5+ hoy (T;X“ 3 2) =2Xoy (x—1), 4. doy [Aoy (2x* + x— 11)] = 0,
5, xMor3x—hoySx _ 0017 (4)();\.0721—10?]"_\? =100, 7. ghorx 4. p5—horx _ 12

Aoy x Aoy X + 3 11

8. Foyx £ 32 + e Ses e 9. Aoy, (Aoy,x) = Aoy, (Aoy x).
490. ‘Opotews :

L Aoy (2° + 2. 3%) 4 Moy 8] = x - Aoy 3 + Aoy 178

2. (oygx)* — BRonSHRerIT _ 00 ey gronf3 3. 10.x™7 = 2y,

3x
4 xlwﬁ i (3x)1079x"
491. Ard molas Tipds Tol 6 ) fiowois: x2— 2 (14 Aoy®)x + 1~ (oyd)t = 0 e
pifas Tpayparikds kal foas ;
" 492, N& Emufiolv & kéebt oUOTHPaTA :

5. MY}"_X Aoy, x J\oygvs_x Aoy, x == 54,

Aoyx — hoyy = 1 % X+ doyy =1 ’ (_,Si)ms o (_%)Anﬂ
v X X B
Aoyx? 4 hoyy? = Aoy32 17 + 10 = 11 Iy TR
xhory + ylu‘fx — 20 " xhorx g y?u.rrx — 200 £ (3!()“"3 = (Sy)l“”
?\OY m =] i V;’"""_Y_ ),7731’7“7 y? h 5107.\; - Bloyy
493. ‘Opofles :
royy
xhory yl"“ = 200 V-de e S T (i
1. Y T s 2 x+2 5, Y =
V(?\ny))’o (?\Oyy)y_—_ 1024 V‘_‘{A'OTY — 10.000 ?\Ovayf Aoy }T = 3.
(2x)Mory L yhov(2X) _ g o Gx)yror — (5y)rs Vylu:'Vx_ )
4. ! 5, : ol
y = 4x2 . yln'r(l.‘cl xlu‘.fs =, ylmd y?\oyx 3. "llT]‘ oo },x.

494. N elpefolv ol mpayparikal Aoers Tod OUCTHHATOS :
2T —yihh - ol gx X+ y+z=186
495. 'Ecw «, Be R* — {1}, vé& Emidubii o oUoTNH @
Aoy, x Aoyy y = Aoy, B, oMOYarY ¥x-
496. N& tmidudi) 1) tlowos :
Aoy (1% _ 42 1 doy 4 — Aoy 21 . Aoyx + Aoy 76.
497. ‘Opolws :
[Roy (16x —5—x2) + Aoy, 2] Aoy, (5 X - Aoy, x =2,
498. N& ebpeBolv ol Tipad Tés omroias AapPdver 6 8, 0c R ', &v ol pifa Tiis tE10tdoes ;
Aoy [Aoy (x* + x Acy® + 110)] = 0,
droteAoUv Mo ToU ouoThuaTos :
yhovz 4 ghovy = 20, roy Vyz = 1.
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KEPDPAAAION IX

"Avarokiopdg

§223. Eloaywy!kai évvolat —"Opiopoi.— Mvwpifopey & Tiis *ApiBunTi-
Kfjs 671 tokog AbyeTan TO Togdv T dmolov AcuPdver Tig BavelZoov els &Ahov ypti-
Hate, £l mrAkov ToU Baveifopévou moool. To Tmroodv T Omolov Saveiler Tis,
Aéyetan kegahatov, & 5t ToKos elvar 1) Guoift) THv dmoiav kaTaPBaAdel 6 Saveld-
Mevos Bix Thv ypfiow Tou kepoAaiou. "OTtav T KepdAaiov pévn) T alTd kab’
SAnv THv Bidpkelay ToU daveloy, & Tokos ?\éysml andhoiic' Aéyopev Bt TéTe 811 TS
Xpripota Tokilovtan émi Gnhd tok®,, & 8¢ Tokos TéHY 100 Bpy. els plav ypoviknv
TepioBov kaheiTan Emrokiov. TToAAdkis Suws & Tokos Ek&aTns ypovixiis Tep1dGou
TpooTifetal els 1O kepdhanov kol dmroTehel palU pE alTd TO kepddatov THs Emo-
Hévng Xpovikfis Tep168ou. OUTws & ToKOS KEq)ot?\mo'rrcneT-rm kol TokileTon v ouve-
Xelo kot oV adrrov Tpérov. ‘H mpoedeais altn Tol Tékou els T kepdhaov, fiTo
| KepaAaioTroingls ToU Tokou AéyeTal &vaTok1opuds, & 5t Tdkos, & Stroios
Aﬂuﬁave-rcn &mrd Tov dvaTokiopdy, AdyeTal ovvletoc.

Eis Tov dvartokiopov kodeitan «Emitdkiovy 6 Tokos Tijs mids Spayuiis els
Hicv ypovikfv meploBov. Katd ouvémelay 1o émitdkiov els Tov dvatokioudy elvat
igov 1rpos 1o 1 /100 ToU &miToxiou ToU &mAoy Tokou. ToUTo TapioTaTal kaTwTé-
Pw pt T (T = T tkaTooToV TOU EmiTokiou Tou &mAol Tékou).

KegdAandy 11 Aéyopev &1 dvatokileror Otav O Saveiopds Tou yivetan i
c”ﬁVOt1'c_'n<icr|.1r_'§3.

Zuvnas ) xpovikh Trepiobos katd ThHy dmoiav dvartoxiletan B kepdhaioy,
elvon 1o #ros 4 1) ESapnvic.

Els Tov dvaTokioudy Siakpivopey apyukdv kol tehikdv ) covletov kepahatov.
TS Teikdu kepdhaiov elval TS &pyixov NUENPévor KaTd Tous Tékous Tou Saveilo-
l-levou (&py1koU) kepohaiou KATA TO XPOVIKOV B1&0TNHA KaTd TO dtroiov B1f\pkeoe

© Baveiopds.

Ta mwpoPAfiuara ToU dvatokiopou AUopsy Sia TUmTwd, Tols omolous elpi-
Okopev i1 Tiis AUoews ToU droAoUfou yevikoU TpoPAfpaTos.

§ 224. MpopAnpa.— Kepaharov k) dpaypdv avatoxiletar Sia v Ern pé Emo-
Klov 1 Spayudv. Zntelton va c0pedij o telkoy keparaov k, .

Aberg. “H pia Spayud) 0& @épn petd &v ETos TokoV T, &par o ky Spayual B&
Pepouy elg T6 TEAos ToU TrpwTou ETous kT Bpy. Kol ouveTds TO kepdAaiov k,
Bpx. eis o TéAog TOU TrpcaTou ETous B yivn :

ko + kyt=1k, (1471)
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fiTor: 76 xepdlatov ky modlamwlaowdletar éxl tov (oralepdy) ovvredeotyy (14-1),
Iva Sdbony 16 {nroduevor mooov el 0 Tédog Tob modTov ETOVS.

AV Spoiou culAoyiopoU elpiokopey, 6Tt af ky (1 + 1) Spoyxpai s 16 Té-
Aos Tou Etous B8& ylvouv (pE Tous Tokous Twv) @ ko (14T) - (1 4 7T), fiTon
ko (14 )2 Spaypat. OUTe peTd 8Uo ETn TO kepdhatov k B &veAdn els :

ko (14+T1)2
‘Ouoiws tpyaldpevor eupioropey &T1 ai ky Spayual gls 16 Téhos Tou TpiTou éTous
0 yivouv : ky (14 T)3

TéAhos, TrpoywpolvTes ka®' Spolov Tpémov, eUpiokouey 671 ai ky Spayuai els
TS TEAOS TOU vioaTol éTous 84 yivouv @ ky (1 4+ 1) .
“Apa TO TehikOV kepdhanov k, BideTcn &k Tou TUTTOU !

ko =k, - A+ 1

‘O TUmos (1) kahelTon tomog Tod avatokiopod kol ouvdiel T& Téooapa TooX
ko, T, v, ky . "Av 8iBwvta T& Tpla €€ aUTév, TOTE AUopev AoyapiBuikds ToUTov,
5 TTPOS TOV &TTOEVOVTA &y VWOTOV.

"EvioTe Spes & dvaTokiopos yivetar Sia v €11 kad uépas Tivas Ay, 1) fiuépas,
(1 < 360), TéTe Trpds UoAoylopdy ToU TeAkoU kepoaiou k oxetrTéueba dis £ETs:

Metd Tapéhevotv v éTdv ai k, Spaypai 8o yivouv : k(14 T)¥. Té mooodv
ToUTo O& petvry dxdun &l &TAG Tékw 1 Nuépas (1 < 360) kai ToUuTo Si6TL @i N
fpépon BEv ouvioToUY piaw Ypovikny Tepiodov, fitol &v éros. "Ereldn els Tov dmAolv
Tokov TO EmiTékiov elvan ¢ e= 100.T, To mogov k, (14 T)Y b Beoor eis 1) Auépas
TOKOV :

sl B 00 o Moy nsr tbie el fmy |

36000 360
‘Erropévess TO TeAKOV KeQAAXIOV PeTA v ETT) kal 1 uépas B elvan
ol Gty D T

360
“Ofev :

™
s e (e R D
21+ ( o ) (n < 360) )

Enp. Eig v wp&Giv dvtl Tol TUTou (2) xpnoipoToloUpey (guviiuws) THv KaTd Tpoctyyiow
lodrnra (TUmov) :
ke k(40 @)

‘0 (2') 8iber oxeBov TO alTd tEaydpevov pE Tov (2) xad elvan wAdov elypnoTtos i Tous Uro-
Aoyropous.

Haepatipnols. 'Edv & dvatokiopos Bev yivetan kot étos, dAAX kat foa
Xpovika SiaoTipare, fitor ke’ Eaunviav f| katd Tpwnviav fj kata pijva kAT
Buvdpela va ypnoipotroifowpey Tov elpeBévta TUTOV ky = k{ (1 + T)¥ povov
gl Ty TepimTwov ka®’ fiv TO T TapioTq Tov Tékov TR 1 Spaypufis s &v
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K TGV SlaoTnud v TouTwy kol 1o v 1o TAfifos Tdv ypovik@v ToUTwy Sia-
TTUATWV.,

Eqv 6 dvartokionos yiveton ko’ eEapnuiav i katd Tpiunviav | kard pfva,
OTe T EmiTdKIOY BEv elvon TO flulou fj TO TéTapTov fj TO BwbékarTov dvTioTolyes
oU ¢rnofou émitokiou, dAA& &hAo, TO &troiov UmooyifeTan dg EEs :

"Eotw T, 16 dmiTdkiov pt ypoviknv mepioBov Thv ESaunviav xad T TO EmiTd-
10V ug xpoviknu meplobov TO £Tos. ZremwTOpEVOl G5 dvawTépa (§ 224), eUplokopey
TL 1) 1 Bpayp es 10 TéAos TS TpwTns Eopnvias B yivny (1 + 1) xai &s T
t\os Tis BeuTépas Eapnvics 64 yivy (14-1,)% ’Emions f) pla Spoyun s o
t\os ToU #Tous duatokiGopévn O6& yivy (14 7). Emadn ) pio Bpoayur ite
ol Eapnviav dvaTokiobf eite kot ETos TRémEl va BibY TO alTd Toody Ypnud-
wv, B Exwpev: (1 +7)%— (1 +7) xad ouvends eivan

5, =Vi+1-1 3

‘O Tumos (3) ouvbier 1o EGopnviaiov kai T fTiieloy EmiToKIOV.
"Av & dvatoxiopds yiveTal kaTd Tpipmviav, Emealdh 16 Etos Eyel 4 TpIUN-
fas, &v T, Elvon TO TpIpNVICiov EmiToKkIoY, B EXWNEV oKeTTOPEVOL Cog Qv Tépeo

(1 -+ 1)t= 147 kol ouvemdds Ba elvan :

Ty= Vite—1 «(4)

‘0 TUTros (4) auvdés T tppviaiov kal T ETiiglov EmiTdkIov.

Mapadeiypara émi Tol avarokiopod

Mapaderypa lov : Aaveile nig 5.000 §py. pé dvatokiopov mpog 6 9, kat’ Etog. Moocag dpaypdg
4 hafy £v oo peta 8 Etn;

Aboig : "Exopev : k, = 5000, T=0,06, v==8;, 14 T=1,06.
'O%v 6 TUmos (1) Tiig § 224 yiveron :
% k, = 5000 - (1,06)".

AcppévovTes Tols Aoyapifinous Tév fowv peAGV EYOUEV
Aoy kg = Aoy 5000 + 8 - Aoy (1,06).
"E€ alirou, dwaidn elvan Aoy 5000 = 3,69897 kal Aoy (1,06) = 0,02531, AapPdvopev :
Aoy kg = 3,90145.
"EE oU: ks = 7969,83.
*Hro1 & Tokioas Tés 5000 pé dvaTorkiopdy kat' ETog ﬁpés 69 0& A&Pn) pera 8 En év SAw
969,83 Bpayuds.

Inn. 'Edv & &vatoxiopods éyiveto émi 8 £1n kal fiuépas Twvés, EoTw .. 72, TéTE €ls TOV TUTTOV
; ™
c = k, Yol 4 )
k= ke Q1+ 9" (14 55
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76 ptv ko (1 4 1) efven 7969,83, 14 8&

™ ; 72 x 0,06
1+ 30 elvon : 14 -—366“— = 1,012,
*Apea: k = 7969,83 % 1,012 = 8065,46.

Mapaderypa 2ov : [Toogog dpaypag npéner va avaroxion g xata TV fuépav Tii¢ YEVVijoEmS
tiic Buyatpég tou npds 6 9 kot Etog, 510. va E3y mpoika &1’ adtiv 300.000 dpy. Gpa oupninphon
10 200v Eto0g;

Avaig ¢ "Exopev v = 20, k, = 300000, T = 0,06, 1 4 T = 1,06.

‘0 Thmros (1) ol dvatokiopol Audpevos dg mpos k, yiveron :

kv
M %
‘H (a) AoyapiBuiopévn &iber :
Aoy ky = Aoy k, —v - hoy (1 + 1) B
7 Aoy ky = Aoy 300000 — 20 - Aoy (1,06).

"Ex 7fis lodmros Tavtns, Emadh elven Aoy300000 = 547712 kal Aoy (1,06) = 0,02531

AapPavopey :
Aoy kn = 4,97092.

*EE ol = 93524,
Mapaderype 3ov : *Avatokila tig 80.000 Bpuxpug npos 6 °/, dnoioc. Mosa xphpata Ba Lapy
netd 9 gy, dv 6 avatokiopdg yiverm kal)’ tEopnviav;
Adoig : To Efapnwviaiov Emitékiov T, edpiokdpevov £k ol TYTIOU
m=fT+7-1 eva: 7,=J,06-1 - 0,0295.
“Exouev Bt tv Trpokelnéve :
k, = 80000, T, =0,0295, v=9x 2= 18,
‘Ofev & Tomos (1) yiveror:
kyq = 80000 (1,0295)1s,
'E§ alitol, £pyalduevor s kal els TO Tap&Berypa 1, evpiokopey :
k = 135140,6 Bpaypués.

Hapdaderypa dov : Meta nooov ypévov 12589 Spaypai avatomlopevar ket Etog npog 5 9, yi-
vovray 45818 bpy.;

Abong : ‘O T0mros (1) 1o dvarokiouol Audpevos dg wpos v 5ider :

rovk, — hovk, .
i T T &
“Exouev : ky = 45818, k, = 12589, v = 0,05, 1 4+ v = 1,05.

'EE &Ahou ik TV mvdKwv Exopev :

Aoy kv = Aoy 45818 = 4,66104 ||
Moy k, = hoy 12589 = 4,09999 |
Au::cpopq = 0,56105 j

kal & tiis (1) AapPdvopev :

_ Doy 45818 — Aoy 12589 _ 0,56105 _ 56105
Aoy 1,05 T 002119 T 2119

Aoy (1 4- 1) = Aoy (1,05) = 0,02119.

@
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*Extedouvres T Siaipegy TalTtnv eUpiokopev TAikov 26 kal Uméiormov 0,01011. Toure
ONuaiver &T1, B1& v oupBf T {nToupevoy Trpéel TO Sdwelov va Siapkéam 26 ETn kad fuépas Tivds,
EU‘rm n.

Ak vé& elpwopev Tas Tipépas auTds épyagoueba ds 6

Mvepifopey, 811 & TUTos Tol dvarTokiooy, Tav & Ypdvos droTeAeiTon &mmo ETn kal fipépas

el ; k:ku(1+7)“,(1+v%).

"Edwv els Tov TUTTOV qUTov Béocopev :

k k = 45818, k, = 12589, T = 0,05, v = 26
fUpigkopey :

0,05 - 1
360 4

"Edw AdPuwpev Tous AoyapiBuous TéY iowy TouTwv Exopey @

Aoy 45818 = Aoy 12589 +- 26 - Aoy (1,05) + Roy( e .(.’.-03,56,61)

45818 = 12589 - (1,05)* - ( 1+ -

B Aoy 45818 — Aoy 12589 — 26 - Roy (1,05) = Aoy ( 14 _0"955'66 n ) 3)
“Exouev £ &A\hou éx Tiis (2) 6Tt
Aoy 45818 — Aoy 12589 — 26 - Aoy (1,05) = 0,01011.

MapaPdirovtes Tainu wpds THY (3) oupmepadvopey 611

0,051
BT ha A Uy W 11
Aoy ( 1+ 360 ) 0,010
A ] ) = 11.
L WRaEe e
"Ex Tiis lodTnTos TadTns ebpiokopey Sraboyikas 8T
T . it e
I+ g = 102355" A —ppp- = 0,02355.
’EE ol : n= 1695 @ n = 170 fuépo.

“Qore & {nToupevos ypovos elvan 26 Ern kal 170 futpa, Tou ETous hoyifoptvou pt 360 fuépas.

Hapotipnow. Tevikés elvan

Aoy kv — Aoy ku
TG
*"Av 8t v elven 16 Urdhormov Tiis Bianpéoews TauTns, B¢ elven

v = Aoy (1 4 gg{f)

™
360

Els t& mwpopAfipaTa ToU dvoToxiouou Umdyovtar kal TpoPAfjpoaTa Tvd
Oxéow Eyovra Tpds ThHY alfnow fi EA&TTWOoW ToU TANBUoHOU ToAEWS T Xdpas,
Olov 1o kéreod:

"Ex Tfis E10caoecos TavTns eVplokopev TO 1 4 kol ouverréds T 1.
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Mapadaiypa Sov : "0 ninBuopog mig nokhews slvan IT karotkor nopetnpnin 88 Gt odrog
S S R 4] " , < g i i
avkavel kat® Erog kati to 0 100 tponyovpivou Etovg. Znteltar va eipe0f nocog Oa elvar 6 ma
Ouopdg g peta v Eon ;

Avog 1 MeTd Ev £Tos & TANBUTpds T TOAews B¢ elvan ;

m+ 17 - i A rr-(1+ i)

MeTa Ev &xopn Etos, BnA. els 16 TéAos ToU BeuTépou £Tous & TANBUG UGS Tis TTdAews B elvan ¢

(e )en(ie 1)L n m (e L)

Ko éuotov TPOTIOV TTPOY WPOUVTES eUpiokopey, 611 els 1O TéAOS TOU vicoToU £Tous O TAN-
Buopds Tiis TroAEws B elven ¢

1y
n‘,;n.(lfﬁ)

Equ. 'Eqv & mhnfuopds TT #hattoltar kot 1o 1/w 7ol Twponyouptvou Erous, TéTe O
QvwTépw TUTOS YiveTan :

AZKHZEIZ

499. Katadérer Tig els 1o Tayubpopkody Tapieutnpiov 7200 Spayuds of dmoion dvaToki-
CovTan kol Efapmviov mpos 4,5 9, trnoiws. Méoa XPNHaTa 8 APy év 6Aw petd 15 Era ;

500. Tléoov Tacdy Trpémer va Tokigwpey pi GvaTokiopdy kad’ Efaunviay pos 4 9%, va petd
18 &7 yivy 200.000 8py.;

501. TIpos mrotov émtékiov 24850 Bpy. dvaTokifépevar kat £Tos yivovTan peta 12 Erny 50000
Spaypal;

502. Meta méoov ypévov 40000 Spy. dvartoxifépevar kar’ ETos pds 5%, yivovtar 68524 Bpy.;

503. Karébeot Tis els 16 TaXUBPOUIKOY TQRIEUTAPIOV TTOoOV XANUATWY, TO dToioy dvato-
xiGeTon kot E§apnviav mpds 6% Ernofws. Metd 5 Ern EAaBe 26000 Spy. Téoa yphiuara elye kaTa-
Qéoer;

504. Kepdhoudv 11 dvarroxildpevoy kot Erog yiveron petd 3 €t 5625 8py., per’ &MAa 5& &Uo
ducdpn yiveten 6084 Bpy. TTpds Troiov EmiTéKioy Eyive 0 dvaToKkiouds;

505. Metd méaov ypdvov kepdaidy 1 TpimAacidleran dvarroxildpevoy Kad’ tEaunviav Tpos
6% ETnoiws;

506. Ao kepdAana To Ev &k 5000 Spy. kol T Etepov £ 8000 Bporyudv dvatoxifovTan dvT
oToiyews pt émrokia 59, kal 39, Ernolws. Metd ogov Xpévov T&, BUo Kepdhaia B kaTaoTOUV
ioa;

507. N éfetaobij 7l elvar gupgepartepov v dvarokion Tis 60.000 Bpy. &l 10 £t pds 5 %
érnoiws f vd Savelon 16 alitd Toody Pt drAoy Tdkov Tpds 7 9%, xai els Tov arlrdv xpdvov;

S508. Moodv T a Sparyuédv &varokifeTan dmmi 11 ypovikdy SidoTnpa. *Edv dvetokifeto TouTO
p ETn SMiydoTepov, TéTE TG TEAIKSY KepdAaiov B& fiTo Kot P Bporypds SArywTepov, tdv Spows &ver
TokiGeTo p ETn TepigadTepov, TEHTE TO TENIKOY Kepdhaioy O Ao KaTd y Bpayuds TeplocdTEpOV-
Née etipedfy T Emrirériov kal #) Bidpreia ToU dvarTokIoHoU.
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509. ‘O wAnduauds tvas kpdrous alfdveran kat Eros katd To dyBonkoaTdv Tol Tponyou-
Hévoy Erous. Metd oo Etn & BimAaciacti) | 8& TpiTAcoiaciy & TAnBuouds alTou;

510. Mia mwdAis Exer 8.000 karoikous kai & TTANBuouds adTiis EAaTToUTC ETNoiws xotd 160
Karoikous. "Edw 1) EAdTTwos E§okorouifon kaTd THY abTiv dvahoyiav, peTd TéaTa ETn 1) OIS
quTn B4 Eyn 5.000 kaToikous;

511. Eis piav éAw 1| BunopdTngs elven 1o -4—2— ToU TAnBuouou Tns, al 8¢ yevwroels -raw,j—lg-

Tou mAnbucuol. "Emi T Tapadoxij éTi ) dvadovia alrn 8& elven fy alth els T& émdueva £,
Y& el pete wéoov xpévov B& Simhaciacdfl & mAnBuopds Tns.

2. "loar karaBiosig

§ 225.— Zuyva of &vbperor &md Tas oikovouias Twv kKatabétouv fva oTaBe-
pov XPNUaTIKOY Trocdy eiTe els THYV dpxNv ékdoTov ETous (1) CUUTTEQVTIHEVT|S X PO-
VIkTis povdBos) Tpos oynuaTiopdy Evds kepodalou, eiTe els TO Téos ExdoTou Erous
G OUWTTEQWVTIHEVT)S XPOVIKTIS povaBos) Tpos EEopAnaIV Evds xpéous.

To aTaBepov aimd YpnUaTIKOY TOTOV KAAEITA! KutdbEoLs,

Els Intipota fowv karabéoewy Siakpivopey ékdoToTe SUo TepimTdiosls :

a'). Al xaraBéoes yivovTon els TV @ p g v ékdoTou ETous, Kkad
B). Al xatabéoeis yivovTtan els TO TEh 0 #k&oTou ETous.

Al Yoo karabiosls SvavTan va yivevTen kb E§aunviav  xard Tpipnviav
Kad &mi fva dpiopévoy ¥pdvov.

T& mpoPrfuara TéV fowv kaTabioewy ?\uouw 816 Buo TUTTCoV, Tous dTroious
Uplokopey S16 THg AUoecos TEV drohoUbuov BUo TpoPANUETwWY.

§ 226. MpoPAnpa I.— Karabéte tig €ig tiv apyijv éxdoton Etovg a py.
¢ dvarokiopov kai pé tokov T Tijg il dpaypiic £ig Ev Erog. Znrtettan ti nooov Oa
SiMnatioy S tév katabéoemv todTOV pETd v ETn;

Aboig : ‘H mpoTn kaTdBeols TGV o Bpaypddv B peivy el Tov dvaTtokiopov
YV ETN kod ouverréds dvatokifopévn 8& yivy @ o (1 4+ T1)v.

H BeuTépa karrdBeats, G5 duartoxifopévn i Ev ETog dArydTepoy, 8 yivy ion
PGS & (1 4 1)1, # Tpitn & yivy : & (14 T) 2 ko

Kar adirov tév Tpdrov mrpoywpouvTes Upiokopey, 6T1 1) TeAsuTaia kerdeog
S Bpﬁxufbv O& peivy elg Tov &vatokiopdy v Etos kol auveTréds 84 yivy fon Tpds

a(l+1)=a(l+1).

'Edv ouveméys mapaoTiocwuer 81& E 1O moody, Smep Si& Tév karadéoeov
ToUTcoy B oxnuaTIchT els TO TEAOS ToU viooToU ETous, B Eycouey

L=a(l+m+a(l+m'+ - +a(l+T)
N E=oa(l4+a)t+ad+724 a4 ad T

T Serepov péhos TTis TeAeuTaias iodTnTOS elvan &Bporopa Speov YEWHETPI-
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kijs Tpoddov, pé Adyov (14 1), &pa kard ToV TUTOV (1), § 169 8¢ icolTan pé:

a(+Ty (14 —a(+m)
l4+1—-1 ;

A+ —1 ()

“Qoe: E=a-(1+4+7)- =

‘O Tomos (1) xaheiton tomog 1@V lowv katabiccwy, Ek&oTng koTaBoaAio-
pévns glg TV apyfv Tis ékdoToTe Xpovikis Trep16&ou.

Enp. Al Buvapers (1 + 1) B1& T = 0.03, 0.04,..., 0.06 kad B1& v = 1,2,. ... 50 Tapéyxov-
Tan &mod eibikoUs ivakas kol oUTw SieukoAlveTan & Umrohoyiopds Tou .

Mopéberyna : Katabiter tg elg tiv Tparelav pé avatoxiopdy kat’ £rog 5 9 moadv 2.500
dpx. elg Ty apyiv Exdotou Etovg. [Moca ypipata Oa Lafy peta 10 Etn;
Avoig : "Exopev o = 2500, T = 0,05, v = 10 xal 7 &iowois (1) ylveran :

(1,05)0—1
Z=2500 % 1,05 x — T
‘H mapdotaois (1,05)1 brohoyifouévn yewpiotd elvar ion mpds : 1,628.
"Apa (1,05)1° — 1 = 0,628 kal éroptveos :
0,628

2 = 2500 x 1,05 x 0,05

"Ex Tadtns, 81 v Aoyapifucoy f 51 &’ elfeloas EkTeAioes TEY Tpagewy, eplokopsy :
Z = 33016,97 8py.

§ 227. NMpéPAnpa Il.— Karabiter tig &g 10 téhog Ekdatov Etovg a dpy. pé
avatokiopdv kai pé téxov T tiig pilig Spaypii eig Ev Eroc. Zmrettan, ti moocov 0
aynuatiedi tig 1o téhog Tol vioatod Etovg, fitol dpe i vioatij katabios ;

Abaig 1 Al a Bpaypad, af dmolal kataTifevtan els T TEA 05 ToU TpcaTOU
Etous B& peivouv i Gvatokiou®@ éml (v —1) #rn kol ouverrés 8& yivouy :
a(1+7)~" Al o Bpaypal of dmroien karaTiBevtan els & Téhos ToU SeuTépou ETous
8 peivou émrl Guatokiond dmi (v — 2) Ernkad cuveméis 0& yivouv : « (14 7)v-2

A Spotov Aoyov ai a Spayual Tiis TpiTns karadioews 8 yivouv: o (1 4 1)v 2.

TTpoywpouvTes dpolws edpiokopey 811 af & Spayual Tfis TpoTeAeuTaias KoTa-
Ofoeaws, al dolar 6& peivouy &’ &vaTokioudd pévov v £Tog, B& yivouv: a(l-+1).
TéAos 1) TeheuTada kaTdbeols 8&v tokiletm, kad Soov B yivn eis & TéAos ToU
TeAevTadou ETous kal ouvedds 8 elvan a. QUTw T6 &Bpotopa TGV kaTaTeBivTrov
Too@v (MeTd TéV TOKwY Twv) B elvan :

E=a(l+n)"'+a(l+1)2+ ... ba(l+ 1)+«
A (§ 170, TUmos 1) :

1 v—1
: gj;? = (2)

r=a

‘O TUmos (2) xkoheiton tomog t@V YpeILTIKGY Kotatadictomv kal ouvsie
T& Tégoapa ook Z, &, T, V.
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Mapaderypo Elg xanviotig t5odeder Ha 10 xanviopd tov 12 dpy. fpepnoing karta
Régov Gpov. Na droloyiolij ti mogov Ba eloénpattev elg 16 60ov Erog tfig Mlkiag tov, éuv xatéfete
tlg 16 téhog Exdotov hour, 1@ gpfipata nod Sitbete Sd v dyopav cryapéttov eig |.uav Tpanelav
Eni Gdvatorkiop® npog 6 9, yvoetod Gvreg bt obtog fipyioe kanvilwy and toi 2000 Etovg tiic Nhe-
kiag tov ;

Abaig : Ta trfioia E§oba TolU kamvioToU dvépyovTat el 12 - 365 = 4.380 &py.

"Exopev TéTE 1 o = 4380, T = 0,06, v = 40.

“Ofev 6 TUmos (2) ylvetan :

(1,06)1 — 1
% = 4380 - —--———0-06 — (1
“Yrohoyifopev v mprtors ThHY Suveyuy (1,06)%. TTpds Touto Bétopev : y = (1,06)% kad
Exopev :
Aoy y = 40 - Aoy (1,06) = 1,0124,
"Ex Tadng eVploxopey : y = 10,2895,
*Apa (1,06)%0 — 1 = 9,2895 kal ouvettdig
9,2895
Z = 4380 - 006

"Ex tattng Aoyapibulfoves ebplokopev :
Aoy I = Aoy 4380 -+ Aoy 9,2895 — Aoy 0,06.
_ ‘Hliodrns altn, dmeidd) elvar : Aoy4380 = 3,64147, A0y9,2895 = 0,96800 kod Aoy0,06 =
=2,77815 yiveten: Aoy I = 5,83132.
*Ex TatTng eUpiokopey T = 678142,86.
“Qoe O0& eloémpaTTey 678142,86 Bpaypds (!).

ATKHEEIZ

512. Katabéter Tig &l dvaTokiond mooov 8050 Bpayuddv wpos 4,5 %, els Ty dpyiv txd-
9Tou Erous. TTéoa ypruora B& AdPn petd apobov 18 Erdy;

513. Matdp Tis dmokThoas Kopny OAer va kaTabétn kat' E1os Togdv T1 dploubvoy B’ ol-
T, fva ToUTo dvaToxildpevoy kat' Etos Tpds 5%, yivn petd 21 Ern 250.000 8py. MMéon wpéme
V& elvas A dtnoia karébeas;

514. KaraBéter Tis el Thyv &pynv tk&otou Etous 10.000 Spaypas éml dvatokioudd mwpos 5 9,
brnofes. Merd wéoa Emm 0 AdBn 150.000 paynds;

515. Korabéter Tis ¢l dvatokiopd moodv 2050 Spaypdv mpos 4,5 Y, els Ty dpxhv ékd-
OTou ETous. Metéd époBov BekamevTaeTias ETauoe va kataBéTy, AR dpfike TO oxnpaTIoBiv Ke-
PéAaiov Errl dvatokiopd mpds 5% trnalws. Moéoa 8& A&Pn els 10 Téhogs Tév 24 Erdv &md Tiis
TpATNS kaTabéoews;

516. Karabéter Tig koTd Thv fluépav TOV Yeveﬂ?\imv Tiis KOpTS Tov Els TO TapEUTHpIoY Tis
EaVlKns Tporélns 5000 Bpy. bl dvaroxiopdd wpos 4,5 %. ZnTeitan, Ti ooov B& Exn oxnuaTiod
KT iy elkooThy TpdT EméTeoy T@Y yeveBAicov Tiis képns Tou;

3. XpewAvugia

§ 228. ‘Opiopoi.— Xpewhvaic koheitan fi dvtds doplopévou xpdvou dmboPe-
915 yptous 51’ fowy 8doewy, al dToial kaTapdAAovTal g5 TO TEAOS EKATTTS ¥ povi-
kijg TEp1dBov, Y. els TO TéAos Tou ETous T ToU Eaurjvou kAT,

To Trocdv tkdotns TGOV fowv Booewy, TO omoiov kaTafdAAeTal gls TO TéAoS
éKdUTns Xpovikiis Trepiodov Si& THy dmdoPeoy TOU ¥ptous, KaAEITal YPe@Rbaroy.
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Efvon avepdy 61 pépos ptv ToU ypewhuciou ypnotpever S Ty TATPLOUTY
TGV Seﬁouheuusvmv TOKWV ToU Y ptous, T UrdAorrov BE cuvTehel E:g v BaBmiaiav
&wocr[?;smv ToU ¥ ptous.

"AmrooPévvutan 8¢ TO xptos, STov To dBpoioua Shwv TEV Ypechuciwy peTd
TGV owvBéTawy Tokwy altdy dmoTedel Tooov foov Tpds THY Tehki dEiav ToU
dvatorifoptvou &pyikou Kepaiaiou.

T& ouvnbéotepa TpoPAfuaTa THs XpewAuaias Avopev S1d ToU TUTTOVY, TOV
dmoiov ebpioropey & Tfis Aoews ToU dxoAoUbou yevikol TpofAAuaTOS.

§ 229. Mpo6PAnpa.—'Edaveicn 11g a dpaypag éri avaToKIond Pt TV sop-
viav va £Eoglijoy 10 ypiog tov dua v iswv itnoinvy ddcswv kKatafaliopivav &ig 10
téhog éxastov Erovg. Znteitar va edpedi] 16 noody ikdotig ddcewg (xpewhriociov),
Tveetod fvtog Bt EkGotn Spayun @éper sic Ev Erog tokov T dpuypac.

Avorg : TS SaveloBiy ooov a, dvatokifopevoy, peTd v ETn 0& Exn &véAdn
elg: a (14 1), &mep kad dpeiher vér AN & SaveloThs. 4

OUtog pws TAnpwvel els T TéAos EkdoTou ETous Eva X PEWAUTIOV, EoTw
B¢ TouTo X Bpy. AkaoUTan Aoimdv va {nTrom Kai aUTds ToUs TOKoUs TEV £Tn)-
ofwv 8doewv, ToUs drolous EAAws Te B& ENGpPave, Eav &veTdkile EkdoTny Bdow.
Al 8dceis alrar (¢ ToUs Tdkous Twv) § dmoTehéoouy, kaTd TOV TUTTOV (2) Téwv
XpewAuTik®y katabéoewv (§ 227), moodv foov Trpds

N el O

'AMG TO ooV alTd TpETrel vé elven foov pg TO dpeiAdpevoy : o (1 + TV
"EvteuBev Exousv Thv Eicwev tiig ypeoivsiag :

1
o e R )

T

‘Ex s E§100d0€ws TauTns TpooBiopilouey To {nToUpevoy YpewAUsiov .
AUTn Avopgun ds Tpods x fj a 8i8er Tous TUTrOUS

g (1-F) o il 510 il 1 |

a+1y —1 (I') ai td4+r a”)

"EvioTe 1) TpeTn karaPolt) Tou YpewAuciou yiveTen £ Tive petd TV oU-
vayw ToU Baveiou, A.x. peta u érn. Eis Ty mepimTwow atthy f dvrtioToixos
tEicwog tiig ypewivoiog elva :

(1+t)\tuf1____1 el (Sartl;)
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Mapadeiypara émi tfig ypewAuoiag

Mapiaderypa lov. Na eipedi) 1o gpeoidoioy to drolov npinel va rANpovVY pia xorvotng, |
dnoig Edaveioln éni avatokiopd mosdv 300.000 dpaypdv npoc 59/, pi TV GUpQOViay v tEopin-
an 1o zpiog tolito 8 Ltneimv zpewlvtkdy doaemy Evidg 50 éthv.

Avaig : Katd tov timov (1) elven

300.000 - (1,05)® - 0,05
(1;05)% — 1
'Emaidhy (1,05)% = 11,4674 (Sixti;), 1) dvetépw lodtns ypdgeTa
= 300.000 x 11,4674 0,05
X 10,4674
7 Aoy x = (Aoy 300.000 - Aoy 11,4674 + Aoy 0,05) — Aoy 10,4674,
‘H oétns alrn, tmadh elven: Aoy 300.000 = 5,47712, Aoy 11,4674 = 1,05946,
Aoy 0,05 = 2,69897 kai Aoy10,4674 = 1,01984, yiveTan :
Aoy x = 4,21571.

"E§ ol : x = 16432,69.

[apaderypa 2ov : [olov roady ddvatar va davarslij nig, £av 0thy va tEopinay 16 xpiog adrod
£l 20 Etn 81" £tnoiov gpemlvaiov 5000 dpy., dtav 1o Emtdkiov elvar 4 °/,;

Abaig : "Exopev tvtabfa x = 5000, T = 0,04, v = 20 kad 1 élocwas (1) yiveta :

5000 [(1,04)* 1]
0,04 (1,04)»

Ymohoyifousy &v mpdoTors iy SUvap (1,04)* kal droroUles elpioxouey Bk Téwv Aoyapl-
Bucov : o = 67953 Bpaypds.

Mapaderypa 3ov @ Aaveiletai ng mosdv 120000 'ﬁpuxudjv in’ avatokiopd mpog 80/, IMocag
étnaiog xpemiovtikag Sooerg tdv 15000 Spaypdv npinel va mhnpaon did va tSoplian 1o daveiov;

Avoig : 'Ex Tijs é§10doecs (1) AapPdvopey :

x(l + 1) —x=ar(l+T1)%

59 i

ey a+m i (2)
& ol : v - Aoy (1 4 T) = Aoy X — Aoy (x — aT)
kad e AR NO(X io), &)

T
'Emeidi elven x = 15000, « = 120000, T = 0,08 kai ouvemds x — a1 = 5400, & TUmos (3)
Sige -

Aoy 15000 — Aoy 5400
i Aoy 1,08 ’
'EE autiis, #meidny Aoy 15000 = 4,17609, Aoy 5400 = 3,73239 kal Aoyl,08 = 0,03342,
Acupdvopey :

0,44370
70,0342

Toé tgaydpevoy ToUTo Bekvie, &1 Tpémer v wAnpadan 13 Béoes Tév 15000 Spy. kad picy
dxdun, 1 dmola B elvan uikpoTépa TéV 15000 8py., fiTis UmoAoyiletan dos EEfs :

Ymohoyifopsy mégov yiveran 16 Saveiov Tév 120000 €5 TO TéAos Tév 14 Eédv, fiTor Yrro-
AoyiZopev T : K = 120000 - (1,08)!%. Meta TtaUta UmoAoyilopey TO ooy, TO drroiov

=13 £én..., it 13 < v < 14,

V=
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Exel TAnpooa pt Tas 13 8doeis TV 15000 fkdoTn els TO TéAOs TGV oUT&VY ETdV, fiTo1 TS :
15000 [(1,08)1 — 1
— 6,08 Shik
&te ) Sixgopd K — X 8ibe1 Ty TeAeutadav §dotv. OUrws edplokopey &11 1) 8dois alrn QuépyeTan
els 4252 Sporyudas.
Mapaciipnoig. Kara v tgicwoiv (2) Tijs waps. 3, fva 16 TpoPAnua elvar Suvartéy, Tpéme
va glvar x > aT, nAadn TO XpecoAUaioy TpETEl va UtrepPaivn TOv £ToI0V TOKOV TOU &pYIKOU K-
pahaloy, &mep kai Tpogavés, BioT GAAws Btv Ba Eylveto motE 1) E§S@ANGIS TOU ypous. "Av
X = aT, ToTE §) E§fowos (2) Siv Exal Abow, B1dT1 & TapovopaoTis ToU B péhous undevilera.
Els THv mepimTwow abthy 16 Saveiov Abyeton mayov, BiéTi oUbtmoTe tfogAeiTan, TO BE KoTa-
BoAAéuevoy ooy X Xpnoipelel Bk THY TANpwRnY TGV ETNoiwy TOKWY TOU Kegaaiou.

z

AZKHZIEIZ

517, Kowotns &Saveighn 5i° dvéyspow oxohwou xrnpiou 120.000 Spayuds pos 6 %,
Ernoios tEogAnTéas YpewhuTikas els 25 Ernaias Séaeis. TTéoov ypewAvoiov B& TAnpdyn Ernaiws ;

518. "Epmopos Umohoyiler &1 Blvartean va Siabéty Eioiov xpewAloiov B.650 Spayuddv Emi
20 &rn. TTéoov Baverov Blvartal v& ouvayn Si1d Ty Tpoaywy iy TGV EUTTOpIKGOY Tov Emixeprigewy
wpds 6Y, trnolews;

519. Aaveileral Tis xpewAuTIKGS TTogdy a Spaxudv il dvaTokiopd pt Tékov T Ths s
Sporypiis. N& elpei] 10 kot €Tog Y pewAlaiov, Tva PETE v ETT TO Xpéos Tou EAaTTwT kaTd T6 fiuou.

(Egappoyf| : a = 40000, T = 0,05, v = 12).

520. ‘H EogAnais xptous Tpéter va ylvy els 20 Etn ypewAuTikds. ‘ExdoTn 8oois (Ernoia)
8 elvon 46130 Bpy., B dpyion 6t ) TANpPLpT peTd T Sov Etos &1rd ToU Baveiou. [Méoov elvan 16
py ks SaveioBiy Toody, Gv To EmiTokiov Elven 4,5 9 ;

521. Zuvijye Tis Sdveov ypewAuTikov 250.0000 Spy. wpos 7Y, tfopAnTéov butos 8 ETdv.
Tpels pfijvas peta v katdbeov Tis RTINS XpewAuTikis Sooews OéAel v& EEopAnion ToUTo &€
OhokAfipou. TTdoa wptmer v kaTaPdrT;

522. A méowv YpewAuTikéy Bbotwy EfopAeltan Baveiov 25.000 Bpy. OTav Té EmiTékiov
elvan 6 %, Biarriferon B¢ Ernoiws xpewAuaiov 3000 Bpoyuddv.

523. Zupgwvel Tis va TANpoT els Eva dopadioTikdy dpyavicudv v ETnaias Booels Tpds o
Spy. tkaoTny Umd TOV Gpov, 6T1 & dpyaviouds Ba Tou E§aopahion Bik Ta Embueva 2v En Erioiov
elodbnua ék P Spaypdv. To wpdTov elodbnua Tév P Spaypdv & kaTaPAnbi petd Ty TeAeuTalay
katddegw avtou. Ol Tokor elvan oUvBeror kel To émiTdkiov elvan T Sia plav Spayunv els v Etos.
ZnTeiTon :

lov: N& umohloyiofi 67\6)/0;-“-. Kol

p
2ov : Né& 6p108fj ) Tipd) ToU v, Edv elvan p = 2a kad T = 0,05.

524. Tlpds moiov EmiTokiov Tpémer va E§opAndfi Séveiov 20.000 Sporypdv &1 16 Ernoicwv
Booewv &k 1780,30 bpy. tkdoTny ;
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KE®PAAAION X

ATTPOZAIOPIEZETOZ ANAAYZIZ AEYTEPOY BAGMOY

§ 230. Eicaywyf.— Eis v moonyoupévny téE1v (BA. MaBnuatikg A’ [u-
wvaoiou, Tépos A, kep. IX) eifouev s EmAvovton TrpoPAfiuaTa CXTTpOO‘SlOpL
gTov dveoews TpwTou Pobpol, drpiPéoTepov foyoAnBnuey pé TV Emiduaiy,
&vTds ToU Z, Eiowoemy Tiis Hopefs :

ax+Py=vy, OSmoua,p,yévZ.

Eis o mapov kepdhanov 6 doxornBduey pg ThHv peAétny eldikédv Tiveoy TEPI-
TTOoEWY Tou k&Towbl yevikou mpoPAnuaTos &mpooSiopioToy dvadlaecws B’
Paduol, Tfis yevixijs wepimTdoEcos pry Urraryopéuns Evtos TédY dpicov Tol TapSVTOS
BipAiou.

§ 231. MpoPAnpa.— Na mhvdij, Eviog tob Z, 1 Eicwog :
1 (xy) =0, ¢))
bmov f (x, y,...) dxéparov molv@vopov GG mPog X, V,. .., devtépov Pabpob, Exov

navrag Tovg ovvtehedtdg Tov dkgpaiovg.
To TrpdPAnua ToUTo Stv émAveTan dvToTe. KaTwoTépw B tfetdowyey id1-

kds Twvag TrepimrTaoels kol & EmiTuyydveTal 1) émiAvots ToU TpoPAfjuaTos, doyo-
Aovpevor kupiws pé ériAvom elikédv Twwv E§locaewy, Seutépou Paduol, pé Blo
&y vioTous.

‘H yevikn) (Arpns) popet) wids efiowaews BeuTépou Pabuol s pds x kol y
elvan ) k&b :

ax?+ Pxy + yy?+8x+ey+n=0. (2

Aexbueba, yopls ToUTo vé Trepropiln THV yevikdTnTa, 6T of cuvTteAsoTal
o, B, ¥, 8, € kal n elvar dxépanol kal TpddTOL Tpos &AATAoUs” v dvavTia TEpLTTTDOE]
Tous kaoTddusy TooUTous (Trdds; ).

"Hén 8& doyoAnbddpey pé iy Emiduow T@Y kaTwdl pepikédv TepITTdIoEWY
Tiis (2)

Hepintoo s I. *Eav givar v =0, B 5= 0. (AnA. ldeine 16 y*). Todre
N (2) dvéyeron els Tnv tElowav :

ax®+ pxy 4 8x+ey 4+ n=0. (3)
AUTn elvan fooBUvapos Tpods THY :
(Bx+¢g) y=—ax®*—Bx —. (4)

Awakpivopey )81 8Uo TEPITTTWOEIS :
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lo. "Eav Bx+ e/ —ax?—8x —n, TéTe: —ax®—5x —N=(Px+¢e)-(kx +2)
kai 1 (4) yivetoa :
Bx+e)y—Bx+e) (kx+2) =0 # (Bxte)-(y—kx—A)—0.
AT elvan fooBUvapos Tpds To Lebyos T ES1ochoeco :
{Px+e=0 (i), y—kx—A=0 @)
*H (i) Exer drepaiav Ao T6Te, kol pévov TéTe, &v Ble, dnA. & l; €Z. To-

Te Buws 1) (3) éxer dmelpous T TAfBos AUoels Tds :
X — é » ¥Y="h, (&b h Tuyxcv dképaios).

‘H (ii), mpeoToPdbuios s mpds x kai ¥s Avopévn katd T& yvwoTd (&mpoas.
&vdAuais pcaTou Pabpol) Gidel dmetpous dkepadas Aoeis, of dmrolon 5iSovTan Y1rd
TV TUTTWV :

Xx=X,-+h, y=y,+ kh,
fvba heZ kal (x,, yy) pic dkepaia Avolg Tfis (il).

IB. Eqv Bx 4 ef —ax2—8x —n, TOTE, &v kx + A elvan T nAikov kai v T
UrdAorov T Sicupéoeads (—ax2=Bx—n) : (Bx -+ ¢), 7 &Eicwors (4) elvan igo-
BUvapos Tpds THY :

v
y=(kx+2A)+ Bxte )
kad é&v of &pifuoi k, A kal v Stv elven TdvTEs drépaiol, SAAG KAQoUaTIKOl, T
e EAdy10TOV KOOV TTOAAGTTA&T IOV TEY TAPOVOUXT TV aUTEV TOV p, TTOAAQTAC-
OldCoUEY dpgdTepar T& WA THs (5) émi p Kad Exopev wpos EmiAuo Ty :
PY= (x4 M)+ 5ot (5"
Evba ol p, ky = kp, A, = Ap, u; — up elvon TévTes diépaion.

"H8n maparnpoluey T& 67 : Al v Exn Grepaiav Aaw 1 (5') mpéme ko
GpKel V& UTTéipyT) dkEpalos X ToloUTos, GoTe 6 Px + & va elvan Biapétng Tol v,
"E§iooUuer Aormdv ToV Bx +¢ ui SAous Tous Siaupétas 8y, 8y,. .. TOU u; Kad &k
TV TPoKUTTOVOGY E§10dcewy PX + &= B,, Px | &— 8,,. .. eUpiokopev (&v
Umdpyouv) Tas dkepaias Tiuds TOU . “AkohoUfws, Tas eUpebeicas drepaiag Ti-
uas ToU X dvTikafioTdpey €ls v (5") kai éetdopev i Trofag £§ aUTéY Aap-
Pévopev dxepaias Tipds ToU y. Kata Talra BlaTnpoUpey TEAIKEDS povov kelvas
(&v Umrdipyouv), ol dTroTan kaBiaToUY TO B’ péros Tiis (5") moMaTAdaiov TOU p.

Hepatipyors. “Ouoicos e€etdleron kad 1) Teplmrwois a — 0, p # 0.

‘Egpappoyai: In: Na émhvbi, éveog tob Z, 1 t&iowag :

2x* —7xXy —3x+ 14y — 2 = 0.
Adarg: AUty elvan looBuvapos pos Th Eficway
(Tx—14)y = 2x3—3x— 2.
To Tx —14/2x*—3x —2 kal 16 TnAixov Tiis Sipéoews  (2x2—3x —2): (Tx — 14)

ey 7o ; x + ; 80ev: 2x*—3x — 2 = (7x — 14) . (?H ; )E(xfz)-(2x+ 1.
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Tore 1y Sobeioa tivwors yivetan :
(x—2) (2x + D—7yx-2)=0 A (x—2) (2x— v+ =o0.
AUTn glven loedivapos pos TO Lelyos Tédy tEiochoeco :
{ x~2=0 (i), ZX—Ty+1=0 (ii) }.
Al képatan Avoerg s (i) elven of x = 2, ¥ = h, &vba h Tuyaw &répaios.
H (i), Avopévn koerd Té yvwoTd, 8ibe Tés Aoer ;
X=3+47h, y=1+ 2n, heZ.
2a: Na tmdvdfi, &viog o Z, 1 téicooig:
3x? 4+ 2xy 4 X+yY+1=0
Adberg: Al evar fooBivapos Tpos Ty éficeoty :
(x4 1)y=—3x2—x_], (a)
To 2x + 1 f-3x*—x—]. "Extehotves Th Saipeoy  (—3x?— x — D: @x+ 1)

elpiokopey TnAikoy — % X + —i kol rddottrov v = — —2—, xad ) (&) elven loo8vapes Tpos
TV tiowoy

3 1 5/4 ’

g @

[TorkaTrAaoidovres &HpdTEpQ T PéAn Tiig (B") &l 4 (BnA. i 76 E.K.TT. véov TAPOVOLATTEY TéW
xAacudrev 3/2, 1/4, 5/4) hapPévopev iy fooBUvapoy Eicwoy :

5
4y = —6x + 1 ST

")
Ol Sienpéran 100 5 elven ol + 1, + 5.
"E€000vTes TS 2% + 1 mpds Tous Braipérag avTovs AcpPdvopey Tdg Eiodoes ;

2x + 1 =1, 2x 4 1=—1, 2x 4+ 1 = 5, 2x 4+ 1 = —5,
'EE adréov Aappavopey dvTioToiyws : x — 0 x=—1, %= 2, x=-3,
Al Tipad alron o x TiBéuevan SroBoyixdds els Ty (y') Bisouy dvTioToiyws :
y=-1, Y=l y=-3 =25

"Apa 1) Sobeioa Efiowos Exel 4 drepaiag Aooeis Tés
(x:O,y:—l), =-Ly=3, = 2,y = -3), (x:—-3.y:5).
Hepintwoie I 'Eav civar B=v=0. (AnA. 2licine ™0 ¥ xai 1o
xy). Tote ) (2) dvéyeten els T éflowoy -
oax? 4 Sx+ey+n=0, (6)
AUTN Avouévn s Trpds y &iBer :
iy 5 c:x‘f+ 5x +n
< €

@)
"H8n &modeviouey Tas k&Twh TpoTdoi ;

In: "Edy 45 (6) 8éyera dxepalar Tva Mo (o, Uo), O Séxerar dic axepaly
n / v oatag

Moee xal Tdg >
r =2y eh !
Y=Yo— (2aty+8) h—ack? | ®

&a heZ.
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Mpdypar, & els Ty (7) Béowpey dou x — Xo+¢h, he Z, &yopev :

1+ ¢h)? il b <24 5
S RS e G U S

3 €

y=
*ANAG : A
ax? - 8xy+ h

e iy,

€
"OBev : y= yo— (2ax,+ 8)h — ceh?, &nA. dxéparios &p1Buds.
Bk 15 dvertépw mpotdorws ouvéryopey Thpa TO 7S & 1 tSiowais (6)
Exn dxepadas AUoeis, dprel vt elpopey plav Tuyoboay € adTédv Kol drohoUbug
& TGV TUTTwY (8) B Eywopey dmelpous To TATiBos drepaias Aaoets. Td mpdPAnpa
OuveTTids GudryeTan gls ThY dvadhTnoiy wds drepatos AUoews THg (6). Tlpds ToUTo
drmroBeikviopey THY kéTwd mpdTac :
20: *Edv 1) élowots (6) déyerar dxepalag Mo, T0Te vmdoyer dxegala M-
o adriic (2'y, y'y) towabty, dove va loydy :
0=, <|e|. (9)
Tpérypar, Eotw (x,, y,) Mia dxepaia Aos Tis (6). ToTe, &v & Xy TANpoi
T (9) N TpdTaos ESeiyOn, &v Ox1, Emadty, ds EBelyBn els 11\v Tponyouptvny TPO-
Taaw, & x,+ eh, heZ, mibépevos eis Ty (6) vl ToU x &(8el Bix T y drepadov
Ty, pkel va Sei€uouey S11 Umrdpyer diépanios h, doe v elvan ;
0=x,+¢h < |g]
fjTor :

X X 5 x
- —Eo—g h<1-- -:— dvTioTolyxws — 7E—°— =h>-1-"-",

ke’ Soov elvan e > 0 dvTioTolyews € < 0.
"S207Te, dprel va BeixBij 1 Umdpyer dxépaios h TololTos, doTe :

_ X X ’ Skl s Xl
hE{ = - ) dvTioTolyes he( 1 i ]

ToUTo 8uws oupPBaivet, 51611 16 pfikos Tol SiaoThpaTos (§ 114,8)
X X \ : X X
[ — =l -—l) duTioTolyws (— 1-=2 — *ﬂ'_]
€ € €
elvan 1. OUteos 8efyOn 1 Umrdpyer drepadar Tipt) Tob x, BeTik) fi undiv kai -
KpoTépa ToU | |, &iSouoa, ik Tis (7), 81& 1o ¥ axepaiav Tipfv.

