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MEPOZX NMPQTON

KEQDAAAION |

STOIXEIA MAGHMATIKHE AOI'IKHZX

1. MPOTAZLIE.

‘H petaty Tév dvBpdmmv ouvenwdnols yivetan pé rpopopixdv fi ypaTrtov
Adyov. Elg thv Mpapparmikiy kel T TUvTakTikOy «AOYOs oUVTOUTOTOS ut dvre-
A dmholy TeplexSpevovy AEYETal TPpoHTAOIS.

Els Thy Modnuarikiv Aoyikiy kal ta MaBnparikd dv yéver Becopolper Tés
Aeyoutvas Aoyikds TrpoTacels, fitol wpoTdoes &1° éxdoTny Tév dmolwy Buvdipe-
B kord fva dxpipéds TpdTrov va drropavBduey 671, Ekelvo TO dmoiov alTn tx-
gpdlel, elven dAnbis fi weubts dmrokAelovtes &AANY Tepimreoow. OUTe, TX., f
TpdTaOIS

«& dpiBuds 4 elvan &pTiogy (1)
elvan picc Aoyikdy mpdTaos, 81T tkelvo TO dmolov aln Ekppddel elvan dndés.
‘H wpdTagis :
«b &prBuss 5 elvan &punTikds» (2)
elvar pla Aoyikny mpdTaots, B16Tt Ekelvo 1O dmolov atn tkepaler elvan weudés.

Al &vwépw mpotéoels (1) xai (2) Bewpolvtan dx &nhal mpoTdoeis, kob-
boov Bty BUvavton va yYwpioBolv es Buo fi mepiocoTépas &AAas TPOTACEIS.
Towwvavriov 4 mwpéraois :

« Ol &piBpol 2 kai 11 elvar mpddTom», 3)
| &mola yapaxtnplleTonr dx dAnBhs (elvea 8nA. Aoyikn wpéTaois), ywpileran
els BUo &Ahas, fiTol :
«b &piBuds 2 elvon mpddTosy kol «b dpiBros 11 elven wpddTosy.

AV airod f mpdTaos (3) Aéyetal oivBetog mpdTaos.

Kotd té& dvwrépw els Thy MaBnuamikiy Aoyl Beydueda &i

1) Urrdpyer &v ouvoov dmAdv Aoyikév TpoTdgewy (1o gUvolov ToUTo
auuPolilopey pg L).

2) els ixdorny mpéTagw ik ToU L Buvdueba va dvmioToiyiowuer dvods-
Y5 ToU Tepleyouévou s Ever kai uévov Eva Ex TGV YapakTnpiopdy @ &inbiig
N yevdig.
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TMapadelypora mpotdoewy ToU awdhou L :

1. «Td &Bpoioua TaY EOWTEPIKGY YOVIEY Tavtds Tprydwou elvan foov
mpds wlav edBelay - yeovlavy (&AnBs).

2. «4+4+2="T» (yeudns)

TMapadelypora TpoTdoewy, al omolal Btv dvrikouwv el To L :

1. «r& MaBnparikd elvon mpéowen (raparoyiouds)

2. «dv Tplywvov &moTeheltal K TPIGY YPAUUGEYY (&oagns)

3. «x + 10 = O» (Btv Buvdueda v dmopavBdopey &v elvan &AneRs A weudtis).

“Orev TS Tepiexdpevoy mas Tpothoews elvon dAnBés, TOTE Abyopey &TL 1)
TrpbTagls Exel AOYUKTV TRy A A npfv aindeiag A.

"Orav TO TEPIEXOUEVOY HISS TpoTéoews elvon Weubts, TOTE AbyOuev 1 1y
mrpdTacis ExEl hOYIKTV apiv ¥ f) upiy aknleiog Y.

Mapadeiypata:

1. *H Tipf &AnBeias THs wpoTdoews «b 5 elvan dpunTixds &piBudey elven Y.

2. ‘H mipfy &Anbelas Tiis TpoTdoews «& 3 elven BeTids &piBuds» elvan A.

T&s mpoTdoes Tol guvdrou L mapioTavoue ouvhfeos pé TE ypdupaTa
p, q, r xtA. [pdgopev, .X.,

p:«d &pibuds 135 Afyer els S5».

q:«d &piBpds 125 elvon Biopetds i 5.

2. LTAGEPA KAl METABAHTH.

‘H B1& Tfs ypagfis ouvewdnals ylveton pé Thy Poribercy Blapdpwy oNHE-
Tev, Y. YpauudTwy, Aétewy, gpdoEwy, TpoTéoewy, onueiwv oltecs, Biax-
pdpuv oupPaTikdy onudTwy (.. [KA), elkoveov, BiorypapudTwy K.0.k. Ta Tol-
aUTa onuata dvopdlopey cbpfora.

"Ev ypdupa, X TO X, elven oUuPoiov. SUpPora Erriong elvan, X, 1| Aé-
Eig «mévTen, TO « 4 », & &piBpds 15, T ¢pwTNHOTIKOY K.T.A.

“Ev oUpPorov elven Buvardy vé &moTeAfiTal Mo TMEPIOTETEPR OTIHATT,
xabty &Trd T dmroia elvan #mions oUpPorov. Ty X + 5, o — of. Zuvnbws  els
THY TrepiTTwow aUThy TO oUuPoAov 16 dvopdlopey Exgpaoty.

Méoa els T TpoTdoels kal yevikdTepoy €elg Tas txppdoes, 18iws elg T&
MabBnuaTikd, eiploxopey dpous fi oUpPoAe, STrws .. «Bporapon, «tplywvovs,
«-8», « + 12», «O» ol &AAa Tapdpoly, T dTola Exouv plav kabopropévny kai
povipov enpaciav elg to Bipa, 1o dmolov $Eetafopev. Ta TolauTa guppola bvo-
palovtal etabepai.

*Humopel &pwxs els ulav Exppaciv va Umépyn oUpporov, TO dmoiov Sev
Eyel povpov kal xaBwpiopévny onuaciav el THy Egpaow auThv. TLy. els THY &-
gpactv «b X elvar uikpdTepos ToU 5» 1O oupforov X Biv Exer pdvipoy kal xabwpi-
opévny onuaociav. Atv elvan BnA. To X voua Evds Gpropévou dpi@pou. "Edwv Suwos
els Ty Béow ToU x TeBR Evas drroloodriToTe quoikds &pibuos f Evas TPCYHATIKOS
&p1Buds, TOTE TpokUTITEL TpoTacis (&Anbhs A yeubng). To 18iov aupPalver els

6
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Ty fkgpaow 2x =4. ‘Opoles els Ty Exgpaow x > y. T& Toleita cUuPoAa
Svopdlopey petafintés.

3. NMPOTALIAKOZL TYIOE ("H ANOIKTH IMPOTAZIE).

A) *Ag terdowpey &AW THY EKppoow :
«b y elvan wikpdrepos ToU 5»
‘H txppaois ol &ty elvan mpdTaots, BidTi Btv Suvdpela v’ drmogaviduey &v
elvon | pdvov &AnBhs A mévov weudrs.

Maparnpoluey Suws 811 aldrn yivetan wpdTaois, &v els Thy Béow TS
BeTaPAnTRs X TotobeThowpey Eva olovBfiTroTe Wperypamikoy dpiBudy. "Av, Y.,
dvTikaTaoThowyey T X Bid ToU 2, B& Tpokiyn f TpdTaos «b 2 elvoan pikpo-
Tepos ToU 5», A &mola elvan dAnlhs TpdTagls. "Av &UTIKATAOTHTWHEY T6 X S
ToU 7, 8& Trpokingn AW TpéTacts «b 7 elvan pikpdTepos ToU 5, 1y Smota Sues
elven euBtis.

*As tetdowpey drbdun THY Exppaciv :

2x =4
‘H Eppaois abm) fiumopel va &mopf} mpéTacts, &v TO X &vtikaraoTadi] pe Bva
TpayuoTikdy &pifud, Ty, ToV 3, omoTe ylvetan 23 =4, ) dmola elven Tpo-
Taols weudhs. ‘H 16la Ekppacis yivetal dAndhs mpdTaots, &v f) peToPAnTh X
&vrikerraoTadfy S1d Tol 2.
Al txgpdoeis «b X elvar  WikpoTEPOS ToU 5», «2x = 4», k.T.A. Svopdlovtan
npotaciakoi tomor # dvowktal TpoTEOEL.

Fevikéds: Ipotacaxdg tomog (R dvokedy npotacig) mig petafhnriic héye-
to xkG0e Exgpaaie, 1) dnoia nepéxer plav povov perafhntiy kai 1) dnoia peratpé-
netar elg npbraciv, Grav 1 peraPinth dvriketaotabff dnd tuxdv otoiyeiov Evog
kudopiopévou cuvbiov.

Td oroiyelov, TO dmolov dvrikaBioT& Thy weTaPAnTiy, Bid v& oKLY
TpéTacls, Abyetal Tl THS HETOPANTTS. Td olvolov TGV TIPGY THS HeTaPAN-
Tiis Aéyetan ebvorov dvagopds Tiis ueTaPAnTiis ToU mpoTaciaxol TUou. TouTe
oupPoliferar ouvfiBuws ut U. TT.x. els Tov poTagiaxdy Tumov 2x > 3, fiumopou-
uev v& AdPoopev das olvohov dvagopds U 1O ouvohov Tév mrparyuertikédy dpiBuddy:

ToTE, v f) Ty THs weTaPAnTRs X elvon &piBuds peyoadiTepos Tou 1 %_' B po-
kiyn TpdTags dAndhs, &v elvan foos wi 1 % A nikpdTepos ToU 1 % 0& Trpoku-
yn mpodTacs weudhs.

Td ouvohov TéY TGy ThHs HeTaPAntiis, Bi&k Tds émolas &vas TpoTacia-
Kds TUTos ylvetan dAnbhs mpdTacis, AbyeTar ahvorov dinbeiag Tou TpoTacia-
xoU TUmou. Els Tév mpoTagioxdy TUtrov, .., 2Xx =4, &v Bewpnowuey dg oU-
volov dvagopds T& ouvolov R, Tév mpayuaTikdy &pibudy, TéTe TO ouvolov
dAnbefas Tou elven {2 }.
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Enp. Efmopev 811 ouvdfus fi wetaPAnTh X elven aToryeiov tvés kabuwpioutvou auvdhov,
totw U, 16 émolov dwopdoapsy oUvorov dvapopds. Els thv mepimrwaw TauTny & mpoTa-
oraxds TUTos Abyetan kal ouvBikn eig 10 U xal Abyouev &1 | peraPinen x Swepéxer 1o U,

Xdpw ouvtopias ToUs TpoTagiakols TUmous WE plow peTaPAnThy, T.X.
X, Tous TapioTévopey pé p(x), q(x), s(x) k.o.k. kal T& ouvoAda dAndelas Twv
dvtioToiyws p¢ P, Q, S k.o

"Av Ty, TopaoThowuey wé p (X) TOv mpoTagiakdy Tutov 1 1 L x <5
kal AdPoper o5 cuvolov dvagopds TO N, TOTe A mpdTaois p (2) elvar dAnbrs,
Bé A p (8) elven weudrs. To olvorov &Anbeias ToU p(x) elven P={2,3,4 }.

*Emrions els Tov TpoTaciokdy TUTov q(X) : 4X = 20 Eyopev 611 q(5) =4-5
=20, BnA. dAnBhs mpdtaos, tvd q(2) =42 =8, BnA. yeudhs mpdTaois.
SUvohov Bt dAnBefos Tou elvan Td owohov Q = {5 }.

B) "As Becopricwopey Thpa THY Egpac X > .

*Av dvrtikaTaoThowpey TO X ut 6 kol TO W pE 4 TpokUTITEL 1 TPSTACIS
6> 4, f omoia elven &Aners. "Av Béowuey X = 3 kal @ =5 mpokUtrTel 1) Yeubtis
mpdTaots 3 > 5.

‘H kppaots x > ¢ AdyeTon TpoTaoiakds TUTTOS pé BUo peTaPAnTds.

Maparnpoluey 86 871 Umdpyowr febyn Ty T&v petaPAnTdv (&md
16 ouvorov R), Bik Tds dmrolas & poTaoiaKds TUTTOS yiverar dAndis mpdTaois
kad &AAa [ebyn Ty, Bix Tas dmofas yiveron weubfg mpdTaois.

"As Bewprigcopey dxoun TNV EKQPOTIY

«f ohis X elven TrpwTelovoa TOU KPATOUS Y.
"Av dvl X Béowpuev « ABfvary kal dvTl @ «EARGS», TrpokuTrTEl GANGTS TTpdTaAGIS!
«'H mdhis 'Abfvan elvan TrpwTelouca ToU Kp&TOUS ‘EAAGs». "Av dvtl x Btowpey
«Mihdvows kai dvtl  «'EAAGS» TrpokUTrTel ipoTaois weubns. Al tkppdoeis x > v,
«f) TOAIs x elvan TrpwTelouaa ToU Kp&ToUs W, AéyovTtal mpotadiakol thror Buo
HETAPATTGV.

Mevikass : [Tpotaciakdg tonog if dvoikti) mpéracig 0o perafintdv Abyetas
pia Exppacic, 1 dnoia mepiéyer d0o peraPinrag xal 1 orola peratpénerar elg npod-
taowv, dtay al peraplnral avuketactaboly dnd ororyela 800 dplopévav ovvé-
Lav. Ta covora dvagopls tdv petaflndy furopel xai va tavtifovian.

Els 10 mpdTov TrapdBeiypd ues, X 2>y, kol al 8Uo peTaPAnTtal dvagépo-
Tau el TO oUvohov R, Tév TrpayuaTikdy dpifudv.

Eis 1o B’ mapdBerypat | ueTaPAnTh X dvagépetau el TO olvodov TG -
Aecov kal 1 W els TO oUvolov TGV KpaTdy TOU KOTWOU.

X&pw guvtopias oupPoliloper Tols TpoTaciaxkoUs TUTToUs ui Suo peta-
pAnTas Sk Tév plx, W), q(x, ) s(x, y) ko

"Av p(x, y) oupPoriln Tov TpoTaciakdy TUToy TOU TpddTou Tapabely-
patds pas, SnA. & p (X, W) 1 x >y, ToTe p (7,5) elvar dAnbns mpdTaois, tvid
p (5, 7) elvan TrpéTacis weubns.

*Emions &v q (X, ) : «f) méhis x elvan mpwTeUouoa ToU kp&Tous Wa, TO-
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e q (AovBivo, 'Ayyhia) elvan dAnBhs mpéTaos, dvdd q (Poun, Bédyiov) elval
Weubris.

Mapornpolpey &t Td oUvohov dAnbelas mwpoTasiakoU TUTOU p (X, )
Blo petaPnTév elvay, tv yével, &v olvohov BiareTary péveov [euydv.

ALKHIEIL

1) N& tEerdoeTe wads fiumopoly va dvopaofolv al xaTwTépw kpaaes: « —», «Trapai-
AnAdypappovs, «bpbfy ywviar, «17»
2) N& éterdoete Tds fumopouy va dvopacfouv al Ekgpdoels :
a) 'O 10 elvan dpiBuds ouvleros.
B 2=4 y)5=3+2
) ‘O EuxAelbns fito qiAdAoyos.
€) ‘O x elvon Tpddros Ep1Buds.
o) 2x +3=23 Dx+y=>5
3) Mvwplilouev &1 Umdpye pla pévov Tipfy Tou X S1&d THY dmolav 2x = 6. Znuaiver
ToUTto &1 Td X elven oTaBepov els THY Ekgpaow 2x =6 ;
4) Tradepal, al dmolen elven dvdpaTa ToU alrol wpdyuatos, Abyouev T Exouv THY
aUThy TipAv. TLy. «0» kal «2 — 2». N& ypdyere mévre oTabepds, ol dmolan va Exouv Thv Tipfy 6.
5) ‘Yrwépyow &paye mpoTaciaxkol TUmor, ol dwolor Biv ylvovtan dhnfels mpotdoes

X
Bi& kapplav Tipfv TS peTaPAnTHs TV | ‘EtevdoaTe TOV = 2. AwoaTe fva I18ikdv oas o

pdBerypa, (AdPete ds oUvolov &vagopds Tiis peTaPAnTiis 16 N).

6) ‘Ywépyouv mpotaciakol TUmol wds peraPAnTis, ol dmolor yivovran dAnbeis po-
Téoes B1° Shas Tas Tipds THs weTaPAnTiis Twv. Mpogavis wapdBeryua : X + X = 2X, &mov
xeR.

Né& ebpere bv 15ikdv oag mapaberyua. Tl dvopdlovrar al lodtnTes, dmws X + x = 2X

7) AlBeren & wpoTaoiakds TUTos P (x) ¢ 2x = 10 kal olvohov dvagopds 6 R. Né edpete
Td oUvohov dAnBelas P Tol TpoTagiakol TUToU.

8) Aibeton & mpoTaciakds TUTOS X + y =5 xal olvolov dvagopds T&v weTaPAnTdv
6 T={1, 2, 3, 4 5} N& elpete & ouvorov dAnbelas ToU mporaciakel TUmou.

9) Alberen & wpoTaoiakds TUTos q (X) ¢ w=x+ 1, émou x, y elvan oToIxEla TOU
R. N& elipere BUo [eUyn Sid té dmrola q (X, W) yiveran dhnbhs wpdraois kal BUo Sik Ta dmrola
yivetan weubis.

10) AlBeren & mwpotaoiakds TUTos p (x) : x* —25=0.

N& dploere oivohov dvagopds Tov kal Td dvrigTogov oUvohov dAnbeias Tou.

11) AlSeron & TpoTagiaxds TUTOS «ff TOMs x eUplokeTan s Tov voudy w)». Tivoha
dvagopds : THs weTaPAnTis X Td oUvohov Ty mwohewv Tiis ‘EANGBoOs, THs peraPAnTiis ¢ T

alvohov Té@v vopddv Tis 'EAAGBos. N& eUpete Tpla [eiyn Tol owvérou &Anlelos Tol mpora-
olaxol TUTOU.

-

4, TOZOAEIKTAL

A) Mvewpilopev &md Thy "AhyePpav &Ti
(x+DP=x*+2x+1, édmovu x€ R
Mvwplilopev Emions &m & TpoTaoiokds oUTos TUTOs Wds weTaPAnThg
ylveran &Anétys mpdTaois Sid kdBe ity Tiig peTaPAnThs x, Thy dmofov Ty
AapPdvoper dmrd 1o olvohov R, T@v TrpayuaTikdy &pibudv. Mt &\hous Ad-
yous T olvohov dAnBelas ToU TpoTaciakol TUToU TauTileTan ué TO  oUvohov
dvagopds Tou.
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ZupPoAikids YpaPopeEy TOTE :
Wx(xeR):(x+ 1)=x*+2x 41
kal SiaPdfopev :
«Aid kéBe x, 1O dmoiov X dvnkel els TO R, dAnBeler 61
(x+1)2=x*+2x4 L.

Té oUpPorov W BiaPdletan «Bid kébe..» i «B Oha Td..» xal Afyetan
kabohikde § yevikdg mosodeixtng.

*Emrfons ¥x (xeR) :x-x=0

HutropoUpey Aotmdy, &tov Exwuey TPOTAOIOKOUS TUTrous, T&Y dtrolwy T
ouvohov dinbelas TauTileTon pé TO olvolov dvagopds, v& TpoTdoowiey ToHV
yevikov TogoBeikTnv.

B) *Ag &eTdowpev TOPa TOV TPOTACIAKOV TUTIOV

px):x+3=8 (xeR)

Mapearnpoluer €86 811 p(x) &&v ylverar dAnis mpoTaois Bid kéde Tipty
THs peTaPAnTiis, &md 1o R, 8idm, mX., p (1) =4, BnA. wpbracs weubrys. *AA-
Ad Td oUvorov dAnBeias ToU TpoTagiakoU TUTOU X + 3 = 8 Biv elven TO kevdv,
Mpéypert @ p (5) = 8, dnA. &Anéns wpoTaois.

[pdgopey cupPoAikids els THv meplmTwow Talrny :

x(xeR):x+3=38
kal SiaPdlopev :

«Ymépyer ToukdyioTov & X, TO dtolov X dvfixel el TO R, ToloUTov daTe
vé dAnbein x + 3 = 8»,

Té oUpPorov 3 Aéyetan brapblakds mocodeiktng kal BiaPdletan «Umdpyel
TouAdyloTov Ev..» fi «Bid pepikd...)

"Hutropoupey dpoflws v& ypdywiey :

o) 3x (xeR):x+1>5

B) 3x (xeR) :x=-—x

y) "Av T dvoudowpey TO oUvodov T&V Tprywvwy, TOTE

3x (xeT):x loomieupov

"QoTe : "Ovav els fva mpoTaoiandy TUmov TO glvohov dhndelas Tou elvat
yvfioiow Umroolvorov TolU ouvorou dvagopds, TéTe Buvdueba vd TpoTdoTwWHEY
Tov Umrapliakdy TrocoBeikTnv.

MevikayTepov Trpémel va yvwpllopey T& EEfg :

TMoAAéxis Sia v& BiaTumdoowpey TpoTdoels, al dmolan ypnoipomTololvral
els T& MabnpaTikg, kduvopev Xpfiow Tév ToooBaxktdv. Ol mocoBeikTal Tpo-
TdooovTal TrpoTaciak®dy TUTwy, dméTe olrol kabloTavTtar TpoTdoels | povov
dAnbeis f) povov eubels.

OUrw, X, N mpdTtacis WX (x e U) : p(x) elven pia Aoy mpdraots,
kafdoov alrn AapPdver Tipfy dAndelas A tdv, xal pdvov tév, TS olvolov &An-
Belas Tns P tabrileTon pt 10 ouvorov dvagpopds U (méTe 16 Pc = @F) xal Tipfy
dAnBelas y, ¢, kal povov tdv, 10 P elvan yvriciov Umoolvorov ToU Ul (dmdTe 1o
P # 2).

10
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"Erriong | mpéracis 3x (xeU) : p (x) elvan pia Aoyikt| TTPéTAOIS, Ka-
Béaov alrrn Eyer Tty dAndelas A, v, Kkl pévov t&v, T olvodov &inbelas Tns
P Btv elven TO kevd, kal Tiphy dAndelas ¥, tw, kal uovov v, 16 alvohov P elven
16 @ (dmwédte 1o Pe =1U).

Mapadeiypata :

1. "Av p(x) : x+1>3 xal U=N, Tote

@) ¥x(xeN): x+1>3 Aaupdva Ty &Anlelag Y, B P =
={3,456,...} CU.
P) ax(xeN): x+1>3 AcuPdver gy &Anfelas A, Siom P=
={3,4,5,6:..}# &

2. "Av p(x): x4+ 10 xed U=R, Té7e

o) ¥x (x €R) : x? 41 < 0 AauPdver Tt &hnbelos v, BT P= 2.

B) 3x (x & R) : x? 4 1 < 0 AcwPdver ity dAnBelas y, Bidmi P = .
3. "Avp (x) : x242x+ 1 =(x+ 1) ToTe

@) ¥x (xeR): x4+ 2x+1=(x+ 1) &= Tty &Anbelas A, Sio-

;1) F;-lx (xRe R): x*+2x + 1 = (x + 1)* &er Tty SAneios A, Bi1oT
P# 2.
ALKHZIEIZ
12) N& tferdoere &v elvan dAnbis fi weubls émi ¢
) Wx(xeN): o = B) WX (xe€R): (x+ 1) =xt+1
Y) Ix(xeR):x=x+2, ) 3x(xeR):x*#0

) 3xxeR):(x+1)=x"+2x+1 ot) ¥x(xeR) :x=—x

13) N& ypnowomoifioete kaTéAAniov mooobelkTny els ToUs k&Twd TpoTATIAKOUS
TUTTOUS ¢

@) x #x+1 B) x*=x

y) Ix|=x §) x=1¢2
&mou glvohov dvagopds Tiis petaPAnTiis elven & R.

5. LYN@ETOI IPOTAZEIZ.

Els v kefnuepiiiy oulfiTnow kol el T& Mafnuomikd 5&v xpnoipoTol-
oUpev pdvov &mAds TrpoTdarls. Zuvfifuws Tas &mAds TrpoTdoels ouvBEouEy LETO-
€U Twv pt Bikgopa awBeTikd, .y, «xaly, «elTer, «fiy, «Sy, «taw.. ., TOTEL
kTA. Kkl oxnuerifopev kot aUTdy TOV TpdTOw vEas TrpoTaoel. Tdy ToTeUTaS
TpoTdoels dvopdlopey suvlitovg mpotdoels.

6. H LYZEYEIL AYO IMPOTAZEQN.

‘0 &mhovoTepos TpdTros ouvbtoews SUo mpoTdoewy elvan fi ablevdig, xa-
T& Ty dmrolav tkpuvoluey fi ypdgouey alrds pafl, ué Eva kai peraty Twv. My
&md s dmA&s mpotdoess ¢ «'O ‘ledwng elven podnTicy, «& Kodotas elven kn-
Toupdsy TpokirTel ut THY oUfeulv Twv # olvBetos TpdTaos :
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«6 lewdwvns elvar pabnThs kal & Kwotas elvar knmoupdsy.

‘H oulevtis 8o TrpoTdaoewy AToTeAEl TROTATIY kol Emopéveos Ba elvan 1)
pévov &Anbns fi povov yeudns.

Aeyopeda 6t M obleviig elvar ainbic povov Gtav kai ai 800 cuvierdoal
npotacerg elval ouygpévog ainbeig, dhiwg W avleviic sival yevdng.

‘H oUleutis .., «b Zwkpdrns fTo &orpovopos kai 2 + 3 =5, elven weu-
Bris, tv@d 1) oUleutls «2 + 3 =15 kai 2 > 0» elvon dAndns.

‘H oUleutis Buo Tpotdoewy p xai q oupPoAiletar @ p A q.

To oUpBorov A SiaPdleton «kain ol Atyetar abpfohov tiis aulevtens.

Mpooétare : T0 gupPorov A ¥pnoiomoleital povov Bid va ouvdén Tpo-
Téoeis. Abv EmiTpémeTan Y. va ypdyowuey «3 A 2» i «b KdoTag A 1) ‘Edéump.

7. MINAKEE AAHOEIAE,

A) Eis thv MabnpaTikny Aoyiknu f) TEpICTOTEPOV XPTOIUOTIOIOUHEDT) -
Bobos TTpods elpeaiw TEY (Aoyik@y) Tipdy T@Y ouvBéTwy TpoTdoewy elvon dxel-
vn, kaTd THY Otolav duaypdgopey GAhos Tas duvatoTtnTas dAnfols fi weubols
TEV CUVITTWAGY TPOTATEWY kal Tfs TPOKUTTTOUeTS £ auTdy guvlérou Tpo-
Taoews UTd popeny Trivakes. ‘O ToloUTos trivat AéyeTal ouvhiBus rivad (hoyikdv)
npdv A riveg ainbeiog.

Ao Eva Tivaka dAnBelas fumopoluer va BlamioTwaowpey pé Ev PAépua,
tdv ple ouvleTos TpéTagts elven AnBhs T weubris, STav yvwpllwuey, 611 al wpo-
Téoeis, TToU Thv &moTeAoly, elven dAnbeis T weubels.

Katwrépw PAémeTe ToU Trivexa dAnbelas &1 Ty mpdkw Tis aulelews Buo
TpoTéoewy p kai q. Els THy wpTny ypauuty Tou Tivaxkos PAémouey 6TI 1) oU-
leutis p A\ q elven &Anys pévov étav kai ai BUo ounioT@ao wpoTaoes p, q elval
guyypovws dAnbels. Els Shas Tas GAAas TEPITTWOES )
oulevtis pAq elvan weubns. ToUTto edexBnuey g dAinbés,
5161 oupgvel kal ué TNV évdpaoiv pos.

B) Kat' dvoroyiav mpos v aulevtiv 8Uo mpoTd-
gewv fumopoupey v tleTdowuey TV ouleuliv Buo dvor-
KT@V TpoTdoewy, p (X) kal p (x), Thv omolav B suuPo-
Alwuev pe p(x)/Aq(x).

"As AdPwpev &v TTapabeiyua :

“Eorw 811 p(x)elven : x2—5x+6=0 xal q(x) : x—2=0.

Tére p (x) A\ q (x) elvan ¢

(x*=5x+6=0) A (x—2=0), U=R.

“‘Ortav X = 5 1) &vwTtépw oUlevtis petaTpémetan el Ty Elfs ouvBeTor TpdTaow :
(52 -5-54+6=0AGB+3=0)

# &mola elvan yeudns, 8161 ké&Be pla &d Tés ouvioTwoas TpoTdaes elval weubis.

’Edv els THv dvwTépw aulevtiv p (x) A q(x) OGfowpey X =2 TéTE TTPOKU-
el 1) TPOTATIS ¢

p/\q

.e>-e>|n
-e-c—:-e>|

p
A
A
\P
it
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(22-5-2+6=00A(2-2=0)

1 dtroia elvan &An@Hs, B16T1 kKdBe pla &TTO TAE TUVIOTWOXS TIPSTATEN elvon dAnBns.

Ao TO dvewTépw TapdBeryua yivetar pavepov 8Ti TO ouvolov &AnbBeiag
s ouletews BUo dvoikTédv poTaoewy p (x), q (x), 16 6molov cuuPohilopey
{X|p(x) A q(x)}, dmoTeheiton &md dkeva T& oToiyeix xell (ToU guvdhou
dvagopds), T& dmoia dvfikouv guyypévws Els 10 ouvolov P (oUvohov dAnbeias
s p (x) ) ko s & oUvorov Q : (oUvolov dAnbeias THs q (x) ), BnA. amd T&
oToixela, T& dmoila durikouv el THY Toputyv P N Q).
"Qore: {x|p()AQX) I =PNQ.
Mpdypam els 10 Tponyouusvoy TapdBeryua Exouey :

{x|x*—5x+6=0/\x——2=0}~: {23} n {2} = {2}

8. AIAZEYEIL AYO INPOTAZEQN.

A) "Otav TrapoBécwpey U0 TPOTACEIS & oUVEXEY u T ouvBeTIKOY «Ti*
B TO «eiTen peTaly Tew, Abyouey 6T toxnuatioapey Ty Sialeviiy Tév BUo Tou-
TWY TTPOTATEWV.

MpootkaTe ). TGS KaTWTEPW TPETs ouvBiTous TPOTACENS.

1) *H 'Edvixfy Tpdrmela mpooAaubavel &moAuTnpiouxous Tou upvaaiov,
ol émoior yvewpilouw MaAhikd eite "AyyAika.

2) B& &proTelow el T& MaBnpaTiké glte els Ta Quoikd.

3) @& Umdycw els TOV KwnuaToypagoy i 8a peive els 16 omiTL

Eis Ty TpcrTny TpdTaow elvon ovepdy OTL Tpdmela Btv dmoxAeieTal
v& TposAdPn dmoAuTnpiouxov Tou Tupvaoiou & &molog va yvaopiln Farhikd
xal Ayyhikd. ‘Emions els Thv Seutépay TpdTaow & duAdy Biv dmorhelel 6T
tbéyeTan va dpioTedon xai el & MafnupoTika kal els T& Quoikd.

Els Thy TpiTny mpdTacw elven pavepdy &1 & SuAdv B& mpatn v &k TGOV
BUo : f| B& Umréyn els TOV xwnuoToypdgov f B peivy els 16 omim. Kot Tou-
Ta &Tav Abywpey «p fi q» B Ewoolpev fi povov p elvon &Anbris i povov q elvan
&AnBs.

Els v mpdotny kal SeuTépoy TepimTwo 1) pie tovkayiotov kai tvéeyo-
pévog al 0o mpordoerg elvar dindeic. Aéyouey TOTE 8TI Eyopev EYKAELGTIKRY
BialevEry i, GAdss, SaGevkiy kal xduvopey pfiow ToU «elten o ouvBeTiKOU,
SupPohov Tiig EyrAeioTikis Biafevtews elvan 1o \/, T dmoiov BiaPaleran «eiter-

Els Thy meplmwreoo Tol TpiTou dwwTépw mapadelypaTos 10 ouvBETIKOY
«ij» ypnoporoteitar pé tiv Evvolav n M plo povov and tag npotdees el-
var ahndig, xai | #hin elvar wevdig. Els Ty mepimrrwow Uiy Aéyoupev OTI
f) Biddeutis elvon arokheronkil. ZUuPodov s dmorAeioTikds Bialevtews elvan
0 V., 16 bmolov SiapdleTar i .

Inp. Els Ty KaBnuepwiy Suihiay xpnoomololpey, Pepalws, Thy Attw fi ue BirThv
onuaciav. *AAAoTE, dTav Abywpey «p i qv, twooluev 571 pia xai povov pia &wd Tés wpotdoeg

elvan dAndhs kal &AroTe &1 pia tovhdyiotov TpdTaois elvan dAnbns kal mbavoy va elvar xai
al §bo.
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Eis 7& MafnpaTikd Suws Sév Buvdpeda vi xpnoomoniowpey 16 «fi» pé S1TTiv onua-
alav. Tpémer va yvepilwpey EmakpiPds Ti bwoolpey &rav Mywuev «p i g»

Mapadeiypora (bykAeioTikis) Sialeifews @ p\/ q (p elte q)
1) % elvar pnTds efte & -2 elvan Bemikds.

2) & 4 elvan Bicupérns ToU 5 efte & 3 elvan QuUoIKSs.
3) & 4 elvan Sicupéng ToU 8 eite & -3 elvon &prnTiIKés.
Al dvwTépw Bialetlels elven &AnBels TpoTéoEls.

4) ‘H Bié&levtis : «b 3 elvon &punTikds €iTe & IT elven  dxépaiog»  elvan

Weubtys, B16T dupdTepar ol ouvioTdoo TTPOTAOEIS Elvan WeuBels.

[Mivet (hoyik®v) tpdv tijg (Eywieronikfi) doledbemg: p\/ g

p q |p\V/aq Aniadn 1) Sualevgic p \/ q elvar yevdiig poévov drav
TT A kai ai d0o cuviet®oar mpotrdoeg elvar yevdeic. Eig 6-

A Y A hag tag dhhag mepntdong elvar dinbig.

¥ A A

Y Y ;

Mapobeiypora &mokAaioTicfis Bialevtews : p vV q (pAq)

»

1) & =3 elven puaikos fi & —;— elvan BeTikdg

2) 6 —i— elvon dwépanos T & —3 elvan dpimTikds

3) & 2 elven Bionpérns ToU 5 i & =2 elvan BeTikds

4) & 5 elvan guokds fi & =5 elvan &pymTixds.

Al BUo Trpédten droxAeiomikal SialeUters elvan dAnbels, @ ol Slo Teheu-
Tl elvan euBels.

Mivet (Loyik@v) updv tijg (drokheronkiic) Saledtews : p vV q

p | q |pvd | Anhadi M &aleviig p v q elvar ainbiig tote xai
A & " povov tote, brav 1 pla pbvov and tag ouvietrdoag
" ¥ A rnpotdoerg elvar ainbigc.

¥ A A

¥ g i

B) Kot dvodoylow mpdg Thy Sidlevtv 8Uo wpoTdoewy fumopoUpey v
tteTdowpey Ty Bidlevtiv Buo dvoiktdy TrpoTtdoewy p (x), q(x), Thy dmrolav B&

ounBoAilwuey p(x) \/ q(x).
"As AdPwpev Bv TrapdBerypa :
“Eorw 6T p(x) elven @ x?=5x + 6 =0 kad q(x) : x + 5 = 0. Tére p(x) \/ q(x)
elva :
x*=5%x+6=0\V(x+5=0), U=R

14
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‘Orav X = 5, | dveorépe Birddeutis perarrpémeTan elg Ty EETS oUvleToV TPOTACIY
(5*=5-5+6=0)\V(5+5=0)
1) dmola elvan weubts, S16T1 ke pla &rd TS CUVIOTHOCOS TTPOTATES elvan weuBrs.

Edy x = =5, 1 dvwtépw Bi&levtis dvoitdv TrpoTdoewy ylveTa
((=5)2=5:(-5)+6=0V(-5+5=0)

1) &mola elvon &Aners, 16T 1) Seutépa mpdraois elvan &Andhs. *Emrions, &v X = 3
TéTe 1 Biddevtis ylvetan :

(3’—5-3+6=0)\/(3+520)
| omola elvan &Anghs, BidT fy LT &md Tds ouneThoas mpoTdoels elvan
SAnbris.

KaraAfyyopey Aormrov els & EEfis oupmépaopa : Td oToIxEla TOU guvéAou
dAnBelas THg ouvBiTou dvoukTiis mpoTdoews p(x) \/ q(x) elven dxelva T& OTOl-
el ToU quvdhou dvagopds, T& ool dfikowv els TO ouvodov dAnBelos P Tfis
P (X) 7 els & olvohov dAnbeles Q Tiis q (X) i dvrikowy kad els T& BUo oUvoRx
P kal Q. Mt &\hag Adteis & ouvohov &Angelas T p(x) \/ qx) elven 70 PU Q.

SUPPOAIKEDS BIGTUTTCVOEY 1o oupTrtpacua ToUTo G EEfis

{(x]pVI®I=PuQ

M Kar' dvahoylow mpds ThY &rrokheioTikhy  S1&evtv BUo TrpoTéoEwY
BuvdpeBa ve EEeTdowiey THY GTTOKAEICTIKAY Biéfeviw BUo TpoTaTiaKdy TUTTWY
p (x), q (x), Thy émolay 8& ouppoAilewpey ué p (x) Vv pX).

Elvon pavepdy 871 Td oUvoAov &nfelas Tis p (X) V. q(x) &rmoTereltan &mo
beeive Té& oToryela ToU guvéAou dvagopds, T& émola kedioTolv THY P (X) &An-
67 kol Thy q (x) yeudH mpoTaOW Kal kelva T& oToiyela ToU ouvdhou dvogo-
pds, T& dwola kabioToly THY P (X) weub kel Ty q (x) dAnBf, SnA. elveu T
olvohov PUQ —PNQ ), émep 10 o, 16 olvohov (P —Q) u (Q—P). Zup-
BoAikéys To gupmrépaoua BiarrutrdveTen ds s -

(x|p(@ Vv q) } = PUQ-PNQH P-Qu (Q-P)

Maepaderypa :

"Eorw &Ti [mreltan TO {x|x*=5x+6 =0V x*—6x+ 8 = 0}, omov
ovorov dvapopds elvar 1o R.

“Exouev P={2,3}, Q= {2,4}. ‘Emoptvers: PUQ = {2, 3, 4} xadl PNQ
={2}. "Qore : PUQ-PNQ= {3, 4} xal

{x|x*—5x+6=0_y_x'—6X+8=0}={3,4}.

AIKHIEIL ()

14) N& Beltere &7 al oulevters p A q xal g Ap Exow tdg abtds Tinds dAndelas.
15) N& Beltere dm1 al Siatevtas pyv q xal Qv p Exow Tés auTds Tipds dAndelas.
16) N& BiorumdoeTe AekTikés THY ouleutw kol Thy Siélevtw T@Y k&Twh TpoTAOEWY.
@) ‘O Tledpylos elva &ypétns. ‘H "Ayyehikhy el olkokvpd.
B) Al evfelon alran elven TapdAAnhor. Al elfelan alrten TépvovTal

(*) "Amd Tag rpoTevopbvag danhoes elg T Kepdhatov I 02 8lSwvrar Som ®aTd THY
splaw 700 Bi8danovrog draitolvran Hid Thy turéduaty Exdomg bvbmnTos.
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17) N& oyxnparicete 1nv oulevbiv xai Biatevbiv T@v xaTwTépw wpoTaocewy. "Emeata
v&a dmopavliiTe Tepl Tiis dAnbeias | un TOV guvBiTwy TpoTdoewy, Tou B Trpokuyowy.
a) ‘O ZemtéuPpros Exer 30 fuépas. ‘H EPdouds Exe 8 fuépas.
B) To 3 elven pikpdrepov Tou 4. To 4 elvan pixpdrepov Tou 3.
Y) S5+1=6 21=3-7
8) 5+1=5 8+1=10
18) Né& oxnupatioete Ty oulevtiv xai S1adeviv Tév kaTwTépw dvoIKTOY TrpOTATEWY.
Né& ebpete dxohoUfws Ta oUvora dAnbeias Tév ouvBéTwy dvoikTdy TpoTdotwy, ol 8 mpo-
kUyowv. (ZUvohov dvagopds To R).
Q) x+2=0 x*—-4=0

B) x*=0, x=2
y) x*—8x+12=0, x*- 5x +6=0
&) x¥3,x)5

) x—8=0,x)5
oT) X —4=(x+2)(x—2), xt—1l=x+1DEx-1)
Els Thv doxnoiv y) va elpete kai 16 ouvohov &Andeias Tiis dmokAeioTixfis BialeUtecs.
19) "Eqv @, B elvan mpaypaTikol dpiBuoi, TOTE fij TpoTaols a- B = 0. BaTuTdveTa
ut plov Bidlevtiv. Tlola elvar adth # Bidlevtis ;
20) ’E&v a xai P elvon mpayparikol &pibuoi, ToTe | wpdTacs af 4 pr = 0, Satumo-
verar pt plav oUfevtiv. Mola elvan abrd f oUfevtss ;

9. APNHEIL.

A) ‘H &punois Siagpéper o Tas Tponyouptvas mpdles Tiis Sialevtecws
kol oulglecos katd 1O 871 elvan povopekng mpdlis. "Edv p elvar pia wpdTaois,
| &pvnais THs p elven pia véa (oUvBetos) TpdTaots, i dmola Exer dvriBetov TI-
utv &Anbefas. *Edv, %, A p elvar dAnbns. f &pynots s p elvon eudhs kal
tv 1 p elvon WeuBng 1) &punais Tis p elvan danbrs.

‘H &pvnois mds mpoTdoews p oupdPorileTal pi ~ p kol SiaPddetan : Gy p.

Mepadeiypara :

lov, p: &5 elvan guoikds &pibuds.

~p: &yt &5 elvon puoikos &piBuds =6 5 Biv elvon puoikds dp1Buds.

20v. p : & 2 elvan &pvnmikods dpibuds.

~ P&yt & 2 elvan dpvnTikog dpiBuds = & 2 Btv elven dpynTixds dpiBuds.

3ov. pit- 2+ =5

~pi24+3#5

dov. To &Bpoiopa TGV ATOAUTWY TiuGy T&Y EowTepik&dy ywvidv Evds
Tprydvou elven 180°.

~ p: 1o &poioua TV ETOAUTWY TILGY TV EOWTEPIKGY ywvidy Evds
Tpycovou Bév elven 180°.

ITivag ainbeioag tiig apvijoeng ~ p

9 P
A 4
b A
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Lnp. OpaoTikays al Gpurjoes TG &TAGY TpoTdoewy axnuaTi{ovral ourn-
Beog Bia THg mopepPorfs Evos Gyt (R 88v) els Ty xaTdAAnAov Béaw.

[opadeiypara :

lov. p: & 8 elvan TéAerov TeTpdywvoy.
~p: & 8 Btv elvan TéAeiov TeTpdywvov.
20v. p: Kébe TeTpdywvov elvon Spboycoviov.
~ p: Kdbe tetphywvov Bév elvan dpBoydviov.

To ounbéotepor opddua, TO dmoiov yiveTal kaT& TOV oYXMUATIONOY Tis
dpvfioews pds mpoTdoews dmrews, X, N «Okot oi palntai adrig tijg Téiewg
Gyanoby tijv Ieopetpiavy, elvan va eimowper «kaveig pabneig el abriy v té-
Swv 8dv dyand tiv M'eoperpiavs. Al dvwotipw TpoTdoes PePaiws Sév oupgavoly,
SANK Btv elvan f) wia &punois Tis &AANS, Bi6mi évByeTon v elvon kad af Svo WEU-
Belg. A ToUTo elval poTiudTepoy Els Tds TolXUTAS TEPITTTMOOTENS V& oxnuati-
Ceopev Ty &pvnow AexTikéds ut TS : 8x1. Els o dvewotépw Tapdderypa Aoy 8&
elmreopey : Sx1 Shoi of pabnTal alrfis Ths Tatews dyamolv THY Mewpetplav.

B) "Eaw p (x) elver piax dvoikTh mpdTaois, TéTe fy &pvnois alTiis oupPo-
Ailetar pé ~ p (x).

Eqv & Tiis dvTikaTaoTaoews ToU X 81" fvds oToryelou ToU ouvdAou dva-
Popds U els v p (x) TpokutTn TpdTacis dAnbhs, Sid Ths dvtikaTaoTdoews
ToU X B1&k ToU altol oToiyeiov els THY ~ p(x) TpokuTTEl TRdTACIS Weubts. *Edw
tk Tfis dvTikaTaoTdoews ToU X Els p (x) 81’ tvos oToixeiou Tol ouvéhou dvago-
pas TpokUTTTY TpdTACs \Weubns, S1d THs dvTikaTdoTdoews ToU X els THY ~ p(x)
81& ToU alrrol oToryelou TpokUTTTEL TTpdTaOLs dANBAS. “QoTe TO oUvohoy dAT-
Beicg Tis ~ p(x) dmoteAelron €€ dkelvwy TV aToixelwy Tol U, T& dmola Biv
dumkow els T& oUvohov dAnBeias P, Tiis p(x), Emopévews 8& dvhkowv els T
oupTAnpwpaTikey toU P dg mpds U, SnA. 16 Pe,

ZupPoAikdds BiaTuTrdvopey T& dvwTépw s EEfg ¢

X[ pla) 3 = Ps

"Eotw dg mapdBerypa 1) dvoikTn mpoTaots px) : x* — 4 = 0 kai oUvohov
dvagopds 16 R. To olvodov dAnbefoas Tiis p (x) elven 16 P = {2, -2 3. TS
oupmAnpwpaTikdy Tou P dg mpds R elven 10 Pe = {x | x # 2Ax# — 2 }. "QoTe:

{X|~ p(x)} = {x| X # —2 xd X # 2},

10. H APNHEIE MIAL EYZEYZEQL.

"EoTw 871 BEAopev va oxnuaTiowper Thy &pvnaw Tiis ouledtecs

« 6 A elvan larpds kai & B elvar Bibaokahos».

"Omreos dudBopey ( § 7), 81 va eltrwopey &1 ) TpdTaois altn elvar weubrs,
mpémer 1 pla TouAdyioTov &O TAS guvigTWoas TTPOTdoEls va elval weuds.

Od elmrwper Aoimov :

«'O A &tv elvon forrpos eite & B Bév elvan Bibaokaiogy.

"As AMPwpey Bv &Ado Trapdberypa :
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«Od xepblowyey elg Tov dydva ToU POAeU pe T dpdda ToU Mupvaciov A
kad B3 kepBiowpey elg Tov dyddva pt THy dudda Tol Mupvaociov By.

Al v& oxnuaTiowpey Thy &pynow Tis dvetépw ouleltews elvan pavepoy
&11 Trpémrel va efTrwpey : «Abtv 8& kepSiowpey els Tov dydva POAEU ut ThH dudda
o Tupvaciou A eite Btv 8& kepBiowpey els Tov dydva pt THv dudba Tou [v-
pvaaiou Bx.

150y & Tpitov TopdBeryua dmd T Madnuamikg @ 'Edv o kal B elvan
mperynaTikol dpiBuol, TéTE A TpdTacs af + pF=0 BiortuTrcbveTon Wé TV oU-
levEv a=0A P =0. ‘H &pnois Tiis a? + p* =0 elvoa a® + P2 +# 0 xal Biaru-
TréoveTon pt THy Bidlevtiv a# 0 efte p# 0. AnAadiy:
~(a=0APR=0) elvar (x# 0V p#0)
Elver Acimév gavepdy &1 1y &pynois Tis p A g elver ~ p V~q. To mpaypa
xobioTaral coagtoTepor & ToV KaTWTEPW TrivoKa éAnBeios.

p | 9 | ~p | ~8 |pAg|=(PADFDY =M
A T - W ¥ Y
A ¥ } . A ¥ A A
¥ A A ¥ . A A
¥ ¥ ‘ A A ¥ A A

'ATrd Tds SUo TeAeuTalas oTfiAas ToU mivakos galveran i f) &pvnats Tiis
p A q xai 1y Siddevlis ~ p V ~ q Exow Tos crTds Tiuds dAnBelas. 'Emrlons oo-
gtotepov gaiveTar &md Tas oTHAGS SNV kal Tnv 6T, étav ) p A q elvan &An-
B, | (~p V ~ q) elvan weudhg kal dtav ) pAg elven weubfs, ) ~pV~q
elvan dAnbrys. ‘Etropévess fi pia elven &pvnois Tiis &AAns.

Supmtpaopa : ~ (p A q) et ~pV ~q
11. H APNHEIL MIAL AIAZEYEEQE.

*Ag AdPuwpev T&S TPOTAOES !

p:d A elvan larpds,

q: 6 B elvar Bi8&okaios.

‘H Biddevtis arddv elvan :

pV q: oA el larpds eite & B elvar Biddoxaios

Elven elkohov v& tworowpe 811 ) &pvnois Tiis p vV q elven : & A St
elvar larpods kal & B Bév elven Si8aokodos.

“‘Qote ~(pV q) elvn : ~p A~q

"|8oU v Tapdberypa &md Td MabnuoTikd :

‘E&v o ked P elven mperyparikol &pifuol, TéTe fy mpdTaos «-p =0 Sia-
TutroveTon pt Thy Siddevtw 1 a =0V P=0. ‘H &pvnos Tiis «-B=0 elven
o B#0 kol Brorumavetan pé Thy oUlevtv a# 0 kal P # 0. Anhode :

~(@=0y p=0) elvea (a#0 AB#0)

"loxver Aormdy 8T ~ (p V q) v ~p A~ q.

To oird elploxopey, Tépow mhons dugiPollas, tav oynuariowpey fva
rivake &Andelas Sid Tés pV q kal ~p A~ q.
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P | g9 | ~p | ~q jpVa|~PVAD|~PA~q
A A ¥ ¥ A ¥ ¥
A ¥ ¥y A A ¥ ¥
¥ A A ¥ A ¥ ¥
¥ ¥ A A ¥ A A

*ATd Tds SUo TeAeutalas oTthAas ToU Trivakos galvetar &Ti 1) &pvnais Tiis
PV q kel oulevtis ~ pA ~ q Exowv TS aUTds Tipgs dAnBeias. ZageoTepov PAé-
opey &md Tas oThAas Sny kel Tny &1, dtav f) pV g elven dAnbiisH ~ pA~ g
elven weudhs kal &tav ) pV q elvar weudfs ) ~ p Ar~ q elvan dhnfins. ‘Emropé-
ves ) pla elven &pvnois Tiis GAANS.
Zupmpaopa : ~ (p V q) et ~p A~ q.
ALKHIEIZ
21) N& Siarumraoete Tds &pviiges T&V kaTwb mpotdoewy :
a) ‘H "Aryeppa elvan dvBiagipovoa.
B) "OAot ol pabnrad Tis Thlews dyamwolv THv "AhyePpav.
y) Mav rplywvov &xer Téooapas TAevpds.
8) 542=7 €) & 7 elven wpdiTos &pibuds.
or) 34+1=5 {) & 4 Blv elven TéAerov TeTphywvov.
n) Mepikol d&piBuol v elvonr dpvnmikol.
22) N& Umohoyloere 1& P = {x| ~ p(x) } Bi& Tds x&rwd dvoktds TpoTdaEls
P (x), dwou gUvorov dvagopds Tils weTaPAnTis x elvon 1o R.

o) xe=2 ) x==2
Y) x+7=15 5 xV=9
e x*+1=0 oT) x* > 16

23) N& oyxnuatioere Tds dpvfioeis TV k&rwh ;
a) Efuepov elven Tetdprn xal & xaipds elvar Ppoyepds.
B) x=2 kal y=5
Y)2:3=6«kal 3+2=5
8) To 7plycovov ABI elven loooxehés kal 76 ABE elvan lodmheupoy Tplycvov.
€) B pelve els T omim §) 0& Umdyew els ToV kivnpaToypgoy (*).
o1) 243=6 ere3+4=35
DS5-7=35 elre 4:5=20
12, TI EINAI ATIOAEIZIE.
Els Thv kaBnuepwiv Jwiy, étav 8Awpev v melowper & mpdowmov ot
k&, Bi&k TS dmolov oulnToluer, elvon dAndés, ouvhBuws Aéyouer : «Abtd elval
&Anbes, S16m1 Exeivo elven &AnBégr. Aidk v elvan mretoTikd) pla ToladTn TpdTaas,
Tpémel ol oulnToUvTes v& ouppwvolv &1 Td Exeivo elvon dAndis kal &1 abtd
elvan dverykala owvémeiar Ekelvov. ME &AAag Aékers pémer v Umdpyn cupguvia
@5 Tpds T wAnpogoplas, wk Tas dmolas dpxiloney, kol d Tpds TO TES €G-
Youey oupTrépaopa dd clrrds Tas TAnpogopias. “H loyiky doyoreltar pi tiv
Herftny tdv kavovov tpdg oxnpatiopdy dpbdv mpotdoewv.'H Aeyopévn anddeitig
owloToral elg ToV oxnuaTioudy TTpoTdoewy ToU TUTou: *Edw altd elvon dnbis,
TOTE kal txeTvo mpémer va elvon &Anbés. Ty, «bw Ppétn, ToTe & Kijmos pou B

(*) Mé nlvaxa dhnfelas 02 delfwpev mpomyoupévas &r % Hpwnow e p v q elvat
(~PV D A(PV~Qq)
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moTigffi». ‘O kafels B& oupgwvAaT WE auThy THY TpaTagwy, 81Tt Shcl £K TUEI-
pas yvwpilopev 671 pé Ty Ppoxny & xijmos & mwoTiob.

’|8ou Buo &AAa TrapadelypaTa €k Ths TAANYERpos ¢

1) "Av 3x =35, TOTE X = -g

2) "Av a =4 xai =2, Téte o + 2p =20

“Ohar o podnuaTikal drrobeifels ypnoipoTTololy TPOTEOES ToU QULTEPW
TUTTOU.

TUUTOUCITEPOY BIGTUTIGWOMEY TOs TPOTAOEIS TauTas AbyovTtes «p ouv-
ETayeTal (», i OUMPOAIKGS : p = (.

My, 3x=5=x= g

(c=4xal p= 2= a*+2p=20

Miax oUvBeTos TrpodTacis THs Hopefis © p=q AéyeTal, G§ YvwOoTOV, GUVE-
raywyn. ‘H épyacia pé dAnbels mpoTaoEls ToU TUTTOV @ P = AEYETQL mapa-
YoyIkog ukhoyiopde. fi, &mAGs, ouvkhoyopos. ‘H TPoOTagls p AfyeTal Dméd-
Ocaig Kkai ) TpOTaoIs (| AéyeTal supniépaspa. Aéyopey 8¢ T p=+ q elvat Ev Bed-
prKa.

“Ovav 1) mpdTacis p elvar dAndrs, 7 mpdTaols q fumopel va elvan dAnbg
R weudns. Emrions &tav | TpdTaats p elvar weubrys, fi péTaois q fuTopel v&
elvan GAnBns Ay yeudns.

Tpémer Aowrdy vd yvwpilwpey Tas Tinas dAnBelas pids ouvetrery oy, Stav
elvan yvwoTal of Tipai danbeias Tov &ALV TTPOTACEWY, €K TRV trolwy alTn
ouvioTaTal.

Kaitor 1) pds TOV oKOTOV QUTOV drohouBoupévn uéBodos elvan ouvétela
wds mapaboyfs, & TouTols aUTr oTnpifeTan ¢l Tév dvopaTikddy Pdoewy ToOU
&pBol ouMoylouol. O& EleTdowpey KATWTEPW GAas TAs SuvaTds TePITTAOEIS.

13. [INAZ TIMON AAHOEIAL THE EYNEMAMQIHE.

1) Eqv wia &Anfis Umdeais p oBnyd els &v dAnbEs ouumépaopa q, TI-
oTevouey 8T #xduopey 6pBov ouAAoylouov kol Bewpolpey THv cuveTaywyny
&An 6.

2) 'Eav pia &Anfng Umdbeois p OBnyd) els &v yeubts cuptépaopa, TOTE
elvon PéBouov ST1 Exouev kauer AdBos els Tov ouMAoylopov kal Bewpoluey THY
guveTaywy v Yeud.

3) ’Eav 1) UmdBeois p elven weubns, TOTe dpbos guAROYIouOs TUTIOpET V&
uds 88nynon els &Anbis oupmépaoua kel oupgwvoUuey v Svoudlwpey EANBH
QUTHV TNV CUVETTAYWYNV.

4) ’Eqv f) UmdBeois elvon weudris, ToTE bpBds ouAAoylouds Autropel EE
foou va pas &8nyfon els weudis oupmépaoua kal TéTE oupguwvolpey va dvo-
ualeopey THY GUVETTay WYV aUThY GAn6f.

Ta dvwTtépew ouykevTplvopey els Tov kaTwTépw Trivaka dAndelas :
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IMivag ainbeioag tijc ovvemaywyfic: p = ¢
I P=q

A.i =
¥
A

A

‘Otres gaivetan els TOv Tivake, 1| ouveraywyn p = q elvar yeudng tote
Kui povov, drav 1 mpin npotacig eivar ainbig kai 1 deutépa yevdig. Eig 6-
rag tag Ghhag mepintdoeig elvar aindng.
MapadeiypaTa tpappoyiis ToU Tivakos :
1) 2eN = - €Q, dAnris
1
2

2) 3)0=

€ € > >0
€ >» € >0

eN, eubng

3) V2eN - % €Q, SAnbis

4) 4 eN= V2eQ, &Andis

*EoTw 1) &Andns ouvemaywyt p= (, émou ) p elven &Andrs. ‘H ouve-
Taywyd alrn SiaPdleTar kal ué &GAAous Tpdmous. ‘lBou uepixoi EE alTdv :

1) & p, TéTE q

2) p elvan ixavi) owbnxn 8ia g

3) q elvan dvaykaia ouvlnkn Bia p

4) fva q dpxel p

14, ZYNEMAIQrH AYO ANOIKTQIN [TPOTAZEQN.
“Eotw &mi Eyouev THY auvetraywynyv p (x) = q (X).
Zbvorov dvagopds To L, olvorov dinbeics Tis p (x) 76 P, ouvolov &An-
Belag THs q(x), To Q. OtAouev va mpooBiopicwuey TO olvohov dAnBeias Tiis ou-
vemarywyfis p(x) = q (X).
Maparnpouvtes Tov Tivaka dAnBelas Ths guveraywyts, PAémwopey &T1
TUTropoULEy v KATaoTHOWHEY THY ouveTraywyhv p (x) = q (x) dAnbdA,
{ TV p (X) &An6R kal Ty q (X) dAneq,
&v kaTaoThowpev: + THY p (X) weudf kal Tthy q (X) &Anéq, &
{ e p (X) weudfy xai Ty q (x) weudd.
"Ex ToUTwv EmeTon OTi :
{x|px)=q®) }=PuQ*)
Hapadeiypara :
1) N& ebpedij T0 ouvorov dAnBelas Tiis ouvemaywyfis, x?= 1= x = 1.
(obvohov dwagopds 1o R).
EUplokouev mwpdTov &mi P={1,—-1}, &pa Pe={x|x# 1 elre -1 }.

(*) "AmoSeuovietat 71 Ghat al mepimtooeng kxhlnTovial dnd thv Timov TolToy,
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Evploxopey Emerta ém Q = { 1 }. ‘Emopbvers PeU Q= {x|x# =1}

2) N& eupebfj TO olvorov &hneias Tiis owvemraywyfis @ X = l=>x?=1.
"Exouev P = {1}, dpaPe={x|x# 1} Q={1l,~1} ‘Emroptvess Pe U Q =10
oWvorov dvagopds R.

ALKHEIEIZ

24) Na edpere molon dmd Tas k&Twbh guverraywyds elval dAnBeis kal wolan weubels.
Q) 3=4=>3+1=4
B) 2)0=>6=2"3
y)5=2+3=>2)8
8)2=5+6=>8)10
&) 3=2=2)5
25) N& oynuorioere Tov Tivaka dindelos TG :
@) p=~q p) ~p=a ¥, = pereng
26) N& oynuarigere Tov mivaka dAnfelas v
p=- q xal ~pVvd
Ti mwapoaTnpelTe ;
27) D& va elven x = = 2 elvan &vayrala owhxn 1 X! = 4. AlaxTuTrdoaTe ToUTO oUM-
BoAiéds pt plov ouveTaywynv.
28) N& oynuarioete 1o Tivaka dAnbeias Tiis
p=>(pVva)
29) Né& oynparicete Blo ouvemaywyss &md xéBe [elUyos tk Tdv xérwh TpoTdoewy
kol v eUpeTE TaS TIRGS dAnbelas Twv.
@) 34+4=17, 5+3=8 By5+1=6 34+2=6
y) 6-3=2, =25 &) 0=1, 2:5=10
30) Els Té&s x&rwh ouweraywyds GUoIKTGOV TPOTATEWY v eUpeTe T& oUvoha dAn-
Belas Twv.
(To ouvohov dvagopds U elvan 16 R).
«) 'Eav ¥t =4, Téte x =2 ¢lte -2
) 'Edv x =4, ToTe x* =16
y) ‘Edv x? =25, TéTE X = -5
8) 'Edw x =3, TéTE X # 3
€) 'Edv x* >0, TéTe x*< 0
o) 'E&v x*—5x + 6 =0, ToTe X =3¢elte2
31) «a =3, B = 2. Elven f) wpoTaois alTn lkavh) fi dvaykala ouvBfikn Bid vd Exwuev
a+Pp=5;
32) *Eotw dv oUvohov 3 mpotdoewy : p, g, I, Bk T&s dmolas oxnuarifouev bva mivaka
v dnBelas. Téoas ypapuds 8& mepitxn & Trivat ; Tlooes tdv al E186pevan TpoThoes elvan v ;
33) *Eotw p f TpéTacis «Ppéxer xal q N wpdTacis «kdpver kpuor. Né& dwroBioete
AEKTIKGY TAS TTPOTATEIS
pAq. pA~q ~pA~gq pv~a ~{PAQ, p=q
p=>~q ~p=>q q=p ~p=>~q

15. H ANTIETPO®OL KAl H ANTIOETOL MIAL LYNEMNAIQIHE.

A) "Eotw 1) ouvemaywyn :
« & Evag &pBuos Afyn els 0 i 5, ToTe elvan BiranpeTos 51 5», Thy dtrolav
OnHEIVOUEY P = (.
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Oewpoluey TWPA THY CUVETTXYWYTY :
«&v tvas &piBuds elvan Bicpetds Bk 5, TéTe Aye els 0 f) S». Tiy ovvemayco-
Yhv alrhy 8& Ty onpeihowpey pE g = p, 8i16T1 Uobeas els Ty BeuTepaw QUTHY
oweTraywyty elvan TO oupmépaoua Tis TpwTns Kkal T oupmépaopa T Beu-
Tépas ouveTTarywyfis elven UmrdBeais T TPMOTNS.

Al oureTrarywyal p= g kal = p Aéyovtal dvtistpogol | pla Tiis GAANS.

Moaparnpoupey &1 of p= q kal q= p ToU dverépw Topodelypartos elval
kel ol Buo &AnBels. Adv oupPaiver pws aUTd mvtote. ‘H dvTioTpogos Hids
dAnBols ouvearywyfs evbéxetan va elven yeudrs. TLy. p= q : & 8lo yevial
elvon pfai, TéTE elven Toan (&AnBfis), tv@ g=p : édw Blo ywvia elver loay,
ToTe elvan opBal (yeudns v yever).

B) *EoTtw 1) &Anbrs CUVETTCY WY :
p= q: & vas &piBuds AMyn els 0 A 5, To1e elvan SicpeTds Sik 5. ‘H ouvemayw-
Y~ p=~ q Myetan avriferog Ths p=q.

Els 10 mopdBerypd Hos AekTIKGSS B& elTrCopev :
~ p=~ q: Edw vas &piBuds Sev Ayyn els 0 fy 5, TOTe Btv elvan Breupetog Bix 5,
1 Smola elvan dAndhs TpdTaols. Abv oupBaivel Sucos TawToTe f duTiBeTos s
&Anbols ouvetraywyfis va elvon Emions dAndns. 'l1dou &v Trapdderypa :
p=q: tw SUo ywvia elvar opbai, TéTe elvan foen (&Andrs).

~ p=~ q: tw BUo yowvion Bev elvon &pbad, ToTe Btv elvan foon (yeudrys).

16. H IZOAYNAMIA AYO ITPOTAZEQN.

A) Alo mpoTdoes p kal q Abyopev 6T elvan fooddvapor petaty Twv, Eav
1) ouleutis (p=q) A(q=p) elven &Anbrs. ZupPoAilopev 16 yeyovds auTo ue
P <+>q kol SiaPélopey @ p looBuvapel (Aoyikdds) e q. OUtew, m.x., ai TpoTaoEls
P : tvas &piBpos Afyet els 0 A 5 kal q: tvas &piBucs elvan Siocupetos Bia 5, efvan
looBvapol, 51671 loyuer p=q kai g= p. [pagopey Aoimdv p <= q.

A& vé oynuatiowpey Tov TrivaKa dAnBelas Ths looBuvapias, dpkel vd oxn-
Hotlowpey Tov Trivaxa dAnBelas THs oulevtews (p=q) A(q= p). "Exouev :

p ozl g | veg lasptipsgriigep)
A A A A A
A ¥ F A W
¥ A A 5 b '
¥ b A A A
Anhabdi Exopev tov katwd nivaxa tpdv dinbeiag tiig looduvapiag:
el 4 lB=g
A A | A
A i
¥ s
Y Wyial aal
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"Htot 1 teoduvupia dvo mpotaoimv civar arnbing povov drav kai ai dio
npotaceig sival ainbeig i ywevdels tavtoypoved.

Me &AAas Aéteis Buo TpoTdoes p kal q Aéyouev OT1 elvan looBuvapol, STav
fyouy Tag aUTas Tipas dAnbeias ouyypovws.

MapadelypaTa tpapuoyfis ToU Tivakos :
1) 65 elvan dxépaios <+ 6 =3 elvan dpunTikds (&Anbns)

2) ég glvar dképaios <+ & y/3 elvon quaikds  (&Anbris)
3) & 2 elvar Quoikds <= & ; elvar dépaios  (weubnis)

4) o "%'E[vm &ppriTos <> &4/3 elvan &ppnTos (yeudns).

5) A el €/ &' <= 1) elBeix & [ /& (GAnBrs)

6) 16 Tpiywvoy ABI elven lodmheupov <= 10 Tpiywvov ABI elven igoydwviov.
B) ‘H icobuvapic p<>q BiamuTVeTal AeKTIKEDS kal p& &AAous TpdTrous.
Mpoottate Tds 5Uo mpoTéaels «p Eav q» kol «p pévov tdw q». ‘H «p tav

q» onuaivel q > p ko 1) «p povov kv q» onpaivel p = q. ‘Emoptvws ¢ kal al

Buo autal TpoTdoels elvar dAnbels, f oUleutis Toov 6 elven dAndrs. "Qoe :
«p fav koi povou Eav q» onpaivel p= q kal g = p, SnAadn p<=q.
"Qorte dvti vi héyopev «p igoduvepel pE q», fpropodpey va AEYOPEV «p

gav kai povov Eav gn.

MapaBerypa : Gewpolusy TAS itfjs SUo TpoTdoEls ¢

p: Alo elBeicn évos Emimédou Biv TEwovTal,

q : of elBeicn autad elven TrapdAAnAoL.

p - q: 'Eqw BUo elbeion fvds émméBou Bév TéwveovTan, TéTe elvon ToapdAAnAcl

(aAnBng).

q > p: 'Edv 8o elfelon tvog EmimeBou elvan opdAAnAol, TOTE Bév TéuvovTal

(&An8r).

"HumopoUuey Aottrov va eiTreopey !

«AUo eUBeion fvos EmiméSou eluan TrapdAAnAol Eav, kai povov Edv, Sev TEpvVTA.
Tty looBuvapiav SUo TpoTdoewy THY SiaTutdvouey kai pé &AAov TPOTIOV.
"Av AdPuwpey A TO AVWTEPW mapd@eryua fumopouuey va elTwHey

«avaykaie kai ikavi ouvOikn Bid va elva TapdAAnAol BUo eUbeicn Evog ErriTre-

Sou elvat v& pn TéMVGOVTOLY.

"Evas &AAog TpoTOS BlaTUTIRIgEWS THS looduvapias Tdv duwTépw BUo
mrpoTagewy p Kol q elva : «Ai& v elvar TapdAiniol BUo elBeion évdg émimeSou,
npémer Kai ApKel Vi UT TEUVOVTOLY.

"As AdPowpev tv GAAO Tap&delypa

“YrrevBupilopev T& BUo BewpmuaTa

OEQPHMA 1. 'Edv 76 Tetpdmheupov ABMA elval mapaAAnAdypauov,
t61e ol Biarydviol Tou Al kal BA BixoTopolvTal.
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OENPHMA 2. 'Edv ol Siaycwior Al kai BA #vds kupTou TeTpamieupou
ABIA Siyotopolvtal, ToTe TO TeTpdmrAeupov TouTo elvan TapaAAnAdypauiov

"Ag dvopdowyer p THY TROTAOW : «ABrA elven trapaAAnAoypaupovy,
kol g Tov TpdTaow «Al kai BA SiyoTopolvTas.

To fedpnue | dxppdletan S Tiis ouveraywyfis @ p=q

To Bedpnua 2 txppdleTan Bia Tiis q= p.

Ked T& 8Uo Becwphpara pofu txppdlovtan Sid Tiis looBuvapias p<=q.

K&fe pic &md Tés mpotdoeis p kol q elvar {kavi) suvBikn Sia Ty &AAny
xal Ermriong kdde pia elvon avaykaio ouvfkn i Thv EAAny,

"HumopoUpey Aordv vér elTreopey

«lva B TeTpdrhsupov elvan TapaAANASY paupov dvaykaia kai {kavi) ouvv-
Mk elvan ol Biaycoviol Tou v& SiyotopouvTany. "H dxdun :

«'lva &v TetpdmrAcupoy elven TapaAAnAdypapuov mpéner kai dpkel ol Sia-
ywviol Tou vd SiyoTopolvTaly.

*Emiong, émux eibousy dvwTépw, HUTTOpOUMEY V& ETTCopEy :

«"Ev Tetpdrrieupov elval TapaAAnAcypaupov v, kai pévov Zav, ai Sio-
Ydviol Tou SiyoTopouvTaly.

*ATd Tov dpiopoy Tiis tooBuvapias tvvooupey 811 loyUouv af EEfis 1B16TnTeg :

o) p<>p
B) (p<>q)<=(q<>p)
Y) (p<=>qA gq<=>r) = (p<>1)

17. ILOAYNAMIA ANOIKTOQN IMPOTALEQN.

"Omrews kal els Thy ouverraywyny, oltw kai els Ty loobuvauiay fumropou-
Mev vér ErrexTefveopey THY vvola kal Sik dwoikTdag TpoTdotls. TAs [nThowuey Aot
TV Td ouvohov &AnBelas Tis p (X)<=q (X).

*Edv Bécwpev el T p (X)<=>q(x), émou x dva groiyefov ToU auvdhou dva-
popds U, 1o &moiov dvriket els THy Toudy PN Q, AauPdvouer uiav &Andf olvle-
Tov TpdTaoiy, tmeibn kol T& Buo peAn Ths looBuvapias elvan Tdpa dAnBels Tpo-
Téoeis, *Edw elg THy p (x)<=>q (x), Béowpev Sou x Ev gToixelov, TO dtrolov dvn-
ket gls Thy Pe nQc, AapPdvopey wdAw piow &GAnBfi olvBetov mpdraocw, Bidmi
Tpa kald Té 5Uo péAn Tijs loobuvapias elvan weuBels mpoTdaoels. 'Edv dvti ToU X
Btowpey dtroiovbriTrote &AAo oToixelov ToU U, TpokUmTe weubns civberos mrpo-
Tao, 51411 T6 Eva péhos Ths [oobuvapias B elvan dAnbhs TpdTaois kel 16 &AAo
peuBns. Tupmepaivopev Aowmov ST :

(x| p)<==q )} =EnQu (PN Q)

IMapaderypa.

Zntsitar 16 olvodov dAnfelas THs (x*=4) <>(x =2). “Exouev &m
P(x):x*=4 xkai q(x): x=2. ‘Emopbvas P={2,-2} xai Q={2}. "Apa
B& elvon Pe= {x|x # 2¢elre—2 } kad Qo= {x|x # 2}
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Swermds PAQ = {2} kai PenQe= {x|x # 2 elte — 2} TeAdds Aol
OV ExXoMEV
(x| p(x) )<= (q(x) } = PNQ u (P NQ*) = {x|x # -2}

Enu. 1. To alvohov dAnbelas Tis (x? = 4)<=(x = 2) elvan dpéows pavepdy OT1 E‘;Ud.l
o {x|x #—2} Biém 10 — 2 elvan 1) povn Tiph ToU x (&md TO oUvorov dvagopds R), Bia
Ty dmolav Biv Aaupdvowy Tas abTds Tipds dAndeias kal T SUo péAn Tis looBuvaplas.

Inp. 2. Al mpoTdoes

pva pAg, p=a p<=4q ~P 4

AyovTal ghvbetol npotdonig mpdINg Baduibog, Bi& xabe [eUyos &ALV Tpotdoewy p kal q
tk Tou L.

AIKHIEIZ

34) N& BiatumdaeTe Tds &vTioTpdgous TV kéTwb ouvETaywy®v Kal va dopavdiiTe
v alron elven &Anbeis fi yeubels.
a) "Edv xdmoios tyewnfn els Tds Tarpas, tére Exer ‘EAAnvikfyy [Bayéverav.
B) 'Edv x =y =3, TéTeEX ) ¥
y) 'Edv 8Uo bpBoydvia Exouwv foas Paoels kal foa Oyn, TéTe Exouv Toa tpPadd.
5) 'Eav x* =25, Téte x =5 elte x = -5,
€) 'Edv &v onpelov keltar &l THs uecokabétou Evds eUBuypdupou Tufuartos, TOTE
dréyer tE foou &md T &xpa ToU TufjuaTos.
ot) 'Eav 2 +4 =5, TéTe 44+ 6=28
35) N& dmopavéfite, &v al kaTwTipw Tpothoes elven fooBivapor peraty Twy :
a)p: 2x=10(xeR)
q:x= 3
B) p : To Tpiywvov ABI elvan lodmheupov
g : To Tplycwvov ABI elvan igoydviov
Y)p:xdy (x,yeR)
qQ: y(x
6) p: h euBela € elvan TapéhAnhos mpds TRV €
q: ) eVBela € elvan TapdAinios Tpds THY €
) p:x=4¢eiex=—-4
qext=16
36) N& Biarumdoete Tpotdoess lgoduvdpous Tpds Tas Kk&Twll dverypagopbvas
a) Al edBeian e xal € ToU dmmSou (TT) Biv TéuvovTan.
B) T anuelov M dvfiker els Ty ebfelov € xal els Ty edBelav €'
y) T& onueia A kal B xefvran elg T adtd HuemimeBov dos mpods Thv elbelav &
8) To mapadAnAdypaupov ABMA Exer T1é5 Siaywvious Tou Al kal BA foas.
€) T onuelov M xelten dml T Biyotdpou Tis ywvlas 8.
ot) x!=1
D x=2xal y=-—2,
37) Né edpete 16 oUvohov dhnbelas elg x&Be plov &md Tds k&TwH loobuvaplas dvoikTdv
mpoTdoewy (oUvorov dvagopds Tis peraPAnTiis 16 R).

A x =D x==1) B) (x*= 0) <> (x=0)
y) Bx=6) <= (x=2) ) (x # 1) <> (x* #£1)
£) (x = 5) <= (x#3) o1) (3x=6) <> (3x +2=28)
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18. H ANTIETPO®OANTIOETOL MIAL LYNEIMATQIHE.

A) Els T& mponyouueva &md ThHy ouvemaywyhy p = q foxnuoaticapey
T &vrioTpopdy Tns q = p kal THY &vTiBeTév Tng ~ p =~ q. Mia &GAAn ouve-
Taywy? oxenilopdvn pt THY p = g elvar f| ~ @ =~ p, | omola AéyeTan dvri-
otpogoavtiBetog Tiis p = Q.

Tapadeiypara :

lov. p=>q :x=3=xt=9

~g=~piXEEI X #3

20v, p=q : 'Eqv Buo ebbelcn Evdg Emmédou TépveovTan, TOTE of eUdeton
Bty elvon TapdAinAol ~q=~ p : 'Edv BUo elbelon tvog Emimédou elven mrapd-
Andot, TéTe Stv TéuvovTal.

3ov. p = q: *Edv mépw PaBuov 17 els t& Mafnpartikd, ToTe B Exe 16
els 1o BeicTikdy pou (fwvoeiton 1 pt THY UTdpyovoay Paducroyiav eis T& &AAx
HaBhuaTa). ~ q=~ p: Eqw 8tv Exw 16 el 1O tvBeikTiKGY pou, ToTe Bev B Exw
méper 17 elg T& MabnpaTiké.

4ov. p = q : 'Edv Al =BA, Téte 70 mapaAnAdypoppov ABIA elvan
Spboydaviov.
~ g smap EdvoTh TapadAnAdypaupov ABIA Btv elvan dpBoycoviov, ToTe
Al # BA.

B) ‘H mAtov tviagépovoa I816Tns Tfis dvTioTpopocwTiBéTou Wmds ouve-
Taywyfis elvan 61 elvon {ooBuvapos (Exer Tas aUTas Tipas dAnBeias) pe Ty So-
Oefoaw ouveTrarywyv. Anhadt :

P=q<(~q=~p)
"Ag kerraokevdawpey Tov Trivaka dAnfelas Bid T&s p = q kal ~ q =~ p:

pIStinSadqes it ~q |[p=q|~q=~p
A A ¥ ;2 A | A
A ¥ ¥ AT ¥
¥ A A w' A A
o ¥ A Aocr il oA A

'ATrd Tds othhas Sy kal 6nv ToU Trivakos PAémouey Tt al olvBetor Tpo-

ThoEs :
p=qxa~q=~p .

Exow T&s elrds Tipds &AnBelas, elvon Aordv iooBlvauor mpotdoeis. ‘H 1816
abrhy pds Emitpémer Tpokeipvou ve droBeltwpey plav ouvearywy iy, v dmobel-
Ewouev dvr' alrfis v &vTioTpogoavTiBeTév T,

O, m.y., el To oUvolov T@Y TapeAntoypdupww loylel f mpdTaois
«&v 1o mapaAAnAdypappov ABIA Exel foos Tas Siaywvious Tou, ToTe Exer Tag
ywvias Tou dpBésy. ‘H mpdTacis alm elvar looBuvapos wpds THY TpdTaow :
«Edv 16 TrapadAnAdypanpov ABIA Btv Exer bpdas Tas ywvlas Tou, TéTe Bty £yl
Tas Siaxycvious Tou Toosy.
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|80y Bv &ANo Trapd@eryna

M v &mrobeifopey els ThHY MewpeTpioy OTI «b ysmue-rplxés Tétros (T
olvohov) Téw onuelwy ToU tmiméBov, T& bmoin dméyouy foou &md T& dkpa
fuds eUBUYpduUOU TUTHETOS AB, elven ) pecokéfeTos Tou TufjuaTos AB», &mo-
Seikviopey o) 'Edv TUY OV oTuEToV M &rréyer ioov &rd T& A kal B, TOTE &vnikel
el THv pegoxddeTov. kai p) ‘Eav 6 M durikn el Ty pecokddeTov Tou AB ToTE
&méyer ¢E foou &md T& A kai B.

Auvépefa Suws va tpyaodpey dog EEfis @ N& &rrobelfoopey THY o) kal xa-
<émy dvrl THs B) va &mroBeiteopev ThY &vrioTpogoavTibeTov TS B), 611 Bnh.
tay 16 M Btv &y ioov &mo Ta A kal B, +&7e By dvfiker elg THy pecokéBeTov.

M Mia &\An 18165 Tfis p = q elven 6T elvan looBuvaos TRoS THY ~pV q.

AnA. (p = @) <>(~ pVa)
Mpdypari, &v K&UUED Tov Trivaxe dAnBeias,

B Ll et e Lp 0l PV A
A A L A
A ¥ P *
b o AT A OA A
¥ Y | A | A A

PAéropey 4o TES oTAAag 4ny kol Sny &1 p = q kai ~ p N/ q Exouv Tas oUTds
Tipds &Anfeiag, BnA. elva looSuvapol TrpoTdcEls Kal fuopolyey, STOV Ypelo-
a7, va AuTikaTaoTHoWMEY THY piow 81 s GAANS.

ALKHIEIZ

38) N& BlaTumGHOETE TAS dumioTpogoauTiBiTous TGV kéTwhl ouveTaywyv.
a) 'Eav tnpfis & Biardbers Tou xeBikes s81xkfis xuxhogoplas, TéTe Btv B AdPng
KAfiow &Td TOV TpOYOUOHOV.
) 'Edv elg Tov “Apny Biv Utrdpyn &Tudopoipa bé dtuydbvov, TéTE Biv Umrdpyer
[eof) txel.
y) 'Edv Td ompeiov M dvfkn els Ty euielav €, TéTe Bév dvnxel glg T €L
§) 'Edv flumopéoms vé& Biarpitns Tpla yihiduetpa ¢l 1 Aemrréy, ToTE 84 phyw TO xa-
AoV Wou.
€) 'Eaw 2x = 10, TéTe x =15.
o) 'Edv v onpeiov M keiran i THg SryoTouou wds ywvias 8, TéTe 16 M dméye
{E foou &md Tas TAeupds Tl yoovias.
39) Né& dmobBeilee i THY KATOOKEURY tvog Tivaxos &hnBeias 81 i &pynoig Tis p > q
ehvar pA ~ .
40) Karaoxevdalovtes ivaxa Tipév dAndelas vé &obelteTe &1 ) owveraywyty elval
yeraParikd. AnA. ((p = Q) A(g = n]=(p =1
41) "Av p : g elvan kéBeTos £l THY €
q : g elvan kaBeTog il THY E
r @ g elvan mapdAAnhos Tpds THY E
va yphyete UTO quppolixty Hopefv Tés tEfjg TpoTAoEs :
a) &v g elven xébetos pos €, Kal £ kiBeTOS Trpds TAY €, TOTE f| § slvar Tapdiin-
Aog Trpds THY €.
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B) &v ¢, elven kdbetos wpos THY & Kal g Bév elvan kdBeTos pods THY €, TOTE N E
8ty elvan TapdAAnAos Tpos TNV E;.
42) N& Belfere &1 al wpoTdoes p = (@yr) xai (p = q) v (p=>r) elvan lgoBuvaper,
fyouv BnAabh Tés alTds Tipds &Anbelas.
43) Na &mobelfete pi xoTaokeufy Tivakos dhnBelag &1 f) &punois Ths p<>q fven
~ p<>q fi p<>~ Q.
“Emerra v& ouptAnphoete TOV ké&Twbl mivaka

woray | Sprne
Zulevtis | P Aq ~pV ~q
Mdlevtis pvd —
Tuveraywyh p=4q pA~q
*loobuvapia p<>q _—

19. @EQPHMATA KAl ATIOAEIZEIE.

A) Eig v § 12 eimopev émr Aoy elven #) peAéTn TéY kavdvwy TPos Ka-
Taokeunyy  SpBddv oUAAOYIoHGY.

‘O péyas "EAANV @IAGo0QOS "ApioToTéhng Utrfiptey & mpddTog péyas B1-
B&oxoos kol BepeArcoThs Tiis Aoyikdis. ‘H Aoyikf) Thy dmolav ouvéypoye Bév
Exer oyeBoy Trpoaxbii uéxpr ofjuepov Kol ele Thy TpayuaTikdTnTa SAa ayedov,
Soa pehercduey ofjuepov, Gviikouy els 8,7t Svoudlouev «Aoyiiy ToU “ApioTo-
Téhousy, | omrola Exer HAklaw &ues TGV 2000 iréddv. ‘H pabnuoamikorroinois Tiis
Noyikiis elva, PePaicos, Epyov TGV petaryeveoTépov kad 1Bicas ToU Georges Boole
(1815-1864) kai &GAAwv BecopnTixév Tis Aoyikfs.

Elg T& Mabnuartikd, 18w els v Mecwupetpiov, ) ¢pyacia pas cwioTaTa
ds THy &mébafw Bewpnudreov, BnAadh TPOTETEWY. Mi& va dorobeifooper Ev
Becopnpa wpémrer vax Belbwoper ST TouTto ErraxohouBiel Aoyikéds &rd Tag Utrobtoes
Hos. A v TO K&UUEY QUTO YPNOIHOTIOIOUMEY TOS &pyds Ths Aoyikiis, BnAabh
Aoy ikoUs kevdves.

"Edw, m.y., yvepifwuey 611 f) wpbdTaols p = q glvon &Anbns kai &1 ) p
elvan dAndrs, ToTe SuvdueBa va gupTrepdvwpey 611 q elvon dAnffs. AnAadn pt
gUuPora :

[(p=®APl=q

Mpéypory, &v oxnuariowpey Trivexa dAnBeias,

p q |p=ale=aApl(P=aAPI=q
&) [rbrhl ==l 3 A A
A ¥ ¥y ¥ A
¥ A A ¥ A
b d ¥ A . A

BAémropey 811 1) ouvleTos TPOTOOIS [(p=a) Ap] =qelva ravrote ainbig,
SvetapThTeos TV TInGSY &Andelas, 1&g &mofas AauPdvouy ol ouvioTdoa auThy
TpoTdoes. Mia ToloUTn TPOTACIS AtyeTan tavtoroyia kal put Té&s TauToroylas,
B doyonnBduey kaTwTépw elBikdTEPOV.
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‘H olvbetos mpdTagis [ (p = q) Ap] = q, elvan TavrtoTe, dg eimopey,
tvas OpBos oulhoyiouds. 'EvioTe ypdgopev abtdv di EEfig :

p = q (&AnBrs)
P (&Anonis)
dpa q (ouptrépaopa ToU ouAAoyicuou)

Od& Bwowpey Twpa Tapddeaypa tpappoyfis Tol AoyikoU Kowdvos :
[(p=q@ Ap]l=q

IMapadevypa :

"EAdPoper piav mpdorAnow 81& Tds yuwvaoTikds Emdeiters Tou Mupva-
olou A, # émola Eypagey «&v Ppéyn xaTd THy fuépay TEV Embeitewy, fy topTh
B& yivn els TO KAeioTOV YupvaoThpiovs (p = q). Zfuepov elvar 1) Huépa THs top-
Tiis xai Ppéxer (p elvan &Andris). "E@’ doov Acimév ol TpoTdoEls p = q kai p
elvon kai al BUo dAnBels, yvwpilwpey 811 q elven &Anbfis, BnA. # topTh) Ba yivy
els TO KAetgTOV yupvaoThplov. 'Humopoluey Tdopa v eimeopey 611 dmrebeitauey
16 Beprua: «'H topTh TéY yupvaoTikéy Embeltecov 8& yivn els 16 KAeigTov
MuuvagThpiovs.

B) Mia &\An Texvikn ypnoipomoloupévn els Tas &moBeltes elvan 1 ek

"Edv yvewpilwuper 611 p = q elven dAnBns xal édv yvewpilwpey &1 q elvan
Weubtys, ToTE fumopolpey v& oupmepdvcopey 8T p elvan weubrs. ZuuPorixdds :
[((p=q) A~q]=~p

Mpéyuari, &v karaokevdowpey Tivaka dAndeias,

( Umrdbeois ToU ouAAoylopoU)

pol@a | #p |"*4 l p=q|(P=qA~q|[(P=aA~q]=~p
S ¥ A v A
o gl A Y A
¥ o M v A v A
y y A A A A A

PAttropev 81 ) oUvBetos TpdTagts [ (p = q) A~ q] =~ p elven TévToTe &An-
Bris, dvefaptiTers Tév Ty dAnbeias, Tas dmolas AauPdvouv ol guvioTdow
atriy Tpotdoes. Elvan SnAadl Tautohoyix kai futropoUuey v& THY Xpnoiuo-
TTOlOUMEY Q5 Aoyikdy kavéva.

"[BoU Bv TapdBeiyua pappoyfis TOU kavévos TOUTOU !

[Mapaderypa :

‘0 pabnThs Mewpyiou Aéyel 611 6 — 5 elven pile TS thiowoews X2 —=5x + 6 =
= 0. Edw — 5 elven pila Tfis tEiocogecos x2 — 5x + 6 =0, ToTe (= 5)* =5 (= 5) +
+6=0 (p=q) AN (=5)1—5-(=5)+6=25+25+6 #0 (qyeu-
Bris). "E@’ doov Thpa yvwpilopey &t p = q elvar &GAnBAs kal OT1 q eudrs, el
ueBa PéPanot 811 p elvan weubtys xal & Mecopylou Exape AdBos. ‘O — 5 Biv elven
pila Tiis thiowoews x* —5x + 6 = 0.

Eis To Tapdderypa autd fumopoluey va elmwpey 611 dmeBeitauey 1o Be-
wpnua @ «6 =5 Btv elvan pila Tiis tliodoews x? — 5x 4 6 = O»,

‘H g dvew &robeibis futopel va ypagf) s &tfis :
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TpoTdcels | Awatoroyia

1) -5 elven pifa Tijs X2 —5x +6=0 1) ‘Opiouds pilns wds tiodooecs.
o (=55 (5 +6=0)
2) (=5)2-5-(—5)+6+# 0 2) *ApibunTikn.
3) —5 &tv elven pila Tfis 3) Tpotéoers | kal 2 kal kavo-
x2—5x+6=0 ves THis Aoyikfs.
ALKHIEIZ

Eig ke play &md s KaTOTEPW &oxfoes 44—52 (*) BiSovtan dpropbvar TROTATEN
Tés brolas dvopdlopey dAnbels xal BrocruTdveran &v Secdpripa. Els pepikds MepITTOOES o
Bedprpa Buvarar vé elva eubts kad els &hhas v& pf BiBwvral &pkeral mAnpogoplan B v
dropavdipey &v Td Becdbprua elven dAndis # eubks, ZnTeiTan v& BlaTuTTGOOETE TS &mobeites.
(&l Bi15opevan &Andeis TpoTaoEg AeyovTal Umrobéaeis).

44) "YroBeag. ‘O Oelog Kosoras 8& pds ouvoBetan) els TO Béarpov, Baw f pnTépa 1o Emi-
Tpbyn, ‘H pnTépa T EmiTpeyE.

Oedpnpa. 'O Belog Kaaoras & pds ouwvoBelom els TO BkaTpov.

45) "Yrobeag. "Ecv Bty Ymdpyn dtuydvov els Thy Zehfvny, ToTe Biv Utrdpyer [woh Exel.
Boxipal Eyouv Belfer TeAeiwTIKGS &11 Btv Umdpyer dEuydvov Eml T Zehfuns.

Gehpnpa. Abv Udpyer Lwn tml Ths ZeArjvns.

46) ‘Yrolemg x +y = 20, x—y=4%

Ochpnpa. % 31
47) 'Ynobeorg 2x — 3y = 7, x+2¢=3
Ocdpnpa. x—y=10

48) 'Ynobeog. To ywduevov §uo BeTikdv &piBudy elvan fetikds. ‘O dpiBucs « elvan
BeTikds. To ywduevov a-p Siv el BeTInds.

Ochpnua. ‘O &pdpos P elvan dpunTikds.

49) 'Ynobeag. 'E&v a€Z, téte lra=o 'Edw a, P, YEZ, TéTE Prat Y E=
B+y)y a1 +1=2

Ochpnpa. A& kéde a € Z, foyle o+ a=2a
50) ‘YroBearg. 6+ (—6) = 0,8 =2+ 6. Awx xdbe Tpr&ba dpibudv o B, v, tx ToU

Z, loyve 811 @+P)+y=a+ (B +y). 'Ewlons Bix xéde x € Z loyue &m x+0=x

Ochpnua. 8 + (—6) = 2.
51) N& karaokevdoete Bva mrivoka dAnBelas Si& THy oUvleTov mpbTac (pAQVT

52) Mola elvan fy &pvnots s ~ p, BnAabh pt molav mpéracy looBuvapel | ~ (~ P)
53) 'E&v a, P elvan mpayuaTikol &pibpof, va Belfete & a=p=>a+y=p+Y

54) Né& dmobelfere To Becopnua :
Eqv x = 5, Té1e 3x + 6=21

55) N& &mobelfere To durioTpogoy ol dveipw BewpfinaTos THs dokfoews 54.
56) 'Edv o, PER, a # 0 xal a(3p — B8) = a, 7l humopeite v& QUUTTEPAVETE ;
57) 'Edv o, BeR, P # 4 xal B+ 12) (2p — 8) =0, 7l Aumopelte v& OUUTTEPAVETE i

20. TAYTOAOTIA.

Mia ouvBetos TpdTaois, f Smrola poppeoveTan &md  &NAas TwpoTdoEls p,
Q r kT Temepacuévou TAfBos, ouvseoptvas uk T& aUupora A, V, V., =,

- (*) "Ex tév dowhoewyv todTwv 0& BoBolv ele Todg pabnrdg, Soxt xavd hv xplow 7ol Bi-
anovrog dmaitobvrar Bid Thy tumtduaw The bwolag wgrdBeibign.
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=, ~, & dvopdleTat royikdg tomog Al p, G, T K.T.A., ol &moict BuvavTa vat
A&Bowy TIAS A f| ¥, AeyovTa perafinrai ToU AoyikoU TUTrou.

Ol Trol, Tous dtroious guunvTHoapEY €ls T& TTpoNYyoUMEVa 1 P Aa pVv q
p=q ~D P=aq dvopdfovtan amhol tomot. Tupgaoves Tpds ToUs AV TE-
pow SpIouUoUs # Exgppoois ~ p A~ 4 elvan fvag Aoyikds TUTIOS, &rre trriong kad
ol txppaoes [(p =) Ap) = qxal [(p= q) A~ q) =~ p, Tas dmoiag ou-
ynuthoapey els T PO YOUHEVC.

‘Amd oo Hebboopey Els T TrponyQUHEVa tovooUpey 6T Bid vér elpeoney
Tdg Tipcs GAnBeias Evos Aoyikou TUTroY, 8& oynpaTicwHEy Eyer Triveka, TOU OTroioy
ol TpdTan oThAc 6& Exouv tmikepaAibag TS &rrh&s TPOTAOELS Py Gs Ty YT s
&mro Tdg drrofas dmoTeAEiTAL & rumos. 'Edv al dmhal TpOTACELS elvan BUo, TOTE
al ypapued Tou Trivaxos 8 elvan 22 = 4. "Av ol &mhal potéoels elvar Tpels,
TéTe of ypapual ToU Trivakos Ba elven 2% = 8. "Av al TTpoTATEIS elvan TEOOOPES,
al ypaupal 8 elvon 20 = 16 x.0.x. “Emerta 8& oXMMATIOWHEY v ouveyelq oTh-
Aag pt Emikepoh(Bag TOUs &mhols TUToUs, €l Tous Strofous dvohUeTan & Bobeis
Aoyios Tuos. Elg hy TeAeuTaday oTHANY tricepodls B elvan & Bobelg ouvBe-
Tog Tumos. "Edw elg TIWV TeheuTalay oThAnY af Tipal elvon el Shas Tag ypauuds
tng A, ToTe & Bodels TuTros elvon dAnBs, 817 BAes T TIAG TGV ouvBeTIKGY TOV
TrpoTaoEWY Kal AbyeTal tavtohoyia. "QoTe : ravtokoyio AEyetar mdg 1OYIKOG
tonog, 0 omolog arneder S kade apfy ([@kn0f i wEvdfy) TOV anldv  mpota-
age®v ToL.

Avo omoubalag TauToAoylas ouymuThoauer els T& Trponyoupeva kol el
Sopev &1 el T& ModnuaTiké ylvetal peydhn xpfiois auUTev. Elvat al TautoAoylat:

Dip= APl=4a
2) [(p=q A~dl=~P

AiBopev pepikax &xoun TapoBelypaTa TouToROY1EW ¢
1) 'H oweraywyh p = P ¢lven TauTohoyia.

WE I o
A A
¥ A

2) ‘H loobuvanfa~ (~ p)<=>p el TauTohoylia.

s 0 TR k. it ~(~ p)=>p
A | A d | A A
Y A 1 k4 A

3) ‘H ouvbetos mpéTaos (p = Q<(~pV q) ehen tauTtoloyla :

VP loials [ ek sG] o NQL =a<s(~rpiha
A A ¥ A R A
A 2 ot Y o A
. A A A A A
¥ Y A A A A
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4) 'H owletos mpdTacs (p<=qQ)<=[(~pva) A(pv~ q)] elvar Tautoroyia :

P | a|~p|~a|~pva |pv~a |p== g|(~pVa)A(Py~ O [(p<=>a)<>[(~pva)Alpv~q)]
e b e A A A A A
e | Y] Y] A ¥ A ¢ i ¢ A
g [ 8o ] A ¥ ¥ ¥ A

YLA | A A A A A A

5) 'H oUvBetos mpotacis (p v Q)<>(~pAq)yv (pA ~q) elvar Tautoroyla :
2l A ~p|~a|~pAq | pA~a]pva [(~PAD)V (PA~ Q)| (P @) <>[(~pAQV(PA~Q)
S ¥ ¥ y A
whall £ A ¥ A A A A
il Ay A Yy A A A

oA A ¥ L W M A

"ATto Tous Trivakas Tév TP TeAeuTalwv Tapadeiypdrov Eweten &t
;) P = q elvan looBUvapos mpds THv  ~ p V q
33 P<=>q elven looBUvapos Tpds T (~pV QQ APV ~q)
PV q elvon tooBivapes mpds Y (~ P AQ V (p A ~q)
’ ‘Ek totreov Emeten 8mi Sia Tdv mpdlewv Tis dpvhiosws, T ouleltews
A Brafegtecos Buvkueda vix ixgpbowuey Tas &AAas Tpdeis Ths ouveTaywyfis
=), T icobuvapias ( <>) kai Tis dmokAeioTIKTS Biadeuews (\ ) kal Emo-
ué'vcog 6Tro:oc'éﬁ-rro-re Aoyikds TUTog SuvaTan va BiaTutredf| Bid Tév TPIGY oUU-
Aty A, V xal ~.

21 ANTI®AZE,

. Mia giveeroc npbtacic réystar dvtigaaig, £av Kai povov Eav, elvar yeodig
' “"Oluvﬁf]uom iy (A i ¥) tdv auatoedv TpotaaEmy Tng.
Khaogiksy TapdBerypa dVTIQATES elvan 1) ouvBeTos mpdTaois p A ~ p.

p {'~p pA~p
A ¥ ¥
Waroad oA ¥

"Amo TOV keTwTipw Tivaxa PAémousy ETi ) &pyvnois wids TauTtoloyias
AeT dvtipaoy kal fy &punois wds quTIpdoEws TauToAoyiay.
P | ~p |pv~ppA=~p~PV~P)~(PA~Pp)
A ¥ A ¥ ¥ A
¥ A A ¥ g o A

&rmome

AIKHEIEIZ

Fayy )\58) Né& drmobeifere XpPNoIpoToIoUvTES Tivakas dAnBelos 871 ol xdrwd TUTO1 doTEAolv
Phoyiag : "

D[~ A Qle(~pVv~a
B[~ (p v q)e=(~pA~ 0
Ni~p=>gle=p A ~q
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59) “Opotovy {ATNHA 51& Tous TUTTOUS :
@) [~ (P>l (~ p<=q)
B) [~ (=)<~ @)

60) Na &rrobeifeTe dpoiws &T &rrotehouv TauToroylas ol k&rTwbh TUTOI :
) (pAQ) =q
B) [~pAlpval =4
p=Pvay

61) "Opotov [fiTnua B TOUs TUTTOUVS !
&) py (@un<=(PVa)Vvr
B) pA (aAnN<=(ADAT

62) ‘Ouolws :
@) p/\(qu)¢(p/\q)v(p/\r)
B) pv @ADN<(pPV ALV

Y (p=aA@=n)= (=D
63) N& &mobeltere 611, by o evan pla &Andhs wpbraos, Téte (p A @)<=>p.

64) Na dmobeltere smi v y elvan ula yeuBhs TpéTadls, TTE (p V W) <P
65) Na d&mobeltere &T1 (pvp)<=p kal (pAp)<=p

27, TYIMOI AAHGEIL KATA LYTKYPIAN.

“Eves Aoyikds TUTOS, 6 Stroios Stv elven oUTe TavTtohoyla obre  dvTipacis
SO0 & dmoTog Bid MEPIKAS TIpGg TGV peTaPANTEY TOV (&mrAdy TrpoTaoEY Tov)
5iBe1 &Anbis &mmoTéAeoHa el 81 &Ahas \weudts, AtyeTan thmog dhndig Katd ovy”
kupiav (f oyenkdg 1010g).

Mapaderypa. ‘O TUTOS~ P \/ q elvon &Anbhs KOT& guykupiov.

5 00 SO0 T Bk 58 i 5. &
A A Y A
A Y ¥ ¥
i A A A
¥ Y A A

O1 Trivaxes dAndeias &mrotehouy Eva GO Tpdoy Bk v BiamioTdve”
pev &v Bvag TUTOS Elvan Tautoroyfa fi dvTipacis A &Andhs kot ouykuplav.

ALKHZIEIZ

66) "Evag pabnTis EKome Tov LS cu?\?\oyluuév .
p=4q (&Anbhs)

q (&Anéhs)

&pa P (&Anbrs)

N& terdoete &v elvan & ouMloyiouds alTds mévroTe dAnBAs. (B Kéuete Trivaka &M
8efas Ba[(p = @) Aal = p-

67) Na Booete fvax UYKEKPILEVOY Tapdderypa &md iy 'ApiBunTikiy, &mo TO &rrol?
va paiveren 871 & cuNAoy1oUSs TS doxhoews 66 elvan dAndhs xatd ouykuplay (. p 1=
q:2=2).

68) “Evas wadnTihs txape Tov EEfis oVAAOYIOUOV

Eay x =0 kal y =2, ToTEY ) L.
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ARG @B 1. "Apa g # 2.
N& Déyters Tov oulloytoudy TolTov.
S‘;ruP.GO“TﬁUGTE mp:x=0q: y=z r: g >1 xtA).
) "EAéyEate ToUs xdTwdi auAAoylopols :
Dp=>~qA~qg = ~p.
B X(S e x Ay x wAx (5.
Apa x L5Ax=y
NVx=2vx(2x=3x#2,x=3=>xq2
Bf;«pu X #3
X = = i
20) Asltmqg:if L (x=ywAy #1). "Apa g # ].
@ & Timos [~(p A q)] <> (p= ~ q) elvar pla Tautoloy(a.
P) 8 rimos (p A q) A ~ q dmorehet dvrigaow,
¥Y) & Timos [(p v @) A p] = ~ q elvan OXETIKSS TUTTOS,
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KEDAAAION Il

SYNOAA
EMANAAHUEIL KAl IYMNAHPOIEIL

23. H ENNOIA TOY TYNOAOY. LYMBOAIEMOL

*EpdBopev €lg T§ TTPCTyOUMIVES Té&Eeig 6TL THY MEw gbvorov ypnaoiuo-
Troloupey Gtav BEAouer V' &vagepBipey el dvrikelpeva Gpioptva kel oagdds Bi-
akexpipéva, T& dmoia Bewpolpey 65 plaw SAOTNHTA

Ofre, T.X., dpioUuey Trepl TOU ouvAou Tév padnTdy Ths Talecs pas
ol ouvdhou Tév dypoTdv Tis XWPAs HAs, ToU ouvdiou TG QUOIKEY Ap1BudV:
ToU ouvdhou TV onpeiwy Evos ¢rriréBou, ToU cuvdAou T&V ompeiov gvos eUBu-
yPGUpOU TUTIHETOS, ToU guvdrou TV BiavuopdTwy Tou émmedou K.T.A.

T4 dvrikelpeva, T& OTold ouvaroTehoUy Ev oUvolov, Aéyovtal atoiyEld
TOU OUVOAOV.

*Ovopddopsy T& aUvoAa yevikids pé kegohaia yepdupara ToU dAgapriToV
pag, Ta BE oTOIKEIX pE  pixpa.

"Oraw & oroiyelov x &vfikn els & olvohov A ypégopey auppolikds xeA.

“Oraw & ororgelov X Biv dvfikn el 16 olvohov A ypagouey XEA.

AV fv guvohov A kal Ev aTeixelov X &anfeter fi XxeA T xgA.

