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MEPOZX MMPQTON

KEOQAAAION |

ITOIXEIA MAGHMATIKHE AOI'IKHZ

1. MPOTAZIE.

‘H petaly Téw dvBpdmmev auvewdnais yiveTal pé Tpopopikdy T ypatrTov
Adyov. Eis v Mpapparikny kol TO ZUVTOKTIKOV «AOYO§ CUVTOMWTOTOS WE EVTE-
Addg &TrAoUV TEPIEXOUEVOVY AEYETC TPOTAOIG.

Eis v MoBnuaTikiiy Aoyikfy kai t& Mabnpatikd év yével Becopoupey Tas
Aeyoutvas Aoyikds TrpoTéotls, fitol TpoTdoes B’ éxdoTny TdV dmoiwy Suvdpe-
Ba xaTd Eva dxpiPds TpoTrov v &ropavBiduev éTi, éxeivo TO Omolov aUTn Ek-
ep&lel, elvan dAnBis T weubls &mokAeiovtes &AANY mepimTwow. Oltw, m.X., 1
TPOTATIS :

«& dpBuos 4 elvar &pTiogy &%)
elvar pia Aoyid) pdTaols, 5101 ékeivo TO omolov altn ékppdde efven dAnbdés.
‘H mrpdTaoic :
«b &pifuds 5 elvan GpynTikdgy (2)

elvan plor Aoyixr) pdTaots, BidT éxkeivo TO dmoiov alrn éxppdder elvan weubés.
Al dvwTépw TpoTtdaes (1) kai (2) BecopouvTan G amhal TwpoTaoels, kad-
doov Btv Buvavtan v ywplofouv els BUo T mepioooTépas GAAGS TPOTACELS.
TolvavTiov 7 TpdTaois :
« Ol &piBuoi 2 kal 11 elvan mpédTO, 3
N omoia xapaxtnpiletan ds &Andns (elven BnA. Aoyikh mpédToois), XwpileTal
elg 8Uo &AAas, fiTol :
«d &piBpos 2 elvon TpddTogy Kal «d &piBuods 11 elven wpddTogy.
AV clTo 1) wpoTaois (3) Aéyetan ohvlitog TpodTAOIS.
Kata & dvwtépw els Ty MaBnuamikiy Aoyikny Bexopeba ot ¢
1) Umrdpyer év oUvolov &TTAGY Aoyik&dv TpoTédoewy (TO aUvoAov TOUTO
oupPodilouev pé L).
2) el ik&oTny TROTaOW €k Tou L BuvdpeBa vd dvtioTolyiowpey duaio-
YWs TOU Trepleyopévou TN Eva Kai pdvov Evar Ek TGV YapaxTnplopdv i aknong
7l yevdig.
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TMapadeiypoTa TpoTdoewy Tou cuvddou L :

1. «To &Bpoiopa TAV E0WTEPIKEW Yyuvidy TrowTds Tprywvou elvan ioov
Tpos piow evBeiaw - ywviawy (dAnOns).

2. «44+2="T» (yeubny)

Mapabeiypara mwpoTdoewy, ai omoiar Stv dvrkouv &g 1o L :

1. «t&d MafinpaTtika elvar mpdaway (TapaAoyiopds)

2. «tv Tplywvov dmoTeAelTon ék TPIGY ypapudvy (doagns)

3. «x + 10 = 0» (Bév Buvépeba va dropavBidpey v elven dANBNS T Weubns).

“Orav TO Tepleydpevoy wids TpoTdoews elvon dAnBés, ToTe Aéyopev OTi 1y
TpdTaols ExEl AOYIKTV Tty A o) Tipnv ahnbeiag A.

‘Otav TO Trepleydpevoy MIGs TpoTaoews efvan \weudés, TéTe Aéyopev OTI 1
TpdTaols Exel hoyikiy npny ¥ f Ty aknleiag Y.

[Mapadeiypata :

1. ‘H mipn &AnBeias Tiis TpoTdoews «b 5 elvan dpunTikds dpiBuds» elvan Y.

2. ‘H mun &inbeias Tis mpoTdoews «& 3 elven BeTikds dpibudsy elven A.

Tas TrpoTéoes ToU ouvdhou L Trapiotdvopey ouvifus pg Td ypdupoTa
p, q, r kTA. [pdagopev, T.X.,

p : «b &piBuods 135 Afyer €lg Sn.

q:«o6 dpibpds 125 elvar Braipetos B 5.

2. LTAGEPA KAl METABAHTH.

‘H 81 Tiis ypagfls ouvewdnaois yiveton pé Thy Porbeiav Siapdpwy onud-
Ty, TY. YPAHRETWY, AEtewv, @pacewv, mpoTdoewy, onueiwv oTilews, Sia-
pdpuv oupPaTikdy onpdTwv (m.y. IKA), ekévev, Biaypaupdrav k.o.x. Ta Toi-
aUta ofuate Svopdlopev oopfolia.

“Ev ypdupe, .. TO X, elvar oUuBolov. TUpPola Emions elva, .., 1) Aé-
Eig «mévren, TO « + », 6 &mbucs 15, T fpwTnuoTikdy K.T.A.

"Ev oUpPohov elvan Buvardv v &moTeAfiTan &md TEPIoCOTEPR OTjHATY,
kaBtv &md Té dola elvan Emions oupBorov. Ty  x + 5, a? — af. Zuvnbuws eig
THY TepimTwo aUThy TO ouuPoiov TO dvoudloper Exgpasty.

Méoa els Tas TPOTATES Kal YevikdTepov els Tas tkppaoels, (5iws s T&
MafnpaTikd, sUploxkopey Gpous Ty cUpPola, étrws ). «&Bpoiouar, «Tpiywvovy,
«~8», « + 12», «0» kol &\Aa Tapouola, Ta dToia Eyouv piav kabopopivny kai
povipov onpaaiav eig 10 Bipa, to oroiov Egetalopev. Ta TolaUTa oUpPora dvo-
palovtal otabepai.

"Hutropel &pwos els plav Ekppaoiv va Umapyn ouppolov, TO Omolov Sév
ExEel povipov kol keBwplopévny onuaoiov eis Thy éxppaow abTiv. TLy. s THy &-
Ppaoiy «O X elvan WKPOTEPOS TOoU 5»TO oupPolov X Biv Exer povipoy kai kabwpi-
opévny onpaciar. Atv elvan 8nA. 10 X Svopa tvos dpiopévou dpiBpol. *Edv Spws
els ThY Btow Tou X TeBT) Evag OToloobriTTOTE QUOIKDS &piBuds i Evars TPy HOTIKOS

&piBuds, ToTe TpokUTITEl TrpoTacts (GAndhs fi weubns). To iGiov oupPaiver els
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T Exppaow 2x =4. ‘Ouoiws els Ty &kepaow x > y. T& Torabra oupfola
Svopdlopey petafhnris.

3. MPOTAZIAKOZ TYIOZ (H ANOIKTH TPOTAZIE).

A) "Ag tteTdowuey AW THY Exgpacy :
«b x elvar pikpdTepos ToU 5»
‘H Egppaois alrn &t elvan pdTaots, Si1dT1 Siv Buvdueda v' dmopovidipey &v
elvan f) pévov &AnBhs fi pévov weubrs.

Maparnpolpey Spws &11 altn ylvetar mpdTacts, &v els Thy Béow TR
HeTaPAnTHis X TomoBeThiowpey Evar olovBrTToTe TporypaTikow dpiBudy. "Av, Y.,
duTikaTaoThowuey TO X S1& ToU 2, 84 mpokiyn 1 TpdTacis «b 2 elvar wikpo-
TeEPOs ToU 5w, 1) dmrola elvan dAndns mpoTaois. "Av dvTikaTaoThowey TO X 81
ToU 7, 8& pokiyn mwdAw mpdTaots «b 7 elvan pikpdTepos ToU S», 1| dmoia dpws
elvar weubs.

"As Eetdowpey dkdun THY Ekppaoty :

2x =4
‘H &opaois atrr) fiumopei v &moPf mpdTaots, v TO X dvTikoraoTadi pE Eval
TpaypaTikdy &pifpdy, .. Tov 3, omédTe yivetan 23 =4, ) dmola elvar oS-
Taols weubnis. ‘H 18la Exppaois yivetan dAndfis mpdTaois, d&v 1 petaPAnTh X
dvtikaraoTadf Si& ToU 2.
Al Ekppdoeis «b X elvan pikpdTEpOs ToU 5w, «2X = 4», K.T.A.  Ovopalovtal
npotaciokoi tomol f| @voiktai TPOTACEIS.

Fevikéds : Ilpotaciakdg tomog (f Gvowkti npétacig) mdg petafhnrijc Aéye-
TaL k@0 Exgpacig, 1 droia nepréyer piav povov peraPintiy kai 1) onoia peratpé-
netar eig npdraocwy, Grav 1 peraPhnri dvrikarastadij and toydv ororysiov Evog
kabwpropévou suvdlou,

To ororgeiov, 1o Smolov dwtikaBioTd& ThHY peTaPAnTry, Sid v& TROKUYT
mpéTaots, Abyeton np Tis petaPAnTiis. To oUvoAov TV Tipdv Ths peTaPAn-
Tiis AéyeTon obvohov dvagopig Tiis peTaPANTHs ToU TpoTaciakoy TUToY. ToUTo
oupPoAileTon ouvnbuwg ut U. Ty. els Tév TpoTaoiakdy TUTTOY 2X > 35 fumopol-
Hev v AdPoopen ds oUvohov dvagopds U T& alvohor TV TparyuaTikiy &pifuddv:
TOTE, v 1) Tipf) Tis ueTaPAnThs X elven &piBuds peyalUTepos Tol 1 %-, fa mpo-
kuyn mpdTaois GAndns, &v elvan foos pé | T'lg" | pikpdTEpOs TOU 1 —;— B& TrpoKU-
W1 TpoTagls \WEUBTS.

To olvohov T&Y TIwéY THs petaPAnTis, Bi& Tds dmolas fvas TpoTaCI-
KO§ TUTrOS YiveTan dAndfs mpdTaois, Abyetan eivolov dinbeiag ToU TpoTaola-
koU Tiwou. Els Tov TpoTaciaxkov TUmov, Ty, 2x = 4, & Bswptiowuey g oU-

vohov dvagpopds TO auvohov R, T@v TrpayuaTikédy dpiBpdv, ToTE TO oUvOAOV
dAnbelas Tou elvan {2 }.
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Enp. Efmopev 611 ouvnifes ) petaPAnTh x elvar otoixeiov évos kabwpiopévou ouvdAou,
forw U, 16 dmoiov dvopdoauev ouvorov dvagopds. Eis Ty mepimrwow TaUTtny & Tpora-
giakds TUTos Abyetan kai ouvlikn cig 10 U kol Aéyopev &1i 1 perafintn x Sarpéxer 1o U.

X&pw ouvTopias Tous TrpoTaoiokoUs TUTTOUS ME piay  peTaPAnThv, LY.
X, Tous maploTdvcpey pé p(x), q(x), s(x) x.o.x. kal T& olvoha dAndelas Twv
dvmioToixws pE P, ), S k.o.k.

"Av Ty, TapooThowpey pE p (x) Tov mpoTaciakov tUmov @ 1 < x <5
kal AdPoopey g alvorov dvagopds T N, TéTe 1) TrpdTacts p (2) elvar dAnbrg,
865 1) p (8) elven weubns. To olvorov dAnBeias ToU p(x) elvan P=1{ 2,3, 4 }.

*Emrions els Tov mpoTaciokdy TUmov q(x) : 4x = 20 Exouev 61 q(5) =45
=20, 8nA. &inbrs mpoTaos, fvd q(2) =42 =28, BnA. weubns mpdTAOIS.
ZUvohov 8¢ &AnBelas Tou elven T6 oUvolov Q= {5 }.

B) "As Becopriowopey Tpa TTV EKppacy X > .

"Av QUTIKOTaoTHoWUEY TO X pE 6 kai TO W pé 4 TpokUTrTel f) TPSTACIS
6 >4, 1) omoia elvan dAnBrs. "Av Béowuer x = 3 kal W =5 TrpokUTrTEl T Yeudns
mpoTaois 3 > 5.

‘H Ekppaois X >y AfyeTal TPOTATIaKOS TUTTOS U SUo peTaPAnTds.

MoapatnpoUpey €86 611 Umdpyouv (elyn TIp&V TV peTaPAnTdv (&Td
T6 owolov R), B Tas émolas & mpoTaoiakds TUTTOS YiveTon dAnBns TpdTacis
kad &AM [eUyn TiwGv, Sid Tag omolas yiveTon yeudng TpdTacts.

"As Bewpniowpey dropn THY EKppaciv

«f) wOAs X elven TpwTelovoa ToU kp&Tous .
"Av duTi X BEowpey « ABfvany kol dutl W « EAAGs», TrpokUTrTel GANBNS TpdTaois:
«‘H moéAis *Abfjvan elvan TpwTelouoa Tou kpdrous ‘EAAGs». "Av &uTti X Béowpev
«Middvovy Kkad dvTi y « EARGS» TrpokUTTTEL TTpdTaOIS Wweubtis. Al tkppdoeis X >y,
«f) TOMs X elvon TpwoTelouda TOU KpATOUs yr, AéyovTal mpotadiekoi tonol &lo
HETOPBAN TV,

Mevikéds : Ilpotaciakog tomog i Gvoikti) npétacig dvo perafintdv héyeta
pia Ekgpaoic, 1) droia nepiéxen dvo petaflnrag kai | dnoia petarpéncron eig npo-
taoty, otav ai petofintai avukatastabolv ano crovyeia 800 oplopivav cuvé-
rov. Ta oOvola avagopic t@v petafhntdv furopel kai va tavtilovrar

Eis 16 mrpédTov Topdberypd pos, X >y, kol ai Svo peTaPAnTal dvagépo-
Ton els TO oUvohov R, TGV TporypaTikdy &piBuddv.

Eis 10 B’ mwopdderypo 1) peTaPANTH X dvagépeTar gs TO oUvolov Tév To-
Aecov kai 1) el TO oUvolov TGV KpaTdy ToU KOTHOU.

X&pw ouvtopias gupPolilopey ToUs TpoTaoiakous TUTTOUS pE BUo peTo-
PAnTas Bix TV p(x, §), q(X, ¥) s(X, ) x.ok.

"Av p(X, ) oupPoAiln Tov TrpoTagiaxdy TUTOV TOU TpwTou Tapadeiy-
HaTos pas, SnA. &v p (X, y) @ X >y, T1ote p (7,5) elvar dAnbis wpoTaos, Evéd
p (5, 7) elven mpdTacis yeudrs.

*Emrions &v q (x, @) 1 «f} mOAis X elven TrpwTeliouca TOU KPATOUS Wy, TO-
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Te q (AovBivov, "AyyMia) elven dAndis mpdTaais, tvid q (Poun, Béhyiov) elvai
Weudng.

Mapearnpopey éT1 10 ovvohov &AnBeias TpoTaciaxol TUToU p(x,¢)
Buo petaPnrTidv elvan, v yéve, & odvohov BlareTaypevawy feuyddv.

ALKHZIEIZ

1) Na éterdoete wads fumTopouv va dvopacholv al KATWTEPW EKPPATEIS: € — 3, «TTapaA-
AnAdypaupovs, «opbny ywvian, «17».

2) Na tterdoete wds fumopolv va dvopacholv al EXQpaoTEls :

a) ‘O 10 elvan &piBuds ouvBeTos.
B)2=4 Y)5=3+2

8) ‘O EukAeidns filto giddhoyos.

£) ‘O x elvar mpdTOS &p1Buds.

oT)2x + 3 =23 D x+y=5

3) Mvopilopey &mi Umrdpyer pia pdvov iph Tol x &1 Ty dmolay 2x = 6. Enuaive
ToUTo &T1 TO X Elvan oTabepdv els THY ixgpagv 2x =6 ;

4) ZIrabepal, al dmoicn elvar dvdparta ToU alitol TpdypaTos, Abyopey &T1 Exouv THY
alThy Tipnfy. TLy. «0» kal «2 — 2». N& YpdweTe TévTe oTabepds, al dmoian vé Exouv Thy TP 6.

5) "Ywapyxouv &paye mpoTaciakol TUTol, ol dmoiot Biv yivovrar &AnBels TrpoTdoeis
B1& xapplow Tipiy THs peTaPAnTis Tov ; 'EfetdoaTe Tov %— = 2. Adoate Eva [8i1kdy gag Ta
paderypa. (AdPete ds oUvohov dvagopds Tiis peTaPAnTiis TO N).

6) "Ymdpyouv mpotaciakol TUTOI &S petaPAnTiis, ol &molor yivovtar &Anbeis mpo-
Thoes &' Shas Tas TIpds TH HETAPANTRS Tawv. Tpogavis Tapdberypa @ x + x = 2x, émou
xeR.

N& elpeTe &v 1Bikdv oag Tapaberypa. s dvopdlovrar al lodTnTes, Smeos fy X + X = 2X ;

7) AiBeten 6 TrpoTaciakds TUTOs p (x) 1 2x = 10 xal ouvohov dvagopds To R. N edpete
T6 olvohov dAnbeias P Tol TpoTagIakou TUTTOU.

8) AiBeran & wpoTaoiakds TUTOS X + ¢ = 5 kai aUvohov dvagopds TEV HeTaPATTGY
T Z={1, 2 3, 4, 5}. N& eUpete 15 oUvohov dAnbBeias TOU TpoTaciakoU TUTOU.

9) Aiberan & wpoTaoiakds TOMos q (x) @y =x 4 1, dmou X, y elven oroxeia ToU

R. Né& epete BUo [ebyn 6 T& dmota q (X, W) yiveTon dAndis mpéTaois kal Buo Bi& & dmoia
yivetan weubrs.

10) Afderon & mpoTagiakds TUTos p () : x* — 25 = 0.

Né& bpioete alvodov dvagopds Tou kai T6 dvtioToryov alivohov dAndeias Tou.

11) AiSeran & wpoTaoiakds TUTros «f) ToMs X eUploketan els Tov vouoy'y)». Tvora
dvagopds : Tiis ueTaPAnTiis X TO oUvohov Tév wéAewv Tis ‘EAAGSos, Tiis peTaPAnTiis W TO
alvohov Tév vouddv Tiis ‘EAAGBos. N& elpete Tpla [eyn ToU ouvdhou dhrBeias Tol mpoTa-
olakoU TUTrou.

4. TOZOAEIKTAL

A) Nvwpilopev &md T "AlyePpav 611
(x+1)?=x3+2x+ 1, édmov x e R
Mwpilouey Emions 61 6 TpoTaciokds olros TUTOS Wids WETOPANTHS
yiveran dAntis mpoTaots Sid k&Be Tipfy TS petaPAnThs X, THY dmolav Tiphy
AapPdvopev &mod TO oUvohov R, T@Y TpayuaTikédy dpiBudv. MEé &AAous Ad-
Yous To oguvolov dAnbelas ToU TpoTaciakou TUTOU TauTileTanl pE TO  oUvoAov
dvagopds Tou,
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ZUUPOANIKES YpAPOUEY TOTE :
Vx(xeR) :(x+ 1)2=x242x+1
kai SiaPalopev :
«Mi&x ké&be X, TO OTrolov X dwnkel els TO R, dAnBever ém
x4+ D2=x*+4+2x + 1.

To oupPolov ¥V BiaPdleran «Bid kéBe...» | «B1” SAa Té..» kai AéyeTan
kabolikog #i yevikog mogodeiktng.

’Evrions VX (xeR) :x-x=0

"HutropoUpev Aoimdy, 6Tav EXwHey TpoTaciakolUs TUmous, T&v Otolwy T
oUvohov dAnBelas TauTileTon pe TO olvolov dwagopds, VA TTPOTACTWHEY TOV
yevikdy ToocoBeikTnv.

B) *Ag éfeTdowpey Tpa TOV TTPOTOCIAKOY TUTTOV

p(x):x+3=8 (xeR)

MaparnpoUpey 86 611 p(x) Btv yiveton &Anbs mpoTacis Bik k&be Tipfy
Tiis peTaPAnTis, &md 16 R, &i1om, m.y., p (1) = 4, nA. wpdTacis yeudns. "AA-
A& 10 olvorov dAnbeias Tou TwpoTaciakoU TUTou X + 3 = 8 Bév elvan TO Kevdv.
TMpéypar @ p (5) = 8, &nA. &Andns mpdTacis.

Mp&gopev oupPolixdss els THY TepimTwow TaUTNY !

3x(xeR):x+3=8
kal SraPafopey :

«Ymépyer TouhdyioTov &v X, TO dmroiov X dvnkel el TO R, ToloUTov doe
v dAnfeln X + 3 = 8».

To oUpBolov 3 Aéyeton brapErakds mocodeiktng xal SiaPaletan «Umdpyer
TouAdyioTov Ev..» i «B1d HEPIKA...)

"HutmropoUpey 6poiws v& yplywpey

o Ix (xeR):x+1>5

B) ax xeR):x=—x

y) "Av T évopdowpey TO oUvohov T&V TPIywvwy, TOTE

I3x (xeT): x lodmAevpov

“Qore : "OTav ey éva TpoTaoiaxdy TUTov TO guvodov dAnfelas Tou elven
yvfiotov UtrooUvohoy ToU ouvdhou dvagopds, ToTe Buvdpeda va mpotdoowyey
Tov Umrapliakdv TrogoBeikTny.

MevikcoTepov Trpémel vat yvopilwuer Ta EEfs :

TMoAAdkis 81& va SiaTumdowpey TpoTdoess, ai dmoial XpnoipotmoloUvTal
gls T&d ModnuaTikd, kapvoper pfiow Tév TooodekTddy. Oi TocodeikTtar Trpo-
rdooovTal TrpoTagiakdy TUTwy, &méTe olrol kebioTavTon mpoTdoes fi pévov
&AnBels 7 poévov eubels.

OUtw, Y., f mpétaots ¥x (x e U) : p(x) elvan pia Aoyixn wpoTaois,
kafdoov alrn AauPduer Tipfy dAnBeias A 24w, xal povov Edv, TO oUvolov &An-
Bcias Tng P TaTileTan pt T olvohov dvagopds U (6moTe 16 P = @) kai mipfy
dAnBeias , tdv, kal udvov tdw, T P elvan yvrigiov Umroolvorov ToU U (dméTe 7o
Pc # &).
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‘Emions f) mpéTaos 3x (x e U) : p (x) elven pla Aoyixhy mpéraois, ka-
8boov olrn Exer Tipty dAnBeias A, idw, kal pdvov E&v, TO oUvorov dAndelas Tns
P 8tv elvan 1o Kkevdy, kai Tinfy dAnBeias ¥, &v, kai pévov &, T& olvorov P elvan
TS & (dmdre 16 Pe = V).

Mapadeiypara :

L "Av p(®) : x4+1>3 kad U=N, TéTe

o) ¥x(xeN): x4+ 1> 3 Aaupdver Tty &inelas Y, Sié11 P =
={3;4,5,6,...} C U,
B) 3x(xeN): x+1>3 Aaupver Tiphy &Anbelag A, 51611 P =
={3,4,56,...}»@
2. "Av p(x): x4 1< 0 kai U=R, Téte
a) ¥x (xeR) : x* 41 < 0 AcuPdver Tipfy dAnBelos y, Biom P = I,
B) ax(x e R) : x2+ 1 < 0 AcuPdwer Ty dAnbeias y, 16T P = 2.
3. "Avp (X) : X2+ 2x+ 1 = (x + 1Y%, ToTe
@) VX (xeR): x4+ 2x+ 1 =(x+ 1)? Exer Tipfy &AnBelas A, Bi16-

" =R
B) IX(xeR) : x4 2x 4+ 1 = (x + 1)? Exel Tiufw dAnBelas A, 16T
P# &.
AZKHEIEIZ
12) Né& ferdoere &v elvar &Anbdis fi weubds &1 :
G)VK(KEN):%=1 B ¥xxeR):(x+Dt=x41
Y)IxxzR):x=x+2, B) 3x(xeR):x* # 0

) Ix(xeR) : (X + 1) =x* + 2x 41 or) Wx(x€R) :x=—x

13) N& ypnoipomorioete katdAAniov mooobelkTny els ToUs k&Twd TpoTaciaxkols
TUTTOUS :

) x #x+1 B xt=x
«Y) |x|=x 8) x—1(2
&mou ouvohov &vagopds Tiis HeTaPAnTis elvan 16 R.

S. LYNGETOI MPOTAEEIL.

Eis Ty xoBnuepwiy oulfitnow kel els & Mofnporika Siv XPToiHoTOL-
oUuev pévov &mAds TpoTdoels. SuvfiBoog T&s &TAGS TTPOTACEIS CUVBEOUEY UHETQ-
U Twv ut Bidpopa ouvBeTIKG, Tr.Y. «Kaiy, «elren, «fjy, «By», «tdv. .., TOTE. . .»
KTA. kol oynperilopey ko’ almov Tév TPOTTOY véars TTPOTAoEIS. TS TolaUTas
TpoTdaels Svoudfouey ouvlitons mpotdosic.

6. H LYZEYEIE AYO ITPOTALEQN.

‘O &mAovoTepos Tpomos ouvbéoews BUo poTdoewy elvan 7| a0leviig, ka-
T& Ty dgrolaw EkpuovoUpey f) ypdgopey alrds pady, pé fva kai peToky Tov. T3
&md Tds dmAds mpoTdoels : «'O 'lwdwng elvan pabnThsy, «d Kdorag elven KN-
Toupdsy TpokUTrTel pE THY oUleublv Twv f) oUvBetos TpdTaETs
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«6 ’lewdwing elvan padnTis kai & Kdortag efven knyroupdsy.

‘H oUlevtis 8Uo mpoTdoewy dmoTedel TpdTaow kol Emoptveos 8¢ elvan f
Hévov GAndfs 7| povov weudis.

Aeyopebe 6t M oilevlic eivar aknOig povev brav kai ai dvo ovvietdoar
mpotiaeig sivar ovyypoveg dindeic, dhiog 1) odleviig eivar wevdig.

‘H oUleutis .., «6 Swkpdrns fTo daTpovdpos kai 2 + 3 =5, elvan eu-
675, & 1) aUleutis «2 ++ 3 =5 kai 2 > O» elvan &Andrs.

‘H oUlevtis BUo TrpoTdocwy p kal q oupPoAileTal @ p A q.

To ouuPorov A\ BiaPdleTon «kai» kol AéyeTon edpforov tiig ouiedliews.

Mpooétate : 7O oUuPorov A ypnolnomoleiTar pévor Bid vé ouvbén Trpo-
Tagels. Aty EmTpémeTan LY. va ypdywuey «3 A 2» i «6 KdaTas A 1) ‘EAévny.

7. TIINAKEE AAHOEIAL.

A) Eis v Mafnpatikiy Aoyikiy 1 TepIoodTEPOY XPNOIHOTIOIOUMEVT pé-
Bobos wpos elpeoiw THY (Aoyikdv) Ty Ty cuvBétwy TpoTdoewy elvon ékei-
VM, KaTd TNv Smolav dvarypdgopey SAas Tas BuvatdTnTas dAnfous ) yeubous
TV oUNTTWOGY TPOTAoEWY Kal TT§ TpokuTTouons ¢E alTdv ouvbéTou Trpo-
TATEWS UTIO popgnv Trivaxos. ‘O TolouTos Trival Atyetor ouvifws rival (hoyikdv)
updv 1 mivel ainleiog.

Ao Eva Trivaka dAnBeias fiuTropoUpey va BiamioTowpey e Ev PALPNG,
eqv pia aUvlieTos TrpdTaois elvon aAnbng fi weubdns, étav yvwpilwpey, 811 o wpo-
TAOEL, TroU TNV dmoTeAowy, elvon GAnels 1) Weudels.

KarwTépw PAémeTe Tov Tivaka dAnbeias Sia trv p&kw Tijs aulevtews &lo
TpoTaoewy p Kai . Eis Ty wpoTny ypappfy Tou Tivakos PAémouey &Ti 1) ov-
levtis p /\ q elvar &Anfng povov étav kal ai 8Yo ouvioTdoal TpoTdoels p, q elvan
ouyxpovws cAnbeis. Eig OAas Tas dAAas mepimToEls 1)

ouleutis pAq elvon weudns. Touto e8exBnper dog &Anbés, P | q I pAq
81071 oupgwuel Kal pE Ty évdpaciv pas.

B) Kat® qvodoyiav Trpods thy oulevtiv &lo poTd- A A A
OEWV UTTOpoUpey v& eteTdowpey Ty oulevtiv Yo dvol- A ¥ ¥
KTGV TrpoTacewy, p (X) Kai p (x), TNy omoiav 8& ouppPo- : :: i

Adlcopev pe p(x)/A\gq(x).
"Ag AdPwpev Ev Tapdderypa ¢
"Eore S p(X)elvon: x2—5x +6 =0 kal q(x) : x—=2=0,
Tére p (x) A q (x) elven :
x2=5x+6=0A(x—-2=0), U=R.
“Orav X = 5 1) dvwTépw ouleutls petaTpémerarl sis Ty EEfjs ouwdeTov TpodTaow :
(52— 5.5+ 6=0) N E+3=0)
1) &rrola elven weubts, 51071 kdde pia dmd Tag ounigTwoas TTPOTACES Elvan Weubns.
*Eaw els THy dvewTépw ouleutiv p (x) A q(x) Btowpey X =2 TéTE TrpOKU-
TTEL 1) TPOTOOIS :
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(22=5-24+6=00AN2-2=0)

7 Omoia eivon dAndrs, 1671 kK& pia dmrd TdS cUMoTLOGaS TpoT&atls elvan dAnBis.

"ATO TO dveoTépe TrapdBelypa yiveTal gavepdy 8T1 TO ovvohov &AnBeias
Ths ouletlews BUo dvoikTdy mpoTdcewy p (x), q (X), TO dtoiov oupPolilopev
UXp(x) A q(x) ), &moTedeiton dmd éxeiva T& oTorgeia xell (tol ouvdhou
dvagopds), Ta émola dvrikouv ouyypéves el TO cUvohov P (cUvohov &AnBeiag
Tis p (x) ) kad €is 70 glvorov () : (oUvohov dAnbeias Tis q (x) ), Bnh. &md 1&
gToIxeler, T& Omola dwnkowv els THY Tounu P N ().
"Qore : {x[pXINqX)}=P Q.
Tpdrypar eis 16 mponyoUpevor Tapdderyua Exopey

{X[x2=5%X+6=0Ax-2=0}={23}n {2) = {2}

8. AIAZEYEIZ AYO MNPOTAZEQN.

A) "Orav Tapabéowper BUo mpoTdoes & cuvexei pE TO CUVBETIKOY «fi»
T 70 «efTer peTakU Toov, Aéyopey éTi doynuaTioopey v SalevEry TEY BUo Tol-
TWY TTPOTHOEWY.

TMpoottarte .y, T&s KaTwTéPw Tpels ouvbéTous TTPOTACEIS.

1) "H "EBuikn Tpémela mpoohauPéver dmohutnpiotyous Tou Mupvaciou,
oi omoior yvwpiloww MoAAika eite "AyyAikd.

2) Oa dproTevow eis Ta MaBnpaTika gite el T& Duoikd.

3) B& Urrdyw el TOV KwnuoaToypdgov i & peives els TO oTriT,

Eig Thv mpdTny wpdTaow eiven pavepoy éti 1 Tpdmelar Bév &moxAeleTen
va mpogAdPn dmmoAuTtnpiotxov ToU lupvaciou & &molos vd yvepiln FaAAikd
ki CAyyAika. CEmiong els Ty Beutépav mpodTaciy & SpAdY Sty dmokAeler 6T
evBéyeTon va dploTelon kai els T& Mabnuamikd kad els & Duoikd.

Eis v Tpitny mpdTaow elvon pavepoy &1 & GGy B TpdEn v ik TV
8Uo @ f) B& Umréyn) els TOV KwnuaToypdgov 1 & peivny els TO omimi. Koara Tau-
Ta STaw Adywpey «p iy q» B fvwooUpev f pévov p elvan dAndhs §) pdvov q elven
GAndns.

Eig v mpdrtv kol Seutépav mepimrwaiy 1) pia tovkayiotoy kei évdeyo-
névag oi dvo mpordocig eivar ahnbeic. Aéyopey ToTe OTI Eyouey EYKALIGTIKRY
dalevEy 1), amAds, dalevEy kol kduvousy Xpfiow ToU «eiten G oupBETIKOU.,
ZUuPodov Tiis EyrAeioTikfs Sraledews elvon 1o \/, TO dmolov SiaPéleTal «eltey

Eis THu mrepimTwow Tou TpiTou dvwTépw mapabelypaTos 16 guvdetikdv
«ipr ypnowponoreitar pé v Evvolay bt 1| pic povov and tag mpotdoeig Ei-
vau aindig, kai 1 @kin elvar yevdig. Eis v mepimroow abthy Aéyopev OTi
1) B1&levtis elvon drokitioniki. ZUpPorov Tiis dmokAeioTikis Sialeviews elvan
TO V, 16 6moiov SraPaleTan ij.

Enp. Els thv xalnuepwiy owiAiav xpnolpomoioUpey, PePaiws, Thy Aékw §i pt SirTiy
onuaciov. *AAAoTe, dTav Aéywpey «p T q», fvwooUper 511 pia kai povov pia &wd Tas TpoTaoEs

elven dAndns kad &AAoTe ST pia Tovhaxiotov mpdTaois elvan dAndhs kal mbavov va elvar kai
ai dbo.
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17) N& oynuatioere v oUleviiv kai Bidteviv Tév kaTwTépw TpoTdoewy, “Emeta
va dmwogavbiite mepi Tfig dAnbelas fi uf TdY ouvBiTwy TpoTdoewy, ToU B& TpokUyour.
a) ‘O ZemrépPpros Exer 30 fjutpas. ‘H éPbopds Exer B Hpépas.
B) To 3 elvan mkpdrepov ToU 4. T 4 elvan pikpdrepov ToU 3.
y) o+1l=86, 21=3+7
8) 5+41=5 B+1=10
18) N& oynuarticete Thy oUlevbiv kai S1dlevtv 1év kaTwTépw dvoikTdY TPOTdTEWY.
Né& elpete dcoloUBuws T& glvoha dAnbeias T@Y ouvBéTwy dvoikTdy TpoT&oEwY, oY B& Trpo-
kUyouwv. (ZUvodov &vagopds To R).
) x+2=0 x—4=0

B)xd=1, x=2
Y) x'—8x+412=0, x2-5x+6=0
Y X3, % Y5

&) X=8=i0,%)5
o) X*—4=(x+2)(x—-2), xX*=-1l=x+1DEx-1)
Els Thy &doknow y) v& elpete kal 16 cUvohov dAnBelas Tiis dmokheoTikiis Bialellews.
19) 'Eqv «, P elvon mwpayuatikel dpiBpoi, T6TE 1| mpdTacis « - p = 0. BrarumdveTan

.

pE plov Biddevi. Tlofa elvon adthy 1) Bialevtss ;
20) *Eév a kal P elvar wpaypaTikol &pibpoi, TéTe f TpdTack a? + P =0, BaTutd-
vetan pt piov_aUlevbw. Tlola elvar adrh 1) oUlevkis ;

9. APNHEZIE.

A) ‘H d&pvnois Biageépel &md Tés mponyouuévas Tpaters Tis Bialeltews
kol ouleltews kot To 61 elvar povepehig pdkis. Edv p elvan pia mwpdTaots,
N &punais Tiis p elven pla via (ouvletos) mpdTaots, N Omola éxer dvrifetov Ti-
pfy &Anbeias. *Edw, .., N p elvon &Anbris. 1) &pvnois Tiis p elvan weudng kai
gav 1) p elvon yeudns 1 dpvnois Tig p elvan &Ans.

‘H &pvnois wids mpoTdoews p oupforileTar ue ~ p kai BiaPdleTan : dyu p.

Mepodeiypata :

lov, p: &5 elvan puaoikds &pibuds.

~ p: &yl 65 elvan guoikds dpiBuds =6 5 Biv elvon Quoikos &p1Buds.

2ov. p @ & 2 elvon GpvnTikds dp1fpos.

~ p oyl 6 2 elvon dpymTikos dpibuds = 6 2 Btv elvan dpunTikds dpi1Buds.

3ov. p: 243=5

~p:243#£5

dov. TO &bpolopa TGV GTOAUTWY TIHGY TV E0WTEPIKGY ywvIGw Evog
Tprywvou elvan 180°.

~p: TO &Bpolopa TGOV &TOAUTWY TIMGW TV ECWTEPIKGY Ywviddy Evds
Tprycvou Bev elven 180°

IMive§ ainbeiag tijg apvijoews ~ p

ol SR,
Ay
Y| A
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Yap. OpoaoTikgs ol dpynoeis TEY &MAGY TPOTACEWY OXNUaTilovTar ouvi-
B B1&x Tiis ToapepPoliis Evos Byt (7 8Ev) s THY kaTdAAnAov Béow.
Mapadciypata :

lov. p: & 8 elvon TéAelov TeTRAY VOV,
~ p:d 8 &tv elvon TERetov TETPAyOVOV.
20v. p: Kébe Terplywvov eivan dpboycviov.
~ p: Kdbe TeTpleywvov Btv elvon dpboydoviov.

To ouvnBioTepov o@ddpa, TO dToiov yiveTal KaTd TOV oYNUOTIONWOV TS
&pvioews ds TpoTaoEws 6T, Y., N « Olot of pabnrai avtijg tijg tafemg
dyarody tiv Feopetpiavy, elvan va eimwpey wkaveig palnig eig avtiy TV ta-
Eiv ddv ayerd wiv [eopctpiave. Al dvarépw TpoTdoes PePaiws Stv oupgwvoly,
&K Biv elven 1 piar Gpunais Tis &AAns, B16T EvBéyeTan v elven kol af BUo weu-
Beig. A1 TOUTO Elval TIPOTIMOTEPOY £lg TS TOlUTOS TEPITTTLOELS VX oXnHaTi-
Topey THY &pynow AekTikdds pi 76 : 81 Eis 6 dveotépw apdBerypa Aormov B
eiTreopey @ Oy1 Ghot of pednTai abTfs THs Tatews &yamouy THY MecopeTpiav.

B) ’Edav p (x) elvar piae dvoikty mpdTaois, ToTE i &pynals aUTiis ouppo-
AleTon pé ~ p (x).

*Edv & Tiis QuTikaTaoTdoews ToU X &1 fvog oToiyeiou ToU ouvdhou ava-
qopds U els v p (X) TpokUTTH TWPOTAO!S &Andrs, B1& THs AVTIKATOOTROEWS
ToU X B1& ToU auTou oToryeiou els ThHY ~ p(x) TpokUTrTEl TPdTaGIS Weubns. "Eqv
& Tiis duTikaraoTdaews ToU X els p (X) B1° tvds oToreiou TOU GUVOAOU Guagpo-
p&g TPOKUTTTY) TRETATIS weubtys, 51 Tiis AVTIKATEOTAOEWS TOU X Ei Ty ~ p(X)
Bty ToU oToU oToiyelou TpokUTrTEL TpdTaols dANBfis. “QoTe TO oUvoAov &An-
Beics s ~ p(x) dmroTeheitan €E Ekelveov Tév ooryeiwov Tou U, T& émoia BEv
drkouy elg TO oUvohov &hnbelas P, Tis p(x), tmoptveos B& durkowv el TO
CURTIAT|PLOPOTIKOV Tou P dog pods U, &nA. 16 Pe.

SupPoAikdds SiaTuttcovopey T dvwTEpw s EEfis ¢

{x|~p(x)}=F

"EgTeo do Topddetypa i dvoikTh) mpdtacts p(x) : x2—4=10 kai oUvoAov
dvagopds T R. To ouvohov dAnbeias Ths p (X) evan T P ={2,—2}. To
oupmAnpopaTikdy Tou P 6 pds R elvon 16 Pe = {x | x # 2AXx# —2}. "QoTe:

{x|~px)}=1{x|x#—2xai x # 2}.

10. H APNHEIIE MIAZ LYZEYZEQL.

“EqTes &1 BEAopev v& oxnuaTiowpey Thy &pvnaw Tiis ouleutecs :
«& A elvan larpos kai 6 B elven &i8aokadosy.
“OTreos tudBouey (§ 7), Bicx v& efropey 811§ TpdTacs ol elvad Weubns,
Trpé-rr?l f pie TouhdyioTov &Tro T&s oUNOTMOONS TPOT&OELS VA Elval Weudis.
O& eitreopey AovTrov !
<O A v elvar larpos eite & B dtv elvon Biddokahos».

"As A&Poopey tv &AAo TrapdBeryua
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«Oa kepbiowpev els Tov dydva Tou BOAEU pé Ty dudSa ToU Muuvaciou A
kol Ba kepBicwuey els Tov dydva pé THY dpdda ToU Mupvaciou By.

A& v& oxnuaTiowpey THY &pvnow Tis dvetépw ouleltews elvan POVEPOV
611 mwpémel va efwpey : «Adv 8 kepbiowpey s Tov dydva POAEU ué T dpdba
Tou [Nupvaciou A eite Siv & kepBiowpey s Tov dydva pé Ty dudda ToU lMu-
uvaaiov By,

I8ov &v TpiTov TapdBerypa &md T& Mafnuomikd : ‘Edv o kai B elvan
mpayparikol dpibpoi, TéTe f mpdTacis o 4 B2 =0 SiatumdveTan pé THY oU-
fevtv a=0A P =0. ‘H &pvnois Tfis o + P2 =0 elvan of + P2 # 0 kod Siectu-
Traovetan pe Th Sicdevtv a# 0 eite B # 0. AnAadi:

~(a=0APB=0) elven (a0 v B# 0)
Elvon Aormov pawvepdv 81 ) &pymois s p A q elvan ~ p V~q. Td Tp&yua
kabloTaTon capéoTepoy dmd TOV KaTwTépw Triveka dAnelas.

P | a4 | ~p | ~q9 |pAq|~(PAQ|~pV~q
A A ¥ ¥ A ¥ ¥
A ¥ ¥ A ¥ A A
¥ A A ¥ ¥ A A
i e ) A A ¥ A A

"ATO Tds SUo TeAeuTaias oTHAQs Tou Trivakos qaiveran 611 1) &pynois Tis
P A q xai f) Sicdevlis ~ p vV ~ q Exouv Tés adTds Tipds dAndelas. *Emions oo-
péoTepov gaiveTan &mod Tas oThAs Snv kai Tny 811, STaw | p A q elvon dAn-
15, ) (~p V ~ q) elven yeudtys kal Stav ) p Aq lvon weubrs, ~pVn~q
elven &Anbrs. ‘Emropéveos ) pla elvan &punois Tijg dAAnS.

Zuptrépaopa: ~ (p A Q) vt ~p v ~ g
11. H APNHEIL MIAL AIAZEYZEQE,

"As A&Poopev Tas TpoTdoE

p: o A elvan lorpds,

q : 6 B elvar Bi18doxaos.

‘H Biddevtis aréav elven :

PV q: oA clva latpds eite & B elvan Si18&okahos

Efven eUkoAov va éwofiowpey 81 fy &pynois Tfis p V q elven : & A Biv
elvan larpos kol & B 8év elvon Bi18&okaios.

“Qote ~(pV q) elvan: ~p A~ g

"I6ovu &v TapdBeryua &md T& Mabnpoikd :

"Eqwv o kai P elven mparyparikol &pifipol, TéTe TpéTaols a-f=0 G-
TuTveTan pe Ty Siddevtw 1 a =0y p=0. ‘H &pimois Tfis a*B=0 elven
a:P#* 0 kod Biorumdovetan wt Thy oUlevtw o+ 0 kal P # 0. Andady :

~(a=0v B=0) elvan (a0 A P+ 0)

‘loxUer Aormdv 811 ~ (p Vv q) elvoa ~p A ~ q.

To olrd evplowopey, Tépav Thons dupiPorias, tdv oynuaTicwpsy fva
Tivaka dAnBeias Six Tds p vV q ki ~ p A ~ q.
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p gl e =gt pN gisip V Q) [~p e
A A ¥ ¥ A ¥ ¥
A ¥ ¥ A A ¥ ¥
¥ A A ¥ A ¥ ¥
¥ ¥ A A ¥ A A

ATt Tds SUo TeAeutalas oThAas ToU Trivaxos gaiveTon OTi ) dpunalg THS
PV q kal oUlevtis ~ pA ~ q Exouv Tas aUTds Tinds dAnBelas. ZagécTepov PAe-
Topey &mod Tés oThAas Sny kal Tnv &1, Stav f) pV q elven dAnfns | ~ pA~q
elvon Weubhs kal Stav 1) pV q elvan weudns 1) ~ p A~ q elven &Anng. “Emrope-
vaxs 1) pla elvan &punais Tis &AAnNs.
Zupmépaopa : ~ (p V q) elvar : ~p A~ q.
ATZKHZIEIZ
21) N& Biarumrwoere Tas &puioels TdOY kaTwb TpoTdoEwy :
a) ‘H "AlyePpa elvan bvBiagépouoa.
B) "OAot ol pabnral 7fis Tdlews &yamolv Thy “AlyePpav.
y) NMav Tplywvov Exer Téooapas mheupds.
8) 542=7 £) 6 7 elven mpddros &prBuds.
ot) 3+1=5 0) & 4 Biv elven TEAelov TETp&ywvov.
1) Mepikol &pifpol Biv elvan &pvnrikol.

22) N& Umohoyloete 70 P = {x| ~ p(x) } B1&d Tds k&Twbh d&vokTds TpoTaOEIS
p (x), &ou ouvolov &vagopds Tiis peraPAnTis x elven 16 R.

o) x=2 B) x=—2
Y)x+7=15 8) xt=9
e x*+1=0 oT) x* > 16

23) N&a oynuartioere Tas dpvrioers ToOV kéTwb :
a) Zfuepov elvan TetdpTn xal & kaipds elvar Ppoxepds.
B) x=2 kal y=5
¥) 2:3=6rxal 34+2=5
8) To Tplywvov ABI elvan loookehis kol 16 ABE elven lodmAeupov Tpiycvov.
£) B4 pelvw els 16 omimt i 8& Umhyw els Tév xwnuaToypdgov (*).
o1) 2+3=6 ere3+4=5
D5-7=35 ¢he 4:5=20
12. TI EINAI ATIOAEIZIE.
Els v xafnuepwiny {wiy, dtov BéAwper v melowpey Ev mpdowtor 6T
k&1, S5ix 16 dmoiov oulnToupey, elvan dAnbés, ouvriBus Aéyopev : «Abtd elvan
&Anbés, 514 Exeivo elvon dAnBEs». Ak va elven TretoTik) pia ToladTn, TROTACIS,
mpémel ol oulnToUVTES V& ouppwvouy &Ti T Ekeivo elven dAnbEs kal &I abtd
elven dvaryxatar ouvéeia Exeivov. ME &NAag Aékeis Tpétrel va Umrdpyn oupguvia
s mpos Tas TAnpogoplas, uE Tas omolas &pxifouey, kol ds TPds TO TS EEA-
Youev oupTmrépacpa &rd alTds Tas TANpogopias. ‘H Aoywkf) doyoleitar pé tijv
pelétny 1@y kavévov npdg oxMpaticpdv pldv npotdocwv.'H Aeyoutvn aroderdig
owvigTerral els TOV oY NUATIOUOV TTpOT&oEWY ToU TUTou: 'Edv almd elvan &nbes,
ToTe kal Ekeivo Trpémel v elvan dAnBés. Ty, «tdw Ppitn, ToTe 6 kfjmog pou B

(*) M: mivaxa dinfelac B Selfwpev mponyoupévwg &t # dpwnoww THe p Y q slva
(~PV @) APV ~1q)
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moTiobiiy. ‘O kabeis 6& cuppunon wé quThy THY mpoTaa, 51011 Aol ik Trel-
pas yvwpilopey 8T1 pE v Ppoxny & kijTros B ToTiodH.
"IBov Buo &AAa mapadelyuata ix THs CAAyEPpas

1) "Av' 3x =05, TotE x = ;

2) "Av a =4 kai p =2, 161e o + 2p =20

"Ohat ai pafnparikai drroBeifers xpnotpotrololy TpoTdaEs ToU dvwTépw
TUTTOU.

2uvtopdTepoy SlaTuTrvoper  Tas TpoTdoEls TaUTas AéyouTss «p ouv-
emayeTon q», T) oUpPoAIkés @ p = q.

M. Sx= 5= = i

(c=4 ki P= 2)=a?+2p=20

Mia ouvleTos TpoTaols THs popefis : p - q AfyeTan, O yvwoTdy, cuve-
rayoyn. ‘H épyagic pé dAnBels mpoTdoels Tol TUTTIOU @ P - q AéyeTan mapa-
YOYIKOS oukhoyiopog. fi, &mwAdds, evkioyopds. ‘H TrpodTacKS p AdyeTan  Dmo-
Ocorg kai 1) wpdTaois  AbyeTal oupnépacpa. Aéyopey 82 671 p = q elvea v Q-
pripa.

‘OTov 1) mpdTaois p elvar dAndrs, f) TROTAGIS  HUTOPET V& eivan &Anbng
f) weubtis. 'Emions étav 1) wpdTaois p elven weubnys, 1) mpdTacts q NUTTOpPET v
elvar aAnbns A weudns.

TTpémer Aormov va yvwpilwuey Tés Tinds dinbelag mds ouveTraywy s, STav
elvan yvwoTal al Tiped dAnbeias TéV &TAGY TpoTéoewy, £k TAY dToiwy alTn
cwigTaTal.

Kaitor 1y mpos Tov oxomov adtov drorouboupéur péBobos elvan ouvémeia
Has Topaboyfs, év ToUTtols alTtn oTnpileton émi TGV fvopaTikéy Pdoewy Tou
6pfou cuAhoyiopou. Ba tleTdowuer kaTwTépw SAas Tas SuvaTds TepiTTdoES.

13. MINAZ TIMON AAHOEIAL THE LYNEIALQIHE.

1) "Eqv piae dAnfng umdBeais p 68nyd els &v dAnbés ounmépaopa g, -
oTevopey 81 éképoper 6pBey oUANoyIopdYy kai BewpoUpey TNV GuveTrarywyhy
SAn6.

2) 'Eqv pia dAnBng Umdbeois p 6By els Ev eubts cupmépaopa, TéTE
elvor PePonov 6T Exomey kaper AdBos eis Tov guAdoylouov kai  Bewxpolpev ThY
CUVETTY Wy TV WeuST.

3) 'Eav f umdbeois p elvanr weudris, ToTe dpBds oUAROYIOUOS TUTIOPET V&
uds O8nynaomn els dAnbés cupmépaopa kol gupguwvoUuey va& dvopdlwpey dANGH
QUTHY TTV CUVETTY WY TV,

4) ’Eqw 7} Umdbeais elvan weubns, TéTe dpBos cuAhoylopds Aumopei EE
igou va pds oBnytom els weubts cupmépaopa kal TOTE ouppwvoUuEr v dvo-
padepey THY ouveTTaywyny aUThy GAn6T.

Ta dvwTépw ouykevTpwvouey els TOV kaTwTépw Trivaxa dAnbelas :
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Mivat aknbeiog tilc ovvenoyoyiic: p = (

B Al sl
A A A
A Y v
¥ A A
v v | A

"Omeos gadveran elg Tov  Trivaxe, 1 suvemay@yi p = q Elval Wevdilg Tote
Kai povov, dtav f TpeTy mMpoTacl Eival arnong kai W devtépa yevdie. Eig 6-
hag tag dhhag mepiRTOEELg Elval ainonc.

MapadelypoTa papuoyfs Tou Trivakos :

1) 2N = — €Q, &Anpris

2) 3)0 4 eN, weubhs

3) V2eN-= 2 eQ, dhnehs

4) - eN= V2eQ, dhnis

“Eote f GAndRs ouveaywyn p=- g, Omou f p elven &Andns. H ouve-
Taywyn alrn SwxPaleTal xai pi &AAous TpéTous. '1Bou pepicol EE cUTdOV :

1) v p, TOTE ¢

2) p elven ikewf) ouvBikn dix g

3) q elvan dvayxaio oudikn Bia p
4) fva q dpkel p

14. TYNEMATQIrH AYO ANOIKTON IMPOTAZEQN.

"Egreo 671 Exopev THv ouvemaywyhy p (x) = q (X).

Sivohov &vagopds 1O U, ouvehov dhnBelas THs p (x) TO P, cuvohov &An-
Belas THis q(x), 1O Q. Othopev v Trpoodiopiocpey TO oUvohov dAneias Tiis ov-
vemaywyis p(x) = q (-

TMaparnpolvtes TOV TrivakKa dAnBeias Tiis ouveTrorywydis, PAETTOHEY o
HUTTOPOULEY V& KOTAOTNOWHEY THY ouveraywyhy p (x) = q (x) &GAnbf,
{ THy p (x) GAnbA kad THy q (X) &An6d,

Ty p (x) yeudfi kai THY q (%) &N,
{ Thy p (x) yeudfi xai THY q (X) eudt.
"Ex ToUTwv EmeTan OTI:
(x| pE)=q}=PuQ®
Napadeiypara :

1) N& ebpedfi TO ouvohov dAnBelas THs ouveraywydis, X* = 1=x=1.
(alvorov dvagopds To R).

Edplosouey mpésoy &m P={1,—1}, dpar Pe={x|x#1 elre —1}.

AV KATACTTIOWHEY

(*) *Amodenavbetar fre dhan ol zepumdaelg xadimTOVTAL &b TV Tomoy TolTov,

21

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrg



Edpiowopev Emerta 671 Q = { 1 }. ‘Emopdveos Pc U Q={x]|x#<1).

2) N& e0pebfi 10 olvorov dAnbelas Tiis OVVETTOywYyfis : x = 1= x2 =1,
"Exouev P = { 1}, &pa Pc = {x [x#1}Q={1,~-1}. ‘Emoutvers Pc U Q=16
auvohov duagopds R.

ALKHEEIX

24) N& elpete Toion o TaS K&TWH ouveTTaywyds elvar dAnBels ked Troim \ypeuBeTs.
a) 3=4=>341=4
B)2)0=>6=2-3
Y) 5=2+3=2)8
8) 2=5+6=8)10
) 3=2=2)5
25) Na& oynuaricete Tév Tivake dAnbBeias T :

@ p=~q P) ~p=-q Y) ~p =g
26) N& oynuotioete Tov mivaka aAndeias TéY
p= q xal ~PpPVg

Ti Taparnpeite ;
27) A& va efvan x = — 2 glvon duaykaia owbikn f x* = 4. AiaTuTdoaTe ToiTo oup-
PoAikdds pé piav ouveTarywyhy.
28) N& oynuaTicete Tév Tivaka aAnbeias Tijs :
p=(pvaq)
29) N& oxnuaricere 5uo OUVETTQYy wyds &md kdbe [eUyos ek TGV k&Two TpoTdoewy
kal va elpete Tas Tiuds dAnbelos Twv.
a) 3+4=7 5+3=8 B)5+1=6, 3+2=6
Y) 6—-3=2, 41=25 &) D:=], 29=10
30) Els Tas kdrwb OUVETaY wYyds dvoikTdv TpoTdoewy vé €0peTe T& oUvoda dAn-
Belas Toov.
(Té avorov dvagopds U elvan T67R).
a) 'Eqw yx* =4, 1é7e x = 2 efre — 2
P) 'Eav x =4, TéTe x*= 16
Y) 'Edv x3 =25, Téte x =—5
8) 'Eaw x =3, Téte x £ 5
£) 'Edv x* >0, Téte x2< 0
o1) "Eow x*—5x + 6 =0, Té1e X = 3 eiTe 2
31) «a =3, B =2y Elvar # mpéTaois aiTn Ikavh f dvaykala owdnikn Bi& vé Eywpev
a+p=5;
32) "Eotw & ovvorov 3 mpoTdoewy : p, q, r, 1& Tds Smrolag oxnuaTifopner fva wivaxa
Ty dAnbeias. Méoas ypaupds B Tepiéxn & mivat ; Méoas édv al 518ueven TpoTdoels elvar v ;
33) *Eotw p ) mpdTacs «Bpéxer kal g ) wpéTaols «xduvel kpuor. N dmoBdoeTe
AEKTIKGS TS TrpoTdaEls *
PAG pA~gq ~pA~q py~ag ~(@AQ, p=gq
P=~4q, ~p=q, q=p, ~p=>~q

15. H ANTIZETPO®OE KAI H ANTIOETOL MIAL EYNEINAIQIHE.

A) "Eotw f) ouemrarywyr :

« &v Evas dpiBuds Afyn els 0 # 5, TéTe elvan Brenpetos ik 5», Ty dmolfow
OTHEICVOUEY P = (.
22
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OtwpoUpey TWPA THY TUKETIOYW@YTY
«& Evag apiBpos elvan BialpeTds Bia 5, TOTE Myyel gis 0§ 5». THv cuveTraryw-
Yy aUrtiy 0& THY OTHEIRCWHEY ut q = p, 51671 UTdBeals els THY SeuTépay aUTHY
guveTrarywyfy vl TO oupTépoopa TS TPWTNS kol TO oupTépaocpa Tis Beu-
Tépas ouvetrarywyfs elvat Umdbeols ThS TPWTTS.

Al ouveraywyal p=- g kal q = p Aéyovtan @vtiotpopol 7 pla Ths GAATS.

MapaTnpoupey 8T of p=q xai q=>p ToU duwTépw TapabelypaTos elvan
kal af Suo dinbels. Adv ouppaiver Suws auTd Tdvtote. ‘H dvtloTpogos was
&Anfols ouvetrarywyfis EvBEXETCN v& elven eubts. Ty, p= q @ & 8o yevia
elven 6pBad, TéTE elven Toan (8Anons), & q= p : tav BUo ywvien elven ioa,
toe elvan SpBal (weudhs v YEve).

B) *Eotw i aAndng OUVETICY WYT|
p= q: tw fvas Gpi1Buos AfyT €is 0 ) 5, ToTE elven BioupeTds S1&x 5. ‘H ouvetraryed-
yh ~ p=~ q Myeran a@vribetog THs p= q.

Eis 1O TapdBerypd uos AekTIKGDS Ba elTwpey :
~ p=~ q: Edv tvas &p1Buos bev Afjyn eis 0 5, TéTe Bév elvan BioupeTds B 5,
1 omoia elvan dAndng TROTATIS. Atv oupBalvel dpows TavToTe 1) dvTiBeTOS s
&Anbols ouveTTary WYy Tis véx elven Errioms dAndrs. 8oy Ev Tapdderyua
p=q: tw 8o ywvion elvat &pbad, TéTe elvan focn (&AnBis).

~p=~ q v Blo ywvic Stv elvon dpbad, ToTe Biv elvon foan (yevdns).

16. H IZOAYNAMIA AYO NPOTAZEQN.

A) Avo mpoTtéoes p kol AMyopev &1 elvon igodbvapor peTaty T, el
f oUlevtis (p=> q) A(q=p) el dAnbris. SupPoilopey TO yeyovds auTd pe
p <=>q xoi SiaPddopey : p {ooBuvapel (Aoyikéds) wt q. OUTw, m.X., af TPOTAOES
p : &vas &piBuos Myer els 0 5 kal q: Evas dp1Buos elvan Bicupetds Bid 5, elvad
looBuvapol, S16T loxuet p= q kal 4= p. Tpé&gopey AorTrov P <= q.

A1 v& oxnuaTticwpey <oy Trivaxa SAnBeias Tis icoduvapias, &pKel v& oXn-
pocrloepey Tov mivoxa dAndelas Ths ovlevtews (p= Q) A(@=p)- “Exonev :

el el N sl oL g=p 'p=) A@=pP) =«
A A A A A
A ¥ ¥ A ¥
¥ A A ¥ ¥
¥ o A A A

Anhadi Exopev ToV Kat@b rivake Tpdv @ndeiag tijg ioodvvapiag:

N p_ | R.dPsrd
A A A
A ¥ Y
Y A ¥
¥ RN I ¥
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“Hrou 1} isoduvapiu 600 mpotaccoy sivat ainbig povov drav kai ai évo
mpotasarg sivar arnbeic 1) ywevdsic tavtoypoves.

Mé &Ahag Aéteis 8Uo TrpoTaoels p kol q Aéyouev &1 elven fooBUvepol, STav
Exouv Tas aUTas Tipds dAnbeios ouyyxpdves.

Mopadeiypoara épapuoyfis Tou Trivaxos :
1) 65 eivan dxéponog <= & —3 elven dpunTikds (&AnBrs)

2)6:

alu u

elval dépatos <> 6 /3 elvar Quoikds  (&Andrs)

ay T g 2 ) k' .y ,
3) & 2 elven Quoikds <= & 5 Elven cxépaiog (weubng)

- } /e T » )
4) 6 5 elvan dppnTos<> 04/ 3 elven &ppnTos (weudns).

5) N eWfeia €/ [e' <+ ) elBela €' [ /e (&Andrs)

6) 1o Tpiywvov ABI elvan lodmAeupov <= T& Tpiywvov ABI eivan icoydviov.
B) ‘H igoduvapia p<=q BiaTtumdvetal AskTikéds ked pé &AAous Tpdrous.
MpooétaTte Tas BUo TpoTaoels «p eav q» kai «p povov 2w qv». ‘H «p faw

g» onuaivel g = p kal 1) «p pdvov é&v q» onpaiver p = q. ‘Emopéves édv kal ai

8o avuTal poTdotls elval GAnBels, 7 oulevtis Twy 0& elvan dAnbns. "Qoe :
«p tav kai povov édv » onuadvel p = g kal q - p, dnAadn p<q.
"Qate avii va Léyopev «p looduvapel pe @r, Npropolpey Vi AEYOREV «p

£av Kai povov £av gn.

Mapdderypa : Oewpoupey Tas EEfjs duo TrpoTacels :

p: AUo elfeion évos EmiméSou Bev TépvovTal,

q : ai elBeion aUTal elvan TTapdAAniol.
p=q: 'Eqv dUo elfeion fvodg EmiméSou Siv Tépvwvtal, TOTE elvat TapdAAnAot
(&Anbs).

q > p: 'Eqv 8Uo elfeicu fvos émiméSou elvon TrapdAAnAol, TOTE Stv TépvovTal

(&AnBns).

"Humropouper Aottrov v efTraopev :

«AUo eUfeion Evog émiméSou elvan TrapdAAnAct Edv, kKai povov Eav, Sev TépvwvTAIY.
Ty icoBuvapiar BUc TpoTdgewy TNV BlaTutdvopey kai pé &AAov Tpomov.
"Av AdBopsy AW TO QueTEpw TTApABEyUS TUTTOPOUMEY V& EiTrapey

«avaykaio kai ikevi) ovvBikn Sia va elvon TapdAAnAot Suo eufeon Evog EmiTre-

Sou elvet va pn TERVYTOLY.

“Evas &Mos TpdTos Siatumdoews Tiis icobuvanics TGV dvwTépw Blo
TrpoTdgEwy p kai q eivan : «Alx va elvan TapdAinior Buo edbeicn tvos émiméou,
npénel Kai Gpkel va uf TépvovTa.

"As AdPwper v &Aoo TapdBerypa ¢

“YmrevBupilopev T& SUo BecopripaTa.

OEQPHMA 1. 'Edv T0 TeTpdmAeupov ABMA elven  TapadAnAdypauuoy,
TéTe ol Biarycoviol Tou Al kai BA SixoTopotvTan.
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OEQPHMA 2. 'E&v af Siaxydwiol Al kai BA fvds kupToU TeTpamAEUpou
ABI'A SixoTopouvTal, TOTe TO TETPATIAEUpOY TOUTO Eivan TapaAAnASypamuoy.

"As dvopdowpey p THY TpodToow ¢ «ABFA  eivan TrapadAnAdypauuovy,
kai q Tov mpédTaow «Al kai BA BixoTopouvTary.

To Bewopnua 1 exppdleton Bia Tis ouvemarywydis @ p = q

To Gecopnua 2 EkppdleTan Bix ThS q = p.

Kai T BUo Becopripata pady ékgpdlovtan Bid Tiis icobuvapias p<=q.

Ké&Be pic &md Tég TpoTdoels p kai q elven ikaviy covBijkn Sic Ty GAAnY
kal érrions kabe pio elvan avaykaia oovlikn Sia THy GAAnY.

"HumopoUpey AoiTrov va eiTroopey

«lva B0 TeTpéTAeupov elvan TapoAANASY paupor avaykaia Kai ikavi] ovv-
07xn elven af Biorycoviol Tou va BiyoTopolvTany. "H dwdpn :

«lvac v TeTpdmAeupov elvan TTaPCAANASY ooy TpEneL Kai dpKel ai Bia-
y@viol Tou va SryoTopouvTaly.

*Emrions, 6Trws €iBopey QvwTEP, TUTTOPOUMEY V& ElTTopey

«"Ev TeTpdmhieupoy elven TapoAAnASypaupoy av, kai povov tav, ai dio-
Yviof Tou BixoTopoUvTaiy.

*ATrd Tov Splopdy Tiis icoduvapias éwoolpev 611 ioyUouy ai tifis iB16TNTES

o) p<=p
B) (p=>q)<>(qQ<>P)
Y) (p<=>q A q<>r) = (p=T)

17. ILOAYNAMIA ANOIKTON IMPOTALEQN.

“Omws kai elg THY ouveTaywyty, olTw xai e THy {coBuvapiov fuTopou-
Bev v ErrexTelveoper THY Ewolay kal Bid dvoikTas poTacels. "As [nThiowley Aol-
oY TO oUvorov dAnfeias Ths p (X)<=q (X).

"Edw Btowpev gls Ty p (X)<=>q(x), dTou X fvar oToryelov ToU guvdlou dva-
popds U, T4 dmolov dunkel els THv Topny P Q, Aappdvopey piov dAnbf ouvBe-
Tov TpdTaow, Emeidh kai T& BUo weAn Tiis loobuvapias elvan Twpa GAnbeis TTpo-
Téoes. *Edw el Ty p (x)<=>q (x), Béowpey Stou X Ev aToiyEio, T6 dmoiov dvny-
kel glg THv P° NQc, AapPdvopev AW piov dAnGf ouvleTov mpdTaow, BioTl
Thpa kol T& BUo péAn Tiis looduvanias elvon weuBels potdoets. "Eqv dvri Tou X
Béacopey dtrolovdoTe &AAo gToiyeiov ToU U, TpokUtrTel yeubs ouvBeTos Tpo-
Taois, 516m1 1O v péAos Tiis loobuvapias 8 elvan dAnbns mpoTacis kel TO GAAO
WeuBnis. ZupTrepaivopey Aormrov 6Tt

{x|pX)<=q®) }=CPnQuU (PN Q)

IMapaderypa.

InTetran TO gUvohov dAnbeias s (x*=4)<>(x=2). “Eyopev om
P(x):x2=4 kai q(x) : x=2. ‘Emopévaxs P={2,-2} «al Q={2}. "Apax
0% elvon Pe= {x|x # 2¢efre—2 } kol Q= {x|x % 2}
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Juverrdds PNQ = {2} ki Pen Q= {x|x # 2¢ite— 2} Tehikds Aoi-
OV EXOPEV :
{x|p(x))=Qx) }=PnQ U (P NQ=)={x|x #—2}

Inp. 1. To olvorov dAnbelas Tfis (x* = 4)<=(x = 2) elvan dpéows avepdy &m elvan
TO {X|X # —2}, 8161 10 — 2 elvan f) pévn Tipn ToU X (&mwd TO ouvohov dvagopds R), Sik
T omoiav Bév AapPavowv Tas alTds Tipds dAnBelas kal T& BYo péAn Tiis loobuvapias.

Enu. 2. Al mpotdoerg

PVQ pAQ p=q, p<>q, ~p

Aéyovtal ovvletol npotdoels npdyg Pabpidog, Si1& k&b leUyos amwAidv TrpoTéoewy p Kal g
éx Tou L.

AIZKHZIEIZ

34) Na& SiarumdoeTe Tas QvTioTpdgous Tév kdTwh guveTaywy @y Kal vi dropaveijTe
v alran elvon dAnBels ) weuBeis.
a) 'Edv xamoios tyewnbn els Tas Marpas, ToTe éxer ‘EAAnuikny iBayéveia.
B) 'Edw x —yp =3, 1é1ex ) ¢
y) ‘E&v BUo épBoycmia Exouv foas Paaers kal foa Uyn, ToTE Exouy foa EuPabd.
8) 'Eow x?-= 25, Téte x =5 efte x =—5.
€) 'Edqv &v onueiov keiran Emml Tiis pecokabétou évds elBuypdupou TuruaTos, TOTE
dméyer ¢ foou &md TA &kpa ToU THRUaTOS.
ot1) 'Eav 2 4+4=5, 161e 4+ 6=8
35) N& dmopaveiiTe, &v ol katwTépw mpoTdoes elvan looBivapor petaty Twy
a) p: 2x=10(xe R)
Q= 15
B) p: To Tpiywvov ABT elven iodmheupov
q : To Tpiywvov ABT elvan iooydwiov
Y)p: x>y (x, yeR)
q:y(x
8) p: N eVBelar £ elvan TapdAindos wpds ThY €
q : 7 eBela € elven mapdAAndos mwpds THY €
) p:x=4¢elre x=—-4
q: xt=16
36) N& Biaturrdoete Tpotdoers foobuvdpous mpds Tas kdTwh dvaypagopbvas :
a) Al elBeian € kai ¢ ToU émmébou (IT) Sév TépvovTal.
B) To onuelov M &viiker els Tijv eUfelav € kal els THv edBeiav €.
y) Ta onpela A kal B kelvran els 76 aUtd fuemimebov s wpods Ty edbeiav e
&) To moapoAAnAdypaupov ABFA Exer Tés Biaywvious Tou Al xal BA foas.
€) To onueiov M keTtar ¢l THs Bixordpou Tiis ywvias 6.
oT) X¥=1.
0 x=2 kal y=—2.
37) N& elpete 16 oUvolov &Andelas els kéBe piav &md Tés ké&rwh loobuvaplas dvoikTdy
TpoTaoewy (cUvolov dvagopds Tiis petaPAnTis TO R).

o) x = > (x=~1) B) (x*= 0) <> (x=0)
y) Gx=6) < (x = 2) B) (x # 1) <> (x* #1)
e) (x = 5) <> (x# 5) o1) (3x=6) <=> (3x +2=8)
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18. H ANTIZETPO®OANTIOETOL MIAL LYNEMNATQIrHE.

A) Eis T& mponyoUpeva &mO THY OuveTraywyfv p = q foxmuaTioopey
T dvTioTpopdy Tns q = p xai THY dwTileTév Tng ~ p =~ q. Mix &hAn cuve-
Taywyn oyeti{opévn pt THY p = q elvan f| ~ @ = ~ p, f) omola AtyeTon avu-
atpogoavtifetog TS p = Q.

IMapadeiypata :

lo. p=>q :x=3=x!1=9

~g=~piXEEI =X #£3

2ov. p= q : ’Edw 8o eUbeicn tvds EmmeBou TeuveovTal, ToTe al edfeion
8¢v elven TrapdAAnAol. ~q =~ p : 'Edw BUo elfeicu tvds émiméSou elven Tapdh-
AnAoi, TéTe Sv TépvovTal.

3ov. p = q : 'Edv mépw Pabudy 17 es & Mabfnparikg, 1éTe & Exw 16
els TO EvBeikTidY pou (BwwoelTon @ pé THY Udpyovoaw Pabporoyiav el T& &AAa
He®fuerTa). ~ q =~ p: 'Edw Btv Exw 16 els 10 duBecTicdv pov, ToTe Bev Ba Exw
mwéper 17 elg T& MaBnpariké.

dov. p = q: 'Edv Al = BA, 70T TO mapaAAnAdypapuov ABlrA elven
SpBoycoviov.
~q=~p: Ew 10 mapodAnidypapuov ABIA &tv elvon opBoycoviov, ToTe
AT # BA.

B) ‘H mAtov &vBiagépovoa 1B16Tns Tiis dwmioTpogocvTifETou MIGs ouve-
Taywydis elvan éT1 elvon fooBuvapos (Exel Tas auTds TIRAS &AnBeias) pe Ty So-
Beicay OUVETTY WY TV, AnAabn) :

(p=>q)<=>(~q=~p)
"Ag korraokeudawpey Tov Trivaka dAnBeias ik Tas p = q kal ~ q =~ p:

s I e 2 |P:>Cl7%~q=>~p
A A b o ¥ AL A
A o1 ¢ A i ¥
¥ A A ¥ A A

*Amd Tas oThAas Smy kol 6ny ToU Tivakos PAémrouey 611 ai oUvbeTor Trpo-

TAOELS :
p=qka~q=>~p

Exour Tds aUTds Tipds dAnbefas, elvan Aorov iooSivapor mpoTtdoels. ‘H 1816Tns
aUTh) pds EmiTpémel Tpokeipévou va droSeitwpey plov ouveTraywyiy, v &mobet-
Ecopey dvr’ ariis v dvmioTpogoovTifeTdv T,

OU1, m.X., els TO oUvodov TGV TapoAAnAoypaupwy loyler 1) TpoTaTIS :
«&w T& TopadAnAdypaupov ABIA Exe foas Tas Siaywvious Tou, ToTe Exel TaS
yovias Tou 6pBis». ‘H mpédracts alrn elvea loobuvauos Tpds THY TPOTAOW :
«Edv T TrapodAnAdypappov ABIA Btv Exer dpbas Tas ywvias Tou, TOTE kv EXEL
Tas Biaywvlous Tou loag».
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180U v &AAo Trapdderypa :

Aix V' &mrobeifwper els Ty Mewpetpiov 61 @ «d yewpeTpikds TOTOS (TO
oUvohov) TGV onueicy Tou émimédou, Ta dtroia &rréyouv EE foou &md T& dxpa
tvds eUBuypdppou TufpaTos AB, elval 1) pegokdBeTos ToU TunuaTos AB», do-
Benviopev a) "Edw Tuyov onueiov M &mréyer ioov &mod T& A kad B, TdTe dwrike
els TNV pecordBetov. kai P) 'Edv 1o M dwnky eis Ty pecok&Betov Tou AB TdTe
dréyel £E foou Ao Ta A kai B.

AuvdpeBa Suws va tpyacBiper o ifis : Na dmrodeilouey Thy ) kol xa-
TOTW dvti THS B) va dmodeitwpey TN dvTioTpopoavTifeTov Tiis B), 6T SnA.
gav TO M Bév dméyn fgov &mo Ta A kail B, ToTe Bév dunker eis Ty peookdBeTov.

M) Mic &AAn 1816TNs Tfis p = q €lven 671 elven fooBUvapios Tpds THY ~pV q.

AnA. (p = q)<=(~ pVQq)
MpdypaT!, &v kdpwpey Tov Trivaka &inbeias,

48 fo =P 4B [~pYe
A A ¥ | A A
A P ¥ Y i
b 4 A | A A A
0 ¥ | A A A

PAétroper dmod Tds oThAas 4ny kai Snu 6TL p =- q kol ~ p N/ q Exouv Tas aUTds
Tipgs dAndelos, BnA. elvan igodlvapor TrpoTaoels kal TiUTOpOUMEY, STaY YpEia-
offj, v& dvmikataoThowper THY piav Bik Tfis &AATS.

ALKHZEIX

38) N& Biarumdboets Tas dvTioTpogoowTiBétous TGV KATWAI TUVETTOTY WY V.
@) "Eav Tnpis Tas Siaraters Tou kwBikos &Bikiis kukAogopias, ToTe Sév Bc A&Pns
KATigw &mo TéV Tpoyovduov. I
B) 'Eav els Tov "Apny Biv Umdpyn dTpdagaipa ui Stuydvov, TéTE Biv Umdpyer
feofy dkel.
y) 'Eqv 1o onueiov M durikn els Ty edfeiav £, ToTe Biv dviiker elg THY €
8) 'Eav fipmoptans va Biatpéfng Tpia ididueTpa els 1 Aetrrdy, TéTE & payw TO Ka-
TrEAAOV pou.
€) 'Eav 2x = 10, Té1e x = 5.
oT) "Edv & onueiov M keiton £l Tiis Biyotdpou s ywvias 8, TéTe 76 M &méyel
E foou &md Tés TAeupds Tis ywvias.
39) Né dmoBeifete ué Ty karraokeuny tvos Tivaxos dAnBelas &1 f &pynais Tis p = q
elvar p A ~ q.
40) KaraokeudlovTes mivaka Tiu@y dAnfelas va dmoBelfere &mi 1) oUETTaYwyn elval
uetaParikn. AnA. [(p = @) A (q = )] = (p = 1).
41) "Av p : g elvon kédBetos Eml ThY €
q : & elver x&Betos tmi TV
r: g elval TapdAAnios Tpos THY &
va ypayere Umd ogupPoAikny popeny Tas ifs mpoTdosls :
o) av g elvar k&BeTos pds g kal & k&BeTos TPOS THY £y, TOTE N g elvan Tapdiin-
Ao Trpds THY &,
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B) &v g, elven kdBeTos Tpods TV E, kal g, Bév elven kdbeTos oS TNV &, TOTE | §
Bév elvan mapdAAnios wpds THY €,
42) Né& Beifere 61 al mpotdoss p = (q v r) kad (p = q) v (p=r1) elven looBuvano,
Exyouv Bnhadn Tas alTds Tiwas &indelas.
43) Né& &mobeifete pé kaTaokeuny Tivakos dinbeias 1 1) &pvnois THs p<>q elvan
~ p<=>q f| p<=>~ Q.
“Emerta v& gupTAnpdoete Tov kaTwd Tiveka :

Tumes | &pvnoig
Zulevtis | ‘phAaq ~pVv ~q
Mi&levtis | pVa el
SUvETTaY WY T p =>q pA~q
loobuvapia p<=>q —

19. GEQPHMATA KAl ATIOAEIZEIE.

A) Eis thy § 12 eimopev 871 Aoyikn elven f) peAéTn TV kawoveoy Tpods Ka-
Taokeuny  oplddv GUAAOY ITHE.

‘O péyas "EAAY @iAocogos "ApioToTéAns Umrfipley & TpddTos WEyas Oi-
Sdokohos kol Bepehicotns Tis Aoyixfis. ‘H Aoyudy iy dmoiav ouvtypoye Bev
Exer oyebov Trpoay i éxpL oTidepoy kal Els THY TPayHATIKGTNTA Sha oxebov,
Soa peheTdpey ofjuepov, dvnkouv eis 6,T1 Svopdlopev «Noyikhy Tou ‘ApioTo-
Téhous», 1) omola Exel NAkiow dueo Tév 2000 &rdsv. H paBnuaTikoToinois Tig
Noyikiis elvan, PePaicos, Epyov TGV WeTayeveoTépwv ko iBicos Tou Georges Boole
(1815-1864) xal &MAwv BewpnTikddv s Aoyikis.

Elc & Madnparixé, iicos els Thy Mewperpiav, fi tpyaoia pag ovvioTaTal
els Ty &mddeltiv BecopnudTooy, BnAadn TpoTdoewy. Al va dmodeitawpey v
Becopnpa Trpérer v Beifopev 61 ToUTO EroakoAoubel Aoyikdds &mo T&s Utrobéoeis
pas, Ald v TO KAPWHEY QUTO XPNTIUMOTIOOUNEY Tas &pXas THS AoyIks, BnAabdn
Aoy ixkous kavdvas.

"Edv, .., yvepilwpey 6Ti | mpdTacts p = q elvar dAndng kai 6T1L ) p
elvon &Andns, TéTE Buvdpeba va oupTEpdveopey OTL  elvan dAnBrs. AnAabn ué
oUpPola :

[(p=a) Ap]l=q :

Mpé&ypary, &v oynuatiowyey Trivaxka dAnBeias,

P q |p=ale=aApil(P=qApl=q
A A A A A
A ¥ ¥ A A
v A A ¢ A
¥ e 2 A

L
PAémropey 811 A ouvBeTos TpoTacts [(p = q) A p] = q elvar navrote aindig,
dvefapTrTas TV TIMGY dAnbeias, Tas Smrolas Aappdvow al cuvioTdoo aUTnY
TrpoTdoes. Mia TolaUTn TpdTaoIS AdyETal tavtoloyia xal ¢ Ta&s TauToAOYias,
B& doyoAnBidpey kaTwTEPw EIBIKWTEPOY.
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‘H olvetos mpéTaots [(p = q) Ap]l = q, elvan Trévrote, s efropey.

tvas Opbos ouMAoyiouds. “EvioTe ypdgoper alTdy dg EEfs ¢
p = q (&Anbns)
p (&Anbris)

Gpa q (oupTépaopa ToU cUAAOYITHOU)

O& dwowpey Twpa Tapdderypa Epappoyfis ToU AoyikoU Kovovos :
[(p=q Ap]l=a

IMapaderypa :

"EAGPopev piav mpdoxAnow Bik Tds yupvaoTikds Emideifers ToU Mupva-
aiou A, ) omola Eypager «&v Ppéxn kord ThHY fipépay TéY Embeitewy, 1) topT
B yivn els T KAeloTOV yuwvaoThiplovy (p = q). Znuepov elvan ) fuépa THs top-
This kai Ppéxer (p elvon dAndrs). "E@’ doov Aoimdy ai mpotdoes p = q kal p
elvon ko ai 8o dAnbels, yvwpilwuey ém1 q elvon &Anbrg, 8nA. ) fopTh B& yivy
els 70 KAeloTOV yupvaoThplov. "HumopoUuey Tcopa vé efmwpey &1t dmebeilopey
16 Becopnua: «'H toptn T&V yupvaoTikév émidelfecov B& yivn els TO KAaigTOV
MNupvaotnpilovs.

B) Mia &\An Texvikr) ypnoipotroloupérn els Tas dmobeilers elvon 1y ks ¢

'Eqv yvowpilwpey 871 p = q elvar dAndns kal éav yvwpilwpey 61 q elven
Weubris, TOTE NumopoUuey va gupTrepdvewuey 6T p elvan weudng, TuuPoAikdds :
(Cp =) A~q] =D

ﬂpdryuom &v kaTaokeudowpey Tivarka dAnbelas,

q (= aA~q[(P=q)A~q]=>~p

} ( Umébeots ToU ouAAoyiopol)

Perafe <l wiliinBp et B o

A A"i’ vy | A Y A
A v | oy A ¥ v A
Y Ao fie o y A ¥ A
¥ Y | A A A A A

PAémropev 61 T oUvBeTos TpdTaois [ (p = q) A~ q] =~ p elvon TévToTe dAn-
B, qvelapThTws TAV TG dAnBelas, Tas dmolas AapPlvouwy ai cunoTdoat
avthy Tpotdoets. Elven &nAabn Tautohoyia kai fumopoUuey v Ty ¥pnoiuo-
TOIOUHEY G35 AOYIKOV Kavdva.

1BoU év Troapdberypa épapuoyfls Tou kavdvos TouTou :

ITapadevypa :

‘O pafnThs MNewpyiou Aédyer 611 6 — 5 elven pila Tfis thiocooews X2 —5x + 6 =
= 0. 'Eqv — 5 elven pifa Tfis Eliocdoecws x* — 5% + 6 =0, ToTe (— 5)* =5 (= 5) +
+6=0 (p +q) 'AM& (=5)P*—-5-(=5)+6=25+25+6 #0 (qwyev-
&75). 'E@’ doov Twpa yvwpilopey 6T p = q elvon dAnBns kad 811 q Weubns, el-
pefa PéPanor 811 p elvon weudns kad o lMewpyiou Ekape AdBos. ‘O —5 &év elvan
pila s éhiowoews x* —5x + 6 = 0.

Els 1o mapdderypa altd fjumopoupey va eimwpey 6T dmebeitapey TO Be-
wpnua : «& —5 Bty elvan pila Tis liocoews x* — 5X 4 6 = O».

‘H s dvw &mobeibis AuTopel va ypagfi ds s :
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TMpoTdoels | Akaiohoyial

1) —5elven pila s x2—5%x 4 6 =10 1) ‘Opiopds pilns was Eliocoews.
(575 (~5)+6=0)
2) (—52—-5:(-5+6#0 2) *ApibunTikn.
3) —5 &év elvan pila Tiis 3) MpoTdoes 1 kal 2 kai xawo-
x2—6x+6=0 ves TTs AoYIKiis.
AELKHZIEIZ

Eis kdBe plav &md 1&g kaTwTépw dokroes 44—52 (*¥) BiSovten Gpiopévar TPOTETEIS
Tés dmolas dvopdlopey dAnbels kol SiaTumdvetan v Bedpnua. Els pepikds TepITrTETES T0
Beopnua BuvaTal va elvan yweubis kal els &Alas va uf BiSwvran &preTal TAnpogopiar Bid va
dmwopaviddpey v To Bewpnpa elvon &AnBis | weubds. ZnTelton v BiaTuTOETE Tég &mobeites.
(ol 5186pevan &Andeis TpoTdoes Abyovtan @ Umobéoeis).

44) "Yro0corg. ‘O 6eiog KdoTas 8& pds ouvoBevon els To Barpov, tav fi unTépa T £mI-
Tpéyn. ‘H untépa TO EméTpEyE.

Ocdpnpa. ‘O Befos Kworas 8& pas ouvobevon els 10 BéaTpov.

45) "Ynobzowg. *Edv Bév Umdpyn otuyodvo els Thy ZeAfuny, ToTe Bév Umdpyxe [eof) Exel.
Aoxipal Exouv Beifer TehewoTikgds &Ti Btv Umdpyer Stuydvov i Tiig ZeAfvns.

Gehpnpa. Adv Umapyer fwn tml Tiis Zedtvns.

46) ‘Yrobeorg x +y =20, x—y=4

Oedpnpa. X, 7l
47) ‘Ynobemg 2x — 3y =7, x +2¢ =3
Ochpnpa. 3x —y=10

48) 'Ynéobeorg. To ywopevov 8Uo Betikdv dpifudv elvon Bemikds. ‘0O &pibuds a elval
BeTikds, To ywopevov a- P Bév elvan Betikds.

Oedpnpa. ‘O &pibpos P elvan dpymTikds.

49) 'Yroleag. 'Eqv o€ Z, 161e 1 a=a. 'Eav a, B, YEZ, TOTE Prat+y-a=
B+y) o l+1=2

Ochpnpa. A xabe a€ Z, loxler a + a= 2a

50) ‘Ynobeog. 6 + (—6) = 0,8 =2+ 6. Aix xdbe Tp1&Ba dpibudv o, B, vy, & ToU
Z, loyta 81 (e +P) +y=a+ (P +vy). 'Ewmlons S xéfe x€ Z foybar 8m Xx+0=x.

Ocopnpa. 8 + (—6) = 2.

51) N& kataokeudoete Bva Trivaka &Anbeias Sia Thy alvBerov mpdTagw (pA Q) VI

52) Tola elven 1) &pvnois Tis ~ p, BnAadh pt molav wpdTacw loobuvapel f| ~ (~ P) ;

53) 'Eav a, P elver mpayparikol &piBuol, va Beifete om a=p = a+y = B+vy.

54) N& &mobBeltere 1o Oecdpnua :

'Edw x =5, Té1e 3x + 6 =21

55) N& dmobeifere 1o dvtioTpopov ToU dvwTépw BewpfiuaTos Tiis doxfioews 54.

56) 'E&w o, PeR, o # 0 kal a(3p —8) =a, 7l fumopeite v& QUPTEPAVETE ;

57) 'Edv a, PEeR, P # 4 xal (3a + 12) (2B —8) =0, i AumopeiTe V& CUNTTEPAVETE H

*

20. TAYTOAOTIA.

Mia ouvbetos mpodTaols, 1 omola popedveTan &wd &AAag TpoTaCES P,
q, r K.T\A{ memepacpévou TATBous, ouvBeopévag pE Ta oUpPoAa TN iy

(*) "Ex tév &oxhoeav tovtwv 0d Jololv el tods pabnrdg, dox xara Thv xplow tob 8t-
Sdavovroc dmattofvear Bk Thy duméSwaw Tig Ewolag wdmbdein.
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<=, ~, B& dvopdleTar-hoyikos tomog Ai p, q, 1, K.T.A., ai dmola Slvavtan v
AdPow Tipds A fi ¥, Aéyovton perapintai ToU AoyikoU TUTOU.

Ol Trrot, Tous &mrolous cuvnvTrioapey eis Ta Tponyouusva : pA q, pV 4,
P =q, ~p, p<>q, ovopdfovtan @mnhol timor. ZUuPEVWS TPOS TOUS SuwTE-
pw Opiopous 1) Ekppaois ~ p A ~ q elvan Evag Aoyikos TuTros, Stres Etrions kal
ai ékepdoeis [(p =q) Ap] =qkai [(p=q) A~ q] =~ p, Tas OToias ou-
ynyThoapey els Ta TrpoTyoUpEva.

AT Soa Etebéoapey els TG TponyoUpsva Ewoolusy 6T B1& va elpoopey
Tds Tiuds dAnbeias fvds Aoyikol TUTrov, B& oynuaTicwey éva Trivaka, Tou Omroiou
al wpdTon oTfiAan B& Exouv émikegaAidos Tas GAGS TTPOTACEIS P, (, T, K.T.A.,
&mo Tas omolas dmoTeAeiTar & TUTos. "Edv ai &mAal wpoTdoels elvan Buo, ToTE
ol ypouual ToU Tivakos 6& elven 22 = 4. "Av ai &mAal mpoTtdoeis elvoan Tpeis,
ToTE of ypappad ToU Tivekos 8¢ elven 2% = 8. "Av o TpoTdoeis elvan Téooapes,
al ypoupal 8 elven 21 = 16 k.o.k. “Emeita 8 oynuoTiowpey fv ouvexeia oTn-
Aas pé émikepaibos ToUs drAoUs TUTous, els Tous &trofous dvokleTan & Bobeig
Aoyikos TUTros. Eis Ty TeAsutciav oThAny Emikepois & elvan & Bobeils oUvBe-
Tos TUTros. “Edw els Ty TeAeuTtaiaw oTAANY ai Tipod elvon eis Aag Tas ypouuds
s A, ToTE 6 Bobels TUTros elvan &AnBrys, B1° SAas Tds Tipds TGV ouvBeTIkGY Tou
TPOTaoEWY Kai AéyeTon tavtoroyia. "Qote : tavtohoyie Aéyetar ndg hoyikodg
throg, 6 dmotog ahnBeder d1a kale wpryy (GhnO7 1j wevdf)) tdv amhdv  mpota-
oE®V TOU.

Avo omouBaias TauToAoylas cuvnuThoauey els T& TponyoUueva kol gi-
Bopev 411 els & MaBnuaTikd yivetan usydAn xpfiots adriv. Eiven ai Tautodoyia:

DI(p=q Apl=gq

2) [Lp »q Amgl=~p

AiSopev pepikd dxoun TopaBeiypaTa TaUTOAOYIGN !
1) ‘H oweraywyn p == p elvar Tautohoyia.

p p=p

A A
Y A

2) ‘Hiocobuvapic~ (~ p)<=>p elvar TauTohoyia.

D ~ip. el p) (e DieD
ol ¥ A A
e S - A

3) ‘H olvletos mpéTaos (p = q)<=( ~ pv q) elven TauTodoyia :

Sl DL a__|_ ~p | p=a |~pva|P=a<(~pli
A A | R A A
A o1 ¥ gl A
5 I S O e R A
¥ oo Fou A
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4) ‘H olvbetos mpdTacis (p<q)< S[(~pV@ APV~ )] elvar TavTohoyia :

P |la|~p|~a|~pva |pv~a p<=> gl(~pvadA(py~ Q(p<=q)<=>[(~ pva)Alpv~q))
Ay oy oy A A A A A
A ]t sa ¥ A ¥ ¥ A
bl [ O . A b ¥ 3 A
R (1173 O A A A A A

5) ‘H ouvetos mpéTacss (p vV @<=>(~pA@Vv(p A ~q) elven TauTohoyia :

Pla|~p|~a|~pAa | pA~a|pval(~pAa)y (PA~Q) (pv @) =[(~pAgv(pA~a)
AlAT Y | 9| % o ¥ y A
Al A | W A A A A
PUA] Ay A ¥ A A A
o] Al ¥ ¥ b A A

Amrd ToUs Trivokas TGV TGy TeheuTaiwy TapaderypdTwv Emetan &Ti
1) p = q elvon looBuvamos pds Ty ~ p V q
2) p<=>q el looduvapos mpds THY (~pV @ A (PV ~ Q)

3) p v q elven iooBivanos mpos Ty (~pAQV (P A~Q)

"Ex ToUTeov Eretan 6TI Si&x T pdleew THs dpviioews, Ths guleutecs
ke Blafetecas Suvdpeda v EKPPATWHEY T&s &AAas Trpddels T ouveETaywyTis
( =), Tis loobuvapios (<) xai Tig &mokAeioTifs Sralevtecs (/) kal Emo-
béveos drroiooBhToTe Aoyikds TUTros Buvaran vé Biarutedi ik TV TPIGY oUp-
PoAwv : A, V xai~.

21, ANTI®QAZIL,
Mia sivictoc npotacic Aéyetal avrigaog, Eav Kai povov £av, sivar yevdng
8" drovavéfnote ity (A i ¥) 1@V covnetmedV TPOTAGEADV TG,
Khaoowov Tapdbeyua dvTigdoews elvan fi olvBeros mpéTacis p A ~ p.
P ~p |pA~p
A b iy
o A oy
Ao TOv KaTwTépw Tivaka PAémopey OT1 T dpunaols wds TouTeAoYyias
dmoTeel dvripaow xai 7y Gpunois wids dvTipdoews TauToAoylav.

p | ~p lpv~pppA~p~@V~p~(PA~P)

A b g A o o A
¥ A A it *H A
AIKHZIEIZ

58) L}J‘&x &roBeifeTe X PNOILOTTOIOUVTES Tivakas dAnbelas 811 ol kdTwdh TUTON &mroTeAouv
TauTohoyias :
o) [~ (p A @ls==(~pV~a)
B [~ (v al<=(~pA~0q)
Ni~e=ql<==@EA ~q
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59) "Oupoiov gf]Yr].ua Sid ToUs TUTTOUS ¢
a) [~ (p<=q)]<=(~ p<=>q)
P) [~ (p<=+q)]<=(p<>~ q)
60) Na d&modeitete dpoiws é1i &motehouv TauTtohoyifas of xértwt TUTON :
@) (pAaq) =g
Py [~pA(pva)=q
Y)p=((pva)
61) "Opotov {fTnpa Sr& Tous TUTTOUS ;
A pyv@vn<=(pvalvr
B) pA(qAn<=(pAq)Ar
62) ‘Opofws :
@) pA(qvr)<=(pAq)yv(pAr)
B)pv @AD<>(pva)A(pvr)
Y)Ip=aqA@=n]=({p=r1)
63) Na dmobeifete 6T, tdv a elven pla &Andhs mpdTacis, Té1e (p A o) <>p.
64) Na dmoBeitete 671 tdv y elven pla weudls mpdTaas, TOTE (P V W) <=>p.
65) Na &mobeitete 11 (py p)<=p kal (pAp)<>p.

22. TYINOI AAHGOEIL KATA LYIFKYPIAN,

"Evas Aoyikos TuTros, & dmoios Bév elvan oUte TauToloyia olTe  dwTipaoris,
&N O Omroios Bid pepikas Tipds TGV peTaPAnTEY Tou (&TAGY TrpoTéoEdy Tou)
6iBe1 &Anbes dmoTéAeoua kal B1” &Ahas weubés, Aéyetan thmog dAndig kata ouy-
kopiav (1) oyetikdg timog).

IMapaderypa. ‘O Timos~ p \/ q elven dAnfns kaTa ouykupia.

_ P | g | ~p |~pVq
A A ¥ A
A ¥ ¥ ¥
¥ A A A
¥ ¥ A | A

Oi Trivokes dAnbelas dmoTtehouy fva dopadf] TpoTrov Sik vé& SiamioTdvw-
uev &v Evas TUTos elvar Tautodoyia fi dvtigacis i &Anbns kaTd ouykupiav.

AZIKHIEIZ
66) "Evas pafnTns éxaue Tov s ouAAoyiopdv :
p=q (AnBis)
q (&AnBs)
&pa p (&Anéis)
Na ttetdoete v elvan & ouhhoylopds aUTos TévtoTe dAnbrs. (B& képeTe Tivaka &An-
Beias Bra[(p = q) A q] = p.
67) Na& Swoete va ouykekpipévor apdBerypa &wd Thy "ApiBunTikry, &mwd 1o bdmolov
va gaiverar 871 & ouAAoyiopds Tiis doxnoews 66 elvar dAnbis katd ovyxkuploy (ry. p 1 1 = 3,
q @ 2=2).
68) "Evas pafinThs éxape Tov Ebfis ouAAoyiguév :
'Edv x =0 xal y =12, Té1eyp ) 1.
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"AMG y b L. TApa y # 2. .
N& Ehtytere Tév ouhloyioudy TouTov. s
(Mapaorhoareutp : x =0, @+ Y =2, I ¥ >1 xTA).
69) 'Eéyate ToUs karwd gUAROYITHOUS ¢
Q) [(p=~aqA~ql=~P
B) x(5=x#wy x#yAx(o
"Apa x L 5AX =V
y) x=2vx{2,x=3x # 2,x=3=x42
*Apa x # 3 b
B) x=yy £ 1, x=ywAy #1). "Apx y # L
70) Acitore &1
)ct) & tumos [~(p A Pl <= (p=~ qQ) E‘:’d'l wie TavTohoyla.
y ~ q &moTekel dvTigaocwy.
p) & Timos (pAQ A ~d ,
y) & tumos [(p v O A pl = ~ q e OYETIKOS TUTIOS.
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KEDAAAION ||

ZYNOAA
EMANAAHWEIL KAl IYMMAHPQEEIL

23. H ENNOIA TOY ZYNOAOY, LYMBOAIEMOL.

‘EndBopev els Tas mponyountvas téfeis di Ty Aéw advoiov xpnaipo-
TroloUpey éTav BAcoper v GvagepBiduey els dvTikeipeva dpiopéva kol capds Bi-
akekplpéva, Ta Omoia Bewopolpey s piaw SAGTNTOL

Olrw, T.X., OWthoUpey Trepl Tou cuvdhou Tédv pafinTdv Ths TéEecs pasg,
ToU ouvdhou TV &ypoTdv Tiis XWpas pas, ToU GUISAOU TV QUTIKEY &pIBudY,
ToU ouvdhou T@Y onueicov Evods EmieBou, ToU guvdlou TGV onuefwy fvds eubu-
YPEHHOU TUNUATOS, TOU cuvddou Tiw BiovuopdTwy ToU EmITredou k.T.A.

Ta dvmieipeve, T& Omoia ouvamoTeholy v guvolov, Aéyovtar etoiyeia
ToU guvdAou.

"Ovopdloper o gUvoda yevikids pé kepadaia ypdupata ToU dAgapritou
pas, Ta 8¢ oToryelo pE pikpd.

"Orav &v oToixeiov x dvnkn els év alvodov A ypdpoper cupPolikés XA,

"OTav &v oroiyeiov x Bév dvrikn els TO glvorov A ypdgoper XA,

Av & glvodov A kai év oToixeiov x dAnfelel | XEA i x¢A.

‘H Ewoia Tol cuvdrou elvan ouvBebepévn pé TH évwolaw Tfis Paoikiis igd-
T™NTOS, 1 Omoia oupPoAileTar pé « = » kai Pdoel aiTiis Bewpolpey T oTOIYEIC
TOU ouvdAou G5 Siakexpibva peTaky Twv. Alo oToixeia a kai B Aéyopev 6T
elvar Toe kal ypdgouey o = P, dév, kad pdvov dd, T& « kai B elvon dudpora ToU
10
5

"Eqv Btv elvan o =B, ToTe Aéyopev émi o elvan Sragopov ToU P kai ypd-
Pouev oupPohikdds a# PB. Aix BUo Tuydvta gToixela X kai y B& loyin :

Ax=y¢ A x#y.
"Omrws p&s elvar yvwoTdy, v olvodov cupBoliletar :
1) pé dvaypapniv TGV oToixeiwv Tou évTds dykioTpou.
2) ut mepiypagfiv xapakTnploTikiis 181dTnTos TéY oToyeicv Tou TH PonBelx
HeTaPANTRS kai dykioTpou.

aUToy grorxeiou. OUTw, m.y., s 16 olvorov () elvan 2 =
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Blaes N = i3 0
Z = { x|x dképaios Tiis "AhyéPpas |
Mpds elxoAiar kaTd Ty SlaTUTwoly yevikéy TpoTdoewy elodyeTar elg
T& MaBnpaTike & oUvoov, TO doiov AdyeTal Kevov oovolov, aupBoMlopevoy
WE . Eig To gUvohov ToUTo OUBEV OTOIYETOV GUTKEL.

24. YIIOLYNOAON LYNOAOY.

Aéyopev 811 Ev olvohov A elvan Umogivol.ov £vos oUvolou B, xai oupPo-
Mlopev A < B, t&w kai pévov v, kade oToiyeiov Tou A elven xai oToiyelov Tou
B. ZupPolikids & dpiopds aiTos SiaTUTIGUETON G LT ¢

(A € B)<=>(¥x : xeA = xeB).

OUre, T.X., T clvohrov N, 16V puolkdy dpBudvy, elva UTrooUvoAoy ToU
owdhou R, Tédv mpoypaTikddy dpifudv @ N = R.

Aexdueha 81 TO kevoy auvorov F elvan UtrooUvohov dmroioudrToTe GAAoY
owélou, SnA. & < A, ik kdBe ouvorov A. To kevow ouvorov Exel UtroouvoAov
Hévow Tov fauTdv Tou, BnA. & = .

loytowr ai k&Twb iB16TNTES !

1) A 2 A (dvakhaoTiki i abtomadns).
2) (A= BABc = Acl (uetaParikn)

"Ev oUvohov A Aéyetal yviolov UtrooUvolov &AAou ouvdlou B, tdv, xai
Wovoy &dw, T A elvar UmrooUvohov ToU B xkad Umépyn oTorxeiov xeB pi xéA.
ZupPoikéss ypagopey ToTe : AC B, Anhadr ¢

(AC B) <> (¥x : xeA = xeB) A (FyeB : yéA)

"Eéwv &v ouvohov A Biv elvon Umootivolow ouvdiou B B& ypapuwpey : A ¢ B.

‘H &wola yvijolov Drogcbvolov Exel povov Thv petaPatikiy  IBioTHTA
(ACBA BET)—+ACT

To ouvohov B, ToU o&molou Becopoupey Sidpopa Umootvora A, A, E x.T.A.
AéyeTtan ahvohov Gvagopis 1) Omepodvolov Tév A, A E k.T.A.

25. IZA LYNOAA.

Avo aiwoha A kal B Aéyopev 81 elven Toe, kol oupPorilouey A = B, édv,
kol pdvov v, k&be oToiyeiov ToU A elvan kai oToiyeiov ToU B kai dvrioTpo-
Puws, kéfe oToiyeiov ToU B elvon kal oToiyelov ToU A. Anhadny, cupPoAikds :
(A =B)<=(¥x : xeA = xeB) A (VY : yeB = yeA)

OUrew, Ty, v A={1,2,3} xai B :{—2—, 3,2}, TéTe Eyopsv A = B.

"E&v 5o ouvora A kad B Btv elvan loa, ToTe Aéyopey 611 10 A elvan duago-
pov Tou B kai oupPohilopev A # B.

'|0‘X06EVV ai &R iB16TnTEs TRS lodTnTOs TGV CUVOAWY:

1) A=A (dvakhaoTiky T abromadns).
2) A=B = B=A (ouppeTpikn).
3) (A=BAB=TI) = A=T (uetaPaTikn).
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"loyver émiong 1) Elfis iGioTns -
(A<BAB < A) = (A=B) (dvmiouppeTpikn)

MpérypaTt :

(A < B)<>("¥x : xeA = xeB) }j A—B

(B = A)<=(¥x : xeB = xeA)

26. AYNAMOLYNOAON LYNOAOY,

‘OTav éywuev £ olvorov U kai Bewpricwpey SAa T& UmooUvoha alTou
s dvTikeipeva, SnA. dx oToryeia Evos véou ouvdhou, ToTe dpileTan Eva véov ou-
vohov, T 6olov AéyeTan duvapoesiverov Tou U. ToUTo aupPorileton pé P (U),
dunkouv B¢ els aUTd kal TO kevov auvolov kai T Biov To U.