Katémv ToUtou &i1& v elipeoiv dxepaios Aloews Tig (6) tpyoddusda cog
e€7js © Albopev s TO x SiaBoyikéds Tds drepaios Tipds: 0, 1,2, 3,. . ., (|e]=1),
e, Eav 1) (6) Exn dxepaias AVoes, & TUTros (7) 0 Bwon, 81 piov ToUAdyloTov
TEV TIWGY alTédv To x, dxepardav Tipnfy 81& 16 y. *Edv 81’ oUSeplav Tév QveoTépw
TGV ToU x 6 TUTos (7) Btv Bbon dkepaiow Tipfv Sk T ¥, ToUTo & onuadvr
o117 (6) Bév EmbéyeTan diepadag Aoels.

Enpeioorg : "Edv sGpoopey 81& T x Tipds Tol Biootfiuaros [0, €] ) w.x. Tés 1 X, Xy, o Y
X, ©oTe &' alrés &k THs (7) va Aaupdvwyey dxepaias Tipds ToU Y, TS Yo, Yib Yar- - Y, dvTi-
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oTolyes, Tére 8& Excopey i Ty (6) Tas drepadag AUoE @ (Xo, Yo), (Xiy ¥i)io o s (x,: ¥, ) 'Egap-
udlovTes B’ tkdotny TGV Miogwy TouTwy Tous TUTows (8) elpiokouey dkepadas AUoeis THis tE1-
cwoews (6), &l droion dpws Bév elvar kat’ dvdykny o al Aboels aUTs.

Iapatipnoig. ‘Ouolws egetdletan kal 1 TepiTTwols a— f— 0.

'Egpappoyf: Na chpeboiv ai axipmar rboeg tijg t5odocng :

3?4 2x—5y—-1=0, ()
Adouig: Alovres Ty (') s Tpos y AauBdvouev :
3x* 4 2x -1 .
= = ®)
Evraufa elvar € = —5. Ak va elpwpev drepaiav Aow s (o), SiBouev els T& X Tés -

paias Tipas ToU Sixothpatos [0, [€]) = [0, 5), fiTo1 T&s Tpas: 0, 1, 2, 3, 4 kal AapBdvopey
& tHs (B') dvmioTolyes TS TS :
Yo = _% R ; , Ya=3, Y= '35'2- Ya= 1L
OlTws Eyopey Tds drepaiag AUCEIS :
(x=2y=3) ka (x=4,y=11).
TéTe Spes 1) (a') B Séyeran &melpous drepaias AUoes, al dmrolan 8iSovTan &md Tous TUTTOUS
(8). Ol B1& THY Aow (x = 2, y = 3) ol TUmro1 (8) Sibouv :

x = 2 —5h, y=3—14h + 15ht, heZ
Kai Bi Thv AVaw (x = 4, y = 11) ol alrrol mimror Siouw :
x = 4—5h, y = 11 —26h + 15k, heZ.

Mepintooig ML Eav siver a # 0, 770 xai p2—day = K2, ke Z. (Anl,
1) moooTys P2 — day elvar téhelov TETpay@VOV dxepaiov doibuod).

Eis Trjv Tpokeipévny TepimTwoty Suvdpeba v EmAlowyey, dvtds ToU Z, TH
tiocow (1): ax®+ Pxy- yy*+ 8x+ey+n=0, éovres U’ Sy TS Ké-
Tt Slo TpoTdoEs :

In: Eav a # 0, y # 0 xai f*— day loodrar mpdg 1o Tetpdywvoy dxegal v
Twig k 7 0, wote 4 (1) tileTar dmo ™Y popgpy

(pr+qy+r) (Pe+qy+r)=d, an
bmov p,q,r, p’, ', 1’ xai d dxdparor dgdipol.

Mpdypary, 6& Beifoopev 6T elvan Buvarov mrpooBéTovTes els T& wdn Ts

] (1) karédAniov &p1Bpov A va pépwhey alTnV Umd v popeiy (10).

"EoTw Aoimodv 1) éflocais

ax®+ Pxy + yy*+8x eyt n-t A=A (11)
‘H (11) ypdoetan ds Tpicovupov Tol x ofTw :
ox®+ By +8) x+ (yy*+ey+n+A)=A (12)

A v époopey Tdopa TO TpddTOV péhos Tiis (12) els THY popeiv ToU mpdrTou
uéous Tfis (10), dpkel vé& poodiopioti] & A caoTe f} Siokpivouoa A(y) TolU Tpice-
vUpov :

ox?+ (By+8) x+ (ry*+ey+n+2) (13)
19 289
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v& elvan TeTpdrycovoy TpwToBabuiou ToAuwvipou g TEOS ¥ UE CUVTEAECTAS
ouppeTpous pibuols. ToUto eivar SuvaTdv — kol pdhioTa T TpwToPdduiov
ToAvwwupoy & elvan T popotfis ky + o, émov o OUMPETPOS &piBuds — S16T1
EXOMEY
A= Py +8)—4a(yyi+ey+n+2)
= (B*—4ay) y2— 2 (2ue — PB) y + (8% —dam —4od)  (14)
xal 6 Tpicdvupov (14), &9’ Soov elven € Umrabioecos P? — 4oy = k? (k d&xépouog
# 0), dlvarar va Tebij, s yvwoTov, Ud T popenv (ky 4 0)?, &vba o oup-
HETPOS GP1Buds.
Aix v elvan 16 A(y) TéAetov TETpdrywvov pkel v TpoaBiopiodfi & A doTe
1) Siakpivouoa A Tou A(y) v elven pndév (Brari; ), dnA. v elvan
(20 — BB)% — k2 (52 — dan — 4ar) = 0. (15)
"Ex tfis (15) buews mpooBiopiZetan TO A, BidTi Exouev
A= K (OF—dam) ~ (20— pE)*
4ak?
OUras, dpibouévou Tol A, 4 (12) AcuPdvel THy pop@tv

2 2 Pyhb) o (k- ‘fl] : [x o 2BFEB) 3 (Kyebo) |
2a

(16)

e 2a

i [Rex+ @B-Ky+E-0)] [2ax+ @+ Ky+ B+o)|=4ah.  (I7)
"Qaoe, mpdrypari 1 (1) TifeTen, Umd Tés Tebeloas Gobioes, Yrd TV HOpPTV
(10). *AmoBexviopey Tpa kol Ty EEfs TpdTaC ;

2a: "Edv & axéoatos d - 0 ¥y v Devixode dagévag : 1=4,,6,, ... ,0,= |d]|,
Tdte 1f éflcwos : (pr+qy+r)(pet+qy+r)=d (109

xal 1a 2v oveTipara :
, , ; d
prtqytr=eh, Prtgy+r=cs (18)
1

bmov e=11) —1xal i=12,. .., » oo 1dc adrds dxepalas Moet.

_ Mp&yuany, 8v (x4, yo) evan dkepada Aois Tfis (107), ToTe: PXo+ qye+
+r=kka p'xy+ q'y+1r'=2, 8mou k, Ae€Z xal k-A=d. *Apx k|dkaiAld,

fmoptveos k=5 , Smmove= + 1 kal 5, ,i=1, 2,..., v elve of puoikol dpifipoi,
ol omolor Bioupoiv Tév d ked A= --%: %; E—:g-lw = € - gl;-,'SIO'Tl e =1, firor

1 Tuxoloa dkepada Avots (X ¥o) s (10°) elven kad AUois Evds &k TéV ouoTn-

H&Toov (18). :
"AvTioTpdges, &v (X0 Yo) elven dxepader Mot dvds &k TéV ouaTnudTwv (18)

Exopev : :

0 ; . d
PXo+qy,+r=¢ed; ko px0+qy0+r:5--s_—.
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Tére Spes 26 aUTédy TpokyUTTTEl ¢
; : : d
(Pxo+ qyo+ 1) (PXo+ q'yo+1)= (5 ) - (E'g"): Ez&—g- —d,
i i
fiToi /) (Xg ¥o) elvon Aans kad Tfis (10°). “H mpdTacis &6ev GrreBeiy o).

"Hen, éxovtes U’ Syiv Tas dvwTépw TpoTdoss 1 kal 2, Suvdpeba v i
AUocopey Evtos Tou Z hv (1) els T mepiTTwo kad v elvan ;o #~ 0, y #0,
P? —doy = k* # 0, k €Z épyalduever ds &Efis: Dépopev bv pddTors THY (1) vmo
T popefiv (10) kai droholbws épappdlouey THY TpdTacy 2.

Egappoyai: In: Nacopebody ai axépmar hboag tiic tEishoeng : ¥ = 9x* — 11.

Aboig: 'Hbobeica ificwars ypageton @ 9x? — y* = ], (a")
"Evraifa Exouev: a=9,p =0, y = —1, P —day = 36 — 6.
H («') elven loobivapos mpos Tv:  (3x + y) - Bx—y) = 11, ®"
Ol icipéron Tol 11 elven @ + 1, + 11, *Apa 1) Sobeioa tioeoois kal & TEOOQPA OUOTHRATY
{Bx-l-y: 1 {SX—F-yzll {BX—E—‘V?—I {31+y=—11

3 x—y=11, 3 x—y= 1, 3x —y = 11, 3% —y=-—1,

Eyouy Tés avTas &repaias AVoes. ‘H Eriduois Todtwy elvan oay &TTAT.

2a : Na tmivdfi, tvrog tob Z, 1) EEicwog :
2x* - 6xy + 4y  + 5x+ y+ 2 =0. . "

'Enilvoig: ’Emady P*—day = 6*°—4.4.2 — 4 Tpoodiopifouey kaTdAAniov
dpiBudy A dote T pédTov péNos Tiis EGiodoecos 1 2xP | 6xy 4 4y® + 5x Y 2E A=A
V& TifeTon Ummd popefv ywoptvou &uo TpwtoPabpicy ToAuwYGpcy G5 Tpds X kad y.

"Ek 7ol TUmou (16) Exopev :

 4(25-4.2.2)—(2-2:1—-6.5)
A A = 7o

‘O —20 efvan Aormdv & kardhAnhos &pibpds, & dmolos mptter v TpooTedf) els T& péAn THs

(r") dote 16 wpdTOV PEAOS AUTHS v TiBeTEn UTd THY popehy (10). Mpéypar, &k T fy') Eyouev:

2x? + (6y + 5) x + 4y + y — 18 = 20, (")
SméTe O mpddTov PéAos THs (B') Bewpolpevoy Tpidvupoy ds pds x Exer pidos Tols &piBuovs :
L 5Y—8(y' +y-18) _ —(6y +5) + 2y + 13)
1Lg = e e T e L
4
9
fitor: Pr=-Y+2 p=-2y— -5

ToTe Spws ) Elowots (8') AauPaver THy poperv :
a(x—p) (x—p) =2 +y-2) - (x +2 + —3) — 20

7 (x+y-—-2): 2x+ 4y + 9 = -20. ©)
Ol 8eTikol Srcupéron ToU —20 efvan ol : 1, 2, 4, 5, 10, 20.
Téte 1) (¢) elvan looBuvapos wpds T& 2 + 6 = 12 guoThHuaTa :
X+ y—2=¢b, 2x+4y+9:5—_82—q}
i
Smou &= + 1 §{—1 xal 8, e{l, 2 4 5 10, 20}.
Olre, Ty, ik e= 1,8 = 4 Exouev 16 oUornua:
x fy—2=4d x+y=6
2x+ 4y 4+ 9= x+2y=-7}
0 drolov Béyeran Thy AVow (x = 19, y = —13), # émola elvan kad AV T Soﬁelcné.

s, ] fitor :
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Mepintworg IV. Eav elvar a= y— 0 kai Bden 7 0. Tote 1) (2) dwé-
yeta gl Thy éSiowoy ; Bxy -+ 8x 4+ ey +n=0.
AUTn ypagetan SiaBoyikés :
P*xy -+ Px + ey + pn=10
il Bxy + P&x + Pey + 8e = Be — Pn
f (By + 8) (Px + €)= 8e— pn. (19)

Al dréponcn AUsels Tiijs (19) elven ai dxépoicn AUoeis 6w GUOTNUATWY

dmov k | 8¢ — B,

'‘EQappoyq: Na Emivbi, tviog tod Z, 1 tEiowolg :

2xy—3x4y+ 1=0. @)

'Emilverg: "Exopev o — Yy=0, Pen=—-6=£0..

‘H Bobeioa elvan loodivapcs Tpds Thy Efiowatv @ 4xy — 6x 4 2y + 2 — 0 xai auTh mpds
™y (2x + 1) (2y —3) = —5.

Ol fetikel Sicupéran ToU —5 elven ol : 1 kol 5. 'H Emidugis ouvends Tiis (L) dvdyeTan eig
T émfAvoy TGV Teoodpwy ouaTnpETWY ;

{2x+l=l 2x+1=-5 {2x~§-1=ﬁ1 S
Iy —3 =5 {2y—3=+1. 2y -3 =75, {2:;_3;;1.
Al Aboeig Tév oUoTNHaTWY abTéY elvar dvTioTolyes :
x=0y=-1), x=-3y=2), (@E=-l,y=4), (x=2 y=1).
Alren elvan al &xépaion Aot Tiis Sobeions tEiohoews.
Mepintooig V. (Mevikn mepimrwos). *Eav sivar « #0, y#0 xai
B2 —4day # k% keZ (Onh. 76 f2—day Sév elveu TeTodywvor dxepafon). ToTe f
&6iocoais (2) (oehis 285) Auopévn s Tpds x §iBel -
— By +8) + V (B*—4ay) y*— 2 (Zoe — P5) y + (52— dam)
X=——r = M 77 e 4 e <. (20)
“lvac 1) (1) émidbeTon duTds ToU Z B TpETEL va oupPaivouy T &8s . TTpddTOV
va elvoa: A = (B2 —4day) y2 -2 (208 —PB)y + (6% — 4an) = k2, #vba v, k
bv Z kai Selrepov mpémer : 2a | — (By + 8) + k. ZnToUpey Aoimdv kaTd TpéiTov
molan Tiwed ToU y kofoTolv To Ymédppilov Betukdv. *Edu els 16 BeuTepoPdbuiov
s Tpds y Tpicvupoy A, & ouvTeheaThs P2 — day 10U y2 elven dpvmTikds kad of
pigan py, py TparyuaTiKad, TOTE TPETEL O y v KeiTan HETalU @V pILv, S1d v
kaBioTarar ToUTo GeTikéy. ‘Emoutvess els THv TepiTTwaw adThy neptopllduela elg
Tds diepalag Tuas y tag whnoodoag Tijy:
PL=Y =pPe
"Ex 1@v dkepaicov ToUTwov Tipédy Tol ¥ éxAéyopey pdvoy ékefvas, af dmoion
kabioToly 15 Umdppifov A TéAeiov TeTpdywvoy dxspaiou kad TENoS, £§ btV
Exeivas of dtolen T1BEueven el v (20) kabroTouv TS x dxépaiov,
Egeppoyq: Na Emavdii, Eviog tob Z, 1 ticwog J
X+ 2xy - 2y —2x — Ty —9 = ¢ (")
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'Enidvorg. AUTn ypdoeeton:  2x? 4- 2 (y — 1) x + @2yt—Ty—-9)=0.

AbovTes TadTny g oS X Exopev :

B S (B LT M A S E S g
"Ev mrpeoTols pérer
—3y*+ 12y 1920, A —-1=<y=5 kal tmeildhy v eZ, Eyopev:
y=-1,0,1,2, 3, 4,5 "Ex 1év Tiudv auTédv AauPdvouey pévov éxeivas al Otoien kabioToly TO
Umoppilov TiAeiov TeTpdywvov. AlTat efvan ad ¥ = —1 kai =5,
Aa Thy Ty y = —1 4 (B') bider : TP npie—| )
M v tipiy vy = 5 /) (B') 5iber: Xx=-=],x= -3

“Apa 1) Bebeioa Eiowois Eyel Téooapas dkepalas Aloers Tés :
=2,y=-1), @x=0y=-1) @G=-l,y=5), (x=-3, V= 5).

§ 232, "Aképatatl Adoeig Tijg E§lodocwg:
x*+ ky*=1z%, kel (1)

"Aveu BAGBNs THg yevidTnTos Buvdpeda va Becopdper Tov drépanov k Tréu-
ToTe BeTikdv, B1éT1 dAAws 1 (1) 6& fHBuvaTo v Ypagh Umo THv HOPQTV :
22 (—k)y2= x? els fjv & (=k) 8& fjTo A BeTikds.

‘H (1) Embéyeron wpogavdds TV Aoy @ x= y=z= 0. ’Emrions 5i1& y=0
Exopev : x— 4z, &tef (1) EmbéyeTan Tas dkepaias AUoels @ x — z, y=0 ko
X=—1z y=0. O& {nricwpey Topx dkepalas AVoes i (1) pe y # 0. Aiau-
PoUVTES dupdTepa T& uéAn Tis (1) B yi, AauPdvopev Ty Eioway :

"'1 -+ k.: 7}',’2' 7 (2)

Bitonsy }7 K 4 :111 (3), &vBa of m, n dxépatol Tp&TOI TPdS dAATAOUS.
"Ex Tiis (3) Acwpdvouev :

22_: x? +"n2 n 2nx )

y: y* ' m? my
"Ex tév (2) kai (4) éxouev

o n* | Znx
— e my (5)
Kai £ orriis AopPBavopey
X km?—n?
¥ = Zmn ©

Elvon mpogaves &1 | (6) &Andeler, éav elven x= (km®—n®)h kai
Y= 2mnh, #véa he Z. 'Ex Tiis (3) AauPdvopev, &v dvTikaTaoThowHEY ToS Tiuds
0TS Tew x kel vz = (km®+1n2) h. "Apa of dxéponcn Aoeis Tiis (1) SiSovran

VTS 16y TUTreov

| \
x—(km*-m9h | y=2mmh | z—(kmtinh | (7)

8c of m, n, h elvon dxépeaor &piBuol.
‘Ouolews tmAveTan 1) E§lowots kx4 y2= z%
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Enueioog. ‘H (1) 8ia k = 1 dvéyeton els Ty Eficwory ; x* 4 Y= 2% 1) dmola kedeita
kai mubaydperog iEiswag, 516T Slvarar va Bewpndij 811 ouvsie TS TAsupds Spboywviou TPIY W
vou. Al dképaici Aoeig aUTis 8& Bibeovton GTd TGV TUTreoy (7), &v Bowopen k — 1, fiTor:
X = (m*-n*h, y=2mnh, z— (m® -+ nh, hez. (8
Ol Beikol dxéponor of dtroior traAnfebouy ThHY x* - ¥* = 2* kaholUvren nubayopetor ap.
Opoi. *H dmhouorépa TPids TuBeryopeieov &piBudv elvon - 3,45,
Adn = h =1 ol T (8) yivovra :
X=m-1, ¥o=2m, z=m!+4 | (m e N, m 3 1)
Kai kehobvTan mufayépeion TomoL, &v kal s muaydpeiol TUTror PépovTar of yvwaTol els Tovg TTu-
Bearyopeious :
iyl

X = 5 Y —n z=

v m Tuy Y TEpITTOS PUOIKOS &piBuds £ 1,

m? - 1
o =

'‘E9appoyd. Na eOpebody ai axéparar Megic il Erodosng ;

X* + 4y? = gz,
Avorg: Al TPOQaVEds EmBéyeTan THY AUV ; X — y=12=0, xadcx gmrions kal Tds
Adoeis : x = z, Y =0«kal x = =4, y = 0. Al Aormrad dképancn Aoerg eUpiokovTan tk 1w TV

(7) 51k = 4 kal elvon af kérawd: -
X = (4m*—n*h, y = 2mnh, z = (4m® + nMh, Hoo m, n, heZ.

AZKHZEIZ
525. N& ebpefolv al dképaian Adoers T 100wy
L 2x* —2xy —5x —y —3 =0, 2. 3xy — 2y 4+ 2x —3y + 4 = 0,
3. 3yt —2y—5x—1=0, 4. 5xy‘2x—3y-ﬁ18;—0_

526. N& tmiAubolv, tvrds Tol Z, al tEio0daers ;
L2 ey IS h Iy £ 6=0," . all T (¥ + 8) = 5xy,
3. 2x* Sxy —12y*—28 = 0, 4. 2x? L Txy + 3}-2_53, Sy
527. ‘Opoiws al tiomoes :
1. 3x® + 4xy + 2y?—6x — 4y 4 2 = (, 2. X —2xy 4 2y — 3x 3y—d =0,
3. 3x®—6xy + 4x — 5y —31 =0, 4, x* 4 2xy + Yi—x 4 y—4=0,
S. X'— 3y = 72, 6. 5xF -yt — pa T2 —yt = oy
528. N& eVpefolv al dképeacn Avoers TS ES1ocoecs :
xB-|yD+yG—|x])+ [xy|=6.
529. N& ebpedi Biyngios &p1Bucs, & dmoios woM\u'rrRumuCc'mwog &l 1o &Bpoiopa Téw
Yneiwv Tou 8iBer yivduevov ioov Tpos TO &Bpoioua Téy KUBwY 16y wneiwy Tou,
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KE®PAAAION XI

ZTOIXEIA EYNAYAZTIKHE ANAAYSEQS

§ 233. Eloaywytkai évvorat — oupBoAiopoi—H 2uvBuaaTikn *Avddu-
o15 tupavileTon TO TpEdTOV KaTd TOV 170V aiGua €is épyacics Tév Fermat kai Pa-
scal B1& THy ouoTnuaTikny EmiAueYy TGV TIPoPANU&TOY T& STrola Tapouaiddov-
:l'CXi ’Eig TS «Tvgnod maryvidiar. "ExToTe f| dvdAucis alTn elpe mAeloTas Epappoyds.
l—'l tpapuoyn) Tns es THv Oswpiav T@Y MBavorTeoy, TEpl THis Smolag yiveten
?\?yog els TO Erdpevov kepdhatov, elval &xi pdvov 1 &pxanoTépa, AN ke pla &ard
Tag TAEOV oM UaVTIKAS.

A T guvTopwTépay Kal aloTnpoTépay SIaTUTWaIY TG fv TG TopdvTi
Kepohaiey BiamparypaTevoptveov Beudteov, Opifouey: Té kéTeobr : :

o). KahoUpev tpijpa T, 16V uoikédy &pifipédv uéxpr kai Tol PUOIKOU v TO

UrooUvohoy To={keN:uk=v}toU N,
To T, oupPoliletan, ouvibeos, ked pé: To =1{1,2,3,.. ., v 1.
Mopdderypa : T,={1,2,345}

B'). To ywdpevov Tév Betikidv drepaicov (Quatkdsv) &md 1 £ v B 16 eI
OTOMEV ouvTdpcos e v! (TO ouuPorov v! dvayiyvdooketen «v TagayorTiedyy).
TS oUpBoroy v ! SpideTan cos kéTwob :

=1, 2I=(1H2=1.2, 31=21D3=1.2.3 kel Emerycoyéss

vVi=(v—DIv=1-2.3...(v=2).(v—1) . v €))

A1 Ty TAnpéTnTa TOU ouuPdrou v! Sexdpedo dTim 0!= 1.
Aix 16 oupPorov v! {oye f iBioTns :
vi=@w—k)!'v-k+1)Vv-k+4+2).--- v=1v, k=sv.
O : 10!=718-9.10.
‘H Xpnoipomoinois ToU BaupacTikod (1) els Tov oupPolioudy Tév Tapayov-
TGV ayerifeton pé THY KaTamATKTIKAY alnow altév. Tolto paiveran &mo
TOV k&t Trivaxa

=1  41=24 71= 5040 10! = 3628800
21=2  51=120  8!=40320 11! = 39916800
3l—¢  61=720  9!=362880  12!= 479001600,
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. METABEZEIZ

§ 234. "AmrAal perabéoelg.— "Eotw TO TemEpaopévoy gUvodov :
E={o,0,....0}
KehoUpev per@beorv Tév oToiysicov Tou ouvdiou E xkdbe dupipovooT|HovToV
&meikdviow ToU E &l ToU éautoU Tov, fiTol :

M: E«——E.
KahoUpev drapifpunoty ToU ouvddou E ké&Be &uglpovoonuavTov QTEKOVITW
ToU TpfuaTos Tév puowddv dpBpdv T, = {1, 2, 3,..., v} &ni ToU E, fjTor:

Tydke—— o € E, ieTy.

‘Exdon &mopiBunais, os kai 7 perdbeots, wapioTaTon oupPohixés (§ 87)

e ( , . sy - Tu2e o w
81 fvds dphoycwviou oxtdaTos (Trivaxos) éx Buo ypauudv, Tr.x. ( o G»—)'

Eis THv TpMTNY Ypauufy Tou Trivakes ypd@ovTan T& TpoTUTIa Kad s TV
Beutépav K&Twley ExdoTou TpoTUTIOU ) eikcw aUToU. Zuvnfuws Suws 1 TpdTn
ypoupn TapoeiTeTan kad ypagovTal (TrapaTdogovTal) udvov ai eikdves koTd pii-
kos wids eUbelas, Ty, o5 k&Twd :

O e ay
els TpdTrOV hoTE TO TP&TOV aToryeiov Tijs TapaTagews vé elvan elkcov Tou 1, 16
BeuTepov elkdv ToU 2, T6 TpiTov elkcov ToU 3, k.o.x. "Evexa ToUTou kol S1& readar-
ywyikoUs kupies ckotroUs TroAkol ouyypageis dpifouv & petddeow v Tporyus-
Teov (oToryeiwv) kéde kardTagv altdy s plav oapdv. Elval pavepdv &t Blo
petaféoels v Tpaypdwy elvan Sidgopol petal Tov, &v kal udvov, &v v (fmropé-
veos TouhdyloTov Buo) &k TdY v TrparyudTwy elpiokeTanl Tomoletnuévoy s Sio-
QopeTikfiy Béaiy EvTos alTdv.

"Etreidn 10 T, kai 10 E Egouv 1O aUto mARBos oToiyeiwy, elvan gavepov 611 16
TrAfifos TéV petabéoecov Tou E looUTar mpos 1O mAfifos T@v dmapiunoewy al-
Tou. Elvan Emrions gavepdv &1 1o Affos TouTo Sév EfapTaTar & TH gUoIv TGV
aroielwv ToU E, dAA& pdvov &md TO TAfiflos TGV oToryeiwv alTol. *Apa
ToUTo {ooUtan Tpds To mAfiflos Tév petafécewv ToU T, . Ak Tov Adyov ToUTov
moAAdkis v Srakekpiuéva TpdypaTa, Bid T& dmola Btv pds EvBiagépe 1) Quals,
T& onuecovopey pE Tous &pifuots 1, 2,. .., v. Kardmv todTou ai fvworan &mrapi-
Bpnois kol peTdBeots 8 yprowoToidyTal kKaTwTépw &SlaxpiTes.

"Ag Utrohoyiowpey 181 TO TARBOs Shwv TV peTabicecy THV v Blogdpwv
uetafy Teov otoiyeioov. Elvan pavepdy &1 o wAfifos ToUto iooUtan Tpos 1o TAR-
Bos - Bhcov TGOV Buvartdv Tapatdecv TV v oToielov (mpayudTwv) s plav
oeipdv. To mAfiflos ToUTo TGV peTaBiceswy TOV v oToixeiwy 6& TapioTdpey pé
15 oUuPoiov M, .

Elven gavepov 6T 81’ &v mpdypa Umépye pla povov petdfeots, fitor :

=151
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Ai Suvaral petaBéoss §Uo mpayudTeoy, X TV oy, o, elven 8Uo, of :
oo, Kal g,
81611 TO o 1) B elvon p@dTOV § B& tlven BeUTepov. Suverrdss ExopeY :
My=2=1.2= 2l
Al petabéoes Tpiddy oToiyelwy oy, 0,0, elval af dkéAoubor € :
G0y 0y, Ol Gy,  Cal0y,  CLOGOY, oo,
Anhod - My=6=1+2 : 3=3I
levidds ioyver 1) dxdroubos :
Mpéotacic—To nlqﬂog M, t@v perabiccov v atoysiov slvar igov Tpog
™0 ywvopsvov 1-2.3. , fiTot :

R e Sy
M,=1-2-3---v=v! I\[llk (0

"Anddarlis. Mg Ty Gmodeigw Tfis (1) 0& xpnoomoifiowuey Thy &rroder-
KTIknv péBoSov Tiis TeAeias émaywyis.

‘H TpéTacis foxvel Sia v — 1 (dmions, <5 dvwTépw £AéxOn, foyUel kai Si1&
= 3)

"Eorw 811 atrrn foye S v = k, fiTor :

My =1:2... k= k! k=1) (2)
O drrodei€eopev 811 foyvel kai B1d v=k+ 1, fiTor:
Mipri=1.2.. k(k+1)= (k4 1)! 3)

MpdrypaT, & Becopricwpey Shas Tés uetabéoes Tédv (k4 1) oTolyElwy Kai
Xwplowpey aUTds eis Suddas BETOVTES £l TV TRWTNY Spdda SAas Tos ueTabéoeig
ai dmoio Gpyifouv Tr.y. &md TS oTorxelov ay, &g plav Seutépav Spdda Shas TS
HeTabioes ai omroicn dpyifouv &md T aTolyElov oy, k.0.k. Kad TEAGS els piav k +1
TdEecog OudBa 15 petabéosis ai dmolar &pyifouv &md 16 oTorYEIOV Oy 4.

Elvan pavepdy 61 ai Bidgopor dAMAwY peTabéoels ExdoTns dpdSos elval k!,
814711 afran AauBévovTar &v HETG TO Tp@TOV oToIXEloV, ug TO dmolov &pyilouy,
Ypowc.oucu Shas Tas petaféosis TV Aoimdv k oToiyelcov, al dmoian Aoym Ths
YEVOuEvm Utrobéoecos (2) Tis TeAeloas émaycoyfis elven: My =1.2... k= k!
E'ITOUEUwg TO Tr?\nBo; T6v petabéoecov T@v (k + 1) oToryelwv elvan :

= (k+ 1) My =1:2.3000 k (k+ 1)= (k+ 1)!
Sma. 5 ']TPOTGUIS (1) foyUel ko S vk + 1, &paloxbe Six kdbe puoikov dpi-
Busdy v,

EQappoyai: In: Katd mooovs tponovs ddvaviar vi napatayBodv &g’ £vog Cuyod 10
habnraj

Aboig: To mhiifos SAwv TéY Buvardv Tapatdbewv B elvan dkpiPéds Soar al dmhaf

uh“efoﬂf T&v 10 mpaypdrwy, fitor:
M,, = 10! = 3 628 800.
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2a : Na e0pedij o nhfifog 6imv 1@y dmOBpdvY tdv peyalvtépov tod 1000, of drolor oynparti-
Covron pé 6ha ta ynoia 5, 3, 0, 9 pi Emrpenopivng tijg Enavaliyews ynoiov tivog.

Aborg: KéBe dmBpods peyohutepos Tou 1000 dvrioToryel els k&melav perdbeov TéY yn-
piwv 3, 3, 0, 9 Umd Ty mpolmobeov dpws 611 1o wngiov 0 8tv karéyel THY TRLTHY TPdS T &pi-
oTepd Béow. O1 dpifpol Spws el Tols dmreious ponyeton T6 pndév (r.y. 0395, 0539,...) even
Téoo1 TO TATBos, Soat kai al peTabéoes TGV TPIGY ynglwy 5,3, 9, ftor My = 3! = 6. Ol TeTpa-
yhpror &pifuoi elvan M, = 4! = 24, “Apa 16 {nToluevor TAfBos given :

M, — M, — 41 _3| = 18,

§ 235. KukMhikai peraBioeig.— Mia eibikn mepimrwois peTabéoews elva
éxelvn kaf’ fjv ExaoTov oToiyeiov ToU ouvdrou E &meovileTan els 1O Emdpevdv
TOU TO B¢ «TEAEUTAIOV» TTOIKEIOV Oy Ei§ TO «TTp@dTOVY ay. AnAadt| 1) uetddeots :

C(l Ay ... Gy Gy
(oc2 Ol e K1 al)'

Mia ToleUTn petdBeois kaheltan kukhkn (§ 87).

‘H dvopacia altn #&nysiton dptows, &v T& v Sidpopa oToiyEla oy, &y, . . ., O,
avTacBidpey 6T elvar Tomofetnpévar &l Evds kUkAo, G Belkvier kad TO ké&Twd!
oyfina (2. 15). Katd Taure pia kukhixh petddeos elval ) Tapdragis T6v v oTol-
¥elwv kord piikos Evos kikiou. Oltw Bewpoupévn pla ku-
KAikTy petdBeois v oTorgeiwv Bev Exel olTe &pyv olTe Té-
pas, Buvdueda 68ev v Becoplduey oiovBrTToTe & TGV v oToI-
yelwv g TpETOV KOTd TNV v Adyey petd@ecv. Elven Teo-
po pavepdy 8T 76 wldijflog SAwy TdY xvriieiy peralioeny
v ototyeloy, 10 omoiov ovufolilerar pi Lk, , elvar ioov
wpds : (v— 1)1, fiTor:

Zx. 15 /s 1) =1 o s e T,
k=1

Mpdrypam, & gavToachduey Shas Tas KUKAIKAS peTabéoes Tév v aToiyeioy
oy, Q.. ., Oy QUOYEYpaUpéves els Eva Tivaka. Elven pavepdy ST €€ ExdoTns Ku-
KAIKTS peTabéoecws T&Y v oTolyelwy, T.X. TNV 000y, . .o TPOKUTITOUY v &irAai
peToBéoers, ol ké&Twb :

QpClg. . Oy Oy, gy, - Oy B30y vy OGO - Sl Oty

Kotétv TouTov, émadt) &md kdfe kukhMkfv petdbeciy Tédv v oToixelwv Tpo-
KUTTTOUY v &rhai peTadéoels Tév v oToiyeiwy, Emetan 611 28 Shoov TGV KUKAIKGY
petabéoewy, ai dmolan elvan ky 10 mARBos, 6& Tpokipouy v .« k, dmmhal peTaBéces,
o omolen B ioouvTan uE TOV GUYORIKOY Ep1Bludy TGV &TTAGY peTalécewy v oTol-
xelwv dnA. v! "Apa & Eywpey :

v k=M=

B ob: ky = —93“—: (=) (1
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: ’Egappoyi. Kotd nboovg tpémovg & pédn pmbc Entapelods oikoyeveiag SOvaviar va
kabioouvy némE piag kukhukdic tpanéling;
Aborg: Kdbe fvas &md ToUs Tpdmrous alitols elvar pla KUKAIKT) peTdeons Téw 7 drdpcov.
"Apa k, = 6! = T720.

§ 236. "EmavaAnmrikai petabéoeig.— "EoTw v TATBos v TrparypdTaov
[ (0 PRSI 6 ﬁ,er--lﬁ’l-'-lese'--'le'
k, k, k,
omou T& k, oupmintouy ué o, T& ky BE B,. . ., T& ko i 6, d16Te puotkd 8 elven
k1+k2+ "'+k9:v'

Kohoupev énavoinrukiy perafesty TéV v altédv Tpayudriov play &l
KOVIcw ToU TufuaTos Ty = {1,2,...,v}ém ToU cuvddou E = e R
STroiov Exel @5 oTolysia Ta Sidpopa AN AWY Tp&ypaTa o, Biitoy 8, TolaUTn
waoTe af k, elkoves va oupmimTouy pé o, ai ky, elkdves vé ouptritTouy pi B, ai

3 '] ) I & - il
k, eixdves va ouptritrrouy pé 8.

‘Eav p T mhfifos Tév oToxeicov Tob E, TéTe: p <.

OUteo .y, i émavednmriked petabéoss TEV TpIGY TpayudTov @, o, B
elvan af aaP, ofa, Poa.

Eqv mrapaotiiowpey pé To aUpPorov My Td mAfifos SAcv T trravedhn)-
TGV petaBéoewy v TpayudTwy, &€ ov ky 16 mAfibos ouuimTouy Wt 6 o k,
TO wAfifos ouptritrowy uETO B, . . ., ky TO MATifos oupTritrTouy pé TS 6, TéTe ioyver :

Ry ek )

X! Kk k! (D

'Am68e1E1g "As UroBéowpey Tpos oTiypfy, 6T T& v mpdypaTa elvan Bidpopa peta-
§U Tewov ko 811 oxnparTilopey TS v! perabioes Twv. Becwpolpey Tds év Adyw petabioes XWPIoPE-
t:q; els Sudbas dx ¢E7j : OéTopev els TNV alThv dpdda piav petdBeov padi pé Shas doc TPOKUTTTOUY
AT @y, rav Siarnphowpey THY TEEW SAwv TGV oToixeiwy, T& dmroln &px1KES Siépepov ToU
X Korord€oopey 58 Ta Aomd (SnA. T& TauTiIZuEva GpXIKEDs pE TO @) KaB® SAoug 10Us BuvaTous
TpdTous. Eivan Qavepdy 8T1 peTa TO EPAS THS To1aUTNS Siadikaaiag B wpokiyouy k, ! HeTaBéoers,
qf OTrolen B¢ TapioToUv (Bav Emavadiowpey o = & = - = oy, = @) Ty aThy draveAnTrr-
KNV perdbeory. "Apa & TAT{Bos TGV petodéoewy v Tpay pdTwy, 61rou ueTafl Twv Utrdpyouv pdvov
r 3\ \ o L v v !
ky 1o TAfiBos TauTiZoueva pt TO o, T& Bt dAAa Biagépouv peTall Toov Kal &rd TS o, elvan : =
AL
n ; - 2 £ A 2 iz
AV Tospg sis T péypt ToUBe s Bidpopa BecopnbivTa v — ky Aoima mpdypaTa TauTomolfowpey
é\‘z TO TAfiBos pé To B, TOTE, KaT& TOV AUTOV OUAAOYIOUGY, K, ! TO mAfifios Siapépouca Trplv peTa-
quﬂs 8¢ mrapioToiy ThHY abThv EmaveAnTTikiy peTdBeov kal émoutves TO TATBos Taw peTa-
ETELV v mpay Ty STav petafy Twv Urapxouv ky TO mAffos cupritTovta pt 16 o kad k, 6
TAfB0s suuTrirrovTa pé 1o B (o # P), T& 8¢ Aorma Brapépouv ueTal Toov kads rriong kad &rd
1 | :
T @ ke B efven : T
P elven; K Tk,!
Kard tov orév TpdTTOV OKETITOMEVOL, HETE p PrivaTa, ¢fkvouey els Ty .
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‘Egappoyai: In: Mosag hé€erc* (avaypappanopois) oynpartilopey perabitovreg 14
ypappate tig Aigems « EL A agr;

A D oug: Elg Thy MEv «EXAGs» TO ypduua A EravaiapPavetan 2 gopas. Katd Ta dveoTépeo
Exopev
g 51

M§ = 25 =60 Adgers.

20 : TMooag 1iEerg duvapeba va oympaticopey petabétovieg ta ypappata tiig hiewg « Il a-
VETLOTNRIOV Y

Abvorg: ‘H A dlavemotiipiovs mepiéxer 13 ypéuparta, éx Tédv émoiwv 2 elven , 2
elven v kai 2 elvon 1, Gpo mpdxertan Trepl petabéoewr 13 ypappdtwv pet’ Eravadnpews GOpiopé-
vy €6 abtév. Zuverrds To {nToUuevov TAfifos lgolTon mpds :

i 13!
T

Inueioaig : Ak va iBwpey mooa ypaupata 8& ypeiaobouv Si& v& ypagouv al Aéfeis adtan
B& ToAAaTrAagidowpey TOV eUpebévTa dpifuoy &l 13, fiTor:

778 377600 = 13 = 10 118 908 800 ypapuaTa.

"Eav BéAwpev v drokTrowpey plav (Béav mepl ToU peyiBous Tou dpiBuct TouTou, yvewpi-
Copev Ta Efis: Mia oehis évos xavovikou PipAiou ypeiaderan mepimou 2000 ypéppara, M Té
QuTépw ypaupaTa & TuTtwBouy :

10 118 908 800 : 2 000 = 5.059.454 oehibes.

“Av A&Popev Téuous Tév 300 oeribwv, 8& yivouv 1 5059454 : 300 = 16865 Tépor.

Téhos, &v eis piav kavoviky Pipaiotikny duvavTar va Tomofernfoliv 100 Tépol, 8& &rrai-
TnBolv 16865 : 100 ~ 169 Biphichijken B v Tomobetnbouv of év Adyw Téuor.

= T18 377 600 AéEers.

AZKHZEIZ

530. N&a dmAomoinfolv Ta kaTwbi kAdopaTta:
AL vl v 4 2)! v+ 1)1 AN
) graw B e ) i B Sgigu o Lot
531. N& amhotromnij f) mapdoTaois :
LA
Gl Iy s e
532. Na& &moBeiyfolv ol iodTnTes :
o) T v+ 2Dt D vl =l (v 2)
B vi420-1l=(-1)i@+2).
) (@—-DI-(@-2)!=(v-2)! (v-2)
&) 2ZMy—(v—1) My_1 = My 4+ My_,.
533. "Av Umdpyouv 3 Bpduot &md THY TéAw A Tpds Thy AW B kad 4 Spdpor &md Ty B
mpés Ty [, ke wégous Tpdrous Suvdeda v peraPiopey k Tiis A el Thy [ S1a péoov Tijs B;
TMéoau elven al Buvaral Siadpopai B1a Takeibiov pet’ EMIOTROQTis &k Tiis A elg Tiw T
¢ 534. Kara wéoous Tpdmous 6 pabnted Slvavtan va Tapatayfoly g’ tvos Luyou; "Edv é-
kéoTn wapdrabs dwart) xpdvov 15 sec, mwéoos dvan & dmrartotpsvos ypévos &' Shas T&s Buva-
T&s TapaTdEers.
535. Moo dvarypauuoiopol Tiis Aéfews «ypageiovs Ao TISoo14E SrrEN
&pyiowy ut ¢; Moo &pxifouv pt a xal TeAeibvouy i o;

* Al Aégeis Bev elven dmapaitnTov vé Exouv vénua.
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536. Tléoan Siapopetival Aéers BUvavtal vd oynuamiofoly wé dha T& yp&upara Tg Aé-
€ecos «Mississippis.

537. Tlooor dpiBuoi peyaUTepor Tol 10 000 ypé&povrar pé T& ynela 8, 5, 8, 0, 8.
538. Kota mdoous Tpdmous 15 PiPAia BlvavTar v Siavepnbodv eis 3 pobnTds, doTe &

Tp@dTOS (&) v& AdPn 4 PiPAia, & Bevrepos (B) va A&Pn 5 PiPAa kal & TpiTos (y) v& AdPn 6 pi1-
PAia;

Il. ARATAZELZ

§ 237. "Amhai Siataerg.— "Eotwoav v 1o mAfifos Sidgopa HETOEY Teov
oToryEia (TpdyuaTa) oy, Oy, - .., Oy,. . .,& TA OTola BecopolvTan oTolysla Evosg
ouvérov E.

Kaelren Sratagig 1oV v aUTdv oToixelwv dva b, dmou | = p = v, kéde &ugpt-
Hovoonucxwog &mewoviols ToU TuAuartos T, ={1,2,. ., u} & TG ouvdhe

= {a,0,. . .,0 }. OUTw pia Biaradis Téw v wpc:yucx‘rmv & W elven pior Tapd-
ro(&ls els OEIpAV P TTPOYHATWY amo Ta Sobévta v. ‘Emopéves Suo SiardEers TGV
v oTolysicov dud u BecopouvTan Sidgopol éTav fy BEv dmoTeAoUvTan &md T alTd
GrpIPads oToryEia Ty drroTehouvTan pév &To Td aUTd oTolyeia AR Biagépouv s
Tpos T geipdy TGV oTorkelwy. Kata Tov dpiouov Tiis &mfis Siardecs Ekagtoy
Tp&yua mepiéyeTan el aUTiv &maf. "Emi wAfov s Exdotny Sidmaliv, dx dveo-
Tépeo EAéyOn, Tradlel pdhov &y povov Tola p TpdypaTa B AoPeouev & TOV v,
SN kol Trdds 8% T& TomobeTriowuey els oeipdy Eml dvoiktiis YPoRuRs (..
sueslcxg) OUTeos £dw Becoprjowopey T& 5 OTOIXEIX Oy, Qy, O, @y, &; 1) HeTAOETTS oty
elvan pia Sidrabis Tév 5 ToUTwv TpaypdTey dvd 3, ) 88 perdbeais @00, elval
Ml & A A 7 SidTabis TéV abTédv 5 mpaypdTwy dva 3. Elven gavepov Topa &1 i
Srarders elvan kai auTad peTabéoes, A& Sx1 ouyypdves SAwv TG TPy udTwY,
©& Umroroylowper fBn TO TATfos TV Blagdpwy peTafl Twv SiatdEecov
TV v TpaypdTwy dvé y. To Afjfos ToUTo Ba TO TapioTdNEY uE TO oUuBotov
AL, 1o &moiov dvaryryvaaketal «diardlerg Tav v ava uy. Tlpds ToUTo dmodel-
KuUopey Thy drdhoubov TROTOLY

Mpétaocig—To nhijfog 1@V Swtaewv TdV v mpaypdtov ava B didetan

Lo 1o tomov :

Ap=v(v=1(v—=2) - (v—p+1). (D

Anddabic. “Ag Umobéowpey ST1 ¢oynuatioapey Tdoas T&s SiaTdsis TEv v
wpu)’ud:‘ro:-v D Qg Gy .., O GuE (U=1), T@Y dmoiwy TO MATiBos elven: A,
"Av Becopriowpey TuxoUoay ¢ aUTY, X TV o4y, . .oy 1, alTn 8& Tepityn
(Ll-1) €K TGV TIRQYHATWV Oy, gy . .y Oy kol GUVETTGS Owdpxouv v—(u—1) =
=(v—pu4 1) &rdun oTOIXEX (Trpot}'uoc'ra) un) &viikovTa els THY év Ady e Bidmativ,
"Edw §¢ els TO TEAos THs fv Adyw SiaTdews Emouvdywysy Ev oiovBnToTe dTd T
V—p+ 1) gméhora oToryeia B& pokuyn wia Siaradis TEY v dvd . Ol
&S Ty S1dToE W 0y, . - Oyt B& TPoKUYOUY o (v—p4-1) Braraers Tév v dvd p:

qluz- Qg O, GO SOt Oty OGO O O2, .y OG0 L L OGOy L
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"Emeidhy 8¢ dmo éxdaTny Sidtav TV v TpaypdToov dud (u—1) mpokimrrouy

(v —u+ 1) Brard€ers 16y v dvd W, ETTETCn &T1 & TS A)_, Slaraers B Trpoxy-

wour (v—ut1). A", Biatdders ToV v dvd p. Alten 8¢ elven T o a1 al

BlaTatels TéGwv v TpXyM&TwY dvd p kol 81 & ¢opot perall Twv (Broerl;).
Katd TalTo ioxuer & dvaywyikds TUTTOS

A= (v —p+1).4% @)
"EqapudZovTes Thv (2) Bid p— 2,3,..., u kal &xovres Ui’ Sy é11 of Sia-
T&Eeis TGV v TpayHaTwY dvd v elvan, TTPOPaVass, v AauPBdvopey Tas 1 lodTnTos @
Al =v
A= (v—1) - A}
Ay=(v—2) . A} (3)

Al=(v—u41)-Al_,.

TToAAamAcoi&lovTes Tos looTnTas TaUTas Ko MEAT Ko TapaAeiTrovTEs TOUS
Kowols TrapdyovTas evpioropey :

Ap=v (v—1) (v—2)... (v—u—+1).

"Htor : 10 nhijfog tdv dwratewv 1@y v npaypdrev ava B elvar icov npog 10
YWwopevoy p Swadoik®v guatkév apiOpdv Nhattrovpivey Kard povado pé npdrov
nTapayovia o v.

Kata talraelven:  Al=7.6.5= 210,

EUxéAws Toopa SiamicTolpey &7
VIS (o e 1) = o ) (v <2)icify —hetndd =l

| (v—p)! X

T v
Mé &AAas Aéeis :
MHopropa I.—To niilfog t@v Swatatewv v TPaYRaTOV Gve p Sidetar dro
tod tOmoL :

v v!

N =

Els v iy mepimrwoy kad’ fiv b = v, Eyopey :

D= (= LAy 32
Me &AAas Aé€eis -

IMMoprepa IL—To nhijfog tdv Stataewv v mpayparay dva v icoltar mpog
10 niijlog t1@v perabiccov tdHy v Tpaypatov, fitor:

®

‘Eg@appoyai:in: Exv cig pabneig iy 9 Bibiia kai 0ény vi tonofetiion 5 toxovia i
avtdyv eig Eva pagr, kata TOoOVS TPOTOVS BDvaTal Vi Tpasn tobro;
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A b oig: Ol Bidgopor Tpémot elvan Téoor, doai kel ol BiardEes Téw 9 dvd 5, fitor:
AL=9.8.7.6.5=15120.
2a: Moom meviayhgror apbpoi Orapyovy, Exovteg mavia ta yeia S1agopa petalt tov;
X Avoig: "ExaoTos mevrayhgios dpiBucs (m.yx. & 38906, 72925,...) elven piaBi&rags
Tov 10 ynglwv: 0, 1, 2, 3,...,8, 9 &v& 5, pt pdvny Thy Siagopdv TS yngiov 0 Biv mpémer vk
K&fon TV TpOTHY Tpds T& GPIUTEPOZ Béow (m.y. 05382, 03948,...). AAA& ol bxcrrc&{-s]; al
Exouoan b TpdTov aToryeiov 16 0 elven doan kol al SiatdEers TGy 9 yneiwv 1,2,3,...,9 dva 4.
“Apa 16 EnToUpevoy mATBos X elvea :
X=A'—A'=10.9.8.7.6—9-8.7-6 = 9.8.7-6 (10— 1) = 92.8.7.6 = 27216.

§ 238. "Emavainmrikal Gtarfxgmg— Eotwoav v 16 mAfifos B1&popa
HETaU Teov TpdyHaTa oy, &y, - - -0 TG OTIOIC Bewpotvral oTolysia évds cuvdhou E,

KeahoUpey srruva)_qntmm- datafy TAOV v adTdV TpayudTwy dvd b, plav
TuxoUoav &meikdviowy ToU TuAuaTtos T, ={1, 2, ..., u} els 16 ovvorov FE.
OUrew pia EmoveAnTrTikn S1&Tadlis TOV v mpaypdTwv dvd p elvar pia TapaTtais
KaTd pfikos wmids eUbeios p TpaypaTwy Mebivtwv ik &Y v &K s Td &Troia
ExaoTov mpdypa SuvaTov va Emavahappavetal TO oM u gopds. Eiven pavepdy
0711 v Tpokelpévey Suvdpeda vé EXwhev j BSV T U > v,

Ba mohoyicwuey Topa TO TATBos TGV EmaveAnTTiKGY Siaéecov TEW v
Tpaypdrwy dvd p. Ak 1o wATBos ToUTo, OTrep TraploTdpey Bid ToU oupPdiou
B, loyuer 1) dxdhouBos :

. IIpotaoic—To nhifog tdv inavelnrukdy duraeov tdv v Tpaypaty
v p didetar Hro tod TOMOL :

B = v 1)

Amodeigic, Ak p— 1 loyuel, 516 ol EmaveAnmTiked Siatdes TéGY v mpaypdTov dvd

W elvon Soan kel T mpdypaTa, fiTor 8 = v = vi.

"Eorw ém1 loyter S1x 1 — k, fitol foTw ém1 B} = vF kal foTe pia Tuyoloa émavedn-
T Bi&rais Ty v mpayrdTwy dva K, X, f o0y, ..oy - "Edv elg 1O Téhog Tiis bv Adye érra-
vu?\mr-rmﬁg Bratdlews Emiouvdpwpey £V olovbrimoTe £k TGV v TpaypdTtwy 6& TROKUWN pia
travadnmricy Sidrakis Tév v mpaykdTay dva (k + 1). OUTes &md Ty BidTalv qya. . ey
8& mpokipouy v EraveTikal Biaréeis TV v dvd k4 1 ol & :

oy, . .txk a, OG0, . .C!]\ Cgyo vy 0. . 'Gk“k pos oy OljQlg. , .uk uv .
"Emeibh 8¢ o txdotny Sidradw (BraveAnmTikiy) TGOV v mpaypdTwy dvé k mpokdtrTeuy
Y Eravednmrrikad SiardEas Tov v dvd k -+ 1, EmeTon 8T &md Tés 8 EravaAnmTikes SiaTders

O Tpokbyouy v &) travornmrrikal Sioré€eas Tév v dva k + 1.

Katd Talra 8& éxcopey : 51 = v-B) Kai Aoy Tiis Umoléoews Tis TeAeias tmay -

Yiis, ka® fu 8 — vk, Exouev: B) = vovk = vRF! fitor f) mpdTaos loyver kol Bid v =k 4 1,

Spa IUXUH B1& k&fe puoikdv &piBuov v,
Egappoyqn In: Iosor reviayigol apOpoi brapyovv Exovies Gg ynpic todg am-

duovg 2, 5, 7,
Aborg:

TTTIkY Bidrabis Tév 3 wneiwv 2, 5, 7 &va 5.

: "Exaotos T6v &piBuév abTév (.y. 52752, 77522, 55555,. . .) elven pia Emavan-
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*Apa TO InToUpevoy mAfifios elvar loov TPOS :
6. = 3*= 243.

‘Egappoyn 2a: (To nodfinua tob TIPO-110). Na e0pedi) noca dehtia td@v 00 o1n-
A6V 100 ITPO-TIO mpéner va ovpnhnpooy elg raikmg dd va tmtoyxy Eva 13—ap;

Abarg: 'Eav & dycv fito povabikds, B& Umiipxov Tpla TpoyvwoTika, T& dTrola onpE-
oUvTan pt T& oroyeia: 1, 2, x kol Eropévers B ErpeTrev & TraikTng V& OUNTATPGET) 3 oThAas.
*Edw ol dyddves floav Blo 8& Erpemrey v& oupTAnpaT 9 orhAcs, els Tas Oolas & dvaypdyn
T& €75 oToryEia

ifalililalelglzlz]=
1 [z

2| % :
nf1]z2]x]1]2]= | x &

Al ds &vew 9 otfidan elvan ol ETavaAnmTiKG 1 SiaréEers Tév TGV oToyelwv 1,2, X
&va Buo, BnA. elvan : S: =3=09.

*Eév ol &ydves foav Tpels 0 Emperev & malkTns va ouprAnpaon 27 athAas, els Tas dmolag
0& &vaypdyn T& EEfis oTorgEia:

1,1, L2, &Lx), @21, ..., &xx).

Al 27 oTfjAan TTpoKUTITOUY &md Té 9 ororyela ToU ivaxos (1), tdv Tapamieipws EK&OTNS
Budbos Tou Trivaxos Bicwpey Tas tvBeites | 1,2, x. Elven 8¢ émrions ai 27 orfjAa, al éravainmmikal
Srorré€ers TV TpIdY oTOIYEIWY (tvBei€ecov) 1, 2, x dva 3, fitor elvan : 5. = 3 = 27. ‘Emopé-
veos Bid v Emroyy & maikTns fver 13—dpt TrpéTrel v& oupTrAnpdan Téoas aThAas, Soat Kal al
EravednrTikal SiaTdEes TGV TPIGV grorgelwv 1, 2, x &v& 13, fitor:

&, = 3® = 1594323  oTiAas.
“Apat : 1594323:2 = 797 162  &eAtia TTPO-TTO.