‘H Bwvola ToU guvdrou elvat ouvBeBeptvn Pt THY Ewolay Tiis Paoikiig lod-
TnTos, f dmola oupPolileTon ut « =» kol Phoer aUThS Bewopolpey T& gToryEld
ToU cuvbAou <5 Biokexpipéva petoby Twv. Avo oToiKeia a kol P Aéyopev 6T

elvan Toa kol ypdpopey a = B, tdv, kol pévov v, Té o kai P elvan dvdpara ToV

atrrou otoiyefou. OUTw, T.X., els 16 oUvorov ( elvan 2 = -1-5.0,

‘Edw Btv elven o = B, ToTe Aéyouev 6Ti a elvan Siagopov Tou P kai ypé&
@opev oULBOAIKGS o # B. Ald BUo TUYXOVTA OTOIYXEIX X kai y 0& loyun :
Ax=y O Xx#*Y.
"Omee pds elvan yvwoTédy, v ouvohov oupPorileTat :
1) ut &vaypaghyy TGV arorxelwy Tou dvtds &yxioTpou.
2) pt TeprypanY YOPOKTTPIOTIKTS BiéTnTos TGV oToIXElwy Tou TH B:mBEiQ
peTaPAnTis xal dykioTpou.
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Tx. N=+H1, 2, 3,..}
Z = { x|x &xépatos Tfs 'AhyéPpas }
Tpds ebkoMiow kot THy SlaTUTWOW yevikGy TpoTEoEWY elodyeron eig
T Mabnuarikg v oUvohov, T droiov AbyeTal kevov aivorov, aupPolildpevoy
ME Q. Els Td oUvohov TolTo oUBky oToIYEior VTiKEL.

24. YHOLYNOAON LYNOAOY.

Aéyouev é11 &v olvohov A elvan broaivolov évos olvodou B, kal cuppo-

Alopey A < B, éav xai uovov édv, kdde oToryelov Tol A elvat xat oToiyeiov ToU
; ZUUBO?\IK(I); 6 opiouos aUTos SiaTuTcoveTan s EEfis ¢
(A = B) <=(¥x : xeA = xeB).

Olre, T.X., TO olvodov N, TGV Quolkv &piBudy, elven Utroolvorov Tou
SWokou R, Tédv TpayuaTIKGY &piBpdv @ N = R,

Aeydueba 611 TO kevdv oUvoov @ elven UrrooUvotov droioudriTroTe dGAAou
OWedou, Bnh. @ < A, Bk kdde ouvorov A. TS kevdy atvohov Eyel UmrooUvoloy
HOVOU T8y tauToy Tou, BnA. g s @.

laytow o xétwd 1B16TnTES |
DR e A (dvarkhaoTikf) f aTomadrs).

VWNep A B =) = Acl (petaParikn)

“Ev alvorov A AéyeTan yviiowov UTrooUvolov &AAou ouvdhou B, ddw, xad
tdv, 16 A elvan Umootworov ToU B xai Umépyn oroiyelov xEB pt x#A.
EU“BOMKCJg ypéopouev TéTe : AC B, AnAabn ¢

(ACB) <= (vx : xeA = xeB) A (JyeB : yeA)

"Ew &v guvohov A Biv elvan GTrooUvoov ouvdhou B B ypdowuev : A¢ B.
(Ac ‘H twoia yviiorov Umoalvohov Exel povov Ty petaPatikiy  1S16TRTO :
5By BT = ACT
TS otvorov B, ToU émolou Bewpoluey Bidpopa Utroouvora A, A, E k.T.A.

Hbvoy

Myt Slvorov dvagopig | brepaivolov 16w A, A, E x.T.A.

5. 1zp LYNOAA.

" Ao oivera A kol B Atyouev 871 elvan Toa, kad oupPorilopsy A = B, tdv,
:l HOvoy éw, wdde gToryefov ToU A elval kai oToixeiov ToU B xal dvmioTps-
g,

(A *&Be oToiyeiov Tou B elvar kal oToixeiov Tou A. AnAadn, cupPorikds :
=B <>(%x : xeA = xeB) A (Vy : yeB = yeA)

Obreo, my., tav A={1,23} xai B f{,,i 3,2}, TéTE Exopev A — B.

‘Edw 500 oUvoAa A kal B 8tv elvan foa, T0Te Aéyopsy 611 16 A elvan Suago-

f’o B xai oupPoiilopey A # B.

1y loytouy al Efis 181dTnTes THs lodTnTogs THY ouvrdhwv:

2) i A (dvoxhaoTik f alTomadis).

=B = B=A (ouppetpixn).

=BAB= M ~ A=T (perePaTikn).

oy -
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‘loyuer tiong i EEfS 18161ns ¢
(A<BABcA) =(A=8B) (QUTIOUPBETPIKT)

MpéypaTt ¢

(A € B)<>(¥x : xeA =xeB) |

(B = A)<=(¥x : xeB = XEA) }

n

A=B

n

26. AYNAMOZYNOAON LYNOAOY.

"Otav fywpey &v oUvohov U kal Becwopfiowpey Sha T& Yrroguvora auToU
s duTixelpeve, BnA. s oToIxET BVOS véou ouvbhou, TéTe dpileTan Evax véov oU-
vohov, TO dmoiov AbyeTal duvaposvokov ToU U. ToUto oupPorileTon pé &P (u),
dvfjkowy B¢ els aUTd Kal 16 kevdy guvorov kad TO 18w TO i

"Omres Epdbopey €lg TrpoTYOUHEvas Tékels, k&Be ouvolov Biagpopov TOU KE-
voU Eyel TO dhrycoTepov SUo YmrocUvola : TO Kkevdy cuvolov kal TOV tauTdy TOV-
“Ev oUvohov ¢ SUo oToiyela Exer 28 =4 Umroouvoha. "Ev oUvodov ut Tpla ool
yeia Eyer 28 = 8 UmogUvoa, 2 pt mrévre oToixela Exel 2° Umogvora Kol yevikds
fv ouvolov pé v oToiyeia Exer 2° gmroouvora. OUrew, ., tw A=({1,2,3}
TOTE 9(A)={g-{l}v{2}1 {3}: {112}0 { 1r3}v {213}1 {11213}r ™o

porrnpoUpey B¢ 811 T A Exel 2% = 8 UTTOoUVOAL.

27. AIATPAMMATA TOY VENN.

Elc TOMG&S TEPITTTOOELS Breukohuvopeda els THY pehérny  Evds [nThperTos
dvagepopévou els oUVOAY, &y YPT|OIHOTIOMTWHEY Y pagixds TapaoTdoes alTidY:
T yvwoTd pas &To 1&g Trponyoupévas TaEes SierypdupaTta Tou Venn. ‘Ymevs
Bupilonsy &1 els Bv Bidypaunpa ToU Venn T& oToiyeia ToU ouvbhou TapioTE
vovTal Bi& onueiwv &veEapThTWS THS PUOEWS auTdV.

ALKHEIEIL

71) "Eav A= { <, B, v: B b va EAéytere &v elvan dAndels kal olan &md Tés kérwd
mpoT&OEIS ¢
peA, ed A (€A, BeA, yeA
72) Né& Baoete pi dvaypaghy T&Y gToty eIy TWY T& gUvoAa
a){xERIn‘—5x+6=O] p) {xeN|x <2}
73) Né& edpete xapakTnpioTikiy 1B16TnTa Bi& THY TEPIYpaTY TV Ké&Twh quvdAwY ¢

c)!0,3.6.9,...}
By 0 104,900 £ o )
Y){--<.—2,4.G,l.2,3,...}

74) Na &veypayeTe &Uo olvora, Téw &molwv T& oroixela v& elven olvoha.

75) "Av Ac B xal A # B 1l ouumepalvete B1& & ouvodov A

76) Na xaBoploeTe ut dvaypagfy TGV aroryelwv Tou TO oUvolov {XxER [x*+ 1 = o}
77) Na &moBeltete &T1 (ACBABcN=ACT

78) N& oxnuatioeTe To Suvapoouvorov Tou { &, o, P }

79) N& dmobBeltete, ém1, v Ac @, Tote A=

80) TMolov elvat 16 BuvapoouvoAoy ToU Kevou oguvdAov ;
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& 81) Né& tetdoete &v T& kevdy glvohov elvan yviiolov Utroguvolov ToU Tuxdvtos ouv-
oy A,

82) N& dvaypdipete T olUvodov AUoewy Tfis thiodoews
K+DEx+1D) =D +1)=0
a) &rav olvolov dvagopds elvar T R
B) étaw alvorov dvagopds elvar Td Q
y) étav cuvorov dvagopds elver 1o N.

28. MPAZEIE METAZY SYNOAQN.

"As Bewpfiowper fv olvorov dvagopds U pfy kevdv xal Tehefws dpiopé-
YoV, Tol émofou T& UmooUvoha &s oupPoricwuey i A, B, ..., X, ¥,...
. "Oras yvawpilopey Suo Umoouvora Tol U, fotwoav & A, B, Abyovtat
100, v kal pévov Edv, Sik kéfe XEA = XxeB xal Bid kdfe weB = yeA. ‘H
oy Tiis lodmTos auThis Buvatan va Bewpnbi dx Pacikh lodTns elg To olvo-
Aov oy Ty Utroouvdhewy ToU U, 7O dmolov, &5 yvwotdy cupBohilopev ut
‘-q)(U). Bdost Tfis iodTnTos ariis T& Umroouvoda ToU U BewpouvTar Siakexpl-
MV peTafy T, Els 7o olvohov ToUTo, T&V Umoouvdlwy Tou U, dpilovran
Tpdteis dx i

A) "Evaoig quverov.

Qs Evwois BUo ouvdAwy A kal B, 1) dmoia oUpBoAileTon g AuB, Opile-
TH TS ovvodov BAwy TEY oToixelwy, T& dmoia dvijkowv els T& A elre elg 16 B.

ZuuPolikéds yp&pouey :

AUB = { xeU | xeA Vv xeB }

"Av t& clvora A xai B dpilovran Bi& xapakTnpioTids BidTnTos TV
OTorxelcov Tewv, SnA. &, m.x., elvan

A= {xeU Ip(x)} xad B={xeU|[q(x)}, Téte Eyouev, &mws yveopi-
Comev &g Ty Aoyikfy, &Ti :

AUB = {xeU|p(x) V ()}

- Ypagik TapdoTacis Tis dvdoews Buo owbiwy A kal B palvetan els
uép;;QPﬂIrP\EOPm; Sikypappa. Elvan o toxiaoutvov

Tou

'|o-x0m2$?. i ! . !

fis 1816TnTES : A

1) AUB =BUA (&vTipeTadeTinn)
., ebyuen, AUB={xeU |xeAV xeB} =
={xeU |xeB y xeA } (B16m p Vv q<>q V p) =

=BuA
2) (Au B)uT = Au (BulN) (mpooeTaiplaTixd) Iy. 28.1
Péymar,
(AUB) U = { xeU | xe (AUB) V xeT }
= {xeU | xeA v xeB v xel } .
= {xeU | xeA v xe(BulN) }, 8¥m(pvq) V r<>p V (qVr)
= Au (Bul)
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Aéye Tiis loxves Tfis 1B16TnTos 2) ouppwvolpey v& ypaPuUEY |
(AuB)UT = Au (BUl) = AuBUT
‘H mpakis U tmexTefveral §1& TrepIOTETEPA OUVORX :

AuAuUAU.. VA =UA = {xeU | xeA, vV xEA; V ...V x€eA, }-
k=1
B) Topi ouvvolrov.

‘Qc Topt SUo ouvbhwy A xai B &piletan TO glvohov Tév aroryelwy, T&
Stoia dvfikowv els To A xai elg 16 B guyypovws, oupPorileTan 58 pk ANB.

SUPPOAIKES YPQOUEY TOV Spropdy o5 EEfs

ANB = { xeU | xeA A xeB }

“Av T& ouvoha A kai B BiGovtan Six YOpOKTNPITTIKTS iB1éTnTOS TV OTOL-

yeloov Teov, Tr.X.. v elvan

A {xeU|p ()} ke B={xeU[a(}
ToTe B Eycopey :

ArB={xell | p(x) A q ()}

‘H ypagiki TrapdoTacis Tiis Toufs SUo ouv-
Show A kol B pafvetan elg TO TapaTrielpu B
ypauua. Elvea +d Eoklaopévov pépos ToU oy fpaTos:

"loyuouy o EEfis 1B1é6TNTES -

1) AnB=BnNA (avTipeTadeTikn)

MpdypoaT :
ANB = { xeU | xeA A x€B }
Sx. 28.2 = {xeU | xeB A xeA}, (BidTi p A q<=>q A p)
=BnNA
2) (ANB) NI =An (BNM) (TrpoceTaipIOTIK)

Mpdrypart,
(AnB) Nl = { xeU | xe (ANB) A xel }
= {xeU | xeA A xeB A xel }
= {xeU | xeA A xe(BND) }, s (pAQ) Ar<>pA (qAT)
= An (BnI)
Abye s loxuos Tfis 1816TnTOS 2) ouupuvoUMEy V& Ypapwyey :
(AnB) AT = An(BNMN = ANB Nl
‘H mpdkis N meelveTan B TEPIOTOTEPD TUVORL !
A AN A DA, = r\IA.{ — {xeU | xeA; AxeA, A ... Axehv }

Téros Umevbupilopey 31, & ANB =2, téTe T oUoha A, B Aéyovtd
Etva peToby Twv. Kord raUra 'Edv ANB # @ ToTe [3x  XEA A X€B] kal uT¥
oTpbpuy, o ([IX xeA A x € B] wéte ANB # Z A kal ANB# @ e>[ax :
xeA A xeB]
ALKHZIEIZ
83) 'Edv A=(1,2,3,5) xal B={—1,3,7} v& oynuatioere T4 oovora AU B
AnB
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) 84) "Av A= {xeR|[x>0)}, B={xeR|0<x<B}radl={xeR|2<x<6)
‘% ouuPolioeTe pi xp.jow peTaPAnTis Td ouwoha AN B, AUB AnT, AUTBUT, BnT,
AnNBAr, AuBu .

B5) Na& d&moBeitete &1 :

@) AUA=A B) Aug@ =A
86) N& &mobBeitee 6T :
a AnA=A B)ANG =@
87) N& &mobeifere 871 :
a) AnBc A B) AnBc B
88) Na& d&mobeitere 611 :
a) Ac AuB P) BS AuB
89) N& &mobeitere 6m1 (AUB =) = (A=FAB=0)
90) ‘Oupoicws &1, tav A S B, 1é1e: @) B=AUB B) A=AnNB

91) N& &mobeifere 61 (ANB)NTes An(BnT) kai twions ém
ANBAMNC (AnBY AT T owdyous H abtdv ;
92) N& d&mobeifere &1 :
O AnBUN=(ANB)UANAT)
BAUBNAND=MAVBNAUD
N& Beitere kal pé Si&ypaupx Tou Venn &7 al dvwrépw 1B16TnTes dAnBelouy.

} (¢mipepromikal 18167 TES)

[) Awagopi suvédwv.
Qs Biogopd ouvdhou B &1'0 Td glvodov A, oupPorifouivn ué A - B, &pi-
QE_TQ“ TO gUvohov TGV gToiysicy Tou A, T& dmoia Siv dvrkouv els To B. “Edw
T A ko B elven Béva, TéTE Beyoueba ETIA - B = A. Téhos, tdv A= B, 1é1e A~ B=
= Ao A= &.

ZupPohikids & dplopds olTos ypdpetar ¢ R :

A—B={xeU|xeAAx¢B}

H ypagik Tapbotacis tHs 5 agopds A — B gaivetan els TO TapermAed-
Paws Sidypappa. Elven 10 toxiaouévor uépog Tol
UXﬁuCrrog_

"Ex 100 avrol oxnuatos PAétropey  duéocos

&1y -
(A-B)uB=AUB
A) Tuprmifipopa suvéiou.
e ;(zvc[}udzgoyev oUUTTAT pWHA TOU @vékc u A ‘dx 225
, kai 1O oupPoAilopev pé Ac eiTe ué (:A, X

™S ohuoroy U — A, BnA. 6 olvohov Tév otuixelwy ToU U, Ta dmoia ey &-
"kow gl 1o A

ZupBoAikids & dpiopds oUTos YPAPETAl :

Ac = { xell | x¢A }
Elvey pavepdy &k TV dvwTépw Oplopddv ¢TI
) AnAc = g1, 2)AUA =U kal 3) (A =A
Erions &n CU= & xal Cg=U
Téhos tx ToU dvwotépw oxhuaTos Exouey 8T :
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A —B=AnBe
loyUowv ai tEfis 1B16TnTes, of dmolan Aéyovtal vopuor Tou De Morgan :
1) (AnB) =Acy Be
2) (AuB)t = Ac n Be
*AmroBeikvUopev E86 Thv loétnTa 2) -
A kdBe xeU, xe (AUB)® = x¢ (AUB) = ~(XeAV XeB)™® = x¢AAxgB =
xeAe A xeBs = xe (Ac N Be ).
“Qore: (AuB): < (A< nBe) ()
"AvTioTpdPWsS :
Ak xdde x€U, xe (Ac N Be )=(xeAe A xeBe ) = ~ (xeAV xeB) =
(x¢A Ax¢B) = x¢ (AuB) = xe (AuB)®
"Qore elvar (Ac NBe) = (AuB)X  (B)
"Ex 1év («) kal (B) Emeton f) dweotépw lodTns (2).
Me polov Tpédtrov &moBewweren f (1).

ALKHZIEIZ
93) Na& dmoBeltere 61 :
(A =Be )<=>(Ac = B)
94) N& dmobeifete 511 T& ouvoda A kal B— A elvar Eéva petall Toov.
95) Né& dmobeifete ém1 A—F = A
96) N& drroBelfete xai pé guAhoyiopdy &T1
(A-B)yuB=AUB
(8& dvrikataoTAoeTe 16 A —B pt 10 foov Tou A N Be xal 8& épapudgeTe THY £
peproTikny 18i1dTnTa THS Evdoews ds Tpds THY ToufY).
97) N& &mhomorfioete Tas xdTwh TapaoTETES :
a) BN (AuAc) By Au(furle)
y) BnTyu(Bnrle) 8) (AN B)u (AnBc)u (A N B)

29, KAPTEELIANON I'INOMENON EYNQAOY A EII ZYNOAON B.

‘H Ewole ToU SiarreTorypévou [elyous uds elva YVWaTh &md Tas mwpon-
youpévas Tékes : “Ev (elyos oToiyelwy Aéyeton BiareTorypévoy [euyos, tdw, Kol
udvov v, Exn 6p1oBf Toiov gTolYEICY elvan Trp@Tov kal Troiov SeuTtepov. OUTW,
Y., tv Bid T& oToigEla &, p Splowpey dos Tpd@dTOV TO @ Kal ds SeUtepov TO B
Eyouev kafoploer THY Sidrakw els 1O (gUyos, ToUTo BE oupPohilopev Bi& ToU (a,P)s
fE &v bpiowpey G5 TTPETOV 16 B kal &5 Bedrepov TO o Ba ypaywpey (P, a)-

Els & SiaTetarypévov [eyos (w B) 10 « AéyeTal @ 10 mpidrov péhog ToU
[eUyous kal To P @ 1 devrepov péhog ToU (eUyous.

‘A Tov dveotépw dpioudy ToU BiareTarypévou [euyous Emetan éTi (a, )]
# (B, @) Elvon Speos Suvatdv va Eywpey (eUyos pe TO alTd TpdTOY Kal BeUTE-
pov uéhos, Smws, mx., T (@ a), (B, B): (v»y). xTA

Alo Sieretayubva [euyn (o, B) xal (o, B') dpifovtar o foa, tav povol
tav, elvon a=a kal P'= B

(*) Avbme : ~ (pyq)<e> ~ pA~g
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‘Eav A xai B glvan 800 pij keva alvola, td oivohov tdv dwatetaypévovlev-
YOV (a, B) pé acA kol PeB, Aéyerar : kapreaavoy yivopevov tol ovvolov A Eri
™ aivorov B kai ovpfokiferar pt A X B.

ZupBohikds & &vaTépw Opiopds YpARETal

AXB = { (o, P) | aeA A PeB }

"Av A= @ fiB= ¥, Téte A X B = @ ¢ dpropol. Elven A A X F =
¥l ¥ xB=g

Eav A=B, 161e Ax A=A*={ (g, B) | acA A PeA }

Mapadeiypara: lov) Eew A= {1,2} xai B={«q, B}, 1oTe
AXB={(1a), (LB) (), @ B} bd
BXA:{(G, D («,2), B B2} "Qore: AxB#BxA
2) 'Bdv A=N=1{1,23, ...}, v

@ n, (L2, 13, ...
@ 1% @ 2,23, ...
) R R R

Yrrevbupifopey T& kéToob

1) *H dvriperaferikn 1816mns Sév loy el els 1O kapTeaiavdy ywopevov Suo
OWoAwy. AnA. elvan A X B # B x A bkrds dv elvar A = B A & el T Tapayov-
T elvan T kevdy oUvoAoV.

2) *Edw Td ouvodov A Exn W TG TAfifos oToiyeia kal To B Exn v oTorxeia,
TOTE TO A % B Exel W+ v T Afifos oToixeia. 'Edw 10 A fy T B Exn &mreipov TTAT-
S OToiyelew, TéTE TO KapTECIaVOY YIwdpevor A X B Exer bmiong &meipov TAffos
BTQ‘XE{Q)\J.

3) Auvdpefa va TrapaoThowyey & KapTeoiavdy ywdpevov wé Trivake Bi-
TAfis elodBou, &meos Epdlouey els THY ¥’ Takw.

5) 'Eqv Becopriowopev T& péAn fvds Siaretayuévou (edyous s ouvteTay-

Yas onuelou gls T EmrimeBov BUo &Edvwv Xx'0x, WOy, TéTe KdBe BiaTeTaryué-

"oV Lelryos mapiotéver & onuelov els T EmimeSov aUTS. ‘Emoptveos Ev KapTe-
1Y 1wéevov ut BUo Tapdyovtas, .. TO A X B, 6& mapioTdvn ToTE Ev OU-
Yohoy onusicov gl 16 ErrimeSov aUTd. “Exopev TOTE THY Asyopevny YEQUETPIKTV
( TPEQIkiY) naphotacty ToU KAPTECIOWOU YIVOREVOU.

NxN=N!=

ALKHIEIZX
98) 'Edv 7& Siarrevaypiva feuyn (x+y, 1) xal (5, x —y) elvai Toa, va elpete
Kal . i
e, 0D By A= (12,3} xol B=1{0,1,~2], v& oxnuarloers 16 AX B. *Emerror vd
HETE yewueTp ey TOPAOTAIY QUTOU,
100) Ne&t &mobeitere &1 :
@) AX(BNM=(AxB)n(Ax)
B) "Av A< B, Téme A x A< Bx B.

T x
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KEDAAAION LIl

TTOIXEIA AIANYEMATIKOY AOrIEZEMOY

30. OPOOIrONION KAl HAAITOPQNION LYXTHMA ANAQ®OPAL.

A) Eis &v émimedov (E) xapaooousv BUo Tepvopévous dfovas x'Ox  kal
'Oy, Exovtas kowny apxmny 6 onueiov O Tis Toufis Twv kal wovadiaia Biravu-

y

ouara OB =1 xai OH =] dvmoTolxws (ox. 30-1 kai 30,-2).
p ———————

y‘
Zx. 30.2

Iy. 30.1

Ol BUo autol &Eoves &rroTeAouy Ev sbatnuu agovay Emi Tou Emiméou (E)-
“Egreo Tdpa Tuxov anueiov M toU émmeBou (E). "Amo 16 M pépopey TS
mraparAfrous Téw GEdvwy. ‘Opifovtan oUtws & anueiov T ¢l ToU &lovos x'OX
xai év onueiov P émi Tol &fovos w'Oy. ‘Opilovton ¢rions T SievlopaTa CSN,"

of of.
Té Bidwuopa OM Aéyetan Sravuopatikn axtig Tou onueiou M,
» » on »  tetpnpévy mpofoin Tou O_[;!.
» » 65 »  tetaypévn mpoPodf Tou OM.
‘H &Ayepp. TIUN Oﬁ; TOU Oﬁ, AbyeTan TETPMPEVN TOU onuelou M.
» » » OP, » O_ls, Aéyeran tetaypévn Tou ompeiou M.
‘H TeTunuévn tvos onueiou M oupPolileTan pé xm Kal 1) TETaypévn Tou pt

wm Ovopdlovran BE dugdTEpal guVIETaypEval ToU omuelou M,
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Toparnpoluey Twpa &t 1) p TOU TpdTOV, TOV Omolov eiBouev Trpon-
Youptves, els wéBe onueiov M ToU tmimédou dvTioToixel v, kal pdvov év, Bia-
TeTarypvoy [edyos TparyHaTikdY &pibudy ué TpdTOV MEAOS TOU TMV TETUNUE-
Vv xy, ToU M, kal BeuTepov pehos TOU THY TeTayuévny Wy, Tou M, Sniadn
T Biarrenorynévov [eUyos (xXm, W) 2) *AvTioTpopuws els kdde 51cr're'rcq_/uéuou
{elyog TTpe: VIOTIKGY &piBuddy (x, ) dvmigTolyel v kal pévov onueiov Tou Emi-
T8ou, 1o M (X, W), TO omolov SpileTon, &v A&Popev bl @y x'x kal 'y B
Wouare o—ﬁ rai 6?’ TOIXUTE, WOTE Of = x kel OP = Y kal pépupev tx Tou T
TapdAAnAoy Trpds Tov &fovar YA kal &k Tou P mwopddAnAov Tpds Tov x'x. ‘H
Toun ey Bvo ToUTwy edBaiddy Spilet TO M.

"Yrapyer AoV Gu@iuovosiiavTog dvaatoiyia petald tob guvélov R x R
Kal tof gyvérou Ty onueiov tob iminédov (E).

Al va éxppdocipey 6T & onpelov M Eyel TeTunuémy X kol TETCrypévny
¥ ypagouer M = (x, ¢) i M (x, ¥)- [}

I 1
Ol Buo &foves oxnuarifow Téooapas ywvias, al

Omoiyy AeyovTal mpirtn, devtépa, ity kai tetdpin yo- 2/ r I
via @y aEbvay, O anuevorTal kata oepdv |, I, y
m, 1y els 16 oy. 30-3 Ty 303

K&Be onueiov towTepnov Tfis ywvias | &xe ouvtetaypbvas BeTikds, ,

KéBe omueiov towtepikov TS ywvios Il Exer ouvTeTorypévag &pYNTIKAS.

KdBe onpelov towTepikdy TS yovios || Eger Tetunpévny dpynTikiy kal
TeTayudyny Beticiy. Kéde onueiov EowTepikov Tis yewvias IV Exer TeTUnPév Be-
TN kol Tetaypbvny dpymTikiy. '

‘O &Fwv x'Ox Abyetan GEwv tdV X | BE@v tdv tetunpévoy kal & 'Oy Aé-
YETQL BEy thY y i GEov t@v reraypévav. ‘H Topd) Tév dEdveov O Abyetar dpyh
TV &Edyeon. ‘H &pyn O Exel &upoTépas TAS TUVTETXY UEvas undév, 8nA. 0(0,0).

Ol &fcves Aéyovtan dpBoydviol #Eoveg ouvTeTaypéveov, Stav elvan kdBetol
HeTaty Toay, &AAws Aéyovtan mhaytoydvior (ox. 30 - 1).

"Oraw ol &foves elvon dpBoydvior xad &l Atov T povadiaia Siavvopara

S;G xal OH Exo v foa prikn, TOTE Abyouev &1 Exouev Ev dpBoxkavovikov ouoTnHA
Sucop,

5 Ol B1& 16w ouvTetearypévewy xabopiletan # Beois vog anuelou els 1o tri-
Teboy,

L KA®OPIZMOEL 11iL @EZENL E®AP. AIANYEMATOZL EIL TO EIMITMEAON.
| “Eotw (oy. 31-1) mrpooavaTtohiopévoy ErrimeSov (E) éq:m_&ymauévov it 'rrl::
SUoTnug dpBoywvlwy vy XOy xal tpapuooTdv Bidwuopa AB Erdvew el;- To
E). ®pouey dmrd 1o A, B Tas mapaAAfilous Tpds ToUs &Eovas. Opilopev olrre
& tpapuooTd BiaviouaTe’ A, By mdva els Tov &fova X'OX xai Ay By tmdve el
TOV &foyg W'Oy. To AB, éropdeta : tetunpévn tpofodi ToU AB, T Bt A,B,.
TEraynévy  mpopoiriy ToU AB.
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“Av & gopels, ToU AB (16 émolov UmroTifeTan &x) unBevikdy) elvan Trapah-
Anhos Trpods Tov &fova Oy, ToTE # TeTunuém TpoPoAn TolU AB elvan Té unde-
Vikdy EpappooToy Bidvuopa A:;\I (Zx. 31-3).

"Av & gopeUs ToU AB elven Trap&AAnAas Tpds TOV &tova Ox, TOTE 1) TETAY-
uévn) TrpoPoi) ToU AB elvan 1o unBevixdv bpapuoaToy Bidwoua A?A.‘ (Zx. 31 - 4).

Y Yy S 4
lesepiat
pol - | MRy
7 ? :
e i f !
| : s :1
425 x A 5 x 0[ A x
sy, 31.3 x. 3.4 £y, 315

"Av TO AB el unBevikdy Bidvuopa, Y- TO A_X, TéTe kai al duo Tpo-

PoAai Tou elvat unBevikd Braviouara (ZX. 31 -5).

*Egrew Tdpa 671 elvat 1 A =(Xa, Wa), BnA. f TeTunuévn ToU onpelov A
elvon Xa xal f) TeTorywévn Tou €lval Wa. *EoTw tmions 6T elvan B=(xp, ¥s)-
‘O &piBuds Xp — Xa (TETUNHEVD ToU TrépaTos Welov TeTUmuévn TS &pxis ToU

e

Kﬁ) dvopddeTan @ N cetpnpévn tod Kﬁ kal ouyypévws : f dhy. npf tob A;By

tri 100 #Zoveg x'Ox, kol oupPoAlleTan ué AB, (Zx. 31-1).
‘O &p1Buds W — Wa (teTarymévn ToU TréparTos pelov TeTaypEvn T dpyfis

10U SicviuapaTos) dvopdleTal 1 teraypévy tod ;ﬁ kad ouyypéves : W) @by
npd tod A:E, tni tob GEoveg YOy, ovuPohileren Bt wé AB,.

Otrws els T Zx. 31-2 1 TeTunuévn TPOPOAT| TOU ﬁ—sﬁ elvan T A,TB;
‘H TreTunuévn Tol AB elvon 1 — 4 = — 3 = &Ay. Tiun Tol A:ﬁl ¢l Tou x'Ox.

=

‘H Tetarypévn TpoPoOAn ToU AB elvonr 1o A:E,. ‘H Terayuévn Tou AB elva
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-~ _} -~ 1
2-4= 2 = d&\y. T ToU AyB, tmril ToU 'O .
— — -
"Emrions # Tetunuévn mpoPoAl ToU BA elvan 6 B,A;, 1) TETUTHEVY TOU
= AR |
ER elvon 4 - 1 = 3 = dAy. Tiu| ToU B,A, &l ToU X'OX. i
‘H Tetaypévn TpoPorn ToU BA elvan 15 ByA,, # Tetaypévn ToU BA
et 4-2=2= &\y. Ty ToU B;Ka ¢l ToU ¢'Oy.
"Errfons elven (Ex. 31-2):
—_ — =y [
A Terunuém mpooMy ToUl AA T8 Ay, i Terunuém o0 AA 1 4-4=0
—_ —
0 TeTarypévn TrpoPohfy ToU AA TO AA;, 1) Tetaypén AA: 4-4=0
‘H retunuém xal TeTayuén tvds Biaviouaros Aéyovtal guvTeTayptval
= I
ToU Sieviioporos. Aid vé cupBoMowpey 611 By Bidwuopa AB Exel TeTunUEVnY O
Kl Teraypimy B ypdoovey AB (, B) A AB = ( P).
'AQTB; & dvwtépw bwoolpey 8T fy Béais Evos tpapuooTol BlowlopaTos

KeBopileran, tdv yveopllwpey Tés oUVTETayévas TéY &xpov Tou fi Tés ouvTeTay-
Hévarg Toy §iovuopaTos kal Tés ouvTeTaypévas dvds éxpou Tou (&pXfis f TéparTos).

32. IZA (H IZOAYNAMA) EGAPMOETA AIANYIMATA. ANTIOETA AIANYEMATA.

A) "Ev teappooTtdy Bidvuoud AB Atyetar Toov 7 loodlvapov Tpds &AAC
FA —
Fa, B, wal pévov by, al ouvTeTayuéval Tou AB elvan Toan dvmiaToiyws Tpos

—

TAS dpwvipous Twy OUVTETAYUEVAs TOU FA.

Cpépopey TOTE OVU-
Pohigss : AB = A \

Olrew, my., s T
E)E‘ 32 -1 # Terunuévn ToU
AB elvy —5 — (—2) =—3

A TETCry pévn ol AB elva
6~ 2= 4

A TETUNUéwn  ToU Fh ot

~ S 3

A Teveypvn 100 TA=
7"‘3-._-4

"Qoe, xatd ToV Bo-

?iv'ru Spiopdy, elvan

AB =g

—> B -

Tevikdss, tv AB (o B) xal [A («, B, Bi& v& éch:,pdc:rcou_w i AB =lA

Wanedar v ypdowuey oupPohikds (a, P) = («, B). O ool dvvoolpey &Ti
o = u' qu E ¥ ﬁ‘
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‘H opiobeioa 0@ Ewoia ioéTnTos EQapuooTiV BlavuopaTwy Exel TAS
yvwoTds iBidTnTaS |
= =5
a) ‘AvarhacTikny @ AB = AB
P) ZUBMETPIKTY : AB=TA =4 = AB

y) Thv petoPatikmiv: AB =TA l ik Ess
r& = KA | gilde
Mopatnphoes © 1) Elvar gavepov 6mi, & Exoouey fv tpappooTov Bidvu-
opa, Y. TO F\}B, Uméapyouy dmeipdpibua épapuoaTd SiaviouaTa, kadby &mod
& émoia elvar foov pds TO Ag. Elvar T& SiovUgpaTa T EXOVTa TAS OUVTETAY-
pévas Ty foas PO TAS OULVUMOUS GUVTETOY HéVas TOU Kﬁ
2) Aoy Tis dvwTépw 2as B16TnTOS ThS ¢wolas THs lodTnTos Aumopol-
pev va Aéycopey OTI ¢ AB, TA elvan ioa weTafU Twv.

3) "Av K@, FA elvon foa (petafy Twv) kel &1 pndevika, TéTe Exouwv THY
{8iqv Bieubuvow (ol gopeis Twv elval mrapdAinior) xai Ty iBlov gopav (elval

bpdpporra). (Ao Tpiy. ABH = Tpiy. FAQ© xai Auﬁ, ) TapdAAnia kai dudp-
potra &mes Emiong kel T HB kol oA K.T.A.).

4) Kafe unbevikov épappooToy Bidvuopa glvar  Toov Tpds kdbe &AAo un-
Bevikov EpapuooTov Blavwwopa (Srari ;).

B). "Ev tpapucoTov Biavuoua ;\E (Fy. 32- 1) héyetan «avriBetovs &GAAOV
Ei, b, kal povov ddv, al ouvTeTerypval Tou AB elvar duriBerol dvrioTolyws
TPOs TAS SUWVUPOUS CQUVTETQY HEVOS TOU f:’i
[pagopey TOTE Rl L EZ. Elg 7o Zx. 32 - | Eyouev, .., i T& Epapuo-
oTa SiovugpaTa A% kad EE ;
rerunuéon ToU AB=—5—(—2)=—3
TETPMMéVT) TOU ﬁ =4—-1=3,
TeTOrypévT TOU AB=6-2=4
TeTaypévn ToU BE=2-6=-4
“QoTe T Aé elvan &v Bidwuopa dutiBeTov Tou E—Z’, BnA. A_é = E—i El-
vai Bt pavepov oTikéBe Bidvuoua foov pE TO AB €lven dvrifeTov ™PoOs TO EZ xal
Tpos kébe Toov Tou. TMpopavéds dvtiBetov ToU Siaviouatos AB elvai xal 16 BTA:
SnA. AB = — BA.
MapaTnpnhots : 1) "Av elvar AB dwriferov ToU ['—E, toTe B elven kad TO
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=5 = e ho o
FA dyriberov ToU AB (1Biati ;). A ToUTO britpéeTon v& Adywuev: T& AB, ra
elvon &vrifeta (ueTaly Twv).

2) "Av AE, [A elve dvriBera (peTaly Teov), TéTE EXOUV Thy 18lav Birevbuv-
ow (ol gopels Twv elvat mapdAinior) kai dvmibETous opds.

3) Kdde pnBevikov tpapuooToy Bidwuopa elvan &vrifeTov Tpds kdbe &AAO
unSevikoy  Sidwuapa (Biati ;)

33. MHKOL E®APMOZITOY AIANYEMATOL.

*Egtw TUXOY EQOpROTTOV BIGWCuG—KB.‘OvouégETm pijkog ToU AB eire ané-
hutog mpRy ToU AB, xai oupPolileTan pe IR,'BL T pfikos Tou eUfuypéuuoy T~
natos pé dkpa, Ta A,B. OUTw, ™.X. B1& TO undevikdy Sicvuopa AA Eyopev @ Wi
Kog ToU AR = lﬁﬁl = pfikos ToU eUBUYp. TunuaTos AA = 0. levixdds : TO WTKOS
k&Be uf) pnBevikoU tpappooToU BiavopaTtos elven fvag &mdAUTOS TTpay HaTIKOS
Sp1Bucs.

"As AdPwpey gUTHU bpBoywviwy ddvev xOy (Ex. 33-1) kai povadi-

o e — —>
ol Srovbopera 1& OB =1, O =] |0B] = |OH|. “As imobtocouev B¢ &m1
elvar : A = ( Xa, ya), B=(xa,¥8) kai &T1 ) TO AB Bty elven pndevikov xal P)

T AB Bty elvon Tap&AAnAov Tpds Eva Ek TéwV
&ESveoy. y

Tére dpileren &v Tphywvov AKB, &pfio- Boy)
Yéoviow gls T K, dmes galveta glg TO Zy. |
33-1, pi tpopuoyhy Bt ToU TMubery opelov
Becophiparros eUpioxopey &T1 TO ufikos ToU AB o) _______E
81?5;&11 &med oY TUTOV ! 3 | !
|AB| = V(xs —xa) T (5 —¥a)* (33:) y— R A

Elven ebkolov va éEnyﬂam_EEv &t & TU- Ty, 33.1
Tog cyrodg loyue kal dTav 6 AB elvai  upn-
Bevioy Sidwopa f elvat TrapéAAnAov Trpos Eval bx Tav &bdvawv (méds;). “Qame
loxUer yenkds 8T :

Té pijxos tpappoatod Saviopatos clvan Toov pé tijy tetpay. piiav tod dbpoi-
Opatog tdv teTpayvev ThV GUVIETAYpREVOV TOU.

‘Evropbveos : TAv Buo TuxovTa tpappooTd BlavbopaTa elvan foa petatly
Twy, TéTE B& Exouv TO aud pfikos (Bierrl ). *Apa kdbe 8o Syt pndevika loa
tpapposta Savbopata Exovv 10 abdtd pfixos, iy abrijy Siedbuvory kal xai Ty ad-
iy gopav. 'Errions TO aUTd uiikos xai ThHy aUThy BietBuvaw Exouv xal kdBe Buo
&% unBevika dvriBeta peTaty TWY tpapuooTa SiowlopaTa.

To olvohov Shwv TOV EpapUOTTEV SiovuopdTwy ToU Emmdou (uady
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kai ¢ Ta pndevika tpappocTd Siaviopara autol) B& TO cupPoAilwyey, émou
y elg T& tméueva pds ypewaodi, pt D.
5 INMapaderypa lov. Els & Emimedov (E) (2x.

232 4] 33-2) tpwbiaopévov pi &fovas  ouvTETCyYpéveY
5 Oy, BlSovrar & omuele A (2, — 8) kel B (= 3,4).
2 N& elpere &) Tas ouvteTaypébvas ToU Siavi-

oHaTOS AB. B) Tas ouvTeTarypvas Evos Blaviopa-
+ b —

FTEX [T I T 1o0 dumibrou o AB kal y) TO ufikos o0 AB (5nA.
v dmdoraowv petell TGV onpelwv A kal B).

- i 'Andvenog: o) TETUMUéVT TOU AB = XB—Xa =

i ==3~2=~5 TeTayptyn TOU K)éz‘yn—-\PA=

B) "Ev Bidwuopa dvtifieTov Tol 7\73 Ba Exn

_ ouvTeTaypévas duTiBéTous TGV ouvTeTarypéveoy  ToU

e /Té, SnA. 8& Exn TeTunuévny : 5 kal TeTayué-
vy —12.

y) Zuppdwes mpds Tov TUToV (33, o) elvan

|AB| =V (=5 +122=V725 F 144 = V169 = 13 yovdss.

IMapaderypa 2ov. Els v EmimeBov tpwdiaouévov pe &fovas ouvtetaypé-
vwv xOy 8iBovran T& onuela A (2, 3), B (2, 5).

N& elpete a) Td&s ouvTteTaypévas Tou SiavuouaTos AB kal B) To ufikos Tou
(Zx. 33-3).

—

"Anavinelg : TeTunuévn ToU AB =xp —xo =2 -2 =0, TeTaypébvn Tol
AB=yp—yar=5-3=2. Mikos To¥ KB:lTﬁi =Y0+2=V4=2
povades.

Mapaderypoa 3ov. “Ev Sidwopa KE Exer TeTunuévny 3 kal Tetoypbmy 0,

J

8y 51y 8
4

Ag 3= o)
24

® 4 4 4 4

Zx. 3.2

A i

A gl'gl.v &
Iy. 33.3 Iy, 33.4

dpytv 88 To onuelov A (2, 3). Na elpete Tds quvteTayuévas ToU mépatds Tou
B (Ix. 33— 4).

‘Anavinoig: "Eotw B=(Xs, yB). T0TE: Xp—2=3<>xp=3+4+2=5
xal ywg—3=0<>yg=3. "Apax B =(5,3).
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AZKHZIEIZ

101) N& eUpete Tds ouvTteTayubvas TOU va\‘muq-ros?’ﬁ kal T ufikos Tou, Eav els Ev
SloTnua dpboywviey &Edvev Tol kmmiBou elvan A= (-2, -3) «al B=(2, 1%

102) Né& Belfere 811 70 Tplycovoy, Tou Exel Kopupds T“,g““ﬂ&‘ Aj (-2,8),B=(=11)
kal [=(3, 3) elvar loookehts. (N& ouykpivete T& ufkn T&v AB, AT, BIN).

103) Elg va tmimeBov tpwbiaoutvoy ut dpBokavovikdy oUoTnua dtévewy Tpla onueia,
A, B, T tow dvmioTolyws owrerayutvas (3, 1), (3‘_.3), (=1, 1). N& e0pete Tas ouvTETay WEVaS
tuds onpelou A ToU dmimébou, tv yvwpilete 6Tt AB —TA. (AUoig ¢ B& Trpémer va Excopev

XB— XA = Xa — Xr Kal Wp— YA =Ya—VYr kal v& Aowpey Tag Buo Eliodoes pk &yv@oTous
T X kol yal).

104) "Ev tpappooTov Bidvuoua ?ﬁ!xe« teTpunuivy 3 xal Tetaypbvny 4, mépas Bt TO
onueTov B (4, 2). N& edpeTe Tds ouvTeTayudvas Tils &pxfis Tou A kal To wfikes ToU BiaviokaTos.

34. TO EAEY®EPON AIANYIMA EIZ TO EIMIITEAON.

*Eotw &v Sidvuoua AB ToU D, SnA. Bv tpappooTdy Bidwoua ToU gmiéSou.
(Ts AB Biv &morheleron v elvan v undevixdy EpappooTtév Bidwuoua). vepl-
louey 871 Umépyow &mepapibua SiewiouaTa fox (looBUvaua) Tpds TO AB.

Td ouvorov SAwv TéY fowv Tpds T KB tpapuooTdV BlavuopETwWY TOU
trinéSou dvopdletan : «Ev EhedBepov Sudvoopa» ToU Emimédou kal TO KB (kaBoos

ke kédBe foov ToU A_é tpapuooTéy Sidwuopa &md To D) dvopdletan : elg avri-
rpdomrog ToU EAeubépou SiaviouaTos.

"Omreos &md 1o EpaplooTdy Sidwwopx AB dploapey & Ehebbepov Sravuoua,
oUreg fumopolpey v dplowpey &md kébe EpapuooTov
Bidwuopa Tou D dvi Ev EhelBepov Bidwopa Tol Emimé- \<\ ”
Bou, "Av ylvn ToUro, ToTe TO D 8 Exn Biapepiod el /
KAdoeis (Ymoouvohd) Eévas petally Towv dud Suo, Ka- / //
Bepler dmrod Tag dmofas elvan ($E dpiopol) Ev EhebBepov /
3

Savoopa. /
“Ev olovBfimroTe EpapuooTdv Bidwuopa &md 16 D /
0

elvan el dvmmpbowTos ké&molou EAeuBépou Bravuoua-
Tos Tou EmiméBou. Twwhbes o dvmimpdowTov VoS
\euvBépou SiavuopaTos Tou Emmédou XOy (Ex. 34- 1)
7§°‘l-lﬁ<5wc.~;.tev 1 tgapuooTdy idvwoua Tou D, wou EXEl Tx. 34.1

@ &pytv Tou 16 O.

"Ev EAelBepov Sidwuopa ToU EmirESov elvan kot TO pnBevikdv EheUBepov
Sidvuopa, BnA. Té olvolov SAwv TGV unBevikddv tpapuoo T SlavuopdTwy TOU
EmiméSou. TouTo & T oupPohilouev ue 8

KéBe EAetBepov Brdwvona 8& oupPolileTal B’ fudg TUYOVTOS QVTITIPOTG-
TOU Tov efTe B1& ToU QVTITTPOTUTIOU Tou pit &pyhv o O elTe pt & HikpoV ypau-
M ToU dhgaPrTou pall pé Bv pikpdv PEAOS mepdveo. OUred Buvdneda va dui-
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Adpev B1d 1o EAeuBepov Biavvopa OA fl Fﬁ, B1a T EAevBepov biavuopa [3- K.T.A.
@y 34-1).

Té guvorov SAwv TGV EAeuBipwy SiawuopdTwy Tou émiédbou B& TO oup-
PoAilwpev ué Dy
35, MHKOL EAEYGEPOY AIANYXMATOL,

Mfikos tvos Siaviopatos &mo D, dnA. Evos tAeuBépou Bluvuopa-rog, £0TW

c:, Aéyetan T pfjkos évds QUTITTPOOLTIOU TOU kat cupﬁo?\lgﬂal ue | al
Odre, 5i1d TO undevikdy EAeUBepov Bidwuopa O EXOUEY :

|G |=[08]=0
36. TYNTETAIMENAI EAEYOEPOY AIANYEMATOL.

"EoTw _c;e_‘l')u. ‘OuopdleTal : TeTPMpéVT) TOU a
y A Tetunuévn Evds OTroIOUBNTIOTE  QUTITTPOCWITIOY

Tou kai TeTarypévn ToU o 1y TeTerypéun ol aUTou
i oloubnmoTe &AAov AUTITTPOTWTIOV TOV.

Olrw, m.X., 81& 10 O elvan @ TeTpnuévn Tou
16 0 kai Tetarypévn tou 16 0. "Eriong 8i& 1o EAel-

~ N W SN G oo

-
Bepov Bidwuopa o, TOU QUTITTPOOWTTEVETAL &Tro
15 AB (Ex. 36-1), elvan: TeTunuévn Tou © 4 kal

o *—3* i oA
. jéese TeTarypéun Tou O 3. ZupPoRikds ypagouey « (4,3)
Ty. 36.1 Elvor gavepdy 611, kv Sofolv al ouvteTaypévan &
vos Eheubépou BiaviopaTos fiutropoupey, va Oplow-
pev ypagikdys Eva dvmimpbowmdy Tou els TO ¢mimedov XOy (réds ;).
37. H IZOTHE EIE TO Do.
*Eotwoav &T1 —&620 wal [5’590. Od& Aéywuev OTI @ TO a elvar ooy TIpOS
T5 5 kal Ba ypacpc.oueu D a= B, &w, kal pévow Edw, UdpyT KAaTOI0S SWTITTPS-
owWTos ToU c( '[cvos pé K&Trolov GUTITTPOTWTTOV TOU [5.
“Eotw o = E: Té1e (kal pdvov "ro-re) elval :
TETUNUEVT TOU o = TeTunuévT TOU [3 kal TETOypévn ToU e TETOY péVT) -rou}3
Elvan povepov &1 kad Bix Thv Sprodeioay €8G5 Ewoiav lodnTog loyvow
ol Tpels yvwaTal 1B10TNTES THS lodTnTOS BiavuopdTwv. SnA. 1) dvakAaoTikn, 1)
ouppeTpikh Kal 7 peTaPaTiki.
38. ANTI@ETA AIANYIMATA EIL TO Do.

“Eotw aefDo kal OA dvTirpdowmds Tou (Ty. 38 - l) “Eatew QA &v dvri-
e
BeTov TOU OA tpapuooTtov Bidwopa. To OA' = — OA el &vTITTpdoWTTOS
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tuds EAeubipou BlavuopaTos, iotw o. AUTo To EhelBepov Bidvuona o Aeyetal

duTiBeTov ToU o kal gupPoAileTan pE—at.

Elval gavepdy &md Tols bpiopols, Tou  EBDTapEY,
&1

1) A& wabe ae, Umdpxe & pévov &uiferdv Tou
Bidvuopa ToU D,

2) &v o elver TS du-nee-rov ToU cx ToTE Ko TO & EY-

var 16 &uriBeTov TOU o xal 3) al guvTeTayptval TOU o o
X- 38.

elvan durifeTor TGV Spwvipwy oUVTETay péveoy TouU cx.

39. NPAESEIL EIZ TO LYNOAON Do, TON EAEYOEPON AIANYEMATON TOY EMNI-
NEAOY.

A). "Ag Napuwuey T& tpappoaTa BlaviouaTa AB xai EF, T& dmola PAé-
TeTe elg TO X 39 . 1. "Omws yvopilopey, &md Soa tuddouev els ThHY y' Takw,
TG Bscxuucua A[' glven T &ﬂpomua TGV éqaupuoo‘rwv BiaBoyik®dy BravuopdTwy
AB xal BT SUPPOMIKEYS YPAPOHEY AB + BE AT
Mopornpoluey Tdpa 8T al ouvtetaypévon ToU dBpoiouaTos AT elva
loon dyriooiyws wt TO GBPOITHX TGV
Sucovipoy ouvTeTaypévey TGV Tpoole
Téwy SropuopdTev. [TpdypaTl elvan :
TeTunuévn  TOU ;ﬁ =3,
s —_
Tetaypdvn Tou AB = 2.
TeTunuévn TOU B = 15
TETaypévn TOU Bf =2
—
Tetunuévn Tou Al =4=3+1,
TeTarypévn ToU F_\T)' =4=2+2
B) "Ectwaav tdpe aeD, xal BeD,

kal AB, BI (x. 39-1) &vTioTolX WS
&\m-n—pé.cm“o[ Twv, ol émolol elvan Biaboyika  SiovuopaTa. ‘Opilopev 70

Iy, 39.1

&poiopa AB + Br 5nA. TO A]’ Au'ré 5 AT elvau fvas dxv-rrrrpécrmwos K&TroIoU
E\eudépoy Slcmucma'ros, fotw y Tb y SvopdleTat iiﬂpowpu a aby ﬁ xal oupPo-
Aileran ¢ « P ik p 5nA. P 4- g y Efvon mwpogaves 61 T8 3 y Exel Qg TETUMUEVTY
TO &Bpoiopa THs TETHNMEVNS TOU " oUy THY TETUNévnY TOU Eo xal TETOypévY TO
&Bpoioua Tiis TeTarymévns ToU a o Thy TeTaypévny ToU |3
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OUrew, T.y., tav u (e, B) xad e (y, 8), TéTE TO (U-J,- T) B& Eyn ouvTe-
Tayptvas (a+ v, B+ 8) Kou ch:ueﬂc( V& KaTaokeudowuey fva GuTiTpdow-
oV TOU SIavUoHaTOS (u + v) dpoU yvwplloper TAs TUITETCYWEVOS TOU.

Katémy tédv dvwTépw Opilopey @ orepmc.ruu BUo EAevbepwv Sluuucuorrwv
u (ay, By kel v (c, By) kol 76 wuﬂoi\lgoueu U+ v, TO EheUBepov Bidvuoua W,
16 &molov Exel TeTUMREVTY @ + Oy kal TeTorypévny By + Bo. Zuvrifis ypagouey
(e, 31) + (o ﬁ;) = (c(1 + 0, Py Po). ‘H mpdbis pé Ty Smolav elpiokouey
o w, & TGV U Kai v, AbyeTan mpdebeaig i ouvBeots wéoa els 1O olvodov Dy,

Edv TO &v &k TOW Trpocerrsmv Eio:vucudc'rwv elvanr TO pnBevikdy EAeUBepov
Bi&vuopa, TOTe B Exwuev u + 0= u, 81611 TO O Eyel TeTpnpévny O kol TeTorypé-
vy 0 xai dmopévexs elvan (oy, By) + (0, 0) = (e + 0, By + 0) = (e, Py

AnAaB? To unBevikdy EAeuBepov Sidwuoua elvar TO obdErepov oTOLYETOV
el Thy Tpdabeow &v D,

"Avd, E’ ;elum -rpicx é?\r-.\bﬂepcx SiavUopaTa ToU é‘:rm'éaou (E), TéTe Opi-
Qoueu o.)s &Gpolcru.c: < oW [3 oy y, kel 1O guuPoAilopev C( + }3 + y, To &bpor-
oua (@ + P) + v-

' Avordyws dpiletan To &Bpoioua Pt TEOTGPQ TTEVTE KTA. Tpoofetéa Bia-
WOHOTA.

Elvon elkohov v Sikatohoyfowpev OTi 1) Spiobeioa mpoobeois v D, Exa
Tas 15i16TnTas ¢ dvTipeTaBeTikny, pooeTalploTIKNY Kai Tiis Siarypaefs. *Hror:

Da+p=p+a

D @+p+y=c+@rY)

) a=pe=aty=P+Y

‘H loyus Tév dvwTépe 1BoThTWY elvar pavepd &md Tov Sobbvra Opioudy
THs lgdTnTos SUo Eheubépuov SlavuopaTwy,

Mpdypary, & UmoBéawpey &1 T& SiovwlopaTa o kal B Eyouv ouvTeTary pé-
verg dv-na-roixm; ToUs TrparyhaTikoUs &piBuols oy, By xal ay, By ToTe 1O dfpor-
oua o + [3 elven & Bidwuopa pt ouvteTarypbvas (0 + oy, By + By). TO &porona
B +a ¢ elven T& EAeUBepov Bidvuoua pé ouvTeTaypEvas (a; + a, B, + ﬁ) TANN
éws;&n o +oy=a+ o kai By + By =P.+ By, oupmepaivoper 6T o 4 p =

= ﬁ - o,'
‘H d&médatis THs loyuos Tév BiothTwy 2) kai 3) elven euxo?\wrcx-rn

) "Aoaipeoig ¢v D, Mwpilopey érrrb h [ &k 6T &v o kol B elvan BUo
elBepa Sluwaucrra ¢l tmmrédou kal [5 elven 1o EAeUBepov 81éwuc:ua TO dv‘rl-
BeTov TOU ﬂn TOTE 6p{§sml s ﬁmq;opd P nkﬂv p, kol guppoAileTan e a— [5 T0
AelBepov Bidvuoua ok [3 BnA. o a+ (— |'.3) OUrw 81 v& eUpwpev THy Bia-
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popdw cx— ﬁ dprel va TpocBEatopey elg TO ;: -ré &uTiBeTov Sidvuopa Tou P

‘H mpatis Tis eUptoews Tfs Siagopds s [3 AyeTon Ggaipeois v Dy
Erreidny T dvTifeTar BrewuopaTa EXouv dv-nﬁhous Tas 6umuuuoug oUVTE-

Taypévag Twv Kol é-rrslan, s etSoueu, 7 Biagopa i 98 |3 igoUTon ué a+ (— B)
81& ToUTo, &v elvar P (o, By) kad ﬁ( Oy By), ToTe elvan — ﬁ (— ay, — Pg) xai mo-
Hives 1O Bidwuopa c:—E- a+ (- [.3) Eyel OUVTETOOyUEVOS Oy — Oy B, — B
ZunBohikds yPEQOHEY (o, Br) — (e Pa) = (al — e, Py —Bo).

AobévTeoy Emropéveos BUo Sluuucudwwu e (oy, By) xad |3 (o, By) OpiCopey
g Etacpopc‘w Teov T& Bidwuope, EoT® y, TO £XOV CUVTETEYEVES Oy — Oy By — P
SnA. To y( oy — Oy B, — Ba) ETum gavepdy &1 foyuel f looBuvapia

5-F=y=B+y=¢
E-rrlcmg icrxuel 'q le-rns
a— 53 (x+y)— B+
AZKHIEIZ

105) ’Edv u 2,-5 kel v G E‘vm &uo é?\sueepu Siavuopara, va oploete, ué Tas

SuvTeTaypévas Tov, 16 EhevBepov Bravuopa W+ kel va ayeBiaoeTe elg TO trrimedov X Oy
o dxvrmpoowrrév TOU.

106) 'Eav u G KG‘. v (2 5) v& e0pe-
TE TUS guvTeTay pEvas TOU U+ v xkal To ufikos
"Emerre v eUpete b rdg OUVTETEYHEVES
T““ ThHy Biagopdv T—v xal v&x UmrohoyloeTe TO

u -
fikes ToU BiaviopaTos u —V.

107) To Bidwuopa u(—3 8) elvan T
Spoioua Tol BravbopaTos ﬂ(—.‘l —2) xai
os &nou &yvmoTou SravUopaTos. Na EUPETE
TO Teheutalov aUTod Hidvuopa.

108) Els 76 o¥. 39 2 ﬂ?\tﬂ'm Buo ¢
PapuoaTa Biaviopara AB kal T4, & smrola tl-
Y "’“Tm’pécmﬂcl BUo EAeUBlpwY BLoVUOHATWY
o« Kai l5 Znreitan v edpeTe AT T o’xnuc TS Iy, 39.2 o

.

TUvTeTaypbvas TGV BirovuopaTwY & xal ﬁ *Eqrerta va ebpete 10 Bidvuopa To foov ut o+ B
kaTd Suo Tpémous. (& Evas TpoTOS 8& elven pi TS ouvteTayuévas). Na eUpeTe Spoiws 10 Bia-

—

Woua 5 Toov pt @ — P.
40. TINOMENON AIANYEMATOE EMI IPATMATIKON APIOMON.

A) Elg "rﬂu T réEw tudBopey Ot W AB elvau Tuyoy &x! unstmbv Bia-
Wopa toU tmmédou kel p # 0 TTPECY HOTIKOS &p1Buds, TOTE @S P AB SpileTan
Sidwopa I'A, & orroiov Exer THY 18iow BievBuvay pE TO Eﬁ, gopav Thy 18lav &v
P>0, drifeTov 8¢, &v p<0 kal ufixos foov pt | p| - AB .
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"H&n mapaTnpoupey oTL @ Gv TO Sidwuopa AB Exn TETUTREVIV X KOl TETO-
yuévny Y kal TO AE= p- AB (els 10 ax. 40 -1 16 p = 2, el 10 o). 40-2 elvan
p=—13) &n owTetayptvas X' kal Y dvmioToixws, ToTE Adyqe TAV Spoiwv
Tpiywvwy AKB kal AAE 8& Excopev :

AE. 9
o Sl A

'Ex ToUTwy Emetan 6Tt X' = pX kai Y' = pY

Ad ToUTto Buvdueba va Opiowper ws pAE TO Bldwugpa TO ExoV QUVTE-
Tayptvas pX, pY. "Htor: p: (X, Y) = (pX, pY)

Mapatnpolpey tmions oTi loyvel :
|AE| = VX" + (pV)* = | ol - VXE+ Y2 = p| - | AB

- N s b oo

Iy 40.1 Ix. 40.2

‘H mpakis, ué Thy dmrofav eUpioKopEr TO e pA-é &d TV p KA TS AE!, -

vopaohn noklanl.agiaopog Tou AB trri oy p.

J B) “YmevBupilopev &1t loylow ai §-
81071 TES :

1) (~2):(3AB) = —6AB —
(—2-3) AB = EZ (Zx.40 - 3) kai yevikds :
A(pAB) = (A p) K‘B‘, dmou A, p Tpayua-
Tikol &piBuol.

2) p(AB+ Bl) =pAB +pBl, &
U p TUXQV  TIpayuaTikos &piBpds kal
AB, Bl Biaboyika tpapuooTda BiaviouaTa
elTe EAeUBepa SiaviopaTa.

QD ~“NhNasrdawos
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Tevikéds, pt Paoiv Tous Sobtvras Spiopols, B iB16TNS 2) tnyeiTan 6 £E4is.
“Egre ¢ TETUNpévn  TOU AB — o, TeTaypivn ToU A_Bbz 8]
» % BNl » » —B—?':B'
Tére elvan -
T - .
Tetunuévn Tou  AB + Bl =a+«a
> >
Tetoypévn »  AB + B =P+ @
w - o =% v ] 4
Apa Tetunpévn ToU p- (AB + B) =p (o + ') = pa + pa’ kai
— —y
TeToryptvn ToU p - (AB + BN = p(B + P =pP + PP’
-
“Ag eUpLuEY TOPA TAS QUVTETOY HEVS ToU prAB+p- Bl ©& elven
g >
TeTunpéun Tod pr AB +p B = pa+ pa’
— —
TeTarypbvn Tou pc AB 4 pr B = op + pp’

—

*Emreidfy Aoimrdy Té SiqvuopaTa p(AB J;-E‘F') xal pKé-}- pﬁ.[: tyowv loag
T&G Spawvipous TwY suvTeTayubvas ouayouey (§ 32, A) 6m elven Toa. AnA.

— > = > —>
p (AB BN =pAB+ p BI
ALKHEEIZ

109) “Av TA=0- AB, Tl ouumepaivere B TS ThA :
110) “Av A= p* A;\, 1 oupmepaivete Bia T ra :

111) Aigetan 16 Bidvuopa AB ToU oy. 36 — | xal {nTeiran v xaTtaoksuacholv Bia-
Wouata Toa Tpds T4

a3 AB, B) _;AA'B. y) — 2 AB, 5) % AB

(N& tpyaodfite ut Blo tpémous. ‘O vas Tpbmos Ba elven pt auvreTaypbvas).

41, LYNOHKH MAPAAAHAIAL AYO AIANYIMATON.

A) "EE Gowv tpaBouey els T& mponyoupeva (§ 30, § 31, §39, §40)
Ouvdyopey &1 Buvdpeba Vi BKQPAOLIMEY tv Bidwopa Bid T@Y povadiafwv Bia-

-

WaudTewov i, j-xai <G5V QUVTETOYHEVWY TOU.
MpdypaTt, EXOHEY =y, 301 kal 30-2) :
— Ay e
OM = OfT + M
— — - —> —_ —_— >
"AAN ErreiBh ONT = OTT -1 vl TTM — OP = OP - j, | dvwTépw Biavuoua-
Tk {odTng ylvetan :
OM=OTT-i + OP -] (e
fi, &v dvopdowpey X THY reTunuévny xal Y Thy Tetaryuévny ToU BiavUouaTos
Oﬁ, TOTE

= > -
OM—Xi :Y]
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‘Opolws 8i1d 16 Sidvuoua ;\_é ToU oy fuaTos 33— 1, &v dvoudowper Xp— Xa=
=X kal yp—ya =Y, 0& elven :

= — —_ —_— — — —
AB = AK + KB=AB, + A, By, firot AB=X i 4Y ]
B) "Eotwoav els 10 tmimeSov Blo SiavlopaTa Y (X, Y) xai \Z x,Y",

B1& & dtroTa toy e V' =kV. Mvwpifopey (§ 40) 671 T& SrovlopaTa altd Exouy
Ty 18lav Bievbuvow (elven TapdAinia). *Emeaibn V= W, A (X, Y') = (kX,
kY), 6a Eywpev (§ 37) :

X' =X oxal ¥ = kY
trropévers B elvan :

"AvTioTpdeuws, &v loyun -;-:-:— kal dvopdowpey k ThHy Tiudy TéY Ad-
ywv, 8& elvan :
B ok es s Mlesibunl Y =8y
XN T
kal Eropéves :
V=X YT =R+ kY] =k (G +Y]) =kV, Bnr. 1& Siovi-
ouaTa V' kel V Eyouwr ThHy auThv SiedBuvaw.

“Qote: avaykaia kai {kavi) oovBikn, fva 800 Swviepara tol minédov
slvar rapahinia, elvar al dpdvopor ovvietaypévarl abtdv vi glvar avaloyou.

ZupPoAikéss Lt L X' v ‘
VIV <= =
1 WY

42. AIANYIMATIKH IZOTHE TOY CHASLES. (ZAA).

'Eqv A (Xa, ya), B (X, we), [ (Xr,yr), & (Xa ya) elvar Tuydvre on-
peta Tou Emimedou Oy, 8& Eycouev :

—> = —

AB (xg — Xa, WB=Wa), BI' (Xr —xa, wyr—ws), TA (Xa—xr, ys— wr)

—3 — — e

kal AA (Xa — Xa, Wa —Wa). TO &Bpoiopa AB + Bl 4 TA + ZTG\ 8& Exn TeTun-
WévMV Xp — Xa + Xr — Xa + Xa — Xr + Xa — Xa =0 xai TeToypbimy yp — g, +

+oyr— e+ Ya —Yr + ya —ya =0, elver BnA. pnBevixdv Sidwuoya, “loy e
Aoirdv 7y EEfs lodTng @

7 émoia AtyeTtal dwavvapartikn) iedtng tod Chasles,

43. ATANYEMATIKH EEIEQEIE EYOEIAL EIE TO EMIMEAON.

"EoTtw A (Xa, Wa) TUXOV onueiov kol Bv ExelBepov Sidvuopa u (@, B) ToU
tmiméSou Oy oy. 43—1.
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Oewpoiipey TO UVOAOY 16w onueleov M (x, ) ToU EmriméSou, Bi1d T& omola
tlvor AM = A - u, 8rou A€R. Td alvohov 16y onpelwy TouTwy Ayetal 1 elbela
(€). ‘H evBeic atirn doplofn &md & onuelov A xal 1o EAelBepov Siévuoua U.

‘Eqv el dugoTépa T& pédn Tis hiodoews

AM =Au (AeR)
Tpoobiowuey TO aUTd Sidvuoua 67\ & Eycouev :
—_ — — —
OA + AM = Au + OA
[ —————

e — —
SmAaBh OM = Au + OA (AeR) (43, )

lx & e five TREERAEISES

‘H &tiowols, AM = AU (AeR) xkaBiss kol ) OM = Au + OA (A€R) ixgpd-
Tow # ke pia ThHy dvayxaiav kal kaviyv ouv-
Bfknv fva TO onueiov M dvikn els Thy ebBelow
(5). ‘O TporypaTIRes &p1Buds A glvan 1) mapape-
tpog TéY dveaTépw EITGOEWY.

*Atrd Tov dvwTpw dpioudy Tiis evlelas (€)
treron &1 ) (€) dpifeTon povoTpOTIRS Ex TOU OT)-
uefou A kol ToU BrowUopaTos .

Avo onuela A xal B (Bragopa petoly Towv)
Spilowy plav kol pévov wiow evBetow. TTpdypaTt,
Buvdpebor vix AdPoopey Thy evbeiay, i dmola Spl-
leten &md 16 A xad TO U = AB. ‘H ttiowais Tiis Ty. 43.1
BUBelors B elven :

AM =2AB (AeR)

4 OM=AAB+ OA (AeR)
Bid A =0 #yxopev M= A Bid A= 1 Eyopey M= B.

Mapaderypa. AlBovral onuetov A (2,5) xal Bidwoua u (- 2,3) elg 1o twi-
TeBoy xOy kal [nreitan f SiawuopaTikhy tlowos s eBelos, 1 Smrola Biépxe-
Ton Bi&x Toy A Kol elvon TapdAAnAos Tpds TO u.

TARAVINGLG. ZUHQOOVES Tpds THY (43,0), & M (X, ¥) elven TUYOV onuEiov

—

TS [nrouptvng eUBelas, OTOTE 8& elven OM (X, ), Ba Exouev
x,¢)=nr(—23+ .5 1 Sdmola elven ) [nTouuéin SIQVUCHATIKT
‘-Umm;. Y

"Ex Ttatng euploxopev BraBoy ks :

(K, \‘P) e ("_ 27\! 3)\) + (2=5) e
(x, ) = (—2\+ 2, A +5) =

25
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R G o SN

o y—35
y=3A45 —2
Xx—2

o e

3x—-6=—2¢ + 10 = 3x 4+ 29y - 16 =0, /| émola elven #| Aeyopévn davadlv-
nkn igicwag Tis edfelas.

44. AIEYOYNON AIANYIMA EYOEIAEL.

To Sidwopa ﬁb(a, B) Aéyetan SievBivov Sravvope THs edBeias (e).
T& Sroviopora U =tT1’(t€R) elven Emrions BievBlvovta SiaviopaTa T
(e), 8161 1) Etlowors Tiis (e) Aumopel v& ypagi] :

AM = 2w
A AM=2 U (R, teR xal t #0)

ALZKHIEIZX

112) Afdetan 16 EAelBepov 5|dcvuo'uu_J(— 3, 5) kal InTeltan v& SploeTe Bid Tév ouv-
TETAYpévwy Tou TO Sidwopa — 2:'E'rrsrru v& AdPete ovoTnua dpbokavovikdv &idvewv kal va
oxebidoete B dvmimpdowtmov Tol — 2::

113) N& #erédoete &v el mapdAAnia #) 8y & Siavwouarta ?(3, 4) xai v (%2)

114) Bewpoluev T Slquaumuﬁ xal T4 :
A(=3.2), B (1, 3), r,2), A (5,3)
Né& tfetdoete dv T& dvwtépw SiaviouaTa elvon Tapédinia kel &v elvor s abTiis

popds.

115) Aideton To EheUbepov Bréwuopa u (2, 1) kel T8 onuetov A (2, — 1). N& xaboploeTe
THy edfelav, | dmola Bikpyxetan Bid ToU A xkal £xer BieuBivov Bidwwoua Td o

116) AiBeron Td EAeubepov Sidvuoua _u’(—- 1,2) kal & onueia A (2,2) xal M (x, y).

— —
ZnTeiton vé ixgppdoete 811 Ta Biavbopata AM kal u elvar TapdAinia.

60

Wnepiomotr|Onke amé To lvotirouto Eknmaibeutikng MoMmikrg



MEPOZ AEYTEPON

KEDAAAION IV

ANAAYSIES MOAYQNYMQN EIZ TINOMENON
ITAPATONTQN

45. OPIEMOE. ’AvdAvotg motvewvipov els ywduevoy napaydvrwy naleitar 6 peta-
Oynuariouss abrod elg ywiuevoy apaydyTwy.

‘H dudhuatg TOAUGVULOU €ls YWOpEvOY mapayévtav elven fv & T6V GTIOU-
Boiorépwv kepohadeov TS 'Arytppas, Biom els TAeloTa &hyePpika Bepaa, (03
B& iBcopev, &mranTeiTon, OTOS & TroAucovupa TeBolv UTrd popgty Y IVOUEVOV
TapeaybuTeov, T1y. els TV ¢riauav Ehiowaewy.

‘0 uﬁacxnua'ncubg 6y TroAvevUpwy els y1vopevoy TPy OVTWY, tav
elvon Suverrds, Stv elvan TEVTOTE glikohos, oUTe Buvaran véd yivn 51’ coplopEveoy
Kewéyeoy, Sxomipov elvan Aoty v’ doyohnddpey, doov Té SuvarTdy TEPIOTOTE-
pov p¢ To Bipa ToUTO.

46, Elvon yvwaTt) &k Tfis wrponyouptins TéEecs | &véhuos elg yivdpevov Trapa-
Yovraow téw kéTwd ToapaoTaaewy, B & ol EraveAapPAvOVTOl CUVTOHES ©

1. Mapaotdoeg, 0OV onoimy of Bpor Exouv Kowdy napayovid.

Tohudvupoy = (xowds mapdywv) + ( TTnAikov TroAuGvUpoy  B1d kowou
TapdyovTos)

-

Mapadsiypara s <) 4xdy — 10x2y*® + 12xy® — Byix = 2xy * (2x® — 5xy +
+ 6y — 4y, P) 459" +1x — 259" FIxt + 15" 33 = Syv X (9 — 5yx + 3yix?)
Y 15ep w 3)p = Jar (B — 3)* + 6 ®—3)=3x@—3> {fpesatyno=
—a(B-3) 4+ 2¢*]

2. Mapagrtaoeic LOPILOPEVAL elg dpadag

Napadeiypara s o) o'W+ pv? + a¥v® + Pu= (a*p + Pu) + (av* + Bv?) =
= (o + P) + v (o + P) = (a® + B) (W + V)
B) ax® 4 oy — aPx® — Pyt + B -+ Pyt = (X" o) — (aPxY + By +
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F X HPYY) = a () = af (XY + yO)HB(xHY)= (X" + ) (a—ap +P).

Ty i8iav TapdoTacy ywploate els 6Uo dpddas kal drxoholbuws duaivoaTe elg

YIVOHEVOY TPy QUTWY

¥) Xy (@ + BY+oB (X+y?) = atxy+Rixy + oPxthaPy? = (atxy + apx?) +

By + aBy?) = ax (ay + BX) + Py ( Bx + ay) = (ay + Px) - (ax + Py).
3. TMapasthosig tiic popeiis A — B® (A kai B alyePp. napaatiocerg)

A*—B*=(A+B) - (A—B)

Mapadeiypata: o) 25x2 — 8lyt = (5x)? — (OyH)* = (5x — 9y?) (5x+ 9?)
%)) u!ﬂ_vu=(uﬂ+vl).(us_vd):(us+v4),(ul+v2).(p4_u'z) —
= ) (et V) - (uz +v) - (uE=v).
y) o — B = (@)t~ (B = (@ + B - (@ =B, G ueN)
B) (Bx — 3p)? — (Sy? + 2X) = (8x — 3¢ + 5¢® + 2x) - (Bx — 3y? — Sy —2x)=
= (29 + 10x) (6% — 8y?) = 4 (W + 5x) - (3x — 4y%)

4. Mopaotaseig tiic popofic A 4 2AB + B* (A,B nupastiseg).

A? 4 2AB 4+ B?= (A £+ B)?

Mapadeiypota: o) 9x® + 12x +4=(3x)* + 2- 3x-2 422 =(3x + 2)°
B) 16w? + 49xhyd — 56xy? = (49)? + (Txy?)? — 2+ 4y - Txy? = (4y — Txy?)?
y) o 4 2a'Br + p¥ = (o) £ 20 + (B*)? = (" £ P*)°
B) (X 4+ )P+ dxqy? + 4 (x2+ ) xy=[0¢+ ¢ + 2y = [(x + y)*]* =
= (K + W)

5. Mapaataosg tic popeiis o(x) = x* + px +q (p,q,xeR)

A=0<(x) =x'+px+q=( x+ 5)

A>O<:>qa{x)=x’+px+q=(x+£)2._()’_2§)z_
- (x42579) (c251)

A<O<:>q>(x)=x“+px+q=(x+—[2’+)?+ (I;'T)E

Eic thv mepimrwow, ke’ fiv A < O, Toparnpolpey &Ti 1 TapdoTacis
p(x) = x2 + px + q Bév petaoyxnuatiletan el 10 olvorov R els ywodpevov mwpeo-
ToPaBpicy Tapaydrtwy, SAAX els &bpoioua BUo TeTporydvawv. Afaw ouvtdues
8& udBwpey TpOTTOV peTaoXMUCTIoHOU els ywwduevov Tapaydvtwy T Ponbela
&MAou cuoThpaTos dpiBudv.

Mapadeiypata: &) @(x) =x?4+8x+ 16-A=8"—4-16=0
"Qore Exouev : @(x) =x*+ 8x 4 16 =(x + %)! =(x +4)?
P) p(x) =x*+2x—15. A=22—4(-15)=44+60=64>0

A=pi—4q
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? V64 Ny 24€ L PO
Ot + gy =+ 2x18= (ot 3) = (F)=(x + )+
=x+5'x-3
Y) o(x) = x2 —4x + 1. A=(—4)5~4-1=16;f}=12>04 i
—4 +Y12\ - o 3
0G"rmg§xouev:q)(x)=x*—~4x+1=(x+—2f4) &x+ 5 )
3 —4-2Y3 R T
= (x+ :it;’_Vi).(H - )z(x—2+V3) (=2 Voa)
8) p(x) = x*—3x + 13. A=(=3)1—4:13=9-52=-43

"Qore, Eyouey @ @(X) = X* — 3+ 13= ( X+ :23)E + (L—-(;;S) )2 =

4'_3. ¥ x .
fr(x = %)1 G (Lz—)’ &hpotopa BUo TeTperydveoy
6. Tlapuotdoeng the popefis @(x) = ax? + Px + 7, (a # o, B, Y€R)
p Wil
A =0°‘P(’0=°‘X‘+BK+Y=°("“+§" <5 q)

AT BLVEY (4 BV
: 8504 9(x) meaxt Pty =o(x +EE%) - (x+ )

A<O<p(x)=ax!+Px +y =a [(x &+ 2%)2 + (‘,;:)2 ]

Kai tvtafa dtav A<O, petaoynuaTifeTen els dfpoioua BUO TETPEY GVLY
kel 8y elg ywouevoy BUo TaPAYOVTLY gls T ouvohov R.

= —g1-4-9-1=36-36=0
Mapadeiypata: o) (x) = 9x* +6X + 1. A(: l6 SEr A
Otmass tyomes : @(x) = 9%+ 6x+1=9 (X + 73 =9(x+5)=0
B) g(x) =2x* —x— L. A= (=1—42(=1)=(1 +8)=9>0

52 2t L =118
Qore . ¢(x)=2x=—x—l=2(x+ TS )(x+ 37

=2(x+ L) x-D=@+DE~-1 ,
Y)qagx)=3iz)—x+2. A= (-1)1—4-3:2=1-24=-23<0 :
-1 I_'_ \’:(Tﬂ-) ’]__3[(’(‘_1_)'_*
"Qore ¢(x)=3x’—x+2=3[(x+—6—) (_'B—) = £
+(Vﬁ)2 ‘
%) rp(i):]25x=“-20x+1. A=2o=—4-25=wo_100=30::c;66
e tiew.
Otres ; qs(x)=25x‘—20x+1=25(x+:—2—9-;—|—0m9 (x+—- 50 )f
Ty bl 3 (5x—2-V3)
‘-‘25(x+'2js'l3.)(x+'25"'3)=(5x—2+ V3 GGx-2-Y
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180U Teopat GAAGH TEPITITCOOEIS HETAOXNUATIONOU ToAvwvipwy s yi-
vopevar Trapaydvtey Afav ypficipor :

7. Napastaceig duvapeval v Ypagoiv (¢ SLagopd TETpayOVOY TP TaTENV.

) ZuvBucouds TGOV TepiTTTLoEwy 3 kol 4
At L 2AB+B*—M=(A+B?2-—T2=(A+B+NA+B-I
A4 2AB 4 B2—[24 2MA - A2= (A2 4+ 2AB 4+ B%) — (P -2lA + A% =

=A+B—(T—-A2=(A+B+T-A)(A+B-T+4)

dmou A, B, T, A dAyePpikai TrapaoTaoEis.

B) Mopaotéoes s wopefis x2 + x* '™ + ¢ veN kai v 2> 2
x4 x2'7! \P-e"-! + q‘,z" = x? 4 ox2¥ -t ¥ 4 Wﬁ" - Wq"*l =
il (x,v..-l 4 qﬂv-i)i __( xzv-z \Pav-z)a = (Xiv_1 ol \Pllv-, et xﬁ\‘—s ‘PQV#)‘ (XE‘. 1 m
4 Wz"-‘ g \P-z""'-)

¥) TMapacTéoes Tf popefis X2 + 4y?*, veN kai v > 2
Xt 4L 4yt = (xiv-l)z = (21#2\;—1)2 s 4y2*! ng_l 4] \yzv—l .

cac (xeuAl + 2w._,v-l)ﬂ ol (2x2v—2 Wg\?—ﬂ)? =
= (e 29 2 ) (2 g g

Els T&s mrepimTedosg P oxkal y EmBidkopey THY oUMTAfpwaiv Tis Tapa-
oTdoEws 81 Trpogfapaupioews ToU cToU povwvipov, e almn katooTh Bio-
popa BUo TETpay VWY,

Mapadeiypata: o) 9x2 + 6Wx + ¢ — w? = (3x + §)? — w? =

= Gx+ Y+ ©) Bx + y— )
B) 360t + 12aP + P2 — y? — 4yd — 482 = (360* + 126p + B?) — (y? + 4y5 +
1+ 452 = (6a + P)? — (y + 26)* = (6a + P + Yy + 25) (6a + P — y—28)

Y) ¥ xawz 4yl = x4 + 2,{2\')2 & E LP‘ - XAyt = (Xz 4 \P?)‘! 8 (x"P)g s

= (x® + Y2 + xy) (X* + Y —xy)
B) x84 xtyt + \Pa = xf + QXJ\P'I + WB — Xyt = (,(4 + q,‘t)! L, (x-z\PQ)z —

= (X" + "P" + xzwz) . (xq + \F-l o xzwz) —

= (X + ' + xy) (x* + @2 —xy) (x* + ' — xBy)
O X'+ dyt = (xB)? + (292! + xiy? — dxiy? = (x? + 291 — (2xy)? =

= (X% + 292 + 2xy) (x* + 2¢* — 2xy)

8. 'Avalvoig Evog 1 meprosotipuy dpav eig Glpotopa didwv.

MoAAékis TapioTaran dvdykn dvahUoews tvds 1) mepioooTépwy Spuwv els
dAyePpixdv GBpolopa EAAwY, Trpokelutvou v& ETITUXWUEY THY dudduow els yi-
vépevoy TraporyduTwy Wds TapaoTéoews. ZuvhBuws ToUTo dmenteital, Stov
T& TAfiBos Tév Spwv Tiis TapaoTaoews elvan TEPITTOV Kai EmiBupoluey va TO
KOTaoTHoWUEY &PTIOV.

‘H uébodos alrn XpnoiotroleitTal els TOAAAS TEpITTLOGEIS.

Mapadeiypara : «) N& dvadudiy els yivduevov mapaydvtwy 1| TapdoTaocis
A = xiy + x4+ YX + Y + @X + wly + 2xyw
*Exopev : A = X + X0 + Wi + o + wix + wly + xyw + xpw =

.‘V‘—]
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= (XY 4 x20) + (WX + xyw) + (Yo + wiy) + (WX + Xyw) =
=X () + xy (Y + @) + oy (Y + @) + ox (@+ ) =
St w) (xy+oytex)=Wro)[xGtytoktw] =
SWHw x4+ y) x4 )
N yivy ywopevov # TapaoTagls e(X) = x¥=3x+2
Exouey : g(x) = x? —3x +2=x3=x— 2+ 2=x(x* =) -2 (x—1) =
=xx+DE-D=-2x-D=x-1)+x-2)=
=x-DE+2x—-x—=2)=x-1) [(x4+2Dx—(x+2)]=
=(x—12x+2)
9. Iapactaceig tiic popeiis X' = w', VvEN.
Tés mapaoTdoels autds dvahuouey i T Paoer THs fewpias TV &tio-
ONbeCyTeow TrnAfkey kol TRs TauTéTnTos TS TeAsias Bioupeoews.
: @) Al mapaortéoes Ths uopefis o o= PP Siapoupevar Sid o p &idouv
UTShoimoy O kai TnhAikov af T aP + B ‘Emopévess dvedUovTan s EEfs

[ rp=(zp)  (Fap+p) |

B) Al mapaoTtdoes THs woppfis X' — ¥ &tmou veN, Sixipoupeval Sia X — W
oW dr v 0 xad mmAikoy XVl XV 4 xRy L+ XY

Bt Aol nAI VLI V=3 2 + Xy 4

+ \y\'ﬂ

Ape txoney Lx" —y' = (=) (TR T gty W)

Ay elva T 2.<, xéN, -fé-rs Buvdpeda v dvadUowpey kai ©§ dxoroubuws
WA =l < = GRE - ARE S

. Mapaseiypara: 1) o — Bt = («+P?) (o8 — BY) = (a? +P?) (o + B)(a— B)

B~ BU= (3= B) ( + 0P o o+ Y = (2= P) (@ B) (a"+P)

P =(a—p) (a + B+l + B+ B

D a8 e (g1 4 B7) (o0 — BY) = (o + P) (& = @B +- B) (e~ ) (a*+aP+P)

0 9'— Bt = (o2 (tyo = (o —BY) (o + "Bt 4 B) = :

=y B) (@ —p) (a* + ap + P®) (ot —ap + B (BA. meplmwr. 7 B A

~PB% = (a—P) (o + aip + oP? + a?p? 4 aPl + PP = (a — P) [« (@ + Y

PO (q 4 gy pua + B)] = (a—B) (o + B) (ot + o%pF + BY) kA,

Y) A Tég TOPaOTETES TTS poppfs XV + ¥ Biaxpivouev Buo TEPITI T~

C D) CEav v =2x 4 1 (meprrTds), TOTE TO Bicovupov SraupeiTan Si& X + W kad

KoT Schousioy -

d t A T a v—2 v— ]
2:2; W(xw) (-1 — XU TR g e T TR D
il 2) "Edw v = 2« (&pTios), TOTE TO Bicovupoy l?lmpo(u‘xsvov '61'd X + Lp.ﬁ. B
Yluér 8i8e1 GrrérorTrov 2¢¥ xal cuvsmi‘og Bev Buvaufec: va dnﬂa?\u}cwuw o:u-r{o elg

Evoy Taparydvrawy ¢l TH Paoet THs fecoplas Tdv dlioonueidTwy TNA K.
Eig Tvag djcws TEPITITAOELS, KAT Tds dmoias & v elvau GpTiov TOAAGTTAG-
¥ Tepirroy dp1Buoy, SuvdueBa va GVOAUCWUEY arohouBuws :

o

8IS
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(6 =2 3) x8 4+ k‘)ti = (xﬂ):! -+ (\P.’)u = (hz + \Pz) (x-l AL xzwz = va)

(12=4-3) x2 4 9it = () + (W9 = (x4 + ) 08 —xiy* £y

(10 — 2 3 5) xlu 4 \Plll - (xz)s 4L (WZD.': —_ (XZ + WE) (KS — xo\yz + xiq}l N x‘.!q)ﬁ +
+v%)

Napadeiypata:

1) o + B = (a+P) (e = o - Pt —p? + BV

2) of + B! = (a+ B) (o® — cop + B? — oCp® + Pt — aB® + B)

3) s 4 P15 = (o) + (B)° = (@ + B¥) (@'t — PP - 0B — P  PY) =
— (d + B) (G2 — aﬁ + BE) (c(lﬂ = GHBS + GBBB o Gzﬁﬁ 4 ﬂ]Z)

10. [apaotacelg: Téhgiov TETpay®VOV ij k0fog mohvwvipov.

@) "OTav Ev TOAUGVULOY QYT T TETPAY WV HEPIKGY HOVVUHWY ot
T& BimAdoIa yivdpeva aUTé Qva SUo ko SAous ToUs BuvaTous TpdTroUs ME 0
karéhAnAov onueiov, ToTE elvon TEAEOV TeTdywvoy Kol ouveTTdds GuaAveTal lf
ywépevoy BUo oy TrapayOvTwV. Mepixfy TepimrTaois elven | meplTols ot
dpif. 4.

Mapedsiypata : 1) of + P2 + y* + 20P + 2Py + 20y = (a+P+¥)*=
(c+P+Y)(@+B+Y)

2) X2+ 4y? + Yot + 4xy — 6xw — 120y = x4+ (29)E + Guw)? + 2 2xy —
—ox-3w—2:2y 3w =(x+2y -3 2= (x + 2y — 3w) (x + 2y — 3w).

) ’Eqv To ToAUGVULOY elven Tis wopefis A® £ 3A*B + 3AB* 1 B, ToTE
elvan & kUPos ToU Slovupou A + B kad ouveTrGys dvahleTal els ywdpevov Tpl(TJV
lowv TapaydvTwy .

Ot : A% + 3A2B 4 3AB® + B¥ = (A + B)*= (A +B) (A + B) (A 1-B)

Mapadeiypata :

1) 27x® + 27x%y + 9xy® + P = G)?+ 3Gy +3-(Gx) y2 + y* =
=Ox+ ¢ =0Cx+y) Bx+y) Gx+ ¥)
2) 8xad—36x%a? + 54y — 27x% = (2x20)® — 3 - (2x%x)? (3x) + 3(2x%x) (e
— (S = R — 3x)? = (2x%a — 3%) (2x%a — 3x) (2x%ax — 3x)
11. Tapaotaoeig: [olvGvupa Pabpod avatépov tol mporrov. .
‘Qs yvwaToy, &v dxépaiov mrohudovupoy @(x) Babuol > 1 unBevileta ol

x=of X= %, émou a, BeR, TéTe BicupeiTanl Six X — A ax — P xal vt

aTPOPUWS. g
Emri 7] Paoer Tfis 1516TNTOS aUThis dvaAlopey, t@’ doov TouTo elvan katof
feoTOY, TTOAVWIUHA duwTépou Tou o BaBuoU els ywéueva TapoydvTey, i
gle Ta dxdhouBa TrapabeiypaTa

IMapadeiypata: 1) Na& dvaduBfj els ywodpevor TO TroAudvupov

p(x) = x* 4 x5 —xP 4 x—2

EUploxouey ToUs Brpéras Tou yvwoTolU Spou —2. OUtol elven @ + 1, T 2
TMoparnpouey 811, Bix X = | Eyouey () =104 1312412 — 0. "M
16 ¢(x) Srupeitar Bia X — 1 ko BiBer mnAkov TT(x) = x¥ 4+ 2x* + x + 2
‘Erroptveas B& Exowuev @ 9 (x) =(x—1) (x®+2x* 4+ x + 2) )
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Ouolcas, B1& x =—2 Exopsv: Th(—2)=(-2°+2(-2)+(-2)+2=0
P 16 TMy(x) Branpeitan Bid x + 2 xai 8i8ar mnAixov T, (x) = x* + 1, omore
1) = (x + 2)- (x*+ 1) xai SrohovBws fi (1) ypdgetcn:

MW= (x—1) (x+2) (x*+ 1).

2) N& dvohubij els ywdpevov o @ (x) = 2x3 4 3x* + Bx + 12.
_ Ebpiokoper ToUs Biaupétas ToU yvwoTol Spov 12 kai ToU GuVTEAETTOU

o HeyioToPabuiou pou 2. OlTol elvan of EEfis: To0 120l + 1, + 2, + 3, +4,
& 6+ 12, 10U 8t 2 of + 1, +2. "AkohouBws oxnuarTifouev Sha T& KAGopaTA,

Tf’ Smoig Exouv &piBunTas Tous Biipétas Tou 12 kal TapavopaoTas ToUs Biai-

PETas 103 2,

= 1 3 s o . b A i 3
TaUTa elvan: + = =i Ex Tév kKAcopdTwy alTdv TO KAGOHX St

; 3 SiN8:
"Reviler 1o moAudvupoy  ¢(x), vt ¢ (_—%) =2 (—%) +3 (——2—) e
* 8(__ %)-I“ 12=0. "Apa 16 ¢(x) Sraupeitan S1&x 2x + 3 kel 8ider TnAikov TI(x) =
= x2
X+ 4, smote 9 (x) = (2x + 3) (x* + 4).

AIKHIEIZ

17 Ng Tpaolv els ywopevov Tapayévtwy al TapaoTaoes :
L) x4 xu—tgu 1o xu aigu—1, pe N, 2) ax® + Px? + a+ P+ ax + Bx,
) a0t (@ 4B + o (x + ¥, 4 (WX V) + (X - )Y,
3) l4dxrgr — 121a%pt,  6) X —(a—PB)t,  T) (ax +By) -1,
8) (X 4 xyp + yt) — (x* —xy + WO, 9) G4xiyt — 160xMy? + 100x2,

10) 169x2g7z — 286xyz? + 121422, 11) 4yteip? + 361xI il + Toapxyiw?
12) al — pt _ 2By =y, 13) o — 2ap + P — 4y? + 12y6 — 98
118) Na peTaoynuaTioBouy s ywouevov TpwtoPabuiwy Tapaydvtwy Ta dxorouba,
ToAVDVIE ;
1) xt 4 ax - 21, 2) X0+ Tox + 1268,  3) @' —(v—Dw—2v
9 2t +40—70, 5) Sx*—dx+1, 6) 9x* — 6ax + a? — B
119 N& dvaduBoiv els ywouevor Tapayévrwv al mpaoTaoes
1) 9aps _ 36ap + 36 — 25a?, 2) x* — 16w + 9yt — bx*y?
3) 2 (xty — 3w) — 9 + xH — @ +x1, 4) dat + 16aB? + 25B*
5) J6xtyt 4 49t — 100axy?, 6) 9x* + 1 — I5x¢, 7) 6da'x® + ¢t
8) A + 4wk, (v, A€ N), N axt—(a+Dx+1, 10) px® + (u—5v) x — 5v

l;) XU x? -3 —5x —2  (UméB. — 5x = — 3x — 2x),
]3) X'+ x1_2  (Umed. xt=2x*—x?)
)6 4 27, @ £y, (@ +BY E (@B (@B P

9 atys ¥, x* + 64a'yt, gl 1, o 4 B
:z) 32 4, = X7 ¢, x* 4 4, 243 + B*
17§ gl’:‘ + !+ 4w + 18xy — 36x0 — dyw
18) au X'+ @ipt 4 1 — 6aPixty — box! + 2Pty
20) X? 4 1 4 12x* + 6x, 19) a’x* — 6axly + 120xy® — By?
1 200y — g — Saxty! + I6a’xy
X' — T 4 9xv + 7x - 10, 22) X +x'—6x+ 8
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AZKHEELE EMANAAHWYEQE

120) Na Tpairouv elg ywouevov APy VTWV al TopaoTaTE ¢

1) opt— P25 2) x =gy, (4, veN), Y ARGV g Sy (v, vEN),
4) Pyt + aly + af — ap — Bty —ay’ 5) (x—e)? + 12a (x —a) + 36a*
6) x*— yt— @ 2w T X+ Y - T (x+yi-l-Gtyr 1) xy

3‘) alpzv + 2aH «le w1t az‘ (V' LEN)

9) 16am —2ptv — 24ap? + ot~ pi-tv, (mveN)

10) o + B + 2av Br — PR, (W AEN)

11) x + 4x?v gt + 4y —a’p? T 20p — 1, (LveN)

]2) XV 4+ xsv \,y‘u + \{J‘“ , (B vVE N). 13) adxtv ‘P‘.l 4 64‘3:] (P. VE N)
14) of — BY, 15) o —27a* — & + 27, 16) x* —(a*— 1) x* — &
17) x3v + @i 4 3xv g (v ), (LVE N)
3 3
18) 1253 + — 75x%v +2 4 15x¥ = L, 19) 5= — 5 tx- !
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KEQAAAION V

TAYTOTHTEZ

4,7' OPIEMOE, Tavtdtig raleitar 1) lootns jetald ddo diyefouedr magaotdoewy,
;’_6301'& elvae ainlne dud adoag Tas Tids T@V ypauudtew éx Tav Omolwy Efag-
gy,

Ta 80 péAn Tis TautdTnTos elval looBUvauor dAyePpikal TapaoTdaoels.

Els piav Toiattny lgétnTa TO oUuPodov (=) dvmikabioTaTan ouvnbes,
A9pls 1oito v elvan &moAUTws dmapaiTnTov, pé Té ouuPoroy (=) kol TO
k:"OTcu SiaPéleTan : «bk TouTéTNTOS ooV ey, “Hrol ypdgouev ¢ (X, w, @,. . .)
~HX,y,0,..0 )

"Edw # todtns alrn loyun wovoy Bi' dpiouévas Tiuds T&V X, y, @,. .. kal
i iUx\'Jn Bi& kabe Tipfy TV peTaPANTOY alTy, TéTe Bty elven TaUTITTS.
‘H xprowétns Té@v TautoThTWY Elvon TOAU peyddn. Ar' alrdv Sievko-
al oAU & GAyePpixds Aoylouos' fitel & LeTaoxnuaTionds T@Y TapaoTA-
fov gl dmhouoTépas TeploodTepoy ETLgERels Bid T& dAyePpika BéuaTa.

Aover

8. Enanoevoiz (ATIOAEIZIE THE AAH@EIAL) MIAL TAYTOTHTOE.

& ‘H tpyaoia tmainbevoews Wds 'rﬂu-ré-m'ros‘ owigTaTon els Siaboyikous
8 TeAAAous peTaoXNUaTIoHOUS, TOUS dmrolous Ba ExkTeAéowpey els TO Ev pEAoS
:q. Y karradfEwopey el T GAro. KatdAAnAor 8t petaoynuotiopol elven @ 1)
::E)}Ecls Tév mpdtewy, 2) QVTIKATATTAOY TAPXOTATEWY Lt Tas &k -ro‘u-ré'rm
ps; Bas alrdvy, 3) dvdhuois Gpowv elg GBpoioua 67\?@\;: 4) 'rrfiécreecn-; kol dgal-
%:3 T:\rro-rr‘rrmu yvwoTay kot wEAn, 3) TpocBapaipeais Spwv f mapaoTa-
KA.
oug MoMdwis UmroBéTopey Thy TautéTnTa &AnGH :“ﬂ dgou émq:épot.teu pi-
g Vorg &mAomoiioels, kaTaAfyouey els lodTnTa éK. TGV TpoTépwy GAnBR. “Emel-
sl' &'KDP\OUGOOVTES QUTIOTPOPOVS HETATXNUATIOHOUS, xataAfiyouev els Ty dmo-
KTéqy TautédTnTa. KoAdy B elven Gpws TouTo va drogeUyeTal, 51671 &AAwWS
B“'\Ql'rghul mpoooyn els TH Xpncmon—olnow TGV PETAOXTUCTIONGY, ol dmolol
' V& elven Shor dvTigTpeTrToi.
‘Eav Exy ey Tpos dradfifeualy TAUTOTNTA UTrd Trepropiopols, dxoAoubou-
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HEV THY QUTTY Slabikaciay, pé THY diagopav 5T1 kaTa TNV EKTEAETIV TGV TrpC"'
Fecov TPETIEL Ve EXWMEY TIQUTOTE Ut Syiv pas Tous TEPLOPITHOUS.

Eis To Trapov kepdiatov B yvepiowpey TaUTSTNTaS, EKTOs TGV BN yver
o1V &K TTiS TPOTYOUMEVTIS ke, kel GMAas Tag dTolas of pabnTai béov va &Tmo*

puT|HOVEUTOUV.

49, AZIOMNHMONEYTOI TAYTOTHTEX.

A) IN'voetai £k g RPOTTOLREVIS TASEWS
(o + Py =o® + 20p + PP a*+ pr=(ak P)? F 20p
(a+ B) (a—B) = a? — Pr<mod —P*= (a4 P) (@—P)
(& By = o + 3p + Jopt £ PP=cd £ PPk 3eB (e & B>
o0 + B9 = (a + B)° — 3oB (s + B) = («+ B) (* — o + %)
o — PP = (o~ B)? + 30B (a = B) = (@ —B) (o + ap + BY)
(a+ B+ y)? = ot + B*+ y* + 20 + 2Py + 2ya <>
o 4+ P4y = (a+ P+ ¥ -2+ Py + YD)
(x+ o) (x+ P) = x* + (@ + B)x +ap
(x + a) (x +ﬁ)(x+y)r€x“+(a+i3+y)x2+(0t[3+[3y+ya)x+a;3y
(x—a) (x—P) (x—Y) == (@+ P+ VX + (o + Py + ye)x — aBy
Toautdtng Ths Bianpéoews
M) = () TIC) + U =58 =TI +550  3) #0,
smou A(x), 8(x), TI(x), U(x) dumioToixws Blaupetéos, BraupéTng, TrnAikov xal
Yrrohoiroy Tiis SiaipEoEws.
B) "Allat @ioonpeimrol TAVTOTYTES.
1) To tetpaywmvov TOLVEVOPOU
Né& eupeff] TO QUaTTTUy ToU (a+ P+ v+ 8)*
*Exouey : (G+B+y+5)25(u+ﬁ+y+8)(cx+]3+y+5)
= uz+Bz+Y~a+52+2a[5+2ay+2a5+23y+2[35+2y5
.=_cx2+53’+Y*+8’+2(u[5+cxy+a5+py+ps+y5)
Mevikéds (o, + 2 + - - Toa)y=(g+at . to)l(at+omt ... +a) Z
=o (g + Lt ta) Feap o+t ... +a)+ oot a (o ot
ey 2= ol ety T aty + 2(oa + ooy + ... Fogey) + 2(a0%s
rggeyF TR E) 20y o = of 4oy L4 ot 2o

R O X - A IR e Lo e 8)
B R A —— L8
[ Vai=12301, i
OUtw : | i#j'j:2'3.“‘ru-(a1+02+...+Uv)‘EZGi2+2ZG|C(j !

"Hrol : To TeTphywvov ToAuwvipoy ut v opous loouTal pé TO 66p0|"”d
TGV TETpOTy VeV TGV Bpwv Tov, nuEnuévor katd TO BirAdoiov ToU Ay, &6po"
opaTos TGV YWoutvwy Tév Spwv Tov AauPavoptvwv dvd BUo, k' GAous o8
BuvaToUs TPOTIOUS.
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HNapasdeiypata :

V(@4 By —8)t = o+ B+ (=YD () + 2B+ 2a (=) +2a(=8) +

TR +PED 2=+ P+ B+ 2(p -y
By By =5+ y0)

(ox® BX? + yX + 8)2 = ox® + PAx* 4 y2x® 4 52+ 2(aPx® 4 ayxi+ abx® +

+ Byx3 4 poxt 4 yBx).

