MAO®GHMATIKA




WYnoionoiOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



MAOHMATIKA

AQPEA

EONIKHY KYBEPNHYEQY

WYnoionoiOrke amod 1o ivotirouto EknmaiSeuTikrg MoAmkrg

x



WnopionoiOrke amod 1o ivotirouto EknmaiSeuTikrg MoAmkrg



/A @ ¥

2o - 27 7Tl &

RO, 5 2 e /\’/

BAIIAEION THI EAAAAQL
YNOYPFEION EONIKHI MAIAEIAL KAl @PHIKEYMATON

MAOHMATIKA

@_PYMNAEIOY

&
(GETIKHE KATEY@YNZEQNZ) s
TOMOI NPATOIX ._.,‘;
(e BABAAETIKOY T/ MIOYIrOY )
\\é”-’(_ T

IBA‘OQ,.“(H .OYI\H‘

EA L2 c ATO

21 AI'IPII\‘IOY

o oo : i[ﬁ it Exove Oﬁ_[

OPFANIZMOZI EKAOIEQI AIAAKTIKQN BIBAIQN
AQHNAIL 1971

WnoionoiOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



“H auyypagr Teb AAgOYTOS Topey Eyfveto @;
gn6 ©. Bafaléraxov ! Kegdiaa IV, V,
va¢ . Mnodoyov

&Ens ¢

: Kepdiawa 1, I, 11l zai XVIL

WnoionoiOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg

vi VI, VI, IX, X XL X, Xnr, XIV

, XV.



MEPOZ IIPQTON

KEQAAAION |

ETOIXEIA MAOHMATIKHE AOrIIKHZ

1. MPOTAEIE,

‘H petaty t@v dvBpadmwr ouvewdnais yivetan pé TPOPOPIKOV 1| YpaTTTOV
Aoyov. Eis iy Mpoupamikiy xal 16 TuvtakTikéy «Adyod ouvTopdTeTos pé dvte-
Adds amAoUv TrepieyOuEvory AeyeETan mpétacic.

Eis Ty MofnuaTikiv Acyikiy ked Té& MaBinuaTikd év yével Becopolpey Tés
Aeyopévas Aoyikas TTpoTdoess, fiTol TpoTdoels 810 tkdoTtny T&Y STrofov Buvdie-
Ba ket Evae drpiPdds TpOTTOV VA dropavBidpey &1, éxelvo TO Smolov alTn k-
ppalel, elvar dAnbis fi weubes dmokAeiovtes GAANY mepimTwow. OlTtw, Y., 1
TPOTAOIS !

«d &piBuds 4 elvan GpTios» &b
elvan pia Aoyikn mpoTaois, Bi10T1 Ekeivo TO dmoiov alTn ékppdler elvan dAndés.
‘H mpdTaois :
«& apifuds 5 elvan dpvnTikdsy (2)
elvan pia Aoyikny mpdTaots, 810Tt ékelvo 1o dmolov olrn Exppdler elvan eudds.

Al dvewTépw Tpotdoes (1) xai (2) Becopolvrar ds arhal TpoTdoers, kab-
dgov Btv Blvavrar va ywplobolv els 8o # meplocoTépas &AAas TrpoTdoels.
Tolvavtiov 4 mpéraois :

« O dpifuoi 2 xai 11 elven mpddToly, 3)
1 omola xapaxktnpiletan s &Anbis (elven SnA. Aoyixfy wpéTaois), xwpliletal
els SUo &AAas, fiTol :
«b &piBucs 2 elven mpdTosy Kol «O dpBpds 11 elvan TwpdTogy.

Av aUTd ) mpdTaois (3) AéyeTal odvBetog TpdTaos.

Kara té dvwtépw els iy Mabnuamikiiy Aoyikne Bexopeba &1 :

1) Umépyer &v ouvorov &mAGY Aoyikdv mpotdoewy (TO oUvohov ToUTo
auuBorifoper pé L.).

2) elg &x&oTny TpdTagw éx ToU L Buvdpeba va dvtioToiyiowyey &vald-
Yows ToU Trepieyouévou g Eva kol povov Eva ik T@V YapakTnplopdy : daindig
| yevdig.
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Mapabeiypoara TPOTEIEWY ToU owvdhou L :

1. «To &Bpoiopa TEv EowTEpIKGY YVIGY ovTds Tpiycvou elvan ioov
Tpos wiow euBeiaw - yaviovy (&Andng).

2. ¢4+ 2="Tr (yeubrs)

TMapabeiypoaTa TrpoTdoewy, oi omola Bty dwrjkouv EiS T L

1. «t& MafnpaTikd elvan mpagivay (Trapehoy1oHOS)

2. «bv Tpiywvov dmoTeAeiTal t TPIGY YPOUUGOVD (&ooagns)

3. «x 4 10 = O» (Btv Buvépeba vé drogavBdper &v elval &anBrs fi weudng).

“Orow T& TrepiexOuevoy wds TPOToES elven dAndis, TOTE Aéyouey OTI il
TpoTagls EXE Joyukijy upiy A | tpRy arnbeiag A.

“OTay TO TEPIEXOUEVOY WITS TrpoTdoews elven eudks, TOTE Aéyopey 6TI 1)
TTPOTACIS EXEL »oyukiy npny W f| typdy ahnbeiog Y.

Mapadeiypata :

1. ‘H Tipfy dAnbeias Tfis TrpoTéoEws «O 5 elvai GpunTikos GpiBuosy glvan Y.

2. ‘H Tipn &hnbelas TS TPOTAOEWS «O 3 elvan BeTikds &piBudsy elvan A

Tas mpotéaels ToU ouvéhou L mopioTévopey ouvBos bé T& ypaupaTa
p, q,r xtA. Tpagopev, X,

p: «b &piBpos 135 Afyer elg 5».

q:«d &piBuds 125 elvon Biaupetds Bix 5.

2. ETAGEPA KAl METABAHTH.

‘H Bid Tiig ypogfis ouvenonais ylvetan pé Thy Ponbaav Bragopwy OTUG-
Tew, T, YPOHUGTw, Attew, PploEwy, TPOTATEWY, onuetwov oTitews, Bio-
Pdpwy TUUPATIKGDY onuéray (.. IKA), exovey, Blary pappdTev K.0.K. Té& Toi-
auTa ohpata dvopalouey cOpfora.

"Ev ypépua, T.X. o x, elvan oUpPoiov. ZUppoha trrions elvan, X 7 Aé-
fig «TrévTer, TO « 4 », © &piBpds 15, 1O EpLOTNHOCTIKOV K.T.A.

“Ev oUpPohov elval Suvaroy va &ToTEATTAL &Trd TEPICOOTEPS OTIHATT,
vobiv &mo T& droia elvan Emiong oUpporov. Thy X + 5, of — aP. Zuvnbos  elg
Thy TeplTTwow aUTHY TO aupPolov TO dvopdloper EX@paaLy.

Méoa els Tag TrpoTdoes kal YEVIKGITEPOV glg Tag xgpdoels, 1Bl els T&
MabnpaTikg, guplokopey Spous f| oUupora, Srreos Y. «&Bpoiopar, «Tplycwvovy,
«8», « + 129, «O» xal &\a Tapdpolg, Ta &mroia éyouv plav kaboproptvny Kai
pévipov anpasiav elg O&pa, to orolov tEeralopev. Ta TolaUTa oUppdha bvo-
pélovran atadepai.

*Humopel 8ucs el ulav Ekppactv v Uttépyn oupPolov, TO dmoiov Bt
Exel povipov kol kaBuwplopévny onuagiav elg Ty Ekppaow abthv. TLy. s T -
ppaow «b X elvat piKpdTEPOS TOU 5»Td oUuPohov X Bev Exel pdvipov kal kabwpi-
optvny onuaciov. At clvan BnA. TO X Svopa Evds Gpropévou apiBuol. "Edv Spog
gl THy Béow TOU X Te67 Evos &Trol0aBToTE QUOIKSS GpiBuds T Evas TTPATY BATIKOS
&piBpss, TOTE TPOKUTITE! npbracts (GAndhs fi weubrs). To iBiov aupPaiver els
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T Ekppaow 2x =4. “Ouoiws &ls THy Exppaow x > y. T& TolaiTa oUpPoia
Svopdlouey petaPinréc.

3. NPOTAZIAKOE TYINOE ('H ANOIKTH NPOTAZIE).

A) "Ag Eerdowpey TEAW THY Eppaocy :
«o y elvar pikpdTEpOS TOU 5»
‘H Eopaois alrn 8tv elven mpéTacts, 8111 Bty Suvdueda v &mogavBiduey &v
elvar fi pdvov dAndhs fi pévov weubrs.

NaparnpoUper Spws 8Ti alt yiveran mpéTacts, &v els Ty Béow Tig
uetaPAnTiis X ToroBeTriowpey Eva olovdrToTe TpaypaTikoy &pibudv. "Av, ..,
dvTikaTaoThowuey To X Bi ToU 2, B mpokiyn f mpdTacts «d 2 elvan pikpd-
Tepos ToU 5», 1) mola elvon dAndis TpdTacss. "Av dvTikaraoThowEy TO X Bidk
Tou 7, 8& trpokinn AW mpdTaots «& 7 elvan uIkpdTEPOS TOU 59, 7 dmola S
elvan yeubis.

"As Eetdowper dxoun THY Exppacty :

2x =4
‘H Eepaois aUmh fumropel v &mofy mpéTacts, &v TO X dvTikaTaoTadf i Eva
TparyuaTikoy &piBudy, m.x. Tov 3, dmdTe yiveran 23 =4, 7 émola elven Tpd-
Taows yeudrs. ‘H I8la Exppaots yivetran dAndhs mpdTaois, & ) peToPANTH X
dvrikaraoTadi Sid ToU 2.
Al Exppdoels «b X elval WIKpSTEpOs TOU 59, «2X = 4», k.T.A. dvopdlovta
npotaciokol timor fi dvowktai TpoTdoEs.

levikdds : Tlpotasiandg tomog (i avoikty npérac) mis peraPhntilg Abye-
T kGBe Exgpaoig, 1 drola nepiéyer piav povoy petafintiyv kai 1) drnoia peratpé-
netar elg mpéraswy, Brav 1 peraPhney dvrikaraotadij dno tuxdv otovysiov Evdg
kaBopopivov ovvdlov,

TS oToiyelov, 16 dmoiov dvTikadioTd Thy petaPAnThy, §1& V& TrpokUyn
TpoTaols, AfyeTon Tpf) Tiis petaPAnTiis. TO clvorov TEW TG ThS HETAPAN-
Tiis AbyeTan abvekov dvagopis Tiis eTaPANTHs ToU TPOTATIAKOU TUTTOU. ToUTo
oupBoMiferan ownifiws ut U. TT.y. els Tév TpoTagiaxdv TUmov 2x > 3, futropol-
Hev v& AdBoopev ids ovohov dvagopds U T6 aivolov Téw mparyparTikédy &piBudsy:
TOTE, &v ) Tiph Tiis peTaPAnTis x elvon dpiBuds peyaAUTepos Tou 1 —21—, fa rpo-
Kuyn mpdTaots &Anbhs, &v elvan Toos pd 1 % | MikpSTEPOS TOU 1 % B& Tpoku-
yn mpéTaols yeubts.

To alvohov T@v TiuGv Tis wetaPAnTiis, 51d T&s dmolas &vas mpoTagia-
xos TUTrOS YiveTan dAnBhs TpdTaois, Aéyetan aivokov dhnbeiag ToU TpoTaoia-
kou Tumov. Els Tov mpoTaciaxdy Timroy, m.x., 2x = 4, &v Bewpliowpey w5 oU-

voAov dvagopds T6 ouvohov R, TGV TPy HaTIKGY &pi1fuddy, TéTe TO olvohov
&Anbelas Tou elven { 2 }.
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Enp. Elmopev &1 guviBics fi peTaPAnTi x elval gToixEiov tuog kaBwpiouévou ouvoAou,
torw U, 16 dmoiov dvopdoapey gUvohov &vagopds. Elg THy mepiTTLOW TauTtny O TpoTO-
olaxds TUTTos Abyetan kal cuvbipkn eig o U xai Aéyopev &1 petafhnei X Slotpéye w0 U.