"Otrws EudBopey els Trponyoupévas Takes, k&be oUvolov Eidpopov ToU ke-
vou Exel TO OAIy@TEpoy BUo UTrooUvoda : TG kevow gUvohov kal Tov EauTdv Tou.
"Ev ouvohov ut 8lo aToiysia éxel 22 = 4 UmooUvora. "Ev olvodov pg Tpia oToi-
yela £xel 29 = 8 UtrooUvoha, Bv pé TrévTe oToixeia Exer 2° brooUvola kal yevikdds
v oUvorov pé v oToixela £yel 2V UmooUvora. OUtw, Tr.x., av A= {1,2, 3},
TOTE ‘9)(A): {&, {15 {2} {3}| {1-2 | { L 3% {2n3}n {1s213}' Ta-

patnpoupey 88 611 O A Exet 2° = 8 UmrooUvola.

27. AIATPAMMATA TOY VENN.

Eis oAAds mepimT@aEls SlevkoAuvopeba els Ty peAétny  Evos [nTfuaTos
dvagpepopévou els aUvola, EGv XpTOIHOTIOIMOWHEY Y PaPIKAs TAPAaTaoels alTdv,
T& yvwoTd pag &mo Tds wponyouptvas Tékers Siaypdupara Tou Venn. “YTrev-
BupiZopev 611 els Ev Bidypappa Tou Venn T& oTorygia ToU ouvdlou TaploTa-
vovtan Si&x onueicv dvebapTriTes TS puoews adTdv.

AZKHEZEIZ

71) 'Eav A = | o, B, v, 8, €}, v& EAéylete &v elvan dAnBeis kal moicn &mwo Tés k&Twh
TPOTATEIS :
PeA ed A [eA BeA, yeA
72) Né& booete ut dvay pagh|v TGV oTOIXEIGY TwWV T& TUvoAa
a){xeR|x2=5x+6=0} B) {xeN|x <2}
73) Na& ebpete yopaktnpioTikny i516TnTa Six THy Teprypaghy Ty k&rwd guvdiwy :

o) §:0,3, 6.9 .+ 5 .}
BYe i, 000 e g 1)
M g =1 O 208w s )

74) N& dvaypéyere BUo olvoha, Tév émoiwv Ta oToixeia va elvar ouvola.

75) *Av A< B kai A # B Tl gupmepaivete 81& 16 olvorov A ;

76) Na& kabBopioete pé dvaypagnv T&v oToixeiwy Tou 16 oUvorov { Xx€R [x*+1=0}
77) N& &mobeitete 611 (AC BABs N = ACT

78) N& oxnuartioete 10 SuvapoouUvorov Tou { &, «, P }

79) N& dmodeitete, oM, t&v A< @, 16T A=

80) Moiov elven 16 BuvapooUvorov Tou kevou aguvdiou ;
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81) N& tferdoete &v 1o xevdy ouvohov elvan yviaiov UTTOgUVOAOY TOU TUXOVTOS oUV-
Shou A.

82) N& dvaypdyere To olUvohov AVoewv Tiis Eliodoews
+D@x+D) @E=-2)+1)=0
«) &tav ouvorov dvagopds elvar 16 R
P) &tav olvohov &vagopds elvar 10 Q
y) 6tav olvohov &uagopds elvat 7o N.

28. MPAEEIE METAEY ZYNOAON.

"Ag Bewpniowpey & alvolov dvapopds U uh Kevdy kal Teheiws dproué-
vov, Tol &rolou T& Umooivoha &s oupPorowpey ut A, B, T,..., X, s
"Omes yvowpilopey BUo UtrooUvoAa ToU U, forwoov T& A, B, Afyovta
loa, &y kai pévov &y, Bid kdBe xeA = xeB kai Bi& kdbe weB = weA. H
fwola THg lodTnTos aUTis SuvaTal v& BecopnBfi s Paoikh iodtns els TO ouvo-
Aov Sheov TEW UtroouvdAwy Tou U, TO omolov, G YVWoTOY oupPolilouey ue
P (U). Bdoer Tiis lodtnTos aUTis T& Ymroouvora Tou U BecopolvTal Siakekpl-
B petofy Tev. Els TO ouvolov ToUTo, T@v Umoouvddwy Tou U, SpilovTan
Tpdters s Ebfis :
A) "Evaecig guvohov.
‘Q¢ fveois Blo ouvdhwy A kai B, f omola oupPohiletal pe AuB, opile-
Tan T ouvohoy Shwy TEY oToixelwy, T& dmoin dwikouv els TO A eite s To B.
SUpPoAIKES YPAPOHEY
AUB = {xeU | xeA v xeB }
"Ay T& ouvoha A koi B dpilovran 81 yapokTnpioTikiis i816TnTos TGV
oToryelwv Twv, Snh. &, Y., €
A={xeUlp)} xa B={xeU[q() 1, TéTE Eyouev, Omws yvwpi-
Sopey &md Thy Aoyikry, 6TI:
AUB = {xeU|p() V a() }
‘H ypagixn Tap&otacis Tis tvioews Buo ouvdhawv A kai B galvetan els
To Trapamieupas Sidypappa. Elvan T toxiaouévov
HEpos TOU oy mfiuarTos.
"loyouv ai ttfjg 1B1OTNTES *
1) AUB=BUA (dvmipetaBeTikh)
Mpéypar, AuB={xeU | x€A Vv xeB | =
={xeU |xeB-v xeA } (BT pV q<>qV p)=
=BuA
2) (AuB)UT =AU (Bul) (TTPOTETAPITTIKT) Tx. 28.1
Mpdyuari,
(AUB) U I'= { xeU | xe (AUB) V xeT }
={xeU|xeA v xeB vV xel }
= {xeU | xeA v xe(Bul) }, Bn (pv qQVvVi<pV(@QVvr
= Au (Bul)
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Noyw Tiis loyxlos Tfis 1B10TnTos  2) oupguwvolpey vd ypapowyE :
(AuB)UTI = Ay (Bul) = AuBuUT

‘H mpdtis u émexTeiveTon 81k MEprocdTEpa TUVOAX :

AU AU AU VA, =UA = {xeU | xeA Vv XEA V ...V xEA, L
k=1
B) Top1j ouvoimv.

Qg Topr) Buo cuvdAwy A kol B opiletan 1o olvohov TéY aToiyelwy, T
dmofa durjkow els 1O A kal els TO B auyypdvaws, oupPoriletcan &¢ pé ANB.

ZupPolikdys yp&poper TOV Opioudv s EEfjs

ANB = { xeU | xeA A xeB }

"Av T oUvoha A kai B BiSovren 81 yapakTtnpioTikiis 1816TnTos TGV oToI-

yeloov Teov, )., Gr elval ¢

A={xeU|p () ) xal B={xeU|q(x)},
TéTE O EXwpPEY :

AnB={xcU |px) A g}

‘H ypagikn mapaoTacts Tis Topfs SUo ouv-
SAwv A kai B gaivetan els 1O Tapamielpws Bid-
ypauua. Elvar To tokiaopévov puépos ToU oynfuaTos.

loyvouv oi EEfjs iBioTnTEs !
1) AnB =BnA (dvripetabetikn)

Mp&ypart :
ANB ={ xelU | xeA A xeB }
Ty. 28.2 = {xeU | xeB A xeA}, (816 p A q<=q A p)
2) (AnB) nIM = An (BNl (mpooeTaipioTikn)

Mpdrypar,
(AnB) Nl = { xeU | xe (ANB) A xel }
= { xeU | xeA A xeB A xel }
= { xeU | xeA A xe(BNI) }, 81611 (pAgQ) Ar<>pA (qQAT)
=An (BNl
Noyw Tijs loyvos This 1B10TNTOS 2) CUNPLVOUUEY VA YPEPUWHEY
(ANB) AT = AN(BAM) = AnB Nl
‘H mwpalis N émekTeiveTon Sik MepiocdTEpR CUVOAX :
ANANAN...NA, = MK, = {xeU | xeA  AxeA, A ... AxeAv }
k=1

Téros UmevBupifoper éti, &v ANB = &, ToTe T& alvoda A, B Aéyovtan
Eéva petaby Tov, Katd TouTa 'Edv ANB # @ ToTe [IX 1 XEA A XEB] kad dvmi-
oTpdpws, & [Ix : xeA A xeB]téte ANB # & f| kai ANB# @ <=[3x :
xcA A xeB]
AZKHZIEIX
P 83) 'Eev A=1{1,2,3,5} xadl B={~1,3,7} v& oyxnuarioete 7& olvora A v B,
(&)
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B4) "Av A={xeR|[x>0}, B={xeR|0<x<8}kall={xeR|2<x<6)}
V& oupPohioeTe pi ypfiow peTaPAnTiis T& olvoda AN B, AU B, AN FLAuUlrBurl,BnT,
AnBnTl, AuBuUT.

85) Na& d&mobeitete 611 ¢

a) AuA=A B) Aug =A
86) N& &mobdeifere 611 :
) AnA=A B Ang =g
87) N& dmobdeitete 611 ¢
a) AnBc A B) AnBe B
88) N& drrobeitere omi ¢
a) Ac AuB By B AuB
89) N& dmoBeitere 6m (AU B =@) = (A=FAB =0)
90) ‘Opoiws &, tav A< B, 1616 : @) B=AU B By A=ANnB

91) N& drmobeitere 61 (AnBYnls An(BnT) kal twions &ni
AN(BnANc (AnB) AT Ti oudyopev & abTdvy ;
92) N& dodeitere 6T e
QANBuUN=(ANBUAND
By AUBAN=AUBNALUD
Né Beifete kol pi Sidypappa tou Venn 61 al dvwrépw 1BioTnTes dAnbedouv.

}(émuspuﬂmai 1B1dTnTES)

I') Awgopa covohomv.

‘Qs Biagopd ouvdrou B o To olvohov A, oupPorilopévn ut A - B, opi-
letan 6 guvohov Téw oTorxeiwy ToU A, T& émoia Bév dwrikouv els TO B. Edw
T& A ked B elven Béva, ToTe Sexoueba 61 A = B = A, Téhos, tdv A=B, Téte A - B=
=A-A=¢.

SupPohikés & Gpiouos oUTos ypdeTal G EERs

A—B={xeU|xeAAx¢B}

‘H ypaginy mapdoTacts Tis Siagopds A — B gadvetan els TO TEPUTTAEU-
pos Bidypappa. Elven o goxiaopévoy  pépos ToOU
OXNUaTOS.

Ex Tou aUToU oynuaTos PAETOMEV  dpéocoos

éri
(A-B)uB=AUB
A) Topmhijpope covolov.
*Ovopddopey oUPTATpwHa ToU ouvdhou A 6y
mpos 16 U, kal 1O oupPohilopey pe Ac eite pe CA, Zy. 28.3
U

T cuvorov U — A, SnA. Td clvohov T&v oToryeicov Tou U, T& dmoia BEv &-
viikouwv &lg TO A.
SupPolikdds & dpiopds oUTos ypageTal :
Ac = { xeU | x¢A }
Efvon qovepdv &k v dveoTépw Oplouddy OT1 ¢
1) ANA* = g, 2) AuAc =U kai 3) (A)=A
‘Emion ém1 CU = & xai CQ E

Téhos i ToU dvwTépw o¥nUaTos Exopey OTL:
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A—B=AnB:
loyxbouy of éfjs 181N Tes, of STrotal A¢yovtan vépor ToU De Morgan :
1) (AnB): = Ac y Be
2) (AuB) = Ac N B*
"AmoBeicviopey 86 Thy iodTnTa 2) -
A kdfe xel’, xe (AUB)® = x¢ (AUB) = ~ (xeAV xeB)™®) =X¢A Ax¢B =
X€Ac A xeBe = xe (A N Be).
“Qote : (AuB): < (Ac NBe) (o)
"AVTIoTPOPLS
Ak k&be xel, xe (Ac N Be ) =(xeA A xeBe ) = ~(xeAV xeB) =
(x¢A AXx¢B) = x¢ (AUB) = xe (AUB)c
"Qore elven (A NBe) = (AUB)  (B)
Bk @y (o) xai (B) Emeran f) dvwtépw iodTns (2).
Mé Sporov Tpdmov dmoBekvieten f (1).

AZKHZIEIZ
93) Na& d&mobeitere 6m1 :
(A = Be )<= (Ac =B)
94) Né& dmoBeitere 611 Ta oUvoda A kal B — A elvan Ebva petafd Toov.
95) Né& d&mobeifete 611 A —@ = A
96) Na dmobeifere xal pi curloyropdv 6T
(A—B)uB=AuB
(Oa dvtikataoTtrioere To A — B pt 10 foov Tou A N Be kal 8& EpappdoeTe T Emi-
peproTikiy [B16TnTa Tiis fvadgews s Tpds THY Topny).
97) Na amhomoimoete Tas katwl TapaoTdgEels ©
a) BN (Au Ac) B) Au(Fule)
¥) (Bl w @ml) 8) (AnB)u(AnBc)u (Ac N B)

29, KAPTEXIANON I'INOMENON EYNOAOY A EIll LYNOAON B,

‘H Ewoia ToU Siactetaypévou eUyous pds elvan yvwoTn &md Tds Tpon-
youpévas Takels @ "Ev (eUyos oTorxeiwv Aéyeton SiateTarypévov (eUyos, tdv, kal
povov tdv, Exn Opiobi] Toiov oToixeiov elvan TpdTov Kai Toiov SeUTepov. OUTw,
X, tav 81& T& oToiyela «, P Oplowpey s TpdTor TO o Kail s Seltepov TO P
Eyouev kaBopioer Ty Bidratv els 1O (eUyos, TouTo 8¢ cupPolilouey 81k ToU (a,p),
tu@ Gu Oplowyey dos Tp&ToV TO P Kal g SeUTepor TO a O& ypdywpey (B, o).

Eis év SiateTaypévor (euyos (o, B) TO o AéyeTar @ 10 mp@drtov péhog ToU
leyous kai TO P : 10 dedrepov péhog ToU [elyous.

ATIO TOV dvwTépw Spiopdy Tou Biatetarypévou (eUyous Emretan éTi (o, P)
# (B, ) Elven Spews Buvatdy vé Eywuey (eUyos pe TO auTo TpddTov kai BeUTte-
pov uéhos, émws, myx., T& (o, ), (B, B), (viy)- KTA

Ao Biaretayutva (edyn (o, P) kal (o, B) opilovran cs Toq, &v pdvov
éav, elvar a =o' kai p'=p'.

(*) Az @ ~ (pva)<> ~ pA~g
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"Edv A xai B elvor 800 pij keve ovola, 16 covokov tdv Satetaypévav Lev-
Y@V (a, B) pd acA wai PEB, héyctar: Kapreolavoy YIVOpEVOV 1ol auvohov A Emi
0 obvolov B kai ovpforiletar pé A X B.

SupPohikds & dvwTépw Opiouds ypagETal :

AXB = { («, P) | a€A A PeB }

Av A= @ AiB=(F, Tote A X B = @ ¢t 6propol. Elven SnA. A X & = &
kol @ x B=

Eav A=B, 161e A x A=A?={ (o, B) | acA A PEA }

Mapadeiypota: lov) Edw A= {1,2} xai B= {a P}, ToTE
AXxB={(1), (1B), 2, @ P} &d
BxA={(e 1) («2), B 1 B2} “Qore: AxXB #BxA
2) Edw A=N=1{1,2,3, ...}, wome

(), e G2, 3 e
2 D@22, &3, ...

N x N=N2= (3r ])v (312)- (3: 3);

“YmrevBupilopey T kGTB!

1) “H dvripetaderikny 1816mns Bev loy Vel s 1O KapTESIOWOY yivdpevov BUo
ouwédAewv.AnA. elvar A X B # B x A txtds tw elven A = B ) & el Té@v moparydv-
Twv glvon TS kevdv oUvoAov.

2) Edw O oUvohov A Exn u TO TAfifos oToiyeia kal TO B Exn v oToixeid,
ToTE & A X B Exer p - v 1o mAfiBos oToixeia. "Edv 6 A fj 1o B Exn) &mreipov AR~
Bog oToryelwy, TOTE TO xapTeaiawdy ywopevov A x B Eye émiong &meipov TrAffog
OToryelwv.

3) AuvépeBa vd TapaoTHOWHEY & KaPTECIQUOY YIWOUEVOD L Trivaka 51-
TAfs elodBou, &mws Euddopev els THY y' Takw. '

5) *Edv Gecopriowopey TG péAn Evos SlomeTorypévou [elyous s OUVTETOY-
Hévos omueiou els T EmimeSov o &Edveor X'0X, WOy, TOTE KkdBe BiaTeTaymé-
vov (elyos mapioTével Ev anueiov elg 16 trrimeSov aUTo. ‘Emropbveos Ev kapTe-
Tlcwdy yivdpevov pE BUo TrapdyovTas, T.X. T6 A X B, 8& mapioTavn ToTE EV OU-
vohoy onpelewv elg 1O Emrimedov aurd. “Exouev TOTE THY Aeyopévny YEQPRETPIKTY
(i ypagukiv) napaataciy ToU KOPTECIOWOU YIVOpEvoU.

AELKHZIEIZ

98) 'Eav T& Saretaypiva fevyn (X +y, 1) xal (5, x —y) elven oo, va elpete
T& x kal .
99) 'Edw-A={1,2,3} xal B={0,1, -2}, v& oxnparioete 10 A X B. "Emaita v&
K&UETE YEWUETPIKAY TTapEaTaoY aUToU.
100) N& darobeibere &T1:
o Ax (BNnN=(AxB)n(AXT)
B) “Av A< B, Téte A X Ac B x B.
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KE®PAAAION Il

ITOIXEIA AIANYEMATIKOY AOTIZMOY

30. OPOOrQNION KAl TMAATIOIQNION EYETHMA ANAQOPAL,

A) Eis &v ¢mimedov (E) yopdooopey 8&Uo Tepvouévous &fovas x'Ox  kai
Y'Oy, Exovtas kowny apyfv To onueiov O Tijs Topfis Twv kai povadiaia Siavl-

ouaTa 08 =i xai OH ::i' avmioToiyws (ay. 30-1 kai 30, - 2).

x. 30.1

Oi 8Vo aUToi &koves &mroTehoUv Ev sbotnua afovov émi ToUu Emmédou (E).
“Eorw Tdpa Tuyov anueiov M Tou émmedou (E). Amo 10 M gépopev Tdg
TapoAAnious &V dEovav. ‘Opilovton oltws Ev onueiov TT émi Tou &fovos x'Ox
kal #v onueiov P émi ToU &fovos w'Oy. ‘Opilovtar émions T& Siawiopara dl\;!'
Ofl, OP.
\ ’ = I . - . ‘ i
To Bidwuopa OM Afyeron dravuopatiki) GkTig ToU omnpeiou M.
» » on » retumpévn mpofoin Tou OM.
» %, LOP »  tetaypévn mpofoin Tou OM.
‘H dAyePp. Tiun OT, oU Ol'f, AéyeTon teTumpévn Tou omnueiov M.
» » » OP, » Ol5, AéyeTan tetaypévn ToU
‘H TteTunuévn évos onueiou M cupPolileTon pé Xy xal 1) TeToryuévn Tou pé
wpm Ovoudlovtan B¢ dupdTepan guvtetaypévar Tou onpelou M.

onueiou M.
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Mapatnpopey Topa 671 : 1) ut Tov TpbTOV, TOV OTroTov eibouey Trpon-
youpévaws, Els k&Be onueiov M Tou émimeSou &vTioToryel Ev, Kal poévov Ev, dio-
TeTarypévov [eUyos TparyuoTikGY &piBudy pé Tp&dTOV pEAOs TOU THY TETUTHE
vy xm, ToU M, kai BevTepov péhos TOU TTV TETCYHEVIIV WM, Tou M, BnAadm
T6 BiareTaypévov [eUyos (XM, M) 2) *AvTioTpdpws els ke BroTeTory Hévov
lelryos Trpary BaTIKGY &piBuddy (X, ) QumoToiyEl fv kol pdvov onpeiov Tou Emi-
TeSou, TO M (x, ), TO &rroiov SpileTan, &v AdPouev gl o X'x kol @y Bl
wopoTa (ir[ Kkai OP TolauTa, doTe O =X kai OP = y xai gépwpev éx Tou TT
TapdAAnAoy Trpds Tov GEova Wy xai & Tou P mapdAAndov Tpds Tov x'x. ‘H
Toun TV Suo TouTwy eUEIdY Spiler To M.

"Yrapyer hoinov APQULOVOTTLAVTOS avuotoigia petald tob ouvolhov R x R
kai 1ol guvehov t@v enueioy tod imridov (E).

Al v EKPPATWHEY 6T &v omuelov M Eyel TETUMUETY X kal TETOyHévTV

v ypdgopey M= (x, ) i M (x, ¥). % I

Oi 5Uo &foves oynuatilowy Téooapas ywvias, ai
Smroian AéyovTal mplT, deutépa, tpity kal tET@pTY YO- z’lﬂ_ gy
vig t@v aEdvoy, OTws ompEvoVTal kerd capav |, 11, y

I, IV es 1o oy. 30- 3. Tx. 303

K&Be omnueiov tocoTepikdy s yovias | ExEL guvTeTaypévas BeTIKGS.

Ké&be ompeiov EowTEPIKOV Tii yovias |1l &gl ouvTeTaynevas APV TIKAS.

Kafe ompeiov towTepikoy THs yoviag [l Exel TeTunuévny &pynTiKNY Kad
TeTay pévny BeTikny. Kabe omueiov ¢owTepIkOY TR Ywvios IV Exer TeTpnpevny Oe-
Tikfy kol TETOyHEVTY &N TIKTIY.

‘0 &feov x'Ox AbyeTan GEOV 1OV X T GE@V 1OV retpnpévoy kal & 'Oy Ae-
yetan GEwv @V Y fi GEov @Y tetaypévov. *H Toun Tév &tdvav O AéyeTon apyn
Tév &Edveov. ‘H dpyn O Exel &UQOTEPOS TAS CUVTETCY BEVTS pndév, &nA. 0(0,0).

O1 &toves AéyovTal aployaviol GZoveg ouvTeTayHévwy, STQW elvon kafeTol
HeTafU Ty, GAAWS AéyovTal TAGYIOY@OVIOL (ox. 30-1).

"O7av ol &toves elva dploydviol kal Emi AoV & poveBiaia SiawiopaTa
C_)é kol o_ﬁ Exouv loa PNk, TéTe Abyopey OTI Exouey Ev opbokavoviKoV CUTTTHA
&Edveov.

Ofrrew 5i1d TEY CUVTETAYHEVGVY kafopileTon 1) Béais Evog onueiou el To Ei-
Tedov.

31. KAGOPIEMOEL THE OELEQL EQAP. AIANYEMATOZ EIE TO EIMMEAON.

*Eorw (ox. 31-1) TrpOoCaVATONTHEVOY trrimedov (E) é¢c3§tacuévou ué TO
oUoTnua dpfoywvicy &tovay xOy xai ipapuoaToy Biavuopa AB #méww els TO
(E). Dépouen &md t& A, B TS mapahhfihous Tpds Tous &Eoves. ‘Opilopey olrrw

>

T& EpappooTd SlovuouaTa A, B, tméve elg Tov &tova x'Ox kai A—.z-é, grdvew Eelg
Tév &fova 'Oy. To AlB-1 dvopdleTar : TETRMREVY npoporiy Tou AB, TS Be A,B..
tetaypévy mpoPoi ToU AB.
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"Av & qopels, ToU AB (1o Smoiov UtroTiBeTon )1 unBevikdv) elvan TTapdA-
Anhos Tpos Tov Glova Oy, TOTE 1) TeTunuévn TpoPoAf Tou AB elvar o pne-
VIKOV ¢pappooTor Slidwuopa AI_AI (2x. 31-3).

"Av & popeUs ToU AB elven TrapdAAnios mpos Tov Glova OX, TOTE 1) TeToy-
Hévn TTpoPoOAT TOU Ké elvan TO unBevikov épapuooTov Sidvuoua A2_7\2 (Zx. 31 - 4).

Y
Il e As(éd)
Ya ]
Ar
e |
iA' P Ar
0 & X, Xp x 4 x
Iy. 31.1
Y 2 Y
By|------—-—3B
&elz----!——'ﬁ 42 '""""".A
( i i
P ‘{ . :
H ! " 1 s
4=8, x 4 8 X o A x
=y, 31.3 Zy. 31.4 Zy..31.5

—

"Av 16 AB elven pnBevikdv Sidwuopa, T.X. TO AA, TéTE kai af BUo mpo-
BoAai Tou elven pnBevixd Siavdopara (Ex. 31-5).

“Eotw Topa 8T elvat 1 A =(Xa, Wa), 8nA. 1) TeTunuém ToU onueiou A
elven Xa kal f) Tetoypérn Tou elven wa. “Eotw émiong 6 elvon B=(xs, ya).
‘O &p1Buds Xa — Xa (TeTunpévn ToU TépaTos Welov TeTunpévn THs &pxfis ToU
= = , —
AB) dvopddeten : 1 tetumpévn tod AB xal ouyypoves i 1 dhy. tipf tob A,B,
gmi tob GEovog x'Ox, xal oupPoMileran pé AB, (Zy. 31-1).

‘O dp1buds wp — wa (TeTorypbun ToU TrépaTos peiov TeTarywévn TR dpyfis
ToU SiavUopaTtos) dvoudletal @ 1) tetaypévny 1ol AB kai ouyypdvws @ 1 dhy.
upt tod A;ﬁe #ni tob GEovog y'Oy, oupPolileran &8 pé AB,.

— -

OUtews els 10 Zy. 31-2 7 Tetunuévn mpoPoAn Tou AB elvan To AB,.
‘H TeTpnuévn Tou AB elvon 1 —4=—3= &Ay. Tipf TOU AIB, ¢mi Tou x‘Ox.

e —r <
‘H Tetorypévn TrpoPoAn ToU AB elvar To AsB,. *H TeTaypévn tou AB  elvan
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o
2-4=—2=_2d\y. TisM Tou A,B, &mi ToU 'O y.
*Emions f| TeTHnuévn TpoPoAi TOU BTK elven 1O éTAl,h TETHNREVT TOU
B_;\ elvan 4—1 = 3 = &Ay. Tin ToU BjA ¢t Tou x'Ox.
‘H Tetorypéun TpOPoAf) TOU BA elvan o B:.bAg, f Tetaypévn ToU BA
elvon 4-2=2= d&\y. T ToU B:)a? gl Tou 'Oy
*Errions elvan (. 31-2):
o EE T =
f Tetunuévn TpoPoAn ToU AA TO AA,, T TeTunuévn ToU AA 1 4-4= 0
e D A, =3
) TeTarypén TpoPoAf ToU AA 15 AA,, 1) Tetaypin AA: 4-4=0
‘H TeTpnuévn kol TETQypévn Evos BiavuopaTos AbyovTan cuvietaypEvar
TolU SiaviopaTos. Ak va oupPoriowpey 611 v Sidwuopa A—é EyEl TETUNHEVTY &
kai Tetaypévny P ypagouey AB (e, B) 0 AB = (o, ).
AT TG &uwoTépw tyvoolUuey 671 1) Bkois vds EgappooTOU S1ovIoHaTOS
kaBopileTan, taw yvwplloouey Tés oUVTETY Pbvag TG BKPWY TOV T TAS OUVTETY-
pévas Tou BlavUopaTos kai Tés ouvTeTery pévas Evds dxpou Tou (&pxis fj TépaTos).

32. ITA (H IEOAYNAMA) E®APMOLTA AIANYEMATA. ANTIOETA AIANYIMATA.

A) “Ev tpappooTov Sidwvopa AB Aéyetan Toov 1) iooddvapov pos &ARO

l:'_ﬁ, t4v, kol poévov #dw, af oUVTETCY Béval ToU ﬁTﬁ elven foan &vmioToiyws TPds
>

Td&s SUWYUHOUS TV CUVTETCYHEVaS Tou [A.

Mpdgouey TOTE TUM-
BoAikédds : AB =TA

Ofrw, Y., &5 TO
Ix. 32 - 1 # TeTpnpévn ToU
—
ABelvos -5 —(—=2) =—3
1 TeTerypévn ToU AB elvan
6-2=4

= —>

f Terpnuévn ToU A=
2—-5=-3
f Tetaypévn ToU A=
7T—-3=4

"QoTe, Katd TOV o-
Btvra Spiopdy, elvar
A—é — r—A,- .

— — e e

Fevikéss, tav AB (o, B) kod TA (o, P7), Bic v& tkppdowuey &1 AB =lA
Buvdpeda va ypbowpey oupPohixds (a, B) = («', B). AV olrrou Evwooupev OT1
a=qa' xoi p=p

sx. 32.1
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‘H opiofeioa ¢8& Ewoia lodTnTos EpapuocTév SlavwoudTwy Exel TAg
YvwoTas 1816TnTaS ¢
— —
o) 'AvaxdacTikiv : AB = AB

B) ZuppeTpikrv : AB.=FA = A=AB

y) Thv petofaTtikiv: AB =TA | b
—y  — [ AB=K
FA = KA

Mapatnphoses : 1) Elven gavepov &mi, &v  Exwpev &v épapuooTdv Bidvu-
oug, T.X. TO ?B, Umdpyouv dmeipapifua épappooTa SiawvouaTa, kabiv &mod
T& émola elvar foov pos o AB. Elven 7& Sraviopara Té EyovTa TAS OUVTETOY-
pévas Twv foos TPos TAS OUWVUPOUS CUVTETXYMEVTS TOU KE

2) Noyw s dvwtépw 2as iBidTnTos Tfis éwolas Ths lodTnTos HuTOpPOl-
HEV v Afywpey OT1 : AE, A sl foa peTafU Towv.

3) "Av KTB, A eva foa (peTalU Twv) kol &x1 pnBevikd, TéTE Eyowv THY
8iav BieUBuvo (ol popeis Twv elvar TapdAAnAol) kal Thy i8lav popdv (elven

— =
dudppotra). (AdTt Tpry. ABH = Tpiy. FAO kal AH, MO mrapddAnia xai dpdp-
—> —
pomrar dmes émions kal T& HB kai ©A w.T.A.).

4) Kdfe undevikdv tpappoaTdv Sidwuopa elvar  foov mpds kdbe GAAo un-
Bevikov E@apupooTOV Sidvuoua (Braeti ;).

B). “Ev épopuooTov Bidwuoua AB (Zx. 32- 1) héyeten «avrifetov» &Alou
Ei §&v, Kol povoy édv, ol ouvTETOYuéval TOU KE elvon dvrifetor dvmioTolycos
TPOS TS OUWVUHOUS TUVTETCCYMEVOS ToU EE
Mpapouev TOTE AB = — EZ. Eis 10 Zx. 32 -1 &xopev, Tr.Y., Bi&x T& Epapio-
oTa Siawiopara AB xai Ei :
TeTUN WéV) TOU KE =—5—-(—2)=-3
TeTUN HéV TOU EE =4—-1=3,
TeTayutvn TOU 7:8 =6—-2=4
TETAYHEVT) TOU Er= 2—6=—4.
"QoTe TO AB elva v Sidwopa  &vtibeTov ToOU E_i BnA. Ké = — F__f El-
vai B¢ pavepov STikaBe Biavuopa ioov pé To AB elven &vtiBeTov Trpds TO EZ o
mpos kéfe Toov Tou. Tlpopavéss dvTiBeTov Tou SiawlopaTos AB el el 6 B_A",
Sk AB == BA;

e
Mapatnpnoes : 1) "Av elvar AB dvriBerov Tol I'T&, TéTe B4 elven kad TO
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I"E duiBeTov ToU AES (i&1cemi ;). A TOUTO EmITPETTETON VX AEYWOUEV: T Aé, ra
elvan QuTifeTar (peTaly Twv).

2) "Av AB*, FA elvon dvrifeta (netakl Toov), TOTE Exouv ThY iBicw BievBuv-
ow (oi opeis Tewv elven TapdAAnAol) kol dvTiBéTous popas.

3) KdBe pndevikdv tpappooTov Sidwuoua elvan dvrifetov mpos k&Be &Aho
pndevikoy Sidwuopa (Eioti ;)

33. MHKOZ E®APMOZITOY AIANYEMATOZ,

*EoTe TUXOV EGappooTOY G:dxvucrua-KB.‘Ovoudgmm pfikog ToU AB eite ano-
—
hutog mpfy Tou AB, kai oupPolileTan pi !KFBL T pfikos Tou eUBuypdupou TUN-
naros pé dxpe, Ta A,B. OUTw, T.X., Bi1& O pndevikdv Bidvuoua KA Eyouey @ ufj-
e ——> 2

xos Tou AA = |AA| = ufikos ToU elBuyp. TuAuaros AA = 0. levikdds : TO Wijxos
ké&Be pfy undevikou ¢papuooTou diaviouaTos elvan Evag GmoAUTOS TPy HATIKOS
Ap1Bds.

"As AoPowpey ouoTnua dpboycwricy &tdvewv xOy (Zx. 33 - 1) kal povadi-

B —:b — -.)- —_— —p =
ofa Siavdopata & 00 =i, OH =] ut |08| = |OH|. "Ag Umobéowpev B¢ o
—

et : A= (Xa, Wa), B = (Xs, ¥8) xai 871 ) 76 AB Biv elven pnBevikov ke B)
5 AB Stv elvan TrapdAAn Ao TTPOS Eva Ek TV
&Eoveov.

Toére dpileran v Tpiywvov AKB, Gpo-
yéviov elg To K, dmws galveTan els TO Zy.
33-1, pt tpapuoyty ¢ Tou [MuBeryopeiou
fecopripertos edpiokopey 811 TO ufjkog Tou AB
BiBeTon &mwd TOW TUTTOV !

—_— R
|AB| = V{xa —xa)* + (8 —¥a)* (33,0)

Elvon eUkohov vé Einynocwpey 6T1 & TU-
Tos atrrds loxver kal dTav TO AB elvan un- t
Bevikdy Sidwuopa A elvan TapdAAniov Tpds fver ik Tdv &Edvev (méds;). "QoTe
loyUel yevikds &T1 :

To pijkog é@uppootod dravispaTtos glvar ioov pi v tetpay. pilav tol adpoi-
opatog t@V TETpAyOVOV TV CUVIETAYREVOY TOU.

‘Etropéveds : "Av 8Uo TuyxdvTa tpapuooTd Siawbopara elven foa petaky
T, ToTE B Exouv TO aUTO Wiikos (Biaeri ;). "Apa kGO 800 Byt pndevika ioa
tpappoata djaviopata Exovy 10 abtod pijkog, THY abtiy SievBuvery kol kai v ad-
™y gopav. 'Emrions 1o aUTd upiikos kai v aUThy BievBuvow Eyouv kai kabe Buo
&x1 undevika dvtifera petaby Twv EpapuooTa BiaviouoTa.

To oUvohov Shwv TéV ipapuooTtdy BiavuopdTwy Tou tmimédou (palu
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xai pi Ta pndevika ipapuooTd Siavlouara alrrou) 8& TO oupPorilwpev, &mou

y

B:(3,4)

-8 20 ol |

LI R

Me(2-8)

3y 33.2

elg T& Ewdpeva pas ypeiaodii, pt D.

TNapaderypa lov. Eis & Ewimebov (E) (Zy.
33-2) tpwbiaoptvov pi &fovas ouvteTaypdvev
XOw, 8ibovran T& onueia A (2, — 8) kai B (— 3,4).

Na elpere o) T&s ouvtetaypévas ToU Siowi-
ouaros AB. P) Tas ouvTeTarypévas dvds Biavioua-
05 dvTiBéTou Tol AB Kai ) TO iikos Toi AB (BnA.
Ty dmdoTaow petofy TéV onpelwv A xai B).

"Arévineg: o) TeTunpévn 'roCr?B =Xp—Xa=
=-3-2=—5 Terayubm Tol AB=\p—ys=
=4—-(-8)=44+8=12.

B) “Ev Sibwona dvribetov ToU AB 6& Exn
ouvTteTaypévas dvmiBétous TGV ouvTeTayptvey ToU
KE. BnA. O& Exn Tetunuévny : 5 kel Tetorypé-
v =12,

Y) Zuugavws Tpds ToV TUov (33, a) elven

[AB| =V (=5 F 128 =V 25+ 144 = V160 = 13 puovéSes.
Hapadevypa 2o0v. Els &v tmwimeBov fpwbiaopbvor pé &fovag OUVTETEYpié-
vav xOy &iSovran & onueia A (2, 3), B (2, 5).

Né& elpete a) Tds ouvteTarypévas Tou SiaviopaTos AB xal B) T ufjkos Tou

(Zx. 33-3).

"Anavino ¢ -re-runuévn'rouAB—-xg—xA—-Z 2=0, Terayuévn ToOU

Kﬁ_\pg—\p,‘—S 3—2

Hovdbes.

Mfikos ‘l‘OUKB"IABl—VO’-{-z' Yi=2

IMapadevypa 3ov. “Ev Sidwuopa AB Exer Terunubvny 3 kol Teterypévmy 0,

y

[ B
4

‘, yy-—
2

Ty. 33.3

’
; i " R
‘A 28,7

"
vt g
2 E i
: |
t i ¥ ii e~
Iy. 334

dpyfv 8¢ 1o onpeiov A (2, 3). N& elipete Tds ouvretarypdvas Tol Tépards Tou

B (3x. 33— 4).

"Amavineig: "Eotw B= (X, ya). ToTE: Xp—2=3<>xp=342=5
kal yg — 3 =0<>yp = 3. "Apa B=(5,3).
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AZKHZIEIZ

101) N& eVpete Tés ouvTeTayuévas ToU Biavioparos AB kal T pfikos Tou, &v els &
ovotnua dpBoywviwy &ldvwv Tou tmmédou elven A = (-2, —3) kal B= (2, 1).

102) Né& 8eitere 11 10 Tplywvov, Tou Exer Kopugds -rc‘f_g_nus_tg A_.:..(_ 2,8),B=(-L1)
kal [=(3, 3) elven loookerés. (N& ouykplvere T& prkn T@v AB, Al BIN).

103) Els &va émimebov tpwdiaopévov pt dpbokavovikdy cUsTnua didver Tpla onueia,
A, B, I &ow dvmigTolyws owTetaypbvas (3, 1), (3, 5), (— 1, 1). N& ebpete 1&g ouvTetaypévag
tvos onuelov A ToU dmimébou, Edv yvwpllete 11 AB = TA. (Avais : Ba Trpémrer v Eycouev :
XB — XA = Xa — Xr Kal Wp — YA = Ya — yr kal v& Aowuev Tas Suo dhiowoers pt &yvooTous
TO x4 Kal Wa.).

104) “Ev tgapuooTdv Bidvuoua ﬁ!xen TeTunuévny 3 kal Tetayuévny 4, mépas 8¢ TO
anuelov B (4, 2). N& elpete TS ouvTeTaypévas Tiis dpxfis Tou A kal 16 pfjkos Tou Siavioparos.

34. TO EAEY®EPON AIANYEIMA EIE TO EMIIEAON.

“Eore & Bidwwopa AB Tol D, 8nA. &v EpapuooTov Bidvuoua Tou EmiéSou.
(To AB Biv &mroreletan v elvan & undevikdv tpappooTov Sidwuopa). Mvwpl-
lopev 811 Umépyowv dmeipdpifua Sioviopora foa (looblvapa) Tpos To AB.

To olvolov EAwv TGV Towv Trpds TO AB ¢poppooT@dY SloVUoUATWY TOU
émmédou dvopdleTar : «Ev EhedBepov Sravuopar» ToU FmiméBou kal TO AB (kabaos

kai ké&fe foov Tou AE tpapuooTov Sidwuopa &md TO D) dvopdderar : elg dvni-
npdéomnog ToU EAsubépou Sraviopcartos.

“‘Omews &md 1o EpapuooTov Sidwuoua Eﬁ dploapey v EAelBepov Bidvwuopa,
oUrws fumopoUpey v& Spiowuey &md xkdbe EpappooTov
Bidwuopa Tou D dvd &v Eelbepov Bidvuopa ToU EmiTré- \(\ y
Bou. "Av ylvn ToUTo, ToTe TO D 84 Exn Biapepiodf els /
Kh&oes (UrooUvola) Eévas petaly Twv dvd &Uo, ka- / //
Bepiar &md Tdg dmoias elvan ((E Spropol) Ev Edeifepov &

Siavvopa. / /

"Ev ofovbfjTroTe EpapuooTov Sidwuopa &md 1O D / 4 /
elvon el dvnimpdowos k&molov EAeubépou Siaviopa-

Tos ToU émmébou. ZuvnBws s dvmirpdowTrov Evdg x
EAeubépou Biovliopatos Tou EmiméSou XxOy (Sy. 34 - 1)

AapPévopsy TO tpapuoaTov Sidvwoua Tou P, ol Exel Sx. 34.1

&g dpyfv Tou TO O.

“Ev EAelBepov Bidwuopa ToU Emmédou elvan kad TO pnBevikdv EAelBepov
Sidwuopa, SnA. To ouvohov SAwy TV PNBEVIKGY EPAPUOCTEY BICWCUETWY ToU
tmiméSou. Teiro 84 & oupPolilopey it O.

Kébe tAelBepov Sidwuopa 8 oupPolileton 81” Evds Tuydvros dvriTpood-
Tou Tou efte S1dt ToU dvTiTrpooTTOU Tou e dpxfv To O eiTe pé Bv pikpov ypdu-
Ha ToU dAgaPfiTou pall pt &v uikpdy Péhos Umepdvw. OUTtw Suvapeda va Oui-

51

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoMmikrig



Addpev B TO EAeUbepov Bidwuoua OA 7 5?5, B1a TO EAeUBepov Biavuopa E’ KT

(Zx. 34-1).
To gUvohov BAwy TEY EAeubépwy BlawuopdTwy ToU EmiTedou 8& TO oup-

BoAilwpev pé Dy.
35. MHKOZ EAEYOEPOY AIANYIMATOZL,

Mfikos tvos BiawlopaTos &mo D, &nA. Evos Aeubepou 51cxvucuorrog, foTW
s AéyeTon TO wfikos &vds GUTITTPOTOTOU Tou Kai cruuﬁollﬁrrm ut | O:I
OUrw, Bi& 16 undevikdy éAelBepov Bidwuopa O EYOpEY !

—> —
|3 |=]06]=0
36. EYNTETAI'MENAI EAEYOEPOY AIANYEMATOZX.

"EoTw oed),. "Ovopdletal : TeTunuévn Tol a

y f| TeTunuévn évds  OTOLOUSHTIOTE  GUTITTPOTWTIOV
UM FY 711 A Tou Kal TETayHévn ToU a 1) TeToypévn ToU auTou
al ' f olousfroTe &AAOU QUTITTPOTWTIOU TOV.
[} —
&b 4 i OUTew, m.Y., 51 16 O elven : TeTunuévn Tou
Jpr—s = ) 1o 0 kai 'rs-ro:yuevn Tou To 0. ’Emions 81 16 EAeu-
2 i d
! : fepov  Bidwuopa cx ToU  QUTITTPOCWTTEVETAL &TTO
]
.k g 15 AB (Sx. 36- 1), elvon: TeTunpévn Tou 6 4 kal
2 TR AR I R T ; . ~ . T
TeTaypévny Tou O 3. ZupPoAik@ds ypagouey o (4,3)

Ex. 36.1 Efvon @avepov 6T, v Bofouv ai ouvteTaryuptvan -
vos EAsuBtpou BravlopaTos fiUTTopoUpey, v& oOpiow-

uev ypagikés éva dvmimpéowméy Tou els To dmimedov XOy (mds ;).
37. H IZOTHE EIZ TO Do.

"EoTtwoav 611 ue% Kkai Be_@o O& Aéywpey 6T : TO a elvar lgov TPog
TO [3 Kad ea ypo(tpwuev Ca= [3 gav, xai pdvov Edw, u-rrap)(n kdrrolos QvTiTrpé-

TWTTOS TOU cz foos pé k&olov &uTITTPOTWTTOV TOU [3

“Eotw o = [3b: ToTE (Kol povov -ro-rs) elvat :
TETUTHEVT) TOU o) — TETUTHEVT) TOU 13 kal TeTayuévr TOU o= TETOY HEV TOU[3
Elvar govepov 6T1 kai 81 Ty opiofeioav €84 Ewolay iodTtnTos loyUou
of Tpeis yvwoTai iSi16TnTEs THs lodTnTos BlavuopaToy. EnA. 1) &uakAQoTIKT), 1)

OUMHETPIKY Kol T peTaPaTixn.
38. ANTIOETA AIANYEMATA EIE TO Do.

“EoTw c::e_‘D0 Kol OA QYTITTPOTTIOS TOU (ZX 38 - 1) “Eore OA' &v dvri-
-
fetov ToU OA Epapuootov Bidwuouc. To OA’ — — OA elvan QUTITTPOCWTTOS

52
Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoMmikrg



£vds EAeubépou BlaviouaTos, EOTw o. Aitd TO ENelBepov Bidvuoua o Aéyetal
vTifeTov ToU o ol cupPotileTan pi —a. y‘
Eivan gavepdy dmd Tols  OpiapoUs, Tou  Edcoapey,

u
(o' }/
5

1) Ak kdbe ae), Umdpyer v uovov dvtibetov Tou y
Bidwuopa Tou D, o

= =Nt i A i
2) &v o elvar TO &vTiBeTov TOU @, TOTE kel TO a el- 4
e -
vau To dutifetor Tou a kai 3) al ouvTeToypévan Tou o
4 Ix. 38.1
elvan GuTiBeTol TAY OPWVUNWY TUVTETaYPEvGY TOU d.

39. MPAZEIL EIZ TO LYNOAON Do, TON EAEYOEPON AIANYEMATQN TOY EII-
MEAOY.

— —>
A). "As MaPwpev T& EpapuooTta Biaviouara AB kai B, t& omoia PAE-
TeTe €lg TO crx 39- 1. "Omws yvwpilopey, &mod doa tuddopey eis Ty y' Takw,
TO Blcwuaua AF glvar 1O &Bpoloua Téw éq:cxpuoc'rwv Siaboy ki SlavuopdTwy
AB kai Br. SUPPOAIKGYS YPAPOHEY AB i BF = Ar.

Maparnpoupey Twpa 671 al ouvTeTaryueval Tou dfpoiopaTos Al elvan
ioon dvTioTolyws e TO &Bporopa TGV
OPLVUPWY TUVTETOY HEVWY TGV Trpoobe-
Téwv BlowuopdTy. TlpdyuaTt elvan ;

o T
TeTpnuévn Tou AB =3,
- o
TeTaypévn ToU AB = 2.
TETUMHEVT) TOU BF = 15
TETOrY HEVT) TOU Elz =2
—
TeTpmuévn ToU Al =4 =341,
—
TETOCyHéVT) TOU Al=4=242

B) "Eatmeav 10pa aeD, xai B;_‘z)n
Kai /?F:", Bl (Zx. 39-1) davrioToiyws
duTiTTpoowTol  Twv, ol &moior elvan Siaboyika Siwlopara. ‘Opilopey 1O

Zx. 39.1

afipoioua Aé + EII SnA. TO A[: AUTO, TO 7‘\1: elvan Evas étv*rmpc’)cwwog K&TTO10U
Eheubipou B\czuucucx-rog, EoTW y To y SvopaleTat uﬂpowpu a aby ﬂ kal oupPo-
AileTan pe cx + I,':S 5nA. P 4 B y Elval Trpogaves &11 TO y Fyer @5 TETUNUEVTY
T6 &Bpotopa THs TETUNUEVNS TOU o oby THY TETUMHEVTV TOU B kol TETOypREINY TO

&bporoua THig TETayuEvTs ToU a oly THy TeTaypévmy Tou P.
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Obre, T.X., & u (o B) xai v (v, 8), ToTE TO (u + ;3 B Exn ouvTe-
Tayuévas (o +y, P+ 8) KCll Buuc:usecx V& KOTQOKEUGOWHEY v QuTITpdow-
oV ToU  SiavlopaTos (u +- \) dpoU yvwpilopey TAs CUVTETOYHEVQS TOU.

Kardmv 1év dvwTépw opilopev s &Bpoiopa Suo EAevbipoov Biravuopdrav
1—1‘—((11, By kel v (o, B2) kol 76 cupPoiilopev bE u -«}—7".-', TO EheUBepov Sidwuopa Tv’,
TO OTrolov Exel TETUMUETY @ + oy kol TETaypévny Py + By ZuvnBax ypdgouey
(o, By) + (o4, Be) = (@ + a, By + Bo). ‘H mpdlis pé Ty Omoiav edpioxouey
TO W, &K TGV u kal v, AéyeTon mpoeBeaig i oUvBeols péoa els 10 alvoiov Dy,

E&w 10 &tk TGV TpoobeTiwy BlavuopdTwy elvar TO pndevikov EAeuBepov

— —> -—
Biawuopa, ToTe B& Exwpey u + O = u, 1611 16 O Eyet TeTpnuévny 0 kai TETAY Ué-
vv 0 xai Emopbvs el (oq, By) + (0, 0) = (o + 0, Py + 0) = (ay, By)

AnAoBn 1O unBevikov EretBepov Sidwuopa elvol TO obdEtzpov oToiysiov
els TNy mpoateow &v D,

"Av [-3: ; elven -rpic: é?\eoeepcx SiavUopata ToU E"rnTréEOU (E), ToTE Opi-
gousu wg cxﬁpowucr o oy [5 auv y, kai 16 cupPohilopey o + ;3 + y, TO0 &bpor-
oux (& + B) + .

"Avaroyws OpileTar TO &Bpoioua pé Téooapa TévTe KTA. TrpoofeTéa Sia-
WONATX.

Elvan elikohov vé Sikonohoyfowper &1 1) dpiofeica mpdadeais &v D, Exer
Tas iB1oTnTas ¢ dvmipetafeTikny, TpooeTalploTikny kal THs Siaypagfis. *Hror:

Datp=P+a

N (@+p)+ry=c+@+¥

) a=fesaty=F+y

H loyUs Tév dvetépew 1B1oThTwr elvon pavepd &mod TOV Sobbvta dpioudy
Ths lodTnTos 8Uo EAeubépwv BiavuoudTeov.

Mpdyuar, &s Umobéowper 6T T& SlavtopaTa o ki B Exouy ouvteTaypé-
vas GUTICTOIYWS TOUS TrPOryMaTIKoUs &piBuols oy, By kel oy, Py TéTe 1O &poi-
opa o + [‘}- elvon 10 Bidwuopa pé ouvTteTarypévas (o + &, By + By). T &bpotopa
B’+ o elvon 76 eheUlepov Sidvuopa p¢ ouvteTaypivas (o, + o, P, + By). AN
el o + o =0y + o kol By + Py =P, 4 By, ouumepadvoper & o+ -E’*:
=P+

‘H &modeibis Tiis foylos Tév iSiotATww 2) ki 3) elvan Euxo)\mTcrr'q

I') "Agaipesig &v D, MNvwpilopey &mrd v [ Talw &1 &v o xai B elvan U0
EAeUbepa SwEvuoucx'rcx émi émédou kai |3 elvon TO éAeuBepov Slauucrucx TO &wTi-
BeTov ToU B TOTE 6pl§e-rcn 05 Smcpopu a mh 'qv ﬁ. kol oupPoAileTar e e E:, T
EAetBepov Sidvuopa o + B 5nA. 10 o + (— [3} OUrew 81 va elpwper THY Bia-
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— -

popav T B, dpkel v& Trpoodécwouey els TO & -ro &vibeTov Bidwuopa ToU [3’
‘H pdtis Tis eUptoewos Tiis Sragopds « 'B AyeTtan dgaipsors & Dy
Emreidn Ta dvTifeta SiaviopaTa gxouv cx\rrlﬂé'rous TAS 6ucovuuoug oUVTE-

Torypévas Twv Kal éTrmBn, s slﬁoueu, f| Biagopd o {3 looUran it o + (— [3)

81 ToUTO, Gv elvan « (e, Pr) Km }3( %y By), TOTE elven — (5 (— ap, — Po) xad é'rro—

péves TO Brdwuoua _c;—ﬁ — + (- ['5) Eyel ouvTETOrypévas o — Cy, Py —

SupBohikdss ypdgomey (o, By) — (% B) = (o — s, By —Po)-

AoBtvtewov Emopéves Buo 81cchruorrcou cr(ct,, By kai ﬁ(uz, Bs) Opilopev

03 Slacpopuv Twv T& Sidwuopa, E0TW y, TO Eyov ouvTeTayptvas oy — &, Py — B,

BnA. TO y( o — B, — ﬁ) Elum pavepdy 81 toyle ) iooBuvapia :
—P=y=Pty=q
*Emriong foyUer 0 lalo’ﬁ’]s
a—p=@+N-EB+Y
AZKHZIEIZ
105) 'Edv 11'(2 -5 chl'\‘f-(3 1) elven 8\',-0 EelBepa Braviopara, v& OpigeTe, Wi TaS

—_

ouvTeTaypévas Tou, TO Eheubepov Sidwopa u + v xal v& oyebraoeTe el 1o tmimedov x Oy
fva dvmiTpdo WOV Tou.
— —
106) 'Eav u (3, 1) xal v (2, 5) v& elpe-
e
Te T ouvTeETaypévas ToU U+ V kal TO pfjkos 5/
Tov, "Emeita va eups-re Pt TAS CUVTETOYPEVOS

s THv Slagopav u-v mi v u-rro)\oyme-re TO

n

ufikos ToU SiaviopaTos u — Ve

107) To Siqvuopa cx( 3, 8) elven TO

noWoR

&Bpoloua ToU  ElavlopaTtos ﬁ( 1,-2) xal
tvdg &AAou dyvaoTou SravuopaTos. N& elpete
T& TEAEUTQioV aUTO Bl1avuoua.

108) Eis 1o ox. 39 2 [5?\511515 BUo ¢-

pappooTa BiaviopaTa AB xadl FA T& dTroia ei-
vau fxv-n'rrpoo'w-rrm BUo Eheubipoov BrovuopaTwy

.

o xal B Znreitan vé e0peTe GO TO cxnuu T DI AG  A

TUVTETQYHEVaS TV Blc:vucrpa'rwv a xal [3 “Emeita va e0peTe TO Sidwuopa TO loov b &+ ﬂ
katd BUo TpoTous. (O Evas TpoTos B& elvan pE Tas ouvtetaypévas). N& elpete dpoias 15 5i1&-

vopa 1o loov pi cx‘é b’
40. TINOMENON AIANYEMATOZX ETI NMPAIMATIKON APIGMON.
-
A) Big thw [ T&Ew tudBopev &1 @ bav AB elvan Tuyov &x1 unbevikov id-

it . A 3 ] ! L3 o !
wopa ToU tmmedou kai p # 0 TpayuaTikos dpiBucs, TOTE ws p-AB OpileTan

— o
Bidvuopa FE, 16 &motov Exer T 1Blav BievBuvoly e T AB, popav Thv iblav &v
p>0, dvrifeTov B¢, &v p<0 xal pijke; ioov el AB .
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"H8n opatnpolpey 611 @ &v TO Bidwuopa AB Ex1) TeTUNREVY X kol TETQ-
yuévny Y kai 1O RE— p- AB (els 10 oyx. 40 -1 10 p = 2, elg 70 oy, 40-2 elven
p=—13) ixn owTtetaypéivas X' kai V' dvmioToixws, TéTE Adyw TV Opoiwy
Tprycovewv AKB kai AAE 8¢ Exoopey :

AE. M ¥
XY <P

"Ex ToUtcov Emeton 611 X' = pX kad Y = pY

At roUto BuvdpeBa v Spicwper g p;\E TO Biravuopa TO EXov ouvTE-
Taypéves pX, pY. "Htor: p- (X, Y) = (pX, pY)

TMaparnpoUpey érions &11 ioyler :
|AE| = YXOF (V) = ol VXEF Vi = p| | AB|

LY
9"
Y =g
Wk
o
~N
@
K

Py
e
Ty, 4571 Sy, 40.2

—> == —>
‘H mpatis, u Ty dmolav ebpioxopey 1o TA = pAB &rd Tov p kal 16 AB, ®-
vopdce Bn nohhanhaoraopoc Tou AB &l Tov p.
J B) “Ymevbupilopev o1 {oydouv ai i-
516N TES

] : 1y (—2) (BAB) = —6AD =
e l_ bl £ — =
sl i = (—2-3) AB = EZ (Zy.40 - 3) xad yevikdss :

jl A (p/—k—é) = (A: p) AB, &mou A, p Trpaypa-
| Tikol &pifuoi.

—

. 2) p(AB+BI)=pAB+pBl, &

i
i
)
1
¢ P ; Oy TUYGW  TrpaypaTikds &p1Bpos kal
At eae s = o B TYK poy s &p1Bpos

AB, BI' BiaBoyikd EpappooTd Sioviouora
Ty. 40.3 eiTe EAelfepa SioviopaTa.
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Mevikéds, pé Pdow Tous Sobévtas dpiopols, N 1Bi16Tns 2) ébnyeiTan dog Ekifis.
*EoTw :  TETUNMéVT TOU AB — o, TETQYMEVT) TOU A_é-: B

—_— —>
» » Bll=4do, » » Bl =p
Tére elven :

TETUNUEVT) TOU }?B 4 élt =a+ o
TETOYHéVT)  » AB + Bras P+ p
"Apa TETUTHEVT TOU p - (;?B 4 ET‘) =p (a+ o) = pa + pa’ kai
Teraypén 00 p - (AB + BF) = p(B + B) = pp + pp’

*As eUpwpey TWPA TAS TUVTETAYUEVas ToU p - AB +p ET' B4 elvan
TeTUNUEVT TOU P - AB + p BF = pa + pa’
TETOYPévT TOU p - AB 4p- Ei_l: = pp + pp’

— — = — —_—
EmeiBry Aowmov Ta Sieviopata p(AB 4+ Bl kal pAB + pBIT Exouv ioos
Tds Spwvipous Twv ouvTeTaypévas ouvdyopev (§ 32, A) 6T elven foa. AnA.

P(Kﬁﬁtﬁ):pfé%r p BT
AZKHZIEIX

109) *Av TA =0+ AB, i oupepaivere 81& & 4 ;
110) *Av FA = AA i cuu-rrepulue-rs B 1o FA

111) Afderan 16 &rdvuoua AB ol oy. 36 — 1 kal [nTeltan v& karaokevacouv Bia-
wopata foa wpds T& :
— — — 5 —=
«)3 AB, B) _;__ AB, y) —2 AB, 8) o AB

(N& tpycodijte pt Buo Tpémous. ‘O Evas Tpomos B& elven pi CUUTETAY PEVAS).

41. TYNOHKH INMAPAAAHAIAZ AYO AIANYEMATON,

A) ’Et Sowv tpdopev els T& mponyoupever (§ 30, §31, §39,‘§40)
ouvdyopey 671 Suvdpeba v Exppdowiey tv Sidvwopa Sk T@v povadiadwy Bia-

il =

wopdTwy i, | kal TGOV CUVTETCYUEVWY Tou.
Mpdynar, éyopev (2x. 30-1 xai 30-2) :
S e -~
OM = 0l 4 1M
— e e e, = —r - =
'AAN Emeibfy O = Ol -1 kai TIM = OP = OP - j, ©j dvaTépw diavuoua-
Tikny looTng yiveron :
M =01+ OF -}
i, & bvopdowpey X THy TeTunuévny kal Y Thy TeTaryuevny Tou BiavuopaTos

ey
OM, ToTe
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‘Opolws S 10 Sidwuopa AB ToU oynuaTos 33— 1, &v SVOuATWHEY X — XA==
=X kai yp—ya =Y, B elven :
- e — — — — s -
AB=AK+KB=AB, + A, B, itot AB=X i+4Y j
B) "Eotwoav el 10 mimedov Buo SiawlouaTa Y (X, Y) kai V' X', Y",
81 T &mola foyuel V' =kV. Mvwpilouev (§ 40) 611 T& SiaviopaTa aUTd Exou

v 18lav Sievbuvow (elvan TapdAAnAa). "Emeid VeIV, BnA. (X, Y) = (kX,
kY), 6& Eycopev (§ 37) :
X'=kX kai Y' = kY
tropéveds Ba elvan ¢
X'

X

i
¥

s . L L L O Y \ . . ; ) ;
AvtioTpows, v foxin - = kal dvopaowuey k iy mipnw tév AS-

yowv, 8& elvan :
S o v
")?':Tzk = X' =kX«kai Y =kY
Kol ETTOpEVES :
V' = X1 4 Y] =kXi + kY] =k (X + Y)) =KV, SnA. 1& Siewi-

opata V' kal V Eyouv ThHy avuTthy Sievbuvo.
“QoTe: Gvaykaio xai ikavip cuvBikn, iva 800 dwavicpata vob Emmnédov

—

ZupPoAikds : - %
Y ” e e ||
X ¥

42. AIANYEMATIKH IZOTHE TOY CHASLES. (EAA).

Edv A (Xa, wa), B (xs,we), T (xr,yr), A (Xa Ya) elvar Tugdvta on-
peia Tou Emmebou XOy, Ba Eywuey :
—> = b o
AB (xs — Xa, Wa —wa), Bl (xr —Xs, yr —y8), T8 (Xa—xr, Ya—yr)
— ! > — s e e
kai AA (Xa — Xa, Wa — Wa). To &Bporopa AB + Bl + A 4 AA 6& Eyn TeTun-
Uiy Xp — Xa + Xr — Xg + Xa — Xr + Xa —Xa =0 kal TeTaypdvny ys — wa +
4+ Yr—¥e 4+ Wa—yr+ya—ya=0, elvan BnA. unBevikov Bidwuopa. loyve
Aoirov 1) tEfjs looTns :
— — - - i
AB + Bl + TA 4 AA = Q,,
f omoia Aéyeton Sravvopanikn iodtng tot Chasles.
43. AIANYEMATIKH EZILQLIZ EYOEIAL EIZ TO EINIINEAON.

"Eotw A (Xa, Wa) TUxOv onueiov kai &v EAelBepov Brdvuopa u (a, P) ToU
¢mmedou Oy oy. 43—1.
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Oewpolpey T oUvoror T&V onueicv M (X, W) Tou émmédov, Bid T& dmoia
elvonr AM = A - ;, dmou AER. Té olUvolov TGV omueiwy ToUTwy AdyeTan : ebbeia
(€). ‘H elBeia alrn dplobn &md 16 onueiov A kal To EAelfepov Bicvuopa u

Edw els dugoTépa T WEAN T thiohaoews

AM =1 (AcR)
Tpocbécwpey TO aUTO Biravuoua a& B& Excopev :

OA + AM = Au + OA

| SnAabh OM = Au + OA (AeR) (43, @)
|

‘H icwor, AM =Au (AeR) xafBis ki OM = Au + OA (AeR) ixgpd-
lowv f kdBe pla Ty dvaykalav kal ikewfiy ouv-
Bfkny Tva TO onueiov M dvnkn els THy edBeiov
(€). ‘O mpaypaTikds &piBuocs A elven ) rapape- Y
Tpog TV dvwTipw Elicwaoewv.

ATTO Tov dvwTépw Spropov Ths ebBeias (e)
gmeTan 811 1) () OplleTan uovo‘rﬂéﬂ'ws £ TOU om- 4

i

pefou A kal ToU SiawlouaTos u. {@

Avo onpeia A kai B (Bidgopa petatl Twv)
Spilowy plov kal pévov plov evdeiav. TTpdoyuer,
Suvdpeba var AdPwpev Tnv Euﬁslcrv, | omoia &pi-
letan md 16 A xal TO U = AB. ‘H Etiowols s Sy. 43.1
eUbefag O elvan :

AM =2AAB (AcR)

A  OM=2AB + OA (AeR)
Bid A =0 Exouev M= A Bia A =1 Exopev M = B. ¢

Mapaderypa. AlSovren onpeiov A (2,5) kad Sidwuopa ;(— 2,3) els 1o #mi-
medov xOy kal {nTeitan 1) SiavuopaTikt Elowols Tiis edfeias, 1 Omola Biepye-
Tar S1& ToU A xal elvan TapdAAnios wpos To u.

‘Anavenoig. Suppovws Tpds Thy (43,0), &v M (X, ) elvon Tuydv onueiov
—_
THs {nroupbvns evBelas, 6moTe & elvan OM (x, y), B& Exwpey :
X, ¢)=A-(—23)+(2,5) 7 omola elven 1) [nToupbvn BiavuopaTikr
Etowas.
’Ex TodTns eUploxopev BraBoyikdds :
(X, ¢)=(—2A,30) + (2,5) =
X, ¢)=(=22A+2, 3A+5) =
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X=—2A+2 — =X
= 5 ==
L I e Y

-2 3

3Xx—6=—2¢ + 10 = 3x+2¢ —16 =0, {| omoia elvar | Aeyouén davalv-
nukn Elowog Ths elUbeias.

44. AIEYOYNON AIANYEMA EYOEIAE.,

To &idwuoua 'u-(ot, B) Aéyetan drevBovov Sravvopa Tis eUbeias (g).
Ta SiavopaTa w= tub(teR) elvon gmions BieuBuvorta SiawlopaTa TS
(e), 86T ) tlicwois Tfis (8) NMumopel v& ypogd :
— A —
AM = —— . tu

L
AOAM =2 U (cR, teR kai t #0)

AZKHEZEIZX

—

112) AiSerean 16 éhetBepov Sidvuopa u (— 3, 5) kol [nreital v SpioeTe Bix Tdv ouv-
TeTaypévey Tou T Sidvuopa — 2u. "Emeita v A&Pete oUoTnua SpBokavovikdv dtdvewv kai va
oxedidoete Eva dumimpdowtov Tou — 2u.

113) Né& ¢terdoere &v elvan mapddAnda fi 61 T& Biavuouara F{l 4) kai v (%2)

114) Oewpoupey Ta Bavlopara Xg kal ?A.
Al=3.2), B (1,3), r,2), A (5, 3)
N& tferdoere &v Td dvotipe Siaviouata elvon TapdhAnda kal &v elvan Tfis alTis
popas.
115) AiSetan T EhelBepov Brdvuoua J(’Z, 1) kod T onueiov A (2, — 1). Na xafopioete

—

Ty evBeiay, i Smola Bibpyeran Bid ToU A kai Exer SievBivov Bidwuoua TO u.
116) Aiberan 10 EAeUBepov Sidwuopa -L:(— 1, 2) kal T& onpeia A (2, 2) kol M (x, y).

—% >
ZnTeftan v EkppdoeTe 671 Ta Sraviopata AM kal u efvan TapdAAnAa.
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MEPOZ AEYTEPON

KEGAAAION 1V

ANAAYZIZ TIOAYQNYMQN EIZ TINOMENON
ITAPATONTQN

45, OPIEMOE. 'Avdlvoig molvorviov els ywduevor mapaydvrwy xakeltaw 6 peta-
TynuaTiopos abTod els YIvouEVoy TagayorTmy.

‘H &vdAuols TToAuwvULou els yivdpevor TraporydvTwy elvan &v ék TGV oTToU-
SonoTépwv kepedatwy Ths "AAYEPpas, BT els mAeioTa dhyePpikd Bépara, s
8& 1Beopev, dmanTeiTan, 6TMwS T& TOAvGvUpa TeBoUv UTS popeny YIWOHEvou
Taparyéureow. T1y. els Thy Emiduaw Eiowoewy.

‘O METOOYMUATIONOS TV TIOAUWYUHWY El5 Y IVOUEVOY TapoydvTwy, Eav
elven Buvards, Biv elvan mévToTe elkohos, oUTe Buvaran va yivn 817 dpiouevcov
Kawdueoy. Tkdmigoy elvar Ao oy v’ doyxoAnfduey, doov TO BuvaToy TEPICTOTE-
pov p¢ TO Bépa TOUTO.

46. Elven yveoTh &k Tfis Tponyoupévns T&Eews 1) &vdAuals elg ywopevoy Tapa-
YéuTeov Téw kéTwh TapaoTdoewy, 8 & kal EravahapBdvovTal qUVTORGS

1. Mapootaoeg, tHV dmoiov o Gpor Eyovv kowdv mepdyovia.
4

-

MoAudvupor = (kowds  Tapdywy) « ( nAikov  ToAuwvpou B1&  kowou
L'n’cxpo'ryowog)

Mapadeiypata: o) 4xhy — 10x2y? 4 12x¢® — Byix = 2xy « (2x* — Sxy +
+ 6y — 49T, P) 459 X — 25922 4 1590 xS = 5y rix (9 — Syx + 3yx®)
Y) 15a(@ -3 -3 —32+6*PB—3N=3P-—3HBE — 3)% —
—a(P—3) +2a]

2. Mopaotaceg yoptopevar eig dpadag

Mapodeiypota: o) ap 4 Pv* + o™ + Pu = (a?p + Pu) + (a®v? + Pv?) =
=u(at+p)+v (e +PB)=(c*+P) (u+v)
B) ax” + oy — aPx’ — aByh + PXY + Pyt = (@’ + o) — (aBxY + aPy¥) +
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+ (BXHPYY) = a () — af (XY + PR HY)= (X + ) (a—op +B).

Thy i8iav mapdoTaow xwpioate es Suo duddag kol dxohouBuws dvadUoaTe Eig

yiwdpevoy Tapaydutwy

¥) xy (o + BH)+oB (x+y?) = axy+Bixy + aPxt Hapy? = (atxy + ofx?) +

+ ((Bxy + oPy?) = ax (ay + Bx) + Py (Bx + o) = (op + Bx) * (ox -+ Py).-
3. Nopastaosig tig popeils A* — B? (A xkai B akyefp. NAPAGTATELS)

A*_B:=(A+B) - (A—B)

Mapadciypata : o) 25x — Bly? = (5x) — (9y*)?* = (5x — N?) (5x+ 9%
) pls — b = (uf 4 v - (W —v) = (1 + vt - (u + v2) - (ut — U*) =
= (8 o) ik v - (U2 9) Ut =
y) ot gt = (@)= (B = (@ P (@B, GueN)
8) (8x — 3y — (52 + 2x)* = (Bx — 3y* + S¢* + 2x) - (8x — 3y — 5y —2x)=
= (2y* + 10x) (6x — 8y?) = 4 (y* + 5x) - (Bx — 4y%)

4. Tapastasag tiic popeilc A* | 2AB + B* (A,B nupagtaceic).

A? | 2AB + B? = (A + B)?

Mapadeiypata: a) 9x% + 12x +4=(3x)* + 2-3x-2+ 2% = (3x + 2)2
B) 16y? + 49x2pt — 56xy% = (49)? + (Txy?)? — 2 - 4y~ Txy? = (dy — Txy*)?
y) i & 27 B = (o) £ 20B + (B! = (o 1 P
B) (Xt )t + 4yt + 4 O +w2) xy = [ (¢ + ¥+ 200 = [(x + ) =
=(x + y)*
5. Mapastaceig tis popeilc o(x) = x* + px +4q (p.q,xeR)
A=< g(x) =¥+ px+q= ( X+ _gm)z
i
A> 0o =xt+prt+a=(x+B)- (%)=
e p+ VA -v
= (2ol + B

A<O-—:cp(x):x2+px+q:(x+lé’7)‘l+ ("’

A=pt—4q

>

Eis THv mepimrawow, ko’ fiv A < O, maparnpoupey ST # TapdoTacs
P(x) = X% 4 px + q 5tv peTaoynuatileTon els TO oUvolov R els ywopevov mpow-
ToBaBuiwy TapayovTwy, dAAG s dBpolopa Euo TeTpaywvwy. Alov ouvtopws
Bd paBwpev TpoTIOV HETQOYXTIHETICUOU ElS YIVOpEVOV  TrapayduTwv i) PonBeig
&AAou cuoTipaTos &pibpdv.

Mapadeiypata: o) @(x) =x+8x+ 16-A=82—-4-16=0
"Qore Eyouey @ @(x) = x>+ 8x + 16 :(x + -2—)" =(x + 4)*
B) p(x) =x*+2x —15. A=2"—4 (- 15) =4 + 60 =64>0
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Oma - gfs) =2+ 2 =15= (x-+ £t (TF)= (x + (x4 5 -
=(x+5)(x—3)
Y) p(x) =x2—4x+ 1. A=(—4)2—4-1=16-4=1250

Olres Exopey : (x) = x* — 4x + 1 ~(x+ 4+V12) \ +—_‘i_1’1_2)_

= (x+ —4422\’3 ) (x+f_4_;2_"3_) —(x—=2+V3) x—2-V3)
B) p(x) =x2—3x+13. A=(-3)-4-13=9-52=—-430
Qote, Exouev 1 @(x) =x2—3x + 13 = (x + 523)1 < (\-I_—(;ﬁ) )2 =
= (x - —23—)2 | (V;Br)2 &fpoiopa 8Uo TETpay VY.

6. Mapactaseng tiig popeils @(x) = ax® + px + v, (a # o, B, yeR)

- p ¥
A=0sg()=oax+Px+y=a(x+Ex+Y)=
=a(x*+px+q=«a (x+ 2ch)2' Strou p = E, q:;’-

A =p— day ,,
A>0 < o(x) = ax>4Px+y = u(x +[5'E%°) d (

b
+
|
rol
= o
S—

s Ry = p Y—A
A<O<p(x)=ax? 4+ PX +y =« [(x-l——zu) +( - ) ]

Kai tvraifa 6tav A< O, petaoynuartifetar els dBporopa Suo TeTparywvwy
kad &yt els ywdpevov Buo maparydvtwy eis o clvorov R.

Mapadeiypata: o) ¢(x) =9%* +6x+ 1. A=62—-4:9-1=36—-36=0
OUreos Eyopev 1 @(x) = 9x* - 6x + 1 =9 (x +2?§)2 =9 (x + %—)zz(k—&— 133
B)o(x)=2x2—x—1. A=(—1)2—-42(-1)=(14+8)=9>0.

‘Qoe : ¢(x):2x2—x—1:2(X+ ;+]’9)( +:;:;2: '
=2(x+4)x-D=@x+1x-1)
Yoe(x)=3x*—x+2 A=(-12-4:3-2=1-24=-23<0
= g (=232 2
Qore: p(x)=3x*—-x+2=3 [(x+—él) == (!(6_23)) J =3[(x-%) +
Y23 \&
1

8) (x)=25x2—-20x +1. A=20"—4-25=400- 100 = 3000

OUrw : g(x) = 25x1 — 20x + 1 =25 (x + =20 AV30) (4 1@53"366):
= (x+‘2+."3)( +il3 ) =Gx-2+ V3) 5x—2-V3)
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150y Thpa SAAGL TEPLTTOCE HETAOXTHATIONOU TroAUwvVIMwY el yi-
vépeve TrapaydvTwy Alav Xpnoipot :
7. Mopaotacsig Suvapeval va ypagody O SLapopd TETPUYOVOV TAPUGTETLMV.
a) SuvBuaouds TEV TEpITT®oEwY 3 kai 4
A L 2AB + B2 —M=(A4+B2-T=A+B+NA+B-I
A2+ 2AB + B2 — 2 4 2ITA — A2 = (A2 4+ 2AB + BY) — (M —2lA 4 A%) =
= (A B AR e A B [~ A BT A
dmou A, B, T, A dAyePpikai TapaoTacEls.

B) Mapaotéoes Tis popeis x* + x* 72T gt veN kal v > 2
x,v + x.zv—x ng_l _}_ L'P._,_v e ;u + 2)(,\ -1 ,\ -1 + \P x.zv—l \P.zv—l s
= (xzv_l + an—])'z _( X" .v_z) (x.z\ + W,,\ 1 + x,\.,.u aV— 1) (x.,\ 1

av—1 gv—2

T T T
y) TMopactéoes TH wopefis X&' + 4y, veN kai v > 2

X2 4 g’ = (x2 ) 4 (22 ) 4 4 @ T 2t =
(X,\ 1 l— 2\4} V- l) = (2x_\-g aV— 2)",
= (x*~ S 29 1y ooxeY= gevt). (xu‘—l 292" 1 _ oga¥-t ‘PE“{)

Eis t&s mepimTedoes P kol y EmBlikoper THY OUPTIATpwoty THs Tapa-
oTdoews 51a TpooHopaipiotws ToU aUTOU WOVWVYUUGY, v ot koTaoTH Sio-
popa BUo TETPOYWVWY.

Mopadeiypata: o) 9x2 4 Gyx + y? —w? = Bx + ) —w* =

=Cx+y+w) Bx+y—w)
B) 3602 + 12aP + P? — y? — 4yd — 452 = (36a? + 120p + P*) — (y* + 4y +
+46%) = (6a + B)? — (y + 26) = (6a + P + Y + 28) (6 + B — y—28)

Y) x4 + x‘z\i}?. + LPI. — XJ‘ A= lewi _JI_ W-l fald K2W2 — (Ki _Jr \P'.!)! & (XW).'! —

= (x + ¢? 4 xy) (x* + y* — xy)
B) X8 4 xtyt 4 @B = x84 2xiypt + @8 — xtyt = (x* + i) — (KPR =

= (x4 W Rl (it =ry =

= (X + @2+ xy) (¢ + g2 = xy) (X' + @' = X7)
E) x4+ 4\{}1 — (x-.‘)e + (Qq_,z)'_' + 4xzw-_’ = 4X:\P2 = (Xa + 24,2)2 = (ZX\{J)E —

= (x* + 29* + 2xy) (x* + 29* — 2xy)

8. "Avalueig £vog i mepragetipov bpov tig @lporopa dhimv.

TMoAAdxis TrapioTaTon dvédykn dvahuoews Evos T TepioooTépwy Spuwv elg
SAyePpikoy dBpotopa &AAWY, TrpOKEIévou v ETITUYWHEY Thy dvéAuow els yi-
VOUEVOY TrapayduTLy WIdS TapaoTdoews. Zuvhfes TouTo dTronTeiTal, oTav
10 TAfifos TGV Spwv Tis TapaoTagews elva TepITTOV Kati gmiBupoluey va TO
KOTOOTHTWHPEY &PTIOV.

‘H péboBos alTn ypnowpoTolital els TOAAAS TIEPITITCOCEIS.

Napadeiypata : o) N& dvodudi s yivopevor TaporydvTov 1 TAPATTATIS
A = x4 X200 4 WX + Yo + X + iy + 2Xyw
“Exopey 1 A = X2y + X2w + YK + Yo 4+ X + Y + Xy + xyw =
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= (x%y 4 X20) + (yix + 1) + (Wi + wiy) + (90X + xyw) =
=X (y +0) + xy (Y + ©) + o (y + o) + X (@ +§) =
=yt o)t xptoyto)=W+o)[xEx+yt+ok+y)) =
=(y+ @) x+ ) (x+ )
B) N& yivy ywonevov fi TapdoTaais ¢(x) = X* —3x +-2
“Eyopey : p(X) =x3—3x +2 =20 =X =X + 2 =x (x*— D—2@x-1)=
= XX + 1)(x—l)~2(x—1)=(x—l)(x’+x—2)=
=x-DE+2&x—x=2)=x-1 [(x+2D)x=(x+2)]=
=(x—12x+2)
9. MMopaotaoeis tis popeiic X' - W' veN.
Tég TapaoTagEs QUTAS SvahUopey el TR Pdoer Tiig Bewplag TV &tio-
onuEId TV TNAlKey Kol TS TQUTOTNTOS TS Teeias Sixipéoewds.
a) Al mopacTdoes Tis wopefis a’ - p? Bioupoupevan Bi1d a o P Bibowv
Uéhormrov O kai Tmhikov of T ap + B2. ‘Emopéves dvaAUovTan Q% EELTS

[ Lp=@£P)  (@TFap+p) |

p) Al mapaoTaoes TiS Hopeiis XY — ¥ Smou veN, BiaipoUpevan Bi& X —
S(Bbuyl ST Rorort O xelieTenikoul spelax vty X Hgtics v S of Xyt +
S ApY=L,

'Apa 5)(0”5” ( ¥V LPV — (X = W) (X" rl+x\'—2 w+xv—u k{',.24_ . -+X\Pv—z - \PV—L)

"Av elvar v = 2k, keN, ToTe Suvapeba va dvaivowuey kol G droAoubuws
X' — Y =0 — = () (X — )

Maposdeiypara : 1) @ — B! = (o¢-+B2) (o2 — B = (o +P*) (x + P)=—P)
Aot — Pt = (a—B) (@@ + B + of* + B%) = (a — ) (@ + B) («*+F
2)as — pr = (ax— B) (! + P + a®p? + ap?® + pY)
3) @b - Pt = (o + %) (a7 — B) = (@ + B) (o — B + B7) (x — P) (" +aP+)
R ot — P8 = (a)0— (BR)? = (0 = B9) (o + o + Bt) =
= (x + B) (e — B) (o + 0P + B?) (a* — P + P?) (BA. mepir. 7 B)
ab — B8 = (a— B) (a° + o'B + op? + a®p? + ap + B7) = (a— P) [o (i)t
+ 2P (o + P) + P e+ B 1= (a—B) (a+B) («* + a®pt 4 BY) KA.

y) Ak Tds TapooTéoes TS HOPRTs XY + Siakplvopey SUo “TEpITT-
oeig : 1) "Edv v =2x + ] (epiTTSS), TOTE TO Bicovupov BlarpeiTal Bid X + ) Kad
kat' drohoubiav

= —

e r"" O AL —xy 2y ) |
keN e

2) *Eéwy = 2k (&pT105), ToTE TO Sidvupov BlarpoUuevoy Bia X + fi Bix
X —y 8ider UmdAorTToV 2¢¥ kal ouveTrdds Biv Buvdpeba va dvaAiUuowpey aUTo Els
Ywépevor Tapaydutey Ei T Pagel T Becopias Tév dflogmueid TV TrnAKwY.

Eis Twas Spews TEPITITWOELS, katd Tag otolas 6 v elvan &pTiov TrOAAQTTAG-
Olov TEpITTOU GpiBpol, Suvaueda va dvodUowpey s dxkoAouBws :
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(6 =2-3) x5 +y8 = (x)"+ (¥ = (x2 + ) (x* — X2? + @)
(12 =4. 3) xl2 + qu‘;! s (xd)ﬂ -+ (qj4)3 _— (x-i + \PI) (xﬂ b xiwl + \’Ps)
(10=2-5) x4 @' = (x2)° + ($2)° = (x* 4 ¢2) (x® — xWy? + x4yt — x2y8 +
+ %)
HNapadeiypata:
1) @ 4 B* = (a+P) (! — o + a?B* — o 4 p)
2) CI7 + ﬁ? — ((I + B) (uﬁ b aéB + G-IBZ L X qﬂﬁS + uﬂﬁl s GB:’J + Bﬁ)
3) &bt 4 B = (o) + (B)* = (o® + P¥) (o!? — o*P? + OP® — oIp? + PI2) =
= (a+P) (o — P + P*) (' — a*p? + B — o3Py 4 pi2)

10. IMapactaoeig: Tékeov tetpaymvov ij kifog ToLvOVIpoL.

a) "OTav Ev ToOAUGYULOY TEPIEXT) T& TETpdywva HEPIKGY poveovUpwy Kol
Ta BimAdoia ywopeva alTdv dvd Suo kab’ Shous Tous BuvaTous TPOTTOUS PE TO
kardAAnAov onpeiov, TOTe elvan TéAelov TeTdywvov Kai cuveTds dvaAUETo elg
ywdpevou BUo fowy mapayovtwy. Mepikf mepimrwois elven TepiTTWOS YT
apif. 4.

Mapodeiypara: 1) of + P+ y* + 2aPf + 2Py + 2ay = (a4 B+ y)* =
(@+B+y)(@t+p+y)

2) x4 4y* + 90? + dxy — 6xe — 1200y = X + (29)* + (3w)? + 2 - 2xy —
—2X 30w —2-2y - 3w = (x + 2y — 3w)* = (x + 2y — 3w) (x + 2y — 3w).

P) 'Edv 1o moAucwupov elven Tis popefis A* - 3AB 4 3AB? 4 B?, TdTe
elven & kUPos ToU Biovipou A 4 B kol ouverrdds dveletan els ywdpevov Tpidsv
iowv TapayduTwy .

OlUrw : A* - 3A%B 4 3AB® - B = (A + B)®>=(A 4B) (A + B) (A +-B)

MNopadeiypara :

1) 27x3 4+ 27x%p + 9x¢? 4 ¢ = (3x)* + 3+ (3x)%y + 3 - (Bx) y? 4 ¢ =
=CBx4+y=0Cx+y) Gx+y)GBx+y)
2) 8x%0®—36x%a? + 54xia — 27x? = (2x%0)% — 3 - (2x%a)? (3x) + 3(2x%x) (3x)? —
- (3x)* = (2x%a — 3x)® = (2x%a — 3x) (2x%x — 3x) (2x%ax — 3x)
11. MNopaotaceg : Holvovopa Babpod avotépov tob nphtov.
Qs yvwaTow, &v dképaiov ToAudvupor ¢(x) Baduou > 1 undeviletan B

. P

X=af x=-—, émou a, PeR, Toéte Broupeitar Bix x —a fj ax — P kai dvri-
TTPOPWS.

‘Emti 1) Péoer Tis (8161 TOS alTiis dvahUopev, Ep’ Soov TouTo elvean KQTOp-
BwTdr, ToAuwvuna dvwTépou ToU o Pabuol s ywdpeva TapaydvTwv,
els T& drorovBa TapabelypoaTa :

IMapadeiypara: 1) Na dvahuij els yivopevov 0 moludvupor

px) =x' 4+ xI—x24x—2
EUpiokopey ToUs Biaupétas ToU yvwaToU Spou —2. OUtor elven : + 1, 4 2,
MaparnpoUpey 611, &1 x =1 Eopev 9 (1) =14+ 19— 12 4 1 —2 = 0. "Apx
To (x) Srpeitan B x — 1 kai 8i6er mrnAicov TT(x) = x% 4 2x% + x + 2
‘Emropéveos B Exwuer 1 @ (x) =(x — 1) (x* + 2x2 4+ x 4 2) (D)

66

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoMmikrig



‘Ouolas, b1 x=—2 B&opew: M(-2)=(-D+2(-2+(-2)+2= 0
"Apa o TT(x) Bieapelten S1& x + 2 kal 8i8e1 TnAdkov T (x) = x*+ 1, oToTE
()= (x+2) (x2+1) xad dxoholBws 1 (1) ypageran:
p(x)=(x—1) (x+2) x*+ 1)
2) N& dvohubfj els ywopevor 10 ¢ (x) = 2x% 4 3x2 4 8x + 12
EUpiokopey Tous Bicupétos ToU yvwoTolU Spou 12 xai ToU ouvTeAECTOU
ol peyioToPabuiou Spou 2. OUTol elvan oi &Efis: ToU 12 0f + 1, 4 2, + 3, +4,
+ 6, + 12, Tou Bt 2 of + 1, 2. "Akohoubes oynrarilopey Sha T& KAGTHATE,
Té& Sroia Eyouv &p1BunTas Tous SiapéTas Tou 12 kad TapavopaoTas Tous Sial-
PéTas Tou 2.

- > = ; _— \ ; 3
TaUTa elvon: + —;-, + -ZL Ex Tév KAaop&Twv aUT®dY TO KAOUX 0

un8eviler TO TOAUGVUMOY p(x), BioTi @ (— %‘) = (—%)3 +3 (— %)2 =
+ 8(- %)4- 12=0. *Apa 16 ¢(x) SranpeiTan B1& 2% + 3 kai 5iBer nAikov TI(X) =
=X+ 4, &méTe ¢ (x) = (2x +3) (x2 4 4).

AZKHZIEIZ

117) N& tpamoly elg ywdpevoy mapaydvTwy al mapacTéoes :
1) xiyh 4 xu—tym i xu pu—t, ueN, 2) ax?+ Bx? + o+ P+ ax + Px,
3) Xyt (a4 B+ aB ( H WD 4 (WX V) X - )Y
5) 144x3y® — 121ap?, 6) x?—(a—B)*, 7) (ax + By)*—1,
8) (x* + xy + wi) — (x* —xy + ¥*)* 9) 64xy* — 160x2y® + 100x2,
10) 169x2y2z? — 286xyz® + 121y, 11) 4ytap? + 361x*y wia® + T6apxyiw?
12) a? —p2— 2Py — Y% 13) af —2ap + P2 — 4y* + 12y5 — 98¢
118) N& peraoynparicfolv els ywopevov mpwToPabpiwy TapayévTwy Té dxolouba,
TTOAUWVUPA ©
1) x? +4x —21, 2) x* + Tox + 127, 3D - (v—2)w—2v
4) 2w? + 4w — 70, 5) S5x*—4x + 1, 6) 9x* — 6ax + a? — p?
119) N& &uaAuBouv el ywopevor TapaydvTwy al TpaocTdoE :
1) 9a?pt — 36ap + 36 — 2507, 2) x! — l6w! + 9yt — 6x*y? ¢
3) 2 (x*y — 3w) — 9 + X! —w'+x?, 4) dat + 16a2p? + 25p
5) 36x'yt + 49at — 100X y?, 6) 9x® + 1 — 15x4, 7) 64a’x® 4- ¢,
8) Av + 4vih, (AEN), 9 ax*—(a+1)x+1, 10) ux? + (u—5v) x — 5v
11) x4 x*—3x2—5x—2 (Uméd. — 5x = — 3x — 2x),
12) x9+x2—2  (Uméd. x* = 2x* —x*)
13) 64a® 4 27p%, P £ ¥Y  (@+ B 4 (a—B) (a—PBY—-P°
14) aix® — b, X 4 64aty®, alr + 1, ot 4 p?
15) 32x5 + 1, X+ ¥, X° kg, 24305 - ps
16) 81xTs¢ y? + 4! + 18xy — 36xw — 4yw
17) 9aix* 4+ WPt + 1 — 6apixly — 6ax® + 2p*y

18) 8x* + 1 4 12x* + 6x, 19) a®x® — 6a2x%y + 12axy? — By?
20) 27x%?* — Ba® — Sdax*y? + 36a*xy
21) xt—Tx* + 9x* + Tx — 10, 22) 3x* 4 x'—6x 1+ 8
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AZKHEIEIZ ENDANAAHWYEQZ

120) Na Tpamouv els ywdpevov mapaydvtwy ol Tapaotdoes :

]) alt — '3:5' 2) X — v, (m,veN), 3) X’\y"' ¥6- . ‘P"x‘“ +a, (u, ve N),
4) Py* +aly + Pt —alp—Bly —ayh,  5) (x—a) + 12a* (x — @) + 360
6) X! —yt— !+ 2w + X + Y —w, D x+y)yr—1—-x+y+1)xy

8) aptv 4+ 2au FIBVH 4 ol B2, (v, p€ N)

9) 16att —2p4v — 240P? 4 Oat-tu Bi-3v, (4, veE N)

10) a* + B% 4 2av Pr —y*, (b, v, AEN)

11) xtv 4 4xtv @2 + 4ptn — a2 + 2ap — 1, (m,vEN)

12) x4+ x® g2+ gy, (u,ve N), 13) aixiv yin 4 64p%, (u,veN)
14) ot — ps, 15} a* —27a® — a® 4 27, 16) x® — (a® — 1) x® — o2
17) x3v + @ + 3xv g (xV + @), (B, ve N)
18) 125x3v +3 — 75x2v +t v o A e -
) X X + 15x 1 19) o - +x—-1
68
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KEDAAAION V

TAYTOTHTEZ

47. OPIEMOE. Tavrdryg =aieirat 1] lo6Tng peTald ofo diyefouddy mapacTaoEwmy,
1 Smola elvar adnfing dui mdoag ThC TINGAS TEY  YoauudToy Ex TV molwr £Eao-
TnTar, ;

T& BUo péAn Tiis TAUTOTNTOS flvan iooBUvauol dAyePpikal TAPOOTAEOES.

Eis piqv ToiauTny igoTnTa 16 oUpPorov (=) dvrikabioTorTan ouvnws,
Xwpls TouTo V& Eivear TOAUTWS ATropaiTnToy, pE TO ouppolov (=) kal TO
dmotov BraPaleTal : «ik TQUTETNTOS ioov u». “Htol ypdgouer @ (X, W, @, . .)
= A0 o0 s

Eav 1) lodtng almn loyun Hovov Bi’ oplopevas Tiudg TEV X, W, @, . .. Kal
Bév foyun B1a xale Tipfy TOV peTOPAN TRV auTéy, ToTe Btv elvan TAUTOTTS.

‘H xpnoodTng TGV rauToTHTwY elvan TTOAU  peydAn. A’ aUTév Bievxo-
Mwvetcn oAU & GAyePpikos Aoylopds: fTol & HETAOYMHATIONOS TGV TApAOTE-
Oewv el ATTAOUOTEPQS TepIooOTEPOY ETTPERETS B1& Ta dhyePpikd Btpara.

48. ENAAHOEYEIIE (ATIOAEIZIL THE AAHOEIAL) MIAE TAYTOTHTOE,

‘H tpyaoia tmainbeuoews wds TouTéTnTos ouvisTaron s Biaboyikous
KaTaAAAOUS usTacxnuaﬂGuoOs, ToUs orroious B& EkTehéowyey elg TO Ev pEAOS
By v& katahfiwuer els TO Eno. KatdAinhor 8¢ uetacynuaTiopol elvar : 1)
tcTéNegls T Tpdlewy, 2) AUTIKOTEOTAOI TTOPAOTACEWY UE TAS €K TQUTOTN-
Tog foas auTdy, 3) dvdAuals épav els &Bporopa &hAwy, 4) Tpdodeois kai agai-
PECIS TQUTOTATY YVWOTEOV KOTX uéAn, 5) TpocBagaipeols Spoov fi TaPACTA-
OECOV K.A.TT.

TMoAAdkis UTroBETOMEY THY TaQUTOTNTE GANGT kol d@oU ETTIPEPOHEV wpl-
Opéveg ATTAOTIOIMOELS, koot yopey elg lgdTnTer & TGOV TpoTépeov GAnGH. “Emrel-
Ta, dkoAouboByTES AUTICTPOPOVS HETAOY NHATIOROUS, KOUTCAT|YOHEY glg Ty &mo-
BewTiaw TouTdTnTe. Kohov 6a elvan Buws TouTo va dirogeUyeTal, 10Tt &GARGS
drranteital TPoooxN Els THy Yenowormoinoty T&v HETQOYTHATIONGY, oi otroiol
Séov va elval BAol QUTIOTPETITOL.

Edv £y wpey Tpos gmoAnfeuoty TaUTOTN T UTIo TrEpIOPIoHOUS, dxoAovBou-
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Mev T ey Biadikaciay, pé Thy Siagopdy 8T1 kaT& THY EkTéAeow T Tp&-
Eewv TpéTrel v Exwyev TévtoTe U’ Syw pag Tols Teplopiopois.

Eis 16 mopov kepdhonov 04 yvwplowyey TautéTnTas, EkTds TGV 8N Yve-
oTa&V & Tiis Tponyoupéing Tatews, kai dAAas Tés dmroias o pobnTai Séov vé &mro-
HvnuoveUgouy,

49. AZIOMNHMONEYTOI TAYTOTHTEE.

A) I'voorai éx tijg nponyovpévng takeng

(a + B)* = o 4 20p +P*=at4 BP=(a + )2 F 2ap
(G+ﬂ)(ﬂ—ﬁ)f—-d’—ﬂ’ﬁ'd'*ﬁ’z(u*-ﬂ)(u—ﬂ)
(£ B)* =0 + 3B + 30P? £ PP=o® L B + 30p (a 4 P) <>

o + P¥= (a+ B)* - 3B (a + B) = (c + B) (a? — o + B?)

o — PP = (a—B)* + 3P (a—B) = (a— B) (o + of + P?)
(¢+3+Y)’E“”+ﬂ’+72+2°fﬁ+2J3Y+2Yﬂ¢’

o + B2+ y? = (o + P + ¥)* — 2(aP + Py + ya)
(x+ @) (x + B) = x* + (a + B)x + of
(X+d)(x+[3)(x+y)Ex3+(a+ﬁ+Y)x’+(al3+ﬁY+Yu)x+ct[3y
xX=a) (x=B) (x—y)=x*—(a+ B+ y)x + (ef + Py + yo)x — apy
TautdTng Tiis Sioupéoews

A(x) = 8(x) - TI(x) + [_1(x)¢§—((52 =) + z‘i%) 8(x) # 0,

dmou A(x), 8(x), M(x), U(x) dvmioToixws Sicupetéos, Sicupérng, TnAikov kal
Uméhortrov THis Sicupéoecs.
B) "Alhav aEoenpcintor TavtdTnTeg.
1) To terpaymvoy TOLVMVOPOU
N& epedfy 16 dvémrruypa Tou (a+P+y+ 6)°
'Exouev:(G+B+Y+5)‘E(a+B+Y+8)(u+l5+Y+5) ;
= u’-{-—[5*+y‘*+8’+2aﬂ+2uy+2a§+23y+2ﬁ5+2y5
Eu’+ﬁ2+y’+5’+2(uﬂ+cry+a5+ﬁy+l35+y5)
Fevixdds (o + 0 + ... + &) = (o + @ + . . . to) (@t o+ ... +a)=
=q(@+ut... +a)+ople+a+ ... F O ..oy (oot
ta)=oh +ah 4 ... + at, + 2(oye + ooy + ... o) + 2(c0p +
toad+ .. ) ...+ 20, ap = o 4 a4 ...+ av? 4 2 (eyoy +
O L0 ol - A A S + 0y + .. 4 )

& Va,i=1,2,3,...,u_ .
OWWL i#§,j=23,...,v @toat..+e)=3a24235ag, J

*Hro1: To TETPAY VOV TTOAVWVIMOU pué v Spous ioolUren pt To &Bpoiopa
T&v TeTpary ey Tév Spwv Tou, niEnuévoy ket TO SimAdoiov Tou dhy. dpoi-
OuaTOS TQV Yivouévwy T&Y Spwv Tou AcuPavopéveoy dud 8lo, kad® SAous Tous
Suvatols TpdTrous.
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Mopedeiypata :
@) (@4 Py —B) = o 4 Bt + (=Y + (=8)* + 20B + 2 (=) + 20(-B) +
F2B(=)) +2B(-B)+2(-y) (-B) =+ Pty + B+ 2(ap oy —
—ab — Py — 5 + y8)
B) (och\fi— BXE + yX + 8)? = oix" + Pk + y*x* + 5+ 2(aPx’ + oryx? + aBx? +
+ Byx® 4 pox* + y8X).
2) "0 xdBog TpLOVOHOL
N& edpedi To dvémrruyua Tou (x+ B+ v
“Exouev : (a+ P +Y)P=(@+P+y)(@+P+Y)
= (o 4 B+ Y* + 20P + 2By + 2ya) (@ + B+ ) !
= o + P? 4 y* + 3oty + 3P + 3pa + 3p%y + 3y + 3y*p + 6Py
— o P+ y® + 3Py + B + Blo+ By + v+ v+ 20BY)
(BA. rep. 8at dvehloeess) = o + P+ y* + 3a+P) @ +y) y+o A
Ot @ “O kUPos Tprwvupoy foolran pé To &Bpoioua TEY KUPWV TGV ?pmv
Tou, nuEnuévov katd TO 3wAdaiov TOU ywopdvou T@v GNyePp. o’celpomucz-rcou
TG Spwv TOU AapPovopéveov Avdt 5Uo, ko GAous Tous BuvarTols TPOTIOUS.
Mapadeiypata : N& eVpebolv T QvamTUypaTa
@) (1 +x+x)= B+xd+x+3(1+0E&+x) A +x)=14+x+x+
4 3x + 3x2 + 3x% 4+ 3x' + 3x4 4 3x5 4 6x3 = x& + 3x® + 6x* +
4+ x4 6x243x+ 1
B) (2x—3y+5)P=8x3—27y*+ 125+ 3 (2x — W) @x +5) 6 —3¢) =
=8x3—27y* + 125 — 36x4y + 60x* + 54xy? 4 135¢* + 150x — 225y

3) Na amoderydij 1 ainbea tiic TavtdTnTog

ot 4 pr+ v = 30By = (@B +Y) @+ Pty —ap—By =) |
"Eyouev o + P* + y® — 3oy = (a + P)* —3of (o + B) + ¥* —3cPy =
=(a+PP+Y —3B(a+pP+Y) =
=(a+ P+ [(@+B2—(a+Py+y]-3eB(x+P+Y)=
= (a+p+V) (@ +p+y—ap—Py—v®) .
*Emeibh 68 o 4+ P2+ Y2 —aP — Py —ychlT (2a2 4+ 2B + 2y® — 20B —
— 2By —2ya) = & [(@= B+ B—V)* + (y — ]
Sprr Exouy o+ B0 +y0—JoBy = 7 @+ BN [(@=P+ @ -+
+ 0y =Dt
Mopadeiypata : o) N& &uoudiy els ywdpevov TropaydvTey 1 Tap&OTAO1S
of 4 8P 4 27y? — 18aPy. ‘,
Avoig : “Exopev o + P2+ By)—3-a-2p: 3y = (a + 2p + 3y) (e*+

+4p2 + 9y — 20 — 6Py — 3ay)
B) N& &moberydij ém 1—of + (a4 1% + 3a (e + 1) = 2(3e® + 3a -+ 1)
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Abag : "Exopev | —a® + (a0 + 1)*43a (a4 1) = 13+ (—a)® + (a+ 1)* —
=3 l(—) (et =l—-cta+ D[+ +(a+1)—1-(~a) -1 (a+
+th—(—) e+ ]=20+a?+a*+1+2a+a—a—14&+a) =

=20CBa*+3a+ 1)
4) Tavtétyreg 100 Lagrange

o) Net drmobeny®ii &m1 ¢ (o + o) (B + B%) — (s + ) =

= (oqf; — afy)?
Abowg: "Exopev @ (o + ofy) (B% + P%) — (B, + Pamy)? = a*P? +
+ P + o + a?P — oY — 20005B,By — o%P2 = o P, 4 aff —

< Q.
— 20300P:Ps = (o4Py — ) = | * B L By
% o By
vov Spifovoa Pas Takews Eyvewploauer els Thy Tponyouuty T&Ew.

B) N& &mobeydij &mi :
(o + a% + ay) (B + P + P%) — (P + cuBy + cuBy)?=

oy Py|® x o Py
a, B, % By
H &mwddaitis va yivny Umd Tév pabnTdv

2

. TO oUupohov KaAOU -

2

+

@y By
a Py

Imp. Aix Tov oxnuaTiouoy v Spifouadv ToU P’ pthous Bew-| o B, :
povmey Tds TpidBas T &piBudv (ay, oy, o) kal (By, Pa, By) Els BUo a, Ba |
oThAas s & Trivat. ‘ oy Bs i

y) Tevikéds Becopolpev Tds vidbas Tév GpiBuddv (oy, oy, .. oy ) | P.

o, P

kal (By, By, .. .Pv) kol Tas Spilovoas Pas TéEews, ol Smoic Tpo- _‘ F?"
KUTTTOW &k TOU Tivakos Tév 800 oTnAdy. OUTws EXouev O

o By
@+ a4 ah) B Bt o B — (Bt Byt B =
_|oapBf? o By |? o By |2 o Py 2 | &v-y Pvoa |2
= + ...+ st
ay Py ay Py ay Py o Py 5 | a Py

‘H tautétns almh Abyetan TavTéTng TOU Lagrange, f| & ypnowdrns
s els TV EAyePpikdv Aoylopdy elven peydAn. Of padnTal Slvavroan v kédvouv
TAS TAPATNPTTELS TWY, G PO TOV TpoTIOV oY NHATIONOU aUTHS.

Hapadeiypara: o) N dmobeydij ot (o + 1) (x2+ 1) — (ax + 1)2 =
= (x—x)?
Aboig: “Exopev @ (a® + 1%) (x? + 1) — (ax + )2 =

a x ==(c:—x)2

B) N’ GmroBeix®fj 611 : (a? + 1) (x! + 2 + 1) — (o + 1) = oty - (o — Xy
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Avowg: “Exompev : (a4 1) (x*+ ¢+ 1) — (ex + 2= (a® + 02+ 1%)-
op |=ol* |01

A gty ey D ® P B e g e
Y | | \PI-

40 08|

= (ay — 0x)? + (@ —x)? + (01 —y - 1P =aly? + (@ —X)" + y*
Enp. ToUs EAAeimovTas Tuy oy Spous GURTTATPGOVOpEY pE unBevikous,

5) Tavtétng 100 Newton — Ardvopov 100 Newton

Q) Els Tas yvwoTtds &k TiS TrponyouptvTs TaEEWS TQUTOTNTAS OUHTIEPIE-
Mgfnoav kai ai dxdhoubor :

(X 4 o) (x + @) = X2 £ (o + W)X + N
Xto)(xta)xta)=x+(a+amt o) X% + (0 + 0y + 0g0y)X -
B

*Errions edkdAws Suvdpsba v& EroAnBelcwpey OTL:

(X + o) (x + @) (x + &) (x £+ o) =% £ (& + oG+ oy + &) x3 4+ (oyo +
+ o 0y + o0y + @y + ool - cey)XE (000 + 0 0tye + 0 0yay + CpsCt )X+
+ oy ot 05a,

Tuveyilovtes 0UTw, Buvdpeba va AdPwpev THy YEVIKTY Exppacty Tiig TauTO-
TTos Tou Newton, Tis &moias f) wANpNs &mdBenyis B yivy els dveotépav T&Ew.
Olre: (x 4 o) (X 4 ) (x+ ). .. XE ) =x"% (oqto+ - ..+ ax¥ !+
+ (o0 + oty + .o et et A ety + Ay )XY 2 (oo +
F oo ay 0y - 00 T Oy - ey + ...+
a0, XYL (D) (o gt D x4 (=1) o0y, .