2) 'O xifog tprovipov
e N eUpedR 1o dvdmrruypa Tou (o + B+ ¥)R
X : (@+Bp+yP=(+p+*@+B+Y)

(o P+ y? + 2aB + 2By + 2yo) (@ + P+ ¥)
= o + B3 + y® + 3oy + 3ap + 3Pl + 3Py + 3y*a + 3y*B + 6aPy
Tl s ol Gl it i e A Al ke 20By)

"Tep. Bx dveAuoews) = o + PP+ ¥y 4 3(a+B) (B + ¥) (y+9)
i Ot : ‘0 kUPos Tpiwvipou toouTal i 1o &fpoioua Tdv xUBwY TAY Spwv
Tﬁu' NUEnuévoy katd T6 3mAdolov ToU ywoupévou Tév &AyePp. dBpoioudTwv
W Speoy Tou AapPavoptvwy dua Blo, ke’ SAous Tols Suvatols TpdTTOUS.
apadeiypata : N& evpefolv T dvamTUyuata :
X+ x3=18 4 x84 x0+3(1+x) & +xD A +x)=1+x3+ x5+

4 3x + 3x® + 3x2 4 3x4 4 3x4 4 3x° 4 6x3 = x® 4 3x5 4 6x* +

B) 4+ 7x346x2+3x 4 1

(X~ 3y 4 58 = 8x3 — 27y + 1254+ 3 (2x — 3¢) (2x + 5) (5 — 3y) =

= 858 _ 2743 4 125 — 36x3y + 60X + 54xy? + 135y2 + 150x — 225y

_ 3) Na anodery0f 1 akndeia tiig TavtdTnTog
PPy —3apy = (a+B+Y) @+ ﬂ*+¥“—aﬁ-ﬂy—¥°‘ﬂ

Exopey o + B3+ y® — 3aBy = (a + B)* — 3P (@ + P) + ¥* = 3oy =
= (@ +B)? +y' =3P (atP+Y) =
=(a+B+Y)[(«+PP—(a+Py+7]-3B(a+P+V)=
=(a+p+Vy)(a*+ P +y'—cp—Py—ya)
,Englaﬁ B¢ u‘+ﬁ*+y“-—aﬂ—ﬁy—‘rd£% (22 4 2P* + 2y* — 20P —

m

]

Il

n
(1 4

=)
. T~ 2y) = ";_' [(@—B)* + (B -7+ (v — )]
PE by ope o + P3 + y® — 3aPy = -;— ORI IR o e ol R
O
ol iy nt_'pﬂsﬁiwaw: a)\ Na dvahudiy els yvdpevov TapaydvTey f| TapdoTaois
BB + 27y _ 180py.
i 4;5-:“‘“9* "Exouev o + (2B)* + (3y)* — 3+ a* 2P+ 3y = (a+ 2P + 3y) (a*+

B) Ny "~ 20P — 6By ~ 3ay)
dl"W’fifl)(eﬁ &1 1 —a® + (a+ 1)+ 3a(a+ 1) =2(3a 4 3a+ 1)

it

Wnepromoir|Bnke ané o lvatirouto Exmaibeutikng MoArmikng



Aborg : “Exopev | — o + (a+ 1)*43a (e + 1) = 18 + (—e)*+ (o l)’f
3.1 (=) (e =1 —at+at+ DI+t +(at 1Y L1 sify — 1 (0l
4+1) = (=) (a+ D=2+t +a+ 14+ 2a+a—a—1 + &+ =

=2 (B3a?+ 3a+ 1)
4) Tavtotnreg tod Lagrange
o) N& &moBeiy®ij &1 (o + o) By + Pr) — (s + o) =
= (P — wPy)*
Abog: “Exousv : (o + @) (BY + B — (s + Py = o4Ph T
4+ o2, P2, + o P + a2,p4, — ofph — 20,06PP2 — a?P? = ot P + a%P

— 20,0, B, = (P — fy)® = :[;Iz I oUpPohov 1 : Blll koAU
vov dpilouoa Pas Tatews Eyvwpioouey glg THy TponYyouuEvy Takw.
B) N& dmobexfij o :
(ct, + o, + o) (B* + P+ p2,) — (caPy + P + Py)* =

Ay ﬁzr

E\dl E’lr o Oy Blr ¥
| ot B % Ps|
‘H &moBeifis va ylvy Umd TGV pofn T
Enp. Ald ToV OXNUGTIONOV <G dpilouody ToU B uhous Bew-| % P
poUuev  TaS Tpi&Bas TGV &p1dpcv (o, % o) xal (By, By Po) €ls 500' a, P
othAas s & Trivak. | o Ps

ay Pa

oy P)

y) Tevikds BecopolUpey TAS ndBag THY dpBudv (o, o, .. o) o B

kal (By By - - -B) kal Tas opifouoas Pas T&Eews, ol dmoim Tpo- ‘
xUTrTowy Ek ToU Trivakos TV BUo oTnhév. OUTws Exopey o P

(C‘h S U SR o ay) (BJ i Bzz G Wv) = (0151 1> G2ﬁg frics o G.-ﬁv).a Z
ay By ® ay By o Py a!alr%_”_#r ool P ]
a P, ay Ps ay Py a3 Py & . Py

‘H TautdTns alTh Aéyetan TautdTs ToU Lagrange, f 8¢ xpﬂmpb
s els TOV AAyePpiKov Aoytoudv elvan peyddn. Ol pafnTal Blvavtal va ke

Tdg TOpaTNPNOES TWY, WS Trpds TOV TPOTIOV oxnHaTIoHoU aUTiis.

2 |
+ a0+ +\

o
ol.
Iapadeiypata: @) N’ dmoBeaxbfi om (e?+1) (x*+ 1) — (ax + 1}l

= (a—x)?

Aborg: “Exouev : (o + 1%) (x* + 12) — (ax + 1)? :!I{: ’; ! (O;x)’
|

B) N’ &mrobeiy i) &1 (et + D) (PP 4 1) — (ax + 1) = aty? + (o - x)hr'
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Abmc: “Eyxouev : (e + 1) (x4 y¢? + 1) — (ax + 1)t = (o + 0%+ 1)
| 12 | 2 2
Ot ggp = op =[O 2 P[0 =
lxy| [x1 gl
=lay—0x)2 + (@— )+ (01 — - 1)P=a?y* + (a—X)° + ¢

Znp. Tous EAAeiTrovTas Tuy oy Spous CUNTIANPWVOUEY WE unBevikous.

5) Tavtétne toil Newton — Awbvopov tod Newton

. @) Els Tas yvwoTds ik Tiig Tponyoupévng TalEws TAUTOTNTAS CUMTIEPIE-
Mooy kai of dxdhoubor :

R (x La) =kt L (ot e +ag,

ML) (x +ap) (x 4 @) =xP & (o + o + ag)x® + (o + 0ty + o)X

: q]qguﬂ

( "Erriong eUkdhws Suvdueba vé EmainBeocpey 3T :

+xu.: ) (x ta)(x toa) (X ta)=x' 4+ (e +utat ay) X + (0 +

10+ oo+ 00y 4 00y + Gaa)X? (G + GGty + GGy 00ty )X+

N0y,

" EWEx{gou-reg o, Buvdpeda va AdPwuev THY yevikfy Exppacwv Tiis TauTd-
71“35 ToU Newton, Tfig &molag fy mARens dmodenyis B yim el dveoTtipay Takw.
+UT‘*’: (X + o) (% + o) (X G). .. (Kot o) =XVt (ohog + ..+ @)X +
3 (ul“-z ooy + ... F ooy F ottt GOy . W)X 4 (o0t
Tt aoua, + ooay + .- oy + -+ Oy T Oy + ...+
Sv-ga, &, )XY (ST (e S x4 (=Y ooy,

‘v 8t yépiwv ouvtoplas Bécwopey

110 &poiopa TV oy, Ogy gy« - - Xy ke
:‘T .., 3k TO &Bpoioua TV ywoubveou TV @, &y, .. Ay, AcpuPavouévey
5 19Tolyws due BUo, dvda Tpels,. . ., G K ko’ Shous Tous BuvaTous TPOTIOUS,

ot A
e 8% EXWUEY !
=

Dtadiia)  (ra) = BT HED T D

P) "Edw el Tas TTpoTYoUREvas TAUTOTNTAS EXWUEY Oy = &y = . .. = Qv #0

k. (x + o)t = x? + 2ax + o
(x + a)® = x? + 3xta + 3xa® + @
(X 4+ o)t = x* L 4x%a + 6x%a? + 4y + o
3 (X + @)’ = x5 + Sxta+ 10x%?® 4 10x%a® 4 Sxa + KA.

™ H YEVIKT fxppagis ToU dvamrTUypaTos ToU Buovipou (X -+ @)Y, veN,
TrEplTrO‘DU kaheTtan Bicovupov Tou Newton, 8 5oBi els dvwépay Tékw. "Evraufa
T OPilépeder ele Tag FxohouBous TapaTnphioes i TOV oynuaTioudy Tou &va-
'Wu&'rog_
“"p"“llﬁ\m,lg :
o) Te dvarrruypa £lvan duoyeveg TroAutovupoy, s Tpds TA X xal a, Babuou
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foou Tpdg Tov Pabipdy Tou Sicovlpou, Exov TAfiBos Spwv igov pos Tév Pabuc’
Tou nUEnuévov kara L.

B) Ot &béron Tou X Paivouv EAaTToUpEvOl, tvdd Tol o atlavdpevor

y) ToU duamTiyunaTos (X + @) &mavTes ol &por £xouv Tpbonuov BeTV
xov & ToU (x — &)* EveANGE BeTikov kal &pynTikoy.

&) "ExaoTos guvTEAea TN TTPOKUTITEL, &V AdPoopey TO yivdpevoy ToU ouvTE
AcoToU i ToV xBéTny ToU X TOU Trponyoupévou Spou xad Bicupéowopey Si1d ol
&p1Buol TolU EnAolvTos v T&Ew ToU TrporyoupEvoy fpou. Of lodwg drméxoV
Tes drrd Tous &xpous Spous ouvTteAsoTal elvan ool

Mapaderypa : N& eUpebfj TO QvamTuyHd T0U (X + ).

"Exouev : (x + @)® = x® + 9x®a + 36x7e* + 84x8ad + 126x%a* + 126x%a® +

+ 84x3a8 + 36x%*a” 4 9xa® 4 of

Maparnpopey &T1 @ &) TO &QUETTUYHS elvan dpoyeves ou Pabuol dx Tpos X, 0
p) To wAfifos Tév Spov elven 10
y) Elvar Sioretarypévov xard Tés dviovoas Buvdpers ToU o kol xard T

kaTioUoag ToU X
&) ‘O ouvteheoThs T.X- 126 happbvetar &k Tou %’ =126

). TAYTOTHTEZL YIIO LYNGOHKAXL (Meproprapoi eig olig umékewvran ta ypappora)

DVapy: Cf\+E+Y:0Vu.—_[3=y<:-a3+|53+Y3=3uI3Y
Anodaifig: ‘Ew a+p+ vy = 0, Té6TE Ex THS TOUTOTNTOS
@+ P+ Yy —3aBy = (a+ P +7) (@ + P+ ¥y —ap—Py—ya) Acpp ot
c!3+133+y3—3a[.’>y2OQa3+B3+Y3:3a[5Y
'Edv 8¢ a=P =17y, TOTE O+ PPty —a® + o® + o = 3@ = 3 = 3af
"Avnotpopog 1 Eqw o + PP + y* = 3Py <= + B 4 y* — 3oy =0
112 (O‘Jf'p"'Y)[(0‘—!3)2'*‘@—‘/)2'5‘(7—'3)21:0 (PA. TautéTnTa 3)
Exk TaUTng EmeTal u+ﬂ+y=0V(G—B)2+(ﬁ—y)2+(y_a)2:0
"ExaoTos TGV Gpwv THS TAPXOTACEWS (a—P)2 4 (B — y)* +(Y__.o:)’
glvan ph &pynTikds. ZUvETrads, w(a—Br+P—-y)?+(y—a)=0= (a— p)s‘;
O (B ) =0, (y— ) =0=a—p=0,p—y=0y—a=0=a=p=]
AuveToy v §xmuev'G+B+Y=0/\(a—l3)2+(ﬁ-)’)2+(Y—G)”0
dmérea=p=y=0
-~

“Oge W+ﬁ+y=0Va=ﬁ=y<¢q3+ﬂﬂ_{“YS:BqﬂYJ/

‘H ypnomwéTns THs TauTéTTOs QUTHS palveren dk T@v -rrc:puﬁayuét‘f“’“
oU dkoAououv.

Mapadeiypata : o) Na &vedudij els ywouevov A TapdoTacs (3a — (3)3*
+ Gp—-Y)*+ Gy —a)? & el a+p+y=0.

Aborg: 'Emreidhy Ba—P)+ CP—¥) + By —a) =2(a+B+¥) —o.0%
=0, tmetan 8t (Ba—PYP* + G-’ + By —)* =3 (B3a—P) BB - v) (37'4}

74

WnepromoirBnke ané o lvatirouto Exmaibeutikrg MoArmiknig



B) Eav o + B+y=2% va yin ywopsvovf) mapdaTacs (27 —=3a)® + (27—
=3B+ (27— 3y)?

Aberg: "Emeidy (27 —3a) + (27 —3p) + (2 —3y) = 67— 3(a+P+Y)=
=6r_ 3.2 =61 — 6t =0, fmeran &1 (27 — 3a)® + (27 — 3B)° + (2 -
~3y)8 = 3 (27 - 3a) (2 - 3p) 2=~ 3y)

2 Vo, By ca+B+y=0Va=0Vp=0Vy=0<(ap+Py +ov)=

=atpe oy By 4 ylot

Ot MofnTad, xpnopoTololyTes THY TAQUTOTN T

(O + By 4 ya)? = a?p? + Biy* +yia® + 2Py (@ +P+Y), vé wbuow T
SBert,

3 Vu,ﬁ,y:a+[3+y:=0Vd+[3:yV[5-}-y=chy+a=B«::~a“+
TRyt =2 (ofp? + Pry? + 0D

Of pofnral, &pou EmaAndeloou THY TautdtnTa ToUu de Moivre
T4 B4yt 2t — 2Pyt — 2y = (@ + B+ ) (a—B+Y) (@ +B-Y)
TP —y), Svavral v& k&upow Ty &mddeitw.

AZIKHEIEIZL

121) N& &rroBey®fj f dAffaa T&v kéTwd TauToTATOY
a+pB\* (a—P\ _
(5
1
2) w4 P4y — (B + By +y) =g a—Br+ B-Y)+ -]
3 () — (VP ) =) = (W) v 2r—Y)
4) (a+p)* — (x— B)* = 2p (p* + 3

5 (@) B+ F-0=x-0 &+ &=
122) N eUpefolv T dvarrrUypaTa :

1) (4xt —3x*—2x + 1)1, 2 (XT“%”)

3) (ax + Py +xy + 1) 4) (¢ — a’x +ax? — x?)*
123) N& ylvow of mpébes: (2x +3w—w)' —(x -3y + 2w)t — (x — 3y — 2w)*
124) N& etpeoly 7' dvamrTiypaTa :
1) (o —ax + x?)?, 2) (o +a¥ 4 1)
125) Na eupedii 1o tleyouevov T@v Tpalewy :
(x+y+o)-—Kx-—¥ f) —(x+y—w)P—(y+e—x
126) N& dvoAuB els ywouevor TapayovTWY @ 8x? — 27y* — 64! — T2xyw
127) N& dmobedi &m :
(c— Py —a® + (a+ B)* + 3a (@ —P) (= + B) = a (40 + 3p%)
EZB) N& Eroinfeufoly ol kaTwh TouTéTnTES ME ThHY Ponderav g TauTdTNTOS
Lagrange :
1) (a 4+ x? + ¥ (x* +a + 1) — (ox + )* = (@ —x1)* + (a—xy)* + (x —ay)?
2) (x* + gt + 2D — (xy + yz + x2)' = (x* — yo)?! + (¢ —x2)* + (2 — xy)*
3) (ot + %) (x* + wt + @ + 1) — (ax + Pw)? = atyt 4 Pyt +at 4 P! + (aw—Px)*
129) N& etpeBoiv Ta dxdhouba dvarrriypara :

(2x + y)*, x + 3", (ax® + ¥, (aPy + 2x)", (o — x*)’
130) N& Ecreheaoiv o wpdles @ 1) (x—y)* + (x + W) — (x4 ) (x* - v
2) (2% — 1)t = (3x + 2%, 3) 3 (x — ) — 5 (x* = 59"
D
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131) N& &moBeaybii fi éAfifei T&v TOUTOTHTWY !
1) (a+p)—a*— P = 3ap (a + B)
(a + PB)* — a® — P* = 5aP (a + B) (o + op + B } Tautérntes ToU Gauchy
(a+ B) — o — p7 = Tap (a + P) («* + af + B
2) (x+ )t +x + @ =2+ xy +
3) (2% + B)* — 32x* — B¢ = 10Bx (2x + B) (4x* + 2xB + B*)
4) (3o — 2p)¢ — 2430 + 32p* = 30aP (2B — 3a) (9a — 60 + 4B%)
132) N& &moBeiy®i # Tavtétns Tou De Moivre
ul + ai + YI g ZG'E‘ it 2alyl — ZO'Y' =
E(U+l5+Y)(fX+ﬁ—Y)("-‘ﬂ'FY)(ﬂ—B—Y)
133) 'Edv a+ P +y=0 v& ylm ywéueov f TapdoTaal
(@+PByP+@+y)2+ G+
134) N& dvohudii elg ywoupsvov # map. (— B + (B =v)+ (y—a)
135) 'E&v a+P+y=x+A+ 4 vd dvadubij els ywdpevov f) Tapdortacis
(@—xP + (B =N+ (y —

ALKHIEIZX ENANAAHYEQZX

136) "E&v o = 7x + 3y + 6w, p = 6x + 2y + 6w, y =3+ 3y + 2w «al
X! =y 4 oo, v& dmobeydi om o' = BY+y?
137) N& ebpeboly T& dvamriypara TV @
]) (uV + pV + y\r’)i o (u\l_" pV_YV)I + (_ GV + ﬁv + YV)I
2) (ax” + Pyh)* + (ax¥ — Py¥ + 1)* — (ay¥ = Bx*)*
138) Na &moBeydi &1 (a +P +y+8)r =3(cB+PE+ yB)(a+P+y +8)-
-8 =(a+P+v)
139) N& elpedfj 10 tlayopevoy Tfis TAPAOTATEWS
(a—p+y)P—-o+ pr—y* U uopgtiv ywouévou
140) N& dmobeix8ij o1 elvan : A4+l =3 =(a—-1)(a*+ a4+ 1)
(u'+cx'-—u'—l)§(u‘+c&+1)(0—1)’(0'+2ﬂ’+2u'+u+ b}
141) N& &moberxii 611 #i &Ay. mapdoTagts (x* + ¢ + wf) (a? + xt) — (ax + xy)*
elvan phy dpynTikn (BnA. AauPdvel ya, X, y, wER updvov Betikas f uqssvlﬂfﬁ

TIRGS).
142) 'Ed&v oy, O Bu.P:€RA B B: # 0 xal (o + &) (B* + B = (a,B; + apy)’
D ot o
vé &mrobexfij 6T By Pa
143) 'Edv i ,Pi €R, i=1,23,.. ., v va &mobeiydfj 811 :

(@t + o+ ...+ ay Blr+Btt . . B) 2> (@B + o+ . . . + Gvﬁ")l
(AUTN xoAeiTan aviodTns ToU Schwarz). “Ymo molas ouvbrixas elvat pdvov lobTnst
144) N& trrahneuBoly ol TauTdTnTE
a) (x+\p)'+(\y+m)’+(w+x)*—3(x+uy)(\y+m}(w.;.x)Eg(xurq,w
+ wf =3xye)
B) (x* — ye)® + (Y — wx)* + (@ —xy)* — 3 (x* — yw) (¥* — wx) (@ — xy) =
= (x* 4+ ¢ + @' — 3xyw)?
145) 'E&v a + B+ Y = 0 va &varubfi els ywdupevov fy TapdoTaois
A = (o + PAY + (Bx -+ YA) + (yk + aA)?
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Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoMmikrg



KEDAAAION VI

PHTA AATEBPIKA KAAIMATA

SL Thw tvvoraw ToG &hyePpikol kA&opaTos Kal Tds mrpates & aUTEY Eyvee-
Ploagey ¢ Ty Tpomyoupévny T&tw, 81" 8 Kai ExBéTopey Tdas Bwvolas TaUTas MOVOY
TEPAN TETIK DS
N&oa ouvéptnols ¢ = ‘2‘ R, &mou A kai B dxépaiat TTOAUGWULK mas
TTEF""G‘ca'rs'poov petaPAnTaY kol B # 0, AbyeTal pnrov aryepprkdv khaopa.
Wi “Ev pnrov dhyePpikdv KAGopa elvar 1 éw?\ou?-répc: Eopcpﬁ wds pnTis
Olaminds TTapaoTéoews. ‘O TapovouasThs B Tou pnTou dhy. khdopaTos
U:UC:T"JV v& glvan aTaBepd, dmoTe TO KA&aua elvan dxépaiov TTOAUVULOY. 2v-
Téds gy &xépatov ToAuupoy SuvaTal v& Becopn®fi pnTov dhyePpikdv Kh&opa.
2 2 2 LT i 3
e e S

] 4
Al ouvapthoes -

G)WEBPH(E: KAGOPaT.

g ; A "
Dk vy Eyn Eworaw Ty oWEPTNOIS Y = & mpémer B # 0. Kor’ drorov-

few o Gpiopévn els 6 ouvorov R, &mo T dmoiov EtaipotvTal al Tipal, of
Tolen unBevifouv TOV -rrcpouopccc-rﬁu. OUTw T6 Teblov dpiopou TS ouvapTn-
s fix) = B, yeR xad (X)) P(¥) GEponax TroAvcvupa, elvat Td aUvoiov

3 s=R-{x/xeRAg(x) =0}
IWB(’MQ%E\) BE: f:xeX — f(X) = 2 3

P (%)
"Emiong 16 Treblov dprouol Tiig ouvapthoews f (X,y) = o (X \f%' x,weR xal

P ( " . 9, (X, ¥

W), @, (X,y) dxépanat oAucvupe, elven TO ouvohov
Sy . W) | (%, 9)ER? A gy (x4) =0}

YiBoA ; _ay

UBoAfopey B¢ : f @ (x,w)eE — f (X, W) = q}: e
Inusiwors R! = Rox R (KapTeoiavoy yivduevov)

A = xal (ouuporov Aoyikiis ouleUtecs)

Napadeiypara: o) Tis oUVEPTHTELS (Krw = ——). xeR, mebiov

8 14
Plotol elvey & ouvorov = R—{2,—2}

eR
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_ , N ‘
) Tiis ouvapTHoEws (x, g = ;’7’:{ Ig) o B, Yy, 85 xeRAy # 0 meblov op!
opou elvat
76 olohov S =R — {x/xeRAyx +8=0}=R—{— —f;}
52. EIAIKAI MOP®AI TOY AATEBPIKOY KAALMATOE :‘:;‘.. 9y, ¢ Sxep. T
Avdvupa.

a) Té KAéoua Tolro Biv Exel éwolav TperypaTikoU dpifpol, dtow geR A @ 7
#0ANg,=0, 81611 @, - y=0-¢y=0 # ¢
B) 'Eav 9, =0A¢q, # 0<%, #0eR : ¢y =0
y) Edv ¢, =0A g, =0 16 xhdoua y elvar &mpoodidpiotov fi &épioTov.

Els &AAnv Takw 8& Seixdf 8T TO KAdoua TouTo BUvaTan el Trsplmd)oi"
Twdg va Exn uiov kol pévov Tiprv.

53, AOTIZMOL TON PHTON AATEBPIKON KAAEMATON.

OPIEMOL. AUo f TepioodTepa drépoid TOAVGWIMA dvopdlovTal TP
pos GAANAG, tv & M.K.A. aurév elven plac otabepa C # 0. Zuvermdds & ¥
Ka drepadaw ToAvwwipcy Bid Tou M.K.A. aUTdv elvan drépaia TToAudvuna Tp&
Ta Trpos GAANAG kol QUTIOTPOPLS.

‘Anlonoinoig pnrod kidoparog
"Edw oA [owpev Tous dpous &uds pnToU KAdopaTos y = %83 i 1o @
1

& dképoiov ToAudovupov ¢(X), AaupPdvopey & pnTdY KAdopa :;‘—: looBivard

Tou %*ﬂei:ﬂ-{'x/xeRf\w—~0M>2=0}

*AvTioTpopws, TO KAGoUX :;’—-: elvon looBvapov ToU %—\-f’xez' STrdTE A
* T

youev, &Ti Td KAGoUX ::—“-g Eye1 amhomoiné els T %L. *H &mAomolnais Aormrov gk
2

van Buvatd), 9° doov ToU pnTou KAdouaTos of Spor Exouv kowdy wupd}’oﬂo
&hy. TapdoTacw. 'Ex Tév dvwTépw ouvdyoper 8Ti, Bix v ﬁT‘.’?\OT‘l’OlﬁO’wpﬁ"
tv pnTov &Ay. KAGoua, GvaUouey Tous Spous Tou els ywduevoy -rrapayé\ﬂ'”"
xal BicupoUpey &upoTépous Bid TGV Kkowdv Twy Tapaydvrwy, UtoBéTo
TouTous Bagdpous Tou undevés. ‘Edv f Biadpeois yivy Sid tou M.K.A. T8
Spev Tou, TéTE AapPdveTan kAdoua looBlvampov ut To dpyikdy Eyov 8poVs
TrpcaTous TTpds GAATAOUS.

Mapadeiypata: o) Na  dmhomond o kAdoua A:’i:i’:, x, yeR

-y

xl
Abarg: “Exouev A = b, A S, 1 € o o 00

Xt — gt K+w)(x—y)
“YrroBéTovtes X —y # 0 Biopolpev Tols dpous Tou A Bid x — y xal B
Xy Y T ; ’
pev B="% x’,‘:*'q; ¥, To kMbouara A kai B elvan looBivapa 5i& ke (x, y)ed
7,,
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Betds Téow leuydw Exelveoy, T& dmoTa undevilouv THY TTapPAOTATI X — Y-

Enp. 1) Ta khdopera A xal B Bid x +y =0 Bbv Exow Ewolav.

2) 'O map&ywv X —\, kahelTal mapdycwv tfis &mpoobioptotiog ToU KAAOHOTOS.

1S =

B) N& &mAomombfi To pnTov KAdoua A = :-—..%‘4._?,'- xeR
» _ XV=2x—3 b ol B RSB vinxEbls s
4 Exouw A= 556 — G-DHx-2) x=2' " et
S KAdopa Btv e Ewolav Bix x = 2. ‘O mopaywy X — 3 elven & Tapdywvy
Lg""'POtJ‘Encw;mrricts TOU KAGOUOTOS.

Abeg :

Mpakeig pnrdv dhy. xhaopatav.

Al mpdters mpdodeois, dgalpeais, o opds kai Bialpeots Eml &V pnTEV
QYEBmebv KAaoudTwy yivovTal STes kol drl Tév yvwoTdy péypr Toube KA
Cudrey, O0Tw ExouEY :

VaeX = R — {x/xeR A =0} <B4 B — Prbe

VSR L -1 0)<s P B PO EDE
R—{x/xeRAg=0Aq: } e %i%_ s

Yies— g - x Pr . P _DiDs
=R—{x/xRA¢=0A 0}-:3? ek

YXeT= R {x/xeR Agy=0N = OA})5=O}¢:>%'— : %‘ =Dt
Enp. "ATovTa T& TOAVGWHI iafeinoav o d&xép. 'rro?\chwu:x TO

Napadeiypara: a) N& ylvn pnTov KAGopa f) TapdoTaols
1

Cig
Hg
-

2x— 1 2x
A= = + o RO-) ' xeR
< 1
Abog : TO KAGoua 2xh : Exer Ewolaw &tav X # 0, 16 ii,"f& STV X # 5
1 =
kal vy T{ll-——z?)_ drav x # 0 xal X # -, GpaBiaThy Lertheotv TG Trpdtecoy

TRETEl p& GrroBéowpey X # 0 kod X # % Té EKIT. tédv mapovopcoTdy el

Yo 2x (1 —2x). Met& Thv dvarywyny TGV xAaoudTwy el TOv QUTOV TTOPOVO-
““"Tﬁv ActuPdvopev :

fe Gr=N0-fRta=l o W52 o2 e
3 2x (1 — 2%) Ix(—2x)  2x(1—2x) x

B) Na &mhomroindf] f| MaApAOTATIS
A=2E2 X5 (x£2X #0)

4x
ov & x+D -4 _x+DE+2)x-2) _ x+ 2
Abng: A= TG-24x (x —2) 4x TR
Y) N yivoww ol mpates

A:*;,f:i_:_:f.r:x;:-:t?' (xqé 1lx =é"'1. X #0)

At bl e oo g, GARRAIREC])
boigr A= o g 1STT TR0y ©BFx  G-10xx+1)
x4+ DE+1 x = 1) Kbl
=T+ Dx X
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54, LYNOETA KAAIMATA.

To pnTov dhyePpikdv Khboua, tav TepiEXn s Thv dAyePpiiy TapdoTo-
aw bvds TouAdyioTov Ex TéW Spev Tou, pnTdY KAGOWG, Abyetan advBetov khb-
opa, bv dvriBéoel pos Eelve, Td dmrola Exouv Spous dxepadars pnTds &y, Tapa
orhoeis kal T& dmola kaholvron dmhd.

“Ev ouwderov khdoua TpbmeTan els drmholv, dgol Trpomyountvs peTarTpt
wopey Tous Spous Tou els pnTd Ay, xAdouorta kal qxoAolBus Sicipbocoue!
atd ¢l T Pdoe TOU Opiopou

£ =A:B, (B+#0)

Mapadeiypata : ﬁ% +1

a) N& Tpamrij els dmiolv 1o oUvletov KAdoua A =:TW—1-

X~

. e o - 2
Abeg: ‘O &pibunThs : :i$+1=:—_—£+:—~:¥=ﬁ. (x# )

i ‘ X+ Ris 2y
O mapavopaoTis : H-—-l_x_x x—*tﬂx—\y' (x# )

=5 X#y, w#0)

Té otvferov Khdapa : A= >

X-y
B) Né Tpormif els drholy Td ouMerow xhdoua A= — X1 x40
I ———
1+ =
Abag : Aaupdvopey SraBoxikds :
o § 2 1 x+1
‘H map&oracis Tol TapovouacTol 1+ - =——,
1
kel ouvemdx TO KAGOHO —1—-1— =t =k:-_

1 +—x- x

" 1 X

. =1 g

O mapovopaoThs ToU owvbEtou 1+ e Ty X+ 1 x+1
B

a2 _ 2@+ DD oy (x# —i)

Eerts B T T Bl 2
x+1
ALZKHZIEIZ
146) N& &miomoinBolv Té& dwdrouda pnra xhdouata
39pryst 165u3vixy 147xv+2yv 1 —xt
1y SRy D T s 3 BT Y GE e G
10a* — 7a* + 10-Ta x'—(a—P)x —ap 15x3 + 35x* 4+ Ix + 7

) - ri-2a ' X' +px'+ax+af’ 27x* + 63x* — 12x* —28x
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(a + B)s —af — 56 xy(u'+ﬁ‘)+aﬁ(x’+y’) 4 x4 __uz(l__ga__*_ Saix
RN CES = WE-prape-y ' D G a-n
1§ = (! —2yw—w'—y) (+P—Y)

(x+y+u)(u’—|5'+y —2dy)

147, N& petarparii tkaorn Tov kéTwh mapaoTéoewy elg pnTov dAyePpixdv khaoua.

5 e SR N o Boy
Do x=1T G+ T x+2 DGR G-N toena-ot
e A __a+P P+Y A
tasnass D Gohe-w T oowew T GG
g =y K-y _Xt¥_ . !
)Xoy T iy 2er (a—m T Rl e T T
+ 1 — By !4 oy y* + ap
T-dG-PG=n"' 2 oD T Ee et s G
) X! —atx? — 5% + 50: - S x¥ —a'x ¥y 4ax — 4at 8y! —27y8*
—ay(x—5  x +2m;x+at X—ox —axrw’ O 4y*— 95"
2 (2y + 35) lx—2y 121x* — 4y* I —-25 x*—9x+20
4y' 5 6y6 J—W’ ﬁx—qz 36x! —y? ! x+2 < e Y. W)
1 at — x3 _u'_;uv-l—v' ) u. — vt
1y & ek Ed .wwx' ( a2 ) ) N e g g

D (@) (o trd). w (B EERE ST
Isy (DB kP Ao

a-p a+ P C ot pr

148) N& 7vpamij els &mholv ExacTov TV dxoloUBwy guvBiTwv KAQOUETWY.

p-a o + P 2ap 2a’p
i “tiiap 2 s e 3 G Lt
) T p-u’ Vg )
l_ai-ru_ﬁ a—p a-+p “:’Ema
3o+ By 20+ P o' + ap 27t ap
(uE o) () (-2
4) 5 3ﬁ' %) ap? 5 .
I £ o+ 5
o' - 4p i
ot — p?
6) 2p?
ol =Pt 4 - ‘_E_j-.g
149) N& Tparmf el dmholv kAdoUa tedatn TEV TAPACTTATEWY
2y 2yw e g el S TR
R S o I el .. e )
L T~ +_1_+___1___' (x+w)'—ﬂ_(L L)'
o ' y-20 ¥ -2y {x & whshay ¥ A
X v b ¥
ot (it { dir o SRR
B dery o e
— + 5 1 X =y W X

81

WnepromotriBnke ané to lvatirouto Exmaibeutikrig Mormiknig



ALKHIEIE EMANAAHYEQEX

150 N& &miomoinfouv T& kAdopara :
1) X0 + 2x%y* 4 y¢ 2) Pt + ﬂayli__ygua — 3atpiy?
Xt —y* ’ a'p? 4 Pyt + ylat — a'py —aply — apy?, ’
3) («—PY+@~-y2+(yr—a)?
a—PE-MN-=
151) N& d&mhomoindfi f wapaoTacts
x+y)2—o S_yj—w)'—x:+(x+m)‘—y'

X+y—w ¥y +w-—x X+w-—Yy
]52) '‘Edv a+PB+y=0, v& &mwobeay®ij &vi:

+ B + e R
2t + ﬁY 2P+ 2y* + af
153) "Edv o + ﬁ +y=0, v& d:?roﬁslxﬂfj &1 :

et P it s AT i .
a+p B+Y ~ BT

154) N& &miomoinfouv al TapacTdoes :
BtV Xx+w | xP-x? g i - S AL
Egeite £ nish s (S22

X‘—(u+x)x+un xt—vt '’ a'+ B* a—PB "\a'—af +
= x4y kD
3)(?—2x'+x" xr—1) )'_~ x*
S gl_i_yl_al u’—ﬁ'—7'+2ﬂy )
155) "Eqv x = 5% xal y = IR+ Bry—o " &mobeayij, 6T
| TaphoTasis :‘jx); elvon duebdpTnTos Tév &, B, v-
x—a _ x-P
156) N& dmobeixfij &7 o ouvberov KAdopa ._L__I_'F_E(
14 E-Dx—F
A+ea) T+ px)

elvon duefdpTnTov TOU X.

L. SE s AT ]
v+m=°" aER ey By
1 1 R
_@7-(0 7> |5 i 7)7

158) 'Eav ve€ N, va &mobearyfi] 611 TO KAdopa A =

157) *Edv

v —1
& F a1 fve dxipaiov To-

Aucwupoy ToU d.

X* —xy + )+ (x* + Xy + )2

159) N& &miomoindij 16 KAdopa A = ¥ gy
3 RS 3 + 3 3
160) ‘Ovolws 76 Khéoua A = - it o u(i ;E)Y(B +V &+

. (+ )t —xt—yt
161) “Ouolws 7o Khdopa A= «(-"—;-_-; g le W
)
162) 'Edv a+ P+ y =0Va=p=y vaeUpedi  Tiuh o0 Khdouaros (a +_§_'+Y)
apy
. y i a' + Pt 4
163) 'Eava + B +y =10v& eUpedf f Tiuh ToU A = _.m'p L YE or
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KEOQAAAION VII

TYSTHMATA EEIZSQIEQN a' BAOGMOY (I'pappixa)

(Copmhfipwoig)

55. "Ex ToU kepodaiou TouTou tyvaploapey es Thy T Tdtw T dxorovba :

1. ‘Opiopol kal 1816TNTES OUOTNUETOOV.

2. Zuothuata loobivapa

3. MiBoBor EmAucews YpappikoU oveThuaros Blo tho. o Baduol pt 0o
&yvesorous.

4. Awpedvnarg ToU v Adyw ovoTfiuaTos.

5. Mpagikdy rriduois ToU 16lov ouoThiuaTos.

6. 'Emiduois ypaumikol ouoThuaTos WE TepiogoTépous TV BUo dyve-
OToug

7. MpoPAfuara tmAvdpeva Tij Ponbeiq ouoThuaToes YpapuIKoU.

"H8n 8& ttetdowpey &AAas peBoBous EmiA\UcEws ypauuikou SUOTHOTOS
TAfoy guUVTOHOUS.

56. ME@OAOL TON OPIZOYEQN — KANON TOY GRAMER.

o) 'Enilvaig cvetijpares a Pabpod pé dbo ayvdortovg .
Ets Thv [ T&Ew £860n & Spiopds  Tiis Spilouans B’ TékEews.

Olre : Yoy, oy, By, PR : A=

2 gll=ﬂlﬁa—ﬂzﬁl

oy Pyl
"Ag Bewpricwuey TO gUOTNRA :

. | ax + ﬂlkp =Y A oy, %, Py Ber Y1 Yo X, W E R A
%X + Py = Ya i“1|+|Bll>OA1azl+iﬂ=1>0
Mveoplilopev 8

z- Py — Py # 0 <= [(KrWH(X-W)ER!A

={(Eh=rh, dect )

X + Py =7 4
X + By = V2
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‘Errouévess Suvdieda VA Y POWWHEY

o B : e o
1P L0 e {0 W) | W ERTAZS = _TH_T o

o \U-zlaz oy Pe
(& ) e a=[ah a=lnR =

o Ax A _ By A
“QoTe 7 AUoig TOU 3 elvat : (X, ) :(75, —_\L) = |x=p ¥ = Al )]

1
¢ v f’—:—;—, i%—.—-—-i— Ka‘.&pub—t-zgy—_—:-—g "

Ol Tumot (1) (TUTor ToU Gramer) Seiviowy, 8T1 gxaoTos &yvwoTos El-
v TrAixov B0 Spilovaddv pt TTApOVOUaC TV kowoy THY ?pigouc‘?m A Tév guv-
TeAeoTEY TOW Gy veOaTWY kai &piBunTny, & OTOI0S 1-rpo:'<u1'r'rs|,~orv elg THY 6&(-
[ovoav ToU TTAPOVOROTTOU AUTIKATATTHOWHEY 'rnf gThAnY H'rw\: cruv-rs?\ecr*rcov
ToU Umrohoyifouévoy &yveoToU Bi& Tig oTHANS TWY YUOHTLa opwu,‘ EUPIOKO-
ptvey &TapAITH TS gle 1o BeuTepov WEAOS & EigaEwy TOU CUTTNUATOS.

‘H tumomoinuévn aUTn ugBobos ETIAUOEWS QUITHNOTOS YPaHUIKOU bE
Slo dyvcaTous KoAelTal KAV @v todb Gramer

| 3% + 29 = 12

Mapadeiypata : lov N& EriAudfi 1o oloTnud Z: £ G ] (x,yeR)

Adeig 1 Tuupaaves mpdg TOV xavova ToU

ol 2ot |3 12
] i 15 W
Gramer Aaupévouey : X = 351 p=iz—a
|5 -3 \5 £3
= 360 _ 57 _
B2 38 _ 3 W:_’gtﬁ—;g—3

M= =3 T

Olrw : E:{(x.w}}(x.w)FR”/\E}={('2,3) s
X + atyp =2
2ov : Na& ¢miduéi 6 oUaTNHA z: el

Atmg : ‘Ouoleds AcpPAVOUEY !

, 8mou a, X, yeR

|2 ot
| a - tLatl) 2(a® +a+ 1)
2a 1 326 Rl—da ol S pat 1
ke e B, ol 9 (XS =R e
\
1 1]
(A7 2
isgel, se=0 . 2=l goa—al,
— 1_‘;?'=1"_¢‘,’="‘(1+a)(|——c) | +a

Ot Exopew @ X! {(x,wﬂ(x,w)“ﬂ"/\zf\cx-f. L 1) =
2 +a+ 1) 2

’{( ql‘ex """iz-a))}

R4
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‘H peretnBeica Biepelvnols Tou cuaTApaTos 2 ayX + Py =y A X +

+ By = ya, OTOU @y, &, B, By Yo Yo X, WeER, Blvaren va ouvoyioi dos &xo-
AoUBeos

Awpeivnois Tou ouoThpaTos X apx + By =¥, Acx + By = ve
&mou oy, @, By B Y Yu Xs WER
s : K i st A el FIE
o B S rordr
# 0 <= TS cUoTnua fxer plav xai pdvov plav Auow.
' Ps - ﬂ_w
LY By |
| #0
Y: B2 Té oUoTnue
| [ oIk, @) ERIAZ ) =
| | &Y i WG ) @ elvar &BuvaTov.
E ‘ =0 |
l Lt £1 [
‘ oy, O, By, Py OX1 &TavTa undév
| o By o | ek (L WIx, w) eRYAS ) = { (x, ) (X, W)
72 gy =i || =0 eR* Aax + Py = V1 )
2 Ya By To oUornua Exer &melpous 6 TAfiBog Augels
(CEvas &yvwoTos aubalpeTos)
a v, q=x=PRf=PR=v=Y=0
=0 ‘ (W) (x,y)eRAZ }=R?
Oy Y: Té gUoTtnua elvan TovuToTIXGY
(x xai @ avBaipeTor)
I |

Inueiwors © Ardgopor GARa YmomepirTwots BiBovren dx doxnoeis
B) “Erilvaig ovetipatos o Paduod pé tpeic ayviartovs.
‘Opilovear tpitng taEeme.
o B 7 &moTehovpevoy EE 9 aToiyeiwv els Tpels yPaUMAS ked
T8 oUuPorov | % By Y2 Tpels oTHACS dvopdlousy  Spilovoan TpiTng Tatews
as Py Ya kal Spilopev :
o
= G‘E]YJ Bs y2 | a'ﬁlyl My ‘ﬁlYl
B ol il a1
3 2 Y2
a, BB Ya - [31 Ya 3
g uéAos TaTng dvoudleTal QUETITUYHA A Tfy Tis A, ol 5t dpilovoa alrToU
HETa voU pooruou Ehagcoves THs A.
To dvémruyua TS A TrpokyTrTEl, &V TOAATAQOIACWUEY TX OTOlYEia
Mg Ypaupfic f oThAns duTioToiXes ixaotov dml Ty EAdooova dpllovcav, 1
Tofer AcuPdveron Bidx TS Bray papiis s ypouufig xal ThHs oTnAng, elg fiv dun-
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kel 1o Bv Adyw oToreiov. Tpd BE txdoToU TEV ywopivey ToUTwy BéTopey T
anueiov TO AvTigTOIXOUY EK TOU Trivakos

a PrYs | + -+
,‘uzaz)’z" ‘:—+_l
I“slsa‘fal fer=i

To &vdmrruyna ToUTo eUpiokeTal eUKOAGTEpOY WE TOV Kawdvar ToU Sarrus.
Kot alrov EravehapPavopey kdTw TS TpiTNS YPOHKTS Tég BUo TrpadTaS YpaK-
pag i Betia Tis TpiTNS oTHANS Tas Buo TrpaTas oThAas kol oUTw TrpoKUTITEl
dvmioTolyws Tivat TrévTe ypouudy xai Tpidy oTnAGV. T TPIGY ypouuédy kol
mrévre oTNAGY O droroufus :
+le B = l+ + +
) +la B Y|~ : ! s By oo By
Thvek-dne gl By ¥y 1 e Miva 11 } &' Pi Y8 @ Bl
o Pron i“s Bs va % Pa l

a P Ve S T= |
"Ev ouvexela AauPdvouey T& Tpia ywopeva Sroywviws, & dploTepdy Gvw
Trpods T Belid kaTwW, ué TO TrpoOTHOV (+) xa T7& AR Tpia ywdueva TTAAWY
Srorywviax, ¢ dploTepldy k&Tw Trpds T Belid &veo, HE TO Trpdonuov (- ).

00t ebpiokwpey : | o By 71|
A=|ea By Yo |=Poyst PBay1+ aPrYe—aBaY i~y Byya— By Ys

l‘. oy By Yal

"Idiotnteg tOV Oprlovcdy.

. To dvamrruyus Spilovons B&v peTaPéAheTal, tdv ol ypapual ylvow
oTRratl kai al oTfiAal ypapuai.

2. Té duémTuyda Opilouons dAMdooer Tpdonuoy, &v  dvTipeTaBéocoue?
BUo ypauuds f SUo oThAas

3. *Eaw els plav dpilovoav suo ypaupai f 5Uo otfidan elven el endrad, TOTE
alrn looUTal pe unBev.

4. 'Edv dpilovons Ta oToIyEla wds ypaupfis fi oTHANS ToAaTAaoiaofol
b AeR, ToTe kai TO SUATTUYHX avTtiis moAAamAaoi&leTan i A

5 To duamruyna Opifolons Stv peTaPdMeTan, v els T& gTogela Wids
oThAng Tpogdiowuey T& oroixeia wds &AAns oThAng moA[obBivta Eml A # 0.
Trv &mobeifiy TGV {10 TwY ToUTwv derivopev el Tous padnTds ©S
v. g kai TNV SioTumwoty K GAAwv Tuxov iBloThTwy.

&oxnol
apadeiypara: N& ebped 1 TIHh T@Y xaTwb dpilovody :
a) 135‘ B) 1 o—2] Y) [qut‘i
A,:246i Ap=|a-1 3 Ay=|1p p?
3 1 2 1l-« }; y ¥
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i 1.3 5 1 3
G)fz 4 6 2 4 A =4+544+10-60-6-6=—4
3w dy— I8 =1
1-) of=2 @ Lgme
By |la =1 3 &« -1 A=a+ba—2a—4-3+cP=a+5a—-7
2 4o-—a 2 1
I i ma? a
Y1 B B 1 P|:A=cP Py aty-oB-ply-ay?=(a-P)(B-1)(y-)
Ly v 1 v

X + By + i =&
X + By + Yew =8, (1)
X + Byy + Yaw = 85

Aboig @ AauPdvopey Tas EAdooovas dpifovoas Tis Spifevons TV OUV-
TeAeoTdy TEW GyveoTwy TOU ovoThueTtos (1)
B2 Ya Pin
BaYs Bsvs
ki oynuaTilopey TOV ypapuikdy ouvBuacuov

A, (X + By + Y1) + As (X + Bay + Y3e) + Ag (caX + Bay + Ya®) =
=AB, + AB, + Ay (A + @A + 2ADX + (ByA; + BoAe + PBshs) ¥ +
:9‘ (AL + v2As + YaAa)o = Ay + A8, + ABy CAMK elven @ PiAL + BeAr +
T BA, = By (Byys — Bays) — B: (Brys — Payr) + Pa(Prye — Boyn) = 0

’ETTIO‘T]g glvan @ YA+ Yoo + YaPs = Y1(Pays — Paya) — Ya(PrYs — Bayr) +
Ly Ya (5!)’2 s ﬁa}’x) =0 "APG (GIAI + A, + %As) X = 5|A| + 8,A; + B3As ‘

— *Eoto thpa npdg rbewv 10 cbaotnpa Tl

A= -_A2=l » Ay

=l

o P & P11
AlaPyya|l x=|8Bva| A Ax=8; (2
o Ps Vs 8 Ps Vs

,EPYCIEéuevot ket dvdhoyov TpdTov AauPdvoue
| @By | RN
vy

| By - w=| @by | } B.¥=8 O
‘.%Bs)’l‘ | 83 7s
o P | o Py By
QP y: |- =] %uPabs A b.o=08, (4
o Py ys | oy Pa 85
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Edw elvar A # 0, TéTe & TV (2), (3), (4) Exouev :

B bt
x_T'L‘IJ_'A'w”'A (5)

“H&n maparnpoUpey, 8T kal Sia Thy Emidvow ToU ouaThuaTos a' Pabuol
p¢ Tpels &yveoTOUS SUvarTan va Epappoafiy & kavov Gramer.
Ateupedvnoig tod oLOTHRATOS (1)

Araxpivopey TECOQPAS TEPITITWTELS
1) ’E&w elven A # 0, TOTE ai Spilovcan Ay, Ay, A, Btv elven SAen pndév.

"Eotw A, = | Eﬂ :2 # 0. Tére 16 ovotnua (1) elven looBlvapoy  Tpds TO
3 T3
ouoTNHA :
mwﬁ+&w+y@y+mmﬁ+Bw+y@}+N@ﬂ+mW+h@=&N+
b 8,A, + ByA, Boy + Yo = 8 — X
(6) Paw + Yad = By — X
Al Eradoers Bay + Yaw = By — cuX kel Py Y + Ys® = By — ax &roTEAOUY
Bz V2|

oUoTnua Exov plov povov Auow, ST UmeTédn # 0. "Apa T cloTnpa

Ps vs
(6) Eyer plav povov Auaw kol ouveTréss kol T toobuvauov avtol (1) Eyer plav
pévov AUgiy, ATis AauPéveTar éx T TUmev (5).

2) ’Eév elver A =0 kai &g rouhayioTov TV A, Ay, Ay elvon Bidpopos
ToU pndevds, TéTE Bk TGV (2), (3), (4) xeBioroTan Tpopaves 811 TO guoTnua (1)
elven &Buvertov.

3) 'Eav elvar A=A =4y = A, =0, Téte TO oUoTnua Exer dmelpous
5 TAfiflos Augeis, fiTor elven &dpioTOv.

4ywuq=%=m=&=m=%=m=n=n=&:m=m=a
T4Te TO ovoTnua elval TautoTiKdy (X, W, w ovaipeTor)

Maparipnots 1) Kard thy o Ty TepimTwow, tdv elvan 8 =8, = &, = 0
kol ouverrdys B, =By =86 =0, 16 ovugTnua (1) Exer plav pdvov Alow THY
unBevikfy, TO BE gUOTNHX koAeiTal OpoyYEvES,

2) ’Edv A, Ay, A, , b, elval Sha Biagopa ToUu pndevds TéTe Ek Tow (5)
AcpPdvopey :

2 eegbl Wil B B UaboeBa b, O g
Bz A By AL N 4 Ay Ay Ba R
q TR, x+y—-z=1
Mapadeiypara: 1) N& 2mAubf] 1o oUoTnua : Z 3 PR
§ 4 28R | x+w+22=9

Adoig 1 Suppodves TTpds TOV xovdva Tou Gramer AcuPdvopey :
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L | 20 i ey | I gewy 1

| 62 1 '\—1 6 1l W_l 2. 6
S L et e @ | L1109 _
S _1—"“1'“’—1 B lpsd '|—2-‘-’—2"‘1 e

it sguued] —L 2 3] a2

| (1% g {41’ 1 ‘2 S e

OUw Exomev THY AUOW (o ) =1(1,2, 3)

2) N& émAvBR 1O oTUoTIUG Six4+ytoaz=—4aN—Xx+ YT
+az=—202A2%+y—-2z=—1, X w2z ok

Avois : A& Tou kewévos Tou Gramer AcuPavouey

7§ R N - | 1 —4o o ! [ 1 3 —4a
=Jat o & =] =2a* '« -1 a -2
e D I S T
| 1 3 a] 1 3 « ERE R ST, k
-1 a o -1 o c\ IR )
g 14 QI T | 2 AT

OUtw Exopey THY AUow (x, ¥ 2) = (o, — 20, 1)-

ALKHIEIZ
a ‘Opdas:

164) Na tmAuBouv &ia 1ou xavovos Tou Cramer T& ouoTnuaTa :

X
1) 9@x -3 —10(y+3)=19 Z)Tﬁ%ﬂ
X
6x—9)—-25(w+4H=-56 g+$§-:5
3) x + oy =2 4) kx +(k +Dy=2 5) x + by =1
X +y=2a xif- Rap =il W+ Dx-—y=2

6) (@a—P)x + (a+ By w=2(+PY
(G+ﬁ)x+(¢—B)w=2(°’+2uﬂ~ﬁ‘)

gri0ipias:

165) N& EmAuB 16 ovornua ¥ Z':IE::T Y o o Bu Bo i e R
s 1 - g 2

1) &v YI=Y|=OAG@,~9;G;?‘ED
2)6wu,¢0\”|3k#0/\0:;5-=0"\¥4'*‘0
3) &v |5,=5,=0A0|Y|—“IY|#O
4)&\;3‘:‘}‘:0/\7‘;&0!\(0.9‘0\'ﬁ,ﬁo)
5)&vu,sa,=ﬁ,=ﬁl=0f\(‘l’l¢ovY:#O)
6) av ai‘:Bi:Y::O
b} ﬁvc&,:ﬂ':Y.:Un’\(G;v‘GVEli‘o)

{ : . : Z_-(J\fl)xti!uv-—z
166) 814 moleg Tinds O X ¥EL B <l | @A) X+ (Bu-l)y=-3

dmoux, , A, LER, Exel &relpous TO wAfifos AuoEls ;
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167) Aix molag kai Tag airas Tipdas Tov A kal p dupdTepa TA guoThuaTa
I, ux Ay =1 | — i+ A+ 1D)y=2

S el kal Z, : J A elval &buvara ;
Yy ‘Oupdés:
168) Na ebpedf) f mipt) ixdorns Tiv dpilovodv :
13 % 531 1 1 4 |
1 2) |3y | gy [ g
1410 10 61 a p P |ﬁy+q p[
I1515 .1591 ot B sy | ¥ Y u+§5j

G Py Pl Y
By Yok =P
y-a a-p B-v |
169) N' dmobeixfolv al k&twh TautédtnTes : y @, B, YER

5)

l+at ap ay 1 1 1
) 2)
ap  14p* Py = al+Priyitl 2p P—y—« 2p =
ay By 14y® 2y 2y Y e—p
=(a+ P+
5 '‘Oudg:

170) Na& tmAuflolv Bid Tou kavévos Cramer T& ouotiuaTa :

X+ y—2z=—15 | [3x—y+3z=1

D |

| | 2)|—x+2\y~z=H?
| K—\F"szi % ) S 05
|-2x+w+z=15| |2 +tqt+ta=—73
X+y+z=1 (1 U VI R |
3) x 4 ;
ax+ Py + yz = X+ay + w=a
| atx + Bry+ ylz=8* Xty +aw=at

57. EMIAYZIEZ LYETHMATON A" BAOMOY EIAIKHE MOP®HE Al' EIAIKON MEGOAQN.

‘H tmidvgis copoptvev ouoTnuaTwy a PabuoU elfikfis HopQfis EmmiTuyYS-
vetan B elBikdy pebddoov (TeEXVaoUATWY) TOAU ouvTopwTépwY Kai &TrAoUOTEPGY
Qv yvwoTiv peBdBwv EmAUcEws.

"Avagtpopey  xarwTépw elBikas T peBoBous EmiAUoecs uaTnpdTv,
tx Tév ouvnBus Tapoudialopéveo.

a) 'H piBodog tfig npocbicens thv égiohecwy kata péiy,
A& s uebdBou TauTng EmAvovTal ouoTAuOT i Hop@fis :

X1+X2+K;+-~-+va1=0;

Ky i g e e s 5 =Sl 0 X

XaF X+ X+ . X =0 OV X, Xy ..Xy &yvwaoTol
veN kai v> 3
e 4 R0 00 R A

90

Wnepromoir@nke amd 1o lvatirouto Exmraideutiknig MoArmikng



“Av Trpocfiowpey KaTa pPEAT) Tés Eiodoes ToU ouoThuaTos AapBavouey
(V=D (K + X+ -+ X )=+ G+ ...t =
T e )

* AkohoUuws auvbuddopey txdoTny Elicwaly ToU oUoTARATOS (1) wé v (D),
Sméve AauPédvopey dvTioToiXws !
o+ xy = i‘tﬂ;’:T—iﬂ— | $e i e B e O o 2] &

R = |

—(v—2) o+ 03+ ... + Qv
40, = .L.tu“’tl + av A XJ:ul ¢ ) tv_,; v
§ » K. O. K. . . . . .
v a + ... +ov,—(v—2«a
N, +a =°‘—“‘;%—i"“—" B Ry, =t U w—2)av_

Mopaderypa : N& EmAvdf] 10 ouoTnua :
X4+y+z=1, y+z+0=3z+0+x=2 w+x+y=6

*Eridvorg : A rpoafioens KoTd AN TV EiodoEwy TOU OUOTHMOTOS
Exopey 3(x+\y+z+w):]2, R x+y+z+w=4(3)

"AgoupoUpey KaTex HEAT) txédony Elowow TolU ovoThperos &me Thy (3),
Omée Eyouev dvTioTolyws !
W=3 x=1 y=2, z=-2

B) 'H pébodog tiig ypnowponoriioces Ponbnrikdy Gyvoetwv.
A& s peboBou TaUTns EmAUOVTAL T& K&TWH oUOTAOTA :

L Na tmiodiy 10 obotnpa: | caXi+ B+ X+ .. +X) ="
dmou Xy, Xgy - . - Xv &yvewoTol ()| oXe+Ps(X+ ... +X+ X1) = Y2
q“:ﬂv,)’y-';éo ......... Ll W Lo Biphghs
veN kal v >3 Xy + Py (X + X3 + - X)) = Vv

"Enilveg :
*Av Btowpuey Sou X, +Xe+ - - T XV = K, T6Te #xdorn Tv thiowoewy J

TOU guathparos (1) &vTioTolXws YPOPETC

(lel + 51 (K—Xl) =Y X = (Yl - BIK) / (Gl = [31) “O:ogu

o 1
qaxg + 9: (K = xl) =Ya P Xy = (Yﬂ ¢ ﬁJK) f (G, e ﬂx) (2) G: e BI

AXA-B, (K= %) = Yo xv = (yv—BK) [ (av —BV) o+ By

MpooBéTopev™rds (2) kard WEAN, bdmédTe AapPdvopey :
L — Bt i
PTTNRTD . 8 Co LSRR Ll L E S O]

i a, =Py ay — Py ay — Py

H ttlowaig (3) elvan rpwToPdBuios ¢ pds K, fi dmola Avopévn Biber :

K = Y Y3 YUANN % E' 3 ,,ﬁ‘ - iEY
('cx[—_a—, + a — Py R o e )‘/ (l +°- *ﬂ:+‘1'“ﬂ:+ 3T g P )
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Smep, Eotw K=C. Trw gy K= C BéTopev el Tas thiowoels (2) kai Exopev
TAS TIHAS TRV X), Xz - - o9 Xy

[apaderypa : Na émAuvbf] 10 guoTnpa :

4+ 20w+2)=8 4y +3@+x)=62-4x+y)=8

*Enidveig : Oftopev 6mov X + ¢ 4z = K, émoTe ai ool ToU ouaTh-
patos ypdgovtan : 3x + 2 (K—x) =8, 4y + 3(K—y)=62z—4(K-2)=38,
B Gy x=8-—2K, y=6-—3K, Z=(8+4K)/5. MpooBéTouey kata WéAn,

; e INK o R o A, ,

dmote X + ¢+ 2= -—g—— kal Gpa K= —— K = 3 Téhog 81" dvTikaTO-
oTéoews Ths Tiufs K =3 Exouev :
x=8-2-3=2 y=6-3-3=-3, z=B8+4:-3):5=4

2. Na Emhudi] 10 cbotnpa: | axtB e tB o+,
X1 Xgy . - - Xy GyvwoTOl e Y2 A i
Xy, Y‘:BW E#O 5lx1+8‘ﬂx2 + +5vxv=E (l)
veN kal v 2 2 |
"Erilvoig.
log tpomog. TH Ponfeia Tou BewpripaTos T@Y lowy Adywov ExOuey :
B B. B
o v
S N T L . S S
Y1 Y: Yv Yi Y2 e Yo
a, o iy
5,B, 8 By
Toi gyt ok) 1 Tl % Swyv
oy Oy av
; 8,py &P, !"VPV 4 Ej?_l Ez@': 5Py
ByXy +8:%st - - + bxvt g T o ++ T E.:__E'_‘_r__ch—r- ST K
By, Gava 4 Sy S o B X TR
E‘TG:+-“+GU o, “1+.-*T‘t:—
. B B8.Ys &y g
&Tou a0, -, @y # 0 kal ;T-Ur%‘f- - +:Tt‘ # 0. "Apa ‘i’-‘;—,iﬁ: K,
1
EI'§'Y+P-'= K,.. ‘,?"—x—;—:if = K, & S Exouev Tas Tiuds TGV &yvdaTwv X
il Lo 1
20c tpénog. "Edv ExaoTos TGV Towv Adywy Exn Ty K, TéTe 8 Exwpev
= i aXy + = ol
X+ Pu =K'u,x, + B - g vt Bv =K, 8 & %= Ky, — B, ol
Y Y3 Yv a, v A2
Ky:s— B Ky.—PB \ i
== _Yici ey Ry j} EY(2). Tés mwas (2) dvrtikaBioTduey elg Thy Bev-
e v
= ; " Ky, — =
tépa tiowaoiy TOU QUOTNHATOS, OTE 5, Y'q P + 5, KY; Ps T I—— Bv}inf'_ﬂ\';:
4 e \ 3 . " Y ay
— ¢. AUt elvan TpwToPdBuios s Tpos K, fi dmola Avouévn Bibel :
{ 515, Baby ﬂvsv / (51Y| 5:)’; B,y
= it i mo ALY L OV
K (e+ul+q1+ +qv) c:.J"a, WL av)_('

Tiy Tipt K = C Bétouev els Tds Etiooels (2), OmdTE Exopey TAS Tipas TV dyvar-
OTWV Xy, Xgp0 - -1 Xy
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dh R DMl l__c..:—2
Uapaderypa N& émiduby 16 ovotnea . g% o — §
X —¢ 4 3o=—2
*Eniivorg : “EoTtw K fi Tipn EkaoToy & fowy Adywv. TOTe EXOUEV X — 3K,

y=9K—1, w=05K+2T18s TIpGs aUTas BETopey s TN Elo. X — W + 3w = —2

me: 3K—(9K—1) +3(5K+2)=-2, & fis K = —1. Téhos 81" &vTikaTaoTa-
gecs THg Tipfis K= —1 Exouev X = — 3, y=—10, @=-3

1

| 1 1
| —_— e e el =
A | X T Xy 1 + Xy—q 1
3. Na #mavBf) 10 clotnpa : gl 1 |
o--irfes ke Rada
Ky Xgpo o o g Xy SyWOOTO! # (1) | * X3 Xy
veN ked v 2 3 sy AEBS ¢ (RS2 G +
| 1 1
‘ Xy ath _1 S i Xvos = Oy
*Enilvoic : Oétovtes O1oU o R o = X L x' S bl e el
' o U X & 1 X = 25 X — 3Ty v
T0 gUaTnua, EXOMEV :
:,1 i X‘z + ...+ x'v ] To oUotnua (2) tmAleTan Bid Tiis HeBO-
ok X s v e = A = : .
.,1 9 3.+ + i (2) Bou Tis Tpoobaecs TGV HiowOoEwY KATA
Ry ok I — péAn, éméTe 81° dvTioTpogfis TV TIMWY
Ry i i K B DR TS TINGS: Xys Kgy o5 Xv

Hapadeiypata: 1) N& ¢mAubf TO cuoTnua :
1 el ipd s g e g i
oy o ep g SRR R

*Eriivoig : TMpémer va elvon Xyw # 0

: L el . :
OéTopev e il epesinyy b1rdTe AapPdvopey

X! byt = 5

: 76_:, Ard TpooBéoews kaTd wEAn TV (1) EXouEV |
V4w =] ; i ' 13 ; : el 5
2 2ty Tw)= ﬁ.é{ﬁgx+\p + @ =Ry (2)

~r

ol w

G =
ixdoty Eiowow & T (1) dwd THY ttiowaw (2),

i 1 v 4 .
Sméme Exouev dumoToixws @ W = 7, X = -12— A= 4 , kol dioAouBus X = 2,

3
V=3 w=4

AQaipolpey KaTd AT,

" o z ' 3 Xy = w - wx
2) N& &miAudf) 16 oUoTnua & Zra s = Vs Y‘P‘*‘T&:’ = B, S

"Enf)veig : ‘Ymwobétopuey oPy # 0 kal xyw # 0, dwdTe TO oUCTNUA Ypa-
PeTan ;
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ax Py 1 a B 1  Oftopev bmov L X, = =y’ 1
Xy Y v Xy ; X 1 w
yy+aw 1 e Y 45 o &TrdTE AauPavopey :
yo B w "y B oy’ +PBx = lfy|
potye L S L yo'+oy =1 (1)
wx a X w a

Px’ + yw' = lfa|
Awa Tpoabécews T@v (1) kaTa péhn AapPdvope :
; : e PRy : . v SRRy oY
2 (o' +Px' +yw) = L # s oy’ PRy = S50
*Apaipolpey &mod alThy tkaoTny lowow ex Tév (1) KaTa péhn, Ote Exopev :
. _ ay +Py—cap . ap+By—ay ,_ ay +ap —By =
ra = dapy ¢ PX'= 2apy ' = 2apy p
W' = (oy + By —aP) : 2apy? x' = (aP + Py—ov): 2Py, ¢ = (ay +
20y  _ _ 2aply
ay + Py —ap ’ of + Py —ay '

+ap —PBy) : 2a*By kal drkohouBuws w =
o 2a*By
Y= Tay tap— By
Inueinog. To Béua Tiis EmMAUCEWS oUTTNRATWY 51" el&ik@v pebodwv oUBdAws ElavTAei-

tan bvraifa. ‘EfapTdTon 5t &md Té elSos ToU ouoThuaTos kal dmo Thv BetioTeyviav xal euyé-
perav ToU doyoAoupévou pé auTd.

ALKHEEIZ

171) Na émAuolv 1a drdAoulia guoThpaTa :

) | x4+y==1 ) I x+ytw=4 D Ix+y+w=2
y+w=-19 y+wt+z=—2 X+3W+w=6
w+x=2 wtztx=1 X+y+3w=—8

lz+x+y=-3

4) |ax+y+w=1l 5) |x+ty-w=d 6) |mx+wyt+z=1
x+ay+w=a y+w—x=p X+ gy +z=1
X+ ¢+ oaw=a WFHX—Y=Y X W Eur=]

172) Na émiiubouv 1d dxdhovba ouoThpaTa :

1)|x+3(\p+w+z)=15 2) |ax+Py+z+w) =y
6y + 5 (x + o +2) =36 oy +Bxt+z+w =y,
[Bo+x+y+2)=1] az 4 By (X + ¥ + w) = vy
55z+2(x+w+w)=i7 °W+BS(X+W+Z)=YI
DL LR e yrE _way N mesfpeyo
T T n v A | 1 : ; l
2**’4"_“:2 J A+Y+w=xK |T+T+:J;5
e i S o N Xy
iT+~p+u—’ TR
| 1 1 1 1
"TJ+ ) + i Sk .
g ooyl o0 Vo Fwx—wx
L=
g pr Sropral D - W ‘L Xy
| Z+ x+\v_ 6 };,x__'_ww_‘_"xv =
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8) | xyw = o (yw — wx — xy)
Xypw = P(wx — yw — xy)
Xy =y (Xy — yw — wX)

173) Né& émAuBolv T dréhouba ouotfuara :

1) |x+y=3 2)1vx+w +z+w=v N2+ tw=—5
y+w=5 X+wtztw=v x+2(y+w)=6
w+e=7 X+ytvztw=v 2(y+w +z=0
p+z=9 . X+y+z+va=1l 2@+x)+y=-1
z +x=6 !

58. ESIEQLEIE EYMBIBALTAL

x—2¢y=—4
*Egrwo Trpds émiAugw TO gUoThUa 2‘_ 3x +y=9 x,yek
TPy tiohoswy i BUo ryvaoTOus. X+ 5¢ =17

EmiAvorTes TO ovoTnua T&V Buo TpdTwv ttiowoewy eUplokopey :

-2y =—4
[nnicwew A Z70 7 = (29))

Maparnpoupey &7t fi eVpedeloar Aais (x, ) = (2,3) elvan Avois xai T
;Pimg 0. X + Sy = 17. *Hrou ai Eiochoels ol ouoTiuaTos Z Exow KowhY
Vg,

T thiohoers Tautas kahoupey ovpfifactas kai 16 ouoTnua 16 &moiov
&oTeAoy ovpfrpactov.

"Ev yhvei, &Tow Té mAfifos W TGV tEiodoewy elvan peyaUTepov Tou TAT-
Sous v réow &yveoaTeov, TOTE EKAEYOUEY V EEiochoeis, Tos dmmAouoTépas, Kol Avo-
Mev 18 gygTnua T& Smrotov moTehowy, Ep” Soov Exn TouTo AUowW. ‘H AUais TOU-
ToU Edy elvon AUois kal Tév UroholTaw Eiodaewy, ToTe af p Eiohots elven gup-
Bbactai xod 16 cuoTHa abTéy cupPiBactoy, kv by, TéTe ol Eiowoes glven

ufiBactor xal TO gUoTnua a@dbvarov.

Mopadeiypata: 1) N& eupedii oxéols petaly Tév oy, oy P Pe € R Tav’
Riodsoecoy ax, + Py =0 kal ax + P = 0, émou oy, @ # 0, v alron elvan
TupiBaoai. ¢

Abaig: “Exopev Tag AUOELS ! {x/xeRAax+B =0 }:{ 55 }
{x,fxeR/\o:,x+[aﬂ=o}:{4%}
8oy vy glven :
P W B o
a e w & B % By |
s elven # InTtoupbvn oxtois. To dvrloTpogov Tpopavs.
" 2) N& elpedfj oxéals petoky T@V OWTEAETTOV Oy, 4, 4, Busis Yuww R TGV
El(r(,;;Uva X + Py = Y1 (1), X + Py =Y (2 aX+PY =173 (2), omou
%+ g, |20 ,|a | + |Be | >0, | oy | + | By >0, v alran elven oupPipaoTai.

L ﬁx_ <= a By =0,
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YiB: — viBy _ 8x
ofs — a,f, A
ay: — %y _ By

Ry vemr il f omou oyP, — aufy # 0. Altn 7 AUoig Btov va elven Auoig

Aboig : ‘H kowvn Auois Tév (1) xai (2) evar x =

kai Tfis (3).

. % " @ By

Hrou : C‘a"g t By ‘s—:‘r’a > af, + Py =Vid = @By y: =0.
o s Ya

AUTn elvar 7y {rroupévn oxéols, (*)

59, AINAAEI®OYEA LYETHMATOL (LYNAPMOZOYELA).

Fic T&d dvwTépw BUo mapadelyuaTa oudPipacT@ Eliowoewy al eUpE
feloa oytoe elvon TO Elcryopevoy THs dnarowpiic TGOV dyvdaTwy petatyu TV
Hiohoewy TouTwy, 81 8 xai kaAeiTan drakeigovea ToU ouoThpaTos Tdv EEi-
OWoEWY.

‘H &mraheipousa vdg ouaThuartes elval f| ikevn kai dvaykaia guvlnkn,
va 16 ovUoTnux elvon oupPiPaoTov.

Mapadeiypata: 1) Na eUpedfi 1) draheipouoa ToU guoThuaTos X4y =3
2% =3y =— 14, Ax 4+ uy=v, ALvXy R

Avoig : Kard 1o mapdderyud (2) Tfis TpONYOUHEIMS TTapaypapoy EXOHEV:

i %1
|2 =3-14
A M v
‘H oxéoig A+ v =4u elvar ) &maheigouoa TOU OUOTTUATOS.

2) A Troiaw Tiwhy ToU AER 16 ouaTnua elvan ouuPiPaaToy 2Ax +y =M
x4+w=3, x—=2p=24% R

Aborg : “lva TO ouoTNUA elvon oupPiPagTov Tpémel 1) dmakeipovox ayTol
va elvar 0.

Mot | 205 10 N
[ 1.3}=0 =+ 22246 —Q2+20)4+(3—N=0 =+
1 -2 2

.
1

=0 <« A+v=4

. _ SR e
P 5 Qore, Brla A =— 3 TO Bobev ouoTnua elvar oupPipacTov.

AZKHIEIX

o ‘Opbsg:
174) Na ttetaotf av al tiodoes elg Ta kaTwh ouoThuata elvar oupPiPacTal fi OX!

) x=5¢=0 2) 2x— %-_-23 1

x=w+4  2ax + Py =P+ 20t
AN r X 2y
Ix—Ty=28 = -.313

( Feie 1 e Tyt B
(*) TTE v ELVEL AQL XAVY mEETel

Y6 a,Py - aupy # 0" oyPy — ogPy #= O v N8 ap, # 0
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175) Tola oyéois ouvbéer Ta «, P fva T& dxdrouba cuoThuara elval ouupifacta

Dax=p-1, Px=2a+1

DPx+ay=13 y+2&x=2 2px+3Py=1

176) *Av al Tpels thowoeis : ax +By =1, ay +pPx=ap, x +y=a+ P sha
NuBiPaoTal, v dmobeydi &1t (a4 B)'=aP + 1

B ‘Opés:

177) N& mpoobiopiodf f) Tiuf ToU u € R, fva 1é avoTnua Tév thiodoewy (b —7) x = 5
Kai (Bu— Dx=—-1 e oupﬁﬁaa‘réﬂ. 'AxoAoUBuws va AuBij To ouoTnua.

. | (a® —B* L] i—0
178) N& elpedij fi &raheipouca ToU ovoTiparos ( RARGHE

x+a+p=20
179) N& ebpedfj | dmahelpouca ixdaTou TV dxo)\ouﬂmv wcrrnu(nmu 5
1) X + Ay =—2 2) ax +yy +p=0 3) ax+Py=y
X+ uy =— yx+ Py +a=0 ax + Py =y*
X +wy=—¥ px +apy+y=0 a¥x + Py =y?

%, OMOI'ENH FPAMMIKA EYETHMATA.

‘Opropds 1 Mla yoauuixr) éilowais xaleitar duoyevis, éav 6 yywotds dgus
Wi elva ‘ur;éfvmdg ny. Al tiowoas ax + By =0, ax + Py + yw =0
N} 4 oyXy + OgXg + - .. + Xy = 0, &mou x; petaPAntad, elvanr ypaupixad
Hoyeveis,
Kard ouvémeiay Bv oUoTnUa YPOUUIK®DY opoyevédv Elicwoewy elvar & p o-
Teviec ypappixkov cboTnp .
ougThpaTa: | ax + By + Vi =0 | o
%X+ By =0 | X + Puy + v =0 Z‘iigl‘*‘ih::g
UK 4 Py =0 | gk + oy +ysw =0 | 0 P¥TYES
Elugy YPOUUIKE SUOYEVf] ouoTHMaTA.
n Znp. “Evas ToudyloTov K T&V ouvTeheoTdv Séov va elvan un undevikos.
op%wns Aot Evds duoyevoUs ypomUIKOU ouoThuartos elvar ) pndevixd (Aol
waror 0) ouverrdss Exer wévToTe piov AUow. Mewdren tvraiba 1o Epdd-
e, &y tkTds THig unBevikiis Exn k1’ GAATY AUow f &AAas AUcels.
Ixomds THs peAérns TGV OUOYEVGY YPaHMIKGY ougTnudTwy elval fi dva-
Cqmc’ls TGV uf undevikdy AUcewy aUT®OV.

6
L IKANAI KAI ANATKAIAI TYNGHKAIL, INA TO OMOTENEE FPAMMIKON LY

LTHMA EXEI ATEIPOYE TO NMAHOOL AYIZEIZ MH MHAENIKAEL.

| ax + Py =0

l. *Eoreo 16 oUomnua Z; ¢ ‘ X + Pay =0 a2y Pua X, weR
2 ’

EH # 0 Téte 10 cUoTnua Exel plav kad povov Au-
2

o K
Wk buraiBa Thy unBevikiy (0, 0), fiTis elvar Tpogaviis. "Av g‘ =0, T16-

LTS oVornua elvon &épioTov, Eyov dmelpous TO WAfBos AUoeis, drokAeiop-
s Ths mepimTdoews ToU &buvédrou, e’ Soov Eyn wlav Aow Thv (0, 0).
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Tag &meipous 1O TAfBos Auoels gUplokopey TTpOPaVids tk pids EEiowoews TouU
3, 6Tav & els &yvwaTos ey cBaipéres.

'AvioTpdpws. “Av 1o oUotnua Z; Exn tktds Tiis Aoews (0,0) xad THY
AUow (X, Y1), TOTE T dpifovoa TV qurteAsoTay Biv Sivaran v elvan Bidgo-
a P

| = 0.

Ay ﬁz‘
“Qote | avaykaia kai kavi ouvBiKT, Iva 1 obotnpa I, Exy Ektdg g M~

oewg (0,0) kai flhag ancipovg o mhfifog Aiaeig, elvar 1| Opifovoa @V qUVTE
reatldy tdv dyvietov va glvar 0.

pos Tol 0. “Apa 6 elven

o, &

\
o ﬁll =a152_32ﬁ1=0¢ GT —_—.gs

*Hto1
v ) ‘GIXJF 1Y +Y1m=
Il. YEoted TO oUoTNHA Zz; l X + Py + Yoo =0

Spoyevis ypaumuikdy buo thigwaewy u Tpels dyvdboTous. TTpogavis Auaig TouTtoV
elvar (x, ¢, @) = (0,0, 0)
“YrroBéTopey Xyw # 0, TOTe TO oUOTNUX T, Slvaral va ypagd

%4 x’+ﬁ1i i
;" f:, AUovTes G5 TPOS —’:: kal E; Aappdvopey

Oy 1’;‘"52; ==Y

| =a = P 7 |
x |nbl_Bwl X . @ |
w o Py % ﬁh; Bl \‘:‘1 P ’

a; P o P |Be Yil o P L coanelt L L @z

‘i 5 W i | Y1 Gfl ‘ Lﬁx Ylt | Ps
‘ii_iSﬂ_—Yzﬁ=LZ=Eﬂ; Nupiy groliion | Be vl |ye cul lowPs
w o B | & ﬁ1| Y1 < a By \

. Pe 1o Bl Y, &l o Byl J“
Oi Aéyor olror Exouv Ewolav étow ol dpifouoan TéY TapovopaoTdy elvat e
gopo! ToU unSevos.
W W

X
§ BV —— = T & =2
Avnapbens: "B B = iy T ey T MR
|ﬂ= Y |Y: o QP

[Br 7 Y1 & |°‘l Bll

| | 3 kS 0 ) O N >

| Bs v Ya | o Byl £ ToTE ol Tipad

Pr 71 v o a By ,
= ,w=A ,w=A elvar Avoeig

. B: Y2 i ‘Yﬁ Q) A, ﬂxt

ToU ougTAUATO§ Z,. ToUTo SleTioToUTal eUKOAWS &V QVUTIKATAOTATWHEY 168
Tipds TaUTas els Tas Eliowoe TOU Z,.
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“Qaorte 1] dvaykaie kai ikavi) ouvBikn, iva o cbotnpa I, éktog tiis Aooeng
0,0, 0), Exy wai dhhag ancipovg 16 mhijfog Aboeig, elvar a;f, — af, # 0, Byy.—
By, #0, v0,—7y,0 # 0.

aXx+ Py +rw=0 (1)
X + Py + v =0 (2)
aX + By + yso =0 (3)
Mpogavis Algis ToU ouoThuaTos 2, elvan 1y (X, y, w) = (0, 0, 0)

Hl. *EoTed T oUotnua ¥, :

vy (1) xal (2) Aoupdvopers x=AlPt V1|, =2 |7 9| % Prley,

8 B: Yol Y & % P

Tote A (3) yiverar : A[ay (Byy:—Pavy) +Bs (i, — cuye ) + vs

( o Py

4By — Py, ) ] =0, ATis ypdoeTon xal oUrw : Aoy By Yu|=0 A A.A=0
a Py vs

.Eé“’ A =0 Té1e A=0 xad ouverds x =0,y =0, w =0
i A =0, 1é1e Bid AeR ix Tév (4) 8& Eycouev dmelpous To TwAfBos Ao,
% Soov & A EhéyeTan aUBanpéTes.
'Avniatpégog 1 "Edv pia AUois ToU cvoThuaros X, elvar 1 (X, Wy, @) #
(0,0,0), Téte A # 0 xal ouvends & Tis A + A =0 mpokumter A = 0.
W, "Qore, kai £6® 1 dvaykaio kai ikavi auvlikn, fva 10 evotnua I, Ektog
" 5 mﬂemg (0, 0, 0) ¥xq xai Grhag dneipovg 1o nhfibog Aboeg, elvar 1 Opilov-
OV quvteheot®v @V dyvdotoy va elvar 0, (%)

o Bon
% P Y
% Ps Vs

*Hror : =0

Hapaseiypata :
3x+2Ay =0

1) Ak Trofav Tipfy ToU Ae R T o
g T e Oy i 0

¢
8yt ; g
Xa kad &Ahag AUoels ExTos Tfis undeviks ;

FAGE O O
DR oL el o3

Dd‘}'uom- S16m ToéTe 3x 42 (—- %) y=0 3Bx -6y =0 ]
<=r

44x — 8y =0

Abog : Abov vi Eywpey

port L

4x—(——%+ 1)\4}:0
1]

1]
22 =0

;S : . 2 b = '
2y =0} kal Eropévwss 16 olvolov T&Y Alcewy Tiis TRWTNS
thiowoews looUTtan uté 1O ToloUTov THs BeuTépas.

(%) =7 7 - — . . = =z ;
I wal al B aoouveg dpilovont adths xata T orowyela pidg ypapphis va elva # 0,

99
Wnepiomotr|Onke amé To lvotirouto Eknmaibeutikng MoAmikrig



2) N& eupebi 1 dvarykalo kod ikav ouvbrikn petatu TGV o By M
ax4+y+w=0
<5 oUotnua ¥ | x + Py +w=0  En xai &hAag Aoelg #kToS
X+y+yn=0
s undevifis (x, y, @) = (0,0, 0)

. oyl nls 1
Avmg:Aéouuu.}l 1‘=0:’U+B+Y"°‘BY:2- -
Egope 3 ‘ 11wy elvon 7 {nroupévn owbhxn.

3). Né& &midubf 16 ouoTnud bx—y—w=0,3x+4dy=- 2w=20
Averg: Tpopavhs elved f) AVots (X, W, @) = (0,0, 0) Awx Ty elpeaw TV ah
Aov AUgewv, £’ boov Exwiey !

G
3

1 -1 =1] -1 6 0
= = 4 =-—3+4 12 J
4l 244320, 7, T,l=2+ ;eo,'_z ; f12 £

1

Aappdvopsy X = A . i i : 2

1=67\, \p:hi_é g‘l=97\,wm;\‘!g ;;_27?\
OUtw al Augeis elvan :
(x, ¥, @) = (6], 9N, 277), WAeR
my. Bia A=-—1 Aoupdvopey (X, @) = (= 6,—9,—27), fims el VL
TOU QUOTAKATOS.
AZKHZIEIZ

180) Aia molay Tpfyv 10U A€ R T ovoTnua 5x +(2A-1)yw=0,
Exer dmeipous To TAfifos AUOES ; — %4+ +D)y=0
181) 'Eqv T oUoTnua aX + By =0, Pix-+ aly = 0 Exer xal &AAas AUoers €xros
unBevikfs, Tola ) oxéols TV & xal P . ;
182) Tola tk T&V &rohoUBey guaTnuaTwv Exouv pioy pévov Auow kal Toia amelpe”’
16 TAfbos AUgels ;

1M

) x+y—w=0 2) Sy+4y+3w=0
2% —y + 40 =0 x—2y+w=0
x—3y+w=0 —10x + By + 6w =10 :

V
ax + Py + YY"

183) N& tmAuBolv T& ouoThuaTta X4 29—z2=0 ot 4 Bty
(xpnaooTorfioare Tés Bio SHOYEVETS ) |2x—y+32=072) s /]
thodaeis) At+y+z=2 X+ w4 w=gpY

AIKHEEIZ EMANAAHYEQL
184) A Trofag kel TS aUTds Tiugs TGV X kal y al opilovoa
X I =, A2
4 g B 2 41
449 3 5 3 -1 l-y
185) N& tmAuBolv kol SiepeuvnBouy T& dxdrovba oUGTHHOTE -

kal hapPévour duedTEpal THY TIUTY Q.

3 attoax+y="V

D x+G=-Dy=0 X v
1 pr+px+y=0
\IJ

:I(+2\P.'=7\—~4
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186) N' dmobexfouv ol k&Twd TauTdTNTES.

DI1T A - 2)|x —x 0 .
1 p —w | =A== E-A) AW 0 x* -1 =§—;3{
‘l v = 1 x x+1 (:#U
3)1«)’ ap Py 4) |B*+y* P  ay
1 | 1|[=@-B@-Nr-a |ap a4y? Py [=4'pPy?
‘ﬂ y « oy py o'+p*
187) N& dmiduBolv 81 ToU xavéves Tou Cramer T& ouoThpaTa
Deax+py+z=1 2) x+y+z=0 3) x+ay+2z=2a
X+apy+z=p ax + Py +yz=0 x+y+oaz=0
X+ Py +oaz=1 Byx + ayy + apz = 1 (a+Dx+aytz=a

188) Né& ¢mAudij kai Swepeuvndii 10 olotnuea, Sid Ae R
Dx+y+ro=1 x+Ay+w=2 x-y+tw=3

189) TMola f) oxtois peTaly T@Y ouvTeAeaTdv a kal P, Tva al tiodoes Px + 2ay = ap,

&~ By=ap, x+y=2a-p trainfelwvTan pé Tds alTdas Tipds TV X, Y ER;
190) N& mpooBiopiof f Tn ToU WER, va 70 oVornua
x"'(l-l+ Dy=10, 2x-—(4u+4 Dy=25 x—y=06 txe plav pévov Alow &v R.
191) N& elpedij # dvaykaia kal lkavly ouvBrikn uetall Tdv
ax + Py + yw =0
Px + yy +aw=0
X+ g+ w=0

a'x + By + Yo =0
ax + Py + yo =10
X+ ¥+ w=0

:' By wa 1o oUoTnRa
X0 kal &\has AUgels tktds Tiis Tpogovols

192) Na& ebpedfj | dvayxaia kal lxavh
Bhkn peraty Tév a, B,y Wa 16 oloTnua
N kol &AAas AUoeis bktds Tiis WnBevikig

; ax + +w=oa
193) N& &mobeiy6ij 611 10 gloTnua elva ! o +u$+ ]
:"“ﬂlﬁaa-rév 514 Thoas Tas Tiwds Tou aER [ oy e w1

KT ] .
% a=1kal a=~—1 |x+ y+aw=ga

X

( 164) Né& tmAulf xal Biepeuvn8ii 16 oloTnua P
‘_ﬂ BUo wpdtan Eiodaes dmoTeAoUy duoyevs 5
P

o i,
Yot ua SUo Eiodoewy pé Tpels dyvdoTous)
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KEGAAAION Vi

ASYMMETPOI APIOMOI — IPATMATIKOI API®MOI

(Zoprinpootg @V Sidaybéviov gg My I 1a8w)

A’. ALYMMETPOI APIOMOL

62. Eig Ty " Takw eibouev, 571 kard THV OmouBnY TV pnTév oYXETIKGV
apiBuddv SieioTeobn B dduvapia pnThs Auoews Tiis tEiodoews x2—2 =0, A
s x2—=3=0, A & ytver Tiis x*=6, dmou 8>0 xal pf) TeTpdywvos &piBuds,
1671 By Umrdpye pnTés, ToU Smrolou TO TETpdywvov v& elven dvtioTolyws 2,
A3, # 0. ‘Qs éx TOUTOY, TrpoéxuyEy 1) GVaYKN ETEKTACEWS TOU ouvdAou TGV pn-
TGV GpiBpdv pE ThHy Bnuioupyioy vicoy  &piBuddy, SvopaoBivrteov dppiitav i
aovppétpoy xal ol omoiol kaTeoKevdadnoay KaTd TpoTov SepamelovTa TAS
&Suvapias T&V pnTaV dp1Budov. Arradh vé xeflotaTar Buvarhy f Alois @V
&uw ELIoWOEWY.

‘H Beperlcoais TOU vEou GUOTAUGTOS TEW &PPHTWY &piBudy Eyive kaTd TPO-
oy TAnpoUVTa TS BiBaKTIKAS duéykas. OUTes, dywpioapey Tdg dxoroUBous
tvvoics :

‘Opropbg. 'Ex ToU &pipou aeN, xal s dmepduToy (dveu TEAous) dxo-
Aoubias yneiwy (novoynglwv dxepaioV) Wi Ware -« Wyy. .. oxnuerrilopey THY
&répavTov dxohouBiay &piBucov.

() a oy SWY: CRUNUA SR 1 ¢S < TERL SR
hy omolav oupPoAIfoHey & Wi W2 Wa- - Wy -

To oUupoAov TOUTO, 16 &moiov elven pia dmeipoyfigios BexaBikhy Topa-
oTaols, Gvopdlouev dppnrov #i aovppetpov &pibudy, & Bbv mapioTévn Bexa-
SikoY TTEPIOBIKOV &piBpoy (BnA. pnTéY), fiTor &, uerd THY \""TOBIC(o‘ToR‘ﬁv ctre
peTd o B g kol TrEpav, 5tv EppavileTon «Tpiipa ynelwvs travekapPavépevoy
Srapréds Xwpls THY tupdviow &AAwY ynelowv.

Mag épos THS axoroubios (1) elvar Evas pntdg mposeyyionkdg dviinpd-
cwnog ToU &ppNTOV &piBuol W WaWa: - Wy -

Tyenikde dppntog apiBpog koheltan s &ppnTos gépuwy Tpd auTol TO
(+) & T (=)
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m.yx. Ol &por Tév dxoAoubidov :

(@)1 14 141 1414 14142,

(p) 2 - <k5 420 1415, 14143 v |
elvar pnol WpDGEYYlUTIKOi dvmirpdowTrol Tou &ppriTov 1,41_42. LKkt EMAEL-
wiv | ko’ Umepoyny QUTIoTOIXWS xal tkppdlouy Tipds Tis V2 kata mpooEy-
yiow 0, 1 0,01 0,001 0,0001... 7
O0rw Eyopey 1< 1,4<1,41< 1,414 < ... < Vet <1'415<1.'42\<]'5.< 2,
dméTe Aéyouev 6T al dxoroubicn (o) xai (PB) Biaxxwpllovren &mwod TOV &o’\_:luug_
Tpov &piBuoy V2, & dmoios Sk Tov Adyov aUtdy duTiTtpocwmelel TOV ddu‘qu-
Tpov 1,4142..., Tov omoiov kofopilouv ai dkohouBicn. Me dudhoyov 'r-pO'rTqy
Buvépeba v xaraokeudowpey kal  &AAous dppriTous &piBuous Tiis Hopefis V8,
al uf) TETPAYWVOS.

i iiiridémg :;1 TcT:S AOVUHETPWV dpleu&'w,‘ 'rrpéaﬁecn}g, dch[p‘EUlS Tro?\,‘.oudig,
Siaipeots kal ol Eworan THg 100TNTOS Kad ‘\E‘VWOTTITDIS 6pl§0\r"rm s kel gl &Y
pnTéy (oUpHETPWY), xai Exoww TaS m’rrots' BepeAicoderg lBuzTn-rug,' TS én‘marcg
Exouv o Trpdters i T&V pnTEV. ‘Ouoiws dpileTan 1) Ewora Tis Buvduews &ppr-
£

N éiffpuo":ims auTal Eml TEY c':cuuuéTPf"" Spifucy Els T,r‘w oTOIXEIWET 'A?\rg-
Bpav yivovtar mpooeyyIoTIKES. GEOJF""OUUEV d“"‘"l TWV &zwuué“rpmv dpt,ﬁuwu,
TPOTEYYIOTIKOUS &V TITTPOOWTIOUS aUTdv (pf]Tous c:uvemig) ¢ 61rox?w5n-rro-rs,
Tpootyyiow GEAwpEV. O0Tws & UTOAOYITHOS ap1BunTIKGY vapao'rcn"n':mv' ué
douppétpous &pifuous ylveTai u¢ ooy éme__upn'rﬁv_'rrpocrh'ymw’, ) émofa otd-
Ver ub & TARBog Tidv BexaBikdv ynelwy TAV pnTwy dthvpocfoﬂwv T T.x.
Sid va dplowpey TO &bpoioua V3+V2 ““l.U"OM‘Y‘F‘”W"’ auTo, 7\“95?”0“5‘—'
W Tpootyyioty 0,01 Tous prToUs GTITTROOTIOUS Kl oxnuatifouey 16 &Bpor-
oux 1,73+ 1,41 =3,14. 6 3,14Vslvu; & TTPOCEYYIOTIKSS PNTOS CVTITPOOWTIOS

0 g V3+V2

Toy d;;u;;;gf:u:'m:‘:;uglu‘ GIG‘?OEI kol 17]7\[!(0"' ldppf'f'rwu fﬁfleué}r_SuvqT?_pr
v glvar pnTos dpibucs WX V3 - V12 = V36 = 6. ‘Opoiws YiB.s¥2=VYi8:2
B VQ-ET?:'TY-] Pdoer TOV AexObvTwy, OXETIKGDS ue ‘TC‘IS Tfpf'(f.ElS ETI':! TGV &Uul_}-
Mévpeoy, ouvyetan To oupTrpagua 5Tt Buvapebar v bereAdpey pGkels 'éq;&pu?-
lovre tds 1B16TNTOS QUT@Y, GBIGQOPOUVTES Bicr 76 elbog TGV &piBudY, elTe TPo-
Ketton repl prtédv, efTe TrpoxeITal TEPL &ppNTLV.

63, ~ Y EeTdowpEy HEPIKAS xpnoiuous TT[)OTdO‘Elg:
i-lis'r']!-letio:- a ;r:;;rou: kal py P2 pntoi tote, Eav elvar a - py = py 0a elvar p, =
=p,=0. ; e RS AR v
'Anodeitrg. 'Eqv Umobtowiey Py # 0, TéTE &' Py = Py =iy o
§ : : 4. Btv B H
STomroy, SioTt & &piBuos 2?, elvan pnTds. “Apa & p, Btv Blvarran va elvon Sidgo

PO§ ToU unBevds kal oUVETTES Py = 0, &AAG TOTE kol pp = W=
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2. 'Eav a Gppntog kai p pnrog, t0TE o apbpog a +p koi 6 apopog v p
p#0 glvar ppnrot.
‘Anodeibig: Ew UmroBéowuey 811 elval pnTol ToTe
atp=p= pnTés <> = p—p= pnTés, Grep &roTroy
ap=p"= priTds <> o :=%— pnTos (p # 0), mep GroToV.
3. 'Eav 0eN kai div elvat Sovapig pi EkBETNV Sunpetdy dua v, tote b apL

pdg VO elvan Tppntos.
*ATOSEIELS ¢ “yYrevBupilopey 8T 16 gupPoiov V8 s vioatiis pilng ToU &pi-
v
fuou byveoplooapey glg tiw I & kol 6L X = Vo<x'=0 (Siamdv 6 =0).

1
Kugr+ - - u KO Argpo - oom quaikol, TOTE: B=1 = k"M kg™ KM, GTrep GTOTIOV.

v
\ 3 o -"_ i 5 o e ) )- l v
‘Eqw troBéowpey, 0T V8 =k (xeZ*) xai 811 & K=K MLyt KM, BTIoU

v
‘Edv UmoBtowuey, 8T 1) ="T-, &mrou K€L+ TpdTol Tpds GAANAOUS,

véTe 6 = (-%)": ;:T | &mep &romrov, 86T of SpiBuot Y, AY elvan pédTOL TPOS

&AAHAous. “QoTe & V6 elvon &ppnTos.

4, Tlaow Gxepaia doveus s rapactéosws a + Py, drov o, B ¥ pntoi
kat Yy dppntos glvar nopdotacig iig popoiis k& & KY , Brov %, ) puroi.
rAsibabia: o) (BEPIYR=C. T Bty + 20BVy =x = A VY

smou o + Pty =¥ xal 2ap =7,
B) (£ PYY )Y =0+ 303pVy + 3By £ By Vy =
= (o + 3ap?y) = (Ga®p + BY)Vy =k £ N Vy
&mov o8 + 3aPly =K kol 3B + By = A,

5. 'Eav 0,B, 7,8 pnroi el VP, V& Gppnroy, téte da va elva
a+ VP =4+ V5 mpémer kai dpkel v_d glvar @ = v xai f = 8.

IAT6SEELg : EQv < =Y, Té!:r_s VB = V6,8 ol p=25 'EE &\hou Exomey:
a+Vp=v t+ Vé<ra—Y + V? = V&, & s 81’ Uyoews els TO TETPAYWVOY
ExXOMEV (a—v)'+ Bt Z(G—Y)VB =5 =2(a— y)VE: 5—p—(a=7)" "Eav

B

— — - bt B 1 -
o %y 16re VP = mEESY = prmes, émep dromov ke’ Saov VP &ppriTos

Kot duéyxny AoiTrov & =Y xal guverrdys kal P = 5. ToUto Bt elvan Gpxe
6V, ©F elua TTPOPOVES. b

MMapaderypo : N& eVpeBolv ol Tined TéV ouppéTpwy A kai v | Tapd”
atagis (A + W) Y54+ 2A—u loouTan Tpds V5 4 L.
4+ p— 2\, bmep o Ty TpdToow 1, & mpbwer A+ u—1=0kai 1 + ¥~

. ' i 2

_2n =0, ¢ oU Exouev Thy Aow (A, W) = (_3_. . ?) ]
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Totopiki] onpelooig

Thw Umapb dovppétpoy &pibudy BiemrioTwoay mpdTor of Mubaydpeior,
&xohouBus & EUBofos ouvéPader mperypaTikdds elg Thy Ewolaw TGV douppéTpwy,
vecorepor B Becpnikof, s of Weirstrass (1815-1897), Meray (1835 - 1911)
Cantor (1843 - 1918), Dedekind (1831 —1916), eloexwpnoov mAtov PabUTe-
pov Eml s Awolag Té &oupptTpwy Sidk T@Y Tepigfiucwy «topdy Dedekind».

B. MMPACTMATIKOI APIGMOI

64. ‘Qs yvwaTdy, TETOGPA elvar T& xUpia otédia THs EeMiecos ToU ouoTh-
Harros TEw oYETIKGY &p1Bpddy. To mpddTov elvan 1) fvwola Tév drolitay dkepaiwy
i puokdy apBpdy. “Hroholdnoey | EmékTaos els 10 oUoTnua T&v GAETIKDV
axepaiov. 'Ev oweyely f doaywyh T@v pnrév xAaoudrev Enmotpynoe T
oUoTna T&Y PRIV 1| SuppETpOV apOpdv. Tehos, 1 Evvcng ToU Gppitov ﬂ"ﬁauu—
pétpov appod GBfhynoev els THY {Béav ET!'EKTc,&Usmg ToU GUGTANOTOS @ pn-
6w els #v oUoTnua, TO dToioV vat mptéxn_-rd oUvoRov TGV prTédv m{;,é SUvOAOV
&y dppniTewy EpiBuddv. To ocvoTtnua TouTo koAeiTal oUoTnua T&V npayp?-
tkdv apbpdy. BpabiTepov 8% pébopey kel plov &AAnY dmréktaow Tpods Ev eU-
pUTEpOV CUOTNUC &p1fucov.

"Qcoe, 16 abvohov t@V pRIdY Kai t@v appiitev ambpdv, tiig "Alyifpag,
xaheltar gOvolov TV TPAyHATIKOY apiop®v (Real) xoi napioctarar Sia tob R A

Emeibi, oUBels pnTds dpiBuds elvan GppnTos Kkad &rTioTRSQwS, EmeTon ém
& BUo gUvoha THs 'AhyEppas, Q TO gUvohov TGV oXeTIKGY pNTéY Kal A TO aU-
vohov TEW OYETIKGY dpphiTwy, elven Ebva pds EAANAQ kal Siapepifouy TO olvo-
Aov R.

OUteos Exopey : QNA = &, QUA =F~a Qc R: ACR.

Edv 8¢ N, elven T oUvohov Ty puotkdy kal ToU undevos kal Z elven o
a0y S oyeTikGy drepadwy, TOTE ©

oAov TGV XNnCZCQCpRn Nnr\Azg, Zf‘\A:g

Mas Tpoyporikds &piBuds, tg’ doov elva A pvés A Gppnos d::PlBués, oup-
Bohiletca B1d ToU o yaWa: - Wy -+ & &moiog TapioT& THY 07\0\1‘:‘::? a,
s SRV RUTA TR AUV AT &mou aeN, ked Wi, Yo, War -« - Wy gl pav-
Tog dxohoubia povoynglwy éxepaiwy. To Sexabikdy dvérrTuypa TOU -n-paguq_
TikoU &piBoU elven f) TEPIOBIKOY, smore & dpibuds elvan pnés, A uf Treplodikdy
dmrére & dpiBuds elvon &ppnToS. 'YTTEVGUU_KOUE" o T_"&WEQ ol "p'q'roi &piBuol oup-
BoAilovron 81 &meipoyneiov mepiobikou Bexabixou dpiBuou.

65. H ILOTHE EIT TO R.

Avo TrpearypaTikol dpdanuol &piBpol &, X; XpXg- - - Xv - Ko B Wiy - Wy
Soilovran Toot, taw ko pévov €AV, evon a=Pp 1 =Yu Xa =WYoo Zv =W, ...
Elkéhcs Bt droekvueTad f loyus TGV 1B1othTwy Tis lodtnTos, 1 dmola ouwi-

o1& oytow looBuvaulas.
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66. TIPASEIL KAl AIATAZIZ EIE TO R.

Etsopev 671 al mpdtes Spilovran 5 e #ml ToV pnTév kal ol 18i16TNTES
Trapapévouy duaAAoiwTol, ylvovTal 2 elg THY OTOIKEILEN *AhyePpov TPOTEY Y1
OTIKES.

Elg Tous dveTépw o0Ug TIPCTYHaTIKOUS &p1Bpovs, (§ 65), &v ouppf va elven
a=Pp X =YX =W¥o - Xy 1= Wy 1 K&l Xy > Yy, TéTe of &pifuol elval
&icor i peychTepoy TOV TrpGITOV.

‘H oUyxpiols peTaty TTPEry HOTIKGV &piBpddy ylveren el Tés Epapuoyds pE
Baow THY -n'poc'eyylo-rmﬁv EKTPOCWTINOW 6w &ouppétpwy. OUTw, Y q, pe R
pla pévov TAnpoUTal EK 6w oyfoewy 1 O > Ba=B, a<p

*Emrions &v «, P, YER kol @ <P xad P <y, TéTE B elven xal a<Y.

67. H TEQMETPIKH EIKON TOY LYNOAOY R.

‘ngvwméu,ﬁs&ﬂeid x'x, X 08 A M =

f ——+

— -

& onueiov O kol T6 povabiaiov

Bléuucuagﬁ = é,’ &rroTehouy Evav dEova, Tov &kova (x‘Ox,g). *Av Becopriowpey

onueiov M gl ToU &tovos ToUTou Kal AdPwuey Tov Adyov 2_.7:11 tore & Abyos
OA

olrog looUTan TPos ov Adyov TGV PETPV 1&v Siovuopdrwy, & dmolos elvat
fvag TTPOCY HOTIKOS &piBuds pnTos fi &ppnTos ki pdvov Evas, OUTas els ke an-
peiov M ToU &fovos &vmigToryel els kal povov TpaypaTikds &piBuds, SoTis elvat
& Adyos TV péTpwy TGV SiavuopdTwy OM xal 67\_

s AvrioTpdpuws, €ls. TaVTX TRCY porTikdy &piBudy dvtigToryel v Kkal povov

onueiov M Tou &ovos, 16 &molov elvan Tépas Tol BiowoparTos OM e ToU
—

&olou & Adyos PSS 16 Sidvuopa OA looUtan pds Tov &piBudy abTév. ‘Eto-
pévex, petafy Tou cuvéhou R kal ToU ouvérou Tév omuelwy  ToU &tovos x'0x,

UTTEpYE! dvnigroiyia &ugipovoomuavTos, Bi totrre Sy 10K Kahetrod LoV
v TPayRATIKOV ol elvan # yeopeTpikh elkcov ToU ouvdrou R.

68. AMOAYTOE TIMH MPATMATIKOY APIOMOY

Qg yvwaTov, Evc:;mg ol auvdhou Téw BeTikéy dp1Budy Tiig &pBunTIKTS
peTd TOU unBevos kal ToV ouvdhou TEW SuTiBéTwv Twv &moTehel TO GUVOAOY
TV OYETIKEV &p1Buddv (Trpoty BOTIKEW).

Opanlige Efon vao-r_é v, TIE'OTWOU“VT\S Téfews, &1 anélvtog Tpdl
(if pétpov) tvds TPOTYHOTIKOU &piBuolU koAeiTar & GpiBuds THs "ApIBNTIKTS
& TrPOKUTITWV &rd aUTdy, &Tav Tapaeaphf TO Tpdomuby Tou.

OUres f dmeuTos Tiul ToU + 4 elvon & 4, 1) B¢ dmwdAuTog Tipfy TOU st
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elvar AW & 4, oupPorileTar B g fis: | 4 4] =4 kad | —4 | =4 xal BioPa-
leTon «&moAvTOS Tipy TOU + 4 f) TOU —4». *

*Emreibf, éwTes of GeTikol dpifuol TauTifovan wt Tols dpiBuols Tis dpi-
BunTikfis kard oUpPaoty, EmeTan 6T Exouey 4 = + 4 xad ouveTrads |+4|=+4
kol |[-4|=+4=-(—9.

“QoTe Suvdpeda v eiTreopey alaTnpdTepov 8T1: "Andlutog Tipl Evdg mpay-
patikod apibpod (R mic mpaypankils napustdseng) a xaheltar abrog obrog
6 apibpdg a, dav clvar Oetikdg f unddv, 6 avrilerdg tov 86 —a, Gv & apBpdg
elvar apvnuixoe.

Suppves Tpds TOV vaeRyt = |a|=«a
dveoTépw Spiopdy B Exwmey vaeR™ = |a|=—a(—a>0)

Kard T& dverépw f| mapdoTacis | o| oldémore yivetan dpvnTic xod
ouvertdys elven Evog iy dpvnTikdg apiBpoc.