AXKHZIEIZ

539. ‘YmrohoyloaTe T4S : A AL A xkal Beifare dTi: AL = M,

540. N& eUpedf] 6 v elg Tag kdTwh MEpiTTTDOE @

o a-i2a,  p -2l
y) A&y=18.A]"1, By B AL
541. N& &moBeybij 611 : A:;Jf“ =AY A

542 N& &miomoinBi #| mapdoTaois:
Ay -2-87 - v —-1)! v-2).

543. N& eupedij 1) Twn 10U : MR NS AR AR L EA

544. TTooo TeTpayn ol &piduot Umrdpyouv ExovTes BlagopeTikd wnpla Kol i) Trep1ExoVTES
76 0 kad 10 9;

545, Ao Tohes A kal B ouvbtovtan i 6 dpafooroiyias. Katd wéoous Tpdmous Buvapeda
va Ta€iBetompey ik Tiis A Tpds TNv B kal dvmigTpdges, xpnopoeoiyTes KaTd THY EMoTpoghV !

a) SagopeTikiyv &uaoaToryiov, B) foTw kai THY aUThv duafooToryiav.
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. ZYNAYAZMOI

§ 239. "Amhol ouvduaopoi.—"Eotw E v alvodov pt v aTOIXEIQ: Oy, 0,...,q,
MpoTiBénebo var dpiccopey T& TATBos TGV Blapdpooy METOU Teov {Tmoouvdhey
ToU E, els T& dmola dvrixouv k oToryel, Evla k =v. "As éeTdowpey ko’ &pynv
Hepika TapadelypaTa. 'Eqv v= 1, T6TE TO glvorov E Exel BUo UTmrootwohra @ gf
kai E. Edw v= 2, Té1e 76 otvorov E = {q, o, } Exer Téooapa UTrooUvold

k=0 k=1 k=2
%) {aad {e}  {a, }=E
"Eaw v = 3, 1676 16 oUvohov E = { oy, &y, 0y } Exel kT UooUvota :
k=0 =1 k=2 k—3
11 {oy) {oy, 05} {‘11.0.’2.03} =E
{ou} {aw oy}
{og) {ay oy}

: Olrw m.y. &md TO olvohov pé Tpia oToryeia Suvdueda va A&PBwpev Tpia
UTrooUvoha pé Vo oToiyeia. "ExacTtov 8¢ Tév Uroouvéhwy altév keheiTal kal
«elg cuvdvaopdg tdV TV otoryeiov (mpaypdtov) ava Soox.

levikéys : KohoUpev ouvdvacpov t@v v mrpayudtwy dvd k, #vBa k =v, kdbe
UTocUvodov Tou E pé k ororyeia.

’Ex ToU Spiopou TouTOU Elvan pavepdv 11 gls fva ouvBuaopoy TV v Tpa-
YuaTwy dud k, évBicgepopela povov B TV QUoly TV AnedévToov Tpaypd-
T, olyi 8¢ kad Bi& THV Béow, THV omoiav Exouv PeTaU Twv, &maws els Tdg Sia-
Tagers. Tuverrdss SUo ouvBuaopol TV v TpaypdTwy dvk k elvan BiagopeTikol
Hovov Stay Siv &oTeAoUvTal &TMO T& aUTA Tp&ypaTa.

O& Umrohoyiowpev 1160 16 TAfifos T&V SiapopeTik®dy ouvBuaoudv TGV v
TpayudTewv dva k. Aid 7o Affos TouTo, STep TraploTéEY Bi& ToU oupPdiou

v
( k) | Z loyle 1y dxéAoubos :

MDpotac g.— To nhijfog tdv guvdvasp®dv v mpaypatov ava k didetar dmo
00 tomoy :

B 1)

"Anodeiki; ¢ "As kahéowpey x TO TATifos TéV ouvBuaopdv TV v dvd k.
"Eow eis fua TUXSVTa oUVBUaTudY TV v dva k, 8nA. é&v els Ev Tuydv UTrooUvolov
ME k oToiysia ToU E ékTeAéowpey Taoas Tas Suvaras petobioes TGV oToiyeicwv
ToV, ai dmota, dag yvwoTév, elvan k!, 8a mpokiyouy k! Siaratels Tév v dv k
(Brém & &on &k TGV petadécewy aUTEV TEpIEKEl K oToryela ik Tdv v). *Edv
ToUTo yivn els 8Aous ToUs ouvBuaouols Tév v dva k, v 10 TATB0s Ekodéoapey
X, 8& mpoktgowv :  x - k! Biardeis TéV v v k.

20 305

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrig



Elvar 8¢ alron oo ai Srord€es Tév v dvd k, 81471 1) TuyoUoa 6 altéddv
TpoékupEy Ao TOV ouvBuaoudy Tov Exovrta Ta Bl mpdypaTa. Al Siatdfels
aUTtan €€ &AAov elvan Sidpopol petal Twvy, Bi1dTi docn piv Tpoékuyav K Tou
aUToU ouvBuacpou Siapépouv kaTd THY T&EW THY TpayudTwy avTou, doo BE
Tpoékuyav £k Blagopwy auvbuaaudv Biagépouv kaTd Ev ToUAdYIoTOV TTpdypa.

ZuveTréds Eyope x - k!= A}

*ANAG (§ 237) : A=v@—1)..(v—k+1).

i AL = )ik 4=

Apa: X= k? = ( ,}, ,k,(l il ) )

i &v TebR x :( ﬁ ) pokuTrTEl & TUTOoS (1).

Katd TaUTa efvan ;

5 e 7 T g
(3)77—-—.37710. (4) 24 = "

’EE Splopol Bexdpeba &TI

-G

’E&dv molhammAcoidowpey &piunThyv kai TapovopaoThv THs (2) &ml Tov
dpBpov: (v—k) (v—k—1)--.3-2.1, doTis ypaperan xai: (v—k)! Eyxouev
SraBoy1kdds

& l}(v— 1) g~k i)__u__(w-l)- <o (v=k + 1) (v=k) (v—k-1).. 32}

= k! L=k = k=1 321
v!

T kiv=k)!

=35,

NGy
W wu
B

Mé &Ahas AEers :
MMépropa—To nhijog 1@V cuvdvacpdv v npuypatev ava k didetar Omo
100 tHmov :

( K ) m"(c-v"i"'m:' S

'Egoappoyai: In: Aidovrar Entd enpela pi) keipeva dva tpic ini sdbsiog. IMooa tpivova
elvar duvatov va kataokevasboly, v Evooopey tabte &' eObabv,

Avoirg: Mpopavids kataokeudlovtal Téox Tpiywve, oot elven ol cuvbuaopol Tév 7
TpayudTwy dvd 3. OUTtws &yopev :
( ; ) = —?—g; = 35 Tpiycva.
2a : Mig éknaidevtikn neppépela TpoKelTal vit CURPETGaY £ic piav fopracTikny fkdflmoy
d1a mevrapedots avninposwneios. "Enchéynoay apyukds 4 pedirpor kai 7 podnrai. Ex tév 11
abtiv dropoy nocag Srapopetikas nevrapehels opadog duvapcho va oympaticopey Gote va nep-
Ezoviar: a) 2 pabijtprar, B) todhagiotov $0o pabitpua, 1) 10 molvL 600 padntmar;

306
Wneiomoir|Onke amé 1o lvotirouto EknmaibeuTikng MoAmikrig



Aborg: a). Al BUo pabirpiar SdvevTon v Angbolv &md Tas 4 éheyeloas kard ( 4 )
i ~ F} € . \ 2
TPomous, &vés ol 3 padnTad, ol droior 8& aupTANphooUY TV opdda, SivavTan v AngBolv &mrd
: , 7
Tou 4 5 ’Eawv £ & :
” s 7 Ekheyvras kaTd ( 3 ) TpoTous. "Eav EkaoTos TéY mpdTaw ouvbuaoudv ouvBuaoi pi
EKAoTOV TGV BeuTépeov A& Eywpev :

e (YD)t Tied iy

B). Eis v Beutépav TepiTTWOW f dkds 0& Tepiéyn ) 2 uodnTpias kal 3 nabnTds

X v 4 7
(OTE of Tpémo OXNUaTIOHOU elval @ ( o ) . ( 3 ) = 210), 3 nafnTpias kai 2 pabnTdg
B ; x 4 7
(0“ ol Tpéror oxuaTIoPod lvar : ( 3 ) - ( 9 ) = 4); 71 4 pednrpias kad 1 podnTiv
(c"ne ol Tpémor oynuaTiopol even : ( j ) g ( -]F ) = 7)-

“Apa:

< () () (D (1) (D=s0rerr-m

' ¥). Els Ty mepimrwoty althy ékdoTn duds & mepiExn A 0 pabnrpias ke 5 pabntds, f 1
Pﬂen7p1uv xail 4 pafnTas ) 2 podnTpias kai 3 padnTés. Txemtdpevor ds Kal el ™Y TepiTTeooy B)
EXopey :

x=( (D +(DH(D+(3)(})=r2a+43120-3m,

- § 240. " AE0onpeiwTot i816TTEG TGOV AAGV ouvduaopu&v.— Eav el
E\,: \{'n-oo-fjuo?\ov A ToU E dvrxouv k oToiyela, €5 1O ouprAnpawpaTikéy Tou A’
8¢ dvrikouy v — Kk oTotyela. ‘Emopiveos els ExdoTny Aoy dvds Gmroouvéiou pi
k OToyelar duTioTolyel kol pia ékAoyn ToU oupTANpwUaTIKOY Tou guvdiou e
(\‘f — k) oToiyeia kai dvTioTpdews. Kat' drodoudiav & &piBuds Tév Umoouvdiosy
M k oToiyetar duTds ToU E elvan foos mpos Tov &pifudy Tév troouvdicoy HEVv—k
OToyela. TolTo 8¢ SiaTumolTal Kal 6 &€fis :

‘ 16161 n¢ L—To niijfog 1@V cuvdvaopdv tdv v npaypatov avi k sivar fcoy
"POS T mhfjfog 1@V suviLaTH®Y TV v dvd v — k.

“Hror: () el ) )

‘H &hyePpict) &méseibis elven dmrions edkohos.
PaypaTI

(vﬁ,,, ) g '13;_"("»'—1\")]1 X Efi!j‘m (:)
( v )' k=0,12,...v

g . S o et (U — !
pamprigers : a’). "Ex Tou Tomou (o ) v—k v—lo— N 10

XOHev Tpogavéds : (v — k) + k = v Bix kdde v kai 81& kdBe k. Mé dAhas Aéers tav o + B=v,

e

Olreos 2k Tiig (21‘0) = (k i? Z)J Eretan k= 9.
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B). Eis Thv mp&&wv 1) 1816705 | és Sider Thv SuvatéTnTa v TrEpiopiaddpey els Tov Umrohoy

opdy TOU ( K ) uovov Bia k = ;, Sior, &v k > ; , TéTe UmoAoyilouey T ( % : k)

&vTi ToU ( ‘l:'. ), kafooov elvonr TéTe: v—k < ;
% 50 50 50 49-48 - 47
OlTtw X ( 46) = ( 4 ) St 230 300.

'Td1otng IL-To nirfifog t@v cuvdvaspudv @V v mpoypdtmy ava k icodto
pe 1o nhijog tdv cvvdvaopdy 1OV v — 1 npuy}lérwv ava k, nOEnpévov kata to
nAfifog tdv ouvdvacpdv t@v v— 1 npaypdtov ava k — 1.

: ey v—1 ‘ v—1
HTor : (k)w( i )‘—(k—l) (2)
"Anddailig. "AvaywpolvTes dmmo TO BeuTepov peAos T (2) éyopev
(v—l)‘(uﬁl)_ eIk . (v—1)!
i s e T e TR DI —1—k+ D!
= (L ! ) L
E=—DIw—E— N\ kT w—k

3 eyl ARG AN SR
T k-DIv—-k=-1)! k(v—k)  kl(v—k)!~ (k v WOED,
Médrotng INL—Loyoer :

v ey ..vfk
(k'i'l)u(k) T 3)
Mpdoypart :

( v ): V=1 v—k+ 1) (v—k) (v) (v—k)

k+1 12k k+1) k/) k4T

AZKHZEIZ

546. “YmohoyloaTe Tous : (172) ( ) (lgl ). (193 ) (?)
¢ J=(51+ (%),

(
548. 'Ecv ( ) (k 18 ) va ebpedolv ol (]5‘)

547. Aeiore 671

549. 'Eav ( ) : ( ) - 441 3, v elpedij & puoKOS &p1Buds v.
550. 'E&v A} = 3024 xal (‘]i) =126, v& e0pedf] & k.

551. Méoa UmooUvoha pt k oroyeia, € Gy 2 oToIyela elvan dpropéva, uwapxouv elg &
ouvohov pé v aToigela (v = 5); ‘Opofws pt 3 dpiopéva oToixeia; “Opolws pt 4;

552. Méaan S5—abes yopmidv &wd plav Béopny 52 TayvioxépTwv Sdvartal v TrepiéyoV
4 &ooous;

('Yrodarkrg : Adpa-ra U’ Syw v TpoNYyoURivy &oknov).
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§ 241. "Emavalnmrrikoi ouvduacpoi.— "Eotwoay v SlagopeTivg Tpd-
YHaTO O &y, .., @y T OTOT BecopolivTan oToryeia fvds auvdoy E 5
: KaAoUpev InavelnuTikdv cuvdvacpoY TGV v alTéw TPXYHATWY  dud k
kafe ouvBuaouoy els TOv &mroiov fkaoTov oTolxEiov (Tpdyua) SlvaTan ve ’G
vehapBéverar 16 oAy k popas. Bag
FTVOH pavepoy 81 Tedpar Buvdipeda v Excouey i kS v f k = v,
5 Qng £ls ToUs &mAoUs ouvBucauoUs ol Kal els Tous EMQUOAN T TIKOUS #y-
l():’rpspougﬁa udvov 81& THY QuoIv TGV AnedévTeov oToryeiwy els ExaoTov cuVBUa-
OHoV, oyl Bt 815 Tas Béoers, &g éxouv TaUTa peTafy Toov, ‘Erropévers 8Uo drave
7\1I1Tr'rn<oi owduaouol 8& fecopolvTal SiagopeTixoi €p’ Soov Biropépouv kaTd THY
QU fuig ToUASyIoTOV oTeiysiou mou mepityouv. Ot of évauc?xrmﬂr:)i
SWbuaopol Tév o, ay, o, Gua Blo elven of E€fs :

o0y, Xy, &y
Ty, 0y
Oyt

“Opoless, of émavaAnTrTIKel ouvBuaouol TdV oy, o, dvd Tpia elval of €7
040,00y, o, 0 Oy, Oy, Qa0

E'Snx“ K&l ouvBuaouds (EraveAnmTikds) dmoTeAeTan dmd 3 oToixela, €k TV
Omolwv & Svo 7 kad T& Tpia SUvavTanl va elven T& ol

O Umrohoyiocpey 187 TO TATBos TEV ETavaAnmTikGy oUWBUaoU®Y TV v
TTQGYLid(TQ)V dva k. A& 16 AfBos ToUTo, OTrEp TapPIoTE MEY Bidk ToU ouppdAoy
6, loxuel ) dxéhoubos :

potacic—Tonkijdog 1@v Enavelnrukdv oUVBVAORGY ThY v Srapopav
llf":tu’éb Tov npaypdrov ave k, icobtar pé 10 mhijlog 1@V ankdv cuvdvaspdy
YOV VLK 1 npaypdtev ava k.

5 . vk—1 v+k—1
Hon : &=k - ( X ) )

s ’An(’)&c;ilg, Eivar pavepdv 671 of émavoAnmTikol ouvBuaopol TGV v dvd v elven Soa Kal T&
Pxybata, firor: &=V
e YTrobécwpey SAovus ToUS F’_1TQ’V0?\I'|1TT{KDOS qu]Sch'um‘;; T6V v dvd k, Yeypanpéveus els fva
Ka. Eis atrov & elpeope, kamd BUo Tpdrrovs, méoas gopds Eupaviletar 6 fv ik Ty BoBévTeoy
ROy HeTewv, Ty, T &
et 9‘3")' "E‘cho-ros éTTC\(\V}GAT]ﬂ"TlK‘OS UWSUO:O'HC'K 'i'flﬁeléxél‘k Trpdyuot'rcx,lél\m ol U’ dyw ouvbua-
i & 'rrs?aexcfuv k '_fg'k mpdypaTa. A'oeeum‘g §£ St Td v :Glaqnopwmq Ty kaTa fupaviZovTan
S els Tov mrivaka, EkaoTov &€ alTdv, &pa kal TO &y, EppaviZeTan :
k-&r  k :
B). Tous cuvBuaopols Tou mivaxos Siokpivouev eis 8Uo kaTnyoplas: els Tous TEPIEXOVTaS TO
U‘ron‘xeiov o, kal els Tous pA TepiéxovTas alTé. B elpwuey Topa Kal KaT® EAAov Tpdmov méoag
POpds 1o @ repiéyeTan els TOV Trivaka T@V EmavaAnTTikdy ouvBuacpdy. Bewpoliyey ToUs Erra-
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VOATTITIKOUS guvBuaapous ol dmoiol TEpEYOUV 16 a,. "Edv dpauptocpey &od aUTous Eva pévov
&Td TX @, T& dmoia mepiExouy, ToTe abTol B& mepibyouv k — 1 mpdypaTa kal 8& elvar Shar ol
ravanrrixol ouvBuaspol Tév v TpaydTey dva k — 1, fTot B elvon wARBoUs E) kad ouvetrdds
et e y ; k-1 i : ”
Kord Th &) T aToryeiov «, 0& ugavifeTan @ _;*8;4 gopds. ‘Edv Tdpa els TO AfBoOS

k — - §
vgl- Ep_q TOV @ Tpoohicwpey TO TAfios TGV &goupedEvTav o, T droiov elvan &y (BroT

tkdoTn doaipeois ToU a, Edwoe fva EravaAnTrTikoy guvbuaopoy Tév v dvd k — 1), eUplokopey
éoas gopds tugaviletan TO oy els TOV Trivake, fTor Emaveupiokopey Tov dpiBudv, SoTis Ta-
péyeTan UTrd THg EKpphaEcas (2).
*EEigoUvTes Tas BU0 EKQPAOELS EXOHEY
k k—1 gv :
vg\i’;:_ = gk——l"‘g;_l-

*Ex ol &Tofou TrpokUTTTEl & dvay@yIkos TUTTOS :

v+ k-1
gi=—1 " Eir 3;
‘Eqappélovres aitov B k = 2, 3,..., k kol ToMamAaoibdovTes T&S TPOKUTITOUTH
lodTnTas KaTd PEAT), HETE TOS &TAOTTOINOES EUPITKOpEY
o ) i S i -
= — s e o : &

‘Eaw els Thy (4) Séowpev: v+ k—1=u Steeivan v=p—k + 1, ebpiokopev:
pi =1 iw=k 4= 1)

oY — e e
Ex="" " 12.3..% — 2y

. v _ svik—l v k1
A &y =3t = ( : )
‘H mrpéTacts &Bev &mredeixfn.
Kard TauTo glvat
6 <6+3—i 8 8.7-6
By=2 = ):._,75 56.
3 a3

‘Egappoyi: IMogoug Gpovg Exer &v nhiipeg dpoyevic nokv@vopov niprzov fadpod @
npoc X, ¥, 23 ‘

Abourg: Ol épot ToU TroAuwvipou Ba elvar Tfis popofis : <Koh t BB k+?\-‘ru55
*AMK ExagTos Gpos Fivar els EmavehnTrTikds ouvBuaopds TGV TGV ypappdtwy X, y, 2 dvd
(.. xy’z = Xyyyz, 1YE = XEXYY,.n) i

*Apa T6 {nToluevov TAffos toolTor mpds TO TAfiflos TEV EmavednTITIKGY TUVBUATHGY TG
3 mporypdTwy Gva 3, fjTo1 :

T BSOS 7 7.6 ]
85_( 5 )"(5):(2):1.2'21'
AZKHZIEIZ

553. Tléoa dxépoia poveVUR TS HOpgTis ok gt etdpTou Padicd s Teds SAa BU
& ypéupoTa &, P, Y Suvdpeba va oxnuaTiowpEy;
554, "Eqv A} = 840, va Umohoyia8i) & dpiBpds: Y.
vy R 18 il
555. MNvwoTou dvTos OTi ( i ) = (k i 2). v& eVpefolv of ZY kal &
556. N& &rodeydi, Sia Tiis Becopias TGV ouvBuacudy, 61 16 yiwdpevov v SiaBoyikiv &
pajeov elval TEVTOTE SIXIPETOV B1& TOU yivopdvou: 1-2.3...y,
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557. N etpedij 16 mhiidos 1év Srarycovieov TOAUYWVOU EXOVTOS V Kopupds.
558. N& &moBerydi &mi:

o (;)"’z(kil)*’(kv—z):(‘)tz)' B (1{—]_1)&11):(;)'

559. Acifore &7i: 5
5
1ty ) = 25,
(x

k=
560. Na d&moBeiyhij ém1:

v v N b Dl p-2p)
) (p+1) (p—l)"‘ P+DIv—p+ DI’
v v Vi N vt 2
P (p)+ z(p—l)(p—Z)f( p )
§242. Té Swwvupikdv Bedpnpa.— H émouvn mpdracis PépouTa TO Bvopa
ToU Newton ™) &rrorehel T Srcovupikov Becopnua, TO droiov §ier TNV YeVIkT fk-
PPaCIV ToU dvamrTiypaTos (x + «)¥ .

Mpétaoic—Aw kabde Lebyog mpaypanik®dy aplpdv X, a kai Sui kibe VEN,
OY0EL & thmog (tod Srwvbpov tod Nedtmveg) :

g DL b T
(1

v e v i

-—i—(‘,_l)xa '—%(v)u

"Anddartic. ‘H mpéTacis wpopavids dhndeler Sk v — 1.

"Eote 8m loyber Si v = k, TéTe :
(= + o)k = ((‘)‘)xk+ (if) s (g)xk—2u=+ ¥ (kljl)xcx““' —:-(fj)uk
&t = o @)= ()2 (F) e + (15 x4
¥ (t)“k] % R ((I)()“’k” i (?)"k R +(k51)x2ak"' -+ (i)m‘“#
(5o (R (e e

= (8)s [(8) + (B e+ + (5 )]t (R
"Emei8n Speos (§ 240, B) :
(VEI)A‘_ (K:%)* ( _),Szaxexeekué: 0=k=sv

(M)=22 G 0 ==t )

OHEV TEAIKEdS ©

(x + a)kt! = (k a J)x“’] + (k T l)xka + (k é I)x"" Sy gl
S et (b B

* Isaak Newton (1642 - 1727) &i1donuos “Ayyhos podnuaTikés, puoikes kai @Adoogoas,

d(§239)
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fiTor 1) TpdTacs dinbeve kal B TOV Quokdy dpibudy k + 1, émopéves, Buvdper Tfs &pxfs TS
Tehelas Emaywys, alrn foyve 81a kébe puaikov &piduov v.

‘O TUmos (1) ToU Srovipou ypaeeTal ouvTduws s EET

: L ; Y v—k gk
x+a) kfo(k)x a (2)
2o o8 g Lt A el
Emeidfy 8¢ (§ 239) elvan: (1)-—v, (2)k T RRIRRT
v _vE=1...v=k+1)
(k)"‘if’-z---’i{ !
6 Tumos (1) SlvaTon va ypogf kal oUTw:
—1) (v—2
(x+a)=x"+vx""'a+ v(-v 1) i V(V ;(vs Ly arp. . o (©)
Kota TabTa elven :
(x 4+ ) = x* + 6x%a + —?.;x‘u'+ g;x’us+ ? Zx‘a‘-f&xc:'Jra‘--

= X* + 6X%a + 15xta? - 20x%c® + 15x*at + 6xa® + at.

HNapatpiioelg éni tob avantoypetog 100 dtwvdpov: ). 76 avdnrvypa ot
(x4 a)y elvar & ndfoes Suoyevés molvavopor, v faluot, dwaterayudvor xard Tag
narwioas dvvdues tot T xal tag dviodoag Tov a. Eig &xactov dpov tobrov 1o
dfipotopa t@v éxberdy Tov & xal a elvar otallepoy xal foov modg ».

B). To nmifflog vawv dpwv tod dvantiypatos elvar v+ 1, Siom Utrépyouv
Taoal of Suvdpers Tou x &rd Tiis unBevikfis péxpt Tiis v—ooTfs.

¥). Oi dpot toi avantiypatog Tot (T4 @), ol lodxig dnéyovres Tav dxowr,
Erovw oovg auvtedeords. ToUTo TpokuTrTel &pows &mrd Tov Tumov (1) Tiis § 240,
BeSouévou 871 of ouvTeAeoTal TGV Spwv Tou CvamTUyuaTos elval kaTd gelpdy :

() (1) () (22) (2 ()

8). ‘0 bpog tafews A Tob dvamtiypatos o (T4 ) elvar 6 :

¥ el
(20) e

ToUto mpokUTrTel &mo THY Si&rafv TGV ouTeAeoTdY ToU dvamTUypaTos, ko’

fiv PAémopev 611 6 log Spos Exel cruv*re?\ec‘rnv( E ), 6 205: ( ‘1’ ), 6 3og: ( \2’ )

Kol & A% Eyel oUVTEAECTHV (?\il
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&). "Eav v dpriog, ivog TO0G Qy, Tote 76 WAshoc v 1 T Spaw elvar mepir-
0V xal cuvendg drdpyer Gpog ye, uéyator owvreleoriy. ‘O dpog ofroc xaleitar

Heoulog Gpog xai elvar Tds £g — -E— I=p+1, elvac d¢ 6 : ( " ) ™. gk
i :

b
ot). 'Eiy v meowrtds xal ivog medg Zy+ 1, wdve 10 mAfhog v+ 1 t@y dpaw
Tov ava"r'rv}lp,a‘rog (x4 a) elvar dotiov xai ovvendic Drapyovy 800 «uecaio opor
“oi Eyovres ueylorovs ovvreleotds). Obroe elvar of -

prtlgh [ Th ght1
(‘u) »al (#_!_J)la

“AL Exovy [govs ovrTeAeoTds.

'‘Egoappoyai:ln: Naeopediy 6 peaaiog dpog tod avarntiypatog (2x — x2)iz,
Abarg: To mAfifos Tédv Spwv Tol dvamTiyparos even: 12 4- ] — 13, tmwopévas &

= LV o .
leoaios Gpos elvar 6 —— 1 = Tos, & dmolos 8& elvan ;

2
(162) (2x)n ; (7)(’)‘ = 59136 x!18,

2a : Na edpedi, £av dmapyn, 6 GveSaprnrog 10D X pog &ig 1o avantoypa ;
s 3 )16
(e 2"

Adaig: ‘O yevikds dpos Tol &5 &vor QvamTUypaTos elven :

( 11(6)(2:&-)!64 ; (g)k i ( 1k6) 16—k gk L 484k

Qi v elvan duedpTnTos ToG X B TpéTEr : 48 — 4k = 0, 6 U : k = 12.
"Apa & GueEdpTnTos Tol X 8pos Tol dvamTUypaTos elvar & 1305, daTis elvan ;

( }g) .28.313 ( 146) “24.310 = ']6'*.15 JLE 4R A 2R

3n 2 Na edpe0iy 6 cvvieheotig 100 X £ig 6 Gvantoypa : (2x° + o).
Abaig: ‘O yevikds Spos ToU GramTUypaTos elvan @
( JJ) @x3) Tk gk — ( ll;f ) 27—k 37—k |k
v s x eVplokeTon Uyeopévos els Ty 12nv pémer : 3 (17 — k) = 12§ k = 13,
"Apa b cuvTeAeoThs ToU X2 elvan
17 17N o BB
(13).2._._.(4 )2 = - 16= 38080,

§ 243. 1516t TEG TGOV BLWVUHIKGV GUVTEAEOTOV.— o). "Edv s Tov
UTToy (1) ToU dvarrTUypaTos ToU Siwvipou § 242 Btowpey x = 1, a=1, Acppé-

OO G| o

‘O timros (1) ypdpetar ouvtopws & EEfs :
PPy s 1Y Rear S
xfn( k ) L =1 ( k @)
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IMopropa.—'And kabe olvohov 1o droiov mepiéyel v otolyeio, oyNpaTi-
Lovrar 2" axpifdg Omooihvora.
. o v . . \ 4 v . '
Mpdyuart, Umépyouv ( 0 ) UtrooUvoda pt 0 otoryeia, ( | ) UtrocUvola
by ; Vo - : , . %
He Ev oTolyEloV, ( 2) UtrooUvoha pe BUo aToryeie, k.o.k. Td SAkov TAfifos
TéV Umoguvodwy alTdv elval, Adyew kal Tfis 1 :

()2 (1)+(3)+-+(3)-=

B). "Ecw els Tov TUmov (1) Tiis § 242 Béowpev x = 1, a=—1, AapBavopey :

(Y GIE GG ) |

Y). "Edv Ty TautdtnTac: (14 )% = (1 4+ %) - (x+ 1) Yp&ywpey UTrd
THY Lop@NV :

(202 ooy ()
)G Gl ()
+(;)wiz+...+(t)]

Kal £1occwpey ToUs ouvTENeoTdS TEY XY €ls T& BUo péAn, AcuPdvopey :

vi2 v\2 v\2 v \2 2v
B s e @
‘H ‘(4) YREPETON TUVTOMeS 5 EETS : :
v v 2 2v
H_Eﬂ ( k) =( Y )
* § 244. Mia aBi6hoyog Edappoyi) Tol Siwvupikod Thmou.

|
"Eore f dxohouix o _ (1 b T)v, iipas

AUTn, s 0& Seifwpev, elvan yvnoiws alfousa xal gpaypévn, dméte katd TO &Eicope
(§ 150) ouyxAiver v R.

Mpdypam, &&v els Tov TOmov (1) THs § 242 blowpey X — 1, o= i TéTe Eyouey :
v

= _L ¥ o V(V—l)(v—?)-..(u_k__;_l) 1
a, (1+ v)’ S _'_vi_('i'

I
L
...-Ig
<|=
+
|
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‘O yevikds Spos Tou AveaTéped o TUy portos yYpdpeTan :
S L)t B WD) o Lo ]
123 % g

“Oew (
: : (

v
_ s
f"‘WU ol por els T &vaTTuypa ToU Ay elvar kaTd povdda TEPIOTOTEPOT EKelveow Toi o
EAV OVykplvwpey els Té& dvamrtiypaTta 6V &, 0 O,y T Tis &pxiis Tous BUo TpTOUS 6po:;
TEITa ToUs SUo Seuré 6 d 2=k= G U ¢ \
etk EUTEPOUS K.0.K. PAbTropey, 6T 81 2 =Kk = v ol dpo1 1ol Seutépou elven HEYaAU-
1 1 k— 1 1
ot 1_f)__. i __) _( eyt o]
kf( v (1 v <k'. ! vl l—u'.;_"'l' i

E§ &Ahou & teneuTaios &pos ToU dvamTUypaTos Tou «, {10 © rolos Biv Exar évrioToyoy

els 1o QvémrTUypa ToU o, BnA. & -(_ﬁ— elvar > 0,
v -+ 3
Qa1 elven :
a, ey L T R e

frron ; 1 dxohoubia a,, v=12,... v yynoiws aifouoa,

AU elver kal évn. “Ev & & Si& Th & i
¢payuevn. "Ev dve gpaypa dia v akodovblav o, , v = 1,2, ..
& &P‘eub&' 3, &1611; 4 ks

BAC N 1 1 1 2 4
Q, = R S R e = e v
V=l (1 v)+ + = (1 v)(l U)---(l—ﬁ—)gw

1! v!
loy et 8peog
1 1 1
' oy - = =T Sid k=34,...
ey T DR E 2
1 1 1 1 e il 1
o = L5 E S S i [ =
St grtgr oot or <4 (gt o+ F’;:f)"
—y
:1+L_-21 <l+—F=3
&7 ool

"EE &\hov &mré Th dvioéTnTa Tol Bernoulli Exopev :

a‘,:(l_{._i_.)vgl-l»u--\l)—:l-f—l:Z LR
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*Hror TeMKES :
2<a, =(1+ . -) <3

(816m1 T4 2 efven & Tpd0s Spos Tiis avfouans droroubias a fitot &, = 2).
‘He,,v=12... cvo 5bev yvnolws alfouoa kai appuyuevn dkohouBia, ouverrds ouykAi-

ver, KahoUpev :
; ; 1y
¢ == lim o, = lim (1 -+ ) 2
opo ¥

‘0 dvewotépes dproBels dpiBos e Traliler ooubaiov pohov els THY "Avdhuov Kol YevikGs T&
MafnuaTiké, orroubaibrepoy drképun al alTol Tol dpiuet T (oTabepol Adyou ToU kikAou Trpds
ThHy BidpeTpov auTou), cuvbiovTon 5& peTabl Twv Bix ayEoews, GaTe, v Opiodi) 6 els v OpideTan
kol & &AAos' & oupPoriopds pi TO AQTIVIKOY yPaUUG «o» glonyfn TO mpdTov Umo Tou Euler
(1707 —1783) To 1736.

AiSopev korwtépw T& 20 TpdTa Sekadikd yneia ToU ¢ katd THY TApPATTACIY TOUTOU 6

Sexadikis  oepds
e — 2, 71828 1828 4590 4523 536. ..

‘O dpibipds e dev eivar pnrds: elvan Be els vmegflutixis &p1Buos (§55).
AZKHZEIZ

561. *AvoamTUfaTe TAV Tapdotacy (x + 3y)¢ kal B fpapuoyfis Tou dvamrtUypaTos
trohoyioare o (1,03)° pé dxpiPeiav 5 BexabBikddv ynpieov.

o (&) + (D +(3)+(8)+ () =2

£ 3 P 3 i e a l 8
563. EUpete TOv Spov els TO QuaTrTuyma ToU (2.\" e y’) , & dTroios Tepiéxel 1O XE

564. N& eUpedf] & qveEapTnTos Tou X &pos TGV k&Twh dvamtuypdrwy !

& (2x g 12)13' B) (9)( ——2)

X 6x
565. N& elpedii & ouvTeheoThs Tol Spou x!® €ls TO dvamruypa: (x -+ 2x%)™.
) | 3x3 1S
566. ‘Ymapye els TO QUATTTUYHG ( 5T _3)(‘) Opos dveEbpTnTos TOU X Kai Troios;
567. N& d&mobeiyfoiv al kaTwh TAUTOTTTES :
A v v !
o). (0)"2(1)“‘(2) ot 2 =
vy v v v &
o (1) 4(5) 2 (5) oG 2
- 1+2(} )-3(§)+ +<v+1>( =2' 4y
1 VXY I 1
[ + e =
R e SO i 0 e e
568. ’Eav ve N kai v > 1, Sei€arte émi:

2v 4"
sa
(Ynoberlis : "EgapudoaTe T wélobov THs Tehelas Emaywyis).

569. 'Eav ve N, v # 1, v& &mobeaybij &7
v—1

) Svis w1 T
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IV. MINAKEZ

§ 245. Eicaywytkai "Evvotal — ‘Opiopoi.— Ocwpolpey 6 oloTnua
TRV £§1000Ewy
0y Xy QpaXp = By s
Q1 Xy + CgpXy = Py, )
émov of ouvTeAsoTal oy TEY Ay vRoTWY X, 65 Kol of YvwoTol époi By , elvan Tu-
XovTes mparypariol épifipol (i, j= 1, 2). "As pavTacddpsy TWPG TOUS GUVTEAE-
OTas TGV dyveoTwy duayeypapptvous s dpfoydviov TapaTabw Tfis popefs :

(o(” d;z) A [Ofu 0‘12} )
Oy Oy Qg Oy
Tiy & phoycviov TaUtny TapdTaliv KoAoUNEY wiveke t@dr gwvrelecrdr T@w

ayvaarer. "Eqv el Thy opboydviov mapatativ (1) oupmepiidBoopey kai TOUS
oTabepous Spous, ToTe B Eyopey TOV Trivoka :

(0(11 P Bl) A [au Oy 51] @
Qlyy Oy P, Aoy Sgp B.
TOV &1rolov kahoUpey mivaxa dhwy TdY ovvtedeoTdv ) dnnoEnudvor mivaxa,

‘0 miva€ (2) Exa Vo ypappas kel 3 atijlag, £van, ds Aéyouev, s 2 % 3
mived,

Katémv ~ijs #vopaTikiis TauTns eloaywyfs s thy &wolav ToU Trivakog
BiBopev Tov EEfs yevikdy OpIoHOV

Kaiotuer nivaxa f) pitpa (matrix) HE [ yoauuas xal v oTiiag, xal Tov avufo-
Alouey ué Ay, 1) dmhds pé A, pday plloyovioy (elite tetpayeviny) mapdragm

3 Fy . . ! 5) o »n = ’ >
doludy ayy (i= 12, ...,p ] =12, ...,7), a;€R 7 yovindiregor a;j€C, firor:
(eST1 Qyp - - Qg
(o ¢ Qg - .. Ca2y

e 21 Oap
A: (3)

‘0 dvewtépw TrivaE oupBoliletan émions kad s [ og ], i=1,2,.. .0, j= 1,2,
ooV R [yl B 6TAGS [ o ]
' Al p opigévmian v—&des

(0:11, (e STYRIT e ST )y (g, Clopye e oy Cay Yok O 5y fo 00
. oa ; G
elven of yoauual ToU TrivaKos, kol al v KaTakopugol p—ades :
1 o i Ay
Cay Chap Sy
3 N x (IR ] 3
Qi 2 Sy

tlven of otfjiar «dTOU.
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O1 &p1Buol p kad v kohoUvTan diaatdoes Tod mivaxog xal eldikdrTepov & pév
Sp1Buds p, SoTis pavepcvel TO TATBos SAwv TV YPaUpGY, xoelTan «ffypoc» TOU
mivakes, & B¢ dpiBpds v, 8oTis pavepdovel TO TAfBos SAwv TGV oTNAGY, KoAe-
Tal «uijzog» aUTou. Els mival pé p ypappds kol v othAas koAeitan els p dni v
miva€ 7 miva SiaoTdoewoy px v. O0tes, & mivag (1) elvan Biaordoewy 2 x 2,
tvi o mivaf (2) elven Siaotdoewv 2 x 3. Of épifluot o kodolvton orouyeia
ToU mrivakos. To oToiygiov oy xaheiton 1) «ij—ovrteTaypévyy kal dupaviletan el
T i—ypopuny kol j—othAnv. ‘O mpddTos Belktns i ToU oToiyelou oy, Emel-
81 gavepcver TV ypaupny, els THY émolav dumiker TO oTolyeiov koheiTan del-
%THg yoauuts, © 8¢ Seltepos Seiktng |, dmeldny pavepovel THy oTHANY kaheitan
Seintng oridng. "Eqv elvan p= 1, BnAabn &v & mivag (3) Exn wiav povov ypau-
Wy, ToTe Méyetan embvaf—yppauury, v kv elven v=1, SnA. &v & wival #yq
plav pévov oThAnY, TéTE AdyeTal «nlvat—arijln». Els Too0UTous Trivaxas ypdgo-
eV T& oToryeia Teov ouvnBws pé éva Belxtny, Somis Bnhoi dvTioTolyws Thy oTr-
Anv Ay T ypappfy, fiTol ypdeopey :

P
Pe

Be= (o Garanng Oy )y I B=

C)]
Bu

"Eav elvenr p=v, nAabn Stav 1o mAfifos T&v ypappdv OUUTTITITT) pé T

TAffos TGV oTnAGY Evds Trivaros, TOTe oUTos kaAelTan tETpaywVIKOG mivat Sia-

CTACEWS V. s
Ta oToigela : 0y, gy, . - ., Gy TOU TETPOyVIKOT TrivaKos
Ay g - .- Ay
N QAy; Oy ... Cay (5)
Ayl 2 vy

Aéyouev 6T dmoTeholv THY mpwretovaay dtaydwioy alToU, kel T& OTOIKE
Qiyy Xgyv—1,y - - -, X1, TV devtepedovoar daydvioy alTol,

Edv p=v=1, nrabn & 6 miva§ #yn &v povov oTolyeiov, TOTE Ypd-
petal (o) f) &mhovoTepov ayy, é9° Soov Btv Umrdpye PoOPos cuyyloews.

Els Tetparycwvikds mivaf ToU dmroiov Gha T& oToIxela TG kelpeva EkTods Tfis
mpwTevoUans Siarywviou elvar pndév kadeiton Siaydviog.

‘Orow els &va Siorycviov mrivaxka SAa T& oTolyea THs TPWTEVOUTTS Blaryco-
viou looUvtar ut 1, ToTe olTos kaeitan povadiaiog 7 mival povag Ko TapioTaTa
ouvnifiws pé Ta ypdppaTa E § | Obres, &k Téw kT mivdkoy :

- O i r IS e S
B E A (OREE
0RO 5 T [0 W0
© pdyTos efvar Sicrydvios kal & SeUTepos povadioos.
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Els mivag ToU émoiou Ao Té oToryeia elven pnStv, kadeiton nndevikog ivag
'3 )] » ’
kad TrapioTaTal g O, fiTol :

0105 .. 0
) o 0.0...0 6)
0-0.....0
Eav els tetpaywvikos mivag Exn T& oupperpikd TPOS THY TrpwTeousay
Slaydoviov oToryela foa, SnA. &v o) = oy, kaheiTan GUUPETPLKOG.
*Edqv T& oToryeia fvds TeTporywvikol Trivakos T CUUHETPIKS TS THY Trpco-
Tevougav Biaxyddviov elvar dvTifeTa, fiTol &v o = — o, OmdTE o — 0, TéTe KO-

AT GvTiguppeTproc.
OUtews, ik TGOV k&Twd MKy :

i“30_1*‘ (073 o
| 0.4 2 | [ g En sy
T e 8| =514 g

O TpéTos elvan ouppeTPIKOS Kal & BEUTEPOS GUTIOUMBETPIKYS.

Oi Trivakes 5tv anpaivouv mp&€w Twer LeTal TéY oToiysicov aUTdVY, ToUTO
Sucos Stv Eumodiler v Eyouv odrol plav pednparikiy Evvolau, OUrws, my. &
Tiva€ (a, B), émou o, PR, elvar Bv SiateTaryuévov Ledyos dpiBudv kai TOpIoTE,
&5 yvwpilopey, fva uryadikov &pibpdv. Of mrivaxes 8iv dmoTeAolv udvov véa Mo-
Inparika oUpPola, elodyovTtal kal (g via oToryeia émml T@v dmroicov SideTan 6 op1-
auds Tijs iodTnTos Kai SpifovTan mpdEels, cs 1 wPaEs Tis Tpoaices kai Tol
TOAASTTAGT IO POV, :

To otvohov SV TEV TIVEKWY UE U YPauUds Kal v oThAas, B& TapioToaTon
HE M x.

MeTa€y Tév atorxeiww To0 Myuxy Opilouey & EEfs

§ 246. "lodg mvakwv.— Alo Tivaxes A =[o] ki B=[By] Taw
QUTEY BiooTdoewy Bk Adywiey 8T elvan fool, kai 8& ypdgwpev: A = B, TéTe, xai
Hovov téTe, v 1o dutioToya oToryeia alTdY elvan ioa, fTor:

Amv,; Buxv <= 0y = '3[] V (1)

‘H oxtors airn evan Tpopavéds avtomalhjs, avppeToua) kol perafati)
(Broer{ 1). ’Ex ths (1) mpokmrTer 81 1) iodTns 8Uo pxv mvdkewy elvan isoduvapos
Tpds &y oUoTNua W-v iooThTewy pav 8 ékaoTov LeUyos oToiyelwv. ‘O dpropds Tiis
I0¢TnT05 TrvdKeoy, peTafY EAAwY TAEoVEKTIMETwWY, UES Trapéxel kol piay Sieukd-
Ay els TV oUvTopov ypaghy Slapdpwv ox}EoEwY, S T.X. B1& THY alvTopoy
é'KqJPO(c:rl\a' ovoTnudTwy. Karta TaUTA 1) EKPRATTS :
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Na& AvB 1y ttiowois : ( X+y 2zt )_( ? Z) elvan {oo8Uvapos,

X—y Z - W
CUPQV®S Trpas Tov Optopdy (1), pé 6 kérwd ovoTnpa
x+y=3 x-y=1, 2z4w0=5 1z1-w=4

‘H Ao ToU ougThpaTos TouTouw elvanr: x=2, y=1, z=3, w=—1.

§ 247. MpooBeoig mivakwv Kai aptdpnTikdg moAlawAaoctaopdg.—
D& va Splocoper TO &Bporopa Blo Trivdkwy, Bewpoluev dvaykaiov, dws ol o
Trivakes Exouv TOV aUTov apifuoy ypapudv kal oTnAdv. Katomv TouTou, &v of
mivaxkes A = [ajj] kai B =[Bj;] elvan 1dv altdv SiaoTdoewy pxv, TOTE s
@Bporopa TGV OpifeTon O pxv Tival [=[yj;], Tou omolou TUXOV oTOIYKEIOVY
elval &Bpolopa TGV dvTioTolywy oTorxeiwy T@Y mivdkwy A kai B, fiTor :

=12 g
r::A—f—Bﬁ Ty = Ilu—i-ﬂu V j:l,z,,,_,v (]_)
*AvaduTikeTEpoY, €AW :
&y Ky -0 Gy Bir Prz .. Puv
e oy NG N R Bar Poz - .. Pav :
Tt Fz - Oy Bl Pz = 1By

ToTE 65 &fpoloua alTdy dpileTan O Tivag :

Ayt P %yt Prp -yt Piv |

A+B= Ay + Poy Ao+ Poy ... au - Py

Ayt I QI‘I Q2 i IBMI cee Oy + Plu\-
Qs ywvopevoy Evog dplpod ke R ini nivake A épileten els wivak, doTis on-
peroUron p¢ A-A fi &mAdds AA, kol rpokUTrTEL &k Tou A &v SAa T& oToiyEia Tou
TorAamAaciaofouv Emi A, fiTol:

Aoyy Acy ... Ady
A= Adyy Ady, ... Ad,
AG,,I 7\&“3 7\0:1“,

TMaportnpoupey 671 6 AA elven Erriong els pxv rivad.
’Emrions opilouev
-A =(-1)-A «xad A—-B=A 4 (-B).
‘0 mivag —A ToU Smolou aToryeia elven T& dvTifBeta TéY oroiyeicov Tod A
koAeiTan dvrifstog ToU A.
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2A-38=(5 Jo _I2 By i b oy 99| 7256
""§ 248. "Evvoia 1ol Sravucpatikol xWpou.—To olvohov M,y TéV
TIWaKwY pé P ypappds kal v oTiias Exel épediaatiy pt Suo Tp&ders : THY Tpdabe-
Ol TMvdKwv kal Tov TOAAGTAGOIGoWOV &Vos Trivakos érri parypaTikdy &pidudy.
Al mpdEers adtan Eyouv Tas rohoubous Paoikds iGidTnTas, s BlvaTal Tis v
droBeifn elkdAws :
A TuydvTas Tivakas A, B, Fe My Kai Tux_c'lv'rczg TPAYHATIKOUS &p1Buovs
k, A loyvouy :

2 4 6)_1_(—9 0 -6 )?(—?4 0).

Hodoleaig | HodAaniaawaopss éni dpluoy
(i) A+B=B+A | k(A+B)=KkA{kB
(i) A+@B+N=A+B)+T | (k+A)A=kA+)A

(i) A+O=0+A=A i! k (AA) = (kA) A
(iv) A+(-A)=(-A)+A=0 | 1A=A
ZUvoha, ds TO oUvohov TGV Twdkev My KE B ypauuds kad v oThAas,

tpwdlaopiva pd uo mpd€eis THY Tpooleaiv kal Tov ToAAamAaoiaoudy dmi dpi-

Bnov (ouvTereoTiv) kai Bid Tés dmrolas loyUouv al dvwtépw 816N Tes, KahoTvTan

Savvopatikol ydpot.

Eis Ty TepiTTov alThy TQ oTOIXE TOU M ixy XOROUVTOL Stardouara, T&
8¢ oroiysic Tou R kehotvran faluwta (R éxtedearal). Of mwivaxes Aoty elven
T& SiavlopaTta fvds BiavuouaTikou Ywpou. Tepi Tiis BeuehicdBous évvolas Tou
BlovuouaTikod yopou 88 yvwplowpey mepioodTepa elg TNV ExTny T&EW.

§ 249. MoAAamAaoiacpdg MVaKwV.— "Eotw JW 10 olvorov Ay T v
Tvdrwy: TéTe peTafl dpiopévov [euydv € abtddv OpileTal wia wpatis kahcup
ToALanhacwacpdg s 7S :

@). Tlorhamhactaopds «ypappi] éni otiinyy : "Eotwoav A= («) xai
B= [B;] 8o rivaxes, ¢&€ dv 6 TpdTos elvan s Tiva—ypapnd pé v oThAas kad &
‘.'SEUTEpog Tivaf - oTHAN Pt v ypapuds' TOTE Spifopev g ywopevov altév A-B
BV rivaka p¢ fva oToryeiov oUTw :

Py
AB = (0. o ay) ﬁz = (0P + ePe+- - - + o By) 1)
By

B). Hokhanhaoaopoc mvakey : “Eotwoav Tdpa 8V mrivares A, =[ oij]€ I
kai B, = [Bix]€ M, ot omoiot mAnpolv Ty ouvbnknu : T6 atijfoc t@v orylaw
T8 (ngdron) A isoitar ué o whijlos T@v yeauudr Tof (devtépov) B. ToTe pi-
o 321
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opev cos ywduevov A, - By, v mivékev ToUTowy, Eva mivaka [, = [yik], TOU
dmolou T6 TUXOV GTOIKEIOV Yix TTPoEpYETal ik Tol TOAaTACTIaCHOU THS 1 Y pal-
uis ToU ivakos A Emrl v k othAny ToU B, elvon SnAadn

Oy Op - - - Qv P Pz Pro Yu Yz Yie
|« Ay - - . A2y P 9o + s |42 o )
ik s o R I et il

At Q2 - Gy Bu Bva - . Pup Yul Yu2---Yue

v
&mou  Yik= it Pix + @2 P+ -0 F o Pk = E i Bk
i=l

Mpogavéss & mivag I Exe 1 ypaupds (doas 6 A) kal p othAas (6oas 6 B),
EnA. B Exwpey Bt Byp=T s

Tovilopev dt1 : TO ywopevov AB Bev opileTan, Gv 6 A elvan els pxk mivaf kal
6 B elvan els Axp mivag, dmou k # A

Mapaderypa lov :

B LG S e R R ER s S R e

2o0v @
(32) (65)- (41
(02)(53)= (cHi oaraa)=(5 &)
"Ex Tol BeuTépou apadetyparos guptepaivopey, 81 f iB16Tns TS dvTipe
TaBéoews Ev TG TOAAXTAGTICTHE Btv loyuel yevikdds £l TGV V&KWV,
‘OmeodfmoTe Suws & TOAATAQCIATUOS TIVaKWY IKavoTrolEl Tds &roAol-
fous 18167 Tas, £’ Soov PePaiws ai onueolueval kérooBey TpdEels elvan ExTeAe-
oTai, fitol ¢’ Soov koTd TOV TroAAaTAcgiacpoy Buo mwvakwy AB 1o mAffos
TEY gTNAGY ToU A cupgwvel pé TO TARBos TGV Ypopupédv Tou B :
1y A(BMN=(AB)T (eooetatptoTixn iwdTng)
2) A(B+N=AB+Al (émepeoroix DwiTne £5 doratepan)
3) (B+T)A=BA+TA (Emipeptoting Wuitng éx deliiw)
4) k(AB)= (kA)B= A(kB), &mou keR.
MapaTnpoupey 611 OA = AO = 0, émov O elvan 6 pndevixds Trivat,

LTI+ O [ BT B K L
+ 4.0 3.1474.2)"(3 11)
1:3 1.2+1.4

2.3

§ 250. “O avaorpodog £vdg mivakog.— Aobévos Evds Tivaxos Ay =
[ o ] xohoUuey @vastpogoy aUToU xal Tov oupPoMiZopev pi A' | Tov mrivaka, daTis
rpokUTITEl #k TOU Ay, &v oi ypappai Tou ypogoly, kot Thy abTiy TéEw, &S
othAan (kad of oTfiAar Tou s ypaupat), o :
t

Ay Oyp - -« Sy qyp Qg ... Oy
gy Ogp ---Cav | _ | Oyy Oy ... O
Cpr Oz« v+ Gy Apy Qgy ... Oy

2

Manarnpoluey 6T1 & &uéoTpogos ToU A,, elvan efs vxp TrivaE,
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19
! 1 2 5yt

Tapas i E =12 —4)

opaderypa (340) (50 .
Mi& ToUs dvaoTpdous Trivakas dmodeikviovTal eUkdAws af dkdAoubor 1816-

TTTES :

1) (A=A, 2)0'=0, 3) (-A)=-A', 4) (A+B)t=Al+Bt,
5) (A=B)t=At—B', 6) (kA)t=KkA', N keR, 7) (AB)t=BL.At,

§251. "0 avrioTpodog TeTpaywvikod mivakog.— "Eotwoav SUo TeTpa-
Yoovikol mivakes A, = A kad B, = B. ToTe, o5 yvwoTtdy, dpiletan & miva A-B dos
kal & Trivag B-A. "Av ouppj: A-B= B-A=E, &vBa E eivan 6 povadiaios Trivat,
TOTe Aéyopev 671 & Trivaf B elvan @vtiotpogog Tou mivakes A kai ypégopev :
B = A1l Adyo Tfis ouppetpios kai 6 TivaE A elvan & dvticTpopos ToU Tivakos
B, ﬁTOl: A=B1L

Mapadsrypa. "Eorw :

A= (33) 8=(273)
"Exopev : L

(33)(39)- (6 81'D-(59)

Q9 E)-Er -0 Yy

"Ofev ol A kai B elven dvTigTpogor.

§ 252. Mivakeg kai ouoTApaTa YPappikdv e5lowoewv.— To kéTtwdi
oUoTNua Y POUUIKGY E§10000EwV |
2x + 3y —4z=7

x—2y—52=3 e
elvan fooBuvauov mpos THY «éElowow alvaxogy
S e =l S e A%
y )= fi ouvTopws =B, @)
(g fugivas - =lr's
- S i 72 A T
Otroy AE(?_‘? _5), X:()zr) kai B:(3).

"Hror mwaca AUais Tou ouoThuatos (1) elvar pia Avos Tfig E§iocdoecws (2)
kel dvmigTpdgews. TapaTnpoUuey 8T1 TO SutioToryov duoyeves ouoTnpa ToU (1)
elvan Té7e igoByvapoy Tpds THY Eflowo Tivakos : AX = O. ‘O miva€ A T8V ouv-
TEAEO TG koAeiTon mival T@Y oVITEAEOTOY TOU ovoTijpuateg, € O Tivag :

23 2]
( 1 -2 -5 3 )

Koelton gnpubnuévos mivaé Tou (1) TMapatnpoupey &1 1O oUoTnua (1) opi-
Leren TAfpws ik Tou émrnuEnuévou Trivakos.
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AZKHZEIZ

570. ‘Ywohoyloate T& xdTwh

LR

Ul &)
571. AibovTan:

=34 e-(b 3 -0 43

Edpete: 1) 3A L 4B—2T, 2) A+ 2B—dl, 3) Al +B T, 4) AAL 5) AlA.