"Edv 8¢ ydpw ouvropics Beowpey

%, 16 &Bpoioua TV oy, Oy, Oy, . - - Uy Kai
2, %, ..., 2k 1O &Bporoua TV Ywoutvey TV oy, Q. . .y, AapPavopéveoy
dumioToiyews dvd BUo, Avd TPES,. .., AV K ko’ &Aous Toug BuvaTous TPAOTIOUS,

TOTE O EXWHEY :

L(} o) (XA ) . - (xEo)=x"+ b2 G 7 L +(*’1)v_lzv—lx+(_l)vzv

B) *Edw els Tas ponyoupévas TAUTOTNTOS EXOOHEV O = 0y = ... = Qy # 0
Téte: (X + )2 =x* + 2ax +

(x + o) =3 + 3x¥a+ 3xa®
(x + a)t = x* 4 4xPa 4+ 6xa® + 4y + of
(x £ o) = x® &+ Sx'o 4 10x%* + 10x%a® + 5xa + «®  xA.

‘H yevikny Exgpaois ToU duarrtiypatos Tou Biwwipou (X £ @), veN,
T &Troiov koAeiTal Sicovupov Tou Newton, 8& Bofij els dvewtépay Té&Ew. "Evratba
Trepropilopeda els Tas dxoAoubous TapoTnprioEs Sid TOV oXNHATIoOHOY TOU duva-
TTUyPaTos.

Mapatnpiioeig:
a) To dvémrruyne elvon dpoyevds TToAUVUROY, o5 Trpds T X kal o, Pabpol
(5]
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icou pos Tov Pabudy ToU Biovipou, Eyov TARBos Spowv foov Trpos Tov Pabuoy
Tou nuinuévov karda 1.

B) Of &kbéton ToU x Paivouv EharToUuevol, tvd Tou o abtavduevol

y) ToU dvarmrtiyuaTos (X + «)* &mwavtes of Spor Exouv Tpdonuov BeTi-
kov 8@ ToU (X — &)Y EvaAAGE OeTikov kad &pynTIKOV.

8) “ExaoTos ouvTeAeoTns TIPOKUTITEL, &v AGBWUEY TO YIVOHEVOV TOU OUVTE-
AeoToU émri Tov ExBéTny ToU X ToU Tponyouutvou Spou kal Siaipéowper Sid Tou
&p1BuoU ToU Bnholvtos Ty Tk ToU Tponyoudévou dpov. O fodwis dméyov-
Tes &TO ToUs dkpous Spous ouvteAeoTal elvan oo

MNopadevypa : N& eUpebfi 10 dvdmrruypa tou (X + o).

“Eyouev : (X + a)? = x? + 9xBax + 36x70? + 84x%a®  126x°%at + 126x%a® -

+ 84x%a® 4 36x%a” + 9xod + o

MapartnpoUpey 6Tt @ o) To dvdmruypa elven Spoyeves You Pabuol ds wpos x,a.
B) To mAfifos Téwv &pev elven 10
y) Elvan SiareTaypévoy katd Tés dvioUoag Suvduels ToU o kal koTd TS

KaTiouoas Tou X

8) ‘O owTteheoThs T.X. 126 AcuPavetal ék Tou e

50. TAYTOTHTEZ YIIO LYNOHKAZL (Iepiopiopoi cig obg Dmékeivear t@ ypappata)

D veBy:at+P+y=0Va=p=y<>a®+ B+ y'=3aBy
"An6derlig: 'Eqw o + P+ y =0, 16Te €k THs TOUTOTNTOS

a® PP 4 y® — BaPy = (a + P+ ¥) (&® + P* + ¥* —oB — Py — yo) AauPévopey

o® + B* + y® — 3afy = O<>a® + P° + y® = 3oPy

Eow 8 a=Pp=1y, 1ot a®+ PP+ y? =a® + o + o = 3o = 300 = 3aPy
"Avnetpogng : CEdw o + B + y? = 3aPy <o + PP ¥y — 3apy = 0 <=

12(@+B+V[(@@=P)*+@-7)*+y—0I=0 (BA. TavtéTnTa 3)

Ex TaUtns émetan a+P+y=0V(@—B¥+ PRB-v)?+(yr—a)2=0
"ExagTos TG Spow THs TapacTdoews (a—B) 4+ (B —y)? + (y — a)?

elvan pf dpunTikds. Zuvewdss, & (a—P)2 4+ R —7v) + (y—a)*=0= (a—p)2=

—0,(B—y)?=0,(y—)?=0=a—Pp=0,p—y=0y—a=0>a=p=y
Auvarov va Eywpey a+ P+ Yy =0A(a—B)*+ B—-y)2+(y—a)2=0

dbmérea=p=y=0

"Qoe : [ Va,B,y: a+P+y=0Va=p=y<a®+ p3+ y? = 3apy I

‘H ypnowoTns Tfs TautétnTos aUTfs @aivetan ék T&Y TapaderypdTwy
TToU  GroAoufouv.

Mapadeiypata: o) N& dvadubij els ywopevov 1) TapdoTaocis (3a — B)® +
+0CR—Y)»P+ Gy —a)?, & elver a+p+y=0.

Abong: *Emeish (3 — B) + (3B —y) + Gy @) =2(a+B +y) =20 =
=0, tmeren 61 B —B)* + 3P —¥)* 4+ By —)* =3 Be—P) 3 —¥) By—)

4
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B) Edva + P +y =2t v& yivn ywduevov ) map&oracis (2r —3c)® + (27—
~39)° + (27 = 3’

Avowg: "Emeidh, (27 —3a) 4+ (21 =3B) + (2r—3y) =6r =3 (a+ P+ V)=
=6 —3: 2t =67 — 67 =0, Emetan 61 (2t — 3a)® + (27 — 3B)® + (2v—
—3y)® =3 (27 — 3a) (27 — 3p) (27 — 3y)

) Ve, B,y :a+P+y=0Va=0Vp=0Vy=0<(cf + Py + ov)*=
= GEBZ _|_ ﬁZYZ _+_ Yﬂaa

Ol pebnrad, xpnopoToloWVTES THY TAQUTOTNTX

(.uﬁ + By + yo)? = Pt + By + vl + 20y (a +B+Y), v& xdpow ThY
améderfv.
HVa,py:a+p+y=0Va+p=yVp+y=aVyta=p<=a+
+ ‘34 + Yll =2 (uzﬂz + ﬁzyz + uz)’g)

Oi podnTad, &pol tmeAnBeugowr Ty TauTtéTnTa Tou de Moivre
@ 4 P4yt — 200 — 2ty — 2yl = (a + B+ 1) (@—B+Y) (@ +B=)
(x— B —y), BUvavranr v& kapouwy ThHY &médet.

AZLKHZIEIZ

121) N& &moBerx8ij # &Anbea Tév kérwh TQUTOTHTWV :
a+BY'_(a—P) _
> () =

1
) @ Py —(@B+By+yY) = F[@=PB+@-V+ (-
3) () = (=)t (V) (=) = BV + 1) + v @u=Y)
4) (a+ By — (= — Py =2p (B* + 3a)
5 (@—x)P+X)y—N=x-—) x+P) &=
122) N& edpefouv 7' dvamTiypaTa :

x! X ]
1) (4x*—3x*—2x + 1)%, 2) (T =gy +2)
3) (ox + Py + xy + 1)3, 4) (o —a¥x + ax? —x*)?
123) N& yivouv al wpdles: (2x + 3y —w)? — (x — 3y + 2w0)* — (x — 3y — 2w)*
124) N& ebpefolv T dvamrriypaTa : s
1) (a® —ax + x*)?, 2) (¥ +a¥+ 1)
125) N& ebpedij o Eteyouevor tédv mpdlecw
RAy+a)P—K—y+o)l—x+yY=-0)P—(y+e—x)*
126) N& dvahubij els  ywopevov Tapayévrav i 8x® — 27y — 640 — T2xyw
127) N& dmobeixffj 6T :
(@ —B) — a® + (« + B)* + 3a (a— P) (a + B) = & (4a* -+ 3B?)
128) N& twaAnfeuBolv al kaTwb TauToTnTES pt Thy Porfeiav Tiig TOUTOTNTOS
Lagrange :
1) (o % + ¢ (x* + o + 1) = Qax + ) = (a —x?)* + (& —xy)* + (x —ay)!
2) (x* + w4 20 — (R + Wz + X2)? = (x* — y2)? + (W —x2)* + (2 —xe)
3) (o 4 PY) (x* + ¢! + @ + 1) — (ex + Pw)* = oyt + Pyt + at + p* + (aw—px)*
129) N& ebpefolv & drorouda dvaTTUypaTa :

(2x £ W)Y (x & 3 (ox? + 18, (aPy + 2x)7, (a® — X3’
130) N& txteheoBolv ol mpdkes: 1) (X —)* + (x + ¢)f — (x* + ¢*) (x* — ™)
2) (2xr—1)—-(Cx+2)% 3) 3 (x —3y)* —5 (x* =S¢
i
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131) N& é&mobeybfi f dAnbaa Tév TauToTHTwWY :
1) (@ + B)*— o — p* = 3ap (a + B)
(a+ B)t — af — P* = 5aP (a + B) (o + aff + P?) } Tautérntes ToU Gauchy
(a+P) —a” —p" = Tap (a« + B) (a* + of + P)*
2) (x+ ) 2+ = 2 (g e
3) (2x + B)® — 32x5 — B = 10Bx (2x + P) (4x* + 2xP + BY)
4) (Ba—2p)° — 243 -+ 32p* = 30aP (2P — 3a) (9a2 — 6oP + 4pY)
132) N& &moBeybfi fi TautdTns Tou De Moivre
at 4 ﬂl + Y: 2z QGzB: = 2‘3:7: - 20’y’ =
Ze+p+V@tp-V)@-B+Y)(e—BP-V)
133) Eav a+ P+ y =0 v& vyl ywépewov W mapdotaois
@+BY + B+ v+ (r + o)
134) N& dvohudfi el ywéuevov 7| map. (a—B)* + (B —y)* + (y — a)?
135) '"Eav a+B+y=k+ A+ p va dvarubij els ywépevor f TapdoTaois
(=K + (B =N + (y —p)?

ALZLKHEZIEIZ ENNANAAHYEQZ

136) 'Eav a=Tx + 3y + 6w, P=6x+ 2y + 6w, y=23x+3y+ 2w xal
X =y + w?, va dmobaybi oM a = P* + y?
137) Né& eUpeBouv T& dvamrtiyuaTa TAV :
1) et BY oyt — (ol — BY IR (e S B e
2) (ax¥ + PyH)? + (ax — Pyt + 1)* — (ap — Px¥)?
138) N& dmobdeiyfn 611 (@ +P +y+8)* —3(ab+pPo+ y8)(a+P+y+8)—
=8 =(c+p+y)y
139) N& ebpebi] 1o tayduevov Tiis TapaoTdoews
(a—=P+y)P—a +p'—y* Umo upopeny Yywopévou
140) Né& dmoberyb1y 611 elvan : +al -3t =(a—1D (" +a+ 1)
(@+at—a?-D)=(a®+a+ 1) (a=1)(at + 2a® + 2a* +a 4 1)
141) N& &mobery8fj &m1 # dhy. mapdoracs (x* + ¢? + w?) (a? + Xx*) — (ax + xy)?

elvar pfy dpvnmikn (BnA. AcpPdaver ya, X, y, w € R povov BeTikas f pnSevikds

Tipds).
142) ’Edv o, &, Py, B R A B B # 0 xal (o2 + au?) (B, + Pa?) = (e, + a,P,)?
y ity JONF T [ Clay
va &obeay 8] &t B Pa
143) 'Edv ai ,PieR, 1=1,2,3,. . , v, v& dmwobeixdf} om :

('t e+ ..+ a) @ +B+ . . +BD (b + b+ . .. + ay B2
(A0Tn kaheiten duigdTns Tou Schwarz). ‘Yo woias ouvlrixas elvar udvov iodTns;
144) Na& brainbeubolv ol TautdTnTes
@) X+ P+ Wt o+ (@+xP-3x+Wy+ o) (@+x)=2 K+ '+
+ w® =3xyw)
B) (x* — yw)* + (¥ — wx)* + (@ —xy)* = 3 (x* — yw) (y* — wx) (@ —xy) =
=X+ ¢ + @ — 3xyw)?
145) 'Edv a+ B+ y =0 va dvaAubij els ywopevov 7 mapdoTtaois
A= (ax + BA)® + (B + YA)® + (yk + od)

16
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KEQDAAAION VI

PHTA AATEBPIKA KAAIMATA

51. Thyv Eéwoiav TOU &NyePpikoU khdopaTos kal Tas Trpalels E aUTGOY Eyveo-
plocey elg THY TrpOTYOUHEVTY T&Ew, B1° & kai ExkBETopey Tag Ewolas TAUTOS POVOY
TEPIAT|TITIKGIS.

Méca ouvdpTnals Y = -% cR, &mou A xal B dxépaia ToAudovupa s
TeplagoTEpwY PETAPAT TGV xai B # 0, Abyetar prtov dhyefpicov xhaope.

“Ey pnTov GhyePpikdy KAdoUX elven 1) &mhouoTépa popeh WIES PNTIS
KAQOUOTIKTS TTAPOTTATEWS. ‘O TrapovopaoThs B Tol pnToU dAy. KA&OoPaTOS
Suvarov vi elvon oTaBepd, dmoTE TO KAGoua elvon dkepaiov ToAVGVULOY, ZU-
veTréds Bv dépenoy TTOAUMVUpOY BuvaTal v& BecopnBij pnTov dAyePpikov KAGOUA.

x4l X 2xytyt Xyt —3xyw

. * X e =
Al owaptnoels o, ! ST ' T Xy | Xy

elvan pnTa
dAyePpika KAGOUQTA.
A& v Exn Bwoiaw 1) ouvdpTnals Y = % mpémer B # 0. Kat’ drohou-

Blav elvon dpiopévn els TO oUvorov R, &md To dmolov Eanpotvran al Tipal, al
dmoion pndevilouv TOV TTPOVOUTCTV. OQUtw TO Tediov dplopoU TS ouvapTn-
oews [ (x) = :‘(—(3, xeR kal @ (X), @u(x) dxépana TTOAVDVULG, glvar TO oUvoAoV
’ T=R—{x/xeR A g(x) =0}

SupPohilope 8¢ @ f: xeZ — f(X) = 200 g

3, (%)

*Erions T medlov dpiopoU T guvapTiosws f (X,y) = %, x,weR xai

@, (X)), 9. (X,y) drépact rohucovupa, elvatl TO olvohov
S=Rt-{(xy)| & YR A (xy) =0}
B ocam, il R NCA)

SupPoAilopey B¢ : f 1 (X,W)EZ —> f(x,9)= o S eR

Fnueiwors R*=R xR (KapTegiavey ywouevov)

A = xal (cUpPorov Aoy ouleutewxs)
-~ ; x*—5x+6 '
Mopadeiypata : o) THS CUVOPTNOES (x, Y= 4—), xeR, mebiov

Spiopol elven TO oUvohov Z = R-{2-2}
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) Tiis ouvapTrioews (x, = :: i E) o, B, vy, 8 xeR Ay # 0 medlov bpi-

opou elvan

T6 olvodov Z=R — {x/xeRAyx +8=0} = R—{—%}
e (P

52. EIAIKAI MOP®AI TOY AATEBPIKOY KAALMATOZL ¥y =
Avcovupa.

7! Pv P2 dxep. Tro-

a) T kAdopa ToUTo Sév Exel Ewolaw TrparypamikoU &pifpol, dtav R A g, #
#0Ag,=0, 8161 ¢, - y=0-y=0 # ¢,
P) 'Eaw ¢, =0A¢q, #0<>V g, #0eR : ¢y =0
Y) ‘Edv ¢y =0A ¢, =0 76 kAdopa g elvon dmpocbidpioTov §i dépioTov.

Eis &AAny Talw 6 Bey®ij 61 TO KAGopa ToUTto Slverral els mEpITTTAOEIS
TIvas v& Exn plav kol povov Tipfy.

53. AOTIZMOZL TON PHTON AATEBPIKON KAAIMATQN.

OPIZIMOZL. Avo #| mepioodTepa dnépaia ToAvdvupa dvoudlovtar mpédTe
Tpos GAANAQ, éav & MK.A. albréw elvar pla orobepa C # 0. Zuvemds t& mnhi-
Ko dkeparicov ToAuwipwy 81k ToU M.K.A. adrdv elver dxépaia ToAudvupa -
Ta wpds GAANAa kal &UTIoTPOPLS.

‘An)onoineig pntod khdopatog

"Edv oA [owpev Tous Spous Evds pnToU kAdouaTos W = :‘ E:g éml T ol-

TO dxépaiov ToAvmwupoy @(x), AapBdvouey fv pnTOV KAGOHX :l_qa looBUvauov
2
TOU &-VXGZ= R—{x/xsRAp=0A@,=0}

*AvTioTpopus, TO KAGauo TLF ? 5 ? elvan icoBiwapov ToU q" VXEZ, STOTE Aé-
2

PPy

YOHEV, &T1 TO K)\occrucx E)(El &mAomom6 els 16 -4 ‘P vt crrr?\o*rro(ncng Aortrov el-

van Buvartny, E@” Soov ToU pnToU kAdauaTos of Spot Exour xowdv Trapdyovta
GAy. mapdoTtacw. "Ex T@v dvwtépw ouwvdyouey éTi, Bid vd &mAomoifiowyey
fv pnTov &hy. kAdoua, dvaUouey ToUs Spous Tou Els yiwdpevow Tapory SVTev
kai SiepoUpey o:uch'répous 1 TV KoOwdw Twov TapayovTwy, UtoBéTouTes
TouTous Bapdpous ToU undevds. Eqv 1) Siadpeois ylvn Sid Tol M.K.A. Téw
Spwv Tou, TOTe AauPdveTan kKAGopa looBlvapov pé To  &pyikdy Exov &pous
TpWTOUS TPos GAANAOUS.

HNapadeiypata: o) Na &mromoindii 16 khdoua A = S v,, X, yeR
X o — - ( +xy + y?)

Aveig : "Eyouev A =

-yt G+ (x—y)
“YrrobéTovTes X —y # O Biapolper Tous dpous ToUu A 8i& X — y kal Exo-
pev B = x——%fy'- T kAdopora A kai B elvar iooduvaua 81 xée (x, y)eR?
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bxros Taw levydv Exelvaw, T& &moia undevifou T TTap&OTACW X — Y.
Inp. 1) Ta kAdopoara A xal B 8i1d x +y = 0 Btv Eyxouv Ewoiav.
2) 'O mapbywv X —y, Kaheltan Tap&ywv Tis &mwpooBiopioTias ToU KAGOUOTOS.
Dy
B) N& d&mhomomndfj To pnTov KAGOHX A= :,Tu

, Al e xt—2x—3 x+DE=-3) _x+1
Avog: “Eyopev A—ﬂx’—5x+6 S —SG-0 2 x—=3 #0.

TS kAdopa Bty Exer Ewoia Bik x = 2. ‘O mapaywy X — 3 elvon & Tapaycy
drpoobiopioTias ToU KAGCHATOS.

Mpaterg pnrdv dhy. Khaoparov.

Al mpéeis pboteots, d@aipeais, ToNouds kal Biaipeais Emi Tév pnTdv
ShyePpikév khaoudTwv yivortal &mmoos kad &l TGV YuwoT@y péxpl TOUBE KAa-
opdreov. OUTw EYOpEY :

VxeZ = R — { x/xeR A g =0} <>E- & % — Buhs

* 9
A L =0AQ.=0 b1 | Pr _ P19t Duu
xeT = R — { x/xeR A ¢, s e ~ + e
=R- =0Ag,=0 Di o Pa = Py
Ve =R—{x/xeRAg=0A¢g; }@-‘P—l B
VXEZ:R—{x,fxeR/\cpl:O/\q:g:O/\pz:O}‘;:;.BL-_ P: D1
L P2 P1 P2

Lnp. "AmavTa T& TOAUGVULG EAneBnaav ds dxép. ToAuVUMR TOU X

IMopadeiypate : o) Na& yivn pNTOV KAGOPQ ) TTAp&OTOOIS

2x—1 2x 1
e T R T T

2x—1
2

P « . 2 o 1
—— Exe Evvolow STav X#0, 10 — STOVX# -5

AbOIG ¢ TO KAQOUX =

1
2x (1 —2x)

Tpémer v& UoBéowpey X # 0 kal X # % To EKIT. TéV TOpOvOUsoT&Y el-

kal 1O &dtav X # 0 kal x # -é—, &pa Bick THY EKTEAECTY TEW Trpdtewv

van 2x (1 — 2x). Metd Thy dvaywydy TéY KAaopdTwy el TOV QUTOV TTOPOVO-

HaoTrv AcPavopey : ¢
A= (2x—1)(]—2x)+21-2x—1 = 4x — 2 :—;g_(l_:gx_)_:__i_
o 2x (1 — 2x) 2x (1 — 2x) 2x( 1 —2x) X
B) N& é&mhorroindfj fi TapdoTaos
x+2 x*—4

Ar—em " 2 (X #£2,% #0)

et _(x+2)(x'_—_4)_(x+2)(x+2)(x—2)#(x+2)’
Aborg: A="m"ovax T x—2) 4 ="

Y) N& yivow al mpdtes
A= Xl A G lx 2=l 2 £0)

xt—2x + 1 X —

K e pd o xR x—1 o GREDNEEED L)
bog: A=g 5 Tii3oT - G- x+x G-DPxx+D
DD E+D =1 x+1
= x=D*x4+Dx e
79
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54. LYNOETA KAAIMATA.

To pntov dAyePpikov kAdouw, éav TepEXn els Ty dAyePpikiyv TapdoTa-
ow fvds TouAdyloTov £k Ty Spwy Tou, pnTOV KAdopa, Aéyetal ahvletov kKAd-
opa, &v dvnibéoel Tpos Exelva, Ta Otroia Exouv Spous drepalas pnTas dAy. Tapa-
oTdoes kal Ta odmola kaAouvral amld.

“Ev ouvletov khdopa TpémeTal els AmrAoUv, d@oU TrpoTyOuUREVMS HETOTPE-
Ywpey Tous Gpous Tou Els pnTa GAy. kAdopaTa kal dkoAoubBuws Sicipécwopey
oUTa i T Pdoel ToU Opigpou

A
+ =A:B, (B#0)

IMapadeiypara : Sash SO

a) N& Tpamij els &mholv TO oUvBeTov kAdopa A =:;$—
X —y :
. \ ey gl o XY _x+y  x—y_
Aberg : ‘O apiBunTrs : X—w+lix—v+xw—w—x_:w’ (x#vy)
. JEEW g Xty ox—y, 2y
O mapavopaoTrs : ey l_xﬁ—\p e e (x#w)
2x

x “A ook X e O TG B
To oWvBetov kAdoua : A= T e x#y, y#0)

xX—y
B) N& tpamd] els &mholv 16 oUvdetov kKAGoua A = 2 -1-_12:: , X#0
fele. oo de
i
L =

Abag : AcuPdvopsy Siaboyikds :

: . 5 = |

H mapbotagis ToU TapovopacTou |+ -,—1‘» =X : g
\ i " ’ 1 1 X

KOl OUVETTES TO KAGOUO s T

+3 X
. _ 1 x Xl bk 2%l
O mapovouaoTns ToUu ouvbétou 1 + 1 T ol T

1+ X
= oAt 2k 2x(2x +1)x1) 1
Zuvetréds A= B =2x(x+ 1), (x # ——2—)
x+1
AZKHZEIZ
146) N& dmhomoinfouv Td dxdrouba pnrd xAdoparta
yy . 2Rty _165utvixy 14ipr+2y, 1 —x!
) &gyt 0+ 2 Tazpwno-i 0 D) oy D AT aym @0’
10a® — 7o + 10 —7a X! — (a—P)x —ap . 15x® 4 35x* + 3x + 7
=2 1-2n ' & X*+Ppx*+ax +ap’ ") 27T ¥ 63 — T2x' —28x

80
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(a+ Py —at— P oy (e +PY) + B (x* +37) 10) x4 — alx? — 5x° 4 Sa’x
% (a4 pp—at—p¥ * xy (e —pH+ap (x* —y?) '’ E=ax=5
1 (x*—2yw—w?—y?) («+P—Y)

K+y+w (@ —p+y —2ay)

147. N& petatpami) ékdaTn Tév kdTwd TapaoTdoewy g pnrdv dAyePpikey kAdoua

5 3 4 3 « p
1)(xml)'—x—1+ (x+2)’+iﬁ' 2 x-B)&x-v) +(x—y)(x—<x)+
Y a+ P By 5 b
e oy ROV T T e B YT O e
=y e Xy 1 1
Rh ==t T (a—ﬂ)(G—Y)(x—u)+(ﬁ—¥)(ﬂ—d)(x—ﬂ)+
1 - p* + ay Y+ o
toeo-ma-n’ @ (cwﬂ)(ch R (i e T e e
x4 —alxt — 5x* + Salx X3 —alx 4o’x — 4at 8 8yt — 27y5*
T x—a)r(x—5 X'+ 2ax + o«  x*—ax —ax? 4@’ ) 4y*—05*
2 2y +38) Ux=2y  120¢—dyt o xi-25 -9k 420
'4y’+6y5+‘9F' 6x —y © 36x*—yt ' X2 ¢ oxt=d 2

—xt ut — pv - v2 pe — yt
A nx+x’ ( ta ) ) T swa—w—v Wi
x2 LN X x*—6x4+8 x—5x46\ (x=2)
% (“*T)'(?“?"‘T)' Tl e 3 = e
B @ py | 4o
5 (25 —%6) oo

148) N& tparij els dmiolv Exaortov Tdv dxolovBwy ouvBétwy kAagudray

p—«a o + p? 2ap 2a%p
“+i%ab P , XB tayp +P
1 B_;" 2) “‘____‘i_+ pr’ ) Rap 1 2 ’
1-aTrep a—p atB atp
a4 B\ . 20+ P a? + off . 2ot + ap
(“ F—"B’) (‘—a+2a) (““ d—ﬂ) (“‘ a+p )
4) 3p )] fa " i
1+ a3 B+
6) G:;—p;ﬁs
=RE TSR
+&—_"B
149) N& Tpami] el &mAolv xAdopa Ek&aTn TEY TAPROTATEWY
29w 2yw X =aph - by 1 1
¥ T P BT B ("T otz —.)
1 Wlﬂél pEe o g LAY R s

v 3 b

1 1
V-2 vy Te-2y G- +xv \v X
X

3

V+—:"-— l+i 1+‘+,
3) X . xl "Pl
it S L A e

81
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AIZKHIEIZ EITANAAHYEQZL

150 N& é&mhomoinfouv T xAdopata :
1) X8 4 2x=y= + y¢ 2 uaﬁl + Blya + Ynu: = BQ'B’Y’
#h—y " 4 o'p? + Py + y'at — a'Py —aply —aPy?, '
3) (a=p)+ P—y)*+ (¥ —a)
(=R E-M-a9
151) N& &mhomoindij 1 Tapdoraois
A yi—wt , FA4eP—x  (x+o)-y?
X+y—w yt+w-—-x X =y
152) "E&v a+P+y =0, va &mwobeydi &mi:
at B -
ey T e T o !
153) 'Edwv a + P+ y =0, v& &mwobeix8ij &1 :
a? — B — 2Py Bt —y!—2ay y*—a'—2ap
WFE T Ryt TmEw
154) N& amdotromfouv al TapacTéoes :
1 X—(u+Vx+w  x—x 2) o —p*  a+PB | fat4ap +prye
X—(B+R) X+ xE—v? ! Py a—p ° u’—ﬂﬁ-+ﬂ’) .

xt—1 DX+ 2x 41N (x+1)2—x
4 (x‘—2x’+x" x¥—1) ) X3
_— - Bt + y? — ot B at — Bt — y? 4 2By : s
155) Eavx = 2By kol y = IR+ BF+y—a " &mrobery i, 6T

f| TapdoTaois % elven duetdpTnTos TGV @, B, Y.
X—a N ﬂ
1+ax ~ THBx
14 G- (x—p)
(14 ox) (1 + Px)

156) Na dmodexij 611 10 oUvleTov xAdoua

elvan  dvetdpTnTov ToOU X.

Ea s e T A 2 ; o
20 Yyt T atx — P Xy =Y vaBayd:
1 ( 1 1 1 )
S e i) S
apy at Ty
Iy
158) ’Edv v e N, va dmobeaydij ém 16 xhdopa A = Q—:J+—vaT11_ elvon dxépatov Tro-

Audwupov ToU a.
(X* —xy + W) + (x + xy + y1)?
2(x*+yh

: - _EHP+Y+3@+PB+y)y+9)
160) ‘Opoiws T6 xAdopa A = s

159) N& &mhomoindij o xAdoua A =

(x + ) —xt—yt
161) ‘Opolws 16 xAdopa A= T x:: = SxTw'

3 3 3
162) Eav a+ P+ y =0 Va =P =y va evpedii f Tipf) 7ol ’hdopeTos (a tgﬁyﬂ')
4 'y 4
163) -gemu+p+y=ovaeopeeﬁﬁnﬁmﬁA:aF:%?W
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KEDAAAION VI

SYSTHMATA EEIZQEEQN o' BAGMOY (I'pappixd)

(Evpnifpowoig)

55, Ex ToU kepoAaiou TouTou éyvwploauey els Ty I T&bw T’ drdroufa :

1. “Opiopol kai 1816TNTES ouoTNUETWY.

2. JvoThuaTta foobuvapa

3. MéfoSor EmAUoews ypoppikoU ouoThipartos &Uo thio. o Pabpol pé BUo
&yvihaTOoUS.

4. Awepetvnors ToU $v Ady® oUOTHUATOS.

5. Mpagikny EmfAuois ToU iblou ouoThuaTos.

6. ’Emilugls ypoupikoU OUOTHUGTOS WE TEPITOOTEPOUS TGV BUo dryve-
OToUS

7. TpoPAfipara EmAudpeva Tf) Ponbeiq ouoThuerTos ypauumou

*HEn 8& Eletdowpey &AAas peBdBous EMIAUCEWS YPAUUIKOU CUCTIHATOS
TAtOV oUVTOLOUS.

56. MEQOAOE TAN OPIZOYEQN — KANQN TOY GRAMER.

a) ‘Enilvoig ovotijpatog o’ Pabpod pg dbo ayvaoertoug
Els thv " & £846n & dpiopds Tiis dpilovons P’ Tdews.

Ol : Ve, o, By, B.eR: A= % Py =y Py — 0 By
o Pl
"Ag Bewpriowpey TO oUOTNUX :
“ u!.x + BILP == Ylt - ay, Oy, [31, le YU Y‘Lr X, LP € R A

x4+ Bw=y: " || +IBI>0 A || 4B >0

[veopilopev &1 :
o X =
2 Py — P, # 0 <= [(X-W)I(X,V)ERZA X+Py=n

%X + Pay = V2
— { Ylﬁ. Y!ﬁl lel__ul&) }
1ﬁ: 0 alﬂl Py — afy

83

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrig



‘Emropéves Suvdpeba va ypdayoopey

B Re Bx‘ 05 Y|
12040 (W awerAz) = (L-} e ) —
o Py & P
Ax Ay o @ By Y1 B Y
{(A' Eﬁ)}' bwoy &= a B! = Ye P2 ’A Tlany.

“Qore 1) AUois Tou Z elvan ¢ (x,y):( é‘;—)@ x=-AAi,y=AT"(l)
B By e G Y P e §
B X" ehy ool o T S

Oi TUmot (1) (Tumor Tou Gramer) Sekviouv, 6T1 ExaoTos GyvawaTos el-
va TrmAlkov SUo Opilovody pi TrapovouaaThy Kooy Thy Opilousay A Tév ouv-
TEAET TGV TGV &yvdoTwy kal &piBunTry, & omoios TpokuTTEl, Qv els TNV Opi-
{ouoov ToU TrPOVOPGCTOU GUTIKATAOTNOWUEY TNV OTAATY TGV CUVTEAETTROV
ToU Utrohoyi{opévou dyviaTou Bid T oTHATS TRV YVwoT&OY Spwv, eUpioko-
ubvev &rapaiThTws els TO BelTepov wéAos TGV EliowoEwy TOU OUOTHUOTOS.

‘H Tumomoinuévn aUtn uéfodos EmAUCEWS CUOTNHOTOS YPOMUUIKOU uE
BUo dyvdoTous kakeital kavev tol Gramer.

|3x + 29 =12
Maopadeiypata : lov Na émAvbf 10 ovotnpa Z: 5% =3y =1 (x,yeR)

Abo1g 1 Tuppovws TPOS TOV Kawova Tou

i12 2| \3 12,
[ [
; Shrl ke \5 1
Gramer AapPévouey @ X = = = 2‘
| 5 -3 5
-3%-2_ 38 _, . _ 3-60 5 4
RSO il YT a1
Olrw : Z: { (x,¥) [ (% \P)ER“\E}“{( 3}
[x+ay=2 |
20v @ Na& ¢mAubfy To cruo-rnuaz x+\p——2cx , 6tov a, X, yeR
Avog : Ouoims AcpPdvopey :
2 2 |
2a li 2-2a __ 2l-o)(a*+a+1) 2@t +a+1)
Y @] v . (S Graeiiis » Bttt =0
b4 i
1 2
_'1 2a 20—-2 Q=1 /A0
Ml 7 e gl i o Tl
O0tew Eouev: Z: {(x,¢) | (X, ) eR*AZAa # + 1} =
_{ 2(at 4o+ 1) 2 }
= ST S P Sy
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‘H pedetnbeioa Biepedvnots ToU ouoThpaTos Z : ogX + By = ¥y A cuoX

+ Bay = Yy, OTOU ay, O, By, By Vi, Yo X, WER, BUvaron v& auvoyiofi) s dxo-
AoUbas :

Awepelvnors ToU ovaTthpaTtos Z i oX + Py = yi Adex + Pay = Ye
Sov q, oy, ﬂ:. ﬁZI Y Y X, '«PER

s _ bx
a ﬂx A R ,
# B | <= A Té ovoTnpa Exer piav kai pdvov plav Abow.
ay P: i g = T\P
YiBi | |
1F1 " # O E
| To o &
B (ki ernzy =g 10 T
| | elvar &BuvaTov.
%0
| QY |

o, O, By, Pe OX1 &mavTta pnbiv
« B ’ . ]y,ﬂl |y | (9w R AT = () I, 9)

€R? Aax + Py =711}

A Ps Y2 Be \ To oUornua xer &meipous Td TARBos AUgels
("Evas &yvwoTtos aubalperos)
& Y g=m=B=PRf=v1=Y=0
’=0 (W (xyeRAZ}=R?
oy Y2 To ovornpa elvar TauToTIKOV

b |

Inuelwois @ Arapopor &AAan utomepiTTwoels Sibovten s doknoeis.

(x kal y aUbaipeTor)

) 'Erilveig cvotijpatos o fabpot pi tpeic ayvoetove.
‘Opilovoar tpitng TaEEMS.
o P, Y1 | &moTehoUpevov tE 9 oToixeiwy s TPEls ypamMAs kol
To ouuPorov | &% B: Ve Tpeis oTHAas Svopdfopev Spiloudav TpiTng Tatecws
o By Vs kai Opilopey :

o P p | |
Yz [P1 71 Bi 7
A=« s | = : — Oy + ‘
ot: E: Z;; % Bs Ys Pa Vs 31 2 Y2

TO B pthog TaUTNs GvopdleTal GUATTTUY A A Tipf Tis A, af 8¢ Spilovoar alrou
HETd ToU Trpoofpou Ehdacoves Tis A.

To dvémruypa Tis A TpokUTITEL, &v TOAAGTAGOIGOWHEY TX OTOIXEIX
Mg ypauufis fi oThAng QuTioToiX WS fxaoTov &l ThHy EAdooova dpilovoav,
dmola Aappaveran Bix Tiis Biaypagiis TS ypaupfis kai Tis oTHANs, els Ay dvn-
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Kel TO év Adyw aToryeiov. TTpd Bt ékdoTou T@Y yvopévwy TouTwy BéToper TO
onueiov TG QuTiIoTOIYOUV Ek ToU Trivakos

a:ﬁl}’xi i+—+[
c‘apaYz;‘ o ol Sl
[aaﬁaYa; esiafe ]

To dvarrruypa ToUTo eUploketal eUkoAMTEpOY PE TOV Kawdva ToU Sarrus.
Kat’ autov émavadapPavoper kdTw Tiis TpiTns Ypauufs Tas 8Uo mpdTas ypau-
pas i Sehia Tfis TpiTns aTAANS Tds Blo pTas oTnAas kal oUTw TpokUTTTEL
dutioToiyws Tival TévTe ypoppddv kai Tpidy oTnA&V. fi TP ypappdy kal
TEVTE aTNAGY s &rooubws :

+la B o7 l— 3 4= e e
) G B v |- : o By oo By
Mivat | o B oW Tivat [l B. v: % P
o Pon |os Ba Ya o Py i

a P Y

Ev ouvexela AauPdvopey & Tpla ywwopeva Siaywvicws, & dpioTepdv dvw

Tpos T Bebik k&Tw, pE TO mpdonuov ( + ) kai T& &AAa Tpia ywdpeva TdAw
Brarycoviws, €& dploTepdy kéTw mpos T Bebid dvw, LE TO Tpdonuov (— ).

OUtw elpiokwpey : | oy By 7y

A=loy By v,

o By vs

= o4 PaYstuPsYitCuaPr Y P yi—ciByYe—caPiYs

I616tnteg tdv oplovadv.

L. To dvamruyua opifovorns B&v petoPdireral, v af ypappal yivouv
oTiAal kol ai oTHAal ypouua.

2. To dvamrtuypa Opifovons dAAdooer Tpdonuov, &  duTipeTodéowyey
BUo ypaupas N Buo oTnAas

3. "Eav €ls piaw Spilouoav 8o ypauuai T 8Uo otfidal elvan of adrad, TéTe
alTn igoUTtan pe pndév.

4. "Eav opifovons Ta oToiyela mds ypauufs fi oThANs ToAamAaciacfoly
emi AeR, ToTE kad TO dvémrTuypa alThs ToAAaTAaot&leTan i A.

5. To dvémrruypa opilovons &tv ueToPdMAeTan, tdv els T& oTorxela pids
oTtrAns Tpoodicwey Ta oToiyela wids &GAAns oTnAns moA/oBévTa Eml A # 0.

Thv &médefiv TV iSloTTwy ToUTwy denvopey els Tous uabnTds ¢
Goknoty, @5 kai Ty SlaTimwoly kI° GAwv Tuxov i8ioThTwy.

Mapadeiypora: Na elpedfy N Tiun Tév kaTwd dpilouadv :

a) J135 £)) 1l a-=2| Y) j 3 B o
Al:|246 At szl 3 By=|1p pr
4T i st Lyoyt]
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P 85 13
) |(2 4 6 2 4 A=44+54410—60—-6—-6=—4
S O O R |
1 =2 1.
By |la =1 3 a -1 A=a+ba—20—4—-3+at=a+5a—7
2 1=« 2 1
e dietipicd sl e
Y|l p p* 1 PB|: A=cpHPytoty-ap-Py-ay?=(a-P)(P-y)(y-)
I yov & ¥

X + Py +viw =28
aX + By + yaw =8y (1)
X + Pgy + Yaw = By

— “Egte thpa npdg Adowv 10 obotnpa )

Abeig : AapPévoper Tas EAacoovas opilovoas Tiis dpifovans TV ouv-
TeAeoTéY TGW &yvddoTwy Tou cuoThparos (1)

Brva
B: ve

s Y2 Pi71
Bs Ys Bs Ys

kol oynuerilopey TOV ypoauMIKoy ouwBuaouov

A= —Ay= S

1

A, (cux + Piy + Y1@) + As (X + Boy + Yaw) + Ay (X + Bay + Yaw) =
=A%, + A8, + ABy <= (A + @As + GADX + (1AL + BeA: + BsAg) W +
+ (V1AL + Yohs + Yahg)@ = Ady + AsBy + Ay CANAG elven @ BiA; + BoA: +
+ BaAs = By (Bays — Pava) - Bz (BrYs — Payy) + Pa(Piye — Bayn) =0

‘Ermfons elvan 1 yiA + Yeha + Yafa = Va(Bays — Paya) — va(Prys — Payr) +
+ ¥y (Bry: — Bayy) =0 “Apa (oA + A, + 04Ay) X = 8A; + 8,A; + Ay

a P 8 P11
AlogBeve| " x=|8PeYe| I Ax=Ac (D
o Ps Vs 8 Ps Ya

"Epyaléuevor kar’ dvdhoyov TpdTov AapBdvopey

o By o 8 7
GPRY: | W= | ubY: A A.y=4, (3
oy Py Vs o 85 Ys
o P71 o Py &
GPy: |- = cy By By i A o=0 (9
oy Py vs ay Py By
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Edv elvar A # 0, ToTe t AW (2), (3), (4) Exouev :

_As . _ be
x—'—A—‘J\{J—T,w-—_A_‘ (5)

"H8n maparnpouney, 6Tt kad Sid v émidvow Tou ouoThpaTtos o Pafuol
ué Tpels dyvidaTous SlvaTal va épapuocti & kavew Gramer.

Awgvpedvieig tod ocvetijpatog (1)
Aroxplvopey Téooapas TTEPITITWOEIS
1) 'Eqv elven A # 0, 161 af Spilouacn A, A, Ay Btv elvan SAca pnSév.

2 |
*EoTtw A, = E Ez :’f # 0. Tote 16 ovornpa (1) elven looblvoapov Twpds T
| Ps Ya |

SUOTTHA :
Ay (euX + By + ¥10) + A, (X + By + vaw) + A (05X + By + Y30) =8,A 1+
+ 8:A; + 837, Pay + ya = By — 04
©) Pa + yaw = 83 — X

Al EoWOoEIS Poy 4 Yo = 8, — X kol By 4 Yaw = 8; — quX &moTEAOUY
Pe e |
! By Ya |
(6) Exer piav pévov Auow kai ouverdss kai 1o foobuvapor altou (1) Eyer piav
pévov Avow, AT AauPdvetar £k T&Y TUTTEY (5).

oUoTnua Exov plav pévov Avaty, BidTi Umretébn # 0. "Apa O oloTnpa

2) 'Edw elvon A = 0 kai els TouddyroTov Tév A, , A, Ay elven Sidpopos
TOU undevds, TéTE ék TAV (2), (3), (4) kaBicTaTan Tpogavis &T1 1O cUoTnua (1)
elvan dBuvarrov.

3) Eaw elvar A=A, =4/, = A, =0, Téte 10 clotnua Exer dmeipous
TO TAfifos Augels, fitol elvar &dpioTov.

B === =Ph=PF=v=r=Y:=8=08=8=0,
TOTE TO ouoTnua elvan TauToTikdv (X, W, w olfaipeTor)

Haepatiipnorg 1) Kord thy mpidtny mepimrwoy, v elvon 8, =8, = 8§, =0
kal guvemdds A, = Ay = A, =0, 10 olotnua (1) &g piav pévov Avow ThH
undevikny, To 8¢ oloTnpa kKoAeiTon dpoyevic.

2) 'Eav A, Ay, A, Ay elvon SAa Sibgopa ToU undevds TOTE dk Téw (5)
AcpPavopey :

s g o Y hilavdein W o B g
e D e B T et S e
| 2x+y—z=1
Mapadeiypara: 1) Na émAuvli Téc"‘}om““:z:-nx—l-Zw—{-z:G
Xy, zeR |x+\y-+—21=9

Adaig 1 Zupgdvws Trpos Tov kavéva ToUu Gramer AauPdvouey :
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| 1 1 -1 2 1 -1 208 s
i 6 Zor] -1 6 1 -1 2 6 |
9 1 2 [La 2 I
Srer=n e dETTE fﬁ=2'z=fﬁ == 3
-] g I -1 2 1 -1 2 1 |
o EE | i i it | Rt
OUrw Exopev THY AUciv (x, W 2= 10152, 5%
2) N& émAubfj 16 ordotnpa 2 : X+ 3y + oz =—4aA—x + ay +
taz=-2A2x+y—z=—1, x v,z aER
Aais : Ak ToU xavévos ToU Gramer AapPdvopev :
|4 3 o« 1 —4a  a 1 3 —da|]
i-—-2cx’ o S -1 —2at cr{. -l « —2a“|
-1 1 -1 2 -1 -l 2 1 -1
xﬂ i J‘“*W 0k 3 az_hJ‘11 T = Fl
-1 a (x| -1 a a -1 a «a
12 1 -1 2 1 -l lg 4 Lj |
OUrew Eyopev THY AUow (X, ¥, ) = (a, — 2q, 1).
AILKHZIEIZ
a ‘Opds:
164) N& tmAufolv Bia Tou kavovos ToU Cramer T& ougTipoTa :
1) 9(2x—3)—10(y+3) =19 Y T —+=1
6 (4x —9) — 25 (y +4)=—6 ++4 =5
D x+ay=2 4) kx+(k+2)y=2 5) x+uy=1
X+ y=2a X+ky=1 B+Dx—-yp=2 2

6) (u—ﬂ)x—k(a-}-ﬁ)wzz(as,kﬁ.)
(a+ B)x + (a—P) y = 2 (o + 2ap — B)
P Dw&s
165) N& tmAudfi 6 olotnua  § : ax+Pv=7 e . Rt

X + Pay = v2

D&y, =y=0Aqp—Po #0
D &wv o #0VE #0A=Pp=0Ay, #0
DawP=P=0Aay,—ay #0
4)“"“:%&“0"\)’1#0"\(32#0\’ﬂa?*o)
5) & ay=ay=p=P=0A(n#0V vy, #0)
6) &v oy =Py =y, =0
Da&voa=P=y=0A(q #0 VB #£0)

X ol " af ; | o+ Dx+myp=2
166) Awx molas Tipds TV A kal B TO oUoTnua z } G=A) x + Gp-l)y=—3

dmoux, y, A, n€ R, Exer &melpous To mAfifos Aloers ;
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167) A Troias kol Tds adtds Tipds TAV A kal p dppdTepa T& ouoTHHATA

= — A =
3, : ux + Ay =1 kel T, Wt (A +Dy=2 elvar &buvara ;

2x—y=3 X+ 2¢=>5

Yy ‘Opdcs:

168) N& eUpedfi fi Tiuhy ixdoTng Tév Opilovadv :

1 13 6 2“ 53 1| 1 4, 4| Pty a «
1410 (1061 a B B B yta P
1515 ‘15911‘ at P y? | Y Y u+ﬁ|

= B=w. W
e (Rl AN o
Y= @i Py
169) N* &mobeixboiv al kdtwh TavtéTnTEs @ v @, B, Y €R

5)

: l4a? ap ay 2) 1 1 1
d ap  14+B* Py = ot prtyitl 28 Py 2p -
ay Py Ey? 2y 2y y—a—p
=(@+p+r)?
5 ‘Oupdsg:
170) N& émAuBolv B ToU kavdvos Cramer T& ouoTfpara :
X+ y—2z=-15 Ix—y+ 3z=1
5 aein| B|-xtIp-g=-7
X —y+z= x ¥z 5
-2 +y+z=15 il e e T
-z =1 ax +y+w=1
3) X+ty+z . 4 W
ax+ Py yr=2=5 x+toay+w=a
aix + Pryt yiz=8" x+y+ow=c

57. EMIAYEIE EYETHMATON A° BAOMOY EIAIKHE MOP®HE Al' EIAIKON ME@OAQN.

‘H émiduois dpiopévey ouoTnudTwy o Bobpol elikfis popefis EmiTuyyd-
veten 61’ elBikév peBoBuwv (TexvaopdTov) TOAU CUVTOUWTEPWY Kal GTTAOUCTEPLY
TGV yvwoTdy peddduwy EmAvoews.

"Avapipopey  kaTwTépw eldikds Twds pebdbous EMAUCEWS oUOTNUATWY,
ik T guvfBus Trapouoialopéveov.

a) ‘H pidodog tiig npocliccog tdv EEledocmv Katd pély.

A& Tiis peBdBou TauTns EmAUovTal ouoTHpaTa TiS POpETis :

X+ X4+X+ o0 X =0
X+ Xg+X+ ... T Xy =0

1 O6TToU Xy, Xg,. . . Xy GYVWOTOL
X+ X+ Xs+ ... + X =0 0 % e b

veN kai v >3
Xv +x1+x3+-«-+xv—2=qw i
20
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T Il

"Av Trpoofécwpey kaTd pAn Tas liotoes ToU ouoThpaTos AapPdvoper
=D +xt... +x)=a+o+...+a =

> Xt X ... Xy _‘ili"&vtl—*"“"(z)

Ako?\ouews ouvBudlopev ékdony Eliowow ToU ouoThuaTos (1) pe Thv (2),
Omére ActuPévopey dvmioTolyws :

o+ x, = 01+crav+_1 + av , B A xvzoc,-t-a,-l-...;r_qlv —(v—2)q

x1+u2 ah al+a,v—|;.1.. + ay , & Fe xlzq,m(u—2)u,:-—a;+_... + av
; K. O. K. Ao = DRl
Xyt = D@t T T I ok o o e LT

v— 1

Mapaderype : Na émAvlf 76 oloTtnue :
Xtytz=1l, y+z4+w=3z4+w0+x=2, o+x+y=6

‘Eridlveig : A1d mpooBéosws katd pEAn TéV Ellodoewy TOU ouoThpeToS
EXouew 3(x+y+z+w) =12, e fs x+q.r+z+oo_4 3)

"Apoupolper katd péAn EkdoTny elowow ToU ouoThpaTtos &mo THy (3),
Omrédme Exouev dvTioTofyws :
=3 x=1, W=2, z==2

f) ‘H pébodog tiic ypnoyponorijocwg Pondnukdv dyvoetov.

A& Tiis peBodBou Taltns EmAUovTal T K&TwOL oUoTHUaTA :

. Na #mivbij 16 ebotnua: Xy Py Gt Xt s FX) =14
Smou Xy, Xy -+ . Xy &yvwoTor (1) AXs + Py (Kot ... + X+ X)) = Ve
Sy Py Y2l 4 B0 LT TR e R e
veN kal v >3 Xy + By (4 + X+ +Xv—1)ka

"Enilvog :

) "Av Btowpey OOU X; + Xy + ... + Xy =K, TéTe EkdoTn TéV Eiodioey
Tou ouotfiparos (1) dvTioTolyws ypdeeta :

x4 B, K=x)=v, X =01 —PiK) [ (ey =By "Omou

S, R x) = e il i
+P:(K=x) =V, P X2 = (Y2 — P:K) [ (e — B2) @ @By
AXA-By (K — %) = vy Xv=(yv—BK) [ (av—B) o # Py
MpoodéToper Tas (2) kard péhn, 61T6'rs Actppdvoper
R gt = R L LB Qe

H éEicroocns (3) elvea Trpco"roﬁc&ﬂu:os s mpds K, 7 dmola Auouévn 8iBe1 :

—h\“l ﬂ:+ Y.E gk +;———ﬂ—v_)/(l +alp—lﬂl+;ﬁ:—p;+"'+qvgvpv)
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smep, totw K=C. Thw mipiy K= C BéTopev &ls Tds ttiowoes (2) xal Exopev
TAS TINGS TEV Xq, Xgp o -9 Xu
MMopaderype : N& émAubf] 10 oloTnua :
X+2(y+2)=8 4y+3@z+x)=62z—-4x+y)=28
*Enidvoig : Ofropey &mou x 4+ + z = K, omoTe ai Eligdaes ToU ovoTn-
paros ypégovtan : 3x+2(K—x) =8, 4y +3 (K—y)=6,z—4(K—2) =8,
B v x=8-—2K, y=6-—3K Z=(8+4K) /5 Tlpogbiropev xaTd uEAN,

78 — 21K 78 —-21K

omoTe x+xp+z=—5~~— kai &pa K= ey K = 3* Téhos &1’ &vTikaTa-

ordoews Tis Tiufs K =3 Exouev :
x=8-2:3=2, y=6-3-3=-3, z=(8+4-3):5=4

2. Na émihvdij 10 obotnpae: axi F B _ @t Py _ay By
X1y Xoy -+ - Xy GyvadoTol Y1 7T T Yv 1
avnY\nav. e#0 5% + 8o+ ... + Bxy=¢€ ()
veN kai v > 2 i
‘Erilvois.
log tpomog. T Ponbelex Tou Becopfipatos TGV fowv Adywv EXopev :
B, ﬂ‘ By
X + N
X, + [31=01K:+B= = :E}‘_’(L"tvli';_l_&_—_xz-f- =5 =¥V+uv:
Y1 Y: o Yv 71 Y2 i Yv
aQ oy ay
5
&,x, + ‘B;& Byxa + 2Ez Suxy + _E‘B‘!
= 1 = — M — - V. =
Sivs 8.y Svry
oy o av
5,p 5,p 5.p 5,p, &P 5.8
B8t -+ Buxyk g + o T +_{::v_”_ b B R 2
byi | v Bvyy ~ bn o B Buyv
& R TSI % e e
o & Byyv »
8mou @y, 0, - .., &y # 0 Kodi- ‘Y‘ +- - ’Y'+ Y ;e() Apa “1";_""'31_ K,
1
“’x:,f&: K -,E‘i;ff—& = K, $f v Eyodev TS TIHAS TGV &yvdaTwy X,
z v
Xop - v Xv

20¢ tpbmog. *Edw ExaoTos Ty igwv Adywv EXT) Tiphv K, ToTE 8& Exwper :

axckP g P g SRR g gy = SR o
Y Y2 Yv a

KY‘U ﬁ‘ gy g == K[‘;:Bf (2). Tas mpds (2) dvrikabiorédpey elg THy Beu-
t] v
ﬂ\

i ; ~ ; 7 — Kya—
Tépaw tEiowa ToU ouaThpaTos, 7€ 8 KY‘Q P + 8, Y:I . 4+ .o Sv
1 ]

= ¢, AUty elvan pewToPdBuios g pos K, 1 dmroia Auopévr Bider :
1 51 5 \'SV 8l 8 8\‘ v
K:(ET?;—I-+§'-—!+...+B*G:')/( gy 20 = C

a, Q ay
Thy Tipnw K = C Bétopev els Tas éliocoes (2), OTTOTE Eyopev TAS Tiuds TGV &ryve-
OTWY Xy, Xgy- - -9 Xv

o2
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X 1 w—2
Hapaserype N& &maveij 16 otornue : | 3 5
| x -y +30=—2
*Enidveng : “Eorew K f Tipf) éxdoTou Tédv fowv Adywv. TéTe Exopev x= 3K,
Y=09K—1, = 5K+ 2 Tds Tipds arras Bétopey els v Efio. X — y + 30 = -2
81e : 3K — (9K — 1) + 3( 5K 4 2) = — 2, & fis K = —1. Téhos 81" dvrikaTooTa-
Cews TRg Tipdg K = —1 Exopev x =—3, y =—10, 0 = -3
1 1 1

= = Q.
X X2 t * Xy—1 !
3. N #mi.ubij 1o adotnpa: Heiants i feivn
= o L
Xy, Xgy. . ., Xy &yvaraTol # 0 (1) | * Xy Xy
R S N e 1....
e Em +xv-, -
e ; : 154 e v lilezeety b ain, e
. Erilvoig : OétovTes SRl === X, I—xz, 5 = Xaps ey =x', €ls
TO gUoTnue, EXOUEV :
it t v =ma T oUotnua (2) #mAleTan Bi1& Tiis uedd-

Xat x4 ... +xv=0

X5 Xk o R =y

X' X'y, .. X'y EXOHEV TOS TIMGS Xy Xy - - Xy

Sou Tijs Tpoodicews TV EHICWoEWY KOTX
(2) P
pEAT, doTE B1° &wTioTpogfis TGV TIHGY

Mapadeiypata: 1) Na émiubi 70 cloTnua :

oo e e, g RIS
Thom e el I T oh
"Enihveig : Mpémer va elvan xye # 0
e L ' .
OfTouev :l( =x, \L =y, 5 =w, OoTE AopPdvopey :
X'y = _2_
A& rpooBéoews kaTd uéAn Tédv (1) Exouey :
Wt ggregils (1Y i g 18 i a0 13
12 2y to)=-"Efix +y o =15 (2
T
+ X' = =

'Aq)mpoﬁusu KaTd péAn, Exdotny Ellowow &k Tév (1) &md Ty Etlowow (2),
OmdTe £ ; { c @ =t X =, =, kal dxoRoUBws X =2

€ EXOHEV QUTIOTOLYWS : =T e ~2.\P—3, S X =<,
Y=3, w=4

: = ' 1 e ASEA S B R
2) N& dmiwdi 76 olomia : e =Y, oot =P, gorr =a
"Enidbverg : “YmoBétousy afy # 0 kad xyw # 0, émdTe 1O oloTnua ypd-

PETOn :
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) u 1 1 1
4 1 1 LY S R R v ]
%ﬂi:? %+%=? G)E-ro;_leuo'rroux_x,w_q;,m_m
yetow 1|y . omodTe AapPdvopey :
yo p @ g ay’' + px’ = lfy
@3,{1&:% Prra2 yo'+ay'=1/g| (1)

PX'+ yw' = lja|
Aix mpocBégews Téw (1) katd pEAn AcuPdvopey :

2 (o' + Px' + yw') = L 0 s L v B8 s oy’ 4 Px’ 4 yo' = PAPytay

apy 2afy
"Apaipoupey &mo aUTnv ExdoTny Ellowao ik TGy (1) xora péAn, Ste Eyopev :
Wi oy APy —ap i P+ Py—ay P @y +ap— *
P e = P e g S Y e
w' = (ay + Py —af) : 20y, X'=(of + Py—ay): 20B%, ¢' = (ay +
+ P —Py) : 20*Py kol droroubws w = = j“g:'_ # = ffgt —
- 2aPy
Y= oy BBy

Inpeimoig. To Bépa Tiis tmAvoews ouotnudray §1° elbikiv pueddGoov oUBoAws ELavTAel-
Tan BvraBa. Efapraron B¢ &mmo To elbos ToU ouaThpaTos kal dmwd Tiy BebroTeyviov kal euyé-
pelav Tou doyxoloupévou pE alTé.

AZKHZEIZX

171) N& tmiiufiolv T& drdhouba cuoThpara :

D [ x+y=—1 2 |x+ty+o=4 3 S 0=
Y+ w=-—19 |y t+otz=-2 X+3w4+w=6
w+x=2 wt+z+x=1 X+y+3w=-8

z+x+y=-3

4) |ax+ypy+w=1 5 |x+y—w=«a 6) [ mx+wy4z=1
X+oy+w=a yt+tow—x=p X+ uy+z=1
X+ Y+ aw = a? W+ X—Y=y Xty A pz =1

172) N& ¢mAuvBolv T& dkdAouba ouaThpaTa :

D | Xx+3W+w+2z)=15 D) |ox+Pytztw)=y
6y +5 (X +w-z) =36 ay + B (Xx+z+w) =y,
3w+ x4+y+2)=11 az +Ps (X + ¥ + @) = y,
52+ 2 (x + g+ w) =17 aw+ P (x+y+2z)=1y,

3) X _ Y _ @ Y |xta_y+Pp w4y 5 ax=By=yw
5 6 15 T e 1 1 1
X+ y—w=2 | X+y+w=k T+_\p'+?=-ﬁ_

6) 1 & 1 7) Xy
x = " =+ ) W rxo—yo =¢
1 1 1 1
‘P+‘*’+ z0 3 XYw B
_1_ 1 ) Yo + WX — wx
T e Al ]

1 1 = =i Xy
T I S el o T oy —xy =7
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8) | xyw = a (yw — X — xy)
Xy = Blwx — yw — xy)
xye =y (Xy — yo — wx)
173) N& tmiiubolv T& dxdhouba ouoThpaTa :

) | x4+y=3 w4y tzt+tao=v N|2E+2)+w=-5
y+w=>5 X+w+z+w=yvt X+2(W+w)=6
wt =7 Xtytvzto=v 2¢+w)+z=0
@ +z=9 X+yt+zt+vo=1 2+x)+y=-1
z+x=6 |

58. EZIZOLEIZ SYMBIBALTAL
X—2y=—4
“Eoter mpods emidvow 10 cloTnua Z: 3x+y=9 % yekR
TPIGY ELiochoecoy pE BUo &yvddaTous. X+ 5y =17

EmAlovtes TO oUoTnua TGV dUo mpwTwy tliodoewy elpiokopey :
2 X— 2\{J =—4 )

fovw i er aJ7® =28 (as))

MapaTnpolpey 6Tt 1 ebpebeioa Abois (X, ) = (2,3) elven Alois kol Tiig
Tpitng o, X + 5y = 17. "Hto1 ai Eliohoels ToU ouoThpaTos Z Exouv Kowhy
Mg,

Tas thiowoes TaUTas kohoUpey sopfifastag xal TO oUoTtnpa T6 &moiov
drroteholv cupprfactov.

"Ev yéver, dTav TO TAfifos p Tév Eliocoewy elvon peyohUTepov ToU TAT-
Bous v rew dyviroTwv, TOTe EkAéyopey v tliodotls, Tas dmAovoTépas, kal AUo-
Mev T gUoTnua TO dtroiov &moTehov, &’ Soov Exn ToUTo AUow. ‘H AUois Tou-
Tou édw elven AUoig kad Téw Utrohoireov Etiodaewy, TOTE af p tliochoes elval oop-
PBasrai kol TO ovoTnua oGV cupfifastov, dav Sy, TéTe of tiodoes elvan
&Uuuﬁiﬁumm kal TO ovoTnua addvatov. :

Mapadeiypora : 1) N& ebpedfy oxéors petakl 16V oy, oy, Py, Po€ R TV
iochoewy aX; + By =0 kal apx + B, =0, émou oy, o # 0, v aret efvon
SuppiBaoTal.

Aveig: “Exopev Tas AUcels : {x/xeRl\alx+[31=O}={_%}
B
.

{x,fxeRl\oczx—i-ﬁg:O}:{»— 2}
Aoy vex elven
L x 1 51
BB 2=t ¥
firis elvon | {nroupévn oxéols. To dvtioTpopov Tpopaves.
2) N& ebpebf oyéols peTall TGV TUVTEAEOTEW 4, o, 3, Prizias Yirzea ER TV
Riodoewr X + By =Y (1), ceX + By = ¥2 (), X + oy = 5 (3), Smov
| & | + B >0 e | + (B |>0, | o5 | + | Bo| >0, tva alren elven oupPipacTad.

:O,

95

Wnepiomoir|Onke amé 1o lvotirouto EknmaibeuTtikng MoMmikrg



Aboig: ‘H xowwry Auois tav (1) kai (2) elvan x = g—’g%:% = %’—
1M 1
Si)s — Gl A’i, &mou oyf, — auPy # 0. AUtn i Avois Béov va elvan Aloig

i Zﬁ_z__“:ﬂx il

kai Tiis (3).
a Py vy |
Hror: a4 B B =vs +> G+ Bl =vih = |[@mPiya| =0.
- % B Ya

AUTT) elven 1) {nToupévn oyxéais, (*)

50. AMAAEI®OYIA LYETHMATOL (EYNAPMOZOYEA).

Eis 1& dvwTépw 8Uo mapadelyparta oupfifacTtdv tlickoswv of eUpe-
feioon oytoes elvon To éforydpevov Ths dnalorgiic TV dyvaoTwy petall T&Y
thiodoewy ToUTay, 81 & kal koAeiTal drnekeigovea ToU ocuoThuaTos T&V EEi-
CWOEWVY.

‘H é&makeipouoa ftvos ouonpaTos elval i ikavh) kai dvaykala ouvlrkn,
fva 16 oUotnua elval ouuPiPacTov.

Iopadeiypata: 1) N& evpedn 1 dmaheigovoa Tou ouoThpaTos X+ =3,
2x — 3y =—14, Ax+py=v, Apyvx,yvekR

Aborg : Kord 1o mapdderypa (2) Tfis wponyoupévns apoypdpou EXOUEY:

P
| 2 —3-14|{=0 <= A4v=4u
1 VR T
‘H oyéois A+ v =4p elvar 1) &aheipouoa ToU guoTAucToS,

2) A& Trolaw Tipufy Tou AR 16 oloTnua elvar ouuiBacTdv 2Ax 4y = A,
X+y=3 x—-2¢y=2& R

Atoig : “lva TO cUgTnpa elvar oupPiPacTov Tpémel N dwaAsigpovoa aUToU
va elvar 0.

Hrola | 28 DL ai
1 1 3[=0 = 22Q2+6) —2+204+C —-AN)=0 «—
1 -2 2

<= 7\=—-ll—3. “Qore, Biad A = — .

i3 T Sobev oUotnpa elvan oupPiPacTév.

AZKHZIEIZ

U ORI
174) Na ttetaobij &v al iodoes es T7& katwd ovotiuata elven gupPiPacTal f &y ;

) x—5¢=0 2) 2x— %‘-23—1

x=y+4 2ax + Py = p? 4 2at
X 2
IW—ly=8  Ti4g =3

(*) Frig lvx elvar xal beavy, wpémer

96 Py — oy # OV By — By # 0V oyfy — auf; # 0.
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175) Tlola oxéols owwdéer T& @ p iva & dxdhouba ouoThpaTa elven ouppifaoTda.
Dax=p-—1, Px=2a+1
2) Bx +ay =13, y+2x=2 2px + 3py =1

176) *Av ol Tpels thiowoers @ ox + Py =1, ay +Ppx = af, x +y=a+p eva
ouppiPaoTal, v dmober8ij éTt (o + P)F = ap + 1
B’ ‘Oundés:
177) N& mpoabiopiofi) i Tiuh ol 1 € R, va Td cUoTua Té&v thiohoewy R=-Tx=5
kel (3p— 1) x = — 1 elvan oupprPaoTév. *AkorouBws va Aubfj To cUoTnua.
| 2 _ A2 3 t jp—
178) N& eUpedii 1 amarelpovoa TOU OUOTHROTOS ot xxicu ig ;%
179) Na& ebpedij f amaheigovoa txdoTou TGV droAoUBwy oueTNUATWY &
D x+Ay=—»M" 2) ax+yy+p=0 3) ax+By=vY
X 4wy =—pd yx+pPy +a=0 X + Py = y*
X+vwy=—v px +ay+y=20 a?x + Py =y?

60. OMOTIENH I'PAMMIKA LYITHMATA.
"Opropog : Mia yoapuuue) E5lomats xakeltar dpoyemic, éav 6 yvwoTos 6pog
adriic elvar pndevinds m.y. Al Ehowoes oX + Py =0, ax + Py + yo =0
Xy + CuXp + OgXg - - - - T WKy = 0, émou X; petaPAnTai, elvon ypapmixod
GpOYEVETS.
KoTd ouvbmeiay & oUTTTHG YPORHIKEY SUoyevddv gEiooewv elven 0 po-
Yyevic YpappLkov cUCTNR @
Ta ovorhuaTa : | aX + Py + v =0 |
X+ Py =0  ax-+ Poy + Yo =0
X + Py =0 l X + Bay + Yeo =0

elvo ypopuika dpoyevii ovoThHuaTa.

X + Py +viz=0
X + By + ¥z =0

Enp. “Evas TouAdyloTOV b TEV ouvTEhesTGY Stov vd elven pn pnBevikos.
Mpogavis AUeig £vdg Spoyevous ypaupikoU cuoTruaTos elvaa pndevikn (OAot
ol &yvwaTol 0) ouvemdds Eel rrdvroTe piow AUow. Mewdtan vTauba TO Eped-
o, &V EKTOS TS pnBevikdis Exn k' &GAAnY Avow 7| &AAas AUoers.

Skotrods TS HEAETNS TGV OHOYEVEY YPOUUIKGY oveTnuéTwy elvon ' dva-
[hTnols T&V phy PrBevikady AoEwy aUTGV.

61. IKANAI KAI ANAIKAIAI EYNOHKAL INA TO OMOTENEL I'PAMMIKON Y-
YTHMA EXEI ATNEIPOYE TO INAHOOI AYEZEIE MH MHAENIKAE.

) . | ax+ Py =0
I. *EoTw TO oUoTnpa Z; ¢ 1‘ a:x n 3:‘4’ —0, Oy nls Priss X YeR
- v
EiSopev, 611 &v 121 El | # 0 TéTe TO oUoTNUG Exel plav kol pévov AU-
aw kal tvrauBa ThY undevikny (0, 0), Ais elven Tpogavns. “Av Z; g‘ =0, 16-
2

Te TO ovoTnua elven &dpioTov, EXoV &meipous TO TAfBos AucEs, &TTOKAEIONE-
Vs Tiig TEPITTOTEWS TOU &Buvdrou, 8¢’ Soov Exn wiaw Avow Ty (0, 0).
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Tag émelpous To TAfiBos AUoels edpiokopey TPOPaVEds €k s tioaoews ToU
2, 6Tow S els &yvwoTos EkAeyfi alfaipéTeo.

"AvTioTpdgws. “Av TS cUoTnua I, Exn &kTds Tis AUoeas (0,0) kai THyv
Aow (X, y,), TOTE 1) Spilovsa T&Y cuvTEreaTY Siv SUvaren v& elvan Si&po-
o Bl i = 0

pos Tou 0. "Apa 8& elvan
% P

"Qote 1 vaykaia kai ikavi) sovBikn, iva 1o ovetnpa L, Exn #xtog tiic ho-
orwg (0,0) kai drhag ancipovg 10 mhijfog Licew, clvar i Opilovea 1@V cuvre-
htotdv TV ayvorerov va sivar 0,

a |

c(: E:' =P, — B =0< zjl iy %‘1

axX + By + yw=0

WX + By + Y0 =0

Spoyeves ypapuikdy 8o 2iohoewy pt Tpels &yvwaTous. Mpopavis AVais TolTou
elvar (x, y, w) = (0, 0, 0)

“YmobéTopey xpw # 0, TéTe TO oUoTnua I, SUvaTan v YPapii

*Hrot

Il. "Eotw 16 olUornua Z s

X
al_b"'+ﬁ1% ==Y : ; . X Sai
NUovTes g Tpdg el — AapPévopey

o :,'+Bz% ==y
Y1 P [Br 71| ‘r
X |vabl Bowl x _ @ |
"‘3_: a By | o Bl |E’1 Yl! o By ‘
a P oy Pa Bz el A Pl L{:L.___W__ W
| o -n| Y1 o i “31 iy —J)’x o oy By
M G e e JiYe ) PG Be vel [ye 0ol oy By
00_;"11 B: | [y By Y1 & (o By \
oy Pe @ B Ya %-‘ et ﬁz; J

Oi Adyor oUtor Eyouv Ewvorav Stov af Spilouoal T&v TapovopaoTay elven Sik-
Qopol ToU pndevds,

. : — X W w
Avastpbves. B ——s = T =2A, A v
popog N Yl' 171 o |ay By eR kai
Be Y2 |Y2 xy o, lel
B Y1 o P
}ﬁlzli#O.Yla:?éo,ialplaéo,'ré'rs al Tipal
2 2] 2 2 2|
X=2A El :l,\y:;\ :1:,93:}\ ::1 ﬂl’ETVGI AUoelg
2 2| 2 2| 2 2l

ToU ovoTthuatos %,. ToUTto SiemoToUuTal eUKOAWS Gy QVTIKATAOTAGWEY Tag
Tiugs ToTos els Tas oot ToU 2,
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“Qoe 1] dvaykaie kai ikavi] oovBikn, va 16 cbotnpa Xy, txtog tijg Aboswg
(0,0, 0), ¥xq kai Ghhag ancipovs 1o nhijbog hiceig, elva of, — By # 0, Bry.—
—Bh #0, N0—7Y20 # 0.

X + Py + i@ =0 eY)
ll. *EoTe 7o oUoTnua ¥, | X+ By + Yaw = B2

%X + By +ys0 =0 (3)
Mpopavis AUois TOU OUOTNUATOS 5, elven 1y (%, g, @) = (0, 0, 0)

"Ex tédv (1) kal (2) AapPévouey : 7\\[ E‘z 1‘11 g = am Z: : Zx E: @),
smére f (3) yiveran : A[ g (Brye— Bora) + Ps (o — cuye ) Y
o By 7
(P — B ) ] =0, Amis ypdgetan xai oltw @ Aoy By yo|=0H A. A= 0
ay By s

Edw A # 0 7éte A=0 kal ovverrds x=0,¢y =0, 0 =0
Edv A =0, TéTe 51 AeR ék Tdv (4) 8& Exwuev dmelpous TO AfBos Avoeis,
ke Goov 6 A EkAbyeTan cUfoupéToos.
*Aviistpogas : “Edw pia Alois ToU ouoThparos £y elvan f) (X, Wi, @) #
% (0,0,0), Tote A # 0 kai ouverrds &k Tfis A © A =0 wpoxymrrer A =0.
"Qoe, kai £6@ 7 dvoykeie kai ikavi) ovvBijkn, Tva w0 cdotnpe I; EKT0g
Tijg hbasag (0, 0, 0) Exy kai dhhag arcipovg 16 mhijbog hboeig, elvar 1 opilov-
oa 1V guvieheatdy TV dyvhotov va elvar 0, (%)

%4 P 7
*Hrot: | % By Y:|=0
o Ps Ya

Hapadeiypata :
3x+2ay¢ =0

1) Aix Trolav Tipfy ToU Ae R 16 oloTnua
)] Troi punv Tou AeR T nu e G =10

el kal &AAas AUoElg EkTOg Tiis unBevikdis ;

Abog : Abov va Excopev | 3 2A

3
=0 A=—c
4-(7\+1)‘ i Tl
Mpdyuar: S1811 TéTE 3% + 2 (— %)\p=0 3B3x—6y =0
<>
ax—(—p+1)y=0 44x — 8y =0

11x — 2y =0 kai émopéveds TO cUvohov TGV AUcewy TTis TPWTNS
thiowoews fooUtal pé TO ToloUToV TRiS BeuTépas.
) wxal al éxxacuves dpilovoat alTiic %t TX oToryelx widg ypapu¥is va elvar # 0.
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2) Na& cupeBf] 1) dvoaykaia xal ikavh) owvrikn petaty Tév o B,y ve
ax+y+w=0
TO oVoTnpa § | x4+ Py +w=0  Exn kol &AAag AVoelg EkTog
X+yY+yw=0
THs undevikiis (X, y, w) = (0, 0, 0)
: ; 11
o Bl iy 2 e et
’ 11y elven fi {nrouptvn ouvlnxn.
3). N& tmAubs 16 oUotnua 6Xx —y —w =0, 3x + 4y — 2w =0
Avag: Tlpogavrs elvan 1y Avais (x, y, @) = (0, 0, 0) A Thy elpecv T&Y &A-
Awv Aucewv, €@’ Soov Eywpe :

] ol e -1
lg 4!:24+3;&0,' }1 ~éj:2+4 #0,‘_2 |==3+12 %0,
, =1 —1 =16 6—1
AapPdvopey X = A | = 6A, =A ' ‘:9?\, m=7\[ =272
| & =2 ¥=t-2 3 13 4

OUtw al Aosis elvan @
(x, @, @) = (6A, 94, 2770), YAeR
X, Bt A=—1 Aappdvopey (X, y, w) = (=6, —9,—27), fimg elven Aloig
TOU OUCTHMOTOS.
AZKHZIEIEZ

180) Awx molav Tipnv ToU A€ R 16 ovoTnua 5x+ (A -1 y=0,
Exel &melpous TO TAfBog Algels ; —2X+BA+Dy=0

181) 'Edv 16 olUoTnua ax + Py =0, P+ a®y = 0 Exel kal &AAag Aloeis dktds T
un8evikis, Tola f oyxéols Ty o kal B .

182) TloTa ék TV drohoUfwy ouoTnudTwy Exouv piaw povov Avow kel Tolx dmeipous
1o TAfiflos Aucers ;

D x+y—w=0 2) S5x+4¢y+3w=0

2xXx—y+4w=0 X—2¢y+w=0

X—=3y+w=0 —10x + 8y + 6 =10
183) N& tmAubolv T& ouoThpaTa x4 2p=z=0 af + ﬂwl + Y¢;> =0
(xpnowomooaTe Tds SUo Spoyeveis ) |2x—y+32=0 2) ax + Pryty ml=0
thowaeis) Xt+y4+z=2 X+W+‘°:W

AEKHEIEIEZ ENANAAHYEQZX

184) Ak Trofas kal Tas aUTas Tiuds Tév X kal y al dpilovom

X | (SN -1 1 2x
4 2 5| kal 2,y i AapPdvouv duedTepon THY Tiunw 0.
4+yw 3 5 3 -1 1-y
185) N& ¢mAubolv kal Siepeuvnouv Ta drxdrouba ouoThuaTa :
1 1
I A=l B EPesE 5 ey =0

X+ 29y =A—4 —I-—I——E P*+Px+yw=0

X ¥
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186) N’ dmobeiyfouv al kérwd TAUTETNTES.

A =N 2)[x —x 0

|1
l 1 u = | =)= @A+ 0 x2 —1|= x;_:%
1 v =¥ B x#1)
3| ay of Py 4) |p*+y* of oy

‘ 1 1 1|=@-BeE-Na—9 [« o+y* Py [S4PY!
lp vy « ay Py o+pP?

187) Né& t¢miAubolv Bi& ToU kavévos Tou Cramer T& ouaThpaTa !

)ax +py+z=1 D x+y+z=0 3) x+ay+z=2ax

X+apy +z=p ax + Py +yz=0 X+y+oaz=0

X+ Py t+az=1 pyx +ayy +apz=1 (a+Dxt+aytz=«
188) N& tmAubf kal Biepeuvnbi 16 ovoTtnua, Bix Ae R
Dx+y+ro=1 X+Ay+w=2>A X—y+w=3
189) Tloia f) oxéats peTaty TGOV cuvteeoTdv o kol B, v af tiohoes Px + 2ay = aB,

ax —By=af, x+y=2a-p frradnfeveovtal pt Tas abTtds Tinds T@Y X, YER;

X+t D y=10,

o, B, y va 16 oloTnua

190) N& wpoobBiopiadij N Tiuf To0 WER, Wa TO gUoTnua

2% —(dp + D)y =5, x—y =06 fxa plev pévov Avow év R.
191) N& ebpedij f| dvaykaia xa Ikowty ouvBrixn petaky TGV

ax + Py + yw =0

BPx + yy + aw =0

fyn kol &\Aas Aoes Ektds TS TpogavoUs

192) Né& ebpedfi ) dvaykaia kai kavn
ouvrikn peTaty Tév «, B,y v 16 ovoTnUa
fyn xal &AAas AUgels EkTOS Tiis BnBevIKiS

193) N& &moBery8ij &1 16 olornpa elvar |
gupPipacTov B Taoas T&s Tipds Tou a € R
tkrdg =1 kal a=—1

194) N& EmiAubi) xai Biepeuvnfij TO oUoTnua
(Al Buo mpdTm thoders &moTeholv duoyevis
oUoTnpa Buo thiowoewy ut Tpels &yveoTous)

X+ y+ w=0

alx + Py + ylw =0
ax + Py + yw =0
X+ y+ w=0

ax + yt+w=a
ax + oy +w=1
X+ay+aw=1
X+ ytaw=a

X

W ——
prvty-a w8~
e s Nl i
Py y—« t =78 =",

X W Zih-
Fry T Y- e
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KEQAAAION VI

AZYMMETPOI APIOMOI — ITIPAI'MATIKOI API®OMOI

(Zopnkipocig tav SidayBiviov el v I takwy)

A'. ALYMMETPOI APIOMOI

62. Eis v " 1&bw eiBopey, 671 katd THY omoudnu TéHV PNTRY  OXETIKGVY
GpiBuddy SiemioTeln fi dBuvapia pnTis AUcews THs liodoews x2—2 =0, 7
s x*=3=0, A &v yéver Tfis x*=06, omou 6>0 kai pn TETPSYwvos &piBuds,
8101 Bev Urapyel pnTds, Tou OTrolou TO TeTpdywvov va elvon dvTigTolyws 2,
f 3, ) 8. Qs &k ToUTOU, TrpOEKUYEY T) QUAYKT) ETTEKTEOEWS TOU TUVGAOU TG pM-
TGV dpifudv pé Ty Enuioupyicr véwy dpiBudv, dvopcoBivtev dppitev i
aovppitpov kal ol OToiol kaTeokeudofBnoov kaTd Tpdmov BepoTeVovTa TS
dduvapias Tév pnTdY dpifudy. AnAabn va kabioTatar Suvart 1 AUols TéV
v Etliowoewy.

‘H Bepediwais Tou véou ouoThuaTos TGV AppiTwY dpiBudsy Eywe kata Tpo-
oy mAnpouvTa Tas BidakTikds dvayxas. OUtes, fyvwploauer T dxohovlous
éwvolas :

‘Opropds. "Ex Tou &p1bpoU aeN, kad T &mepdvrou (&weu TéAous) dko-

AouBias yneiwy (Hovoyneiwy drepaicon) Wy, Wa,. .. Wy, .. oxnuaTilouey THY
arrépavTov  dkohoubBiav &p1Buddv.
(1) o oy oy oWy .. WYYy

Ty Omoiav oUpPolilopey o, Wy W Wa. .. Wy ..

To oUpPorov TouTo, TO dmolov elvan pia dmeipoymiios Bexadik Tapé-
oTacis, ovoudlopev dppnrov ij Govppetpov dpiBudy, & Sty TapIoTAVT Seka-
Bikov Teprodikov dpifuov (SnA. pnTov), fiTor &, peTd THY UrodiaoToAny eiTe
HETG &m0 Ev W kol Trépaw, Bév EppavileTon «Tufiua wneicwovy EravodapPavépevoy
Slapkdds xwpls THY éugaviow GAAwy yngicwv.

TMa&s dpos Tiis drohoubias (1) elvon Evas pntoc mpooeyyrotikog avunpo-
awnog ToU &ppnTov &pibpuol o,y WaWs. . - Wy . .

Iyenkoc Gppnrog apbpog xokeitan mas &ppnTos @épwv o alTou T
() fwd =)
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my. O Spor Té@Y dxohoubdov :

()1 1,4 141 1414 1,4142. ..

@) 2 1.5 1,42 1415 141435,
elven pryToi TpooeyyioTiKOL &UTITTPOOWTTOl TOU GPPTITOV 1,4142. . ka1’ £Ahel-
W f ko Umepoyfy duTioToiyws Kkal éxppdlouv Tipds Tis V2 wkard mpooty-
yiwow 0, 1 0,01 0,001 0,0001...
OUre Eyopev 1< 1,4<1,41<1,414< ... < V2 = B rie b d2< <D,
dméTe Aéyopey 611 af drorovbian () xed (B) Breyeopilovran &mo TOV &oUpuE-
Tpov &piBuoy V2, & émoios Bid Tov Adyov ooy GuTITTpocwTTEUEL TOV GoUMHE-
Tpov 1,4142. .., Tov Omoiov xeBopilouv ai dkoloubian. ME dvdhoyov TPOTTOV
BuvdpeBer v KOTQOKEUKTWHEY Kal &Ahovs dppriTous dpiBpoUs TTis LOPPTS Ve,
‘6rrou 8 > 0 kol uf TETPEYWVOS.

Al wpdters i TéY &oupptTpowv &piBudy, Tpodobeots, dpaipeois ToA/oHos,
Biadpeais kal ol Evwolen THs lodTNTOS kod dvicdTnTos OpilovTtan dos kai érrl TGV
pnTéw (ouppéTpev), Kal Exouv g aUTds Bepehicoders 1B1oTNTRS, ToS OTOlCS
Exouv of Tpdieis el T pnTdY. “Opolws SpileTon T Eworar THs Buvapecds &ppi-
Tou &p1fuou.

Al mpétes adral i TGV douppétpwv &piBudy els Ty oToiyeiddn “ANYE-
Ppav yivovtan TPOTEYYIOTIKS. OewpoUpey QUTi TGOV ACUUHETPGV &p1Bpdov,
TPOCEYYIOTIKOUS &UTITTIPOTGTIOUS  aUTY (pnToUs ouvetrdys) i StrolavBnmoTeE
Tpoatyyiow Bthwpev. OUTws & Umohoylouds &pIBUNTIKGY TapaoTROEWY E
douppttpous dpiBuovs yivetan pt Taoaw EmBuunTHY TPooEYYIoW, | omola ordfd-
Vel i TS TAfBos T BekaBikav yneiwy T&HY PTGV QVTITPOTWTTWY TWV. T.x.
B1d va Spiowuey TO &Bpoiopa V3 4+ V2 kai Umoroyiocwpey adtd, AapBdvouey
ué Trpootyyiow 0,01 Tous priToUs duTiTrpocToUs kel oymuarTifouey T6 &Bpol-
oue 1,734+ 1,41 =3,14. & 3,14 elvar & TPOCEYYIOTIKGS PNTOS QUTITIPOTWTTOS
ToU doupuétpou &piBuol V3 + V2.

Té &Bpolouc, YWOUEVOY, Siagopd kal TrnAikov dppriTev dp1Budv BuvaTov
v& elvan pnTos dpiBuds TX- V3 - V12 = V36 = 6. ‘Opoicws V18 : Y2 =V18:2
= )9 =3.

Emi Ti] Pdoel iV AexBEvTwv, OXETIKGS pE Tas Tpdters Emi T&V &Goup-
HéTpeov, oUVGYETQL TO CUUTIEPaTHA OT! Buvdueba vér EkTeAddpey Trpdels EQOPHO-
lovTeg Tdg iBi1dTnTOS QUTAY, &BiagopouvTes B1& TO £lBog TGV dp1Bucy, giTe TPO-
KelTau Trepl prTév, EiTE TTPOKEITAL TTEPI dppryTeov.

63, *Hon 0& tferdowpey Wepikas XpnofHous TpoT&OES

1. "Eav @ dppntog Kai py, Pa pUTol tote, Eav elvar a - p, = p,, 0@ slvar p, =
=p,=0.

*Anédeitig. "Eqv Umobéowuey py # 0, TOTE &t py =y X = %' rep

&rotrov, 51611 & &p1Buds g“ elven pnTés. “Apa 6 p; Btv Buvaran va elvan Biago-
1
pos ToU pnBevds kal ouvetrdds p = 0, &AA ToTE kal p,=a-0=0
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2. 'Eav a dppntog kai p pytog, thre 6 aplOpog o + p kai & apbpog a - p
(p # 0) clvar @ppnror.
"Anoderfig : "Edw UmoBéowper &1 elvan pnrTol TéTE
a+p=p =pnroés<>a=p —p = pnrds, &Tep &romov
ap =p"' = pnTds <> o= g—- pnTds (p # 0), mep &ToTov.

3. 'Eav 0N kai 8&v elvan Sovapig pé éxditny Sapetdv Sa v, totE 6 dpr-
Opoc ]V/B elvar dppnroc.

"An6deilg : ‘YmevBuuilopey 811 T6 oUpBoiov 1}6 Tiis viooTiis pilns ToU &pi-
BuoU 8 Eyvewploaper els iy M T8Ew kad 611 x = 1;G—<:>x":9 (Bramaw 6 >0).

v
"Ecw Urobéocouey, 811 V8 = k (keZ*) kad 611 & k=i, "KM, .. kM, Smou
Kuze o oop KO3 Ay, .o, QuOIKO, TOTE: 8=k =K\ K2 kM, Smrep &toTrov.
v

"Eav UmroBéowpey, 11 V6 :%, émou k,AeZt TpéiTol Tpos  dAANAous,

K v ’ . : \ . )
TéTE 6 = (T)Uz ;v ) OTEp GToToV, SioTt of dpiBuol kY, AYelven mpédTor TrRdS

&AAnAous. “QoTe & ];G elval &ppnTos.
4. laca axepaio Svvamc tiig nepuctaseng o - pVy, érov a, B,y pnroi
Kai V'y—c‘ippnmg elvar napasraoig tijg popeiic k - A Vy, émov K, L prroi.
‘Anddaigic: o) (x4 BVy)i=of + Bty + 2epVy =x, + A, Vy
Smou of + PPy =K, kai 20B = A,
B) (£ BVy)® = + 3apVy + 3ap?y + Py Vy =
= (a4 30By) £ Go’p + PN VY =t £ A Vy
omou o 4 3aP?y =k, kai 3P + By = A,
5. 'Eav o, B, 7,8 pnroi kai VP, V& dppyroy, tote &1d va slvan
a4+ VB =y + Vs npéiner ai apkel va elvar @ = v kol f = §.
"Anédalig: "Eav a=1y, To1e VP = V&, ol B =5 *Ef &\ou ExopEy:
a+VB=y + V6<>a— y+Vp=V§, & fis 81" Ipedoecs els TO TeTpdeycovoy
Bouey (a—=¥)* + B+ 2a—)VB =8 =+ 2Aa—y)VB =8B — (a—y)2. "Edv

a#y ToTE VB = S——TB(;(T“Y_)_LP = pnTds, &mrep &roov ka®’ Soov VB dppnTos.

Ko’ dvdrykny Aormdv o = y ked ouvemréds xai B=25. ToUrto 8¢ elvar apke-
TOV, s elvar Trpogavés.

Mapaderypa : N& edpebolv of Tipol TV OUUPETPOOV A kad b, fva ) Tropd-
otagis (A + p) V5 4+ 22 —u ioolrat mpds V5 + 1.

Abowg: “Exopey A+ W) V5+ 22 —u=V5 4+ 1A +u-1)V5=1+
4+ B—2A, Omep KoTd THY TPdTATW 1, B TpémEl A+ p—1 =0 kai 1 + u—

— 27 =0, & ol Exopev THY Alow (A, W) = (; %) :
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‘Totopikn) onpeinois :

Ty Umaptiv douppéTpwy apiBpdv SiemioTwoav mpdTor ol Mubaydpeiol,
dxohouBs & EUBofos ouvéBaley TrporyparTik@s g THY Evwolow TEV GOURBLETpwWY,
vecatepol 8¢ BewpnTikol, s of Weirstrass (1815-1897), Meray (1835 - 1911)
Cantor (1843 - 1918), Dedekind (1831 — 1916), eloexwpnooaw whéov PadUTe-
pov émi Tfis éwolas TGV douppéTpuv Bk TGV Teplpriuwy «topdy Dedekind».

B, IIPATMATIKOI APIOMOI

64. Qs yvwotdy, Téooapa elvan T& KUpia oTdBia Tiig EEehitecos ToU oUoTi)-
Hoetog T oyeTIKGY &piBpey. To mpddTov elvan 1) Evvoix TGV drekotov akepaiov
i guowkdv apOpdy. "HioroUnoey 1| EméxTaois els 1O cloTnua TGV GLETIKOY
dkepaiov. "Ev auvexeig N eloaycyt) &y pnT&Y KAXTHGTOOY ¢dnuloUpynoe TO
cUoTnua TéY prdvy ij cuppétpov apBpdy. Tekos, 1) Ewvoia TOU @ppijtov fj dovp—
nétpov apiBpod BNynoey els ThHY iBéav EmekTaoEWS TOU CUOTNUXTOS TGV pN-
T elg fv oUoTHua, TO dToiov V& TrEpIEXT TO oUvoAov TGV PTGV kai TO auvohov
TGv dppriTwy &pibucdy. To oUoTnua ToUTo kodeiTal cUoTnua TGV mpaypa-
tkdv apiOpdv. Bpadurepov 6 pdbooper kal piav &AAnY dmékTacw Tpods Ev ev-
pUTEpOY oUTTNHA &piBudv.

"Qore, 0 oovolov T@V PNTIAY Kol TdY appiitav aplpdy, Tiig *Alyéppag,
Kalheitar oOvohov @V mpaypatik®dy amopdv (Real) kei nopictatar Ha tod R

*Emreibny oUBels pnTos &piBuos elvan &ppnTos kai dvTioTpdews, ETETAL a1l
T& BUo ouvoha THs "ANyEPpas, Q TO alvolov T&Y oxeTIKGY pnTdY Kal A TO oU-
VoAou TGV OYETIKDV &ppETTWY, elven Eéva rpos EAANAa kal Siapepilouy 1O alvo-
Aov R. k

OUtws éxopev : QNA =, QuUA=R, QCR, ACR.

Eaw B¢ N, elvan T6 oUvohov Té&v guoikédy kol Tou undevds kad Z elvan 16
olvohov TGV OYETIKGY Akeparicov, TOTE :

N,CZCQCR, NnA=g, ZnA=¢d. ,

M&s wparypaTikds &pibuds, ép’ Goov elvan fi pnTos 1) &ppnTog &p1Bpds, oup-
PoAileTan 81 ToU oW WeWs- - Wy ..., & Omolog TaploTd THY drohoubiav o,
Oy WY - AW - Wy -, OTToU €N, Ko W, ey Wa - W &répav-
Tos dxohouBla povoymeiwy dkepaicov. To Bexadikov GQUaTTUYpa TOU TPy KO-
TikoU &piBuol elvan f) Tepiodikdy, dmoTe o &p1Buds elvan pnTés, fi pf TrepioBikoy
dmrére & &piBuds elvon &ppnTos. “Ymevbupifopey 611 wévTes ol pnToi ap1fuol oup-
BoAilovrar B1° &meipoynglou mepioBikol Bekadikou &p1Buol.

%,

65. H IZOTHEZ EIE TO R.

Avo TrparypaTixol dpdanpol dpiBuot o, Xy XaXg. « Xy - . kel B Wi WeWs e« Wy - -
Spilovran Toot, £aw ko pévoy tdv, elvar a=P, X; = Y1, Xo =Ygy - Xv =Wy, -
EuxkéAws B &mrodekvietan 1) loyus Tév 1B10TiTww THS ioéTnTos, 1) dmola ouvi-
oT& oxtow looBuvapias.
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66. MPAZEIL KAl AIATAZIE EIE TO R.

Eibopev 6m1 ai wpdkels opifovran dos kal &mi Tédw pnTév kel of 1&16TnTES
Tapapévouy dvaAroiwTol, yivovten 8t els THY oToixeiddn *AdyeBpav Tpooeyyi-
OTIKGS.

Eis ToUs dvewépw Toous mpaypaTikous &piBuols, (§ 65), &v oupPii va elvon
=P Xy =W, Xa =Wy ... Xy 3 =Wy Kl Xy > W, TOTE of &p1Buoi elvan
dviool pé peyaAUTepoy TOV TTRTOV.

‘H olykpiois petaly mparypomikéy &pibudv yiveran els Tds tpapuoyds ut
Paow Thy pooeyyloTIkiy tkrpooddTmow TdY dovpuétpwy. OlTtw, ¥ o, Pe R
Hia pévov TAnpoUTen ék TGV oxfoEwy @ a > B, o= P, itiip

Emions &v a, B, yeR xad o <P kai B < y, TéTE 8& elven kad a<y.

67. H FEQMETPIKH EIKQN TOY LYNOAOY R.

s

‘Qs yvwotoy, ) evbeia x'x, X O 6 A M x

) i i 1 — = } —
To onueiov O kai 1O povadiaiov 1

Biéwuopo OA — 6. amoTeAouv évav @gova, Tov &fova (x'0x, —B). "Av Becopriowpey
goe 2o . ’ y e BN, ] ;
onueiov M érmri ToU &lovos TouTou kai AdBuwpev TOV Adyov :I:I ' TOTE & AOYOS
OA

oUTtos igoUTan Tpds Tov Adyov TGV pETpwy TGV SlovuoudTwy, & &mroios elval
Evag mpaypoTikds dpiBuds pnTos f) dppnTos kal pdvov Evas. OUreos els ké&Be on-
ueiov M Tou &lovos dvtioToryel els kad pévov TrparypeTikes dpiBuds, SoTis elvan
6 Adyos Tév pétpow TGV SiavvopdTwy OM kal OA.
‘AvTIoTpOQus, els TduTa TporyHaTIKOY ApiBudy dvTioTolyel v kal pdvov
e > i\ I - i s ¥ == \ -~
onueiov M ToU &fovos, T émoiov elvan Tépas ToU SiowlopaTos OM kai Tol
—_——
omoiou & Adyos mpds TO Sidwuopa OA igoutal TTPOs TOV &piBudy avtédy. ‘Emo-
péveds, peTaty TolU ouvdrou R kai ToU cuvdhou T@u anpelcov  Tol &tovos  x'0x,
Umépyel GuTioToikia dugipovoatpavTos, &1 ToUTo & &kwy X'0X Koheitan HEmv
iV mpaypatikdyv kai elvan 1) yecopetpikd elkdv ToU ouvdiou R.

68. AIMNOAYTOZ TIMH IPAIMATIKOY APIOMOY

Qs yvwaTov, fi Eveois ToU ouvdhou Tav BeTikéy Sp1Budy T &p1BunTIkis
METG TOU pndevds kai ToU ouvdAou T@Y dvTiBétwv Twv &moTedel T& oUvoov
TGOV OXETIKGY &piBpddy (TrporypaTixddv).

‘Opropoc. Elvon yvwotév ik mponyoupéuns Tdlews, dTi drdiutog T
(i pérpov) tvos mporyuaTikold dpiBuol keheiTon & &piBuds T "Ap1BunTikig,
& TpokUTrTWY &To aUTéy, STav TapaAeiphi] TO Tpdanuéy Tou.

OUraux f dmdAuTos Tipn ToU + 4 elven & 4, 1 8¢ &wdAuTos TIUf TOU —4
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el éAw & 4, oupPohiletau Bt dos EEfis: | + 4] =4 xad [—4[ =4 rai BioPa-
leton «dréAuTos Tiph Tou + 4 f| Tou — 4. *

*Emrein mdwTes ol Betikol &pifipol TauTifovan ué ToUs &piBuols Tiis &pi-
BunTikfis kaTd oUpPacty, Emetan 8Ti Exouey 4 =+ 4 kol ouvenrdys |+ 4| =+ 4
il [— 4] =+4=—(-4).

“QoTe Buvduedor v eiTrwpey alaTnpdTepov &T1: TArdlutog upn £vog mpay-
Rotikod apibpod (f midc mpaypatikiig nopactacens) @ kaheltor abtog oltog
O apibpog @, dav clvar Betikdg | pndev, o avtiberog tov 8 —a, iv 0 amopog
elvon apvnrikog.

Supgcoveds Trpds TOV vaeRyt = |a| =«
dvwtépw Spiopov B Exwuev .vaeR- = |a|=—a(—<=>0)

Kord T& duwtépe f| mapdoTacis | o| oubémote ylvetou &pvnTikn Kol
ouverréds elven Evag pij dpynTikdg apiipdc.

69. BAZIKAI IAIOTHTEL TQN ATIOAYTQN TIMON.

1. E&v aeR, Téte |a| =|—a].
"Anédeiic: "Eqv aeR* = — aeR~ kai ouvemds 8a Exoouev la| =« xai
|—a|=—(—a)=a Obw |a|=|-d
‘Edw aeR- = — aeR* kal ouvemdds B4 Eyopey || =—a kal |-a| =
=—qa "Ofw |a|=|—a
‘Edw a =0, téte — a =0 xad mpogavéys | o| = | —
"QoTe : LVGER:;'GI:'_GI [

2. 'E&v aeR, TéTe elvan — |a| o | «f.

"Anédeitic: 'Ev «eR, * = | a| =« kol fmadh o —| o, Emetan
o —|a| <a=|a|(l). Ew 8 aeR- = |a|=—a f§ —|a|=2q, oméTe
~la|=a <] al. (2). Al oxtoes (1) xai (2) 8iBoww — | o soas|al

"Qore: [ vaeR = —|a| <o < ]

3. ’Edv aeR kai veN, TéTe elvan | a | = o

*Anbserbic : 'Edw aeRy* = | & |= axal &pa| a | = o*. "Eqv aeR™ = |a|=
=—a kal dpa |a|¥ =(—)¥=0a*

“Qoe : [ vaeR, veN = | o [*¥ = a® '

4. ’Edw aeR, + xal veN, TéTe elvan | o |41 = o !
"AnbSelid 1 "Edv aeR,t = | of = a kai dpa | o [MHL = o

“Qoe : vaeR,t, veN = ||+ = qiv+l

. |

(%), Té adpBorov | | xal % bvopxotx xirod, bpelhovrar elg tov Deppavoy palnuatiey
Weirstrass (1815 - 1897).
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5. "Ew a,xeR kai [x | <o, TéTe —a < x < a xai dvTioTpdPOs.
‘Anédeilig: 'Eav xeR,* = | x| =X kai émadn | x| € o, EreTal X € «

kol dpa —a < x < q, §16m x| S a=a>0 ’Eav 5 xeR- = | x| =—X «ai
Emeidn | x| < o, fmetal —x S a X > —a kai dpa —a < x < q, HidTia > 0.

"Aviigtpbéoog : 'Eqv xeR,t = | X | = X kai émab —a < x S o, EmweTon
[x| €o ’E&v xeR~ = |x|==x | —|x| =X kai &madf —a<x<q

fretan —a<—|x| faz|x| A |x|<a

"QoTe : va, xeR : | x| S a<—a<x <« J

Enp. "Extos tév Pooikdy ToUTwy {BloTTw els dAANY TdEw 0& pdBouev
kad &AAas Alov yxpnoipous.

Hapadeiypara: o) *Eav xeR 1o7e, [x —7 | <3<4<x< 10

Mpbypari ¢ | x—7|<3+>—-3<x-7<3=4<x<10

B) "Edw elvan 6 < x < 10 vé eUpebf] T& aUvodov TINGY Tis TTapaoTdaEews
A=—|x—1|=2|x=11]|.

Aberg: 'Ex Tfs 6<x < 10 #xomev 5<x—1<9, 8mep [x=1|=
=x—1, tmons -5 < x—11< =1, émep |[x—=11|=— (x=11)=11—x

Apa A=—(x—=D=-21l=x)=x—-211 A4+2l=xH 6 < A4+2] <
<10fR-15<A<-—11

AZLKHZIEIZ
B el e
195) N& &moBeix6ij 611 ol dpibpol 3+ V3, ¥5, ¥3, V3 el dotpperpor, &
Bt 3+ Y5 va katoaokeuoodi wé wpootyyiow 0,01

Sy 1 o
196) 'Eav a &ppnros kai p prds, va &moday iy oT1 ol &pibuol AT "g" elvan

&ppnTol.
i 197) Né& &moBey i) 81 wapaderypdrwv, 8Tt 16 &Bpoioua, T ywodpevov kai 16 TrAlkor
BUo dppriTwv, Blvarar va elvanr prtds dpiBuds.

198) *Av (o, B, Y)EQ kol a+P V2 =y V3, 7o a=PB=1y=0.

199) Né& ebpefiouv al Tipai Tév ouppéTpwy A kal p, &v & apiBpds (A —p) V2 — (2u — 1)
efvar foos Tpos Tov V2 .

.200) "Av x douppeTpos kai &, B, ¥, & oUpuerpor, Umd Toiav owlnkny 1 Tapdoraois
ax+F
yx + &

201) ’Eml Tol &lovos Tév TpayuaTikdy dpifudy X'OX vé ebpefiolv onueia, Exovra

elvar &piBuds oUppetpos ;

YEWUETPIKGS elkévas Tous dpiBuols Ve VB, VS joa: (Eid XpPnoigoTomoews Tou Tuba-
yopeiou BewpnpaTos).