69. BAZIKAI IAIOTHTEL TON ATIOAYTQN TIMQN.

1. ’E&v aeR, Té7e |a| =|—«].

"An6deiErg: 'Edv ceR* = — aeR~ kol ouvendds 6 Exoope || = & kai
|—a|=—(—a)=a "Obw || =|—9]

*Edv aeR- = — aeR*+ kal ouvemdds 8& Exwuey |o| =—a kai [~af =
=—a Ofev |a| =|—« :

E&v a =0, téte —a =0 kal mpopavéds | o = | —a |

"QoTe : EeR:-|(x|=|_u| |
2. 'Edv «eR, ToTe e — o] Sa Lfal.
"An6deifig: 'Eav aeRo * =|a|=a kad &maldn |a| > —|al, Eretan
o1 —|a| a=|a|(l). Edw B acR” >|a|=—a i —|a|=q, omore
—la|=« <\q|_(2).A|oxécras(l)ml(2)5[5°W—!0t|<d<la\
‘gove : | veeR = —a| <a <a |

3. *Edv aeR xai veN, ToTe elvan | o[ =a®
"Anédeitrg : 'Edw aeR," = | @ |= axad &pat | o [* = o, "Edv aeR~ = | o |=
u)zv = a?

=—a kal &pa |a|¥=(— {

"QoTe.: vaeR, veN = | a|® =a® ﬁ|

BVl — A2V+L
4. *Eav aeR, *+ xai veN, Tote elven || =«

"Arédeitig: “Edv aeRyt = | | =« kel dpa | |+ = ot

' T T
'Qm::r\mveN:lu\ = g2

(%) T8 BouBodov | | xal # dvopaola adwob, Spebovrat els sby Tepuavhy patimuxrinty
Weirstrass (1815 — 1897).
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5. 'Edw a,xeR xal |x | o, TOTE — < x € o xal QUTIoTPOPLS.

*‘Anodeitig ¢ 'Edv xeR,* =|x|=x xal tweidn | x| € a, EmeTon x S
xdi&pa—a<x<a,816ﬂ]xi<a=—a>0 'Edw & xeR- = | x| =—x xal
breidh) | x | < o, EmeTon —X Safx>—axkabpa—aSx<aq sioTi a > 0.

‘Avniotpbpamg : “Edv xeR," = | x| = x xai twedh —a € x < o, Emeton
x| <o 'Edv xeR- = [x|=—Xx 1 —|x|=x xal Hmesdh —a<x<aq
et ek~ x| 0 e*[R] 1 x| S«

"Qoe : Va,xeR:|x|<u¢>-a<x<a

Inp. Extos TV Pooikdy TOUTWY 1§10 TwY els GAAnY TdEw 8 pdBwpev
wal &AAag AMav ¥pnoipous.

Mapadeiypata : o) 'Eov xeR wote | x—=7]| <3=4<x<10

Mpdryuart |x-—7| €3+<-3< x—7<3=4<x<10

) 'Edw elven 6 < X < 10 v& evpedf] TO olvohov TV Tiig TrapacTéoews
A=—|x=1]=2|x—111

Abeg: Ex Thig 6<X< 10 #yopev 5 <x—1<9, Omep |x=1|=
—x—1, tmlons—5 < x—11< —1, émep |x—=11|==(x=11)=11-x

“Apat B ass (R <) i) === 21 AA+2l=xf 6< A2l <
< 10ﬁ—15<A<—-11

ALKHIEIZ

S M L

195) Né& dmobBexdii &m ol &pibuol 3+ V3, V5, V3, Y& slon debpperpor, &

5t 34+ V5 va xaraoxeuaodi] ut Tpogéyyiow 0,01
" 1

196) 'E&v o &ppNTOS kal p pnds, v& dmobeydi &t ol dpibuol —, %‘_' ':T -
&ppnTol. .

197) N& &mrobery i) B1& TrapaberypdTwy, 811 TO &dpoioua, Té ywdpevoy kal T8 TnAlkoy
Buo dpphTew, SUvaTal v elvan pnTos dpifuds.

198) "Av (o, Py y)eQ kol a+Pp VZ=y V3, tn a=p=y=0.

199) Né etpedolv al Tipal TV ounpétpwv A kel b, &v & &piBuds (A — 1) Y2 = (2u — 1)
elvan Yoog Tpds TOV vz

200) "Av x &oUUMETPOS kal a, B, v, & ouupeTpol, Umd molav ouvdhkny | mapkoTaols

ax + P y .
R glvan &piBpods TULHETPOS |

201) 'Eml Tou &tovos TV TpaypaTik®Y dpibudv X'OX v eVpefouv anuela, Eyovta

yewueTpikds elkovas Tous dpiduols V2, V3, Y5 ... (8i& xpnowomorfocws ToU Tuba-
yopeiou BewphHaTOS).

202) N& &mobeix8i §1i: ya,PER = [a—P| =|p—«]

203) 'E&v c€R, v& &mobey®i Sti oUBbmoTe e —|a| < ac |a

204) Né& &robeiyBfi 611! Y XE R-xal veN = |a v+l = —qiv+

205) "E&v &, peR xal |a|+|B| >0, 7l ovumepaivete Bi&x Tolg &, P ;
206) "Edv |x=10] < 5, Tre 5 € x € 15 xal &vriorpdouws.
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207) N& amoBeiydi # loobwvapla : |x—a| <8 #{:Eﬁo<x<u+0

208) 'Edv x € R*, v& &moBeaydfi 611t Tiis oxboews |x |>a> Ofmeran 0 € a <x<
< t+oc, bv 6t xER- ) —xe < x< —ag0

209) N& dmhomomBfi 6 xAdopa (| x|+ 8x%) /(B x|+ 1)

210) 'Eév o, P R, v& &mobex8i ém a' +P* > 2|e«| | B|

211) 'E&v x = Y2 + 1, v& ebpedfi f| mwh Ths mapaoTdoews
A=—202x—1]=31VZ=x|-7|3x=(Y2+3)|-3]x]|

217) Na eUpebii i Tiph Tiis TapaoTACEWS
7la-p|-3|p-al+2|atP|-|2a—P| &va>p >0

213 Edv -5< x < 12, v& elpedj TO oUvodov TGV TS TapaoTdoews
A=sAn=6| L x 13 =2 2= 1{=}12=x|
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KEODAAAION IX

ATIPOZAIOPIZTOXZ ANAAYZIZ TMIPQTOY BAGMOY

70. OPIEMOI

Efg THv mponyouuévny Takw eiSopey 8T1 TO gUvohov TAW AUoewy &S ypa-
pikfis thiowoews ax + Py =Y, émou o,PeQ, elvan Umroouvohov ToU cuvdhou

RxR, #yov &meipa oTOIEIX s wopgils (X, ¥ = TE‘E),

TToAA&KIs SHLS B 1apepoueBa povov 51 Tag dxepalag Aloeis Ths thigo-
gews ax + Py =y, fitor g AUgels THS Hopefis (X, y)eZxZ.

Tous ouvreheaTas o, B, Y elvan Buvartdy TdvToTe va Becopddpey drepaious.
*Epyov TS wahouutuns Grpoadiopiatov avakbeens o pabpod elven 7 Epeuva T
UrmdpEecos kai dvalfTnols TG dkepaicov Aoewy wds Eiodoews o Paducl
pt drepaious TUVTEAETTOS kol peTaPAnTas (&yveoTous) dooobnoTe TETEPC-
oufvou TABous fi kad suoThparos o PaBuol pt mAfifos thiodoewy HikpOTEPOY
TOU TGV &yvioTwY.

71* EYPEEIE TON AKEPAIAN AYIEQN THE EZIE. ax + fy =y (1), $rov g, B, 1, €Z

1) *H elpeais TGV dxepaiwv Moewv ornpiletai elg Tas dxololBous TPOTAOELS.

1. "Eav of a, B, v Exouv M.K.A. & # 1, tote W EEiocworg %- X+ % \P:_ls’_
elvar loodivapog g tEramoeng (1).

'Anbdaigg 1 ‘H mpéTaos elvan Tpogavns kaf' Soov Siaupouker GUEOTERX
& péAn Tis (1) 514 B, uds tmiTpémer B, v& UmroBéTwopey TévToTE TOUS OUVTEAE-
otds o, B, Y TpRTOUS Tpos GAAfAOUS.

2. 'Eav o, B, y clvar mpdrot mpds dhhihovs xai a, B Exovy wowdv Tivd
sunpitny & # 1, A tEioweoig (1) obdepiav dxepaiav hbowy Eyel

"Arodeigig: ‘O & mwpopavdds Btv Biaipel TOV ¥, Branpel Spws Tougs Spous ax
xal Py xai gUVETIES 16 &Bpoiopa aUTdy, olobfimoTe ki’ &v elvan ol dxépaiol X
R

(*) ‘O “Exday Mabruazieds Mbpavzos b *Arefavdoele (360u.X.) fipelvnae wal elpey =3¢

™ s Fiad S Rise Aol n Rk el A i
duepalag Agelg ToOLTWY ciioageny Eug 4oy 31“&'1'-'_. But tol=o wal zaooveae Aopavrixal #i-
adiaeiz, * Bt ampoadibolaTog avaiuoLg Awgavt e dvdivos.
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kol @. "Eropéves, Gv xyeZ, tote ta péhn tiic tEomoeng (1) oUBtmoTe yivov-
ran oo xal ouveréss 1 dtlowaois elvan dBuvares. *Hror oUBepiay Aucw EXEL.

3. 'Eav a, p npdror npdg arhihovs, 1 Eicwag (1) Exe axepaiav Loorv.
*Anddeibig ¢ Auvapeda mévToTe v UtroBéreopey a > 0.
‘H towois (1) ypageTal @ X =Y:£{J (2).

Al BiaBoyikad Gxépatrai Tiped 0,1,2,3,..., a—1 (mhifous @) TiBépevan
duri ToU  els T (2), §iBowv Tag dkohouBous AUgels :

& (2.9) (22 1), (152 D (=D )

BecopoUpev TOUS pnTOUS dp1Buols :

= = - -1 " v s
(4) %, )’.u_p,’ Y_TQE, s [_Eéi_r_) kal fotw T& dxépana TMAlKA T, T,
Tye . oy Ma—1 Kal T& Wty &pynTixa UTONOITIA Vg, Yy Vay - - - Va1t dvTioTolyws TAY

Sicupboeay y: o,y —P): & [y — B (a=1)]: & "Edw Umrapyowy &pynTIKG UTrO-
Aoira T KaBloTOMEY BeTIKG 51’ cuffoecs GMOAUTES KaTd povada T& dvrioTol-

. TR A
ya tnAika, TLy. Tfis Biiptoews — ¢ TO tnhikov elven —3 xad TO UtroAorrov

—2, dméTe AapPovopey 6 mrnhikov T —4 kel ouveTdg yméhoirov 4+ 3, BioT
—-17=5 (49 +3 T& GmrdAoiTa TAUTE, o gls TAfiBos, elvan WIKPOTEPX ol
a kal Sidpopa peTaty TV AbTi &v BUo TUXOVTE Uk , Ui (x <AL a) elvan foa,
fTol & U =\, TOTE B Eycopev :

y — P.x=am + U« } At ﬂ(?\—K):(I(Tl’x—TrL) ek 3(7:;:’2 — T — T =
y = p.A=am + Vi
= Aképaios.

Ereidn 5¢ o,p Tp&TO!L Trpos &AANAOUS, &pa & o B& TpéT v& Bionpf Tdv
A —k, Paoe yvwa TS 15161 ToS, OMep &TOTOY, 51671 0 <A —k<a. "QoTe, A
& Umdhoimra elvan Bidpopa petaty Ty, elg TARBos & kal fkaoTov WiKpOTEPOV
ToU a. “Apa Ev TGOV Ymohoitawy TouTwy elvat unBdtv kal kaTd oUVETELQY el TGV
pnTév dpbudv (4) elvon &piBuog dxépauos, fror pia T&Y AUoEwY (€))] eIucx‘s dike-
pata Avois TS thiodoews (1)

4. "Eav # tElowag ax -+ py = 7 (1) ¥yn piav axepaiav Abow, tHY (Xo, W),
0G ¥y wai Grhag ameipove 0 mifjBog tiic nopefic (X0 — P, wo +- ax) Kai po-

vov abras. . .
'AnéderEig : Kard Ty TpoTOOW (3), tv « P Tp@TOL PSS SAATAOUS,

TéTe 1y tEio. (1) Exer i dkepalav Aoy, Eote THY (Xor Wo)- *As UtroBéowpey 61

Exer kol Thy dxepaioy AUGWY (X, Y1). O Exoonev ToTE: OXy + Py =y kad ax,; +-

+ By, = y."AgaupoUvTeS 1&g lodTnTas KT uéhn Eyopev: a (X, —Xg) + Blyi—Yo)=

=0=>x—%X=- £ (g — o). TO o péhos TauTtns elvan dxépaios &pibucs,
a
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tp’ Soov EBéxinuey Thy Umraplv xai Ths SAANS AUoEws (X,, W), Bragdpoy T (X
P

Wo). “Apa TrpéTrel var elvan dxépanos &piBuds kol TO B’ pékos — - (g1 — ). Emer-
&% 5t o,p TpddTol Tpds GAAAOUS, TIPETTEL © v& Blaupf] Tov &AAov TapdyovTa
Wy — . 'Eqv xeZ elvau T& TrnAlkov i}ig"ﬁ» fitor & i’—;-i' =K, TOTE Y =

=y, + ox xal X; = Xo — Px.

"Ex Téw 100THTWY TOUTWY xeBioTaTar avepdy, OTI TT&oa drepada Auots
(x, ¥) = (X1 Y1), 5iSeTan o aUTds, STav & K AGPN wlav drkepaday Tipfy. ‘Emo-
ptveos UTrdpyouv &TTELpC & TATifos dxéponat AUoES.

‘Avtiotpogag. Kéfe Auats Tiis popefis (X, W) = (Xo — Bx, Wy + &) elven
Aois dxepaia TS thiowoews (1).

TMpdypar Exouey : & (X, — Br) + B (Wo -+ aK) = ax, — aPx + Py, + Pk =
— aX, + Pyo =Y, BIOTI OXg + Py =Y

"Qae, o 1 Etlowaois (1) Exn ulay dxepaioy AUGIY THY (Xg, W), TOTE 8& EXD)
kol &Ahas &rrelpous TO TATB0S AUaess, ol omoian BiSovrtar &md Tous TUTTOUS.

(5 o8 e Flurty x =%+ P4 g vez
Y= otaK Y= o= K,

IT1) Elipeotg piag axepaiag Aboewg Tiig tEwohoeng ax + Py =y

A& va Epoppdowpey TOUS imrous (5) Trpémer v edpwpey pévov plav &rd
+&¢ dxepalas AUoels TS tho. ax + Py =Y
TMpds ToUTo, AUCUEY Thy iowoi s Tpds TOV &yvwoTov tkelvov, Trov ExEl

TOHV WIKPOTEPOV guvTeNEGTHY, T.X. EQv o Hikpds TOTE @ X = Y';ﬂ“”, kal dxo-

AoUBs KaTd THY TPATOTW (3) Bétouev dmou w=0,1,2,.. ,a— | péypis &Tou
elpwpey X Swépaiov.

"Edw ol owvteheoTal a xal P el peydhor &piBuol, | mponyoupévn wedo-
Sog elvan EriTrovos B1& TolUTo Epyaloneda 65 8875 © AUopev THy EEiowow g TTpos
Tov &yvwoToy EKEIVOV, TroU EYEl TOV MIKPOTEPOV OUVTEAEOTHY T.X. TOV Q. TéTe

oy x =Y =BY= L By =y (o 2y my o+ B

&mou Ty, T, TMAlka xad Uy, Up UdAoira Té@Y Biaiptoewy y 1 a kal Ba. M va
(T owverrdss & X dxépanos TRETTEl TO KAGOUX —”’La‘f?.“’_ v& el dxépaios &pi-

Uy — Uy
[+ 4

Buds w. “HTol

AGTn Exer dxepalas AUgEls 51611 ol « kad v, elven TTp@TOL TIPS GAATIACUS.
(‘O M.K.A. BUo apiBucdy Bty peToPdAAeTal by dvTikaTaoTHOWHEY TOV peyahU-
Tepov GpiBudy ik ToU Umrohoitrou Tijs Biauptoecos Tou Bia ToU Erépou).

Odrross dverydpedo elg THY eUpectv drepaias AUoews Tfis Eiodoews aw + Uy =
— v, s elvau &mhovoTépa, BidTL Uy < .

= W<>aw + Wy =V,
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SuveyilovTes o Tponyouptuws, kataAtyouey els Etiowotv pE pixpols ouv-
TeheoTds, &dmoTe Epyalopeda pt THv TpdTny wébodov.

Mapadeiypara : 1) N& ebpeBolv al drépouan Aboels Tfis tiowoews
Ix + 5S¢ =11.

‘Erilvowg :  “Exopev X =1lg$}g_ Ottopev yw = 0,1, 2. Aix ¢y = 0 Exo-

1
UEV X = l,;, tuéd B y = 1 Exopev X =-

2 = 2. To [ebyos Aomev (2, 1)
elvan pla dwepadar Alots Tfis  Eliodoeas. "Eqapuélovtes ToUs TUtous (5) Bia
(Xor Wo) = (2,1) Exopev 16 ouvorov T@v Moewv Tfis 3x + 5y = 11.
OVt : x=2-5x f x=245k
=143k =1-3k
Enueioo. Aix Thy elpeow Ty BeTikéy povov dxepalwy Aoewv edpioxo-
Lev Tés Tipdg ToU k, Si& T&s btrolas ouvednevowr al dviodoes 2 —5k >0 kai 1l +
+ 3k >0. "Hrot — %—<K< ~§— kal ouvetds k = 0."Apa Bid k = 0 Exouev (X,y)=
— (2, 1), fimis elven 1) povadixh dxepaia BeTikf) AUois.
2) N& dveuij 16 kAdoua 176 [ 221 els &poioua fi Sragopdv Buo &AAwy
onTéw KhaoudTwy, ExévTwy TapovouaoTds 13 kal 17.

&mrou keZ

o ; x ¥ Tk
"Eniivore. "Edv T& {nTodpeva kAdopata elvan e kol 17 TéTE B Eyoo-

g i uofl 2 =176 (1).
ey o+ gy =my 17x + 13y @)

EOplokopey Tas dxepaios AUTEIS Tiis thicwoews (1).

176 — 17x 176 L7 o i 7:4_; ey
Exouey y=—y3— = T.T——B-X—-IB T =13—x 4w
g ,
THs thiomoews m=7-}34§ A Bot+dx=T710 x=—7 2 pla dxepada Ao

elvat (x, w) =(—8,3) ez

ol Erropdvers w = 13— (=8) + 3= '
OUres, pia diepala Ao Tiis (1) elven 1y (%o, o) =(— 8, 24), Td oUvohov

Bt Téw Agewy aUThs biBeTal &md ToUs TUTTOUS

x=-8— 13 x:—-8+l3|<f’ o)

= 2 =24 — 17x '

y=24 + 17x Y . ; 2 b

Ma x =0 Eyoupev (xﬂ,q,tl,)::(— 8, 24) xal &pax —_ﬁ_{_ 7=
21 41 176

b ] o e () BTN, SIS S

71. EYPELIE TON AKEPAIOQN AYEEQN EYETHMATOE A" BAGMOY AYO EEIEOQLEON
ME TPEIE AI'NQETOYE.

“Eotewo 16 ovotnua (1) |0f|K + Py + e =58 } &, Pu Y1e 8y €Z
) @) loax + B+ vi® =58 c Puys By eZ

Tols ouvtereatds a, P Y 5, s kal TOUS o, Bes Yo 5, Buvapeba va Utrobéocw-
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Wev TTpeyTOUs METAEY Twv, BIOTI &v Bbv elven, SroapoUpey T& peAn Tév (1) ke (2)
Si1& Tou M.K.A. autdv dvtioTolyws.

Mpéytov TrapaTnpoluey OTL 5 cugTnua oUBepiav dxepaiav Aoty EXEL,
tw oy, Py Yy, 8 elval TRETOL mrpds dAATAous kot ay, Py, Ya Exouv MK.A. & # 1
(mpdTacis § 71/2). To abto oupPalver, v o, Bar Yo 8, elvan mpddTOL Tpds &A-
AfAous Kai o, By, Y2 Exoww MK.A. B, # 1.

“YrroBétopey Aordy 6T1 oy, Py, Ya Kl O Be, Y. elvan &piBuol mwpdiTol Tpods
SAAAAoUs kol drraheipopey Tov Evar &yvaoToV wetady Téw Eiodaewy (1) kal (2)
foTw TOV .

OUreos Exomev @ (Y2 — ayD)Xx + Baya — Bayn) W = 8 ya— Bay1 3)- "E&v
f (3) Exn dxepalas Moess, TOTE 15 oUvohov TGV AUcewv aUtdv B8& Bibetan
Yo ThY TUTTWV x =X, — (Brya—Bayd) ¥ } @

Y=y + (Y. — Y1) ¥

Tas Tnds (4) Téw x xal y Bérousv els plov vav Ehodoewy Tol ovoTh-
paros, oo els Ty (1), oéTe Aaupdvouey ueté Tés Tpdters ky; (P, — Py +
+ YW= 8, — oyXg — Bi¥o (%)

‘Edw # (5) b dxepalas Aoess, TéTE T5 oUvoRov Ageww avris O BibeTon
e TéY TRV K = Ky — V1A }- AeZ, (6)

@ = 0y + 1 (P — P
Thy T ToU x ik & (6) BETonEV els ToUs TUTrOUS (4), dTrdTe AcwPdvope

x = Xg — (Paye— Bayy) (% — ¥ah)
g =y + (oaye— Y1) (ko = Yih)
W=+ Y1 (P — uPA

01 TUTolL olrror BiBouv TAS &xepaias AUoeis ToU OUGTAPOTOS.

Enusiong: Kot Thy dmahoighy 1ol tvds dyvdaTou petakly Tév Ehiod-
oecov (1) xal (2), TPOTIHOUMEY TOV &yVwoTOV Ekeivov, Tou dtrolou ol ouvTeAeoTal
glvo TpddTOL TIPOS &AARAous. At

IMapaderypa @ N& eupeBoly ol dxépona AUoeig ToU oUCTAUXTOS
1) 4x + 3y +w=>5 xal 4x — 6y —3w=17 (2)

‘Enihuoig : “Amahelpouey 1oV &yvewaTtov w, &mdTe Aappdvopey : 16X + Iy =
—= 22 (3). Eupioxopey <& dxepalas AVoeis s (3).

— 16 ) -
2 3 X . Mia dxepata AUots autiis elven (g, Wy) = 1.2y

& 5% glvohov TGV Agecov BiBeTen Umd TV TUTTwv

Oftw : Y=

x=1-3«

‘.y=2+!6|< >
+3(2+16K)+w=5¢>36x+w=—51’]w=—5—36K.'rﬁsé-rrolc:;uiudxs-

(4), &mou xeZ. H Elowois (1) Bix Téw (4) ylveten 4(1 — 3x)+4
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paia Avag efvat (Ko, ‘@) =10, — 3), 18 8¢ ocuvohov THY AUoewv aUTiis BiBeTan
e eV TUTTWV

k=0—-A i

@ = =5 + 36A } (5), &mou AeZ. Thy Tty k=N Bétouey els Tols TUTOUS
(4), oméTe Acupdvopey ToUs TUTTOUS

x=1+4+3A )

p=2— 16 (6), ol omoiot 5i& AeZ Bibouv Tés dkepaics AUoels ToU

oy =5 A 36A U'UUTT'\HG'TOS.

Ay A =0 Exouev (Xo Yoo w,) = (1,2, —5)
» A=1 » (Xqr W1, ) = (4, — 14, 31) x.6.x.

ALKHEIEI L
214) Na ebpefolv al dxtponcn AUoeis Tév doRolBwv Ehigdoewy @
1) 3x + Sy =—12, 2) —x+4y=1, 3) Tx —9y = — 28,
4) 13x + 21y =91, 5) 53x + 29y = 108, 6) 40x + 51y =121

215) N& elpedodv al dxépatan xal BeTikal Tiual ToU X, ol dmolat kabioTolyv dxepaias

val Betikds Tds dxohoUbous TAPEoTAOEIS
7x — 15 7133(——2:( 3) 1053 — 31x

B 23 14

1
216) N& dvohudi T Khdoua 75 els &8poiopa BUo pnTdv KAGCUATWY, #ydvTwv Ta-

povopaoTds dvtioTolxes 3 kal 5
217) “Ev yapTovéuioua <@y 50 Bpay. katd mwoous TpoTous SuvaTal vé &AAaxBR pe
képuata Tév 2 kal 5 Bpaxudv ;
218) Né& eupedi} &p1Buds, & &mrolos Siatpovpevos Bia 5 Biber Urédrormov 3 kel Siaipou-
uevos Bi& 7 BiBer Utrohortrov 2
219) N& eUpel Biryn@ros &p18uds ToloUTos, GoTE TO TpiTow THS Biagopds Tou ynolou
<3 BexdBoov drd Tou &piBuol, v loouTan W 6 BimAdoiov Tol ynelou T&Y novdBowv alinbiv
katd 5.
220) Na ebpefolv al dxépanat Agerg TV dxohoUBwy ouoTnATwWY
D |x+2y—w=—4 2) | Tx + 5¢ + 6w = 18 3) | 6x—4y + 3z = 30
‘3x—4y+2m=17 4x + 2y + 3w =19 | 3% + 6y — 2z = 25
4) Ix + 6y — 5y = 11 5) |Tx—5y=4
—x+7qf—2m=—l6 11x + 13w = 103
221) N& eupedi TpIYN 910§ &p1Buds, Tol dmolou & ynela Exouww &Bpoiopa 7 xal &
Smolos Biv &AA&oae, &v T& ynela aUTol EkatovTdBwu kal povddwy tvadhayolf.
222) Na evpebolv BUo &xtpaiot xal geTiol &piBpol, Exovtes &Bporopa 100, 16 Bt Umo-
tvds Biax Tou 7 elvan 1, tvdd TolU &\hou Bi& ToU 9 elven 7.

Aoitrov Tiis Staiptoews TOU
223) Tpels kTVOTPEGO! Exouv duol 111 [&a. ‘0 &piBuds Tév {dwy Tol &’ KTveTps-
i

pov elvan Sranpetds Bi& 2, Tou B’ BronpeTds §1& 5 xal Tou y' Bi&x 7. Td TprmAdoiov Bk Tdv [y

ToU a' krnvoTpdgov, TO §imAdaiov Tou P’ kal TO mevtaTAdotov ToU y' Exowv &Bporoua 400,

Méoa {da elyev ExaoTos |

<
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KEOAAAION X

NEPI PIZQN

TON TMPAFMATIKQON APIOMON "H TTAPAITAZEQN

73, Eig v " T&lw eiBopev, &1 Tdg TPXYMaTIKOS dpiBuds o glvon TeTPS-
ywvoy &AAoU mperypaTikol &pibuoy X, domis BARBn TeTpaywvikh pila (R pila
Pas Téfews) ToU a. 'Efetdoapey 5¢ tag IB16TnTes Kal TS mpdkers TGV prlikéov
Boas Télews.

"Hon O& yevikeUowUEY v tworew s pllng Tév TpoyuaTikéy &pifudv.

‘Opropds. 'Eav aeR cad veN kol peyoAUTtepos TS uovdbos, TOTE, Edv
ymépyn Erepos &piBuds XeR, BoTis Upoupevos els THY vwooThy Buvapw ylveten
igog Tpds TOV 4, B Abywuevy 371 & x elvar pia vooati) pita (ff pita vvootfic ta-
Eemc) tod a.

Olrew, v v=2, &6 X elvon Wi ‘rs'rpctywvlm‘] pila ToU «,
tw v=73, & x elvan pix Tpitn (kupiky) pila TOU .
My ToU &pibuol 25 wia terpaycovikhy pifa elvan & + 5, &idmt (+5)2=25

o0 &piBpol 25 pla teTparywvikh pifac elven & =5, vt (=5)r=25

o0 &piBuoU 8 o TpiTn pila (xuPich) elven & +2, Biom (+22=38

ToU &piBuou — 27 ulx xupih pila elvon & =3, B16m (—3)? = =27

Tou &piBuol —9 oUBepla TETPOOYWVIKT TporyporTikt pifa UTdpyEl

A &\An pifa dptios T&Eecos, 516TL oUBels TparyuaTikdg dpiBuds UyoUpE-

vos el &priav Buvogu ylveTon gos Tpds ToOV ~9.

"Evroufe TTOpOTHPOUEY, &1 Evag TpaypaTikds dpiBuos Slvaron va Exn
mrepiogoTépas THS Wl TTPOrY HOTIKES piles, &mos Emiong elvon Buvarrdv vé pmy
tyn mpayHaTikhy pifav &pries Takews.

Fevik®g B¢, Biokpivopey Tds EEfig TEPITTTCOTEIS ¢

1) Ew a >0 kol veN, TéTe dmrobevieTan &TI Urrdpyel els kal pévov els
BeTikds &piBpos X ToroUTos, doTe: x¥=-a. ‘H &mrodertis Tiis TpoTdoews aUTHS
Siverran vé ylvn els GAATY TéEw. “Ag eiSopey &v Utdpyn dpvnTikds dpiBuds X
wal TolouTos, MOTE : XY = Q. Edw v = 2« + 1, dmou keN, TéTe oUBels &pimTixds
&p1Buds X UTTApXE! {koworroldy THY X¥ =a>0

'Edw B¢, v = 2k, &rou keN ToTe, & X, > 0 elven fy povaBixt Betixd) pila TS
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o, Y’ = g, fiTot X' = @, 8& elvan pila THs x¥ =a kal & dpiBuds —x, <0,
Bi1dT1 ('— Xu)“ = Yo' =

2) 'Eav a < 0 kad v= 2¢ 4+ 1, dmou keN, ToTe Umdpyel elg wal uévov
elg TpaypATIKOS &pynTikds &piBuds X Ikavorroidv Thy ttlowow x¥ = a < 0. "Eav
Bt v =2k, ToTE OUBElS TPayHATIKGS &pifuds x Umrdpyer ikavoTroiddv Thy XY =
— a < 0. 'Ex Tév dverTépw oupTepalvopey STL

Mag npoypatikds appds a Exet 1) piav pévny mpaypatikiy voostiy pi-
Lav x repreeilg TaEEOS (v =2k + 1) Benukijy ij dpvnukiy, kab' Boov 6 o elvar
Betikde 1| @pyMTIKOG GVTIOTOIXWS, fitic koheitar mpwredoLED VOOOTT| pila tod a,
2) 500 npAypaATIKAS vuostag pitag avribétovg dpriag taleng (v = 2k), v b a > 0,
bk tov oroiov | Betikn kakeltar rpwteoiovaa vooatiy pila tod a kai 3) obdepiav
rpaypatikiyv voooTiyv pilay apriag tafewg, dva < o.

ThHy TrpwTeUoUTaV yuooThv pilav ToU a ocuuPolilouev Va. Té olupo-
Nov V kedeiten pilikdy, & v Seixtng 1#is pllng kal 16 o« Oméppiiov. 'Edv v = )
TETE YPAPOUEV Va, fs txepdle Thy mpuwTedouoav teTpaywvikiy pilav ToU a.
Mévra Ta dvwTepw BikanoAoyolv Thy Aoyikfy icobuvapiov

| "___ |
| x=Va = x"=a |

L =

- v v
&uecos Bt ouvkmelar QUTTS efvat (VG—) = a.

“Qae, ouvoyilovTes, TO cUppoiov 1\‘/07 Eyel Tds A 1BidTnTOS ¢
1) 'E&w @ > 0 xod veN, TOTe f/E > 0, pntos fi &ppnTos.
2) *Edv a < 0 xai v=2¢+ 1, xeN, 1ot Vo <0, pnds & &ppnros.
3) 'Eav a < 0 xkal v=2% Té1e TO oUPPOAOV {/cxr Btv Exer Ewolay TpayuaTi-
xoU &piBpou.
4) "Edv aeR xai v= 2¢ & 6w dvwTépw ouvayeTal OTL 1:/5 =|a, tw &t
v=—2x + 1, ToTE ;/57 =or=({’<?)v- q
5) Els mécav TepimTwow bplilopev : Y0 =0

Mapodelypara: Na E\'JPEGOGU‘CA ﬂpu:'tt\irouco;l pllar TV dpleu&u‘:

Va7 y=21, V16, V=16 V3.

Aborg : ‘H pwTelouca xupikf pifa ToU 27 elvea & &p1Buods 3, Biom %ﬁ:
‘2’:’ ™ — 3. ‘Ouoiws ExoueY :/:_2_7 = {/W = —3.
Enlons 116 = V5 A VEDF =12]=2
'H {/" 18 Bty Eyer fworaw TParYHOTIKOU &p1Buou.
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5
‘H TpwTevouca méutrn pifa ToU 3 elved VY3 > 0 &pprros.

74, IAIOTHTEZ TON PIZQN.

A iy EbTacw Tév iBiothiTev Téy puldv Xpeialdueda Thy mwpdToow !
Afjppe (BonOntukd npbracs). 'Edw 8o BeTikédv &p1dpddv ol puooTal Suvdpers el-
var foor &pibpol, TéTe kad ol dpiBuol elvan ool

*Anodaigig : "Edv o, PeR* kal of =P, dmou peN, TéTe & Ths a'—pr =
= (a—p) (a1 + P ALt pr-1) =0 mpoximrTel a —P =0 f a =B, 8ie-
T & Taphkywy o+ a2 4 ...+ P elven BeTikds, g Edpoioua BeTIKGY
poofeTéwy.

Isibtng 1n "Eav a >0 kai v = 2k + 1, (keN), téte Y—a = — Ye.
T& péhn tiis ladTnTos arriis elval Tpogavdds dpyn Tk, "Av Spes ypagi V—a=

= Yo ylvovran BeTikd. Yipuvouey T pEAn T els THY vwooTh Blvay, &Te Exoue:

(-V=a)=—(V—a)==(-a)=a ka (Va)= q,
spa —V—a=Va AV—a=-V«

‘H 1&14Tng odrn Wds EmiTpémel va ttetdowpey Tas droAolfous 1B16TTTAS
v pildv UmroBéTovtes T& UToppila GeTikd, B16TI Pdoel alTfis, TO TpdoT|HOY
A thépyeTa, i pilikd TrepiTTHS Tékews, EkTds ToU pilikol.

‘I56tng 2a Pila tiig abrils taEewg nolhanhaoialovrar j Suupobviaon, Eav
rohhanhacacOoly ij SapeBoiv al tnopprilanr mosbétnTEg abtdv kel td tEayope-
vov te0f g Omoppitov plikod tilg abtfic tafewe.

v v v
‘Eav Vo kol VB, &mou o, PeR*, elvan mpwtevouoar pilar, TéTe Va >0
kai ¥YB > 0. O« &rrobelfwpey 611 elvat ¢

Vs .VE =VaB (1) xal Vo : VB =Vaif ()

“YyoUpev Té péAn TéW lootTwy BioBoyikdds els THy vuooThy Buvauv.
*Eyopev @ 1) (\;a- . VVE") = (V&_) . (VE) =& * P xal (Vﬁ); ap, &po xoTd
Ty PondnTikty TpoTACIY EXOUEV Vo - Vp =Vap

ve) (Ve

v v v
&pot kerrd THY PonBnTikfy TRGTAOW EXOUEV Va : VB = Vo P
Mapatipnolg : Al lodnTes (1) kai (2) ypégovran ked 00T :

VaB = Va /B xal aB=ya VP
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grng ko dovator va elooy6f Ond
! @enkde ropiyov i Sunp ’
0 pll;::;?";::up:‘ymv Gﬂ Sumpérng tob droppitov, dv dywbi £ig v Sovapy
100 Befxtov tofi pirkod xoi avioTpdes.

*Anbdeaitig : “Edv « > 0 xal /P mpwretouoa vuooTh pila Tou p > 0,
g et s v _v'_ ;/__ . VQ._ 2
Tére 0% &mobelfcopey 6T1 ar/P = VoB (1) xed _E- va_ @

v
v

“Exopev : 1) a4/ \/ﬂj=\/o_c"—_[‘5
2) =v

Al lodrnTes (1) xal (2) loyvouy Tpogavdds Kol SvTIoTPOPLS.
"I516tng 4. Pila NG pitns apiBpod tvdg loolitar pi pitav tob abrod &pi-
v .
Opob, Exovay Seiktny TO YIVOHEVOY thv derkTdv,

v i

3 T T |

"Anbdakig: O dmobeltwuey & v W Ve (1)
“YyoUpev T& péAn Tiis lobmnTas els THY BUvapy .

v s Bo\B e \uv
e (Y ) = (V) [ = (Ve = ()" =
“Qore kark THY PondnTIKiY TpdTacw T& pEAN TS (1) elven foa. .
"It 5 Pite byobtar &lg Sovapry, &v dyodf El;ﬁ 'n::) dovapiy adtiv 1o
dnopplov xai ol EEayopévev tEax0f 1 pila tfig adriig 165ems.

|

<

v BibTI a= A/

af
g

(\\:?1 éf

2|

v _\® vy 1€
‘Anbdartlg. O &rrobelbwpey 871 (\/c:) = 4/a* v
“Exomev : (\v/o_t)u= NCERCE \/&_---f_:\/a-a Ta e =y

W
Ol pafnral v& KQvOWV THe &mébetv kol pt &\Aov TPOTTOV.
’ 6n 'Eav delktnv pitng wai tkOETnv tob Omoppilov adriig no)/eo-
v ﬂlgf:,lim:sv (Gv Srapodviar) pt tov abrdv Quowkdv apBpov, M apOpn Ty
pe
npn tiig pikng 8Ev petafddietat.

v i AT V:p—‘_
*Anbdatg : O &robelfeopey &TI Vo =Vare (1) xal Vo =1:/q..‘p @),
: G 1 s
. eN kol Bioapktng TéOV v KA :
> "FI,Exousv koo SYOTEWS TV peAG Ths (1) els Ty Suvapw vp,

1) ({/J*)v"= [({/aﬁ)"‘]v = (a*)P = o kel (Vaﬁ) — o 3 .

2) Okropev v :p=KEN, sméTe v =rKp, 1 5t (2) ypdgeren Vo =V, Y-
WoUpey T BEAT) TNS gl Ty BUvoy pK

*Es(ouev (?E‘)sz Bl (';_G_"_’-B)Kp= [ ('KVJ:_")K ]9 = (i) = ot
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“Qore kT THY PondnTichy TpdTacy T& péAn Tév isotiTwy (1) kai (2)
{oouvTal. !

*Aboonpeiotog mapatipnoig: Tas GvwTEpw BidrnTos EleTdoapey, Utro-
BétovTes BeTine T& Umrdppila. 'Edv Spws Ta Umdppifa elva oyetikol dpifuol
dmrarteiTal 1Blc0TEpR TTPOCOYT KATA THY tpappoyny Tév BoThTwY TOUTWY,
s paiveton el T& kdTw TapadelypaTa.

Mopadeiypate : 1) Atv Suvdpedo va ypdywpe Va VB =Vap, tdw a>0
kel B<0 7 t&v a<0 kai P<0, o¥Te Vo | VB = Va/B. "Evd v a<0 kel p<0,

Suvdueda v ypayoue Vap = V—a- V=P xal v%-: V—a[VZp, Biémi-a>0
ke —ﬁ}f)

?2) Aty Buvdpeba va yp&ywpEy VIJ/E =\6/'&' & a<O.
3) Abv Buvdpeba vi ypaywpE oVp =Vap tw a<0, p>0, To épbdv elven
VB = || VB ==V,

3 6
4) Aty SuvdpeBa v& yp&ywuEy Voo = Valt tw a<0, 8ot t& péAn Tiig ioo-
3 3
TrTos elvan ETepdonUa Kal GUVETIES Sibgopa. To dpBdv elvan Vab = V—(—of) =
6

) 6 o
=l V(;u—)i’ =t -—V(—d)“’ = Yo,
6 3 ‘
5) Abv Buvdpefa V& ypPApuLUEY Vot =Va v a<0, 5iéti of &pibuoi Vo
3 60 64 B & Ay
kai Va elvan drepéonuot. TO Spbov elvan : Va2 = V(=) =V—~a >0.

75. TMPAZEIL ME APPHTOYE IMAPALTAZEIL.

Ka)eltar dppntog TopaoTacts, kaBe apopnnikn i Eyypappatog mapaatacig
repiEyovoo Ev tovhdylatov plueov.

Al Tapaoréoss a+ P V2, -3—+—c:/-5-_., VX + v elvan &ppnot.

1) Ipbobears kal deaipeois.

OPIEMOE. Piik& Exovta Tov autdy Belrny kod T alrd Umdppilov dvo-
uélovran Bpowe. ZuvTeAeaTNS 8¢ pifikoU kohelton & Tpd aiTOU  EUPIOKOUEVOS
TOPAY V.

Ard vé elpoopey TO &hyePpixdv EBpoiopa dpphiTeov povwvupev, dpolwy s
rrpds Td piikdy ToU Trepiéxowv, oxnuarifoney & &pprov povdowupov Spotov 6
mpds TO Pifikoy, TPdS & Sobévrta pE ouvTeAsoTHY TO dAyePpixov &bpoigpa TV
suvTEAeoTEY TGV pilikédy TG SobévToov HOVGWVULGOV.

3 3
Mapadeiypata: &) TO &Bpolopa TEV HOVWVUHLY — 3Va®p, Voo,

: 3 8 3
Vdﬁi —2Vop loobren wt (=3+1 + -12——-2)1/0:‘*[5 =—%—ti[-3

n| -
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B) N& eupsen ™ &ﬁpowua V3cx‘x - 2V3cxx + V24cx‘
"Exour;v V3u‘x ) V3o:x+ V24cx X =« V3c:x 2 V3cxx + 2a V3cxx =(a— 2 1

+ 20) V3ax = (3a—2) V3ax.
2) Mo)anhaciacpds xai Swaipeorg

‘O ToA/ouds kai 1 Bialpeots &ppmT@Y fcpamdcrewu y[veTux Eﬁmus ad
els 1&g prTds GAyePpIkas TAPATTATELS. Suvetréds Tpbmel T& PIfikd TAY Tapa-
oTdoewy vd elven fi va ylvow ToU cToU SeikTou. Pilikd Bt Biapdpuwv Bewtddy
TptrovTon el pilikd ToU arrou BelkTouy, & Belierng kol ExbéTng U'rrc::pplgou éKS-
oTou & autév ToANaTAaoiaodi Errl Td TnAlkov Tiis Bianpéoews ToU E.K.TT. Té
Betdvy S1& ToU BelkTou -rou plgucou

Mopadeiypata: o) 3 Vc:“y Vc:y VY i V(us),) o Vc:ﬂ
= 3(;():2 & “
B) Na eUpedij To ywonevov A = Vo - V[a ; VY ;

tabed it
EKTT Bencrédv 18 12. Ot : A= Vd‘ Vﬁ‘ CVyE = Voipyy?

y) T mnhikov : ﬁ '\/a‘f = E—; (o, peR™)
\/ P \/ﬂ"

&) Na iteneofouy al Tpdlels (v = +v ) \/xa ol \/‘P ) “Exopev:
A= V’“" : V vt \/_— ax + ;/; \v’—\/""*’ vxw‘ ax
+vx"'|" =F + i v + X v;—_+ Xy

3 Ankonoi oG,

A Tiig éq:l]:!pUOYﬂS i 1BoThTwY T EiIfdy, elve Buvartdv TroARdKig
pilik& f &ppnTol TapAOTETES V& &mhovaTteuBolv i, mws Aéyopey, va &mho-
TroinBouv.

INMopadeiypata : «) v e v vx- v v
=VZ P) VVGG' VVG’ V"b— V"E V“" V°‘5" V“'“’ Vﬂ‘ (@ >0)
3

76. TPOIIH KAALMATOE ME APPHTON [MAPONOMAETHN EIEL IEOAYNAMON ME
j PHTON NAPONOMAZTHN.
te’ Goov touto elvar BuvaTdy, kKhdopa-
v elva v& HETOTPETTWUEY,
o uéz‘;:;‘r:l:ov TrapovopaoThy €l looBUvape B pNTOV TrapovopaoTiy, BioT
=
ol BieukoAuvovTal oAU ol Tpakes.
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SuvnBéoTepn Hopead TolOUTWY KAATUETWY elven al dxdAoubor :
(=4

vV

v
TMoAhamAaoidlopey Tous Spous ToU kA&opaTos &l 4/Bv -

1. Khaopata tiig popefic A = . B >0 vueN kal v >

PRI e 5. - BT | o O, | PR R

VB VPR Ype g VB

3 . 3
3 3YF 3V _3V35
e S U e oy WS kel Vsl
V5 V5 - V5 y5
a a
2. A == B=———— 5 Rt
Khaopata tiic popefis i T fy BT s B, YE

‘Opropds. “AppnTol TAPUOTATELS &prlas Tatews Blagépouoan povov @5
Tpds TO TTPOCTHOY tvog pilikol, SdvopdlovTal, cuyvyels.

a) To KAdopx A TpETETOL els looBlvapov pé prTdV TTaPOVOUXTTHY, tav ol
épot Tol[aBolv Eml TiHY ouluyf TapboTac ToU TapovopaaTol Tov, fiTiS
elven dvmioTolyws P F Vy

B BT TP

OUTCO'Al_ﬁ+VY__(IB+1’?)(9-V~T) B -y

Wl Ay e “@._Z"_vl—f_),_za(ﬂt\_"ﬂ
=

vy G-1Tne+tn P
B) TloA/louev ToUs Spous ToU KA&opartos B Eml Thv ouluyf mapdoTacw
ToU TrapovopaaTol Tou, fiTis elvan VB F Vy

Ot By et = =SB 2 (B
FB =Yy T B+ (B-Vy i
VB + VYY)
*Etriong Bzz.‘ﬁ:u(pﬂ_y Y)
1 2473 _ T L YW yEays
mx R =aay=2+VE g == -2V

a
= e— 8 .
3. Khaopara tiis popeilg A= LIV B,y 8eR

TTpoKelpévou Vet Tpéywhey v ¢ autév els foobuvariov Pt pnTOV TTapOVOpa-
oy, TToA/{ouev Tous dpous ToV trrl plav ouluyf| TopdaTaoW TOU TOPOVOUS:-
gToU TOU.

Bt A o _ LT e
bre: A= 5y ¥8 B+ Vy- Y& (B +Vy +V8)
— _MI@_ — L(MYJE)_ , T &molov elvan TR popefis 2 ke

WB+Vyy—8  @+y-8+2VBy
TpémeTon Els {goBUvapov Wi prTov TIEPOVOHaOTHY (5 TIPOTYOUHEVES.
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A AI-YV3-YH _ _ _AQ2-V3-V5) _

MX Yoyiavs . O2-V3+V5) (2-¥i-VH — (Z-¥-5
SETVE-1T s AL YD, AQE-B =V ey
2+3-5-2V6 —2Y6

A
fi — ——  TPETTOV-
Fevikdic : KAdopara TNS popefis BN T . o

Tan els looBlvapa pé pNTOV TrapovopcoTiy, v ouvexds oA [{ouey il piaw
ouluyf| TapdoTac ToU Ex&OTOTE TTOPOVOLXOTOU, WEXPIS STOU & Tapovoyo-
o }:VQKE:T“‘ fig popefic A= K srps B —, aPeR+

. opata T v_ Si Cies Tz

A Va + VP Va — VP
BUO TEPITITLIOEL !

1) Ak 16 xAdopa A Sioxplvopey .

a) ’Ec‘xv) v =2k + 1, keN, ToTE TO KAGopa A ypageTal :

A

K K e e _(;/a)v“‘(:/li)v:
N o e g o o = B Y

K (Ve VT AV A VET)
B) 'E&v v = 2x, keN, TOTE Suotws Exouev

X I )
= _— = s “—__ —ﬁ _ - = 2
VR kB \/Ev+\/ﬂ)
= o5 " (Va=m —va—p + V&P - ,'-,“«/pv-‘ 3
1 s i (\/f)+(\/3)
35 e e e R LT 'T_""T_'“‘ 5 __\/?-:;3
V2 + V3 VZ+43

1 3g Y3 3
=8 (V4—V6+V9)
2) To khdopa B YPUPETAL ¢

A A h—p = A (\“/E)v—( El_z
B= i = '_;-_-_v_-'_a—ﬁ' A your
vavE o Va-VF Va -VF .

=2 -(VF+V&T"-_'B+...+VF)

G—I5 4 4 4_{
1 2-3 1_(«2‘) '(\/3) $n
o | Y 1
Lo S v v R Y
VI - V3 VI -3 VI =¥

——(J84 V2 + V1B + VED)
) V8+V12+V1 ; oppfis [ = M ., &mov o, PeRTkal
Enjitloong. 'Edv 16 kKAGTUa glvat Tiis HopY —"“\‘,/; ¥ :/E
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v, p€ N, Téte mpdTov kabioTddpe Tov TapavopaaThy  ExovTa plika Tou auTou Belktou
kol Frrerta TpOYWpOUHEY s v,

o £ e iy 1 2 4—27
K F e T T 2= A R e
VI+A3 VIV VE 4+ 427

6 _\6 6 \8
i 1 (\/4)—(\/27 U e ] AsT TSl & 6
e i Sl "_23(V4“—V4"27+V43'272~V4*’27“1

VT + /2T

6

6 —_— ee—
+ V&-27% - V275)
77. AYNAMEIE ME PHTON EK@ETHN.

EiSouev 671, katd Thy 6ény iBidTnTa TGV pilév, Buvdpeba va BlanpEowhty
Belkrny pilioU kol dxBETnY TOU Ymroppifov Tou Bia Tou alToU quaikol &piBuol.
00w, tv a>0, pyeN kal p=vk, &mrou keN, TéTe Bid THy TpwTEUOUTOY

pllav VE" B& Exwuev :
Ao =y a% = (v ) =o = a. Anhabn PAémopsv &1 TO  oUupo-
Aov v Exer Thy Ewoiow TOU cuuﬁé?\ou\/é‘: tp’ Soov PePaics TO % elvan qu-

owés. 'Edv Spws TO —S—Eéu elval QuUOIKOS TOTE TO oUpPoiov a“i:_ Bev Exel kappiav
fwvolay, aUURMVES TIPS TOV Spigpov TS Buvaiees. ZkoTIov elval, T yevi-
Kkevowpey THY Ewolaw ToU oupPoioy a"s' kol B1& Ty mepimTwaty, kel fiv TO %
Btv elvon guoikds, GAAG v yével pNTOS.

"
@ kakobpev © odpporov a’v dovapy tol « pé Ek0ETNV prToV, Kai dpilopcy
v maplotd THY VLoaTiy nporedoveay pilav tiig pvootiig Suvapewg tod a, fitol

v
v Vab, by % = 0 kai @ > 0 kai iy dvriotpogpoy abtiig ‘vl—, v & < 0 Kkai
Voi
a>0

i R e L 1 2 :
Od yplywHey & v =4/ak kol o v = :wviw, émrou pveN kal a>0.

av \/u_u

4 Ay 12 6 - o 1
Tl X+ U-T:--\/C!“, al?=qlt= a’s =‘\/o:5loz T = ,1}
o
Enueinoig Mpémer va &ropeUywhey V& EQapUOlwhEy TOV oupPoiiopov ay
Srav a<0, Bidmt mlavov v& oTepfiTan tvvolas.
= 6 3

1 3 O, ] 6 Wy
My (—8)F =V B =—2, & (-BT =/ (-8 =y & =y8=+ 2
2
Mpogavids (= 8)T # (=8)F
*Qare, Péoer TEV TeBEVTY Opiondiy, ndoa pila SOvatar vi ypagfl GG 60-
vapig pE ExBETNY prTov.
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Al véou aUTal Buvaues pud pnTov EKOETTY Urrakououy elg Tag 1810TIITAS v
Suvdpecoy pE EkBETOS OYETIKOUS drepadous,

78. 1AIOTHTEE TON AYNAMEQN
1) To ywopevoy Suvapewv tob abtod ambpod a > 0:

) T
o K — L v
v * / ™ = /oM . v \/Q’
noy/a
“Exouev @ a¥ - a* \/a \/
ul+xv H & x
=a = =aV A

2) “Yywoig duvapens glg dovapuy ¢
A

i v K o v 1"-
“Exopev (a_:')':" = V(a‘:')x = \/(Var) = VVG‘“‘ = Vax =
e g B X
= dﬁ — oY s

3) "Yyooig ywouévou glg dovapty :
L — fo (RN 1 =
"Exomev: (x B Y )“f\/(a (a P V) \/ BL
—x/““'\/ﬁ“'\/‘f“—d o By 1

4) To nnhikov dbo Suvapcov tob @ > 0:

et
v

Y

n

uExouEu 5 ay_ : C!:_ =,\}'&F :\/ax = vau)- ,\/GKV — ,\/a;.ll ary =

VA, HAZRY L X (Mu_>_x_)
__\/&In—.l-—xv:c Vi o= ¥ = X

5) "“Yywog khaopatos elg Suvauw:

H v i =

TR EE R E
o ()= V= VE - Y2 =

A v + kel v, K AEN
AU Shag Tas TEPITITWOIES GrreTedn a, PeRT kal VK,

o ; = : 3 : 181 TTES loyxvouv kat dia
X — o = ——! EMETCL 611 al &vw EpW TNT X
Inpeiomog. Emeidn v m TMET T T 56

av

Buvdpe ¥ T T dPVﬂTlKOL‘JS

15 ¢ ixBéTas pn ous , ' ' ”
O C(eﬂTGl S\JUG‘JTGI UG. Blﬂ'TUTT(.\)GOUV TOUG KO ovas TwWv iBlDTQ'{ VT

1 B v

Buvapewy pt ekBeTas pNTOVS &p1Buous.

& ‘AOYlO’uég HE plgnxa KO
. 'Ex TV QUWTEPW ouvdyeTal OTl,
o Hupﬂz‘;\%“z:qu?\o: STy TOUTA gurikaraoTaBouy pt Buvduers pe Exbetag
oTaTal T ;

pnToUs. : g (
ar I R o e
"Eq@appoyi : (‘\/C(?‘ V& /e ) \/cx“ C(

--c!‘0 s

1 9

T ‘Clz):o:" =
2 0 150e
8= ol /et

Wnepiomotr|Onke amé To lvotirouto Eknmaibeutikng MoAmikrig



ALKHEEIZ

224) Na eVpefouv al TpwTeUovom pi{m T@Y d:pleumv:

5
va 7—27 vm V32, v—243 VJsv V 77 V243' ¥0,0256

225) N& evpefouv SAar ol wpayuartikal pifor Tetdprns Télews TV dpiBudv
16, —16, 49, -—10%, 81, 0,0081

226) Na é('rr?\oﬂ'olneouv al &uéAouem 'rrcrpao'rézaas
18

vr vé"w‘ V32 v 512, v 243, v/ TTape, \/-mu 1, 4/6datiy®
227) Nu éiaxﬁouv éx-rds TS plgns ol m-rc‘x?\?m?\m ﬂapdyov'!sg

'i'—-24 1320 1t’—% 1"0 1250, 1"54x"w. 1"32x o', vaﬂ yxwww Y IBxTg
228) Ol tktds &Y pil@v Taphyovtes Ve eloaxfolv butds alTiis.

i S, Tt 2 T R T
Iy2, -2v-1, aV3a, ﬂ'ﬂv—uﬂ. —20“5')".‘['0‘37' («+B) V““ﬁn \F‘/gx:\yl'

a+py/e—B,

—pVa¥ep
229) N& eldpeBolv -rd: éxé?\nuﬁa ywéuevu ml wq?\[m -

1) 5Yi8-3V8, 2 Y6 V- VI, %) Y2 /8- \/48
3 3 pRTAT
4) VT5aBy - 2 Véa'py* NGB, 5) Vi /T /K
Siig, A0 danaEe e Fiiioh A
6§ Va V& Vah 1) 3Va TVER- VEpy, 8) 5y/18:4/8,
.3 3 3
9) 44/712:24/2, 10) (\;u'ﬁ"a\/ﬁ?):\/ﬁﬁ‘"‘

230) N& dm?\o-rromeoﬁv al dxdAovbol TEPACTATE :

Ve Voo (V_GVM ) m.—) \E .

231) N& etpefolv T& &AyePpika dbpolopara @
Yty disnd i ) e T T 6 4 3
NVFE-VIE+VIZ-V3, 2) 4V2+V3+ V8, NVIE-VEI+VHE,
4 6 R L 3 i 3 3
4) V50 -V/324 —VBI6 + V56,  5) 9VIa% -3V T6wX + VX
6) Vi +d — 5 \/ TFot + Virax® + VIar+9

o + af 4ot + 4a? Jaq/a+ 1
9 va’—x' TV x=1T T x¥x-1
232) N& tkteheoBouv ol dxdhoubor mpaters :

3 3 3 3
1) (VB +2 VZE —4Y375) V=3, 2) (x— a+¥p+o) (x —a= Vp+a)
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3 8 B B 3__l 3_4_37 3___; 17
(T + V) W@ -YB+ VPR D (}’x :/_w)(xjw:rjw +_wa)
5) (xYx—xpr)(\’x—VW 6) (Ve — V) :(¥x + Vxg +¥§)
7y GaVa +a+Va =2): (3 Ya —2)

233) T& kdTwb kAdopaTa v Tpamouv els loobuvana ut pnToV TapavouaoTiv.

a a? w o a+P ) o 7 a+ VP

1 il —-.—_‘_P’ ——_-:'.'VT—_}_Y"‘, 20 -—
)ﬁ]’a }'33(_ Y Ya+p 14+ Va X v 'a- VP
= p
[ X Tk, VE-VY s =
il’i‘:/‘%"i 3)1//:’:+ty v’x-~ "IV +VY s+P+2Viep
5 5 5 1 11
VZ =3 -5 +VE oy T3 i 5

4 I - J L
Ry gy gy e AR {0V e o S R

234) N& EkteheoBouv ol dxéhouBor Tpates

x4/ xP =1 —-\/xi 2) \/2x+up+\/2x- \P+\/2x TET \/2,‘_
& \/’FjT_x+Vx‘—1 \/2K+~P VE—Y VEtytVZ—y
i | l l
3)‘/1""0(l \/l"’dl —-—-—__42—-—— 4) 3 3 +—3

Vi-a \/l+a’ Vi-at e+ ] \/a‘—\,/c:+l

235) N& txteheofolv al Axdhoubor mpaters 2
b 1
1 (o canl (o7 i) 2 (as) ® (ragli): ® (v)s
.(y B ;‘);— ‘v;j_, 5)(,112— - p;— )(q_ ’lz+ p- 2) 6)( 3 +a j . TI 1B i)'(a“_;_ﬁ__;
D (La‘ %) L B 3)

236) N& &mhomom@olv al TRPAOTATEIS

BT c:_ﬂ;_ uz—2u4 +1
a—p uzﬁ: + LSy
1D ey gl L iyl 5 i
o + o7 P& of + P2 dc 2ds+
¢
s
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KEQAAAION XI

MITAAIKOI API®MOI*

79. ANATKH EIZAMQIHE NEOY ZYITHMATOZ APIOMON.

Eis 10 xepddaiov «dvéhuots diepadeov dhy. TrapaoTaoey s ywopevoy
maporydvTv (TrepiTTwats 6n) eiBopey, STL TO TPIGVUNOY @(X) = ax® + PX + y=

2a

popdv Suo TeTparydvewy, 86T & Spos ?}% Bty elvanr TeTpdywvov TPy paTIKOU
dp1fuoy s dpunTIKSS.

Emrions & dpiopévas Ehigwoets, @5 al x241=0, x*4+4=0 1 Avois
elven &BuvaTos &v R.

Fevikéds B8 7 ladTns x2¥ = B, ¥xeR A PeR ~ A veN,, elvar dBlvarog, Bio-
T1 oUBels TparymuaTikds &piBuods Umrdpxer X, ToU- dmolou ) dpTiar Buvais va elvan
dpunTiKds &pifucs.

= q[( X + P )2— 4-2,] Bix A < 0 B&v Slvatar va petaoynuoTmiodi els Sia-

2v

' Axdpn elousv 811 YaeR-A veN 16 aupporov \/d Btv Exer Ewolav TTpa-
yHaTIKOU &p1Bpou.

Ta& dvatépw &AyePpikd Btpora kol GAAa ouvagf aUTdv Euevou SAUTA uE-
Xp1s 6Tou 7 tmfupla iy MabnuaTikéy, dtrws Boagouv Aow els TolouTa Bt
uata, GBNRynoer el THY ETwdnaw tvds veou ouaThpaTos dpIBuddy, EmiTpETrovTos
Thy EmbupnThy AUow.

OUrws elonydn év veov ouoTnua &pifudy, To dmoiov duoudodn olotnpu
paviagtik®y apiipdv.

“Ev ToloUTov cUoTnua &pifudv Sid va yivn Bektov, Trpémer vk Umrakour)
els Tols yvwoToUs uéxpl TOUBE vopaus, ol émoiol logUow 8id ToUs TrpacyHaTIKOUS
&piBuous. Aeyoueda Si& TO véov oUOTNUA TBY @aVIATTIKBY apiBpdyv, o1 Uma-
kouer els Toug vopous aUTouUs.

80. ®ANTAETIKOI APIGMOI — OPIZMOL
Mav ovotnua &piBuddy éxel plav povdda. TolU ouoThpaTos TGV QauTaoTI-

(*) Thy Decwoplay v pryadueév agtfuayv deperlowoay ol @ D' Alembert, Euler, Gauss
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K@y &piBudy Ty uovaBa TapIoTOUEY pé TO ypapua i, apyikev Tiis Fahhikds
Attews imagineure, kal dvopdfouey aUTHY QaviacTiKny povada. 'H gavrastiki
povag i, opiopey drmg Exet Ty idloTnTa, TO TETPAYMVOY TS @¢ Kai TO TETpa-
yovoy tob avabitov abriig —i va igebral npdg THY apvnrikiy povada. 'EE opi-
copoU Aoirov Eyouev : M o sncaied

W1, (-t==1 |

e e |

Al todTnTes (1) waBictouy SuvaThy THY AUow Tis ttio. X* + 1 =0, ¢is
ToUs PaUTHOTIKOUS apibuols, 81071 ¢ .
st [ =Oemxt==lemd= (N > x=£i

*
'Evri héov of lootnTes (1) BnAoly &Ti: AV -l=41i (2

Davractikog apibpog KoheiTal TES &p1Buds, 6 dmrolos yivetan Sid Tis Erava-
AyEWS THS PAUTATTIKTS povddos i, Ty kal TS dvriBéTou — i, kal TGV pepdv aUTg.

3

OUtws ot &pibuoi 21, — 31 -]2—‘1, 3 i, 0,251 elvan pavtagTikoi. ‘H yew-
K1) popen Evds QaVTaCTIKOU apiBuol efvan @ Pi, Sou B # 0 eR.

Emi Ti) Ppdoer @V TeBbvTaov SpIoPGY, 1| TETPAYOVIKT pila mavtog apvn-
tikoD apidpod elvar aprdpog pavtacTikoc.

Mpdypatt: YaeR™: Va = Vv-T1" VIdAV-T=4i= ‘\/’cx:;i_fi\/@

e SR

"Ex Tév BUO TETPOrYwvIKGY pif&y Tou dpvnTikoUu &plfuoU a oUMQWVOULEY

51 ToU oupBohou 4/q, V& TOPITTAVEOHEY v i/ al, Thy omoiaw kaAoUuev

TPOTEOOLOEY TETPAYWVIKTY pifow TOU O S Eada

My v/—16 - A/ =9 =14/16 i VO =ity/16-9=(=1) -12=-12

M opbh Tpatis : v/ — 16° V=9=v(=16) - (=9 =+/144 =12
Al axéparar SUVARELS g QaviaoTikig povadsoc.
“Eyopev : 1) i*=1 ;
il =4 Lt Opropoy
i it
B=itri=(=Di=-—1
il:i!-i‘*:(~l)-(—l)=]
p=iti=li=1

2) [evikds :

ii.“- :(il)\‘:__ ¥k
iih‘-1=i4“-j=l-i:i
jved = it =0 (= D=l

VveN: v —jvid=1(—i)=—i

1=V= -2— (Awvaral Tpad ¢ 1,4, =1, =)

I

(*) Tov wJ|;B;1;dpbv zobtov  Expravsorolnae <b mpdtov & Gauss, & & Euler (1777)

iy elofyafey GpLOTIKGS.
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[Hopatnpioeg ¢
1) Al Buvarad Tipal 6y Suvdpecy ToU i elvan i, —1, —i, 1 kel voAdooov-
Tan TEPIOBIKES. A
2) Al &pmia Suvduers Tig i elven of mpaypaTikol &pifuol + . o
3) Al mepiTTal Buvaues Tfig 1 elvan of gavtaoTikol &pifiuct i, —i.
Mapadeiypara : 1) N &modeiyfi 6T 174 i 1 4110 =0
Alie © VT iFit 4 Pr=iT(1 Fi4 B8 =at(] LR Ty =
=i7-0=0
2) Na ebpedfy f Tipn Thg mapactdoews A =1 + ]l_a + 2i% + 3i2

Adats: A = @'+ =42 143(D=CD+it2-3=1r-1+
+1 "Omep Wy =2 keN, t A=1—-141i=1

Vy=2k+1: A=—1=-14+i==2+41i
3) Né& ebpebolv of Suvarai Tiped Tis apaoT. t A=it4 it 2434 L 1
Avois : ) 'Edv v =4k, &mou keN Eyopev : Aj=1+i—-1—-i+ ... +1=1
B) ’Ec'xvu=4l<+1éxouev:A2=l+iw1-—i+...+1+i=1+i
y) ‘Edw v o= dx - 2 Bops s Ay = 1 il =i+l k= T =i
8) 'Eav u:4|<+3§)(ouev:A4=l+i-—l—i+...+1+i._1_i=0

81. MIFCAAIKOI APIGMOI (COMPLEXES) — OPIEMOI *

"Eav @, peR, 00 dvopalwpev pryadikdy apdpov 1o ahyefpikov Gbporopa
il popoiic a + fi, dmov o a arotehel 10 mpaypenikdy pépog, 6 6¢ Pi 10 paviacTi-
KoV pépog avrod.

"Emreidf) 81 p =0 elvon a=a+ Oi kod Blx a=0AP # 0 elven Pi =0+
+ Pi, EmeTon 6T TES &IOS TTPOLY LOTIKOS elte pavraoTikds Slvartan vé TebT
gmd THY pophy pryaBikol &p1Buou.

‘Enopévag 1o odoTnpa 1V pryadikdy apOpdv mepiéyer i svetipata T@V
npaypanik®dv kai @OV pavtagtik®y apopdv.

"Av guverréss elvan : [ To olvohov TEW govTaoTikGY dpiBudv Bi, R 16 gU-
VoAOU TV TrporyMaTIKGY &piBudy @ kol C 16 glvorov @Y wiyaBikédy &piducdv
o + Pi TOTE EYOBEV :

RcClcC Rnl=¢g, (R 1) C

Eic tov wyabikov &piBuov Z=a + P1 maparnpouuey, &Ti petaky TV
TparypaTiKGY SpiBudy o xai P UgloTaren plo Bipehtys axéons. ‘Emoptvess Buva-
uebo va Bewpriowpey 6TL T& o kal P dmoteholy BiareTerypévov [euyos (o, P)
voi ouveréds v oupPoliowpey TOV uryadikdy &pifudy Umd popeny SiorreTory pé-
vou [eUyous ik TTpETOV OTOIXETOV TO TPAYHATIKOY Pépos Kol BeUTepov TO ovTa-
aTikdY pépos oUToU.

S A —

i o ¥ i 5 : r
(*) Elva adivaTov g dmédeilev Weirstrass, v Smdpln abotnua yenxdresoy 100 pis
aduzal, el 70 dmolov va loyouy Bao ol vopor Tav Teoodpwy Tpdiewy.
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Otrew Eyopev: |Z=o+ i = (x, B), Vo, PeR

*ApEgos OUVETTEIX U véou cupPoliopou elvon 611 ¢

1) Ilag npaypaTikds appodg eivar tiig popefic (a, 0), aeR

2) Tlig paviasTikdg ambpog elvar tiig popoiic (0, p), BER

TTpos Bl WPITHOV 6w pryadikdy &p1buddy s uopq;fj; (o, 5‘3) ut .B#O
(o Tous wryabikous TS popefis (& P) o, PeR, oupguvoUpey ToUS TRGTOVS
& Tous kahoupey kabapods Py apOpove.

32. IPAZEIL EMI TON MICAAIKQN APIOMON.

‘Opapof: 1) Kohoupev  ovboyfi ToU ryodikol &piBuol 7= (oPY=
= o + Bi, TOV pryabikdv dpleub\é -Z—= (o, -P)=a-Ppi" avuiovfoyi] 8¢ Tov wry.
X : =(—q p)=—a+pP

Pﬂ“‘;’) %rloUs ; u:fof?. &piBpoUs Z=(q,p)=a+pi kd —Z=(=-a,—P)=
= —a— Pi kahoUpey avnbétove.

3) Mértpov i andlurog npiy ToU Z = (o, ) =« + Bi xoheTron & uf) &pvn-
Tikds &piBuds + Vol - P ol oupPohileTal :

L (Zl=|@p)l=|atpil=+VEFP

Al Trpdters gl TGV pryaBikéy &p1Bpcdy ylvovton Smreos kol &l TV Biovu-
oy o + Px kal y + 8x, 6oV & x elvan 1) pavTaoTIKN Hovds i, kaBoTI EBEXBnpey
loyUovtas Tous péxpr TOUBE yvoaTolUs vopous . &V TPayHaTIKGY &p18udov.

"ISi6tnteg Tiveg TOV npatemv.

a) Oi pyadikoi apopoi, pndevikds, povadiato. ;

1) ‘O pndevikdg pryadikds aplopos Oréapyer kai elvay Evag kal povog 6 0 =
= 0 + 0i = (0,0). . ' .

TMpéyuom : “EoTe &T1 elvat & 4+ Bi =0, dméTe a=—Pi = o = (—Pi)*
<:,,q'-’=p212¢>a2:_‘32¢>a2+pz:0_ Y ‘

To o péhos a + P* elvar pf GpyNTIKA moodTns Kol #meldn looUTon pé un-
Btv, Emeton 6m a=0 kai p=0.

"QoTe, tow a+ﬂi=0<¢a:0 ke p=0

2) "O povadiaiog pryadids apLopog Dmapyer kai elvan Evag kai povog 6 1 =

¢
=1 + 0i = (1,0) ' . ”

Mpéypom : "Eore &1 elvon o+ Pi=1, oméTe (x—1) + Bi = 0. *Apa
a—1=0xa p=01 a=1 xai p=0 kol ouverdds a+Bi=1+0i=1

f) Oi ioor pryadikoi apOpol

‘H ikavi kai avaykoie ouvOAKN, fva 800 pryadikol dpibpol eivar Toor, glvar
v Eyovv td npaypatikd pépn loa kai tobg ovvrekestag tob i toovg. "Hrot: a +
L Pi=ytdica=7Ap=S . o 4 .

p n;&\;pu"rl,éﬁv a=y kol p=5, TéTe o4 Pi =y + i Eéw B8 elvan & + Pi=
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=y + Bi, o1 (=) 4 (Pp—8)i=0xai ouverds a—y=0r«kai p-8=0,
Srea=yKaip =25
Inpeioog: ‘H oxéols iodTnTos pryadikdy &piBucy elven :
1) abrorabis: fiTor Exomev (a, P) = (o, B)
2) ouppetpuiy fitor Exopev (o, P) = (y, 8) <= (y,8) = (o, B)
e (@B =060 | o eyt
3) perafaniki fiTor Eouey (.8 = (& D (a,p)=(e.0)
Mia TolaUTn OXéols KOAEITal OYEGLS icoduvapice.
3 Yy D koi duapéoewg.
Al npagerg tiig npocbiccws, no.\.?..arrlamuopo. A
“Exouev : Voy, Gy By, PR : (et + Pal) + (e + Bai) = (o + o) + (B + P
oy, Oy Prs P2€R (e + Pai) + (e + Bui) = (o0 — BiP) + (0P +

+ ﬁx)j ; . X ; Ll
‘H &opaipeors (o + B,i) — (o + Pul) GvayeTan .s!s THy TIpO 'scw.
OUtws, Exouev (e + Bii) — (o + Bal) = (o + Pui) + (— e — Ral) =

= (o —) + Pr—Pa)i

To {bporopa Kai TO YIVOPEVOY 500 ouluy@y pibadikdy amipdv elvar dpt-
Bpog ttpa'ruu'cmégl .
Mpdypam, Z+Z = (a+ pi) + (a— pi) = 2« _

Z-Z=(ax+pi) " (a—Pi) = — (P1)* = o + P*
‘0 pryadikdg avricTpopos 1ob apidpol Z = a + Bi # (0,0) drapyet kai slva
g O X G VRSP Ry

gvag kai povog, & Z7' = (a+ )= ixpt mgp! »

TMpdoyperty, édw Z = & + Pi kel Z-' = x + i, ToTe Tpéret (a + Pi) ¢+ (X +
+yi)=1=1+0i = (ax —Py) + (ay + PR i=1+0i<>

a
GX‘“p‘lei X=3ryp
=01 -

WY V=G e

KohoUpey nnhikov 800 pryadikév dplﬁwﬁvﬁ Zi=oy + By, Z, =0 + Pal,
stou Z, # 0, ToV pryadikov &pBpdy X 4 Wi ToloUTOV WOTE ! . -
(o + Bal) (x +wi) =0+ By = (oux — Bay) + (o + Pux)i = oy + Pyl <=

X = a,a + PP

WX — Py =X } 3 ag® + Bat

oy + Px =P Y= a—-;2; ;—-—Z‘ﬁ’

: 1d3 + PiPa LB — oy .
Zy: L=X+W= uu(:'+gz’ﬂ s aa?'%—ﬁa’ l

Ak Thy edpeaiv ToU mnhikov d00 pyadov Z, =o, + Py kel Z, =0+
+ B, # (0,0 ¢pyaloueda in G EEfs : s
Z,:L=L2" Zy = (oq +Bi) - (&t Bui)~t =

y 3 — P : o9 + BiP2 P, — P .
— @ +B) (Gim T e )= aties 1k R |

*Hrol ExoHev :
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*Errlons fy wpakis Tiis Siaupécews yivetan duéows, &v moA/owpev Tous Spous
ToU KA&oparos el TOV oUluYTi pryaBikdy ToU TapovouaoToU.
& : i Ly L% ";Eﬁ-Mﬂ — st 313:_}‘0:[5. —a,P,
HTot : 21 Vg = Z_, = m ﬂgi — (dz ke ﬂ,i) < (g — ﬂsi) a,t 4 ﬂ,l a? +'r*“'"ﬂ',

‘H yooig pryadikod apbpob eig SUvapLy.
“Eyopev : 28 = (a+ i) =o' + 2aPi + P = (o — P*) + 2afi

78 = (o + Pi)® = o + 3¢ Bi + 3ot 4 PUE =
= (a® — 30p%) — (B* — 3P i

i

83. QPIZMENAI BAXIKAI IAIOTHTEEZ TOY METPOY.

1) Oi pryadikoi 4piBuol o+ Pi, a—pi, —a+ Pi, —a—Pi Eow T
aUTO PETPOV.

O0rw : |a+Bi| =|a—Pi =|—a+pi|=|-a—pi|=+ Vi +p?
2) Oi mporypaTikoi pryoadixol &pibpoi (@, 0) = a = at oi Exouw pétpov
Tov |a|. *Hror : L(a,o)[=|a+oi|=Vq2=[cx]

3) Oi pavtaoTikol &pbpol (0, @) = oi = 0 + ai Exouv pétpov |a|.

"Hror : | (o, @) | = |0+ ail =+ Vol =|a|

4) To Tetpdywvov ToU péTpou fvds pryad. &piBpol Z = (o, P) = a4 Pi
elvan foov g TO ywouevov auTou &l TOV ng_urﬁ_ Tou.

“Hror © Ve, peR: |ZP=1Z Z = (Vai+BY)i= (a+Bi)- (a—Ppi) = a®+p2

5) Té uérpov ToU ywouévou U0 piyod. &piBudv Z, = (& + Pii) xai
Z, = (o + P.i) looUtan pé T& ywbpevov TGV pETpWY oUTGV.

“Hrot: |Z, - Zy| = | (et Pai) (2 +Pad) | =V (cua—PiPy)* + (@Prt-anPy)*=
VTR (@ TR = Ve + Bt Vol +B = 2] | L]

Tevikeys Exopev : [ Zy+ Zo oo Zo =12 Za].. |2v]

Ol pafnTal va &mobeitouv THY 1Bi1oTNTA TaUTny Bi1d Tpels kal Téooapas
ap1Byous.

6) T& pétpov ToU &vTioTpdgou Z-! ToU pryad. dp1Buol Z = a+ Pi lool-
T it 1o dvrioTpogov ToU pérpou Tou Z-(Z# 0)

Sra e SRS BT =
Hron i |27 = | @+ B = | o |=VaTort@rer
= ———'—~al+ﬂl = *"—-—l—":—'—'__l-"f;-"= :
S G _Vu'+ B Vaip |2
7) Té wérpov ToU TMAiKOU Buo wiyod. &pibudv Z, kai Z, # 0 looUran pe
76 TrnAlkov TGV HETPWY aUTGV.
) 1 |
ek ‘%,:]Zl-zg‘ﬂ=|21|-f22“’| =|Z]. mﬁm
8) To pérpov TOU mrnlkou 8o ouluydv prycBikédy dpibucov elvan 1 mpay-
pormikhy povds (1)
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Mpaypari: 21 12l 5en 2| =|Z]
| f !

9) To pérpov fvds pryaBikol épifuou Z = a + Pi elvon undéy, Stav a =0
kai p=0.

Mpdyuar: : Exopev | a+Pi| =0 =+ V&rlfﬁizl} = a4 pt=0 = a=0
xai B = 0. "Avriotpdews : Z=a+ Pi=0+0i <= |Z| =V +Pp*=0.

10) “H i8idtns WZeR = | Z 2 =Z? Bév loyler, dTow elveu Ze(C—R).

Mpbyuatt : & Z=a+pi (B# 0), Tote |a+ Bi|*= (Vo + By =
! + Pt 'EE &Ahou Eyopev (o + Bi)* = ot — PBF + 20Bi.

‘Ercopéveos TO | a + Pi | Btv looUtan mpos To (o + Pi)?

Lypaviiki onpsiooig, 1816 TES TIveg TV ATTOAUTWY TIHGV TGV TPy HO-
ik dpiuddv Sty loxvow Bia Tous kabapous uryadikous dpiBuous (1810Tng
10 Tiis due Tapaypdgou).

84. ' PA®IKH (TEQMETPIKH) TAPALTAZIE MICAA. APIOMON

Mveopilopey, 6TL T& Biaretayptva [eUyn (X, y) ToU ocuvdlou ToU KapTe-
olavey ywouévou R* &rreikovilovTal GUQIHOVOCTIHGVTS Els T anuelal TOU &TTi-
mébou TéV OpBoywviwy dtdveov (KapTeoavov érrimeBov).

Oi pryadikol &pifpof, g BlaTeTory pEva [eUyn mparypaTik@y, BuvarTal
GuveTréds vé TrapaaTaboly Ao Ta anuela Tou ¢mimédou Tdwv dpboy. &Eovewv.

TMpdyuary, & Wiyadikds dpiBuos (a, ) =a + Pi, 6mou o, BeR, dmeko-
vileTon els v uévov onueiov M (o, P) Tou #miTréBoy, TO OTrolov EXEl TETUMUEVTIV &
kad TeTarypbvny P kol dvTioTpd@us, TO onueiov M (o, B) n& ouvteTaypevas (o, P)
dvmioToyel Tpds Eva kal Wovov dpiopévor pryoadixov &piBuoy (o, B) = o+ Pi

"Hor. | ‘Apyerumow  Eixdov
| W, PeR @ (o, B)=a + Pi«—>M (e, P)

O0Tes UTAPYEl GUPILOVOTTIUOYTOS dvmioToiyla peTokl TV pryadikddv
&piBudv Tou owdrou C = {(x,¢)/(x, ) wmyadikos &piBpds } kal TV
onueicov Tou Emmédou. Emi Tou émiméSou

ToUTou & &fcov TEOW TETUMUEVWY Kal TETAY -

péveov dvopdlovtar duTioTolxws GEwv TV

‘];‘ npaypatikdv kol GEowv 1OV QaviasTikdv,

| 76 8¢ Emimedov pvyadikov | molikov Emi-
i8] & M, € nedov i Bidypappa 10U Argand (ox. 84.1).

Emrions bBuvaueda va  Eywuey  piav
Ied g

15 GuQIuovoTipavTOoy qvTioTorylow  petatu

e e T W oTdv wyad. dpdpdy (o, B) kai Tév Biowu-
¢ e 0 0,0 NP =l oL %

ouaTikéy dxtiveoy OM dos Trpds 16 onpeiov 0

\f‘ Iy. 84.1 ToU tmireSou. TouTo BiamioToUTal Spoiws.
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e R ) s o
OU¥Tw : ‘t W(a, P)eR? ¢ (o p) = (& + Pi) «<— OM, &mou M (o [3)1

Emesy | OM |=y/@F P xal|at+Pi]= VTP, lpa T ufikos
ToU SicwlopaTos OM mapioTd TO WETPOV o0 wiy. dpiBuol « + Pi. *H mwpoon-
uaoubn ywvia 6 = (OXT\OM) woheiTon Spiopa ToU o + Pi.

. P P
g = = = ———
Elvan 8¢ owb = (-_C;:—:W TP M M) 4/ -E[.%’
a

D e TP O
Otres, (o, PEC: o +Bi= V2 +B (vu=+p- + \/a'-}-pl)
5 i 6 1O Opiopa.
—= p (ouvd 4 inud), omou P 1o péTpov Kol d ‘ :
P (Tb :;12\, g xal To Bpropa B tvos Wy Gpifpou & :*- Bi, ExovTos eikdva TO
anuel I:‘ll(g B) xohouvTal rolikai cuvieTaypéval ToH onuefou M. :
“-“‘5"’";2 -:-r& pryadixos &pibpds duvaTal v& ypagf] Utd Tds popeds o + Bi
i (o.?;;' G i;ue) ‘H TrpdoTn KoAeITC Kapteowavi] popgi kal f) Beutépa tpi-
kal p .
TPUKT] pHopoT il
wvou;:pﬁgz::m?' Né& Tedifj UTrd TPryWVOHETPIKAY wopety & Z=1+1i A3
s 1 _ /3 -
“Exopev [Z|=\/1+3==2, o --=—2—Kod o = L dpax p = 2 «ai
8§ — 60°. ‘Emopéves Suvéuedc v& Yy paywpEY .:
Z=1 +i‘\/-3=2(aw60°+1nu60°)

85. FPA®IKH TMAPAETAZIE TOY A@POIZMATOE KAI THE AIA®OPAE AYO MICA-

AIKON.
1) Ipbabeocis 'Eav Z, = o+ Pil kol Zg = 0y + Pai xai al elkéves atrrédy

& BiowlopaTa OM, xai OM, &- ) 1 o
vTioTolyws, TOTE 16 &fpoioua lea’,,g,-) K e 1
2, +Z,=2 bxar 0 elnéuc—x-’-rb &- o) ,

— — € ;
Bpoiopa OM, + OM, = (21’1 Qs ’
yvwoTtdy, TO Bi&wopd OM Exer /,M‘[ﬂuﬁd
&pyhv T onueiov O kol Trépas 'ré ) G
&ho &kpov THs Biraywviov TOU T
Trapah [y péupoy OM,;MM, (xaveov

Iy, 85.1
ToU ﬂcxpu?\]ypémuou). ‘jJ %

(3 1 U A {_ .
H &mddakbis duvaral va dev.e'( T O e T Y »

vn UTtd TV B TEY EUKOAWS

— fiuce 85.1) : ;
P+ [3;) . Kzal(;):?: Eqw o elxoves TGV pryodikédy Z; = o + Bl kal Zy = o +Pyi

[ Y SlavlopaTa (3_I\7|1 kal O—I\ﬁE dyrioTolyws, TOTE fi elkaw s Biagopds Z, —
elvon Ta o1oV!
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—Z,=Zelvan 1O Birdwvoua oM (Exfnx 85.2). A2z =2, - Z,=2Z,+ (- Z,).

4

M, (X by )

- :@.
=My (% )x

-

2l e T ':f(“’ié’
M (-o4) 1 Ty. 85.2

‘H eikcov Tou — ZE elvan T Slauucua OM K auquTleov TOU OM_,, s pds To O.
OUTw : OM OMz— OM. + M, O OM e OM'.. = OM

AELKHZIEIZ
Ol gpavrasnikoi apiBpoi.
i 1
237) N& &moBey®fi, dm it =i-M==1 W=_jv=—,
- — V4 = —f, M+l jv-i=—1, OBmou v, HEN,.

jivai
238) N& ixtereoiolv ol mpdkers —5i* (—17), ioqreise s,
1 1 1 1
=54 i@ -1 TH+HFFTFTT
239) N’ &mobeix8ij 611 yve N, Exopev ¥+ ivVit 4 ivi2 iV =0
240) Tlolag Tipds SlvaTon v AdPn f| mapdoTagis
A=10—jt4it— ... (=)', émouv vEN,
24]) Eaw A=i04it+i4 ... +i% B=it—-i+it—... (1", veN,
Tolas Tipds Blvaron va AdPn # mapdoTtecis A+ B
242) N& ouykpiflolv al Tipal Tév kETw TapaoT&oEwY

1 1 1 1
A= 4t b4 i3, B= o+ gom + Jaw + pas ¢ MEN
243) 'Edv ol &piuol k, A, W, v€ N Bipoupevorl 8ic 4 &privoww 10 auTd UméAormov
v &modexdi 6T a) =it =i"=1" B) i®+rtidy = |
244) N& eUpefolv ol TeTpaywwikal plfar Tédv dpiBudv, — 25, — 36, - 23, =27

Ol pyadikoi apyOpoi.
245) N& &vayfolv ol k&Twd TapaoTdoes els THy popenv a + Pi :
@) — (=l +D=(=3+20 P} (S+3-G~3)-it, ) d+D
1 4+ 2i)? 1—-1i)*
8) @+1P+@-0) & (I+2)—(1-2D4% D E3j; 0); (2+',)).
+ﬁl a— a+i J\/3+| V3-i

e i

m) (ot BN+ (P ©) S5+ s T
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246) N' dmobeydi M dAndei Toov kaTwd looThTww ¢
Q) (1-ip==4 " B (= 24T (=2 —7i) =53, Y).(—7+i) (T +iD)=-50
8) (24 33+ 2i) = 13i, €& (x—a+pi) (x—a—Pp)=(x—-a)+p?
3 18 15 a+Bl . o & B_»::_(av—ﬁ_)i_~u+ﬂi
Dg-si=gr terir Mp-a” '’ ) R T
a+ Pi u—Bi_2(cx‘—I3’}
) aoptatmT @FE '
i . : & foxver % lootns
247) A s TpayHOTIKES TIHES TEV X, ;
) A mola pY(1f25)x+(3+5|)w:1+3|
248) 'Fav z, =2 +1), L= (1—2i), va Umohoyiodii & wiyaBikés &pibuds
: R '

5 ¥ (LA )P (L 1 ) =

z
=z, +n+zn+ -;:— + (@ — 2"

T Ay A .
249) ‘Eév z,=-— ;__i,\ii.i, L= n gl oY dmobex b 6T :
a) z; =z, B) z =2t xal ¥) e
250) ‘Eqv z = & + Pi xal 7 —a—pi, v &modaybolv ol oxéoes :
e o TS SR
L+ 2y =2, + In nty =4 - (Ze Ty (2 )
T Y 1 1
Co=-7 (7)== €

& o &bporopa fi # Biagopd T
Y fhkny TGOV o, 0 P P:€ER T
7 251-3_ BY;TOZ "'miz"_:‘é"i ﬁd:cu ap1Buds a) TpaypaTikds kal B) govracTikds kabapds ;
=y iy Ze=r04 4
To pétpov THV pryadikdy aplopdv.

252) Tiotov 16 pévpov Téw dpoudv =i, L+1 141 \w/’;. 2) +VI+i,
: No(—142) i-@=-V3+ip
I+ ai . @ aN(=1%ah deds ol ol
1-“_555- 3_+iﬁ_(]+,), ey ey (=R
253) "Ed Slg (LR gmroberdi 6T |7z [P = [z *r |z |* (Bpappooare
av Zy, Zy

liti2d
1-2i’

Tov YOV |zE’=ZZ) __
i e (C—R)
% 07 o1 !Z+Zl!=%zl+z!t ZnZy gy b
z:g :ahfs: a nu + Bii ; 2, = 0 + Pl TATpOlY T oxbow 7,2y +2s 2o =742, %
volz,=o '
Selbarre &1 oqe, + PP =0 ; :
256) 'Eqv a + pi=0 <= la+Bil=

Fpagikn napiatacis 1OV pyadikdy Epopdv. . ety o
257) N& eupedolv al elxoves TOV DT T B el g il
1 1
oy, (L% s =~ Vg i i

258) TapaoThoate ypagikdds ToUs pyadixous dpibuols o - Bi, a—Pi, —a+pi,

~a—Pi ¥y, Ti ToapaTnpelTE ; i :
o 25[391) (:;ﬂE,::ezou ol TroAkal gUUTETAY BEVAT ToU &pifuou V3 +i kel v& TedR Umd
3V

¥ 1KY pop@riv. .
plY;:g;w: ':o?uxc:l guvTeETay Béval tvds piyddos elvar p = 5 kol B = 450, Tlolos & &piBuds
olros ;

261) N& mapasTad YPS
Gp1Bpdov.

gikids 1O &BPOIOUG TPy Kal drohouBas TeooApwy pyabikdw
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262) TlapaoToaTe YEWUETPIKGS TO &Bpolopa T&v &piBudv
VDzi==2,2,=-3+2ixad 2) zy=3i, za=—240i, zy=1+1i
263) 'Edqv z, = 2 — 3i, z, = +1 + 2i, molan al elxéves elg TO wryaikdv trrimedov THV
Slagopidv z, —2Zy Kal zy —z,. Tl maparnpeeiTe ;

AZKHZIEIZ ENTANAAHYEQE

264) 'Eqv z,, Z; € (C — R), v& elpebi) oxtors petaty Tév o, o, By, P, € R, émmov 7, =
=0y + Pi, zo= ¢ + B, o Exwpev: ) zz€R. P) z,z,€1 (R olvohov mpayuatt-
kv, | owvohov pavTaoTikdv).

265) 'Ymé molay quvBriknv TGV TpayRaTIKGY &y, oy, Py, B2 TO TNATKOV &g‘!_ elvat

] 2l
q) mpayuatikds &pifuds kai P) eavTaoTIKGs.

266) 'Eqwv 2,2, € (C—R) kal z, = —z,, v’ dmebeydii 611 16 &bpoioua z; + z, elvan
xabapds pavtaoTikds &piBuds kal TO ywoéuevov z, 7, € R

267) "Edv z; = & + Byi, 2y = &y + Pei, Umd molav owBrixny TV ay, &y, Py (Ba 0& elvan
a) (zi'z) =0 xal B) |zs—2z|= |21+ 2]

268) 'Edv 7, = a; + Bii, zo = + Byl kal [z |24 |za |2 = | 2 — 2z, |t v&x &rmrodery 81
om oy oy + By a=0

269) 'Eqv z,z,€ (C—R) v dmobery8fi én 2(|lz|*+|z[)=|z+2z |* +
+ |z —n

270) ’Edv ol mohikal ouvtetaypéven Tou dpiBuol z = o + Pi elvan p, 6, ot al ToAkal
ouvteTaypévan ToU &pibuol z-' = (a + Bi)~? ;

271) ‘Ywd Toiav ouvBhkny T@V oy, &, Py, Pa € R al elkoves els 1O Tohikdy tmimebov
Tov 2, = + Pul, Za = & + P, kelvran b edBelas Biepyouévng Biex Ths dpyiis 0 Tév dEdvaw

272) 'Edv z = a + Pi kal z = o — Pi, ToU & wmyabixoU z; = X + i 16 pétpov | Z, =4
va dmobeyfi &m LBl =y (Zg #d)
l—zz,

L

273) TMapactioaTe yewpeTpikds ToUs &piBuols %«?— Z=-2 3mou z uryadi-

ks &p1Buds kal z & gulvyns abTol.

274) 'Eqv z = o + Pi kal z = o — Bi, v& &mobeixdfj ém & z elvan TPUYUATIKGS T
pavtaoTikds &v loyun 1 axtog 2! = 7°

275) 'E&v |z, + 2| = |21 — 2|, &mou 2z, Z,€ (C—R), v’ &mobey8ij & :
a) 2,2, + 2,2, = 0, (21, 7y ouluyels TGV z,, Z, dvTioTolyws) kal B) |z, -+ 2z, | = lz; + z.!. "Ewl.
ong v &mobeix8f, &t &v |z, + Z|=|z,—2| TOTE 7, + 7.2, =0.

276) 'Eav z = « + Pi kal z = a — Pi, v’ &moBex®ij, &1 al mwopagréoes —1722;?,

2z _

T+ 1z

277) 'Eavz =a+ Bi, o, PeR, xal | 22— 1| =2z —2| v dmwobayhij ém a* + p* = 1.

elvon pryaBikol ouluyeis &pifpof.
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KEGDAAAION XII

EZIZQEEIZ BOY BAGMOY

86. OPIZMOI IAIOTHTEE (repAnmTkd HropVNog).

OPIEMOI: [Taga lodrns peradd b0 aryefondy mapaordoewy, 7 6mola elvar d-
Anbng 80 dprouévag THpag TV yoaupdroy (Gyvdarwy) @y TagacTdoewy TodTwY,
xadeirar éElowaig. : ' . .

*Evroiifo Stv drorAeleTan mrepimrreoos, ka®’ fiv Suvaren 1 {o6Tns va elva
&Anbhs Bid whoas TS Tipds TEY YPOUUETWY, oméTe 1) dlowois kahelTan Tau-
Térns. Thy. ) Elowois 4t 41 —dx=(2x~— 1)? elven &Anéns Bix :n-ﬁu xeR:

‘H elpeois Shoov TGV TIpGV TEY YPSHHETWY, TA bmola kohoUvtan dyvo-
ator THs Eiodoews Bl TES Strofag  elvan ot GAnBhs kaheiTa tnihvee THs
thiodhoews. Al oo 8t EUpIoKOUEVL Tipad koAoUvTan Abeerg dj piken Tiis Eioc-
CEWS. Ao f| TeproTOTEPCI tiohaes, ol dmoicn Exow &g aUTds SrpIPGS Auoeis
(&1 xowds AUoeis), kahobvrat {codivapor. ' bt

‘ISwnieg: 1) ‘H Etlowos f(x) = @ (x) elven loodlvapos pds ThHY &Li-
swow f(x) + o (x) =) + o(x), g’ doov els TO oUvoAoV glg TO dmolov dva-
pepouede, 1 ouVEpTNIlS o(x) ExXn vonue. 0T : f(x) = ¢(x) <=f(x) + o(x) =
= @(x) + o(x) , ‘

2) ‘H étiowaois f(x) = 9(x) elvon looBuvapos mpds Th iowow Af (x) =

& &pTnTOV TOU X,
= Ap (x), &mou AeR, A # 0 xal dvetapTn :
: E)\zrrco oupPohilovey AeR, A £0: f(®) = e(x) <A (x) = Mg (x).

3) ‘H ttiowais f (x) = @(x) bév elvou &v yével looBuvapos Trpds Thy Etiowaty
f(x) - o(x) = ¢(x) ° o(x), émov o(x) ouvdpTnals TOU X.

TMpéyncer, B16m f(x) o(x) =9 (%) 0@ =) [f) -2 ()]=0,
& fs Bxouw o(x) =0V I =¢ (). b .

£ ~An ()= 0 ke o) = 900, - §E) - @o(8); TTE T8 STvebon 16
Aoeev His @(x) =0 loouTa b Ty Bvwow TV ouvbhewy TV Aoewv TéW
tiobdoewy ¢(x) =0, P(x) =0 - - 0 @v(x)=0. ﬂpéx}’fml, Bidm B1&x vax dAn el
A ¢(x) =0 l-rrpé-rrsq xal &pxel els TOUAGY10TOV B Tév @u(x), (%), - - u(X)
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va elvar foos pe pndev. ‘Emopévess al pilar Tév thiowoewy ¢,(x) = 0, ¢, (x) =
=0,...9,(x) =0 elven kai pifon Tfis tliocdoews g (x) = 0.

5) ‘H ttiowors f(x) = ¢ (x) Bev elvar v yéver loobUvapos Trpos ThHv Ei-
owow [9(x) JF = [ () I

A6 [(0) P — [ () ]2 = 0 (9(x) + £ (X)) (9(X) — (X)) =0, Hmig
Biber p(x) =—1f(x) V o(x) =1 (x)

Ek Tfis TepIAnTITIKTS TaUTng Umouvnoews, dvev &rrodeitews, Tdv 18ioTh-
Twv TéV thiodoewy ocuptrepaivopey, 6T1 Katd THy AUciv Tév Elichoewy Béov v
AapPdvwue coPapds U’ Syiv abtéds, 81& va pfy UtroriTTwpey &y opdhpaTa.

87. OPIEMOL KAl EIMIAYZIZ EZIE. B° BAOMOY ()

‘Oplopos. Kakeito £&iomaig f7 fabpod og npog y, nica tEicwmoig tijg pop-
@i ox* +Px + 7y =0 pt a # 0 xal a, B, v npaypatikoli §i wkai pryadikoi.
Evralfa 6& Bewpolvtan of a, B, ¥ of omolol kahoUvtan ouvtelestai, TpoaryHo-
Tikol dpifuol i kal dAyePpikai TTapaoT&otls i) Tepiéxougal Tov &yvwaoTov X.

Ourw B1&x Tds dxoroubous tlicwotis B' PabuoU ol cuvTeAeaTal Exouv dvTi-
oTolyws T&S TapaKelptvas TINAS :

Ixt=2x=0 =3} p=-2, y=0
—5x*+7=0 a=-5 Pp=0, y=1

....-;—X’Z:O d:-«%' B:D’ Y:O
x2—3x+4+1=0 a=l, p=-—3, Vil
ax?—(a+ Dx—3a=0 o =q, p=—(a+1), vy =-3c
A—D)x3—dAy + (A2 =9)=0 a=A—1, B=—4, y=AT—9

Al Tpeis mpdTen tliooels Siv mepiéyour GAous Tous Epous TOU TPILVU-
pou ax? + Bx 4y, &1 ToUro kahoUvTan £X by me ig. Al &Ahen Tpeis elven m b -
pELG poppai.

'Ev yével, édv p=y =0 AcuPdvopev axt =0
» B=0Ay #0 » ax? 4y =0 {EATETs popgat
» B A OANy=0 » ax®4-Bx =0

» P#0AY #0 » ax!+Px +y=0 mhipns Hopen
Tfis thiowoews o(x) =ax? +Bx+y =0, (x # 0, B, Y)ER, 0& kahoUpev hbdary
A pikav THy Tufy X = X,€C, & Exwpey o(x), =ax?y +Bx,+ vy =0. (C =
= { X [ X pryadikos &mbu. | * ).
"OTreds 8 1Boopey kaTwTEpw, TO gUvohov TGV AUgewv (pildv) Tfis B’/Buiou
thiowoews elval Bipeés.
"Edv Aoimov X; kal X, elven o pifan Tijg f(x) = ax®+ Px + y =0 elg T0
odvorov C, ToTe o f(x,) = ax,® 4+ Px; +y = 0 kai f(x,) = ax,® + Px.+ y=0
elvon &AnBeis lodTnTes.

“)'T&C tiamaeig 3 Baluod pt Evav dyveatov Erpaypatedly h mpdrov & “Eldav: Malin-
watinbg AbpavTog.

(*) Td aivorov C t@dv pyadiedv dplfpdv mepéyer o aivodov Tav mparypatiedyv dpil)-
wiv (vepdharoy mepl Muyaduedv).
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SupPoiifonev

a # 0, B, yeR }¢>E={x,fxeC/\f(X)=GX2+ﬁx+y=0}={ Xl.x;}“
f(x) =0, f(x)=0

“Enilverg titg £6o. B Bu(:pnist.) ¥
i naxt=0, « .
'léw:sélzﬁ;hso u:fcpjﬁg axt=0<x= 0 Ax-x=0, ¢ ol X, =X, =0
2) ‘H TS popeh ax* +Y =0, Zé 0 y # 0.
"Eyopev : ax*+ Yy = 0<>x2 + yla=0, omoTE >
a) 'Eaw m;—’[- < 0, BnAadh ol « kol y elvan Erepdonuol, TéTE — - > Oxad

1) tlicwols ypaPETAL

im (= 2) ezt (=2 =0 (Y= D) (=Y =)=0

b T (U :L=0. X-'v—-l=0, tE ol
fimig elven looBUvapos TPOSs TO QEU:/OS Kot v & ~

. SLAY
XI:—V_-%'X’:J(-V—*; . 2 i
B) "Eév ;;_ <0, 5nAabh ol « kol y elvon dpdonpol, TOTE f tlowois x4+ L=
A L Eyer Bpes Auow els TO ouvo-
=0 Btv Eyer Avow &v R 6T X2+ > 0 ¥ xeR, Exer dueg s TO oUvo

Aov Tév gavTagTikGy 1. 00t Aanpavouey Tés AUoEss

B4 i = Rk
xlz_v._l.z_iv%—, x2=+V——a—_|v“ :
a
; s axt4px=0, a% 0, p #0. '
335 }15:?91::: _E %Tpl 0 <>x(ax + P) =0, fims elvan  loodlvapos -E-pé;
YOMEV : . sl
Td {eUyos T@v tho. X = 0,ax+p=0 it ol AauPdvopey X, =0, X, = =
4) ‘H mAfpns Hopen r(x)=cﬂ“+ﬁ>ﬁ+v=9. « #JO,B #0,y #0
~2: u:-p Sy Tas {516 TAS looBuvaplas: Tév Ehiowoewy AapPdvo-
YOVTES

pev Braboy IKES : Pt
— al 4y=0 (roh/Toue .

- l}::e)x: : ,;G;XB; 40: =0 (rpoobéTopey TOV B

o

= 2y 2 4 X+i32_pz+4cy i

: ?;ui :B)GP_ (p*— 4ay) =0 (BéTopey &TOY p: —day = A)

- ' Y e 0 5 -

% ((22“:-;)): (A\/K)z — 0, A elvon fooduvauos pods O [eUyos Tav dhi-

mn ax = ' ol -
odoeoy 20x + B+ /B =0, 20X+ B— /A =0, t ol AauPdvoev

5 STy
Xy = —""0aq .. 2 2a

“Qare § tHowos f(x) = ax® + Bx +y =0 Exe pilas, o &rmrofan BiBovTan
aTE T
&mrd TOV TUTTOV
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‘H mapdotagis A = P?—4ay eR koheltan Sraxpivovea Tiis tiodoews,

Iqu. Al teraofeioom EAmeis popeai elvan Buvarov va miAuboly Sik
ToU duewTéped YeviKoU TUTTOU.

‘H Biaxplvovoa elvar Buvardv vé Tapousiactij Umo Tas EEfjs mepimTaoEs

a) "Edv A0, TéTe al pllan xy, X, ol 818pevan &md Tov TéTrov (1) elvan wperypa-
Tikal kal Gvigol.