X&pw ouvtopios ToUs TipoTagiaKoUs TUTTOUS K piaw peTaPANTRY, X
X, ToUs TTaploTAVOUEY pt p(x), q(x), s(x) k.0.k. Kai T& oUvoha &hinBelas Twv
dvrioTolyws ut P, Q, S koK

"Av Y. TUPOCTACWUEY WE P (X) TOV TrPOTACIOKOY TUTIOV : B T
kol AdPaopey g cuvohov dvagopds To N, TéTE 1) Tpéraas p (2) elvai AT Bns,
téid f p(8) elve weubns. TO gUvohov dAnBelas ToU p(x) elvan P ={ 2,3,4}

*Erions eis TOV -rrpo-rolcnctkbv TUmov q(X) : 4x = 20 Eyopev 611 q(0) = 4:5
=20, BnA. &Anbns TpéTagls, &V q=4-2=28, SNA. weudns TPOTACIS.
Sivorov Bt danBelas Tou elvan TO guvorov Q ={5 |

B) "As Bewpriowpey TWPX Ty Exgpacy X > Y.

"Av SUTIKGTROTHOWHEY TO X HE 6 kol TO W uE 4 TPOKUTITEL T TPOTAOIS
6> 4, 1) dmola elvan &anBns. "Av Btowpey X = 3 kol =5 TPOKUTITEL T weubtis
mpoTacis 3 2> 5.

‘H Exppaals X > AbyeTal TPOTAOIOKOS TUTIOS ué BUo peTaPAnTas.

MapornpoUuey €86 671 Yrépyxowr [ebyn TGV 16w petaPAnTdy (&mo
15 ouvohov R), Bi& Tag dmoias & TrpoTaElaKOS TUTIOS yivetan dAnBAS TpOTATIS
xad SAAa [elyn TIMGY, S1& Tdg dmolag ylvetan eubfs TPOTACIS.

"Ag Becopfiowpey &rdun ThHY Exppagv

«fy mohs X elvan TpwTEUOUOT TOU KPATOUS Y.
"Av &vTi x Béowuey « AbTjvan» kol &vtl @ «EANGSY, TIPOKUTITEL &Anbs TPOTATIS:
«'H Tohig *AbBfvan elvat TPpWTEVOUTT TOU KPATOUS ‘EAAGs». "Av duTi x BEowpey
«Mir&vow ke GvTi y « EAAGS» TTPOKUTITEL TTPOTATIS eubts. Al tkppaoels X >y,
«f) Tohis X elvat mpeaTeouca ToU kpdTous \pr, AeyovTal npotaciaxoi tomor BUo
ueTaPAN TGOV,

Meviéds ¢ [lpotaoiakds tonog i} Gvolkti mpoTacls S0 petafrnrdv Aéyetor
pia Exepasts, 1 Gnole mepréyxer 800 petafhntag kol 1 oroia perarpénstal elg npd-
raow, brav al petafinral avuikotastaboby and orolgela 300 opiopévav ouvo-
1.ov. Ta oovole Gvopopls tdv petafrnrdy fiunopel Kai va ravtifovral

Eig T mpddTOV TapdBeryud Was, X >y, xai al BUo petoPAnTal dvagépo-
Tan glg TO oUvohov R, TdV 'rrpo:yucrrmc'.'w &p1fucov.

Elg 76 B’ mopdderyma f peTaPAnTh X GuagépeTal gls 6 ouvohov Fav mé-
Aewov kol )  els TO glvodov TE&Y KpATEY TOU KOTHOU.

Xépw guvtoplas auppohilouev TOUS 1rp0'rumo:t<o\';s TUTTOUS P BUo HETO-
PAnTas Si& TGV p(x, ¥), q(x, ) s(x, W) K.O.K.

*Av p(x, y) ouvupohiln OV TTPOTOCIEKOY TUTTOV tou TrpéTou Trapabely-
patds upas, SnA. & p(x,¢) : X >y, TOTE P (7,5) elvau dAnBns TPOTAOIS, tvid
p (5, 7) elva TrpéTaols yeudns.

*Erriong &v q (x, ) @ «f) TONS X glvan mpwTEUoUoa TOU kpdTous Y, Té-
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Te q (AovBivoy, "Ayyhia) elvan dAndis TpdTaos, tvéd q (Pdoupn, Bédyiov) elvai
Weudrs.

TMaparnpoupey 6T TO ouvoAov dAnbelas TpoTaoiakou TUTou p (X, §)
Buo peraPnTdv elvan, v vével, &v olvolov SiateTayuéveov [euyddv.

AZKHIEIE

1) Né derdoere mwids AuTopouv vé dvopacBolv al kaTtwTépw Ekppdaels: ¢« —», «mapak-
AnASypapdovy, «6pbfy ywviar, «17».
2) N& étetaoete mdds Aumopolv va dvopacholv al ikppdaes :
a) ‘O 10 elvar &p1Buds ouvletos.
p)y2=4 y)5=342
§) ‘O EUxAeibns firo giAdAoyos.
£) ‘O x elven mpdTos AprBuds.
or)2x +3=23 Dx+wy=5
3) Mveopilopey 671 Umdpxel pia pévov mipn ToU x Bid Thv dmolav 2x = 6. Enualver
ToUTo &T1 To X elvan oTabepov eis Thv Ekgpagw 2x =6 ;
4) Trabepal, al dmoim elval dvdpata ToU alToU mpdyparos, Adyopev ST1 Exouv ThHY
abThv TinAv, Ty, «0» kal «2 — 2». N& ypdyete Tévre otaBepds, al dmolon vé Exouv Thy Tiphy 6.
5) ‘Ymépyouv &paye mwporadiakol TUmol, ol dmwolor Biv ylvovran &AnBels TpoTdoels

x X
Bid xapplay Tiphy Tiis peTaPAnTiis Twv ; "EletdoaTe TV o 2. Adoate fva 1Bikdv cas Ta

péBerypa. (A&Pete dxs oUvolov dvagopds Tiis uetaPAnTiis 16 N).

6) ‘Yméapyouv mpoTtaoiakol TUmer m&s petaPAnTiis, of dmoior yivovtan dAndeis mpo-
Thoes B1° Shas tds Tiwas Tis peTaPAnTiis twv. Mpogavis wapdberypa @ x + x = 2x, dmwou
x € R.

N ebpete &v 181xov oas Tapdberypa. TTas dvopdlovrar al lodTnTes, dmws f{ X + X = 2X ;

7) AlBeron 6 wpoTaoiakds TUTos p (x) : 2x = 10 xal oUvorov &vagopds Td R. N elpee
16 auvohov dAnbefas P ToU mporagiakol TUTrou.

8) Aibeton & wpoTagiakds TUTTOS X + w = 5 xal oUvorov dvagopds TV pETAPANTEDY
T Z={1,2 3, 4, 5} N&ebpete & aivohov dAnbeias ToU mpoTaciakol TUTOU.

9) Aifetan & wpoTagiaxds TUTos q (X) @ W =X + 1, ‘dmov X, y elven aToixela ToU
R. N& elpete 6Uo [evyn Bid T& dmola q (x, y) yiveran dAndis mpéraois kal SUo B Té dmola
yiveran weubrs.

10) AiBeran & mpoTaciakds TUTos p (x) : x* = 25 = 0.

Né& dpioete otvohov dvagopds Tou kal 1o dvrioroiyov olvorov dAnbelas Tou.

11) AlSeron & mpoTaciakds TUTTOs «f) wdAis x eUploxerar els Tov vopdv y)». Tivora
dvagopds : Tis peTaPAntiis x To avvohov T&HY TéAewv Tiis ‘EAN&Bos, THs peTaPAnTis ¢ TO
ouvoAov T voudv Tis ‘EAAGBos. N& elpete Tpla {evyn ToU ouvdrou dinBelas ToU mpoTa-
aglakoU TUTTOU.

4. ITOZOAEIKTAL

A) Mwpilopev &md ThHy "AAyePpav &mi
x+1)2=x4+2x+1, dmov xR
lvwpilopev trrlong 611 6 TpoTaocioxds obros TUmos WIGs HeTAPANTIS
ylveran dAnffs wpdTacts Hid kébe Tiuhy THs peTaPAnThs X, THY Smolov Tipdy
AapPdvopev &d TO olvohov R, TGV mpoayuoTikédy &piBudv. Mt &Ahous AS-
yous Td alvohov dAnbelas ToU TpoTaciakoU Timou TauTileTan pé TO  oUvolov
dvagopds Tou.
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SupPoAikéss ypdgopey TOTE :
Wx (xeR): (x+ 1) =x242x +1
kol SiePalopey :
«Mi& Kébe x, TO dmoiov x dvnker el O R, &AnBever &1
(x4 DF=x242x+ 1;

Té oupPorov V BioBéleran «Bidx kée...» f «B’ Sha T&..» kol AeyeTal
kxaBolikdg # yevikog mogodeiktng.

Errions Wx (xeR) :x-x=0

*HutropoUper Aortrov, &Tav EXWHEY TTPOTACIOKOUS TUTIOUS, &y dmolev TO
sUvohov &AnBelas Tautileron wt TS ouvohov dvagopds, Vo TPOTATTWHEY TOV
yevikdy TrooodeikTny. .

B) "As tfeTdowpev Topx TOV TPOTHOIOKOY TUTTOV

p (x4 3=8: (xieR)

MapornpoUpey 886 &1 p(x) Btv yiveran &Andis TpdTaos Bid Kkébe Ty
THs ueTaPAnTis, &wd T R, &idm, wx., p () =4, SnA. TpéTaots yeubts. "AA-
A& TS gUvohov d&Anbelas ToU TpoTagiakol TUTOU X + 3 = 8 Stv elvon TO KEVOV.
Mpéyuam : p(5) = 8, BnA. dAnbns TpodTAOTIS.

pagopev gupPohikdds el Thy TeplmTwow TOUTTV :

ax(xeR):x+3=8
kal BiaPdlopev :

«Yépyer TouhdyoTov €
v dAndeln X + 3 =8»

To oupPorov 3 Aéyetan brapGlakdg mosodeixtng kod SraPdlerar «UmapyEL
touhéyioToy E..» A B pepikd...)

*Hutropouper dpoiws VO YPAYWUEY

oI e RISl 0

P) 3x (xeR) :x==X

y) "Av T SvopdowEY TO GUVOAOY TV TpIywVWY, TOTE

3x (xeT) : x lodmwAeupov

“Qoe - “Orav el fve TpoTaTioRdY TUTOV TO GUVOAOY &Andetas Tou elven
yvgiov Umroguvolov Tou oo dvapopds, ToTe SuvdpeBa v& TPOTEOTLOMEY
tév Utrapbiondy TrogoBeikTny.

evikdoTepoy TrpéTrel vét yvwpilopey Ta s

TToAAGKis 1 V& BIGTUTTOWHEY TTPOTETELS, al &molan YpnoioToloUvTal
gle T& MafnuaTikg, K&uvouev ypfiow Tév TooodeikTddv. Ol TroogobeikTan TrpoO-
TdoooVTal TIPOTATICKEY TUTTWY, Smére ofror keBloTavTon TpoTdoels fi, povoy
&hnBeis i pévov \weuBels.

OUtw, T.X., §) TpéTacis Vx (xel) : p(x) €lvon pla Aoyikd) TpéTATIS,
kafidooy alrn AcpPdver Tipfy dAnBelas A Hav, kal pévov v, TO oUvohov &An-
felag Tns P TavTiferan pé 1o odvolov dvagopds U (déTe 10 Pe = ) ol TIunY
dnBelas y, tav, xal ubvoy v, T P elvan yvfioiov UtrooUvohov Tou 1] (dméTe TO
Pe # &).

v X, TO dmroiov x dwfikel els TO R, TOIOUTOV (OOTE

10
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Emrlons # mpéTaois 3 x (x e U) : p (x) elven ple Aoyued) mpdTaois, ko-
Booov alrn Exer Tiphy dAnbelas A, v, xad pdvov Edv, TO clvolov &andelas Tns
P 8tv elvanr T kevdy, kod Tipfy dAnBelas ¥, v, kal pévov tdv, To ouvorov P elven
6 & (bmdre 1O Pc =U).