202) N& &mobeybij éT1: yo,PeR = |a—p| =|B—a

203) 'Edv ae R, v& &mobery87i ST oUBimoTe eval— |a| < o< |

204) N& &mobeixfi) 611 : yae R~ kal ve N = |a | +1 = — g2v +1

205) 'Eav o, PeR xai [a| 4 |B| >0, 7i oupmepaivete Bid Tols «, P ;
206) 'Eav | x—10| <5, 101 5 < x < 15 kai dvmiorpdews.
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>0

207) N& &modeiydii f loobuvania : |x—ea| <0 @{u—egxgu+6

208) 'Eéw x € R+, v& &moBex8ij &m tk Tig oytoews | x | > a> OemeTan 70 € o <x<
< 4o, v 8t xeER- A} —cc < x< -—-ax0

209) N& dmAomom8i) T KAagua (lx|+8n/@BIx|+1)

210) "Eév a, Pe R, v& &mobeybi i at+ Pt >2|a| -|B]

211) "Eéw x = V2 + 1, v& evpedf) fi T i Tpacrrdtcrsmg:
A=—2|2x—li—3H’2——x|#7i3xr-('V2+3)|—3\x|

212) Né& ebpedij 1) TIphy TS TapaoT&oEws =
Tla—p|-3|p—al+2|a+p|—|2a—pl &va>p>0

213) ’Edw —5< x< 12, v eUpedij TO alvohov TMdv Tfi§ TaApAOTHTEWS
A=—3\x—6i+{x+13]-2}2x—11j—]12—x|
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KEDAAAION IX

AIIPOZAIOPIZTOZ ANAAYZIIE IIPQTOY BAGMOY

70. OPIZMOI

Eis iy rponyoupéuny Tékw eibopev 611 TO oUroAoy TEV AUoewy wds ypo-
uikfis ellocoews ax + Py =y, émou o,PeQ, lvar Umogivolov Tol ocuvdAou
g,
B
TToARaxis Opeos EvBiapepopeda povov Bia Tas axepaios Aloeis THs Hioca-
gews ax - Py = vy, fTtor Tas AUgels Tiis popgfis (X, y)eZxZ.

ToUs ouvteeaTas o, B, ¥ elvanr Buvartdy TduToTe v Bewpdpey dkepaious.
“Epyov Tfis xahoupévns anposdiopictov avalioemg @  Pabuol elvan # Epewva Tiig
umrdpgecs kai ) dvalnTnols Tév drepaicov AUoewy wids EElodoews o Pobuol
ué dxepaious ouvTeAeoTds kal peTaPAnTds (dyvdoTous) doaodhmoTe TETEPT-
ouévou mAnfous A kai ouoThuaTos o PoBuol ué TATBos Elicwoewy wikpdTepoy
TOU TGV AyvdoTwy.

RxR, éxov &meipa oroixeia Tiis popoiis (X, W =

71* EYPEEZIE TON AKEPAIQN AVIEQN THE EZIE. ax + by = v (1), énov q, B, v, €Z

1) *H elpeais Tév dreparicov Aoty ornpiletal els Tas drodotBous TPOTATEIS.

1. "Eav oi a, B, y Egouvy MLK.A. & # 1, tote 1) éficweig % X -g-% q;:—z_:_
elvar igodivapog 1ijc tEohoemg (1).

Arddaigig : ‘H wpdTacis elvar mpopavns ko’ Soov Siaipolpey GUPOTEP
TG peAn Tis (1) 81 8, p&s émitpémer B¢, va UmoBéTwpey TAVTOTE ToUs ouvTeAe-
agTas o, B, Yy TpwTous mpds &AARAoUS.

2. 'Eav a, B, v clven  npd@tor mpog  Gihihovg kai a, f Exouv Kowvov Tiva
duapétny 6 4 1, 1 iSlowaig (1) obdepiav akepaiav Loy Exer

"Anddeilic: ‘O & mpogawdds BEv Siaipel OV y, Siotpel Spcws Tous Spous ay
kai Py kai ouveTds TO &Bpoioua aUTdy, oloidnmoTe Ki' &v elvan of axépaiol X

(*) ‘O "Exny Mabppasiets Adpavros 6 " AleZavdpeds (360.X.) heetvnoe wai ehpev Tag
axepalag Waets TowotTwv & vaewv Ewg 4ou Baluod, Sud tolto nal wadolvea Aogavrixai J&i-
ouige:, 7 8¢ dmpoadibgiotog avalualy dwogavri) dvdivais.
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xai . ‘Enopévog, dv XyeZ, tote ta péin tic Efwwdoog (1) obbtmoTe yivov-
Tan oo koi ouvetréss 1) Etiowois elvan &BUvartos. “Htor oUBepiav AUoty Exel

3. ’Eav a, p npdtot mpdg ardihovg, 1 igicwolg (1) ¥ye1 axcpaiav Looy.

*Anédeibrg : Auvdpefa TEVTOTE ver UmroBéTeopey o > 0.

‘H ttiowos (1) ypégeTan : K:Y-W-(I—BE ().

Al SiaBoyikal Grépoiat nipad 0,1,2,3,..., a1 (mAnBous o) TibEpevan
dvrl ol y els THY (2), Bidow Tds &xoAouBous AUTELS :

) (_l’_, 0)’ (%E' 1)| (z—;ﬂa. 2). £ .,(Y_"BOE'{‘:U. e 1)
Becopolpey TOUS PTITOUS &p1Buous :

—B(a—1 - R
‘= Eé—r— ) kol fore TA dxépana TAike T, Ty,

@) % ol g OO

ke a
s, oy Thaei KO TEOUM &pVNTIKG UTTOAOITIC Uy, Uy, Uy, -« -y Va1 dvrioTolYws TGV
Siaupéoeav y: &,y —PB): - s [y — B (a=1)]: a. "Edav Umapyow &punTIKa UTTO-
Aoltra T kadioTdpey OeTikg 817 alingews droAUTews kot povéda T dvticTol-

¢ a2 W ; X e et

ya tnAike. TLy. Tfis BICIPECEWS — ¢ TO TnhAikov efven —3 xai TO UTTOAOITIOV
2, &méte AauPovopey Gs TMAiKoy TO —4 Kol oUVETGS Uméhormov + 3, B1oT
—17 =5 (= 4) + 3. Ta UméhoiTa TAUTY, el TATBos, elvan pIKPOTEPX TOU
a kai Bidgopa peTaly Twv. AT & Buo TuydvTa Uk , v (x <AL @) elvan ioq,
fitor &v ue = Ua, TOTE B Exwuey :

Y — Bx= amy + Uk } - BA—R)=a(m—m) > BA=® _ o o=
Y — BA=am + U &
= GKEPAIOS.

"Erreibt) ¢ af TpdTol Tpds dAATAoUS, dpa & « 8 mpétn va Bioapi) OV
A —k, Pdoear yvwoTiis 1B16TNTOS, &mep &romov, B1oT1 0 <A—k<a. “Qoe, OAX
& Urorormr elvan Bidgopa peTaly Twv, els TARBos « kal ExaoTov  WIKPOTEPOV
Tou a. "Apa év TGV UtroholTeoy TouTwy elvon undiv kol KaT& CUVETTEIRY els TGOV
prTéy dpibucy (4) elvon &piBuds dxépanos, fitor piar Tév Aoewv (3) elven dxe-
paia Alais THs Eiowoews (1.

4. 'Eav 1) iEiowoic ax + Py =7 (1) ¥xq piav axepaiav Aooty, THY (Xo, Woh
ba Exg |,cui _ig‘m.ug arneipovg 10 mhijfog TS HoPETS (Xo — P, yo - @x) Kai po-
vov abtac.

"AnodeiElg : Kora Thy mpéTaow (3), & o p mpdTol Tpds GAATACUS,
TéTe 1) o (1) Exer plav dnepaicv AVow, EoTw THY (Xg, o). “As UtroBécwpey 0TI
Exer kai THy drepalav Avow (X5, Wi)- Ok Eywpev TOTE: aX, + Py, =Y Kai Xy +
+ Py, = y. ApaupoivTes Tas io0TNTAS Kot PéAT Exomer: o (X; — Xo) + P(Y1—Ya)=
=0 = X=Xy == % ($1 — o). Té o uéhos Tatns elvon dképaios &p1Bucs,
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¢’ Soov eByBnuey THY Umrapbv kal Tiis GAANS Adoecs (xy, ¥y), Bropdpou Tiis (X,,
W) “Apa Trpérer vax elven dképaios dpiBuds kod TO B pédog — % (W) — W) "Emer-

81 8¢ o,p mp&Tol TPds dAANAoUS, TrpémTel & o V& Bloupd ToV dAAov TrapdyovTa

Wi — Y. Edv keZ elvan 1o TrnAikov _‘j’;_;%‘ fiTol &v W—'gi’ =K, TOTE Yy =

=W + ox kai X; = X, — PK.

"Ex T@v footATwy TouTwy keBioTaTal pavepdy, &t mEca dkepaia AUaig
(x, W) = (X, yy), BiBeTan &mro avrds, 6Tav 6 k AdPn piov dxepaiav Tipfy. ‘Emo-
pévas Utrdpyouv &melpar TO TAfBos dképatar Avoets.

"Aviietpogeg. Kdafe AUois TR popefis (X, y) = (x, — Px, y, + ax) elven
AUois drepaia Ths éliocooews (1).

Mpdrypar Exopev © a (X, — Pr) + P (y + o) = ax, — Pk + Py, + afx =
=Xy + Py =1y, 81611 ax, + Py =Y

‘Qoe, 2av 1y éiowois (1) éxn plov drepaicy Aow T (X, W), TOTE B4 ExY)
kal &GAAas dreipous TO TTATBos AUoEls, ai omolal Bibovtan d&mrd Tous TUTTOUS.

(5) L e g YR
V= \.P“'f"(XK Y = Yo — aK,

1) Efipeoig i axepaiag hooewg tils E§lomoeng ax -+ Py = vy

Ak v tpapudowpey Tous TUTToUs (5) Tpémer va elpwuer pévov piow &md
Td&s dxepaias AUgers TRs efio. ax + Py =y

TMpos ToUTo, Alopey Ty élioway &s Tpds Tév &yvwoTov ékelvov, ToU ExEl
TOV WIKPOTEPOV OUVTEAETTRY, TL.X. EQV & HIKPOS TOTE : X = ILHB_‘V, kal d&xo-
AouBus kot Thy TpoTaow (3) Bétopey Smou w =0, 1,2,...,a— 1 péxpis 8Tou
EUPWUEY X drépoiov.

*Edv of ouvteheoTal o kai B elvan peydhor dpifipol, 1 Tponyoupévn pébo-
Sos elvan émriovos 51 TouTo épyaloueda s Eifis : Abouey Thy Eiowaiv dg Tpos
TOV &yveoTov ékelvov, TTOU EXEL TOV MIKPOTEPOY GUVTEAEGTHY T.X. Tov . ToTe
5 Y=y ¥ B ;{1;( ; u;) > U — Uy
Exouey X ="—-=— S V=T Mt o WS g
&rrou Ty, T, Ak kai vy, Uy UTrdhoia T Biaipéoewy y ;o kal P o Ak va

= « s ‘ . ' V; — U, i st
elven ouveTtdds & X dképoios TPETTEL TO KATUE — '--a ova elven dképaios  &pi-

” — v,
Buos . HTOIU‘—aNﬁ

= W< aw + VY =,

AUTn Exel dxepaias AUgels 810T1 of o kai v, elvan pdiTol TPOS GAATACUS.
(‘'O MK.A. Blo &piBpdv Stv peToPEAReTal EQV QUTIKOTAOTHOWHEY TOV PEYOAU-
Tepov dpiBudy 81k ToU Umohoitrou Tis Bioupéaecds Tou Bik ToU étépou).

OUTes dverydueba els Ty elpeotv drepaias Aloecws THs E1owoEws aw + Uy =
=, fiTis elvan dmhovoTépa, BioTi U, < a.
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SuveyilovTes s Trporyoupéves, kaTaAryoper els EBicwo pE pikpoUs ouv-
TeAeoTds, OmoTe Epyclopeba pi THv TpLTNY pEBodov.

Mapadeiypata: 1) N& ebpefolv ai dxépaicn AUoels Tig éliocooews
3x-By =11,

Eridverg : "Eyopev X :1—1;—5?. Ottopev yw = 0,1, 2. Aid y = 0 Eo-

Mev X = 131 , Bl By = | Eyopsy x = 113—§ = 2. To [edyos Aormov (2, 1)
elven pia dkepadar AUois Tiis  EEiodoews. “Epappdlovtes Tols TUmous (5) Bix
(Xe, Wo) = (2,1) Exouev To oUvodov T&V Aoewv Tis 3x + Sy = 11.
OUtreww: x=2-5 1§ XxX=2+45 } s 5
y=1- 3« w=1-3k

Inueioorg. Ak Ty edpeow T BeTikdy udvov drepaicov AUoewy edploko-
ey Tag Tiuds ToU K, Si& Tds dmoias cuvaAnedouy ai dvichoers 2 —5x >0 kail +
4 3k >0. *Hro1 — -%—<K< —E— kol ouvetréds k = 0."Apa Bix x = 0 Eyopev (X,y)=
= (2, 1), fims elven 7y povadixn) dxepaia Betid) AVois.

2) N& &vahubij To Khdopa 176 | 221 eis &Bpoiona fi Biapopay Buo &AAwY
pNTéY KAaopdTwY, EXOVTWY TTapovopaoTas 13 kai 17.

*Enikverg. "Edv Ta [nTovpeva kAdouaTa elval s ] ’\1{)7" TOTE B EYC-

13

X y 176 By
oy X% =16 o 17k 4 13y =176 (.

EUpiokopey Tas drepaias Avoes T thiowaoews (1).

» 176 — 17 176 1 =

Eyouev y = —6—1-3—’—‘ 8o o ,{,3, x=13—-x+4 - 173—4—’5 =13—x+w

Tfs thiowoews w = 7—--;;)5 A Bw+4x=71 x= 7 _413°° pla dxepadar Alois
elven (x, @) =(—8,3)
kot fmroptvears W = 13— (—8) +3 =24 '

OUTw, pia dxepaia Aois Tis (1) elve ) (X, Wo) =(— 8, 24), T0 gUvoAov
B¢ Téw AUgswov autiis SiBeTan &mwo ToUs TUTTOUS
x=—8-—-13% , x=-84+13«x
g=24 4 17k | y=24 — 17k
\ " i 8 24 176
L& x =0 Eyouev (Xg, Wo) = (—8,24) xad &pax — 43 + 5 = 257

21 41 176
» k=1 t (xl,wl):(—21,4l) »  » —T3-+--i-_', = 57

[, Smrou KEZ

72. EYPEZIL TON AKEPAION AYEEQN EYZTHMATOE A’ BAGMOY AYO EEIZQIEQN
ME TPEIE AINQETOYE.
*EoTtw TO ovornpa (1) icxlx + Py + i =5 } ay, Pis Y 81 €2
@) |opx + By + y2 =28 Ber Yar 82 €Z
Tous ouvTeheaTas o, By, Y, 8y G5 kai ToUs oy, Be, Yo By Buvapeda va& UTroBéoc-
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te’ Soov edéxBnuev Ty Umrapliv kad THs GAANs Aloews (x,, Wy), Biagopou Tiis (X,
Wo)- “Apa rpétrer var elvan drépaios &piBuds kai TO B pédos — % (W1 — ). "Emer-

81 8¢ a,p mpddToL TPOS dAANACUS, TpETEL & o va Bicupf] TV EAAov TrapdyovTa

W — . 'Eqw keZ elven 1O TrnAikov i‘—; Yo, Ator dw i’;;.i" =K, TOTE y =
=y, + aK Kai X; = Xg — Px.

"Ex T@v loothTwy TouTtwy kaBioTaTal pavepdy, T mdca dkepaia Augig
(x, ¥) = (x; y,), Bibeton amo alTds, Stav 6 k AdPn piav dxepaiav Tipmy. ‘Emo-
péveas Utrdpyour dmrelpan TO TATBos dképaian Adoes.

"Avuotpoguwg. Kdbe AUois ThS popetis (X, w) = (X, — Pk, Y, + ox) elvan
Miois drepaia Ths Eiooews (1).

Mpdrypa gxouey : a (X, — Pr) + P (Yo + o) = ax, — ofx + Py, + apk =
=Xy + Pyo =y, 81611 axg + Py =Y

“Qoe, tav 1) étiowas (1) Exn wiav drepaiow Mow Thv (X,, w,), ToTe 8& ExN
kol &AAas dmeipous TO TAfBos AUcels, al ool Bidovran &mwd Tous TUTTOUS.

(5) X = X, — PK A X = X+ Px,
Y = Y, taK Y=Y, — oK,

816m1 keZ

II) Elpeaig pdg axepaics rdoeog tijg tEloncens ax - Py =y

Ak v Epappdowpey Tous TUTroUs (5) Tpémel va elpwuey pévov piow &md
Tés drepaias AUoels Ths tio. ax + Py =y
TMpds ToUTo, Alopev Thv Eficwaow &5 TTpos TOV &yvwaTov Ekelvov, Trou Exel

TOV WIKPOTEPOV OUVTEAEOTTY, TL.Y. OV O HIKPOS TOTE : X = Y—";B—W kol dko-

AoUBws katd THy TpdTaow (3) BéTopev dmou w =0, 1,2,. .. ,a—1 péypis &Tou
eUpwpey X Axéponov.

"Edw of ouvteheoTal o koi B elven peydhor dpibpol, 1y mponyouptvn pédo-
Sos elvan émritrovos 81 TouTo épyaldpeda ds EEfis : Abopey Ty élicwaw dx Tpos
Tov &yvwoTov éxelvov, TroU Exel TOV MIKPOTEPOV guvTeAesTNY TrLY. TOV o ToTE

Eyouey X :Ifaﬁi"_z _Z,- -2—‘41 = + : ""("Tz i ;) Y=Tr— Ty + U";U’FE-

&Tou 1y, T, TMAiKa kad vy, U, UmdAoima Tév Biaipéoewov v 1 o kod Bia. Al v

il . . . . v — U, ’ 1
elvan ouvetr@s 6 X dxépanos TRETTEL TO KAGoua — — Yovx elvan dxépatos Gpi-

Buos w. “Hrol i‘_a—"w—

= W< oW + WY =y

AUTn Exel dxepaias AUgers 51071 ol o kad v, elvan TpdTol TrPds GAATAOUS.
(‘O M.K.A. 8o &piBuddv Bév peTaBdMeTan Eqv QUTIKOTROTHTWUEY TOV MEYQAU-
Tepov &piBpov B1& Tou Umohoitrou Tiis Bicnpécedds Tou 81& Tou ETépou).

QUTws duerydpeda els T elpeoiv drepaias AUgews Tijs tficdoews aw + Uy =
=uv,, fTis elven &mhoucTépa, 81611 U, < o

112

Wnepiomotr|Onke amé To lvotirouto Eknmaibeutikng MoMmikrg



SuveyilovTes g Tponyoupévws, kataAnyouer es Eticwoty HE HIKpOUS OUV=
TeAeoTds, OmOTE fpyaldueda pE Ty TR pEBodov.

Mapadeiypata : 1) N& edpebolv ai dxéponon AUceis TRs Efiohoews
3x 459 =11.

‘Ernidvoig :  “Exopev X =,1,1—3.§’_‘i’_ Otropey ¢ = 0,1, 2. Aix y = 0 Eyo-
Hey X = 131, tvdd Bid y = 1 Exopey X = “;é = 2. Toé [elyos Aormov (2, 1)
elvan pla drepata AVois  Tis  ElicwoEws. *EqopuodlovTes Tous Tutous (5) &
(Xo, Wo) = (2,1) Eyopev 1O ouvolov T@V Agewv TRs 3X + Sy = 11.
Oreo: x=2-5% H x=2+45«

y=1+3k w=1-3k

Inpeioorg. A Ty edpeaw &y BeTikGy pdvov dxepaicv Aucewv gUpioko-

Hev Tae TIpds ToU K, Bid Tés droias ouvaAnBelouy ol dviodoels 2 —5k >0 ked 1 +

} &mrou KeZ

+ 3k>0. "Htor — —;—<K< —g— kol ouvetrdds k = 0."Apa 81k k = 0 Exopev (X,9)=
= (2, 1), fimis elven 1| povadixn dkepaiar BeTikh Auais.

2) N& dvoubfi 10 kAdopa 176 [ 221 els dfpoioua fi Biagopaw BUo &ARwv
prTEY KAaoudTwy, ExovTwy TapovopaoTas 13 kai 17.
X

"Enidvog. Edv 1& {nrovueva kKAdouoTa elval 5

by 4 b =78 o 1Tk 4+ 13y =176 (1).

EUpiokopey Tas dxepaias Auoels Tis efiowoews (1).
176 —17x __ 176 17 i by

"Exop,eu g = T =T = a5 x=13—x++ 13 =13—-x+4

kal "lPT , TOTe B& Eyoo-

Tiis tiowoews @ :7{—34’5 A 1Bo+4x=71 x

elvan (x, w) = (—8, 3)

kol dmopbvexs w =13 —(—8) +3= 24 g
00T, pla dxepaia Aots Tfis (1) elvan f (X, Wo) =(— 8, 24), T6 clvohov

Bt Tév AUoewv avTiis BibeTan &mwo TolUs TUTTOUS

x=—8-13% , x=—8+413«

p=24 + 17k | =24 — 17«

Ad x =0 Eyopey (X, Yo) = (=8, 24) kal &pa — % + “f% == %;—?

21 41 176
» K=l e (K, y=(-21,41) » » —== 5 = 921

71— 13w

3 pia dxepaia AUaig

lr, Strou keEZ

72. EYPEZIL TON AKEPAION AYZEQN EYIETHMATOZ A” BAGMOY AYO EEIZQIZEQN
ME TPEIEZ ATNQETOYE.

“Eotew 16 ovornua (1) | ogx + Py + yaw = 8 } oy, Prs Y1, 81 €2

(2) louXx+ Py + a0 = 8,) o, Bo Yo B2 €Z
Tous ouvTeheaTds &y, Py, Ya, 81 &5 kal ToUs oy, Pay Yar Be Suvdpebar v Umobtoc-
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HEV TTPTOUS METAEY Twv, 81671 dv Bev elvan, Sicupolpey T& HEAN Tév (1) kad (2
Bix Tou MK.A. abtédv dvrioToiyws.

MpéTov Tapatnpoupey 811 T6 oUoTnua oUSepiav drepalav Abow Exel,
gav o, By, vy, 8, elven TpédTor pos dAARAOUS kel o, Bi yy Exouw MLK.A. &, # 1
(mpéracis § 71/2). To aitd oupPaivel, dw ay, By, ¥s, B, elvon TpéddTol TRdS GA-
AfAous kai o, B, ¥, Exouv MK.A. 8, # 1.

“Ymobétopey Aormov 811 oy, Py, ¥y Ked @, Py, ¥e elven &piBuoi TpédTol oS
GAAfAous kai dmreeipopey Tov Evar &yvwoTov peTaky Té Efiodoewy (1) ked (2)
goTw TOV .

Olreos Exoper :  (o4ys — ouyD)X + (Brya = Bay) ¥ =8, y, — 8,1 (3). Ecw
N (3) Exn dxepaias Aboeig, TOTE TO oUvolov TV AUgewy alTéy O& SiSetal
UTd TGV TUTTGWY X =X, — (Bry:— Bay1) ¥ } @

Y=y, + (eyys — 0 ¥1) X

Tés Tinas (4) Tdv X kol y BéTopey els plow Tév ooy Tol ouoTi-
HoTos, EoTw els Thv (1), émwoTe AauPdvopey petd Tds pdders Kyy (4P, — auPy) +
+ Y@ =8 - Xy — qu}() (5)

Eqw 1y (5) Exn dxepaias AUoels, TOTe TO oUvohey AUgewv i B SideTan
Umd Ty TUTew K =K, — YA y AeZ. (6

@ =, + y; (P2 — ctP)A } Lt
THv Tipny ToU x & Té@v (6) BéTopev els Tous TUTOUS (4), OTSTE AapuPdvopey

x = Xg = (Prya— Pays) (ko — YiM)

W=y, + (ny: — %Yy;) (0 — Y1M)
w=wy + v (4f; — aPy)A

] i .2

Ol TUtror oUtor 8ibouv Tas dkepaias AUosls ToU OUOTTHOTOS.

Inpeioog: Kara thy dmroRoipny toU tvds dyvdotou petafy Tév Efioc-
cecv (1) xai (2), wpoTipoupey Tov &yvwaTov Ekeivov, ToU dmofou ol cuvTeAeoTal
elval mpdTol Tpds dAANAous. AlaTi ;

MNapaderypa: N& edpebouv al dxépoual AVoers ToU ouoThpaTos
1) 4 +3y+w=>5 kal X -5y —3w=7 (2)

"Eridverg @ "Atrahelpopey ToV dryvwoTov w, dtrdTe Aappdvopey : 16x + 3y =
=22 (3). Ebpioxopev Tas drepaias AUoeis T (3).
5 22 - 16 (3 "
Olrw : y = -2—31—x Mice dxepoda Aot alrriis elvan (X, wo) = (1,2),

TO B¢ oUvoAov TGV AUgewv BiBetal UTO TV TUmwy
x=1-—3k ; Tdee
i =D 16 : (4), émou keZ. "H Etiowaois (1) Bia Tév (4) ylveran 4(1 — 3)+

+3@2+16k) + @ =5<>36k + w=—=5 1 w=—5 — 36k, Tfis drrolers plcr dxe-
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paia AUats elvan (K, w,) = (0, —5), T0 Bt ouvolov TGV AUcewv auTiis SideTal
U 1y TUTrwY

kK=0—-A

@ = —5 4 36\ } (5), émou AeZ. TAv Ty k= —A Bétopev el Tous TUTTOUS
(4), éméte AauPdvopey ToUs TUTOUS

X=1 + 3A s ‘ ' ‘ ) ' ’ B
W=12_16x (6), oi omolor &ix AeZ Bidouv Tas dkepaias AUCEls TOU

W=_5 + 36A Cl'\J'G'l’T"]LuI‘l’OS.

Ak A =0 Eyouev (%o wo, wo) = (1,2, —5)
K= (X1, Wy, @) = (4, — 14, 31) k.6.x.

AZKHZXIEIZ
214) N& ebpeBouv al dképaion Avceis Tdwv dxoloubuwy thiohdoewy :
1) 3x 4 5y =— 12, 2) —x+4y=1, 3) 7x — 9y = — 28,
4) 13x + 21y =91, 5) 53x + 29y = 108, 6) 40x + 51y = 121

215) N& ebpeBolv al dxépanen xal BeTikal Tipal ToU x, ol omoim kabioTouv dxepaias

kal BeTikds Tds dkoAoubous TAPAoTACEIS :
7x — 15 133 — 2x 1053 — 31x

g -3 E) 14

1
216) N& dvadudfj 16 KA&oua 5 els &Bpolopa BUo pnTdv KAaopdTwy, EXOVTWY TTa-

PovopaaTas dvrioTolyws 3 xal 5

217) "Ev yaprovémopa T@dv 50 Bpay. katd wdoous Tpdmous BuvaTal va dAAax 8 ué
kipuara TéY 2 kal 5 Spaypdv ;

218) N& ebpedij dpiBuds, & émoios Biatpoluevos i 5 Biber Urdhorrov 3 kal Biaipou-
Hevos Bi& 7 Biber UmdAormov 2.

219) N& ebpedii Suprigros &pibuos Tololtos, date 1o Tpitov Tis Siagopds ToU yngiou
Thv BexdBeov &md ToU &piBuol, vé looUTon pt TO Bimhdaotov Tol yneiou TV povdBwy atfndiy
kaTg 5.

220) N& evpebolv al dxéponat AUcels TGV drkoloUBwy cuoTnudTwy :

L]
D|x+2y—w=—4 2) |7x + 5y + 6w = 18 3) | 6x — 4y + 3z = 30
3x — 4y + 20 =17 |4x + 29+ 30 =9 | 3x + 6y — 2z = 25
4) |3x 4+ 6y —5¢y =11 5) |Tx -5y =4
[-x-Jpw-zwgqé 11x + 13w = 103

221) N& elpebii Tpiyneios &pibuds, Tou bmolov T& yneia Exour &Bpolopa 7 kal &
Smotos Hiv dAdooel, &v Ta wnela aUToU EkaTovtdBwu kal povaSwy tvaAAayolv.

222) Na& etpefiouv Uo drépator xal Betikel dpibuoi, Exovtes &Bporopa 100, & BE Uméd-
Aorrroy Tiis Bicpégews Tou tvds Bik ToU 7 elvar 1, tvd ToU &AAou Bia ToU 9 elven 7.

223) TPEIS--i‘TnvDTP6q>D1 Exouv dpou 111 [@a. ‘O &p1Buds Tév {wwv ToU a’ KTnvoTpd-
Pou elvan Braipetds Bid 2, ToU P Braupetds B1& 5 kad ToU y' B1& 7. T tpimhdaiov Bt Téw [dwvy
ToU o' krnvoTpépov, Té BimAdoiov Tol P kal TO TevTamAdaiov Tol y' Exouv &Bpolopa 400.

Soa {da elyev EkaaTos ;
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KEDAAAION X

IHNEPI PIZQN

TON TTPATMATIKQN APIOMQN "H MTAPAEZTAZEQN

73. Els v [ Té&tw eidopev, oT1 TaS TparyuaTikos &p1buds o elven TETpA-
yewvov &Ahou TpaypaTikol dpiBuol X, doTis EkANOn TeTporywuikhy pila (R pila
Bog Téecs) ToU a. 'Efetdoauev B¢ Tas iBioTnTos kal Tas Trpdlels TGV priikddy
Pos Taews.

*HBn 8 yevikeUowpey THY Ewolow Ths pilns TGV mporynaTikGY dpiBudy.

‘Opropoc. 'Eqv aeR kod veN kad peyodirepos Tiis povdbos, TOTe, Eqv
Umépyn Erepos &piBuds xeR, doTis Uyoluevos eis Ty vwoaThy Blvauy yiveton
igos pos Tov o, B Adycopey 671 O X elvan pia voootd pila (i pifa voootiig G-
Eewc) tob a.

OUrw, tdw v=2, & x elvan pla TeTparywvikn pila Tou g,

g v=23, & x elvan pla TpiTn (xuPixr)) pila ToU a.

Tl.x. ToU &pifuoU 25 pia TeTperyoovikhy pila elven & + 5, &iom (+5)* =25

ToU &pifpol 25 pia TeTporywvikt pila elvar & —5, Siom (—5)2 =25

ToU &piBuoU 8 pia Tpitn pila (xuPikh) elven & +2, Bidm (+2)° =8

TOU &pifpou — 27 plo kuPikn pifa evan 6 — 3, Biom (—3)* = =27

ToU &pifpoU —9 oUBepiar TETporywvIkl TporypaTikn pifa Umdpyel
A &AAn pila dprias Tdlews, 8101 oUbels mTporypaTiKdg GpiBuds Uyoupe-

vos elg dpriow SUvauw yivetan igos mpos Tov =9,

*Evroufo moparnpoupey, 6T Evas TporypaTikos dpifiuos Suvorren v £
TreploooTipas Ths Wil TpaypaTikes pifas, Smeos Emrions elvan Suvortdy va pny
tyn TpoyuaTikiy pilov dpTias Taews.

Tevikd 8¢, Siaxpivopsy Tas EEfis TEpITTLOEIS

1) Eaw a > 0 xai veN, TéTe dmobewieTal Sm1 Umrépyet els kad pdvov elg
BeTikds &piBuds X ToloUTos, GoTe 1 XY = a. ‘H &wdbeitis Tis mpoTdoews aUTii
BUvarten vér yivn els &AAnY TaEw. “Ag eibcoper &v Umrdpyn dpynTikos &piBucs X
xad ToloUTos, oTe : x¥ = a. 'Edw v = 2x + 1, &dmou keN, T6TE 0UBEls &punTIKOS
&p1Buds x Utrdpyel ikavotroidy Thy XY = a>0

"Edw B¢, v = 2k, &mou kN TOTE, ddw X, > 0 elvan f) povadixd feikn pila Tfis
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o, ¥ = q, fjTo1 ¥¥ = «, 8& elvan pila Tfis X¥ =« kel & &pibuds —x, < 0,
BloT (= Xo)¥ = %' = @.

2) "Edv a < 0 kai v =2k + 1, émou keN, ToTe Umdpye els kai udvov
els TpayuaTikes &pynTikds &piBuds X ikavotrowdv ThHY owow XV = a < 0. 'Eav
Bt v = 2x, TéTE OUBels TrparypoTikds dpiBuog X UTIApXEL ikavoTroiv T X¥ =
= a < 0. ’Ex Tév dveTépw oupTepaivopey OT1 :

Mag npaypatikde apbpog a Exer 1) piav poévny mpaypatikiy voootiyv pi-
Lav x repretiic tabewg (v = 2k + 1) Oty i apvnukiy, ko' doov 6 a elvar
Ostikog 1j apvinikdg @vriatoiywe, fing kakeital tpotebovea vooati] pita 1ol a,
2) 500 npaypotikac vvoatdg pitag avribitovs dpriag talews (v = 2x), ivoa >0,
#k tdv droiwv 1 Betiki kalkeital mpoteovovea vvooth pila tob a kai 3) ovdepiay
Tpaypatikiy vuoetijy pilav aprtiag tafewc, @va < o.

v

Ty TpwTeGouoay - vwooThy pifay Tou o oupPorifopey Va. To ocuupo-
hov ¥ kaeiten plkdy, & v deixtng Tis pilns kal O o Oroppilov. Eav v =2
TéTe yphopey Va, HTis Ekgpaler Ty TpwTebouoo TeTparywvikiy pilav ToU a.

Mévta T& duwtipw BikaroAoyolv ThHy Aoyikfy icobuvapiov

v
| x=Va w=>x' =«

X \ I3 3 ~ ) v
&peoos 8¢ ouvémeia aUThs elvan (Va-) = .

“Qoe, ouvowilovtes, TO oUpPohov Va #xe Tés g Si16mnTos
1) ’Eaw a > 0 kai veN, 1é1e Vo >0, pnvos §i &ppnos.
2) "Eqv o < 0 koi v =2k + 1, keN, ToTe Va < 0, pntds f &ppnos.

3) "Edv a < 0 xkai v = 2k, T6Te O oUuBodov Va Biv Exer Ewwolav mperyHorTi-
kou &pifpou.

4) 'Edv aeR kai v= 2k, & TGOV dvwTépw ouvdyeTan 6T1 };c? = ead) éc';v Be
v=2k+ 1, TéTE \v/cF :a:(‘}c?)v.
5) Els m&oav mepimTwoiv Spilopev : {/O- =0

Mapadeiypara : N& edpefolv ai mpwTevovoar pifon Tédv dpiBudy :

Vi, V=2, V16, V16 V3

Abaig *H TrpwTetovoa kuPikn pila ToU 27 elven & dpiBpos 3, BioT }J/ﬁz
=13/'33 — 3. “Oupolws Eyopev i/lT? = i/(iT)*’ =-3.
‘Entans V6 = V2 4 VD =|2| =2
‘H ]./:1_6 Bty Exer Ewolow TrparyHaTioU &piBuol.
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5

‘H mpwTevouaa méptn pila Tou 3 elven V3 > 0 &ppnros.
74. IAIOTHTEZ TQN PIZON.

A Ty EtéTaow TGV (SioTTwy T&OY piid@v Xpeialoueda Ty TRoéTHOW :
Afjppa (Bondnriki npétasig). "Eqv 8Uo Betikév &pibudv of puooTal Suvdpers el-
var ool &piBpol, TéTE kad of &pifpol elven ioot.

"Anddeiiig 1 'Edv a, PeR* kad ot = B, dmou peEN, ToTE &k TR at—pH =
=(@—-PB) (e +a P+ ... 4 P+ 1) =0 mpokUmTel « —P =0 fj a =P, B1d-
T1 & Topdywy ol 4 ot 2B 4 L. 4 PEL elvon BeTikds, s &Bpolopa BeTikédv
TrpoofeTewv.

Iswtng In "Eav a > 0 kai v = 2k + 1, (keN), 1018 V—a = — Va.
T& péAn Tiis lodtnTos eriis elval wpopavids dpynTikd. “Av Suws ypagf -V — a =
v

= Va yivovranr BeTikd. “Yiydovopev T& péAn Tns els TN WoaThY BUvapy, &Te Exopev:

(-V=a)=—(V=a)=—(0o)=a kai (Va)=aqa,
v v v v

dpa —V—a=VaaV-—a=—Va

‘H i81dTns alrn pds émiTpémel vd EleTdowpey Tas dkoAoUBous iBiéTnTas
TG pilédv UmobéTovtes Ta Utrdppila BeTikd, 816 Pdoer alriis, TO wpdomuov
AN ébépyeTan, Bid pilikd mepiTTis Takews, Ektds ToU pilikod.

I66tng 20 Pilay tiig adtijc tatemg noklanhiacialoviar i Swapolivian, Eav
nolhanhactacloiv ij SwapeBoiv ai dmépplor moodINTEC abtdv Kai. 10 EEaydpe-
vov 1e0i] @¢ Dmopmiov piliked tijg avtils tafewe.

'Eav Vo xai VB, 8mou a, PeR ", elven mpwrebovoan pilon, téte Va >0
ki VB > 0. Oa dmobeifwuey 811 elvan :

Va - VB =Vap (1) xai Va : VB =Va:p (2)

Yioupey T& péhn TédY loothTwv BioBoyikds els Thy wuooThy Suvauw.
“Exouev : (VE VE) = (V&) (V[-’:) =a B Kkai (Vuﬁ ) = af, &pa kaTd
THY Bonen“rncnu TPOTATIV EYOUEY ch V]3 Vcrﬁ

2) '\/11 =(;\/,d,} ZLKG‘I (Vo:p) =°;;|3:..E_

w) () ﬂ
VP vp
&pa kord THY PonBnTikiy wpéTaow Exopev Vo i VP T Vo B
l'lapumpncng Ai zcrom'reg (1) xai (2) YpapovTal Kai oUtw :

v v

’aﬁ» \/cx VP kal \/a B=+a \/[3
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‘I616tng 3n Ocnikdg maphyov | Sapétng plikod Sivatan v cicaydiy Omd
1 pilikéy, dg napéyov ij Srapétng tod broppilov, dv Dywl{j cig v divapy
tob deikton ol plikod kai avrioTpbgoe.

"Anddertig : "Edv a > O kal 4/B mpwtelovoa wooTh pifa ToU B > 0,

Téte 8% &mrobelfwpey 8T : a4/B =P (D xad VB =1/F. (2
o4 av
"Exouv : 1) ay/B = v& /B = /&P
2) \lg::l:i:v%' 8161 ot=\v/c;

o«
Al lodTnTes (1) kai (2) loxUouwr Tpogavdds kal dvTIoTPOPWS.
ISotng 4n. Pila &rdng pilng apbpoed tiveg isobrar pi pilav tod adrod apr-
Opoil, Exyovoav dcixtnv 10 yivopevov TdV deiktdv.
Vi

*Anédaibig : O& dmodelfwoupey 6T V\;QT = afc €))

Yyoupey T& péAn Tiis lodtnTas els THY Slvapw .

WL LN v VIR T W \WY
om0 T e e e
"QoTe kara THY PonfnTikiy TpdTaow Ta péAn s (1) elven ioa.
"ISbtng 5 Pilo dyobran eig ddvapuy, Gv Dywli cig tiv dovauy adtijy 10
bnbopplov kai tod EEayopivov Eaybi| 7 pile tijc adrijg tatewe.

v _\m v
*Anédarbic. ©& dmobeltwuey &1 : (\/a ) = 4/an
v _\H® v _ Wi ¥ B W v V.
"Exopev : (\/a)=1/cx- Vo Ve o yfa=yara s gL g =y /o

H
Of padnrad v& kdvouv THy &mwdbelv kai pé &AAov TpdOV.
"ISibtng 61 "Eav deixtyv pilng xai #xOitnv tod dmoppilov alriic mok/ow-
Hev i Swapbowpey (Gv Sraipobvran) pé tov adtov Quorkdv amBpov, 1| apipnTik
TN tijg pilng dév peraPaddrerar.

Wi B \[ . N s p: ST
Anobeibig : O& &rrobeifwpey T Vo = Voo (1) ked Yo =Vatie (2),
&mou peN kal Sicipérns TV v kal u.

"Exopevs. kardmmiv Uyaoews Tév peAddv Tis (1) els v Sdvapw vp,
v_\vp v_\v]p vp vp
b (V) "= [(Va8) T = @y = oo vt (V) "= oo
xp_ ®
2) Ottouev v :p= keN, émote v=xp, f| &t (2) ypapetan Vo = Vor:P. ‘Y-
Youpey T& péAn Tns els THv Suvapw px

“Exomuev (WVP&[‘)WE Pkl (V"ﬂ—"’—‘;)“= [ ({/U"_:”)‘ ]" = (a:P)P = ot
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"QoTe kora THY PondnTikiy TpdTacw T& HeAn Tév loothTwv (1) kal (2)
iooUvran.

"Afwanusintog ntapatipnoig: Tog dvwoTépw 1816 Tag eleTaoapey, Uto-
BéTovTes BeTikd T Utrdppila. 'Edw Spws T utdppila elvan oyeTikol Gp1Buoi
dmouteiran iBlouTépa MpoooxT KaTd THY papuoyhy Téw 510 Ty TOUTWY,
@ palvetcn elg T& kdTwh Tapabelypora.

Mapadeiypata: 1) Atv Suvduebo va ypdyowpey Va VB = Vap, tv a> 0
kel B<O A tav a<0 xai B<0, obme V& VB = Voyp. 'Evéd taw <0 xad p<0,

SuvdpeBa v ypayowuey Vap = V—a - V=P kai V—“: V—a|y=p, 2B, 5161 —a>0
kai —B>0.
2) Atv duvdpeba vd ypdyoopey VVO( —VCI D,
3) Abv Buvdpeda va ypdywusy aVp =Va®p v a<0, P>0, 16 dpov elvan
aVp=—|oa| Vp=—Vap.

3 6

4) Abv Buwdpeba v ypdywpey Vab = Val¥ v a<0, 51411 T4 uEAN TRs lod-
3 3
TnTo; elvat é'rspocnue: kal cruus-m.og Siapopa. To. dphov elven Vb = V—(-a) =

L V(—Ol)'r' = -—V(—ot)“’ — -—Vcr‘".
6 g &
5) Atv Suwépefa va ypdyowper Vo =Va tw a<0, &idmi of &pifpoi Vo
3 6 = 6 == 3__
ked Va elven érepéompor. To opfdv elvan @ Va? = V(—o)* =Y —a > 0.

75. TMPAZEEIL ME APPHTOYE IAPALTAZEIE.

Kakelrar dppntog mopaortasig, kabe apbpntikiy ij éyypappatog rapiasracg
nepEyovaa Ev tovkayietov mlikov.

Al TapacTdoas o 4+ p V2, , VX + ¢ elven &ppnyor.

"3E B \/
1) Ipbobeois kai aguipeais.
OPIZMOE. Pilika Exovra Tov autdv Belktny kol 10 clrd Umdppilov dvo-

nalovtan Bpora. ZuvteAeoThs B¢ pilikoU koeiTon O PO alToU ebpiokdpevos

TPy WV,

A& va elpeopey TO &hyePpikdy &Bporopat dpprTwy povevipwy, dpofwy s

Tpos TO pifikdy TTOU TrEpIEXOUY, oxnuaTilopey & &ppnTov povdvupor Suolov s

Tpds TO pilikdy, TPOs T& SobévTta ué guvTeAeoTHY TO dAyePpikdy &Bpolopa TEY

CUUTEAEOTEY TGV pilIkGY TV SobévTwy WovwvUuwy.
3 3
Mapadeiypata: o) To &Bpolopa TGV poveviuwy — 3Vap, Vap,

3 3 s g
% Varp, —2 Y o2p toouran pt (—3+1 + ;— ) Vop =— -:?I— Vo
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3 3 A
B) N& sﬂvpeﬂn TO cxﬂpmo‘ucx V3aix -2V3otx V24a‘

Exoueu V3a4x -2 V3ux+ V24cr"x =« V3cxx —2 V3cxx + 2« V3ccx = (et— 2+

+ 20) V}Tx = (3a—2) VEZ.

2) Mollhanlaciacpds Kai diaipeoig

‘O moAfopds kal ) Biaipeots GpprTwy TapaoTdoewy YiveTon dmws kal
&5 T&s pnTds dAyePpikds TapaoTéoels. Suvemdds Tpémel T& Pilik& TGV Topa-
OTdoecoy v elvan ) vé yivouv ToU altou Selktou. Pilikd B Biapdpoov SeikTdow
TpémrovTan els pifikd ToU avTou BeikTou, tdw BeikTng kol ékbBéTng Umoppilou  Ekd-
OTou ¢ aUTév ToAAamAaoiacti} Eml TO TnAikov Tiis Siipéoews ToU E.K.TT. Té&w

Seicrév Bi& ToU Seiktou ToU pifikou.
g 3

3 3 Sl _ 3
Mapaseiypata: o) 3 Valy - Vay: Vy'=3 V() (ay) y' =3 Vaiy® =
= Ba-Yz

3 4
B) Né& elpedij 1O ywdpevor A = V&_ VE V;
12 12
EKTT Sewcréov 1o 12. OVt : A= Voz“ Vpa VY= Vopiys

| —_—
Y) To Trnhikov : ‘v{,—a = \H/vuv - vg—u (o, peR ™)
Ve VB

8) N& éxteeoBouv ai 'rrpc’:tEslg V’E Vx__' ) (\/-x—or + \/@) *Exopev:
A=V o Vv Vo I ) Yy
+V"2"" =x_: s '% v;"*‘ % VJ'*' Xy

3. "Anlonoinaws.

A& Tiis Epappoyfis T@Y BioThTor Tév pildv, elvon Suvartdv moAhdkig
oIk fi &ppnTor TapaoTaoels va amhousTeufolv fi, Smrws Aédyouey, v& &mho-
TroinfHouv.

6 =%

vt 3 125 VT TG -

12 12 4

<Vx BViz Via Va=Va V@ Va—Va—ia @>0

76. TPOIH KAALMATOL ME APPHTON ITAPONOMAETHN EIT IEOAYNAMON ME
PHTON NMAPONOMAZTHN.

Txémipov elvar va petaTpémwiey, €9’ Ooov TouTo elven BuvaTdy, kAdopa-
Ta pé &ppnov TapovopcoThy el looblvapa pé pnTov TapovopaoThy, 516!
oUtw BieukoAUvovtan oAU al Trpdtels.
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SuvmBéoTepar popeal ToloUTwy KAaopdTwv elvan af dxdroubol :
1. Khaopata tiic popoiic A = f— v P >0, vueN kai v > 1
VB

v
MoAAamhagia{opey Tous Spous ToU KAGopaTos &rri 4/Bv - n

VB _a VP _a VP _ o YpE

Olrew : A= — 2 : 5
T T e S
3 3 a8
3 3Y¥5¢ 3¥25 _ 3V25
Mede “z =73 = =g e 0

V5 Y5 - ¥5% V5%

a a

] ) B= T = ERT

eV I Wk Wy Y
‘Opiopdg. “Appnror TapacTéaels dpTics Talews Siapépoucon pdvov G

Tpds TO Tpdanuov Evds pilikol, dvopdlovtal ouyvYEls.

2. Khaopata tiig popoiic A =

o) TO Khdopa A Tpémetan els foobuvauoy UE PNTOV TrapovopaaThy, tdv of
Spot mohjoBolv Eml THY ouluyf] TepdoTacw ToU TrapovouasTol Tou, fiTis

elven dvriotolyws B T Vy

o _ e ap-¥y) _ _ a (B -yy)
Obra: A= ==+ meE-Tn Py
ol A & _SBEYN) _e@+Vy)

*Te-vy G-Wme+¥n Py
P) TToA/louev ToUs Spous ToU kAdopatos B &mi iy ouluyfi mapdoTaow
ToU TrapovopaoTou Tou, fiTis elvan VB =+ Vy

a G(VE— V‘?) - “(VE—V?)

OUre: B =y s = a+ vy (B—Vp  P-Y
— Lm0
Emions B, = T B—%
1 2+73 _ T 1 _Y2+V3 _ s um
™.X- 2—_ﬁ=2,_3_2+}/3, e 3~ =—(¥2+V3)

[+
i e o+
3. Khaopata tiig popeiic A LV L Ve’ B,y BeRt.

Tpokepévou vé Tpéywpey &v €6 aTév els loobivapov pé pnTov Tapovoua-
oy, ToA/{opev ToUs Spous Tou Emi piav ouluyfi ToapdoTaow Tol Tapovopo-
oTOU TOV.

Oltw : A= = = a (VB + Y"—’j‘ v
U A T B Yy —¥8 (VB + VY- ¥B) (VB + Vy + VB)
a(VB+ VY + V) _ «(0B+Vy +V8)

, TO omoiov elven THs popefis 2 xad

(VB+V¥y)r-8  (B+y-5+2Vpy
TpémeTon el iooBUvayoy e pnTov TOPOVOUTTIY G5 TrPOT)YOUMEVLS.
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A A(¥2-Y3-75) . A2-V3-Y5) _

X VB ViTYs T -V (02— Vi-v¥5  (Z-V3i-5
L AQI-VI-V5) _ _AGZ-VI-YS _ A(I-VI-VH V6 . _
DR 5-9YE —-2Y6 —12 b
A

Cevikdc : Khdopora THs Hoppfis —— ——  TpéTTov-

) Pof Vog ok Yoy £ Vop ot oo+ Vo P
Tau els looBlvapa pE pnTOV TTapOVOUCTTIY, E&v cuveydds Tro?\,fgcoueu gl piaw
auluyf] TapdoTao TOU EKATTOTE TTOPOVOHCOTOU, PéXpls 6Tou & Trapovoua-
aTis ylvn prTds.

4. Kidoparo tiig popeiic A = E i

s— B=+ =
Va -+ VB Va - vE
1) Ak 70 KAdopa A Siaxpivouey BUo mepimTdgEls
@) 'Eqv v =2k + 1, keN, TéTe 10 KA&opa A ypdgsTa :

, a,peR

T S ST SN S () ek o)
W+\/ﬂ Rl VB P Il
:°‘+ﬂ (‘/0““ "/0‘”"5 + VT B—...-+\/F5‘_‘r)
B) "Eqw v = 2k, keN, TéTe duoles Exopev :
P R e L e
\/u%—\/[a el Ve + VP B2 \/§+\v/§
=05 (Ve ~Vap 4 Ve B - . VB
3
™ 1 simail 252 ol (1/2") (\/3)_
L O N it T 5 e W =
V2 + V3 vZ ++/3 vz

= 1 el g IS
=5 (Va-v6+v5)
2) To khdoua B ypageTan :

- A A a—B . A (\v/cr) (\/ﬁ)
T a—p°  v_ v _ T a—-p° =
\/(,_\/p Va—+p \/a—\/ﬁ

=iy (Ve HYETR 4+ VP
™ i 1 2l 1_( ) (\/3)
X =3 i T 9_3°' & v OERpla
V2 — /3 VZ —4/3 \/2—\/3
=il L A Aty T k. P
(V8+V12+V18+V27)
Enpeimons. 'Edqv 16 kAdopa elvat s popeiis I = M , dmou «, Pp e R+ kal
Ve 4 VB
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v, ne N, TéTe mpdTor KafioTduew ToV TapavopaaThy ExovTa pifika ToU avTol BeikTou
kal EreITa mPOXWPOUHEY s Bvw.

1 1 1 421
X y———=9— 3 _=3-% " ¢ T~
VZ+3 VE+ VT Ve + V2T
6 \6 6 \6
Lephl (\/4)‘(\/27)_ Al IRl e g e
=" BT —"23(1/45—1/44-274-1/43-272—V42-273+

6 = 6 LI

VE 4 A/27
6 MEE AN, 6 Lasll

VT - V)

77. AYNAMEIZ ME PHTON EKGETHN.

EiSopev 671, korre Thy 6ny (B16TnTa TéY pifédv, Suvdpeda va BloipEowHEY
Selkrny pilikol kol Ek@ETHY TOU Urroppilou Tou B1&  ToU aliTou guoikol dpiBpol.
OUrw, 2w a>0, pveN kal p=vk, dmou keN, ToTe Sk ThHy TPWTEVOUTAY

v
pllav 4/ B& Exwuev :
v v v
ot VK K L A L o Y v
Vet =y/a% = (y/a& ) = o = av. Anhadn PAémouey &Ti TO ouppo-
[ - . s i
Aov a'v Exer Thy Evwolay TOU' oupPdiou/a, tp’ doov BePaics TO % elvat Qu-
Lo W
owkds. 'Edw dupcs TO % 5ty elvan Quoikos TOTE TO oUpPoAor o v BEv Exel kappiav
Ewvoia, oupgVes TTpds TOV Oploudy Tiis Buvapews. Zkomipov elva, STres Yevi-
M
KeUowHEY THY Ewwolaw Tou auuPoiou av kal 81 Ty meplmTwow, ka® fiv TO -:'—
Btv elvon guoikds, GAA& Ev yével pnTos.

u
@a kahobpey 10 cipforov a™v dovapty tol @ pé Ek0&tnv przov, kai opilopey
v Taplotd THY VUosTiV mpwTEiovcav pilav tijc poootilg duvapeng tod a, fjtor
v

iy /a8, Gy 2 > 0 kai @ > 0 kai Ty dvtictpogov adtis Loy L < 0 kai

Vo
a>0

|=

v ‘ L b ] ey 1 1 o f
O yphywper v =y/a¥ kal oV = =——, dmou pveN kai a>0.

25 =
av VAT

4 - 12 6 s 1 1
G
Va
Enpeimaog Tpémer va &mropetryopey va Epappdlopey Tov oupPoMiohov o
&tav a<0, 816T mlhowdy va oTeEpfiTal Evvolas.

M x. o3 =40, a?=all=a7 =V’ a

|8
v

1 A Wy 2 (o L T 6 3.
My (—8)T =V B =—2 &M (8T =/ (~8) =v/8 =y/8=+ 2
2
Mpogawéss (— 8)T #(—8)F
*Qare, Péoel Té TeBbvTWY Opiopdy, nioa pila dhvatan va ypupij bg d0-
vapig pi EkOETny pnrov.
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Al véoar adrad Buvdpels pé pryTov éxbéTny Umrakolouy gls Tas 1S16TNTOS TGV
Buvdpewy pt ExBETag OXETIKOUS drepaious.

78. IAIOTHTEE TON AYNAMEQN

1) To ywopevov duvapswv tod abtod apipot a > 0:

n
“Exouev : a¥ - a* = v/_u \/cz“ = \/cx“" \/oc'“ = \/cc“’“i"‘v =
ul+nv

o
= AR =aV

T
2) "Yyooig duvapeng eig dovapy :
! A
hExouev (c:(rt’lﬂ);‘T = V(a:’)‘ = V(Vvau ) VVGP" = J:,/c? =

_GRV ——av ! ?L

3) "Yyoog 'ywopévon gig dovapy :
NEXDLJ-EDZ (Gﬂy)"m\/(a ;3 Y)u- :,\/uu-Bu.Yu e

—V& B VY = By

4) To nqhikov dbo dvvapcwv tod o > 0:

il
v

v 2 v VA vA

S — T—

¥ it —_———— -
"Exopev : o :ar =\/ o e = /o g o = o =
AR = Ligh K u K
5) Ylpmcng KhGopatog Eig ﬁuvupw
» \/uu o= qv_
Exousy - ) VY Ly \/ =

VB ey

Av 8hos Tés mepiTToels Umetédn a, PeR* xkai p,x,AeN

" 1
Enueinorg, ‘Emedn o« v = —! gmetan 671 al dvwTépw iBi1dTnTEs ToyxUouv kal B

av
Buvdpers pé Exbétas prToUs &punTIKOUS.
Oi pafnTod BuvavTon va BiaTuTwoouy Tous kawévas TEV 1BloTiTwY TGV
Buvdpewy pé éKBs-rcxg pnTous &piBuouls.

ﬂaputqpqm; "Ex Tév dvwTépw auvdyetar 611, & Aoylopds pe pilika ka-
Yorarran TTOAY eUkoAos, STav TaUTa duTikatacTaBoUv pé Buvdpels uE ExBETaS
PNTOUS.

o S Ll S e * 2 E 2
"Egappoyn : (\/c::2 RV, '\’u)'\/ot“ =(a3 - otz) o=
53 9 4
Zd—j_o Zdé‘_=0]—5=.\1;¢]—‘
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AZLKHZIEIL

224) N& elpefolv ol mpwrevovoar pifar TéY &piBudv :
3 5

3.~ 4 5 % VT* v—l vl— o
Y8, V=27, V81, V32, V243, V+z V—37 Vagee V00256
225) N& ebpeBolv Shan al mpayupatikal pilen Tetdprng Tews Tddv &p1bpdy :
16, —16, 49:, —10% 81, 0,0081

226) N& &mhomrombolv al dkéhoubor TapaoTéoes :
4 6 | 10 9 15 3 10 18

5. V35, Yow, V32, Y512, V=243, Y—2Ta'P?, \/—a'Poy’s, 1/6daiiy®
227) Na& ttaybouv EkTds Tijs pigng ol ch'rdt?s}\n?\ot wupuyov‘rss

3 3 ] 5 4 5
Y30, Y—24, Y320, ¥-96, Y0,1250, V54xq.a, V32x5\pw5, ]«‘X\m Vg, YiGmg™

228) Ol #krds Tév pilév mapdyovtes va eloaybolv dutds ol

3 i Ity
WE 2V, aVsm BV B, ~26py VR, (ot B VT vgx o
a+p a—p
Blass

229) N& eUpeBolv T& &rdAouba ywopeva kal Tk :
3 3 3 4 4

o e .. 4
1) 5YI8-3V8, 2) ¥6- V30- Y150, 3) ¥24-4/48.4/48
3 3 =0 M Vi e v
4) ‘f’ﬁu-ﬁ_y “2 V‘ég"ﬁ‘i S VEOPY?,  5) Vxtw¥o? /vt ‘/F.T\‘T,
4

4 6 2 4
6) \/,,. \/aa \/— 7 3\/u-7vu°ﬁ'\/a’ﬂ“’ 8) 54/18: /8,

9 4\/42 EVE w)( )w' uva) x/u'rw
230) Na& érrr?\oﬂomﬁow al dxdhovfor TapaoTdoEs :

e 3
VV—u, ;-’ ( —aVSI):‘, (v;':*gaa_j

o= BRE e l L et 3
— 7 = —
V2w B T V9- E.v“ 3a
v v v vz, VBV'G_:V%J orv:h ﬁv2ﬁ
231) N& epeBolv Ta dhyePpixa depnicrucx-rcx'

3 3
1y V54 — x/E+x/1‘§ V3, D 4\/24+\/ 3+\/—81 3)\/16 \/4+\/-4,

4) /50 — \/324-\/2916 +v’25e 5) 9\/2ax—3\/16qx+‘\/2x
6) Vawra—5vVita + \/x=+a=x= + \/9&’-]—9
7 5Vc.x°+ @+ ot /4q’+4c’ a+1

x—1 x Vx—1
232) N& EkreAecBouv cxi dxdhouBor mpates :
3 ] 3 3
D (VB +2 ¥V —-4Y375) V=3, 2) (x— a+Vp+a) (x —a— Vp+a?)
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3) (YG +VB)(V<1‘— a15+\"l3“): 4) (Vx —V w)(X+w+VW +VK’\P)
5 x¥x -y ¥y )i(¥x=¥y )i 6) (\"Fﬁl’\{?):(v? + V;@ +Vy )

7 BaVa +at+Va -=2): 3Va —2)
233) T& kérwbh kAdopata va Tpamouv els icodlvapa pé pnTOV TTapPAVOUXTTRV
Do e T e D T T
Ya. Vu vi ' = B
S U TR RN DO e
X+ VEFY—VE-y l-y/x+vy a4p+2Vap
5 5 1 11

\/2 _\/3 *\/5 +v/6 Ay, Ao ooa . i 4 3
I— /2 4/3-=4/2 V-3

+ 46 /3 /2 " T T4/ 3

234) Na #xtehecBolv ol dxdhoubor mpdters
2) V2X +y /2% — inyy \/Zx Ty —vVIx—y

A"I“\/x"‘-'l X x_\/le—.

gyl i =1 \/2?“*“!-’ —V2—y /XWXy
2 —oh 2 1 1
)'\/1 + ug \(L_,ﬁ’a - 4 T +—3 5
V1-at 4/1+a V/1-a V& yfa +1 /o /a1

235) N& txrehecBoiv al dkdrouBor Tpdters

T

D (2; +3;”)'(2£'w 31) ¥ (2:!'+3é')2’ 3 (2; + 3;’“ l)“ 3 (Ya)
Go)e Virola oMo zrp 20l 3 s anm i) dp3)
1

1 | 1 N, _)

o ) s

236) N& amAomromfolv ol TapaoTaoels

1.1 1 1 15 1

a2 BT + aF P2 a2 — 203 +1
T e

af =208+ 1

a—p
irss Tl 1 I
oy + oy P4 ar + P2
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KEODAAAION XI

MITAAIKOI API®GMOI*

79. ANATKH EIZAMQrHE NEOY IYETHMATOEL APIOMON.

Eis o wkepdAcuov «avaAucis drepadeov SAy. TapooTagewy els ywduevov
Traperydutevy (TrepiTTwots 6n) eibopey, 0TI TO TprvUpor ¢(X) = ax® 4 Px 4 y=

= a[( X + P )2— 4—‘2!] Bix A < 0 Btv dlvortan va petaoynuaTiodi s Sio-

2a

gopcw BUo TeTpaydovwy, B16TI & Opos %SEU elval TETPAyvoY TrperypaTikoU
&piBpol g GpYNTIKOS.

*Emrions 81’ cpioubvas thiodoes, @5 al x*+1=0, x*+4 =0 1 AUois
elvon &Buvartos v R.

Fevikéss 8¢ 7 lootns x* = B, ¥XxeR A BeR ~ A veN,, elvau &8Uvartos, B10-
T1 oUBels TrparyporTikes Gp1Buos UrdpyEl X, ToU dmolou ) dptia Sdvanis va elvat
dpynTikds &p1Buos.

5%

* Akoun eidopey 6Tt YaeR~A veN 0 ouupoiov Vo Bty Eyel Ewolay TIpo-
YHOTIKOU &p1Buou.

Ta dweotépo SAyePpikd BépoTar kal GANa ouvogf] alTidy Epevov &AuTer pé-
xpis &tou f émbupla TV MobnuaTikéy, &mws Sdaouw Alow els TolaUTa Oé-
nare, Gbfynaey els THy Emwonaw g5 veou guoTnuaTos Ap1fuddy, ETITPETTOVTOS
Ty embuun Ty AUow.

OUtws elonybn v véov ouoTnua &p1Budov, TO Smroiov dwopdotn shotnud
PavTasTIK®OY apipdv.

"Ev TowoUTov ouoTnua &pifuédy Sid va yivn Bextév, Trpémel va Umakoum
gls TOUs yveaToUs HEXP!L ToUBE vdpous, of dmroiol loyUowy Bid ToUs TPy HATIKOUS
&piBpovs. Aeyoueda Bk TO véoy oUTTNHX TOV QOVTOsTIK®DY apbpdv, 611 Umra-
KoUel el TOUS vOuoUs auTous.

80. ®ANTAETIKOI APIOMOI — OPIEMOI.

Mav ocUoTnua &pibucy Exel piav povéda. Tou ouoTruaTos TV aVTACTI

(*¥) Ty Bewplay wév pryadiedy 4efpdv 0epeiiwony ol 1 D* Alembert, Euler, Gauss.
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KU &pIBudy THY povdda TaPIOTOMEY i TO ypduua i, dpyikov s FaRhikmg
Aétewos imagineure, xoi ovopdfopey oty pavtacTikiy povada. ‘H gaviaotiki
Hovag i, opilopey g Exel THY iBOTNTA, T0 TETPAYOVOV NS ®g Kai 10 TETPa-
yavoy tob avribitou avtijc —i v igodtar mpig TV apvnukiy povada. 'EE opi-
OUOU AOITIOV EYOMEV :

it=—1, (-==1| O
At {oéTnTes (1) xabioTouy Suveriy ThHY Aow s tlio. x24+1=0, €ig
TOUS POVTAOTIKOUS dpiBuous, BLoTL :
pl=0<xt=—lesxX®*=( L) =x=+1

Emri mrhéov ai todTtnTes (1) BnAolv &mi: | A/ —

Davractikdg apOpdg koAeiTan Tas apibpos, & otrolos yiveTan Bi1& s ETava-

Afjyews TS OUTUOTIKTS povddos i, 7 kal Tig dvTiBéTou — i, Kal TV pEPdY QUTHS.
A W T i e S S e

OUtws of &piBpoi 2i, — 31, =y 0,25i eivan pavtaoTikol. ‘H yev-

KT| pop@t] Evos POVTEATIKOU &piBpou elvan @ Pi, 6mou B # 0 eR.
Bl Th Pdoer Té TeBévTY OpIouddy, 1| TETPAYOVIKT pila mavtog apvn-
ko apibpod elvar apipog QavTasTikoc.

Mpéynar: YaeR™ : y/& = /=1 v/l A V/-l=+i= Va=-+iv/]al

"Bk Tév U0 TeTparywvikéy pifdy ToU dpunTikoU dpiBuol « CUUPOVOULLEY

Bid Tou oupPorou /g, v TTOPITTAVOMEY THY i\"'\_&_!, Ty &Toiaw KOAOUEY

TpOTEHOVGAY TETPOYWVIKNY Pilay Tou o

M vim 16 5 4f = F=infIB +ig/8 =i4/18: 8= —1) dldmml2

M# dp8h mpdkis 1 4/ — 164/ = 9= /(- 16) - (=9) =+/148 =12
Al aképarar Suvapsie TS QavtacTikilg povasdoc.

"Exopev : 1) i®=
it=1i ¢t Spiopol y
i2==1(—~1})2=—1
B=itri=(—-1i=—i
=it it = (=D (-D=1

ir=1li=li=i

p—

2) Tevikéds :

Y kg = qv.=I]
"F*“f‘:i“‘- T o]
. v =jvit=1(=1)==1
VVEN T Vi e 1 (— =i

N

i~ = L (Awarad et ¢ 1,4, =1, )

(*) Tév aupBoroudyv Tobtov Eyprowpomalyae b mpirov & Gauss, danx b Euler (1777)
= elafyayey GpLoTLe@g,
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IMepatypiees :
1) Al Buvaral Tipal 16y Suvdpecy ToU i elven i, =1, =, | kai tveAAdooov-
TOl TrEPIOBIKGS.
2) Ai dpTiocn Buvdpuers Tfis i elven of mpaypaTikol dpifpol 4 1, — 1.
3) Al meprtTal Suvéuers Tis i elven of pavtaoTikol dpifuol i, —i.
Hapadeiypara : 1) N& &moBeiydf 611 i7 + i8 4 i9 4 j10 = Q
Aboig : 07418 00 4§10 =7 (] 4+ 1% 00 = §7 7 +i—1—-1) =
=i7-0=0
2) N& ebpebi | Tipn Tiis TOPUOTATEWSs A = i2¥ -115- + 2it 4 3j2

Aot : A=(iz)v+_ij+2.1+3(—1)=(_1)v+i+2_3=(_1)~-_1+
+1 Omep Wv =2k keN, :A=1—1+41i=i

Vo=2k+1: A=—1=14i=-24ij
3) Na& ebpefolv af Buvarai Tipad Tis TapaoT. @ A = i +i B
AVots : o) "Eqv v = 4k, 6mou keN Eyopev : A1=1+i—u]—i+...+1:1
B) 'Edvu:4x+léxousv:A2=1+i-1—-i+...+1+i=1+i
Y) ’Edvv:4x+2€xoueu:A3=l+i—l—~i+._.+1+j_1=j
5) 'Eduu=4k+3é‘xoueu:A,:l+i——l—-—i+...+1+i—1_i:0

81. MIFAAIKOI APIOMOI (COMPLEXES) — OPIEMOI *

‘Eav a, feR, 0d ovopalopev pryadikov apbpov 1o ahyePprkov ibporopa
i popeiis a + Pi, brov 6 @ arotedel 1O npaypaTIKOY népog, 6 8¢ Pi 1o gavracti-
KOV pépog adrob.

Emreidn 81& B =0 elvar « = o« -+ 0i kai Bix a=0AP # 0 elven Pi =0 +
+ Bi, Emeton &1 més &piBuos TporypaTikds eliTe PAVTAOTIKOS BlverTan v Tedi
Urd THY popeny wryadikolU &piBuod.

‘Enopévag 1o slotnpe tdv pryadikdy apudv mepiiyer ta ovsthpata tHv
TPOYHATIKGY Kol TOV paviaotkdv apibpdy.

"Av ouverrdds efvan 1 1 TO olvodov Té PIVTAGTIKGY &p1Buddv Pi, R T al-
voAov T@v TparypaTikéy dpiBudy a kol C 1o olvohoy TRV pryaBikédy dpifpdv
o -+ Pi ToTE ExopEV :

Re@lecC Ral=i, (R LY ¢€

Eis Ttév yodikov dpifusy Z=a+Bi TapaTnpoUuey, 6Tt peTafy TV
TPXYHOTIKGY dp1Budy a kol P UpioTaran pic BipeAns oytals. ‘Etropéves Suvd-
peBa va Bewpriowper 611 T& o kad B dmroTeAoty SiareTaryudvor [elyos (g, B)
Kal guveTréds va oupPolicwpey Tov uryaBikov &pifudy Yo HOpPTY BlacTeTary Wé-
vou [eUyous ué TpdoTov aTotysiov To TPAYUaTIKOY pépos kal BeUrepov TO pavTa-
oTIKOV pépos aliToU.

(*) Elvae d8bvxtov dig dmédefev & Weirstrass, va Omdpln alaTnua yevikdrepoy Tob L=
G, elg <4 dmolav va loylouy Hhot ol VoL Tév Tegodgwy meatewy.,
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OUTw Exopev: |Z=a+Bi= (o B), Vo, PeR

"Apecos ouvTel TaU véou oupPohopol elvan 6T

1) Mag npaypatikog apbpdg elvan tiic popeiis (e, 0), cER

2) Ilig gaviostikdg apbpdg sivar tiic popeiis (0, P), PR

Tpds Biaywpiopusy T@Y wryodikddv &piBudy Tis nopefis (o, P) pg p#0
&md Tous pryadikovs Tiis popeiis (o, P) Va, BeR, oupgeovouuey ToUs TPWTOVS
V& ToUs kohoUuev kaBupodg pry. apbpove.

82. MPAZEIL EN TON MITAAIKON APIOMON.

‘Opropoi: 1) KohoUupev ovluyi] ToU pryadikou &pifuct Z = (&, P) =
= o + Pi, TOV pryodikov dpibucy Z = (0, - B) = a~ Bi * avrievfuyd] &8 Tov iy,
GpiBudy Z, =(—q,P)=—a+ pi

2) Tous myad. Spibpols Z=(c, B) =a+ Pikad —Z=(-a,—P)=
= —a — Pl koAoUpev avtibitoug.

3) Mérpov ij arérvtog tpf ToU Z = (o, P) = a + Pi koheltan 6 ph dpvn-

Tikds &piBpos + Vol + P* kol oupPoriletan :

iP:ﬂJ=Hmm%ﬂa+m|=+v;¢@|

Al Trpdters rrl TGV wryoaBikév &piBudsy yivovren Smeos kad &l T&Y Siov-
Hov a + Px kad y + 8x, émov & X elven ) pavTao Tk povas i, kaBoTI EBEY O LEY
loxUovtas ToUs péxpl ToUSe yvwaTols vouous Errl T@v TrperyuoTikGy SpiBudov.

Ihotneg ivig tdv mpaleov.

a) Oi pryodikoi apbpoi, pundevikég, povadiaioc.

1) "0 pndevikog piyadikds aplOpog dnapyer kai elvar fvag kai povog 6 0 =
=0 + 0i = (0,0).

Mp&ypam : *Eotw 6T elven o + Pi = 0, dwéTe a = — Pi = of = (+ pi)*
< a? = Pl <= af = — Pl o 4 PE=0,

Td o' péhos of + PP elven uf) dpynTiks) ToodTns kal émeidn iooUrtanl PE pn-
Bév, Emeten 6Tt a=0 wai B =0.

‘Qore, 2w a+Pi=0<>a=0 ka p=0

2) O povadiaiog pryadikdg apibpdg drapyer kai elvar Evag kai povog 6 1 =
=1 + 0i = (1,0)

Mpdypor : “Eotw 6T elven o+ Bi=1, éwédre (a— 1) 4 pi =0. "Apx
a—1=0xad P=01 a=1 kai p=0 ked ouverréss a + pi=1+40i =1

B) Oi fgor pryadikoi apOpoi

‘H ikavi] kai avaykaia oovBixn, iva 600 myaducoi apbpoi eivar Toot, sivai
v Eyouv t@ mpaypatikd pépn loa Kai tovg cuvieheatag tob i loovg. "Hror: a +
+pi=y+dia=yAP=29

MpdypaT taw o=y ki B=5, TéTe a4 Pi = y + &i.’Edw &t elven o + Pi=
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=y +58i, 701 (@~ ¥) + (B—8)i=0kai ouwends a—y =0 kai B—-8&=0,
OTea=ykaip =38
Inpeiooig: *H oxéols iodtntos mryedikédv dpiBudy elven
1) abromabig fitor éxopev (o, B) = (q, B)
2) ovpperpikis Aot Eyopev (o, B) = v, 8) <= (v.8) = (o, B)
(& B) = (v, 8) ] ;
(Ya 8) S (E, g) = (U-?’)—(E-g)

Mia Tolaltn oxéols kodeitan oyéog igoduvapiac.

3) peraPanki fTor Exopev

Al npaBeig tijg nposlioewg, moihanhaciaopod kai dapéocog.
"Exouev : Voy, ay, Py, PoeR : (o + Byi) + (o + Bui) = (o + @) + (B + Bo)i
Vo, o, Py, BeeR : (oy + Bii) - (o + Poi) = (o — ByBy) + (uPe +

+ a, i
) H‘ apaipeats  (oq + Byi) — (@, + Pui) dwdyeron els THy TpdoBeov.
OlTes, Exoupey (o + Pai) — (o + Bei) = (o + Byi) + (— o — Bai) =

(al_az)+(|31 ﬁ )i
To dbporopa kai 1o yrvopevov 800 ovivydv pidadikdy apOpdy elvar apr-
Opog wpaypatikig.
Mpéypar, Z+ Z = (a+ Bi) + (a— Pi) = 2a
Z - Z=(a+Bi) - (x—Pi) = ot~ (Bi)? = a2 + p?
‘O pyadikog avtiotpo@og tod aplpod Z = a + Bi # (0,0) napyer ai siva

b
ot 4 B2

TMp&ypart, ddv Z = o + i ked Z7' = X 4 @i, Té7e TWpéTTaL (o4 Bi) - (x +
t+yi)=1=1+0i -->(GX—!3W)+(W+F5X)i:1+Oi¢>

£vag Kai poveg, 6 21 = (a4 i)t = = ? ﬁﬁ-

ax — Py = } =g p=
ay + pPx =
e a! + pl
KeoUpev nnhikov dbo piyedikdv aplpiv Z, = o + B, Z, = o, + B,
6mou Z, # 0, Tov pryodikdv &piBudv X + wi TooUTov dHore

(o + Pai) © (X + i) =0y + Pl = (X —By) + (cuy + Box)i = o + Byi <>

X = o,y + ﬁ'lﬁz
aX — Py =0y } 2 ot + Bef
Gy + Pux =Py _ b P

W= a,? 4 B2
*Hrot Eyopev : Z;: Zy=X 4 yi= “l"a + B, 552 - SaPs Sb ey
+ P. a? 4 Byt
A Tty elpecy ToU mnhikov d00 myuﬁmv Zi=cy + By kot Z,= o, +
+ Bai # (0, 0) épyalopeba rai cos éEfjs :
Z,:2,=2 - Z,'=(oy +Bi) * (cat+Pui) =
— P 2 _ o + BiPe @GP, —oyf, .
(C(IJ'BI) ( [31+Gx Fﬁ“l)m‘aﬂv+ a,? + Pgt !
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*Erlong 1) Tp&is Tis Bioupéoews yivetal Guéows, & TOA/cwWHEV ToUs 6pous
ToU kAdopaTos £ml Tov ouluyd pryaBikéy ToU TapOVOUSOTOU.
o 22 B = =GR Eh —wR e ih
‘H bywoig pryedikod apibpoed cig dUvaprv.
“Exopev : 7% = (a + Pi)® = o + 2aPi + P%i* = (o — P*) + 2aPi
Za — ((I + ﬁ])ﬂ p— aﬂ + 30:‘.’ 5] + 33\52.12 + Bfiii! .
= (o — 30pt) — (B — 30°B) |

83. QPIEMENAI BAXIKAI IAIOTHTEE TOY METPOY.

1) Of wyadikoi &pibuol a+ Pi, a—Pi, —a+Pi, —a—Pi Eow T
alTd péTpov.

Ot : |+ Bi| = | a— Pi] = | —a+ Bi| = |~ —Bi| = + V£ B*
2) Ol mpayuaTikol pryodikol dpifpol (&, 0) = a = o+ oi Exouv uétpov
Tov |al. Hror : | (e, 0)|=|a+oi|=Va=|«f

3) Oi gavraoTikoi &pibuoi (0, @) = ai = 0 4 ai éxouv pérpov |a .

*Hro1 : | (o, @) | = | 0 + ai =+Vof =|a

4) Té Terpbywvoy ToU péTpou Evds wiyad. dpibuol Z = (g, P) = a +Pi
elvan foov pi TO ywopevoy aUTou el TOV ouluyf Tou.

*Hror: Vo, peR: |ZP=Z-7 = (Voa*+P?)*= (a+Bi): (c—pi) =o*+p*

5) Té pérpov Tou ywoptvou BUo wiyad. &pibudy Z, = (o + Pii) xod
Z, = (a, + Pi) iooUTon pé TO YWOHEVOV TGV PETPWY aUTEV.

"Hron: [ Z, - Zy| = | (oot Pui) - (0 + Bai) | =V (cam—Pi)* + (euPurtouy)*=
=V + B (@ +PD) =Vl + B Vol + B2 =2 || Z|

Cevikeds Exouev : | Zy - Zy ... Zo| =2y || Z4]... |Zv]

Oi pobnTai v &modeitoww The 1Bi1dTnTa TaUTNY ik TPETS Kal TéooXPas
ap1fpous.

6) T& pétpov ToU &vTiaTpdpou Z-! ToU uryad. dpibuol Z = o+ Bi foou-
Ton pE TO durioTpogov ToU uéTpou Tou Z-(Z# 0)

“Hroi & | £ 1L—|(0t-l—|31) | = |—=—

y o ¥
__vﬂ“*'ﬂ’ F WIS Te TR ._1_
(ul_i,Bl)E-i c!_‘_pl \/&T_*-_ﬁ', _tz‘
A U] ;i}rpou ToU TnAikou BUo wiyed. dpibudv Z, xai Z, # 0 iooUTal pi
TO TrnAikov TGV PETPWY CUTEV.
Hov: | Bz, 4 =12l ] = &) =2

8) To pérpov ToU TmAikou SUo ouluydy wyadikdy dpiBudy elver 7 Tpay-
MaTikn povds (1)
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BN

psphams Lol ot Butmez) =13
7 Z|

9) To uérpov tuds wyadixoy apuou 7 = o + Bi flvan undér, étav o =0
kai B = 0.

Mpdypart @ Eyoper | o« Bi| =0 = l-'c}"-'_TEE.-—, = o* 4 P*=0 = a=0
kal B =0, "AvTioTpdpws 1 7 = o 4 Pl= 0 OF s |Z] = Vd:’{“ﬁ‘: i

10) “H i816mTs ¥Z R - | Z |2 =22 Btv loyle, Grow elven Ze (C = R).

Mpayuam : &v Z=o+Pi (P+0), Tore |a -+ Bi|? = (Vo 4 p2): =
=a’ + B "EL &Ahou Eyoper (o +- P1)? =laf— A2 2afi.

‘Emrouéveos o | o - Bi [* 8év looUTa Tpos TO (o - Pi)?

Lnpavokn onpeioog, 1816tnTe TIES TGOV GTOAUTWY TGy T TRy ha-
TIK@Y &pifudy Bev foylouwr Bid Toug kabBapous pryadikous Gpifpous  (i8i1dTns
10 Tfs dver Tapaypdpou).

84. IPA®GIKH (FEQMETPIKH) ITAPALTAZIE MITAA, APIOMON

Mvwpilopey, &1 T& SrareTayuiva febyn (x, Y) ToU ouvdhou Tol Kepe-
olavou yivopévou R* armeikovilovran AHPILOVOOTIHAVTES Fic T OT|HET TOU #1TL-
mebou TGV dpboywvicv dEdvc (KapTeoravoy emimedov),

Of piyadikoi &pibuoi, ds BiaTeTaypiva Letrn Tparyuamikéy, SUvenral
TUVETTAS vér TrapacTalouy drrd T& anuela ToU émiméSou Ty opfoy. &bdvawy.

Mpdypar, & wyadikos dpBuos (a, P) = a + Bi, &mou a, PeR, dmeiko-
vileTon els v pévow onpeiov M (o, B) ToU Emimedou, To drroioy EXEl TETUTHEVTY &
kai TeTaypévny B kai duTioTpdews, TO onusion M (e, P) ue auvTeTaypévas (a, B)
duTioToi el Tpds fva kol pdvov piopévoy HIyodIkoy &piBuo (a, B) = o+ pi

"Hror. | ’Apxé;ruﬁov : Eikdov |
| Yo, PeR : (o, B) =a + Pi <=M (o, B)

QUtes Umdpyer GUPILOVOTTIHAVTOS QVTIGToIYia peTaly Ty My abikéy
&piBudy Tou owwdrou C = { (X, w) /[ (X, ¢) myabikos apifuds | ked TV
onpeicov ToU Emimédou. ‘Emi Tou tmiméSou

TouTou & &twv THY TETUTHEVCOY Kad TeTary-

ueveou dvopddovTal QuTioTolyws dEmV T@V

M‘ TPAYROTIKOY Kal GEov 1hy PAVTIATTIKOV,

To 8¢ Emimebov myadikov N nolwkov fmi-

st a M, &) nedov 1) B1aypopua ToU Argand (oy. 84.1).

> /,/"- ‘Emrions Suvdusba vy EXWHUEY  piav

;1(0.1‘/_/,7,\7;24‘ i AUPIHOVOTT| UV TOY avmioToiyiav  peTady

X F : ~ TGV pryad. &piBudv (o, P) kal T Siavu-

- ¥

4 B(1,0) N{e,0) S i T i i .

opaTIkidY arTivev OM s mpos o onueiov 0

Lf' Zy. 84.1 ToU emimédou. ToUTo SiamioToltan Spoiws.
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Ore: ‘ (e, BYeR? : (a P) = (o + Bi) <~ OM, mou M (g, p)J

"Ereidn | oM | =y/ a® + B% xal.|a+ i | = 4/ a® + P%, dpa TO piikos

ToU Biowiopartos OM TopioTd TO péTpov Tou wy. &pifuol o+ Pi. *H mwpoon-

o o - %
Haopévn yawvia 8 = (OX, OM) kaheitar éploua ToU o + Bi.

a a ) =l p
Efven 8¢ ouwvh = (?4._,.} — m kal npd = _H_M) \/_—“-2_'}‘;_92_
] Fa—— a ) -
Otrre, W, B)eC: o + Pi= 4/a +P* (vaT.“.IEe i \/m_w) =

=p (owb + inud), mou p TO péTpov kai B TO Spiokc.

To pétpov p kal TO Gpropa § tuds pry. &pifuol a + Bi, ExovTos eikova TO
nueiov M (a, B) xaholvTar molukai cuvtetaypévar Tou onpeiou M.

"Qoe, was pryadikds apibuos dlvaral vd ypagf] U TS poppas o + Pi
kai p (owd + inud). ‘H mpoTn koAeiTan Kaptestavi] popoi kol 1) Seutépx tpr-
Yovoutpucy popei 3

IMopaderypa : N& Tedf) o TRLYWVORETPIKNY uopqaﬁti_é Z=141i4/3

M e 3 3 \
Exopsv |Z|=4/1+3=2, O'UVSS—;—KCKE nueﬁ:‘/Tr Gpa p = 2 kai

8 = 60", ‘Emroptvers BuvdpeBo vé yplywuey :
Z=1+ i\/_3 = 2 (owb 0° + inu 60%)

85, FPAGIKH MAPAITAZIE TOY AGPOIZMATOZ KAl THE AIA®OPAL AYO MITA-
ATKOQN.

1) NpooBeerg. "Edv Z, =0y + Py kai Zy =ty + Pyl xai ol elcdves abrddv
T SicwlopaTa &511 xal OM, &- ) T
VTioToiyws, TOTE TO Gfpoioua |
2+ 7, =17 Bl 6 elkbvax TO &- |
fpoopa OM, + OM, = OM. ‘Qs
YvwoTdy, TO Bidwuopa oM ixa
dpyfy TO onueiov O kal TEpas -rd::
&ho é&xpov Tis Biearywviou ToU e s
Trapah/ypéaupoy OM MM, (kovdov
ToU Trapal/yplrHou). | ’

‘H &mrodeitis Suvarar v yi- \
v OUmo TéY pednTév eUkOAws Gprel va TapaTnpfiooww 8TL oy + & = & Kal
Bi+ Po=PB. (Sxfiuc 85.1) ‘ |

2) "Agaipears. 'Edv ai elxdves Tdv wyadikadv Z; = o + Byl kad Zy = o -yl

wb]

Iy 85.1

elven T BrowvbopaTa ()_I\bfll kol OM, &urioTolyws, TOTE 1) elkcov Tfis Sragopds Z, —
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—Z,=Zelven 10 Sidwuoua OTJI (Exfina 85.2). AbmZ=27,—-Z,=Z,+ (- Z,).

A

Mz(“vg.!}
W/ 0 > (% 'mx
b e e ':'f(‘*’)@’
M (o4 1 Ty. 85.2

‘H eikcov ToU — Z, elven 10 8|auucruot oM’ kY cuuus-rpmov 'rou OM G Trpos To O.
Otw : OM, — OM,—OM—FMO OM,—{—OM..:OM

AZKHZIEIZ
Ol gavractukoi apmBpoi.

237) N& &mobeaybfj, 6m i =i"1"=-1,

Ve — v — —

1

o jvia — jeu+r ; jav-1 — — 1 bmov v, LE N, .

== '
238) Né& txteheobolv ol wpdateis —5i° (—1i7), i-izeit. s,
1 1 1 1
—Sit+i- Q- T+FFFR
239) N’ &mobBey8ii 811 yve N, Exopey ¥4 iVH 4 j¥e2 4 jvi3 =
240) Tlofas Tipds Suvaran va AaPn f moapdoTacis
A=10—itqjr— . (=1)¥ éwou ve N,
241) 'Eaw A=i04i1 424 ... +iY ==t +it—, . (=1, veN,
Tolas Tipds SUvaTan v& AdPn N mopdoTaocis A+ B ;
242) N& ouykpiBouv al Tipal Tév kGTwb TapacTdoewy :
1

A =ik 4 M1+ 242 4 243, B = *ll,—' =k o =t I,_L? -+ ﬁl:g , AeN
243) 'Edv ol dp]Buol K, A, b, vEN Bixipoupevor S1&d 4 &grivouv TO aUTd UmdAoiTov
v dmobeayxfi &t a) ix=ir =it=1i" B) i%+ithty = |
244) N& eupebouv al 'rE'rpc:ywwKui pilon T&v &pibudv, — 25, —36, — 23, —27.
Ol pryadikoi apbpoi.
245) N& dvayfouv al kérwd mwapaoTéoes es THv Wopehv o + Pi :
@ =2i(—1+1)—(=3+2i), Py G431 (G=3)-2, vy) (A+0?

14212 —(1—i)?
B @+ P+ @ O (420 -2 ) (o,

4 a+pi  a—pi a+i V3+i V3
A Corek PO HLaPDA ) Sl by P Tt ™ Py +W
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246) N’ &moBeiy8ij 1 &Anfeia Tév kaTwh lgoTHTwy
&) {1 == —4, Bl =2+ (—2-TH=58 9 (=7 + T+ H=~50
8) (2 4+ 3) (3 +2i) = 13i, € (x—a-+Bi) - (x—a—pi)=(x—a?+p
3 18 15 o+ Pi : a -+ pv— (av — pi
Dgmi=arter " Wp-—a '* V7 1I-w =
DR e e SRR

8) a+ Bi

247) Awd molas TpoypaTIKES TIRAS TGV X,y {oxUel iooTns
(1-2)x+ @B+ 5)py=1+3i
248) 'Eaw z, = (2 + i), Z.=(l - 2i), va& Umoloyioi o wryadikds &piBuds

Z ’
=7+ %+ 22+ ‘Z_: + (z1 — 22)*

e =T (SO VR -
248y 'Eqv z,=-— 7 + o TG el dmobeixbf o :
Q) 7, = 2" Y 2e = Ll oxal ) zt=nt=

250) *Eqv z = a + i kai Z=a—Bi, v &mwobeayfolv ol oytoes :

—— z
2 =24+ Zyy TiZe= L+ Zy (—) = —Z_-L (za =00,

~z)=-2z (_L—)=Fi— (z # 0)

z
251) 'Ywé Toiav ouvbikny TV &, o, By, B, € R 10 GBporopa fi | Bwagopd T&V
2, = o + Py, 2o = @ + Pai eVt dpibuds a) TpaypaTikds kal P) povTaoTIKS kaBapds ;

0 pi Sikdmv apipdv.,
To pétpov thv pryw e

252) Tlofov T& pérpov T@V dpibudv —i, 1 +1i, 1+ iv3 24+V3+i =T
l4ai 3+2i W B4 (=1 4-50) i;‘(z___\@':_‘* iy
i—ar 1 —Ot) TO-piemy) 0 T ELED

253) 'Eéw z,, zs€ (C—R) v& &mobey®fi &m |2,z 1* = |z [*- |z [* (tpapudoate

Tov TUTTOV [z[’:z?) , iy

254) N* &modaydi] 611 [%+ Zg |=lz:+ %1 zi.zze(@€—R) y ¥

255) 'Eqw ol z, = o, + Py Ze = & + Pl TANPOUY THY OXEOW Z, Zy +Zs Za =| 7y +z¢(2,
Belfare 6TV oo, + Puf. = 0

256) 'Eqv a + Pi =0 <= la+PRi| =0

Ipagiki] napactaclg OV pryadik®dy appdv. ;
257) N& evpeBoly ol eikdves T@v &piBudv 1 +1, 1 —2i, -3+i, -2-51
: 1 1

(AT L W G T R I RS )

258) TapaoThoaTe ypagIKds ToUs pryadikous dpiBuols o + Bi, «—Pi, —a+Pi
—a—pi (o p E‘R') Ti mwapaTnpeiTe ; 2

259) N& evpefouv al ohikal ouvTETaypéval Tou é&pibpou V34 kol va Tedf Gmd
TPLY WVOETPIKTY HOPRTV. .

260) Al Tohkal cuvTeETayutval tuds prydBos elvar p = 5 kal 8 = 45°% Tlofos &  &piBuos
oUTos ; : : ' 2

261) N& TapaoTadi ypagikds 16 &Bporopa TPIdY kol dkoAoUBus TeTTEpLY pryaBikov
dp1Bpcov.

L3y
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262) TapaaThoaTe yewueTpikds 1o &Bpoioua T&Y &piBudy
Dz,=—2i, zz=—3+2ixal 2) z,=3}, z=-2+0j, =141
263) '‘Eaw z,=2-3i, z, = +1 + 2i, molan al eixdves els TO pryabikov émimedoy TdY
Biagoply z, —Z, Kai Zp —Z;. T TopaTnpeiTe ;

AZKHEEIEZ ENMANAAHYEQE

264) 'Eqv z,, 2, € (C — R), v& ebpedf) oxgois peTaly TV ), oy, By, P2 € R, &0V Z, =
=a, + B, z =0 + Bai, v Exwpey: @) zyz2€R. P) z,z,€l (R alvohov TpaypaTi-
kv, | glvolov gavTaoTiKG).

265) ‘Yo moiav ouvBiKnY TV TRPAYHATIKOY @y, O, Py, B, TO TnAikov ﬁﬂ_‘l elvat
o+ Pal
a) TpaypaTikds &piBuos kal B) avTEOTIKGS.
266) 'Eav 2, z,€ (C— R) kai z, = —z,, V' &mobayBi émL To &Bporopa z, + z, elvan

kafapods povTaoTIKOs &pifuds kai TO ywouevov z,z, € R

267) 'Edqv z, = & + Pii, zo = @ + P, OO molav ouvlfkny T@v oy, oy, B, . 0& elvan
a) (z,°2,) =0 xkai B) [z, — 2| =|z+ 2]

268) 'Eqv z, = &y + Pyi, 2z, = o, + Pal kai [z |24 |22 [P = |z — 27 |* v& &moBex]
&0y oy - By B =0

269) ’Eqv  z,,2.€ (C—R) V' damodeaybij om 2( |z B+ |z |P) = |z + 2 |t +
+ |z — 22 |

270) *Edw al mohikai ouvteTary pévan Tol &piBuoy z = o + Bi elvon p, 9, Toian al rohkal
guvTeTaypbval Tou dpifuol zt = (a + Pi)7T

271) “Ywo wolav ouvBrixny TV oy, &, P, B.e R al elkdves els 10 mohikdv Emimebov
o 7, = & + P, Zo = @ + Pai, kevTan &0 eUBeias Biepxopévns Bia Tiis &pyfis 0 v &Edvwy ;

272) 'Eqw z = a + Pikal z = a — Pi, ToU B wyaBikou 7, = X + Wi 16 WETpOV | Z) |=1
vé &moBegdi &m | Z=B | =1, (Zz# 1.
l—z2z
273) TapagTioate yewpeTpikds ToUs &piBuous —HZ—Z' _Z__E.Z Smou z piyadr
i

ko dpiBuods kai z & ouluyhs abrou.

274) 'Eav z = o + Pi xai Z = a— Pi, v& &moBeayfi 671 & z elvan fi TpAYUATIKOS T
pavtaoTikes &v loyxun f oyéors z* = o

275) ’E&v |z, + 2| = |z — 2., émou z,,z,€ (C—R), v’ dmobeyfij m :
a) 2172 + 7.2, = 0, (71, 7, ouluyels TGV 2, 7, dvmioToixws) kai B) |z, + z. | = |z, + z,|. "Emrl.
ong v &moBeiy8i, ST & |z, +z | =|zi—z| TOTE 2,7, + 2,2, = 0.
2z

276) 'Eqv z = a + Pi xal z= a — Bi, v\ dmodayx8ij, 6T ol mapaoTdoer l—+—'a
zz

.28
142z

elvar pyadikol ouluyeis &piBuoi.

277) 'Eavz=a +Pi, o, PER, kal | 22— 1| = |z —2[ V" dwoderxdfj ém o + p* = 1.
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KEODAAAION XII

EEIZQIEIZ BOY BAOGMOY

86. OPIEMOI [IAIOTHTEE (rephnmriki) dropvneis).

OPIEMOI : [Tdoa lodtne perald dbo alyefowxdv mapacrdocwy, 1) dnola eivar d-
Inlne 8¢ dotoudvag Tipds Ty yoaupdroy (dyvdorwv) Tdy tapeotdoewy TolTy,
xaletral é&lowois.

*Evraifa Bév drroxAeleTan 1) TepimTwais, ka®® fiv Slvartal 1y lodTns va elvan
dAndhs 81 doas Tas TIHGS TEOY ypapudTwy, 6moTe i étiowols kakelTon Tau-
Téns. Ty, 1) tiowois 4x2 + 1 —4x = (2x — 1)? elven dAnbns B mawv xeR.

‘H elpeais Aoy TGV TGV TGV ypoppdTwy, T& éTola kaAouvtal dyve-
otor THs thiodorws Bid Tas omoias elven alrn dAndhs kaheitan Emikvelg THS
Eiodoews. Al oUtw 58 eUplokduevan Tipad keAoUvTen Aboelg i pilon Tiis éiodo-
TEwWS.

Ao i TeproodTepon iocoes, of omolan Exouv Tag alTAS SxpiPdds AUCELS
(8y1 xowds Avceis), kakobvtar icodivapor

Iootnreg: 1) ‘H étiowois f(x) = ¢ (x) elven {godlvapos Tpos ThH EEi-
cwaw f(x) + o (x) = ¢(x) + a(x), &’ Soov els 1O cuvohov &g TO odmroiov dya-
Pepdpeda, | ouvdpmots a(x) éxn véonua. Oltw : f(x) = ¢(x) <f(x) +o(x) =
= @(x) + o(x)

2) *H ttiowois f(x) = @(x) elveu loobuvapos wpos Thy Etiowow M) =
= Ag (x), 6mou AeR, A # 0 kad dvet&pTnTov TOU X.

OGtw ouuPorifopev : AeR, A # 0: f(x) = @(x) <A (x) = Ap (%).

3) ‘H tlowas f (x) = @(x) Btv elvan &v yéver Igoblvaios mpods Thy Etiowow
f(x) - o(x) = @(x) * o(x), 6mou o(x) ouvdpTnols ToU X.

Mpérypo, 81671 f(x) * o(x) = ¢ () *o(x) <==o(X) [f(x) -9 ()] =0,
8 fis Eyopev o(x) =0\/f(x) =9 (x).

4) "Av p(x) = 0 kai @(x) = @1(X) * Pa(X) *** Pu(X), TOTE TO OUVOAOY TGV
Aoty Tiis @(x) = 0 fooUron pt Thy Evwow Tév ouvblwv T&Y AUoewy TGV
Hiodoewy gy(x) =0, gy(x) =0, . .., pu(x)=0. Mp&yuam, Hidm Srax v &AnBein
i p(x) =0 mptmer kal dpkel els TouddrxioTov Kk TGV P:(x), Po(X), - . Pu(X)
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va givan foos pé pundév. ‘Emopéveos ai pifan Tév ooz P(x) =0, ¢ (x) =
=0,...9,(x) =0 elvet kai pifen s ei0coews @ (x) = 0.

5) "H &tiowois (x) = @ (x) 8bv elvon év yéver iooBlvapos mpds ThHY EEi-
owow [ 9(x) ]2 = [ f(x)

Az [9(x) 2 = [1(x) = 0 <> (9(x) + £ (x)) (@(x) — (x)) = 0, s
8iBel @(x) = —f(x) V @(x) = [ (x)

"Ex Tfis mepiAnTrTikAs ToTng Umropvnoews, &veu &modeitecos, TV 181071~
Twv T@V Efiowoewy oupTepaivopey, 8T1 katd Ty AUow TEV Eiiodoewy Béov v
Aappavepe coPapds U’ Sy alTds, Bid vd ufy YTTOTTITITCMEY Ei gpaApaTa.

87. OPIEMOXL KAl EMIAYLIE EZIZ. B BAOMOY (@)

‘Opropos. Kakelta élionas f fadpod dg npog ¥, nica iicweig il pop-
Ofg ox* +Px + 7 =0 pé a # 0 xoi @ B, v rpaypankoi ij kei pyadikoi.
"Bvraufo 84 Becpotvan of o, B, y of émoiol kahoUvTar euvtekestai, Tporypa-
Tikol &pibuol fi kai dAyeBpikal TapaoTAOES Un TEPIEYOUCTAL TOV &yvwoTov X.

Obrw 81& Tas dxoroubous efiowoets B Babuol of ouvTeAeaTal Exouv duTi-
OTOIXWS TAS TAPAKEILEVOS TIUdS :

3x2—2x =0 &=3, [3:*2, y:O
—5%x*4+7=0 a=-—5, p=0, y=1

—--érx2=0 a:——é—, p=0, y=_0
x2=3x+4+1=0 &=, p=-3, y=1
ox* — (a+ Dx —3a=0 & =i Pr=—(a+1), v ==3a
A=Dx2—dAy + (A2 =9 =0 a=A—-1, P=-—4), Yy =2A"=9

Al Tpels TpdTan Eticcdoels Bev TEPIEXOUY Ghous Tols Gpous Tou TPLVY-
pou ax* 4 Bx +y, 81 TouTto KehoUvtar & L h wm £ ¢ Al &Ahon Tpeis elvan T A M-
pELG poppai.

"Ev yéver, Baw P=y =0 Aappavouey axt=10
» P=0AYyY #0 » ax? 4y =0 7 EATrEls popead
3 P @A y=0 » ax® 4 px =0
» B#0Ay #£0 » ax®* +Px 4+ y=0  wAfpns wopon

Tris ehiowoews @(x) = ax®* 4+ Px +y =0, (o # 0, B, y)ER, 6& karolUpey LioLy
i pilav THy Ty x = xeC, faw Exouev o(x), = ax?, + Px, + Y=0, 10 =
= { X [ X wryaBikods &pifu. } * ).

‘Omeos B iBwopev kaTwTépw, TO gUvolov TG Auoewv (piIldwv) Ths B'/Buiou
tliowoews elvar SipeAds.

"Eqv Aoimov x; kai X, elven ai pilon Tiis f(x) = ax? 4 Px + ¥ =0 &g 76
auvorov C, ToTe ai f (x;) = ax,® + Bx, + ¥ =0 kai f(x,) = ax,2 + Bx,+ y=0
elvar &Anbeis igdTnTss.

i (”_E;_Ei'_f;wﬂt'; {3 Palpod pe Bvay dyvootov dmpaypatedln 4 mpdtov & "Exdnv: Mabn-
patixdg Adpavrog.

(*) T advorov C tav wyadwdv delluév mepiéyer <6 olvolov Tév mpaypatiedv &pid-
pov (xeparatov mept Muyadiedv ).
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ZupPohilouev :

@ =0 yeh } >3 = {xxeCAf(x) =ax®+Px + ¥y =0}={x,X; }

f(x)=0,f(x)=0

‘Erilvowg tijg #60. 7 Pabpod.
1) ‘H &8s popeny ax? =0, a # 0.
Emeidh o # 0, &k s ax?=0<>x*=0fx-x=0, & ol x,=%x,=0
2) ‘H &mns popen) axt+y =0, a #0, y #0.
“Exouev 1 ax+y =0<>x2+ yfa=0, émére

o) "Eav % < 0, 8nAad™) of a kal y elven Etepdonpol, TOTE — -E- > Okal
1| tiowors ypageTal

0= (=) =0ew= (=)' =0% (4= F) (x-}=%)=0.

715 elven looBUvapos TTpds TO [eUyos X + V— - =0, x— V— - =0, & ovU

=—\/__,x,_+]/~—

B) 'Edw _::— =0, BnAod ol a kal y elvan dpdonpol, TOTE 1) EEicwois X2+ %:
=0 &tv Exel Aow & R 810T1 X* + % > 0 ¥ xeR, éxel Spws AUow els 1o guve=

Aov Tév govTaoTikidy . OUTw AapPdvoper Tas Aloels :

xl=—v— %z—i V{—, x2:+vﬁ %:i v%
3) ‘H &M popen ax®*+Px =0, as= 0, p # 0.
“Exopev : ox? + Px = 0<=x(ax + p) =0, it elvor looblvapos mpods
TO [eUyos Téw Ehio. x =0, ax + P =0, £ o¥ AcuPdvopev X, =0, X, = — o
4) “H mapns wopen fF(x) =ax* 4+ Px+y=0, a #0,p #0,y #0
"ExovTes Ut Sy T&s 1816TnTas loobuvapias- Tév Elicoewy Auqu}vo—
Hev BraBoyikdds :
f(x) =ox2+px+y=0 (oA[lopev Emri 4c)
<> 4a®x? 4 4apx + 4oy =0 (TrpoobéTopey Tov B
<> 4o 4 4opx + P2 —P P+ 4oy =0
<> (20x + B) 2 — (B* — 4oy) =0 (Bétopev Smou PP — day = A)
fi (Qox+p2-4=0
A (2ax + B): — (1/B)* =0, finig elven locoBUvapos Tpods To Lelyos Tév Eli-
ooty 20X P+ /A =0, 20x + P — \/A-zﬂ, ¢E ol AauPdvopev
=P + VA —B—+A
2a

X, =

» Xa

“Qoe 1) thlowors f(x) = (IXE + Bx + y = 0 e pilas, al dmoio Sibovra
amd TOV TUTTOV

:_B_L '\/AQ‘B‘L \/ﬂ' 4“7’ (1)

5= 2a
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‘H mapdoTacis A = p* —4ay eR xoheiTon Sakpivovoa Tiis tLiodoews.

Lqu. Al teraodeioon EAMITels poppad elvan Suvertov v tmAuvboly Bi&
TOU QUWTEPL YEVIKOU TUTIOU.