B) Eew A=0, TéTe of pllan X, Xy elvan mparyporiked kol focn, omoTe Aé-

yopev, 6T fy Elowots Exer wiow SimAfv pilav x-——z;pu

y) 'Edv ALO, téTe 1) Elowais ax?-Px + y =0 f| 7} looBlvauos tns (2ax + p) =
A Btv Eyer AUow els 6 olvorov R, 81dm WxeR = (2ax + P)* >4, Exe Suws AU-
ow els TO olvohov TAY pryadikdv Tiis popefis (o, B) ué P # 0, ai Bt pilen xy,
X, Aéyopev 8T elven kaBopal pryabixal.
Eidwkn nepintoog ‘O tUmos (1) Svaran v\ &mAovoTeui, Eav & ouvtele-
otfs P ToU x elvon ToARaTAdoiov ToU 2
OUTw, tv P=2p', ToTe A= (2p)? —day =4p*— 4oy =4 (p"* -
- B +AVE _ -2 +24VF oy _—BF+ VP oy
2a 2a a
'Eqv 6t P*—day > 0«4 (p*—ay) >0<p?—ay >0
‘Ouoles v PP —doy < 0<=4 (P?—ay) < 0<=p?—ay <0
Mapadeiypara: 1) Na dmAvBolv ol thiowaes.
Q) x2—16=0, P)4x>+3x=0, y) 6x*=5=0, ) 5x*+3=0
"Enilvoig o) “Exomev 9x2— 16 =0<=(3x + 4) (3x — 4) = 0 loodivapos mpds
76 {eUyos [ 3x+4=0 g 4
{3x-—4=0, £ ol l 3
3

Zuvetrdds X =

K=

OUrw : T={x/xeRAM—16=0}= {_-‘3‘. : ;}

B) “Exopev 4x® + 3x = 0<=x (4x + 3) =0 looBlvapos mpds 1O [eUyos
% =0 Xy =0

TR éEou:xz /8 3

TGV EliowoEwy [

Oftw : Z={x/xeRA4x*+3x=0} = {0 ——}

y) “Exopev 6x2—5=0 <> (x 1/ 6)* — (/ 5)!=0<>(x /6++/5)
(X\/6—4/5) =0 ioobivapos wpds T& [elyos TV thiohoewy X4/6 +4/5 =0,
X \/"“6_— \/5_ =0, & oU AapPdvouev T&s AUCEIS X; =— \/ 2 = -—@ S Xpes

5 V6 6 .
5__\/30
Vi

0~I

“Qote: T={x/xeRA6x*=5=0} =[_\/TT0,_\£2§}

8) "Exopev 5x2 + 3 =0<>(x \/?)i_(\/__m:o@
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e (x4/5+ V=3 V55— \/=3) =0 loobuvapos Tpos TO Lebyos o o
xv/5++/~=3=0 xy/5—4/=3 =0, t& o x,——i ST/ E Xe=ivT [V
“Qore 1 2= {x/er/\Sx!—i—B:O } = {(—iv3/V5, i /3 /v5)
2) N& bmufoly ai $Eloetls
o) x*4+2x—-3=0, B) x® — 6x + 13=0, y)3x*=5x+1=0

‘Erilvoig. ) Emeidn vt a=1, p=2, y=-3
dpa A=22—4.1.(=3) —4 4+ 12=16. A& 70U TUmou (1) Exomev :
2+VI6 _ 244 5 oy: ghssmd A A

X=—7571 ) 5 5

Ofrw : E={x/xeR/\x”+2x—3=0}={1,—3)

B) *Emeidh el a=1, p=-6 y=13
&pa A:(—6)2—4-1-13:36—52:-—16. A& o0 TUmou (1) Eyopev :
x=6—%:‘_/lilﬁ-§=—i%3i, B ool : x=3+2i X, =3—-2i

Ol : 2={x/xeC/\xﬁ——6x+13=0}={3+2i,3—2i}

y) 'Emreidn cr=3,f;‘3=—-5.‘r=1 A
o"tpc( Az(—5)2_4v3-1=25-—12= 13. Ak Tou TUTTOU (l) "Exougu:

. =i = o WITH

X = 5_%___.‘/313 =?§:_?}/2, 8 o0 : x1=5-—+;/—13. x==—-—;/-£

5y A/T8 O 513

O : Z:{x{xeB-A3x2—5x+l=0}={ Y=, _..__;’2}
3) 'Edv ¢, peR, v S f tiowots :
x2+2ﬁx-—(02+2d[3):0

& ouvTeheoThs TOU X elval ToAaTA&oiov ToU 2, &-

*Enilvorg : “Emeidn
g \/Ea—"_ﬂ’ AopuPavopey :

popudlovTes ToV TUTTOY X =

S -

x=pt VEESERE _ 2 VEIR _RElEdPl_ —pila+pl,
Hol: y=—Pp+atP=% Xs='-[5'—°‘-'l3=—(0!+2[5)

Otrew : ={x| xeRAx”+2&x-—(q*+2aﬁ)=0Aq.peR‘} =§a,

—(a+2p) } ; ” -
4) Na pmAved 1) Etlowors :(_:74+>T—_IT =

*Enilvotg. T& KAGOUAT Eyouv Evvoiav, stav x £ 4, x# 1, x#-9. 'Ex-
TEAOUpEY Ta§ OTUEIOUHEVTS mpdkes Kal SiardooovTes, AcuPdvopey 2x* —41x +-

A y 41 + 27
4+ 119=0. Ak ToU TUrou AauPévoey TAs AVoEIS X, = —%
He e —;-, of dmoia mradnBeou Ty Elowow.

4
2%t —5x 4+ 2
5) N& Emuei f) ttiowats r s =0

=170 %=
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‘Eniivoig.

Tod kAdopa Bk x = 2 elvon &dprotov, 51611 ol Spor elroU pndevilovral.
"Hro1, & mapovopaoths X — 2 elven & mapdywv &mpoodiopioTias Tou kAdoua-
Tos. ‘YmoBéTovTes X # 2 AauPdvopey petd Thy ExTéAeotv Tis Siaxipéosws (2x — 5x +
+2): (x=2)=(2x—1). "Apa 2x—1=0, & fis x =+, fims elvan AG-
o5 Ths dobelons Eliowoews.

88. EIAOL TQN PIZON THEZ EEIE. ax® + fx + 1 = 0, q, B, yeR.

To eldos T@v pilddv Ths tliowo. f(X) =ax® + Px + y =0 &optdTan
&md Ty Siakpivovoov A = B? — 4oy eR

OUtew Brakpivopey Tas EEfis TepITTLOTEr ¢

1) Edv A >0, TéTe 4/A eR xai ouvemdds x = ZPEVD p
*Hror al pllen x,, X, elvon mpaypoatikel xai dvicor.

*Eav 8t elvan A = k? kai a, B, ¥, keQ ToTe al pilar Xy,X, Exppdlovren pn-

T8, "Hror Xy, X,€Q. "AAws af pilen elvan &ppnrot (dovppeTtpor) ouluyeis. An-
Aadn Stav 1) tlowois f(x) =0 Exer s pilov Tov doUupeTpov x, = A + /B,
B # u® 84 ixn xal Thy pilav x* = A — /B (mopad. 2y')

2) 'Ew A = 0, Té1e /A =0 kel ovvenrdds x = 5 R.

*Hrol ai pilor X; =Xy = — E—d elvan mpaypotikai kai Toar.

3) Eaw A < 0, ée /A el kal owverréss x = —PEIVE (¢ —R).

*Hrol x,= '.‘2_3@ + ’lgf o = ;—f —i -‘-/—2:3 kaBapai pryadikai ovluyeic.
Tév TrpoTdoewy TouTwy loxUow kai al &vtioTpogor.

Of pofnTai Suvavtal eUkdAws va k&pouv THY &mddelbw.
Kecrwtépwo Bibopey ouvomTikds Ta dvwTépw oupmepdopaTta els SUo Tivakas.

Mivak |
Eldos téwv pildv Tiis o, ax? +Px+y =0, a # 0, B, yeR W
A=pt—day >0 Avo pilen wpayuaTikal kel dvigol @ X, < X,
A =Pt —day = Ao pilan mpaypatikal kal foar ; x, = x, = — g;
A=Pp'—4day< 0 Ao pllon kaBapal iyadikal ouluyels.
Mvag 1l
Eidos Tév pilawv Tiis tho. ax!+ Px +y =0, a #0,p,yeQ

A =k*
A>0 | keQ
A # k? Avo pilar wpaypatikal &vicor kal dolpperpor.

Avo pilen mpaypatikal dvicor xal oUppeTpol.

A=0 Avo pilai mpaypartikal foen kel oUppeTpol.
A< O Avo pllen xeBapal pryadikal culuyels.
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Inpavoiki nopatipnois. E&qv ol ouvteheoral a xoi y elvan Erepdonuor
Téve A Ehio. ax? + Px +y = 0 et 8vo pilas TporyporTikds dvigous.
ArdTi TéTE : (xy<0<:>—4dy>0¢>ﬁ'—4d}’>0 A=y

89. TYCKPIZIE TON TMPATMATIKQN PIZON THE ax! + fx +y =10

_ptvE  _=p-vE
“Exopev A > 0 kod X, = _ﬂ_ﬁa_, Xy = P
Tynuertilopey THY Bragopav Xy —Xp g o
—ptvB. P AB WA
" Ja 2a a

X1 — x; —_— 2a

TS onueiov Tiis Blapopds X;—Xe tapTdTon GO TO TPOaTHOY ToU @, BidT
A>0<vA >0

OUtew : 'Eava > 0, ToTEX, — X2 > 0<=x% > X

Eaw a < 0, TOTE Xy—Xg < 0<=>X; < Xy

Inpavuki] onpeioog, IKOTIHOY elvon vé Exwpev elg ducpo-répug Tés eI
Trrdoaers Bvialoy BI&TaEW TGV TPXYUATIKGY P&V Xy, X,. A& TOUTO oUMQUVOU-
Hev el Té ETOUEVE VA YPNOIHOTIOIGHEY THY Bié&Takiv X, € X;, OTOTe &v a>0 ToTe

—prva —p-Va _-p-va

X = _ﬂ;—u\/ﬂ kel Xp = — Bzu“/;,&\’5éd<0't‘6"re X =- - e |
~B++/B

xz=k-P.2_q_\/___.

9). FIAOL TOQN PIZON TOY TPIOQNYMOY f(x) = ax* +Bx + v, @ #0

KahoUvTon pifat TOU TPIWVUHOV f(x) af Tipad ToU X ai &mroion 1o pndevifouv.
Tuvemréss of pifon ToU TpicovUpoy f(x) elven ol arrad pt vés pifes s Eiocoras
ax? + Px +y =0 xa kord ouvelay T OUPTIEPAT AT, TX c-uyqxeéu:m b
Tiig Herdoews Tou eibous TGV pildv ariis, BvavTan va ypnowotoinBoly kol
trraifa (rrivaxes | kel 1)

\ 0fj 10 eldog TV pLdV BV dxololbwv

MNapadeiypara. 1) Na npoadiopio
E&wdmeu.:' c @xt—-5x+4=0, P) x4+ 2x+1=0, ¥)3x*+13x+9=0

Abog «) “Exowmev: A:(—5)2—4'1'4=25—l6=9=39>0 )
"Hrot, | Biakplvovoa A TS EEiochaews elvan TEAEIOV TETPEY VOV TPy HATIKOU
dptﬂu;n} xod &pa ) eElowots ExEl BUo pilas TparyHaTikds oulpéTpous kad dvicous.
B) “Exopev A = 2* 7. ) ) | i A ol
“Apar Exer Suo pllas loas TPAYHATIKAS - X=X = g =

y) “Exopev A = 132—-4-5-9= l69-—\180=— 11<0

"Apa Exer 8o pilas kaBapds iy oBikas auluyels.

¥ By 10OV EEwshotov.

2) Na npoadropiodii o eldog @V P

a)) Xt — (a4 P)x + e = 0, P) x*—20x + o + B*, a,peR

Abmg: o) Elven: A=(at By —4ap = (a—P)* >0
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“Apa Exel BUo pilas POy MOTIKGS TUUMETPOUS G35 mpds o, B dvicous # ioas, to’
doov Bk Exwuey « # P A a=P dvTioTolyws.
P) Elven : A =4a®— 4(a+pPH=—4p*=— (2p)*<0
*Apa Exer Buo pilas kaBapds wyabikas ouluyels, taw p # 0.

3) Na npoadropraody al upai tob heR, d1d tag drolag 1 ttlowag Exel pilac
a) foag, B) mpaypartikag avisovg koi y) kaBopac pryadikag oufuyeig. f(x)=3x*+
+2%x—(Gn+ D=0

Abog: o) “Exomev A=224+4-3 - -(BA+ N=0<%+4=0¢ els

= —-—g-. “Qote Bia A =— % # f(x) = 0 Exer ulew pilav BirAfiv. AUt elven
B) “Exousy A=2:+4-3(A+1)>0>9 +4> 02> i
Qote Sid A > — % # f(x) =0 &xer Vo pilas wporyH. dvigous.

y) “Exouy A=2+4-3(GA+ 1) <0=A< i
“Qore Bia A<— % # f(x)=0 #xe1 BUo pilas kaBapds pryaBixds culuyers.

SuvorrTikos Trivat

Tiwgal TOU A L85 _% + o
N I =
! Mpbonuov Tiis & ‘ e [) 18
g o i Y
| ElBog prl@v Tis | Avo xadapal 1 Avo TpaypaTikal
i fx)=0 { piyabikal ouluyels = &vigol

e - | ———
ALKHZIEIZ
‘Ouds a':
278) Na& Emiubouv al dxdhoufiol thiodoels :
1) 6x*+5x=0, —55x! + 75x =0
2) 2x*—18=0, ™4 1=0, 121x*—196 =0
3) x*—2x—-80=0, X'—Ox+14=0, x*+25x+156=0

4) 4x* +7x—-2=0, 21 —-2x —2 =0, 52 —Tx+1=0
5) 2x*+2x+5=0, Ox?—-6x +4=0,

6 5xt+V3ix—1=0, (1-VZx-2( +VDHx+3V2+1=0

1 2
7) (k1) — (x=1) (x4+2) = —2x (x-3), (x+2)(x--2—)—(3\c—1)(x + T)f 1-2x
314.—1_3—1(_453“?0 25 2x+1__ x-3
8 55 xaaleebes S 120% X3 Haxs 1
1 1 1 1
9 x—8+xw6+x+6+x+8=o
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x+1 ,x+2 ,x+3
DRy S s

‘Ouds p':
279) Na tmiavBoiy al dxdéroubor Ehiodaoes

1) (4x—1)*+3 (4x— 1)=0

2) (4x + 1)* + 3 (16x* — 1)=0,

3 Bx+2)Ox-1)+ Gx+7(-5%)=(1-5x) 2+ 15x%)
280) N& tmiiuBolv al &xéhoubor thigdoers

1) 15x® + 26px + 7u* = 0

2) Xt — (o — PYx — 0 =0, X'=2 (e + B x + (o =P =0
3)4,(._,4“4_(“:_3!):0, kA +wx—xk+4+A+u=0

fped) x a8 Moy O, OB LBl gt ety
O Er e T R e e T
Opds y

281) N& mpocBiopiaij 1o el6os Tév pildv Tav Ehigdoewy Ywpls va elpebolv alrar :

1) x*—11x+28=0, x!—24x + 143 =0, X! — 16x + 64 =0
2) x—17x+ 11 =0, 3+ Tx+5=0, 8x*—4x+5=0

282) 'Edv «, pe Q mpoodioploaTe 15 elbos Tév pildv T@v Ehodoewy :
1) 3ax* + Qa—p)x—p=0
2) x*—2ax + =P =0, 4oix? + dox +P*+1=0

283) A& molas Tds ToU A f tHiowas -2 +2)x+2M-17=0 &a ulo
pilav BimAfiv ; 'Edv x, =11, v& ymohoy1o8f f Xs.

284) A molos Tipds ToU v h tlowars (v 3)xt— @+ Dx+v+2=0 Ea
a) pifas foas, P) Tpay BaTIKES &vioous, y) xabapds pyabikds ouluyels.

285) 'Edv #) Hlowois x* + ax + p=0 txn s pifav Tov dpbuty 2 + 3i, va mpoobio-
pofolv T& a xal P.

286) 'Edv f) tHo. ox® +2Px+ V= 0 &n plles X, # X, €R, v& &moBeiybi 16 aird
&1 loyler kal Bi& THY #lo. x*+2(@+P+y)x+ 2B (a+y) + 3ay =0.

287) N& &mobeiy8ij &1 70 el5os Tdv piféw T thodoewy fi (x) = ax* + 2px +y =0
kal fo(x) = ax* + 2pxx + Ky = 0 elvan T& autd B dugotépas.

288) 'Edv al plfer Tiis o, X2+ 2px +y =0 e kabapal wyabikal ouluyels, v
&rroberydij &m xal ol pifan Tfis x* +2X +Y + 2P (x 4+ 1)+ 1 =0 elvan Emlong xabapal prya-
Sikal ouluyels.

289) ’Edv o, P, YEQ v& &mobayfi 8T al pilat Tiis thodoews (a+ 2p —y) x* —
— 2ax+a+y—-2p=0 elven pnral Expphoes Tév a, B, Y. ‘

290) Né& wpooBiopiodi 75 elbog TV pdv Tiis ‘n'ctpgcrrd:asw;

1

LW Pa,

a 1
(e + P! + (o + Po)Y #V 0 On Py, PR A -a—: e Pa Ti oupPaiver &v :T, e
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oI, EYMMETPIKAI MAPALTAXEIZ TON PIZON THL f(x) = ax:+px+y=10
YYNAPTHZEL TON @, B, yel
‘Opropés. Mia mapdoTadis @(X;, Xa), TEPIEXOUTT Tas pilas Xy, Xa T EE-
aroees Tou P Babucl ax? + Px + vy = 0, xoAeiTal CUPPETPIKT] €O wpods Tag pl-
[as Xq, X EQV Biv peraPddieton B tvahhayfls TGV Xy, Xo *Hrol © ¢(X;,%e) =

= @(Xs X1)-
OUTes ol TOPOCTACELS !
X+ X %o Xy X XY 7 +L @0+ @t )+ Sk
"Nl ]

lual QUMPETPIKEL TTOPXOTATELS TEW pILedwv Xy, Xa

Al oupETPIKal TTRPOTATEIS TGV PGV Xy, Xy s ax®* + Px +y = 0 BU-
vavTa, s O iBcopey, var Exppacoly ouvapTthoe TéY o, B, YER, ywpls va Aubi
1 tliowaois.

“ADpotapa, YIVOREVOV Kai anorvtov dragoplis T@Y PCOV Xi4 Xy tijg f(x) =
—ax +px +7=0, apvER

"Ex TV ixppdocwy TGV pIldy TS f(x)=0.

o =p+/a —-p—4/B
A= '20\‘ R Po e
: ey o7 E
AcuPduopey @ X, + X2 = B{d\/ﬁ- + __Q_Tal-—-:_»%
I A I Mgl o G EmL oA Ty
i ‘“(—_2‘&_“)( P2 )= ERR s
_ —p+vA —p-vE _2vA_vB
MR =g S AR pgr g

OcuchioBets oxtaels oUVTEAEOTROY kal pildvy

SR ax?+Px+y=0

B p=x= L
/ JTA]
\";q' | X —%: | = \"i"c'“

fel

Maparipnois. 16 &fpoiopa S, ko 1O ywépevov Py Tév pLl@v Xy, X, TS f(x)=
— 0 elvon TrévToTe &piBuds TrpayHOTIKSS.
*Avniotpopwe. “Edw Xy, X, elvan BUo &p1Buol TTATPOUVTES Tég OYETEIS X; + X2 =

= — —E— Kal X; © Xo = %, olror O elvan pilon Tijs thiotoews ax? +pPx +y=0.
Mp&ypoT & Tfs ax® + Px + Y =0, «=xY+ % X + —Z— =0 kai TOV
Xy +Xg=— -% , XK= —::_ Acupdvopey :

X3 — (%, 4 X)X + XXy = 0> (x = X)) (X — xs) =0,
fTic elven foobivapos Tpds 10 lelyos X — X, =0, X=X, = 0, & ol : X=X,
X =Xy
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Ex v dveoTpe CUEYETOL T TROTATIS :

Of apbpoi x;, X, iva slvan pilmn tiig £&wo. ax® + Px +y = 0, npéner kai
dapxel vi minpoiv tag oyfeeig Xy b Xa = - —E- Kol X; Xy = -E-

"Egappoyai

1. "Ex toi ywvopévoy kai 10D abpoiopatog dbo apOpdy, vi exnpancli £&i-
anoig f pabpod, ¥xovoe pilag toig apBpoig advrods.

Edw ax® +Px + ¥ = 0 elven 7 {nTouuEwn ¢tiowoig kal Xy, X, ai pilon ol-

~ ‘ v =y Y
THS, TOTE X; + Xy = — "ET xal % X =g
ETreidn) Sueos @ Xy + Xa = S BobBeis apduds | . T @ =3
Xy i X5 =R A5 » Y _p
a

"Apa Exouey : P
o 0 ey el PR ORI & R P

“Qote, 518 TV GYNPETIONOV mig iEohoeng [ podpot ik 1ol Gbpoicpatog
S kai toi yivoptvou P t@v pidY avtiig, dtov va Exmpey on” Gyy tov tomov x* —
—Sx+P=0

Lpaviiki] napatipneis. Mg T
BiSovTan T &Bpoiopa Kal TO YIVOUEVOY,
+P=0.

IMapaderypa. Na elpeBolv 5Uo &piduol ExovTes &Bporopa 9 kai ywdpevoy 14,
nroupevol &piBuol, ToTe elven X, +Xe =9, XX, =14,
pilas elvar x? — 9% + 14 = 0. ’Ex Tfis ¢mAU-

gUpeoy TEV &PIBUGY Xy, Xy, TGV STrolwy
&pxel v AUowopey Thy Elowow x* — 8x +-

Aborg 'Edv Xy, X, elvat oi {
# 8¢ tlowos # Exovoa auToUs dog pifas Elvs
9 VELZE: D

oews auThs AauPdvopey X =
fj iEismoig B’ padpod, drav Sibovran ai pilm adriic.

2. Na oynpatiod
= Pelvan i Bobelocn piler Tis {nToupbvng R~

Aborg: 'Eqv X, = Xo
TWOEWS, TOTE EYOUEV S1aBoy1KdS
=S S .
X1Tx"'—u+i?’] > { hs s , bméte &k ToU TUmOU X*— 8x + P =0
Xy Xg =0 op="P

AapPévopey x* — (o + P)x + ap =0 s p
N& oyxnuatioBi towois P° Paduol, Exovoa pilas Tous

IMopadervypa :
dpiBpous A;— , 4.
L, gl Pt il g
Aborg: “Exouev X, + X2 = b T T T =

"Apa 1y Elowaig elval

X2 — x+2=0<¢—2x“—9x+4=0

ro| 0

=,

92. YIOAOFIEMOE TOY A@POIEMATOZ TAN OMOIQN AYNAMEQN TN PIZQN
Xy X, thg ax® + X+ ¥ = 0, a, B, veR.
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1. ‘Yrohoyiaopodg tob S, = X% + x%, ai 8, =Kt %Y

2 Bt — 2oy
“Exouev S, = X2 + X,' = (%4 Xo)% — 2%, Xy = (—— % -2 % =T ——"

a

8 p
‘Opoiews Sy = X* X, = (X %)% — 3%, Xo (g Xg) = (— % — 3. %’; . (—~;) =
| =Pt=k3aby
uﬂ

p? — 2ay

_ =p?+ 3¢y
N X=—r o

al

OUTw :

2. ‘Yrohoywopog 1ol Sy = X"+ X'y V eN.
Eme1Bf Xy, X, elven pifen Tiig ax? +Bx +vy =0,
&pa: ax?+ B+ Y= 0| ToAamhaaidlopey T& BEAN Tiis TpdTns #wl
ax? 4+ Px, +y=0] ' kol T& péAn Tis Sevtépas Emi X, Y

] . v V= v—2 — .
omote : ax” + Pxi" + ¥k 0 |, TrpoaBéTovTes BE ko uéAn
ax,¥ + Px." + yx' 2 =0

Aappévopey :
o (xlv B xzv) + B (xlv-l 4 xg\d-l ) + Y ( xlv—z 4 xzv—-t) =0
ﬁ GSV+BSV_1+YSV—2=0

Ofrw : Sve= '-% va1 “% Sv—g = Sl S\'-l — P] S\.:‘b

Al Tou TUTroU TouTou Buvdueda vé elpuper T6 S, = X,¥ + X,*, &Taw yveo-
pllwpey T& dBpolopaTa Su-y = %1 % L So = xR

Mapaderypa : N& ebpebiy 10 &poiopa TEY TeTdpTwy Buvdpewy TEY pILEY
1fis #iohoews X — 3x 42 =0,

*Exopev : Sy = S S — P S, Eraibny S;=3, Pr.=2, Eyousv
SE=‘_(::D’_I_'.2;_I;? =9—-4=75 kad S5,= i(fg)"i?‘l;_l.j_(ﬁ) ‘2 for gL,
*Apa S,=3-9—2-5-—:27—10=17

Haparipneg: O UoAoyiopos Tou dbfipoioucrros x—lv- A ;1\ ,veN,
dvéeyeTan elg TV Trponyoupévny TrepiTTTwoW.

” A 1 1 = XVt XY e Sv
Climos g T oy

3. ‘Yrohoyiopog oiagdimote pntiis cupperpikiis naPacTaoEns ¢(x,. X;) TOV
pudv X, Xy tiig ax® + fx + 1 = 0

Ete piow pnTiy ouupeTpixiy TapdoTaow T&Y piiiv o(x;, X,) elvan TEUTOTE
Suvarrh) 1) Exgpoots aUTHs ouvapThoEl ol dBpolopaTos X; + X, xai ToU ywoué-
JOU X;X, Kal OUVETIO OUVOPTHOEL TV cuvTEReoTEY @, P, YR, Bidi & Tuydv
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Spos atrris A 8 elvan Tiis wop@fis AXiXy BX,*xy%. .., Zx,"Xy", OTrOTE B tkppale-
Toa 51& TOU X;Xg 1) 8 elven TS Hop@fis Tx*xg», &mwdTe pt Tov dvrloTordv Tou
Tx,» x,* 8& B5iSouv Bicovupoy Tfis uopefis TiXy"xg* + Tx % =Tx,* X;* (x5 +
+ X5 )= TP*S-a , K>A.
*Edw, Téhos, Utrdpxn 8pos Tiis uopefis MxyY, & imdpyn xal & dvrioToryss
Tou Xy, émwdTte TEAW o Exoouey Mxy* + Mx” =T (%, 4+ x,") = IS..
" QoTe, mioa pryti TApLITACIS GUPPETPLKT] TV PLAY Xg, X, ThiG ax? 4 Bx +y=
= 0 txgpalerar pnide auvaptiosl t@v o, B, YER.
Mapaderype : N& Umroroyiodi] f) Tipf THs TapacTdoEws.
o(p,p,) =p + P’ + (py — Pt + 3pa*Pe + 3pu pa®y BV py, pyy elven pilen i
thiodoews x* +ax + B =0, yoopls va AvBj olmn.
Abmg: ‘H o(p, p,) elvan OUHBETPIKT &5 Tpds Tas pilas Py, Po-
“Exomev: 9(p, p,) =Pt pa? + pi* + Pof = 2Pipe + 3pipa (pr + po) =
= 2 (p? +p:D) — 2P:P2 + 3paPe (Pr + P2) =
=2 (py + P)? — 6P1P2 + 3piPe (Prtpe) =
=2 (—o)?—6p+3p (— o) = 2a® — 3P — 6p

AZKHZIEIZ

‘Opag a':
291) Né& dmoroywodij 16 S Kal

Avbolv alrat @ i ™
1) x!—12x-7=0 , x’+x\/3+\/5=0

2) —x*+3x-1=0, x04/2 +x4/3-4y/2 =0
3) (a+p)x = (a* =P X+ o+ Bl =1l aPyx* + (a'f - aP)x — Pty =0
292) 'Ex ToU dBpoloparos S xal ToU ywouévou P Buo &piBudv v ebpeBolv olior elg

Tés dxoAoUBous TEPITTTRTES *

P v pildv ixdoTng TV kérwh thodoewy ywpls vi

1) §=15 2) §=-19 3) §=2
P=14, p= 84 P = at— P
293) N& oynuamiotij tlowass p' Paduol, Exoluou pilas ¢
1) 7 xkad =35, 2) —10 xal — 35 3) 5 +4/3 xel5-4/3
o ol G
4) —2 +3i xal —2-3iQ, 5) a+p xal a—B, Errs==rxal 5

294) N& Umohoyiodij # ula plla 1fig thodoews ax + Px +y =0, rav yvopiloue

Ty &AAny pilav abTiis.

295) N& Umoroyiodi f muh ToU A,
dpiudy L.
pibudy —

tva TO Tpihvupoy X! — 5Ax 4+ A' Exn pilav Tév

296) 'Edv Xy, X, elvan ol pilen Tiis X* — (m+Dx+m= 0, v& edpedfi

1) Bi& Tolav THhY o0 m Ixe pllas dvmiéTous,
2) && molav TwhY o0 m TAnpoUTal fi oxtors 3x; + 2% =17

u SPOUs.
3) Bi& Tolay Tiphv Tou m EXel pilas &moTPOPOLS.
297; Né& eupedfi f Ixavi) xal dvaykala auvixn eraty TEV & B, y Tis ax® + Bx + y=0,
va al pilar abriis Xy, Xa TAnpolv THY oxbow KX, + AXy = M
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‘Opag @ -
298) 'Edav X, Xs elven ai plfen Tiis thohoews 3x'—2x + 6 =0, v& YmohoytoBouy al
Tipal TGV TOPAoTETEWY !

1 1 1 1
1) N T X e -+ = I
2 X X
2 e e, TElml L 1 M BT by

299) Na& oynuaTiodi ttigwaig B’ Pabuou Exouoa pilas 1) T& dvrioTpopa Tév prldv,
2) T& dvrioTpoga TGV TeTpay vy TEY pedY xal 3) Tous kUPous TdY pilldv Tis Ehod-
oews x* —ax + p =0

300) ’Eav py, py Elvar al pifen Tis tiokoews X2 —3x +x=0, va Urmrohoy1ofi f Th
100 Kk, wa: Ipipa—4pltpi=2¢+3+ 4p,p.* — Spipa™

301) A Trolag TiMasg 10U A€ R TO &fpoloua TEV TETPAYWVWY TGV pifdsv  Tiig thio.
Ax (x— 1) —x(x—=2)+3r=0 looUrat wpos 4

302) Awx Toias Tipas TEV B wal v al pilat prp: TTS o, 2x! + px — v = 0 mAnpolv
+&s oyxtoes 3p, + 3p. = 2pps xal 1 —pipa = 5(p + P —2)

303) "Eév x,, X, elven al pifor Tiis thobhoews axt 4+ pPx+y =0 vaumoAoyiedouy " al
TAapacTATEIS :

(ax, + B)-* 4 (oxa + B (ox; + B)* + (ax; + p)—?

304) N& AuBf TO oUoTnua : —3pipx + 5 (o F Py =4(p + P)
Bmou py Py pilm s kP =3 +1=0 1 (o + p) X + PP ¥ = TPips

305) Na rxataokevachi tliowas g’ Paduoy, 1fis dmolas al pilar X, Xz rAnpouv Tas
axtoeis X, X: — 3 (X, + %) = — 5 kal XXy — B (% +%)=—1 xal dxohoUfuws va Trpoobiopt-
o6 O u, va 1 xaTaokevaodeioa tiowois gyn pilas Toas.

93. [IPOTHMON TON PIZON TOY @()= ax? + px+ 7, @ pyeER, a# 0.
EiSopev &1 T €lbos T&V pilGw ToU Tpiwvipoy ¢ (X) tapTaTan & THY
Biaxkpivovoav A = p? — 4oy xal 6T atren Buvavran v& elvon mporypaTial Gvi-
oot (A>0), mparywaTikal foal (A = 0) xal xaBapai pryedikai ouluyes (aL0).
“Hbn 6 tleTGoWUEY 16 Tpdanpov Tév pilv els THY TeplTToow, Ka®' AV
Eyouev pilas TpayuaTikds, 10T tous pryabious dpifuols Bév Biekpivapey els
BeTikoUs Kal dpunmo\)s.
To mpdanuov TV piLGv ToU o(x) tEapTdTan &mo TO ywdpevoy P= —z— kal

16 &Bpoicia S =— % TV,

Atakpivopey @3 £Efjg mepnTOOELS
I. A>0. Al pifan elvan TpayporTikal GvioOL

o) P= _2‘;_ > 0. Al pilen elven dudanuol, 6mETe tdv Eycopey

HS=— %—) 0 dugdTepan elvan BeTikai (X, X, €R™),
2)S= — E} £ 0 &ueoTepat elvan Gpvnmikad (%, X:€R7)
‘H mrepimrrwois S = — % =0=>p=0ut %>0 kot A>0 elven &BUvaToS.

g) P= %— £ 0. Al plfan elven ETepdonpol, dmoTe kav Eyopey
DS == % > 0 &mohUTas peyoduTépa elven fy Beicty (x,€RY, xR,
il K3<0<xlka‘1lxil<lxll):
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2) S= — 8 < 0 &moAUTws peyaAuTépa elvar ) &punTikn

(x,eR*, x..eR' A X <0< xy ke %y | < [Xe | )

3) S= — i =0 al pllon elven duriferor (x,<{0 < %y kol [ x| =] x| )

y) P= Y —0. ‘H pic pile even O kel 1) &AM Si&gopos ToU pndevdg
(émoxle[ercn X, =X =0, 86T A& > 0), dmwdre fav Excomey

1)S=—-;>O ﬁx,_Onmﬁx,>0(x1 ﬁ),

2)s=-L <0 Axn=0kifhxul0 (e=-£),
Il. A=0. Al pigm elven mparypermikad foa (= xe = - P ) xai ouveriss
P=-L ,;0 bmoTe Qv §xmuev
o) P= S > 0 xal S=— ol > 0 &updTepan elven Berikad (X; = XgeR ™),
B) P=2L > Okal S=— ——<0 &updTepa elvon dpvnmikal (X;=X,€R )
y) P= X =0 dupdTept elvon 0 (%, =% =0).

Il A 0. Al pi{m elvoa xafapai pryodikai ouluyels (| x| =1 %)
T& dvwrépw ouvoyifovtan €l Tov dkdhouBov Trivena

[ Mpéonuov pifdv ToU q:(x)=ux'+ﬂx+y, @B, YER G;EO = —E

fhser e
A | P| S | ElBos pildv kal mpdonuoy abTév
| - nERY LERY <= U LS R
l TN x €R-, MER™ <> X1 < %<0
0 TepiTTTWAIS &BuvaTos
7 AR eR*.x.eR—-@-X.<0<xlual|x.|<lx,| e
4 _ T T xeRn mER- < %< 0< W kel [ x| < [xs)
T cRL meER- Ax=—X=Ixl=lxl
- | x €R* X2 =0 (M=-—,;)
i LAE
= | Xy = U, x; € R™ (Kz-‘—""%') :
70— | TeplTTTROS &buvaros, Biom A # 0 ki
B R+
+ . -—-—2;ER
0 p _
\ n=-7g R
i __________,__._,
| | | x,e(C—-R).X;E(C R) kel =% = [%l=]x] 1
ST (A o Bl M I e e e R = _ 1
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l'lapuﬁaiyuafa: o) N& ebpeij TO Trpoonuov Tév pildv Tév EigaaEewy.

1) x2—2x—=5=0, 2) x2+5x+4=0, 3) 3x*—x+1=0

Ai)ﬁstg : 1) Exouer A=(=2)'—4:(-5)=2450, P==2<0 xal
S:~—— =2>0. "Apx x,eR*, x,eR~ kad | x5 | <| % |

2) "Exousv A=52—4-4=9>0, P=4>0 xal S=-5<0. "Apax x;€R",
xR <= x,<x,<0.

3) *Exopev A= (—1)!—4-3-1=-11<0

"Ape %6 (C—R)x.e(C—R) wal X=X = | % | =]x]-

B) A Trolas Tipds ToU A af pilen Xy, X, Tis o, X2 —8x +A =0 elva
ETepoonuol pi &moAUTws peyoAuTépay ThHY BeTikdy ; 11

Abaig. TTpéte v& MAnpoUvTan ai ouvBfiken P < 0 kad S > 0 (Atv Aappdvo-
pev A >0, Bidmi braev P< 0 = A >0)

“Apg P=A< 0 kol S=—(—8)=8 >0 "QoTe :
Ax A < O Eyopev x,€R*, x,eR- kal | x| <[ % |
v) Né& Biepeuvndiy 1| ttiowois 3x2 —6x + 5 (2p—1) =0, weR
Aborg. 'Etetélopev Tés moodTtnTas A, P, S
B = 36— 60 (Gp— 1y = 12(3 = 10j3 45y =24 (4= 5i)
To anueiov Tiis A elvan : p|—oo 4/5 4+

L@y 5 I
P="5—+=3 2u-1)

Té onueiov Tou Pelvat ¢

= — '—_36 =2 > 0 'Axohoubuws guVTAoCOUEY TOV Trivexa :

" | A P ] 8 | ElSos pild@v Tis 3x* —6x + 5 (20— 1) =0
i + l x€R*, xR~ kal | Xg| < [ %]

2 f\_o_. L xeR*, %=0,x=2

4 + | + I + x,€R*, x,eR*

= -0- L X =X=+ 1
b | L | 4| xE(C-R), xE(C-R) kel iy =K > 1% =]%]

- - l seyerwa L

ATKHIEIZ
306) N& eVpeBfi To Tpdonuov TV pildv Tév kérwh Eodoewy
1) x2—6x+9=0, Tx*+4 14x—-1=0
) 4 -4x+1=0, —3x'-9%+2=0
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307) Na ebpedolv al Tial woU A€ R Bix T dmolas ol pig‘cu Tfs 1o, 3x — 2x +
3 —7)=0¢lva: 1) &ugdrepat geical, 2) é-repécmuo:dpé f'rro?\u;rms peyaAuTépay Thy fe-
Tikfiy, 3) plav SimAfv Berikny, 4) keBapal pryadikal :(ot'r pETpOV ~om. . '

308) N& Biepeuvnbi Bid TpayHaTIKdS TIpAS TOU.A tkéorn TGV droAoUBwy thiodaewy
kal va yivy TaKoy pagnois 1@V oUPTTEPATPATGY TS Blepeuvioews.

Ny xt—dx—-3Q2-50)=0 2)Fh“+?—30—})=0

309) N& ebpere o elbos kal 1o mpbonuov T@Y ity THs Eiodoews 2X (X — o) = a?,
dtav o mpayuatikes kal o # 0

904, METAEXHMATIEMOE TOY f (%) = ox! + X + 17, o,f, 7R xal a 5 0 Rz
FINOMENON TIPQTOBA@MIAN QE TMPOE x TAPATONTQN.

‘Edv x,, X, elven ol pifan ToU TRicoviuou f(x) = ax® + Px + v, ToéTe Exo-
1 b ot
Hev : X+ Xpg= = Kal X3 - X = o

*EE &AAou TO TPIOVUHOV ypdopeTan
fx)=ax?+px+y= oc(x‘-i—%- X+—}) = a[X2 — (X + Xp) X+ X%,] =

= o [xE— XX — XX + XeXe ] = a[x(x=x) =X (X—%)]=
=a(x—%)(x—X)

“Qoe, Al v PETAOYTHATICOHEY w0 tpudvopov f(x) = ax® + Px + ¢ elg
Yivopevoy o« | pabpiov rapaybvioy (g mpdg X, ebpioropey Tdg piGag abrod kai ka-
tomy oynpatitopev T ywopevov @ (x —Xy) (x — Xp).

[apaderypa: Na Tparolv el YWOUEVOY TAPAYOVTWY T& TPIDVpG
Dxt—7x+10, 2) 3x*+x-2, 3) x2—4x+5

Abesig: 1) Al pifat ToU Tpicavipov elval Xy = 5, Xp=2

“Apa Exouev : xt—Tx+ 10= x—-5)(x—-2)

2
2) Al pilar Tol TpiwvUHOU o X, = 5 X =1

*Apa Eyopev @ 3x* +x-2 =3(x—-—§-) x+D=0Cx-2) x+1)
U y =241, x=2—1. "Apa Exopev :
3y Al pilon ToU TPIGVUHOU EIVCL Xy s ‘
xu4x)+5ig(x-a+i))(x—(2-t))=(X—2—l)(X—2+1)
*Hor ) duéAvals ToU TpIwVUHOU X! —4X + 5 ué plles kaBopds pyadicds
Sty elvon Suvarhy wév (PA. 51 mepl. SvoUoews) els -Eé oUvoAoy TEV TPoryPaTi=
k&, elvon Spcos Buverth els O oUvohov TEV uryadikév.

95. EYPELIL THE B/@MIOY ElEIEQEEﬂE EK TON PIZON AYTHE.

*Edw Bofotw o pllcu Xy, Xg THis P/Bulou thiocaeas, Buvdpebo xpnotpomroioty-
Tes ToV  petaoynuoaTiondy  ox®+ Px+y=a(x—%)X—%) v& elpwuey
Ty &loow TauTnv. ‘ X ‘ ‘

Mapaderypa s N& oxnuaTiodi) tlowois B’ Pobpol, Exouoa dx pilas Tos

dpidyols @) 3, =2, P) 2+4/3 N-3£2A
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Abaig : @) Exousvu(x—B)(x+2)=cx(x2—x—6) =0<x*—x—-6=0
8) "Exopey alx—(2+ v 1x—Q@-v3) 1=alx-2-3]=
:0-:&(x—2)2—~3:0~:>x2—4x+ 1=0
v) “Exomev a[x— (=3 +2)1[x—(-3-2i)]=a[(x+3)'-@)']=
=0 <:»(x+3)”-+4=0‘::>x3+6x+ 13 =0
Enueimalg. ‘O mapdywy a ToU  ywoutvou BuvaTal v& TrapaieimeTan fi kad va elval
oloobfTroTe TpayuaTikos &pifuds.

AZKHIEIZ

310) Na& Tpamouv els yivduevoy o [BobBuiwy TrapayovTwy TOU X T& drkohouba Tpiwwua
B Pabuou :

1) x*+ 7x — 8, xt —1lx—26

2) 2x*+ 11x +5 Xt 4 xy — T2¢%, vix® — 6vx — 91

3) x* — 2ax + (a? —P*) xt—2ux + ut—y, x! — 2ax — 3a* — 4p (P — 2a).
311) N& oynuatiodq ttiowois B’ Babuol, Exovoa pilag :

1) _—%— ml—-;._—, 2) 5.424/3, 3)%¢%
4) o« + 4/2B, 5) A 3ui, 6) of + P kai a—P
312) N& dmhomomouy Ta kAdouata :
i i 1P
x?— 14x — 15" 6x?—x—2
3x —Txy + 2¢*  x*—x(2a+ 3p + 1) + (2a + 3p)

Gx —5xy + yi' 2x'—x (da+ 6B + 1) F (2o + 3P)

96. AAAAI EIAIKAI MOP®AI TOY 1(x) = ax* 4 Px + v ivR

"Edw X, X, al pilen ToU Tpiwvipoy f(x) = ax* + Px +y, TOTE

-p+vE _ —B-vAh
L 2a g

A= 2a fi8

To 8¢ TpiaVUHOY YPAPETAL !

N ;Gx/_a)

il

fx) =axt+ x4+ v =o(Xx—% ) (xX—X%)

—B-vA8Y _ L AT g
ks Sl [((x+52) — (%)]

Alokpivopey TwpPa Ta§ MEPITTTWAE :

Y : P_\? AN

1y ‘B 80, wéte f) =a [(x+55) - %) |-
fitor TO TPovwpoy f(x) WxeR petaoynuatiletan els Biapopay BUo TeTparyd-
VeV TTPAYMGTIK®Y TapacTaoewy Tl o 7 0;

2) 'Edv A=0, Tére f(x) = ox*!+pPx+vy= cx(x-;— %)z.
fror 1o f(x) ¥xeR petaoynuariferan s Térelov TETPAY WOV TPy UaTIKTS
roapagTaoews i o o # 0.

3) *Edw ALO, ToTe f(x) = ax* + Px + ¥ = [ (x+ -2&)2 il (i«g'fA)*] 2
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- By, (VY

-l SO ,
Atol 1o f(x)¥xeR petaoynuaTileTal gls &Bpoiopa BU0 TETPAy VWY TTporypacTI-
0.

k& TapaoTdoewy £l TO O #
| elvon Alav yprotpor Bi1a T& Emopeva kepahoa.

Enucioag. Al &uwTépw HOPP
ALZKHIEIEL

Tipal Tou A€ R 5i1& Tas dmolas T& dxdhouba Tpiwvupa elvan a)
b5 Thy Bragopay B0 TETpaYGVWY XY HOTIKGY TEPASTEGEWY,
yGvev TPAY HATIKGY TAPACTATEWY :

1)5(2?\_!)x’+x-—1. 2)‘7X"+5K—3(2~3?\)

314) N& eupebj mola & Tév dxoholBuwy TpIWVULLY peraoxnuaTifovrar els Biagopay
kal Tola el &Bpowoua BUo TETPAY WYY TPy HOTIKAY TapaoTUTEWY ©

1) 4x® + 20ax + 2lat, 2) apx® — (o + PHx + ap

3) atx?—2ax + ot + L 4) 9a'x® — 8ap (3x — 2B) + 16p*

313) N& ebpedoly al
Téheia TeTpdywve, P) Toa TP
y) loa mpos 16 &bpoiopa BUo TETPX

KHE TIMHE TOY 0(X) = ax®+ Px + v, @, B,

97. NMPOLHMON THZ APIGMHTI
¥ MPAIMATIKAL TIMAE TOY x.

yeR, a 7= 0 AIA TAL AIAQOPOY
¢(x) = x*—5x + 6) eR% AUn elvan  TeAeiws
parikiy dpiBucy. "As eUpWUEV HEPIKAES Tipds

, 0 (3), ¢ (10). OUrw Exouev :

*Eorw 1) owdpTnols (x,
Gpiopbun g TO gUvohov TV TPAY

abris wx. ToUs i @ (—4) @ @), ¢ (_25_)

5 1

9 X=—4~—~cp(—4)=42>0 ¢ X=-2"—>¢P(+)_—T<0
¢: x=2—>9(@2)=0 ¢: x=3—0(3)=0

TaparnpoUpey 6T of Tiped aUris GAAOTE elvon Bemikad, &GAAoTE dpvnTikal
kel pdvov i x; = 2 kel Xz = 3 (ol pifon Tis @(x) = x* = 5x + 6 = 0) elvay foen
pos 0. L s ) . ‘
TToAAdxis elg Té ETOHEVS podnpaTa B wgeﬁww'eis THY &vdykny va yvepi-
[couev TO Tpdonpov TS &piBunTIkfis TIKAS TOV TpIVUNOY q:(x)~s axt + Bx 4+ y
(a # 0), Bi& TuxoUTW ity x = EeR, dveu euptoecos Tiis Tiufs ¢(E) eR.

EfSopev &T1 TO TPIQVUHOY @ x)=ox*+Px+Y petaoynuaTtileTan el Thy

2 A ; e
popgiy @(x) = axt +Px+Y =9 [(x + % T Tq"] T mpdonuov Ts Tu-
youons Tiufs euTol @ (®), & X — £ Trpogavdds EtapTaTal b The & kel ToU
dpiBpol a. )

OUtew Sioxpivopey Tég TEPITITWOEIS
1) Eav A >0, <&TE X, # Xg €R Kol EOTW Xp < % .
Siapepilowv TO cuvohov R els Tpla BiaoThuaTa &5 paive-

Al pilan Xy, Xa
T elg TV ysmpﬁpm‘w TapdoTATIY.
— o Xg Xy 4+ o
= o fpre disitd P R e
Ao A Thy Tty aUThy Siakpivouey Tég

*Ag BecopT|CWHEY plaw Ty X = teR.

¢Efis TEPITTTAOEIS *
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o) "EavE <€ x,<x;<>E—x,<Oxoi £ —x,<0= (£ — X,) (E—x,) >0 'EE &\-
Aou Ex ToU ¢ (x) = ox? + Bx + ¥ = a (X = %p) (X—X,) AauPdvouey @ (E) = at®+
4+ PE+y =a(E—x) (E—xy) = a (eTixds &pif.)
*Apa i Tun @(E) Exer TO Tpoanuov Tou o "Hrot a. ¢(f) > 0

B) 'Edv X, < ¥ < Xyorb—-x < 0 ki E—Xy >0 = (E—x%,) E—x) <0
Kal ouveTréds
p(f) =ab? + P+ y=a(E— Xp) (B = X5) = o« (&pnTIKSS &p1Buos).
"Apa 1 Tiwhy @(E) Exer TO Tpdonuov ToU —a. "Hrol ag (<0

y) Edw X, < X, < E<>E—x% > 0 xa E—X>0=>E—x)(E—x%) >0
kad @(E)= & (£ = x,) (£ — X) = o * (BeTikog &p18uos)

“Apa ) Tip §(E) Exer TO TpdoTUOY Tou &« "Htot ap (£) > 0

2) 'Edw A=0, 1618 X, =X = — a7 eR kol TO TPIOVUHOY HETAOYNUC-
tiletan els ¢(x) = ox* +Px +y =a- (x + 75&)2 , omoTe v X =8 # — %
AcpPavopey @(E) = a- (E -+ 5%)2 = o - (BeTiKOS &p.)
“Apa 1) Tipf) @(E) Bid mdw & # — -2-2— Exel TO TpOGTHOY TOU Q.

3) "Eaw A<O0, TéTE X,,%:6(C—R) xai 70 Tpicavupor peTaoynuaTileTon el

p(x) =+ Px+y=«a [(x + »%)2 + (‘/2;‘5)2] , &moTe Aaupdvopey (E) =

=of ( £+ 2Y + (\/QEE)ZJ = - (BeTikds GpIBUSS).

“Apa f) Tipf @ (£) Si& aw EeR Exel TO TrpdoTmuov ToU .
Ta dvwTépw ouvowilovtan G dxorouBus :

9 (x) = axt + BX + ¥

Mpdonuov 7;'1;-5“ i-_Pigou Tou ¢ (x) I Mpéonuey Tou ¢ (x) (lax =EteR)
Xi, X € R | X< X < X% TpbonUov ToU a
i h ag® >0
A >0 e K< X ¢
= ﬁ‘npéanuov TOU — O
{ X< X< Xy utp([){O
s | B [} TpoTNHOV TOU &
A5 x=%=-7g R VXE T 95 ag(®) >0
B A e [ R Tpbonuoy Tou o
r €
A< O . X1, X, € (C—R) | X Y

"Qore :”1Té tpdvopov @(x) happaver upfy opdonpov tol a. :
@) fa x < X, < X% 1 X < X < X, dav Xy X €R, B) Bra ¥x # —o- ER
tav X, = X3 = —-i% xai v) &ra ¥xeR, tav x;, x, €(C—R), Lappaver 8¢ npRy
dpbonpov toll —a Yk X, < X < X, tav xX;,%cR.

Iapodeiypata : Na gupeBoly al TrporyHecTikad Tipal ToU X, Si& Tds Omolas
& drohouBa Tpidvupa Exowr Tiuds BeTikas f| dpynTIKAS :
1) x2—6x+8, 2) Xt—6x+9 3)3x—-x+1
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i\)U?.EGTI':ELBT\] A=36-32=4>0kal x,= 4, x, = 2, Emetan & dxdhoubos

Tipal TOU X — 2 4 + o
R T | |
Trivat TrpbonuoY TOU i 0 iy o) s
‘ Tp1GVUHOU j l

6 =0 xal X, =X, =3, EmeTcxt 11 TO TPIGOVUPOY

OubkmroTe ylverar &pynTIKOY.
11<0, Emetan 8T TO TPIdVUpOY VXER Kabi-

2) *Emaidh A=36—3
V% # 3 xabioTaTal PeTiKoV.
3) ’Emeibn A=1-12=- :
ororran GeTikdy, OUSémoTe ylveral GPVTTIKOV.

AIKHIEIE

- fa Tpidvupa ylvovtan BeTikd f) dpvnTiké
: & Tou x€R T& &rdAou! P
3151") ?I?:T:lis;l'lu S 2 ax? — 20x + 25, 3) x4+x+1
4) -x"-{—x—Jl 5) _ 2x% 4 16x — 40, 6) —3x';|—2x—5
316; Ne dmodene bn b Tpowuov @ () = 5% i + 2 (We R) elvar Berindy

vxeR.

317) N& &mobexdi &, & 8 g(x) = ox® + P+ Y kaBloTarar dpdonuov Tol a

ﬂ S
1) A/ x € R, tote Exer plas xafapds pryadixds ouluyels, 2) WX # — 55 € R, 1é718 X, = Xy =

P
= ~5— €R.
3?3 N& dmobeix@fj &mi TO TRIGIUHOY e(x)= cx® + Px +y Exe pllas mpayporikds
&vi )gen, Urrdpxn ¢913p¢,5 t e R ToioUTos, OTE vé elvan ag (B) < 0
1"W;ISIQ) Né& d—::s'nxﬂi’j &m 1 thiowas X! ~2x+(A-1)=0 & pllas mpaynaTikds

WV AeR.
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KEDQAAAION XIlIl

ANIZQSEIZ B’ BAOMOY QI INPOX ENAN ATNQITON

98, OPIZMOI — IAIOTHTEE (mepianntici) bndpvnoig)

‘Opropoi : Kaleitar dvicwois g mpos dyvworoy TOV X mACA aybots T
poppis p(x) >1(x) 4 I(x) < @(x), 7 dnola elvar ddnbis & elbmag Tias Tov
dyvibatov X, dnov @(x), [(X) mpaypatixal oUIAQTYOES TIS uerafiintijc X, Exov-
gat 6 adte medlov dptauot. "Edv elvar dAnbng Bia mdoas T& TS TOU gUVOACY
dvagopls aUTHs, TOTE koAelTal povipog avicwolg.

*Enidvotg dviowoews, & owoAy S, koeltan f eUpegis TOU guvOAoU TGV
Tipéy ToU &yvdaTou X v T S, al dtolal iy xabioTouv dAndi (EronBevouwy).

Al ebploxdpevan Bix THg EmiAUges Tipod TOU X KathouvTan aooelg TS
AQVICWOEWS.

Alo i TepioTdTEpon GUITWOELS, &V cuvdhe S, kaholvtan loodlvapot, v
kol pdvov Edv Exouv TO aUTO ouvohov AUCEWV.

aetnreg: 1) ‘H dvicwois ¢(x) > f(x) elvan ioodlivapos TpoS Thy Qwi-
owow o(x) + (%) > [(x) ++(x), g’ boov f ouvdprnois T(x) elvan copiopévn els
16 oUvohov dvagopds S.

2) ‘H dviowais g(x) > f(x) elvau loobuvapos Tpos Thy ¢(x) — f(x) > 0.

3) ‘H dviowais ¢(x) >0, &v S, elven loobuvauos Tis dviowoews (x)-
< o(x) >0, & 1 dviowals o(x) >0, & S, elven POVIHOS.

4) Edv ai dviocoaes, &v S, (%) >0 kai f(x) >0 elvan {goBUvaiiol, TOTE Kai
f o(x) + f(x)>0 elvan looSUvauos Tpos auTds.

"Ex Tfis TrEpIANTITIKTS TQUTNS UTTOUVTOEWS, GVEY &robeifews, ToV 1810TH”
ooy TEV dvigcogewy oupTepalvopey, 6T KaTa Thy AUgw T&OV QVIOWIEWY Stov
v& AapPdvopey coPapdis g Syiv auTag s Etioms kad Tdg yvwoTdas 1810TnTAS
6y dvicoThTWY, BId V& PNy UmrorritrTwpey els opdipaTa.
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99, OPILMOL KAl EIIAYLIX B /OMIOY ANIEOQEEQL

‘Opropos. Kaieitul dviowaig ' pabpod, g ngdg dyvwaror o X, ndsa
el v ¥ : ]
Slewdiz Fe gty pE) = ot Tk 4yl das g B2 G agp =R,
(ol @, B, y Buvawran va elval kol TIpayMaTIKGl TOPACTACES W) TrEpIEXoVTa
Tov &yvwoTov X). . ‘

To o pthos Tis Guiowoews Vol 16 Tpivudor P Qaﬁ;.l\cu,‘ TO omoioy Ei-
Sopey 871 elvan Tehelws GpITHEVOY ¢lg To ouvorov R. OUTew Blsr TV EmiAvow s
dnoooews ax? + px 4+ y>0 A <0 tvTe owdre R, AauPdvouey um By T&
oupTepdapaTa Tijs tEeTdoews ToU TpooTHOY THS &pify. TiIpfis TOU TplwvUpou
o(x) Bi& TpayHaTIKds TIHES ToU X.

Eribveig thg avicQoems o(x) = ax® + fix -|: ¥ >—u i <0, (ujé 0). _7

Qs yvwoTdy, TO TROITHOV Tiis Gpibu. Tifis TOU @(x) EtapTaTan éx T
Biakpivovons A chi‘ ToU &pifpou o # 0. OUtw Buvdaueda eUkoAws va BikaloAoy -
cwpey THY ouuTAfpwow ToU K&Twhl Trivakos,

y fi ZUvodov Augewv Tiijg
J AUCEWY TT)S
x “ I:i?iu@:w;’o ] ax*+Px +y< 0
el X Xa €R, X< X
X X € Ry, Xa < X } ;
: {xleRi—m<x<xu x<x< tw}| (xER|x<x<x}
: p XX €R, xi< X,
Ik {:lE,;{Tf:Cx;zi..j {XER|—0 < X< Xyy X< X< T 0 )
‘.l A Ty R R i i Tl T L i
i . [ > 3
[.\'ER:X#-*%‘ l._[,j_____ e
0 . |
pam LS =@ k {xeR\x;ﬁ—%}
. x - ——— _————
=0
o {x|xeR} | { o
(R R | (xixer)

i BEv &VTITTPOTLITIEUOUV WPITHEVOUS TIPaY UG

Enutiwowg. Ta ouppora — @ K& :

TikoUus &piBuous.

w o ' Wty R, ol éxéhouBol GugOEL

Hapudeiypara : Na gmAvBouy & 1% . 6x4-9<0; «4) x4 X150
| 1), 362 — k= 220,20 maktiket-A S 0n ) Kok ;H- 7_-1 i i '___2' =
? 'Enihum;:l)c:3>0.5-1*24:'25> S s T i

e e
‘H dvicwois wAnpouTal B x>1 kai Bia X< —7 :
“Aps 1o ouvohov AUoEWV EIVOL {xeR|[—0 <X <— 71 1<x< tw |

& |
2) G:"“B, A=l —4(—3)4-;49>0| Xy Ty LT
16l
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‘H dvicwois dAndela 8id —1 < x <—§-

SUvohov Avgewv : | xeR | —1<x <—g-
Na=1>50, A=36-36=0, X, =X3=—3

‘H dvicwaois Bev Exel AUow els To olvorov R.

SUvohov Algeww @ {xeR | x2+6x+9<0} =
Ha=1>0, A=1-4=-3<0, xx6(C —R)

‘H &vicwois elvar dinbys Bid mdoas Tas Tpayd. Tipas Tou X. Elven pia
udvipos dvicwaots. TUvohov Alcewv @ { x | xeR }.

100. ANIZQIEIZ BAOMOY ANQTEPOY TOY AEYTEPOY

Mia dvicwots Paduou dveoTépou ToU Beutépou &g Tpods X Bid va EmAubs,
Stov vi AdPn THY popehy (%) © §u(x). .. 9u(x) >0 A <0, bmov gy(x), Pu(x), - - -
Pu(x) dxépoia ToAVGVUN ToU X TrpTou fi BeuTépou Paduol, ExovTa T6 aUTO
edlov dpiouou.

Of Trapdyovtes p' Pabuol, 2av Exouv pilas TpaypaTikds, SuvewTan va dva-
AuBolv els ywduevov SUo TpwToPaBiuiwy TapayovTwy, tav Exow pifas kaBapds
wyabikds ouluyeis, Buvowton va Trapadeipboly s povipws Betikol, (S0t Tdw-
ToTe Buvdpeda va UmoBéTwper Tov « BeTikdy). Zuvetrdds T dvwTépw dvicwois
mrévtoTe elvan Buvorrdy va AdPn Ty popety (X — py) (X—p2). .. (x —pu) >0 H<0
(ueN). ‘H émihuois THs dwiodoews abriis elvan yvwaTh) &k Tiis Tponyoupevns
T&EEWS.

Hapédevypa: Na tmivdi &v R, f dvicwas :

fx)s(x=3) x4+ 1) x2—x+2) (—2x*+ Tx = 3) (—x* 4+ 5x)<0

"Ernilveg : "Efetédouey ToUs SeutepoPabpious TapdyovTas.

Obrws Exoper : x2+1, A=—4< 0 =x*+1 > 0¥xeR
X=x+4+2 A==-7<0=x"—x+2 > 0¥xeR
2K+ Tx—3,8=25 > 0 > —2x* + Tx— 3=~ 2(x ~3) (x~ ')
—x245%x, A=25>0=>—x24+5%==x(x—5)
*Apa 1} dviowaois elvon iooBlvapos mpos THv dvicwow :

x=3) (=2 x=3) ( x- {,_) (= %) (x —5)<0, His elvea looBUvaos TTpds
v (x—3)* ( X —%) (x —5)x < 0. ‘O mapdywv (x — 3)* elvar ufy dpynTids
¥xeR, tmoutves 81 X # 3, 1) dvicwais elven loobUvapos Tpos Thy
(x—%) (x=5)x < 0.

Al pilar ToU mpdoTou péhous ouTiis elven O, —;ﬁ, 5, OUTws Exouev:
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Tpoonuov ToU ( X -

"Apx 16 alvohov Auoewv Tiis f(x)<0 efveu: {xeR |0 <x<0, & <x<5, x#3}

101. KAALMATIKAI ANIEQEEIZ

Mia dvicwneig kaheital ¥ aopatiki, tav dovatar v hafn v popeiy,

B g4 <0 “Omov Pu(X), 92(X) TrparypaTikal priTad ouvapTHoES TOU X,
P2 (x)

' U-Tou U U KAS P1(x)
TeBlov dplopoU ToU pnToy d?\yeﬁpixou K ucumOS%(x)
‘Erreidfy 1o TmhAikov BUo gpiBucdy elvan Sdpdanpov TOU ywouévou alTdy,

trovran af dxdhoubor igoduvanial :

o (x) >0(&v S) <= §y(X) ° @:(X) =0 (v S)

tyouoan Tebiov dpiopoU TO

% (0, S 15 oclUvohov Gpiouol Toa%_((:_;
209 <o @ S) wn) ww<O ®S)

"Apa 1) Erriduois THs GVICWTERS %E% >0 1 < 0 dvéyera els Thy EmiAuow &vi-
t ]
e n<0
Phosws, 7is LoBETE B ‘T‘a(X) li ?‘]“d:vicmms :
Nopaderypa: N& ém?\uﬁfg. év R, ;

e W 5]
3 3 R R ke L o
*Enidvorg: *Exoney =5t 3 =17 x +3 x-2) (x— 1) (x + 3)

: ; o L1l
To meblov dpiopou elvon §=R {2,1, B
“E’E:r‘:ms:;eu v looBuvapov aUTHis (x® + 24x — 37? (= ?) (x—1) (x+3)<0,
G Trpomyoupbves, OTIOTE Aappévoper TO oUvohov AUCEWV : i}
{ xeS | oo<x<__12-—\/18'1, —3<x<], —12+44/181<x<2}
xeS | —

102, EYETHMATA ANIEQZEQN B BAGMOY. ARATAN 2
"Eqy BUo f TrepIoCOTER! &VIGITELS, (OF TPOS TOV aUTOV G'ryvcoo'-rov, EIEG[

- Oévld :; ;ﬂ ’ ZS Tl ToU &yvioTou X, & owbhe S, ToTe Abyoues &mi
E QuUT

& Jv gheTnpe GVieOoE@V. . o . i
“OTEAEWLGW e QUOTTHOTOS SUoWoEwY KAAOUUEY TNV EUPESIY TV KOWGWY
‘Erilvowv TOV

5. To guvohov TGV KoLV Y ToUTWwV AUoewv elva

Nioewy 1@V &uiohgewy aUTO . = i 1
; S iy guvdhooy AUTEWY TGV Gviocaewy, eupiokeTar Bt B1a TOU yvwoTou
TOUT| TV O

{ 5 & KO BlXaTIHAT ?\Ocewti TGV tilflc'd}ﬁﬁwv.
mmml'gl,a‘gz;:fﬂ(:z?orsg:lﬂl?\uﬁf\. v R, TO ouoTnua -rc;:v AVIOWOEWY :
lp) 3x>6. 2) xt — 6x + 5<0, HxP—-9+ 14x <0
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'Enilum;.: T guvohoy Aucewy THs TPWTNS glvan + 2, = {xeR | x>2}
Té oUvohov AUgewy Ths BeuTépas elvai: 5, ={xeR | 1<x<5 . ‘H TpiTn ypape-
tan x(x —7) (x—2) <0, fims glven dAnBns Bia — oo <x<0 kol 2<x<T.

X t—co 0 2 7 + w

[ e
| | |
x® — 9x* ¢ 14x = 9 I ? = .0 in

Té guvohov AUoewv Tiis Tpitns @ Zy = { ¥R [ —00 <X < 0, 2 X T}

To aUvohov AUgEWY TOU CUGTTHATOS AauPévetar ik ToU drohoubou Tivakos.

X | 3x-6 | x*—6x+ 5 | x*—9x!+ l4x 1 AUCEIS CUOTHHATOS
oo
~ = T+ e
0 - + 0
+ 4
1 0 +
0 - +
2 0 — 0 2w B
I = &
5 - 0 i
+ 3 -
7 4 4 0
+ + o+
PR - | 1 S Tl S ] M b

SUvohov AUgEWYV Tou cuoThpaToS Elval @
$ = 505,05 = { xR |2<x<3}

ATLKHZIEIXZ
320) N& émAubouv, & R, ol &xdhouBol dviowoEls:
1) x*—2x +3>0, 3x2 — 13x + 10<0, —xt+2x+3>0
2) —6x* + 11x —4<0, 16x* — 8x + 10, xt4+4/3x-1<0
3) (x'~9x+l4)(x#4)<0. X+ 1>x+ X x'—1>x'—x
4) (x*—-2x+ 1) (Bx*+ 1) (2x — 1)>0, @xt—5x -1 (x*—1) (3x* + N<0
x3—-4 x!
g x+172
1, ol g i wloa
) xF17x+1 x—1
x(x 1+ 2) (x—3)° Ixd —Tx + 4%
D ara-5 ¥ ey e e

321) N& tmAvBouv, &v owdre R, & droAovfa ouoTNUATO i

1) {4x‘—4x—3<0 2) { 1 2x -1 e
—x* +2x >0, —I<EFTDH -2
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75 | e —a+ 1224 4) x-S+ 6x<0

x4 16x—5<0 x'+2x+ 3>0

1

¥t 4 2x 4 48>0 ¢ —5x—1>0

322) Awx Twoias g Tou AER f ttlo. (A ——71}1'—2(,\ Px—A+3=0 ¥
pilas @) TpayuUaTIKES kal P) kabapas pryadikas ouluyeis. ' o

323) Ay Tolas TPy HOTIKES Tiads ToU B TO Tpidwupor @(X) = (U = 2) xF -
2B+ 3)x +2u— 18 Exel pifas @) BeTiKas kal P) dpvnTikds.

103, GELEIL [IPATMATIKOY APIOMOY QL ITPOX TAE NPAIM. PIZAL TOY TPIf)-
NYMOY o(x) = ax? + px + ¥

(), 6mrou X, <X, kai o] wparypa-

*E¢ , elvan al piga (TTPOIYLJC!TIKCH), drou X : ‘
TIKOS di(?;u);lg’ ’E(::-ri of fpsis mparyportikol &piBuot Xy, Xy £ BuvavTal V& Tapou-
cidoowy Tdg EEfis oXECES Brordlens ¢

f<x, <% K< K<h xa*ff{Xx. o

kohouuévas Oéaerg ToD & @S TROS T0g PLoas. ' i

‘ExdoTn TGV BécEWV TouTwy Tou £ yapoaxTnpileTal &md  Gplopévas ouv-
Brikag peTaky ToU & kol TOW ouvTteheaTaY g, P, Y-i | i

1) *Edv E<x, < X;, TOTE 0% yvworov ap(t) >0 (§ 97)
< x, <> E<Xp wol E< X, = 2E<x, +%, f) €<

1

h ¥
‘Evrions éxopev E<X; : 2
fi< —iﬁ E+ iﬂ— <0, *Apa ol guvlijkal elven & 2 0, ag(§) >0 kal &+ 57— <0
2a a

ﬁ 2 ~ <
'Avaiotpbgug. “Eotw 8 20, ap(®) >0 kal €+ 57 <0. "Ex Tiis A >0 &me

&1 & £ Bév Buvaran v& kelTau
Tan X, < x, €R. “Ex THs SeUTEPOS ag(t) >0 ETE:W‘ .
P <0 Emeran &1 & € elvan pikpod-

hevaky i v, Téhos & s ToiTs B+ o5 | ‘
Tepos kal Ths wikpoTépas pINS Xa giom & fito Xy <X <E 10TE X, <P ai

Rotika e g BU
Ry 5y o R DB gk st
<&, TOTE EXOUEY A ap(E) >0 kai Emeldn Bk Tiis X, S X, <t

ouvBfikan elvan A 2 0,a9(t) >0, xai t + % < 0.

2) 'Edv X, $X;
'E'TTETGI t+ -2%1- > O' &pu al - I
TAVTIOTPOQOS ‘Bav A 20, oup(i)>0 kai €+ BT > 0, TéTE Exouev pilas
& £ Bkv SlvaTal v KkeiTon peTalU TV pil@y kal ouve-

TpayHaTikas (X € X Ly v ey GAVTEROS e i LD

e, Cog Kelpevos EkTOs TV Pp:
v oM o i O
BidTi dAAws 04 Exwouev £+ 97 <
3) *Edv x,<E<X;, TOTE s yvwotdv ag®)<0 8 97)'
e .m ‘Eov ap(E)<0, TOTE &g’ Evos Exouev pilas 'ITPO:YH&'TLK(&F.
dg’ g-ré::;w}:piqés; si16m & A < 0 elvat ag(E) >0. 'Edv 8t & B Exerto ko
2 1t
Ty pifv B& elxouey ap(8) >0.
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Ex Tév QveTépw guvdlopey OTL !
Al Ikavoi kol avaykaio cuvbijka, Tve 6 EER glvar 1) pkpd1epog TOV Xp < Xy

elvar A =0, ap@) >0, & %& <0 kai 2) peyahitepog OV Xy < Xy, glvar A > 0,

@ > 0, & + 0> 0.

‘H ikavi) kai avaykaia cuvlikn, iva 6 EER ghploketan petald @V X, xR,
glvar ap(E) < 0.

Iapatipnots. THy ouvdnkny o (<0 XPNOIHOTIOIOUHEY TohAdkis ©S Kpl-
THPIOVY TIPOLY MOTIKOTNTOS &v pilév ol e(X).

T& dvwTépw, ©5 Kol HEPIKCTEP TEPITITATEIS, oguvoyilovTtan G5 EEfis ¢

e e e,
'E p(X)= ax* + Bx + Y, X L X
\ l
A | ag(®) ‘E + 2% Otaig Tou £ G5 TTPOS Xy, Xe
\ . + X< X €
% v | = E< X< Xy
| ‘ + xg<’3—;—x—‘<£< X
i ‘ = ‘ - Xz < E<~—x‘2+’i’< X
I e it M=
0 x,<£=’5‘—;;§-'< Xy
_0 l + s Xy Ky ="E
| | - t=x<X
, |+ n=%X<t
iy S s
0 F s l P X=X
‘ \ E,, s Xxn=%X=t |

[opadeiyparad : &) Moia | Bioig 1Y ap1Bpddv -3, 0,9, 10 s Trpds TAS

pilas THs Ehiocoecs o(x) = x* —8x — 9=0; ‘
Abarg: “Exouev A = 64 + 36=100>0, X, <X, kol a = 1. Emreidn ap(—3)=

Lig L4 29294 =0 kai —3 +%:-3_.4:—7<0, freTan 61 —3< X, <Xy

‘Ouolws ap(0) = — 9<0 &px X, <0<X%
O:q)(9)=81—72—-9=0 LXK =9 =K< x=9<10
“Oha duoU BiaTaogovTal @ — 3 x,<0<x,=9< 10
p) A& molas Tiuds Tou A af pila ToU g(x) = 4x*
pIKpOTEPXL THS povédos ¢
Abeg: Tipétrer v& EXWHEY Xo €% 1
Tpos ToUTO &pKEi vaelven A 20, ao(1) >0, 14+ -%— 0.

— %42\ = 1) el
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33
O Eyeusv: A =130 A —1) HD=2 S 55

1
ap(y =4 (4—1+22-2)=4( £ 20) > 0<>A > — -,

o - AeR).
1+~2%:1+8:_8#8>0(ve) | .
Al A %2, 7\>——;—ouvc7\n6wouv81d——r§~<}\<ﬁ.
32
ATKHZIEIEZ

! ' .
& Qv — £ T -, 2 ds wpds Tds pilag  Ekd-
324) N& eupedi) fi Béars TV dprbpev — 2, 1,0 5 s Tp ofl
=gt —x— 4 @xI=A0 T 4x — 3

TTou TGV TRIWVUHWY ‘P:.(x) s AER al pigdl X1r Xa TOU Tplwvﬂ:pcu p(x) = — Txt 4+ 2% —

325) Awx molag Tipds T s L
. P i g : |
i _322)6;:)35)(.:”? uea?igﬂnﬂ:r xdicoﬁ! thomoes Exouv pilas TpayHaTikas kal &vioous,
& amoberydn : 1
Xwpls Thvy  xpfiow TS Graxpivouons P P -

—~5=0 C ’ 5 .
l) (X = 5) (X = 3) 5 ' 4 TPIWVUHOU Q(X): ax?® + Bx +v ol
*Ed arikad pifon TOU TP 9 ¢
327) "E&v Xy Xe Eiv:l_ cx;T:Tf;?Yp"zgm Xy, X TEPIEXOVTEL HETORY Tav &pleuu_)v _11 oL,
g Y ‘:358)< :" “cf pf;:gﬂeiaﬂ ToU d:plBqu 2 pds TaS pilas ToU TpiVUHOU (X)) = 2x* — 3x +
& eUpedT

& ToU A ) ‘,
+5(1—2N) xu-réz: TEexs %aii?o;zx;lm:x! e o T R s
329) ’Eav &, &, € =

(e TV dolwy mEpiExETal peTaly T&v
z . q)( E!) <0, u y ”
;pqyfum:ds)\ K?el dwéﬂl’ujﬁéE‘;::?rlﬁq;(:;lﬁ‘dcew; rauTns, v& dmoberx8i) 6T al pilar g -
1 < &y 'AxohouBaws el TH

g W=x-2) &+ 3+ (x+ 2) (x—3)— (2 ‘-);) B-x)=0 e TpaypoTika!
Woews (X)) = (X — / '
&nigot x:i. | wla T@v Srrolewy TEPIEXETS! petatl 2 xa

E®APMOrAI TN ANIZQZIEQN B" BAGMOY

104, AIEPEYNHEIE NAPAMETPIKAN ESIZQIEGN § BA?MOY' " .
. : onyoUuevd, 8! ol ouvteheoTal «, B, Y TOU TpLevijioy
Eidopev els T& T"P}\;;{(l clva oUVaPTAOEIS V05 ypduuu'ro? AER, TO ‘61T010v,
?(x).% o:‘xz + i3x+£ T; ‘ﬂ::‘“;’g' fecopeiTal 5 YVWOTH  TOOOTNS dueE‘o:p:m-rog
ﬁuﬁpi ::n dsf;-r:;s Bﬁa:épous ripds ToU dmrolou EEapTdvTal at pifat kol o on-
i U JpOV.
. ;Zuygiﬁt: KOAETTaN MOPEPETPOS,

TG kai. ' o ‘ $o
i GKT? ﬂflpguﬂft”:ﬁcwuw piay Etigwow B’ PoBuoU TTOPOHETPIKTY KATX Tas
1@ v OIEPE!

: g1t Sy TOV yvwoTov Ti-
4 S T ¢tpou A, Beov va gy copey UTT OY A yveoToy
sc'(ﬂ%?ousgg)‘“f J:zi:::g:ié;; <6 lBog kol TO TPSaTUOY TV plgm; QUTT:;;_
KX . : gHRe . )
pr&&awpa . Né& Biepeuvnj 1 étiowo: o(x) = (@A — Dx* = 2(A=2)x +
B Tw 7\E’llli.EF.'rcfxl)'cmeu 10 onueiov TV AN, PV ke SQA) kata Tds Blogo-
0oL ¢ : .
Pous Tiuds ToU A. OUTS EXOHEV

ol Bt EiodoEs ) GugwoEls TEpLEYOU-
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AN =4(A—2)—12A (@A —1) =—4(5M +A—4) — 20+ (A=%)
T& onueiov Tis A(n) dideTal amod OV R el Il_ ‘_-':& R
YPOPIKOV TriveK AN | — o + B =
PN = 2‘% To kAdopax '2?\3%l elvan dudomuov Tou 3A (2A — 1), Tou dmrofou O
onueiov BieTon Gmd TOV yPAPIKOV i- o e e M R
vaKa =1y et
! |
|
POV T
S(A) = : g:: f—) . To xkhaoua 22(;_:_% elvar duoonuov Tou 2(A —2) (2r = 1), ToU
dmrolou TO onpelov BiBeTan &To TOV yp- A t=w Y 20 . 3
, |
@IKov Trivoka 20—+ R =
! |
\
8() + o

T& dvwtépw Ponbouv els by drdhoubov Trivaka Siepeuvnoecs
Aepeivnois Tiis thodoews @ =@ -1Dx*—2A— 2)x+3A=0

A lay|P ™[ sm | Efsos piléw xal Tpéomuov oty
= s i i X, X, € (C—R) wol Xy = Xg = | % | =%
=1 —0— —_—— e — X =Xy = — -2—5‘1 '*_:1
+ 4+ + x.eR*,szR*w0< X< X
0 |-—f-0—A——f— xmeR\M=0 a=—o=4% —
. |+ o + x,€ER x;ER<=>x <0< X wel | % | <€ %l
SN ‘ — = —-“4—— *Eflowois TpwToP&luos —— —————————
L + - — xeER xeR<=x < ¥ %0
4
ey Fur s s TRl Ll :
} = L = x,.x,e(C—R) wal xt=x13ixli=|x|!
2 oo o e xelL nielaatxy =~ K"
‘ == + + X1 X € (C—R) nal x, =X = x| =%l
+ o |

Lnp. C olvohov pryadikév, | gUvohov KoBap@Y POVTTTIKDV,

105. AIEPEYNHIIX [TAPAMETPIKON ANIEQIEQN B° BAOMOY.

A& v Biepeuvnocopey piow &uicwaw B’ Pabuol TapaUETPIKAY, BNA. va gU-
pwiey T& oUvoha Aloewy alTiis KaTd TS Slapdpous TIMAS THS Tapapétpou A,
Béov v Exwuey UT' Sy TOV yvwoTov Trivaka (§ 99).

Mopaderypa: N& Biepeuvndi 1 dviocwoig
p(x) = A= —(A—Dx +2(A—=1) <0, érew AeR.
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Aborc: Efetdfoney TO onueiov 6V A(A) kol a(A) kaTd Tas Hragdpous Ti-

u&s ToU A. OUTs EXOHEV

gt
AQ) = —1)?—8(A—1) (Gh— 2)=(A —1) (231 + 15) Lot ll—+—m
To onueiov Tfs A() BideT &md Tov TiveKa 5(7\)\ ~ g0 —

£ P00 2 ; 2
a(A) = 3A — 2, omep Eyer onueiov geTikov B1x A > 3 ko &punTikdy Bia A <3

i 2 \ . el \ . § = iy
Mnﬁevi{,s-rcn 5t Sid A= 5 Té& &vwTEPW ponBolv elg TN ouvTacy ToUu A&KoAoOU

fou Trivakos :

Arepeivmors Tis &vio. R ke e 0 200-1)<0

v | am| sUvohov Avgewy THS e(x) <0
T A em] e
== — (x/xeR}
B P ———— . il g
;g == T {xeR}x‘#f‘i;:—ti
+ Xe X11 {xeR [—0<X<Xy, n<x< + o}
£ | —— dviowars o' [psBuns: [x&R (=0 <X 2}
3 |1
=} 4 xz<x.,{xER,l'x,<x<x,}
l ietE }—1( }=@ o s i) == ¥ R
= ) { 1=¢
+ :

e T 2
Eﬁﬁtimmq Ta ;;)_;, elvan EXPPUOES o0 A xal peTaPdARovTal WETE ToU X
: il

ALKHEEIZ

330) N& BiepeuvnBolV ol dxdroubol Hiabaes kal dngdoes, STav AeR:
At 28:= 1)
9 = 3)xV 42 &\ —5)x+ 18
123 ((7\—53;)x’:—4?\x(+)\—250. 3) (?\+1)x’-—3?\x+4?\>0
Hxr+2@-Dxt pr—5>0, 9 O+ 2%+ 12+ 10-6A 0
e x?- 5x4+6 Iy
331) Né& &moberxdi g1 Td KAdoua T AauPdver MEGAY TPAYATIKAY TIAY,

b1ov x € R. "
332) 'E&v X -n-payuunxbg &p1OUOS, vx &aroberx8ii 6Tl 15 khdopa (x4 2x —11)/

2 (x —3) Biv SlvaTar v A& Timds ToU sraoThuaros 12, 61

AYO B'/BAGMION ESIZNZEQN

IXEZEIZ IYNTEAEZTQN
y OYN QPIEMENAZ ZYNOHKAZ

INA Al PIZAI TQN TTAHP
(x) = o,x* + px +1=0 kal @ (x) = apx* + fox +

ho LEVEMOES ¢ : b
106. Aidovrar 0o LE1GOOEIS ‘npnwmmoi)q SRR T

4y, =0(w#0, o 4 0) pt
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(X,,%0) Kai (py, o). Zmrobvrar af oyfoeig petald 1@V oUVIEREGTHY TOV, iva ab-
Tan Eyovv pilag:

1. "Avaroyovg pié hoyov .

"Exoueu : %‘—:% =N\ <X = 7\P1 Kai Xy = ?\Pg”—“ X1+ X = A(pl o pﬂ) xatl
1 2
= an _ P _B (. Wi g S By A2
¥iXs = Di2eA? i i A ( az) R s A= M | e e e =

T
2w i 3L

"Avtiotpogng. Edv Uplotatar f) owdhxn (1), Téte al Eiodaers Exouv pi-
Los dvardyous pt Adyov A, TTpdypaTi, BéTovTes Tous Adyous (1) Toov pt Kk Acupa-
VOUEV
o = Ko, Pr = kPad, Yy = KyaA?, OmoTe 1y tlicwois ¢y(x) = 0 ylveton @,(x)=
=KoX? + KPAX + Ky AE =0 <= aX? + PoAx + yA2 = 0.
AUTn Exer pilas X, = A ﬁL\éBs’_“_iﬁ A X = Ap = % =A
aQ 1
Xy = 7\—[52*'\/—@:13——_4%\@ | X = )\Pz oy S 2oy
2a, Pa

brep :—;‘ — :—5 = A. "QoTe ) ouvbmikn (1) elvan Tkown) kol dvorykada.

4
2. "Avubitovg. “Exopev : x; = —p; kol Xp=—py =

Bi_ Bs\ |
t+X=—(+p) |, _u‘l—_(—;:)\
XiXs = pips | 1 Yi_Ya

| @ - Ay {
‘Avriotpbws. 'Edv Ugloraran | owlnkn (2), ToTe ol g iodaes Exowy pl-
Lo dvmiBéTous. TTpdrypari, BétovTes Tous Adyous (2) ioov ut k, Aappdvopey @ o =

=kt PB=— KBy Yi = Kys OTOTE (%) = KopX? — KBy + Kyp = 0 < i
—PBaX + v, = 0, fimis Exer pilas x, = Eﬂ,i,_\/_g'_'_‘_&m Xy = usz”_ﬁYJ'
Qg 1

Alran elvon Gurifetor &V pilédv py, P TS 10, @u(X) = uX* + PX + Y =0.
“Qore ) ouvbnkn (2) elven fkavf) kal dvorykader.
To dvwtépw Buvaror va Becpndii g Topiope THS TEPITTTCOoEWS  Kad'
fiv of pilan elven dvdhoyor pé Adyov A =-- 1.

» M 1
3. "Avniatpbégovg. “Exopev @ X, = PL kal X, = i
1 2

1 1 Pt pa By PBa L N
X X, = — — X =t R - NS o Bed PR i W
1% P1 + P2 fi 1t X Pi P2 A o Y2 1"] Y2 P2 e
XXy = | = Yi_ o @ _n
e T opy @ Ya Ya @
‘. & B Y1

e el (3). ‘H oytois (3) elven 1y {nroupérn.

*Aviietpogms. 'Edv UploTarrar fi ouvdrkn (3), Téte af Eiohong Exow pi-
los dvmioTpdgous. TTpdypaTi, BéTovTes Tols Adyous (3) Toov pt k, AcuPavopey
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sméte () = Km_i” + KBeX + Koty = 0 <= ypx® +

@ =Ky P1= kP2 Y1 = KCg, x?
By 4+ /Pt — 4caYs Xg = —Pe —V/Ba® — dauys,
2y, b=

+ Pox 4+ o, =0, AT exer pilas X1 = 2y,
/BT, et VBT
A it 5 0= s =SS SR, B

: 1 (B, — 40aYs) _ epiShi sl
EE oxtrrédv EXOMEY Xy P1 :E—"—(‘%,T—_ = Xy = Opolws 8¢ X, = e

“Qore: Al ikavel woi avaykaiar ovvlijxat, iva ai Eedoeig 9y(x) = 0 xai
0.(x) = 0, Exovv pilag 1 avaloyovs pé A6yov A, 2) dvni0étovg Kkai 3) avriatpégovg,

elvay dvniotoiyong af (1), (2 (3)
AIKHIEIL

g TV A kol p ol Eowoes ()= R+ DxE—@W+DNx=3=0

333) Aia Tolas TIHG
3) Ak molag T {{ag o) Guahdyous ut Aéyov 2, B) dvriBéTous

Kal py(x)= (n— 1) x* + 4Ax + 2=0 &ow P

kal y) dvTioTpdpovs. £ B 2
! 334) NFc; q;xnua'rmﬁf\ ttlowors B! Poduol, Exovex pllas T& TeTpdywva T&V Pl

T xt* +Ax +u=0 » AkohoUBus Ve eupebolv al mpaypaTikal Tial Tav A kal p Bi& Tés
dmolas ol Buo tiohoes EXOW pilas @) dvahoyovs it Abyov 2, B) dvmbitous kal y) dvTi-
ITpEPOUS. i :

335) N& oxnpatiobi ti{ocars Exouod pifas X + 7 xal Xa 3 &mou X,, X; pllan

Tis ax? + pPx +y =0 » AkohoUfiws V& evped M quvbixn, o ol Buo tiowaes Eyow pilas

dvahdyous ué Adyov K.

107. ATMAAEI®OYIA AYO TPIANYMON B’ BAGMOY.

Lovuna @(%) = GuX* Bx + v kel @g(%) = X + Box+
+ v, pt TEPCrY HOTIKOUS ouvTeheaTés, SOV € £0, a # 0, xal Z‘Eds &vTioTol-
Xos (X, Xp) Kad (P Py &t & KOAOULEY TTHY 'rrpcryuu'nkf]v Tap&oTACIY
R = (caY2— oy’ — (P — aPy) (Brya— Baya)

i 0 VOR@V-
&ﬂula!aoig;;::: 32—; ?::z.rﬁ':—wp s AT aAELPOUOTS R §Uo Tpwovipwy B Pa-
BuoU Ponbei eis TV priAuow TONAGY groudaicv TrpOPAN KTV

] : R
a) Mopgai tfig analeupoions ' ‘
goﬂévfiu TGy GUOTEPW TPIVUHWY, f &maeipouoa Buvatal va AGPn

T&s dkoAouBous HOPPSS
In e R=0" (X1)92 (Xa) = o,y () P (pe)

. SHUEVOV

MpdyparTt. SynpaTilokey TS YW i

2 g(Xg) = 2 4 PoXy + Ye) (opXe® + BaXa + Yo) =

Pa(X;) Pa(Xe) = (G2 2[.:2_ ;ﬁﬁlexz (% + Xs) + CzYe (2 + xa2) + PytXXs +

= 0% *Xe ;
+ |32Y2(x1 + Xg) + Y= 1
= & [Coyye— )t (o4Pa— aPy) (Prye— Bey:) 1= A R
3 spolws 88 R = &2 ¢y (P1) 1 (P2)

Y (xg — P1) (Xi—P2) (X2 — P2)

*Edw 5ofoly Buo TP

=~ 1
“Apa R = oy’ (%)) @2 (X2)y
20 R = ogfc® (— P
17
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1 ’
In : R :_4'[ (200y: + 204y, = PiPa)? — A, ],
dmou A = Py —4doyyy, B, = B,* — 4auy.
Of paBnTai Buvavtar elkdAws va EraAnBeuoouy Tds popeds Tis R 2a kai 3.
B) "I86tnteg tiig aralewpoiong R
l. Eqv # dmadelpouoa R =0, téte x Tiis R = ou’p; (p1) o1 (p2) Exomey
o @1 (1) @1 () = 0=y (1) =0 Vg (po) = 0, ométe v ¢ (p) =0 xal
sy @, (py) = 0 (p, elven plla ToU @, (X)), EmeTan 81 ) py elven kown pile TGV
90 (X) Kol @p(x).  'Edw BE gy(py) = O kel ¢y (po) = 0, T8Te T& @y (X) Kal @y(X)
Exouv dugotépos Tas pilas kowds. Elg Thy mepimTwow aUThv B& Exmpey

oy By i 518 ' B P

L = = = -, BloTlL X e == b ops KOl Xy Xy = s — 2L = EL yai
% B, Ye 1 HXe=p P 1 X2 = Py P2 o, ay
v o, w_Pin

a4 Iy o Bi Y.

‘Avtiatpoeng. 'Edv T Tpidvupa fxour kowhy f kowds pilas, TéTE TpO-
govéds R =0.

"Qore : H ixaviy kal dvayxaie oovdfkr, Tva 1@ tprovopa ¢y(x) Kai (%)
Eyouv piav tovlayiotov kowfyv pilav, elvar 1| drakeigovoa avtdv va oot
npog 0.

2. 'Edv | &maheigovoa R =0 xal oyBy — ouPy # 0, TOTE €ibopey o T
Tprcavupa §(X) kel @, (X) Exouv piov Touh&yioToy kowhy pilav, Stv BuvavTal

a \ow : s ¢ I} ~ 1 3 L
B vdr Eyowv dugoTépas Tas pilas kowds, ST TéTe B& fiTo =%=$—’-':~
2 2 2

- oyPy — P, = 0, T6 dmotov elven &roTrov, B18TL UmeTéBeL oy — Py # 0.
‘Avniotpopome. 'Edav T Tpidvupa Exour plov pdvov kot pilav THY X,
ToTE 1 X+ BiXo + Y1 =0 i o BT Vilh ol o e V0 Sl
(1._.)("2 + IS-_'KN ==Yy = 0 B, — Py Py — @uPy

€ v AapPhvopey %,E: ZY&% = (Z:; :%’:E-“I)J Kal oy — Py # 0 xad &pa
(1% — oyya)? — (@B — uPy) (Bry: — ViPe) = 0 wefi &Py — Py # 0. 'H xow
alrn plla x, elvan mparypaTik, ST &v fto pryadikt Tiis popefis k 4 Al, TOTE
& Tpidovupa B efxov xowhy pifav kad ThHy ouluyfi k — Al kel ouverréds B elyov
BUo kowds pilas, Smep &ToTov.

"Qore : H ikaviy kai dvayskeio oovBikn, ive 1@ tpudvopa ¢,(x) kai @y(x)

Fyouv piay kai povNY mpoypatikiy kowviy pilav, Ty X, = Tﬂ‘%’ — :Lh. elvan M
1¥2 2F1
aradeigovss avtdv R = 0 kai a,f, — asffy, # 0.

Inpeinowg. ARAar (BidTnTes THS drareipovans R, Aav dhidhoyor, A8d tEetaofouy
elg &xAnv Tabv.

Mapadeypa : A moles Tipas Tou A ai thiowotlg
Pilx) =2x2—x—3=0 xal ¢, =x*—(2A—3)x 4 4\ = 0 Eyowv plow kel wo-

ynv Tparypatikhy kowhy pilov kel vd eUpehf alrn
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Aborg : Tptmer R =0 kol cyPy — Py # 0

"Eyouey © Py — b1 = —2(n-3)—1 (=D
= 1.4x 4+ (2A—D) (—3)=—10"4+9

=—4A+T #0«»;\;‘,%

Ble’ﬂaYl
c:lyzfczy,zl47\—1'(—-3):87\4—3
"Apa R:(B;\+3)2—(f47\+7)(—107\+9):0¢.~12M+77A_27=0, 2
fis 7\1:—;‘.7\22‘2}
¢ — (8\ + 3,
H o) pila 51& Ay = - £ guziry =1

27 3
wal ik Ny =— 7 elvoi: X = 7

ATKHIEIZ
erafy TOV & xal B, va T& TRIVIPR p=oxt+x+p ol
Pa(x) = x? + ox + P Exowv plav pévov kowhy pifav, fiTis v ebpedi).
337) “Av al iodoes X* + PX + k=0 xal x* 4 xkx + A =10 Exow plaw pévov xowhy
pilav, va &mobery®i &T: (k—M= (ph — K (k= P)-
338) Mi& olas TIMES ov u oxal v & Tpiovupa @(x) = WXt~ w—1x~5 il

Po(x) = (v —2) X2 — 3vx -+ 1 #youv T atrés pllas |
339) 'Edv X, elvat fi xotvh pila Tév Bue TpIwVUHGY 'P;(X):E ax? +Bix + v1 kal Q)=
= !+ Pxt Y2 xal R 1 &mahelpovo& TV, ve drrobey 61
— 1
sur e R = (P PO g () = G ai' P gy(x0)
a
340) N& dtrrosnxefj 11 T4 TPIGVURE g,(x) = M- m+Dx+u Kol @a(X) = Aux? 4

A2 — W) x —A =0 Exow cowdy pitay, AT ve epedi.
341) Na &mobey8ii 8T al thodees X!+ 0X - 3 =0 xal x_‘ —2ax + 3 =0 Biv BU-
vawTtal va Exouv &pgoTtpas Tds pilas xowds. EUpoTE 5t Tés Tipgs ToU @, e atran Exouv plav

Koy Pféfw-

336) Tofa ouvbrixn

TO TPIQNYMON Q(x) = axt 4 6x+ Y ¢ EYNEXHE IYNAPTHEZIZ TOY X

108. 1) BAZIKAI ENNOIAI EII TAN LYNAPTHIEQN MIAZ METABAHTHE

1) Metapintai teivovodt npdg 0 0, » ko npog aradepdy aER
Mio petaPAnTh TOU guvdhou TEV TrpCry HCTIKGY &pi1Budsy Abyopev : &) émi
ol oupPohifopey X = 0, 6o peToPotopévn Buvaran va ylv

Telver pog T 0 d
: hpar TTOWTOS &p1Buol >0, SopvbfiToTE

Kol vax pefvn ke GTOAUTOV Tiphy HIKPO
HiKpoU KOTS BolAnaw, ; e
B) &7 Telver Tpds TO X (gerikov &pynTIKdY), Kal oupPolilofiey X — oo, STaV

ueTaPohopévn, BuvaTat p ylhm xal v& uetpm ko’ GmroAvTOV Ty peyohuTtépa
y&hou,

Tavtds &piduou M>0, Sc0ovBNTIOTE HE
Y) &1t Telver wpdS TOV oTadepdy &p1BUOV wal cupBoAilopey X — &, &Tav peto-

Bohopévr Buvarral 1 Silapopd X — & vyl kol v peivy kot &TOAUTOY TIpTY
HikpoTEFT TTOWTOS &pi1Bpol e>0, SoovBNTOTE HIKPOY kot PovAnaiv.

2) Merafohrai pds guVapTNoE®S . 1
Mia ouvdpTnois ¥ = o(x), Exovoa suvohov dpiouot T& TS R, Myetan
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) abtovoa gig 10 L, dtav els SUo olaobhmote dvioous Tipds Ths WeTAPANTHS
X, X5, X.62 duTioToKoUv dpolws &vicor Tipad THS ouvapTTOEWS.

*Hrol, &v X, < Xo <= (X)) < (Xs),
B) ebivovea eig o L, STav elg TAS &V AOYQ TIMES X;, Xo€2 dvTioToiyoUv dvopoiws
ai duiool Tipal THs ouvapThoews. “Htol, v X< Xy <= @(X1) >P(X,) wai
¥) etabepa £ig o L, Stav els Tas duo dvigous TINGS X, Xg€2 dvTioToryoUv ioal
Tiuad THs owvapTthoews. *HTol, & X< Xg <> (%) = ¢(Xo).

Tiv gopdv peTaPoAfis THs dweo ouvapThoews Y = o(X) kaBopiler Tpo-
avéds TO onueiov TOU Adyou ??(%%@ , & &molos &v elvar BeTikos ) ouv-

1= A

dprnois elvon ablouoa, v &pynTikds pbivovoe kal &v iooUton pt 0 7 owvap-
Tnois elvan oTabepd.

"H Evvowa Tiig ovveysiog pidg cuvaptioews.

Mic owvdpTnaots y = @(x), opiopévn els &v ouvohov Z< R, AbyeTon ouve-
yilg Sa Tiva TpRy X, € E, v, Tou x TelvovTos TpdS TO X, 1) ouvépTnals Telvel
mpds THY TN @(X)-

"Edw 8t /| w = @(x) elvan ouvexns 81 k&e Tipy X(€Z, TOTE AEYETOL OUVE-
e eig to advohov E.

109. 1) 1) H EYNAPTHEIZ ¢(x) = ax® + px + y EINAI ZYNEXHEZ EIZ TO R.

“Eotw X € R pla Tipn Tis petaPAnTiis x kol ¢(xg) = axy®*+ Px,+y f
dutioToiyos Tiuf TR CUVAPTNOEWS. Edw AdPeopev kal ThHY Tiwhy X, + € SOy
£>0 kol doov Béhopey pikpd TooOTNS, TOTE T dvrioToryos Tiuf Tiis ouvapTI-
oeex B elven (X, + €) = & (Xo + €)% + B(X, + €) +y. Exnuatiloney v Sia-
popdy @(Xo + €) — P(X) = a(Xg +€)* 4 P(Xo +€) + ¥ — (aXo* + PXo +¥) =
= 2ax, € + oe* + Pe.

*EmreiB e dpifuds doovBhmoTe pikpds, kade Spos ToU Pou pélous Exel &mo-
AuTov Tipfv Soov BéAouey pikpdy Kol ouveTréds ) Biagopd ¢ (X, +€) — p(x,) Bu-
varran vé ylvn ked va pefvn ket GITOAUTOY TITY MIKpOTEPQ TavTods dpifpou €' >0,
SoovbhTroTe pikpol KkaTd PouAnow. “Apa ¢(X, +E) — ¢ (X,). 'Emedn B¢, X, €
—> X, B16TL 0 dgovBfyroTe WiKkpds, EmeTon 6T1 f| owdpTtnols y = ¢(x) elvat
ouvexhs Bl THY T X = X, H T duws X, elvon TuyoUoa kal ouveTr@s 1
ouvdpTnaols = @(x) elvon ouvexhs Bia ke Tty x e R ko &pa ouvexhs Els
Td oUvohov TV TpaypaTikdy dpiBudv R.

2) MetaPor tiic suvaptioeng o(x) = ax® + Px +y, drav x€ R
“Eore X;, X: €R (X, < Xs) BUo Tipal Tis uetaPAnTiis x kal @(xy), (x,y) ai

dvtioTorxol Tiwal Ths owapThoews. IxnuaTifopey Tov Adyov 2 () —e ()

X1 — Xe

!.2'*' I+ = !i_ (. 1’_-‘ qIRE
_tttmty-eniopacy_a®lotPOoR) a4 x) + P =
= or(x, + X +—E—)
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Ay Tov EAEYXOV ToU omuEioy aUTou Siakpivopey TES TMEPITITLIOEIS

» B 4]
o) *Edw >0 o AdPouey X <Xa S — o, TOTE EXOHEY Xy< =g K A
B8 P (x) — @ (x
-—?X1+x2<—%:'x1+x?+—i—<0 = u(x;+X2+a)<0 = xll"—Te ‘Z)<

<0 xal ouverdds guvdpTNals p(x) = ax® + px + vy elvaa @bivovoe.

5 p ' )
‘Opolws duvdpeba v &rroBeltwuey, OT! &va >0 kal = < <Xy TOHTE
p(x) elven aiigoveo.
“Qate, 1] CUVAPTIOLS & o
-f—- < x < + o oifovoa. AnAaBty GAALOOEl gopay
o

>0 gig 10 SrdoTpa —® < X<— a'*’; glvan @Bivov-

oo kai gig 0 SdoTnpe —
peTaPoAfis kol Emeidn &md gbivouca Y["’E.TO“ altouoa, S‘éPPXF"O“ Bl s EAa-
xloTns TIUTS KoAOUHEVTS £hayrotov (mlmmum) i auv'apmaewg.

B) 'Eav ¢ <0, anodeukvoopey @S nponyoupévag, dn fi SLVEPTNOLS £lg To
Sotqpa — *® < X <l -zaa- elvan abgovoa kol eig to Bldctnpa——zﬁa € x< + e
v &ANGoEr popdy ueTaPoldis kol Emeidh &md adtouaa yive-

01 . *Hrtor méh 15
i e {oTng TIkfs, KaAoVREVNG péyietov (maxi-

Ten gblvouca, BIEPXETE Bidx W8S HEY

mum) tfig @(x). : |
3) Méyatov i grayiotov o0 tpravopov 9(x) = ax? + Px + ¥

tveog OT1 TO TpIGVUHOY, &V >0, els T GUVOAoY SpioHoD

EiSouev TponyovH !
Tou (R) Muﬂdpvg TIPS Brepy OHEVOS 5 twds EhayioTou, TO dmoiov elvan -

o (-£)=a(—)*P( i) g B St <, Ml oA

R Acupdver TGS Slspxouévofs 5 tuds peyloTov, 16 &mrolov elvan: ¢ (_f_u =

_ 4oy —P?
(3 4a A . 2 § '
A i = aX i
Thy #Eéraow TS peToPoATis Tou T?tmwuolu P(x) ; _+ Px + ypBu:c(
uebar v kepeopey kol gred THY HopeNY TOY Tpiovipoy @(x) = [(X +§&) +
4ay—B* G y o S
+—4—q,—-]- OGTeo Browpivobe 7% : o
4 o0, TO (x+ 3;) —> + o xal To(x+ E:) k

o) 'Eqv a>0, TéTE érav X—> '
§i1& x —> + 0. "Ev ouvexelg, Tou x

(=B 4 hpn 9 @ PR ‘
afavoptvou &md — @ feos TOU — 75! o (x T ﬁ;) Acppdver TGS Ge:tkc‘xg
Hév AN PAQTTOUHEVTS GUVEX DS, Bid x 8t ;"UD“’ :;ij’i;% ) T (X iz @%) =0
wal  GUVETTES q,( 3 % =a [0 + 4—“—:%.-?-}= ——42;-—. AxohovBes, ToU X
alfavopévou &TO — 5%— geog TOU + P TO (x i 2—[}) avtdveTon ouvexdds &mo

Tou 0 Teivov elg T& + @ xal ) T TAS p(x) avtaveran ouvey@s &md Tis T
(_£ 4oy =P qefvouca €l T %
® 20 ) T 4x
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B) 'Edv a < 0, dmodeikviopev Suofws, &Ti, 1ol x alfavopévou &mod — oo Euws

TOU — 2% , 1) Tiu) Tiis ouvapThoews aUidveTan ouvey@s &md — oo Ews TR TIS

P2 =) - ~ ’
MYEH B kal, ToUu X abiovopévou &mrd — 2% teg ToOU ++ o0, 1) Tyt Tfis cuvapTn-
~ ~ A ~ ~ e 2
oews FAQTTOUTA! oUVEXES &Tro TS Tiufis 4—"%“—9— Telvovoa el 1O — oo,

T& dvwTépw ouvowyilovran els Tov drdhoufov Trivaxa :

Mva€ petapoliis ToU Tprovipou (x) = ax?| Px+ vy

AlEETna | 5 el
| biicl . sgokas B i - 35 Ko S
[ 4ay — BY) [ 4o
: 0 - (ny
ok P : - N EA&y1oTov P 100
| s T Mo, = =1 makk. o
1 0 [ — @© A (4ay — PY) [ 4a . [
W ¢ (x) | péy1oToy - ==Y I

SR S e S

Mopadeiypara : o) To Tpicdvupov @(x) = 3x2 — 2x + 3 £ye1 fva EAdyioTov

Bid x =~ g% =3 ‘2;3:%. ot a=3>0, 16 émolov clven ¢ (%) -
_day—P'_4:3:3-(-2p _8

da 4-3 =k
B) To Tpicbvupov f(x) = —x?— 2x + 2 Exe fva utyloTov i x = — 2%— =— i(_—zi) =
=— 1,861t a=—1 £ 0. ToUro elven ¢ , = 3.