Mapadeiypata :

L. "Av p() : x+1>3 xal U=N, TéTe

@) Vx(xeN): x+1>3 Aoppdver muty &Anbelag ¥, Sivmt P =
={ 3,456, & U;
B) ax(xeN): x+1>3 Aoppéver mphy &Anelas A, Bidm P =
={3,4,5,6/...}- 2
2. "Av p(x): x4+ 1< 0 ki U=R, TéTe
a) ¥x (xeR) : x2+ 1 < 0 Aappdwer Tipfv &hnBeias ¢, Sivm P = &,
B) ax (x e R) : x*+ 1 < 0 AopPéver Tipty dAnbelos y, Bivm P = 2.
3. "Avp (x) : x24+2x+ 1 = (x+ 1)?, TéTe
o) Wx (xeR): x24+2x+ 1 = (x + 1)? &xer Tipfy dAnBelas A, Bio-

mP=R
B) ax(xeR) : x2+2x + 1 = (x + 1)?*&xar mpfy &Anfelas A, Siom
P#a.
ALKHIEIT
12) N& etdoete &v elvar dAnbis fi weubls &mi :
Q)V"("EN):%=1 P) Wx(xeR):(x+1)=x'+1
Y) 3x(xeR) :x=x+2, ) 3x(xeR):x* #0

) gxxeR) :(x+1P=x*4+2x+1 o) Wx(xeR) i x=—x

13) N& ypnoidoToioeTe katdAAnAov Togodelktny els Tous k&Twbt TpoTaciaxkols
TUTTOUS ¢

o) x #x+1 B) xt=x
y) Ix|=x 8y x—1¢2
&mrou ouvohov dvagopds Tis netaPAnTiis elvar 6 R.

5. LYNGETOI INPOTAZEIL.

Els v xafnuepwiiv oulfiTnow kal els & MoBnuarikd dév ypnoipgorol-
oUpev pdvov &rAds mpoTtdoets. Zuimbes Tds &mA&s TpoT&oEls oUVBEOUEY PETO-
€U Tov pt Bidpopa ouvBeTIKG, T.Y. «kaly, elten, «fiy, «dyy, «tdw. .., TéTE. . .»

KT kal oynuarilopey ket' aUTdv TOV Tpdmov vias TrpoTéars. Tas TolaUTos
TpoTdoels dvoudlopev ouvbitovg mpotdoes,

6. H LYZEYEIZ AYO INTPOTALEQN.

'O é&mholioTtepos TpéTros ouvbEcews Suo mpoTdoewy elvan 1y obievkig, ka-
T& THY dmroiav Expuvolpey T ypégouey aUTas paly, ut fva kal petaky Twv. Ty,
&md Tés &mAds TpoTdaers ¢ «‘O 'ledwwng elvon podnThiey, «& Kbdotas elvar kh-
Toupdsy TpokTrTel pE THy ouleuEiv Twv 1) otvBeTos TpéTaos :
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«b lwdwns elven padnThs kai 6 KoaTas elvon knTOUPGS».

‘H auleutis Buo TrpoTaoewy GTOTEAED mpéTaow Kol tropéveas B elvan T
pévov GAnBns N pévov weubns.

Aeyxopeda 6T 1) ovlevgig eivan ainbig povov drav xai ai §bo cvvierdoar
npotaaeig elval ouyypoves alnlsic, dhhog 1 ovlevElg eivat yevdigc.

‘H ouleutis Ty, «& ZoKp&TNS Fto doTpovdpos kai 2 + 3 = 5, elvan eu-
Bys, tvdd f oulevtis «2 + 3 = 5 ki 2 > O» elven &Ands.

‘H oUlevtis BUo TrpoTacewy p kol g cupPohiletan : p A Q-

T ouuPorov /\ BlopaleTar «kai» kal Atyetan sipfoiov Tig oulenEEmES.

MpoottaTe : 10 oupPorov /A Y PTICIHOTIOIETTCN POVOV Bi& va ouvBén Tpo-

téoes. Aty EmiTpémeTan Y. v& ypdywper «3 A 2» i «6 KbaoTas /A 1 ‘EAémy.
7. TIINAKEE AAHOEIAL.

A) Eis Thv MaBnuaTikiy Aoyikfyy 1| TEPIOCOTEPOV YpnoipoTroloupévn pé-
foBog Trpds EUpecty TEY (Aoyikdy) TG 16 auvBéTeov TrpoTagewy elval Ekei-
vn, Kot THY Smolav dvaypapouey Shas T&g BuvardTnTas dAnBols A weubous
TGV ouUNaTWoY TpoTaoEwY Kol THS mrpoxuTrTovans ¢ auTév ouvbétou Trpo-
TéoEs UTTO pop@iy Trivaxos. ‘O TolouTos Tivat Adyeton ouvhiBes miveg (hoyik@dy)
npdv f riva ainbeiag.

‘Atrd fva Trivaxa dAnBelag AuTopoUuey V& SramioThowpey pi &V PAtupg,
v pia oUvletos TpdTaots elvan &Andns T weudng, taw yvepilwypey, 6T ai Tpo-
Téoe, wou THY &moTeholy, elvan GAnBeTs 7 weudeis.

KaTwTépe PAémeTe Tov Trivoka dAndeias i Thy Tpdtw Tis ouleutews BUo
mpotéoewy p kai q. Els Thv mpdoTny ypaputy ToU Trivaxos PAETTOMEV &mL 1y gu-
leutis p A\ q elvan &AnBhs pévey Stav i of Buo guvioTdoat TPoTAgES P, 4 efvan
ouyypdvass &nbeis. Els SAasg Tag GAAGS TTEPLTTTCOCELS T
oUleutis pAq elvan yeubns. Touto 8éyBnuey ds &Andés,
B16TI oupeovel Kal pE THY tvopaaly pas.

B) Kar' dvohoylav mpds Thy allevt &Uo TpoTa-
OEWV HUTTOPOUKEY V& theTdowpey THY U‘\iJCEUElU SUo dvol-
réw poTdoewy, p (X) kal p (x), Thy bmoiav B oupPo-
AMCwpev pé p(x)Aq(x)-

"As MPoopev Ev Tapdderyna

*Egrew &1t p (X)elvan : x*—5x +6=0 kai q(x): x—2=0.

Tére p (x) A\ g (x) elver

(x"«»5x+6=0)/\(x—2:0), U=R. -
“Otav x = 5 1 dvwTépw oUleutis peTartpémeTan elg THY ERfS ouvBeTov TTPOTAOW :
(5*-5:5+6=0)AN0 +3=0)
# mrofa elven weudTs, 5161 k&BE plo dmd TS CUVIOTEOTS TIPOTATEIS elven weubns.

*Edw els Ty dveotépe oulevEw p (x) A q(X) Blowpey X = 2 TOTE TPOKU-

TTEl f) TPOTACIS !

pAq

L=e 3w o
{>-€>\-ﬂ
-e~e-e>‘
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(2-5-24+6=0A2-2=0)

1 drola elven dAndrs, Bi1dTI ke pia &md Tds cunioTdoas TpoTAEs elvar GAnds.

AT TO dvwTpw ToapdSerypa yiveton pavepdy 8T TO auvolov dAnbelas
Tfis ouleVkecs Buo duotkTdy TpoTdcewy p (x), q (x), TO dmoiov oupPohilopey
Ix | p(x) A g (x) }, dmoTeheiton drd ékelvar T& oTOIYEIN xell (Tou cuvdrou
dvapopds), T& &mola dvrjkour ouyypovws el TO ouvolov P (cuvohov dAnBeiag
Ths p (x) ) kad elg T oUvorov Q1 (cUvorov dhnbelas Tis q (x) ), SnA. &mo T&
oToiyeia, T& Smola durkow &ls THY TopRy P N ().
Qore: {X|p)AqE)I=PNnQ.
MpéyuaTt els 1o Trpomyouuevoy TapdBerypa Exouey :

{x|x2=5x+6=0Ax-2=0}={23}n {2} = {2}

8. AIAZEYEIEL AYO INPOTAZEQN.

A) "Orav Topabéowpey BUo TpoTdoels fv ouveyeia pe TO ouVBETIKOY «T)»
7 T «efrey peTaky Toov, Aéyouer 81 toynuaTicapey Ty SidlevEly Tév Buo Tou-
TGV TTPOTATEWV.

MpootfaTe .y TaS KATWTEPw Tpeis ouvBéTous TPOTAOES.

1) *H 'EBvikn Tpémela TpooAapPdver daroAuTnpiovyous ToU Mupvaoiov,
ol émoior yvwpilouv MeAhika eite "AyyAikd.

2) Oa dpioTetow es T& Mafnparika gite elg T& Ouoiké.

3) @& Uméyw els TOV KwnuaToypdpov #i 8 pelves els TO aiTi,

Elg Thy mpcstny TpéTaow elvan gavepdv émi fy Tpdmelor Btv dmokheieTon
V& TpooAdPn dmoAutnprolxov Tol Mupvaciou & émolos va yvepiln VWIS
kol "Ayyhika. Emisng el Thy Seutipay mpdTac & SmAdv Biv dmrokAelel &1
fubéyeTan va dploTelon Kai els T& Mafnporikd kai els & Quaikd.

Els v Tpitny mpdTaow elvar pavepdy 8T & dwAdv Ba mwpdln &v &k TGV
SUo : ) B Umdoyn g Tov KnuacToypdpor A & peivy els 1o omriTi. Katd ToU-
Ta &tav Aéyowuey «p fi q» B& tvvooluey fi pdvov p elven éAnbig fi wévov q elvan
&AnBns.

Eis Thv TpcoTny kai BeuTépaw mepimTwolw f| pie tovkdyietov kai tvdeyo-
pévag ai dbo mpotdceig elvar dhnbeic. Aéyopev TOoTe ST Exopey EyKLELOTIKT|V
BualevEry 7, dmAdds, SuagevEy kal xduvopev xpfiow ToU «eite» dos ouvBeTikoU,
SUpPohov Tiis EyKAeioTikis Sialeviews elvan 1o \/, TO dmolov SirapaleTon «elter-

Eis Thv mepimTwow ToU TpiTou dvwTtépw mapadelyparos 1o GUVHETIKOV
«ijr ypnoyponoteitar pé Ty Evvorav §t 1| pia povov arnd tag mpordceig el-
vau @hnBic, kai W Ghin slvar wevdng. Els thy meplmrwow abrhy Aéyouey T
1 Bialevtis elvan aroxheratiki. SUpPorov Tfis &mokheloTikfs Siafevfecos elven
To V., To émoiov SiaPaletar i

Enp. Els thy xabnuepwiy dpiAlav XpnoipoToioUpey, PePaicos, Thy Aébw i pe Brrriy
onuaaiav. "ANNoTe, Stav Abywuev «p fi g, tuvoolpey 871 pia kai povov pia &md Tas TpoTaoE

elvan &AnBns kal &AAote &1 pia rovkdyiatov TpdTAOIS elval &AnBns xal mBavéy va elvar xai
al §bo.
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Els T MaBnparika dpws Biv Buvdpeba va ypnooroimowpey 1o «fi» pi SirTiv onpa-
aiav. Mpémer va yvwpllwper EmakpiPdis 11 dvwoolpey drav Aéywpev «p fi q»

MapaBelypora (BykheoTikiis) Salevlews : p\/q (p eiTe q)
1) 6 —i—- elvar pnTds eiTe & -2 elvan BeTinds.

2) 6 4 elvar BioupéTns ToU 5 eite 6 3 elvan Quaikss.
3) & 4 elvar Biaupétns ToU 8 eite & -3 elvan dpvnTixds.
Al dvwTépw Bialelers elvon dAnBels TpoTdoers.

4) 'H &iadevtis @ «d 3 elven &punTikds eite & —;—~ elvan  dxéparos»  elvan
peuBns, B0 dpgdTepan ol ounaTdoa TpoTéoes elven weuSeis.

IMivag (hoyikdv) npdv tiig (fyxhaonkiic) dwalevteas: p\/ q

P q |r\va Anhadi) 1 dualevig p \/ q elvar wevdiig povov Grav
TT A kai ai §00 cuviat@om npotdoeis elvar wevdsic. Eig 6-

A ¥ A rag tag Hhhag nepintd@ong elvar dinoig.

g A A

b b s

Mapadeiypara dmokAaiaTikfig Bialeltews : pVv q (pA Q)

1) & =3 elven quokds 7 & %- elvon Betikdg

3
2) & & elvan dépaios | & —3 elven ApunTIKOS

3) 6 2 elven Bioupérns To0 5 A & —2 elven BeTikds

4) & 5 elvan quowds fi & —5 elven &pumTirds.

Al BUo mpdsten &mokAeioTikal Bialelters elvon dAnBels, v al Suo Teheu-
Tadon elvan Wweudeis.

Mivag (hoyik@®v) tpdv tiig (arokieionikijs) Sralediews : p V. q

P q |pVq Andadn W Saleviig p vV q elvar ainbiig tore xai
A A ¥ pévov tore, Grav 1 pia pbévov amd tag ocuvietdoog
A v A npotdoelg elvan aindic.

M A A

Y W ¥

B) Kat' dvohoylav mpds Thv Sidlevtiv Blo TPOTEOEWY AUTTOPOUMEY Vi
ttetaowpey TN Siddevtv Blo dvowTév TrpoTéoewy p (x), q(x), Thv dmolav &
ounBoAilwuEy p(x) \/ q(x).