‘H Siaxpivouoe elvon Suvardy v& Tapouoiacdij UTd T EEfjs TepITTROES
o) *E&w A0, ToTe ai pilen Xy, X, o Bi86ueven &mrd Tov TUtrov (1) elven Tporypa-
Tikad kai &vigol.
B) 'Eaw A =0, Tote ai pilan Xy, X, elvan TporypaTIKa kol loan, OmdTe Aé-

youev, &T1 1) Eticwais Exel utow BimAfiv  pilav x:—-,ﬁ;
y) Edw ALO, Té7e 1) ttlowots ax*+PX + ¥ = 0 7 1y icoBuvauds Tns (2ax 4 B)? =
A Btv Exer Aow els To olvodov R, 5167 W¥xeR = (2ax + P)*>A, Exar Suws AU-
gw els TO ouUvohov TG uryadikd Tiig popefs (o, B) we B # 0, ai B pilon xy,
X, Ayouev 871 elven koBapai pryodixad.
Eiduet nepintwaig ‘O tumos (1) suvaral v’ &mAousTeudd, tdv & ouvTee-
otis P ToUu X el TroAAQTTAdaIoV ToU 2
OlTw, tav P =2p', Tote A= (2p)*— Aoy = 4p"2 — day =4 (B2 — ay)
Fuverrés X = ‘_ﬁ_%fﬁ = T_ziizgizjﬁ e I T
o a a
Eaw 8¢ P*—doay > 0<+4(p2—oy) >0=p%—ay >0
‘Opoicos tw P2 —4ay < 0<=4 (pr—oay) <0=pi—ay<0
Mopodeiypata: 1) Na tmiAvBouv ol Ehiowotls.
a) 9x2—16=0, p)4x: +3x =0, v) 6x2—5=0, 8)5x243=0
"Enidvoig o) “Exompev 9x*—16 = 0«>(3x +4) 3x —4) =0 icodlvapos TROS

16 [gUyos [ 3x+4=0 Xy = — ‘31
3x —4 =0, ¢t oU 4
xi= _3__
Ofrew : = {x/xeRAIX*—16=0}= {__‘3*_ : _g }
) “Exouev 4x*+ 3x =0<>x (4x + 3) =0 icobivapos mpos TO LeUyos
o ; x=20 i o : X, = 0
TV ELITWOEWY { < €t oU o ki

ObTe : E={x/xeR/\4x2+3x:0}:{0__%}

y) “Exopev 6x*—5=0 <= (x VB — (v 5)=0<« (x/6+1+/5)
(x V/G: \/5—) = 0 looBuvauos Tpos TO [elyos TGV thiomoewy X4/6 +\/§ =0,

= = e 5 ‘30
x4/ 6—4/5 =0, é ol Aaupdvouev Tas AVOEIS X, =— :é?- = ﬁ\/_zo X,
V6 6
“Qote: T={x/xeRA6x*-5=0} :{_\M/_EQ’L/EBE}

5) “Exonev5xt + 3 =0<(x 1/ 5 )= (v/ 3 =0«
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<> (x/5++/— =3) - (x /5= 4/=3) =0 icobivauos 'n'pos T geuyos Tév Ehio,
x\/5+\/--3_0,x\/5 —4/=3 =0, ¥ ob x;=—i/3/v5, X =iv/3/V5
“Qore: T={x[xel A5x*+3=0}={- i\fg‘_/\fs‘, i v"i /V5}
2) N& émAubolv ai tliocoeig
o) x(+2x—3=0, P)x*—6x+13=0, y) 3x*-5x+1=0
Eridvorg. o) Emeadn e a=1, p=2, y=-3
Gpa A=22—4.1.(=3)=4+12=16. A& ToU TUmou (1) Exouev :
X = '-'2_;\1/16 =-_-2—'2t—4, ¢t oU : xlz——zzﬁf
Ot : S={xxeRAX24+2x-3=0}={1,-3)
B) 'Emeidn elven a=1, p==6, y =13
dpa A= (—6)2—4-1-13=36-52=—16. Liwa ToUu TUmouv (1) Exouev:
64+ VZI6 _ 6+ 4
7 T2
OUtw : T={x/xeCAx*—6x+13=0}={3+2i,3-2i}
y) Emaibn a=3, p=-5, y=1
&Gpo A=(—5)—4-3-1=25-12=13. Aix o0 Timou (1) "Exompev :

X=— EEed t Xy =321 x,=3—72i

L E] 5¢\/13 5T 5—/13
— 2 3 —— 3 éE X)——6-———-, xzi—g-—
OUtew : }:={x|xeR-/\3x2—5x+1=0}:{5+;/]3, 5_;/13}

3) 'E&v o, Pe R, va tmAubfi 7 icwols :
x2 4 2Bx — (o + 20B) =

"Enihvorg : ‘Emaidn & owTeheoThs ToU X elvan moMamAdoiov ToU 2, E-

‘ g VET
pappolovTes TOV TUTTOV X = _iidﬂ_ Sl AapPdvouev :

Aot Jop . —pV S
x=~_@_%\/al+a+zup=£¢»l(a+_a Btlotbl_ _py|asbl

8L ol: \,=—PRB+a+P=9 x2=—|3—cx-[5=_(q+2£,)
OUtw: I={x| xe RAX*+2Px—(a*+20B) =0AcPeR} ={q
—(a+2p) }

4) N& EmAudi 1 eilcmcls +x_—1 x_:sg

*Eridvoic. T& kAdopara Exow fvolaw, étav X # 4, X # 1, x# =9. ’Ex-
TeAoUpey Tog, onpelovpbvas Tpdlels kol SiaTdooovTes, AcuPavouey 2x2 —41x +

+ 119 = 0. A& ToU TUTTOU AcuPdvouey Tas AUCEIS X, = ?l—}-{" =17, X3=
Y. ;27 = %«, of émoion tmraAnfebowy Ty élicwo.
5) N& #mAuvdf 1 ttiowois _i?-{-_:! 0.
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‘Erilveoic.

To kAdopa 81& x = 2 elvon d&épraTov, B16Ti of Spor alrrol unSevtgov"rm
"Hrol, 6 TapovopaoTis x — 2 elven 6 Tapdywy dmpoodioploTias ToUu kKAdopa-
Tos. “Ymobétovtes X # 2 MapPdwopey peTd th ExTéAETIY THg Biraupéoecos (2x2 — 5x +

+2):(x=2)=(2x—1). "Apa 2x — 1 =0, & Fs x:-{-—;—, ATis elven AU-
015 Ti)s Bofeiong éEiodroecos.
88. EIAOL TON PIZON THE EZIE. ax? + Bpx + vy =0, a,B, yeR.

T eldos Tov pidv Tis towo. f(x) =ax®+Px+y =0 ¢tapTaTan
dmd Ty Slokpivousow A = B2 — 4oy eR

OUrew Siakpivopev Tas EEfs TEPITITLOOELS :
1) "Eaw A >0, 7Tote /A eR xai ouverrdyg x = %%\/é eR
"Hrol ai pifar Xy, X, elven npaypotikai koi dvicor.
"Eav 8¢ elvon A = x* kal ¢, B, v, keQ ToTE ai pilon X,,x, éxppdlovrar pn-
Tés. "Hrol x,, X,€Q. "ARws of pilen elvon &pprtor (oUppeTpor) ouluyeis. An-
Aabn Stav 1) Elicwors f(x) =0 Exe g pifav Tov dovpuetpov x, = A + /B,
B # u® 8 éxn ked v pilow x2 = A — /B (rapad. 2y)

2) 'Eawv A = 0, 1é7e /A =0 xai ouvemédg X = _20‘:3 eR.
"Hror ai pilat %, = x, = —E—a elval mpoypotikai kai loal.

3) Eaw A < 0, v6te /A €l kal ouveréss x = — '_ '\/ e(C — R).
Hior %= %? + i\g:"\ e ;—f —i ‘/2? kabopai pyedikai ovluyeic.

Téwv mpotédoewy ToUTwy ioyvouw kai ai &vtioTpogol.
Ot pabnral SuvorTan edikdAws va kdpouv T &mrodeb.
Katwrépw &iboper ouvorrTikéds T& QuTEpey ouuTEpdopaTa £l BUo Trivaxas.
Mivag |
EfBos téw pildv Tiis o, ax?® 4 Px+y=0 a#0pB ryeR ﬁ
A=p:—day >0

Avo pilan mpaypaTikal kal Guicol @ Xy < X,

A=p*—4ay < 0

1
A=p*—day =0 l Avo pilar mpaypatikal kai fgor : X, = X, = — g—u

Avo p1§m kabapai piyadikai ouluyeis.

Mivag Il
Eibos 1év pilcw Tiig o, ax* 4+ Px +y =0, a # 0, B.YyeQ .
A=k? Avo pilan Tpaypatikal &vigor kai oUppeTpol.
A>0 | keQ
Aok Ao pilar mpaypaTikal dvigor kal &oUppeTpol.
A=0 Avo pifar TpaypaTikai foal kal oUppeTpol.
A< 0 Avo pilen kaBapai pryadikal ouluyeis.
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Enpavuki napatipnoig. "Edv of ouvtedeoTal a kal y elvar Etepdonuor
ToTe §) thio. ax® + Bx + y =0 éxe 8Uo pilas mwpayuaTikas dvicous,

Admi 1é1e - ay < O<>—day > 0<=Pi—4oy >0/ A>0.

89. LVLKPIZIE TON IMPATMATIKQN PIZON THE ax® 4+ fx +7 =0

*Exopev A >0 xed x, = - ;a\/ﬁ v Xy = "‘3?;‘/&-

anucrrigousv v Blagopdy Xy — X, :
-B+vA = Bi= /A _va
2a 2a a

To onuelov THs Siagopds X;—X, tapTdTan &mwd 1O TRdaNUOY ToU «, §16TI
A>0=vA 0.

OUtw : ’Edwa > 0, 16TeX; — X3 > 0<% > X,

Eov ¢ < 0, TOTE X — X< 0<% < X

Xy =—Xog =

Enpavnkn onpeiootg. Zxdmipov elvan va Exowpev els dugoTépas TAs TepI-
Trdoels Eviaiar Sidrakiv TV TRaYHATIKGY PIl@Y X, X,. Ak ToUTO oupgwvol-
Hev elg T Emdpeva va yprotpoTrol@duey THY S1aTakv X, < Xy, OéTe v a>0 ToTE

xl=__ﬁ+—\/"lﬂ Ko X, = M' v 8¢ a < 0 TéTe xl:_m_ﬂ':}_{i Kol
2a < 2a 2a

xot =Bbwia

% 2a

9). EIAOE TON PIZON TOY TPIONYMOY f(x) = ax® +px +y, a # 0

KahoUvTan pilen Tou Tpiwvipou f(x) ai Tipad ToU x af dmoicn 1o undevifouv.
Zuvetrdys af pilon ToU Tprwvupou f(x) elven ai alrrai pt s pllos Tis Efiomorws
ax? 4- Bx +y =0 kol kaT& oUvETElQY TQ ouuTEpdopaTa, TA owvayBivTa &K
THs tleTdoews ToU eidous TAV pildv alrtiis, BuvavTton v Ypnoipotronfolv el
turalfa (mivakes | kal I1). )

Iopadeiypate. 1) Na npocdiopiodij 10 &ldog 1@V pridv thV dkoloibov
waotov : o) x*—5x+4=0, B) x*+2x+1=0, y) 5x*+ 13x +9=0

Abog o) “Exopev: A=(=5)*—-4-1-4=25-16=9=3*>0
"Hrol, | Biokpivovoa A TS EEiocooecds elval TEAEIOV TETPAYWYOV TTPOry MOrTIKOU
&p1Buol kel &pa 1) Etiowals Exel BUo pilag TpaypaTIKES TUBHETPOUS Kad dvicous.
B) "Eyomev A=22—4.1:1=4—-4=0
"Apa Exer Blo, pilas ioos TPAYHATIKGS @ X =Xy = — 55

y) “Exouev A =132—-4-5-9=169—-180=—11<0

*Apa Exel BUo pilas kabapds uryadikas culuyels.

2) Na npoodiopralij 16 £ldog t@v pldv thv ilishocav.

@) x—(a+ B)x +aPp =0, P) x* —20x + o + B2, oPeR

Aborg: o) Elvan: A=(a+p)—4aPp =(ax—p)* >0

i
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"Apa Exel BUo pilas TperypaTikds cuppéTpous s Tpds o, P dvicous § ioes, i’
doov B& Eywpey o # B | a =P dvnoToixws.
B) Elvon : A =4a? —4 (af  P2) = — 4B% = — (2B)*<0
"Apa Exer 8Uo pilas xabBapds pryabikas ouluyels, éav B # 0.

3) Na npocdroprafoiy ai tipai tot LeR, dua tag dnoiag 1 Licwog Exel pilag
a) foag, B) mpaypatikdg dvisovg kai v) kaBapig pyadikag oviuyeig. [(x)=3x*+
+2x — (32 4 D)=0

Aboig: a) “Exonev A=224+4-3 -BA4+1)=0<>9A+4=0 ¢k fis:

A= "Qore Si& A= — % N f(x) = 0 éxer piov pilov SimAfjv. AlTn elva

9
S byl

MER=TEE T3
B) “Exouev A=2'+4-3(3A+1)>0>9M +4>0<>A > —g .

“Qore SIGA > — .3. N f(x) = 0 Exer 8Uo pilas mwporyu. dvicous.

k4

y) “Exopev A=224+4-3CA+1)<0<=A < — 5

"QoTe Sidx A< — —g— N f(x)=0 Exe1 6Uo pilas xabapds pryadikds ouluyels.

ZuvoTrTikds Trivat

- 4
Tipal 10U A | = o -5 L oo
| |
Mpbonuov s A i — 0 5
E s shm -1 I |
Eloos. pildv wis Avo kabapai 1 Ave mpaypaTikal
f(x)=0 | mwyadikal ouluyeis i I &ungor
4 . - — e |
ALKHZIEIZ
‘0 wdsie ;
278) Na #mAuBouv al dxdroubor tliodaels :
1) 6x*4+5x =0, —55xt 4 75x =0
2) 2xt—18 =0, Xt 4+ 1=0, 121x* — 196 = 0
3) x2—2x—-80=0, x2—9x + 14 =0, X+ 25x + 156 = 0
4) 4x* 4+ 7x—-2=0, 2x*—2x —2=0, 5x'—Tx+1=20

5) 2% 4+2x+5=0, Ox!—6x-+4=0,

6) 5x*+V3ix—1=0, (I-VDx=20+VDHx+3vVi41=0
I§
7 (D= ) (42) = 2x (-3), 42 (x =) = Bu-1) (x + 2 )=1-2x

Sl Sk 8 o B el 538
FT—x x+1 CTiaE= O x—3 2x+1
1 1 1 1

9 —A8+x—6+x16'+x+8=0
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x+1
x—1
‘Opdas p':
279) N& émidubolv al &kdAoubol thiowosis :
1) (x— 1P+ 3@x—1)=0
2) (dx+ 1)+ 3(6x*—-1)=0,
N Cx+2)Gx—D+Ex+7) (=5 =1-5%) 2+ 15%)
280) N& #miAuvBolv ol &kéAoubor tliodoe; :
1) 15x* + 26px + Tu* =0

x+2 x+3
+x—2Tx—3"3'

10)

2) x’—(cc‘—ﬁ‘)xfu’p”:(), X2f2(a‘z+ﬂ!)x+ (a“—-”")’-:ﬂ
3) 4x* —4dax + (a? —p?) =0, kx4 A+Wx—k+A+p=0

it Tl wby g AP Laly o BTl
4)x—cx+x~[5+x—y—3‘ x+p x-l-y_z X+p+y
Dipdeyrs

281) N& Tpoosiopiobii 1o elfos Tédv pildv Tév thiodaswy Ywpls vé& eVpefouv alTal :

1) x*—-11x428=0, x? —24x + 143 =0, x*—16x 4 64 =0
) x*—17x+11=0, 3x*+7x+5=0, 8x2—4x 4 5=0

282) 'E&w «, p e Q mpoabiopioaTe To elbos TV pudv Tav thowoewy :
1) 3ox* + Ba—pP)x—p=0
2) x*—2ax +a?— P =0, datxt 4+ dox + P24+ 1 =0

283) Ak Tolag Tipds ToU A i tlowois x*— 2A+2Dx+20—-17=0 ixa plov
pilay BimAfy ; 'Edw x, = 11, va Umohoyiodf # X

284) M Tolas Tiwas ToU v ) EHlowos (v + 3) x*— (2v + Dx+v+2=0 éxa
@) pilas fos, P) mpaymatikds dvicous, y) xabapds wyadikes ouluyeis.

285) ‘Edw 7 tElowag x* + ax + P =0 &xn s pilav Tov émbpdv 2 + 3i, v& Trpoodio-
Plofoly T& o kol P.

286) ‘Edv 1 tElo. ax® + 2Px +y =0 &7 pilos x; # X. €R, va &moBax TO aUTd
S1 loyter xal Bix Tiv EElo. x*+2 (@+P+y) - x+2p(a+y)+ 3ay =0.

287) N& &mwobeydij 6T o elBog TV pilév T Eromoewy f (x) = ox® 4 2px +y =10
kol f,(x) = ax? + 2Pkx + kty =0 elven 16 alTd B dugoTEpas.

288) 'Eav al pilea Tiis tio. X+ 2Bx 4y =0 elven keBapal pyodikal ouluyess, v
dmobery6i 6m kal ol pifen THs X* +2X +y + 2B (x + D+ 1 =0 elven tmioms kaBapal prya-
Bikal ouluyels.

289) 'Eav «, B, Y €Q v& &moberybij 6T ol pifan Tiis Ehodoews (o + 2P - y) x* —
— 2ax 4 @+ y — 2P =0 elvar pnral Ikgphoas TéHY & B, Y.

290) N& TpooBiopiodfi T elos Tdv pifdv s TApETTECEWS
Py

F T e &y ob=-Eb
cuppalver &v e ol

(o + B (e + Bt By o By BreR A S £ 2

e
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91, LYMMETPIKAI ITAPAXTAXEIE TOQN PIZON THE [(\) =ox*+ x4+ y= 0
LYNAPTHIEI TON o, i, yeR

‘Opropdc. Mia mapdoTaais @(X;, X.), TepiEyovoa Tas pilas X, X. THs &ti-
ohoews Tou B’ Paduol ax? + Px + y = 0, koAeITaL GUURETPIKT G5 TTPOS TOS pi-
las X, Xu £Qv Biv petaPdddercn &' évadhayfis TV Xy, X, "HTol P(X1Xg) =
= p(Xo, X1)-

OUtws af TopaoTACES ©
Xy Xop X0 Kap Ya® A %o ;l‘— !')‘—l" v (2% 4 3) (2%0 + 3) 4 5xxy
elvol ouppeTpikal TopaoTacels TGV pilédv X, X,

Al cuppeTpIkal TTapaoTaaels TV pIlddv X,, X, Tis ax? + Px 4y =0 80-
vawTan, s 8& 1Beopey, v tkppacoly ouvapThos TGV o, B, YER, xwpis va Aulq
1 tlicwaols.

“Alpotopa, yIvopevoy Kai arorvtov dlapopds @V pLdV Xy, X, tijg f(x) =
=ox?4+px +y=0, a,fyeR.

"Ek Tév ékppdoewv Tédv pildv Ths {(x) = 0.

: —B+A et
X1 = - T oq ! Xe = S
: — B AdA/B MRl d R
AapPavopey © X; + Xy = P 23\ -+ —!327\- = — —i—
~B+ A =p=yh ) _ (=B —(vAy Y
IR SV E S R S
= *7[3%\/3_ R BV:\'A_ 72\/13_\/&
ST T S

OUTews Eyouev :

OepeAlodels oXEOEIS CUVTEAEG TGOV kal piicdv

Xy, Xy THS 0X*+Px+y =0

T
/B V3]
K]"TX-_,:\%‘-—: ‘Xi—xu|_' -|c(|

Mapatipnoig. To &Bpoioua S, kai TO ywouevov Py 16w piiéw Xy, X, Tis f(X) =
=0 elven mwowToTe EpiBuds TporypaTIKGS.
"Avniatpopws. "Edqv x,, X, elvon SUo dpiBpol TTANpoUYTEs Tas OXECELS Xy + Xy =

== —E— Kol Xy viXe = %, oUTtol B efvan pilar Tfis liowoews ax® + Px + y = 0.
Mpdypnatt &k Tfis ax® + Px +y =0. <>x* + % Kt % =0 kai TV
X +Xp=— % e % Aappavopey :

X2 — (X, + X)X + XXy = 0 <> (x —xp) (x —x,) =0,
ATis elvan lgoBuvapos Tpos 1O [eUyos x — X, =0, X —Xa = 0, £ B0 1 X=Xy
X =5
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"Ex Té QuwTépw ouvdyeTal 1] TTPOTACIS
Oi apidpoi x,, X,, iva elvan pilm tilg &, ax® 4 px + v = 0, mpérner Kai
p

dpkei vi minpodv tag oxEoEls X, |+ Xp = — - KOl X Xp= -Z—

"Egappoyal

1. "Ex tob ywvopévov kai tod aOpoicpatog 0o apipdv, va oynpancdy £Ei-
swoig [ fabpod, Eyovea pilag tovg apbpoug avtoug.

Edw ax? + Px - y = 0 elvan f) InToupévn Etiowoig kal X, Xy ai pilan oU-

Tiis, TOTE X1+ Xa = f% Kl K= _%
B
"Erreii) 6peos © Xy + Xo = S Bobels dp1buos = S
Xor o= P » Bk
o
“Apa EYOUEV : ok,
ax*+px +y=0 *;>x+|3x+-— 0 7 P Sx e P=0 ]

“Qate, 10 tov oynpatiopov pic todocng f fabpod éx tod dbpoioparog
S kai tob yvopiévou P tdy pidv adtijg, dtov va Exmpev On Gyy 1oV thmov x?—
—Sx +P=0
Enpavuky naperipnois. A& T elpeotw TéY ApBuGY Xy, X, TV omolwy
&iBovtan TO dBpoiopa ko TO YIVOUEVOY, GPKeT v AUCWUEY TV tlowoty x* — SX +
+P=0.
Napaderypa. N& eupeBolv Buo dpiBuol Exovtes dBpoioua 9 kal ywouevov 14.
Aborg Edw x,, X, elven of [nTolpevor épiBuoi, ToTe elvat X, +X, =9, XiX2 =14,
fi 8¢ tlowais 1) Eyouoa ayTols dx pilas elvan x* —9x 4 14 =0. *Ex Tijs EmIAU-

= . 9 4 A/BI-56 .
Oews aUTHs AopPavopey X = \/2 Xy =1 Xy =2

2. Ni oynpaticdij iEicooig B Babpod, drav didmvar ai pilar adriic.

Aberg: "Edv x, = &, X» = Pelvan i Sofelocn pifen s {nToupévns &t~
Cwoews, TOTE Exopey S1aBoyIKMS
X+ X = -+ P lu+ars
Xy * Xy = op ] = o ="
Aaupévopey X2 — (a+ P)x +op =0

Mapadeiypo : N& oynpamodij Eiowaos p’ PabuoU, Exovoa pilas Tous
4,

SméTe &k Tou TUTou X:— Sx 4+ P =0

Gp1Bpovs —%— ,
. 1 9 1
Aborg : “Exouey X + Xy =5 +4 =, xlx2=-2—-422

“Apa 1) ttiowois elvar :
ﬂw%x+2=oc4v—%+4=o

92. YMOAOrIZMOEL TOY AOPOIZMATOL TON OMOION AYNAMEQN TON PIZON
Xy, X, 1iig ax® + px + v = 0, a, B, yeR.
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1. ‘Yroloywopog tod S, = x% + x% kai Sy =X’ + x%

"Exoney S, = X2 + X2 = (X1 X2)® — 2XyXe = (—— %)2 - 2%— PR

cl
3
‘Opoieas Sy = X X0 = (X +X%2)? = 3% X (Xa+Xo) = (— —2— —i3 _;L : (_%) =
== 8% 3aPy
- e
Oftew : | X2+ x5 = Ei“;?a—t. %® + Xt = :Ei:%?fﬁr ‘

2. “Yrokhoyopdg 100 Sy = X'+ X', VEN.
"Emeibhy Xy, X, elven pilen Tfis ax® + PX 4+ v = 0,
dpa: ax? +Pxy+y = 0 | TMorhamhaoiéloper T& ueAn Ths mpaTns éml
ax + Pxe+y = 0] X% kai & péAn s Beutépas Emi x,* 2,
SredTe 1 o 4 Pxy Tt v TR =

0
= , TpooBéTovTes B KaTG PEA
Qx-gv + ﬁxzvvl + sz‘_ D l EAT)
AopPévoper :

a5 %) + P ) o O+ X ==

7 GSV+BS\:A1 ‘{'YS\'-zzo

OlTw : \i\;: —'% Sv-] ""% Sv-g = Sl Sv—l — Pl S\j

Ak ToU TUTrou TouTou BuvdpeBa va eUpwiey TO Sy = XY + X", dTav yvw-
pllwpev T& dBpoiouara Sy =X""" + ) himLA s IS SectlE, B

Tapaderypa : N eUpedf] 10 &poroua Tév TeTapTwv Suvdpecoy TGV PILEY
T #hiowoews X2 —3x +2=0.
“Exopev : Sg=S, S3— P S ‘Emeidy S, =3, P, =2, &xouev

—(-3)1-2.1. , —(=3) 4+ 3-1-(-3)-
B +(_3)_=_52 152 _gdi=5 xoi 53:,,(,,),1,,31&},ﬁ( 2 _ 57 _18=09.

"Apu S;=39-2-5=27-10=17
1

Hopatipyoig: ‘O Umohoyiouds Tou &bpoiopares ;1; Feggpvel,
duéryeTen elg TN TwponyoupevTy TEPITTTWaIY. b
X'+ X" Sy
T Py

3. "Yrohoyiopog olagdnmote prrilg oUPPETPIKT|S napastaoeng ¢(x;, X,) TOV
puLdV X, X, tiig ax® +px + vy =10

Els uiav pnThyv ouppetpikny TapdoTtacw Tév pilédv @(X,, x,) elvan TavToTE
BuvaTh f Ekppaols albTis ouvapTnoel Tou dBpoiguaTos X, + X, kai ToU ywoué-
VOU X,X; KOl OUVETTES ouvopTnoEl TGV ouvTeAeoTdv o, B, YeR, BiéTi & TuyV

et s i e
OUTw I‘+Z"_
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Spos avuTiis T) 8 elvon THis woppfis Ax X, Bx,*X.%,. .., ZX,¥X,", &moTe 8 txppdde-
Ton B1& ToU X;Xs, T) 0& elvan THis popefis TX,"X,", OmodTe pé TOV dvtioTorydv Tou
Tx* x.* 6& BiBouv Siwvupor Tiis poppiis Tyx *X.* + Tx X =Tx* x,* (x5 +
+ X M)=TPSysp, , K=h:
*Edwv, Téhos, Utrdpyn Spos Tis popeiis x,", 8& Umépyxn kol & dvrioToiyds
Tou Ix,Y, omdTe mwéhw Ba Excwpev IMx,Y + Mx.Y =T (x," + Xx,*) = I'S..
“Qote, naca prTi| TAPACTACLS CURPETPLKT) TV PILDV X, X, THG ax®+Px +y=
= 0 ¢xgppaletar pntdg ocvvaptijcer tdv a, f, YER.
Iapaderypa : N Umohoyiof) # Tiph Ths mapaoTdoews.
o(p,s p,) = pi* + P’ + (Pr—P)" + 3pipy 4 3pi pa?y B py, Py Elver pifan T
tiooews X2 4 ox + P =0, ywpis va Aubf alrn.
Aborg: ‘H olp, p) elven oupperpiny dos pds Tas pilas py, P
"Exopev : ‘P(P,r P,) =P+ P2’ + P+ Pt — 2pipe + 3pipa (Pr + P2) =
=2(p* +p2") — 2psp; + 3pupa (P + P2) =
= 2 (P1 + P)* — 6psps + 3pups (prtpe) =
=2(—a)*—6p + 3P (— a) = 2a* — 3P — 6P

AIKHZIEIZ
‘Opag a':
291) N& Umrohoyiotii 70 S xal P 1dv pilédv ixdorns Tév kérwb Eiodoewy yopls v
AvBouv alTal :
Dxt=12x—7=0 , x*+x4/344/5=0
2) —x*+3x-1=0, X242 +x4/3-442 =0
3 (@+pxE—(—PDXx+ o +P =0 , afy>'+ («'p—ap)x—aPly =0
292) *Ex ToU &BpolopaTos S kol ToU ywoutvou P BUo &piBudv v& elpebolv oUrtor els
T&s &roAoUBous TEPITITAOEIS :

1) S=15 2) S=-19 3) § =2«
P =14, P= 84 P=ax—p?
293) Né& oynuanoddj ttlowos B’ Pabuoy, Eyouca pilas : g
1 el =
1) 7 kal =5, 2) =10 xad — 5 3) 54+ 4/3 kal5—4/3
4 <248 xoll =2-31, 5 a+B st acp & “jﬁml“_'étE

294) Na UmoroyioBii f wla pifa Tiis thiodoews ax® + Px +y =0, &tav yvwpilwpey
ThHv &AANY pilav auTiis.

295) N& Umohoyto®fy f Tiufy ToU A, Tva 16 Tprdwupov x? — SAx + A? Exn pilav Tov
dmBudy L.
piudy —

296) "Edv x;, X, elven ol pifar Tfis X' — (m + 1) x + m = 0, v& eVpedi
1) &1& molav Ty ToU m Exe pilas &vmibérous,
2) 5k molav -nuf{v ToU m TAnpoUTat 1) oytors 3x, + 2x, =7
3) Bi& Tolav Tl Tou m Exer pilas dvmioTpdgous.
297) N& eUpebij ) Ixawd xal dvaykala ouvBfixn petatl tév o, B, y Tis ex? + px + y=0,
va al pi{ar alTiis x,, X, TANPOIV ThHY oxéow KX, + AXy = .
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‘Opag B :
298) ’Edv x,, X, eivan ai pilar Tfis toboews 3x* — 2x + 6 = 0, va Umoloyroouv al
Tigai TGOV TapATTATEWY :
Do+ w ok e
. X o Xe
2y Gi—x:)? 5 I-3+x ¥3 r (3%, —2) 3x.— 2) r—x—-r?
299) Na& UXT]I.I&TIGGT] thigwars P’ Paduoyu Exovoa pilas 1) Ta dvriorpopa Tév pildvy,
2) T« c'w-ricn'poq;a &Y TeTpaydvewy TEY piGdy ki 3) Tols kUPous TAY pIgdY  THs éfiod-

Oews X* — FPp=20
300) Eorv o, P Elvan al pilan Tis Ehighoews x* — 3x + k = 0, va Umohoyiofi) f Tiuh
ToU k, v Spypy —4p%ps = 2k + 3 + dpip.t — Spups™

301) A Toias Tipds Tou AE R To dfpoiopa TGV TETpaywvwy Taw pifdy  Ths thio.
A (X—1)—x(x—2)+3A =0 ligoUtan Tpods 4 ;

302) Ak Toias Tipds Tév pokai v al pilar py, pe TS tho. 2xE 4 px —3v =0 TANpOUY
Tas oxéoris 3py + 3p, = 2pips kol 1 —pipe=5(p + P2 —2)

303) 'Eav x,, X. evar al piler Tis thiomoews ax® 4 Bx 4 y = 0 vabmohoyrofolv al
TAPACTTATELS :

(o, + B)~* + (ax, + B (o, -+ B) + (o + B)

304) N& Aubf) 16 oloTnpa : —3pipX + 5 (p )W =4(p + p2)
Smou py, p. pifer Tis X2 —-3x +1=0 ‘ (pr+ p2) X + pupe W = TRap

305) Né& kataokeuachiy tfiowas B Paduoy, Tis omolas al pifar x,, x, TAnpolv Tas
OYEGELS X, X, — 3 (X, + Xu) = — 5 kal XX — 1 (X, + X2 ) = — | xai dxohoUBuws va mpoobiopi-
offj 6 p, va 1| xaroaokevaoheioa éticwois éxn pilas ioas.

93. MPOZHMON TON PIZON TOY @)= ox® + px +7, & B, yER, a7 0.
EiSopev 671 6 elbog Tév pilév ToU Tpiwvipou ¢ (x) EaptaTan &md THY
Biakpivouoow A = B2 — 4oy kai 671 abtal SuvavTal va eivon TpaypaTiKal &vi-
go1 (A™>0), wpayuarikai foan (A = 0) kai kabapai pryadikai ouluyeis (A<L0).
"HEn 0& tfetdowuey TO Trpdomuov TV Pl Els TNV TEpiTTLOW, ko’ v
Exouev pilas Trporypatikds, 516T1 ToUs piyabikous &piuous Sev Siekpivapey els
BeTiKOUS Kol GpynTIKOUS.

: . s o ~ > = sl Al . AL AT
To mpdonuov Tév pilév Tou ¢(x) EfapTdTtal &mo TO ywduevoy P = -~ kai
TO &bpolopa S = — £ aUTGV.
=4

Artaxpivopey tag £E7|G TEPIMTOGELS :
I. A>0. Al pifon elvan mpaypoTikai duioot.

o) P= % > 0. Al pilon elvar dpodonpol, OmdTE £dw EXWHEY

1y §i=— 4> 0 dupdTepen eivan Betikad (X, X, eR ™),
2) S= — E"<O dupoTepar elvan dpvnTikad (X, X,€R7)
‘H mrepimrwois S = — % =0 =P =10 %>0 kai A >0 elven ddUvarros.

B, P= Y« 0. Al pilou elvon ETepdonuol, OTETE Eav EuEy
o
1S =— B > 0 dmoAuTws HEyOAUTEPX glvan 1) BeTikn (x,eR*, x,eR-,
a
A % <0 xyral | x| <[ %]
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2). 8= — % < 0 &mwoAUTws peycduTépa elven Ty &pynmikd
OtieR eR— ) % < 01wy ek o | =< el

S —E'(— =0 o pilon elvan doriferor (X,<{0 < X, kad | X| = X5 |)
¥y P= % =0. ‘H pic pifa elvar 0 kad ) &GAAn Bidgopos ToU unSevdg
(&morAeleTon X, =X, =0, 81T A > 0), omodTe Edv Exwuey
DS=-£>0 fx=0xinx>0(x=="=1),
Ds=-L <0 axn=0klhx<0(x=-"1),
ll. A=0. Al pilan elven Tperypartiked iocn (xl =Xy =— 72—%) Kol CUVETTEIS
P= % 20, omédTe Eqv Exopey
a) P= "ZT > 0kai S =— —E’(— > 0 dupdTepar elvan Betikad (X, = X,eR*),
B) P= % >0kl S=— %(0 dupoTepon efvan &pvnTikad (X;=Xy€R )

¥Y) P= % =0 dugdTepan elven 0 (x, =x,=0).
H. A < 0. Al pifan elven keBopai pryadiked ouluyeis (| X, | = | X2 | )-
Ta dvwTépw cuvoyilovtar els Tov drdAouBov Trivaka :

Ol Mpéonuov pildv ToU ¢ (X)= ax® + Px + y._ op,yeR, a#£0
A N | ElBos piléw kal mpdonuov alTdv
-+ ERY eRT* == 0 < xo< x4
+ - KHERT, X € R- <= 3 Xy 0
. 0 TEPITTWaIS &SUVaTOS
+ ' NERY, eER- <= x <0< X kal [ X | < | X ]
+ S R ERY, eR- <= <0< Xy xal | x| < [ X, oy
"0 | XERH RER-AXi=—X= X | =%
‘ B
=+ x,€ R+, x,=0 (xiz—-;)
L B
-4 =ln SR (x2=——a—)
i 0_ mepimTwo dbivatos, SioTt A # 0
et x,=x,=—-2%eR*
0 E B
R X =X= —2;ER“
0 0 X=X =0
- | IR R (E—RY oy = = e ] J!
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Iopodeiypata : o) Na eUpebf] 1O mpdonuov Téy pildv Tév tlichoewy.

1) x2—2x—=5=0, 2) x®4-5x+4=0, 3) 3x*—x+1=0

Abozig: 1) “Exouey A= (~2)t—4-(=5)=24>0, P=—2-< 0 xai
S=-—--T-—2>0 *Apa x,eR*, x,eR- kol | x| <] %, |-

2) "Exomey A=52—4-4=9>0, P=4>0 kai S=-5<0. "Apa x,eR-,
X, eR- <= x,<x, <0,

3) "Exopev A= (—1)*—4:3:1=-11<0

“Apa %€ (C—R),x; € (C—R) xad X, =x, = | x| = Xa|.

B) Mk molag Tipds ToU A o pilon Xy, X, THs o, x*—8x + A =0 elvan
ETepdonpol pE GTMOAUTGS HeyoaAuTépow Thy BeTikny

Avotg. Tpémer va AnpouvTan ai guvlijkar P < 0 kai S > 0 (Atv AauPdvo-
pev A >0, 816m dtav P <0 = A >0)

“Apg P=A <0 kol S=—(—8)=8 >0 "Qore :

A A < 0 Exouev X;6R*, x,6R~ xai | x, [ <| x|

y) N& Biepeuvn®ij ) Etiocois 3x* —6x + 5 (2p— 1) =0, peR

Aborg. Efetdlopev Tas moodtnTas 4, P, S -
A=36—602u—1)=123—10u+5) = 24 (4 -5

To onueiov Tis Aelvat : P,J — o 4/5 AL
iy e + =
p32-D _ 3 ooy 1) iif—e 12 + o
3 i 3 P_l = : i
Té anueiov Tou P elvan : ®
§ = i;’ —2 > 0 ’AkohouBws ouvtdooopey ToU Trivoka :
L [ El6os pildwv Tiis 3x! - 6x + 5 (20— 1) =0
i + ‘ \ ~+ i x;eR*, x,€R™ xal |xy| < | %]
...l._ #_.\_O 158 ._J__ x,€Rt, el M T d e
g + \ —+ \ xleR*', x,eR”
PRI 3 Il el o
| —
+00| = i + -+ 4 x,€(C— R), x;€(C — R) kad X; =Xy = | %, | =%l
AEKHZIEIZ
306) Né& eUpedfj TO mpdonuov TV pildv TéY kdtwh thiodoewy :
D xt—6x+9=0 Tx*+414x—1=0
2) xt—-4x+1=0, -3 —-9%+2=0
154
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307) Né& ebpefolv al Tinal To¥ A€ R &1& Tas omolas al pilan Tiis fio. 3x? — 2x +
+3 (A —T) =0c¢lver : 1) dupdrepan Bemikad, 2) Erepdaniion pt dmohiTws peychuTépay T Be-
Tikiy, 3) piav SimAfy Betikfiy, 4) xafapad pryadikel katd uétpov foar.

308) N& 8wepeuvnbi) 1 mparypaTikds Tipds ToU A ék&oTn TAY dkolovBwy thiodoewy
Kal v& ylvn Twakoypdenois TEY cuMTEpaoRaT@Y THs Slepeuviioecs.

1) x*—4x—-3(2-5M) =0, ) -2x*+5%x-7(1-2)=0

309) Ne& edpete 16 eldog kal 1o mwpbonuov T&v pildv Tis Eioboews 2X (X — @) = o,
STav o mpaypaTikds xal o # 0

94. METALXHMATIEMOE TOY f (X) = ax® + px + v, a,B, yeR xoi a == 0 gIg
FINOMENON MPOTOBAGMION QF TIPOE x [TAPATONTQN,

"Eqv x,, X, elven of pifon ToU Tpieovipou f(X) = ax? 4 Bx + y, TéTe Eyo-
MEy X;+x2=—-g— kal xl-xzzuzw.
"EE &AMou TO Tphvupoy ypageTal :

fGx) qu2+px+yza(x2+% Xt %) = @l = (% + %) X+ xixe] =

= o [X2— XX — XX + X1 Xp | = O‘[X(X‘“xl)—-‘(z(X—x1)]E
=a(x—X)(X—xX)

‘Qote, Ald va petesynpaticopey @ tprévopov f(x) = ax® Px + v &g
Twvopevov o | fabpiov napeydviov Gg npde X, chpiokopey tag pilag adtod kai ka-
my oynpatilopev 10 YIVOpEVOV @ (X — X)) (X — X,).

HNapéaderypa: N& Tporrowv els ywdpevow mapaydvrav T TPIOVUHC
)x2—7x 410, 2) 3x2+x—2, 3) x®2—4x+5

Avoerg: 1) Al pilen 10U Tprcovipou elven X, =5, X, = 2

"Apa Eyopev 1 XP—Tx+ 10=(x~=5)(x-2)

2) Al pilea ToU Tprwvibou slvan X, = %, X =—1

“Apa Exopev @ 3x2 4 x — 2 =3(x—%) E+D=0Cx-2) (x+1D ’

3) Ai pilor ToU Tpreowiuoy elven Xy =2 4, X, =2—i. “Apx Eyouev :
X—idx ot 5 =[x~ @2 +DIX =R i) =x =2 1) (x~2 41

"Hrol 1) dvdueis ToU Tprwvipou X* — 4x + 5 pé pilas kafapds pryadikds
Sév elven Suveerd pév (BA. 51 meplir, dvaAboews) els TO oUvorov TGV TPy UaTI-
K@y, elvon Suows Suvart) el TO olvoov Téw My aBikédv.

95. EYPELIL FHE B /OMIOY EZIZQIEQE EK TON PIZON AYTHE.

"Eaw 8oBolv al pilat x;, X, Tijs B/Buiou tEichoecs, Suvdpeda Xpnoipotoiotv-
TE TOV  pETaOXNUATIONOY ax® +PX Y = a(x—X ) (X—X,) v& eUpwpey
™y élowow TalTny.

Hapaderypa : N& oxnuaTiodf Etiowois B’ Pabuol, Exouoa s pilas Tous
dpibuols «) 3, —2, P) 2 + V3, Y)=3+2i
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Atioig : &) Exopey a (x —3) (x + 2) —a(x*—Xx—6)=0<>x*—-x—6=0
B) Exouev & [x— (24 I Ix—@-4/3) 1=al(x-2-3]=
=0<>(x—2)!—3=0=<=>x}—4x+1=0
y) “Eyouev cx[x—-(—3+2i)][x—(—3—2i)]:u[(x+3}2—(2i)“]:
=0 >(x+3)+4=0<>xt+6x+13=0
Enucioatg. ‘O mapdywv o Tou ywoutvou Buvaral vé TapaheimeTon fj kel va elvan
oloobnmoTe TpayuaTikos Aptfucs.

AZKHEIEIZ

310) Né& Tpatrolv els ywopevoy o [PaBuiwv Tapaydvtwv Tol X T& dxdrouBa Tprdvupa
B’ Pabuou :

1) x4+ Tx — 8, xt —11x —26

2) 2xt+ 11x + 5 X+ Xy — 72y%, vix? — 6Gvx — 91

3) x* — 2ox + (at — P¥) X?—2pX + ui—vy, x? — 2ax — 3a? — 4B (B — 2q).
311) Né& oxnuamodi tiowos B’ Bobuou, Exovoa pilas :

1) _% Kal _%, 2) 54+ 24/3, 3)%_i %
4) a + /2B, 5) A 3ui, 6) @+ P* kel a—p
312) N& &mhomoinBolv T& KAGOHATX !
x?—15x Ixt 4 19x — 14

D i&—15" ~ 6 —x—2
3 —Txy + 2¢*  x*—x(2a+ 3B+ 1) + (a4 3p)

Gx: — 5xy - ¢t 2xt—x (4o + 6B + 1) + (2o + 3B)

06. AAAAI EIAIKAI MOP®AI TOY I(x) = ax* 4 fx +y &v R

*Edw Xy, Xp ai pilen ToU Tprewvipou f(x) = ax® + Px +y, ToTE

- A —p—+/A
XIZHL;&_\&,XZ:,_F-‘%&L
Té && Tpicdvupoy YPAPETAL :
f(x) = +Px+y =a(x—X) (x—xg)zu(x._“_;_ﬂ)
-B—vAy _ B VA2
(x-=¥%) =a[(x+25) — ()]

AloxplVouey TMPE TAS TEPITTWOES
) ; d B\ _ (VY
1) ’Eav A >0, TéTE f(x)_a[(x+2a) (}EE)]'
Aot 10 Tpiwukov f(x) ¥xeR peraoynuoTileTol gls Siapopdy BUo TeTpary -
VeoU TIPOY HOTIKEY TTPaTTEOEWY ¢mi 1o a # 0.
2) 'Eow A=0, wére f(x) =ox+Px+y= a(x+ %)2

fror 1o f(X) ¥xeR petaoynuaTileTon els TEAeov TeTpdrywvov TPy uaTIKiS
rapagTdoews éml 1O o # 0.

3) "Edw ALO, Té7e f(x) = ax? + Px + v = o [ (x+55) - ey =
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2 7-A\?
(e B ()
fitor 10 f(x)¥xeR petaoynuariletan els &bpoloua Yo TeTparydvwy TpayUaTI-
K&y TapaoTdoewy éml To a # 0.
Enpeioag. Al dvwtépw popeai elvan Alav yxpiowor Bid T& Emwdueva kegdhaia,

ALKHZIEIZX

313) Né& ebpebolv al Tipai Tou A e R Bia tas dmolas Td dxdAouba Tprdvupa elvan o)
Thheia TeTphywva, P) foa mpds THY Siapopdv BUo TETPaY VWY TPAYHATIKDY TEPACTATEWY,
Y) foa mpés TO &bpoloua U0 TETPAYGWWY TPAYHaTIK@EY TTAPOCTATEWY :

DS@A=-Dx*+x—1, 2) —Tx*4+5x—3(2-3N

314) N& ebpebfi moia &k TGV drkohoUBuwv Tprwvipwy petaoyxnuatilovtal els Biagopdav
kal moia els &Bpolopa BU0 TETpAYWVWY TrpaypaTIKOY TAPCTTATEWY :

1) 4x® + 20ax + 21a?, 2) apx?— (a® + PHX + ap

3) aix?—2a®x + o'+ 1, 4) 9a'x? — 8a®p (3x — 2B) + 16p*

97. MPOLHMON THE APIOMHTIKHE TIMHE TOY @(X) = ax®+- px + v, a, B,
YER, @ 5= 0 AIA TAL AIA®OPOYE TMPATMATIKAL TIMAE TOY x.

*Eotw 7y owvdptnois (X, p(x) = x* —5x + 6) eR% AUt elvon TeAeiws
Dpiopévn els TO gUvorov TGV TpaydaTIKGY dp1Budiv. "As elpcoper pepikds TIpGS

aUTis .y, ToUs : ¢ (—4), ¢ (2), ¢ (_25_), ¢ (3), ¢ (10). OUTw Exoupev :

P: x=—4—g(-4)=42>0 ¢: x=-2— p(2)=-4<0
?: x=2—9¢(2)=0 9: x=3—0(3)=0

TMaparnpovper 611 af Tipad aUTis &ARoTe elven BeTixad, &ANoTe dpvnTikai
kai pévov Sid x; = 2 kai x, = 3 (ai pilen Ths p(x) = x* — 5x + 6 = 0) elvan foa
Tpos 0.

TToANdxis els Té& émrdpeva padrjpora 6 ebpebiopey els THy dvdykny v yvwpi-
{wpey T Tpdonuov Tis &IBUNTIKTS Tiufis TOU TpiwUpoy §(X) = ox® + PX + ¥
(« # 0), Bix TuyoUoaw Tty x = EeR, &veu ebptoews Tis Tiwfs @(E) eR. i

EiSopev 611 TO Tpiwowupov ¢ (x) = ax® 4 Px + y petaoxnuoriletan els T
opgry 9(x) = axt + Px+y = a [(x + 35)" — g5] To mpdonuoy Tis Tv-
Xouons Tiufis altolU @ (£), 81& x =€ mpogavids ElaptdTan #k Tis A kai ToU
Sp1Buocy a.

OUtw Bloxpivouey TAS TEPITITULOELS :

1) 'Eav A > 0, T6Te X; # X; €R xai foTw X, < X

Al pilar x,, X, Siopepiloww Td olvohov R els Tpla BiaoThpara s gaive-
Tl glg TNV YEWMETPIKNY TTURATTACIY.

— o0 Xs Xy + o
-« = L e

"As Bewpriowpey plav Tipfy X = EeR. Ak iy Tipfy oy Siakpivopey Tas

i TEPITITWOELS :
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o) Bk < x,<xy <+ E—-x<0 wall £ — Xy 0= (£ —x;) (E=x) >0 "EE &A-
Aou tk Tou @ (x) = ax® 4 Bx +y = a (X — xp) (x—X;) Aaupévopey ¢ (£) = ati
4 PE Ly =a(f—x)E—= X,) = - (BeTikdg &p1f.)
“Apa 1 Tinh @(E) Exet TO TpdOTLOY ToU a. *Hrol a. ¢(8) > 0

) Eav %, <E< X <-f—x <0 xadE—x 5 0 = E—%) E=m%) <0

kai guveTTéds
p(f) =B+ PE+y=0a(t— x;) (£ — %) = o - (&pvnixdg &p1Buds).
"Apa 1) T @(E) Exel TO TTpooTHOY Tou —a. “Hrol ag (B)<0

¥) "Eav X, < %, < E<>E—%, >0 ol Fex, >0 = (E—x) E—Xo) >0
ke p(O)=a (E—x) (E—x) =a (BeTikds &p1Buos)

*Apa 1 Tip 9(E) Exer TO mipoonpoy Tou a. "Hrol ag ® >0

2) Eavy A =0, ToTE X =KX =—355 eR kol TO TPLOVWUHOV HETOOYMHO"
Tiletan els @(x) = ox* + Px +y = (x -+ gé)ﬂ , omoTe daw X =T # — -Eﬂ
AapPdvopey () = a- (E + -2%)2 =« (BeTikOs &p.)
"Apa £y Tipn @(8) Bia v & # _ii' Eyel TO TrpOOTIHOV TOU Q.

3) *Eqv A<0, 16T X, X:6(C—R) kol TO TPIGVUHOY pETaOXNaTIlETa
" ; 2l BN 4 g
o(x) =ax* 4+ Pxt+y=« [(x + ga) = ("20 ) ], sméte Aappdvopey () =

= a[( t 4 AEG)E - (‘N—F‘-‘)'J‘ — o+ (BeTicog &piBuds).

"Apa fy Tipn ¢ (B) Bia méw EeR Exar TO TTPOOTIHOV TOU Q.
Ta dvaTépw ouvoyilovTtal s dxoAoubas :

1 ElS

x) = ax? X -
gl sroAl, e, jonyEmes iR Iy o
Mpdonpov Ths 4 l Pilar Tou @ (x) } Mpéonuey ToU ¢ (x) (Brax = teR)
ik S o o 0 A R~
X, X: € R 1 X< XS K TPSOTHOV TOU
X < Xy fi ¢ 0
A >0 ! R % ag () >
._ S __-.7)_n96:rquou ToU — @
1 X% X< Xy aq>(£)<G
= ST S hnaa [ "_E_—_L——y—'_-_ﬁ—"@&}{ﬁ e
A=0 X == rgg R VX#E= Ja agp(®) >0

— o Mo ! o 8 TrpbonpoY ToU o
10 X2 = X €
A=z 0 Y XsE( ) E X il 50

"Qore: To tprovopov ¢(x) happaver Tpfy opoonpov tod d.
o) B x < X < Xy i Xa < X, < %, 80V X5, X, €R, BB Vi # — 4 R

— 5 cai 7) Bui VXER, B X5 X, S(C—R), happaver & npil®

tav X, = Xy =
opodonpov tod —a i x, < x < x dav X1,%ER,

Iapadsiypota : Na E\‘Jpseon al -rrpcqfucrnkcxi Tipal TOU X,
T dxorouBa TprLVURA Eyouv Tipdg BeTikds T &pyNTIKES :

1) x*—6x+8, 2) 2—6x+9 3)3xF—x+1

Bi1&x TAS t':rn‘t')“:fS
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Avoig ¢
1) Emeiby A=36—-32=4 > 0 kai x, =4, X, =2, émeran & dxdAoubos

Tiged TOU X —0o0 2 4 + o0

Trivat Tpéanpor Tou

TPIWVUPOU

|
+ ? — T +
2) Emeidy A=36-36=0 kai x;=X,=3, fmetan 6T1 TO TPIGOVUNOY
Vx # 3 kodloTerron Geikdv. OubkmoTe yiveran dpunikdv.

3) ’Emeib) A=1—12=— 11<0, émeren 611 16 TpIcovupov ¥xeR xobi-
OTaron ferikdy. OUdémoTe yivetan &pvnTikdv.

AZKHZIEIZ

315) Ak olas Tipds ToU X € R T& dxdhouba Tpichvupa yivovtan fetikd | &pvnTiké ;
1) 3x*—x—4, 2) 4x*-20x + 25, 3) x*+x+1
4) —x*+x—1 5) —2x*+ 16x — 40, 6) —3x*+2x—5

v 316) N& &moberxbfj &1 & Tprdovupoy ¢ (x) = 5x* + ux + 2u® (We R) elvan Berikdv
xeR.

317) N& &mobexfij &t1, taw 1o @(x) = ax® + Bx + y kabloraran dudonuov Tol o

Dy xeR, 1éme Exer pifas kabapas pryadikas ouluyels, 2) \x # — 2—[1 €R, ToTEX; =X, =
=~ % eR.

318) N& &moberyij 6T TO Tprdwupor ¢(x)= ax® + Px + y Exer pllas mwpayparikds
*\choug, tav Umrdpyn &piBuds E e R TotoUTos, doe v elvon ag (£) < 0

~ 319) N& &modexfj &m 1) thiowois x'—2Ax + (A —1) =0 &a pilas wpaypaTikds
YAeR.
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KEODAAAION Xill

ANIZQEZEIZ B' BAGMOY QI ITPOX ENAN ATNQETON

98. OPIEMOI — IAIOTHTEE (repihnnuki} dndpvnoic)

‘Opiopoi : Kaletraw dvicwows g mpds dyvworoy tov X adoa aybois TS
poopiic @(x) >1(x) 7 1(x) < p(x), 1 dmola ehvar dinbng O elbixag Tipds 7ol
ayvésatov X, dmov p(x), 1(x) mpayparial ovvaprioes TS uerafinriic X, Exov”
gar 76 adto medlov dpronot. "Edw elvon dAnbng Bia maoas Tas TIuds TOU guvdAoY
dvopopds alTis, TOTE KoAEITal POVILOg avicweig.

*Eniluclg dviocoews, v ouvdhe S, koheiTal fi elpeois ToU guvdlou TEY
Tipéy ToU &yvdaTou X & TG S, al émoiat Ty kafioTouy &An6 (ErraAnBelouy)-

Al eUpioxdpevon 81 Tiis émiAddoews Tl ToU X kahoUvTal hbeeig s
AVICWaEWS.

Avo 7 TeplodTEpal QUICGOES, &V oWoAy S, kahoUvtan igedbvapor, e
kol povov tdw Exouv TO aUTod aUvohov AUTEwy.

omreg: 1) ‘H dviowois (x) > f(x) elvon iooblivauos RS THY el
swow ¢(x) + =(x) > [(x) +1(x), &’ doov f| owdpTnais 7(x) elvon Gpiopévn éfs
To gUvolov dvogopds S.

2) ‘H dviowais p(x) > f(x) elvar iooBlvapos Tpos v ¢(x) — f(x) > 0.

3) ‘H dvicwors ¢(x) >0, &v §, el iooBuvapos Ths AVICWOEWS cp(x)'
- o(x) >0, &v A dvicwals o(x) > 0, év S, elven podvipos.

4) ’E&v ol dviowoss, &v S, (x) >0 xai f(x) >0 eiven iooBUvapol, TOTE kot
A o(x) + f(x) >0 elven {ooBUvauos TTpos QUTAES.

"Ex s mepAnTrTikfis TaUTng UTTopvnoews, &veu &robeitecos, TGV 15107
Toov ThY dniohotwy oupTepaivopey, &TL KaTX Ty AUow TGV GnoDoEwY beoV
v& AapPdvwuey goPapdds U’ Sy aUTas s érions kai Tas YVWoTas 1514 T
16 dvigoThTwy, B1d va piy UoTrimwTwuer el opdApaTa.
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99, OPIZMOEL KAI EMIAYZIEZ B/@MIOY ANIEQLEQE

‘Opopos. Kaietrar aviowos fi' fallpov, ¢ moog dyvwatov 1ov X, maca
Wigwaie tijc poopic ¢(x) = ax®*+px +y>0 7 <0 upé a#0, a,ff,yeR.
(of @, B, y Buvavtan vér efvon kol TrparypaTiKOl TApPAOTACElS T TEpIEXOUOT

Tov &yvwaTov X).

To o péhos Tiis dnigwaoews elvan To Tpicwwupoy B’ Paduoy, T dmrolov -
Bopev &T1 elvan Teheicws Gpiopévov els TO olvorov R. OUtw &id Ty Emidvo Tfis
dviohoews ax? 4+ Px + y>0 i <0 &v1d owodw R, AauPdvopey U’ Sy T
CupmepdopaTa TR tleTagews ToU Tpoonuou Tfis dpifu. Tipfis ToU TplwvUHoU
P(x) &1k TporypaTIKGS TIMGS TOU X,

Enilvoig tiig aviehozog ¢x) = ax* + fx +y >0 ij <0, (a # 0).

Qs yvwoTdy, TS Tpoanuov Tis dpibu. Tiufs ToU o(x) EapTdTan €K THS
Slokpivotons A kai Tou &piBuol o # 0. OUTw Buvdpeda elkdAws v& Bikanohoy -
Cwygy THY CUPTATpWo Tou k&Twhi Trivakos.

7 & SUvohov AUCEWY TTg ; Zuvohov Aloewv Tiig
ax®*+px+y >0 | ax*+pPx+y<0
4s XX €ER, X: < X XuX€ER, Xa< X
{XER | —0<X<Xyy X;<X< f0}| {XER|x<x<x; }
[y X1, X € R, X< X, Xy Xs B Ry Xy <%y
{XeR | X< x< X} {XER|—o<X< Xy X <X< 40}
i essren -
T X E | X 2a i )—'@
0 e A ) i
= I [ Y — | ﬁ
| { =1 xER,x#—ﬁ
+ | {x|xeR} r = .
57 { \=4¢ \ {x|xeR}

Inpeioog. Ta oupPora —ow kai 4w Biv dvTiTpoowevouy GpIopévous Tpaypo-

Tikous &p1Buous.

HMapadeiypara : Na émAvBouv év R, ai dkdAoubor dviodoers :
1) 3x2 —x — &0, 2) =3x*+ X +4>0, 3) x2+6x+9<0, 4) x2+ x+1>0

‘Enidvoig: 1) a=3>0, A=14+24=25>0, x,=1, %= —-iv.

‘H dvigwots TAnpoUTal 81a x>1 kal Bix x< —é—

{xeR | — o0 <x <—%, l<x< 4o}
D a==-3 A=1-4(-3)4=49>0, x, =5, x, =1

"Apa TO oUvohov AUgewv elvan :
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‘H dvicwois dAnbeter Bi1x —1 < x <-

=Wl

Sivohov Aloewv @ { XeR | —1<x <=}
Na=1>0, A=36-36=0, =%y =—3

‘H dvigwors Btv Exel AUgtv elg 106 ousoiov R.

SUvohov AUcewv : {XeR | x*+6x +9<0} =@
Ha=1>0 A=1-4=-3<0, xxeC—R)

‘H dvicwois elvon dAndns Sia maoas TAs TPAYH. Tipds ToU X. Elvan pic
pévitos dviowats. TUvohov Aloewv : { x| xeR }.

100. ANIZQIEIZ BAOMOY ANQTEPOY TOY AEYTEPOY

Mia dviowaols PaBuol dvwTépou ToU BeuTépou s Tpos X Bia va ¢mAve)
Béov u& AGBn THY HopPTY A(Y)  @u(X). . - 9u(X) >0 A0, TV (), @K, -
@u(X) dxépana TOAVGVUME TOU X TPWTOU fi BeuTépou Babuol, Exovra TO aUTd
mediov OpiouoU.

Oi mrapéyovtes P° Babuoy, tav Exou pilas wparypaTikds, Bivavtal v dva-
AuBoUv els ywdpevoy Buo TrpwToPaduicov TapaydvTwy, tav Exow pilas kaBapds
wyedikas ouluyels, Blvavtan va TapahelpBolv s poviucws Betikoi, (5101 e
ToTe Buvdpefa va UmobéTwpey Tov o BeTikov). Zuvemrds f dvwoTépw Svigwals
mréwroTe elvar Suvarrdy va AdBn THY popey (X — py) (X—pg) . . . (X —puw) >0 ﬁ<0
(ueN). ‘H tmidvois Tfis dvicdoews aUTis elval yvwoTn &k THS -nponyouuévﬂ‘3
TALEWS.

Mapaderypa : N& emAudi & R, 1 dviowos :

F)=x=-3)x2+ 1D —x+2)(—2x24+7x=3) (—x2 4 5x)<0

"Eniivorg : "Efetéalousv ToUs SeuTepoPofipious mapdryovTas.

OUteos Eyopev @ x*+ 1, A=—4<0 = x*+1 > 0VvxeR
X—x+2, A=-7<0=>x*-x+2 >0¥xeR
s I
x4+ Tx—3,A=25 > 0 = —2x* 4+ Tx = 3=—2(x —3) (x— 3 )
—x24-5% A=25 >0=>—x245x=—x(x—5)

*Apa 1) dvicwois elvan {ooBlvauos Tpos THY dicwao :

(x=3) (=2) (x=3) ( x= 5 ) (=) (x=5)<0, fimis elven ivoblvayos mp%

Ty (x—3)* ( X %—;_—) (x —5) x < 0. ‘O mapdywy (x — 3)* elven pf d:pvn’!’““}s
WxeR, Emopdveos Bidx x # 3, 1) dvicwaois elven ioobuvapos Tpds THY

(x——%—) (x—=5)x < .

Al pilar ToU TpidTou péAous autfis elven 0, ;, 5, OUTws Exouev:
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1

X —o 0 - 3 5 + o
L L L, R T e Y : : i A
Tipdonuov Tou ( X — T) (x-5) x o ? T ? — 0 +
—— —HEL L s - _— —— -— ——— | —
L 1 | 1 |
Mpéanuov 10U (x — 3)“( X— T)(x —5) x —fedii= ? == fl-’ — C“ +

"Apa T ouvodov Aloewr Tiis f(x) <0 elvan: {xeR |- <x<0, % <X B0 et 31

101. KAAIMATIKAI ANIZQLEID

Mia avicwoic kKokeltal K, QOPATIKY, £av dOvatar va Lapn v popony,
:i E,g > 04 < 0. "Omov g,(x), 9.(x) TporypaTika pnrai owwapTroes ToU X,

Exouaar TreBiov Gpiopol To Trediov Spiouol ToU pnTol &AyeBpikol KAGGLOTOS E"((_".;
¢.(X
‘Emeidn 1o mrnAixov 8Uo &piBuddv elven dpdomuov ToU ywopdvou aUTdv,
Emovtan al drdAroubor icoduvapicn :
P (K)

X >0(EV S) P q)l(x) i ?2(") >0 (EV S)
P2 (x) Srra £ . 3 e
$1 (x) i : TO QgUVOAOV OpIoHOU TOU )
o, () <0 (& 8) <=g(x) @.()<0(&v5) "

q’_; x) 0+ 2k ' \ i
R e 0 dvéryeron els v émiduow dw

Soews Tiis popefis ¢i(x) - @(X) > 07 <0
Hapaderypa: Na émAuf, év R, ©) dvicwois :

'A{ucx 7 émiAucis Tiis dvicwoews

3 3 5
=3 T i e
iy a7l 3 3 5 X! + 24x — 37
‘ Eniivog: Exousum+;'{— FRT <0<« EDE_D&+3) < 0
To mediov Spiopol elvan §=R — {2, 1, - 3} .

. "EmilUouev T fooBivapoy abTis (x* + 24x — 37) (x —2) (x—1) (x-+3)<0,
95 Tponyoupévws, éméTe AapPdvopey TO ouvolov AUgew :
{xeS| -0 <x< —12—/18], —3<x<l, —1244/IBl<x<2}

I02- LYETHMATA ANIZOIEQN B BAOMOY.

"Eqv 8Uo 1) mreploocdTepanl AuicWaEls, WS TPOs Tov aUTov &yvwaTov, elven
?)‘UBEES 81a Tds aUTas Tipds TOU &yveoTou X, &v owwdAw S, TOTE Aéyopev &
“Toreholv elotnua AVieOOLOY.
iy Enilvowy ToU ouoTruaTos GVICWOEWY KOACUUEY TNV eUpeciy TGV Kowdv
‘_‘\'Jcrsmp T@V AVICWoEWY aUToU. TO oUvoAov TAV KOIVDY TouTwv AUoewy elva
N Toun TGV ouvdAwy AUCELY TV QuiowoEewy, eUpiokeTal 8k Bid ToU yvwoTou
m"’qkos, GoTis kafopilel Ta kowa SiaoTHuaTa AUCEWY TGV AVITWOEWY.

HMapaderypa: Na émAvdi, v R, 170 olornua T@v dvichoewy :

1) 3x>6, 2) x*—6x+5<0, 3)x®*-—9x*+ 14x 0
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‘Erikverg: TO aUvohov AUoeey TS TRPOTNS Elval 1 2y = {xeR|x>2}
To otvohov AUgewy THs BEUTEPOS elval: 3, = {xeR | 1<x<5 }. ‘H Tpitn ypdee-
Ton x(x =7) (x—2) < 0, frig elven &Anbns S — <x<0 kai 2<x<T.
X | — o 0 2 s + ®

o | | i
T ’& I | |
x“49x1—i—l4x~‘ = O‘ + ? —P T
T ouvorov AUoewy Tiis TpiTNS ¢ 23 = {xeR |- <x <0, 2. xg il

Té ovvohov AUGEWY TOU QUOTTHATOS AappdveTal €k Tou dxohoUBou TivaKos.

X f 3x—6 \ Xt —6x + 5 | x3—9x*+ 14x 1 AUgers guOTHRATOS
— o0
U + -
0 - + 0
= + 4+
1 — 0 +
- - +
2 \L 0 = 0 2& R&5
+ —_— —
; l s 0 g
+ + -
7 o + 0
+ - +
.., I e

SUvohov AUGEWY TOU ougThuaTos elvat :
% 5 ATE, = xeR | 2<x<5}

ALKHZIEIZ
320) Na& tmAuvBouv, &v R, al dxohoubol GVIoWOES:
1) x*—2x +3>0, 3x2 — 13x + 10<0, —xt+2x+3>0
2) —6x* + 11x — 4<0, 16x2 — 8x + 1>0, xt44/3x—1<0
3) (x’—9x+14)(x—4)<0, x+1>x*+x xt—1>x*—x
4) (x*—2x+ 1 EBx*+ 1) (2x—1)>0, @xt—5x—T) (x*— DExr+7H<0
k=4 x*
5) x———-+l>0, prag
I S e 2
6) 1 7x+1 x-1
p A B S e L SO
R e ) Xt —6x*+ 12x—8 >
321) Né& gmAuiouy, tv ouvére R, T& xdAoufa  CUTTIHATX :
1) 4x? —4x —3<0 2) { 2x—1
{—x'+2x>0, ~ ST~
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3) ¥t — Tx+12>0 4) xt—5x2+6x<0
3yt 4 16x—5<0 X!+ 2x+ 3>0
—x? +2x+ 48>0 oxt—5x — 7 >0
322) A& Toios nipss Tou AER 1 é‘Eic. (A —_])x' —2(A=3NXx—-A+3=0 &=
pilas o) TpaypaTIKGS kal P) kabapas ulycxﬁmcs_ O'U_(,\J)‘fmg. . O
323) Mg Tolos TPy HATIKES TIRGS ’ ToU ‘u TD& :p:::;:o @
—2(u+3)x+2u—18 i pilas @) Oetikas xai B) d&pun

103. OEZEIL NIPATMATIKOY APIOMOY O [IPOL TAE TMPATCM. PIZAE TOY TPIQ-
: NYMOY ¢(x) = ox* + px + v
’Ed elvon ai pilan (rpory acTikad), OOV X, < Xy, kad 6067 Tparypo-
oS¢ & G; ¥ ){(2 T6Te ol TPETS Trpay BaTIKO &pibuoi Xy, X, & BUvavTan vé Tapou-
Tikog &pi1Bucs &, : :
olégow T EEFS OXEOTEIS Srarakews ¢ :
E<X2€-X1 Xgéx1<ir' x2‘< <‘X1, igu
kahouptvas OEoElg Tob § @¢ mPog TaC P G ' S '
‘Exdorn Thv BEoewv TolTwv Tou & )(otpOfK‘l‘ﬂP@ETm Ao LPITHEVAS  OUv-
K&O i
Brkag petaky ToU E kai TGV SWTEAETTEV &, P, Y-
1) Bl LR, Gy TEE 5 YRR ag(®)>0 (§ 97)

» X +X
<X o E<x, Kal E< X = <X+ X N e T
<3

N , :
Etrions éxouev E<X:

- A vBfkan elven A i P
. i #ran elvan A > 0, ap(§) >0 xai §4+ 5= <0
T < _2%1:]£+§%<0. pa ai ouvBiK 2

s p 5 - e
‘Avniotpégog. “EoTw & 20, a@(®) >0 kot £+ 5 <0. ’Ex Tiig A>0 Eme

: trreTon 611 6 € Bev BUvaran v& keiTou
i s Fe BEUTEPOS uq)([)","-o ETr
Tar X, < X, €R.Ek TS

P : 61 6 E el 8-
S { + < 0 &meTal OTL elval pikpo
beTaky Tév pilev. Téhos & TAS Tpitns €+ 53 p

; drt &V ATO X S X, < E, TOTE X; < E kad
T . itns Xz Siom &v 7 2
Tepos Kol THig MIKPOTEPSS P

s X1t %‘<E:~E+rﬁ— =0
X < b = Xl+xu<2i" 2 2a i
< x, < §, TOTE EOUEV e ap(l) >0 kai emadn & Tiis X, < X, <t
1 1

2) ’Eav Xo = ) \ B
5 t4 P 50, gpa o ouvBfiken elven A = 0,a¢(8) >0, kai &+ 5= > 0.
fmeron €+ 5 ) ! A eyl B, =
A Gpmg. Ecv A >0, ap(®)>0 kal &4 == >0, Xouev pilas
it & £ Btv Buvaron v KelTal peTotyu TGV pildv kal ouve-

\ < L . T
TRAY BOTIKAS (X S X1) oGV, clvon peyaAuTepos Kkai Ths HEYCAUTEPOS X,

™édg, dog KelpEvOs tTos TGV
\ y =)
BioT &akws B EXeabEY o ‘ i
3) *Eav x.<E<Xy TOTE €5 YVWOTOV ap())<0 (§97)
,) « ,‘3 Eqw ap(t)<0, TéTE &@ Evos EXOUEV pilag “E“YHOI’HKC(‘Q,
‘o' & AVTlUTP:I;T;( si6m dv A < 0 elvan ag(E)>0. ’Ecv 8¢ & E Exeito ExTos
&g’ ETépou Xp i

Tey pil@v O EIXOUEV ap(E) >0.
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'Ex ey GveoTépo guvdlopey 6T
Al ikavai kai avaykaiat suvOijkar, Tve 6 2=R givar 1) pukpdtepog TdY Xy < X0

givar A >0, 0g@) > 0, &+ %1 <0 Kal 2) peyarvtepog TV X, < Xy, shvar A > 0,

ag®) > 0, & +%,>0.

"H ixavi] Kol Gvaykaia suvlijK. Tve 0 ZeR ghpioxeTar RETUED TV X, Xt Ry
givan ap(d) < 0.

[apazipnows. TV cuvlnknv ap ®<0 Xpnmuowmoﬁuev TOMAKIS 65 Kpl-
TNpiov TPy UATIKSTTTOS &y piledv ToU ¢(x).

T& dvetépw, 5 xol LEPIKGTEPXL TrepiTTTEOEIS, TuvoyilovTal dg EEfs *

e

1' e (X)E ax® + [33( +Y: X <X

| A !{ ap(l) It + 2%‘ ©taig Tou £ G5 TPOS Ay, Xa .
M il - RSN Cs
} | + | R = Xy E |
. S S e ool ]
4 = A PR
| = | B Xp< % ‘
| X B N = AL e
Xy T Xa
+ | R e B A ,
l | =51 e e Eel = g peos A
i - | - 1 X < i<‘-’2' 2 X
______———'———L_——_-'__’* e — e i PR
| 1 0 L| X <g,—’fl_:‘;"'2<\ L
[ A Rl B z “ ~
| W + aek=t }
S e . o ..
| i = t=Xa< X
| - I — - - — — |
‘ + | M=n<i
3 | — il
- < Xxi=%
i = £ eSS T S
‘ | 0 1 0 N=x=t
(o R PR e

Mapadeirpata: o) Tola Btorg Téw GpiBudy —3, 0,9, 10 dx wpds T3S
pilos Tiis EL10WOEWS o(x) = x*—8x—9=0;
Abowg: “Exouev A = 64 + 36=100>0, x,<x, kai a = 1. "Emeidn ag(— 3=

94 24-9=24 50 kad =3+ £ =-3—4=—7<0, Eweran bn —3<x, <N
‘Opoiws ag(0) = —9<0 &px %< 0<%,
ag(9) = 81 CTL9=D X< Hi= FH R K== 10
“Ohcn ol Biatdooovtar @ —3 < X; < D=5 <10

p) Awx Toias Tipds Tou A al pilor ToU @(x) = 4xX*—X + 2(A — 1) elved
HikpbTEpal TS HOVGBOS !

Abowg: TTpémer va Exoouey X, < X3 < 1
P

Tlpds TOUTO GpKel VX elven A >0, ap(1) >0, 1+ 57 =40
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OUreos Exopev: A=1-32(A-1) 20<=A< %.

ap(l) =4 (4 —1+2A-2)=4(1+28) > 0<=>A >_,;_,,

1+L =145 =1-5 =5 >0 (vAR).
Ax < as- 5 owveAnBevowy Bid — 5 < A < oo
ATZKHZIZEILE
324) N& eupedij fi Béors T &piBudv — 2, — 1, 0, ;* » 2 5 wpds Tés pilas  Exé-

Q(x)=3x'—x — 4, Paf¥)=4x* + 4x — B3
325) A& woias TIHAS Tou Ae R al pilat X, X; TOU Tpiwvidou @(x)= — Tx? 4 2x —

—(3\ — 2) Tepityovran perafy TéV dpidudy — 1, ks
326) N& dmobeydi 6m al kaTwd thiowaes éxowv pilas TpaypaTikas kal dvicous,

OTOU TGV TPIWVULWLY

Xwpls THY xpfiow Tis Biakpwouons
D x=5Ex-3)-5=0 2) (x—a) x—P)=x* (&P, x # 0eR)

327) "Edv Xy, X, elvan al wpayuoTikai pilal ToU Tprwvipoy ¢(X) = ax? + Bx + y kal
O<y <P <a, va &mobex8i 6T al pilar X, X2 mepiExovTan peTalu T@V dpbudy — 1 xal 1,
328) Na eUpedi) 1 Beors ol &piBuol 2 Tpds Tés pilas ToU TpiwvUpou §(x) = 2x*! — 3x +

+5 (1 —2A) Kara Tas Siapopous Tds ToU A. ‘ .
329) "Eéw &, E, € R xal @(x)=ax* +px +y, v &modei b 611 1O 9(x) Exer pilas

TpayuaTikas kai dvigous av elvar @( &1) * 9( £.) <0, pla T@v dmolwy meprixeTar petall Tdv
& < £,. 'AxohoUBes Eml Tij P&oer Tis TIPOTEOEWS TAUTNS, VA amoberyi] ém al pifer Tis -
Shorws 9(X)=(x—2) (x +3) + &+ 2) x—-N-2-xB-x)=0 elvar mpaypaTikal

Svicor kal | upla TdOV dmoiwy TepIEXETA petatyu 2 kal 3.

E®APMOrAlI TQN ANIZQZEQN B’ BAOMOY

PIKQN EZIZQIEQN [° BAOMOY.

EiBopev elg T& TrpoTYOUMEVQ, &1i oi ouvTeAsoTal o, B, Y ToU Tpiwvipou
P(¥) = ax® + Px+y TTOAAGKIS EIVa CUVGPTTOELS tvds ypduuaTos AR, To dmolov,
Xwpis v Bibetal &piBunTikds, BecopelTal & yvwoth ToodTns &vekdpTnTos
ToU x kal &mod Tds Siapopous Tiuas ToU dTroioy ttapravTal ai pifer kal O on-
befov ToU TpILVUHOU.

To ypdupa A KGAETTA1 TAPAPETPOS,

104, AIEPEYNHEIE TMAPAMET

ol 5t tliowoels T GQVICWOEIS TEPIEXOU-

O altod mapapetpriai. ' y
A& v BiepeuviowWHEY piav ¢tiowaw P’ Paduou TOPAUETPIKNY KATA TAS
6‘0“17‘0'[30\!(; TIuds TH§ TaPaUETPOYV A, Stov va Exoouey Ut Sy Tov yvwoTdy i-
Vake (§ 93), & dmoios #erdler TO €1BOS kol TO Trpdomuov TAV Pl aUTs.
Mapaderypa : Na Siepeuvnfi) f ttlowo. ¢(x) = (2A = Dx*=2A—=2)x+ 3A =
=0, 6tav AcR. ; — ‘
Aboig : Eferélopev TO onueiov TGV AN, PV xai S(A) xaTa TaS Biapo-

Pous Tipds Tou A. OUTws EXOMEV
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AQ) =4 (A—2)t— 120 QA — 1) = —4(5A* +A—4) =—20(A+1) (7\—%)
T

To onueiov THs A(.) Bibetan &mo Tov .. i-;ll——‘ll"— £
Ypogikov Triveke AN | — o + e i
P(A) = 2—]-\31—] To kA&opa ‘—,2%1 elvan Spdenuov Tou 3A (2A — 1), ToU émolou TO
onuelov BiBetan &md TOV ypogikdy Tri- A 8 o Yo +&®
i l |
vake : M- + o — o +
| |
\
POV +oa— |+
S =222 T ddopa 2022 chyey gudonuov o0 24 —2) (A= 1), o0
&rrolou TO anueiov BibeTon &md TOV ypa- A —w Yy 2 + o
ol . [ \
PIKOV TrIvaKa : 2(A—2)(2A—1) + o — o +
| |
|
SN 4 ‘ oty i
l

Té& dvertépw Ponolv el Tov droAoubov Trivake BlEpEUVTOERS |

Avepetvnots Tiis thioboews @ (X) = A-Dxt—2A-2)x+3A= 0
A Ay | P | s | EiSos pil@v xal mpéomuor aUT@dv
S —_ iz + X1 X2 € (C—R) xalxlf;,:|x1}=fx,|
2= —0‘_-4-—__*_)(1:;(,=—-% =1
+ - + XxERY, X, eRt<=0< X, < X
0 |——0——f—xeR, x=0 (u=—"53=4%
+ - + M ERY X ER-<>X < 0<%, ¥l [ X | < [x]
1 p
Tl —|i— -*‘H— — ‘Etiowois mpwToPdbuios B -
+ + | = xeER, X, eR<=>x < x, <0
i ) ‘_7__ AT I S |
5 A= S ¥
— + - X1, X € (C —R) xal X=X = [ X% | =|%Xal
2 | [ o —xelLxelnalx,=—X
— + + X% €(C—R) »d Xy =% = [ X | = %]
+

Enp. C ouvohov pryadikdv, | olvohov KoBapddy POVTATTIKEV.

105. AIEPEYNHEIZ TTAPAMETPIKQN ANIZOQEEQN B” BAOMOY.

Ak véx Biepeuviiocopey plav dvicwow B’ Babuou TapapeTpikny, 8nA. va el-
pwpey T& oUvoda Aloewy aUTfis KaTd Tés Siapdpous TIHAS THS TapapETPOU A,
Btov v& Eycopey UT Sy ToV yvwoTdy miveka (§ 99).

IMapaderypa: Na Siepeuvnfiy 1 cvicwais
p(x)= (A -2 —(A—-Dx+2RA-1) <0, érow AeR.
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Avorg: “Ebetélopev TO onueiov v AA) ked a(A) kaTd Tas Siapdpous Ti-

nag Tou A, OUTws EYOHEV : | p
AQ) = (A= 1) —8(A— 1) BA=2)=(A = 1) (-23A + 15) ll___m__ﬁ =SS

To onueiov Tis A(x) BideTan &md TOV TrivoKX : 5(7\)\ ~ 0+ e
|

- s 2 v iy : 2

a(A) = 3n =2, omep Eyel OmuEiov BeTikdw 1 A > 3 Kal GpynTiKov Si1a A <m§

; AW 2 "2 e S e chel R
Mn8evileTon B¢ Bidx A= = Ta& dvewtépw Ponbouv els Ty oUvTtativ Tou dkoho

Bou Trivaxos :

[ Awpeimas ot S g 0= e Bal e~ Ris 5 2G—1< D
A A(;\)i _(5 T Sivohov AUgewv Tiis @ (x) <0
. —_—— —
[
—® .
v — {x/xeR}
p
;2. —0— P{XERIX#—'Z&:é
<X, {XER[—0<X<Xyy, X<X< 4+ }
+ | - :
2 g | dviowais o [pabumos, {X€ R|-w<x<2} ————
’ 4 + x2<x,.{xERlx,<x<x.}
1 fo——f— ( )=F
— |+ ( 1=0
+
L ) é,,“'ggm:f;{f;fiv&l é_'(l‘ppdcs\s Tou A kal peTaPaAAovTol peTa ToU A.
AZKHIEIZ
330) Na& SiepeuvnBolv al dxdroubor tEigcoEls kal dwiodoes, 8Tav Ae R ¢
l)(2?\—3)x“1‘—2(6?\—-5)x+187\+25=0 2
2) (A 5)xt—4Ax +A=2=0, 3) A+ 1Dx2—3Ax +4A>0
. 14 12x + 10~6X < 0
3 _1)x +3Ar=520, 5 A+ 2)x*+ <
4H xP+2@A-1DxX sh e : : | ‘
331) N& dmobex6i aTi To KAGOUE — 5 AapPével TEGQY TRCYHETIKAY TIiY,

Stav x € R. :
332) 'Edv x TPy paTIKOS up\ﬁiuog, j
2 (x — 3)~giv SuvaTal V& A&Pn Timds TOV

va dirobery®i 6T1 1O KAdoua (x* + 2x — 11)/
SiacTrpaTos ]2, 6]

SXEZEIZ TYNTEAEETQN AYO B'/BAOMION EZIZQXEQN
INA Al PIZAI TON TTAHPOYN QPIZMENAZ ZYNOHKAZ

106, Aidovrar dvo EEGGOEES 9i(X) = ax* + BX+ 1 =9 g q,)‘:("’) = aXx* - fox 4
‘i—y. =0 # 0, 0# 0) pé npaypATIKOVG GUVIEREGTAS Kai pileg dvnigtoiymg
e )& 1 2
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(X,,X;) Kai (py, o). ZnTOUVTOL ai oytoelg petald @OV guviehestdy TOV, iva ad-
tar Eyouv pilag:
1. Avaloyovg pé hoyov L.

1

*Exouev : ;—:-’55 =A<, =Ap Kai Xg = Apy= X+ Xo = Apy + pa) kot

i Pg
T p y 9"" I ﬁ 2 A S'_:El— i -a—I: Y1 =
XoXo— DIPsAE Iy — T:f A (—- &2) L A1) ==, ¥ o 7w

TE_B_ % |
= | @ PA YN |
*Avniotpdag. “Edv UpioTtartanr f owbixn (1), ToTe al Eiodaoels Exoww pi-
Zag dvahdyous pE Adyov A, MpdypaTi, HToVTES Tous Adyous (1) ioov pE K Aappa-
VOMEV
oy = Katy, Py = KBoA, Yy = KY,AY, OmoTe 1y étiowois e(x) =0 yivetan ¢, (x)=
=Ke,X? 4 KBAX + Ky, A2 = 0 <> opx® + PAX + AP =0.
AUt e pilas x, =A —Pet VB = oy § x, =Ap > 2 =A
2a, P
)(2:7\_5‘2*\/ 51::402')/;. ﬁ X, = 7\p, = X2 = A i
2a, ks 2 Pz
oTrep ;—;‘ =E? — A, "QoTe 7 oudrkn (1) elvon ikovn kol dverykada.
1 2

2. "Avubétovg. “Exoupev 1 X, = —p; Kol Xp=—py =

TELS e e
X1+ X2 = — (p1 + P2) IL, _-cl_llk_(_ai) | sl a__bh_xn 2)
X1Xs = P1P2 N i 1] = Oy - Ba Ya i

o o | L]

'Avniotpogac. “Eqv UploTaran f| cuvBrkn (2), ToTE al thiodaeg Exow pi-
{as dvTiBéTous. TpdypaTi, BéTovtes Tous Adyous (2) foov pt K, AapPdvopey oy =

=Ky Py=—KPy Y1 =Kys OTMOTE y(X) = KOuX® — KBoX + Ky, = 0 <> apX®—

e i

—BX + v, =0, fimis Bxer pilag x, =Pt V Pizden Pi— V/ Pl 4oy
2ay s 204

Alran elvan duriBetor Tédv piléw py, pe TS EE10. @a(X) = cuX® + Bax + v =0
"Qore 1 ouvbfikn (2) elvan fkowd) kai dvarykaia.
Té dveoTépe Slvaton va Bewpnbii s Toploua s TEPITITWOEWS kod’
fv al pilon elven dvdhoyor pé Adyov A =— 1.

s ” 1 v 1
3. "Avtiotpogoug. “Exouev @ X, = 5 xal X, = — =
1 2

! 1 l Pt P2 Py B ‘I:_ﬂl
X Xo =— — X Xy = ——— L= S =L =22
1 %y P + P2l ﬁ 11 X PL Pz 1'-‘] o Y2 ﬁ Y2 B2 o
XXg= —— \(x————l— Ji. O o O - &
o by S PiDa a Y: Ya ay

:. % = % = % (3). ‘H oyxtois (3) elvanr f {nTOUpEVN.

*Avnietpogac. 'Eqv UpioTatan i ouviikn (3), TOTE ol oot Exouv pit
las dvmiaTpdpous. TTpéyuarti, BéTovTes Tous Aéyous (3) foov pé k, AauPavouey :
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o = Kyy, Pr=KPa Y1 =Koy omoTe @y(X) = KY2x2_+ KBX + ke, = O_<*>Y2X2 =t

Lo b o P+ VB =y, =P —vB — 4oy,
+ B+ =0, Aus fm pllas Xy = ———72— " 11 = = L
: Y B, —V B —dmy: Byt VB —day,
Al pilen 8¢ THs @.(x) =0 elvar py = — --—_2;2 e T
> J2— (Bt — 4oLYs) I elon: ; s et (]
EE qméov EXONEV Xy Py = 5_(%)/___2_ =1 = %, = —-. “Ouolaos B¢ X, = —-.

“Oote: Al ixavai kai avaykaior ovvdijkay, va ai EGohoes ¢,(x) = 0 xai

9(x) = 0, Exovv pilag 1) dvahoyovg pi Adyov A, 2) dvniditovg kai 3) aviioTpogovg,

tlvar avaatoizmg ai (1), (2), ().
AZKHIEIX

olag Tipdg Tév A xal | al thiowoers )= A+ x—(+1)x=3=0

Aid e L
333) Az _ 0 #yow pilas o) dvahdyous i Aoyov 2, B) dvmiBitous

kel @u(x)= (n— 1) X2+ 4Ax + 2=
Kai y) dvtioTpopous.
334) N& oynuat 15
Tis x2 + Ax + p = 0. *Axoroufws va EUPE
bmrolas al Buo tiodars Exow pilas a) dvaRdyous pt Adyov 2, B)
CTpopous.

1007 tlowais P’ PaBuol, Exovoa pilas T TETpdywva TV pildy
i fouv al TwpaypaTikal Tipad TV A kal p Bk Tég
dvTibéTous kal y) dvmi-

1 1
335) Na oynuartiodf tiowes Exovoa pilag X, + o xal X; + X, OOV Xir X pilon

T ax? + Px 4 y = 0. 'Axohoufws v eupedii 7 ouvlrkn, va al Buo ttiowoeis Exouv pilas
&Uﬂ?\éyeug ué Aoyov K.

107. ATIAAEI®OYEA AYO TPIQNYMON B° BAOMOY.

*Eédw BoBouy BUo Tpidwupa ¢y(x) = cuX® + PiX + 73 xal ‘Pz(‘x) = q"‘ax. + Pex+
+ Y, U TPayUaTIKOUS OUVTEAESTSS, STIOU &y 7 0, @ # 0, kal pilas dvTioTol-
X035 (X, Xo) ke (py, pa), TOTE 6& KoAoTpey TNV TPXYUATIKNY TAPAOTAOW

R = (aiy:— oLy — (P — a.Py) (Brya — Bay)
Urajeigovoa tdV 800 TPLOVIPOV. : ’ ek
‘H &Eéraois Tédv 1S10TATWY TS &moheipovons R 8Uo Tpieovipew B’ Ba-

Buol Bonfei els Ty iAo TOAAGY omoubalwy TpoPANUATY.

a) Mopgai tijg araraipovens R I : : | e
AoBévTwov Téw QuwTépw TPIWVULWY, T drraeipovoa Buvaral v AdPy

Tds GroAoUBoUs HOPPSS :
tn R = a;* ¢ (X1)9: (x2) = @y (P1) 1 (p=)
Mpérypari. ZxnuaTifopev TO ywéusvo; i

Pa(X,) Pale) = (uXa® + Py + ¥2) (Xe® + PoXe T Y2) =

1 = C‘"Exllzxzz i opPaxyXe (%1 + Xs) + QoYa (X* + Xo?) + Po®XiX, +

+ Boya(Xy + Xo) + ¥e' = :

L[ (arye— ay)t— (@Pe— s (Buva=PBv)]= g5 - R
a

“Apax R = aiz @2 (X)) @2 (Xz), SuoOIwS 5t R = ou® @y (P @1 (P)
a R = a7 (%, — 1) (e — Pr) (Fa—Pe) (Xe =)
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In R= Tl;“[ (20ys + 200y; — BiP2)* — AA, ],
smou A = P2 —dayyy, By =B’ — 4y
Oi pafnTai SUvavTean eUKOAGS V& FrenBevoouy Tas pop@ds Tiis R 2a kai 31.
B) Idwetnieg tic danalkeigovons R
1. *Edw # &maeipousa R =0, ToTe &k Tfis R = a2, (p1) @1 (po) EXOHEV
a0, (pr) 1 (p2) = 0<>, (p) =0 Vg (p) =0, oméTe v ¢y (p) =0 ket
Erredn) @, (py) = 0 (py elven pila ToU @, (X)), EmeTan 6T1 1y efvan kowr| pifo TGV
@, (x) xad @u(x). 'Ecv Be o,(p) = 0 kal @, (p,) =0, TOTE & @y (X) Kad @u(X)
Eyour GupoTépas Tas pilas KoOWas. Eis Thv mepimrewow aUtiy O& Exopey

& By Yi g 8 i = : Pr _ P '
—_ = — = — o , KOl X3 Xg = y > —-— = —— Kl
o B, va ! 10TL X + X2 = P1 T P2 1 Xz = P1Pe & o

Vi e IR e 06 B

5 Oy &y e Y

*Aviiotpogog. Edv T& Tpiovupe EXouy kowhy 7 kowds pilas, TOTE TPO-
pavdds R =0.

“Qore : "H ikavi] xai avaykaie oovbikn, ive ta tprovopa ¢ (x) Kl @u(x)
iyouv piav tovkdziotov kowny pilav, givar 1 arokeipovsa abtdv va iocolTal
npog 0.

2. ’Edv 1) &modeipovoa R =0 kal oyfs — ooy # 0, ToTe eibopey 6T T
Tpiovupa @ (x) kel @, (x) Exouv piav TouhdyioTov kowny pilav, Gév dlvavTal
Sucs va Exouv dugoTépas Tas pifas Kowds, B16T1 TOTE B fjTO %: :%;—:—;%;:»
= P, — Py = 0, To dmroiov elven &roTov, B1611 UmeTEder oy, — Py # 0.

*Avristpopns. “Edv T& Tpidwupa Exouv wiav uévov kowhy pifav THY X
TéTE ¢ Xt + PiXo + Y2 =0

&X,* + PaXo + ¥ =0
e T . BiY: — YiB: _ (Y10 — &uY:
t€ dv AauPavouey o - (B.ﬂu =
(20 — ayye)® — (P — By (Brye — yiP) =0 xai oyf, —apy # 0. 'H koWt
atmn pile X, elvar TpaypaTikn, B10TI dv fito wryadikh Tis wopefis K + Ai, TOTE
T& Tpicovua B3 elxov kowhy pifav ked THY ouluy T K — Al kol ouvetréds Ba elyov
BUo kowds pilas, émep dToTrov.

- o Boy:— iR v __ Y1% — SiYs
} > Xti= Kol X, = Za' o

Py — aup,

)2 kol P, — cuPy # 0 kai dpa

“Qore : 'H ikavi] kai avaykaio ouvOnkn, ive té@ prdvopa ,(x) Kal Qy(x)

Exouv piav kai povny mpoypatikiy Kowviy piav, ™y X, = E—’—E”——_-g%a, clvar 1
1Mz — Yaby

arakeigovoe avtdv R = 0 kai op, — oy # 0.

Lnucinog. “Alatl [Bi16TnTES TS dmraheipotans R, Alav dtidAoyor, B& tteTaobouv
el GAATY TARWw.

Hapaderypa : Ard Tolas TGS Tou A al éliowotls
() =2x2—x—3=0 xal ¢, =x*— (26 —3)x 4+ 4h =0 Exow piow xai po-
vy TpaypaTikiy kowhy pilav kol v eUpelf) alrn.
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Avog : TTpémer R —0 ko oyPy— %Py # 0
alﬁe—u£91=—2(27\—3)-—1(——1):-—47\-}-7 #0<>A # %
 —Byi=—1 4+ @ =3 (—3)=—10A+9
oYs — CY1 = 2- H-—-1-(=3=8+3
“Apa R @4+ -H+D 10N + 9) = 0<>12A2 + TTA = 27 =0, &
27

1
fis \=—, M=—7

YExOuEV :

. \ 1 —(8h+3, _
H kowd) pila 81&d A = =- eglvat Xo = T&ﬂ'?" =—1
27 3
kal 81& Ay =— 7 glvon: Xo =5
AZKHZEIZ

336) Tofa f) owbhkn petaby T@v a al B, lva T& TRV §1(x) = ox® + X + B kal
v jévov KOWnY pilav, fiTis v& eUpedii.

@(X) = X* + ax + B Exowv pia ;
337) "Av ol Hioboes xt+px +x=0 xal x? 4 kx + A =0 Exouwv piav pévov kowiy

ollav, va &moBerybi 6T : (x— A= (Ph— KQ)‘ (x— ?)_
338) A Tolas Twas TEOV B cal v T TpIvuRE gi(x) = WXt — (U — 1)x—5 xal

gy(X) = (v—2)x* — Fyx + 1 Exouv TéS abrés pilas i
339) "Edv X, eivar fl wowi pifa Tédv BUO Tprevip@y ¢y (X) = @x® +BX + ya kel gu(X) =

= ax® + PX + y: kel R n &mahelpovod TWY, va &mobery i

i (Eiﬁ___ﬁ‘; P o (X0) = (o — @P)* §2(Xa)

L 5 a
340) N& &moderx®i) &1 1 Tpréovupa g = Axi— (Ap + 1) x + 1 okad @u(X) = Apx® +

+A:— ) x —A =0 #xow cowiy pifav, ATis V& VG
341) N& &moderx®i &m1 ol thodoes X+ oX — 3—0 kol xt—2ax + 3 =0 Biv BU-

vawTal va Exouv du@oTERSS Tas pilas otvds. EtpaTe Bt +&s Tipds ToU @, e alTon Exouv piaw

kowfy pifav.

o1 :

TO TPIONYMON @(x) = ax* + 68X ¥ (¢ ZYNEXHE LYNAPTHIIZ TOY X

108. 1) BAZIKAI ENNOIAI EIML TON LYNAPTHEEQN MIAL METABAHTHE

v mpog 10 0, kai tpog atabepov acR E

1) Metafhnral 1eivovod 050 pov o
Mia peTaPAnTh TOU GUVGAOU TRW TPy HXTIKWY &piBucoy Aéyopey : @) 6m

Teiver wpos T 0, xad oupPohifopey X — 0, &tav petaPahoptvn Buvaral v& yivy

Kkai va peiv kot GTOAUTOV TIUfY WIKPOTEPS TTAVTOS &p1bpou £ >0, doovbiimoTe

UikpoU kaTd PoUAnaw,

) &Ti Teivel Tpds TO X (8
HeTaParoutvn, Suvortan v& ylvn xed v ngivr_]
TravTog dpifuoy M=0, 6covBNToTE pey&hou,
y) 671 Telver Tpos TOV oTadepdy GpIOudY &, ko cUUBOAiloHey X — o, Taw peTa-
Pohoptvn Suvaral f Srapopd X — & vé yhon kol vfx_usivn kot &TOAUTOY Tiph
BIKPOTEQE TTAVTOS &p1Bpou ¢>0, boovBfimoTe HikpoU katd PouAnow.

2) Merafolai pas SUVAPTITEDS ‘ ‘ e
Mia ouvdpTnals ¥ = @(x), Exovox auvoroy Spiopol To T < R, Myetau

eTIKOV T) &pYNTIKOY), kol oupBohilopey X — o, Taw
ko' GIOAUTOV TIpfY peyoAuTépa
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a) abtovoa eig t L, 6tav s Vo olaobnmoTe dvicous Tds Ths MeTAPANTHS
X, X;, X.62 dwTioTOIXoUY Spoiws &vicor Tiual TS ouvapToEws.

"Hrol, &v x,< Xy < 9(x,) <@(xs),
B) gbivovoa cig 1o L, STav el Tas v AdYw TIMES X, X,€2 dvTioTOIXOUY dvopoiws
ai &viool Tiped THs ouvapThcews. "HTol, &V X< Xo <= 9(X1) >@(Xy) Ked
) otaldepi eig 0 L, STav els Tag Suo dvicous TIMGS Xy, X,€2 duTioTorKOouV oo
Tipad THs auvapThoews. “Hol, &v X< X, <= 9(Xy) = @(Xo).

Thy gopdv peTaPoAfis Tils &vw owapThioews v = (x) xabopilel mpo-
p(%) — @ (Ke)
Xp — Xy
4ptnois elvan abfousa, dv &prnTikds gbivouca xai & iooUtar pe 0 4 owvap-

nois elval oTabepd.

pawéd TO onueiov Tou Adyou , 6 omolos dv elven BeTikds i ouv-

"H Evvowa tijg ouveyeiog pLic ouvaptijocns.

Mia owdéptnois y = ¢(x), cpiopévn els & olvorov Z< R, Aéyetal guve-
%G Sl Tiva TpRy X, €L, E&v, ToU X TeivovTos TPOS TC X,, ) OUVAPTNOIS Teivel
wpos THY Ty e(X,).

"Edw 8¢ 1) ¢ = @(x) elven ouvexhs Sidt kée Tipmy X €, TéTE AéyeTou ouve-
NS elg 10 abvolov L.

109. 1) 1) H ZYNAPTHEIL @(x) = ex* + px + v EINAI TYNEXHE EIZ TO R.

"Eotw X € R pia Tiun s petaPAnTiis x kol @(X,) =ox,*+Pxo+y 1
dvioTolxos TN Ths ouvapThcews. “Eav AdPwuey kai TV Twmy X, + € Smou
£>0 kai doov BEAouEV pIKpd TOCSTNS, TOTE 1) QVTIGTCIXOS TN Tis ouvapTr-
oews 0& elvon (X, + €) = a (X, + €)% + B(x, + &) +y. Zxnuarilopev Ty dia-
popdy Xy + ) — @(xy) = aXy +6)° + P(xo + &) + ¥ — (axo* + BXy + ¥) =
= 20ax, £ + oe* + Pe.

"EmreiBr) € dpiBuds daovBriToTe pikpds, k&le &pog Tou Pou pélous Exel dmo-
AuTov Tipfy Goov BEAopey Hikpdw kad ouvetrds f Biagopd @ (X, +€) — @(X,) BU-
varran v yivn kai va pefvy ko GmoAuTov Ty ikpoTépa TawTos &pibuoy & >0,
SoovBnToTE miKpoU katd BoUAnot. “Apa @(x, +€) —= ¢ (X,). 'Emeadf 8¢, x,+-¢
— X, 51671 €0 boovBHTOTE UIKpdS, EMETn 8TL f) OWVEPTNOIS W = @(x) elven
ouvexns Bi1& THY Tiwnw X = X,. ‘H T Sues X, elven TuyoUoa Kal oUVETIGS 1)
owdpTnois = @(x) elval ouvexhs Bix kdfe ‘rufy x € R kal &pa ouvexns Eeis
T6 cUvohov TGV TrpayuaTiky dpiBudv R.

2) Metafoli) tiic ovvuprigeng ¢(x) = ax® + fx + v, rav xeR
"EoTe X, Xs € R (X, < X5) BUo Tinad Tiis peTaPAnTis X ki (%), ¢(x.) «ai
px)—9 (x'.')_ o
Xy — X2
2 Bxy 4y —axe! — PXa — i X il (% — Xy) i
_ eyt Py S G E PON) L )+ B

= q(xl + Xa +%)

dvrioToixol Tipai Tiis ouvapTAoEws. ZxmuaTilopey TOV Adyov
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.y ; i : .
A& TOV EAEYXOV ToU onueiou aUTOY SlaKpivopey TaS TEPITITWOEIS !

B réme e it Blg
a) 'Eqv a>0 kol AGPopEy X3 <Xy S ote Exouey X;<— - Kal X < — o

Xy — Xa

4‘3— = TEQ f_q) (Xg)
T”X1+Xg<——-—i—$xl+.‘(2+%<0 > a(xl+xg+u)<0 = <
<0 xal cuveTds 1| oUVEpPTNOTS p(x) =ax*+PX+Y elvon @Bivovoa.

AL IR : 3
*Oupoicws Buvapeba v &moBeitwuey, OTL QV & > 0 kol — s X, < Xpy TOTE 1)

(x) elvan aiiEovoa. L

0 Sraotpo — 00 < X<— =

"Qate, 1] GUVAPTNOIS haa>0c¢ict civar @Bivou-

; P < oo abfovea. Anhodh &AAdooEl opav
oo Kai gig 1O SLACTNRE — 557 = X< £

\ic xai meidh dmo elivousd yiveton abfouoa, BiépxeTal Bi1& ds EAa-
uei-rczﬂo :11"5 cahoupduns ENdyIoTOY (minimum) tfig UU\:’uptq'qgwg_' 8
)E(’) ‘Esdv uTI < 0, @amodelKVOOREY g rponyovpéveg, Gt 1} ouvapnels £ig 1o

)

= . L B
Sotqpa — ® < X< — fg civar aibovoa kai £ig 10 SrdoTnpa— 0 S X<+ o

“Hror Tréhv GAAGOE! qopd ueTaPOATs kal Emeidn &md altousa yive-
T0

@Bivovoa. W& widg ueyloTns T, kahovpévic péyatov (maxi-

Ton Bivouoa, DIEPKETA! &

i x). ; :
mum)3;ni1:y(w)mv ij Ehayrotov 100 TPLOVOROD o(x) = ax® + fx + 7
i

EiSoiey TrpOTYOUREVES gm 1o TPIOVUHOY, &v >0, el TO gUvolov OpiopoU
(Rl) o?\uasuﬂéf;a s Siepxomévas B’ tvog EhayioTou, TO Omoigy elvan :
TOU

A ' L - . i B -
R AcuPével Tipds BIEPXOHEVS 50 Evos peyioTou, TO dmoiov elvat: ¢ ( 2?;) =l
_ 4ay—P*
4{‘“‘ déraow TS ueTaPoAfs ToU Tpicovupoy @(x) = ax® + Px +y Suva-
nv eke

v f SN _Q 2
peBa VA KAPWHEY kol &mod THY HOPETY ToU TpIwYUpoU  §(X) = « [(.x M 20‘) o

*FM]- OUTew Bioxpivouey T EEfS ¢
4o

o) Eav a>0, ToTe bTaw X—>

4 ; &1 x —> + oo. 'Ev ouvexeiq, ToU x
Ll ey slaE ’

4 o0, TO (X == %)2% + o0 kai Tb(x £ EEu)a+

U — ;’—, T (x F %)2 AapPaver Tipas Beticas
i . 2
B X &t ioov TTP‘OS —_ 2%— ; TO (X L p ) =)

2a
4oy —B* | 2y =B AconouBus, TOU X
d B ) oy —PPY_ . S)

kal  OUVETTES ¢P( = i&') s [0 i 4 J =

2 3 i b 4 5
B gewg TOU + @, TO (x - 2%) aUtdveTan  ouvex s &mo

v ¢vou &O — 2 gL i
avtavou i?no cai & T TS p(x) oUEdveTar owvexds &mmo Tiis Tinfg

i 3 1\ o D
aufavopévou &Tro — @ wog T

péy GARG EACTTOUMEVOS TUVEX WS,

ToU 0 Teivov elg TO :
9 ( p )_ 4ay = B*  efyouoar Elg TO +00 -
T 2a) 4=
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B) ’Eqv a < 0, &modeikvuouer Suoiws, 411, ToU X aufovopévou &TO — oo Ewg

T e 5 T TIum THs cuvapThoews audveTan ouvex@ds Gmod — oo s THS TIKTS
i el kai, ToU X alfovopévou &moe — P g Tou + oo, 7| TIWT THS ouvapTi-
4a H o5 %5 » M TN NS pTN

> -~ s aeomn o e AOEy— [ ' 4ty v
CEWS EAaTTOUTO!L CUVEX WS QTTO TNS TIKNS a—};&i TEWWOUOQ EI§ TO — CO.