ALZKHEIEIEZ

342) N& evpedfy 1o péyrotov §i EAdyrorov Ty kdrwh cuvapThoewy :
Da(x)=3x—2x+ 4, oX)=x'—Tx— 1, .(x)=x*—7X, ¢x)=5x"'—4
1 3
D) oxX)=—-x'=3x+1, o.(X)=3-(x -1, o, (X)= — S X= T (x + 2)*

343) Né& eUpeBfi f) Tiph) ToU A, Tva 1& Tprdwupoy @(x)=(A — 1)x? — Ax + A Exn pé-
yiotov Tév &piBuov — 1.

344) N& elpedf) f) perafl Tév a kol B oxtors, fva to Tpicowwpor o(x) = — x* + (a + B)x
— (o — PB) Exn uéyrorov Tdv dp1Budv a + B.

345) Mi& molov Twhy ToUu X T ywdpevov (2o —x) (2P + x) yivetan péyioTov xal
wofav T4 pbyrorov toutov (o, P€ R).

FPA®IKH TTAPAEZTAZIZ TON ZYNAPTHIEQON

yw=ox +p kai y = oax® + fx + ¥

110. "Opropde. oapixr; mapdarame ) yeoperoxy 1 mapastarie] xapatly puds
auvagrijaens y = q(r) xaleitar ¥ yoopu), 1is dmolag Ta onpeia Eyovy TeTpnué-
vag Tag Thuts Tod awvdlov dowopol alrijc xal TeTayupivag Tag dvriaroiyove TG
Tof mmdlon nyn'n' T rrm'rnj‘r‘)jrr.rmc.
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1. Tpagixi] napaeTacis tfjg ouvaptiioeng l|1_= ax + B, drav (x, y)eR? :
"Edw X, kol Xg elven §Uo aalpeTol Tiped TOU X, 161e of dvtioToryor Tipal
s cuvapThoews elven Yy = X bis P xal Wy = “
ax, + P. Koraoxkevd{owey T& onpEla A(x,,, ) o
kel B (Xg, Wa)s Ve QEPOHEVO! elsu-rb Spboyoviov
aUoTnua &Edvey X'OX, w'Oy. "As Becop TOOHEY
kai & TpiTov onueiov
M( Xo, Yo = 0o + B)-
B Ty =X +P .
Wy = o + p ;
Wy = aXp + p v
B\’ dpanptorws KaTd HEAT Eyouev

Zx. 110.1

— - o= o
I
Yo — Ya 0o T At

Wo — Wy = & (Xo — Xa)

Ol &por Tiis dvahoylos QUTHS €

—
Tvan al guvTeETaY Héval TEW BravuopdTwor MA (X,—X,,

Yo=Y Homm iy
X

§ elvon ol ouv-
Xo — X1 Xo—

o — \y) xal MB (Xg — Xoy Yo~ ) of 8 Adyor

oes GuTIoTOIXS aUTEW. : ~
're?\eo'to: Sleu?ugﬁm;guma Eyowv ouvTEAEDTYS DieubUvoews 1oous kol ouvetrédg
pa T& t& “Hror 16 onpeiov M (Xo» Vo) KeTTON ETTi TS evBelag AB,~éwe;5ﬁ
?évi;«?;yp?;;g éwsfal &1 waw onpeiov TS evBelas AB elvan onpeiov Tfis ypo-
o : i = ax )

pIkijs TapaoTdoews TS cuapTHOEWS Y +p : é

“Qare, 1| pagiki TapaoTacts tiic w = ax + P elvar £d0ela ypapph pd ovv-
! ‘

—

&v Sravoparov MA, MB,
0 Y suvieheatijy drevBovoemg T
;)c::ztt:gva?::e:vgf;, ioﬁto kal xohelton Ny = OX + B ypoppiki cuvapnes.

=D
‘H ouvdpTnols Bi x =0 Biber y =P kel Bid g =0 BlBer x = ——, T&

B van T& onuela Toufis Tis eudelas w=oax+P
5% ompete I (0, B) xai A (— £, 0) elven

b e EoIGE WO wal x'0X &vriotolyes. ‘H Tetayuén P ol onpefou I kal
ué Tous

P 100 A koholvTal dymoTolyes tetaypévn Emi iy, dpyiv xal

gy — ——
1 TeTunuévn — v, &ugdTepan Bt guvretaypévar Enl iy dpyiv.
terpnpévn Eni Ty GpXAYs s THs OUVePT. Y = ax + p &1 p=0, fitor Tfis

¢ &OoTOC L o B

":l{ Y::CP\;JKE- :: Pe::ou eUbeia SiepXOBEN B Tfis epxfis 0 mdv  diovaw,
oUVapTNOE = oX,
(ké ‘s}-lld;P;@?Kf: T‘:c;p‘;z-r:;is Tiis oUvapT. Y = X + B, &1 &= Yol s

oPenit . @ = P, elven Bl TTapdAAnA0S TPdS TOV &Eova x'Ox, Biém
otafepds owapT. Y = Pr

51 v x elven A TN TS W mrévroTe P

fac y = ax + P ‘ b
M ]égt.am;?:?ﬁjqai:ga;o;pguov onuefov. T& XOPaKTNPICTIKWTER TTROPOVESS,
a e ElCt
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B ThY K&Tocxéuﬁu T ebfelas @ = ax + P, elvar T& onpela Topfs alThs it
Tous &fovas. "Apkel Aoirdy va elpwpev Tas
by ouvTeTaryubvas Eml THY dpyrv. OUTe, T& on-
veta A (= 2, 0) xal B (0, B) &prolv Bicr vix
Sploouy Thy ebBeiav AB, fiTis elvan 1) ypagikn
TapdaTaols Tis ouvapTno. Y = aX + P.
Inp. 'Edv f) edBeia Sifpyetar Bid Tiis
dpyfis TdV &fdvwv (y = ox), ToTe B THY
KaTaokeuny Tns, &pkel &V pdvov onueiov.

Sy. 110.2

2. [pagikf mapbotacis tilc guvept. Yy = ax® + Px 4+ v

"EyovTes U’ Syl TOV rivaka peTaPoAfis ToU TpiwvUpoy o(x) = ax® 4+ pPx +
+ v, Buvdpeda v& TOPOOTACWHEY YPaIKEDS THY ouwdpTnow y = ax? 4 Px + v,
&vagepbpevol elg T dpBoycoviov oUoTnRa GEOVWLY x'0x, ¢'0yp. OUtw Biakpivo-
pev BUO TEPITITWTEIS :
a) ’Eav a >0, ‘H owdéptnois Bix x = ——2—%
AopPdver Ty EhayioTny Tns Ty @ =
o Sy el

y—Bl_ =B fuf i
S —%,c-rcwﬁé <X < — 5y

Eyer medlov TGV TO (+ o, :4-0(—A) kai 6-
p

'rcw—%—<x< + o Eyel meBlov Tipdv TO

T (=)

Karaokeudlopey Aorrdy 1O anpeiov A

Ty. 110.3 B —A\ s ) i !
(— S AxchoUbBuws AauPdvopey duo
TIWdS X, =— -2% + & kal X, = — ;E[ — T ouppeETpIKas G TIPOS THY TIUHY — %

kal Tds dvTioTolyous Tipds Wy Kol g, TS cuvapThoes. EUxdAws &mrobeikvio-
ey 8T g, = . “Apa & onuela B(x, wy) kel T (Xg, \py) elven ouppetpikd s
mrpog ThHv eBetav AT, fiTis kaeitar &tewv oupuetplas Ths ypapufis W = ¢(x),
xad ouveTrds T ypagikh TapdoTadis Ths owap. = ax? + Px + y &moTeAeital
&mo Svo Tufpata AFZA kai AHBE ouppetpikd s mrpos Tov GEova oUpPETpias
AT. A& THy KATEOKEUTY AOITTOY KaTd TTpoaty y1ow Ths ypauufis y = ox® + Px +y
Béov vir elpeopey Goov TO BuvaTOV TrEPIOCOTEPX OTUETX CUPHETPIKS G5 pdg TOV
dfova ouppetpias, 51671 elvan # ypapph keutuAn kel oUdtv Tufjua aUTfis efven
euBUypappoy. ToUto ouvéyeTan ik ToU &T1, /) ebfela y = AX + B Téuver Ty ypap-
uiy @ = ox® 4 Px + y els Yo TO oAU onueia, 56Tt TO oloTnua Trou &rro-
TehoUv Exer TO oAU Buo AUoels.
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Thy kapmUATY TQUTIV wahoUpey mapaoriv, TO onusiov A kopuiy oU-
v
s kal TOV &lova AT dbova TS napofoliic. 7\
. S : il
\ Td YEQOKTNPITTIKOTEPR OTUEIC TTS KANTIUANS W= ax
A B 1& onueia Topfis Tis TapaPold
Bx 4+ y elvar : xopupn aUTHS A( g E)’ TG O 7 o fis
i 6 ilan ToU Tp1OVUpOU, Kal
: 0 x Z(py 0) ¥ai H (py, 0), 87OV Py, P2 P pia
we TOV &_Eouot s iﬁs iﬁpapo}\ﬁs ut Tov &kova Tév ¢ A0, v) kal TS guppeTpr-
TO onueiov TOUNS ) Taul A (_ B A) keiTon, &v oyéosr Tpodg
kov abTou E o 2 y). 2) To onueiov o B o
Sv &tova x'0x szegv 7 e, A Sueobey atTou, ko® Soov elvan A0, f A =
ov &to ’ . : ‘ ‘ .
T— 0, {f A<0. Tpdypari, B1OT! <bTe dumioToiyws B elvan
=0, .

A
— (s =1
=gl w=mmsY 4o

¢ T - oTd.
TolUto BekvleTan el TS &xdhouba oXNK

a>o
ALD

!
"_-2]
1

Hy

zy. 110.4

ap&oTaow Tiis guvapThoews Y = ax® 4 Px 4y

‘Eav r a@IKTY
gL ki by OKETI TOUEVO! Spofes.

Suvdpeba va KOTOOKEUATUHEY : ; _

Tiv épyaoioy TaUTIV &Gotopey Bi& TOUS  ua

BnTds. : | :
Mapaderypa = N yivny i YPOQIKN TAPGOTA
fi = 6

o5 Tﬂsw—x%—f)x%- (
Katookevt): Ere1bf) & = 150, 0 UU\;?S?:;E

Eyel EA&yioToV. EYpiokopey Td.g O“WTETJ?\YU e

YOPAKTNPITTIKGY onueiwy TNS KOUTTUATS.

i fi 0%
‘ 5 1Y Snueic ToUNS uté TOV X

[ (2,0) ki B(3,0). Enuefov TOKTS f(;(;‘; oy ¢
A (0, 6) kal TO OUMHETPIKOY (:(‘U'TZOlE'l X K,cd .H(4'2).
Avo Exepa TUPHETPIKA amfxenc: 2 i e
Me Tc'x‘.cmueioc auta Buvapeba va K e
pev THY KomUAnY xard mpactyyww. 11

' f v 5 oxAHa.
okeuty TaUTnY BEIKVVEL 10 oXN

(5.6

Ny

Zy. 110.5
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ALZKHEEIZ

346) N& yivn ) ypagixh Tapdotacis TGV kaTwh ourapTHOEWY :

w=%x72. W:_z—%x, x= -1ty w=ox+ 2, w=+x+B

347) A molag Tipds Tdv A kel pal ebfeio = (A=1) x 420 kal @ = — (2 HN)x+5
Téuvovtar elg TO onueiov M (%, 2-?) f

348) N& yivn fi ypagikh TopdoTaols Tow ebfady w=2x+ 1, y=—-x+3
w=x+ % Ti mapartnpeite ; AikaloAoynoate Ty TapaThpnciv oas.

349) N& yivn | Ypagikf| TopaoTaois TV K&TwH TUVapTHOEWY :

sp—:—"\";»-—h—?, q;:—-xg—i—*%. y=x*+x+1

W=2% + X, y=xt—x—-06, pe=—x'+x—2

350) Ma wolay Tiuny ToU a T wéyioTov 15 ouvap. W = —1;- 4 2x — 20 elvan &

&oiBuss 1 'AxoAolBuwg TapagTioaTe alThy Y paIKds.
351) N& tmiAuBoly ypagikéds T& ouoThuaTa Kal v& eUpeBouy al &p1BunTikal AUgels Twv
{\y:—?"{*] {\p:x’—x—il
y=x*—2x-5, w=xr+x
352) N& xataokevasfouv ol ypagikal mapaoTdong TV ouvapThoewy W = —x*' -+

2 3 . @
L% 3 kal = % -4 (x —T), ' AkoAouBuws va eUpefouy al dxépaian Tipal TOU a, ive

A ed8eia w — o Thuvn dupoTépas TaS KapTTUAGSS.

ATLKHIEIZ ENANAAHYEQEL

353) N& tmiuBolv al dxérovbor thiowoels ¢

D (@ +pr+y)x*+2(@+p+y)x +3=0, o,p,YeER
(e=x)—=(B-x)°
G-y T @R BER
3) (k—x)" + (x — A)* = (k= A)? K, A€ R
4) (x—a+2p)" = (x — 2a + B)* = (a + P)", o, peR

5) (x—a) (x—y) (x-P&x-v)
P-a) B~ (=P -9

354) 'Eqv o, B, y € R, 8¢ tiowais f(x) = ax® + Px + y =0 Exe pilav Tév myadi-
Kby @ 4 vi, v& &moBeiy®i &t A &AAn pila Tis £ (x) = 0 elvon & piyaBikos p — vi.

355) Né& eUpebij 1o elfios Tdv pildv Tiis Eiomoews, o, B, ¥ €R, xt—2(a+P+Y)x +
+ap + Py +ay =0.

356) 'Eqv fy ttowars f(x) =x*+ ax + B =0 #xn pilas TpaypaTikas kal dvicous,
vax dmrobery8i &1 16 ot oupPalvel xal Bia Tas piles TS f(x)+A2x +a)=0%%AreR

357) N& mpoobiopiodfi 1o elbos T@v piidv Tiis tliowoews pixt 4 (y?* + p*—a?) x + y*=0,
&v a, B, Y mapioTolv wikn TGV TAEUp@EY TUXOVTOS TPIY Vo

358) 'Edv x,, Xy eiven pilen 1fig x* 4 ax + P = 0 va oyxnuamiod Etiowors P’ PBaBuov,
Eyouaa pilas Tas X,%, X, xai dxkohouBuws va eupebh oytarg peraly Tdv a kel B, va # véa Ei-
cwois Eyn BimAfiv pllav.

a#p#veR

359) Edv x;, Xz elvan pilar 1ol Tprwviuou f(x) = ax® | Px y xal % = 2
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S S )
v &mobeiyBf 6T f(—2‘ -+ k) = f( 9 =k ). &mou k Tuxdv TpaypaTikds &piBuds.

360) Na mpoabiopioBolv of k xal A, Tva al pilen Tiis thiodotws x* + kx + A = 0 elven
ol &pibpol k xai A.

361) 'Edv X, Xp EVO! pian Tiis tho. ax? 4 Bix + Y1 + A (@X? + Box + ya) =0,
v& &mobeixdi 11 UTEpXE! oytals HETAEY 6y pild@y X;, X; Gek&pTnTOS ToU A kol vé eUpedfy
# T Tou A, Hid Tiv dmolav fi itlowats tyer BimAiv pilav.

362) Aigeton f Etiowos ax? + Px + y = 0, Exouox pilas Xy, Xo. N& oxnuoTiodfj i
swots, fxouoa pilas x, + A X T A kal dxoroubuws va mpoaBiopiabij & A, fva abTn elvon TS
uopgfis 1) Ax? + I = 0 xal 2) Ax*+Bx= 0.

363) N& bpiofolv Ta K al A GoTE, &V X, X elvan al pifen Tis tho. xP +wx+ A =0,
té7e ol dpifpol x, + 1, X 1 vé elver al pilen ThS tho. Xx? — kI + kA = 0.

364) 'Edv a, B, YEQ, 7 &t tliowois f(x)=0ox*+Px +y= 0 txer pilav Tov doltp-
netpov K + 4/ A, vé &moberx8fi 611 f &y plie whs £ (x) =0elvar & dotnpeTpos ¥ e
"Evfa k, AEQ kal A i) céhgioy TETpAywvoy pTTOV.

365) 'Eav Téw EiowOERY xt+20x +p=0 rad x*+ 2Ax + B =0 al pilon elven
dvrioTolyes (X, X) xal o + kXt k), v Beiy®f &mi: A'—B=a'—p.

366) 'Eav al pilen Xi X: <fig tho. ax? +Px+ P =_9 tlvar dvéhoyor T@dv  &piBudv

o / v_
| 5 " v A
u, v E N kaix, Xg € R+, va &modaiydi &M V\.’ -+ 2 4+ o 0.

367) N& ebpedii 1 {kavn xkal dvayxaia owwbhxn petaly TdY @, P, Y € R, va 10 Tp1cd-
vupov @ (x) = a® x! + (a* + Y - P x + ¥ elven TEAEIOV TETPAYwOVOY.

368) N& dmobery®i o1t M napbotaots (o + B)x* 42 (at + B x + (a—P)*,
a,peRkd a#0,p#0 FuvaTon V& uETquﬂuﬁTlfaﬁ els Blagopdy BUo TETpay vy mpa-
YUATIKOV 'nctpc(c-rdaewu kal dxohoubws v& dvoduBi elg Y“"f’IJSVDV TapayOVTwY.

369) N& eupeBolv al el Tou B, ik TAS drolas .ﬁ ‘lTﬂpE"rchc(mg X4 (g +2) x 4
+ Qy 4+ 3) (y— 1) Bivoren v dvaduBij els ywéuevov BUo pnTddY TpayHaTkdy Tapayd-
vTev o [Buiwy ds mpes X kal Y. i}

370) N& ebpedii ko) Kal dvayxaio oyveﬁnn, vt f mapdoracs (ax + B)? +
+(yx-+8)* elven TéAEI1OV 'rETpd:ywuou.'Ev QUVEXEIQ V& &mobery8ii &11, tdv al TapaoTaoes (ax+
B + (ax + Po)? xal (ax + Pe 2 4 (ogx -+ o)t Elvon TEREID Tetpdywva, THTE kal | Tapa-
otacis (ax + By)° +(osx 1 Pyt elvan TEAe1OV TETPAY WVOV. Ol &piBuol @, a0 Pros s &, By, B

UmoTifevtan TparypaTikol.
371) Né& d&mobery®
gous A e R.
372) N& Beydi om A tEigwors P00 = (x — &) (x — ) + (x —9) (x —a5) + (x ~ )
(x o) =0 txer pilas mpaymaTikds Gvigovs, av S <0G < Oy
oy + & ‘I=+‘?!_ E’.+C,!’_ 2 a
373) ‘Opolws 81 THY {('_ 5 ko oy e 0, &v o' < oyt < o

374) Na oynuatio®] tEiowats B Poduol Exousa BimAdv pllav Thy xowhy pilav Tév

SUo Tprovipcy x* —ax + P xal i G , '
375) ‘Yo moiav guVBRKNY T& TpIWHE < 1 axy + Pyt vol X2k yxy 4 Byt Exouy
fva kowby Tapdyovta TIPOTOY Pabuot ;
376) Na& &rrobeydii OT! 4 A Tiig tho axt 4+ Bix 4 ys + A (Xt S B+ ya) =0
elvon ThAEIoV TETPAYWIOY) 14 Py 4y = Dl aX? + Paxt ye = 0 Eyouv plav

wowdhy piav.
177) Na tmiiubolv by
w 1) xt—Ce+P)x +2a(a -B)< 0
wtogh & odny 0.

7 om0 f(X) =2x?' — A(10x — 7) — | Exer pilas mporypaTikds dvi-

&y al tho, X

R al &xbdrovbor GNOWOES !
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378) A& molas Tuds ToU A A mapdoTass (A —2) x* + 4x + A + 1 Biarnpei buo-
onpous Tipds S1& oY TRAYUATIKAY Thy TOU X ;

379) N& eupedii T6 olvolov Spiouol Tiis TPOYHATIKTS TUVAPTHOEWS
=5/ x1—4x+3—2¢/ x4+ 6x+8

380) Né& ebpebii Bi& moias Tipds 100 x € R dAnBever ) dviowos x? — 2ax + (B + y) * >0,
& o, B,y TapioTolv uiKkn TAEUpGY TPIYwVOU ;

381) To Tprchvupoy ¢ (x) =ax? +Px + y S x = 5 Eyet EAdyloTov Tov —3, f pla Tou
5t pila elvan & dpibuds 2. Elpate T& o, B, v. .

382) N& eupedij fy Tkowd) xal duaykada ouvbfkn, fva al ebBefan = ax + By =
=X + By, W = ax + Py Bripyovran i1k ToU alTou onueiou.
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KEDAAAION  XIV

EEISQTEIS ANATOMENAI EIZ EEIZQZEIZ B’ BAGMOY

AITETPArQNOI EZIZQZEIZ

retpdywvog E5lowats ¢ mpog Eva Hyvwotoy, ndca E&(-
oy dpriag dvvduels 100 dyviatov.

—0, « #0, B,yeR A kol TporypaTiked -

111. ‘Opropée. Kaleirar ot
owaie dov Pabpod, TEgéyovod oV
*Hror fis wopefis ax* + Px* Y
pacTdaels ph TEpIEXOVTA TEW ¥

Té mpdTov PEAOS auTiis
TPLOVUROV.

(x) = ox + Px? + y Kohelton Buetpéyovov

112. EMIAYEIE.

ErriAucis aUTiis ETITVY
AhapPdvouey  ThHY tHowow Y
A DOEWS.
SITETP‘E:, L:::ui:: ::(Els by yhver 8U0 AUoElS Yy Kol e T\'P“YHGT::@‘S jjaﬁo‘ép&s
i e &TOTE Erroepy OHEVO! elg TOV ue*rc:cxnau-nou v X! =y Eyo-
eradin UUCWEQS‘ /\aupcwouévou §¢ U Sy, &TL TS &p1Buds -rrpcryu?-n.
JEV x‘z =\ kal x* = \P;.Jo gt Tﬁpwmumdg p[_(,o:g OB {§,73)' i
kos 1y uélyatimés; EX‘;‘J :od X2 = \py 7O AUGEIS T#is BiTeTparydovoy thigdoews X =
okouev &k TGV X* =W

=44/ X = 44/ Wy HE SV ExOMEY X3 = +v/ ¥ %=—V Y1 Xa‘:+ Ve

= ;l\/ %‘Al gepayovikai pikor TV pL@v tilg Emhvobong elvar pita tiig 31-
“Qote: T
tetpay@vov EE10HIENS, "“"2 4 d:: if-g;(:f; +y =0, opveR
10. 0. o
EI(;"&()QI ;Gw P:CGSV zgi Eﬁs §iTeTpay ovou tiocoews tapTaTan Ek Tou eibous
To elbog Toov P = ’ JTiS.
| 0 pildv Tiis Emihvovons AT :
Kad -rog -rrpom;'.uou :w;ﬁr’,‘géww +& oupTrepdopaTa Tod Trivakos Ths (§ 93), Buva-
UTeas, EXOVTE

fa va AT PLOTWHEY v dxdhouoy Trivoka Biepeuvfioeaos THs BiTeTperycs-
peBar v& oupTr

vou ELiooEws ¢

yéveTan 51t TOU PETOOXNHATIONOU X* =y, &moTe
t 4Pyt Y =0, fims xaheitar Emhbovea Tig
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Aepelvnors THs o, ax' +Px* 4y =10, o P, vE R,a#0 T
A ] ; |_ S 71 Pileu éwm?\uoﬂcns Elos pildv BirteTpaycovewy
| _:_—+ | e y. € R* ") _ﬁ“_ X1r Xos Xay Xy ;1{,7);;_:;:, ;s:: :;(_‘7
— Y, ¢ € R- Xys X3: Xy Xa €1
T y;€R* y, e R - xl:;ﬁjx_a._x:;7 F
+ | = | — |weR  yeR- " | umeR xnxEel )
0 | e R, e R = — | T M€ R XX ET ]
o [ 7 R0 s =x=0eR _
— w.e€R-, ¢, =0 kX €L ny=%=0
3 Wi =y €RY = 71: X3 € R.:, [ Tl
o | ¥ e 7y e p—
: 0 |wi=yw=0 R (P ——"
e iy,, g, € (C—R) X1, X2, Xar X € (C—R) o
Enu. | olvohov Tév gavtaaTikéy, C ouvolov T(T-.;: u\ya&xr’é\;- ’ = A

113, METALXHMATIEMOEL EIZ I'INOMENON MAPATONTQON TOY AITETPATQINOY
TPIONYMOY o(x) = ax* + px* + v, a # 0.

"Edw iy, s elvan ol plfen Tiis dmidvotons ay?+ Py + Y, TéTe oy? + Pyty=
= a(y — ) (¥ —yo). 'Ex Bt s x} =y <oy =x?
mrpokUTrTEL 1 axt + Bx® 4y = a (x* —yy) (x* - W) = o o
a (x vy (= v/ W) (X + V) (K= Vi) =
o (X — X;)(X = Xg) (X = Xg) (X = Xy)

"Ex ToU petaoynuaTiopod ToUTou Emetan, 811 Buvdueba va elpwopey 1O Bi-
TeTpéycovoy Tpicvupor, STav yvwpilwuev Tas pilas Tou.

"Emrions Suvéueda v AdBooper AAas popds ToU BITETparytovou TPIWVUHOV,
Tas bmolag SiSopev dos doknoEls.

Mopadeiypata: 1) N& ¢mAudf # tiowois 36x! + 11x2—-5=0
"Enibvoic: ‘O petaoynuatiopds x* = g 8idel Ty émAvovoow 36y? + 11y-5 =0,

Amis Exel pllos W, = 711:, Wy = _%“

mom

1

Al pilen Tiis BirreTporycovou eupiokovTan ik TGV tiohoswy X* = -, &t s
1 , A5 V5
X1 = 7 xzz—% kad x2=—%, ¢t s x;:lVTs, x4=-—1\~/§5—

2) N& eVpedij T elos Taw pildv Tiis tho. 2x! — 5x¥=3=0
Abeig : "Eyopev Bkt x? =y THv EmiAvovoav 29 —5¢-3 = 0, fitis Biber:

A=25124=4950, P=—3 <0, §=3 >0

"Apa # EmiUouoa Exel piles Tporypamikas, Erepootiuous it AmoAUTwS Py aAU-
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Tepaw ThY GeTikiy. Kai guveTrdds T BITETPOYVOS EHE (& TRS BﬁTlKTT]S).ﬁUO‘pigqg
mparypaTikas dvTiBéTous Kol (E s dpynﬂms) Guio, piLas REVTCOTIRG dvmiBeTous.
3) Na& petaoynuaTiod glg ywouevoy ﬂapscxyowrmu TO TPILVUHOV
o(x) = i = 1) — & a>0

Abolg 1 Aaupdavopey Ty EmAUOUOY = dw(d.— 12) —G'“z. AT Exel pilag
Yy = 02, Yy = —C Suverréds al P[Q_C‘i Tou @(x) elven i XT =05 & fis x, = q,

x.,.:—axodx;,=iva—,_ M:"iva iy st P
‘Apox Exomey (x) = X' — X’ (a=1) = o = (x=a) (eta) (x—i Vo (- iVa) =

—(x—o) (@) (xF D)

!l

ALKHIEILX

383) Na tmiuBouy al gxohoudor ELITQTELS © i
e (- =
1y xt + 12x* — 64 =0, ox* — 5xt — 4

st g =D R)Na
2) _L_erzx‘ 2:_’%., ("5 = xt+ 1
Jiv, Kbl & (xa1)
3) x* (o — 1) = ap? (e — 1) REAEoR

384) Na eUpedn & elbos TGV pig&v ixdotns TRV thiowaEwy -
1) 2x' —5x* %—O 2) lxt + 134+ 2=0, 3) 2+ 19x2 + 9 =0
s 3 2 I 5 A . .
3 Y ey TapayovTwy T TPIWVUMA ! ‘
Bl dm?‘w'ew;’ﬂi 13[ 2) . (})=36x"— [V 103 g =SB Ry R
l)q’\(l)?—:x-rl.\ i 3 il A s
7 BITETPAYWVOS ttiowots, Exovoa pilas
] : i .
1) 2= 3 3rige 2):\"3.:'1; 3N :;21\/2,4)12_7
. o al dxorovdol Lo WOES © , ‘ .
??7()ANQ1)5;EFTJ:23°:-VAG+2 =0, 2y (wt+ Dx-2(- Dyxig 3 (u=1)=0
388) Na& amobeay i 6T 16 TPIRVUHOY @ (x)= ox' + ;_ax- + v, a B,y €R, weTaoxnyo-
vilgran els ywépevov BUo seuTepoPabiicy TAPAYOVTEY ToU X.

386) Na& aynuaTiod
1

a+ B
2

' < 71 7o TprGvwkoy @(x) = ax! t Px* 4y peTaoxn-
389) ‘Eav -:-< 0, va &mobeixBn ©T

v Buo ﬂpw-mpaepiwu rapayévTwy Kal tvos P'/Padpiou Tapdayovtos
Vo

uarileTan els YO b

g TTpos X.

114, MEEXHMATIEMOE AIMASN TINON PIZIKON EIE ATIAA
e hopis L FA Bo/Bulnte A BE L B i céhoiov -
tphyovoy pnod kal A >\/§ = Al—B >0 m).oibvm't Simhi TETPAYWVIKG pL-
Oka. Ta A kol B Buvarat o efvon xad pnTed Trotpc‘xcr-racrelg.. . ‘ ]
TolaUTal TAPAOTATELS grravTdvTal Els Tas AUTELS s lTE’Tpf!ymvou‘é =
’ & 5 Biakpivouga A = pt— 4ay TS ém?\u::ucng avTfis Btv elven
::;:f;ji ;;:;, J}uovl ats TapacTAoEWS <6 guvTENeTT@V & B, Y UTroTIBepéveoy

pryréov. TMpdywaT els 798 Nyosis i BrTETperyspoU] EIpCaees

Al napuotaoEls
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xia= + = Py Xou =+ v?%l/—“, v Blowpes — & — A kal S =B,
EXOMEV Xy, 0, 80 4 = :i:\/A + \/B

Al BuokoAial, Tas dmolas Bnuioupyouv Ta BimAd pifika, aipovtal el dopi-
opévas TrEPITITWOELS S1Q TOU HETAOYTHATIOHOU auTdv els &TAG.

MMpds TouTols, {nToUuey SUo pnTous BeTikous &piBuols X kal y ToloUTous,
BoTE /A £4/B =X £+ VY, i TéY dmoiwy & els TouhdyloTov v& elvar pf)
TéAsiov TeTpdywvov pnToU.

To BimrAoUv onueiov SikaioAoyelTal g EEfig :

"Exouev & THs V/A +4/B =4/X +4/§, 8’ bydhaews els 10 TeTpdywvoy,
A +v/B=x+y + 24/xy. Emaidi/B xad /Xy &ppntor kal A kal X +y pn-
Tol, Emeton (§ 63)
A=X+W}A|§ 9 /g = A=q/B X —\/ )
B=gnig] TR =Rt P = A=y =l
> VA—vB =|vVx— VY| - o

chre Exouey 81 &ugotépas Tas TEpITTTAOES X + y = A, 4/B = 2 1/xy,

Ax+y=A 4dxy=BAx+y=A, xw:%, al omoian aynuarilouv Ty eti-

cwo w!— Aw + -%-: 0 pé pllas Tous &pifuols x kai . Al pifon aUTfis Ts
thiowaoews elval :

X =PL‘/2A’;B, y o= f‘“l/-zw. Ak va elver 8¢ of x kad y pnTol, Tpé-
mer A* — B=T% ([eQ), 68y x = A+2‘ rl. \P:A_zlm
"Avuietpogme. 'Eqv x, yeQ+ kol x = 2 +§|—I—-—l, Y= _——UJ, TOTE
> = = A r N
(VXEVY)?E=x+y+ 2 \/xw=——2[_-l~+ g 2V
=A 4 +/B.
06 |vX £ VY| = VAryE

"Apa: Awa va rapyouy pntoi Betikol apiBpol x kai g, pé Eva tovhdyietov
pi Téhelov TETpay@VOV prjTod, Toroltor, Botey/A + /B = /X - \/y, npéner
kai dapkel va glvar A, BeEQ+ A2 — B = I'%, (I'eQ).

‘O peTaoynuaTiopds TéTE ToU BimAou pifikou

elval Buvaros kai ylvetar | L_:_:t___w:; :I i'\_m A-Ir]
Pdoer ToUu TUTTOU ’:ﬁ:\/.ﬁ +vB==% (v == v )

Hapadeiypata: N& petacynuariodf] ékagtov TGV drkoAoUfwy SimAdv pi-
UGy elg &TA : /3 +2+/2 , V2« + 24/ - p*

Abawg: ) ‘Emedh /3 +24/2 = 4/3++/8 kai 3*—8=1=1% Eope

Vit2vz= 3_*2'_‘ + 3:_‘ =24 /T=4/2+1
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B) *Exomev /20 + 2 V@ —P + V20 + Va @ — py xal tmedh A= 2,
B=4(a—p?, Emera A?— B = 4ot — 4(a? — P =4p* =" "Obe
s bemome L atL T+ 2P 20— 2-6-: —n ST
Va2V e = pr= vz_“_‘%'i 4 v__f— Va+ B+ Va—p. Ymebioapey
a > p>0.
AZKHEIEIZ

390) Né& N.mcxnuuﬂgeoﬁv gls &mA& pria ol dxéhoubor TApPAOTATE !
5 VT, V=, Viravs, Vie-avin
2) Vea+2 Va1, Vot 3-2aV3 Vat+tp-y-2V@-Ma
3 V12V + V-2 V10, V3+a\/7+4\/’3‘ i

_——
Lod V3 +8V7-4V3 e

4 mapdoTaoss, Wx>4 ¥ = Vx+AvVx—4

391) N& ebpedij ) T ToU A, v
Buvarar vé Tpati els &mAE piliké. " i
392) N& dmobeaydi &1 A Tap&oTacls Y =Vx+3VZ&-9- Vx—3v3% =9

looUTan pt ‘\/2-(2}__—9) & 45< xS 9 kol elvar &vel&pTnTOs ToU X, &v X >9.

ANTIETPO®OI EZIZQZEIZ *

115. ‘Opiopbe. *Etlowots e ¢ (X) = 0 waheivar dvriorgogos, drav, dyovaa dg

1
. . e il
oltav vov deibudy @# =+ 1, &an @6 TOATT xai v doudy - (¢ #0)

Bdos: Tol Tebévtos SPITHOUs ulo durioTogos EEiowols Btv petaPaMietal,

1
tw vl ToU X TEBf) TO o (x #0).

My 1 ttowas ax® + px* + BT =i U
& dwti ToU x Tedf elg QUTIV 3 gUploKopev:

1 1 Ar _ 0<> a+px+pxt+ox*=0, A elven ) alTh
G‘F+5-F+ﬁ" 2 + e
pé Thy ax3+ﬁx$+[ﬂx+a=0. .

' ArroBeikweTal OTL ¢ *Avayxaia xoi {xavi) cuvlikn, Tve 1 f-éidmmg o(x)=
— 0 elvar Gveiotpogos, slvar ol suvteheotal @V dpav abtiic, ol {oaaig thv -

xpov anéyovtes, va elvat ool fi GvribeToL ) T T
fl 1éov , elvar dpTiou
BIKG , w1 &utioTpogos oTEPATAL TWV i
Bc:tﬁuogl xlsiw:ipg:mMﬂcxl v Spaov TS, of fodwis Ta@Y &xpeov &méyovTes,
elvan ool
Fupgaves TPOS T
pou elvan :

0 elven GvrloTpogos 3ou PaBpol, BidTi

Svewtépw ol avriatpogor thiocaels P’ fws kol € Pod-

spbpov EELIDOERS sqebevar elg wov De Moivre (1667—1754),
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axt +px +a=0 ox® FpPxt 4 Px +a=0

axt+Px* + yx*+pPx +a=0 ax® + Px!—pPx—a =0
axt + Px*+Px +a=0 ax® + Px! - yxf +yx* 4+ pPx +a=0
ax! + Bx?* —Px —a =0 ax® + Px! Fyxi —yx*—Px—a=0

‘H AUols Tédv duTioTpopuwy ttiodaewy 3ov, 4ou kai Sou Paduou Buvatal
v yével va duay®ij els THY Aot BeutepoPaduiou Etlocaecs

116, EMIAYZIE ANTIETPOOON EEILQLEQN

1. ’Eriluoig avuistpogov éEremacmy 3ov kai dou fabpod pé Erkeimoviu
tov peoaioy Opov.

To TpdTov péAos TV Eliowoewy aUTdY peTaoxnuatifeTal eUkoAws els
YIVOUEVOY TTapary OVTwV.

a) ‘H avriotpogog ax? + Px* + Px + a=0 (o Pe )

"Exomev : ax? + Px* 4 Px+a=0 ea(x? + 1) +px(x + 1) =0«
< (X4 1) lax? + (B —o)x +a] =0, fimis elvar ioodlvapos Tpds TO feuyos
@ Eio. X + 1 = 0 kad ax? 4 (P—a)x + a =0, et oU Exopey x = — 1 kai &AAag
Buo pllas dutioTpogous & Tis dvTioTpdgou éllowoews ax? + (B —a)x + a =10

B) ‘H avriotpogog ax’ + px* —px —a = o (¢, PER)

Kot dvdhoyov Tpémov Exopev (X — 1) [ax? 4 (a0 + B)x 4 a] =0, fi1is
5ibel 1 x = 1 kal &AAas BUo pilas dvTioTpogous.

y) ‘H avtiotpogog ax® + px* —fix —a =0 (@, fcR)

“Exouey : axt ++ Px} —Px —a=0<sa(x!= 1) + Ppx (x* = 1) =0«
co(x? = 1) [ax24+-Px + a ] =0, fiTis icoBuvauel pds TO feUyos Tév Etio. x*—1 = 0
kol ax? + Px+a =0, & o¥ éxopev x = -+ 1 xai 0o &Mas pilas dvTioTpopous.

Inp. ‘H dvriotpogos axt + Px3 4+ BX 4+ a =0 Aletan, Smews #) wANpnS
4ou Paduol ax? + Px? + yx* 4 Px + a =0 roTwTEpW.

2. 'Erilvaig avniotpogayv £Sio. dov kai Souv fabpoi.

a) ‘H avtiotpogog ax® + Px* + yx* 4+ px +a = 0 (o,p,yeR)

Alcipoupey dugdTepa T& pEAn Bid x%, (x # 0), OmoTe Exouey ax! -+ Px?

Fyxt 4+ Px+a=0<sax* +Px +y+ % + % = D= (x"+ i’) i
+ B(x + -i-—) + vy = 0. ’ExTehoUuey TOV LETAOYNUATIOWOY X + —,l(— =, OT¢

2 ! 3 ] L
Xt 4 L' = (x + __i_) =5 xl = w!—2, kal &1’ dvTikaTaoT&OEwWS Aaupdavo-
X

pev o (w? —2) + Pw + ¥ = 0 < aw* + Pw + y — 20 =0, fimis koAelTan Emdo-
ovaa THs Sobelans Eliowoews kai Exel év yével BUo pilas w,, w,. 'Emovepxdpevol

els TOV HETQOXMMUATIOHOV X + i = w, AapPdvopey TAs ELITWOEIS © X +-—;f: w,
Kal X + % =w, A X! —wX + | =0 kai x*—w,x + 1 =0, ai dmoia &lowv
v yéver dva BUo pilas, kal ouverrds f) dutioTpopos 4ou Pobuou Exer v yével
4 pilas.
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Jrev pil@v etapTaTal &k ToU lbous TaV PILaY W, W, TS
K THg Blokpwouons A=t —4kal by, = w?—4
6y Hictiotw X —wX + 1= 0 ket x2—opx+ 1= 0 &vriaTofyws. .
apaderypu @ N& PO ) ELiowols 6x4 — 35x%3 + 62x* —35x + 6 =0
Pawvouey BraBoyikds : 6x! — 35x% - 62x* —

To eibog Tév 4 1O
émiAuovoTs kad GroAoUBws £

"Enihuoig : Alcipoudey Bia x? kal Adp

~35% + 6 = 0 <>6(x? +4) - 35 (x4 LY 462 =0, fms 8i& x + ooy
2 xE A ;11 — @t —2 yleTat: et — 350 + 50 =0, & R Exouev w, = 139
Kai w, = —; OUTws ExoMev TAS EEIoWOEIS

At — 10x + 3 =0, 4& fig BYOWL = 3 kal Xy = ;

oy b2 00 SE A5 EXBUEY g, = 2 kol X, = >

$) 'H avtiotpogog ax?® + px* + yx38 = yx? 4 fx + 0= 0 (oP,yeR)
"Eyouev : oy’ + Px* + Y% T yxi4 px + o=

a(x*+ 1)+ px(x® + 1)+ yx2(x + 1) =0<> .
(o Ay [ Qe o = 1) - B (x* =%l +yxt] = 0, finis el loo-
Stwayios Tds TO Leiyos X + 1= 0, axt + (B —)x* + (= P +Y)X® + (B—o)x+
+ o= 0. ‘H mpcrn Biber X ="~ 1. ‘H Beutepn clvon durioTpogos dou PabuoU

kol ETAUETOL 60§ -rrponyouuévwg.
1) 'H avrictpogos axd 4t o e — p—px—e=10 (a,pyeR)

Kor® dvdhoyov TpOTIOV Exomev 1o [eUyos TOV o hoEwy:

X—I:O,éﬁﬁslekct‘. '
ay! + (a+ B+ (@ P y)x: + (@ +PX A+ &= 0, fims TaAw evar dvri-
oTpogos 4ov BaBuol.

[evikei mopatnpiloes: *
Baduou Bév BuvovTal #v yével VO
thiogwaels.

2) ‘O LETAOYMHETIONOS X -
ﬁueuoﬂ glg TO Hiuov.

1) Al quTioTpoPol thiomaoels GQUWTEPOU TOU Hou
gmiAvBouv &Y' &varywy s Teov els BeuTepoPabuious

14 )1“ — w UoPipdle tv yével Tov Pabuov wds

dumioTpdpou LICWOES &ptiov
ALKHIEIL

saouBor EEI0CTES ¢
i 37

393) Na ¢rrAvBoy al ax 3
s G S e

1) 3x* + 13x* + 13x+3=0

2) x‘—613+6x—1s0,
3) 2x¢ — 5% + 7xt — 5x +

Mt —axtx+1=0
2=0,

4) xo —4x* + 3% + ar—dx+1=0, 2% — 3x¢ —5x* + 5x* + X ~2=0
w5 X'+ ! A+x o, feven Dt iy 4 b0
—r T g T xi—x A+ xt-x 1 3

394) N& tmAubowv al dxohoubol thiowoes (M1 dvrioTpogot) :
1) 6x* + 25x* + 12x2 — 25x + 6 Ein ToyRxe +2x+1=0
4) x*+2x* + 3 + & +4=0

3) 5x¢ — l6x* + 2+ 16x + 3 =_0. t
395) N& EmiAvl] wal  Biepeuvndil PR Ot G +1=0 (AeR). 189
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“AIONYMOI KAI TPIQNYMOI EZIZNZEIZ

117. AIQNYMOI EEIZQEEIE,

‘Opropos. Kaleitar dwivvpos dlomaig, d¢ mpog Gyvewaroy TOY X, adoa 8ti-
owois Tig poopijs AxX + Bx* =0, énov A xai B npaypatixel dplfpol 7 mea-
yuatizal napaotdoes uiy megéyovaar Tov dyvawatoy xal x, AEN.

Al thodoes : X3 +8=0, x*—81 =0, 27x!—64x=0,

2x% — 3x? = 0 elven Swwvupol,

Ernibvoig tic £510. Ax* + Bx* = 0 (A 5= 0 xai k > AeN).

*Eyopev: AX* + Bx* =0<=-Ax* (x"“* + —g—) =0<x* (x"*"-}- -}i—) =0

fmis elven fooblvapios Tpos TO (eUyos T&V thiomoewy x* =0, x*—* 4 % = 0.

*Ex Tijs mpdotng x* = 0 Exopev A pilas ioos mpos 0, (=X, = ...=x.=0)
Elven nAadf 70 0 pila A PoBuol moAAamAGTNTOS.
‘H SeuTépa Etiowais, tav Bégwuey k — A = veN kal — % = a, yp&eeTai : X¥ = a.
Aiaxplvopey Tas EEfis TEPITTAOOELS ¢
a) ’Edv v &ptios, TéTe Exer 8Uo pilas TperyuaTikds dvTiféTous, STav >0 Kal
oUbeufay Tparypatikiy, &tav a<0
B) ’Edv v TepiTTds, TOTE EXEl TOUTOTE Wiaw pévny TparypaTikiy pilav, GeTikny
uéy btow a0, dpunTikny B¢ Staw a<0
Al Utréhorror pilen elvan koBapai wiyedixad, Ty elpeov T&v émolwy 8&
tterdowpey els &AAnY Té&Ew. “Ev TouTols kol fueis Buvdpeba va ebpwpey TAS Ko
Bopds pryabikds pilas, tav & v AGPn pikpas TIHGS.
Mapadelypata: N& émiiubouv ol ttiohoes :
1) x#4+1=0, 2)xt4+16=0, 3) x—1=0, 4) x*-5x*=0
"Enidvorg: 1) “Exopev : X3+ 1 =0+ D —x+ 1) =0, fimis €l-
vai looBuvapos Tpos 1o (eUyos x+1 = 0 kad x* — X + 1 =0, & ol #yopev x,=—1
Kol Xy = % + 1 \_/;_, Xg = %_1\_/.;_
2) *Exomev: X!+ 16=0<>x!+ 16 4 8x? — 82 =0<>(x* + 4)* - (24/2 x)*=0
o (X + 24/2X + 4) (x* — 2¢/2x + 4) = 0, fimis elvan fooBuvapos TPos T6 [eU-
yos X!+ 24/2x +4=0 kel X2 — 2 4/7 x+ 4 =0, ¢ o¥ Exopev TAS pilas
Kyy Ky Kay Xy
3) Ty etiowow x%—1 = 0 Suvdpeba v& EmAvowuey, EmiAlovtes plav &k TGV
looBuvapwy T :
o) (x*+ 1) (x*—1) =0, firis &ider :x341=0, x*-1=0
B) (x2—1) (x4 +x2+ 1) =0, Aimg ider : x* —1=0, X14x241=0
VE-DX+xt 4+ x4+ x2+x+ 1) =0, fims Bider &g thiowaes x — 1 =0,
X84+ x4+ x2+ x2+ x + 1 =0 (dvrioTpogos)
4) “Exopev : x® — 5x* = 0<>x? (x* — 5) = 0, fimis elvau lgobuvauos mpos TO [eU-
yos x2 = 0 xai x3 —5=0. *Ex 7fis x* =0 Exopev X, = X; = 0. ‘H Beutépa yp&k-
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3 3 - 2 3 3 — = :

Petan x4 — (v/3 ) = 0 (x—/5) (R*+v/5X 44/ 25) = 0, hTis looBuvapel pog
! . < . 3 Aot - 3
T6 (eyos TV EI0WO. X =V = 0, x* +v/5x +v25=0, et oU Exopey X, =14/5,

3 ]
V5 : V5 .
W= (—1+iy3) %= (-1—iv/3)
118. TPIQNYMOL ESIEQLEIZ
orizmox. Kakeirat TLVOpOS (Elowals, Ws ap05 fva dyvwotay, ndoa &kl
- Az=+ Bor + ' = 0, 6nov 4, B, I' npaypatixol dpuot 7

Gwatg -rfj; #ong,],
,. .
Tpayuarizal TapacTdoets iy mEQUEovTaL TOV dyvworor xal #, A, wEN.

"Evraiifa EuBlapéper HOVOY 4 eplTTWOILS, ke® fv Exopey x—A=A-—-1,

Stov elvon K >A>H, BIOTL TOTE f) emfhvois THS Ak* 4 Bx* 4 I'x* =0 dvayeran
+Bx'+ =0, veN.

glg i EmiAvow TS tiodoews AXYY
*Eridveig: "Edv K — N [l = V= A=p+ v, k=41t 2v, omoTe: AxHTRVL
+ Bx#HY 4 xt = 0 <>x* (Ax> + Bx' 4+ M =0, #ms elvon  looBuvapos Trpds
16 Lelyos x* =0, Ax2¥ + Bx¥ 4+ = 0. :H =058 x, =X, = .. =X=0
fitor £yl 16 pnbiv piloy uvoaToU Paduoy TOMGTASTATOS.
Ele v Ax® + Bx' + [ = 0, tav tcTEAECGIPEY  TOV HETQOY T HOTIO POV
X¥ =\, AapP&vopey Ayt + By + r=0, ﬁ"ng Ku?\sil-rcn I:mlim})du Tis  Eiod-
Oecos kol Eyel v yéver BU0 AUTEIS i Kai e E"TG”EPXOHEVN elg TOV peTaoXnuaTi-
Opdy X¥ = Y, AQuPavopey g BleovUHoUs éE:r‘chrels XY=y, kal XV = .
To elbos TéY PIGEY THS rpiovupov AX™ + Bx' + I'= 0 ttaprdron &k ToU

€lBous Taw pifdy Tis EmAVOUINS TS

Napaderypa s N& priuBiy ) Etlowais x40 — 26x7 —2Tx' =0
"Eridvorg: “Eyouev 10 —7= 7—4, dpa | Etlowals ypopeTan i X4 (x® — 263 —
—~27) =0, fimis elvat {ooBUvaos Trpos TO LEUYOS Tow xi=0 (X=X =X =
X, =0) kai x8—26x° — 27 =0, fiTIS B x3 =  Bider ThHY EmiAUovoa P — 26y —
—27=0, Tfis dmolas al pilon elven Wa = 97, yy = — 1. Zuverrdds Eyopev Tpos Erri-
Aot T Siovipovs EIOWIES ©

Beale ) I 2= U Pifat X; =3, X 7=~

/3
x3:—l<—.>(x+1)(x'-'-.-x+1)::0. Pilon Xs=—1 Xpu= i\'/l
AZKH;‘:EII‘.
39 : AuBolv al & Sroubol LEIOQOEIS *
E;)) T”a—émzugow s K8x’ +271=0, 64xt —x* =0, x5 —8lx=0
2) x+—32 =0 i O R e
3)ij;];d x4 1= 3T —2x=0, B T e R
; 1| &xbdhoubor Lo WOELS ¢
39‘{)5. Ssd;é;r:,\u_e‘;:v:[) KS x4 — 80x¢ — 81 =0, X9 4 31x0—32=0
' 3
2y xi1 — 33 + 32x* =0, (o102 e IE B e &t e =2
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ESIZQZEIEZ ME PIZIKA AEYTEPAZ KAl ANQTEPAZ TAZENEZ

119, OPIEMOE. Kaleitw étlowots pé wilwa 1) dponros éflowoig, d¢ mds éva
dyvwaray, ndou Elowais Tijs dnolag TO & rovddyovor pédog elvar dopytog ddye-
Bowxs) mapdoracs ds mwds tov dyvwotov. Al Agels uds dppriTou tlicwaoews
Stov v& Aufjkouy els To meblov Spiouol Shwv TV dppriTwy TOPACTTHTEWY TTS
tEiooecs. Els Ta Ertdueva 65 TeSlov Splopol Ba AauPdveTon ekeivo, TO dmrolov B&
KkaBIoTa TparyuaTikds Tas TapaoTdaes Tfis Eiodoews fitoy, f) EmlAuoig T&v Gp-
phTwv ooy 84 yivetan v 1@ owodw R.

Kord Thy émiduow més dppntov Efiowoews Embicokopey THY Qvaywynv
auTiis els priThy Etlowoy, Aimis Bkv elvan év yéver fooblvapes Tiis dppriTou élioc-
oews. [Mpds TouTo, Beov va EXwuEy U’ Syel Tas dkoAouBous TPOTATELS !

1) Edv Té& pédn wids Eiodoews ¢, (x) = @q (x) Uycdowuey els dpriav Su-
vapw, 1 TpoxkUtToucw Eiowals Exel pigas Tds wporypaTikas pilas Ths &pxi-
Kkifs kal Tés mpaypaTikds pllas TS @ (X) = — s (X).

2) *Edv t& péAn wids Hioboews ¢ (X) = ¢p (X) Upcdowpey els TEpITTHY
SUvapy, 1 TpokUTTousa Elowois Exel TpayuaTikds pifas wovov Tas TrporyHa-
Tikds pilas Tiis dpyIkHs.

Al mpotéoes autal uds Uoypevowy, STws, HeTd THY elipeotv TGV pILiV
s tiowoews, els fiv dyoueda kT SiaBoyik@y Uydhoewy 81’ EEdhepy TRV
pulikddy, ylvetan émodnevals 1, émrep kal TO peBodikaTepov, yivetan EAeyxos,
tw ol pilon Ikavotrololv Tous TeBévtas mEpiopiopous, ol dmoiol tlaogahifouv
& dudanuov TOV MeAGY Tiis thiocoews kal kafioToly Tas TopaoTEoEs aUTHs
TPOYBOTIKAS.

120. EZSIZQEEILZ ME PIZIKA AEYTEPAL TAZEEQEL

a) Tiig popeiis (1) \/A(X) = B(x), tv R, (A(x), B(x)eQ).

Mpémrer v&x elvar A(x) 2 0 = \/m) = 0. "Apa Biad va Umdpxn Auois,
mpémel B(x) > 0, émoTe &' Uyooews els TO TeTpdywvoy TGV PEAGY AapPdvo-
pev (2) AX) =[B X)) ]*<=[B(x) ]*—( VA (X))E=0, fims elven looduvayos
Ttpds T [eUyos B(x) = 1/A(X) kai B (x) =—1/A(). "Apa Biax vi EmAUow-
pev Ty (1) dpkel v EmAUowpey Thy (2) kol &k T@Y AUoewy va dmoxAeioBoly
txelven, al ool Bt IkavotroloUy Tov mepiopiopdv B (x) = 0. TTpogavdds &o-
KAelovtan af Avoeis Tiis B(X) = — 4/A (x), 16T kabiorolv 10 B(x) < O. 'Ex
&V dvwTépw ouvdyopey 8T 1) Elowaois (1) kal TO oloTnua B(x) 2 0, Ax) =
=[B (x) ]* #&xouv Tds alTds AUCE.

Mapdderypa. N& EmAvei &v R 7 lowois 2x — 3 =1/x* —2x + 6

*Enihvoig. To Umdppifov, s Exov pilas kabapas pryadikds elvar povipcs
Beikov. Tpérrer v Exwpey Aorrdv 2x — 3 >0 <= x>ﬁz—— (Trepropiouds). YyouvTes
T& péAn THs o, elg TO TeTpdywvov AapPdvopev:
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: 3=0 ¢ oU xl_—3| Xgi‘—"l*" e
@x=3)r=x—2X 4+ 6<>3x2—10x + ' il
oig x? = —— &moxAeleTal, S ufy Anpoloa TOV TEPIOPITHOV.
= 5

B) Tiic popefis (1) v/ A(x) ;'1‘ \/B'f;%:: s e
\ OEIS . ;

Al ‘A’ B, T pﬂ—;)m BGU;GSTF > 0.*Yyouvtes els TO TETPAYWVOV ACUPavopEy
Mpémrer v ercx_x_A_ﬁP_— i”-:: h '\/A~I'3_= rt—A—B (2 dthoOﬁws mptmer 2 =
BB 2o/ BB T e biou iy ek 7hs (2) el w6 TeTpliycvor dapl
:::Le; -E: i O::Ttw léﬁ(:'P(.OOW 4AB=(—A— B)* (3)- ,BEK 'B‘”‘I’_ ;nglf‘f"“:"” B"‘;
ey Tf?s 3pbocn TAnpoUY TOUs TEPIOPITHOUS A s 2l i
> 0, elvos Mooers s (1): to’ doov elvar dAnBels al &AAal

! i B >0 elvan &AnPels £
Mpd = o-xéoa; . 105:; . 4AB=T1—2r* (A +'B)~+ (A +‘B)” <>+ EA -
Pg)yru'r;r? ((A )+Y§) CPT?J o péhos Tiis loTnTOs AUTTS elven pny dpvnTikdy. *Apa

. ; 4. *Hro1 22 (A+B) > 0, éEfis A + B>
Kol TO B’ péhos TpEmEL VO glvan p) GpYNTIKO e I e on

i 511 AB 2>
>0, *Emeidn 8¢, & i (3) EmeTas OT! :
"Ex -rc’b:e;(ulﬂpw ouvéryouev 0T 1 towaos (1) kal TO oUoTnua

L ~ 2 B >0 Eyouv TaS alrrés AUCEIS

2
4AB=(F2——A—B) - 15 - =
0 -8 —5=3
Napaderype : N& ¢rABi v R 1 gl VE—8+ VX e ® is
Totmer x —8>0 x — 530, ¢ dv x>8, x>5. YyouvTes €5 10
"Enilvoig: TIpemel X — f e 55 s gl
: : e = R
TETPGY?M@;“T 11 — x, GxoAouBeos mpémer 11—x 20 e <]
Sl ‘(X,_S) (Xé" é)o: elg T TETPAYWVOV AcpBdvopey THY prThY g[[g(?ww
v e 3 e 9z =0l A x = 9. Of mepiopioiiol c:‘uvor?x-r]ee\;ow
(Bx‘_sg <(x —g Sg 1: ’(}\;; :)Mcrls x =9 elva Avois Tiis Bobelons Eliodooecs.
& 8<x :

1) Thc popefis O VAR + VB = V), tv R (A, B, T€Q).

A T pryTas CUVOPTAOE!S <00 X, A(X), B(x) xad (x) Siokpivopey Tas Etfg
1 TAS P

G . * Is 1o TeTpaywvov 1 (1) yps-
N Sre B1° Uyoews Els pey o ‘

1) Edav A = 0; B 3/[2(,8 i)r (‘J;:','T 2 \/A‘B_ S e (A + B) bA'KO)\OUeOJ'; tdv M —
(pe-E:l-!-AB“)*-)BO_*' Eé're U\P;_\—JVTES 2k véou els TO TETPXYWVOY, Exouev THv pnTiy EEl-
owaolv 4AB_= r—-Am+ Bc%r wii&v s (2), doa TTATPOUY TOUS TIEPLOPITHOUS

Ex TGwW wporYua'n‘Kr _(A+B)> 0, elvon AUOEIS s thio. (1)
A)O,B)O,F)OKC‘J A>0, B>0, [>0

“Apa ai Aoels TOU ouoThHa- Zl :|lr-(A+B)>0

“:ros elvan Kod Avoels TS ¢)] 4AB =[I - (A+B) ]

2) ’Ed A<0, B<O <0, ToTe —A>0, -B>0, >0, f 5 &iowois (1)
Qv ; ; )
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yedgeral i VAR 4 iVBX) = iV-T(x) <= v/-A +V-B=v-T (3.
Yyouvrtes Ta péAn Tis (3) els TO TeTpaywvov Exopev —A — B + 2 \VVAB = —T
s 2V/AB =A + B —T. 'AkohovBws tav A + B — >0, To1e Uyouvtes éx
viou els TO TeTpdywvov, Exouev T prThv ttiowow 4AB = (A +B-T1)* §
4AAB=[T—-(A+B)]* (4).
"Ex v mpayuaTik@dy AUoewv TR (4), doar TANPoUV TOUS TIEPIOPICUOUS

A<0, B<0, T<0 xal A+ B—T3>0, elvan Avaeis Tjs ttio. (1).

| A<0, B<0, I'c0 1
2: f A+B~T>0 ‘

4AB=[T—-(A+B)}

Ek T duwTépw auvdleTar éT1 1) liowais (1) Exel dv R Tas Aoeis Tou ou-

orhuaTos Z, kal Tas AUoels Tou cuoTripaTos 2, kal povov auTds, 81611 dAAal i
mepirTadoels 8ix T& A, B, [T elven &8uvarror. '

“Apa al AUgEIS TOU OUOTNUOTOS
elvan kal Avceis TRs &hio. (1)

Hapaderypa : N& ¢mAuf &v R 1 ttiowois X — 8 + V. X—5 =1/3x — 21
"Eniiueig @ Zupgoves Tpos Ta dvwTépw ai AUoels Tiis Soleions efiowoews Tapé-
yovTal &md TO ouoTnua

x—8>0,x—-520,3x—2120,3x—-21 - (x—8+4+x—=5)2>0 )
[4(x—8)(x—-5):[3x—~21—(x—8—|—x—5)]2
kai dmb-ré{x——8<0,x—5<0, 3x—21<0, x—8+4+x-5-3x-21)>0 @
oUCTTH 4(x-8)(x—-5=[3x-21—-(x-8+4+x-5) ]

’EmriAuais Tou ovoTthuaTos (1) :
Exopev x>8, x25, x>7,x28
‘H étlowols TOU OUGTHUOTOS WETA TNV EKTEAECIY TGV Trpalewy yiveTal :
x2—12x4+32=0, ¢ fis x, =8 kal x, =4
Al AUgelg ToU guoTnuaTtos AauPdavovtal ék Tou drkoAoubou Trivakos

- (04 77777‘ Ty Auoeis Tou
X |x—8|x—5 3x-21 31-«2]—(xv8+xV‘5) x?— 12x + 32 S0l fares l
s { T L e |- armoay prics|
- =1 - | E 4 |
4 - - - - 0 i
5 - 0 - - -
- + - - —
7 — + 0 = =
£ + + L . |
8 0 + + 0 0 x=28
= + + g +
1 @

’EmriAugis Tou cuoTruaTtos (2) :
Emedx =8+ x—5—Bx—2D)>0+3x -2l —(x -8 + x - 5)<0, ai
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| vai al autad, Suvapeda &K TOU QUWTEPW

a st quiooTnTes Kai 1) etlowais € 3 ok 5 -

ﬁ’:\:‘: : Ev;;\l;pw:m &g AUOELS TOU cuoThuaros (2). OUTw ai AVoeis Tou ouaTi-
(¢}

i% =4 : 5 o \
MTOS'(EZ-?T:::;L)S ol Aoeis Ths Sobelans EE1oWOEWS glvar x, =8, x, =4 xal po-
vov auTal. :

i EVIK = h . WL

5)) ‘l’le?lgit‘wmqt"lé - l-:replo’“‘f’“'ﬂ TG 5Uo Plgmcovlﬁas Tékews, TOTE ém' T
i X‘dk?\eﬂa?\?\h)\wu Oyoewy Els TO TE'rpéxymvciv, Aappavo-
ia & TrepiExn SAas TS AUoels TS &pYIKiis icu\ &\has
v v &rrokheloBouy, s Wi TANpoUcTl Tous

Baoel Teplopiopddy, BV
wev pnrhv Eiocaow, N oo J
&koun, vbexopévws, ol omoial Béo
TepiopiopoUs.

T T TAEEQE
121. ESILOQLEIE ME PIZIKA ANQTEPAL THE Bag T

Y & i yEecos Trapouoialouy TrotkiAiay
: k& duwtépas Ths Pas TS :
—Al éElG’C:)O’E'lS JE gpélgé‘”“i o5 TPSTIOS gmiAvoEws. ZuviiBas dKD?\OUﬁEt’T(;xl | ué-
gogqacov; A‘é" ‘fﬂdpz(‘:a)v peAGY TS &ppryTou tio®oEws elg K;'rdMn?\ov BUvau,
L et { : SArydTepa PI{IKA.
GoTe 1) TPOKUTITOUTX ttiowols va TEPIEXT) Y 3P 2 o6
i 3 =ty R # o 4/x3+9x* =3 +x
INopadeiypata : o) Na éﬁét\;ﬂ?d L en Tiis Sobelons Eeiochoews AcuBvOuE:

Enlings ) Liml s Auwing o O7x IOXNG X3 <= x= —1, fiTi5 elvan AU~

X? 4 9xt = (3 + W) =>x* + 9%
o5 Tfjs Sobelong tEIoWOEWS.

i
. flowats 4/ BxF—1 1 ' .
{35): l\ia ém;.\‘YJﬁ f 'f:rssl:isﬁ'ffl” iE«rdp-:-ﬁu Suvaiy T& pEAn THs EEiahoecs Aappaé-
nilvowg: “Yyou

1] =0, fims Exer pilos X =Xy = 5
vopey : 8xt—1= 16x4 <= 16x* — 8xt +1 % ;1)

‘ 0<+x 0, dpx f) Aol X = — 5
=2y == 1— 'Emreidt OF TpéTEl 2X =

Btov va &rorheloBi. :

y) N& emAvefj # elowos Vv
THgelg ToU &yvwoTou X .
'Eni ) : ITOTTTES? ¢nadopev OTL ¢ : ; 5
EnlLWlQ : E[s o KE?GACI]O:-«T(’—:;TO V Q= B =Y <:>G8 + ‘3" -+ YJ = 3GBY
Va B, yeR ia+PTY R (318)3+(\3/_r)a_3i/m¢,\ i
“Apa ik Tiig SoBelong EmeTal ) (\/ A ) +\V ' L
f B+[‘—3\3/7\_B_|' xal 51’ UymOEws gls TOV KUPoV 7 (A+B+I)P= ’
“Apa Eyouev :

3
7y +\3/ B4V T =0, émouA, B, [ pyral ouvap-

e

e ——

' et \"/'g+\3/§+\3/f_=0¢(A+B+F)3=27ABF
“ 'Eav XeK !

\"‘/-—“2 +€/ X=3 +\3/ x — 4 = 0 elvan looBuvapos Tijs
OUrws 1) tElowas &v R S
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(x—2+4x=13 Foa—dP =21 -2 (x=3N(x -4 <=Bx-9N*=
=27 (33— 9x? + 26X — 24) <+ (x — 3) = x> — Ox® + 26x — 24 <>x =3, A7K
elvan AUoig Ths dobelons Eiocoews.
ALZKHXLEIZ
398) Na émiAubowv &v R al dkdrouBior EhiowoEls :
) 5y x—3=vx+9 VXAV x+32=16
2y 2 =34/ X =2+ 6 V2+y X=5=y/ 13-4,
DYIEFD VX FI=yVX+6 /Xx+1+y/X—d=y 2 +9
HYX=15—/Xx—10=y/XF 6=/ X+ 1T, G+DV/x+2=K+2V/ x4+

4 /4x 4 20 %=3 X + 1 : -8
izVE VAEEE YE-3 _ VEHl o, noxoB
2 444/ x v x+3 AV x—2 X
399) Na émiAubouv év R al dréAoulor thiowaers :
3 3 b, ST A0 3
DV x+49 -/ x—49=2, Vi+3+y/4-x=1
3 % R 3 k] 3 3
2)\/x+2+\/2x+2+\/3x+2=0, Vix— /x+1l—/x-1=0
x+2 ‘x73 5 10x — 1 2x + 1 I 20
e =11
3)Vx—3 T e (10x+l)v oy T BN e
VX
400) N& ¢mAubi v R 1§y Etiowas \/ajr\/u vfu—vi_:\/x

ATIAA IYEITHMATA BAGMOY ANQTEPOY TOY NMPAOTOY

122. OPIEMOE. Kuldeitar dvwréoov tod modrov faluod &v odotqua 0do 1)
acpweotépwy ESwdioewy, éav ula Tovddywotoy Tav éodaewy adtod elvar puluod
dvwTépoy Tod mpdtov. TaUTta Tapoustdlou peydhny TolkiAiay uopeddv kal G
&k ToUTou Bév UTrdpyel Eviaios TpdTrog EMAUCECS Tv.

‘Evroufa dvapépovtan pepikad &mAail poppal ouoTnpdTwy, T& omoia ov-
¥va mapovaidlovton kal el Thy émiAvoi Tév ool dvdyovTan BuokoAwTEpal
poppal oUoTHH&TWY.

Ak iy EmiAuciy, évos TOIOUTOU OUSTAUATOS XPTOIHOTIOOUNEY EKTOS TEW
peBGS oV ATTIAUOEWS YpauUpIKOU ouoThuaTos kol &Ahous eibikous Tpémrous (Texvar
opara), uf Uteryouévous els dopiopévous kavdvas, ETIBICKOVTES oUTtw TNV eUpeTIv
dmhovoTépwy ELioWaEwWY.

123. LYETHMATA AYO EZEIZOQEZEQN ME AYO AINQETOYZ.
a) tijc popefic ax + Py =y, Ax* +Bxy +T'y* + Ax + Ey + Z =
‘H érrfAvois atou elvon ekohos, B16T1 k THis TTPWTNS AaPAvouEy X = A _u—a- :

bméTe B’ dvTikaTaoTdoews els THY BeuTépav duerydpeba els SeutepoPdBuiov Eti-
cwol s Tpos y ().

(*} T olotnua toito xaheital obatnua Pou Pabuol, Subtt Exet v yéver Bbo Aboelg
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o i g LY =0, XY =
Hupadeiypatu 1) Na grrAuBR TO oUSTNHG X +y=a xy=p

== A Bl
*Eniluoig : *Exouev| X f+ Y=« e 15 -ea-:—l 2o qy 4 P=0
X\P:E‘ (G‘W)“P:ﬁ A= 4 g
. y o Sy GUOTTIHATWVY.
18 Srroiov elvan lgoBUVHOY Tpos TO gUyos TwV O n

— s Xm0 — 3
=a—V x:adw,éi OG‘K-G p!’{ =i i
l = '{W:Pz b i .
Y=f A 1 +B:O
bmou py, p pifen TS the b W}_ x: + gt = p?
2) Na tmAuBf 1o oUoTnua X + ¥ =% L Ve
‘Eniluoig : log tpomos. *Exouev {x = e l

P gl
dant=p - L ea ikt

x=a—Y : cop BIAUETGL G35 TTPOT)YOUMEVLS

«t-a-{zw_zw_,raz__[gzzo, 16 dmoiov AW
o .4#-{ . T

X4y =& — (2 ot — 2%y = p*

20¢ tpomog [ " erwg 20 4@*‘ (x + W) — 2XY P

I ol 15 &moiov elval Tfis HoP@TS tou mapad. (1).

—p*

| =% e —dxy +y -2yt 1=0

3) Na &mAvli T6 CUOTNHA { x+3w=17

Enihvoig : “Exouev : ¢
{ 37— Iy —4 (7 -3V TY —

27 = 39 wt1=0 _ {40w"—!47~p1 134=-0
x=71—3y

x=T1-3y
= 67/40
s 2 5O UVHOY y=2 .ol /
1o &molov elval iooBUVaH iy T2 x = 79/40
! 5 (eU Gy ouoTNE "
Tpds TO [euyos T B R iyt + Bix ey i El = 8
1 £ =
B) tiic popeiic %aﬂxﬁ 4 Py + Yay? Bk Y TS o
- L qros QUTOU gopTdTon £ YEVEl Tl'(? T EmiAVoIY
‘H éniluois TOV o'uo‘mtlm 3 Baduod, Thy omolav BEv Buvapeba TavToTE
éPO": T?U Bomplmcbcms Suvdpeda v& EmAUoWHEY TO aU-
[51Kds OMWS s <3 k&P T oaBerypéTdhy :

Was EEiochoews QVWT
v& Emiuyepey. Els €

oTnua, dg TOUTO xabiogTorTal QOVEPOY X® 4 4yt =52
Mapadeiypara s 1) N emAvei el VORI [ xy =12
"Enilvaig : 2 x4+ @=52 { S i l004_;-
» x4 =52 T Xy =12
Exouev Xy = 12
; o (eUyos TGV
["x +2¢ =& 10 16 omoiov elyan loobuvapov mpds TO (eUyos
=12’ 2
X‘-IJX +29=10 5 |* i i 11(2) (2). Al Noes Tou
OUCTNHATEV { xy = 12 a, R
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[SIVISRRITVIE R R (1) elvai ()\, "f") Sk (4» j) q (xl \P) G (b, Z) kai Tou
ouoThuaTos (2) elvan (x, w) = (4, -3) A xy)=(=6—-2)
*Apa ai AUOELS ToU Bo- x| — 4| | -6 6

4
Btvros ouaTHpoTos Elvan: v } "5‘: 3 3

-2}z |
24 39— 11x—7 10=0
2) Na #mAuvbfj 10 ouoTnua { B e - W Gy
X2+ yt—4x —3y+ 5=0
*Enihvoig : "Exouev:
32 4 3¢ —llx—Ty+10=0| 1} = { x4 3t~ Lk =Ty+ 10 =0
} Xt 4 y?— 4x —3¢+ 5=0]|-3 ! 7] 3xi—3yr4 124 9y —-15=0 i
_{xﬁ2xy#5:0 . {x_5—2q4
Xyt —dx—3p+5=0 T |(5-29)+9—4(5-2y)-3y+5=0
x=5—2y {x—-5—2\;) Ix=5—2\y L x=5-—2y
=3 <~ <> Kal
{5w2~l5w+10=0 =3y +2=0 y =2 P |
¢E v Eyopev T&s AUoels (x, ) = (1, 2) kad (X, W= (31
ax? + Py + Yyt =8 (8,7 0)
oX? + Paxy + Yoy =By (8, # 0)

Ta wpdTa péAn TGOV gllodoewy Tou cuoThuaTos elval ToAuwvupa Guo-
yevii Pou PaBuol, T BE BeUTepa WEAT) otafepol &piBol B1dgopol ToU Wndevos:
TaUTa KahoUvTal OHOYEVH] GUGTIHATa.

Al Thy Emiduow adTéY EkTeAoUpey TOV METOO XT|HECTITUOV
x =My (y #0). OUrw AauPdvouey :

{ a Ayt + B AW+ iyt =8y Ny { wi (oAt + Pd + vi) = 8
oAyt + P Ay + Yay? = By ¢ (oAt + A + vu) = 8.
arohouBug Siaipoupey Tas ELigwoels KOTa péAn, OTe Exouev

A+ BA + & ’
;_:M % g:k }l;l; = 5_: <= (048, — BN + (B8, — BuB)A + (718 — ¥:b) = 0,
fiTis 8(8e1 A=A, VA=A, Emovepxduevor els Tov HETQOYTROTIONOY, ExOHeV
Tpos Emihugw T oUTTHHATY :

‘ X =AY { X =Ay
X 4 Pixy + vyt =9, X+ Bixy + vt =8
Augis elvan yvwoTn.

<

y) tiig popeils {

, TG &troiwy 1y Eri-

2_3xy + 2¢r=2
Mapéaderypa: Na émAud)) 10 ovoTnua l x» 2 P 4
' 2%t + xy - @2 =20

OéTopey X = Ay kal Exopev :

{ Ayt — A 4 29t =2 [\pi(?\"—y\—r 2) =2

A2 4 Agi— gyt =20 Wt N +A 1) =20 droAoubuwsg

1
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4 A2 ‘]L'\_'_g s i_ ':"BAZ—BIA 4
blaipoupey TAS ¢ 00atls KT WéAn, OTE EXOMEY ap TR T 5

7
+2i_:.0, éE ﬁg 7\1;3: Az_ é : b

3 TTRATO

v Trpos tridvo T& OUOTR : ;

==
{ X = B\P . (]) \ " 8 iy (2)

{x2—3xy + 29" =2 Xt —3xy + 2y

Obreos Exoue

=G, D) (x Y=(3 1) kad
gl 5 jporros (1) elvan () =G, T B2
i s 0 owrrs () N0 8 TT T

Tou guoThuaTos (2) elvat t, W) =\—3
3) Luatijpate cuppetpird.
“Ev g0otnpo Koheitet GUPPE )

al tErohoerg abtod elvat GUPRETPLKS

piKbdY, B TPOS TOVS ﬁy'\'(bﬂtouc, Tov, brav Bhan
i g mpos to0g @yvaeTous.

L SRS =0 AT R = 6
£ xy =P Xx+y+xy=p
v H&Jf siy Umrdpyer Enaios TPOTTOS.

Aldﬁ;ﬁv é"muc;q:;;\?usv ﬂoqen-rmoﬂs Sy vaTous, WS patveral els TO Ka-
ZuvriBoos XpNOt

Twh TrapaBeryHa.

Ty, TA CUOTHRXTA

elvan GUPPETPIKG

prrAuBi TO OUOTTIHG x4y xty=a

Mapaderypa: 1) Na N +yt+xy=p
‘Enidvog : Ofvopey STOUX ¥ 27 ¢2}:;Xl+\|:P B
Hat =
Smére 1o ovornua (1) YPEPET, T o= Tk s s
oy o Tiis Hopefis (@) xad Bt
Totrto dmiAveTan s T4 ouaTAKT K==y

P =K ¢ = K-,

v TTPOS trridvov T& GUOTHHATA e
By N kel g =2,

Apa TIPOKUTITO

= i y v yvwoTt.
bt % ¥ = iy omoiwy 1) Augis € Y

Xy = Ay
EUTEPQN TON AYO EZIZOQIEQN.

124, TYETHMATA [EPIE ' ;
7 pi gvov tElowals elvai Sevtepofadpios Kkai 6han al Ghhar mpw
a) “Ortav 1 pia p : 4
tofabpror. iy EMAUOHEY 16 GUOTNH TGV :rrp‘wroﬂgvﬁmmv
¢ it ng “EPJ:;:)C;\:‘; <G dryvddoTay 6% YVWC"{rb" ::;g:z;w@ms TIKO-
: 5 v !
ei;i‘;ﬁ:: U;ls E':Wi BeurepoPaduiov EElowoy, T:IV oo S AT T
’ . N& mAaudi o (2%t W Axw — 2y
[Mapaderypa : ki U o Sy :
T —= Dt E=ise ' »
5 ov @ (g YVeaTOV bmiUopey TO oUoTnpa Tis Beu-
UVTES T

~ —— ‘ 34w 11+ 3w\
R ’ 6. OUrros EXOHEV v Avaw (X, ) '—( )

bigs g

Tépag kol TpiTNg EICWOEL mpdrny EHlowow o ey

5 :
Tas Tipgs Téw X Kol y dvrikaBio TR glg T
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2|~:4‘ £E|3wr _3“.0 _113. .57(.0 .llyj‘

L{EE= (3 Fk T (R g labrig 2 s

~13=0<>%* + B~ 17 =0, & fis o, = 1, @, = — =

‘Emropéveos @ B1a w = | Eyopev (x, ¢) = (2, 7) xai

y I 5 8
Bia w = — — Exomev (x, ) = (—-9— v -3 )

(X9 =(27,1)

*Apa ai AUotis Tou ovoTnuetos Z elvan : 5 8 17
(X,\{J,m)z(ga ir 797)

) "Otav neplocotepat tig piag tElomorig tivar devtepofdabpron (i kai 6rot)
kui ail d@rhiar nportopaduion.
Eis tnv mepimrwow abriv Sev Umdpyel éviaios TpoTos EMIAUCEWS.

Mapadeiypata : 1) Na 2vbfi 16 stotqpe : [ x +y +w=a (1)

$ XYL at=pt (D)
Avoig: ‘H (1) ypagetan I Xy'=7y* (3

X+ = —w. YyoUper T& pEAn Trjs ls TO TeTpdywvov kal AauPdavouTes o’
Sy Tds (2) kai (3) Exomev Sradoxikdds x* 4 4+ 2xy = of + w? — 20w,

B2 — w? + 2y% = o 4 w? — 20w <>2w? — 20w + o — P2 - 2y? = 0, Tfis dmrolag
af pilal foTw w, kai w, OUTws, ol Eiowoes (1) xal (3) &idouv Ta ovoThuaTa

[(x+y=a—w, Jx+w=d—wz
4 xp=y* b 1 S

[ =0, W=y
L

T& émoia Audueva pds BiSouv Tas AUgels ToU dpyIKoU.

2) No 2bi) w0 edommpa (1) [ x(x +y + ) + yw =a?
a, B, yeR+ @ < yE+y+ow) +wx=p
BG) | o@Ex+ytw)t+xy=y*
AbaLg @ TO OUOTTUX YPAPETAL !
G+ x+tw=a, (y+wo)W+x)=p (@+x)(@+y)=y{).
oA/louey kotd péAn kol Exousr (X + ) (@ + w)E (w + X)* = o*piy?
(x+y) (@4 ) (w+ x) = + aPy- Acipoupey Ty Etiowaw UV 510(50—
ap

XIk@s B1& T@v (4) kal Exouev: X + W = - N 4+ w= ﬁy' W+ Xx=+ ﬂ

OUtws Exopev Trpds emidugiy T& oUOTHUOTA :
G) {x+y=aBly, yt+we=py/o, w+x=ay/p
6 {x+y=—aply, y+w=—Byla, ©+x=-ay/p

Inuciwotg. Ta éetacfivta dvoTépw TapadelypaTta Tapéyouv pdvov piav aAfv |Beav
Tév eiBik@y pebédwy, al dmola xpropemolouvTan Sid Thy miAucw ouoTnudTwy dvetépoy
Tou mphTou Pabuol kal kot drxorouBiav ol pafnral wpémel V& KapoUV paxpay tEdoknow &ls
peydhov dpiBudv doxfoewy, Bid va Buvnbolv va &mokTrioouy ké&motay EUYEpeiav.

200

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoMmikrg




AZKH):EIZ
‘Onag o
4 ¥ GAov
401) N& Emiubolv T& K o
2 &2 1 2xy — ¢! +4x -6y +7=0,
| x +y=14
4)

fa ouoTHHOTA :

| x+y=2
dxy =3
3 XI5+W5ﬂ;’
Tx? + 5xyp — W 9
’: '+x+\|f==62 7)L3x'+3.\y’—llx3—7&:l;_l% 0
6)1‘)(‘xt$)(x+«v+1)——50 !x’+w—4x—’\y ]—
- 9) x4 Y=Y =
8)|(X+W)‘—$(x+2;p) - 10 lax---astwen
| oxt-5x—T¢=

10) | x®+xyp—yr=—4

xt+yr=157 5) x!—xy = 14
xy = 66 xy -y =10

._2;(—‘27-0

| (Bx —y) (x +29) =—36
Opig B ;
402) N& Emidubolv & dxdrouba guoTHHATA ¢  fondien
2 X =
])}X+'}'—2m=6 ) xl+\ul—_-2wl_]3
| 2X—y=— 1 s 4

1 _ 4 =10
|2x=+x\i’+w 0 x'+'+"+w.$84 5)|‘K(X+\P+w)|—q1m—_21

& = 18
N xepr=46+y D ST g (x + oyt @) +ox
)‘x-*-;ygz:'l‘-‘k |1+LPJ:°J w(x +y + o) txy =42
| X0 =
X3 =9 ‘ o
R e e
)| x(x +y e g (x + L3
~w(’t+w+°°)' o x+¥) =Y

w(x+\y+m)=y’

‘Onde 7 |
U Shouba oUTTHHATE :

403) N& &muBoly T& &xdho Sipgoarmll 2

1)ix/7+\/$=11 g |
X +y =63 SR Qg R
syt =37 & | x+y-2V XY=V X vy 9 e

3)[* e k JEX+H/¥=5 il
|x‘+w+ty‘ﬂ57

=12 7) | x+ W) @YD= 432
6) | xyz=6 IWX= AT ‘

| yzwo =8 woxy = 24

. pz|ZQZEQN BOY BAGMOY KAl
AYOMENA Al' EZ 4
"Poiﬁzrs;:mn ANQTEPOY TOY nPATOY BAOM

3 ; wwtépov ToD TYWOTOV falb-

¢ fa xadjra mpdfAnpa avoT |

praains Ev’n?dﬂknf:’c iy #mldvory putds éEt"_cuvfruc ué fra ‘f?vwf"rm
ot day 1 Mo Tov ArayETd o gUOTHHATOS {Eiodaewy dvoTégoy Tob mEHTOL

i 1= i émilvowy évog va Eypey Ut Sy T
‘;".';.,Bafytg"é! f?rr‘:\icmiw fydg TOIOUTOV TrpopAfuaTos, BEOV VX EX .
afpot. Al

) HoTa o \ ﬁuaLlOU.
¥ v T ¢ P é o Sld Ta l1poﬁ | a o (s}
l; TNV PO OUué dilv dua 13 3 VT A
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"Hro1: o) "ExAéyopev Tov dyvwaoTtov f Tous dyvoTous ToU TpoPAtipaTos.
(B) KoraoTpovouer Ty Elowow f| Tas Eiodors ToU TpoPAfueTOS.
(y) ©ftouev Tous meplopiopols T@Y dyviaTwv, Tous TrnydlovTas
4o Ty @Uow ToU TrpoPAfuaTos.

(8) "EmAvopev Thy ttlowow fi 1O olotnua Tév Eiodaewy.
(e) 'ExTedoupev T Siepedvnow TolU wpoPAfuaTos.

A& 1o TeAeutaiov oTBilov Tis Biepeuvnioecos dmranTeiTan peydAn Tpogo-
XN, [Biws étav T BeSopévar Tol mpoPAfuaTos TopioTarTal Hi1d ypaupdTey,
B16T1 of AVoeis mpérrer vd elven TporypecTiked (ouvBrikn TpaypaTikéTTOS), BETI-
kai T dpvnmikad (onueiov Tév Aloewv) kol peyeAUTepan | pikpdTepal &piBuol
Twos € (Béois dpiBuoy s Tpds Tas pilas Tpicviuou).

126. MIPOBAHMATA AYOMENA Al EZIEOQEEQN Bon BAOMOY

o) Hpofinpa. Né eUpedfi duéponios &piBuds, Tou émoiou T TeTpdycovoy
avtavdpevoy katd To 5/mAdgiov alrtol yivetan 50.

Aberg: "Ecw x elvon & {nTolpevos &piBuds, ToTE TO TeTpdywrov avTol elva
X%, 10 & 5/mAdoiov ToU &pifuol 5x.

Olrws Exopev Thv Elowow x4 5x = 50.

Mepropiopds @ ‘O x Béov ver elven dxépaios (xeZ)
‘EmiAvois tis x2 4+ 5x — 50 = 0. *Exouev X, = 5, X, = — 10.

Atepetvnais @ Al elpeBeioon Tipad X; = 5, X, = — 10 wAnpolv Tév TebévTO
TEPIOpIoUOY kad oUVETT@S TO TpdPAnua Exel BUo Alceis.

B) Hpopinpa : N& uepioBii & &pifuds 15 els Buo pépn Tolalre, dote TO
TeTpdywvov ToU mpdTou EAaTToupevoy katd 41 vir kabloTatar foov Tpds 1o 5/
TAdTIOV TOU TETpayYWYoU Tou &AAou.

Abag : "Edv x elven 16 v pépos, TO &AAo B elvon 15-x. ‘Emropéveos Exouev
Ty étlowow x*—41 =5 (15 — x)?

Mepropiopds @ Tpémer va elvar 0< x< 15,
"Emihuois s x* —41 =5 (15 — x)%. ‘H toobivapos avuTtis elven 4x* — 150x |
+1166 =0, & fis x. =2, x, =1L,
Awepeivnots ;@ ‘H plla x, :553 dmopplmTetan, 516 % > 15, T& [nToUpeva
Aowow utpn elver 11 kal 4.

Y) MpéPinpa. "Epmopos mwAdy thedas mpos 22 Bpy. & yididypappov,
kepdiler éml Tofs EkaTdv TO Aoy ToU kdoTOUS EkdoTOU X1Aloypdupou. [Méoov
kooTiler TO xiMidypappov ;

Abmiz: "Edw 16 yihidypoppov koaTiln x Bpy., O wepbiln % %, werl #ro-
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X X noAX®
éveos &md x Bpy. B kepS1Tn 5 - 00 — 200°

xr. L)
Suverrdds, Eyouev THY Elowow X + 550 = 22

TMpémer v elvan 0<x<22.

] —_ 0=O,Ef ggousuyTQO'
*Enilveig: X + 2’60 _ 92 <> x? + 200x — 440 s B !

X, = — 220
Aigpevvnots : H Xy =~ 290 &moppimrTETal.
"Qore, TO YIMOYPAUHOV xooriler 20 BpX-

8) Mpoprnpo. Ev of mhevpal TETpOry COVOY avinfoly kord u povddag uf-

xous, TO Eupadov Tov B& ylvn u— 3 gopds o &\hou. TToTov T pfjkos Tiig TAeu-

pds clTouU ; ' , oo
& A & U TeTporydovou elval X, TOTE T) TrAeU-
Abec : *Edw TO pfjKkos TS TAEUPAs TO } ) e
P& ToU uéo?.r rerporycovou O elved X ¥ povéBas urikous kal Ta éuPuch o
dvmiorolyes x? Kol (X412 ‘Eqroptveds EXOHEV i tlowow (x + 1) = (W=3)x%
i x +u>0
Tlepropiouds @ TIpeTe! x>0 xo
‘[;:illzm:.g (x+wr=0m- Px? > (@— WX+ 2xp + w2 =0, fms Bt
7 Ll TR
VTN e PV TG
Ber Buo P[gdg X = —H—ﬂ-ﬂ"" ) X PN
Bog TV pigév kil Td Tpdonpoy aUTdY, 6% YrwoTdy

Mepropropés :

Aepeivnats @ TO el et
tapTd &md To onuelov TOV S T » y
Gpm;c: arifovTes ?rgv Trivaka B1EpEUVTITELS SiemioToupey 8T Bid u>4 Eyo-
XNH

uev AUow elg TO TPOPANKS.
Ovre, Bid p=17 Eyouev X
elven Bekrry.

- — —-'-3‘-, fmis &roppiTrTETal kel X,= 7, fTis

QTEPOY TOY MPATOY BA®-
ATA EYETHMATOQN AN
127. MPOBAHMATA AYOMENA

MOY
U Spevov 35. ‘Edw yi-
(o Buyngiov &p1BpoU Exouy i 5
) ﬂpﬁﬂlnpa: i \VTP:‘ ﬂ-:ox\',-ﬂ'rsl &p1Buos peyoAUTEPSS TOY ywoptvou
vy SwTipeTéBeots TV Y@L

& &piBuos |
Tév ynelov kaTd 40. Tlotos elvat p

Abog: Edv & &p1Buos Eyn X +5a<ét5d; K
= XV
pev : xy =35 wed 109 +x
Mepropiopds : TTPETE! viy elva 0<x< 10, 0<y< 10 xal X, peZ
oA =135 (75r—10w)\+ur—35c> 29t — 159 +7=0
Wy—l‘ow—‘fsc’l x= 75— 10¥ x =75~ 10y
X =

<& &roiov elven lgoBlvonoy Tpos TO

ol &rAde povddas, TéTe B Eyoo-

‘Erikeog ¢

LeUyos T CUOTNHATWV
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] g i | @ = % "Apa Exopev Tas AUoEls :
= T5—100" | s I
e Vi lx=15-100 =67 xw=(, 3)

Aiepeivnois @ TO feUyos (x,y) = (70, %) TPOPaVES AToppPITITETAN.

"Qote & {nToupevos ap1fuds elvar & 57.

B) Hpopinpa. ‘H mepipeTpos dpboy. Tprywvou elvanr 60 cm kai T &l iy
GtroTeivoucay Uyos 12em. Tlola T& pnkn T@v TAeupddv Tou ;

Abaig: 'Eqv X, y, z elven T& prikn TV kabéTwy TAeupdY Kai Tiis UtoTel-
vouons, ToTe B elvon x2 4+ y?=12% kai X +y +z=60

"EE &Ahou TO tupadodv ToU Tprydwou elval E = ¥

o122
TSR

= xy=12z. Td oU-
atnua Aormrov elvat :
X*4+yr=2z, x+y+z=060 xy=12z

Mepropiopds @ Tpémer x >0, ¢>0, z>0 kol pikpdTepor Tou 60. 'Emidvov-
Tes TO ovoTtnpa Eyoupev x =20, w =15, 2=25.

y) [popinpa. Avo épydTon ékTehoUv Ev Epyov els A dpas. ‘O mpddTos po-
vos TO EkTeAel el a dpas dArywTépas Tou Beutépou. Els mdoas dpag Exar
udvos ¢kTeAel TO fpyov ; >0, A >0

Aveg: 'Edw 6 o yperddeTan x ddpas kal & B’y dpas, TOTE B elvan x + o
‘O mwpddTos els 1 dpav EkTeAeT TO —)lf Tou £pyov, O B’ TO LLP kal &pupdTepoL SOl
TO % - %, els A 8¢ dpag EkTeAouv TO Shov Epyov. "Hrot B Exwpey :

1 1
& lQ)A_L
Mepropiopds : lMpémer va elven x >0, ¢ >0, x >A, > A

Enthvorg: [y =a 1+ x y=a+4 X y=a+x

(: +,$)A=1¢° CL.+ I)A:lc‘ﬂﬁﬁhﬂmxaﬂfﬂ

X a+$x

16 dmolov Bider :

A —a+y/ AN Fat 2\ + a +4/4N + af
(x, ¢y = (Botyiid, Doy

‘H &AM Alais dmoppimTeTan dmeidn x < 0, w < 0, és ToUTto gaivetar Ek ToU
ywoutvou TGV pilddv XX, = — oA < 0

fiTis elvan BekTn.

NMPOBAHMATA

‘Ouas a':

404) To Tetpdywvov Tiis HAkiag monbos EAaTTwbdiy katd T6 BimAdoidy Tng, ylvetan
foov Tpds 10 BimAdoidy Tns. No& eupebf 1y AAkia alrn.

405) Né& eUpedi] dxépaios dpiBuds, & dmoles Biaipotipevos i 25 yiveten foog mpds Tov
dvrioTpogov Tou mmAikou.

406) Neé&x eUped &piBuds, & dmoios avfavépevos katd T6 7/mAdaiov Tis TeTpay wvIkiis
pilns Tou yiveTan 44.
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407) Né& evpebolv 5o dxépaior §iaboy Kol mepiTTol &piduol ToroUTol, GaTE 1o &fporopa

TOY TETpay VWY TWY vax elven 74 )

408) "Epmopos rwhGy TO GUTOPEVHE T
S800v 1O elyev dyoploel. Mooy TO TYOpaTEy. i

409)xnu1frp ‘:0 drev Eyer viov 3 drév. Metd mdoov x[;:évov _ﬁ, fhikia Tou TaTpos B
tlvon kord 5 ETn WIKpOTEPX ToU TETpaydavey Tig fHAixiag TOY ulo\:- Ay

410) Tlogdrns 630 xiAGw Tpogiuwy prpoKeITo VK Biaveundii el Gpropbvas TTwYdS
olkoyeveias. "Emeibi 15 ¢k TGV olkoyEveEIdY sty mpoaiirbov, ixdoTn Tov Umoholmwy EAaPey
1 kirdv Tpoglucwv Eml méov. TToiov 10 rAf{Bog T OlKOYEVEILY Al ;

411) Tprycovou al TPES hevpal elvar 3 cmy 6 cm, 8 cm. Kata moiov Tufipa wpémel
v aEnBouv ol mwheupal, v SovaTal V& oynuaTiodi B autéy Tpiywvoy dploydviov

‘Oupdg P : 3 &
%) Nsépe\‘;psﬂﬁ suphgios Gpibuds ToI0UTSS, BOTE T8 R ORTGY B 3 o

xatd | peyoAuTepoy ToU §irAaaiou TOU ynglov T&V uovaBeov, Braipoupevos Bt Sik Tou ywo-
ubvou TéV yngley Tou V& Bibn mAnAlkoy 3 xal \'J'TI'L';?\OITTOU 10. : )
413) Kegéhauov tE 27.000 Bpax: roxlleran Tpds 6% XwpILOuEVOY elg BUo pépn. To wpdTov
troklafn trl 5 wivas TTEPICTOTEPOY wad EBwoe ToKOV 1500 Bpory., To 8t B EBwage ToKoV 000
2 i Y fou
Boayuds. N& eupsdouv Té& BUO ptpn TOV xeporhato. ;

& ZLI)IGN?F;E\U:;oGu o BigoThoss bploywviovs T SinETon g1ty TN R0TEm v,
tuPabév 192 cm?.
415) Avo ToSnAATS ‘
oragw 90 km. To fiwoy Ths TayUTNTo

ou dutl 39 Bpax. kepBiler Téoov TOlS txarrdy,

\ &vaxmpoﬁv Uuyxpévmg fx TIvos TOTOU Sk va Biavioouv dméd-
¢ TOU TPWTOV wal T TpiTov THs TaYUTHTOS TOU P
1 L VT

Fyowv &Bpoiopa 16 km. Na glpeBoly al coyuTnTEs, &V & a trepudmioe 5 THs Gpos fvepire-
pov Tou P

416) Tpeis &prfpol
Tépou elvan pey aAUTEPOY ToU BiTAC
oUTo.

417) ‘O &p1Bucs H
Exouv &Bpoiopa 9, of EmouEve! 12 kal T

1 : '
25 ﬂ:;g) ‘Laé::;;f:*“ec’w ol mhevpal dpfoy- Tpiycovoy, &v ol k&Beror TARupal Bragipouy

uoa pE TO pr aUThy UYos 5ise1 &Bporopa 37 m

i elvon dvdAoy©! i &p1OpdV 2. 34 o TeTpdy oy TOU HEyaAu-
olou ywouévou Tév EAALY KaTE 36. N& eupeBoiv ol dpifuol

3 yol TPEIS &Ahot SUVIGTOUY &vahoylav, Tiis omolas ol fyouuevor
&bporopda TEY TETPAY WYY TEVTLY TV Spav tlvean

xatd 5m kol f UTOTEIVO

AEKHZE!E EﬂANAAH":’EﬂE

419) N& bmiavgij fi EElowdss xt—2 (a+ P+ (2 Byt =0, o P e R, xalviTeboly
1 s O oty &rrAdy pIliKeV.

i plg”h‘(’)‘;*gi;?;lzsp‘:mdg 6w o xal p 1 ttiowols (a + Px' + (20::- B—10) x* + 2x* —
(¢ -p-TNx+6—c= 0 elvat §1TeTpAY LOVOS xal Bi1& Toias seuTepoPabiuios. Pls dugotépas
& “ s eupedi TO 61808 v prLév.

i) WF{;;;Q:::‘S v::;:ts Euueﬁxnv & TpuwLOY @ x) = ax' Pxt +vy, o, P YE Q, e

) :
pllas Ths uopefis A/A + Vi ST A neQ! weD O P S
422) N& uE‘rchnuGﬂUeOG" els &mAd piixa ol &xdNouBol APXOTATESD &

ua™ s VL
1y, Mt 1+ /RS S R T Tiks e
# opdoTaols Vt‘:’.ﬁER' !

423) N¢ &moBeiy8i 67! 2
i i _ 2 loolTan ut 2P, & P < a < 2p?

A=+v/a+2Bya—P 4/ a—2B Ve
kal ut 2 4 @ pe, e > 2B
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424) N& tmiduBolv al drdhoubor tiodoes ¢
1 1
L)ix* ERE (x—! *x’). D +x+x*+kx+kt=0 (keR)
425) Na ebpebolv al ouvBiikar, Umd Tés dmolas f ¢mAlouoa Tis éhio.
a4 Pxt 4 yx* + Pxt 4 ax + 1 =0 elver dvtioTpogos tlowos.

426) No& tmAuvbfy f ttlowors (x+ )"1()B -9 (x l 1)‘ +8—=0

427) N& émiuBolv tv R al dxdhouBor ttiodoers
4 3 3 &
1) 5% vk —34/%° =29, 2) v/x41 -+ x-1=94x=1
428) N& BmiAuld kal v Siepevvndii A to. y/ XPoAx = x— A Bi& mpaypaTicds
Tiag Tou A kal x.
429) N& EmiduBolv Ta dxdrouba cuothipaTa :
1) x* 4+ ¢? + w?=2la? 2Y-2¥h xt =1 Xy 4 zw0=0
yo + wx — xy = 6a’ Wt fieof =1 (2x + W) (22 + @) =2
IX 4+ — 2w = 3a
430) Né& eUpeffi f) dmorelpovon ToU ouaThpaTos,
X! 4yt Lot = at, Xy B, Wi Vi (AL R?
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MEPOZ TPITON

KEDAAAION XV

STOIXEIA [IEPITPA®IKHZ STATIETIKHZ

128. EKOIMNOEL THE STATIETIKHE.

Eroy v Has) b Ty SAws 1BicuTépay oTrouUSaoTNT

‘H gromoTiky & THY T ABpTETITC, gueTrTuyfn els plov EreTapévny

ThHy &moloav &rékTnoE 5‘:(&:1
. e K oVS. "

émcrﬂ:]uﬂv it -rro7t?\0U$ < SrecTioTIKA EYKETON elg T OT1 abmn Emw?)fd“’e‘
H Uﬁotiﬁa;?}';‘::s;‘:op&g A TAnBUTHOU» xgjpig vé elvan c?uot}:ru) Y(néo'rc.w

TpoPAéyels ™ms ol mrpohegdi oupTrepIpopd TEW &TOHWY AUTOU. 1; av-

o E;‘fmfu:\i:::m tyer Egaphoyss OX! uévov els TV ?“0""“‘“" i

THv 8¢ ThHY - !

mno}\o {av yevikds, GAA kal elg THY vewTépay Quoikny r . :
b ' Sos Tév « Egnpuoouéveoy MaBnuomikds, Exer cs

% e d)ssz\Ew v Takwdunaiv TV kal ThHY 'rrapou_cium‘v aU-
Epyov THY cr,u?\?\oyhv oT 3‘:\: 51.,.'UO.'IJ tvoov v&x &vaAuBolv KOfi épunveyﬂow S\a' Y
Téw elg KC(TG?\?\T]?\O:) uDPzKo;raw. Ty 5i& Thy apakohoudnaiv 'rr)s 'd(vchrruEEfog
kai tteAitews TO

¢ ot OTOIXET, & bmola  HETX THY TAtwounow Tapovaiaoe
Mewpylos CUVEKEVTPW

S1cr ToU dkohouBou TivaKos : ;
SERénEls KTnvoTpo@ikoy mAnBucuou

— El; xl?ngg;s KEPAALDY S 4

| ———T o8l | | 1964
[ EIGOS’ grbOU |959 i S 1961 Il 1963 i _L A
| ks e O ! — i e
' s | 1160,0 1140,3
‘ 1045,7 1108,9 ! , e
| Boes 72,6 ~ s 63'8 9450,0
| Boupahor 9333,9 9593,5 9720, i
| Tpspara ok ] 4979,0 4700,0 4570,0
. Alyes 6381 621,6 632,0 18?&83
| Xelpor s | 163419 18000,0 3

Mrnud Pl o all o ine amedi s nnty :

| F . 13 T Y\ p i EU\'O‘O:Q m
‘ [é%] (UCXIJFV mp\cué\)dg BGO"K&; n"g
- W \’1'|V dElU é )
_|§ ™V [pO |7’O

207

Wnepiomotr|Onke amé 1o lvotirouto EknmaibeuTikng MoAmikrig



ZTaTIOTIKAS, ToUs TpATOUs CUYKEVTPWOEWS T@Y OTATIOTIKGY BeBopévcov, rre-
tepyaoias kai Tapoudidoews alTdy Bid TGY &p1Bun TIKGY TrIvdkeov kad Srerypop-
néreov,

Kerwtépw EravedapuPdvopsy Tolg TPOTTOUS TTAPOUOIEoEWSs TEY OTATIOTI-
@y SeBopéucov, Adyw Tiis BlauTépas onuacias adTd.

129. TMAPOYZIALIL ETATIETIKON AEAOMENQN — ININAKEE

Té& oramioTikd oToixeia, T& mola TpokUTTTOUY dTTd v Sicdoynv kal
tmetepyaoion, moapousidlovtal katd TololTov Tpdmov, doTe v elvan EUYEPTIS
) HEAETN Tewv kal f) ouvaywyn cuumepaapdTwy. ‘H Toapovsiaois alTtn yiveten
surifws kord SUo TpdTous.

a) Ymo poperiv dpiBunTiKoU OTATIOTIKOU TrivaKos
B) Ymo poperv ypoagikoU oTaTioTIKoU TriveKos.

‘ApiOpntikoi nivakes OUror Blvavtar v Exouv poppnu  Evos
Kelpbvou ExBéoews TG TAnpogopIGy wE TEcay BuvaThy AeTrTopépeiay. ZuvriBus
Spws elvon cuykevipotikol pé oThAes kel YPaupds, &mhoi els Ty dvdyvwow
ki el Ty peTaly TV oTolyelwy alUyxpiow.