"As AaPowpev v Tapddelypa
“Eorew 6T p(x) elvar @ X2 =5x + 6 = 0 kal q(x) : x 4 5 = 0. Tére p(x) \/ q(x)
elvan :

(x*=5%x+6=0\V(x+5=0), U=R
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‘Orav x = 5, | dverrépw Sidlevtis perarrpémeran els Ty Eifis otvbeTov mpdraow :
(5*-5-5+6=0VE+5=0)
# &mola efvan weubts, 5161 kdde pla &md Tds owvioTOCAS TrpoTéoels elvan Weudts.

"Edw X = —5, 1 dwewtépw Si1&fevtis dvouetédv mpoTdoewy ylvetod :
((-52=5(-5)+6=0V(5+5=0)

f) dmola elvan &Ands, &16m 1) Beyrépa TpoTaOIS Elven &andtis. *Etrions, &v x = 3,
TéTe 1) Si&levlis yiveran :

(3-5-3+6=00V(3+5=0)
7 dmola elvon dAndrs, Bi16T1 # TPWTH &md TAS TUVIOTOOAS Tpotdoels elvan
&Anbrs.

KorraAfyyouey Aorrdv els 1O EEfis oupmépaopa : T gTolXEl ToU ouvéhou
&AnBeias THs owvdéTou dwoikTiis TpoTdoews p(x) \/ q(x) elvan Exelva T& oTOI-
Xela ToU ouvdhou dvagopds, T& dmola durikouv els TO gUvoAov &AnBelas P Tfis
P (X) 7 els T otvorov dAnbelas Q Tiis q (x) fi dvfikow kal els T& BUo oUvoha
P kol Q. Mé &\Aas Atters TO ouvohov dAndelas Tiis p(x) \V/ q(x) elveu 70 Pu Q.

SUPPOAIKES BIGTUTIGVOUEY TO oupTEpaoua ToUTo &S £Efs :

{(x|lpVa®}=PuQ.

M Kot é&vedoylow mpos Ty dmorkheiomikiy Siddevt BUo TrpoTaTEwY
Suvdpedo vd Eetdowpey THY GTOKAEIOTIKNY B1&leutv BUo TPOTACIAKGV TUTTCOV
p(x), q(x), Ty dmolav 8& oupPohilwuev u¢ p (x) V. p(x).

Elven pavepdy 871 1o ouvohov dhnbelas iis p (x) V. q(x) &mroTeAeiton &md
fkelva T& oTolyEla ToU ouvdAoy &vagopds, T& émoia xabioTouv THY p (X) &An-
87 xad Ty q (x) yeubii mpdTaow kol kelva T& oToiyela ToU ouvbhou dvago-
pds, T& dmola kedioTolv THY P (X) Weuddi kal Ty g (x) &Anpfi, SnA. elven TO
civorov PUQ — PQ #, émep 10 autd, 10 otvorov (P—Q) u (Q —P). Zup-
Pohixéys T oupTrépacia BierrutrdveTar G Etfg
{(x|pE)V¥.q® } =PuQ-PNQA P-QuQ-P)

IMopaderypa

"Eorw &m [nreitar 16 {X|Xx*-5x46=0y x*—6x+8= 0}, &mou
olvohov dvagopds elvar 10 R.

“Exouev P = { 2,3}, Q= {24} ‘Emoutvers: PUQ = {2,3,4}xkad PNQ
={2}. "Qore : PUQ—-PNQ= {3, 4} xad

{xix‘—5x+6=0\_{_x’—6x+3=0}= {3,4}.

ALKHEIEIZ(™

14) Na Beltere 811 ol oulettes p Aq xal g Ap Exouv Tds abrds Tipds dAnBelas.
15) N& Beitere 671 al Bakelters pv q xal qV p Exouv Tds aUrds Tipds &AnBelas.
16) Né& Biatutrdoete AekTikés THY aUleviv xad Thy Birédevtw T kdTwh TPOTATEWY.
a) 'O ledpyros elvan dypdtns. ‘H "Ayyehikd elvar olkokupd.
B) Al evBeion alran elvan Tap&hAnAor Al elBelan alren TépvovTal

(*) 'Ambd Tag mpotewopbvag doxhoey ele o Kepddatov I 0 Bldwvrar Soxt xotd ™y
solow 705 BiBdanovios dmaiodvray 813 Thy tuméSwow bxdamg Evémaros,
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17) N& oxnuarioere thy culeviw kel Si&feutiv Téw KaTwTépw TpoTdoewy. “EmeiTa
va dmopavliiTe mepl Tis dAnbelas i uf TGV cuvBETwy TpoTdaewy, ToU B& mpokUyouy.
a) ‘O ZemrépPpios Exer 30 Huépas. ‘H EPBopds Exer B fpépas.
P) To 3 elvan pixpdrepov ToU 4. To 4 elvan pikpdrepov Tod 3.
Y)5+1=6 21=3.7
§) 5+1=5 8+4+1=10
18) N& oynuatioere Ty oUlevtv xal Bi&leviv Téw KATWTEPW &VOIKT@Y TpoTdaewy,
Né& eUpete doroubeos Té oUvoha dAndelas Tdw ouvbitewy dvoikTiy mpordoewy, Tou 8& mpo-
kOyouv. (Zivohov dvagopds To R).
a) x+2=0, x—4=0
B) x=0, x=2
Y) x*—8x+12=0, x? -5 +6=0
&% )3, x)5
£ X—B=0,x)5
oT) X' ~4=(x+2) (x~2), x¥—l=(x+ 1) (x=1)
Els Ty &oknow y) va edpete kal 1o otvohov dhnbeiog Tis dmokheioTikfs Sialevtews.
19) 'E&v «, B elvan TpaypaTikol &piBuol, TéTe | mpdTacs a- B = 0. Siatumdvetan
ut plav Bidlevtv. Tlola elvanr atrd 4 Bialeutis ;
20) 'Edw o kal B elvan mpayparixol dpiBuoi, TéTe | Tpdracs of + P = 0, SaTuTd-
verar pé plov_oUleutw. Mola elver avh ) alleufis ;

9. APNHZIE.

A) H &pwnais Siapéper dmo Tds Trpomyouptvas pdters Tiis Sralellecs
kal ouletews ket o &Ti elven povopekilg Tpdtis. 'Edv p elvan pla mwpdraois,
1| &pvnois s p elven pla véa (oUvBetos) TpdTaots, f dmola Exer duTiBeTov TI-
WY &AnBefas. "Edv, .x., f p elven dAnbrs. 1 &pynois THs p elvon Wweubfg kai
8w 1) p elvon weubns /) &pynaig Tiis p elvan &Anbs.

*H &pvnons mids mpotdoews p oupPorileton pt ~ p kai SiaPaleran : by p.

Mapadeiypata :

lov, p:65 elvan Quaikds &piBuds.

~p: ot &5 elvan puoikods apifucs = & 5 Btv elven quaikds &piBuds.

20v. p : & 2 elvan dpunTikds dpiBuds.

~ p:&xt & 2 elvan dpunixds apifuds = & 2 Biv elvan &pynTikds &pifuds.

3ov. p: 24-3=5

~p:243£5

4ov. To &Bpoiouat TavY &moAlTwy TILGY T ETWTEPIKADY Yty Eudg
Tpiycovou elvan 1800,

~ Pp: TO &Bpolopua TV EMOAUTWY TIGY TEW ECWTEPIKEY YWY Evdg
Tprydovou Bév elvan 1809,

Miveg anbeiag tiig dpvijoens ~ p

B Phink
A b
¥ A
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Enp. Opaomikéd al dpynoes tév &mAGY TpoTaoewy axnuaTilovtan ouvn-
Beos Bi&x TS TapepPolfis fvds Byr (1) 88v) els THY kaTdAAnAov Béow.

Mapadeiypata :

lov. p: & 8 elvan TéAelov TeTpdrywvov.
~ p: o6 8 By elvan TéAelov TeTp&ywvov.
2ov. p: Kdbfe TeTpdywvov elven dpBoycoviov.
~ p: Kdbe TeTpaywvov Betv elvan dpfioycovior.

To ournbéoTepor opdipa, T Omolov yiveTal kaTd TOV oXNUATIOUOY TS
&punjoews MIds TpoTaoews OTrws, Y., 1 «"Okot oi pabntai avriig tijg takeme
Gyanobv v l'eoperpiavs, elvar va eiwper «kaveig paintig eig adtiy v ta-
Ewv dtv dyand v l'topetpiavr. Al dvwTépw poTdoels PePaiws Bév cupgpwvouy,
&AAG Bev elvar ) pla &punais Tiis &AAng, BidTi dvdéyeTon vd elvan kal al SUo yeu-
8eis. A1 ToUTto elven TpoTipdTEpOY Els TAS TolUTAS TEPITITWOOES V& oynuaTi-
{eopev THY &pynow AexTikéds UE 16 @ 8x1. Elg TO dvewTépw Tapdderypa Aoimov 6&
eimeopey ¢ &y Aot o pabnTal alTiis THs Talews dyamolv ThHy ewoueTpiav.

B) 'Eqwv p (x) elven pla dvoikTthy mpdTacis, TéTE fy &pynois alTiis ouuPo-
AileTen pe ~ p (x).

Edv #k Tiis dvTikaTaoTdosws Tou X &1° évds oToiyelou Tou ouvdAou dva-
gopds U els thyv p (x) wpokUmtn mpdTacis dAnbrs, Bid Tiis dvTikaTaoTdoEws
ToU x 81& ToU aTtol grotyelou els Thy ~ p(x) TpokUTrTel TpdTaTIS Weubts. "Edv
& THs dvTikaTaoTdoews ToU X els p (X) 81’ Evds oToiyeiov Tou guvéhou dvago-
pds pokUTrTY TpdTacts weubts, Bi1a THs ATIKATAOTATEWS ToU X els TV ~ p(x)
61& ToU aUToU oTolyeiou TpokUTTEl TpdTacts dAnbns. “QoTe TO glvodov dAn-
Belag Tis ~ p(x) &moTeheiton €€ tkeivwv @Y aToiyeiwy Tou U, T& dmola Bév
durjkouv els TO oUvohov dAnbeias P, Tiis p(x), émopévws B& dvfkouw elg TO
oupTAnpwiaTikoy Tou P g mpds U, BnA. To P .

SupPohikéds BraxTutrvopey Ta dvetépw s et

{x|~px)} =P

*EoTw dx TapdBeryua 1y dvoikTh mpéTaocts p(x) @ x* —4 = 0 kai ouvolov
dvagopds To R. To ouvodov dinbelas s p (x) elven 10 P ={2,-2}. To
oupmAnpwpoTikdy Tol P s wpds Relvan 10 Po = {x [ x # 2Ax # —2 }. "Qoe:

{x|~px)}= {Xi!#—?Kul Xigt 2

10. H APNHEIL MIAL EYZEYEENL.

*Eoreo &T1 Béhopev var oxnuaTicwey THy &pynaiv T oulellews ¢

«& A elvan latpds kal & B elvan 8i8dokotosy.

"Ormreos tudBopev ((§ 7), S1& v elmepey &1 ) wpdtaois alrn elvan weubs,
mpémer § pla ToUAdyIoTOV &TTd TAS CUVITTOTAS TIPOTACEIS VA elvan WeuBTS.

Od elmwper Aorrdv :

«'O A Btv elvan lorpds eite & B Biv elvan Bibdoxaosy,

"As AdPwpev Ev dAAo Tapdderypa :
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«O& kepbiowpey els Tov dydva ToU POAeU pE Thy dpdba Tou MNupvaciou A
xai B wepSlowuey elg Tov dyddver pi THY dudda ToU MNupvagiou Br.