(3 =523 &)

+
P2 2 (5

572. EGpete T& X, ¥, %, @ &&v:
Ty VTSGR 4 X+y
3(2 w)"'(—l 2w)"'(z+m 3 )
y TN
573. Aiterar: A= (4 s I
EUpete : 1y A, 2) A, 3) I(A), dmou f(x)=2x"—4x+ 5.
574. Acifore 811 & miva€ A Tis dvwTépw &oknoews elvan pifa ToU ToAuwvipou
gx) =x*+ 2x—11.
575. N& d&modery8i 6T1:

[c.ruvc: nua J_{auvcx nua ]_ [o‘ucht nu2a }
—nua  ouwa —nua owa ] | -nu2a ow?la |

( GLIR )V: (Clv va' ™! )
0 «a 0 o :

577. MpocSiopioate Tous Trivakas X, Y€ M2, yvwoTol dvros &Ti:

576. Na& &mobeixfi) omi:

8 X b e [_?2 -
—2.X+4+3.Y= [78 :2}

B578. 'Eav X = A= , v& dprofiouv of k xai A els Ty éfiowow :
1 2

X2 —kX + AE = O, (E = povabdiaios wivaf, O = pndevikds mivat).
579. Aidetan & TeTpaywvikos Tivag : -
= [ SR
ac [Y 5] .
N& eUpedolv ol ouvBfikan Umrdpews ToU GuTioTpogov Trivakos kal v& UmoroyioBij olTos.

580. Né& elpebi) & dvTioTpogos ToU Tivakos.

3 5
581. Na&a }\UB‘I’J ‘ij G(EE!:UDJG"IS:(I S

(45 2)E)-E)

582. Acifare 6m1: 6 dvdoTpogos ToU dvTigTpdpov Evds mivakos A loolTar ué ToV &l

oTpogov  ToU dwagTpépou Tou A, firor: (AT = (AL
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MEPOX TPITON

KE®AAAION XII
ZTOIXEIA EK THE OEQPIAZ TQN NIOANOTHTON

I. ENOPATIKH EIZAFQrH EIZ TAZ TIIOANOTHTAS

§ 253. ‘loTopiki] eloaywyn.—H B:wpia tév MbavordTwy Sgelher TNV yéveaiv Tng
els T&x TUXTpd TraryviBia kai ouykekpiuévas els Ta aryviSia Tév kUBwv (Capra). TIpd Tpiakooiwy
Tepimou ETév & MdAAos irrétns Chevalier de Méré (1654), Bikonpos TaikTng, évBiepipeTo Bid Tég
TEPITTOEIC EmiTuyios efs fva Tuynpov Taryvidiov oAU SiadeScptvov kaTd Tov 170w al@dva. 'E-
TeIdT) elye THY dvrmwow 6T ol UoAoyiopoi Tou fioav AavBacuévor, ouvePoudelfin Tov Blaise
Pascal (1623 - 1662), ToU &molou 1) peyahoguia Kateyiveto pé v Beoroyiav, T& podnpaTike kal
T&S QuUoTKGS EmioThpes. *Evé eipyddeTo dmi Tol TpoPAniuaTes Tod de Méré, & Pascal AVTIPETG-
TTE Kal GAAa EvBiapépovTa épwThpaTa émri TéY mfavoThTwy. Td ipwThiuara altd iSwoay dqop-
MY Bi& piav kapmogdpov dAANAoypagiay uetafl Pascal kol Fermat (1608 - 1665), tvds &Ahou
tmriong HEyahou pafnuatikod. ‘O Fermat épedérnoev Téoov 1& &v Adyw TpoPAfuaTa, doov kal
Tas Nioers Tég Sofeioas Umd Tou Pascal, oM Tév dmrofwy kal dyevikeuatey. TolouToTpdmws, elg
ThHv SAANAoypagiav T BUo aUT@v goedy Ertbnoav oloiaoTikds ol TpdTal Pdoes Tijs Bewpiog
Tév MéavorhTwy, Si1& THv dmoiav & Pascal EmrpoTevey TO Svopa « lewpetpla Tijg LN

‘H Gewpia T@v MavoTATwy &TnoxSAncey &v ouvexsiq mAeioTous peydhous pabnuaTikols,
@5 TdY . Bernoulli, v Leibnitz, 16v De Moivre, Tov Euler, Tov Lagrange, Tév Gauss.
"Emepudooeto Spcws els Tov Laplace (1749 - 1827) A Tiun) v& ovoTnuaTotroron éhas Tés péyp
X0Tod yudoers, v EmekTeivy aUTds, XpNotuoTOIRY Tas TAéoy Tponykévas MeBdBous Tiis *Avedi-
TEws Kad v Beaa) els THY Becopiav alThY THY KAQoTIkAY NS pabnpaTikiiv popenv, Utrd Thv drolav
Ha&s efven YVWaThH oTiuepov.

"Emmi épSoprkovTa kal mhécy £ al 1Bk ToU Laplace ¢kupidpynoav xai é5éopevoay THY
Bewpiay 6y MbavoriTewv. Tepl T& TéAN ToU mopeAddvros adddvos Blo peyddor pabnpaTikol &
J. Bertrand ki 6 H. Poincaré tonpeiwoay véav émoxnv. OUtor pt Ty aloTnpdv KpiTikiy Twy
KaT& 100 dpiopod THs mavéTnTos Tou vioBeTnBévTos Umrd Tou Laplace Enwmotpynoay mepiooy
Kpioews Si& Th Gewpiav Tév MbavoThTww, Tepiodov fis kaTa ThHy Siappeloaoay TevTnKovTaE-
Tow Urefipey EEanpeTing yovipos &d Téoms EMTéyews. - ;

‘H vewTépa dv&rrTuEis THS Ocwpias Tédv TMBavoTTwY YapokTnpileTa Toofuv &mo évBiagépov
TPOS Ty TadTnY THY Bewplay Soov kal Tpos THY kaTevBuvo Seuplvoews Tév toappoy v au-
THs. EnuovTikn elvon 1) oupBoin Tiis MaBnuaTikdy ToU TpéxovTtos aldvos Lindeberg, 8. Bern-
stein, A, Kolmogorov, P. Lévy xai Emile Borel.

H Bewpla Tév MeaveTiTwy, Snpovpynleoa &pxikds, ws é?\éxen. dvm-rs"pw, S »;c‘x ikavo-
oo &mopias, al dmoiar Tpoékupay &To TG TUXNPS Taryvibia, kaTéoTn aTuEpoy Téoov oT-
HAVTIKT, doTe v dmoTeAT) Paoixv oupBOATY els TO Epyov TGV KotvwVIKEY kad puUoIKGY EmoTnudy
kel elg Thy quriperdmow T@Y TpakTIKEY TPoPAnuETwY THs Sowroews kal THs Bopnyavias.

O1ouUToTpS TS, s THY Oecoplay TV MbaveTHTwWY 'rrpocn’pé)(ow' ol CDUO’}KO’I. B1& v& émexTefvouy
T Spig Tiis KAaooikijs Puoikiis. AU alTis ol BioAdyoc: katoplivouy Vi &Wlurfm-niﬁ;ow TOUS
TeC0TIKoUs vpous Tiis KhnpovoukéTnTes. Ol Metewpohdyon, of "AsTpovouor B’ alrils tmefepyd-
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LovTan T mapnTnpACEs Teov Kal el Ty Oewpiav abthv Bacifouy péyav dpiBudy Tév TpoPAéyecy
Twv, Of OIKovo!.lo?\o'ym 8 alfis wpoomaBolv v dvoxaAUwouv Tous vdpous Thv olkovopik@y
powoptveov. Els v Biounyaviav # tv oeipi Tapaywyn Umdkerta els Tous vopous Téw TTdavo-
T, “Ohat &AAws T of Tapatnpnoes, Shar of peTpfioes TGy OeTikGv ‘Emiotnuéy dgeidouv
TEAIKGYS v UTrootaly Emefepyaoiav S1c TGV pedéBoov Tiis Oewpias Tév Mbavotitewy. Téhos 1) Tta-
TIoTIK, Tiis Omoias 1) onuacix &modemvieTan Brapkdds peyoAuTépa els dAhag Tag TEPIOYAS Tiis
GupeoTrivg yvdaews, droTeAel THv omoubaioTépav Epappoy iy Tiis Oewpias Tév ThavaTtTe.

Ta dvartépe TapabelypaTa fpapuoydv Beikvicuy THY e0pUTNTa TV Epappoydy Tis G-
pias Tédv MbavoTtiTwy, kel ouvetds THY XpnodTnTa Tavrns, dvefapthTws ToU evBiagépovtos
kal Tis dpadTnTos THY dmrofay Tapovoiaer alTn g kKA&Sos Tis MadnuaTikis 'EmoThuns ut
18ias pefdBous kai mpoPAuaTa.

§ 254. "Apyikai Evvotat Tiig @cwpiag TGOV MéavorATwv.— Qs yve-
oTéV, K&Be KA&Sos T&Y MadnpaTixédy Bepehiobran & Ehay loToov &TAGY Evvoiddy,
ai dmolan elven EuguTol els Tov dvBpcomivov volv kai ai émolan Btv SUvewtan v
Sprofouv T Bonbeia &Ahcov Evwoidv, B1° & kal kahoUvTon apyweal Evvorar. OUrco,
T.X. €ls T& SUo Tp@dTa KepdAaia ToU mapdvTos PifAiov Eyvwpicapey TolatTas
évvolas, s THY Evvolav TS «hoyikiis TpoTdoewsy, TNV évvolay ToU «ouvdAous
k.&. "Errions els T MecopeTpiav Exopev THv évvoiav Tol onpeiov, Tiis eUfeiag, ToU
XOpOU KA. 65 &pyikds Evvoias.

Els v Gewpiav 1év Th8avoTthToow g &pykad Evvolan slven o 6fis Buo

a’) *H évvoia Tol «repapatog toxney, kol
B') ‘H Bvwoia Tou «anhod cupPiavtog # Evdexopevoun, fi &MAws ol
«oToL ELMG0Vg YEYOVHTOGH

O xdpoopey piov TpwTNY yvwpipiay u Tas dvvoias atTds p HEPIKA TTapo-
BetypaTa :

[Mepaderypa lov : “Ohol yvewpifouey &1 k&Be peToAAIKOY VOpIopa (képua) Exel
BUo Syl tk T@Y dmoiwy T piav keAoTuer ouvifws «kopévay kal THY &AAnY
«ypappatar. "As Umobécwyuey, 61 pitrTopey es ToV dépa fv Képpa kol dkoAoubeos
&s kareuBlvepey THy Tposoxmv was els THY Evdaf, frig PepeTan Emri Tiis Spartiis
Syews Tou képpaTos, ETav ToUTo KaTaméon i ToU £5agous kad Apeprion (‘H
piyis 5év AauPdveTcn Ut Sy &v T képpa oTaB Spbrov). “H piyis Tou KEPUATOS
els TOV &épar drmoTehe Eva «mrelpauon. Abyopey &t eic THY TepiTrTesov abTHY &T1
éxtehoUpey Eva «meipapa thyng» dxpiPloTepov & «amdoby neipapo toymey.
To vopoua TritTTov émri ToU £5dgous & gupavion (Emi THs dpartiis Swecos) THY Ev-
Bei§iv «xopcovar 1) Ty EvBeaiv «ypdupotas. To amoTéheopa Snhadh ToU QvwTépw
TElpduaTos elva f Eupdwions Emi THs Gve Syecos Tod vouiouaros drpiPéss pids Tés
Buo évBelfecov @ «kopovaw, «ypdpparar, K&de & TOlOWTT Eupdviors keheital Eva
«anholv copPavr, fi GAAcS Eva «atoryEdbeg TEYOVgY,

"Qoe, els TO 'm_sipauoc «xO0OYa—yoduuaray Exouev BUo A& oupBdvTa :

lov). To &mholv oupBdv : « 7o Voo pa derzevie Y dpw xopdvay (GUPPOA.
«K»).

2o0v). To &mrholUv oupPdv : «

'3 3 ’ A 3 z
T6 véuiopa devevies Ty Oy yoduuaray (oUuPol.
«M).
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“Exouev Aormrov v TrpoKEIpéVey Eve Telpapa TUxns kad BUo &nAd oUpPdvTa
SUUNPTNUEVE pé T Teipaa,

Mapadevypa 2ov: ([eipapa pé =vfoy ).

"o‘)\o[ YvwpiGouev érrions Tov kUPov (Lapt), & dToios XpnoiuoTolsiTal gis T&
TUXNPa maryvidio. Ofros elvan pixpds kUBos, katd 16 Suvardy TUPUETPIKSS, 1T
Tiby 6 Syewv (E8pésv) ToU Gmoiou elval dvayeypaupévor (ouvnfus ut kokkibas)
ava els Tév dpibpév: 1, 2, 3, 4, 5, 6. Al evBeiCes alran elven SateTayuéven oU-
TWS QoTe TO &Bpolopa TV dvbeifecy BUo TapaAAiicoy Syewv elvan wévToTe 7.

' PimrTopev Tdopar fva ToroTTov kiPov eis Tov déparkai kateuBlvopey Ty Trpodo-
XT]\‘J Has els Tov apifipodv, oTis pépetan Emi Tiis dve ESpas, ETav & KUBos fpeutia.
|(<0!1 alTo elvan Bva melpapa TUYNs. TO dmotéAeopa TolU TeipduaTos Toltou even
N &updwians i Tiis Gves E5pas ToU kB, Evds ik TGV dpiBudv : 1, 2, 3, 4, 5, 6.

Kébe ToiaiTn éupdviors kodeitan, & kad mponyoupéves EAExOn, v &mholy
OUMRay. Davepov efvon 81 eis TO melpoapa pé kUPov Exopey T& 67 6 &TA& oup-
Pévra :

lov) « O wifog detvder eig Ty dvew Edoar 16 1),
20v) « O xbfog dewxvier el Ty dver Edoay 16 20,

6ov) « 0 xifos deuevier els TRy dvew Edoav 1o 6».

"Exopev Aormrov is To Seltepov Trapdderypa fva Teipapa TUYNS kcxi 6 &mA&
SupBdavTa,

"Edv plyeopey 818 Beutépav gopav Tov kUPov els Tov dépa tkreholivTes gy
QUTHY BiaBikaoiay, TéTE Aéyopey 81 ETavahapPdvopey T meipapa TUxns. Katd
THY Eraveiknupévny ékTéeav ToU 18iou Teip&uaTos B Tpokiyn pla «droiou-
Bion &macy oupPdvteov. AUTY Buvatan v TapacTabf &md piav dkolouBiau
Ynolwv eidnuuévey i Tou auvdiou TéY Evdeiewy ToU kUBou, BnA. & Tol cuvd-
Aou (1, 2, 3, 4, 5, 6} xai SioBexopévey draxTws EAAnAa. OUTws, Emavaappd-
VOVTES O mefpapa pé kUPov eikoot gopds BEv dmokAeleTon vé Excopsy THY «Tretre-
Paouévny dxoAouBiaws :

3590 6,.1,6,3,4,4421,5,3 56,425,

"Ek 1@V dvwTépw ouvdyopey 8T TX {OPEKTNPLOTIKG £vOg metpapatog g
elvey ;

@). T dnorédeaud Tov d0fv divarar pé xavévay Tpomov i moofieqpi.

B). 76 melpapa dévarar va Exavalngli molldxag 626 vas atras covdijxag (ond.
Moovuéne Tijs abrijc dradiracias ).

§ 255. AciypaTtikdg x@pog — Aelypa.— Eis 70 meipapa Tiis plyecos vds
Vouiopertos Urrdpyouv SUo Buvartd dmoTedéopaTa T& Omoix oupBoAilousy cog

Kol ey

OTou K onuaiver «kopdvay kai [T «ypdupatco.
"Eav piyeopev Bva {dpt Umdpxouv 6 Buvata dmoTehéopaTa, T dmola Su-

VaTon v rapaoToBoly pé Tous &piBuols Tév ESpadv :
15254, 5,46
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> Avory paQOVTES d\a T& duvaTta &rroTehtopaTa VoS TEIPAMTTOS, Atyouev
&1 oynuaTifopey fva derypatt kdv L ®pov. Kotk TAUTX :

Agrypotikdg 1OPOS slvar 10 ghvokov TV AnldV suppavrov, fjror 1OV duvatdv
groteheopatov, 0 dnola dbvavar vé Epoaviclody &ig Eva neipapae TOHANS.

"ExaoTov 5 dmholy oupPdy, fiTol &rouikdy (&BiadpeTov) &moTEAET PO, KO-
Asital delypa.

OTew, T.X. s TO mWpddTOV TapaBeryHa, & BElyHATIKS y&pos elva TO OU-
vohov Q = {K, '}, &v& els T& BeuTepov TaPGBENY R o} 851yuchbs y@pos elvan TO
aivoray: Q=¢1,2,3,45 6}.

Tlpds TANPECTEPOV koTavénav Ths évvolas o0 BeryuaTIKOU YGpou Gvo-
ptpouey kai T &l TapadeiypoTa

o). Aippes apawodiov (Bbhov) &€ Evog adxxov. EyTods oGKKOU UTTapYEl Gpi-
Buos opaipibicov Sduolwv &mod TAoNS ATTOWELDS tkrds ToU YplouaTos. "EoTw &1
pepikd elvan kuavé (x), GAAa Asukd (M) kol &GhAa gpulpdr (g). Aappavopey «Tv-
yalogy (Bnh. e Thy yvwoThy Siadikaoiov SVaKOTEUNATOS TSV opaipdicov K.T.A)
tva opaupiBlov kad Xoopis v T EroveroTrodeTHioWHEY gvTOs TOU OGKKOU Qvagy-
pouev ko BeuTepov, TTPOCEYOVTES Trolou YPWHATOS coapidlov £Enybn TpdTov kal
mrolou BeUTepov. Afyopev TOTE OTI terehoUuey Eva TEipapa TUXMS, GKkpIPEOTEROY
Zya govBetov meipapa TOYNG, 10 5t EEayduevov ToU TrEIpdUaTos TOUTOU Elval Ev
Braretarypévoy {eUyos vdeitecov Y- (M £).

"Ag {5wpey Twpa TO10S clvoa & BENYHaTIKOS ¥édpos auTou ToU «ouvhéTou TEL-
péparrosy. “Emeidh ol péven Buvaral EKPAoEs (&moTehéouaTa), Tas oOmoiag
Suvara va Toapousida T Ay fuds ogaipidiou & ToU oékkov elvan ] BUGVIOTS
gvds TGV TPIGV YRORHETV K, A, £ 1) Tuyaia éaywyt ék&oTou ogaipidiov
Kaxc.oplcuévws EyEr 0§ BEIY HOTIKOV y&opov 15 oUvolov Z ={x, A, €} ‘ETropEvas
ai Bibgopot EKPATEIS This Mjyecs TGV 5Uo opapidicov dvTioToIXOUV U1~
HOVOOTHAVT®WS gls T Sidpopa SiareTarypéva Levyn (X, ¥) uE xeX kal
y€Z. "“0fev kaT&AANACS BerypaTixds XBpos ToU &veoTéped oUVBETOU TIEIPOHATOS
TU¥ns elvatl TO gUvohov :

(xx), (xA), (kg
Q=3SxZ={(x,y): X€%, yezl=1{ Ax), AQA), (\e) ¢
(), (©N), (&8)

K&Be oTOLYEIOV Tou Q, dnA. kdde SiareTorypévoy LeUyos évBeifecov elvan Bv
anhotv cupfav.

p"). Plyis §do xbfwv. "EoTw 8T pimrTopev s Tov &épa BUo kuPous (Laprar),
fva heukdv kal Bva tpuBpdy Kkal ET1 onpeidovouEy Tols &pifuols T&Y Gueo EBPGV.
O neuxds kUpos Exer €6 (6) Suvard &moteMdopaTa: 1, 2, 3, 4, 5, 6. ‘Ouolws
xal & gpubpds. "As cupporowpey kit A Thy EvBaw Tiis dvew E5pas, ThHy omolav
8 Trapouoidon & Aeukos xUPos kal pE € THY GvTioTorxov Bk TOV gpubpov, TOTE
15 moTéheopa Tiis ouvBUaoHEVTS pipecs Tév BYo kUPwv TapioToaTon Bid Tou
Sicrreroryévou Letyous (A, €). Tléoa TolauTa SiareTarypéva Lebyn UTEpXOUV;
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AnAadh mooa elvan T& GTA& ouuPavta Tou TEpduaTos 1 Plpig da xifen ;

EUkoAws BiamioToluey &1 T& STTAK oupBdévta ToU mElpduaTtos elval 36 SiaTeTa-

YHeva Celyn ¢

) (1,1), (1,2), (2.1), (L3), (22), (3,1),..., (56), (6,5), (6,6).

(bocn 8nA. kai af Emavainmrrikai SiaTdes a3V 6 aToiyelwv 1, 2, 3,.. ., 6 dv&

Suo, § 238). ‘
Elvan moAAdxis xpriotov vd ypdywuey T& Siatetayuéva Ceryn &p1Buddv els

Eva ivaka BimrAfis eiodBou di kéTwb :

‘AmoTéAeopa EpuBpol xUPovu

e SN e . S A T sy B NS
é:lgil‘2i3:4,5w6
T — : |
21 | an| an) a4y as] a5 e
g2 |ebien| ey ehlen| e
5| 3 |G| G| G| GH| G| @6
2 4 [@ab| ¢ ¢ a9 a5 | @
6| 5 [ 6D G| 63| 6| 65| G
< ] 6 | @] 62 |63 (64 ] ©5) | (66)

50 Tiva€ oltos Tapixel TO oUvohov SAwv T&Y Suvat@v dmoTeAsopdToov
(&maéov ouuP&vTev) TOU TEIpGUATOS Tiis piyecs BUo kUBwv. To alvorov TolTo
elva & BerypaTikos yddpos  Tou mepapaTos. Mpdgopey B8 ouvTouws dv Tpokel-
BV ;
Q=3xZ={(\e): AeZ, e€Z},

Smou 3 16 ovorov {1,2,3,4,5,6}.
Ta Biatetaypiva Zetyn (Ae) svan TO oTolxEia ToUu BelypaTikou ypou,

BN, T& dmAG guuPavTa.
CevikeUovTes Tpa doa EEeréinoav els Ta dvwTépw TapadeiyuaTta Suvdueda

V& Bhawpey Tov k&TWO SPITHOY TOU SerypaTikol xdpou

Atvypatikog gdpos Q £vog nepapatog ToENs eivarl £v ocOvolov, tob dmoiov 16
Stoycig ehpiokovtar &ig AUPLLOVOTTIHAVTOV avuotorgiay npog td otovysia 1ol
Suvolov iy ikPascov (AnoTelLopdtov) 100 TEPaRATOS.

"Emre151) kdfe oToiyeiov évos ouvohou koAeiTan kal onpgiov ToU guvdhov, Bik
TOUTO T& &TrAR ouuPdvTa kahoUvTon kal detypatika onpela 1) GWAGS onpeia
(onusia — Selyuarta). ‘O BeryraTikes xGpos kaAsital kol facikov sbvolov (f
SOvolov dvagopis) 51 Ev Teipapa.

Enpsioag. To Bagn.by auvolov, ¢ eibouev kal els 10 Belrepov kegdhaiov, Sia kabBapéds émo-
TTikols Adyous, TopioTaTtal pi &V dpfoydviov, oUTw Kal O BerypaTikds x®pos TapioTata
Shoias, BnA. ué dpBoycoviov fvTos ToU drrofou T& &TAE gupp&vTa oNPEIOTVTAL Pé oTrypds.
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Cevikiy mapatijpnowg. Els 10 mapdv kepahaiov B &oyoAnODuUEY uE TETTEPO-
Spévous BEIYUATIKOUS XWpous, 8nA. TO TATos TGV &TTAGY cupPavTwy 0& elven
TETTEPATHEVOS &p1Buos.

MawToU kaTwTépw Wé To ypdupa {2 ouuPorifopey TOv BerypaTikdv Y &pov Tou
EK&oTOTE TEIPEPXTOS TUXTS.

§ 256. TupPav.— Exterolpey 1O meipana Tiis plyecos BUo xUPwv. Qs ENé-
¥Bn €is THY TpoTyoUpévnY TTapdypagov T& GTAX guuPdvTa ToU TEIpduaTos €l
val T& 36 SiaTeTayupéva CeUym ToU Tivakos TTjs TTpOTYOUREUS oeAibos. 'Eav
Thpa tvBiapepipeBa Bi& Tag TreprTTaTELs Ekelvas, kad® &s Tr.X. 10 GOporopa @Y
#vdeitemv TV 500 KOPov ioobrar pé 7 B& TpéTe va Bewpnowpey T6 UTrooUvoley :

A=1016) (29 (34) (83), (3:2) 6,1}

ToU BerypaTikol xdpou Q. To UmooUvohov A kaheitar o vp av f yeyovoc.
Mevikéds: Toppav i yeyovdg kakeiton kibe dnogivoioy Tod derypatikod yopov.
*Edv To A elvan povoperds auvohov, BnA. Exel v pbvov oToryelov, TO ouppav

KaAelTal anhoidv.

"Orav. iv oupPdy &xn BUo f| eplocdTepa oToIXE, SNA. oUykertal &k BUo
7 TEpIocOTépEY &TTAGY OUPBAVTWY, TOTE KAAEITC TOAAGKIS, TTpos Siakpioly,
Ohikov oopfav.

KaTtwTtépw Six ToU Gpou gupPav 0a Evvoldpey TO SAIKOV GUMPAY.

O& Atywpey 6T & oupPdy A TPy MOTOTTOIEITAL (f| &Ahes pgavifetar) s
éva Telpaa TUYNS TOTE, Kal povov ToTE, &v T EkTENEDIS TOU TrEIpdpaTos Biber drmo-
Téheopa TO Srrolov GuTioTOlEl TTPoS Ev OTOIKEOY Tou UTroouvoiou A.

Suykexpipéveos © "Eqv 8;, 8, 0, ..., 8, elven Sha Ta GMAG ouppdvTa, T
&moia SuvevTal va Eppaviobouy el gva Treipapa TUXNS kal &TTo T& v auTd ATTAG
oupPévTa Bewpriowpey k Gplouéva, EoTwW T& 0y, 0. .0, O (k = v), TOTE TO UTO-
alvorov A = {8,, 0,,...,8c} ToU BetyporTikou Xopou Q = {6, 6,,...,0,} dvTi-
TrpoowTeel v ouuPdv, TO omoiov Eykeltal els TNV Eupdviow eite Tou B, eiTe
ToU B,,. .., elTe TOU 6 kal povov alTéV.

*Emaisn {0, }vu{8:)v.. {8} =10, 0, ...,0,) Aéyousv 11 1O oupPav A
slvan ¥vaois ank@v coppaviov i GAAwWS 10 A wdvaldetary sis k GmA& ouppdvTa.
Té A Trparyuaromoitan kée gopav TToU TTapovatadeTal fv TGV ATAGY cuupdavTv
81,0050, O ke QUTIOTPOPWS, TTPCYUXTOTIOIOVUEVOU ToU A TrparyHATOTIOIEITal
AvoryKaoTIKES &V TCV GTAGY oupPdvTwv 8, 8,,..., 0, .

T& &mA& ouppdvta 8y, 8y, .., 8k (K = v) Aeyopev &1 dmoTeholv T&S «eb-
voikdg TEpITTOGELSY TOU OUMPAVTOS A, vd Ta 6y, 8,,...,0,, dnA. TA oToIXEI
ToU BerypaTikol Xwpou Q Aéyouev 8Ti dmoTeholv Tas «Buvetdg mEPITTOOELS?
ToU TElp&UaTos TUXTS.

Téhos, tmedth ¢€ dpiopol elvan: Q € Q kol @ € Q Emetan 811 & Seryparti-
Kk yépos Q kal T6 kevov gUvolov elval oupBdvTa.

To oupPav 1o dvmioToryouv els ToV BeryuoTikdy xdpov Aéyouev i elval
«Béparov ovppav» 7y «péParov yeyovdgy, tvid 16 oupBdv TO dvTioTorxolv el TO
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Kevov oUvodov, Adyopsy 811 elvan «@divartoy

Evieyopevovs ) «kevov oopfavy kal
ouuPoAileTon pé .

Mapadeiypata:

1). ’EK‘TE?\GL—IHEV T melpapo BrmAtis pipes tvds képuaTos kai tvBiagepdueba B o tuBeieic
Tov. ‘O kaTdAAnAos SeryparTikgs X&pos 8 elvar 16 olvodoy :
={(KK), (K.I), (r.K), (M)} A amhovorepoy Q — {KK, Kr, K, rr},
6tou K (= xopéva) kal I (= YPaupaT .
To bmootvohov A = {KK, KT, TK} épice 1o SUBB&Y
A «To vépiopa elz ta: dvo olyes magovadler Tedddyoror piav gopdr xegdva.
"E€ &ou 6 Umootvotov B = {KK, I'T} spize: 16 ouuPdv.

B: «To vouopa »ai el ras o olyets magovodle oy abriy EvdeiEw o,

Zov. "Egtw &1 els TO dvawTépw Tapdderypa 1 tvBiagepdpeda Sia T TARBos TGV Epgaviotév-
Twv K (kal els Tas BUo piyers). Al Suvarai TEPITTTOOES elven O, 1, 2.
"Apa B3 Exwiey Twpa véov BerypaTikdy xdpov:  Q — {o, 1, 2},
Té Uroouvorov A = { 1 } opiCer 7o oupPav
A« Epgpdvios todddyioray peas Ko,
'ALwodoyos napatipnole. Ex 1@y dvwtépw Svo TapaderypdTwy yiveTon KaTagavés 11 :
els fva meipapa TUYNs Buvdpeda va dvmioToryicwpey, dvoAdyws Tol okotoU THiS HEAETTS pas,

TAelovas ToU Evos SerypaTikoUs xopous, dpilovTes tkdoToTe SlagopeTikg &TrAd oupavta. Xapa-
KTnpioTikov elvar dpws 611 @ 1@ anhd ovpfavia elval td povosivoia tob serypatikod ydpov.

Jov. Elg &v wutiov Exouev Téooapa ogaipiSia: Kuavoly, Aeuxdv, Epubpdy kal TpdTIvov.
"Exomey kot ouvéraiay T EEifs 4 &TAG oupPévTa s

0,1 «Kvavody opaipidiory
8 1 wdevxdr opaipidiory
8.1« Epvloov opawpidiovy
0, «allpdowor aparpldion s
e TTPOKEINEVE O BeElypaTIkOs xdpos elvan @ Q = { Gk seB 0 & }

Té Umoouvoroy alrel E = {0+ 8, , 8, ) opiler 1O quP&w :
E:  « Eidyetar Eyyomuoy opaipidovs.
ToE TpaypOTOTOIEITa, povov STav Ev olovdroTe £k TEV TP1GdV OTOIYEIWV ToU ﬁk B, 0,
© Tpaypatomomds kal dvtioTpdpus, &v Tis dvayyeidy 6T £€fxOn Eyxpwuov opaipisiov, ouvéyo-
Hev 11 kdmoto €k TGV TPIGY ATAGY oupBdvTLY 8. 8, , 0, e TpayuatoTondi.

§ 257. @epereriderg 6piopoi kai mpakeig perafl cuppavrwv.

@). AYo oupBdvta 0 Aéywvtar Eéva npdg dhinia f aporfoing arokherd-
Heva, &Epeog acvpfipacta ToTE, Kol povov TOTE, &v Ny TpayuaToToingls Tol gvog
‘iTTOKAEin TNV TpaypaTotoinav Tou dAlou. Katdmiv ToUTou T& Etva gup-
Bévrg dvTioToryolv eis UmooUvoda Tou Q uf ExovTa ko &mA oupBdvTa.

Mpogavéds Slo &rA& oupPdvta elven TévtoTe §éva peTay Toov.
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Mapaderypa Ta oupPdvta:
A« O xiflog devevier dotiov dpludvy
B: « 'O xdflog dewevier 3»

efvan Eéva pds EAANAQ, B16T1 TO Ev &rrokAeiel TO &ARo.

zx. 16

ToYvavTiov T& ouufdvTa:
E: « O xbfos dewavver dpriov > 25,
F: «O wifog dewevder dotiov < da.
Bev elvan Eévar peTabu Twv.
Mapatipnes : Elis v mepimrwoy 8lo §ivewv oupfdvtev f) i) Tpayuatomoinals Tod évds
Btv ouverrdyeTan dvarykaiws THy TpaypaToToinaty Tou &hhov. OUTws, €ls 1o TpdTov Tap&Bery na,
v & kUPos Bév pépy &pTiov &mBudy, Siv Emetan dvarykales &1 oUtos 04 gépn 3, kaBdoov Blvartal
vé @épn TOV &pifpov 5 fj Tov 1.

B). Eqw A kai B elvan SUo pf) Ghva oupPavTa Evds mEIpauaTos TUYNS, TOTE
B Aéywpev 611 TO A mepéyston gig 1o B (i 611 7O B Trepiéyel 16 A) EAAws TO
A ovvenayeton 10 B kol 84 ypdgowusy A S B (fi B2 A) ToTe, kal pédvov TéTe,
&v TpaypaToToloupévou Tou A TpaypaToToifiTal kad 10 B, ’Edv A C B, ToTE 1
TparyparToTroinas ToU B Btv cuveTdyeTal UTIOXPEWTIKGS THY Tparypatomroino
toU A. *H mpaypaTomoinais Tou B yopls THY TpayuaTomoinoly Tol A dmote-
Asi T6 oupPav B — A, TO &mrolov kohelTan dragopd TGV oupPdvTwy B kal A.

A E HDopaderypa Gewpiowpey T& ouppdvta :
Az« O wbfos devarder dolpor = 3».

B:  «"O xudfoc dewsevies aplbuoy = 5.
Mpogavés Ac B. *H Slagopa B — A wapioTd T

oupPav :
B Q E:  «O wifog dewsvder 4 5 5u.
Zx. 18

¥). “Evooig ovppaviev. Kokeital Evaeis oupPévteov ARG R A

Umroryopveov gls TO aUTO TElpaba TUXNS, Ev véou oupBav A, To droiov Tparyua-
TomoleiTon TOTE, Kol pévov TOTE, &v parypaToTondf tobhiyiotov Ev TéV A,
et
Mp&popev TOTE :
k
A=A UA,U - UA = U AL
i=1
Edv & Bewpnbévta ounBdvta A, A,,. .., A, tlvan Efve peTafl Toov dud
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&Uo, TéTe TS A AbyeTan «ifporopa» alTév kad elg T TepiTTeoy adThy 8 Ypa-
PLOUEY

K
A=A+ A+ -+ A=ZA .
i—1

Ei'S Y TeAeutaday TepiTTwow 1) tupdvics (Tpayparotoineis) Tol A auve-
TAYETaL TN Eppdviciv Evog Kai povov &k TGV Bt Ps A
Mapadeiypara:
lov. To oupBav A : « O xifloc magovouile dpriov doliuor» elven Eveoois Téw &uuﬁdv‘rmv:
Art « O xifos magovoudler dprioy dolpsy < 5u.
Ay «"O xiflog magovoudiler dorioy dglpoy > 3,

y 20v. To oupBév: « O =ifos mapovardle dolucy Heyakitegoy tov 3 elven &Bporopa TGV
TPIGY GTAGY oupBévTeo : « O xiflos devarde 45, (6 sifoc Sexvier ! », «4 xtflog devevier 6.
: &). Topi i} yivopevov ouppavtov. Kaheitar tops) oupBdureoy A A A
VTratyoutveoy els 16 adTd meipapa TUXNS, v véov oupPay A, 1o &moiov Tpayua-
ToTolElTen 16T, kol pdvov TOTE, &V TpayuaToTIOIOIVTE GAa ouYEpPOVOG TX
OUHBdvTa A, A,,. .., Ay . Mp&gouey 8t TOTE :

k
A=A NAN - -NA=NA.
i=1
Elven Tpopaves &1, fav SUo oupPdvta Ay, A, elven Efva Tpds EAANAQ, TéTe
Al ﬂ Az — Q’

Mapaderypa To oupPav:

. A «'O xiflos magovordle 4 1) 5y

Vet Topn) Tédv oupBévToov @ ;
Ay «O xifoc mapovaraler apilbpor = 5»
Ay: «O sdiflog mapovowdler doplipcy > 3,

3 ). Luprinpopotikov £vag cupfavros. Alo oupPdvra Eéve Tpds dAAnAG,
EXovTa dfpooua TO «PéPoicy yeyovdsy xahoUvTal cupmhnpopatika i avei-
Octa ouppévra.

To oupmAnpeuaTikov tvos ounBévTos A TrapioTaTan pi A’ (f Ac ).

Qs oupmAnpouaTikéy Tol «BePaiou cUPPEVTOSY AauPdveTan TO @xevdY oup-
Baw» kai dvmioTpdws. Elvar pavepov 81, £&v Blo ouuPdvTa elvan oupTrAnpopa-
TIXG, TéTE f) WpayuaToToinais ToU vds dmokheier THY mpoypaTomolino Tol
GANoU ke 1) Wf) TRoryHaTOTTOINGIS TOU &V0s CUVET &y eTal dvaykalws
™ TparyparoToingiv Tou &AAoU. Zuverrds TEoa ebvoikn TepimTeoals Sik T fv
elveg «buopeviicr () ebvoikn) Si1& 1O Erepov kal o Buoyevis TepiTTwols Sig
O & elven edvoikn Bid T6 ETepov.

Kot talTa 16 A’ onpaiver 611 10 oupPav A Bév oupPaiver (Btv TPy pa-
TOTolETTCn ).

Mapadeiypata:

lov. T& ouppdvra:
A:  « 'O xbfos dewxvier dpriov dplpdyy
AT« 'O xifoc deuevver megirTov dpludyy

Even TUUTTAT) pLoPOrTIKE,
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20v. Els 16 yvwoTtov melpapa T piyews BUo vopopdTwy, 1O oupBav A = { KK }, fitor
A: «Ta 6o voulopara Oevavovy xopdvay evan  oupmAnpnpwpatikdy 1ol  cupfdvtos
A' = { K[, TK, IT }, fito1 ToU cupPévTos :
A «llagovardlovtar TodAdyiotor pla gopa yoduparay, T &AAwWS
A «dév magovoudletar xopdva xal tds dvo plyec).

§ 258. Zroixewdng dpiopog Tiig mbavétTnTog.— ‘O dplouds avtds,
Tou omolov 1) &pyt) edploketal els T& TUXNPS Taryvidia, elvor & eloayfels Umod
TGV BepeMcoTd Tis Gecopios TV ThbavotATwy kad Siatutrwlels capds Umd
ToU Laplace cs Efs

MMiBavorng évog ocopfavrog kakeitar 0 Loyog tob apiped tdv covoikdy
S abtd mepuntdoewy mpog tov aplpov Ghov tdv duvatdv mepntdosov, £
boov Gral al repintdens siva £€ ioov duvatal.

"Hrol, éav A elvan &v oupPav Uraydpevoy eis &v melpapa TUxns kad Trapa-
otrowuey S1& ToU P(A)* THy mBavdTnTa TpayuaTomolfoews ToU A, & Exo-
HEV :

*Apifpog v £0VOiK@Y mEpTTOOE@Y ol A
P(A)— - Fris B B R )

TApOROS BLOY T@Y SUVATBY TEPMTTOGEGV 10D TEWaNaTOS

Eis Tdv dpiopdv ToUTtov Umoveeiton T dnobecig 1ol isamBavov Tédv Trepi-
TTOOEWY T ATTAGY TUuBavTwY.
"Ex ToU Sobévtos Spiopol Emovtanl duéows ai TpoTdaEls ;
. cr ’ ’ 1 B A 3 0 A P 2 = e 1 ’ ”
o). "H abavdrns ovpfavros A elvar apllpoc pwr aovyrixog xal uixodtepos 1)
icog mpds Ty povada, fiTol:

0=P(A)=1

- T 7 x o | ’ a
B). “H mbavdrne wov fefalov ovpfdvros ivodtar moog oy povdda, fiTol

P(Q)=1

. \ .= = ek 4 Y ’
¥). 'Edv 16 wkijlog tdv dmiav ovufdvror fvic mewodparos téyye eba v,
. ~ 1
Tére 7 mibavérys Exdotov amhod cvufdvros elvar ——
v

Mpérywam, gaw Q = {06, 8,,..., 8 } elvar & Seryparivds ¥Gpos ToU TElIpd-
porros, ToTe edvoikal TEPITTTWOES 814 TS &mAoly oupBdy {8}, i=1,2,...,v
elven pdvov pia, &medn 16 {6, } kard Eva kad puévov TpdTrov Blvorron vex ugaviadi.
’EE &Ahou TO Afiflos TéV SuvaTdv TEpITTTG: 0wy Toy TelpdpaTos elval, €€ Opi-
opoU (PA. §256), ioov mpds 1o TATBos TGV &rAdy oupPdvTwv, nA. v. "Apa O
TYros (1) &iber:

1
PUBD=— ¥i=12,..,v

* To P elvan 6 dpyikdv ypdupa Tiis AMEecos Probability (&yyA.) — Probabilité (yah.) =
ThéavdTns. °
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5.'). 16 dbootoua vaw adavorijron dbo cvuminowuariy aoufiarrey loov-
Tal ué 1.

g TMpdryna, &aw k elvon 16 mAfiBos T6v edvoikéy TEPITTTAWOEWY 81 TS A kol v
TV Buvatddy, TéTE TO TAffos TEV £UVoiKaY TEPITTOEwY Sik 0 A’ 0& elvon
v = k,~81c'>1-1 (§257) oo edvoikn mepimTwais 51k 16 A elvea duopevtis 81 To A’
Kai T"[‘O:O‘O( Buopeviis S1& 1O A elvan edvoikd) Sk 16 A’ 'Edw ovverréds P (A) kai
P (A") elven SvTioTolyws of MOaVETNTES TGV oupPdvTwy A Kai A’ B Eycopey ;

k o
P(A)=— i P(A)= ",,v‘_\_,

'EE cvTiv Sik Tpoafioews AauPdvouey :

P(A)+P(A) =1

"Apa 1 mMlavdTns ToU CUUTANPWUATIKOU oupPavTos elvean ;

P(A)=1—P(A)

§ 259. "Edappoyal émi 16V dvwTépw mpoTacEwy.

'“1 : Els 16 manyviiov «kopidva — ypappater, & &mA& oupPdvTa elven 8o, al BUo Syeig:
“KOpwvay, «ypappaTar, Téas dmolas &s cupBoAiowpey, ds kal mpdTepov K, I avTioTolyws. Zupgd-
Vs Tpds Ty mpdTac (y') of mifavéTnTes Ut elvar : P(K) = %, P(M) = %_,

A\:'“ff} Bt onpaiver PePaicos 671, fv piwwuey BUo opds kot EmovdAnyv 16 vémopa, Ty piay
qaopcxy 8a tugavion axkopwvar kal THY &AAnY «ypaupaTtar. OUTe &1 els 10 plyers 6 Exwpey 5
«Kﬂfmvug)) kal 5 «ypépuartay. ‘H ororyeiwdns mbavédtns 11y dmolav umedoyioapey leyle &1 fv
TAfBos plyecov, Bnhadn &1’ fva oAU peydhov &pifudy piyecwv,

T 1 fim

E§ &\hou Eyopev : P(K) + P(IN) = 5 -+ e 12
Tolto Tpogaviss 16 dvepbvauey, 51671 T& o oupBdvTa tivar oupTTAnpLuaTIKG.

20 Eis 1o anyvibiov tiig piweng £vog kb, Té A& cupPavTa elven dv &N 6, ol EE Syerg
(®par) o5 kUPou. "Eqv aroinuaTiowpey Sia Ty Eupdviow wdls ouykekpipévns dvBeifecos, § oror-

XE1Bne mbavdtns eiven % dgol To mAfifos T&Y SuvaT@v TepiTTdoEWY Elvan 6, f B¢ ev-

Vol TepiTTwots elvan pévov pic. “QoTe
1
P(1) = P(2) = P(3) = P(4) = P(5) = P(6) = .,
OTroy P(x) = miBavétns Tol &mhol ouppévTos : «‘O kUBos Tapoustdder Tov dpiBudy .
a Edv &uri £vdg YpnolpoTTetgwey v dpolous kiPous, T& oupPdvTa B elvar ol tTavaAnTTiKel
1oTdEers e 6 vBei€ecov dvd v. ‘O &p1Buds TGV Siatdecov alrédv elvan :

6V
H oroiyedsns mbavéns mas ouykexpipévns Siaréecs, SnA. fvds dpiopévou oupPdvros,
b Elvey : ..17 s
6\'
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Qures, el TV Tep oW piyews BUo kUPwv (§255), f mbavorns ToU oupPdvTos ¢ « 0

o 1
Aevxog xifloc va géon 2 wai 6 égubpos 3» elvan &~ g firor :

P((2,3)) = "516" f &mhovorepov P(2,3) = 73176.

3n: Els & moryvibia tév meryviogaprav xpnoipomoicivton GhAoTe 4 x 13 = 52 TTar-
yvidyapTa Kal &Ahote 4 X 8 = 32 (mwptea). Eis T& maryvidia Tév 52 wanyvioxapToay, UTrapyouv
51" EkaoTov TEV TETT&pwY « yowpdrwyy («aralin, «xapedy, «xolran, «umactoiin), dva 10
&p1Bpol (1 —10) kal 3 gryotpar

‘H mifavéTns v dvaoupy Tis ik s Stouns, kaAdds dvapeptyuévns Ev dpioptvov Taryvié-

= g g i rg 180
xapTov elvan KaTd TOUT , ) mBavdTns va dvaaupn Ev dpiopévov Xpdpa elvan 7 hm™

1
52
BavdTns va &vaoUpn gryoupav (yevikés) elvan é—;, 1| mBovdTns v& &vaoupn éva opiouévov
4
&p1Budy, Y. &ooov, &veEapThTou YphuaTos v 55 (Urrépyouv 4 &agol, fitor 4 edvoikai Te-
priTTdoes kal 52 TaryvidyapTa, fitor 52 BuvaTal TepITTOOES).

4n : Ex déopng 52 nraryvioxaprov EEayovial suyypovog 800 naryvidyapta. [oia i) mOavotng
va elvar kai ta 00 Gooot ;

Aborg: "Eotw A TO oupPdy: « Aupétepa va elvar dooous.
2
Al Suveial mepiTTdoEs elven (52 ) Al ebvoikai elvar Téoar, doo1 kai of Bidgpopor Tpd-
o1, ko’ ols Suvépeda va AdPwper &md Tous 4 &ooous Tous 2, BnA. ( g )
(2)

2 4 52 4.3  52.51 4.3 1
i 3 A= ———= H = e = = 0 f
Bpasiicn) (52) (2) ()= T —ma- = O

2
51 : Moia 1 mOavotng vi piy tapovoraclij to 3 ,otav piyopey Eva kofov gig tov dfpa;
Aborg: Td oupBdv «vd ploy 6 »iflog 3» elvon oupTrAnpouaTikOY ToU oUNP&VTOS @rd ui)

e ‘ : e . ; L 1 . =
péon 6 x¥flo; 3». ‘H mBavéTns Tot mpdiTou oupPévTos elvar —, &pa ) mifavdTns ToU BeuTté-

6
pou elvan : 1__,%. A %_
AZKHZIEIZ

583. Pimropev eis Tov dépa BUo kUPous kal pas EvdiogEpel 1o oupPav A: «16 &Bpoopa
TGV &piBudy bl TéY Gue EBpiv elvan = 7o kol 6 oupPay B «Td &dpoioiua TEV dpiBudy émi
TRV &uw E8pdv elvan &pTios &piBudsy. ZnToUvTan :
B a) N& oynuaTiofii & kataAAnAos SeryuaTikog Xpos kal v& kaBopiobouv &v alTd T&
kal B.
B) Né& opioBoiv & A', B, AUB, ANB, A'UB’, AMB, (AUB)NMA"
¥) Tota f| mBavéTtns Tol oupPdvtos : «To &fporopa TV &pidudv émi Tév &ve E8pdv
elvan GrpiPéds 7;».
584. Pirmrropev 8o xuPous els Tov &épa. TTola 1) TifavdTns EKagToU TGV kadTwd cupPdvTa
a) Na pépwpev 6,6.
B) ‘O els ktPos v& pepn 3 kai 6 GAAos 5.
y) O 8Uo kiPor v pépouv Giaboyikels dpiducys.
8) Oi xUPor va pépouv &poioua pikpdTepov Tou 9.
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' 585. Pimwrer 115 8Uo kUPous kad gépet &Bpoiopa 9. Tola f mdavéTns iva & oupTraikTns Tou
PEPT) HeyaAUTEpOV Gfporopa ;

586. Eis iv BéxeTov Umépyouv 5 opaipar Aevkad, 7 xuavei kai 4 épubpad. To Teipapa guvi-
otatal el Thy Tuxaiav Afjyw 3 opaipédv. Tola f) mbavdTns vé elvan kai ai TpEls opaipat Aeukad;

587. Ex Béoung 52 manyvioxdpTav Edyopey Tuxaics 5 xapTid, ZnTtolvran :

) Mota ) mbawvéTns va E§ayBouv pdvov kéxkva; (T 26 Exouv Xp@pa xOKKIvov kal T
AoiTra 26 pavpo).
B) Moia  mbavéTns va Eayfouv 3 patpa kai 2 kékkiva;

588. Elg piav 1w 43 pabnrdv elvon 24 &yodpia kai 19 kopitoia. “Av AdPeopev Tuyxadews
T‘."év"rg KAfipous Tiis TéGecs : &) Tola f mlavoTns vi kAnBoly pédvov dydpia. B) Toia f| mBavéTns
va kAnfouv 3 &yédpia kai 2 xopitoia;

589. Pimropey Tpeis kUPous, rrofa f) mbavdTns va tuganiodi el TolAdyioTov dooos;

590. Pimrropev 5Uo kiPous els Tov &épa. Tola i mBavéTns ékdoTou Tév KéTwd! oupBévTwv

o) To &Bporoua TéV Evoeifswv elvar pkpdTepov ToU 5.
B) To &bporopa Tédv Evbeiewv elvar ioov pi 8.

¥) » » » » elvat peyadiTepov ToU 9.
8) » » » » elval Sragopov Tob 4.

591. ‘YmroBéowpuev 6T oxOTEUOPEY V& K&pwuey piov pedérny Eml Téw olkoyeveidoy, al dmoic
EXouv Tpla ondid kad 871 Béhopey va kaTay pypwpey TO pUAoY EkdoTou Tandiol ket ceipdy yev-
viioecos. Mpdware Tov ke dAANAov BerypoTikdy x@pov. “Ymobitovtes diohoUBus 611 xdbe oTor-
Xelov Tou BerypaTikol xwpou Eyer TV aUTnv mavdTnTa, v eUpedf @

a) ‘H mlavéTns fva pla olkoytveia pé Tpia wanbid Té& Sbo mpdiTa elven dydpia kal o
TpiTo kopitat.

B) ‘H mbavdTns iva Exn éva ToUAdyioTov dydpr.

¥) ‘H mbavétns fva xn pévov éva xopiTol.

8) ‘H mavéTns iva £xn Blo kopiToia kad Eva &y dpr.

592. *Eyopev plav Béouny maryvioxapTwy 1@y 52 gUMwv. ZnTeltan ff mbavdtng Téov i
FuuBavTwy :

a) AappdvovTes Tuxaics Eva xapTi, ToUTo vé& elvan dogos pracTolv.
B) AappavovTes Tuyaics Eva yapTi, ToUTo V& eiven &ocos.
y) AcpPévovtes 6 XapTIX ouyXpovas, va mepiéywvTal els alTd ol 4 &ooor.

593. Moia ) mBavéTns pitrrovTes Tpels kUPous, va pépwpey &Bpoiopa peyariTepov Tou 15;

594, *Ex Stouns 52 maryvioxdpTwy AopBdvopey katd geipdv &k TGV dve T& Tarywis-
XapTa, fws Stou elpoopev Bi& mpw TNV gopav Gogov. Tola Ay mbavdtng iva 16 Téraptov yapTi

T ¥
Elvan &ooog;

Il. AIAMOPOQMENH TIPOSTIEAAZIZ EIZ TAZ TIOANOTHTAZ

§ 260. ‘O opropds Tiis MBaVOTNTOS, Tov Smolov SieTuTdoapey eis Ty § 258
Tapougidel o Baoikd HELOVEKTAHATA |

lov) Atv elven styepris, Gv M BuvaTds, & axpiPns kabopiouds &’ Evds TGV
Buvaréw kol &g’ ETépou TRV elVoikdY MEPITITWOEWY, 1Biws OTav & BerypaTixdg

X&pos Bty elvan TETMEPETHEVOS.
20v) ‘H mepikotrh) ouToU «. .. &y’ Goov Glar al meomTdoe elvar £E {oow

dvvaraly elvan Tautdonuos uE THY «ép’ doov Glar ai meoardoe elvar & {oon
Alavaiy, TolouToTpdTrees Spws 1) MhavoTNs dpifeTan tk véou E1& Tiis mbavéTnTOS,

SiampdrreTan SnAaET) QaUAOS KUKAOS.
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H towadrn Secopnois s 2wvolas Thg mbavdTnTos, uodovdTI ¥pnolueTdT
els TV Epappoy v, Tapoucidda Suoyepeias dmd AoyixTis TAsupds, 81’ & kal f
vewTépa Qewpia 1@V ThbavoThTev dvamtioosTar KaTd TpOTTOY TomKdS GELm-
patiedy, 514 ToU kafoplapol fvds TATpoUs cUTTAUOTOS TpoTdotwy (dEioudTon)
T Ponbeia Tév dmolwv Edyovtan, Bik THg Tapaywykiis mAtov 8ol SAon ol
Evvolan kad TrpoTdoes THs fecoplas clTis.

Karémv Toutwv, 8 &pyiowpey Thy OUOTTHaTIKWTEpQY EEETaTIY TGV mla-
voTfTwv pé THY 8N yvwotiv fwolay Tol BerypaTIKOU Xdpou Evds TelpdpaTos.

§261. MBavéTng AmAGV SUPBAVTWY.— "EoTw & BerypaTikss ¥ Gpos
2={0,,6,...,8 }. Els éaorov &miolv oupBdv (6 ), k=1,2,... v €y wpoUpey
fva. paryuaTikov &piBudy P ({6 }), Tov &moiov Svouddopey mbavétnte Tol
ouppavTos {6 }.

O Aeyopey 61 pla Exydpnas mlavoTTwY TPOS T &TA& oupBdvTa ToU
Beryuarikou xdpou Q, SnAadn mpds T& {6, ), {8,),..., {8, ] elven Sexrd, taw
ikavotrorf] Tds SUo ouvbikas

Py " allavdtyg éxdotov dnlod cvufdrtos elvar Detinds doldudc, firon :

P({09%})>0, k=12,...v.

Py 2 T dlpowopa tav mlbavoriren taw Exympovpivoy ec dia td nld
cupfidrta ot derypatixod ydoov 2 igodrar meds Ty povdda, fiTor :

, P({8,)) + P ({81)+ -+ +P ({6, })=1,

OUVTOHS :

SP({a)=1.

‘Eva oUotnpa ToloUTtwy &pmBudiv P ({8 }) mAnpolvTeow Tas Py kai P, elvan 76 :

PUBD=P ({8))=P ({8, =+ =P ({8 })= 1.

