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MEPOZ TPQTON

KEQAAAION |

ZTOIXEIA MAGHMATIKHE AOTIKHE

1. NMPOTAZIZ.

‘H petatl Tév dvBpdrmaow OUVEWSNOIS YiveTon pE Trpogopikdy T YpaTrTOY
Adyov. Eis iy MpoppoTikny kad 6 SuvtakTtikdy «AOYOS TUVTOUGITATOS PE EvTe-
Aé3s &Aooy TEpIEXOUEVOVY AbyeTon mpotacig.

Els v MaBnuarikiy Aoyikiy kai & MafnuaTika & yéver Becopolipey Tog
Aeyouévas Aoyikdg TpoTdaEls, fiTol TPoTaoEs 81” EkdoTny TEY dTrolwy Suvdpe-
o ko Eva dxpiPdds TpoTrow vt drropovdidpey 611, tkeivo TS droiov alTn ék-
Ppdde, elvon dAnbis 1) yeudts &morAeiovTes &AMV TrEpiTTTCOoIV. Olrew, .y,
TPOTACIS :

«5 Gpifuds 4 elven &prioss )
elvon pic Aoyikny TpdToois, BidTI Ekelvo TO émoiov alimn éxppdle elven GAnBés.
‘H mpéracis :
«5 GpiBuds 5 elval &pYN TIKSS» (2)

elven plor Aoyixn mpdraos, 16T Ekeivo T6 Grroiov aUTn éxppdder elvan weubis.

Al dvwTépw TpoTdoes (1) kai (2) Bewpolvtan dos anhai TpoTdoes, kad-
boov Biv BlvevTal v& ywpioBolv els Suo 0 weprocoTépas  &MAas TpoTdoes.
Tovvavriov 1 mpédracs :

« OF &piBuol 2 kad 11 elven Tp&TO, 3

i omola yapaxTnpiletan ds dhners (elven BnA. Aoyikh TpdTACIS), YwpileTal
els BUo &AAag, fiTol :

«5 &pifuos 2 elvon mpdTosy Kai «b G&p1Bpos 11 elven TP TOSH.

Ar oo # mpdTaos (3) Aéyetan aovbetog TpdTaoIs.

Katd té& dveorépeo els iy Maobnuerricn Aoyiki Seydpeba 61

1) Umdpyer & olvodov &mAdv Aoyikéw TPOTAoEwY (Td oUvohov ToUTo
oupPoAilouev pe L),

2) els &doTny mpdTacy ik Tou L Buvdpeba v dvTioToiyicwpey dvadé-
Yws ToU Teplexopévou TNs Eva kol pévov Eva €K TOV YOpaKTpIoucdY ainog
i wevdig.
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Mapadeiypara mwpoTdoewy Tou ouvdiou L :

1. «To &poiopa TéY towTepikdy yowvidy TavTtds Tprydvou elven foov
mpos plav eUBeiaw - yooviawr (&Andns).

2, «d4+2="T» (yeudns)

TMoapaBeiypaTa TpoTdoewy, af dmoicn &v dvrfkouv eis To L :

l. «r&d Mabnuarika elven mpdoway (rapodoylopss)

2. «tv Tplycvov dmoTeAelTon £k TPIGY ypaupdvr (doagrs)

3. «x 4 10 = O» (Bev Buvduedo vé& dropavddduey &v elvon dAndns fi weudns).

"OTav T TepiexSuevor mds TpoTdoews elvan dAndés, TOTE Adyouer OTi 1)
TpoTACHs EXEl hoyikilv Tpfv A | tpnv aindsiag A.

‘OTav To Teplexouevor mids mpoTdosws elven Weubts, TOTE Adyouer 6T1 1)
TpéTaols Exel Aoytkiv tufy ¥ A npiv alnbeiac V.

[Mopadeiypata :

L. "H mipn &Anbeias Tiis mpoTdoews «b 5 elvan dpynTikds dpiBudsy elvon Y.

2. *H mipn dAnbeios Tfis wpoTdosws «& 3 elvan BeTikds dpiBudsy elvan A,

Tas mpotdoss ToU ouvdAou L mrapioTdvopey ouviBos ué Ta ypdunaTa
P, 4, r xTA. [pdgopey, )., %

p : «& ap1Bpds 135 Afyer s S».

q : «0 dpifpos 125 elven Sroipetos Bix 5.

2, ETAGEPA KAI METABAHTH.

‘H &ia Tiis ypagfis cuvewdnois yivetan pt iy Porfeicy Siapdpwy onud-
TV, TX. YPOMu&Twy, Aéfewv, Qpdoewv, TPOTaoEwY, onueicv oTifews, Sia-
eopwv oupPaTikédv anpdTwy (T.X. IKA), eikdvov, Siaypappdra k.o.x. Td Toi-
aUTe ofpaTe ovoudlopey copfola.

BV yphupe, . TO X, elvan oUpPorov. ZuuPora tmions elven, wy., 1) At
Bis «mrévten, TO « + », 6 &pBuds 15, TO fpwoTnuaTIKOY K.T.A.

“Ev obuPorov elvan Buvatdv v& dmoTedfiTan dTO mEpICTdTEPD OTUATE,
kobév &mro Ta Omoia elvan émions oupBodov. Ty  x + 5, «* — of. ZuvnBus g
ThH TepimTooyy oty TO oUMBolov TS dvopdloper Ekgpaaty.

Méoa el Tas TpoTdoels kol yevikdtepoy els Tds Exppdoels, 1Biws el T
MebnuoaTixg, ebpiokoper Spous i cUuPora, Smrws m.y. «&Bpoiouay, «Tpiycovouy,
«8», « 4 12», «0» xai &AAa mapdpola, T& dmoia Exouv picw kalepiopiviy Kai
povipov enpaciav &g 1o Bépa, 1o dmoiov EEeralopev. Ta TolalTa oUpPola Gvo-
palovtal orabepai.

"Hutopel Spews els piaw Exppaov va Umdpyn cUpPorov, To bmoiov Biv
Exel povipov kal xabwpiopévny onpagiav es T Ekppaaw abthv. TT.y. s THy E-
Ppaciv «b X elval pikpOTEPOS TOU 5» 1O cUpPolov X Biv Exel pdvipov kol kaBwpi-
cpévny onuacgioav. Atv eivan 8nA. 1O X dvopa Evos dpiopévou piBpol. "Edv dues
els Ty Béoy ToU x Tebf) Evag OroloodnToTE QuUoIkds &p1Buds i Evas TPaYBATIKOS
ap1Buds, TéTE TpokUTITEL TPoTaols (&AndNs f) weuBrs). To iBiov cupPaiver &g

6
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Ty Eppaow 2x = 4. ‘Opoiws el ™Y Eppaov x > . Ta ToiaiTa cuppoia
dvopddouey petafintac.

3. TNIPOTAZIAKOZ TYIIOZ (H ANOIKTH ITPOTAZIL).

A) "As életdowper M THY Ekppaoty :
«6 ¥ elvar wikpdTepos ToU 5»
‘H #&eppaots almm &iv elvan TPOTaOS, 5167 Stv Suvdpedo v’ amopavBidpey &
elvar fi pdvov dAndis A pévov yeudis.

MaparnpolUpey Sucws &T1 altn ylvetea mpdTacss, &v el Ty Blow Tis
HETAPANTHS X TomrofeTriowper fva olovBnmoTe TparypaTIKY apibpov. "Av, .y,
QUTIKATAOTHTWUEY T& X B1& Tol 2, 8& mpokUyn Ny mpdTaots «6 2 elvan HIKpO-
TEPOS ToU 5», f) dmrola elven dAndns TPOTOIS. "AV GUTIKATAGTHOWHEY TO X Sk
ToU 7, B& mpoxiyn TéAw TpoTaos «& 7 elvan pikpdTepos ToU Sy, 7] omoia Spews
elval weudrs.

"As Eetdowpey dkdun THY EKPpOTTY

2x=4
‘H &opagis atrh) fumopei v &moPf mpéTaots, dv TS X dvTikoTaoTali pé fva
TPy paTIKOY GpiBudy, .y, Tov 3, dméTe yiveren 23 =4, ) dmola eivan pd-
Taois weubns. ‘H {bia éxgppacis Yivetan &Anbrng TPOTACES, &V 1) pETOPANTH X
&vTikaTaoTali S1& Tou 2.
Al ékppdoers «6 X elvan RIkpOTEPOS TOT 5%, «2X = 4», K.T.A. ovopdlovTal
Tpotaciakol tomor f| dvewktai TpoTdoeis.

Fevikéds : IMpotaciaxac thnog (i avoikti) mpotacic) mic petaPintiic Aéye-
T kGbe Exgpaocig, 1) dnoia nepréyer piav povev petaPintiy kai 1 dnoia petatpé-
netay elg npbéTaocty, Grav 1) retafiny dvriketaotadij and togov otoiyeioy £vig
kabopiopévon cuvdlov.

To ororyelov, 16 dmoiov &vTikadiord TV peETaPANTY, i1 v TPOKUYT
mpdTaois, Abyetan upR T HeTaPANTs. To olvodov Té@Y TG Tiig HETOPAT)-
Tis AéyeTan obvohov avagopic TS weTaPAnTis ToU TpoTadiakol TUTou. ToUTo
oupBoAileTen ouviiBos ut U. Ty, eis Tov TPOTAGIaNSY TUTTOV 2X > 3, fuTropol-
Hev vé AdPuopey i alvodor dvagopds U To ouvohoy 16w TPAY UOTIKGY &p1Budsy:
TOTE, &v f) TIpd TS MeTaPANTHS X elven &p1Buds peyoUtepos ToU 1 Tl, 6¢ po-
xUym mpdTaois dAndrs, &v elvan foos i 1 -%—ﬁ HIKpOTEPOS TOU 1 % B poky-
W mpédTaois weudts.

To olvohov T&Y TG THs HeTaPANTHs, Bik Tas dmolag fvag TPOTaCIC-
KOs TUTrOs yiveTon &AnBis TPOTaCIS, AfyeTan aivolov ain0ziag ToU wpoTaoia-
koU TUtrou. Els Tov TPOTATIaKOY TUTIOV, Tr.Y., 2X = 4, &v Bewpriowuey G ovU-
vohov duagopds T4 olvodov R, Téw TPAYHATIKGOY ApiBuddy, TéTe 16 oUvorov
dAnbelas Tou elven { 2 }.
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Znp. Eimouev &11 ouvnABuws N weTaPAnTh X elvan oToryeiov dvds kabwpiopévou guvéhov,
torw U, To dmoiov dvoudoauey ouvohav dvagopds. Eis Ty mepimreoow TodTny & TpOTA-
aiakds TUTTos Abyetan kal ouvBiikn eig 10 U xai Abyouev &1 1 peraPinty x Swerpéyer o U

Xépw ouvtouias Toug TPOTACICKOUS TUTIOUS e piow peTaPAnTiy, Y.
X, ToUs TapioTévopey pt p(x), q(x), s(x) x.ox. kel T& oUvola dAndelas Towv
&vrioToiyws ut P, Q, S ko

"Av Y. TapaoThowpey W p (X) TOV mrpoTagioxdy Timov 1 1 < x <5
kel AdPewpev o5 ovolov dvagopds TO N, TOTe f| mpéTaais p (2) elven &Andi,
guéd 1) p (8) elvon weubng. To oUvolov &AnBelag ToU p(x) elver P={2,3,4}

*Errions s Tov TpoTagiaxdy TUTov q(x) : 4x = 20 Exopev &t q(5)=4-5
—20, SnA. &Anghs mpdraots, tvdd q(2) =4-2=38, SnA. weubtys TpdTaois.
Sovohov Bt dnbelas Tou elvan TO advodov Q ={5 }.

B) "As fecopfigwper Thpa THY EKQPAOW X > .

“Av dvTikaTaoTHowHEY TO X M 6 kol TO W pt 4 mpokUTrTEl 1) TPSTATIS
6> 4, f omoia elvan &hnbns. "Av Béowuey X = 3 kai w =5 mpokUTrTel 1) Weudng
TpéTOols 3 > 5.

‘H &kopaois X >y AEyETOl TIPOTATIAKOS , TUTIOS ué 8Uo peTaPAnTSS.

Maparrnpolpey §6& &1 Umdpyouy [euyn TiH&v TV peToPAnTRY (&1
16 odvorov R), B1& Tds dmolas 6 TPOTACIOKSS TUTIOS yiveton dAndis mpodTaCIS
kol &MAa [gUyn Ty, i Tag dmolas yiveto Weudng TPOTAOIS.

"As Oecopfiopey diopn THY Exppaoty

«fy mohis X elvon TPWTEUOUOX TOU KpATOUS .
*Av &uTi X Btowpey « ABRvay kol Gl @ «EAAGS», TrpokuTrTEl GANBTS TPOTATIS:
«H ToAis Adiivan elvan pwTedouoa TOU Kp&TOUS ‘EAAGg». "Av dvTi X Bfowpev
«Mirdvov» kai i W «'EAAGS» TrpoKkUTITEL TTPOTATTS WeudTs. Al tkppdoeis X >,
«fy TOAIs X elvon TpwTEVOUTE TOU KPATOUS W, AéyovTan mpotaciaxoi tomor dUo
peToPANTOOV.

Mevikéds : IMpotaociokds thrnog ij GvolkTi) npotacig 800 perafintdv Aéyetar
pio fxepaag, 1| Onoia repréyer dbo petaPinrag kei 1 omoia perarpénetar eig mpo-
tacwy, Gtav oi petafinral dvuketactaboiy and otogeia dbo oplopévev ouvé-
rov. Ta oovola avagopic td@v petafintdv fprnopel kai va tavtilwvrot.

- Els 16 TpdTov mopdderynd pas, X >, kai al duo peTaPAnTal dvagépo-
Tan el TO oUvolov R, T@V mpaynaTikédv ap1Buddv.

Eig 10 P’ mapdberypa N veTaPAnTh) X dvagipeTal ls TO gUvolov T&V To-
Aecov kad 1)y els TO gUvolov T&V kpaTddv TOU KOGHOU.

Xépw owvTtopios oUpPoAilopey ToUs TTPOTATIKOUS TUtTous i BUo pETa-
BAnTas B1&x Tév p(X, W), q(X, ) s(X, ) KoK

*Av p(x, y) oupPohiln Tov TpoTaciaxdy TUTTOV Tou TpwToy Trapadely-
pords pas, BnA. &v p (X, ) : X >y, o1 p (7,5) e &AnBns TpéTacis, &véd
p (5, 7) elvan mpdTaois weudtis.

*Erriong &v q (x, @) : «f) mOAIs X elven mpwTeUovoa TOU Kp&TOUS W», TO-
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Te q (AovBivov, "Ayyiic) elvea dinbfs mpdTaos, &vid q (Pdun, Bédyiov) elven
eubns.

TMopaTtnpoUpey 811 16 oUvorov dAnleias TpoTaciakou TUmou p (X, )
&Uo petaPnTdv elven, Ev yével, Ev oUvolov SiareTaypévwv (euyddv.

ALKHZIEIZ

1) N& terdoete wads fjumopouy va dvopacBour al KaTwWTEPW EKPPACEIS: € — ¥, €TTapPaA-
AnAdypauuovs, «opdny ywvian, «17».

2) N& tletdoete s fumopour va dvopacBolv al tkgpdoers :

a) ‘O 10 elven &piBuds ouvBeTos.

p) 2=4 y)5=342

8) 'O EUxAeibng flto giAdAoyos.

£) 'O x elvan mpldTos dp1Buds,

oT) 2x + 3 =23 D x4+y=5

3) Mveopifopev 611 Udpxer pic pévov Tipfy ToU X Bid ThHY dmolav 2x = 6. Inpaiver
ToUTo 671 TO X eiven oTabepdv eis THY Ekgpaow 2X =6 ;

4) Zrabepal, al omolan elvan dvdpaTta ToU alTou TpdyuaTos, Aéyopey 611 Exouv ThHY
avrfy TipAv. TLy. «O» kai «2 — 2». N& ypdyeTe mévre otabepds, ol drolan vé Exouv Ty Tipfy 6.

5) ‘Ymépyouv &paye mpoTaciakol TUTol, ol dmoior Siv yivovten dAnbeis TpoTdoeis
Bi1& kappiav Tipny THs peTaPAnTis Twv ; 'EfetdoaTe ToOV % = 2. AdoaTe fva [5ikdv cas TTa
p&Sarypa. (A&Pete s olvohov Gvagopds Tis peTaPAnTiis 1O N).

6) “Ymdpyouv mpotagiaxel TUmol mds peTaPAnTiis, ol omoior yivovtan &Anbeis po-
Téaoeas 51' Shag Tas TipGs Tis peTaPAnTiis Twv. TMpogavis Tap&berypa @ X 4 X = 2x, dmou
x € R.

Né& e0pete &v 1Bikdv oas Tapdberypa. s dvopdlovran al lodrnTes, dmws ) X + X = 2x

7) Aidetan 6 poTaoiakos TUTros p (X) ¢ 2x = 10 kal olvorov dvagopas T R. N& elipete
TO olvohov dAnBeios P Tou mpotaciakou TUTOU.

8) Aibeton 6 mpoTaoiokds TUTTOS X + = 5 kal oUvohov dvagopds TGV peTaPAnTOY
T6 £=1{1, 2, 3, 4, 5}. N& edpete 16 ouvohov &Anbeias ToU TpoTagiakou TUTTOV.

9) Aibetan 6 mpoTaociokds TUTos q (X) 1y =x + 1, dmou x, y elven oToryeia ToU
R. N& ebpete 6o {eiyn B1& T dtroia q (X, W) yiveTar dAnfns mpdTaois kai 0o 1 Ta dmoia
yiveTan weubns. .

10) AiBeron & mpotagiakds TUmoes p (x) 1 x' — 25 = 0.

N& Opicete oUvolov dvagopds Tou kai TO dvTioToiyov guvohov dAnbeias Tou.

11) AiSeton & mpoTaciakos TUwos «f) wOAs X ebplokeTan els TOV vopdv yw)n. Tuvora
dvapopds : Tiis HeTaPANTHS X TO olvohov Ty ToAewv THs ‘EANGBos, Tis peraPAnTis ¢ TO
aUvolov TGv voudv Tiis ‘EAAGBos. Na& edpete Tpia [edyn Tou ouvdhou dhnbeias Tol mpoTa-
OlKOU TUTTOV.

4. TNOZOAEIKTAIL

A) Tvopilopey &mo Ty "AhyePpav 61
x+1)2=x*+2x+1, émov x € R
Mvwpilopev €mioms o071 & TpoTOOIOKOs OUTOs TUTOS W&S HETOPANTTHS
yiveton dAnds mpdTaois Si1& kdle Tipfy Ths petaPAnTns X, THY Omolow Tiudy
AapPdvoper &md 1O olvohov R, T&v mpoaypaTik@y dpiBudv. Mé &Ahous Ao-
yous TO ouvohov dAnBeics ToU TpoTaciaxkoU TUToU TouTileTon pé TO  ouUvoAov
dvapopds Tou.
9
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ZUpPOMIKES YpAPOUEY TOTE :
Yx(xeR):(x+1)2=x>42x+1
kai SiaPalopev :
«Micx k&fe x, TO Smolov X dvrkel els TO R, &Anfeler omi
(x+1)?*=x>4+2x + 1.

Té ocUpPorov V' BioPdaleton «Bid kdfe..» ) «B1) SAa Td..» kol AéyeTon
kabolikog i yYEVIKOG mocodeikTg.

Emions ¥x (xeR) :x-x=0

HutropoUpey Aormdy, dtov ExXwuey TpoTaciakous TUTous, Téy dmofwy To
agUvolov éAnBeias TouTiletan pé TO olvohov dvagopds, VA TROTEOTWUEY TOV
yevikoy TocoBeikTny.

B) *As #feTdowpey TWPX TOV TPOTOTIOKOV TUTTOV

pX)ix+3=8 (xeR)

Maparnpoupey 886 6Tt p(x) Btv yiveton dAndng podTaos Bia kade Tipfy
THs peTaPAnTiis, &wd O R, 816, ™)., p (1) = 4, EnA. mpdTacis yweubts. AN-
A& 16 olvohov dAndeias ToU TrpoTagiakoU TUTTou X + 3 = 8 Bév elvan TO kevdv.
TMpdoyport = p (5) =8, dnA. dAnbns mpdTaois. »

Mp&gopey oupPolikéds els THY TepimTwow TAUTNY :

Ix(xeR):x+3=8
kol BioPalopey :

«Ymépyer ToukdyioTov & X, TO dmoiov x dvrkel eis TO R, ToioUTov doTe
v& &GAnBeln x + 3 = 8».

To ouuPorov 3 Aéyetan Drapilakdg mosodeiktng xai SiaPdleton «imrdpyet
ToUAGy1oTov Ev..» T) «Bi& pepIkd...)

"Hutropoupey Opoiws v ypoapouey

o I3x xeR):x+1>5

P) 3x (xeR):x=—x

Y) "Av T ovopdowpey TO guvolov T&Y Tplywvwy, TOTE

3x (xeT) :x loomAeupov

“Qore : "Otav els éva TpoTaoiaxdy TUTTov TO clvohov dAnfelas Tou efven
yviotov UtrooUvohov TolU ouvdlou duagopds, ToTe Buvdpela va TTPOTEOTWHEY
Tov Umapliokoy oooBeikTny.

MevikcoTepov Trpémel va& yvwpilopey & &fis :

TToAAdxis S1& vd SIoTUTTOCwWYEY TPoTéoels, of &Tolcn XANOIloTToIoUYTMX
gls T&d MaBnuamikg, kduvopev Xpfiow Tév mooodektdv. O mwooodeikTal mwpo-
TdooovTal TpoTaTlaKkdY TUTWY, OToTE olUTtol kedioTavTal TPOTATELS T) povov
dAnBets T wovov peubeis.

Olrew, X A wpéTaois WX (x e U) : p(x) clvon pia Aoyixny wpdTaos,
kaBboov aUTn AcpPdver Tiwny SAnlilas A &y, kad pdvov v, TO aUvohov &An-
Belas Tns P TadTileTar pE 1O oUvoAov cxvcchopc:gl (6méTe 0 Pe = @) xad Tipty
SAnBeias , £&v, kai povov édv, TO P elvan yvfjolor Umrogtvoicy Tou U (&mdTe T

Pe # ).
10
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*Emions ) mwpoTaos 3x (x eU) : p (x) elven pia hoyiny mwpoTacs, xa-
Booov alrrn Exer Tipfy &Anbelas A, v, kol povo éw, TO ouvoloy dAnBelas Tng
P 5tv elvan 1O kevdy, kad Tipfy dAnBeias Y, &&w, kai povov v, TO gUvoAov P elven
10 & (émoTe 10 Pe =U).

Ilapadeiypata :

. "Av p(x) : x+1>3 kal U=N, Tére

o) Wx(xeN): x+1>3 hoppdver Tipfy SAnleias ¥, Sicm P =
=L 3045 5,6, o) (€ W,
B) ax(xeN): x+1>3 Aaupdva mipiy &hnbeias A, Biom P =
={3,4,56,...}# 0
2. "Avp(): X2+ 1< 0kl U=R, TO7¢
@) ¥x (xeR) : x2+1 < 0 AauPdver Tipfy &Anbeias y, Biom P = 2.
B) ax(xe R) : x* + 1 < 0 AapPdver Tipny dAnbeicg , Bidmt P = &
3. "Avp (%) ¢ x242x + 1 = (x 4 1)?, ToTe
a) VX (xeR): x242x + 1 = (x + 1)* &xer Tipfv dAndeias A, Bid-
T P=R
B) ax(xeR) : x4+ 2x+ 1l =(x + 1)*Exa mpfv cAnbeias A, Bi1oT1
P .

AXKHZIEIZ
12) N& tetdoete &v elvan &Anbis §i weubds &1t

) Wx(xeN): — =1 B) Wx(xeR): (x+1)P=xt+1
Y) 3x(xeR):x=x+2, 8) qx (x:e R)ixd0
ax(xeR):(x+12=x"4+2x+1 aT) ¥ x (X€R) :x=—x

13) N& ypnowormoroete katéAAniov mooobeiktny els Tous kdrwd mpoTaciaxous
TUTTOUS !

a x #x+1 B) xt=x
y) [x]l=x §) x—1(2
&mou olvohov dvagopds Tiis peTaPAnTiis elven 16 R.

5. EYN@ETOI IMPOTAZXEIE.

Eis v kafnpepwiyy oulftnow xai els Ta Mafnuarika 8&v ypnoiuormor-
oUpev povov GirAds TrpoTdoels. ZuvhiBws Tas &TTAGS TTPOTACElS OUVBEOMEY META-
€0 Twv pt Bi&gopa ouvBeTiXG, Tr.X. «kaiy, «eiTey, «fi», «dx», «ddv. .., TOTE.. .»
KT kol oynpoTilopey ko’ ooV TOV TpdTOv véas TrpoTdoels. Tas TolaUTos
TpoTdoels Svopdloper ouvBitovg mpotdosic.

6. H LYZEYZIL AYO [TPOTAZEQN.

‘O &mhovaTepos TpoTros ouvbioews SUo TpoTdoewy elvan 1 olevtlg, Ko-
T& THY OTrolaw EkguwvolUuey f) ypdopey aUTas waldy, ué fva kel petoky Tov. TLy.
Imrd Tag &mwAds mpoTéoes : «'O Clwdwns elvar pafnTrsy, «6 KbdoTas efvan kn-
roupdsy TpokUTrTel pé THY oUleuEiv Twv 1) ouvleTos mpodTaOIS !
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«0 "lwdwns elvan podnhs kol 6 Kadoras elvan knmoupdsy.

‘H oUleutis 8Uo mpoTdoswy &moTehel mpdTaoiy kol Emopévass B elven
Hovov &Anbns 7 povov weubns.

Agyopelo bm 1M odleviig sivar ahnlig povov drav kai ai 8bo svvictdom
npotdoerg sivar avyypovag ainlsis, dhlog 1) o0levElg sivar yevdic.

‘H aulevtis .., «d Zawxpdrns fiTo doTpovopos kol 2 + 3 =5, elvar weu-
b5, &wdd 1) oulevtis «2 +3 =5 kai 2 > 0» elvan &AnO7s.

‘H oulevtis Blo mpoTdoswy p kad q oupPoliletar @ p A q.

To oUpPorov A SioPaletanl «kai» kad Adyetan oopfoiov tiig oulebkenc.

Mpoottate : 16 gUpPorov A yxpnoipomoleiton pdvov Sict va ouvdéy po-
T&oels. Atv emiTpéTETOL LY. v ypdywuer «3 A 2» T «6 KdoTtas A 1 “EAévn.

7. IMINAKEE AAHOEIAE.

A) Eis thv Mafnuarikiy Aoyikny 1) TepIoOSTEPOY X PTOINOTTOIOUMENT) pé-
BoBos mpds elpecw TG (Aoyikdy) Tipdw TGV ouvBéTwy TpoTdoewy elven Bxei-
vn, KoTa Ty Omoiav dvarypdgousy Shas Tas SuvatoTnTas dAnbols f weuBous
TWV oUNOTWE®Y TpoTdoewy Kal Tijs TpokuTrTovsns ¢E alTédy cuvBétou Trpo-
TaoEws Uo popeny Tivakos. ‘O TolouTos Trival P\é'ye-rcx: ouvnBws rival (hoyikdv)
Tpdv N nivel alnlsiog.

'ATO Evar Trivaka dAnBeias fumopoluer v SiamioTdowyey pt Ev PAépna,
gav pia oUvdetos TpdTaols elvon dAndis 7 weudts, dTaw yvwpilwpey, 61 ai Tpo-
TAoEl, TOU THY &moTeAoUv, elvan dAneis 7 weubeis.

Katwtépw PAémete Tov mrivaxka dAndeios &1 Thy mpdk THs culeltes SUo
TpoTdoewy p kai q. Eis Ty mwpiyTny ypaupty ToU Tivaxkos PAémopey &T1 i oU-
levlis p A\ q elvar GAnBns povov Stav kad al Yo ouvioTdoal TpoTdoess p, q lvat
ouyxpovws GAnBels. Els Aas Tds SANas TepimrTddoEs 1)
oUleutis pAq elvan weudris. TouTto EBéyBnuev dos &hnbis, p q p/Aq
81071 ouppovel kol pé TTY évopaciv pas. e ] e

B) Kot’ dvahoyiav mpos Ty ouleviv dlo poTd-
ogwv TuTopoUpey va teTdowpey TNV ouleutiv Blo dvol-
KTGV TrpoTdaeddy, p (X) xad p (x), Thv 6moiav 8& oupPo-
Aifwney pé p(x)/A\G(X).

"As A&Poopev Ev TrapaBeryua :

"Eotw 611 p(x)elvor : x2—5x+6=0 kad q(x) : x—2=0.

Toéte p (x) /A q (X) elven :

(x2=5x+6=0)A(x—-2=0), U=R.
“‘Otav X = 5 1) dvwtépw oUlevtis petarpémeTal gis ThHy EEfs oUvBeTov TpdTaoY ¢
(5:2—5546=0AB+3=0)
) omrola elvan Wweubdtis, 81611 kdbe pla &d Tés ouvioToas TRPOTATES elvan Weubns.

"Edw eis ThHy dveotépw oUlevtiv p (x) A q(x) Béocpev x =2 TOTE TrROKU-

TTEL ) MPOTCTIS :

<€>>
<> <>
€€ <>
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(22-5-24+6=0A02-2=0)

7 omoia eiven dAnBns, 51071 k&b pic &md TaS CUMICTDTES TPOTATEIS £lvan dAnBs.

TATTO TO dvewTépw TapdBerypa yiveTan avepdy ETi TO oUvolov dAnBeias
Ths ouledtecrs BUo duoikTdv TpoTdoewy p (x), q (x), TO dmolov oupBoAilouey
x| p(x) A q(x) ), dmoteheitan amo ékeiver T& oToiyxeia xell (ToU ouvdrou
dvagopds), Ta Omola dvrkouv ouyxpdvws els TO oUvolov P (auvorov dAnteias
Tiis p (x) ) xai €l TO oUvorov ) : (oUvohov hnbelas Tis q (x) ), SnA. &mo T
oToiyela, T& omoia dufkowv i Ty Topny P A (),
"o x| p &y Ag ) =FEnQ.
Mpdypat els TO TponyoULevor Tapdbeiyua Exouey

{X|X2=5x+6=0AXx=2=0}=1{23}n {2} = {2

8. AIAZEYEIL AYO IMPOTAZEQN.

A) "Otav mapabécwuey 8o mpoTdoels fv ouvexeia pé TO ourBeTiKOY «f»
f 1O «eiten peTaty Taww, Abyopsy &1 éoynuoTioouey Tijy SalevEy TG Blo Tou-
TWY TTPOTATEV.

MpooétaTe .y T&s kaTwTEP Tpeis auvdéTous TpoTdoers.

1) “H ’EBuikry Tpdmela mpooAauPdver dmoAuTnpioUyous Tou Nupvaaiov,
oi omoior yvewpilouw MadAika gite "AyyAid.

2) O& dpioTevow els T& MafnpaTika site els T Quoikd.

3) Ba Umédyw &is TOV KwnuaToypdgov §j B& peivw eis TO gTriTI

Eis Ty mpartny mpdTacw sivan govepov 6Ti 1y Tpdmela Bév droxAeieTal
v& wpooAdPy &moluTtnploUyovr Tou Mupvaciou & omoios va yvwpiln FeAid
kod ‘Ayyhikd. "Emrions eis Thy SeuTépov mpdTaow & SuAdv Siv drorhelel ETi
evBéyeTan va dpioTelon kai els T& MabBnuaTikd kai els T& Guoikd.

Eis v Tpltnv mpdTaow elvan pavepov 611 6 OA&Y 8 wpdln v ék TGV
SUo : fj B& Utrdyn el TOV kwnpaToypdgov T 8 peivy gls TO omiTi. Katd Tal-
Ta drav Adycwuev «p 1) g» B& évwooUuey fi pdvov p elven &Andng f povov q elven
GAnos.

Eis tnv mpaitny kol Seutépav mepimTwow N pia tovkayietov kai Evdeyo-
névag ai 800 npotaceig eivor aindeig. Aéyopev ToTe OT1 Eyouev EykheisTiknv
dualevErv A, amAds, daleviiv kol k&pvouey Xpfiow Tou «elten s ouvBeTikoU.
2UpPodov Tis EyrAeloTikfs Sialelicws elvon 1O \/, TO dmoiov SiaPddeTon «eite».

Eis Thv mepimTwow ToU Tpitou dvwTépw mapadelypoTos to cuvBeTikov
«ipy ypnowonowcitar pé v Evvolav Gt 1| pia p o vov arnd tag mpotaceg si-
var aindig, kei § dhin slver wevdijc. Els tiiy mepimtwow odtiy Aéyouey 8T
N Biafevtis elvon amoxherotiki. ZUpPoAov Ths dmoxAeioTikils Sialevlecos elvan
TO0 V, TO omoiov SraPaleTan .

Enp. Eis thv xaBnpepwnv ouihiav xpnowwomrolovpsy, BePaics, THY Aékw § pé ity
onuaoiav. *AAhoTe, Stav Abywipey «p T @», évvooUpey 6T1 pia kKai povov pio &md Tas TpoTdoes
elven &Andns kal &AdoTe &1 pia tovkaxietov TpdTaois elvar dAndns xal mbavov va eiven kai
ai §vo.
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Eis & MaBnuaTikd Spews Biv Buvdpela vk ypnoiomojowyer To «f» pé SrrTiv onua-
aiav. Tlpémwer v yveopifeopey EmakpiPéss Ti éwoolpey dTav Adywpey «p 1 q»
Meapadeiypora (fykAeotikis) Sialeviews @ p\/q (p eite qQ)
o % elven pnTods eite & -2 elvor BeTikds.
2) & 4 elven BioapéTns ToU 5 gite & 3 elvan puoikds.
3) 6 4 elvan Bicapétns ToU 8 eite & -3 elvan &prnTikds.
Al dvwTépw Blafelles elvar dAnBels mpoTdoels.
1

4) "H Bidlevtis : «6 3 elvon dpunmikos eite 6 7 elvon  dképaios»  elvan

yeudrys, Bidmi du@dTepan of ouvioTéoan TpoTdaes elvon weuBels.

[livaE (hoyik@v) updv tiig (Eykheiotikiic) dralevtems : p\/ q

p q |p\Vq Anha®h 0 Sualevkic p \/ q sivar yevdig pévov drav
TT A kai ai 8%0 ovvisrdom mpotdceig slvan yevdeic. Eig 6-

A v A hag tag Ghhag mepintioeg elvar @indic.

Y A A

i g it L

Tepodeiyporra dmokAeioTivfis Siadevlecss : p V. q(piq)

1) 6 =3 elven quokds §y & % elven OeTikdg

2L ) —:);— elvan dépatos f & —3 elvan &punTikds

3) 6 2 elvar Broupétns ToU 5 7 & —2 elven Betikds

4) 6 5 elvan guoikds 1§ & —5 elven &pvnTirds.

Al 8o mpéTan dmrokheioTikal SialevEels elvon &AnOels, &vd al 8Uo Teheu-
Tado elvar WeuBels.

IMivag (Loyik®v) tpdv tiig (aroxherstikiic) Saledlems : p vV q

p q |pvg Ankadn i Swalevtic p vV q civar dinbig téte Kai
A T noévov tote, drav N pia pévov and tag cuvietdoag
A ¥ A npotacerg elvan ainbic.

= A A
3y e ¥

B) Kar’ dvohoylow wpos iy Sidlevtv 8Uo mpotdoewy fumopoipey v
tterdowpey Ty Siéleutv SUo dwoikTdv mpoTdaewy p (x), q(x), THy dmolav B
ouuBohilwpey p(x) \/ q(x).

"As APy Ev Tapdderypa :

“Eorw &mi p(x) elvan : x*=5x +6 =0 kad q(x) : X + 5 =0. Tére p(x) \/ q(x)
elven :

(x*—5x+6=0)\/(x+5=0), U=R
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‘Orav x = 5, 1) dvwTépow Si&leutis petorrpémeran els Ty &g olvleTov TrpdTao
(B2=554+6=0\/(5+5=0)
7 dmolea elvan weudnys, 5161 k&be pia &mrd TéS cUIoTDOas TrpoTdoElS efvan Weudis.

"Edv X = =5, 1) dvwTépw Si&levtis dvoikTddv TrpoTdoewy YiveTa :
((=5)2=5-(-5)+6=0)\/(-5+5=0)

1) &mola elvan dAndrs, B16m 1) Bevtépa TpdTaoIs elvan dAnds. “Emrions, &v x = 3,
TéTE ) Bidlevis yivetan :

(3#-5-3+6=0V(3B+5=0)
7| &mola elven dAnns, S10T 1) TpdTN &TMO TS cwvioTdoas TPOTAoES Elvan
&Anbis.

Korahfyyopev Acimodv el 1O Etfjs oupmépaoua @ T& oToixeia ToU ouvdhou
dAnbeias Tfis ocuvbéTou dvoikTiis TrpoTaoews p(x) \/ q(x) elven ékeiva TG oToI-
Xela ToU ouvdlou dvagopds, T& omrola dvfikouv els TO ouvohov dAndeias P This
p (X) fi els TO olvohov dAnbeias Q Tijs q (x) fi dvrikowr kai els T Blo cUvoda
P kal Q. M &\has Atteis TO ovwvorov dAnbeias Tis p(x) \/ q(x) elven 0 Pu Q.

ZUpPoAIKs BICTUTTWOVOUEY TO CUUTIEPOOUA ToUTo s Etfis :

{x[p)Va®}=PuQ

M Koat’ dwodoyiav mpds Ty dirokAeioixny Siélevtv BUo mpoTaoewy
BuvdpeBa va 2etdowpey THY &mokAeloTikny S1alevtiv BUo TrpoTaciakdy TUTWY
p (x), q (x), Thv 6molav 8& oupPolilwopey pé p (x) V. p(x).

Elven pavepdv 811 16 ouvodov dAnbeias Tijs p (x) V. q(x) &moTeheiTon &mwod
gkelva T& oTolyeia ToU ouvdhou dvagopds, T dmoia kabioTouy ThHY p (X) dAn-
67 kad Ty q (X) weudfi TpdTaow Kol fxeiva T& oTolkeic TOU ouvOhou Swopo-
p&s, Ta omoia katioTouy THY p (X) Weubf kai ThHY g (X) GAnBR, SnA. elven TO
olvorov PUQ —PNQ #, émep 16 ald, O ovorov (P —Q) u (Q —P). Zun-
PoAikés TO cupTrépoopa BiaTuTTdveTan s LTS :

{x|[p®V¥.q®} =PuQ-PNQA (P-Qu (Q-P)

Iepaderypa :

"Eotw 6T InTelton 1O {x|x:-5x +6 =0V x®—6x -+ 8 =0}, dmov
olvohov dvagopds elvenr 10 R.

*Exouev P={2,3}, Q= {2,4}. ‘Ewopévaxs: PUQ = {2, 3,4} xal PNQ
= {2}. "Qore : PUQ—-PNQ = {3, 4} xal

{x|x2=5x+6=0V x*—6x+8=0}={34}

AZKHIEIE (%

14) N& Beltete 611 al oulevtes p A q xad g Ap Exouv T&s adrds Tipds &Andeias.
15) N& &eitete 6m1 ol Siakeltes py q xal qV p Egow Tas aUTds Tipas dAndelas.
16) Né& Siarumdroete AekTikéds Thv aUlevtv kol iy Sidlevtw Tév kdrwd mpoTdoecwy.
a) 'O [edpyros elvar &ypotns. 'H "Ayyehik elvan olkokupd.
B) Al elfeicn alran elvan wopddAnhor. Al elfeicn abrton TépvovTal.

(*) *And 7ag mpotewopbvag doxhaei el o Kepddatov I Ba Sifwvrar Some watd iy
vplow 100 Bi8doxovroq dmmtolvran Stk Thv tumédwoty éxdomig évéThTog.
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17) N& oxnuatioere Ty oUlevbv kal Siafeufiv Téw KATWTEPW TrpoTdoewy. "Emeata
v& dmogavbiite mepl Tiis dAnbelas f ph TEY ouvBéTay TpoTéoEwy, ToU B& TpoKUyouY.
a) ‘O ZemwtéuPpios Exer 30 fuépas. ‘H EPbopds Exer 8 fpepas.
B) To 3 elven pikpdepov ol 4. To 4 elvan pikpdrepov ToU 3.
¥yl =6" 21 =37
8 54+1=5 8+4+1=10 ;
18) N& oxnuatioete Thy oulevtv kai Br4fevtiv TGV KaTWTEPW AVOIKTEY TTPOTETEWY,
Né& elpete dxooUbus Té ouvora dhnbeias T&y cuvBETwy GUOIKTEY TpoT&oEwY, ToU B4 Trpo-
KOyouv. (ZUvohov dvapopds Té R).
o) Xx+2=0,x2—4=0

B) x*=0, x=2
Y)X*—8x+12=0, x3—5x +6=10
&) x 730035

) x—8=0,x)5
oT) X' —4=(x+2)(x —2), x2—1 =x+1DMx-=-1)
Els Ty &doxnow y) va elpete kal T6 olUvohov dAnbeias THs dmokAe1oTIkfs  Bralevtews,
19) ’Edw o, P elvar mpaypatikel &pifipel, TéTE | TpdTaos a-f = 0. SiaTurdveTan
pe plav Sialevbw. Toia elvan abrd Sradeutis ;
20) ’Edv o xed B elvan mpayuarixol dpiuoi, Téte §) mpdTacts of 4 p* =0, SiaTuTrco-
vetan pi plav_oUlevtw. Mol elvar adrd f) oUleuis ; i

9. APNHZIE.

A) ‘H &pnais Siaptper &md T mponyouptvas Tpdtes Tis SialetEews
Ko ouledteas kord o 61 elvan povopehig pdtis. *Edw p elvan pla mwpéraots,
| &pvnois Ths p elvan pia véar (olvdeTos) TpéTaocs, | dmola Exer dvtibeTov TI-
piv cAnBelas. "Edv, r.x., 9 p elven dAndhs. 1) &pvnois Ths p elven weubts kal
gw 1 p elvon weudns 1) &pynois s p elvon &AnBis.

‘H &pvnois mas mpotdoews p oupPoliletan wé ~ p ka SraPaleran : oy p.

Hopodeiypata :

lov, p : 65 elven puaikds dpifuds.

~ p: X1 65 elvon puoikds &piBuds =6 5 Biv elven guoikds dpiBuds.

Zov. p : & 2 elvan dpunTikds &pifuds.

~ P81 6 2 elvon dpunTixds &piBuds = & 2 Btv elvon &punTikds dpiBpds.

3ov.p: 243=5

- ~p:i243#£5

4ov. TO &Bporouat TGV &mOAUTWY TIHEY TGV EowTEPIKEY yooviddv Evdg
Tprycvou elvar 180°.

~p: 10 &poloua TEY &TOAUTWY TIMGY TGV ECWTEPIKGY YWVIGY Evds
Tprycvou Sev elvon 1800,

IMiveE dinbeiag tiig dpvijoewg ~ p

P | ~p
AW
LA
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Ynp. Opaomikdds o dpvhoes &y &mAGY TpoTasewy oynpaTilovTon auv-
Beos Bicx Tiis ToapepuPoiiis fvos Gyt (7} 88v) els Ty karddAniov Béo.

IMopadeiypata :

lov. p: & 8 elvan TéAetov TeTpdywvov.
~p:06 8 Bty elven TéAe1ov TETpdywvov.
20v. p @ Kdfe TeTpdycvov elven dpBoycoviov.
~ p: Kébe terpdywvov Btv elven dpboycoviov.

To ouvnBéoTepov opdiua, TO dmoiov yiveton kaTd TOV oyXnMUaTIONOY TS
Apvrioecs pids Trpb'rc'xcscog &tres, Y., | «"Okot oi podntai adtiig tiig tatewg
Gyamobv v I'eoperpiavn, elvar va eiTropey «kaveig pantig eig adtiy v ta-
Ewv dgv ayana v l'toperpiavn. Al dvwTtépw TpoTdoers PePaiws tv cuppovolv,
GAN& Btv elvan ) pia &pvnois Tis GAAnS, 8161 gvbéyeTon va efven kad af SUo weu-
8ets. A1t TouTo elven TPOTIHOTEPOV £l§ TAS TOIQUTOS TEPITITLOES VX OXTHOTI-
{wopev Ty Gpynow AekTikés pé 1O : &1, Els 10 dvewotépw Tapdderypa Aormdy 8
elmooper : &yt GAat of pobnTal aUTiis Tis Tdlews dyamolv T Mewperplav.

B) 'Edqv p (x) elven pia dwoikth) mpdTaois, ToTE f) dpynols auTiis oupPo-
AileTon pé ~ p (x).

Edv &k This dvTikaTaoTaoews Tou X 817 évds oToiyeiov Tou guvdlou dvo-
popds U els THv p (X) rpokuTrTn TrpdTacis dAndhs, Bid Tiis &vTikaTaoTdoEWS
ToU X 81 ToU a¥ToU gToryeiou eis THY ~ p(x) mpokUTrTel TpdTacls weudns. "Edv
& Tis dvTikaTaoTdoews ToU X gl p (X) 81’ tvds gToxElou ToU guvdhou dvago-
pds TpokUTrTY TRdTATIS WeubTs, Sk TRs dvTikaTdoTdoews Tou X els THY ~ p(X)
81 ToU aUToU oTorxeiou TrpokUTrTEL TPdTaOIs dAndns. “QoTe TO oUvolov dAT-
Beias 1fjs ~ p(x) &moTeheitan Eb éxefveov  TdV oToryeiwv ToU U, T& dmola Bv
dumkouv els TO oUvorov dAnbelas P, Tiis p(x), Emopévews B& dvfikouv els T
oupTAnpwpaTikdy Tou P ds mpos U, SnA. o Pe .

SupPohikdds SiaTuTr@vopey TA duwTépw s EEfs ¢

{x|~ p(x) } = P¢

*Eotw o Topderypa ) avoiktn) mpoTacts p(x) @ x* —4 = 0 kai guvolov
dvogopds 16 R. To ouvorov dAnBeias tfis p (x)elvon 70 P ={2,-2}. Td
gupmAnpwpaTikoy ToU P ds wpos Relvon 10 Pe= {x | x # 2Ax # — 2 }. "Qae:

(x|~ PO} = (x| x# —2xai x# 2},

10. H APNHEIIE MIAL LYZEYEEQE.

"EoTw 6T1 Béhopev va oxnuaTicwuer Thy dpynow Tiis ouledtecs :

«6 A elvan farpods kad 6 B elvon Si5aokatosy.

“Omress tpdBopev ( § 7), Bidx v elrepey 6m1 1) mpdTaos alrn elvan yeubis,
Tepémel ) pia TouhdyioTov & TAS CUVIOTWONS TTPOTATES var elvan weudris.

O eitrwper Aolmodv :

«O A 8tv elvon forpos eite 6 B 8év elvan Bi6&okahos».

"As APwuev Ev &Aho Tapdderypa :
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«O& kepbiowpev els TOV dydva ToU PoAeU pé Thv dudda ToU Mupvaciou A
kai 8& kepSiowpey els ToV &yddva pé ThHY 6pdda ToU Mupvaciou By,

Aia v& oxnpaTiowper T dpynow Ths dveTépw oulellews elvan povepdy
&11 Tpémrel va elTroopey @ «Atv O kepSiowuey els TOV dydva POAEU pE ThHy dudda
ToU [Nupvaoiou A elte Bév B kepdiocopev el Tov dydva pé Ty dpdda Tol lMu-
pwaaiou By.

‘ISou Ev TpiTov Tapdderypa &md & Mafnuomiké @ CEdw o kad P oelven
TpaypaTtikol &piBuoi, TéTE f| TpdTaCIs o + P2 =0 BiaxTuTrddveTOn W THY oU-
leviwv a=0A P=0. ‘H &pvnois 15 o® + P2 =0 elvar o« + B2+ 0 kai SioTu-
eoveTon pE Ty B1&eviiv a# 0 elte P # 0. AnAadn:

~(x=0AP=0) elvoa (x# 0V p#0)
Elven Aovdv gavepov &1 1) &pymais Tis p A q elvar ~ p v~q. To mpaypa
kaBioToTon capéoTepov &TO TOV KATWTEPwW Tivake dAnBeics.

p q ~p | ~q |pAgq|~(PAQg|~pV~g
A A ¥ ¥ A ¥ ¥
A e A Y. A A
¥ A ‘ A ¥ ¥ A A
i i A A ¥ A A

|

"ATo Tés BUo TeAeuTaias oTNACs Tou Tivakos gaiveTal 6T1 1) &pvnois Tiis
p A q kai 1) Sialevtis ~ p V ~ q &xouv Tds aUTds Tipds dAnbelos. "Emrions oa-
péoTepov paivetan &md Tas oThAas Snv kai Tnv &1, dtav | p A q elvon &An-
Bs, ) (~p V ~ q) elven Weubns kad éTav N p Aq elven yeubrls, ) ~pVm~q
elven &AnBns. ‘Emropéves 1y pla elvan &pvnois Tiis &AAng.

Zupmépoopa : ~ (p A q) el : ~pV ~ q
11. H APNHEIZ MIAL AIAZEYZEQE.

"As AGPoopey TAS TTPOTACELS :

p:d A elvan farpds,

q: 6 B elven Si5&okahos.

‘H Biddevtis ardov elvan :

PV g: oA elvan latpds eite 6 B elvan Bib&okados

Efvon eUkolov v& tworjowper &T1 f &pvnows Tiis p V q elven : & A Biv
elvon loTpos kai 6 B Stv elvan S18&okahos.

"Qote~(pV Q) elvu: ~p A~q

150V v mopdderypa &md Td MafnuoTikd :

Edv o kai B elvon mrpacypartiol dpiBpol, TéTe | mpdTaos o-p =0 &a-
TutrcoveTal pe TV Si1dlevtiv : a=0vy P=0. ‘H é&pwnois Tis a-P=0 elvan
o P#0 kai Sarumdveton pt THY oUlevtiv a# 0 kai P 0. Anhadd :

~(a=0Vy p=0) eivar (a0 A P#0)

loyUer Aorrov 6L ~ (pV q) elven ~ p A~ Q.

To altd eUpiokopey, Tépow Téons dupiBohics, v oxnuoTicwpey Eva
mivoxa dAnBeios B Tds pV q ki ~ p A~ q.

18
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poo) ] g g | PV BN Q) [ A
A A Y ¥ A ¥ ¥
A ¥y Y A A ¥y ¥y
¥ A A ¥y A Yy ¥
¥y Y A A ¥ A A

\ \

ATTO Tds Yo TeheuTadas oThAas ToU Trivaxos gadveton 6T1 ) dpvnois ThS
PV q ki ouleutis ~ pA ~ q Exouv Tas qUTAS TILGS &AnBelos. ZapéoTepoy PAE-
Tropey &md Tas oTAAGs Sy kel Tnv 871, dTov ) pV q elven s | ~ pA~ q
elven weudhs kad &Taw ) pV q lvar weudng f) ~ p A~ q elven dAnbrs. “Emropé-
vas ) pia elvan &pvnois Tiis EAANS.
Supmépaopa : ~ (p V q) elvan: ~p A~ q.
AZKHZIEIZ
21) N& Biatumoete Tds dpvrioels TV kaTwl mpoTdaEwy :
o) ‘H "AhyePpa elvai tvBiagépouoa.
B) “OAor ol pabnral Tiis Télews &yamolv THY "AlyePpav.
y) Tav Tplywvov Exer Téooapas TAeupds.
) 542=17 €) & 7 elvan mwpdTos &pibuds.
or) 34+1=5 0) & 4 Btv elven TéAetov TETPAY VOV,
n) Mepikol &p1Buol &év elvan &pvnrixol.
22) N& Umohoyloete 70 P = {x| ~ p (x) } 81& Tas kaTw duoiktds mpoTdoels
p (x), dmou oUvorov dvapopds Tiis METaPAnTis X elvan To R.

a)ix=2 P) x=-2
Y) x+7=15 8)ixa =9
e) x34+1=0 or)x! >.16

23) N& oynpatioete Tas &pvroers Ty xé&Twb :
a) Zfjuepov elven TetépTn kal & koupods elvanr Ppoyepds.
B) x=2 kal y =5
Y) 2:3=6«kal 34+2=5
§) To Tplywvov ABI elvan loooxehés kal 16 ABE elvan lodmheupov Tplywvov.
£) O& pelvw els 16 omlm fj 8& Umayw els Tov kwnpaToypagoy (*).
01) 24+3=6 elre34+4=5
D 5:7=35 e 4:5=20
12. TI EINAI ATIOAEIZIE.
Eis v kebnpepwiy {whv, étav BiAwuey v Telgwuey & TpdowToy OTI
k&1, Sik Td dmrolov oulnToUpey, elven dAnbés, aurfiBs Adyopev @ «Adtd elvan
AAnbés, 51671 Ekeivo elvon SAnBéey. Ak v elven TeloTIKN P TOIXUTT RO TADTS,
Tpémel of oulnTolvTes VX oUp@wroly 8T TO Eketve elvan dAnbis kal &1 adtd
elvon dvaryxala ouvémela Ekeivov. Me dAAas Aeters pémrer va Umdipyn oupguvia
&5 mpds Tds TAnpogoplas, Wi T&s Omolas dpyilonev; kai dg Tpos TO Méds EE-
Youev oupTépaopa &md auTds Tas TAnpogopias. “H Aoyikn Goyohsitar pé Tiv
pekétny tdv kavévov npic cxnpatiopdy dpbdv npotacewv.'H Aeyouevn anddertic
owioTarat s TOV oxnuaTiopdy TpoTdoewy ToU TUTov: "Edw almd elvan dAnbis,
TOTe kol Exeivo mpémer ve elvon dAnbés. Ty, «tqw Ppétn, ToTe 6 kijmos pou B

(*) M2 mivaxa dhnOetxc 0% BJelfwpev mpomyoupévee é1v @ dpvnotc ThHe P ¥ q elvat

(~PV @AY ~D)
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moTiodii». ‘O kafels 6& ouppwynon kE aUThy THY TPOTAoW, BIoTI SAol ¢k ef-
pas yvepilouey 871 pé THY Ppoxny O kijros Ha ToTiof.

*18oy BUo &Ma TapebelyuaTa tk THs CARYERpOS

1) *Av 3x =5, ToéTE X = i

2) *Av a=4 xad p=2, Tote o* + 2p =20

“Ohan af pednuoTikai &rodeifsls ypnolpoTolouy TROTETES ToU AVeTEPL
TUTTOU.

SUVTOPCITEPOY BIGTUTIGUOMEY TGS TTPOTACES TaUTas AbyovTes «p guv-
eTayeTal », 7| CUUPOAIKGS @ p = (.

M. 3x= 9=x%x= ;

(a=4 kai p= 2)= o+ 2p =20

Mia aUvBeTos TpoTaCIS THS BOpPTis ¢ P+ AEyeETOL, G5 YrwoTov, OUVE-
rayoyq. ‘H épyooia pé &GAnbeis mpoTdoeis Tou TUTOU 1 p - q AéyeTon mapa-
yoyikdg cukhoyiopds. f), &mA&s, ovhhoyiopoc. ‘H mpdragis p AéyeTan Omd-
Ogorg kai 1) TTPATACIS (| AéYETAL CUUTEPAGIAL. Aéyousv 8& 61 p =+ q elvon Ev Bed-
prpa. -

"Orav 1 TpdTaois p elven dAndris, ) TROTASIS g HMTTOPET V& glvar &Anns
A weubns. Emions értav f) TROTEOIS P elvanl weudnys, 1) TROTAOIS @ NUTTOPET V&
elvan &AnBs 1) yeudns.

Mpémer Aormov vix yvwpilwney Téas Tinds dAndeiag wids guveTTay wys, OTav
elval yvwoTal al Tipad dAnBeias TV &TAGY TpoTdoEWY, ¢k TV dTroiwy alTn
owvigTaTal.

Kaitor 4 mpods TOV okomov cUTOV drolouBoupévn péBodos elvanl CUVETTELX
wids Topadoyis, év TouTols altn oTnpileTon & TGV évopaTikédy PBaoEwy Tou
bplolU auhhoyiapou. O ELeTAOwWMEY KaTwTEP Shas Tas BuvaTds TEPITTWOEIS.

13. IINAZ TIMOQN AAHOEIAL THE EYNEINA[IQIHI.

1) *Eéw pia dnbng UmédBeorg p 68nyd) els Ev dAnBEs cupTrépooua q, -
orelopey 871 éxduouey 6pBdv oUAAOYlouOV Kai DECOPOUMEY THV GUVETICCY WY TV
&AnB7.

3 2) 'Edv pia dAnfns Uméleois p 66nyi el &v weudts oupmépaopa, TOTE
elven PéPotov &1 Exouey kéuer Adbos els Tov ouloylopdv kai  Bewpoupev T
ouveTTarywy Ty Yeudt.

3) *Edw f) UmdBeois p elvan weubrs, ToTe 5pBos auAAoyiouds fiuTropel va
uds 68nynomn els &Anbis oupTépooua kol ouugovoUpey v Svopdlwpey GAnbi
QT THY CUVETTOY @Y TV,

4) ’Eqv 1 UméBeots elvan eudrs, ToTe OpBos gUAAOYiouds AUTOpET EE
foou v& pdis OBMynon Els Weubls oUPTIEROTHG Kol TOTE OUPQVOUPEY V& Gvo-
Haleopey THY DUVETTEY WY TV oty &GANET.

T& GveoTépod OUYKEVTPOOVOUEY Els TOV kaToTépw Trivake dAnBelas
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Mivag alnbeiog tijg ovverayoyiic: p => q

Pu Wl S Sp e
A A A
A ¥ ¥
¥ A A
¥ ¥ A

"Omews paiveton els TOv ivake, 1| cuveraymyn p = q eiver wevdig tote
ai povov, dtav N mpdTn npdtacig sivar akndig kai 7 devtépa weuvdig. Eig -
ag tdg drhag mepintdoeig sivar aindng.

Moapadeiypara époapuoyfis Tou mivakos :

1) 2eN = - €Q, dAners

1
2

2) 3)0= eN, weubns

3) V2eN- 2 €Q, &b

4) - eN= V2eQ, dAnbhs

*Eotw 1 &Andns ouvemtaywyt) p=- ¢, émou | p elven &Andns. ‘H ouve-
Taywyt airn SiaPdleTan kod pE &AAous Tpotrous. ‘180U pepikol EE adTéV :

1) &w p, ToTE q

2) p elvan ikavny ouvbnkn ik q

3) q elven dvarykaio oubiikn i p

4) fva q dpxel p

4. TYNENATIQIH AYO ANOIKTQN ITPOTAZEQN.

"EoTw &1 Exopev THY owvemaywynv p (x) = q (x).

TUvohov dvagopds To |7, obvorov dAndeias Tiis p (x) TO P, ouvorov &hn-
elog s q(x), T Q. Ofhopev V& Tpoodlopicwuey TO cUvolov dAnbeias Tiis ou-
Emaywyfs p(x) = q (X).

Maporrnpotvtes Tov  Trivaxa dAnbeias Ths cuveraywyfs, PAétopev  6T1
UTopoUpEy V& KOTAOTATWHEY THY ouveTTaywy v p (X) = q (x) &Anb,

{ Thy p (x) GAnOR kal Thv q (X) GAnGH,
Thy p (x) weudfi kal Ty q (X) GAneH,
{ Ty p (x) weudfi kal Ty q (x) Weudd.
"Ex ToUTwv EmeTon OTI
{x|p®=q&)} =P uQ(*)
lapadeiypata :

1) N& eupedfi 1o olvohov dhnfeias Tiis ouvemaywyfis, x*=1=x=1.
(oUvorov dvagopds T R).

Evpiokopsy mpitov ém P ={1,—1}, dpa Pe = {x|[x# 1 eire -1 }.

W KATOOTTOWHEY :

(%) *Amodenavietan b= Gha ol mepimTdoelg xahimTOVTAL 4O Tov TuToy TobTov.
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Evpioxopev émertar & Q = {1 }. "Emopéveds PeUQ={x|x#—1}

2) N& eUpebfj 10 ouvohov hneias THs ouvemaywyfis ¢ X = l=x2=1.
"Eyouev P = { 1}, &pa Pe = { x| x # 1 L Q={1,~1}. ‘Emopéveos Pc U Q=7d
oUvohov dvagopds R.

AIKHZIEIZ

24) N& elpete Tolen &mo Tés K&Twh ouveTraywyds elval dhnleis xal moic euBETs.
o) 3=4=>3+1=4
By 25 0=r6=12"3
y) 5=2+3=2)8
5) 2=5+6=>8)10
g) 3=2=52)3
25) N& oynuariogete ToV mrivaka &Anbsias TGV :
a) p=~4q B) i~ p=q Yo pis i
26) N& oynpaticete Tov ivaka Anbeios TV
p=> q kal ~pvqa
Ti TapaTnpelTe |
27) Ak va elven x = — 2 elven &varyxaia ouvBfin f x* = 4. AlTUTTOTATE TOUTO TUH-
PoAixéds ut plov cuveTaywynv. s
28) N& oynuaTiceTe Tov Trivaka dAndeias TRS *
p=(pva
29) N& oynuarigete dUo ouveTraywyds &md k&Be [eUyos k TGV K&Twh TpoTdTEWY
kol v& eUpETE TaS TIMGS dAnBeias Towv.
« 3+4=7 5+3=8 B)5+1=6 3+2=6
y) 6-3=2, 4=25 By 0=1, 2:5=10
30) Eis Tas kaTwh OUVETTAY WY ds QUOIKTGV TpoT&oEwY v& EJpETE TA OUVOAX &An-
Belog Toww.
(To ouvohov dvagopds U eivat 10, R).
o) 'Edv ¥t =4, TéTE X = 2 €iT¢ -2
p) 'Eav x =4, ToTE X} = 16
y) ‘Eqw x? =25, 1é1e X =—3
B) 'Edw x =3, ToTE X #£ D
€) 'Eév x* > 0, ToTe x* <0
a1) 'Edw x* —5x + 6 = 0, Téte x = 3eite 2
31) &a =3, p=2» Eivar 1) mpoTacts altn lkavi 7 dvaykala ouvlrkn Bid va Exooue
a+p=5;
= 32) “EoTw & oUvohov 3 mpoT&gEwy i py Qi T B1& Tag Omolas oxnuarilouey fva Tivak
T1pév &AnBeias. TTooas ypaupds B TepiExT © Tivat ; TMéoas éav al Si15opeven TpoTtéoes elvar v
33) "Eote p f) wpdTaols «Ppixe kol q f) TPOTAOIS «KEPVEL KpUo. Né& dmobdoer
AEKTIKES TAS TTPOTATEIS :
pAgq, pA~q ~pA~q pv~a ~(@Ad P=q
p=>~gq, ~p=>q 4=p ~p=>~4

15. H ANTIZTPO®OE KAl H ANTIOETOL MIAL ZYNEIATQIHE.

A) *EoTo f| ouveTraywyn : '
« & fvas &piBpos Anyn es 0 &Y 5, ToTe elvon BronpeTds Bidx 5», Thy dTroic
onuEIVONEY P = (.
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Oecopolipey  TOPA THY CUVETTAY@YTV :
«@w fvas &piBuds elvan BiapeTos Bid 3, TéTe AMyyes eis O §) S». Thy ouvemraryw-
Y aThy 0 THY OT|UEIDTWHEY BE g = P, B16T1 UTroBeons is Ty BeuTépow cUTHY
ouveETTaywyfy Elval TO ouuTrépOoua TS TPDTNS Kol TO CUNTIEPOOUS THs Beu-
Tépag ouveTrarywydis elven UmoBeais THS TPWTNS.

Al ouemraywyal p= q Kai g= p Aéyovtal avtioTpogor 1) pia Tiis &AATS.

MapaTnpoUpey 611 o p = ( xal q = p ToU dwwTépw TopadeiypaTos glval
Kai of SUo dnBels. Aév oupPaiver Suws o TrévTote. ‘H duTioTpopos wids
dAnfols ouverrarywyfls EvBexeTan va lvan weubns. TLx. p=q @ taw Blo yovic
elven opbad, TéTE elvan foar (&AnB1s), & q=-p: g BUo ywvion elvan ioal,
TéTe efvon Opfal (weudhs v yevel).

B) "Eotw 1) &Andns OUVETTOy WY T|
p= q: tw Evas &piBuds Afyn glg 0 7 5, T6Te elvan SrcapeTos Bice 5. *H ouveraryco-
Y~ p=~ q Myetan @vribetog Tfis p= q.

Eis 1o Trapdderypd vos AekTiKGS B& eiTTwpey :
~ p=~ q: Edw fvas apiBpos v Afyn els 0 fi 5, ToTe Bév elvan BlonpeTds Bia 5,
1| &mola elvan &Anbris TPoTOOIS. Aty oupPaiver Opws évroTe 1 duTifeTos WS
&Anfols ouveTarywydis va clvan mrions dAnons. '18ou v mopaderyua :
p=q: taw BUo yovic eval opbad, TéTE elvan ioon (SAnGNs).

~ p=~ q: & Blo ywvien B elven opfai, TéTe Btv elvon loaw (yeudns).

16. H IZOAYNAMIA AYO INPOTAZEQN.

A) AUo TpoTéoeis p kai q Abyopev 671 elvon igodbvapor peTaty TV, £Qw
| oUlevtis (p=q) A(@=Pp) elvon GANGHs. ZupPohilopev TO yeyovds aUTo pé
p<>q xai SiaPdgopey : p looduvapel (Moyikéss) pé q. OUTe, Y., i TTPOTATEL
P : Evos &piBuos Ayer els 0 f 5 xod q: Evas dpiBpos elvan BioapeTos Biax 5, elvan
looBUveqol, Biom loyuel p= q kai q= p. Mp&gopey Aormdv P <5~ Q.

A& v& oynpaTiowpey TOV Trivaxe dAnBeias Tiis ioobuvanias, dpkel v& oyn-
Hoerioopey Tov Trivake dAnBelos TS ouleltecs (p= q) A(@= p). "Exouev :

sipv e dipe Hep el 42 D)
A A A A A
A ¥ ¥ A b
WY A A i b
¥ W A A A
Anhadi Exopev tov karob nivaxa Tpdv dAndeiog tii iooduvapiag:
Ao g A pe=d
A A A
A ¥ | b i
Y A | iy
b WSS AR A
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“Htot 1] isoduvapia 600 mpotdsewy civar ainbig povov brav kai ai ddo
npotacsg tival aknbelg i yevdele tautoypdvoe.

Mt &AAas Aétels Buo mpoTaoels p kai ( Abyouev OTI eivan igoBuvanol, érav
Eyour Tas altas Tipds GAnbeiag ouyypovews.

MopaBeiypara épapuoyfs ToU Tivakos :
1) 65 elvon dréponos <+ & —3 elvan dpynTiros (&An6NS)

v

2) 6= elven dKépmog--.,»- & /3 elvan guaoikds  (&Anbns)

(=)}

3) 6 2 elvor uolkds <= O ; elvan dépanos  (weudngs)

4) 6 —21— elvan dppnros<> &4/3 elvar dppnTos (Weudns).

5) f) e0feic €/ fe' <> 1) elBeia € [ [ (GANONS)

6) To Tpiywvov ABI elven ioémheupov <> TO Tpiywvov ABI eiven lgoyviov.
B) ‘H ioobuvapia p<=( SloTuTreoveTal AeKTIKGS kai pé &AAous TPOTTOUS.
Mpootterte Té&s Buo TpoTdaels «p éw q» kol «p pévov tow . ‘H «p éaw

q» onuaivel q » p ked ) «p povov v g» onpaivel p > Q. ‘Etropéveos E&v kad ai

BUo aUral TpoTdoels eivan dhndels, N ouleutis Tov O efven dAnbns. “QoTe :
«p B kol pdvov v » onuaivel p- g kel q= p, dnAadn p<=-q.
"Qote avti vi hEyopey «p igoduvapel pé qr, fpmnopodpey Vi AEYOPEV «p

£av. kai povov £av gr.

Mapdderypa : Gewpotper Tag EETs SUo TrPOTATEIS :

p: Avo evfeicn gvds EmirédSou Bev TépvovTal,

q: ai elfelon avTai eiven TapdAAnAol.

p = q: 'Edw 8o eUbeion Evds émmeBou Bev TéuvoouTOl, TéTE elvan TApAAANAC

(&Anbs).

q > p: 'Edv 8o edBeion buog Emimedoy clvan  ropdAAnhol, TOTE Bev TEpovTal

(GAnbns).  *

"HumopoUpey Aormrov var eimwuey
«AUo eBeicn fvos EmiméBou elvan TapdAAnAor Eav, Kai povov £av, BEv TEPVWUTIY,

THv icoBuvapior BUo TPOTACEWY THY BIATUTTWVOUEY kad pé &AAov TpoTOV.

"Av AdPoopev TEAIY TO GVWTEPW Topdderypa TUTTOPOUMEY V& EiTTwopey
wiavaykaie kol ikavi covBikn Si va elvan TrapdAAnAol Buo eufeica Evds ETTLTTE-
Sou elvan va pn TERVWUTALY.

“"Evos &AAOS Tpowos BroTuioews Tis loobuvauias TdY dvwTépr BUC
TrpoTdaewy p Kol q elvan @ «Aid v elvan TapdAAnhol Buo elBeion évos Emimédov,
mpémeL Koi Gpkel va Wh TEWGVTOD).

*Ag A&Powpey £V GAAO TapABEyua

“YrevBupilopev T BUo BecopnpaTa.

OEQPHMA 1. ’E&v 7o Tetp&mAeupov ABMA elvan  mapohAnAdypaiiuov
+é7e of Siarydviot Tou Al kal BA BixoTopolvTal.
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OEQPHMA 2. 'Edv ol Swaycoviol Al kel BA Evdg xupTou TeTpamrAeupou
ABIA SiyoTououvTan, TéTE TO TETPATTAEUPOV TOUTO Eival TapaAANAdYpaupov.

“Ag odvopdowusy p THy mpdTaow : «ABIA  elvar mrapoAAnAdypaupovy,
@i q Tov mpoTaow «Al kai BA BryoTopouvTaly.

To Bewopnpa | tkgpaleTan Sid. Tiis owverraywyfis @ p g

To Becopnua 2 EkppdleTan Bi& THs q = p.

Kai T& BUo BewprjpaTa paly ékppdalovtar Sia This iooduvanias p<=»q.

KéBe pla &mo Tas mwpoTdoes p kai q elvar ikavi oovBikn Six Thy EGAAnY
<ol rrions kdle pic elven avaykaia ocvvBikn S thv GAANY.

"HutropouUuey AotTrov va ey

«'lve Bv TeTpdrheupoy elval TapaAAnAdypapuoy dvaykaio kai ixavi) ouv-
Mkn efvar o Biaxycviol Tou va SiyoTopouvTaus. "H dxoun :

«“lva &v TeTpdmhcupor elvan TapcAAnAdypaupor npénel kol apkel ol Sio-
ywviol Tou vd BryoTopouvTal».

"Errions, Omows eibopey QuaTEP®, TLTOPOUNEY VG EITTHEY :

«"Ev TeTpdmmAeupoy eivan TapahAnAdypaupor £av, kai povov idv, ai Sio-
Yoviol Tou S1yoTOROUVTOLY.

*ATro TOV dpiopdy ThS {ooBuvapias évwooupey 61 foxUouy al Etfis 1B1oTnTeS

o) p<p

B) (p==>q)<=>(q<>p)
Y) (p<=>qA q<=r) = (p=1)

17. IEOAYNAMIA ANOIKTQN IMPOTAZEQN.

“Omes kad gl THY ouveTaywyy, oUTw kal els Ty {ooduvapiov AUTrOpoU-
Uev vy EmreTeiveopey TH Euvolaw kol 81 AvoikTds TpoTaoels. “As {nTnowpey Aot
oY TO oUvodov dAnbelas Ths p (X)<>q (X).

*Edv Béocopey els THy p (x)<=q(X), émou x fva oToiyeiov ToU auvoAou dva-
popds U, To dmoiov dumker el TV Toufv PN (), AauPdvoper piow &An6R ouvbe-
Tov TpdTagw, ETEIST kol Ta SUo pEAn Tiig iooduvanias elvon Topa &AnBeis Trpo-
Tdoes. "Edw sis Thv p (X)<=>q (X), Béowopev dmou X &v oToiyeTov, TO dmroiov awty-
ket glg Thy Pe Qe , AopPavopey mwéAw picy &AnSH oUvfeTov TpdTacy, B16TL
Topa kad T4 BUo peAT TS icobuvauias elvan weubels mpoTdoels. "Edv dwri ToU X
Béowper dmolovBhioTe &AAo oToixelov Tou U, mpokUTTEl Weudrns ouvBeTos mpo-
Taois, 5161 TO fvax péhos THs iooduvapias B& elvan dAnBis TpdTaos kad TO &AAo
Weubfis. Zupmepaivopey Aorrov &TL:

{x|p®<=q®}=CQu (PN Q)

Ilapaderypa.

ZnTeiton TO ouvohov AnBelas THs (x* =4) < (x =2). “Exoumev émi
P(x):x*=4 xai q(x) : x=2. ‘Emouévers P ={2, -2} rai Q={2} "Apa
8% elvon Po= {x|x # 2efte—2} xad Qo= {x[x #2}.
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Suveméds PO = {2} ki Pe N Qe = {x| x # 2¢ite —2} TeAkds Aol-
TIOV EYOMEV :
(x| p(x))=(qx) }=PnQ u (Pc NQ) ={x|x #—2}

Znu. 1. Té ouvorov dAnBeias Tfis (x? = 4)<=>(x = 2) elvea dpéows pavepov OTI elvan
o {X|x # —2}, Biémt 16 — 2 elvan ) pévn T TOU X (&MO T6 oUvohov dvagopds R), Bix
THy &moiav Biv AapPdvouy Tas alTds Tipas dinbelas xal T& BUo pédn Tiis looBuvapias.

Inp. 2. Al TrpoTdoeis

pvda, pAQ p=q p<q ~P

Atyovtan ahvletol mpotdseg mpding Pabpidog, S1& x&be [eUyos &mAGY mpoTdoEwy P xal q
tx Tou L.

AZKHIEIX

34) N& BiaTumdoeTe Tas QvTIoTPOPOUS TQV K&Twh ouveTraywydv kai va dmopavbiiTe
&v abton eiven &Anfels 7 weubels.
a) 'Eéw xémoios Eyewwnfn els Tas TaTpas, T6TE £XE1 ‘EAAnuiktyy (Bayéveiav,
B) Edv x —y =3, TOTEX )} Y -
y) ’Edv 8o dpfoydvia Exowv foas Paoers xal iox Oy, TéTE EXowy foa tupada.
) 'Edv x? =25, Tdéte x =5 eite x =—5.
g) 'Edwv &v onueiov keita ¢l Tis pegokafétou Evds elfuypdupou TufpaTos, TOTE
dméyel ¢L fogou &mo Ta &Kpa Tou TUNAHATOS.
oT) 'Edv 2 + 4 =15, 161 44+ 6=28
35) N& dmopavlijte, &v ol KaTwWTEpW TPOTAETE elvon looBUvapor peToly Tov :
a) p: 2x=10(xeR)
diaty=— 5
B) p : To Tpiywvov ABI eivan igémheupoy
q : To Tplywvov ABT efvan icoycviov
Y)p: x>y (x, weR)
q:yw(x
&) p: 7 evbela € elven Tap&AAnAos Tpods TAV €
q: 7 evbeia € elvon ToapdAAnros mpds THV E
) p: x=4¢eite x=—4
qs X2=16
36) N& Biatumdoete TpoT&oels iooBuvapous Tpds Tas K&Twbh dQuary pagoptvas :
= a) Al ebBeten € kai ¢ ToU Emmdou (TT) Biv TémvovTal.
B) To onueiov M duiiker eis Thy elfelow € kal els THy eVBeiaw €.
y) Té onueia A kel B keivtan els 1o aliTo fmerimebov g wpods TNY evbeiav &
&) To mapadAnAdypaupor ABFA Exer Tas Siaywvious Tou Al kal BA foos.
€) To omueiov M kelftan émi Tiig BiyoTopou Tiis ywvias 8.
o) it —1
D x=2c«ka y=—2.
37) N& elpete TO oUvodov &Anbeias els x&Be plav &md Tas KaTwh igobuvaplas dvoikTidy
TrpoTéoEwy (oUvolov dvagopds s peTaPAnTiis T¢ R).

O fx = D= (x==1) B) (x = 0) <> (x=0)
) Ox=6) < (x=2) C B £ )= D)
£ (x = 5) <> (x# 5) a1) (3x=6) <> 3x + 2 =8)
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18. H ANTIZTPO®OANTIOETOE MIAL LYNEMNAIQIHE.

A) Eis T& Trpomyouusva &md ThHY CUVETTOY WYY p = q fOXTHOTIoOHEY
Ty &vtioTpogdy Tns q = p kal ThHY SvtiBeTdy Tns ~ p = ~ . Mix &AAn ouve-
maywyt) oxetilopévn wé THY p = g elven f ~ g =~ p, fi ool AéyeTon avri-
rtpopoavtifiztog THS p = (.

Iopadeiypata :

lov. p=>q :1x=3=>x*=9

R S #9 =>x #£3

20v, p=q : 'Edv 800 elbeion fvdg EmiTrEdou TéwovTal, TOTE ol elfeial
Bty elvan TrapdAATAoL ~q = ~ p : 'E&w BUo edBetan vos Emimedou elvon Tepak-
AnAol, TéTe Bv TéwvovTal.

Jov. p = q : 'Edw mépw Pabpov 17 €5 & MabnuaTikd, ToTe B Exe 16
els 7o tuBeTIkOY pou (BwoeiTan @ pé THY Umdpyovoav Pabuotoyiow els T& A
Hodruara). ~ q =~ p: Edw 8tv Exw 16 elg TO évBeikTikdy pov, TéTe kv B Eyw
Téper 17 els T& MafnuoaTikd.

4ov. p = q : 'E&w Al =BA, Téte 16 rapaAAnAdypappoy ABIA elven
SpBoycoviov.
~q =~ p: Edv 10 mapahAnAdypauuovy ABIA Bév elva dpfoyviov, TOTE
AT # BA.

B) ‘H TAtov &vBiagépouvoa i810Tns TS dvTioTpopoavTiféTou W& TUVE-
Tarywyfis elvon 671 elvon igoduvanos (Eyer T&s alrtds Tipag dhnBeias) pé Try do-
Befoaw ouverarywyv. Anhadn

P=q<=(~q=>~p
"Ag KaTaoKkeu&owpey Tov Trivaka dAndelas Si& Tas p =@ kol ~ q =~ Pt

“aop tiiliensds |Fieip \ ~q ‘p»q‘ q=>~p
A A Y | ¢
A ¥ i | | ¢
¥ A A ¥ AN O
Y ¥ A A Bl ooliisarly

"ATtd Tés oThAas Snv kol 6ny ToU Trivaxos PAémoper 8T ai olvleTol mpo-

T&OEIS -
p=qkai~q=~Pp

Exoww Tas alTds Tiuds dAndelas, elvan Aortrow {goBuvapor TrpoTdozs. ‘H i8ioTns
QUTh) pds ém'rpe-n'al Trpokeipévou v& &rroBeitwper play ouvetraywy iy, vé& &rrodel-
Bopey ot aThs THy dvmioTpogoawTifeTdy Trs.

OUTe, T.X., &5 TO oUvohov T&V TrapoaAAnAoypduuwy ioylel | TPOTATIS
«&v & TapaAAnAdypaupov ABIA gxet foas Tas Sierycovious Tou, TéTE EYEl TOS
Yoovias Tou &pBdsy. ‘H mpdTacis alrn elvou ioobuvapos Trpog THY TCPOTAOW :
“Edw T TrapadAnAdypappov ABIA Stv Eyer pbds Tas ywvias Tou, ToTE BtV EYEL
Tds Sierywvious Tou foagy.
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180y v &MAo Trapdderypa

A& v &robeiteopey elg THY Mecopetpiay 811 1 «b YEWHETPIKOS ToéTrog (TO
alvohav) TéV onpeiwv ToU triTrSou, T& &rrola &réyouv EE ooy amd o dxpa
tvos eUBuypappoy TufpaTos AB, elvon 1 LECOKAEBETOS TOU TUTHOTOS AB», &mo-
Sekvlopey ¢) “Edw Tuyov onueiov M &méyer foov &mod & A kol B, ToTE durikel
gls T pegokdBeTov. kal P) Edqw o M dwijkn eig THy pegokdBeTov Tou AB ToTE
&réyer 8 oou amo T& A kal B.

AuvdeBe Spes va Epyaoiiduey G 67 : No drrodeitoopey Ty o) Kol K-
o vl THs B) v drrobeifwyey THy drmicTpopocyTifeToy Tfis B), éT BnA.
taw To M Bév &méyn ioov &mod <& A kai B, ToTe Sév dvniker els THY pecokddeTov.

M Mio &\An 1810Ts TS p = q elvat 671 elvan iooBlvapos Trpods THY ~pV q.

AnA. (p = @) <=(~ pVa)
Tpdrypartt, GV KEHOUEY Tov Trivera dAndeias,

P g dife P e O NPV G,
A A Y A A
A L S ¥ i o
¥ A Al A A
S Y ‘ A \ A A

PAéTTOpEY &md Tas oThAas 4ny kad Sny &TL p = g kai ~ p\/ q Exouv Tas aUTds
Tipds SAnGeias, BnA. elvan tooBUvapol TPOTACEL Ko fluTropoUyiey, OTAV XPELa-
by, v& vTikaTaoTowuey Ty piow Sia T GAANS.

AZKHIEIZ

38) N& BiaTuTQOETE 1&g QuTioTpogoavTIBETOUS TGV K&TWH  TUVETTAY LY @V,
a) 'Eav tnpfs 1dg Sraraters ToU xwbikos 6BIKNS xukhogopias, TOTE Stv B AGPns
KAfiow &md Tov TPOYOVOHOV.
p) 'Bav elg Tov “Apny Btv UTrédpxn ATHOTPAIPA ué dfuydvov, TOTE BEV Umépye
Lwn #kel.
- y) ’Eév 7o anpeiov M &viikn els Thy euBeiav €, TéTe Biv dvnker els THY €.
8) ’Edv fumoptons va Biarpéins Tpia xihdpeTpa elc 1 Aerréy, ToTE B PAY® T6 Ka-
TréAAOV pov.
€) *Eqv 2x = 10, ToTE X = 5
ot) "Edw & onueiov M xeitan ¢l s S1yoTéuou mds yovias 8, T6TE 16 M &réyel
¢ Toou &md T&s TAeupds Tis ywvios.
39) N& &rmobeitete pe THY KATOOKEUTY £vdg TivaKos &inbeias 6T1 1) &pynois TS p =
elvar pA ~ Q.
| 40) Karaokeudlovtes mrivaka Tipév &AnBeias vé dmoBelteTe &7 f ouveraywyn elval
peraparixd. AnA. [(p = QA(Q=nDl=>( =>r)
41) *Av p : g eha Ké&BeTos Eml THY &
q: g elvan k&BeTos Eml TNV €
r: g elven TopdhAnhos Tpods THY E
& yplopete UTO aupPohikiy popghy Tas Ebfis TPOTHOEIS :
o) &v g elven k&BeTos Tpods Ey Kal € k&BeTOS Tpds THY €, TOTE 1 g elvén TopdhAn
Acs Tpds THY E-
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B) av g elvan k&feTos wPOS THV Ey kol €, Biv elvan kdBetos TPOS THY &, TOTE 1 €,
Bty elvar Tap&AAnAos TTpos TNV E.
42) Né& Beifete 671 ai mpotdoes p = (g v 1) kai (p = q) v (p=-r) elven icoBlvapor,
Exouv BnAabn Tas alTds Tipds &Anbelas.
43) N& &mobeifete pt xaraokeuny Trivakos dhnbeias &1 1 &punors THs p<q elvan
~p<>q i p<=~ Q-
“Errerta vé oupTrAnpoeTe TV kdTwbh Trivaka

Tumos | &pvnoig
ZUlevtis | pAg ~pyV ~q
Mrélevtis | pva -
FuveTay @Y p=>q pA~q
’locBuvapia p<q =

19. @EQPHMATA KAI ATIOAEIZEIE.

A) Eis thv § 12 efmopev &1 Aoyt glven 1) peAéTn TGV Kawdvwy TpoS Ka-
Tagkeuny OpBdy  oUAAOYITUGY.

‘O pbyas "EAAY iAéoogos “ApioToTélns UTrijptey & mpédTOs péyas &i-
Sdokahos ko BepediwThs Ths Aoyikdis. ‘H Aoy Ty dmoiaw guvéypanye Bév
Exel oxedov Tpoar B} néxpr onuepov kai e Thy TpayHaTikéTnT SAa aXEBLV,
Boa peheTdpey omjpepoy, dvnkowy elg ©,Ti dvopdlopev «Noyikiy Tou "ApioTo-
Téhousy, 1 omola Exel NAkiow dveo Tév 2000 érdov. *H pafnuaTikoTroinois Tfis
Aoyifis elvan, PeParicos, Epyov TGV peTaryeveoTépwy kai 18ics ToU Georges Boole
(1815-1864) xal &AAwv Becopnmikddv Tfis Aoy k.

Eis T& MaBnpaTiké, 18lews els v Mecopetpiav, # tpyacia pog cuvioTaTal
gg Ty &mébelfv BewpnuaTwy, dnAadn mrpotdoewy. A va dmoBeitwpey Ev
Becopnpa TrpéTrel vt Seffcopey TL ToUTo émrakoAoubel Aoyikéds &mod Tag UtroBécels
pas. At vd TO KAUWUEY aUTO Xpnmuo*n'moﬁusu Tas &pYSs TTis AOYIKTS, BnAadn
Aoy ikous kowdvos.

"Edw, )., yvopilwuey 811 fj TpoTaTIS p = q elvar &Anbng xai 611 1) p
efvon dAnBhs, ToTe Suvduebo VA OUPTIEDGVOOUEY &1 q elven GAnBns. AnAadn pe
oUuPoa :

[(p=d Apl -4

MpéypaTl, v oynuaTicwpey Trivaka &hnBeias,

o e e D LB W) Aplo g
A A A A A
A ¥ W ¥ A
o A A ¥ A

s % 2 il A

PAétroper 6T 1) ouvdeTos poTaats [(p < q) A p] = q eivar névrote Gindig,
GvebapTrTws TV TIMGY &AnBelas, Tas dmoias AapPcvouv ol ounoTdoal aUTnHY
TpoTtéoels. Mia TolaUTn TPOTAOIS AéyeTal tavtohoyio kol pé ToS TauToAoyias,
B doyoAnBEduEy kaTwTEPw EiBIKDTEPOV.
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‘H olvdetos TpdTacts [(p = @) Apl = aq, glvon TavToTe, G5 EITTOLEY,
fvag 6pBos cUAROYIoUOS. *EvioTe ypapopey oUTOv o5 EEAs :

p = q (&Anbrs)
P (&Anbns)

&pa (oupTrépaopa TOU cUAAoY1oHOU)

O& 5howpey TP Tapdderyua Epappoyis ToU AoytkoU Kawdvos :
[(p=a ApPl=a

Mapaderypo. :

"EnéPopey’ piav TpoéoKAnaw Bi TS YUHVOOTIKAS tmiBeiters ToU [upva-
ofou A, 1| omoia Eypagey «&v Ppexn & THy fuépay Tév Emideitew, topTT)
8& ylvn es TO KAeloTOV yupvaoThpiow (p = ). ZTHEPOV elvon 1 fipépa Tijs Eop-
s kad Ppéxer (p elvar &Anbns). "Eg’ doov Acimdy al TrpoTéaEls p = q kel p
elven kai of BUo dAnBels, yvowpilwuey 611 q elven &Andts, SnA. 1) topTh Bd yivy
gls TO KAslOTOV YUHVOOTHPLOV. "HumopoUuey Topa v& eimeopey 6T &medeifapey
T Bepnpa: «'H fopTh TGV yupvaoTikidy Emdeitewy 8& yivn els TO KAewoTOV

} ( Utrdeois ToU ouAAoy1oHOU)

FupvaaThplovy.
B) Mio &AAn TeXviKi) ypnoluoTToloupén Els TAS &mrobeiters elvan 1 Etfs ¢
*Edv yveopilewper 8Tt p = q €lvet &Andhs kal Eav yvoopilwpey &1 g efvon
Weubn, TOTE HUTOPOUHEY v& oupmepdueopey ST p elvon Weudts. FupPoAIxds :
[prgh N~ @] =~ p =

MpdypaT!, &V KOTAOKEUXCWUEY Trivako &AnBeias,

Pk ol e W el PA~q[[(p=PA~q]=~P
A A i & Evod A i A
A T A ¥ ¥ A
¥ SRS ¥ A ¥ A
¥y T A A A

PAétropev &T1 1) ouvBeTos mpétacts [(p = @) A~ q) = ~ p elven wévToTE GAN-
ong, &ve&up'r:'rrmg T6v TG GAnbdeios, Tas Smolas AauPdwouy ai guniaT@oal
a0ty TpoTéoets. Elven BnAabt) TowTohoyla ke fUTTOPOUHEY V& TTV XPTOIHO-
TTOlOUMEY G5 AOYIKOU KOOV

150U £V Topdderypa EpapuoyTis ToU Kawdvos TOUTOU :

Iapadsiypo :

‘0 podnThs Mewpyiou Aéyel 411 6 — 5 elvon pila g tiomaes X2 —5X + 6 =
— 0. ’Ew — 5 elvan pila Tiis tfiodooews x* — 5X + 6=0,Tore(— 5P ~—5(3+
+6=0 (p =q). ‘AN (—5)2—-5:(—3) +6=254+254+6 #0 (qyev
B1s). "E@’ daov Twpa yvepilouev 811 p = q elvan dAnOhs kad 811 q weudfs, Ei-
pebor PéPaiot &TL p elven weudns kol & Mewopylou Exane AdBog. ‘O — 5 Btv elvaa
pile THs Eiowoews x2—5x--.6 =.0. '

Els 10 Tapaberyua alTd HuTopoUMEy VA EITTCOMEY &1 dmedeltapev TO Oe
cpnua @ «6 —5 Bitv elvan pila TS thiodoews X — 59X + 6 = O».

‘H dog & &mobeitis HuTope V& ypo@l] € kMg -
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_ TpoTacers | Axanohoyiat

1) —5e€lvon pifa Ths x*—5x + 6 =0 1) ‘Opiopds pilns mds Eliowoews.
> ((—5)2—5-(—5) +6=0)
2) (—=5)XP-5-(—5)46 £0 2) *ApiBunTikn.
3) —5 &tv elven pila Tiis 3) TpoTtdoes 1 kal 2 kad kavo-
x2—=5x+6=0 ves Tiis AoyIks.
ALKHZXIEIZXZ

Els kdbBe piav dmod Tas katwTipw dokfoess 44—-52 (*) Bibovran dpiopéven TpoTATES
Tas dmolas dvopdlopey dAnBels kai Biatumaveron Ev Bedpnua. Els pepikds mepImTOORS TO
Bedbpnua SuvaTar va elvan weubls kal els &Ahas va pn SiBwvton &pxetal mAnpogopiar Bia va
dropavBdpey &v TO Bewpnpa elvar dAnbis i weubés. ZnTeiTan va SaTuTdoeTe T&s &mobeites.
(ol &156uevan &AnBels TpoTdoes AéyovTtan : UTobéoeis).

44) "Yrobeog. ‘O eiog Kooras 8a uds ouvobelon els To Béatpov, tdv fy pnTépa TO Emi-
Tpéyn. ‘H untépa 1o EméTpeye.

Oedpnpa. ‘O Belos KwoTas 8a pas ouvobevon els 1o Béarpov.

45) "Yrobeowg. 'Eav Bév Umapxn otuydvov els Ty ZeAtvny, TdTe Siv Umrdpyer {wr) Exel.
Aoxipal Eyouy Beiter TeAeiwTikdds &1 Biv Umrdpyer dtuydvov Emi Ths EeAfvns.

Ozopnpa. Atv Umdpyer (e fml Ts ZeAfjvns.

46) “Ynobeorg x +yw =20, x —y =4

Geopnpa. X #-1
47) "YnoBeowg 2x — 3y =7, x+2¢y =3
Oehpnpa. 3x—y =10

48) "Yrobeawg. To ywépevov BUo GeTikdv &pifpddv elvan Betikds. ‘O &pifuds a eiven
BeTikds. To ywoupevor a- P Biv elvan Betixds.

Geopnpa. ‘O &piBpos P oelvon dpvnTikds.

49) ‘Ynobeog. 'Edv aeZ, 161 l-a=a, ’Edw «, B, YEZ, TéTe Prat+y-a=
B+y) o l+1=2

Ocopnpa. Ad kdbe ae Z, loyxle a + o = 2a

50) “Ynébeorg. 6 + (—6) = 0,8 =2+ 6. A&k k&0 Tpiaba &pibudv o, P, y, & TOU
Z, loyuer ém (a4 P)+y=ca+ B+ y) 'Emions 514 k&be xeZ loyle 81 x4+ 0=x.

Oehpnpa. 8 4 (— 6) = 2.

51) Né& kataokevdoete éva mivaka dAnbeias Sid Thy ouvberov mpéTacw (p A q) v .

52) Tlofe elven fy Gpynois Tis ~ p, SnAadf pé wolav mpdTtaow foobuvauei i ~ (~ p) ;

53) ’Eav a, P elven mpayuaTikol &pibuoi, v Seitete d1t a=P > a+y=p+ Y.

54) ‘N& &mobeilete 16 Bedpnpe :

’Edv x = 5, ToTe 3x +5=21

55) N& &mobeifete T6 dvrioTpogov ToU dvwrépw Oewpriuatos Tis &okfoews 54.

56) 'Eqv o, PeR, a # 0 kai a3p —8) = «a, Tl Aumopeite v& oupmepdveTe ;

57) 'Edv o, PeR, P # 4 kal Ba + 12) (2P — 8) = 0, 7i fumopeite va oupepdeTE

20. TAYTOAOTIA.

Mia ouvBetos TpodTaOls, ) OToia popewveTar GO GAAGS TTPOTATELS P,
q, r k.T.A. TeTrepaopévou TTANBoUs, ouvbeoutvas pé TA oupPoda A, vV, V., =,

cramlwl ) LELC ALY
*) 'Ex tiv doxfoewy toltwy 0& Sololv elg todg palntdg, oot xata iy xplow tob &i-
7 < patnrag, (RS
Sdovovrog dmatobvar Suk Thy éuméSwaw Tic éwolae wdnéBetfign.
s, l
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=, ~, B& dvopddeTon hoyikdg tonog Al p, q, 1, KTA, ai &rmroica BuvavTal va
A&Bowv Tipés A Ay Y, Atyovrtar petafintel ToU AoYIKOU TUTOU.

Ot Yo, Tous oTrolous GUUVTTCOUEY Elg T& mponyoupeva © pA 4, PV 4
p=q ~pP P=0q dvopalovton amhol tomot. SUPPVs TTPOS ToUg GUwTE-
pw dpiopols f Ekgpacis ~ p A~ q elvan Evas Aoyikds TUTOS, &Tres Etrions kal
o tkgpdoes [(p = Q) Apl =4 ki [(p=q) A~ q] =~ p, TGS bmolag ou-
yvThoauey els T& TpomyoUpeva.

‘Amd oo Eebiooper €ls TA TPOTYOUEV tyvooUpey 0TI B1d V& EUPLOPEV
T Tiuds &AnBeias Evos Aoyikou TUTov, 8 oynuaTiowHEY Eva Trivaxa, Tou dTroiou
af mpddTan oTijden & Exouv ¢mikepahiBas Tas GTAGS mpoTéoEs P, 4, T, K.T-A,
&rrd T Omolas doTeAeiTal & TUTIOS. ‘Edw of &rmhai TpoTdoels glvat BUo, TOTE
ol ypoppal ol Trivoxos B elvon 22 =4. "Av al &mAal TwpoTdoels elvon TPETS,
TéFe ol ypaupal ToU Trivakos B elvan 2% = 8. TAv ai TrpoTdoes elvan TETOOPES,
ai ypoupal B eivat 24 — 16 k.0.k. “Emata 0& OYTBaTITWHEY ¢y ouveyelq oTn-
Aag pt Eikepohibag Tous &mAoUs TUTrous, elg TOUg &mrolous dvahveTal © Bobels
Aoytkds TUTros. Eig Ty TeAeuTaiav oTHATY gmikeparhis B elvart & Bobeis oUvle-
Tos TUToS. 'Edv elg Th reheuTalay ofiAny af Tipad elvon elg OAos TS Y POUUES
s A, ToTe 6 Bobeis TUTros efvan dAndns, 51 SAas TS TINGS TGOV ouvBeTIKGOY TOV
TrpoTdoewy Kal AEyETal rautohoyia. "QoTe @ tavtohoyia LEyetar mig  MOYKOC
thmog, O énoiog aAnBevaL Sia k@0s Tpny (@An0i fj weodf) oV anh@v mpotd-
cEMV TOL.

Avo oTmrouBaics TauToAOYiCS ouvnuThoauey els TQ TTPONYOUHEVX Ko €l
Sopev 671 els & MadnpaTiké yiveTon peyén ¥pfiots arésy. Elvan of TauTtoAoyia:

Di(p=q ApP]l=4d
2) [(p=@A~gl=~D

AiBopev pepikd dwdpn TopodElynoaT TQUTOAOYLGW !
1) ‘H ouemaywyh p = P elvar TauTohoyic
L3

ety p=p
! A A
hi A
2) “H loobuvapia~ (~ p)<=p elva TauToAoyia.
P s T 1 Ml Gl Ve
A Y l A A
¥ A it A

3) ‘H ouvbetos wpéTacts (p = Q) <=( ~pyaq) ea TauTohoyia :

o Gl U il Wt S (p=a<=(~plha
A ‘| A ¥ A A A
A | i b o ot ¥ A
Y k A A A A A
Y ¥ A A A A
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4) ‘H ouwletos mpéTacis (p<>q)<>[(~pva) A(pv~ q)] elvar Tautohoyix :
~p | ~a | ~pva | pv~q [p== g|(~pva)Alpv~ Qp<=-a)<=[(~ pva)Alpv~q)]

{f>>lu
<>-€> |O
> <> <€
> £>
> €3>
>c£>
B £ £
>e>>

5) ‘H olvletos mpétaois (p V @) <>(~pAq)v (pA ~q) eva TauToAOYia :

pla|~p|~a|~pAq | pA~q|pva |(~pAQ)y (pA~Q)|(p Vv q)<=>[(~pAQV(PA~Q)
Al A |l i & ¥ ¥ A
A ¥ A A A A
Yl Al A ¥ A hd A A A
iyl Al A Y ¥ ¥ ¥ A

‘Ao Tous Trivakas TGOV TPy TeAsuTalwy mopadaryudTwy EmeTon 671!
1) p = q elven icoBlvopos Tpds Ty ~ p vV q
2) p<=q elven igobUvapos mpds Ty (~pV @) A (pV ~q)

3) p v q o ioodivanos pds THY (~p A Q V (P A~ Q)

Ex toUTwv EmeTan 6T Bid T&w mpdlewv Tiis dpvnoews, Tiis oulellews
kol Slaleviecos Suvdpefa v ékppdowpey Tas dAAas mpdters T ouvetraywyfis
( =), Tfs iooBuvapias (<=>) kai Tis &mokAcioTikfis Slaleviews () Ko £mo-
péveos GroloaBhTroTe Aoyikds TUTTos Blvatal va diatuTwdij Sid Téy TPIGY oup-
Béheww 1 A, V kal ~.

21. ANTI®AZIE.

Mia olGvletog mpotasig Aéyetan dvtigasig, £av kai povov éav, cival yevdig
S droravéimore tiuny (A i V) 1@v cuVISTOSAY TPOTACEAV TT|C.
Khaookdv Tropdderypa dvtipdoews elvan 1) olvbetos mpdTacs p A ~ .

P ~p [pA~DP
A i ¢
¥ A ¥

ATS TOV KaTwTépee Trivake PAémopey 6T 1 &pvnots wids TauToAoyiag
drroTeel duTipaaiy kai ) Spunotls wids GvTipaoews TauToAoyiaw.

p | ~p |pv~ppA~p~pV~p)~(pPA~p)

A Y A b i ) A
A A A g b A
AZKHIEIZ

58) N& &moBeitete ypnotpoTrololvtes mivakas dAnbeias 671 of kaTwb TUmor &mroTeholy
TauToAoyias :
) [~ (A gl<>(~pv~aq)
B I~0p v al=(~pA~a
Ni~p=ql=® A ~a
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59) “Opotov IHTnpa i TOUS TUTTOUS :
o) [~ (p<==Q))<=>(~ p<=>q)
p) [~ (p<=q)]<=>(p<=~ Q)
60) N& &mobeifete Spoiws T &moTeholv TauTooylfas ol k&rwd TUTOL !
a) (pAa) =q
Py [~pA(Pval=a
Y)p=@®OVa
61) “Opoiov ITnpa 8i& Tols TUTOUS !
o pv (@vn<@(mvalvr
P) pA (A<= A Ar
62) ‘Opoiws :
@) pA(qyD<=(pAgQVv{PAD
) pv @AD<=(pva)Apvn
Nip=aA@=]= =0
63) N& d&mobeltete o1, tav a elvan pio GAndfs mpbdTaCls, TOTE (p A a)<=>p.
64) N& &mrobeitete 6T tv y elven pia yeubhs TpdTaOIS, TOTE (p VvV Y)<=>p.
65) N& &mobeitere 6T (p Vv p)<=p kol (pAp)<>p.

22. TYNOI AAHOEIZ KATA LYTKYPIAN.

“Evag Aoylikos TUTos, & dmoios Sev elvan oUTe TauTohoyia olre  dvTipaos,
SAN’ & OTrolos Bt pEPIKAS TIMGS TV peToPAn TGV TOU (&mAGY TpoTdoEw TOU)
5iBel &Andts &moTéAeopa kad 817 GAAas weubts, AbyeTan thmeg dinbig Katd ovy-
xopiav (| oyetikdg THROC).

Mapaderypa. ‘O TUmos ~ p \/ q elven &Anbis KaTd ouykupiov.

e ~p_ |~pva
A A ¥ A
A 7 ¥ ¥y
¥ A A A
Yy ¥ AT

Of Trivoxes «dAnbeias &moteholv Eva dogod] TpdTov S1& v& B1TIoTWIW-
uev & Evag TUTros efvan TavTohoyia A dvtipacis A &Anens kaTa ouykuplow.

AIKHZIEIZ

66) "Evas pabnTis fxope Tov EERS culhoyigudv :

p=q (&AnBhs)
q (d&Anés)

Gpa p (&Anbs)

Né& tietédoete &v elvan 6 ouhhoyiopds auTds mévToTe dAnbrs. (O kduete ivaka &hn
Oeias Sria[(p = q)Aq]l = p.

67) N& Baoete Eva guyKeKpIpEvoy ToapdBerypa &wod Thy ‘ApibunTikiy, &md TO dtrolc
v& paivetan 871 & guAAoyiouds Tis Gokfioews 66 elvon dAnBis kard ouyxuplow (. p & 1 =1
i 2=2).