A& vé oynuaTiowpey Ty dpynow Tis dvwTipw oulellens elvan govepov
811 mpérrel véx eiTropey : «Abv B kepBiowpey els TOV dydval POAeU pE THY Spdda
Tou Tupvaoiou A eite Btv 8& kepBlowpey els Tov dydva pe Thy dudda Tou lu-
waaiou By, ]

|Bou & TpiTov TapdSerypa &mod T MaBnuomikg @ EQv o kod Poelvan
TperypaTikot &pifpof, TéTe f WpdTagls of + B =0 BiaTumrddveTan E ThY av-
levkw a =0A P =0. ‘H &pvnois Tis o + P2 =0 elven o  P*# 0 kai BiaTu-
maoveton pt Ty Siddevtiv a# 0 eite P # 0. Anhadn:

~(a@a=0APB=0) elvar (a2 0V B#0)

Elvon Aorédv gavepdv 81 1) &pvnots Tfis p A q elvon ~ p V~q. Té mpdyux

kaBioToTan cagéoTepov &M TOV KaTwTEpw Trivake dAnbeias.

i 1 mplll2a [pAQI~OAQI~PV~q
A A b o b A b o b o
A by £ b A i A A
Y A A ¥ Y A A
b i bi A A ¥ A A

"ATTO Tds BUo TeAeuTaias oThAas ToU Tivokos gaivetan i ) &pvnols TS
p A q xai f) Bidlevlis ~ p V ~ q Exoww Tés aUTds Tings dhnbelas. *Emrions oo-
ptoTepov paiveTon &md Tds oThAas Snv kel Tnv 8T, dtaw | p A q elvai &An-
85, N (~ p V ~ q) elven yeudns kai dTav | p Aq elvon yeubtis, f§ ~pV~q
efvon &AnBrs. ‘Emropbvess ) pla elvon &pynaois Tiis &GAAng.

Zupmépaopa : ~ (p A Q) elvar i ~pV ~q
11. H APNHZIIE MIAZ AIAZEYEESIE,

"As AaPwpev Tas TpoTdoEls :

p:6 A elvan larpds,

q: %6 B elvan Bi8&okahos.

‘H Bi&levtis alrdov elven :

PV q:d A elvon latpds eite & B elvan BiBdokaos

Elvar elikohov v& worjcwpey 811 f dpymais Tis p V q elvea @ & A By
elven laTpds kai & B &év elven S15&okaos.

‘Qote ~ (pV q) elvan: ~p A~q

1BovU Ev mapdderyua &mod Td MabnpaTikd :

"Edv a kai P elven mperyparikol &pibpol, TéTe i mpdTaos a-p =0 8ia-
rumcveton pt ThY Sidlevtv 1 a =0y p=0. ‘H &pwmois Tiis a-p=0 elva
o P# 0 xod Bierumaoveton pé Thy oUfevtw a# 0 kol P# 0. AnAodi :

~(a=0y P=0) elvas (a0 A P#0)

“loyuer Aormdy 8T ~ (pV q) elven ~ p A~ q.

To orirrd suplokopey, mépav Tdons dpgiPorias, tav oyxnuariowuey Eva
wivexka dAnBeias B1d Tas p vV q kal ~p A ~ q.
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p | a | ~p | ~q |pVag|~pVO|l~pA~a
A A ¥ ¥ A ¥ ¥
A ¥ ¥ A A ¥ Yy
¥ A A ¥ A b d ¥
¥ Y A A ¥ A A

"Amtd Tés 8Uo Teheutalas oThAas ToU Tivakos gadveTar OT1 1) Gpunais TS
pVq kel oUlevlis ~ pA ~ q Exow T&s aUTds Tipds dAnelos. ZapéoTepov PAé-
Tropey &md Tas oTAas Sy kal Tnv ém, Stav ) pv q elven dAnfns ) ~ pA~ g
elvan weubnys kal &tav ) pV q elvan yeuds § ~ p A~ q elvan dAndrs. "Emopé-
vaxs 1) pla elven &punois Tiis &AAns.

Supmrépaopa : ~ (p V Q) elvan 1 ~p A ~ q.

AILKHIEIZ

21) N& Biarumddoere Tds dpvioels TGy xdtwbh mpotdoewy :
a) ‘H *Aryeppa elvan bubiagépovoa.
B) "Ohot ol pafnrad Tis TdEews &yamolv Thy "AlyePpav.
y) Tav Tplywvov Exer Téooapas TAeupds.
B) 542=17 €) & 7 elvar wpdTos dpibuds.
or) 34+1=5 {) 6 4 Btv elven Téherov TeTpdywvov.
n) Mepikol &piBuol &év elvan dpvnTikol.

22) N& Umoloyioere 70 P = {x| ~p(x) } 81& 7ds kdrwb d&voikrds wpoThoEls
p (x), &mov oUvorov dvagopds Tiis neTaPAnTiis x efven 16 R.

o) x=2 B) x=-=2
Y)x+7=15 5) xt=9
e x'+1=0 o) x* > 16

23) N& oxnuatloete Tds &pviioels TdY xkéTwb :

a) Ifiuepov elvan Tetdprtn kal & xaupds elvan Ppoxepds.
B) x=2 ned wy=5
Y)2:3=6kal 34+2=5
8) T tplywvov ABI elvan loookedds kal 18 ABE elvan lodmAeupov Tplycovov.
€) Bd& pelve els T& omim | 8& Umdyw els ToV xvnuaToypdgov (¥).

a1) 2+3=6 ere3+4=5
0)5:-7=35 ¢lte 4-5=20

12. TI EINAI ATIOAEIZIE.

Els v keBnuepwiiy {wiv, dtav Béhwuey va melowuey &v TrpdowTov 4TI
kémy, Bid To dmoiov oulnTolper, elvan dAnbés, ourfBws Abyopey @ «Abtd elven
dAnbés, B1dmi Exelvo elvanr dAnBés». Ak v elvan TreloTikf pla TolcdTn wpdTAOCTS,
Tptmer ol oulnTolvTes va& cupgwvoly &Ti To Ekeivo elvan dAnbis kad &Ti adto
elven dvarykala ouvémeia Exeivov. Me &Adag Aéteis Trpémrer va Urdpyn ovpguvia
G5 Tpds Tds TAnpogoplas, ut Tas omolas &pyilouey, kal dos Tpods TO s EEG-
Youev cupTtrépacpa &md airds Ta&s TAnpogoplas. ‘H doyikn doyoreitar pé v
perétny tdv kavivov npdg oxnpatiopdv dpddvy npotdocmv.'H Aeyopévn anddeific
owloTaTal els TOV oynuaTioudy TpoTdoewy ToU Tutrou: "Edv alrd elvan dinbés,
TéTe xal Ekeivo Tpémrer va elvan dAnBés. Tly. «tdv Ppéin, TéTe & kijmos pov Ba

™) MériﬂTvawx dxnBelxc Bx Belimpey mponyovpbves &vt ) Spvnowg The p Y q sl
(~PV @ APV ~q)
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oTigffiy. ‘O kabels B cuppwunon HE QUTHY THY mpoTac, 51611 SAol ¢k Trel-
pas yvwpilopey 8T1 i Thy Ppoxiv & kiiTos Ba moTiobi.
*|Boy BUo dAAa mapabeiyuaTta tk Tis TANyEBpas
q

1) *Av 3x =5, ToTE X =

2) "Av a =4 kai B=2, Tote o + 2B =20

"Ohot ai paBnpoTikal &mobeifels ¥pnoiwoToIoUy TPOTACES TOU avm-répco
TUTTOV.

SUVTOUGTEPOY BIGTUTTCOVOUEY TAS TPOTACES TaUTOs AEYOVTES «p QUU-
emdysTar g, fi OUMPOAIKDS 1 p = .

My 3Ix=5=x= ;

(a=4 xai p=2) = o +2p =20

Mia oUvBeTos TrpédTacls THs Hopefis @ p » q AfyeTal, § yvwoTov, ouve-
rayoyi. H épyooia pé dAnbeis TpoTaoEls Tou TUTOU @ p - q AéyeTon mapa-
yoyikog ovhhoylopoe. 7, STTAS, aviloyiepoe. ‘H mpdTacis p Abyetanr Dmo-
feaig kol 1) TPOTATIS (] AéyeTal oupnipaspa. Aéyouev Bt &t p =
P

- ‘Otov f) mpéTacis p elvan dAnbns, | TpoTaols q fpmopel va elvar GAnng
ﬁ Lpsusﬁg. ’Erions oTav f] TTpéTCTUI.S P elven WEUET‘]S, ﬁ TTpéTQQ'lg q ﬁuﬂopg'\' vax
clvon dAnGns 7 Weudns.

TMpémel Aottrov var yveplilewuey Tas TGS dAnbelas mas guvetray wyfis, OTav
elvat yvwoTtai al Twal dAnbeiag Tdy &TAGY TpoTdoEwy, &k TGw dtroiwy alTn
owioTaTal.

KeiTol 1) pos Tov okomov autov drorouBouuévn uéboSos elvon cuvETrEld
wds mapaboyis, tv ToUTolS alTtn oTtnpileTon gl T&Y tvopaTikédv Photwy Tou
dplol ouAhoyiouol. O tfeTagwisy kaTwTipw Shas Tas BuvaTds TEPITITWOELS.

q elvan &v Bed-

13. MMINAZ TIMON AAHOEIAL THE LYNEIMATMQIHEI.

1) *Edv pia dAnfng Umdleois p 08y els &v dAnBs oupmépaoua q, -
oTevopey BT Ekduouey 6pBoy auAAoyiouoy kal BewpoUuev THY CUVETTCry @YV
&AnO.

2) 'Eqw upia &Andns Umobeois p oBnyf eis Ev weudls ouumépooua, TOTE
elvon PéPoiov &Ti Exouey kel Adfos els Tov ouAhoyiouor kal  BecopoUpev THY
guveTaywyfy Yeubh.

3) 'Edv ) Umdfeais p elvon weubns, ToTE OpBds guldoyiauds f]u‘n’opsl v
uds 68nynan els GAnBis ouuTépaopa kai ouupvoUpEr v Svopdlwuey EANE]
QY THY QUUETTOY WY NY-

4) ’Edv 1y UmoBears elvan eudns, Tote 6pBds ouAAoyiopds fpTropel 133
lgou v& pds 68nynon els weubts ouutépaoua kal TéTE ouppwvoUuey vd dvo-
uddeopey THYV guveTraywyny auTny GAn6f.

Ta dvawTépwd ouykevTpovouey £ls Tov kaTwTipw Trivake dAnBelas :

20

WYnoionoiOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



Ilival ainleiac tijc ovvenayoyfig: p - q

p q pP=-q
A A A
A ¥ ¥
Y Y e
¥ SRS (A

"Omews gadvetan elg Tov Tivaka, W suveraymyi p = q elvar yevdig tote
Kai povov, Gtav N npodtn mpotasig elvar akndig kai W devtépa yevdng. Elg 6-
rog tdg @hhag mepintOoElg eivar akning.

Mopadeiypara tpapuoyfis Tou mivakos :

1) 2eN = L €Q, d&ngrs

2
2) 3)0 - 4 eN, eudhs

3) V2eN - ‘3*_ eQ, &AnBis
1

4) - eN= V2eQ, &nbis

"Eotw 1) dAndns ouvemaywyn p - q, émou f) p elven dAnBris. 'H ouve-
Taywyf altn SiaPdleton kai pé &Ahous Tpdtous. '18ol pepikol EE aliTdv

1) &av p, Té1E q /

2) p elvan ikown) guvdnkn Sia q F

3) q elvon dvaykaia ouvlnikn B p

4) Tva q dpkei p

14, TYNEMATQIH AYO ANOIKTON TTPOTATZEQN.

"EgTte &Ti Exouev THY oweTray®ynv p (x) = q (X).
SUvohov duagopds TO U, ouvorov dAnBeias Tiis p (x) TO P, cuvodov &in-
Beiag Tfis q(x), TO Q. GéAopev va Tpoodiopicwpey T& cuvolov dAndelas Tiis ou-
vererycoyfis p(x) = q (x).
Mapartnpolvtes Tov Trivaka dAnbeias Thg ouvererywyfis, PAémopey 5T
TUTTOPOULEY VA KATAOTHOWWEY TNV CUVETTaywyfHv p (X) = q (x) &Andf,
{ THy p (x) GAnBT kad Thv g (x) &An6d,
Gv kataoThowpev: L Thry p (x) weubfi kai Ty q (x) &AnBT,
Thy p (x) peudfi kai Thv q (x) yeudH.
"Ek ToUTwv EmeTan &1 :
[x]p() =g} =PuQ(®
[Mapadeiypata :

1) Na ebpebiy 16 olvorov dAnbeios Tfis auvemaywyds, x2=1-=-x=1.
(obvohov dvagopds to R).
EUpiokouey wpéyrov 6m P= {1, -1}, dpa Pc = {x|x# 1 eite =1}
(*) "A=odesvierar A S xl =esimTdaeg vaddmTovTa 27h <Ay Thmov TolTov,
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Euplokopey émeita 6m Q = {1 . ‘Emopdveos PeUQ = {x|x#—1}
2) N& eupedfj 1O oUvorov &AnBelas Tiis ouverarywyfis ¢ x =1=x*= 1
“Eyonev P = { 1}, &pa Pc = {x|x# 1} Q={1,-1} ‘Ewoutvcs P UQ=r1o

oUvohov dvagopds R.