Efs Ty eibikiy oty mepimTwow Aéyousy 811 T& &mAd oupPévrta elven igoni-
fava.

§262. MBavéT™g oupPavrog (SAikol).— Kébe oupPoy A -~ g efva,
@5 EAéxOn, Evwas, drpiPéaTepov &bporopa &TAGY oupPBavTwv, fitor :
A={8)4{0} 4+ - +{6:}, (kSv).
‘Opllopev s mbavitnra tob A, A, tov apBpov P (A), botig civan ibpor-
opa tév mlbavotiitev wav {0, }, {0,],.. ., {6}, fyTor :

k
P@A=P{0,H+P({0, )+ '+P({9k}):j£‘1p({ei})

Edw A elvan 6 xevov oukBdv, fitor &v A= @, TéTE Beyduela ¢€ Spiopol &11:

P(@g)=0
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"Ex Tév dvewTépw Emovtar Tdpa ai kéTeod TPOTATELS :
@). “H mlbavérns vot «feflalon ovufdvrogy ebar povdg, frow P(Q) = 1.
Mpérypac, Exopsv
P () = ZTP ({91}) = (Adyw Tfis ouvbrkns B, § 261 =1,
B)- "Eav A xal B elvar ooufdavra Eéva 70os dAAngia, ToTE
P(A+B)=P(A)+ P(B).
Mpdypar, v A={8, 8, ...6, b IB=TE B &) xal ANB= g,

TOTE : A+ B={8,, 92,...,0k,51,82,...,sg}.
"Exopsv Spcos : :

P(A)=P ({8,})+P ([6,}) + ---+P<{ek}>:_§P<{ei})
P(B)--—-P({el}me—P({sa})-ﬂk P UsD=2R((e )
P(A+B)=P((0,1) 4P ({0,) +P<{ek}>m{e}>+<fea}>+
+ --+P({&})= ZP({S}) FZP({EJJ)*'P(A)ﬁ-P(B)

levikdotepov foyvel ) k&Twbl TpdTaois :

¥) CEav Ay, Ay, ..o, Ay elvar oopfdvra dve 8do Edva mpog drinla xal elvar :
A= il Aok s vl A
Tdve : P(A)=P(A)+P(4y)+ -+ P(A, ).

Yrnadergrg: ‘H wpotagis loyle Sid v=2. ‘Ymobloarte &T1 loyUel Bi&
v=k kol Beifare &11 loyve S v=k + 1.

Lyyreioowg : ‘H &voTépw wpoTacss kaheitar : 'Alporstikoy Ocopnpa tév mbavotitoy,
SiaTutroUTon 8¢ cuvTdpwS, 0UTW ;

P(E A = ZP(A)
i i=l1

8). A0 olovdiimote cuupav A, ioyver: O=P(4)=1.

Mpéoypar, emadn P (A) =0 &ix k&fe oupPdv A, dpkel v armoberydf &t
P (A) = 1. ToUro 8uws loyvel, 51671, &v fecopriowpey kal T OUUTTAT|pWOUATIKOY
A’ 10U A, &1 AUA = Q kai ANA'= &, 84 ¢ ExMEY, Suvduer 1Y TpoTdTEwY

B kai o', 811 :
PAUAY)Y=PA)+PA)Y=P Q)=1.
‘Ofev: P (A)=1-—P (A) =1, 8iom, s dvortépw ENEyOn, P (A) =0.
£). 'Eav A xal B elvar 0o oladjnote ovufidvra, tdre :
P(A-B)=P(A)—P(ANB).
H daep 16 adtd

P(ANB)=P(A)— P(ANB).
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Mpdrypai, Emreidn A= (A-B)U (AN B) xai (A—B) N (ANB)= g 6
Excomev, Buvduel Tis dveTépo TpoTaoews B, 811
P(A)=P(A—B)+P (AUB),
S P(A—B) =P (A)—P (ANB).

‘Edappoyai

In: "Eqv t& v &mA& oupBdvTa Tou Set

YHOTIKOU Xdbpou Q = { 6, 6,,..., 8y } elven ioomifo
va, TéTE: .
v v
P(_El{ei})=_ElP({9i])=V'P({3i})- 1)
i= I=
v
"AAA P@)=P(Z(6})=1 (2)
i=1

"Ex év (1) xai (2) ouvdyopey 8 : P{{6i}) = ‘17 Al et | U

Anhadh) Eraveupiokopey Thy mpéTagw (y') Tis § 258,
2a: "Edqv ta k &mA& ouuPduta tvds yeyovdtos A — (01,0,,...,0k } elvan foomifava mba-
voTNnTOS %, TOTE :

&p1BuSs UvoikdY TepimToecoy

&p1Bpds Suvatiow TEPITTTCOTEWY
Anhadiy T BonBeiq tév dvawTépw TPOTACEWY Kail OpIopdv eUplokopey s ouvémeioy Tov
aToryEwdn opiopdy Tiis mbavdTnTos Karrd Laplace (BA. § 258).

k k
P(A):P(‘El{ﬁj}) = EIP({ei})zk-P({ei } ):k__L
= i=

v

k
v

3n: ’Eav E kai E elvar 00 CUPTATPORATIKG oVpPavia iy
elvay P(E) = p, tote P(E)=1— p-
’Anodailig. "Ap' ol E 4+ E' = Q, TéTe, OULQVWS TPOS THY TpdTaciy B, 8& Eycopev:
P(E + E') = P(E) + P(E") = P(Q), dir& P(Q2) = 1,
Gpar p+ PE)=1,
i€ oU: P(E)=1—p.
4n : ’Eav A kai B oupfavia kai Ac B, tote P(A) < P(B).

0¢ dELYpatIKoD Lhpov @ kai

’An6dedls : “Eotw A TO oupmAfipopa ToU A dg m™pds B, fitor A = CgA = B-A.
TMpogavés Exopev :

AUA=B «ka ANA=g.
‘OméTe :

P(AUA) = P(A + 8) = P(A) + P(8) = P(B).
“Apa : P(A) < P(B), xaBdoov P(A) > 0.

5n: Moia ) mOavotng iva £ig xOBog prtopevog £l 10V dépa OEp dpriov aplpov;
Aborg: To ovupav A: «'0 xifiog vd pégy dotior doluiry elven &Bpoiopa T@v EEfg
TPV duoiPaics &rokAeioptvav ouuBdvTooy ;
At « O xdfloc va géoy 2.
Ay:  «'O x=ibflog va péon 4,
Ay «'O xdflos va péoy 6.
fiTor : = A+ A + A,

"Apl:: P(A) = P(A1+Ai+ Aa) = p(Al) + P{A:) EI= P(P\,) = —éﬁ -+ % + 1

340

Wneiomoir|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrig



61: Pintopev d0o kofovs. Moia 1 mbavotng dote 10 Glporopa 1OV tvdeiewv v Sbo kOfov
va gelvin 3 §{ 7;

Aborg: Qs yvooTtdy (§255) T& A& oupBdrTa ToU TretpduaTos elven 36 BrareTory péva
Gelryn : (1,1), (1,2), (2,1),. .., (6,6) €ls EooTov Tév molww Exywpoupey mbovdTnTa —3%
Toouppav A: «To dbpowopa tdv &vdellewy tiw dto =Ufwy elvar 3 7 7», gven &Bpor-
gua @ EEfs Slo fEviov dAAAwY oupPdvTey ;
Ay: «To dBpowopa Tav &9 itewy tév 8o xifley elvar 3u.

Ayt «T6 dBpoopa tiw évdellewy Tav Sio xUfwy elvac 7n.

To oupPav A, eivar 16 olvorov | (1520, (2, 1)) b P(A) = 3%

To ouupav A, dvan { (1,6), (2.5), (3,4, (43), (5.2), (6,1) }, w P(A,) = %,

’ 2 6 8 2

Apa:  P(A) = P(A, + A) = P(A) + S L REE W 3

pa (A) (A 2) (1)IP<A2) 36+36 55
T : "Eotwoav A xoi B 600 cvpPavia pé P(B) — % kai P(AMB) = —% Na gbpebf
P(BMA’). '
Abarg: "Eyopev, Buvdus Tiis TpoTdoEws € :
PBAAY = PE)~PANE) = 5 — 1 - 1.

AZKHRHIFELF

595. "Ev Soyeiov mepiéxer 3 Aevk& oanpibiay 4 kuavd kol 6 padpa. Té meipapa ouwvioTaTaiels
Y Tuyaiay Afjyiv 2 opaipibicy & Tév 13, Tloia ) mlavéTns v elvan &pgoTepa ToU 18lou ypd-
HaTog;
596. "Ev kutiov mepityel Aevka Kal palpa opoupibia, & 8t dpifuds Tdv Aeukéiv elvoa Seka-
A& 105 Tol &piBuol Tév patpewv. Toia f) mlavdTns vé Anedij &v Aeuxdy oeaipibiov;
597, ’Edqv 1) mbavorngs va éupaviodi) &v oupPav elvar tpimiacia Tiis mfavdTnTos va piw
Eupavioddj, mrofa | mBavdTns va upaviodii TouTo;
598. Pimrrer Tig dUo kupous. Mola f) mibawdTns vé Beifouv dppdrepor Ty 18iav yiv;
599. Eis piav ypamriy EéTaow s 1o pddnua s ioTopias &i8ovrar Tpia loTopikd yeyovéTa
(M1, Ty Ty) kad Tpeis xpovohoyian (xy, Xy, Xg), EnTeiTan 8 Smws Exaotos padnTis ouoxeTlon T& Tpia
YEYovéTa Trpds Tas Tpels xpovoroyias. "As Umoblowpey 6T els palnThs Sév karéyer T Béua kal
K&pver Tuyaiav guayéTiow, els TpéTov GoTe Shan af Buvartal cuoyetioes va eivan £€ ioov mbavad.
a) IynuarioaTe TOV BerypaTikov X@pov Sid T SuvaTtd dmoTeAéopaTa.
B) Toia i mBoawdTns va piy UTrdpyouw Tpels dpbal ouoyeTioers eis Thy &mévTnow Tou
uadnTol.
¥) Moia /| mBavéTns va Udpyouy dxpiPids Blo dpbal ouoyeTioss;
8) TMoia f) mBowdTns va elvar Shat al ouoyeTioels dpbai;
€) Tlola fy mBavédTns va Umapyouv TeploooTepan THs s dpbai ouoyetioes;
o) *H mbavéTns v mepiéyn N dwavTnois Tpeis 6pbas cuoyeTioes efvan HEYaAUTépar TS
MBavéTnTos v TrEPIEXT HOVOY BUO;
60). Pimrrouev Tpeis kUPous ovyypoves. Tolar # mbavérns Tol ounBdvros : «Al dvdeifers
TGV Tp1dv kUPwv elvar Siadoyixol &piBpoi.
601. Aoysiov mepiéxer 6 Aeukds, 8 Epubpas kol 10 wolpos ogalpas, dpoias &mé méong dméd-
Wews &ktos Tol ypiparos. T meipapa Eykertan els T Tuxaiav aywyfiv BUo &k Tiv 24 cpaipddv.
Moia fl MBavdTns va elven dugoTepar al E§ayduevan opaipal Tou alTol XpwuaTos;
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602. 'Ex Béopns 52 maryvioxdpTwy AauBdvopey Tuyaiws Okt XapTid.
a) Moia f) mbavdTns va elvon ToU alol ypwuaTos; (Ymdpyouv 26 «kékkivar Kai
26 apalpa»).
B) Toiax /) mBavdTns vé pfv evpiokeTal «&ooosy petaby aiTdy;
v) Mol /) mbavdTns va Urdpyouv BUo ToUAdyioTov Goool;

§ 263. MBavévnTeg 010 oUVBRKNV.— "EoTwoav A kai B 8Uo ouupdvta
ToU aToU TElpdpatos TUXNS kai 11 P (A) > 0. Téte: "H mlavitng tob B dmd
oovBikny A, fi &\ Aws 1 Do cuvBikny mbavotng tob B SoBivtog 611 10 A cuvifn
ij 6t 0a oopfii, ovuPorilopévn 81 Tou P (B|A), dpiletar Ond tiic oyéoeng :

P(ANB)

B(BIAY=——p (P (A) > 0).

"Hror : IhBavotng tob B Ond ouvOilknv A keleitar 6 Loyog tiig mOavoty-
106 100 A kai B mpog tiiv mOavotnre tod A.

Mopadervypa: Aobivrog 6t eig piav oikoyéverav pé 800 téxkva 1o Ev elvar dyopt,
noia N mbavotng iva dpeotepa ta tékve slvar ayopra;
Avaig: "Exopev &v pwTols TOV BerypaTikdy ¥dpov :
Q = { oo, oK, Ka, KK },
S1rov «a» onuaivel dydp: Kal «k» kopiTol.
Oewpolpey Ta oupPavTa :
A « H oixoyéveia éxet & todddyoroy dydorrs, fitor A = { aa, o, ka ).
B: «"H oixoyéveia Eyer wal Ta 8o téxva dydotar, fTol B={aa).
Téte 16 oupPaw B A 1 « Augdtepa a térva elvar dydpia dolivioc Sre 16 v elvat ayoope)
Exer mbavdTnTa :
BB I B e byspia 1T o vl
T P(A) P [&vTolAdyioTov Gydpl] 3 :
4

P(B|A) =

Inpeioois. ‘H P(B|A) dvopddeton kal deopeopévny mbavotng &v dvtiSiaoto-
Afj mwpos Th P(B), fiTis koeiTon kal Gdfopevtog fi &vev cuvbikng mibavorng.
OUTos, ls TO TponyoUpevoy TapdBerypa i &Béopeutos mifavdTng elvan :

P (B)=1/4.

§ 264. MBavéTg Topfig 800 oupfavrwy (vépog TGV ouvBéTwy
moBavoriTwy).— ‘O Umohoyiopds Tis mbavétnTos Tiis Toufis SUo oupPdvTov
A kad B 8UvaTan v yivy Bid s Xpnotwomomoews Tol TUou THs UTo cuvln-
knv mlavdTnTOoS.

B f,B (‘;\‘)A) ey PA D
mpokutrTet: P (BMA)=P (A)-P (B|A). *Edv 8¢ xad P (B) > 0, T67e &1° -
TipeTaBéoecos TAOV ypaupdrwv A kai B Eyouey ;

P(ANB)=P (B)-P (A|B).

TpéypaT, & Ths oxéoews P(B|A) =
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AMMG ANB)=BNA kal &mouéves :

P(ANB)=P(A)- P(B|A)=P(B) - P(A|B) (1)

"Hror: "H miavérng npaypatonovijorag suyyxpives dbo svppaviov isobra
RE Ty mBavétnre npaypatonotijeeng tod Evog, Eni thv mbavérnta npaypartonorii-
oewg tob £tépov Omd TV euvlnKNY Hpog ot cuviPy 1o mpdtov.

Mapaderypa: Evkotiov nepéyet 15 hevka kai 10 npaoiva spmpidia. To neipepa sovi-
atetan cig v iEayoyny d00 compdiov alinlodiudoyws, ympic 10 tiayépcvov aguipidiov va
Enavatiferar, Moia i mOavomg va iEaxii npdte LEVKOV KOl KOTOMY npaaivoy coaipidiov:

Abaic: 'Eav A onuaivy Aevkdv ogapibiov kai [T mpéoivey, 8& Exwpey :

P(AMIT) = P(A)-P(T|A).
15 L

5 T ;
ARG P(A) = o 72 kal P(TT|A) = T (81011 TO éﬁqxezv Sev travariferan).

. 3 5 1

APC(Z P(.’\ﬂﬂ) = '—5" L ﬁ = '4--.

§ 265. Tuppavra avefapmra arMAAwv.—"EoTtwoav Slo oupPdvra A
kal B, un xevé, Guagpepopeva els Evar TEipaua TUXNS. ©& Aéywuey 61 TO oupPav
B tlvar granionikdc i otoyoetikds dvelapmrov, ouwwTdnws dveEaprnrov Tol
A TéTe, kad pdvov TéTE, &v loxun N oxEols

P(B|A) =P (B)

‘H oyéos alrn Ey el dos ApeEcOV CUVETTEIQV EVO OTMQVTIKOV Kavova TToAAaTAQ-
Claopol mifavoThTwy dvebapThTwy oUMPaVTLVY. ‘O kavov oUTos BideTal 81 Tou
KaTwTépw BecopruarTos :

§ 266. Ocepnpa.— "Eqv 16 ooppav B elvan avelaprnrov tob A, téte 1 mba-
VOGS 1ig topdic Tmv icoltar mpdg T yLvopevov v mbavotiitay twy.

“Hror : P(AN B)= P(A) - P(B) @b

'Aroderiug: TMpdynary, Buvdue ToU 6plopol TV &veSapThTwv oup-
Pévreoy ko THis oyéoews (1) Tfis § 264, Exopev :

P(ANB) = P(A)-P(B|A) = P(A)-P(B).

Oopotipnors. *Eqv évaAhdEoouey Tous porous T@Y A kal B Tdoov els THy
UdBeaty doov kai elg 16 oupTépaopa ToU dvwTépw BewpripaTos, Exopey TéAw
TV (1). Auvduebo Aorrdy va eimwpey 671, &v Bv ik TGV ouWBdvTwy elvan dve-
§8pTNTOV Tol dAAOY, TéTE loXUEl :

P(ANB) = P(A)-P(B).
: "Otaw loyun ) oyéols altn Aéyousy 871 & 8Uo oupPdvTa elvan aveEaptnta
“hidov.
"Edv Slo oupPévta Bév elvot dveEdpTnTa, B& Adywpey 61 clvan EEnprnpéva.
343

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrig



Mapadevypa: Pintopey eig tov aépa Eva xiPov kai €v vopopa. IMolo | mbBavétng tod
ouvlitou oupPavrog : «6 kOPog va @épn 5 1 6 kai to vopuoRa Kopdvar;

Aborg: "Eotw A 10 oupPdv 1 « 'O xiffos péper § 4 60 xai B 1o oupPév : « To vduopa
pépet xopdva (K)»

‘O BerypoTikos ¥dpos ToU ouvléTou Teipdparos elvar

2=1{1,2,3,456) x {Kl}) =
= {(LK), (2,K), (3.K), (4,K), (5.K), (6,K), (1,["), (2.}, (3.T), (4.I), (5,1, (6, }.
Elven : A= U5, KY, (6;K) (5,0, (6,1) )
B = { (1,K), (2,K), (3,K), (4K), (5,K), (6,K)}
AMB = {(5,K), (6,K)).

st 4 b A
Emions PA)=—5 P@)=-3 PANB) =5 =—

44 ! 4o 5 2 1 1
Mapatnpobpev &ti: P(A).P(B) = TS TR kel P(AMB) = =
"Apa: P(ANIB) = P(A)-P(B) — é

ToUTo 10 dvepévapey, 51611 TO &roTéheopa T dmrolov B uds 8o & kUPos elven dveEépTnTov
ToU &roTeAéopatos To Srolov 8d pds Scon To vépmopa.

§ 267. "1616TTeG AveEapTiiTwy cupBavrwy.

In: "Kav A kei B avetapinta cupfavea, 0a elvar avelaptnta copfavra kai 1@
A xai B,

Anédertig. Qs yvwoTtov (§ 262, ¢") P(ANB’) = P(A) — P(ANB),
kol Emre1dty &§ UmroBéoecws P (ANB) = P(A)-P(B), 8& éycpev :

P(ANB’) = P(A) — P(A)-P(B)=P(A) [1 - P(B)]= P(A)-P(B'),

st P(B)+P(B')=1.

2a : ’Edv A xai B avelapnra oopfava, 0a elvar avelaprnta kai ta A" kai B.

A ol T P(A'NB)= P(A") .- P(B).

"‘Yroderlis. Maparnpfioate 611 (ANB)U(A'NB) =B kai tpyactijte s kal
TTPOT]YOUHEVS.

3n:’Eav A kai B avelapmnta ovpavra, 0 elvan avelaprnra cupPavra xai té
A’ kai B

*Hon : P(A'NB)= P(A"). P(B").

Anédeitig. Emeaidn (A'NB) U (A'NB) = A’ kai (A'NB) N (A'NBY = &,
Eyope P(A'NB) + P (A'NB’) = P(A")
fl P(A'NB")=P(A) —=P(A'NB)=  (Adyw Tis 2a5)

— P(A") — P(A")-P(B) —
=P(A)-[1 = P(B)]= P(A").P(B").
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3 Ah ; - = % d 3
Eoappoyn: 'H mbavorng va ubii Ev npopinpa and Eva pantiv x slvar — Kal 1

mbavong va LuOi ano Eve Gilov pabntivy slvar % Ioia 7| mbavotng va Lubii 16 npofinpa
Gmo Tov Eva Kol va pi ABF @ tov Ehkovs

AVo1g: 'Eqv kahiowpey A 10 oupPdy : « O pabnrie x e 16 npdfidnuar xal B 16 oup-
Bav: « 0 palyrie y Mer 1o mpofiinuar, TETE:

AMB’ onpaiver: ‘O z Oa Aoy 1o mpdflyua, udd’ dy 6 y.

A'MIB onpatver: ‘0 z dév Oa Aoy 16 medfiAnua, diia 6 y fa o Aoy,

(ANBYU(A'MB) onuaiver: Na Avljj dxo tov éva xal vd piy Al dxd tév dldoy,

"Apa, 1y Inroupévn mbowéTns elvan, &v Angdi U’ Syw &t AMB’ kel AMB elvan Ebva
CVuBdvTa

PI(ANB)U(A'NB)] = P(ANB') + P(A'MB) = P(A)-P(B") + P(A")-P(B) =
3 TR E% PR (B S N
=--5~(1*'3)'i' (t-g) =g g S

AZKHZIEIZ
A ; 2 s
603. *H mriBavéTns Alews vds TpoPATuaTes &mrd TOV pabnThv a elven — kel &mod TOV oup-
Kbty Tou P elvan ,:,_ Tote i m8avéTns vé Aubf) 6 TpoPAnUa &mo GugoTépous ;

604. Acifare &11:
«) P(A|B)+ P(A'|B) =1

B) P(A|B) = ,Eég;, Yuwcr-ro\': dvtos 511 ACB xal P(B) > 0.

605. Korrex iy phyv fvos kuPou, mrofa elved 1) TBavdTns v& Trapouciacdii T «6» Sik Tp-
Y opa kard THy TetdpTny plyv;

606. 'Ex s kAnpwidos mepiexovons 30 kAfipous, fipidunuévous &mé 1 Ews 30 dvaoUpopey
“Tuxatwss fva kKAfipov. Tlola elvan 7| miBavoTns & &vaoupbels KATipos va gépn &piBpov TeprTTow Kal
SIUIPSTc‘w Bi& ToU évvéa ;

607. "Edv A xal B oupPévra Eéva mpos EAnAa it P(AUB) > 0, vé Berydi) dm:

P(A)
PAAIAUB) = "5y + PB) -

608. Pitrrouev Suo kUPous els Tov dépar. IM'veoToU Svtos 61 O 108 xUPos Epepe TOV &piBpdy
5, ol f miBavdTns Tol cupPdvTos @ «To abpoigua Téov vbeifewv elvan = 10» ;

609. 'Ex Séouns 52 TayvIOXSRTWY Aappdvopey Tpla TaryvidxapTa. Moia f mbavérng
TOU SUpB&vTos @ «OUBky ik TV TPIGY TaryvioxdpTwy eivan Qryoupa.

610. *Exhéyopev Tuyaicos U0 guokoUs GpiBuots &k ToU TufpeTtos Ty = {1,2,3... 9,10}.
Tota 1) mBavéTns v elven 6 els GpTios Kad & ETEPOS THEPITTOS 5

611. Pimrropev 5Uo kuPous. TTofa 1) mfavéTns v& gépwpev Srrholy £ ; TMola &t 1) mfavdTng

V& pépawpey ToUAyioTov Evet €€ ; e ) ’ s ;
B12. TTooas gopds Tpkmer v piyeuey fva k0Pov, GoTe 1y Eppdvigls Evos ToUAGyioToV E€ v

& mlowdtnTa 0,5 ;
§ 268. MiBavéTng TOpfS TPV cuppavrwv.— 'Edv A, B, T ouppévta
Toy SeryuaTikou Ypou Q, ToTE foyver :

P(ANBNI) = P(A)-P(B|A)-P(C|ANB) |, (P (ANB) >"0)
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*Anodaidig : Edv ANB=E, #&yopev :
P(ANBNT) = P(ENTI) = P(E) P(T|E)=P(ANB)-P(I'| ANB) =
= P(A)-P(B|A)-P(I'| ANB), ¢.£5.
‘Opoicws &modeikvueTan, 8T1:
P(ANBNIMA) = P(A).P(B|A)-P(I"'|ANB)-P(A|ANBAI).

[evikéds :

P(A,NA;N--NA)=P(A))-P(A,lA,)- P(A;|A,NAY) - - - P(AJA;N AN NA_1)

Mapaderypa: "Evdoyeiov nepiéyer 3 Levkd opapidia, 4 koavd kai 6 padpa. To neipapa
ovviotatal eic Ty EEaymyn v TpL@v cpaiptdiny, 10 £v katdémy toi diiov, Lopic to LEaydpevoy opar-
pidrov va énaverifetar. IMoie 1 mOavotng ta iLayopeve spapidra va elvar kata seipay : 1) Aevkoy,
2) kvavody, 3) patpov.

Adoig: "Eav A onpaivy Aevkov opanpiBiov, K kuavouv kai M palpov, 8 Exwpey :

P(AN KM M) = P(A)-P(K|N)-P(M|ANK).

AMAa P(A) = %, PEK ) = “l% == ; (516m1 TO ECayfiv Biv EmovaTifeTan) xad
P(M{ANK) = _191“ (816m T& EayBbvra Btv EmavaTiBevTen).
“Ofev

S8 wl e 6
POATREYMY = rr e o vy o

§ 269. "Avetapmoia v oupBavrwy. — Tpia fi meplocdTepa cupPdvTa
ApLA,, . . ., A, kodoUvTan dpotfaiog f) teheiong avelaprnra ToTE, kal pévov TOTE
&v 1) Uo ouvlnkn (Beopeupévn) MBawdTns oioudnToTe ToUTwy, SofévTwy olwv-
8fmoTe Tév Aorméidy, fooltan pds THY ouvhln (&8toueuTtov) mMbavéTnTa.

‘0 dvwTépw Sptouds ival iooBuvauos ué Tas EEfs oxéoers
PCAN A )=P (A)-P(A ) i#jij=1, 2,...v (Gvebdprnra dvi febyn).
P(AINA NA)=P(A)P(A )P (AL), (dveEdptnTa dvk Tpia), K.0.K.

P(AINAN - NA)=P(A ) -P(A)---P(A).
Otirw, m.x., Tpia ouuPdvta Tol Seryuatikol ywpou Q, éoTw T& A B, r
B AbywvTan TeAeics dveapTnTa ddw, kol pdvov Edw, oy louy af drdoubor OYEOEIS
1. P(ANB)=P(A)-P (B)
2P(AMPY=FR(A) - P(() 0]
3EP (BAT)Y=P (B) R
4. P(ANBNT)=P(A).-P(B)-P () {n
Atov v& onpeiwdfj 6T 1) dveapTnoia TPIBY cupRdvTevy dvd Sto Aaupavo
uevev Bev ESaopahiler TH Teheiav dveoptnoiay adtdv. ‘Etropéveds S1&x v elvat
Tpla oupPdvTa Teheloos dveSdpTnTa TpbTrer vér loyUouy cuyypoves ai (1) kal (I1):
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Maparipnes. "Otav Exoopev v dvebdpTnTa oupBdvTa, TEHTE

’ ‘H oytors dpws (1) div sivar ixavi) ouv0ilkn B1& THY TeAeiaw ave€aprnoiav
TRVAY, Ay, s o Agi

i Mapadeiypora: lov. Katd Tpdmovg dvelapritoug, pimtopey Eva vopiopa, LapBavopey

cw‘ra raryvioyaprov ano piav stounv kel pintopev Eve koPov. Ioia 4 mbavotng va Engavicovy 16

VORIoRa «kopdvey, TH TayVioLupTov «igeov» kai & Kifog «on;

) Aboig: "Eav A onpaivn @ « 7% vépopa devevier ®opdvan, B: «To raryvidyaptor elva

agoocy xal I: « O xifog péper G», B& Exwpev =
P(AMB M) = P(A)-P(B)-P(I),

81T T& ovpRdvTa eivan duedpTnTa.

Spae 1 4 1
AN PA)=5, PE)=zr=75 PM)= ?'J_.

13"

"Apa: p(Aanr)zj_._l_._l_f L

; 2 13 G 5T

O& Bdowpey Thpa Kal BV XapakTNPIoTIKOY Trapdderypa, Bi” of tupaivercn &1 ) Guebaprn-
oia TpiGY oupBavtwy &ud BYo hapPavopévev Btv taopatile Thy mANpn &velaptnoiov auTdy.

2ov : Ai Edpar kavovikob teTpaédpov elvar ypopanopévar g £Efic : Mabpn, hevki, Epubpa
Kin T teThpn Edpa Exer kai 1a Tpia zpdpratae. Pintopey 1o te1paedpov kai naparnrotpey o ~LpOpa
TS £dpag &ni tiig omoiag otnpilerar. Kakobpey :

A 10 oupfay : «O kOPog ompilerar Eni Edpag, 1 dnoia slvm APORATIOREVY) padpny

B 1 ovpPav: « O » » B » » » » Levkip
I' 20 ouppav: «O » » » RN ) » » Epubpar,
] 2 1 5. 1 2 I
Tdres el ket = S
g RAIS = BHB = =
1 1 1
P(AMB) = & = —= + — = P(A).P(B).

i T AT
1 1 1
P(AMID) =/ ==o - ={(PA}: P(D),
A g L
4

P(BMII) = - = P(B).P(I).

2
‘Emropévass T A, B, T elvan dvedpTtnTa dve Slo.

A PANEBNT) = - # P(A)-P@) P(N) = -

§ 270. MpooBerikdv Bewpnpa TRV mMbavoTATWY.— "Edv A kai B 8Yo
CVMP&vTa Evds BeryuaTikoU Xwpou 2, TéTe loyUer :

PAUB)=P(A)+PB)—P(ANB)

"Hot: f mBavortng 61t gupPaiver Ev todhayietov &k t@v A kai B ebpiokerar g
S mposbioewe tiic mbavorntog Gt oupfaiver 16 A pé 1y mbavornra 6t cupPai-
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Vel 10 B kai dxolovbog dué i dpoipiocag tijg mbavotnrog bri cupPaivovy apeo-
TEpQ.
"Anodeaic. "As TapaTnpriowpey TO kaTwTEpw Si&ypapua o Venn (Sy. 19).

Zyalg
A U B elvan 16 otvodov T6v aToiygeicov T dmroia dviikouv eiTe els 1O A, elTe
els 16 B, €iTe elg dpedTepa. MMBavdTns alirou elvar T abpoiopa TGV mlavotrTwv
T&V oTolyeiwy Tou (BnA. TGV &mAGY oulpdvTeov). Emaidn P (A) + P (B) elven
TO &poropa TéV mlavoTATWY TGV oTotysiwv Tol A kai Tév cToiyeiwy ToU B,
gmeTan 61 o mboavdTrTes TG oToixeiwy Tfis Topfis A M B Exouv Anebfi Suo POpas.
"Edw Aormov dgaipéocopey thy P (AN B), 8 Excopev o &Bporopa TG mlavothTwy
Shwv @V oToryelwy Tol A N B, &mrou EkaoTov Exe1 Anebfy piav gopdv. "Qoe :
P(A) +P(B)—P (ANB)=P (A UB). G.E.B.
O& Bagwpev Suws piav aloTnpoTépay &éseafl Tou v Tépw Becopripartos :
EdxoAws SiamioToUpey 811 TO ouppPav AUB SlvaTan v TapacTalf) s fve-
oi5 (&bpoioua) TéY duoPaiws dmokAeiopéveoy ouppdvtav A — B kai B,
fiTol AUB=(A-B)UB, &v8a (A—B)N\B= g.
Tote Suws, Suvdpel TGV TpoTdoswy B’ kai € THs § 262, Exouey :
P(AUB)=P(A—B)+P(B)=P (A)—P (ANB)+P (B)=
—P (A)+P (B)~P (ANB),
Mépiopa I. —Eav A kai B zivar dpoifaiog drokheiopeva (Séva petakd tav)

cupPavra, Oa civer : P(AUB)=P(A) P (B). (PA. xad § 262, B)
Moépiopa Il.—Eav A kai A elvar dto CUUT AT PORATIKG svpfavia &vog devy-
patkod y@pov Q 0a eivar : PA)+PA)=1. (BA. xad § 258, &)

Mépiopa 11l. — P (AU B)=P(A) P (B) (dnomgooleries) ividene 1ic P).

‘Epappoyn In: 'Ex diopng 32 nayvioxaprov (npiea) Lapfavopey tyaing doo iE ab-
@y avygpovos. Moia A mibavog va slvar 10 iv todlhayiotov 88 abrdy dooog;

Aboig: ‘Ovopdlopev A 10 oupPév : «T6 & vd elvar dococy ked B TO oupPév : « T ére-

f 4 1 4
gov va elvar dooocy. Tote P(A) = 37 = § P(B) = ST ‘;—— kal ) mfavérns v elvat
4 3 3
S 5 ; f - Ay = TR
duedTepx Gooos elvar @ P(AMB) = P(A) - P(B| A) 3ot Ny 48"

Téte 1) mBowdTns Tob auuPdvros AUB : « T & todddyiotor 8¢ adray v elvar dococ”
1 1 3 59
D =P PEBY=BARB)=_-= 1~ 2 9"
elvan (AUB) (A) + P(B) —P(ANB) gl g 248 = 948
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'E@appoyn 20: "Eotwoav BUo oupBdvra A kol B pt P(AUB) = %, P(A™Y = 2_
kol P(AMB) = ——i. Né& ebpedfi = (i) P(A), (ii) P(B).
Abarg: (i). “Qs yvwoTov (§ 258, 8') Eyopev:
G 2 1
P(A) =1—-P(A") =1 g

(ii). ’Ex Tfis oxéoews P(AUB) = P(A) 4 P(B) — P(AMB) AauPdvope :

3 1 1 2

<=5 +PE)— & fis: P(B) = .

§ 271. "Eav A,B,I" suppavta tof adtod derypotiked ydpov Q, 0a clvan :

P(AUBUI)=P(A)+ P(B)+ P(T)—P(AN B)~P(AND)—P(BNI)+P(ANBAT)

"Anodaiti. Eotw A=BUTl. Totetyopev ANA=AN (BUN=
=(ANB)UANN ki P(ANA)=P (ANB+P(ANT)—P(ANBAT),
K’ Soov (ANBYN(AND=ANBNT).

"Ofey :

P(AUBUIM) = P(AUA) = P(A) + P(8) —P(ANA) =
= P(A) + P(B)+P(M—P(BNMN—-[P(ANB)+P(ANM)-P(ANBAT)]
== P(A) +P(B) + P(M—-P(BNT—-P(ANB)—-P(ANT) + P(ANBA).

néplapu. —Eav A, B, I' slvar ovppavia dpopaiog aroxhewdpeve (Séva
RETag0 tov) ava dbo, tote foyder j
PAUBUD=PA)+P(B)+ P ()

‘E¢appoyai
& 3 S ;
In: "H mbavorng va (il kGnolog peta 20 £y clvan =7 wal | mBavotng va Lff 0 odluyog
00 etk 20 Fon clvan li{) . Tloia 1 mOavone v (i) 100Laxiotov £ig Tobtmy peta 20 Em;

Aboig: *Eorw A TO oupPav: «'O ovCvyog (i pera 20 étny xal B 10 oupPdv: « H
vy & peva 20 fryn. ToTe:
P(AUB) = P(A) + P(B) — P(ANB)
3 9 39

SR t) =
PEALIB=rH Sy~ 0 0"
" e ; : :
2a : 'H mBavong vi i karotog petd 40 £ elvar —o wal i mOavéng va Lit 1 o6{uyéc ou

METh 40 1y elvan T-"ﬂ_ TMoia f mBavog vé il povov 6 odluyog petd 40 £ ;
Abaig: *Edv kahtowpey A 1O ouppdy ¢ « O ailvyos v fj perd 40 Erns xal B 16 oup-
«Na [ 4 odtoyoc peta 40 Eznp, TOTE dpkel v elpooper Ty P(AMB").
"AM P(ANB’) = P(A)-P(B) = P(A)-[1 -P(B)].
8 T
i PANE) = PA-[1-P@)] =15 - (1 5w w

B
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AZKHZIEIZ

613. 'Edv AC B, Téve Bei€are dmi: P (B|A) = 1.

614. Acifate ypnopomoloUvTes T vépov Tou De Morgan A'MIB’ = (AUB)’, ém v 1a
A kal B elvon dveEépTnTa oupPavTa, 8& elvan dvefdpTnTa kel T& A’ xai B

615. Els drépanos TepihapPévetar katd TUxnv petaly Tév mpaTwv 200 BeTikdy dxepaiwy.
TMoia | Tifavétns 611 & AauPavdpevos &piBuds efven Sicpetds elte 81& 6 elte Six 8 ;

616. ‘H mfavérns v [ k&moos peta 20 £t elven —3— kal 1) mBavoTns va £ff 1) ouluyds

4
Tou perd 20 Ern eivan ?} TMoia f mBavéTns :
a) N& fouv &ugoTepot, B) N& &fj povov ¢ auluyos,
y) N& &fj pévov 1y cbluyos, §) N& &7 ToUhdyioTov elg ToUT Y.

617. ’Edv A kai B elvar oupPévrta pt P(A) = -g—, P(AUB) = —g kal P(B") = —:lz-, va

eupedolv al: P(AMB), P(A'MB’), P(A'UB’) xai P(BMA').
1 : Ol
R P(B") = -3 kal P(AMB) = %,
ebpeBolv ol:  P(A[B), P(B|A), P(AUB), P(A'|B"), P(B'|A").
619. N& dmroderydf) omi:
P[(AUA")|B] = P(A|B) + P(A'|B).

5
620. AoBévtos 511 P(A) = %, P(B) = ' kal P(AUB) = --2—. vé& eUpebotv al mbavd-

res: P(A[B) xal P(B|A).
621. ’Edv E ko F &veéprnTa oupBdvTa, 8 elvon
P(E‘{E)=1=P (E|F), (P(F) > 0).
622. 'Eav E kal F elvan oupPévta ToU abtoU SerypaTixey ywpou Q, ToTe :

618. 'Eav A kai B elvan oupPavra pé P(A) = Ve

1) O=P(E/F) =1
2) P(Q|F) =1
3) P(E) = P(F)-P(EIF) + P (F')-P (E| F").

623. *Eav A kal B elvan oupPdvrta dpoiPaics drokeidueva, TéTe
P(AUB |E) = P(A|E) + P(B|E), (P (E) > 0).

624, Aeifare 8m: 'Edwv AC B =B,UB,U- UBy, &ba By N Bj = &, i # j, 1ot
loyUe : ‘
P(A) =P(B)) - P(A|B,) + P(B)) - P(A[By) +---+P(By)-P(A|By )
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ZTOIXEIA
EK TOY AIANYIMATIKOY AOrIIMOY
KAl THX ANAAYTIKHI FEQMETPIAX *

KE®AAAION I
FENIKOTHTEZ

lov : *Epappoatdv Sravvope.— Koholuev Epappoatév Bidvuopa &v Sicrre-
Toaypévov Zelryos SUo onueleov, A kal B.
-
To oupPohifouev Bt s &fis:  AB.
2ov : Mpdevikdv Sibvuopa.— MnBevikov Sidvuopa elvar 1o Sidvopa, Tol
dmofoy ﬁ pxh, A, kal TO Tihos, B, ouumrimTTouv.
-
ToUto & cupPolilopev ds &fis: 0.
‘O popeus ToU pndevikou Biaviouatos elvan dxabépiotog.
3ov : ’Iooﬁuvauu tpappoati Saviouate.— Ao Epappootd Slaviopara,

AB Kad I"A elvan foobUvapa, dtov Ta TuinaTa AA kai Bl (oy. 1) Exowv TO
TS pégov.

AP“: XE: FK <= AA xai BI & %_‘; B
A00V ) aitd péoov. i B >

Lvvérewn : O& Eycopev TAS jocobuvapias Prase - g
TA AL — BA Zx. 1

=TIA <> A=BA

e

h:]‘} — AT <= B xaiI' ovpnirntovy.
Moparipnog : Elg 16 Zivohov TV BiavuoudTtwv (EpapuooTdv) O Aé-
YWOuev &7y T dvwTépw SravuopaTa &moTeAoUy piaw kKAGo looBuvapias. Af kh&-

985 looBuvapias kahotvTar EredBepa Saviopata.
doy : 'ErciBepov Srdvoopa.— EAetBepov Bidvuopua kaAeitar 1O SUvodov
T EpappooTéy BiavuoudTwy, icobuvduwy Tpos Bofey EpapuooTov Sidvuaya,

->
"Ev Tololroy Sidvuoua T oupPolifouey eiTe &1’ évos ypdupatos (u, Ty ), ete

¥ «
Yo leaduvoy Tawvdxn
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51’ Evds TUXOVTOS Bk TEV EpapuooTdy SlavuoudTw, TO dtroiov TaploTd alTod

—
(dvmimpdowos). Tly. AB:

Sov : “Ioa #\ebfepa Sraviopate.— Avo EAelbepa Siaviouara, :chi -\ri\é—
yovtan foa, dTov émbéxwvTal @5 GUTITTPOTWITOUS TO aUTS EpoppooTOv Bidwu-
opa fi Svo épapupooTd SioviopaTa oobUvapa, SnA. Stav Exouv THV CUTHV
SievBuvoty, THY Uty &TéAUToV TIMY kel gopdv. ZupBoMiopev &t TOUTX 6§

s
EEfis u=u.

6ov : Mijkog hevBépov Sraviopatos.— Mijkos Eheubiépou BraviopaTos Kahei-
-
Ton 1O piikos, AB, tvds dvmimpoadomou AB ToU BiaviouaTos TouTou.
To oupPohifouey s EERS :
- - >
|uj=u H | AB |= AB

> >
7ov : Covia 800 diaveapdtov, u xoi v, tpocavatoropévov Emnédov.— Ka-

> >
Aolpev ywviav 8Uo SiavuoudTwy u kol v, kepévev Eml TpocavaToAiouévou
gmimiSou, THY TposavatoMopivy Yoviav THV oXNUOTI-
9/. Zopbvny Urd B fueuBady, Ox xod Oy, Tis aUriis &p-
‘. >
U

xfis, dvTioTofyws TapaAAniwy Tpos T& SiaviopaTa u

-
— kU (ox- 2) xal Tiis atiis Qopds.
> >
0 x Mia ToiaiTn ywvic TaploToarar ds Efis: (u, v).
2y 2 ‘H 8¢ dAyeBpichy Tun aUTis BideTon Umd TOU TUTOU

—> >
(u,v)==+9+2kn, pt 0S¥ <<n (& xupTh yovia Huemmédou), keZ.

8ov : Tuyypapmixa Swavoopate.— Avo Siaviouare, _u>ml —U)léyov'rq| auy-
yeouuikd, Stav fxoww Thv authv SieuBuvoiv.
*Apa B& Eyoope :
> >

(u v )i=0, drav T& SravouaTa elvea Sudppormrar
- > =
Kad (u, v) =m, étav TalTa elven &vrippora.

9ov : Luvenineda Saviopata. — Alo Siovloparta Aéyovtan ouverrimedo,
&tav ai Sievblvoels Twv elven TopdAAnAcl Tpos TO alTd EmimeSov.
IMepatipnos : Abo Siavbopara elvar mdvtoTte ouverrimeda ;

TTPAZEIZ ETII TQN AIANYZMATQN

- ¥ -> -
lov: Mpbodeorg Savvopdrov.— “Eotwoay u xal v Blo EAelfepa Siowl-

!, A —; -*
opara it &uTiTpoowmous &uTioTolxws T& tpapuoatd Siaviouata AB kad Bl
(ox. 3).
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KeholUpev &fporiopa Tédv Slo ToUTwv Siavuopdmev To Sidwuopa _sf ToU

! 2 1 . A -_>
(?TI'OIOU dvTitpoowos elvar TO EpapuoaTdy Sidwuoua Al To ouuPoAilopey 5
s &6 :
- = >
8= u- v.
‘O dpiopds olfiros yevikeleton kal 51 TAsiove
TWV 8Uo Siovuopdrwv.
2¢v : *Avrifeta Swvoopata. — Abo Siawiopa-
Ta Aéyovtan dvrifera, dTav To &fpolopd Twv elvon
TO unBevikdv Sidvuopa.

) e £ j 2
Edw AB elvan Evas dvmimpdowTos Tol SioviouoTos u, TéTe & QvTiTpd-
~ —) 1 ->
OwTos ToU &AAov 8 elvar & BA. To dvribetov Tol SiaviopaTtos u elvar Td —‘I
3ov : Tpryoviky dvicdtng 0o Swavvopdtev.— MetafU Tév dmoAirwy Ti-
S el A, P 2
u?ov TGV TpIGY Slowuoudwy u, v kol u 4 v Eyouev THy dkdhoubov dvicoTi-
KNV oxéow :
> > > =
fa+v|<|u|[+|v]
TPokUTTTouoaw &k ToU Tpiycovou ABI Tol (oX. 3), Smou 10 = AapPdver xco-

2 > > ) A S i
PaV, &Taw T& u kai v elven ouveuBeioxd kol i cTiis popds.
> > -
l'svaKO'OTEpou, 51& T& SiewlopaTa l Uy, U ..., Uy loyUer:
->» > -» - -> -
[uy 4 U4 u | < [ o+ oy |+ 4y

dov : 'Idibtnreg tiig mpoobéstwc.— AUTan ouvoyifovTan els Tds :

> > > -
@) U 4+ U= v+ u (&viperabenxi),
3 % = P >
B) (u+4 v)+w=u+(v+w) (rpesctaipionixi),
> > >
Y) ?4_ it _ob+ u = u (0 = obdétepov ororyeiov),
> > > >
8  w(-m)=(-u)+u=0 (—u=diveiberov 100 u).
Sov : *Agaipeaic 560 Sravvepdrav.— OlwvBhmoTe SvTwy T&V Slavuoudrwy
_{’; i > > >
kai v, 1 Elowols : u 4+ x=uv,
émGE‘XETm TrévToTe piay, kol plav pévov, AUow, ThV:
-> — — -» - =P
X =y + (—u), T émolov yp&pouev: X = v — W
> >
v kal u.

- S
TS Sidvuopa x kohsiTol Sapopd TV SlovwopdTwY
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=
6ov : Dvdpevov Sraviopartog u &ni npeypatkiv apibpov k.
AZIOMA :  Aeydpefa 611 « AoBEviog mpaypatikod Gpfpod k £ 0 xai

_* » r Ia .+ 3 .—} o
Sravioparog u 7 0, Onapyer Siavvope v Eni tob @opiwg tod v, tololtov WETE :

- 5
T lov: To v va Exy v SiedBovery tod u.
T — -»>
T=kU (k<0) 20v: Tov va elvar tiig adrfic popdc pé to u, tav
- -
Ix. 4 k > 0, avubétov 82 gopigpt td u, drav k < 0.
=
o U [0 = . > s s S
Jov: ‘O Adyos =, Enhadh TO pijkos ToU v pds TO pijkos ToU u v
[u]
elvan {oos wpds ThHY &mdAuTov Tiufv ToU k* fiTor :
-3
‘ v I = d K -
i=|k| = |v]|=|k]|-|u]
k1

{ -> > . 5 e
Hapotnpioeg : o) 'Eaw k = 0, téte v = 0, oloubrjimroTte SvTog ToU u.

<> > > > s =
B ’Edv u = 0, Té1e v = 0, oloudnmoTe évros Tou k.
L -+ > - >
¥) 'Eavk-u=0, o k=0, fu=0fk=0xal u=0.
i > > > >
8') O& elvan: l.u=u kal (-1) u=—u.

Enueioog: Ak ToU dverépe &EidpaTos dmekovitetan To Z0voAov TGV TporyHaTIKGY
&p1Bpcsv £l v onueicv wés edlelas xard TOV péypr Toube yvweTov Tpatrov. To &Elwpa TouTo
elven Bepehidddes B1& Ty "AveuTikiy Mecopetpiav kol ouvbier Thv "AdyePpav pé Thv Fecopetpiov.

OepehicoThs elvar & FéAhos MabnuaTikds kol giddoogos KapTéoios,

*ATd ToUBe kal els To Efs Ta BraviopaTa fewpolvTan ds SiaTeTaypéva felyn TpoypaT-
k& &prBuddv 1 T&Y ouvTeTayévev Tpofoddy autdy (13). *H ToralTn Becopnots dmoTehel THY
*AveduTikiyv Tewpetplav.

Tov : ’ISotntes tob yivopévov draviopateg inl apiBpov keR.— AUtan ouvo-
yilovtal s &roloUBuws

- > > - -»> >
o) u=v =+ ku=kv kal dv k£ 0, ku= kv = u = v.
= > > >
B Edv u # 0, 76te ku = kju = k =k;.
> > >
¥) Elvan : k (kju) =k, (ku) = k, k,u.
> > > >
&) Elvar k(u 4 v) =ku + kv.
i = -
FevikddTepa : k.2 =2ku  ((=123,....v)
) > >
e') Elvan : (k4 k) u=ku+k1$
FevikarTepar

> > - -> > >
(ki+ko+...4+k) u=ku+ku+...+k,u 7 u-Zk=3Iku
=1 23k e
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3. ATANYEMATIKH BALIZ MIAL EYOEIAL.—Eote elfeia xy kol

: -> >
Sibwuopa 1 £ 0, mapdAAnov Tpds THY elBsiav TaUTny (ox. 5). &y &Aro
81 => ! X : 5 L -> ->
lavopa, u, mapdAAniov Trpds THV Xy elvan Tiis popefis: u = X 1.

A Tdv Adyov ToUtov, mas &vTiTpdowTos -
e _
TOV 1 @epouevos Umd Tiis Xy KoAEiTX Stavvopatl-
—_—

K| Phoig tijg sbBsiag tabTng. ToxT
‘O &pibpos X keeiTon teTpnpéva ToU Slavicpa-
>

-> 25 y

TOS u el v Pdow 1. Ty. 5

"AmroxebioTaTar oltw pia dugiuovootuavTos
SvTioToiy{a petafl ToU Zuvdhou TEV BiavuopdTwv TEV TapaAAiiwy Tpds T
Xy kal ToU guvddov, R, T@V TpayHaTIKGY EpiBuddv. o

4 KANONIKH BALIZ (i ®YZIKH).— ‘H Pdois 1 kodeital kavoviki,
-
1

Otav 16 Bidwuopa 1 ékheyd s TO povadiaiov Sudvvepa. Eis Ty mepimTwow
-S>

TabTny & dpiBuos X kodeitan aiyefpukt npf tod Swaviopatog u.
‘O &pibpss | X | elvan T pijkes ToU SiaviouaTos ToUTou.
5. AZQN.—Afov elvar 1 edOcia Eni tijg dnoiag Exer oprobij ) Oetund) gopa, 1

a2 ‘+ . I3 L
APy 100 GEovog kai 10 povadiaiov Sudvuopd, 1, tol onoiov gopd elvat 1 tob GEovog.
Eis 10 (oy. 6) eikoviletan & &Ewv x'Ox, ué dpxfv 76 onueiov O, Beikfv go-
—

P&V THY Ox kai pé povéda prkous: | 1 [=l. O i S
< 3 ~ ’ — T L x
H dAyeBpikd) Tiuf ToU SiravopaTos u, Tapai- e >3
Afdou Trpss Tow &Eovar x'Ox, maploTaTar TOAdKIS Iy 6

kel B1x 107 .
— i y
Olres, s 16 (o). 6), &v 1O AB  keitan émi ToU &Eovos x'Ox, & Adyos
—
AB iy e .
S = AB elvan ) GAyePpikn) Tiun ToU AB. "Apa
1

R S e — CRES
AB—AB.: # |AB|=|AB|-|1|=AB.1=AB.

=% 1 \ n 3 3.
6. AAAATH BAZEQE.— “Eotw 1 uia Pdois (kavovikh fi o) edeiag
x'Ox KEX‘l_l')SgUTéPg Béos, Spiloptvn), G5 TROS THY TpWTNY, UTd TS oytoews

; = =7 ; e .
V=K 1, "Eorw Téhog TO Birdwuopa u moapdAAnAov mpos Thy x'Ox, Exov Tetun-

MEvny X e Ty mpdTny Phow kal X els TV T
Sevtépan, O EyopEY : .
= = = ' -)r- |—); { G =
u=X1kad u=X- -1V=kX Vv, T 3 l"—_—" =
% ol X=kX «ai 88ev: X' = e T=kT >
Ix. 7
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7. ®EQPHMA.— ‘0 Adyog Ty uAKDY SHo TVYYPapuIRGY Srevuopdroy igoi-
Tal Tpdg Tdv Abyov iy aryeBpcdv tiudy adrdy dvniotoiymg.

i g: = —>
‘Emi Tol &fovos x'Ox Bewpoliey T& Sioviouara AB kal A (ox. 8),

—
; S Rt 3 > |AB|
evla TA = 0. Qs yvwaTdy, umrapyer &pruds k, TOOUTOS wote : k=121

= ()
Ira|
"Ex ToU kawdvos Tiig Sitipéosws o TpAYU. &Py Eyouey ;
. . —
P8 A0 T bx|AB| |1AB| as |AB| |AB
_"__—"’“““_L.b—‘—-—»—» g T':=T::—‘: =i=1k| (2)
5. 8 FAl T ITA| |rA
"AAAG éﬁ >0, &v AB, TA éubonpor <= ;«E, FZ dpéppong,
ra
AB
Kai —

] R, - >
— <0, ¢ AB, FA Erepbonuor < AB, A avtippona.

|

o T
Keoer® dxohovbiay & Adyos — gye MY v dmdivtoy TNV kol 16 afrrd
A

TPOOTIHOV P TOV apibudy k.

|AB| AB
"Apa : o = — 3
pa ial — 3

Ioparnpiioeic : Aty TRETTEl VX ouyyéwvtan T oUMBoAc :
S -
|AB|, AB, AB
-
To aluPorov AB TapioTd Sidvuone, fTor YEWUETPIKOY péyefos,

S, Lo
To aUpPorov AB TAPIOCTE THY ddhyePpikiv TNV Tou AB.

Andadhy AB .
val Tparyuamikos &pifuds, Betikdc, dpyntikd ) pndév.

—
To oupBodov | AB| 4 | AB| wapioTd 1o HETpov (module) 1o KE

TolTo
elvan TrperypaTikds &p1Buds, Betixdg 7y undéy.

— -
Al Tiwad 1&v AB kal BA elvan avriBeror. [ PAPOLEY 88 TéTe : BA_ _ AB,

€ oU: BA + AB=0, ki Aéyouev 811 T& SVYYPRUUIXE Sioviopara XE Kad

=
BA elvar avribera,

., AB !
‘0 Adyos T 58 HeTaPdMeran, &v dAA&Ecopey THY 9Op&v 105 &Eovos x'Ox,

&l 100 dmofou Kefuran, AéT1 of BlUo Spot dAAdooouy 6
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8. TETMHMENH :rHMEIOY KEIMENOY EINI AZONOZX.— "Emi &ovog
x'Ox (ay. 9) Bcwpolpev onueiov A
—r
‘O Aoyos : (_),i‘ — OA = X, elva, 6 yvwoTdv, i SAyePpixny Tiu ToU Sia-
|
: i 0) A x

wiouaTog 67\ kol keheiTon teTuMpéEVY Tou anueiov
A. ZupPoliZeTon B pt Xa. TO O woAsitan apyn
T&V TeTpnuéveoy. To O Exel TeTunuévny pndév.