68) "Evas mafnTis EKaue Tov EEfs ouAhoylopdv :

Eow x =0 xal y=2z, TéTeEy ) L.
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AMG w B 1L TApa y # z.
Né& #Aéytete Tov ouAAoylopov TouTov.
(MopoothoaTe uép : x =0, q: w=1z, r: y >1 k1A.).
69) 'EAéyfote ToUs kd&Ttwb guAdoyiopous :
@) [(p=>~q@A~q]=~p
By X(5 =>x o @, X % yAx {5
“Apa x L 5Ax =y
Y)x=2Vx{2,x=3x #2,x=3=x42
“Apa x # 3
D x=wy#L x=yAy#I1) "Apa y # 1.
70) AelbaTe 671 :
a) & TOmos [~(p A q)] <= (p=~ q) elvan pla TauToAoyia.
B) & Tumes (p A @) A ~ q dmoTehel dvTigaov,
¥) & Tumos [(p v q) A pl = ~ q elvar oyeTikds TUTOS,
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KEQAAAION Il

TYNOAA
EMANAAHUEIL KAl IYMMAHPQIEIE

23. H ENNOIA TOY EYNOAQOY. EYMBOAIEMOL

*Epdfopev el Tds mponyouptvas Taels OTL Thy AéLw clhvolov Xpnoipo-
Troloupey Oty Bidwpey v dvagepBidpey elg SuTikelpeva Gpiopéver Kol oa@ods B1-
OKekplpéva, TA Omola fecopolpey cog piaw OASTNTA

OUTw, .., ORAOUNEY epl TOU GuvOAOU TGV pobnTéy THs Talews uas,
ToU guvdAou TEW &ypoT@dY THS XWEASs KA, ToU ouvdAou TGV QuUOIKEY &piBpdv,
ToU guvdhou TEW onpelwv Evds émiTredou, ToU cuvdhou TV onpeiwv fvos eUbu-
yp&upoU TUTHATOS, <00 cuvdhou TEW SicwuopdTwy ToU EmTrEdou K.T.A.

T& &vTikelpeve, T& OToia gUVATTOTEAOUY g gUvolov, Aéyovral aToLyEla
TOU OUVOAOU.

*Ovopddoper T& oUvola Yevikes pé kepohaia ypdupoTa Tou GAgapriTov
pos, T& Bt oToElo PE  HIKPS.

“Orav &v oroiyeiov X &wiikn els & ouvohov A ypégopey oupPoiikds XEA.

"Otav &v oorxeiov x Bév dunkn &ls 0 ouvorov A ypdgopey X¢A.

A’ & ouvohov A kai & oToiyeiov X dinbever f) xeA i xX¢A.

“H #wwolo Tou ouvdhou elvar ouvBeBepévn) pE THY fworaw Thg Pagixiis ico-
TryTos, f omola ouuBohileTal ut « = » kol Péoer aUThs BecopoUpEy TQ OTOIXEIX
TOU CUVOAOU G5 BIaKEKPIMEVD peTaly Ty, Avo oTorgela o kai B Aéyouev 611
elvon ioa kol ypdgopey a = P, g4, kad povov £, T& o kal P elvan dvdpaTa ToU

» . .. 1 § 10
auToU oTorxeiou. OUTe, Tr.X., El§ TO CUVOAOY Q elven 2= .

*Edw Btv elvon o = P, T6Te Aéyousv 6T a elvon Sragopoy ToU P kal ypé-
@opey oUPPOAIKES o # B. Aux Buo Tuydvtar gTOIyEla X kai y 8& foyxun :
fx=y fi Xx#y
“Orreos udis elvar yvoooTov, v ouvolov ouppotilerat :
1) ut dvorypaghy TGV GTOIXEIWY TOU dvTds &ykloTpou.
2) pé TEPIYPAPNV XAPOKTNPIOTIKTS 1516TTos Téw oToixelwy Tou T Ponbela
peToPAnTHs Kol dykloTpou.
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L N=1 i, 2, 35 00
Z = { x|x éxépaios Tiis ‘ANyéPpos |
Tpos eukoAov kord THY BlaTUTwow yevikév mpoTdoewy elodyetan els
T& MabnpaTike & oUvohov, TO dmrolov AéyeTal kevov obvolov, auuPolilouevov
p¢ . Els 10 olvolov TouTo oUBiv oToryelov dvrikel

24. YIIOLYNOAON IYNOAOY.

Néyouev 611 &v olvorov A elvan Dmoglvoiov Evos olUvorou B, xai ouppPo-
Ailopev A = B, #&w xai pévov kdw, kdBe oToryeiov Tou A elven kal oToiyeiov ToU
B. ZuuPoiikés & Splopds alTos SiaTuTrveETn 5 EERS ¢

(A = B)<(¥x : xeA = xeB).

OUte, Y., TO cUvorov N, Tév guokéy dpiBudv, elvon Uoouvolov Tou
oudhou R, Tdv TpaypaTikdy dpifpdv ¢ N < R,

Aeydpebar &1 TO Kevov oUvorov (F elvan Utroguvohov dTroloudnroTe GAAOU
owvohov, BnAh. & < A, 8i1a k&fe ouvohov A. To kevov ouvolov Exel UtroaUvolov
pévov Tov fauTov Tou, BnA. @ < .

loytouwr al kaTwd iBi1oTNTES :

1) A< A (dvakdaoTiki §j adtomradns).
2 (A=BABc) = Acl (petoPaTikn)

"Ev oUvolov A AéyeTar yvijorov Umoouvolov &AAou cuvddou B, Edw, kai
pévov v, 1o A elvon UmooUvolov Tou B kai UTtdpym oToryeiov xeB pé x¢A.
ZupPolikdds ypagopev ToTe : AC B. AnAadn :

(ACB) <>(¥x : xeA = xeB) A (AyeB : w¢#A)

"Edw £v clvorov A Biv elvon Utroouvohov ouvdhou B 8& ypagowuev : A ¢ B.

. ‘H fwoia yvijerov drosivelov Exel povov Ty peroPorikiy  iSidTnTa :
(ACB ABER) =ACE

To oUvohov B, Tou omoiou Bewpouper Sidipopa Uroolvora A, A, E x.T.A.

Aéyetal obvolov @vagopig T drepavvolov T&Y A, A, E k.T.A.

25. IZA ZYNOAA.

Avo oivora A kal B Aéyopev 811 elvan toa, kai oupPolilopev A = B, Edw,
Kai pévov £, kéBe oToryeiov Tou A elvon kai oToryeiov Tou B kal dvTioTpo-
pws, k&be oToryeiov ToU B elvan kal oToixeiov Tou A.-AnioBt, oupfohikéds :
(A =B) <>(¥x : xeA = xeB) A (W : yeB = weA)

OUtw, my., tawv A={1,2,3} kai B ={%, 3 2], TOoTE EYopev A = B.

*Edw 8Uo ovvoha A kai B 8tv elvan foa, ToTe Abyopey &mi 10 A elvan duago-
pov ToU B xal oupPoAilopev A # B.

loyouv o Effis i816TnTES TS I0dTNTOS TEV CUVOAWY:
1) A=A (dvaxhaoTikf) fi avtotradrs).
2) A=B = B=A (cuppetpikn).
3) (A=BAB=T) = A=T (uercPaTikn).
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loyver Emiong 1) EEfig 1810Tns ¢

(A <BAB < A) =~ (A=B) (&movuperpiki)
MpaypaTt :
(A < B) <=(¥x : xeA = xeB) }, P
(B = A)<>(¥x : xeB = xeA)

26. AYNAMOZYNOAON LYNOAOY.

"Otav Exwiev & ouvorov U kad Becopriowper dAa T& Umoouvoda auToU
s GuTikelpeva, BnA. s oToiyeia Evds véou ouvohou, TOTE SpileTan fvax véov au-
vohov, T &mroiov Aéyetar duvapoesivorov ToU U. ToUto cupPodileTar pé P (1),
dunikouv B¢ els alTO kol TO kevdy oUwohov kol TO iBiov 0 1,

"Orres tpdBopey is Tponyouptvas Téers, k&be ouvolov Bidgopov ToU Ke-
voU Exel TO ShiydTepor BUo UTrooUvoha @ TO Kevdy oUvohoy kai TOV EaquTOy TOV.
"Ev ouvohov p¢ 8Uo oToryeia Exer 28 = 4 UmooUvoha. [Ev olvolov pt Tpia oTol-
el yer 29 = 8 UmrooUvoda, Ev pé TévTe oToixela Exel 2° Umoouvola kal Yevikéds
#v gUvohov pE v oToyeio Exel 2Y Umoouvoha. OUtw, .y, tv A = 1,2,37,
ot PA)={F, {1}L{2} {3} {12} {1,3} {23} {1,23} ma-

patnpoUpey 88 8T1 TO A Exer 28 = B UmroaUvoAa.

27. AIATPAMMATA TOY VENN.

Els moAAds mepiTodoels SieukoAuvopeda els Thv peAETTY  Evds [nTHHOTOS
dwagepopévou els aivoha, v XPNOIHOTIOINOWUEY Y PAPIKAS TTAPACTETEIS QUTEV,
T& yveoTd pag &mod Tds wponyoupévas Tékels Siaypdupora Tou Venn. “Yrev-
BupiZopev 611 el &v Bidypappa ToU Venn Té& oTorxeia ToU ouvéAou TaploT-
vovTan 81t onusicov dveEapTrTws THs PUOEWS TV,

ALKHZLEIZ

.
71) "Eév A= { o, B, v, 8, ¢}, v& EAéylere &v elvon dAnbeis kai Toim &md Tas k&Twh
TPOTAOE.:
peA, e¢A TeA BeA yYEA

72) Né& Bcdoete pé dvary pagiy TV aToiyeiwy Twy T& gUvoha

) {xeR|x*—5x+6=0} B) {xeN|x <2}
73) N& epete xopokTnpoTikiy 1816TnTa Sic Thy meprypaghy TéY ké&Twh guvohwy

OG-8 06 A0 N

Byl 20 R eet )

S s ey I ey S
74) N& dvaypéyere BUo olUvola, T@v Omoiwy T& oTorxeia v& efvanl oUvola.
75) “Av A< B kal A # B Ti oupmepaivete Six 1O olvohov A ;
76) Na kafoploete pt dvaypoagiv TéV oToixeiwy Tou 76 oivohov {Xx€R [x* +1 =0}
77) Né& &mobeffere 611 (AC BABs N = ACT
78) N& oynuartioere 16 SuvapooUvohov ToU { &, a, P }
79) N& d&mobeitete, &1, tdv AS (F, Té1E A=(J
80) Tlofov efven 10 Buvapoo(voAov ToU KevoUu guvdhou ;
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81) N& #erdoere &v O kevov gUvodov elvan yvfioiov Uroolvohov ToU TuxévTes Guv-
ohou A.
82) N& dvoypéyete TO olvohov AUoewv Tiis El10w0Ews
+DEx+1D) E-2)x2+1)=0
o) &tav oUvohov dvagopds elvanr T R
B) &tov olUvohov dvagopds elvan 16 Q
y) &tow olvorov dvagopds elven 16 N.

28. TIPAEEIZ METAEY LYNOAQN.

"Ag Gscopr'\cwuev' & olvohov dvagopds U pf) kevdv kol Teheloos copioué-
vov, ToU &mofou T& Umoouvoha & ouuPohiowuev e A, B, T,..., X, ¥,. ..
“Omeos yvepilopey 8Uo Utroouvoda ToU U, éotwoow T& A, B, Aéyovren
foq, B ki povov v, Bik Kk&Be XEA = xeB kai Si&k kb weB = yeA. H
Ewoia THs lodTnTos avTiis Blvarar va BecpnBij s Paowd iooTns els TO gUvo-
Nov Shewv TéV UmoowvdAwv Tou U, To Omoiov, s yvwaTdv ocupPoliloper pé
&P (U). Béoe Tiis iodmnTos autiis T& Umoouvoda Tou U Gecopouvtan Siokekpl-
péva petofy Tev. Eig TO ouvolov ToUTo, TGV UTroouvdAwy ToU U, dpilovran
Tpdters dos £Efjs :
A) "Eveaig ovvohov.
‘Qs Evwais BUo ouvdhwv A kal B, 1) omoia oupfohileTan ut AuB, opile-
Ton TO oUvohov Ghwv TV oToiyelwy, T& dmola dvfikou els To A eiTe el TO B.
TupPohikéds ypa@ouey
AUB = {x€U |xeA Vv xeB }
"Av T& ouvoha A kai B dpilovton 81 yopoxtnploTikils {§iotnTos TV
oToiyeicov Toov, BnA. &, T.X., elvea
*A={xeUlp )} xad B={x€eU|[q(x)}, Téte Exouev, Smews yvewpi-
lopev &md ThHy Aoyikry, 0T : i
AuB={xeU|p(x) V qx) }
‘H ypagixn TapdoTacts Tis fvdaews dUo ouvddwy A kal B galvetan eis
10 TepoamAelpes Sikypaupa. Elvan o éoxiaouévoy
pépos ToU oYXTHOTOS.
"loyvouwv o &fjs iB16TNTES
1) AUB=BuUA (dvmuetabeTikh)
Mpéyuom, AuB={xeU | xeA Vv xeB } =
={xeU|xeB v xeA} (Bémi pV q<=qV p)=
= BuUA
2) (AuB)UT = Au (BuT) (pooeTaipioTik) Sx. 28.1
TMpdyparty,
(AuB) u = {xeU | xe (AUB) Vv xel }
= {xeU | xeA v xeB v xel }
= {xeU | xeA v xe(BulN) }, Bioti(pvq) V r<=>p V (qQVr)
=Au (Bul)
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Aoy Tiis foyuos TS {8i6TnTos  2) OUPPWVOULEY V& YPEQUMEY :
(AuB)UT = Au (BUT) = Au Bul

‘H mpdtis u EmexTeiveTol 51 TEPIOTOTEP OUVOAL !

Au AU AU UA =UA = {(xeU | xeA, V xeA, V ...V xeA, 1.
k=1
B) Topn ouvvirov.

‘Qg Touf BUo ouvdAwy A kai B SpileTan TO oUVOAOY TGV gToryelwy, T
Smroia dvhkouy gls TO A ko Els 16 B ouyypdvews, oupPoAiletal B¢ pe AnB.

SUNPOAIKGY YPEPOKEY TOV oplopdy s EEfjs

APB = {xeU | xeA A xeB }

"Av T oUvora A xai B BiSovton Sid KOPOKTNPITTIKTS i816TNnTOS TGV OTOI-
yeloov Twv, TX- &v elven :

A={xeU|p ()} xai B={xeU[q ()}
ToTE O EXOOUEV :
AnB = {xeU|p () A q(x)} :

‘H ypogikf) TapdoTadls Tfis Toufis Buo ouv-
Shov A kai B qadvetan els TO TapamAeupws did-
ypaupa. Elvar T Eowiaopévoy pépog TOU OYTHXTOS.

loyvour ai EEfs iBidTnTEs
1) AnB =BnNA (dvmideTadeTiKn)

MMpdyuaTt :
ANB = { xeU | xeA A x€B |
Sx. 28.2 = {xeU | xeB A x€Aj}, (&i6m p A q<=q A P)
2) (AnB) NI =An (BN (TTpOTETAIPITTIKT)

MMpaypaTi,
(AnB) Nl = {x€U | xe (AnB) A xel }
= {xeU | xeA A xeB A xel }

= {%eU | xeA A xe (Bnl) J, siom (pAgQ) Ar<>pA (QAT)
. = An (BAl)
Aéye Tis ioxUos Tiis 1BioTnTos 2) CUMPWVOULEY V& YPAPWHEV
(AnB) N[ =AN(BNT) = ANB Nl
‘H mpdtis N émexcTeiveTon S TEPICOOTEPX OUVOAX
ANANAN...NA=DA = {xeU | xeA, AxeA A ... A xehv }
x=1
Téhos Urmrevbupilopev &T1, & ANB = @, Téte T& ouvoha A, B AeyovTat
Eéva peToty Toov. Kord ralra 'Eaw ANB # @ TéTe [ax : XEA A XEB] kol Q=
oTpdpes, Ew [IX 1 XeA A x €B] w6te ANB # & 7 xai AnNB# @ <=[3x:
xeA A xeB] ¥
AZKHIEIZ

83) 'Edv A= { 1,2,3,5}) xal B={— 1,3,7} v& oxnuotioeTe T& olvora AU B,
AnB
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B4) "Av A={x€eR x>0}, B={xeR|0<x<8}kail={xeR|2<x<6)
v& oupPorioeTe pé Ypfiow peTaPAnTis T& olvoha A N B, AU B, A N FoAM B UE B ol
AnBnl AuBUT.

85) N& &mobeitete 611 :

) AUA=A B)Aug=A
86) Na& d&modeitete 671 :
o) AnA=A P AnNg =¢
87) N& dmobeitete 61 :
a) AnBc A B) AnBc B
88) N& drrobeitete 611t
o) Ac AuB B) B AuB
89) Na& &mobeitete 6T (AU B =) =~ (A=FAB=0)
90) ‘Opoiws 611, v A= B, 701e: o) B=AUB Py A=ANnB

91) N& amobeitete 611 (ANB)NTS An(BNT) xal éwions &m
AnBnNc (AnB)nT. Ti owayopey 8 altiv ;
92) N& d&mobeitere 611 :

) AnBuUDN=MANB UMD
PpAuBnN=(AuUBnAUD
Né& Beifee kai pé Sidypappa Tou Venn 4T al dvwtépw 1816TnTes dAnBetouy.

}(émuepw'rlxoﬁ iBi1dTnTes)

I') Awgopa ouvéhov.

‘Qs Siagopd ouvdrou B &d 1o advodov A, oupPBoAilopévn pé A — B, opi-
leTan 16 olUvodov TV oTorKeiwy ToU A, T& dtola Sév dwnkouv els To B. ‘Edw
Ta A kol B elvon Béve, ToTe Bexouefa 611 A -~ B = A. Tédos, édv A=B, to1e A~ B=
=A-A=g.

ZupPolikéds & opiapos oUTos ypdeeTan ¢ £E7s :

A—B={xeU|xcA Ax¢B |

‘H ypagikn mapdoTaois Tis Siapopds A — B gaivetar els To moapomAey-
pws Bidypapua. Elven To éoxiaousvov  pépos ToU
OYNHATOS.

"Ex ToU alrtou oynpatos PAémopev  &péas

BT
(A—-B)uB=AuUB
A) Zuprmhipopa cvvolov.
’Ovopddoper oupTAnpwia ToU ouvéiou A G
pds 1O U, kai 16 oupPoliloper pé Ac eite ug CA, - . 283
=

T guvorov U — A, BnA. T olvorov Tév otoryelwy Tou U, T& émoia Sév &-
viikouv gls TO A.

FupPoAikids & dplopds oUTos YpageTal :

Ac = {xeU | x¢A }

Elvon govepdv &k Tév duwTtépw opiopdy OT1 ¢

1) AnAc = ¢F, 2) AUA =T xkai 3) (Ao) = A

*Emrions ém1 CU = & xai (é@ =

U

TéAos &k TOU QuwTépwd OXTMHATOs £Yopey OTL :
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A—B=AnBe
“loyUouy o Etffs 1&10TnTES, of dmoion AdyovTal vépor Tou De Morgan :
1) (AnB) = Ac y Be
2) (AuB): = As N B*
*AmroBeikwlopey £66> Ty iooTtnTa 2) :
Aix k&0t xel, xe (AuB)e = x¢ (AUB) = ~(xeAV xeB)*) =x¢A Ax¢B =
xcAc A xeBe = xe (A° N Be).
“Qore : (AuB)e < (As NBe) ()
AvTioTpOQWS :
Ak kéPe xeU, xe (Ac nBe ) =(xeAs A xeBe )=~ (xeAV xeB) =
(x¢A Ax¢B) = x¢ (AUB) = xe (AUB)*
"Qote elvoa (A NBe) < (AUB)X (B
Ex tév (o) kel (P) Emeton fi dweorépw {odTng (2);
Mt Spotoy TpoToy &modekvietar 1 (1).

AZKHZIEIZ
93) No& &mobeilere &t
(A= Be)<=>(Ac =B)
94) N& &rmobelfere &1 T4 oUvoha A kal B—A elvan Béva petaby Tov.
95) Né& &obeitete 811 A —@ = A
96) N& d&mobeitete xal pt gulAoyiopov 6T
(A—ByuB=AUB
(64 dvmikaTaoThoete 10 A—B pt T foov Tov A n Be xal Ba EpappooeTe TNV £
peproTikiy [BidTnTa T tvchoews g Tpos TNV TOHMY).
97) N& &mhotrolfoete Tas KéTwh TUPATTATELS
o) BN (Au Ac) By Au(MTuTle)
y) (BANu(@Bnle) B)(Ar\B)u(Ar\Bf)u(Aan)

29, KAPTEZIANON FINOMENON EYNOAOY A EINl EYNOAON B.

‘H Ewvorx TOU BiareTorypévou {elyous pas glvon yvwoTt| &mwod Tdg TpOTN-
youptvas TEEELS “Ev [gUyos oroiyeicov AyeTan SiareTorypévoy [eUyos, £, ked
udvov tdw, £xm Op1odij Tolov gTOIKETOV elvon TpddTOV Kal ToTov BeUTEPOY. OuTe,
m.X., & B T& oToiyeia o, P Splacopey G TTPGTOV TO kol Gog Bevrepov TO P
Eyomev kaBopioer Thy Bidrratw elg TO (eUyos, ToUTO BE oupPohilouey Si1& Tou (a,B),
fuéd v Opiowpey G TTpTOV TO P Kad o5 BeUTEPOV T o 0& ypdpwuey (B, a).

Eis & SiareTerypévov (eUyos (o, B) 1O a AdyeTon @ Td mpdTOV pékog TOU
(etryous kai TO [ : 1o devtepov péhog TOU (eUyous.

ATro ToV Gueépw dpioudy ToU SiaeTaypévoy {eUryous EmeTan 671 (o, B)
# (B, «) Elven &ucs Suvarov v& Eywuey [elyos ué TO aUTo TPTOV kai  Beute-
pov péAos, OTrws, X 1& (o, @), (BB, (viY)- kTA

Avo Sratetarypéva Leuyn (o B) ked (o, P) dpifovtan dx loq, £&v pdvov
¢y, elvor a =o' Kkal p'=p"

(*) Az i ~ (pVya)<> ~ pA~q
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‘Eav A kai B glvar dvo p1) keva oovora, 10 ohvolov t@v dwatetaypévovLgo-
yov (a, ) pé acA xai PeB, Léyetan : kapreciavov yivopevov tod covodov A Emi
10 oOvolov B kai ovpfolileran pé A X B.

ZupPolikds & duwTépw Oplopds YpAPETAL :

AXB = { (o, P) | aeA A PeB }

"Av A= @ B =, téTe A X B = & &t Spropol. Elven SnA. A X & =
ki @ X B= ¢

’Edv A =B, 1é1e A X A= A= { (1, B) | acA A BeA }

IMapadeiypata: lov) 'Eav A={1,2} xadi B = {«, P}, Td1e

B A= 1 (o, 1) (0,202 (P 1,0 (B 2) ) “Qote: AXB #BxA
2) AEen A =Ni=f 1, 2.8, v fromdie

9Tl 0l o o e T
(21, 22, 0,3, v

T sl B, )

Ymevbupilopev T& kT :

1) "H dvmiperaberikny i816Tns Sév loyler els TO kapTeaiowdy ywduevov Suo
ouvohwv.AnA. elvon A X B # B X A &crds tdw elven A = B ) 6 els 16w aparydv-
Twv elvon TO xevdv olvorov,

2) ’Edw 16 olwolov A Eyn T mAfifos oToiyeia kal To B Eyn v oToiyeia,
ToTe TO A X B 1 - v 1O mAfBos oToixeia. 'Edw 6 A fj 10 B Ey &mreipov TAT-
Bos oToiyeiwy, TéTE TO KOpTETIAWOY Ywdpevov A X B #xel émiong &meipov TATifos
oTotyelwy.

3) Awdpeba va& TapaoTiowpey & kapTeoiovty ywdpevor uE Trivoke Si-
TAfs elodBou, Smaws éudBopev eis T ¥’ T&Ew.

5) Edv Bewpricoouey T péAn Evds Siaretaypévou (eUyous dx ouvTeTary-
uévas onpeiou els TO Emimedov SUo &tdveov x'0x, WOy, TéTe Kdbe SiaTeTaypé-
vov [eUyos mapioTavel &v onuelov els TO émimeSov alrd. ‘Emropéveos fv kapTe-
glavdv ywopevov ué SUo Tapdyovtas, T.X. TO A X B, 8& apiotéun TéTe Ev oU-
vohov onuelwr gis 1O Emimedov alrd. “Exopev TéTE THY Aeyouduny yEORETPIKTV
(fi Ypoguki)v) maphotaciy TOU KAPTETIOVOU Ylopévou,

AZKHZIEIZ

98) 'Edv T& Sratetaypéva lebyn (X +w, 1) kad (5, x —y) elvar foq, v& eUpee
T& X kel .
99) 'Edw A={1,2,3} kad B=1{0, 1, -2}, v& oxnuotioete 76 A X B. "Emeita v&
KAUETE YEQUETPIKTY TapdoTacty adTou.
100) N& &mobeitere &1 :
) AX(BnD=AxBnAxN
B) *Av A< B, 161ce A X A< B x B.
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KEQDAAAION Il

STOIXEIA AIANYEMATIKOY AOIIZMOY

30. OPOOIrQNION KAI IMAATIOIQNION LYETHMA ANADQOPAEL.

A) Eis &v émimedov (E) xopdooopev &lo Tepvopévous &fovas x'OXx  xad
w'Oy, Exovras kowfy dpyny To onpelov O Tiis Topfis Toov kad povadiaia Siavu-

opaTa 06 =1 xai OH =:7j- dviotoiyws (ox. 30-1 ked 30, - 2).

y
pl---=--—- M

|

|

# |

3 I

7 fall

x x 0T 6 n
i y'
=y 30.1 Fy.:30.2

Of 5o alrrol &foves &mroteholy Ev evetnua atovay i ToU émmedou (E).
*Eoww Todpa Tuyov onueiov M tou émmedou (E). Ao 16 M gépopey TS
mrapahAfiious Tév dEdvev. ‘OpilovTen olTtws &v anueiov TT i ToU &fovos x'Ox
xod &v omueiov P &l ToU &fovos y'Oy. ‘Opilovren émions T& BroawvopaTa OM:
of1, OP.
—_
To Sidwuopa OM Aéyeton Sravvopenky dxtig Tou onpeiov M.
T —
» » orl »  tetumpévn mpoPoin ToU OM.
— =
» » oP »  tetaypévy npofory Tou OM.
‘H hyepp. TM OfT, ToU Oﬁ, AéyeTan tarpqﬁs’:vn Tou ompeiov M.
—_— =
» » » OP, » OP, Ayeton tetaypévny Tou onpsiou M.
‘H reTunuévn tuds onueiou M oupBoMileTon pE Xm kol f TeToypérn Tou pé
Wy OvopdlovTon Bt GUQOTEPC GUVIETOYHEVAL ToU onueiou M.

44 ‘
Wneiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrg



MapaTnpolper Tadpax &1 : 1) pé TOV TpoTOVY, Tov émrolov eibopev Tpon-
youpéves, eis k&be onueiov M Tou EmmEdou dvTioTolyel v, ki povov Ev, Sio-
TeTorypévoy (eUyos Tpory paTIkGY &piBuddy pe TTpddTOV PEAOS TOU THY TETUTLE-
my Xum, ToU M, kai SeuTepov peAos Tou THY TeTaypévny Wu, ToU M, 8nAadn
o BicteTaymévar [eUyos (Xm, W) 2) AvTiaTpdpws Els ke SiareTorypévov
[e(yos TPory haTIkEy &p1Bucoy (X, y) dvTioToIyET v Kad pévov omueiov TOU £TI-
TéSou, T M (x, W), TO omolov opileTar, &v A&Poonev gl Tév x'x kal 'y Bia-
wopaTa O_ﬁ xal OP ToioUTe, Gote O = X kal OP = y xai pépeopev & Tou T1
TapdAAniov Tpds ToV &lova Yy kol Ex Tou P mwapdAAniov mwpos Ttov x'x. ‘H
Topt, TéV BUo ToUTwv edbaidv opiler TO M.

“Yrapyel Aoinov aupgiuovocijpavog dviiotolyia petatd tob cvvdrov R x R
xai 1ol cuvdlov t@v onueiov tob imnidov (E).

A& v ixgpéowpey 6Ti év omuegiov M Exer TeTPNUEVTY X kad TeTayuévny
v ypapower M= (x, y) i M (x, ¥). y

T I
Oi 8o &foves oxnuaTilouv Téooapas ywvias, ai

Stolan Aéyovtan mpivty, devtépa, Tpitm kal tetdaptn yo- z7
via v afovev, OTws oTpEIVOVT kata gsipav 1, I, It
U, IV es 10 ox. 30- 3.

Ry

Zy. 30.3

K&Be onueiov towTepikdy Tiis ywvias | Exel cuvTeTaypévas DeTikds.

Kd&be onpeiov towTepikov Tiis ywvias Il Exea ouvTETOY Hévas GpUnTIKES.

Ké&Be ompeiov towTepikdv Ths ywvias 11 Exel TeTpnuévny  dpvnTikfy kad
TeTarypévny feTikiv. KdBe onuetov towTepikdy Tiis ywvias IV Exe Tetunpévny Ge-
TIKNY Ko TETOYHEVTV GPYITIKNY.

‘O &Fwv x'Ox Abyeton dEwv TV X 1) GEwv 1@V teTunpévoy kai & WOy Aé-
yeTon GE@V TV W T BEOV 1OV TETAYREVOV. ‘H Toun Tév &kdvev O Aéyeton apyf
Tév &kdvav. ‘H &pyn O Exer dugoTépas Tas ouvTeTaryibvas undéy, SnA. O (0,0).

O &Foves Abyovtanr dpBoydvior GSoveg ouvTteTayuévay, 6Tav elvan k&etor
peTaty Toov, &AAws AéyovTan mhayroydvior (ox. 30 - 1).

"Otav of &foves elvan dpboydvior kai émri mAéov T& povadiaia BrawlopaTa
00 xai OH gxowv foa prkn, TéTe Aéyopev 6TI Eyopev év dpBokavovikov cUoTNHA
GEdvav.

O0rtw S1& TGV TUVTETXYPEVLOV kaBopileTon 1y Béors évds anpelou els TO &ri-
edov.

31. KAGOPIZIMOEL THE GEIEQEL E®AP. AIANYEMATOXL EIE TO ENIIIEAON.

“EgTew (0. 31 -1) mpocavatohoptvoy Emimedov (E) écpce_S:dcuéuov pé TO
oUoTnua dpboywvicw &tdvev XOy kai tpapuooTey Siéwuopa AB tmévw €ls TO
(E). ®tpouev &md T& A, B Tés mapodAfious Tpos Tous &Eovas. ‘Ogigouev oUtw
T& EpappooTa SiawiouaTa A, T?:l tréwe gl Tov &fova x'OX kal A, B, émdwe elg
Tév &Eova @Oy, To A,ETl dvopdletan : tetunpévn mpoPori) TOU A—B): TO 8¢ Azéz.
tetaypévny mpoPoli) Tou AB.
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"Av & @opels, Tou AB (t6 omolov YmoTifeTan Sy1 undevikdy) efvon TapdA-
Anhos Trpods Tov &fovar Oy, TOTE 1) TeTunuévr poPoAn Tou AB elvon 10 unde-
viKOV EpappooTov Bdvuoua Aﬁj\1 (Zx. 31-3).

"Av & popeus ToU AB elvan TapdAAnAos mpos Tov &fova Ox, TOTE ) TETay-

pevn TpoPoAt] Tol AB elveu 6 pndevikoy épappooTov Sidwuopa A:’/E\2 (2x. 31-4).

y
g:w - - B=(Xg Yp) As(4.4)
Ys \
Az
Ya
1A1
g X8 x 4 x
Ty. 31.1
Y ¥ %
N e |
peiy| - A——F Y e T
‘ i :
. : ! :
] ' i
! ] o !
AzB x o A B X o A %
Ty. 31.3 Tx. 314 3. 315

—
"Av 16 AB elvon pndevikdv Sidwuoua, Y. TO A_/K, ToTE Kal of BUo Tpo-
PoAai Tou elvat unbevikd Sioavdouara (Ex. 31-5).
"Eore Thpa &T1 elven @ A =(Xa, Wa), BnA. i TeTunuévn Tol onpeiou A
elven xa koi ) TeTaypéun Tou elvan wa. “EoTw émions 6 elvan B=(xs, ya).
O &p1Ouds Xp — Xa (TeETUNUéVN TOU Trspcx-rog pelov TETUMUEVT) THS cxpxng TOU

AB) dvopdletan @ 1) tetpnpévn tod AB o ouyypovws : 1| &hy. Tipt) tod A.B 1By
tni tob GEovog x'Ox, koi oupPohileton pé AB, (Zx. 31-1).

‘O &piduds wa — ya (TeTerypévn ToU TépaTos pelov TeTarypévn T apxfis
ToU Sm:v\’.vcrua-rog) SdvopdleTar ¢ 1 teTaypévy Tod AB xai ouyypoves @ 1 dhy.
Tt tod A,B2 ¢l tod GEovog y Oy, oupPolileran BE pe Asz

OUTws els TO Zx 31-2 f Tetunuévn mpoPoAn ToU AB elven TO Al
‘H TeTunpévn Tou AB elvon 1 — 4 =—3= dd\y TIPf) ToU AIB g -rou x'Ox.
‘H TeTaypévn mpoPolr ToU AB elvar 1O AZBZ. ‘H Tetaypévn Tou AB elven
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. —

2-4=—2=23&\y. iyl Tou A;B, émi ToU 'O y.

*Errions | Tetunuévn TpoPoAf Tou BA elvan 1o BT.’Al,ﬁ TeETPMPéVT) TOU
—
BA clver 4 - 1 = 3 = &y, T o ByA, &l o0 X'OX.

‘H Tetaypévn mpoPohf ToU BA clvan Td E’J\,, f| TeTaypévn ToU BA

—>

flvan 4-2=2= &Ay. T ToU ByA, éml ToU w'Oy.

*Errions elven (Zx. 31-2):

L= — >

f Tetpnpén mpofohny ToU AA TO AA, f TeTunuévn ToU AA 1 4-4=0

3 5 | < —3= ) , —
f Teroypévn mpoPohf Tou AA TO AA,, f TeTaypbn AA: 4-4=0
‘H verpnpévn kod TeTecypévn fvds SravuopaTos AyovTan ouvietaypévol

o
ToU Brovioparos. Ak v cupPoliowpey STI & Sidvuopa AB Eyer TETUNpEVTY O

kod TeETOyutvY P ypagouEy AB (o, B) 1) AB = (e, B)-

Ao T& dveTépod EywooUpEy T 1) Blog Evds ¢pappooToU BlowuauaTos
kodopileTon, Eav yveopifwmey Tas OUVTETAYpEVaS T EKpwY TOU T TAS CUVTETXY-
pévas ToU SrovUopatos kol Tas ourTeTay péves Evog BKPOU TOU (&pyfis 7y TEPATOS).

32. 1zA ‘(H IZOAYNAMA) E®APMOZXTA AIANYEMATA. ANTIOETA ATANYIMATA.

A) "Ev tpoppooTdy Bidvuoua AB Atyetan foov 7y ioodovapov Tpds &AAo

—_—
| tw, koi pévov #dw, of ouvTeTaypéval Tou AB elvan foon dvmioTolyws Tpeds

>

—
Tdg GuoVUPOUS TGV CUVTETCYPEVTS ToUu TA.
Mpégopey TOTE OUM-
BoAikds : AB = ra
OUrw, mY., € 1O
Zy. 32 - 1 #) TeTunpévn TOU
—
AB elvar -5 —(—2)=-3 |
3 Al
1 TeTorypévn ToU AB elvan
6—-2=4
i i o o
1 TeTpnuim ToU A=
2-5=-3
f| Tetoypévn ToUu A =
T—-3=4
“Qote, Kot TOV So-
Btvra Sprouoy, elval
— —
AB =TA.
e —= —_ —>
Mevikéds, tqv AB (o, p) xai [A (o, B), Six v& tkppdoopey 611 AB =IA
Suvdpeda va ypdpwpey oupPohikds (o, B) = (o, P7). Ar aroU évwwooUpey ST
=0’ kol Pi=p!

¢

O
e

X, 3241
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‘H épiofeioa 886 twoia iodtnTos EpappooTév SiavuoudToov Exel TAS
YVwoTds ii1oTnTOS -
" — —
a) 'AvakAaoTikijy : AB = AB

B) Zuppetpixnyv : AB—TA = A = AB
y) Trv petaPoTikiv: AB =TA |
FA=KA| ™~

Mapoarnefices : 1) Elvar povepdv &1, &v Exwuey €y épappooTdy Sidwu-
—_—

— g
AB = KA

opa, mx. T& AB, Umdpyow dmeipdpibua tpapuooTd Slavbouara, kabév &rd
T& omoia elvan foov TpoOs TO AE Elvar ta& Siawvopara Td EYovTat TAS OUVTETCY-
pévas Toov foos Tpos Tds Gpcovipous OUVTETOY JEVes TOU F_\E

2) Noyw Tis dvwtépw 205 1816TnTOS Tiis éwvoiag Tfis lgdTnTOS fUTTOPOU-
HEv v Aéycopev &T1 ¢ A_é‘, I:KETUGI foa peTall Tov. »

3) "Av 7\%, A evan oo (ueTaty Towv) Kai 81 pndevikd, TéTe Exouv THY
8lav Bievbuva (of opeis Twv elvan Tap&AAnAol) kai Thv i8lav popdy (elven

dudppoma). (Awéti Tpry. ABH = tpry. AG kai AT—T, ré TapdAAnAx kod dudp-
potra dmreos érmions kol T HB kol GTE K. TA):
4) Kdbe pndevikov épappooTtov Sidwuopa elvan  Toov Tpos k&le GAAo pn-
Bevikov EpapuooTtov Sidwuopa (Siari ;).
B). "Ev é@apuooTov Sidwuopa AB (Zx. 32- 1) Myeton «avtifetov» &AAou
E_i £qw, kail povor &dv, ai ouvTeTaypévar Tol AB elvan dwrriferon dvTioTolyws
TPOS TAS OPWVUNOUS TUVTETCYUEVOS TOU EE
Ipdgopev ToTE e EZ. Eig 16 2x. 32 - 1 &xopev, .X., 81& T& épappo-
oTd SioviopoTa Aﬁ'xa’: Ei :
- TETUNUEVT) TOU Xﬁ:—Sa(—Q}:—3
TETUNHEVT) TOU Ef =4-1=3,
TETOYHévT) TOU AB=§_-2—4
S ms
TeTaypévn To0 EZ =2 — 6 = — 4.
= i —> —>
"QoTe 10 AB elvan & Sidwuopa duTiBeTov Tou EZ, 8nA. AB = — EZ. El-
var 8¢ pawepov &rikdBe Sidvuopa foov pt To AB elvan durifleTov Tpds TO EZ xai
5 - —r
mpos k&fe foov Tou. TTpopaviss dvTifetov ToU Siawiopatos AB elvar xod T6 BA,
51’];\. A—E = - 1-37\
e S o A 5 .
Toparnpfioels : 1) "Av elvor AB dwtiBetov Tol A, TéTe 04 elven kod T
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FE SwriBeTov ToU AB (idreerl ;). Al TOUTO ETMITPETETAL VO AEYCOHEV: TX Ké, I:Z\
efvan dwrifetar (MeTalU Toov).

2) "Av AL’: FA elver dvrifera (neTall Teov), TOTE Exouv TN idiow Sievbuv-
S (ol gopeis Twv elvan mapdAAnior) kai dvTiBéTous popds.

3) Kdbe pndevikdy tpappooTtodv Sidvuopa elvan dvtifetov mpos kébe dAho
Hndevikdy Bidwuopa (Siai ;)

33, MHKOT E®APMOETOY AIANYEMATOE.

— v S

“Eorew Tuyov teappooTdy Bidvuoua AB.’OvopdleTon piikog Tou AB eiTe érd-

s -
Atog tpfy ToU AB, xai oupPohiletan pi |AB|, 16 pfikos ToU ebBuypdupou Tui-
—_—
MeTos pg dxpa, T& A,B. OUtw, m.x., Bid 1O undevikov idwuoua AA Exouey : pT-
- -

KOs Tou AA = |AA| = pijkos Tou eUBuyp. Tunpatos AA = 0. [evikds : TO pijkos
ke pf undevikou épappoocTou BiaviopaTos elven fvas &mdAUTOS TPAYHATIKOS
apiBuds.

"As APwpev cuoTtnua dpboywvicy didvewv xOy (Zy. 33 - 1) kai povadi-

- Sy ,.). = 7-) \ = " < 2 -4
ala Siavtopata & OC =1, OH =) pt |0Q| = |6ﬁ| Ac Utrobéowpey B¢ 6T
—
Elven ; A = ( xa, Wa), B = (Xu,ys) kai 611 «) 10 AB 8tv efvon punBevikdv kai B)
1, =
TO AB Bty elvan rapdAAnAov Trpos Eva Ek TG
&Educov,

Téte opileTon v Tpiywvov AKB, &pbo-
Yovior el To K, Smress paiveTan elg TO ZX.
3B-1, w tpoppoynyv &t ToU TluBoryopeiou

—

Bx)

Becopfiparros eUpiokousy &T1 TO pfjkos Tou AB
SiBeten dmrd Tou TUTOY

—
| AB| = V(xs =% £ (¥s — wa)® (33,4) e
Elvoa edkorov vé tinynowpey &1 6 TU- Sy. 33.1

o5 altos foylel kal Stav TO AB v un-
Sevikoy Sldvuopa A elvon TapdAAnioy Tpos Eva Ek TV &Edvw (mwéds;). "Qoe
loxue: YEVIKGY OT1 :

Té pfjkog ¢puppostod Sravicpatog elvar igov pé tiv tetpay. pilav tod GOpoi-
TRETOC T@HV TETPAY@VOV TOV OUVIETRYUEVOY TOD.

‘Emropéueos 1 “Av 8Uo TuyovTa f@apuooTd SioaviopaTa elvon foa petatl
TV, ToTe B& Eyouv TO aUTd pfjkes (Biatl ;). "Apa kdbe 800 Byt pndevika oo
g:‘l"li)llmn:('r. Swavbopata Exovv 10 abtd pijkog, Ty adtiy siedbuvery kai kai Ty ad-
TV gopav. Emrions 1o aUTd piikos Kkal Thy aUThy BietBuvaw Exouwv kal ke Suo
X1 unBevika dvrifera petaty Twv épappocTa SlavlopaTa.

Té olvolov Ay Tév EpappooTédy BiavuoudTwy ToU émiméSou (polu
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kol pé T& pndevikd EpappooTd SiaviopaTa auTol) B TO cupPohilwuey, dtrou
els T& Emdpeva pEs yperaodii, pE D).

ys1 Iapadevypa lov. Eis & émimebov (E) (Zx.
834, 33-2) tpwdiaouévov pt &fovag TUVTETCTY HEVCOY
; 3 XOv, 8ibovran T& onpeiar A (2, — 8) kai B (— 3,4).
; 2 Na elpere @) T1és ouvTetaryutvos ToU Siavd-
i & oHaTOS }_{E B) Tds ouvTeTorypévas fuog Siavlopa-
-3 -2 ®1 2 3 4 x 100 dymiBéTou Tol Ké kal y) T pijkos ToU AB (EnA.

T dwéoTaow peTedy TéHV onpeicv A kai B).
"Anaviioig: o) TeTunpévn Tol ;?B =Xp—Xa=
=-3-2=—5 teraypbvn Tol AB = \Yp— Y =
=4 —-(—-8)=448=12.
B) "Ev &i1&wuopa dwrifetor Tou AB O& &y
OUVTETCry pévas SwTiBéTous T&V ouvTeTaypéveoy  ToU

A_‘é, onA. B& Exn  TeTumuévny @ 5 kad TETOCY P~
vy —12.

Y) Zupgawws Tpds Tdv TUTov (33, a) elven

|AB| =V (C5) F 12t = V25 ¥ 144 = V165 = 13 woveibis.

Mapadevypa 2o0v. Els & émimredov towBiaoptvoy p¢ dfovag OUVTETOTY i€~
veov XOy 8ibovtar T& onpeia A (2, 3), B (2,.9);

Na& elpete ) Tdg OUVTETOY pévas ToU Sraviopartos Kﬁ kal B) T piikos Tou
(Zx. 33-3).

"Aravinoig : TETUNWEVT) TOU K'B =Xp—Xp=2-—2=0, TeTaypévn ToU
—3 —» — —_— e
AB=yp—ya=5-3=2 Mfixos Tol AB=|AB|=V 0§ Z=Va=2
povades.

Mapadeiypa 3ov. “Ev Sidwopa AB Exel TeTpnpény 3 kal TeTorypévny 0,

Zx..33.2

Y
By 5148
P ie =t f

-

=

~k

Y ¥ SR
B T
®

/R IET I 2 ]
Z¥.433:3 Zy. 33.4
dpxnv 8¢ 1O onpeiov A (2, 3). N& eUpeTe TAS OUVTETONY pévas ToU TrépaTds Tou
B(Zx. 33-4).
"Andvinoig: "Eotw B = (xp, yu). TéTE: Xp—2 = 3<=xp=3+4+2=5
kal yp—3 =0<yp =3. "Apa B = (5,3).
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AZKHEIEIX

y 101) N& edpere Tds ouvteTaypévas Tod Blde'!Gl.ld'l‘og-K.B kal 1O pijkos Tou, fav els Ev
SUoTnua Sploywvicy &Eévwr Tol dmimédou elvar A= (—2,—3) kal B = (2, 1).
102) N& Beffere 611 T Tplycwvov, ol Exet kopugds Ta_gnuﬂg Aj(—Z, 8),B=(-1,1)
Xl M=(3, 3) elven loookerts. (N& ouykpivete T& prkn Tédv AB, AL, BI).
103) Els &va trmimedov tpwdiaouévov pé dpbokavovikdy ovotnua &bdvwy Tpla onpela,
v B, T #xouv dvriorolyws ouvteraypvas (3, 1), (3, 5), (— 1, 1). N& elipete Tés ouvteTary pévas
tudg onueiou A ToU Emimédovu, tdv yvwpilete dT1 AB = FA. (Abois : 8& mpémer v& Exoopev :

XB— X4 = xp — xr Kol Wp — WA = wa — wr xad v AUowpey T&s SUo thiodoes pE &dyvdoTous
™ X4 Kol ).

—_—
104) “Ev tgappootov Bidwuopa AB Exer teTunuévny 3 xal Tetayptvny 4, mépag 8¢ TO
ONuelov B (4, 2). N& ebpete Ta&s ouvTeTaypévas Tiis &pyiis Tou A kal To piikos ToU SiowiopaTos.

M. 10 EAEY®EPON AIANYIMA EIX TO EINMEAON.

"Eorw &v Sidvuopa AB o0 D, B\, &v EpapuooTov Bidwuopa Tou émimédov.
(To Xg Bév &morAeieTan v& efvon Ev pndevikdv épappooTdr Srdwuoue). Mvwpl-
Couey 6t Umdpyouwv &meipdpibpa Biaviopata foa (ioobivapa) Trpos T /-'TEE

TS olvohov SAhwv T&v fowv wpds TO ‘AB tpappooTdY BlovuopdTwy Tou
EmiTSoy SvopddeTan : «Ev #hevBepov Stdvoopon» ToU EmiméSou kal TO F\)l—?‘ (kabaos

1 L » - . 3 \ 1 3 \ A I3
ki ké&fe foov ToU AB tpapuooTov Sidwuopa &mod TO D) dvopdleTan : elg dvri-
Tposwnog Tol EAeubépou BraviopaTos.

‘Omws &md To EpapuoaTdy Sidwuoua Kﬁdspicausu &v EheUBepov Bravuopa,
oUTes futropolpey v& Spiowpey &md Kkée dpapuoaTdy
Wwopa Tou Q) dvd fv EAevBepov Bidwuopa ToU Emrime- Y
Sou. Ay yivn ToUTo, TéTe TO D B Exn) Srapeprodiy eig \f\ /
KAdoeg (Umoolvoda) Eéves petafy Towv dva Slo, ka- / /
Benicc &mo T&s dmolas elven (28 Spiopol) Ev EhebBepov
Sdvoopg,

“Ev olovdfimoTe tpappooTdv Sidwuoua &md 10 D // / //
elveu ¢l dvrimpdowTos k&molou  EAeubépou Srawuoua-

TOS ToU émiméSou. Swwibws ds dvTiTpdowToy Evds 7
Q\Eueépou BiawlopaTtos ToU émiméSou XOy (Zx. 34 - 1)

%quﬁdb‘ouev T6 épapuooToy Sidvuoua ToU 2, Tou Exel Sx. 34.1

@s dpyfv Tou T O.

“Ev #helBepov Sidwuopa Tou Emimédou elvan kad TO unBevikdv EhedBepov
a‘é”UGucx, 8nA. TO cUvolov SAwv TGV UnBevikGY EpappooTddy SiovuoudTwy ToU
EmiTéSou. TolUTto 8& T6 cuuPolilopey pé 8

KéBe EetBepov Bidwuopa 0& ouuPoliletar &1° Evds TuyovTOS &VTITIPOTG-
OV Tov ei1e H1& ToU duTiTrpoodmou Tou pé &pxAv To O eite ué &v pkpdy ypdp-
Het Tol dAgapritou pall pé &v wikpov Péhos Umepdveo. OUrw Buvéuedor vé -

x
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Aédpev Biax TO EheUBepov Sicvuoua OA i I:E, B1d TO EAsUBepov Biavuopa i?; K.T.A
(Zx. 34-1).

To ouvohov BAwy T EAeubépwy BiavuoudTwy ToU EmiTEdou 8& TO oup-
BoAilwopey ué D,
35. MHKOEX EAEY®EPOY AIANYEMATOZL,

Mfikos Evos SiowUoporos &o Dy, SnA. £vos EheubBépou Sluvoauorrog, foTw
ct AéyeTan TO pfjkos Evds QUTITTPOSWTIOU Tou Kad cuu[?:o?u@e'rm pt |« 1

OUTw, 81 TO pndevikov EAeubepov Sidvwuopa O Exopey :

|3 1=]05|=0
36. TYNTETATMENAI EAEY®EPOY AIANYEMATOE.

2 —
"Egtw aed),. *OvopdleTan : TETPMPENT TOU &
f) TeTunuém &vds  omeloudfiToTe QUTITTPOTWTTOV

‘e

s
Tou Kkai TeTarypévn TOU o f) TETCyMEVT) TOU alrTou
1| oloubnoTe &ANOU QUTITTPOCWTIOU TOV.

OlTw, .X., 81 TO O elvan : TeTUTUéVT TOV

16 0 kai TeTerypévn Tou 1o 0. “Emriong S1& TO EAeU-
—
Bepov Siawopa «, ToU QUTITPOCWITEVETl &TTo

6 AB (Ex. 36-1), elvar: TeTunpévn ToU 6 4 xad

< NN W

(% BB T TR o T

3¢ 5

Q)
-~

TeTCypévT Tou 6 3. ZUPPOAIKES Y PAPOpEY cc (4,3)
=x. 36.1 Elvar gavepov OT1, Ew SoBouv ai cuvTETCyMéval E-
vos EAeuBépou BroviouaTos fiuTopolpey, va Opiow-
pev YpoQIkdds Eva duTirpoowToy Tou els TO Emrimedov xOy (s ;).
37. H IZOTHE EIE TO Do.
*EoTtwoav 6T1 ae@o kol Be_‘Z)o O& Aéywpey OTL @ TO o elvon Toov Tpds
TO [3 ko B ypoccpcouev Ca= B v, kol povov édw, umxpxn K&TTo10§ QVTITTPO-
OWTToS TOU « wos Pt k&TOlOV AVTITIPEOWTIOV TOU B
"EoTw o: =P : TéTE (KO pOVOV 'ro-re) elvat :
TeTunUéVn TOU O = TETUMUEVN ToU [3 Kad TeTaypévn ToU i TETOY MEVT| 'TOU|3
Elven chxvepou 411 kai 814 Thy Opiobeicay £8& Evvolaw iooTNTOS foyvouv

ol Tpels yvwoTal 1816TNTES T lodtnTos SiawuoudTev. nA. 1 SvarkAaoTIKR, 1
OUPETPIKY Kad 1) peToPoTikd.

38. ANTIOETA AIANYEMATA EIE TO Do.

"EoTw cxeﬁ)o Kai OA QUTITTPOTWTTOS TOU (Zx 38 - 1) “Eoreo OA' & Gori-
feTov TOU OA tpappocTor Sidwoua. ToO QA= OA elvaa AVTITTPOTWTTOS
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-
= 3 i ‘ v f )
105 EAeubépou BravlopaTos, ECTW o. AUTO 1O EhelBepov Bidvuopa o AeyeTa

VTiBeTov ToU o kad oupPoAileTan pE—a.
Efven powepdv &mod  Tols Splopols, TOU  EBWTTUEY,
TI : }/
= € a . SwTi0eTd /K
1) A kdBe aed), Umapyer v povov dvtifeTov Tou
:lC(UUquq TOU _LZ)“_ 5
== ’ =il ' \ o
2) &v o elvon 16 duTifeTov TOU @, TOTE KOl TO O el- A,/\
W TS Gyriberov ToU o xai 3) ol ouvTeTarypévan TOU o

> Ty. 38.1
Tvey QuTiBeTol TGV OUWYUPGY GUVTETOYUEV®Y TOU d.

9. NPAZEIE FIE TO EYNOAON Do, TAN EAEYOEPOQN AIANYEMATQN TOY EMNI-
MEAQY.

> b )

A). "As MPwuey T& EQOPUOOTE SICVUOHATX AB kai Bl T& omola PAé-

TETe s 1o oy. 39 - 1. “Omes yvowpilopey, &mo Soa éudBopey eis T ¥ TéEw,

i Sicwuopa Al lvon 16 &Bpolopa TGV EPapuoTTEdY BiaBoyIKGY BlovuouaTwY
Al — — —
AB xai §T’ SuuPoAikéys yp&gouey AB + BN = Al

Maporrnpotpey Topa 8Tt al ouvTeTaypéval Tou &BpoiopaTos Al elven
‘901 dymigTolyews pE TO &Bpoiopa TEWV

¥

MWy ouvteTaypévey TGV Tpoode- s

Te Biayyopdrev. TMpdypaTt elvon 7
iy of--

TeTunuévn Ttou AB =3, W

~ T 4
TeTaypéun) Tou AB = 2.

f /5 3
TETUnuévn Tou Bl =1, 2k

TeTorypévn ToU Bl = 2 |
TETUNPévn  TOU ;\T":4:3_H’ 3——;——,’—’—,—,}‘—,‘,—’—3

—_—
TeTarypévry Tou Al =4=2+2

B) "Estwoav tdpa 0;;@0 Kot PeDy

Kol AB, BI (Zx. 39-1) SVTIOTOIYWS ‘
WTimpdowmol Twv, of &moior elven BiraBoOXIKX Siaviopara. ‘Opiloper TO

Ty 30:1

&ﬂpow“u AB L §F, &nA. TO AT, AuTd, TO AT elvon fvass GuTITTPOTWTTOS KATTO10U
é?\euﬂépou BlaviopaTos, E0Tw ? To -;; dvopdleTan GOporopa ‘@ abv B xad oupPo-
Ailereq e +F§, BnA. « +_[3,= }, Elvon Tpogowes &L -rc‘)—): EyEl G5 TETPMHEVTY
TO &Bpotopa Tiis TeTUNRENNS —roG”& ouy THV TETUNUEVTY -ro'fi :é kad TeToypéuny TO
Bpoiopc Tfig TeTCrypévT)s TOU o oby THY TeTaypévny ToU P.
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Olrew, Y., tv u (ot, p) kai v (y, 8), Tote TO (u S \) B Exm oyvTE
Torypéves (a+y, P+ 8) Kou Buvduefo VX KOTOOKEUAOWHEY Evar QUTITTPOOW

—

oV ToU S1cvUopaTos (n +v), dpoU yvwpilopey Tas oUVTETAYREVAS TOV.

ch-romu TGV dvewTépw opilopev 6 othouruo: Buo EneudEpoov Btuvuoucrrw‘
u (0(1, Bo kol v (cty, Po) kol TO cupﬁomgouw ME w+ \' 16 EhevBepov Bidwuopa \’ﬂ
1d &moiov Exel TETEMUEVYTY oy + O KOl TETOyWEVTY B, + By ZuvniBos ypdogoue
(or,, [3,) + (ctr [52) = (c:r1 + oy, Py + By). ‘H mpdlis pé Thv Smolaw eUpioKkopE
TO w, EK TGOV u Kot ‘., AéyeTan mpdobeaig ) ouvBeots péoa eis TO gUvorov Dy.

’Edw TO Ev €K TGW Trpocres"rewv Etavucua"rwv elvar TO pndevikoy EAeubepo’

Siravuopd, TOTE O €y wpey 1 e 0= u, B16T1 TO O gyer TeTpmpévny 0 kad TeTaypt
vy 0 kai Emopdvas efven (og, By) + (0, 0) = (e + 0, By + 0) = (o4, B1)

AnhaGhy 6 pndevikdv EhelBepov Bidvuopa elvar TO obdétepov oToIYEld
gl ThV Trpéo'ﬁscrw tv D, -

e it e

"Ava, B, y elum -rplo: sRsueepoc SrowvopaTa Tou ém*rréSou (E) éTe Opt

gousu cog cxﬂponcua o: ouv [3 auv y, kai 1O gupPolilopev o + f} -+ y, TO &bpor
oua (o + B) + v

*Avehdyws OpileTan O &Bpoiopa pé Téooapa TEVTE KTA. TpooBeTéa B1¢°
VIOUOTO.

Efvon elkohov véx Sikauohoyfiowpey 8Ti ) dpiobeioa mpdadeais &v Dy ExE!
1&g 1B16TNTOS ¢ dvTipeTadeTikny, TpooeTaupioTikAY kal THs Sy pagiis. "Hrov

) a+p=P+«

De+P+ry=as+P+Y)

3) a=p<=>aty=PpP+y

‘H foyus v dvwTépw B0y elvan pavepd &mo Tov BobtvTar bpiopd
Tfis lodTnTos SUo éAeuBépwv SiawuopdToov.

-

Tipdypatt, & Umobéocwpey 6T1 T& SravbopaTa o Kol B &xouv GuvTeTay
vas QUTIoTolYwWs ToUs TparypaTikoUs &pifpols oy, By kai oy, By TéTe O &bpov
op o +b elvan 16 Bidwuope pi ouvteTaypbvas (0 + o, By + Py). To &Bpotond
[3+_c-x elvon 1O ENelBepov Brdwuopa pe ouvteTaypivas (o, + oy, B+ i31 *ANN

e-rrslﬁn % + 0= 0y + o Kai Py 4 Po= P:+ P oupmepaivopey sm o —+ B
=p+a

‘H &médetis Ths toxvos Tév iSiothTev 2) xai 3) elvan F.uxo?\co-r.n'n

I') *Agaipeoig év D, MNwpilopev om'o Thy [ T&Ew &T1 &v o Ko {3 elvan &0
EheBepa Slavucucrrot gl émimedou mcl [3 efvon T EAelBepov Bluuucua TO au‘rf
BeTov TOU |3 TETE oplgrrcu s Slmpopa a nlqv |}, kol oupPolileTan e o — [3, 70
Eheepov Sidwuopa o [3 BnA. O o + (— [3) OUTw 81 v& elpwpey THy i

54 Wnepiomoir|Onke amé 1o lvotirouto EknmaibeutikrigMoAmikrig



opdy Ot — P; &pKeT vax Tpoobicwpey gig TO oc 'ro SuTifeTov Sidwuopa ToU [3
‘H mpékis s euptoews THis Biagopds b B Myetan agaipeoig & Dy
"Ereidn t& dvibeTal BravbopaTta Exouy duTiBeTous Tag ouwvuuoug GUUTE-

-

Cypévag Tuw kad ETre15n, s El’ﬁouev 1) Siagopa o — P looUTan pe o+ (— |3)
& ToUTo, &v efvon o (o, Py) xai [3( Oy By), TOTE elvan — [3 (— o, — Ps) xai Emwo-
E”WS TO Birdvuopa a#_ﬁy—cx-{—( [3) Eyel oUVTETOYHEVOS Oy — O, P — B
ViBoAwdss ypagoney (c, By) — (% Br) = (a1 — oy Py —Po)-

AobBévreov Emropévwos BUo Blavuouava cx(c:l,ﬁ) kol B(c:,, B.) opilopev

Y Blo[qaopcxu Ty T& Bldwuope, EoTw Y, TO EXOV CUVTETCY pévas O — O, Py — Bas
. 1o y( o — ¢, Py — Be). Evai pavepov 671 ioxUel 1 iooduvapia :
g—f=pSp =
"Emiong loyler f 810 :
OI—B-—(CI"FY)‘(B‘L'Y)
AZKHZIEILIZ
105) ’E:‘:v'J (2, —5) kat v (3, 1) elven 8o Ehevbepa SiaviopaTa, va OploeTe, pE TAS

— =

Juv‘re’rotypgmg Tou, TO tAeubepov Biawuoua U 4 Vv kal va oyebiéoeTe el TO trrimebov x Oy
5 d“’Tﬁrpocmﬁ'ov TOU.

106) "Eaw ) Km v (2 5) vé elpe-

i TQS SUVTETXY Hévas TOU u 1— v kal TO pijkos

- "Emerra ve eups-rs pE Tés OUVTETOYHEVOS

NS Ti Slagopav u — Vv Kcu va YmrohoyioeTe TO

>

Hfikos 1oy BravuopaTos u - V.

107) To Bréwvoua u( 3,8) even T
QBPC"UHG TOoU BraviopaTos [5(—1 =2y xol
e &A\hou &yvdaTou BiawiopaTos. N& eUpeTe
O TeNeuTator aUTd Bravvod.

108) Eis 16 oy. 39 2 E;?\s'rrﬁe Buo &
PAPUOOT BrovuopaTa AB kol FA Ta omoia el-
Y% dvmimpégomor Suo EheuBipwy BIaVUTRATEY

a7 E ’ A
kel B Znveiten v elpete G TO cxnuu Té x. 39.2

-

OWTeTay ptvag Téw Blauuguu"[m\} a Kod [5 Eqrerta v& EUpETE TO Bidwuopa TO foov pt a4+ P

KOTd g TpOTTOUS. (o fvag Tpoos B elval ut Tag ouvTeTaypévas). N& ebpete dpoiws TO Bid-
> -

Youa 16 foov pi o — B.
40. FINOMENON AIANYEMATOX EII MPAICMATIKON APIOMON.
o \ '

A) Els thv " Ta@w Encdouev &1 : 2w AB elvon Tuyow &y unﬁemkov Bic-
WOl 1ol émrimréSou kol p #0 POy HATIKOS Sp1Bpds, TOTE G5 P AB opileTan
Sidwuopa T A, & &moiov Exer Thy iBlav Sievbuvow pt TO AB gopaw Thy iBiaw &v
P>0, dyrifetov B¢, &v p<0 kol pijkos foov e gl
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"HEn mopaTnpoluey é11 : & TO Sidwuopna AB Exn TeTpmpévny X kal TeTo
— —»
yHevny Y kad 16 AE=p - AB (gis 16 oy. 40 -1 10 p =2, els 16 oy. 40—2 ¢lva

p=—3) &N ouwTeTaypivas X' kad Y dvtioTolyws, TéTe Adyw TGV Suolw
Tprycovwoy  AKB kad AAE 8 Eycopey

AE &

R G TR

"Ex ToUtew Emeton 81 X' = pX kod Y = pY

A ToUTo Buvduela vi dpiowper cx pKé TO Bidwuopa TO Exov ouvTe
Tayudvas pX, pY. *Htoi: p- (X, Y) = (pX, pY)

Maparnpobuey érrions 8T1 loyer j
| A& = VT oVt = | of - VX F Vo= p|-|AB|

y

L L

= o 5

o
N

Zy. 40.1 Zy. 40.2

—> e £ . . i — A
‘H mpé&kis, ut T dmoiav elpiokoper 1o TA = PAB &1ro Tov p kad To AB, -

o voudodn molhanlaciaspog ToU AB 2l Tov p.
4 B) “YwevBupilopev &t1 ioxlowv of i-

BiéTnTes ¢
—> —
) (—2):(3AB) =—6AB =
— —
(=2-3) AB = EZ (5x.40 - 3) kad YEVIKEYS :
A (pKE) =(MA-p) P_\é, &mov A, p Tpaypo-
Tikol  &pifpol.
Sl = e =

"2) p(AB+BlN)=pAB+pBIl, &

TOU P TUX®V TrpaypeTikds dpiBuds kol

< Shaha e vuo

— =
AB, BI' BiaBoy ik tpoppooTd SlaviopaTol
Sy. 40.3 eite EAeUbepar BrowlioporTe,
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Fevikdds, pé Paow Tols Eobbvras dpiopovs, 1 i8i1dTng 2) Eenyeitan s Efs.
"EoTw @ TeTpnpévn  TouU AB — o, TETOyMéVn TOU BB = B
» 5 Bl s o » » §T‘ =p’
ToTe elvon :
T
TeTunpéun Tou AB 4 Bl = a + o
Tetaypbvy, » AB + BM =P + B’
» — —
Apa TeTpunuévn ToU p - (AB 4 BN =p (a + a') = pa + pa’ kai
TeTarypévn ToU p - (AB 4 BM) =p(B + B') = pP + PR’
"Ag elpeopev -roopcr TaS cruv-re-rayusvcxg ToU p- AB +p- BF O& elven

4

TETUNUérn ToU p - AB + p- B = po + pot’
TETaypévn Tol p- AB 4 p - B = pP -+ pB’
_ Emeidi Aorrdy T Biowuopare p(AB —I—éﬁ) kal pKé -+ p-élt Exow foas
TS Opwwipous Twy ouvTeTaypévas owdyoper (§ 32, A) 6T elvan foa. AnA.
p (AB 4 BI) = p AB -+ p BT

AZKHZIEIZ

109) *Av rA=0- ﬁTE, Ti oupmepaivete S1& TO A ;
110) "Av ra= p- A—.;\ T cruu'rrepcxiurre Sia 1o f':\

111) Aideran 16 Sidwuopa AB Tou oy. 36 — 1 xkal {nTeitan va kaTaokevaofoly Sia-
VUGUO(TCX Toa wpos Té& ¢
)3 AB, B) ﬁ%w AB, y) —2 AB, 5) ‘754“ AB

(N& tpyaodijte pé SUo Tpdmous. ‘O évas Tpotros 6 elvar pé ouvTeTaypévas).

41. EYNOHKH MAPAAAHAIAL AYO AIANYEMATQN.

A) ’EY bowv tpdbopsy el T& mponyoUpeva (§ 30, §31, §39, §40)
CUvdryoper &1 Suvdpela v txppdowuer By Bidwuoua Sik Ty povediadwy Sio-
WoudTLY 1, § kol T@Y GUVTETCrYMEVGY TOU.

Tpdypar, Exopev (Zx. 30-1 xai 30-2) :

— —_— —
OM = QOIT 4- TTM

) — —— o = = e W "

AAN ¢maidf) O =OTfT-i xai MM =OP = 0P -}, 1 dvwTépw Siavuopa-
TR {oéTng yiverou :

— —_— = —_—
$ OM=O0TT-i 4+ OP -j
M & dvopdiocoper X Ty TeTunpévny kad Y TV TeTaypévny ToU BlawUopaTos
OM, rée

— - —
OM =X i +Yj
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‘Opoiws 81d 16 Sidwuopa AB 7ol oxnuaTos 33— 1, Gv SvopdowEY Xp— XA=
=X kai yp—ya =Y, 8& elvau :
— —> = — —_ — — -
AB = AK +KB=AB, + A, B, fitot AB=X1+4+Y ]
B) *Ectwoav els To émimedov SUo Siawlopara Y (X, Y) kai Vv’ X, Y
Bid T& Srrola {oyUel vV =kV. Mvwpilopey (§ 40) 611 T& SrevdopaTte adTd Exous
Thy iBlow Sievbuvow (elvan TapdAAnAa). 'Emeidh V= 74\7, SnA. (X, YD) = (kX
kY), 8& Excouev (§ 37) :
X'=kX xai Y =kY
tropéveds B elvan :

e N
=
s ; A ’ X b i ¢ q X ” )
AvTioTpdgus, G loxin - = - Kal OVOUXOWHEY k Ty Tipnv TGV AS
yoov, 8 elvon : s
K0 o e M X kel Yo kY
X Y

Kol ETropéveds :
V= X1+Y_]-kX|+ kY]—k(X1+Y])_kV &nA. T& Srowy
opaTa V Ko V gyouv TNV aUThv Sieubuvaiv.

“Qorte: Gvaykaie koi ikavi) oovdfkn, iva dbe Saviopata Tod gminédo
glvan mopalinia, sivar ai dpd@vopel covietaypévar odTdY va givar avaloyor.

SupPoAtKdds : iy 2 .|
: T i o

42. AIANYEMATIKH IZOTHI TOY CHASLES. (ZAA).
"Edw A«Xa, W), B (xp, wa), [ (Xr,wr), A (Xa ya) elvar TUYOVTA OT
peicc ToU émmedou ¥Oy, 8& Exwuey :
- < —->
AB (x5 — XA, W8 —Wa), BT (xr — X8, yr—ys), A (Xa—Xr, Wa—Wr
— - — 3 — 3
kad AA (XA — Xa, Ya —\Ya). TO dBpoioua AB + Bl 4 A + AA 6& Eyn TeTp
uévy XB — XA -+ Xr — Xa + Xa — Xr + Xa — Xa = 0 xod TeTaypémy yp — Wa -
+yr—ys+ Wa—wr + ya—ya=0, elvar 8nA. pndevikov Sidwuopa. loyxu
Aorrov 7 EEfis lgoTns :
— — i — e
AB 4 Bl +TA + AA = Oa,,
A émota Aéyeton Sravvopaniki] isdtng tod Chasles.
43. AIANYEMATIKH EZIZQEIZ EYOEIAX -E[E TO EIIINEAON.

*Eotw A (Xa, Wa) TUxOV onueiov kai v éAelBepov Bidwuopa u (a, P) ¢
tmmédou Oy oy. 43-1.
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Oecopoupey TO cuvohov T&V onueicov M (x, ) ToU Emimedou, Bid T oTroia
e AM = A - :1», &mrou AER. Td olvohov Tév onpeicov TouTwy Aédyetan @ eblsia
). ‘H edBeiac afmn doplobn &md 16 onpeiov A kai 1O EheuBepov Biéwuoua u.
"Edw eis &ppoTépa T& péAn TS thiowoews
AM =Au (AcR)
Tpocfécwpey TO aUTd Sidvuopa 6/3 B Eyoopey :

—> —_— —_ —
OA ++ AM = Au + OA

| SnAaSH OM = Au + OA (AcR) (43, o)

| ‘H ttowais, m —Au (AeR) xoBaxs kad f) OM = Au -+ OA (AeR) ékgpo-

Uy 1| kdfe pla Ty dvarykaiay kol ikawiiv ouv-

?ﬁknv fva TO onueiov M dwrjkn els THv eveiov

£). ‘O mpaypaTikds &pifuds A elven f maphpe- Y "

POS TEW dueoTéped ELiThoEwY. },

| AT Tov dvwTéped dpioudy Tis elbeias (€)

TeTon &1 7y (€) dpileTon povoTpdmas €k TOU on-

lElou A ked ToU SrowiopaTos 4 &
Ao onueia A kol B (Sidipopar peTaty Toov)

?Plﬁow plaw ked pdvov plov evBeiav. TTpdyparr, 5 -

UapeBa va AdBowper THy edfeia, i dmolar opi-

ETan &mro 1o A kad TO = F:E ‘H &tiowais s Zy. 43.1

Uefos B efven :

AM =MAB (AeR)

A OM=1AB+OA (AeR)
W& A =0 Eyouev M= A &ix A =1 Exopev M= B.

Mopaderypa. Aldovren onpeiov A (2,5) kal Siévuoua u (-2,3) els 16 &mi-
MeSov XOy kad {nreftan 1) SrovuopaTikd tticwois Ths elfelas, f omola Bitpye-

—

Tal Bix ToU A ko elven TapdAAnAos RS TO UL
"Amavinoic. Supgovess TPos THY (43,0), & M (x, y) elvon Tuy OV onpeiov

~ —
TS InTouptvns euBeias, omoTe B& elven OM (X, y), B Exoouev :

X, @) =A-(—2,3)+ (2,5 © omola elvon ) {nroupévn B10VUOUATIKN
oo,

"Bk TaTns eVplokopev BioBoyikds

(%, 9) = (=2, 30 + (2,5) =
x,W)=(=2A+2, 3A+5) >
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Xx=—2A+2

= y—3

-2 3

<

3x—6=—2y+ 10 =3x+2y—16=0, f omoia elven f Aeyouén avaiv
nxi Eiowog Ths eUdeias.

44. AIEYOYNON AIANYEMA EYOEIAZL.

T didwuopa _1._1;-((1, B) Aéyetcn SievBovov Sidvvopa THis eUbeios (€).

T& BiaviopaTa U= '>(tER) ¢lvan #mriong SievblvovTta BlrowlouaTa R
(e), Brdm 1 Eiowos THs (g) nu'n'opsl va ypo@h ¢
AM L tu =
§ AM =2 U (AR, teR xai t #0)

AZKHZIEIZ

112) Aieton To EAevBepov Biévuopa u (—3,5) xal {nTeitan v SploeTe Bid TéV oV

—

TeTaypéveov Tou TO Bidwuopa — 2u. "Emrerta vé AdPete ouaTnHA dpBokavovikey GEdvev Kai )
—>

oyebidoeTe v QuTiTpdowTrov Tou —2u.

113) N& &eréoere &v efvan mopdAAnia 1 fi 6yt T& SravuopaTa u (3 4) kai v (z y

114) Gewpolpey & Sravlouara AB xai FA
A(=3,2), Bifl;:30, E¢l, 2); A(5,:3)
N& detdoere &v Té dveotépw BraviouaTea elvan Trap&AAnha kal &v elvon Tis aUT
popds. .
115) Aieran 1o EhevBepov Bidwuoua :(2 1) xad 10 onpetov A (2, — 1). N& kafopiae
-r1‘]v eifeiaqw, 1| dmola BifpyeTan Six 10U A wal Exel SieuBivoy Sidwuopa TO :1;.

116) Aideton TO EAeUBepov Slcxvucruct u (al 2) xal T& onpeia A (2,2) xai M (X

Znreiton v& EkppdoeTe T TX BravuouaTa AM kal u U elven Tap&dAAnia.
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MEPOZX AEYTEPON

KEOQAAAION IV

ANAAYZIZ IIOAYQNYMEQN EIZ 'INOMENON
IMMAPATONTQN

45, OPIZMOE. ’Avdivarg molvavbuov elg ywduevoy magaydviwy xaleirat 6 pera-
oynuatiouss adtol eig ywiuevoy TapaydvTwy.

‘H dwduais Tohuwwpou els ywdpevoy TaparydvTeoy elvan Ev Ek TV oTrOU-
SanoTépawv kepohatoov Tis "AAyEPpas, BioT els ThAsioTa AhyePpike Béparrar, s
8 {Bcopey, &manTeitan, 8mws T& ToAudwuua TeBouv UTS pop@ny ywopévou
TaporydvTeov, Ty €S Thy EmiAuaw Eicwoewy.

‘0. PETAOYNHATIOHOS TV TOAVGVIPWY €lg YIOHEVOY TrOparyOvTwY, gQv
elver Suverrds, Bev elvon vToTe EUKkoAos, obte Slvaran va yivny & doplopévey
Kewdyeoy, SxoTipov elvan Aorov v doyoAnfduer, doov 1o BuvaTdy TEPLOCOTE-
pov u¢ TO Béua ToUTO.

46. Elvan yvooTn éx TS Teponyouutvns Tagews fi duédhuaois eig ywdpevov Topa-
YOvTeov TEW K&TWHL TUPATTEOEWY, B’ & kal émavoAapPavovTar cUVTOPWS

1. IMopactaoelg, @V omoimv ol Gpor Exovv Kowvdv mapdyovid.

ToAudovupoy = (kowds  mapdrycy) « ( TnAikov  oAuVUHOY S1&  xowou
TapdryovTos)

Mapadeiypata: o) 4xPy — 10x** 4 12xy3 — Byix = 2xy - (2x* — 5xy +
+ 6y —4ys), B) 459 X — 25¢¥+x? 4 15y¥+3x3 = SpvHx (9 — 5yx + 3yix®)
Y) 15a(@ -3 -3 (@ —3)*+ 6@ —3)=3ac@—-3IHBE—3)*—
—a(p—3) +2a]

2. Iapactaoeig yopsopevar si opddag

Mapadeiypata : «) oy + Pv? + o®v® + Pu = (o + B) + (av? + pPv¥) =
=1 (4 P) + v? (e + P) = (@ +B) - (0 +v?)
B) ox¥ + oyt — o’ — oPy + PXY + Bk = (o' + o) — (ofx” + oY) +
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T BrREp) = a (OHy) — oB (X PR H)= (6 4y (a—aP 1 P)

Tt iblov TapaoTaay ywpioaTe €5 SUo opddag kai drorouBus QuahloaTe &S

YIVOHEVOV TTOPOry OVTY

) xg (@ + BO+oB (x-Hy?) = atxyH Py + apx’tapy? = (o + ofx) +

+((WMP+G&W):GX®W+¢M)+Bw(9x+dw):(mv+ﬂﬂ'@X+ﬁw)
3. INepuostacerg tig popRiic A2 —B® (A kai B akyepp. NOPEGTAGELS)

A*_B2=(A+B) - (A—B)

Mapadeiypata: o) 25x* —Bly! = (5x) — Oy = (5% — 9g%) (5x+ %)
B) ulﬁ—u“:(u3+V") ) (uﬂ—b“):(ua%—v‘) C(ud 4 v - (ul_UZ):
Y e O RO R (Dt
¥y ot — P = (@) — (B = (@ + ) (@ =), (N
8) (8x — 3y®* — (O¢* + 2x)? = (8x — 3y* + 5¢* + 2x) * (8x — 3y* — Sy — 2X)=
:QWLFWD(@—Sw):4w*+%%(%—?W)

4. Mapactaceig tig popeilg A2 - 2AB + B? (A,B TOPACTATELS).

A? + 2AB 4+ B2 = (A + B)?

Mopadeiypata : o) 9x* + 12% 4+ 4=(3x)*+2-3x-2+ 22 = (3x & 2)*
) 16y? + 49x3y! — 56xy° = (4y)? + (Txyg?)P—2- 4y - Txy* = (4y — Txy®)*
¥) o 4 20 + B = (@) £ 200B* + (B = (e & B
&(ﬂ+ww+4ﬁw+4ghwwﬂw:Hﬁ+w%+hwhﬂu+wfrz
=+

S-memﬂmrmlwmmqmn=x2+pX+q(mmﬁﬂ)

A=Ow o) =Xt +px+a=(x+ 5
| a>0es=ramra=(x+ -1~
(e

A<O<jqn=ﬁ+pm+¢:@+§y+(2?”

Eic Thy mepimTow, ke fiv A < O, TapaTnpoUdey GTI ) Tap&aTAOIS
p(x) = x*+px+(q Stv petaoynuatileTan els T ovohov R els ywopevov Tpw-
Topadpicov TaperyovTeV, AN £l &Bpoiopa BUO TETPOTY VLY. Alcw ouvTopws
B pdBoopey TpdTTOV PETOOYNUATIOUOU €5 Y IWOUEVOY Tapaydvtwv Tij Ponbeix
&\hou cuoThiuaTos Gp1Bpd. 3

Mapodeiypota: o) §(x) =x*+ 8x + 16 - A=8—-4-16=0
"Qor Exopev : @{x) = x* + 8Xx + 16 =(x + %)2 = (x + 4)*
) fplXy=x" - 2k ~15. A=22—4(—15) =4+ 60=64>0
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2\ Y64 \, 248y/ , 2-8\ _
Ore : g(x) = x* 4 2% — 15 = (x + i ( 2--)2:(;( + ) (x+5 )=
=(x+5)-(x—3)
Y) o) =xt—4x+ 1. A=(-42—4-1=16—-4=12>0 i
441’12 v =4=Y12y
OUres Exopey : ¢(x) = x* — 4x+1—(x+ )\x—}-—-——)_

= (c+ ZAEDT). (4 =AY =2+ V3)- k-2

8) p(x) =x2—3x+13. A=(-3)"—4 13=9-52=—-430
¥— (—-43)
"Qore, Eyopev : ¢(x) =x*—3x+ 13 = (x + = ) ( )

:(x = %)’ + (1’;25_-).3 &Bpoiopa BUo TETPCry VY.

6. Tapastaccos tic popeiis ox) = ox® + px +7, (a # 0, B, yeR)

A =06¢(X)ZGX2+Bx+y:cx(x2+%x—|—D:

- Piior M Sy
=a(x*+px+qQ=«a (X L 2(50:)2’ dmou p= - (=g
e VA VA
A>0 <= o(x) =ax*-Px+y = c(x +pi2;) . ( X + _2;)

A<Q<p(x)=ax®*+pPx +y =« [(x a5 zﬁu) (V2uA) ]

Kol dvrodfa étav A< O, wetaoynuarifeton g dbpoiopa BUO TETPAY LIV
xai &y1 els ywopevov BUo TraparydvTwv s To ouvorov R.

Mapadeiypata: o) ¢(x) = 9x* + 6x + 1. L\ —62—4-9-1=36-36=0
Otreos Exopev : @(x) =9x* +6x +1=9 (x +5 S5 _9(x+ ) —(3x+1)?
B) x) =2 —x—1. A= (=1 =421 =(1+8)=9>0.

: SeNEN e TdT
QU—FE: q)(x):zxzﬂx i — 2(}(-{""——?2—)(){'{‘—2?2*"

=2(x+g)x-D=@+DE-D

Y) o(x) =3x2—x + 2. A:(—1)2—4-3'2:1—24':—23(0

. SCLINrS =) L R

Qoe : q;(x)=3x2_x+2:3[(x—i-—6f) +( 3 ]_3[(}( 6) +
¥23 32

(7))

8) ¢(x) = 25x2 —20x + 1. A= 20*—4-25==400— 100 = 300>0

-20+V300 —20 Y300\ _
Ot : q(x) = 25xt — 20x + 1 =25 (x + = ot

=95 (x+#2+1’3)(x+:2_'5‘_"'3)=(5x-2+ V3) Gx—2-V3)
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180U Tpa SAAQL TTEPITITCTEIS peTaoynUaTIopoU TroAvwwipwy el yi-
vopeva TaporyovTwy Alaw ¥prioipor :
7. Mapustaceig Suvapeval va Ypupoiy Gg SLupopd TETPYOVAV TUPUGTATEM Y-
«) Zwbuaopds Tév TEpITTOoEY 3 Kol 4
A2+ 2AB+B:—T2=(A+B2—-T:=(A+B+NA+B-0
A? 4+ 2AB 4+ B2 —T2 4 2I'A — A? = (A2 + 2AB + B?) — (™ —2r'A 4 AY) =
=(A+B2—(—-A2=(A+B+T-A)(A+B-T+A4)
émou A, B, T, A dAyePpikai "rrcxpacr'rc':crelg

B) Mopoaotdoes Tiis woppfis x* + x*'~ Wt qw , veN kai v > 2
X’V—i—xr"yi 2Vl+w_: -[—2)("1 ;\I!W W W}_\l:
— (" g Y = (T g ).
+ k‘l"zv-.l = xuv-'.! \Pz\' 2)

y) Tapootéoss TH popgfis x** + 4y, veN kai v > 2

V=1

X 4 4y = (27 + Q) b AT T T T =
£ (sz—l 12 .,\-_1)2 (2‘(_ \sz_z)n 34
= (k2 22t xR ) - (VT 292 2kt )

Eis Tds mepimTdoeis P okal y mBidokouey THY OULTIAipwov Tiis Tapo-
oTéoews B1d TpooHapupéoEws TOU GUTOU HOVWVUHOY, v alrn kaTaoT) Sia-
Pop& BUo TETPCry LV,

Hopodeiypata: o) 9x* + 6yx + y? —w* = Gx + y)* —w* =

= (Bx+ ¥+ @) Gx + y—w)
B) 36a? + 12aP + P2 — y? — 4yd — 48 = (36a* + 12aP + P*) — (y* + 4v8 +
+ 45%) = (6a + P)? — (y + 28)* = (6t + P + y + 28) (6a+ P — y—25)

Y) X4 xR 4 gt = X4 4 2xhyt 4 gt — Xhp? = (x* 4+ @2 — (XW)g =

= (x* 4 Y2 + xy) (° + ¥ —xy)
8) x84 xiy! + W8 = x8 4 2xiypd 4 \Vﬂ — xhyi = (x4 Wq)z — (x3yp2)? =

. = (x4 4 gt 4 x2p2) - (x4 g — XAy?) =

= (X2 + 2+ xy) (52 + WP —xy) (x* + @' = x37)

E) x4 AL 4\+,4 — (x2)2 + (24’1)2 S 4xz\+,-z X 4,(2\,{,2 e (X“ EIE QW-A)-i = (2.5(\4/)"' e
= (x® + 292 + 2xy) (x* + 29* — 2xy)

8. Avalueig Evog 1| meplosotépov fpuv Eig ddpoopa drlov.

MoAAGkis TropioTartar dvéykn duohucews Evos fi meplocoTépoov Spwv elg
ShyePpikov &Bpoiopa GAAWY, TTPOKEILEVOU VX ETTITUXWHEY THY GVOAUCIY el y1-
vopevoy TrapaydvTwy wids TapaoTdosws. Zwwnfws ToUTo dmeuTeiTal, OTOw
6 TAfBos TéV pwv Tiis TopaoT&oEws elval TEPITTOV Kal g¢mibupoupey v& TO
KOTOOTHOWHEY &PTIOV.

‘H péboBos alrn XpnoipotoleiTal slg TOAAGS  TTEPITITWUTEIS.

Mapadsiypara: o) N& dvahudij eis ywodpevov Tapaydvtwy fi TapdoTagls
A = X3y + X200 4 i + yro + X + wiy + 2Xyw
*Exouev : A= X3y + X% + WX + Yo + X + @Y + XY + Xyw =
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= (x2y + x%w) + (Y% + xypw) + (Yo + wiy) + (@K + xyw) =
=X (y +) + Xy (Y + ©) + oy (Y + @) + @x (@ + ) =
=(\P+w)(x2+xw+ww+m):(w~+w)[>t(x+w)+w(X+w)] =
= (y + @) (x + ) (x + @)
B) N& yivy ywopevor f| mapdaTacis g(x) = X* — 3x +2
“Exopev : p(x) = x? —3x 2= WX =X+ 2=xx*=D-2x-1=
:x(x+1)(x—1)»2(x—i):(x——l)(xi—kxMZ):
=Gx-DE+A&x-x=-2)=x-1) [(x+2Px—-x+2D)]=
= (x—1*x+2)
9. Hapuataoseg s popeilc XV 1= ¢ veN.
Tag TApROTATE QUTAS dvoAUopey i T} Pdoet THS Becwpias TV d&Lio-
onuEtcaToov TRAlkwy kel TS ToUTOTNTOS THs TeAelas Bioupeoecds.
a) Al TrapacTaoEls TS pop@fis o - B3 BronpoUpevan S1& o + P Bibouwv
Urtéhottrov 0 kad Moy o T af + P2 “Ewopéveos dvahlovTan s EEfs ¢

=

[t pP=(aP) " (P F B +P) |

B) Al TopacTéoes THs Hop@fis XY — ¥ dmou veN, Braipovpeva B X —
BiSour Umdhormov 0 kol mnAikov XYl xRy 4 b AL S o (Al
Stz AR
"Apa Exopev I B (5 — ) (02X F xS i XY TE Y )

“Av elvan v = 2k, keN, ToTEe Buvduefa va dvoAUowyie kai s droroubus

¥ — Y = X — = (K 4 @) (= )

Napadeiypara : 1) o — Bt = (o2 +82) (2 — B9 = (o +P*) (@ + B)(x —B)
A o= pt = (a— B) (a8 + o + 0B+ BY) = (x= B) (x + B) (*+F)
2)af — B3 = (o — B) (ot + P + oB* + op? + B
3) at - B0 = (o + BY) (o8 — BY) = (x+ B) (2 — o + P?) (a— P) (a*+aP+F")
R o - B = (o) — (BP)S = (o = B) (o + a'B* + ) =
= (a + P) (o — P) (o + P + p) (o* —aB + B (BA. mepimT. 7 B A
o — B8 — (a— P) (o + oo + Bt + P + @Bl 4 B =(x—B) [a (a+ )+
+ oB? (ot + B) + P+ B) ] = (@—B) (a+ P) (ot + B2 + BY) KA

Y) A Tas TOPOTTATEIS s Hop@fis XY + WY Biapivopey BUo TEPLTITG-
oels : 1) *Eqv v =2« + 1 (n-eprr'rés), ToTE TO Bidvupov Bixipeiton Bix X + Y Ko
Kot dxoAoubiav :

W2t | [y GG T oW
KE -

2) *Edw v = 2k (&pTi0s), TOTE TO Sichvupov Blapovuevoy Bi& X 4y T Bix
X —y B8i8e1 Urdhorrov 24" wod ouveTrdds Btv Buvaueda v AvaAUCWHEY OUTO ElS
YWwépevov TrapoyovTwy ET Th Péoel TS Becopiog TGV &E100MPEICOTOOV TITALKGOV.

Els Twas dpows TEPITITLOELS, KoT& Tas Omolas & v elvan &pTiov TrOAAGTT AL~
Slov mrepiTTou GpiBuol, Buvdueba v duaUcwpey &g dxohoubws
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(6 =2:3) X0 b = () + (¥ = (2 + yt) (xi— xiy? + y)
(12=4:3) X2+ = ()P o+ W = (x4 + ) (68 — xiy* + y9)
(10 — 2 . 5) xlli _|_ \Plll = (x2)ﬁ + (\PZ).') e (X2 + \PZ) (XE P xﬁwz _l_ X-I\P-l A x2‘+}ﬁ +
]
Iapadeiypata:
Iy a® + B = (ot B) (ot — off 4 a¥f? — of? 4 P9
2) G? + B? —_ ([I + ﬁ) (G“ ) 0:55 + G—IBZ o G:IB-'J _+_ aZﬂl e Gﬂﬁ + Bﬁ)
3) al:’a + Bl;’\ - (aﬂ).’) + (ﬁﬂ).’.\ —_ (a‘d + B:}) (ul2 ey GQB(ﬂ + aﬂpﬁ _aaﬁe + ﬂ12) =
— (CI _l_ {3) (c(‘.’. 3% GB + B2) (0:12 ni QQBS + C(GBG oy, Q3B9 + 512)

10. Tapaotaoeis : Téhewov teTpdymvev 1 xOfog molvwvipou.

a) “Otav &v moAudvupoy TEPIEXT) TA TETP&Y WV LEPIKGY povevipwy Kal
T SimAdaia ywopeva aUTév dwd §lo kab’ Ghous Tols BuvarTous TpdTTOUS PE TO
kaTéAAnAoy anueiov, TOTE elvan TéAelov TeTdywvov kal ouverrdds dvodeTon els
ywouevov 8Uo fowv mapaydvtwy. Mepikt mepimTwois elvar 1) mepimTwars Ut
&pif. 4. s
Hapodeiypata: 1) o + B2+ y2 + 20f + 2Py + 20y = (a+ B+ y)2 =
(@+P+y)(@+P+7)

2) x4 42 4 9w + dxy — 6xw — 12wy = X% + (29)2 + (Bew)? + 2 - 2xy —
—2x 3w —2-2y - 3w = (X + 2y — 3w)? = (x + 2y — 3w) (x + 2y — 3w).

B) 'Eqv To moAucwuuov elvon Tiis popeiis A? |- 3A2B 4 3AB2 L B3, téTe
elvon 6 kUPos ToU Biwvipou A 4 B kol ouvemdds dveleTan els ywouevor Tpiév
fowv mapaydvTwy .

OUrw : A® 4 3A%B + 3AB® |- B3 = (A 4+ B)* = (A +B) (A + B) (A +B)

Iapadeiypata :

1) 27x3 + 27x2p + Oxy® + 3 = 3x)* + 3- 3x)2y + 3 (Bx) w2 + y? =
=0Cx+y)P=0Cx+y) Cx+y) Bx+y)

2) 8x%a®—36x% + 54xa — 27x? = (2x%a)? — 3 - (2x%0)% (3%) + 3(2x%) (3x)? —
— (3x)? = (2x%a — 3x)® = (2x%a — 3x) (2x2x — 3x) (2x%a — 3x)

11. ﬂupa'otdoug: [Molvavupa Babpod dvertépov 1ol npdrov.

. Qs yvwoTdy, &v dxépoiov TroAudwupoy @(x) PaBuou > 1 pndevileton Sick

= Xi— %, émou «a, PeR, ToTe Srcupeitan Bid X — o fj ax — P xod dvTi-

oTPOPWS.

"Emi T Paoer Tfis 1816TNTOS cliThis dvohlopey, tp’ Soov TouTo elvat kartop-
BwTdy, ToAucwupa drwTipou ToU o Boduol els ywdpeva mapoydutwy, €
el TG droAovba TrapadelypaTa :

IMapadeiypara : 1) Na& dvoAudfy els ywopevov 6 Troiudwupov

Pp(x) =xt+x3—x>24x—2
Epioropev Tous Bicupétas ToU yvwaToU Spou —2. OUtol elven : 4 1, -+ 2,
MaparnpolUpey 6T, &1x x =1 éoudv ¢ (1) =14+ 13— 124 1 -2 =0. *Apa
To @(x) Srcnpeiton B1& x — 1 wad 8ider mwnAfcov TT(x) = x3 + 2x2 + x + 2
‘Emropéveos B Exoopev @ ¢ (x) =(x — 1) (xX® + 2x* 4+ x + 2) (1)
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‘Oupoiws, Bid x=—2 Exopev : M=2)y= (=2 +2(-2*+ (=2)+2=0
"Apa To TTy(x) Breapeitan B X + 2 woi 5ider Tnhdkov Ty (x) = X2 -+ 1, omoTe
M, () = (x +2)- (x2+ 1) xal drohotBes 1 (1) ypogetau:
o) =(x-1) (x+2 (x*+ 1)

2) Na dwohubij els ywouevoy 1o @ (x) = 2%% + 3x* + 8x + 12,

EUpiokopey ToUs SioupeTas ToU yvwoToU 8pou 12 kal TolU oUYTEASGTOU
Tol peyroToPaduiou Spou 2. Odron elven of éifjs: Tou 12 of -+ lash Disk 35 14y
L6, 4 12,100 582 '6f £ 1, +2. *Axohoubuws oynueTilopey SAet T KAGOUOTQ,
T& &mroia Exouy &p1BpnTas ToUs BloupéTas TouU 12 kol TapovopaaTas Tovus dial-
péTog TOU 2.

1

» ; 5 . 1 ; : 3
Tadta evon: 4 5 + % Ex Tév KAOOUATwY oUTEW TO KAGOUS — 5

unBeviler TO TrOAVGWULOY g(x), &oT ¢ (— -%) = (—%)“ +3 (— %) +
I 8(u %)"‘ 12 =0. *Apa 10 ¢(x) BraipeiTal S 2x 4+ 3 kad 5i%er ko TI(X) =
=x2 4 4, éméte ¢ (X) = (2x + HE+ D).

AZKHZIEIZ

117) N& Tpamolv els ywopevoy rapaydvTwy ol TopaCTEOES
1) x4 xu—tyn H—xp igu=t, wEN, 2) ax® 4 Px* + o+ B+ ax + Px,
3) xig? (ot 4+ B + o (x! + ¥, 4 (8 V) O - )Y
5) 144x*y? — 121a%p?, 6) x*— (ax—P)* 7 (ax + Py): —1,
8) (x4 xy + p)? — (x* —xy + wh?,  9) 64xtyt — 160x3y? + 100x*,

10) 169xty?z? — 286xyz® + 12172 11) 4yrept 4 361x0ytwia® |- ToaPxyie?
12) ot — Bt 2By — Y* 13) o — 20p + Pt —4y* + 12y8 — 95*
118) N& petaoynpaTiobouv els y1wouevoY mpwToPabuiy TapaydvTwy T& &kohoula,
TOAUDVUHA :
1) x2 4 4x — 21, 2) x* + Tox + 1202, Dt —-(—2)w—2v
4) 2w? + 4w — 170, 5) 5x2—4x + I, 6) 9x2 — box + a® —p?
119) N& dvahuBolv elg ywopevov TapaydvTwy al TpaoTAgES
1) 9a?p* — 36ap + 36 — 25a%, 2) x* — 16! + 9yt — 6x*yt
3) 2 (x*y — 3w) — 9 + x}y* — w? X2 4) 4ot + 16a2p® + 25p¢
5) 36x'y* + 49at — 100ox*y?, 6) 9x® + 1 — 15x*, 7) 64aix® + ¢4,
8) At + dvih, (v, AeEN), 9) ax?—(a+ 1)x+1, 10) px? + (B —5v) x — 5v

11) x* 4+ x% —3x* —5x—2  (Uwdd. — 5% = — 3x — 2x),

12) x3 4 x*—2 (Umod. x* = 2x? —x%)

13) 640 + 27p%, B+ ¥ (a+PP £ (—-P) (a—p) —p°
14) alx® — ws' Xt 4 64‘15‘?0, al? 4 ]' ot + ﬁa

15) 32x® + 1, X’ + 47, x® £+ 9, 243a® 4- p°
16) 81x? 4 y* + 4w? + 18xy — 36xw — 49w

17) 9aix® + Bt + 1 — Gapixiy — 6ax® + 2Py

18) 8x* 4 1 + 12x* + 6x, 19) ex?® — 6a*xy + 12exy? — By?
20) 27x%y?® — 8a® — Sdax?yt + 36a’xy
21) x*—7x* 4 9x* + Tx — 10, 22) 3x% 4 x*—6x + 8
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AZKHIEIZ ENANAAHVYEQZL

120) N& Tpamolv eis ywopevow mapaydvtwy al TapacTtéoes :

]) ol — ﬂlﬁ, 2) X — W“’ , (l-l. vVE N), 3) xsqﬁy +5 "]":'x‘“ +a, (Ll, vE N)‘
4) Py? + aty + ap? — a?p — P2y — ay?, 5) (x —a)? + 1202 (x — a) + 36at
6) X2 —y?— w4 2y + X + y —w, D+ -1—-x+y+Dxy

8) GtpEY + 2o 1BV 4 a2, (v, w e N)

9) 16ath 2Bty — 24t + 9t~ P, (u,ve N)

10) a? + P2 4 2av Bu —y2h, (b, v, A€ N)

11) xtv + 4x?v i - 4yt —a?p? + 2aB— 1, (W vEN)

12) x%v 4 x2v g+ gy, (n,ve N), 13) aix®v yiu 4 64p*, (b, ve N)
14) of —po, 15) o — 27a® — o® 4 27, 16) x* —(o*— 1) x*—a®
17) X% + @i+ 3xv @i (x¥ 4 yi ), (LveEN)
3
18) 1253 +8 — 75x2v +2 4 15xv +1 — 1, 19) ;—7_%’+x—1
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KEQDAAAION V

TAYTOTHTEXZ

47. OPIEMOE. Tavtdrng xakeitat 1} lodtne petald do akyefoue@y nOpagTAcEWY,
i) 6rola eivar g o qdoac TAG TLHAs TOY yoapudroy £ TOY dnolwy éEao-
TOYTaL.

T& SUo péAn TS TauToTnTOS Elval jgodUvapol &7\ys[3p1kai ﬂapclo"rc'xcsls.

Eic piov TOolauTnyV iooTnTa TO oUpPoAov (=) durikadioTaran ouvrBuws,
Ywpls ToUTO ¥ clvan &roAUTwS dmapaiTnTov, pt o oupporov (=) kai TO
dmoiov BiaPaleTon @ «éx toutoTnTos foov wé». “HTO! ypépouey ¢ (X, Y @, - - )
= 1(X,Y,%@, - o)

*Eav 1) io6Tns alTn {oyun wévov 517 doplopévas TIHAS TRV X, Y, @, . - kal
Bty {oyun B kabe TIPHY TV peTOPAT TG TV, —&1e Bty elvon TaUTOTTS.

‘H ypnowpoTns TGV TquTOTHTWY elvan TOAU  peydAn. A alTév Bieuko-
Avetan TTOAU & GAYEPPIKOS Aoyropos: fitol & UETAOYXTHOTIoNOS TGV TapaoTS-
oy glg ATTAOUOTEPOS TEPIOTOTEPOV trropehels Bix T dhyeppixd BtnaTa

48. EINAAHOEYEIZ (ATIOAEIZIZ THE AAHOEIAL) MIAZ TAYTOTHTOZX.

‘H ¢pyccia tronBeucewds BIGS rouToTTOos uvioTaTon Els Biaboykous
KOTAATIAOUS ugTaanuu-ncuoﬁs, Tous otroious B& éxTEAETCOMEY gle TO £v pENOS
Bix v& kaTahitoopey els TO GARO. Kool Bt peTaoynuaTiopol elvat @ 1)
fctihegrg TGOV TPatewy, 2) AUTIKOTAOTATLS TAPOTTACEWVY ut Tdg EK TQUTOTN-
Tog foag auTdv, 3) Qudhuois spaav els &Opolopa &N, 4) Tpodcbeas kal Spadi-
PEIS TOQUTOTHTWY YVWO TV kot pEAn, 5) TpooBagaipeais Bpov T TOPAOTE-
CEWV KA. ;

TToAAGKIs UTTOBETOVEV THY TOUTOTNTA dANBT Kod G@oll ETIQEPOLEY dopl-
optvag ATTAQTIOINTELS, KQTCAT Y OuEY €IS looTnTa EK TGV TPOTEPWY SAn6f. “Emer-
Ta, dkohouBouvTES AUTICTPOPOVS usz'rcxcrxnucx-ncuox'fg, KOTAATyOuey Elg THY &To-
Beitéow TouToTnTa. Kohov 8& clvon Bpws TOUTO Vi GTTOEVYETAL, 8161 GAAWS
&marteitan Tpogoyn Els THY xpnmuonoinaw TGV PETATYNRETITHGY, oi omoiol
Béov v elvar Ohot GutioTpeTrTol.

"By Eycopev TPos troARBEUTTY TOUTOTNTC UTTO TEPIOPITHOUS, &kohouboU-
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pev Y aUThy Siadikaoiay, pe Thy Siapopav 8TI kaTa TV EKTEAECIY TGV TTPA-
LEQOV TTPETTEL VA EXCOMEV TTEVTOTE UTE SYIv pag Tous Treplopiopous.

Eis 1o mapdv kepdAaiov 8& yvwplowpey TauTtdTnTas, EkTds TGV fi8n Yve-
OTGV £k TR)§ TpoTYouuévns Téews, kal &AAas Tas dtrolas of pefnTal Séov va &ro-
{unpovEUTouy,

49, AZEIOMNHMONEYTO!I TAYTOTHTEE.

A) I'vootul £k tiig mponyovpévng tatews

@t PP=a12ap | Pt L PP=(a £ B) T 20p
(a+P) (a—P) = o — Bt <> — B = (a+ P) (a — B)
(@ £ P)F=0o’ 4 3ap + 3ap? - PP = 4 B% 4 3aP (a 4 P) <=

d“r Bt = (o~ B = 0B (e + ) = (o B)(0® —off - PF)

—B% = (a— )" + 3ap (a— B) = (x— B) (o + o + P?)

(0<+£3+Y) = ohatPhshat o 2005 2By + yaase

af - PR k= (o + B+ 92— 2(ap +By + ¥o)
(X + @) (X + B) = x* + (a + P)x + op
(X + ) (X +B) (x + ¥) = X3 + (a4 B+ ¥)x* + (B + Py + yax + oy
(x=@) (x—B) (X = ¥) = X3 — (a + B+ Y)x* + (oB + By + ya)x — oy
TautoTns Tils Sicnpéoews

A(X) = 8(x) - TI(x) + U (\)w;ﬁ({")) = TI(x) + ;J(E("; 8(x) # 0,

Smou A(x), 8(x), TT(x), U(x) dvmioToiyws SicapeTéos, SiaipéTns, Trnhikov kai
Umdhormov s Biaipéoews.
B) "Allav afroenpcintor tavtdotnrec.
1) To tetpayomvov molvwvipov
N& elbpediy 1o dwdmrruypa Tou (a+ P+ y + 8)2
Exowev : (a+P+y+8°=(a+P+y+8) (a+p+Yy+38)
= o +PF 4 y* + 8 4 20P + 2ay + 208 + 2Py + 2p6 + 2y5
= of 4 B2 + ¥ + B2 + 2(oB + ay + o6 + Py + B5 + y5)
Fevik@s (og + e+ ... +a ) =(++ ... o) (o + 4+ ... +a,) =
=gttt ... +a)twmlgtot ... +oa)+ ... ooy +at...
+ o) = o + o+ .+ o+ 2(o0 + ooy + . Fogey) + 2o +
Foaoyt+ o a4 20, o = a® fo? 4 L4 ol 4 2 (o0 +
Aogay oo oy .+ agay)

Mo ="172 5
I =2 5."