T& dvwtépw cuvoyilovtal els Tov drdhouboy Trivoxa :

TMivaE peTaPoliis ToU Tprovipou @(x) = ax*+ Px+y

| x| = 2 =E /+m|

‘ i (4ay — B9 [ 4a
a>0 | e (x) ‘ + = S i . + o i
[ T — (day — p¥) [ 4a _ ‘
a< 0 ‘ P | 2 iisrieen R —® ‘

Mapadeiypara : o) To Tpiwvupor (x) = 3x* —2x + 3 &xe1 Eva EAdyioTov

‘ s =anl g . i - I

Bl X =— 2—0(_——2-?#4,3—,81011&~3>0, T omoiov ETumcp(-—B—):
_day—p* _ 4-3-3-(=2* 8

T T T 3

p) To TpIdOVULOY f(x) = —x2—2x + 2 £yl v péyroTov Siax =— 2% = - '2{;‘2[)‘=

=—1,806m a=—1 0. Touto elven @)= 3.

ALKHZEIX

342) N& eUpefij 10 péyioTov i EAayioTov Tév kdTwb ouvapThoewy :
D) g)=3x—2x+4, eX)=x*—=Tx—1, e:(x)=x*—Tx, @x)=5x*—4

2) ) ==x*—3x+1, ex(x)=3—-(x~— 1), cr;.(x)E——;-x— —}(x+2)“

343) Na& eUpefi i T ToU A, va 1o Tpidvupov () =R — Dx*—Ax + A &1 ué-
yioTov Tév dpibudy — 1.

344) Né& elpedii f) petaly Tév o kal P oytors, va 10 Tpidvupoy e(x)= —x* + (@ + B)x
— (e — ) &xn péyroTov TOV &piBuov a + P.

345) A molav Tipfy Tl x TO ywépewvov (2a —x) (2B 4 x) yiveran HEYIOTOV K&
Toiov TO péyroTov TouTov (a, B ER).

i

FPA®IKH TTAPAZTAZIZ TQON ZYNAPTHZIEQN

y=ax - f kai y = ax® 4 px + v
110. "Opropéc. Ioagexs napdotacs ij yeouetotn 1 TAOAOTATIHY]  HAPTVAY Jeds
avvanr;]osw, v = g(r) xakeivaw 7 yoauuj, Tijs dmolas Ta m;-;trra Eyovv TeTUNUE-
vag Tag Typas o0 ovvdlov dououol alTijs xai TETayuévas Tag dvrioTolyove TLRAS
107 qwvdion TU@Y TG oUYanTIoEwS.
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[ I pmpucﬁ napaeTtaosis tijg oLVapPTITENS q:_: ax '+ B’,ﬁfuv, (x, y)eR? ‘
*Edw x, xal X, even 8uo o:\,’,rBuipE'To‘l Tipad TOU X, TOTE ai dvtioToiKol Tipal
Tfis oUVaPTNOEWS elvan g, = aX, —|—_ P kal yy =
ax, + P. Kataokeudlopey T O‘ﬂL‘lilO‘. A(xl,’ Wy
ked B (X, Wa), QVOPEPOHEVOL gils TO 6p60?’mvtov
cUoTnpa diévay X'OX, 'Oy “Ag Bewpnowpey
kai Ev TpiTov onueiov
M( Xgs Wo = % + p)-
"Ex TéV Py = oK + B

yy = ox; + P
=axy+ P y!
i : o £ EV : Zy. 110.1
81" dpouptorws KATX LEAT) EXOMEV :
Yoy =0 (o= X1) | Womth_Yo=Xi . Wemi Voot _ o
Y. a (X X) T We—¥r XX Xo— X1 0 2
Nor=e= 0 — Xz

v’

O1 8pot Tig dvohoylas aUTHS elvon i ouvTeTary pévan TG Blavuopdreov MA (X=X,

e 8 oy Yamis, Huz- W

o — ) Kl MB (x,—Xp Wo— W) © ML

TeheoTal BleUBUVOEWS &uTioTolY WS QUTWY. ‘ ' " | ~

*A Y BravugpoTe EXOUV guvteheoTds Sievbuvoews Toous kal oUveTréds

TG teublvoEws Toous ‘

I e aupikd. “HTol TO oTHEIoY M (Xo, Vo) KelTon ETT1 THS e0Beiag AB._éﬂslsn

;:??l\ U\Iﬁyyiu oV El-rrs-rm &1 Tav onueiov TS eUfelas AB elvan anpeiov Tiis ypo-
e oews Y = aXx + P.

elvan ol ouv-

QIkfis TapaoTaoEWS THS owvapT™ )
“Qore, 1| ypagui) TaphoTacts Tis ¥ = ox & B civar edBeia ypappi) pé ovv-
S:w%vasmc; 1OV GUVIEAECTIV Sevdivecog TV hiavvopdtov MA, MB,

ESE:Z;:G"BIW; a, S1a tovto Kai koheiton 1] w = ox + B ypoppiki cvv ‘inﬂG;q-
’ : = 1 51k =0 &idel x = —-—, T&
‘H ouvdpTnols Bia X — 0 5i8e1 y =P xal Bix Y p

y B Y onueia TOWTS TS eﬁﬁsi&g y=ax-+
&t onueia I (0, p) xai A (— Lo 0) elvon T& on B

¢ Tous &Eovas w0y xad x'0x &vmoTofxws. ‘H retarynévn B Tod onuetou I xal
ué ToUs

P o0 A xoholvTal &utioTolyeos tetaypévn Emi TRy apyiv xal
[+

e i Bt eraypévan Enl Ty dpyiv
oy GoyTV, QHEOTEPC GUVT | . -
‘:atum&ﬂfﬂ h:; :1]-: ﬁzﬁgcmms THs GUIODT. W s :}- p 8151 B= 9. fitor Tiig
T"lcr:cis qip _ ax. elvan euBetia Biepxonévn Bix Tiis Gpxfis 0 Tév &tévav,
guvap = ox,
i iy x — 0 elvan kod =0 « ~
= ‘.Bla A . TapdoTaois TS UVAPT: ¥ = ax + P, SRS 0'. s
it f:* Ypaz:: o, e el mapdhAnhos mpos Tov &Eovar X'OX, Sidm
oTofepds ouvapT. W =P | ¥
Bik T x €lvon f T TS p WOVTOTE p.

i edbeiag W = axX + p ‘ ) :
Mi légtf!: .c;:':zs':cxﬁf&d Suo uévov onueiwy. T& XAPaKTNPIOTIKWTEPX TPOGaVE,
a eVuel
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Bix TNy kaTookeuty Tis eUfeias @ = ax + P, elvan T& onueia Topfis abThs ue

Tous &fovas. "Apkel Aoimov va eUpwpey TaS

by ouvTeTaypévas émi Ty dpyxnv. OUtw, Ta on-

pela A(— %, 0) kal B (0, P) dpkolv 8ix v

Oploowy Thv elbeiav AB, fiTis elvan 1) ypagikt
TapdoTacls TS ouwapTno. Y = ax + B.

Inp. 'Eqv 1) elbela SiépyeTan S T

r Gpyfis T@v abdvwv (Y = ax), TéTe B TV
KOTQOKEUT|V TS, Apkel €V pévov omueiov.

Iy, 1102

2. Ipagikiy napdstacis tijc ovvapt. y = ax® + pfx + 7y

“Exovtes Ut dyiv Tov Trivaka petaBoAfis Tou Tpiwwipoy ¢(X) = ax® + Px +
+ y, Suvdpeda va TAPAOTHOWHEY YPaPIkdds THY ouvapTnoly W = ax® + Bx + Y,
dvagepdpevor eis TO dpboydviov ocUotnua &tovev x'0x, 'Oy, OUtw Biaxplvo-

‘ 3 pev BUO TTEPITITWGELS :
!

\ a) ’Eav a>0. 'H owdptnois 81d X = — :%
\ Aa:xﬁ)dvslﬁ’"rﬁv Aé?\cn()(icr“rnu ™S TIWHY Yy =
B R T Ll L
.“ = == = oo 1w bt —o< X < %
\\a-P»r‘ Ly , o oy =N e
\ Exer medlov Tipdv TO (+ o, -q—u—) kai O-
Rli’ye' @)
‘ i TW—P—<X< o0 Exel rediov TIuGY TO
- A

YR (e +=)-
KaTaokeualopev Aoimrov 16 onueiov A
Zy. 1103 B —8Y aroub 2 :
(— ) W)' koAouBws AapPdavopev SUo
TIHAS X, = —2% + & kai X, = —Q—Bg — U oupdeTpikds s Trpds THY TIPAY — %

kal T&s dvTioTolyous Tiuas Wy Kal W, Ths ocuvapTraews. EUkoAws dmodeikvio-
pev OTL W, = W,. “Apa Ta onueia B(x,, ) kai T (X, yo) elvan ouppeTpikd s
mpos Thy eUfeTav AT, fiTis xoAeiTan &fwv ouppetpias Tis ypapufis w = @(x),
kal guvetrdds 1) ypagikf) ToapdoTtaocis Ths ouvap. = oax® + Px + y &moTteAeiTon
&mo Buo Tufpata AFZA kai AHBE ouppetpixa ds mpds Tov dEova ouppeTplas
AT. A& TNV KaTaoKeuT|v AoLTTOV KaTd TTpoaty Y101 THS Ypaupfs y = ax? + PX +y
Btov va elpopey Soov TO BUVaTOV TEPICOGTEPE OTIUETC TUPHETPIKA €35 'TPOS TOV
&Eova ouppeTplas, B16T1 elvan ) ypappn kaumUAn kal oUdiv Tufiua alTiis elvan
eUBUypappov. TouTto ouvdyeTan ék ToU 611, 1) elbeia y = AX + B Tépvel T ypap-
piy @ = ax?® + Px + y els 8Uo TO oAU onueia, 516 TO oUoTnua oy &rro-
TeAoUv Exel TO TTOAU 8Uo AUOEIS.
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Ty KauUmUAny TaUTNY xahoUpey mapefoiiv, TO onpeiov A xopugiy ov-
THis kad Tov &fovar AT dZeva Tiig rapafoiriic.

Mapatypioerg 1) T YOPOKTNPIOTIKWTEPA OTUEIX THS KAUTTUANS W= ax*+

o O e el i
Bx + y elvar : 1) kopuUQT) QUTNS A( e 40:)’ T& onueia Topfs Tiis TapaPoifis
e Tov dfove Téw X Z(px 0) ked H (py, 0), 6mou py, p, pilar ToU Tpicovipou, kel
TO onueiov Topfis TS mrapaPoliis ué Tov &tovar TGV W A0, y) xad T ouppsTpi-
dlatis i gréesie e W o (e

kév auTou E (— ET' y). 2) To onueiov A (H.?cx' 4u) KeiTa, v ool RO
Tov &fova x'Ox, ké&rwbev, | €, 0 &voobey alToU, kal’ éoov givan A0, ) A =
=0, § A<O0. Tlpdyperti, 16T TéTe GvTioToiyws 8& elvan :

A o W
\}J:——%-(O,w:—-&:o-‘P- 4G>O

Tolto SewvieTan el T& dxdAouba oXMUATA.

‘ a»o

s
S =
Hy

B) "Eov a<0 Ty ypaPIKTY Tap&aTAoW Tis CUVAPTATEWS Y = ax® + Px+ y
eTTTOMEVOl GpOiwS.

Buvdpeda vd KOTOOKEUGOWHEY 0K : :
Sia Tous pa-

Ty épycciav TaUTNY &privouey
nTds. ‘ ‘ o 3
MNapaderypa : N yivn fi ypagikh TapaoTa-
o15 THs @ =x*—5x + 6 .
Katackevn: "ETeldn &= 1>0, 0 cruu‘cxp"mcim
Exel EAayioTov. Edplaxopey TAS U‘UVTE'I:C(YHEU(I]S( TG
XAPAKTNPITTIKGY onueicov TS xauTUAns.  Kopu-
N : A( 2 , — -}; ) Snueta TOWAS pé TOV x"Ox :
reo Ko:i B(3,0). Inueiov *roluﬁs_ e -réév 0y :
A (0, 6) xad TO CUUHETPIKOY QUTOY E (5} ?.H e
Ao ETepa OUPHETPIKS gnueEia : Zl(l,2) ket (' ot s
Mt T& onueia QUTA Suvaueda V& KOTAOKEVEOW G
HEV THY KaPTTUANY KT 'ITPO:?&YYLUW. Tryv kaTo-
OKEUT|Y TQUTTV SelkwUEl TO OXTHC.
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AZKHZIELZ

346) Na yivn 1 ypagikny Tap&otaoiy TéV kaTwl cuvapThgewy :
2 1
=3x-2 y=-2-7x x=4y, y=oax+2, w=Lx+p
347) A& moias Tinds Tév A kad pal edBeion w = (A—1) x+2u xkal @ = —(24+A)x+5

) = 3, 120
TéuvovTon els TO onpeiov M (7‘. ‘7’)

H
348) N& yivg # ypagikn mapdoTtacts Tdv eifady ¢ =2x+1, y=—x+3,
5
Y=x+ 7. Ti maparnpeite ; Akaiohoyfioate TNy Tapathpnoiv oas.

349) N& yivy f) ypagikhy TrapdoTagis T@v kaTwl ouvapthoewy :

XZ ) XE
y=—75+2-2 y=—7+4% y=x'+x+1
p = 2xx; y=x2—x—G6, y=—-x+4+x—2
350) A Toiqu TiRY ToU & TO péyioTov Tiis guvap. W = — }; 4 2x — 2a efvon

dpifuos | ; "AxoAoubuws TapacThoaTte aUTAV yPOQIKGS.
351) N& émiAuBolv ypagikds T ouoTHuaTa Kai vé eUpeBolv al &piBunTikai AUoes Twv
{\p:—Zx—l W=xt—x+1
y=x*—2x -5, {q.ﬂf:x‘-f—x
352) Né& kartaokevaoBolv ol ypogikai TapacTdoels TV gUVapTAgEWY Y = —X* +

X . b 3N, ) g
+2Xx + 3 kal w= i 4 (x *T). AkohouBuws v eupefoly al dxépaicn Tipad ToU o, ve
A elfeia @ = a Téuvn GUQOTEPAS TAS KOPTTUAGS.

ATLKHEIEIL ETIANAAHYEQZI

353) Na tmAvfouv al dxdhoubor Eigwoes :

D (@ +p+yDxt+2(@+p+yIx+3=0, & R =
(@—=x)—(p—x)°
Ty R g spel
3) (k=) + (X — A = (x—A)® kxA€R
4) (x—a +2B)* — (x — 2a + B)* = (a + P)*, @ peR

5) (=) (x—y) (x—B) x—=v)
F-x -7 (@-B-o

354) 'Eqv o, B, Yy € R, © B¢ thiowois f(x) =ax® +Px+y = 0 Exer pilav Tov pyad-
KOV 1 4 vi, v qmobeiy8f &1 1| &An pile Ths T (x) = 0 elven & pryaBikos B — vi.

355) Né& eUpeBij To ibos Tév pi{@v Tiis thiodoews, a, B, ¥ €R, 3x2=2(a+ P+ ¥)x +
+ap + Py +ay = 0.

356) *Eéw i #tiowors [(X) =x*+oax+P=0 &n pilas TpayuaTikas kal dvigous,
va &roberk8ii 6Tt To aUTe ouuPaiver kai Six Tas pifas Tiis f(x) +A2x +a) =0%2reR

357) N& rpoodiopiodi T6 elbos Tév pildv Tiis tiohotws BAxE + (Y + B —a) x + y*=0,
&v a, P, Y ToapioTely unkn Ty Theupdv TUXOVTOS TRIYCVOU.

358) 'Edw x;, X eivan pilen T x* +ax + B =0 v& aynuamicdi Eicworg B’ Babuou,
Eyouoa pilas Tas X,?, x.* kol dkohoubus va eUpedi) oytors peTaly TOY a kal B, va f] véa EEi-
owais £xn BiAfy pilav.

=1 a#p#yeR

_ 2 ) 3 Xy + Xy
359) "Edv x,, X; elvan pifen Tou Tprwvupou fi) =ex* L Px+ yral ' H = g

180
WnepromoirBnke ané 1o lvatirouto Exmaibeutiknig MoArmknig



S ) 7 .

v& arroberyfi) &T f(—z‘ + k) = f(‘z‘ =ik )- &mou k TuyGv TpaypaTikos dpifuds.

360) Na& poaBioptofioly of k wad A, fva ai pilan Tijs hiowoews x* + kx + A = 0 elvan
ol &pifuoi k xkai A

361) "Eav Xy, Xz glvan pifen Tis Do aX? + Bix + i+ A (eux® + Bax + y) = 0,
va &mobeiy@i 871 UTEpXE! aytow peTaly THY pil@v Xy, X GvelapTnTos ToU A kal va elpedi
f Tipf ToU A, Bia ThHY strolav 1 thicwats Exer BITATY pilav. :

362) Aiseroa 1) EElowos ax® + px +y = 0, Exouox pilas X, x,. N& oxnpoTiodi) éti-
owats, Exovaa pilas X, + A, Xe + A ko GkohoUBws va mpooBiopiodi) & A, v adTn elvan TS
popofis 1) Ax*+ = 0 kai 2) Ax®+ Bx = 0.

363) N& opiafiow & kol A DOTE, &V Xy, Xe £V ai pilor Tiis EE10. x* 4 kx+ A = 0,
téte ol &mBpol x, + 1, Xe T 1 v& elven ab pilon THs tho. x® —Kkix + kA = 0.

364) *Eav o, B, Y € Q) N B ttiowos T (x) = ax* + Px +y = 0 fxer pilav Tov dolp-
HETPOV K + A/ A, v &rroBeiyBi 611 1 GAAN pila "fﬁ'i f(x) =0 elvon & dovppeTpos x —/ A.
"EvBa x, Ae Q xai A pf —éheloy TETpdy VOV PTTOV.

365) 'Eqv 1oy ELioWoEWY xt+ 2ax + P = 0 kal x2+2Ax+ B =0 al pilor elven
dvmioTolyws (X, X2) kel (h + k, x: + k), va 8erx® &11: At —B=a®—p.

366) 'Eav ai pilan Xu X: rfig ehio. ax? + Px + p =0 tiver dvéroyor Tév &piBudy

u, v € N kai x;, X3 € Rt va &mobeixfi 6T v: 7 v‘; =t vg = 0.
xal Gvaykaic guvikn peToty TV a, B, Y ER, va 10 Tpico-
yupov @ (x) = o x* + (o2 + ¥ - pHx + ¥ elval TEAEIOV TETPAYGVOV.

368) N& Gmoberxdl 87t 1 mapaoTacss (o + P)x® + 2 (a® + B%) x + (a— P)?,
o, PeR kala#0, P # 0 §uvaTon V& peraoynuoTiodi es Siagopav BYo TeTpayvwy Tpa-
&xohoubus V& dvahuBi] els ywouEVOV Trapay SVTwOv.
pai ToU B, §1& Tas omolas | TapdoTacs x* + (b +2) x +
v Gvahubij els ywopevoy BUo PTGV TPAYUATIKGDY Trapayd-

367) Na eupedi 0 Ikavn

YUOTIKEY TIapaoTagewy xal
369) N& ebpe@ouv al
+ 2y + 3) (g — 1) Buvaral

vTwy o [Buiwy cs Tpds X kal . ‘ ! ) .
370) Na gopsaﬁ bl lkavh xal Aoy kaia owvbnkn, iva 1| Tap&oTacis (ax + B)* +

+(yx+5)t elven TEAEIOV reTpéry covov. EV ouveyeiq va éﬂ0§slx3ﬁ o, 'idu al mapacTéoes (a,x+
B.)? + (oux + Po)* kai (oux + Pt (oax + Pa)? sllucu TEAEIC :re-rpu)‘rmvu, ToTE kol f) Tapd-
araois (ax + B)* (X + Pa)? elvan TENEIOV TETPXY LVOV. Of &pBuol &y, 50, Broor s & B, v, &
UtroTifevTan 'rrpotypc-rmoi.
371) Na& &rroberydi 6T 16 (%) =2x*
cous \F A€ R.
372) N& a8 6T 1) ttiowals (X)) = (:: — ) (x— @) + (% — o) (X — &) + (x — ay)
(x —a,) =0 #xer pilas QY BATIKAS avigous, &v o < @ < Oy
atoy  Gtds, Gt
373) “Oupoiws Bi&x THY o i,
374) Na aynuaTiodi tiowas P’ PaBuol Exovoa SimAfiv pilav THv kowdy pilav Tdv
BUo TprwwUpy X —ax + P xai x? — 8x +.“'
375) ‘Ymo roiay cuvOnkny T& -_rplowuucr Xt + axy + Pw? kal x? + yxy + by? Exouv
fva mequuov TapayovTd TpWTOY pafuov e 3
376) Na &mobeiy8i 6T f A Tis tho. ax’ + [-’nx.Jr oo R R B =B
elvan TéAeiov TETPEY VOV, &v al gtio. g.x“ +Bx+Y= 0wl erxd 4 B == O Eyouw low

xowny pilav. e =g
377) N« ¢riuBoly &v R al dxbdroubior GVITWOELS :
) —Gat+PxT 2a (a4 P)< O

1 atxt
2)%_:%;_’<§?_4:?' ava=>p=>0

—A(10x —7) — 1 Exer pilas wpaypaTikas dvi-
¢

;
=0, & o< < o
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378) Aix molas Tipgs ToU A 1| TEpGoTAOIS (A=2)x*+4x + A+ 1 Barnpel Opo-
gnpous Tipds 81 TTEROQU TPAYUATIKIY TIMNY TOU X ;

379) N& eUpebii Td ouvohov Gplopol This ITPAYUATIKS oUVapTHOEWS
Y=5yxT—4x+3—-2¢/—x"46x+8

380) N& eUpedi) Si&k Toias Tinas ToU X € R dhneder 1) &viowons Xt — 2ax + (P + y) *>0,
&v o, B,y TapioToUV WMKN TAEUPWY TPIYWYOU |

381) To Tpicovupoy ¢ (x) =ax® + Bx + ¥ B x = 5 Exer EAdy1oTOV Tév =3, 1) pix Tou
8¢ pila elvan & &p1Buos 2. EGpate & @, B, Y-

382) Né& ebpeBii fi Ikaviy kal dvaykaia ouvikn, fva al elfelar y =X + By =
=X + Ba W =X + By Biépyovran Bix Tou aUTou ompueiov.
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KEQAAAION XIV

EEZISQEEIZ ANATOMENAI EIZ EEIZQIEIZ B' BAOMOY
AITETPAFQNOI EZIZQZEIZ

111. ‘Opropéc. Kaleirat Sirerpdywvos EElowals ¢ mpog Eva dyvwotoy, nica £l

cwaic dov fabpod, neQEyovoe udvoy dgrias Suvduels T8 ayvdoTov.

"Hro fis Hopefis axt+ pxt +y =0, & # 0, B, yeR # kai mpayuarikad ma-
coTaoElg W TIEPIEXOVTTH TOV X. 5

i To TpéoTov WENOS auriis @ (x) = axt + Bx2 + y koeiTan Siretpaymvov

TPLOVLPOV.

112. EIMIAYEIE.

*EtriAucis oUTHS FTITUY XSQVETAL H1& ToU UET'S!GXT‘.uuthrqu X2 =y, o éfE
AauPdvopey THY tigwow oy + By +Y —0, fims koAeitan Emhdovoa Tijs
BiteTperycovou EEITWOELS. ‘ s ‘

‘H gmiAUouoa EXEL tv yével SUo AUCEIS %‘ Kal Wy Wpcyua-n‘mg 2n ch&o:"pas
aryaBikag ouluYETs, STOTE é‘rrotvepx’c')usum‘ sfs :ro~v ue'r?crxmia-rtcru;v X2 =y Eyo-
1 X =y, Kai X = Ya Aappavopevoy B¢ u-rr‘ o&pn:', &1l ’wugeéapl uds W-E;Yp?_n_
kds B pryodixds, EXE SUo HOvOV TE'TIPCfYC’DVlKGS»PlCGS & Tou;ﬁ(§l ), elpi-
oxopev ¢k TV X* = WY1 kol X2 = Y, Tas AUgEls NS BireTparycovoy Eiowoews X =

Vs T £ = Wiy — — A = Y
= LA/ W 2=V ¥ i v Eyouey Xy = +V Yo X=—V Yo %=+ Vi

Xy= —V Y
“Qote @ Al TETpRY!
tetpayvon EELEOOEMS,
ESYE{SD‘; v pLdv tis iGro- ax + P +v =0, oByeR
To elbos TéV PILEY s BrreTparyovoy g ohoews EapTaTal &k ToU eibous
o ~ 1 3 ~
kol ToU TrpogTHOV Tédv prL@v NS gmAuouons GUTT]SL :
W T& GUNTTEPEOLOTE TOU mrivexos THs (§ 93), Buva-

y £yovres Ut O 3 '
peda gwﬁ};ﬁpm«.uw <oy &xohovbov mrivoxka Biepeuvnoews TS B1TETpayCo-

vou Lo oEws ¢

ovixai piiar t@v pLdv T Emvobeng slvar pilar 1ijg Si-
Gva 8o avrifetol
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Aepedvnors Tis o, ox' + Px*+y =0, a, B, yeE R,a # 0
A P | S I Pilar émAuolans l Eldos prlcw BireTparycoveoy
i SR Yy € RY o { X1, Xz» Xa» X, € R, %) = — Xy, xg=—xT
— | Yu¥:€R" | Xq» Xa» Xg» X3 € 1
+ |veRY, y,eR- _x,_.x..eR xuxgel
i i v €R*, y,eR- ;.,);e_R x1,x,el
0 yeRY, yoe R,y =— quITx,ER X X el_
ﬁT_‘;xER*,%:O %y Xe; Xy =%, = DR
J = Y€ R~ ¢, =0 Xas Xy E--l_{l—-xg—-o;u-—
) |+ |wi=weRrs x,—xJER x»=x,eR
0 ¥ = Y =Y. €R- x,—x,el,xz_x”:'l
el 0 l 1=y, =0 - X, = Xz ;;(:=kx‘_=—0 L
=T | i ¥ €(C—R) X1 Xas Xay x,s(C—_}_{)
EZnp. | clvorov Tdv gavtacTik®y, C G\l'uoi-‘;ofv T@Y pryadixév.

113. METALXHMATIZMOX EIEZ INOMENON TMAPATONTOQN TOY AITETPAIQNOY
TPIQNYMOY o(x) = ax® + Bx? + v, a # 0.

"Edw iy, s elvan ai pilon THs émuovons oy Py + y, ToTE oyt + Py-ty=
=a(y—y) (Y — o). 'Ex 8 Tis x*=y<y=x*
TrpokUTrTEL : axt 4 PxE 4y = a (kP —yy) (XE—yy) = o o
o (X +v/) (x =/ wi) (X + V) (x=/p) =
a (X —X)(X — Xg) (X — %) (X — X)

*Ex ToU peTaoynuaTiouou TouTou Emetal, 6T Suvduela va eUpoopev T &1-
TeTp&ywvov Tpiovupov, dTav yvepilwuey Tas pilas Tou.

*Errions Suvdpeda v AdPwpey SANGS BOPPAS TOU SITETROYWVOU TPLWVUHOY,
Tds omoias BiBouey G5 GoknoEls.

Maepodeiypara: 1) N& emAudf f) élowors 36x* 4 11x*—5=0
*Erilvaig: ‘O petaoynuaTionds x? =y 8i8et TNy émAvovaaw 3642 4 11y-5 =0,

o

Il

p » ' 1 5
fims Exer pilos =5, Yo=—5
Al pilan Tiis BiTeTporycovou elpiokovTal ék TGV E10WOEWY x‘*:%, ¢t fis
o P VE \/5
X; =7 Xo=— 5 Kai X ——Q—,EEﬁSX3—1 —re e =

2) N& etpebij 10 €ldos Tév pilév Tijs o, 2x* —5x*—~3 =0
Aboig : "Eyxopev 813 x? =y Ty #mAdoucav 2y —5y-3 =0, fTis Bider:

A =254 24 =490, P:__g.<o, 5=%>0

*Apa 1) tmiAvouoa Exel pilas TpoypaTikds, ETEPOOTIUOUS WE GTTOAUTLS MEYOAU-
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Tepav TNV BeTiknY. Kol cuverrdds 1) BiteTpdywves £xel (Ex Tfis BeTikdis) Svo pilas
TpoypaTikgs dyTifETous Kl (x5 &pynTikiis) 8o pilas pavTacTikas dvTiBéTous.
3) N& peraoynuoTiodi gl ywopevoy TApaySOVTWY TO TPIVUHOV
e(x) = x4 —ax? («— 1) — o, a0

Aberc 1 Acupdvopey TV ¢milouoaw ! — ap(a — 1) —a?, fTis Exer piles
Wy = 02, Yy = —O. ZUVETIGS ai pifar ToU @(x) elven @ x2=oc, & fis x, = q,
X, = —a Kai xsziva x,,:—i]/a
“Apa Exouew o(x) = X' — ax (a=1) —a® = (x=0) (x+0) (x—i Vo) (x +iVa) =
= (x—0) (x+ @) (x2+ )

AEZKHZEIZ

383) N& émiubouv ol dxdroubor ELioLOE :
1) xt+ 12x2—64=0, Oxt —5xt—4=0

4‘1 + — __( :,,._ ) — x* —])Lﬂz)—
2) —_— - 2 ( X 1 + 6
3 2 2 2 x4 1 a 5

) X (Gx -1)= ﬁp (axz == })u x? ’! = _B_(K'—I )

elBos T@v pildY EKAOTNS TGOV EohoEwy :

l)Zx‘—-ﬁxzf?:O, 2) 1x* + 13x*+2=0, 3) x4+ 192+ 9=0

385) Na& dvaiufowv gl ywopevov TEPAYOVTWY TA TPIVUHA :

1) g (x) = x* + 13x* =48, 2) ¢ ()= 36x* —13x* + 1, 3) gy (X)= a* Pryix* +
+ x3 (e — pry?) — 1

cwols, Exovoa pilas

384) Na& ebpedf) T0

386) N& aynuartiodi sieTpaywvos Ebi

2

b i ib DayIEL Dy EW2H LT «tp
387) Na BiepeuvnBouV ai &xéroufor Ebiowoss

1y (A — 1) xt —4x* +A+2=0, D WD —20W—Dx2+3m—-1)=0
388) N& amobexdf oT 1o Tpravupoy ¢ (x) = ax' + BX! + v, &, B, y € R, peraoynuo-

y ) ) i ; g lsent
TileTan gis ywopevov duo SeuTepoPabuicv TapayovTwy ToU X )

389) 'Eav l.< 0, v& &mobeiybi) 6T T TpIoVLoV @(X) = ax' + BX! 4 y peraoyn-
a

paTileTon els ywopevoy BuUo Trpw-roﬁaﬂpiwv apayduTwy kel tvds B'[PaBuiov Tapayovros

ws Tpos X.

114. MEIXHMATIEMOL AHIAQN TINGN PIZIKOQN EIZ ATTAA

opoiic = VA £4/Bs dmov A, BEQT, B uij téheroy te-
/B = A?— B > 0, xahobvrar Simhi tetpayovika pi-
fvon kal pnTal TEPAOTATEL.

TolaUTal TAPATTATELS SrarTévTal ElS Tc‘{s AUoels Ths BiTeTparycovou EE1-
ohoews, Gtay 1) Siaxpivousd A = B* — 4oy Tiis EmAvolons aUTis Btv elvan
nTis TOPAOTACEWS T&V CUVTEAECTTOY &, B, ¥ UmroTiBepéveoy
AUgEls TS BireTparywyou EEIoWoEws

Al napaotagels g B
tpayovoy pnrod Kai A >\
Lika. T A xoi B Bvaran va €

TEAEIOV TETPCyWVOV P
pnTéwv. TpdyuaT gls TAS
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Xpe= I v_ [H"/A, Xy =k V:B_z—a_\/_f-\, tdw Béowpey — P _ A xal - B,

2a W 2a 4a?
EXOMEV Xy, 23 4 = T VA £v/B-

Al Buokohie, Tas omolas nuioupyoly T& BITAK piliké, aipovTan els wpt-
opévas TEpITTTWAELS Bi1& TOU PETAOYMHATIOHOU QUTEY els &mwAG.

Mpos TouTols, [nToUuev 5Uo pnToUs BeTikous dpifipous x xal W TOIOUTOUS,
&BoTe 1 /A +- ;/E = \/x— + \/y, & TéY dmoicv O els TouAdyloTov va elvan um
TEAEIOV TETp&YwovoV prTOU.

To iAoy onueiov SikanoAoyeiTal @ tifjs :

“Exopey & THs /A +4/B =X+ V', B Dydoews els TO TETPAY WVOY,
A+yvB=x+y+2 \/x_q; *Erraiby/B kai \/Xy dppnTol kai A kad X 4y pN-
Toi, &metan (§ 63)

A=x+Vy

VB =24/xy

=y/A—vB =] VXx=v¥| N i
“Qore Eyopey 81’ GUOTEPAS Tés TEQITTOOES X 4+ = A, VB =2+/xy,

:>A--\/§=X—1-ql-—2 \/.‘?\;f-:» A—‘\/’gz(\/;—\/\;)_z

Ax+y=A dxy=BAx+y=A xy= %, of &moicn oxnuatilowr ThY EEi-

cwow w?— Aw + —i-: 0 pé pilas ToUs &pifipous X kol . Al pilan alTiig Tfis
thiocoews elvan :

A «/AE_B A—+/AT—B s gob i3 \ 3
X Y 1 y = ‘2'5d. A v& elvar BE of X kal W pnTOl, TPE-

7
e A2 — B=T? ([eQ), 88ev x= . +2‘ ”, :A—ZII'!
*Avniotpoong. "Edv X, weQ " kai X = 5—5'*-—;, W - b l, TOTE
e R T ; — A+|T o L AT
WX+ Ve =x+yE 2vxy= -—;—“r +—21——t i s
e Dl
Ot |VXEVY| = VA£vE

“Apa: Ald vi brapyouvv pnroi fetikol apdpol x kaiy, pé fva TovkayloToV
pi| téheloy TETpay@VOY pTOD, Tol0TOL, iﬁo‘[g\/AW;W\TB'_- =/X + vy, npiner
woi apxei va elvar A, BEQ* A2 — B = I, (I'eQ)-

‘O peTaoynHaTIoNds TOTE TOU BirAoU pifikou

elvan Buvartds kal ylvetar | :_:7 /ﬁ_‘l _ ‘A_T\_ﬁ
Péoer TOU TUTTOV +4/ALyB==% \ 7 Rl =g

Mapadeiypata: N& peTaoynuaTiodj ExaoTov TV Adxohoubuwv BiTTA&Y pi-

[ikéov elg GmAd V3 + ZTZ A D2 ﬁ; pt.

Abeig: o) Emedn \f'3'f_z\-z' = 4/3+4/8 Kxal 3-8 =1 =13, Eyopey
y e I3+ 1 ] .

ViT2yE =Y *5— + Vo =v2+Vi=v2+1
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B) “Eyopev \»"Qa- f2vVa—p + V2a +7\/4'(T:;:Tﬂ?) kai e A = 2«
=4 (o — B2, fmeran A —B= da* — 4(02 — P =4p2 =T “Ofev
e 2o+ 2P YR N S e P e o
Vit 2vVa—p= | —5— _}_L_-z—— Va+ R+ Va—Pp. "Ymebéoouer
a > p>0.

AYKHZIEIX
390) Na& peTaoynuaTicBoly s GTAS plika al dxohoubol TapagTaoEs :

Ny VTTVIE, VE-VI5, Voravs Vis-2vi,

N Vais vVeoTl Vati-2aV3 Va+p-y-2VPpa

3) \1? = :\/—ﬁt—f- '\"'/7 —2 V10, -\/3 +8V7+4 N D

391) N& e0ped ) Tf) ToU A, va 1 TapdoTacss, VWx>4, y = \/x =
Euvaton va Tpamrh el GAS pilikd. y ) 7
392) N& dmobay8ij o | TapdoTagls W = N 3N T8 N RV

footmon wt VZOx —9), &v 4,5 < x < 9 xai elvar dvetdpTnTos ToU X, &v X >0,

ANTIZETPO®O! EZIZQZEIZ *
115, ‘Opiopéc. *Etlowas s ¢ (x) = 0 xaieitar dvriorgogog, drar, yovoa g

2 . ‘ 3 L. i . |
ollav Tov dplbucy o # £ 1, &y g TowavTy xai Tov dpilbucy T (o# 0).

Béoer Tou Tebévtos dpropol, uia dvtioTogos Etiowois Btv peTaPdMerarl,
Wil
tav & ToU x Teb T ¥ (X # 0).
M. f) &lowois ax® + Px* + Px + a =0 elvar dvrioTpogos 3ou Babuol, Bidri
e e )
&v &vTi ToU x Tebij el ouTNV — EVPIOKOHEV: '

: ! 1 — (<> Chxtliont— ) 2 LBRE
Q.F4-;3.F+3.T+a_0<; a+PBx+Px:+4-ox® =0, fiTis elvar 7 oo
pé Thy ax-‘+ﬁx2+{5x+a=0.

'AmroBekweTar 6T1 ¢ CAvaykaia kai ikavi] ovOiky, Tva 1 élcwog P(x)=
=0 elvar avriotpogog, elvan of ouvicheotal 1OV Bpov adtic, of iodkic TdY G-
Kpov anéxovreg, va elvar isot i avriberor.

EiSixcorepov, ¢ 1) GvTioTpogos oTepfiTan T&Y Pildv -+ 1, elven prioy
Pafuol kai oi guvTeAeoTal TEY Spwv aUTis, of lodkis T&Y &kpuv &TEXOVTES,

elvan foor. \
Supgdves TTPos T& dvwTépw ol dvtioTpogor Eiodoels B’ fws kol € Pod-

poU elven :

(*) "H dwoux 775 dvmoTpépov ¢Eodoewg dpelhetan elg vov De Moivre (1667—1754),
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ax2 +Px+a=10 ox® 4 Px2 4+ Px + a=0

axt 4 Px? + yx* + px +a=0 ax? + px2—pPx—a=0
ax! 4+ px* +pPx +a=0 ax® + Pxi 4 yx® + yx* + Px +a=0
ox! +px3—Px—a=0 ax® + Bx! 4 yxd—yx*—px —a=0

‘H Avois Téw dvTioTpdguy thiowoewy 3ou, 4ou kai 5o0u Poabuol SuvaTa
v yével v& dvayBij eis Ty Alow BeuTepoPabuiou thiocoews

116. EINIAYZIZ ANTIZTPO®ON EEIZQLEQN

1. *Erihvaic aviiatpogoy isiohacav 3ou Kai 4ov Pabpot p& Eldeimovia
tov peoaiov Gpov.

To mpéTov péhos TEv Ehiohoewy aUTGY HETXO ynuaTileTar eUkohws €els
YIVOHEVOY TTapOy OVTWY.

a) ‘H avrietpogos ax® + Px* 4 px + a=0 (g, P R)

"Exopev : ax? + Px* 4 Px +a=0 a4+ D+pxx+1)=0<
= (x+ 1) [ox+ (B —o)x + a] =0, Ams elveu iocoBUvapos Tpos TO [eUuyos
Tév hio. x + 1 = 0 kai ax® + (P—a)x + a =0, €t oU Eyouev X = — 1 xai &AAag
&Uo pilas &vTioTpoPOUS £k TR GUTICTRPOGOY tlighoews ax® + (B—a)x +a=0

B) ‘H avtiotpogog ax® + px* —px —a =o (a, P R)

Kot dvéhoyov Tpomov Exopev (x — 1) [ax* + (a0 + B)x + a]=0, AT
§{8e1: x = | xai &Ahag SUo pilas duTiaTPOPOUS.

y) ‘H avtiotpopog ax? + fx* —fx —a =0 (a, peR)

“Exopev : ax! + Bx* —pPx —a =0<>a =D +pxx2—1)=0<«

e (x2 — 1) [ax?4+Px + a ] =0, fiTis iooBuvael Tpos 16 {ebyos Tév o, x2—1 =0
kai ax? 4 Px+a =0, ef oU éxopev X = = 1 kai 8Uo &AAas pilas QUTIoTPOPOUS.

Enp. ‘H dvrioTpogos ax! 4+ Px* + Px + o= 0 Aletau, 6Tws B TATPNS
4ou PaBuol ax!+ PxP 4 yx*+ Px + o= 0 kaTwTépw.

2. "Enilvoig avniotpogay 5o, 4ou kai Sov fabpob.

a) ‘H avtictpopog ax® + px* + yx* + fx + ¢ =0 (o,B,yER)

Arcipolpey dupdTepa T& péhn Bix x*, (x # 0), omoTe Eyopev ox' + Px? +
4yt 4+ Px+a=0<ax*+Px+ v+ % £ % =0« (x2+;1;) )
+ [B(x + %) + y = 0. ’ExtehoUpev TOV METQOXTHATIOHOV X 4,1(— = w, OTe

1 1\2 1 5 S L g . ’
X2 e (x + T) —2x - o =R 2, kai 51’ duTikaTaoTAoEWSs AauBavo-

pev @ (w? —2) + Ppw + y =0 aw? + Pw +y —2a= 0, fitis keAeiTan Emuhi-
ovoa THs Bobelong éliowoews kai Exel &v yevel BUO pilas wy, w,. Emavepyouevol

. . . 1 ¢ . : 1

i TOV HETQOYMHATIOHOV X -f == w, Aappavouey Tas thiowoselg : X +T: W,
Kai X + —i =ow, | XX —wx+ 1 =0 kal x* —wX + 1 =0, ai émoiar didouv
v yével dva BUo pilas, kal ouvemds f dvrioTpopos dou Pabpou Exel €v Yyével
4 pilcs.
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Té eiBog Téw 4 ToUTwv pi{édy ElapTaTon ik TOU Eidous TGV Pty w,, w, Tiis
¢mAvovons kai dkooubws Ex Tiig Blakpwouons A= w,? — 4 kai A, = w,? — 4
6y Eodosay xP—ax 4+ 1 =0 xol xX*—wx+1=0 cmnoroixws. i

Mapaderypa : N& emAvey 1 étiowas 6x1 —35x* 4+ 62x* —35x + 6 =0
Enihvoig : Alcipoupev B18 x? kal AopPdvoper BiaBoyikdds @ 6x* — 35X + 62X —

—35x+6*_—0<¢~6(x2+%5)H35(x+—)1(—)+62:0, fmis Bi& X + — =
10

= x* 4 ;l — w?—2 yiveron : 6w?—35w +50=0, & fis Exopey o, = 32

Ko w, = -;—. QUTwSs EXOHEV Tag ELIOWOEIS :
= N 1
3x2— 10x 4+ 3 =0, & fis Exomey X, = 3 kai X, =

2x2_5x4+2=0, & s Y OHEY Xy =2 Keil x,:%—
B) ‘H avriotpogog ax’ + pxt + yx* + yx° + px + @ =0 (o,p,yeR)
"Exopev 1 ax® + px* 4 ¥xd -+ yx* 4 px + o= 0
a (xP + 1) + Bx(x* + D+y(x+1)=0<=
X+ 1) [a@ —x3+xi—x+ 1) +pxx—x+ 1) + yx*] =0, fimis elven loo-
0, ax* + (B — Ox® + (a — P +y)x* + (B—a)x+

8Uvapog Tpos TO [gUyos X + 1=
‘H Beutepn elvan dvtioTpogos 4ou Paduou

+ a=0. *H mwpeortn bider X =— L.

Kai ETIAUETOL (o5 TTPOT]YOUHEVCS. .
y) ‘H avriotpogog ax’ + Pt o= X! —px —a =0 (a,p,yeR)
Kot dudhoyov TPOTOV EXOHEV 16 [gUyos T&V E1000EWY:

x—1=0, ¢§ fis x =1 xal
ay! 4 (a4 )X+ (@ + P+ y)x*
oTpogos 4ou Paduol.
Ievikai napatnpfioLis.
PobpoU Siv SUvavTan &y YEvEl V
€EiooEls.
2) ‘O peTao¥nH

+ (a4 P)x +a=0, fims &AW elven dvi-

1) Ai dvtiaTpogol tliodoels dvewTépou ToU Sou
& tmiAvBouv 81° dvarywyfis Toov els BeutepoPaBpious
L

1 i . : o
aTopds X+~ =@ UroPiPddle év yéver Tov Babuov wag

duTioTpdpou Hiodoews GPTIOV Paduol els TO fuiov.

ALKHIEIZ
393) N& tmAufow ol axéhoubor thiodoEs 1 P 37
1) 3)(’-{'13)(’%"13-’(4‘320' X'—12X+12 x—1=0
-2‘)"‘4_6“3_*,6*41;0, x{4x*—4x2+x+1=0

2=0,

« _5x3 4 Tx*—-5x+
33 i?-4xr+ 3x8 4 3xi—4x + 1 =0, 2x5 —3x'—5x* + 5x*+ 3x -2 =0
x? + 1 1 LRt s e R ]
5)"{,"'2'&___'1_}—2' T = x—x*+x—x+1 1

fo1 thigwoes (UM &vtioTpogor) :
§=0, 2) x*+2x'+2x*+1=0
3) 5x¢ — 16x° + 2x* + 16x+5=0 4 x +!2x’ +3x*+4x+4=0
395) Na émpubi ol Giepeuvnff N X* - MX +Ax + 1 =0 (AeR). 189
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1) 6x*+ 25x* + 12x2 — 25x +



AIQONYMOI KAlI TPIONYMOI EZIZQZEIZ
117. AIQNYMOI EZIZQEIEIL,

‘Opopds. Kaleitar ownvpos 8ilowas, ©¢ apos dyvootor Tov X, ndoa £&i-
awetg Tijs pooghs Ax* + Bx* =0, dmov A xai B aoayuarizot dpiduoel 7§ moa-
yuatoal maoaotdoss ) mepéyovoar 1ov dyvoator xal %, AN,

Al Eticwoes 1 x*+8=0, x'—8l =0, 27x'—64x=0,

2x* —3x2 =0 elvan Sicowupol.
‘Enihvowg tiig edre. Ax* 4 Bx* = 0 (A 5 0 xad k > AeN),
"Exouev: AX* 4 Bx* =0« Ax* (x“’- -4 i—) =) L (.\:*—1-5- ﬁ—) =10,

fTis elven icoblvapos pés T [eUyos T@v ehiowoewy x* =0, x<—* + -% =10
Ex Tfis poTng x* =0 Exopev A pilas foas Tpos 0, (X=X, = ...=1x) = 0).

Elven 5nAadn 16 0 pila A Babuol moAAamrAdTnTos.
‘H Beutépa Elicwots, tav Bécoper x — A = veN kol — % = 0, YP&pETal ¢ XY = a.
Aroxpivopey Tas s TeEpITTTOEIS ¢
o) 'Eqv v GpTios, TOTe ExEl BUo piloas TporyuoTikds dvTiBéTous, Tav >0 kai
oudepiav TpoayupaTikny, Stav o<0
B) "Edv v mepiTTds, TOTE Exel TAwTOTE picw udvny mporypeTikiy pilav, Getikiy
pev Otav a>0, &pvnTikniy 88 dtew a<0
Al Umoharmrol pifar eiven keBapai piyadikad, Thy elpeoiv Ty drrolcov B
tteTdowpey els &AANY Takw. Ev ToUTois ke fueis Suvdpeba va EUPWUEY TaS KO-
Bapds wryadikdas pilas, étav & v AGPn wikpds Tipds.
Mapodelypata: Na émiduBolv al oo :
Dx¥+1=0, 2)x*'4+16=0, 3 x=1=0, 4)x5—5x2=0
‘Erikvorg: 1) "Exopev 1 x* 4+ 1 =0<=>(x+ 1) (x2—x+ 1) =0, fiTig el-
vaa foodlvapos pos TO [eUyos x+1 = O ked x2 — x 4 1 = 0, & oU Eyouev x,=—1

i 1 4 :4/3 1, 3/3
ked Xp= — +1 V2, 5 = - V2
)42 N TS

2) "Exomev: X!+ 16 =0<>x"4 16 + 8x> — 8x2=0<>(x2 4+ 4)2 — (2 V2 x)*=0
<> (X2 + 2¢/2x +4) (x* = 2¢/2x 4+ 4) =0, fimis elvon ioodlwapos mpds T& Lel-
Yos X* +24/2 X +4 =0 wod x>~ 24/7 x+4 =0, & o0 Exopev Tds pilas
X5 Xgp Xgy Xg-

3) T étiowaw x®—1 =0 dudpba vd EmAUowuey, EmAlovTes play tk TGV
iooBuvdpwy Tng :

o) (x*+ 1) (x*—1) =0, s bida x4 1=0,x3-1=0

P) (= 1) (x! +x*+ 1) =0, fimg 8i6ar : x* —1=0, x44x24+1=0

Y) (x—1) (x° + x* + x¥ 4 x* + x 4 1) =0, fimis 5iber T&s thiowoes x — 1 = 0,
X34 x4+ x¥ 4+ x2+x + 1 =0 (dvrioTpopos)

4) "Exouev : x® —5x2=0-<=>x* (x* — 5) = 0, Aimis elvon {oobivapos mpos TO eU-
Y05 X* =0 xai x* —=5=0. "Ex 7fis x2 =0 Exopev x, = x, = 0. ‘H Sevrépa yp&-
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3 3 3 She
peran x3 — (1/5) = 0= (x —y/5) (x*+14/5X +4/25) = 0, fimis looBuverpei mpds
1 3 3 4

76 elyos T oo, X —y/5 =0, X* +1/5 X +1/25= 0, ¢ ol Eouev X, =4/5,
K] 3

/ ; V5 o
Xy = \"25 (—] +]\-'/3), X3 = 2 (—1_1\/3)

118. TPIQNYMOI EZIZQEEIE
orisMmox. Kajeitar toudvuuos ilowats, és mods &ve dyvwotor, ndoa 8kl
swaig Tiie poopis Ak + Bet + L't =0, daov A, B, I mpaypazinol Goibpol 4)
Aoaypatixal TapacTdoels W qeotéyovear Tov dyvootoy xal x, A, u e N,
Evraufa Siagéper wovov | mepimTwos, xab’ fv Exousw k—A =A -y,
dtav elvon k>A>y, 51011 TOTE f Emiduais TAg Ax* 4+ Bx*+ Ixt =0 dwdyeran
gls Thv émidvow Ths ehiodoes AX® Bx¥+ I =0, veN.
"Enidvoig: ‘Eqvk —A=A—p=v=>A=p+v, K=+ 2v, OmoTe: Axkrvy
+ Bx#+¥ 4 [x# = 0 <>x* (Ax» + Bx" +- 1) = 0, Hms eivan  iooblvauos Trpog
10 [eUyos x# =0, AxY + Bx¥4- I =0. _‘rH xt=05ide1 x; =X, = .. .=x,=0
fitor Exel TO undtv pilay HuooTOU BabpoU TOAAQTIASTTTOS.
Eis Thv Ax® + Bx' + =0, & iTedéowyey TOV peTaoXnUaTIONSY
XY =\, AcpPdvopev Ay?+ By + r=0, fims KG?\ET:ral itmibovea THs Ehioo-
oews kol Exer v yéver U0 AUTEIS Yy kai y,. 'ETravepyouevol els TOV peTaoynuaTi-
opdy X¥ =y, Aappdvopey 1&g Biovupous ELICWOES XY = Yy kai XY = \,.
To elbos Tév piyddv T1S Tprovipou Ax? + BX' 4 I = 0 tEaptdTan é Tol
eiSous Tév pildv Tiis EmMAUOUOTS QUTHS. .
Hapaderypa : N& ¢mAven 1 Eticwals {("’ — 26x7 9 27%x4 — 0
"Eridveig: “Eyoupev 10 —7 = 74, &px N éE_lCTO.)O’lS | JRHEBETAL x! (x® — 26x3 —
—27) =0, fiTis elvan lgoSuUvapos Tpds TO CEUYOS' TGV .x" =0, (Xy=Xo=1%; =
X, = 0) kai X% — 26x% — 27 = 0, fimig Bi&x x* = W bider TN émzu‘;ciucru W2 — 26y —
—27=0, T émoias oi pilon elvar Wy =27, Yo = — 1. Zuvemdsg Exouey mpos émi-

Auo Tds Siwovupous EEIOWOEIS |

' % Al a
=27 (x—3)E+3Xx+N= 0. Pifon X5=3, Xg =~ =¥~
. % S Tl =y
XB=—le(x+)E—Xx+ 1)=0. Pifor xg=—1, Xg 10 =5 & .
ATZKHZIEIZ
. =y ol dxdhouBor EEIOWTELS
396) ‘N!u_é;niugow a 8x® + 27 =0, Gaxt — x3 =10, B
2).\:-,32f::b xﬁ_256¢0, x4+ 729=0, xibo. i ==
3);(‘05 1=0, xt 4+ 1=0 T —2x¢=10, e e
7) N& & y : LtioaEls -
397) N&a ¢mAuvlouv al &xdhoubor 4 S
6 _5x3—24=0, x* —80x*—81=0, it el apiny
1) x6 —5x*—2 ol e
2 .. 33x? 3288 =0 el Db O i T R e
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EZIZQZIEIZ ME PIZIKA AEYTEPAZ KAl ANQTEPAZ TAZEQZ

119. OPIEMOL. Kajeiraw étlowars ué ol 1§ dooqrog ésiswais, dg mpds éva
dyvoworov, ndca éElowas Tijs dmolag To & Tovddyovoy pélog elvar dopnrog alye-
Bouxs) mapdotacs ds meos Tov dyvworov. Al AUoels Wids dppriTou tlichoews
Béov v&x dwrikouv els TO Trediov Sprool GAwv TGV &ppTTWY TTOPACTTATEWY THS
Eiocboews. Els T tmdueva cos mediov dpiopou Ba AcpPdveTan ékeivo, TO Omoiov B
KaBIGTE TTPOYUTIKSS TAS TAPACTATELS THS giowoews fiTol, 1) EwiAvais Tév &p-
phiTev Ehiodoewy 6 yivetar & TG oUVOAR R.

Kord Thy émilvow wds dppritou efiodoews Emdicokopey ThHY dvorywyTv
alrtiis els pnTiy élowow, fiTis Bev elven év yével igoBlvauos T &pprjTou gtiow-
oews. TIpos ToUTo, Béov va Excwpev Ut Syer Tés droAoudous TpOTACES !

1) Edw Té& péAn wids eiodaoews @ (X) = @2 (%) Uyhowuev el &pTiov SU-
vapw, 7 mpoxUmTovoa éficwals Exer pifas T&s TpaypoTikds pilos Ths &pyi-
Kfis kel T&s TpaypaTikas pilas THS @ (X) = — @ (%)

2) *Edv T& péhn wds éiohoews ¢ (X) = ¢z (X) Updowper els TEPLITTHY
Buvauw, f) TpokUTrTouca Etigwals Exel TpaypaTikds pilas pbvov Tas TparyHa-
TIKGS pifas THs &pyIkis.

Al TrpoTéoels aUTad pds Utroypecovouy, &Tras, peTd Thy elpecv TEV pifGv
THg tfiowaews, els fiv dyodueba kaToOmw BiaBoykdy Uydaewy b1° EEdRenpw TV
pilikéd, ylveren émanBeuois 7, émep kad TO peBodikaTepoy, yiveTan EAeYXOS,
tv af pilon ixawotroloUy ToUs TeBévTas Treplopiopous, of omoior ttaogaiilouv
6 dpdonuoy TGV peAdy Ths EElotoEws kol kaBloTOUV TS TOPACTATES aUTTS
TPOYHATIKAS.

120. EZIEQIEIZ ME PIZIKA AEYTEPAL TAZEEQL

@) Tiic popeiis (1) \/A(x) = B(x), &v R, (A(x), B(x)eQ).

Mpémer v elvan A(x) >0 = VA(X) 2 0. "Apa Bia v& Umrdpyn AUaTs,
mpémer B(x) > 0, émoTe B’ Uypcooews el TO TeTpdywvov TGOV HEAGY Aaupavo-
ey (2) AX) =[BX) P<[BX)E—(vVAX =0, fims el {oobivapos
mpods TO (eUyos B(x) = VAX) ki B (x) =— \/m) “Apa Bid va EmAUCW-
pev Ty (1) dpxei va émAUowuey Thy (2) xal &k T&V Aoewv va &moxheiofouv
txeivan, ai dmolon Biv ikavotrolouv ToV Teplopiohdy B (x) = 0. Tlpogawéds &ro-
Welovtan af AUgsis Tiis B(x) = — /A (x), Biomi xadioTowv 10 B(x) < 0. ’Ek
&y dvwtépw ouvdyopey STt 1 ttlowars (1) kad TO oUotnua B(x) = 0, A(x) =
=[B (x) ]* &xouv T&s albTas AUCEIS.

Mapaderypa. N& emAvlj &v R 1) éiowais 2x—3=4/x*-2x +6

“Erihveng. T Umdppifov, s éxov pilas kaBapds pryadikas elvar povipes
BeTikév. TTpérer vét Excopey Aortrdv 2X — 3>0 <= x>—;— (Trepropiopds). “YyouUvTes
T& péAn Tiis o els TO TeTpdywvov Aappdvopev:
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7 1 .
(2x —3)? =x2—2x + 6 <> 3x* — 10x +3=0, & o0 x;=3, Xo=—— ‘H Av-
ois X2 = L grroxheferan, o5 M AN pOUCC TOV TIEPIOPITUOY.
e =

B) Tri nopofis (1) v/AG) ++/B(x) =T (), &v R.

Ai A, B, I' pntai ouvapTrdeis ToU X. ‘ ' ‘
Tpémer v elvos A >0, B >0, [ > 0."Yyouvres els TO TETpCry VO AcPévopiey:
BBt 2/ e B G 2oy AB T il @ prolath s ma T
~-A— B_; 0 Kkai 51’ tyoews & veou rédv perddy Tiis (2) els TO TeTpaywvov Aappé-
—A—B)2(3). 'Ex Tév TpoypaTikdy AU-

‘ - 4AB = (I
vouev Th Ty Eiowo pous A>0,B>0,T>0,M—A-B>

oewv THs 3 Soal TANPOUY ToUS TrEPIOPIO

S ! fic (1). J fibd eI
0 i:u;ﬁ;:lsp‘ﬂ; (() zai B > 0 elven &AnBeis &g’ Soov elvan &AnBets oi &AAcu.

Mpéyuor, ) (3) ypapeTal : 4AB ="~ 2,F2 (A +'B')_ + (A +‘B’)2¢1> r"-i- SA =
_B)?— 20 (A + B). Tb o péhos Tiis lobTnTos oru:ns elvan un dpvnTikdy. “Apa
Kked TO B’ péAos TpéTEl vox elvan P GPYNTIKOY. Hto1 2l (A+B) > 0,8t fisA+ B >
S0, *Evei5h B, & tfis (3) Emevan dm AB > 0, dpa A 20wl B 20,

"Ex Téw GvwTépw ouvéyouey OTl f tiowos (1) xal 6 oloTnUa

r>o B s
[3—A—B. 20 Eyouv T aUTas AUOES

4AB = (*—=A—B)
N& emved & R f tho. VX—8 + Vx—5=3.
80, x —5>0, & &v x>8, x>5. “Yyouvtes els T
Tetpérywvov AapPdvopev 1 X — 8+x—5+2VEx-8(x-5) =9 +=»

S e —Ey = 11 — X, &roAoUbus mpémer 11 —x20 <= x<11
< V(x—-8)(x—25) i S0 e
xal 51 Gwiboews & véou elg TO TETpAy@VOV hopifvalievgaty gy e lowoaty
(:—8)1( ¥ 5 = (11—x)* =+ 9x = 81 f x =9. Ol mepiopiopol ouvaAnelouy
Si& 8<J:(—< 11. “Apx ) AUgis x = 9 elvon Avois Tiis Badsiens: thamgees,

: VAE + VBE = VT(x), v R (A, B, T Q).

foels TOU X, A(x), B(x) kel ['(x) Sroxpivopey T EEfg

MMapaderypa :
"Enilvaig: TIpemel X —

7) Tiig popeiic (1)
A Tas prTaS OUVAPT
Pt >0, Tée B Uydooews els TO TeTpaycvov Ay (1) ypa-
FA 0, l" ] TO e 3 ’ A
. EGVAAEBO% gi’ié — [ <> 2VAB=T—(A+B). "Axoholfus t&v I —
iE—(r:l-% B) > 0, ToTE UYOUVTES i véou els TO TeTpdywvov, Exouev ThY priTi EEi-
— - B @- Y
ococrwg 4AB_— [r (ﬁa‘: mc’.")al Avoewov THs (2), Soa TAnpolv ToUs mEpIopiaHoUs
A o n o T kel [ (A+B) >0, slvon Avosis wis o (1)
>0, B>0, A>0, B20, T'>0
*Apa al AUgelg TOU OUTTTIHG= Zl ¥ AIE el 5
o elvn ke Avoess Tiis (1) 4AB=[I'—(A+B)]*
9 ‘Bl A<, B2, [<D, Abvehz=Banl, St el Eidimo (1
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YpS@eTan i VoA(X) +iV-B(x) =i VI(x) <= 1/=A + VB =4/ 3).
“Yyouvtes Ta wén Tiis (3) el 1O TeTpdycwvov Exousy —A — B 4 24/AB = —T
<> 2VAB=A+B—T. "Aohotws & A+ B—T>0, 161 tnyodvres &
véou €els TO TeTpdrywovov, Exopev THY prTiv tiowow 4AB = (A+B-=Nz 7
4AB=[T—(A+B)]* 4.

"Ex 1@y mparypoTikév Aoty Tiis (4), docu mAnpoly Tous meplopiopoUs
A<0, B<O, <0 kai A + B —T=>0, elvar Avoeig Tfis o, (1).
A<0, B<0, '<0
2:1 A4+B-T>0
4AB=[T—(A+B)J?

"Apa ai Aloels ToU ouoThuaTos
elvar xal Avoers Tis ko, (1)

"Ex Tév dvwTépw ouvdletan 8T 1) Eiowais (1) Exer v R Tés AUoels Tou ou-
oTNUaTOs X, Kai Tas AUcels ToU ouoThuaTos I, kal pévov auTds, S16T1 dAAal
mepirTooels Six T A, B, I elvan &Buvarror.

Hapaderypa : N émAvbi] &v R ) eiowoigy/ X — 8 +4/x — 5 =4/ 3x — 21
"Enilvoig 1 Zuppcovaws mpods & dvwTépw ai Ages THs Sobeiong ELiocwoEws TapE-
XovTal &mod TO oUoTnua )

{x—S)O,x—S?O, 3x—2120,3x-21 —(x=8+4x-5)>0 )
4(x=8)(x=5=[3x-2l-(x—8+x=5) ]

kal &md Té{x—8<0,x—5<0, 3x—-21<0, x—8+x—=5—-(3x—-21)>0 @
ovotnua | 4(X—-8) (x=5) =[3x—21 —(x—=84+x—5) ]?

"EmriAvois Tou ovoTAuaros (1) :
"Eyopev x 28, x>5, x>7, x>8
‘H Etlowois ToU ouoThpaTos peTd TN EkTéAsow TG pdtewy yivetan :
x*—12x 432 =0, & fis x, =8 al x, =4
Al AUgeis ToU ouaTruaTos AauPdrovtal &k Tou dkoAouBou Trivakos

I 7
X |x—8 x—5i3x—21

3x—21 — (x—8 +x—5) x?—12x + 32 m”“*wgw
: OUCTNHATOS |

o
|
[

[

|
|
|

8 0

|
+++++ol

+4++ 0|
o
o
>
I
o2}

e 7

"EmiAucis Tou ovoTtrpatos (2) :
Emelbf x —8 4+ x—-5-(3x—21)>0<>3x -2l —(x -8 4+ x — 5)<0, af
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&A\Aan ¢ dvodTnTes kal 1) tElowaois elvai ol ovTal, BuvdueBa ik ToU :&ucoﬂ-:po;
Trivokos v AdPooper Tas AUCES o0 ouoThpaTos (2). OUTw af Aloels ToU ouaTh-
Hoeros (2) elven : x =4

‘Emroptves of Aucels Tiis Sobeions ghiodoews elvan X, = 8, X, = 4 kal po-
vov aTad.

8) Mepintoog YEVIKT ) | ,

"Edw ) Efowais Exn TEPIOTOTEPA TGV '800 plgchou‘Bo:g 'TCfEEcog, ToTe b T
Bdoel eplopioudy, BY’ SANETTCAATIAGY L‘kazcoo’sm:u E[g' 76 TeTpSy vy, un? B
uev pnhv Etlowaw, 1 Strofa B& Trepieyn OAas TAS ?uiga;‘-ms ‘dPXlKﬂS fdi 0‘7\7\(‘19
dxdun, EvBeyoutveos, ai Smroion Stov v &mrokAelofiouv, s pn TAnpovoal Tous
TEPIOPLTUOUS.

TAZEQE
121. ESIEQEEIE ME PIZIKA ANQTEPAL THE Bag

) 7 dEecos Trapoucidlouy TowiAav
A ¢ pilikd dveoTEPAs TS B.ug T ‘ :
..Ai isglmfczs L;l Spéggmaios TpdTrOS EMIAVTECS. TuvnBos dKO)\OUﬁElT?n A ue
gogq?m"; ,V ;:Eéz( 16w HEADV TS &ppryTou EEIo0TERS elg K;rrzunhou SUver,
s ] SAryTEP PIGIKA.
@oTe 1) TPOKUTTTOUCX tiowals V& mepIEXT OMY ap P

5 & R # o/ 90 =3+x
i . o) N& tmAvbi] & R 1 gtio. /X ’
. anﬂi:mwl“_lta 3 ;2 v KUOV & péAn TS Bofeioms EbiowoEws ?\uuﬁ&uoue‘f;
XE"TT;G:G : (\;Wiu:gf ;x" 4+ 0x2 =27 +27x + ox2 + x% <>x=—1, fimig elvau AU-
X =
gig Tiijs Sobelomns tE1oOoEWS.

4_—(.——-

B I\I(I é"n‘ \[61’] WV ‘h éiiawols 8 g, 1 — 2)(.
i £ 1 ~ \/ ! A = 1,
Eﬂl) VOG: \PC TES Els ..n}]" TETdP’rﬂ" 8\ VIV TX é n TS éElU( DOECS E

8x? 1 16)(4-6?16)(4 — 8x* +1 =01 ﬁTlS gXil P{ECIS Xy = X3 =
vopev : 8x:—1=

1 Eqebn 6t TrpéTrEl 2% 5 0<>x 20, &pa f| Aol X =—

¢

N]»—- N!.—a

Xy =X, =—

Btov va &okAeloBi). ;
y) N& &miavbij 10 tEfowats V/
THoels ToU &yvdaTov X 05
"Enilveic : Elg TO KeQOASIOV crauToTnTESy tpdbouey o;n o ol
% : B+Y=OV°‘=[5:Y¢>°‘+E‘ + y® = 3Py
Va,ﬁ,yeR.u»{- s S o il g
) il (\/ B) +(\/ r) = 34/ABl <=-A +

s els TOV KUPOV 1) (A + B + N3 = 27ABI.

3
—K+\3/'§+4\/?= 0, 8mou A, B, T pntal ouvep-

- J.
"Apa £ i Sobeions EmeTan 1 (-\/ A

+B+4F= 3\3/7?@[‘ al 61" UpoEw
*Apa Exopey

S S S T PR S BT T
’Eav xeR :

? S ,
0 ) &Ei ;@R\a/x_2+\d/x—3+\/x—4=0 elven ioodlvapos Tig
UTws owaol
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(x—2+x=3+x—4P=27 x—2)(x=3) (x—4)<=Bx—-9)°=
=27 (x3—=9x2 4 26x —24) <> (x— 3P =x—-9x* + 26x — 24 <=>x =3, fj118
clven Alois Tiis Bofeions Eliowoews.
ACKHEEIE
398) N& émiuBolv &v R al axdhoufior tligwoers :
1) 5/ x—3=vx+% Vit x+32=16
2) 2% =3+ X -2 T6, V2t x—5=yT-x
PV IEFD V3t I=vVx+6 VAXFT Y/ X—d=y/ X +9
HYX—15—/x—10=y/x+6—/X Ti7, G+ ET2=@+2DY X+

4—/% _V/Ex+20 Yx-3 yx+l —x—8
5) —_—— == = = — y 2-\/)(— — =
2 444/ X v x+3 Vv x=-2 e
399) Né& ¢mhiuBouv v R ol dxdhoudor thiodoes ©
it o il Dy W PO
Dy/x+49 -/ x—49=2, VEx+3Hy/4-x=1
il g’ [l et gt~ o AT cides 3
DA/ x+24v Zx+2++/3x+2=0, VvV5ix— /x+1 x—1=0
S ol . B Pl
Y3 ., 4/E=3_ 5 Jlox—1rs/a% ] SicLinBom
> ViE2+ Vi = (o) Visw =1 4vs-x- =1
BV
400) Né& ¢mAud & R 4 Eiowots Vet x+Ve/x=v%x

ATIAA IYETHMATA BAOGMOY ANQTEPOY TOY mPATOY

122, OPIEMOE. Kajeirar dvartégov Tod modtov falbuod & obotnua &do 1)
neptacotépwy EELOGOTELY, Eav pla TovidyiaToy TOY ifwodaewy avrod elvar fabuod
dvoréoov Toi madtov. TeaUTa TAPOUTIEZOUY pey&Any ooy poppdv kai &S
tk TouTou Btv UTdpyel Evialos TPOTOS ETIAUCES TGV,

*Evraifa dvagpépovtan pepikal &mrAal popad ouoTnudTwy, Ta oTroia ou-
xv& Trapousidfovtan kal els THY tridvaty Tév dmrolwy dvdyovTan BuokoAwTEPA!
HOpPQl CUTTNHAETWY.

A& Thv miAuow, Evds ToloUTOY GUOTHMATOS XPTTIHOTIOIOUHEY tkTds TV
LeBOB oV EmAUCEGS ypapuikoU ouoTiuaTos Kal &AAous eiBikous TpoTrous (TeXVA-
opaTa), W Utraryopévous elg CIPITHEVOUS KOO, tmiSickovTes oUTwW THY EUPECIY
&rrhouoTépawv Eligcooecov.

123. LYSTHMATA AYO EZIZQIEQN ME AYO ACNQETOYE.

a) tijg popeiis ax + Py =17, Ax? + Bxy + Ty? + Ax + Ey +Z =10

‘H Erriduais auTou elvan edkoAos, BIOTL &k TS TPGTNS AAUPAVOUEY X = ‘L—Eﬂ_}',

SmédTe B1° dvTikaTaoTdoews els THY SeuTépav dveryoueba elg BeutepoPdBuiov EEl-
cwaow @5 Tpos W (*).

(*) To odomue TolTo edeizal sbornux Bou Babuod, SbTe Eye tv yéver 800 Miagelg
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Mapadeiypara : 1) N& EmiAuBf TO ovoTnpa X + Y =& Xy = p
*Enidvoig : “Exouev[X + ¥ =& {x:a—\p {x:q_\y
xy =P (a—yWy=Pp yt—ay+p=0
1 &rrolov elvan iooBuvauoy Tpos 1o [eUyos TGV OUCTNHATWY.
K= =il 4 =B o l § Fagrons, { X=a—p,
{\Pzpl ly=p : WP V=0
Bmrou py, pa pilen Tiis 010 WP —aw +P -0 e
2) N& emAuvbi & CUOTNHE X + Y =& X° +y:=0p
*Enihvoig : log tpomog. "EXOUEV [ So i = A {x =a—y

<=
xt 4 ¢* = p* (a—y)*+ y* = p?

< { 3;?_;0:) Loat—pt= 0, Td omoiov ETAUETO GO TTPOTYOUUéVwS

=a XLy [x"w:a o
Al { gt P ‘ﬁ’{ (x + )t — 2xy = P2 T o — 2xy = B
[ X+ Y J= da' & brofov elvan T popefis ToU mapad. (1).
| =

[3x2-—4xw+\¥2-2x+‘?+ l.=0

3) N émavij T6 oUOTIHX X+39=7

*Enilvaig : “Exopev :
[ A7 — s?up)2 e (7 — 3gyyyt — 207 =39l =0 [ g i e

x=7-73y
= = 67/40
1o Smoiov eivan igoduvapoy {\p_? L {q; o 79//40
Tpds TO LeUyos T@V GUOTHATOY X =

ox? + Py + vy H X Fay+§=0
B) tilg popeiis { opx? + BaXy + yay® + Box + &Y + =0

jarTos aUToU gtapTaTan dv yével &mo THy EmiAuow
v Paduol, THY omrolaw Btv duvapeba TavToTe
TIEPITITWOELS Suvdueba v& EmAUowpey TO oU-
pdv Ek TGV kéTwb TapaBerypdTwy

‘H éniAvols TOU cUo*Tf]H
wds EEiodboews QVWTEPOY —rcnau po
v Emiruycopey. Elg elBikdg Opws
oTnue, ds TouTo xafioTaTal Qe

g & x2 + 4“"’2 == 52
Tinpabatypuens 1§ NeAmdudy xR BRagi e { xy =12
"Enikveoig : 350 (x+2y)* =100
~ y 5750 xt+ (2y)* = @.{ ¥, el
“Exouey lx +4;P~p:12 k4 { o iR
{ x+2p= 410 s sroiov elvan lgoduvanov pds TO [elyos TG
=12"'
Xy "
y - 2p SH0NL e - 10" 2). At Avoss Tou
QUOTNHATWY { Xy = 12 ’ Xy = 12
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oguathpatos (1) elvar (x, y) =(4,3) i (x, ) = (6, 2) kal ToU
ovoThuatos (2) efven (x,9) = (=4, -3) § (x,¢) = (-6, —2)
"Apa al AUoeg ToU Bo- x| —4| 4 | =B E

Bévtos ouoThpaTos elvar: |_3i 8.—~2] 2
3x24+3¢2—1lx -7y +10=0
Xt 4 y?—dx — 3+ 5=0

2) Né& Bmdued & cvernua ’
'Eridvoig : “Eyopev:
X433y —1x—-T9y+10=0] 1| { 3x343y2—11x—T79+10=0
<
{ X4y — 4x—3¢y+ 5=0 w3! —3x*-3y*+12x+ 99 —15=0
<:._{)¢+2\|J—5=D [x:S——Z\y =
X4y —4x -3y +5=0 (5-2y) 24y *—4(5-2y)—3y+5=0
{x:S—Z\p [X:S—Zw {x:S—?w L X=5-—2y
<> < < Kol
S5¢2—15¢ + 10 =0 =3y +2=0 y=2 y=1
&t dv Exomev Tas Avoets (x, ) = (1, 2) kel (x, ) = (3, 1)
uX® + Bixy + vyt = § (&, # 0)
aX® + PoXy + yapt = 8, (&, # 0)
Ta mpdTa WéAn Ty Ehiodioewy ToU cuoThuaTtos elval ToAvGIUpa GHo-
yevi] Pou Paduou, Ta B BeUtepa péAn orafepol dpifipol Sidgopol Tou unBevds:
TalTa kahouvTtan dpoyevi] cvotipata.

Y) tiig popoiig {

Ma& TNy Emiruoy oT@Y EKTEAOULEY TOV HETOO X TMOTIOHOY
x=2Ay (y #0). OUrw AcpPdvopev :
{ QAW £ B AYE + vyt =6, - { Y2 (A + BA + 1) = B,
AN + By Ay + vyt = 8, 2 (A + P + v2) =8,
droAoUBws Bicipolper Tas Eiowoels kot péAn, &Te Exouev

oA+ A + 5 -
0:;\2 e B:f\_ﬁ-% = g:‘ <= (8 — 08)A + (By3: — PuB)A + (118, — v28,) =0,
fimig 8iet A =2, VA =2, ’Emovepyduevol els TOV peTaoynuaTioudy, EYOUEV

Tpos EmiAugy T ouoTHUATY :
{ X =AYy { X = ANy

ax® + Pixy 4+ yiy? = §, a X* 4+ Py xy + yiy? =8,
Avais elven yvwoTr).

, T&Y dmolwv 1y tri-

) N X2—=3xy + 2yt =2
Mapadevypa: N& ¢mAvbfi 16 oU o
paderyp i o {2X2+X‘P*\P" _

OfTouey X = Ay kai &yopev :

{ i gl e 1 {w”(h2—37\+2):2 o
a
2022 - Aoyt =20 YA 4 A—1)=20" KoAoUBwg
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\ iy M-3A+2 1
SroupoUpey Tas EE1oehoEls KT PEAT), OTE EXOUEV s e B <>8A% — 31 +

7
+21=0, & fis h=3, N = 5

OUrws Eyouev Tpos ¢ridvoly T& CUOTHUOTO:
7
{x=3y i X =g ¥
{ {x2—3xy+2¢*=2 X2 —3xy + 292 =2
Al AUoels ToU OUCTNHOTOS (1) elvau od ‘-P_)W= G, D), x, y)=(=3, =1) kai

(g2 22 )%, ¥ =(-7J/BZ, 2 B

@

ToU cuoThuaTos (2) elven (X, Y) =

5) Tuotipate GUBPETPIKE. ‘ , g

"Ev ohotnpoe Kaieital GUUPETPIKOY, (O TPOG TOLS ayvaatouvg tov, dtav dha
ai #fohoeg adtod elvar ooppETpIKal GG mPOG TOVG GYVAETOUG.
X2+\P2=°"X2+\Vz+x+w'=q
elval oUPPETPIKS | xy =P xy =P ) \ X +y+xpy=p

A Ty émriAvow auTé B8 Urrdpyel Eviaios TPOTOS.

ZuvniBus Xpncnuo-rroloﬁusu Pon@nTikous dyvwoTous, 6§ palvetal el TO k-

Twh Tapdderypa.

X T& ovoThpaTa | X +Y =@

Mopaderypa: 1) N EmAvdi TO cUoTNUA | X2+ 4 Xty=a
3 — X + Xy =

*Enidvoig : Oétopey STOUX + Y = cpznzgu _:q;) __coo,t Y+xy=p
5Tré 5 o 1 &oeTtan @F — —
émédTe 1O ovomua (1) YPAP =

Totrro tmilVeTan tos T& OUCTAUATE THS Hopefis (@) kal BiBel Tds AUoes

= = \ y \ : X + Y =K

Z; ;i Kol i_: ;22 *Apa TPOKUTITOW TrPOs ¢midvow T& ouoTpaTa Y

vk 2 HH A <&y &moleov T Avols elvat YVWOTH.
Xy = A :

124. SYETHMATA NMEPIEZOTEPQN TON AYO EZEIZOQIEQN.

a) "Orayv 1 pia povov tEicoolg elvan devtepofadprog kal Hhat al Ehdhar npw-

tofiaBpion.
Eis Thv mepimTw ’
tiochoecy, BecopolvTes Eva TWV

cw auThy EmAUouEy TO oUoTnua T& TpwToPaduicw
&y vwoTwY G5 yvwaoTov kai dikoAoUbws dvTika-
Bioradpey els Ty BeuTepoPaBiIov thoway, THy otolov EmiAUopev.
Bopibevyna : NEEmAUR] 70 (20 Et= e = 2ym-hdx —ay=13=0
oUOTTHS R 5X—W—w"—"2
Ix—3y+w=—6

poUVTES Tov @ g yvwoTdv EmAUopey T oloTnua Tiis Beu-

"Enilvoig : Oew : e it

Tépas kal TpiTns EEITWOES. Otrreos Eopey ThY AVow (X, W) = (== =3 )

Tas Tipds Tév X kel GvTiKaDIOTEOUEY ds Thy mpdTy Eiowow kal Eyouey
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2 CH2Y(H2) —e w2 E30. 3300 4 B30

2 2 2 2
13— 000 +8w—17=0, # s =1, wy=— L
‘Erroutvess : S1& @ =1 Exouev (X, W) = (2, 7) kai
\ IT 5 8
Bix w =— —5 EoueV (X, ¥) = (794 ) T)'

[(xp@)=@71)

*Apa i AUGELS TOU GUOTHRTOS Z elven ¢ 5 8 17
1 (x,w.m)=(~9— e ——9—)

B) "Otav neprocotepar Tig prag $E1omoElg fval devtepofadon (i kai dhan)
kai @i dllm mpotofaduon
Eis Thv TepiTTwow auThy Bty UTdpyEl Eviaios TPOTIOS ETIAUCEWS.
Mapodeiypata : 1) Na hobi 0 ovomqpe: | x+y+o=a (1)
x4y 4wt =P (2)
Avowg: “H (1) ypageTan | Xp=7" 3
X+y=a—w “Yyouuey TS péAn TS Els TO TeTodywvoV Kol ApPavovTes o’
Sy Tas (2) kai (3) Exomev BiaBoyikds X2+ ¢? + 2xy = of + w0 — 20w,
P2 — w2 4 2y = + w* — Qe <= 2% — 20w + o — B — 2y* =0, T omrolag
ol pilar EoTw w, kal w, OUTs, ai thiodoes (1) kai (3) 8idow Ta ovoTHUOT |
(X fy=a—w [(X+y=a—0ow,
¢ xy=Y* ¢ Xy =Y*
w=w | =0y

& &roia Audpeva pag SiBouv TAS AUGEIS TOU &pyIKOU.

2) Na vbij 10 olotnud s 1 X (x+ Y+ w) +yw=0c
a, B, YER™ @ < yx+y+w)+ox=p
B) | wExtyt+o)txy=Y

Aboig: TO OUSTNUN YPEPETAL
x+y)x+o)=c, (y+@)Y+x)=p (@+x) (@+ )=y
ToA/{opey  kaTd  HEAT) xai Eouev (X + W) (@ + y)* (@ + %)t = Pyt =

= (x+y)(@+y) (@+x)== aPy. Aiaupoluey Thy Elowow ety Biabo-
XiKéds B1dx Tév (4) ed Exouev: X + Y = = ,C:’E‘ Y+ w=+ %I, @+ X= =+ —%‘

OUres Eyouev Tpods Emiivow TA CUCTHHOTA :

G) (x+y=ably, y+w=pyla, w+x=ay/p
©6) {x+y=-oBly, ¥v+w=—Pyla @+ x = —ay/p-

Enuciong. Ta tetaobivTa dvwTépw TapabeiypaTa Tapéyouv pévov piav &mAfiv 16eaV
Tov elBikéov peBobwy, al omoial xpnauo-rrmoﬁwm Bia Thv EwiAuvow ouoTnudTwy dvwTépoV
ToU TpdTou Paduou xal ot drohouBiav ol pafnTal TpéTer va kauow paxpdv Edoxnow els
peydhov dprBpov doxfjoeaw, B v& SuvnBolv vé dmroxThigouv kaTrolaV eUytperav.

200
Wnepromoir@nke amd 1o lvatirouto Exmraideutikng MoArmikng



AZKHIEIZ

‘Opag o

401) N& EmAufolv T dxorovba ouoTTpaTA :
2)1x°-.—2x~y—qﬁ+4x—6\p+7=or
\'2x+w=4
4) 3x2+'¥!:15? 5) | x*—xy = 14
7=0 | xy = 66 | xp—y*=10
7 | x4 3¢t —llx—Ty +10=0
[ x2+y*—4x —3¢+5=0
9) ix‘-{-?x\u—qﬂ:]
| 3x*—3xy + Sy =17

Dix+y=2
| 4xy =3
3) | x/5+y/5=1
?x’+5xwd3\p‘—2x—2
6) | x*+yt+x+y=62
x-y) x+y+1)=30
8) | x+y)r—3x+y)=10
9yt —5x — Ty =25
10) | x’-}—xq,;;qﬂ:-—!i
(8x —y) (x +2y) =—36

‘Opag '

402) N& tmAubolv +& dxohouba gUOTNHOTA :

D|x+y—2w=6 ) | x+yto=6
)';x‘—-w\p:—l x4yt =2w?—13
2x'+xw+m’—:4w:10 xy =2

|t A=461Y H ety +et=8 5| xE+y+e)+ye=21
7‘*"{""‘Z=14 |X+L|J+m=l4 WX+ Y+ @) +ox=18
B=3 | %o =y @ (X + y + @) +xy = 42
6)|K(K+q1+w)=u’ | xyt+o)=c
| yx+y+w)=P w(x+m)=a:
‘w(x+w+w):yl “m(x-}‘qi):y
"Opag v |
403) Na émAufolv T dxéhouba ouoTHHaTA :
D vx+yvy=1 ) | x4yr=19
X+W:65 X+\|J=1 -
[ N a0l
| xt+xy+yr =37 | W/ XV =2 e
= - 7) | (x+¥) (& + ) =432
6) | xyz =06 zZwX 12 )!x’+w=20

| yzeo =8 wxy = 24

NA Al' EEIZQZEQN B°Y BAGMOY KAI

TPOBAHMATA AYOME

FYITHMATQN ANQTEPOY TOY nMPATOY BAGMOY
~

; : i {fAnua aratégov Tol mpdTov fafb-

125. By nodpinua 0d xaAirat v it 4
e vayetat €l iy #aldvow pag Eodoews pE Eva dyvwaroy
: g e, h S fuarog EElodoewy @eTégov Tob mpdtov
fov Babuov, 1 s T inllvow Evog OVOTTH £pe :
fiab ﬂ(:_‘ thl.d ,fn'w AUgtw Evds TOIOUTOV "Pomﬁum' Show, it B w:v i
el fﬁv .nPOTlYouuévnv <& dvagepbivTa Bid TX mpoPAfuara aov PaBuol.

Jot éav 1) Abaig Tov a
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"Hroi: a) "ExAéyopev Tov &yvwoTov f) Tous dyvidaTous ToU TpoPAnHaTos.
(B) Karaorpovouey Ty Ellowow 1 Tas thicwots ToU TpoPAfjpaTos.
(y) Ofropev ToUs Teploplopols TV &yvaoTwy, Tous TrydlovTas
&mod ThHY QUa ToU TrpoPATjuaTOoS.
(8) ’EmAvopev Ty ttiowow f TO oUoTtnua T& Eiodoewy.
(e) ’Extehoupev THv Siepedvnow Tou TrpoPArpaTos.

Awx 16 TeEAeuTaiov oTéBiov THis Biepeuvnioews donTeiTar peyddn Tpooo-
XM, 18iws éTav Ta SeBopéva ToU TpoPAnuaTos ToapioTavtar Si1d ypappdTwy,
81671 ai Avgels péter v elven TpaypaTikal (ouvBrikn TpayuaTikéTnTOS), DETI-
kai T dpvnTikad (onueiov TéY Alcewv) kol peyohUTepan T wikpdTepon &p1Buol
Twos & (Béois apiBpol cs Tpos Tas pilas Tpiwwipoy).

126. NMPOBAHMATA AYOMENA Al EEIZQIEQN Bov BAOGMOY

o) Ipofinpa. Noo edpedf] dwéponos &piBuds, ToU omolou 10 TeTpdrycovoy
attavouevor katd TO 5/mAdsiov aUToU yiveten 50.

Aveg: "Ecw x elvan ¢ {nrolpevos dpiBpds, TéTe TO TeTpdrywvov altoU elven
X%, 1O 8¢ 5/mA&olov ToU &piBuoU 5x.

O0tws Exouev Ty Elowow x* + 5x = 50.

Mepropiopds : ‘O x Séov va elvon dxéponos (xeZ)
"EmiAvois Tis x® + 5x — 50 = 0. “Exopev X, = 5, X, = — 10.

Awepeivmots @ Al ebpefeiocn Tipad x; =5, X, = — 10 mAnpolv Tov TeBbvTal
TEPIOPITHOY Kal ouvettds TO TpoPAnua Exel BUo Avcss.

p) HpoPinpa: Na pepioBij 6 dpibuos 15 eis Buo pépn TolaUra, cote TO
TeTpdrywvov Tou mpdTou EharTtodpevov kord 41 vi kabioTaran foov mpods T 5/
TAGOIOV TOU TETparywvou ToUu &AAou.

Abeg : "Edw x elven 0 v pépos, TO &AAo B elvon 15-x. ‘Emropéveos Exopev
Ty étiowow x? —41 =5 (15 — x)*?

Mepropioucs @ TTpémel va elvar 0<x< 15,
"Emidvois This x* —41 =5 (15 —x)% ‘H ioobuvapos ovrfis elvon 4x2 — 150x +

41166 =10, & By x =22

= Xy — QL.

Aigpelvnors : ‘H pila xlzg &rmoppimrreTal, 8161 % > 15. Ta IntoUpeva
Aowov pépn elvar 11 kai 4.

y) Mpopinpa. “Eptropos mwwhdw Aaias mpos 22 Spy. 10 YiIAdypauuov,
kepbilel &l Tols EkaTov TO fjuwiou ToU kboTous EkdoTou XAoypappou. Méoov
kooTilel TO YIAMGypappov ;

Abeig: "Eqv TO yiMoypappov kooTiln x Bpy., 8& kepbiln %% kal Emo-
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Ay x x — x'

uévexs &md x Spy. & xepdiln 5 - 155 = 200°
xs

Suverréys, Exomev THy étiowow X + 55 = =

TMepiopiopds : TTpémer v& elvar 0<x<22.

*Enilvorg: X + % — 22 <> x2 4 200x — 4400 = 0, & fis Exouev x, =20,

X, = —220

Aigpevvnots © H Xg =— 220 d&moppimreTal.

“Qore, TO YXIAIOYPOHHOY xooTiler 20 BpX.

5) Mpoprnpa. "Edv ai rheupadl -rs-rporydﬂwcu avtnfouy kaTd p povdBas ph-
kous, TO tuPadov Tov B yhm u—3 gopds Tou &AAov. Tlolov TO UfiKos Tfis TAEU=-
pds aUToU ;

Aborg : "Eqv T uiiKos Tfig TAeUpds TOU -rs-rpo?fdovou eluou‘ X, TOTE 1) TAeu-
p& ToU véou TETPOywVOY o efvar X + B uovd:‘dcfs prjkous kad T EpPabd almédy
&umioTolyws x* kol (x+H)* ‘Erropéveos EXOHEV TNV Elowow (X 4+ W) = (u—3)x2

TTeploplopos : TTpéTretl x>0 xai X+ u>0

‘Enfhvorg: (x+WP=0~— x> (A—Wxt+ 2+ u=0, fimg 8i-

VEG=D k= V=3
8e1 BUo pilas X = :ELIZT" Xy = A

To elbos TV pil@v kol & Tpdonuoy aUTY, b yvwoTdy
iov Tow 4, P, S.
rivaxa BIEPEVVAOELS SiamioToUpery OT1 B1x >4 Eyo-

Aigpeivnois ¢
HapTaTon &mwd TO ONHE

TynuacifovTes TOV
ey Auow els TO TPOPANK.

OUrew, Bix u=17 Exouey X3 = —

elvan BekTr).

1, tms dmoppirrreran kol =17, frmg

127. NMPOBAHMATA AYOMENA ATA EYETHMATON ANQTEPOY TOY HPQTOY BA®-
MOY

o) Mpofhnpa. T ynela Buymeiov &p1Bpol Exouv ywduevov 35. ‘Edw yi-
vy uTipeTdBeats TV yneiwy, mpokUTrTEl  GPIBUOS MEYaAUTEPOS TOU yvopévoy
TGv yngicov karr& 40. Tlotos elvad & &piBuos ;

Adorg: 'Edv © &p1Bios Eyn x Bexadag kal @ GTAGS povdBas, TOTE B Eyoo-
wev gy = 35 xal 10y +x=xy+40

TMepiopiopds : TTpemet v elvan 0<x<10, O<y<10 xai x,yeZ

<> <>

elvon looduvapov Trpos TO LEUYOS TV OUCTNRATWY

"Enilvoig : {
TO Stroiov
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=7 ] =5 “Apa éxouey Tas AUoels :
[x=75-10¢ =67 xw=(0 1)

Apetvnoig @ To (elyos (X, y) = (?0, %) Tpopawdys droppiTTeTal.
“QoTe & [nToupevos &piBuos elvan & 57.

B) Mpéfinua. *H mepipetpos dpboy. Tpiycovou elvar 60 cm. ke T é1r) ™y
UtroTelvouoaw Uyos 12cm. Tloia T& prkn T&Y TAEUPGY Tou ;

Aberg : "Eqv X, W, z elvan Ta prikn TGV kabéToovr TAEUp&Y kal THs UmoTel-
vovUomns, ToTe O elvan X* + ¢ =22 kad X + w +z =60
"EE &AAou TO EuPadov ToU Tprycovou elvon E = %E :132 = Xy =12z. To oU-
oTnua Aorrov: elval :

X+y?2=2% x+y+z=060, xy=12z

Tepioprouds @ Tpémer x>0, w0, z2>0 kai wikpdTepor ToU 60. *EmriAvov-
Tes TO ouoTnua Exouey x = 20, yw =15, z = 25.

y) Hpépinpa. Abo épydra éxteAolv &v Epyov els A Gpos. ‘O mpdTos pPo-
vos TO exTeA:l els o dpas SArywTépas ToU Seutépou. Eis oo wpas EkaoTos
povos EkTEAEl TO Epyov; a >0, A >0

Adorg: Eaw 6 o' yperdleTan X ddpas kai & By dpas, TéTE O elvon X + o = .

: = ; 5 : bl ~ | T, ~
O TmrpéiTos els 1 conav éxTeAel TO TV épyoy, 6 p" 1o = KOl GUPOTEPOL OHOU

TO % + WL. gl A 8¢ opas exTeAoUV TG Ghov Epyov. “Hror B Excopev :
1 1
(++ - JA=1.
Mepropiopds : "pemel va elven X >0, ¢ >0, x > A, w > A

Exihveg: [y = o+ x y=a+x W=a+x

oo %)A=1° (~ +;%() A=17 | x*—(2A—)x—oA=0

X X
16 Omoiov &idel :

(x, §) = (?ﬁ\ ;ﬂ+;/_ Wta 2+ F_tzsfﬂ t,@,’) Homie sl Basrti

‘H &AAn AVais amoppitrretan émaidn) x < 0, w < 0, o ToUTo QaiveTon ék ToU
ywouévou TGV pilév XX, = —aA < 0

ITIPOBAHMATA

‘Ouds a :

404) To verpaywvov Tijs fAkias Taibos PaTTwbiv kaTd TO BimAdaidy Tns, ylveron
foov wpos 1o BimAdenév Trs. Na elpedfi 1) fAkia adrn.

405) No& elpebi) dréparos dpibuds, & dmrolos Siaipolpevos Bia 25 ylvetan Toos Tpds Tov
dvrioTpogov Tou TrnAlkou.

406) Na elpedi] dpibuds, & omolos avtavéucvos katd To 7[/mwAdolov Tiis TeTpay wvikiig
plins Tou yivetan 44.
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407) N& evpedoly BUo dxépaiol Siaboyikol TeptTTol &pifuol TowoUTol, GoTe TG &Bpoiona
THY TETPAY VWY TWY V& glvon 74

408) “Epmropos TWAGY 16 dumépeund Tou dvl 39 Bpay. kepbilel TéooV TOIS ExaToV,
doov T eiyev &yopdoel. [Mooov 6 Tydpooey.

409) Tathp 40 trdv Exel viev 3 t1év. Metd mooov xpfwov ) NAkia Tol TaTpds B
elvan koTd 5 ETT MIKpOTEPE ToU TETpEyOvOU TS fiAixias ToU viol ;

410) TogéTns 630 KIAGY TpOPiHcy ETPOKEITO v Siavepndi) els dpropévas TTLXAS

olkoyeveias. "Emeid 15 &k TGV olkoyevel&dV stv TpoofiAbov, txdoTn TGOV UmodolTwy EAaPev
b TrAfifos TGV olkoyeveldv ;

1 kiAov Tpopipcy i whéov. Toiov TO
411) Tprydvou al TPETS mheupal elvar 3 cm, 6 cm, 8 cm. Katd moiov Tufjpa wpémel

va avinfolv ol mhevpal, o SuvaTal va oxnpariodij § aliTéy Tpiywvow dpboyduay ;

'Ok P

412) Ndﬂgopseﬁ Sigheros ap1Bucs ToloUTOs, GOoTE TO yngiov TdV Bexdbwy v elven
Kard 1 peyahUTepov ToU Simhaciou ToU yn@iou TGV povéadwy, Bianpolpevos &E S1& Tou ywo-
pévou TéV wneiewv Tou v& §i6n TAnAikoy 3 kai UméRormov 10.

413) Kegdhauov ét 27.000 8pax. rokileran Tpds 6% xwpifouevov els Buo pepn. To wpdTov
Eroxicln &l 5 pfjvas TEPIOCOTEPOY ol 5woe Toxov 1500 Bpay., T Bt B’ ESwoe Tékov 900
Spayuds. N& elpebolv T SUo wépm TOU KEq)Cl;\Gi'oU. g )

414) Na& edpebouv al BwaoTdoes opfoywvioy, TO bmolov £yel Biaydviov 20 cm kal
tpPaddv 192 cm?.

415) AUo TobnAdral duay wpo
otaow 90 km. To fjpmov s TaAYVUTNT

Uy ouyXpovews ik Twvog TéTou Bk va Biewlooww &Tro-
os Tou p@Toy Kal TO TpiTow THS TAXUTNTOS TOU P’

Eyouv &Bpoiopa 16 km. N& etpeBouv al TayUTNTES, WV & o ETepUATIOE 7 Tiis dpas dvcopite-

pov Tou P

416) Tpels &pibuoi
Tépou efvan peyaAUTEPOV tou BimAagiov Y
ouUTo!l.

417) ‘O &pibuos 3 xod
#youv &Bpotopa 9, ol ETOMEVO!
125. Tlola 1) dvahoyla ;

418) Na UmoAoyioBouv &
kaTd 5m kal f UmoTElvOUTd pE T

clvan &véhoyor TAV &piBUdY 2, 3, 4. To Tetpdycvoy 100 peyody-
wopévou Tév &AAwY katd 36. N& elpedolv ol &pibuoi

Tpels GAAOI cuvioTouy dvadoylav, Tis omolas ol fyoUpevor

12 kai TO Gfporopa TAV TETPAY VWV TAVTWY TGOV Spwv elvan

{ wAevpai &pboy- Tprycvov, & al k&Betor TAeupal Biagépouy
& &’ authy Uyos Bibet &bpoiopa 37 m.

ALKHEIEIZ EMANAAHYEQZL A

419) N& emAuoi 4 tlowars x! —2 (aF pxt + (@ —P)* =0, o PeR, kalva Tedoly

ol pilan avriis UTd popehv ATAGY pu{tm‘bv.l ;
420) Mi& Troias TIpGs TRV & xal B 7 éiowois (a+ BYx* + (Ra— P —10) x? + 2x2 —

B~y & € 2 e Syveoves SRR HEEEREEES
Tas meprrT@oess vax eUpedi) 16 elbos TRV [.?Ing.
421) ‘Ymo molaw JOfKnY TO TPIGWHOY @ W=ox'+Px+y, «pyeQ, e
—— — e +
pilas s popefis /A £+ VI OV LUEQ 5 :
"%22) f\?’d UE\"TGUXQUGTIGGOGV el dmh pilwdt ol dxoloulior mapaaidans ;

e 5% _2x TST*'K;"
1) \,"xs+]+\/x‘+l’+l (xER). 2) ‘F+ = V—;P-__z.l.
423) Na &mosaxdi 6T TrapdoTadls Me peR?

TR \/& Iéa\/—;‘i:ﬂ; + Va—2p /& — p* iooUTan w2, & P <a < 2pt

kol pt 2 4/ @ —pt, ava > 2P
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424) N& EmAubolv al dxdroubor Efiocoels

1 1
1)x“+F=6(x+-{), 2y x'+x*+x*+kx+kt=0 (keR)
425) N& evpeBolv ol owbijken, Umd Tds émolas # EmAbousa Tis o,
X'+ ox® 4 Bt + yx® + Px*+ax +1=0 elven dvrioTpogos Eigwoars.

3
426) Na tmaubii 1§ Eiowos ( x4+ %)6 -9 ( X+ ;t) +8=0
427) N& émAvlBolv v R al dxdroubor tfiodoeis
4 3 e
SR AT o T ey -, Yy
428) N& dmAudf kad va Biepeuvndij 1) efio. v/ x* —dx = X —A Bik TPAY HOTIKAS
Tipas Tou A kal x.

429) N& EmAvBouv Td drdAoua ouaThpaTa :
1) X2 + ! + w? = 2la? 2) zt 4 xt = Xy +2zw =0

Y + WX — Xy = 6a? Y twi=1 2x+¢)Rz+w)y=2

3x + y — 2w = 3«
430) N& eUpebiy f| dmakelpouoa Tou ocuoThuaTos.
Xyt @t =, xy = P, Yy =y, wx = 5?2
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MEPOZX TPITON

KEODAAAION XV

STOIXEIA IEPITPA®IKHE ZITATIETIKHZ

128. £KOMOEL THE ITATIETIKHE.

‘H orarioTikh els THY EToxXAY Kas, pé Ty SAws iBlarTépoy ooudaidTn Ty
Thy dmrolew mékTnoe Bik THY dvbpwmdTnTe, CVemTUXON €ls piow ExTeTopévny
ErioTHUNY pé ToAAOUs KAGBOUS.

‘H omroudaudTns THS StamioTIKs EykaTar €5 TO 6T alTn EmiTuyydver
TpoPAbyels THs CUNTIEPIPOPES Evos “TFAT]SUUUOGT’ X‘fPiS v& elvan dvérykn () éraw
Sty elvon Suverrov) va TpoPAegbi] i OUNTTEPIQOPa TV &Touwy aUToU, YTd ow-
Ty 8¢ THv Evworaw EXEL tpapuoyds OX1 povov eis Thy Olkovopiav fi Ty Koweo-
vioAoylav yevikés, GAAX kal elg THY vewTépaw DUOIKTY.

‘H Lranonxf, o5 kAabos TGV «Egnpuoopévey Mabnuarikévy, Exe dg
épyov THY oUAAOY TV OTOIXEIWY, ThHY TGE'Vé“ﬂa v L K“i‘Tﬁ” Tapousiaoy ol-
TG els karr&AAnAoy HOPPTIY, Buvapévewy Vo ‘0“’0‘7\"’6"—’”" Ao tpunvevBolv B1& Thy
EEuTrpéTnow Bia@opwy OKOTIEV. TL.x. &1 TV wueako?'\ouenow Tiis dverrritecos
kol éfehitecos TOU CKTTVOTPOPIKOU AnGuapow» '{719 ?(‘*’P“S HES TO “YTroupyeiov
Mewopylas ouveKEVTPWOE OTOIXEIQ, T& dmola  MET& THY Takwounow mapousiaos

81k ToU &koAoUbou TrivaKos
'ERéMEls KTnoTpo@ikoU mAnfucuoU

v e | Efs y1h&das KepaAdv
‘ Efbog {wou T 1959 t 1961 7; 1963 \ 1964
! e |
5 1108,9 | 1160,0 1140,3
| ~ B 1045,7 i ,
. Bzzgﬂuhm 1 72,6 67,2 63,5 60,8
‘ TTpbPara ] 9333,9 9593,5 9720,0 9450,0
L Alyes 5066,1 4979,0 4700,0 4570,0
| Xoipol 638,1 | 621,6 632,0 646,8
My 15146,3 ‘ 16341,9 18000,0 18426,3
| T S (T =

;c_ig THY TTPOTYOVHEVTV &b Eyvwploapey dplopévas Paoikas éwolas T
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TTaTIOTIKTS, TOUS TPOTIOUS CUYKEVTPWOEWS TV OTOTIOTIKGOV Oebopévwy, €~
Eepycoios kal Tapousidoews alT@Y Sl TGV &p1OunTIKGY TIvakwy Kol Blorypo-
p&TwWY.