Eis réw onpeiov Tou &fovos x'Ox dvTioToryel pic, kai pdvov pla, TeTpunuévn.

Y

T

Ix. 9

9. EK®PALIE THEZ AATEBPIKHE TIMHEZ AIANYEMATOL XKEIME-
-3
NOY EINI AZSONOEZ.— Eni &Eovos x'Ox (ox. 10) Bewpoluev 1o Bidwuapa AB.

O elven :
OA=X, «ai OB=Xs. W 6 o T o i %
Kard 16 Becopnuc ToU Chasles 8 elveu: i e o
AB—AD + OB = OB 4 AO # AB=0B—OA Zx. 10
fity AR Xp—X0. (1)

Anhadny: H alyefpiki Tipd) Sraviopotos xewpEvor Eni GEoveg ioobrar mpog Thv
tetpnuévny tod népatog pefov TV Tiig apxis.
"Apa : AB= | Xp—1Xa| (2)
Mapadewypa: 'Edv x, = + 3 kol xg=—5, TOTE:
AB = (_5)_(-+.3)= —53=-8 «xal AB=|-8|=8.

10. TETMHMENH TOY MEZOY AIANYIMATOZ.—Edv T elvon 16 pé-

—_> A 2. .
ooV ToU Siavvopatos AB (ox. 10), Ga_exc.ofv. = T
FA+LFBE=0 # (OA—OF)+(OB—OMN) =0 f 20r =0A + OB 4
@ __ Xa+tXs
2%r = XA+ XB, &g ou: Xp=r—
Anhadfy: “H tetpnuévn 10D péoov daviopotog xepévov Eni dSoves, looltam
%P0 10 fynidporopa t@v TETANpEVOY TV Expoy TOU.
Mapadsiypa : 'Edv x, = + 6 kal Xg = — 10, ToTe #) TeTUnuévn X, ToU péoou I ToU Bio-
WauaTos .E>B 0& elvan : |
Xp = ‘2—( +6—10) = —2.

AZKHZEIZ

1. "Emi Tou &Eovos x'Ox Becopolpey Ta anpeiar A,B,I pe dvioTelyous TeTunubvas +5, —2
+8. lov) N& Umohoytatiody of &piBuol AB, BT, TA. 20v) Aaupdvopev s dpxiv 1o onueiov O,
ToloUToY GoTe OO’ = — 3. TTolau elvent ol véan TeTunuévan Tév onpelwv AB,I kal wolm ol -

ual Té@v AB, BF, TA;
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2. "Eotwoav A,B dUo anueia tvos-&fovos x'Ox pE TeTpnpévas —2 kad 4 dvtioTolyes. Na&
Sprofif] onpeiov M ToU &fovos, ro10UTov Gote: MA = 2.MB.

3. 'E&v A,B elven SUo onpeia ToU &Eovos x'Ox pé TETUNHEVES dvmioroiyws —1 kal 2,5, va
&p10Bfi onueiov M ToU &Eovos, TooUTOV (OTE ! MA 4 3MB = AB xai v& 6piofij & Adyos
MA : MB.

4. ’Eav x, , xp elvon dvmoToiyws ol TeTunpévan Tév onueiwv A, B éml dvdg &Eovos x'Ox,
vé& dp1oBoiv ol Tetpnpivan TéV onpeicov T kel A ToU &foves, oUTws MOTE :

AT = TA = AB.

5. Al Tetunuévan Tév onpeicov AB,T, évds &Eovos x'Ox elvan dvmioTolyws —2, 48, +3.
“Yrdpyer onueiov M ToU &fovos, TowolUTov GoTe MA + MB + Ml =0;

6. Tov onpeleov A,B,INA dmwobfimoTe kepévoov &l &ovos x'Ox, va dmodeiydij 6T :

lovii BA -« Bl < KB TA-L AR AB=0.

2ov: AA*.BF + ABt.TA 4 Ar*.AB 4+ BF . FA.AB=0.

Sov: BF . TA-AB~TA.DA-Al+ DA - AB . BA—AB - BI - TA =0,

7. ’Emi &Eovos x'Ox &idovTon T& omueia AB,I Ael€ate 6T Umrdpyer £l Tou &fovos Tou-
Tou Ev povadikdv onueiov |, ToloUToV GOTE: A+ 1B+ -3 .7A.7B = 0.

*Edv M elvan Tuydv anpeiov Tou v Adye &Eovos, TOTE

il = e o
MA® - MB? 4+ MI*—3 MA . MB - MIl' = = MI(AB: 4+ B2 4 FA?2)

xad MAs . BT + MB* . TA 4 Mr® - AB+3MI . AB.BI . TA=0 (Buler)

11. TPAMMIKOEL LYNAYAZMOE AIANYEMATOQN.— KaAoUpev ypauum-
- > —> I : >
KOV GUVBUGOUOY T&V v Siavuopdmey, Uy, Ug,. . ., Uy, Tav Sicuugua u TS wop-

> > —> < T
Pfis u= AN, + Auyt. .. +Av Uy 1 (u:El?\iui)
tvha A € R

A) Tpoppki E£aptnois 500 SavoopaTOV Avo BiaviopaTa '1_1: Kdi-l-ra M-
YOVTQ YPOUMIKES EENpTNHEVC (f 6T &moteholv époppooTov gloTnux), STav
Umrdpyouv BUo TporyuaTikol &piBuot Ay kol Ay, &1 undtv kol of Buo, oltws oTe
va foxun 1y lodtns:

—> - =
AUy 4 Mgty = 0. Sde)
=5 Tl e oL A
"Ex Tfis (1) émetan 6711 Ajuy = — Aguy. "Eqw 88 Ay # 0, TOTE Wy = — o U
1

1) dmoiar oyéos Exppdler OTI T& SlavCrcua'rc(_u: chi;: elvan ouyypaupiké.
EUkdheos Bt dmroBeikvleTan kad TO duTioTpogov. “Qore :
Abo Swaviopata, Sy apeotepa prdevikd, slvar ypoppkds tEnprnpéva btav
elvay ovyypappika.
- = —-> -

Mapatqpioerg: u,=0 xai A, #0 == u;=0 ({ A=0),
- = - —>
w,#0 kol A, =0 = u;=0 (&om A, # 0).
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- -
B) Abo Sraviopate ypeppkds dvebaprita: Avo SiaviopaTa u, kai u, elvan

ypoupikis dve€dptnTta (ouvigToUv EAelBepov oUoTnua), E&v :

—> —_ >
)"1‘11 i ;\.2112: 0 <= )"1 = 3\,2 =0, (1)

lov: TopornpoUuey : o) ug=0 kod u;=0 elven dBUvaTov, 81Tl of A,

kai A, SUvavTon vé tkAeyouv Bidgopot TOU pndevos.

-+ ’ k] 3 -~ v
B) _l;:: 0 elvan &BuvaTov, 516m ) (1) Slvartal va émadneudi &ix A, =0
kad A= 1, &mep &bUvaTov. "Apa.
*Eav 800 Sraviopata sival ypoppikds avegaprnra, obdiv & odtdv elvar pndév.

_+ —_> 5 - . »
2ov: T& BYo SiavUopaTa Uy kai ug 6v  elven mapadinia (51011 &GAAWS

8& floav ypoupikéds EEnpTnHEVE). ‘0 gopels Twv Opilel piav BievBuvo Emime-
Boov, .
) Tpic Swvicpate ypappikds ENpInpiva : Tpia SiavvopaTa, BN unde-

- > — - sarres :
VIKG, Uy, Uy, Uy, B& Aéywpev OTL elvan ypoauuik@s eEnprnuéva (oxnuoTifouv

oUoTnpa ipappooTov), v Urépyouv Tpels TparypaTikol &pifpot Ay, Ay, Ay OX1
&\l pnSty, els TPOTOV CIOTE V& EXWUEV :

—> —- -> -
MU AUyt hu =0,

= = ~ 3 : ' \ \
“YrroféTopey T& U, Kol Uy YPOUHIKES dveEapTnTa, dmoTe Bév B elven Ay =0

(51671, &MAoos, B eixopey Ay = A, = 0). "Apa Buvdpeba v ypdpoouey :

> > i e
Aguy=—Auy — A up 7 ua___A.:ul_T;u“'
'Edv St Tebf 1—x kor‘tﬂﬁ—t TOTE
Qv OE TE =i R = Xg, ]
0 Ay 2
> - -
g = Xy Up + X, 0, (1
> >

“Qote : 'Edv S0 SrovUopata Uy, U, (0UTe TapdAAnAc, oUTe pundevike) elval
YPoupIKads dveEdpTnTC, kol g&v petd TpiTou elvan ypoppikGds EEnpTnuéva, Keiv-
Tou 1l ToU alToU EmiméSou T elvan TTapdAAnia pos TO aUTo émimedov. “Ywdp-
Xouv 8¢ 8o TrparynaTikol dpifpol x, kai X,, ToloUTor doTe va loxin i (1).

: i e A : :

*AvtioTpdpws : Edv Tpia Sroavbopara uy, uy, uy elvon TAPGAATAX TIPS

~> .-+ > ~ 2 ’ i1 0

6 QUTd ErrimeSov, TV Uy kal uy OvTwv ypouuikés dvefapThTwy, Ta Siowy-
— —_ > o s s FUURT L e ; ~ |

opata AB, = u,, ABy=uy, AB; = u; KelvTal el TOU ETITTESOU TOU Biepyopévou

3 -
B1& ToU A kol TrapcAATiAoU TS TOUS POPETS TGV 1, Kol uy.

Koraokeudlopey 1o mapadAnAdypapuov AP,ByP, (oy. 11), ToU émolov ai

- o o) s == —>
mheupal pépovTan Umrd TéV AB, kal AB,. O& Exwpev 1 ABy= AP, + AP,.
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AN Buvépefa ve ypdapoouev: APy = x;. AB; = x; Uy kad AP, = x, AB, = x, u,.
— —> - . > — >
“Apa ABy = xy u; X, u, fi U3 =X Uy A X Uy 1)

Oi %, xal x, elvan povadikol. TlpdyuaTr kov U-
mriipxov SUo &AAol TparyHaTikol dpifuoi, x| kail x;,
—> - —>
ToloUTol BOTE Uy = X Uy + X; Uy (2), TOTE Ggal-

pouvTes kot pén Tds (1) kal (2), 8& Exoopev :
— > >
0= (x—x)uy + (X — X;) U,
“Apa (§ 11, B) 6& elvan x;—x; =0, & ol

x. 11 i 7 e :

x,= x| kol x,—x;, =0, &0 x,=x;
Qore: “H avaykeic kei ikavi) oovixn ive tpia dwavbopata uy, Uy, Uy Qv
— —

d0o u, kai u, siver ypappkds avebaprnig, arotehodv cbatnpa EQappootov,
civar va onéapyouvv dbo mpayparikei apbpol X, Kai X,, tolobto dote

— - >
Uy = X, Uy + Xp Uy
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KE®PAAAION II

IYNTETATMENAI AIANYIMATOZ

IAIOTHTEEZ

12, AIANYEMATIKAI LYNIETQEAL— "Emi émmébou (T) Secopoluev o

Sidvuopa 5;1 kel BUo BIaKEKPIUEVTS SievBuvoels Ox kol Oy (ox. 12). Al & ToU
M &ydpeval TrapdhAnAor TROS &5 Oy ki Ox Tépvouv THY Ox &is 10 A xai TV
Oy els T0 onpeiov B. ZynuaTifeTan oUTw TO TTapoA-
AMAdypappoy BOAM. O Exeouev

—> = —> e —3
OM— OA+ AM <=+ OM =OA - OB.

—
MaparnpoUpey Aoimdy 8TL TO Siévuopa OM dve-
MO ko Tas Bievfuvaes Ox xal Oy es & Srowvd- /

= 4 Ty, 12
ouata OA xal OB.

—> —>
Ta dbo Sravoopata OA xai OB xohobvtar Slovvspatikai suniethoat 100 Sa-
’ - 1
viopatog OM éri tov agovey Ox kat Oy.

e ; R =
T& BioaviopaTa OA kol OB AéyovTan Kal npoforai ToU Srevbopates OM
¢l Tév &Evev Ox xail Oy duTioTolyws TapaAAfAws Tpds Tov &fova Oy xai Ox.
" I —> —> .
AvticTpogus, Es BUO SiavuonaTikds ouwioTwoas OA kal OB, Sofelocs,
-
dvTioTolyEl TO EpCIppOTTOV Siavuopa OM, kal povov TouTo.

13. KAPTEZIANAL SYNTETATMENAL— "EoTwoav BUo &foves Ox ai
Oy (oy. 13), TéV Srrolcov T& povadiaia S1o-

Wopata elvon dvmigTolxws T& SloVUoHOTA

s =7

L kai j &uTioToixws, KOWNS dpyfis O.

4 el
To BioereTaryuévoy CEUYOS (, }) B& A&
YWHEY 6T1 GTTOTEAED PETX TOU Q Emi-medov Pa-

¥v2

e

cewg kol B oupPoAileTal oUtes: (O, 1 J)

‘0 &Ewv Ox koAeTTa &Ecov TGOV TETPMRE-

vov kol & &Ewv Oy koAelTal &Ewv TV tetaypévov. To anueiov O koeiTan dpyt
TéY &Ebvawv Ox xai Oy, of &mroiol kahoUvTon kol &foves TGV GUVTETOY HEVY.

sy, 13
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> >
To clotnua TGV guvTeTaypévey G Aéyetan kavovikdy, Stav Ta 1 kai j

-> —->
Exouv TO aUTO pijkes. O Aéyetan B¢ dploydviov, dav Ta 1 kol | elven kdBetq,
— — Byl TR
kol dpBokavovikdv, Tav T& 1 kal | elvon xéBeta kad Tou alToU pnkous:

—
"HB&n, émi ToU émimédou T&V dEovewv Bewpolpev TO Sidvuopa OM. "Eav &-

¥Bolv ol mopdAinAor MA kai MB mpds Tous &fovas Oy kal Ox dvTioToiyws,

—> —> —
TpoKkUTToUY T& SlaviopaTta OA kai OB, T& éTroia elvan al ouvioTédoon Tol OM.

OA & ; = A
0 hoyos — = x (1) elven 7y ChyePpikn TR ToU SoviopaTos OA xal ka-
1
AelTan tetpnpévy Tou omueiov M.

—
‘O Adyos 9;_—8 =7y (2) elvan # &AyePpikf) Tiuf ToU Biavboparos OB kad
i
KOAEITON TETAYPNEVY TOU oTmueiou M.
‘H tetunuévn kol ) TeTaypévn ToU onusiou M koAoUvton guvietaypéva
Tou onpeiov M kal onpeicovopey M(x,y).
"Ex Téov (1) kad (2) AauPdvopey :

—> - 0.3 =
OA =x1 kai OB =y]j

e = i — B e )
’Emeidn 8¢ OM = OA--0OB, émetan éT1: OM=x1+47v]j, kai &v OM= qu,
TOTE .

- > >
u=x1+yj 3

—

Kol B Adycopev &1 dvehUoauey 1O Sicvuoua u els SUo Sraviopate, T@Y dtroiwy
=

al SievBlvoeis elvan al &Y 1 Kai .

& Beifeopev 61 1) dvdAuois (3) elven povadik. Aot éav eiyopey ouyypd-

Vs ;
- = > = >
U=X1 +y)=X1-+Y;]
. Bl TE
TOTE : (x—%) 1t =(y;1—7) ]
'Eav 8t x # x;, TéTe !
- S -
Yo=Y =
e 4
= €))
-> 2

1 omoict oxtols kppagel &TI T& SiowlouaTa | kail | elvan ouyypauwikd, Smep
&rotov. "Apa : X =X, kol y —v.

2 ~ 3 ] o o ~ 2 A 4 = =
Ex Tév dvetépw Emeton 8T mdw £pOPUOTTOV S1AVUCUX U TOU ETITTESOV
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Ty &Eéveov  yapoxtnpifetar  Umo TGV Slo mpaypaTikédy &piudv x xal y
(1@v oUVIETAYREVOY TOV).

14 TYNTETATMENAI EAEYOEPOY AIANYEMATOZE.— *Ewl TouU &mi-
mSou T &Edvev x'Ox kai y'Oy BecopoUpev T EAelBepov Biravuopa {[.; ToU &-
molou af TpoPoial gl TGV &Edvewv Ox xal Oy elvan T& Btav(rcruorra \_f: kod \72
uu-nc'rmxmg esmpovuev B¢ kol TOV dv-rmpocrm'rrov TOU V TO Sirdvuopa OM

"Edw OA Kal OB elvan ai poPohai Tou OM ¢l tév &€dvwv Ox xad Oy vTi-

oTolyws, TOTE, WS yvwotév, 0& elvan :

= e > > - > >

V,=O0A kol V;=O0B kai V=V, +V; (1)
Eaw Bt X ral Y evan ol ouvTETaYHéval

ToUu M, ToTe:

N .
OA— X1 ki OB=Y]j,

= = 2
OO : T’ﬁ:XTKul V, = Y] xod xaT’ &-

kohouBiav : _{ =X T +Y T 2

Zy. 14
Of &pifpoi X xad Y kohoUvTal cuvieTaypévar npofolrai ToU BravioparTos
—> >
V kai onpadvopev 1V (XY)-
T& Sgavocgq-ra X?' Kol Y?évouéxcgov-rm suvietdoar ToU EAeubépou Siavu-

guaTog V xar& Tovs &ovas OX kal Oy.

*AUTIOTPOPOS, Sofelodv TGV cuvTeTaypévawy TpoBoAdy X kal Y dvds EAeu-
—
8épou BiawUopaTos V, Gmépyer el ToU &Eovos Ox Bidwuopa V,, ToloUTov daTe

—> £
V X Kdl m‘l TOU égovos Oy Giavuapa V,, ToloUtov &ote V, =Y. Tlaw Bt

Bidvuoua V V1 s V Exel guvigToaas &l T@Y &§dveov ToUTwY {oas Tpds X,Y.

"Qore : Elg mav Siavuoua Tou tmmedou xOy dvTioToryel povoanRavTws
& Biarerayuévov LeUyos ﬂPdYﬁGTlK{AiU &p1buddv @ ai O‘U‘JTETS(YLLE-VCH 'iou xad
UVTIUTpaqms & BiaTeTOrY HEVOV ZeUyos (X,Y) mporypatik@y &piBuddv elvan
&vTioToyoy Evos kal pévov BIaVUCHOTOS gls T EmwimeBov pé oUVTETAYUEVAS TOUS
& Adyeo &piBpous.

Inueicag : Al GUVTETCY HEVOL ToU pnBevikol SlaviopaTos glvan (0,0).
“Apa : To Srateraypévov GeDYos X, Y) 6p1§m ini tod émnédov AV GEéveav OX

xai Oy v, kai povov &v, Erc00EpoV duavoopa V.

Hapatnpioes : “Eav V= —5 éte X=Y =0 kad &vTiIoTROGEWS.
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-

’Eqv 10 V elven apdAAnAov mpds Tov &fova x'Ox, Tote Y =0 kal dvri-
OTPOPLS.

‘E&v 1O Vdmu TapdAiniov mpods Tov &fova y'Oy, Téte X =0 xal &vrie
oTPOPLS.

Al xapteciavai osvvietaypévar Evog onpeiov M elven ai dhyeppical tipei tdv

.._).

cuvigracdv tod Savoopatoc OM (O 1) &pyt) T@v &Edvav).

EUkohws dmobeikvieTon 611 : "Edw 8Uo EAelBepa Sioviopara \_f: Kol _\?,, gmi
ToU émirédov Tév &€ovewv (Ox, Oy) kelpeva, Exouv Tas lavuouaTikds oUVIoTE-
oas ety foas il Té@v dEdvwy x'Ox kai y'Oy, 6& evan foa Tpds 16 aird bpap-

=
pocTov Birdvuopa OM kai kot dxorouBiav foa peTafl Tov.

15. LYNOHKH ITAPAAAHAIAL AYO EAEYGEPON AIANYEMATON.—
"Emi ToU tmimélou Tév &Eévewv Ox kal Oy Bewpolpev Slo mapdAinia Siovi-
> >
opaTa \_f': Xy, Yq) xad V, (Xy,Yy) Erelbepa. "Agol & V; xal Vy elvon rapddin-
Aq, EmeTon 6T : iﬁ = k;w’:, émou ke R 1

X e O = Y )

€€ ol X, = kX, xal Y, =KkY,
fl X, Y= kX,Y, kal XpY;=kX,Y,
X Y
"Apa : X, Y,=X,Y, PXL:__L. m
2 2
TS X Y
*AvTioTpOPuWs, é&v\_f: # 0 xod Tebi) T‘—:—_I_ =A€eR, ToTE
2 2
>
Xy =A%, X =AXg0 = o o e
> - g = 1Y =A0G Y1) A
Y, =AY, Yii = AY,j L 11_> (:H- 2 1) A
Vi=A vV,

> 3
kai ke’ &xohoubiav T& Siavvopata V) kai V, elvan mapddAnia. "Qoe :
‘H dveykaio kai ikavi) ouvBijxn iva dbo Elebbepa Swaviopata elvar napaiinla,
elvan 1y ¢

X Y

el o IR U e

XY, =X,Y; # ‘

‘Eav X, Y, # X,Y; T& Siovvuopara evon ypaupikds dveEdptnTa.
- > . ) de ; bl 15
Eaw V;=V,, To1e k=1 kai kat’ dxodoubiav V=V, <= X;=X,
-3

xai Y, =Y,, tp’ éoov elvar foa mpds 1O tpapuoaTtov Sidvuopa OM (oy. 14).
‘Qoe : “Iva 300 #hedlcpa Sraviopata clvar Toa, npéner kal dpxei ai opdvopo
auvtetaypévar tpoforai twv va slvar ioal
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16. @EQPHMA L.— Al cvvteteypévar npofiorai tob dbpoiopatog Erevldipav
Siavuepdtay icodviat dvriotoiyes npds 10 #Gporopa 1OV OpWVOpGY cuvietaypé-
vov npofoi@v alTdV.

=
*Eorw X (X,Y) T0 &Bpoioua T&Y SlavuopdTwy :
-> —3 >
V, (X Yy, Vo (Xa Yoy «vep Vo CXvs o)
- > - -
& elvon &g’ dvds v =V, + Vo+ ... +V,, &¢ trépou Be: 2
> -> > > - -> 3
kal V=% 1+Y1 V=Xt A=Y b «oos Ve=X,1+
- > — - - = i
yl ><x+Yj=(x1:+Y11)+(X2_)1+Y23)+...+(xva
(Xt Xgb oo XD T (Vo Yok oY)

ég o x=x1+xﬂ+"-+xv
B Y:“Y1+Y2+~,.,+Y‘,

17. @EQPHMA I1.— Al cuvrstaypévar npofolal Tiig dragopds 800 Erevbdipov
Savvoparmv elvar avriotoiymg Toa npdc v Suapepdv 1@V dpwvipay CUVTETQYpE-
vav rpoferdv abtdv.

- - - > - i¥en ;
*Egrwoav V=X, 1+ + Y1) ket Vo= Xp 1 4 Yy j & 8o Ehelrlepa Siavi-
= > = N p o
ol kol W =X 1 -+ Y § 9| Siapopa qUTV. & elvan :
> > >
W=V, -V,

- - > >
f XT4YT= (X T+ =% Y )
'—'—“(xl“xz)‘ + (Y, =Y )
f XZX‘—XZ
i€ of : TN N

TMapatrhpnors : 'Edv AER, TOTE GO FYOHEV
ToXT4+Y] = N AT AN T
18. TYNIZTQEAI AIANYEMATOZ OPIZOMENOY AIA TON IYNTE-
TATMENQN TQN AKPQN TOY.— "Eo7e AB Sidvuoua dpxiis A (x,,¥,) xal

WepaTos B (Xp,¥.)- y
Korét & yvewoTd B elven :
e e e Alxyyy)
AB— OB — OA )

— - > :
‘AMA&: OB=Xg1 +Yz] X
+ 3
OA= X7 +Y, ] wal # (1) yiverai:
> = o
AB = (xz_""-l' Yz—jr)‘" Kyt + Vs D)

5%
£ of: ZE =X, — xl)T'+‘ (ya— Y11 2)
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—>
"Edw 8¢ X xod Y elvan od ouvreTorypéven rpoPolad Tol AB, TéTe :
— —> —>
AB = X1 4 Y]},
. > = - >
kad ) (2) yivetoa: Xi4Yj = (x,—x,) 1+ (Ya—7vy1) i

X:xz-xl

tE oU:
¢ Y=¥.—¥;

3

AnAadn : Al suvtetaypévar mpoforai Sravioparog ioobvrar avuigrtoiymg npog
TV SLagopdy t@V dpavipey cvvretaypivav iy dxpov tov (Tol TépaTos peiov
Tiis dpxis).

19. ZYNOHKH INA TPIA IHMEIA KEINTAI EIV EYOEIAL.— *Eo-rco-
oav My(x;, ¥1), Ma(xy,¥s), Ma(xgY,) Tpla onueia (ox. 16).

‘H évarykaia kad Tkewd) ouvbrkn fva & Tpia Tadta onueia kelvton &’ ed-

-> —

Beias, elven T& SiewdopaTta V= MM, kel
> —
Vi=MM,, u pndevikk # Umobboews, v
kelvton &’ eVfelos. "AMG :

R -> -

MM, = (xg—x)1 + (Ya—¥)i»

_ - ->

V kal MMy= (x3—x) 1 + (y3— Y-
2x. 16

"Apa katd T (§ 15) elven :

(X —%1) (Ya—¥) — (x5 — X) (=YD =0.

‘H ouwbikn ol ypdeeron kal d &€ :
(X1Y3 — ¥1Xs) + (X¥s — YaXs) + (XY, — ¥3%;) =0
kel U popeiv dpigovons dos EEfs :

Ty Yo -1
M;, M,, M; ovvevberaxa < X; Yo 1 |=0
X3 ¥a 1

20.'IIPOBAHMA.— Aidovian a onpeie A (x,, Y1) kai B (X,, y,) Swaxkexpipé-
va aiiiiov. ‘Eni tob tuipatos AB va £0peli] onpeiov M, torobrov dote :
fm =—k#-1, 8
i —1, 6nov keR
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' ¢ ¥ —_ =
*Ex Tfis Sofeions lodTnTOS ETMETAL OTL ! MA=—k - MB (ox. 17).
=3 = - =
OA —OM = — k (OB — OM)

=

—> e
OM (k +1)=k - OB + OA

e )

i - - > o - -
A1ty D& =k 1+ Y DHE V1))

> -
= (kxpg+x) 1+ (ky:+ ¥
€ ol : 5
_kx,+x; _ Bt o
= e = S i

21. EYNTETATMENAI TOY MEEZOY ATANYEMATOZ. — Altan ouva-
yovtan & Tév Tomev (1) xal (2) s (§ 20) Bix k= 1. "Apa:
X ; 4=
X= _xl—-zt-»z— kal y= Z—IT&'
Anhadr): Al covietaypéver 0¥ péoov £vdg Sravieparog icobvrar dvristoiymg
Tpdg 1o MpLadpoiopa THY dpOVIROY GUVIETAYREV@VY TdY dKpaV TOD,

AZKHZEIZ
> > "
8. Acifare T T& SraviouoTa V, (2, —1) kel Vi (6,—3) elvar ypompikds Enprnpbva.

- — n!
9. Aclfare §T1t T& BravuopaTa V, (2, 1) xal V, (3, 1) elvan ypappkdds dveEapTnTa.

> > E5
10. AiSovran T& Biovbopata: u; (=1, 2), Us 2, 3) uy (=5 -4
N& mrpooSiopioboly T& BiaviouaTd
=

= > > > > =i = > e e
it Uyt Uy Y=Vt 30t U =0, 2l A

iy
11. N& piofij & o, ©OTE T& SraviouaTa Uy
! " 2 :

aviopara vy (A4 3, A+ 1) kad u, (=3, A-1) ouvioTolv

—
(o, 4) xad u (3, a—1) v& elvanr rapdAinia.

12. A mofag Tipds ToU A Té B
trrimesov Péoews ;

13. «) Awx molas Tipds TAV A kel BT
©val oo ;

- >
& BaviopaTta u (A—4, p—4) kal v (3A4-8, 4u—1) el

Eif o Su—4) kel U (N=3
B) AlSovran T& SaviopcTa U (3,-2), u FZR —~u. i\)+ n— _)’ xc; uag\ ! _i-l— 2,
=3\ - 3u—2) Kal InTouvTal al ouvioTédoar (X, Y) Tou BiaviopaTos U = U + Uy + Uy &

—>
kal ) gyéag, # dmola WPETE! vé Utdpyn ety TGV A, B iva TO U Eivenl OUYYPAUHIKOY TOU

> . - > >
U (=3, 4). *Axohovbs v& eOpnTe B1& trofas Tipds ToU A E[chl u =~0,
Y) AiSovrtan T& ONUEI A(-1,2), B(3,—1) ki r(5,1) xai Enrolvran ol ouvTeTaypéven T

Kopupfis A ToU ﬁapcx?\?\r;}\oypdupou ABTA. ¥
14. AiSovrar A (3,2) xal ;TB (5,-3) s 16 avoTnua Paotws (O, 1, j). N& Umodoyioolv

al ouvteTaypévan ToU B ol v dpioffi 1) Bkors TV AB.
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15. AlSovran T& Siomekpipéva onueia A(X,¥1): B(xay.) xad [(%5Ys). N& Gmohoyiefolv
al ouvTeTaypévan Tol péoou M o0 BF xad &xohotfiws ol guvTeTarypéven ToU kEvTpou Bépous Z
100 Tprycvou ABI.

*Eqapuoyty Si&k: A(l, 2), B(5 3, T35

16. Elsto crucrrnucz (O 1, ) SiSovTan T& SraviopaTa Vl (1,1), V (-3,2) xal V, (2,1).

Koarraokeudlopey 1O OA Vl, AB = --V Bl' = V. lov) N& ylvn 1o oxiiug, 20v) Né& bpl-

afoiv al ouvteTaypévan Tév B, T xal Tol péoou M 1ol BI, 3ov) Karaokeudouey 1o AA BI'
vi dpioBoly ol ouvtetaypévon ToU A
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KE®AAAION III

EZQTEPIKON FINOMENON AYO AIANYIMATON

IAIOTHTEZ

-> =->

22. TONIA AYO EAEY®EPQN AIANYEMATON.— "Eotwoav V, kai V,
Blo EelBepa Brewiopara (oy. 18).

"Ex ToU TuydvTos onuelou O ToU ychpou dyouev BUo fipeubeias Ox kad Oy

mapadAfious kal dpoppdmous Tpds T& StoaviouaTa -\71 xal —\?2. *H wpokiTrTovga
ywvia x0y elven : V4

o) ’AveEapinrog Tiis Btoews ToU ompeiou O, ——-V1—-.._..
kaBboov ai yevicn pd mAeupds mapehAnious Kad

Spoppédmous slven foai. v b
2

- -

B) Elven pndév, &v & SBraviopata V; kad V,
elven Tapddinia kol Sdpdppotrar fon &8 npog 2 dp- ¥
Bag, dv T& Brovlopoara ToUTa elvenr TrapdAAnAa O
kol &utipporra, Iy. 18

%

— =

Y) *Avetapinrog tiig tateng Tév Siovuopdrwy V; kai V.

- >

“Qore 1 Aobéviav dbo Swavvopdtov V, xai V,, avtieroiyilopev eig adta
v yoviav 0(0 < 0 <2 dpbav), 1 onoie xadeltar yovie t@v ddo Elevbipov
Suavvopdrev —\?1 xai ?2.

Mapetijpyoig : Mia ToicdTtn yovia & 8év slvar npocavatolispévi.

23. EEQTEPIKON #§ APIOGMHTIKON FINOMENON AYO ATANYIMA-
TON.— Kohobpev fontepkdv §j dpbpntikdv yuvopevov 600 ovuopdtov tov npa-

yratkov apbpodv, 6 omolog elvan Toog mpdg 16 Yivopevov TV prxdv tdv dvo dia-
voepitav Exi 1o covnuitovev tfic yoviag abtdv.

— =
*Eotooav dUo Siavboparta Vy kal Vg (o). 18) kal 0 /| ywvia odrév. *Edv
-> By ) : ‘ '
| Vy] ked |i?2| glvan T& pikn TAV SiavuoudTov TouTwy, TOTE TO Yivdyevoy :
i
[Vil IVg] owb e R
’ s ' - -
elvor TO domtepucdy ywvopevov Tdv Siowuopdmwy V, ked V, kad onpeidvetan
s s :
vV YV e
V. Vo = 1V,| | Vol oov® = |V,| |V,| oov@ € R m
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. e ) o TRan e
Xovénewn @ lov. "Eotew 0 << <, kad Vi#0, V,3 0, émére;

i

2

—-> > > >
AvnioTpépws ¢ Eav V-V, >0, Téte [V, ||V, ouwb >0 § oud S0k

> >
o) '’Edv 0B < = ouwb > 0, xal &pa V,. V, Oetikov

2
5
Eav << m = owd < 0 kai \_f}\_;; apynrikév.
2 |

€€ o0 Emetan 611 0 < B < -

> > o W o
"AvtioTpdws 1 "Edv V,V, < 0, TéTe [ViI1Vylouwd <0 f ouvb < 0, ¢
E TE
7

y) ’Edv Bz% = owf =0 «kai &pa \71\_/: =0.*

<o

» o q - . o . = e ;
Av V,V,=0, Té1e TolTo onuaiver 11 T& V, kad V, elven kéBeta (7 évée-
> >

- - > - > > > = =
Xomévars Vi =0 ki Vo A0 A V; %0 xad V, =0 ff V; =0 xai V=0
= e S e N - =

8) Bawv Vi =0 A4V, =01 V=0 kai V, =

Ex Tév dveotépw Emetan &1

‘H dvaykaio xai ikavi) suvlixy iva 8to Swevispata eivon kaleta &n’ akinla,
txgpatetar Sra 100 pndeviepod tob Eowtepikod yivopivov avtdv.

Avo TolaUta SravvouaTa 8& koAoUvtan dploydvia.

To pndevikov Savoopa elvan kGBetov npog ndv Sraveapa (i EEapovpévon tod favtod T0UL).

o ok =
2ov: ’Emaldh |1 =1 kal |j| =1 == 1.j =ocuwd
Jov : ’Emeidn 1) yovia 8 elvan dve§dptnTos THs TéEews TGV BravvopdTwy

> 1 o o o
V, kal V,, &meton 611 :

> > - > > > > >
Vi Ve =|Vi| |V, owb = |V, | Vil owd =V,.V,
- > > > o>
nTon: Vi-Vo=V,.V,.

‘Qove: Eig 10 fowtepikdv yivopevov Sio davuopdatov ioyder 6 vopog tijg
avuipetadicsncg,

=
dov : "EoTew TUxd Sidvuopa V. Tolto pt Tov fauTdy Tou oXnuoTigel yeo-
viev 8 = 0. "Apa ouv® = 1 kai ko’ dkohouBiow :

- — — — — -
VN = [V [ Vil ouvd = | V)2 ] — |V 2
2 — —
fiTor : Vi — V2.
% ; > - - =
Sov: Ocewpoluey &Uo SiavlopoTo u #0 xkad v 0 ypaupiéds EEnptn-

- j — -
péva. Oétopey u =k . u.
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—_ _5
Eaw k > 0, 8uo dvmimpoowtol AB kai AB, Tév Siovuopdrwv ToUTww
elvan TR awtiis popds. "Apa:
s — —> " S = . e
yov (u, v) =0 kai u-v=|u| vl
5 - e . —
"Edw Bewpniowuey &ova napaiiniov Tpods TO u f| TPoS TS v, elvan Tpogaves

= s e 5= ' ) e o
&Ti:|u|=uflu| = — u. ‘Opoiws kai 8i1& 16 v. "Apa :
—> — ST Sy
u-v=mu-:n.

e i 5 —
‘Edv k < 0, Téte yoov (0, V) =T kai ow (u,v) = — L.
- > —> -
Kat’ &xohoubiav : u-v=—\ul v
"Epyalduevor 88 STrws TtpoTyouuEves, edpiokousy 6T
e

n-v=e

“Qote: To EcoTEpLKOV YIVOPEVOV 300 GLYYPIPIKOY Sravucpatov icodtal
mpodg O Yivopevoy TdV aryefpdv TIp@V aOTGY.

Enpeimorg : "Eqv dAAGEwpey TV popav évds TGV BlavuopdTwy, TO fowTepl-

KOV y1vduevov GAAGOTE! TTPSTTIHOV.

24. OEQPHMA L.—To é0@1eptkdv y1voievoy 600 sravospdrov isobtar npig 10

TWépcvoy TéY Ghyefpikdv TIR@V 100 Evog & avtdv éni v oploydviev mpofoiiy

o0 Hhlov Swavdopetog éni diove tijg avtiig
Sievdivosoe kol gopis pé 0 TpGTOV.

— - == e
“Eotwoav OA = u kai OB = v ol avTi-

- ‘—)'
TpéoesTror 6w BrovuopsTwy U kal v (0X.19).
“Egres B' i 6pdt) TTpoPOA o0 B e'm TV £y, 19
0Beioy OA. *Etri Tou &Eovos, Tou oTroloyv go-

—
PeUs elvan 1) edfeia OA xai popd elvan f| TOU SravuopaTos OA, Exopev :

OB’ = OB ouv® = v ouvd
&l 6 1) yoovia Tév BUO SravuopaTov. “Apa :
> >
u.

- >
CT‘-\-Cﬁ':u-u-ﬁuve:OA-OBzu.
% Py NI
“Qoe : _l:-UZOA-OB.
popav ToU &Eovos x'0Ox, 16 ywdusvov OA - OB’ péver

"Edwv &AA&Ewpey THY Sl i : ;
i &v elvan 1) popd Tou &Eovos x'Ox, B Eycopev

duETC'(BAnTov. *Apa, olaBnToTE KX

> = OA. OB — 08 O,
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25. MOPIZMA [.—To écwtepikdv yrvopevov dbo druvoopatov div petafalictan
tav Ev t@v dravuopdrov avuikatastadiy Ono tijc opliic npoPoliic Tov ini tov gopia

B tob dhrov.
/ OUTaws, eis 10 (oy. 20) éxouev :
! oy | b s oA O = BBy 8 OF, = BBy /0T
B b ¢ o)
TR i "Edv 1 A (1) B) petotifeton émi émimé-

Ix. 20 ; (oo =R
Sov kadéTou mpos T Siavuopa O, 16 tow-

—y
TEPIKOV  Ywousvov AB . OT pével apetaPAnTov, B1oT Td A, kal B, pévouv

oTofepd.

26. MOPIEMA 11— "H ahyeppuxiy rp tiig 0pBiic mpoPoirfic évog draviopatog
éni Gova givar 10 LowTEPIKOV YLvopevov 1ol SLaviopatog To0TOL Kai toi povediaiov
dravdopatog tod GEovog tovtou.

—
OUTws, tav els 76 (ox. 20) elvon | OF | = 1, To7¢:
g e
AB . O = AB, - OI' = A B,
27. MOPIZMA IIL.—Eav 10 £v 1@V Stavuopdtov Eontepikod yivopévoy mok-

hanhactas0ij énl 16v npaypotikdv apibpov k, toéte 10 dowrtepikov YIVOREVOY T@V
&00 Sravvopdtov rollaniacialeton ini k.

R e
Anhadny: (k-uw)v=k(u- v) (TTpooeTaupioTikt o pods Tov k).
‘H dmoder&is ik Tou dpropou.

28. IOPIEMA IV.—'Eav ky, k, € R, vi arodeiy0i o :

—2 — 2 — —>
(k;-u): (ky-v) =k, - ky(u-v)
‘H amdbdefis ¢k Tou épiouou.

- > — - > - —>
29. @EQPHMA.— Na anodeiy0ij 61 : u (v, 4 v,) = u - v, +u- u2
-

’Anﬁﬁst&tc "EoTtwoav OA = u, OB

Kot or u,, of dvTimpdowTol TéY Siovugud-

=2 ) T 3 ’
TWV U, v, Kai U, GvTioToiyws. "EoTw éT :
—» —> —>
0z =0B +0r

'Eav A, E, Z elvan ai dpBad wpoPorad Tév
B, I kai T émi Trv edBeiav OA, Tiis dmolas

> v
popa elval 1) popd ToU SiavUopatos OA, B
EXOMEY :
- —> - s o

u (v, +v,) = OA B> —OA . OF ¢))
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’ETraSﬁ 5t elvaa OZ = OA + OE, ©y (1) ylveron :
U(U:. +u2)4OA (OA +O[:) OA . OA +OA - OE =

e A
ﬂTQl! u (ui-%uuz)%n 01+u v, -

‘H 151475 odTn KaAEITOn  EXLPEPIOTIRT.
> v > > ol
‘Tevikevang ¢ Elvai: u - Lw—u u1+u u,+ odu v,

MevixaTepov é-rroﬁsmwercn &t

> > + > 43
'EW';::::"'—‘;"‘“"}‘W kdv =y +yp+--- 4y
'ré'rs:';-_\rzi;ﬁz,ivﬁai=1.2.3,...,u|<c:ij:1,2'3.'”'\,

ov : ‘Opolews Epyalduevor, eiplorouey &1
—> - e — -5 - - -
—‘:(_\Z+5:+G:) ~u- [+ Ve +V)]=u -y 4 u - (Ut ug) =

20v: Aid v elpoopey TO YIVOUEVOV :
> = g -> -
P=(u;+Us) - (Vy+ Vst y)

BtTopey H; — _1;1 + u, xal txouev 5;u80x1xcos
-)- = = = > >
P=u- (U1+U2+Ua)—u Uptu vy tuy=

#(“1 +ll’)U1 (ul+u2) Uz—]- (llri-u,)us:
B o s e e g
__Jl vt Ug v +upe Ug+ g+ Vg Uy - Vgt Uy - Uy

3ov : Etxdha &modekvuovtan o {odTnTes :
Grvr=lap+lorr2u-y
o= [ap+lp-2u-
g @-w=lar-lvp

[EQMETPIKAI EDAPMOTAI

L — Tpiyevov &ivai oploydviov drav, xai povov Stav, 10 weTplyevov pidg
")"Upﬁg tov icobrar npb; 10 ibporope 1OV tetpayGvay 1iv 800 Erhav mhevpdv tov.

Mp&ype, totw 10 'rp[ymuov ABI (o)( 22) O& elven :

AB—.—BI’-—AF=¢- BT AI" AB
—

Apa By = (AT = AB) = (AFY + (AB)*—2 Al . AB
— =
g Br2— A2+ AB?—2 AT - AB.
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-
o) ’E&v 1o Tpiywvov ABI elvan dpboycoviov eis 10 A, TéTe: AT - AB=0
kai 1) (1) yiveton : BM'2= Al AB2.

B) ’Eqv 16 ABI elven Tooutov dote BI2= A2 AB2, 1 (1) ypéeetau:

- —_ >
2AF . AB=0 f§ Al - AB=0 = Al L AB.
II.—‘H oyéowg AH? =— HB - HT' (els v omoiav H elvan &6 Tols ToU
Uyous AH Tprycovou ABIT) yapaxtpiler 1o tpiyovov dployaviov gig o A.
Mpdrypari, olovdnmoTe kai &v elven 6 Tpiycwvov ABT, éreidh AHLHI elvaa

- >
3 AH . H[ =0
N

—> > —>
kot BH Hr (BA+AH) HF

—_  —>
— BA H[‘+ AH Hr' BA HI

) -

B H r = BA (HA +AI‘) = BA HA + BA . Al
Zy. 22 — 3 >

fiton : BH-HI’:BA-HAwl-BA-A[" L)
a) ‘Edv A=90°, TéTe BA . E:O kel 7 (1) ylverton:
—_ — —_— — s — —_— — — —
BH . HIM=BA - HA= (BH + HA) - HA= BH - HA + (HA)?
— — —_ —
"AMG BH L HA, &paBH - HA= 0, éméTe
—_  — —
BH - HI = (HA)2
kal tmeidn Ta a’-l Kai ITF.‘ elval ouyypappIkG, EmeTon ;

HA?=BH-HI 7 HA2= - HB. HI.

B) Gewpoluev Tpiywvov ABF, els 16 émoiov elver HA2 = BH - HI'. ‘H io¢-
s aUtn looBuvapel Tpos THV :

—_— — — e—ay s —_— —_— — — - —
BH . HI = (HA)?= BH - HA 4 (HA)?= (BH + HA) - HA = BA - HA (2)
Zuyxpivovtes Tos (1) kai (2) Exopev:

— -
BA . Al =0 == AB L AT.

AZKHZIEIZ

17. Els Tuxdv cvornua &Eévewv elvan :

-> —> —-

u (4.3) o[i=su (—3.5) u (3.7 Né& Umohoytofiolv al cuvtetaypiven Tou d&lpol-
- > -> -

v (1,—4) v (—4-2) v (=2-T) opotos W = —u" - —:
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18. Els Tuyov ovoTnua &fovev Bibovtan :

|
?(5r_2) _11).(2,6) _17(-7,4) kal gnTeitan va UmohoyioBouv ol guvteTarypéva.
=% ~ e S
Sddy [ oras T(=54) | tiis Bragopas W = U — V.

19. Eis tetpéebpov ABIA v& &rrodekfi om:

—_— — —_— _— )
lov: BE. AR+ TA BA+AB-TA=0 (floare AB= Al+ IB)
20u: *Edv ol dxpal BI, AA elvan dpoydviot kal FA dpBoydvics mpds Tiv BA, TéTe Kol f
AB 04 elvan dpboydvios mpos Thv [A.
20. Tplycwvov elvar dpboydviov, 8Tav, Kal pévov &tav, pia Bibpeads Tou elvan 6 fiutov Tis
dvTigToiyou TAEVpPdS.
21, "Eav AH elven 7o Gyos Tprycvov ABP, of oxéoes :
BF.BH=BA* §4 TB.-TH=TA®
XapaxTnpiouv TO Tplywvov Spboydviov es 15 A.
22, Els mav opboydwviov Tplywvov ABI (évBee AH Uwos) va dmroBeiy8ij &t

HB AB? ] | g
lov: AB . Al = Bl - AH, ZOV:—ﬁ_F=—-ﬁs 3°V¢A—B,+—A—FT—W (al &mo-

Beiers va yivouv SlovUoPaTIKS ).
23. *Eaw AM elvan Bidpecos ToU Tpry@vou A 2 .
AB? 4 AT? = 2AM® 4 . (BravuopaTikés).

BIN, ToTe:

lov:
AB?— Al = 2BF - MH  (AH Oyos).
X607 SiowvouaTikds 6T

2ov
2. Els mwav Tplycvov ABI v& &mrobet
a') of = P4 yi— 2pyauvA, py Br=7'+ o? — 2yacuwB kal
y) vi=o+ p? — 2apouvl
25. *Edv H elvan 10 épBéKEV'rpi\: tvds Tprydvou ABT xal AA, BB', Ll: 1 oyn mi, :_“
lov) Toler # Tiphy ToU BH-Al ; ZOV)I*I& _5ﬂxﬂf‘._1_ .c'_""f, A'A-AH = — A'B.AT,
300y AL AD  RE-AT = RFIAR vob AEAT = AB.ATY - dov) N Syl ém:
T Aok = TTe- A Maal R B — HERHB =T B
26, *Enl pids etbelas sibovren 7& onueia A,B, xal M &hdo Tuxdv onpeiov, Tob dmolou toTe
H # mrpopoid tml Thy ebdeiav AB. N& dﬂiésl%ej il
MA . BF 4+ MB?. TA 4 MM AB+ Br-TA-AB=0 (Stewart).

— = e i A - — ;
27. *E3 I—", 0 t'u"‘ —vuxal (u V)= 9, v& Uohoytobi TO ywodpevov u - v els Tas &-
a av ju; = U, jri=

KoAo(fous TEpITITGOE!S |

u=12 a=15 "
u= 5 5 A ”27‘ dov : U=7r2‘
lov =T 20v: v=18 3v: u=-3 .
8 = 30° 8 = 60° 8 = 150° 8 =135
il e i S
araoxeuaabolv T& SlaviopoTe u = 14 j kalv=1—

el AR
28, Eis Tuyov ovaTnua (O, 1 j) vax

AxoAous X eUpedi TO YIVOHEVOY : . TJ) TMolav 1§16TTa TV E1xoToRwy ywvias Emahndel-
ws vat eupedT

Ouev fvrauda ;
375
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30*. EEQTEPIKON I'INOMENON AYO AIANYIMATON.— Kalotpev &-

- -
Eatepucdv yivbpsvov §o Sravvopdrav u kei v (rpocavatoliopivev) to dploydvioy
=P - = —>
Suavoopa w mpos tag Srzvbivetig Tév dobivtwv, towobtov dete 1 tpisdpog (u, v, w)

va sxn Tov Oetikov n:powvatohouov, énp boov (u, n) = Bk, tov dpvqﬂxov 8¢,

—b
av (u, u)~ apvnrieh kai pétpov | w] ju[ ivj Nuo (1), Evla B 4 yovie tdV u, v
e Kai 00 <.
L

Edw 8=01f 0=, Té7e nub= 0 xaii & TUMOS )
— =
Biber w =0.
— — — =
a) Zuuqmwcr ue TOV Splopdy elvan : m-v=—p - u,
AnAadi els T EwTepikdy ywduevor 5o SiavuoudTeoy
8&v loyber & vépos Tiis dvTipeTadioews.

B) Edv 8 =0 7 © =Tr, TOTE nuﬁ =0 Kod &pa

lw —\:' Ekal crv‘ncrrpoq;cos "Av u £ 0 U :,é 0 Kad w O
= ToTe NuB=10 kai &pa 8=0H 6=m. “Qore:
Zx. 23

“Iva 600 pi) pndevika Siaviopata civa CUYYpapL-
Kb, mpiner xoi dpxel 10 Eotepkdv yvopevov adtdv v civar 1o pi pndevixov
favoopa,

T - —_— —_—

Y) Ecxv6=—2~, ToTE N6 = 1 kai &po [w|=|u| |v].

AnAeBn: "H &hyePpuxi) tipd) tob EEotepikod yivopéivoy Sto kabétmv Siayy-
opdtey ioobtan mpds to Ywvopevov tdv ahyefpikdy Tipdv tdv Sobéviov Sravu-
oparov.

=r ek = —

8) Edwu =0fjv =07 nub =0, ote w = 0 xai dipa: jw|=

"Apa: To EEotepikdv yivpevoy 8o Sravvepdrov tivar pndiv btav, kai povoy
Grav, £v todhapiotov 1@V Sravvopdtov elvar to pdEVIKOV Sravoopa §f Brav Ta Soo
diavbopara civor svyypappucd.

€) Eis 10 §catepikov ywouevov Siavuopdroov loyUer & EmipeploTikds vouos

&5 pds THy mpdoeov Siavuoudmey. ATroBEikvUoNEY TOV VooY ToUTov Bik
e v
Tpla TuydvTa SiavlopaTa VI, N Vo
Xwpls v& kaTaoTpagf 7 yevikdTns, Suvdpeda v Umobicwouey 611 T& Siavd-

-—_ — —
ouare Vi, V., V, éxouv kowiy dpxnv O, kai 6T1 16 Sidvuopa \ 1 Elvat 1o povadi-

aiov.
: — — — — —_— — —p
Otoper S =V, + Vg xal W =V, (V; + Vi), (ox. 24).
e — e
Oecopolyey 16 Ermrimedoy (P) x&fetov émi 10 'V, &is 10 O kai foTwoay Uy, Vs
SR ’ ! —_— — —
s of &pfai TrpoPoiad & To (P)Tév V,, V,, S QVTIoTOlY WS,
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i s = Sy R o
lov: Kortaoxevdlopev 16 Bidwuoua W, = V;-V,. ToUto éxel, o yvwoTdy,

sy |.r_b > = —_—
SievBuvoty k&detov Tpds T& Vy kad V. "Apa 10 W, 8 elvon kéBetov mpos & 7
—
kad U, Kot’ drodoubiav :
— — — ~— —
|Wo|=|Vy| [ Ve| ni (Vi Va)
e — ol
"AMAG | V,| = 1 kal v, elven i épbo-

—>
ydsvios TpoPoht) Tou V, émi 10 (P).

s \—’ \ \ =g

Suvemrdds 1 | Wy |=|vp| xai TO W,
~ = A x

TpoKUTTTEL EK TOU U B1& OTPORNS

T
mepl 10 O xord yowviav -5 =

20v.: Karrd ToV aridTdV TROTIOV KOTO-
. \ . = = V Zy. 24
okevddopey 16 Sidvuopa W= V-V,
| e 4 S = ey o 3 S kTT
Kol 10 W4 rpok(rTel £K TOV Vg 51& aTpogfis mepl TO U KAl KOTX ywviav 5
—_— —_— 3
3ov : Korookeudlopsy TO Biqvuopa W=V, 8§ katd& 1oV Trponyouutvess

— o) i = .
ETebtvTa Tpdmov. TO W mpoxuTTEl & ToU 8 8i& oTpogfis mepl TO O Kot

; ™
Ywviov —-.
2 - — — i e
'AM TO 8 = Wyt Wy 'APGW:W2+W3:VI-V2-}-V1-V3
—_— —_ —_ — —_ —3
)] V. VotV =V Vat Vi Va

‘H dvwTépe 1816TNS yevikeUeTal : O, 8 elven :
ey > = = = — —p — — —
TtV (VL VATY = Vo Vet Vo Vet Vo Vet Vo VeV Vet W,
Xpfiois ToU EwTepikoy ywopévou ylveren els THv Quoikny, kal 87 els 10 Ke-
PéAciov « epl poTrfis BUVAHEWY >
Enpciooig: T EOWTEPIKOY YIVO
“Ep1Buds. Evéy To EEcoTepikdy elvaa Biéwuopa.
ud clvar & Eupodov ToU TapodAnhoypdupoy, &tep

pevov BUo SrovuopdTwv slval TrparypaTikds

i
Emeidh [u| [v[ N

—
n - — 7 ' u o \ o
EXel mMheupds U, U Kal TEpIEOBEVTIV YwViaV 8, Emeren &1 10 | W elvan 1o éppa-
’

Sov ol ﬁapah?\nloypéxuuou TOUTOV.
31 ANAAYTIKH EK®PALIE TOY EZQTEPIKOY TINOMENOY AYO
AIANYEMATON.— “Eotw X0y (0X: 25) dpBokavovikoy oUOTNUA CUVTETAY pé-

i
VeV, Aniadh Ta povadiaia SiavdopaTa 1 Kol
T ard pijkos 1 kal glvan k&feTa

A
j T@v &Eévev Ox kai Oy Exouv
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KoTd 1& yveota :
' = > FE
1=l ji=slewal e =0

"Eotwoav X, Y kad X, Y, of ouvtetaypévan mpofolai Tév Siavuapdmeov

=) — A — - -
OM = u kal OM; = v 7ol émméSou xOy els T0 Gecopnfiv alioTnuc.

lvepilouey &1 :

Y

-5 - o — — o 3

u=X1+Yj kad u=X;1+Y,]j.
"Apa:

ORI — — - e

u-u=& t+Y]D (X114 Y, )=
— . i

= XXy 124+ (XY +YX) (1)) +YY, j2

€ o¥:

=X¥ +vy. | (b

Sx. 25 AnAcdty @ T Eeotepikdv Tvope-
vov 8bo diavvopdtov isobtar mpog Td
G0poropa @V yvopivov TdV OpEVIROV cuvieTatpEvey tpofoldv adtév.