OUTw :

1
tlog ot .+ @) = a4 280 f

"Hror : To Tetpdrywvov moAuwvipou pé v dpous loolran pé T6 &fpolopa
TV TETpOyvwy TGV pwv Tou, Nuknuévov katd TO SimAdotor Tou &hy. &bpoi-
OUOTOS TGV ywopévay TGV Spwy Tou AauBavopévewy duk Buo, kal’ Shcus Tols
Suvartols TpdTToUs.
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B T m @ B+ Y+ (B4 2ap 22 ) 4 2D
—y—8)2= . 20 SR
+2ﬂ(—y)+2B(~5)+2(—Y)(ﬂ8)zu*+ﬂ*+y 4 8%+
E)C(B(—XE);—_BES:;’S)—F 5y = akx* Pt b & 4824 2(aPx® 4 ooy X!+ odx®+
ax’ =
1 Pyx® + POX® + Y8X).
2) ‘O kifog TPLOVOROL i )
N& eupebi 1O dvdmTuyka ToU (o (+ p —1[; 1) .)
) % ekt p
“Exous : (ax+P+¥)'=(a+PTY)
XOuE ((0;2+|32+Y2+2ui5+2{3y+2yor)(G+P+Y)2 e o e
0‘3+[33+Y3-’r362Y+3G2[3+3§32a+3[31y+3yu-2{— yg ;
o+ PS4y + Naty + Bt Plat By Fyla Ty B + 2Py
(B Tep, 8 comdloscas) =+ P2+ Y + 3@+ B B+ ) () s
. O': w @ ‘O kuPos TPIVUHOY igoUTon pé TO &fpoioua TwY Ku[:‘)r,:m e
\;T s‘\;ou kard T 3mhAdoiov TOU ywopévou TEV d)\YEB‘p. ocB'poucuot"rco
:2': 61\:03]{1'0\1 ActuPovopEveoy &t BUo, ka® BAous Tous BuvaTous TPOTIOS.

Q-

Il

i . N& evpeboly T QAT TUY HOT = : .
1 mpfc;zﬁuw B O SR P
Vi -Ii 3% 4 3x% + 3x* + x4 4 3x4 4+ 3x5 4 6x3 = x° + 3x% - 6X
7x3 4+ 6x% + 3x + 1 : -
B) (2x -3y +;3 _ gy — 274 + 125+ 3 (2x —3¢) (2x +9) € —23;}))
= 8x3 —27¢* + 125 — 36x2y + 60x? + 54xy* + 135y + 150x — 225y

3) Na aroderydif | ahf0ewa The TaVTOTNTOS
7 . " i 0
[0+ pe+y*—30py= (@ +P+Y) (o + P* + y* — op — Py — ¥ l

"Exonev o + B + v — 3By = (o + P)* —30B (@ +B) + v* — 3oy =
i (a4 Py Y -doB @By = wdore
e Bty (@B -+ By + Y] =SBk BT =
Z (a4 By @+ P Y - oR =By~
*Erreidh) B¢ o + P+ YE — op — By — YGE?_(ZQF 4 2P+ 2y* — 20P —
gy —2ym) =4 [@—Pr+ -V O]
dpo Exouey @+ B+ y*— 3By = 5 @+p+7iE-p+ G- yiker
+ &y — ol | ‘ |
Mopadeiypata : ) Né &vohuBij els YIOLEVOV TapayovVTwy 1) TOPACTACIS
of 4+ 8p? + 27y* — 18cPy-
fﬁmg " Exonshiad H (@RY o (By)P— 3o 2P 3y = (o + 2 + 3y) (&*+

2 4 9yt 20 — 6Py — 3ay)
;}4[?‘1&+&130851x91'? gm 1 —a®+ (a+ 1)+ 3a(a+ 1) = 2(302 4 3a + 1)

11
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Aborg : "Exopev 1 — o + (a0 + 1) 3a (o + 1) = 13 + (—a)® + (o + 1) —
—3-1(—a)(a—f—l)z(l—cx—{—a-l-1)[1+u2+(a+1)2—1-(—a)—1-(c:+
-|—1)--(—<x)(cx+I)]52(1+u”+a2+1+2u+u—a—1-i—(‘:z—}—cr) =

=2Ba?+3a+1)

4) Tavtétnteg tob Lagrange
) N& dmoBerx8j &mi @ (o + o) (By + P) — (P + auPy)? =
= (P — wPy)?
Abowg: “Exousv : (o + af) (BY + Ph) — (P + Puo)? = o3P +
+a*p% + o®P? + ofP% — af Pt — 20405P,B; — o%,P2 = o P, + 0P —

o Py |? oy Py |
2

— 20505P,Bs = (0fy — 0P = . TS aUpPorov KoAOUE-
o, B & 22

vov opifovoa Pas Tétews Eyvwpicapey els THY wp'cqyouuévnv T&EW.
B) N& &modeaydij &1 :
(oy + o + o) (B% + B + %) — (P + uBs + ouPy)2=
o By f? oy Py

%, P o Py

‘H &mdBeitis v& yivny Umd Ty pabnTév

2

S

2

[ Pe

oty Py

Inp. A Tov oxnuatiopdy Tév Spilovaddy Tou B" uéhous Beco-| o By |
poUney Tas TpidBas TEV dpifudv (ay, o, o) Kai (B1 Boy Ba) els 8Uo | o, Ps

othhas @5 & Tivat. & Py
Y) levikéds Becopoluey Tas vidSos Tév dpiBudy (o, o, ... a, ) | & Py |

ki (By By, .. .PY) kal Tas dpifovons Pas TEews, ol Smoic Tpo- oc {3 l

KUTITOW &K ToU Trivakos Tév dUo oTnAdy. Olres gyouev : &v Bv|

(@ +ohy+ ... +at) Bl +Ph+ ... B%) — (ouPy + s + ... + aPy)=
o By |? o Py f? o By & Py Qy—g Pyoy |2
oy Py % Py oy Py o Py ay By

‘H Toutétng alrh) Adyetan TauTdTng ToOU Lagrange, | & yxpnoipdrns
s eis TOV SAyePpikdy Aoyiopdy elvan peydhn. Of pebnral Stvowtar va kdvouy
Tés wapaTnpfioels Twv, ds Tpds TV Tpdrov OXTUOTIOHOU aUTfis.

Mepadeiypata: o) N &modexdi omi (o + D@+ D) —(ax+1)2=
= (a—x)?

Avorg: “Exopev @ (o + 1%) (x2 + 12) — (ax + 1)2 =

2

-+

2

= + T o S T s it

2

o X = i

1 %1
P) N’ droBeiy ) 671 : (a® + 1) (x4 w2 + 1) — (ax + 1P = o2 + (& — X)24y?

72
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Avoig: “Exopev : (e + 1) (X +¢*+ 1) — (ax + 1)?2 = (o 4 02 4 12) -
| |2 |2 12
(X2+\F2+])"(GX+OW+1)2=§G0. 0’11 Oll:
i) 2 o gDy
= (o — 0X)* + (a— )2 + (O =+ 1) = iy + (ot — X)* + 2
Inu. Tous EAAeirovTas Tuxdv dpous cupmAnpcovopey pé undevikous.

5) Tavtétng toi Newton — Av@vupov 1o Newton

a) Eis Tas yvwoTds &k Tis Tponyouuévns TALEWS TAUTOTNTAS CUUTEPIE-

Agfnoav kai ai dxdroubor :

(x + &) (x 4 @) =x + (& + G)x + e,

(X £ o) (x o) (x 4= 0g) = X* £ (0 + & + o)X + (040 + @ty + 00X 4
4 oo,

"Etriong edkdAws Buvdpeba va émoinbevowpey 6T1:

(X 4+ o) (% 4 o) (x + o) (X £ &) = x* + (oq + % + o + &) X3 + (oo, +
+ oy o + 00y + Gty + G0y - 0t )X? - (0400, - 000, + 0 a0, + C0Ea) X
+ o000,

Zuveyilovtes oUTw, Buvdpeba va AdPowpey THY YEVIKNV Ekppaciv Tis TauTo-
™Tos Tou Newton, Tfis Omolas 1y mAfpns &médeyis O yivn els dvwTépav Takw.
Olroo: (X 4 o) (x 4 @) (X4 o). .. (X4 o) = X'+ (gt + .. .+ a)x¥—1 +
+ (oo + ooy + - oy F g+t ey A G O)XY R (00054
+ ot ey e . oy, o O, - 00ay .
+ ooy 0 )XY L (DY (@0 - Cvog ) X (1) ogon0y. . Gy

’Eqv 8¢ yapw ouvtoplas Btowpey

Z 1o &Bpolopa TGV ay, O, O, . . . &y Kal
2 2y sy 2K TO Gbpoloua TGV ywoptvwy TV ay, O, . . . Oy, AxpPavouéveov
dW‘ncr'roist dva 8o, dvd Tpels,. .., dvk k ko’ Shous Tous BuvaTous TpdTTous,

TOTE B Exwpev :

| GEa)(xta) - - (L) =X'E X B . . () Z 3 (=1)'S,

B) ‘Edv &is Tds TpONYOUPEVOs TAUTOTNTAS EXWHEY o =0 = ... =, # 0
TOTE : (x 4 o) = x2 + 2ax + o
(x + 0)? = x3 4 3x%« 4 3xa® 4 o
(X + o)t = x* + 4x3%a + 6x%? 4= 4yod® + of
(x 4+ a)® = x® + 5xfa + 10x%a® 4 10x%a® 4 Sxat 4 & k...
‘H yevikty ékppaois Tou dvarmrtUypatos toU Siovipou (X + «)Y, veN,
TO dmoiov kodeiTan Sicovupov ToU Newton, 8& 5067 els dveotépow TéEw. *Evraifa
Teplopi{opeba eis Tas drkohovBous TapaTnpfotls Bid TOV oXNUATIoNOY TOU dva-
TToypaTos.
Nepatnpioes:
o) To dvamruypa elven Spoyeves Tohuwuupoy, s Tpds T& X kai o, Paduol

il
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foou pos ToV Padudv Tou Breovipou, Exov TAfBos Spuwov ioov Tpds TOV Poduov
Tou mubnuévov katd 1.

B) Of &xBéton ToU x Paivouv EAaTTOUMEVOL, EVE TOU o alfawopevol

Y) Tou dvamTiypaTos (X -+ «)¥ &movtes of Spor Exouv TrpoOTTHOY BeT1-
Koy dvé ToU (X — )Y EvaAA&E BeTikov ko &pnTIKOY.

5) "ExcaoTos oUvTEAETTNS TTPOKUTITEL, & AdPuuey TO ywopevov TOU GUVTE-
AeaToU tmrl Tov EkBETNY TOU X ToU Trponyoupévou &pov kai Sicupéowper Bik ToU
&p1BpoU ToU &nhouvtos ThHY TaEwW ToU Tponyouptvou Gpou. Of lodwis dréyov-
e &O TOUS &Kpous Spous auvTeAeoTal elvan Tool.

Mapaderypa : Na evpedij 1O dwdmtuypa ToU (X + o)®.

*Exopev : (x + ) = x? 4 9xPa + 36x70 + 84x%0® + 126x°a* + 126x%a® 4

+ 84x3c® 4 36x%2a? + 9xo® 4 af

Maparnpoupey 871 @ &) TO dwamTuypa elven Spoyevis You PabpoU dos TTPos X,0.
B) To wAfifos Tév épeov elven 10
y) Elvan Siaretorypévov kara Tds dviovoas Suvdpers Tol o kal koT& Tas

KaTIOUoOS TOU X

8) ‘O ouvteheoTns X 126 AcupdveTon & ToU 544—6 — 126

50. TAYTOTHTEE YITO EYNOHKAZL ([Mepropiopoi eig oig Omdkewvtan ta ypappora)

DVvepy:atpt+y=0Va=p=y<a’+p®+y"=3afy
Anodeitig: 'Eqv o + B + y =0, ToTe €k THis TauTOTNTOS

o + B+ y3 — 30Py = (a+ B+ ¥) (o + B* + y* —aP — By — ya) Aaupbvopey

o + P34 y? — 3aPy = 0<=a® + PP + y* = 3aPy

Eav 8¢ a=P =1y, 107e o+ PP+ y® =a®+ o + o® = 30 = 3t = 3Py
*Avriotpogag 1 “Eqw o + PP + y? = 3oPy <=-a® 4 PP + y3 =30y =0«

12 (ac+ B+ y) [ (@—B)t+ B—y)+ (- =0 (Br. Tavtémra 3)

Ex Tons Emeton a+ By =0V (=P + B—-y)iF+(y—0)*=0
"ExagTos Tow Spwv Tis moapaoTdoews (o0 —P)* 4+ (B —y)* + (y — «)?

elven pf dpynTikds. Suverrdss, & (a—P)2+ B —¥): + (Y —a@)* = 0= (a—PB)*=

—0,(p—7)* =0, (y ~@)* =0>a—p=0,p—y=0y—a=0=a=p=y
Auvarrdy v Exouey a+Pp4+y=0A(@—P2+ B -y)*+ (y—)*=0

oméea=p=y=0

!

=

"QoTe : rVa,B,y: a+B+y=0ch:[3=y<:va3+[33-:—_y3:3cx[3y

‘H xpnowdTns Tis TaUTITNTOS Aty QaiveTon K TGV TTOPABELYUATWV
o dkoAouBouv.

Mapadeiypote : o) N& dvodudi) eis ywouevov | mapdoTaos (3a — B+
+ G-y + By —o), w elvar a+p+y=0.

Aborg: Emreidnh Ba—B) + G-V + By —)=2(c+pP+¥)=2-0=
= 0, Eeton 8m1 (3o — B)* 4+ (B3P — ¥)? + By — @)= 3 (3c—P) 3p —v) By—)
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B) 'Ewa + P+ y =2t v& yln ywopevov i wapdataois (2t —3a)® + (21—
= 3p)° + (25 = 3y)°

Aborg: “Emeidh (27 —30) + (27 —3p) + (27— 3y) =6r =3(a+p+Y)=
L6 — 3 Drumbro— B = 0, twevan om (2 = Ze0f 4 (e 3B + (2t —
~3y)% =3 (2r — 3a) (2r — 3B) (27 —3y)
2) Vo, B, ¥ a4+ P+y=0Va=0Vp=0Vy=0<(aB+Py+oy)=
= a2p? 4 Pyt + yiod !
O pednTad, YPNOIMOTIOIOUVTES THY TQUTOTNTA
(@B + Py + Yot = o?B? + Pty? + ye® + 20y (x +P+Y), v& xduow Ty
dmdderti.
3) Vd,ﬁ,y:a-l-[3-}-7:0Vot+[3:y\![3+y=oc\/y+a=[5¢>c:4+
+ B+ vt =2 (P + Pry* + oY)

Oi podnTad, &poU Erodneioouy THY ToutdTnTa Tou de Moivre
o 4 Pt yt— 202B — 2Pty — 2yl = (a+ B+ ¥) - (@ =B +Y) (c+B-7

(=P —7y), Buvawton va Kk&pow ThHy &rdBeitw.

ALKHZIEIZ

121) N& &woberx8fi 0 dAffei TG kATl TAUTOTHTWY

o+ B\* a— P\ _
(587 =
1
2) o@ + P2+ ¥y — (ap + Py + ¥ ;f-—z—[(a—ﬂ)’+(I3fv)‘+(Y—°t)“]
3) (u+v)’—(u~v)’+(u+v)(u—v)=u(2\'+u)+v(2u4\»)
4) (a+ p)* — (x—B)* = 2B (B* + 3a¢)
5) (a—x) P+ -XN=x-—0)x+B)&-Y

122) N& ebpeBolv T dvaTTUypaTa :
2 2
1) (4x® —3xt — 2x + )%, 2 (%m%ﬂ 2)
3) (ox + Py + xy + D 4) (a® — ax + ax® —x%)?
123) N& ylvouw oi wpékes : (2x 4 3y — @)t — (x — 3y + 2w)? — (x — 3y — 2)?
124) N& evpebolv 7' dvomTiynaTa :
1) (ot —ax + x%) 2) (e +a¥+1)°
125) N& ebpedfj To teyopevov TV Tpdiewy : ;
(x+q»+w)“—(X~\l—'+m)“—(x+w—m)“-—(up+w—x)“
126) N&  &vohubij els ywopevoy  Tapayovtaey 1 8x? — 2Ty — 64w — T2xyw
127) N& &moderdf &1 :
(o — By — o0 + (o -+ B)? + 3 (@ — B) (o + B) = & (da® + 3p%)
128) N& émehn@eubouv ol ké&Twh TautéTnTes pE Thy Pondeav T TQUTOTNTOS
Lagrange :
1) (b0 W) (1 o o+ 1) — (2% + ¥ = (@ — X o (@—xY)* + (x — ay)?
2) (x* + y* + 29 — (xw + yz + x2)* = (¢ —y2)' + (v — x2)? 4 (2 — x¢)*
3) (ot 4 P (3 + §* + @t + 1) — (ax -+ Pw)t = @yt + B + ot + B + (a0~ Px)?
129) N& eUpeBoiv T& drdhouba QUoTTTUYHAT

(2x += W' (x £ 3, (ox? + 1)°, (apy + 2x)7, (e — x¥)?
130) N& ékteheofolv al mpders = 1) (x—y)' + (x 4+ W)F — (X + ) (xX*— D)
2) (2x* — 1) — (3% + 2)° 3) 3 (x = 39) — 5 (x* = Syt
75
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131) N& &mobeydfi 1) dAnaa TéY TauToTHTL *
1) (@+p)y—o—p =3P (a+p)
(a + P)° — a® — P = 5ap (o + B) (e« + of + BY } Taurérnres ToU Gauchy
(a+ B) — o" — P7 = ToP (a + B) (o* + of + P%)°
D () Hx =2 xy )
3) (2x + B)® — 32x5 — P* = 10Bx (2x + B) (4x® + 2xp + P
4) (3a — 2P)° — 24305 + 32p5 = 30ap (2B — 3a) (Fa® — 6op + 4p%)
132) N& &mobeiyfi) f Tautédtns Tou De Moivre
at + Bt 4yt — 2a2pE — 2Pyt — 20ty =
S@+pP+MN@+tP-1(@=P+V)(@—P-V)
133) ’E&v a+PB+y=0 v& ylg ywdpevov f TapaoTaos
(a+pPP+P@+r2+(rt+o@
134) N& dwaAubij el ywopevov 1 map. (a—B) + (B —v)*+ (y —o)?
135) E&v a4+ P+ y=k-+ A+ p va dvuodubi els ywdpevov fi TrapdoTaoig
(&= R)7 4 (Bi=N)* -y —)?

ATZKHZIEIZ ENANAAHYEQE

136) Eév a=Tx 4+ 3y + 6, P=06x+2y + 6w, y=73x+3y+ 2w xa
X? =y + w?, v& &modaydii ST o = p* + y?
137) N& evpefoiv T& dvamTuypaTe TGV :
1) (o By — (@Y= BY = Y - (- Yy
2) (ex" + Py")? + (ax¥ — Pyt + 1)* — (ayp® — Px¥)*
138) N& &moderybij 6t (a +P +y +8)° =3 (a8 +ps+ y8) (a+P+y +8)—
== (a+p+7)
139) Né& ebpebfj To Efayduevov Tiis TapaoTdoews
(c—B+7y)*—a®+ B*—y* UmO popghv ywopevou
140) N& &moberydi) 6T elvon : -3t =(@—-1D(@+at+l)
(S 4at—at—1D=(a+a+ 1) (a—1) (' + 20 4 2at 4+« + 1)
141) N& &mobeydij 6T # dhy. mapboTaols (X - y? + o) (of + x*) — (ax + xy)*
elven ph *&pvnmikn (BnA. AcpPdver yao, X, y, @ € R poévov Betikds Ty pnBevikds

TIHES).
142) *Edv oy, 0 Py B:ER AP P # 0 kal (oy? + o) (By® + Be®) = (P + auPo)?
o,
v& &oberx0ij oT1 S
Br P
143) E&v i ,Pi €R, i=1,2,3,. .., v, v& &moberydfj 611 :

(o + ... + a®) B2 +BA+ . - .+ Bv?) = (b + Pt - - .ty Bv)?
(AGTn kaheitan dvigdTns ToU Schwarz). ‘Ywd molas ouvbikag elvan pdvov iodTng;
144) Né& érainfeubolv al TauTédTnTES
o) (x+ W) 4 (v + @) + (@ +x)P =3 (x +y) (Y + @) (@+X)=2 K+ ¢+
+ w® =3xyw)
B) (x? — wo)? + (¥ — wx)® + (@ — xy)* — 3 (x? — y) (y* — wx) (@ —xy) =
= (x* + y* + @ — 3xyw)? :
145) ’Edw a+ P+ y =0 va dvedudij &g ywopevov 1) TapaoTacis
A= (ax + PA® + (B + yN)? + (yx + oAy
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KEODAAAION VI

PHTA AATEBPIKA KAAZMATA

51. THv éwolav ToU &hyePpikoU KAGGUATOS kol Tas Trpdlels g QUTGY Eyver-
ploapey gls TV TTPOTy OUHEVTYV TéEw, 51’ & Kad EkBETOUEY TAS twoias TaUTos Wovov
TEPIATTOTIKGSS.

Moo cuvdpTnols Y = % cR, &mouv A xal B dxépanet TOAUWYUND wmas A
TEPICTOTEPLOV peTaPAnTéY kol B # 0, AéyeTon pnrdv alyepprkov khaopa.

“Ev pnTOv dyePpixdy Ki&opa elvon 1 &TTACUOTEPS LOPPT| wds pnTis
KAQOUQTIKTS TOPUOTEOEWS. ‘O TopOVONRTTNS B TolU pnToU GAY. KAGOPATOS
Suvaroy v elvan oTadepd, OToTE TO KAGOX elvon dxépaiov TTOAUGVULOY. 2u-
VETrédg Ev GKEPOIOV mroAhucavupoy Suvacran vé BecopnBii pnTOV dhyeBpikdv KAGOUA.

Al ouVOpPTNOELS i{_—\:’ , f:ll : x‘tf:_‘gﬁ ; ’ﬂ%%i’!ﬂ’f glvan pnTat
SAyePpixd KAGOUOTS.

Aidk véx Eyn Ewvolaw ] ouvdpTNOIS Y = mpémer B # 0. KaT’ &KroAOU-

Biaw elvon copropévn ¢le 7O ouvohov R, &rd 1o Smoiov EcapolvTal i Tipad, ol

Smoicn pndevilouy TOV Trcxpovouuc-rﬁv. OtTew TO Tebiov dpiopou TS ouvapTn-

oews f(x) = j;—‘%r xeR koi y(x), 9(X) drépona TroAudovupe, elvar TO oUVOAOY
g s—R—{x/xeRAg(x) =0}

ZupPohilopey 8¢ : f: xez — f(x) = :; Eg R

*Emriong TO Tebiov dplopou Ths CUVOPTT|TEWS f(x,y) = l?"_%!_g, x,weR kal
Py (5,0), P2 (X)) Sxéponc rohvewupa, elvar TO gdvohov
S R { (% ) | (% WIER? A gy () =0
' R i =g (xs \!3_2
SupBohilopev 8¢ : T (X\W)EZ —~ fEY= o eR
Tnuelwors R*=RX R (KopTeaiowdv ywopevov)
A = xal (ouppohov Acyikiis oulevtecss)
e , 2—5 6 ¢
Iopadeiypata : o) TR OUVOPTNOES (x, Y= Lx,—_x-:——), xeR, mediov
dpiopol elvan TO oUVOAOY S_R-{2=2}
7
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B) Tfis ouvaptioews (x y=2 *‘P) o B, Y, 5 xeRAy # 0 mediov opi-

yx + 8/’
opou elvan
vy &
TO olvorov =R — {x/xeRAyx+86§=0} = R—{-— 7}
52. EIAIKAI MOP®AI TOY AATEBPIKOY KAAIMATOL Yy = q:)—f , @y, ¢» GKEp. TO-

Aucvupa.

o) To khdopa ToUto 8tv £xel Eévwolav TparypaTikou dpiBpol, Stav R A @, #
#0Aqg=0, Bi6m1 @ - y=0-9w=0 # g
B) 'Edv ¢, =0A @, # 0>V g, #0eR : ¢ =0
¥) 'Edwv ¢, =0A ¢, =0 10 kAdopa y elvan &mrpoobiopioTov 1 ddploTov.

Els &AAnw TéEw 0& Serybf) 6T TO KAGoUX TOUTO BUvoTan Els TEPITITWOEIS
TIvag v Exn plav kad pdvov T

-

53. AOTIEMOZX TQN PHTON AATEBPIKOQN KAAIMATON,

OPIEMOE. Avo 1] TEpICOOTEPX GKEPXIC TTOAUGVUHG dvopudlovTal TpddTa
pds SAANAQ, Edv & M.K.A. adrév elvan pia otabepd C # 0. Zuverdds t& nhi-
ko drepaiwy oAUy Si1& Tou M.K.A. adrédv elvon dxépaia TroAuvupa Tpéd-
T PGS GAANAC Kol QUTITTPOPS.

‘Andonoinoig prtol kKhaopatog
*Cw oA [owper Tous Epous Evds pTTOU KAGOMOTOS W = (0 g TO av-

P2 (%)

T6 drépatov TToAucvupoy ¢(x), AapPdvopey: v pnToV KAGopa H iooBUvapoy

2

Tou—’v’xei— —{x/xcRAp=0A9p,=0}

*AvTioTpbpes, TO Khoua TF qs = ? elvon icoduvapor ToU cp, ‘v‘xEZ, O6TOTE Aé-
2

youev, 6TI TO KAdoua — By
E

Exel GmAomoinéi] els O - q) Al u-rr?\o-rroi'qmg Aormdv gf-
vai duvart), ép’ Soov ToU pnToU KA&opaTos of Spol Exouv kowdy TapdyovTa
&\y. mapdoTao. Ek TéV dvwTépw ouvdyopey 6Ti, S1& vd drAcTolnowpey
& pnTov &Ay. kAGopa, dvoUopey ToUs Spous Tou els ywdpevor TraporyOvTwv
kol BicupoUuer dpgoTépous Bid TGV kowdy Twy TapayovTwy, UtoBéTovTes
ToUTous Bagdpous ToU pndevds. 'Edw fi Siadpeots yivy &1 Tou M.KA. Téw
Spwv Tou, TOTE AcuPdveTan kKAGopo looBUvapov ué TO &pyikdy Exov Spous
TpeTOoUs PO GAATACUS.
Iapadeiyparte : o) N& u-rr?\on-omen TO KAGoUX A—- hP"' X, yeR
Y-y ( xy + 4
X’ww‘ G+y)x—w
“Ymobérovtes x —y # 0 SicupoUpev ToUs Spous ToU A Bid X — y kai Eyo-
XXy
X+y

Abag : “Exopev A =

pev B = Té kAdopara A kai B elven iooblvaua ik k&be (X, y)eR?

&
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tros Tow [euydv xelvaw, T Stroiae pndevilowy THY TAPAOTATW X — Y.
EZnp. 1) T& khdopora Axal B 81& x +y =0 8& Eyouv Eworaw.
2) ‘0O mophywv X — Y, KaAeiTan ‘n'apdcyr.dv TS &mpocBiopioTias ToU KAQOPATOS.

- —
) N& &mhomoindij To pnTov KAGopa A = :r_—%_%—,xeﬁ

., < ) S x+DE-=3 kil -
Aborg: "Exoney A= 5—5 1¢ = x-DHx-2 x-2' x—3 #0.

To kAdoua Bty Exer Ewolew Bidx =2. O mopdyev X — 3 elvan 6 Tapdywy
dmrpooBiopioTios TOU KAGOHOTOS.

Mpakewg purdv @hy. KhaopaTmy.

Al Tpdaters Tpocleots, &palipeats, TOA/ouds ki Biodpeots &l TGV pNTOY
ShyePpixkidv KhaopdTwy yivovTal e kol &l TGV YVRaTGY PEXPL Toube KA~
opdrooy. OUTeo EYopey

Ver:—R—{x/xeRAq:=0}<:>%j:%f:p‘iq’p’
Vxez=R—{x/xelu\cp1=0/\cp2=0}¢%i%:&?ﬁ%}’_ﬂi
VXEZ:R~{X/XER/\$1=O/\¢2=O}<:>ﬂ-—pi=p—‘ga
P P2 P1 P2
P _Pi®

Vxer = R— { x/xeR A g, = O/\@g:O/\pz:O}@% o
1 2 1 2
Enp. "ATavte TS rohvdvupa EAfpdnoay ds &xép. TOAUGIUNX TOU X

Iapudeiypata: o) Na yivny pnTov KAGopa f TOPEoTATIS
2x—1 2x 1
A=—5 i RO

. \ : 2x— 1 x o \ 2x “ 1
Avolg : TO KAGOopo 7% EYEL EVWOIOV OTAV X # 0, TO T—%x STaw X # 3

xeR

kai TO m orow X # 0 kal X # —12—, &par S1& THY EKTEAETIY 6 TpALeV

Tpémrer vé UTTOBETWUEY X #0 kai X # —;—— Td E.KIL v TOPVCHACTEY el-
var 2x (1 — 2x). Met& Ty duayyny TGV KAQopdTwy glg TOV oUTOV TTAPOVO-
HaoThy AcuPavopey :

A= &x=D Qemgyezm =l @-2 _-20-2__ _
= 2x (1 — 2%) = SR =0%)  w2X(E=2%) at X

B) N& &mhomroinffj 7| mapdoTaols

2 t_4
A=EEZ ECE (425 20
Mo T it N ) G+ E+DE-2) _ &+ 2
Aborg: A=y T (x —2) 4x = Tk

Y) N& yivouww ol mpdtes
L U v =
e TS x#1l,x#=-1x#0)
xt =1 XX e x4 —1 x—1 4D -1 x=1)

Abarg : Azx'-JZerl Lose) S e X+x  x-Dxx+1)
(x’+1)(x+1_)£1)‘=)i’+!

e i I e 0 ah W

(x—l)’(x+1)x X
72
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54. LYNOETA KAAIMATA.

To pnTov dAyePpikov kKAdoua, tav mepiéyn els THy dAyePpikniy TapdoTo-
ow £vds TouldyioTov ék TGV Opwv Tou, pnTov KAdopa, Aéyetal advletov khd-
apa, tv &miBoel Trpos Ekeiva, T& dmoia Eyouv Gpous dkepaias pnTas dAy. Tapa-
oTdoels Kai TS Omola koAoUvtal dmhd.

"Ev ouveTov KkA&opet TPETETAL Els &TTAOUY, &QOU TrPOT)YOUMEVWS METOTPE-
Wwpey Tous Spous Tou els pnTa Ay, KAdopaTa kol dxohoufiws Biaupéowpey
ot gl i) Pdoer ToU Opigpou

A

o =A:B, (B #0)
IMopadeiypata : Xty |
&) N& Tpordj els &mAolv T olvdetov KAdopa A =:;$_
- = =]
Aboig: O SpibunTis : XX XAV Xo¥_ By )
g Cx—y X—y | x—y  x—y' ¥
. ¢ X _Xty x—y 2y
O mapavopaoTis : x—wml_x——kp s (x# )
2%
A 7 , : _X—‘PWQX.Q\P_L
To olvBeTtov Khdopa : A = R e T Tk x#y, v#0)
X—y
) = 5 = , 4x® + 2x
P) No tporr] els &mholv o olvbeTov iAdoua A = ——— 5 X#0
14 —— i
l-l-?
Abarg 1 AapPdvoper BraBoyIkds :
‘H mapboTodis ToU TapovopaoToU 1+% =x': 1,
it ) : T e e WA
kal ouvetrdds TO KAdoua e
T
X X
. \ - e g B e A o b S 5 3 |
O TroapovopaoTh)s ToU ouvbétou | 4+ 1_1+x+1_ e ey
: 1+T
o 4 2x x(2x+D)(x £ ( 1
Svemss A=) T XX EKE D =% x+1), (x#-7)
x+1
ATKHEIEIT
146) N& &mlomoinfolv Ta didhouba pnrd KA dopara
[y BoPryst 165pvixv 147xv+2yv 1-x
) &5yt '+ 2 T32umwixv—1 * oty D T ey (@t
5y 1001 = 7at 4+ 10~ Ta X—(a—Px—ap 150435 4 347
) G 2@ +i-2a ' O Trpctaxtop’ ) TTxi¥ 63x = 12x' —28x '
80

Wneiomotr|Onke amé 1o lvotirouto EknmaibeuTikng MoAmikrig



) (a+ By —at —P* X\(u2+[3“)+aﬁ(x'«‘+\. ) x4 — a?x? — 5x* 4 Sox
' : 10) G- x=5

W“‘"ﬂ’ s 9 x\’(ct‘ B+ op (Kg_yz)v
i 2yo—w—yH) (@+P—v)
(x+y+w)(ﬂ—ﬁ’+y—?ay)

147. Né perarpati ixdoTn Tév k&rwd TapaoThoewy s pnToY dAyePpikdy xAGopa.

5 3 4 3 it N N Y 'A__?”_
DEeTr =1 aTE)TJrﬂzr D ampe-n TEen -t
B+ o MR
+(X-n)(x—i3)’ 2 (vd)cv—u) ¥ (?\ru)(?\—v) T ey
gy %-y  xb¥ I Ruie o
) et o yea T LR &P e  ED I ED L=k
T_— =Py Bt ay I b i
e Y T cu—m(u—y) TErnE-9 A
7 x4 — a®x? — 5x® + Ja*X x* —a®x e do’x — 4ot By! — 27y8&?
Tx—ar(x—9) TR Zax + o | x—oix —axt4 o’ ) T gy e
2 (2y -+ 35) 1x—2y  121x* —dy* xt—25 xt—9%-+20
4y=+6y8+5%’—’ 6x —w  36xt— ¢’ 100 S%2 © -4 X
ot — x? —p* ax ut — pv + v? 3 pE—v2
11) a+p ax'+x (u+a—x)' 12) & pe —3uv(u—v)év“ pd 4

TR Y S I e ( _6x+8 x'—5x+6) x—2)
% q13+x) (Lp W+x)’ L 4% + 3 A 2x+8) x—1 7

» (E5-215) o

ﬂi
148) N& Tpard &ls &mholy ExaoTov T&V dxohoUBwy cuvbETwy KAaopaTwY.
B« o 4 P 20p 2%
AT @ b,
s T e = T W TR R
L= oTiep a—p S Eatp P
3o+ Py . 2a + P at+afy 20t + of
3 (1— &':15) (1—a+2_[j) 5)(""‘ a—p) (“*'a‘+fs
3p? ; ﬂ
14 ag_i—,flgs ap ‘*" —p*

a—p

149) N& Tpami elg &mholy KA&Gopa EKEaTH TV TaPAOTETEWY
2yw 2yw X=r K=o L_*__l__)
Cytoe ¥ o R A s e vt/
ey e e i s (N =L R
K+w—2w ) w—2y (x —y)? +xy W X
SRR | Ll ¥
3)T+x—1 e PR
x* X x2 y?
—_— —_— 1 o —_———
v et R e
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AZKHZIEIZ EHNANAAHYEQZ

150 N& &mAomomnbour T& kAdopaTa :
1) X6 4 2x!ya + y¢ ) o' + P2y + ylod — 3a?ply?
X8 — yd ? c(:pl 4+ B!Y! = T:qa L ale —GB’Y — aﬂ')”: ’
3) (o= PP (B = y)hahi(yimic)?
=P B-MNly-a
151) N& &mhomoindij 1) TopdoTacts
(bgte el el —af o« (X+o) =y

Xt+y—@ y+w-—x X+w—y
152) ’Eav a+ P+ y =0, v& &mwobeixbij o1 :
o? a! Y% s
2wt By T Wiy T TP

153) ’Edv aa+ B + y =0, v& &mwoberxffn 611 ¢
o —p-2By | P*oy'—2ay | y'-ot-—2ap
TR T i e 5T g
154) N& amAomoinfolv of TrapacTtéoes :
1 X—(u+vV)x+uw  x—x? a¥—Pp®  o4p  soddaf P2
) - D a5 ap (@are)

-+ X +px  x2—v? ! @+ P a—Pp " \ao*—ap +p?
3)( xi—=1 X 42x 41y | (x4 1)P—-x
XV Fxd T xE=) ) x?
spa e PRty Ao N e e . 3
155)Edv.x = 2By kal y = IR+ BFvy-9 va &moberxfij, o7
1) Tap&oTaoig % elvon &vetdpTnTos Tév a, B, y.
i b
1 + oax 1 + Px

156) N& &mwobeixi 611 1O ouvbetov kKA&opa
1o — e=ia—p)
. B (1 + ox) (1 + Bx)

elvan &uetdprnTov TOU X.

- X Y

w ~
157) ’Eéw T A T R B, P Bery 0 :
1 1 1 1 )
el i S -
apy ( « 1B i Y
adv — 1
158) ’Edw v € N, v& &mobdexbij 6T 76 kAdoua A = o e b elvon dxéponov ro-

AUGUUHOY TOU .
: R _I_ 2y3 + 2 233
159) N& amAomoindij 16 kAdopa A = sk L ‘-I;)(x’ +()‘(P'j XY+ 4D
P+ +3@+P BN+
a+ Pty
(x4 )5 —x° — ¢t
(x® + xy + y?) Sx*y?

160) ‘Opoiws TO kAdoua A =

161) ‘Opofws 7o kAdopa A=
(e + ity

162) ’Edv a+ B+ y =0 Va=P =y vaebpedfj f) Tipn ToU kA&opaTos Py
5 a5 i ul + 4 + 4
163) ’E&w a + P + y = 0 vé ebpedij /) Tipd) ToU A = CI’BTG?Y’TF%TY—’
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KE®OAAAION VII

TYSTHMATA EEIZQIEQN o BAOMOY (I'pappixd)

(Eupnlﬁpmatg)

5, *Ex Tou kegoAaiou ToUTOY tyvwploapey el iy I 1w 7 dxdhouba :

1. ‘Opiouoi kol IS1OTNTES CUOTNUATLOV.

2. SuoThuaTe ioodlvapd
A 3. Méfobor EmihUoews YPOHUIKOU GUOTHRETOS SUo thio. o PoBuou pe Buo
TYVedaTOUS.

4. Aiepetvnots ToU & AoYQ QUGTNUOTOS.

5. [pagikn Emikuois ToU iBlou guUOoTTPATOS.

6. ’EmiAuvois YpduleOG CUOTTHOTOS ME TMEPITTOTEPOUS 16y BUo dyve-
TToug

7. TlpopAfuaTa trwdpeve T Ponbeig ouoTARKTOS ¥ POHUIKOU,

*Hon 6& Eletaowpey EAAos pefoBous ETIAUOEWS ypotupikou GUOTHRATOS
TAéoy GUVTOHOUS.

36, MEG®QOAOEL TN OPIZOYZQN — KANQN TOY GRAMER.

a) "Enilvoig ovatijpatog o Pofpod pi ddo dyvdetovg
Eic thv " 7&w £866n & opiopos  ThS Spilovons P T&EEws.

ay Py

Olres 1 Woy, oy, Py PreR: A= = Pe— %P
ay Py
"As Becopfiocopev TO OUCTNHX :
ex+ By =vu oty Sy Pry P Yo Yar i W€ RA

kel pi=yy o B0 Ales] | Bl 20
Tvwpilopey 071 :
D Py —cpy # 0 = x| x y)e oX + Py = 7o

==[ Y1y = vy mn—am)}

Py — ap, afs— oy
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‘Etropéveos Suvdpeba va ypaywpey :

& B’ ‘ [ Y1 B °‘1'Y1i
1 Pa
5 0 X, WERAZ) IY Bl loaval
il G free {(x W) | () 2‘ E 1“;
] a o3 P2
Ax ﬂ’ o _ o B — |72 B Idl)’l
={(& ) v = |2, A=V 0L &[0T
“Qoe ) Mot Tou T elvon @ (X, y) = (% AT") <= xzﬂT", y =9Al (1)
. 1 1 1
&t v Ax = :T_ﬁ Kol &po %:Al=f

Oi tUmor (1) (tUmor ToU Gramer) Beikviou, 6T1 EkaoTo§ GyveaToS 3
ven TnAdkoy BUo dpifouody pé TapovousaThv Kowdy Thy dpilovsav A Tév ou
TeAeoTGY TGV &yvoTwy kal &piBunTry, 6 .Omoios TpokTrTel, dw els Thy opk
lovoow ToU TTXPOVOPTTOU AUTIKOTACTHOWHEY TNV oTHANY TGV TUVTEAEGTE
Tou UtoAoyilopévou dryvaTou S1& THis oTAANS TOV YuwoTéY Spuv, EUPIOKO”
pévey SroparTiiTeos gl TO SelTepov péAos TGV EEIOWOEWY TOU OUSTNHATOS.

‘H tumomoinuévn altn pébodos EMAUCEWS CUCTHMOTOS YPOUUIKCU v
8Uo &yvdoTous koAeiTal kavay tod Gramer

- [3x +2¢ =12
Mopadeiypara : lov N& émAuvbfi 10 oloTnua Z: ey e (x,yeR)

ADOIG 1 ZUPPWVLS TTPOS TOV Kawovx ToU

[ 1geamy |3 12}
: .| 1 3] 5 A
Gramer AopPdvopey @ X = AT xy_—3r—2¢:'
|5 =3 5 —3
=2 # _3-60 _ 57 _
rx=Eg = =2 Y="p-p- B
. Oimw: Z:{(x,y/(xYeR*AZ}={(3)}
| x + a?y =2

20v : Na& émAubi) TO ouoTnua Z , 6mou a, X, YeR

| X +y =2«
Aborg : ‘Opolcws AapPdvopey :

2ol
Ze 1 2 — 2a? 261 =) (a? ;

= A T ((I—Lg(ﬁ;isin :jgjglf;:+}l. (a# *1),
ll |
1R

..#'l 2a 200 — 2 2 (ot —1) 2

¥Y="T—a =T-a -~ 0+ad-o I+«

OUrw Exopsv: T: {(X, )| (X, W ER*AZAa # +1}=

S, S

lta 14a)
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‘H pehetnfeioa Biepelvnols ToU ouaTHpATOS Z X - By =1 N X +
Bay = Yo OTOU @y, &y By, B2 Y Y X weR, Blvaran va ouvoploBi) dog dxo-

0\'.'3co<; :
Awpelynors ToU guoTfuaTos EioeX By = Y1 Nox + By = 12
ooV oy, S B B Yir Y2 X: WE R
e BN T =
G Ax
o By | A o . [ !
s 0 <= A To oUoTnua fxel wiov kai povov piav AU,
oy B?. | y= _ﬁ_
. ok L E s I P SR N
|
| V1P| '
[ | 1o
| y:Be | To cloTnua
. ; RIAZ )} =
L [eara | ‘ (i WG W) € b= elvan &SUvarov.
‘ | 200 |
Oy Y2 I
‘L &, o, By, B Oy &mavra pndiv
S ||| (60w eRAZ = 1009 [0 9)
e it eR? Aoyx + Py =Y1}
St By | 17sPs | To oUorTnua Exel dmeipous T TAfBos AUceis
‘, ("Evas &yvowoTos avBaipeTos)
| —
li o Yi °‘1=C‘e=ﬁx:ﬁ‘z==‘hfih=0
1, ]~0 (W) | (o y) ERFAS ) =R
[ 1% Té& oUoTnpa elvan TAUTOTIKOV
(x xai g avbaipeTor)
iy \

Snuelwors : Aiagopot ANhan UTroTEpITTGOE BiSovTan s GoxAaEs.

f) "Erilvoig svetipatog o Padpod pé tpeic AyveOSTOVG.

‘Opilovoar TpitnS tatens.
o P 7a &mrotehoUpevoy 8 9 aToiyeiwv elg TPETs ypouuds Ko
o Po Y | TPETS oThAas Ovoudlouey Opilovoav  TpiTng TéEe0os

| o Ps Vs kod Opilouev :

P17 ] P17
4 = — | + og | |
% Py 7a i Bs va Bs Ya *| B2 Y2 |
o P Ys » :
TS B péhos TaUTns dvopdleTon GuérrTuypa 1) TR TS A, oi Bt Spilovaon avTou
Werd oG TrpoaTiuoy ELGGGOVES Tiis A.
To dwémruypa Tis A TpokUTTEl, &V TOAACTAGOIE0WHEY TX OTOIYETX
Mg ypaupiis fi oTAANS dumigToiyws EkaaTov Emi v EA&ooova Spifovoaw, 1
ol hopPaveTal Si&x Tis Brerypadiis Ths YpowuTs kod Tfis oTAANS, els fiv qvi-
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Kel TO &v Adyw aToiyeiov. TTpd 8¢ éxdoTou TGV ywoptvewy TolTwy BéTopey T
onueiov TO &vTioTolXoUv EK TOU Trivekos

a P ys ;+—+
GPyyy| — [ — =
C‘aps}’sl ‘+_+

To dvdmTuypa TouTo elpiokeTal EUKOAMTEROY pE TOV KAVOVa TOU Sarrus
Kar’ abrov émavarapPdvouey kdtw Tfis TpiTng ypoupdis Tas Suo TPWTLS Ypar
uds i Betia s TpiTng oTAANS Tds Blo mpddTas oTAAGs Kai oUTW TrPOKUTITE
dvTioToiyws mival TéuTe ypauudv kol TPIGY oTNAGY. fi TPIGY ypouudy KO
TEVTE OTNAGY 5 dxoloUbuws :

+lw B owi|- Pk s 43
' +le P vil— ; ot mC B ey e o By
R v e BT B )
o B n % B Ys & P |
[ P2 Y. e R i "

"Ev ouvexeia AapPdvoper T& Tpia ywopeva Siorywviaws, € dpioTepdv dvw
Tpos T Befick kdTed, pE TO Mpdonudy (+ ) kai T& EAAa Tpia ywdpeva A
Biarywviws, €8 dploTepdv k&Tw Tpds T Sebid dvew, pé TO mpdonpov (—).

Oltw eUpiokwper: | oy By 1
A= By v2 |= & BoYat-caPayi 0Py Ye—CuBayi—0 Baya—0t Py Ys
o Py s

Isotnteg v oplovadv.

L. To dvdmruypa opifotons Btv petaPéMhetan, v af ypaupal yivow
oThAal koi® ai oTfden ypoupai.

2. To dvamruypa opilovons SANGooel Tpdonuoy, &v  dvTiueTabéowopey
BUo ypoppds N Suo oThAag

3. "E&w els uiov épilovoay 8Uo ypappai §i &lo otfjAan elven ol adrad, TéTE
alTn {ooUTtan pé undév.

4. "Eav opilovans & oToiyeier pids ypapufis A oThAns ToAAaTrAaaiaofoly
¢mi AeR, ToTE kai TO dwdmrTUY N ATHS moAAaAaoi&leTon i A.

5. To davdmruypa opilovons Biv HeTaBSAAeTan, édw els T& oTolxela wids
oTNAns mpooléowuey T& oTorgela wds &AAng oThAns moAfobévTa émi A # 0.

Thv amodefiv Tdv 180 Twy ToUTwy drjvousy sls Tols paBnTas s
doknaoiv, ws kai v SlaTUTwoty K1' dAAwv TUYOV [8lomhTwy.

Mapadeiypara: Né e0pebfi A Tiuf 1év k&Twd dpilovadiv

o) 15355 B) l o -2 Y) ] a ol
Aj= 1246 Ah=|la~-1 3 A= |1p P2
(ST 2 1-a| 1oy v

=
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1° 3 5" 1 3
DRlol 4 6T 200 A1=4+54+10—60—6—6:—4
el s 3
I a=2s 1 o
Il as =l 3 e =] AZ:a+6a—2u——4-—3+a3=a3+5u—7
GI [ T
| I Lo
D1 p pt 1 P|is=eptrRy ty-atp-Ply-ayi= (o=BY(B-Y) (-
& YA AR. o

X + Py + i = 5,
X 4 Paw + Yao =82 (1)
X + Bay + Ys® = Bs

~"Egto thpa mpds Aoy t0 chotnpa T

Aborg : AapPdvoper TS bogovas Opilovoas TS dpilovans TGV OUV-
AeoTéy TOV &yvoTwv Tol OUOTAPATOS (1)
B: Ye P17
Bs va Ps Vs

@ gynuarifopev TOV Y POUIKOY ouvBuacudy

A = —A,= A=

1

) Pi7a
Bz e

A, (X + Py + Y1@) + Ag (X + Pay + ya) + Ag (0gx + Byy + Ys®) =
= Alsx + A%, + Ay <= (GlAl + oA, + RA)X + ([31A1 I ﬁzAz iz BaAs) W+
+ A+ veha + Yaha)® = AB; + ABy + ABy AN elvar 1 PuAy + BoA: +
+ BaAg = Py (PoYs — Bays) — Bo (Prys — Bayy) + Ba(Prye — Bay1) = 0
.ETT‘O"'IS glvan © AL+ YaAe t+ Yahs = Ya(Beys — Bays) — YolPrYs — Rayy) +
T Ys (Brye — Bayd) = 0 "Apa (A + @A, + hg) X = 5,A; + 8:A: + ByAy

o P17 5 P M :
Ao P Yo| ' X= 8: Pz Yo 7 Ax=240; (2
oy B3 Vs 8 Bs Vs

.EPYC(CO'IJEV01 ko Qudhoyov TPOTIOV Ao Pavopey

o P71 o 871
GPeYa | W= o B Yo AoAy=4 (3
cig P Vs oy B3 Vs
o Py oy Py B
APy |- = ay Pa 82 A A w=D0 @®
S Ps Vs oy Ps B4
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Edw elvan A # 0, To7e €k TV (z) (3), (4) exopev :
& Ax __ Ay _ Bo )
l X_T'W"T’w_ﬂ (5)

"H8n maparnpoluey, 811 kal &1& T émikuow ToU ovoThipaTos o Pobpc
ME TPels dyvooTous Slvaral va Epappocti] & kavasw Gramer.

Arevpeivneig tol avetipatos (1)
Araxpivopey Téooopas TEPITITWOENS ¢
1) Eav elvan A # 0, 1é1e ai Opilovoon Aj, A, A, Btv elvon dAan un5f‘

*Eotw A, = [32 Y'i # 0. Téte 10 ovornua (1) elven locobiwvapov mpog 1

[3.; Ya
gUOTNUS :
Ay (0aX + By + v19) 4 A, (00X + Poy + Y2©) 4 Ag (X + oy + Y500) =8, Ay
+ 8,A, + 8,A, Py + yu0 = 8, — X
©) Psy + Yow = 8 — X §

Al éhiowoss Py 4 yow = 8, — X kad By W+ a0 = 8; — apx &roTeAoV
Bz v. |
Bs vs |
(6) €xel piov pdvov Auov kai guvetdds kai TO fgoduvapoy alTol (1) Eyer pic
pévov Auow, fiTis AauPdvetan éx T&Y TUTWY (5).

gUoTnua Exov diav pdvov AUciv, 16T UmreTédn # 0. "Apa TO oUoTn¥

2) "Eav elvar A =0 xai els TouhdyloTov Tév A, , A, , A, elvar Bidgop!
TolU unBevds, TéTe ik & (2), (3), (4) xabioTaTan Tpopaves 6TL TO oUoTnua (!
efvan aduvarov.

3) 'Eaw elvart A=A, =4, =4, =0, 1ote TO gloTnpa Exer dmeipol
TO TAfBQs Augels, fiTol elvan o’tépicrrov

4) Ev qy=c, = =P =P =p; = =y — 8, — by =Dy =0

- TéTe TO oUoTnpa elval TautoTikdy (X, W, @ otuﬁonps*rm)

Mapatipnoig 1) Kara iy mpdotny mepimrroooy, édv elvan §; = 8, = 8, =
kol ouvendds A, = A, =4, =0, 10 ovotnua (1) Exer piav pévov Avow T
pndevikfy, TO 8¢ ocUoTnua koAeiTol Opoyevic.

2) Eav A, Ay, Ay, Ay elvan Ao Sidgopa ToU undevds ToTE ik Téw (¢

Aappdvopey :
s e Ao b sl oie ool S LY e pe e
T U N O s i
| 2x +y—z=1
Mapedeiypara: 1) N& dmAuvdi 1o Uﬁa?ﬂ“u:z:l—x+2w+2=6
X, ¥, zeR |x+\y+22=9

Aboig : Zupgdoveos Tpods TOV kavovae Tou Gramer AapPavopey :

¥
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11 -1 At i " DI l l
6 s 2] |-1 6 1 i i—l 2 6
- 1
B o1l 9], ey IS
i e ¥=rzT - | &y By
=1 2 .1 ol 2 1 =L 2 I
il e 2 \ o - R
OUTw Exouev Thy AVew (X, vy, 2) =(1, 2, 3)
2) Na& ¢mAulij 1O oTUoTnua & 2 & X + 3y + oz =—4da A —x + oy +
0z =— 2t A2x+y—z=—1, X, ¢,z R
Niais : A& Tou kawdvos Tou Gramer Acupdvopev :
| 4a 3 « i ] —da o« ‘ 1 3 —4a
i-—20:2 oa o )—1 20 o ‘—1 a —2o
oy - 2 -1 1] sl Lol i Ly
“|“1‘_'T'"&_l: SRS S ar e !
=1 a o -1 o 5 =1 « a |
2 s - (R | | 2 1 -1
OUTew Eyopey THY AU (x, ¥, 2) = (&, — 2, 1).
AZKHZIEIZ
o Qb
164) N& tmiAuBoly Bi&k ToU Kawovas Tou Cramer T& guoTHuaTO :
X W
1) 9(2){4-3)—10(4}«‘,»3):19 2) “1“--——3-—:1
X ¥
6(4x—9—25(y+4=-6 = 5 =5
3 =2 4H kx+k+Dy=2 5) x+uy=1
)ij—‘:\ih x+ky=1 m+Dx—y=2

6) (a—P)x+ @+ P y=2(+P)
(°+5)X+(°‘—ﬁ)‘i’j2(d’+2°@—l3')
| B0 s ¢ o
' X = :
' 165) N& #mAuBi To ovoTnux Yl a:x 3 [3;;"}::2 o, o By Ba Y Ya €R
1) & Y:=Ya:UAU‘Iﬁ1—ﬂ1°‘a?&O
| 2) &vcl#OVBl#OAUE:ﬁ,:%An;‘-U
3) & p=P=0Aay,—%n #
£ & o= Py =0 A yy £ O N (o #0 V. By #0)
5)&val=qz:pl=[5.==0f\(yl¢0\/yg#(})
6) & a, =Py =Yy.=0
7 &UU::p‘Il:Y::OA(al?&OVBI#O)
S | A+ Dx+2my=2
166) Ak moiag Tiwds TGV A kol g TO OUTTIUX Z ! oy =ty

|
dmoux, ¢, A, LER, xa &meipous 1o TAfifos AUces |
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167) A& molas kal Tds alTds Tipds TGV A Kol P GU@OTEpA TR OUCTHHATX

Sk X + Ay =1

2x —y =3 X+2w=5
yEEOipds s
168) Né& eupedij 1) T éxdarns Tév opifovadv
11378 =505 1 T i
1 2 | WP s
1410 [10 6 1 a B B| B y+ta P
1515 i1591: d"ﬂ’y’! Y Y a+p
5) ars BAEP S =
Py y—ae—p
Yoo a—P By
169) N* &moberybolv ol xétwd TautéTnTes @ v & Py €R
1 I4a? ap ay 2 1 1 1
ap  14p* Py =i RRELyAE] 26 Py 2p =
a1y 2y 2y y Sa=h
=(@+p+7)
8 Qs :

xal 2, :

—ux+ A+ Dy=2

elvan &duvara ;

170) N& émAubolv &i& ToU kavéves Cramer T& guoTHUATA !

1 X + y —2z=—15 % x—y+3z=1
= e —X+2¢y-z=—-17

Xl y+z=10 e i : 5
—2x+y+z=15 = t gt 3=73

3 x+y+z=1 8 ax+y+w=1
ox+4 Py | yz =28 X+oy+w=ca
afx + Pry+ yiz=8" X+y+aw=at

57. EMIAYZIE ZYETHMATQN A° BAOMOY EIAIKHE MOP®HE Al' EIAIKQN MEQOAQN

‘H &miAuois Gpioptvey ovotnpaTwy o Pabuol edikils wopefis EmTuy)O
veTon 51° elBikGdy peddBuwv (TexvaopdTwy) TOAY CUVTOUWTEPLY Kad TTAOUOTERE
TéY yvwoTady peBddwy EmAUoEWS.

*Avapépopey  kaTwTépw  elBikag Twds peddBous EmMAUCEWS CUTTTUATO)
tk TGV ouvhBus Tapouaialopévey.

a) ‘H pélodog tiig mposbiccog t@v éElohoewv Katd péln.
Atk TRs pebBdBou TaUTns EMIAUOVTON GUOTARCTY THS HOPPTiS :

+X+X+ ... FXeg=0

2: i ;:: i :: i 1__ i‘l’ :C:Z (@) BToV Xy, X, .u.ei\j{v ij:o;rr;l
b gl st S
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*Av TrpooBécwoper KaT& HEAT T EE10choels TOU CUTTNHMOTOS AouPdvopey :
(v—D K +Xt+ -+ )=+t ..t =

3xl+x2+.._+xv=ﬂ_1i%t_‘l;i"_“(2)

* AkorouBes ouvBuddoper EkdoTny Eiowoty Tou ouoThpaTos (1) e v (2),
dmdTe AcuPdvopey QTIoTOIXWS !
(o e Vsl B éiﬁsx Gz+aa+ +GVV_(V_2)GI
v =

R i g v—1
o g—(v—2D+o+ ... +av
X+ a = J‘.‘Hr_“,sv:l_ﬂL_“,Eg L ) chity
* g K. O. K.
x ; ey s S2)Ry
Koy ba, = abot o FD g g x\,_lz_“ii“ii_iuiil;_.("__)i,

Mapaderypa : N& émAvl 10 ovornua :
X+y+4z=1, y+z4+o0= 3, z24+w4+x=2 o +x+y=56

"Enihvoig : Ak mpooBioecws kord péAn TG #1ochoEwy TOU OUOTIHOTOS
Exouev 3 (X +y +z+ w) =12, #fs x+y+z+w=4(3)

*Agaupolpey kar& péAn ExdoTny Etlowow ToU oucThuaTtos &mo T (3),
OwéTe Eyopev dvmioTolyws :
=3 x=1, Y=2,2==2

B) “H péfodog tilg ypnoponoijscng Pondnuikdy dyvhotmv.

A& Tis peBoBou Tawrtns EmiAUovTan T& KATWEL oUOTAPATA |

l. Na émv0ij to0 cdotnpa: X 4B Ko+ X+ .- +X)="
BTOU Xy, Xy - - - Xy &yvwotor (1) | cpXe+ P (a4 - - + X0+ X) = Ve
ay, Py Yv# O
veN kai v >3 aX,+ By (KXt oK) =Y

‘Enilvoig :

“Av Btowyey 8oy X, + Xo + ... + Xy =K, TéTe ExdoTn TV ghiocwoewy
ToU ouoThpaTos (1) dvTioToixws ypageTan :

X +P; (K=x) =71 =0 —BiK) [ (a— P “Omov

=3 L Al oy # Py
X, + By (K—X2) = Ve e Xa = (Y2 — Bl [ (o — Po). @ £ B
s (K—xv) = o o # By

TpooBéTopey T&s (2) karat péhn, dmoTe J\cquocvouev :
Yi—PiK | va—BK Yv —[3v
x1+x2+..-+XVﬁ°‘—Bl+ |3a+ e E‘v =5 (3)
‘H ttowois (3) elvon mpwToPddutos ds mpos K, 1 6Tro[a Avopévrn &iBer :

B e ) (g Rt o)
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&mrep, Eotw K=C. Try Ty K= C OeTopey elc Tas iowoes (2) kol Eyouev
TS, TIUAS TOV: Xi; Xap a5 Xy

TMopaderypa : N& ¢mAudij 10 cloTnua :

3x+20w+2)=8 4y+3@+x)=6z2—-4x+y)=8

*Enilvotg : Oftopey dmou X 4y + z = K, émée ol Ehigwaoers ToU ouoTh-
paros ypdovtan : 3x +2 (K—x) =8, 4y 43 (K—y)=6,z—4(K—2)=38,
# v x=8-2K, y=6-3K, Z=(8+4K)/5. Tlpooérouev katd péAT,
P 78 — 21K b 78 —21K s
oméTe Xy z= " xal &px B=——— K= 3- TiAog 81" &uTiKaTO-
othoews T Tikfs K = 3 Exopev :
x=8-2:-3=2, y=6-3:-3=-3, z=(8+4-3):5=4

2. Na ¢mhvbi} 10 cbotnpa: l @+ B aXs+ By ayxy + By
Xis Xiyive s Xy Oy WesoTol ‘ T L W T i
dy, Yv, Ov, € 0 [ 85X, + BoXo+ ... + Oy =E )
veN kal v > 2 :
Eridveic. pi
log tponoc. T7 Ponfeic Tol Becoprjpartos Tédv fowv Adywv Exouev :
2 Bs Py
Snh gl ewechB 3TE. e P e
Y1 Y2 ' Yv N Yo WY Yv
o Oy ay
5,p, % 5Py
n 8%, +TI il iz?zj‘ii K &.xy +_E e
U BRSO SR | T L ety
o a, av
6.B | BP, ByPy 8.p, | BaPe 5Py
5,X; 48X+ . . .+ Byxy a I o +... + uv'¥ i+ q”l"+ -‘xz S e o —u!— K
By, &Ys Byyv T B B Byyy i
e & e T e

2 .6 5.y, . /
BTV ayy, .y oy # O ked Vg By g BVe g tppq %”:: i
» 1 v

@

OXy ‘|i|3__ K Xy + By _

DK, ey Y

¥: Yv

Rty duoln 2

20¢ tpémog. *Edv ExaoTos A Towv Adywv Exn Ty K, ToTe B Exwpev :

01?(_1_+_P_1 e X + B K SXy +__@‘.’

= 1) 5 — g unetieny YV

K, & cw Exouev Tds TIPGS TV &yveOTwV X,

b £ Y
Ky, — Kyy— \ \ = Sy
e %—ﬂ* R -I‘&T&' (2). Tas mpds (2) dvrikabioTdduey el THY Sev-

=K, & v x,= ELIE:P_I, =
1

Ya— By Ll Bvlin____E.":
oy

ay

Tépow EEiowaolv ToU ouoThuaTos, 6Te 5 KY‘Q_ Py + 5, L5
1
= e. AUt elvon TpwToP&Buios dx Tpos K, 1 dmoia Avopérn Biber :
! P18y | Paby BBy 81y1 % Sy _
Kadatil b et i s i )

Ay
Tiw Tiuty K = C BéTopev eis Tds eEiodoeis (2), OMOTE EXOMEy TS TINAS TV oy ved-

TV Xy Xgyoie og Ky
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X 2

W —

s
Hapadevypa N& EmAUET TO ovuoTNHA | 3 9
[ X —y + 3w

R

‘Eridvaic : “Forte K ) Tipf ixGoTou 16w oy Adywv. TOTE ExoHey X = 3K,
w=9K—1, w=>5K+ 2 Tég Tiudg auTds BeTouey elg T 2oL X — Y+ 30y = —2
Ste s IK—(9K—1)+3(5K+2)=— 2, ¢ fig K = —1. Téhog B AVTIKOTOO TG

oeeog T Tipdg K = —1 Exouey X =— 3, y=-10, = =3
1 1 1
3 _X;“{_?:-i_ -.‘+xv—140’1
. Na £mhuBi] 10 chotnpa: 1 i 1
u . nu — s + alalss i + —_— =0
Xy, Xgy- - -9 Xy &yvOOTOl # 0 )| * Xa Xy
UEN K&:l v > 3 . . ORI L MU T . .
1 1 1
_— —_— » . =
= i = + +xv_’ v
"Enik : Béto é'mu-l—_x' L W ! =x', &g
nidvolg : Oétovtes dmou = = X, xg_xz, e R i o S
TO gUoTNHG, EXOUEY !
Xy Kk oo b Xy =04 Toé olUortnua (2) tmAveTal B Ths webo-

X':+X’3—|—,,.-+ X'v:az

Qe T X veg =Gy

Xy X %y EYOUEY T&S TIPGS Xy, Xgy -+ - Xv

) Sou Ths TrpoobiEcews &y EHoMoEWY KATA

uéAn, oméTe &Y SuTIoTpORils TEV TIHGY

HNapedeiypata: 1) N& ¢mAulf] 16 cuoTnua :
1 1 | 1 7 1 1 3
sty Tt TR T T
‘Enidvoig : Tpémear va elven xyoo # 0
1

0 1 . ALl Y el ; .
OéTopev 3 — . G 1 =y, = =0 6TroTE ACPPaVOpEY :

X'ﬂ—w': =

-_.10\1\.21

Aidx TpooBéoews KaTa pen TGV (1) Exouev :

e 2 by b o) =2 EEx Y+ =gy @

w +x' = =i :

*AQipoUpEy KOS uéhn, ixdotny Eticwow & tév (1) &mwd Thy Eiowaw ),
3

OTréTe ExopEV QUTIOTOIXWS w = % = -‘i?— ==, kal Sohoubus X = 2,
y=3 w=4

s T : Xy oy, b el PR s
2) N emufj TO oUoTnHG | 5g” = Y yy faw Brporyx ~

*Enihverg : “YmobéTopey afy # 0 kai xyew # 0, éwéTE TO CUOTNUA ypa-
QETAL ¢
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e 1
ax+Py 1 a B 1  Ofropewbmov — =x, — =y, —=w
B Hapdle) TR o N R i 7 @
Yy + aw 1 y - 1 O6TroTE AapPdvopey :
e = = = - e = — ' b AL
e p Qi P ay' +px' = lfy
Bo sk v 2 0L L e yo'+ay'=1/p)| (I)
wx o9 X w a px'_i_yw': 1/a|

Ay pocBicecas Tév (1) katd pédn AcuPdvopey
9 oy B 4y = SR EPYEAY o g g BX' + yo' _ ap+Pytay

apy 2afy
*Aganpoupey &md adThy ékdotny élicwow ék TGy (1) kard péAn, Ste Exopev
+ __ ay +Py—ap vio. apib Py —dy v oy +aPp =By i =
YO F R Ty px = TR = EEORRy ¢ (£R S0
@ = (ay + By —aB) : 20By%, X' =(cB + Py —ay): 20P%, ' = (ay +
+ ap — By) : 2Py kal droholfs w = S PO e
ay +Py—ap ' oaB+py—ay ’
L= 2a'Py
Y=oy Fap—py r

Enptinoig. To Béua Tiis émAvcews ouaTnpaTwy 61° elbikidv nebdduwv oubdiws EEavThel-
Tau evtauba. 'EtapTdTon BE &md To €lSos Tol ouoThpaTtos kal &md TAY SetioTexviay xal eUyE-
pelov Tou doyohoupbvou pt alUTd.

AZKHZEIZ
171) Né& #mAubolv Ta dkéAovba cuoThpoTa :
D x4+y==1 ) | x+ytw=4 D IX+y+w=2
y+w=-—19 | w+w+z=-2 X433+ w=56
W tx =2 w+t+zt+x=1 X+y+3w=—8
z2+x+y=-3
) |ax+y+w=1 35 |x+y—w=« 6) [mx+w+z=1
X+ay+w=«a y+w—x=2p X+ py +2z =1
X+ g+ aw=a? Wt Xx—y=y P X vy 4 pz=1

172) N& fmivBouv T dkdAouba guoThuoTa :

D | x+3yw+w+2z)=15 2) |ax+By+z+w)=y
< 6y +5(x +w+2z) =36 ow+B(x+z+w) =1y,
3o+ (x+y+z)=11 ztPEt+ytw)=y,
Sz2+2(x+y+w)=17 aw + By (X + ¥ +2) = vy
Dalestes iy o B [xbe WiE oty 3)| ex=pPy=ye
HE e S D —= A it 1 1 1
2X +y—w=2 ‘ X+y+w=x T+_¢-+-u7b%_
6) 1 B 1 i) Xy
-x-+qr+ m=1 XY + X0 —yo
1 1 1 1
T T Lk )
% o ke RS Yo+ yx—wx
ST B el
90 07 e O R xyo
z+x+_lp-'_'6 X Foy—xy Y
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8) | xyw = a (Yo — wx — Xy)
Xyeo = Plwx — yw — Xy)
Xpw =y (XY — Yo — @X)

173) N& tmAuBolv & dxdiovBa ouoThpOT :

D | x+y=3 vty tzFfw=v N|2Ex+D+w==5
y+w=>5 X+vw+z+ o=y X+2(y+w)=6
wt+e=17 X+y+vzdw=v 2(y+w)y+z=0
p+z=9 x+y+ztrvo=1 2@+ +y=-1
z+x=6

58. ESIZOIEIZ LYMBIBAZTAL

x—2¢y=-+4
“Egre Trpds émiluow TO oUCTTIUX Zj 3x4+wy=9 x,yeR
TpIGy Eliohoewy Wt BUo dyviaTous. X4 5y =17

*EmiAUovTes TO oUTTTH TEV Buo TpLTWY ELichoEmY guploKopey
X—2y=—4

[vns awem A J720 7 F = 23))

TMapatnpoUpey &1 1 eupedeioa Aots (X, W) = (2,3) elvan Avois xad Tfis
Tpitng tho. x + Sy = 17. "Hror o Eiodoers TOU ouoTApaTos 2 EXouy  Kkowiy
Agw.

Tég Eiohaoels TaUTas KaAOUUEY cuppipactag kal TO oUoTHUX TO oroiov
&moTtehouv cvpfifactov.

"Ev yével, ST Td TAfBos p TEV ELiowoEwY elvan peyahUTepov Tou AT
Boug v TGV &yviOTWY, TOTE &x\Eyopey v EliowoEIS, T&s &mAouoTépas, kol AUo-
Lev o ouoTnua TO dmoiov &moTteholv, Ep’ Soov EXN ToUto Aow. ‘H Alots Tou-
Tou &&w elvon AUais xaid Téw Utrohoimev éliohaewy, TéTe of p hiohoels elvan gup-
Pifastai kol TO gUOTHUG abréy ouppipactov, v 6x1, TOTE o thicmoels elvan
douppipactor kal TO oUCTHUN Gdbvatov.

Mapodeiypara : 1) Na EUpeBT] oxéols peTaty TV ay, O By, P.e R T&V
Biochoey oy, + P =0 Kal cpx + P, =0, 6mou oy, o # O, fvat aUTon elvon
ouppipaoTal.

Abowg: “Eyouev Tas AUTEIS : {x[xeRAxX+ P =0 }:{_% ]
{xlxeRf\u?_x—kﬂz:O}:{_i_”;}
Aoy v& elvan :

__ﬁlp—,_& ,El_--ﬁi o Bl
B azd‘r::} a P & P |

fiTis elvon 7 {nToupén oxtols. TO &utioTpogov TTPOPaVES.
2) N& ebpedij oxéols peTaty TV TUVTENETTEW Oy, 20 30 Prrossr Yz ER TGOV
thiodoswy ox + By =v1 (1), X + Py =72 (2), X+ Pay =Ys(3), omou
| o |+ By | >0 sl | + [Pe |>0, | og| + | sl >0, v aTon elvan ouppPipaoTai.

e r
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Aborg: “H xowvn Aois tév (1) kai (2) elvar x = vk viby. Ox

oy, — ﬂoﬂn

=t . -, 6mou oyP, — P, # 0. AUTn 1) AUois Séov v elven AUaig
‘3152 —ap, A

kail Tfis (3).
@ By v
*Hror : ag'éf- + By ‘AE“”W > 0+ By =vD <> | GPay.| =0.
o By Ya |

AuTn elvan ) {nToupévn oyials, (*)

59. AIIAAEIDOYEA LYETHMATOZL (EYNAPMOZOYEA).

Eis T& duowTépw BSUo wapadelypoara cupPiBactdv éliocwaswy af elpe-
Befoon oyéoers elvon 1O Elayduevor Tiis analowgiic TGV dyvodoTwy peTaky TV
thiowoswy ToUTwy, 81° 6 kol koAeiTal dnaleigoveo TOU cuoThpoTos TRV ELi-
CWOEWY,

‘H dmadeigovoa évds cuaThuaros elvan § ikovny kad dvorykaia ouvlrixn,
va 10 ovoTtnux elvar oupPiBacTév.

Mapadeiypata: 1) N& eUpedf 1) dmaheipovoa Tou ocuoThpaTos Xy =3,
X —-3y=—14, x+py=v, Apyvx,ycR

Avoig 1 Kata 10 mapdBerypa (2) Tiis wponyoupévns Tapaypdpou EXOUEV:

(R 1 3
2-3-14|=0 <= Av=
A u v
‘H oxtos A v =4u elven 9| &rodeipouca ToU oucThpaTos.

2) A oiaw Tiufv Tou AeR TO ovoTtnua slvan cruuBch.'o-rcv 2AX 4y = A,
X+y=3 x—-2y=2& R

Aboig : "lva TO ovoTnua elvar ouuPiPacTor mipémer 1) dmaleipovoca alToU
va elvar 0.

CHyors | ZAWS IR X

- I 1 3|=0 <= 22Q2+6) —C+20)+B—-N=0 <+
1 -2 2
<> A= % “QoTe, 81 A = 113 70 doftv oUoTnua elvan oupPifacTdv.
ALKHEEILIZ
a ‘Opés:

174) N& ttetacdij dv al thiodoey els & k&Twd cuoTipara elvar oupliBaoTal ) &y ;
D)x=-5¢=0 2) 2x — laz.’20:~1
x=y+4 2ax + Py = P + 2a*
I —Ty=38 i+r%’=3_

(“‘) firig Tva elvae xal Ixavi =pérer
96 Py — Py # OV Py — ayPy # 0V oyPy — gy # 0.
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175) Tloix oyéors cuvdter T& a, P iva & dkdéhouba ovaThuaTa elvan ouppipaoTd.

Deax=p—1, px=2a+1

2) Px +ay =13, y+2x=2, 2Bx + 3py =1

176) *Av ol Tpeis thiomoes @ ax + py=1, ap+pBx=apf x+y=a + B elven
oupPipaoTal, v &mobexBi &t (a+PBr=ap+1

B ‘Opdas:
177) N& mpogbiopiobij f Tipf Tou W€ R, va 16 oVoTnua T Ehiodoewy (W —T) X = 3
kal (Bp—1)x=—1 elvas oupPiPacTév. Axkoroubuws va AUBf) TO oUCTTUG.
| 2 __ (A2 3 { ot

178) N& eupedi) N dmoheigovoa TOU OUOTHHATOS i(d # xx++ad ig ;%
179) N& eupebfj | &madeigouoa txdoTou TOY dKOAOUBWY CUTTTHATWY :
1) x+Ay=—N 2) ax+yy+p=0 ) ax+Py=vy

X +py =—ut yx + Py +a=0 atx + Py = y*

X = —? px +ay+y=0 alx + PPy =y°

60. OMOI'ENH I'PAMMIKA ZYETHMATA.

‘Opropog : Mia VORI felowog nadeitar duoyevis, éaqv 0 yrwoTos 6pog
adtiic elvar pndevieds Ty Al thiohoeas ax + Py =0, ax + Py + y» = 0
X, + Xe + GXg + - XK= 0, dmwou x; ueTaPAnTad, elvan  ypoupikad
Spoyeveis.

KT ouvéTreiay &0 gUOTNHE YPOUUIKEY Spoyevidy ghiohoecov elven o p o-
Yevig Ypapplkdy cOOTNR G
T& cruc"rﬁuu‘tx D] X+ Py + 7w 5 0| B e

X + Py =0 %X + Py + Y0 =0 o + Puy + Ysz =0
ax + By =0 | ax + Py +y@=0| " '
glvan ypopHIK Sduoyevf] ouaTHMOTA.

Inp. “Evag Touhdy1oTOV EK TGV guvTeAea TGV Btov va elvan pfy unBevikos.
TMpopavtys AUeis Evods SpOYEVOUS YPAMUIKOU OUTTNHATOS elvan 1 pdevikiy (Ghot
of &yvwoTor 0) ouverrdy Exel TévroTe wlaw Alcw. FewdTon évralba 10 Epa-
o, &v EkTOS THS unBevikfis &xn Kk’ GAATY Aoty 7 &AAas AUoEls.

SkoTrds THs MEAETNS TGV Spoyeviv YPUUPIKEY OUTTNUETWY elvon 1 dva-
(ot Tév i UNBEvIKGY Aoewy aUTY.

61. IKANAI KAl ANATKAIAI LYNOHKAI, INA TO OMOTIENEZ I'PAMMIKON ZY-
YTHMA EXEI AMNEIPOYE TO NAH®OL AYZEIZ MH MHAENIKAZ.

o [ax + Py =0
|. "EoTw TO OUCTNHX Z; Cre 2 eR
e 1 %X + BJ\P — O, 12 20 |311_r X, \P
S o (o ; Y %, ; L ]
EiSopev, oT1 Qv 1 By # 0 TOTE TO OUOTNUQ EXEL WMiav KAl HOVOV AU-
e : - a e | o ’
o kod Bvtadfa T pndevikiy (0, 0), Aimis efvan pogans. Av : E‘ =) To=
A P

Te 1o ocUoTtnpa elvan &dploTov, EXov &meipous TO TAfifos Aoels, ATTOKAELONE-
s THs TEPITITOGEWS TOU &BUVETOY, tp’ &oov Exn wiow AVow Tiw (0, 0).
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Tds ameipous 1O AR Bos Aloels eUpiokopey Trpogovéds Ek Hids Eiowoews To
Z,, étaw 6 els &yvwoTos ey avbaipéTes.

"AvTioTpdPuws. "Av TO cUoTnua 3 Byn &kTds THs AUoecos (0,0) xai T
Avow (X, ¥1), TOTE 1) Opilovoa Tév ourteheoTdy Btv Slvaran v elven Bi1dgo:
o P =

pos Tou 0. "Apa 8& elven
A P

"Qote 1| dvaykaie kol ixavi) ouvBikn, iva 1 svotnua I, £y £xtog tiig AD
aeng (0, 0) kai dihag dnsipovg 10 mhijloc Abesig, slvar i opilovea t@v ouvee
Azotdy tdv dyvootev va givar 0.

o ﬁl 1 1
cz: p: =afs—a B =0« g;' =%

Il. "Eotw 16 oVornua Z

*Htol

ax + By + yw=0

X + By + yaw =0

Spoyevts ypappikoy 8o éiocioecy b TPels dryvfbc-roug. Mpogowtis AUais TouToL
elvar (x, y, w) = (0, 0, 0)

YmobéToper xypewo # 0, TéTe TO oUoTnua T, SuvaTon vk Ypogt

9+

C‘:‘E"f'pr% ==y ot e ’
= y NbovTes o Trpds Y e AapPdévopey

C‘z*w*"*‘ﬁzj ===.¥5

| =71 By :[31 YJI
3_2’—_)'2& —uBoeil 0 © | O
w I a P | !0‘1 Bl lp’l Yl o Py

| o2 B | a Pl [ P2 Yz‘ % Pyl i - N LY

o =Yy, | Vi O Br v: 'Y1 oyl oy By
Mok |0 =Valet | 7apt 2 il i Pa val v ol o By
@ o By ‘ o !31’ Y1 o !‘31 Py

% P ’ oy Pl Y2 G | oty B.

Oi Adyor ool Exour Evworaw dTaw o opiloucar Tév TapovouxaTéy elvon Sid-
popol ToU undevds.

; : o X W ® )
Avnietpbowg. *Edw = — =2, AeR «kai
i B 71 i d1l [y By
B: Y2 Y: Qo o Py
a a
P 7 ; I 1’ £0,| " Bll #0, 1é1e of Tnal
B: e Y & ay Py
= B B Y1 & G et P elven AUoeis
B, Ye Y O Ay Poi

ToU ovoThpaTos Z,. TouTo BIETIOTOUTAL eUKOAWS &V QVTIKATAOTAGWHEY T
Tipds TovTas s Tos Eliochoels ToU I,
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“Qore 1 Gvaykeia koi ikavi) oovdikn, fva. 10 cootnpa Iy, £ktdg Tiig A0oe0g
(0,0, 0), Exy wai Grhag aneipovg 10 mhijdog Aboerg, slvar o, — By # 0, Brra—
—Bm #0, Me—7120, #0.

ax + By +ye=0 (1)
lll. "Eotw T6 cUornua Y, 1 | X+ By + Yy =0 (2)
X + Py + ys0 =0 (3
Tpogavhs AUt ToU GUOTAUXTOS 24 elvar 1) (x, ¥, @) = (0, 0, 0)
By Y1| Y1 %

=51 Bli

Ex tésv (1) xai (2) AapPdvopey : X=A B val y=A ‘ Ay ,W=A % B ;(4),
émére f (3) ylveran: A[ag (Brye — Baya) + P (a®: — aY2 )+ Vs
%G P 7
(P, — Proy ) 1 =0, fimg ypdgeTan kod o0t : Aoy Pp Yo|=0 A A.-A=0
o Ps Vs

Ew A # 0 téte A= 0 wad ouvemdds x=0,¢y=0w=0
Edw A =0, TéTte Bix AeR éx TV (4) 8& éywpev &meipous TO TAfifos AUTELS,
ko Soov & A EAdyeTon aUBoupéTaws.
‘Avaatpdgag : "Edv pla Mois ToU ouoThuaTos Xy elvar ) (X4, Y, w,) #
5= (0,0, 0), téte A # 0 kol ouvenrdis & Tis A © A =0 mpoxymrTer A = 0.
"Qoe, kai £6® 1| Gvayxeia kol ixavi ouvdikn, iva 10 cbetnpo X £Ktog
1iig Mieewg (0, 0, 0) £xq kel dhhag ansipovg 10 whijBog Lbseig, &lvan i opilov-
o0tV oUVIELEGT@Y TdV dyvhatov vi elvar 0,

o B 7n
"Hror: | o Pz Ye|=0
% Bs Ya
IMapadeiypata :
4 x4 20y =
1) Awx mofow Tipfy Tou AeR 1O aloTnua El e
4x —(A+D)y =0
et kol &AAas AUoels &xTos TS pndevikiis ;
Aborg: Abov vd Exwuev | 3 2A 3
=0 <= A=—=
4 —(A+1) 11

Mp&yuatr &i1éT1 TéTe 3X + 2 (—- %) y=0 l 3Bx—6p =0
<~

tx—(—p+1)w=0 44x — 8y =0

llx — 2y =01 kai &mopéves TO gUvohov TGV AUoEwY THS TPWTNS
llx —2¢ =0

thiocoews looUtan p¢ TGO TolouTou Tiis SeuTépas.

(*) xal ai edoooves Gpilovomt adThe ®oTa T oToyela pudc ypopuis va elvat # 0.
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2) N& cupedf] 1y dvaykaio ked ikown owbnKkn peTalU TEY B,y ivo

X+yY+w=0
T oUoTnua ¥ : | x + By +w=0 Exn Kol &AAas AUcels EkTos
X+y+yw=0
Tfis undevikiis (x, y, w) = (0, 0, 0)
[ S

Aborg: Aéov v

ke 1B 1i=0=0a+ Pp+y—apy=2 #ng

l‘ Lol elvar 7 {nToupévn ouvBkn.

3). N& émAueqi To ovoTnua 6X —yw —w =0, 3x -+ 4y — 2w =0
Avorg: Tpogowns elvat 7 Aloig (X, @) = (0, 0,0) Aix Ty eUpectv TSV &A-
Awv Aloeco, £’ doov Eywpey :

6 —1 —1 —1] -1 6
!3 4{—244-3;&0, 4 _2jr_u2+4;é0, Lo =—3+412 %0,
AcpPdvoper X = A i_i :é = 6A, Lp:?\f:'é 2}:97\, w:?\“g_‘l} =27\

OUrw ai Aoeig elven :
(X, ¥, @) = (67, 97, 27A), WAeR
mX. Six A =—] AcpPdvoper (X, y, w) = (=6,—9,-27), fims elvan AVois
TOU ouGTHUATOS,
AZKHZIEIZX

180) A& moiav TipAy Tod Ae R To cUoTnpa 5+ (2h=1) g =0,
Exer &meipous o TAfBos Aloers ] —2&X+ A+ Dy=0

181) "E&v 16 olotnua ox By =0, Px+ oy =0 Exer kai &AAas AlUoers EkTOs Tiig
undevikiis, Tola 7 TXETIS TGV o Ked B .

182) Tloix ék v drohoUBuw ouoTnuATWY Exouv piaw pdvov Alow xal Toia &rreipous
TO wAfiflos AUcers ;

) x+y-w=0 2) Sx+4y+3w=0

2X—y+ 4w =0 X—2¢+w=0

X—3y+w=0 —10x 4+ 8y + 6w =0
183) Na etmiufolv T& cuoThuaTa X+2p—z=0 m; + [3\{»'2 i Y(:) :_g
(xpnoiwomooaTte Tds Suo Spoyeveis 198 oy = w+3z=0 2) axt Pl wl—
thigcooeis) X igpal oD x+w+w=m

ALKHZIEIZ EMANAAHYEQSX

184) Aix molas kai T&s alTds Tipds TV X Kai y al épilovom

X il -1 1 2x
4 21 SiEeiKd 20 4R Aaupévouv dpgdrepan THY Tiunw 0.
44+y 3 5 3 -1 Il—y
185) Né& tmAuBouv kai Biepeuvnfouv T& dxdhouba ouaThparTa
1 1
el = Dap s R SR S iri = 8 S g e e —
X+2py=r—4 el 1 P*4pBx+y=0
Eiakae
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186) N’ &moBeiyfolv al kéTwh TAUTOTTTES.

] L (oA =t 2fx —x 0
5 I CE =(A—R) (=) (v—=R) (VA1) 0 x* =1 I = x;%
1 v = 1 xx+1| (x#£1)
)| ay b Py 4) |py? o oy
|1 1] 1|l=@=RE-MNF-— |op atty? Py |[=4aBY?
L8 3 e ay By o+P
187) N& émiduBouv S1&x Tou xavévos Tou Cramer T& ouoThyoTa !
Dax+py+z=1 2) x+y+z=0 3) x+ay+z=2a
x+opy+z=p ax + Py +yz=0 x+wy+az=20
X+Pytoz=1 Pyx +ayy +opz=1 (a+Dx+aytz=a

188) Né& émAubi xal Biepewvn8fi TO cloTnua, Bk Ae R

Dx+y+ro=1 x+Ay+w=> Xx—y+w=3

189) Tola 1) oxéots petaly T&Y curTEAea TGV & kad B, var ol Eiodoers Px + 2ay = af,
ax —Py=ap, x+y= 20 — P EmaAnBelwvran pE Tas aUTds Tids TRV X, YER;

190) N& mrpoabiopiadi f| Tiuy ToU weR, iva TO QUOTNUA
X+ @+ Dy=10, 2x— 4+ Dy =5 x—y=06 i plav pdvov Aow tv R.

191) N& eupeb 0 &vaykala kal Ixovh ouvbrikn peTaly TRV

e | ax + Py + yw =0
a, B, y va TO ouoTnua | px + yy +aw =0

Eyn kol &AAas Avces ixTos TR Tpogavous ; SR SR

192) N& evpedil 1 dvaykaia kal fkavny | a’x + Pry o+ yle = 0
ouvBrkn petaty Tév o, P, Y va TO oUoTNHX ax + Py + yw =0
gyn xal &AAas Avges terds TS undevikng x+ y+ w=0

193) N& &mobeay8ij 611 10 cUoTnpa elvan l Z’; i a‘l" i‘::‘;‘
ouppifaoTov Bi& oS Tag Tipds Tou a€ R I = aq:";r um:;l
terds a=1 kad a=-—1 NG

194) N& tmiAveij kol Biepewvn8ij TO oUoTNUA
(Al BUo TpéTan ELITWOTELS &mmoTehoUy OUOYEVES b
ouoTnua SUo Elichoewy pé Tpels &yvedoTOUS) % ¥
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KEQAAAION Vil

AZYMMETPOI APIGMOI — IIPATMATIKOI API®OMOI

(Eopndfpoaig t@v SidaxBévrov eig tiv I 1akwy)

A'. ALYMMETPOI APIOMOI

62. Eis Ty " Tatw eibouev, 6T kat& THY omOUSTY TGV pnTdY THETIKGDV
Gpifuddv SiemioTadn f dSuvapia pnTiis AVoews THs liodoews x% — 2 = 0, 1
Ths Xx*—3=0, f & yéver ThHs x*=6, Smou 8>0 kai uf TeTpdrywvos &piuods,
&i1om Btv Umdpyel pnTds, ToU dmofou T TeTpdywvov v& elven dvmioTolyews 2,
3, ) 6. "Qs & ToUTOU, TrpotkuyEr 1) dudykn ETEKTEOEWS TOU TUVSACU TEW pn-
TGV dpibpdy pE T Snuioupylav véwv &piBud, dvoucaoBértewy Gppitov 1j
aovppitpov kal of Omolol kaTeokeudodnooy kot TpOTOV  BepamelovTa TS
&duvapios TGV pnTév dpiBpdy. Aniadh va kabioToaTar Suvarn) 1) Avoils TGV
dvw Ehicwoewy.

H Bepedicoais Tou véou ouaThuaTos TGV dpphiTeov &piBuddy EYE KATA TPS-
oV TANpoUVTa Tas S18akTikas ddrykas. OUrtws, fyvepioopey Tds dkolouBous
¢wolog :

‘Opropde, "Ex ToU &piBpou aeN, kai Tfis &mepdvrou (&veu Téhous) dwo-
Moubias yneiwy (uovoyneiov drepaleov) i, We,. .. Wy,. .. oxnuarifopev Thv
&mépavtov  dkohouBior pi1Buddv.

D -y vy Y, .- 0 41 TR
Y 6moiar cUNBOAIlOMEY o, Wy Wy Wy. . . Wy ..

To oUuporov ToUTo, TO dmolov elven pia &meipoyrgios Bexadiks) Tapd-
oTaois, Svopdlouey Gppntov i Golppetpov &piBudv, &v Sty TaploTavn Seka-
Bikov meproBikov dpiBudv (BnA. pnTév), Aol &w, peTd THY UmoBiaoToAfy eiTe
HeTa &mro Ev @ kol épaw, Bty EupavileTon «Tpfjua wingicovy éravahapPavéduevoy
Srapkdds xopis Ty Eupdviow &AAwy yneicov.

M&s Spos Tfis dioloubios (1) elvar Evas pryrog TPOCEYYIETIKOG GAvTLmpo-
ownog ToU &ppToU GpiBuol o,y ey, . .. . .

Iyeukds dppnrog apbpog xoheiton mds &ppnTos Pépwv Tpd alToU TO
(0 A1 (—). '
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. Of dpor T&Y Sicohoubidov :

()l 14 1,41 1,414 1,4142...

(8} 2eilyd 1,42, 15415 - LA143...
elvan pnoi TTPOCEY YIOTIKOL &UTITTPOOWTIOL TOU &ppTiTOV 1,4142. . .xat ENAel-
ww f ko Umepoxhv durioToiyws Ko Ekgpalow TIMGS Tis V2 kaTé TPOCEY-
yiow 0, 1 0,01 0,001 0,0001. ..
OUTw Eyopev 1< 1,4<1,41< e I V2 LR 1,415<1,42<1,5< 2,
&mrdTe Aéyopey OTL al &rohoubion (o) kad () Biaywpilovtal &ro TOV AOUPME-
Tpov &pidpov V2, & émoios Bix Tov Adyov aUTOV dvTiTTpoCcwTrEUEL TOV doUppe-
Tpov 1,4142. .., ToV Omoiov keBopilowv ai dkoAoubian. Mt dvdhoyov TPOTIOV
Buvdueda V& KOTOOKEVETWLEY koi E&Ahous &ppnTous dpifiuols THS HOpPPTis Ve,
&mou O > 0 kal pf TETPAYWVOS.

Al mpdters i TGV &ovupétpov Gpibpédy, Trpoobeots, &padpeats TOA[TUOS,
Sialpeots kol ol Ewola g looTnTOS kai dniodTnTos Opilovtan Gy kol gl TGV
pNTEVY (ouppéTpoov), ked Eyouv TGS auTds Bepehicobels 1BioTNTOS, T&s Oroias
Exouv al mpdlers el TGV pryrédv. ‘Opoiws Spilera 1) Ewvola Tis BUVAHEWS &ppn-
Tou &p1Buou.

Al Trpdtes aurad i TGV Govupétpoov Gp1Budv s THY oToiyeldn "Alye-
Ppav yivovTal TPOCEY Y LOTIKGS. Oewpoupey GuTi TGOV douppéTpov  GpiBpcdv,
TTPOCEY Y IO TIKOUS AUTITTPOOWTTOUS aUTEY (prToUs cuveTrads) B SrolavBT|TToTE
TPOCEYYIOW BtAcopev. OUtws © UTrohoy 1o HOS &p1Oun TIKGV PO TEOEWY W
GouppéTpous Gpiious yiveral ut aoa EmfuunThy Tpoctyyiow, 1 ool alté-
vel pt TO TAfiflos TGV Bexadikidv yngiwy TéV PTGV dvmirpogdotey Tev. TLY.
Bix v Opiowopev TO &fpoioua V3 4+ V2 xai Urohoyiowpey a6, Aappdvouey
ué TpoCEY Yo 0,01 Tous pnTOUS QUTITTPOTCITIOUS kol oymuaTifopey T6 &fpol-
ouo 1784 141 =31470 3,14 elvon & TPOCEYYIOTIKOS PNTOS GVTITTROCWTIOS
ToU douppétpou &pibuou V3+V2

To &BpOIoUX, YIVOUEVOY, Biapopd kal TMALKOY &ppriToov &piBucy BuvaTov
v& elvon pnTos &pibuds X Y3 V12 = V36 = 6. “Ouoics V18 : V2_=V18:_2
=Y¥9=3.

Emi i) Pdoer TéV AeyBévTov, OYETIKES WE TAS mpdders €l TGV &oup-
péTpLY, OUVEYETOL 6 cupTrépaoua OTl Suvdpeda vé EkTeAGpey TTpatels EPOPHO-
lovTes Tdg iBroTNTOS a6, &biagopolvTes S1& TO el80g T6w &p1Opdy, eiTe PO~
KelTon TrEPL PTGV, EITE TpdkerTal el apphTwWY.

63. "Hon 6& #teTdowpey pepiKas Xpnoiuous TPOTATELS :

1. Eav a dppnrog Kol Py, Pa prytoi tote, Eav glvor @ pp = P 0a civar p, =
=p,=0.

‘Andonbrg. 'Edv Utrobécwuey py # 0, TOTE at- py = Pa<=> A= 1;1, Srep

1

Q-

&rotrov, 8101 & &p1BUOS ‘;’ elven prTds. “Apa & py Btv Blvarran v& elvon S1&@o-
1

pos§ TOU pnBevos Kol ouveTréss p; = 0, GAAG ToTE KOl pp = 0= 0
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2. "Eav a @ppnrog xai p pntds, téte 6 apibpog a +p Kai 0 apibpog a-p
(p # 0) elvar Gppmrot.
"Anodeibrg 1 Edw UmoBéoeopev 611 elvon pnTol TOTE
o+ p=p =pnrds<>a=p —p = pros, &mep dromov

ap =p'' = pnTOs <> A = 2—” pnTds (p # 0), émep &roov.
3. *Eav 0N koi 68v elvay dovapig pé ExOEtnv droapetov dud v, tote O api-
Opog ;/9 elvan dppnrog.
*Anéderbag : “Ymevbupilopey 6T O oUpBoAov ]}9 Tfis viooTiis pilng TOU c&pi-
Buol 8 tyvwpicapey s thy [ Té&w koi 671 @ X = ];6_<:> x¥="0 (Sixmav 6 >0).

*Edw Ymroléowuey, 671 VO = k (keZ') kai 611 & k=K k. .. KM, &mou

Kprep- - - p K0l Agyg,. oo yp QuUaIKOL, TOTE: §=x"= KM ke LK M, STrep GTorTov.
v
. ‘ o ol K o ~ \ 3 ;
"Eqv Umobéowpey, 611 VO =~ 6mou KAEZt Tp&dTol Tpds  GAATAOUS,
, K KY o » ' e 3 ' ~ \
TOTE O = (T)"z s » Omep droTro, 5161 of dpiBpol k¥, AY elvon TpddTOL TPOS

&A\ARAous. “Qoe & VO elvon dppnTos.

4. Iaow axkepoio dovapg tiig mopestdocwg @ & [ﬂ/'{, omov a, B,y pntoi
kai Vy Gppnrog clvan napastacic Tijg popofis K 4 A ]L/Y , 6mov K, A E_qtoi.
AnddeiEig: «) (a P Vy)=a + By + 2apVy = £ N Vy

&mou o + Pty =K kol 20B =N
B) (a - PVy ) = & 3a?pVy +3apy & By Vy = M
= (a® + 30P%) £ BB + P VY =% LA Vy
&mou o + 3aPry =K, kol 3c*p + PPy = A,

5, 'Eav @, B, 7,8 pnroi xai VB, V& dppnror, tote i va elvan
o+ Vp =7+ Vo npiner woi apkel va givar o =y kai ff = 8.

'Andderlig: 'Edw a=1y, TOTE Vp= V56,00 p=25 EE &ANov Exopev:
afVE=y + Vo<ra—y+ Vp = V&, & fis 8" Uydaews els TO TeTpyCovoy
txomey (a—y)? + B+ 2a—y)VB =5 = 2a—y)Vp=5—B—(a—y)" "B
a #y TOTE VB = E——zﬁ-(;—(};f_}—ﬂi = pny1ds, omep &romov kaf’ Soov VB &ppnos.

Kor® dwéyknw Aormdy a =y Kol ouvetréds kad p = 5. ToUTo 8¢ elven &pie-
ToV, s elvan TTpoQavEs.

Mapaderypo : N& ebpefouv al Tipod TéY ouppeTpoov A wal b, fve 1) Tapd-
otaots (A + 1) V5 + 2A —u looUTtan wpos V5 + 1.

Avorg: “Exoney A+ W) Vi +2A—u=V5 + 1A +u-1) Vo=1+
4 p—2A, 6TEp  KOTK TV TPOTATLY 1, 6& mpémer A+ p—1=0 kai 1 4+ p—
—2A =0, ¢ o¥ Exouev ThHv Aucw (A, W) = (%, —;—) .
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‘lotopikT) oTUEIOOTLS

Thy Umapbiv douppéTpwy Ep1Budy SiemioTwoav mpdTol of TTubaryopetol,
drohoUBos & EUBotos oUvEPoiey ROy BaTIKGS el TV Ewwolaw TGV GOULBETPWY,
vedhTepor B¢ Beopnikol, g of Weirstrass (1815-1897), Meray (1835 -1911)
Cantor (1843 -1918), Dedekind (1831 — 1916), sioexwpnoav TAéov PabUTe-
pov tmi TAs éwoias TV &ouupéTpwy B1d TEOV  TIEPIPNHWY «TOp@Y Dedekind».

B. [IPACMATIKOI APIOMOI

64. ‘Qs yvwoTéy, Téooapa Elval T& kipia oTd@ia Tiis ¢teAitecds ToU ouoTH-
parTos TE oXETIKGY &p1Buddy. To mpdTov elvan 1) fvwola TGV anokdtov akepainv
i guokdv apbpdv. *HikohoUlnoer 1| EmékTaols ey TO oUoTNUA TGV CLETIKAY
axepaiov. "Ev ouvexeiar 1 gloaywyf) TéV pNTOY KAGGUETY g8nploUpynoe TO
cUoTnua TéY prdy ij coppitpev apOpdv. Téhos, ) Ewora ToU @ppiitov i Goop-
pétpov apibpod GBynoey gic THy 1Bty ETeKTGOEWS TOU GUOTTPATOS TRV pN-
& elg BV oUOTNHG, TO dTroTov V& TEPIEXT) TO oUvohov TEW pnT@Y Kal TO oUvoAoy
TEW dppnTv GpiBuddy. Toé cucTnua ToUTo koAeiTon oUoTnua TV Tpaypd-
nkdv apOpdv. BpoduTepov B paBuouer kai ulow &AATY dmékTaocw Tpds Ev el-
puTepov ouaTnUe &piBudiv.

"Qore, 1 oOvohov TOV PNIDV Kai t@V appitwv apOpav, tiic "Alyéfpag,
Kaheitar oovohov THY mpaypanik®V amipdv (Real) xai nupiotatar S tod R

*Emte1bry oUBels pnTOS dp18pos elvan &ppnTos kod GuTioTpOQws, EmeTan 6T1
T& BUo ouvoha Tiis *ANyEPpas, Q TO ouvolrov TEV oxeTIKGY pTéY Koi A TO oU-
vohov TGV TYETIKGY &ppHTwy, glvon Eévor Trpds EAANAc kel Bicwepilouv TO ouvo-
Aov R.

OUTws Exouev : QNA = I, QuUA =R, QCR, ACR.

"Edw 5t N, elvon 10 oUvohov TGV guaikdy kol ToU pndevos kad Z elvon TO
oUvohov T&Y OXETIKGY Gxepaicov, TOTE :

MCZEOC R, NoA=g, ZoA= .

T&s Tperymamikes &pibuds, &p” doov elvaa 7y pryés 7 &ppnTos GpIBUSs, U=
PoAileton Bk TOU o, WiWaWs - Wy ooy & &moios TopioTd THy droloubiaw a,
SRUR - RUNUS AT &mrou aeN, kol Wy, Woy War- - Wy s - Grépow-
Tos dioAouBic povoyngiwy Greparicov. T GexaBikdy QVATITUY RS TOU POy Ha-
TikoU &pifipou eivan § Trepicbikoy, OmoTe O Ap1Buog elvan prTds, 1) WM TMEPIOBIKOY
omdTe & &piBuds elvon GppnTos. “YmevBuuifouey &1 mévTes ol pnTol dpifuol ovu-
Pohilovtan 81’ &rreipoyngiov Treplodikou BekadikoU Gpifuou.

65. H ITOTHE EIZ TO R.

Ao TrparyparTikol GUOaT|HO! &p10pol o, Xy XXy + Xy -+ - KO By iy - Wy -
SpifovTan foot, & ko povoy g, elvan =P, Xy =Y o =W Xv = Weare oo
EuxdAws 8¢ dmroSemvieTon 7 [o)Us Tév 18ioThTwY Ths ledTnTos, 1 ol ouvl-
oT& oytow loobuvapias.
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66. IIPAZEIE KAI AIATAZIZ EIZ TO R.

Eifouev 671 ai mpdtes dpilovron o kel &mri Téw pPNTEY kai af 1816TRTes
Tapauévouy dvoAAoiwTol, yivovren 8¢ eig THY oToIXEdEn "ANyeBpaw TpoCEYYI-
OTIKGS.

Els ToUs dveotépeo foous Tpaty paTikoUs &piBuols, (§ 65), dv ouppf v elven
A=B, X =Y, Xe=W, ... Xy ;= Wy -y Kad Xy > Wy, TéTe of &piBuoi elvan
Guioor ut peyodUTepoy ToV TrpddTOV.

‘H olykpiois petaty TPAYUATIKEY GPIBddY yiveTon els Tas épapuoyds i
péow Ty mpoceyyioTikny EkrpoowTow TAW douupéTpov., OUTw, ¥ a, e R
uia pévov mAnpoUTan Bk TGV oyborwy : o > Ba=p, a<p

"Emions &v o, B, yeR xal « <P xal P <y, TOTE B& elvan kad a<y.