Lugvotng — rivag ovyvorfjtov. Ymobérouey 6T ol Tipad s HETAPANTHS
X, fls picv oramoTikdy Epeuvay Ek N Tapatnpenoewy elvar i X, Xa, Xg, . . . Xy Kal

BT EE odTdv TGV TIGY v, elvan Toan Trpods Xy vy Toan Tpos X,, . . v, Toon wpds X,.
Olrw, oxnparilopsy Tov ( [% | % | ool e jxu]
Tivaka Tév BUo oeipdv, ) | v vy | v | u ‘
"ExaaTos TGV Sp1Ouew v, v, . . .v, koheiTal arnblotog ovyvong ), &mAds

auyvitng Tiis dvmiaToiyou Tipfis X kai oupPorileTan ué Té ypdpua f. MTpogavéds
elvet v + v, + ... Fu, =N. ‘O N elvea 6 TANB&p1Buos ToU TANBuopol (alvo-
Aov Traparnprioewy) kai kedeltar 6hkl cuyvéTng, ovuPohileror 8¢ kal pi =f.
%, :T' e —Lﬁ KOAOUVTOL GYETIKAL GUYVOTNTES TEW Xy, X, - . ., Xy
dvTioTolyws kai TO yivouevow avutdov émi 100 tkppader THy Ekatostiaia (%) oyE-
kv ovgvétnra. Ta &bpolouata s, = v, 3, = WtV L=v v+, ...,
Zo=v F v v ) Srep TO aUTS, T dBpoiopaTa E="Thy s = B4 Foyon
5o+ o kahoUvrar dOporatikai ouyvhTnTEc,

O1 Adyor

To dbporopa 6hov tHv oyeukdy aurvotitOV Ml atatotikiic fpeivng
imolitan pé v povada.

N
‘0 Tivat (1), domig Buvaral va ypagf] kel els o oThAas, dmroTeAei Tov

rivaka suyvorijrov i THy katavopny TUYLVOTTTOV.

‘ 2 1 w f fi f,
I'Tpcryuom,sxousu:%-%% T . S sstst - I-I—’;._-]
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MMapadeiypato GUYKEVIPOTIKOY apibp. mMVaKQV.

13 Kerrée s ool fros 1967 =68 bveypignacn sl 71 [irdonoy 764 pobn:
Ta, Tév Smrolov T& oTOIXEIX KaTEYPAPNOY el &v PiPAiov, «16 MadnToAoyiovs.
ToUto dmoTehel fva yevikdy Trivaxa Aetrropepfi dveu Takwounioews, &md dmou
Buvdpeder vir Excouev CTOTIOTIKSS mAnpopoplas o-)(s'nx:&s ;'n‘: Tov TANBuouoy T
HaBnTév ToU oyohetou TOUTOV. ‘H oupTAfpwals Tou K&Tw cruylieu-rpm-rmoﬁ
Tivokog Eyev &l TH paoe T TrotoTikfs 1816 TOS «tébis tyypagfis» :

Korravopt, Téw peBnTédv <ou Tupvaoiou xard Tétels

l i ‘ ’;—A__G-T’x—;cxﬂfﬁﬂ“w S—— | ‘Exz;:g;:id *ABporoTikd

| Té&tes & il B4l 'AfporoTikh auyvdTns tkaTooTiala

1 s AméhuTos OUX GuvéTNS e aeTich, Buxvéy

| ‘ s f i b} f12
w g | m=25 LA 2.
B hoie | n=M8 T a3
SRR S YL P 4/ 70,5
5 ‘E'_ f, =-_20—)- —j!____:_g_z?_._ 11,8 82,3 g
NPT T T e ko o b i

Y R DRy Ll e ol R

e —0 —7-—2?-;—7:&" 100,0

ol vl Ve

‘H oupmApeoots s B’ oThANS elved pogavtis. ‘H TpiTn oThAn «dbpor-
OTIKY oUyVSTNS» oUveTTANP@EN o B : D ke T6EW dvmioToyberat 6 &por-
Ol THs &moAUTOU TUKVETNITOS Tiis T&Eews kal GAcov TGV TrPOTYOUREVGV QUTTS.
‘H oupmMipwors Tiis ' oThANS EYIvE P&aer ToU TUTOU 100 - f/Zf, ©y 8¢ oupmAn-
pooos Tiis €' oThAng Eywve @s Kol s y' oThAns & Tiis 8" oTHANS.

‘O rivak ofitos elvan &AOUS, +& Bt oupmepbopara ik Tis neAérng eiTol
Tpopav. - - ~

2) Els piav Epeuvov ToU tyous TV 764 padntdv ToU MNupvaciou Tou mpo-
Nyoupévou TrapabelyuaTés Has xaey pagnoow £ls HREREIID: o TaORh Y
Oy oréov, T Srroia tvEpdvioaw ripds petaty Tol 135cm kel 185cmr. “H mooo-
TIKR l8|6'rn; «inpos podnTol» elvon o ouvexhs peTaPANT (BecopnTiRGSS) HE TiLGS
els o Sidornua [ 135cm, 185 cm ], ToU strolou # Biagopd T@v Suo Ekpwv TGy,
BnAash 1o ebpog Tiis weTaPANTAS &meos Mdyetan, elven 185~ 135 = 50cm.

T oivorow TEv TIHEY THS peToPANTHS Tatns Ywplletar €ls 5 Tétes
(SudBeg) Tol aUrrou eUPOUS 50/5 = 10 cm. J

‘H tpyooia airn KaAerTa! bpadoroinaig TV HApavapH Ry,

E) K&TGBI GUYKEVTPWTIKOS mivat Eywev Emi Tij Péoer Tis woooTIKfs 1818-
TTos «iyos podnToUr karémy TS QvwTipw dpaBoTrorfioews.
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KoTavouty 764 pobntédv tvos MNupvaciou kard Oyn

| Tt [oton] A s [ opgporrc | B | Mg
(yous TIUY £ auxvdTrng o e
In135-145 | 140 94 | 94 bl - e 12,3
VTR I S T e o e AR i B
155165 |le0| 218 | 548 | 364 | LT
4n 165-175 | 170 E e Pl BRe il AnaSd
TS MIECIEE (A | PP Vg oI DUIGE e TR T 4
| E=764 e 100,0 |

Els Tv o oThAnu al Téfes elvan BiaoThpoaTa Tis peTaPAnTiis X Tou yous
KAe1oTd dpioTepd kal duoiktd Sebid, wARY THs Sng Takews, fiTis efvon BidoTnpa
KAeloTOV EKorTEpuofev.

To fudBpoioua TéY dxpov TIpGY Ek&oTns Takews kaheiTon péon Tt kal
p¢ Tas péoas Tipds oupmAnpoUTtan f| P’ oTHAT.

‘H ouptAfipwots Tév Umolofmey oTnA&y Eyver g Kol TTPOTYOUpEVes.

Kol & Trivat oltos elvan &mAoUs kal 1 dvdyvawols aUTou eikohos.

My &md Thy y' othinv gafveten, émi 36 pabntad Exouv péoov Gyos 180 cm,
& &rd T B’ oTHANY palvetan, 8T1 548 uadnTal Exou dvdoTnua kdTw Tou 165¢m.
*Ex Tis £ oThANg ouptepalvopey, i T 12,3% Tév pobnTdy elvar dvaoTrpertos
k&Tw TéV 145 cm, dv®d & TRis Teheutadas oThAns &mi 1o 71, 7%, elven Oyous
k&Tw TGV 165 cm.

Inpeiomg. Els kébe mwivaxa mpbmer vé Umdpyn els 6 dvw pépos vas tithog, Tows kal
tvas Ombénithog. 'Axdun Btv droieleTan vd ypagolv kal Umoonueioes. Mavra Talta pt ToV
gkoTdy v& TAnpogopoly ouwwTduws kal capds Tl mepiéyer & Tivak, ut wolav kardrativ ouve-
Téyfn kol els olav ypovikiy TeploBov kal els Tolov Témov dvagépeTal.

Fpagixoi nivaxeg (haypappara)

‘H mapousiacts Tév oTaTioTikéy SeBopbvey Bid oUYKEVTPWTIKGY &pl-
BunTIkGV Ky, Tapoucidlel pepikds Buokolias dx Trpos THY Epunvelay, BioT!
drrarTeiTar &mod ToUs TeploooTépous dvBpTous peydAn Tpoomadeia kaTovo-
foews TS dxpifoUs onpagios Twv.

Terelcos ducs Sidpopos elvar fy vtimrwaots, Thy dmolav Soxipdlopey, Stav 1
Tapousiaois TGV oTaTioTkdY Seoptveoy yivny UM poppfv yewpeTpikoU oxfi-
paTos, ypagikis mapaoTdoews. 'Eti wAtov Bt f) dvrimwos alTn elven [wnpo-
Tépa kad peyoduTépas Siapkeias.

Al ypagikai napaotdoeg | &mAGs Saypappara elven ol elkdves TV
dpiBudy kal Tapéyouy duécws kal ouvoTrTik@s Blagdpous ypnoiuous TANPOPO-
plos.

‘H mowiria Tév ypagikédy ToapooTdoewy, Tas otrolag Y pnoluoTroEd 1
StoaTioTiky, elven peyddn. O dvagipwper Tas BUo kupuwoTépas kaTnyopias

210

Wnepiomotr|Onke amé To lvotirouto Eknmaibeutikng MoMmikrg




) Tds ypaupikas Tap
VEIDY ypOQIKAS TAPAOT
T dpboywvioy &Edve.

1) Mokhbywvov OLXVOTNTOG. "Orav
| peTaPAnTH X els plowv oTATIOTIKAY EPEU-
vav elvon ouveyfis, TOTE & Levyn (X, 5
&mrekovi{dpeva els TO CUCTNHX Tév Op-
foy. &Eévey XOy, BiSouv ouvexfi TebAd-
opbvny ypopuriy, TO KOAOUMEVOV Tolb—
yavov guyvétnrog. ‘H TaparmAelpus
Ypoupikh TapdoTaois 5idel THY YEWHE-
Tpikiy elkdva Tiis k&TwOEV alrTils KoTa-
vopfis 68 EpyorTdv E0S tpyooTaciov
kard Pépn.

TToAAGxis els TV SrarrioTikhy £lven
Xpriowos ) ypagikh TapaoTAcS Tiis

vzVeTNG EPYaTiV
3 B

¥,

L
Bdpog eic ‘{g’

%

Iyx. 129.1

GO TEOES T) YPOHHIKE Bicrypdpuara kal ) Tés &1 tmga-
&oeis. Zuvifics dvagepoueda els TO yvwoToy cUoTnua

- — Kmmouﬁﬁ tpyaTdv xu-rd:wfidip_!_n‘ els kg
/o TR Sy f ‘ABporaTikly | ‘ABp. oxeTikd
I by
Tétes ::? f 100 5 auyvdTns auyvétns %
55- 65 60 3 4% b 3 v At Wy
s T e 14 20,6
SR tori s 700 VSl BTN 162 e i s
75- 85 80 T A O e
T T L L ke e T SR Bl 78
95-105 | 100 v abagpey 120 o —G00 tal e T, 1.
T T e W SR S
pi5sies Jlapagrel] WIS T e e e
b 3f = 68 100
i sl =1 <L
&BporoTikfig oUXVETNTOS, SoTE TO TMO- ,J'U ol
AUycovov Trol AapPdvouey xodelTan 0~ AL
Abyovov  dBporoTikiic auyvoTNToS H o 4
ToapoKeévn YPOUHIKY TrapdoTaATlS glvar 54 ;
T8 ToAUywvoy &BpooTIKiis ouXYeTITOS ;| |
The Kerrawopfis Tév 68 tpyOaTOY KT » 5
Pépn. "Edv & ToU ompelov A ptpwuey
AB | Oy kal dxohoubuws Br L Ox,oup- » - b=t :
Tepadvopey &t 35 tpydran Exow ﬁt&tpoi w & Fo !
' ~ | = | ' i i |
Shiycmepoy Taw 78 Kg (10 78 €V R

) Terunuévn Tol ).

Ab

RaRtparor GACOISTHAG ORTIOTRIN

Sy. 129.2
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2) ‘letbypappov avyvérnrog

To loTdypappov ouyvéTnTos elvan & ouvnbéoTepos TpoTOS  TrapOUTIATELS
by oTaTioTikGY BeSoutveov. Ak THv karo-
oxeunv aUTtoU kataokeualoper Sploya-

‘ viat pe Paoels Ta foa TuipoTa Tou &to-
201 vos 0x, €ls T& omola dvrioTolyel T eU-

/ pos EkdoTns Tatews Tiis dpaBotroinuévng
/ / kaTavopfis, kad Uyn Tds dvTioTolyous
ol / oUYXVOTNTOS oUTHS.

To EuPadov tkdoTtou dpboywviou
J l dreikovifert v dvrioToigov mpds T
b Yol il gl T sl 5 Poow alrol ouyvémnTa. To foTdypap-
Yordppapuoy Lurvdraroc Hov WXVé’TnTOS ToU GXﬁuaTés RS Bi-
Bl THY yewpeTpikny elkdva THs kaTo-
vopfis T@V 68 EpyaTddv kaTd Pdpn pt
TebAaopévn B¢ ypauufy TapioTaTar TO TOAUYywWYOY ouXVETNTOS.

3) To papddypappov.

ToUTto drroTeAeitan &md ploav oepdy dpBoywvicov, Téy dmolwy ol Paoe
elvon Toan kad onpilovral els Tov alrov &fover (fif Tov Ox f| Tov Oy). T prikn
Twv elvar dvdhoya pds Tas dvTioTolyous Tipds Trou TrapioTouv. Eis td Buo

Sy. 129.3

) 200 4p0 o0 %00 woo 1200 éu $
. Ll
"‘@CGC (214 kt) 72
lada (1077 kt “
~Jfada( ) s
P <,
[ |94 (784L) 1
:] Tupoe ( 1042 Kt) " ‘8 ﬂ
il

/9% 1963 (966  i967

] ovra €rous /95 ; ¢
Krnvoroogiud mooiol 4 Eapapar Buouunz mpobyrov

Iy 129.4 Sx. 129.5

Tapokelpeva oxfuara SiSopev SUo papboypdupara. To mpdTov dvagépeTan
els THv Trapaywyty THs ‘EAAGBos kotd TO Erog 1964 T@v kuplwTépwy KTnvo-
TpoPIk&dY TpoidrTwy kol TO SeUTepov els Tas tlorywyds Tdv Plopnyovikdy Tpoi-
SuTeov Ths Yopas pas katd THY TeTpaeTiow 1964 - 1967, To Pov papbdypauua
kaAeiTal kal ypovodiaypappa.

4) Td wuklikdv Siaypappa

ToUTo elven kUkAos aBaipéTou dxtivos Biapepiopévos el kukdikols Touels,
ol émoior Eyouv tpPadd dvdhoya Tpds Tds dvTioTolyous Tipds THS PeTaPANTRS
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val 7w droleoy guverrass T& TéE Exow pétpa dvddoya TRos TS ciTdg Qv
orolyous Tinds Ths peraPAnTis. "Evrauba dibojey &v To100TOV Bidypoppar &mel-
kovllov THy ypnuaTOBOTNOW Bragpbpooy kKAGBowv TS oikovopikiis {wiis Tiis xdpag

9 Xpnua'r::_'c‘;‘:mcns 5 kAGbwy
el EKOTOM. Bpayudv (AlyouoTos 1968)
KAéBo1 | Mootw | % | Molpa
1. Toupiouds oo Bt o
Zevoboyeia 3.900 19,5 700 10
2. "HhexTpikh —— ;
wipyaia 3.300 16,5 | 59° 24
e R PO Bl =
3, Merapopal 5.000 25 o5
Emikowavial
SACEPRNERE 6600 | 33 |118° 50
dogehefas
5. “ETepor 1.200 6 210 36
oxoTrol A
*ABpoloua 20.000 100 3600
ST X1 D e e e

Mg karrdr Tov AlryouoTov 1968. To 1% gunoToryileron eis Tokov 219(% 2 §g0ns

<3036", Erroptues T 16,5% €ls T8Eov 36X
X 165, 59°24,

L eros OV SveTipw YPIP!
paoTATEWY TRV OTOTIOTIKGV SeSopévwov U-

Tépyouv dxdun T& yaproypépRaTs, & &-

Tola elven ysmypo:qnxol apTa ué TroIKl-
&pyouv T& &i- '

Mow ypoopdrev, Emions UTr

doypagfipata 1| cidoypappata & &moia €l-
ven Trivakes oyedlov kai elkbVOY TPOCWTIGV

ﬁbWPdYuéTcov ol T& &mola XpNOOTOl
olvren pé omdAas poppds £ T, SlafT-

uloers.
Iy. 129.6

Kby o

130. KENTPIKAI TIMAIL

Eis T& Trponyoupeva e{Sopey TPOTIOUS TAPOUOIATEWS TEY OTATIOTIKGY

BeBopévcov BI° &piBunTIKGOV mvdkov kel ¥ Pk trapacTdoewy. ‘H gdoig alm

s Tapouoidoews GTOTEAET fvay oUo1caBn Topéa THS TEPLY PAPIKTlS ZTATIOTIKTS,

Biémi pds dmrodAdooE! &rd TOV KOTIOV EK s maparmpfioecs peydhou TArBous
1By,

TiBeTon Bucos TO EPOTNHA pryTreos elven Buvatdv f Teprypagh mas oripds
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aramoTikéy aToryelwov vd yivy pt BhayloTas yapaxmpioTikds Tipds, ol dmole
Ve Sewlouv THY Tdaw Tou Eetalopbvou pavopévou kal vé BiernpdvTan ebko-
AcoTepov els Thy pfuny ; my. ‘H drrimaos, f dmola Snuioupyeitan ik Tiis Ee-
Tdoews ToU Tivakos PaBpohoyias tvds padnTol els EkaoTov pdbnua kexwpiopéves,
elvan PePalws dopoins, ducws elval kard TOAY GTTAOUCTEPY, CAPEOTEPX kal Biap-
khs els THY wehuny, & Sewpey ToV yevikdy PabBpdy EmBooews, TOV  pEgov Spov
Sreos Abyopev.

Elg Thv STatioTikiy auvffus dvalnTolpey pepikds XOpaKTnpIoTIKas TIHGS,
o drroion dvTikadioTouy fva ouvohov &piBuddv cuykevTpoupbvwv G Errl TO TAEi-
arov TEpE cTéw Kkal ol dmoien vk BiBowv plav IkavotromTikfy i8éav ToU ouvdAoy
TV EeTalopdviov dp1Bpddv.

Al yapaxTnpioTikad abTtal Tiwel Aéyovtar kevepikal npal fy péoor, Biokpi-
vovTon 8¢ ouviiBus els péoovg kevepkiig taoewg kal els pioovg Béews.Of mpddTo!
elvan & apOpnTits, O yewpetpikdg kal & dppovikdg péoog kai ol Beutepor f) Sid-
peoog kol /| Emikpatodoa tpd. 'Ex Tév mpodTwv B& yin # Eéraais pdvov Tou
&p1BunTiKoU upécou.

"ApBpnukdg péoog (fi peen Tipd)

o) ‘ApiBunTikds péoos Emi &ratvounTwv oTotyefcov.

"E&v Xy, Xy, . - . Xn €lvan od apaTnpnBeioan Tipal, TéTe T TnAikov Tou dfpol-
oparos SAwv TGV TIpd Bid ToU mAfBous N alrdv 8ider Tov dpifunTikov pémov,
&omis maploTaTan ik ToU X.

ey = S Es fﬁ::,t"ﬁ A X= %c R

B) 'ApfunTikds pégos Eml Tatwounbévtwy oToryeicwv.

"Edv al Xy, Xy, .. XN TTEPOTRPN- | T 7T !
Beioan Tiwed Tofwounfolv els  Tivaka Flypomfiiy ™ ifamy | ol l
KQTOVOUTiS ouyvoThTwy, TOTE TO TrnAl- f, f, ’ } fix
kov ToU d&Bpoloparos TV ywopdvwv T Rt J
AV TEW TIRGY Xy, Xg, - - - Xy BT Tds dvmioTolyous ouyvdTnTés Twv f,, f,. ., fi

Bidx THs SAikfis ouyvéTnTos N — Zf 8iBer Tov dpiBunTikov péoov x.

» oo XX+ o hxn B+ + o fux Efx

Hto1: x = o = i 5 (2)
Mapadeiypa : 1) N& ebpedi] & dpiBunTikds péoos Tou dvaothpaTtos 12 jior

BnTtowv, Ta dvaorhuata outdv drobwdpnTta elvan :

151,152, 152,.156, 156, .156, 162, 162, 162 162, 168 '168.cm

(*)' B ziov Tupu@ov Xy, Xa,.. Xy &l f) eTuys taye mods

X Al Ty Yooy webs %5, 0 fl, Taut

=abs, Xy #al owends Einpew X, - X1 b b = Ty e g o I o
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Mtoov dvdoTnua !

684168 190
1514124152 156+1S6 1364162 +ISLHIGHIGLHIIHIEE 107 _ 1500 o,

12 =Tz
(151 | 152 156 | 162 | 168
SR 4]'5

‘O Trivat kerravopiis CUXVOTHTWY elvan :
ol ouverrdds KT TOV TUTOV (2)

o |.15142-152+3:156+4-162+2-168 _ 150 g0
ar)(cn..lsw L X = e At ;

2) Né& etpedij TO péaov P&pos 6w 68 EpyaTddv & TolU Tivakos Karrawopdis
OUYVOTHT®WY ToU TrapadelypaTos Tfis OEA. 211; '

‘0 Gmrohoyiopds tvtoda ou &piBunTIKOU ptcou }’[UE:FC(I KOTY Tpoaty-
yiow, Si1671 Becopoupey s Tiuds THs X Tds péoas TS Tis BT oThAN.

Olreos Exopey :

3.60+ 1170 +24-80+15-90+13-100+0: 11042-120 _ g4

68
Gy 68 tpyartdv elva 84, 7 Kg.

X =
"Apa TO péoov Pdpos T

‘ISwbtnteg tod apdpnrikod pésov 5
., xy o TaparnpnBeioa Tipal kol x & &pif.

_ X koMbowper @roxloty Tig TUyOUOTS
o T &rrokAioewy ToU ouvbAou Téw

1) "Eorw Xy, Xgs - Xy -
néoos aurdy. 'Edv Thy Biagopdy Xu
Tipfis X, &wd ToU péoou X, TéTe TO &Bpoiou
SeBoptveoy &rd ToU X elval u‘q&év.ﬂ

Tpdyuatt, (—X) + =X+
—~ Nx = Nx — Nx =0.

2) ‘O péoos x loouTan wé 'r? ¢
trrl Tdg oyeTIKdg OUYVOTNTAS QUTOV:

Mpdypar, & ToU TUTOU (2) EXOHEV :
+... +£—;‘-Ku=F;X;+Fng+

A+ EN—=R) =X+ K+ .+ XN

&Bpolopa TGV YIVOREVGY TEW TIMEY Xy, Xgy . . . Xy,

e f, S A0 BB
X=3r* + 57 Xe
L Fal. dnvBpeive al o-xrnkod OUYVOTNTES

Avapeoog (Xs) '
e xn elven o N waparnpnfeioa Tinal kal yodwopey oalrrdg

bTe &v piv Udpyn Heoxios 8pos i oeipds
B1&pecos TEOV GPIBUEY Xy, Xg - .« Xy, &v BE Biv
78 fudbpoioua 1@V Blo peoaicon

"Eav x4, Xy -
korde Takv atavouévoy ueyéﬁous,ﬁ
2 BV QUTE v Tvan
TevV &pIBUGY aUTEW, aUTOS € e

A 05
Urrdpyn Heoaios 6pos, Aappdveran o BIGHE

Speav. mrréools 1) BIGHEcOS elven &piBuds, & dmroios xewplle

(o ‘El; dpq’?'ﬂpai;f ;xves: “xn elg BUo TaEEIS ut Tov adrdy TAnddpiBuor. ‘O
TO GUVOAOV TWV Ti 1 K- v 0

hy T&EW Tfis Siapéoou els TV oeipdw TGV dpiBudv. Ty,

TUTrOS B¢ N ‘; 5(bet
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| Sidpecos TV &piBpddv 3, 10, 13, 19, 20, 30, 32 elvan & &pibuos 19, SoTig

korréyer Thy Tébw L — dos. Eviy téw dpiucv 12, 15, 15, 15, 19, 40,

2
40, 41 elven & &piBuos -1-5—;19— = 17. ’Emadn & elvan __8_42-l =4,5 &pa korré-

Xel THY Sny Télw ked ouvedds kelton petaky T@v dpbudv 15 kai 19.

‘O Umohoylouds Tis Siapéoou SpoaBoToImuévwy TTOpPOTTPoEwY TapoU-
o1éler BuokoAiov Tivé kai ké&rroiav dopioTiav Sid Ty Tipny alTis, 51611 Bv yveo-
pilopey Tds dxpiPeis Tipds THs peTaPAnTis. Tpds ToUTo, Sid TOv UTroAoyloudv
Tis Siouéoou T&Y TINGY ToU Trivaxos kaTavopfis T@Y 68 Epyotdv Tis oeA. 211
okeTrToUeBa dog EEfis ¢

"Exopev N = 68 kai i '2'1—1 = @;——17 =34,5 "Apa 7 Sidpeoos T
keTTon petalU Tiis 34ns kad 35ns &k T& 68 SiareTorypévwov katd T&Ew peyébous
TIRGV TTis peTaPANTHS X kal ouvetrdss dvnkel els Ty rakiv 75 - 85, s TouTo ai-
vetan &k TRis oTnAns (&bpoioTikf) ouyvdTns).

Mpd Tiis Brapéoou Talmns Tipfis Umrdpyour 34 npal, & dv ai 14 dvrikowv
els THv Té&Ewv 55 — 75 kad of Umréroimor 20 &vijkouv el Thy T&Ew 75 — 85, "Qoe
) T&is 75 - 85, elpous 10 povédav, mepihauPdver els Tas 24 Tiuds aUTis THY TI-
ptv s Siapéoou kad 20 Tipds Tpd aUTiis. 'Eedn 8¢ 24 Tipal kaAUtrTouy elpos

10 povéadwv, ai 20 Tipal 8& keAUtrTouv elpos 10 - ;2 Hev.
‘Emropéveos ) Sidpecos Tiun kata mpoctyyiow elvat
X =75+10- 20 =75483=833xg

Enpeiong. ‘O &piBunTikds péoos Tou mapabelypatds pas Gtrehoylofn els té wponyou-
pevar kal eUpén 6T efven x = 84,7. ‘H Tipfy adTn SAlyov Bragéper Tiis Siapéoou Tipfis x; =83,3.

Cevikdg, tdv X, elvan 1) &pyikf) Tiuf s Télews, els fiv dviiker f) Siduecos
TIun X5 , Zf 1) SAkdy ouyvédTns, fi 1) ouyxvdTns Tis Tékews els v dvrker 1y x5 , F
| &BpoloTiky ouyvdTns SAwy T&Y TaEewv Tpd THs Télews T X5 Kol £ TO £lpos
Tiis Takews THS X5 , TéTE, dpolws oxemrTOUEvoL eUplokopey TCY TUTTOV :
>3 -F

= B
X35 X + &

Cpagikdg npoadiopropds tiic dapioov. OUtos elvan oAU elkoAos, GAAG
Btv mapéyel peydAny dkpiPeiav.

Karaokeudfopey 1O ToAUywvov &BpoioTikfis ouxvdTnTos Kai pépouey THY
kdbeTov Tpds Tov &fova Oy els TO onuelov, TO drmrolov ywpllel els dUo loomAn-
Beis Opddas ThHy SAikT guyvdtnTa. ‘H x&Betos alrn Tépver TO ToAUywvov el Ev
onueiov, f) 58 k&Betos &md crTd Trpds Tév &fova Ox Spller onpelov &l Tou &fovos
Ox, ToU &molou ) TeTpnuévn elven ) Bidpeoos Tipr. Els 10 ToAvrywvov dBpoioTi-
kil ouyxvéTnTos Tis oeA. 211 7) Siduecos elven 1) TeTpnpévn TolU onpelou I
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Emkpatoboa tpf) (Xe) i ,
‘O péoog aurss elvan ) Tiun Ths weTaPAnTis, NiTIs TapovsialeTal ouyvs-

Tepoy, Aol dvriotoryel elg TV peyioTny auyvotnte, kal ouvetds Exel Ewolaws
Stav T& SeBopdvar Epgavifovtan el koeravopty auxvoThTav. Ty, *Edv & Tév
EpyaTdov tuds ¢pyooTaaiou of AaupévovTes fiuepouioBiov 200 Bpx. elvar ol moAua-
pIBUGTEpOL, TéTE Aéyouev 8TI TO gmikparréotepov fiuepopiobiov (Emikparroloo T1-
uh) els T Epyoatdoiov elvar 200 Bpx. : . "

‘0 mpootioplopds ué dkpiPeicy Tiis EMIKPATOUOTS TIUTS TpoUmoléTel THy
yvésow Bhwv TGV oToyelwy Tiis KaTavouis xal Emropéveos elvan Buoyeptys, &tav
T& oToiyeia elvar TToAuTTANS kal dxkavdvioTa.

Els piov kowovikfy KQTOwOUMV ouyvotfiTewy O Tpoodiopiouds Tiis émikpa-

Tovons Tiufis kard mpootyytow oTnpileTal gmi IOG EumelpikoU TUTTOU

Xe—Xs=2(xs — X)
Enueinoic: Karémy maparrnprioews TPO&upey &1, v 1‘1 Kfrmvouﬁ ouyvo-
ThTeov elven kdmas kevovikh, f) BIGHECOS X3 mepiéyeTan peTall Tiis EmikparoUong
TIufis X, kal ToU &piBunTikoU péoov x. *Edw #) karTavouty F;TV(II ouppetpikn (loTé-

YPOUUOV GUYVETNTOS OUMHETPIKOV), TéTe elvan X, = X5 = X. -

Ipagikds Suvdpeba V& Trpoobioplowye Thy EmikpaToloay Tiphy &mrd T
loTéypaupor ouyvdTnTos G5 gEfig : Zuvbeopey &1’ evbuypdupev T;{nud-rwu Tas
& kopugpds ToU pboywviov Tiis pEY CAUTERTS crU)(véTn'ro‘g pE Tdg YElIOUIde
Kopupds TéV Buo EkaTépwle aUToU Spfoyewicov kol &md TO onpeiov Toufis Téy
TunpéTwy ToUTwy pépoper KabeTov rpos Tov &tova OX, 1) :‘moiu opler Ty Emi-
KparoUoay Tipdy. .X. Els TO loToypauuov ouyvdTnTos Tis geA. 212 1) Emikpa-
ToUoa Ty elvan A TeTunuévn ToU anpefou A. ; -

"Edw pappoowiey TOV rutrov THs EmikparroUans Tiafls els THY kaTavopry
TG 68 Epyartéov els oeA. 211 Aaupdvopev

X, —83,3=2(833-84 7) = x = 80,5 xg.

Mapatnphioeic tri OV KEVIPIKOY TIROV ‘

.op:p:g:;-r,:bs péoos YrrohoyileTan EUKOAWS Kal_éxﬂ xaBepiopbmy Tipty,
fiTis Spews ErrnpeddeTar &rrd T dxpaias Tipds, Sid TouTo elvan SuvaTdy v& piy

elvon Emapkéds QUTITTPOCWTIEVUTIKN KEVT, pikhy Tt "Ev TouTois, elvan & mhAdow €0-
XpnoTos, & mhéoy kaavonTds Kal & TAEOV yvwotds pécos els Ty ZTamioTikiy

Tp&Ew.

‘H Bi4peoos UmoAoyileTal OXET!
HGvov &md TO TAfjfos TV Bebouéveov
Tipds), Si& ToUTo elvan TEPICTOTEPOV KEVTPIK

U . péoou. |
TAnpéaTepoy ToU GpiBu. W GOAOYI(ETEN HOVOV KATA TTPOCEYYIOW OXETI-

i Joa Tipr, TEACS, :
KG§ w;iepég);nng:;;mS s &AnBols Tipfjs elvan Suokohos xal Btv Emnpedleran

: &s. d P
&mod T?Sc‘! dk:;i:ui'(:;‘p;_ra Kal PEIOVEKTACT TV KEVTPIKWY TIUWY tupavilovran

ke eUkOAws Kkad N T TS EmnpedleTon
ipv (Btv ErrnpedeTar dmd Tas dipadas
) TIuM Kol gUVETTs uds AN popopET
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KOTG TEpITTTWOIY Kol oUveTTds els Tds oTATIOTIKAS EQUPUOYAS T TIPOTIUNOIS TwV
yivetal kara meplmTwaiy.

131. ATAZNOPA—TYIIKH AINOKAIZIE — AIATPAMMA AIAEINOPAL

EiSopev els T& mwponyolpsva, 11 of Tpeis kevrpikad Tipad (&piBunT. péoos,
Biapeoos, EmkpaToUoa Tipf) Tapéxouv ToAAdKs povov évdelters Bid Ty T&ow
Tév BeBopbvwy wds katavoufis. Elvar guoikév Aoimdy, 811 elvan dvemrapkels va
Teplypdapouv pé kamroiay dxpiPelav Ty guoloyvwuiay THs kaTavouds.

M.y. Els &va épavov of 12 UméAAnior wds Utrnpeoias Tpootpepov Ta EEfis rood :
10, 15, 15, 20, 20, 20, 20, 25, 30, 30, 45, 50. (l1). Al xevrpiked Tipad TS
oeipds alTis elvat : X = 25, x5 = 20, X, = 20, ’E&v &md Tous 18{ous UtraAAfjAous
| geipd T&Y elogopdv Ao :

5, 10, 10, 10, 20, 20, 20, 20, 20, 30, 35, 100 . (2)

ToTe al kevtpikad Tipal TwéAW elvan : x =25, Xs =20, x, =20 Al ospal (1)
kad (2) Tap’ Shov &1 Egouv Tas aUTas KEVTPIKAS Tiuds év ToUTols Siapépouv pe-
TokU Twv Tépa oAU, Els Thy oepdy (1) of Tipad Siaomeipovran dmrd 10 Ews 50
kel TO elpos THs keravopfis elvan 50 — 10 = 40, & els Ty (2) dmd 5 ws 100
nt elpos 100 - 5 = 95, Bi& ToUto Aéyouey, 6T1 1) karavopt) Tiis oeipds (2) Exel
peycAuTépay BiaoTropdy &Trd TRV KEVTPIKNAY TIUAY.

‘H StamoTikhy Epeuva, &5 tk ToUTou, elvan Umoypewpévn, dmws tteTédom)
kal &AAas Tipds Ths PeTaPolfis TGV oTaTIoTIKGY SeSopéveov.

Thv ouykéuTpwow i &mopdkpuvowy TéY oTaTioTIKGY Sebopévy épE pids
KevTpIKTs TiUfs dvopdlopev Sraomophv.

Té elpos THs karavoufis 8év elvan kaTdAAnAov Bid Thv Treprypaghy Tiis
Blaomopds Tév Selopbvwy, Bi16Tt EaptdTan pdvov &md Tas dxpaias Tiuds. O&
Buvdpeda v Utrohoylowpey THY Sioomopdw pt THv epeciv Tou péoou Spou TV
drmokhioewy TEY TIuGY &Td ToU péoou X auTd, uws, &Tuyds, To &bpoloua
TG &mokhloewy ToUTwv elvan pndév (oeA. 215, ln 1816Tns ToU &pifip. péoou).
T& Tetpdywva Suws TéY &rrokAloewy, fitol T& (X, — X)?, elvan BeTikol &piBuol

kal ouvetrdds & dpiBunTikds péoos aUTGY —Eﬁt{q:x—)‘ Bi&gopos ToU undevds.

Ty ToodrnTa aUthv oupPolilopev pt 1O o? kai kohoUpey péonv TETPAYOVIKRV

arékiowy | dwakbpavery tiig katavopfig, THv B¢ BeTikfy TeTporywvikiy pilov
aUTHs o Tumikfv dréxiiouy.

"QoTe Exouev : | T (%, — x)* Six %)t
Az];‘mN #a’:JN-L (1) kol o= __——("‘N 2

'AvatrtUocovtes TO &bpolopa Z (xlwﬁz AapPdvopey
060 =X = (X, = X))+ (X —X)* 4 ... + (XN —X)} =
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T o ) 2R R ook ) N =
=+ Xt +-x;)ﬁ2x’.NX+Nxz__zx; o N

e : - e
kal apa ol Tutol s _I_xi i v :11 .
(1) kai (2) ypagovTal: N

Hapudeiypara. 1) Al S1aKULAVTELS TOU TIPOT|YouUpEvoU  TrapadelypoTos
tou gpdvoy TV 12 GmrodAfAwy elvai els Tas BUo TEPITTTWOELS :

1

oy =L [10-25y 5= s HIB0 N S St LG e ) =

400
e 200 :
o =L (5258 (UEIRubpas 3 (1002007 =g RN b R
_ 3475

i 400 20V3 V3"‘4_7_5

Al 8¢ Tumikal d&rokAloels elven @ 0y = V R T L T e

w| S

2) Na& Umrohoyiabiy 1) BlaxUpovois éov &piBuddv 6, 8, 11, 12. "Exopev =
= 9,25. XpnaiuoTolouvTes TOV TUTIOV (1 fxousv:
o — —;— [(6-9,25)% +.. .+ (12—9,25)21 = (3,258+1,25%  1,75*+2,752) =5,7
Xpnoipomolovtes Tov TUmov (19 EXOHEV !

: TN _ 1 a6 | 641214 144)— 39 o 57
o= e+ B 114129 (F) =7 e b

e TU‘TTOS ([') tvTouba p&g 6:1167\7\6:0051 &mo '!TOAU'ITA(’)KOUS TTOAAGTTA Q-

Tlaouous,
Edv of Tiped Tiis HETAPANTAS gxouv Tatwouni els Evav mivaka kaTavo-

i |ty iy

LM b e

il il

GmrokAioewy, ToAAaTAaoIaloHEVa é;rr e ;
2 (X —x)? J

oSNy tETpayOVIKTY GnoKilow = Uy (3) kal wmkiy  anéxhiowy

_ VT o
o= YHo -2 o)

"Edv 5t oxegBipey w5 Kol TPOTYOUHEVLS,

| % f+f4... +Hh=N=3f 7ot T& TETP&yVd T&Y
f 1

B, A
1k i T&s duTioToiyxous ouxvoTnTas, &iSouv pé-

167 ol Ul (3) kai (4) ypdgovTan :

2 2
A -2 2y x ;
02 — %f" xi - X (3') kal o = v ,_;:fl 2 X (4)
5t 4 . _
Eds Ty mepimrTewav TS suabomroinuévns katavoudis al drrokhioes Umroho-

rilovtan pé Tas pécas TIpGs TRV T&lewy.

‘H Tumikn &mokAiols O glvar TO
Gy povadwy HETPT|OEWS TWV Sebopévaov.

pétpov Ths SlacTropds kal
Lnueivoig:
tkppdleTen Bid TGOV GpXIK
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Hapaderype : N Umoroyiofr) 1 TuTrikn &TTOKAITLS TTS OUABOTTON|HEVT|S
kaTavopfis Tév 68 Epyatdv Tis oeAibos 211

Exnua‘rl{,ouev ToV Tivoka : ‘Apleun‘rtxog uésog x=84,7 kg

| S S T Z___-
\ Tf:;] fy Xa £ %, X, —x ("1 —x)? £, (x, —x)*
YR T R R T R T T T T R .
70 11 4900 53900 | — 14,7 216,09 2376,99 I
T T 6400 | 153600 =4 22,00 530,16 \
90 15 | 8100 | 121500 5,3 28,09 421,35 i
10 | 13 | 10000 | 130000 | 153 | 23409 3043,17 I
110 0 12100 (7 253 | 640,09 e I
120 2 14400 28800 35,3 1246 09 \
"Abpowoya| 68 | | 498600 |
*Apa, cupguvws TG TUTTW (4
np Hpaovws TG TUTR (47) v498600—8473"-126kg
Exouev :
oupptvws B¢ TA Tumw (4
HPULOVLIS A o (4) _V10694_12_ 12,6 kg
Exopev :

Lnpasia tijs tumkilg drokkicews

*H yvddais Tis péons Tufis X kal THs TUTiKfs dmokAloews o TTapéxel ave
kriunTov cuuPoAny Bix Tov mpoodiopiopdy Tfis HOP@Ts THS KaTAVOMTlS guyvo-
THTWY Ko TpdTo IkewomoInTIKOY, €ls ThHY TEPITTTWO IV mG flv T& Bebopéva
BiooTeipovTal Kavovikés Kal CUHMETPIKGS Tepl TOV WéoOV x. "Otav f TUTIKN
&mworhians elvar pikpd, T& Beboubva Telvouy v& ouoowpeuBolv mEpiE Tou uéoov,
kal &taw elvan peyddn, Telvouw va Bioomapolv. Al oTaTioTikal pehéTan Seikviouy
8711 el plav kovovikiy Kol CUMPETPIKNY KATQWOUMY T BlooThuaTa EkaTepwley
ToU pbgou X els &mooTacw fony mpds o, 20, 30 mepiAauPavouy T& 68%, 95%,
99,7%, meplmou dvmioToixws THs SAiiis ouxvdTnTos T&Y BeBouéveov.

‘O dxéhoubos Tivat Bider ouvoTrTikd THy SiaoTropdy TV TINGY TT§ HE-
TaPAnTis tkatépwbey T péons Tids X el ékoTooTiola TToocooTd Tis OAIKAS

el o _}_ =t TR T A
X-—'.-!.G; X—Rd‘s X~6 )'( X+G| X+26 X+316
A
B
95,¥ %

Sy 131.1

s
g
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fion KOTWTEPQR OpIX dopaieias kai va Porbron
ouveTéss elg THY BlamioTWaW TUXOV AcBé els ToUs Utroroyiauols.
: y 5 Gpopev o = 12,6 kg wad x =84, Tkg.
Els 1o TrponyoUpevoy Topabeyua £Upo i i s
A sigs'r(') sld;ng; dmibix —~ o= 8 5 12,6 % 12,1 ewrs X + o==84, ?~ - 12,6'_
= 97, 3 BlomioTOUMEY, KXTOTV teTdoecs ToU TOAUY@vou 8BpoIoTikils ouxve-
:TO' 871 dvrjkowy cxi, 46 i TG 68 TGV, fiTol 16 67, 6%. Tpdypet, 1| Tipn
7T2] ls'dUTlUTOl)(ET mrepimou gfs TNV d6poIoTIKAY OUXVOTNTX 19 xal 4 Tiph 97,3
: i . - = 65 — 19 = 46.
durioToiyel elg TO 65 Kod OUVETTWS ©- :
Bl clc 16 BidoTnHa &TO X — 20 = 84, 7—2 - 12,6=59, 5 fws x4 20=
Tt 2, 6%. Tpdyuart, f Tipfy 59,5

= : 5y 68 Tid, Aol TO 9
= 109,9 dvrjkouv 63 &k TGV pOIOTIKIY guyvéTnTa 3 Kal A Tafy 109, 9 els v

ouyvoTnTOS, £YEl BE grROTIOV VA

dvrioToiyei mepimoy gls TV &b
66 wal ouvemds 66 — 3 = 63.

To Swaypappo tig Sraomopls
g . Slvatal va apactadfy ypagi-
’ « 4B KaTQVOT CUXVOTTIT@V OUV & o ‘
B fag?o;.::g oT;::;zEﬁ oAUy VOV oUXVOTTTOS. H"Eixwv alTn el!ueu TUTTIKT
TOS ;JEETGQOuévzs Tr?mﬂucruoﬁ. "Av OHWS @GVTOEUBG’PEV 611 6 TANBUo S pETAPSA-

ity Ao 8 e TOV SR Ok 15
i?;;uzrvfix-tgs;r?ﬁymvav ’éﬁm@s o TouTIoBi] Mé Elay Kgrﬂ:;\;lv" i TKC; ff&puu-
U THs SiaoTropds), 1 ool kafopileTal TTMP“’S 6?0 i . “l i et TUI
ik dmékhiow o, ‘O uboos X dm'oTE?\EL () ué‘TPOU oews ]Trm e TésT : 1’): Kot
| TUTTIK &TroKAIOLS TO HETPOV DIGT AR Sh: Fau ﬁ 'rmf']?\U E-r\;-re”‘ scx;.tm'.r?\ E{:Z-
WTrAn opovoidler peySAny KupTETIT EV 555 ueyaaanﬁs mr]rowouﬁs -?cbu 68:
dmhcopbn. Koreorépe 5iBouev TO SI?YPCCHIJOIN 1a:;ogls2
épya-rc';w B iUTOYPdWO" ouUxVoTNTOS s CT ‘ g i

“Eyopey x = 84, 7 koi 0= 12,6. Eig T0 §1awnuq (xz_c, : ‘i:?") Z"m‘w"
46 ¢k -rc”.())(u 68 TIpGV, 'F']'ro: 70 67,6%%: ElS 76 BidoTnua (X — 20, X + 20) dvtikouy

63 & Téw 68 Tiudv, fitor 10 92, 6%: v 35
OUTw gupmepadvopey, 6T! 7] BlaoTopd Bev
elvan peydn. ‘

ZZD ﬁnml TEPLOTOTEPOL TTAT]B‘.JGU?I
elvon Suvarrdy @ 1) va Exovv -rc‘wl AUTOV HE-
gov kal vé& Siapépouv G5 Trpos TNV 51.0(0'11‘0.—
Péw, 2) v Exouy Th iBlay BixaTOPAV ka
Bidgopov péoov kal 3) V& Squ)épow ws
Tpds ThHy BlogTropdy Kal TOV PEoOV:

T& dxdhouba Biory pamHaTS S1aoTo- .
pds dwagipovTal ElS Tdg QuaTépw THEP! s )
TTOoEIS, AUTIoTOIYWS. prgUoge el ;

: U Smoios Bi-

O mivat Tou ox.131.1, b sl b o
Be1 Tiv Slaomopdy els EkaTogTIXIA T ;
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Gy=0,

2 P R 3
/ *
ey (i
0 7/ \ 0
X, % ]

Iy. 1313

8, 7,

ioxuel &ToAUTWS, OTay T KOTAVOWT ouUXVOTHTWY efval KaVoVIKT KOl OUME-

Tpikn repl TOV péoov X, T6 dxdrouBov oTikTOV Biaypappa 5ider tny elkdva pids
TOIQUTNS KATAVORTS.

Y4
[E] o o
L] L]
-] (-]
-3 o
i v o ° °
o L] -] ©
© a o o
o o -] -]
o o a o
o o o d
o a ° ° ° o a
o o -] e o o
° ° o ° © o
o < o o° < o
o o o o o o
g o o ° e o o o o
o o o -] o © -} o
2 - ] © -] -] o o o o v
o o o - o o o o (-] o Q <
g + 4 i - + — i e . - - _ l ______ —_ - - —— 4 _ _—
X-30 X-26 X6 X X6 Xedo Xde
Ty 13)4

132. H ENNOIA THE EZYEXETIXEQE

‘H oUykpigls Tév oTaTioTikGy BeBopévewr dmoTeAel Thv TENIKT)V QAo
widis oTaTIoTIKAs épelvns kal &mookomrel elg ThHy dveUpeow vépou TIves, GOTIS
v& Bibmn Tés oyéoels BUo fi TepioooTépwy UTO ELETAOW @aIvOpEVWY. Ak TAS
ouykpioews TGV oTATIOTIKGY Telpddy BlvaTal & EpeuvnThs va elpn Tas Spolo-
TrTas f Tas Siapopds, al dmoic xapaxTnpifoww Suo paidpeva kal va dvakaAU-
Wn, ouvetrdds, Tous Beapous f Tas oxéoels EapTrioeds Twv.

‘H aUykpiols T@v oTamioTikév Sedopévav, t’ Soov Aappavel ywpay e
mparyudTwy  EmbekTikédy guykploews, mapovoialel Buokohlas, 81611 1) oxéols
SAAnAoetapTroews TaY Blagdpwy gowoptvwy (puoikédv fi olkovoukdy) elval
TrohvouvleTos, 15iws dTav TpdkelTan TrEpi OlkovouIkV.
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Al Quoikal EmioThpal, TA Mafnpatixé, fi "AgTpovopia, 7 BioAoyia ma-
TrapadelypeTa ouykploews Blapopwy oGV Kol Ekppd-

pExuUV TTAETOTO O0Q vk ; )
fapThoews aUTRY 51 TuTrwv (Vopwv) &TOAUTWS OTa-

lour Tas oyéoels GAANACE

Bepiov kol AuaANOITEOV. )
Al oytoeis alTal Stv UploTaUTAL TPOKEIMEVOY epl olkoVOUIKGY Qavoué-

vy, "Ev TouTols 1) ZTaTIOTIKA Traptxe! IKaVOTTOIMTIKAS tvbeiteis emi Tiis Tropelas
TEY paivopévey TOUTWY, aftor T& oTOIXElR QaUT@Y glval g éml 1O TAEToTOV

ETepoyevy.

Suyva oupPaiver ai petaporai gls play peTaPAnTiv v& ouvodelwvtal &mrd

TapaAhfilous HETAPOASS, gis piov GAANY u‘e-rc‘rﬂ?\n"rﬁv kol vat \‘:Tro'cpxr_] us-rocf\.oﬂ-rmu
oxtals Tig, T OTws AéyoHe of peTaPAnTal va ?lua} ou?xcnouavm. T.y. 16 Oyos
Kai TO Pdpos GuBpdTwY, TO Oyos kal ) Hdxia Sudpoeov, ) Beppokpacia kai
N BlaoToA HETEAAWY KA ' g A 4

“Orav BUo peTaPAnTai X kal W ue-ronpfx?\.?\mv'rm 'erquMn?\ms‘ KaTd TPO-
Tov, daoTe els peydAas fi HIKPAS TIMGS THiseX ¥ GYTL,?TOIXO\W‘KCX,TG T malonol
ueydhen f pikpad Tipal THAS W duTioTOIXWS, XOPIS WS U imyapyn Mabnhan:
kN Tis oxéols (oTadepds vopos) HeTokY T uETuﬁKnT:»G il AFY«OHW
811 Umdpyer OeTikh oLOXETIONS peTatU TV “chﬁ?mva X xol o T w8, o
kai TO Pépos dvBploTreov gUpiokovTal gl BETIKOV mﬁmxzmrpé‘v. -

“Orav 5t el peyGhas TINGS TS X dVT"-:TTO‘Xo”:’ "O‘:m‘ e TAeloTOV HiKkpad Ti-
Hai Tipad TR yoKal QVTIoTPOPLS, T ?\EYOUEV e RS ﬁgv“ﬂm‘l A
noig: T, & &piBpds T@w guTaY dud povada e RER R TR

TGV QUTEVY.
Téhos, STow ai Tipad TAS
Tés Tipdss T &AANs, BnA. STav o
uev 611 elven aoveyénotor. ThX: 7
‘H ypagikfy TapaoTXOS ymo

¢ : y BU Eveov.
oytoews EapThoews petaty BUo PAIVOUEVCOV e
X OSUTQ)SP Qg m:oeégwuw 811 Eyouev TIPS tiéraoy v oUvolov BIaTETary Hévwy

(euydv dvTigTolywy TIKGV BUo peTaPANTAV X kad . “Hro1 10 = { (X3, Y1)
T , WN)
(X:, Wz). ey (x?. ] \Pa\- )! s (XN q} } UKEUde[JEV Tds ElKéuc‘S e gEU-

év oV ] Oy KoTa
Eis & ouoTtnua 6pboy- &Eovawy X TREUC : , :
yéw TouTwy. ToTe elved Suvortdy V& Aapwpey TA £ oTikTd SiotypapaTa, T

Srrolar elven Ikavd va woradeltouy, &v Umapyn OXETIS TIS EEapThoEws PETARY

TG Buo HETOPANTEV ferich A &pUnTIKT-

wds peTaPAnTiis Sty gadvovrar va Ernpedfouy
Suo peTapAnTal elvon dvetdpnTol, ToTE Abyo-
& Uyos kal TO ¢rholov elodbnua dvBpomeov.
Ponei glg T mrpocTéBeiay dveuptoews s
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8 © 8
7 Qo o 7+ &
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6+ 6r < o
o
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4t 2.k 50T
3t o 3+ o ©
2t h 2t o
(-]
1 = o © |
- ¢ ' i 1 L b | = B i . S i A el & i i i d } i
0 [BIRECaI0RaHS (16 T BLgr 101X 0 A2 &1 udoTiBogun? et 9
JuorEriclc QvunapuUIOS Juexérieie deiun
Y
8_
o
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Q' o
or
L]
5- : 5
4+ o o
a- o
2‘ o 0
s o
it ol B QS W) S LRSS 4 kel S
O 175 3.k B 16 7, B S0 7.
JUBTETIONG QOYNTIUN
Yy Y
J 1
] 9 o
8 g 8
7 v 2
6 & 6 °
5 . 5
& 4 5 &
3 3 o
2 2
] 1
0 PRSI 5wl A 6 ) u E 0 I | R T - SO
Juszéritic GETIUR TEEIQ JSUGZETIONG apvnTiin Tedeld
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Ennelwag. Extos ToV criktéy BiaypappdTwy yivetanr Xpfiots kal TEV ypapuikéy
Biaypappdray (kaumUAwy) kT ToloUToY TpoToy, GoTe fi pla kaumUAN v& miwTy Eml Ti
&AAns kal v& xedioTaTtal TPOPAVNS & ouoyeTiopds i pf T@Y 8o peTaPAnTEV.

T dveripw BiaypSHHATE glvan pév dvaykala, QS TPOTOPACKEVATTIKN
pyaoic, &y Suws ka emapxi}. Aid v& emiTUywpey oopeaTépas, EvBeiters kal v
’

tpunvedocopey Tds TUXOV SpordTnTos Kol Biagopds, elval Qvaykn va Kapwey

dp1BunTikds ocuykpioels.

OUrass, éaw x kai y elven ol pégol Té oelpdv ToU Trivakos T&Y dvTioTof-
, daw )

Xpy Xe o oop Koo oo XN g By mpddTov kpiThiplov Si Ty
Wi Way +oop Whr o N
Umapfy ouoyeTioews peTall TV X kai y, mapéxer 1o d&Bpoioua :
Gt 7 (4 =) o (8 =0 (M S £ it OB o) (i Dl
Stroiov &aw elven GeTikdy, SnAol 6TL 1) QUOXETIONS E‘Ivcn B‘E'nxn, fSIOT: TOTE T& Me-
proodTepa ywdueva (X, — x) (Y. —¥) E,{VG“ GETIK:L Tou onpaivel 8T1 T& Tepio-
odtepa [euyn (Xi, i) Bidoww ci-rrox?\wfls €K 'mzv"uécrwv X Kgal y é}uoo-r']!,loug,
"Eqv 76 &poropa (1) elval &pynTikSY, TOTE 51.]?\01 01‘1'7‘1 BUOXELLSH Sl pine
Tk, Edw, Téhos, elval Eyyus ToU undevds, TOTE DEIKVUEL TO AOVOXETIOTOV TOW
X Kol . : & - —
‘O Poduds Tiis OUOXETIOEWS petalu dvo ue:ruB?\nTc,ou HeTpEITaL UTIS Tol
KOAOUUEVOU guvTEheaTod OUOYLETIOEOS Iy o _ém-olog 6p|§£1’2ﬂ dmo . 1o nAikov
ToU péoou pou Tou &BpoiouaTos (1) Bia Tov YWOUEVOU TGV TUTIIKGY &TroKA(-

Oecov 0, Kal 0, TEV METGPANTOY X KAl §:

XV TILEV {

b ) I T e (S Bor 1 R )
Hror Exopev : “:VZ@VJszwrﬁw Vsznmu%fwr
T N

‘O owvreheoThs T elvan GuetapTNTOS @V HovdBuwy peTprioecs, GmoSeiwy-
eTan B8 G811 mepiéyeTan HETOEU —1 kal -i._l' ﬂHTm -1 <1< -%;él. O-;:v‘ r>60,
ToTE Eyopsy Berixiy ouoxéTiow, fi ool kaBloTaTal E?XUPO (6t EK OB IO QAT
™A ngg?n & 10 + 1. "OTav r <0, TOTE EXOHEV GpYNTIKNV "crucrxé'nﬁm, 1 émola
KO.';(O’T(!TGI ipc upoTépa, KkaBws & r TAnoIdgel TPOS TO — 1'“ OT“" ™o 1 elveu Ey-

. NG 5 4te ) OUOXETION clvon Ao dofevnis f) oUBepicr ouayérions
I—,L:& TOU #_r;?\svoséd: 4 Lo et roTe Eyopey &oAuTov BeTikfv f) dpvn-
et. TéAos, = A e )
leﬁsxcuc)(é‘rlfrw SroTE uETC‘E"" 6oy peTaPANTEV X KU \P u-rré:pxet 0 gl
Y POk éUlS’TﬁS popfis Yy = X +p. O WWEAEUT“-WUXETIUEQ; iy
ClpoTrole c:ﬁ:“Slc‘x Thy tEakpipwoy ToU UTEpXOVTOS Secu.ou tEupThFEM Weraty
501; "u‘:rc;r;éku ¢lg mAeloTos 600S mepirTchoes, [BianTépes i an i

AOyI:v,"Elo?\oyiow, larpikiv, [ecopy KNy EpEvvaV kad elg -rnv~O[|<o:-Jou o;:;“
o, L & coc Skov & EpeuvnTis va EvepyT) METQ TTOAATIS TrepL-

Katd Thy épapHOyTIV OHWS : ’ 3
Okéyecos 8162 ngi\fdms etpioxopey loxupdy oWTERESTY Sumyeriocs Dol
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vopeva T& bmoia Aoyikéds oUbtver Beopov ElapTrioews BuvavTan v Exouv.

To dpBov elvan va EeTélwpey Aoyikdds TO TROPANLa TpdTOV Kal drkoAoU-
Beos va Biepeuvdduev TO dmoTéAsopa.

‘0 Bidonuos oTaTioTikoAdyos Tschuprow dvagéper, 671 els plav oTaTioTI-
iy Epeuvaw £l ToU peytBous T {nuidv &k Tupkaidv kal Tfis Tapousias f un
TupooPeoTikéy &vThidy & ouvteheoThs cuayeTioews dmébeifev, éT1 af TAkov
tvBiagépouoan {nuial aupTrimTouy yevikds ut ThHy Tropovaiay Tév duvthidy. TTpé-
TeL AoITrov vt Kaowpey Tas SvTAias ;

Mapéderypa: O Pabuol 12 poabntdv el & ‘EAAnuikG, Mabnuarikd, Ou-
okt elvan.

EMnuic i LFMJL& _E‘B 12| 13| 15| 16 19]  92=x
MoBnuorie | w | 2 | 10 4 | 1212 16| 16 18 18/ 16 18 19  134=y
duowh |2 1] o410 16‘ 12 14) 16| 14 16| 18/ 18]  123=2

N& Umoroyiobfi & ouvtehecThs cuoyetioecs Ty émbdoecwv T&Y pabnTév €ls
T& 1) ‘EMnuik& kol Mafnuating, 2) MaBnpoTika kai Quoikn.
Eupioxopey Tds dmoxAioels kal tpappdlopey Tov TutOw 2.

*—x |-82|-72|-52 | 42 |-32|-22|08|28|38|58|68| 98
O0Tw: W, —v |-11,4i-3.4{ 9,4 | -1,4 | -1,4 | 2,6 | 2646|4626 4,6[ 5,6
7.2 |-113|-33) 83 | 23 | s =02 17| 8 L7y 37|58 58

3 (% — X) (i — 9)=(=8,2) (=11,4) + (=7,2) (-3,4) + ...+(9,8) (5,6)=305,16
S (yr — ¢) @ —2)=(=11,4) (=11,3) + (=3,4) (-3,3)+. . .+ (5,6) (5,8) = 313,36
S —X):=(=8,2)%+ (= 7,2)* + ... + (6,8)* + (9,8)* = 377,68
S(pr—9)?=(=11,4)2+ (=34 + ... + (46)* + (5, 6)* = 348,92
S(m—2)=(=11,32+ (3,32 + ... + (5, 8)* + (5, 8)* = 326, 98

305,16 305,16
“Apa E vl =t ==~ (0,84

P SASKS ) n \/377,68.348,92 363,01
g 313,36 _ 31336 _ g3

T \/348,92.326,98 33071
"Ex TG eUpebéyToy OUVTEAESTRV CUOXETIOEWS CUMTTEPQVOUEY :
1) 671 dupdTepar al ovoxetioels elven Bemikad kai Aow loyupai
2) &7 f) auoyéTiols TéY EmBdoewy TGV polnTdy els T MaodnuaTikd — Ouoki
elvan loyupoTépa Tiis TowoTns els Ta ‘EAAUIKG — MafnpaTika.
Ol pobnrai els dupoTépas Tas cuoyeTioes SUvavTal Vi KXTOOKEUAoOUY
TO HIKTOV Si&rypapua.

AIZKHZIEIZ

431) ’Ex Téw xatwTépe (SloThTwy molar elven motoTikad xad moiai roooTikal ; EK
5t Tév peTaPAnTdv Tolan efvon guvexels kal Trolat douveels. ‘AvdoTnpa — HAixla — brdyyeApd
— elodbnua — fpnoxela — yAdooa — olkoyevelaxh kaTdoTacs — &piBuds &yduwy — yewpy KOS
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KAfipos — Bepuokpacia dépos — BeparmEUT pia kAT yewypagikdv Biaptpiopa — Pdpos — tayewyd
oTagibos tls Tovwous — dmouaiar pabnTdY.
432) Elg Eva TrpoxeIpov Bioywviopdy ol 42 pebnTal Tis Tékews pos EAaPov Tous dko-

?;;txeou;l Bﬂelu;"f 17, 10, 11, 6 1o, 12, 14 11, 19, 16 12

16, 10, 20: A (e b R (o 7 15; 9, 17,718, ‘14, 2

13 17, 18 10 14 6. 11, 12, 14, 10, ) 13 A5 013 IR

Né& oynuoriodf Tivat karavoufs GuUYVOTATWY kE oTHAAS dmroAvTou, oxeTikjs kal &bpoioTikfg
cu)(vu‘r:;;;. TR —— i 'EJ\MS?E &viiA8ov Elg 1.17 Xihdbas meplmrou, EE
Gv 65 xih. &vBpes kal 52 YA, yuvaikes faias &md 0 — 75 Erdy, ds & drxohovbos Trivat :

(Mnyt : Sramorikh "Emernpls 1966)

0-5l6-10]11-15/16-20121 "3'25 3031-35]36 40141-45]46-50[51-55[56-60/61-6566-70|71-75| Zivorov
-5|6 5 20121-2 TR Ly s | el 61-65(66-1C
Tshelis e [eoz|ar e g s | se e, 09 [05 [03 02 for |76
T 0a i) ia ebe N el B8R4 Gk 52

i & =c b gThAas ©F TS TPONY- dG'K-ﬁUEwS- %
gt it s T

Eyour de drorouBes : (ETATIOTIKN *Emernpls 1966)

— 1962 1963 1964 1965
[PEzes 70| 11958 ] 1360 | 1861 (1562

— | 597,9 741,2 1575 976,1 |Els y1hi&bag
| ﬁplislq | '310_-0 | E%f‘__w igi'_z.——ﬂ

L

pt oThhas s T TPONY. ok oEes.

; & £ xkaTavoptis
N& oxnuamofj wive voTnTos T@v doxfioewy 432, 433 kal 434

435) N& xkoraokevaodfj 7o -rro?\ﬁy;:vo:saux

. v TNTOS. "

4 “0“4';2)"TP?UYNVOZK:?:;;]“:?) ol\;)-(r‘;ypuuuou quUYVETNTOS xal &BpoloTikfis ouXVETNTOS
& xata \

G 1 433.

b dc:;Tc)“:a‘;ziw‘;imuweﬁ papBoypapkoy si1& T& oToiyela Tis dox. 434.

; ¥ 5c biyE1poEcds elvat @
;38)3 -Il-as yevn«: ;;gﬁoc;)oul:iﬂx::xspz* 200.000, dopdheicn kal @dpor Spay. 100.000,
1ofol bpaypa . :

Bisotiicts 10000, Sbpta SR SO0, BaKECHGET XURMESW SBity POt arts s
1agrpols ; , b1 '

KaTavoufis. "
439) To Eros 1966 1 txTaois THS
Extaois 309, Aok EKTaOIS 20,3%:
dpucodns Ektaois 4,8%, ExTadls KOAUTTTOM
Bidy pappa alTfs Tiis xaTAVOHTS.
440) N& evpedij & &piBu.

" Ku‘l}d:g‘i*l' upeBfi #) EmKpaTOUT iy els T BeBoméva TAis dovtioenss 433 Kexapiontvor
& etpedi]

v yvohov TQOV HETAVAOTHV.
Gt drohoufus Biax TO ouve G X rirm)
Bid ToUs &vBpas kal yuvubl:cil;?l {ﬁ'(lj(EIPT']UEmS kaTavipeTal dvaidyws T@Y Erdv Urnpeoiag
442) To mpogwITiK

‘EAA&Sog Trapouaiaoey THY tEfis karavopriv @ Tecpyixy

“Extaois Pookfs 38,2%, OlkoBounuévn Exracis 3,5%,

¢y UTd UBATWV 3,2%,. N& xataoxkeuacdi xukhikéy
‘

toos xal f Bidueoos el & Bebopéva TV dokdoewv 432,

g wbreoth:  —— I

B | o0s | sl | 1625 ‘ 15-20 ‘ 20-25 | 25-30 | 30-35 ‘ 35-40 | 40-45
Urmnpegias | Jfﬂ ‘

"Aptbucs | | Laube|, b ooy il BRSNS e i
. 108 7 I
U‘nc?\?\r’]?\mu‘ ; _;L_# —

gk il Wil ([ YT
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N& ylvn '8 mivat katavoufis ouxvoTiTwy dmollToy, OXETIKTS xal &BporoTikils kel vé
eUpeBolv al xkevrpikal Tipal X, X, Xe

443) ‘O &piBy. pboos TEV &PIBUEW Xy, Xa ..., Xy VE N, elvanr x.
N& ebpedfi & &pi1Bu. péoos TGV &pBUGY @) X, + K, X3 + K, ..y Xy + X, B) X,;— K, X3 —K,
X X X
ey Ku— K Y WXyp iKXygy wi sy Wy &) T" _x’"‘ — Kv, k# 0, xal €) xx, +A, kxg +A, .

KXy + A

444) AlBovren T EEfis Pépn els kg : 3, 6, 6, 12, 9, 12, 10, 9, 12, 14, 17. N& Gmo-
Royio8fi & &piBu. péoos kal 1y Tumik &mékMols.

445) T& fuepopiofiar 500 Epyatdv tvds dpyooTaciou karavéporton G EEfs :

[ |
Tekws e } 55-65 | 65-75 | 75-85 ‘ 85-95 | 95-105 } 1054...J
filepopia. [
= ) "'_,"—""'—"———_‘_“——i—' _"_"
Ao | 40 | g 120 0 | 50 20 | 10 |
tpyatdv ‘ il Lt tel e a0y

Né& eUpebij & &piBp. uécos, 1 -ru-mxﬁ drmdxhiong mi <] dpteubs T EpyaTdv, o | dmoiot
Eyowv fiuepopioBiov a) &mé x — o kws X + o xkal P) &mwd x — 20 fws x + 20. Na yivy 8t xal 16
Sidypappa Bixgmopds.

446) Ta dvaoTthuata kal T& Pdpn 346 &rdpwv xaTavéuovton g Ekfs :

Jl Bépos els kg iso_ss 55-60 60—65'65—70’70—75 75--so’smss'ss-9o 90-95 }95-100
| Apues 2 | 3] 12| 38| 88|70 | 55| 3 |2 ‘ 3 |
&Tdpwy | | ; | | | |
I | | i
— = ! :
A""“’;‘““ 150—1551155~1605160—165!165-1701170—1TS;]?S—iBOJ 180-185 185190
- bee | |
| s I | I
| s p S & wiueggdpgapeiaigpn Attt e
drdpev ‘ |
| ‘

Né& etpedoly ol pécor, al Biakupdvaes, al Tumkal drokhloes els txdoTny oepdy kal v&
teTaob el molav elvan  peyodutépa #)  Bixomropd.

447) Avo tuyaion peTaPAnTal bvegaviobnoav els Jelyn dvrioTolywy Tipdyv s dxo-
Aovbws :

rmENT R
5 |

5.6 ?|8|9|101
v | 4 5 =5 I A

4| i 3 4

Né Umrohoyioffi & ouvtrAeoths ouoyeTioews kal va yivy Td oTikTov Eldypuuuu TV
10 TolTtwv fevydv.

448) Té& ypnowomomBévta Umd was ttaipelas kepdhana drl 10 Siaboyixa Ern s kal
T4 4dvrioToixa képdn BiBovtar ds dxoAoubus :

:— i ‘ | |
[Frftiipahiin 10 | 20 | 30 | 40 ‘ s0 | 60 | 70 | 80 | o0 | 100
elg txarop. Spy. | | | | | \ i 1
I | |
Kép&os =2 | % 8 5 | 10 15 | 14 l 20 | 22 .30
els txamou. Bpx. | | | | | J

Né( eUped) & ouvTeheoThs ouoyeTioews kal v ylun Td oTikTov Bikypapua.
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MEPOEX TETAPTON

KEQAAAION XVI

TPITQNOMETPIA

133, TO FEQMETPIKON TOEON KYKAOY KAl H TQNIA, MONAAEE METPHIEQX
*Erri dvde kirhou kévtpou O (Zx. 133.1) &s BewpTowHEY Soff\nuﬁu Rl B,
epigépeiav el BUO Téka, TO AMB kai TS B’I\?A,
Al fuievdeion Oa kal OB pilouv BUO ETTIKEVTPOUS Yff.ifxs' tés < (O, OP) xai
< (OB, Oa). ‘H < (Os, OP) quTioToIxEl els TO TOtoV AMB xai 1) < (OB, Oc) €is

16 1éfov BM'A. *Edw pavTaofiduey &11 7o érrieBov ToU KU-
KAou oTpépeTan TEpl TO O xara Ty feTiKNY  Qopav TEPL-
aTpogfis, &Tav To anueiov A woUpevoy Bloypayn TO Totov

~~
AMB, 1) dxris Og, tmi Tf
Blaypdyn TO EowTEPIKOV THS dvTioToly
vias (O, OB)
‘H anbiutos TpR Evos Totou (R was yovias) elvaa &
Adyos ToU Tétou (fi TS yevlas) Trpos THY uoucliad TGV TOkwY (i TéV ywwnidv).
‘H yewperpia Bi18aoKEl &11 Adyos Buo Totwv -l:ﬁg aUTiis dkTivos looutan
Tpds TOV Adyov TGV dyTioTolywy EMIKEVTPWY YVILV kol Emouéveos : Ev toEov
Exer v abtiv andrvtov upny pé MY avrigrougov tov Emikevipov ywviav, dav
Bepaing g povig petpiot®s @y oEmv rappaveral 10 tofov 10 dvtiotoryoly
gig Ty povada t@v yoVIdY.
"Ex TolTou Emeten, OT1 TOEX dutikovTa s KUKAOUS WE BlagopeTikds dKkTi-
vag Eyow THY aUThV &mroAuToy T, Ti 61rmsq&}\?\ws Aéyoluw, ixppddovron
Tdy aUTov dméAuTov &pibudy, STV gymioTorxolv els Ty aUThy fi {oas Emikév-
Tpous ywvias.
To péyedos tvos Totou EKQP
1) p¢ T pfikos TOY, &rav el
2) p¢ Thy &méAuToY TIUAY TO

T& onueia A kai B xwpiloww Ty T

s omolag KETTA 18 onueiov A, Ba
ou EIKEVTPOU YW-

Iy, 1331

GleTal KaTX BUo TpoTTOUS :
vau yvewaoTh fi &kis Tou kai
v, T Poneiq wds dpiopévns uovaBos Tokwv,
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7 omola dmwéAuTos Tiun Bév éapTGTal GO THY AKTiva TOU KUKAOU.

Bagiki) povag petpficews TGV ywwidy elval ) opbn ywvia. ‘H dvtioToiyos
; TOU KUkAou. ‘H &pbny ywvia UmroBiaipeitan eis 90 ioag
yowvias EkdoTn €k TV oTrolwy AédyeTan pia poipa, cupPolikdds 1'. ‘H ywvia
mds polpas Utrodiaupeitan els 60 foos ywvias ékdoTn ek TEY dmoilwy AéyeTal
£v hentov, oupPorikdds 1’ ‘H ywvia tou 1" UmoBiaipeitan els 60 foa pépn, Exo-
oTov éx TGV Omoiwv AéyeTon  Ev debtepov hertdv, oupPoAikéss 17,

"AvTigToixws TO 1/4 ToU kikAou Umodiaipeitan els 90 foa Toka ExaoTov
ik T@v dmolwy Abyetar pia poipa kukAou kai gupPBolileTon dpoiws 1°. To Tokov
Hids poipas UmodicipeiTon els 60 foa pépn EkaoTov éx TGOV Omoiwy Afyetan Ev
Aertov (17) kUkhou K.T.A.

povas Tékwv elven T

'H Beopnrikn povag toEmv fi yoonddy elvon T0 diriviov (rad). To axtiviov
elval Tétov ToU drrolou 16 pfjkos elven Toov Trpds TO PFikos THS dKTIVos ToU KUKAOU
els TOv Omolov dvnker TO Toov. 'Emions ywvie évog dktiviov Aeyetal 1) dvTi-
OTOIY0S ETIKEVTPOS Ywvia Tol Tétou Evds dkTiviou (Zy. 133.2),

‘H &méAutos Tipt Emopéveos Evds Tékou els dxtivia elval
6 Adyos ToU unkous TolU ToZou ToUTou Tpods THY dkTiva. TO
ufikos s Evog TOtou KUKAOU dKTIves p ouvBéeTal pé THv &dAu-
Tov TNV & ToU TOfou TouTov els dxTivia Si1x Tfis lodTnTos:

3
szp-f:.»f.:c(p

'Eqv s povdas peTprioews Tou pnkous Anelf 1 dxTis p,
TOTE TO WfjKos ToUu Tokou exppaleTan pe Tov auTov apifucv

g pe Tov Omolov EkppdleTal kai fj &mwdAuTos TIUT Tou Totou
ToUTou els dkTivia.
~ . , v ¥ 2
"OBev 1) &réAuTOS TIUT) TOU KUKAOU GAokAT|pou el drTivia elval -? = 2

‘O dp1Bpds abtos 21 ékppdlel Eions TO ufikos kUkAou drTivos fong We THY povd-

y \ ~ g i v ~ -~ v aLs
&a. ‘H &mwdAuTos Tiun Tou fjMikukAiov elven T kai Tou }} TOU KUKAoU elval -

"Avagipoper €86 kal plav povade, Thy dmoiaw EoydTws XpnoiuoToloUy Els

\ ; ; \ : Ty e o= iy 1 ~
TAs OTPATIWTIKGS épapuoyds, TO mil*, To dmoiov iooutan pé TO &0 TOUKU-

Khou. ToUTo KaT& peydAny Trpoctyyiow loolTon ué ﬁ() rad.

Edw B1& TEV o kol B TEPOOTHOWHEY TAS ATOAUTOUS Tiuds ToU auTou To-
tou ut povabas dvTioToiyws TO dkTiviov kail THY poipav, tav TO Tokov TouTo BEv
UtrepPaivn Tov kUkAov, 8& loyun 7 lodTns :

a _
w180 125y o

(*) «remooTove xxTe ThHy EAAMMATY oTpxTILTIXAY Cpodoyiav.
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, Suo TObx &S peTpnBouY BiaSoyikdds ut Hovdbas TO diviov kol
it 4 af GmréhuTol Tipal TOU pTov Tokou els dwi-
. | uotone Kol el i ToU BeuTépou TotoU &uTioTolyws elg dxriviet kel pof-

1 Kol pol ; ; & . r -
pas ‘HuYEfouSs'rpicx 5150kel OTL O AOYOS B/ vokoov Bk AleprbmeomaiTny e

Th poipav. “EoTwoav B¢ o kal

s el e g Wiy
v&Ba peTproERs Twv Kol G e b u
a
y ' R Ve (o — = —— fve-
‘Edv ¢ Beurtepov TékOV Angbq To Aoy KUKAOY TéTe M) lodTng 7Y
b .. 5
S5 — Iag

G & : & eUploKpEy TNV &TOAUTOV TI-
‘H iod oy (133, @) nds dmiTpeTrel V& EH
v é 'H lﬁégTLﬁdz\:Z':bs ('rr‘w wlaw B TEOV LovéBey, 8Tav yvopilwuey T &md-
unv Evds TOLO ¥
Toy TRy Tou g TPOs TNV GAATIY-
- : INON TOEON.
134, [IPOEANATOAIEMENOE KYKAOE KAl [MPOEANATOAIEMENON TOZON
o £k Twos OTUEioV A tvos kUkhou (ZX.
*Edv & sy gnueioy dvax@pfion pela e ;
134) SEL’T::;:'\;!KL?;C:;‘J’Q:\PH )y TOY KIVOUHEVOV b’ atTol ket 800 gopas. Ex
i 4 : Yy THS KIWNOE-
&y opdv TouTwy T GUTIOETOS oS T q>°|?“va::15“ﬂ V‘:op&
ws TéY Bewet@y TOU dporoyiov éElCETm -rg: BelkTédV TOU
s ~ s ohy THG KIWIOEWS
kad 1) oupguvouga He THY “ i inon,. &
poroylou ds dpvnriki @0pd. mufiflﬁéfipfka Kiux?ﬁ
g T ) gvas Kal : b
op1obi} N Gemikn, éﬂou{;vog. Ty BeTihiy QOPSY ouppoAilouey
voBEUdLEVOY HE ¢ ouppodov +. Tx. 134

AbyeTan mpocuvaTolloh
els 16 oyfiua pt fv Peros oV
SAVATOMOHEVOV, kuKhou Eyeopey BUo ompela A

Edv Tdpa il 805 ﬁpoo'rou SpllovTan TECTAPX Téka TpOTAVaTOAIOHE-

i Sre trrl TOU KUKAOY TO oy i =
kai B, ToT vt MIKPBTEROY ot kUkhou 81611 v TOokov AB elven
KOS onuelov eiTe & ToU A Tpds To B eiTe &k ToU
o ToEa AB @ B Aeyduevov fenikov t6Eov AB,

va, TV dmroiwy TO Wi ) =
Suvatov vd Siaypa@il UTO KIUT]‘To;‘J
B mrpos o A. ‘Opifovren AoV v —

Tr;o:\ ;D Pi?f ol & GpvnTIKOV tokov AB, oupPoNifouevoy ke AB -, kod”
oupPoA(ouevoy pE J

. r ' P‘ P a OAIQHéVOU K\'JKAOU ch [6 &ANo
: TO év EuXEl MV GeTIKNV q)o Gy TOU T oaoVaT

l 3 ) EVIKOS v léEOU IIPOUGUﬂ o?\louéuov Uuuﬁolig eTOl UEsA B
TV GPVNTIK V. [ T &

BA. o fv BeTikdv BA" kal T &ANo &pynTIKOY

‘Opilovten Emrions §uo Tota B
BA-. Aidx v& iy yivera 0‘0}‘)(\1&3;1; Bu
B cupﬂo)\mf.’bs AB, dia
) o fov A Aéyetan @ 1j apyi Tou
pévoy Téfou AB, TO OMPEIOV £
e

vapeBa vér Branpriowiiey TO Svou: YEwpe-

16 pikpéTepov BeTIKOY TSEOV AB".
tpLkov togov A

ToU TrpogaVaTOAld
F?B kat To B : to mépag TOV At

Tvon pepikal TEPITITOOELS
\ Srrov OplofErTa ToOla €
T& kot TOV duewTEp® TP
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YEVIKWTEPWY TposavaToAouévey Tkwy, Téy &molwy To ufikos Suvartan v el-
val pEYOAUTEPOV TOU prikous Tol kUkAou.

Mpdypor, &v pavtactidpey & KivnToY onpeiov &l ToU KUkAou (Zx. 134),
ToUTO BUvarrtan dverywpolv &k ToU A v ExTeréon picv fi mepiocooTépas TeploTpo-
Pas Siarpéyov TOV kUkAov ko v aTapaTon els 76 B.To kiwntodv Touto onueiov
Slvarar pddioTa va kwnbi ko Y BeTikiy | THY &pvnTikiy gopav émi ToU
KUKAOU.

Ta olres opifdpeva Téka Aéyovron pryovopetpika  Toka, xal oupPoli-

fovtan émions &1k ToU oupPdAou ArE

Ak va elvon Bpeos v TprywvopeTpikoy Tokov TeAelws dpiouévov, TPETTEL
va yvwpilwuey 1) v &pyfv Tou, 2) To mépas Tov, 3) THY gopdv Tou Kal 4)
TOV GpiBudy Tév SAokAfipwy TrEpIaTpoedY, Tas drrolas TS KIWMTOV oTueiov Bié-
YPOWe uEXPIs &Tou oTapathon el To Tépas ToU Tétou. ‘QoTe :

Tpryovopetpikov to6Eov ,{]\'3 Léyovtar Gha ta toEa, ta Omoia Staypagpovrar
Und kivnrod anpeiov, to droiov avaywpoly £k tod A Kai KivoDpevoy tavrote Kati
™y abtiy gopav, Oetiknyv i dpvnuikily, otapati eig 10 B mpiv ij datpién 6h6-
KAnpov tov kiKkhov ij dod dratpéEn nponyoupiveg Eva dxéparoy apiopdy koki.mv.

OUres éwoouper &T1 Umdpyour &meipdpiBua TplywvopeTpikg Téla Exov-
T THY oUTHY Gpy T kal Td aUTO Trépas, BeTikd Kal &pynTIKE.

135. AATEBPIKH TIMH TPIFQNOMETPIKOY TOZOY,

“Ev TprywvopeTpikoy ToEov, dmreog v YEWHETPIKOY Totov, BuvaTal v pe-
TenBf ué plav & TGV povdBwv Tékwv. ‘O &pibuds, & dmrolos B TTpOKUYT KaT’
auTov ToV Tpdmov elvon 1) &méAuTos Tipn, f dmola Xapaxtnpiler T6 péyedos,
GAN" Sx1 kad Ty popav ToU Tékou, "Edv Tawpa els THY GTTOAUTOV TIUNY TTPOTE:-
Ecoper 1O -+, tav T ToEov elven BeTikdy Kad TO — tow aUTd elven dpynTikdy, Exo-
Hev TNy Aeyoptvny dlyefpikiiv tpuiy ToU TrpocavatoMouévou Téfou.

Abo mpocavatolwopiva tole tob adrod wikhov ij lowv xokhiov slvar
foa, 8rav Exovv tiv abeiy ahyePpiciiv tyuiy. Elva avrifera, v ai dAyePpixai
Tipai Twv elven dpiBuol dvriBetor.

TS mpocavarohopévor Tékov, TO ooy Exer dpynv kol mépas TauTI{O-
ueva PO Tdoms TeploTpogis, elvon Ev ouuPaTikov Tékov, Aeydusvor pndevikov
to%ov. ToUTtou dhyePpikfy Tipn elven & &piBuds 0.

'Ex Tév dvetépw ylvetar pavepdy &T1 TO mpocavaTolioutvoy TdEoy Suva-
Tou var BecopnBi s pia peTaPAnTh, 1) dmola BivaTan va APn SAas Tds Tpaypa-
TIK& TG, 1) dmola SnA. BiaTpéxel T oUvodov R, v Bewpfiowyey THY dAye-
Bpikhiv Tipfy Tév TéEwr s fva &AM ouuPolov Bid Td Tofo.

136. TOZA EXONTA KOINHN APXHN KAI KOINON TNEPAEZ.

"Eore mpogavaToAiauévos kikhes kévtpou O (Ex.136), A 7 dpy N T&V T6EwWY
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kad M Tuydv onueiov ToU KUKAOU. *Eorw T 1 &hyePpixny Tiuf Tol mpdTou BeTi-

KoU Tétou /{R/l "Eaw ¢ elven ) &AyePpix) Tiuh ToU feTikoU kukAou () dmréAuTog
Tipn T TéEwv elplokeTon TAVTOTE elg TNy alThY povéda: els poipas # el durl-

ry i1 » \
Via), TéTE T BeuTepov BeTikdy TOLOV AM B Exn) SAyePpixiv T ¢ + T 7O Tpf-
Tov 2¢ - T, T& TéTapTow 30 + T Kl yevikdds ) GAYEPpIKT Tiph TOU TuyévTos
BeTikoU TOEOU A?/‘I ¢ SiBeton UTO TOU TUTTOV KC + T, 6Tov Kk elvan BeTikdg
&képaios 7 & 0. 8 AT
‘H &hyePpikh Tiph TOU TIPWTOU GRVNTIKOU Totou AM B&elvar — ¢ + T,
v A(f\\/‘l 8¢ elvan — 2¢ + T, TOU

= . 3 U TOto
ToU Beutépou pynTIKO U —dc + T kal yevixds ) &\ 4

TpiTou — 3¢ + T, TOU TETAPTO

gl

(]
7 \!
YeBpIkA T TOU TUNOVTOS &pynTIKOU Téiou AM B BiBeTan i
O ToU TUTOU KC 4 T, SOV K KATOI10§ &punTikds  dicé-

e i v SAyeppt-
'Edw hoidy Si&x Tol X TQpOOTACWHEY Ty ahyepg

& R v Ex. 136
KAy Tiwfy ToU TuyévTos TOTOU AM (BeTikou T &pynTiKOU), X

altn 0& §iSeton Ymd ToU TUTTOV 5
x=kc+ T, KE

‘Edw dos povds Exn Angdii TO drriviov & TUTTOS YIvETal ¢

L x = 2'i<-1"r—+7";,] o ®EZ, u(a)
"Edw dog povds EXN Angbfi ?1 uoipat & T\'Jﬂcs yiverou : ‘
x'= 360" K ‘l" T"u ‘ ] KEZ (G )
ey -'), Stv peTaPddreTan, &v dvti TiHS T AdPe-
¢ &Ahou, GAA" Gpropévou, Tdlou
I g hu Evos STTOIOUBN TTOTE ;
uev Thy GAyePpucty TN

. 5 ‘ SUTIKQTAOTTOWHEY TO K HE K-
: Sy QU TEpw TUTTOV ()
TAr:;)vﬂg:l}éﬁg;n; ;;ngl:é;?:: 7, .y, T K, 6 eUpwiey THY EAYEPPIKTY TipdY T,

Ciia et :
tvds #k Té Tokwv AM. ©& elva AorTrév

‘H iodns (a), kai &wions fi (a

x=2km+ T
7, =27+ T :
i ’ Y WéAT ¢
kel &k ToUTwy Bi° &pauptoEws KATS
X Ty = x)m, OBnA. =2\ + T

e
¥ gt évou Tétou AM.
i : 5 Tiuf) TOU TUXOVTOS GAA Gpiop '
&mou ASZ kel 7, F-}I”?T'rgud?;;ei E;:T}si&t iy GAyeBpikhy TiHY Tol TUXSVTOS TpOo-
TUTTOS AO
: ‘Fou A?/l Srav yvepllwHe Ty GAyePpixty Ty Evds TuxSv-
QVATOAICUEVOY TO i

Tog &A)’ dpiopvou TOtOY AM.

: ik . al
O aUTdg TUTTOS gﬂrygdq,::_-ro — 360°k, XEZ
b
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AnAc8n: Ao TpiyevopsTpike toda, T omoiu Exouv THY abTiv apyiy kai
0 abTd mEpag Slutpi:pouv Kata axépatov apilpov kikiov,
"AvTIoTpopws : &g Bewpriowuey Ev Télov A(R/! ME GAYEPpikTV Tipnv
T =2KT+ T
xal Ev &GAho Tolov ué Thv iBlav dpyfy A kad dhyePpikiy Tiuny T, Siagépouaaw
THS T, kaTa dképaiov moAAaTAGoIow THs dAyeBpikfis Tipfs SAokAT|pOU KUKAOU
EoTw kaTa K, 2. TOTE, oULLIWs TTPos dou dvwTépes eitropey, B elval :
Ty =T + K 2 = 2k + T + 2k, T = 2(K + k)W + 7T
kol emeibn) k€7, keZ 6& elven kal (k, + K)EZ kai Eroptveos
T, = 2AT =+, AEL
‘Ex Tfis TeAeuTadas TauTns loaTnTos auvdyoper 811 TO TOEo E dAyePpi-
kv Tipny 1, 8& £xn Tépas TO onueiov M.
‘Qore: "Avaykaia xai ikevi] ovvBfxn Tve §bo nposavatohiapiva to&a tob
avtod KUKLOU Exovia Kowiv dpynv £xouv kai kowvov mépag eivor ai aryefpikat
Tipal twv va dwupipovy kata 2kn (360%%), drov keZ.

137. INMPOXANATOAIZMENH I'QNIA. AATEBPIKH TIMH AYTHE.

‘H tweola 1fis mpooavaTohiapéung ywvias kol THs dAyeRpikiis Tiufs Tns
Has elval yvwotn dmd Ty ¥y’ Tékw.

‘H dvnoToikia, f omoia Umdpyer peTaly Téfou kal Emikévtpou yovias
TOU W&s EITRETEl VX ouvdéowiey TNV fwolcy ToU TPOCAVATOAITUEVOU TOEoU
e TNy Evwolaw TR TposavaTohioubvns ywvias (. 137).

I'Ipo:yuaﬂ OTav TO KIVNTOV onusior dvaywpolv ik Tou A Blaypagn T TO-

tov AB ToTe 1) Huieubeic Oa Bloypdger TO E0WTEPIKOY THs TPOTOVATONIOE
s ywvias (Oa, OB), Ty dmoiav cuuBoAiloper wt < (Ow, OP), &v elven BeTikn
) pe L (Oa, OB), v elven &pynTikA. ‘H TeAikn) TAeup Op Tfis pooavaToAl-
ouérms ywvias, Tpiv fi AdPn THY TeAikfy Béow alTiis OB Buvatal va EkTedéon
wiav f| TepioooTépas TeploTpogds Tepl TO O Kai v Biaypd-

/6 yn olTw eva dxépatov dpiBudy BeTikidy 1) dpunTikGY TAN-

pwv ywviddv. Yrapyouv trropéves dreipépifuol TpooavaTo-
gMopEvon ywvian éxousar THv aUThv &pyIkny kal THY av-
THY TeAkny TrAeUpcy. ‘Ekdon dk TGV ywvidy TouTwy Aé-
YETQL : Tpryovopctpiky  yowvia. Katd toUTta Umdpysl uia

&ugiMovoonuavTos dvTioToly o peTaty Tév ToEwy A.I\B Kal TGV
TpogavaToAlgpEvwy ywuidy (Oa, OB)
H HikpoTépa BeTikn ywvia <0 (Oa, OB), A dmola dvTioToiyel els 0 To-
Eov AB ,» MuTropel va dvopactii yeoperpikl ywvig, f) dmola oupPoAileTan
% (Oa, Op).
‘H &hyePpixn Tiuf x Tiis Tuxoons TprywvoueTpixiis yovias pé dpyikiy
mhevpay Ox kai TeAikny mAeupav OP Bibeton Tpogavéds Umd ToU TUTou :
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— o + 1, 6mou KeZ kai T elven f) dAyePpikhy T wids

X" = 360% 4 T° 7| X : ) 2
&y TouTww, GAN dpopvns, els poipas f) drrivia,

drrolaobrmoTe &k TGV YWVl
Auvépeda B¢ v& BIXTUTIQCWHEY Thv E§fis TpoOTATIY !
"Avaykaia Kai {kavi ouvvOnkn, fva 800 TprywvopsTpikal yovia Exovear

KOWVi|y dpyukiy Exovv Kai Koy TEMKIV TAEVPAV, glvar al dlyePpieai tpai
k), dmov KCZ.

tov va Sragépovy Kot 2kn (360"

Auvdpeda ETroptvws V& petaPatveopey dﬁlacpélpmg &mo T& Téka els Tag dw-
TioTolyous ywvias kol dumioTpdgws Kal vc} éjg:ocpuo_(,wpfev s"!o; ExaoToy K TEW pe-
YeB&Y ToUTwy TAS HETPIKAS i516TnTas Tou &GAAoV, 51?1'1 év wpoccmcrro?\lm{évou
Totov kad 1) duTioTOIKOS TTpOO'(xua'roNO'pévn yowvia Exouv mavToTE THY ClThY
gopav.

Avo Tplywvouﬂplxai yovial
Tipad Teov elvan &pibuot &uTibeTol.

Aéyovran dutifetol, étav of ShyePpixal

138. AGPOIZMA AYO H [EPIELOTEPQN MPOLANATOAIZMENQN TOZQN

ooy TOEwy Evos kUkAou dvopdlopev TO Trpooa-

“AB 0T aVOTOMOHE i
polopa TP Ppixty Tigfy T &Bpolopa TEY dhye-

voToMoptvoy TéEoy, TO dmroiov ExEl WS aAye

Ppikédv Tipgy Ty SobevTwv TéEwY. ’ ‘ .
u kodloTerran avepov 6Tt Bix T6 &bpolopa T&Y Trpo-

{ tEfjs 1B1OTNTES.
poccxuorro?\wuévmu TéEwy va dAAGLwpey

*Ek ToU &piopou TOUTO
cavarTohloptvwy Tokwy loxuow &
1) Auvépeba es & &bporopa T

THY ceipdy TGV TpoTBETEWY.
2) Auvépsbor va AYTIKOTOOTTOWHE

Tou &bpoiopaTds TOLV. ‘ N e o
3 &bpolouc Trpoo"ducx'ro?\lcruévwv Tétwv AB, TA, AE,. ..

Aidx véx elipopey TO s o ;
5 il . AauPdvouey, T.X., GO TOU onuelov B &v Tétov
keBioTddpey adTd Sradox ke WP sl

X 2 e ¢ v Tou A

BZ dhyePpikis Tipfis fons He T = S e

. " T . o AE k0. To Tofov, TO Omoiov Exel ol

57 ions wpos THY TOY - \ B

s s 1 510 o o v

ki Ty {ony mpos To GBpoIOHS v GAyePpIkdy Ty Tév SoBévTeov Tokev,

i ey ¢

&nA. B& elvan To &Bporopd Sy 231) €l {o onpeio el KUKAOU TTROTQ

) i - elven Tpi =
Olre, m.X., OV A, B, F(Ex 134, O'Ea\_\‘ ) y i )
& Tofa AB xat é}, TéTe &Oporapd Twv elvan TO Té-

v doouabymoTe TpoobeTious B Evag,

~,
al &md ToU onuelov Z év Totov ZO

varTohapuévou kol GecapnoWHEV T

fov AT, *Edw « elvon fy GTOAUTOS T TOU yewweTpixol Tokou G

73N, ; E
TOg TIPf TOU YEWHETPIKOU <6kou BI, ToTE 0 §xc;>\uev : ‘ :
&hy. wh o0 AB = a-+ 2cm GAY: iy ToU BF = P + 2¢'m, Emoutvas ) &A-

(el o

el AT, 6mou AEZ.

' » 100 &dpoloucros Al = P +

YEBPEFS ;Lilé’;i: éﬁsi'reivov'rm gUkONws Els TS mposavaToNiouEvas yevias.
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139, MPOZANATOAIEMENH I'QNIA EIX KANONIKHN OEXLIN,

Aéyopev 671 pla TpooavaToAiopévn ywvia eUpiokeTon els kavovikiv 0oy
s mpos Ev aUoTnua dpboywviwy ddvawv x'Ox, 'Oy, G 1| kopupt Tiis ywvias
eUplokeTan elg T dpxnv O tédv &Edvwy kal 1) &pyikn hevpd auTiis TauTileTal
pe Tov femikdv Hudlova Ox, Stav 1y ywvia TomoBetndij Emi ToU EmiméSou TGV
&Edveov.
At va TomoBeTriowpey, )., yYwviav 240° g5 ka-
vovikfyy Béow pavtaldpeda 611 A fuevbela OX oTpége-
Tal katd T BeTikny popav katd 2400 (Zy 139), dmoTe
_, OpileTon fy TeAid) mAeupd THs ywvias. OUtws 1 ywvia B
Exel &hyePpikiy iy 240%. ToUto oupPolilopev ypa-
povtes P = 240° ‘Oupolws el 10 alto oxfua elval
o = —60° xai 6 = 30°.

Iy, 139

"Edv pé kévtpov Thy dpyfv Tév &bduev kal drTiva TV povdda ToU wrikous
Yp&ywpey kUkhov (Zx. 139), ToTe €l EKdoTny TGV TTpoTOVATOAMTREVWY YWY,
mX., 8, B, a dvnicToiyel &v TmpocavaTtodioptvoy Tolov, TO dmoiov, dmws yve-
pilouey, Exer Ty abthy dAyePpikiv Tipny pe THY dvtioToixov alTou ywvioy.
At'abtd duvapeba adagdpog va dpuhdpey mepi yoviag a ij nepi 165ov }&’"i, 10
droiov dvopalopev Erniong té&ov a. *Emrions Exopev Ty yoviav 8 | 10 Tokov 6
(= AP").

‘0O dvwTépw KkUKkAos, &aTis ypdgeTtal pé xévtpov Ty dpxny TV &tdvwv
kal dxtiva Ty povdda, Adystan tpryovopetpikds kikhos. To onueiov A (1,0)
Ayetan dpyny v 165V ToU TprywvopeTpikou kUkAou. Elvan To onpeiov, els O
omolov & TprywvopeTpikds KUKAos Tépvel Tov dtova Ox. To OA elvan #ropéves
16 povadiaiov Sidwuopa ToU dfovos x'Ox.

‘H dkis ToU TpiywvoueTpikoU kUkAou, 1) émola SiépxeTan &ix ToU mépa-
TO5 tvds ToEoU ToU kUkAou, AéyeTan tehikn) dxtig Tou Tofou TouTou.

ALKHZIEIZ

449) Na& Tpéyete &v dxtiviov els poipas.

450) Na Tpéyete plav polpav el dxrivia.

451) N& Tpbyete 450 els dxtinia.

452) N& pbyete -11% dxtlvia elg polpag.

453) Mt THv PofiBeiav poipoyvwpoviou v kataokeudoeTe els kavovikhy Biow ywviag
txoUoas dAyePpikds Tiuds :

o) 750 p) 1259 y) 210° &) — 1500 £) 3300

oT) — 3300 [) 3850 n) —3700 ) 9300 ) —9550

454) N& dvagépere mévte yowvlas, al dmola els kavovikhy Béow Exour THY alThY TeAkhv
mAevpdv pE Thv § = 100°
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455) Al ywvien g = 125" kai ¢~ _ 955 glg kavovikhy Btow Eyouv THy abThy TEMKHY

mheupdy, N& EEnynoeTe <6 Biati.
456) N& tEeTdoETE v al ywv
Thy abThy TEAIKNY TIAEUPGY.

[ %= 9300 xed A = — 870" Eyouv, els xavovikiy Béow,

140. TPIFQNOMETPIKAL EYX (PTHEEIE TONION.

4, # smola Acupavel TIHAS &trod 16 ouvorov [ SAcv

*Eoteo 0 pla petaPAnT . = .
v. T& gToigeiar Aormrov ToU cuvdrou I elvan ywvian,

TEW TPIYWVORETPIKEY L
&y &pifuoi,

e 8 o0 oUVSAOU r q)aUT():C('juEed &71 TiBeTan els Kavovikiy

ez
: sy, 140.1

o ot sty (Sx. 140.1).
: 2o &y dpHoKaVoVIKOY SuoTNBa & [ D).
il E:OEg':f'-IrTc‘:;OIE’ E\:( 5) Tuy DY OTPETOY i THg TeMkiis TTAEUPAS TNIS yeovlas & Bid-

opov TS &pxis ) 3 ‘ )

Pop ! T}O Pzgouev fpitovoy Tiig ywvios 9, oupBohikes nué, Tov Adyov Tis

TETcyugvn; T;G TUXOVTOS onueiov P Tpos & piiKos p Tis BievuouaTikdis dkTivos

OP. "Qote elven £ Spiokov s
nud = o=

prrlons TUXOYs onueiov P’ ') ¢l Tijs TEANeRis TTAEUPSS

"Ag AdPupev AR, mrpos Tov BobévTa Spiopoy B efvan

qopov TS dpxﬁg.iuuqacbuwg

THs yoovias 6, S L )
JucpaTikiig GiTivos Tou onuelov P'. Tla-

=Y., meu p 70 ufikos Tiis D1
P

pacrnpoUpey 8uws OT! OF' = AOP wad Frropéveds 0% txooney X' =Ax kal ' =My,

! pi 20 VRSO 100 SO o = k.3
b iy iriolest BETEY RTESE SR o SR R
v ;
Koyt il du ¥ xTA c
6. mL o X , . ¢ _ Y. Touto onualvel 6111 Tt v
Aotov 6T toxvet - = nu f) TipR TOU

TapaTnpoUHey
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Adyou 1" Btv etapTaTan ¢k Tijs Béoews Tou onueiou P i TS TEAIKTS TTAeUpES T1iS

yovias, GAAE povov ék TRg Béoecos QaUTTiS TaUTNS THS TEAIKTS TAeUpds, SnAabn
tk ToU peyéfous Tis ywulas 6.
“Qoe : elg ke yoviav 8 (8el) dvTioToryel els kal pévov TpaypaTikds

&piBuds ¢ ) Tipf ToU Adyou 4;'—

‘Opileran Aormév £8& pic ouvdptnols wt Tediov Opiopol 16 ouvorov [,
OV TEV ywvidy, kad meSlov TGy & olvoioy TPAYHaTIKGY &p1fuddv, ) ouvd-
ptnols = nubd.

2) ’Ovopddlopey suvnpitovov Tijs yewvias 6, oupPoiikds auvd, Tov Adyov
THS TeTUNUévns ToU TuydvTos onueiou P NS TeAIKNS TAeupds THs ywvias Tpos
TO ufikes p, Tis SlavuopaTikiis dktivos ToU P. "QoTe elvan £F oplopou :

ouh = 2
P

"As AaPwpev dAho, Emriong Tuxdy, onueiov P (x" ") &l Tfis TeAikfs TAEU-
pas TAs ywvias 8, Bidpopov THs dpyfis. Zupgavws Tpos Téy SoBivTa Splopov

elvan npd = -%. + Maparnpovuey Sucs A 671 loyue -;—- = : s &rrep onpadver
6T 1) Tiuf) ToU Adyou ; Btv étaprdTan k THS Btoecs ToU anuelou p tmi ThHs Te-
Alkfis TAeUpds, AN E THis Béorws alTHs TaUTNS Tfis TeAIkfis TAeUpds, SnAabn
&k ToU peytfous Tiis yeovias 6.

Nate : els kdBe ity THs peTaPAnTHs 6 (Bl) dqvTioTolyel Els kal pdvov
TPy aTIkSs Gpifuds ¢ A T ToU Adyou ; .

‘Opiletan hormdv pla ouvdptnols pé mediov dpiopoy 1O alvohov I, BAcwv
TRV ywndvy, xai mebiov Tiudy &v glvolov TpaypaTIKEY &pibuddv, 1) ouvdpTnoig
6 - guvb,

3) 'Ovoudlopev Epuntoptvny ds yowvias 8 (8el), oupPorikéds eph, Tov
Aoyov Tiis TeTaypévng Tol TuxdvTos anueiou P Ths TeMkiic TAeupds TS ywvlag
Tpds THY TeTunRévnY ToU onusiov TouTou. ‘QaTe elvon #F Spiopoy :

£ = x# 0

W
X

"Av AMdBowpev &AAo, érriong TUYOY, anuetov P' (x', ') émi TS TEAIKT(S TTAEU-
pds Tijs ywvias 8, Sidgopov TR apxfis, 8 elvan cupgcovas Tpds ToV SobvTa

Oplopdv e@f = % "ARN, G5 eiBopey dvwrTépow, loyUel —:’— = %—, TO &Toiov on-

Hadver 871 1) Eparrropdun wids yoovias, Stv EapTiitan & THs Béoecxs ToU P Emi
Tis TeAlkfis TAeupds THs yeovias, dAA’ Ek Tfis Btoecos aUThs TaUTNS THS TEAIKTS
TAeUpSs, BnAadn ék Tou ueyébous, Tis yovias 6.