AZLKHEIEIZ

24) Na& elpete Tolal &md Tés kéTwh ouvemaywyds elvon dAnfels kol Tolat euBels.
@) 3=4=>34+1=4
p)2)0=>6=2'3
y)5=2+3=>2)8
8) 2=5+6=8)10
£) 3=232)5
25) N& oynuatigete Tov Trivaka dAnfelas TéwW @
O p=>~4q B) ~p=>q Y) ~p=>~q
26) N& oynuarioete TOV ivaka &Anbelas Tév
p=> q xal ~pVva
Ti TapaTnpelTe ;
27) A& va elvan x = — 2 elven dvaykaia ouwdhkn f x* = 4. AlaTuTOoaTE TOUTO OUK-
PoRkdds pé plov guvETTay @Y NV.
28) Né& oyxnuaTioete TOV mivaka &indelas Tis :
p==(pva)
29) N& oynuatioere Blo guvemaywyds &mrd xdfe [edyos dk T kbTwh TpoTATEWY
kal v e0peTe TAS Tipds dAnBelag Teov.
@) 344=7, 5+3=8 B)5+1=6 3+2=6
y) 6-3=2, #=25 B 0=1, 2-5=10
30) Els tés xarwh oweTaywyds dvoikTéy TpoTdoewy vd elpeTe T& oUvoda GAn-
Belas Twv.
(Té alvohov dvagopds U elver T8} R).
a) 'Edw y! =4, ToTe Xx=2 ¢lre - 2
p) 'E&v x = 4, ToTe x* =16
y) ‘Edw x* = 25, TéTE X =—5
5) ’Eav x =3, TéTE X # 5
€) 'Eqv x* >0, Tote xr=<Ci0
o1) 'Edw x*—5x +6=0, Tére x = 3 elre 2
31; «a =3, p=20. Elvan ) wpbraos abrn Ikavh f dvaykala ouvdiikn Bid v Ewhey
a+P=25,
32) *Eotw dv olvohov 3 wpoTdoewy : p, q, T, 514 Tés doles oynuarilopey dva wivaka
Ty dAnbeias. Tooas ypauuds 8& mepityn & ivat ; Tléoas dav ol Bibbpeven wpoTdaess elvar v ;
33) “Eotw p f) mpoTaOls «Pptyen xal q # wpdTaos exduver kpUor. N& &mobboeTe
AEKTIKGS TdS TTPOTACEIS !
pAg, pA~a ~pA~a pv~a ~(@AQ, p=>q
p=>~4q ~p=>q q=p ~p=>~q

15. H ANTIETPO®OL KAl H ANTIOETOL MIAE LYNENATQIHE.

A) "Eotw f QUVETTOY YT
« & Bvas &pidusds Afyn els 0 A 5, ToTe elvan Bionpetds B 5», THY dmroiav
onueicovopey P = 4.
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Oewpolper Tdpa THY TUVETTEYWYTY
«&v Evas &p1Buds elven Sicpetos Bk 5, TéTe Ayer el 0 ) S». Ty ovveTrayc-
yhv aUThy 8& THy onuaikower Pt q = p, 516 Udleois els THY SeuTépav alThy
owveTraywyny elven T ouptrépaopa Tfs TPWTNS Kai TS cupmépaoua Tiis Beu-
Tépag ovveTTaywydis elvar UmdBedis Ths TTpdTNS.

Al oweTraywyai p= q kal g = p Ayovtar dvrictpopor N pia Tiis &AATS.

MapaTtnpoupey 611 ai p= q kai q= p ToU dvwTipw TapadsiypaTos elval
kal al 8Uo dAnbels. Atv oupPaivel dpws clTd Tdvtote. ‘H dvtioTpogos mas
dAnBols cuveaywyfs tubéxeTan v& elven weudtis. Ty, p= q : & 8Uo ywvicn
elvon SpBad, TéTe elvan ioan (&Andrg), &vd g = p : #v &Uo ywvim elvon ioal,
TéTe elven dpBai (yeubris &v yéver).

B) "Eotew ) &Andis ovvemaywyr)
p= q: & &vas &pibpos Afyn els 0 7 5, TéTe elvan BraupeTods 814 5. ‘H owverraryw-
YN~ p=~ q Aéyetar a@vriberog Tfis p= q.

Els 10 mopdSerypd pas AexTikdds 8 eimoopey :
~ p=n~ q: 'Eqv &vas &p1Buds &v Afjyn els 0 Ay 5, T6Te Bév elven Srcapetods Sic 5,
A omola elven dAnbrs mpdTaots. Atv oupPaivel Spws TévToTe 1) dvTiBeTos WS
&Anbols ouveTraywyfis v& elval émions &anbrs. 180U Ev TopdBeryua :
p=q : &w 8Yo ywvicn elven dpbal, TéTe elven o (dAndns).

~p=n~q: dw 8Uo ywvion Btv elven dpbal, TéTe Bév elven foan (yeudns).

16. H IZOAYNAMIA AYO MPOTAZEQN.

A) Ato mpoTtdaeis p xal @ Aéyouev &mi elven {godbvapor petatl Tow, ddw
N oUlevtis (p=q) A(q=p) elven &Anbrs. ZupPorilopey & yeyovds oUrd ué
p <>q kol SiaPdloper : p loobuvauel (Aoyikdds) pt q. OUrte, )., of TpoTdoes
P & fvas &piBuds Afyet els 0 | 5 kal q: Evas &piBuds elvan Sicnpetds Sid 5, elven
loo8Uvopol, Bi6m loyle p= q xai q= p. Mpdgopev Aorwdy p <= q.

A& v oxnuaTicwuey Tov Tivaka dAnBeias Tiis Ioobuvapias, dpkel va oyn-
Hatiowpey TOV Tivaxa dAnbelas TS ouleVlews (p= q) A(q= p). “Exouev :

p | 9 |p=4|4zp (p=4q)A@=p)
A A A A A
A ¥ ¥ A ¥
Y A A AP s
Y b A A A

Anhadny Exopev tov karobh rivaka npdv aindeiag tiic tooduvapiog :

P 9 |p<gq
A Bew ial ol
A ¥ ¥
¥ Aol g
¥ i A
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“Hrot 1] iGoduyapiu 00 TPOTAGLLY  Lival arnbig povov drav kai ai o
npotaciig sival ainbeic i weudeic  tavtoypoves.

Mé &AAas Aéfelg BUO TTPOTATES P KAi ( Agyopev & elven looBUvayol, STaw
fyour Tag aUTas TIHGS &Andeios ouyxpovws.

Mapabeiypora ¢papuoyfis TOU TTivekos :
1) &5 elval dwéponog <= 6 3 elvan GpunTikds (GANBNS)

2) é-g elvan dképaios < = & \/3 elvon QuOIKSS (&Anbris)
3) 6 2 elvat (puo'u(bg > 5 li elvan Axtpaiog (\.PEUST']S)

4) o '"%*E{UC(I &pprTos <~ 6/ 3 Elvan dpprtos (weudns).

5) § evBeia €/ [e' <= 1) eUBeia £ | ]e (&AnBns)

6) To Tplywvov ABT elvon [oomAeupoy <= T Tpiywvov ABI elvan looycviov.
B) ‘H lgoduvapia p<:q SloTUTTGOYETAN AekTikéds Kol pé &AAous TpOTTOUS.
Mpoottere Tas &Uo TTPOTACELS «p £V q» kai «p povov taw qr. H «p tav

q» onpaivel q = p kal f «p povov Ew q» anuaiver p - q. ‘Emopbves tav kot o

Suo avTai TpoTdaes elvar dAnbels, f oUleutis Tewv B elvon &Andns. "QoTE
«p #&v kal povov tav g» onuaivel p - q kel g = p, Snhadn p<=>q.
"Qate Gyl vi hEYOREY «p iooduvapel pE gy, fpropobpey vi hEyopEy «p

#av kol povov £av q».

MapaBerypa : Ocwpolpey Tag Etfis BUo TpoTaoEls ¢

p: Avo ebbelon fvos tmimredou By TéuvovTa,

q : ai evbeia auTal elvar TapdAAniol.

p = q: 'Edv blo eufelon fuoc EmimEBou By TépvwvTon, TOTE elvon TapdAAniol

(8An61s).

q »p: 'Eqv Buo elbeicn tubs miméBou eluan TrapdAAniol, ToTE BEv TépvovTal

(&An8r).

"HumopoUpey AoITTov va eiTTwouey
«Alo etBeian tuos EmimBou eluen TrapdAAnAor Edv, kai pévov Eav, Biv TEUvVTAL,

Tiv looBuvapiav BUo mpoTdorwy ThY Biaumdvopey kol SAAOV TPATIOV.

“Av AdPwuey TAAW TO dveoTépw TTEpdBE Yo HUTOPOUREY VX EITTWHEY
«ivaykeio kai ikavy auvBikn B vd elvon rapdAAniol Buo eubelon gude ETTITE-
Sou elval vet Wf TERVGVTAL.

“Evos &MAOs TpSTOS SlaTuTrdoews THs looBuvanias Tév dvwTépw BUo
mpoTdowy p Kal g elvon : Ak v elvon TapdhAnor Buo elBetal tvdg emimréSou,
npérer kol GpKEl VY UR TELVGUTOD. -

"As AéPoopev Ev GAAo Tapaderyua

“YrevBupilopey T BUo BewpnpoTa.

GEQPHMA 1. ’Eav 7o terpdmAsupov ABMA  elvan TrapaAAnASY papov,
o7e ol Brarydoviol Tou AT xai BA SiyoTououvTan.
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OEQPHMA 2. 'Edv al Siayduol Al kai BA Evos kupToU TeTpatAeupou
ABIA BiryoTopouvTal, TOTE TO TETPATIAEUPOV TOUTO Efvcl TapoAATASY pappoy.

"Ag dvopdowpey p THY TpoTaciy @ «ABIA  elval TapaAANASY paupovy,
xai g Tov TpéTaow «Al kai BA Bixotopouvtarn

To Bevprua | txppdleton Sia Tfis ouveraywyfs : p - g

To Becopnua 2 éxppdleTan i TAS ¢ = p.

Kai T& SUo fBecopripara palyu éxppalovtan dia Tijs icoduvaulas p<=q.

Kdfe pic &md Tas wpoTacels p kad q elvar ikavi) suvlikn i Ty &AATV
kai trrions ke pia elvan avaykeia ouvlnkm Sia Ty SAATY.

"HumopoUpey Aotrmrov va eiTreopey :

«lva Bv TeTpdmrAeupov Elval TapahAnAdypapuoy dvaykaia kai {kavn ouv-
OMkn elvar ai Sixydwiol Tou va BixoTopouvTaly. "H dxoun :

«lva v TeTpdAgupov elvan TTapaAAnAdypaupoy mpEnel Kai apkei ai Sia-
yaviol Tou va SiyoTopouvTaly.

"Emrions, émws eibopey AVWTEPW, TIUTTOPOUMEY VA EITTLOMEY !

« Ev TeTpamrAeupoy elvan TapaAAnAdypappoy Eav, kai pbvov tav, ai do-
yoviol Tou BiyoTopoUvTany.

*ATrd TOV SpITHOV THS lgobuvapias évoouper 671 foxUouy ol EEfjg IB10TNTES

Q) p<=p
B) (pe)=(a<=p)
Y) (P‘-‘-’?>q A q<=r ) - (p::‘,. [a)

17. IZOAYNAMIA ANOIKTQN IMPOTAZEQN.

“Omreog Kai elg THv ouveTaywy v, oUTw kai eis TNy icoduvapiav fumopou-
Hev V& ErekTelveopey THY Ewvolay kal Bia dvoikTas TrpoTdoels. “Ag {nThowuey Aot-
oy TO ouvorov SAndeics THs p (X)<=q (X).

*Edw Béowpey els Ty p (x)<=>q(x), STrou X Eva oToiyEiov TOU ouvdAou ava-
popds U, 1o dmolov dvnker els Ty Topiv PN Q, Aappdvopey piav &GAndR ouvbe-
Tov TrpGTaow, Ealdn kal T& BUo pEAT Tiis loobuvapias elvan Thpa dAndeis mpo-
réoes. "Edv els Thy p (x)<=q (x), Béowuev dmou x v oToixelov, TO dtrolov dvr-
kel el Ty Pe NQc, AouPdvopsy TEAW piov cAndi aguvBetov TpoTaow, BloTI
Thpa kal T& §Uo péAn Tiis loobuvaiias elvan WeuBeis TpoTdacels. "Edw dvti Tou X
Béowpey drolovbiToTe &AAo oToixelov Tou U, mpokumrTel weudhs oUvbeTos Tpo-
Taoig, 16T TO Bva pihos Tiis looBuvapias Ba elvan dAnBfs TpoTacs kal TO &Ako
Weubns. Zupmepaivouey Aormrov OTL ¢

(x| p)<=q () }=@PnQu (P:NQ)

Iapaderypa.