67. H FEQMETPIKH EIKON TOY LYNOAOY R.

Qs yvwaotdy, 1) elbeia x'x, X O 0TA M _ x

T onpelov O kad 6 povadiaioy 1

Sidwuopo OA = 8, dmoteholv fvaw GEova, Tov &fove (x'0x, 6). "Av Bswprioooper

aonueiov M émi ToU &ovos TodTou kel AdBwuev TOV Adyoy E—T’ ToTE O Adyos
OA

oUTos ioolTar mwpos Tov Adyov &Y pétpwv TV Biawuopdrwy, & émoios elven
fvas TpayHaTikds &piBpds prTos 7 &ppnTos kai pévov Evas, Ofres els kébe on-
ueiov M ToU &kovos dvmioToiyei els kal pdvoy TPy paTIKOs dpiBuds, doTis elvon
6 Adyos TG pétpwy Tév Biavuoudreoy OM kal OA.

"AvTioTpdpas, el mérTa TPOYUaTIKOV &pifpdv dvrioToiyel & kal pévov

—_—
onueiov M ToU &tovos, TO dtroiov elven Tépas ToU Srawioparos OM kal ToU
. —

émolou & Adyos TPOs TO Sidwuopa OA icoUtan pds oV &pifipdy alTd. ‘Emo-
pévods, peTafl ToU ocuvdiou R kad Tol guvdlou T&Y onpeicov  ToU &ovos x'Ox,
Umrdpyer dvTigTory i &upiuovoofiuortos, 51k TolTo & &feov X'Ox KoAeiTon EEwv
@Y Tpaypatik@v kai elven 7 YEWUETPIKT elkddv ToUu cuvdiou R.

68. AMMOAYTOX TIMH IMMPATMATIKOY API®@MOY

Qs yvwoTdy, 1) Evwois Tol ourdhou TEW BeTIKGY &p18pcdv Tiig &p1BunTikijs
HeT& ToU pnBevds kad ToU ouvdlou T&y GvTiBétov Twv &moTeAel TO oUvohov
TGV OXETIKGY &p1Buddy (Tpary porTikév). ;

‘Opropds. Elvon yveootdv i Tponyouperns Tékecs, 8Ti andhutog T
(il uétpov) Evdg TPAYHaTIKOU &pifpol  koeiTon & &pifpds Tis *ApiBunTiks,
& mpokUTrTEwY &Td oUTéY, ETow Tapoadelpdf] To mpdonudy Tou.

OUres 4 dmwdAuTos T ToU + 4 elven & 4, 1) B¢ &moAUTOS TIpt ToU —4
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elven TwAAW 6 4, guppoiileTan &t cos EEfis: |+ 4] =4 xai |—4|= 4 woi Srapé-
leTon «&mOAVTOS Tipfy ToU 44 A Tou —4». *

*Eqreldfy wéwvTes ol BeTikol &piBpol TauTifova ué ToUs &piBuols Ths &pt-
BunTIKTjs KT oUpPacty, ETETal &m1 Eyopev 4=+ 4 ko ouvertdss |+ 4| =+ 4
kai |—4| =+4=—(-9.

“Qore Suvdpedo ve ETTTWHEY avoTnpTEPOY OTL: *Arohotog Tipf) EvOg TPAY-
patucod aprdpod (fi mag npaypotikiic NAPECTACENS) @ kohgitor avtog 0dTog
o apOpog o, £av elvar Bgmukdg fi pnddv, O Gvtifctog Tou O —U, v 0 appos
elvar GpvnTikoc.

Supgovess TIPS TOV vaeRyt = |a| =«
dveotépew Opiopdy 6% Exeuey | - vaeR- = |a|=—a(=>0)

Ko T& dveotépo f| TapaoTaIS | ot| oUbémoTe yiveton &pynTicn) kad
ouveTréds elvn Evas il apvnTikog apbpoc.

69. BAZIKAI JAIOTHTEL TON ATTOAYTQN TIMON.

1. ’Eqv aeR, Tote |a|= |— .

‘Anodniig: Edw oaeR* . _ qeR- koi ouverrdds 8& Exoouev la| = o xed
=g |=—ta)=0 ‘Ofev | | =|—¢f

‘Eqv oeR- = — aeR* xal ouveTtdy B Exopey | o =—« kai |-a| =
=—a. "Of | af =|—«f

‘Edw a =0, Téte —a =0 xal Tpopavds |a|=]—«|

“QoTe - vaeR = | a|=|—«l
2. Edv aeR, ToTE elvat el ot
‘Anodmtrg: CEow ae€Ro ” > |a|=a xoi Ewadn || > —| x|, et
on —|a| <a=]a| 1) ‘Edw 5t aeR- = |a|=—a —|a|=q, omoTE
—lal=a L]« (). Ai oxtoes (1) xal (2) stsow — | a| Lo«
"Qoe : vaeR = —Ja] <o £|«|

3. *Edv aeR kol veN, ToTe elvan | & [RU=oRY
*Anodaibrg : 'Eqv aeRo" = | «|= axei dpar| | = o, 'Edv aeR—= | a|=
= —a xal &pa |cx|2":(—c:)2"=o(2“ '
kit ol aied et
“QoTe : vaeR, veN = |a | =a®
4. *Eqw aeR, + kal veN, ToTe elvan | o [I41 = giY i
*An6deifig ¢ "Edw aeR,t = | | = a xed &pa | i v =it

“Qore : | vaeR,*, veN = | | = Gyt

(ST obpBorov | | xal 4§ bvopxote abTod, bpebhovran elg Tov Teppaviy padnuotindy
Weirstrass (1815 —1897).
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5. "Edw o,xeR kai |x | <o, Té1e —a¢ < x < o kad QvTioTPOPWS.

‘Améderlig: ‘Edv xeR,* = | x| =x kal émedn | x| € o, émeTon X € «
kol dpx —a S x <o, 81om x| S a=>a>0 ’Edv 8 xeR- = | x| =—x kai
breidty | x| < o, EmeTon —x S @ ] X > —a kel dpa —a < X S a, Svia > 0.

'Avuistpopws : 'Edv xeRy*t = | X | = X kai émetby —a < X < o, EmeTon
[x| €a. E@v XeR~ = |x|==x fi —|x|=x kai &mady —a<x<aq,

et —a < — x| f a>|x| f [x]| S«

"Qare : ‘Vd,XER:[XI%u@—u%XQai J

Inp. *Extds TéV Poaoikéw ToUTwv (S0 Tww gis dAAnY T&bw 6& pdbopey
kai &AAas Alav xpnoipous.

Maepodeiypate : o) *Eav xeR 767, [ x— 7| € 3<=4<x< 10

Mpéypart: |x—7|<3<=>-3<x—-7<3=4<x<10

B) 'Edw elvar 6 < x < 10 v& ebpedij 1O olvolov Tiudv Tiis TapaoTéoews
A=—|x—1|-2|x=11].

Avoig: 'Ek THs 6<x < 10 #opev S5<x—1<9, émep [x—1|=
=x—1, tmions—5 < x—11< =1, 6mep |x—1l|=—(x—11)=11—x

“Apg A=—(x—1)-2(11—-x)=x—21AA+2l=x A 6 < A42l <
<10f-15<A<-—11

ALKHZIEIZ
At SN

195) N& d&moberxdf 6T ol &pibpol 3+ ¥3, V5, ¥3, ¥3 elvan doUpperpor, &
8 3+ V5 v& xaraoxevachl pt mpogéyyiow 0,01.

196) ’Ed&v « &ppnros kal p pnTds, va &moberyBij 611 ol dpibuoi % i %, -:T elvan
&ppnTon.

197) N& dmobery8i) 81& TapaBeryudTwy, 6T1 1O dipoioua, To ywoépevov kal 16 TnAlkov
BUuo dpphTwv, Buvartar vé elvan pnTds dpifpos.

198) *Av (o, B, Y)EQ kal a+P V2 =y Y3, Tome a= p=y=0.

199) Né& ebpefolv ol Tiped TGV ouppéTpoov A kai 1, &v 6 dpibuds (A —p) V2 — (2p — 1)
elvan foos mpos Tov V2 .

200) *Av x d&oUppetpos kai o, B, ¥, & oUpperpor, Umd molav ouvbrikny | TapdoTaagis
P
YX -+ 95

201) ’Ewi Tol &fovos Tdv mwpayuaTikdy &pifudy X'OX va eupedouv onueia, éxovTa

elvanr &p10uds olppeTpos ;

YEWUETPIKAS eikdvas Tous dpitbuols Y2, V3, V5 ,... (81& xpnowomoingews ToU muba-
yopeiou Sewpriparos).

202) Né& &mobaydij éTi: yo,PeER = |a=p| =[P —a

203) ’E&v a e R, va d&modeydij 611 oubémore elval — [a| < a< [af

204) N& &moberybfi 611 : y a€ R~ kai ve N = | a [ 1 = —qfv *!

205) ’Eqv o, PeR xal |a |+ |P| >0, Ti oupmepaivete S1& ToUs o, P ;
206) 'Eqv [x—10| <5, 161e 5 < x <€ 15 kal dvmioTpégws.
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{ 6>0
207) N& &moBeiy0i 1 ioobuvapia : | x—a| <8 “—

a—6<x<a+8

£ 3 7 X<
208) 'Eav x € R*, va& &robey B 671 éx THs OYETEWS |x|>a> Oémeran N0 < a <

<+oc.éc'w8éxeR‘ﬁ.—oc<x<—cx<0 1
209) N& &mhomomndij 1o K?\(‘:IU[.IEI~( 1"): | -}; Bx“)J’ (8 sz | + ?ph
210) ’E&v o, PER, v& &mwodaryfi oT @ +[§ > |u1' ‘
211) 'Eav x = Y2 + 1, va eopedi) f Twh ThS qua-rucsmg :
A=f2i2x—1|—35\’;’Z'_—xl*'n'\3x—(\’2+3)|—3|xl
& eUped Tfic TaPUTTATEWS
ZIQ)mE—U?ﬂETn—?féuiarf§+2fu+ﬂw—12a—@l. wa>p>0
213) 'Eav —5< x < 12, v& euped TO cﬁvo?\lov TINGY TTS TTAPATTATEWS
A=—3{x-—6i+\x+13|-2l2x—11J-—llZ-—x.l
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KEQAAAION IX

AITPOZAIOPIZTOEZ ANAAYZIE INIPQTOY BAGMOY

70. opPIEMOI

Eis v Tponyouptiny Takw idoper 11 1O olvohoy TG Aoewv mds ypa-
Hikfls eliowoews ax - Py =y, émou ,BeQ, elven Umooivodov ToU guvdiou

RXR, &ov &meipa oroiyeia Tiis Hopofis (x, y = Y—E—ai)-

oAk Speog tvBiapepdpelar pdvov Si Tas akepadas Aloeis THs €hiow-
Oews oxX + Py =y, fTor Tds AUoeis Tiis popefis (x, Y)eZxZ.

Tols cuvtedsotds q, B,y elvan Buvardv mduToTe var Bewpdopey dxepadous.
“Epyov s kahoupévns arpocdiopicton avahboens o Pabpod elvon 7 Epeuva Tiig
Umépecos kai 7 dvalfitnois Téw drepaiwy AUoewy s Etiocoecs o Pobuol
g dkepaious ouvTeAeaTds Kkad HeTaPAnTas (dyvddaTous) doaabnToTe TEMEPQL-
Couévou A Bous 1 kai ouoTHuaTos o BaBuolU pé mAfBos ¢iothoecoy MIKpOTEPOY
ToU TGV dyvdioTeov.

71* EYPEEIE TON AKEPAION AYEEQN THE ESIZ, ax + Py = y (1), énov a, , v, Z

1) *H elpeoid Tév dxepadeov AVoecov ornpileTon els Tas dxoAoUbous TPOTATES.

1. "Eav oi a, , y Exoov MLK.A. § # 1, téte 1 iicweg % X +% 2%
_elvar isodbvapog tiig tlwsdozag (1).
' "AmodeErs : *H TrpdTacis elvan Tpogavis kab’ aov Sicupoipey SupdTEP
T& uédn tiis (1) 81k 5, pas EmiTpéTer B8, v& UmrobéTeopey TAVTOTE ToUs ouvTeAe-
oTas @, B, y TpaTous Tpds GAATAous.

2. 'Eav o, B, y elvar  npidton npdg  ahhiflovs kai g, B Exouv kowvov tva
Swpétyv & # 1, 4 £Liomag (1) obdepiav dxepaiov Abory Exe.

"Arddeikig: ‘O & mwpopawdds Siv Biaupel TOV 'y, Sroapei Speog ToUs Spous ay
xai Py kai ouverrdds 1O Epoiopa alT@dv, oloidfmoTe kI’ &v elvan of Grépaiol X

(*) “O "Edv Mabyuaticds Avbpavrog “AreZavBoels (3601.X.) Hpedvroe xal elpev tag

axepaiag Maelg Totodrtwy €Elodhoewy Ewg bov Babpob, Sie toito xal wadodyear Awpavrixal é&-
odaes, 7 8 dmpoadibpiotog aviduatg Awoparrixg avdvoig.
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ol . ‘Enopéves, v xy€eZ, tote 1@ pédn tiig tEwhotng (1) oUbémroTe yivov-
o Too kol ouveTrdds 1) Etiowols elvan &BuvaTos. “HTol oUBepioy AUow EXEL

3. 'Eav a, p npdor npog aihovg, i EElowalg (1) Exer axepaioy LooLv.
*Andderbig 1 Auvapeda mrdyToTE VX UTIOBETWMEY & > 0.
‘H tfowors (1) yp&esTar @ X :I—_f)—ql (2.

Al BioBoykai  dxepaiat mpad 0,1,2,3,.. 1, a—1 (mAhBous o) Tifépeval
St Tou y els Thv (2), 5i5ouy Tas dikoAovuBous AUTELS :

® (L, 0), (et (=2, 2), e AR )

BecopoUpey TOUS pryrous &p1Buovs

- -2 —p(x—1 3. ey
4 J—, X B, L—Q, T Y_E(_*_) kol EoT T OKEPXIX mnAka Ty, T
a o o x
Thsyeisy Tha=1 kad T& py dpunTIKA YTTOAOITA Yy, Y1y Vay - - 1 Vaot duTioTolyws TV

Biouptoewv y: (Y — Bl & Y~ P (a—1)]: a. 'Edv UTrépyoUY &pUTIK Y-

NorTrer T& kaDIoT@OUEY BeTIKG §1’ aUtfoews ATOAITWS kaTd povéda T& vTioTol
& Trnhika. T.y. Tfis Biopéoewds —157 & tAikov elvea —3 kad TO UTOAOITIOV
—2, émoTe ?\dpﬁcwoueu ¢y TrnAikov TO —4 xod oUVETIGS UTTOAOITIOV + 3, S
“17=5(—H+3 T Srrdhora TedTa, o €s mAfdos, elven  pikpoTEpx TOU
o kol B1égopa HETORY TwV. AoTt & BUo TUYOVTE Vi , Vi k<AL ) elvon loa,
for &v vx = Va, TOTE B EycoMev :

Y_B-K4GWK+UK } o IS(?\—K):(X('ITK"T"R) =2 p_@,__ﬁ — T — Th =
y — BA= o+ W &
= AKEPOIOS.

‘Emre1df) B¢ o,p mpddTOL Trpds GAATAoUS, &pa & o 8% mpémn v& Bioupi TOV
A —K, Paoel VWO TS {B1o oS, OTEP &roov, 1ot 0 <A—x<a. "QoTE, O\
& YrohorTa elvan Sidpopa petoky Toow, Els TrAfRBos o Kol ExaoTov HIKPOTEPOY
ToU a. “Apa Ev TV YrroholbTreov ToUTwy elvat pndty kol KoTd cuvéteiay elg TGOV
pTEY &p1Bpddv (4) elvn &p1Bpos dKkEpaIos, fitor piac TGV AUoEwy (3) elvon dwe-
poic AUTIs THS thohoews (1).

4. Eav 7 tticwoiws ax + py = v (1) Exn piev Gxepaiav hooy, TV (Xos Vol
0d Eyq woi dGhheg ansipovg 10 nhij0og tiic ropeils (X0 — BK, Wy - aK) Koi po-

vov adtdc.

Anodeiblg 1 Kord Thv mpdTaow (3), tw o, p mpddTOL TPOS SAATHAOUS,
ToTe 7 o, (1) Exer piav dwepaioy AUow, EoTe T (Xoy Wo)- ~AS Yrroftowpey OTL
Exel kad THY Gxepodow Ao (Xg, ). O& Exopey ToTE: aXp +PYe =Y kol oX; T
+ Py, = y. ApoipolvTes &g IodTTaS KT MEAT) EXOuEV: & (% — %) + Blyi—Yo)=

=0=x—X=- -% (yy — o) TO o péhos TaUTng elvad SKEPAIOg &p18pos,
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£g’ Soov EBéxBnuey ThHy Umraplv kal THs SAANS Aloews (X,, W), Biapdpou Tis (Xu
W) “Apa pémrel va eluen dxépaios &pifpds kai TO B’ péhos — g (y1 — ). "Emer

51 8¢ o, TpdiTor Tpos dAAAoUs, 'rrpé'n'el O a v& Biaipfj Tov &AAov TapdyovTd

W1 — . 'Edv x€Z elvanr 10 mnAikov f—' °, ol v ¥ % =K, TOTE Yy, =

=W + oK kai X; = x, — Pk

"Bk Tév lgotTwy ToUTwy kabloTaTal pavepdy, 6T m&oa dkepada AUais
(%, W) = (%, ), BibeTon &mod aUTds, 6Tav 6 k AdP picw drepaiow Tipdy. Eo-
péves Utrapyouy &melpat TO TATBos dképaian AUCEs.

"Avuietpogmg. Kdbe Alois Tiis popefis (X, w) = (X, — Px, Y, 4 ax) elvan
AUols drepaia Tiis thiowoews (1).

Mpéoypot Exopev © a (x, — Pr) + [3 Wy + o) = ax, — apk + Py, + opk =
= X, + Pyy =y, BI6TI ax, + By, =

"Qoe, tav 1y étiowois (1) Exn piaw cxxepo:icxy AVGw Y (Xo, o), TOTE 8 EXT)
kal &AAas &elpous TO TrAfifos AUoels, ai dmoicn Biovtan &md Tous TUTTOUS.

(5) X=X,—Prk . X=X+ Px,
Y = Yytax Y=Y—

816T1 kel

II) Ebpeois mic axepaiog hMoewg tijg #odocng ax + fpy = v

Arx va Epappdowpey Tous Tutrous (5) Tpémer v elpoopey povov plav &mo
Tas arepaios Aoels T o, ox + Py =y
Mpods TouTo, AUouev Thv Etigwalv G TTPos TOV &yvwoTov éxeivov, Trou EXEl

TOV WIKPOTEPOV OUVTEAEOTHV, T.X. £V & WIKPOS TOTE : X = %‘i. kal  dKo-

AovbBws katd ThHy TpdTaow (3) Bétopey Smou w =0, 1, 2,. . .,a—1 péxpis &Tou
eUPWHEY X GKEPOIOV.

’Edw of oUvteAeotad o xad B elvon peydor &pibuoi, 1) mponyoupévn péfo-
Bos elven Emrimrovos Sid ToUTo Epyalopeda s EEfs @ Avopey Thy Etiowow ds mpds
TOV &yveroTov Ekeivov, TroU E€YEl TOV WIKPOTEPOV OUVTEAECTNV Tr.¥. TOV o. TOTE

5 = v —v
Bxover, x =Y=PY_ ¥ _ Pyt St By MY
6mou Ty, T, TAlKa kad vy, v, UTréAorra Tév Sionpéoewov Y i o kal P o A:c: v

3 g g sl . . : My iVl \ 2 >
elvanl ouveTtdds O X Grépoios TRETTEL TO KAGOMQ - ~ va elven drépanos api-

\ » Vy— WYy i)
Buds w. "Hrol ——— =w<aw +uy =y

AUTn Exel drepaiag AUoels 8161 ol g kal v, elvan TpddTol RO &AANAOUS.
(‘'O M.K.A. 8Uo d&pifpdov Bév peTaPGAAeTal £V QUTIKATAOTTIOWHEY TOV HEYOAU-
TEpov Gpilpoy Bi1a ToU UmoAoiTrou Tiis Bicupéaewds Tou Bid Tou Etépou).

OUress dvaryopeda eis 11v eUpeoiv repaias AUgews Tiis éE1owoews aw + Uy =
=y, fjtis elvar amhovoTépa, B16TL U, < a.
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FTuveyilovTes ¢35 TIPOTYOUHEVLS, kT yyopey Els tlowow Y& pIKpoUs ouv-
theoTds, OmOTE tpyalopeda ut Thy TpdTny peBodov.

Napadsiypata: 1) Neé eupefoly ai dxepenon AUoels TR ELI0WOEWS
X 45y = 11.

Enidvorg :  Exouev x:“;s}y. Ottopev w = 0,1, 2. Ay = 0 &o-

11-5

ey X = o Bid y =1 Exouey X ="—45— = 9. To Uebyos Aovmov (2, 1)

11
g
Elvon plac dxepaiar Aois i EliowoEos. *EqappolovTes Tous Tutous (5) B
(Xg, W) = (2,1) Exouev 16 ouvolov Téw Avoewv TS 3x + Sy =11
Olrw : — T B x=24+5 ) .
STrou KEZ
=143k k.P:].—BK}

Lnpsinets. Al Thy eUpeotv TGV BeTikGdy povoy dxepadoov AUOEWY EUpioKO-

Mev Tég TIHAS TOU K, 51 Tég omroias guvahnbevouy ol dnomaes 2 —5x >0 kail +

+ 3k >0. "HTot — f%-<|<< i o ouverrédy k = 0."Apat Bi& K = 0 #youey (X,9)=

= (2, 1), fims eiven # povadikn) dxepaia BeTikdy AUOTS.
2) N& dveubiy 16 khaopa 176 [ 221 el &Bpoiona 7 Biapopaw BUo EAAwY
PTGV KAXTUATWY, EyOVTLVY TrapovopooTds 13 kai 17.
*Enilverg. 'Eqv T& {nTovueva KAdouaTa elval %

X 176

ey o+ 7 = 7 e 1Tx 4+ 13p =176 (1).

EUpiokopey TOS Sxepados Avoels TS thiowaews (1).

. 176 — 17 176 17 Y ly
Exonev ¥ = ""‘13"_)’(' g e R =R e

kal T_{, , ToTE O EXW-

7‘13""5 A 13wt 4x=7H x=

elvan (x, w) = (— 8,3)
kol fmropdvess ¢ = 13— (—8)+3=124

OUTw, Hix drepada Aols Tiis (1) elvan ) (o Yo) =1 8, 24), To alvolov
B¢ o Aoewy auTiis BideTal &TO TOUS TUTTOUS
e a5 g =Bl
w=24 + 17k i y=24 — 17x
Mg x =0 Exonev (X Wo) = (—8,24) xai &pa — ng, .2% = ,1212%

21 41 176
» k=1 » (xlr \Pl) = (_" 21, 41) 2 Ron vt TR + \7 oD

pia éxepaia Avois

s . 7 - 13w
Tiis #i000e0s W = .

, &mou KEL

72. EYPEZIZ TON AKEPAION AYZEQN SYETHMATOE A’ BAOMOY AYO EEIZQEEQN
ME TPEIL ATNQETOYE.

“Egreo T ovotnpe (1) logX + Py + yiw =8 } o, Pr Y B1 €2
(2) lauX + Py + Yo = 8y} o Bar Yo 5, €Z
Toug GUITEAETTAS Oy, By Y B G kel ToUs oy, Pay Ve 5, Suvapeda vo Umobéow-
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Hev TTpeTous LeTaEU Toov, Bi1oTt &v Bév efvan, SionpoUpey T& piAn Tév (1) kai (2)
Bi&x ToU MK.A. odrév dvmioToiyeos.

MpéiTov Taparnpoiper 811 16 cUoTnua oUSepiav dkepaiay Avow Exel,
v o, Py, yi, 8 elvanr TpddTol TPos dAAAcUs kel oy, By, ¥y Exour MUK.A, &, # |
(mpéTaois § 71/2). To alrd oupPaivel, é&v oy, Po, Ya, 8 elven mwp&Tol Tpds &A-
AMAous kad oy, By, Yo Exouv MK.A. 8, # 1.

“Ymobétopev Aormmov 61 oy, By, ¥y Ked 0, Ba, Yo lven &pifuol mpédTol TRds
GAANAous kai daradelpoper ToV Evar dyvewoTov peTall Téw ttiocoewy (1) kai (2)
goTw TOV .

Olreos Exopev 1 (oqys — cy)X + (Brye — Beyi) W = 8, ¥ — 8uy; (3). "Ew
N (3) &xn drepaics AUoels, TOTe TO oUvolov T&V AUgewv oUTédv 8& SiSeton
Utmd TéY TUTTQUV X =Xo — (Bry: — Pay) ¥ } )

Y=o + (1y: — e ¥1) K

Tas Tipds (4) Tév x kol @ BéTopey els pidv TéY iodoswv ToU ouoTh)-
Hatos, EoTw is T (1), 6mwoTe AauPdvopey peTd Tas wpdtes Ky (0P, — Py) +
trw=58-ox By, O

‘Eav 1y (5) Exn dkepadas AUoels, ToTE TO oUvolov AUcewy alThis B BibeTan
UTTd TGV TUTTWY K = K, — Y, A

sl T } AeZ, (6)
w = 0y + Yy (0P — uPHA
THyv Tipnv ToU K ék TV (6) BéTouev el ToUs TUTous (4), ddTe AapPdvope
X = Xy = (Prya— Payr) (ko — ¥iA)
Y=y, + (s — cyy) (K — Y1h)
@ = 0y + ¥y (P — aPy)A

Oi TUmror olrol 8ibowv Tds drepalas Alcels TOU OUOTHPATOS.

Inpeiooig: Katd Ty &dmoadoipfy ToU tvos &yvioTou petody Tédv 2hiodd-
oewv (1) koi (2), mpoTipoUuey ToOV &yvwaoTov Ekelvov, Tou dmoiou of ouvTeheoTal
elvar mpdTol Tpds &AANAous. Al ;

Mapaderypa : N& ebpebolv ai dxépoiat AUCELS TOU OUGTHHXTOS
1) 4x 4+ 3y 4+ w=>5 kal 4x —6y —3w =7 (2)

"Erilveig : *Amrodeipopey Tov &yvwaoTov w, drdTe Aappdvopey 1 16x 4 3y =
=22 (3). EUploxopev Tas dxepaiag AUcers Tiis (3).

OUtw : y= M Mia drepaiar Mois auriis elvan (X, W) = (1,2),

TO 6¢ oUvolov TGV AUctwv BibeTon Umd TOHV TUTTLV

=1-3 :
:_ 2 + ;(6K } (4), dmou keZ. ‘H ttiowois (1) ik Tédw (4) yiveton 4(1 — 3x)+

4+3(2416K) + w=5<>36k + w =—5 f} w =— 5 — 36k, Tijs dmolas pla dke-
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ot AVots elva (Ko, @o) = 0, —5), ™ 5t ouvohov TG AUTEWY ot BideTan

UTd TG TUTTWV

K=0—A ] .
e m +367\} (5), émou AeZ. Thv Twhy « — —h Bétopev elg TOUS TUTTOUS
(4), 6moTe AapPdwoper ToUs TUTIOUS

X=143A ) y . ’ ' .
g =2— 16\ (6), ol &moior 81 AeZ SiSouv TAS QAKEPXITS AUCELg TOU

Gi—=—5 4 36A O'\JO"TT']P\(I'TOS.

Ay A =0 Eyonev (Xo Yor ) =112 5)
ol i B (Xqy Y1 1) = (4, — 14, 31) K.O.K.

AZKHIEIZ
214) N& eupeBolv al dxtpanat Avoerg TEV doAoUBov o GOEWY 1
1) 3x 5. = 512 2) —x+4y=1 3) Tx— 9y =—28,
4) 13x + 21y =91, 5) 53x + 29y = 108, 6) 40x + Sly =121

215) N& eupedoly al Sxépanat kal getikal Tipod ToU X, al Smoian kadioToUY axepaias
xal feTikdg TAS &rohoubous TAPaTTAOES
Tx — 15 133 — 2x 1053 — 31x
1) f"ry 2) "3 ' 3) 4__(14 —

1 .
216) Na dvahubi 16 KhGoua 7o Els &Bporopa 8o pnTéV KAQOUETY, EXOVTWY THe-

povopaoTds GVTIoTOIY0S 3 xal 5

217) "Ev KOPTOVOMTHS 6w 50 Bpay. KaTd TOTOVS Tpoous BuvaTal v& GMAayDT uE
KéppaTa TOV 2 kal 5 Spayprdv ;

218) N& eUpebij &piBuds, © Sroios Broupoupevos Bk 5 §iBer Uohormov 3 kel Blonpou-
evos Bix 7 §iber UtrohorTTov 2;

219) Né& eUpedi By ios &p1Buds ToLOUTOS, GHore 16 TpiTOw TS Brapopds TOU ynelov
T&v Bexdboov &md ToU &pibuoy, vé foouTan pt TO SirA&aior Tou yngiou <& povébey atindiv
katd 5.

220) N& ebpefoiv ol &xtponon AUTEIS &y dkohoUBwy cUoTRHETEY

1) x+y—w=—4% 2) 7x + Sy + 6w = 18 3)[6x—4w+3z:—-30
3x — 4y + 20 =17 4x + 2y + 3w =19 | 3x 4+ 6y —2z = 25
3x + 6y — 5y =11 5) |Tx—5y =4
Ly Tp—2a=—16 \11x+13w:103

221) N& elpedij Tp1yng1os &pibpds, ToU smolou T& yngia Exour G8porua 7 xal &
dmrolos Stv dAAGooel, &V T& ynplar abTou txaTovTéBwu kol povédov tvcAh ey ouv.

4)

222) Na& gUpeboiv BUo &xépator xal deTicol &piduof, ExovTes &dporoha 100, To Bt Umo-
Aorrrov Tis BiaxiptoEws ol fvds B ToU T elvon 1, dvid Tol &Ahou Hi& Tou 9 elven 7.

223) Tpels KTVOTPOPO! gyouv uoU 111 {&a. ‘O &mbuss TGV [Gowv Tou & KTTVOTPO-
gou elven BranpeTds B1& 2, 10U B’ BloupeTds Bi& 5 xad Tol y' Bi& 7. To Tprmhaaiov 5t T [Bwvy
ToU o« kTroTpégoy, TO §iTA&ooy Tou P’ xal TO mevramAdoto Tou y' Exouv &Bporoha 400.
Mboa [&a elyev ExaaTos ;

" : " -
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KEQAAAION X

IIEPI PIZQN

TON TTPAFMATIKQN APIOMON "H TAPAZTAZEQN

73. Eis Ty I 74tw eibopev, 81 g TpayHaTikos apifuds a elvanr TeTpd-
yowov &AAov TparyuaTikoU &pifuol X, GoTis ékARen TeTporywvikt) pila () pila
Bas Tdecws) ToU a. *Efetdoapey 8¢ Tis i810TnTos kol Tas mpdkes T&Y pilikddy
Bas TdEecws.

"HOn 8& yevikeUowuey THY Eworav s pilng TV TporyparTIKGY ap1Bucov.

‘Opwopos. "Edv oeR kai veN «ai HEYCAUTEPOS Tfis povaBos, TOTE, Edw
Udpyn €tepos &piBuds xeR, SoTig Uyoupevos els THv vwooThy Slvauw yivetan
fgog mpos TOV o, O Adycopey &Ti & X elvon pia vvooti piCa (i} pia vvooriig taG-
Eeax) tod a.

OUre, tdw v=2, & ¥ elvan pia TeTpaycoviky pila ToU a,

tw v=3, & x elven pia TpiTy (xuPixn) pila TOU a.

TL.X. ToU &piBuol 25 pic Tetpaycovikd pila elvon & + 5, Bism (+5)2=25

ToU &pifuol 25 pia TeTporycvikhy pila elvon & —5, &i16mt (—5)2 =25

ToU Gpifpol 8 pic Tpity pila (kuPikd) clver & 42, Bidmi (+ 2)* =8

Tou &pifpol e~ 27 pia kuPikn pifa elvan & — 3, &6 (— 3)3 = —27

TOU &pifoU —9 olBepiat TeTparywvikn TpaypaTikd pile Utrépy el

f=&AAn pila dpTias Takews, 16T oUBsls TPXYUATIKSS &pifpds Uypoupe-

vos &g &priow BUvouw yiveton ioos mpds Tév —9.

"Evratfo maparnpoluey, 8T Evas TparypaTikds dpifpos Slverran vé Exm
TEPIOTOTEPQS TS WIES TPOyHaTIKGS pifas, 6mws Emrions elvan Buvertdy vée pmny
EXN mpoypaTiknv pilav dptics TéEecs.

Fevikddg 6¢, Biaxpivoper Tds Efis mepimrTdoes |

1) "Edw o > 0 kad veN, Tére dmoSeikvieTan &1 Umrdpyet els ko podvov elg
BeTikds &piBuds x ToloUTOs, doTe : XY = a. ‘H &wdSeifis Ths TpoTdoews alTis
Sivaran v yivn els &AM T&kw. "Ag efbeopey G Utrdpyn  dpunyTikds &p1Buos x
xai ToloUTos, ¢aTe : x¥ = o. "Edw v = 2k + 1, &mou keN, TéTe oUBeic &pYNTIKOS
&pifuds x Utrdpyel ikoworoitdy THy X¥ = >0

"Edw B¢, v = 2«, dmou keN TéTe, tdw X, > 0 elvou 1) povaix OeTikd) pila T
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o, XY = g, fiTol ¥,¥ = «, 0& elven piler Ths x¥ =« kal & &piBpos —x, < 0,
BIOTL (=X =XV = @&

2) ’Edv a< 0 kai v=2k 4 1, &mou keN, TéTe Umapyet els kal povov
els TporypaTiks dpunTikds dpiBuds X ikavotroidy T Elicwow XY = a < 0. ’Eqv
Bt v =2k, TOTE oUBels TporypaTikds &piBuds X Utdpyer ikavomoildy THY XY =
=a < 0. 'Ex Tév dvwTépw oupmepaivouey OTI :

[ac npaypatikog apdpog a Exer 1) piav povyy mpaypotikily vvostiy pi-
Lav x mepritiig tafeng (v = 2k + 1) Oetikiy ij dpvnuikiy, ke doov 6 « clvar
Bstikdg i apvnrikdg avniotoiywg, fing kakeivar npwredovsa vvoeti pita tob a,
2) dbo npaypatikdg vvootds pitag avubitovg dpriag tafewg (v = 2k), &v o a > 0,
£k 1@V dmoiwv 1| BeTikd Kakeitar mpoTeodovsa vuoati) pile tol a xei 3) oddepiav
TPpoyPaTIKNY voootiv pilav dprieg t@ewms, dva < o.

v

Tryv TpwTeUouoav - wooThy pilav ToU o oupPoAilouey Va. To cUppo-
Aov V7 kodeTtan piikdv, & v deiktng THs pilns kad 16 o Onépplov. 'Edv v =12
TéE yphoopey Va, AiTis ikppddel THY TpwTelouoaw TETparycovikiy pifav TOU a.
Mévrta T& dvewtépw BikaioAoyolv THy Aoyikny iooBuvapiov

I v
| —
| x =VYa =x'=0qa |

&uecog Bt ouvemela aUThs elvan ({/'O—t)v = o
"Qoe, ouvoyilovres, TO oUpBohov Va Exer Tas &fs iB10TnTos
1) ’Ew o > 0 kai veN, téte Va >0, pntés | &ppnos.

»

2) "Eav a < 0 ki v =2k + 1, xeN, téte Va < 0, pntds fi &ppnos.

3) 'E&w o < 0 kal v =2k, TOTE TO oUuBolov 1}0? Btv Exer Ewvolow TpOCypOCTI-
Kou d&piBpou.
4) ’Edw aeR kal v= 2k, &k TV &dvaTtépw ouvdyeTal 6TI chF =|a, tw B¢
v=2k+ 1, TOTE {/t; =it= (‘:/&_)v.
5) Eis waoav mepimTwov Opilouev : T‘t’/()" =0

Mapadeiypata : Né& eUpeBolv of mpwrelouoan piler T&Y &pi1Bpdwv :

yar, V=7, y 16, 14/:16,'15/?

Aborg @ ‘H mpwTetouca ki pila Tol 27 elvon 6 dpifpos 3, B1om 'IJ/:?T! =
=}3/ 3% = 3. ‘Ouoiws Exouev i/le = ]3/‘(:3—)37 = —3
‘Emtans V16 = V2 4 V0 = (2| =2
‘H ];—716 Btv Exer Eworaw TPOCYMaTIKOU Gpifuou.
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‘H mpwTevouoa méptn pila ToU 3 elven ¥3 > 0 &ppnros.

74. IAIOTHTEL TQN PIZON.

A Ty EéTaow T&Y 1BloThTwY TGV Py ypeialdpeda TN TPOTOCLY -
Afjppa (Bondnuki npdtasig). 'Edv Buo Getikddv &piBudv of puooTad Buvapels el-
vea ool &pifipol, ToTE kod oi dpiBuol elvan igol.

*Anodarbig : 'Edv «, PeR+ kod of = P, émou peN, TéTE E Ths H—PH =
= (ax—P) (@' 4P + ... +p*1) =0 mpoximrTer a—P =07 a=p, bio-
I & Woaphywv o4 ot 2B A L. P elven BeTikds, g &Bpolopa BeTiGY
TrpoofeTécy.

‘Iswbtng 1n Eav a >0 xai v = 2k o 1, (keN), 161 Y—a = — Ve.
T& pédn s iodTnTos avriis elvan Tpogawéds dpynTiKA. “Av Spcs ypagi) Y=a=

= Vo ylvovran BeTiné.‘Yipcovouey Té péhn s els Ty vuoa iy Sovaiy, STe Exouev:

(V=a)=— (V=) =-Ca—c a (V)=

v v v v

AR e S e B

‘H iBi1dTns olTn pds EmiTpémel v EEeTAOWHEY Tdg dxoovBous iBidTNTOS
&y pil@v UmoBérovtes T& Uttdppila BeTik, BioTi Pdoer aUTiis, TO TrPOCTHOV
At eEépyeTan, B1& pilika TrepITTHS TéEEws, EkTdS TOU pifikou.

‘ot 2a Pilo tiig abtiis taEews modleriacndloviar fj Srarpobvron, gav
nolharhacracoby i SiapeBobv ai néppillor moséTnTEg AdTOV Kai Td EEayope-
vov 107 &g Omopplov plukod tiig adtiig tafews.

Eav Vo kai VB, 6mou o, PeR+, elvan mpotebousa pilot, ToTe Ya >0

v
ked VB > 0.¢0& &modeltouey dTi elvon

. Yo -Vp =Vo@ (1) xad Va : VB =Va:p (2
YyoUuer T& péAn Tév icotnTov BiaBoyixis gl THY vwooThy SUvauv.

“Eyopev 1 1) (Vva . Vvﬁ_)v: (\/“a)v . (]/“E)vz a - P kai (Va—ﬁ_)v=cﬁ, &po Ko
Th PonnTikfy TpdTaTW EYOuEV Vv&_ . V“E = VVE

v

2)( YG )=(\<u);=%—i<ai (VCI_E) — g [3=-%—

vel (ve)

&pa kot ThHY PondnTikiy TpdTaow Exopey Vo Vp = Va-p
Mapatipnois : Al lodmnes (1) xad (2) ypdpovran kai olrw :

VB = & B xal yaB=y& /B
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‘ISotng 3n @stikdg napbyov fi Swmpitng plucod ddvarm va cicayBi oo
0 plikov, Og rapayov ij Swapétng tod dmoppilov, dv bymdi) sig tiv ddvamy
toD deiktov tod plikod kai dvrioTpdowe.

*Anodertig : 'Eqv o > 0 kal \V/ P mpwrevouoa wooTh pila ToU B > O,
TéTe B& &mobeifwpey T : cx\v/[? =\v/cﬁ (1) kad ‘:_/E — VB___ @
a Y
*Exopev : 1) ot\/[:'t \/d" \/B -\/u
2) \/—B: Vﬁ ! 8101'10(2\\’/&7
Al lodtnTes (1) kad (2) loyUowy Trpogadds kol GVTICTPOPWS.

"I516tg 4n. Pila GAng pilng appod tiveg iceltm pi pilav toll adrol apt-
Opol, Exoveav deixtny td ywvopevov tdvV deiktdv.

v v
*Anodeibig : O& &moSeltcopev 8T : v\;a =V (1)

Yyouper T& péAn Tiis lodtnTos el TV SUvauw v,

5 b TR 1) RS | b AR , e \wv
Exopev : (v\/‘:;) = [(VJE) ] == (\/c!) = a kal (\/o: ) =a
"QoTe kot THY PondnTikiy mpdToow T& pékn Ths (1) elvan ioa
"ISibtng 51 Pile dyoltar eig Sovapry, Gv Oywli &ig tiv ddvapty adtiy 0
onépmlov kai tob iEayopivov EEax0if f pila tijg adrfic rleme.

v\ ; A
*Anoderbrg. O& dmodelfopey 61 ¢ (\/cx ) = 4/
vy N v w ¥ wa v e
“Exopev : (Vd):\/ot- V& A e = & =
n
Oi pabnrod va kévouv ThHy &mdbeatw kol pé &AAov TpdToV.
"Ity 6n "Eav dsixtny pitng xai ExOitnv tob vroppilov adriig nok/cw-
pev i Sampéompey (Gv Sarpolvrar) pé tov adtov guoikdy apbpév, 1 apbpn Tk
Tpn tiig pitng dv petafadderar.

vip
Anoderbrg : O &dmobeiteopey 6T1 : ch“ unp (1) Ko un Varir (2),
&mou peN kol Bioupérns TGV v kol p.

*ExoHer, KATOTIV UWOOEWS TGV PEAGY TS (1) eis v Buvopw vp,
vl \vp v'__ vlp VD e VD
1y (VU"') = [(Vﬂ") ] = (o")? = o#* kal ('Vo:uﬂ ) = i

Kp— Sk
2) Ottopey v : p=xeN, émdte v=xp, f) 8¢ (2) ypdoetan Vo = Varir. Y-
woupey T& péAN Tns els Ty Slvapw pk

o (7)< 1 (j) "= [ G T = ooy -
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“Qoe kard THY PonbnTikiy TpdTaow T& pPEAn TGV fgoThTwy (1) kai (2)
igoUvran.

’Awonpueiotog naputiipnog: Tas dvwtépw i8i1dTnTas EeTdoapey, Umo-
BéTovTes BeTikd T Umoppila. "Edv Spws Td Umdppila efven oyeTikol dpiBpoi
ameuteiTan iSinTépa Tpogoyn kaTd THY Epopupoyny Tv 1810TATwY ToUTWY,
ws gaivetan eis Ta K&Tw TropadelyparTa.

Hapadeiypata: 1) Atv Suvdusbo va ypdaywpey Vo VB = VaB, v g> 0
kel P<0 1) faw a<0 kai P<0, olte VUH/B =Veo/p. 'Evé tdv a<0 kal B<O,
Buvépeda v ypdyowuey Vo = V—a- V=B ka V—g—: V—_Gf,']/:ﬁ SioTi—a>0
kel —p>0.

(' L

Va dv a<O.

3) Atv Buvapeba va yphyouer afp =Va®p v a<0, P>0, 1O Opbdv elvon
aVp=—|a| VP =—Vop.

2) Atv duvdpeba va ypdywpey V]J/"q -

3 6
4) Atv Buvdpeba v& ypdyowper Vob = Va' taw a<0, §16T1 T& pwédn s lod-
3 3
Tos elvon ETepdonua kai guvetréds Sidgopa. To opfov elvar Vo = V—(—c®) =

= = V(=) = — V(=)™ = —Ya..

5) Aétv duvdpeba va ypdywpey Vo2 =Va t&v a<0, &idTi of Gp1fuoi Vo
3

6 (] 3
kai Va elvan étepdonpol. To dpfdv elvan @ Vo = V(—a)? = V—a > 0.

75. TNPAZEIZ ME APPHTOYE ITAPALTAZEIEL.

Kaleitar dppnrog napactaoig, kabe apbpnrikn ij éyypappatog nopaotacig
nepiEyovoa v toukayrotov piikov.

Al TapaoTdos o 4 B 2k , Vx4 v elven &ppno.

a

3+ +/p

1) Ilpécleois kai dgaipeois.

OPIZMOE. Pilik& #yovta Tov altdv Belktny kol 10 cTd Umdppilov dvo-
pélovton Bpora. SuvteheoThs 8¢ pilikoU kodeiTar & RO aUTOU  eUPIOKOUEVOS
PGy wv.

Avd vix elpooper TO dhyePpixdy &Bpoloua dppfiTwy povewvipwy, opoiwy o
pds TO pilikdv TroU TEpIéyouY, oxnuaTifopey Ev dppnTov povdvupoy Gpolov G
Tpos TO pilikdy, Tpods T& dobévta i ouvTEAeoTHY TO GAyeBpikoy dbpoiopa TV
OUVTEAEGTGY TGV pilik@y TGY BoBévTwv  povewviuwy. . ;

Mapadciypata: o) To &dpoiopa TGV povwviuwy — 3Vaip, Ve,

3 3 3 e - 3 3 o
LV, —2Vatp icovran p (=3 +1 + -V =— 1 VP
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B) N& eups&n ) aﬁpou:rucx V3<1 X — 2V3ux + V24a‘
E)(ousv V30r“x =2 V3ax+ V24cr“x =a V30<x 2l V3cxx + 2 V3C(X =ie= 2
+ 2q) V3otx = (3a—2) V3cxx

2) Hokhanracracpoc kal dwaipeoig

‘O moMfouds kai 1) Siaipeois dpprTwy TopaoTdoewy Yivetan s Kol
els Tds pnTas dAyePpikds TapaoTdoes. Suvemdds Tpémal T& Pk TGV TApA-
oTéoewv v elvar fi v& yivouv ToU adtolU Beiktou. Pilikd 8¢ Siaxpdpwv SeIKTEY
TpéovTan els pifika Tou cTol SelkTou, v BeikTng ko éxBéTng Umoppilou  Exké-
oTou € aUTév moAAaTAaoiaodf émi Td TnAikov Tiis Sianpéoews Tou E.K.TT. Tév
Betddy B1& ToU Selktou ToU pilikol.

3 3 3 3 3

Mopadeiypata: o) 3Valy - Vay - Vy' =3 V() (ay)y' = 3 Vody® =
= 3qY2

3 4
B) N& eupedfi 10 ywdpevov A = Vo - VB - Vy -
12

12 12 12
EKIT 8ewrév 10 12, OUrtwo : A= Vod - VP* - Vy® = Vadpiy?

woooow e
y) To mmAikov : ‘/vf = 1/\_“\' = v;% (o, peR*)
VB VP
8) N& xredecfolv ai -rrpétEElg V v \/xo: + /40 ) “Exouev:

oV VY e VS
How= 2 L VT VB,

3. "Andonoinaig.

M Tiis Epapuoyidis TGV (BioThTwy Té pildy, elvan BuvaToy TOAAGKIS
pilikd A &ppnTol ToapagTdoels va &mhouaTeuBolv 1), STrws Aéyopey, v& &mrho-
Toinfouv.

Mapadeiypata : o) V V va ¥\/V

'—v ) Vchz Vde VG“— VOI2 VG2 Vu"zVo:": ch" (x> 0)

76. TPONH KAALMATOL ME APPHTON ITAPONOMAETHN EIE IEOAYNAMON ME
PHTON ITAPONOMAZITHN.

Zxomipov efvon v peTaTpémwuey, £p” Soov TouTo elvon BuvaTdv, KAGopa-
Ta pEé &ppnTov TopovopacThy els icodUvaua pé pnTOV TrapovouaoTny, BI16T
oUtew SieukoAUvovtar TohU ai Tpdtes.
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SuvnBtoTepan popead ToloUTwy KhaopdTwv elvan oi dxdAoubor :

1. K)haopata tiig popefic A =

P >0 vueN kai v >
VR

v
MoAamAaciélopey Tous 8pous ToU kAGopaTos €Tl 4/pv -

Opro: A VBT _a VB _ o VPSS _a VBT
Vpu - Vp—a  Ypu prn VA

3 a_ f)
3 3 1’5’ 325 -« 3¥25

T 3_ 5
Y5 Vs v5= Y59

2. K aopata 1fic po A=—2  /B=——-—1 P, YER"

B fic popoiic iy V&iv B,y
‘Opopbe, “Appntol mapaoTdoels dpTias Tatews Biapépoucan pdvov @S

Tpds TO Tpdonuov Evds pilikol, dvouddovTtan cuyvyels.

a) 16 khbopa A TpémeTan els {ooBuvapov pé prTov Tapovopao Ty, EQw oi
8pot oA[aboly Eml Thy ouluyf] mopdoTacw ToU TapovopaoToU Tov, HTis
elvor dvrioToixws B F Vy

o [+4 —-¥y (B—v_)
O SA s i “(E YY) 2 =a N
T S W T e+ G- [

reAee AT Se i V) _c(@+7¥Y)

=Yy @B-Me+1n  P-¥
B) TloA/louev Tols pous ToU kAGouatos B émi thy ouluyf TOPAoTACIY
TOU TrapovopacTou Tou, fiTis elvan Ve x Vy
e N S 7&(\‘?—1"_;5 i :a(\‘ﬁ—f)T)
TR Ty T Br v (B-Vp P
T 4 T D)

’Etrions B, = NeaY . BT
! 2+V3 ;M__Yz":r_vz__
a At ‘—G__—
3. K)haopato tiig popoilc A = T B,y 8eR"

TMpokeévou va Tpéywpey & ¢E alrédv els icoblvauo pe pn‘rév TTOPOVOHO-
oThy, o [{ouev ToUs dpous Tou Emi wiav ouluyfi mapdoTaow TOU TTaPOVOC-
oTOU TOV.

“ AR = E a (VP + Yy +V5) gresi it}
OUto: A= e V5~ B+ Yy 75 OB+ Wy + V0
g _GQ_/EM’_/)E—%VV,B)T = a (VP + ¥y + Vs_) , 7o &rrolov elvan THs popfis 2 wad

(YB+Vy)y-8 ®+y—58+2Vpy

TpémeTan els iooBUvauov pé pnToY TOPOVOUXTTHY G5 TTPOTYOUPEVES.
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A A(V2-V3-Y5) __AQY2-V3-V5) _

W VZ-Y3+V5  (2-V3+V5) (12-V3-¥5  (¥2-V3¢-5
A(VZ-Y3-Y5) _ A(V2-V3-V5 _ A(2-¥3-V¥5 V6 .,
T e Be5—20E —2V6 -12 e

A
Voo + Yo, &+ Ve & ... & Yay
Tou els looBivapa pé pnTOV TapovopaoThy, v ouvexds ol /lwpey Emi piow
ouluyf] TapdoToow ToU EK&OTOTE TOPOVOUACTOU, MEXPls OTOu O Trapovoud:-
ot yivy pnTos.

4. Khdopata tiig popofic A =

Tevikde : KAdopoara Ths Hopiis

- Tpémov-

K A ‘
v § B=v v_'q’pER

Vo + VB Va - p
1) A& 10 xAdopa A Siakpivopey SUo TEPITITWCES !
o) 'Edv v=2x+ 1, keN, 1éT1¢ TO KAdopa A ypleeTal :
e o
_v_ v__o;+[,3 v v__a+|3' v v _
Va + VP Vo + VB Va + VP
— K » VoL LT AR IETIC U Vo
T a+tp (\/d““ — V@ p 4+ Va—.pi— ... +<\/‘3v—1)
B) Edv v = 2k, keN, TéTe dpoiws Exopev :

A K g shehil Oiae Pl e K (\/a_)_:(\/ﬂ) s
¥ Y, oa— v v o — v NS —
Vo + /P Va + VP Ve + VP
= K v v v Sl o I
T a-p '(\/uv—‘ TV p + Vo' p? —---—\/B““)
3. A3 3 3
] Vi | (\/f)+(ﬂ_)“-
TI‘.X. 3 3 =) = —. — —

T NN, WD 5 3 I

V2 + V3 VZI+ V3 VZ +4/3
il 3 R Tl
-5 (V4—V6+V9)

2) To k\douax B ypdgetan :
B a=p A (\V/E)u—(\vfﬁl
S 9L @=p Yo v T a—p " v v

Va-vp P alaie B Va - VP
Ay (V@ +yVap+ ... + V)

[+4

1 1 2-3 (\}f)‘i‘(:/i)i=

L5 S e T N T = Sl O
V2 — /3 V2 — /3 V2 —4/3
£ Sy B g i e
‘“(V8+V12+V18+V27)
M
Inpeloots. "Edv 16 kAdopa elvon Tiis popefis = - e émou «, P e R* xal
Va + VB
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v, ne N, Tote mpdTov xathoTduey TOV TrapovopaaThy  EXovTa pilikd ToU auTou BelkTou
al EmerTa TPOYWPOUMEY s Guw.

1 1 3 1 2 4=074
X T e e P T T TR
V2 + V3 \/4+\/§T Vi + /21

ey (x/4) (x/n)

e 5 L (VFF _yaaT L VE IR — VE TP+

\/4 + \/27
6 — —
+ V&-274 — V275)
77. AYNAMEIE ME PHTON EKO@ETHN.

EiSopev &T1, katd Thy 6ny tBidTnTa TGOV p1l&v, Buvdpela va Brapéowyey
Seiktny pilikol Ko &xBéTny ToU Utroppifou Tou 51& ToU aTol puatkoU &pifuol.
Ou*rco, g a0, pveN kol p=vk, émou keN, TéTe Bi1& T TP TEUOUOQW

pilow \/cx“ 6c‘x Ey0opey
x/c.'“ *\/u‘"‘ = \/c:* )} =o*= ot Anhadh PAémopev &T1 TO  oUMPo-
Aov oV Eyer THY Ewolow TOU ovuﬂo?\ou\/c“ tp’ 6gov |35[3cx1cos O — sTvou Pu-

oikds. "Edv Spws 'rc‘>-u]'L Bev elval QuUOIKkdS TOTE TO ouppoiov c< ~ Btv Eyer kopplav
wvolay, CUPQMVWS TPOS TOV Spiopov 'rng Suvdpews. ZxoTioy £lval, OTrws YEvI-
keuowpey THy Evwolaw ToU aupBoiou u T kol 51 THv TepiTTWOW, ka®’ fjv 1O L
Btv elvon Quoikds, GAAX Ev yéusl pTTOS.

@a kalodpey 10 copfolov u ~ Sovapty tod a pé ExETv prtov, kai opilopev
Vi rcupwm v vooatilv npateboveav pilav tiig puootiig Suvapewg tob @, ijtol

v \/u“ v~ > 0 koi @ > 0 koi Ty Gvriotpogov avtiig L Jav - < 0 xal

)’cx“

a>0

e g ok o A R \
. O& yphyowu av =y/a* kal o v = e , &mou pveN kot a>0.

=4

<|=
S5
2|

A = 12 S — _ L
My «3 =+/c!, al=ail=a 3 =Vab a 7 =

Vo
»
Eqpeiaotg TIpémel vd QTOPEUY WHEY v& tpappdlwpey TOV guPPOAITHOY &V
&rav a<0, 5101'1 mBawoy v oepfiTon éwolos.

Tl (— 8)3—‘/—8=~2 SN (—8)2—-\/( 8)2—\/82 —\/3—+2

Mpogaowéss (— 8) 3 3 #(— 8)
*Qote, Péoel TGV TEBEVTOOY Splopésy, nisa pila dbvata vi ypagi] dg 8O-
vapig pi EkBETny pnrdv.
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Al véan adtal Buvdpers pE pnTov ékbETny Umrakovowy els Tég {BidTnTas TV
Buvdpewy pé EkBETas OXETIKOUS dKepaious.

78. IAIOTHTELX TQN AYNAMEQON

1) To ywopevoy dvvapewy tod adtod apbpod a > 0:
L i e g, Voo B bY) ;7 TR
"ExoMev : @Y - &t =4/t - /0% =4/ 4/ = 4 o =
HA RV
=i =iy

N X
i
2) "Yywaig dvvapces gig dovapy :

A A
"Exouev (or—tl-):_ = v(a:’)‘ v Vux VVGM = i/o?_"- =

= '1.

=M = c:_“
3) "Yywoig ywouavou gig dOvapuv:
"Exouev: (o P - y) V= V/(q B-yH = ‘\/c:u By =

[0 " "

—VE F T =a s By

4) To nnhikov dvo duvapcwv tob a > 0:

[ X v ) vk vh

”EXOIJEV IR o T g =4/ a* :\/Q-N = ,\J_/qul ,\/uw — '\/O{“l asy =
vk P ph - kv Bk n i
m\/au}wxv =q Y* = X ('\T = T)

5) "Yymolg kAa@opatog eig dOvapry :

E v S v — v A u._
vg . uV_Vau'_Vq“_\/u“hcxv
o (5 = VET=VE = %2 =
VAT
AU Shas Tdg mepITTTWOEls UTETERN o, PeR T xal uv,Kk,AeN
0 1
Enpsioong, 'Emadh o v = — émetan 6T al dvwrépw {BidTnTes loxUouv kal B1&
av

Suvdpels pé éxdéTas prTous &pYMTIKOUS.

Of padntai Svavtan v& BlaTuT@oouy ToUs kavoves TQV iBloThTwy T&Y
Suvdpewy pe EkBéTas prTous dp1Bpous.

Mapotipnois : "Ex Tov &vwTépw ouvayetal &Ti, O Aoylopods ué prlikd ko-
BloTaTon TOAU eUkohos, STav TouTa dvTikaTaoTaBouv upE Suvdpels ue éxBeTas
pTTOUS.

3_ 54_ 5 LB 6.4 2 i _l._ _E:_‘
"E@appoyi : (-\/cx3 e Ty /a ) val =(<1rJ ca’ ca? ) o
22 i 15
30 ; s

= Y= \/
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ALKHEEIZ
224) N& evpefolv ol mpwTedovoal pilon T@V &piBudv :
Al A S s 5 = 5]— e
Y8, V=27, V8L, V32, V-243, Vﬁ, V—-2—7. vm, ¥0,0256
225y N& ebpefolv SAan ai mpayuaTikal pllen TeTdpTng Téfews TGOV &piBUGV :
16, —16, 49, —10¢, 81, 0,0081

226) N& d:'n‘?\on'omﬂouu al dn(oi\ouem TOpaoTACES *
4 5 10
V25, V49 Y910, v32 1’ 512, vf243 1—27u-p' A/ —a?poy™, \/64u“\p“
227) Nu tEaryBouv h('rog TS plgns ol Kcrrd?\?\n?\m -m‘xpdtyov-rsg
3 3 5
¥40, V=24, V320 ¥Y=96, VO 1250, V54w 'l"32x o, vxvﬂ v/xv+L viz, YIexrytY

228) Ol tkrds Tév pildy mopdyovTes v& eloayBolv dvrds aUThs.

3 3 4 2
32, -2¥—1, a¥3q, wav;a—p. ~2ua'y=1’$ﬂ”f. (a+P) Ya—B, W\/ww"

ol
a—BVa+p v
229) N& epeBolv T& &Ké?\oueu ywdgevu Kul 'n'n?\hccx

1) 5Yi8-3v8, 2) 1’6- V30- 1150, 3) v24 \/43 v:;a

3 3 3
& V5aBy -2 VeaiBy - VEITEY, ) Ve /e /A
S AT 4 Ge - a2 4 4
& Va-VaE Ve 1) 3va Ty I Ve, 8) 5VIB:VE,
¥ ) 3 3
o v 2vE 10 (VB ayB) VT
230) Na& éxw?\o-rromﬂoﬁv al dkéAoubor TaPATTEOE

v—I1

el i 3 P
Vv_us ,,3’ ( ) W), \/v—?

—— N ) 3
2Y/2 o A o /25 . 4pt /=
v v V21’2, v—p %—VE,, VB 3o ‘/ﬂ 2p

231) N& elpeBoiv & &hyePpixs d:ﬁpo{cuct'ro:

4 6
4) v/50 —V/'324 — /2916 +\/2¥, 5) 9\/5&-7_
6) Viarrd—5 Vitat + \/x’—’rcx’x' +- V90219

cm’+ u’ B VERGE a+ 1
4, 5v = v g =1

232) Na& éx-re?\ecrﬁow ol dxdhoubor 'n‘péimg 3

3 3 3 3
1y (YBL+2 V& —4V3D) V=3 2 (x— a+Vp+a) (x —a—Vp+a?)
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3 3 3 3 3_
YB+YE), 9 (VX =V w)(x+y+ VX + ¥xy)

3__ 3_ 3_4
3H (Vo +¥VBE) (Ve -
4 4.__ B 4_ L
6) (VX =V ):(V X + Vxy + V¢ )

5 G¥YXx—w ¥y ):(Vx=vYy),

N BaVa +a+Va —2): 3Va —-2)
233) T& kérwh KAdopata va Tpamouv eis ioobUvapa pé pnTOV TOPAVOUATTHY
e G’ ’auu ’u+l32) u_'A_T _,°‘+VI*,
ﬁV = Yo YR T 1Y VX Yy e VR
xVy+y ¥x \/x+'{4+ VE—Y  VX=/Y d=pl
T—i-_'\?'—q::g \/x+~p \/x—@' l—v/X +vy a+p+2Vap
5 5 1 11

\/2__\/3__\(5 +\/-6, I i B TR A =
V5 +1/6 /3 —/2 ST gal 3 | AeaT2 e AT B2 R/AB

234) Na& txtedegBoun al dxdhoubor Trpdlers
\/27( +y +\/2x— vy \/2x+u,i \/Zxé

1 VX =T _ x—/x-1

X—/xP—1  x44/x—1 \/2x Y —VZ—y VX +y+y2x—
2 T 2 1 !

\/1+ag+\/1 iy B 7 5 Hes 3

VI—® yIte V@ ol e el

k)

235) N& éxteheafouv al drdrouBor mpdates :
2
(Ta )_ ’

D (o ) (e a2} D (o) D (a4 8- 1)r 4

'(y']’)?"_'v—a‘5)(11;‘—13%“)((‘;% ‘2) ")( 3+a '3 ’+ﬁ

2 YS'
T (_“ E) )

236) N& dmhomoinfouv ol mapaoTdoss

1 11 1,

B a—P az PT + a4 P2 2 oF — 2ad +1
_— LR S

ou uz p-; az + Pz asy —2ag + !
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KEOQAAAION XI

MITAAIKOI APIGMOI*

79. ANALKH EIZATQIHE NEOY LYETHMATOEL APIOMON.

Eic 7o kepdhoiov «&vaAUoIS &repadov GAY. TAPACTATEWY el ywopevov
'rrocporyowmv» (-n'splTrTmcrlg 6n) eiBopev, 8T1 TO TPIGVUHOV o(x) = ax? + pPx + y=

[( X + 2u) — 5 ]510.’ A < 0 8tv Buvaral va petaoynuaTiodi els Bia-

popaw Buo TeTpOry Ve, B1OTI & bpos —A— Btv elvan TeTpdywovoy POy HOTIKOU
&piBpol Gs &pyNTIKOS.

*Errions 81° Gpiopevas thodmoes, s ai x2 4 1=0, x2 4+ 4=0 7 Aois
elvon &8uvaros &v R.

Tevikéds 8¢ 1§ lodTns x2 =B, xeR A BeR A velN,, elven &duvaTos, 516-
T1 oUbeis ﬂpayucrrmég Ap1Buds UTrdpyE! X, Tou émolou 1| &pTia Buvapls va elvat

ApPYNTIKOS Ap1Ouos.
2v

* Axon eibopey 611 VaeR™A veN 1O aUpPohov Vo Bty Exer Ewolaw RO
yuorrmou cxpleuou

Té dveorépod GhyePPIKS BtpaTor kel SAAar TUvoPT) aTéov Euevoy GAUTA ME-
¥pis OTOV | EmtBupicc TEW MafnuoTikédy, OTes Schoouy AUGIY els ToloUTa B¢-
nata, CbTynoey gls Thy prrvédnoty Evds vEou GUOTARATOS &p1BucoY, ETTITPETTOVTOS
TV “tmibuun Ty Aucy.

OUre elafydn Ev vy oUTTNH &p1Buddv, TO OTOioV cvoudaoin cboTNpe
QuvTasTiKdv apipdv.

“Ev ToloUTtoy oUaTnue Gpifpddy 81 v& yivn BexTov, TPETEL v& Umakoun
elc Tols yvwoToUs HEXPL oUBE vbpous, of dtroiol oyUouy Bk TOUS Trpocyucrnxoug
&piBpols. Aeyoueha S TO viov cuoTnpa T@V QOVTUOTIKDV appdy, 6T UTa-
KoUElL el TOUS VOPOUS QUTOUS.

80. ®ANTAETIKOI APIGMOI — OPIZMOL.
Méw oUoTnua GpiBpddy ExEl picy povéde. Tou GUOTHHOTOS THY QeUTAOTL

(*) Ty Ozcploy <6V peyaduedsy aptbudy theuciimony of 1 D’ Alembert, Buler, Gauss.
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kG &pidudy TV povada TOpPICTROMEY P TO YPAuUA i, dpyixov s aAAkis
Adfecos imagineure, kol Svopd{ouey oUTHY QAVTAOTIKIY povada. 'H paviastikn
povig i, opilopey Hrog Exst Ty idoTnTE, 1O TETPAYOVOV TNS ®¢ Kai 10 TETpa-
vovoy 1ol aviiditov avtijg —i vir ieobtan mpog TV ApVNTIKIV povada, "EL opi-
GPOU AOrTTOV EXOUEV ©

=", (;])-’:_i_J )

Al iobTes (1) ka®ioTolv Suvarhy Ty Alow  Tfis £lo. X* 4 1=, s
TOUS PAVTATTIKOUS dp1Bpovus, B1oTL :
2 1=0=<>xt=—]lot=(L+i=>x=4I
e *
Emri mAfov ai iodrnTes (1) &nAolv &t | y"——__: + 1 (2)
Davrastikds aplpog koheTton Tas &piBuos, 6 dmoiog yiveTan B THis émava-
AwEws THs QaVTAoTIKTS povddos i, 7 kol s dvmiBéTou — i, kal Téw uepdv TS,

¢ (. ¢ oA iy L At , L
QUress of &piBpol 2i, —3i, —i, — =1, 0,25i slvan pavtaoTikol. ‘H yeur-

K| pOpOT EVOS PAVTAOTIKOU apifuol elvan @ Pi, dmou P # 0 eR.
Eql th P&oer Tév TebévTov Spiopdv, N terpayovikh pile Tavtog apvn-
rikod apfped sivar apilpog pavrastikdc.

TpdrypaTt: VaeR™ ! \/E: \/f]'. \’/H A \//__1_: +1i = i‘\/’u_:_:'.i\-"jﬂ

'Ex 6w BU0 TETpaywvikéy pildv ToU dpvnTikoU dpifuol o TUHPLOVOUMEY
51 Tod cupPOlov 4/a, vd TopioTévwhEy THY i\/i_&_!, THy Omoicy koAoUpeY
npwtebovauy TETpaywvikiy pifow ToU o
My /=16 4/ =0=iy/I6 :i/9 =ity/16-9=(-1) - 12=-12
Mn  opdn Tp&ts : v’j_rG- V’—_Q = \/(:IGY ("—_9—}- — \/1_4T —
Al axépaiar Svvapeg tiig pavtasmikil povaded.
“Exopev : 1) i°=1
=1 it Spiopou
t==1,(=1)t=-1
i2ri=(—-1Di=—i
p=i2-t=(=1 (=D =1
t=1i=li=i
2) Tevikdds :
LR =ity =1"=l
|i"“ l—jtvej=1-i=i
vz =jvit=1(—-1)=-1

VveN: ‘,iwrrszi.;vis:](_i):_i

l 1= = »ILT (Awvarad Tipad @ 1,1, =1, —1)

{*)] Tov cupPoroudy TolTov &yprorromolnoe > mp@vov & Gauss, & o Euler (1777)
tov elofyeyey GploTikds.
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TMapatnpioeg :
1) Al Buvarad Tipod TéY Buvdpewy ToU i glvan 1, —1, =i, 1 kai éveAA&ooov-
TOL TrEPIOBIKEYS.
2) Al &prica Buvapers Tfis i elvan of mporyuaTikol apibuoi + 1, — il
3) Ai meprtTad Buvdpers Thg i elvan ol pavTacTikol Gpibuoi i, —i.
Hapadeiypota: 1) N& dmodex8ff ot i7 4 i +17 +1=0
Avgis : 1T+ B4+ =il +i+ 24+H=i"(Q+i1=-1-1) =
=in0=0
2) N& eopebfi f g Tfis TapaoTdoews A =i 4 '117 - 2it + 312

Aoots: A = (' + = +2-1+3(D=CD+i+2-3=D"~1+
+i “Omep Mv=2¢, keNy, : A=1—-1+41=1i

My=2k+1: A=—1-14+i=—-2+i
3) N& evpedolv ai Suvarai Tipal i mapooT. : A=10iti24i 4.+ 1
AVois @ @) Edv v =4k, dmou keN Eyopev : A=1+i-1-i4+...+1=1
) ’Edvv::‘lx-}-lﬁxousv:A2=1+i—1»«i—i—'...—+-l+i:1+i
Y) Edw v=4dr+ 2 Eyopev : Ag=1+i—1—i+4 ... +1+i1-1=1i
5) ’Ec‘xvv=4|<+3§xouev:A4=l+i—l—i+...+l+i—~l—i=0

81. MITAAIKOI API®GMOI (COMPLEXES) — OPIZMOI *

Eav a, peR, 0 dvopalopsv myadikov aplpov 1o ahyefpikov ddporopa
tiic popofiic @ + Pi, 6rov & a drotehel 0 mpaypeTikdv pépog, 6 82 Pi 10 gavracTi-
KOV pépog avtol.

*Erreidh) 51 p =0 elvet a =+ Oi kol Bix a =0 AP # 0 elven Pi=0+
+ Bi, EmeTan 611 W& dp1Buds TporypaTikds eite pavTaoTikds Slveran va Tebi]
Umod THY popeny  pryadikou &pifpod.

:Enouévmg 0 choTpe 1OV pryedik@dv apOpdv TeplExet ta ovetipata TOV
NPAYROTIKGY K(l.i 1OV QavIasTIKAV aplipdv.

"Av guverréds elvar @ I T alvodov T&Y gavTaoTikéy dpifudy pi, R 1o oU-
vohoy T&Y TrpatyMaTIkGY &pibpésy a xkal C 1é olUvohov T@ wryadikddy apiBuddy
o -+ Pi TOTE EyoMEv :

RY¥GI@HEENE SR — o (Rl €

Eig tov miyaSikov &pifudy Z = o + Bi mapoarnpotpey, TL petaly TV
TparypoTik@Y Gpifudy a kol P UpioToTar pia SipeAt)s oxéors. ‘Emrouéves Suvd-
nebor vér Becoprioopey 6T T& a kad P &moteholv SiorteTarypévor [eUyos (o, B)
kad guveTTéds va oupPoricwper Tov pryedikoy dpibudy Umd popehy SiarreTary pé-
vou [eUyous ut Tp&dToV oToryeiov TO TrparypaTikoy BéPos Kkal BedTepor TO gavTa-
oTikOy pépos oUTOU.

(*) Elvar &8ivatoy g amédefev 6 Weirstrass, va dmdpln edoriua YEVIXMTEROY TOD [LL--
yaBueod, elg b dmalov va layhowy Saot ol vépor Tdv Tecodpwy mpakewy.
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OlUtw Eyoupev : [Z=a+4 Pi= (o, B), Vo, BeR

"Apecos ouvEmela TaU véou oupPoAiopol elvon &1

1) Ilag mpoypatikdg apbpdg elvar tiig popeiig (a, 0), e R

2) Ilag gpaviactikeg apibpog eivar tijg popeiis (0, B), PR

Tpos Biawpiouoy Tév pryadikdv &pbpdv Tis popefis (o, B) we P#0
&mo Tous pryadikous Tijs popoefis (o, B) Va, PeR, oupguvolper Tols TpdTous
v& Tous KahoUper kaBapodg piy. apbpedc.

82. TMPAEEIZ EIl TON MITAAIKOGN APIOMON.

‘Opropoi: 1) KohoUpev ouvluyfi ToU pryaBikol &pifpot Z = (o, B) =
=+ pi, TOv uryoaBikdv &pipdv Z: (o, = B) = a— Pi - dvriovboydj 8¢ TOv wy.
apbpoy Z, = (—a, By =—a + i |

2) ToUs myod. &pibuols Z=(a,P)=a+Pikal —Z=(-a,—p)=
= —a—Pi kahoUpev avriditovs.

3) Métpov ij andhvtog Tpd) ToU Z = (o, B) = « -+ Bi rkaeitan & pd) &pvn-
Tikos &p1Buds + Vo + P kal oupPoiileta :

lp=1ZI=]@PI=|o+pi|=+ VT P

Al Tpdteis el Tav puryadikéy dpifpdy ylvovtar Smrews kal i THY Slwovd-
pewv o + PX Kkai y 4 8x, &mou & X elvon 1) pavTaoTIKY povds i, KaBSTL E5€y Onuey
loyUovTas ToUs péxpr ToUSe yvwoToUs vopous &l Tév TPy PaTIKGY &p1Bpdv.

‘I816tnteg Tivig t@v mpatewv.

a) Oi myadkoi apBpoi, pndevikog, povadiaioc.

1) 'O pndevikdg pryadikdg apdpoc drapyst kai slvan €vag kai povog 0 0 =
=0 + 0i = (0,0).

TMpdypar : "Eote 6T elven o + Bi = 0, dméte a = — Pi = o = (— Pi)?
{1.:,(}2 —_ ‘3212 <$G2 [ l32<:>u2 + B‘Z — 0_

To o uthos o + P* elvon uf) dpunikd) ToodTns Kol Emreidh looUTon wé pn-
Bév, EmeTan Om1 =0 kai Pp=0.

QoTe, v a+Pi=0<a=0 kai B=0

2) ‘O povadiaiog pryadikds apbuds dnapyer kai civan Evag kai povog 6 1 =
=14 0i =(1,0)

TMpdyuam : "Eotw 6T elvan a+ Bi=1, éméte (a— 1) 4 Pi = 0. "Apa
a—1=0xai p=0% a=1 kal p =0 kai ouvends o+ Pi=1+4 0i =1

B) Oi isor pyadikoi apiBpoi

‘H ikavi) kai dvaykoio oovBikn, iva 800 pyadikoi apibpoi sivar ioot, sivat
va Eyovv ta mpaypatika pépn loo kal Tolg ovvteheatag tob i ioovg. "Hror: a +
+Bi=y+di<-a=yAp=25

Mpdryuarrtédw =7y kai =35, TéTe o+ Bi =y 4+ &i.’Eav 8¢ elvon o + Bi=
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=1y + 8i, ToTe (x—7Y) + (B —8)i=0xal ouvemds a—y=0kai p-8=0,
e =ykaip =35
Inueiowog: ‘H oxgois icérTnTos pryadikéy &pifiudv glven :

1) abromabig fTor Exomev (a, P) = (e B)

2) ovppetpkil fTo1 EXOHEV (o, B) = (v, &) <= (v.8) = (& P)
(o, ) =(v, 8 ;

r it = e ¢! }:(E’f}.

r.® =00 3
Mia Tolautn OxEols KOAeiTaL OXEGLS igoduvapieg.

3) perefankh fiTor Eyopev

Al mpateg tiic npoctioczog, nolherhootacpcl Kal SLaLpicEns.
“Exouev : Vou, G, By BoeR : (oq + Byi) + (o + Boi) = (e + o) + (5 _"" Ra)i
Yoy, Oy, Py P2€R ¢ (o + Bai) + (o2 + Poi) = (o — BiPe) + (cufs +

+ o Po)i
‘H &paipeots  (oq + Pul) — (o, + Bui) Swéryetanr els v Tpoofecv.
Girion, Bueper e B — o Bl = (et Prd) (e Bl =

=(a1—°‘2)+({51*?’:)i

Té &0porope kol 1O yrvopevey 300 ouluydv Ittﬁuﬁtxﬁav amOpdv elvar épr-
Opog mpoypatikdc.
Mpdypom, Z+ Z = (x+ pi) + (a—Pi) = 20t

7« F=(a+Pi) » (a—pi)=c?—(Bi)* =+ P

‘0 pryedikog GviiaTpopog ol Gpifpod Z = o + Pi # (0,0) brapyer Kaitiva
5 4 cee ik Tl o « -B .
Evag xoi poveg, & Z7' = (a + Pi) e i +zrp !

Mp&yper, tav Z = o + Pi el Z-1 = x + i, ToTe péme (& + By (X
4y =1=1+4+0 - (ax — Py) + (ay +Px)i=1 + 01 <>

o
ax—py=1] _ *T=xp
R et ENET o -
"IJ_ o? 4 Bn
KohoUpey Tnhikoy &0 pryedukdv apbpov Z, = o + Bi, Zy=ay+ Pal,
émou Z, # 0, Tov prycdixov dpifpov X + Wi TolOUTOY WOTE :
(o +Psl) * (X +YD =+ Bui = (ax — Pay) + (v + PaX)i = o + Pyl <=
= oo + PP
ALX — quj =0y } it TR
Y -+ B-_,X = Bl y= Py — P

a,? + B
"Hror xouev: Zy: Zy=X+Wyi= “w—;c _L—;—SE‘P 2 4 Lf; :——E‘E\ i

M T Upeatv ToU mmhikov 800 pyadov Z, = o + i xal 7y =0 I
+ B.i # (0, 0) épyaoneba kol cos EERS ¢
L Zy=E - Lit=(u + Pai) - (o i B}y =

: o, — O3 O B1P: a,p, — afs -
= (o +B) (Gripat aris’ Y=yt
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"Erlons 1) patis Tijs Sicipéoews yiveTan dpéocs, &v Toh/cwper Tous Epous
ToU KAGopaTos £l Tov ouluyd wiyadixéy ToU TopovouaoTou.
Mo 2 2= 2= S = R TRy — e e
‘H dywoig pryadiked apibpod sic Svvapv.
"Exopev @ Z? = (a + Pi)* = o + 2aPi + P** = (o — P?) + 2ePi
23 _ (a + Ei):} f— u:.l + BG‘.: ﬂ! + BGﬁl’.i‘i + B:{j:i —_—
= (" — 3ap?) — (B° — 300B) i

83. QPIZMENAI BAXIKAl IAIOTHTEEZ TCY METPOY.

1) Of myabixel dppol o+ Bi, a—PBi, —a+ Pi, —a—Pi éow T
aUTd péTpOV.

00T & |+ il = o — Pi| = |~ + pi| = |~ —Bi| = + V& P°
2) Of mpaypartikoi pryadikoi &pibpei (o, ©) = o = - oi Exouv pétpov
Tov |af. "Hror : |(a,o)|:{a+oi|=vg=[q|

3) Oi pavtacTikol &pibpei (0, a) = ai = 0 + ai &xouv pétpov |a|.

*Hror: |(0, )| =|o+ai| =+ Vet = |«

4) To TeTpdywvoy ToU péTpou évos piyad. dpifuol Z = (o, B) = a + Pi
elvar foov pé 1O ywouevov otou &l TOV ouluyf| Tou.

"Hroi: Vo, PeR: |Z|2=Z.Z = (Va@+P2)i=(a+Pi): (a—Pi) = o24p?

5) T pétpov Tou ywopbvou SUo wyad. &piBpdv Z, = (o + Byi) kai
Z, = (0 + Pol) looUTan pé TO ywdpevov TGV pETPLV aUTV.

“Hrot: [Z, - Zo| = | (44 Byi) - (o + Byl | =V (caoe—ByBo)* + (cuPet-cufy)*=
=V(e® + B (@ + ) = Vo + B2 Vool + PP = | Z, | - | Z, |

Fevikéds &xomev : | Z,- Z, ... Zo| =2, || Zy]. .. |Z/]

Ot pofnTad v dmobeitouv Ty {Bi1dTnTar Tty Bk Tpels kal Téooapas
&p1Bpous.

6) To pérpov ToU dwtioTpdpou Z-t Tol pryaS. dpibuol Z = o+ Pi ioou-
Ton pé TO dvTioTpogov ToU pétpou ToU Z- (Z # 0)

“Hror : [Z*’|=t(a+[?>i)‘1|=l

« P B
CEN e J Vertm+ mrm

1/ <+ P ﬁvwl__ e, ol ymagroie
V(“’-Fﬁ’)”_ @ +P T Varpp |Z]
7) To pétpov Tou mrAikou lo myad. dpbuédv Z, kai Z, # 0 looUton pé
TO TrMAiKoy TGV PETPWY QUTGV.

*HTo : Z:__Z Z_l_z 2_1 = | Z 1 12|
2] =12 201 =120 12 = 12 = 2

8) To pérpov Tou TnAikou SUo auluydv pryadikédv &pipdv elvar 1) mpory-
porTikd) povas (1)

133

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrig



Mpdyuariil (21 V2l g sz =|Z|
Z Lz

9) To uétpov vds myadikou &piBuol Z = o + Pi elvan pndéy, Stav o = 0
kai B = 0.

MpdypaTt : éxopev | a4 Bi| =0 V&W:O = o?4+p2=0=> a=0
kai p=0. 'AvrioTpogws : Z=a+Bi=04+0i <= |Z| = V&zﬁ_ﬂ =0.

10) “H ididtns VZeR = | Z|* = Z* Biv ioyue, Grav elvan Ze(C—R).

Mpdypam : & Z=a+p1 (B#0), 1ot |a+ Pi[*= (Va2 + P22 =
= o 4 P2 EE &Ahou Exopev (o + Pi)? = o — B* + 20pi.

‘Etropéveos 10 | o + Bi |* 8év {ooUTen Tpds TO (« + pi)?

Eqpavnkn enpeiootg. '1810TNTES TvEs TGV ATTOAUTGV TIUGY TGV TRy H-
TIKGY dpifpddv Bév foyUour Bia Tous kabapous pryaBikous &pifuous  (i816Tng
10 Tfjs dww Tapaypdpov).

84. IN'PA®IKH (TEQMETPIKH) INMAPALTAZIZ MIF.I\A.'APIG)M.QN

Mveopilopev, 61 T& Biaretayptva Ledyn (X, W) ToU ouvéhou Tou KapTe-
olowou ywopévou R? dmeikovifovTan GUPIHOVOOTIMGVTOS €l T& ONUETD TOU ETTi-
TréBou TG dploywvicy &Edvwy (Kapreoiavor émimedov).

Oi wyadikol GpiBuoi, s BlariToypéve [eyn TpaypaTik@dy, SuvavTa
ouveTtéds v TrapacTaBouy & T& onueia ToU émmédou T&V pfoy. atovav.

Mpéeyuary, & pryodikds &piuos (o, P) = a + pi, émou g, PeR, d&meixo-
vileTan els £v povov anpeiov M (o, P) ToU ¢mimédou, TO dmoiov ExEl TETPNUEMMY &
kal TeTorypévny P kal QUTIOTPOQWS, TO anueiov M (o, B) pé ouvteTaypéves (o, B)
&uTioTolel Tpds Eval kai pévov Gpiopévoy uryadikov &pifuov (o, B) = a4 Pi

*Hror. | ;Apxéwwou  Eixdw
| ¥o, BeR : (o, B) =+ Pi <—>M (x, B)

OUTws UTHpYEl GU@IHOVOoTMoTOs dvTioTolyia peTaty Tav pryodikddy
&p1Bucv Tou owdhou C={ (X, y)/[(x, y) myobikds d&piuds } kai Tdv
- onueicov Tou émiméSou. 'Emri Tou émimedou
ToUTou & &Fwov TV TETUNPéVLY Kal TETAY -

péveov dvoudlovtar duTioToiyws dEwv t@v

Y npaypotik®y kai ifov tdv  @aviasTikdy,
16 8¢ timeSov pryadikov 1| wohikov  Emi-
nedov 7 Bidypaupa ToU Argand (ox. 84.1).
*Errions: duvapeba va  Excouey  upiav

GHPIHOVOTTIHaVTOY dvrioToiyicv  petaty
X

X L 16w pryed. &pifudv (o, B) kal Tév Siavu-
ouoTIKGY dkTiveow OM g pds o anpeiov 0
ToU tmiéSou. ToUTo BiamioTouTal dpoiws.
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P ]

s |L (o, P)eR? : (cr B = (a 4 pa)«—- - OM, 8mou M (rx ﬁ)

*Emreidn OM | —\/ of + BF kai .| a4 Pi| = 4/ o + B, &pa TO piikos
ToU BrewlopaTos OM Trotplcr"roc TO METPOV TOU Wiy, &piBupoU o + Pi. ‘H mpoon-

poopévn yovia 8 = (O)(, OM) koAeiTan Spiopa Tou o + Pi.
Elven 8 ouf= —— = —=  xai 6= L s
(B e M) e

Olrw, Yo P)eC: a = /0% + B2 R =
(% B) +Bi= VEFP (=m i =)
= p (owb + inpd), Smou p TO péTpov kai O TO Sploua.

To pérpov p kai TO Splope O vds piy. &piBpol o + Bi, EéxovTos elkdva TO
onueiov M (o, P) kohoUvrtonr molkei cvvietaypévar Tou onueiov M.

‘Qoe, a5 pryadikos apifpds Suvaran vi ypoagf] Umd Tas popeas o + Pi
kai p (owd + inud). ‘H wpiTn keheiton Kapteowaviy popety ko 1 Seutépor tpi-
YWVORUETPIKT] ROpPT)

Iopaderypo : N& Tebfi Umd TprycovopeTpikny popety 6 Z =141 V3

*Exouev |Z|=4/1+3=2, owd = -—-KC\’IT]ue——\/zar dpa p = 2 kal
0 = 60°. ‘Emouévers Buvdpeba v yplypwpey

Z=1+4i4/3 =2 (cw6 0"+ inu 60°

85. I'PA®IKH IMAPATLTAZIZ TOY AGPOIZMATOEL KAI THE AIA®OPAL AYO MIIA-
AIKQN.

1) MpocOeorg. "Edw Z, = oq+Pyi kol Z, = oy + P kod ai eioves andmédv
T& SiowUopaTo 61’511 Kal mz & iy
vrioToixws, TOTE TO  &Bpolopa 1 M 8/
Z, + Z, = Z Exa o eikdva TO &- oy (!,J g /
Opoiopa CTI*ZI + (ﬁhfl2 = Ci\}fl Qs )

yvmcrrc'w T6 Sidwopa OM  Eyel

&pyv To onueiov O xad mépas & //)‘%(ﬁrgﬂ

&\Ao édxpov Tis Biarywviou ToU
mrapa/ypdupoy OM;MM, (xawcov
ToU Trapah/ypappou). ’
‘H &mébeitis dUvaron v yi- i
yn o TEV paBnTdy eUkdAws Spkel va TrapaTnpricour 8TI oy + oy = o Kai
By + B. = P- (EXfina 85.1)
2) "Agaipeois. "Edw ai elkoves T&Y uryoBikédv Z, = oy + Byl ked Z, = a 4Pl

/

Sy. 85.1

elvan & SroaviopoTa OMl Kail OM2 &vrioTolyes, ToTE 1) elkoov Tfs Siapopds Z; —
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_7,=Zelvon 5 Siéwuoua OM (Exina85.2). AwnZ=2-Z =0+ (- 7.

44
Mz(“gkg,()
M,’ o ‘Mi(‘x“g‘)‘)i
£ = Ry ';‘1(4:5’
o) 1 Tx. 852

‘H elkcoy TOU — Z, elvon TO Sidvuopa 6&'2, GUUUETPIROY TOU O—i\:‘l.: G pds To O.
OUre : OM, — OM,=OM, + M,0 = OM, + OM’, = OM.

ALZKHEEIZ
Ol pavractkoi apbpoi.
237) Na &mobey8ij, & e —j-l=— ], === -It—.
-17%; VA L L Yl = T Gmrou v, HE Ng .
238) N& éxteAeofolv ol pdierg —5i° (—17), edipadds gt
1 1 i

—5it 4 (2 =19, ¥T+ shmt

239) N* &moBegdi omi yve N, Exopey ¥+ iV iV 4 jv+1 = 0

240) Tlofas Tipds BuvaTal v& A&GPn T TapAOTATIS
A=1r—itdirt= ... (=1 &mou vE Ny

241) ‘Eov Am i bil it ... 1 B=P—Ppl—... (-1, veN,
molag Tiuds Sovatan va AGPn N TapdoTasis A+B;

242) N& ouykpiBouv ol Tiwal 6V kéTwh TopacTaoEwY !

1 1 1

A=ih ittt i+, B= 5+ gt w5+ 'ﬁi‘; , AeN
243) *E&v ol &pifpol x, A, 1, v €N BrnpoUuevor Bik 4 dofvowy TO aUTé UmoAorTov
v &mobeiydij om ) i =1* = =Y, B) iXtitity =1
244) N& eupedolv ol TeTpaywvikal pifar TGV &piBudv, — 25, —36, —23, =27,
Oi pyadikoi apbpoi.
245) N& dvayBouv al k&Twll TapacTets s THY popghy o + Pi :
o) —2i(—1 4 1) — (=3 + 2i), p) (5+3i):(5-3D" 5, vy Qa+
\ . s ; (1 + 2 = (1 =i
5) 2+i)P+@—-D% 8 (1 4 21y = (1 =214 0 (ﬁmzw ’
i — Pi i i 3—i
) ot i apion © TEE 228 0 1500 ://337}1‘ -
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246) N' &modeiydfi 1 GABela o kaTwl fooThTWY !
& it ) BO—2 4 Iy (2= Tiead (3 CT 4 (7 )=~ 50
8) (24 3)-(3 +21) =131, € (x—a-+ pi) -(x—u—ﬁi):(x—q)‘+ﬁ’
3 18 15 | + pi = + = — i .
D on= et WG ® e i
+ Bi —PBi  2(a*—p? i ;

247) M TTolag TPaYPATIKAS TIpGs TEV X, Y ioxver 1 icoTns
(A-2yx+@B+5)y=1+ 3i
248) 'Eav 7, = (2 + 1), &= (1 —2i), v& Umohoy1o8i] & wyabikds SprBpog

Zy

Z=7z+ L+t 5+ (z, — 22)*%
T I e
249) EQw zi=— F e =gl =gt T v &mobey i 6T :
a) Z, = Z" B) z, = z,* xai y) 2i=2"=1

250) 'Eav z = a + Pi xal Z—a—pi, v émobaybow al oytoEs

_— — Zy 7y
Zi+Zs =4t Zn LZy =21 - In (‘;‘) == (2, # 0),
2 Zy

= == 1 1
—zy=~-2 (7)='—:‘ (z #0)
- z
251) ‘Ywo moiav cuvBikny TEV o, oy P, P € R 16 &Bporopa T 1 Sxpopd TV
n=a+ Pl 2=t Pui elvan dpiBuos @) TPaYHATIKES kai B) povTaoTiKog kafapos ;

Té pétpov 1OV PIYadIKOV éptéudw.
14 2i

252) Tloiov 16 péTpov TRV GpiBuddv o O L U L\/T. 2 +\/3 +1, T oi"
hal BAEL o . @A) C1ed @-VILDt
T = At STt 0 ¢ R

253) 'Edv 2,72 € (C—R) v& &mobaysi on |zl =1zt |2z |* (tpappooaTe
Tov Tomov |z |*= 7272 )
254) N' &mobery®ij om |2+ nl=|h+nl 2.26(C-R)
255) 'Eav of z; = & + Bii, z. = + Pu TrAnpolv THY OXEOW Z 71 22 . =l 242 %
Selfare 6T o0 + PP = 0
256) 'Eaw a+ pi=0 <= |a+pil=0
I'pogLkl] napaotociy v pryadikdy apipdv.

g 1
257) Na gupeBouv ol eixoves Tév dpifudv I iy 1520 =31 i, —2-— - b

(=2 L= T e %—, '-*—i—

258) TlapagThodTe ypagikeds ToUs prycdikous &pi@pous o + pi, «—Pi — o+ Pi,
—a—PBi (« PeRD. Ti TapaTnEEITE |

259) N& eupebouv  al ohkal ouvTeTaypéval ToU &ptBpou ‘\/ZTJ,-i kol va Tebf) Umd
Tplywvoue-tpmh,v HOPPTV.

260) Al Tohixal ouvTeTayHbval Evds myados elvan p =5 xal @ = 45 Totos & &p1Buds
oUToS ;

261) N& mapaoTadi ypagikds To &8poioua Tp1iv Kkl drohoubeos Teoodpwy pryadikédv
dptBuc’Tw.
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262) TapaoThoaTe yewpeTpikéds 1O &lpoioua TV dpiBuddy :
Dzy=—2i, z2=—3+2ikal 2) 2, =31, =—2+40i, z, =141
263) ’Eqw 7, = 2 — 3i, z, = +1 + 2i, Tola al efkdves els 16 pryabikov triTedov TV
Siapopddv z, —z, Kal z, —z,. Tl maparnpeite ;

AZKHZIEIZ ENANAAHYEQE

264) 'Edw z,, 7, € (C — R), v& eUpebij oxéors uetaktl tév oy, oy, By, B2 ER, émou 7, =
=0 + Pii, Z = + B, v Exwuev: ) z,z,€R. P) zyz, €l (R olvohov mpayparTi-
k&, I oUvolov gavTacTikdV).

265) Yo moiav ouvBnkny TEY TpayRaTIKGY &, &, By, P: TO TNATKOV g%% efvan
o) mpaypaTikds &piBuds kab B) QavTaoTIKGS. ’ 3

266) 'Edw z;z,€ (C —R) xad 7, = —2,, v' &moBeix8f) ém 10 &bpoiopa z, + z, elvan
kabapds povTaoTIKOS &piBpds Kai TO ywduevov z,z, € R

267) 'Edv z, = &, + Pui, Z, = @y + Pai, UO molaw ouvBikny T@Y o, &, By By 0 elvan
@) (@'z2)=0 xal B) |zi—2Z|= |21+ 2] ;

268) 'Eav zy =0 + Pii, Zo =+ Bl kel |z, |24 |2z 2= |2 — 7 |* va amobeydi)
Sty o+ By B =0

269) 'Eav z,,7,€ (C—R) v d&mobeyxdfi om 2(|z P+ |z*)=|z+z[*+
+ |z —zy %

270) ’Edw ai Tohikai ouvteTaypévar Tol &piBuoy z = o + Bi elvai p, 6, woian ad Tohikal
cuvTeTaypévar Tou &piBuou z7! = (a 4 Bi)~!;

271) 'Ymd molav ouvbfikny Tév o, o, Py, P € R ol eikéves el 1o mohkov Emimedov
oW 7, = o + Pii, Ze = G + Pui, kelvTen ¢ ebBelas Biepyopbvns Bk Tiis &pyiis 0 TéV &Edveov ;

272) *Eé&v z = & + Pikal z = o — Bi, ToU 8t myaBikol z; = X + wi 10 pétpov |z, | =1
va &mobey i 6T i i e AR
1—-z2z
273) TlapaoThoaTte YEQUETPIKGS Tous &pifuous _”2—2, L;i Sdmou z pryabi-
&

kds &piBpds kal z & ouluyrfs abTol.

274) 'Eév z — a + Pi kel z = o — Pi, v& &mobexii 6T 6 z elvan i mparyuaTikos A

pavTaoTIkes &v loxin ), oxéols z* = 78

275) E&v |z, + 2z, | = |z — 2|, mov 7, z,€ (C—R), v’ amodeybij omi:
@) 2.7, + 2222 = 0, (21, 7o OW{uYETs TGV Z,, Z, dvTioTolxws) kel B) [z, + 7, | = |z, + 7. "Eml-
ons v &mobeaxfi, 6T &v |z, + 7ol = 21— | TOTE ZyZy 7,2, = 0.

= 2z
276) 'Edv z = o + Pi xal z = o —Bi, v’ &mobex®ii, ém al woapaoTéoes mz:,
22'_:_ elvan pryadikol ouluyeis &pifpoi.

14-zz

277) 'Eavz = a + Pi, o, PER, kal [ 22— 1| = |z — 2| v’ &moBeix6fj ém a* 4 p* = 1.
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KEOQAAAION XII

EEIZQZEIZ BOY BAOGMOY

86. OPIEMOI JAIOTHTEE (repihnruikny dmépvnoic).

OPIZMOL : [Tdca iodtne petakd ddo alyefpmdy mapactdoswr, 1) omola elvar d-
e 8¢ dprouévas Tipds @Y ypapudtwy (dyvdatwy) Téy napastdoswy TolTww,
xaleitar éElowaic.

"Evraufa 8tv dmrokdeieTon f) mepiTTooots, ke fiv Suvarren 1) lodTns va elvan
&AnBis Bix Tdoos Tas TGS TGOV YpoappdTwy, 6mdTe 1) Eowols kahelTon Tou-
Totns. TLy. ) étiowois 4x% 4 1 — 4x = (2x — 1)? elvon dAnBhs Bid wdv xeR.

‘H elpeors SAaww Tév TIp@Y TV ypopudTwy, T& dmoic kohoUvTon dyve-
ator Tiis thiocboews i Tas Omoias elvan altn &Andhs koAeiTon Emikverg TS
tliowoews. Al oUTw 8t elprokdpevan Tiped koAoUvTan Abeeig 1 pitor Tiis tfioc-
OEWS.

Avo | meploodTepan Elichoes, ai dmwoion Egouv TS aUTds drpids Avoelg
(61 kowds Augeis), kakobviar icodhvapor.

Iowbtyreg: 1) ‘H étlowors f(x) = ¢ (x) elven {codlvauos mpos Thyv Eti-
owow { (x) + o (X) = ¢(x) 4+ o(x), &9’ Soov els Td oUvohov els TO Smoiov dvear-
gepopeda, N ouvdptnois o(x) Eyn vonua. OUtw : f(x) = @(x) <>1(x) 4 o(x) =
=@(x) + o(x)

2) ‘H &tiowaois f(x) = ¢(x) elven ioodlvapes pos Ty ttiowow Af (x) =
=Ag (x), 6mou AeR, A # 0 xal dvetdpTnTOV TOU X.

OUtw ouvpPolilopey : AeR, A # 0: f(x) = p(x) <=M (x) = Ap (x).

3) ‘H étiowaois f (x) = @(x) Sév elvan &v yével ioodlvapos Trpods THv éticwao
f(x) - o(x) = (x) + o(x), émouv o(x) ocuvdpTnols ToU X.

Mpérypat, 81611 f(x) - o(x) = ¢ (x) o(x)<=o(X) [f(x) -9 (x)]=0,
€t s Eyopsy o(x) =0/ f(x) = ¢ (x).

4) "Av p(x) = 0 kal p(x) = ¢;(x) * @o(x) - -+ @u(X), TETE TO olvorov TGV
Moeow This @(x) =0 iooUton pe Ty Evwow T@Y ouvdAwv TEY AUoewy TV
thiodoewy @;(x) =0, ¢u(x) =0, . . ., pu(x)=0. TIpdypaTi, B15T1 Bk vax dAnBeun)
7 @(x) =0 mpémer kol &prel els TouRdyloTov €k TAY @(X), 9u(X), . . ., Pu(X)
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ve elvan foos i undév. ‘Emopéveos ai pilan tév Eliowoewy P (x) =0, ¢ (x) =
=0,...¢,(x) =0 eivar ke pifar s EEiowaELS @ (x)=0.

5) ‘H ttiowos [ (x) = ¢ (x) Bév elvan &v yével {coSUvapos Tpds TN Eti-
awow [p(x) I = [ 1(x) -

ATz [9(0) [ = [£(0) ]2 = 0 (9(x) + £ (%)) (9(x) — f(x)) =0, fs
5isar @(x) = —f(x) V o(x) = (x)

*Ek Tfis TEQPIANTITIKAS TaUTns Ummopvnoews, avey &roBeifecos, TGV iBloTN-
Teov TG Eflodorwy oupepaivoyey, T1 kaTd THY Ao T&Y Eiowoewy dfov va
AopPévepe coPapdds U Sy aUTds, 814 va Wiy YrroTriTTwpey £ls opOApaTA.

87. OPIEMOZX KAI EIMIAYEIZ EZIE. B® BAOMOY ()

‘Opropoc. Kereita ificwois f fulpod g mpog x, niow tiiocwolg tijg pop-
ofic ax®* +Ppx +y=0 pt a #0 xai @, B, ¥ npaypetikol i kai pryaduxoi.
*Evraufa 8& Becopouvtan of a, B, y of omoiot KOAOUVTOL GUVTELESTAL, TTpaypa-
Tikol dpiBpol A kel GAyEPpikal TaPOOTACES W) TEPIEXOUTL TOV &YVWaoTOV X.

OVt Bi& Tas droroudous iowaes B’ Paduol of ouvteAeoTai Exou GuTi-
oTolYws TAS TTOPAKEIPEVES TIpGS -

3x2 — 2x =0 a=3, p=—2 y=0
-5%*47=0 a=-—05, Bi=10, st
e a=——, B=0, v =0
x2—3x+1=0 =1 p=-3, y=1
ax?—(a+ Dx—3a=0 ai=a, p=—(x+1), v =-3
(A=1)x2—4ry + (A2 =9 =0 a=A—1, P=—4\ y=A=9

Al Tpeis mp@Tan tiodoers Biv mepiéouy Shous Tous dpous ToU TPLKVU-
pou ax? -+ Px +y, dia TouTo kohoUvTan £ A hum e g Al dMar Tpels elven m k-
pELG HopPad.

Ev ytver, ¢ow B=y =0 AapPavopey axt=0 :
v B—10Ae 40 » ax*+y=0 EAMITTETS pop@ai
“ o B AONYy—0 » ax?+px =0

» P#0Ay #0 » ox®*+pPx+y=0 TATPTS  HOPPN
Thg Elodhoews @(x) = ax® 4 Px +y =0, (« # 0, P, Y)ER, 8a KahoUpey Loaiy
A pilav Ty Twfy x = X,€C, Edv Exwpey p(x)y =ax?) +Px, + ¥ = 0. (G =
= {x /[ x myoBikds &pibu. | *).

"Orress O& 1Boopey karwTépw, To oUvoloy Tév Auoewy (piféov) Tfs B'[Buiou
thiochoews elvon Bipehés.

*Edw Aormdv X, kol X, elven of pifen Tis f(x) = ax® + Px +y = 0 els 70
cuvorov C, T6Te ai £ (x,) = ox;? + Px, + ¥ =0 xoi f (%) = ax.* + Px,+ y=0
elvon dAnbels fodTnTes.

(1) Tag &adroerg B Paduod pé Evay dyvwotov Empaypareily T mpdTov 4 "By Moafiy-
patixds Avbpavrog.

(*) T advehov C Tév pryadirév dotpdv mepéyer TH olvolov T@Y mpaypatixdy dpul-
wiv (xepdhatoy wepl Muyaduedy ).
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SuuPohilopey :

a's &p; y=R } % = { x/xeC A f(x) =ax® + Px + ¥ =0} ={ X, X2 }

f(x)=0,f(x)=0

‘Erxiloog tiig £6wo. 7 Pabpod.
1) ‘H é\mms poppn ax? =0, a # 0.
Emeidh o # 0, &k Tis ax2=0<>x*=0 fix-x=0, it ol X, =%X;=0
2) ‘H é\\mrhs popod) ax? +y =0, a #0, vy # 0.
"Eyopev @ ax® 4y = 0<=>x%+ yla= 0, émoTe
o) "Edv —Z— < 0, BnAcdh of o kat y elvon ETepdanyol, TOTE — -z— > Okad

1) ttiowais ypdgeTal :

0= (- F) =0mw- (J=F) =0 (4}~ D) -V %) =0

o / i 3 7,
AT elvat looBuvauos rpos TO (eUyos X + V — % =0, x— VH— % =0, & o¥

' T
e S
p) *Edw % =0, BnAadn oi a kal y elvar dudonpot, TOTE 1) E§igwais X34 -Z—-=

=0 &&v Exe1 Mow &v R 816m1 X* + —Z:— > 0 ¥ xeR, #xel dpws Aow eis 1O ouvo-

Aov TG pavtaoTikéy 1. OUtw Acppdavouev T&s AUCEIS :

= &, St VS e et R S T
Xl——'v— o =—1 v?, X._z—m—’rv— ) =1 v:
3) ‘H &\\mhs popeny ax? 4+ Px =0, as= 0, B # 0.
“Eyopev : ax® + Px = 0<>x(ax + p) =0, fims elvou iooSlvauos Tpds

1o [eUyos Tév thio. x =0, ax +p =0, & oU AapPavopey X, =0, X, = — %

4) ‘H wdpns popeh f(x) =oax2+Bx+y=0, a#0,p #0,y #0
"Exovtes U’ Syw T&s 1BidThTas icobuvapias Tév Ehicwoewy AapPdvo-
pev S10BOYIKGS !
f(x) =oax*+Px+y=0 (Troh/lopev i 4a)
<> 4oix? 4 4aPx 4 4oy =0 (Trpogbéropey Tov PBF)
< do?x® 4 doPx + P> — P2+ 4ay =0
<> (20x + PB) 2 — (B* — 4oy) = 0 (Bévouev Smou- P* — 4oy = A)
fi (Qox+P)r-4=0
A (Qox + P) - (\/K)z =0, fimig elvan icoblvapos mpos T [elyos T@v Ebi-
odoecv 20x + P+ /A =0, 2ax + B — \/A=0, & oU AauBdvopev
e LT
1 2a 2t 2a

“Qore 1 iowos f(x) = ax® + Px + y = 0 Ea piles, oi dmoica BiSovral
Aamd TOV TUTTOV

X

~B+vA —-B+ VP = doy
S PET 2a M
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‘H mapdoTaots A = p? — 4ay eR xoheitan Sraxpivovea Tis EiowoEws.