Korreoépes EmovehapPévopey Tous TPOTTOUS TOPOUSIGTEWS TOV OTATIOTE
k& SeBoutvaoy, Aoyw Tis 18louTépas onuacics aUTY.

129. TMAPOYEIAZIZ ETATIETIKON AEAOMENOQN — ITINAKEE

T& oTamioTikd oToreia, T& dmoia TwpokUTTOW Ao ThHY Srehoy v Kol
tmetepyaoiay, TopovoidlovTal KATA TOOUTOV TPOTOV, WOTE v elvan elyepns
f peAéTn Tow kad 1) owaywyt oupmepacudTey. ‘H Tapousicois alTn yiveta
guvnBuws katd BUo TpdTToUs.

&) Yo wopphv dpfunTIKOU OTATIOTIKOU TrvaKos
B) YO uopeny YpopIkoU GTATIOTIKOU TrivaKos.

‘ApiOpnrikoi nivaxeg Ofror divavton v& Exowy pop@fy  £vos
Kelpévou ExBéoews TGV TTATpogopldY pE Taoaw BuvarThy AetrTopépeiay. ZuvriBoos
Speos elvan ouykevipotikol pé oTHASS Kol ypouuds, &mhoi elg THY dvdryvwow
ko elg THY peTalU TAV oTolyelwy oUuykpiaw.

Tuyverng — mival gupvetfitev. YmoféTousy ém ai Tl wds HETAPANTHS
X, €ls piav oTaTioTkKny Epewvay ék N TapaTnproewy eluaxt 1 Xy, Xo, Xy, . . - XN K&

&T1 £E atrtGov TGW TG vy elvan Too TPOS Xy, v Toot PO Xy, . - .V To0U TPOS Xy
OUtw, oxnuaTilopsy TOV M o o e T
Trivaxa TGV SUo oEIpGV. v | s | e s T |
"ExaaTos TV &pIBUGY vy, Uy, . . .V, KaAeiTal andlutog gugvetng T QA
ouXVHTNG Ths dvTioTolyou Tiufis X Kai oupPolileTon pé TO ypdupa L. MTpogavds
elvat v + v, + ... +vu=N. ‘O N elvan & wAnB&pIBuos TOU TAnBuouou (gUvo-

hov TrapaTnpioEwy) Kol KaAeTTal Ok ouxvoTng, oupBonileTan &¢ kai pe Zf.
n % KaAOUVTOL GYETIKAL GUYVOTNTEG TAW Xy, Xpy - - -4 Xun
duTioTolyws kal TO ywousvoy atréov &l 100 ikppaler Ty Ekatooniaia (%) oxe-
nxRy ovyvomnte. Ta dBpoiopaTa Z, = vy, To=v 4V Zg=V Vet Vg e
Si=w+ vt ...+ f Smep 6 aUTé, T& dBpoiopara E=f;, %, = fi+
S.=h+ 6L+ ...+ xeholvTal aOporstikal ouyvoTNTES.

8 v, vy
Oi Aoyot R L

To @poispe Shov @Y oYLTIKGY cuyvoTHTOY piis otanietikils £pebvig
igoital pé TNV povade.

: " v v, Vo . f. fu _
Mpdrypart, Exoueu:—h;-Jr-ﬁ 4+ ...+ ﬁ_l fi 'ﬁ+fr+"'+f?"
‘O mwivak (1), éoTis Buvaral va ypogi] kai eis BUo oThAas, &TOTEAED TOV

nivaKE GUYVOTHTOV T| THV KATAVORTV SUYLVOTHTOV.
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Mopadeiypata GUYKEVIPOTIKAY apbp. mvaKov.

13 Kecel b o, 6008 1967 - 68 tisypirions Sl ot PUImamey TEC joory
Tad, Ty dTolwy T oTOIXEIX KorTey pagnoay Els & PiPAiov, «To MabnToAdyiow.
Totro dmroTehel Evor YEVIKOV rrivoka AeTTTOpEpT) GVEV Tatwopnoews, &d STrov
Anpogopias OYETIKAS HE TOV TAnBucpov TGV

BSuvdpefa v ExXCOHEV OTATIOTIKAS T
padnTédY TOU ayoAeiov Toytou. ‘H oupTAnpwals Tou KATWHl OUYKVTPWTIKOU

Triveos Eywev Ei TR paoel TS roloTiKijs 1810TNTOS «téEis Eyypagfis»

KaTavout, T@V pafnTédY TOU Mupvooiou kerd TAEES

&77‘7—7 = TR R 'r “Exarooriala |
| *Apiuds paldnTdv |, OYETIKT ' ABpo1aTIKA)
T& fi, 220 8
| Ems_ ‘ *ATrSAUTOS OUXYO- ?,j::::::ﬁ I oUXoTNS tkartooTiala
I tyypagfis | s | 10057 OXETIKY OUXVOTNS
e | f, = 245 __1 ERs 215_,\_ 32,1 32
T i e T PR 5
S T B [ = N

A’ | f,= 90 5, = 629 ____1],8 82,3
‘—.i,, R e U L
D i b e o5
T f= e | =T ;i 100

| ] 100,0

e 7 | I B
| | 3f = 764 \ |
P i e PR

Ans elven mpogavfis. ‘H TpiTn oA «dBpor-
gEijs ¢ At kdde &k dvmioToryileTen T &Bpoi-
4Eews kol GAwv TGV TTPOTYOUREVGY aUTTs.

opa Tiis &ToAUTOV GUYVOTNTOS THs T , 8
‘H oupmAnpwols Tfis & gThANS EYIVE ﬂaast 10U TUmou 100 - f/ZF, | 8 oupAf-

peots T € oThANS EYIVE & vod s v oThAns & Tiis 8" oTAANS.
&mrhoUs, T& BE oupTepdopaTa £ THS UEAETNS aUToU
L

‘H oupAfipwats TS B’ oTh
TTIKN CUYVOTTSY uveTrAnpan &S

‘0 Trivaf olbros glvat

ROV, . i
2) Elg piow Epeuwver ToU (nyous T&V 764 podnTow ToU Mupvaciou Tol Tpo-

TYyOoUuévoy nupa&eiyucﬂéﬁ pos KaTEY PAPTITY Eisﬁ TrpoxEipous  KaTaOTAGES T&
Oyn oUT@Y, TE Smroia Evegavioay Tipds peraty Tou 135cm kad 185cm. ‘H Troco-
i) 616 «Opos polnToD» eV ploc ouvexhs ETaBANT (BecopnTinéds) wt Tipds
gls T Sidornua [ 135em, 185 cm ], ToU &trolou 1) Blopopd TGV BUo Expeov TINGY,
SnAaly TO £DPOS TS peTaPANTHS, &mreos AéyeTan, elven 185 — 135 = 50cm.

To gUvohoy &V TGV TS peTaPAnTis TaUTNs Xwpiletan els 5 Tates
(SudSas) Tol ayToU EUPOVS 50/5 = 10 cm. 2
‘H ¢pyooia aUTn KOAETTA dpadoroinoig TLV TPATTPTITEWY.

‘O kéreodl W\,qev'rpw'nxé; rrivak Eywev Emri T Péoer Tiis TooOTIKS 1516
TTOS €pOS uaBnToU» xoromiv TS dveTépw SpaBoTroroews.
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Kotcvouny 764 pabntédv tvos Mupvaciou wkora Oyn

Tatms  |Mion ‘AREUSS BEOUIOY | agpoaricy | XS | A%
Uyous Tiph f ouyvoTns o g
In135-145 | 140 94 | o4 12,3 12,3
20 145-155 | 150 | 176 e 23 35,3
3n 155-165 | 160 278 | 548 36,4 71,7
~4n 165-175 | 170 180 128 | 236 95,3
5n175-185 | 180 | 36 764 4,7 100
=764 100,0 |

Eis Thy o ohAnv al TéEes elvan SiaoThpaTa Tiis peTaPAnTis X Tou Uyous
KAeloTd dpioTepd kad dvoiktd Belic, wATY THig 5ng TéEews, fiTis elven BidoTnpa
KAeloTOV ExaTépubey.

To fuidBpoiopa TGV dxpwy TIuGY EkdoTns Takews kaelton péon Tpt Kol
pé Tas péoos Tiuds cupTAnpouTan 1) B oTHAN.

‘H oupmAfipwats T UmohoiTwy oTnAdy Eywev s ko TTPOT YOUREVES.

Kol & Trive ouTos elven dmhiols kai 1) duédyvwols aUTtoU eJKoAos.

My. &no Thy y' ohAny gaivean, &1 36 pabnral Exouv pégov Uwos 180 cm,
&vd &mro Thy &' oTHANY padveTan, 871 548 padnal Egow dvdoTnua kére Tou 165cm.
"Ex Tiis €' oThAns oupmepaivopey, éTi o 12,39, Tév padnTdv elval dvaoThpoTos
k& Tév 145 cm, v bk TRs TeAeutalos oThAng o To 71, 7%, elvan Uyous
k&Tw TGV 165 cm.

Enpeimang. Els kdde mrivaxa wpémea va Umdpyn els T6 dvw pépos Evag tithog, fows kal
fvas Omotithog. "Axdun Btv dmoxheleTan vé ypagolv kal Utoonpai@oss. Mévta Talta pi TOV
axoToY va TAnpogopoly ouvTouws kal cagds Ti mepiéxer 6 mival, ui Tolav kardTabw ouve-
TéyOn kai els molav xpovikhy TepioBov kal els woiov Téov dvagépeTat.

IFpagikoi nivakeg (Sypippara)

‘H Trapousiaols TéV oTATIOTIKGY Seboptvev B1& CUYKEVTPWTIKGY apl-
BunTIKGY WKWy, TTapouTidlel pepikas BuokoAias ds Tpos THY Epunveiav, BioTi
drrouTeiTon &md ToUs TrEploToTépous dvbpdtrous peydn Tpoomddela kaTowo-
foews Ths akpiPous anuacias Twv.

TeAetoos Spcws Sidgopos elvat 1) dvrimowois, ThHy dmoiaw Sokipalouey, Sraw 1)
Tapouciagls TGV oTaTIoTIKGY Bebopévooy yivy UTO POPPTIV YEWUETPIKOU OXT-
portos, ypagikiis mapaoTdoews. Emi wAfov 8¢ ) vtumwots alTn elven fwnpo-
Tépa kol peyoaduTépas Siapkeios.

Al ypagikai rapuotaselg 7| GTARDS Saypappata elven ol eikoves TGV
Gp1Bucdy kel Tapéyouv dubows kol TUVOTITIKGS Birapdpous ¥pnoidous TAnpopo-
pias.

‘H moiMa Tév ypagikdy TapaoTdoewy, Tas dmoias Ypnoipomolel 1
StamioTikg, elvan peydAn. Oa dvagépwuey Tas BUo kupiwTépas karnyopias |
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7 ypapuik Biarypdupera kel B) 85 81 Emipa-

a) TES YPOBHIKAS TAPATTATELS ) ‘
) YP Suviflos dvagepdueda s TO YVWOTOV oUGTHUX

VEIGY Y pAPIKES TAPOOTATEIS.
Tév SpBoywvicy &EoveV.

1) Mokvywvov ouyvornrog. OTav
1 peTaPAnT X gls plov OTATIOTIKNY EPEV- 21l
vav elven ouvexfs, TOTE T Letryn (%, ),
&mreikovi{Speva els TO oUoTNRA TGV Op-
foy. &tdvev xOy, Bidouv ouvexi TEGP\?Z-
outvny ypauuiy, TO KOAOUMEVOY Il?xu—
yovov cuyvétnros. H TaPOTTAEUPWS
YPOUUIKY TapdoTACIS 5i5e1 THY YEWHE- 5
TPk elkéva TS kéreobey alrTiis KOTa- [

Jurvorne épparav

oo [ L et e 1N £ I
& 76 80 w0 e 720 %

vopfis 68 tpyorTédv &vOs tpyooTaciov oottty
Koo Pépn.
TMoAA&kis els THY StamioTikny elvad Zx. 129.1

Xphiowos 7| YPagiki TrapboTaots TS
hURTHES T RIS R

Karavop) 68 tpyaTdv ward Pépn els kg
L et e T
. f ABporoTikly | ‘ABp. oyeTik
Mé 1
Téteis m:,:‘ f 100 57 gL TR
§ nde N wan
’ BT A 3 44
e 11 16,2 14 206
65- 15 70, |0 Mo .
75— 85 80 24 35,3 38 55,9
el 90 = bk 024 53 78
— e P 19,1 66 97,1
95-105 100 et e
1050010 | 0 0,0 66 97,1
105-115 TG [ s i
Tli5-125 | 120 2 TR
& 568 100
h—_—)——r—_—,_—_——__ i é
&méTE TO TO- ¥

&BporoTikiis gUYVOTNTOS, ; >
AUywvoy o AcpPavopey KOAETTAL u .
Aoyovov  aBporoTikiis Gy VOTITOS: i

TapOaKEIPEVT) YPCHUIKT Tap&aTadis efvar s

T oAy wvoY &BporoTIKiiS T G R
gpya-rc'.':v KOTO 35

Ac xorravopdis Tév 68
—g;;ﬂrn'&'xv e: <00 onuelov A q>épwu5\j
AB | Oy xai &xohoubws BI L 0Ox, Z"z ol |
Tepaivopey &T1 35 tpyderan é)fowsﬂ {P;l | el et
SArycTepoy TV 78 Kg (70 78 elv | a1 W B TS :
) TETUNHEVT Tou ). Tt doaarinic Uz
Iy, 129ZNanp
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2) “letbypappov guyvérnrog

To loTdypappov ouyvéTnTos elvar & aurnBéoTepos TPOTTOS TrapouaidoEcs
by oTaTioTikGY Sebopéveov. Ak THY kaTo-
OXeUTy aUTOU kartaokeudlouey dployca-
via pe Pdoeis Ta foa TpipaTe Tou &fo-
vos Ox, els Ta émola dvmioToiyel T €0-
pos tk&oTng TéEews T duadomoinuévns
karavoufis, kad Oyn Tds dvTioToiyous
oUXVOTITES CUTiS.

To eupabov txdortou dpfoywviou

. VZ . ameikovilel Ty dvtioToiyov Tpos THY

A L |l Paow alrol ouxvétnTa. To ioTédypap-

; tordypauuor Fuzvdrmme Hov ouyvéTnTOs TOU OXMuaTds pos Bi-

Ber Ty yewuetpikny elkdva Tfis xaro-

vopfis Tév 68 EpyaTddv kaTd Pdpn i
TeBAaopévny BE ypaupty TapioTaTon TO TOAUY WOV oUXVETNTOS.

3) To paPdoypappov.

ToUTto dmoTedeitan &mod piow oeipdy dpboycvin, Ty dmoiwy o Paoeis
elven foen ke onpilovTan els Tov admov &fover () Tov OX fy Tov Oy). Té& pixn
Twv elvon dvdhoya Tpds Tas dvTioToiyous Tiuds ol TapioTolv. Eis Td Sto

Sy. 129.3

200 400 600 800 1000 /200 & 3
— T T T T =T

Hogag (214 kt) 72

| ldAa(io77kt)

! 46
[ Jwa (784t ‘1 b
[ ] Tupoe (1012 At) 2 8
o |

3 ik " 1964 1963 1966 967
Krnvorpopiud npoiovra €row /964 Ecapawai Biount mpoivvray
Zyx. 129.4 Zy. 1295

Tapakeipeva oxruata Sibopey SUo paPSoypdupara. Té mpdTov dvapépetan
el TNv Tapaywynyv Tiis ‘EAA&GSos kord TO Eros 1964 TéHHv KUPIWTEPWY KTTVO-
TPOPIK&Y TPoicVTwY Kal TO BetTepov els Tas Eaywyds T@Y Propnyavikév Trpoi-
OvTwv TS Ywpas pas kata THY Tetpaetiav 1964 - 1967. To Pov paPbéypappa
KOAETTOl Kal ypovodiaypappa.

4) To wvkhikov Saypappa

ToUro elvan kikAos alBaipéTou dxrivos Siapepiopévos el kurkAikoUs Topeis,
ol omoior Exowv EuPabd dvédoya Tpds Tds dvTioTolxous Tiuds THis peTaPAnTii
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kad Ty drrolev ouverrdds T& Toka Exow péTpa dvaho
*Evrofa Sibopev & ToloUTov Bibypappa &mel-
dpuov KAGBwV Tiis olkovouikiis [wfis Tiis xwpas

oToiyous TIpag TS peTaPANTTS.
kovilov THv ypruoTodoTnow S

ya pos Tas alTas dvTi-

i T Xpnuorobomots 5 KAGB@Y
elc ixaTon. Bpayudy (AUyovaTos 1968)
' KhaBor | Toodv | o Moipai
1, T 3900 | 195 | 70°10°
ZevoboyEeia e San
2 g 3.300 16,5 | 59° 24
tvépyeia
i 5.000 25 | 900
tmixowwvial i i i,
47 SEpyorXels 6.600 33 | 1180 50'
CopeAeias s e 5. il
5. “ETepor 1.200 6 210 36
oxotol 1 i [
O *ABpoiopa 20.000 100 3600
e S P e S O e

uas kerre Tov AdryouoTov 1968 To 1%

—3036", Emopbveos & 16,5% els ToEov 3,6X
X 16,5 = 59° 24'.

*Exctds TGV QUoaTEp
paoTdoewy TGV OTOTIOTIK
Thpyouv drdun TE YapTeY
Toia elvar yewypagikol XpTH! pé TOIKI-
Aow YpwpdTwy, Emions Umépyoww T &
Soypagijpara 7| cidoypappatd, & omoia el-
ven Trivaxes oxebicov kad elkoveY TTPOCWTIV
f peryndreov kel T& omoid XPTTIHOTIO!-
oUvTan pt TroikiAcs HOPPAS gls Tas Sia@n-
pioess.

w ypaqnxc'bv ma-
Gy Bebopéveoy U-
pappate, T o-

130. KENTPIKAI TIMAI

Els T& Trpomyouey
BeBopévewov BI° GprBunTIKGY
Tijs Trapouo1GoEws GTOTEAED
8161 uds &maAAGOOEL o T
Sp1Budv.

TifeTan Spws TO Ep@TNHA - pryress elvan 8

360°

dvnoToiyifeTan els Téov Jo- =3,60 =

Zx. 129.6

o eibopev TPOTOUS TTAPOUOIGOEWS T&V OTATIOTIKGDY
TIdKwY Kol YPapIKGY TapaoTdoewy. ‘H @dois ol
Evay oV Topka THS TrEprypagixiis ZTaTioTikdjs,
oy xéov & Tiis mapaTnprioews ueydhou mAfBous

wwatdy 1 TEprypagh wds ceipds
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oTaTIGTIKGY OToIElWY v yivy uE BAayioToas XapoKTNPIGTIKAS Tipds, of oTmoial
va Seiwuouy ThHY Tdow ToU tleTalopévou gorvopévou kal va SiarnpddvTal elko-
AcoTepov gis THY whuny ; m.x. ‘H &rrimwaons, f dmola SnwioupyeiTa éx Tijg £e-
Tdoews ToU Tivakos PoBpoloyias Evos pabnTou els ékaoTov pédnua kexwpiopévas,
elvon PePaiws dopahns, Suws elvan kot oAU &rAoucTépa, cageoTépa Kol Siap-
kfs eis THY punpny, &v iBwpey TOV yevikov Poabuov émBooews, TOv pécov Opov
OTreog Aéyopey.

Els v ZraTioTikty ouwnfws dvalnToUEy HEPIKAS XXPAKTNPIOTIKAS TIHGS,
al émolar dvtikafioToly Eva cUvolov &piBuddy CUYKEVTPOUMEVWY G5 €Tl TO TrAEL-
aTov TépIt alTddv kel af dmolon va BiBouy piav ikavotroinTikny iBéav ToU auvdAou
TGV éteTalopévioy apiBudv.

Al yapaktnploTikal aUTtal Tipxi Aéyovton kevipikai tipai fi péool, Siakpi-
vovtan B¢ ouvnBus els péoovg kevipikils taoemg kal eis péoovg Oiaews.Of TpddTol
elvan & aplpnrikdg, O yewpetpikodg kal O appovikog pésog kol oi &elTepol fy did-
peocog kai 1) Emkpatoioo tipt. “Ex Tév pddTwv 8& yivn f) ékéraois pévov Tou
dp1BunTikoU péocou.

"Apiuntikog pécog (i péon tpn)

o) ’ApifunTikds péoos Emi drafwopnTwy oTorXeiwy.

"Edw X4, Xy, . - . XN elvon of apatnpnBeioon Tipad, T6Te TO TMAiKOV Tou &Bpoi-
opaTos SAhwv TV TINGY Bid ToU TrATBous N atédv (el Tov &pifunTikdy péoov,

8oTis maploTaTan B ToU X.

5 = T
Hron : x:’f‘—ix—”—_—mﬁ il x:% e))

B) *ApibunTikos pécos émi TalwounBivtwy oToryeiwy.

‘Eqv ol Xy, Xa, ... XN TTCROTOPT- [T -
feiocn Tiwed  TofwounBolv s Trivaka | M Xa | ‘ i \
KaTovoufis ouxvoTiTwy, TTE TO TAL- I ‘ & J
kov Tou d&BpoiopoTos TGOV ywoptvwy RRBL 5. T SV v
SRV TEW TIUGY Xy, Koy - - Xy T TAS &vTioTOlYOUS OUYVOTNTES Tew fy, fy,. .., fu

|
|
61 ‘

Bi& THs OAkfis guxvéTnTos N = Zf &ibel Tov &piBunTikdu péoov X.

"Hesis ¥ —

Xit Xt oooX fixy 4 foxe + ... + fuxu _ Efx @
N 5f e )

Mapaderypa : 1) N& ebpedij & dpiBunTikds péoos Tou dvaoTriuartos 12 po-
fntédv. T dvoaothuara auTdy drabwopnTta elva :
151, 152, 152, 156, 156, 156, 162, 162; 162, 162, 168, 168 cm

(*)'Ex w@v Tuédv X, Xo,... XN b §; elvae Tooxe mpdg X, ol [ loar mpds X,,..., al I Toxt
mpde Xy xal ouvernds Eyopey Xy + Xo + ... +Xny=0%; + Lxy 4. 4 X,
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Méoov dvdoTnpa :
15141524 152-+156+156-+156+162 +162+162+162+168+168 _ 1907 _ 1504 .

;:4_______#_— 12 4 12
151!152 156 | 162 | 168
Tl ] & | 2

‘O Trivad KaTawoufis CUXVOTTITWY elval :

kol ouvemds katd TOV TUTOV (2)

2 = - 151 2*152+3-156+‘L162+2-]68=
EYopev @ X =1 151 + o e 158,901’1]

2) N& eupedij To péoov Papos Tév 68 tpyaTdv ék ToU Trivakos kaTavopdis
CUYVOTHTWY TOU TrapadelyHaTos Tiis OEA. 211;

‘O Umrohoylouds vtauba ToU &piBunTikoU péoou yivetal koatd mpooty-
olpey Gos TGS THS X TaS WECTS TIMGS THS B’ oThAns.

Yiow, 81011 Bewop!

OUTws EXOHEV : ok f
=19 3-60t11-70+24.spij5_'£0_t1_3;19‘11rL_Lm=84‘7

"Apax TO péoov Pépos Tév 68 tpyordv elven 84, 7 Kg.

Tootnreg tob apbpntikod pésov
1) *Eore Xq, X Xjiy 5 i N al Tapatnpnbeiocn Tipal kol x & &pif.
19 N2y - - U2 ’

wéoos avTév. *Edv Ty Slapopav Xu —x kohbowper andkhaw Tiis TuxoUons

TIpfig X, &Trd ToU péoou X, ToTE TO BBpoioua Té&v &mokAioewy ToU ouvdAou Ty
m

SeBopéveov drd ToU X Elvan HHSéV-f
Mpéeypertt, (x,—X) + (Xa — )+ ..
~Nx=Nx—Nx=0.
2) ‘O péoos x loouTat pé b
tmrl Tdg oyETIKGS OUXPOTITAS CUTCOV:
Mpdryperr, & ToU TUTOU (2) EXOMEV '
ey =F % +Fx+ ... + Fux, = ZFx, émou

. +(XN“’£)=X;+XR+ ves F XN—

7 &OpOIoHC TGV YIWOUEVOV TV TIUGW Xy, Xy, . . . Xy

X f]
X=fg gttt
F,,F,, ..., F, elven a oyeTikad OUXVOTNTES

Avapeoog (X5 ) )
Eqv X4, X, xn elvat ai N maparnpnleioc Tiwal kol ypdwywuer olrds
1y ARy 2ie ®

Korree T&EW ouEavopévoy HEYEBOUS, TéTe & pév Uépxn Heoados Spos Tis oeipds
& udT‘ﬁﬁ"v aoTéo, autds elvar B1cea0s TEV GPIBUEY Xy, X - . . Xy , Gv B Sdv
(;prpf: uec:;'aiog 6pc:§ AcppéveTan 6 Sidpecos TO Nuddpoloua Tév 8Uo peoaiwy

Spaov. : Tvon dpiBuds, & &moi {
e TreoUTTTAGEIS 1) BIGHETOS € pIIRosS, 05 Xwpilel
S oUvolov T ) & .
TUTrOS Bt N+1 sige mhy Ta€w TAS Bioéoov els THY CEIpdV T dpiGucy. Ty
2
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N Bidesos T@Y dpibudv 3, 10, 13, 19, 20, 30, 32 elven & &pibpods 19, SoTis

Katéyer Ty Tlw L =4os. ‘Evi Téw dpdud 12, 15, 15, 15, 19, 40,
40, 41 elvanr & &pibuds 1_5-2;-3 8; :
XEL THY 51w TéEw kel ouvetrdds keiTon peTalU TGV dpiBudv 15 ked 19.

= 17. ’Emweibn 8¢ elvan

=45 &pa koré-

‘O Umoloyiopds Tis Slopéoou SuaBOTIOIMpEVGY TTOPATTPHOEWY TTOPOU-
owéder Buokohiow Tvd kai ké&molow dopioTicy Sik THY TN abTis, 51411 Stv Y-
pifopey Tas dxpiPeis Tiwas THs peTaPAnTis. TTpds TolTo, Si1d oV Umohoyiaudy
This Siapégou TG TINGY ToU Trivakos karovoufis TG 68 Epyatdv Ths oeh. 211
okemTopeda dos EEfs :

“Exouev N = 68 kai N ~2H = 68—;—1 =34,5. “Apa 1] Bl&uecos Tiuh
xeiTan peTaly Tiis 34ns kad 35ns ik TV 68 SiaTeTarypéveoy kaTd TEEwW ueyEdous
TGV THiS ueToPANTHS X kal ouverrdds dvriker els iy TéEw 75 — 85, ds ToUTo pai-
veton ek This oThAns (&BpoioTikn cuyvoTns).

Mpo Tfis Siapéoou Talrrns Tipfis Umdpyouv 34 mipai, ¢E &y ai 14 dvrikouv
els Ty TéEw 55 — 75 kai ai Yméhormror 20 dvrikouv els Ty T&Ew 75 — 85. "Qote
1) Tékis 75 - 85, eUpous 10 povédeov, Tepiiapféuel gis Tas 24 Tipds oUrTiis THY TI-
iy Tiis Siopéoou kol 20 Tipas o alrfis. "Etreidn) 8¢ 24 Tipad keAUmrTour elipos

10 povddewv, ai 20 Tiped 8& keddmrrouy elpos 10 - 2—2— pHov.

‘Emropéveos 1) Sidpecos Tipn katd mpoctyylow elvan ¢
Xs=75+ 102 =75+ 83=83,3xg

Inpeioog. ‘O &piBunTikés péoos 1ol mapadelynards pas Umehoyiodn els T& mponyou-
ueva kal elpéfn 611 elven x = 84,7. ‘H Tiuf alrn SAlyov Biagéper Tiis Biapéoou Tiufis xg; =83,3.

Cevikdig, &av x;, elven 1) &pyixn) Tiuf Tis Tékecws, els fv dvriker f) Sidpecos
TN X5 , Zf 1) OAikdy) auxvdTns, f5 ) ouyvéTns Tiis TéEecos els fv dvfiker 1y X5 , F
1 &BpoioTikn ouxwdTns SAwv T Télewy Tpd THs Télews Tiis Xz ko £ TO eUpos
This Tékewxs Tiis X5 , TOTE, Spoiws okeTTOpEvOL elplokouer TOV TUTTOV :

1
30 —F

= E e o Yo
Xs = X5 + f.s

Ipagikog mpoodiopropds tijg Srapéoon. OUtos elvon oAU elkohos, BAAL
Bev Tapéyel peydAny dxpifeiav.

Karaokeudlopey 10 mroAlywvov dBpoiaTikiis ouxvdTnTos kad gépousy ThHY
k&BeTov Tpos Tov Glova Oy els TO onueiov, T& dmoiov ywpllel els SUo loothAn-
Bels Suddag Ty OAikf) ouxvotnTa. ‘H kébetos alrn Téuvel TO ToAlUywvov els &v
onueiov, 1) B¢ kdbeTog &md almd Tpos Tov &kova Ox dpiler onpeiov Emri Tou &fovos
Ox, ToU omolou fj TeTunuévn elven 1) Sidueoos Tipr. Eis 10 moAlywvor &dpoiaTi-
Kijs ouxvoTnTos Tiis oeh. 211 1) Bidpecos elvon 1) TeTpnpévn Tou onuelou T
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Emkpoatoboa upi (X )

‘0 pioog auTds elven 1 Tiuf TS peTaPANTHS, NTIS TrapovoidleTal ouyvé-
Tepov, o1 dvnietoyel gig TV peyioTny suyvoTnta, Kol ouveTrds Exel Evwoicw:
&Tow T& Bebopéve tppavifovtar els karravoptyy ouxvornTwv. Ty, ’Edv éx tév
pévovtes fiuepouicbiov 200 Bpy. elveu of moAua-

tpyaTéiv tuds EpyoaTaciou of Aau
tmikparéoTepov fiuepopiofiov (émikparToloa Ti-

p1BudTepol, TéTE Abyouey 6L TO

ur) els 1o épyooTéaiov elven 200 Bpx. ‘
‘O Trpoobiopiopds uE dxpiPeioy Tfis mikparrovons TIWfs TpoUmobiTar THY

yvéow hewv Tév aToiyelwy Ths Korravoptis kal Eropévas elven Buayeptis, dtaw

T& oroiyeia elvan moAuTANE kal dravovioTa.

arowoptyy ouxvoThTwy & TpooBioploucs Tis Emikpa-

Eig sfaw xowovikfv K ! <
Tovons Tiufis kaTd TpoatyyIow onpileTon &l TOU EWTEIPIKOU TUTIOU !

Xe—Xs =2 (Xs — X)
Inueioog: Katomw TIOPATTPHTEWS TIPOEKUEY &, tw 1| kaTavoputy ouyvo-
THTewv elvon kémews kavovikr, 1 S1&uec0s Xs TEPIEXETAL METAlY TiiS EmikpaToUeng

TIpfjs X kad TOU &plﬂun-nxof; péoou x. "Ecw 1) xaravopn elven ovpperpikhy (loTo-

YPQUPOV OUXVOTNTOS GUUMETPIKOY), TOTE elval %, — X5 — X.
I'pagikdg Suvdpeba v Trpoobiopiowue 17‘]\: é'{rlkpo.'roﬁcav Tiatw &md TS
ioTOYpappor GUXVOTNTOS G Effs : Suvbéoper B eUBUy pappwv Tu‘nuérrmv Tas
dvw kopupds ToU dpboywviov THs HEYOAUTEPOS UUX":(S'WTOS ub TS YerTovikds
Kopu@ds T Svo Ekartépwley auTou dploywvicy kol &md T onpeiov Topfis Tév
TUnUéTWY TOUTWY PépopEY KABETOV mpos Tov &tova OX, 1) ?TI‘O{C( Spiler Ty Emi-
kparolioaw Tipdv. T.x. Eis TO loTdypoppov ouxveTTOS THs OA. 2127 Emikpa-
ToUoa Tipf elvea 1 TeTpnuévn TOU onueiou A. . ” ‘
Edv EQapUoompey oy TUTTOV Ti5 ETMIKPOTOUTTS TIHNS els THY Korravopdy
TEY 68 Epyatdv els OEA. 211 Aappdvouey
X, —833=2(833— 84, 7) = x. = 80,5 kg
1@V KEVIPIKDY TIHDY ;
{leTon eUKOAWS kol Exel kaBwpiopévny Tipty,
s Spos ErrnpedleTon GO Tdg dxpaias Tluéts, '51(’51 TD\-J'T'O elvon Buvardy va ph
elvan Emapkdds c’w-rrrrpocmTl'EUTiKﬁ kevrpikf) Tiun. “Ev ToUTors, elvan & mhov eU-
XpnaTos, & TAtov xorrawonTos kot O iAoy YveoTos uéaos els Ty ZromioTikdy

Tpativ.

‘H Sidpecos UTTOAOY
Hovov @6 & hfiflos Tév BedoK
Tipds), &1 ToUTo elval TIEPIOOOTEPOV KEVTPIK

TAnpéoTepov ToU Ap1Bi. péoou. ‘
‘H émikparTouoa i), TENOS, GrrohoyileTon HéVOV KAT& TTPOCEYYIOW OYETI-

k& eUyepdys (1) eUpedis Tfis &AnBols Tipfis elvar BUokohos kad Bkv EmrnpedleTon

&rd Tds dxpaiag TIPGS. .
T& TrAcovexTriuaTe Kal

Hapatnpijoeig éni
‘O &pIBPNTIKOS HETOS YTroA0Y

ieTon OYETIKGS gUKOAWS kal T Tiuf Tns émnpedleTan
tveov Tipdv (Btv EmmpedleTon &md Tag dkpalag
1) Tipn Kod oUvETTs s AN pogopET

LEIOVEKTTIHETX TGV KEVTPIKEW TINGW Epgavilovran

217

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrig



KATE TrEpITTWOW Kol guvedds els Tag OTOTIOTIKES EQapUoyds 1) TpoTiungls TV
yivetan xord TrepimTaooy.

131. ATAZMOPA —TYMNIKH AMNOKAIZIE — ATATPAMMA AIAZTIOPAL

EiSouev els & mponyolueva, &7 o Tpels kevTpikad Tipad (&pibunT. péoos,
Biduecos, émikpatoloa Tipn) Tapéxour ToAA&Kls wovov EvBelfeis Bic THY TAOW
T&v BeBopévaw Wwds karavoufis. Elval guoikdy Aormrov, 6T elvon dvemroprels va
Teplypayouy pé kdmolaw dkplPeiav THY puaioyvwutaw T KQTOWOUTS.

TT.x. Eis éve &pavov of 12 mrddAnAor pids Urrnpecias Tpoctpepov T EEfis Tood :
10, 15, 15, 20, 20, 20, 20, 25; 30, 30, 45, 50. (1). Al kevtpikal Tipad Tiis
oelpds T elven : x = 25, x5 = 20, X, = 20, *Edv &1rd Tols iBious UmraAAnAous
i ospa Tév elopopiv ATo :

5, 10, 10, 10, 20, 20, 20, 20, 20, 30, 35, 100 (2)

TOTE ai kevTpiked Tipod AW elvon : x = 25, x5 = 20, x. =20 Ai ocepai (1)
kal (2) map” Shov 811 Eyouy Tdg alTds KEVTPIKGS TIMGS v ToUTols Siapépouy -
Taty Twv whpa wohl. Els Ty ceipdy (1) of Tipal Siaomeipovran dmd 10 s 50
kal TO elpos THs karavouds elvan 50 — 10 = 40, &vdd el Ty (2) &md 5 Ews 100
HE elpos 100 -5 =95, Bi& ToUTo Aéyouev, T 1 karavout) Tfis oeipds (2) Exet
Heyehutépar Slaommopdy & THY KevTPIKAY TipfY.

‘H ZramoTikny Epeuve, ds k TouTou, elval Utroypewpévn, 8trws Eletdor)
kad &AAas Tipgs Tiig HeTOPOAT)s TGV oTaTIoTIKGY Sedopéveov.

Tiv oUYKETPWOW fi &TrOpdKPUYOIY TGV TTOTIOTIKEY SeSopévey wépl s
KEVTPIKT]S Tiufis Svopdlopey Sraaropay. :

To elpos Tiis karavoufis Btv elven KaTdAAnAov Sik THY Teprypoagny Tis
Blaoopds TGV SeSopbveoy, S16TI EtapTaTal povov &md Tds dkpaias Tipds, O
MBuvdueba vir UmroAoylowpey Ty Sicoopdy g Thy eUpecIv TOU péaou Spou TéwW:
&rrokAoewy T@Y Tipdy &md ToU péoou x Ty, Suws, &Tuyxds, TO &Bpolouc
Tév dmokAloewv ToUTewv elvon pndiv (oeh. 215, In 816t ToU ap1fu. péoou).
Ta Terpdywva Spows TG dmokhioewy, fiTol T& (xn — x)?, elven Betixol apifpol

I —x)®
2 =02

Kol ouveTtdds & &piBunTikds péoos alTéY - Si&popos ToU  pnBevds.

Thv moodtnTa alriiy oupPolifoper pt & of Kkai KehoUpev pEONV TETPRYOVIKTV
amoklaory | Swakbpavory tiig katavopdig, THy 5 GeTikny TeTparywvikiy pilav
aUTHs o tumikfy dndkiioiy.

“Qoe Eyopev 3 (x5, — B0 VX_( — l
e e e —_—
7\:1.2,--.,N SRR N (1) Kal o= N (2) }

"AvamrtUooovTes TO &poioua T (X, — x)* AcuPavopey :
00 =X =0, — X2+ (Xy =X+ ... + (XN —X)2 =
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o +X:q)— (Kt At XN+ Nx2 =

N A
_(xa+X22+...+x;)ﬂ2x-Nx+Nx2=2xl—Nx
b=l 1
1\ Py I3 ’ 2 AL zx‘l - .
kol &po of TUTO! zZEfL_xz 19 xal u_:\/ Nl % (2)

(1) xad (2) ypagovral:
QKUUGVaELS  TOU wporyoupévou TrapadelypaTos
Tvan el Tés dvo TIEPITITLITELS :

4+ (50-25)*] =y (151044259 =

Mopadeiypata. 1) Al 51
ToU ¢pdwou TV 12 UmeAAA@Y €
0 = [(10-25) + (15-25* + -

_ 40
W

ot = - [ (5-25)7 + (10-25)*+ -

— 3475
T 6

Ai B¢ Tumikad dmrokhloels elvat

4 (100-25)] = 15 (0152 . . .+ 759 =

0 _ 20V3 V3475
[o} ':-V = ¥ = ]
1 3 3

*Exopev xX=

eSS

2) N& UrohoyiaBij fi BlaKupavols TGV dplet.-aw 685015 12
= 9,25. XpnaipoTroloUvTEs TOV romov (1) ?XOP‘E"’ ; ) :
of = % [(6-9,25)*+. .. T (12-925] =71 (8,25011,25% 1 1,130 £2 738y B Sy
1") Exomev : 22

(2})2 —L@et+eat1214 14452 = 57

AAGooEl &GO TTOAUTIAGKOUS TrOAACTTAC-

Xpnoorrototves Tov TUTOV (
ot = 4 (614824114129~
‘O Tumos (1') évrauba pés &l
Tl O PO, ¥ ; '
Edv ol Tiped TS peTaPANTS gyouv Tokwoundij els évay Trivake kaTovo-
Qv ol TR
—— x|
ool g ey A
I_l e | e | e
g L{ B 1 X i,‘?‘_
drrokAioewy, TToAAGTTAGTIOGOEVT

A =N= >f, ToTE ‘T& -re-rpc'xymucc TG

f1+f'.‘.+'

¢l Tos duTioToiyous ouyxvoTnTas, 5idouv pé-

z[l (:L)- J() 3 l S T
2 Ka tlmllﬂ]v uﬂOK)\.l(IlV
0"\’ TE [P(IYU]\IK“" a]l’él{]-lﬂ L zf (

o= V@‘; =3 ()

"Edw B¢ oxepdiey o Kol TPOTYOUEY

i ; =

% 2 A :

s X (3) kalo = _Ji_ﬁ___x CY)
= 3F

foxd
oinuévns kaTavopds ol drokAicels Utroho-

g, TéTe of TUmol (3) ked (4) ypdgovtan :

Els Thv meplmTeoow THS dpagott
¢ TIpGS TGV Taleov. ;
o elvon TO péTpov Tils SlooTopds kal
s &y Bebopsvoov.

yilovron p¢ Tés peod ,
‘H Tumiki AOKAITLS

Enpeiootg: xik@y povaduwv PETPTIOER

txppdleTon B TRV AP
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Hapadevypa :

kaTavoufis TéGv 68 épyaTdv Tiis oeAidos 211.

ZynuaTifopey TOV Tivaka :

N& UmoAoyichfy f| Tumikn &mdkAigls Ths ouadoto nuévns

’AplB;mTlKos uecros x = 84, 7 kg

':f:;‘ f, “x fy Ka ‘L X\ —x (x; —x)? . fi, (X —x)2 ﬁ

60 | 3 3600 10800 | —247 | 610,09 | 1830,27 .

20 | 11 | 4o00 | 5300 | —147 | 21609 ’ 2376,99 |

80 | 24 | 6400 | 153600 —47 | 2200 | 530,16 "—7§

T | 5| sw | esw | a5 | me | &@s |

‘; 100 | 13 ]Wow-“labbmi 153 234,09 | _%E___j__

I R N B I A

;_ 120 2 } 14400 | 28800 35,3 1246,00 | 2492,18 B

[Atpoiows] €8 | — | wvasos B losiz |
g:j;lu c:ruuq:mvwg T TUTe (4') V‘;ggrgoo 84 72 19,6 ks

ouppaves BE T Timw (4)
EXOUEY :

Inpacie tijg tumkijc arokhiceng

‘H yvéois Tiis péons Tipfis X kai T TuTnikFs dmokAioews o TOpPEYEl dve-
KkTiunTov oupPony Sid Tov mpooBioploudy TS WopeTis Tis KaTavoufs ouyvo-
THTWY xaTd Tpdmov ikavotroinTikdy, els THY TEpiTTTWaI ka®’ fiv T BeBoutva
Siaomelpovtean kavovik@ds kol oupueTpikds Tepl TOw péoov X. ‘Otav f TuTKd
- drokAlos elven pikpd, T Sebouéva Telvouv v ovoowpevBouy TrEplt Tou pécou,
kol &t elvon peyddn, Telvour va Biaomapoly. Al oraTioTikal peAéTon Beikylouy
&t el play kavovikny kal CUPPETPIKAY KaTavoufy T& SiaoTApOTA ExaTEpLBey
ToU péoou X el &méoTaoty fonv wpos o, 20, 30 mepAauPdvouy T& 685,959,
99,7%, mepitou dvTioToiyws THs OAlkiis CUYVOTNTOS TV BeSopéveov.

‘0O drdéroubos Trivat BiBel cuvomTikés THY SlooTopdy TV TIMGY Tiis pe-
TaPAnTis fkorépeobey Tiis wéons Tiufis x els éxatooTiaia TooooTd THs GAIKTS

= ],@62‘2 =~ 12,6 kg

—
T

X+36
1

X-36
1

-6
1
[

Zy. 1311
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coTro v BT KATWTEPX Spiexe dopaheios x'qi v& Ponbrion

Ay el TOUS UTroAOY IO HOUS.

po eUpopey O = 12,6 kg koi x =84, 7kg.

“Apoa gls TO BiaoTn A Grox —a = 84,7 — 12,6 = 72,7\1 soa,g X +&c;—of::l:~+:3'?’;

=97, 3 BiamioTOUMEY, KXTOTIY ELeTAOEWS 'T:DU Tro‘uymvc;u p fis ouxvé
' i Téw 68 Tiuddy, NTOL TO 67:6%% ﬂpdt?fu‘a-n, ﬁ Tiuh

TV &BpoloTIKNY cuyvdTnTa 19 kol | miph 97,3

ouyvdTnTOS, EXEL BE O :
ouveTtéds elg THY BlamioTLOW TUXOV
Elg 1o TrponyoUuevoy Tapadey

T Tos, &11 dwnowv al 46 :
72, 1 &vmioToiyel mepiTov Els
' it o : 55 65 — 10 = 46.
&uTioToryel el TO 65 Kai OUVETT®S ©2 o =i @
'ET)r((ans glg TO Bi&oTNHA &md x — 20 = 84, 7-;2 . 12,‘6—59, 5 Ecos xf}'2°—
=109,9 c'xUT']K:)UV 63 i iy 68 T, firor 1o 92, 6%. Tp&yuari, f T 59,5

it uyveTnTa 3 kad i Tipny 109, 9 &g v
dvrioToiyel mepitrou el TV dBpoloTiky SUXVOT

66 xai ouvettdy 66 — 3 = 63.

To dubypappa tiig SracTopis ‘ 3
EiSouev, 811 kde KOCTQVOUT) cruXuoﬂ‘l"rc.ov 5U\iC:vlTC(,l l:‘:u T;gporc‘sr::: I\E}g:;l'—
Kéds ut & 1oTOYpamHOV fj oAUy VOV o'uxvo'rﬂ'roE, hsmb ; ;‘30 5 ETGB&ATI
Tou tletalopévou mAnBuopoU. A 5umi qmwcicewl'lzv et ]K-ITQ:i?;gl rc‘,-igu-;b iq--ré:
AeTon ouveyGds, EvEd TQUTOYPOVES Te}. i i Tmf 1:0( f;)uuxzufw?\m: ( 70 Bi&kypap-
Ypouuov f TO oAUy WOV SpIaKEds i Tumm% M u ) ; o : 3
= & Smrofor koBopileTod TOAT|PORS (EETD IRVEHETON S S B
Ve "rng,&gc}\wopot;).lg zécros ~ &roTehel T péTpov Béoews Eri TOU cx'Eovo‘g Oi( Kkai
s ot e ) S B
; > My KUPTOTNTS, gav Be usycxim, TOTE T KePTU n~s ven
oo g Y S g 1 et o 9
QTTACOUEVT).

: fic oeh. 212.
¢pyaTddv ik TOU {gToypdpuoy gUYvoTNTOS TNS

* X | o= 12,6, Eis T8 Biaomux (x — 0, X + o) dvfikowy
46 Exo:;u ¥ 84%;(0:(:; 27 6%, Eis 10 SidoTnua (x — 20, X + 20) dvfjkou
EK TOV TIRGV, '

i ()
63 #k Téw 68 T, NToL TO 92, 6%- e ‘
&T1 ) SraoTropd EV

OUTw GupTTEPOiVOLEY, i
elven peyddn. e
Avo 7 kai TEPLOTOTEPO! -rr?\t]e:;ouoél ”
elvan Buvertéy @ 1) va Exouu‘ ‘rou‘ u;'lra; .;0, : .
oov kal v SiapEpouy dog TTpos TNV e o
pév, 2) v Exow ThY diav Slaaﬁ:pav = i
: i ouV
Bi&popoy pégov Kal 3) v S}aqa p y 9?|E7
mpos Thy BiooTropdw kal TOV uecmv.s i —0/4[: =
T& dxdhovba Blory paBHOTa ted i o 2
. 2 L E l—
pas dwapépovtan Es TS v TEpw  TIER 18 §=a4,7iw-m
TrT0Elg AUTIOTOIXWS. O el :
‘O Trivat TOU OX: 131.1, & &rrolos &i-
e iot TOCOOTE, Sy 131.2
Be1 THy SiaoTropdw els xaTOOTIX
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Gy=63

8 6;

Sx. 131.3

loxUer &moAdTws, STav 1 KQTOVOUT) oUXVOTHTwy elval KQVOVIKT] KO OUpE-

TPIKT Tepl TOV péoov X, TS dkdAouBov oTikToY Sidypauna 5ider Ty elkdva pids
TOIAUTTS K&TQVOTs.

Y
19 " ¥
o o
o -]
o o
5 5 . e .
o o o o
o ] o c
o o o c
o [} a o
o -3 o o
9 o o o o o o
o o o o ] o
o © o o o o
o -] (=] o o (-]
o o o o o o
% o o o o o o o o
-] o o o o o © o
2 o o o o o o o o o o
o -] o o o o o o o o o
0 1 1 A 1 1 I 1 1 1 1 1 1
X-36 X-26 X6 \)\( 131 4 X+6 X126 Xt3e

132. H ENNOIA THE LYEXETIZEQE

‘H olykpiols Tév oTamioTikéy SeSoptvewy droTeAei TV TEAIKTY @bowy
WIAS oTaTIoTIKTS £pelvns kol &mookoTel els TV dwelpeow vopou Twds, SoTis
v& Biémrn Tos oyéosis SUo f TEPIoTOTEpWY UTTO EEéTaow pomwopéveov. Aid T
OUYKpioews TGV oTATIOTIKEY CEIpGY BUvaTan & Epeuvn T v elpr Tas dpoid-
™TCS f) Tas Siagopds, ai dmroic XapokTnpifour SUo povdpeva kai vdr dvoaoAy-
YN, oUveTrdys, Tous Beapols 1 Tés oyeoels EEapTrioems Twy.

‘H olyxpiois Tév otamioTikéy Sebopbveov, €9’ Soov AapPdvel Yhpow i
TRy B&TWY  EmBekTIKGY oUykpioecs, Tapouaidler Suoxohias, BT T oyéols
GAAnAoetapTroEws T Siapdpwy patvoptvwy (puoikidy 1 olkovouikév) elven
ToAVoUVBeTOS, 1Bicos GTaw TPOKEITAL TrEPT OfKOVOUIKEW.
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Al buoikad moTiner, T& Madnuamikg, f "AcTpovopia, # Biodoyia ma-
péyowv mAeioTa Sox TrapadelypaTa cruprl'cE‘ms,SIC!qJépc‘ov TFOO,'(I)U K'O:i Exppd-
louv Tds oytoels GAnAcetapTAoEWS QUTEY BId TUTTCY (véuow) &moAlTws oTa-
Bepdov kal dvoAAOILTWY. feip y

Ai oytoers alton Bev UploTavTal TrpOKELEVOU \Tl'Ef)l ?!KOV?UI.‘KG.)B QavopE-
veov. “Ev TouTols T TTOTIOTIKT TTPEYEL ixowowom'itms EUSEI‘EEIS E‘I‘TI. Tﬂg Tropefas
TEW auvopivey TOUTwWY, kafrol T& oTolyela alTdY elvan s Eml TO mAeioTov

ETEPOYE;S;(”& aupPalver of peTaPohad elg piav ue-ra.BAn'rfw vcx m‘woaeu}mumf &md
TrapoAifiious peTABOAS, el piow &AANY U‘ETO“IBMTW Kail va U‘[Tﬂpxn uE‘ro:?u“va
oxtors Tis, T Gmrws Aéyouey o lJETOfﬁ;\T]T‘C“‘”C‘ E,IV“} ooy EnopEm, Tl 70 Uyos
kol TO Pdpos dvBpaaTedy, T6 Uypos kal 1 fHAkia dvbpwmwy, 1| Bepuokpacia kai
' ' ; v KA
Tl 510(%221: gzzdﬁ::fpmmi % ke g UETeRAANCRTEl TOPAAAS KaT Tpo-
ov, o els peydAas T HIKPSS TIMCS 115 X Ve CTIRTOR QU KAty TAsioTOY
Heydhon f) pikpad ol THS W éVT‘UT?‘Xﬂ:"Sn P, QHRsRE ‘U'ITCIPXTJ'McxenuaT;_
K7 Tis oxéols (oToadepos VOUOS) UETG“:U TSOV IJETC!E'N']TEW [oLTGY, SToTe }\‘Eynoueu
&1 Umépyel Oemiki oLOYETION peTaty TV Ufwﬂlnmv S T.x. T& Uyos
kal TO Pdpos dvbpTey eUpiorovTal sis’ Oetikov ovoyenopéy. :
“Orav B¢ &g “EYC':O\GS TIpds THS x'au'ru'J'TleDUf KO‘.:EC("TO TT?\&:II.G'TOU u‘IKpal -,-,,_
mod Tiped THs W Kol QUTIOTPOPWS, i ?\EYDUEV o, UTTO‘F;X[El’up'vqtmn ovoyi-
uamg Ty, & &piBusds TéV PUTRV &vd povdda emgaveias kad 1) dmwdboois ékdoTou
TGV QUTEY. e
Téhos, 6Tav ai Tipal TN :
T&s Tipds THs GAANS, EnA. STav al
uev & elvon aoveyéniotol. TLX. T
‘H ch;cpu(f‘] TapdoTacIs Gro)

VLY Evaov.
. 3 toecs peTaEU BUO QUVOUEVGV. ol
chEcrEQC):\"J:iipng \‘msoeécrcousv &T1 EXOHEV TIPOS ttétaow €v ouvolov SiaTeTory pévaoy

levydov &umigTolYwv Ty Buo PETAPAN TGV X kad w. "Hro1 70 Z = { (x, y))

v XNy "‘PN) } \
(X2 Wa), - 7 (X;T' ﬁ’& )(’Speo)(,_ &Ebveoy xOy xaraokeudloper Tas elkdvas Ty feu-
o Ei,g . cnfl”c'n: elvon BuvarTdy va AdPoopiey T& EEfis oTikTa SierypéupaTa, T
Y&V TOUTwWV.

Smrotex elven ixavd v keradeltow, &v Umapyn oxtols Tis EtapThoews petaly
o1 ElV

v Buo peTaPAnTév BETIKN fi GpvnTIKN.

¢ wids peraPAnTis 8tv galvovral va érmrnpedlouy
§uo peTaPAnTal elva duetdpTnTol, TéTE Atyo-
o Uyos kol TO EéTficiov elodBnua dvBpddTreo.
Ponei els Ty TpooTabeiav dveupéoews wSs

=
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8+ ° 8-
?I— o o 7[. o
‘ L Thes
6 6+ BlLso
o
5+ < 5+ o o
4 F 4 + TS -
3F o 3F o °
2t . 2 o
-]
Il o © | F
1 1 1 1L Ml RS F 1 1 L A 1 1 'l s | AR {7_1__._1—’
0 l 2 3 4 5 & 7 8 9 0.x 0 I 2 3 4 5 6 7 89 10 x
Zvexernienc dvimapuroc Juezérieic Bertun’
{9
8_
'?_ o
| o o
6'_
(] o
5+ ®
4F ) o
3— o
|
2+ o o
I s
i L L I I L 1 L P S
O 123 % 6§ 6 72 8 g0 T
ZvexEnicig dpvnriunl
Yy Y
0 i0
g 9 .
8. . 8 o
7 e 7 i >
6l 2 . 6 5
5 ] ] 2
4 ) 4 i :
) ¢ 3 °
2l : 2 .
1 ] T o
W TEe e % A7 A % B 4.2 8 % 5.9 7 8 9 0 &
Juozérioic deriun tedsla ' JUBTETIGIC apynTiun TEAEIa
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‘ExTods TOV OTIKTGV Sy papparTey yivetar Xpfiols kai T@V ypopuikdv
ot TolUTOV TPOTIOY, WOTE 1 wia kopmUAn va miwTy i Tig
auns © ouayeTionds 1 pfy Tév 8o petaPAnTdv.

Enueinois.
SraypappaTev (kapTUAWY) K
&AANs kal va kabioTaTal TROP

Ta duwTépw Biay paMHaTS &
¢pyaoia, Sy duws kol grapkii. A
tppnetowuey Tas TUXOV SuotoTnT
PO TIKGS OUYKPIOELS.

vl piv Guoykaia, 6 TPOTIOPACKEUOTTIKT
& v& EmITUYWHEY cageoTEPas, Evdeitels kal va
as kal Biapopds, elval GVAYKT) VA KOHWUEY

OUeos, 2w X kad W given ol péoor Tdw oripdv ToU Trivakos Tév dvTioToi-
6 Xy Koy o0 Xhg oo on KN ey mrpldTOV  KPITT Si8
XV TG N P pITNpIOV O1x TNV
Yir Y2 il Hhasg ey PN

Umraplly  ouoxeTIoEws peTatu T@V X kal @, mapéxer O &polopa
(xl_;j (\-Pl'—ﬂ)%' (xu ”'X) (Wz—\i") i +(Xx —X) (\PN -—\P) (]), T
7] OUGXETIONS glvan BeTikn), 810T1 TOTE T& Twe-
plocéTepa ywdpeva (X — x) (W — ) elvat ,BE"ruidt, ﬂ?b UT]H'CIIIVEII &Ti T& TEpIo-
ooTepa (eUym (Xn, W) §i5ouy ATTOKAICEIS EK va”uec"mu X K,tXI § SHooTHOUS.
"Eqv to &fporopa (1) eva &punTIKOV, TOTE ST\ROI O, 1] JeMT XTI elvon &pun-
Tikf. 'Edv, Téhos, lval tyyus Tou unBevds, TOTE BEIKVUEL TO douoyETioTor TEHY
X kai .

‘O Pobuos TS CUOYETICE®RS peTaty S‘Jc.) lJEirdBA‘T]T(:W HeTpeTTaL UTTO TOU
ol GUGYETICEWS Ty & omoios OpileTal &mod TS TrMAiKoY
(1) &1&x TOU YIWOUEVOU TGV TUTIKGY TToKA(-

X Kol Y.

Srroiov d&v elvan BeTikdy, SnAoT OTL

KOAOUMEVOU GUVTEAEGT
ToU pégou Spou ToU &lpoionaTos
eV Oy Kal Oy TV peTaPANTOV

) d ,l T (x5 — %) (W — ) B _i(i:‘_)(_““k_‘ ¥) )
Hrot éxopev : 1= _‘/M V I (- @'):: VZ (x5, — X0 Z (yy, — )2
N N

| qwekdpTNTOS T PoVEdwY HETPTIOEWS, ATTOBEIKVY-
| wot +1. “Hror—1 = < + 1, 0Oraw 0,
ToTE Exopey BeTIKNY ouoxémiow, 1 6-{T'oiu”p<a9i0'1:0ﬁ0(l i?XUPOTéFI)u' qu.d)g oy
e e w5 4 1, Ot T <0, TOTE,EXOQEV .apw?-nxnv :J‘UCXE'TlC‘TlU, 7 émola
xadioTaTal oy upoTERS, Kkafos & T 'rr?mGlOféEl'TTPOF e i'“ OTO“’ A ETVOf‘ ty-
yUs Toll unBevos, T4Te 1) OUOXETIONS eivott }\1?:\1 acGE‘un_g’ 7| oUBepia SUgETIOIS
Umdpyer. Téhos, v I = SENE i ky72 EZ(.OHEV cT.mlUTov. B
TIKT)V OUOXETIOW, smroTe peTaty TOV “ETQBP‘\HTQU e W UWGPXEE i
ypaumkn oxéols TS popefis ¥ = X .ﬂ' .O UM L B
olpoTroleiTal 81 ThHY gokpifwa TOU UTF.GPXOUTOS Se'cuou %Eu‘p'rn\oem; ey
Suo gaivoutvey €l meloTas 9908 TrEp.mT,.waElg' 151c.lx|'r’spw‘g e il g
Aoyliav, Biohoyiaw, Joerpuiv, [E@PYIKTY Epeuey kaxl =15 iy Cxevouice,

Koerd Ty EpapoyTy Sucws Skov O ép‘euleTﬁS v& éxfepYﬁ HET(‘XJ TOAAfs Trepi-
| TTOAAGKIS gUplokopey loyupov CUVTEAESTRY JUOXETIoEWS B1x pan-

‘0 ouyTeheoThs I EVE
eTon B¢ OTIL TIEPIEXETAL peTaty —

okéyews, BI1OT
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vopeva Ta OTrola AoyikGs cubéva Seouov ElapTnoews SuvavTon va Exouv.

To opbov elvon vé EEeTélwper Aoyikds TO TPOPAnua TpddToY Kal dxoAou-
Beos v Siepeuvddpey TO AoTEAETUO.

‘0 Biaonuos oramioTikohdyos Tschuprow dvagepel, 811 el piow oTaTioTi-
KNy épeuvay &l ToU peyébous Tdv {nuiddy ék Tupkaidy kal Tiis Tapousias 1) pf)
TUPOOPETTIKGOY QUTAIGY O CUVTEAETTNS cuoyeTioews amédeiley, 6T ol TAéov
tvBiagépoucan [nuicn auptriTTouy yevikés pé Ty Trapovatav Tév &vthidy. Tpé-
TEL AOITIOV V& KQUOWHEY TaS AvTAlGS ;

IMapadsrypa: O1 Pabduoi 12 padntdv els T ‘EAAnvikG, MabnpaTikg, Pu-
ok elval.

E |x| 1] 2a j\,ﬁuwgz_@iﬂ g1l 92=x
Mesmeos . (@ |2 E\i 12 12 16| 16 18] 18/ 16/ 18 19 134=y
| duoii Lz 1] 94|10 16‘ 12| 14 16 14) 16| 18/ 18] 123=2 |

N& Umoloyiofi] & cuvteheoTns ouoyetioews TEOY Emddoewy T&Y pabnTdv els
T& 1) ‘EAAnuik& kai Mafnuarikd, 2) Mabnparixa kad Quaikd).
Ebpiokoper Tds dmokAioels kal époppdlopsy Tov TUTTOV 2.

X-x |-82|-72(-52 | -42|-32|-22|08|28|38|58)| 68|98
Olre: v, —y 5-11,4;-3,4i 9,4 | -1,4 | -1,4 jﬁ_]_‘zf_ 4,6 4,6 26| 46|56
T TR N o o T e T TR (R 3 T A R

Z (0 —x) (pr — W)=(-82) (11,4 + (-7,2) (-3 + .. .+(9,8) (5,6)=305,16
T (yn— ) (@ —2)=(=11,4) (~=11,3) + (-3,4) (-3,3)+. . .+ (5,6) (5,8) =313,36
S0 —x)2=(824+ (=72 + ... + (6,8)*+ (9,8)* = 377,68
-yl =(=114 4+ (=34 + ... + (46)* + (5, 6)* = 348,92
I(zm—2) =(=11,324 (3,324 ... + (5 8+ (5, 8)*= 326,98
305,16 305,16
ViTTes isge 3601 = 084
313,36 313,36
D) = e B~ 093
*Ex Téwv eUpeBévTeov ouvTeENEOTEY OUOKETIOEWS QUNTTEPiVOLEY :
1) 611 dppdTepon af ouoyetioeis eiven feTikal kai Alaw ioyupal
2) 611 f) ovoxénials T Embboewy TEY pafnTdv els T& MabnuaTika — Duoixd
elvan foyupoTépa Tiis TolatTns els T& ‘EAAnuik& — Mafnporixd.
Ol pafnTai els dugoTépas Tas ouayeTioels BUvawTal VA KATOOKEUGTOUY
TO UIKTOV Bi&rypopud.

"Apa Exopev ¢ 1) 1, =

AZKHZIEIZ

431) ’Ex Tév katwtépw 1BioThTwy Tolm elven ToloTikal kal ot mosoTikal ; “Ex
5t TV peTaPAnTdY Tola elvan auveyels kad Tolan douvexels. "AvdoTnua — fidkia — émrdy yeAua
— eloéBnua — Bpnakeia — yAdooa — olkoyevelakt) KaT&oTATIS — &PIOUOS Ay UGV — YEWPYIKOS
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KATipos — Beppokpacia &épos — BepaTeEUTAPIC KAT
oragibos els TOVWOUS — &rroucion pafnTdv.

432) Eig fva TPOXEIPOV Biroywviopov of

& yewy pagikdy Grapépropa — Pdpos — tlaywyt

42 padnTal Tis Takews pas EAaPov Tols dKo-

Aoufous Pabuous :
12, 8: 15. 17: 101 11, 6, 10, !2, 14: 11, ign 16, 12
gt il e e R L
5 s 101 ot AN 3t Hi B 13 ol i
N& oynupomadij mwivat karavojfis SUXVOTHITGY K aTies dmrohiTou, aXETIKTis kal dBpotaTikiis
TUYVOTTTOS.

¢ avijABov els 117 yhadas Teplmou, €&

433) To Evos 1965 of peravéoTal tE “E
G 65 yih. &vbpes kal 52 YA, Yuvaies ki
(May? @ ZTaTIOTIKY *Erretnpls 1966)

e | 0-5[6-10]11-15[16-20121-25126 Jo[s1 35|36 40js1-a5}46-50[51 5936 60]61-65]66-70[71-75] tvorov
=== i = 2 e e | |
"_A.:;';:; ol | I 102 11 11,2 86 | 3.8 1.54 0,9 0,5 |0, 0,2 {0, 65
[rovaes | 18 | 1,6 | 1:4 g e el YRR LR 08 | 06 |04 |02 | 52
ot | B A sl e Lol et io i e i |

ravopfis uE oTNACS @
EAA&B o TrEpIMY NTEY
TQTIOTIKT *EreTnpls

N& oynuaTiobi mrivat ket
434) Al Goiters elg
Eyouv G &xohoubws ¢ (&

AAGBo

s &md 0 — 75 Erdov, 5 & drdhoubos Trivak :

¢ Tfis TPONY- &oxNoEws,
&x Tou "EfwTepikol &méd woU Etous 1959-1965
1966)

— e —— R T 1
M“Evos | 1959 | 1960 | 1961 | _J?E%_l 1963 | 1964 | 1965 |
‘Agltars | 3400 | 3994 w042 | 979 | 7412 | 1515 976,1 |Els xthébBas
N& oynuariodi rivaE koTavontis HE orfihas G TS TpONY. &oKfoEws.
435) N& xaraoxevaadi TO ToAUywvoV ouy voTITOS TWOV doknoewv 432, 433 xai 434
\GTIKA] U VETNTOS:

éx xal & mohuywvou &po
436) N& koTaoKevad
TGV GOKNTEWY 432 xal 433
437) N& worooxeuaodi] pcﬂﬁléypdugov
438) T& yevika toba WS .ETHXElpnO‘E
Miofol Bpayual 300.000, EvoIKi& Spay.
Bixgrypnots 150.000, Biapopa SpX-

KOTAVORTS. 5
439) To &T0s 1966 1 ExTacis -rns, EAM
fxraois 30%, Acoikh ETOOS 20,3%, “ExTaois

Supdng EKTOO!S 4,8%,, ExTaOIS kaAuTrTOpEV U
Sidypappa aUThs Tiis KOTAVOWTIS:
440) N& ebpebil & &piOp. B

433 kal 434. N
441) N& eupebi} 1 FrIKpaTOUTd T €S

Biéx Tous &vBpas Kkal yuvalkas kel éuo;\oﬂ?mg
"w42) To wpoawmxbv wds EmIXEIPTOE

o]

9 TO loTdY paki

46

gos Kt

g karebi s
*E1n

Gmrnpeoias

10-15 | 15-20

|

1-5 i 5-10

*Ap1Buos ! 108 70 39

50.000. N& xaTd

IGDE

ov auyvéTnTos Kal dbpoloTikils oUXVOTNTOS
six T& oToiyela Tis &ok. 434

ws elvat &

200.000, &ogdhercn kal gopor Spax. 100.000,
oxeuoodij KUKAIkOV Bidypanpe oUTHs T

4505 mapovaicaey ThY Eiis karavopt{y : Tewpytkd

Pooxiis 38,2%, Olxobounuévn Extaois 3,5%,
o ubdTtav 3,2%. N& kaTaskeuaddi) kukhikov

\dpeoos els Ta BeBoptva TéVY doknoewy 432

& BeSopbva Tiis doxrioews 433 kexwproptves
S1& 16 oUvOAOV TV HETAVACTEV.
S KQTOQUVEPETT! dvadyws TOV ET@Y Ummpeciag

T |
\ 20-25 . 25-30 } 30-35 \ 35-40 ‘ 40-45

4
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N& yivn & mivat karavopfis cuyvotiTwy dmohiToy, oxeTIKTS Kal dBpoioTikis kal vé
elpeolv al kevrpikal Tipad X, X5, Xe

443) 'O &piBu. ptoos TdY &PIBUEY Xy, Xa, ..., Xy, VE N, elvea x.
N ebpebij & &p1Ou. péoos T &p1BUaY &) X, + K, Xy + K, ..., Xy + K, B) X,— K, Xg — K,
X X X
<o Xy— K, ¥) KXy, KXg, ..., KXy, B) -K—l, _|<£* - - Tv, k# 0, kal €) KX; +A, kxy +A, ...,
KXy + A. )

444) Aibovtan T ifis Pdpn els kgt 3, 6, 6, 12, 9, 12, 10, 9, 12, 14, 17. N& Umo-
Aoyiofij & &piBu. péoos kal 1) TuTIKG dTdrAIOIS.
445) Ta fuepopiofia 500 tpyatdiv ivds épyooTaciou kartavépovtal ws kR ¢

: :
werns e | s | ess ’ 75-85 | 85-95 | 95-105 | 105-...
fuepowat. | 1 |

Apifucs } 40 190 ‘ 120 0 | 50 20 10
fpyaTiv j

N& edpebij & dpiu. péoos, ) Tumk dardrhions kel & &piBusds Téw tpyatdv, o | dmoion
Exouv fiuepopioBiov o) &mé X — o éws x + o xal B) &md x — 20 Ews x + 20. N& yivn Bt kal 16
Bidypaupa Sraomopds.

446) Ta dvaorthuata kal T& Pdpn 346 drdpwy xaTaviuovtal s g :

\
' Bépos els kg iso-ss 55-60 60—65'65-70‘7&?5 75-80 Bwasias-so 90-95 (95-100
3 A | i |
Ap1duids 2 g re J 3 | a8 | 70 l 55 | 39 | 26 | 13 |
drduev J | | \ |
T ! ‘ 1
A"“‘L:‘““ 150-155 !55~160(160—165!165—l?0 170—1?5’1?5480} 180-185185-190
7 i | |
‘ Apiluss | 1 l c i AR ’ 48 131 ' mzl 40 ‘ 13
Atdpwy |

N& ebpeBolv ol péool, ol Siakupdvaes, al Tumikal armrokAioes els ikdeTny oelpav kal vd
ttetaoli els molav  elven peycdutépa 1§ Biaomopd.

447) Ao Tuyaion peraPAnTal dvepavicOnoav els letyn dvTigToiywy TINGY s dko-
Aoubus :

x L LIRS T &T S L6 7 LRl Sahib |
I 510 2 5 (8 [ 4] 5.5%.] 4|

Né& Umohoyio8fi & ouvtrAeoThs ouoyeTioews kal v yivn 16 oTikTdy Bidypaupa TéY
10 ToUtwv Jeuydv.

448) T& ypnopomoinévra Omd wmds éraipeias kepdAana ¢l 10 SiaBoy ke Ern s kal
Ta dvrioToixa képbn BiBovtan s dxoAoUBus :

apshay 10| 20 | 30 | 40 [ 50 |6 | 70| 8 | %0 | 100
elg tkarop. Spy. | I
| | |
Kipbas . o B - S 1 T I R e O
els tkaTop. Bpy.

N& eUpebiy & ouvreheoThs ouoyetioews kal vé ylvg To oTixrdy Bi&y papua.
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MEPOEZ TETAPTON

KEQAAAION XVI

TPITRNOMETPIA

133. TO FEQMETPIKON TOEON KYKAOY KAl H T'QNIA. MONAAEE METPHEEQY

; 5 O owpev Buo onpeia A kai B.
Eri vog kUKAQU KEVTROY 0 (Ex. 133.1) &s Becopn) b0 on

A
. ¢ ic 8Uo Tota, TO AMB kai 1O BM'A.
v T v {louv TNV wgplqaspilcw Elg ; » ; :
Tt Al 8ot e v, s (0 OB v
*,.l(g;; O;) ‘H X (Oa, OB) &uTioTOIXET €S 6 Tofov AMB kai 1) < (OB, Oa) &g
2 ) 5 3 ’

. T e i WP Reoipes - S
18 T6fov BM'A. "Edv gavracfiuey oTl T Emimedov 56

¢ i Te & ThHv BETIKNY Qopav TEP-
Khou aTpépetan Trepi TO O KAT ‘ : .7
o*rpoq:,ﬁ"_‘:J gmw 16 onusiov A KIVOUHEVOY By poyT) TO Totov @ i
: \
AM i TR ool iton TO onueiov A, Ba
A QKT | Tfis omolas KEITX . e
AME, hme oTol)ou ETTIKEVTPOU Y- A5

Blaypdyn T EowTepIKOV TAS Qv

iy (?Ha' dongiurog upf E0s Téio‘{ e yr%mu'g )c.';vw:c’;it:gu 0 = A
Adyos ToU Tétou (1) TS yevias) g i UOU?E:;U rT" AT gk"rhr:) Y’:?:SW).
‘H yewueTpia BIBAOKEL ém 7\0}’05 ’SUO b el ; ,S g
: . s armoTolNGY ETTIKEVTPWV Y VLGV KC(l’ ETTOMEVOS : &.:v toEov
:r’rpog Tov ‘o?/ott : iy B2 oy avtiotorgdv oV Enikevipov yoviav, fay
;x;;'tl]v ruutr[v{::zt:;z:zmg @V TOEOVY rapfaverar o tofov 10 avtiotoryolv
cfaing G pov
&l Ty uov(l?u v 'l""“a;;l cSEa dviikovTal Els KUKAOUS pé BlogopeTikds dieri-
’Ex -ro‘wrou, EjTETSXl:éAUTOU Ty, A TS aAAws Aéyouev, ekppdlovtan pi
p Exm A ‘;\::2: g:‘ﬁuéu, rav dvTioTolow els TV auThy §i oag Emixév-
TOV QUTOV aTIO

Tpous yovias. ’ . oy : )
To pbyeos Evds TOEOY txppadeTan KaTC KSU,O i
L: Y fkos ToV, OTOW gfvon yvwaTi 1} GKT:S "1:0U Kal ’ '
g b= T? “2“6?\“0” v TOV, Tl Ponfeia wids dproperns povédos Tokwy,
pé THY

2y, 133.]1
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7 omola dmwéAuTos TIuT Bév EaptaTan dmo TV &KTIve ToU kUkAou.,
Basuki) povag HETPTioEWS TéWY Yy eiven 1) dphi) yowia, ‘H durioToyos

. ; L s Ly haps (o
Hovas Totwy elven To 4 TOU KUkAou. ‘H opbr ywvia Umobiaupeitan eis 90 {oag

yc:wt'o:g EKEOTN €K TGV STolwy AbyeTtal pia poipa, oupPoAikéds 1% ‘H yevia
HI&S poipag Umobicapeital els 60 foag yovias ékdoTn ek Téw STroiwy AeyeTan
£v dhentov, oupPolikdds 1'. ‘H Ywvia ToU 1’ UtroBianpeitan els 60 foo HépT, Exko-
OTOV €K TGV OTroicop Aéyetan  fv dedtepov hemtov, oupPoAikdys 1,

: "AvmioToixws T 1/4 Tou kikhou UTroBiapet
£EK TGV Otroiwy AbyeTan pia Holpa kKUkAou kal ou
Hi&s poipas UtroBianpeitan eis 60
Aemwrov (17) kikdou k.T.A,

Tan el 90 foa TéEa EkaoTov
BPoAileTal duoiws 10, T Téfay
loar uépn EkooTov Ek TGV STolov AéyeTanr fv

H beopntiki povig 16Eov 1) yonidy eiven T drrivioy (rad). To aktiviov
elval Totov ToU &roiou TO piikos elven ooy TPOS TO WAKOS THS dkTivos Tou Kikhou
els TOV &molov duhkel TO TdEow. Emrions yovie &veg axtiviov Aéyeron 7| duTi-
oTOIX0S ETHKEVTPOS yoovia ToU TdEou Evds dxTiviou (2% 13325

‘H éméAiuTos Tiun Emoubucs Evds TéEou elg drTivia elvan
& Aoyoes ol prikous Tou TéEou TouTOU PO Ty dkTiva. TO
uiikos s Evos Télou kUkAou ékTivog P ouvbéeTon pé THY drdAU-
Tov Tufv o ToU Tékou ToUTou els drTivia Bid Tiig iodTnTos:

s
a = 5 s =ap

‘Edw s povdg petpricews ToU prikous Angbij 1) dxTis p,
TOTE TO Wijkos Tol Tékou ExgpdleTal pé Tov odTov &p1Buov

Sv. 1333 v 0 i e S oD T
ue Tov omolov ékgpdleTan kad # &mdAvtos Tipn ToU TéEou
ToUuTev el drTivia.
\ ~ . , 15 B 1 2m
"Ofev 1y dréAuTos TIpT) ToU KUKAOU GhokATpou s dkTivia efven TDE =2,

‘O &piBuds auTos 21 Ekppddet Emrions TO pijkos kUkAou dkTivos ions pé THY povd-

s ~ ¢ ; § ~ 1 - s
Ba. *H dméAuTos Tiuf) ToU fjuikukAiou elvan T kel Tou 4 ToU kUkhov elvan =5

Avagépoper 86 kai piov povdda, THy OTroiav EOYATWS XPNOIoTToI0UY Els

. | + i G % e g 1 Ty
TS OTPATIWTIKGS tpappoyds, 10 mil¥*, 1o o6moiov lsoUtan pt T Ea50 ToY Ku-

. 2~ oA
khou. TouTo kard peydAny wpoctyyiow lcoUTtal pé oo rad-

Eqw 81k TGy o kol p TrapooTiowper Tas dToAUToUS Tipds ToU aUTol Téd-
Eou pt povdbas dvtiaTolyws TO dkTiviov kal THY poipav, v T6 Tétov ToUTo Biv
UtrepPaivn oV kUkAov, 6& loyln 7 igdTns :

]
a H
™ T 180 | 32, 18

(*) wrnontdvy wutd Thy Odguiniy etpaTiwTiehy dpohoyixy.
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Mpéypcr, 8Uo ToLA & peTpnBolv BIUSOXIK&:S uéq uovc'it?)c:s T c'xmi;im: 1<c'(i
a kad poaoi &mwéAuTol Tipal TOU TPWTOU Totov elg &xi-
BeuTépou TOEOU dvTioToiyws el dxTivie kai poi-
s SUo Tokwy Bty etapTdTa drd THY po-

T poipav. "EgTwoov Bt ;
vi kal poipas xad o kol W' TOV i
pos. ‘H yewoperpia Bi8aoket ATL © Adyo

pag T ReR L
vaBa peTprioecos Todw Kol OTL 1OXVEL = mor 7 e
¥ s 3 1 W
A 1O N ; iodTns — = — Yyive-
"Eqw dos Bevutepov TOLoV Angdfj TO oy KUKAOU TOTE T) 5 - yive
a m
T =180

mrpémel v eUpiokepey THY GTOAUTOV TI-

: : sy (133, o) nés € ) grey
Mg Bl ) povaBeoy, GTav yvopilwey THy &md-

i fvds Téfou g TTPOS THY plaw €k TEOV
Tov Tipfy Tou s TPoS THV &AATV.

134. TIPOZANATOAIEMENOL KYKAOZ KAl IPOZANATOAIZMENON TOEON.
*Edw Ev wkiwnTOV OTHEIOV duaywpno) €K e U,TXUEEOU Alélfab’s' KOK?\O}J (,EX_
134), Suvarrar v Biaypay alTOV Kn'cloueuov‘é'rr ~csn.l'ro'.:r T(GTO( Yo qopds. 'Fk
&y popddy TouTwy T dvTifeTOS pds TV POPAY Tns Ki¥oes .
ws TEW Seikréy Tou Gpohoyiov oplgeTen s Genxi) poph §
kal 1) ouppvoUoa HE Ty ThS KWT’]UE‘-\’Q‘ T‘*’V 8'5“‘;\""‘"’ 'g"ou

Gpohoyiou s apynTIki Qopa. "OT?(V i lauos K'UKéOU:',K;\)én

Spiadfj 1y Gerik, EmOUEVES kal fi GpunTIKN @OP, ;go Ej

AbyeTal TPosAvATOrOREVOS. T ?ETlKﬁ“ Pop U‘UU[&‘;\O‘U :‘_

elg TO oyijua pé & Péros oUVOBEUOUEVOY HE TO ouupo 4 Sy. 134

AVOTOMTREVOU, KUKACU Excouey 8o anpeic A
v bpilovtal Téooapa Tota TpoTavaTOMOE-

A

"Edv Topa £ gvos TPOT!
‘KAoU TOUTO
Vo, iy Strolwv: 6 UijKos cluon pIKpOTEPOY ToU KUKAou 81011 v Tétov AB elven
l » 3 - X N o 5

’ 0 onuelov efTe €k TOV A Tpds T B ejte &k ToU

Sv v 7 GTrd KwnToy f : :
SBU‘:F,EU_:: A&%‘ﬁgonwa: Aorrrdv BUo Toka AB : & Asyduevov Betuikdv tofov AB,

vt "

L Y ) t‘
oupPohilopevoy ue AB , Kal & dqvq

A vooow A e
Soov TO By Exer THY DeTiKTY popav T

vikéds v Tokov TPOTAVATOANIT

ked B, TéTe fmi 7

N
«ov tocov AB, oupPolilopevoy pt AB | xa®
U rrpocraua‘ro?\ws.\évou KUKAOU kol 1O &Aho
=
v & qv. T pévoy ouuPoAileTon pd AB,
Ty dpvnTikny. [e . ) A
‘OpitovTan grions suo Toka BA, TO EV fBeTikdy BA  kai O &AAo dPVﬂTlxév
é\A_. A vé un ylvera GCIY)(US‘_:E
B, FUPPONKES AB, &1 TO
f i ;
ou Tofou AB, TO CnHEIOV A Abyetan @ 1§ dpyn Tou
I
- -~
AB kad o B @ t0 mépag TOY AB‘-
Ta kard Tov dveTEpw TPOT

Suvdpefa v Siarnpriowper TO Svopar yewpe-

v
jukpéTepoV BeTikoy TdEoY Ap
tpkov togov A

Tou npocrcwcx-ro?ucllév

ov GpiodivTa Toka elven pepikal wepimTdoES
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YEVIKWTEPWY TTpocevaTohlopévwy Tékwy, T&Y dtroiwy TO piijkos dUvatal va el-
val HeyoAUTEpOV TOU WTKOUS ToU KUKAOU.

TpaypaT, &v govTacOipey & kivnTov onpeiov £l Tou kUkAou (Zy. 134),
TOUTO SUvaral Gvaywpouv £k Tou A va ékTeAéon piav 1) TEPICCOTEPOS TTEPIOTPO-
@as SiaTpéyov TOV KUKAoY Kal va oTapatno eis To B.To xivnTov TouTo onueiov
Buvatal pdAloTa v Kvndf kaTd THY GeTikiv §j TNV dpynTIKNY opdy &l Tou
KUKAOU.

Ta oUtws opiloueva Tota Aéyovtal tprywvopetpkd Tola, kai oupPoli-

(&

lovTan émions Bix Tou oupPdrou  AB.
j M va eTvon Spws €v TprywvopeTpikdy Totov TeAelws dplopévoy, TrpéTel
v& yvewpilwpey 1) Thy dpxnyv Tov, 2) To mipas Tou, 3) ThHY gopdy Tou kai 4)
TOV &pi1Bpoy TGV SAokATpwv TEpIoTpo@ddy, Tas OTroias TO KwnTov onueiov Sié-
Ypoye péxpls 6Tou oTopathon els To mépas Tou Tokou. "QoTe :
Tpryovoperpikdv t6Lov ﬁ! Liyovrar Gha ta tola, ta Omoia Swaypagpovial
Do KivnTod enpeiovn, T Grotov Gvaywpoiv £k ToD A Kai KivoDpEvoy navtote Katd
Ty avtiy gopav, Bgtuaiy 1 apvituikiy, otapatd £ig 1o B mpiv ij owatpilny 0ho-
KA1pov oV KOKAOV T} a@ob Statpiln nponyovpives fve aképatov apiipov Kiklov.
Olreos tvwooupsy &1 Uttdpyouv &melpapifpa TPIywvopeTpika Tola Exov-
T THY aUTHY dpxXHy Kai 1O aUTd mepas, BeTikd kai dpunTika.

135. AATEBPIKH TIMH TPIFQNOMETPIKOY TOZOY,

"Ev TprywvopeTpikoy Totov, Omreds £v yewpeTpikoy Toétov, BlvaTan va pe-
TpnBf ut piav éx TGV povdBuwu Tokwy. ‘O dpiBuds, & dmoios B TpokiyT KAt
abTév Tov TpéTov elval 1) &wdAuTos Tipn, 1) dmoia xapakTnpilet TO peyebos,
AN By kal Ty gopdv Tou Téfou. "Edv Tdpar eis THY &méAuToV TIMY TPOTE-
Ecopev TO +, éav TO Tokov elvon BeTikdy Kol TO —, E&w aUTO eivan dpunTikdy, Exo-
pev THY Aeyopévnu @hyefpukiiv tipnv ToU TrpocavaToAlopévou Tétou.

Abo mpocavatohiopiva tofa tob adtol kOkhov i lewv kikiov eiva
{oa, §tav ixovv thv abtiv @hyePpkiy tpfv. Elvan avribeta, éov of dAyePpixal
Tipad Twv eivan apifuoi dvribeTor.

Té mpooavatohlouévoy Tékov, TO dmoiov Eyel dpxiliv kol Tépas TauTiLo-
peva Tpo TdoTs TeploTpogdis, elvon & oupPaTikdy Tokov, Acyouevor pndevIKOY
wogov. ToUtou &AyePpikny Tiuf elvar & apifipog 0.

Ek 1év dvwTépw yiveTan pavepdy &1 Td TpooavaToAiopévor Tokov Buva-
T v BeoapnBi) s pia peTaPAnTH, 1 dTola Slvaral v AdPn SAas Tés Tporypa-
Tik& Tipds, 1) ool BnA. BiaTpéxel TO oUvohov R, édv Bewprjowusy THY Ghye-
Ppuciy Ty TGV Tokwy s fva GARe oUpPolov Bia TO Totov.

136. TOZA EXONTA KOINHN APXHN KAl KOINON IIEPAL.

*EoTe TpocavaTolopévos kikAos kévtpou O (2x.136), A 1) dpyf Tév TOTWV
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kai M Tuydy onpeiov ToU KUKAOU. *Eqte T 1) GAyepikh) T ToU mpcoTou femi-
| GAyeBpikh TN 10U BeTikoU KUKAoU (1) &roAuUTOS

" ~ i '
Kkou Totou AM. Edw ¢ glvaa 1 ‘ ) ; ) i
fc Thy auThy povdda: eig poipag f ele docri-

Tipty TéY TokWwv eUpioKETA TEUTOTE €
r*. ) : ; .
cTikdv TOFow AM B& €1 SAyePpixty Ty ¢ + T 1O Tpi-

V), TOTe TG BeUTEPOY 6  EX o . : 1 '
Tov 2¢ 4 T, TO TéTapTOVY 3¢ + T kai yevikds i GAyePpikn) Tin ToU TUXOVTOS

/oy ' ~ . Ls o -~ :
BeTikoU Tokou AM, Ba BideTal Umd TOU TUTOU KC + T, OTOU K elval OeTikdS
k]

axépaios ) 6 0.

‘H hyeppikn) Tiwh TOU wpﬂdo'r
U AM B& efvon —2¢ + T, TOU
v —4c + T kol yevikéds 1) G- o

]
ou &pynTiKOU TOLOU AM 6& elven — ¢ T,

ToU SeuTépou &punTIKOU T6tO
TpiTou — 3¢ + T, TOU TETAPTO =
nTIkoU TOtoU AM 0d& BiBeTan N

YEBpIKA Tiun TOU TUXOVTOS &pv ) Ll
K K&TOLo§ GPUNTIKOS  QKE- 4

omd ToU Timou x¢ + T, SmoV
paios. ‘ Y

*Edw Aormrdy 51 ToU X TTapACTHOWUEY  THY ayeppr-

=y o » 3 ~
ki Tipfu ToU TUXOVTOS TOEOU AM (BeikoU T GpynTiKOU), Sy. 136
adTn 8% BideTon Yo TOU TUTTOV
X =Ke Ty KeEZ

"Edw dos povds éxn Anedi <& &xrivioy 6 TUTIOS YIVETA ¢

L;—' Gt | o X2 @
"Edw 6og povds EXT ?\ﬁq_;éﬁ f) woipa & TuTros YiveTat
= X0 = 360(: Kirir 'T",” “ ; keZ (CX')

‘H igdtns (u),. kad grions 1 (a'), 8%\? us’ru?d?x?\e-rm’, i;:; c:Iv-ri Téﬁs = ?\C&‘BCO-
pev THY GAyePpiknY nipiy £vds 5TTO10UBN TTOTE CTMOU' A ' Gplow u‘ou, Toi?u
A?/l Mpdynocri, €V elg TOV QUTEPE :TL'JTI'DU (‘a)"avma-rc?a-rr];mmu T “é‘ g
mrolov &pifpov ToU oUvOAoY Z, X ToV Ku B& eUpwpey TNHY & yggplm‘v T T,
£vOg £k TGV TOLWY A/It/ll. Oa elvat Ao
x =2xm+ T
T, =27+ T
Kl &k TolTeoy B GQOIPETES KoT® WEAN
— (k= KT, dnA. X = 2ATT )+ -.rl ‘ ' ‘ J4
&tou AeZ Kkal T, Elvan 1 d}\yzppmﬁ :nuﬁ TOG’;U)EEUT:‘SUG:\:;‘:JTsl'?EVOUé:iiOU AM.
*® TUmos AoITIOV (i) B BiBEA GRYEPRINTY SHT TUXOVTOS TTPOG-

avaTohiopévou  TOLoY AM, oTav
e
Tog &AM GpIoHEVOY Tofou AM.

« 2 v QQETAL *
e TUT-l'rOi (Qc:?.ﬁy?:l X0 —T0 = 3600k, KEZ
g —

X.— &

yuwpigcousv THY GAYEPPIKNY TiHY fvds TUYSV-

233

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrig



AnAadt): Ao tpryovepstpika toie, T dmoia Exouvv TV abtiv apyiy kai
0 @010 TEPAS DLUQEPOVY KATE GKEpUlOV apOpoy KOKAOV.
"AvTioTpopws @ &g Oewpriowpey Ev Totow P(R/l pE GAyePpiknv Tipnv
Ty =2k + T
kel Ev dAAo Totov e Thv iBiav dpxmv A xal dAyePpikiv Tipfy T, Siagipouvsar
TS T, KaTa dxépatov TOAAaTAGTioy TR GAyePpikiis Tiufis GAokAnipou KUKAOU
EoTw KaT& K, 2. ToTe, oupgavws Tpods oo dvewTépw eitropey, & elva :
Ty, =T + K 2T = 2k + T + 26,7 = 2(K + K)T + T
kot Emedn K EZ, kEZ 04 elvan kal (k, + K)EZ kal Eropévos
T, = 2Aw + 71, AEZ
’Ek Tfis TeAeuTaias TavTns lodtnTos auvdyopey 671 TO TOlov ué GAyePpr-
KNV Tiuny T, 8& Exn Tépas TO anpeiov M,
"Qove: "Avaykaio kai ikavi) ouvbiikn iva 600 nposavatohiopéve tola tod
avTod KUKLOL Exovia Kowvnv apyiv £youv Kai kowvov nfpas eivor ol alyefpikai
Tpai oV va segipouy ket 2kn (360°), drov keZ.

137. TNPOXANATOAIEMENH I'QNIA. AATEBPIKH TIMH AYTHE.

‘H éwola Tfis TposavaToMopévns ywvias kol Tis GAyEPpikils TiURs TNS
uds elven yvwoTh &mwo Ty ¥ Tt

‘H qvmioToiyia, 1 omoia Umrdapyel petaty Tofou kai émikévTpou yovios
Tou WaS EmTpémel va owvbiowpey Thv Ewolav ToU TpocavaToMouévou Totou
pE Ty fwolaw Ths TpocavaTohiopévns ywvias (Zy. 137).

MpdyuaTt dTav TO KivnTév onpeiov dvaxwpouv £k Tou A Siaypden TO T6-

tov Aré, ToTE 1) fuievleiac Oa Siaypdpel TO EoWTEPIKOY TT)§ TPOTOAVATOAITHE-
vns ywvias (Oa, OB), tnv omoiav cupPoliloper pi <L (Oo, OP), &v elvan Betikd)
A wE L (Oa, OP), av eiven dpvnTikr. ‘H Tedikn) mheupd OP TTis TpooavaToAl-
opérng ywvias, mpiv i) AdPn Ty TeEMiknv Béow abtiis OB SuvaTan vd EkTeAéoT)
piav §y TeplocoTEpas TEploTPogds Tept TO O kai v Sioypd-
yn oltw Eva dképaiov  dpiBudy BeTik@dy T dpynTIKEY TAT-
pwv yavicv, “Yrdpyxouwv émropéves drreipdplBpol TpoosavaTo-
aMOUEvan ywvicn Eyougar Thv aUThv dpyiknv kad THY au-
TV TeAkny TAeupav. ‘ExdoTn k. T@V ywvidv ToUTwy Af-
YETQL © TPyOVOpPETPIKY] ywvia. Ketd TaUTta Umdpyer pia
GUPLHOVOTT|HaVTOS GQUTIoTOLY ot PETAEY TGV ToEwY /-QB Kai TV
TpogavaToAlouevay ywridv (Oa, OR)

‘H uikpotépa Betikny ywvia < (O, OB), 1) 6mola dvTioToIXED £l TO TO-

«

¥
tov AB , numopei v dvopaoi yeopetpikn ywvia, 1 émoia oupPorileTan
& (Oa, OB).

‘H dAyeBpikn) Tipn X Tiis TUXOUOTS TAIYWVOUETPIKTS Ywvias pé dpyikny
mAevpav Oa xai TeAikny TAeupay OP Sibeton Tpogavdds U ToU TUTOV :
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1, émou KeZ xal T elven 1) GAyePpikn) Tiun ds

X0 = 360% + T fi X = 2k +
AN Copropéuns, els polpas i drerivia

SrolaodnToTE £k T&V yvIaY TOUTWVY,

Auvdpeba B8 va SloTUTIGTWHEY THY gEfis TTpOTATI !

‘Avaykaia kol ikavi suvBiKy, iva 0o TpryovopcTpikal yovial Eyovea
KOLVI|V Gpytkijy EYouv Kai KOLVRY tehUKTV TAEVPAY, glvar ai Ghyeppikai tpal
tov vi duapipovy Katd KT (360°), dmov KCZ.

Auvdpeda ETOpEVES V& peTaPaivewuey &Biapopws &mo T& TOta g &g &v-
TioTolyous ywvias ko GrrioTpopws Kol V& EQAPUOlMEY €S ExooTov EK TGV e
yeBév ToUTwv TAS pETIKGS 1B10TNTAS ToU &Mou, B16T &V TPOTAVATONTUEVOY
Tékov kal 1) GuTioTOIXOS ‘ITPOUUV‘ITONU'ﬂéVT] ywvia Exouv TAVTOTE THY QUTHV
popdv.

Avo 'rpiycouou.s-rpmoﬁ ywvia
Tipod Toov elvon &piBuoi dvTifeTol.

Aeyovtan duTifeTol, Stav ai GhyePpikai

138. A@POIEMA AYO H MEPIZEOTEPON MPOZANATOAIEMENON TOEQN

opévev Totwy fvos kUKhou Svopdloper TO TTpooa-

*Afpolopa wpoo’aua-roi\l ' ou; o)
Exer O ShyePpikny TIUNY TO dBporopa TGV Ghye-

varTohoptvoy TéEoy, TO dToioV

Ppikédy TipGv TGOV §obtyTey TOLWY.
{gTorTan QowepOV O S1&x TO &Bpoiopa TGV TTpo-

oi EEfjg 1B1oTNTES.
Jopa -rrpocmvorro?\tc'uéucov Totwv v GAAGEGUEY

*Ex ToU 6p1opoU ToyTou ko
GovarTOAITHEVEY TOEWY loyvouv
1) Auvépeda €is gy &bpo
THY oelpay TGV TpOCYETEWY.
2) Auvéueba V& QUTIKOTOOTNOWHE
ToU &dpoiopaTds TWY. | bl il
Ak vd eUpwpev TO &fpolouc Trpocauorroi\lcuéucov Tétov AB, TA, AE,...
kafloTéuey aUTA 510B0YIKS. Acupdavopey, X OO ToU onueiou B v Tokov
&

é} &hyePpikis Tiufs Tons ug T e

SAyePpikis Twfis fons pos ™y TOU AI: K{'O'K’ Téi Totov, T,é 6WO\T°~" EXE‘ apynv
Ty &pyiw ToU TpoyToy A Kol Tiipag ERTRRCSAT Teheutalou, Ba Exn chyePpi-
ki Tipfy fony TPOS o &OpoloH TWV Sy aIRy, Y e BobevTaoy Tétawv,

SnA. B elvon TO &fpolopd aUTeV. y b 2
Otrre, X & A, B, T X 134, ce?>;23 1) elvon Tpia onueia i kUKAOU Tpooa-

pev Té TOEQ AB kai é}, T61E GBporopd Tewv elven TO TO-

v GTOUCBTTIOTE mrpoodeTtous 81 Evds,

L Pl il ~,
y Tou MA kai oo TOU onueiou Z Ev totov ZO

varrohiouévou kot BEpNI
r\ £ 3 /1

Fov Al *Edw o elval 7 &TTON

peTpiKoU Totou

L ~—
uTOS TIKN TOU YEWHETPIKOY T6kou AB, P i &oAU-
(_\. v
Tog Tipf) TOU YEWD BI, TéTe B EXWHEV
dAy. Tiuf ToU ;\-[‘3 — o+ 2, &AY- iphy ToU Bl = B -+ 2¢'m, Emopévaas 1 &A-
— «+ P+ 2Aw, Smou AEZ.

e
polopoTos Al .
s els T3S pogaVaTOMTREVaS ywvias.

yePpikny TN Tou &b e
wTelvovTal £UKOAW

T& dveoTépo ETE
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139. NMPOXZANATOAIZMENH I'ONIA EIZ KANONIKHN GOEEXIN.

Aéyouev &T1 pia TpoosavaToAiopévn ywvia elpioketal elg KAVOVIKTY Ocary
dos Tpds Ev ouaTnua opfoywvicy dldvay x'Ox, 'Oy, &v ) kopugh THs ywvics
ebplokeTan elg Thy dpyiv O Tév &GEovwy kal 1) Apyixh TAeupd Ty TauTileTal
pué Tov BeTikdy fudlova Ox, dTav fi ywvia TomoBeTn8f émi Tou émimidou TGV
&toveov.

M ve TomefeThowpey, Y., Ywviav 240" el ko-
vovikfyy Btow pavtalopeda 6T A fueubeia OX oTpige-
Ton koT& THY BeTikiyy popdw kata 240° (Zy 139), omoTe
SpileTon 1) Teikd) TAeup& THs yewvias. OUTws 7 yovia B
#yel ShyePpikiy TRy 240°. ToUto oupBohilopey ypd-
govtes P = 240° ‘Opoiws els T auTo  oyfpa elvel
o =—60° kai & = 30°,

Zy. 139

"Edw i kévrpov Thy dpyfv Tév &Eévwy kad dxtivar THY povébo ToU pikous
ypdyewey kUukhov (Zx. 139), ToTe els ExdoTny TRV TPOTAVATOACUEVWY Y VGV,
TN B B cv’no*rmxsi v TpooavaTohicuévoy Tétov, TO dmoiov, STTWS yvea-
pilouev, £xer THY oty dAyePpucy Tipfv pé THy dvTicToryov alrTou ymmow

ACadto duvapela abopopng va dpukdpey nepl yoviag a i nepl 1oy AP 10
onoiov dvopalopev Emiong totov a. Emions éxopev THY ywvicw 8§ 1O ToEou i
(=AP").

‘0 dvwtépw kUkAos, BoTIs ypaeTan pE kévtpov THY GpXNy THY &Eovev
kal &xTiva THY povdBa, AbyeTon Tprymvopstpikds kikhog. To onueiov A (1,0)
AyeTan @pyi thv toEmv TolU TpiywvoueTpikou kUkAou. Elven TO onueiov, el TO
bmoiov & TprywvopeTpikds KUkAos Téuver Tov Gfovar Ox. To OA elvon Emropeves
16 povadiaiov Sidwuoua Tou &fovos x'OX.

‘H éxis ToU TprywvopeTpikoU KUkAou, 7| &rrola BitpyeTan Bi1& ToU Trépo-
Tog v Tokou ToU kUKAOU, AéyeTal TEMKY dktig TOU TOLou ToUTOU.

AZKHZIEIZ

449) No& Tpéyete &v dxTiviov els poipas.

450) Né& Tpéywete piav poipav els dxtivia,

451) Na& Tpéyete 45° eis axTina.

452) N& Tphyete _1%_ dxtiviae el polpas.

453) Mt Thv Ponbeiav porpoyvwyoviou va kataokeudaete els kavovikiy Béow ywvias
EyoUcas SAyeBpikas Tipds :

a) 75° B) 125° Y2100 &) — 1500 e) 330°

oT) — 3300 ) 3850 n) —3700  6) 9300 1) — 9550

454) Na dvagépete TévTe yovlas, al dmoiar els kavovikiy 8éow Exouv THY alThv TEAIKNV
TAeupdv pt THv 8 = 100°.
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455) Al ywvion 8 = 1250 kat @ = — 955" glc kavovikfy 8o Exouv THY aUTHY TEAIKIY
heupdy. N& EEnynoete T4 Bt

456) No& ttetacere & ol yevia k=93
THY aUThV TEAIKTV TTAEUDEV.

0" kai A = — 870° Exouv, els kavovikiy Beor,

140. TPIFQNOMETPIKAL LYNAPTHEEIZ FONIQN.

7 émoia AopPdvel Tipds &To 16 oUvohov [T SAwy

"EoTew 6 pia petafAnT, . = : ‘
& oroiyeia AorTrov Tov ouvdrou [ elvar yoovian,

TEW TPIYWVOUETPIKGY YwVICV. ik
&y &pifpod.

M kée ywviav © tou owvdhou [ pavraloueda 611 TifeTan els kavovikdy

ex/y)

Ty, 140.1

. ; Edvewy (Zy. 140.1).
' ! S &y dpBoKaVOVIKOV oUOTNHA f: L 1), ' |
Béaw "wESc:go[SD Ex \5) TUYOV onueioV gl TTiS TEAIKTS mAevpds Tis yowvias 8 Bid-

opov Tiis &pxis O- ' " ey d
bl 1) *Ovopdouev fjpitovov TS YWvias 6, ouppohikdds npd, Tov Adyov Tijs
J ’ i ¢ TO pfiKos p Tiis BlOVUOUATIKTS dKTivo
TeTorypévng TOU TUXOVTOS onuetou P 1rpos p ‘ :
OP. “Qoe elvan & OpIOKOY
nub =
"Ag A ev &AMo, ETTIOMS TUY GV, OTIHEIOV P! (x,¢") &l Tfis TeAIKTis TAeUpGS
R ?O:f msl:dq;opou 'Tﬁs c‘xpxﬁg.Zuuq)cbuws Trpos ToV Bobévta Oplopoy O elven
TG koY '
nul = ¥, &mou p’ TO pfjxos NS
3 Ga i v h E i X
OP' = NOP ko ETOREVCOS B Eyoopey X' = AX kal W' = Ay,

W o VEE E=—§:~- e

'ol-g

§1aVUOHOTIKTS dxrivag ToU onueiou P, Tle-

PATTPOUHEY GHWS o1

i Tév Omolwy EmeTal o Sl W

l(—: —xl-p SJ = q",'- KT?\. i

p p" X X B e T S = . .
ﬂqpaTnpoGuev Aormrov &T1 loxUE — =77 TolUTo onuaivel 811 | TIpd ToU
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Adyou \:: ev etapTaTon ik Tis Béoews Tou anueiou P el Thg TeEAIKTS TAEUPSS TTS

ywvias, GAAG pdvov ek TTis Bioews aUTiis TaUTns THs TeAkTs TAeupds, SnAadn
tk Tou peyeBous Tiig yovias 6.

“Qoe : el k&Be yoviav § (B=l) dvTioTolyel el kai povov TpayHOTIKOS
&p1Bpds @ 7} Tiun Tou Adyou —\:—

‘OpileTan Aowmov €86 piae ouwdpTnols pe mediov bpiopol TO ovvorov [,
SAwv TG yeoviddy, kal Tebiov Ty v cUvoAor TTpayHaTIKGY GPIBuGY, N ouva-
pTnois 6 - - nud.