ZnTeitan TO oUvorov dAneias Ths (X' =4) <> (x = 2). “Exouev omi
p(x):x?=4 kai q(x):x=2 ‘Emoptves P={2,-2} kal Q= {2} "Apa
8 elvon Pe= {x|x # 2efre—2 } xal Q¢ = {x|x #2}
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Tukends PAQ={2} xai Pen Qe = {x|x # 2elre — 2} Tehixéds Aoi-
TOV EXOMEV :

(X pX))=@Qx) }=PNQ U (P NQc) = {x|x #~2}

Inu. 1. To alvohov dAnBeias Tiis (x* = 4) <= (x = 2) elven dptows pavepov 61 elven
TO{X|X # =2}, 81611 70 — 2 elven # pdvn TR TOU X (&mo 16 guvolov dvagopds R), Bia
ThHY ooiav &8v AapPdvouv Tas aUTas Tiuds dAnbeias kal T& SUo pEAn Tijs looSuvapias.

Enu. 2. Al mpotéoes

PVa pAQ p=q, p<>q, ~p

Atyovtan ouvbetol npotdoeig npdene Pabpidoc, S xébe {eUyos amAdv mpoTdoewy p kal
tx Tou L.

AZKHIEIZ

34) Na Siatumrdoete Tds QUTIoTpOPoUs TGV KATwH! guveTTaywy®v kai va drogavijTe
Gv alrar elven dAnBeis | weuels.
a) "Eav xdmoios tyewniBn els Tas Tlampas, Téve Exer ‘EAAnuikiy 8ayéverav.
B) 'Bw x —y =3, 1étex )y
Y) 'Edv 8Uo épboycvia Exouv loas Pdoes kal foa Uyn, Téte Exow foa tuPadé.
&) 'Edv x* = 25, 1é1e x =5 elre x = — 5.
€) 'Edv &v onueiov keftan dmi Tijg vegokaBéTou Evds eUbuypdupou TufpaTos, TOTE
dméxer & Toou dmd Ta Gkpa ToOU TufpaTos.
or) 'Edv 2 +4=5, 7é1e 4 + 6 =28
35) Na& drmropavliiTe, dv al kaTwTépw mpoTdoels elvan fgobivapor petaky Twv :
ap:2x=10(xeR)
qlix= 5
B) p: To vpiywvov ABI elvar ioémheupoy
q : To tplywvov ABI elvan iooydwviov
Y)P:x)y (x,yeR)
q: y(x
8) p: f elfela € elvan apdAinhos Tpds THY €
q: 1 ebBela € elven TapdAAnios Tpds THY €
) D:x=4delte x=—4
q: xt=16
36) N& Biatumdoere TpoTdoels looBuvapous Tpds Tas kaTw dvaypapopbvas :
«) Al elBeion € ad ¢ ToU émmédou (M) 8v Téuvovtal,
B) To anueiov M dvriker els THY eVBeiav € kal els THY elBeiav &'
Y) Ta onuela A kai B kelvran els 76 aUto fuemimedor g wpds Thy e0Beiay €.
) To TapaAAnAdypappor ABFA Exer Tas Biaywvious Tou Al kal BA Toas.

€) To onueiov M xeiren dmi T SixoTdpou Tiis ywvias 6.
gr) 2= 1,

Dx=2kal y=—_2

37) Né ebpete 10 oivorov &AnBelas els kdBe piav &rd Tas kdTwd loobuvaplas dvoikTdv
TpoTacewy (oUvohov dvagopds Tiig uetaPAnTiis & R).

a) (x = D<= (x=-1) B) (x*= 0) <= (x =0)
V) Bx=6) < (x=2) B) (x # 1) <= (x? #1)
) (x = 5) <> (x#5) a1) (3x=6) < (3x +2 =8)
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18. H ANTIETPO®OANTIOETOXL MIAY LYNEMNATQIHE,

A) Eis T& mponyoUueva &mwd Thy ouvemoywyny p = q foxnpatioope
Th dutioTpopdy Tng q = p kal T dvtifeTov TS ~ p =~ Q. Mia &AAn ouve-
Taywyn oxeTi{opévn pe T p = q elvan ) ~ q = ~ p, f) omola AsyeTal avri-
otpopoavtiBetog TS p = (.

MNopadeiypata :

lov. p=>q :x=3=x*=9

~g=>~piXxt#EI=x #3

2ov. p=q: 'Eédv BUo evfelon tvds EmmreBou TEMvcovTal, ToTE ai evbeial
Btv elven TapdAAndol. ~q =~ p : 'E&w Blo elbelan tvdg EmimeBou efvar TrapdA-
Anhoi, ToTe Bt TéuvovTal.

3ov. p = q : "Eqv mépw Poduov 17 els Ta MadnuaTikg, ToTe B& Exw 16
els 1o uBekTikdY pou (BwvoeiTan @ & THy Umdpyouoav PaBuoAoyiav s Ta &AM
HoBfpaTa). ~ q =~ p : "Edw Bev Exw 16 els 1O dvdeikTikdy pov, TOTE Sev B Exw
wéper 17 elg T& Mafnpatikd.

4ov. p =q: 'Edw Al = BA, ToTe 1O mopaAAnAdypaupov ABMA elva
6pﬁoymvlov
~Qq =~ 'Edv T&  mapodAnAdypappoy ABIA Biv elvan dpboywviov, TOTE
Al # BA

B) ‘H wAtov étvBiagipovoa i816Tns Tiis dvTioTpogoavTiBETOU wmds ouve-
Taywyfs elven 611 elvan iooBuvapos (Exer Tas aUTds Tipds dAnbelas) wE THy So-
Betoay ouvemorywyfiv. AnAadt :

P=<=>(~q=~p)
"As karoaokeudowpey Tov mivaka GAndeias Six Tés p = q kad ~ g =~ p:

D elisa Bl o | nolaeaia S (PGl e b i D
A A Y R
A ¥ ¥ T RS e
¥ A A o A
¥ R Al LR e

*ATrd Tas oThAGs Sy kel 6ny ToU Tivaxos PAémopev &1 al ovBetor wpo-

TAOEIS :
p=qra~gq=>~p

Exow T&s aUTds Tipds dAndelas, elvon Aoirov looBuvapior TpoTaoEs. ‘H 181dTns
oty pds EmiTpérel Tpokelpbvoy var &roBeltopey plow ouveTrarywyy, va &robel-
toopey &t aUTiis THY dvTioTpogocvTifeTow Tns.

Oltw, Tr.X., s TO cUvorov T@V TrapaAAnAoypdpuwy loxuer fi TPOTATIS
«&v T TapaAAnAdypaupov ABIA Exel foas Tés Bierywvious Tou, TéTE Exet TGS
ywvias Tou &pBds». ‘H mpdTaois atrn elvan looBlvagios rpds THY TrpdTACIY :
«Edv T& TrapodAnAdypauuov ABIA Bév Exer 6pbds Tas ywvias Tou, TOTE Bev EXEL
Tds Biaywvious Tou foogy.
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|Gou Ev GAAo Trapabeiyua ¢

As v Srobeifwpey eis THY [ewpeTpiay 611 : «O yEwpETpIKOS TOTOS (TO
oUvohav) TGV ompeicy ToU Emimidoy, Ta omoia dméxouy & igou &md TA dkpa
gvos elBuypappoy Tufjuatos AB, elvan 7y pegokdaBeros ToU Tufuaros AB», &mo-
Beikvlopey «) “Eav Tuyov ompeiov M drréxer foov &mo T A xai B, TOTE durikel
el THv pecokabeTov. Kai B) Ecw 10 M dvfikn els Ty peooxdBeTov Tou AB ToTE
&méyer € fgou &mo Ta A kol B.

Auvépedo buws va tpyaciduey o Efs @ Na amrodeitwpey THY ) kal Ka-
o dvti THs B) va dmobeituwouey Ty &vTioTpogoavTifeTov THs P), 6T 5nA.
tw To M Bew diréyn foov &mo Ta A kal B, TéTe Btv dwnker els ThY pegokdBeTov.

M) Mic &GAAn 1816TM8 THs p - q elval 671 elvan igodUvapos TPos THY ~pV -

Amh. (p = @)<=(~pV4q)
TMpérypar:, &V KOHWHEY Tov mivaka &Andeias,

p ol Wl R sl 8 o LA
A A A A
A M i ¥ ¥
H A ‘ A A A
i i A A A

PAéTTOpEY GO TOS oThAas 4nv kal Sty &mi p - q kal ~ p N/ q Exouv Tas aUTAS
Tipds &AnBeias, BrA. elvar fooBlvapol mpotaoels kal fuTopoluey, STAV XPEIa-
067, v& GUTIKATOOTNOWMEY THY piaw Bia TRs GAATS.

ALKHZIEIL

38) Na SiaTuTGoeTe Tas AvrioTpogoavTifiéTous TGV KkaTwbL SUVETTAY WY @V.
a) "Eév Tnpfis Tas Biataters Tou kwbikos &Bikis kuxhogopias, TOTE Bev B Aapns
KATjgw &Tmo ToV TPOYOVOUOV
B) 'Eav els Tov “Apnv Biv Utrdpyn dtudopaipa pé Stuydvov, ToTE BV UTdpyEl
Teot) éei.
y) ‘Ecw 16 onueiov M dvriky els Thy evBeiav e, TOTE BEv dvrkel el Ty €
5) 'Edw fumoptans va Biatpting Tpla xihidpeTpa elg 1 Aetrtéy, TOTE 8 payw TO Ka-
TréAROY OV,
€) 'Eqv 2x = 10, té1e x = 5.
o) 'Edv Ev onueiov M kelten Ewri Tiis Bixotouou wds ywvias 8, ToTe TO M &méye
i loou d&md Tas TAEUpas TRS ywvias
39) Na &mobelteTe pe THV KaTaokeufy Evos Trivakos dAnBeiag &TL ) dpvnais Jis p=4q
glvar pA ~ Q.
40) KotaokevalovTes mivaka Tipév dAnbeias va dmobelfere o1 f guveTraywyn elval
seraBaTict. AnA[(p = QA @ = D)= (p = 1),
41) *Av p : g elvan k&etos Emi TV g
q : & elvon kdBetos Ewl Thy ¢
r : g elvon TTapdAAnAog Tpos THY &,
i ypayete UTe auuPoAIKiY Hophy Tas ttiis wpoTaoes :
o) av g elval kdBeTos TPOS € xai €, kabeTog TRoS TV €, ToTE 1) g elval TapdAAn-
Aos Trpos TV €.
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B) av g, elvan xaBeTos Tpos TNV &, kai €, Sev elvan kaberos Tpos TV &, TOTE 1) §
btv elvan TapdAAnAos Tpos THY Es.
42) N& Beitete 6m al wpoTagers p = (q v r) xai (p - q) v (p=-r) elvan loobuvauol,
éyouv &nhabn Tas alTag Tipas &AnBeias
43) N& &mobeitete pb kaTaokeuny Tivakos &hnbeias 611 T Gpvnois TS p<+q elvan
~ p<>q f| p<=>~ Q-
“Etreita V& QUUTTAT|PQOETE TOV kaTwbh mivaka :

e T il
pAVICIVIATS pAQq ~py~q
Aadevtis Prpivg — Y
Tuveaywyn | p=q | P A~q
'lgobuvapia | p<q | Bl

19. GEQPHMATA KAl AIMOAEIZEIL.

A) Eis Thv § 12 eimopev 6T Aoykn glvon 1 peAéTn TGOV kavovwy TTPOS Ka-
Taokeufy 6pB&Y GUAAOYITHEY.

‘0 péyes "EAAy giAdoogos 'AploToTeAns UTripter & TpédTos WEyos Oi-
Sdokahos kai Bepehicoths Tis Aoyixfis. ‘H Aoy Thv dmoiav ouveypaye Bév
Exer oxebov mpoayBi Wéxpr OTHEPOV kal gls THY TpaypaTikéTTa SAa oxEBOV,
Soa peNeTEIHEY oTjuepoy, dvrKouv Els 6,11 dvouddopev «Aoyikny ToU 'ApioTo-
Téhousy, T 6mola Exer HAkicy Qvw Tév 2000 1w, ‘H padnuaTikeTroingls T
Aoyikfis elvan, Pepaics, Epyov eV peETayEvEaTEpLY Ka 1Biws ToU Georges Boole
(1815-1864) xai &MAwv BecopnTikdv TS Aoyixis.