Inp. Al tfetaoBeican EAAITELS popead elvan Buvartov va gridvboly B
ToU GvwTiped YEVIKOU TUTIOU.

‘H Sroxpivovoa elvan BuvarTdv v Trapovoiacdi UTro Tds EEfis TEPITITACELS
o) ’IlEénr ‘A“>O, Té7e of pilan Xy, X, ol B186uevan &rrd Tov TUTov (1) elven TTpaypa-
Tiked kel &uiool.
p) E&v A=0, ToTe al pilon xg, Xp elven TparymarTikal  ked oo, oméTe Aé-

youev, &TL 1) Ekicwors gyer plav SimhAiy pilov x =— -

y) *Edv ALO, TéTe M) Hlowots ax*+px +y =001 loobuvauds s (20X + P)Y* =
A 8ty Exer Now elg 1O olvohov R, 816m WxeR = (Zax + P)*>A, Exer Spods AU-
ow elg TO oUvohov TGV pryodikddv TS popgfis (o, B) ve P # 0, of 8¢ pilen Xy,
X, Aéyopev 671 elval keBapad pryoadixal.

Eiduki nepintoaig ‘O TUTmOS (1) Buverran v’ &mrhouoTeudi, tdw & gUVTEAE-
oths P ToU X elval oMamAdatoy ToU 2
Olrew, tav Pp=2p', téTe A= (2p")2 — 4oy = 4p" — day =4 (B — av)
Bk B =P k2 VEN S B LB =5y

2a 2ax a

TuveTrds X =
Edw B¢ Pr—doy »0<>4(B2—oy) > 0Py >0
‘Opolws g P* —4day < 04 (p2—ay) < 0<=pt—ay < 0
Iapadeiypate: 1) Na tmiAvboly ol EliodaEls.
o) Sxt— 16 =0, ﬂ)4x2+3x:0, Y) 6x2—5=0, 8) 5x2+3=0
*Enidvorg o) “Exouev 9x* — 16=0<=3x+4) Cx—4 = 0 iooBuvapos TPOS
1 [eUyos [ 3x+4=0 X =— &
{ 3x—4=0, ¢t ol: l

Xo=

) “Exouey, 4x* + 3x =0<>x(4x+3)=0 loobuvapos mpds TO [eUyos
i x=0 T =L
TG Ehiowoewy AR ¢t ol : = 72_

0o : E:{xfxeR/\4x2+3x=0}={0,—-——3—}

y) “Exouev 6x*—5=0 <> (/60 = (v/ 52 =0<(x A/ 6+ V')
(xy/6— 4/5) = 0 ioodlvauos Trpos T& [eUyos TV Hiohoey X4/6+4/ 5 =0,
x4/ 6— \/5_ = 0, & ol AauPdvopev Tés AUGES X, = — \\//-% = —\—/Z—O . Xa—
VI_y%

Va3 3
s DR Ao —5=0) ={_ﬁ§%ﬁ}
8) “Exomev 5x* + 3 = 0<>(x VB -(/3)r=0<
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<> (x /5 +4/=3) - (x v/5 = 4/=3) = 0 {ooduvauos Tpds 1o Lelyos Tw éElG
X\/5+\/m-3-—0 x\/5 \/—3—0 Bt ol x,=—iv3 /5, X iv3/v5
"Qore: T={x[/xel ASx243=0}={- t\/'“j_f\-fé', La/F /Al 5}
2) N& em?\ueouv ai éhiowoels
o) x*+2x—-3=0, B)x-—6x+13—0 y) 3x*—-5x+4+1=0
‘Enilvoig. ) ‘Emeadn evan a=1, p=2, y=-3
Gpot A=22—4.1.(=3)=4412=16. Aix ToU TUmou (1) Eyouev :

WE2 M e L Aol o 244 |
K= =r— ==, et o0 : x;ﬁj——], x2_—2_:—3

Otrw : S={x/xeRAX2+2x—=3=0}={1,—3)
P) 'Emeidn elvor a=1, p=—6, y=13
Gpa A=(—6)?—4-1-13=36—52=—16. Aix ToU TUmou (1) Exopev :
= e
2.1 2
OUtw : Z={x/xeCAX*—6x+13=0}={3+2i,3-2i}
Y) ‘Emadh a=3, p=-5, y=1
Gpa A=(-5)2—-4-3-1=25-12=13. A ToU TUmou (1) “Exopev :

b EE—

s BE ol =342 xy=3-u2]

54 V13 5+ VI3 - 54+ V13 kR
K= e =—‘L6» b ECOUE T % = +6 Mg = 3
OUre 2:{x|xeR-/\3x"—5x+1:0}:{5+?,)/13, 5";/‘3}

3) 'Edv o, Pe R, va &mAubi 1) tiowors :
X+ 2Px — (a® + 20P) =0
"Enidvowg : *Emaidn & ouvteAeoTns ToU X elvan moAAamAdoiov ToU 2, é-

papuolovTes TOV TUTOV X = Sat \Qﬂl_ﬂ

, Acupdvopev :

v D \/ﬂil_l_u'z—{-ZaB =—Ei\<(a+ﬂz—_ﬂ~__‘:#+ﬁl A AR

e ol: xy=—Pt+tatP=0a X=—P—a—Pp=—(x+2p)
Obrtw: Z={x| xe RAX*+2Bx—(c*+2P)=0AaPeR} ={q
—(x+2B) }

4) N& EmAvbf 1) éElcrc.oo"l; ey + — 15

l T X X+ 9

‘Eridvaig. 7& kAdopaTa Exouv fwolay, dtow X # 4, X # 1, x# —9. 'Ex-
TeAoUpey TAs oTuelovpévas Tpdters kol SiordooovTes, AapPdvopey 2x* —41x +
41 + 27 17

+ 119 = 0. Aix ToU TUTOU AcpPdvouey Tds Alcels X, = — =17, =
24 ;27 = %*, ol omoicu émwaAnfelour Thy Elowaw.

5) N& EmAvei 7 EElowois Hiiéi_z =
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‘Erilvoic.

To kAdopax 81k x = 2 elvon &bproTov, 61671 ol Spor alTolt undevifovral.
*Htoi, 6 mapovopaoTns X — 2 elven & mapdywy &mpoodiopioTics ToU kKAdouo-
T0S. “YTrobéTovTes X # 2 AapPdwopey peTd TH ékTEAsoy TS Siaipéosws (2x* — 5X +

+2):(x=2)=@x—1) "Anx 2x . =0, & fs x =+, A7 ehoa A-
015 Tijs Sobeions étiowoews.

88. EIAOL TON PIZQN THE EZIE. ax? + fx + v = ¢, o, B, yeR.

To elbos Tév pifdv Tiis éhiowo. [(x) =oax® + Px+ y =0 &oaprdTon
&md Thy diakpivovoov A = P? — 4ay eR

OUrtw Bioxpivopey Tas EEfis mepimTaoEls :

1) ’Eqw A >0, Tote \/5 eR kal ouvetréds X = :E_z__\/f eR
"Htor ai pifot Xy, X, elvar mpaypatikei kei dvicor.

*Edw 8¢ elven A = k? kad a, B, v, keQ ToTE af pilan X,,X, ékppalovral pn-

"Hrot x), X,€Q. "ANws ai pilar elva crpgq-rcu (&otppetpor) ouluyeis. An-
7\0:811 érav 1) Elowois f(x) =0 Exer ds pilav TOv dolpueTpoy X, = A + v/B,
B # u? 8& &xn kai v pilav x2 = A — /B (mopobd. 2}')

2) ’Eqv A = 0, Té1e 4/A =0 kol ouvemdds x = 5o €R.
"Hror ai piler X, = xzz—g—u elval mpoypatkai koi ioat

3) ’Eaw A < 0, Té1e /A €l kal ouveméss x = :-ﬁ—zc:l/_—ﬂ e(C —R).

“Hrol %5 = + l\/_ s — ;—f —i ‘-/-2:3- kabapoi pryodikai ocvlvyeic.

Tév 'n'pO'rac'va TOUTWY ioxuow kai oi dvTtioTpogol.
Ot pabnTal SUvovtor eUkdAws v k&pouy THY GTTOBEIEIY.
KartwTépw Bibopev owotrTikés Ta dvwTépw ocuumepdopaTa el SUo mivaxas.
Mivag |
ElSos tév pilév Tiis eho. ax? +Px +y =0, a # 0,B, yeR

A=p*—4ay >0 Avo pilon mpaypatikal xal &vigor @ X, < X,
A=p:—day =0 Ao pilar mpaypaTikal kal foar : X, = X, = — E_u
A=Ppt—4ay< 0 Avo pilen xabopai wiyabikai ouluyeis.
Mivag 1

ElSos Tév piiev Tiis ko, ax* +Px+y =0, a #0,p,yeQ

A=k Avo pilor mpaypaTikal dvicol kal oUupperpor.
A>0 | keQ

A # k? Avo pilen TwpaypaTiKal Gvicor kal doUpperpol.
A=0 Avo pilen Tpaypatikai igal kai oUppeTpor.
A< O Avo pilen kabBoapal pryadikai guluyels.
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Inpavuki ropatiipyos. "E&v of cuwvredeorad o xai v elvon éTepdonuot
ToTe 1) 0. ax® + Bx 4y = 0 &xa Svo pilas TpayuaTikds dvigous.
Aidm1 Tée 1 ay < 0 <> —dary > Ow=piaday >0H A>0.
89, EYTKPIZIE TON MPATMATIKON PIZON THE ax* +Px +7 =0
; ! — B+ 4/A —B—+/0a
Exouev A >0 xai x, = LzuL' xgxizqi—
Exnucrr{gousv THY Sragopdw X, — X, :
e BB e Poy/B R
L 2 2a 2« T«

TS onpetov Tfis Siagopds X,—X, etapTaTon &md TO mpdonpov Tl «, Si16Ti
A>0<«vA>o0.
Olreo @ "Edwet > 0, Témex; — X, > Oexy 5%,
Bow o < 0, TéTE X;—X, < 0<%, < Xy
Inpavriki} onpeioog. Sxdmpov elvor v Exwuev els dupoTépas TS TepI-
TTaces fiaiov Sidtatw Téw TPAYHATIKGY PIf@Y Xy, X,. A& ToUTo oupuvoU-
Hev s T& Emdpeva v& YpriotpoTroIGUEY THY BidTokwv X, < Xy, OTMOTE &v >0 TéTE

- T -P—VA : —p—+/a :
X1=‘-—E;l/—- Koti X, = i , Gv 8¢ o < 0 TéTE x,:._p va Kot
a 2a 2a
3= =PV

2a

9. EIAOL TQN PIZON TOY TPIQNYMOY f(x) =ax? + fx + 7y, a # 0

Kootvrar pilet Tol Tpreovipou f(x) af Tipai ToU x of étrotan 6 pndevilouv.
Zuverids o pifan ToU Tpreovipou f(x) elvon ai alrrad pe Tég pilas s EEiodoecos
X+ Px +y =0 kal koot ouvéteiay T oupTepdouaTy, T& ouveryBivTta i
Tiis &eTdoews Tol eious Téw pilddv ouTis, BivowTon v XpnoipotomBouv kel
frralfar (Trivakes | kod 11).

Hopadeiypata. 1) Na nposdiopiodij 16 ciboc tdv pldv téHv dxolodbov
todoeay : o) X2 —5x + 4 =0, B) x24+2x+1=0, y) 5x2+ 13x+9=0
Avorg o) "Exousv: A=(—5)2—4-1-4=25-16=9=32<0
"Hrol, /) Siaxpivovoa A Tiis Eiodoews elvan TéAeioy TETPAYWIOV POy POTIKOU
Gp1Buol kol &pa 1) Eiocwaois Exet SUo pilas TperyerTikds ouppéTpous kol dvicous.

B) Exopev A=22—4.1-1=4—-4=0

"Apa &g 8Uo pilas foas TpaypeTIKdS : X=X = — 5= = -1
Y) "Exousv A=132—4-5-9=169—-180 =~ 11<
"Apa Exer BUo pilas koBapds pryaBikds ouluyeis.
2) Na npocdioprodij 16 eldog t@v puidV 1@V Ercdecav.
o) X*—(a+P)x +ap =0, B) x*—20x + o + P2, o,PeR
Aberg: «) Elven : A'= (a4 B! —4ep = (a—P) >0
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"Apa Exel Suo pilas TparypaTiKds OURMETpOUS o5 Trpds a, B dvicous f Toos, £’
Soov 6& Exwuer o £ P A a=p dvTioTolyws.
B) Elven : A =4a?—4 (o 4 P2) = — 4P = — (2p)*<0
"Apa Exel SUo pilas koBapds wryadixds ouluyels, é&w B # 0.

3) Na npoadiopicfoiv ai tipai tod 1eR, 61d rag onoiag M E&icwog Exe pilag
a) ioug, B) npaypatikag dvicovg xai y) xabapag myadikag ouluyeic. f(x)=3x2+
+2x —(3A 4+ 1)=0

Aborg: a) "Eyopev A=224+4-3 A4+ 1)=0<=9%M+4=0¢ s ¢

A= —-%—. "QoTe S A = — %— i f(x) = 0 Exer piaw pilav BimAijv. Adrn elven

T e
P e s

B) “Exouer A=2'+4-3(A+1)>09 +4> 0e2A> —o |
“QoTe B1dA > — —;- A f(x) = 0 &xer Blo pilas mparyu. dvicous.
Y) “Exonev A =224 4. 3CA+ D) < 0<2A < ——;‘

“Qore B A< — —g— i f(x)=0 #xer dUo pilas kabapds pryadikds ouluyeis.
ZuvotrTikds Trivat

Tied To0 A | 4

| = oo = o + o
| |
Mpbdonuov Tis A | o= 0 oo
|
Efbos pifcov Tiis ‘ Avo rabapal 1 Avo mpaypaTikal
f(x)=0 myabikal ouluyets R &vigot
- —_— — —_— !
AZKHZIEIZ
‘Opdg o

.278) N& tmAuBoly al dxdhoubor thiodoeis :

Diox2 o 5x =10, —55x* + 75x =0
2) i 2xt— 18'=10, xt+1=0, 121x* - 196 = 0
3) x*—2x—80 =0, x*—9 4 14 =0, x* + 25x + 156 = 0

4) 4Xx*4-Tx—-2=0, 2xt—2x—2 =0, 5 —Tx+1=0
5) 2x*+ 2x + 5 =0, 9x2—6x +4=0,

6) 5x* +V3x—1=0, A-VDx =21 + V) x+3V7+1=0
7) (x+1)® — (x—-1) (x+2) = —2x (x-3), x+2)(x — ':12—) -(3x-1) (x + %):I-Zx
x+1_3-x_ 5 2oy 2wl g3

8) J= e P ) o T
1 1 1 1
9 x—B+x—6+x+6+x+8=o
146
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sl x$2 oxa4b3
x—1 +i{—2+x——3=3'
‘Opds P
279) N& trmauBoy ol dxéhoubol Lo HOES &
1) (dx— 1 +3@x—1)=0
%) (4x + 1+ 3 (162 = 1) =0,
3 Gx+2) Gx—1+Cx+DA=30= (1 = 5%) 2 + 15%)
280) Na emugolv ol &rdhoubor ELiohoEs
1) 15x2 + 26ux + Tur=0

10)

2) x* — (at — Px — atpr =0, xt—2(ct+PHx+ (o — B2 = 0
3)4x’-»4dx+(cz’—-ﬁ’)=0, lcx*—{—(?u—}-u)x#x-!ri\-}—u:o

x+e kP XHY gkip Ghy g AHEEY

Bhe L ARE LRy B TRby AR
‘Opds vy :
281) N& poobiopiadi 16 elbog TéV piidv TV ghigaecy YXwpls v& eupebolv alTal ©
1) x'—11x +28=0, xt —24x + 143 =0, xt—16x +64=0
2)x’—17x-l—ll=0, W+ Tx+5=0, gxt—4x+5=0

282) 'E&v «, PEQ TpocBioploaTe 10 elbog Téw pildv Tév thiodoewy :
1) 3ax? +(33-‘[-3)x-—15=0
2) x*—2ax + o —B =0, datx? + dax +pr+1=0

283) A& Tolas TIAGS 1ol A # dowois x*—2 A+2)x+20—17= 0 Exa wlaw
pilav &imAfv ; ‘Edw %, =1L, ve Umohoyro8fi N Xa

284) A& molag TGS <00 v 7 ttowors (v PN — (@ FDxFV 4+2=0 Ea
o) pilas Toas, P) TTpay HOUTIKGS avicous, ) kaBapas ury aBiKas ouluyeis.

285) ’Edv 1y tlowors xtt+ox+pP=0 By @5 piL&u Tov &pibudy 2 + 3i, v& mpoodio-
pofolv T& « xal P.

286) ‘E&v f ttlo. ox’ + 2x+v= 0 #yn pilos X, # X € R, v& &mwoBex8i 16 alTd
b loyue kol S Thy dlo. X'+ 2(a+p+y) x+2B@+V+ 3ay = 0.

287) N& &mobex®i &m b elBog T@v pridv TEW thodoewy f (x) = ox® +2PX +Y = 0
kol fy(x) = ax? + 2Pxx + xty =0 el TO @UTO & &ugoTépas.

288) 'Edv ol pilen Tiis tho. x*+2Px+ Y= 0 elver kaBapad pryabiked ouluyess, v&
&moberydij 6T kal al pilan s x*+2x+ Y+ B x+D+1=0 elvon trions ka@apold prye-
Bikal ouluyels.

289) Edw o, B, YEQ va &moberydij om al pilen s thodoews (a4 2P —Y) X' —
— 2ax ta+y—2p=0 elvat pTal EKQPATES Tév & P Y-

290) N& mpocBiopiodi] <& lbog TéY pidy TS TapooTATEWS

oy p ; STA L x
(ex + B)? 4 (ax + Ba)Y by, O, P PeER I o =+ —pl' Ti oupPaiver av —é =i
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91. EYMMETPIKAI MAPAXTAXEIE TON PIZON THE f(x) = ax* 4 px +y =190
LYNAPTHIEI TON @, B, yeR

"‘Opropdc. Mia TapdoTacts g(x,, X.), TepiEyouaa Tas pifas X;, X» THs ki
gdoecs Tou B Pafuol ax? + Bx + y = 0, koAeiTon ouppETpIKR G5 TPds TS pi-
[as Xy, Yo £0v 88 peTaPdAheton 17 fvadAayfis TGV X;, Xs. "HTOL : P(Xy,Xs) =
= (X, X1)-

OUTws ai TopaoTATELS :

Xy +Xa, %p Xa Xa® o Xa¥ x—i, “1‘:— v (2% + 3) (2% + 3) + X%y
elval oupueTpikad TapaoTaoes TGV PIldY Xy, X,

Al ouppeTpikal TapaoTAaEs TAY PILAY Xy, X, TAS ax?+ BPx +y =0 du-
vavtal, ¢s 0& 1Scopey, var ikppaoBolv ouvapTioa Tav a, B, YER, Xwpis va Aubi
1 éiowois.

“Alpotopa, yivopsvoy kai anoivtov dagopic t@v pldv X, X, Tijg f(x) =
ax® +px +y =0, a,f, =R, i
"Ex Tév #xppdatwy Té piidv Tiis £ (x) = 0.

I

R, N o i 0
X = — 20(\4 . Xe= B .?c.\ e
AcuPSVopEy : X, + Xo = P éa\:/_\. o #— e _E_
(=Bt AN —B-_AY _CBF-(VER ¥
LA B “‘( 7a ) ( Ta _) T e e Yo
T e iy P—+vE& 2y /A&
; 2 2a 2a T 2a a

QU Eyxopev :

OepeidBels oxfoels ouvTEAEOTGY Kal PIGEY

Xy, Xa TS ax® +Px +y =0

S = Xi +x2:—%1 Pl:x,x!-—“l

Vi

[«]

IR

A
Xy Ko st [ X —%| =

MNopetipnots. To &poioua S, kai 16 ywduevoy Py tédv pilév Xy, X, Tis f(x) =
=0 elvon mavToTE &P1BUOS TrPOry HOTIKOS.
"Avnistpopoc. "Edv X,, X, elvan §Uo &piBpol TANpouvTES TaS OXECEIS X, + Xp =
=— —% Kal X; ' Xe = %, oUTol 84 elvan pifan Tfis Eiowoews ax® + Px +y =0.
Mpéypatt & Tiis ox® + px + y =0. <>x*+ % X+ % =0 xkai TGOV
p

X fXee= = KoKy — —E— AapPavopey :
X2 — (X, + X% + X%, = 0= (x — %)) (x — %) =0,
Amis elvar looblvauos mpds TO [eUyos x — X, =0, x—x, =0, &t ol X=Xy,

X%,

148 Wnepiomoir|Onke amé 1o lvotirouto Eknmaideutikng MoAmikrig



‘Ex 1oy duewTipw ouvdyeTal fi TPOTACIS
O apdpoi X, Xy, iva givar pitmr tig £5t0. ax® + px + 1 = 0, mpine Kol

p ¥

pKel v ThMpouv tag OYECES Xy T X = T o Kai Xy Xo=
"Epappoyoei
1. "Ex tob ywvopévov kai tod a0poiopatog 600 appdv, va oynpancdi 5
swotg i pabdpod, Exovee pilag tovg apdpovg avTovS.
Edw ax2 +Px+ v = 0 elvan 1 [nTOURéVN ool Kol Xp, Xa Of pilon ov-

Tfis, ToTE x1+x1:-%mi xl-x!:%x
B
Erraidn Opes ¢ Xy + Xe = S Sodets &p1Buds | . TS S
X Xy =F ¥ » ¥ _-p
(o4

“Apal ExouEY : o s 7
ax?4px +y =0 <> xﬂ+£x+—’;—:0 Al x-Sx+P=

o
"Qate, Od TOV oyMpatiopoy pas tEwohocog B pudpod Ex Tob afpoicnatog
S wai tob yvopévoy P tdv pidv avtiic, dtov vit Eyopey b byty Tov TOTOV Xt —
—Sx+P=0
EnpavTik nupaTipNoLS. A& Ty elpecw TGV &p1Buddy Xy, Xo TEY OTOLV
BiSovran To &BpoioHc Kal TO ywouevov, GpKel v& Aowpey Thy Etiowaw x* — SX +
R P-=10,
Iopadaypa. N& eypedolv Buo &piBuol ExovTes Gfpolopa 9 kai ywopevoy 14,
Abore "Edv x,, X, elvaa ol [nroUpevol &piBuot, e elvon Xy HXe =9, XaXe =14
7 8¢ ttlowais T) Exovox aurous ¢ pilas elvan X* — Ox + 14 = 0. ’Ex Tfis EmIAU-

9 & A/FT=56 =
ofws auTiis Aappdvouey X = f—l-Z#—f AX=T X= 2

2. Na oynpatncdi] t5io001s p° podpod, drav didmvrar ai pitor adtils.
Aborg: Edw Xy =0, X2 = Pelvon i Bobeloan pilon THs {nToumévns £ti-
owoEws, TOTE EXOMEV B1aBoy 1K
X+ X, =+ P } { gl | oméTe # TOU TUTIOV 22— Sx+P=0
X1 X = OZB Gﬁ =P
Aaupdvopey xt — (a+ B)x + o = 0
Mapaderype : N& axnuoTiod tiowars B’ Poabuou, Exousd pilas TOUS

GpiBuous —%— , 4.
1 9 1
Abeg: "Exowev X+ Xe =5 +4 =5, XXe=7g" 4,=2
“Apa 1) Etiowois elvan
xz_.,z_ x+2—_—0<¢2x2—9x+4=0

92. YMOAOrIEMOL TOY AG@POIEMATOL TON OMOIQN AYNAMEQN TN PIZON
%10 X, g ax® + px+ 7 = 0 @ b, veR.
WnepromoirBnke amd 1o lvatirouto Exmraibeutikng MoArmikng 149



1. ‘Ymoloyiopog b S, = x% + x% kai S; = x5 +x3,

? " 2 )
“Exousv S, = x;* + %o® = (X1 Xo)® — 2X,X, = (ﬁ %) & 2% =& ot i
3
*Ouolos S = x,M4x,% = (X;4+X2)3— 3%, Xo (X1 F X,) = (_ %) ~ Ry % ; (___%_) =
_ =P + 3aPy
S
Obrew : %2+ x,2= ﬂ_’—az-?ﬂy ) X X3 = - '*;33057{—‘

2. "'Yroloyniopog 100 S, =x,"+ x,%, veN.
Emeadn xy, X, elvan pifon s ax? + Px +y =0,
Gpa: ox: + Px, +y =0
ox® + Px, +y =0
OmoTE 1 axy¥ + Py o+ yx i =
axa” - Pxy" Tt 4 yx,' =0
AapPdvopey :
o (XY + %) + P (T X" ) + y (%2 X =0
i a5, +PBS+yS,=0

So=-L8, ,-X8,=58.,—PS.,

MoAamAaoiédopey & péhn Tfis mpatng i

X" ked T& pEAN THs SeuTépas émi Xa¥72,

, TpootéTovTes B8 kot péAn

OUrw :

Aié Tol TUTTOU TOUTOU BUvdpedar var elipeoper TO Sy = X, + X, dTaw yve-
pifowpey T& dpoiopara Su_; = X;"1 4 X", Sy_p = X,"2 + x,'2
Hapadevypa : Nox eVpedi) 10 &Bporopar 6w TeTdpTeow Suvdpewy T pildwv
Tils éhiowosws x2—3x +2 =0.
"Exomev : S, =S5,8,—P,S,. ’Emady S,=3, P, =2, Exopey

S,=" 2129 g5 ot 5, =R LD 2oy g5

“Apx §,=3-9-2-5=27_10=17

Iapatipnorg: ‘O Umoloyiopds ToU dfpoioparos KLV—{— 1 veN,
1

%l ’

QudryeTal el TNV TTpOTYOUNENY TrERITITCOY.
X Yb X, 2 i
XTSI P

3. "Yrnohoyiopdg oiaedimote pnriic ovppetpukiic TOPUoTATERG O(X;, Xo) T@MV
PLaY X, X, Tiig ax® + fx 4y =0 -

Eis piov pniiv ouppetpikiy TapdoTacw Tév pilév P(Xy, X,) elvon TwévToTe
Suvartn ) Exgpaots auTiis ouvapThoe Tou d@poiopaTos X, + X, Kai ToU Youé-
VOU X;X; KOl OUVETIGSS TUVGPTTOEL TEW CUVTEAETTRV o, B, YeR, 816 & TuyGv

e
Ofrw : }T‘,-{—;},_
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pos crrriis 1) O elven THs wopgiis AX, X, BXiXoE,. . -y ZX "% &1réTe B Exppdle-
it S1 TOU Xy Xe, 1) 0 elvan Tiis pop@fis TR X,Y, OTOTE pé TOV dvtioTorydv TOU
%, x,* 0% BiBowy Sibvupov THs Hop@fis Tix™Xe" + Tx ks =Tx* %t (% +
f xp==h Yo TPMSin k2N
*Edw, TéNos, Utrdpyn 6pos TS BOp@iis x,¥, 8& Umdpyn xal 6 dutioToryos
rou Ix,¥, éméTe wAw & Excouey x4+ My =T (%' + %" = S
“Qoe, niico. pTi) NOPAOTACLS GUppETPUKT} TV PLLAV Xqy Xo THIS ox?4+px +y=
= 0 ikppaleton prds cvvaptioet OV d, B, YER.
TMapadeiypa : N& gmohoyto®fi f Twn THS TOPACTAOEWS.
?(p, p,) =po® + P’ + (P — po)? + 3p%P; + 3py po?y BV Py Py €V piea Tiis
éElO’chE(_og xXt+ax+p= 0, xcop‘u; va Aubf auTn.
Abeg: ‘H o(p,p) elvon oUpPETPIKY & Trpds Tas pilas Py Po-
”EXOUEV : @(P,’ Pn) =p?+p’t P+ Pt — 2p,p2 + 3p1P2 (pr+p2) =
— 2 (ps2 +pu) — 201Ps -+ 3pup (Pr + P2) =
— 2 (py + po)* — 6p1P: + 3pipe (Prtpo) =
—2(—a)—6Pp+3p(—)= 20 — 3ap — 6P

AZKHZEIEZ

‘Opag @ :
291) N& Umohoyiodfi 16 S kal P T&V pi
Auboly alrtan : 0 .
Hxt—12x—-7=0 , x’+X\/3+1/5:G
2) —x*+3x—-1=0, x’\/_f+x\/3-—4\/§'=0
3 (a P =pyx+at+ pP=0 1, oy y (o2p — opt)x — oty =0
292) *Ex Tou &bpoloparos S kol ToU ywopévou P 8o &piudy v eUpeBolv oUTor El§

Tas &xohoudous TEPITTTWOELS |

Low exdoTtns Té kaTwh thiodoewy Ywpls V&

ys=15 2)§=-19 3) § =2
P=l4; P= 84 P=2a*—p2
293) N& oynuariodij ttiowars B’ PaBuol, Exouoa pilas :
1 %, ol
1) 7 xal —5, 2) =10 kel — 5 3) 5 4 4/3 xad5—14/3
at+p  «+P
44 wal ~2-3k B) atPuda=p 6 “grsd 7F

294) N& Umohoyiodi # uix pila Tig EliowoEws ax?+ pPx +y=0, draw yvepilwpey

Ty &MAny pifav auTiis.
295) Né& Umohoy1od fi Ty ToU A,
&prBudy %
296) 'Edv X,, X, elvan al pifat Tig xt—(m+ D x+m= 0, v& evpediy
1) &1 molav mpfy Tou m Exe pilas &vtibéTous,
2) &1& molav TRV ToU m TAnpoUTal f oxtois 8% 2% =1
3) Bi1& olay Tiphy Tou m Exel pilos GvmioTpdPOUS.
207) Né ebpedfj # Ixovhy xal dverykala cuvBiikn peTaky TéY o,
va ol pifar o¥UTHS Xg, X TANPOUY THY oytow KK, + Mg = R

Tve TO Tpihvupoy X* — SAX + A Eyn pilov ToV

B, y Tiis ex® + Px + y=0,
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‘Opag B :
298) 'Eav x,, X, tlvan al pilen Tiis thiowoews 3x* — Zx + 6 =0, v& UmoAoyioBolv o
Tipal TGOV THPACTATEWY !
1) L»{. i,ui._i_L, -3 -3
A Xa X2 X2 X7+ X
2 2
2% (xy —%% PR +Xe 5_3 v (3%, —2)(3x,—2) % = :’lé
299) N& oxnuatiofij ticwols B’ Pabuol Exovsa pilas 1) T& dvrioTpopa Tédv piléw
2) 7& &dvrioTpopa TGV TeTparydvey TGV pldv ked 3) Tous kyPous tév pifédv Ths fod-
gews X* —ax 4 B =0 1 :
300) 'Eav py, po eivar al pilan 75 éticcwoews x* —3x + k = 0, v& Umoroy1o8iy i Tun
TOU Kk, o i Sppy — 4p%p, = 2k + 3 + 4p,p.t — Spipe®
301) Awx moias Tipds ToU Ae R 16 GBpoloua TGV TeTpaydvwy T pildv s o
AX(x=1)=x(x—2) +3A =0 logoUren Tpods 4 ;
302) A molas Tipds Tév w kol v ol pilon py, pe THS B0l 2x% 4 px — 3v =0 TAnpon
Tas oxéoes 3p, + 3p, = 2pps kai | —pyps =5 (py + p— 2)
303) ’Eqv x,, x, elvon "ol pilen Tiis Eocdoews ax® + Px + y = 0 vabmoroytofolv o

TAPAOTATELS :
(ax, + B)=t + (axs + P2, (oxy + B) + (axz + P)°
304) N& Aubfj 16 oUoTnua : —3pipex + 5 (pr +p) w=4(p; + p)
étou py, py piton 1ils X2—3x+1=0 1 (p+p)x+ppy=Tpps
305) N& karaoxevacdi) tticwais B’ Pabuol, Tiis omoias al pilen x;, X, TAnpouv Td:
OXEOEIS Xy Xo — 3 (X; + Xu) = — 5 kel X Xa — (X + X2 ) = — | kad drohoubess v Tpoodiopr
obij O u, va f| kaTaokevacbeioa Eticwols £xn pilas Toas.

93. MPOZHMON TON PIZON TOY @(x)= ox* ++ px + v, o, B, yER, a# 0.
EfSouev &1 1o elBos Tédv pilddv ToU Tpicovipou ¢ (X) élaptdron &me T
Srakpivouoar A = P? — 4oy kai 611 altar SUvovrton vé elvan TpoyparTikal Gt
ool (A>>0), mpaypaTikal ioan (A = 0) kol xafapai pryadikai ouluyeis (A<0).
"HEn 6& étetdowupey TO mwpdonuov T&Y pil@v els THY TEpiTTwow, kad’ iy
Exouev pilas mpoypaTikdgs, 816T1 Tous pryadikous pifpols Sev Siexpivapey €l
BeTikOUS Ko &punTIKOUS.
\ . - - o . = S ; L
To mpdonpov Tév piiéy Tou @(x) éapTdTal &mo TO ywopevoy P =Ko

TO &bpolopa S = — —54 auTéw.

Awkpivopev tag £Efjg mepmtioeg :
. A>Q. Al pilon efvan mperypaTikai &vigot.

) Pi— % > 0. Al pilon elvon opdonpor, OoTe Edv £YwHEY

1) §=— —E—) 0 &ugdTepan elven Betikal: (X, X eR*),
2) S= — % < 0 GugdTepon elven dpvnTikal (X, X,€R7)
‘H mrepimrrowogis § = — % =0=pPp=0pe —£—>0 kai A >0 elven &Buvaros.

PSP == % < 0. Al pifen elven Etepdanuol, OTOTE EQ ExwHEY
1) S = — £ > 0 smohvrws ueyautipa elvan f) Geich (x,€R*, X,€R~
Al % <O <yl | X | <[ xe | Dy
152
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2) 8= = TE_ & 0 &mwoITWS HEYAAUTEP glven 1) dpvnTikn
(x;eR*, XeR™ 1) X, L0 ¥ xal % | < %2 1)

3) $= — £ =0 ai pilon ehvan dvrideror (10 <3 k[ xi] = %)
y) P= % —0. ‘H wioe pila eiven O xad i &NAN Bia@opos ToU pnBevds
(&mordefeTon Xy = X, =0, 56T A > 0), omoTe v Exwpey
o p < - \
N S=-— E—)O Axe=0xkai f) X, >0 (xlz_‘%),
a3 grpedd b g | LS
2)$=- £ <0 Ax=0xafx 0 (o=-%)
Il A=0. Al pilen elven Tpaypamiked ioon (x1 =Xy =— 5’) kol ouveTrdds

P= Y >0, émdte éqw ExooMey

o) P= _Z— >0kl S==— —E— >0 dupoTepat elvan Bemikad (X, = X:ER*),
By P= % >0 kai §=— —E—-(O SppdTepan elven dpynTikad (x,=xseR7)
y) P=L =0 dugorepa elvor 0 (%, =x,=0).

. A < 0. Al pilou eiven kaBapoi uryaBial ouluyets (| x| = X |)-
T dueotépw ouvoyilovTal els TOv dxdAouBov Trivaxa :

B |

Tipbonuov  piGav Tou @ (x)= ax® -+ Px + ;,7;7_ g_?._y EVR: q:t_(]

I—A——"P_"WE(} Eibos piléwv kai Tpéonpov aUTwV
+ | xeR% xeRY <= 0 e K=l Xy
i) A xR, x.€R™ <> x < x, <0

' LA
[P e R KER- <% < 0< X kal [ X | < | X
==

A u — | e R x€ER- = X <0< x4 kal | % | < |x:e]
"0 | meRHmER Am=-x=Inl=x]
e A=t e
0 i Bl
| = % =0, x.€R” (Ke——-&-)
i' 0'7_ rTrspi"n"rwcrls &Buvartos, S16m A # 0 =
| B
-+ X=X =—5g € R*
+ —
0 | T
| Xl-:xz":"‘-z—(;ER
1 0 i 0 |‘ xI:xzzf}
— l . | X, € (C—R), X &€ (C—R) ot X=X = |%|l=|%]|
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Hapadeiypate : o) N& ebpedi] 10 wpdonuov Tév pil@v Tdv Eliodoecv.
1) x*—2x—-5=0, 2) x2+5x+4=0, 3) 3x2—x41=0
Avoeig: 1) "Exopev A= (—2)2—4-(—=5)=24>0, P= -—;f— <0 «xai
i - :
S=——5=2>0. "Apx x,eR*, x,eR~ xai | x, | <| X |

2) "Exouev A=52—4-4=9>0, P=4>0 xod S=-5<0. *Apa x,eR-
X € R~ <= x,<x,<0.

3) "ExomevA=(-1)2—-4:3-1=—11<0

“Apat %€ (C—R)x, € (C—R) xai x, =X, = | x,| = x,|.

B) A& oles Tipds ToU A o pilen Xy, X, THs 810, X2 —8x +A =0 ela
Erepdonpor pé &moAUTws peyeduTépay THY BeTikny ;

’

Avaig. Tlpérer va AnpoUvTar of owbfikat P < 0 kai S > 0 (Ady Actppdvo
pev A > 0, 816m Stov P< 0 = A >0)

Apa P=A <0 kad S=—(~8)=8 >0 “Qoe :

Lix A < 0 Exopev xR+, xeR- kad | x, |<| %, |

y) N& Sepeunnbi] 7 Etiowois 3x* —6x + 5 (2u— 1) = 0, peR

Adaig, "Eterdlouer 1&s moodtnTas A, P, S :
A=36-60(2u~1)=12 (3~ 10u + 5) = 24 (4 — 5p)

To onueiov T1is A elvan : u ] — 0 4/5 + o
S e RS
I
P=28D _ 21 ul-» 12 4o
| - -~ o |
To6 onueiov ToU P efvan : P 4 i
S=-~ ::f— =2 > 0 "AxodoUbws cuvtdooopey TOV Trivaka :
oy ESR i T Elfos pifév Tiis 3x2 —6x + 5 @u—1) =0
sl T o R X.€ER*, X:,€R~ xal | %, | < | Xy |
_;_ O — e e R X =0 2
/i 2 AR ey x,eR+, x,eR+
BoE —0”‘ X1 =1%Xs= +1
4.0 ; T ot o+ x€(C— R), x6(C— R) xal X, =X, = | %, | =X
AZKHXIEIZ
306) Na& eupebij T0 mpoonuov TV pilédv TV K&TwO Eiohoewv @
1) x*—6x+9=0, x*+14x—1=0
2) 4x*—4x +1=0, —3x!—9% +2=0
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307) N& evpefouv ai Tipal ToU A€ R 81& 1&s moias of pilon Tfis tho. 3x* —2x +
+ 3 (A —7) =0 elvan : 1) dppdTtepan Betikad, 2) ETepdonuor pé doAUTws peyahuTépow TH Be-
Ty, 3) plav SimAfjv Betikfv, 4) xobopai piyadikal katd pérpov foan

308) No& Biepeuvnfij S1& wpoypaTikds Tipds ToU A EkdoTn TY droAovBuwy Ehichoewy
kal v& yln Twakoypdenols TéV oupTepacudTwy Tiis Blepeuviioews.

1) x*—4x—3(2—-50) =0, 2) —2x*4+5x—7(1 -7 =0

309) N& elpete 16 elbos kal 1O wpbonuov T&v pildv Tiis thiodoews 2x (x — @) = a?,
Stav « TpayuaTikds xal a # 0

94. METAZXHMATIEMOE TOY f (%) = ax® 4 Px + v, a,B, yeR xai @ == 0 EIZ
TINOMENON TPQTOBAGMION QF MPOE x ITAPATONTIQN,

Edv x;, X, elvar af pilon ToU Tpieovipou f(x) = ax? 4 Px + y, TéTE EYO-

Hev : x,+x2=——2— kad xl-xzz%.

"EE &AAou TO Tplrdvupov YpAgETal :
ax®+Px+vy = G(X’-*'% X +—ZT) = a[x? — (%, + Xg) X+ XX, =
= ct[x"—xlx—xg)(%*hxz} - u[x(x—wx‘)—xz(x—-xl)]s
=a(x—%)E—X)
"QoTe, A va petacynpaticopey ™ tpudvopov f(x) = ax® + Px + v eig
Ywépevov o | faBpiov mapeybvrav dg npdg X, ebpickopev 105 pileg adrol kai ka-
Wmv oynpatibopev to yvdpevov @ (X — x;) (x — x,).

fx)

Hapaderypa: N& Tpamolv els ywopevor Topaydvtay T& TpIGVILG
Dx2—7x+10, 2) 3x24+x—2, 3) x2—4x+5

Abeeig: 1) Al pilon ToU Tprwowipou elven x; = 5, X, = 2

"Apa Eyopev 1 X2—Tx+10=(x-5)(x—-2)

2) Al pileca ToU Tpreovipou elval x, = %—, Xy = —1

*Apa Exopev @ 3x*+x —2 :3(X——§~) x+D=0Cx-2) x+ 1)

3) Al pilon ToU Tpicowipou elven X, =2 41, x,=2—1i. *Apa Exoupev :
Xy 4 5=(x—Q+D)Ex-C=1)=x-2-1)x—-2+1)

*Hror f) dwdhuais Tou Tpieovipou x* —4x + 5 ut pilas kabapds wryadikds
Btv elvon Suvarrd) uév (PA. 51 mepimr. dvodvoews) els TO alvohov TV TpOyparTi=
kédv, elvan Spws Suvarth) els TO gUvohov T@Y pyabikddv.

95. EYPEZIEL THE B'/OMIOY EEIZQIEQY EK TON PIZON AYTHE.

*Edw BoBolv o pifat Xy, X, Tiis B[Ouiou thiodoecss, Buvduedo ypnoipomoioly-
Tes TOV peTooynuaTiopoy oX:+PX+y=a(X—X ) (X—X,) vd elpooper
Ty Elowow ToTny.

Hapaderypo : N& oxnuaTiobij élicwais P’ Podipol, Exouoa ds pilos Tous
Spiduots ) 3, —2, B) 24+4/3, YV -3+ 2
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Aborg: o) Eouv o (x —3) (X +2) =ax (x* —x—6) =0<=>x*—x—6=0
B) “Exouey a[x—(2+ v/ T{x-@—-/3) 1= a[x-2)t-3]=
=0«>x—-22—3=0<x*—4x+1=0
Yy) “Exouev cx[x-—(~3+21)][x—(w3—21‘)]=ct[(x+3)'—‘—(2i)"}=
=0 <(x+3)2+4=0=x>*+6x+13=0
Enueiooig. ‘O mTapdywv o Tou ywopévou Slvaten v mapoeimeTa f xad v elfven
olochijmoTe TpaypaTIKOS GpiBuds.

AZKHZIEIZ
310) N& Tpamouv elg ywopevov o [Poabuiwy TapoyovTwy ToU X T& &roAouba Tpravupa
B’ Padiuou :

1) x*+7x — 8, x! —1lx—26
2) 2x* 4+ 1lx + 5 X? 4+ Xy — T2¢%, vix® — 6vx — 91
3) x*—2ax + («* —B%) Xt — 2ux 4 2 —v, x? — 2ax — 3a® — 4B (P — 20).
311) N& oynuariodf ttiowois B Babpol, ixoucmc pilas :
3 1 [ 20
1 'T“‘fi_?’ 2)54+24/3, 3) s

4) o + 4/2B, 5) M- 3ui, 6) o +P* ked a—P
312) N& dmAotmomfolv T& KA&ouaTO :
X2 — 15x 3x’+19x—14
Dois-15" " o=x=-2
2 3x2 — Txy + 2¢* X! —x (2a+ 3B+ 1) + (2a + 3p)
6x* —Sxy + %' 2x*—x (da+ 6P + 1) + (Qu + 3B)

66. AAAAI EIAIKAI MOP®AI TOY f(x) = ax* + Px+yév R
Eqv X,, X, oi pilon ToU Tpiwvipou f(X) = ax® 4 Px + y, TOTE
S SN Y

-~ 2a

Za » Xz

Y=
To B Tpicovupoy YPAQETX !
f(x) =ax?+Px+y =ax—%) xX—X)
& g TR B\ (/A
(x-=252) =«[(x+3) - ()]
Atokpivopey TP TAS TEPITITWOE !
St " 2 A
1) Eaw A>0, 1ot f(X) =« [(x-’,——g;) (gﬂ)]
fitor TS Tplwuuuov f(x) ¥xeR' peraoynuarileTan €lg Bragopdy BUo TeTparyw
Veou TrparydaTikGy TapoaoTéoewy Eml TO & # 0.

2) ‘Eav A=0, tore f(x) =ax®+Px+vy= cr(x+ —%‘)2'

Aror 1o f(x) VxeR peraoynuorifeton els TéAeiov TETPXYWVOV TIPOy POTIK
TrapooTéoEws tmi To o # 0.

3) *E&v A0, oTe f(x) = ox® + Px +y =« [ (x+ % g (W—z;A)J B
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= o[(x+ & + ()]

20 /

Aror 16 f(x)¥xeR pereoyneaTilfeTar els &@poioua 500 TETPOY VWY TrPOY BOTI-
K&V TrapaoTdosew dwl o o # 0.

Enpciong. Al dvoripw popeal elver Alav xpricipor B1& T& EToueva KeQAAia,

AZKHZIEIZ

313) N& elpefiolv ai Tipal Tou A e R &1 Tas omolag Ta dkohouda Tprovupa elvar o)
Tihaix Tetpdywva, P) Toa Tpods THY Srapopdy BUO TETPY LYWV TROYUATIKGY TAPATTAGEWY,
Y) loa mpds 16 GBpoioua BUc TETPRYWYWY TPy HOTIKGY TAPATTAOEWY

D SEA-x24+x—1, 2) —Txt4+5x—3(2-3N

314) N& eupedij mola ik 7@V Grohoubwy Tprevuioy peTacynpaTilovtar els Bagopdy
kol Trota els &Bpoicua Svo TET Aoy OVEIV  TEPCY HaTIKEY TAPACTACEWY :

1) 4x* + 20ax 4 21a?, 2) aBx® — (ot + pOx + apf

3) a?x? —2a%x +at + 1 4) 9a'x® — Ba?p (3x — 2P) + 16p°

97. IPOZHMON THE APIGMHTIKHE TIMHE TOY ¢(X) = ax*+ px + 7, 0, i
veR, o # 0 ATA TAZ AIAGOPOYE NPATMATIKAZ TIMAE TOY x.

*Eotew 1) owvdptnois (X, ¢(x) = x* —5x + 6) eR% Al glval  TeAElLS
ptopévn elg TO gUVORoV TGV TpoypaTiKGY Spifuciv. "As elpwpey HERIKAS TIGS

ariic oy, ToUs : ¢ (—4), 0 (2), ¢ (=) 9 (3 ¢ (10). QUrw Eyouev :

P x=—dosoldy=4220 g X=a—n .p(_;_)z_%< 0
P: x=2—»0(Zy=0 ¢: x=3—9(3)=0

Mapornpolpsy &1t ol Tipel auTiis &AAoTe elvan Betiked, dAhoTe dpumTikad
Kol pdvov Bia X, = 2 kal Xy = 3 (i pifen s @(x) =x*—5x +6=0) elvan foon
mpos 0.

TloAAGkic els TG ETTOUEVT! wobnuara 6o UpeBdper el Ty dudrykny va yvwpi-
{coper TO TrpdoTIHOY TS dplﬂun'rmﬁ,g Tipfic ToU Tpwwwipou ¢(X) = ax® 4 PX + Y
(a # 0), Bi1d& TuyOUOQY TIHAY X = teR, dveu ebptoews Ths Tipfis ¢(E) eR.

Eidoper &TL TO TpLGWWLOY @ (x) = ax? + Bx + y wetaoxnuatileton el THY

; P y? A , . =
bopgiy @(x) = ax* +Px Y=o [(" ) o ?4?]‘ To mhéonpov Ths TU-
(£), Bi&x x = £ mpogavdds goptaTar ék Ths A kol TOU

th wun

Xovons Tiufis aUTou @
Gpibucl  a.
Ot Broxpiveuey TS TEPITITAOEIS :
1) Eqv & > 0, 161E Xy # Xy eR kal fotw X, < X,
Al pilat X, Xe Siopepilovv TO olvohov R eis Tpla BlaoThpoaTa GF @oive-
To gl THY YEWUETPIKNY TTARATTACL.
—100 Xa Xy + oo

] M S —

“ﬁ‘ I : ; ; Ly \ \ 3 i 1 2
*Ag Beapf|OwpEY wioy Tipny x = teR. A& v Tipfy ouThe Sloxpivodey Tag

EEfis TMEPITTAOE :
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o) EwE < x,<x, <8 —x,<0xai £ —x,<0= (E—x,) (£—x,) >0 °EE &\-
Aou k ToU @ (x) = ax® + Bx + ¥ = a (X — %) (X—X3) AapPdvopey ¢ (E) = o+
+PE+y=af—x)(E—x)=a- (Berikds &pid.)
*Apa | Tind @(E) Exer O Tpoanuor Tou a. "HTor a. @(E) > 0

B) Edv X, <E< xy<>f—% <0 xed & —% >0 = (E—x) (E—x) <0
Kol ouveTrGds
) =B +Bl+y=al—x)E—3) =« (&pymTikds &piBuos).
*Apa 1) Tiuh @(E) Exel 6 Tpdomuov ToU —a. "HTot ag (H)<0

y) Edw X, < % < E<>E—x, >0 xal E=%>0 = ({E-x) (E—xy) >0
ked @(E)= o (£ — ;) (£ — xz) = o - (BeTixds &piBuds)

"Apa 1) Tiun @(E) Exel T6 Tpdampoy TOU a. “Htor ag (8) > 0

2) 'Edw A =0, T6TE X; =Xp =— 55 eR xai TO Tpiwvupoy HETAOXMHC-
2
Tileton els @(x) = ax®+ Px 4y =a-(x + gci , OméTe tow x = # — -E—a

Aoppdvopey @(f) = o - (E -4 %)2 = - (BeTikds 4p.)

*Apa 1 Tiwn @(E) Bia mav E % — 5% Exer TO TPOTTIHOV TOU Q.
3) ’Eav A<O0, TéTe X,,X,6(C—R) ai TO TpIcvUpoY PeTaoXNHaTileTal elg
2 —AN2 i 7
e(x) =ax?+pPx+y=«a {(x + 'g& + (\/za ) ] , omoTe AapPévouey (E) =
2 —A\2 e .
= C([( t 4 7,?&) + (\/23}-) } = o - (BeTikds ap1Buos).
"Apa ) Tiph @ (£) Bi& v EeR £xer O Tpdompoy TOU a.

Ta dvwTépw ouvoyilovTal s drohoubes :
¢ (x) =ax*+Px+Yy

Tpdonuov Tiis A Pifca ToU ¢ (x) I Mpdonuov Tou ¢ (x) (Brax =EteR)
| -
X X €R | X< x';< 2L TpéONUOV TOU &
X, < Xy
&>0 }| Xy XX ag(® >0
i *-rrpécnuou TOU — &
L X< X< X Q:¢(E)<0
B B mpdonuov ToU «
A=0 X=X =—57 €R VX # - 75 ag(t) >0
s - T A R I ‘i TrpGoTIoY ToU o
A< O | X, X: € (C—R) l M xeR aa (i) 50

"Qore: To tprdvupoy o(x) happaver Tipiy opdonpov o) @. ;
o) dra x < X, < X fi Xp < X < X #av x,, X, R, P) d1d Vx # —- eR
tav x; = X, = ——zﬂaxui y) ha VxeR, #av x;, x, €(C— R), Aapfaver 8¢ upnv

opbonpoy b —o Na X, < x' < X; 8av X;,%,ER.

Mapadeiypota : N& eUpefoly of TpaypoTiked Tipod TOU X, Bi& Tds Smoias
& dxohouba Tpicowpa Exouv Tiuas BeTikds &PUNTIKGS :

1) x*—6x+8, 2) x*—-6x+9 3) 3xr—x+1
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Avoig :
1) Emadn A=36-32=4>0ka x,=4, X, = 2, émeton & dxdhoubos

Tipal ToOU X — o 2 4 +
|

Tivat L Tpdonuoy Tol 4 6 . 0o +
. ]
TPIWVUHOU | l
2) ’Emeiby A=36—-36=0 xal x,=1x,= 3, tmeran &7 TO TPIVILOY
Wx # 3 kodioTorcn feTikéy. OUbbroTe yiverar dpynTiKo.
3) ’Emeidfy A=1—12=—11<0, &meton éT1 TO TPIGIUHOV VxeR kobi-
oratan feTikdv. OUBEmoTe YivETOL dpPUNMTIKOY.

AZKHZIEIZ
315) A& Tolas Tiuds TOU X € R T& &xéhouba Tpicovupa yivovtan BeTikd f &pvnTiké ;
1) 3xt—x—4, 2) 4x* —20x + 25, 3) x*4x+1
4) —xt+x—1 5) —2x* 4 16x — 40, 6) —3x'4+2x—5

316) N& &moberydij &1 TO Tpiwvupoy ¢ (x) = 5x* + ux + 20 (HeR) el BeTIKdY
W xeR.

317) N& &moBex®ij o1, tow 5 ¢(X) = ax® + Px + y xobloTaTan dudonuov ToU «
1) W x € R, TéTe éxer pilas xadapds piyadikds ouluyels, 2) Mx# — ?ﬂ& R, TOTEX, = Xg =
P
T 2 eR.

318) N& &mobeydij om TO TpIVUHOY o(X) = ax® + Bx + y Exer pllas TporypaTiKds
dvigous, b&v Umkpyn &pibuds E € R TorolTos, doe v elvan ag (8) < 0

319) N& &moberxdij o6m fi EElowais =20+ (A—1)=0 éxa pilas mpaypaTikds

W AeR.
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KEDAAAION XilI

ANIZQXIEIZ B' BAOMOY QI IIPOZX ENAN ATNQRITON

98. OPIZMOI — IAIOTHTEE (nepiinaniki Ondpvnols)

‘Opuspoi : Kaleirar avicwos ¢ mpos dyvweter tov X mdoa oyfais Tijs
noppiic @(x) > [(x) 7 [(X) < @(x), 7 dmola civar ddnbns O cidixas Typag Tob
ayvibatov X, dmov @(x), 1(X) mpaypareal ovvaprijoes vijc petafinric X, Eyov-
oar 70 avto medloy dpiapot. 'Eqw elven dhndis Sia mdoas T Tiuds ToU guvdiou
dvapopds alUThs, TOTe koheTton pbvipog dvisaoig.

*Enilvoig dviotoews, &v owwdAe S, koAeiton 1) eJpeais Tol guvblou TéV
TINEY ToU &yvdoTou X iv T S, ai dmolon TN kabioTolv GAnf (fraindelouy).

Ai eUpiokdpevar Bix Tis EmAUces Tipad TOU X kohoUvTtar Adeewg TS
AVIoWoEWS.

Avo # meproodTepon dviodoers, &v owwdAw S, xaholuron isoblvaporl, tdv
kol pévby Eq Exouv TO ot ouvolov AUoEcy.

Towornreg: 1) ‘H dvicwois o(x) > f(x) elvar iooBlvemos mpos Thy  dwi-
cwow @(x) + 7(x) > I(x) +1(x), 2p” Soov 1) owdptnois =(x) elvar dpiouévn el
TO gUvolov &vapopds S.

2) ‘H dwicwois o(x) > f(x) elvar iooduvapos mpds Thy ¢(x) — f(x) > 0.

3) ‘H dvicwors @(x) >0, &v S, elvan iooduvapos Tiis dnowoews ¢(x)-

o(x) >0, &v 1 dicwois o(x) >0, & S, elvar pdvipos.

4) ’Eqv ai dvowosis, dv S, 9(x) >0 kai f(x) >0 elvan igobuvapor, ToTE Kol
M p(x) + f(x) >0 elvon looBuvapos pds aUTds.

"Ex THs TepAnTTIkfs ToTns Utropvnoecws, ey ammoBeifecos, TV S0t~
T TOV AMoHoEWY TULTEPQIvOMEY, 8TL KaTd THY AUy TGV dwiotoewy Béov
v& AapPdweopey coPapds Ut Sy aUTds s Emiong Kai Tas yvwoTas 516t TAg
6 dvigoTTwy, S1& v pry UrotimwTwuey s opdApaTa.
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99. OPIEMOL KAI EMIAYZIIE B /@MIOY ANIEQLEQL

‘Opopds. Kaleirar dvicwoig B Babuos, ds medg dyvwator tov X, mdoa
dviowoig Tijs poppijs @(X) = ax® 4 fx +y>0 7 <0 pé a# 0, a,f,yeR.
(of o, B, y BUvavtan va elvon kai mpaypatiked TapaoTéoes pn Tepiéyouca
OV &yvwoTov X).

To o péhos Tis dviowoews elvar TO Tpidvupov P’ Pafuoy, TO dmoiov €l-
Bopev éT1 elven Tehelcos dpropévor gls T6 oUvorov R. Oltw Sia Thy émiduay Tis
dmowoews ax® + Px + y>0 | <0 &v 1 owddw R, AapPdvopey U’ dpw Ta
CUUTIEPAOUAT TT)s ELeTAOEWS TOU TrpocTiuoy Tiis &p1fu. Tiufls ToU Tpiwwipou
Q(x) Bix TpoypaTIKEs TIMAS TOU X.

‘Erilvoig tiig @vicdoeng ¢(x) = ax* +fx +7 >0 § <0, (a # 0).
Qs yvwoTov, TO Tpdonuov Tiis dpiBu. Tiufis Tol ¢(x) étapTaTan éx TS

Brokpivovans A kai ToU &pifipou o # 0. OUtw Suvdpeha eikdhcws vat Sikanohoyt)-
TWHEV TNV CUUTTATIpeTIY ToU K&Twdr Trivokos,

A - Zivohov AUgewy Thi ZUvohov AUoewv TS
ax*+px +y >0 axt+Px+y< 0
b X, X €ER, X2 < X4 XX € R Xaoed i
) {xeR|—o<x<X» X<X< +o}| {xeR|[x;<x<x,}
AT X X: € R, X3 < X, Xuxie Ry xpax;
{xeR X< X< X, } | XER[-w<x<Xy X <X< 00}
¢ = |
; L Pervlegil
xeR|x # — 5o { 1=02
0 (LIl : ke .-, s
| B
f— = St
| L1=p | xeRixw = }
— : -
|+ | txixeR) | ¢ 1=2
= { 1= | {xixer)
Enueioag. Ta oUppora — Kai o0 Bew d\."rorpocmTrE\'Jouu Qp1ouévous TIpaYHa-

TIKOUS dp1fpovs.

Mapudeiypara : N& émiuvbour év R, ai dxorouBor dviowoels :
1) 3xt—x—2>0, 2) =3¢+ x+4>0, 3) x*46x4+9<0, 4) x*+4 x+1>0

2
Eridbvoig: 1) a=3>0, A= Lede2d— 25 =0, a6ii—1; Xor— S
2

‘H dvigwots mAnpouTar i x>1 kai &id x< =
: 2
"Apa TO oUvohov AUoewy elvan i {XeR [ — o0 <x <— =) 1<x<+o )

) a=-3, A=1-4(-)4=49>0, x, =, X, = I
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5 4
‘H &vicwoig &Anbeder Bk —1 < X Sege

SUvohov AUcewov @ { XeR | —1<Xx <%— }
Na=1>0, A=36-36=0, Xp = Xy = —3

‘H dviowaois Bev &xer Aow el TO ouvorov R.

TUvoAov Augewv : | xeR | x*+4+6x+9<0} =
Ha=1>0, A=1—-4=-3<0, xx8(C— R)

‘H vicwois lvon dAndhs 81 Tdoas TAs TPAYH. Tipuds ToU X. Elven pla
pévipos dviowats. Stvohov Auoecov @ { x | xeR }.

100. ANIZQZEIE BAGMOY ANQTEPOY TOY AEYTEPOY

Mia dvicwois BoaBuol dvwTépou ToU BeuTépou dos Tpos X Sid va AU,
Btov v AGPn THY popeiv §y(X) * @u(X). . . eu(X) >0 A1 <0, &ov ¢,(x), Pu(X),. - -
@v(x) dxépana TTOAUGVUpG ToU X TrpdTou i Seutépou Pabuol, Exovra TO aiTd
meblov Opiouol.

Oi mapayovtes B’ PaBpol, éqv Exouv pilas TparypaTikgs, SUvavTan va dva-
AuBolv els ywdpevor &Uo mpwToPaduicy TapaydvTwy, tav Exow pilas kebapas
pryadikds ouluyels, SUvavton v Trapaheipbolv dog povipws Betikof, (B1oT1 Twhv-
ToTe Buvdpeba v UmobéTwuey Tov o OeTikdv). Zuvemdds 1) dvwTépw dAvicwols
mwévtoTe efvanr Suvardy va A&Pn ThHY popphy (X — py) (X—ps). . . (X —pw) >0 <0
(peN). *H émidvois Tiis dviowoews aUTils elvan yvwoTr| £k THS Trponyouuévns
Télews.

IMapaberypa : N& EmAudf év R, 1) dvicwais :

fX)=Ex=-3)E+DE—x+2)(—2x*+ 7x - 3) (—x* 4+ 5x)<0

*Enikvers : "Efetaloper ToUs SeutepoPoBuious mapdyovTas.

_Otlreos Exopev : x4+ 1, A=—-4<0=x*+1>0%xeR
X=x+2, A==7<0=x2-x+2 > 0¥xeR
o3t Tx 8 A5 ~ ) = - Oxd 4 Txe 3=—2(x—3)(x—%)
—x245%, A=25 >0=—x24+5x=—x(XxX—-05)

"Apa 1) dviowais elvan loodlvauos Tpds Ty dvioway :

(x=3) (=2) (x=3) ( x=3) (= %) (x —5)<0, fimis elvou IooSuvapos Tpos

v (x—3)? ( X ——é-) x=5x< 0._ ‘O mapaywv (x — 3)* efvan pn dpynTixodsg
WxeR, Emopéves Bia X # 3, 1) dvicwois elvan icobUvauos pos THY
1
(x-—-j) (x—5)x < 0.

1

Al pilal ToU mpwTou péhous auths elven 0, 5

5, OUres éxouev:
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(=]

X — o

3 5 + o
|

+

1
Tpdonuov Tou ( X —-T) (x—5) x bt +

-+

—y=|— o m[._

|

0

|
=0

—o-|—o—

“Apa 10 oUvorov AUoecwv Ths f(x) <0 elvan: {xeR |—0 <x<0, —;— <X<5; x#£3}

101. KAAZMATIKAI ANIZQZEIZ

Mia dvicweig kaleltal Kiaopatiki], £av dOvatar va Lafin tiv popeiyv,
P (x)
P2 (x)
Eyovoar Tediov dpiopol To TeBiov dpiopol Tol pnToU dAyePpikoU K?\ctcruorrog

> 01 < 0. "Omov ¢,(X), 9a(x) mporyparikad pnral ouvapThcels ToU X,
‘Pl(x)

"Emraidt) 1O TrnAikov duo dpibuddv elvan dpdonuov Tol ywoutvou au-rcov,
ErovTan ai dxdAoudor icobuvapicn :

:’; E:; >0(tv 8) <= @(X) - 9(x) >0 (&v S)

x) S 10 olvoAov SpiopoU o 2K
$1 e 0 (&v S) <@ (X) - P(x) <0 (&v 8) e

*Apa 1) Emridvois T dviooews i—‘ E:; >01 < 0 dvayeran els hy émidvow dwi-
2

owoews Tiis Hopefis @u(X) - pa(x) > 07 < 0
Mopéaderypa: N& é'rn?\ueﬁ, év R, ﬁ dvicwaois :

5

2 + xél = X+ 3
Wl B ey _34 __3___“ X® 4 24x — 37
Enibvors: "Exover o= + - —— 5315 < 0w ma—marn < ©

To mebiov Spropol elver S=R —{2, 1, -3}
*Emihvopey Th ioodlvapov aUTiis (x* + 24x — 37) (x —2) (x—1) (x+3)<0,
&5 Trponyoupévws, OTOTE AapPdvopey TS olvolov AUoewv :
{XeS | — o0 <x< — 12 /181, —3<x<l, —1244/181<x<2}

102. EYZTHMATA ANIEQEZEQN B° BAGMOY.

Edw BUo 1) TepioodTepal QVICWOELS, WS TPOS TOV aUTov dryvwoTov, elval
&Anfeis B1& TAg aUTds TIHAS TOU &yvaoTou X, & owdAg S, TéTe Abyousy 6T
&roTeAoUv gloTNHE GVICOGEDV.

Erilvoty TOU OUCTHHOTOS GVICWTEWY ch?\ouueu THY elpectv TV Kowddy
AUgEwy TV dviomoewy altol. To ouvohov TV Kolvd v ToUTwv AUcEwY Elval
| Touf) TGV guvdAwy AUcewy TOV GVIowoswy, eUpiokeTal &t S1& TOU yvwoTou
Trivakos, 6oTis kafopilel T& kowd BiaCTTRaTa AUSEWY TGV GVITWTEWY.

Hapaderypa: N& emAvdd, & R, 10 clotnua T@v dvicdoewy :

1) 3x>6, Exd=i6x L 5<00 ) 3)xd —0x* - 1dx <0
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*Erilvoig: Td ouvohov Avcewv Tiis mpawTns elven @ = { xeR | x>2 }°
Té clvodov Aoewy This Seutépos elvan: Z, = { xeR | 1<x<5 }. *H TpiTn ypdoe-
Tt X(x —7) (x —2) <0, Amis elven &AnBis Bid — oo <x<O kol 2<x<7.

x‘—m027+w
|

| |
| | |
xI — 9x? + l4x = ? & ? e ? o

To ouvohov Alcewv Tfis Tpitns : 2y = {xeR | -0 <x <0, 2 <x <7}

To oUvohov Aigeww Tou cuaTrpaTos AapBdvetar ik ToU dkoAouBou Trivakos.

X | 3x —6 I X! —6x + 5 | x?—9x*4 14x | AUgEels oUGTTHOTOS
S ;
- i <
0 - + o 0
| — -+ -+
1 [ — 0 -+
— - +
2 | 0 - 0 2<x< 5
..+. - —
5 e 0 -
+ + -
7 = + 0
+ - +
-+ 0

SUvohov AUCEwvV TOU guoThpaTos elval :
T=FNZNE = {xeR | 2<x<5 }

. AEKHIEIX
320) Né& tmAuvBouv, év R, ol dxdAoubor dvicwaoes:
1) x*—2x + 3>0, 3x?— 13x + 10<0, —x2+2x+3>0
2) —6x* 4 llx —4<0, 16x? — 8x + 10, x*4+4/3 x-1<0
N xE-%+1Hx—-4)<0, X3 4 1>x? + x, x'—1>x¥—x
4 xX—-2x+ DG+ D(2x-1)>0, x—5x-NDx-1D3x*+7N<0
x*—4 x’
3) x+ 1 =10, X+1 =2

LS N Y
6) 3x+1>x+1 x—1
X (x +2) (x = 3)° 3% - Txt 4 4x

D xrapase 0 xa E 128 P
321) N& tmAuBolv, &v ouwwdhe R, T& dxdhovba oueThuara :
1) [4x*—4x—-3<0 2) { 1 2x — 1 1
—x? + 2x >0, e TG =2)
164 v
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3) X2 —7x4+12>0 4) x*-5x+6x<0
=3x2+16x—5< 0 X4+ 2x+ 3 >0
—x* +2x 4 48>0 2x2—-5x — 7 >0
322) A& Tofes Tipds ToU A€ R 1 Eio, A-Dx*=2A=3)x-2A+3=0 #&n
pilas @) mpayparikds kal B) kaboapds uryadikas ouluyeis.
323) Ak molas TpaypoTikds Tipds ToU P T Tprovupor o(x) = (1 — 2) x? --
—2(u+3)x + 20— 18 Exa pilas a) Gerikas kai B) &pynTikds.

103. ®EZEIL IMPATMATIKOY APIGMOY QF IMPOL TAE IPATM. PIZAL TOY TPIQ-
NYMOY o(x) = ax? + px + v

"Edw xy, x, elven ai pifan (mporypotikai), &mou x, <Xy, kol Bobi) mwporypa-
TIKOS GpiBpds £, TéTE of Tpels TporypoTiKol dpibuoi x;, Xp, & Blvavren vé mopou-
olGoow T&s £fis oxfoels diaTdlews :

<x, <X X< x<i<y,,

kodoupévas Biserg 10b £ g mpdg tag pilec.

‘Exdotn Tév Béoecov ToUTww ToU € yapaktnpiletan drd WPIoHVaS  oUY-
Orkas petaty ToU E kad TGV ouvTeAeoTéw o, B, .

1) "Edw E<x, < x;, TOTE b5 yvwordv ag(f)>0 (§ 97)
"Errions Exouey E<x, < %y <= E<xy kad E< X, = <x, 4 X, ) E< ’.‘1_;:_"3

A E<—L A £+ 2 <0."Apa af ouiiken elvan A > 0, ag(€) >0 kad £ £ <0
"Avuetpégug. "Eotw A >0, ag(t) >0 kai £ + 2—?;

Tar X, € X, € R, CEx Tfis Seutépas ap(l) >0 Emeton &1 & £ Siv SUvaTon v& keiTan

<0. ’Ex Tfis A >0 &me-

HeToky Tév pifddv. Téhos &x Tijs TpiTng € {:—, < 0 &meren 611 6 £ elvan pukpd-

TEpOS Kai TS BIKPOTEPAS Pilng Xy, S16T1 &v fito X,, < X, < £, TdTE %< Eoxed
Ngi < BE =0 kg Ot = x—‘—;’-‘-’<i:-f+% =10,
2) 'Eqv x, S X; <, TOTE EXouEy TTEAW ag(t) >0 kai ETeldn) £k Tis X, < x, <

émeTon €4 B >0, &po oi ouvbiiken elven A > 0,a@() >0, kai £ + P = 0.

2a Do
"Avniorpépog. ‘Edw A >0, ap(8) >0 kad £+ -2% >0, ToTe Exouev pilag
TpaypaTikds (X, < X,), 6 € Bév Slvaral va keltan petafy Ty pilédy kai ouve-
Téds, o5 Keluevos ExTos TGV piIlddy, elvanl peyaAlTepos Kai Tig HeyoAUTEépOS X,
81611 GAAws B Exeopey &+ % < 0.
3) Eav x,<¥<X,, TOTE G5 yvwoTdy ag(l)<0 §97)

"Avunotpégas. 'Edv ap(t) <0, TéTe &9’ tvos Exoper pilas TPy HOTIKES,
&g’ ETépou X, <E<x;, 81671 &v A < 0 elvan a@(8) >0. *Eav 8¢ & E Eerto #xTods
T&Y pildv 6& eiyopev ag(t) >0.
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*Ex Tév dvewTépw cuvdlouev OTI :

Al ikavai xai avaykoion ouvBijay, tva 6 EER elvar 1) pkpdtepog 1@V X, < Xp,
givar A >0, ap€) > 0, £ + —g—u <0 kai 2) peyahdtepog AV X, < X;, slvar A > 0,

ap(§) > 0, & +%1> 0.

H ikavi] koi dvaykeio ouvBikn, tva & EER ebpioketar petald t@v X, X,ER,
eivar ap(g) < 0.

Mapatipnoic. Thy owbixkny ag (£) <O xpnoipomroioUpey TOANAKIS G5 Kpi-
THpIOY TPy HaTIKSTNTOS TéV pil@v ToU (X).

T& dwwTépw, s Kod HEPIKOTEPON TIEPITTITCTEIS, ouvoyilovtan s Ekfs :

pX)= ax® +Px+Y, X< X !
\
A | ag(b) E+2—% Otars Tou & 5 RS Xy, Xp
e A
5 = t X< Xy
i Xe < ’-‘—‘-;;x’< E< x
+ = i Xs < E<5’7+)i“<xl
0 xa<E=’Lg—x’<xl
0 = Ny Xg=—1E
| - E=X < X,
' = i X=Xy < 't
0 t - l < xi=x
0 0 | K= =

Mopadeiypata : o) Toia 7y Btors Tév &pbudv -3, 0, 9, 10 co5 Tpods Tas
pilas s thiocooews p(x) = x2—8x—9=0;
Averg: “Exopev A = 64 + 36=100>0, x,<x, kal o = 1. "Emeidn ag(—3)=

—94+24-9=24>0 xal =3+ 2 =3 4=-T<0, fmeron &m1 —3< X, <X,
‘Opoiws ap(0) = —9<0 &pax x,<0<x;
ap(N=8l-T72-9=0=x<x=9=+%<x=9<10
"Ohai dpouU Biatdooovtan @ —3 < % < 0<x,=9< 10

B) Aix Toios Tipds ToU A al pifan ToU @(x) = 4x* —x 4 2(A — 1) elven
HikpSTEPaL TTis Movddos :

Avog: TTpémrer vé Eyoopey X, < X < 1

Tpds TolTo dpkei vaelven A > 0, ap(1)>0, 1 + '2% Frl-
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Otres Exopen: A=1-32(A—1) >0<>A < 22,

() =4(4-1+2A-2=4(1+20) > 0A > -1,

g =1 * 1
H’?&—H‘T—I_T“f{ > 0 (VAeR).
¢ 33 1
Al A < 35 7\>———2—ouva7\nes\'10w Sxd——é—«:?\g%g-

AXZKHEEIX

P ; o o - 1

324) Na& ebpedfj ) Béors TéV &pibudy —2, — 1, 0, 5 s 2 s pods Tas pilas  Ek&-
OToU TGW  TPIVUHGY  @u(X) = 3X* — X — 4, @g(X)= 4x* 4 4x — 3,

325) A& molas Tipas ToU A€ R al pilal x,, X, TOU Tprwvigoy o(x)= — Tx* 4 2x —
—(3A — 2) mepiéyovron petaly TGV &piBuév — 1, 1.

326) N& dmoderybi] 611 al kdrwh thichons éxow pilas mpaypaTikas xal dvicous,
xwpls THv  xpfiow Tiis  Srakpvovans :

D x=3)E&=3-—a=0, 2) (x—) (x—B)=x? (x, P,k # 0€R)

327) "Ev xy, Xe elvar al mpoyparikal pilon ol Tpicovdpou o(x) = ax? + Bx + v kal
0<y<pP<a va &modeybij ‘57_‘ al pilon Xy, x, TepiéyovTan peraty Tév &pBudy — 1 kel 1.

328) Né eVpedi) 1) Béars ToU dpiBuol 2 pos Tas pilas ToU Tprwvipoy @(x) = 2x* — 3x +
+ 5 (1 —2)) xard Tés Siapdpous Tipds ToU A.

329) 'Eqw Et-ﬂfsa €R xal @(x)=ax? + Px + y, v &mwoBeydij 611 1o ¢(x) Exer pilas
TpayuaTikds kal dvicous tav elvan ¢( &) - @( &) <0, pla Tév dTrolewv mEpiExETal pETAEY TGV
& < & "AxoholBus mrl Ti] Paoer Tiis TpoTdoEws TalTnS, v& &roBeiybi &1 al pilor THs Ef1-
owoews =X —2D X+ +E+2) x=-3H -2 -x)B—x)=0 tlva Tr-pc\c*,n.u::t'rn(t:ti
&vigol kai 1 pla T@v Omwolwy TepiéxeTan peTofy 2 kel 3.

E®APMOrAl TQON ANIZQIZEQN B° BAOMOY

104, AIEPEYNHEIZ IAPAMETPIKON EZIZQXEQN §° BAGMOY.

EiBopev els T& mponyolUueve, 511 of owTedeotal q B: Yy Tou Tpiwvipou
9(¥) = ax? 4 Px +y woAASkis elval ouvapTroels Evds ypdupaTos AeR, T6 &molov,
Xwpls v BiBetcn &pibunTikds, Becopeitar s yvwaTh ToodTns dueldpTnTos
ToU X kad Gmo Tés Siapopous Tiuds Tol omolou EapTdivron o piloa kai T on-
ueiov ToU TPIwvUPOoU. :

To ypdupa A kedeiton mapdpetpos, ai 8¢ iEiowors A dviodoes mepityou-

ool oUTO mapupeTplKai.
A& v& Biepeuviiowpey piav etlowow B’ Pabuol mapapetpikiy KaTd TS

Srapdpous Tiuds Ths TapapéTpou A, Séov va Eycopev Y’ Sy oV yvewoTow Tri-
vaxa ((§ 93), & omolos tetéler TO eldoy xkad TO TpdonUoY TV PIlEY aUTHs.
Mapéderypa : N& Siepeuvnti] 1) etiowo. o(x) = (24 — 1)x2 — 2(A— 2)x + 3A =

=0, étav AcR.
Abog : "Eterdlopev TO onpeiov Tév A(A), P(A) kod S(A) kaTd Tas Sicgo-

pous Tipds ToU A, OUTws Exopev :
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AQY =4 (A—2) = 12A (A — 1) = — 4(5A* +A—4) =—20 A+ 1) (A=)
T o e | ‘]r. + o0

T onpeiov Tfis A(x) BiBeTtan &mwo Tov — ; | =
ypaqmcc‘)v TrivoKa A | — 9 Hie &
P(A) = T To xAdoua 2)\3 | elvo dudonpoy Tol 3A (2A — 1), ToU émoiou TO
onueiov 8[851'(::1 &md TOV ypoagikdy Tri- Aaton} o Bt O el 31 5 4 0
| |
voka IN2A-1) & =E
|
|
foba ¢ it
SN = £ ( A 2) . To kh&opa 2-2(7(———) elven dpdonuov ToU 2(A — 2) (2A — 1), Tou
&mofou TO anueiov BibeTon &mod TOV ypa- Aol ‘I."n 2 +o
QKoY TrivaKa : sA=)A-T)| + o — o +
| |
i [
) N

T& dverépes PBonbolv els Tov drdAouBov Tivaka Biepeuvhioecs

Atepetvnors Tiis thiodoews ¢ (X)= (2A - 1x* -2 (A — 2)x+3A=0

A A(N) I P()\)I S [ Eifos pilédv kal mpdonuov alTdv
£ o ptiglie ol |0y XX €(C—R) xd ;= X = | %1 | =% |
..1 -—-0—__.”7.*4...._.)(1:)(,:—-2—&&:

-+ + + X ERN X eRtH<=>0< X, < X,
e B e L Wiy S

a5 — S0 X ERY X R <%, <0< x;, xab [Xa| < x|
—é' — | —— —”— — 'Etiowois wpwToP&uios

+ o + — ¥R, X e R Xy X )
4
Fon —0——7*Hxl=xz=—£:—2 ~

- + — Xp X €(C—R) xal x; =% = |x|=|x|
T T L e = B e i

T h + + X, Xs € (C—R) xad =%=|x|=lxl
+ o

Enp. C olvohov pryabikédv, | ouvolov kaBapdy @ovTaGTIKGV.

105. AIEPEYNHEIE ITAPAMETPIKQN ANIEQIZEQN B° BAGMOY.

A& va Biepeuviicwpey pioy dvicwow B’ PoabuoU mapaueTpikny, SnA. va gl-
POUEY T oUVOAX AUoewy oUTis Kot Tds Slapopous Tiuds Tiis TapapéTpou A,
Btov vé Exwpey U’ dyiv Tov yvewaTtov mivaxa (§ 99).

Maepaderype: N& Siepeuvn8ij 1) dvicwais
p(x)=CGr-2x2—(A—Dx+2A=1) <0, érav AeR,
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Abaig: “Eletéfopey 1O onueiov Téw A(A) kel a(A) koTa Tas Slagdpous Ti-
pas Tou A. OUTtews Exopev :

A(A):(?\—1)‘1—8(?\—1)(3?\—2):()\_1)(—237\—4-15)_"_Irmé—g o

To onpeiov Tiis AG) 8iBeTon &md TOHV Tivaka ; A(;\)l o t!J E [I, ol
\ |

a(A) = 3N — 2, omen Exer onpeiov BeTikdv Bk A > g Kai dpynTikdy Bi1d A <—§

) e 2 ) S - W = g .
Mn&evileTan 8¢ Sia A= e Ter dveortépws BonBouv els Ty olvtadw ToU dKkoAOU-
fou Trivaxos :

Aepetvnots Ths dvio. () =CGA -2 - (A —-Dx+2(A _7[) <0
% AQ) | a) ZUvodov AVogwy Tiis ¢ (x) <0
—of |
- - {x/xeR}
15 p
23 [—0— S xGR,’x;é%-zdzz}}
+ — <X, {X€R/[-w<x<x, x<x< +o)
2 ; e
5 |0 dvicwor a'/Pébuios, {xe€R /-0 <x<2} —
uE i <X, {XeR[x<x<x}
I b 0————( =g
— + { }1=¢
+ o0

Inpeioag. T& X, Xy elvon tkgpdoes Tol A kol petaPdAAovran perd Tou A

AYXKHEZIEIZ

330) Na& Biepeuvnfouv ol dxdroubor Elicwoers kal dviodosss, dtav AeR :
DEA-3)x*+2@A-5)x+ 18 +25=0

2) A=5)xt—4Mx+A-2=0, 3) A+ Dx2—=3Ax +42>0
4H xT+2@A-1)x + 3 —-50, 5 A+Dx*+12x+10—-6A < 0
X' 5x+6 ]

331) N& &woberyfi) 6Tt 1O xAdopa T or AcuPdver T&oav TPy HATIKAY TIpTY,
drav x € R.

332) 'Edv x mpaypatikds &pibuds, v dmoBax8i 6T Td kAdopa (x* + 2x — 1D/
2 (x — 3) &tv Buvatan v& AdGPn Twés Tou BiaoThpatos ]2, 6

IXEZEIZ ZIYNTEAEEZTQN AYO B'/BAOMION ESIZQZEOQN
INA Al PIZAI TON TTAHFOYN QPIZMENAZ ZYNOHKAZ

106. Aidovtar o iEromeels @,(x) = 0X* 4 BiX + 73 =0 kel @,(x) = ax? - fx +
v =0 (o, # 0, a,# 0) p& npaypankovg cvviereotds kal pilag avristoiywg
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(X1,X,) Kai (py, po). Znroivear ai oyfoeig petabd t@v cvvieheotdy TOV, iva ad-
tar Exovv pilag:
1. *Avaloyovg pé Aoyov A.

Xy

"Exouev : P—=3‘3 =A<>X = Apy kol Xy = Apy= X3 + Xo = A(py + po) Ked
1

P2
B: Ya__ Yuga 2 _B kol R ). U
az) Kt - B At 1 uz ?\[5., o YA

XiXp = pipoA® | — ‘%‘—_— A (

csz,_

\
= ! BJ\QYK’ |(1)
o

*Avtiotpogac. "Edv Uglotarar ) owbikn (1), TéTe ai iowoes Exow pi-
Zos &vedyous pt Adyov A. TpdypaT, BétovTes Tous Adyous (1) foov pé k Aaupd-
VOMEV
= Ky, Py = KPA, ¥ = Ky,A?, 6mdTe 1) Eowois @ (x) =0 yivetan @(x)=
=K0uX2 4 KBAX 4 Ky A2 =0 <= ax® + PoAx + yuA2 = 0.
AUTn Eyer pilas x, =A = ﬂz‘*“\/fz — 4oy, A X = Ap, = E =2
]

X2=7\ [32 '\/E’x 4“!Y! 1'] x2 ?\Pl = %2 —?\ i
2

'o"rrep’g—z e A "QoTe 1) cruv&ﬁkn (1) elvon ikowty kad Guerykedc.
1 2
2. "Avubitovs. "Eyouvev @ x; = —p; kol Xp=—p; =
Pt = (_ Pme) 1
X1+ X; = — (p1 + p2) & ay/ | w a__P_n )

| Y%
| LS TR |

"Avniotpopos. "Edv UpioTarren 1y owbiikn (2), ToTe ol tiodoeis Exow pi-
Lag dvmibéTous. TTpdypaTi, BéTovTes Tous Adyous (2) foov ue k, AauPdvouey : oy =
=Koy, Pre=—KBy Y1 =Kyp OMOTE @)(X) = KopX® — KPX + K}’z = 0 <> apXx*—
"E’zx + y. =0, A5 Exer pilog x, =P+ V P \/5: — dayy, e \/2? z‘r’.-

Lu, 2

AUrtan elvan duriBetor Tév pil&v py, py Tis R0, @u(X) = 0uX? + BoX + y2 =0.

‘Qore ) owdnkn (2) elvar ikovn kai dverykaie.

To dwwotépw Slvatar v BecopnBii dos woplopa THs TeEpITTWOERS  Kod’
fiv of pilan elvan dwdhoyor pt Adyov A =—1.

X1X2 = P1P2 Q B Yz

B e w Ay
3. "Avuotpoégovg. "Exopev 1 X; = ich Xy = =

1 1 P11 P By ﬁx o By
X Xy = — —_ X. i TS i e —_ =
NTASE TS A 1 hd Foors o Y ﬁva N
xx——l_ X;X 1 : Yo G el
T %8 == Pxps oy Y2 Y: Oy

E; T (3) ‘H oxéois (3) elvan ) {nroupévn.

*Avuotpogos. "Edv UplotaTar ) owbnkn (3), To6Te ai &iowoes Exouv pi-
los dvTioTpdgous. Tpdyuarti, BéTovTes Tous Adyous (3) Tfoov ué k, AauPdvopey :
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o = Kyg Pp=KPy Yi= KO, OTOTE 9;(X) = KyuX? + KPX + Katy = 0 <> yex® +

+ Box + o, = 0, fiTis Exer pilas x, = Pt vh ey, o P B —VP —day,,

2y, ’ PRI
T 4o,
Al pilon 8¢ Tiis u(x) = 0 elven p, = — VB — %y, Dy ——Pit VB — Iy,
2a, 2a,
2. R
*EE artédv Exopev X, Py = s Bt devdl g o X, = —. ‘Ouofws 5¢ X, = .
LA P1 P2

“Qore: Al ixavai xei dvayxeiomw ovvBijkay, iva ai iEodosig ¢ (x) = 0 kai
@.(x) = 0, Exovv pitag 1) dvaroéyovg pE hoyov i, 2) dvriBitovg kai 3) GviieTpo@ous,
elvar avnietoiyws ai (1), (2), (3).

AZKHZIEIZ

333) A& moias Tipds Tév A kal p al Ehodoes o,(x)= A+ 2) x*—(w+1)x-3=0
kel @u(x)= (h— 1) X - 4Ax + 2 =0 Exouv pilas a) dvahdyous pt Adyov 2, B) dwribetous
kal y) dvTioTpdgous.

334) N& oyxnuatiodf ttlowors p' Paduol, Exouca pilas T& TeTpdywva TV prfév
Tiis X! + Ax + p = 0. "AxoAoUBws v& eUpeBolv al wpayporikal el TéY A kal p ik TS
smolas al Suo Eiodoes Exouv pllos «) dvahdyous ué Adyov 2, P) dvmiBérous kal y) dvTi-
aTpdgous.

i S 1 1
335) N& oyxnuamiodij tliowors Exovoa pifas x, + e kol X, A STTou X, Xg pilan
1 2
s ax? 4+ Bx + y = 0. "AxohouBuws v& eUpebfi | owbrikn, va al BYo thiodhoes Exow pilos
dvaddyous pé Adyov K
107. AIMMAAEI®OYIA AYO TPIONYMON B° BAOGMOY.

*Edw 50000y U0 Tpravupa ¢;(x) = aqx® + ByX + ¥y ki @p(x) = X + BoX+
+ y. ¢ TpayuaTikoUs ouvTeeaTds, dmou o # 0, a, # 0, kal piles dvtioTol-
X5 (Xy, Xo) Kad (P, Po), TOTE O kOAOUWEY THY TTPOYLOTIKTY TOPATTACW
R = (oyys — oy1)* — (uPz — cuPy) (Brya — Pav)
araieipovoa t@v 800 TMOVOR®Y.
‘H giétaois T&v 10Ty Ths dmoheipolons R 8o Tpuwviuwy P’ Po-
BuoU Ponfel eis THY EmiAuow TOAAGY omoubaiwy TpoPANMATLY.
a) Mopoai tiig analeipodong R
AobévTeoy TGV dvwTépe Tpiwwiuwy, 1) dmadeipouca Suvarar va A&B7
&g drohoufous HOPRAS :
In R = 0% ¢p (%1)92 (X2) = oy (P1) @1 (P2)
Mpdypari. Zynuatiloney 1O ywopevov
Po(%1) PalXs) = (Gtxa® + PaXy + Ya) (X + PoXe + Y2) =
= 2K, 22 + WPeX;Xe (X1 + Xo) + Ya (Xi® + XoF) + PeXaXe +
+ Boye(Xs + X2) + ¥a* =
— [Carya—ay)®— (P — Pfy) (Bry:— Bova )= (;}g - R

"Apa H— d; P2 (X1) P2 (Xp), Opofws 88 R = o @, (p1) 91 (P2)
2a R = o %e,? (%, - po) (Xo — P1) (X—p2) (X2 — p2)

. : : 1
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In R = '714" [ Qayys + 2071 — PiP)* — A4, ],
dmou A =P* 4oy, A =P —4ay,
Of padnTal SvavTan elkdAws vi ErahnBeloour Tas popeas Tis R 2a kad 3n.
B) ‘Idiotnreg tijg aralerpovons R
1. ’Edv fy &modeipovoar R =0, ToTe éx Tiis R = 0,9, (py) @1 (p2) Exouev
2 Py (P) ¢ (P2) =09, (p) =0 Vg (po) =0, omdre tdv ¢ (p) =0 kai
gmaidn @, (p)) = 0 (p, elvon pila Tou @, (X)), EmeTon &T1 1) py elvan kown pifa TGV
@ () kai gu(x).  'Edw B¢ gi(py) = 0 kal @, (p) = 0, T6Te T& @ (X) KO u(X)
gxouv dugoTépas Tas pilas kowds. Els iy mrepimrwow abthiy 8& Exoopev :

B B - TN N A
— = = = -, dioT + X, = p KO Xy X = p > —— = —"= Kal
o B, i X+ Xo =p1 ot pa 1 X2 = P1P2 o, ay
ook Yar (Lo S o Bl ¥

ay x oy B. Ya

"Avuetpopms. 'Edv T& Tpirawupa Exouv Koﬁn‘w 1) kowds pilas, TOTE TrpO-
pavéds R = 0.

“Qote: H ikovi kol dvayxoio covBixn, ivae ta tprdyope @ (x) kol @y(x)
Exouv piav tovkdyiorov kowiy pilav, elvar 1) drakeigovse ubrév va ieolru
npog 0.

2. ’Eav 1) dmadeipousa R =0 xai oyf, — B, # 0, Tote €ibopsv 6T T&
Tprovupa ¢,(x) kai @, (X) Exouv piav TouhdyioTov kowiy pilav, Bév BuvavTal
Suws v& Exouv dupoTépas Tas pilas kowds, 16T TéTE O TiTO %:- :g—:-:i—f:»
= ayf, — P = 0, TO omolov elvan &romov, 816T1 UmeTEdel o, — Py # 0.

"Aviorpbpes. 'Eqv ta tpicovupa éxouv plav pdvor kowiy pilav Thv X,
TOTE 1 X+ Puxo + Y1 =0

aXy® + PoXg +y2 =0
Pavs = vaPs _ (Y'°‘.= = iys
ayfy — ofy af, — ap,
(V106 — 0yy2)* — (ouPs — ouPy) (Bry: — viPe) =0 kol oyffs — 0Py # 0. "H rown
alTn pifa X, elvar TpaypaTikn, 516T1 dv fTo uryadikh Ths popefis k + Al, ToTe
T& Tpicovupa 8& eixov kowny pilov kai THv ouluyf kK — Al kal cuverrdds B elyov
BUo kowds pilas, dmep &roTov.

Dl pl_Y: = Y1P:
s — P

S it S

} <= X, Kold X i— A

£€ v AapPdvopey ) kol Py — Py # 0 ked Gpa

“Qote : 'H ikoviy kei avaykeioc covBikn, ive td tprovopa ¢ (x) kai @yu(x)

x : S I 2 . 5 3 Vit — 4,7,
Eyouv piav kai povny mpaypatikiy kowvipy pilav, v X, = e —id
1Pz — Yy

, elvar 1
araleigovoa abt@dv R = 0 kai af, — w,p, # 0.

Enpeiootg. "AAAer (8i1dtnTes s dmaAeipovons R, AMav &lidhoyor, 6& tletacbouv
elg &AAnY Takw.

Iapaderypo : Aix moios Tipds Tou A ai éliodoeis
P(x) =2x*—x—3=0 kai ¢, =%x*—(2A—=3)x +4A =0 Eyouv piav kai po-
vy TpaypaTikny Kowny pilov kel va eUpedf alrn.
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Avaig: Mpémar R =0 xad ayffy, — o, # 0
7
Exopsv 1 0By — Py = =220 =3~ 1 (-1)=—+7 £0<>h #

Pryve—Byi=—1- M+ (@A -3)(-3)=—-10A+9
ay:— 4y =2. 4A—1-(=3)=8\43
“Apo R=(8N+3)2—(—4A+7) (= 10N+ 9) = 0«12\ 4 TTA—-27 =0, ¢

1 27
ﬁg Al':Tl ?\2__?
ARy . 1 —(8A + 3,
‘H xown) pila Bi& Ay = Tsfvcu X5— 4-4-?\—4_ = =-1
kol 81 Ay = — —iz elvan: x, = —g—
AXKHZLEIL

336) Mola f ouvBnkn peTaly Té@v o kal B, va T& Tpidwupa @ (x) = ax® + X + B kal
P.(x)= x* + ax + P Exouv piav pévov xowny pilav, fiTis va eVpedi.
337) "Av al Eiodhaas xt 4 px + k= 0 kal x2 + kx + A = 0 £xow piav pévov xowhy
oilav, v& GmoBEXdT ST : (k=AY = (PA—x) (= p).
338) A& Toios Twas TEV B okal v Ta Tpowwpa @,(x) = pxiP—(u—1)x =5 kel
Pa(X) = (v —2)x* —3vx + | Exouv Tds alrds pidas ;
339) "Edw X, eivar ) xown pila Tédv BUo Tprcavipey (X)) = ouxt +BX 1 v, kel @(x) =
= o+ PX + Y2 kal R ) &mwakeipouod Ty, v& &modery8ij
2 i H
SQICTIELES S S
340) Né& dmodery8i) 611 & Tprovupa ¢ (x) = Ax*— (Ap + 1) x + B kol @.(x) = Aux® +
+ (At —p)x —A =0 Exouwv Kownv pilav, fiTis va ebpedn.
341) N& &moSaydi 671 al thodoeg x* + ax —3 =0 xal x* —2ax +3 =0 &&v Bu-
vavtal v& Exouv augotépas Tas pilas kowds. Edpate Bt Tds Tipds Tou o, fva altan Exowv piay
kownyv pifav.

1 (X0)

fop 1

TO TPIQNYMON @(x) = ax* 4 6x 4 y O¢ EYNEXHE EYNAPTHEIZ TOY X
108. 1) BAXIKAI ENNOIAI EIM TON EYNAPTHEIEQN MIAE METABAHTHE

1) MewePlyrai teivovoar npog 0 0, oo kai npd; oralepdv acR

Mia peTaPAnTi TOU guvdhou TEY TpaypaTik®dy dpifpdy Aéyopsy : ) OT1
Tefver wpos TO 0, wad oupPoAilopsy x —~ 0, Stav ué'raﬁo:?\ouévn BuvaTar v yivn
kad va pefvny kot &réAuTov TIMAY HIKpoTEpa TavTos dp1buoy >0, doovBhroTe
pikpoU katd PolAnow, :
p) 6T Teiver Tpos TO 00 (BeTikdv fi &pynTikd), kai oupBolilojiey X — oo, STow
petaPohopvn, Suvaren va yivy kol va peivy kar’ &mwéAuTtov TipRy peycduTépa
Tawtods &pibuou M >0, dcovbfmoTe peydhou,
y) &T1 Teiver Tpos TOV oTadepdy GpiBudv o, kai cupPolilopey X — a, OTAV PETO-
Podouévn Buvaton 1) Siapopd X — & v& yivy xad v& peivy ke’ dwdAuTov Tiufy
pikpoTépa TawTds &pibpol e>0, doovdfimoTe wkpol katd PouAnow.

2) Metafolai pidg ovvaptioewg

Mia ouvdpTnots y = ¢(x), £xovoa olvohov Opiopol 10 Z< R, Aéyetan :
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a) aibovea eig 10 X, Stow &5 SUo olaodrmore &vigous TIpGs TS METOPANTHS
X, X1, X262 dwTioToxoUv dpoiws &vicor Tipal Tl ourapThoEews.

"Hrol, dv x,< X, < 9(x;) <o(x,),
B) ebivovea eic 1o £, dTav eis Tag v Aoy ® Tipds X;, X,€2 dvTioToloUv dvopoics
ai dvicor Tipai Tiis ouvapTtioews. *Hol, &v x,< Xz <= @(Xy) >@(X,) ki
) otabepa &g 10 X, STav els Tds Svo dwicous Tipdg X1, X:6Z GuTioTolOUV oo
Tipad Tfis ouvapTioews. “Htol, &v x,< Xz <= 9(%)) = @(X,).

Tiv gopdv peTePolfis Ths Gww ouwvapThioews g = o(x) Kobopiler mpo-

pawdds TO onuelov ToU Adyou w , © omolos &v elvon BeTikds ) ouv-
1T Ag

dpTnois elvon abbouoa, &v dprnTikds gbivousa kel &v icoUtan wé 0 N ouvép-
Tols elvon oTabepd.

‘H Evvowa tijg cuveysiog mig cuvaprijoens.

Mia owdptnois ¢ = @(x), Gpiopévn els & olvorov T< R, AéyeTan ouve-
xS dd v tpnyv x, € X, v, Tol X Telvovtos mpds TS X,, 7 ouvdpTnols Telvel
TROS THY Tipfv @(X,).

"Edw 88 1) @ = @(x) elvanr ouvexns Sik kéBe Tipfy x,€5, ToTE AéyeTon cuve-
xNs &ig 10 oOvolov X,

109. 1) 1) H LYNAPTHEIZ o(x) = ax?® + px + v EINAI ZYNEXHE EIZ TO R.

"Eotw x,€R plac Tipd) Ths peTaPAntiis x kai @(x,) =X+ PX,+ ¥ 1
dvtioToixos T Tiis owapThoews. *Edw AdPwpey kod THY TIUNY X, + €, Smou
£>0 xai Soov BEhopev pikpd ToodTnS, TETE ) dvtioToryos Tipf THs ouvapTh-
oews B& efvon @(x, + €) = o (X, + €) + P(x, + ) + v. Zxnuatifopey T Bia-
Popev (%o + €) — (o) = Xy + €)% + P(x, 4 €) + ¥ — (aX? + PXy + Y) =
= 20X, € + o€ 3 Pe.

"Emeidr) e dpiBuds doovdrmoTe pikpds, kéde Spos ToU Pou péhous Eyel dmo-
AvTtov Tiufv Soov BEopey wikpaw kal ouveTrdds 1) Slagopd @ (X, +-€) — p(x,) BU-
voran va yivy ked va peivy ko’ dméAuToY TIpf WIKpOTéPa TTaVTOS &piuol &' >0,
SoovBhTroTe MiKpoU kaTd PouAnow. "Apa ¢(X, +€) — @ (x,). ‘Emeidn B¢, Xo+€
—> Xy, 816T1 €0 GgovbroTe pikpds, EmETan ST1 1 ourapTNols W = ¢(x) efven
ouvexns Sic Ty Ty X = X,. ‘H Tipf Spcos x, elven Tuyoloo kad ouverrdds 1
owaépTnols y = ¢(x) elven ouvexhs Sid ke TinAy X € R ki &pa ouvexns els
TO glvodov TGV TpaypaTikdy dpifudv R.

2) Meraflolyy tfig ovvaptiiosmg ¢(x) = ax? 4 Px + v, Gtav xe R
"Eotw x;, X:€R (x,<x,) BUo Tipad Tfs peTaPAnTis X kad @(x,), @(xy) «i

dvtioToixor Tiped Tis ouvapThoews. ZxnuaTifopey ToV Adyov 2 )~ )

2 2 2 * sl
e SRR oty e e Bt ey g
:a(x1+xg+—§~). :
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Aix Tov EAeyyxov ToU onpeiou ool Slakpivopey Tas TEPITTTOTE
o) Edw a>0 kai AdBouey x, <X, < —5%-, TOTE Eyopey x,<——2% Kai X, Q—%r>
= P o i AP : e () —9(xw)
=X+ X < o Xt Xy = <0 = a(xl—{—x2+?)<0 > =% O =
<0 kai ouvenrdss 7| ouvdpTnoig ¢(x) = ax® + Bx + y eivan gbivovsa.

‘Ouoiws Suvduebe vd amodeifwper, 6T1 &v o > 0 kol R S <X, TOTE 1)
2a
o(x) elvar abéovoa.
"Qote, N suvaptners fua >0 sic o ddotnpe — oo < x<— ziu elvar @Bivou-
ca 'xkai gig 10 Sidotnpa — Zp_u SX < + o abfovsa. Andodh &AAooE Qopay

veTaPoAfis kai emaidh &md @bivousa yivetan altouaa, SitpyeTal S1& s EAa-
xioTns Tiufs kaAouuduns Ehayiotov (minimum) tijg suvaptijceac.
P) 'Eav a < 0, arodewkviopev g TponyovpEveg, Gt N suvaprneig tic o
Stﬂcmuu — o< XS — -2% elvar aiibovoa kai &g 1o Su‘mrqpa—-?% <x< + oo
@Bivovea. "Hror wéAw &AAGoer gopav peTaPolfis kol emeidn) &rd alfouoa yive-
T glivouoa, Bifpyeten E1& pids peyioTng TIfis, kaelovpévig péyiotov (maxi-
mum) tijg @(x).