2) Ovopdlousy ovvnpitovev Tiis yavias 9, ouppolikés auvl, TOv Adyov
Tis TeTpnuévns Tou TuxévTos anpsiou P Tis TeAikfis TAeupds Tiis ywvias Tpos
& piikos p, TS SlavuopeaTikis drkTivos Tou P. “Qore elven €8 Spiopou :

;1
ouwb = ——

*As AaPopev Ao, Etriong Tuyov, onpeiov PT(x" ') émi Ths TeAkis TAeU-
pas Tis ywvias 6, Sidgopov Tis &pyiis. Zuppwyws TPos ToOv SobévTa Oplopov
elvan b = ; - Tlapotnpotpey Sucs mahiv 6T ioyvel —g- = ;, » OTER oTUaivEl
4TL 1} TIpN ToUu Adyou ; Biv ifapTdTon & Tiis Béoecs Tou onueiou p Emi TS T
Aufis Theupds, SGAN éx Tiis Béoecos aUTHs TauTns THs TeAkis TAeupds, BnAabt
ik ToU peytBous Tiis ywvias 9.

“Qore @ elg k&Be Tiphy s vetaPAnTis & (Bel) dvmiaTorxel &g Kol povov
TparypaTikds &piBuds @ 1) T ToU Adyou —’;—-

‘Opiletar ooy pice ouvdprnols ué Tediov opiopoU T6 olvorov I, SAwv
TGV yeoviéd, kai meblov Ty v auvohor TrpaypaTIKGY Gpifudy, 7| owapTNOIS
0 — ouwvb.

3) 'Ovopdlopey tpumtopévny pids ywviog 8 (6el), oupPohikés epb, Tov
Adyov TTs TETQYUEUNS TOU TU)OVTOS Oonueiou P Tiis TeAIKT|S TTAsUpds TRjs ywvias
Tpos THY TeTHMUéVnY ToU anueioy’ TouTou. "QoTe elvan ¢k Spropou ¢

eph = s X 0
X

“Av AdPwuey &hho, Ericns Tuxov, anueiov P’ (x', @) &l TTis TEAIKTS TAeuU-
pds Tiis ywvias 8, Sigopov Ts dpxs, B elvan ouppwvws TRos TOV BobivTa
Oproudy ¢ = \::— PANN, dos eiBoper dveoTépw, loyUel % == %, T6 &moiov on-
padver 671 1) épamrTopévn wds ywvias, S&v EtopTaTal ik Tis Béoews ToU P Eémi
Tis TEAIKAS TAeUpds THS ywvias, GAA’ éx T Beoews aUTHs TaUTns THS TEMKTS
TAeupds, SnAadn &k ToU ueyébous, Tis ywvias 6.

Enpeiooig. “Otav x = 0, & Adyos y/x Biv Exel Ewvortaw TpaypaTikoU &p1Bpou xal Emo-
uéves Biv SpileTan TéTe EpamrTopdvn Tiis ywvias 8. ToUTo ouupaiver, X, &1 T&s ywvias, al
dmolan Exouv dAyePpikiy Tiahy 90, — 90°, 2707, — 270¢, 450° kth., dmws 8& iBeopey KATWTEPW.
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“Qge : elg k&Pe TV TS peTaPAnTiis @ &umioToiyel els kad HOVOY Trpary Ha-

Tikdg &piBuds, N TIBN ToU AGYyoU —:':~

‘OpileTon AoiTov kol £66 pla ouvGpTNOIS ué e
SRV TRV ywuiddy, wai eBioy TGV BV SUVOAOY TTPCrY BOTIKWY &p1Budv, 1) ouvap-

™ots & — &b
4) ’Ovoud{opey GLVEQATTO
Tov Adyov Tijs TETUTHEVNS TOY TUYO
yeovias, Tpods THY reTerypévny ToU onpeioy TO
X
ek £0
o 5 W

Slov piouol To guvohov I,

pEvy HIGs yovias 8 (8€l), guppohikids ogb,
vres onuelou P, Tiis Tehikfjs TAEUPSS TS
Grou. “Qae elven &€ dpiopol

Vv kai maAw T1 Bt SpileTan ouveparrToutvn S1& ywvlas, Tév
MK TAEUpSS TOY Exer retaypévny 0. TolaUTan ywvict elvan,
o0, 180°, — 1800, 360° kTA. WS & TBwpey KaTWTEPW,

Enueioog. MaparnpoUie
drroleov 1o Tuydy anueiov TNS TE
™y, af Exouom GAyePpIKiY T
& &L T wugcpo:'ﬂ'roué\)ﬂ wds yovias Stv EapTa-

EvkoAws PAETTOHEV kai €0 3 R ; S
P ¢l Tiis TEMKTS TAEUPES TTS Ywvias, AN &k

Tan & Tiig Béoews TOU onueiov
ToU peytBous Tiis ywvios.
“Qoe: els k&Be TINY TAS peTaPAnTis 0
X v gl
a X xal opileTan
Aéyou 3 ;
I, xoi medlov T&V TIpGY TN

(8 €l) GQUTIOTOIXET elg POy HaTIKOS

&piBuds, f) Tun TOU oUrtew wia owdptnols e Tediov
SpiopoU Tng TO oUVOAOY s & oUvoAov TrparyHaTIKGY
soiBpcoy, ) ouvdpTnots O

5) Ovoudlouev Tépvovoay -ruxo(xins
rov Adyov ToU HTKOUS P s BrovuopaTIKTS ‘5‘
riis TeAikiis TAEUPES g yevias 8, Tpos TN
Hvol elvon 2E piomov :

—» ogb.

yovias 8 (0 € M), cupPorikés Teud,
«rivos Tou TuxdvTos onuelou P(x,y)
v TeTunuévy ToU onpefou TouTou.

Tgue:% x#0

o Thpvouox B ywvias, & drolwy
Teov EYEl TETUTHEVTIY 0. TowxUra
Snyeppicty T 90°,— 90°, 270°,

& 6T BV opileT
ehIKiis TIAEUPSS
{ &mrofon EXOWV
f¢ T& ETrOHEVAL.

TMaperrnpoluey Kol 123
& Tuydv onueiov £ TS
veovien elven, .Y, O yoovion, &

- 2700, . TN ETTWS B {Beopev €
Kol TréAw &rroBeikvUeTat cuKoAws &T1 f) TEHVOUOT IGS yevias 8 5&v pera-

\ 3 . e &pyis, onueiov ¢ Tiis TeNKTis TTAEUpES
n 5v A v GAAO, Bi&gopov ang =

7';? ?\)E’-r:::;l'h'sw"ﬂ?r:tlseis K&de TipnY TS peraPAnTiis 8 (BEM) cvTioTOIXEl S5 pary
pormixds &pifuds, M s Tou Aoyev TP( kol bpieTan 0UTE> pla CUVEPTNTTS WE Tre-

r, &Acov TGV ywvidv,

ﬁ wu(&pTﬂU‘lS 8 — TEIle-

TuyoUons yovias 8 (8 D), ouppohikésg
S1aquUoparTIKiis GKTIVOS TOU TUXOVTOS om-

oV O 0 T& guvohov kol reBlov TEV TGV NS Ev oU-
! PIOHO! .
JAov Trpary HaTIKGY &p1Bucov,
B *Ovopdlouey cuvr{;pvowa:'
7Tepd, TOV AoyoV ToU phxovs P TNS
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peiou P (x, W), Tiis Tehikdis mAeupds Tiis ywvias 6, mpos Ty TeTarywévny ToU om-
pefou P. "Hrol elven ¢ Spiopou :

o =L
OTEU 0 y#0

Képvopev kai Bi& Tov Adyov % dvahdyous TrapaTnprioes pé Ekeivas, TGS

omrolas ékdpopey B Tous OplobévTas dvwTépw Adyous.

‘OpileTar kal wéAw pia ouvdptnols ut Tediov OpiopoU To cuvorov [, SAwy
TEY ywundv, kal mediov TEY Tuéy Tns & oUvolov TparyuaTikéy &pifuddy, 1
cuvdpTnols 8 — oTepd.

*AvakepaAaicovorTes Tous dvwTépw Sobévtas Oplopols Exoper 611, Bik Tu-
¥oUoQV TPIywvopeTpIkfy yeviaw 8 els kavovikiy Béow dx pos év auaTnpa dpbo-
kawovikdy kad B1& P(x, ) Tuyov onueiov émi Tiis Tehkiis mAeupds Tis ywvias,
ToU obmolou TO pfikos Tiis BiavuopaTikils AxTivos OP clven p, Exopev (Zx. 140.2)

o=
nu =
ouv :-5-
p
=0 )
eph = x | 5
opb =X (0
y
Teud = sx. 140.2
P
oTepd= v

Al dpiafeioan dvwtépe EE ocuvapTrioels : 8 — nub, 8> ouvd, 6—£9b,
8 — ogf, 8 —> Tepd, O — oTeERd, AbyouTon TPIYWVORETPIKAL TUVAPTNOEIS TiiS yw-
viag 6.

A& plow SeBopéumy TprywvopeTpikiy yowviay opilovran kard Tov dvewTépw
ticrebbvta TpdToV of EE Gpiopvor Adyor (T), of droiol AéyovTal TPLY@VOpETPIKOL
aplpoi Tjs Bebopéuns ywvias.

Elvon pavepov 671 tprymvepetpikai yovial eig kavovikiv Béawy, Exovea kot-
ViV TEMKRY TAEUPEY, EX0UV TFoug Tolg GReVDIONS TPLYmVORETPIKoDS dpdjois Tmv.
OUrrw, .., ¢Teidh of yovial pt ShyePpixds Tuds 30° kai — 330° Exouv Thy av-
THY TeAwnv TrAeupay O& Exouv Tous alTous SPWVUPOUS TPLYWVORETPIKOUS Gpifipous.

IMapaderypa : N& edpebolv ol Tprywvouetpikol &pi-
Buol s yovias 8, &av | Tedikn) aUThs TAeupd, els kavo-
viktyy Oéow, BitpyeTan B1&x ToU onuefou P(3, - 4).

Avoig 1 Mia Tolottny ywviov 8 PAémete elg TO To-
parmheUpws oxfiua. "Ex ToU dpBoywviou Tprydvou OTIP
Exopev p?=x24 yiep = Vv XE @i Emopéuess
p =4/ 3¢ F (= 4)? =4/ 25 = 5. Elven téTe  oupgaves
Tpds Tous Spiopovs (T):

Ty. 140.3
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N
e =— 5
o X 3
owb = ——54
LT e S

epb S il 3
3
x — o ——
crch_-q-J K
[

TEl e g
b

g=-F =—
oTEW 7 4

Mapatipnois 11 »Ard ToUs OpIoHOUS (7) PAEmOpEV c’mfcwg &1 loyUowy
ol EEfis lodTnTes aiTIVES elvon TQUTOTNTES (516T1 elvai ot?\neeu% Trpo-rdgm,; Bk
ka&le Tipny TS yoovias 8, Bi1& T omolav dpgoTepal al cuvapThaEl§ el ExdoTny

iodTnTa elval copropévan) ;
| & ot =

8 = Grend nud

i) 1l o Tepd = ——l—a

OV = "teu6 ouv
1

l PR

£¢0 = —EQTB_- <> crcpe P

*ATTO TOUS dvwTépw Splojovs (t) PAémopev trrions 6T
pbompa TGV TplYmUOuETP!KGW &p1BpGV pds ywvies,
coviay Tév &Eovey eupiokeTan 1| TEAIKT wAeUp TS

Mapatipnots 20
eUKOAGS EUPIOKOHEY T TH|
&rav yvwpilouev glg ol Y
i medg.‘# : 51 clvon BeTIKOS &p1Bpos €ls v | ked Il xad &pvni-
o) nué = Emeidn ¥ ' W A
IV yowviav Téov dEovV kol TO P Trdw:m're BeTIKOS QPleuos'§la
ferikdv Bk ywvias pé TENIKTY TrAEUPQV glg T | kai 1l yoviav

Koy B1d yoovias HE ey TAeupdw els THY Il kad 1V yeo-

xog elg v kot
ToUTo TO Tud elval
Ty &Edvav kal &pynT!
viow Tédv Gtoveov.

p) ouvd =
gl v Il kad |

{g Tas | ket
v elg TGS Il ke

*Ererd) X elvat gerikdv els Th | kai TV yovia Tév &Edvaov

|I, Bi& TOUTO 6 ouvd elvan BeTikov B yowvias pe
IV ywvios 6oy GEdvev Kal &pyvnTikdy Bi& TAS Y-
i 11 yowvias T6v &Ebdvaov.

Kad QpUTTIKOV
TEAIKTY TIAEUPAY E
viag pé TEAIKTY TrAeUp
y) €98 = ¥ Emedn X kel W Eyov ‘
™ ol ars ® . ko GuTiBeTa TTPOTTIKS els Thw 1 kel IV yooviav Tév &Edveov,
yeoviay TGV dEovtioV KBE.TlKﬁ 1&x ywvias bé ety heupew efs ThHY | kad Il yeoviaw
Slf‘ T?;’:ro f‘} iq;el 2:‘:]1“(1‘.‘ 51 ymv[ag HE TEAIKTV mwAeupdw Eels Tas 11 kad IV yoo-
Tov didvw
viag TGV &ESvwV.

' AvaAGYOVS WPGT“P_}“
4 povs TS yovias 0.

v T& QUTE TPOCTIUA gl v | xad Il

gerg BuVaHEd vée k&pwpey kal B1& Tous &AAous Tpi-

ymuous-rpmoﬁg &p10
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ALKHZEIE

457) N& elpete ToUs Tprywvouetpikols apibpous Tiis pikpotépas BeTikiis ywviag 0
els xavovikny Béow, tav P elvon onueiov Tils TeAikdig TAcupds TS ywvias 0 kal of ouvteTaypévar
ToU Peivar: @) P (34) B) P (=5,12) y) P (—-1,-3)

458) Eis moiav ywviay Tév &tdveov evpiokeTar f Tehikd) mAeupd judis ywvias 9 elproko-
pévns els xavovikiyy Béorv, Edv :

a) nufd kel ouvd eivon dugdTepa dpunTIKG.

B) nub kal epf elven dupdTepa Betikd.

¥) nud elven Bemikdy kai Tepd elven GpynTin.

8) Tepd elvan dpynTiky ko egf glvan dpunTiki.

€) €90 elvon Bemikny kol Tepd eivon dpunTik.

a1) nud elven BeTikoy kod owd elvan dprnTikSY,

459) Eis moiav ywviav tév &Edvev edpioxetar fi TeAkd Theupd yowvias 0, els kavovikiy
Geaw, thv :
o) nué >0 B) owb < 0 y) 8 < 0 &) Tent >0
8 7
460) lNvwaTou évTos 6T1 N = 17 Ked 611 i Tehkn) TAeupd Tiis €, els kawvovikny 8oty

eUpiokopévns, eipiokeran el TAv | yovioy Tdv vy, va eUpeBolv 1& owvd kal egf.

b

461) 'E&v owb = G Ve elpete T& nud xal egf.
3

462) *Edv egb = e va eUpete T& Mub kal ouvd.

(Ymédeibis : tmeidh eqf = % elven GpynTixd), 1) 6 elven yoviar pé TeAkny mheupay el
™y 1l ywviav Tév &Edvawv, &v AaPwpey x=—4, w =3 f| yovia pé Tehdy mAeupy els ThHY IV
ywviav Tév aldvewv, &v AdPoper x = 4, y =—3. Eis qugotépas TaS TEPITTMOOES p =
= VL (3)= V25 =59).
4
463) No& elpete 1O nub, Bobévtos 611 ouvd = i kal o1 egb > 0.

464) Na elpete Tous TPIY WYOUETPIKOUS dpifpous mds ywvias 0, B1& ThHy &molav yvo-

3
pilopev 6T nud = T Kal ouvl =
465) Eis molav ywviov tév dfdvawv elpiokovrton al TeAkal TAeupal kal Toia elvan T&
mpdonua ToU fuiTévoy, ToU cuvnuiTéoy Kai Tis  paTrroputung EKAOTNS €K TV ywwddy pé
dAyePpikny Tipfy :
a) 1250 B) 750 y) — 3200 8) 210° ) 460° oT) —250° ). — 1000°

466) N& elpete ToUs TpiywvopeTpikoUs &p1Buols ywvias 8, Eav yvwpilete 61 :

it 3
a) nud =35 B) e = o xal 180° < 6 < 2700,

141, TPIFQNOMETPIKOI APIOMOI TON FONIQN 0°, 90°, 180°, 270°, 360°.

A) "Ev mpdTols ouupavolpey 1o EEfs ¢ 0% ypdgoopey, Y., NU 18° kad 6&
gvvooUuey TO fipiTovor ywvias, 1 &mola Exel cAyePpikny Tipny 18°, ’Emrions eig
ToUs gupPoAigpous nub, ouvd, ep8 KTA. TO 6 B TO vooUuey s dAyEBpIkiY TiufY
yovias. TouTo rpdrrropey, B16TI 1) TPIyWVOUETPIKY ywvia rpoodiopileTan duipi-
Péds, Sraw yvwpileopey THY dAyePpikny Tiufy .

"Emeita &mod T oupwviav oty 1 6 Slvarren v Becopnii &T1 elvon pic
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1 v& SIoTPEXT) 5 ouvohov R, TGV TPy HATIKGY &pi-

[ e et e ” pr-
B s ppixad Tipal yovidv, o Smoiar Exouv PeTPTBT pE

Bucy, oi omofol elvan GAYE

HOVGSE)E\; Zg—lr‘:ﬁ(::vc;meu PO V& eUpOpEY TOUS Tplymvous'rpmobg &p1Buovs TGV
yondy 00, 90, 1809, 2700, 360"

*EgTeo P Tuyov onueiov (61 1 6P

«) "Otav 6=0° ToTE X =P ¥

¥1) ¢l Tfis TEAIKTS TAeupds Ths ywvias ©
— 0 kal ETTOpEVas :

o =L = 2 =0 §
=t ==l p PO
ow0 . 5 n "
() —
Eq)(]ﬂ = —\—:f — —E- =0
p e »
og® = % =4 (&t &pileTar) ER
pi P
Tepd? = =7 U 1
p N €
orep0’= —% = = (e OP‘QETC:‘) ,
B) “Orow 8= 900, TOTE X = 0, y=p Kol ETTOHEVEOS
0 y P =]
nude? = = Op
iy 0 y
l:J'U'.f'90n = -P— =g 0 o
Y- _ P (Btv opileTan p
sind = A = pieTan) i
s e U 0 5 .
og%® =T
_ P _— P (5v bpileTan)
90 = a ( L
Plo=
oTep90° = \% =-SiFr 1 Ay ‘ ‘
“Orav 6 = 180°, TATESY = — P 0 kol ETTOMEVOS :
4 0 — ¥ = _q =0
nul80° = 5 o
£ il
Al T
£ y
im0ty
eplB80) =4 = p :
X _ ZP (stv opileton)  pep0)
0o = :
Tepl80° = = o ==
o P — P (Btv dpifeTai)
oTepl80 ¢ 0 Ty, 1413
a o el apufpob.
(*) dnn. B&v Eyer Ewvolxy TREYHETLE |
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&) "Otov 8 = 2709, 1é1e x =0, Y = —p kol Eropéves :

o
nu270 - 2 1
y andT = B
- P P
ki £9270° =¥ =7 (Biv Spileran)
o AN z X 0
’ 09270° =2 =— =0
0(0:#) i
Tep2700 =% = g— (Btv SpileTar)
Iy. 141.4
. oTeu2700= P — P — ]
Y -

€) "Otav 8 = 3609, TdéTe 1) Tehiki) TAeupd TR 8 TauTileTon pi Tov &tova
Ox kai ol TprywvopeTpikol dpifpoi Tfis ywvias 360° elvan ool pé ToUs dpwvipous
TPLYWVORETPIKOUS &piBpous Tiis ywvias 0°

142. OI TPIFQNIMETPIKOI APIOMOI TON FONIQN 45° 600, 30°,
o) "Omes Epdbopev els THv ¥y Tabw elvan :

nud50 = _»/2 d ouvd5 =‘523, egd50 = 1.
y EdkdAws ebpiokopey 611 elvan :
B(1.1)
» s =P = ‘/2 =vZ
1
g i £ VT vz
i
0945 =r=—=1
Sx. 142.1 i L
B) ‘EndBopev eis Ty y' T&lw OT1 ¢
nue0? = ‘/T:*' ouvb00 = —, 600 = V3

EdUkoAws eUplokopey Topa &1 :

' W g LS
e pe i o
TE“GOO e
2 2V'3
0‘I:'E[,l.600= *-E- = =
Sy, 142.2 - 3
Y) Euétﬁousv els ™y y' T&kw o
w300 =L, oo ‘121 €p30° — \% =‘/3_3
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FukdAws eUpiokopey 6Tl :

0.5 _7\/“3_ P
op.30" = = V3
2 VST
0 =P =
7eu30% = : s 3
LT Ty L] 2 5
Sx. 142.3 aTeB0tasrm ey

143, I'EQMETPIKH TTAPAXTAZIZ TN TPIFQONOMETPIKQN LYNAPTHEEQN.
"EoTteo O Sobeioa yovia gl kavovikny Béow (Zx. 143).
Mé kévpov THy &pxfv Kol KTV THY HOVESA XOPATTOHEY KUKAOY, TOV YUwoTow

Ty, 143
QS TPIY WVOUETPIKOV KU TEVOVTO TOV &Fovor -rdwl X eis TO onueiov A(L,0),
by &Fovoe i @ elsTl BI(,1), Y B EAE mheupdw Tiis yeovias 0 els 76 P.

Dépopey Thy TIP k&BeTOV TpOs TOV o:‘Eoua Ox Ll ¢pearTopévas el T
B, aiTives TEHVOUY Ty TEAIKNY TAEUPAV TNS 8 f T TpotkTaoty
& T kai £ dvTioTolXws.
apaTTPIITWHEY gls T& dvewoTépw oyfuaTa 143,
T kai OBZ elvon Spoia petady Tov dvd &o.

KAOV,

onueic A kad
adTiis ket GuTiBeTOV QOPY els
“Orreos elvon edkoov va T

T& dpBoydvia Tply v Or1P, OA

“Exomgy AoITrov i &
T e Ol BEL b=
Wi = FmF TP ) TP = BZ
) — oP O
on — ff = — = — =
ﬁﬁr—_ﬁir—‘ meﬁ:iﬁ»:gz_z‘—
9 =G =R S
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) ) —r = = e ey —3
Ta Biavvopara TP, OTT, AT, BE, OT, OF civen dvrioTolyws af YEOPETPL-
ki rapaotaselg TV ouvapTioswy nub, ouvl, epb, ogb, Tepl, oTepd THs ywviag

f ok ' o I3 3 3 - . . -~ N - T - .
(Tou Tofou AP =)8, ai && dhyefpikai tipol TV Slavvopdroy sivar i tpai tov

avriotoiymv  TPLYOVORETPIKGY suvaptiesmy Tiig 0. Ak T OZ kai OT Aaupa-
veTal ) opd Twv Betikn), dTav alTn oupgwvel pé THY gopdy THs TEAIKTs TrAEU-
pds Tfs ywvlas, AAws 1) gopd Twv Becopeital &5 dpynTIKY.

'Ex Tdv dvwotépw éwooupey 611 Suvdpeba, dodkis ToUTo WS ¢LUTrT pETET,
x5 TuXOV onueiov el THis TeAikiis TAepds TS TprywvoueTpikis yowvias v Aaupd-
VeopEY EKETVO TO amueiov, elg TO OTTOToV O TPIYWVOUETPIKOS KUKAOS TEUVEL THY TEAL-
knv mAeupav. ToTe  émaidn p =1 O« elven (Zy. 143) :

1) fipiTovov Tou Tdlou 6(//\_1‘:’ = 0)=TIP, &nhabh 7 TETCCYHEVT) TOU TrEPOTOS
Tou Tolou 6.

2) ouvnuitovov ToU Tékou § = OTT, nAadn f TETUNUEVT) TOU TrEPATOS TOU
Télou 6.

3) tpatrTopévn Tou Totou 8 = AT, BnAadn 1 GAyePpikn Tiuf Tou Siowv-
THOTOS AT:, TO oTroiov OpileTan émi THS épamrTopérns eis THY &pynv A TGV TOkwy
&mwo 16 A xal TO onueiov T, elg TO omoiov 1) TpoékTaais Tis Tehikfis dkTivos Tou
Tokou B Téuvel TN els TO A EQOTITOHEVTIV TOU TPIYWVORETPIKOU KUKAoU (&Eova TGWY
EQOUITTOUEVGIV).

4) ouveparrTouévn Tou Totou B = BT, BnAcbty 1) &AyePpikn Tiun Tou Sia-
WIOHXTOS Bf, TO OTroiov SpileTan émri TR éparrTopévns eis To B(0,1) &mo To B
kal TO onueiov Z, eis TO OTolov T) TPOEKTATIS TS TEAIKTS GkTivos Tou Tokou 6
Téuvel TNV els TO B EpamrTopévny ToUu TprywvopeTpikoU KukAou (&fova Tdv ouve-
PATTTOPEVGV).

"Aveddyws opileTar 1) Téuvouosa kal 1) ouvTépvousa Tou Tétou ()

144, METABOAH TQON TPIFQNOMETPIKON LYNAPTHEIEQN.

"As UtroBécwpey &1 TO onueiov P (Zx. 143) dvayewpouv Ek ToU A kiveiTan
KaTd Ty BeTIkfY Qopav Biaypdeov TOV TpIywvopeTplkoy kukAov. Tote elven

ik ! riigr gy

pavepoy 6T 1 ywvia 6 (1o Tofov 6 = AP ) petaPdAAeTar ouveydds amo 00 Ecwg
360°.

Efven érmions gavepov OTi Exouey B1X TGS TPIYWVOMETPIKAS CUVAPTTCEIS
TOV k&Twh Tivaka, doTis Belkviel TAS PETOPOASS TEV TIMGY Twv, Sid TAs &uTi-

oToiyous PeTaPOAAs TGV TiudV THS WeTaPAnTiis 0.
(Els Tov mivaka 16 /= alldver kai TO " = éAaTToUTan)

(*) O fdpapat vi dofolv dmd todg polnrag pé whv fonbeway ol Siuddaxovtog.
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[livat peraPol®V TGV THTOVOREEPIKOY GUVOPTAOEOY
e FET & P "':_7’"_ sl 3T S
0 Ews 5 —5 ks T ™ Ees Ty Ty o8 “l
¥ids Te [ v g 3
0 mbkiw dmd | oo oy Lopor s 1809 [ (180 Eox 2700 LT Bes 30
e 0 |~uame 0 Bl Aamd —liEws O
o l A dmro 0, s L~ dma T B s U PR
i — 4'0_*"‘ 'm} o —1 Eas 0|/ &md 0 Ees 1
ouv 0 t\.‘ &mo 1 Ews |\A Ry PR 4_d¥___ Gl TS B
B W . A G 0 GTER | aaqry &pvnTikds
ep O L ke GTTE'P‘,O't et &pun.TinS oploTws hampe- ;nuds SaovBiro-
plowess _?\upﬁ":x- TIpés 6U°quﬂ°: vouga HoovBT- | o peydias kar’
vouoa of:ovﬁn‘ Te pEyEAEs KT | dhas B | 4 anirron e
ToTE PEYEAAS an &rohuTov  TIHTY ol e e i
| Tas Tds, kad ks 70 0. Soov mAnoiale
| soov TO B 177\1?- <6 6 g 2700
: A 0 =
s i jc; (oo Bas 0) | QAosshmd |2 K6 D)
Qo iy W e a &mo 0 dmepi-
_—_'I__f__ﬂr e gwo 0 &TERE| 4 Berikds oploTws Aaupd-
opf I \lA‘éﬂ(o GSTi‘.(aS_ oplaTes hapﬂc‘l- TG SOOVBITIO™ | oo Tipds &p-
Tipgs bOOVONTIO™ ) yoyoa SPVIITIKAS | ey dnas Ews O UnTIKGS KaT ETTe-
7¢ peydhas €5 O- |y Lite dme- AuTtov Tiphy &-
MTD‘T T:T:EYZ_ oovbToTE PEYS-
! Uovsng?éaov TO Aas kol 580‘\') 10
LIS ; A 8 mAnoidler Tag
‘ ] -n’?\nmg{,fi 3§ 2600
S : 0 Ews — oo
| cihy | owec=m) | (re MEdl) Risre)
| el L Gmo —1 dre-
] e i LIRS
R ‘ 5 dc Aap- | s, &md BeTikds
A Gqmwd 1 ame- i ¢ proploTos
Tep 0 (*) ¢ a.'iT:-rws Aay- ,fu‘wbéd{;:g;‘:m_ Péavovoa &PYNTI- | Tipds doovBiiTo-
‘ pK')P 1pas T -U 2| pés Tnas KoT' e peydhas s 1.
pavovad TS e pgydhay KT &méAuToy  TIRHY
| B o || ez BT 61;0»;5{111'075 HE-
| yéras, kad” 600V fos —1. :
Yé g wAnoiade ydéhas, kab’® Goov
& 0 16 6 mwAnoade
| Tas 90
| ol y | (@ s )
— oo £ws | —1 fws —@
(fs+e) | &% b AW e
PR T shos | 4 dme 1 s Be- /d—rr‘é &punTikas | &Trd —1 dmept-
oTep B a cn-réln u“:p.d; 7 ks T B00V- TIHGS uey;i?\ots opioTws.
T ,
es-n'ncxs ; piymote peydhas | ke &moAuTov
QS Tipty Ews —1.
o (—oo Ewos —1) (-1 Ews —w)
(4 o0 5 D (1 Es T )
[ e

il " gt
Inp. Eig iy § 2 &M
8-> opf, 0 Teud Kal g —» oTend.

Y T ity Spilovrar al ouvapTioes § —> e
. fag TIRGS TNS Gl
&Bopev Bia O

{#)H petafior e teud wol @
Gy 700 BLBROROVTOG

el Sovarat va 81807 A v& mupaherelf) wavd Ty wpl-
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145. TPA®IKH ITAPAETAZIE TON TPIPQNOMETPIKON LYNAPTHEIEQN,

A) ’Efewpficaper Ews Tpa TS TPIYWVORETPIKAS CUVAPTIOELS, GF oUVCp-
Thoes Tfis peToPAnTiis 8, 1| omolar AcpPdvel Tipds &wd T ouvorov T, Acwov TEW
TPIYWVOHETPIKGY ywuidy. EiSopev B¢ 611 Buvdpeda v AdPwpey, duTl TEY ywviddv
8, Tas dAyePpixds Twv Tiuds els poipas, OTOTE ) peTaPAnTh & SiaTpéya TO oU-
vodov R, Tév mpayuaTikéy dpifpdv. "Av ai ywvion ToU cuvdhou [ perpnfolv
ue povada TO dktiviov, TOTE Suvdpeba v Bewpdduer THY TiMY wds yowvios X
el dxrivia 65 Eva GAAo oUuBolov Bid THY ywviav kai va dvagepipeda eis THY pe-
ToPANTHY X, @5 plav petaPAnThy, f) dmoia Siatpéxer O R.

Tote elg kafe Tipnv Tis peTaPAnTiis XER, dvmioTokel pia Tiph ExdoTng
TEV TPLYWVOHETPIKGY TUVAPTNOEWY GvNKouoa els £V oUvoAoy Trpary paTIkEdY &pi-
Buddv, Stav, dwoeital, 1) ouvdpTtnols SpileTar i1 THY TNV TaUuTny Tfs HeTo-
PAnTHis x. Eis Ty mepimTawo altiy of dvwTépw SpioBeioon ouvapTraes Adyov-
Tal: tpaypatikal tpryovepstpikai ouvaptiosis. OUtws al ouvaptroes, ai ool
Spilovtan GO TAS W = NpX, Y = OUVX, Y = EPX, Y = OPX K.T.A. elg Tds Smrolag
) weTaPAnT X voeitan SiaTpéyouca TO ouvohov R kol 1) y dpiopéva oUvoha
TpaypaTikGY &pibud, elvon TprywvopeTpikal ouvapTioels T@Y TPOYUATIKEY
Gp1Bpcov.

KdBe TprywvopeTpikt] cuvdptnols éxel dos Trediov dpiopol Tng TO olvoiov
R, Tév mperypartikév dpiBudy, taipouptveoy T&Y Tiud, ai dmoic EpgaivovTal
els TOV kaTWh Trivoka *

TUVEpPTNOIS eblov Spiopou ; Tedlov T
y=mx TR T o e | (veR|-1 <y <1

W = guwx n R | {yeR -1 <y < 1}

W = epx R—{fzﬁ+!<11'},nez [ R

w = ogx R — {km}, keZ R

Y = Tepx R—{;-H w}‘nez | {yeR |y < -1}, {yeR |y > 1}
Y = OTEUX R — {«kn}, xeZ ‘ {yeR |y —1}, {yeR |y >1}

B) Al Tipad TGV TPIyGVOUETPIKGOY TUVapPTOEWY TEY TPayHaTIK®Y &pi-
Buddv Biovtaon els Trivakas, elpiokovton 88 af Tipad alTtan pé pebdBous, Tés dmrolag
XPNoipoTolouy T dvidTepa habnuaTiké. (BAéme Trivaxas els Tas TeAeuTaias oe-
AiBas ToU BipAiov).

TTpokelpévou V& KOTAOKEUGTWHEY TNV YPAPIKNY TOPACTACI, T.Y., T&V
TPIYWVOUETPIKGY CUVAPTNOEWY Y = MUX, Y = owX Y = epX, Bibopev els Thv
HETaPANTHY X TipGs &mod 0 Ews 21 ol elpiokopey Tds dvrioToiyous Tipds Ts
veTaPAnThs W &mo Tous Tivakas. Kabe (eUyos dvtioTolyev Tiuddv dmeikoviletal
uE Ev onueiov ToU EmimréSou, els TO dmroTov éxopey AdPel & oloTnua dfdvwv dpflo-

(*) Aév elvan drmapaimtov ol palnral va dropvnpoveloovy Tov mivaxe. Abvavtal v& cup-
Bovhebmvtar adtdv doduig tov yperdlovrat.
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kavovikoy, QUTw, T.X. gUplokopey 516 Ths &
Tiuds, of dmoion tupaivovTal elg ToV KaTwWH TrivaKa :

[ =% )”]_w:ﬁﬁ}'] —owx | = x|
0 l 0 1 i 0
F=052 | 050 087 | 0,58
iy |
- = 0,79 ‘. 0,71 | 0,71 ' 1
. ] \.
-5 = 1,05 I 0,87 l 0,50 [ 1,73
_g_ ~ 1,51 i 1 0 | Biv opileren (*)
|
2r o0 | 087 0,50 <195
32— ~ 236 | &l -0,71 -1
5—2— ~ 262 | 050 -0,87 0,58
w~ 3,14 0 -1 0
In . 366 | -050 | 087 0,58
3} ~ 392 | 071 -0,71 1
19 | 087 0,50 1,73
,321 ~ 4,71 =1 0 Bty OplleTon
T v 523 | 08T 0,50 1,73
3:11 Sy | =0Tl 0,71 =
‘J(_% 576 | 0.5 0,87 -0,58
.l
omr~ 6,28 0 1 0 A

Eupiokopev +& &uTioTolXa ON”
peia el To Emwimedov xOy kel &
veovopey aUTS S Hias SpaATIS KoK=

yeortépes ouvapTioels Tas QvTIoTolYOUS

UAns. TTpokyTrTouw TOTE ol Ké&-

Tl ~ypagixai TTopaOTETES, &K e
&y droleov ) TIPLTN AgyeTan 1i- e
| ) BeUTE-

PITovVoEIBT|G KapmOAT KX
pa Guvqplmvomﬁﬁg KOpmoAT.

(*) 8. BEV gye Ewvoray pay e TIHOD &ptOpod.
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146. MEPIOAIKOTHE TON TPIFQNOMETPIKOQON XLYNAPTHEEQN., THMAEIA THE
NEPIOAOY.

"Eotw f pia ouvdptnors wés ueTaPAnTHs ué Tediov dpiopol v olvorov T,
TPaYUaTIKGY &p1Buddy, EoTw B8 61 Umrdpyel els TporyparTikds &piBuos p Sidgopos
ToU 0 TotoUTos, doTe v foyin :

fx+p) =100 (o)
Bi& k&Be Tipty Ts peraPAnTis, Sik v omoiav 1) f opileTon. Aéyopev els ThHy Tre-
piTTwow aithy 8T & p elvan pia nepiodog s ouwvoptiioews f, § 8  AdyeTtan
meprodikn cuvdpTnols. Kard T dvartépe 0& elvan :

L+ )+ p)=F (x + p) = £ (x)

&nA. f(x + 2p) =f (x), émep onuadver 611 2p elven érrions pia TrepioBos Tiis f.
‘Ownoles 3p, 4p,. .., Kp, dmrou keN, elvan mepioBos Tiis f. *Edw ) f elven mepLoBikr
O UIKpSTEPOS BeTiKOS Gp1fuds p, & Gmoios elven mepioBos s f, Adyetar: mpo-
tetovoa mepiodog Tis f.

"Eqw el Ty dvwtépw lodtnTa (o) Béowper Sou X TO X - P, Aaupdvopey

fl(x-p) + p] =f (x- p), Hiron

VXeZ : f(x) =f(x - p)
BnAadi| kai & —p elvan pic mepiodos Tiig f kad Eopéveos kad & —2p, —3p,. .. e
vikéds Aordy pia ouvdptnaots £ 8& Abyeton mepodikn, tav Bid kdbe Tipty T
ueTaPAnTiis o T meBiov dprouol Tns, oyl
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f (x) = f(x + kp), oMoV keZ — {0} xoi p elven oTaBepos GpLopévos
TparypaTikds apifpos.
‘H #hayioTn Beniki) Tiuf) TOU Kp AfyETAl !
cuvapTnoews f.
OUrew, .Y
TAsupdw, B ioyUouv ai iocoTnTES -
nux = nu (x + 2kmr), OWNX = oY (x + 2kr)
Bicx k&Be Tipfy Tiis ywvias X. ‘Erropévews of oUvapTACEIS Y = NKX, Y = ouvX
elven mreprobikad. Kai, gmeidh) Bia k= 1 7| TapdueTpos 2k AcuPdver THY EAayi-
oty BeTIKY TIHNY, hoels aUTal EXOUV TipwTEUoUCay TrEpi-

§1& ToUuTO al oUVOPTT
ooy 16 21r. *H auvdpTnois Y = EPX Eyel 05 mepioBov T 21, 8161 ep(X + 2m) =
= X, AN’ &1 @ TpWTEVOUTAV Trepio

Bov, &rres B iBcopey els T& Emoueva.

‘H xoTookeut) THS YPOPIKS TIapao TEOEWS wids mepioBixfls ouvapTiioews,
Smreog 1) @ = npx, kobioTaTal cUKOAWTEPQ, DIOTI GpKED VA KOTOOKEUAOWHEY £V
Tufjda aUTTS. MMpdypari, EreIldn NUX = ﬂU(’E e 2'“')‘ = T\U: (x ‘1‘ 4m) w1, of Ti-
pai s ouvapTioews, ol Srroion GUTIETOIXOW elg "rcrg‘-nucxs"rng"x amo 0 Ews 27
sunrimrrouy b Gcelvas, o BmgTon’ CUTIOTRIXEVS els 7ds TIMOS TS X &mrd 21 Ews
dr, &md 4 fws 6T K.TA. T €IS Térs Tipdes T X érrd —2mr Euos 0, —Ar fos 21w kTR,
*Edy Aomroy KOTOKEVEOHEY & TN THis ypapikfis TOPAOTATEWS THs = NuX,
roiov GuTIOTOIXET ElS Térs Tipds Tiis X &mwo 0 s 2, &pkei
trrerta pioc TopdAAnhos peTadeois pos T'%’" &Ec‘wa' Ox K':de.&,d”}"G”a dAyePpi-
kfjs Tiufis 2 7 _oqr 1 & EXHeY 0 GUETWS ‘ET.FOHEUDU 1 :ro ():ug‘o'ws WT\POT]YO\J-
pevoy Tufipe Tfis TopaCTATIKS KaWTUA, TTOU GUTICTOIXET €ls TS TIuds Tfis X
&rd 21 Eoos 4T §) GO _om & 0. ’

‘H ourdpTnals Y= EQX Exel TPWTEVOUTX

gl Td Emdpeva.

1] TpwTeYouoa repiedog T

¢rraidn ai ywvica (%) kod 8427 - k £xouv THY oUTHY TEAIKTY

w.x. TO Tijpa, TO &

v mepioBov TO T, Smreds B 1Bcopey

TOTHTEE METAEY TON TPIFQNOMETPIKQN EYNAPTH-
AL (TOY AYTOY TOEOY). 2

Eps@oney els & mponyoer 8 140, waparhpnais In) 6T petaty Tév Tpi-
YCOVOHETPIKGV oUVaPTTOEWY Tig QUTHS yewvios 8 foyuouy ol TauTdTNTES :
1

1 g B Sy
e = e 1 STER = s R g (©

147. ®EMEAIQAEIZ TAY!
LEQN THE AYTHE NI

"EoTw TP TUOUOX yovia 8, ele kavovikty Béow, Tiig dmolas 7 Teixd
mrheupts Bty oupTriTITEL pE HuiGtova (x- 147). Tore, ué Thv TpoUTdleciy 6Ti
X ' 8 xai Emropéves owd # 0 (8nA. O # kT + /2, KeZ), B Exoouev :

(*) "Ewooliey ywvioy &

el axrtlvia.
) 251

eBpueiic TS 0, <iig dmotag yovlae f drbhutog Tl Eyer ebpeby
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gt =0 | ()

ouvh
&
_ X _ p_ __ aowd
o-?ﬁ_ T _—-—-_q)_ ﬁ——nue s A,
Ty, 147 3
ouvb & i
oph = e (y) émou UmroTi-

Betau &1 A 6 elvan yoovloa B1x T Smolav nub # 0 (BnA. 6 # kv, keZ).
’EE &Aov, &k ToU SpBoywviou Tprywvou OTIP, Exopev :
x?+yr=0p* (§)
Arcapolvres T& péAn Ths (8) Sidx p? ebplokopey :

gl it e Ny o
p‘+p’*1'5n7\'(p)+\p) !
7 omola, Emaldn x/p = owb kai y/p = nud, yiveta

owH +nuB=1| (g

AwcxipoUvTes Té péAn Tis (8) Bid x2, UmomiBepbvou X # 0, ebplokopey
LA G e
() = (2 ovest
I 1 + e@®0 = Teud J (8)
ArcipolvTes Tér weAn s (8) i W (y # 0) eplokopey (—::7)2-1— 1= (TZ_)E'

5nAad) :
_rl + o9 =oTep® | (1)

Al TautétnTes (o), (B), (¥), (B), (&), (D), () elven ai BepeAichdes oytoeis
HETQELU TGV TPIYWVOUETPIKGY ouvapThoewy tiig abtilg ywvias (Tol alrroU To-
tov).

148. E®@APMOrAIL

1) N& ékppaobij éxdorn T@v TpiywvopeTpikdy ouvapTrioewy Tiis ywviag
6 &k ToU mud.

Abog: Ex ToU TUmou ou®® + nue =1 Eyopev :

252

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrg



SupRoAikdys ToUs SUo TUTTOUS YPAPOHEY :

+VI—n6
47‘“6,,_“_“.2.____ c'q)@:——: g
E(Pe_cruuﬁ_' i\/l—ruﬂﬁ’ ep O b
e ———— D‘Tgp = a
Tewd = 5= L/ T-nw'0’ nu

{ns kabopileTa, tdw yvoopilouev els molaw yeo-
Y U Xy BEV EU-

i s ) . N mAeupd Tiis ywvias 8. OUrw, T.X.,

fow ey &Edveov evplokeTan fi TEAIKN T 1520 Vi

U{ngToﬁ e Beuiép v yeoviaw TGV &Edveov, B AaPeopey TTPOKEIEvOU v EUPL

. - __/T=nute, &6 pla TolauTn yovia Exel ds

To mpdanuov Tiis TETPAY- pi

pev TO guvd TOV TUTTOV ouvﬁj
suvnuiTovoy &pynTikdy GpiBUov. . , R I

2) N& ékppacfolv ai TPIYWVOUETPIKAL ouvapThoels Ths ywvias 8 & Tiis
eqf. :
¥ Aberg: ‘O Tumos (0 s TPOTYOUHEVNS § 147 &iber :

1 1 20 <>
Tep20 = 1 + €90 <= m—1+5¢

| y
1 | ouv = - = o)

Vgt 0 _ cog euploropey
"Ex B¢ ToU TUTOU o = P (i

MO epf <> nub = ouvfegh <=
éUV S

1 ___ e <= M = e

1 | orel® =—5=" 8 ‘
Téhos elvar 098 = 5 Kol OTEMU = 7 €

sgruov Ths TETPSY: pifns xadopileran, Svav ytémplgmusu

1 2866 TO PO . ; ¥ Ths yewvias 6.

: t(cn sic:)iw .l.g,‘f &Edvwv guplokeTal 1 TEAIKT) TTAEUPX TNS Y S P

ki < ¢ \oUVTES TOS BepEAILOBEIS TC(\JTéTT]Tas" chmte? ew ex{pwufv
3) XP?GIU?AT;C;U oIy JOUETPIKGY OUVAPTNOEWY, OTAV Boff 1 Tin ds

T&s TIAS TV X

e 3 \ _2700.
E O:UT?JV T &7 efvat ﬂue =% Kal —3609 < 8 < 270 )
g — 1, eupioxopev ow?d = 1 —nu®, &bev

, = ouv*@ -+ nu’e
S Vis == VE - et 4
L G pe = = = 25 i . .
owd = -y i) oL gis Th | yeviow Tév &fdvewv B AdPwpey TO
wvias B €V

mAeup& TS Y : wvia Exer ouvnuiTovov Gerikdy. “Ouoiws el-
; 671 plo TolWTN Y
Tpodanuov +, B
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3
né 5

plokoper &mi 1 egf = —— =

3 4 5 5
-4_MT' crq;B:T: TEue——‘}-! oTepd = 5
5
"Qs Selrepor TrapdBelypa EoTw £ = — 2 'Emrein) 1) €98 elven &pymTikn, 1

P POOELY P iz ¢ £ n

6 & elvan yeovia pé TeAkny Aeupdw eis T Il ) IV yoviav Tév &Edvwy. EUpiokopey:

1 12
Cl'q)e = -Eﬁ = — —'5 =
owf = 1_—_— =l foak s ___l_._ e 12
A RINELY s VP STl R
¥t Y
ik o 13
Ml = =k e
=
@b 12 5
npe. = — = ——a =4 ==
. 13 13
vitee D
oTepd = -—:l-e- — LSB'
"Edv 1) 0 Ex TeAITY TrAsUpaY *Edw 1) 8 éxn) TeAikiy TAsupSY
els Ty | yeviaw 16y &Edveov. els TNV yowviav Tév &Edvav
) Ly 5
£Q =S e = — iT
o :—-% opb ——-LS?-
13 13
Tepd = — SV TEPH = SV3
12 A
oul = — 13 owb = 3
13 13
oTepd = 7 oTepd = — -5
5 5
UL R N =imerm

4) Mt PBdow Tds BepeAidBers TprywvopeTpikds TauTdTNTOS Suvdpeda v
drobelfoper SAAas TprywropeTpIkds TaUTOTN TS,
Hopaderypa lov: N& &moBeaydiy émio:
W38 + nubouv*® = nuo
Avorg 1 nuh + nubouwd = nud (Mu*e 4 our®e) =nud -+ 1 =nud
IMapaderypa 20v: N& dmobeydiiy 6t

e STEHX
R T =
” 2 = 2
Amg: EQK“”G‘PX: ‘MR +0’\_JV_‘{_:T]|-‘)E4VSHV.’( —_—— 1 R
auv X e X oUVX MU X WX NEX

1 1 1 OTEM X

= —— e e ~OTEPR = ———

ouv X X ouv X ouv X
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Mapaderypa 3ov: Na dmodeiydi ot
l4+ouwx _ NHX
Tk l—suvix
Avorg : *Ev TpdyTOIs TIRETEL § MUK # O kol 1 —owvx # 0.

]+ouvx_(l-|—auvx)(l:_gﬂ)9__ limouut X & nu? x N X
e Thex(d—owx)  nux(l-owx) T I—ouwx

e Tonx (1 —owx)
Mapaderypa dov: N& &modeydij 671 :
_ mux g lA-euex
2 omel X = g me=thS s
i . nux 1 +owx _ nu? x + (1 + ouv x)*
LOISE ercuwx a® ) mix — 7 nqux( +owx)
nerx 4+ 1+ 2 o X + ouvt X (qu2x +ow?x) + 14 20uwx
A X (T:&va) nux (1 + ouvx)
l+l+2wv§_72_+2wvx A D)
X

Il

= ax( fowx) mex(+owx) Texd Fowx)
:__2_..:2-_,1_:20-1-5“)(
nux X
Ex Ty QuooTEP® TrapaBEly HATWV ylveran govepov 611, Si1& v& dmodelfeo-
pev &m pla lodng TEPIEXOVOX TPIYWVOLETPIKGS oUVapTNOEs, elvar TautdTng,
Trpémel Ko Gpkel v AGPwiEy 16 Ev pédos aUTiis (TO mpéTov 7 TO BeuTepov) Kal
818 karTaAAT|AY HETOOYTHATIOHEY vé karaTiEwpey glg TO :’\j?mo uéhos. Els oo
viag TrepITTTCELS peraoynuaTifouey kol T& SUo péAn, Bi1d v BuvnBduey v 18co-

wev &v TpdkeiTan Trepl TOUTOTNTOS:
AZKHIEIL

467) ‘Edv fwaz—% wal 00 < 0< 90°, v& elpete ToUs &GAAOUS TpiywvopETpIKoUs
&p1Bpovs Tiis 0. 5
3 “ ;
468) 'Edw ouwd=— g wad 900 < 0 < 180°, v eUpete ToUs &AAous TprywvopeTpi-
koUS &pifuols Tiis yoovlas 0. L
= 0 v& el b &M
a6 B s == R0 RS Rl e e
Kous &piBpols Tiis ywvios 6.
4 & =
470) 'Edv e9f =— "3 kal 2700 < 8 < 3600 v& edpers THY &pi@unTiky Tty Tol
nub + owd —e9d
KA&opaTos Teub J orend —ogb
471) N& dmobeixdi] &M :
oy opf Tend = 1
472) N& dmobexdij o7 -
a) iu*e (1 + 09%) = | B i iR i Ol
473) Na& &robeiy 6 &1 ¢ S
(nud + ouvd)? + (nud — oW =

o o7 o1 :
414 Hiceri el 9% ow? + o nutd =1

B) Tepd — TEpd NP0 = ouvd
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475) N& &mobeixij oT1

ouvl
epb 4 m = Tepd
476) 'Opolws &11 ¢
1 —nupb ouvh

0 “Fg =Tamw Do o =2ng1
477) N& &mwodeyfij 6T :
Ge-nx 8%
nuix 1 4 ouwx

478) N& 4&mobeydij o1 :
CUVX X — NHX EQX
T oTenx — Tepx

479) N& amodeydiy omi:

=14 nuxour x

MHX — guvX Al
. EQX OTEUX — TEMX OQX L s
480) Na& d&moberx8ij 6T :
1 — ep?x ouvix
) [Fegx = 12w B 1T = kX

481) N& dmoberydi) ot :
1 1 _ 42
OTENX — OQX | OTENX | 09X | EGX
482) Na& dmobeixdij omi :
nuta (1 + o¢ta) + ouvia (1 + epla) = 2
483) Na amoberyfij 6T :
(Tepa + ega — 1) (Tepa — egpa + 1) = 2epa
484) N& d&mobeixdn ém :
(1 — nua 4 owva)® = 2 (1 — nua) (1 + owa)
485) Na& &mrobeiydij 6m :
epa+ ogP __ spa
opa+ egp P
486) Na &mobeayfij 611 :
nua ow'p — owvia nut P = nua — nup
487) N& dmrobeayfi) om :
(nua ouvp + owva nuB)? + (ouva owvp — nua M) =1
488) N& dmobeybij 611 1) mapdoTaois :

ni'a 4 ouva — -“23+ (nuta 4 ouvta)
éxer plav oradepav Tipfy dvetdpTnTov ToU a.
489) N& dmobeybi] & 1) mwapdoTaocts
nuéa 4 owfa — 2 (1 — nuta ouvta)?
Exer plov orabepav Tipfy dvebdprnTov ToU a.
490) N& amobey i) ém1  mapdoraois
nuta (3 — 2nuta) + owta (3 — 2 ouvta)
Eyet Ty otadepdv dvetdprnTor Tol o
491) N& dmobeybij &mi:
20uvix — 2npBx + 3nutx — Souvtx + 3ouvix = nuix
492) N& &mobexdij 671 1) mapoTacts
nuéx + 3nuix ouwvix 4+ ouvsx
ixer Tipny otaBepav dvetdprnTov TOU X.
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ANAMQrH EIZ ZYNAPTHZEIZ OETIKQON OZEINN rQNIQN

149. rQNIAI ME KOINHN TEAIKHN MAEYPAN

*EpdBopev elg Thy § 140 6 yoovicn pé Koy TEAIKAY TAEUpAY gyouv Toug al-
TOUS TPIYWYOLETPIKOUS &p1Bpols kal €is Ty § 137 6, STaw BUo ywvicn (BwoeiTal
TéwToTe : €lg xawovikhy Béaw) Siaptpouy kAT 2KT (360%), ToTE Exowv KoWwty
TEAIKT|Y  TIAEUPAV.

‘Erroptveds EXOHEV TAg KATW!

nu (60 + 360"!() — T]Ue"

ow (8° + 360%) = owd’

£ (8° + 360%) = eq8’

OUTe, T.X., Eval :

o 410" = K (500 + 360u) — ﬂu5ou

ouv 870" = oww(150° + 2 360") = owv 150°

ep (— 1000") = €9 (80" —3- 360v) = eq 80"

61 TauToTnTAS, SOV KEL.
op (8°+ 360%) = ogb’
Tep (8" + 360%) = Tepd’
oTep (8° -+ 360%) = oTepd”?

150. TONIAI ANTIOETOI (TOEA ANTIOETA)

“Egreooay Buo yowvia 8 xai —0 €ls wevovikhy Beaiv. *Erri Tijs TEAIKs AU~
pds Tiis B AcuPavouey Tuy OV OTHEIOV P (x, ) xai ¢ T TeAIkTs TAeupds Tiis —0
AapPdvopey TO OTUEIOV P’ oUTws, GOTE v elvea (OP") = (OP), Snh. p' =p (X

150). .

*Emreibi Td Tpiywvoy OPP' ¢lven loooweis kal i Ox BixoTouel Thy ywviav
Tfis kopugfis Tou, 6 efvon PP’ _|_ Ox xad AP = AP’. To onueiov oo P! elven
CUUHETPIKOY TOU P cog rpOS Tov &kova x'OX%, &pa efvat P'(x, = ¥)-

Pay Py Ty 2(5Y) y 4 Plry

Iy. 150
“Exouev AoiTTov OTI
ﬂu(”‘e)f P' p P
i _—;l—z—-J:UU\"e
ow (—9) o >
—y_ _ Y — —¢of
o W e £Q
v -ORE Tk
U<P(—9)—:‘q,z‘$:’“4’ﬁ
TE”(_Q)__%:%:TEUG
S e —
orep (—8) = _—_%’—— % orepd J
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"QoTe - fav ovo yoviar sivar avrietor, tote Exouy 10 uUTo ouvpitovoy Kai
mv avtiy tépvousay, avulitoug 6L Toug GLLOVS OpmVOROUS TPLYOVORETPLEOVG
Ty apibpone.

QUrw, Ty, 7B ((—20") =—nu20"
ow (— 20") = ow 20"
£@ (— 20") = — 920" k. T.A. K. T.A

ou (— 300) =aun 300 =V 2

151. TOQONIAL EXOYEAL AGPOIEMA MIAN TTAHPH FONIAN, (TOZEA EXONTA AOPOI-
"EMA MIAN TIEPIDEPEIAN)

"EcTwoay, s kavovikny Béow, duo ywviat & kai 360" —6. Tvwpilopev
(§ 137) 6m ai yowvion —8 kai 360"-6 Exouv kowny TeAkTY TAeUp&Y kol ETTOME-
veas Eyour Tous aUTols TplydvopeTpikous &pifiuols. ‘Emopevcs Ba Exwuey

¥ g y 9t 7
P
\\‘\
P ()
Zy. 1351
nu (360°—8) =nu (=) =—nud |
ouv (360" — 8) = ow (— 8) = owb
ep (360"—0) =cp (—0) =—eqbd .
0 (360°—8) = (—0) =—opp (191
Tep (360" — 8) = Tep (—6) = Tend
oen (360"—8) = orep (—6) = — oTepd

“Qate: tav 600 yovial Eyouv dlporepa piav minpn yoviav (360°), tote
Eyouv to alto auvnpitovov Kol TV avtny TEpvousay, avubétoug 68 Hhoug TOUg
{ih.h0Vg OpOVIROUS TPL7OVORETPIKOUS ambpong.

OUrew, )., Eval :

M. 330° = —nu30* = _\z.i
e 300" = —ep60° =-— V3
ouv 3159 =oguyv 45" = \’_2_ K.T.A.
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152. FQNIAI TIAPATTAHPQMATIKAL (TOZA EXONTA AGPOIEMA HMIMEPI®PEPEIAN)

w 8Uo ywvial 8 kol 1800 — 6. (Aix v& oxedia-
cwpey THY 1800 —9 KaTAOKEUGWPEY TV § Kol TIPOEKTEIVOUEV fTrelTa TNV TEAL-
ki aUThs TAEUpEY war GuTiBeTov opav BA. OTPEPOMEY THY TEAIKTV TTAEUpQY
auTis kard ywviav 180°). Aappévopey TUXOV onpeiov P(x, ) Eml Tiis TeAwhs
mheupds THs B kad el TAS rehikfis TAevpds TS Yvios 180° — 6 Aaupavouey on-
OP’ = OP, &méTe & elvea p' = p (x- 152).

"EgTewoav Elg KQVoviKiy Bto

yeiov P’ dote va elval

pxy)
sy. 1 52

Aoye Tis lo6TNToS TGV TPIY WYLV or1P |_<cci OIT'P’ elven : (OTT) = (OTT")
vail (TTP) = T1'P"). ‘Erropéveds o surreroryubven ol P efvan —x kol p, B R(=x,p).
O4& elvar Aorrov :

nH (180" —9) = .‘:, — _‘:, = nub ]\
cuv(lBO“-—e) :_'Pf,x:__’;. 2 sl “

~ e (1B0EELE) _ﬂ*).( :_% — —egh e
oo (180° — ) :%,5:—%:—@9
ey (180°—0) = %: b= ey
oren (180°—8) = i;'_: L —ome |
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“Qoe : "Eav 800 yovim sivar napardnpopatikai, tote Exovy 10 adto fpi-
tovov Kai tiv abtiv ovviépvovcav Kai avtifitoug tovg dhhovg Op@VOpovs Tpi-
YOVOpETpLKoDg tov gmbpoie.

OUtew, .. &madn 150° + 30° = 180° O« elvan :

nu 1500 = nu30°® = _;_
V3
2

ow 150°= —ow 30°= — =~ «k.T.A.

1
153. FONIAI ZYMIIAHPQMATIKAI (TOEA EXONTA AOPOIZMA - TIEPI®EPEIAL)

*Eotwoay els xavovikny Béav, 8o ywvian 8 kai 90° — 6. (A1 v& kaTaokevd-
awpey THY 90° — B karaokeudlopey THY —0 kai oTpépouey ETelTa THY TEAIKNY TTALU-
pdw aUrTiis kKo THY BeTikiy popdw karra 90%). AapBdvopey Tuxov anpeiov P (X,y)
¢l TeAikdis TAeUpds T yovias 6 kol émi Tis TeAkfis mAeupds Tis 90— 6° Aap-
Bévouev anueiov P’ olrtws, doTe va elvan OP' = OP, 8nA. p' = p (2x. 153).

Aoyw Tiis iodtnTos TéY Tpiywvwry OTTP kol OTT'P’ Exopev (OTT') = (TIP)
kal (TT'P') = (OIT). ‘Emropéveos & P’ Exel TeTunuéviy W kal Tetaypbvny x. “Exo-
Hev Aotrov :

000 — By = 2 =% _
nu (90 )] = 5 ouvl

0 — = i == i =
auv (90° — 8) 5 = e
e (90°—8) = X —gob

b (153,a)

op (90°—6) = —k:— = epf
Tep (90°—6) = % S % = oTepd
oTep(90°— 6) = % = % =Tepf
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“Qars : Bav oo yovia givat SUNTANPORCTEG S i et e
25 abtoOv looltal pE 6 coynuitovov Tiig @XM 1) EpantopEv pé TV GUVEQATTO-
péVIV Kai 1] TEpVoVed pe THY GUVTEPLVOUGEV.
OUTw, T.X., LTSN 20" + 700 = 90°, B& EXOoHEV
nu 700 = ow 2010
guy 700 = nu 20°
gp 700 =09 200 K.T-A.
154. TQNIAL AIAGEPOYZAL KATA MIAN OPOHN (TOEA AIA®EPONTA KATA TETAP-
TON TMEPIOEPEIAL)
"EgTeo 8T1 EXOMEY, €IS kavovikiy Bk, TAs yeovias 8 kai 90° + 0. Othopey

e {8eopey Téds oxeTilovTal ol Tpiymvoumpmoi eov &pifpol. “Ereidn (90° -+ ) +

+ (900 — 6) = 180", 81 couto B& Exconev (§152)
nu(90° +8) = 1Nk (90" —8) = ouvl )
ouy (900 4 8) = — oW Q0" —8) =< nué ‘
ep (90° + g) =— €9 (90° — 8) = —apb
oy (00 + &) =—c¢ (-8 =~ (i)
Tep (90° + 8) = — TEH (90 —0) =— oTepd
otep (90" + §) = OTEM (90t = ) = Tepd
eraidn 1100 = 00" + 20°, B Touto O elven :
ne L10F =AoLy 20°
guy 1100 =—"H 200
g (0% ==Cp 20" K.T.A.

OUTw, T-Xo

155. I'QNIAL AIAGEPOYZAL KATA EYOEIAN - FQNIAN (TOEA AIAMOPENTA KATA

HMIHF.I’I(DEI’FAIA.V)
"Eoreooaw ol yowviot
5h 180° 4 6 =90"+ (90" + 8), §i1&x ToUTO B EXCOUEV
nu ( 180° + 6) = nu [ 900 4 (90" + ©) ] = ow (90° + 8) = — nud
ouv (180" + 8) = oW [90° + (90° + g) ] =—nu (90" + 0) = — o
ep (180° + 6) = €9 [90° + (90° + 9) ] =—9¢ (900 + 6) =90 ,
op (180" + 9) = 0@ [90% (90" + 8) ] =—¢¢ (90° + ) = ogf

ep (180" + ) = TeM [90" + (900 + 8)] = — oTE (90° 4 8) == — Tend
e (1808 4 8) = o= [90° + (90" + 6) ] = Ten (90° + 6) = — oTend
Auvvbpeba va tpyooBGUEY ol cos e @ Emeidn (180° + 8) + (180° - ) =

— 3600, 51& TOUTO (§ 151) B EyOMEY
Y (180”‘!—6) = —n¥ (180" —9) = —nub
Fw (180° + g)= oW (1800 —8) =— ouvb
ep  (180° §) = — €9 (180" — 0) — b
op (180° 1 8) =—op (180"~ 8) = o¢f
e (180° + 9) = Tew @8 == Tepd
orep (1807 + 8)=—"GItH (1800 —8) =— oTepd

g kai 180° 11§, al STrolal SIaPEPOUY KaTX 180°. *Eqrei-
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"Qoe : £av b0 yovial dwagépovy kata 1809, tote Exouv Ty abtiy éganto-
péviy kal tiv abtiv suvepantopévny, avibitoug 8¢ toig dhhovg dpwvipovs -
YOVOPETPLKOUS TV apiBpoig.

OlTw, Y., Emeidn 225° = 180 4- 45°, &i1& ToUTo B elvan :

nu225° = —nu 450 = —\Lzz—
£ 225 =@ 45° =1
ST

2

Snueiwots. TlapatnpoUuer 671 e (m + 6) =ep 8 xal 0@ (7w 4 6) = op 8. ’Emiong
€ (2 + 8) = €9 0 xal o9 (2 + 0) = og 6, dmws yvwpilouev. ‘Ouoiws elvan ep (3 + 6) =

— e [2m + (7 + 8)] = ep (m + 8) =ep & kTA. “"HTol al owapThoss Y =epx kal y=o09X
Exouv TrepioBov TOV TI.

ouv 225" = —ouv 45" = KA,

156. ANAIQIH TPIFQNOMETPIKOY APIOGMOY TYXOYIHE I'QNIAL (TYXONTOZ
TOZ0Y) EIL TPIFQNOMMETPIKON APIOMON MH APNHTIKHE I'QNIAEZ (MH
APNHTIKOY TOZOY) MIKPOTEPAL TOQN 45°.

"Epapudlovtes Tous TUTTOUS, TOUS &mroious éudBopey eis TS Trapory papous
149 fws 155, Buvdueda va dvaydywpey TRV e0peciy EU0s TPLYWVOUETPIKOU  Gpl-
Buou Tuyolons ywvias 8 (BeTifis §y dpynTikiis) els T elpeow TPIYWVOUETPIKOU
&p1BpoU ywviag i dpynTikfis kai pikpoTépars TGV 45°,

"Eotw, T.X., &T1 {nTeiton 1) e (—1250%). *Ev mwpddTols yvwpilouey ST
ep (— 1250%) = —eg 1250° (§ 150).

ArcupoUpey Todpe Tov 1250 818 360 kad eUpiokouey nAikow 3 kad UmoAor-
mov 170, &pe elvan 1250° = 1709 + 3 - 360°. “Exouev émoptveds :

g (— 1250") = — eg 1250° = —eg (170° + 3 - 360%)

=—cq 170" (§ 149)
= ¢pl10° (§ 152)
‘Ouoiws eUpiokopey &TI ¢

nu (— 1385%) = — nu 1385° (§ 150)

= — nu (305° + 3 - 360
=—nu 305° (§ 149)
=nu 55° (§ 151)
= guv 35° (§ 153)

Mevikdds Suvépeda va dxohouBdpey Tov Effjs kavova : *Avaryopea rpéoTov
els yoviav BeTikiy kol pikpoTépay Tédv 360°. “Emerta édv fi ywvia altn elvan pe-
yohuTépa Téw 270° Thy ouvbudlopey p¢ Thy 360°, "Av elvar petaky 180° kai 270°,
eUpioxopey ooy Biagéper &1rod 180 kal Thv ouvBudlouey pE THy Blagopdy aUTnV.
"Edw elven peyedutépa tév 90° kai pikpotépa Tév 180° Ty owvbudlopev wé TNV
TapoTATpwRATIKAY Tr§ kel TEAos Eqw efvan peycduTépa @ 45¢ xal pikpoTépa
6w 90° THy cuvbudlopey pE THY CURTTATP@UATIKNY TNS.
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Ilapadeiypatd
nu 290° = — N 700 = — ouv 20°
ouv 2600 = —ouv 80" =—TH 100

ep 1400 = —£¢ 40°
og 85° = €9 50

AZKHIEI z
493) N& &vayfolv s -rpzywvounpmoog &piBpoUs Ui &pvnmikiis ywvias WKPOTEPDS
<&y 45° ol wérwh Tplywvouz'rplxo’s &p1bpol :
a) nu 135° p) ow AY5Y y) ep 200° 5) ag 400° ) Ten 325°
oT) ow (— 7600 D) &9 (— 1385%) ) nH 2880° 6) oTel 825° 1) oTep 610°
494) N& eUpeTe &g TIHGS (dmplﬁeig) TV -rpsywvoue-rpmibv oUVapTHTERY T, TW,
£p, O TGV yoviv
a) 150° p) 225° y) —330° 5) — 120° g) —210° or) — 315
495) N& éxtppucrﬁoﬂv ol kaTwh -rp1ymuo|.15'rpn<ol &piBuol pi Tp1Y WVOLETPIKOUS &piBuoUs
Tiis ywvias 8.
a) ow (8 — 909), B) P (2700 — ),
&) nu(®— 270%) £ nu@-— 180%) ot) ow (270° + 8)
0y nu (8 —7200 n) e (—540° + 9 g) ow (6 — 180%)
496) 'Eav e@ 250 = a, V& guped N TN 16V KAOOPATWY
ep 155° — e 115° 205 ey Ll
B) ~cp245%  eq 335°

y) ow (8 + 540°)

@) 11’?1”5‘5@;71‘1’5‘-
iy - B 4 r A
p&x BeryB7i 611 MH(B + M=nuAxal aw —5—=1h3.

497) Eaw A+B+T= 180°,

fvan ywvia pE TNV TEAIKT is Ty BeuTtépav yeoviaw Tév &Edvev

v TS TAEUpAY €

498) "Edw B € /
(BnA. 900 < 8 < 180%) &1& THY srrolaw elvan @ €@ 8 = —2/3, v& &mobedij ém Ao
o — L g)—ow (180°-0)__ _ 2
g (270" + 6) + 09 (360" — 8) \/]3,
ep (90°+ 6) + (1800 E0) 24 Q
B S e - -0 9 oW
499) N& &mrodearydii 6T ¢
a) ow 0° nue 270° — 2 guv 180° €9 450 =3
p) 3nu 0" Tep 180" + 2 grep 90° — oW 3600 =1
T ™
y) 2TeuT aw0+3 T 5 — oTEL 5T — 0 6 :
3w
25 4+ TEW 2w —OTEL 3 = 2

§) €Qmw oW "3
500) N& &mhooinBolV <& w&TO KAGOUOTH ¢
) ouv (90° + @) Teu (— ) €@ (180° — @)
o) g (3600 + ) (180° + ) a9 (270° — @)
nu (180° — o) 09 Qs a) ow (& — 360%)
Phceg (180° + @) €@ OO 2 ow (270° + @
501) ‘Ouolws T& karwt KAQopaTa *
ouv (JT' S G) rep (— o) ep (T~ a)
LG e
‘TEii(ZTT-}'G)ﬂD(‘IT-F a) crcp(—2— -c:)
263

@ . .
nptomoiBnke andé to lvotrouto Exkmaibeutikrig MoMmikig



w(E-aan w(fra)u(-F)
P gm-—Powm-—o 7 ow@m—yiep-o

™
€p (r—0) o (1t + 8) ep (— ) sq:(*z' —0)
Y) e (m+0)og (m—6) opBep (2T —6)

157. NOMOZ TOQN HMITONON,

Eis miv y' Té&Ew épdbopev éds oxeTilovrton petaly Twv T& kUpla oToryela

tvos Spfoywviou Tprywvou. “YevBuuilopey €86 Tols oyeTiKOUS TUTTOUS !
r

p=onu B=aowrl
i y=anul=aowB

B=yep B=yop l"}
y=Bep F=Ppop B

§ Y

Sy, 157.1 at =P+ y?

Od& [nThHowuey Topa vi edpwpey TUTTOUS ourbéovTas T& oToIXEIX TUXOVTOS
un opboywviou Tprydvou.

"Eotw ABI Tuydv pf) dpboycoviov Tpiywvoy (Zy. 157.2).

@)

3x. 157.2

Eig 10 ox. 157-2,(a) £xouev Evar Stuycoviov tplywvov. Eis T6 ay. 157-2, (B)
Exomev Eva Tpiywvov duPAuydviov. Oépopey Ty [A kdBeTov pls Ty PfB K?ﬂ
dvopdlopey (MA) = A. *ATd 76 dpfoydviov Tplywvov ATA 81 &ugoTepa T& oY1~
paTa Exouev A = Pnu A. e)) ; ] ,

"Amd TO SpBoydaviov Tpiywvov [AB ToU o). (o) Exouey A=anuB (2)

‘Amd & 16 dpBoycwmiov Tplywvov FBA Tou o). ® Exouey ‘ ’
A = anue = anuB (61611 B + 9 = 180%), #yopev BnA. &AW TIY (2). “Emopé-
vaos gk Tév (1) kad (2) Exomev :

A=PnuA

A—anuB} = Prip A = anuB = --—aff=1_|uB 3

Dkpopey TP THY K&BeTOV EK Tou B 2w Thy AT xoi 8étopev (BE) = .
AV dugdTEpa T& oXfjpoTor EXONEY :
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p=onul kal W= ynuA. ‘Erropéves EXOBEV :
p=anpl ) i sy
u:ywA} - anp M =ymWA = R =T )
Ex v (3) xad (9 guvdyouey OT!

I

a

| nuA MM nul

gig wale Tpiyovey T piKn TV rhevp®v slvan Gvaloya npdg T fpi-

“Qoe:
tova TV anivavtt FOVLDV.

Ai dvahoyian (157,%) groTehouy TOV AEyOuevoy vopov t@v fdvov.
158. NOMOX TON LYNHMITONON

"Ac AdPoopey TIEAW gv ufy opboycviov tptycvov ABI (X 158) ‘Ao

T8 dpboyvioy Tplycovoy ATA 81° &ugdTepa T& OYMHATC EXOUEV

pr = A2+ (AL)* (D)

Al

N\
2

Bl mm

= A= e
sy, 158

ATt TO opoydoviov Tpiywvov BFA ToU oy. (o) Exomev :

A—omuB kel (AB) =@ auvB.

‘ETrOpEVS elvar ©

(AD) = (AB) — (AB) = Y— aocwvB

kai 7 (1) ylverad:
B+ ¥ — 2ya auvB + aouv®B =

p= AL = (AA)” — o
= o (nu*B + surB) + vy — 2ay owB
_ oty 20y owB
sATrd TO TPiywvoY BIrA Tou ox. (B) Exowev :
A = anug = anuB (Gi16m B + ¢ = 1809 kai (BA) = aouvp = — aowB
LETTOPEVOS glvat :
(AD) = (AB) + (BA) =Y~ ow B
kel 1§ (1) yiveTed ol B1&x TO Tpiywvoy TOUTO :
p2=o V= 2acyowvB
‘Eqy EpyoadoueY Spolws PEPOVTES 1&g koéTous &mod Tag kopupas I okad
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A #mil T&s dvTioTolyous TAeUpds elpioxoper dkéun BUo ouofous TUTTOUS !
o = P+ yi—2Pyow A
yi=oa?+ p*—2ap ow A
“QoTe EyOUEV TOUS TUTTOUS :
af = P2+ y*— 2Py ow A
P = y%+4 o —2yaow B } (158, «)
yi=a?+ p?—20B ow I
Ol dveorépea TUTor* (158, o) ATTOTEACUY TOV AEYOUEVOY VOROV THY GuvNpLT-
vov, & dmrolos AekTikés BlaTumaveTar g EEfi
To tetpiymvov 1o pijkovs pidg mhevpds tpry@von igolitay pé 10 GOpolopa
@V TeTpayOVOY THY pnkdY t@v 0o dhlov mhevpdy peiov TO dundaciov yivé-
pEVOY TdY pNK®Y @V mhevpdy abt@v Emi 10 cuvnpitovov T o’ abvtéyv me-
peyopivng yoviog.

159. E®APMOTIAI
1) Eis & Tpiycvov ABI elven y = 25cm, A = 35° kai B = 68° ZnTeiton
v evpeBouv Ta «, B, I,
Abowg: Emedyy A+ B4 = 180° 68& elven M= 180°— (A + B) =T77°
"Ex ToU vépou TGV TUITOVWY EXOMEV :
a ¥ u:Lnu_AﬁQS.ﬂu35“__25-0,574

WA T R e ey
*Ex ToU vouou TGW TjuiTévwy Exopey Emions :
Bin s Sy _ ynuB _ 25-mu68"  25-0,927 _
BT P GurE mi o 0E - 24 cm

2) Eis & Tpiywvov ABI elvor o= 132m, P = 124m, "= 28 40", Znei-
Toun v eUpefolv 7 TAeup& Y kai of yovial A xal B.

Abaig: *Ex ToU vopou TEW CUITUITOVWY EYOUEY
y? = of +PB? — 2aP ow [ = 1322 + 224* — 2 - 132 - 224 owv 28° 40" = 15714, &pat
y=4/15714 = 125m

X Tt 32 np 28°40° . 0,4
M Thv A —— J_ﬁnquﬂnurﬁlﬁu 40° _ 132-0,480 _

A nurf T 125 T
— 0,507 xad & TGV TIWAKWY TGV QUOIKEY TPIYWVOUETPIKGY &P1BLEY eUpiokouey
A =30°30".

"Epyaléuevor duoiws eupiokopey ik Tiis nuB =

o B =120°40".
Auwvdpeda, PePaiws, va Urohoyiowuer THY B o Tov TUtmov A 4 B - M= 180°.
Els v E' TdEv 8& pdBuwuey vi Umrohoyilwpey TG OTOIXEIN Evds TUYOVTOS
Tprycovoy, &Tav SiSwvran dpkeTd Trpds ToUTo oTolxeia kai B iBowouev TOTE
kad Twéds ylveron f Epyaoia altn, Thy émolow dvouddopey Erikvery ToU Tprydvou.

pnul
Y

(*) O mhmor wpondmrauy & elg & ol Ehhou Bk wuxhiafs TROTTG TNV &, B,y »al A, B,
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ALKHEEIZ

502) Tprycvou ABI elvan « = 384 mm, p =593 mm, Y =276 mm. ZnTeiTan v&

Umrohoytofoly ol yavion Tou.
503) Eis &v Tplywvov ABI elvan
Aoyrofolv al heupal o kol Y.
504) N& &moderx8il 511 glg TUXOV Tplywvoy ABI foyUel :
pr—y*=a (pow F—yow B)
&m1 elg Tuydv Tpiywvoy ABIT ioxue :
a= P ouv [+ y ouv B (Qedpnua 1@V TpoPoriv)
s TaUTETNTAS S Ta P xal ¥).

p =300 mm, A= 360, B = 65°, ZnTeitan vé& UTro-

505) Na &rrodeiy 07

KUKAIKT}S TRPOTITIS TGV YPANHATWY Tas GAAx

(N& epete B1a
ov ABI loyver :

506) Na &mrodery i) OT elc Tuyov Tpiywy
e 1 A ol P

wb | Y tR-&
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‘Huitova OEer@v ywvidv.

: ;5 '
gl o | 100 |20 [ B0 | 40" | B0 S0 |10 (200 300 | 400 50
= = i
o | 0,000 | 0,003 [0,006 | 0,009 | 0,012 | 0,015 45| 0,707 | 0,709 | 0,711 | 0,713 | 0,715 (0,17
1] 0,007 | 0020 |u,023 | 0,026 0,029 | 0,032| 46 [ 0,719 | 0,721 | 0,723 0,725 | 0,727 | 0,729
2] 0,035 | 0,038 | 0,041 | 0,044 | 0,047 0,049(| 47 | 0,731 | 0,733 | 0,735 | 0,737 | 0,739 | 0,741 ‘
3| 0,052 | 0,055 |0,05% | 0,061 | 0,064 | 0,067 48| 0,743 | 0,745 | 0,747 | 0,749 | 0,751 | 0,753 |
4| 0,070 | 0,073 | 0,076 | 0,078 | 0,081 0,084]| 42| 0,755 | 0,757 | 0,759 | 0,760 [ U,T62 | 0,764 f
5| 0,087 | 0,090 | 0,093 | 0,096 | 0,099 0,102|[ 50| 0,766 | 0,768 | 0,770 | 0,772 | 0,773 | 0,775 }
6] 0,105 | 0,107 {0,110 | 0,113 | 0,116 [ 0,119 51| 0,777 | 0,779 | 0,781 | 0,783 | 0,784 | 0,756 |
1| 0,122 | 0025 | 0,128 | 0,181 | 0,183 | 0,136 52| 0,788 | 0,790 | 0,792 [ 0,793 | 0,795 | 0,797 ‘,
8| 0,139 | 0,142 | 0,145 | 0,148 | 0,151 | 0,154 53| 0,799 | 0,800 | 0,802 | 0,804 | 0,806 | 0,807 |
v 0,156 | 0,159 | 0,162 | 0,165 | 0,168 0,171|| 54| 0,808 | 0,811 | 0,812 | 0,814 | U,B1G | U,B17 |
10| 0,174 | 0,177 | 0,179 | 0,182 | 0,185 | 0,188 55 | 0,819 | 0,821 | 0,822 | 0,824 | 0,826 | 0,827
11| 0,191 | 0,194 | 0,197 | 0,198 | 0,202 | 0,2051| 56 | 0,820 | 0,531 | 0,832 | 0,834 0,835 | 0,837 |
12| o,208 | 0,211 | 0,214 | 0,210 | 0,219 | 0,222 57| 0,839 | 0,840 | 0,842 | 0,543 | 0,845 | O,mdT |
13| 0,225 | 0,228 | 0,231 | 0,233 | 0,236 | 0,239 68 | 0,845 | 0,850 | 0,851 | 0,853 | 0,854 | 0,856
14| 0,242 | 0,245 | 0,248 | 0,250 | 0,253 | 0,256 59| 0,857 | 0,859 | 0,850 | 0,862 | U,863 | U865
151 0,250 | 0,262 | 0,264 | 0,267 | 0,270 | 0,273 60| 0,866 | 0,867 | 0,869 | 0,870 | 0,872 | 0,873
16| 0,276 | 0,278 | 0,281 | 0,284 0,267 | 0,200)| 61| 0,875 [ 0,870 | 0,877 0,879 | 0,880 [ 0,882
17| 0,292 | 0,295 | 0,295 | 0,301 | 0,303 | 0,300 62| 0,883 | v,sH4 | 0,880 | 0BT | U84 | 0,490
18| 0,309 | 0,312 | 0,315 | 0,317 | 0,320 [ 0,323 83| 0,891 | 0,892 | 0,844 | 0,895 | U,BU6 | U,89%
19| 0,326 | v,328 | 0,331 | 0,834 | 0,337 | 0,339 64| 0,899 | 0,900 | 0,901 [ 0,903 | 0,804 | 0,905
20| 0,342 | 0,345 | 0,347 | 0,350 | 0,353 | 0,354 65| 0,906 [ 0,908 | 0,909 | 0,910 [ 0,811 | 0,912
21| 0,358 | 0,361 | 0,364 | 0,367 | 0,369 0,372|] 66| 0,914 ] 0,915 | 0,816 | 0,917 | 0,918 | 0,919
22| 0,375 | 0,377 | 0,380 | 0,383 | 0,385 o,388]| 67| 0,921 | 0,922 | 0,923 | 0,924 | 0,925 lu,szf;
23| 0,391 | 0,393 | 0,396 | 0,399 } 0,401 | 0,404 68 | 0,927 0,929 l 0,930 | 0,931 4
24| 0,407 | 0,409 {0,412 | 0,415 | 0,417 | 0,420 69 | 0,934 | 0 935 | 0,936 | 0,937 l 0,938 | 0,939 |
25 | 0,423 | 0,425 | 0,428 | 0,431 | 0,433 | 0,436 70| 0,940 | U841 | 0,842 I 0,943 | 0,944 | 0,845 !
26| 0,438 | 0,441 [ 0,444 | 0,446 | 0442 | 04451 71| 0,946 | G846 | 0947 | 0,945 | 0,949 | 0,950 ’
27| 0,454 | 0,457 | 0,459 | 0,462 | 0,464 | 0,467 72| 0,951 | 0,952 | 0,953 | 0,954 | 0.855 | 0,855
28| 0,400 | 0,472 | 0,475 | 0,477 | 0,480 | 0,4K2 13| 0,956 | 0,957 | 0,958 | OH58 | 0,960 ‘n,ui'.u
29| 0,485 | 0,487 | 0,490 | 0,492 | 0,495 | 0,497 74| 0,961 | 0,962 | 0,963 | 0,964 | 0,864 0,965
30| 0.5 0,503 | 0,505 | 0,508 | 0,510 | 0,513[| 75| 0,966 | 0967 | 0,867 | 0,908 | 0,969 0,970
31| 0,515 | 0,518 | 0,520 | 6,523 | 0,525 0,527| 76| 0,970 | 0,971 | 0972 | 0,972 | VY73 | 06,974
32| 0,530 | v,532 | 0,535 | 0,537 | 0,540 | 0,542 77 0,974 | 0,975 | 0,976 | 0,976 | 0,977 | 0,978
33| 0,545 | 0,547 | 0,550 | 0,552 | 0,554 | 0,557 78| 0,978 | 0,979 | 0,979 | 0,950 | 0,951 | 0,981
34| 0,550 | 0,562 | 0,504 | 0,566 [ 0,569 [ 0.571[) 79[ 0,882 | UKz 0,988 | 0,943 | 0,954 i‘u.saa i
36| 0,574 | 0,576 [ 0,578 | 0,581 | 0,583 | 0,585 80( 0,885 | 0,985 [ O80 0,981 | 0,987 | 0,987 {
36| v,588 | 0,590 |v,592 | 0,595 | 0,597 | U589 81| 0,955 | 095K | 0,959 | 0,88 | U989 "u.:isu i
37| 0,602 | 0,504 0,506 | 0,608 | 0611 | 0,613 82| 0,990 | 0,891 | 0,991 | 0,991 | 0,992 | 0,992 |
38| 0,616 | 0,618 0620 | 0,628 | 0,625 | 0,627 83| 0,993 | 0,993 | 0,893 | 0,994 | V484 | 0,991 !
39| 0,629 | 0,632 | 0,634 ] 0,636 | 0,638 | 0,641 84| 0,995 | 0,995 | 0,995 | 0,995 | 0,996 | V0,996 {
40 ) 0,648 0,647 0,652 | 0,i54]] 85| 0,996 | 0,996 | 0,997 | 0,997 | 0,847 | 0,907 |
41 | 0,650 0,100 0,65 | 0,0671] 86| 0,995 | 0895 | 0,898 | 0,395 | 0,998 | U998
42 | 0,669 0,673 1 0,676 | 0,578 | 0,cH0[} 87 | 1,999 | 0,999 | 0,899 | 0,999 0,499 | 0,999
43 | 0,082 0,686 | o8 | 0,680 | u,695(| 88 | 0,989 [ 0,899 | 1,000 | 1,000 1,000 | 1,000
44 ] 0,695 099 | v,701 | 0,708 | u,705]| 82 1,000 | 1,000 | 1,000 1,000 1,000

l 1.000 |
|
|
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Tuvnpitova OEELOV YOVI@V.

N B

& o | 10 | 20 | 80 | 40" |50 Slo |1 [200 |30 |40 | 5O
= =

of 1,000 | 1,000 | 1,000 | 1,000 | 1,000 }1 000|] 45 | 0,707 | 0,705 [ 0,703 | 0,701 } 0,699 0,497
1] 1,000 | 1,000 | 1,000 | 1,000 | 1,000 0,999| 46 | 0,695 | 0,688 | 0,690 | 0,68 0,686 | 0,684
2| 0,990 | 0,999 | 0,999 | 0,999 0,999 | 0,999 47 | 0,682 | 0,680 0,678 | 0,676 | 0,673 | 0,671
3| 0,999 | 0,998 0,998 | 0,998 0.998 | 0,998(| 48 | 0,669 0,667 | 0,665 | 0,663 0,660 | 0,658
4| 0,998 | 0,997 | 0,997 | 0,997 | 0,997 0,00 || 49 | 0,656 | 0,654 | 0,652 | 0,649 0,647 | 0,645
5| 0,996 | 0,996 0,996 | 0,995 0,995 | 0,995 50 | 0,643 | 0,64L 0,638 | 0,636 | 0,634 | V632
6| 0,995 | 0,994 | 0,994 | 0,994 | 0,993 0,993 1| 51 | 0,629 | 0,627 | 0,625 | 0,623 0,620 | 0,618
7| 0,993 | 0,902 | 0,992 | 0,991 0,991 |0,991] 52 [ 0,616 | 0,613 0,611 | 0,609 | 0,606 | 0,604
8| 0,990 | 0,990 | 0,989 | 0,989 | 0,989 | 0,988 53 | 0,002 | 0,599 | 0,697 | 0,595 | 0,592] 0,590
9| 0,988 | 0,987 | 0,987 | 0,986 | 0,986 0,985(| 54 | 0,588 | 0,585 | 0,583 | 0,581 [ 0,578 0,576
10| 0,985 | 0,984 | 0,984 ] 0,983 | 0,983 0,982 55 | 0,574 | 0,571 | 0,569 | 0,566 | 0,564 0,562
11| 0,982 | 0,981 | 0,981 | 0,980 0,979 | 0,979|| 56 | 0,669 | 0,587 | 0,554 | b,552 0,550 | 0,547
12| 0,078 | 0,978 | 0,977 | 0,876} 0,576 0,975 57 | 0,545 | 0,542 | 0,540 | 0,537 | 0,535 0,532
13| 0,974 | 0,974 | 0,873 | 0,872 0,972 | 0,071)| 58 | 0,580 | 0,527 | 0,525 | 0,523 0,520( 0,518
14| 0,970 | 0,970 | 0,969 | 0,968 0,967 | 0,967|| 59 | 0,615 | 0,513 | 0,510 0,508 | 0,505| 0,508
15| 0,966 | 0,965 | 0,964 0,964 | 0,963 | 0,862 60| 0,500 | 0,497 | 0,495 | 0,492 | 0,490 0,487
16| 0,961 | 0,960 | 0,950 | 0,959 0,958 | 0.951)| 61| 0,485 | 0,482 [ 0,480 | 0,477 0,475 0,472
17| 0,956 | 0,955 | 0,955 [ 0,954 0,953 | 0,952] 62 | 0,469 | 0,467 | 0,464 | 0,462 0,450 0,457
18| 0,951 [ 0,950 | 0,949 0,948 0,947 | 0,946]| 63 | 0,454 | 0,451 | 0,449 | 0,446 0,444 | 0,441
19| 0,946 | 0,945 | 0,944 0,943 | 0,942 | 0,941]| é4 | 0,438 0,436 | 0,433 | 0,431 | 0,428 0,425
20| 0,940 | 0,939 | 0,938 0,937 | 0,936 |0,935 65| 0,423 | 0,420 | 0,417 | 0,415 | 0,412{ ©,409
21| 0,934 | 0,933 | 0,931 0,930 | 0,929 | 0,928 66 | 0,407 | 0,404 0,401 | 0,399 | 0,396| 0,393
22| 0,927 | 0,926 | 0,925 0,924 | 0,923 | 0,922{| 67 | 0,331 0,388 | 0,385 | 0,383 | 0,380 0,377
23| 0,921 | 0,919 | 0,018] 0,917 0,916 | 0,915|| 681 0,375 | 0,372 0,369 | 0,367 | 0,364 0,361
24| 0,914 | 0,912 | 0,911 ] 0,910 0,909 | 0,908 9| 0,358 | 0,356 | 0,353 | 0,350 | 0,347 0,345
25| 0,905 | 0,905 | 0,904 0,903 | 0,801 | 0,900} 70} 0,342} 0,339 0,337 | 0,334 | 0,381 0,329
26| 0,899 | 0,898 | 0,896 0,895 | 0,894 | 0,882 71 0,32G] 0,323 0,820 [ 0,817 | 0,315] 0,312
27| 0,891 | 0,890 | 0,888 0,887 | 0,886 | 0,884]| 72| 0,308 0,306 0,803 | 0,301 | 0,298) 0,295
28| 0,583 | 0,882 | 0,880 0,879 | 0,877 | 0,876 73] 0,292 ] 0,290 0,287 | 0,284 | 0,281| 0,278
29| 0,875 | 0,873 | 0,872 0,870 | 0.869 | 0,867]| 74| 0,276 | 0,273 0,270 | 0,267 | 0,264] 0,262
30| v,866 | 0,865 | 0.863 0,862 | 0,860 | 0,859} 75| 0,259} 0,256 0,253 | 0,250 | 0,248} 0,245
31| 0,857 | 08506 ] 0,854 0,853 | 0,851 | 0,850|| 76 ] 0,242 0,239 | 0,286 | 0,233 | 0,231) 0,228
32| o548 | 0,847 | 0,845 0,843 | 0,842 | 0,840)| 77 | 0,225 0,222 | 0,219 | 0,216 | 0,214} 0,211
33| 0,839 | 0,837 | 0,835 0,834 | 0,832 | 0,831} 78| 0,208 0,205 | 0,202 | 0,199 | 0,197] 0,194
34| 0,820 | 0,827 | 0,826 0,824 | 0,822 | 0,821 79 ] 0,191 0,188 | 0,185 | v,182 | 0,179 0,177
35| 0,819 | 0,817 | 0,816 0,814 | 0,812 | 0,811 80| 0,174 | 0,171 0,168 | 0,165 [ 0,162 0,159
36 | 0,809 [ 0,807 | 0,806 0,804 | 0,802 | 0,800]| 81 0,156 0,154 | 0,151 | 0,148 [ 0,145 0,142
37| 0,790 | 0,797 | 0,795 0,798 | 0,792 | 0,790 82| 0,199 | 0,136 0,138 | 0,181 | 0,128] 0,125
18| 0,788 | 0,786 0,784 0,788 | 0,781 | 0,779 83| 0,122} 0,119 | 0,116 0,113 | 0,110} 0,107
39| 0,777 pP,775 0,173 0,772 0,770 | 0,768)| 84 | 0,105 0,102 | 0,099 | 0,096 | 0,093] 0,080
40/l 0,706 | 0,768 | 0,762 0,760 | 0,759 | 0,757|| 85 | 0,037 | 0,084 0,081 | 0,078 | 0,076} 0,073
a1 0,788 | 0,783 | 0,151 0,749 | 0,747 | 0,745 86t 0,070| 0,067 0,064 0,061 | 0,058] 0,055
42| 0,743 | 0,741 | 0,739 0,737 | 0,735 | 0,733}l 87 0,052 | 0,049 | 0,047 ] 0,044 ] 0,041} 0,038
3| 0,791 ] 0,720 | 0,727 0,725 | 0,728 | 0,721 86| 0,085] o,082] 0,028 | 0,026 0,023] 0,020
4| ome| 0717 0,715] 0,718] 0,711 o,700(] 82| 0,017| 0,015} 0.012 0.009 | 0,006] 0,008

P—
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'Egantopevar OEEL®V yOVIOV.
Q. . N ’ « - Q.
L 1w | 200 |80 [40r |50 3| 0 (10 200 | 30" | 40 o
= =
o | 0,000 | 0,003 | 0,006 [ 0,008 | 0,012 | 0,015 45| 1,000 | 1,006 | 1,002 [ 1,018 ] 1,024 ] 1,030
1 o017 | 0,020 | 0,023 | 0,026 | 0,029 | 0,032 46 | 1,036 | 1,042 | 1,048 | 1,054 | 1,060 | 1,066
2 | 0,085 | 0,084 ] 0,041 | 0,041 | 0,047 0,049 |1 47 | 1,072 | 1,079 | 1,085 | 1,091 | 1 W09 | 1,104
3 | 0,052 | 0,055 | 0,058 | DKL | 0,064 0,067 || 48 | 1,010 [ 1,007 [ 1024 | 1,180 1,197 | 1,144
4| 0,070 | 0,073 ] 0,075 [ 0,079 | 0,082 | 0,085 49 | 1,150 | 1,157 | 1064 | 0T 1,178 | 1,185
s | 0,087 | 0,090 [ 0,093 | 0,096 | 0,099 0,102 ||50 | 1,092 | 1,009 | 1,206 | 1,208 | 1,220 1,228
& |o,105 ) 0,108 0,011 | 0114 ] 0,117 | 0,120 51| 1,235 | 1,242 | 1,250 | 1,257 | L,265| 1,272
7| 0,23 | 0,126 ] 0,129 | 0,132 | 0,135 0,138 || 52 | 1,280 | 1,288 | 1,295 [ 1,303 L3I L3
8| 0,141 | 0,141 046 | 0,148 | 0,152 0,156 ||53 | 1,327 | 1,335 | 1,348 | 1,351 | 1,300 1,368
9 | 0,158 | 06| 0,164 | 0,167 | 0,170 | 0,173 54 | 1,376 | 1,385 | 1,303 | 1,402 | 1d10) 1,419
10 | 0176 | 0,179 | 0,182 | 0185 | 0,188 [ 0,191 65 | 1,428 | 1,487 [ 1,446 | 1,455 [ T4 | 1,473
11 | 0,094 | 0,197 0,200 | 0,203 [ 0,206 | 0,210 56 | 1,483 | 1,492 | 1,601 | 1,511 [ 1,620] 1,530
12 | o213 | 0,216 | o219 | 0,222 | 0,225 | 0228 157 | 1,540 | 1,550 [ 1,560 | 1,570 1,580 | 1,590
13 | 0,281 | 0,234 | 0,237 0,240 | 0,243 | 0,246 B8 | 1,600 | 1,611 | 1,421 | 1,682 | 1,643 1,458
14 | 0,219 | 0,252 | 0,256 0,259 | 0,202 | 0,265 69 | 1,664 | 1,675 | 1,686 | 1,698 1,709 | 1,720
15 | 0,208 | 0,271 | 0,274 | 0,277 | 0,280 0,054 || 60 | 1,782 | 1,744 [ 1,756 1,767 | 1,780 | 1,792
16 | 0,247 | 0,290 | 0,293 [0,200 | 0,209 | 0,303 6 | 1,804 | 1,816 | 1,829 [ 1,842 | 1,855 1,868
17 | 0,506 | 0,308 | vd12 | 0,315 0,318 | 0,322 62 | 1,881 | 1,894 | 1,907 | 1,921 1,985| 1,949
18 | 0,325 | 0,328 | 0,331 | 0,335 0,338 | 0,341 ({63 | 1,963 | 1,977 1,991 | 2,006 | 2,020 2,035
19 10,344 | 0,348 | 0,351 | 0,354 0,357 | 0,361 64 | 2,050 | 2,066 | 2,081 | 2,097 | 2,112 2,124
20 | 0,364 | 0,387 | 0,371 [ 0,374 | 0,377 | 0,381 65 | 2,145 | 2,161 | 2,177 | 2,194 | 2,211 ) 2,229
'21‘ 0,384 | 0,387 | 0,391 | 0,394 | 0,397 0,401 || 66 | 2,246 | 2,264 | 2,282 2,300 | 2,318 2,837
22\ 0,404 | 0,407 [ 0,411 | 0,414 | 041K 0,421 || 67 | 2,356 | 2,375 2,394 | 2,414 | 2,434 | 2,455
23 lo,424 | 0,128 | 0,431 | 0435 | 0,438 0,442 || 68 | 2,475 | 2,496 | 2,517 | 2,539 2,560 | 2,583
24 | 0,445 | U149 | 0,452 [ 0,456 | 0459 0,468 || 69 | 2,605 | 2,628 | 2,651 2,675 | 2,699 | 2,723
25 | 0,400 | 0,970 | 0,473 [ 0,477 | 0,181 | 0,484 70 | 2,747 | 2,778 | 2,798 | 27824 | 2,850 | 2,877
26 | 0,48% | 0,491 [ 0,490 | 0499 0,502 | 0,506 71 | 2,904 | 2,932 | 2,960 | 2,980 3,018 | 3,047
27 | 0,510 | 0,518 [ 0,517 0,521 | 0,52 0,526 |[72 | 3,078 | 3,108 | 3,140 | 3,172 3,204 | 3,237
28 | 0,532 | 0,535 | 0,539 0,544 | 0,647 | 0,551 73 | 3,271 | 9,305 | 3,340 | 3,370 3,412 | 3,450
29 {0,554 | 0,558 | 0,562 | 0,566 0,570 | 0,373 || 74 | 2.487 | 3,626 4,566 | 4,006 | 3,647 | 3,689
30 | 0,577 | 0,581 | 0,585 | 0,589 | 0,593 0,607 || 75 | 3,732 | 3,776 | 3,821 [ -3,867 8,914 | 3,962
31 | u,601 | 0p05 | 04609 | 0,013 0,617 | 021 76 | 4,011 | 4,061 | 4,113 4,165 | 4,219 4,275
32 | 0,625 | 0,620 | 0,633 | 03T 0,641 | 0,645 |77 | 4,331 4,390 | 4,449 | 4,511} 4,574 4,638
33 | 0,049 | 0,054 | 0,658 | 0062 U, 606 | 0,670 78 | 4,705 | 1,773 | 4,843 4,915 | 4,989 | 5,066
34 {0,075 | 0,679 | 0083 | O0KT | 0,682 0,006 ||79 | 5,145 | 5,226 | 5,309 | 5,396 5,485 | 5,576
35 [u,500 | 0,705 | 0,709 | 0,713 0,718 | 0,722 80 | 5,671 | 5,769 | 5,871 | 5,876 0,084 | 4,197
36 {0,727 | 0,731 | 0,735 | 0,740 | 0,744 0,749 ||81 | 6,314 | 6,485 | 6,561 | G681 15,827 | 6,968
37 0,754 | 0,758 | 0,763 | 0,767 [ 0,772 0,777 ||82 | 7,115 | 7,209 | 7,429 7,506 | 7,770 | 7,953
38 |0,781 | 0,786 | 0,791 | 0,795 | 0,800 0,805 183 | 8,144 [ 8,345 | 8,550 8,777 | 9,010 9,255
39 0,810 | 0,815 | 0,819 | 0,824 | 0,829 0,834 ||84 | 9,514 | 9,788 | 10,08 10,89 [ 10,71 | 11,06
40 |0,539 | 0,844 | 0,849 [ 0,854 0,850 | 0,864 ({85 ] 11,48 | 11,83 12,25 | 12,71 | 13,20 13,73
41 |u,869 | 0,874 | 0,880 | 0,885 | 0,890 0,895 || 86 | 14,30 | 14,92 | 15,60 16,35 17,17 | 18,07
42 |o,900 | 0,906 | 0,911 0,916 0,9¢2 | 0,927 ||87 | 19,08 90,21 | 21,47 | 22,90 | 24,54 26,43
& |o,033 | 0,938 | 0,943 [ 0,949 | 0,855 | 0,860 88 | vw,id | 91,24 | 34,37 | 38,19 ) 42,96 49,10
44 |osie | 0071 | 0,977 | 0,958 | 0,988 0,994 || 89 | 57,29 | 68,75 | #5891 114,6 ] 171.9] 848,X

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoMmikrg




Mwvia eis :

axTivia

0,00

0,00

0,10

0,17
0,20

U,'Jli |
0,30
0,35
0,40

| 0,44

0,50

| 0,52 (r/6)
| 0,60

0,61

0,70

0,78 (@/4)
U’Ht)
0,57

0,90

l],!l!i

1,00
1,08 (m/3)
10
13

1
]
1,20

?
y
1

?
,%
|

1
1
1
L
L

1.57 (w/2) |

N Eeu 69@51"1‘

Tprywvopetpixal oL VapPTYOELS

poipas

0,0
550
o
10,0
11,5

45,0
45,8
50,0
51,6
55,0

57,3
60,0
63,0
(5,0

G847

70,0
74,5
80,2
85,0
85,9

90,0

ne

0,00
0,087
0,10
0,17
0,20

0,26
0,30
0,34
0,39
0,42

0,48
0,50
U?;:)i_')
U,;“
0,61

0,84
0,87
0,59
0,91
0,93

0,04
0,96
0,985
0,996
0,998

auv

I 0,91

'* |
| &« | o®
‘ |
SRR
=5 |
| 0,00 | =
i 0,087 l‘ 11,4
| 0,10 | 10,0
| 0,18 ‘ 5,7
| 020 4,0
| |
|
|0 | 87
0,31 | 3,2
| 038 | 27
| 042 | 2,4
| o %
| 0,85 | 148
ps8 T 1,7
| 0,68 | 1
‘ 0,70 | 1,4
17TV B
|
| 00 | 1,00
| L0 ) 097
| 1.2 | 0,84
1,3 '{ 0,79
1 - 0,70
| L6 \ 0, 64
| 1,7 t 0,58
| 20 | 0,31
2,1 | 0,47
Y | ?
b 2.0 ‘l 0,39
¢
\l 2,8 | 0,37
| 3.0 \ 0,28
beogse - e DRl
\ 11,4 0,09
\ 14,1 \ 0,07
¥ l 0,00

|
i

Wnepiomoir|Onke amé To lvotirouto Eknmaibeutikng MoAmikrig



I

00205572
BIBAIO@HKH BOYAHZ

4 (V) ANTITYTTA 92.000 - SYMBAZIZ 2416/20-3-74

EKAOZIZ ET'. 197
A OIKONOMOY

EKTYTIQZIZ - BIBAIOAEZIA: AAEZ. & ANN

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrig



Wneptomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrig



OE
oo AB