Zuvénerat : *Ex TGV dveoTépo EmeTon STt ¢

lov:  [WP=XX+YY =X +Y% & ob: |u]=VEIY  (2)
20v : ’Emeidn : T; = ]?l I—LTI ouwvB, EmeTon &1 :
- =
GUVO= : __‘_i xxl + Y,Yl (3)

o] VXYV 1y?

32. LYNOHKH KAGETOTHTOL AYO AIANYEMATON.— 'Edv & Sio

b
wopaTta elvon k&beta, TéTE U - Ve 0 xad 7 (1) Tfis (§ 31) yiveren :
X3, VY, =0,
"AvTioTpogas, éav XX+ YY; =0, Tére, &v e # 0 kal 3# 0
—_——
u-u=0 | uvouwb=0 A owd =0, EEoy: o —_".

Z
Qo : Eig 10 dpboxavovikdy eclotnpa svvictaypévoy, 1 Gvaykaic xai ikavil

I . \ ~ 4 o =
oovliikn Tva doo pij pndevika Sraviopore u (X,Y) kai v (X,,Y)) elvar kabera cl-

var 1 ’ XX, + YY, = I

378

WneiomoirOnke amé 1o lvotirouto Eknmaibeutikng MoAmikrig



33. AIIOETAZIZ AYO IHMEIQN.— Eis éva dpBokavovikov cUoTnua auv-
TeTarypéiveoy xOy (o). 26) Becopolpey SUo onueia A (x4, v,) kad B (%, v,). Al
ouvTETaypéval TrpoPoiad ToU Blavuopa-

—

Tos AB elvan
X=%x,—% kol ¥ =¥a2-V1 Y&
*Etre1dn 8¢ :

AB?— AB?— X4 Yi= (XX )P+ (7 71)F
éﬁ['rm &1 : J M(x,y) |
3 & JJ i

"Eav Teb |AB |= AB=d, ToTE Zx. 26

d = V(x, —x)2 + (0 — Y™
‘H &mdaTagis fvos anueiov M (x, ¥) amo iy &pxnv O (0, 0) elven :

M =Vxi+y2

34. HMITONbN THE T'QNIAZ (mpocavatoMopévns) AYO ATANYEIMA-
TON.— “YroféTopey TO OUGTIH TGV &Ebveov dpbokavovikdy kai ToU Tposava-

ToAiopoU : (_1: ?) =+ .% *Egtwoav , B, 0 ol &hyePpikal Tipad TéV yovidy

= — - : Y
(6;. ), @, U ) kal (;;, v ). @& elvan (oX. 25)

§ — P —a kal nué = NP ouva — N ouvp €5

AMG: X —OMowa | X =OMyowp | oméred (1) ylvera:

Y = OM nu Y;=OM, nup
Y, - X,Y

St LS R @)
wé=oMoM; "M Vv VX r W

EdxdAws Topa &modekvUeTa OTL:

XK VYL (XY =YD (X4 Y8) (X Vi)

2O guv2 B = (X2+Y%) (Xi+ YD (X2 Y2) (X1 + Y1)
XY, - XY 3
Kai L XX, YY, %

"lva 5 T& SlavUoHaTd u kad u elvan TopdAAnAa, Tpémer kal dpkel TO

N8 va elven unbév. AnAodh b ¢
16 =1
Xiz— R =0 ey

TOUTo pcos dmedeixfn Kkai &S Thy (§ 1)

379
Wnepiomotr|Onke amé 1o lvotirouto EknmaibeuTikng MoAmikrg



AEIK R S EplS

29. Els dpfokavovikdy aUoTnia guvTetaypbvey xOy BiSovtan T quuosucrra_a X Y)

—>
kal v (X Y.). N& Urrohoyio8i 1o EowTEIKOY yivépevoy aUTéY, TO ovvnuiTovoy, 6 fulTovoy
kel ) yevia Twv els Tds dxohoUBous TEPITTTWOEIS !

— — - - =

o) u (-53) kal v (6,10) §) u (24) xal v (-312,-12)
— - -» -+

py u(02) kal v (-]r?:i) ¢) u (ap) xd v (—xB, Ket)
- -3 =

¥Y) 123 v (._% ﬁ? or) B (GA4) xal v G,13).

30. Eis dpBoxavovikdy ouoTnua ouvTeTaypbveoy BlSovran Té onpe A(0,-2), B(=2,-1).
r(2,2). Elven épBoydoviov Td Tplywvov ABI ;

31. To curd i&x Té& onueia A(4,0), B(=1,0) r(0,2).

32. Né& &mwobeikdij 611 T& onueia A(4,0), B(7.8), I'(0,10) kad A(=3,2) elvon kopugal wapgah/
pou (ovoTnua SpBoKavoviKy). ;

33. N& &mobeaybf & T& onueix A(8,0), B(6,6), I'(=3.3) kal A(=1,-3) elven kopugal bp-
foycoviou. Tlolax T& pkn T&V mheupisv alrol ; (sUoTnua SpBokavovikdv).

34. N& &moBearybi 671 T& onueix A(10,8), B(=3,9), [(—4,—4). kal A(9,-5) elvan xopuga!
TeTparycovou. N& UmohoyioBolv T& fiKn TEV TAEVpdV Tov, 16w Brarywviwy Tou, al guvTetayué-
vat s Toufis T@v Sirywvinv Tou xad v Seydi & ol Baydvion BiyoTououv Tés yewvics Tov
(TUoTnua SpBoxavovikdy).

35, N& drodeiydij 61 T& onueix A(=3,-T7), B(0,~2), T'(6,8) xelvicu tm’ etfelag (ouoTnua
SpBokavovikdy).

36. Na &modery8j 71 T& onuelx A(=1,-3), B(8,3), ['(3,4), A(0,2) elvan xopugal loooxe
AoUs Tpameslou (oUoTnua 6peoxavoleév).

37. N& dpio8ij & x, GoTe T& onpelx A(x,=3), B(L1), I'(—4,3) v& xeivtan bnr’ efelas (o0

ornua dpokavovikév).
38. Els dpdakavovikdy ouaTnua auvteraypévey xOy BiSovtar Té onpeie A(3,8) kal B(2,-3):
e
*lva onueiov M kelTat trrl ol kUkAou SiapéTpou AB, mrpémrer kol dpwei: MA - |\:1-é =,
39. Els &pfoxavovikdy aUoTnua ouvteTaypévoy SiBovtan T& onpeia A(0,3), B(5,2) xal r
(=3,7). “lva onueiov M keiTan Eml Tou Owous AH,, Tpémet kol &pel m 2 EF =10.

40. AiSovren T& onueic A(—2,-2), B(2,1), I(0,2). N& &mobeyi &1 1o Tplycovoy elve
&pBoycviov, va Umohoytali b pfixes THs UmoTewovans, kaddos kad o guvnuiTovov pids deid
yawvias alToU.

AANATH AZONQN

35. TIAPAAAHAOL METATOINEZIE TOY LYETHMATOL TQN AZ0
NON.— Oewpolpey SUo CUTTHUATA mrapaAAwy &Edveov xOy kal x,0, y, K@
UmroBéTopey 81 T& povadiaic SiaviopcTa TGV GEoVwY Ox xkad O,x, efvon iooby
vopa, kadds kol T& TéV &Eévwv Oy kad Oryy.

“YrroféTopey EmrioTs yVwaTds TAS CUVTETIYHEVTS (Xgr Yo) ToU Oy

O& Exwiev TOTE :

— — —
001=x01+y0j ¢
380 '
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"Eoteoav (X, y) o ouvTeTayhévan Evos onueiov M TOU EmMmEBOU G5 Tpods
=xp € \ . A3
YEovas Ox, Oy kad (X, Y) al ouvTeTarypévan Tou M dog pds &govas Ox, kai Qy;.

B& elvon :
« —3 — -
OM=x1+7v]j (2), OM=X1+Yj ().
"AMAG OM — 00, + O,M @ [y
'H (4), paorr taw (1), (2) xed (3), yiveran: .
— — — -
x‘Ji')'j":xo"*’}'oj%‘x“f"Yl: -
i 2
= (Xg-+ %)t + Fo+ )i
eol: x=x,+X kad y=Yo+ Y, 2

t€ ol wéAw ;

36. LTPO®H TOY OPOOKANONIKOY LYZTHMATOZL MEPI THN
APXHN 0.—’FEotw xOy &pBokavoviKov oUoTnua ouvTeToyptvey (oy. 28) xai
M (x, v) Tuydv onpeiov TOU grriTrédou.

3 o lx'g
Té ovornua xOy oTpigeTal TepL TO O £ =M o
KaT& yeoviaw 8 kai Aappaver ThY Béow _x105:j. .
“EoTwoav (X,Y) guUVTETCry pévan Tou Mdx = 3 )
Tpos 1O cuaTnua X,0y; ‘ | )
"Ayopev Ty BA xaeTov Tpos 'TI‘]U Ox g G
xai Thy Bl wabetov Tpds THY MA. O elvat i L 5
rMB — 8 xkai = — %
x=OA= OB~ AB=0B-TB = Sy. 28

'*"-éécuve—gﬁnuB:XcuvB—Yﬁe .
ki y— AM = AT+ M= AB+TM=0B - nuo+BMow8=Xnub+Youwd
x:Xauvﬁ-—lee } W

o do wpds X kal Y eUplokopey :

“Apa ;

AUovtes T oUoTHHA TOUT
x:xouv8+yﬂﬂe l Q@)
——xqp0+yowd

Hapaderypa : M 6 = _} oi tumor (1) Bidouv

2
V2 (% ) xai _\-:l%m (X+Y)

X= ---Q—
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2
kad of (2) 8iBouv: X = -1-/:2?—— (x+¥) kal Y= g (—x+¥y).

37. XPHEZIMOTHE THEI AAAATHE TQN AEONOQN.— MNvowpilopev 811,
gls &v oUoTnpa ouvteTaryuéveov xOy, 6 yewpeTpikos ToTos TéY onpeiwv M (x, ¥),
TooUTwy date (x,y) =0 elvon, yevikés, wia kapmOAn (1), kohoupévn ypé-
gonpa Tiis éodoews f (x, y)= 0. ‘H tiowois altn ovopdletan ilicomg tiig
kaprding (D).

A& This dMAayfis TV &Eéveov ) Eflowois altn petaoynuaTiferen s plov
&Anv £, (X, Y) = 0. 'Edv 7 ¢flowoig altn elval &mhovotépa Tiis TpwTns, M
KaTaokeUT| kol 1) omoudt adTiis Tis xapmuAns (1) B elvan eUkohwTépar.

Mopaderypa.—"Eotewr x2 + 2xy + y* + V2 (x—y)=0 7 tfiowals wmas
kapmuAns () els 1o dpbokavovikov oloTnpa ouvteTaypevey. N& oynpatiodi
7 &lowois Tiis (M) es 1o ovoTnua x,0y;, SuoAdyou Tou pdTou, S1& oTpogfis

i) \ . ™
mepl 10 O, xatd yowviav =
‘H Bobsioa Efiowats ypdgetan : (x4 ¥)2 4 V2 (x — y)=0.
2 : V2
AUTn, Péosa Tév X = —12C (x+y) kal Y= = (—x + y), vetaoynpa-
TieTou el Thv EElowov Y = X2 s 70 viov oVoTnue, kal mapioTd, ds yvwoTov,
mrapafoAnyv.
AZKHZIZEIZ
=Ee=k : - —
41. Aigetan 1o ovoTnua (O, 1, j ) xal 76 (@, 1, j ), Tol dmofou al ouvTeTarypéval

100 o Elvan (Xg,¥,). N& Umrohoyiofiolv al ouvretaypéven (x,y) tvés onpeiou M, s Tpds T &p-
¥ikdv oUoTNHY, TUVaPTHOEL TV vEwv ouvTeTayptvay (X,Y), s tds drkoloUfious TepIMTTES ¢

I Xo= Yo =0 2. Xg= Yo=0 3 xg=2 yo=0
—> —. = -

T=27 3=3] e i < s e ey
4 x°=y°=0 5, xn=0,yn-;3 6. xo=lr}'o=—2

- - —.’ o e ey —

I =14 ] =1 T =2

— -
?=_1)—-_j’ J=2l—3T T=2HT__5?

42. "Opfiokavovikdy gUoTnpx ouvTetaypévey xOy orplpeTon Kord Thv Spbiv gopav xal
kaTd ywviay 8 mepl 76 O. Né& Umohoyrofolv ol ouvtetaypévan (x,y) tvos onueiou els TO TaAad!
ovoTnua ouvapTroe T&V véwy (X,Y), es Tas dkololbous mepimrTdaoers :

o= o=—7 o 3:

1 e:% 2. 6:1;. 3 a:_2T1r
i e ol s
2 6 s
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43. Mia kapmiAn f(x,y) = 0 8iSeren els 76 ovoTnua xOy. N& oxnuaricdfj f éfioweors Tis
KapTridns TadTns els TO viov aUoTnua X,0y,, es Tas drorolBous mepimTdoE :

1, 2x+3y—-6=0 9

Xt yr—6xy +4y+5=0 6=

IS u[:l
=
[=-]
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KE®AAAION IV
H EY®EIA EIXZ TO EMINEAON

EZIZQZIZ EYOEIAS

38. Eig 10 kepdhaiov TolTo 6 dvadnThowuey THY quaykaiov kal ikaviy
owvlrikny, THy omoiov Tpémel v ikavomoioUv oi CUVTETOYPéVal PeToPATTOU
onueiou ToU émimédou xOy, fvar TO SUvorov Tév onusicov ToUTwy o edfeia

*H ouvbfikn altn dvopdletan itiswow tiig siBsiag tig 10 Kapreswavov tolito
éninedov.

Mic ebfeia elvon dopropévn 81° Evds Tév onueicov ™S Kal évds Sioviopartos
rapoiiiiov mpos ThHY ebfeicw (Sievlivov Suavueia) 7 kol i o Swkexprpé-
vov onpeioov s,

39. ATANYIMATIKH ESIZQYIZ EYOEIAZ. — Aofivtog otofepol on-
peiov, O, ToU ywpou, T bTrolov kaAeiTon Gpyxf, els Téw onueiov M Tol ywpov
Suvdueda va dvtioToryicwpey

£r :
lov: To &relBepov Sidvuona u, Tob dmrolou els dvmimpéowmos elve Td tpap-

< ; — — —
/ wooTév Bicvuoua OM (OM= u) (oy. 29).
M

2ov: Td Bidwuopa C—)—I\:‘l Tpds Tév EauTdy Tov.

-
0 *AvTioTpdews : Eis wav EnetBepov Bidvuopa u,
els & onpeiov M, qvTioToIKEl &v épopuooTdy Bidwu-
s
0 ope, OM, xai &v pévov. OUTex, Spllopey :
Zx. 29

lov: Miov ugiuovocriuavtov &meikéviow 1ol
Zuvddou TéV onueiwy Tol ywpou &Ml Tol SuvdAou TV E\evlépoov Brovuoud-
TWY Tou.

2ov: Miav dmexéviow dugipovostuavToy Tol Suvdhou Tév onuefwv Tol

Xcwpou éml Tol Zuvohov TGV EpapuooTdy Slavuopdrwy, dpxfis O.
—
To égoppooTov Eidvuopa OM keeitan dwvoopatikl axtig ToU onpeiov M.
Addayi) tiig apyfic: “Eotw O, pia véa dpxt) (ox. 29), opiloutvn, 6%
—

mpeos 16 O, UTo THs BiavuopaTixfis Tns dktives 00,. ‘H véa SravuopaTikd &Kl
—

o~ ' ' \ e s = 5 Ay == A
O,M 1ol onugiov M ouvstetan HeTa TRS ToAouds SiavuopaTikfis dxTivog OM &1
Tfis oxéoews :

— — —
O,M=0,04+0 <+ | 0,M=OM - 00,
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Avavvopariki] iEiocaig £bfciag (8).—TloproTdouey Bidx ToU O THY &py v TéV
Biavuopdroy kad Biakpivopey BUo TepITTTCOOES :
Ipa nepintaotg @ ‘H evfeia (8) elvon dopiopéun 81 Ewds onueiov A xad
—

ToU SievBUvovTos diqvuopaTos .
‘H eufeiar (8) efven TO ZUvohov TGV onueiwy M, TooUrwv doTe T& Siavi-
— - : " A
opata AM kal u v glven oUYYpPapMIKA. An- i
: = =
Aoty TolaUTa oTE
M

A B (&)

AM=31u (AeR)
—— T < = e
A OA4+AM=OA-+Au \/
(AeR)

= —_— -
OM=0A+ru (1) ) %
‘H #Elowois (1) KaAETor SLOVUORATIEY 2. 30

tapapetpit) Esiowog tiis £00eiag (8). e ‘
*Eav 10 onueiov A oupmimry #é 16 O, 1§ (1) yiveran:

== - %
oM=ru (1)
c.— Eilcia opboptvyy Omd dbe enmpeiav : ‘H elbeia (5)

Agutépa mepinTool
glvar dopiopévn Si&e Buo anlEf@iA kai B (ox. 30).
Té Sidvuopo ng C—)é—OA elvon 1O BievBlvov Bidvuopa Tiis (8). *Apa

Exel SrovvopeTikny E§lowa

SR —» — — = 2 (-)_.; A (“)_[’l 9

BM=UGA 15 (BR0R) 1T OM=11 =1) O (@ (AeR)
‘H (2) Buverren vé ypo@il UTrd OUHHETPIKWTEPSV HOPPTV :

@) OM=aOA+BOB, i ath=1

uTEpOU PEACUS THs (2), Emeidh elvan ypappikfy cuvépTnois Tou A

’Ex ToU 8¢ i
ov Téw onuelwv M ToU Tunpatos AB dvtioTor-

TpokimTer Spbocos &T1 TO ZUVON
Xel els Tipds ToU A, TOIQUTAS WOTE!
McAB <. Jefi + 11,

EYOEIAZ.— A") ‘H elf¢ia (8) SpileTen

0< A< 1. TouTo ékgpddopey kai s EEf :

40. TIAPAMETPIKAI ESIZQEEIZ

-
&mo 16 onueiov My (Xor Yo) KO ToU BleuBivovTos Biavlapatos u (g, B).
0

"Ev onueiov M (x, y) ToU émmédou 84 wei- .
T &l 1 (5), STow, K pdvov Erav, Eeuey o g
-
MgM= A, BnAedh:
- =2 -—"+ p") i .
(G-x) 14 (7-vo)i =M (=1 TP, ] o
E§ oy : - = - \7
(1) X=X+ 0} (AeR) ' L
y:yﬂ + l-" ;\' y X |
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Al Elowoeis (1) kadolvTon rapepstpikal $Elohosig tiig gvlciag (8).

Mepikai nepintdoeis @ "Eqw a=0, té1e x = X, kol 1) e0feiat (8) elvan Trax
p&AAnAos Tpods Tov &fovar Oy (oy. 32a).

"Edv p=0, Té1e y =y, kai 1} e0feicr (8) elven mapdAAnios mpos ToV &Eov
Ox (oy. 32).

oy

Oi &pifuoi o kaid B koflopifouv THv SiedBuvow THs edbeias kai T u (o, B

elvan 1O ¢ alitiis Sidwuopa.

- . 7 B(x1,Ys)
Mo M
‘Jo o (5) M M('x,lg)
iy x J A(%o,Yo)
= =%
(0708 0 0r T
/-l ok
Ty. 32 £x. 32 Sx. 32p

HNapaderypa : *H ebbeia (8) 7 Siepxopévn 81 ToU onueiov My (—4,+7)
—

Kkal opiGoptvn Utrd 1ol SievBlvovTos SloviouaTos u (— 2, 3) e TapopeTpIKS
eClowotels :
. x=—4-2\ «xai y=74 3.
B’) "H elbeiar (8) opileTon &md BUo omueior A (x,, v,) kai E (X1, Y1)
To onueiov M (x, y), (0. 32P) 6& keiton émi s edfeias (8) Tév A, B dTav,
kol pévov &tav :
— — i e — —
MA+AMB=0, A OA—OM+2A (OB-OM)=0,
= OB
G120 R OB
142
‘H oytois alrrn iooBuvapel pt Td Edvodov Tév Slo ECiooewy :
Sl + Ax,
14
(1) Sl e
= Jodk M,
g by
Hepadervypa : *H ebbeia (8) 1 Biepyopévn &1 Tédv onpeiwv A (=2,5)
B(3,—10) #xe mopapetpikds EEiodoes

€€ ol :

fe T2HB 510N
BRI Y ST, a1

Mepariipnowg : AuvdpeBa va Bewpricwper 671 16 Bidvuopa :
- —
u=AB(x; — X, ¥;— 7o)

elven 76 Bievdivov Sidvuoua Tis (8) kal v& xpnopomoowuey THy TAPAUETPY
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kN TapdoTaciy THs eddelas (8), Siepxoutvns i Tod A(x,,¥,) ked Si1eudlvoees
e
u. Aappdvopey TOTE :

(111 r X=X+ Mx—X) | Y=o+ nyi—yo

fBa p peToPAnTh Topdpetpos. Els TV mepimTwow TadTtny Siv 0& Y
B e ademing Ao
MB AB
"E&v els Tous TUtous (I11) 1o 1 neTaBaAAeTan &md —co Eoos + oo , TO onpeiov
M(x,y) Biaxypaper SASkAnpov Thy edfeiow AB.
AMA STav TO u peTaPdAAetan &md O Ews 1, TéTe TO M ypdoger udvov 1o
Tufjua AB.

KAPTEZIANH EZIZQZIZ THZ EYOEIAZ

41, OEQPHMA.— Livolov onueiov drotehel edbelav dtav, kal povoy brav,
i guveetaypévar (X, y) TOV cnueiov tovtev ixavorowolv v Elcwoiy:
AX 4 By + I’ =0, &vla of ovveheotai A xai B &év clvar ovyypovag pnsdiv

(AB,l dveEapTnTol TV X,¥)- /
Mpdyuai, &v petafy Tév Egiowoeny () Tiis (§ 40, A).

x=x, + oA &modelwwuey Tov A, ebplokopey :
y=7Yo +PA } B(x—%x) —a(y—y,) =0 (1)
f Bx — ay + oy — Pxp=0.
"Av B edfi: A =P, B=—a [ =ay,—Pxy AauPdvouev:
Ax4+By+TI'=0. 05

’Avtistpogag @ Ag UtroBiowuey &1 A # 0, To dmolov elvar uvartdy, deol
ol A ko B Siv SuvavTar v givan ovyxpdvess undév. "Eqv Tebff y = k, tdTe & i

k+T
(2) Aaupévopev X = L :— :

"Apa, TO onpeiov ( 2 _Bi%ﬂ, ) dvnkel els 1O Zvolov.

"EoTe Aoimou P(x,,y,) Ev onueiov ToU Suvdhou : "Apa

Ax, + By, + =0 (3
"AgaipolivTes kot pEAn Tas (2) kai (3), Acupdvopev :
A(x—%) + B —¥o) =0. “)

‘H (4), ouyxpwopivn wé v (1), Exppdlel 6T TG onpeia l\il(X.Y) KelvTan
T s e0Beias, THs Siepyopévns Bi& ToU P, kai Tiis omolas &v Sievbuvov Sidwuopa

Elugy T :(_ B, A). : ‘ v, ‘
‘H tEiowois (2) koheiTan ypappixi] ki elvar mpdTou Pabuol s mpds x

Kaij y.
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Hapatnpioeis* : "ApoU 1 elbeia (8), iodoews Ax + By + =0, Séye

Tal 6 Sieudivoy Sidvuopa CTF”I, TO EYov ouvTETaypévas TTpoPords — B (i Tol
&Eovos TéV TeTunuévev) kad A (&l ToU &Eovos Tév TeTarypévew), (oy. 33), Emre-
Tal OTL:

o) IMaca edbeia, iEiomozag
Ax + By +T'=0 elvar napariniog
npdg tov dEova Ox Grav, xai povov

brav, ' A=0 ] (o%. 33a), dmédTe ko’
dudyxnv B # 0, 81611 t& A,B 8ty §U-
vovtan va elval ovyypdvews undév. *H

J o]
0 \ (8) Tépver Tov &Sova Oy €is T on-
(6) I

Zx. 33 peiov E ( 0, — —B~)

p) Haca evbeie, tfiodocng Ax 4 By + I' = 0, elvar napaiinkog mpdg tov
#Eova Oy étav, kei povov drav, (ox- 34), kai 1) dmola Tépver ToV &fo-

va Ox eis 1o onueiov A (— {—, 0).

y') Maoa ebbela, Eohocmg Ax + By 4 I'= 0 Silpyetar & tijg apyfig O

@y atovov dtav, kai povov drav, , (ox. 35), &idvT ai ouvTETOY péVal
(0,0) ToU O ikavomotolv Thv Ax + By + =0, &mep looBuvapei ut M= 0.

2x. 33« Zx. 34 Zx. 35

Eis 10 (ox.33) é&xomev Thv eubeiav (8) éfiodboecs Ax By +I=0, f 6
2 " I7
Trolar Tépvel Tous &Eovos eis T onuelor A (— e 0) Kol E(O,—%), & &
ol mpokUTTouy, Stav els THY Eficwow Ax + By =0 8toeopev y=0,
x=0 dvtioTolyws kai £ &pxfis UmoTedij A.B == 0.

. r - 3 :
H Tetpnpévn (— K) ToU A keheiton tetpnpévy Eni iy apyfv Tis eUBeics

e r . ; :
(8), kad ) TeTarypéun (— E) Tou E kodeitan tetaypévy Eni tiy apyfv Tijs eV
beios (8). *ApgdTepon 8¢ cvvretaypéval éni tijy apyfv Tiis evdeias TadTns.
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Mepaderypa lov: ‘H &iowors 2x 4 10 = 0 wapioT§ ebfelav mapdAAndov mpds Tév SFave
10

Oy pt terpnpévnv &ml v dpyniv x = Sias -5.
Mapaserypa 20v: “H tlowos 4y — 24 = 0 maptoTq ebfelav TapddAniov mpds Tov &Eo-
R 24
va Ox it teraypévny Eml Thy &pxiv ¥ = ——=6.

Hapasevypa 3ov: ‘H Elowos 2x + 3y = 0 mopioTd ebleiav Siepyxoubvny Bi1& Tijs &pxfis
0 Té&v &Eéveov, kabdoov 2-0 +3.0=0 f 0=0.
Mapéderypa dov: ‘H Eilowos 4x + 3y — 12 =0 mapiord edfeiav mapdhAndov mpés 1o

=, I .
Sidvuopa u (—3,4) kal Exovaay ouvTeTaypévas Eml ThHY dpxiy

r 12 e ) B
e xal y——g__.gn;,

3
"Ex Tév &veotépo AeyBvToov TPOKUTITEL OTi: ALl Vi Kotookevdompey piav
ebeiav (3), tEwodoeag AX + By + ['=0, aprel v elpopey tdg ovvietaypévag
r y r gt 1 . 3 R
tnl iy apyiy adtilg x= — T Koi y = ——- xoi va xepaopev v £olciav,
Ty Siepyopévny Sid Ty opsiov TODTOV.
ASKHIEIZ
44, N& oynuoamodi A tlowats Tiis etfelas, 1) Omola SiépyeTan &mmd T onueiov M kel Tapoi-

, -
Mdou mpds T Srdwuoua V, &v:

M2 Ye3) 5 MO-S)" VO
2 ME23) VO 6  ME30) V(©.2)
3 M@0  V@0) 7 M@-5) V(=1,1)
5 MOO V@5 8) M1 VE-3),

%l dkohouBes vd kaTaokevaofoly ol evdelat els ExdoTny TeplTTWOW.
45, N& xaraoxevaofody T& SieuBivovta SraviopaTa Tév elfadv :

" = 5) 5x+4 10y=0
1) x42y=1 3) 4x-3y+8=0
2) 2x_yy=3 4) 2&x+7y-5=0 6) 2x—8y=0.

46. N& eUpefodv al guvTETay HEVOL gl Thy Gpxhy TV edfaidv:

= 2x—6y = =3
1 3x—4y—12=0 3) Y

42 ANHTMENH EZIZQIIZ EYOEIAZ.— QccopoUpev Th eUfeiav (8), &6i-
O%oewg Ax By+Il =0, ufy TapSAATAoY TTPOS Tov &fova Oy (B # 0).

*H Bobeioa Efowals YPEPET! ! Y !
i

N E
Ko Qv TEBT]T A:—.%-, p:——g,

TéTE ! y=Ax+B 0
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‘H &icwaois (1) xodeiton avnypévy popoi tijg édledocog tiig ebbeiag (5).
‘H (8) Tépver Tov &Sova Oy eis 16 onpeiov A(O,P) xad elvar apdAAnhos
e
Tpods & Sidwuopa OP(1,A), kaBooov i} (1)

YpaeTa

’EE Spiopol, O ouvteheoTns B Kkodel-
Tou teteypEvny Enl TRy apyiv kol & ouv-
teheoThs A elvan & cuvieheotig* SrevOov-
oemg tijg (8)-

Néa Ek@paots 100 cvvieheotod devdiv-
osag ebbeiog (8).— "Eotwoav SUo onpeict A, (X;, V1) Kol Ax(X,¥,), HE (X, 7 Xy),
Tiis eWBeias (8), tiooss y=Ax+ B. O elvar:

Yi= A +p
Yo = Axy+P

Sx. 36

} —_— Yo—T1=AE—%) = A=Yz N
X—X

43. IIPOBAHMA. — Na cipe0ij 1y £Eloworg tijg edbeiag, 1 dnoia Sifpyeton dnd
w0 onpeiov M, (x,, ¥,) xei Exer ovveeheotijy Sievbivoswg dobivea apbpov (heR).
*Eqv M(x,y) elvan Tuyov onueiov Tfis CnToupévns edBelas, ToTe TO Sidwuapa

M,M(x — x,, 7 — ¥,) 8& &xn cuvTeheoThv Sieubivoews

A:i:zi, &€ ol Y =¥ =Mx—x,) (1)

‘H &iowais (1) elven §) {nTouuévn.

"Eqv 16 M, efton &mi ToU &Eovos Oy, ToTe x; =0 xed y, =B, xed # (1)
Aappdver THv popenv: y=Ax + .

MeTaPaMoutvou 1ol A, fi (1) Opiter Ty oikoyéveray Tév eubeaidsv, Tv Siep-
xoutvoov Bi& 1ol M;(xy, ¥y,), EGarpoupévig tiig £00tiag tiic mapakiihov npdg OV
@tova Oy.

Mapadevypa : “H Elowais Tiis edfelas (8) s Siepycutvng Sik Tod onueiou M(3,5) kai &xot-

ons ouvteheoThv Bieublvoews A = — — elvar:

4

3
y_,5=_T(x—3) <> 3x+4+4y-—-29=0.

* Kalobpev ovvieheativ Sievliovecag edleiag tov ouvieheotiv Bievdivoens Sieviopatog (uf pndevixod):
rapaiiniov mpog thv edleiav.

Zuvtedeotng SievBivoems fi khiowg évog un pndevikod Savbopatog ._u) (@, B) kakettar td mnAixov _|l= %
Smov @ 7 O. 2
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Wneiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrig



44. EEIZOXIXE EYOEIAL AIEPXOMENHE ATA AYO ZTHMEIOQN Ay(x,¥,)
KAT Ay(x,,y,).— Eis thv (§ 40, B) elpouev 6Tt ai mapouetpikal tiotaes THs ed-
Beiag AA,, av (x, # X,), elvor:

X, + A,

1+ A . x—xlzi\(x2~x)} I—X_ X—X
S hn -+ 7\\3 Y*')H:?\(Yz"y) ¥—Y: Y:—Y
i =

1| omoia, Pdoel TV iBloTATV TRV dvaloyidy, ypageTan :

P S R i

Y=h N—n &
Lxs oy 4
Kai Omo popenv dpiovons: (X, ¥y, 1[= 0 @)
J X, Yo 1

Mapadeiypa: H éEiowaos Tijs evbeias (B N omoia BitpyeTan & T& onuele A, (3, —2) kal
A0, 1) eivon :

x y 1
3 _2 1]|=0 = x+3y+3=0
0 -1 ]’

45. H EYOEIA OPIZETAI AIIO TA EHMEIA A (e,0), Ax0,p) TON
AZONON Ox KAI Oy ANTIETOIXQE.—"Av €is Ty &iocwow (1) Tfis mpon-
Youuéuns mapaypagov Béowuer X3 =& Y¥1= 0, x,=0, y,=PB, Acupdvouey :

;—:—g‘i%—}g > Px+ay=op. (1

*ErreiBi) elvon Buvardy va Umobéowpey of 7 0 (815711 &AAwS T& onueia Keiv-
T #rl ToU adTou &ovos, Kai 7 Elowois TS AA Ba fiTo ) x=0 f y= 0),

X Yi i .
FTJFT_I @

‘H eUbeia 1) omola SiépyeTal &1& Tév onueicov A;(5,0) kal A,(0,3) Exer (-

1 (1) YpdgeTan :

Napaderypa :
o ;

parE Sy 5y 15 =0,
L 2 =1 <=
R

46. TYNOHKH TTAPAAAHAIAL AYO EYGOEIQN (8,) KAI (3,).

*Eoreooo (8,) xol (Bs) Suo eubeion, Gv ai KapTegiovad i§iowaes, es 1o

aurd ovoTnua &fdvay, eval QVTIOTOIXWS :
() [ Ax+By+h=0 WE IA1|+|BJ>0}

et A B 0

(2) { Agx -+ Byy+ T =0 e |Ag| 4| 2'>—>
H tEiowaoig (1) ToploT& eubeiav Tap&MnAov Tpds T Bidvuona u(-B,A))
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=5
kal f) (2) mopioTd edfefov wapdAAnhov wpos To Bidvuopa v (—B,, Ay). “lva

— —
ol e0feion (1) kad (2) elvon rapdAAnior, Tpémer kad &prel Té& u kal v vé elven ypop-
MikGs EEnpTnuéva. "Apa (§ 15), mpémer kod &pwel

(B Ar(A) (-B) =0 <> [AB,—A,B=0] (3

"Qote: "Iva o edbelor, iSiohoeov AX+By+T=0 kai Ax--Byy-}-Ip=0
elvar mapaddinhot (Umd TV elpeiav onuaoiav), mpéner kol apkel va ioyxdn 1
iodtng (3).

A
‘H (3) ypagetan kai Ud ThHv popenyv : S S (3
2 2

2

Iapatipnoig : ‘H ouvdnxn mapadAnhics dto edbead, Tév omofwy of Kap-
Teoaval E§locdoels els TO alUTd cloTnpa &Edveov lvan :

Ax+By+Tl, =0, |As| +|By| >0
Kad- Ax+Byy+T, =0, |Ag| + |By| > 0,
Slvaran va ypogdj :
A, B, . 148 SN HAYs Ty B, I, |
A, B, =0, &AA& pia ToUA&y10TOV TGV TR ' Bl B

v elven Biapopos ToU undevos.
Mepukty nepintooig : Eqv of edfeicn (8;) xod (8,) Eyouv éiodioes duTi-

oToIY WS :
y=Mx+p . .
Y N owbnkn (3) ylvetan: A\ —A,=0 = Ay =2y

1) omolar éxppdder 6T1 :

“Iva 800 gbfeiar, p napahindor npdg tov GEova Oy, elvar maparinhor, mpinst
kel aprel ol ouvieheotai dievbiveewg adtdv vi lvan ioot.

Hapaderypa lov: Al elfeicn (5,) xai (8,), éiohdoewov 3x —4y+ 1 =0
kal 9x — 12y + 7= 0 é&vmioTolyws, elvon moapddiniol, B16T1:

ARy A = 3(12) (o). G361 36 0

Mapaderypa 20v: Al Eicdoes y = 5x — 3 kal y = 5x 4+ 7 mapiotévouy ebfelas Traped
Mous kal Tpds THY ebbelav, Efiodaews ¥ = 5x, Siepyoptvny Bi&k Tiis &pxiis 0(0,0).

47. EYOEIA AIEPXOMENH AIA AOOENTOL IHMEIOY M, (Xq Yo
KAT TIAPAAAHAOE TIPOE AOGEIZAN EYOEIAN.— “Eow (5) elfeic, E6°
owoews Ax+By +T =0 «kal (8,) evbeiax Biepyxomévn S1& ToU My(xq,¥o) kol
Tap&AAnos pds THY (8).

"Emaidh f) (8) elvan mapdiinhos Tpds TO Sldwcua:(—B,A), v M(x,¥)
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oy
elvon Tuyov onueiov TS (8,), TO Sicwuapa MM (x—x,, y—y,) €& elvan Trapdi-

5
AnAov Tpods TO U. *Apa

!xwxn yFYuiZO e I AX—X)+B(y—y)=0 l
| =B A I

Mapadarype 1 H ebfeia (8) A Biepyouévn 81k Tol anpeiou My(3,-2) kai TapdAAnios mTpds
™y ebBelav (5,), Eowoews 2X — 3y —4 =0, éxa iiocwow:

dx—B+ (D GFD=0 == 2x-3y-12=0
AZKHZELZ
f) 6ol BiépyeTon 81 703 amueiou (3,-4) al e

47. N& popgwij 1 £glowas s eubeias,
ouvTeAeaTHY SieviUvoEws

3
1) A=—2 3) 1=——4_ 5% ° A=4.25
| 5 e
2) A= 5 {4) Nom == | 6) A=—-D

48. N& oynuamodi 7 &iowos i evbeias, THis Biepyonévns Bi& TEY onpeicov Ay, Ay, els Tas

drohouBous TEPITITWOEIS !

1y A2, AL23) 5)  A=32) AG2),
2) A2, A8 ) 6)  A(00), A1),
3) A,(3,0), Aa(014)r 7 Al("4v5)v A:(Z,]),
4y A5, A 8)  A(=12), A3.2).

49, N& eUpefolv ol gEiocaels TV mheupldv ToU Tprycvoy, ToU drrolou kopugal elvan ta

fa (— =~ i (0,1). . ,
Umﬁ;l (T:\azz;péz;oilécg\: T(plycbvou vé& ebpeBotv al Eiodoes TéY Siauiowy Tou,

51. Né& edpefoiv al iEiooEls TRV TAEUpGV TOU TeTpamAeUpou, STrep EXEl KOPUPGS T onpeia
. a

L _4,-4), (9,-5)- ’ s
(10,85)2' (NB'IQ')'Q(BH eﬁ)é'r(l & onueia (=3,~7), (0,-2), (6.8) welvrat ém EUBE[D.:S, / e
53l N? ?Tceﬁ‘f’: \( gl TpoTIOV QOOTE & onpeia (x,—3), (1,1) xai (—4,3) v& xelvron ém’ ed-
. N& ép1007) 6 X,

BE(GS;;;; Né& eUpedfi # Eflowats Tfig evbeias, TS smolas al guvTeTaypéval éml ThHY apxAv elvar :
. . Né& ebpedi ;
1) 4 kal 5 3) —5|.<cn—3
2) —6 kal 8 4) 7 kal — 2.

| Thv &pynv EKGoTns TV eUfarddv :
3) 5x —4y—20=0
l 4) x-=3y+9=0

55. Tlolen of ouvTeTaypéven &

1y 2x4sy—10=0
2) 3x-4y+24=0

48. EYOEIAl EYMIIITOYZAL —"Eotewooy of evbeton (B) xai (8y), &61-

Cooewy GVTIOTOIXS :
Ajx+ By + r,=>0
MY TapdAAnhol Trpds TOV &€ova Oy.

kai  Ax 4By 4+ T=0,
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Ay

Oi ouvteheoTal Sieubivoews citidv dven dvtioToiyws A, el Kad
1
A
Ag=— —83 Al 88 ouvTeTarypévan &l T dpyfv efvon dvmicTolyws :
2
I5 ; Fy
B,=— B, Kai Pa=— B,
"Agou ai (8,) xai (8,) oupmimTouy, EmeTon 6 :
; A A ; I I,
A=A Kol — A e L ) ol il R
1 2 Bl |32 n Bl 82 K B,l Bz,
e = ; ] Aye Bae ol
E€ v AapPdvopey K; e ¢))
Hapatipnors : ‘H ouvbnkn (1) Slvaran v ypogd) kol cos EEfs :
Ay By A B T
T, T AT B B =0
2 2 2 2

To dvtioTpogov dmodeikvieTon eUkdAws. "QaoTe :
“Iva. 600 £bbelon ovpnintovy, npénet kai apkel ol dpdvopor cvvteleotal TV
tEwehoeny adtdv va sivar avaloyol.

Mopaderypa lov: Al edbeiocn (8,) kal (5,), Eiodaewv dvtiotoiywms 3x + 5y =12 = 0 kal
6x + 10y — 24 = 0 ogupmimTowy, kaBdéoov elvan :
3 5 —12

B 0 =0
TMopaderype 20v: N& piofolv ol & kal B, iva of tiodoes 2ox +2y-5=0 xal
4x—3y + 7p = 0 mapioTdvouy ThY abthv edBeiav. TTpds TolTo TRETEL Kal dpKel @

Pe SN2 L e 2opn P =T G

T = __Tﬂ = T-__B- kal 5 =7|3
’ ; ; Saand Bl
€€ GV TTPOKUTITE : GRS Kad [3._?{,

49. EY®EIAT TEMNOMENAL—"Eotwoay ol ofeicn (5,) xai (5,), E€r
OWOEWV GVTICTOIYwWS ¢
Ax+Byy+T, =0 1)
Agx+ By + Ty =0 )
"Edw alron Bév elvan mapddAnior, 8& Egouv Blagdpous cuvTeAesTds S1ev-
BUvoews. Anhodi :
Ay Ay
BT = | AB—AB 0
kol B& Tépveovtan el onpeiov M(x,y), ToU émolou ai ouvTETOarypévan B ko~
votrololv kdaTny Tév tElockoewy (1), (2
"Apa T BiaTeTarypévov Lebyos (x,y) 64 efvan ) kown AUois ToU cuoThue-
TOS T&V EE10choewy ToUTwY.
EbxdAws &modeivietan kai To dvtioTpogov. “Qoe ;
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"Iva 8o edlcion tépvovio, tpénet kai dpxel ol svvieheotai dievbibvoewg adtdy:
va elva iagopor (v& TAnpoUTar 1) owbnkn A B, — A,B, # 0).

Mopdaderipa: Al edfeicn (5,) kal (8,), Eiowoewv dvmiotolyws 2x + 4y —26 =0 kol
4x — 3y 4 3 = 0, TépvovTtan £l TO onpeiov M, Tol émrolov ol ouvteTorypévan &, ¥) elvar Avorg
TOU OUOTHHaTOS

2x+4y—26=0} a5 .
LSRR e S R O

Kal kaBéoov elvan ABy—AB, =2(-3)—-4.4=—-6-16=—-22 0.

AZKHZEIZ
56. N& eupefolv of ouvteTaypéval ToU onpelou Topfis M(x,y) ikdoTns TdY ebBadv G,)
kol (8), Eiodoewy &uTioToiXWS !
yx—=y=1, x+y=1
2) 6x—2y—-8=0, 3x +y= 14
3) 4x -5y + 20=0, 12x — 15y + 6 = 0.
4) 2x + 3y—-6=0, 4x + 6y + 9=0.
5 2-3x=y, 6x + 2y = 4.
57. Né& epeboiv al GUYTETOY Révat TGV KOpueidv Tpiywvoy ABT, Tolb émrofou ol Ewadiaers T
TAEUpEY Tou elvan : 2x 4+ 3y=0, x+3y+3=0, x+y+1=0.
58, Tol mponyouptvou Tprycvou vé eUpeBolv T& pikn TEV TAeUpEY Tov, ol Elodioes TEY

Brapéowy Tou kal of ourTeTaypévan ToU KevTpou Eérpous aUToU.
59. Né ebpeBolv al EEiohotls TV elfe18dv, TGV TapaddiAwy Tpds Tas TAsupds Tol Tprydvou

ABT, Toli dmrofou ol €iodoets TGV TAEUPEY elvar 2x+3y =0, x+3y4+3=0, x+y 4+ 1=0,

T&Y dyopdveov Bk TGV KopUPDY Tol TpIydvVOY TOUTOV. :
60. N droBery@i 671 al ebfefon (8,), (82, (Ba): (8), Eroboecoy dvmioTolyws 2x—3y4-5= 0,
6X + 10y 4+ 15=0, 6x—9y—20=0, 3x+5y— 20 = 0, oxnuartifow TapaAAnAGypay-

tov, N& eVpefoiv al guvTeTaypéval TGV Kopu?o"év Tov. )
61. N& dmoBeryij 671 1) evbeia (8,), Erowoews 3x+4y — 2 = 0, elvon mapddAAnAos wpds TH

Uleiay (5,) iodoews 9% + 12y + 7= 0, xal oupmiwrer petd Tis ebbelas (5,), Eiodoews

15x + 20y — 10 = 0.
50. CYNOHKH INA TPEIZ EYOEIAI EXOYN KOINON IHMEION.—
*Eotwoay of evbeica (81), (B2 (8,), &rodoewv dvTioTolyes :

A+ Byt Ty=0 (1), Ast+Bygt [a=02) xal Az Byy4-Ty=0 (3).
“lvat alitan Exouv xowdy onueiov My(Xo,¥o), TpETEL o ouvTeTarypévan ;

Bl — Berl i = Al — Alrz Kk
Xo= A——lgs—:*;;B_i K& YG AIBE— AzBl ( )
s Topfis Tév (1) kai (2) vé EmoAnbetouv Thv (3). "Hrot :
B]_r2 . Bﬂrl - Ba ABrl_ Alrﬂ Sl rs =)

Rat A B=AB,; "A,B,—A,B,

{ ALBLT, — Ba) + Bs(ATs — AT + To(AB — AB) =0 (k)
kai G popeiyv dprgovans
HopYnV op M e
A= A3 B2 rz =0, (4)
AS B3 rs
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"Edv koAéowpey X&pw ouvTopias.

ol By Ty | T A | _’AaB:'
S=|g ] &= o bkt [Py
T&s EAGdocovas Spilovoas Tis A, Té1e f) A YpépeTal :
A= AI.AI: + BLA2 o r1As (5)

kal Sakpivopey Tpes mepimrTdoe.

a) Al tpeig Eldocoveg elvar undév. ToUto onpaiver 611 of ouvtereaTal A,, By, I, elvon dvé-
Aoyor wpds tous Ay, By, M, kai af edbeion (2) ke (3) TavTiZovTan. O A, By, I 8vavrar v elven
7 o0 dvéhoyor mpds Tols A,, B, Iy, Eis v mpiyrny mepimrwow af Tpeis eVbeicn TauTiZovTan,
els T Beutépav, 1 TpdiTh EXEL Kowdv onpeiov petd TéY 5o TehevTadwy, al dmolar TauTifovTal,

Els 6Aas a5 mepimTdoRIs Exomev: A = AA, 4+ BA, + rd, =0,

B) ’Ek t@v tmav dpilovemy Ay Ay Ay 1) pie, Eote ) Ay £ 0. TéTe af (2) kai (3) &xowv
uiav ko Abow x,, Yo memepacpévny, Ty (k). “Apa b Exwpey T oytow (ky).

Y) Ex t®v tpiidv dmlovaiy Ay Ay Ay ai 800, Eote A, £ 0, A, £ 0.

Tére A, =0 § —g?- = Q—’ xad al (2), (3) elves Tapddinhor.

2 3
Els i mepimrwow TaUTnY, S1& vé Exouv ol Tpels eubelon kowov onpeiov (16 @), 8& mpémry

va elvar TtapdAAnAot.
A A A
*Apa: Sl A o
P B, " B, B,

“Otav Sucws ovpPaivy TolTo, f) A elven AW un&év,
‘H owdikn A = 0 elvan, Emopévas ; avayxaia, iva gig 6hag tig nepietdoes al edBetan (5,),
(82, (8,) Exouv kowvov enpsiov.
"AmoSeikvleTan ekOAws 811 elvan kol trapkrs.
Mapdderypa : Al eddeian (8,), (8,), (5,), E1odoewy duTtioTolyes :
3x-5y—-10=0, x+y+1=0, 2lx~1ly—-31 =0,

Exowv kowov onuetov, 8141 ) dpifovoa :
X n

3 -5-10|

| iy = il L2l
| 1 1 1.=3J_“_31|—(—5)‘121_31‘+(—10)’21_11|‘°
{21 —11—31|

51. AEZMH EYOEIQN.— Ocwpolpev 5o e0beics (5,) xod (B,) &Eiocd-
TEWV GVTITTOIYWS :
Ax+By+T =0 (1) o Ax+Byy+ T, =0, @
Tepvouivas els 1 onpeiov M(x,,y,). Tldoa etfeia (83) Biepyouévn Si& THs Topds
T@v (1) kai (2) 6& #xn Elowoy :

(8s) : Aix +Byy + Ty + k(Ax+ By + ) =0, €)
81611, dool TO M(x,,y,) elvan Topn Tév (1) kai (2), Emweren 71 :
(4) A%y + Byyy + Ty = 0 ked Ayx, + Byy, + M= 0 ®)
"Edw k #0, téte k(Ayx; 4 Byy,+ ) =0 (6)
omoTe ik mpoohioews T (4) xai (6), AcpPdvopey :
Aix; + By, + T+ K(AyX; + Boy; + Ty) = 0 @
‘H (7) txppdler 811 1o onueiov M(x,,y,) keiton éml T e0feics -
AX + By + T, + k(A + By + T) = 0 @)
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Mapatipnoig : ‘Eqv ai (§,) xal (8,) elvan mapddindor, TéTe i (8) Tapt-
oT& oUoTnpa TapahAniwy elbadv wpos Tas (8;) kad (8,). AdTI TéTe 6 elvaa -
A_Bi_, A _ B AkA_ B 118,

E_Fz 23k kAs - k82 " AI = 817'
f) &mola oytots tkgpdler 6T af (8,) xad (85) elvar TapdAAnior.

Mapaderypa lov: Né etpedi] f) Eiowans 175 ebleias, fiTis SitpyeTon &md 16 onpeiov M, (2,
kal i Topfis Tév evBad (5,), (B2, E1ocdaewy dvmioTolyws: 3x — 5y — 10=0xal x+y+1=0.

Abarg : “H Lnroupévn EEiowais B elvan Tis wopefs :
3x=5y—-10+k(x+y+1)=0 ©
*Emreidf) 16 M, (2, 1) xeirar &’ aUTiis, EmeTon :
D5k 2 Lp =0 =r ik =-Z—. dte f) (9) yiveron
2lx—-1ly-31=0.
TMapéSevypa 2ov: Né& evpedfj 1) Elowois s e0Belas, Tiis Biepyouévns Bicx T Topfis ey

woaisv (5,), (8,), tEiodoewy:
it 2 +y+1=0kalx—2y+1=0

Kal rapadiifiou Trpds THv eVfelow (8,), tiooens 4x —3y —7 = 0,

Abarg : ‘H Inroupévn 0& Exn tflowow
x4+ y+1+k(Ex-2y+1)=0
i C+W)x+1-20y+A+K)=0 (10)

*Edw atirn elvan apdAAnhos Tpds THY (8,), O Exeoney :

kal §) (10) yivera:

AZKHZEIZ

62. N& etpetf 7 EEloons Tis eblelas, 1) dmola BiépyeTon Bk Tijg TO[iﬁs T ebbadv (5,),
(5,), EEiodhoewy dvtioTolyws 2x — 3y + 2=0, 3x—-4y-2= 0 1‘0}_‘ Tou onpefov O (0, 0).

63. N& elpefolv ol Erodoers TOV evberddy, TV 5“PX°P"§”"°" Bicx TdV KopuPdY ToU Tprydovou
o0 oynuariopévoy trd Tédv evbadv (8,), (5:), (8,), tE1odoey dvTioTolyws 2x — 3y 4 1 = (,
Xey=0, 3x + 4y-2=0 Kol TTapadATiAwY PSS Tas &révavTi WAELT&S Tou.

64. N& elpedfi 1 tElowors T evfelas, 1 Omoix Sl%pxezm SB1& TRs Topfis TAV eUbedsy
& 4 55y—3=0, 3x—2y—1=10 kal T Toufis TEW eUBadv X —y =0, x+ 3y—6 = 0.

o EOQAPMOTAI
52. TPA®IKH EITIAYEIZ TOY ZYETHMATOEX AYO ITPQTOBAOMIOQN
ESIZOrEQN ME AYO ATNQETOYE. — Oswpoluey 10 oloTnua Tév Eioc-

Tecyy,

0 ox + Py=y ¢))
ox + Py =71 (2)
“Eorwoav (5) kai (8;) o eUBelon, EE1ochoecy (1) kal (2), els Tuxov ovoTnua
TWretarypéveov. To onpeiov M(x,y), &&v Umdpxn, kowdv T@v SUo elbeadv, Eye
UUUTeTuyuévcxg, of &moten elvar AUais ToU ouoThpetos (1). "AvTioTpdews, Tiow
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AUo1s (%,y) ToU ouaThuerTos (1), 8i8er onpeiov, 16 dmroiov elven 7| Topt) TéV e
Baddv (8) kal (5,).

lov: "Eqv af; —ayf s 0, of edBeion &) xal (8,) Bev Eyouv Ty aUThY Sied-
Buvaw. B& Eyouv &v kowdy onueiov, M, kol &v pévov. Té oloTnua (1) EmBéye-
Ton plov povadikfiy Abaty, 1) dmola TopEXeTal UTrd TéY TUTTwv ToU Gramer :

YP1— P oY1 — oy
X=-—""—""" ka y=
oy —oyp 7 ap; — oyp
20v: ’Edv di:ﬁﬁ-,& Yl' ol ebfeton (8) xal (8,) elven TapdAAnhor Gmrd
1 1 1

THY oTeviy onuacia, OnAadh Stv Exouv kowdv onueiov. T ovoTnua elvan
adbvatov.
3ov: ’Edw i:£=—Y—, ai edfeion (8) kol (5,) oupmimroww. Td ou-
o B o7
oTnpa EmbéyeTan &melpous AUceis. Efven Goprotov.

Mopédevypa lov: Al efeion (8) kal (8,) Hwdoscwv dvtioTolyws: 2x—y =15 kol
3x + 4y = 24, Téwovtan els o onpeiov M, Tol drolov al ouvTeTaypévan elvan Aot Tob guaTi-

HOTOs S 2x—y=5
[3x+4y=24 X=%y= 3

Al ovvretarypévan dml Th &pyiy Tis utv(6)
lven -;— kel =5, Tiis 8 (8,) elvan of 8 Kol 6,
a5 Bervier 16 (oy. 37).

© (o

Zyx. 38

Mapaderypa 2oy : Al elfeicn (8) xal (8,), tr10dwoewy 2x -+ 3y—6 = 0ol 4x + 6y —24 = 0
elver TapddAnion, B16m —§-= % #* %, al 8¢ oyetikal Béoers airéy Tapéyovral Umd ol
dvaripew (oy. 38).