3) Ménerov ij éLayotov tob tprovipon O(x) = ax® + Bx + ¢

EiSopev rponyoupévws ém1 T Tpiwvupoy, &v a>0, els Td cUvoiov Oplopou
Tou (R) AauPdver Tipuds Siepyoutvas 817 fvodg EhayioTou, 1o &molov elvan :

P ( — fi_)z c(( h%)i—;- B(—%)-im y:‘igz—;hgl kai &v o < 0, els 16 aUvorov

R AcpPdver Tipds Biepyopévas 81’ Evodg peyioTou, TO Smroiov elvon: @ (—-2%) —

)
o iy 3
Thv &étaow Tfis peTaPoriis Tou Tpreovipou @(x) = axt + Px 4y Suvd-

peboc v wdpewper kad &d THY popefy Tol Tplowipou  @(x) = o [(x + p )24—

2a
+4HIC;BSJ- OUtew Sraxpivopey & EEfs :

s i ; b .
q) ’Edv a>0, ToTe STov x—> 4 o0, T (X + __513;)3_} + oo kai TO (x -+ .ZEG) -+
¥ 40{);‘;&2 —> + @ "Apa @(x) —> + 0 Bix x —> | 0. *Ev ouveyelq, ToU X

) > a " 3 ' ; )
aUtavopEvoy GO — oo £uog ToU — 2%, TO (X + é%) AopPdavel Tinds OeTikds

HEv GAAG EAaTTOUPéVaS oUvEX(Ys, Bi1d X B¢ Toov Tpds —

£t (x+ L) =0

= 4oy — p* day — p* ; ~
Kal  ouveTréds cp( - %) =a [0 + qu, B J: u’;u e AxoholBws, ToU X
avtavopévou Ao — 2%— fws ToU 400, TO (x -+ 'JPE) aGtdveronr  ouveydds &md

ToU 0 Tefvov els TO + 00 kad 1) Tiud THs @(x) adfdveTan ouveX&s Ao TS Tipfis
P (_QE) = 49145——{3: Telvouoa els TO 0.
a
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B) ’Eav a < 0, &mobeikouey duolews, 611, ToU X alfavopévou &rod — oo Ews

TOU — % y T TIN THS ouvepThosws alfdvetan OUVEXES &TTO — 0o Ews TR TIyfs

4ay — p? . ~ . i ol B = ¢ il ,
T Kal, Tou X abtavopévou &mrd — 9o EOS TOU 4 0o, | iU Tiis ouvapTr-
, ~ Ak s ta il o ~_ 4day —p? ; T
OEWS EAQTTOUTAI oUVEXQS TG Tfis Tipfs ga— Telvouoa €is 1O — oo,

Ta dvwtépw auvoyilovrar s Tov drdAouBoy Tivaka :

Miva€ peTaBoAfis ToU TplvUpoy e(x) = ax? 4 Px+ vy

Foe RN T e 1
! il & e T e . o
(day = B*) [ 4a
Sl i ? (0 ’ e \x EAdry1oToy A TR
B — o (4ay — P9 [ 4a )
sy ‘ ¢ (x) ’ 7 uéyiaTov % —® J

Hopesdeiypara : o) To Tpichwupor o(x) = 3x*—2x + 3 Exel éva EAdryloToy

i x = — 2% =— -%%:% » 816TL @ =3">0, 15 dmoiov elven @ (%—) —

__ day—p* 4'3-37(—2‘)’k 8

S ED RA Y e W

B) To Tpicovupov f(x) = —x*— 2x + 2 ExEl Bva péyioTou Big x — — 2£ =— 2%‘3)_:
& =

=—1,86m a=—1 ¢ 0. Tolro elven P—1y = 3.

AZKHEIEIX

342) N& ebpebii To HEYIOTOV 7 EN&xIoTor T KéTwb ouvapTioEwy :
Da)=3x+2&+4, e(x)=x1—7x-1, P)=x2—TX, @(x)=5x>—4
1 3
2) o(x) =—x*—3x+1, ()= 3 — (x — 1), o,(x) = = ol (x + 2)2

343) N& eUpebfi f Tinf 1ol A, Wa To TPIOWUHOY PEO=(A—Dx2 —Ax + A EXT) pé-
YioTov Tdv &pifpov — 1.

344) Né& ebpebij f) perady 16w o kal P oxtars, tva 1o Tp1dovupor g(x) = — x* (o + B)x
— (¢ —B) &n péyioTov Tov &p1budv o 4 p.

345) Ay Tolav Tiwfy ToU x TS ywépevor (2a —x) (2B + x) yiveren péyioror kel
molov 6 péyroTov Toltov (a BeR).

FPA®IKH TAPAZTAZIZ TON ZYNAPTHZEQN

v=ex + B kai y = ax® 4 Bx + vy
110. "Opropés. I'paguxy nagdotaos 1 yeouevows 3 TAPACTATLHY  HapuAddn uidc
avvagrijoces y = g(x) xaleirar 5 veoup, Tijs dmolag Ta anueia Eyovy TETNUE-
Yag TRE TiHas 10T curdlov Gotouot adrijc xal teraypévac vdc drreotolyovs Tiudg
700 ogvvdiov Ty Tiic ovwagTiaews.

&
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1. Ipagikiy napactacig tiig cuvaptiscog ¥ = ax + B, drav (x, y)eR?
Edv x, kai X, elven 0o a&@aipe-rol. Tipal ToU X, TéTE af dvtioToryor Tipal
Tfis ouvapThoews elven W, = ax, + P xal g, =
ox, + B. Keraoxeudlopey & onpeia A(xy, W)
kal B (Xy, W), dvapepdpevor els 10 opBoydoviov
oUoTnpa didvew x'0x, @' Oy. *Ag Becopriowpey
kal &v TpiTov onueicy
M( Xo) Yo = &%y + B).
Ex Tdv y, = ax, + P
Y= ox, + P
Wp=ax, + P

81’ Ggauiptocws KaTd HEAT) EYOMPEV !
R py oW e R, Wamta, et te o
— = (X, — Xy) Yo— Y2 Xo—Xa Xo=— X1 Xo— X2

Ol Spot Tiis avcc?\oqus aUThs elvaral guvTeTory pévan TGV S1oVUoHATWY MA (Xo—Xy,

. Y1 Yo
— ) Kai MB (Xg — Xg Yo — a) of BE Adyor ¥ x-n— :—;1, I———i elvan ol ouv-

TeheoTad B1evBivoews dvmioTolyws alTGY.

“Apa & Birawbopota £xouy ouvtedeoTds SievBlvoecs foous kal ouverrddg
elvan ouyypaupicd. “Hror 16 onueiov M (X, W) kelTan i Tiis ebfelag AB, émeidn
&t EAfpbn TuxOv, EmeTon &T1 &Y onueiov THs evfelas AB elven onpeiov Tis ypo-
Qikiis TopacTdoEws Tiis ouvapThoEws W = ox -+ P.

"Qore, 1| YpaQik] nepdotacis tiig y = ax + P clvar evleia ypappin pé ouvv-

P —

teheotiyy Sievbdvoewg, 1ov cvvieheotiv Sievlivesag td@v Sravvopatov MA, MB,
o omolog elvan @, Sra tolito kai kedeiton W ¢y = ax + P ypappuiki} svvdpTnois.
‘H ouwvdptnols Bia x =0 8i8et w =P kai Sid @ =0 5ibe x=*--%, T&

8¢ onueia I (0, P) xad A (— %, 0) elvor T& onpeia Topdis Tiis eVBelas y=ox-4p

ue Tous &fovas w0y kol x'0x dvmioToiyws. ‘H TeTaryuévn P ToU onpelov I kad
) TeETUNUéVD — —E— ToU A koAouvTan duTioTolyws tetaypévy Emi v dpyiv kol
tetpypévy Eni TRV apyiv, duedTepon Bk ouvtetaypivar Eni Ty apyiv.

‘H ypagixn) TapdoTacis Tiis ouwopT. Y =oxXx + p &k p=0, fitor Tijs
cuvopTioews Y = aX, elvan elBeia Siepyouévn Biax Tijs dpxfs 0 Ty &idvew v,
51671 S x =0 elvan kad =0

‘H ypagiki] map&oTaois Tis owepT. Y = ox + B, étav o = 0, fiTor Tis
otodepds owvapT. W =P, elvar edfieiar TapdAAnAos Tpos Tov dtover x'Ox, 16T
B waw x elven 1) Twfy Tis @ wéwToTe .

Kataokevn tfig ebleiag y = ax + B
Mie etfeiae dpileTon Bid BUo povov onpeicov. Ta XUPOKTNPIOTIKWTEPA TPOPVESS,
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Bix TNy karookeuny Tiis eUbelas W = ax + P, elvon T& onpeia Topfis alTis wé

Tous &tovas. ‘Apkel Aormov va elpopev T

y ouvTeTarypévas el Ty &pyriv. OUtw, T& on-

peie A(— —2—, 0) kai B (0, B) d&pxolv 81 v

Oploouy Thy elBetav AB, fiTis elvan 7 ypogik
TapdoTacis THs ouvapTio. Y = oX + P.

Inp. "Edv 1) ebfeia Sibpyeton 81& Tfjs

dpxfis TV &Eévev (g = ax), TOTE Bix THY
koTookeuny Tns, &pkel £v pdvov omueiov.

Iyx. 110.2
2. Ipagiki) moplotacis tijg ovvapt. w = ax® + fx + v
“Exovtes U’ Syw Tov Trivara petaPolfis ol Tpicovipou g(x) = ox® + Bx +
+ v, buvdueba va TapaoTHTWHEY Ypagikdds THY owapTnow Yy = ox® + Px + v,
dvapepdpevor elg 1O dpBoycmiov ouoTnua &tdvaw x'0x, W'O0y. OUtw Biaxpivo-
pev BUO TEPITITWOEIS :

a) ’Eav a>0. ‘H ouwdptnois 8i& x = _2%
AauPaver Ty EdayioTny Tns Tipnw @ =
s e B T e e e

4o 4o’ 2a

. " - . — A v
Exel mediov TGV TO (+ 0, 'Tu_) Kal  O-

'rotv—ﬁ%<x< + oo Eyel meBiov TiuddY T

pis i
(G +=):
Karaokeudloper Aorrov 16 onpeiov A

(— 2 22). "Axorotfiws Aaupdvouey Blo
TGS X, =—% + € kai X, = —% — b ouppeTpikds G5 Trpds THY TIMAY — %
kol T&s duTioToiyous Tinds Wy kad Wy THs ouvapThoews. EUkOAws &mrobeikvio-
vev 8T Wy =y, "Apa T onpela B(x,, wy) kad T (X, ) elvan ouupeTpik dg
mpos ThHy eubeiav AT, fiTis koAeiTan &Eeov ouppeTpias THs ypouufs = (x),
kel OUVETI@S 1) YpaQIKn TrapdoTaois Tiis ouvap. = ax? + Px + y &roTeAeitan
dmd &uo Tpfuora AMZA kai AHBE ouppetpika ds mpods Tév &ova ouppetpias
AT. Aia iy kerraokeufiy Aoty kar& Tpocty yiow THs ypouufls y = ax? + Bx+y
Béov v& elpwper doov TO SuvaTdv TEPLOOOTEPD TNUEICt TUPPETPIKS €35 'mpds TOV
alovar ouppeTpias, S16T1 elvan 1 ypapupd) kopmUAn kol oUbty Tufua adtis elvon
euBlypaupov. Touto ouvdryetan ék ToU &1, ) elfeia y = AX + B Téuver Thy ypau-
M @ = ax?+ Bx + y €l 80o 1O mWOAU onpeia, BidTi TO cuoTnua Tou &ro-
TehoUv Exer TO oAU SUo AUokls.

X
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THv xopmmUANY ToUTnV kKaAoUpey mopaforfv, TO onpeiov A kopueilv oU-
THs kal 1OV &kova AT GEova tiic mupafoliic.

[Mapatnpiieaig 1) Ta YOpOKTNPICTIKWTERS ONUETX TS KAPTTUATS Y= aXx*+
N B A \ 5 i =
Bx 4 y elvan @ 1) kopugt) aUTRS A(—%, - @), TG& onpeia Topdis s TapaPoliis

pe Tév &fova Tév x Z(pa, 0) xal H (py, 0), émmou py, p, pilat ToU Tpicovipoy, Kai

TO onueiov Topfis THs TapaPoifis v Tov &tova Tév W A(D, y) xad TO ouppeTpI-
s £ B : A B e Y .
kov avrtou E (-T’ y). 2) To onueiov A (—25, — 4q ) KETTOW, &V oxéoel TTpoS
ToV &Gfova X'0x, k&Tewbev, A émi, 1) &vwlev alToU, ka® Soov elven A0, 7| A =
=0, 1 A<0. Tpdyporrt, SidT1 TOTE dvTioToixws 8& elven :

A ReEARAT @ e
= i YR ey
ToUTo BewkwleTan els T& dwdAouba oyxHpaTa.

Zx. 110.4

B) "Eav a<0. Ty ypagikiyy Tapédotaoiy Tiig oWOPTNOEWS Y = ax® + PX+ y
Buvdpeba v kaTaokeudowEy  OKeTTTOUEVOL Suoies,
Tiw épyaoiov Taltny dofivopey S1& Tous pa-
OnTds.

Hapaderypa : Na yivy 7 ypagixd) mepdota-
ol TS Yy =x2—5x 4+ 6 !
Kataokeon: 'Emedn a=1>0, 7 cuvapTnaIg
el EA&yloTov. EUpiokopsy Tdg CUVTETQY HEVOS TV
XOPOKTNPIOTIKGY ompeiwv THs kaumuAns. Kopu-
8 5 1 B & \
o1 :_A( S ———47). Znueia Topfls pé Tow X'OX :
I (2,0) kad B(3,0). Znpeiov Topfis pé Tdv WOy :
A (0, 6) xal TO ouppeTpikdv adTou E (5,6).
Avo Etepa ouppeTpikd onpeia : Z (1,2) kad H(4,2).
Mg T& onpeiar abTd Buvdpeda v&  KaToaokeudow-
pev TV kopmUANY KoTd Tpoactyylow. THv kaTo- !
oKeuny TauTny Seikvlel TO oxfipa. Iy. 110.5

LIS
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ALKHIXIEIZ

346) Na yivn ) ypagikiy TapdoTtacis TdY kdTwd ouvapTrioewy :
w———‘%'x—Z \y-—:-k27%x, x=4 vy, y=ax + 2, y=+4x+p
347) A& moias Tipds TV A kad pal ebBeiot y = (A1) x+2u xai ¢ = — (24A)x+5
TépvovTal els TO onpeiov M (%, 272) j
348) N& yivn 0 ypagikn wapdoTaois Tév efacv w=2x+ 1, y=—x+3
Y =X+ % Ti mapatnpeite ; Aikaohoynoate TNV Tapartnpnoiv oas.

349) Na yivn 1) ypo@ikn TopdoTacls T@v KaTwd ouvapTioewy :

x? x*

y=—3+2x—2, W:—‘é‘+4, y=x*+x+1

W= 2x% J-uc, y=xt—x—6, y=—x'+x-2

350) Awx molav Tipny Tou a TO WéyloTby Ty guvap. = —x—.;- 4+ 2x — 2a elvar &

ap1Bpos 1 ; ‘AkoAovdws TapaAoTNOQTE QUTHY YPAPIKES.
351) Na émAubouv ypagixkéds Ta ouaThpaTta Kol va edpeBouv ol dptBunTixal Aoeis Toov :
{xp:»Zx—l {\p:x’—x+1
y=x2—-2x-7, W=x+X
352) N&a kartackevagfouv al ypagikai TapXOTACES TV CUVAPTNOEWY W = —X? -+

e 3
+2X + 3 xal gy = o 4 (X *T). 'Akoroubuws va elpebouv ol dképoaren Tipal ToU a, fva

N elBeia W = a Téuvn dppoTépas TES KAUTTUAGS.

ALKHZIEIZ ENANAAHVYEQZXZ

353) Na& tmAuBolv al dxdroufior éliodaers :

D (e +P+y)x*+2(@+P+y)x+3=0, ol pAvER
(@ —x)*—(P—x)?

& K= F@E=xpF - F o, BeR

3) (k= x)* + (x = M) = (x = A)? xA€R

4) (X —a-+2p) — (x — 2a + P)* = (a + B)?, o, peR
(x—) x—y) =P)x-v)

2 B-P-y) (@—p)(y—a) = a#P#yeR

354) 'Eav o, B, Y€ R, © B¢ tliowois f(x) = ax® + Px + y = 0 éxer pilav Tov u|ycx51-
KOV |+ vi, v& amobeybij 6t f) &AAn pila Tis £ (x) = 0 elven & piyadikds g — vi.

355) Na ebpeBij 10 eibog TGV pifddv Tiis thioboews, o, B, Y €R, 3x2 — 2 (ax + P+ y) X +
+ap + Py +ay =0.

356) 'Eaw 1y ttiowols f(x) =x*+ax + P =0 &n pilas mwpaypaTikds kol dvicous,
va dmobery8i 6Tt TO aUTo oupPaiver kal i Tas pilas THs f(X) +A(2Xx +a) =0 AER

357) N& mpoobioptadij 16 eidos Tév gilédv Tiis Ehiohoews Bix? + (y? + B! — a?) x + y2=0,
Gv @, P, y TOplOTOUV WIKT TGV TAEUPQV TUXOVTOS TPIYWVoU.

358) 'Eaw x,;, X, €ivon pifon Ths x* + ax + B = 0 v& oxnuanodij étiowos P Pabduod,
éxovoa pilas Tas x,%, x,* kai droAoubws va eUpedf oxéors petaty Tév o kai B, iva 1) véa Eti-
owaig Exn Bimhijv pilav.

3 5 X
359) "Eqw xy, x, elvon pifor Tol Tproovipoy f(x) = ax®+ Px - ykad 5 = %x.

&
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va rrobeary8iy 611 f(% + k) =f (*2" -k ), dmou k Tuywv mpaypaTikds &pifuds.

360) N& mwpoabiopiafouv ol k kai A, fva af pifar Tis Eliowoews X* + kx + A = 0 elvan
ol d&piBpol k xai A.

361) 'Eqv X, X, €lven pilan Tiis Elio. o x® 4+ Pix + yi + A (x4 Px + v.) =0,
va dmobeiy8f) éT1 Umdpyel oxtors peTaly T pi{dv x,, X, dvelapTnTos ToU A kai va eUpedi
N TN Tou A, B1& Ty dmoiav 1y étiowors Exer BimAfy pilav.

362) Aibetan 1) étiowots ax® + Px + y = 0, &xovoa pilas x,, X;. N& oxnuatiodij Ei-
cwais, éxouaa pifas x, + A, X, + A kai dxohoUbws va Tpoodiopiofi & A, fva altn eival TS
popeiis 1) Ax*+ T =0 xai 2) Ax*+ Bx = 0.

363) Na oprafouv t& « kai A daTe, &v Xy, X, elvar af pilan Tis tlo. x* + kx4 A =0,
T6Te ol dpifuol x, + I, x, + | v elven ol pilan Tis o, x* — k2% + kA = 0.

364) 'Eqv o, B, Yy € Q, 1y 6t éfigwors f(x) = ox® + Px + y = 0 éxer pilav Tov davp-
HeTpoV K +- 4/ A, v& &mmoBery®i 711 &\An pile Tiis £ (x) = 0 elvar & Govppetpos K -\/7\-
"EvBa k, A€ ) kai A pf Téhelov TeTpdywvov prTou.

365) 'Eqv Tdv thiowoewy x* + 2ax + P =0 xkal x*+ 2Ax + B =0 al pifor elvar
aurigToixws (X, X») kol (X, + k, X2 + k), v& Berxdfj 61 : A* —B = a* — .

366) 'Eqv ol pilar x,, X, TAs Eo. ax® + Px 4+ P =0 élvon dvdhoyor T@v dpiBudv

v EN kai x,, x, € RTY v &mobeixdi c"m]/“ 4 V" bl G
v W a

367) N& ebpedi) 7y lkavn xal dvaykaia ouvdikn petady Tév o, P, Y € R, va 10 Tpi1cs-
vupov @ (X) = a? x? + (o + y* — P x + y? elven TéAelov TETpdywvov.

368) Na dmobeixdny &m0 mapaotacs (o + P)2x* + 2 (af + P x + (a— P)&
o, BeR kai a # 0, p # 0 dvaron v& petaoynuatiadi els Biapopdv Slo TeTpaydvwy Tpa-
yHaTikGy TapaoTdoeny kol droroUBes va dvalubii els ywdpevov TapaydvTov.

369) Na& ebpeBouv al mipai ToU p, Bix Tag dmolas | mapdaTaois x + (uy + 2) X +
+ @y 4-3) (¢ — 1) blvatar v’ dvaAuBf) els ywopevov Buo pnTdv TpaypaTik®y mapayd-
vTov o [Buiwv ds Tpos x kal .

370) N& ebpedii f Ilkown kal dvaykaia oubfkn, iva f mwapdartacts (ax + P)* +
4 (yx+8)? eivar TéAerov TeTpdywvov.'Ev ouvexeix va drodeiydij &1, tav ol TapaoTdoes (a,X+
B? + (aux 4 Po)? xad (opx + Po)? + (X + By)* clven Téheix TeTpdywva, TOTE kal 1 Tapd-
oraois (ax + Bi)? 4(ex + By)? elvan TéAeov TeTpdy covov. OF épbpol @y, 4,5 Prvzvas & P, Y, B
UtroTifevtan Tpay uatixol.

371) N& &mwodaybfj 1 10 f(x) =2x* — M(10x - 7) — | #xer pilas wpayuaTtikds dvi-
oous W AE R.

372) Na& beix8ij 6m1 ) élicwois e(X) = (X — o) (X — @) + (x — o) (x — o) + (x — &)
(x —a,) =0 éyer pilag Tpaypatikas dvicous, &v o, < o, < oy
|+cr= Lo ot

X —a X— o,

374) N& oynuatiodi éElcrwms P" PodBuol Exouoa Bimhilv pilav THY kowdv pilav Tév
5Uo Tpleovupewy x* — ax + P kai x — 8x + a.

375) “Ywo wolav ouvBikny T& Tpidwupa X? 4 axy + Byt kal X2+ yxy + By? Exouv
fva kowov Tapdyovta TpwTou Babuou ;

376) N& dmobeayi 6Tt f§ A Ths o oX* + Pyx + ¥, + A (ax® + Bax + y) =0
elvar Téheov TeTpaycwvov, v al tEo. oxt 4 Bix + ¥y = O kai opxt 4 Byx+ y, = 0 Exouv piav
kownyv pilav.

377) N& tmiduvBouv év R al dxdhoubor dvniowoels :

1] x’é(3a+§3)x+2u(u+ﬁ)< 0,
2 a! xI

373) ‘Ouolws Bix 'TI'[U =0, & g’ < o< o
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378) M& Tolag Tipds Tou A ) mopdoraoss (A —2)x*+ 4x + A 4+ 1 Biarnpel Spo-
ofpous Tipas i T&oav TPOYHATIKAY TIAY TOU X ; : ’
379) N& eUpedi) To& ouvohov Spiopol Tiig TPaYHATIKTS OUVAPTITEWS
—5 X —dx+3-2¢/—x t6x+8
s ‘gBO) Né& eUpedij 818 olag Tipds ToU x € R dAndever f) dviowois x* — 2ax + B+ y) >0,
v a, TaplgTOUV uKn  TAEUPEY TPIYWVOU | ; )
BE:B)I) To rprdvupov ¢ (x) =ax® + Px + vy Bk x = 5 Exet Bh&yioTov Tov =3, i pla Tou
5t pila elvon & &piBuds 2. Edpate & o, By ¥- 4 Lok s
Rié 382) Né& evpedfi Ay lxowd) kel &vaykaia ouwbfxn, a al ebeic) W =X + P Y =
= X + Be W= asx + Py BiépxovTan §1& ToU aUToU onpeiou.
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KEQDAAAION XIV

BISQTEIE ANATOMENAI EIZ EEIZQZEIZ B' BAOMOY
AITETPAFQNOI EZIZQZEIZ

111. "“Opropog. Kaleitar direrodywvog étlowaig dg mpos &va dyvwotoy, maca 8ki-
owoic dov Pabuoi, megiéyovaa pdvor dgrias dwvdpues TOD ayvaotov.
“Hror s popefs ox* +Px*+y =0, a #0, B, yeR § Kad TporypaTikal To-
paoToels ph TepiExovoal ToV X.

To mpédTov pEAos auThis @ (x) = ox' 4 Px* 4y koeiTon Biretphywvov
TMAOVVpOV.

112. EMIAYZIE.

*Erivols aUTHs EmiTuyydveton Bide Tol UETQOYNHATIOWOU X* = Y, omdTe
AcuPdvopey Thy Elicwaw ay?+ Py +y =0, fris xedeiton Emhbovoa Tiis
SiteTparycdovou E1oTEwS.

‘H tm\Uovoa Exer &v Yéver BUo AUoels Wy Kal Wy TTPOryMETIKAS 7 xoBapds
wyaBikas ouluyels, STOTE FTTQEPYOMEVOL Els TOV PETOOYNUGTIONOY X* = gyo-
1y X2 =y, kol X2 =\ AcpBavopévou B U’ Sy, &L TES &p1fuds Trpory BT
kds 7 pryadikos, Exel BUo povov TeTpaywvikds  pilas dvmibéTous (§ 73), eupi-
oKopev ik TGV X* =y Kol X* =y, TdS AUcels Tfis SrreTparycovou EElORCEWS X =
= ﬂ:\/TP_; X :t\/ Yas €L v Exouey x; = +\/ Y1, Xe= —\/@1—. Xg= T ’\/"l"za
Xg= —/ Ve

"Qote : Al terpayavikel pilor tdv pldv tiig Emlvodeng glvon pitar tig dui-
tetpoydvon EElodasag, ava dv0 avribetor.

Eldog t@v pidv tijc tEwo. ax! + px* +v =0, q, B, yER

To elBog TGV pil@y TS SrreTparyvou Eliotaews ElapTdTon &K TOU eibous
kol ToU TrpooTipoy TGV pilév Tiis gmAvovons auUTis.

OUras, ExovTes U Syw T cupTepdopaTa Tou Tivakos Tiis (§ 93), Buva-
peba v& oupTAnpowiey Tov dxdhouBov Trivera BiepeuvTioecos THs BITETPAY-
vou ELiohoEews
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Aiepetvnars Tis tio. ax' +Px*+y =0, o, B, yeE R,a # 0
A | P I S ‘ Pilcn tmiAuolang ElSos pilav SiteTpory vy
i ﬁ-t,__ v, ¥, € R i X Xgy X X, €ER, X = — Xy X5 = —X,
— | Yuy:€R- Xp) Xa) X3 X € |
+ wvieR*, y, € R- Xis xgeii{_xs: el
e N R wvi€RY, y,e R~ xl,x,sR,xﬂ,x‘el—-
2 0 y€ER*Y, y,eR-, y, = —y, _x:x:gR,x,,XIEI
. _:--‘EER*:%:O Xir Xgs Xa = X, =OfR -
nlle= y:€R-, ¢, =0 Koy Xy @Y, Xy =%y =10
i ¥, =y, eR* r | X1=%€R, xy=%,6R
0 7+7 f~-— Vi =y, €ER- :;:xael,x,=x1el
T 0___7%:%ﬂ0 o Xi Sy = =0 -
=) %.%E(C—'R) X1, Xa; X3: X4 € (C—R)
Enu. | olvohov Tév gavtacTikév, C olvohov T&w ;.uyuﬁmc'bv.

113. METAZXHMATIZMOZ EIL I'INOMENON TMAPATONTON TOY AITETPATQNOY
TPIONYMOY o¢(x) = ax* + Bx2 + 7, a7 0.

Eaw iy, . elvan ai pilan Tiis dmiduotons ap?+ Py + v, ToTe ay? + Py+y=
= aly — ) (W —y). Ex 8 Tis x*=y <y = x*
TPOKUTITEL : ax! + BX* + ¥y = o (x* — ) (X2 — y) = ol o
o (k) (= 1/ W) (X + V) (x — V) =

= o (X — X)(x — Xg) (X — Xg) (X — Xy)

"Ex qoU peTooynpaTionol TouTou EmeTan, 611 Suvdpeda vd ebpeopey TO &i-
TETPSywvov Tpicovupoy, &Tav yvowpilwpey Tés pilos Tou.

"Errions Suvduedo va AdPooper SAAas poppds ToU SITeTporyddvou Tplavipoy,
T&s Omolas BiBouev s AoKNOELS.

[opadeiypata: 1) N& émAudf 1| éicwois 36x* + 11x*—5=0
"Erilvoig: ‘O petaoynuartiouds x? = y &ibel iy émiAvovoav 36y* + 1ly—5 =10,

- . [ 1 5
s éxer pias y, = T We— —
Al pilaa Tiis SiteTpayvou ebpiokovton &k TGV Eiodoewv xﬂz%, et fis
s R B R & 1 —i\/? x——'V?
HSORE S P gt DS S T

2) Né& eUpedij 1o eldos 6w pildw Tiis thio. 2x4 — 5x2 — 3 =0
Aboig : "Exopev Sia x* =y Ty EmAvouogav 2y —5¢y—3 =0, fiTis &ider:

A=25+24=49>0, P=-3 <0, =2 >0

"Apa 1) émiAUouoa Exel pilos TporypaTikds, ETepootipous pé &TTOAUTS peyoiu-
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Tepav THY Oemikny. Kad ouverrds 1) SiteTpdywvos Exer (éx Tiis BeTikfs) duo pilags
TpaypaTikas dvTiféTous kad (Bx TTis &punTikiis) Svo pilas pavtaoTikds dvTiBéTous.
3) N& petaoynuoTiodf els ywopevor mapayovtwy TO Tpiwdvupov
px)=xt—ax®*(a—1)—a? o>0

Avorg 1 AauPdvopey ThHy EmAvoucav w? — ay(a — 1) —a®, fimis éxer pilos
Wy = o, g, = —a. Zuvemds al pilon Tou @(x) elven @ xP=a?, & f5 X, = @,
Xy = —a ko xaziVa_, :q:—iVa

"Apa Exouey @(x) = x* — ax? (a—1) — a® = (x—a) (x4-o) (x—i Va) (x +iVa) =
= (x—a) (x + @) (x* + )

AZKHZEIZ

383) N& émduolv ol dxdroubor thigdoes :
1) x* + 12x* — 64 = 0, Oxt —5x2—4 =0
2) .—1.+;a'x***“ X 2¢+2) _(x*-Dx*—-2)+6

3= 5 x4 1
1
3) x2 (ax® — 1) = op? (ax® — 1), za—t—i*—-—%—(xa—l)
384) N& evpsdi TO eldos 1oV pildv txdotng Tov thobdoswy :
1) 2x —5x2 =7 =0, 2) X' +13x24+2=0, 3) 2x' +19x* +9 =0
385) Na& dvaduBouv els ywopevov Tapaydvtwy T& TPlVUH :
Do ()=x"+13x*—48, 2) 9. (x)=36x' - 13x2 4 1, 3) g, (x)= o* P? y2x* +

+ Xt — Py —1
386) N& uxnuamiohfi Siterpaywvos tliswors, éxovoa pilas

: 1 ) = I i L5 a o+ P
1y + 3, + ) 2) 4 \/ 3, +1, 3) 4 o +- 21\/ 2, 4) 1 5 + -
387) N& BiepeuvnBouv al drohouBor tfiodoers :

D@=D)x—4x*+A4-2=0, ) b+ Dx -2 @m—-Dx24+3@~-1)=0

388) Na &moBay8i 671 10 Tprwunov ¢ (x) = ax’ + P + Y, @, B, Y € R, peraoynua-
TileTan eig ywdpevov dUo dsutepoPaluiwy Tapaydvrwv ToU x.

: ) i =l : ]

389) ’Eav ?(_ 0, va &mobeybij é11 1O TPiwvwpoy @(x) = ax! + Bx® + y petaoyn-

HaTileton els ywopsvov 8Uo mpwToPaluivy mapaydvreiv kel Eves p'/Babuiov Tapdyovtos
Qg Tpos X. )

114. MEEXHMATIEMOY. AITIAQN TINQN PIZIKON EIE ATIAA

Al napastioelg tig popoiis 4-1/A £4/B, 6mov A, BEQ*, B pi) téheroy te-
Tpayomvov pitod kai A >4/B = A* — B > 0, kahobvrar Sinhd tETpayOVIKG pr-
Cika. T A xal B Suvaran va elvan ket pnted mapootdoss.

TowauTen TapacTaoes dmavTdvTal ey Tég Aoes Tiis SiteTparycovou EEi-
owoews, 6taw 1 Siakpivovoa A = B* — day Tiis EmAuolons oTiis Biv  elvan
TEAEIOV TETP&y VOV PNTIS TEPATTATEWS TEV GUVTENETTEY «, B, Y UTromiBepéveov
pntdv. Tpdypatt els Tdg Avoes Ths SiteTporycovou liooews
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x1n2— j: v B+\/ ) xal

EXOlJ.EV X1y 2 80 4 = ii:\/A i‘\/B *

Al SuokoMial, Tas dmolag Snuloupyolv T& S1mAd pilikd, oipovTo el dopi-
opéVas TTEPITTTCOELS B1& TOU PETOOYNUATIOHOU cUTdv els &TrAS.

Mpds TouTors, {nTouuey BUo pnToUs BeTikols &piBpovs X kol y ToloUTOUS,

ote /A £4/B =X + V', ik Tév dmolwv & els TouddyioTov v& elven )
TéAEIOV TETPAy VoY PT)TOU.

To BimAolv onueiov SikaiohoyeiTan s &Efjs :

*Exouev ¢k Tfis /A ++/B =1/X + 1/, 8’ Uydoews elg TO TeTpdywvoy,
A+yvB=x+y+ 24/xy. "Emeidi/B kai/xy &ppnTor kad A kal X + ¢ pn-
Toi, EmeTan (§ 63)
b=y AL B SR A AR T R
\/§—2\/X—\P =A-—y/B=x+y-— \'/X\P = A—+/B=(VxX—VV)
= v/A-vB =|vX=—1/¥|

“QoTe éxopev &1’ dugoTipas Tag 'rreprrrrcooms X+ y=A, »\/B— 2 \/X\y,
Ax+y=A &xy=Bfix+y=A xy= T' ol émoian oxnuartilow ThHy £E-

P _ . B
, & Béocopey — g = = A xai 40(, =B,

ocwow w?— Aw + -—%-r— 0 pt pilas ToUs &pibuols x kai y. Al pifen alrfis Tiis
¢hiomoews elval :
KA+ YATE Ay

. Ak va elver 8¢ of x xai y pnTol, TrpE-

2 ’
me At — B=T?, (FeQ), 8w x= AL —AZIT]
*Avniotpdpas. ‘Edv X, weQt kai x 8 +2| 1] ALY =B _:zi r—l TOTE
(‘\/X:f: \/\P)z =X+y+ 2\/’“*’“‘ iu-{-i__r + QVA’ I" o

_AiVB

Oy | VX + VY| = VAxryE
“Apa: Awa va drapyouvv pntoi Betucoi GpiBpoi x waiy, pé Eva tovkayietov

B} TELEI0V TETPAymVOV pryTol, Towobtol, dote/A 4 \/_E_ = \/; S \/qj, npEneL
kai apkel va slvar A, BeQ+ A2 — B = 1'%, ([eQ).
‘O peTaoXnuaTiopds ToTe ToU BirmAou pilikoy

elvon BuvoTds kol yiveron e ARl A=l
Bdoer Tou TUTTOU + /A +/B=% (v—z'_ = V_Z_)
INapadeiypara: N& petaoynuaTtiodij ékactov T@Y dkoAoUbwv SimAdv pi-

(kG els GMA& : 4/3+24/2 , - V/2a + 24/a? — P*
Aborg: o) Emaidh 4/3 +24/2 = A/3+4/8 kai 3“—8: 1 =12, Eyopev

A/3 13 4 /2 —VSH = V3—"—l =24+ 4/1=42+ 1"
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B) *Exomev \/2a+ 2 V@ —p + V2a + Vi@ - py ol fmedh A=2c,

B =4 (a2 —p?), Emetan A —B=4a®— 4(a® — P?) = 4p* = 2 "Ofev
Via+ 2vV/a—pr= vzi%'ﬂ’ + in-fﬂs =1va+ P+ Va—p. ‘Ymebioaue
a=p>0.

AZKHZIEIZ
390) N& peraoynuatioboly s &mA& piliké al dkéAouBol TEPACTACELS

D VTV Visvis, Vitavs Via—2vi,

»Varz vacT Vat3-2av3 Vatp-y-2VE-n«

3 Vil—2v30+ V-2 VIO, VB+8\/7—+_4—\73:+
+\/3+3\/?_T\7‘?

391) N& evpedy i Tiph ToU A, a 1) TapdoTaos, M x>4, y = ‘\/x +M/x—4
Buvarar va Tpamd els &TA& pilik&.

392) N& &modeayij 611 1 TapdoTacts =Vx +3vV%—9- '\/x —3v2x =9
lootran pt V2 (2x—9), &v 45 < X < 9 xal elven dvebépTnTos Tol x, & x >9.

ANTIZTPO®OI! EZIZQZEIZ *
115. "‘Opopds. *Eticwais Ti6 @ (x) = 0 xaleivar dvriorgopos, dtav, Eyovoa ¢

oitav Tov dpibudy o # + I, &xn ac Toadtyy xal Tov dolfuoy rg— (o#0).

Bdoer Tou TeBévTos Spiopol, pia dvtioTogos EElowois Bév petaPdMieTa,
t&v &l ToU x TeBR TO %, (% 0)-

My § &lowois ox® + Px? + Px + a =0 elvou dvrioTpogos 3ou Pabuou, 81011
&v dvri Tou x Tedf elg aUThY —’1‘— eUplokopev:
« % +P % it ?’--,1( +a=0<> a+px+pxi+ox® =0, fimis elvon f omh
wt Ty ox3 4+ Bx? 4+ px +a=0.

' AmroBeikwieTar &t ¢ TAveykaie xai ikavi] oovBikn, fve 1) iilcwcs ¢(x)=

=0 elvar Gvrictpopog, elvar oi cuviehestal tdv Spav adtfic, ol loaxig 1@V G-
Kpov aréyovreg, vo elvar oou §j dvrifeton

EisikcoTepov, &dv ) &vrioTpogog orepfiTan TV pildv 4+ 1, elven dpTiou
PaBuot kai of cuvteAeoTad TGV épuwv aUTiis, of iodig TEV &Kpwv &TTEY OVTES,
elven foor.

Supgdves Tpds T& dveTépw of dvtioTpogor ttigdoes P fws kol € Pad-
woU elvan :

(*) *H #wowx tiig dvrarpdpon tEioboeng dpelderan elg tov De Moivre (1667—1754).
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ax! +px+a=0 ax® 4+ Px2+pPx +a=0

ax? + Px? +yxt+ Px+a=0 ax? 4+ Bx2—px —a=10
oxi 4+ px 4+ Px+a=0 ax5+ﬁx*+yx“+yx2+§3x+oc=0
axt+ pPx* —pPx—a=0 cxx5+[3x*+yx“—yx2f[3x—u:0

‘H AUois Tév dumioTpdgwy Eliodoewy 3ov, 4ou kad Sou PaBpou duvaTal
v ytvel va oy ®ij els Ty Aow SeutepoPodpiou tficwaews

116. EIMIAYZITZ ANTIZTPO®ON EEIZQLEQN

1. *Enilucig avniotpégmv iEiehoemv Jov kai dov Pafpoed pé Erdeinovia
10v peoaiov Opov.

To mpdTov péNos TGV Hiothoewy aUTdY peTaoynpaTileTon eUkoAws €S
YIWOUEVOY TTapOry OVTCOV.

@) ‘H avtictpogog ox* + Px* 4+ Px + a =10 (e, pe R)

“Exopev : ox® + Px® + Px + « =0 ca(+ DAPpxx+1)=0=
= (x4 D [axt+ (P —oOx + o] =0, fimg efvan jooBlvopos Tpods TO (EUyos
6w o, X + 1 = 0 kai ax? 4 (p—)x + a =0, ¢t ol éxopev x = — | kai &AACS
BUo pilas GvTioTpdgous ¢k Tiis GUTIOTPOPOY gigcoews ax? + (B—o)x +a=0

p) ‘H avtictpogog ax? -+ px2 —px —a =o0 (o, peR)

Kot dvdhoyov Tpotov Exopev (X — 1) [ax? + (a0 + P)x +a]=0, 115
§iBe1 - x = 1 koi dMAog BUo pilas GwTIoTPOPOUS.

v) ‘H avtictpogog ax! + px' —fx —a =0 (a, peR)

“Eyopev : axt 4 Px? — Px — o= 0<=a (x' - D+px(x2—1)=0<
an(x? — 1) [ax24px + o] =0, fimis looBuvanei Trpds 1O [ebyos Tév thio. x*—1 =0
kol ox? 4 Px4a =0, & ol Exouev X = + 1 kai Buo &\Aas pilas GvTiIoTPOPOUS.

EIqp. ‘H dvrioTpogos ax® + Bx® + Px 4 =0 Aveton, &mods 1 TAT TS
4ou [%a&uoﬁ oaxt + Px 4+ yx2+Px +a=0 KATWTEPC.

2. 'Enilvoig avniotpogoy éEre. dov koi Sov Padpod.

o) ‘H éavtictpogog ax* + Px® + yx? 4 px + a =0 (o,p,yeER)

Arcupolpey dupdTepa T& AN Bic XP, (X # 0), omoTe Exopev axt 4+ px? +
e R R R R e
+ [S(x + %) 4y = 0. *EXTEAGULEY TOV METOOYTHXTIOUOV X + —i— = w, 6TE

1\2 1 ' ) ' !
x? + L’ = (x + —x—) —2X- ey w? — 2, kad 81’ QUTIKATAOTATEWS haupavo-
X

pev @ (w? —2) + Pw + y = 0<= aw? + Pw + y —2a =0, fiTis koheiTan Emiro-
ovoa Tis Sofeions Eliodaoecs kal Exel &v yével BUo pilas w,, w,. ETravepydpevor

L s 1 , i .

glg TOV PETAOYMUOTIONOV X+ — - = @, AcBévopey Tas tiowoels © X +%: w,
kal X + —i =, i X2— X + 1 =0 xai x* — X + 1 =0, of dmoion ibouv
v yéver dva 8o pilas, kod ouveTés f dvTticTpogos 4ou Pabuou Exel gV YEVEl
4 pilas.
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To €iSos T 4 TouTwy pildy EapT&To i TOU £ibous TGV PIléwv Wy, W, THS
TiAvoUans kol dxohouBws Ek Tiis Blarpwouans A= w,*— 4 xai A, = w,’ =8 4
v tiodotoy XE—wX + 1 =0 ko X*— X + 1 =0 &vTioToixws.

Napaderypa : N& emAudy 1) etiowais 6x4 — 35x3% 4 62x* —35x + 6 =0
Enilvoig : AixipoUpev 81ét x* kai Aappdvopey Siradoyikéds : 6x1 — 35x% 4 62x* —

s \ 1
—35x+6:0c:>6(x2+%)ﬁ35(x+%)+62:0, fims Sia X + = =
1 10

= X% 4 = w?—2 yiveTan : 6w? — 35w + 50 =0, £ A Exopev @, = -

=

X

o w, = =, OUTws éxopey Tas ELIOWOES !

?\J|U‘

g 1
3x2— 10x + 3 =0, & fs Exomev X =3 kai X, = =

2x?—5x +2=0, # fs Exouev Xz =2 kod Xy = 7124

B) 'H éavrictpogog ax® + Px* + yx* + yx* + Ppx +a = 0 (o,p,veR)
“Exouev :  ox® + Px? + yx* + yx* + Px + a = 0

o (X% + 1) + Px(x® + 1)+ yx* (x +1)=0<

X+ D[a@x—x®+x2—x+ D+ Px (x2—x + 1) + yx2] =0, Aimis elven loo-
SUvaos Tpos To LeUyos x + 1=0, ax? + (B — )X + (a— P +y)x% + (P—o)x+
+ a=0. ‘H wpcrn bider x =— 1. "H Bebrepn elvan dutioTpogos 4ou Pabuou
Kai EmAUETOL Gg TTPOTYOUPEVEIS.

v) ‘H avtictpopog ax’ + px! + yx°* —yx* —pfx —a =0 (o,B,yeR)

Kot duédoyov TpoTov éxopev TO TeUyos Tév thiodoewy:
Xx—1=0,2 fis x =1 kal
oxd 4 (o4 P)X® 4 (a+ B+ )X + (@ + B)x + a=0, Amig w&Aw eiven vTi-
oTpogos 4ou Pabuol.

Fevikai nopatnpiiocs. 1) Al dvTiorpogol thiocaoels dvwTépou TOU Sou
PaBpol Biv SUvavTod &v yéver vax emAuBouy 81 dwerywyis Tev el BeuTepoPaduious
thiowoels.

2) ‘O peTaAOXNHOTIONOS X + % = w UmopiPdler v yéver Tov Poduoy wds

dvTioTpogou ELIoOEWS &ptiou Pabuou eis TO fjuiou.

AEZKHIEIZ
393) N& dmiufolv al dxéroubor thiowoes : :
7 37
1) 3%+ 13x2 + 13x +3=0, XY= oe XV x—=1=0
2) x*—6x*+6x—1=0, Xt x'—4x2 4 x+1=0
3) x4 — 5x* + Tx* - 5x +2=0,
4) x5 —4x' 4+ 3 + 3x—4x +1=0, 2x5 — 3xt — 5% + 5x2 +3x—2=0
L G 08 Wl - ah DYy o hed
Ve = e W e e RS TR RO T G R ]

394) Na& émAubolv al drxohouliar thomoss (U dvrioTpogol) :
1) 6x' + 25x* + 12x* —25x + 6 =10, 2) xs+2x +2x*+1=0
3) 5x4 — 16x* + 2x* + 16x +5=0, 4) x4 2x8 4 3x2 4+ 4x +4=0
395) N& tmAuli kol Swepeuvnfi N x* +Ax*+ ax +1=0 (AeR). 189
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AIQNYMOI KAl TPIQNYMOI EZIZQIEIZ

117. AIQNYMOI EEIEQEEIE.

‘Opropdc. Kaleitar duidvopos gElowaig, B¢ mpdg dyvwotoy TOV X, mdda &ki-
swa i poppis Ax* + Bx* =0, dnov A xal B mpaypatixol douol 1) mea-
yuatixal maQaoTdoE ) qeoiéyovaar Tov dyvwotoy xal %, AEN.

Al iodoes : X3 +8=0, x*—81=0, 27x4 — 64x =0,

2%x3 — 3x2 = 0 elvan Sicovupot.
*Enilvoig tiig 2&te. Ax* + Bx* =0 (A0 kai k > AeN).

“Exomev: Ax* +Bx* =0<Ax* (x"*’- - ‘i_) =0 <=x* (x"—’\-l— —i_) =0,
fiTis elvon looduvapos Tpds TO [eUyos TGV thodoewy X =0, x*—* 4 % = 0.

*Ex Tiis wpootns x* =0 Exouev A pilas jgat mpods 0, (X(=X,= ... =Xo= 0).
ETven Snhadn 10 0 pila A Pabuol TTOAAQTTAS TN TOS.
‘H Beutépa ttlowals, taw Béooopey k — A = veN kol — -—i—» = a, yp&eeTan : XV = .
Miokpivopey TS £Efis TrEPITITWOEIS :
o) 'Edv v &pTios, TéTe Exel BUo pilos TrparypaTikds duTiBETOUS, Stow a>0 xal
oUBepiow TrporypaTIKnyY, STAV a<0
p) ’Edv v mepiTTds, TOTE EXEL mwévToTE Wi
udv &tow >0, dpvnTikiy &8 STav a<0
Al Ymdhorror pilan elven kaBapad wyabikal, ThHy elpec TGOV Smotew B
HeTdowpey gl dAANY T&Ew. “Ev TouTols kol flpels Buvdpeda va epuwpey TAS KO-
Bapds Hryodikas piles, STav & v AGPT MiKpds TIRGS.
Mapadeiypota: N& EmivBolv o gtiohoEs :
) x*+1=0, Ayt L6 =10, 3z —d =0, 4) x*-5x*=0
*Eridvorg: 1) “Exomev : x*+ 1= 0<(x+ 1) —x+1)=0, fims el-
van loodivapos Tpds TO (eUyos x+1l =0kaix?—x+1= 0, ¢t o0 Eyopev =1
\ 1 . 3 7
kel Xy = - +1 \_/2_3_, — _;__\_/23_
2) *Exouev: x* 4 16=0<=>x"+ 16 + 8x2 — 8x2 =0 <>(x* + 4)* — (2/2 x)*=0
(k24 24/2% + 4 (B —24/2x +4) = 0, fimis elvan iooBuvaos Trpds TO [eU-
yos x2 +24/2 x + 4 =0 kai X2—24/2 x+4=0, ¢ o0 Exouev Tds pilos
X1y Xgy Xgy Xg-
3) Thy éfowow x8—1 — 0 Suvdpeda ve EmAUowpey, ETIAUOVTES ptow &k TGV
iocobuvduwy TS - _
o) B+ 1D)E-1)=0, fiTs BiBe1 cx34+1=0, x*—1=0
B) (x2—1) (x*+x*+ 1) =0, fims 8ider : x* —1 =0, xt4+x24+1=0
Wi{x— 1) x4 xttxdt 1) =0, fims 8i8er Tas Eiowoes X — 1=0,
Xb 4+ x4 4 x3 4 x2 4 x + 1 =0 (&vrioTpogos)
4) “Exopev : x° — 5x% = 0 <=>x2 (x¥ —5) = 0, fymis elva {oodUvapos Tpos TO [eU-
yos x* = 0 ked x3 — 5 = 0. "Ex Tiis x* = 0 EYouey X, = Xy = 0. ‘H Beutépa yp&-
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: 3 B 3 o = :
PeTan X3 — (-:/5 ¥ = 0<>(x —/5) (*+/5%x +/25) =0, fims iooBuvapei TPoS
3 3> 35 N 37
76 LeUyos Tév thiowo. x —4/5 =0, X* +4/5X +14/25 =0, & ol Exopev X, =4/5,
J

E: = 3 -
= Y2 (1 4iya), % =" 1-iv3)

118. TPIQNYMOI ESIZQEEIZ

orisMoz. Kaleitar townvvpos éélowog, s mpds fva dyvwotoy, ndoa 8Ei-
owas tijc poopis Ax* + Bat+ It =0, dnov A, B, I' npayuatixol dpbuol 1
Tpaypatixal TagacTAoEwS (] nepiéyovaar Tov dyvootoy xal %, A, u € N.
*Evrofo tvBiapipel POVOV A mepiTots, ka® fiv Exopsy k —A=A—1,
Staw elvon kK >A>p, Sidti TéTe T Emrfhuois Tig Ak + Bx* 4 [x* =0 dwdyerau
elg Thy émidvow s hiodoeas Ax2” + Bx¥ 4+ =0, veN.
Enikverg: 'Elvk —A=A—p=V= A=p 4 v, k=p+ 2v, omoTe: AxPT4-
+ Bxt+Y + [x# = 0 <>x# (Ax® + BxY + 1) =0, #imng elven igoBuvapos  TTpos
To leUyos x* =0, Ax¥ + Bx'-+ Fr=0. ‘H x*=058Ba1 %, =Xy = ...=%,=0
fiTol Exer 1O undiv pilow pUOOTOU PaBpol TOAAATTASTNTOS.
Eig Thv Ax* + Bx' + =0, tw IKTEMOWUEY TOV  LETAOYTPXTIOUOV
XY =\, AcuPdvopey Ay® + By + =0, Amis xcheitan Eémhdovea Tijs éhcrc})—
oecog Kal Eyel &v yevel SUo AUGEIS W Kol \py. ETravepyOuevol el TOV peTaOMUATL
ooy X¥ =y, Aaupavopey Tds Siwvipous Eliowoels XY =y, kal X¥ = y,. .y
To €ldos Tév pif@v Tiis TpIWVUKOV Ax® 4 Bx¥ 4+ [ =0 &opTdTon éx TOU
€iBous Tév pilddv TAS ¢mriAvovoTs aUTHS.
Mapaderypa : N& gmAeT 1) Etlocwars X0 —26x7 - 27x4 =0
*Enidvorg: “Exouev 10 —7 =17 —4, &px 7 &lowols ypdeeTan @ x* (X8 — 26x° —
—27) =0, fTis elven loobuvapos pos TO (elyos T&Y Xi=0, (X3 =X =Xy =
X, = 0) kai x®—26x*—27 = 0, fris B1&x x® = w Biber TV EmAvovoa i — 26y —
—27=0, Tiis dmolas ai pifan elvan y, = 27, y, = - 1. Zuvemrds Exouey Tpos Emri-
Auow Tds Siovupous EEITCOE

i 3 o 3VE
x3:27¢>(x—3)(x2+3x+9)=0. Pifot X;=3, Xy 7 =—5 =+ 1\£

. : L. i3
B=—1<=(x+ Hx—x+1)=0 Pilen xg=—1, xg,m=_...:;:')/_

2 2
AZKHZIEIZ
396) Na& tmiuBolv ol &xohoubor EhiowoEs :
1) x?—8=0, 8x* +27=0, 64x® —x* =0, x5 —8lx =0
2) x*—32=0, x8 — 256 =0, Xt 4 729 =0, x_1=0
Hx0+1=0, *+1=0, 3x?—2x4 =0, ¥—x'4xt—1=0
397) N& ¢mAubolv al &xoroubor Eliowoes
1) x8—5x*—24=0, x¢ — 80x*—81 =0, X104+ 31x6—32=10
5
2) x1*— 337 4 32x* =0, x=1P=-9x-1*+8=0, 2 + 03 =5
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EZIZQZEIZ ME PIZIKA AEYTEPAZ KAl ANQTEPAZ TAZEQZ

119. OPIEMOE. Kajeitar étlowoc ué pila 1) dponrog Eilowaig, d¢ meos éva
dyvwaroy, ndoa éElowais Tijs dmolag 10 & tovidytovor puélog elvar dpontog dldye-
Bowt) mapdoracis dg mpds Tov dyvwotov. Al AUoels wds &pprTou 1ot oEws
Béov v& durikouv els TO Teblov dpiopol SAwv TGV EPPTWY TapaCTEoEWY TS
Eiomoews. Eis T& Emdpeva dos ediov OpiopoU B AapPaveTen éxeivo, To droiov B&
koBIoT TTpOypaTIKGS TS TapacTaoEs Ths tiowoews fiTol, 1 EmiAvols TV dp-
priTwy hiowoewy B& yivetan &v TG owohw R.

Katd thy tmihuo wds dppritou tfioioews EMBIQKOUEY THY dvarywy v
atis els pnTiy Eiowaow, fiTis Stv elven &v yéver icoBuvapos Tiis dppriTou Ehioco-
oecds. TTpds ToUTo, Béov va Exwpey UT Syel TAs dxoAoUfous TTPOTATEIS :

1) ’Edw & péhn wids E1000ews @, (X) = 9y (x) Upcdowpe els dpTiow 50-
vapw, 1y mpokitrTovow Eliowas Exer pigag Tas mpoyporikds pifas Tis dpxi-
kfis kol Tas mpaypatikds pilas THs @ (X) = — @y (X).

2) *Edv’ t& whn wds iocdoews @y (X) = @; (X) Uypowpey el mepITTHY
BUvauw, # mpokUTTovsa élowols Exel TpayHaTikds pilas povoy Tas Trporyuo-
Tikas pilas Tiis &py ks,

Al TrpoTéoels auTal pds Uroypedovou, 8Tres, METX TN elpeaty TG piicv
s thiodhoews, els fiv dyodueba kardtrv SiaBoyikdy Uyaaewy 81 EEdAenpw TV
plikdy, ylveron émodfiBevars ), mep kol 1o peBoBikcrTepov, yiveTan #Aeyxos,
g of pifen ikavorroloUy ToUs TeBévTas Trepiopiouols, of dmoior tfacpohilouy
T budonuov TéHY peRév Tiis tiomotws kol kafioTolv Tas TapaoTdoEls UTTS
TPOY PXTIKES.

120. EZSIZQEIEIE ME PIZIKA AEYTEPAL TAEEQL

a) Tig popeiis (1) v/A(x) = B(x), év R, (A(x), B(x)eQ).

Mptmer v& elvar A(x) >0 = 4/A(x) > 0. "Apa Bix v& Umdpyn Avots,
mpémer B(x) >0, éméTe 61" Uyoews s TO TeTpdrywvoy TV peh&dv Aaupdvo-
pev (2) A(x)=[B(x) ]P<=[Bx)]*—( VA (X))2=0, fimis elven looBlvanos
Ttpds TO {eUyos B(x) = 1/A(X) kad B (X) = — Vv A(X). "Apa Bi& v dmAvow-
pev Ty (1) pkei v& EmAUcwuey Ty (2) kol & TGV AUoEwy V& droxkAeioBouy
bkeivan, ol &mroicn Bty ikavorrololv Tov Tepiopiopdy B (x) > 0. Tlpogavéss &ro-
elovtan i Aoeis Tiis B(x) = — /A (x), 81611 kabiooiv 16 B(x) < O. 'Ex
TEY dveTépw ouvdyopey 6T 1 Elowois (1) kol TO ovoTnua B(x) > 0, A(x) =
=[B(x)]* &xouw T&s abtas Avcers.

Mopaderypa. N& ¢mAudf &v R 1) tiowolg 2x — 3 =4/x2—2x + 6

‘Enibvorg. Té Umdppilov, s éxov pilas kaBopds pyodikas elvon  povipes

BeTixév. TMpémrer v Excopey Aormdv 2x — 3>0 <= x >—§— (Treplopiopds). Y WYoUvTes

T& péAn THs o, els TO TeTpdywvov AapPdvouey:
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(X =3 =x*—2x+ 63— 10t + 3=0, & o0 x,=3, x, =+ ‘H A-
o x2 = % &rrokAeleTal, s Wi TANpoUca TOV TEplopICpoY.

B) T popofis (1) 1/A(x) +/B(x) =I'(x), v R.

Al A, B, T pnrai ouvapTnoes ToU X.

Mpémet v elvan A >0, B >0, T "2 0.°YyoUvTes els TO TeTpdrywvov AauPdvopey:
A+B+24/A-B="<> 24/AB=12—A_B (2) dxoroiBes Tpémer 12—
—A — B> 0 koi 81’ Uydoews i véou T peA@dy Tiis (2) els 1O TeTpérywvor AauBd-
vopey Ty pnTy &tiowaw 4AB = (M — A — B)? (3). "Ex Tév TpaypaTikéy Ad-
otwv THs 3 docn TAnpoUy Tous Teplopicpous A >0, B> 0, M >0, M —-A—B>
= 0, elvar AVoeis Tiis (1).

Al oytorig A > 0 kal B > 0 elven dAndels ép” doov efvon dhnBeis of &AAau.
Mpdypar, 1y (3) ypdgeror : 4AB =T1— 2% (A 4 B) 4+ (A + B)2 <=4 (A—
—B)*=2r* (A + B). To o' péros Tiis lodTnTos crriis efven ur) dpvnTikdv. "Apa
ked TO B* péhog pétrel v elven pf) &pynTikdy. *Hro1 2I'2 (A4-B) > 0, 8 s A - B >
20. *Emeidny 8¢, &k iis (3) Emeter 611 AB 20, dpa A >0 xai B >0,

"Ex Tév dvwtépw ouvdyopey 8T 1) towois (1) kai To oUoTnue
r=o0
l—A—-B >0 Exouv Tas aUTds AUcers
4AB = (M —-A-B)*

Mapaderypa: N& #mAvdi &v R 4 8o, VX — 8 4+ V/x — 5 = 3.

"Enilvoig: Tlpémer x —8>0, x —5>0, & dv x>8, x>5. Yyolvres eis 0
TeTpdycovor AapPévopey i X —8 + X —5 4+ 2V(x—8) (x—5) =9 <=
<=+ V({x—8) (x—5) =11 —x, dxohoBuws Tpémer 11 —x >0 < x< 11
kal 81" (peoews &k véou els TO TeTpdywuov AopPdvopey ™Y pnTi étlowoiv
(x—8) (x—5) = (11—x)* %= 9x =8l f§j x =9 Oi mepiopiopol ouvaAndetiouv
B 8<x < 11. *Apa ) Aois X = 9 elvar Abois Tiis Sobeions iomoews.

1) Tiig popefic (1) VAX) + VBX) = V), &v R (A, B, T€ Q).

L& &g pryras ouvapTroels Tou X, A(X), B(x) kad M(x) Siaxpivopey Tég &k

TEPITITWOELS : :
1) ’Eew A>0, B> 0, I >0, 167 851" Uyhdoews eis T TeTpdywvov 1§ (1) ypd-
et A+ B+2VAB=T <> 2VAB=T—(A + B). ’Acohotfws #&v I —
= (A + B) >0, Tote yolvTes &k véou eis TO TeTpdrycovoy, Exouey Thy pnThy EEi-
owow 4AB = [ — (A +B)]* (2).

"Ex Té&v Tpaypartikéy Aoeswv Tiis (2), doar mAnpoly Tous mepiopiouols
A>0,B>0, M>0 ki I — (A 4 B) >0, elven Aoeis Tiis &io. [¢))

A>0, B>0, F'>0

it gt el Lol g o
Tos elvan kel Avoeis Tiis (1) 4AB = [T — (A+B) ]

"Apa ai Aoeis ToU ouoTh -

2) *Edw A<0, B<0, <0, téte —A>0, -B>0, —['>0, f| & &iowois (1)
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ypégeTar i VEAR) +iV-B(x) =i V() <> v-A+V-B=V-T (3).
Yyouvtes T& péAn Tiis (3) els TO TETpdycovov Exouev —A—-B+2VAB=-T
< 2VAB=A-+B_T. Akorolbws éw A+ B—T>0, Téte byolvTes &
véou elg TO TeTpdrywovov, Exouev Thy pnTy Elicwow 4AB=(A+B-N)* §
4AB=[T—-(A+B)]* 4).

"Ek T TrporypaTikédv Algewv Ths (4), doar wAnpolv ToUs mepiopiapous
A<0, B<0, F'<0 kai A + B —T>0, elven Aoeis Tfis étio. (1).

A<0, B<0, <O
A+B-T>0
4AB=[T—(A+B)]*

"Ex Tév dvetépw ouvdeTon 6T 1) iowais (1) Exer év R Tas AUcers ToU ou-
oThpaTos I, Kai Tds AUcEls ToU ouoTpards Z, kel udvov aUrds, 10T &AAct
TepimrTadoels Si1& & A, B, I elvon &dlvaror.

[apaderypo : N& mAubi év R 1) éiowolg \/m +\/XT5 =4/ 3x —21
*Enilvoig 1 Tupgcovess pos T dvwTépw of AUoels Tis Sobelong ELiocooews Tapé-
YovTol &mo TO oUaTNUA

“Apa of AUCEIS TOU OUOTTUETOS |
elven kol AUceis This éhio. (1) 2 ‘

{x—8>0,x—5>0, 3x—21>0,3x—-21 —(x—8+x—-5)=>0 )
4(x—8)(x—5)=[3x—2] —(x—8+x—=5) ]2

ked &mo 16 [ x —8<0, x—5<0, 3x—21<0, x—8+4+x-5-3x—-21)>0 @
oUoTNHX {4(){—8)(x—5)=[3x—21H(x—&i-&—x—5)]2

"EmriAvots ToU ovoTnuatos (1) :
“Exouev X =8, X > 5, vl x=>8
‘H #iowols TOU CUOTAMOTOS WeTd Ty EkTéAeow T&V Trpdlecy yivetan :
x2—12x432=0, ¥ fis x;,=8xal X, =4
Al AUgers ToU oUGTHpaTos AopPdvovTar ék Tou dkoAoufou Trivakos

o R R e T [ e et e DRI R R
: TUOTHHOTOS
— i B & v b
- s 4 = &
4 2 AL -y = 0
e £ A L i |
i e B = O = T
3o i S £ = |
Y e B - = |
g 3 % £ |
8 0 + - 0 0 x=8 .
el o 5 e
+

EmriAucis ToU cuoTnuaTos (2) :
Emeid) X —8 + x — 5 — (3x —21)>0<>3x — 21 — (x — 8 4+ x = 5)<0, ai
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&AAan 5t CXVlCrOTT]TEs kai 1) éliowos elvon of alral, Buvdpeda ék ToU avw-répco
Trivekos v AdBoopey T Acels ToU ovoThpaTos (2). Ot af Aoeis Tou oUoTT|-
paros (2) elvan 1 x =4

E‘lTouEucos ai Aucels Tis Sobeions icwoews elvar x; = 8§, X, =4 xkai pd-
vov auTai.

8) Iepintmorg yeviki

"Edw 1) &icwois Exn TeplocdTepa TGV SUo pilikdv Pas TdEews, TéTE & T
Bdoer meploplondy, 51 dAAemoAAHAWY Uwioewy Els TO TETPAYwvov, AauPdvo-
Hev ooy Eliowow, 1) omola B& epiEyn SAas Tas Augels Tiis &pyikiis kal dAAag
kdpn, tvBexonéveos, ai omolar Séov va &rokAeioBouv, dx uf TANpoUcn ToUs
TIEPIOPLOHOVS,

121. EEIZQXEIE ME PIZIKA ANQTEPAE THE Bug TAZEQE

Al thohoers pt pilikd dvetépas Tis Bos Takews Tapouoidlou Tokiniay
Hoppdv. Aty Umrdpyer 8¢ Eviaios TpdTros EmAlUoews. ZuvniBus drohouBeiTal ) pé-
B0Bos Tijs Upooecs TV PeAGY TTis dppriTou Eliodoews els KaTdAAn Aoy SUvapy,
DoTe 1) TwpokUTTouow Eiowols va Trepiéy) o?\wco’rspu pilIkd.

Iopadeiypata : o) N& émAuvbi & R 7 éhio. \/xJ Fox2=34x
"Enilvaig : ‘YyouvTes els TOv kUPov T& péAn Tiis Sobeions Eiochoecs Aotppdwopev:
X34 9x2 = (3 + x)?<>xP + X = 27 + 27x + 9x® + x% <> x= —], fi7is elvon AU-

o1s Tfis dofeions efiocooews.
4

B) N& ¢mAubij &v R 1 fiowos 4/ 8xF —1 = 2x.
"Erilvorg: ‘YwouvTes els THY TET&pTNY SUvony T pékn Tiis oo Aoupé-

vopev : 8x%— 1 =16x<>16x* — 8x* +1 -0, fimis & pilos x, = x, =

ro = ho

Xo =X, =— % . ’Emraidny 8¢ mpémer 2x & 0<wx X O, &par 1) AUois X = —
Béov v &morAeicHi.

¥) N& é-m?\uﬂ-q i tkiowaois \/ A +\/ B +\/ =0, émov A, B, I' pnrai ouvep-

TNOEIS ToU a'vao'rou X

’Enilveig : Eis 16 kepdAaiov «TauTdTnTeSy Endfopsy &T1 :
Vo,ByeR:a+P+y=0Va=p=y<>c® 4 B+ y3 = 3opy

3_ 3o aal il BRI By
"Apa ik Tiis SoBeiong E'rrs'rouﬁ(\//\) +(\/ B) +(\/ F) = 34/ABT <=-A +

3 | R Joe :
+ B 4= 34/ ABTI kai 81" Uycdoews els Tov kiPov f) (A + B 4 )3 = 27ABT.
"Apa Eyope :

e b (i 2
Ev xeR :4/A+4/B+4/T=0<(A+B+ ) =27ABr

3 3 3
Olras fy iowois & R 4/ X —2+1/x =3 +1/x—4 =0 elven icobivapos s
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(x—24x=3+x—4)3=27T(x—-2)(x—3) x—4)<=Gx-9)3=
= 27 (x3 — 9x2 + 26x — 24) <= (x — 3)? =x3—9x2+26x — 24 <=>x =3, TS
elven AUois Tfis Sobelons Eticddoews.
AZKHEEIZ
398) N& ¢mihuBolv &v R ol dkdAoubor ttiocoers :
1) 59/ x—3=+/x+9, VXX F32=16
2) 2x =34/ X —2x+6, V/ 244/ X=5=4/13—3,
NVIETD VEFI=VXx+6 Vx+1+yx—4=y/2x+9
DY X5/ Xx—10=4/XF6-/X+17, G+ X+2=(K+2y x+5

4—/x 4x + 20 x—3 x4 1 ]
5} M'\él :\/ X'L_—', Q—:l/—_)'(j—, 2'\/){——: =6
2 44+4/x AV x+3 VvVx-—2 VX
399) N& émiubolv év R al dxdhoufor tliowoasls :
T W R Py e e it e S 3t e
Da/x+49—4/x—49=2, Vx+3+y/4—-x=1
9 bt B e 3 3 < g bl S e e
DV IXF24+vV 22X F2+4/ X +2=0, Vo= XTI/ x=1=0
3, sy b Y EL S
X+ 2 Xx—3 _ 5 /l0x—1\q/2x+1 3 TRR0
Lol I - o Byl i S S L R e R ) |
3>V><—34 Vie=7 (10x+l)‘/142x =1 4y xm g
VX
400) N& émAubfi &v R 1) Eiowois v a +\7';—+ \/uﬁ\/T(:\/?

ATIAA ZYETHMATA BAGMOY ANQTEPOY TOY MPQTOY

122. OPIEMOE. Kalsitar dvetépov toi mpdtov faluod & abomua dvo 1)
neotoootéowy biadocwy, éav ule Tovddypotor Tév éwodoewry adtob elvar faluod
dvwrépov Tod modtov. TaUta Tapouoidfouw peydAny ToiAiav popedsv ki G
&k ToUTou Bév Umdpyel Eviaios TpdTros EMIAUCEDS TwV.

r *Evroatfa dvoapépovton pepiked &mAad popead ouaTnudTwy, T& dmola ou-
Yv& mapovaidlovtan kai s ThHy émidvow Tév omolwy duéyovtar SuokoAdTepa
pop@ai CUTTNUATWY.

A& thy Emiducty, Evds TOLOUTOU CUCTTUATOS XPTICIHOTIOIOUHEY EKTOS TGV
peBdBeov FMAVCEWS ypapuikoU ouoTfpaTos kai &hhous eidikoUs TpoTous (reyv&-
opaTa), uh Umayoutvous els dplopévous kavovas, ETTIBICKOVTES oUTw TH eUpectv
&rAoUoTEPWY ELITWOEWY.

123. EYETHMATA AYO ESIEQEEQN ME AYO ACNQETOYE.

) tiig popoiic ax + Py =y, Ax®* +Bxy + Ty’ +Ax + Ey +Z =0

Y —Bv,
o

Smére BI” QuTikoTaoTdoEews s THY SeuTépaw duorydpeba elg SeutepoPdbinov 238
owolv s TPos W (*).

‘H &rridvois abTol elvan elkoAos, 816T1 &k Tijs TP TS AauBAvopey X =

(*) Tb obomue Tobro woheitor odornue Pou Babuod, Subm Eyer &v yéver Bbo Moeig
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Mapadeiypata : 1) N& EmAvlf) 10 clotnua X +y =, xy =p
’Enikuq|g:”Exou2v{x+w:a {x:u—q} {X:GHW
<= S
Xy = P (@—y)y=p y:—ay+p=0,

T &mroiov elvon iocoBUvapov Tpds TO [eUyos TGV CUOTNHETWY.

{ X=da—W ’ { X=a—W | & of { X=a—p : { X=0—p;

W= Pt W8 V=P Y=g

&mou py, p. pilen THs tio, yi—oay +Pp=0
2) N& ¢ 16 ovotnua X +y =, X'+ = pe

*Enilveig : log tpomog. "Exomey { X+y=a {x =a—y )
K8 iyt =gt (a—y)P+ y* = p?
X=0o—y
¢t — 20y + o — B2 =0, TO Smoiov ETIAUETOL G5 TIPOT)Y OUPEVGOS

2 4 ! i == ki <= L T <=
oqtporwc,;lx byr=p T (x+ )2 - 2xy = p? a® — 2xy = p*

I X+ \.[J =a 2 o =
\ 5, , o dmoiov elven Tis popefis Tou mapad. (1).
Xy =

. 3xt
3) Na& E’m)\u@fj TO OUCTTHA {

—dxy 4y -2x+y+1=0
X4+ 3y=7
"Erilvoig : "Exouev :
3(7 — 3y): — 4 (7 = 3y)y+y* — 207 = 3¥)+y+1=0 { 40y2—147y+134=0
{x=7ﬁ3~+r x=7-73y
TO omoiov eiven foobuvapoy { =2 { y = 67/40
Tpds O [elyos TGV oUCTNHATWY | X = ! x = 79/40
= L oy x? + PiXy + YW+ Ox+ey 4+, =0
B) tiig nopoiig {azxe + By + Yoy + B + ey + =0
‘H ¢nfAugis ToU oUOTARATOS aUTOU EtapTaTen év yéver &mrd Thy émiAvow
wds tfiocioews dvwTépou ToU Pou PoaBpol, Thy émoiow S&v Suvdpeba wévToTe
va Emimiyeopev. Elg i51Kkdg Opeos TePITTTAOES Buvdpela vi émAvowpey T6 oU-
oTnuE, s TouTo KaBioTaTal PUVEPOY B TGV kéTwh TapodearypdTawv

L x4 4yr =52
Hapodeiypara: 1) N& emidvbij 6 ovoTtnua : { bl
"Eriluoig
. Xtpdgr=52 [ X+ @9)P=52 _ [(x+2¢)*=100
Exopev { 22 <> peom 48 = = 12°

{ 0 - 11 20 , 1o omoiov elvan igoBlvapoy pds TO Lelyos TéY
Xy =

x+2ny——

OUOTNUGTWY { Kot 2\[) 12 (1), I 12 (2). Al Noeis Tou
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ovoThuatos (1) elvan (x, y) = (4, 3) 7| (x, y) = (6, 2) xkal ToOU
ovoTthpaTos (2) elvan (X, ¢)=(—4,—-3) § (x, ) =(—6,—2)
*Apa af Aoeis ToU So- X | ‘—4 4 = 6 s (s
févros ouoThuaTos elvan: g | ;737! 3| =2(.2 ]
2 2 — =
2) N& émAvli] 10 oUoTnua { b A adiym anllsh
X2 4@ —4x —3p 4 5=0
’Enidlvoig : "Exopev:
3243y = 1lx =7y +10=0]| 1] { 3x243ypi—11x—7y+10=10
=
{ X4yt — dx—3py 4 5=0|-3 —3x2-3y24-12x+ 99 —15=0
<$lx+2q/—~5:0 <:>{J(=5—2\4J o,
X24yr—4x -3y +5=0 (5—2y)* 4y *—4(5-2y)—-3y+5=0
{xz5—2qJ {x=5—2xp r {x:SﬁQ\p L X=5-2y
<= < Kad
gt v Eyopev Tas Augets (x, ) = (1, 2) kol (x, ) =(3, 1)
oayx? 4 Pxy + yiy* =& (&, # 0)
X* + Boxy + Yoy® = 5, (8. # 0)

Ta mpéita peAn TGV E1o0WoEwY TOU oUSTAUOTOS Elval TOAVMWUMA Gpo-
yevi] Pou Pabuou, Ta B¢ Beltepa péAn oTabepol dpifipol Bidpopor Tou pnBevds:
ToUTa koAoUvTtal dpoyevi] ovotipata.

A& Ty émidvow aUT@Y EKTEAOUUEY TOV PETOOYTUOTIOUOV
x=Ay (y #0). Olrew AopPdvopey :

{ ARYE + By A+ vt = & oy (W2 (@A +BA+y) =8
QAP+ B A+ Yyt =8, | @ (A2 4 PA 4 y,) =B,
droAoUBws SlanpoUpey Tds Eflowoels kotd péAn, 6Te Exopev

< oA + B+ 5, .
u:)\z rg:ﬂ"l;,l; Vin e (8, — a,8.)A% + (B8, — BuB A + (¥18: — ¥281) =0,
fitig 8iBer A =2, VA=A, ’EmovepyOuevor eis TOV peTaoXnuaTiopdy, Exopev
TpOs EMIAUCIY T& OUGTHUTA :
{ Xx=Ay { X =My
ox® + By + vy =8, ' | o x®+Bixy + vyt =8,
Auais elvar yvwaoT.

1) tiic popoiis {

TGV Strolwv 7 émi-

; st X2 —3xy 4 242 =2
Hapéderypo: N& EmAvds 16 ov
PAOELY m T T {2x2+xw—qﬂ — 20
OféTopey X = Ay kol éxopev :
[ Afy? — 3Ag? 4 2% =2 {\yﬂ(i\z—%+2)=2
2AA2 + AP—y? =20 WwE(2A+A—-1)=20"

&

GroAoufcog
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5 ~ o . A, g £ oy A—3A 42 1
LOIPOUKEY TS ELITLOTEIS KOTX MEAT], OTE EXOUEV WA= =10 <82 — 31A 4

+21=0, 8 fs A, =3, A, = %

OUrws #xouey mpods Emiduoy T& ovoThuaTa:

{x=3y 1 X=%w
PSR A L )
W < < X —3xy 4 292 =2

Al AMoets ToU ovothuaros (1) elven (x, y) = (3, 1), (x, $)=(-3, —1) kai
I8[2 82 ) ¥ :(_7\/2" s\/”z_)

Tou ouoThparos (2) elven (x, ) = ( A T =

6) Zvotipare coppeTpikd.

"Ev cbotnpo kareitan coppetpikdy, dg npog tobg dyvdetovg tov, ftav dlo
al t&iohoelg abtob elver ooppetpikai dg mpog todg dyvdotoug.
X+y=a *t+yl=a | X4+ 4 x+y=a
elvon ouppeTpikd xy =P xy=p X+y+xy=p

M iy émidvow adTédv Gtv Umdpyel Eviaios TpdTros.

Zuvfifoos ¥ PMOIHOTTOIOUNEY BonfnTikols dyvwoTous, dog paiveTal els TO K&-
T TapsBerypo.

Mapaderypa: 1) N& EmAudf 70 oloTnpa

T.X. TQ CUCTHHOT

X+ x4ty=a
X+y+xpy=p

! "Eniivoig : OéTopev SouX + Y = 9 Kai Xy =0,
OméTe 10 olotnua (1) ypdeeTan ¢ —2w+p=a
?t+w=p

ToUro ¢mileTar s T& ovoThpara Tis Hopefis () kal &ider Tdg Avoeis

D= o= ; , ] A ; X+ y=cx
w=2, " Apa TrpokUTTTOWY RS ETAUGIY T& ouoThpaTa A 1
ALK =K
s +jj;\ 1 16w dmoleov f Aois elvon yvewoTn.
XY = Ay

124, EYETHMATA MEPIEEOTEPQN TQN AYO ESIZQEEQN,

o) "Otay 1 pia povov EEicaoig tiva devtepofaduiog kai 8har ai Ehha mpo-
ToBabpior.

Eis v mepimrwow oUthy émAvoper TO oUoTnux TV mpwToPabuicw
Elocoewy, Bewpolvtes Eva TGOV GyVWOTWY 0§ YYwoTov kol drkoholBuws dvTiko-
Biorédpen elg Ty BeuTepoPddumoy étiowow, Thy dmrolav FmAlopey.

Thupaderypa : N& gmAvef 10 [ 2x2 4 @? — 4xw — 2yw + 3x — 4y —13=0

ovornua Z: I5X—y—w=2
IXx—3y+w=—6
"Enilvoig : OecpoUvTes TOV @ 0§ YvwoToy EmAouey TO oUoTnue Tfis Seu-

Tépas kal TpiTng tElodaorws. OUTws Exopev ThHy Avow (X, ) =(3 JE =, 2 ; Sm)'

Tas Tipds Tév x kel y GvTikaBioTdpey s THY TpdTy Efowow kal Eyouev
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34 w\2, /11 + 3w\2 34w 11 4 3w Btw 1 4 3w
2( - )+( ) 4 -2 m R w320 —
17

2 2
—13=0<=9%*+8w—17=0, 2 fis w, =1, w, =— 5=
‘Emropévars 1 B w =1 éxopev (x, ) = (2, 7) kai
\ 1igs 5 8
B w=— 5 Exouev (x, y) = (ug, ' 73,)_
[ (xp,@)=(2,7,1)
5 8 17
T (x;\«y,o\)): (—9~ ] 737 ' *‘“—9")
B) "Otav nepocdtepm tijc pids tishoeg nivar devrepofadpion (ij kai 6har)
kol ai d@ldar mpotofabuior.
Eis v mepimTaow aitny Stv Umdpyer fviaios TpdTos EmIAUCEWS.

"Apa ai Aoeis ToU cueTrpaTos £ elvon ¢

Mapadeiypata: 1) Na hobf] 10 cvetipa : " X+y+we=a (1)
¢ x2+q}2_{_w3:p2 (2)
Aboig : “H (1) ypageTan L y=y* &)
X4y =a—w Yyouuw T& PEAn Tns s TO TeTpdywvov kal AapPdvovTtes U’
Syw Tas (2) kai (3) Exopev Biadoyikdds x + ¢+ 2xy = of + w? — 20w,
P?—w? 4 2y = o + w? — 20w <> 2w? — 200 + of — P2 — 2y2 = 0, Tfis 6moios
ai pilon EoTw w, kal w,. OUTtws, al iodoes (1) xai (3) 8idow T& cuoThpaTa :

[x+y=a—ow, J){—f—\y=o:—(.o2
X\i= y < Xy=y?
1 W = Wy ’L W= W,
Ta dmoia Audpevar puds SiSouv Ts AUoels ToU pyikoU.
2) Na 20ij 0 cbotqua (1) ‘f X (X + g+ @) + yo = o
o B, yeR* 2 S Yx+y+wtex=p?
() | extyvto)fbay=1y
“Aboig 1 TO oUaTNHA YpagETAl
G+y)xtw)y=c, (y+w)(y+x)=p% (@+x)(@+y)=y*®.
ToA/lopev kot péAn xoi Exopey (X + )2 (@ + ¢)? (@ + X)* = o?Py? =
= (X 4+y) (@ + ) (w+x) = + oPy. AcapolUuev T élicwow olTny Siado-
BY, o 4 x= 1+

LafFaBore: o ) I ap D
XIKGS Biax Tév (4) kol Exopev: X + W = + = Y+ow=+--
OUteos  Exopev mpods EmiAvow T& ouoThuoTa :

B) {x+y=apfy, v+ o=pyla, w+x=ocy/p

©) {x+y=—oBfy, y+tw=—Pyla, ©w+x=—oy/p.

Inpelooig. Ta etaodivra dvwtépw oapabelypata mwapéyouv pévov plaw dmAfjv 15éav
TG elbikdv pedédwy, al dmolan ypnopotmolouvtal Sia T émiAucw ouaTnudTwv dvwTépoy
TOU TrpwTou Pobuol kal kat’ dxohoubiav ol pafnTal Tpémer va k&uouv pakpdy tidoknow elg
ueydAov &pifpov doknoewv, S1& v Suvnfouv va &mokTrigouv k&mrolaw eUyEpeiav.

&
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AZKHZIEIZ

‘Opég o
401) Né& &miuvbolv T& drkérouba ouoThuara :
[Xx+y=2 2) [ X+ 2y -y +4x -6y +T7=0,
\4;@_3 | 2x +y=4
x/54+y5=1 4);x’+\u'=157 5) | x*—xy =14
X!+ 5xy —3y?—2x—27=0 | xy = 66 Xy —y? =10
6) | X!+ 92+ x+ =62 T | 3x*+3¢*—1lx—T¢+10=0
| x—y) (x+y+1)=50 | X2+ y?—4x — 3y +5=0
8) | (x+ 9! -3 x+y)=10 9) | xt+2xy—yt=1
| 9x*—5x —Ty =125 | 3x®—3xy + 5¢2 =17
10),‘)(’-{-)(41-—\,};’:-*4
[ Bx—yw) (x+2y) =—
‘Opag pr
402) N& émduBolv T drdAouba guoThuaTa :
D x+y—20=6 | x+y+w=6
2x—y=-—1 x* 4yt =2w?— 13
2X* + xy + @ — 4w = 10 | xy =2
N x2+z2=46+y* 4 | x+Y+ =84 5)| x(x+y+w)+yo=21
x+y—z=14 X+y+o=14 WX+ g+ ) + wx =18
X =9 Xw = yt WX+ Y+ o)+ xy =42
6) | XX+ y+ w) =at D xy+w)=a2
Y (x+y+w) = ﬁ’ W (X 4 @) =
| wE+y+w) = ©x+y) =y
‘Opag v
403) Na& émiuvbolv T dxdrouba ouoThpaTa @
VXt y=11 D | x4+yr=19
X+ y =65 Xt+y=1
3) | x3—ys =37 | x+y-2/xy=yx-y 5 |xy=a
X hxy+yr=37 | VX+Y/p=5 =it
WX = y?
6) | xyz=6 zwx=12 7) | (x+y) (x*+ @9 =432
yzw =8  wxy = 24 x4yt =20

MPOBAHMATA AYOMENA Al' EZEIZQSEQN B°Y BAGMOY KA|
IYETHMATQN ANQTEPOY TOY TIPQTOY BAGOMOY

125. opizmox. “Ev mpdfnua 0¢ xakirar mpdfinpa averégov Tob mpdtov fab-
1oB Eay 1) Mows tov dvdyetar el i Enllvow uds Efwdoews ué Eva dyvaortoy
fov Babuod, 7 eig Ty énikvaw évos ovoriuaros éwwdeewy dvatépov 1ol mpdhrov
Babuos. A Thv AUow évds ToloUTou TrpoPAnuaros, Btov va Excoper O Sy T
&ls Ty ponyoupéimy TéEw dvagepBévTa Bid T& TpPoPAfuaTa cov Babuol.
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"Hrot: a) "ExAéyousv Tov &yvwoTov 1) Tous &yvdoTous ToU TTpoPAnpaTos.
(B) Kotagrpdvopey Tnv éicwoiv fj Tas tliocoels ToU TpoPATpoTos.
(y) ©Oétopev ToUs Teplopiopols TGV &yvdaTwy, Tous TrydlovTos
&mo ThHY UOI TOU TrPOPATIHATOS.
(8) EmAvopev Thy Etlowow f| 16 olotnua Tév tiodhoewy.
(¢) 'Extedoupev Ty Biepelvnaw ToU TrpoPATiHaTos.

A& 16 TeEheuTadov oTdBiov Tiis Blepeuvrigews dmranTeiTon peyddn Tpoco-
X1, iBlws éTav T& Bedopéver ToU TpoPAnuaTos TapioTovTal B1d ypoappdTwy,
81671 of AUgels Tpémel v elvon TporyparTikad (ouvBrkn TpoyporTikdTnTOS), BETI-
kal f) &punTikad (onpeiov TEY AUoewv) kal peycAUtepon T pikpdTeEpon &pibuou
Twos & (Béots apiBuol s pds Tas pilas Fpiwviuou).

126. MPOBAHMATA AYOMENA Al ESIZQTEQN Bouv BAOMOY

a) Ipépinpa. No ebpebi] dxépatos &pifuds, ToU émelou TO TeTpdycovov
avtavouevoy kord TO 5/mAdoiov aroU yivetan 50.

Averg: "Eqw x elvan & InroUpevos &pifuds, ToTe TO TeTpdrywovoy adTol elvon
X% TO 8¢ 5/mAdoiov ToU &piBuou 5x.

OUtews éExoper Tiv tllowow x2+ 5x = 50.

TTepropiouos @ "0 x Béov va elvon dxépaios (xeZ)
’Emidvois Tiis x* 4 5x — 50 = 0. "Exomev x; =5, x, = — 10.

Awepelvnais ¢ Al ebpefeioon Tipad X; = 5, X, = — 10 mAnpouv Tov TebévTar
TEPIOPIOUOY Kol ouveTréds TO TPoPAnua Exer BUo AUoers.

B) dIpopinpa : N& pepiodfi o &piBuos 15 eis Buo pépn ToloUTa, MOTE TO
TeTpdrywvov Tou TrpaTou éAarTToupevoy Kord 41 v kabBioToaron foov wpos 16 5/
TAdTIOV TOU TETpOyovou ToUu GAAOU.

Abeig : "Eqv x elvan TO v pépos, TO &AAo B elvan 15-x. “Emopévess Exopey
v Eétowow x* —41 =5 (15 —x)?

Mepropropods @ TTpémer va elvar 0<x<15.
’Emridvois Ths x2—41 =5 (15 — x)%. ‘H icoBlvauos altfis elven 4x% — 150x 4+
11660, iR = =11,
Aepedvnors : ‘H pila x; =5—23— &moppiTTeTon, 8161 '123— > 15. T& InToUpeva
ooy pépn elven 11 kal 4.

y) Hpopinpa. "Epmopos mwAdy fAalas mwpos 22 Bpy. 16 Y1Mdypouuov,
kepbiler i Tols Ekatdv TO fluiou ToU kdoToUs EkdoTou XiAoypduuou. Tléoov
kooTilel TO YiIAGypappov ;

Avoug : "Eqv 10 x1hioypaupov kooTilf x Spyx., 8& kepbdiln %% kal Emro-
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Béveos &mod X Spy. B& kepSiln 2 % o 2)%)2@'

Zuvemréss, Exopev THY Efiowomw X + 2)((;0 =22

Tepropropds : Tlpémer va elvon 0<x<22.

Sk x? 2 2 x

Enilvowg: x 4 500 = 22 <= x* + 200x — 4400 = 0, & fis Exopev ¥, = 20,
Xo =—220

Atepeivnois : ‘H x, = — 220 &mroppitrreTan.

"Qote, 16 yihidypappov kooTiler 20 Spy.

8) Ipéprnpe. "Edv oi mheupad TeTperycivou afnfloiy ket p povéBas pr-
Kous, 1O EpPadov Tou B yivy u— 3 gopds Tou &Adov. Tlolov T pfikos Tiis TAeU-
pds oalroy ;

Adog : *Eqw 10 pijkos Tfis TAeupds ToU TeTporydovou elven X, Téme ) mrAeu-
P& ToU véou TeTparycovou Ba efvan X + 1 povddas prikous kal T EuPoda alTédy
dvTigToiyes X? Kkal (x-4-1)2 ‘Emoutveos Exopev v Eiowaiy (4 W2 = (u—3)x2

TMepiopiopds : Tpémer x>0 kai X 4 p>0

Enidbvorg: (x+ W)= W—3)x* < (4—wx*+2xp+ w2 =0, fimg 5

Blhoe =3 Y
S B0 pifos 3, = LT, 5, = YIE=D

Aepetvmois : To elbos Tév pilédv kal TO Tpdonuoy alTdy, ds YVaTOY
Eaptdron dmd 16 onueiov Tdv A, P, S
ZynuaTilovtes TOV Tivaxe SiEpeurnoEws SiamioToUper 61 Sik >4 Eyo-
Hev AUow eis 1O TpOPANMC.
- ; 5 7 : ;
Obrw, Six p=7 Exobey X3 = — =, fiTIs &moppimreton kal X,=7, fimig

elven Seicrry.

127. MPOBAHMATA AYOMENA AIA EYETHMATON ANQTEPOY TOY MPQTOY BA®.
MOY

o) Mpopinpe. Ta ynela Siyngiou &pifipol ‘é’xouv ywépevov 35. ‘Edqv yi-
" SvTipetddeots TéY yneiwv, TpokUTTEL &piBuos peyaAUTepos ToU yioutvou
TV ynolewv kard 40. Tolos elvon & &p1bpds ;

Adorg: *Edw 6 dpibuos &xn x SexdBas kol y &mA&s povddas, TéTE B Exco-

Hev : xw =35 kal 10y + x = xy + 40

Mepiopiouds : TMpémer vé elven 0<x<10, 0<y<10 kel x,yeZ
o = 75—10 =35 T i)
Eridvog : [XW 35 e[l ) PiE= 2B, {2\[) S i

x+10y=75 x=T75— 10y x=75-10¢ °’

TO drrofov elven {oobuvapoy Tpods TO (eUyos T@V ovoTnudTwy

203

Wneiomotr|Onke amé To lvotirouto EknmaibeuTikng MoAmikrig



1

y=7 Y= "Apa Eyousv Tas AUoEl :
X —

|v=-
x=75—10y" |

B0y @w=067 & w=(70 1)

Agpetvnais : To leuyos (x,y) = (70, %) TPOPAVEIS ATTOPPITITETAL.
“Qote & {nrolpevos &piBuds elven & 57.

B) Mpopinpa. "H mepipetpos dpfoy. Tprydvou eivon 60 cm kol TO émi Ty
UtroTeivougaw Uwos 12cm. TloTa T& prixn Tév TAeupd&v Tou ; i
Aboig : "Eqv X, y, z glvan & prikn TéV kaBéTwv TAeupdv kal Tiis UoTel-
vouons, ToTe B elven Xx* + @? =272 kal X +y 4+ 2z =60
"EE &Ahou 1O épPabov Tou Tprywvou elven E = x;" = 1_27_ = xy = 12z. T6 ovu-

-

oTnua Aorov eival :
X4+yr=1z3 x+4+y+z=060 xy=122

MMeproprouds : Mpémer x >0, w0, 2>0 kol wikpdTepol ToU 60. *Emidliov-
Tes TO oUoTnua Eyopsy x =20, ¢ =15, z=25.

y) Hpophnpa. Avo épydron éxteholv &v Epyov els A dpas. ‘O TpdiTos pé-
vos TO EkTeAEl Els a dpas SAywTépas Tou Seutépou. Eis mwooas dpas EkaoTos
povos ExTeAel TO épyov; a >0, A >0

Avboig: "Edw 6 o ypeiddeTan X dpag Kai 6 B’y dpas, TOTE O elvan X + o = .

: o ; . » et by . e | P ey ~
O mpéyTos eis 1 dopav ekTeAel TO ~ ToU épyoy, 6 p" o - kal dp@dTepor dpol

il 1 : y > a1 w » » Ln
T — + s A BE copas EkTEAOUY TO SAov Epyov. "HTol 8 Exeper :

X
(e
TMepopiopcs : TMpémer v elver x >0, ¢ >0, x > A ¢ > A
; ’Enilvoig : y=a-+x yY=a-4+x y=a+x
( i + _:7)7\ T ( - +m) = X*—(2A—a)x—cA=0

To omolov &idel :
(?7_‘ e A S . e VA
2

(i —eas iy SOhe et dh . ) fiTis elven BexTr.

‘H &\ Aois dmoppitrreTon émedn x < 0, w < 0, s ToUTo QaiveTon €k TOU
ywvopévou TGV piiédv XX, = — oA < 0

IMMPOBAHMATA

B e it

404) To Terpdywvor Tis NAikias monbdos fAarTwdiv kard 16 SimAdoiov TS, yiveren
foov mpds TO BimAdoidv Tns. N& elpebfy /) HAkia alTrn.

405) No& ebpebiy dxéparos &pibuds, & dmoios Siapovpevos 81 25 yivetan foos mpds TOV
dutioTpogov ToU TrnAikou.

406) Né& eupebiy &pifuds, & omolos auEuvopsuos katd TO 7[/TA&oI0V TiiS TETPOYWVIKTS
pilns Tou yiveTon 44.
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407) Né& eUpebolv o dxépator Sradoyikol wepiTTol dpiBucl TotolTol, BoTe T6 &bpolopa
TGV TETpaywvwy Twy va elvar 74

408) *Epmopos TwAGY TO &pmrépeupd Tou dvti 39 Spay. kepbiler Téoov Tois Ekatdy,
doov TO elyev &yopdoer. Tlégov TO fyodpaoey.

409) Matnp 40 évdov Exer viov 3 érdv. MeTd mdoov xpovov | fAkia Tou TaTpds B&
elvon kard 5 Et pikpotépa ToU TETpaycwou Tiis fAkias ToU ulel ;

410) Moodtns 630 xiAdv Tpogiuwy Empokerto vae Siaveundi) els dpiopévas Troyds
oikoyeveias. "Emeidfy 15 éx 1@y oikoyeverdv bty wpoofiABov, ik&oTn Tév Utrooimwy EAapev
I kiAdv Tpogiucv émi mwAtov. Toiov 16 wATBos TAV oikoyeveiddv ;

" 411) Tpiydwou ai Tpeis mheupal eivan 3 cm, 6 cm, 8 cm. Katd molov Tufipa mpéren
v& alinBolv ol wAeupai, va SUvartar v& oxnuamiodij & clTdv Tpiywvov SpBoydwiov ;

Oiiidespr &

412) Né& eupedij Siprigios apiBuds Toloutos, wote TO wngiov Tév Sekdev v elvan
Katd 1 peyaiuTtepov Tou Simhagiou ToU ymgiou T povddwy, SionpoUpeves 8t S Tol ywo-
Mévou TGV wngiwv Tou v& Bibn mAnAikov 3 kal UmdAormov 10.

413) Kep&hauov it 27.000 &pay. Toxiferar wpds 6%, xwpi{dkevoy els 8o pépn. To mwpisTov
éTokioln &l 5 pfivas TrepioodTepov Kai E8woe Tokov 1500 Spay., TO B¢ P’ EBwoe TéKOV 900
Bpayuds. N& ebpebolv T& SUo pépn ToU kepahaiou.

414) N& evpedotv ol Srxardoes dpboywviou, To dmoiov Exer Biaydwiov 20 em kad
EnPadov 192 cmd.

415) AVo ToBnAdTan QUaXWPOUv OVUYYXpoves £k Twos TéTou Bid v Biravigouy &ré-
otacwv 90 km. Té fjuou Tiis TaUTNnTOS ToU TpWTOV Kai TO TpiTov Ti{s TaxUTnTos ToU p’

Exouv GBpotopa 16 km. Né evpedouv af TaxdTnTes, &v 6 o dreppdTioe % Tis Opag fveopiTe-
pov Tou P’

416) Tpets &pibuoi eivar Gvahoyor Tav apiBpéiv 2, 3, 4. To TeTpdrycovor Tol ueyahu-
Tépou elvan peycAUTEROV TOU SirAaciou yivouévou TGV GARwy kaTd 36, N ebpeBoly ol &piBuoi
ouToL.

417) 'O &piBuds 3 kal TpEis &AAot ouvioToUy dvadoyiaw, Tiis Omolas ol flyoupevol
Exouv &Bpotopa 9, ol Emopevor 12 xal 16 &Bpolops TGV TETpay dveov TaVTWY TEY Spewv £iven
125, TMoia | dvaroyic ;

418) N& Umrohoyiafouv al mheupal dpboy. Tpiycovoy, &v al kaBetor Theupal Biagépouy
KaTd 5m kal 1) UmoTeivouoa pE TO ¢’ autiy Oyos 815 &Bpoioua 37 m.

AZTKHZXEIZ ENIANAAHYEQZX

419) Na& ¢émAudf 7 tiowas x* —2 (a + P)x* + (&= B)* =0, o, P& R, Ko v Tebody
al pilon abTis Umd popehy &TAGY pilikdv.

420) Aa Trolas Tipds TéV o kal P M ticwors (a + P)X' + Qo — P — 10) x? + 2x* —
—(x—P—T7)x + 6 —a=0 elvar Birerp&ywvos kai B1& moias BeutepoPduios. Els dugotépag
Tas mepiTooes va eUpedi TO elbos TV pilcov.

421) Yo moiay ouvBikny TO TPIGWULOV ¢ =ax'+pB+y, oP, yeQ, ia
pilas Tiis popefis 4/A 1 4/K 6mou A, HEQ!

422) N& petaoynuatiofouy el amA&@ pilika al dkdhoubor TapaoTéoes :

—————— — 5 o ———

19) Woonk 1 o XV B0 A (IR ROGE) v R

423) N& &modeixdi 611 f -rrcxpc'xcrrucili WVa peRt

A:\/&:_QEJ&;;& + v a—2p \/o:_:_'ﬁ“ icoUten i 2B, &v P < a < 2p°
kai pt 2 4/ a— B3, &v o >2p*
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424) N& t¢mAvfoiv al dxdhoubor éliowosrs ¢

1 1
1)x"+i5=6(x+7), 2) x'+x*+x*+kx+k*=0 (keR)
425) N& eupebolv ol ouvbiikan, UTd Tds dmolas ) EmAvouca Tiis thio.
Xb 4 ax® 4 Px? 4+ yx® + PxP 4+ oax + 1 =0 elven dwrioTpogos tticwors.

1 \# 1\

426) Na tmiaubin 17 Ellowors (x)'f ‘\\r -9 (x + _x) +8=0
/

427) Na émavbouv &v R al dxoroulor Etiocgers

4 3 3 6
1}.5% VX —34/X=296 2)4/x+l -4/ x-1 =4/x2—-1
428) N& tmAuBf kal v Biepeuvndfi f) o, 4/ X* —4X = X —A Bi& TpayHoTIKSS
Tigds Tou A kad X.

429) Na& tmiAubouv T& dxdrouba ouoTnuaTa :
1) x4+ ¢ + 0 = 2la® 2y nztivabibie= Xy +zw=0

Yo + X — Xy = Go? Yk wt=1 2x +y) (22 + @) =2

3x + ¢ — 2w = 3a
430) N& ebpedi] ) &malelpouoa ToU ouoThparos.
X+ P+ @ =« Xy = P2, Y = y?, wx =52
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MEPOZ TPITON

KEOGAAAION XV

ETOIXEIA IHNEPITPAPIKHZ ZITATIZTIKHZ

128. TKOMOL THE ETATIETIKHE.

‘H orarioTikn els Ty Emoxmv uos, ke THv SAws iSiutépay omouBaidTnTa
THy Smrofav &mréktnoe Sik T GvBpwmoTnTe, dvemTUxBn els piaw EKTETApEVTY
EmIoTAUNY 1 ToAAOUs KAGBOUS.

*H omoudondns Tiis ZTaToTIKAS Eykerton eis 16 611 ol EmiTuyydver
TpoPAéyers THs oupmepipopds Evos «mAnOuopoU» Ywpis va elven dudykn (f) 6Taw
Btv elvon Buverrdw) v poPAebi] f cupTEpIgopa TEY dTduwY alTol. Yo ad-
Ty 8 Thy &woraw Exer Epappoyds X1 uévov els iy Olkovouicw fy THv Koweo-
viohoylow yevikdds, GAA kol €ls THY vewTépow Duoikdy.

‘H Zranotki, w5 kA&Sos Tév «’Epnpuooptveor Mabnuoarikdvy, éxer ds
pyov THy ouMoyd oToryelwy, THY Tatwounaiv Twy kol THY Toapoudicow av-
TG elg karréAAnAov popgry, Buvamivey va avaAuBouv kai épunveuBoly Sik Thy
EutmpéTnoy S1adpwy GKOTTEV. LY. 81& v Tapakodoubnow Tiis dvamrritecs
Ko &EeAifecos TOU «KTTVOTPOQIKOU TAnBuouou» THs Xwpas pog TO “Yrroupyeiov
ewpyias ouvekévTpwoe oTolxele, T& omola et T Takwdunow Tapouciace
81& ToU dkohovfiou Trivomos

*Eféntis KrnvoTtpogikoU mAnOucpou

(ﬁ— Eig yihabas kepaAddv —|

Elos {cou 1959 | 1961 1963 1964
Bées 1045,7 j 1108,9 1160,0 1140,3
BovBahor 72,6 bh@ i 60,8
Mpégora 9333,9 9593,5 9720,0 9450,0
ATiie 5066,1 4979,0 4700,0 4570,0
e 638,1 621,6 632,0 646,8
Ty 151463 | 163419 18000,0 18426,3

Eis Thv Trponyoupévny TéEw Eyvwpioapey dplopévas Poaoikds éwolas Tiis
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ZTaTIOTIKAS, TOUS TPOTIOUS OUYKEVTPWOEWS THV CTATIOTIKGY Sebopéveoy, Ere-
Lepyaoias kal Tapouaidoews cTéY 1 TEY dpiBunTIKGY TIvdKwY Kai Slorypat-
HATOY,

Korwrtépow EmoavorauBdvopey Tols TPOTTOUS TTRPOUTIATEWS TGV OTATIOTI-
k& BeBopévav, Adyw Ts iSlauTépas onuacios adTév.

129. MAPOYEIAZIE ETATIETIKON AEAOMENON — ITINAKEE

Ta oramioTik oToIyEi, TE bmoin TPOKUTTOUY &md Ty Sichoyfy kad
gmetepyaoiov, Topovoidlovtar kaTX TolOUTOV TpdTrov, oTE VA Elved EUXEPNS
1) ueAéTn Twv kod 1) ouvaywyr oupTepoopdTwy. H Tapovoiaols aUTn yiveTa
suvfiflws kord &Uo TpdTous.

&) Yo popeiy dpiunTikoU oTOTIOTIKOY Trivekos
B) Yo uopefiv ypagikoU oTaTIoTIKOU Trivekos.

Aprfipntikoi mivexes Ot lvavrar v& Exour popery Evds
Kelpévou éxBécecos TGV TANPOPOPIGY U Traoov SuvarThy AeTrTopépeicw. ZuvniBug
Spws elvanl ovykevrpotikol wt oTiAas kol Ypoupds, &mhol sis Ty dvdyvwov
kal el THY petaly T&Y oTolxelwy alykpiow.

.