Enpcinarg. "Otav x = 0, & Adyos y/x Biv Exe1 Evvoray TpaypoTikolU &pifiuol kal Ero-

Hévers Bév Spileren ToTe dpamrropdvn Tis ywvias 0. TolTo gupPaiver, m.x., S1x Tés yeovlas, al
dmofan Exouv dAyeBpikiy Tipfv 907, 90°, 270",— 270, 450° k7)., Smraws B& [Swper kaTwTEpw.
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“Qore : elg k&b TIHAY TS ueTaPAnTiis © &urioToryel els kol povov Tparypa-
- e is L A ¥
TiKdg GpiBuds, N TIKHT TOU - AOYOY

5& wlo ourdpTnolS ué Ted
ouvoAoV TPy HATIKEY &p1BucdY, T ouvép-

‘OpileTon Aorrdy kal & fov &piapot T olvohrov I,
Ehasy TEW Yoy, Kol reBlov TRV BV
ol § — eqf. 5

4) *Ovopdlopev suvepantopEvy WS ywvios 8 (?Er), ovuPoKdds oe,
oy Adyov Tis TETUMHEVNS ol TUYOVTWS cngelou f’. i Teikfis WAeUpSs TS
yevias, Tpods THY TeTary BEVIIY ol omuelou TOUTOV. Qore elvon EE dpiopou :

X

ogd = y#0

1 Bty dplleTan cuveparrTopévn Bid ywvlas, T&Y
v EXEl reraypivay 0. TotaUtan yewvion elvai,
1800, 360° kTA. Smreos B& 15opey xaTwTEPL.

oUpey xal TEAWY 6

ehikfis TAEUPES T
0°, 180°, —

Enueioog. Mapatip
Srrolew To Tuydy onuelov TAS
mr.y., al Exovoal &hyeppikiv Ty

EwéAoos PAtmopey kai £58 gm # ouvegarToptvn WS ycoulon BEv Beapil-
Ton K THis BEcEWs o0 onuefoy P ¢t Tis TENIKAS mheupds Tiis yovias, AN Bk

ToU peyéfous TS yoovias.
“Qare: els kéde Ty TAS peropAnis @ (6 €l GuTIoTOIXEL elg TTporyaTIKSS
S X oltw pla ocwdpTnals pe ebl
dp1buds, 1 Tipfy ToU ASYOV Ty xal épﬁge:l'dl ~T < " i fw
ke Tredlov TV Tipédy T Ev ouvohov TpaY HaTIKEY

Spiopol g To oUVOROV I
> 090,

&pibudy, 1 ouvapTnals 8- "
5) "Ovoudlone thuvovaay TXOUES yanlas 0 (8€D), auupohudls Teud,

~ §1cUOHGTIKTS &yTivos ToU 'ruxé\r'_ros onueiou P(x,y)
:?1: 7'\1'(:?}\/:%; fxﬂf;: g-rf']::fmulas g, Tpds TNV cerunuéuny Tou onuelou TouTou.
“Hror elvan & Opropou
Tepd = -2— x#0

5 ¢uvouaa Bidt yeovias, Tév dmoicov

U ol 866 6T Sty OpileTon T >
e ngpmnpiztei-:q s TeNIKTS Aeupds TOV Eyel TETHNHEVTIV 0. ToiaUran
s i, RSl bow cyeppucty Tty 90%—90°, 270°,
— 2700, k.T.A OTTWS o& iBw
Kad wéAw &TrOBEIKVUETCH E\,.fKé?\u)S~6Tl 5
PéAAeTal, &V AGPpE &\ho, Bi1&@opoY Tfis &PXNSs

THs yeovlas. “Qare: €15 & TRy Tfi$ peTaPANTAS
3 Tou AoYoV P ko dpileTen olTeo pla SUYEETNOIS Pt TrE-

L ’ r, Shwv TGV yovidV,
Slov dpiapod o OUWORS # oudpTnais g -~ Teud.

Aov ST OCTIKGY ﬁP‘e”‘:’”' ; £
e pc’qu« &lopeY GUVTEpVOVOEY TUXOUITS yevlas B(GGT:), ouupohidds
Bﬂ)b 0;23050}:00 pfikous P TS §1quuopaTikis GrTivos TOU TUXSVTOS OM-
oTepd, TOV

pev elg T& gmropeve. 3
#) Téuvouoa wds yoovias 8 Bty peTa-
onueiov i TS ~eAIkijs TTAeUpdS
g (8el) dvrioToixel el Twpory-

aTikds &pidpss, N TH n s
" S Rl kol ebiov TGOV TV TNS v oU-
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wefou P (x, ), Tiis TeAikiis mAeupds Tiis yovlos 6, Tpos T TeTaryubvny Tol on-
peiou P. "Hror elven &F Splopol :

§ =-F.
oTE i y#0

Ké&pvopey xal Si&x Todv Adyov -5 duaAdyous TapaTnprotls exelvag, TS

dmrolas Exdpopey Bid Tous Spiobévras dvwtépw Aoyous.

‘OpileTan kel wdAw pla cuvdpnois pé mebloy Oplopol & alvorow I, BAwy
TGV ywnidy, kal Tebiov T&Y TIpGY s Ev ovohov TrparypacTIKGY &p1Bpddv, 1
owdpTnois 6 — orepd.

"AvakepaAaidvorTes ToUg dvwtépw Bobbvtas dpiopols Eyoupev 811, Bid TU-
XolUoav TprywvoueTpikiy yawviav 8 els kavovikiy Biot s Tpos Ev oloTnpa dpbo-
Kawovikov kad Bi& P(x, y) Tuxdv onueiov gl Tiis Tehikfs TAeUpds TS ywvias,
ToU omolou TO pfikos Tiis Siavuopartikfis dkTivos OP elven p, Exouev (Zx. 140.2)

g =
nue =
owd ==
P
= N :
el = x | ¥
oph =X ™
=y
Tepd =-F- Sx. 140.2
p=P
oTepd=-2

Al dpiofefocn dvwtépw & owvaptrioes : 8 —> nub, 6 — ouwd, 60— eqf,

6 —> 0¢f, 8 — Teud, 8 — orend, Aéyovron tpryvoperpikai owapTNoEls Tijs Y-
viag 6,

Ai& plow SeBouévny TprywvopueTpikiy Yeoviaw Spilovrar xard Tdv dveorépw
ExTebtvra Tpoov of £ dpiauévol Adyor (T), ol dmrotor Myovran tpryovopetpikoi
apbpol Tis Seboptvng ywvias.

Elvan pavepov &t tpryovopctpikei yoviar elg kavovikijy 0éay, Exovear Koi-
vilv tehikiv mhevpdy, Exouv Taoug toig dpmvipovg pryavopetpikovg apibpoig tov.
OUrw, m.y., tmeidn ol yowvian pt dAyePpikds Tinds 300 kol — 3300 Exouv Thy av-
THY TEAKT Y TAeUpdw B Exouy Tous alTous Spcevipous TPIYWVOUETPIKOUS &p1Buols,

Mopadevypa : Na ebpebolv ol Tprywvopetpikol &pi-
Buol was ywvias 8, tdw 1 Tehir) odriis TIAEUPE, els kovo-
vikfy Béow, BibpyeTon 81k ol onpelov P(3, - 4),

Aberg : Mia toiabrny ywviav 6 PAémete els 6 mra-
pamAelpews oxfiua. ‘Exk ToU Sploywviou Tprydvou OIMP
“F PO byouey pt=x? 4 Yl p =4/ X'+ ¢t ‘Emopéveos
p=+v 3 (= 9" =4/ 25 = 5. Elvon TéTe OUPQLVLS
TPOS ToUs dpiopos (T):

Ix. 140.3
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4

it Z

nud = i 5
X 3

ouvl — e -—5ﬁ4

e = 1} - 3

3

X o —

o = i : 1
Tepf = 2 ==

)

o—repe:—\‘;— =i

) o ys (T) PAémopey Gueows oT1 loyuouy
Hapainpyos In. 'ATO TOYS opiguoy : : L ; ;
ai étfis i':ré'r[:fr:s :t'i-rwhs elval TQUTOTNTES (Biom elva a}\nﬁfls' ikl "l
kaBe Tty Tis yevias 8, BIX Ty omolav &upéTepat ol TUVOPTTIOEIS elg ExaoTny

loéTnTa elven Gpioptva)

1
1 < oteld = —5

b = et nu
1
ouvd = ‘rz'uﬁ o TEWd = Tuvd
1
1 el 40
(98 = Ge0 = ogd eqpb
*ATTO TOUS AVWTEPW 6pl0u00§ (T) PAETTOPEY trriong Gl

IHapatipnos 2a.
eUKOAWS EUpiokopey Ta TP
Srav yvwpilopev elg ot yevt
Bobeions ywvias.

peTpIk@Y GPIBUGY WS ywvias,

o TGV TPIywvo
o ) TEAIKT) TAEUPA TTig

v TV &tovwv evplokeTal

Y . *Eqraidh o elval BeTikds GpiBuos gle Thy | kel Il kad Gpvni-

0=+~
o) nu 5

kos s THY Il ked 1V yooviow TGV
TouTto TO nud elvau QeTIKOV
Téw &Edveov kal &punTIKOV

viaw T@v &bdvev.
B) ouv =
kod &pyTikdw els ThY |

X .

Emreibn x elvat PeTiroy el T

| kad HI, Bi&

&E6veov kad TO P évtoTe OeTIKOS dp1Buds, Bid
fog pE TEMKRY mheupaw els Thv | kal Il yeviaw

X ywv ;
By ut TEAIKTY mhevpav elg v Il kad IV yoo-

1o ywvias
v | kad 1V yoviav Tév &Eovewy
touTo Td oul efvan BeTikov B1d ywvias pé

1V ywvias T&V &Ebveov Kol GpmTIKOY Bidk Fas Yyeo-

TEAIKNY TAEUPGW €5 TAS | xed I . .
vios u TFJ\IKEV hevpw els Tas «al Il yewvias Tév &tovey
T po E[S v | kad NI
y) g = £ *Emeibh X xal y Exow T& aUT mpdan _"\L
X | durifeTa mpdonua el i Il xal 1V yaviov Tév Dy
KX 3 Bi yovias pé TEAIKTIV mheupd elg THY | kal 1l yooview
eﬁ‘Kﬁld yoovias ut TEAIKNY mAevpdw s Tés Il xad IV yeo-

yoviav Téy dtdvwy
B1& TouTo 1) £pl elval
6 &Edvwy kel &pynTIKD
viag TV &Eoveov.

* Avahdyous TrapatnP
yeovopeTpikoUs &piBuoUs T

Aoeis Suvdpeda v& képowpey Kol Bi1& ToUs &AAous Tpi-

g yavios 8.
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uelou P (x, ), Tfis TeAifis mAeupds Tiis yoovias 8, Tpds Thy TETCY Pévny TOU O1)-
uefou P. "Hrol elven #8 Spiopot :

g=2F
OTEN *P y#0

Kéuvopey kol 81 tév Adyow % dvaAdyous Topertnprioes pb kelvas, TS

omolag Exdpoper Si& ToUs dpioBévtas dvwTépw Adyous.

‘OplileTan ked méAw pla cuvdprnois pé meblov dpiopolt T& otvohoy I, dAeov
TOY yownddv, kal meBiov T@Y TGV Tns Ev olvorow TpayUaTIKGY dpiBpdiy,
ouvdpTnois 8 — oTepd.

"AvarepaAaicdvovTes ToUs dvwTépw Sobévtas dplopols Exopev 611, Bik Tu-
xoUoav TprywvopeTpikiy ywviav 8 els kavovikiy Béaw ds mpds & ouoTnpa opbo-
kawovikdy kol Bix P(x, @) Tuxdv onuelov émi Tiig TEAIKTs TAeupds THs yeovias,
Tou &molou To pfikos THs SiavuopaTikis dkTivos OP elven p, Exouev (Zy. 140.2)

g ="

Ul 0

owd =2

p

. ]
TP o

T
o==
o -
Tepd =—E Zy. 140.2
p
oTepl=-"

Al dpioBeioon dveotépw E ouvapThTEls 1 6 > nub, B — ouv, 8 —» eqf,
9‘__, ea.q,e_ 6 — Tepd, 8 — oTELd, AdyovTan TPLYWVORETPLKAL guvapTrOELS TS Y-
vies 6.

A piow BeSopémy TprywvoueTpikiy yoviaw dpilovren ket Ty Qv Tépw
berebbvta TpdTrov ol EE dpioutvor Adyor (T), ol émoiol Aéyovran TPy VOpETpIKOL
apOpoi Tiis Beboutvns yewvias.

Elvan pavepov 671 tprywvopetpikel yoviar elg Kavovikfv Béowv, Exovom Koi-
vijv tehikijv TAeopdy, Exovy loovg tolg dpmvipoug TPry@vopETpikods apibpoig twv.
Olrw, .x., treidn al yovic pt dAyePpikds Tipds 300 kal — 3300 éxowv Thy av-
Thv TEAIKTY TTAeupdy B Exouv Tous alTous Spwvipous TPLywWVOLETPIKOUS dpiBpols,

HMapaderypa : Na edpeboly ol Tprywvopetpikol &pi-
Buol was ywvias 6, v ) Tehiky aUTiis mAeupd, els kavo-
vikty 8éow, Bitpyeton Si& Tol onpefou P(3, - 4).

Aberg : Mia Toleny yeoviaw 6 PAémreTe els TO Tro-
pamrielpes oxfiua. "Ex Tol dpBoywviou Tprycwou OITP
Exovev p? =X+ ylesp = /XT 1 @t ‘Emopbves
p=v3+ (- = v 25 = 5. Elven TOTE  CUHPLOVLS
TPOS ToUs dplopols (T):
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i 5
nuﬁ—p— 5
X 3
cuvaAp = e
W 4

egd e ey
X 3

GRA e e g
_ P E
TE]J.e—x =
orepd =+ — — %
[ 4

Hapatppnors In. "ATo Tous Oplopous (1) PAémopev dpégws ST foxuouy
ai ttfs lodTnTes aiTives elval TauTédTnTes (8161 elven dhnbels TpoTAaoEls Sia
kaBe Tipfy TR ywvias 8, Bix THY dmolav dupoTepan al auvapTHoElS elg txdoTnw
lodTnTa elvan piopeval) :

1 1
N = aap Bl = T
e 1 1
ouvd Tepd < Tepd = auvl
wo. il .
e e

Hapatipnots 2a. "ATO Tols dvwTipw dpiopols (T) PAETOMEy trionys o1
EUKOAWS EUPIOKOMEV Ta TPOOTUA TGV TPIYWVOETPIKGY GpIBpdV was ywvias,
dtav yvwpilopev els roiaw yoviaw T@v dtdvwv edpiokeTan f TeAIKT) TIAEUPA TS
Bobelons ywvias.

o) nud = ¥ . ’Emeibhy @ elvon Beticds dpiBuds els Ty | xad Il kad &pymTi-

P
xos els Thw I kal 1V yowviov Ty &Edveov kad TO p TévTOTE BETIKOS &p1Buds, Bix

Touto 16 nub elven BeTikdy Bidx ywvias pé TeAwhy wAeupay els THY | kai Il yoviav
6w dEdveoy kal &pynTikov Bid yewvias pé TeAuhy mAeupaw els Thv 11 kai IV y-

viav Tév &tdvav.

B) ouwb = :—' *Emreidn) x elvan BeTikov els Thy | kal IV yowviav Tév &Edveov

kai &punTikdv s Thv Il kal lll, Bi& ToUto 16 oWl elvan Beikov Bia yaviag e
TeAikiy TAevpdw els Tas | kal IV ywviag Tév dtdvev kad &pynTikdY Bik TS Y-
vias pt TeAikiy Aeupdw els Tas | kad I yevias Tév dtdveov.

y) €gf =%. Emeidn X kal y Exouwv T& aUrd wpdonpa els Thy | xal 1l
ywviav Té@v dtovwv kol d:\_rriee-rcx mpodonua els Ty || kal IV ywviay Tév dEdvw,
Bi&x ToUTo ) epf elvan BeTixhy Hi& ywvias ut Tehikty TAeupdw el Thy | kad HIl yooviaw
Téov &dveov kad &punTikhy Bid ywvias ué TeAwkhy mAevpdv els Tés |l xal IV yo-
vias Tédv &Edvwr.

* AvaAdyous TrapaTnprioEss Buvdpeda va kdpwpey kal Sid Tous &AAous Tpi-
ywvopeTpikots &piBuols. TS ywvias 6.
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AZKHEEIZ

457) N& elpete ToUs TplywvoueTpikoUs &piBjoUs Tis wikpoTépas BeTikiis ywvias ©
eis kavovikh Béow, v P elvar onueiov Thg Tehkfis Theupds TTis ywvias 6 xal ol GUVTETAY HEval
o Pelvai: o) P (34) B) P (=512) v P (-1, -3)

458) Elg oiav yeviay Tév dtover ebpioxetan f TehikY) TAeupd Wids ywvias 8 ebproko-
pbuns el koavovikiy Béow, Eav :

a) nub kai ouvd elven dppoTepx dpun-rm‘;.

B) nub kal egf elvan dupdTepa feTika,

¥) nué elvor Bemixov kol Teud elvon dpynTikd.

5) Tewd elvan dpvnTikd kol 90 elvon dpunTike.

€) €98 elven Bemikd) kol Tepd elvan dpunTike.

o1) nu8 elvon Berikov kal ouvd elven dpunTikov.

459) Eis moiav ywviay Tév &tdvev sipioxetan 1) Tehikdy Theupd ywvias 9, els kavovikhy
Btow, &w :
o) nué >0 B) owd < 0 y) 98 < 0 8) Tend >0
8
460) MwoTol dvtos 8Tt Nub = 17 kol 671 1) TEAkN Theupd Tiis 8, els xavovikfy Beary

eUpiokopévns, eupioketan s THY | yeovlay Tév &ldvav, vé eUpeBolv T& ouvd kal egb.

5

461) 'Eav owd = =, va elpete T& npd kal eqb.
3

462) 'Eav egb = — 7, va elpete T& nud kal ouvl.

(‘Ymédeitis 1 tmerbn egb = % elvan dpynTiky, f) 8 elvar yovia pe TeAkiy TTAEUpGY Elg
i Il ywviay Tév dEdvwy, &v AdPwpey x=—4, y =3 | yovix pé TeAnchy Theupd els Ty IV
yoviav Téy dldvawv, & AdPwpey x =4, y=-—3. Els duootépas T&s TEPITITWOE P =
=VET () =VE=5).

463) N& elpete 10 nub, Bobévtos 6m owd = —% kal 6T egf > 0.

464) N& elpeTe ToUs TpIywvopeTpikoUs &piBuols wids ywvies 8, Bia iy dmolav yvew-
. V3 1
piopev ST mMub = 55— kal ouvd =—5.

465) Els molav ywvlav Tév &Edvev edplokovtar al Tehikal TAeupal kal mola elvan T&
TrpbanUa Tou NpiTévoY, ToU ouvnuiTévou kal Tis EpamToptvns EkdoTng i TGV yovidv pE
dAyePpiknv Tipfy :

) 125° p) 75° y) — 320 §) 2100 ) 460° o71) —250° ). —1000°

466) N& edpete ToUs TpiywvoueTpikoUs &piBuols yevlas 8, av yvwpllete &Ti:

7 3
@) nud =3z B) t98 = = kal 180° < 6 < 270",

141. TPIFQONOMETPIKOI APIOMOI TON FONION 00, 900, 180°, 270°, 360°,

A) *Ev mp>Tols ounpuwvoluey o EEfis : 8 ypdgeouey, T.X., nu 18° xai B
troolpey TO AuiTovoy ywvias, 1| émola Exel dhyePpikiy Tipfy 18°. *Emions els
ToUs oupPoliopols nud, ouvd, &pB KTA. TS 8 B& TO vooluey &5 GAyePpikhy TIpNY
yewvias. ToUTto TpérTopey, 816T1 | TprywvoueTpikh ywvia TpoobiopileTar dpi-
Béss, 6Tav yvwpilopey THY GAyeBpikny Tiuhy Tns.

“Emrerre &rd THY oupguvicy alTthv f) 8 Suvatan v fecopndfi & elvan pia
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peETaPANTA,
Buddy, ol omoiot glvan
povd®a TV poipav.

1) &roic BlvaTal va Surrpsxn 16 oUvohov R, TGV ﬂpayuu'm«.'bv &pi-
ShyePpikal Tipad ywvidy,

ol omoton Eyouv peTpndi WE

B) ©& {nTHowHev Tdopa v&x eUpwHEY TOUS TPLYVOUETPIKOUS &p1Bpols TGV

yoviiv 0% 900, 180°, 270°, 360°.

*EgTeo P Tuyov OTHETOV

(8x: ) &pyn) Emi THS Tehikiis TAeUpds TS ywvias 9

= 0 kal ETopeves :

pae o B
iy P 0 9\
X
"”"Ouz_p“=%=1 : p pGD
e HICTRIORLC
eg0® = s TP =) \
X p )
=T =0 (Bev opileTan) * Sy, 1411
gl
alll = s 5 =1
aTen0’= —i— % (Bev OpileTan)
B) "Otaw & = 900, toTe x =0, y=1p kol ETropévws :
PR, ot - R
nuo0 . = 1
OO L
ouv?0 s 5 0 5
g0 = k:— == -% (Btv OpileTan) BLd
o — _X_ = ,D, = ] __.i-
o990 % = 0 \
Tep90° = -2 = - (Bt Spileran)
Ty. 141.2
TR R X
oTepd0’ = g 3 1
y) “Otav 8= 180°, ToTE X =—p) ¥ =0 xai ETOHEVS :
gl e B
A nul80 . = 0
O’UV.ISOD X = = =—1 :
A v
s i S
epl80) == == =0 :
0g.180° = 4:; = gi (Btv SpileTan) p-p.9) f ‘% 25
P €3
Tenl 80 = L=F __1
g - p
- 0— P = P X
“ oTepl80 - o (B SpileTan) Sy, 1413
(*) 8nh. Biv Eyer Ewvolxv mowypatinod 4pt0uoel.
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8) “Otav 6 = 270°, TéTE X = 0, Y = —p Kai Emopéves

DR At e g
nu270 . .
Y 0= Xl —(l =0
/L% qw270° = 2 =
pe Mol
=k s 5 9270 == (Btv opileTar)
p 092700 =X =2 =0
o(0:#) bl ,
Tep270° =% = 4 (Bt SpileTan)
Ty. 141.4 oren2700= % St

g) "Ortaw 8 = 3600, TéTE Ny TEAIKT TAeupd& Tiis B TauTileTal u¢ TOV atova
Ox kai ol TplYQ)UDp.ETleOi. &pifpol s ywvias 3600

elvan igot pt ToUs SpwVUHOUS
TPIYWVOLETPIKOUS &piBuoUs Tis yoovias 0e.

142. o1 TPIFOQONIMETPIKOI APIOMOI TON I'QNION 459, 60°, 30°.
o) "Omress tudBopey els Ty y' T&lw elven :

nud5° =\-/2—7 ; ouvd5? =\12£. €450 = 1.

Euxohws eupiokopey oT1 elven :
(1)

/o e
Tepd5 = - Spi B0

X 1
wrse Bl e T
oY = =42
0'?.450 ="§—=%:]
Ty. 142.1 g

p) ’Enddopev el v y' Takw omi:

600 = VoZ, ow600=—7, s960° = V3

tv3)

EtkdAws eUplokopev Topa o1t

Seod 0 L
S v V3 3
Ddpe stk
Tep60? = == =2
2 2V 3
Sy, 142.2 o3 3
y) 'EpdBopev gl Ty y' Télw ST
V3 R Vs
nu30 = 5, oW =7, 9300 =5 =5
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EUxkoAws eUploKodey OTl :

51) i
og.30" X Y2 47
g P 2 2V 3
—C—% Tep30Y ST et
P 2 ;
Sy. 1423 TP S

143. TEQMEIPIKH TAPAXTATIE TON TPINONOMETPIKGN LYNAPTHIESQN.

*Eogtew 0 dofeioa ywvia els kavovikfyv Beow (Zy. 143).
Me kévrpov THY GpXTV kal GKTIva THY HovaBa XapaooopEy KUKAOY, TOV yVwo 1oV

Sx. 143

U TLY WVORETPIKOV KUKAOV, TEQVOVTQ TOV atova T&v X tls TO onueiov A(1,0),
Tov &fova Tév y els TO B (0,1), Tnw B¢ Tehikny mheupay Tis yeovias 8 e To P

Otpouev v TP ké&BeTov Tpds Tov Glova Ox kal TS EpamTOMEVas Els TO
onueia A kai B, aiTives TEwvow THY TEAIKHY TTAEUpGY This © f| THY TrpoékTacy
alTis Kot GuTiBeTov POPAV ele T& T xai 2 dvTioToiyws.

“Omres elvan elkoAov V& TapaTnpfowper g5 Ta dvwTipw oxfuara 143,
Ta bpboydmia Tpiywva OTP, OAT kai OBZ elvan Suola petaty Twv qua 8uo
“Eyopev Aoirov :

P - om BZ
ML R o P~ OB
on — oP oT :
e il — n TELJ\a = e—= == OT
owd = = =0 on  OA
_ P LAY BT g2 IR 5 SR B}
90 = = = Ga TERSNE S
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. _ = = = —p —>
T& Srawvopara TIP, OTT, AT, BZ, OT, OZ elvan durioToiyws of yeopetpr-
kai rapaetacelg TV ouvapThotwy nud, ow8, £p8, opb, Teud, oTeud TiS Ywvias

(toU Tétou AP =)8, ei 8¢ dlyefpikal tipal 1oV Stavvoparoy cival ai Tipal 1@V
GVTIGTOIXMV  TPIYWVORETPIKAOV GUVEPTIoEOV THS 0. Ak T& OF kad oT Acppa-
veTou | opd Twv BeTixd), STav alTn cuupwvel wé THY gopdv Tiis TeAIKTis TrAeU-
p&s THs ywvias, GAAws | popd Twv BewpeiTan dog GpYNTIXT.

"Ex 1w dvewtépw Ewooupey i Buvdueda, dodkis ToUTo WES ELuTrnpeETET,
s TuydY anueiov el TS TeEAIKTs TAepES TTiS TPIYWVOHETPIKTS yoviag va Aappd-
veopey Ekelvo TO omueiov, &lg T6 &TroTov O TPIYWVOHETPIKOS KUKAOS TEUVEL TV TEAL-
xhy TAeupéy. ToTe  émeidn p =1 B& elven (2x. 143) :

i z aa 1O i\ < - ’

1) Auitovoy Tou Totou & (AP = 8)=TTP, &nAadn 1 TeTaypévn TOU TEPATOS
ToU Tokou .

2) ouvnpiTovor ToU Totou 6 = OT, 5nAabf f) TeTunuévn ToU TEPATOS TOU
Tétou 8.

3) éparrropévn ToU Totou 6 = AT, Snhabh | &AyePpikh Tiuh ToU Srawl-

—_—

ouaTos AT, 16 dmolov OpileTen emi Tijs ¢parrTopéung els Ty dpy v A TéV TOEWY
&rrd 16 A xad 1o onueiov T, s TO dmolov f TpotkTaTs THS TeAkfis dxTivos TOU
<4Fou B Thuvel THY els TO A EpaTTTOEVTY TOU TPIY WVOUETPIKOU KUKAOY (&tova TGV
EpamToptve V).

4) cuveparrToptun TOU Totou 8 = BT, Snhabh | GhyePpixfy Tiun Tou Sia-

VUGHOTOS Bi, 16 droiov SpileTan i TR EpaTrTOREVNS ele 16 B(0,1) &mo o B
kal O anpeiov I, els TO dmrolov # mpotkTaols THs TEAIKNS &xTivos Tou Totou 6
Téuver THy eis TO B EpamrTouévny Tou TprywropeTpikoU Kirkhou (&lova TGy ouve-
paTrTOHEVWY).

*Avahoyws SpileTan fi Tépvousa kai f ouvtépvouoa Tou Totou B(*)

144. METABOAH TQN TPIFONOMETPIKOQN LYNAPTHIEQN.

"Ag Umrobéacopey 8T1 TO onueiov P (Ix. 143) Guaywpolv & ToU A KivelTan
kar& THY BETIKAY POpAY BlarypaQov TOV TPIYWVOLETPIKOY KUKAO. ToTe elvan
.
pavepoy 6T 1) yowvia 8 (To Toov 8 = AF’+) peTaPdAAeTan ouvexdds amo 00 Ecos

360"

Eivau érmioms govepov OTL EXOMEV Bidt TAS TPIYWVOUETPIKAS oUVapTHOEIS
Tov k&TwOl Trivake, 60TIS BEKVUEL T&s peTaPoAas TGV TIUGY TWV, Bl Tdg QvTI-
gToixous peTaPohas TG TIPGY THS METAPANTHS O.

(Els Tov Trivoka 16 /= autavel Kol TS “w = EAarToUTal)

(*) Ol bprayol vi Fofolv dmd cobg pebnrag ui vhy Boflewy <ol Biddonovrog.
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0 avldver &md

Iiva petaPor®v thV TPIYOVORETPIKGY GUVAPTHGEWLY

e
EGOS 2
(09 Ews 90%)

s
e

| 3
| T Eowg -

3
S Ews 21

(90" &5 180") | (180° Ews 270%) | (270° Ews 360%)

nué S amd 0 Ewg 1N, dmé 1 Ees M L& D-sws 1 l/"&-rro —1 &g O
B R [\‘dmo 1 s 0 l\ amo 0 Ews—1 |/ drd —1 Ees O’/" amd 0 Ews 1
1
< 504 ” « . X
€p 6 7 ldmo O;:“-EPE,O Jlémo dpvnikgs | 4 ,dmf’ Ol&'rrep‘i Aamd dpnTiés
DiETaS | uuﬂfx— Tipgs doovrro- | OPITHS cuﬁla- Tipds dgovdnmo-
vouoa o‘:r:vsna- e psyéhas kot vougx Soovbn- | pEydhas Kar’
s Sl E', &méhutov Tipfw | TOTE ueydhas Be- | 4 rinuron TIpnY
TIKas TINGS, Kab fws 710 0. TiKas Tipds, ko’ fws 16 0,
boov 10 8 TAN- Soov mAnoiale
oialer Tas 90° TO 6 Tés 270°
(0 fws + ) (—oo fws 0) (0 Ews + ) (— o Ews 0)
. o | S ame 0 &mepr- | ) a &md 0 dmepr-
opf - ‘ém"u GE‘rjws oploTws Aappd- \‘_6"(0 9513\:&; opioTws AauPa-
Tinds SoovdiiToe- vouo dpunrikds | THHOS doovdijTro- Jousa ke dips
Te pey has s 0. Tipds Kor - | TE MEY dhas Eaws 0 VNTIKAS KT &TTo-
[ Autov Tipfy - AuTov TIERY O
[ COVBNTIOTE pEY G- govbrToTE peyd-
Aag kab’ doov T Aas kafl® doov T
6 wAnodder Tdg 8 mAnoidder T
180° 360°
(+ o Ews 0) (0 Ews — ) (+ o fws 0) (0 Ews —a)
Sy o —1 dome-
A 5 1 dae- | E
Tew 6 (*) A &T:Tws At Pl 0l &pvn'nxdgl propioTas Aal- | &md BeTikds
%lszau e Til&s doovBnyTo- | Pdvouoa dpvnTi- TIuas doovdnmo-
SoovbfimoTe pe- | 76 HEYEAas kar' | Hs TIMGS KAT' | 1e ey dhas fos 1.
o & Bgoy| GTOAUTOV TRy | ETOAUTOV Tipy
Yfﬁc‘s- “: 2 o). SdoovbfiTroTE pE-
| 7S B‘ 1798:1 b yéhas, ka’ Soov
{ s o 8 mAnoéde
I T 2700
(1 Eax tow) | o das 1) | (] gg —w) | (+@ &)
by 4
oTen O y &md peyddas | Mmoo 1 Eg Be- | METd dpunTikds | N &md —1 &mept-
BeTikds TIdS | TIKAS TINGS doov- | TiMas pEydAas oploTaws,
foxs | dntoTe peydhas | kat' &wdAuTtov
Tiph Ews —1,
(+ oo Ews 1) (1 Ews +c0) (—oo fws —1) (——1 fws — )

}_‘;“u Els Thv § 9 épdBouev Srx rolag Tipdgs Tijs 6 Btv Opilovron al crwup‘rﬂos!s 8 —>eqb,
6 > op8, B-»Teyd xai 8> oTend.

(*) "H peraforn 7ig Tepnd xal otepd Svatar va 8i8ay07 # v& mapadeiodf xatd Thy xpl-
aw Tob SuBxo®ovIeG.
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145. I'PA®IKH TMAPALTALIE TON TPIFQONOMETPIKON LYNAPTHIEQN.

A) "EBecopnioapey Ews ToPA TOS TPIYWVOHETPIKAS TUVAPTHOEIS, s OUvap-
Troels ThS peTaPAnTiis 6, 1 Smola AapPdvel TIpGg &TTo 1o ouvorov [, GAwv TGV
TPIYWVOHETPIKEY YwWVIEV. EiSopev 5t 871 Buvdpeba va AdBoouey, dvti TRV YWV
8, Tas GhyePpikds TV TIAS Els polpas, owéTe ) peTaPAnT? © Siarpéyel TO oU-
vohov R, T@v TporypaTikdy &piBucov. "Av ol ywvicn Tol guvorou I petpnBoly
ué povdda TO dxTiviov, ToTte Suvdpeda va Becpdper THY Ty wds ywvias X
els dxcrivia dos Bva &AAo oUpBoAov Bid ThHY yeviav kal v& dvagepopeda els THY ME-
ToPANTHY X, &5 plaw peTaPAnTY, 1| omoia Biarpéyer 10 R,

Tote els k& Tipfy Tis petaPAnTiis XER, dumioToiyel pia TN Ek&oTNS
TGV TPIYWVOHETPIKGY TUVapTHTECV dvfikouoa els &V GUVOAOY TTPOTY HOTIKEY dpi-
Buc, STav, EWoETTal, | oUVGPTNOIS Spileran Bia Y TIUNY TaUTNY THS HETO-
pAnTfis x. Els Tiv mepimrTeooy auThy al dvwTépe bprodeioan oUVAPTHTELS Aéyov-
Tou: mPOYRETIKAL TPLY@VORETPLKAL auvaptiaeig. OUTes al ouvapThotls, ai omroial
bpifovran dmd TAS Y = MUX, Y = OWX, Y = EQX, Y = ogx K.T.A. elg Tas &molag
f| peTaPAnThH X voElTal Siarpéyovoa TO ouvohov R kol 1) @ ®piopéva oUvoha
Tparyamikédy  &piBudv, elval TprywvopeTpiKal OUVAPTTOELS TV TIPAYHATIKGY
dpiBudov.

Kd&Be TPIYWVOUETPIKY TUVEpTNaIS Exer s medlov dpiopol Tng T oUverov
R, TV TPAYHATIKEY &p1Buddy, Eaipoupévwy TGV T, al dmolan épgaivovTal
gls Tov k&Twh Trivoka *

aUVapTNOILS eblov Spiopou l ____Treﬁ(ov TIUGY
y = nHx ) B i (Bl gy o T
Iy oo s | GeR|-1<y<D)
¥ = X R—{-»f'-k-KTr],er ‘ R

= agx R — {xm}, xeZ \ R
Y = TEUX R—[%H- ﬂ} | KEZ {yeR|y < -1}, {yeR |y = 1}
§ = OTENX R — {xm}, xeZ \ (yeR|y < — 1), {yeR |y 21}

B) Al Tipad TGV TPIYWVOUETPIKGY oUVapTHOEWY TGV TPy HATIKGY &pi-
Bpdov Bidovtan elg mrivaxas, eUplokovten Bt ai Tipad oUTan pé ueBdBous, Tas &drolas
YPTIOIHOTIOOUY T& dvcrrepa padnuorriké. (BAéme Tivakas €l Tdg TeAeuTalos OF-
AMBas ToU PipAiov).

TMpoxelpévou véx KOTGOKEUAOWHEY THY YPOQIKNY TapdoTaoty, .X., TOV
TPIYWVOLETPIKDY gurapTACEWY Y = TUX, Y = oUX Y = EQX, 5iBouev elg THY
peTaPANTHY X Tipds &md 0 Ews 27 kal ebpiokoper TAs &vrioTolyous TGS TS
peTaPAnTiis W &mo ToUs Trivaxas. Kdébe [eUyos dvtioTolywy TIpév dmeikovileTan
ut & onpeiov ToU émimedov, els TO dmroiov Exopev AdPel v ouoTnUa &tdveov dpbo-

(*) Adv elvaw dmapalrnTov ol pafnzal va dmopvnpovedoowy Tov Tivaka. Alvavral v oup-
Bouhelwyrar abtby daduig Tov xeetdovrat.
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kavovikéy, 00T, T.X. eupiokop

Tipde, af dmotal EupaivovTal gle TOV KaTwh Trivaxa :

Evplokopey T& vrioToixa on-
el els T EmimeBov XOy kal &-
veavopey autdr Bic wids SO Kau-
TUANs. TTpokuTrTOoUY TéTe ol xk&-

Tl  ypagikai

Ty Srroleov | TTPGOTN AEYETX! 1-
pitovoetdig Kapnoin ko 1) BeUTE-
pa nnvmurgvomﬁﬂc_ KApToi.

(*) 3r3. By ¥ys Bwvoray mpaypatinod &ptBpod.
]
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] v

x

0 i 5o
5 ‘
= > 052 | 0,50
T |
— = 0,79 ! 0,71
y .
T’: 1,05 | 0,87
T |
-5 = 1,57 1
4% oo | 087
3
I Doae | Tom
3
5—} ~ 262 | 050

e~ 3,14 0

qm

< = 3,66 -0,50

S

== 3,92 -0,71

41
—~ 4,19 4
T 4,1 0,87

3

5 = 4,71 -1
5

—~ 523 -0,87
3

T

o549 | -0

11
5= 5,76 -0,5

2~ 6,28 0

TTapacTaoE, &

1
0,87

0,71

0,50

-0,50
-0,71

-0,87

-0,87
-0,71

-0,50

0,50

0,71

0
0,58

x—liu \y:ecpxj
I
|

| 1
‘ 153
I‘_ Btv SpileTon (*)
-1,73

-1

-0,58
0

0,58
1
1,73
Btv dplleTan
-1,73

-1

-0,58

£v B1 Tds Ve TEPW CUVAPTHOEIS TOS dvrioTolyous
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146. TEPIOAIKOTHE TON TPIFQNOMETPIKON ELYNAPTHLEQN. THMALIA THE
TTEPIOAOY.

“Eote [ pia ouvdpTnois wids petaPAnTiis pt mediov dpiouou £v oUvotov Z,
TrparypaTiKéY &piBuddv, foTw Bt &1 UTTdpyE els Tpery paTikds &p1Buds p Biapopos
Tou 0 TowoUTOS, WoTe v& loyxun :

fx+p)=fx) (2
Bicx k&Be Iy THs uetaPAnTH, Bi& ThHY dmolav ) f ¢pileTan. Aéyouev elg ThHY Te-
plrrwow authy 611 & p elvan pla nepiodog Tiis ouvapTnoEws f, f 8¢ f Adyetan
neprodikn owdpTnots. Katd T& dvwtépw 8 elvan :

flx+p)+pl=Ff(x+p)=Ff(x

BnA. f(x + 2p) =f (x), émep onuaiver émi 2p elvo fmions wla mepioBos Tiis f.
‘Opoiews 3p, 4p,. . ., kp, &ou keN, elvon epiobos Tiis f. "Eqw 1) f elven TreproBik)
& pikpdTepos BeTikds &piBuds p, & Smolos elvan TreploBos Tiis f, AéyeTar 1 mpor-
tebovea nepiodog Tis f.

"Eav els v dvwTépw lodtnTa (o) Béowpey dmou X TO X - p, AapPdvouey

fl(x - p) + pl = f (x- p), fi7on

WxeZ : f(x) =f(x —p)
&nhadh Kkal & —p elven pia Teplodos Tis f kal Emopéves kal & —2p, =3p,. . . [e-
vikés Aoimov pia owdptnois f 8& Aéyeton epioBikn, tdw Bid kdbe Ty TS
METaPANTHS &mrd 16 Tediov dpiopol Tng, loyun :
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f(x) =f(x +xp), émou keZ— {0} xkai p elven oTodepds Gpiopévos
TrpOrY HOTIKOS Gip1Buds.

‘H #hoyiorn Betikd] T ToU xp Aéyeton @ f mpwTelouoa mepiodog TS
ouvapThoews f.

Ofre, T.X., tmaidh al yoovicn 8(*) kol 8421 - x Exoww T aUTHY TEAIKTY
mheupdw, B& loylowv al lodTnTes :

nux = nu (x + 2xm),  owx = ouv (X + 2x)
S1& k&Be Tipfy Tis yowvias x. ‘Emoutves o ouvaptrcels y = nux, Y = ouX
elvon Teproixad. Kad, Emaidh Si1& k = 1 fi mapdpetpog 2k AcpPdver THY EAayi-
oTny feTikAy TILAY, Bi& TouTo of ouvapTnoels aUTan Exouy TpwTEUoUoaV TEPi-
oBov 1o 21r. *H ouvdpTnois = epx Exer dx meploBov TO 2, BTl Ep(X + 2T) =
= X, GAN &yt &5 TpwTeVovgav Teplodov, Stras B 18wpev elg T ETTOUEVA.

‘H korraokeud) Tiis Ypagikils TapacTaoews wds Tep1odikiis ouvapTioEws,
Srreos 1) W = KX, koBioTaTan eUkoAwTépa, B1dTI dpkeT VA KATOOKEUAOWHEY EV
Tufine aurris. Tpéoymarm, dmeidh nux = nu(x + 2m) = nu (x + 4m) x.TA., ai Ti-
el TS CUVPTHOEDS, al émotan dvTioToryoly els T&s Tipds Ths X &d 0 fws 2m
oupTriTTouy i éxelvas, al dmwoiat dwTioToryoUv els Tas Tipds THS X &md 21 Ews
4r, &rd 4 Eoxs 61 KT ) Els Tas TINGS TTiS X & —21r £005 0, —47r &g —27T K.T.A.
'Edy Aoirdv karTaokeudowiey & Tuijua Tis ypagikfis TapaoTdoews Tis Y = NUX,
Y. TO THAMG, 16 &rroiov dvTioToixel els Tas Tipds Tis X &mo 0 fws 2, dpxel
frrerta pla TTapAAAnACS peTdPecis pos Tov &bovar Ox katd Sidvuopa &AYEPpI-
Kfis Tiufis 2 A 21 51& v Eyeopev TO Guéocos Emdpevoy i TO &uEows -rrponlfm';—
wevoy TURpa TS TOPACTATIKTS KOPTTUATS, TTOU dvTioTorkel els Tas Tipag Tiis X
&rrd 21 fws 4w A &mwd —2m s 0.

‘H ouvdpTnois Y= X Eyel TpwTeUouoay TrepioBov T6 T, dmos B IBwpey
elg T& Emopeva.

147. OEMEAIQAEIE TAYTOTHTEE METAZY TOQN TPIFQNOMETPIKOQN IYNAPTH-
TEQN THE AYTHE FQNIAD (TOY AYTOY TOEZO0Y).

*EndBopev els T& TponyoUneva (8 140, mapatnpnois 1n) 611 petaky TévY TPI-
Y GOVOLETPIKGY ouvapThoewy Ths aUTis yewvias 8 loxuow ai TOUTOTNTES ©
! oy i :
Tepd = — 5 oTepd = Sl o = = (o)
“EoTe TOPO TUXOUOX yovia 8, els xovovikiy 8tow, Tis dmolas # Tehkd
Theupd SEv oupTrTITEl ué fudkova (Ey. 147). Téte, wt thy mpoUmdbeaw &t
x # 0 kal émopéves ouvd # 0 (BnA. 8 # km + /2, keZ), O Exwpev :

<,

(*) *Ewoobuey yeviay ahyefpuic TS 0, thic dmolag yavlag % dréiutog Tuuh Exel ebpedi

elg dutivex.
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6
egf= 1 | (B
) up =
- L ARl i VR
a<p9#~—z- W'SM
P

Ix. 147

Betan &1 1) O elvan yoovia Bid iy dtroflav nuB # 0 (BnA. & # km, k7).
'EE &AAov, #k ToU SpBoywviou Tprydvou OTIP, éxopev :
xt+y?=p? (5)
ManpolvTes T péAn Tfis (8) Si1& p? evploxoper :

SR o iy L
p|+p’-~l,8ﬂ?\.(P)+(p)—ln
f) &mola, Emedfy x/p = ouvd kel w/p = nubd, ylvetan
[ifviﬁ + Mt = i_j (&)
AcipouvTes T pEAn Tiis (8) Bid x?, UmoTifeptvou x # 0, edploxopey

1+ (‘f)zz(%)z, Snhadr :

X
l 1 + €90 = Ten®d | (8]
AvcnpotvTes T& pEAn Tiis (8) B1& w2 (y # 0) ebploxopev (—:7)2 bl= (%)2,
5nAabd) :

[Lo9® s o).

Al TautédtnTes (), (B), (¥), (8), (&), (D), () elven al BepehichBers oyéoeis
petofy TV TPIywvoRETPIKGY ouvapThoewy tig adtfig ywvlas (ToU ool To-

tou).
148. F®APMOTAI

1) N& Ekppoobi) txdorn TV TpiywvopeTpikéy owapTioemy Tiis ywvlag
f # Tou mub.
Abeg: 'Ex ToU TUmou oww®® 4 nu® =1 Eyopev :

o =1 —nu = |ouwd| = \/i—nu’ﬂ, &pa
owd = /1 — np8 xal owd — — /T — nud
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SupPoAkds Tous BUo TUTTOUS ypapOpEY :

ocuvd = + \/f:nuse
Nl = L onilb s 1 +Vicnie

e P opf = ai =

1 1 1
Tsuezawﬂ_ +VT—nte’ O'Vﬁlla-—-nua

Té mpdanuov THs TeTpay. pilns keBopiletan, dw yvwpifopev els moiow yoo-
viay Tév &Edveov eUpioxeTen ) TeAk) TAeupd THs ywvias 8. Olte, Y., t&v eb-
plokeTen els ThHY BeuTépaw yeoview TGV &tovaov, 8a AdPoopey Tpokelpévou v eUpeo-
pev TS guvd ToV TUTTOU ouvl =— V1= nu, 8i16m pia TolaiTn yeovia Exel G
ouvnuiTovoy &pUNTIKOY &p1Bpodv.

2) N& ékgppaofolv al TprywvopeTpiKal cuvapThoels Tis ywvias 8 & Tiig
epf.

Aberg : ‘O TUoes (L) Tiis Tpotnyoupévns § 147 5i8e :

Tep2d = 1 + @0 <= ;:1—8-=.1_|_Eq,29 r

‘ 1
1 oW = ——
o = 1 +¢eg2® i :t\/l + ep? | (G) i

it ué - e "
’Ex §¢ Tou TUTTOU Uﬂw—e = epf eUpiokopey :

8 =g <> nub = ouvlepd <
ouv @

€p 8

& iy he = +V1ite't ®

1
W= T

] : e___l___:i:‘\/l+eq:‘e
Térog elvan crcpﬂ::;-é kil o= ==y

Kai 56 To mpoonuov Tis TeTpay. pilng Kaeopi‘gno_u, &rav yvepilwpey
els Trolav ywvicw T@V &Edvev eUploveTon 1) TEMKA) WAEUpS THS ywvias 8.

3) XpnoipoTmoloUVTEs T&s OepeAiaders TautdTnTas Suvdpeda va elpwpey
TdS Tinds TOOV SAAWY TPIYWVOHETPIKGY ouvapTroewy, dtav Sofij 1| T s
£E T éov. A

“EoTed, T.X., OTL elvon nud = = kal —360° < 6 < —270°.

‘Ex ToU Tumou owv*@ + nu*d = 1, eupioxopey ouw*d =1 —nu¥, &bev

< &Y _9 _l'é_ ot 4 i

oud = £:1/1 —nud = = Vi- s =+ |35 =& 5. 'Emadh f Tehuh
mheupd THs yovias 8 guploxeTan els THY | yoviov Tév &Edvev 8& AdPowper TO
mpdanuov +, BIOTH pla ol yovie Exer ouvnuiTovoy BeTikdy. “Opolews el-
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3

. B 4 5 5
piokopey &T1: epf = ;U—Lfe = % = —2—: opf =~ Tewd = -+ oTepd = 5
5

"Qg SeUrepov TapdBerypa toTw b = — 112 Emeidn) /) €98 elvon &punTiky, 1)

8 8& elvon ywvia pé TeAky mheupdy gls ThH I 1) IV yeoviow Téw dBdvev. Ebpiokopey:
1 12

W =TS
owl = L = ! — l_gdg =it E
+4/ 1 +e9% ‘/ 25 AL i
; * 144 LT
1 13
Tewd = I == 12
3
£pd 12 5
g = T Al e
¥ Evitee 1B D
fvai
s 13
oTepd = T B -
Edw 1) 6 £xn TeAkTv TAsUpa *Edv 1y 8 Exn TeAiknY TAsUpd
els T || ywviow Tév &Edveov. el TV IV yoviav Tév &Eoveov
B = 3 (o >
EQ = — 1—2- Eq) = — ﬁ
o’q;ﬁ = — —l—sg cq)ﬁ = — —]53
13 13
TeEP) = — 7 TeRd = SVl
12 12
mal ST : ol = 3%
13 13
oTepd = = oTepd = — -
5 5
nué = 3 nueé =-— =

4) Mi Bdow Tas BepedicoBels TprywvoueTpikds TauTéTnTas Suvdpela va
&mrobeitwpey GAAGS TPIYWVOUETPIKAS TOUTOTNTAS.
Mapaderypa lov: Na dmoberydij ém :
Nl + nuow®d = nub
Aborg : nu*d 4 nubouv® = nub (nu* + ow*) =nud - 1 =nud
IMapaderypa 2o0v: N& &modeydf 81i:

2 CHEX
EPX + OQX = it
X ouv X i + ouvix 1
Aboig's e ogpr =il | OWK . IHXTOWR. Tun Ly
aouv X mH X OuvX MU X OUWXNHX
1 1 1 oT
= = oTEPX = b
auv X nu X auv X aouv X

254

Wnepromoir|Bnke ané o lvatirouto Exmaibeutikrg MoArmiknig



Mapaderypa 3ov: Na &mwodey8ij o

L ot &= SUAKG
nu X 1 —owx
Avarg : Ev rpeTors Trpétrel : ux # O kad 1 — owvx # 0.
'lif‘g_‘.uﬂ=(1+auvx) (1 —owx) A 1 —ouvt x R nu? x L
N X nux (1 —owx) mux (I —owx) nux(l—owx)  1—owx

Mopaderypa dov: N& dmodeiydiy &

nux 1 4+ ow x
1+ ouwx nux
nH X I+owx _ nutx+ (1 +owx)®

14 owx ne X X (1 + ouwvx)
_omwx+l+2owxfowx  (mx+owix)+1+20wx

2 OTEP X =

Avaig:

= nux (1 + ow x) nux (1 + owx)
_1+1+420wx  2+4+20wx _  2(+towx)
Taux @ +owx) muwx+owx)  nux(l+owx)

Ex tév dveotépw TropaderyudTw yivetar pavepoy 811, Sid v dmoBelto-
pev &m1 pla lodTns TepiExoUc TPIYWVORETPIKAS cuvapThoels, elven TauTdTns,
Trpémrel kai pKel v& AGPwpey TO &v wEAos aUTfis (To mpdTov | TO BeUTepov) xal
81& KoTOAMAGY HETAOYTHATIONEY v kaTaAnEwuey els & &AAo péhos. Els omra-
vigs TrepITTTOOES petaoynuaTilopey kod T& BUo uéAn, Bi1& v SuvnBiduey va 1Bc-
pev v TrpdKerTal e TQUTOTTTOS.

AZKHZIEIE

2
467) ’Eqv nu8 =5 xal 00 < 6< 90° v& eUpete ToUs &AAous TprywvoueTpikols

&p1Bpovus Tiis 6. 5
468) ‘Edv owb =— "5 kal 90° < 6 < 180°, va elpete ToUs &AAous TpIywVORETpI-

xoUs &piBuols Tiis ywvias 6.
5 . ;
469) "Eav egd =— 7 xal 90°< B < 180° v& elpete ToUs &AAOUS TPIYVOUETPI-

koUs &piBpoUs This ywvias 6. :

4
470) "Eév ¢ = — 7 kal 270° < 6 < 360° v elpere THy dpiunTikiy Tiuhy Tol

U0 4 ouve —e9b

kAGopaTos Teud F oTEnd — ogl

471) N& &modeixdij &m :

o) nub ogf Tend =1

472) Na& &rmroberx 07 6T !

a) nute (1 +09'0) =1 B) % R =Rl e

473 Na &mobery8fj 671 :

(nud + owd)! + (nud — owvd)? = 2

474) N& &mobery8ij o1 ¢
€0 au?® + o9 nuid = 1

B) Teud — Tepd npie = ouvl
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475) Né& dmoBeay8ij &1 :
ouvl
eph + ‘1 ‘—+ nud = Tepd
476) ‘Oupolews &7 :
1 —nub ~owh
owd 1+ nub
477) N& &mobeiyfij &1 :
epf —nux  Tepx
nuix 1+ guvx
478) Nd& dmodeixdfi ot1:
OUVX TPX — NHX EQX
OTEUX — TEUX
479) N& &mobeybij omi :

B) nu'® — ouv'd = 2nue — 1

=14 nuxouvx

TUX — oWVX

EQX OTEUX - TEUX OQX QI
480) N& dmoBeixffy 871 :
1 — ep?x . ‘guvix
c)i156q=l—2ﬂulx ﬁ)[—l_!_nux:ﬂux
48]) N& d&moBeydfj &1 :
1 = Voo, e
OTEMX — OQX  OTEMX + OPX  €9X

482) N& d&mobery8f &1t :
nula (1 + o¢ta) + owla (1 + egla) = 2
483) N& &mobeixbij 811 :
(Tepa + epa — 1) (Tepa — epa + 1) = 2¢epa
484) N& dmobeyff &1 :
(1 — nua + owa)? = 2 (1 — nua) (1 4 owe)
485) N& &moday8y &1 :
9o+ 00P _ g
ogat egP  epp
486) N& &moderybf om :
nuta ouvp — ouvia nut B = nuta — nu'p
487) N& d&mobeybij &mi :
(nuacowvB + owa nup)* + (owva ouvp — nua nup)* = 1
488) N& &mobeiybij én fi mapboTaocs :
nuta + owla — "23-' (npta + owvia)
fyer plov oradepdv Tipfv dveldpTnTov ToU a.
489) N& d&modey8ij &m1 f| TapdoTagis
nula + owda — 2 (1 — nula auvla)!
tyer plov orobepdy Tl dvebdpTnTov TOU a.
490) Na& &mobex8f] &1t mapboraocts
nuta (3 = 2nuta) + ow'a (3 - 2 owta)
fyer Tiufy oTabepav dvebdpTnTov Tou «a
491) N& &mobeybfi &ti :
20uv®x — 2np*x + Inu®x — Souvtx + 3our'x = nu'x
492) N& &wobeydfi 11 ) mapdoTaois
nu*x + 3nu*x ow'x + ouv’x
Exer Tiphv orabepdy duebdprnTor TOU X.
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ANATQrH EIZ ZYNAPTHZEIZ OETIKQON OZEIQN FONIQN

149, 1I'QONIAI ME KOINHN TEAIKHN TMTAEYPAN

"Eud@opev els TN § 140 8m1 ywvion pg kowny teiky mAeupdw Exouv Tous -
TOUS TpIY GVOUETRIKOUS &ipifiuous kad el T § 137 &1, Stav BUo yavicn (Bwoeitan
mévToTe ¢ els kawovikiy Béow) Siagépoun kara 2kt (360%), TéTE Exouv kowhy
TEAIKNY TTAEUPAVY.

‘Errouéves Exopev Tas kdTwb TautdtnTas, dmou keZ.

nu (8° + 360°%) = npé* o¢ (8" + 360°%) = ogd"
ouv (8" 4- 360%) = ouvB® Tep (8° 4 360%) = Tepd®
ep (8" + 360%) = epb" oTen (8° 4 360%) = aTepd?

QUTw, T.X., Elval :

nu 410" = nu (50° + 360") = nu50"

ouv 870° = cwv(150" + 2 - 360°) = ouv 150°
e (— 1000") = €@ (80" — 3 - 360") = e 80°

150. 1'QNIA]I ANTIOETOI (TOEA ANTIQETA)

“Egrwoav BUo ywvial & kal —8 els kavoviky Béow. *Emri Tiig TeAikfis TAeu-
pas Tfis 6 AapPavopey Tuxov onueiov P (X, ) kai émi Tis Tehikfis mAeupds Tiis —0
AapPavopey 1o onpeiov P* olTes, doTe va elvan (OP') = (OP), 8nA. p’ = p (Iy.
150)

"Erreishy o Tpiywvov OPP’ elven ioooxedés kal i Ox SiyoTouel Thy yawvicw
s Kopu@fs ToY, 8 elven PP' | Ox xai AP == AP'. Td onpeiov Aoimdv P’ elvan
supeTpwdy ToU P G Teos TOv &tovar X 'Ox, &pa elvan P'(x, — ).

" Pry)  puy Y Dy P,

| |
yi % Lg\\? \ ,L\IF
* %—ﬁ ;I fg 2;
Plzy) iry)
Iy. 15
=\ M=t
T (- B) =i gy iR
__"_—:_X_: 0
rJ-U‘){Aﬂ). 5 o ouv
P (78)—. KWT‘—L:V:—EQB
x 1S (150,(1)
s¢(~e):7§)=*$:—0¢9
Teu (—9) = % =‘S‘ = Teud
atep ( —0) = "p';__ P — _ orept |
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“Qore 1 Lav b0 yoviar civan avtilztor, tote Exouy 1o aitd suvnpitovoy kai
my avtv tépvovaay, avulitoue 88 tolg dhroug HROVHHOVS TPLYOVORETPIKOVS
v apibpone.

Olre, my.,, 1u(=20") = — nup 20"

owy (— .20") = guy 20"
£p (— 20") = — £920" k.TA. K.T.A.

's
ow (— 30%) =ow 30° =Y 2
151. FONIAI EXOYZAL AOPOIEMA MIAN ITAHPH FONIAN. (T0ZA EXONTA AOPOI-
IMA MIAN TEPIDEPEIAN)

“Eotwoau, els kavovikhy Béoiy, BUo ywuict 8 kai 360" — 6. Mewpilopey
(§ 137) ém ai yowvien —8 kai 360"—8 Exouv kowny TeAkfy TAsupdy kai Etopé-
voxs Exouv Tous aUTous TpiyevoueTpikous dptBuols. ‘Etrouéves B EXWOMEY *

y

nu (360°—8) =nu (=) = — nud
ow (360" — 8) = owv (— 8) = cuvb

ep (360" —0) =ep (—6) =—ceob

0@ (360" —8) =g (—6) =—opd r
Tep (360" — 9) = Tep (—8) = Tepd

otep (360'—8) = oTep (—6) = — oTeud

(151 ;&)

"Qote: £av 600 ywviar Exouy dDporopa piav mifpn yoviav (360°), tore
Eyouv 10 aUTO ouvvnpitovov Kai v abtiv tépvovcay, avulitovg 8¢ Hhovg toig
(throvg Opwvipous tpryovopstpikois apfipoic.

OvUtew, .X., elval :

nu 3300 = —nu3e = — 2
€9 300° = —ep60" =—V3
ow 315°=ow 45° = \—T: K.T.A.
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152, TONIAI ITAPATIAHPQMATIKAT (TOZA EXONTA A@POIZMA HMIMNEPI®EPEIAN)

“EgTeoay s kavovikiy Béow BUo ywvian 8 kai 180° — 6. (Aix va oxedia-
copey Thy 180° — 8 xaTaokeudlopey Thv -0 kai TrpoexTelvopey EmEITa THY TEAL-
xiv auTiis TAsupcy kot dvtifeTov gopdv BnA. oTpégopev TV TEAIKNY Tr?\eup-iw
auTis kata ywvicw 180%). Aaupavouer Tuyov onueiov P(x, y) Eml THg TeNkis
mheupds Ths § kol ¢l T TeEAIkAis TAsUpd&s This ywvias 180° — 8 AauPdvopev on-
peiov P’ doTe v elven OP’ = OP, éméTe 8& elvan p' = p (Zx. 152).

Pay) / P-xy)

X ' 2 fw'—ﬂ

"' i -8

p-xY)
Iy, 152

Abyw Tiis 100TTOS Tév Tprywvwy OTP kad OTT'P’ elven @ (OTT) = (OIT")
kai (TTP) ='n‘p'), ‘Evroutvess ol ouvTeTorypévar Tou P’ efvon —x kal y, SnA. P(—x,y).
Oa& elvar Aormov :

=N = &= ‘
ne (180°—9) = i x nud ‘
= x
ouwv (180°—6) = Ak F = —ouvd |
VD s oA BEE |
800 —8) = — =——— = —¢t¢
EQ (1 ) -X X L (152'0)
g -
op (180°—9) =T:“T:—0<Pe
= ; .
TEY (180"—-9) = :—K: —T:_TEue
‘ S
orep (180° —8) = % = £ =omas
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“Qoe : "Eav 800 yovia eivar napaninpopotikei, tote Egovv 1o adtd fpi-
tovov Kol Tiv abtiv ouvviépvovsav kai avribétoug tovg dhlouvg dpwvipovs tpi-
yovopeTpikods tov apibpoig.

OUtw, .x. tmedn 150° 4 30° = 180° 6& clvou :

nu 1500 = nu30® = -é—

ow 150°= —ouv 30°= — \/2—3 L ok, YR

1
153. IQNIAI EYMITAHPQMATIKAI (TOEA EXONTA A@POI‘L‘MAT TIEPI®EPEIAE)

"EcTwoav els kavovikiy Béow, 8Uo ywvian 8 kal 90° — 6. (Aix V& KOTOOKEVE-
owpey THY 909 — 8 karaokeud{opey THY —B kal oTpégopey ETTEIT THY TEAIKNV TAEU-
pdv alrtiis kaTd Ty BeTikty popdv kard 90%). AauPdvopey Tuyov anueiov P (x,4)
tmi Tehikiis TAeupds Ths ywvioas 8 kol Eml Ths Teikfis TAeupds Thig 90 — 8% Aop-
Rdvopev anpeiov P’ oUTes, doTe v& elven OP' = OP, 8nA. p' = p (2x. 153).

: Py Y
pyx)
< n’

o P @) T *

PY.X)

ply.x) Zy. 153

Abye Tiis lodtnTos Tév Tprydvwy OTP kai OTT'P' Exouev (OTT") = (TIP)

kad (TT'PY) = (OTT). ‘Emoutvess T6 P’ Exer TeTpnuévny  kal Tetaypévny X. “Exo-
Hev Aoimrdy :

NS e g
nu (90° —8) 5 5 ouf
ow (900 —8) = + =X =nue
P P
e (90°—6) = %:crqae s
e
og (90°—6) = ¥ = eqf
Tep (909 — 0) = %=-5=cmue
oTep(90°— 8) = —‘;—’ = —:— = Tepd
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“Qare : iy 600 yovial gival coprinpopatikai, 1ote 1o fHpitovov Ekdetng
£E anr@y iooltat pé 10 ouvnpitovov tijg diing, 1] £pantopévn pé TV CUVEQARTO-
piviy kail N tépvovsa pé TV GUVIERVOLGAV.

Olres, X, fmadf 200 4 70° = 90°, B& Excopev

nu 70" = ouv 20°
ouv 70° = nu 20°
ep 70" = o 20" K.TA.

154, 1ONIAI AIAOEPOYEAL KATA MIAN OPOHN (TOZA AIA®EPONTA KATA TETAP-
rON MEPIGEPEIAL)
"Forw &1 Exomey, els kavovikny Béow, Tas yeovlas 6 kai 90° 4 6. Ohouey
oy iBeoner éag oxeTilovTan of TprywvopeTpIkol Twy dpibuo. "Emraidn (90° + 6) +
L con" 8y —= 180°, & ToUTO B Eycopev (§ 152) :

nu (90" =t e) — | 1 (90" — a) = ouvB ]
ouv (90° + 6) = —ow (30" —8) = —nué i
ep (90° 4+ 6) =— €9 (90° — 8) = —agh

op (900 + 8) = — o9 (90°—€) = —egb (154,0)

rep (90" + 8) = — TeU (90" — 8) = — oTepd
orep (90" + 8) = oTen. (90° — 8) = Tend
Olre, X grraidny 1107 = 90" + 20", B1& TouTo 64 elven :
nu 110 = owv 20°
ouv 110° = —nu 20°
e 1 10° = —og 20° kTNl

155, T'QNIAL AIAGEPOYEAIL KATA EYOEIAN - FTQNIAN (TOZA AIA®OPENTA KATA
HMITIEPI®OEPEIAN)

“EoTewoow ai ywviat 8 kai 180° +8, of ot Biagépouy katd 180°. *Errel-
54 1800 4 6 = 90" + (90" + 8), Six TouTo B Excouev :

nu ( 180° 4 8) = nu [ 90° + (90° + 8) ] = owv (90° + 8) = — nub

auv (180° 4 8) = ow [90° + (900 4 8) ] = — nu (90° + 8) = — owd

o (1807 + 8) = e [ 90" + (90" + ) ] =~ 09 (90° +-6) = cq

ap (]80" + 6) =o¢ [ 90" 4 (_90“ +8)]=—¢p (90° + ) = opb

Tep (180" + 6) = TeR [90° + (90° + 8)] = — oem (90" + 8) = — Tend

orew (180" + 0) = oTen [90° + (90" + 8) ] = Teu (90" + 8) = — oTepd

Auvéusbo va EpyaoBipey kol s EEfjs : Emeidny (180" - 6) 4 (180" — 8) =
3600, s Touto (§ 151) B Exwhev :

niv #(180AH=8) = =Nk (180° —8) = —nuld

ouv (180°+ @) = ow (180" — ) = — ouvd

ep (180" +68) =—£% (180" — 8) = eqb

oq  (180° + ) = - o (180° - 8) = ogb

e (1800  8) = Ten (180" —6) =— Tepd

aren (180" 4 6) = — OTEN (180" —8) = — oTepd
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“Qore : Eav 800 yoviar diagipovy katd 180° tote Exouv TV adtiv Epanto-
pEVRY Kail Ty abtv ouvepantopéviy, avubitoug 8¢ tovg dhlovg opmvipovg Tpi-
YOVORETPIKOLS TV aprbpoig,

OUte, .., tmedf 225° = 180" 4 45", i TouTto B elvan :

j
nu 225 = —np 45" = — Vos ‘2
£ 2250 =ep45' =1

o

ouy 2250 = —guy 450 = — V. 2 K.T.A.

J

Snuelweots. TMapatnpoluey 611 ep (m + 0) =€ 8 kal o¢ (T +8) =op 8. *Etrions
€q (2 + 8) = ep & xkai op (27 + 6) = o9 6, dmws yvwpilopey. ‘Opoiws elvar ep B +6) =
—eq [2 + (m + 8)] = £9 (7 + 6) =ep 8 xTA. "Hro1 ol ouvapThoEs W = ep X xal y =opx
Eyouv TrepioBov Tov .

156. ANATQIH TPIFQNOMETPIKOY APIOMOY TYXOYEHI I'ONIAL (TYXONTOXZ
TOZOY) EIL TPIFQNOMMETPIKON APIOMON MH APNHTIKHE IOQNIAY (MH
APNHTIKQY TOZEO0Y) MIKPOTEPAL TOQN 450

"EpapudlovTes Tous TUTOUS, Tols &troiovs ¢udBopey els Tas Tapaypagous
149 £ 155, Buvdpeda va dvaydywpey Thy elpeoiy Evds TRLYWVOHETPIKOU  Gpi-
Buol Tuyolons ywvias 8 (BeTikfis i &pynTikiis) glg TNV eUpecIy TPIYWVOLETPIKOU
dpiBuol yowviag pf dpvnTikds kol wikpoTépas TV 45°,

“Eorw, Y. 6T [nTelTen f) e (=1250%). ‘Ev.mwpcdTors yvoopilouev &I
ep (— 1250%) = —ep 1250° (§ 150).

Arcupolpev Thdpa Tov 1250 81k 360 xal eUpiokopey TnAikov 3 kai Umohor-
mov 170, &pa efven 1250° = 170° 4 3 - 360°. “Exouev ETTOEVEOS ©

ep (— 1250 = — ep 1250° = — gp (170° + 3 - 3607)

=—¢p 170" (§ 149)
= g l0° (§ 152)
‘Opoiws eUpiokopey &T1 :

nu (— 1385%) = — nu 1385° (§ 150)

= — 7 (305° 4 3 - 3607
= —nu 305" (§ 149)
=nu 55° (§ 151)
= o, 350 (§ 153)

Mevikéds Suvdpeba va drohouBidpey Tov EEfjs kavova ! "Avayduefa TpdTov
gls yooviav BeTikfv kal pikpoTEpaY TGV 3600, "EmaiTa £dv 1) ywvia altn elvan pe-
yahutépa Tév 270° Thy cuvBudlouey pt Ty 360°. "Av elvan petatl 180° kai 270°,
eUpiokopey Tooov Biogéper &ro 180° xad Ty owvbudlopev pe Thv Siagopdy alrTnv.
"Edv elvon peyadutépa Tév 90° ko pikpoTépar Tév 180" Ty ouvBudlopev ue THY
TapomAnpupaTIKiY TS Kol Téhos tdv elvan peyauTépa TdY 45° kai pikpoTEpa
16 909 ThHy ouvBudloper pE THY CUUTTANPWUATIKAY TNS.

262

WnepromoirBnke ané o lvatirouto Exmaibeutikrg MoArmikng



Iopadeiypata :

N 290° = — nu 70° = — owv 20°
ouv 2600 = —ouy 80° = — np 10°
ep 140° = —eg 40°

o 85" =eq 5°

AZKHIEIZ

493) Na dvayBolv els TprywvopeTpikols dpiBols u &pynTikiis yeovias wikpoTépos

<&y 459 ol k&TwH TPy WYOUETPIKOL &pibpof :

a) nu 135° p) ow 315° Y) €9 200° §) op 400° £) Tew 325
ot) ow (— 760°) 0) €9 (—1385%) n) nu 2880° 8) oTep 825° 1) oTen 6100

494) N& elpete TGS Tipds (AxpiPEls) TOY TPIYWVORETPIKGY oUVapToEwY :

€9, 0P TAOV YWV :
«) 150° g) 225° y) —330° &) — 120 €) — 2100

nH, ovv,

o1) — 315

495) Né& éxgpactodv ol Kk&Twb Tprywvouetpikol &piBuol pé TprywvopeTpikols &p1Buovs

T ywvies 8.
&) ow (8 —90%, p) e (270° —8), ¥) ow (8 + 5409
8) nu (8 —270%) ) nu(8—180% oT) ouv (270° + 8)
) nu (8 — 7207 n) ep (—540° +6) 8) ow (8 — 180)
496) *Edv £ 25° = &, va eUpedf) f) T TEOY KhaopdTwv
ep 155° —eg 115° €p 205° —ep 115°
@) | ep155%¢p 115° £g 2457 1 &g 335

497) Eaw A+B+T = 1800, v& Sery8ii 611 nu(B + N = nu A xal ouv E}T

A

'=T]i-1§.

498) "Edv 8 elvan ywvia uE THY TeMKNY TN TAeupaw els THv Seutépay ywviav Tév dEdvewv
(BnA. 90" < B < 180) Bia Thy omolav elvar @ €9 0 = —2/3, v& &moBerxdf &1 TéTe :

(G0 —0) —ow (188 _ 2
) o (2705 ) F 09 (60°—9) /I3 kil
£Q (90°+e)+m.-u(180°+a) &, 2+@
B — @I —0) o9 (-0 2 /T3
499) Na &mobery8i] &1 :
a) auv 0° nut 270 — 2 guv 180° ep 45° = 3
B) 3 nu 0" Ten 180° + 2 orep 90° — ouv 360° =1
3 ks
y) 2teum ouv0+3 nu* T T T 6
31 3
5) eq:wwv—2—+15u2‘rr—a-reu7=2 "

500) Na &miomoimfolv T& x&rwh kAdouaTa :
owv (90° + @) Tel (—a) e (180° — a)
&) T (3600 + @) na (180° + o) 0@ (270° — @)
nu (180° — ) o9 (270° — o) ow (a — 360%)
eq (180° + ) €9 (90° + a) owv (270° + a)
501) ‘Opolws T& x&Twh KAdopaTa :
-~ TV (';— + u) rep (— o) € (T — @)

o) T =3
1p @+ (T + ) op\ 5 — &
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nu (%ﬂ—a)sw(r—ﬁ) oP (—;—-H')fw (Y—%)
P @ -povm-—o T ow@m-—y oo

™
ep (1 —6) op (T + 8) ep (— ©) E@(T -6)
Y) " e (T + 8) o (r— B) op B ep (2 —6)

157. NOMOZ TON HMITONGN,
Els mv y' Td€w #udBouev mads oyeTilovtoan petall Twv T& kUpla oToyET
tvds dpBoywviou Tprydvou. [YrrevBupilopey E5G ToUs OYETIKOUS TUTTOUS :

p=onu B=aowl
a y=anul=aowB
P=ys B=yap L ]
= M= B
5 gl y=PRep p oo
Iy 157.1 at =p 4 y?
O& [nThowuey Tdpa v& elpwpey TUTTOUs ouvdiovTag TG oToIYEla TUXOVTOS
ufy dpboyeoviou Tprydvou.
"Eotw ABI Tuydv pf épBoydwviov Tpiywvov (Zy. 157.2).

4
@)
sx. 157.2

Els 10 oy. 157-2,(c) Exouev dva dEuyviov Tplywvov. Els 10 oy. 157-2, (B)
Eyouev Eva Tplywvoy dupAuycoviov. Oépopev Thy A kéBetov Tpos Thy AB kal
dvopddopev (MA) = A. "Amd 16 dploydviov Tplywvov ATA &' &dupdTepa T& oxn-
pata Exouev A = pnp A, ah)

Ao TO dpBoydoviov Tpiywvoy FAB ToU oy. (o) Eyouev A=anuB  (2)

Ao 8¢ 1O dpboycoviov Tplywvov TBA ToU oy. (B) Exouev
A = anup = anuB (86Tt B + ¢ = 180°), Exouev SnA. wéAw Thv (2). ‘Emope-
vas &k Tédw (1) kel (2) Exoupev :

A=PBnuA
A=anuB

Otpopey Topa THY KkdBeTov ik ToU B &l Thy Al kal Bétopev (BE) = .
AV &ugdTepa T oxfuaTa EXOuEV :

} = pu A = anuB = ﬁzﬁg 3
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p=anp !l kol u=ynuA. ‘Etropévads EXOUEV :

w=anul a

> = A —_— o [
p=ynuA } i TARPLS o nul )
Ex Tow (3) xai (4) owdyopev &Ti

-

B S e ¥
| neA  nuB - quT

(157,a)

‘Qoe: elc ke Tpiywvoy Td piK” TOV mhevpdy elvar avakoya mpog ta Npi-
tove THY Grévavil yovidv.
Al dvaroylar (157,20 &TTOTEAOUY TOV AEYOUEVOY VOPOV TV MPLTOVOV.

158. NOMOEL TQN LYNHMITONSN

*Ac AdPoouey TEAY &V ufy dpfoycaviov Tpiywvov ABF (Zx. 158) "Amo
1 dpBoycvioy Tpiywvoy ATA 80 &updTepa T oxfjuaTa Exopey
pr =22+ (AQ)* (1)

e}

)

b
m
Ble o ommm

@

sy. 158

ATS TO bpboywviov tpiywvov BI'A ToU ay. (o) ExoMev :
A= anuB ki (AB) =« owvB.
‘Etropéveos elval :
(AD) = (AB) — (AB) = y— aouwB
xai # (1) ylverdi :
B-.z — A2 (AA)2 — a2 T'll-l"’B + Y! e 2Y°‘ ouvB 4 OZ’U'UV*B = g
— o (nu?B + ouv*B) +v* — 2ay ouvB
— o + Y2 —2aY ouvB
‘Ao TO Tplywvov BrA Tou oy. (P) Exouev :
A= anue = anuB (86T B+ ¢ = 180% xod (BA) = aowgp = — aowB
‘Erropéveos elval
(AD) = (AB) + (BA) =y—« auv~B
kal H(1) yiveton o §1a TO Tplywvov TOUTO :
pr= at+yi— 2acyouB
‘Eav tpyaoBiuey suolws épovtes Tas kaBéTOUS &md Tds kopugds T kai
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A #rl Tas dvmioToixous Aeupds eUpiokopey dxkoun 8o Spoifous TUTrous
o = B2 4y — Pyow A
Yi=at+ B2 —2aB our A
"Qore Eyopev ToUs TUTMTOUS :
o =B 4+ y* — 2By ow A
P*=y?+ a®—2yaow B | (158, «)
Y=+ B2—20Bow I
Oi dvawrépe Tumor* (158, &) dmoTeholy Tov AeySuevoy vopov t@v suvnpité-
vov, & drolos AekTiks SiaTuTrdveTan dx Etns :
To retpayovov tob pikovg puig rhevplis tpry@von ioobtar pi o E0potopa
THY TETPAYAOVOV TV pnkdv tdv dbo oy TAEVP@V ueTov TO Sirhdaiov yive-
pEVOV TAV pnkdv @OV nhevpdv abdtdv iri o guvnuitovov tiic On’ abtdv me-
peyopévg yoviag.

159. E®APMOrAl
1) Eis & Tpiywvov ABT elvet y = 25cm, A = 35° kai B — 680 ZnTeiTan
va eUpefolv T& o, B, I
Abaig: ‘Emeidn A+ B+ M= 180", 6& elvon I = 1809 — (A+B)=T770°
"Ex ToU véuou T@v Hurtéveov Exopey :
a Y = YA 25 . np35* 995 - 0,574

mwA -~ mr ¢ nul = qu7 T 70,974
"Ex 70U vépou Té@v furtéveor Exopey ¢mions :
B _ Y _g_YmB_ 25 mes _ 2505
B nur nul nu 770 0,974
2) Els &v Tpiycwvov ABl elvar o = 132m, B = 124m, I = 28°40', ZnTei-
Tan va ebpeBolv 1) TAeupd y Kal of yawvica A kai B.

&~ 15¢em.

~ 24 cm

Abaig: "Ek Tol vduou TéY cuvnuitdueoy Exouev :
Y=o+ P — 2B ow [ = 1322 42242 — 2. 132 - 224 guy 28° 40' — 15714, &pa
y=4/15714 =~ 125 m

A& Tiw A o el quA=anu!’= 132nu 28°40" 132-0,480

A~ nqur ¥ 125 SA) 125 = o5
= 0,507 kai fx 1@V Tvbkeov TV PUOIKGY TprywopeTPIRGY &pBudy eUplokouey
A =30°30'.

"Epyaduevor duoicws elplovoper Bk THs nuB = P T,;if &1 B = 1200 40",

Auvvépeda, PePaics, va Umohoyiowuey THY B &md oV TUmov A + B+ M= 180°.

Els v E" 1dEw 8& udboopey va UtroAoyifwpey T& oTolyelx &vos TUYSYTOS
Tpryavoy, Grav SiBwvtan dpkeTd Tpos ToUTo oroiyeia kal 8& 1Seopey dTe
kad s ylveran ) épyacia adrn, Thy dmolow dvopddopev Enikvary ToU Tprydvou.

(*) Ol wimor mpoudmrow & ele éx w0l Hhoy Sid ®UXAATG TRoTHG Thv a, B, v xal A, B,I’
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AEZKHZEIZ

502) Tpiywvou ABI elven a= 384 mm, P =593 mm, y =276 mm. Znteitar v&
Utrohoyiofouy al ywvict Tou.
503) Efs év tplywvov ABT elver P =300 mm, A = 36°, B = 65° Znteitan v& Umo-
AoyiaBouv al Thevpai o xal y.
504) Né& &moBeix8fj oTi els Tuxov Tplywvov ABI loylet :
p?—yt*=a (Powl —yowB)
505) Né& &mobeix® OTt els TUXOV Tpiywvov ABT ioyve :
a=Povvl+ youw B (Bcdpnua rév mpoPordv)
(N& ebpeTe Bia KuKAIKijs TpoTriis TGV ypappdTwy Tas GAAas TauToTnTas i Ta P kel ).
506) Na& &moBerx®i & glg TUYOV Tpiywvoy ABI loyue :
B e
9B y T+ Pi-o
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‘Huivova o6Eetdv yovidwv.

BR— — 1

B |

0 100 | 207 | 30 | 40" | BO {|=| 0 10" 1200 1300 | 40 | Hu

Moltpax.
P

Mol

0,000 {0,003 |0,006 | 0,009 | 0,012 |0,015|[ 45 | 0,707 [ 0,708 | 0,711 [ 0,713 | 0,713 0,727
0,017 | 0,020 10,028 | 0,026 | 0,029 |0,032([ 46 [ 0,719 | 0,721 | 0,723 | 0,725 | 0,727 | 0,729
0,035 | 0,038 | 0,041 | 0,044 | 0,047 | 0,049() 47 | 0,731 | 0,733 | 0,735 | 0,737 | 0,739 | 0,741
0,052 | 0,055 | 0,058 | 0,061 | 0,064 (0,067|f 48 | 0,743 | 0,745 | 0,747 | 0,749 | 0,751 | 0,753
0,070 | 0,073 | 0,076 | 0,078 | 0,081 | 0,084]| 49| 0,755 | 0,757 | 0,759 | 0,760 | 0,762 0,764

0,087 | 0,090 | 0,093 | 0,096 | 0,099 | 0,102{| 50| 0,766 0,768 | 0,770 | 0,772 | 0,773 | 0,775
0,105 [ 0,107 | 0,110 [ 0,113 | 0,116 [0,119(( 81| 0,777 | 0,779 | 0,781 | 0,783 | 0,784 | 0,756
0,122 | 0,125 | 0,128 | 0,131 | 0,183 | 0,136(| 62 0,788 | 0,790 0,792 | 0,793 [ 0,795 | 0,797
0,139 | 0,142 | 0,145 | 0,148 | 0,151 | 0,154(( 53| 0,799 | 0,800 | 0,802 0,804 | 0,806 | 0,807
0,156 | 0,159 | 0,162 | 0,165 [ 0,168 | 0,171]| 54 | 0,809 | 0,811 0,812 | 0,814 | 0,816 | U,817

10] 0,174 | 0,177 | 0,179 | 0,182 | 0,185 | 0,188(| 55 0,819 | 0,821 | 0,822 | 0,824 | 0,526 | U827 !
11] 0,181 | 0,194 [ 0,197 | 0,199 | 0,202 | 0,205]| 66 | 0,829 | 0,831 | 0,832 0,534 | 0,835 | 0,K37
12| 0,208 | 0,211 [0,214 | 0,216 | 0,219 | 0,222]| 57 0,839 | 0,840 | 0,842 | 0,543 | 0,845 0,847
13( 0,225 | 0,228 | 0,281 | 0,238 | 0,236 | 0,239]| 58 | 0,845 0,850 | 0,851 | 0,853 | 0,854 | 0,856
14] 0,242 | 0,245 | 0,248 ] 0,250 | 0,253 | 0,256|| 59| v,m57 0,858 | 0,860 [ 0,862 | 0,863 | 0,865

151 0,258 | 0,262 | 0,264 | 0,267 | 0,270 | 0,273 60| 0,866 | 0,867 | 0,69 | 0,870 | 0,472 | 0,873
14 0,276 | 0,278 | 0,281 | 0,284 | 0,287 | 0,290) &1 0,575 | 0,876 0,877 | 0,879 | 0,880 | 0,882 |
17| 0,202 | 0,295 | 0,298 | 0,301 | 0,303 | 0,306 62 0,883 [ 0,884 | 0,886 | 0,8K7 | 0,885 | 0,890 I
18] 0,308 | 0,312 | 0,315 [ 0,317 | 0,320 [ 0,323|| 63| 0,591 | 0,492 | 0,894 0,495 | U846 | U,H98
191 0,326 | 0,328 | 0,331 | 0,384 | 0,337 | 0,339( 64| 0,499 | 0,900 0,901 | 0,903 | 0,904 | 0,905

20| 0,342 | 0,345 | 0,347 | 0,350 | 0,353 | 0,356(| 65 0,906 | 0,908 | 0,909 | 0,910 | 0,911 | 0,912 |
21| 0,358 | 0,361 | 0,364 | 0,367 | 0,369 | 0,372]] &6 0,914 | 0,915 | 0,916 | 0,917 | 0,918 | 0,919
22| 0,375 | 0,377 | 0,380 | 0,383 | 0,385 0,388|| 67| 0,921 | 0,922 ! 0,923 | 0,924 | 0,925 | 0,926
23] 0,391 | 0,393 | 0,394 | 0,399 | 0,401 | 0,404 68| 0,927 0,928 | 0,929 | 0,930 | 0,931 | 0,953
24 0,407 | 0,409 | 0,412 | 0,415 | 0,417 | 0,420(| 69 0,934 | L B35 | U936 | U937 | 0,938 0,939

25] 0,423 | 0,425 | 0,428 | 0,431 | 0,433 | 0,436]] 70 0,840 | 0,941 | 0,942 | 0,948 | 0,944 | 0,945
26| 0,438 | 0,441 [ 0,444 | 0,446 | 0,442 [ 0,451|] 71| 0,945 G946 | 0,947 | 0,948 | 0,949 | 6,950
27 [ 0,454 | 0,457 | 0,450 [ 0,462 | 0464 | 0,467|| 72| 0,951 | 0,952 0,953 | 0,954 | 0,955 | 0,455
28| 0,409 | 0,472 | 0,475 0,477 | 0,480 | 0,482)( 73| 0,956 | 0,957 0,958 | 0,958 | 0,960 | 0,960
29| 0,485 | 0,487 | 0,490 [ 0,492 | 0,495 | 0,497|| 74| 0,961 | 0,962 0,963 | 0,964 | 0,964 | 0,965
30| 0,500 | 0,508 | 0,505 | 0,508 | 0,510 | 0,513]| 75| 0,960 0,967 | 0,967 | 0,968 | 0,969 | 0,970
31 0,515 | 0,518 [ 0,620 | 0,523 | 0,525 |0,527|| 76 0,970 | 0,971 | v.872 0,472 [ U,973 | 0,974 |
32| 0,530 | 0,532 [0,535] 0,537 | 0,540 | 0,542| 77| 0,974 0,975 | 0,976 | 0,976 | 0,977 ‘u,a?n i
33 [ 0,545 | 0,547 | 0,550 | 0,552 | 0,554 | 0,557]| 78| 0,97 0,979 | 0,979 | 0,950 | 0,951 | 0,981 |
34 0,559 | 0,562 | 0,564 | 0,566 | 0,569 | 0,571)) 79| 0,982 | 0.9%2 | 0,988 | 0,983 | v.uxs | 0,984
36| 0,574 | 0,576 | 0,578 | 0,581 | 0,583 | 0,585 80| 0,9K5 | 0,985 | 0,986 | 0,980 0,987 | 0,987
0,588 | 0,500 | 0,592 | 0,595 | 0,597 [ 0,599]| 81| 0,9m5 | 0,985 | 0,999 | 0,689 | 0,95y | 0,990
37 | 0,602 | 0,604 Lo,i06 | 0,608 | 0011 | 0,613]] 82] 0,990 0,901 | 0,991 | 0,991 [ u,992 1'0,992
3| 0,616 | 0618 | U620 | 0,6¢3 | 0,625 | 0,627]) 83| 0,993 0,993 | 0,994 | U994 | 0,u91 | 0,994
39| 0,629 | 0,32 | 0,634 [ 0,636 | 0,638 | 0,641/ 84 | 0,995 | 0,995 0,995 | 0,995 | U,946 | U996
40| 0,643 [ 0,645 [ 0,647 | 0,049 | 0,652 | 0,654)| 85 | 0,996 | 0,900 0,997 [ 0,997 | 0,997 |u,ys".
41| 0,050 | 0,658 | 0,660 | 0,668 | o665 | 0,667]] 86 0998 | 0,995 | 0,99% | 0,995 | 0,995 10,945
42 | 0,668 | 0,671 10,673 1 0,676 | 0,678 | v,6n0]] 87 | 0,998 | v,990 0,999 | 0,999 | 0,499 | 0,999
43 | 0,682 | 0,684 [0,0i86 | U688 | 0,680 |u,695]] 88 0,999 | 0,999 | 1,000 | 1,000 | 1,000 ':.wu
_‘J 0,85 | 0,687 | 0,88 | 0,701 | 0,708 | 0,706{| 8% 1,000 | 1,000 1,000 | 1,000 | 1,000 J 1,000
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Sl o |10 20 | 30 |40 |0 ||F| 0 |10 {200 |30 |40 | B0
= =
of 1,000 | 1,000 | 1,000 1,000 | 1,000 |1,000(| 45 | 0,707 | 0,705 | 0,703 0.7.01 U.lEQ!ﬂI ll,riﬁ?
1] 1,000 | 1,000 | 1,000 [ 1,000 | 1,000 0,999(] 46 | 0,695 | 0,693 | 0,090 | 0,G88 | 0,686 u,-..m
2| 0,999 | 0,999 | 0,999 | 0,999 | 0,999 | 0,999 47 | 0,682 | 0,680 | 0,678 | 0,076 lJ,Ii-'J.:i u.n.'n
3| 0,999 | 0,998 | 0,998 | 0,998 | 0,994 | 0,998 48 | 0,669 | 0,667 | 0,665 U,lf'ﬁs U.lilnlJ u.ctsu
4| 0,998 | 0,997 [ 0,997 | 0,997 | 0,997 | 0,996 49 | 0,656 | 0,654 | 0,652 | 0,649 | 0,647 | V645
5| 0,996 | 0,996 | 0,996 | 0,995 [ 0,995 | 0,995 50 | 0,643 | 0,641 | 0,688 | 0,636 U.l:ﬂi u,t't:iz!
6| 0,995 | 0,994 | 0,994 | 0,994 | 0,993 | 0,993 51 | 0,629 | 0,627 | 0,625 0,;323 U,t:20' u,-:w
7| 0,993 | 0,992 | 0,992 | 0,991 | 0,991 | 0,991 52 | 0,616 | 0,618 | 0,611 | 0,509 | 0,606} 0,604
8| 0,990 | 0,990 | 0,989 0,989 | 0,989 |0,988| 53 | 0,602 | 0,599 | 0,597 0.?95 0,592 -0'590.
9| 0,988 | 0,987 | 0,987 | 0,986 | 0,986 0,985|| 54 | 0,588 | 0,585 | 0,583 | 0,581 | 0,578 0,576
10| 0,985 | 0,984 | 0,984 | 0,983 | 0,983 0,082|| 55 | 0,574 | 0,571 | 0,568 | 0,566 | 0,564 | 0,562
11| 0,982 | 0,981 | 0,981 | 0,980 | 0,979 0,979|| 56 | 0,559 | 0,557 | 0,554 | 6,552 | 0,550 0,547
12| 0,078 | 0,878 | 0,977 | 0,976 | 0,976 | 0,975 57 | 0,545 | 0,542 | 0,540 | 0,537 | 0,585 0,532
13| 0,974 | 0,974 | 0,078 0,872 0,972 | 0,971 58 | 0,580 | 0,527 | 0,525 | 0,523 | O, fmu 0,518
14 0,970 | 0,970 | 0,969 0,968 | 0,967 [0,967|| 59 | 0,515 | 0,518 | 0,510 | 0,508 | 0,505 0,508
15 | 0,966 | 0,965 0,964 | 0,964 | 0,963 | 0,962 60| 0,500 | 0,497 | 0,495 | 0,492 | 0,490| 0,457
16| 0,961 | 0,960 | 0,900 | 0,959 | 0,358 0.957| 61| 0,485 0.48‘2 o.wlu 0,4-{1 0,475] 0,472
17| 0,956 | 0,955 | 0,955 0,954 0,953 | 0,952| 62| 0,469 | 0,467 | 0,464 | 0,462 | 0,458 | 0,457
18| 0,951 | 0,950 | 0,949 | 0,948 0,947 | 0,946|| 63 | 0,454 u.am. 0,449 | 0,446 | 0,444 | 0,441
19| 0,046 0,945] 0,944 | 0,943 0,942 | 0,941]| 64 | 0,438 | 0,436 | 0,433 | 0,431 | 0,428) 0,425
20| 0,940 | 0,989 | 0,938 0,937 | 0,936 |0,935|| 65 | 0,428 | 0,420 | 0,417 | 0,415 | 0,413 0,409
21| 0,934 | 0,933 | 0,981 0,930 | 0,929 | 0,928|| &6 | 0,407 | 0,404 | 0,401 | 0,399 | 0,396 0.59:
22| 0,007 0,926 | 0,925 0,924 | 0,923 | 0,922} 67 0,391 | 0,388 0,38'5 o.sa's 0,380 0.:*{‘
23| 0,021 | 0,919 | 0,818} 0,917 0,916 | 0,915|| 8 | 0,875 0.311. 0,369 | 0,367 | 0,364| 0,36
24 u‘.su 0,912 | 0,911 0,910 | 0,909 | 0,908/ &9 | 0,858 | 0,356 0,358 | 0,350 | 0,347| 0,345
25| 0,906 | 0,900 | v.904| 0,903 0,901 | 0,900|| 70| 0,342 | 0,339 | 0,837 | 0,834 | 0,881| 0,329
2% 0'399 0,898 | 0,896 | 0,895 | 0,894 | 0,592 71| v,826 o.sis‘ 0.320 | 0,817 | 0,315] 0,912
! o1 | 0,800 | 0,888 0,887 | 0,880 o,884)| 72| 0,309| 0,806 0,803 | 0,801 | 0,208/ 0,295
i 8y u'ssx o880 | 0,878 0,877 | 0,876 73| 0,202 | 0,200 | 0,287 | 0,264 | 0,281| 0,278
e U'H:: 0'513 0:512 0,870 | 0,869 | 0,867|| 74 | 0,276 | 0,278 [ 0,270 | 0,267 | 0,264 0,26%
: :':.,»5 u:sn.r, 0,863 | 0,862 | 0,860 | 0,859l 75| 0,259 | 0,256 o.nssl 0,250 | 0,248| 0,245
j 0,656 | 0,854 | 0,858 0,851 | 0,850 76| 0,242 | 0,239 | 0,236 0.235{ 0,281 0,228
Bl 47| 0,845| 0,843 ] 0,842 | 0,840) 77 | 0,225 0,228 | 0,219 | 0,216 | 0,214] 0,211
il By U':m o835 | 0,884 0,832 | 0,831]| 78 | 0,208 | 0,205 | 0,202 | 0,198 0,197} 0,194
ey s ?;Ia:z? u:uwi 0,824 | 0,822 |o,821]| 79| 0,191 | 0,188 0,185 | 0,182 0,179 0,177
sl g u'sn 0816 | 0,814 | 0,812 | 0,811() 80| 0,174 | 0,171 | 0,168 } 0,165 0,162| 0,159
2yt i 7 u' o6 | 0,804 | 0,802 | 0,800]| 81] 0,156 0,154 0,151 0,148 | 0,145] 0,142
b 1y 0t u.uu1 u".'sb 0,798 | 0,792 | 0,790|| 82| 0,139 | 0,136 | 0,133 0,181 | 0,128} 0,125
L 0'199 0':;- 0'134 0,783 | 0,781 | 0,779 83| 0,122} 0,119 | 0,116 0,118 | 0,110 0,107
By b .u: 3'77; u:-: 73| 0,272 0,770 | 0,768| 84 | 0,105 0,102 0,009 | 0,096 | 0,093 0,000
& UIn- 0'7|i-l 0,762 | 0,760 | 0,759 | 0,757 85| 0,087 | 0,084 | 0,081 | 0,078 | 0,076| 0,078
Bl B4 ] 749 | 0,747 | 0,745[| 86 [ 0,070 | 0,067} 0,004 0,061 | 0,058| 0,055
DB A ! Bettal by o.13a]| 87 | 0,052 | 0,008 | 0,047 0,004 | 0,041] 0,088
i e UIT.-Z: 317:: g'::: o:’m 88 0:035 u.,oar 0,029 | 0,026 | 0,0238] 0,020
v
:: li,:?:lg ‘:;::s: ?;,1 15 (\I.'r 18| 0,711 | 0,708f] 82] 0,017] 0.018] 0,012} 0,009 | 0,006 U,008
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= =
g o [ 100 | 200 [80 [400 [0 S| o |10 |20 |30 | 40 | o
= =
0 | 0,000 | 0,003 | 0,006 | 0,009 | 0,012 | 0,015 || 45 | 1,000 | 1,006 | 1,012 | 1,018 | 1,024 | 1,080
110,017 | 0,020 | 0,023 | 0,026 | 0,029 | 0,032 || 46 [ 1,086 | 1,042 | 1,048 | 1,054 | 1,060 | 1,066
2 0,035 | 0,088 | 0,041 | 0,044 | 0,047 | 0,049 |[47 | 1,072 | 1,079 | 1,085 | 1,081 | 1,09% 1,104
3 | o052 | 0,055 0,058 | 0,061 | 0,064 | 0,067 |{48 | 1,018 | 1,017 [ 1,024 | 1,130 ) 1,187 ] 1,044
4| 0,070 [ 0,073 | 0,076 | 0,079 | 0,082 | 0,085 || 49 | 1,150 | 1,157 | L,164 | 1,171 | 1,178 1,185
S | 0,087 | 0,080 [ 0,093 | 0,096 | 0,099 | 0,102 [[50 | 1,192 | 1,199 | 1,206 | 1,208 | 1,220 | 1,228
610,105 | 0,108 0,111 | 0,114 | 0,117 | 0,120 || 61 [ 1,285 | 1,242 | 1,250 | 1,257 | 1,265 ] 1,272
T {0,123 [ 0,126 | 0,129 | 0,132 | 0,135 | 0,138 |[52 | 1,280 | 1,288 | 1,295 | 1,363 | 1,311] 1,319
8 | 0141 [ 0,144 | 0,146 | 0,149 | 0,152 | 0,155 |53 | 1,327 | 1,335 | 1,343 | 1,351 | 1,360 | 1,368
? | 0158 | 0,161 | 0,164 | 0,067 | 0,170 | 0,173 || 54 | 1,376 | 1,385 | 1,893 | 1,402 | 1,411 1,419
10 1 0,176 | 0,179 [ 0,182 [ 0,185 | 0,188 | 0,191 (155 [ 1,428 | 1,437 | 1,446 | 1,455 | 1,44 | 1,478
11 10,194 | 0,197 ] 0,200 | 0,203 | 0,206 | 0,210 ,, 56 | 1,443 | 1,492 | 1,501 | 1,511 | 1,520 1,530
12 | 0,213 | 0,216 | 0,219 | 0,222 | 0,225 | 0,224 '*51 1,540 | 1,550 [ 1,560 [ 1,570 | 1,580 | 1,590
13 10,251 | 0,234 | 0,237 [ 0,240 | 0,243 | 0,246 |[58 [ 1,600 [ 1,601 | 1,621 | 1,682 | 1,648 | 1,658
14 | 0,249 | 0,252 | 0,256 | 0,259 | 0,262 | 0,265 |[59 | 1,664 | 1,675 | 1,686 | 1,698 | 1,709 | 1,720
15 | 0,268 | 0,271 | 0,274 | 0,277 | v,280 | 0,281 [|60 1,732 | 1,744 | 1,756 | 1,967 | 1,780 1,792
16 | 0,247 | 0,290 | 0,295 [ 0,290 | 0,299 | 0,308 [[é | 1,504 | 1,816 | 1,829 | 1,842 | 1,855 | 1,868
17 10,806 ) 0,308 | 0,312 | 0,815 | 0,318 | 0,922 || 62 | 1,881 | 1,894 | 1,907 | 1,921 [ 1,935 1,949
18 | 0,325 | 0,428 | 0,331 | 0,335 | 0,338 | 0,841 || 63 [ 1,963 | 1,977 | 1,991 | 2,006 | 2,020 | 2,085
19 0344 | 0,348 | 0,851 | 0,304 | 0,457 | 0,361 || 64 | 2,050 | 2,066 | 2,081 | 2,097 | 2,112 2,128
20 0,364 | 0,367 [ 0,971 | 0,374 | 0,877 | 0,381 || 65 | 2,145 | 2,061 2,177 | 2,194 | 2,211 2,220
21 1 0,384 | 0,387 | 0,391 | 0,494 | 0,397 | 0,401 |(66 | 2,245 | 2,264 | 2,282 | 2,300 | 2,318 | 2,387
22 ) 0404 | 0,407 | 0,411 | 0,414 | 0,418 | 0,421 ({67 | 2,350 | 2,975 | 2,394 | 2,414 | 2,434 | 2,455
23 | u,24 | 0,128 | 0,431 | 0,435 | 0,438 | 0,442 [| 68 | 2,475 | 2,496 | 2,517 | 2,538 | 2,560 2,583
24 {0445 | 0049 | 0,452 | 0,456 | 0,459 | 0,468 || 69 | 2,605 | 2,628 | 2,651 | 2,675 | 2,699 | 2,723
25 [0 [ 0,470 [ 0,473 | 0,477 [ 0,481 | 0,484 [|70 | 2,747 | 2,778 | 2,798 | 27824 | 2,850 | 2,877
26 [ 0,488 | 0,491 | 0,495 | 0.499 | 0,502 | 0,506 |[71 | 2,904 | 2,932 [ 2,900 | 2,989 | 3,018 3,047
27 0,510 | 0,513 | 0,607 | 0,521 | 0,524 | 0,528 [|72 | 8,078 | 3,108 | 3,140 | 8,172 | 3,204 | 3\237
28 |u,532 | 0,535 | 0,539 | 0,543 | 0,547 | 0,651 |73 | 8.271 | 3,305 | 3,340 | 3,37 | 3,412 3,450
29 0,554 | 0,508 | 0,562 | 0,566 [ 0,670 | 0,573 || 74 | 5,487 | 3,526 | 3,566 | 3,606 | 3,647 | 3,089
30 [ 0,077 | 0,581 | 0,585 | 0,589 | 0,593 | 0,687 ||75 | 8,782 | 3,776 | 3,821 [-3,867 | 3,914 | 3,962
31 | us01 | 0505 | 0,609 | 0,618 | 0,617 | 021 ||76 | 4,010 | 4,061 | 4,113 | 4,165 | 4,219 | 4,275
32 | 0625 | 0,629 | 0,633 | 0637 | Oy641 | 0,645 || 77 | 4,331 | 4,390 | 4,449 | 4,511 | 4,574 | 4,638
33 | uid8 | 654 | 0658 | 0662 | o666 | 0,670 |]78 4,705' 4,773 | 4,843 | 4,915 | 4,989 | 5,066
34 0,675 | 0,679 | OH3 | 0,687 | 0,602 | 0,600 (|79 | 5,045 | 5,226 | 5,309 | 5,896 | 5,485 | 4,576
35 Ju,iv0 | 0,705 | 0,709 [ 0,713 | 0,718 | 0,722 ||80 | 5,671 | 5,709 | 5,871 | 5076 | 6,084 | 6,197
36 (0,727 | 0,731 | 0,735 | 0,740 | 0,744 | 0,749 ||B1 | 4,314 | 6,485 | 6,51 | ¢80 | 6,827 | 6,96H
37 10,754 [ 0,758 | 0,763 | 0,767 | 0,772 | 0,777 |{82 | 7,115 | 7,269 | 7,429 [ 7,596 | 7,770 7,953
38 | 0,781 | 0,786 [ 0,791 [0,795 | 0,800 | 0,805 ||83 | ®,144 | K,445 | 8,556 | 8,777 | 9,010| 9,255
39 (0,810 | 0,815 | 0,819 | 0,824 | 0,620 | 0,884 ||84 | 9,504 | 9,788 | 10,08 | 10,39 | 10,71 11,04
40 [ 0,839 | 0,844 | 0,849 [ 0,854 | 0,850 | O,864 |85 | 11,43 [ 11,83 [ 12,25 | 12,71 | 13,20 ] 14,78
41 (o869 | 0,874 | 0,880 | 0,885 | 0,890 | 0,895 |]86 | 14,30 [ 14,92 | 15,60 | 16,35 | 17,17 ] 18,07
42 o900 | 0,906 | 0,911 [0,916 | 0,922 | 0,927 ||87 | 19,08 | 20,21 | 21,47 | 22,90 | 24,54 | 20,43
43 10,933 | 0,938 | 0,843 | 0,949 | 0,955 | 0,860 || 88 | 2u,0i4 | 81,24 | 84,87 | 38,09 42,90 49,10
44 Qo | 0,871 | 0,877 0,988 | 0,988 | 0,994 189 | A7,29 | 68,75 | 85,84 | 114,6] 171.9 | 848,8
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