2x+3y=6

Té o v
oUoTnua AoiTrév 4x + 6y = 24 } elvar &&Yvarrov,

Mapaserypa 3ov : Al etBeion (8,) kal (8,) trodoecov 3x + 4y —24 =0 kal 6x + 8y = 48
dvTioTolyes, oupTiTrTouy, s Sekvier TO (ox. 38).
“Apa, TV onpeiov M (x, y) Tijs wds Exer SuvTETEY pEvas, al dmrolan émanelouy &ugoTép™
Tés Eiodoes Tod ouaTHuaTOS
{ 3x+4y-24=0 (1)
6x + 8y —48 =0 )
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A1éT1, Bid TuxoUgay TV Tou y &k Tiis (1), EoTw y = 0, elpiokopey x = 8. To Lelyos
(x =8, y=0) tmohnBeder kai v (2). "H1o1 6.8 - 8.0—48 =0 # 48— 48 = (.

‘Opoiws, B1& y = 3, # (1) &iber x = 4. To LeUyos Tolto (x = 4, y = 3) ErenBeder kod
Ty (2), itor: 6.4+ 8.3—48 =24 4 2448 = (.

AZKHZEIZ
65. N& émiAuBoly ypagikéds T& ovoTipaTa TV dkoAolfwy Efiowotcy ;
2x—y Em— 3 { 43(—1037:‘—27 { 6X—3y =—26
1 { x4 3y=-7 ) 2x— 14y = -36 3 15x + 2y = — 27
3x -2y =11 4 { 2x+ 3y =1 { 2x + 3y =1
2l { 5x—3y =17 ) 6x -6y =~17 & 6x —2y = —31.

66. N &p1o6ij 6 k, va ol elfeian al apioTduevar Ummd Tév tiodoewy: 3x — 4y -+ 15 = 0,
5x 4 2y —1=0, kx— (2k—1)y + 9% —13 =0 &ouv kowdv onyetov.

67. N& &rroderxfii 6m1 S1& méioav Tiunv ToU W, ol eUlision af dpigdpevan Umrd 16V dkohoUBwy
tiodhaecv Bitpyovtal 81& oTabepol anpelov, ToU dtroiov vé dp1oBolv al ouvTeTarypéven ;

1) 3x-2y+4+54+u@E=-2y+4)=0

2) @u-3)x+ (7-2uy+4=0,

3) wx+ Gu-3Ny+9-3u=0

4) (us_l)x+(3ul_2u+[}y—5|-i'+4u—3=0.
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KE®AMNAION V

IMOYAH THX EYOEIAXZ EIZ TO OPOOKANONIKON
ZYITHMA ZYNTETACMENQON

53. H EYOEIA EIZ OPOOKANONIKOYE AEONAZ.— Eis 16 mponyou-
pevov kepdAaiov éfnTdoauev ThHY eUfeiav kol Tas Bi1dTTas oUTs, dvagepo-
pévnv el TuydvTas &fovas ouvTETayMEVV.

Eis 76 mopdv kepdhatov 6& éfetdowpey Thv edfeiav els dpBokavovikovs
dEovag cuvtetaypévav. ‘Amovta T& Tponyouuévaws éxTedévta foyUouv kal €l
TO ovoTnua ToUTo. TTépav 8¢ ToUTwy kai T& drdAoufa.

54, @EQPHMA.—Eig dplokavovikdv obotnpe cvvietaypévoy, 1| ebbeia (8)

.y
tEwhoswg Ax+4-By-+I'= 0 elvan kabetog Eni 10 diavuopa OP (A, B).

*Anédailig : Els 1o dpbokavovikev oU-
ornua &Ebvewv xOy (o). 39) Secopolpey TNV
efeiav (8), &§iowoews :

Ax +By 4T =0 )

"Eotwoav My (%%, ) oToBepdy onpeioV
Tiis (8), xai M(x,y) uetafAnTdv onueioV
a¥tfs. Oa elvan:

Axy + By, +T =0 2)
5[ "Ex tév (1) xod (2) EmeTan :
%% A(x=x) + By —y)=0.

A
Oewpoupev TO Sidvuopa OP(A,B). Emeldny x — x,, kol y —y, elvanr ai ouv”
= -
TeTarypéven pofoial Tol SiaviopaTtos MM, kad TO TpédTov pédos TR (3) elv!
—_ —
7 &AyeBpikd) TiuM ToU éowTepikoU yivopévou OP .MM, Emetan &1 :
— —
OP-M,M = 0.
» Lo —
Apx 16 Bidvuoua MM kai # evfeia (8) elvan kdBeta Tpds To Sidvuopa OF:
Mapdberypea 1ov : *H edbeia (8), EEiocoews 5x-+8y — 10 = 0 elven ké&deTos mpds T6 SV
s
oux OP (5, 8).
Mapdberypa 2ov: *Eqv 1 (8) #yn tlowow y = AX + B, ToTe:
@) L OF (, -1).
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55, @EQPHMA ANTIZTPO®ON.— IMaco 08zl kGletog &ni 16 Sravvopa

B_i’ (A, B) ¥xeL iticwaiv Tfig popefic ¢ AX+By4-I'=

*Anodeigig 1 “Eotw My(X,,¥o) TUXOv onueiov Tfis edBeias (8). “lva onueiov 1
M(x,y) ToU émimédou kelten émi Tfis (8), mpémer kol dpwei 6_13 Ngia =0,
fror A(x —x)+ B(y —yo) =0
f Ax + By — (Ax,+By,) =0 )

"E&v Te0fj [ = — (Axo+ Byo), i (1) yiveton: Ax+By+T =0.

*Evredfev mpokUmTel &Ti: oo Eiowols Tiis wopefis Ax+ By k=0,
(keR) elvan kdeTos pds To didvuopa SIE:(A,B) kal kot dkoAoubiav TTapdi-
AnAos Tpds ThY evBeiav (8), EGiowotws Ax+ By +'=0.

Hapatipnorg: ‘H mapdoTaos E=Ax + By elvan 10 fowTepikdy yivo-
Nevov @V BrovuoudTov 5!5(A,B) Kkal 51:4(x,y). *H &lowas Tfis elbelas (8) ypdi-
PeTan ¢ = A
Ax +By =— <= OP.OM =-—

"Edw H elven ) Toud) 1@v (8) xed OP, TéTe:

Op.OM—0OP-OH =+ | '=—O0OP.OH

Map@derypa : Né spedii # €iowmis Tiis pegokadéTou ebuypdupou Tufiueros.
Abog : “Eotwoay A, (x, yib As (Xa ¥a) al ouvtetayptvar T@V dxkpov Tol TpfpoTos
—
A;A;. ‘H peooxddetos avrol elvan k&deTog el 1o Bréwuona AyA; (X — Xy, ¥a — Y1) Kal Biépye-
T B1g Tol uéoou M, (EL';_XZ b ; ‘v"’) ToU THMpaTos AjA,.

“Apa 1) Eficwors Tis peookadéTou ToU TufuaTos Ay A, elvar

P (xﬁx—‘ﬂ— x’) F men) (y——’”z‘—”*)ﬂ,

56. ZYNOHKH KAOETOTHTOX AYO EY®EIQN. — [vapifopev émi
4 edeicn (8,) ked (Ba), giohoswy dvTioToixws  Ax+ Bry + rli 0% kel
Agx 4y Bay + =0, elvan dvTioTolyws k&BeTol Tpds T SlaviopaTa OPI(AI,B )

kai OP (A,,B,). “lva oi (81) kal (8;) elven ké&letol, wpémar kod dprel T Siax-

opora 6};1 kol O_F"2 v elvar k&Beta. “Apa (§ 32).

OP, . 0P, =0 <> | AA,+BB,=0 )

Nopaserypa : Al eddeian (5,) ol (5,), tEwodoewy dvmioTolyws 4x + 8y —7=0 xal

x"‘B.Y 411 = 0 elvon xdbetor, B16TI:
AA,+BB;—-4 64 8(3)=24— 24 = 0.
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‘H ouvdnxn: A;A,+B,B,=0 ypageTar: (—%l) (—%) =—1,8vB;B,#0.
L 2

’Etreidr) B¢ —ﬁ =\, elver & ouvtereoThs SeuBuvoews TS (8,), xa

B,
Aq : . ; % :
Ew =1, elvan 6 ouvteleoThs BievBivoews Tis (8,), EmeTor:
2

Ay '12':'—1 (2)

*Ek ToUTwv EmeTon OT1:
“Iva 860 e00sion sivor kiDetor, npénet kol aprel (els dpboravovikdy oloTnpa)
0 vopevoy TV soviekeotdy Sevlivesng adtdy va givar toov mpog —1.

Mapédeiypa : Al evfeion (5,) xal (8,), tliodoswyv dvmotolyws: y = Tx + 4 Kd

y= ——% x + 15 elvanr kd&Beto1, B16T1:

1
7\17\,=7.(_7)=—1.

57. EEIZOQZIZ EYOEIAL ATEPXOMENHE AIA AO®ENTOZ LHMEIO?
M, (X, ¥o) KAI KAOETOY IIPOX TO MH MHAENIKON AIANYIMA

g
u (A, B).-- "E&v M(x,y) elvan Tuyov omueiov Tfis {nroupévns elbeias, TOTE:

:;-I\KM:O “= A(xfx0)+B(yAy0)=0—| (1]

AT elvaa 1) ZnTouuévn iowas.

58. ESIZOQXIZ EYOEIAL AIEPXOMENHE AIA TOY THMEIO}

M, (X, ¥ KAI KAOETOY IIPOL THN EYOEIAN (3) EZIZQIEQE
Ax + By+T'=0.

"Av M(x,y) elvan Tuydv onpeiov THs {nToupévns evbelas (8,), TéTE TO B

VIO UG M—O[:fl (X — Xg, ¥ — Vo) 0& elvon k&BeTov Trpds ThHv eubeiav (8), # dmola elvef

1 = LY = A e Ay ’
xéBeTos Tpds 16 Sidvuopa u(A,B). "Apax T& SicviopaTa MM kol u 8& elvar e
péAAnAa. Kat’ dxoloubiav :

X=X _ ¥=To !
=50 = | Ba—x)+AG—y)=0 ¢

AUTn elvar 7 {nTouptvn E§iowors.
]
Hapaderypa: ‘H tElowors THs elBelas (5,) Tis Siepyopévns Si& 1ol onpefov M, (3,5) v

kaBéTou mpds THY ebfeiaw (), Eiodhoews 4x — 9y + 7 = 0, elvau :

x=3 y-—5
Al i =9

<= 9x+4+4y—-47=0
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AZKHZEIZ

68. N& &mobeixffy 6T f elfela 3x + 4y —2 = 0 elven kébetos mpds THY edBeiay

8x — 6y + 5=0.

69. No dmodery8i) 611 ol drdAoubor Efiowoers :

x—-3y+2=0 12x+4y+31=0, 2x—6y—7=0, 9x+43y—40=0
elven al EE10does TGV TAEUpEY dvds dploywviou. N& kaTaokeuaadi Todo.

70. N& ebpedij 1) eiowans eubelas, f) dmrola BiépyeTan &md TO onpeiov :

1) (=1, 2) ko elven x&eTos wpds TV ebfelov 3x — 4y 4 1 = 0
2) (—7, 2) kol elvan k&BeTos wpds THY elbeiov x — 3y 4 4 = 0.

74. Tplywvov ABT Exe kopugds T& onpeia A (=3, 2), B (3, —=2) xad I" (0, —1). N& eUpeBoly
al Egrochaers Téw Updv auTou Kal v dmoBeiyBij 6T T& Uyn TalTa BitpyovTar Bi& ToU cdrrol on-
Refou,

72. N& etipedolv ol tiowoes TV peookodiTwy T&Y TAeUpdY ToU Tprydvou Tol Trpomyou-
Mévou TrpoPAfiparos Kal v dmoBerydi) 6Ti altan Sitpyovton Bik ToU alrTol ompeiov, T drolov

rréyer lodiis v KopUPEY TOU TPIYVOU.

59, TONIA AYO EY®EION.— Eig 10 dpfokavovikév clotnue &Edveov
XOy (oy. 40) fecopoipev Yo e0felas (8,) kol (8,) EGiooecov dvTioTolycos :
Ax+By+NL=0 (1)
kai Ax 4+ Byy+ =0 2
"Av a¥Ton TépveovTal, af yovia
165 émolas oxnuarifouv elvan ioat
Tpos Tés yevias TGV éﬂ" TRV Ka=
eé‘rcov SiovuopdTeov NI(AI, By) ko
2(A2,Bz) f) TapaTAnpwUaTIKal TOU-
T(,:,\,
"Eotw 8 1) yovia Tév Slavuopd-
TV TolTeov, ToiayTn doTe 0 <8<
Kord v (§ 31) 6a elvon :
Az : A2+ Bl : Bz 3) Ty. 40

‘Edv o eTvo:l f 65&13 ycovia t6v (8;) kol (8y), T6TE O+ 9= Kal &pa
"Wg — L guvf. *Emaidn Umetédn @ < - EmeTan owvg > 0. Kai dpar:
|A; - Ay + By - By | @
Val+ B VAl +B;
(8,) L (8y), ToTE ouvp =0, Kai & TUTOS (4) 5iBer :
A - Ayt By B=0
“Xéois etpedeion kal els THY (§ 56)-

oLvQ =

Mapatnpijoerg : A) 'Eqv
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B) TMvwpifopev &t1:

] 1 (A3-+BY) (A3+B3) — (AA,+ BiB,)? |
g Bl | i Ve
}; =gt T TP G I (A,A, + B,B,)?
¢ OVU :
W ‘Al‘Be_Az'B1| _ilz_lll 5
i IAJ.'A2+B!.'BEI _il+)“1)°2‘ ()

kaBdoov ep ¢ > 0, 81611 ¢ < 90° kai Ay, A, af ouvTeAeoTal SievBivoews TGV €l-
Badv (8;) kal (8,).
"Av ai (8;) kal (8,) elvar apdAAniol, TOTE:
=0 <= A -B,—A, B=0 (6)
oytols eUpebeloa kai els v (§ 46).

M) ’E&v & tumos (5) Epappoabi els Thv mepimrwow Tiis yovias Tév ed-
Beitdv (Ox), E6rowoews (y = 0), kai Tfis eUbelas (8), é§locdoews y =Ax -+ B, TéTE !
ep o= |

’Eqv A > 0, 1) &Eeia yoovia ¢ elvan 1) oxnuamifopévn Umd Tou &ovos Ox kol
TOU pépous Tiis (8), ToU dvawbev ToU &fovos Ox kelpévou.

’Edv L << 0, fy Ol ywvia ¢ elvan 1) oynuaTiiopévn Ud Tou &fovos Ox Kal
ToU pépous Tiis ebelas (8), ToU kdtwbev ToU &fovos Ox kelpévou.

*Emi mhéov A elvan 1) Eparrropéun Tiis yevias, fmis oxnuatileton o ToU
&Eovos Ox kal ToU pépous Tijs evbelas (8), ToU dvebev ToU &Eovos Ox xeipévol:

“’Ex 1AV dueoTépw EmeTan OTL:

Eig dploxavovikov cdotnpe cvvietaypévav 6 cuvieleatis dievbiveemg pis
s00ciag (8), p napodiilov mpos tov GEova Oy, icodtar npds tiv Lpantopévyy TS
yoviag, 1| éroie eynpatiletar Ond tob dEovog Ox kai ol pépovg tiig ebleiag ©®
tob kewpévov tig 1o fueninedov y = 0.

Tote & ouvteheoThs SieuBlvoews Tfis (8) koheiTan khioig adTiis.

Napadeypa: ‘H yovia tév edbadv (5,), (5,), tiowoewy &vtioTtolyws 7x — 3y + 6 = 0
kol 2x — 5y —4 = 0, efvan:

o (ihwn B B ot siden Lo 2 o8 S
=ik IA:'A=+B:'B:|_| gl Pl 4 i 4

AZKHZEIZ

73. N& Umodoyiobi f) yowvia (85ea) Tdv evBaddv (§,) kal (8,) tiodoewy &umioTolx®*
Tx+ 3y +6=0 kal 2x + 5y—4 = 0.
74. N& ebpefoiv al yovicn Tol TeTpamieupou ABIA, dtrep Exel kopupds T onpeia A(IO-B}'
B(=3,9), I'(—4,—4), A(9,—5) xad T6 elBos ToU TeTparmAelpoy ToUTOU.
75. N& eUpeBolv al ywviar Tév elbadv, Eodhotwy dvTioTolyws :
1) 2x—-5y+1=0 kad x—2y+3=0
2) x4+y+1 =0 xal x—y+1=0
3) 6x—3y+4+3=0 kal x=6.
76. N& eVpedi 1) Elowois Tis ebbelas (5,), THs Siepyouévns S1& Tol onpelou A(3,5) kol ox

uaifolons ywviav % HeT& Tiis ebBelas (B,), iotoews X —y + 6 = 0.
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77. To aro Brdx v ebBeiaw ThHy Siepyopévny Si1a Tol A(l,—3) kal Tépvouoay ™y (8,), t&i-
ohoews X + 2y + 4 = 0 Urd yaviav 1350

78. N& Umohoyiofolv ol ywvian 1ol Tprycvou ABI, &mep Exer kopupds A(0,0), B(—4,4)
kal F(2Y3-2, 2V3+ V2).

60. AATEBPIKH ATIOXTAZIE TOY IHMEIOY M, (x,, y,) ATIO THN
EYOEIAN (5), ESIEQEEQE : Ax+ By +T =0, &v [A|L|B| > 0.

P A : ) L : \ 3
"Eotee OZ & &fcov & dyopevos &k Tou O kabétws mpos THv edBeiav (8) xai

. ; — o
TposavaToAouéves KT THv gopdv Tou SiaviouaTos u(A,B) kai éoTw H(xy,y,)
f) TwpoPoAfy Tol M, émi Thv (8).

O Eyouey :
W HM, — u-HM, = VA® + B} - FiM,,
SnAadn :

A(xo— %)+ B(yo—y:) = VA + B HM,
£€ ol :
AM, — A= x) +BOo=y1) g
VAz+ B2 .
*Emetsny 1o H xeiten &mi Tiis (8), B - \
elval Ax, -+ By, =—T xai ) (1) yiverou: X- 41

T _Ax —:—)_Bigj_'_f' (HM, petpeitan &mi Tol &Eovos 62).
- HIRYAERE
“Apa 1) dmdoToois ToU M, (xard Thv QvTiBeTov gopdw) &md ThHy elbeioy

(8) 8iSeton Ymwd ToOU TUTTOV

‘ | Axo+ By, +T'|
i=|M, | -',rr2 T B

‘H &méoTacts OK Tiis &pxfis O T@v a€ovev &mod v (8) elven :

2

r
Sy ®)

Mapaderypa lov: ‘H &méaTaots Tou onpeiou My(2,5) dmwd Ty elbeiav (8), tEiodoews

3x + 4y — 10 = 0 elvar:

30 2otde Sl 020 10 T 165 g
e Vo1& Vo £ 16 5

Mapadaypa 2Zov: ‘H &méaTaos T &pyfis O(0,0) Tév &Eévev &md Ty ellelav (8), -

odoews 6x - 8y —9 = 0 elvat:

(Sl MR A
d=—se s W W1
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AZKHEEIE

79. Aidovtan Ta onueia A(1,5), B(—3,3) kai I'(6,2). N& UmroAoyioBolv T& Tyn ToU Tpryw-
vou ABT,

80. To altd &1 1o Tpiywvov, dtrep Exer Kopugds Ta onueia 1) A(2,3), B(—4,0), ['(—1,—4)
kal 2) A(3,5), B(1,-2), I'(6,-5).

81. Aiberan 16 onpeiov A(4,6) kal of edfeian (8), tErowoewy :

, (u=1) x—(2u—3) y—4p + 1 = 0 xal InTeiton va Sprofii & u, els TpoToV MoTe ) dmdoTaols

Tou A &mo v (8) va elvan 3.

82. N& ebpedi) 1) tEiowois Ths elbelas (8), f) Omola dméxer lodug Tév elbaddv (8,) kal (8,),
tEiodoewy QuTioToly s : 3x+4y—5=0«al 3x+4y+7=0.

83. N& Umohoyiofouv af dmooTéoes Tiis &pyfis O(0,0) &wd Tédv eifadv (8) xal (8,) £61-
odoewy dvtioToiyws x 4+ 2y — 1 = 0, V3x+ Y2y —1 = 0. Toiov oupmépaopa EE&yeTan bv-
TeUBeV ;

Fr—p
61. KANONIKH EZIZQLIE EYQEIAL.— "Eotw Ol (ouwvw, npw) pova-
—
Siodov Bidwuopa kdBetov Emmi ThHY eVfeiav (8), OZ & &Ewv ToU povediaiou Tou-
—_—
Tou SiavvapaTos Ol kai H 1O onpeiov To-

= ——
ufis s (8) kal Tou OZ.
Oétopsv OH=p. ‘H elbeiac (8) elven
T0 ZUvodov T&V anueiwv M(x,y), Sk T&
611'0?0: :
HM =07 (§ 55 maparnpnois)

_,.—,

—_— —
ol - =0L:OH. =p" #

X GOV + ¥ RO = P (1)

*H (1) elvon 1) kavovik Elicwoig Tiis (8) kai dpeiheTon eis Tov Hesse.

Tpogavés, 1 Béois Tiis elbelas (8) E€apTéTan &k Tijs dmoaTdoews OH = p,
Bewpoupéuns TdvToTe BeTikS, Kal TS Yeovias w, Bewpoupévns kal TawuThs BeTiks,
els TpéTOY doTte: 0 < o < 2n.

Mapadervypa : "Eav w = % kal OH= %. 7 tEiowois Tis (8) elvar:
"'W“—;r—ﬁL}'-nu%:—%— <= —-—{-va3—-—5—-0 <~ x+¥3.y-5=0

62. ANAI'QI'H THE Ax +- By + I'=0 EIZ THN KANONIKHN MOP-
®HN AYTHE.— *Apkei v dplowpey Thy yoviav o kal 16 p, s Tpdmov doTe i
tElodoes ;

(1) xoww+ynuw—p=0 «xa Ax+By+I=0 (2)
V& TTapioTédvouy T alThy edfeiay. TTpds TouTo, TPéTrel Kad GpKE :

O'U\a‘c.o“ Ny @ —-p
A ST B — T =P=oww=pA, nuw=pB, —p=pl
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“Obev : p2(A?+ B?*) = ouvie + =1 = p=— 3)
kal koT droAoubiov
4 =, R 0= L, 5
(4) owo= VT P o= i v )
"Apa 1) (1) ypdgeTal : |
B r
: i =0 ©)

vy TR gy L vy

Inpeioo : "Eav p >0, & s oyfoews —p=pl Emetcn 6T ol p xai [
0 elvan Etepdonpor &pibuol, EKTOS gav = 0.

E&v F=0, té1e p=0 kal xaT’ dkoroubiav @ < m. "Apax nuw > 0,
SrrdTe dx T oyéoEws NP W= P B, émetan &T1 of p kai B eivar opdonpor dpibuoi.

*Ex 16 QveoTéped EMETA O APAGYLOS KAVOV.

KANON : Awa v avayayopsy Ty AX + By +T'=0 gig T Kav. popony :

lov : Ebpioxopsy tnyv Tpny VAZ - B2,

20v : Aidopev gig Tty upnv VA% -+ B? avtifetov mpoompov tob I, if av
F=0, t abtd mpoanpov pé td 100 B, Koi :

3ov : AraipoTpey apoTteps za péry tilg AX + By + T =0 & tob grotehi-
opotog tot 20v:

TpoxUmTel oUTws 1 {nrouptvn Efiocals :

Napadeiypa s “Eotw 1 teiowors 4x —3y -+ 15 =0. Elvau :
p=—YA f Bt =— Y16+ 9=—5, & mpémer p T << 0. Awapolvres S1& —5, AapPdvopsy
3 o . ; : Sl EY
Ty tlicwow 1 — _g, # ok y—3=0, fims glven 1) InToupéVN, HE OUV W =~— < M=
= 3* xai ]u =3

AT K HEZ ENE

84. N& poppuwiolv al E§1000E1S kal va kataokevaofouv ol edfeial, Six Tag dmoias elve !

1t w:0,3 p=7 i‘ 5 =10
i
2, wf'{" B3|
ISge: p= 2
" o !
3ol p=73 l 7. e
T |
A Al =4 8. 1.
CERRE e P ] I

85. N& &vayfolv UTO THY KOVOVIKAY uoppnv al e§iowoss
|, 3x+ 4y—10=0 3. x+y+8=0
2 S5x—12y+39=0 | 4 Y3 -y=0
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63. A[IOZTALIE EHMEIOY M, (%, ¥,) AIIO EYOEIAL (5) EZIZQ-
EEQX Xouww o+ ynpoe—p=0
Eis Thv TepimTooiv Tautnv (ox. 41) elvan u = VA2 +- B2 =Vouview + e = 1
kal & TUmos (2) Tis (§ 60) yiveTon :

d =|x, o0v © + Yy, mp @ — p| @
*Eqv 10 M, Exn Thv 8o O (0, 0) Tév &Edvav, ToTe ) (1) yivetan :
d=|p]. (2)

64. EZIZOXIE TON ATXOTOMON TON I'QNION AYO EYOEIQN.—

*Eotwoav (8;) kol (8,) &Uo el-
Oeian E€loaewy :

Ax+By+T=0 (n

kai  Agx+Byy 4 My=0 (2)

O& InThowpey v& Ekppdow-

pev 6T TO onueiov M (xg, ¥o)

keltan émi Ths wds f) Tiis SAANS

TV Six0oTOHWY TS Ywvias A, TV

) eubaddv (8,) xai (8,). "Avaykaic
kal ikavr) ouvbfkn elven @ al &mo-
oTdoels ToU M, (X, 7o) &TO TS
(8,) xai (8,) va elvan foan : AnAa-
&n: MH,= MH,

- Ay %o+ Bi Yot il A%+ Byyo+ Tl

VAl + B V A%+ B3

Kot* dxoloubiav 7) pla TéV SixoTopwv Exel efiowaty :

Ax+BiYe+ T AX+By+l,

17 = 3)
Vaio B Vi+
kai 7 &AAn SryoTouos O £xn Efiowow
Ay X ‘L‘hn +I A +Byyo + T =0 (4)

Vi + Bt VA3 + B}
Enpcioog : Aid va edpopey mola &k 1o Eiodoewy (3) kol (4) TapioTd Thy towTepikhV
kal Toia Thv twTepikiy BixoTopov Tis ywvias A, tpyaloueda dg EEfis
Ocwpoluey Tas ticdaers T@ (8,) kal (8,) UM THY Kavovikiy HopeAy ouTdY :
(8,): x oww, + ynuw, —p, =0 ki (8;): X oww, + ¥y nuw, — py = 0.
‘0 Adyos Téw dmooTdoewy alTdy dmd onpeiov THs ebBeias ;

(8): x owvew, + y nue, — iy + k(xouvw, + ¥y new, —py) = 0
elvn —k, (k€ R).
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TMpdypati, f01w Mo(Xqye) Tuxov onpeiov i (8). O& Exeopev :
X, OUVW, + Yo NHW, — Py + k (Xq 0uveo, + y,NHw, —py) = 0,
Xo OUVQ,; - ¥, MRO, — Py

L€ ol : —k= x:qm;i- Yo o, — P 2)

‘0 &pifunTns Tis (5) elven 1) dwéoraas Tis (8,) &md 16 M, kal & TapovopcoThs ) drré-
aTaots Tis (5,) &mo 1o M, Kar’ dxohoubiov, —k el /
var & Adyos Tév dmrooTdoewy TV (8,) kal (8,) &mo :
T M, Tiis eVBeias (5). y

'Edv k = +1, f (8) elven pix f| &\ TGV Bi-
XOTéuwy Tfis ywvias Tév (8;) xal (8.).

‘H yevia tév (8,) ko (8,), tvtds T 611'0‘1'0:5 £U-
plokeTan 1) dpyd) O Tév &Edveov, fi | KaTAKOPUPTIV TNS,
Elvan f) dowotepkn ywvia Tév (8,) ko (8y). Al & b

v EEwtepikai Tav eUfardv TOUTWY. i
Kata Tov kavéva s (§ 54? ErreTan EST' ‘ (?) gﬂ- (6y) /

Tan gl 16 dowoTepikdy Tiis ywvias TOV (5,) wal (5,), /

Staw k < 0 xal els 16 Hwepikd, dtav k > 0. « o

'Edqv 1) &pyhy O keiton éml TS (8,) A Tiis (8.), 6 Ty, 44
Tpbrn va xaraokevaotoly of elbetam (6,) Kol Sﬁg) xal ' .
al yovien el Tag omolag k >0 dvTioTonow al BixoTonot (EowTepikn —EEwTepikn ) KaTd

6 oxfiua.
AZKHZIZ

86. N& popgowtouv al thradoaels TOV F1XOTOHWY TAOV ETWTEPIKEY ywviddy ToU Tptydvou
ABT, 700 dmolou ol oo TGV TAeupddY elvar ¢
dx—ay- 19 =0 lly=d =0, Lixeap=li=0

kal vd Sery87 6T GiépyovTan Bid ToU aUToU onusiov.

65. THMEION TOY TPIQNYMOY ax + By 4 v.— To onueiov Tfis mapa-

OTéosws E= ax - Py +y tEapTaTA &rod
85 &pifunTikds Tipnds Tév X Kod ¥ 5n- Y
Aoy & T Béoews ToU omueiov M (x, )
ToU Kapreoiavod émimidov X0y (ox- 45).

« "lva f) Tap&oTaots E evat unﬁév,"rrpf- @
el ki dprel 10 M (X, ) v keiTatl &l TS
Wbeiag (5), eEiodoeos :

M(x,Y)

(6)

T P(x,Y)

ax +py +v =0 SRR e
“Qote: E=0 <> ME(B)
@ Sy. 45

"Edv M ¢ (8), mapiotdpey S1& Tou P

Ty Toufv Thg (8) peTd THS ¢k Tou M e ' g
Du?\M)\oT-L MH T([‘Pc?}g +ov &Eova Oy. TO p EXEl OUVTETOYHEVAS, TTROGAVESs, (%,¥0).

"Apa ax + By, +y =0 (1
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A& T onpeiov M (x, y) 8& Exoouev :

E=oax By +v = (ax +By +y)— (ax + Py, +¥) =By — Py,

f E=B(y—y)=5PM. 2

"Ex s (2) padveran 611 ) mapdotaois E Exel 16 onuelov ToU B, Ev 16 PM > 0,
BnAadn 2av 10 M keltan els 1O fuerrimeSov (1), kewpbvou dveolev s (8). O& Exn
8t onueiov dvTifeTov ToU P, dav 1O PM < 0, SnAad? T& M keltan efs TO futemime-
Bov (2), 10 xeipevov kaTwdev Tiis ebbelas (B).

"Qate : To tprvopov ax + Py + v eivar Getikov Sua ndv onpeiov tod &vdg
OV Nuiemnidov t@v dpilopévay drod tijg edbeiog, tErohoewg ox - Py Sy =10
Kai apyntikdv 81 mi., onpeiov tod diiov fuemnédov.

A1a va Blaxwpiowpey T& Vo ToUTa dvowsta fuemimebe, dvalnToUpev
T0 Wpoonuov Tiis E, 10 dvtioToixolv els ThHv dpynv O(0,0) Tddv &€bvev, &g
Thv TepimTwoty ka® fiv y == 0. Eis TouTo €l-
var E =y, "Apa:

To onpelov tfic E = ax - Py + v elvar 1o
tob v gig 10 fpueninedov, el 8 welton 1§ apyf
0(0,0) TdV ovvietaypivov.

Hapéderypa : TO Tpicvupov 2x + 3y — 6 elvat
dpunTikdv els TG dvoiktdv fwemimeSov, TS mepiéxoV
v dpxnv 0(0,0), els T dmolov ywpileTon Umd TS
eUBelas (5), Eiodoecs 2x + 3y — 6 = O (oy. 46) Kal
GeTikdv els TO &R0 dvoikTov fuemimeSov. Tlpds Bide

kpiow tomrofeToUpey TS onuelov + kal Td onueiov —
tkatépwbev Tiis edfelas (B) &1 va Selfwpev TO O

~
2x+3y—-6<0 TIKOV fj TO &pvnTikdy Tpdonpov ToU Tpiwvupov

Tx. 46 ax 4 Py + v.

66. TPA®IKH EIIAYZIZ THE ANIEQEEQE : ax -+ By +y > 0.— Apxel

va elpwpev 1O ZUvoAov TéV anuelcov ToU émiméSou, T&Y émolwv ai ouvTeTar

y yuéval x kol y émednBedouv Thy dvicwoV
ax+By+y>0.

Karaokeudlopey Thy ebfeicy (8), EErow-

oews ax + Py + y= 0 kal wpoodiopifopeV

TO cnueiov Tiis TapaoTdoews ax -+ By + ¥

2x+39 6>0 els BaoTov TEY &voikTéY AuemiméSwy, €S
\\\\“\ TG omola YeopifeTan TO émimedov xOy v.ff'ﬁ"‘5
— Iy % 1 edbelas (5). KaAUmrouey droholcos 51d
! ‘\\\\\\\ 4 s TapcAAAQY  YpoupddY (Ypauuockiowua)
W\W\h\ TO pépos ToU EmiméSou, TO dmroiov SEv &P”

Tx. 47 '"‘\\w uédler els THv AUotv ToU TrpoPAf|parTos.

OUtw, B v& AdPeopev T& ompeica ToV
¢mimeSou (oy. 47), Tév Smoicov of ouvTeTaypévar EmodnBevouv ThHy &vicwot
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2x + 3y — 6 > 0, ypoppookidbousy T &punTikdY pépos Tod EmiméBov, TO drroiov
mepiexer v dpxnv 0(0,0) TV ouvTeTorypéveov,

‘H edfeia (8) mapioTaTtar 8 fotiyubvns ypoppfis, Si& v& Selfcopev &t of
ouvTeTorypévan T&V onuelov aUThs pndevidouv TO Tpicovupoy 2x o O R
& efyopev Tpos AVow ThY 2x+ 3y — 6 > 0, omore ) (8) 0& mpémn i Speins
CUVEXTS YpaupT.

67. EOAPMOT AL — Bdaoel TGV wponyoupéves ekTebévtaov, Suvdpele v tmi-
AUowpev oUoTnua dviowoewy ToU TpwTou Paduol fj va elipwuey T6 Tpdanuov oy
Ywopévou (émfhucis dviowoews) TpwTofaduiny TaparydvTev ds mpos x, y.

HNapadeiype lov: Avd moicg TG TGV X, ¥ cuvainOebovy al dvichong ;
X4+y-1<0 (1), x—-y+1>0 ().

y4+1>0 (3).

Karaokeuddopey (oy. 48) Tés evbeias

(81), (8y), (5,), tErocdaewy :
X+y—-1=0 x-y+1=0
y+1=0.

"Edv ypappookidowpey EKaoTOV fuie-
TimeSov, els & al ouvTeTaypévar TV o1
belcov Tou Btv Erednevouy THY &uTioTol-
Xov dviowaty, katahfywpey el TO OUk-
Tépaaua 811 pévov T& EowTepIKE oTHETR
ol Tprycovou ABIT Exouy oUVTETAYUEVTS
troknBevotioas ouyypéves kol TEs TPETS
lecrcbcrels.

Mapaderype 2ov : N& Emivdf 1 dviowos :

(x—y) (x+2v) @2x+y-3) <0 (1) .

Keraoxeudtopey (ox. 49) 7&s €0
Yeias (5,), (5,), (5,), tE1odoey GT-

Tofyess : 8 b \‘E o
X=y=0 X iy =1 -~ 51
o«
Al elfieion ofiren yeopibowy TO f“g' (Ef) ‘cl>//+-’\f
TeBoy tésy &Eéveoy xQy el Emré Emime- ~ _’& 2 1 ’\(
b xwpla, Efs EkoaoTov TV xeplov o

TOUTey, 16 yiwdpevoy TEV TIEpaYOVTWY
"0 mpdytou uéhous THs (1) ?\auﬁ?'tvet

@ dpiopbvoy TpoaNHOV. TMpoobiopiGo-
&0 6 onpeiov ToUTo Kol -n’c:pcx?.s['rrol-
e 7o ywplov #keivo, efs TO Srofov TO
Ywépevov tolro ylveran geTikdv. Mapa-
Mpolpey elkdAws 611 1) Gviowots (})
Anbeder G1& Té&g guyTETaypEvas TOV
Mieloy Ty kenpbveov els T ETimESX
(pic 1, 3, 5 kol 7, tEaupoupévey TOV
Mueloow Tésy kebveoy el TEY elfady .
,), (5,) kel (85).
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AZKHZEIZ

87. N& ylvy ypagikdy tmflucis Tév ouoTnudrev :
1) Xx+y— 3>0, x—-y+ 4<0, x—-4>0
2) 2x—-3y+ 6>0, dx —y — 40, 4x+3y+12>0
3) 2x—- y+ 5<0, x4+ y+ 7<0, 3 =y>=0
4) 5x—2y + 100, Tx—2y+14>0, 2x+y-5<0.
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KE®AAAION VI

NMOAIKAI ZYNTETAMMENAI

68. IMOAIKAI TYNTETATMENAI LHMEIOY EIX TO EIMIINEAON.—

Eis THjv Tapotoay Topdypaeov 8a Bewpriooopey véav pébodov Trpocdiopiopcl
Ths Béoecos TGV onuelwv gmiméSov, T Ponbeiq Slo TpaypaTikGY Ep1Budv. Y-
ToBétopey SeBopéva T& onueiov O, TO dmroiov
KohoUpey mohov, kad picy oTabepdw ebbeiav OA,
kahoupévny mohukdv dova (0. 50)- b

Ymrd Tdg ouvbhxas TaUTAS, Tuyov anueiov P
ToU mimréSou elven Gpiopévoy, & 5067 TO pijkos
OP = p kol 1) ywvie AOP=8. Oi &pibpol p kai 6 Y
koAoUvTan mokukai ovvietaypévar ToU onuelouv P. 1
To p koAeitan SLavoopaTiK axrig kad 1) yovic 8 0

KoAelTon mohiki} yovio. ’ \
‘H Trohik) yoovia § efvor femuki] 7 Gpvyet- °R
ki, Smos kal elg THY TprywvoueTpiav. ‘H Sl(xl:'u- 3y 50
ouaTikd kis p elvoa BeTIKT, gy TO P‘KfTle E'IT'i
Tiis Tehikiis Theupds Ths yevias 0, xal cpYnTIKT,
EKTAOEWS TS TEAIKAS mrheupdis Tiis yVIOS B 4.8 , e
O, els 76 (ox. 50) ) SlovUoUaTIKT AKTIS P TOU P elven BeTixry, v f) Tob
Py elven dpvnmixd.
Inpsioog ¢ Els m&
& Opioutvoy SiaTeTaryuEvoy LeUyos (ps

axéoels : AP

v Siaretaypévov Leiyos elvon dvtioToryov fuds
Tou &molou al Tohikal ouvteTayuévon elvan

&tav 16 P keltan émi Ts mpo-

v onueiov ToU ¢mimedou (&i&gopov ToU O) dvTioToryel
0) Tpery HaTIKGY &p1Bpdov, TTAnpoUVTWY Tég

0<p

kad dvTioTpdgeos : TT8v TOOUTO
kad pévov onpueiou ToU EmmEdoY,
TO 8ofiv Lelyos. 42 . ¢
Elven 1 z avés &T1: Buo TUXVTES TPy MaTIKO &pifuot (p, 8) mposdropilovv

i eTan kot TOV &koAoubov kavova,

€v péovov enpeiov, TO OTOIOV KOTOKEVAL : ; e
KANON Avd ve dpioepev v Oéowy £vog ompsiov, 100 dmoiov Sidovrar

ai nolkai cuvteraypévar (p, 0

Tov : KarackevaGopey Ty TeMKiY rhevpav tiig yovias 0, dnog kol eig iy

Tpyyovopstpiav. e |
72 ll ’lg‘v A SLOVOOHATIKT axrig p elvar Ostikn, hapPavopey Eni tiig telukiig
’tlt:\)p:’;‘; :rﬁg ‘;mviuq 0 1o tpijpa OP = p. Eav 8¢ 1) dtavvopatiki) axtig slvar ap-
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vnTikd, Tposkteivopey iy tehuciv nhevpay tijg yovieg 6 wai AapPavopey Eni tiig
npocktaoeng, &k ol noélov, tpiipa OP foov mpdg TRy &pbpnmukiy tpdy (fj ané-
Jvtov) tob p. Td onpeiov P 0a elvar téte 16 Lnrodpevov.

L
L] s
3
T
- 4
5 )
-3
A
s Ol 2 4.5 070 T
3 16
6 ,f |!
3 % y
4 /
’
/I l‘l
t, ,’
5 V7
5T 7
i 7 5
~ ks i
A s -
Eaay 2
3T
i
Zy. 51

Eis 16 (ox. 51) #xopev mpoobiopioet THvY Béow TGV onueicwv, TGV dmoiwy
al Tohikal ouvTeTorypévan elval

™ 51 5m 2 T
6 &) L) dp ) B o) M. (5]
*Ex v dveotépw EkTebévToov EmeTon O :
Ilav onpeiov P opiler dnepiav Swtetaypéivav Levydv (p,0).

AZKHZEIZ

88. N& dpiofolv T& onpela, Tév omolwv al ouvTeTaryptvan elvan :
T 21 21 m 41t
5 65 25 63 (+35) e

89. ‘Opofws T& cnpeio:
(6, i%), (_2. 1% %) G, ) et (el0), " (=6, 0).

90. N& &moBerxij &1 T& onusicr (p,8) xal (p,—0) elvar ouppeTpikd d§ Tpds TV TOAKSY

&Eova,
91. N& drmoBeiy87j 61 T& ompela (p,8) xod (—p,8) elven cuppeTpIK s TPdS TV TSROV

92, N& drroBerydfj &T1 T& onueia (—p, m—8) kol (p,8) elvan ouppeTpikd s Tpds TOV TTOAI-
KoV &fova, i
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69. METALXHMATIEMOZ TQN OPOOIQNIQN EYNTETATMENQN
THMEIOY EIZ IMTOAIKAL ZYNTETAIMENAE.— "Eotwocv Ox kol Oy ol
&Eoves TGV OpBOKAVOVIKEY ouvTeTaypévay, O 6 wodos, kol Ox & mohikds &wov
Vo oUTTHHATOS TIOMKGV ouvTeTayutvey (oy. 52).

*Egteoav (x, y) al dpfoydvior ouvteTayuévar kal (p, 8) ol mohikal Tolad-
T fvds onueiou P. Alaxpivopev uo meprrTddoes, kabdoov elvar p > 0 kad p < 0.

lov: Eqv p > 0 (o). 52—1), &k ToU Tprydvou OAP 6& Excopev :

x=poovl kai y=pnpd b}
els olovBhTroTE TETAPTNHOPIOV kal &v ebplokeTal TO onueiov P.

=X 52

2ov: *Edv p < 0 (0% 52--2), Bewpolpey TO CULUETPIKOY onueiov Py Tob P
0, Tou &molov al dpfoywvior ocuvTeTaypéven 8& elven

(~p, 8. *H SiavuopaTikh) kTis ToU Py, (—p) elvar Qe-
Bloecos. Auvdueda, KATE TUVETEIQW, VX XpT|TIHOTIO oG-
B EYOOLEV AOITIOV ©

dog Trpds  TOV TOAOY
(—x,—y) xai of ToAal
TIKf), &i16m p < 0 € Umo
pev o EErocooes (1). Al Tb P,
—x=—po0 [ srsre Hix 1O P 0 elvon :
—y=—pmupd )’ ,
*EvTelBev TTPOKUTITEL TO &réhoufov Bewpnpa :
70. @EQPHMA : 'Edv 6 n6h05 auprrim':u pé v &Qx‘i‘iv O tdv ouvietaypé-
VoV kai & roikdg GEav pE OV getikov fuatova Ox, Ba Exopey :
x = p ovvd } @
y=pund
Eva (x,y) ai dpBoydvior suvretaypévar Tol Toyoviog onpsiov P rol Emnédov kol

; S
(p,0) ai molkai cvvietaypévar oUTO ’
p,0) ,:i éT;cr::':;ag (1) pépovv 16 dvopa Esdong peraoynpencpoel 6y dphoyw-

viov cvveetaypévey €6 TOMKAS ’totuvmg,. - "
*Ex T6OV ECI10WOEWY (1) AcpBavouey EUK s TS :

%
poxiiy ol @=wiee(f) x#0

x=pcuv9}
y=pnpo |

(Im

X
_ ¥ kd ool =———
gp =t V=432 ).

Enpeiong: ‘H yovia 8 GmoAoyldeTa &rd Toug Suo TeheuTadous TUTTOUS padi.
5
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71.* TIOAIKH EZIEQEIE EYOEIAL.— 1lov: E&v f) elfela (8) Exn Elowow s
poppiis Ax + By 4 [ = 0, T61e 81t 1é&v Timrwv (1) afrn petaoynuatifetan el Thv

p(Acovd+ Bnud) + T =0 )

2o0v: 'Edv 1) eVfela (B8) Exn Elowow Tiis popefs:

X OUVW + ¥y MHw = P,
ToTe alrn &ix Tév (1) ylveran:

p auvd ouve + pnpd nuw = p, #€ ol: powv® — ) =p 3]

Mapetpiigeg : Ak « = 0° ) (2) yiveton: povvd=p }

Mé w = 180° 7 (2) yiveTou : povvd=—p
Els &ppoTépas Tdas meprrTadoels TadTas f) elbeia (8) elvan k&BeTos Emrl Tov mohikov &fova Ox.
Ak = 90° 7| (2) ylveTen: pud=p }

kal B1& w = 270° 4 (2) ylveten: pqud = —p

Eis dugpoTépas Tés meprTdoes TauTas 1) (8) elven moapdAAndes wpds Tov moAmdy &-
fova Ox.

Maca £0fsia Sepyopévn S1d 1ol mohov Exer dicwowv: 6=k
Smou k dpioptvos TpaypaTikds dpiBuds.

72. EDAPMOTH.— Na &bpebij 1) anootaotg t@v onpeiov A(p, 0,) kai Ay(pg, 0y).

Abag : Mvopilopey &1 #) dmdoTaos T&v onuelwy A, A, els KepTeoiavds euvTteTaypévas
elvan

@ = (x,=x,)+ (G — 1) ]
Tanais X, = p, owb, X, = pp Ouvl, } !
AN ) kol v ool [, bmédre ) (1) ylveton:

d? = (p, owd, — p, ow,)? + (punub, — p, ud,)?
kol peTd Tas kKaTalAous Tp&Eels AapBavopey TOV TUTIOY |

d: = P D= 2p,p, ouv (0, — 6;) @

A1k 6, = 8, Exouev THY inéxtaciv tob IMubayopeiov Bewphpatos.

AZKHZEIZ
93. Al &xéhoufior EEiocoels va petaoynuaTioiolv els moAkds :
1) x=3y=0 | 4 x4y -—ax=0 |
2) y+5=0 5) x—yt=oct &Eoves dpfokavovikol
3) x*+yr=16 6) 2xy=17

94. Al &xdhoufior E€icdoels vé peTaoynuaTiobolv els KapTeoiavds kal dpfoywvious ouvTe-
Tayptvas kel Kavovikds.

1 p=10 5) pfouvi28 = ot | 9 p = a(l—ow8)
2) p = 16 cuvd 6) p = anu20 10) pinu26 = 16

3) prue =4 7) p = xou2d 11) pt = 16 nu26

4) p=anue 8)  pouvd = anu*d 12) p = anu36.

416

Wneiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrig



95. N& elpefolv al époydvior ouvTeTarypévan Té&v onpelcov @

G5) (2%) e

96. N& Umohoyiofij T Eupadov Tprydvou ABIT ouvapTicer Tév ouvTetayuévewv Tév ko-
pupdv Tou els dpBokavovikoUs &fovas, TpdiTov gls KapTeoiavas ouvteTerypévas kel SeUrepey el
ToAKES. 8

5 = T
97. N& dmobery8ij 6T1 T& onueix (4, _é—), (12—4 ¥3, T)' (12_ %) e

eUfelas,
98. N& Umrohoyiodij TO Eupabov Tol Tprydvou ABT, Tol &molou kopugpal elvan T& onpeia:

L 2m 4
1) A(4, T)' B(e, T) r(g, T)
L 5 5t
2 A1z, ) 8(a =) (s =)
~ 2 W
99. Ni Umohoy1o0f # méaraos Tév onuelev A(S, T)' B(S, T)

100. N& &moSeiyd7j 61t al irodoels TGV B1xoToMwY ywvias 500 Tewwopévev elleady Imo

THY Kavovikiy popehy elvan :
x(owe, + ouw,) + B(nue, + nuw,) — (py + pe) = 0
kal X (ouves, — ouv;) + y(nuew, —newy) + (p:—pi) =0
101. Els dpfoxavovikdy oUTTNHE cuvTevTary péveov Becopoliney T& onpeia A(1,6), B(—4,2),

F(3,~1). N& Umoroyioi :
1) T pfjkos Bl

2) Té Gyos AH ToU Tprycvoyv ABT. ) :
3) Al iEi0coers TGV EoWTEPIKGY BiyoTéuwy ToU Tprydvou ABI.
4) Al Eiohoes kal T& pijkn TV Siopéowv Tou kal TV EfwTepIk@Y BixoTduwY Tou.

5) Al tiocoes Tév pecokabETwy TGV TAEUpEV Tou. §
6) Al tEiccoers Tév eddaddy ol dmoia ouvBtouv Td péoa TGV TAEUREY Tou.

FENIKAI AZKHZEIZ TIPOZ ETTANAAHYIN.
102. N& evpefoiv al guvTeTay pévat ToU onuelou Tijs ebfelas (6) 10koews 3x — 5y 4 6 = 0,
TS dmofov dréyer foov T@V OTHElWY G4, (21 )-' ¢ '
103. N& eupedi 1) Elowas TS cubelas, 1) émola SiépyeTan Si& ToU onuefou (2,5) kal Toro-
s cba‘r;a TO ue-rF;Et'.; TGV &ESVLV Tufjpo aUTTS v& SroupeiTan UTd ToU onueiov TouTov els SUo ioa

Hépn, ) o
104. N& &mobeydij 6 al eobeiocn y = AX + B, Smou A = B, BitpyovTan Si& ToU alTol on-
Heloy, TToi udven TOU onuelou ToUTOV
10201:;0‘;::8‘::;?{&! # mapéoTaoss E = ax + By elven TO EowoTepikdY ywbpevoy TV

J o8 | DM(Y)
1y X,¥)
i‘;‘;hﬁgagfif.fge;; Ax+By+Tr=0 Si& a5 &molas A+ B+ =0, Silpyovran
& 100 auTol onuelou, ToU omolou t‘;r}'rc_wﬁ
107. N& eupedfj & Abyos, els Tov oTroiov

S &y & 4 -"3:2)r (611)' 1 = "
T;LzYuri\;uZ;:;ﬁ :imoagrwg oo 1) eVlela y = BX — 7 v& Srepf] 1o TR A, (3,2), A,(1,4)

vTal ol ouvTeTaypéval.
1 eveic x + 3y — 6 = 0 Broupei TS ThFua, TS Exov

&5 Adyov %
109. N& etpedolv al tEiocoers TOV SiyoTOHWY TGV YwVIGY TRV eUfadv dx -3y —1 =0
Kol 3x—.4_y 4+ 2 =0 kal v& &mroberydij 6Tt alTan elve kadeTor.

o7 417
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110. Né& eUpedij 6 yecop. Tomos TédV onusicv, dv & Abyos Ty &mreoTdoEwy &M Tég elfelas,
tErooecv 1 4x —3y + 4 = 0 xad 5x + 177 -8 = 0 &lvan LSS—

111. Al Theupal Euds Tprydvou ABL Exouv oot :
3x44y—12=0, 3x—4y=0, 4x+43y+24=0

N& &mobeiyéi ém1 4 BryoTouos Tiis A kel ol EfwTepikal BiyoTopol TGV yewidsy B, Siépyov-
ot Bi&x ToU aurTol onpelov, Tol dmolou {nTolvTon al ouvTeTaryMéval.

112, Né& eupedfj 1 Eiowons s evlelos (B), ouvTeheoToU SreuBlvaews A = 72—7, kal ThHs O-
Trofas 1) &méoTacts o TO onpeiov (2,4) elven 2,

113. N& eVpeBolv ol ywvian Tol Tprywvou ABT, ToU &rrofou al mheupal Exouv EicmOES
3x+2y—-4=0 x-3y+6= 0, 4x—-3y—-10=0, xai vé &moBeixBf 611 :

epA -+ 9B + ol = epA -+ 9B + egl”, kel A4 B+ I = 180

114, Aiberen Emimedov (P), pia evbeia (8) bl ol émiméSou kol &v onpeiov A EkTos ToU ETTi-
méSou. *Eotw H # wpePorn Tol A éml 16 EmimeBov (P) kad K 1) TpoPoA ToU H &l Thv (8). N&
&mroSeifnte 11 TO K elvan poPoid) Tou A Emi v (8).

145. "Emrl ToU &miméSou Tév &Eévwv (Ox,0y) Sibovtan T& onueia A(-2, 1), B(4,-1),
r(7,2). N& dprofoly af ouvtetayubvan Tiis kopugdis A ol TapaAinioypdupou ABTA.

116. 'Eml ToU tmmédou Tév &févev (Ox,0y) Becpoupey Thv elfelav (8), tEiooEs
ax 4+ Py + y = 0 kal & onueia M, (x,,¥2), Ma(Xey2) B kelueve el 15 (8). Edw | elvan §y

—F —
Topfy Ts (8) kal TolU TpfHaTos MM, v& &p1067) & Adyos IM; @ IM,.
117. AiSeroa Tplywvov ABT kai T& onuela M, N, P ¢l TéV TAeup&V B, TA, AB &vmioToi-
¥oos. Aeiarte OT1 T& onpeia M,N,P 8& xetvten &’ ebbeias Stav, kal pévov Stav, Eycopey :
ME NF PA _,
MF NA PB-
118. AlSovtan T onpeiar A(2,1) kal (B(6,4)- N& dpiofolv ol ouvTETaypévaL TRV KOPUGERY
I,A Tl Tetpaydvou ABIA, To omolov Exel TAevpay ThHv AB.
119, AlBovran T& onpeia A(1,0) kal B(3,6). N& épioBolv al ouvtetaypéver TV KopugaV
" —_ —> 21
I kel A ToU péuPou ABFA, olrws dote (AB, AL) = —5—

120. N& Umoroylodi f) ywvia (-L: 7) TGV BIGVUOUETWV
- e — =h -y
D(VZ -V xad vG-VZ V3 + V6).
- o —
121. AfSovren & Sravbopata u(4¥3 -3, 3V3 + 4), v(4,3) xai {nrolvran Té:
— = — = — —
ow(u, v) kal np(u, v) kal (u, v).

5 — =
122. Bcwpolpey T& Biawbopata: u(=0,5, 6), v(2,5, —1).

5y . ~ ' ~ 2
N& UmoAoyiobij f ywvia Tév Sicvuopdrwy { T{+ v, :__J }

123. 'EmAvooTe ypagikéds TS GVIOGOEIS :
(=190 =)
0 =i e =il
s 3 =
124. AiBetanr ) ebfeia (8), Efiodoews X ouvw 4+ ynuw = p.
Aeifare 6m1 Ay dméoTacts Tol onuelou M, (x,,v,) &md THv (8) elvat :

\

I

d = x; oww + y, Nuw — p.
‘Epapuoyfy (8): Tx+y—10=0 «kal M,(3,4).
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