Zuyvotng — mivel ovyvotiitov. “Ymobétopey 671 ol Tipal wids METAPANTHS
X, gis piav oTomioTikny Epeuvay &k N TopaTnpfioewy efvan i Xy, Xa, Xq - . . Xy Ka
Ot B8 aTédY TGV TG v, elvan Toa TPOS X;, Vy 100G TTPOS Xy, . . .V, Toan TPOS X,

OUtw, oynuoTiloper Tov 0 RSk |
Tivake Ty 8Uo  oelpév. ‘ m v w e ||
“ExeoTos TGV GpIOUGY vy, s, . .V, KoAETTQI anolutog cuyvithg 7| GTAGYS

cuyvotng s dvTioToiyou Tipfis x Kad oupPohiletan pé O ypdupa [. TTpogovéss
< elvat v+ v+ ... v, =N. ‘O N ¢elvan & TANBap1Buos ToU TANBuouoU (auvo-
Aov TapaTnpiioewy) kol kodelTon dhiki cvyvoTng, oUuPoAileTon B¢ kal pe =f.

Vi

« , v, v ~ N , ~
Oi Adyor N N W“ KOAOUVTOL OYETIKAL GUEVOTNTES TEW Xy, X, - -+, Xy

dvmioToiyws kol TO ywopevoy adtd@vy émi 100 éxppdlel Ty Exatostiaia (%) aye-
nkfy ovxvotnre. Ta dbpolouara, =v, S, =v 4+ vy, Ty=v, + v+ v, ...,
Zu=v 4+ v+ ...+ vy f) Srep TO QUTY, T abpologera®=">1, = =f ...,
Zy=hH+5L+ ... 4 f, kohoUvren @dporstikai oy voTNTEG.

To GOporope Ghev tdv oxenikdv ovyvoritwv pic oToTIoTIKTG £peivng
icolitar pé v povasa.

V.

Tpdey o, Exousv:"erT\,— o= z—[+—z{‘1=+...+ 2

3f
‘O mived (1), otis Bovarron v ypagi] kal els 8Uo oThAcs, dmoTehei TOV
TivoKe GLEVOTHITOV T THY KaTavopy sugvotijtoy.

=
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[Mapadeiypare cvykevipotkdy apilp. mvakov.

1) Katd 16 ayol. étos 1967 - 68 tveypdonoav eis 11 Mupvéoioy 764 pabn-
Tm’_. TQY omoiwy T& gToi eia kaTeypaenoav s & BiPAiov, «Td MafnToAdyiovs.
ToUro &moTedel &var Yevikov Trivoke AerTopept] dveu Totwopfoews, &mrd dTrou
Buvdpetor vex EXwHEV oTaTIOTIKES TANPOPOPias TYETIKAS pE TOV TANBUTOY TEwY
HalnTév ToU ayoreiov ToUTou. ‘H cupumAfipwots Tou kdTeod OUYKEVTPWTIKOU
Trivakos Eywev émi Tf Pacer Tiis moloTIKfs 1816TTOS €TdEIg Eyypagiis»

Katavops) tév pabntédv ToU Nupvaoiou kartd Tékeis

— o i ALY o

_A BT I Exatoomiala |
Téters | BLbs (ledeey "A8poroTikt) | UXET&:’\' “ABporaTiier
tyypagfis AméAuTos ouve- ouxvéTns quxveTng ékaTooTiala
s f 10055 OXETIKY guyvéTng
S = ] I Sl T
el ) ety ) B2 30 32
CENER T TR T T TP ey
" (N " fpb=13¢ | =539 17,5 70,5
-L_iJ:_‘__ =90 4= 629 11,8 82,3
LTl e ] e ST H L e T
TR Y e 8,5 100
3f = 764 100,0
—— —_—

‘H ouumfipwors Tiis P oTriANS elvar mpogavrs. ‘H Tpitn oTAN «dBpor-
oIk oUXVSTNS» ouveTTAnpBn &5 EEfis © Al x&e TdEw dvtioToiyigeTon TO &Bpot-
?_m Tijs &moAUTou guyvéTnTos Tis Talews Kol SAwv T&V Tponyouptveoy auTiis.
H ouuTAipwots Tis 5 oThAns Eywe Pdoel Tod tUmou 100 - f/Ef, 1 &¢ OUPTTAT)-
Pwais s € oriAng Eywe ds kal THs Y’ oTHANS & s 8’ oThANg.

‘O mivat olros elven &mhols, T& B& ountrepdopaTa & Tiis weAéTng oadrrol
TROgowT.

2) Eis picw #peuvav ToU Uyous T&Y 764 uadntdv toU Mupvaciou Tol Tpo-
NYoupévoy TapadelypaTos uas KaTeypagnoav s Tpoxeipous koraoTdoes T
YW Gy, T drroia dvepdvioow Tipds petaby 10U 135cm kod 185¢m. *H mrogo-
T,lkn i816Tng «inpos puobnToU» elven piot ouvexhs ueTaPAnTh (BewpnTikéds) pi Tiuds
gg TO Bidornpe [ 135¢m, 185 cm ], Tou dmolou ) Biagopd Tév Suo Sxpowv TIpGY,

"17\0:8r'1 T ebpog Ths peTaPAnTiis, émws AéyeTan, elven 185 - 135 = 50cm.
5 To olvolov Tév mpév Tis HETaPANTRS ToUTns Yopileton els 5 Tdfer
(Su6Bas) ol awrrou edpous 50/5 = 10 cm.

‘H épyoola altn kodeitan dpedonoinets TEV TapaTnpifoecov.

‘0 ké&Twh ouykevTpeoTikds Tival Eywey éml Ti) Pdos THs moooTIkfs 1816~
"Mog «Uypos pafinTou» KaTOTW TS QVWTEPW OPaBOTTOIoEWS.
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Katavopry 764 pafntév tvog Muuvaciou karTd Uyn

ML ST [ime .Et;g;; ;iue_anvir. 3 | ZYETIKT 'AbpoioTiki) I
Tates Méon| S L ouyvdrng | ABPoIOTIG cu;évémg g i '
Oyousg TIHA : ouxvéTNS ° KETIRT)
iz e g G OTI f ’7 I éq | ouxvérns

In135-145 | 140| o4 - ey B ) 1255
2 145-155 | 150 AL S Ty [7 23 R
LR e b el el Wl R e T 117
| 4n165-175 |170| 180 1~ s [,,, 23,6 95,3

5n 175-185 | 180 36 T 47 100
—_—— A | Ny | P = S —

|  H=Te4 | | 1000 N

Eis v o otiAny ai Tékers elvar SiaaTuaTe THs peTaPANTHS X TOU Uyous
KAEIOTG dploTepd kol dvoikTd Betid, mAfw THs 5ns Tdkews, HTis elvan Si&oTnua
KAEIOTOV ExarTépaobey.

To fudbpoiopa Téw &rpoov TIMGY EkdaTns TéEews koAeiTon péon Tt kol
HE Tds péoas Tipds oupTrAnpoUTA 7 P’ oThAn.

‘H ouumAfipwois Té&v Yrohoitrewy oTNAGY Eywev ds kal Tponyouutvess.

Kai & Trivat oltos elven &mmAous kal 1y dwéryvaois alToU elkohos.

Mx. &md Ty y' oAy paivetar, 611 36 pobnTad géxouv péoov Owos 180 cm,
€vd &rd TN &' oTHANY aivetan, S1 548 pafnTal Exouv dvdoTnua kétw ToU 165¢m.
"Ex 15 €’ oThAng oupTepaivoper, &1 1 12,3%, Tév puadnTédy elven QVaOTTHOTOS
K&Too TGwv 145 cm, évé) ik Thg TedeuTadas oThAns ST T 71, 7% elven yous
K&Tw TGV 165 cm.

Enpeionorg. Els kdfe mrivaxa Tpémel v& Utdpyn els TO dve uépos fvags tithog, Tows kol
fvas Dmomithog. *Axdun Sbv &rorAeleTon v Ypagoiv kol Uoonueidoess. TTavta TadTa pé Tov
TKOTIOV V& TTATpOgOopoly ouvTdums kol capds Tl wepityer & wivak, pé molav kaTdTalv cuve-
TéyOn kol els Toiaw Xpoviktyy mepioBov kal els Troiov TéTov &qvagépeTal.

Fpagikoi nivaxeg (Sraypappata)

‘H mapousiacts Tév orarioTikGy SeSoptveoy ik CUYKEVTPWTIKGY &pi-
BunTikGy mvdke, Tapoucidlel uepikds Suokohiag cog Tpods THY Epunveiay, SidTi
SrreuTelTon &mO ToUg TEPIOOOTEPOUS GVBpOTTOVS peydAn TrpoaTrédBele Korrowo-
Noews Ths drpiPols onpacias Twv.

Tehelws Spes Bidgopos elvar 7 ETUTIOTIS, THY SdTroiow Sokipdlopev, STav 1
Tapouoiagls TGV oTaTIoTIKGY Sebouévcoy Yivn Umo popenv yewpeTpikol oy
HaTos, ypagikfls TapaoTdoews. ‘Emi whéov 8¢ # dvtimeos aitn elvon {wnpo-
Tépa Kad peyeduTépas Siapkelos.

Al ypagikai rapestaoeig f) amAds Sraypéppara elvon of elkéves TGV
&pIfuddy kad Tapéyour duéows kai oUVOTITIKGS S1agbpous Xpnoipous TANpogo-
plos.

‘H mowiMia Té&v ypagixév TapacTdoewy, Tds omoias ypnoipoToel 1
Zramiomikn, elven peyddn. O& dvapipwuer T Suo KUPIWTEPQS kTN yoplos !

&

210

Wnetomoir|Onke amé 1o lvotirouto EknmaibeuTikng MoAmikrig



@) T ypappikds TopaoTacels | Ypopuika Siorypduparte kol B) Tds &1° ¢mga-
veiiv ypagikas mapaoTéoers. Zwiifeos dvapepdpeda els ¢ yvwoTdw ovoTnua

T&Y Sphoywvicov dtdvwv.

1) Morbywvov cvyvotnreg. "Otav
) ueTaBAnT X eis plav oTamioTIKNY EpEU-
vav elven ouveyns, ToTe T& (etyn (%, ),
&mreikom{dueva els TO cuoTnHa TGV Op-
Boy. &Fdveov X0y, &iSouv ouvexfj TebAa-
Suévny ypopury, TO kehoUpevov Ilodd—
Yovov ovxvérnres. ‘H mapoamielpoos
YPappikn TrapdoTacis 5iBel TNV YEWHE-
TPIKTY eixdver Tiis kdreoley alTils KaTa-
voufis 68 pyaréiv Evds EpyooTaoiou
Karde Pépn.

TloAAdas els v ZTomoTikiy elvar
XPriowos # ypagikl TapdoTaols Tiis

3

Luzvorng épparav
3

o

w0 W 80 % 6 M e 2
Bapog eic Hg

Ty 129:]

G‘?Pmcmkﬁg ouyvéTnTOS, OTOTE TS TO-
Uywvor oy Acupévouer KOAETTaL o~
Myovey a@poronikiig evxvormros. ‘H
TXpaKeIpévn ypappikh TapdoTaois elved
T? oAUy wvov &BpolaTikiis oUXVOTNTOS
NS keTowopfis Téw 68 EpyaTY KOTA
Répn. *Edw & ToU onuelou A @époouev
AB . Oy kai dxoAovfes Bl L Ox, oup-
Tepaivopey &1 35 dpydmron Exouv Pépos
&\‘Yd)'repov T6v 78 Kg (1o T8 elven
TeTunpévn ToU ).

Katavopr, 68 éipyc('rcl'w- _;m-o: PBépn els kg
TEsis Méon f IOUZL ABpoloTikn, | *Afp. ==
TIRT f ouyYéTNS auxvoTns %
55- 65 60 3 e 30 44
65- 75 70 11 R 14 20,6
o OB 0 24 ?3-3 e e
2 85-105' o 90 e 5 22,1 53 78
- 95-105 | 100 13 19,1 66 97,1
% 110 0 0-2 66 97,1
115125 S|§HT 120 2 2, 68 100
f = 68 100
)

H i

) S Il | !

g0 70 80 W w0 H 3
fleRupwior ddoorsTRc oUTMOTRTOC

ZX.129:2
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2) ‘Ietbypappov cuyvétntog

To ioToypaupor ouxvéTnTos elven & ournBéoTepos Tpdmos Trapovsidoews
g oTaTIoTIKGY SeBopéveov. At Ty kora-
okeuflv aUToU KaTaokeudlopey dpboydo-
via pé Pdoers T foa TpfjueTta ToU &fo-
vos 0x, €l T& omoiar dwrioToiyel TO €l-
pos ExdoTns Talews Tis dpadotroinpévns
koravopdis, kal Own Té&s dvTioTolyous

25

ol OUXVOTNTAS OUTH|S.
. To éupodov éxdotou Spboycoviou
/ dmewoviler T dvrioTorgov Tpds ThHY
‘ ’ 3 - ] L | I
e Al V= Ry Bc:czw auTol ouxvoTHTA. 'To lf!'t’oypul.:-
fordypauuoy Zurvdrmroc MOV QUYVGTTTOS TOU OXMUaTOS pog Bi-

BeL Thy yewpeTpiknv elkdva THs KaTo-
vopfis Tév 68 EpyoTdv koTd Pdpn pé
TebAaopévny Bt ypappny mapioTaTar TO oAUy WOV oUXVOTNTOS.

Sx. 129.3

3) To paPdoypappov.

TouTo &moTeheiTan &md picw oeipaw dpBoycovicoy, Tév dmolwy af Pdoes
elvon Toan xad onpifovron els TOv alrov &tova () Tov Ox 7 Tov Oy). T& pfkn
Twv elvar dvddoya mpos Tds dvTioTolyous Tiuds ToU TrapioTov. Eis Ta 8Uo

2:10 400 s;w 8oo 4:9,_00 4200 E s
8
]Kac'ac (214 kt) 72
lada (1077 kt) 46
| |%a (78kt) 30
0 i s fs
) Tuog (1012 kt) l~_| I
" /965 1963 1966 1967
Krnvorpopiud mpoivvra érov; /964 Ebapapal Brounz npolovrey
Zy. 1294 Fy. 1295

Tapakeipeva oxfpara SiSopey BUo poaPdoypdppora. Td wpddTov duagépeTal
els Ty mapoaywynv Tiis ‘EAA&Sos kaTd T Eros 1964 TGV KupiwTépwy KTNvo-
TPOPIKGW TrPoiovTwy Kai TO SeUrepov. els Tas Elaywyds TGV Propnyavikédy Tpoi-
SvTwv Tiis Xwpas pas katd T TeTpaetiov 1964 - 1967. To Pov poaP8oypanpa
koAeiTal kol ypovodidypappa.

4) To wokhikov diaypappa

TouUTto elvan kUkhos alibaipéTou dxTivos Siauepiopévos els kukAikoUs Topes,
ol omoiol &youv éuPada dvdhoya Tpds TAs :.irvrto*roixous TINGS Tiis peTOPATTHS
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Ko TEY Srrolwy ouveTdys TG Tola Exow péTpa dvdhoya Tpds TS alTds duTi-
oTolyous Tipds Tiis neTaPANTTS. *EvrouBa 5iSopev &v ToloUTov Sidypappa &el-
Kovifov THy YpnuaToddTnow Bropodpov KA&Swv Tis oikovopikils foiis Tis Ydpag

oD 77_Xm-7uc:10567nms 5 kA&Bwv =
elg ExaTo. Bpaxurﬁuﬁ(i\ru'ryouq-ros 196?)__
Ja WKJ\c'xSot i Moaov % Moipai
A ;;';%':;;Sa 3900 | 195 | 700 10°
2. "HAexTpikf 3.300 16,5 | 59 24'
tvépyera L A :
7 317Me10¢opal :
trmikowwvicn 5.00CL 25 90 Ey
g ’l::PT:l:;’W!'ls 6.600 33 118° 50°
GPEAE Gty
5 -]-:'rspmi 1.200 6 e
OKOTIO
g 'Aﬁpow:m 20.000 100 360°
ey W RS el
% o A 1968. To 19, dvmoorgileran eis ooy 200 — 3,60 —
Hag karrdr vov AlryouaTov : A o =360 =

=393¢’, émopévws T 16,5, eis Totov 3,6X
X 16,5 = 59° 24",

*Exrds TGW GUTépe yPOIKGY Tro-
pacTdoEwY TEW OTATIOTIKGOV SeBopévoov U-
Tépyouv dxéun T& yoproyphppata, Ta o
Tola efven yewypagikol X&pTal pE TTOIKI-
Maw ypoopdreoy, éions Umdpyow T& &i-
Soypagipate 7 cidoypippata, & dmoia €l
va Trivokes oyedicv kai eikovey TPOTEITILV
| mpaypdrow kod T& dmoia XPTOIMOTIOL-
olvran pt moikias Hoppds Els TAs Blagn-
u‘c’slg_

Zx. 129.6

130. KENTPIKAI TIMAI

Eis T& mponyoUpeva eiboper TPOTTOUS TAPOUCIAOEWS TEY OTATIOTIKGY
SeSopéveov 51’ &p1BunTIKGV Twdkov kal ypa@ikédv TapacTtaoewy. ‘H @doig ol
Tis Trapoucidoews &oTeAeT Evav oUa1cadn Topéa TS TEPIYpagiKiis ZTATIOTIKTS,
81611 pds &modhdooer &To TOV k&ToV K Tijs TapaTnpnosws peydiou mTAnBous
Sp1BuGHv.

TifeTon Sucws TO EPWTNHA : pryTroos elvan Suvarrdw ) Teprypagn wds oeipds
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gTATIOTIKGY oTolXElwY va yivn pé EAayioTas YopaxTnploTikas Tipds, of OmToia

_vo Bewkwlouy Ty Taow ToU &eTalopévou potvouévou kol va SiorrnpddvTon eUko-
Adorepov gls TV wiun ; Y. ‘H drrimwois, | émola Snuioupyeitar ik Tiis éEe
T&oews ToU Trivaxos PaBpoioyios tvds pabnToU eis fkaoTov pdfnua KEY WPLOPEVES,
efvon PePaicos dopatrs, Suews elven kard oM &mAouoTépe, cageoTépa Kol Biap:
kN els THY wnuny, &v [Swpev Tov yevikdy Poabpov émiddoews, ToV  pécov Spon
OTreog Aéyouey.

Eis v ZtamiaTikiy ouvnfews dvalnToUpey epikds YapaKTnpIoTIKSS Tipds,
ai 6moicn dvTikaBioTolv évar oUvolov &p1BuEY guyKerTpoUpEvY ¢ &l TO TrAET-
aTov TEPLE TG Kai ai dtoicn vé Sifour piav ikavotronTikny iSéav Tol cuvdlou
TéV EteTafopéveoy dpifudsv.

Al yopaktnpioTikal adTad Tipod Abyovran kevipucel tipod f| péool, Biokpi-
vovtan 8¢ ouviiBws els pioovs kevepudis tdozmg kai els péoong 0éoeme.Ol TpdTO
elvat 6 dpbpnnikog, 6 yeopetpikdg kol & Gppovikdg pésog kol of devuTepol 1) dua-
neoog kai ) émkpatobon tpn. “Ex tév mpdTwv & yivn 1) éétacis udvov Tol
&p1BunTIKOU péoou.

"Apipnnikoc pécog (| péon tpn)

o) "ApifunTikds péoos il &raboprTav oToIYEiwY.

"Edw x4, Xy, . . Xn elvan af TapaTnpneioon Tipad, TéTe TS TrRAiKOV TOU &Bpoi-
opaTos GAwY TGV TipGy 81k ToU mwAnBous N adtév §iSer Tov &piBunTikov péoov,
doTis TapioTaTal Sik ToU X.

"Htor : x‘=&+-xg-tN—... XN 7 x=% @Y)]

B) "ApiBunTikos pégos Emi TokwounbévTwy aToryelwy.

EQ ai Xy, X, ..., XN TIGPOTNPN- | i T
feloan Tipad  ToCwopnBoly els  Trivaka |_ X1 ‘ Aoy ‘ fu
KQTCWOPTis ouxvoTnTwy, TéTe TO TrnAi- I 1 ’ f, ‘ } I
Kov ToU d&Bpoiopatos TGV yivopéveov 3
SAV TGV TIPSV Xy, Xy, . . . X, 27T TS &vTioTotyous ouyvéTnTas Twv i, f,. . ., f,

B Tiis SAikfis ouyvotnTos N = Zf 8i8e Tov dpidunTikdy péoov X.

" e 00 0, o L S G 13, Sl 1, i L (1o T b
e ™ sxi— 5 = Sate o mr @)

Hapadevypa : 1) N& e0pedij 6 &piBunTikds péoos ToU dvaoTparos 12 po-
OnTdv. Ta dvaoiuare edtéy drafwépnTta elvar
151, 152, 152, 156, 156, 156, 162, 162, 162, 162, 168, 168 cm

(*)'Ex ~&v mpd@v X,, Xy, Xy ol £ elva oo mpde Xy, ol fy loar mpds Xu,..., al ) Lo
7pog Xy xal ouvendc Epopev X; + Xy A ... -+ XN g hx + X 4.0 +Lix,.
¥
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Méoov dvdoTnua !
I5l+152+152+156+156+156+162 +]62+162-}~162+168+168 o IR IOY AT

x=2T T = 43~ =158,9 cm
‘O TrivaE kecravopdis ouxvothTwy elven ¢ | 151 | 152156 | 162 | 168 |
y oy T \ : =
xal ouverés kard Tov TuToV (2) NeaE R |2 |

Bsitt a2 152 + 3-&56 +4:16242:168 _ ysg g0

2) N& etpedfj TO uéoov Papos TGV 68 EpyaTdy &k TOU TivaKkos KaTowoufis
OURVOTHTewY TOU TapadelyaTos Tfis oeA. 211.

‘0 Urohoyiouds dvrouda ToU &piBunTikoU péoou yiveTal KoTd Trpooéy-
Yio1, 5161 Becopolipey G5 TIRGS THS X TaS MEODS Tios Ths B oTHANS.

OUTws Exouev :

X 360411:70+24:80+15 20+ 1 10+0 10421 _ g4z

"Apa 16 péoov Bdpos Tév 68 tpyaresw elvon 84, 7 Kg.
"I516tnteg Tod apropnrikod péaov

1) "EoTed Xy Xor -+ K« -0 XN oci_-rrapom]pneeiaal Tiwal xad X O &pif.
wéoos auév. ‘Edw Ty Biopopdw Xu —X koAéowpey andkhewy TTs TUXOUTTS
TIpfis X, &mmd Tou péoou X, ToTe TO &fpoioua TéY drokAicewy ToU guvdhou T&V
SeSoptveov &md ToU X elvan BnBEv. 2

Mpdyuam, (k=X + =0+ FEN=D=X+X+ ... +xn=
~Nx=Nx—-Nx=0.

2) ‘O uéoos X igouTar pé To &Bpoiopa T&V YWOUEVWY TGV TIMGY Xy, Xp, - - - Xy
bl &g OYETIKAS CUXVOTITAS CUTGY.

Todyperi, & Tou TUTOU (2) EXOMEV :
e x1+f_"x2+ +§% bl e el R A F.x, = ZFx, &mou

= 5F =t
F,F, ..., F, elvoa oi oxeTikad ouxvémnTes

Avapeoog (X5)

*E&v Xy, Xap - - - Xn €lvon of N mapornpnbeioot Tiped chcl yf;c’xupm;isv cn'rri-‘:s
Ko T&Ew aufovoubvou peyEous, TOTE &V “é"fm,dpm,,“wm"‘ =EVs HIE PRI
T &pIBUGY QUTEN, adTos elvan 1 Bi&pecos TEOV &p1OUGY X3,X; . . . Xy , Gw &E Biv

Umépyn pecaios 8pos AopPdveTan 65 Bidpecos TO Nudpolopa TéY dlo peoadcy

¢}
Pwy, S TrepITTTATEIS 1) Bicecos elvon &piBuds, & dmoios ywpile

TS TUvohoy TEW TILEW Xy, Xe. - - Xn €l BUO TaLes pt Tov oo mAnfdpiBpov. ‘O

TUTrog &¢ N—-;—l 5i5e1 THY TEw THS Siopéoou els TY oepdy TGV dpiBuddv. TT.y.
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1) Si&pecos Tév dpiBuddv 3, 10, 13, 19, 20, 30, 32 elvon & &pibuos 19, dorig

KorTéyxelr Ty Tk ?-2!'1 =4os. 'Ev@® Tév dmbudv 12, 15, 15, 15, 19, 40,

40, 41 elven & spidpds 2T 1% — 17 *Emeish 82 e 211 =45 dpa kart-
Xet T 5mv TéEw ked ouvenrdds keiton petafy Téw dpBudv 15 kad 19,

‘O Umoloyiopds Tiis Siaptoou SPABOTIOMUEVWY TTOPOTTPTOEWY TrapoU-
o1&ler SuokoAiow Twd kai k&molaw dopioTiav Sik T Tipfy auThs, 51671 BEv yveo-
pilouer T&s SipiPels Tinds Ths peTaPAnThs. TTpds TouTo, Sk Tov UmoAoyloudv
This Siapéoou TAW TIPGY ToU Trivakos karawopdis Tév 68 Epyoarddv Tiis oA, 211
okerTopeba cos Ebfis :

“Exopev N = 68 kal = — - =234,5 TApa 1 Sidpeoos Tt

KelTon peTaly Tis 34ns kol 3515 &k TV 68 BrareTarypévooy kotd T&Ew peyédous
Tipddv Tfis peTaPAnTis X kad ouveTréds duker eis TN TGk 75 — 85, dog ToUTO Qaii-
veTal €K This oThAns (&BpoloTiks ouyxvoTns).

[Tpo Tiis Siapéoou Talrns Tipfs Umdpyouv 34 Tipai, €& v ai 14 dvrxouv
els Ty T&kw 55 — 75 kol ai YmwéAorror 20 dwrkouv els Thy Tk 75 — 85. "Qoe
) Takis 75 — 85, elipous 10 povédawv, TepihapPdver el Tas 24 Tipds olTis THY TI-
ufyv Tiis Sropéoou kal 20 Tiwds Tpd adTiis. Emead 8¢ 24 Tipad kadUmrTouy elpos

10 povadwv, ai 20 Tipai 8& keAuTrTouw elpos 10 - % Hov.
‘Emropéveds 1) S1&uecos Tiuf kaTd Tpogéyylow elval :

X =75+ 10-20 =754 83 =83, 3xg

Enusineig. ‘O dpibpnTixds péoos ToU mapadelypatéds pas Umehoylodn els Té& wponyou-
peva kal eUptdn 611 elvon X = 84,7. ‘H mipf| a0tn AAlyov Sragéper Tijs Biauéoou Tipfis xg =83,3.

Tevikdg, &av X, elvan 1) &pyikn Tipn Tf)s TaLecws, els fjv dvnker 1) Siduecos
T X5 , Zf 1) OAkf) ouyvoTns, f5 1 ouxvdTns Tis Tékews els fiv dvrker f) x5 , F
1] &BpoloTikl) ouxvéTns GAwv TGV Takewy Trpd Tiis Tatews Tiis X5 kal & TO elpos
Tiis T&Eews This X5 , TOTE, duolws oremTopevol ebplokopey TOV TUTTOV :

+ 3 —F
X=X

Tpagikds npoadiopiopds tijg dwapéoov. OUtos elvon oAU  elkoos, BAAX
Bev Topéyel MEYCATY GKpiPeiow.

Koraokeudloper 16 moAUywvov dfpolaTikiis ouyvdTnTos kol gépouey Th
xadeTov pos Tov Glovar Oy els TO onueiov, TO dmoiov wpile els Bo lootwAn-
Oets Suddas Thv oAk ouyvoTnTa. ‘H kdetos alrn Téuver TO oAUy wvov els &v
onueiov, 1) &8 k&DeTos &md alTod TPds TOV &fover Ox Opilel onueTov émi ToU &tovos
Ox, ToU émoiou 1) TeTpnpévn elven 1) Sidpeoos Tiun. Els T& modUywvov d@poioTi-
kils ouxvoTnTos Tijs ogh. 211 1) Siduecos elugn 1) TeTunpévn ToU onueiou T
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"Emxporoboa tipf (Xe)

‘0 péoos ards elvan ) Td Tiis peToPAnTiis, fiTis TapovoidleTon ouyvo-
repov, fiTor dviiatoryel sig v peyiotnv cvyvétnte, kol ouverrdds Exer Evwvolows
Svow T Bebopéva Eupavilovtan els karavouty ouyvoThTwr. TLy. "Edw &k Tév
pyarTéov Evds EpyooTaoiou of AapPavovTes fueponiotiov 200 Spy. elvan of ToAva-
PBpGTepol, TOTE Adyouey OT1 7o EmikpatéoTepov fjuepopiotiov (mikpaToUoa Ti-
uf) els TO pyooTtdaiov elvon 200 Bpy. :

‘0 Trpoobiopiouds ué dxpiPeicw Tis Emikpatovons Tipfis  mpoUtrobéTer THy
Yvédow SAwv TV oTotyelwv TS kortavopdis kol Emopévaws elvon Suayepns, éTav
T& oroiyeia elvar moAvTAnf kad AKoVOVIoTA.

Els piov xawovikiy kaTavopdy ouxvoTiTwy O TpooBioplopds THs Emikpa-
ToUons Tiufs kard Tpookyyiow otnpiletan Emi TOU éuTrEIpIKOU TUTTOV :

Xs—Xs=2(Xs — X)

Iqpeinowg: Kordmw mapornpnoews Tpofkuyey OTI, &V 1) KATQVOUT] TUYVO-
ThTeov elvon kémess kovovik, 1) BIGUETOS X5 TEPIEXETAL petaly Tis EmikpaTotons
Tiufis X, kol ToU &piBunTIKOU pETOU x. 'Edw 4| karravoun Ejvm oupperpikt) (loTd-
YPQyOY GUXVETNTOS GUHUETPIKOY), TOTE Elven Xg = X5 = X.

Tpagikdg Suvdpedor va mrpocBioplowue Ty EmikpaToUoow Ty &mod TO
loTdy poov ouyvdTTos s EEfis : Zuvbtopey B1° elfuypdupcoy THMUGTRY T
oo Kopuds ToU opfoywviou Tiis HEYOAUTEPAS OUXVOTNTOS WE TAS YEITOVIKAS
Xopugds Tév SUo Exatépwdey cUTOU dpboycvicov kal &mod To onpeiov Topfis TGV
ThnuéTwy TouTwy eépopey KabBeTov Tpds Tov &bova Ox, # dmola Opiler Ty émi-
kporrotoow Tiprfv. .. Els 10 ioTdypaupov ouyvdTnTos Tis oeA. 212 ) Emikpa-
ToUoa Tipy elvon f) TeTUnpévn TOU onuefou A. ’ :

*Edv tpappdocopey TOV TUTIOV Tfis EmikporTovons Tifs els THY KoTavopry
Ty 68 gpyoréw els oeh. 211 AauPdvopey :

X —833=2(83,3-847) =X = 80,5 g

Mapatnpiioeig il 1@V KEVIPIKBY TIROY :

‘O &pibunTikds péoos UmohoyileTan elkdAws xad Exel Kuﬂmpmué?nu Ty,
firig Spcos ErrnpedleTan &md TAS drpaias Tipds, S TQU"I"O elvon Buvardv 1ic: uflv
elvey Erapkés &VTITTPOCWTIEVTIKT] kevTpikh) T, 'Ev TouTols, e'fv‘ou & TAéov eU-
XPnoTos, & TrAboy kaTavonTds Kal & TAfoV YvwoTds ptgos el THY ZTaTIoTIKAY
TPGEL, i : :

‘H Bi&pecos UohoyileTan OXETIKGS s\’mc')?\cos‘ kal f T s é'f"mpsot_(,m:ou
Hévoy &mro o TAfifos TG BeBoutveov TipGy (Btv s‘rrn?sctgﬂ'(:u~ omis Tag &kpaics
Tds), 81& ToUTo elven TEPIOCOTEPOV KevTpIKA TIPM kal ouverrdds uds TAnpogopel
TANpéorepor ToU &pif. BETOU. , ‘

‘H ¢mikpocrotoa Tiln, TEACS, GmohoyileTai IJOl"OV KOTQ WPDCP%}’?’[GW ?‘XETI—
Kédg El:lxgpd')s. (h elpeais TS &Anfols Tipfs elven SUokohos kol Btv EmrnpedleTal

0 T &rpaias TIPGS. s 4 £ :
T& TrAeOVeKTAUOTS Ko PEIOVEKTAUATS TGV KEVTPIKGY TIHGY épgavilovtan
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KT TepiTTTo Kal CUVETTES ElS T&§ OTATIOTIKAS EQAPUOYES T TpoTipnols Twy
yiveTan kord TrepiTrTeoo.

131. ATAEZTIOP A — TYINIKH AMNOKAIEIEZ — AIATPAMMA AIAZTIOPAL

EiSopev elg T& mponyoUpeva, 6T1 of TPETs kevrpikal Tipad (&pifunT. pécos,
Sl1Ape00s, EMIKpATOUOA TIUN) Topéyouv TTOAAGKIS pdvov &vBeiters Si1x THY TOOW
Téoy Ecboutveoy wids koravoufis. Elvon uaikoy Aoimov, &1 elvon dwetrapkels va
Treplypdyouy Lé kamrolow GxpiPeiow ThY puoloyvwpiaw Tis KaTQVORTs.

T.x. Eis fva Epowov o 12 UméAAnAor was yrrnpeaias Tpooépepov T& EEfis TOOK
10, 15, 15, 20, 20, 20, 20, 25, 30, 30, 45, 50. (1). Al xevrpikoi Tipod TS
oeipds ariis elvan : x = 25, X5 = 20, Xe = 20. E&w &mod Tous 1Bious UrrahAfAous
f| cepd Tév elogopév fiTo :

5eel0 410, 10,.20,. 20,520, 20, 20, 130,355,100 «(2)

TéTe of xevTpikal Tiped méAw efvar : x =25 x; =20, X, =20 Al oepad (1)
kad (2) map’ Ghov 8T1 Exouv TAg aUTOS KevTpIKSS TINGS év ToUTOIS BioEpouy pe-
oty Twv Tépa moAU. Els Ty cepdw (1) ai Tipad SiaomrelpovTan &md 10 Eeos 50
kod T eUpos THs karavopfis elvan 50 — 10 = 40, &vé gis Thv (2) &md 5 Ews 100
pt elpos 100 - 5 = 95, Bi&x ToUTo Aéyopey, &T1 1) korTavopn) Ths oeip&s (2) Exel
peycuTépar Siaomopdy &Td THY KEVTPIKAY TIUAV.

‘H ZrtoTioTikd) Epeuver, G & ToUTov, elvan Uroypecopévn, 6w EEeTdoT
kol GMAGS TIpds TTis METGPOAT]S TGV OTOTIOTIKGY SeSopevaov.

Tiv ouykévTpwow f| &mopdrpuvowy TEY CTATICTIKGY SeSopéveoy TrEpIE Lds
kevTpIkfls Tipfls dvopdlouey Sraomopay. g

To elpos THs xaTavopdis Btv efvan kaTdAAniov S1& THY TEpLYpogny TS
Sroomopds TV SeBoptveoy, 516T1 ElapTdron povov &md Tdg drpalos TIHGS. ed
HEuvdueda v Urohoyiowpey THy Braoopdy ué Ty elpeotw ToU péoou Spov T
&roxMoecov TEW TP & ToU péoou X oUTédy, Buws, &Tuxds, TO &bpolopd
6y darokhioewy ToUTv elvan pndtv (oeAd. 215, 1n iBioTng Tov &piBp. péoov).
T& Tetpéycva Spes TéY &mokMoewy, fitor T& (X —x)?, elvan BeTikol &piBuol

ked ouveTrdds & &pifunTikds pPEcos QUTEV -E-%:lz Sidpopos ToU pnBevos.

Ty moodTTa adThy oupBohilopev pt o o* kol kaAoUpey péony TETPOYOVIKTY
anéxhowy fj Swakipavory tiig Katavopfis, THy Bt OETIKMY TETPOCYWVIKNY pilo
aUTHs o TumKNY Gréxiiciy.

"QoTe EYOPEV 3 (%, — X)* VZ(x,' —x)
250 1 ekl Casen i il
A=12,...N ohi=— N (1) kai © N (2)

*AvarrTUooovTes TO &bBpoiona X (X — x)? AopPdvopey :
(% — X)* = (X -X%+ (Xg— X2+ ... + (xn —xX)t=
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C A A x)— Xt Xt cook B )+ Nit=
= (E Xt e +x;)—2i-Nx+Nx2=Ex1 — Nx?

ki &pa of TuTTOL A }:"1
o=

—x (1)

2 (2)
(1) xai (2) ypogovrai: |

Mapodeiypate. 1) Al Biokupdwoels ToU -rrponyouusvou TropadelypaTos
ol Epdwou Tév 12 GreAfAcy elvat Els &g BUo TEPITTTWOEIS

—. == 241024, .. +25%) =
T12=%[(10—25)2+(15_25)2+...+(50 25)2] = - (15%+10%+. . . 4259

400
3

2 1 2 2 2y —
ot = L[ (5-25) + (10-25)*+ - - + (100-25)] = 75 (20°+152 4. . .+ 759)
_ 3475
: 300  20V3 = _VE
Al 58 Tumnikal drokMoeis glvan i o1 = {3 T y =Y —¢

: o B

2) N& Ymrohoy1o8f) 1y SraxUpavals 6 &piBucdv 6, 8, 11, 12. “Exope X = 5 =
= 9,25. XpnOIMOTIOIOUVTES —&v TUmov (1) EXO]JEU

—[(5—9 25)2 4. . .+ (12-9,25)"] = —(3,25 +1,252 4- 1,7524-2,75%) =5,7
xPﬂUiuo*romuu-res Tov Tumov (17 ) exousv s

= (6484 11+ 129~ ( ) —L(36+6a+121+144) - 52 = 57

O Tumos (17) évrauba uas &rroMdooel &md  TOAUTTAGKOUS  TIOAACTTAG-
Slaopous.

*Edw o Tipol "rﬁs eTaPANTHS Eyouv Takwoundi els fvov Trivaka koTovo-

L

STrokhioecoy wo?\?\om'?\amcigoueva ¢ Tés GuTioTolYoUs GUXveTnTas, Bidow pé-
: . 6, (%), — %) 3) -

oV terpayoviKiy Groklely 00 = T ¢

T VZfl (X —x)2 (4)

"Edw 5¢ o-xsqaﬂcouev ¢ Kad TpenY OVt

St =P
Uzzzf’-x’- x (3)1(0(10'—v j'“——ﬁ——)c (4)
Zf

A 4 =N=32f, ToTe T& TETp&ycovd TGV
e

kal tumikiy  amokliorv
pévco;, —+61e of Tumol (3) kai (4) ypdgovTan :

Els Thv mepitrTwow TS ouct5o'rr01'r|uévn§ karrawoutis of droxhkioels Umroho-

Ylgoqul gé 1-0:5 I_]Eo'as Tll-lGS TGV TOZEE(.OV : ' . P :
‘H Tumikh &TOKALOIS O elvon 1O pétpov THs SlaoTopds kal

Enueioeg: Gy SeBopévwy.

éK@PQQETm Bi TOW ApYIKEV LOVEBWY HETPTIOEWS T
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Mapaderypa : N& Umohoyiodfi # Tumikf dmdkhiois Ths ouabotomuer
kaTovopfis TV 68 Zpyatdv Tiis geAdibos 211.

SynuoTilopey Tov Trivaxe : "ApifunTikos péoos x = 84, 7 kg

e,
T
R T
7E e i T
e,
oo, | 13
H0s |ss 0
el 20
"ABpoiopa| 68

"Apa, oupgavws TG TUTrR (47)

EYOMEV :

ouppavews &8 TH TUmw (4)

EYOMEV :

% B | %=z | G- £ (i e
3600 10800 | —24,7 | 610,09 1830,27 )
4900 53900 | —14,7 | 216,09 2376,99
6400 | 153600 = 22,09 530,16 |
8100 | 121500 5,3 28,09 421,35 |
10000 | 130000 15,3 234,09 3043,17 l
12100 A h 25,3 640,09 e
14400 28800 | 353 | 1246,09 249218 |
| 498600 10694,12 |
o= 20 84,72 = 12,6 ke
10694,12
o= —F—= 12,6 kg

Inpocia tijg tomkiig danokiiccwg
‘H yvéois Tfis méons Tipfis X kai Thjs TuTkfs dTokAicews o wapéyel dve-
kTipnTov ouuPoAfy Bi& Tov Trpocdiopiopov TS uopefis Tis kaTavoudis ouyvo-
TATWY KaT& TpdTOV ikawoToImnTIKGY, €is THv mepimTwow ko fiyv T& SeSopéva
BiaoeipovTal Kavovikéds kol GUMPETPIKGS Tepl Tov upéoov X. ‘OTav 1) TUTTIKT]
&mokhons €lvon pikpd, T& Bedopéva Teivouv v oucowpeuBolv mépiE Tou pécov
kal 6Tow elvon peyddn, Teivouv va Sioomapouv. Al oTtaTioTikal pehétal detkviouy
=871 el piow KOWoOVIKNY Kol CUMPPETPIKTY KOTovouny T& SiaoThpaTta ékaTépuwel
ToU péoou X el &wdoTaow fony Tpos o, 20, 30 mepiAauPdvouy T& 68%, 95%;
99,7%, mepimou dvTioToixws THs OAIKTS cuyxvoTnTOS TGV SeSopévav.
‘O dxdhouBlos Trival 8i8el ouvoTrTikGds TV SicoTropdy TGV TIMGY TS ME
TOPANTHS Exarépoobey Ths péons Tipfs X els EkaTooTidio TTOCOOT Tis OAIKS

e . " . f : . A "
X-36 Y-m;s Y—:s ‘;‘ic' -—':1-6; X+26 7+a:s
L L | 2684 [
4 gl A
Lz
Zx. 1311,
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ouyvéTnTOS, EXEl BE OKOTIOV V& Béon kaToTepa Spra dogadeias kal v Bondhom
guvetrédg eis THY dlamioTwow Tuyxov AaBédv els Tous UtroAoyiopous.

Eis 1o mponyoUpevoy Tropdberyra eUpopev o = 12,6 kg kai x =84, Tkg.
*Apaels TO SIGOTNPA GTO X — 0 = 84,7 — 12,6 =72,1 fwsx + 0 =284, 7 + 12,6=
=97, 3 SiarmioToUpEY, KaTOTIV EEETAOECS ToU ToAuywvou &bpoloTikiis cuyvo-
TnTos, &1 dvfikouy ai 46 ék TGOV 68 Tipéw, fitol TO 67, 6%,. TpdyuaTl, 1) Tiun
72, 1 dvnioToiyei TrepiTroy ElS Thy &bporoTikfy ouyvotnTa 19 xai f| Twn 97,3
duTioToryei els TO 65 kai ouveméss 65 — 19 = 46.

*Errion, i TO SidoTnpa GO X — 20 =84, 7—2-12,6=59, 5 tws x420=
=109,9 &vikouv 63 ik TEV 68 TG, Aol 16 92, 69. Tpdyuari, f) T 59,5
dvmioToryel Trepiou els THY &BpotaTikiy ouxvoTnTa 3 kai 1 ipry 109, 9 els v
66 kai ouvetrds 66 — 3 = 63.

To Siaypeppe tijg Sraonopds

EiSopev, 671 k&be KATAVOUT ouyvotfiTwy Slvatal va mTapaoTadfi ypog-
KG3s pE Ev ioTéypopuov fi ToATywvoY ouyvétnTos. ‘H elkdow olrrn elven Tumike
Tou EeTalopévoy TAnBuopcl. "Av Spaws pavtacBidpey &1 & TTANBUo LS peTaPEA-
AeTon ouveydds, Evid TauTOYpPOVEs TO eUpos TV Takewy MIKkpaivel, TOTE TO ioTS-
Ypappov f TO oAUy wvov SpIoKds B TauTiofi] pé picw kapmAnY ( T Sikypoy-
Ha THs Sioropds), | omoia waBopileTan TATpeos &TTd TOV péoov X kol THY Tu-
Tk &mékhiow o. ‘O péoos X daroTeAel TO péTpov Beoecws Emi ToU &fovos Ox kad
1| TuTniKT) QTdKALOIS TO PETPOYV Siaomopds. "Eqw fy Ty o elven pikpd, TéTE 1) KO-
uTUAT Trapouotdlel HEYSATY xupTOTTTa, $&v B¢ peyddn, TOTe 1) kopUAn elven
GmAcopévn. KorwTépe bidouey 1o Bidrypappa Siaomopds THs kerravopds T 68
EpyorTidv Ex ToU ioToypappoV oUYVeTNTOS TS Jeh. 212.

“Eyouey x =84, 7 xad o = 12,6. Eig 70 Bidomua (x — DU o o) EafoLl
46 & Tév 68 TipdY, fiTol TO 67, 6%. Eis 10 Bidornua (X — 20, X + 20) dvrkour
63 & T&v 68 TipGw, Aol 1O 92, 6%.
OUtw oupmepaivopey, 6T1 1 SlooTopd BEv
elvan peySdn. o

Avo ) kel TEPLOTOTEPOL TAnBuopoi

elvon Buvarév ;1) v Exouv 1oV aUTOV pé- ¥
o0V kad v& Brogépouv 6 mpds THY BieoTo- 15
pdw, 2) v Eyouv Ty Bicw SixoTopav Kal -,

Bi&popov pégov kai 3) v& Blagipouy 65
Tpds THY SicaTropdy Kai TOV PECOV.
Té& dxdhouba Siaypdppara Siaomo- I

~ bzl et *
PEs dvagépovTan el TAS CQUWTEPS TIEPL
TThoeg &uTioTolYws.
‘O Triva ToU oy. 131.1, & &moiog Bi-
Be1 iy Braomopdw els EkaTooTiala TTOCOOTY,
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8,0, [ G= 0 {

| 6,{6;
3|

! C2 Y ¢y
|
1

|
|
X, | % X2 Xy X2

Pl
n—

Ty. 131.3

foxUel &moAUTws, STOw 1) KATGQWOPT) TUXVOTNTWY Elval KOVOVIKY Kol OGUMME
TpiKk) Tepl TOV pécov X. TO dkdAoubov oTikTOV Bi&ypaupa 5iBel THY elkdva pd
TOIUTNS KXTQVOUTS.

Y
19 = 4
-] o
o o
o -]
15 o a © o
o o o o
o o o o
o o o o
o o -] o
-] o a a
9 o L] o o o o
o o o o -] o
o o o o -] a
o o o o o o
o -3 o o o o
4.‘ o o o o ° -] -] o
. o o o o o o o o
2 o o o o o o o o o o
o o o o - o o o o -]
.ﬂ 1 1 1 A i & | 1 1 i 1 1 1
X-36 X206 -6 X X+6 %26 X336
ox. 131.4

132. H ENNOIA THI IYIXETIEEQEL

‘H oUYKPIOlS TGV OTATICTIKGY Sebopévwov &TroTeAel THY TEAKNHY QAo!
pI&s oTaTIOTIKTS €peUvns kai dTrookoTrel ls TV &veUpeaw vopou Tiwds, SoTl
va Biémrn) Tas oyéoeis 8Uo T TeplocoTépoy UTO EféTaow garvopévov. Ak T
OUYKpPIOEWS TGOV OTOTIOTIKGY oelpdv SUvatal & EpewvnTis va elpn Tds Spold
TNTos ) Tos Siapopds, ai omoion yapaxTnpilour SUo povoueva kai vé dvakay
W, ouveTtdds, Tous Seopols T Tds oxéoels ELapToEcds Tov.

‘H oUyxpiois 1@y oTaTioTikéy Sedopévav, £  Soov AapPdvel yopov &
TPAYPATWY  EMIBEKTIKGY oUyKpioews, Tapouoidalel duokohics, B16TI 7 oyéol
dAANAoetapTrioews TGV Siapopwy awvoptvey (puolk@y T oikovouikév) elvd
ToAvaUvieTos, iBicos dTav TrpokerTal TEPL olkovopIKGV.

p

229

Wneiomotr|Onke amé 1o lvotirouto Eknmaibeutikrg MoAmikrig



Al duowkal EmoTipal, T& MofnuaTikg, 1 *Actpovopia, 7| Biohoyia ma-
péyouv TAeioTa Soa TapadelynaTa ouykpioews chxcpépc'ov wocr,aw K'C(i Ekppdi-
low T&s oytoes Aot apToEws aUTEY 1 Uy (vopwy) &moAUTWS oTa-
Bepcov ko dvodholdTwv. ' o ’ |

Al oytoeis adTon Sty UgloTavTon TPOKEILEVOU ‘TTE,Pl C:lKOU(:)iJl‘KCOE penvayés
veov. *Ev ToUTols f) STATIOTIKY TApEXEL IKQVOTTOINTIKAS EVBEIF.EIS, E'{Tl Tiis mopefas
Téy powopdveoy ToUTwY, KaiTol & oToixeia aUTdy elval Gg i TO TAeioTOV
Erepoyev. re , o

Suyve oupPaivel al ueTaPohai els piaw LlETC(\[B?\nT“I]v vo: O'l'JUOSEUOO'JTC(E &rd
TapadAfAous peTaPoAds, Eis piav EAATY peTaPANTIY Kl v w'rcxpxn uETO:%U“Tcov
oxéois i, T &Tmes Méyouey o UETC(B?\T]TO:](VC‘}( E"[U(I’l GD(IIXEHO‘IIE‘V(IL IT.x. T yios
kad T Pépos dvbpdToov, TO Oyos kai i Hlixia dvBpdomaw, 7 Beppokpacia kod
T SlaaTod) peTdMAwy KA. : Yoy

"Ortav BUo petaPAnTal X Kl Y ue-rorﬁc‘i?\?\mv-rm -;ror_pa?\?xn?\oas‘Kq'rcx_'rpo-
Tov, ¢oTe els peydhas A LiKpas TIES -r'ﬁg X va ct‘xmfrrmxo'uvfoc"rq TO TrAgioTOV
MEySAan f) wikped Tiod THS Y SVTIOTOIXWS, XWPIS OHWS VX fmapxq'MaBT’wom-
KN Tis oyéois (oTabepos vépos) HeTatU -r’ci.ou urrcx[‘)?\n"rfov "rom"cov, TOTE 7\‘sy::»usv
8Tl Umépyer OeTiki] oVOYETION ;JETO‘\EL‘I, TGV px:;Tc@?\nva x’ ko . Ty, 10 Gyos
kai 76 Pépos dvbpoTrev eUpioKOVTal EIS feTiov “?GZH'?P‘)‘V- y )

“Oraw 8t gis peydhas TGS TS X o’w-rlc‘r'roaxouy KO‘.:TG e ':r?\flc*rov pikaals s
Mol mipad s Wy kad QUTIoTPOPUS, TOTE ?\EYO,HEV o*rl' U'ITC([?XKEI'(II:?VI]TIK‘I]( o:u:rxi:-
towg: Ty, & &p1fucs TévY QuTdV GV povéda émaveias kal ) &mddoois EkdoTou
TGV QUTG. Ala : ay ;

Téhos, étav of Tipad THS pids us‘rcxf}?\n-rns‘SEv gaiovTen v E'rr'npsugouv
TS Tipds THg &AANS, BNA. STav ai Buo UETGﬂ‘?\Tj""’!.l E?'vcu C(IJE,ECX{'DT!]TOI, ’TOTE,?\EYO—
Uev &1 efvon dovoygénietol. T1X 10 Uyos kal TO r;-rnmou'emoﬁn,uu Ovaprrw:».

‘H ypagiki Tap&OTATIS Ymopon@el el Ty TeooTalfelay dveuptcews Mids
Oxéoecos dapThoews PETORY BUO ‘Pmmp‘é"w‘f' oy Becyd )

OUrws, & Umobéowuey OT! £y OHEV pds EEETO&‘O’W evxcuvoho? BlarTeTary péveov
levyciv dvmioToixwy TGV U0 ps)r:;ﬂ?\n'rc.ov Xl g Htor 10 == { (X4, Y1)
o %F?:g g;’c(\;x;;ntz)égégsgtﬁmu xOy kaTaokeud{opey Tf‘x; E[K(’)vC':(S TGV gsu‘-
Y& touTcoy. TéTe elvan BuvaTov vé AdPwuev T& éif:]s OTlKTCT '61cqucmucmx, *rc‘x
Omoie elven jkowd v koTadeitowy, & Umrépyn oxéols Tis éfapTiioews peTaty
T&Y SUo peraPAnTdv BeTIKN fi &pvnTIKY.

223

Wnepiomotr|Onke amé To lvotirouto Eknmaibeutikng MoAmikrig



@’-—Mu;\mm-\;m
T

I

'If“::l
L] BII-.
-] o L °
s s
6- ¢ o
a
© 5+ o o
4 + o o
L] 3+ o o
o 2r o
o
o o I F
Bigng 5 6107 B0 Bk B N U e
Z2vexériowc avinapuro; Zvexériaic deriun’
| Y
8_
7_ o
o o
6._
5_ o o -
4+ o o
3 o
21~ o o
1] i)
1 1 L 1 i, A L L ]
3 0 I 2 oy SRR R T S L S ) i

ZUGTETIGIG dpvnTiur

“4Y rU
0 0]
9L 9 o
8| 4 8| o
7| . 7| ¥
6| : 6 a
5) o 5 &
5 S
4l 4
o o
3| ° 3 °
3l 5 B o
- .
{l| B 1| 3
L PR iz e iy [ e S s S
S O O s )

224

Juezérioic deTiun redeia

& JuezETione dovntiun Tedeia

Wneiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoAmikrig



Enpeimotg, Extds TGOV OTIKTOV BlaypappdTwy yiveral Xpiiols kal TV ypappikdy
Siaypappdrov (kapmUAmy) KaTd ToloUTOV TpOTrOY, @OoTe T pia KaumUAn v& wimrn &mwi Tiic
&AAns kol vd xafioTaTal TTpogavis © GUOXETIONSS A pf) Ty Blo peTaPAnTév.

T& dvwtépw SiaypdupaTe eivar pev dvarykada, G TPOTTAPACKEVAOTIK
Epyooia, &y duws kai émapki. Aia v& EmiTUywpey ooapeoTipas, vbeilels kal vk
4 H 3 3 :
Epunuelowpey Tas TUXOV ouo1d6TNTOS Kol Blogopds, eival Quiykn VA KApwUE

p1funTIKGS CUYKPITES.

Otross, dv X Kai W elven of pégol TGV ceipiov TOU Trivakes TGV dvTioToi-

1
Xir X2y .-y Xhy - -2 XN

, TOTE & Tp@dTOV KpIThplov Bi1& THY
Wi Wop - Why oo N

XV TIRGV {
Urraplv  cuoyeTioews peTalY -r_ch X Kot_i W, Trapéyel Té_é’tB'powuoE;

Oy =) (g — ) + (e =0 (=) + -+ G = %) (pn — @) (D), 0
STrotov B elvan BeTikdy, SnAol 6T1 7| ouoyETiols elvcn BeTikn, B16T1 TOTE T Tre-
plogdTepar yvopeva (X, — x) (o — q}) glvan BeTikd, ToU onuaivel é'"_rl T& TEPIO-
abrepa [elym (xa, i) Bidouv amokAioels ek TGV péowv X kol W@ SpooTjuous.
Eqw 16 &Bporopa (1) eiven GpvnTikdy, TOTE Snhoi 6T 1) cuoyéTiois elvaa dpum-
Tikr. “Edw, TéAos, eivar EyyUs ToUu undevds, TOTE BelkvUEL TO AOUTYKETIOTOV TGV
X kai .

‘O Pabuos Tiis guoyeTioEws pETQEY BUO PeTaPBANTGOV peTpeTTaL UTd TOU
Kohoupévou guvteheetod cuoyEtiotmg r, O Omoiog Opiletan &mo TO TnAikov
ToU péoou Spou ToU &fpoiopaTos (1) Bi1&x Tou ywopévou TV TUTIKGDY &TToKkA(-
Oty o Kol Gy TGOV METAPANTGV X Ko .

ey L -0 (W) ST =Ry =) @
TOl €xouev @ I = S " Vf 3 Vz (%, — 0% () — 9)°
= 5N N

‘0O ouvTeheoTrs I €lval Gueb&pTTTOS TGV HOVABLV PETPTIOECS, &TTOBEIKVY-
ean 8t 81 mepiéyeTan weraky —1 xail 1. “Hrol =i <r< -i—'l. "O'rcw‘ r>0,
TéTe Eyopey OETIKNY OUGXETIOW, f é'ﬂ,"id‘ chﬁlcr"r’cn_ou oKMpRTEpE, KG{'{“"S ST
T‘?\T]O'léc(,sl o w5 + 1. "Otow T <0, TOTE'EXOUEU ‘cxpw.]'nxnv :J'UO'XETI"J'IV, 1 O'rr?[cx
koBioTorron loyupoTépa, Kabos or TfAﬂU'u‘ES’:TrF’O? 1g l', OTGF TR elvan éy-
YUs ToU unBevds, TOTE 1) OUOXETIONS Elva} ?\tfv cxc{GE‘vnsﬁ il OUSEula‘UUci'Xéﬂmg
Breipiyes. TEnss; Eow b= 108w =—"1, rée Exoler Sarohirov Gy # dpvne
Tk guoyETIow, OTOTE pETAlU TV UETGBéﬂT(ﬂV XTKo\nY imoiyel pofnporTik
Yook oxtots s wopefis ¥ = ax + P. ‘O owreleoTrs ouoyetioews r xpn-
Cluomoreiton Si1& Thy EfakpiPeaiv TOU UTEPXOVTOS BeopoU EtapThoews peTaty
boas 'n':pm'rcbcmg, iBrouTépoos 8¢ eis v MeTecopo-

SUo gauvoutveov els TAEiOTAS ¢ ATEREagOe | )
[ecopyciy Epevvay Ko els Ty Oikovopiaw.

Aoyia, Biohoyiaw, ‘laTpikiy,

Kot iy épapuoyny SHas Biov & EpEuVT|TNS V& EvepyTi METG TTOAATIS Trepi-

Okéyecs, 51671 TTOAAGKIS EUPIOKOLE ioyupdy oUVTEAESTHY oUoXeTioEWS i Qari-
) T
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vouevar T& ool Aoyikéds oUdkvar Seaudy EapTriotws SUvarTon v Exouv.

To 6pBov efvar v EeTdlwuer Aoyikdds TO TpoPANUa TPETOY Kol dKoAoU-
Boos v& Siepeuvduey TO dmoTéAeopa

‘0 &idonuos oTartioTikoAdyos Tschuprow dQuapépel, 611 els plov oTaTioTi-
kv Epeuvay &l ToU peyéBous TGV [nuidy & Trupkaid kai THs Tapousias § un
TUPOOPETTIKGY QVTAIGY & oUVTEAEGTTS ouoyeTioews &médeitey, 611 of Ao
evBiagépouoan {npict oupTriTToUy Yevikéds pé THy Trapovsior TGV drTAIGY. Tpé-
TEL AOITTOV VX KoUowpey Tas GuTAlas ;

Iepadarypa: Of Pabuci 12 pobntév els T& ‘EAAiké, MeBnuaTtikg, ®u-
okt efva.

| Eonws x| 1| 24 5| o 710 12l 5[ ag 9] o2=x ]
cuilin 1oL S _\f’__%_ﬂi’ 12 121 16| 16 18| 18/ 16| 18/ 19) 134~y
| duoii z| 1] o[ 4]10| 16| 12 14 16| 14/ 16| 18] 18] 1232

N& UmodoyioBi] & ouvtedeaTis ouoyetioews T&Y EmBooewy TG pabnTév g
T& 1) “‘EMnvikd kai Mobnuatikdg, 2) Mabnuorikd kad Guoiky.
Ebpiokopev Tés d&mokhioss kai Epapudlopey TOV TUTOV 2.

Gox |-82|-72| 52 | 42 | 32| -22|08]28|38|58|68]98
OUreo: wa—v |-11,4|-3.4| 9.4 | -1,4 | -L4 | 26 | 26| 46| 46| 26 46| 56
e L D e ot LR e e ol [ et e el it (RN et | Bl oo
Z—z |-11,3|33] 83 | 23| 37 |03 | 17|37 17| 37|58 58

2 (X2 — x) (Y —Y)=(-8,2) (~11,4) + (~7,2) (=3,4) + . . .+(9,8) (5,6)=305,16
Z(yr — W) (2 —2)=(-11,4) (—11,3) + (=3,4) (-3,3)+. + .+ (5,6) (5,8) = 313,36
T —Xx)2= (=824 (—=7,22 + ... + (6,8) + (9,8)2 = 377,68

(== (= 11,42 + (= 3,4 + ... + (4,6)% + (5, 6)* = 348,92
Em—z)=(=11,3)2+(=3,3)2 + ... + (5, 8)2 + (5, 8)* = 326, 98

"Apor £ 305,16 305.16

Apot Eyoper : 1) r=——22 =200 ()84
po Exomey 1 1) = e 3497 — 36301

) TR

® T 4/348,92.326,98 330,71
"Ex Tév eUpebévtov ouvTeReaTGY ouoyeTioEws cupTrepaivopey
1) 61 dpedtepar ai guoyetioers elvon Betikad kai Alaw ioxupal
2) 611 1) ouoyéTions TG Embddoewy THY pabnTédy s T MabnuoTikd — Quaikn
elvar ioyupoTépa Tiis TolabTns els T& ‘EAANUIKG — Ma@nuortikd,
Ol upobnTai €5 dupotépas Tas ouoyetioels BUvarTon VE KATAOKEUGGOUY
TO MIKTOV S1dypappa.

AZKHZIEIZ

431) 'Ex Tév katwTépw iBloTATwY Toian eiven ToloTikal kol Toicn TocoTikal ; 'Ex
&t TGV peTaPAnTév Toia efvan ouvexels kal Toion douvexeis. "AvdoTnua — fAkia — Erdy yeApa
— eloddnua — Opnokeia — yAdooa — olkoyeveiakh) kaTéoTaals — dpiBuds dyduwy — yewpyixds

226

Wnepiomotr|Onke amé 1o lvotirouto EknmaibeuTikng MoAmikrig



KAfjpos — Beppokpacia &epos — QepaTrEUTHPIC KATS yewypagikdy Biapépiopa — Pépos — tlaywyd)
atapidos els ToVwoUs — &mouoion padnTdov.

432) Eis fva poyeipov Sroyeviopdy ol 42 padnTad Tiis Télews pas EAaPov Tols dko-
?]‘;:"30\-’;'5‘191“;”5 -17, 10; 1, 6, 10, 12, 14, i, 19, 16 12
16, 10 20 7 N1z, L e T 18, o, 9, 17, 18, 14, 2
13: l?: 18: 10, 14, 6 A1, 12; *4; 19, 13, 45, 13, 42
N& oynuamodf mivel ke avoudis aguyvoTiTwy pé oThAas GmoAUTov, oxeTIKRS kal dbpoloTikiis
GUYVOTTTOS. . ¥ . )

433) Té Eros 1965 ol peravoran & ‘EAGSos &vijov els 1 }? XiAidbes mepimou, &
év 65 iA. &vbpes kad 52 XIA. yuvaikes fAikias &md 0—75 tr@v, o5 6 &kodroubos Trivak :

(Mny# @ Eramoikd “Emwernpls 1966)

20 ‘307'5l 3';_3;)“4() 4i 45}46-50[51-55/56-60[61-65]66-70]71-75| Zivohov!

‘Hhia | 0-5[6-10]11-15{16 20{21-25

17 11,9 |86 |38 |15]0%]05(03]02710]1 65

"Avbpss |18 1,6[1,3 |53 ]102

Muvaixes | 1,8 ] 1,6 | 1.4 8 11 10,3 7,1 47 | 2 1 10 108 |06 |04 |02 52

Né& eynuarioBi mival kaTavopfis HE oThAas &g Tis pony. dO‘K‘r']UE_c.?g. i
X1u34) Almdq;itms els ‘EAAGDa TEpIMY TRV #x ToU 'EEcoTepikou &md Tou éTous 1959—1965

Exow ¢ dkoroubws : (ETaTIoTIKY *Emetnpls 1966)

Eroe | 1959 | 1960 | 1961 | 1962 | 1963 | 1964 | 1965 |
*Apiters ‘*3400 1—3-99. 494,2 597,9 | 741,2 757,5 | 976,1 ]Ei; YiA&Bas
sk & e e s L

N& oynupatiodi mrivaf katavopfis HE oTNAas G TR Tpony. &okfoews.

435) N& koraokevaohiy To ToAUywvoy ouyvoTnTos TMV doknoewy 432, 433 kai 434

& kal TO TOAUywvov GBpoIoTIKT ouy VST TOS. ‘ - |
436) Na caTaokeuaod TO loTOYpapMOY oUXVOTNTOS kal &BpoloTikis cuyvdTnTas
Téw &oknoewy 432 xal 433. ' o .
437) Na watookevaodi papboypaupov Bi& 1 oToixela Tiis dok. 434.
438) T& yevikd fTobo ids ETIXEIpIOEWs elvar
Migbol Spayual 300,000, tvolkia Bpay. 200.000, depdheron kal gopor Spay. 100.000,
Siaprwois 150.000, Sicgopa 5py. 50.000. Né& karaokevaofiy kukAikov Sidypappa alTiis Tiis
KaT fic. ' }
m‘oig;) To tros 1966 ) ExTaois Tis ‘EAAGBos TTapousiaoey T itfis karavopry : Tewpyixd
Extaots 30%, Acoiwi EKTACIS 20,3%, “Extaois Pooxiis 38,2%, Oixobounuévn éxtaois 3,5%,
Gppcodng EK:c;clg 4,8%,, ExTagis kaAuTtrTopéun Utd UddTwv 3,2%. N& kaTaokeuaodi kukAkov
814 ST T KOTOVORTS. ‘ : 3 |
|chP‘1:ig)“’:;n:‘.Jp£ﬁ & &pifp. néoos kai ) Bidpecos el Ta Bebopéva TV doknoswv 432,
433 kal 434.
441) N& eupebi) 1)
B1& Tous &vBpas xal yuv :
442) Tod TPOTWTIKOV wids ETIYEIPTITEW!

tmikpoctolioa TR Els T& BeBoptva Tiis doknoews 433 xexwpiopitves
adkas kal drohoUBes 51 TO gUvohov TGV PETAVAOTOV.
s KaTaVEMETal GvaAdyws TGV 1@V UTnpeoias

xaTwbi :

| ]
“Etn 1-5 5-10 ‘IO-]S 15—20\20—25 25—30'30—35'35_40 40-45 |
Umnpeoias
> Ap18pds 108 70’39'20\1115}5+3l2
UTraAAf AV
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N& yivy & mivat kaTavoufis ouxvoTfiTwy dmoAUTou, oxeTikiis kal dBporoTirfis kal v
eUpefouv of xevtpikal Tipad X, X5, Xe

443) ‘O dpibp. péoos TGV EPIBPGY X;, Xa, ..., Xy VE N, elvan x.
Nex elpedi) 6 dp1Bp. péoos Tév Ep1BUEY ) X, + K, Xa + K, ..., Xy + K, P) X;— K, Xz —K,
X, X
i Xv—K, ¥) KX;, KXa, « .0 KXy, D) —l Tz, o s TV k# 0, kal €) kx; +A, KXy +A, ...,
KXy 1+ A,

444) AiSovton T& EEfis Papn els kg : 3, 6, 6, 12, 9, 12, 10, 9, 12, 14, 17. N& mo-
AoyoBf) & &piBu. péoos kal f) TUmKY &TéKMaIs.
445) Ta fuepouioBia 500 Epyardv évds EpyooTaciou koTavépovtal 6 ebfis :

Tt | o | ssen | gsgs | s [Ess | esucs 105-...
fiuepopiod. [ |
tpyaTév i |

Né& ebpebi) 6 dpifp. éoos, ) TUTKY &réKkAIolg kol & dptBuég TV épycrrwu o | émoion
Exouv fiuepopioOiov a) &mé x — o Ews X + o kal B) &md x — 20 fws x + 20, N& yivn 8¢ kal Td
Biaypapua Siaomopds.

446) T« duo:cr'rnnot"ra kal T& Pépn 346 &rdpwv kaTovépovtar ds EEfs

Bépos elskg | 50-55|55-60 60—65'65 ?o’?o 75|75~ SOJBO 85'85 -90|90-95 95-100:
:ﬁ‘fﬁ‘ ‘ 2 ‘ 3 ‘ 12 4_;‘88 ’ 70 i 55 ’ 39 | 96 | 13 |
'A“d‘z;‘““ 150-155 155-160!160465.165-170 170~175r175—l80’ ]80—1851185—190
| 'Qf::’“;’j ‘ J 2 ‘ 9_‘ 8 | 131 ‘ 102‘ 40 ‘ 13

Né ebpebotv ol ptoor, al Siakupdvoess, al Tumikal &mrokAices s ixdoTny oelpaw kal v
tetaodi el molav  efvon ueycdutépa 1) Siaomropd.

447) Avo Tuxaion petaPAntal tvepavicnoov es feuyn &vTioToiywv TIpGY s dKo-
Aoubeos :

e 0 o T T RS T
TR o T s o e e o W

Né& Orohoy1o6i) 6 ouvteeoThs ouayeTioews kal v& yivy T oTikTo Sidypappa TV
10 ToUrev (evydov.

448) T& ypnowomombévta Umd wds éToupeias kepdhana &l 10 Sradoyka éTn s kal
T& dvtioTolya képdn BiSovtan d dxohouBus :

‘ Kegedanow 10 | 20 |3 [ 40 |50 |6 | 70 | 80 | 90 | 100
| els ékarop. Bpy. |
Képdog 2 4 8 5 10 |15 | 14 | 200 |99 %30
elg tkarrop. Bpy. J

N& ebpedf) & ouvTeeoTils ouoyetioews kol va yivy 6 oTikTo Bidy pappa.
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MEPOZX TETAPTON

KEQAAAION XVI

TPITQRQNOMETPIA

133. TO FEQMETPIKON TOZON KYKAOY KAl H TQNIA. MONAAEE METPHEEQE

*Emi fvods wdihou Kkévtpou O (Zx. 133.1) &.s GEfopﬁ?mueu‘Bﬁo cquﬁ‘a A ki B.
Té onueia A kai B xwpilouv Ty TEpIpEpELay Els &Uo Tota, O AMB kai 16 BM'A.
Al fmeveion O kai OP Opiloww Buo EmiKévTpOUS Yﬁﬂf‘s' T‘d%{ (O, OB) Ko
< (OB, Oc). *H < (O, Op) dvTioTolyel eis TO Tétov AMB kad | & (O, Oa) sis
’ i
& Tokoy BM'A. "Edv govToobdpey 8T 1o Emimedov ToU ku-
Khou aTpépeTan mepi TO O kaTd T OETIKNMY  Qopav TEPL-
oTpogfis, OTav 6 anueiov A Kivoupevoy B1aypayrn To Tofov
mﬁ, f) éxris O, émi Tiis Smolos keltar TO omueiov A, 9&
Siaypayn TO towTEPIKOY TTS AUTIOTOIYOU ETTIKEVTPOU  Yeo-
vias (Oa, OB) 5% N Sy, 133.1
‘H anélutog Tt vos TOtou (f wds yowvics) elvan &
Adyos ToU Tétou (7 TiiS yovios) Tpos THY povéda TéY Tokwy (i TGV ywidv).
‘H yewpetpia Sidaokel &T1 Adyos BUo Télwv THs aUTfs dkTivos iooUTar
TrpOgs TOU Adyou TV uTioTolywy ETIKEVTPWY YwvIEY Kol Emopéves @ Ev 1oEov
Exer v avtiv andrutov iy pd TV avrietorydéy tov Enikevipov yoviav, £av
BeBaiog dg povig perpiores TV LoV hapfavetar 10 twlov 1o dvaotougoby

&ig Ty povade TOV YOVIOV. o

*Ex ToUTou EmeTan, 6T1 Total dunikovTa el KUKAOUS uE SlapopeTikds GKTi-
v Eyouy THY ourrhy GTOAUTOV Tluﬁ\j. 7 e _5‘7\7@5 ?\éYO.IJEt", él:q)pdgov"rm e
oV auToy &oAuToy &pifuoy, STV QUTIOTOIXOUV Els Thv auThy 1) ioag Emikév-
TPOUS ywvias.

To péyebog vos TOtOU ixppadeTal ch'r.ét ‘8\’1,0 Tpé-rroug :

1) p¢ 1O ufjkos TOVY, &rav glval y\iwc'rn ) iy —Eou ch, ’

2) p¢ Thy GmoAuTOV Tipfv Tov, Ti Pondele mds dplopévns povddos TéEwy,
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1] omola &mdAuTos Tipf Stv tlapTdTon dmd THY ATV TOU KUKAOU.
Bugiki| povéag peTprioews TGV ywwndy elvon fi opbiy yevie. *H duTioTolX0S

povds Tokowv elven TO ‘11—— 10U kUKkhou. ‘H dpbn ywvia Umodiaupeitar eis 90 ioas

yovias ékdaTn &k T@V oTolwy AfyeTon pia poipa, gupPoikids 19 ‘H yovia
wds poipas GrroSicupeitan eis 60 foos ywvias éxdon éx Tév dmolwy AbyeTan
£v Aemtov, oupPolikés 1'. ‘H ywvia Tou 1" Ymobiaipeltan els 60 foa pépm, Exa-
oTov Ek TGV &Toiwv AéyeTon Ev dedtepov hemtdv, oupPoiikds 1",

"AvmioTolyews TO 1/4 Tou kUkhou UmoblonpeiTal ele 90 foa Toka ExaoTov
& Tav dmolwv AéyeTan pia poipa kUkAou kai oupBohileTon dpotws 1°. To Totov
wds pofpas Umrodicupeiton eis 60 ioa pépn EkaoTov & Ty Omoiwy AdyeTan Ev
Aemrtov (1) kixkAou K.T.A.

‘H Bzopnrikn povag tofwv fi ywviddv elvon 16 drtiviov (rad). To axtiviov
elvar T6kov ToU Strolou TO pfikos elven foov pds TO piikos THs dxkTivos ToU KUKAOY
gls TOV Otroiov dvnkel TO Totov. ‘Emrloms ywvia Eveg dxtiviov Adyetan f dui-
OTOIXOS ETHKEVTPOS Yavia Tou Tokou Evds drTwiou (Zy. 133.2).

‘H &mdAuTos Tiun émouéves évos Tokou el dxivier elvan
0 Adyos Tou prkous Tou Tolou TouTou Tpds THY dkTiva. To
pfjkos s tvds TOEoU kUKAOU GKTIvos p oUVBEETOL WE THY &TTOAU-
TOV TIUNY & TOU TOLou TouTov els dkTivia B1&x s iodTtnTos:

s
A= —-<>5=0
o P

Edw cos Movas WETPTIOEWwS Tou Wrikous Angdij 1 dxTis p,
TéTE TO piikos ToU Téfou tkppdleTan pe TOV  auTov dpiBudy
pé TOV Omoiov #kepdleTan kol f) &wOAUTOS Tiun TOU TOEOU
TOUTOU Eig GKTIVICL

Iy. 133.2

o o A . , SR vi . 2
OBev 1) &TTOAUTOS TIUT TOU KUKAOU OACKAT|pOU £lg OKTIVIC Elva TP — 2.

‘O dpiBpds alTos 21 kepddel Emions TO ufjkog kKUkAou &iTivos fong pE THV HOVG-

A \ ~ ¢ : ¥ 9 ~ 1 = T
Ba. ‘H dmrdAuTos Tiuh ToU fuikviAiou efvan T kol ToU —— ToU kUkAou elval —5--
s 4 2

*Avagépopey £86 kad piaw povada, T Smolav EoydTws Xpno1poTololy &g

\ Vil i : s b e 4 S SR 1 sl o
T&S OTPATIWTIKYS Epapuoyds, TO mil*, To omoiov fgouTal pe TO Zmn TOU KU-

~ \ ; ; yrssien Sl
khou. ToUTo KOTO HEYTATY TPOCEYYIOW I0OUTAL UE o055 rad.

*Edw 51 TGW & Kal P TOpEOTHOWWEY TS GTOAUTOUS TIUGs ToU alTol Té-
Fou i povédas dvTioToiyws TO dkTiviov kad THy poipav, £dv TO Totov ToUuTO B
UmrepPaivy Tov kikhov, B& foyun 1 iooTns :

|
R
= = 18| (133, a)

(*) wrhootove xxts Ty ENAGVIY oTpaTiw Tkt ebpohaylay.
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Mpdrypari, BUo ok &g peTprfouv BluﬁoXchI)‘g |.,Lé~ uovc'j:Scxs -ré‘ C’!KTi\i[O\: Ko,:i
v woipav. “Eotwoav 8t a kai p ool c’méhu-r'm 'ru:lcu TOU"ITP(.»OT,OU,TO?OU elg ‘C(K'Tf—
viat kol pofpas kad o kad W TOU BeuTépou TOEOU)D:V'I’IO’TOI.X(AJ‘; el dacriuer kel ok
pas. ‘H yewpeTpio 815G0KEL &1 6 Noyos Bo Totwv Bév etapTdTen &md THY po-

s bl e T o
véBer peTphioecos Twv kad O IOKVEL 1 o = F
3l : . ¢ Jo M
"Edw ¢ Sevrepov Tokov Angli) TO MoV kUxkhou TOTE 7 lodTng - =y ive
S 2,
T = = 180

‘H icdTng Aormov (133, o) uas gmTpétrel va ebpiokcpey THY &moAuTov TI-
uf tvog Tokou s TPOS ThHy piow &K TEW povadoy, &rav yvwpilopey ThHy dmé-

Tov TIufY ToU @ TPOS ™y GAANVY.
134. [POTANATOAIZMENOE KYKAOL KAI [MPOLANATOAIEMENON TOZON.

Edw & kwvnTdv omuEiov Suaywpnan £k Tivos onpeiou A Evos kUkAhou (Zy.
134), SUvaran v Bloypyn GOV KivoUpevoy € aToU Kotd Buo  gopas. “Ex
T popéiv TOUTWY T C'IUTiBE'I'OF TpAS my ‘POE"IV T Ky o .
ws TG BeTdn TOU dpohoyioy opileTan  dog Betuky popa ,\
kol 1) cupgevoUsa bE TIV T‘ﬁ‘;” ko= o 5?“"“*’" e A
Gpohoyliov ds apvnuiki Qopd. OTov Emi Evog kUKAOU, EXT)
SpIoB7 1) OeTicr, ETTOMEVEOS kol ) GpYnTIKY opd, & KUKAOS

. 4 i . \ A A
Aéyetal mpocavatohopévos. Tiy BeTikny gopov ‘ﬂ”%ﬁo‘;\;‘%olf” ;
els To oyiiva pe fv PEAOS oUvoBEUOHEVOY PE TO OUW . Iy, 134

Eqw Teopa Emi EVOS mrpocavaToMopeve s, KUKAoU Exwpev BUo omueia A
kal B, téte i ToU KUKAOU TOUTOU bpilovrar rtooapa Tota TpocovaTohiopE-
)

Vo, T drroicov TO wiikos elval WIKpOTEPOY TOU Kuxhou 81071 Ev Totov AB elvan
au,\,a.réu v& Srorypagfi UTO kivnToU anueiou eiTe &k Tou A Trpos TO B eiTe ik ToU
B mwpos To A ‘Opigo‘v'rou Nordv Buo Tofar AB : &v Aeydpevor Oetikov toEov AB,
: v
oupPohépevoy pe Pr\\éin, ol Ev apynuikdv w&ov AB, oubPohilopevor ut AB |, kaf®

- . T Alopévou KUkhou kol TO &AA
z e . Khy Qopdw TOU TTPOTaVOTO o
Saov T v Exer ThHy BeTikny @O ~

T &purprikiyy. Tevikéds ¢y Totov TpooavaToMopévor ouuPolifeTon pe AB.

1 £t ' o 3 .
‘OpilovTan mrions Suo Tota é?a\, To £v OeTikOv BA  kal TO AAAo &pynTikdv
BA-. Awg v&x i) yiverar oUyXVOIs Buvapebar v BIOTNPTIOWHEY TO GVOMX YEwmpE-

AB, Bi1& 1O pikpoTepoy BeTioy TOEoY ;\-E!'l
3V 56 OMIKES 1 -
Tpkdy totov AB, ounp 'E ;\_?3 ‘ oF ey TG
2 tyou TOEOU TO onueiov yeTal : P ToU
i Tou wpocowcrrollﬁﬂﬂ’ﬁ by !
AB kol 16 B : 10 mépag 100 AB. , \ ,
T& koTd TOV QUWTEPW Tpomov OpioBévTa Tola elvon pepikad TEPITTTDOES
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YEVIKWOTEPWY TTPOCOVOTONTHEVGY ToEwy, TEw otrolwy TO ufikos SuvaTan va el-
vol PeycAUTEpOY TOU WKTKOUS TOU KUKAOU.

MpdypoT, &v pavtacBpey év kvnTov onpeiov Eml Tou kUkAou (Zx. 134),
TouTo SuvaTon dvaywpoUv £k ToU A va EkTeAéon plav T TEPICOOTEPRS TEPIOTPO-
PAs BiaTpéxov TOv KUKAov Kol v& oTapaTiion) els 1O B.TO xiwnTov TouTto onueiov
BUvaral pdAloTa va kwnBi kaTd THY BeTiky ) THY dpynTikiy gopdv émi ToU
KUKAOU.

T& oUtws Spildpeva TOlar Aéyovtan tprymvopstpikd TOLa, Kai cupPoii-

my

{ovtan #mions Sid Tou cupPdrou  AB.
‘ A v& elvan Gpows Ev Tprywvopetpikdy Tolov TeAsiws dopiopévoy, Trpémel
vér yvopilwpey 1) Ty dpyny Tou, 2) T6 mépas Tou, 3) ThHY gopav Tou Kai 4)
TOV &p1fpdv TGV SAokATpwY TEPIoTPOPY, Tds dTroias TO KwnTOv onueiov Bié-
ypoye péxpls 6Tou oTapathon s TO Tépas ToU Téfou. "QoTe :
Tpryovopetpikoy t65ov ;ﬂl Aéyovtar Gha ta tobw, ta omoic Swaypagovian
o Kivntod onpsion, o dnolov avaywpoiv £k tol A Kal KIVOOPEVOV TAVTOTE KOTG
Ty adTiy @opav, Betiknv ij dpvnrikily, crapatd sig 1o B npiv ij Swatpéln O6ho-
Khnpov tov koklov §j Ggod dratpibn mponyovpiveg Eva dxépatov aplpdv KOKAOV.
OUTws éwwoolpey &T1 Umdpyouv &melpdplfuc TprywvopeTpika Toka Eyov-
Ta THY aUThy &pY MY kad TO aUTo Epas, GeTika kal &punTikd.

135. AAI'EBPIKH TIMH TPIFQNOMETPIKOY TOEZ0Y,

“Ev TprywvopeTpikdy Téfov, &mows v yewueTpikdy Tolov, BuvaTon v pe-
TnB7 ué piav &k TV povaBawy Tétwy. ‘O dpibpos, 6 omoios Ba TPOKUYT KT
auTov Tov TpdTov elval ) &mwoAuTos Tiu, 7| ool xapakTnpilel TO péyedos,
GAN’ 8x1 kal w1 popdv ToU Totou. "Edv Thpa els T GmOAUTOV TIMMY TPOTE-
Fcopey TO +, 2w TO Tékov elvan BeTicdv kad TO —, E&v aUTd elvan &punTikdy, Exo-
pev Thy Acyopévny @hyeBpukiy Tpijv ToU TpocavaToMouévou Totou.

Ato mpocavatoliopéva tota tob avtod kikhov i isov kiklov clva
ica, drav Eyovv Ty adriv dhyePpuciv tpdv. Elvon avrifeta, dv ol &AyePpical
Tinal Twv elven dpifpol dvTifeTor.

Té mposavaTohopévor Tétov, TO Smoiov Exer dpyfy kai TEpas TauTI{O-
pever Tpd Téons mepioTpogdis, elvan Ev oupParikov Totov, Aeydpevoy RNdEVIKOV
t6Eov. TouTou GAyePpikn Tiph elvon & &piBuos 0.

*Ex Tév dvwTépw yivetal pavepdy &Ti TO TpocaveTodiopévoy Tétov Suva-
Tou vér BecopnBij dos pia peraPAnT, 1 Omoia BUvaran va AaPn Shas TS TPOCY M-
Tik& Tiuds, T ool BnA. SiaTpéxel 10 olvohov R, tav Bewpriowpey Ty &hye-
Ppikiy Ty &Y Tokwy s &va &AAo oupBohov Bix To Totov.

136. TOZA EXONTA KOINHN APXHN KAl KOINON TEPAX.

*Eore TpocavaTohapévos kukhos kévtpou Q (2x.136), A fi &pxh TéV TOLWY
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kad M Tuyov onueiov ToU kUkhou. “EaTw T T GhyePpikn Tipn ToU mpoTou PeTi-
= 7 Ty s T = r . U U

kol Tofou AM. *Edv ¢ elvan 1) &hyePpikn Tipm ToU BeTikoU kUkAou (1) &TOAUTOS

TIpT) TGV TOLwv eUplakeTal TrévToTE €lg THY aUTHY povada: els uoipas | els diri-

fi )

Vi), TéTe TO BeUTepov BeTIKOY totov AM B& Exn GAYEPpIkiY TIWY € + T TO Tpi-

Tov 2¢ + T, To TéTapTov 3¢ + T Kol YEvKGS ) GAYERPIKT] TIUN TOU TUYXOVTOS
(&) ~ ’ P

Betikol Tofou AM, 8& SiSeTon UTO TOU TUTTOV KC +4 T, 6mov k elven OeTikdg

dxépanos 7 6 0.
-~ 2, 2 ok 1 (2
‘H dAyePpiki Tipf TOU TTPOTOU EPUNTIKOY Totou AM Ba eivan —c + T,

'
ToU BeuTépou GPUNTIKOY Téfou AM 8& elvan — 2¢ + T, ToU

Tpitou — 3¢ + T, ToU TETAPTOY —4¢ 4 T kol yevikéds 1) &A- M
) x
YeBpIK Tipf TOU TUXOVTOS &pvnTikou Totou AM B BideTon \
Urd ol TUTOU KC -+ T, OOV K KATTO10§  dpUNTIKOS  AKé- 1
paios.
"Edw Aormov Bi&x ToU X TapaoTRowhey T Shyefpl-
- I
KNV Tipfy ToU TuXOVTOS 16tou AM  (BeTikoU 7 apynioy), el

atTn 8 bideTon UTO ToU TUTTOU
e (Ol i kel

"Edw Gy povas EXT) Angdf To Gietiviov & TUTTOS YlveTan :

X = 2K‘TT.--|- T,m 5 KEZ (e
w47, |

*Edw g povds xn Anedi # poipa & TUTOS yiveTan
- x" — 360(] K *_ -rll' ; K&':Z (Gl)

‘H igomns (), Kai ¢mriong 1 (o), B&v peToPBdAAeTOn, & GuTi THS T AdPeo-
ey ThY GAyePpikiy TINAY tyog OmoloubnoTe GAAoU, GAN dpiopévoy, Totou
Kf\‘.’l. MpdryparT, £V elg TOV duwTépw TUTTOV (o) QUTIKATAOTHOWHEY TO K PE K-
Trolov &piBudy ToU GUVOAOU Z, Ty, Tov Ky, 8& eUpwpev ThY AyePpikiy v T
Evds gk TGOV TOLWY Aflt’i. O& elval AorTov :

X =2Kkm+ T
Ty =2 T
kol & TouTwy 81 GQAIPECENS KOTS PEAT) :
x_11:2(»<~»<1)1-r, BnA. X = 2AT + T, A
SmouAeZ kad T, elvan 1) SAyEPpIK TIHT ToU TuydvTos GAN dpiapévou Tétou AM.
‘O TUTTOS AOITIOV (o) nas Bider THY GAYERPIKNY TiuY TOU TUXOVTOS TTPOC-
e

cvartoAigpévou  TOEOU AM, érav yvopileouev Ty GAYePpIkY TN évds TUYOV-

¥
Tog &AN’ dopropévou TOEOY AM.

‘0 qurds TUTOS (6) YPOPETX! :
X — T = 2KTT A xt—T1h= 360°k, KEZ
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AnAabiy: Avo tprywvopstpika tote, td omola Eyouv Ty adTiv apynv kol
0 abtd mépug dapipovy katd axéparov apllpov KUKLOV.
'AvTIoTPOPLs @ & Becopriowpev & ToEov PTFV’I ué SAYEPpIkfYy TR
T — 2KTE T
kod B &Mho Tofow pE THY 18iav dpyfv A kol GAyePpikiy TNV T, Bilagepovaay
Tfg Ty, KaTd Képatov TOAAXTTAGOIOV s dAyePpikiis TIpfis OAoKATIpOY KUKAOU
EoT KaTd K, 2. TOTE, oupgvas Tpds doa vwTépw elTOHEY, B eivan :
Ty =Ty + K 27 = 2KT 4+ T+ 2K,T = 2k +x)mw AT
kel e k,€Z, xeZ 6 elven kad (K + K)EZ kai ETTOPEVLS
T, = 2\ -+ T, AeL
*Ex Tfis TeheuTadag TaUTns 100TNTOS GUVEYOUEY 311 TO TOkov pE ShyePpr-
Ky Ty T, B& Exn mEpas TO onpeiov M. "
"Qote. "Avaykaio kai ikavi] ovvBikn ive dbo nposavatoliopéva t6La tod
abToD KOKLou Exovia Kowviy apyiv Exovv kol kowvov mépug eivan ai alyefpikai
tpai tov va Sagipovy katd 2kn (360), drov KEZ.

137. NPOEANATOAIEMENH I'QNIA. AAIEBPIKH TIMH AYTHE.

‘H Ewoia Tiis TpogawaTOAIUEVIS yovios kai TS &hyePpikiis TIMRAS TNS
uas efvar yvewoTth &me Thy Y TdW.

‘H dvriooryia, 7 omoio Umdpyer petaty Totou kal Emikévtpou ywvias
Tou pds EmiTpémel v& ouvBiowpey THY Ewvolow ToU TpogavaTohlopévoy Tétou
pé Ty Fwwolay THS TTPOOOVATONITPEVTS yovias (Zx. 137).

Mpdypart éTav TO KWNTOV onuEiov dvarywpouv ik Tou A Biaypdgn TO TO-

tov }(\B, ToTs 1) Auevbeia Oa Slaypédger TO EowTepIkOY Tijs TTPOCEVATOMTHE-
vns yovias (Oa, OP), Thy omoiow oupPohiloper pt < (Oo, OB), &v elvon BeTixn
-t < (Og, OB), &v elvar &pvmmikA. H Tehkn) TAeupd OP Tis PO TCvaTOAL-
optvns yovias, Tpiv i A&Pn Ty Tehikiy Btaw auTis Op Buvaral v EkTehET)
piaw # TepiocoTépas TepIaTpoPds Tepl 1O O kol vé& Sy pd-

3/5 yn oUTe fva drépatov  GpiBudv BeTikéd ) GpuNTIKGY TIAT-

peov youGy. YTapyouy ETopEves &relpdpifuol TPooaVATO-

_gMoudval ywviar Exouoal Thy aUThy GpyikAy kad TNy ad-
Thy TeAikiy TAeupdw. ‘ExdoTn ék TGV yoouidy TOUTWY Aé-
\—‘ yetan : tpryovoperpikly yowia. Kot TaUTe UTdpyEl pia

p2ve &pgipovosTipayTos STioTolyia peTody Ty Totwy }&‘é kol TV

mpogavarohiapévey ywvidy (Oa, OB)

‘H mkpotépa femix) ywvia < (O, OB), 1 dmola avTioToIxEl glg TO TO-
tov /(é"', AuTropel va Ovouoodi  YEOPETPIKT yovia, 7| émola gupBohileTa
% (Oq, OP). :

‘H &AyePpikn Tuf X TS TU)OUONS TPLYWYORETPIKT]S yoviag pE GpYIKTY
mheupdw Oct ke TeAky TAeupaw OB &ideTan TpOQaVEs UTTO TOU TUTIOU !
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X0 —=360% 4+ 10 | x=2xT+ T, &mou keZ kal T elvon 1) GAyePpikny Tiun wds
STOIQCBNTIOTE K TGV yovIGY TOUTGY, GAN Gplopévns, el poipas fi drrivia.

Auvdpedo 88 v BIaTUTIOOEY Ty &fis TpoTATLY :

"Avoykaie kol ikavi suvdiikY, ive 0o tpryevopctpikal yovia ¥xovem
KOWVijv apyikny Eyovv koi wowvijy TeAkfY mhevpay, sivenr ai dhyefipucel nipai
TV v Stagépovy KOTd 2KT (360%), Gmov KCZ.

Auvépeba ETTOREVLS vet peETaPaivoopey aBia@opws &mod TA Toka Els Tag &v-
TigToiyous yeovias kol &uTioTPOQLS Kal vix épapuolwpey els EkaoTov &k TGV pe-
yefBGw ToUTwov TS peTpIkas 819TNTAS TOV &Aov, 10T &V TPOCAVATONITHEVOV
Tétov kai ) dvTioTOLXOS ﬂpoaavcx'ro?uouévﬂ yovia Exouv mauToTE THY CUTHY
popdv.

Ao Tp]ymuous'rpll(cx‘l yovion  Aéyovron cdvTifeTol, otav of SAyePpikai
Tipal Toov elven &pifpol vTifeTol.

138, A@POIEMA AYO H MEPIZZOTEPQN MPOZANATOAIZMENON TOZOQN

*Abpolopa -rrpocroworro?\lcuévcov 1o Evds KUkAou dvopdlopsy TO Trpooa-
varrohapdvoy TéEov, TO dToiov EXEL Gog GAyEBpIkTY TIY TO dBpoiopa T&Y SAye-
Ppikdy TGy TGV SobtvTeov Tokwv.

"Ex ToU dplooU Toutou KaBioToTan govepoy 8Tt Bic TO &dpolopa TéY Tpo-
covaToMauévey TOEWY loyUouy al EEfs 616N TES.

1) Auvdpeda glg &v &bporoua TrpocavarroMopiuey Tokww v& ARGLwpey
THy oelpdy TGV TrpoodeTEWY. '

2) Auvépeba v &vTikaTaoThowpe doouadioTe TpooleTious B tvds,
ToU &BpoiouaTos TWV. shpcsle

Aid vé eUpwpev TO &bpolouc mpooavaToAtopévey Tokwy AB, T4, AE,. ..

kaPloTépuey aUTA S1aBoy IKA. AcuPdvopey, Y., &To ToU onueiov B &v Totov
~

X e I o« 1 n‘

E‘Z s Tipfis fongs pt thy Tou A kad & ToU onpeiov Z év Todtov ZO
N

Trpos THY +oU AE k.0.x. To Totov, TO bmoiov Exel GpxmVv

A kol Tépas TO TEPSS Tou TeAeuTadov, B Exn dAyePpl-

fporopa TGV chyePpixddy TipGY TéY BobévTwov Tékwy,

S\yePpikiis Tinfs fons
Thy &pyfv ToU TPRTOV
Kfy Tipfy lonv mpds TO & oM
SnA. B elvon TO &OpoITHA aUTOVY.

O, T.X- & A, B, I (Zx. 134, ce?{\_.\231) elven Tplec ompeio Eri kUKAoV TTpoTa-

[Ty
verrohopévou Kol BecopTOCOUEY & 16k AB kad BI, ToTE 8Bporopd Tev elvan T6 TO-

tov ArI\" ‘Edy o elven | GTOAUTOS Tipd) TOU yewpeTpikoU Totou AB, P 7 dmdAu-
; L
N TOU o téfou BIN, TOTe B& Exeopev :
Tog Tiuf) TOU ysc{o\us:TleOU ) T : X,.\ b ;
&Ay. Tn ToU AB = a+ 2, &Ay. Tiun ToV Bl = B + 2k, tmopévas 1) GA-
; h “
yeBpikn Tipn TOU &bpoiopaTos Al =a+p + 2Amr, Gmou AL, ’
Té dveorépeo EMEKTEWOVTOL elkdAs El5 TS TPOCCVATOMOUEVSS Ywvias.
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139. MPOEANATOAIEMENH I'QNIA EIZ KANONIKHN OEEIN.

Aéyopev 61 pia TpocavaTohopévn ywvia eUpiokeTan el Kavovikiy Oéawy
das Trpds Ev oUoTna dpBoywricy &tdvwy x'OX, 'Oy, &v fi kopugh Tiis yowvias
eUpiokeTan gis T dpyfiy O Tév &fdvew kal 1) Spyixn mAeupd aTiis TauTileTon
pé Tov Berikdv fudtova Ox, dtav f ywvia Tomoerndij émi Tou EmiTrédou TGV
&tdvov.

A& v& TomoBeTriowpey, T.X., Yoviow 240° s ka-
vovikijy Béow gavtaldpeda &1 1 fuevdeia Ox oTpépe-
Tan Kerd THY BeTikAy gopdw kard 2400 (Zy 139), omoTe
pileTan 1) TeAwn) TAeUp& Tiis ywvias. OUTws 1 yovia B
Exet GhyePpiciyy TRy 240°. ToUto oupPohilopey Ypé-
govTes P = 240" ‘Opolws €ls 10 aiTo oyfina elvon
a=—60° kal 8 =300,

Zy. 139
*Edw pt kévtpov THY &pynv TGV GEdvew kol &kTive THv povdda ToU HMKOUS
ypdywpey kikhov (Zx. 139), ToTE €l txdoTny TGV TPOTQVATOMOPEVY Y ULV,
Y., 0, B, a dvnioToryEl Ev TpooavaToMapévor Tékov, TO étrofoy, OTTWS yvw-
pilouey, Exer T aUTHY GAYEBpIKNY TIMY pé THY avrioTolyov auTol ywviav.

Avadtd Suvapsho ddapopog va dpuikdpey mepl yoviag o ij nepl 6500 ﬁf’, 0
omoiov dvopalopey Enieng téfov a. "Emiong Exouer Tnv yoviav 8 f| 16 Tékov 6
(=AP).

‘0 dvwTépw kUkAos, GoTis ypapeTal pé kévtpov THY &pxmv TV &tovoov
ko GkTiva THY povdda, AByETal TPIYOVOPETPLKOG KOKLOS. Té onueiov A (1,0)
AbyeTan apyn tdV 100V ToU TEIYWVOLETPIKOU KUKAOU. Efven T onueiov, &g TO

omoiov & Tps\./wvous'rpucbg kUKhos Tépvel Tov dfova Ox. To OA ¢lvan Eopévess
T8 povadiaiov Sidvuoua ToU &tovos x'OX.

‘H Gkis ToU TPIYWVOHETPIKOU KUKAoU, f drofar BiépyeTan Six ToU Trépa-
Tos fvds TéEou ToU KUKhou, AdyeTon tehkl) dktig Tou Totou TOUTOU.

AEKHZEIZ

449) N& Tpéyete Ev dxtiviov eis poipas.

450) N& Tpéyete plov poipav els dxrivia.

451) N& Tpéyete 45° eis drtivia.

452) N& tphyete % akTivia Ek_pol’pcxs.

453) Md v Porfeiow poipoyvwpoviou vé kataokeudoeTe els kavovikiy Béow yovioag
Eyoloas dAyePpikds Tids :

a) 75° Py 125° y) 210° 8) — 1500 €) 330°

oT) —330° ) 385° n) —370° @) 930° 1) —955°

454) N& dvapipete Thvte yovias, ol éola els kavovikiy Oéaw Exouv Thy aUTHY TEAIKTY
Theupdv pt Thv 8 = 100°. g
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455) Al (a1 8 = 125" kol @ 955 gis xavovikhy Qéow Exouv THY abTiv TEAKY
i yovicn § = ‘
5 & finynoete TO B1aTh ' | R
FREUPUZSG;QGN ‘E ?E::dcrme Gu al yavial K = 9300 kol A = — 870" Eyouv, ei§ KQVOVIKT|V Béav,
&t
THY aUThY TEAIKAY TAsUpY.

140, TPIFQNOMETPIKAL LYNAPTHEEIZ I'ONIQN.

] Lot AauPdvel Tipds &d TO oUvoov [T Shwy
"EgTes 8 pia peTaPAnTn, 1| OMOlX 7\ Hp ) » Sl el
~ : PIKEW yovIGV. T& oToixeia AoITToV TOU OUVOACUY | & Y ;
TGV TPLYWVOUET
K O(E!BHOL.G iqv © Tou guvOhoU I pavtadopeda o1 TifeTon €ig KOVOVIKNY
1 kafe yowv

Py

PV~

Ty. 140.1

oV ot Stovoov (Zy. 140.1).
¢ f bc £ GPOOKAVOVIKOY OUOTNHA & [ .1). F '
pei “:_:9 “:;0; (x \E) TUYOV OTHEIOY el THS TeAKTs TAeUpds TR ywvios & Bid-
oT .
opov s apxiis O- ) ey
popov TT]SO P)-(gougv fpitovoy THS yovias 8, ouuporkds N0, Tov Adyov T
l), UO;? TUYOVTOS onuetou P 1rpos o Wiikos p THs SIOVUOUATIKTS dKTivOs
TETOYMEVTIS T
65 "Qote elvon tL OpIOHOY - g
nuo = e
A AsBeoper o, Emioms TuxGy, omueiov P (X', i s TeAikfis heupds
fi A? Mg Q)BI-:Zcq)opov'Tﬁs &pyis. ZUNPUVCS Trpods Tov BoBévTar dpropoy Ba elven
Ths ywvios U, i i , ;
' f n AKTIV Tou onuetou P’ Tla-
nuo = Y, émou p’ TO WilKos TNS BlowuoHaTIKTS o5 n
P

G Bcos OT1 OP' = ?\OIE’ o Eropéveos B Exoopey X' = Ax kal W' = Ay,
PATTPOUHEY O

X i~ /R U e s S
B e Omolcow EmeTon OTL T = gy N
i: VX' ; hd —_ W': KT?\. ‘ |
PRI o X ; v e Y = Y. ToUTo onuaivel 871 ) Tiuh) Tou
\ o El— —_— Q
TMopaTnpoUbey Aoy &T1 1OXVE :
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Aoyou l:: Bév EapTdTon ¢k Tiis Btoews ToU onpelou P &l Tiis TeA ks TAeUpds TTS
yoovias, GAAG pdvov ék Tiis Béoecs alTiis TodTng THS TEAIKTS TAEUPES, &nhadn
&k ToU peyédous TR yoviag 0.

“QoTe : els kdBe ywviaw 8 (Bel) dvmioToyel eis kai povov TPOY LOCTIKOS
&p1Buds : ) Tiuf) Tou Adyou %

‘Opiletan hormov €66 piar ouvdpTnols pe mediov opiopou TGO ouvorov T,
SAcv TGV yoviddy, kal TEBiov TIGY & gUVOAOY TTPXYMATIKEY Sp1Bpddy, 1 ouva-
ptnois - - nud.

2) *Ovopddopey suvnpitovov Tiis ywvias 8, ouuPolikés ouvl, Tov Adyov
THg TeTpNUéVNs ToU TuxOVTos anpeiou P i TeATs mAeupds Tiis ywvias mpos
T pijKos p, Tis SlowuopaTikiis drTivos Tou P. [QoTe elvan €€ dpiopou ¢

X
ouwld = =

“As MPoper &Aho, Emions Tuxoy, onueiov P’ (x" ') &mi Tiis TeAikiis wAeuU-
pas THs yovias 9, Bidgopov Ths dpxiis. Zuppcovws Tpos Tov Bobévtar Spiopdy

X ~ o ‘ o » ' X X o« '
elven npd = e TMapornpoUpey Spws AW OT1 ioy Vel = STrep onpaiveL
&T1 1) TIp ToU Adyou : 8tv EtopTaTan ik Tijs Béoews Tou onpeiov p Emi THS TE-

Aikfis TrAeupds, GAN Ek Tis Béoecs auTis TauTng Tis Tehkijs TAeUpds, SnAadn
¢k ToU peyéBous Ths ywvias 6.

“Qoe : elg k&be Ty THs peTaPAnTis 8 (8el) dvtioTorkel s kai udvov
TpaypaTikds &pifuds @ 7 Tiuf ToU Adyou —;—-

‘OpileTan Aormov pia ouvdpTnols pé medlov dpiopou TO oUvolov [, SAwv
TGV yeouiddv, kel mediov Tipddv v ouvodov TporypaTikéy GpiBudy, 1 ouvdpTnols
6 — owd.

© 3) ’Ovopdlopey fgamtopiviy wds ywvias 6 (8€l), oupPoAikds epl, ToOV
Abyov THg TeTayuévns ToU TuyovTos onueiou P s Tehikis wAeupds Tiis ywvias
pds THY TETHNEVTY ToU onueiou ToUTou. "QoTe elvon 8 dpiopou :
hd
X

eph = x# 0

*Av AaPouer Ao, Emmions Tuydy, anueiov P’ (x', @) &l Tiis TeAKis TAeU-
pds Tijs ywvias 8, Bidpopov Tis dpxiis, 8& elvan ouppdves Tpds ToV BobivTa
opropov 9 = q;— PANN, G5 eiBouer dueoTépw, 1oy Vel % = %—, 1o émoiov on-
podvel 671 1) épamrTopévn ds ywvias, Sév étapTdTon €k TRS Otoecos Tou P i
THs TeAKTs TAeupds Tiis ywvias, A’ ék Tiis Boews clTiis ToiTnS TS TEAIKT]S
TAeupds, Snhadi) ek Tou peyéBous, Tiis ywvias 6.

Inpeinog. "Otav x = 0, & Adyos y[x Biv Exel éwolav TpayuaTikol &piBuol kol émo-
névess Biv OpileTen TéTE EparTopéun Tils ywvias 0. Touto oupPaiver, Y., S Tas ywvias, of
droian Exouv dAyePpikiy Tipfy 90°,— 900, 270%,— 270°, 450° kTA., STres B iBwpey KOTWTEPW.
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"Oge : elg k&Pe TN Tiis peTaPAnTis § SurioTolXET Els Kol pévou TPy Ha-

; G K 3
Tikds G&pifuds, | TN TOU ASyou — -

¢ : fov ¢ U o ouvohrov I
‘OpileTan hovTrov ko £66 pio oUVEPTNOIS HE Tediov OplO'Lf-OU T8 olvoov T,
: o TreBiov Ty Ev oUvohov T POy HOTIKEV ap@umv, f| ouvdp

SAwY TAW YyWVIEW, K
oig 8 — €gf. o ' . ;i
™ 4) Ovopdlouev GUVEQUITOPEVIY KIS yovias 8 (?EF), crgu[ﬁo;mm; g:,";
So AGyov THs TETHNUENS ToU TUXOVTWS OTHEICY P, Tfs {-rehr;ggéﬂ E\;PG? il
Q ) i : ; v U :
;?:vicxgywpbg TV TeTOry HéVNV TOV oTuEioV TOUTOV. Qoe elvan PO
’

X 0
== (s
o -
Guev kal TéAw 8T Stv OpileTan cuvepamTopivn B1& ywvias, TGV
oup

Aikfis TTAEUpPas TV Exel Tetaypévny 0. TolaUran ywvial elvar,
o o0, 1800, — 180, 360° kT, BTrws 8& TBwpey KOTWTEPW.

Enpeimoig. ﬂcx_oump"
&Trolwy TO TUydV anueiov ‘.\'ns TE' .
Y., ol Exovoa ShyePpixiy TIHAY | '

| 866 OTL T QATTTOWPE
é : ey kol DG OTL T) OUVER 3 uss y ! apr
e Tl {ou P #ml Ths TEMKAS TAeupds THS yovias, AN Bk

v wids yoovios By ElapTa-

Ton £k Ths OETEWS TOU ONHE
Tou peyebous THS yevias.

Q te k&Be Ty TAS petapinTiis 6 (6 el dvmoToIyel elg Tpory paTIKOS
“QoTe: elg KA

3 Y Tou AdYyou X kai OpileTan oUTe pia ouvrdpTnols HE TeSion
&piBpods, f TN TOV oy 5 : . T
U s oiwohov [, ki mediov TV TIUGW TS
Spiopoy s TO ‘ :
&pibpdv, M cuvdpTnais § —+ o9

; AT TEpyoVaay TUXOUaNS yovics 9_(6 EF"), UUHBOR}KOJS Tewd,
¥ OVO“HGQ'ON:— p TS BrovuapaTIkils AxTivos TOU TUYOVTOS aTHElOU P(x,y)
ToY AGyoV TOU UTKOVS

wpds THY U {fou TOUTOU.
Zc TH e 6, TS TNV TETPTUEVTIV TOU OTHELD

& 7 ¢ yovias 9,

Tis TEAIKTS TrAEUPAS ‘En

*Hror elven 8 Oprapoy
Tepd = % x# 0

; X 2 N :
A | 856 6T Bev SpileTan TEWOUSA Bidt yoovias, Tm\-,r b'rrci.mv
Jpey Kol EDO f \ e ey
) i 3_ W el TS Tehkfjs TrAeUpds TV EXEL -‘re-run-,,}éunguo 0() e
% TUXO: iy ot yovia of drroica Exouv &hyePpikiy Tfy FU,— :
ovica elvan, X ' g .
1270.1 T &rress 6 Soousy Elg T ETTOHEVA . s
) 2 TOSEIKVUETAL cOkOAs OTL 1) TEOUTO MG YLV o;:; ey
e fis &pXl i 1 g TEMKTS T
Kal 1“10:?\1‘-’ v &AAo, Biragopov TNS &pyxdis, onueiov £l TS T 1];{ . o ;
et S Kde; T Ths peTaPAnTis 8 (0l dwmioToryel els oy
U AGyouv P yal plleTon oUTw pia oUVGPTN OIS BE TTE-
U = i e
2 ' & ou-
= o guvohov I, SAY 6 ywvidy, Kal TreSiov TGV TIPGW TNS &V
Siov dplopou TO oWV Tl : (s
vohov F:Tpof}’llm' iy GpiBueY, 1 cruucxp'mcl"i fag 0 (Bel), ounPolikdds
Qvopdlousy GUVIEPYOLOAY TuyoUuns Ywvias :
p) ’'Ovopalo

: ToU WTKOVS P TiiS BlovuopaTiKils GKTIVOS TOU TUXOVTOS an=
oTepd, TOv AOYOV

MTapatne

Ths ywvias. "Qore: €l

parTikds &p1Buos, f| Tipf TO
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keiov P (x, W), Tiis Tehikfis TAeupds Tiis yovias 8, mpos Thy TeTarypévmy ToU on-
petou P. "Hror elven €€ 6propou :

muﬁ:% y#0

Kauvopey kol 81& tov Adyov % duohdyous TrapaTnprioes pé Ekelvas, Tas
omolas ékdpouer Si1d Tous Sprofévras dvaoTépw Adyous.

‘Opileran ket TéAW pict cuvdpTnals pi meSiov opropoU 1O auvodov I, Acov
TV yoviddy, kol TreSiov TV Tiudwv ™S & oUvolov mperypaTikddy &pifudv, §
owépTnois 6 — oreul.

"AvokepoAaicovouTes Tos dvwoTépw SobévTas dpiopous Exoper 611, B1&x TU-
XOUTQW TpLywvopeETpIKY Yeviav § eis Kkawovikfy Béov dog pos & oloTnna dplo-
kowovikoy kad Sk P(x, y) Tuyxdv onusiov i i TEAIKT]S TTAeUpds TR ywvias,
Tou &molou TO ufikos THs SiavuopaTikis &kTivos OP elvea p, Exoper (. 140.2)

g =¥

nu %

oug =%

"B

L

eph = =
ool =i r (T)

=

©Tepf =—f— Ty. 140.2
g=FP
OTEM y

Al épiafieioon dvwtépw & owopThioers 6 — nue, 8 — oud, 8 — e08,

6 — ogb, 8 — Te, 8 — oTepd, AbyovTan Tpry@vepstpikai ouvopToEls Tis Y-
viog 6.

Aid picw Bebopévny TprywvopeTpiky yeoviaw dpilovrtar kord Tov Qv Tépa
ExTebévTa TPSTTOV Of EE dpropévor Adyor (), of dmoior Abyovtan tpry@vopstpLicol
aplpol Tiis SeBopévns yawvias.

Elven gavepov &1 tpryovopetpucai yoviar sig kavovikiv Béeiv, Eyovcar koi-
vijv telikijv mhevpav, Exovv isovg Toig dpmvipovg TPLry@vopeTpikovg apilpoig tmv.
Olrw, m.x., fmadh al yovian pé dyePpikds Tipds 300 kod — 3300 Exouv Thy al-
THY TEANY TAeupdw B Eyour Tols adrols Spwrlipous TPLY WVOLETPIKOUS GpiBuous.

Hapédderypa : N& ebpebolv ol Tprywvopetpikol &pi-
Ouol was yowvias 8, &w 1 TeAikn orTiis wAeUpd, els kawo-
vikty Béo1, Biépyetan Si& ToU onpelou P(3, - 4).

Aberg : Mia toradtny yeoviow 6 PAémete s 16 o
patAelpws oxiiua. ‘Ex ToU épBoycviou Tprycwvou OTIP
Exopey p? = x2 4 Yo p= \/xTJ;-_\fJ”. ‘Etropéveas
p=+/3tF (4 =425 = 5. Elven té7e TUPPLOVLS
TPOS Tous Spiouovs (T):

Iy. 140.3
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w0 e o 8
e =¥ = 3
U'Ulle‘—“i*i

G

_,‘P____‘_i_
S e g

X 3
U‘Pe*’\'p’*“T

2Bl e
-rsuﬁ-—x_ 3

M A—
c'rsuﬁﬁw-— 3

Maparipnoig 1. "Amo Tous Spiopous (T) PAémoper duéows 61 foylouy
ai iffis lodTnTes aitives elven TauToTnTEs (5160T1 elven &Anbels TpoTdoes Sig
X&fe Tipny Ths yovias 6, Si& ThHY Smolav dugdTepan ai ouvapThoels els ikdoTny
lodrnTa elvan dpropévar) :

1 1
M=y ORI =

1 ey
ouvf = o FEIO = =

1 —_—
epf =g = opb = )

Mapatipnog 2e. "ATd ToUs dvwTepw OpiopoUs (T) PAémopey trriong &1
SUkdhes eUpioropey TG TPOOTIN TGV TPIYWVOHETPIKEY dpiBudy mds yevias,
St yvwpilopey els oiav ywviey Tév &Edvewv edploketar ) TEAk) TAeUpd Tiig
Soeeicmg ymv(cxs

o) nul = - ’Emeidn) g elvan BeTikos &pibucs els T | kai Il xad &pvnTi-
KOs el Ty 11l ked IV yowvicw Tév dEdvwn kal TO p TéwToTE BeTIKOS &AP1BUSS, B
ToUTo 16 nub elvan BeTikdy Sid yoovics ué TeAny TAeupay eis THY | kad Il yooviaw
T GEdveov kad dpynTikdy Sk yeovias pé TeAify TAeupaw eis T 1l kad IV yeo-
View tésv Ebveov. _

B) ouvd = g . CEmaidn x elven feticdv els T | kad IV yoviow tév dEdveov
Koi &pyrikdv els i 11 kad [, Bi&k TouTo 1O owl elvan BeTikov Eidx yowiag pé
TS?\u(r]v mAeupdw els Tas | kal IV yowvias Tév dtoveov Kkai &pynTIKOY B1d& TS yoo-
Viag e Tehikhy TAeupaw el Tas Il kad Il ywvias Tév dtdveov.

Y) eqaﬂ:T. Emeidf) X kod W Egouv T aUTtd pdanpa els thv | ked 1

Yovicw Téu &Edvev kad dvTifeta mpdonue els Thw 1l kad IV ywviav Tév &Edvaow,
& Toiro f Eq}ﬂ elvan Beiky Bic& yovias pé Tehikiy mAeupdw els Thv | ke [l yooviaw
TV &Edveov kad dprnTikd Bix ywvias ué Tehiknv mAeupaw eis Tas H kal IV yeo-
Vo resy dEvaov.
"Avadéyous Traparnpfioes Buvdpebor v képcopey kal Bi& Tous dAAous Tpi-

Y YopeTpikoUs GpiBpous ThS ywvias 6.
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ALKHEIEIT |

457) N& elpete ToUs TprywvopeTpikous &pifuolus Tiis wikpoTépas BeTikijs yowvios o
els kavovikn Béaw, tav P elvon onpeiov Tiis TeAkijs TTAEUpas Ths ywvias § kal al ouvTeETaypEVal |
Tou Pelvan : o) P (34) P) P (=5,12) y)P (-1, -3)

458) Els moiav ywviav Tév dlévev eplokeTon i Tehikf TAsupa wds ywvioas § ebpioko
péuns i kovovikny Béor, Eav :

o) nub kai guvb elvon dpedTepa GpvnTIKG.

B) nub kai epl elven dpgdrepa BeTikd.

¥) nub elvan Betikdy kol Tepd elven dpvnTikd.

8) Teud elvon &punTikd) kol €@ eivan dpunTikt.

) epd elvan Bemikny kol Tepd eivan dpvnTin.

o1) Nub efvon BeTikdv kod owwd eivan dpvnTikov.

459) Els molav yeviav Tév &Edvwy eupioketan 1) TeAkd) mheupd yowvias 8, eis kowoviki!
Béow, fav : 4

o) nud >0 B) owb < O y) g9 < 0 &) Tend >0

8
460) Tveorou dvtos 611 nub = 15 kad 871 1) Tehikt) Theupd Tifs 0, els kovovikiy BigY
gUpiokopévns, eUpioketan el THv | yowviav Tév &Edvwy, va eUpebouv Ta ouvl kal eqb.

5
461) ’Edv ouvb = T va eUpeTe Ta Nub kol egf.

3
462) 'Eqv epf = — 3 v& elpeTe T& npd kel ouvl.
|
("Ymébeilis : Emre1d) el = % elvon dpvnikd, 1) 8 elvon yovia pé tehikiy Aeupdy Ei51
Ty 1l yeviav Tév &Eévew, &v Adpopsy x=—4, g = 3 {| yovia pé ey mheupav els ThHY IV
yoviev Tév &tdvwy, &v AdPwusy x =4, = —3. Eis dppotépas Tas MWEPITTACES P~
= VI L (-3) = V25 =5). i
4 4
463) N& elpere 1o npd, Bobévros &T1 ouvl = S kal &11 el > 0. |
464) Né(. eUpeTe TOUS TpIywvopETpikovs dpiBpols mds yavias 8, Bk Thv dmolav yve”

3 1
pifopey 611 Mud = —— xad owld =5

465) Eis moiav yoviav Tév &févev elpiokovrar al Tehikal mheupal xai Trola elven 70
Tpéonua ToU fuiTévoy, Tol ouvnuiTévou kal Tis EpaTrTopévns ikGoTns fk TGV youidy ¥

SAYEPpIkTY TipfY ¢ {
o) 125° py 75° y) —320° §) 210° ¢€) 460* o1) —250° O). — 1000"I

466) N& elpete ToUs TprywvopeTpikoUs &pifpols yovias 8, v yveopilete &t |

if 3
o) nul =5z p) egb = = kal 180° < 0 < 270".

141. TPIFQNOMETPIKOI APIOMOI TQN TOQNIQN 0°, 90°, 180°, 270° 360°.
(

A) ’Ev rpdyTols oupguvoUpey To EEfjs 1 8% ypdpowpey, .., ni 18° kai il
tvvooUpey TO fuiTovoy yevias, | dmola Exel dhyePpikiy Ty 18° *Emiong €
ToUs oupBoliopols nud, ouvl, g KTA. TO 8 B TO vooUpey ds dAyePpikny TN
yovias. ToUTo mpdTToper, B16TI 1| TprywvopeTpikt Ywvia TpocdiopileTar dxpt
Péds, 6Taw yvapilopey THY SAyePpiny Tipnv Tns.

“Emrertoc 4o THY oupgeoviay a1 8 Slvaran v Bewpnfij 611 elven pid
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TaPAnTn, f OToia SuvaTal vé BIaTPEXT TO oUvohov R, TGV Tpay MOTIKEY apt-
Gy, of omolol elvan &yePprxal Tiped yownéy, of omoia Eyouv peTpnBf ué
wadar THY poipav.

B) O& {nTrowpey Tepa v eUpOOKEY TOUs TPIYWVOMETPIKOUS &ptBpols TV
v 00, 90°, 180°, 270°, 360",

“Egteo P Tuydv anueiov (OX! 1| &pyd) €mi ThS TeAIkAs TAeupdis THg yoovias O

&) "Otawv 8 =10° <o X =p, =0 xal ETTOpEVWS
0
0o M i 0
nu0 P o T
s et
UUUOO:—P——-F*——I : P P(RD)
ep0? = Pl FO_ =0 ®
Q X p
o0 = .3- =& (B pileTon) * S5 T4
_ P P =
Tep0? == . 1
otep0’= —5;— = % (5tv OpileTan)
p) "Otav 8 = 90°, Té1e X = 0, y = p Kol ETOREVE
TR I |
nwo0 ” .
X 0
0 e = 0
ow90 - B y i
eg000 = ‘:_ = -g- (5tv SpileTan) WY
50, R
o90° P R T 0 0 z
en000 = _2- = "g‘ (8tv SpileTar)
Tx. 141.2
O B e tBi ]
oTep90 " z % '
y) “Otow 6= 180", Tére x =—p, p=0 Kl EMOUEVCIS
T
nul80® = s =
o 1800= 2 =F =—1
P P
P v
epl80° =1 — 0
X =P s &
0¢.180° = T (5tv OpileTen)  pep,0)
i
Tepl80° = R
0 =0
oTepl80°= (S-'_ = ,%, (Btv opileTan) Sy, 1413
(*) Snn. dtv Eyer Ewvorny Ty ATLAOD &ptOpob.
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8) "Otav 6 = 270°, Tét1e X =0, W = —p Kkai Emopévess :

iy DJURREIE o S e
nu270 > : 1
¥ Ay (1 S [
2 2 P
< W P ,
s . 2700 = oo (Btv opileTan)
p 092700 =% =9 —¢
o0 i ou=g
Tep2700 = % = —bp— (Bév SpileTan)
Zy. 141.4
¥ oTen270'= P = P —_|
D

g) “‘Orav 6 = 360°, TéTe f) TeAkny mAevgd Tiis & ToauTtileTon pt oV &fovd
Ox kai of TprywvoueTpixoi &pifpoi Tiis ywvias 360° elvon iool pé ToUs duwvipous
TPy wvopeTpikols &pifpous Tiis yeowvias 0°.°
142. OI TPIFQNIMETPIKOI APIOMOI TQN I'QNIQN 45°, 609, 30°.
a) "Omws Epdbopev els v ¥y Tdkw elven :
nud5° =‘~/~2i ; ouvd5° :‘_/2_2' e45° = 1.
Y EdkdAws ebpiokopey &1 elvan :
8(11)
it

Tepds? = —xp— =\~/l3 =V72
> oTepd5? = 2 ‘iﬂ =v2
0 i A Z ¥ 1
1
09450 =t = =1
- 3y 1421 ¥ LERE
B) ’Epdbouev els v y' Tékw o :

nue0? = \/—3, cruv60“=%—, ep60° = V3

2
(1v3) EUkdAws eupiokopey Twpa 8T :
5 Ta—
Mk B (A0 LA 2 \_/_3
. 60 oyt 3
pie Dtk 2 8
Tep60? = 2
or 1 a T -
oTen.600= £ = = = 2—\/3—3
Sy. 142.2 A
y) ’EudBopev eis v y' TdEw 61 :
] A v
nu30° = ST owr30? = 7y €930 i
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EUkoAws cUpiokopey OTL :

Wik Ny -
et == N V3
e et 2 4/73
T3 == o ki
2
Ty. 1423 oTep300 = .S}_ =T = 9

I4'3. IFEQMETPIKH TAPAEZTAXIE TON TPIFQNOMETPIKQN LYNAPTHZIEQN.

"Egres B GoBeioa yovla €l kowovikiy Béow (Zx. 143).
Mg kévTpov ThHY GpxTY xad dxiva THy povada Y ApAoTOpEY KUKAOY, TOV YVWOTOV

Iy, 143

u“?"b‘ TPIYWVOUETPIKOV KUKAOY, TEQVOVT TOV &ova Tow x gls TO onueiov A(L,0),
Tov &Eova Tév  els o B (0,1), TV §¢ TeAkiy TAeupdw THig ywvias 8 el O P.
pbs Tov dtova Ox kad Tés tporTopévas els T&

Oépopev ThHY TIP kdfeTov T
fiv TEAIKT|V mheupdw Tig O f) TNV TPOEKTAT Y

U’:\“‘ETG A xai B, aiTives Tepvouv T
Wi weer® GuiBeTov gopdw Els T T kai & QUTaTOIXwWS.
.~ Omas elven eUKOAOV VY TIOPATPTIOWHEY glg T& QueoTépw oxhuara 143,
T opfoycmia Tpiywva OrP, OAT xai OBZ clvon dpora peTaly T duk Buo.
XOuev Aorrév :

P = on BZ =
L OP LE ik TP OB
cuvez—g—g:O_ Tepd = 2_?—:-9;1:“:1'
OoP on OA
e AT o oP ()3 o
e e S AT ot = — = — = 02
o on OA H TP OB
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s ) = = = =3 ey =3 o
Ta Siavvopara TIP, OTT, AT, B2, OT, OF eivan avTioToixws ol yeoperp!
Kai Tapactdoelg TV awapTicewy nub, owd, epd, ool Tepd, oTepd THs yovid

(ToU Tétou AP =)9, ai 8¢ dhyePpikai Tipai @Y Slavuopdrov sival i Tipai @
GVTIOTOIZ OV TPIYOVORETPIK®Y ouvaptictwy Tig 0. A t& OF kod OT Aappa
veTan 1) @opd Toov BeTikn, éTav olTn oupguovel pé THY Popav Tfis TEAIKT]S TTAEV
pas Tiis yowvics, &AAws N popd Twv BecopeiTal das dpynTIKT.

"Ex Tév dvwtépw évwooUpey 811 Suvdpeba, dodkic ToUTo pds etutrnpetel
&35 TUYOV onueiov £ Tis TeAikfis TAepds THs TRLYWVOUETPIKTiS Ywvias ve Aaupd
VeV EKETVO TO amUeiov, el TO OTToToV & TpIywvoReTpIKOS KUKAOS Téuel THY TEA!
kv mAeupdy. Tote  émebn p = 1 6 elven (Zy. 143) :

1) fuitovoy Tol Tétou 8 (AP = 8)=TIPy &nAadn 7 TETCrypévn ToU TrEpaTe
ToU Tdkou 6.

2) ouvnuitovov Tou Tétou O = OTT, &nAabn 7 TETUNUEVT] TOU TTéPOTOS Tol
Tokou 6.

3) tpamopévn ToU Téfou 6 = AT, BnAadh 1 GAyePpikn) Tiuh Tou S
ouatos AT, T0 dmolov opiletan émi Tiis dparrTouéuns s Ty dpyfv A Té Tk
&mo 1O A kal 10 onueiov T, el 1o dmoTov 1) TpotkTao s THs Tehikfs dkTivog TO!
Tétou B Tépvel THY els TO A éparTouévn TOU TprywvopeTpikol kUKoY (&Eove TG
EQUUITTOPEVLOV).

4) ouvepamrToudyn ToU Tkou 6 = BE, BnAady 1 &AyePpikn) Tipny ToU 18
voopaTos BS, 1 moiov Opiletan i Thg EpomrTopévns gis 1O B(0,1) dmd 1o P
Kl TO onueiov Z, el TO Omoiov 7) TPOEXTGOIS THs TEAIKTs &kTIvos Tou TOLov
Téuvel TN €is TO B tpamTontuny Tol TprywvoueTpikolU kUkAou (&Eova TGV cuE
PATITOMEVCV).

- "Avahdyws OpileTon 1) Téwouoa kol 1) ouvTépvousa Tou TéEou O()

144. METABOAH TON TPICQNOMETPIKON LYNAPTHEIEQN.

"As Umrobéowuey 61 TO onueiov P (Zy. 143) dvaywpouv éx ToU A kiveitd
kaT& Ty DeTiky popdw Bicypdgov TOv  TprywvopeTpikdy kikAov. ToéTe elvdd
Qavepov OT1 1) youvia © (1o TéEov 6 = /?}‘31') ueTaPAAeTE Guvey s dro 00 £
3600

Elven émions govepov &1 éxoper 81&r TS TPIYwvouETPIKSs oUvpTHOES
TOV k&t Tivoke, SoTis Seikviel Tas peToPolds TGV TG Twy, S1& Tds AT
aToiyous peTaPoAds TGV TGV THs peTaPAnTis 6.

(Eis Tov mrivaxke 16 / = aldver kad TO “u = EAaTToUTAL)

(*) OL épropol va 3000l dmd todg pabrrac pé thy Sonbetay <ol Siddoxovroc.
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Mivat perafol®dy TV TPIYOVORETPIKOY GUVAPTTIGEQY

om
0 Ews - 2
(0" Ecos 90"

6 attaver &mod

T]uB c'm'éa 0 Ems 1

ow 8 ‘om'o ! Ew; 0

o
|
i <
|

€ 9
ploTws Aappa-
vouoa Ooovdi-

| mote peyahas - &mohuTov  Tiwfy

| TIkdg TS, kab’
| 8oov 16 6 TAn-
owéler T 90°

| (0 Fws )

Ny amod BETIKc‘(;
| Tipds OoovdnTo-
Te peydhas £os 0.

ogh

(+ o &g 0)

A dmo 1 dare-

|

\

\

Tew 0 (¥) |
| propioTes Aap-
Bdvouoa TIHAS
1 SCOVBNTTOTE HE-
yd&has, kaf” doov
15 & mAnoada

Tas 90°

“y Qo peydAas
BeTIKGS TIMGS

dmrd O &mepto- l S&md &pynTIKSs

(1 Eoos + 0)

i s gl o
5 EWS T ™ EWs Ty

3
5 Ews 2

(900 Ews 180" (18(}‘l Ews 2?0“) (270" Ews 360

\om'o 1 smsOI LG 0 ecos 1|,cx~rrb—lec.og 0

i\ &mo 0 EwS*l ‘

Ao —1 Ews 0 | S amo 0 Ews 1

S &md 0 &mepi-
opioTws AcuPé-
vouoo Ooovbn-
TroTe peydAas fe-
| TIKds Tipds, kab’

Tipdg doovdifTo- '
TE pEY&AOS KX }

Q.
il | doov TAnoialel
1o 6 Tas 270°
(-oo s 0) (0 Ews + o)

Aamd dprnTiag
Tiuds doovdnmo-
Te peyahas Kar
&méAuTOV TIUNY
Ews 10 0.

(— o0 Ews 0)

L amo 0 dmm-
pm‘rw; AapPa-
vouoa dpYTTIKAS

~, Gmod BeTikas
Tipds OoovbnTro-

X U | e peydhos £ws O
Tipds Kot &TO- ey CTE

AuTov TIpY  O-

GoVBTTTOTE HEY Q-

| has ko’ doov TO

|9 wAnodler TS
180°

I (0 Ews —) (-+~no Ews 0)

. L &To 5 —1 &me-
Add upvnTIKcsl plopioTes Acg-
B occvSnﬂo- |f Pévovox dpuq-n-
Te peydhas kot | B Tipgs kat’
&TOAUTOY TIUAY &OAUTOY  TIRAY
s —1. ! 6ToVBT TTOTE HE-
| yéhas, kab’ doov
16 6 wAnowaler
&g 270°

(= fap D) | (] o ce0)

S&mo dpynTikGs
Tipds peySAas

Jamo 1 s Qe-
T1KAS TIpGS doov-

Ny &mo 0 &mepi-
oploTws AapPa-
vouoa TIpas &p-
VI TIKES KT &Tro-
AuTov Tiphy 6-
covBnmoTe peyd-
Aag kab’ doov TO
6 TAnoialer Tas
360°
(0 fws —o)

Ny Gmd BeTikds
TiRds doovdnTro-
Te peydAas Ews 1.

(+ o s 1)

g G —1 &mrepi-
oploTes.

gos 1 §fymoTe ueydAas kat &méhuTtov
Tiphy £ —1. l
(+ oo Eg 1) (1 s + o) (—oo Ews —1) l (—1 Ews —o0)

Enp. Els thv § 9 tpdBopey 818 Tolas Tiuds Tis § Stv dpilovtan al owvapTtioes 8 —>egf,
6->0¢8, 6> Teud xad 8-> oTend.

S

(*¥) “H perafory the tewld xud orend Fovarae v 88y 0F ) vo mopoderpBf xowd: Thy wpl-
T ol §rddorovios.
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145. TPA®IKH TIAPALTAZIE TON TPIFQNOMETPIKON ELYNAPTHEEQN,

A) ’Efewpnoopey fms Twpo TAS TPIYWYOHETPIKES CUVRPTHTELS, €O auvap-
Thoels Tiis peTaPAnTiis 8, f) Omola AapPdvel Tipds &o TO alvorov I, BAwy TN
TPIY WVOUETPIKGY yeviddv. EiSoper 8¢ 611 SuvdpeBa va AdPopey, Qv TEY Yoo
8, Tas dAyePpixds Twv Tipds els polpas, OWETE | peTaPAnTh O SiaTpéxel TO oU-
vodov R, Tév mpaypaTikdy dpifpdv. "Av oi ywvicr Tol ouvdhou [ peTpnBols
pE povaBo TO &xTiviov, TéTe SuvdueBa v Becopduey THY TV WSS yowvias 3
el dxivia 65 Eva &AAo oUpPodov B THY ywviay ked v dvagepopeda gls THv e
ToPANTAY X, &5 plav petoPAnTiy, f| dmola SiaTpéyer 16 R.

ToTe el k&fe Tipny Ths wetoPAnTis xER, dvtioTolyel pia Tipd ExkdoTng
TGV TPIYWVOUETPIKEY ouvapThoewy dufjkouoa els & oUvohov Trpary paTIkGY pi-
Buddv, étav, Ewoeltal, 1) cuvdpTnols 6pi§£"r;xl B THY TPV TAUTNY TS peTor
PAnTRs X. Eis Ty mepimTwow alitiy of dvwtépw dpiofeical ouvapThoeis Aéyov-
Tal: mpaypatikel tpry@vopstpkal ovvaptiioag. OUTws of cuvapTiices, of dmoial
OpilovTal &md TS Y = NuX, Y = OUVX, Y = £@X, Y = X K.T.\A. el Tds dmoies
| petaPAnTn X voeitan Siotpéxouoa To ouvodov R kal 1) g dpiopéva alvodo
Tpay BTk Ep1Buddy, elvan TprywvopeTpikal oUAPTAOES TGV POy UOTIKGY
1By,

Kébe TprycwvopeTpikn auvdpTnots Exel cos meblov oplopol Tng TO cUvoAay
R, Tév mpaypaTtikév &pifuds, ttaipoundveov TV TINGY, ai dmoim EppaivovTal
els TOV k&Twh Tivoke *

TWapTNOIS meblov Spiopou TreBlov TIuGY
v = i SRS ot (veR[-1<y<1)

y=owx , B = ¥eR|-1 <y < 1)

W = EQX R—{zi‘l"ﬁf],xez R
Ty = opx R — {xm}, keZ R

o R*{%H ﬁ},xez {veR |y <—1}, {yeR |y > 1}
Y = oTepx R — {km},keZ (yeR|w < —1}, {yeR |y >1}

B) Al Tipal Tév TprywvoueTpik@dy ouvopTHoEWY TEY TPy UaTIKGY &pl-
Oucov Bidovtan eis mwivokas, ebpioxovtar 8¢ of Tipod aditon pi uebodous, T dmrofos
XPNOIHOTIOIOUY T& dwcdTepa padnuartikd. (BAéme rivoaxas st o TeAeUTalas o€~
AiBas ToU Piphiov).

Tpokelpévou V& KOTaOKEUGOWUEY THY YpagIkly TrapdoTaoy, TX., TGV
TPLYWVOUETPIKGY OUVEPTTOEWY W = NUX, Y = OUIX Y = eoX, Sibopev &g THY
HeTaPANTAY X Tinds &md 0 s 21 kad ebplokoper Tos dvTioTolyous Tiuds TS
HeTaPANTHS W &md Tous Trivokes. KaBe (eUyos dutioToiywy Tipév dmekoviletal
pe &v onpeiov ToU émiméBov, s TO dmrotov Exopey AdPel &v oUoTn A dEbveoy opbo-

(*) Agv elvar dmapattnrov ol pabfinral va dropvAfoveisowy tov mivaxa. Adveytar vé Gup-
foviedwvrar adtdv dodnig Tov ypetdlovrarl,
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Kewovikdy., QUTw, Tr.Y. eUploKOUE B1& Tos QVeTEPW TUVOPTNOELS Tas dvTioTolyous
Tipds, af omolal EppadivovTal gl Tov kaTabh TrivoKe:

i

* |

0 | 0
—g—: 0,52 | 0,50
his
LS 0,71
=019 07
5 105 | 087
A | 1
5= 157 |

|
2;5_, 200 | 087
§I'. ~ 236 0,71
=2
Eg_: 2,62 | 050
T~ 3,14 0
T

- = 3,66 -0,50

=392 | 07
9—3"— ~ 4,19 | -087
2—;— ~ 4,71 -1

5—;13 523 | -0,87
?% » 548 | -0l
1_163«« 576 | =05

EUpioxousy T& &urioToIXa ON-
Mela elg o mimeBov XOy kal &-
Veovopey o B1cx pids OUaATIS Kok
MUAns. TlpokimrTouy TOTE ol k&
Twh  ypagixal TTOPOCTATELS, t
TGy Smroleoy f) TPWTN AEYETA! -
Mrtovosidic kapmokn kol 1 BeuTé-
por cuvipLtovesdns KapmOAT].

e ————

(*) Sy Bdv Eyer Bwvorxy rparyporrieol dpdirod.

%
|
|
|
!
|

0,71

0,50

“y=mux| y=owx | _v=cox |

Bev dplleTon (*)

|
|

0
0,58

-1,73

173

Sev OpileTal
-1,713
-1

-0,58

3\“ ;_;_ﬁ i/zrr T
_1}_--7_.-_-77-‘_---_..,-.L_.‘:':ﬂ._.:_/ 5
Yy=nuz
Fy. 145
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1T~ ]
-~ 1
\.\- / :
e e
1T AN b4
T V3 &
. P
e e e e __:‘l':-_.../'/
Yoz

0 1 4 z 7‘n 4 gé 6 br
1t /./ 7
2t / f

Y=oz

Zy. 145

146. TEPIOAIKOTHE TQN TPIFQNOMETPIKQN ELYNAPTHIEQN. EHMAEIA THE
IEPIOAQY.

"Eotw f pia ouvdptnos mds petaPAnTiis pé mediov dpiopol fv alvolov I,
TRay POTIKEY &pifuddy, éoTw Bt 811 Umdpyer els TporypaTikds dpiBuds p Srdpopos
ToU 0 TotoUros, date vd loyo :

fx+p=1x) (o)
Bi& kéde Tipny THs peTaPAnTiis, Sid THy dtrofa ) [ dpileTan. Aéyouey els THY Te-
pimTwaw oty 811 & p elvon pia mepiodog Ths ouvaptioews f, ) 8¢ f Aéyetan
nepodikf ouvdpTnols. Kord T& dvewTépw B elvan

PG+ p) +pl = (x + p) = £ (x)

SnA. f(x + 2p) = f (x), émep onuaiver &1 2p elvan Emiong pia mepioSos Tijs .
‘Ouofws 3p, 4p,. .., kp, émou keN, elvou epiodos THs f. *Edu 7 f elvan meproBid
& pikpoTepos BeTikds &pifuds p, & omoios elvan Tepiodos THs f, AEyeTal @ TpPe-
tedovoa mepiodog T f.

"Edv els v dveotépo icro’rn-rcx (o) Béocopev 6rou X TO X - p, AauPdvopey

fl(x-p) + pl =f(x-p), fiTor

VxeZ : f(x) =f(x—p)
&nAadt) kal 6 —p elven pia mepioBos THs f kai Emoptveos kol & —2p, =3p,... le-
VIKES Aoimov pla ouvapTnors £ 0& Aéyeton mepioBikn, fdv B1& k&Be Ty THS
uetaPAnThis &md 1o mediov dpiopol Tns, faydn :
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f (x) = f(x + xp), émoy weZ — {0} kad p elvan oTadepos cpioutvos
WPW%ETl;:;X(:oﬂ?']“ogs'znxf] TIPN TOU Kp AfyETAl ! | TpwTeUovaa mepiodog TS
ouvapTHoens f. \ g i . o5

Oirrw, m.Y., Emeadh af yoviat 8(F) kad B4 27 x Exouv TTV QUTHV TENIKTY

: Y loyvUowy ai {gOTNTES :

i ]UX:SX — nu (x + 2¢m),  oUX = aw (xl—!— 2kr)

B kdfe Tipfy TH ywvics X. ‘Emuévr:)s ai GUNBPERTEE K, = o
elven meprodikad. Kad, prreidhy S k=1 0 :rrctpausjpos ~2KTT 7\&[.1[3(:(\?8} THV é?\chl,—
oy etk Ty, BiX ToUTo ai cruvo(p:rnoag ’awrcu 2 -rrplm'reuouocw m:,p];
oBow o 21r. ‘H ouvdpTnols = EpX EXel s TrepioBov To 2m, Bidm eq(x + 2m) =
= EgX, GAN’ 81 (g TTPOITEUOUOQV mreploBov, Omres 8 lffwuev elg TO!né'lTOU.EUO'.. :

‘H koraokeud) Tis YpagiKiis wapo:o‘Téccreo:)g Lll,KIS Trep!o&mg cuuc{tp-rnaswﬂg,
dmeog M g = mux, kabioTaTal pUKOAWTEPD, DIOTI QpKEel va KO:';CIO’KEUG(;‘\@;;Q; gv
Tufjpa a0, TTpayHaTl, Ere1d) Nx = nu(x +,2"T)‘ =Al (x + TT? K‘-T(-) . & ;l-
ped Tiig ouvapTHoEws, o drroial QUTICTOIXOW £l T(Ig\'rlpo:g"rqg-x D:-n-,o ) g;os 2w
oupTriTrToUY pE BKEIVOS, al omoial o’ru-no-rolxou'.’) E{q TAS "des TS x Ao 2T Ews
4r. &rd 4t Eos 61 KT T ElS 1o TIpds TS X cmo:—ZTr £wg 0,’-4Tl' E(.\)E —27 K. T\
’Ec‘;u AOLTIOV KOTOTKEUGO LHEY & Tufpa THS YE—"GCPIKT‘]S TTEP‘-‘ICW’CIU‘EWS "TT]S ;—‘ = ,TWIX:
Y. TO THjuG, To &moiov dVTlo’TolXEF EIS‘TCXE TIPS TS X ‘cx'lgo,() €005 n;\, SpKel
frrerrer pioc TopdAAnAos ueTaBeals mPOS TOV afg"tﬁ Ox ke Bidvuous & yeﬂp}—
Kfis Tiufs 2m fj —2T 516 véx Exuev 'ro’ QUETWS ‘ET’TOLIEUOU n :FO, dugcws 'ﬁ\pomfou-
Mevov TRfine TS Trapac-rcx'm(:"ﬁg K(c)xu'rru?\ns, TToU QUTIoTOIXET El§ TAS TIHAS TNS X
- Q-E tfuj;,?o-f:“\:; Ezc;; Z;); TPWTEUOUTOY mepioBov 1O m, Gmrexs B& ey

el & Emopeva.

147. @EMEAIQAEIL TAYTOTHTEE METAEY TON TPI'QNOMETPIKON EZYNAPTH-
EEﬁN THE AYTHE TFONIAL (TOY AYTOY TOEOY).

*EpcBopey gls T& TrpoTyoUpENd (§ 140, mapaTipnots 1n) 6 peTaty TV TI-
YCOVOUETPIKEV CUVPTT|TEWY Tis ouTiis ywvias 8 {oyUouv o TOUTOTNTES :
1 1
! —a 1 seRer _n(y
Tefi= s O O S ee ()
: U io 8, eig xawovikhy Béow, THg bdmrolag 1) TEAKT
"Egroo TPO TUXOUTO Ywvia U, ; , Ll T i
TAeupd Bév O‘UU-F'I)TinTEl ¢ fuddova (ZX- 147). ToTe, pe T’]}’ jrpown'oezcnv 6T
O % xal Emoptvass owd # 0 (BnA- 9 £ kw4 T2, KeZ), B& Exeopev :

; 7 bhuTog Tl vpel
L dveBetTs Tafs 0, rolag yoviog dmbavtog TLun Exer edpelf
(*) "Ewvoobuey youtay dyefptats THAS 0, ¥c &

elg duetivix.
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0
Eq)ﬁ:%: X iz c:.tlue' 5nA
i
nué
XL
e e T ot
Q@G_ T __i = e 3 Sﬂh.
Sy. 147 e
ouv o .
opf = WP (y) émou Ymori-

BeTon 671 1) O efven yoovia Bid THY dmrolav nub# 0 (BnA. 8 # km, keZ).
'EE &\hov, & ToU dpBoycviou Tpiywvou OTIP, #xouev :
2ty el (0)
ArcapolvTes T& péAn Tiis (8) Sikk p? eUplokopev :
e SXENT RS
ot =1 (X) (L)'=,

1) omoia, Emeadn X/p = ouwd Kai yfp = b, yivera

| oW+ =1 | (e

Arcapoivres T pédn Tis (8) 81 x%, UmomBepbvou X # 0, eUpiokopev
WAE_ /fp\e 2o
1+ (7-) - (—;—) , BnAad :
. L 1 + €20 = TFHZGJ (9]

Arcpolvres 16 péAn Tis (8) S1&x w (y # 0) eUplokopey (—:7)2+ 1= (T':’.)z,
SnAab) :

[ 1+ o920 = meuzﬂ (n)

Al TautétnTes (o), (B), (y), (8), &), (©), () elvan al Bepehicabers oxéoes
HETOEY TEY TPIYWUOUETPIKDY ouvepThoEwy tfig abtiig ywvias (ol alroU Té-
tou).

148. E®APMOrAI
1) N& ékppactij éxdorn Téw TRIYWVOMETPIKE ouvapTiioewy Tis ywvias
0 &k ToU nue.
Avorg: “Ex ToU TUmOU ow® 4 nu2f = | Exopev :
o =1 —nu = | owb | = /1 —1u®, &pa
O‘Uvez\/mxaimmezix/itw
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2upPolikdds Tous BUo TUToUS ypdgopey

owb = & /T — 7%

o nu 8 1 :t\/l—ﬁﬁ?ﬁ
Pl == = P
i owd /T —_nute’ o ep © nu o

1 1

= L - —— 0 =—5
TN = 0l — —nuzg’ OTEUYI== 8

To wpdanpov Tijs TeTpary. pilns kebopiletan, &w yvewpilopey eis Toicw Y-
viow Tév &ldvwr ebpiokeTan 1) TEAIK TAUpd THS yoovias 8. Olrew, Y.y B e0-
plokeTan els ThHY SeuTépav ywviaw T&Y dEéveov, B AdPwiuey Tpokeiptvoy v eUpeo-
ey o ouvd Tov TUTov auv® = — V1 — nu, B16m pia TOWUTT yoovia Eyel dog
ouvnuiTovoy &punTikoy dpibuov.

2) N& ékppacfoly of TprywvopeTpikal ouvapTnosls Ts ywvias 8 &k Tfis
epf,

Abeig : ‘O Tumos (0) Ths Tponyoupévns § 147 &iSer :

; 1
Tep20 = 1 + e@* <> = 1+ ep®0 <=

. 1 |
2 1 | o = ———
ot = 1+ et i ;L’\/]+esp’6 J' (C()

ot (] AN
*Ek B¢ ToU Tumou o = epf eUpiokopey
ouv 6
nuod
auv §

= @0 <> b = ourbegh <

nud epf <= nuo = ,,_fE_ ®

1
T+ VItepto

; 1 ; 1 +VTTein
Téos elvenr o e kal oTepd = T

Kod 256 To mpoonuov Tis TeTpay. pilns kaBopileton, &taw yveopileopey
els roiow yowvicy T@v dtdvwv ebplokeTal 1) TeAIkT AP TiiS yooviag 6.

3) XpnowotmoioUvTes Tés BepeAiders ToautéTnTas Suvdueda vk elipapey
TS Tinds TGOV ARGV TPIYWVOLETPIKGY ouvanTnoewy, dtov Bobf f Tiud wds
£ ciréow.,

T 3 e 2 h
"Eotw, m.x., 0TI glval nud = 5 ki —360° < 8 < —270°.
Ex Tou Tumou ouwvd + nut =1, elpioxopsy o =1 —nu2e, &bev
ey Gt L2 Ie i

ol = 44/l —nu = L vl—'§5—::i: 55 = & - 'Emedf § Tehucy
TAeupd Tijs ywvias ¢ gupioxeTan ls T | yooviaw Tév &Edveov 8& AdPoopey T
Todonuov 4, 814TI pla TOIWUTT) yovia Exet ouvnpitovov BeTikdv. ‘Opofws -
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2

piokopey OTI : epf = % e 5 ,2_, opl = -;—, Tepd = mj—: oTepd = ;
5
Qs Bevrrepor TopdBely pa EoTw e = — 1% "Emeidn 1 €98 efven dpvnTike,
0 8& efvan yoovia pt TeAuciy heupdw eis Ty Il § 1V Yywviov Tév &tdvev. Ebpiokopey:
1 12
opb = WS
owd = : —= 1._._. — __1____ L _13
RS MRTRY e Y
Vit Vg
pricder nly 48
Teud owd — L 12 "
S5
epf T 5
nuﬂ = —— :—-~—=i——
LVt JE
1 13 # ;
oTEUD = T - =
"Edw 1) 8 Exn TEAIKTV TTAEUp &Y "Eqwv 1) 8 Exn TeAikiy mAeupdw
gls v 11 ywviow 1@ dEdveo, s v IV yoviav Tév dEdveov
5 5
W ="p St
12 12
il 3
13 13
Y = s T
12 12
. ouvf = — = owl — el
1 :
oTepl = T3 oTeud = — %
5 5 5
e = K] nue =-— K

4) Mi Péow Tds BepehichSeig TPIYWVOUETPIKAS TOUTOTNTas Suvdpuedo v
droBeifoopey dGAAag TPLY WVOHETPIKSS TOUTATNTAS.
Mapaderypa Tov: N& GroBery iy & :
N8 -+ npbourd = nuo
Averg: nud | npBouv = nuo (M - ow2) =nud - 1 = nub
[Mopaderypa 20v: N& &modeydi) o1 :

OTEM X
£ = —
e auv X
- 2. 2
Abong: N epx (o =B b O X | mitinebowdy, 1L L
ouv X nu X OUVX T X ouv X MU X
1 1 1 OTEU X
BRECU R mE o o s o oiuk
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Mepaderypa 3ov: Na &moSeaydij émi

e . RO |
K X I —ouvx
Adaig : "Ev mpawTors mpémer @ nux # O kol 1 — ouvx £ 0.
_17+U_yt!:(l+cwx)(l—<ruvx): l—owiy = nu? x nux
X nux (I —ow x) *oax—ewx)  mux (—-owx) - 1—cuwk

Mopaderype dov: Na dmodeydij o811 :
U X 14 ouv x
1 4 ow x U x
Ao 1% ol Ll Ol
1+ owx nH X nux (1 4 owv x)
_ x4 1+ 2owxtowx (X +ouwtx) 4 1+ 2o
nux (1 4+ owx) e x (1 4 ouwx)
e lFdonx  Zizewx @Ity
mux (I +owx) muxA+owx)  auxT+owx)
. —1-4:2cn'sux
U X nH X
"Ex & dweotépe TapaderypdTwy yiveTal govepdy 8Ti, S1& v &rodeitco-
Mev &mi plo lodTng TrEpIEXOVOT TPIYWVOLETPIKAS oUvapTioes, elvan TowTéTng
L vz iy ' o= : 3~ \ = v
Tpémel kal Gpkel va AdPwier TO &V pehos oUTiis (TO wpddTov | TO Selrtepov) kai
S K(ITC{R?\‘I'];\COV ug’r(xo'x‘qucrrlo'ua)v Ve KGTG?\ﬁEMHEU E[S TS &Aho U.é)\og, Eig oTra-
viag TepimTddoels peTaoynpaTifopey ked T& BUo péAn, Si va SuvnBdpuer v (Bo-

Hev G mpdkerTan TEpl TAUTOTHTOS.

2 el % =

AXKHZEIZX

2 St \
467) ’Eéw nud =g~ kal 0°< 0.< 0% v& elpere vols &Mhous TprycvopeTpikols

Sp1Bpovs T 6.

5 \. s
468) ‘Edw owd = — £ kal 90°< 0 < 180°, v& elpete Tols &AAous TPIY WVORETPI-
KoUS dpibuous Tijs ywvias 6.
5 Fl i
469) *Edw €90 = — o~ xal 90°< 6.< 180° vk elpete Tous &AAous TPLY WYOUETPI-
koUs &piBuots Tis ywvias 6.
4 y
470) ’Edw e = =g kal 270° < 6 < 360° va elpets Thv dplBunTiKiyy TipHy  ToU

N8 + ouvd —egb

Tepd - oTepd — agb
471) Né& &modey8ij omi :

KA&oparos

o) nud opd Tepd =1 B) Tepd — Tepd nu20 = ouvd
472) N& &mobeiy0ij 6Tt :
a) nue (1 4 o9) =1 B) mu®0 Teu® — Tept 6 = — |

473) N& &moberx8ij & :
(nugt + oud)® + (nud — ouvd)* =2
474) N& &mroBerybij o611 :
€9*0 o0 4 090 nuid = 1
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475) N& &mobeyfi) ot :

ouvh
epf + m = Tepd
476) ‘Opolws 611 :
1 —nub owf

@) Wl = I+ nuo
477) N& &mobeyfi) &1 :
eph — nux TEPX
Tawx T 14 ounx
478) N& &mobeyfi) émi :
OUVX OQX — X EQX

OTEMX — TEUX
479) N& d&mobeydij ot :

B) nuid — ouvid = 2nute — 1

=14 nux ouw x

TUX — oUvX
EQX OTEUX — TEUX OPX :'nux i
480) N& &moberxdij &1 :
1 — epx —‘anx
% [Fegix — L —2nx T TG L

481) No& d&mobery®i) 611 :
1 1 2
OTEUX — OQX  OTEUX + 09X £PX
482) Na &moberxfij oT1:
nuta (1 + oga) + owia (1 + epa) = 2
483) N& d&rodery8ij ot :
(Tepax 4+ epet — 1) (repa — ega + 1) = 2eqa
484) Na& dmoderydf o :
(1 — nua 4 owa)? = 2 (1 — nue) (1 + ouva)
485) N& &moderxfij ot :
epa+ ogf _ eqa
ogat epP  epp
486) Na qrmoberydij om :
nufa ow*p — ouvia nut P = nuta — nu'p
& 487) Na dmodearxff) ot :
(nua owwp + ouva NUP)E 4 (ouva owvP — nua NEP)? = 1
488) N& &mobeiybij 611 1) mapdoTaais :

N + ouvla — —:23— (a4 ouvia)
Exer plav oralepdy Tipfv &veléprnTov TOU a.
489) N& dmoderxfij émi ) mwapdoTacts
nuba + ouba — 2 (1 — nuia ouvia)?
Exer plov orabepdy Tipfv dveldpTnTov ToU a.
490) N& &mobeix8ij ém  mapdoracts
nuda (3 — 2nuia) + owta (3 — 2 owva)
Exer Tipfy oTadepov dvetdpTnTov TOU «a
491) N& &moberydij 6t :
2o0uvx — 208X + 3nutx — Souvtx 4 3ouvix = nuix
492) N& dmobeybij ém1 7| waphotaois
nuex + 3nuix owix + ouv®x
Exel Tiphy oTabepav dvetdpTnTov ToU X. é
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ANAFQrH EIZ ZYNAPTHZEIZ OETIKQON OZEIQN FQNIQN

149. TQNIAI ME KOINHN TEAIKHN MAEYPAN

*EndBopey eis Thy § 140 6T1 yevial ué Koty TEAIKNY TIAEUPGY Exouv Tous av-
TOUS TPLY VOHETPIKOUS &p1Buovs kai €l Ty § 137 671, 6Tav Buo yowrion (BvwoeiTan
TéwToTE  elg kavovikiy Béow) Sapépouy kard 2kt (360°%), TOTE Exouv kowhy
TEAIKT|V  TTAEUPAV.

‘Eropévers EYOPEV TOS K&Twdl TauToTNTaS, STTOU KEZ.

nu (680 + 360"%) = nud’ o (8" + 360%) = opf’
ow (8° + 360%) = owv" Tep (8" + 360%) = Tepd”
e (0° + 360') = ef" aTep (0 1 360%) = oTepd!

Ovrew, T.)., Eval :

nu410" = nu (50° + 360" = nud0"

aur 870" = ouv(150° -+ 2 - 360°) = ow 150°

ep (— 1000") = ep (80" — 3+ 360") = e 80"
150. FQNIAI ANTIOETO! (TOEA ANTIOETA)

"Egrwoay 6uo ywvial 9 xal —8 eis kawovikny Bécw. "Emi T TeNIKTS TTAEU-
pds Tiis 6 Aaupdvouev TUy OV OTHETOV P (x, ) kai gmi TS TeAk|s TTAEUPSS Tiis —6
AcpPdvopey TO onueiov P’ ofTeos, GoTE VA Elval (OP") = (OP), &nA. p' = p (ZX.
150).

: *Emreidn O Tpiycovoy OPP’ elvan foookeAts kai f OX BixoTopel THY Yoviay

Tis Kopugfis Tov, B cfval PP' | Ox kad AP = AP’. To onueiov Aormov P’ elven
~YUppETPIKOY TOU P G35 TTPOS Tov &fova x'Ox, dpa elvar P'(X, = ).

\_,‘ P (Iry)

Pxy) WB’ Y Py

“Eyouev Aormov 6T ¢

(-0 =="=7
cruu(—e)::*,*—z—
= R
B8 =e = o
X (150,2)
cm(eﬁ):;w=-*
Ten (—0) =2 =L
meu(—&):—_%:
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"Qoe : £av dvo yoviar givar avrifetor, tote Exovy 10 avtd suvnpuitovov Kai
v avty tépvoveay, avtifitoug 68 TONg (@AAOUS OPOVOPOLS TPLYWIVORETPLKOLG

tov apibpong.

OUrw, my.,, nu(20") =—nu 20"
owv (— 20%) = ouv 20"
e (— 20") = — 920" k.T.A. k. T.A.

ow (— 30°) =ouy 30" = j,

151. I'ONIAI EXOYZAI AOPOIEMA MIAN TTAHPH I'ONIAN. (TOZEA EXONTA AQPOI-
EMA MIAN [EPI®EPEIAN)

"Eotwoav, els kavovikny Béow, BUo ywvicn § kai 360" — 0. TNvwpilopey
(§ 137) 61 af yovien —6 kai 360"—0 Exouv kowny TeAikny TAeUpav Kol ETTOuE-
vws Exouy ToUs auTous TpryavopeTpikous dpifpols. ‘Emropévas 8a Exwuey :

y d y y e
P
"o‘-
; 0 60°-8
’J" %
=g
I P
P
i Lol
nu (360°—8) =np (=8 = —npd |
ow (360" — 6) = ow (—6) = owb
3600 —0) =ep (—0) =—¢egb
ep ( )=t (=9 ? L (151,

9. (360" — 8) = op (—6) = — 0gf
Tep (360° — 8) = Tep (—6) = Tepd
oTen (360"—8) = oTep (_3) — — orepd ,

"Qote: dav 8o yoviar Exovv dOpowopa piav nhipn yoviav (360°), téte
Exovv 10 adTo cuvvnpitovov kai Ty abtiy tépvoveav, aviibitovg 8¢ dhovg toig
{ihioug OpOVOpOLS TpLY®VOpETpLKoLS apbpoie.

O0Tw, m.x., elvai :

nu. 330° = —np30¢ = _\/2—3

ep 3000 = —ep60° =— Y E

oUpiedl 5 — auped 50 — \%2— K.T.A.
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152. FQNIAI TIAPATTAHPQMATIKAI (TOEA EXONTA A@POIZMA HMITNEPI®EPEIAN)

"Egtwoav g5 kavovikiy Béow SUo ywviar 8 kai 180" — 6. (A va oyebia-
cwpey THY 1800 — 0 karaokeudlwpey TNy -6 KQl TIPOEKTEIVOPEY ETTEITA TTV TEAI-
kv alTiis TAEUpaY kar' duTiBeTov gopdy SnA. oTpépouey THY TEAIKTV TTAEUpGY
altiis kord veoviow 180%). Acupavouey Tuyov onuetov P(x, ) émi Tiis TeAxfis
TAeupds Tijs O kai ¢l T TeAkds TAeupds Ths ywvias 180° — & AauPdvopey on-
ueiov P* dhoe v eivan OP' = OP, omoTe B elvan p' = p (2x. 152).

Y .
yl P@y) E(-2y)
Pxy) pLxy)
. Y
~.p 80~ > y 9
x X ,',ﬂf&?'—‘e
7 Rk % m RUA %

=
=,
3

' : )
pxY)
Zy. 152

Aoyw Tiis looTtnTos TGV Tprywvey OTP kai OTT'P elvan @ (OTT) = (OIT')-
kai (TIP) = TT'P"). ‘Emropévess af ouvteTarynévar Tou P’ eiven —x ko y, SnA. P(—x,y).
Q& elvar Aormdv :

&

Hplsl —0). = ?: = %:m-\e

ow (1800 —8) = ”—5?‘:—% = —oud

ep (180°0—9) = ¥ = —+ = —cq0 i
op (180°—8) = %": fﬁ = — ogf

Tew (1800 —0) = £ =~ £ =—Te0

orep (180°—6) = —5—= % = oTepd
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Qoe : "Eav 800 yovio givar naparinpopetkai, tote £xovy o aivtd fqpi-
Tovov Kai tv adTiv ouvtépvovoav kai avtiditovg tolg dhhovg dpwvipovs tpi-
YOvVopeTprkovg v apidpovc.

OU0tew, m.y. &mwedf 150° 4 30° = 180° 6& elvon :

502 = [Au3et = %

ow 150°= —ouv 30°= —\/2—3 K.T.A.

1
153. MOQNIAI SYMIIAHPQMATIKAI (TOEA EXONTA A(-)I’OIEMA—“— MEPI®EPEIAL)

*EoTeagay gls kavovikny 8oy, 8Uo yovicn 8 kai 90° — 8. (A1d vi kaTaaKeUS:-
gepey Ty 90° — B kaTaokeudlopey THY —6 Kal oTpépopey EmerTal THY TEAIKTY TAEU-
pdv oaurtfis Kar& T BTty gopdw kark 90). AauPévopey Tuyov onpeiov P (x,y)
¢l Tehikfis mAeupds T ywvias O kal éml TRS TENkTis Theupds Tfis 90— 6° Acp-
Pévopey onpeiov P’ olTws, coTe vé elven OP' = OP, &nA. p' = p (2x. 153).

' P(zy) ¥
p(9x)
P Py g 7
-h‘;*} o) T E e
el & 3
oY :g/ x

sy. 153 PaY)

. Noyo Tis lodTnTos TéY TEryhvwy OTIP kai OTT'P’ Eyopev (OIT") = (TIP)
kad (TT'P") = (OTT). ‘Emouéveos & P’ Exel TeTunpévny W kai TeTerypérmy X. *Exo-
PEV AOITTOV :

(900~ ) = = =
ow (90° — @) = Pi
ep (90°—8) = 25 = opf
1 (153,0)
op (90°—6) = %

Tep (90— 8) = £ = % = oTepd

tH
oTen(90°— 8) = £ = £ = 7ed
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"Qote : £G4y 800 YOVIAL EIVOL GCUPTATPORATIKAL, tote o Tpitovoy Ekdotng
£ avt@v igodtal pi o ovynpitovov Tiig @khne, N fpuntopévi pE TV ouvEpATTO-
pévny kai 1 tépvovsa pé TV CUVTEPLVOVOAV.

OUtew, .., Eweldn 200 4 700 = 90", B Exoopev

nu 70 = ouv 20°
cuv 700 = nu 20"
gp 70° = o 20" K.T.A.

154. FQNIAL AIAOEPOYEZAL KATA MIAN OPOHN (TOZEA AIA®EPONTA KATA TETAP-
TON TEPI®EPEIAL)
“Eotw 611 Exopev, €ls kewovikhy Béomy, Tés ywvias 8 kad 909 + 8. Oéhopey
v 18copev Ty oyeTijovTal of TpryvoueTpikol Twv apibuol. "Emeidn (900 + 6) +
+ (90" — 8) = 180°, Bix TouTo B Excopey (§152) :
nu(90° 4 8)= nu (90°—9) = ouvl ]
ouv (90° 4 8) = — owy (90" — 8) = —nub |
ep (90" +0) = — €9 (90" — 8) = —ogf [
op (90" 4 8) = —o¢ (90°— 6) = —epb r (1adia)
Teu (90° 4 8) = —Ten (90" — 8) =—oTepd |
otep (90° + 6) = oTen. (90° — 8) = Tepd JI
OUTw, m.y., émadn 110" = 90v 4 20, Si& TouTo B elvan :

nu 1100 = ouv 20°
ow 110° = —nu 20°
e 110°=—oc¢p 20" K.T.A.

155. I'ONIAI AIAGEPOYEAI KATA EYOEIAN - TONIAN (TOZA AIAGOPENTA KATA
HMIMNEPIOEPEIAN)

“Egtwoay ai yevion 8 kai 180°+8, oi doicn Siagépouy kara 180°. °Erer-
&7 -180° 4 8 = 90° + (90° + 6), &1 ToUTo B& Exwouey :

nu (180 + 8) = nu [90° + (90° + 8) ] = ouv (90° + 6) = —nub

ouv (180° 4 0) = ouv [90° + (90° + 8) ] = — nu(90" + 8) = — ouvb

ep (180" + 6) = ep [ 90" + (90° + 8) ] = — o¢ (90° + 6) = eob

op (180 + 8) = op [ 90" + (90" + 8) ] = — e (90" + 8) = ogb

Tep (180° + €) = Tep [90° + (90" + 8)] = — oep (90" + 0) = — Tepd

otep (180" + 6) = oTen [90° + (90° + 9) | = teu (90 + 8) = — oTend

Auvédpefa va épyoaofopey kod s EEfg ¢ Emeidn (180 + 6) + (180" — 8) =
=1360%, 5i& Touto (§ 151) O Exwnev :

nu (180° + 8) = — nu (180° — ) = —nud

our (180" 6) = ow (180" — 8) = — ouvb

ep (180° 4 68) =—¢@ (180" — 6) = eqb

op (180" + 8) =—oa¢ (1800 — 6) = ogb

Tew (180° - 8) = Tep (180° — 6) = — Tepd

oTep (180° 4 0) = — oTEY (1800 — 8) = — oTeud
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“Qoe : Hav 800 ywvial dapépovy kata 1800, tote Exovv Ty abtiy ipanto-
pévny kol Ty oty cuvepantopévyy, avibitoug 8& Tolg GhAovg Op@VOPOVS TPL-
yovopeTptkovg tov apibpoie.

OUtew, T.Y., tmabf 225° = 180" 4 45°, §i1& ToUTo O& eivat :

nu 2259 = —nu45° = — \:./_Z
£p 225 = ep 45° = 1
ouv 225 = — ouy 45% = — &%_ K.T.A.

Snuelwots. Mapoarnpoupey 6T eg (w + 0) = ep 8 kal og (r+ 8) =o9 8. ’Emions
ep (2m + ) = £¢ 8 kol op (2w 4 0) = o 6, S yvwpilopev. ‘Opoicos elvar ep (3w + 6) =
—eg [2m + (1w +8)] =ep (4 0) =€ 6 xTA. "HTO1 alrouvapTioss W = ep X Kal Y = op X
£youv Tepiodov TOV .

156. ANAI'QIH TPIFQNOMETPIKOY APIOMOY TYXOYIHE TONIAL (TYXONTOX
TOZ0Y) EIE TPIFQNOMMETPIKON APIOMON MH APNHTIKHE I'QNIAZ (MH
APNHTIKOY TOZ0Y) MIKPOTEPAL TQN 45°.

"EgoprdlovTes Tols TUTTOUS, TOUS omrolous tudBopey els Tas APy pAPOUS

149 £ 155, Buvdueba vé dvarydrywuey Ty elpeoty fvds  TPLYWVOUETPIKOU  Cipl-

BpoU TuyoUons ywvias & (BeTikdis 7 &pvnTirfis) eis TV bpeow TPLY WVOUETPIKOU

&p1fpol ywvias i &pvnTikis Ko pikpoTépas TGV 45°.

"EgTw, X, 0T {nTeiton ) e (—1250°). ‘Ev mpawTois yvwpilopey 6T

g (— 1250%) = —eg 1250° (§ 150).

Mcapoluey Tdpa Tov 1250 Sk 360 Kai ebpiokopev nAikov 3 kal UmoAoL-
mov 170, dpaeelvon 12500 = 1700 + 3 - 360°, "Exopev ETTOpEVLS :

ep (— 1250 = — ep 1250° = — eq (170" + 3 - 360°)

= = —ep 170" (§ 149)
= ¢ 10° (§ 152)
‘Ouoiws eUpiokopey &I :

N (— 1385%) = —nu 1385 (§ 150)

= — nu (305° + 3 - 360%)
=—nu 305° (§ 149)
—mMnEso? (§ 151)
= guv 35° (8 153)

Mevikéds Suvdpeba va drkooubddopey Tov EEfis kawova @ Avaryouefa TrpddTov
els yoovlaw BeTikny Kol pikpoTEPAY TGV 3600, *Emerta v 1) yowvia alrtn elvon pe-
yoAuTEpa TG 270 Thv ouvbudlopey pé THY 3600, "Av elvar petaty 180° kai 270°,
eUpiokopey Tréoov Bragéper dmo 180" kai Ty ouvBudlopey pE THY Biagopay oty
*Edw eiven peyahuTépa 6w 90" kai pikpoTépar TG 1800 Ty ouvbudlopey uE THV
TEATANPWUATIKAY TS Kai TEAOS Ew glvan peyqduTipa v 45° kal pikpoTépa
6w 909 Thy cuvBudlopev pé ThHY CUUTIAT|pGUCTIKTY TNS.
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Iopaedeiypata :

N 290" = — nu 70" = —ow 200
ow 2600 = —aguv 80° = — nu 10°
ep 140" = — eq 40°

op 85° =¢ep 3°

AZKHZIEIEZ

493) N& dvayBolv &g TPIY WYOLETPIKOUS &piBuols um &pYNTIKiiS yovias wkpoTépas
1o 450 of k&Twd TPIYWYORETPIKL &piByoi :

o) nu 135° p) owv 315 y) e 200° 8) og 400° €) Ten 3259

oT) ow (— T60°) {) ep (— 1385") n) nu2880° 8) oTep 825° 1) oTen 610°

494) Na e0peTe Tas TIMAS (&xp1Peis) TRV TPLY OVOHETPIKGV QUVaPTTOEWY @ T, TUY,
€Q, 0P TV YWVIWV :

) 150 p) 225 y) — 3300 §) — 1200 ) —2100 B 3150

495) N& tkppacBolv ol kaTwb Tpiy wvopeTpIxol &pi@uol pt TprywvopeTpikoUs &piBuovs
This ywvias 8.

a) auv (6 — 90°), B) eq (270" —8), y) ouv (8 + 540%)
&) nu (6 —270%) £) nu (6 — 1807 ot) ouwv (270° + 0)
D nu (8 — 720%) n) € (— 540° -+ 8) 8) ouv (8 — 180"
496) 'Eqv eg 25 = o, V& eUped) 1 TN TGV KAOORATWY !

e 155° —ep 115° ep 205° —eg 115°

O [ 4o I55ieg 1150 P eq 245" 1 ep 335
BT A
497) "Eaw A+B + T = 1809, v& Berydij 6Tt nu(B + N =nu A kal ouv 5 =My

498) *Edw 6 elvan yovia pé THY TEMKAY TNS mheupaw els THv Seutépav yowviav TV GEdveow
(5nA. 90° < 8 < 180") B Ty omolav elvea & 8 = —2/3, v& &modeydi) oTi TOTE :
a0 —0) —ow (180-0) 2 .y
) oo (2700 1 6) + og (360°—8) /13

cp (90" +0) + ow (180° +6) 2 +4/13
nu (270° — 8) — op (—

499) Né& &moberx8i) &1 :
a) ouv 0° nuz 270° — 2 awv 180" ep 45 =3

B) 3 nu 0" Ten 180" + 2 oTep 90° — owv 3600 =1

& 2- /18

31 ™
y) 2tepT ow0+43 nw? "o = e T 6
3 3_7{ iy
8) epm ow o + Tep 2m—-OTEHL 5 =
500) N &mAoTroinfolv Ta Kké&Twh KAGopaTa
o (90° + o) Tem (— ) e (180° — ) _
) en (3600 + o) u (180° + &) 0@ (270° — )
nu (180° — a) o9 (270" — a) ow (a — 360%)
2 ep (180° + o) ep (90° + o) ouv (270° + o)
501) ‘Opofes T& KéTwh KAGoPOTA !
ou (.g + or) Teu (— &) €@ (T — @)
@ —— e

L
Tep (2 + o) nu (m + a) op (rz— ‘c)
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nu(%ﬂ—u)eq’(ﬂ~ﬁ) cw(;%u) (Y"%')
P eg (T — B) ow (T — ) T awm-pe o

13
sqa(n—e)vq>(w+e)aq><—e>eq>(— 0)
) e (1 + 0) g (7 — ) op B ep (2T — 8)

157. NOMOZ TQN HMITONQN,

Eis v y' T&Ew tudBopey méds axetilovtan petall Toov T& kUpia oTolxEla

tvds dpBoywvlou Tprycovou. “Yrevbupilouey €88 ToUs OXETIKOUS TUTIOUS
r

p=onu B=aowl
y=anul =aowB

BP=yep B=yoe ' }
Y=I3&q> r:ﬁo'q; B

8 7 A

Fy.t 157:1 o =P 4yt

O& [NTHoWHEY TAPa V& eUpwiey TUTTOUS oUVBEOVTAS TG TTOIXEIX TUYOVTOS
un SpBoywviou Tprycovou.
*EoTw ABI Tuydv pn dpBoydviov Tpiywvov (2. 157.2).

(@)

Sy. 157.2

Eis 10 ox. 157-2,(¢) Exomev Eva dkuydviov Tpiywvov. Eis 0 ox. 157-2, (B)
Exomev Eva Tpiywvov &uPAuycviov. Oépopey Thy MA kéleTov Tpds Ty AB kad
dvopdlopey (FA) = A, *Atd 16 dpboydoviov Tpiycwvor ATA B’ dupdTepa T& ox1-
paro Exopev A = Bnu A. (1)

Ao 1o dpBoydoviov Tpiywvov TAB ToU ox. (o) Exouev A =anuB  (2)

*Amd 8¢ 1o OpBoydoviov Tplywvov MBA Tou oy. (B) Exouev
A = onue = anuB (816m B + ¢ = 180°), Exouev SnA. mwéAw Thv (2). ‘Erropé-
voos &k Téw (1) kal (2) Exomev :

A=PnuA

A= onuB

-4 ot SR
} = PuA=anuB= =0y 3

Mépopey THpa THY kdetov tk ToU B émi Ty Al kai Bftopev (BE) = u.
AV dppdTepa T& OXMUOTA EXOMEV : »
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p=onul kai p= YTHA. ‘Erropéveds EXOMEV :
p=anul
p=ynuA

*Ex téw (3) kai (4) ouvdyopev OTi

} - anu T =ynuA

N B | (157,
R e e
“Qoe: £ig ke Tpiymvov Td pKY TOV mheupdv slvar avaloye npodg Ta Mpi-
ova TV GTEVAVTL YOVIOV.
Al dvodoyic (157,0) &rroTENOUY TOV AEyOpevoy vopoy oV NpLtovey.

158. NOMOEL TON LYNHMITONON

*As AdPwpey &AW Ev T dpBoydaviov Tpiywvoy ABI (Zx. 158) °Amo
T dpboycoviov Tpiywvoy ATA 81" dugorepa T& oXNHATA EyopeY :
pr =2+ (AL (1)

A
> /:
. // 13
Pt 4£7.<f’ -
A Y B A
(@) @
Ty. 158

"ATrd 1O pBoyduiov Tptycwvoy BIA Tou ay. (&) EXOMEV :
A=omuB kai (AB) = aowB.
‘Erropéves eivan :
(AA) = (AB) — (AB) = y— acuvB
ke ) (1) ylveron :
Pt =z + (AL = nutB + y* — 2y« cuvB + afouvB =
= o (nu2B + ow?*B) + y? — 20ty ouvB
=+ y?—2ay ocuwB
Ao T Tplywvov BFA Tou ox. (B) Exouev :
A = onug = anuB (Biom B 4 ¢ = 180" kai (BA) = aouvp = — aowB
‘Erropéves eval :
(ALY="(AB) + (BA) = = ok B
ked fy (1) yiveton kad Biar TO Tplywvov TOUTO !
Pr—adt ey — 2ayouvB
Edqw épyaotidper Spoiws PEPOVTES Tds kabéTous &To Tdg kopupds [ kal
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A &mi Tas dvTioTolyous Theupds eUpiokopey dkdun SUo duolous TUTous
of = P24 y2— 2Byow A
Yi=a>4 pP*—2cB ouv A
“QoTe £yopey ToUs TUTTOUS !
=P+ y*—2By cuv A
P2P=vy*+ a*—2yaocw B { (158, a)
Yi=a+ B —2aBouw [
Oi dvawTépw TUtror* (158, &) dmroTeAoUv TOV Aeyduevor vopov 1@V cuvnuitod-
vy, 6 6Toios AEKTIKGIS S1aTUTTCOVETON (o5 ECTS :
To tetpaymvov ol piikovg pidg mhevpds tprydvon isodtar pé 10 ddporopa
DY TETPAYOVOY THV pNKGY TtV dbo dhhov mhevpdv peiov TO duindaciov yivo-
PEVOV TOV PNKGOV t@V mhevpdy adtdv ini o cvvnuitovev tijg O’ adtdv me-
preyopévns yoviag.,

159. E®APMOTAI

1) Eis &v Tpiywvor ABI elvon y = 25cm, A = 359 kai B = 68° Znteitan
va eupeBouv Ta a, B, I
Avorg: CEmeidn A+ B4 =180 6& eiven = 180°— (A 4 B) =T77°
’Ex ToU vopou Tév fuitdvaov Exopey :
OV oo YURAL 25, mudsh 25 - 0,074
A nu nul nw 77° 0,974
"Ex ToU vépou Tév flpitévwy Exopev émions :
L B L T T R R
B T el T YT muel T TauTir T 0,974
2) Eis fv tpiywvov ABI elvon a= 132m, P = 124m, [ = 28° 40", ZnTei-
Tar vax eUpebolv 1) TAeupd ¥ kai af yowvin A kad B.

=~ 15 cm.

~ 24 cm

Adeig: 'Ex ToU vépou Ty ouvnuiTovwy Eyoper :
Yi=a?4-p2—2af ouv [ = 1322 4224 — 2 - 132 - 224 ouv 28" 40’ = 15714, épat
Yy =+4/15714 = 125 m

Mg T A W—G—A:H—IT = nl.xr°\=°”";J I @1&2—258“40' :Eﬁl'ﬁ%@:
= 0,507 kol éx TGV TIvaKWY TGV PUOIKEDY TPIyWIOPETPIKGY &p1Buddy epiokopey
A= 302307,

*Epyalduevol Spoiws ebpiokopey &k Tiis nuB =

@’;‘ET &n B = 120° 40",

Auvvdpeda, PePaiws, v UmoAoyicwuer Ty B amd tov TUmov A ++ B 4 M= 180°.

Elg trv E" tétw 6& pdbupey va Umrohoyilwpey T& oToixela fvds TUXOVTOS
Tprycwvou, Stov Sibwvron dpkeTd Tpos TouTo oTolyeia kol B& (Scopev TroTE
Kol s yivetan 1) épyacia altn, Thv dmolav dvopdlouey ériluary ToU Tprycovou.

.
(*) Of wimor mpowdrrouw & elg &« 7ol EMhou ik wuxdixfc Tpomiic Tév o, B, v %ol A, B,T
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AZKHIZELZ
502) Terycvou ABI elvar &= 384 mm, p =993 mm, ¥ — 276 mm. ZnTeitar v&
Umrohoyigfouy ol yeovien Tou.
503) Eis v Tpiywvov ABT elvan p =300 mm,
Aoyiofouv al mAevpal a xai Y.

504) N& dmodaydij 6Tt €ls Tuydy Tpiywvoy ABI ioyue ¢
proyr=a (Bowl —Yy ow B)

A = 36°, B = 65" Znteitan v& UTo-

505) Na dmobeiydi &1 el TuxXOV Tpiywvoy ABL foyuer :
a=PBovwwl+ youwB (BOewpnua TOV mwpofoAidv)
(N& elipeTe B1&x KUKMKIS TPOTTS 6w ypappdTwy Tas GAAaS TautéTnTas Bid Ta P xal y).

506) N& &moberx8ij 6T elg Tuydy Tpiywvor ABI loyuer :

A _ yra =B
epB  yr Rt
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‘Huirova OEet@v yovidwv.

el
g1 0|10 [200 | 30 | 400 (50 ||z O | 100|200 |300 | 400 | 50 ’
= =
0 0,000 [ 0,003 {0,006 | 0,008 | 0,012 |0,015(| 45| 0,707 | 0,708 [ 0,711 [ 0,713 | 0,715 [ 0,117
110,007 § 0,020 | 0,023 [ 0,026 | 0,029 |0,082( 46| 0,719 | 0,721 | 0,723 | 0,725 [ 0,727 | 0,729 |
210,035 | 0,038 [0,041 | 0,044 | 0,047 [0,049(| 47 | 0,731 [ 0,733 | 0,735 | 0,737 | 0,739 | 0,741 !
31 0,052 | 0,055 [0,058 | 0,061 | 0,064 [0,067(| 48 | 0,743 | 0,745 | 0,747 [ 0,749 | 0,751 | 0,753
41 0,070 | 0,073 | 0,076 | 0,078 | 0,081 | 0,084|( 49| 0,755 | 0,757 | 0,759 | 0,760 | v,762 | 0,764
51 0,087 | 0,090 | 0,093 | 0,096 | 0,099 | 0,102|| 50| 0,766 | 0,768 | 0F770 | 0,772 | 0,773 | 0,775
6] 0,105 | 0,107 | 0,110 | 0,113 | 0,116 |0,119][ 81| 0,777 | 0,779 0,781 | 0,783 | 0,784 | 0,786
7] 0,122 | 0,125 | 0,128 | 0,131 | 0,183 | 0,136| 52| 0,788 | 0,790 | 0,792 | 0,793 | 0,795 0,797
810,189 | 0,142 [ 0,145 | 0,148 | 0,151 | 0,154|| 53| 0,789 | 0,800 | 0,802 | 0,804 0,806 | 0,807
?| 0,156 | 0,159 | 0,162 | 0,165 | 0,168 | 0,171|| 54| 0,809 | 0,811 [ 0,812 | 0,814 | 0,816 0,817
10 0,174 | 0,177 | 0,179 | 0,182 | 0,185 | 0,188]| 55 [ 0,819 | 0,821 | 0,822 | 0,824 | 0,826 | 0,827
11( 0,191 [ 0,194 | 0,197 | 0,199 [ 0,202 | 0,205| 56 | 0,829 | 0,431 | 0,832 | 0,834 | 0,835 | 0,837 |
12 0,208 | 0,211 | 0,214 | 0,216 [ 0,219 [ 0,222|| 57 | 0,539 | 0,840 | 0,842 0,843 | 0,845 | 0,817 |
131 0,225 | 0,228 | 0,231 | 0,233 | 0,236 [0,239|| 58 | 0,848 | 0,850 | 0,851 | 0,853 | 0,854 0,856
141 0,242 | 0,245 | 0,248 0,250 | 0,253 | 0,256/ 59| 0,857 | 0,859 | 0,860 | 0,862 | 0,863 | 0,865
15) 0,259 [ 0,262 | 0,264 | 0,267 | 0,270 | 0,273|[ 60| 0,866 | 0,867 | 0,869 | 0,870 0,872 [ 0,873
16| 0,276 | 0,278 [ 0,281 | 0,284 | 0,287 | 0,290]] 61| 0,875 | 0,876 0,877 | 0,879 | 0,850 | 0,882 |
17| 0,292 | 0,295 [ 0,295 | 0,301 | 0,303 | 0,306]) 62| 0,583 | 0,884 | 0,886 0,887 | 0,855 | 0,890 ’
18| 0,309 | 0,312 [ 0,315 | 0,317 | 0,320 | 0,323)| 63| 0,591 | 0,892 0,894 | 0,895 | 0,896 | 0,595
19| 0,326 [ 0,328 | 0,331 | 0,334 | 0,337 | 0,339] 64| 0,899 | 0,900 | 0,901 | 0,903 | 0,904 | 0,905
20| 0,342 | 0,345 | 0,347 | 0,350 | 0,353 | 0,356] 65| 0,906 | 0,908 | 0,909 | 0,910 | 0,911 0,912 |
21 0,858 | 0,361 | 0,364 | 0,367 | 0,369 | 0,372|| 66| 0,914 | 0,915 | 0,916 | 0,917 | 0,018 0,919 |
221 0,375 | 0,377 | 0,380 | 0,383 | 0,385 | 0,388|| 67| 0,921 | 0,922 | 0,923 | 0,921 | 1,925 0,926 ‘
23] 0,391 | 0,393 | 0,396 | 0,399 | 0,401 | 0,404|| 681 0,927 | 0,925 | 0,929 0,930 | 0,931 | 0,933 \
24| 0,407 | 0,409, | 0,412 | 0,415 | 0,417 | 0,420|| 67 | 0,934 | 0 935 | 0,936 | 0,947 0,948 | 0,939 |
25| 0,423 | 0,425 | 0,428 | 0,431 | 0,433 | 0,436] 70| 0,940 [ 0,941 | 0,942 | 0,943 0,944 | 0,945 |
26| 0,438 | 0,441 | 0,444 | 0,446 [ 0,442 | 0,451)] 71| 0,946 | 0,946 | 0,947 | 0,948 0,949 | 0,950 |
27 [ 0,454 | 0,457 | 0,459 | 0,462 | 0,464 | 0,467)] 72| 0,951 0,952 | 0,953 | 0,954 § 0,955 | 0,955
28| 0,469 | 0,472 | 0,475 | 0,477 | 0,480 | 0,482]| 73| 0,955 0,957 | 0,958 | 0,959 | 0,960 | 0,960 |
29| 0,485 | 0,487 | 0,490 | 0,492 | 0,495 | 0,497|[ 74| 0,961 | 0,962 0,943 | 0,964 | 0,964 | 0,965 !
30| 0,500 [ 0,503 | 0,505 | 0,508 | 0,510 | 0,513| 75| 0,966 | 0,967 0,967 1 0,968 | 0,969 | 0,970 |
311 0,515 | 0,518 | 0,520 | 6,523 [ 0,525 | 0,527)) 76| 0,970 | 0,971 | 0.972 | v,972 0,973 | 6,974 |
321 0,530 | 0,582 | 0,585 | 0,587 | 0,540 | 0,542(| 77 | 0,874 | 0,975 | 0,976 | 0,970 0,977 | 0,978 T
33 ] 0,545 | 0,547 | 0,550 | 0,552 | 0,554 |0,557]] 78| 0,978 | 0,979 0,979 | 0,950 | 0,981 | 0,981 |
34| 0,559 [ 0,562 | 0,564 | 0,566 | 0,569 | 0,571]] 79 0,982 | 0,982 0,988 | 0,483 | 0,984 | 0,984
36| 0,574 | 0,376 | 0,578 | 0,581 | 0,583 | 0,585 80] 0,985 0,985 [ 0,986 | 0,956 | 0,987 iu.sa?
36 | 0,588 | 0,590 | 0,592 | 0,595 | 0,597 | 0,599 B1] 0,945 | 0,985 | 0,959 | 0,889 0,989 | 0,990
37| 0,602 | 0,604 [0,0506 | 0,600 | 0,611 | 0,613]| 82| 0,900 0,991 [ 0,991 | 0,991 | 0,992 | 0,992
381 0,616 | 0,618 |0,620 [ 0,623 [ 0,625 |0,627|| 83| 0,993 | v,993 U993 | 0,994 | 0,994 | 0,994
391 0,629 [ 0,682 [ 0,634 [ 0,636 [ 0,638 | 0,641]| 84 | 0,995 | 0,995 0,995 | 0,995 | 0,996 | u,996
40| 0,643 | 0,645 | 0,647 | 0,649 | 0,652 | 0,654]| 85 | 0,996 | 0,996 0,997 1 0,997 | 0,997 | 0,997
41| 0,656 [ 0,658 0,660 | 0,663 | 0,665 | 0,667]) 86 | 0,994 | 0,99x 0,998 U.'Qsa 0,995 | 0,998
421 0,669 | 0,671 0,675 § 0,676 | 0,ii78 | 0,680]] 87 | 0,999 | 0,999 | 0,999 0,999 | 0,999 | 0,999
43 | 0,682 | 0,684 0,686 | 0,688 | 0,690 (0,:95]( 88 0,999 | 0,999 [ 1,000 | 1,000 | 1,000 | 1,000
441 0,695 | 0,697 | 0,589 | 0,701 [ 0,708 | 0,705{| 82 1,000 1000 | 1,000 | 1,000 | 1,000 | 1,000
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Tvvnuirtova O6EEL@®V YOVIOV.

tad =
Sl o | 100 | 20 | 30" | 407 | B0 Slo |10 {200 |30 |40 | bo'
= =
o] 1,000 | 1,000 | 1,000 | 1,000 } 1,000 | 1,000} 45 | 0,707 | 0,705 | 0,703 0,701 | 0,699 | 0,697
1| 1,000 | 1,000 | 1,000 1,000 | 1,000 0,999 46 | 0,695 | 0,693 | 0,690 [ 0,GBE | 0,686 | 0,681
2| 0,999 | 0,999 | 0,999 [ 0,999 | 0,999 | 0,999 || 47 } 0,682 0,680 | 0,678 | 0,676 {0,673 ] 0,671
31 0,999 | 0,998 | 0,998 | 0,998 | 0.998 0,998 || 48 | 0,669 | 0,667 | 0,665 | 0,663 | 0,660 | 0,658
4| 0,998 | 0,997 | 0,997 | 0,997 | 0,997 | 0,996 49 | 0,656 | 0,654 | 0,652 | 0,649 | 0,647 | 0,645
50 0,996 | 0,996 | 0,996 | 0,995 | 0,995 | 0,995 50 | 0,643 | 0,641 | 0,638 | 0,636 | 0,634 | 0,632
6| 0,095 | 0,994 | 0,994 | 0,994 | 0,993 |0,993]] 51 | 0,629 0,627 | 0,625 | 0,525 | 0,520 0,518
71 0,993 | 0,992 | 0,992 | 0,991 | 0,991 [0,891 52 | 0,616 | 0,613 | 0,611 | 0,609 | 0,606 | 0,604
8| 0,990 | 0,990 | 0,989 | 0,989 | 0,989 [0,9884) 53 | 0,602 ! 0,597 | 0,595 [ 0,592 0,590
9| 0,988 | 0,987 | 0,987 | 0,986 [ 0,986 | 0,985|| 54 | 0,588 0,585 | 0,583 | 0,581 | 0,578] 0,576
10| 0,985 | 0,984 | 0,954 | 0,983 | 0,983 [0,982| 55 | 0,574 0,571 | 0,569 | 0,566 | 0,564 0,562
11 0,982 | 0,981 | 0,981 | 0,980 | 0,979 | 0,979| 56 | 0,059 0,557 | 0,554 | 0,552 | 0,550 0,547
12| 0,978 | 0,978 | 0,977 ] 0,976 | 0,976 | 0,975} 57 | 0,545 | 0,54 0,540 | 0,537 | 0,535| 0,532
13| 0,974 | 0,974 | 0,973 | 0,972 | 0,972 | 0,971|| 58 | 0,580 | 0,527 0,525 | 0,523 | 0,520| 0,518
14| 0,970 | 0,970 | 0,969 | 0,968 [ 0,967 | 0,567 59 | 0,515 | 0,513 | 0,510 | 0,508 | 0,505} 0,508
15| 0,966 | 0,965 | 0,964 | 0,964 | 0,963 | 0,962 60| 0,500 | 0,497 | 0,495 | 0,492 | 0,490| 0,487
16| 0.961 | 0,960 | 0,960 | 0,959 | 0,958 |0.951| 61| 0,485 | 0,482 0,480 | 0,477 | 0,475 0,472
17| 0,956 | 0,955 | 0,955 0,954 | 0,953 | 0,952(| 62 | 0,469 0,467 | 0,464 | 0,462 | 0,458 | 0,457
18] 0,951 | 0,950 | 0,949 | 0,048 | 0,947 [0,946]| 63| 0,454 ] 0,431 0,449 | 0,446 | 0,444 | 0,441
19| 0,946 | 0,945 | 0,944 | 0,943 | 0,942 | 0,941 64| 0,438 | 0,436 | 0,433 | 0,431 | 0,428) 0,425
20| 0,940 | 0,939 | 0,938 | 0,937 | 0,936 |0,935)| 65 | 0,423 0,420 | 0,417 | 0,415 | 0,412{ 0,409
21| 0,934 | 0,533 | 0,931 | 0,930 | 0,929 |o0,928|| &6 | 0,407 0,404 | 0,401 | 0,399 | 0,396| 0,393
22| 0,927 0,926 | 0,925| 0,924 | 0,923 | 0,922| 67| 0,391 0,388 | 0,385 | 0,383 | 0,380| 0,377
23| 0,921 | 0,919 | v,918| 0,917 0,916 | 0,915] 68 0,375 0,372 | 0,369 | 0,367 | 0,364 0,361
24| 0,914 | 0,912 0,911 | 0,910 | 0,909 | 0,908]| 69| 0,358 0,356 | 0,353 | 0,350 | 0,347| 0,345
25| 0,906 | 0,905 | v,904| 0,903 [ 0,901 | 0,000 70 0,54* 0,339 | 0,337 | 0,334 | 0,381] 0,329
26| 0,599 | 0,898 | 0,896 | 0,895 0,894 | 0,892} 71| 0,326 0,328 | 0.320| 0,317 ] 0,315] 0,312
27| 0,891 | 0,890 | 0,688 | 0,887 | 0,886 | 0,884) 72 0,309| ©.306| 0,303 | 0,301 | 0,298| 0,295
28| 0,883 | o882 | 0,880 | 0,879 [ 0,877 [0,876] 73] 0,292 0,290 | 0,287 | 0,284 | 0,281| 0,278
29| 0,875 | 0,873 | 0,872 0,870 | 0.869 | 0,867} 74 0,276 | 0,273 | 0,270 [ 0,267 | 0,264] 0,262
30| o866 | 0,865 | 0,863 | 0,862 0,860 | 0,859(| 75 | 0,259 0,256 | 0,253 | 0,250 | 0,248| 0,245
31| 0,857 | 0,856 | 0,854 | 0,863 | 0,851 | 0,850) 76 0,242 | 0,239 | 0,236 | 0,233 | 0,281| 0,228
32| 0,448 | 0,847 | 0,845| 0,843 | 0,842 | 0,840 77 | 0,225 0,222 0,219 | 0,216 | 0,214] 0,211
33| 0,839 | 0,837 | 0,835| 0,834 | 0,832 | 0,831 78 | 0,208 | 0,205 | 0,202 | 0,199 | 0,197| 0,194
34| 0,820 | 0,827 | v,826| 0,824 | 0,822 | 0,821 79| 0,001 0,188 ] 0,185 | 0,182 | 0,179| 0,177
35| 0,819 | 0,817 0,816 | 0,814 | 0,812 | 0,811 80| 0,174 | 0,171 | 0,168 | 0,165 | 0,162 0,159
36| 0,809 | 0,807 | 0,806| 0,804| 0,802 | 0,800 g1 0,156 0,154 | 0,151 0,148 | 0,145] 0,142
371 0,799 | 0,797 0,795| 0,793 0,792 | 0,790 82| 0,139 | 0,136 0,183 | 0,131 | 0,128] 0,125
38| 0,788 | 0,786 | 0,784| 0,783 | 0,781 0,779|| 83 | 0,122} 0,119 0,116 | 0,113 | 0,110| 0,107
39| 0,777 | 0,775 | 0,773 | 0,772 | 0,770 | 0,768 84| 0,105 | 0,102 | 0,099 | 0,096 | 0,093} 0,090
40| 0,766 | 0,761 | 0,762 | 0,760 | 0,759 [ 0,757| 85| O,L47 0,084 | 0,081 | 0,078 ;" 0,076 0,073
a1 0,755 | 0,753 | 0,751 | 0,749 | 0,747 | 0,745 gé | 0,070 0,067 0,064 0,061 ] 0,058| 0,055
42| 0,743 | 0,741 | 0,739 | 0,737 | 0,735 0,733[| 87 [ 0,052 | 0,049 | 0,047} 0,044 0,041} 0,038
43| 0,731 0,729 | 0,727] 0,725 0,723 0,721|| 88 | 0,085] 0,032 0,029 0,026 | v,023] 0,020
44| o9 o,m7| 0,115| 0,718] 0711 o,7000 89| 0,007 0.015] 0.012] 0,009 0,004 0,003
L . e ———
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I - -
‘Egantopevar 6Eetdv yovidv.
= 3
g0 |10 |20 |80 |40 {50 1] 00 |10 |20 |30 | 40 | 50
= =
0 | 0,000 | 0,003 | 0,006 {0,009 | 0,012 [ 0,015 || 45 | 1,000 | 1,006 | 1,012 | 1,018 | 1,024 | 1,030
110,017 | 0,020 | 0,023 | 0,026 (0,029 | 0,032 |46 | 1,036 | 1,042 | 1,048 | 1 W54 1,060 ] 1,066
210,035 | 0,038 | 0,041 | 0,041 | 0,047 | 0,049 || 47 | 1,072 | 1,079 | 1,085 | 1,001 | 1 0945 | 1,104
3 [ o,032 [ 0,055] 0,058 | 0,061 | 0,064 | 0,067 || 48 | 1,111 | 1,117 | 1,124 L130 | 1,187 | 1,144
410,070 [ 0,073 | 0,075 | 0,079 | 0,082 | 0,085 ||49 | 1,150 | 1,157 | 1,564 | 1,171 | 1,178 1,185
S [ 0,087 | 0,090 | 0,093 | 0,096 [ 0,099 | 0,102 [[50 { 1,192 | 1,199 | 1,206 | 1,213 | 1 1220 | 1,228
610,105 | 0,108 0,111 | 0,114 | 0,117 | 0,120 || 61 | 1,235 | 1,242 | 1,250 | 1,257 | 1,265 1,272
710,123 [ 0,126 [ 0,129 1 0,132 | 0,135 | 0,138 |[52 | 1,250 | 1,288 | 1,295 | 1,303 1,311 | 1,319
8 [ 0,141 | 0,144 | 0,146 | 0,149 | 0,152 | 0,155 [|53 | 1,327 | 1,335 | 1,343 | 1,351 1,360 | 1,368
2 [0,158 [ 0161 [ 0,164 | 0,167 | 0,170 | 0,173 [[ 54 | 1,876 | 1,385 | 1,393 | 1,402 1,411 1,419
10 [ 0,176 [ 0,179 | 0,182 | 0,185 | 0,188 | 0,191 |[55 LAZE | 1,437 | 1,446 | 1,455 | 1,404 | 1,473
11 10,164 | 0,197 | 0,200 | 0,205 | 0,206 | 0,210 ,,56 | 1,483 | 1,492 | 1,501 | 1,511 | 1,520 1,530
12 {0,218 | 0,216 | 0,219 [ 0,222 | 0,225 | 0,208 s 1,540 | 1,550 | 1,560 | 1,570 | 1,580 | 1,590
13 00,250 [ 0,234 1 0,237 | 0,240 | 0,243 | 0,246 [|58 | 1,600 | 1,600 | 1,621 | 1,682 | 1,643 | 1,658
141 0,249 | 0,252 | 0,256 | 0,259 | 0,262 [ 0,265 |[59 | 1,664 | 1,675 | 1,686 | 1,698 [ 1,709 | 1,720
15 | 0,268 | 0,271 [ 0,274 | 0,277 | 0,280 | 0,254 |60 | 1,732 | 1,744 | 1,756 | 1,767 | 1,780 1,798
16 | 0,247 | 0,290 | 0,293 | 0,200 | 0,299 | 0,303 || 67 | 1,804 | 1,816 | 1,820 | 1,842 | 1,855 1,868
17 {0,506 | 0,309 | v,312 0,318 | 0,322 |162 | 1,881 | 1,894 | 1,907 | 1,921 | 1,985 1,949
18| 0,325 | 0,428 | 0,331 0,338 | 0,341 |1 63 | 1,963 | 1,977 | 1,991 | 2,006 | 2,020 | 2,085
19 1 0.344 | 0,348 | 0,351 0,357 | 0,361 [[ 64 | 2,050 | 2,066 | 2,081 | 2,097 | 2,112] 2,124
20 | 0,364 | 0,387 | 0,371 | 0,374 | 0,377 | 0,381 || 65 | 2,145 | 2,161 | 2,177 | 2,194 | 2,211 2,229
21 [ 0,384 | 0,387 | 0,391 | 0,494 0,397 | 0,401 || 66 | 2,246 | 2,264 | 2,282 | 2,300 | 2,318 2,337
22 [ 0,404 | 0,407 | 0,411 [ 0,414 | 0,018 | 0,421 (|67 | 2,356 | 2,375 | 2,394 | 2,414 | 2,434 2,455
23 | 0424 | 0,124 | 0,431 | 0,435 | 0,438 | 0,442 || 68 2,475 | 2,496 | 2,517 | 2,539 | 2,560 | 2,583
24 10,445 | 0,149 | 0,452 [ 0,456 | 0,459 | 0,463 || 69 | 2,605 | 2,628 | 2,651 | 2,575 | 2,699 | 2,793
25 ) 0,466 | 0,470 | 0,473 | 0,477 | 0,481 | 0,484 [|70 | 2,747 | 2,778 | 2,798 | 27824 | 2,850 | 2,877
26 [ 0,485 | 0,491 | 0,495 | 0.499 | 0,502 | 0,506 [[71 | 2,904 | 2,932 | 2,860 | 2,989 [ 3,018 3,047
27 10,510 | 0,513% 0,517 | 0,521 | 0,524 | 0,528 ||72 3,078 | 3,108 | 3,140 | 3,172 | 3,204 | 3,237
28 | 0,532 | 0,535 | 0,530 [0,543 [ 0,547 | 0,551 [|73 | 8,271 | 3,305 | 3,340 | 3,976 | 3,412 3,450
29 0,554 | 0,558 | 0,562 | 0,566 | 0,570 | 0,573 || 74 | 3,487 3,526 | 3,566 | 3,606 | 3,647 | 3,689
30 | 0,577 | 0,581 | 0,585 | 0,589 | 0,593 | 0,697 |75 [ 3,732 | 3,776 | 3,821 -3,867 | 3,914 | 3,962
31 oot | 0,505 [ 0,609 | 0613 | 0,617 | 0,621 {76 [ 4,011 | 4,061 | 4,118 | 4,165 | 4,219 | 4,275
32 Jo,6v5 | 0,629 [ 0,633 [0z | 0,641 | 0,645 |[77 | 4,331 | 4,390 | 4,449 | 4,511 | 4,574 | 4,638
33 10,649 | 0,654 [ 0,658 [ 0,662 | 0,666 | 0,670 |178 | 4,705 | 4,773 | 4,843 | 4,915 | 4,989 | 5,006
34 10,670 | 0,679 [ 0,683 | 0,687 | 0,692 | 0,696 |79 | 5,145 | 5,226 | 5,309, | 5,396 | 5,485 | 5,576
35 Ju,700 | 0,705 | 0,708 | 0,718 | 0,718 | 0,722 ||80 | 5,671 | 5,769 | 5,871 | 5,976 | 6,084 | 6,197
36 10,727 | 0,731 | 0,735 [0,740 | 0,744 | 0,749 |81 | 6,314 [ 6,435 | 6,561 | 6,601 | 6,827 0,968
37 0,754 | 0,758 | 0,763 | 0,767 | 0,772 | 0,777 ||82 | 7,115 7,269 | 7,429 | 7,596 | 7,770 1,953
38 (0,781 [ 0,786 | 0,791 | 0,795 | 0,800 0,805 |83 | 8,144 | 8,345 | 8,556 | 8,777 | 9,010 | 9,255
39 (0,810 | 0,815 | 0,819 | 0,824 | 0,829 | 0,834 ||84 | 9,514 | 9,788 10,08 | 10,39 | 10,71 11,06
40 | 0,839 | 0,844 | 0,849 | 0,854 | 0,859 [ 0,864 [|8S | 11,43 [ 11,83 | 12,25 | 12,71 ] 13,20 13,79
41 10,869 | 0,874 | 0,880 | 0,885 | 0,890 | 0,895 || 86 | 14,30 | 14,92 | 15,60 | 16,35 ] 17,17 ] 18,07
42 |o,900 | 0,906 | 0,911 [0,916 [ 0,922 | 0,927 |[87 | 19,08 | 20,21 | 21,47 | 22,90 24,58 26,43
43 10,933 | 0,938 | 0,943 | 0,949 | 0,955 0,960 188 | 28,64 | 31,24 | 34,37 | 38,19 | 42,96 49,10
44 10,966 | 0,971 | 0,977 | 0,988 | 0,98% | 0,994 ||89 | 57,29 | 68,75 | 85,84 | 114,6 ] 171.9 3488
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- Tprywvopetpixai ouvapticelg
Fwvia glg : | |
; i ow | £ ‘ oo
| dkTivia poipas | i
i
0,00 0,0 0,00 1,00 | 0,00 ‘ ¥
| 0,00 5,0 0,087 0,006 | 0,057 | 11,4
| 0,10 ST 0,10 0,995 0,10 10,0
0,17 10,0 0,17 0,08 0,18 5,7
[ 0,20 11,5 0,20 0,08 | 0,20 4,9
|
0,26 15,0 0,26 0970 o 0487 347
[ 0,30 gl 1,30 0,96 | o3 | B2
0,35 2040 0,34 0,04 (#hnaee | | 2
| 0,10 22,9 0,39 0,02 ‘ 0,42 | 2,4
| 0,44 5,00 | 0,42 0,01 | 047 2,1
| - : |
| 0,50 28,6 0,48 0,88 | 0,55 | 148
[ 0,52 (= 6) 30,0 0,50 Osfranaeg | 17
| [])l‘)(] .‘}-})4 [},’:')li l]?N:i U,lih‘ | ],;';
0,61 35,0 0,57 O.B2 N =070 | [ 14
! 0,70 10, 1 0,64 0,76 | 0,84 | 1,2
| |
|
0,78 (r/4) 15,0 0,71 0,71 LOo | 1,00
0,80 15,8 0,72 0,70 1,0 0,07
0,87 (1 50, n 0,77 0,64 1,2 | 0,84
0,90 | 51, 0,78 0,62 1,3 | 0,79
0,96 53, n 0,82 0.57 1,4 | 0,70
1,00 | 57, 0,81 0,54 1,6 0,64
I, ’ 08  (r/3) | 60,0 0,87 0,50 1,4 0,58
1,10 63,0 0,89 0,15 2,0 0,51
1 13 65,0 0,91 0,42 [ 2.1 0,47
1,20 (8,7 0,93 0,36 | 2,6 0,39
1 70,0 0,94 0,34 2,8 0,37
1 '30 74,5 0,96 0,27 | 3,6 0,28
1 411 | 80,2 0,985 0,17 | 5,8 0,17
1,48 | 85,0 0,996 0,00 | 114 0,09
1,50 85,9 0,998 0,07 14,1 0,07
|
| |
1,57 (m/2) 90,0 1,00 0,00 % | 0,00

* Bev opileTan
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