Eis & Mabnparikg, 18iws els Ty Mewpetpiav, 1) épyaoia pas owioTaTal
elg THy &mddek BecopnudToov, gnhadn TpoTdoewy. Aid va &modeitwyey Ev
Bechpripa pETrer vix Beitwpey ST TouTo tTrakoAoubel Aoyikdds &rd Tds Umobtoeis
bas. A v& TO K&uuEy GUTS XpNatHoTToloUkEY Tas &pyas Tiig Aoy ks, BnAadn
Aoy ikoUs Kavovas.

*Edw, Y., yvwpilouer OT! # mpoTagis p - q elvan &Andng kal &TI i p
elvan &AnBs, TéTE Buvdueda VG CUMTTEPSVIHEY 61 q elvan dAnbrs. Anhabn e
oUuPoAa :

[(p=a APl ~4

TlpérypaT, &v OYNHUATIoWHEY Trivaka dAnBeias,

P q |p=ale=aApi®P=aApPl=q
A A A A A
A Y b o i A
b A A ¥ A
L4 Y A b 4 A

BAétropey 6TL 1) oUVBETOS TTPOTACIS [(p ~q) Ap] -q elva navtote dinbig,
dvebapThTeds TV TGV dAnbeias, Tas émoiag AapPavouv ol ouvioTHoal aUTnVY
TpoTéoels. Mia TolauTn TPOTATTS AbyeTan tavrohoyia xai pé TAS TauToAoyias,
8 doyoAnBdmey koTeTépw ElBIKWTEPOV.
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‘H olvBetos mpéTtaots [(p =~ Q) Ap] =g, elven wavToTE, CO§ elTTOMEY,
fvas opBos guMAoyiopuds. 'EvioTe ypapouey auTov g ttRs -

p = q (&Anbrs)
p (&Anbhs)
dpa q (ounTrépagpa ToU culhoyiouol)

& Bhowyey Topa Tapdderyua Epoapuoyfis Tol Aoyikou Kavovos :
[(p=@ Apl=a ‘

Mapaderypa :

"EAGBopev plav wpookAnow Bid Tas yupvooTikds émibeiters Tou [uwva-
olou A, f dmola Eypogey «&v Ppéxn kaTa T fpépav TAV Emibeitecoy, 7 EopTi
8 yivn el TO KAeloTOV yuwvacTApowr (p = ). Enuepov elven fi Huépa T top-
Tfis kai Ppéxer (p elvan &Anbrs). "E@’ Soov Aoimov af wpotdoels p = q kal p
elvan kad ol 8Uo dAndels, yvwpilwuey 611 q elven dAnbrg, dnA. 1 topTh B vivy
els 16 KhetoTOV yuwvaoTripiov. "Hutopoupey Thpa va elrwper 6T &meSeitopey
T Becdpnua: «'H EopThH TV yuuwvaoTik@y émbeifewv 6a yivn el TO KAeioTOV
MupvaaTnpiov.

B) Mia &\An Texvik) XpnoisoToloupéun els Tas dmodeiters elvan ) EEfs

"Edv yvopilwpey 8TL p = q elven dAnbns xai tdv yvwpilwuey 811 q elvan
eubns, TéTe fiuTopoUney v& oulTrepdvwpey 81 p elvan yeudrs. ZukPoAikds :
[(p=q) A~g]=~p

MpdyuoTt, &v KkaTaokevdowpey Trivaka &Andeios,

} ( UmrdBeots Tou ouAAoyiopou)

g g | 2P| ~g I'p =g lips gAva e A~al=p
A A ¥ - e A [ A
A o Al v v A
i A A i ’ A ¥ A
L ¥ | A A A A A

PAtropey 11 Ay oUvBeTos TrpdTagis [(p = q) A~ q) >~ p elvan wvToTe GAN-
Brs, dvebapTiToos TGV TGV dAnBelas, Tas dmolas AauPdvowr ai guvioTdoal
auThy Tpotéoes. Elvan BnAadf Tautohoyia kal fiuropoUuey va T Xpnoido-
TroloUpEY 5 AOYIKOV Kavovar.

'15ou v mapdBeryua EQapuoyfis ToU kavévos ToUTou !

Iapaderypa :

‘0 padnTiys Mecpyiou Aéyer 6Tt 6 — 5 elvau pila Tijs thigwoews x* —5X + 6 =
— 0. Edw — 5 elvan pifa Tiis Eiotdaews x* — 5 + 6 = 0, 1é1e (— 5) — 5 (— 5) +
+6=0 (p=9q) A& (5)—5-(-5)+6=25+25+6 #0 Lgyew-
Bris). "E@’ Soov Tdpa yvwpilopev 811 p = q elvan dAnbns kad &T1 q weudrs, el-
pebor PéPanor &1L p elvon Weudns kai & Mewpylou Exape Adfos. ‘O — 5 Bév elven
pila Tfis thiowoews X2 —5x + 6 =0.

Eig T TapdBeiypa aUTd Aumopoupey va eimepey 811 dmebeitauey TO Be-
Gpnua ¢ «& =5 Btv elven pila Ths tliocooews x* — 5% + 6 = O»

‘H g v &mobeitis fuTropel va ypogd ds Efs :
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ETenedt pyl Miemagiion ¥ ol altlodh s
1) —5 elvan pilo This X2 —5x +6 =0
> ((=5)2—=5-(=5+6=0)

Aixalohoyial

1-)”?)_[316;165 pilns ulasqéhodmswgi

2) (—5)2=5+(=5)+6#0 2) *ApibunTixi.
3) -5 Btv elvan pila TS 3) Mpotdoes 1 kai 2 kal kawd-
x2—5x+6=0 ves This AOYIKTs.
AXLKHEIEIZ

Elg xdBe plav dmod Tas kaTwWTEpw dokNoE 44-.52 (*) bibovran wpiopeval TPOTATEN
Tas omolag évopdlopey dAnBeis kal Srarumrcoveran Bv Bedopnua. Els pepikas TepITTOOES T0
Secoprua BuvaTal v elvan eudds kal els &AAas va pn SiSwvtan &pketal TAnpogopian Bia v
&mopavbdpey &v To Bedpnua elvan GAndis fi weubts. ZnTelton v SraTutrdoeTe Tag dmobeifeis.
(al B18opeven &hnBeis TpoTdoels AbyovTal : Utrobéoeis).

44) "Ynobears. ‘O Beiog KboTas 8& u&s ouvoBeUan els To Béarpov, tav ) unTEpa TO e
Tpiyn. ‘H pntépa TO EmiTpeye.

Ocopnpa. ‘O Belos Khotas 8a ués ouvoBelon els To Béatpov.

45) "YnoOeorg. "Edv Bév Umapyn Otuydvov els Thy ZeAfny, ToTe Bev Urmapyer fwi kel
Aoxipal Exouv Beifer TeewwoTikds ST B Umépyer dtuydvov tml Tiis ZeAfvns.

Ochpnua. Aty Umépyer fwn twl T Zeduns.

46) ‘Ynofemg x + ¢ =20, x -y = 4

Oehpnpa. x#1
47) ‘Yrobemg 2x — 3y =7, x + 29y = 3
BGempnpa. 3x -y =10

48) "Ymobeorg. To ywopevov BUo BeTindov &piBudv elven Betixds. ‘O dpifuds a elva
BeTikds. T ywopevov o P Biv elvan Bemikos.

Ochpnpe. 'O &piduds P elvar &pynTIKSS.

49) "Yrobeow. 'Eqv a€Z, TOTe l-a=a 'Edw a, P, yeZ, 1o1e Praty-a=
P+y) e lt+l=2

Ochpnpa. Ard x&be a € Z, loyxve a+a= 2a

50) ‘YnoBeog. 6 + (—6) =08=2+ 6. Ma xdBe Tpidda &pibpdv o, P, Y, &k ToU
Z loyua dn (a+pP)+y=a+ @+ *Emrions 61& k& x€ Z loyuer 6m X +0=x

@chdpnpa. 8 + (—6) = 2.

51) N& xaraoxeuboete éva Tivaxa dAndeias Bi& Thv ouvletov Tpdracw (p A Q) v I

52) Tlola elven ) &pvnois Tiis ~ p, &nAabh ut Tolav TpéTagw looBuvapel fi ~ (~ P) i

53) "Edv «, P elvan mpayparikol &pibuol, vk Beltete & a=p=>a+y=PpP+Y.

54) N& &mobeltete 10 Becopnpa @

‘Edw x = 5, To1e 3x + 6 =21

55) N& dmobeifete 10 dvtloTpogov 10U dvwTépw BewpruaTtos Tiis doxfoews 54.

56) 'Eav a, PR, a # 0 xal a(3p —8) = a, Tl Numopeite va OUPTTEPAVETE |

57) 'Edv o, PER, B # 4 xal Ba + 12) (2p — 8) = 0, Ti fumopeiTe V& CUUTIEPGVETE

20. TAYTOAOTIA.

Mia ouvBetos TpédTaois, fi dmola popeoveTan &md &AAas TPOTATENS P,
q, I KTA. TETEPATUEVOU TAffous, ouvBeopévas pE T& oupPora A, V, V., =

(*) "Ex t@v doxfoewv Tobtwy 0d dobolv elc Tobe pabyrdg, Somt xatd Thy xplow 100 8-
Sdaxovrog dmattolvrar Sid thy dumtdwaw Tig wwolxg wambdekign.
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<+, ~, Ba dvopaleTon hoyikog tomog Al p, g, T, K.T.A., al dnoial duvavtal v&
AdPouv TGS A ¥, Aéyovtan perafrntai Tou Aoyikou TUTIOU.

Ol TUTol, Tous &Troious ouvnvThoauey gls T& Tponyoupeva : pA g, PV 4,
p=4aq ~p p<q, dvopdlovtan @mhoi TOmoOL  ZUp@Uuws oS TOUS dveoTE-
pw opiapous T Ekgpoais ~ p A~ q elven Bvag Aoyikos TuTros, dmes émiong xai
o txppdoeis [(p = q) A p) = qkai [(p=q) A~ q] =~ p, T&s bmoias ou-
yVTHoGuEY gl TQ TTPOTYOUHEVA.

*Amte oo leBéoapey el TA TponyoUpeva EwwoolUuey &TL Bid va elpopev
Tés Tipds dAneias Evos AoyikoU TUTrou, B& oy nuaTicwyer tva Trivaka, ToU &Troiov
al mpdTon oTiiAcl B& Exouv EmikegoAibag Tag &TAGS TTPOTATE P, q, T, TN
&mrd 1o brrolas dmoTeAeiTan ¢ TUTos. 'Edw al dmhai mpoTdosis elval BUo, TOTE
al ypoppal Tou Trivokos B& elvan 22 = 4. "Av oi &mAal mpoTdoels elval Tpels,
T6Te of ypoppod ToU Trivaxos 6& elvan 23 = 8. "Av ai mpoTdoEls glvar Téooapss,
ai ypappai 8a elva 21 = 16 x.o.k. "Emerta 84 oynpaTiowyey v ouvexela oTr-
Aas pt Emikepadibas Tous &mrhoUs TUTrous, els Tous dmolous dvaUeTan & Bobeis
Aoyikds TUTos. Els Thy TeAeutaiov oTAAny émikeparis 84 elvon & Bobels oUvle-
tos Tutros. ‘Edv els THy TeAeuToday oTAAY ol Tipad elven els SAas TES YPOMUGS
g A, TéTe & Bobels TUTos elvan dAnbrs, B1' SAas Tas Tipgs TGV guvBeTIKGY TOU
TpoTdaoEwy Kal AfyETal tautokoyia. "QoTe : ravrokoyia héyerar nig Aoyikog
toroc, 6 onolog ahnOever 1a kabe Ty (@hn07 ij wevddl) t@v ankdv mpotd-
GEGMV TOU.

Alo otoubaics TauToAoyias ownutioapey el T& TpONYyOUMEVa kai ei-
Sopev 671 els T& MaBnuaTikd yivetan peydhn xpfiols autév. Elvan ol TauTohoyia:

Di(p=dDApP]=q

2) [(p=q A~ql=~p

Aibopev pepika droun Tapadelyuata TauTohoyidv
1) ‘H owemaywyn p = p elval Tautoroyia.

S0 Pl D S
A A
2 A

SRt NP, e o) [l e
A B A A
Y A | ¥ A

3) ‘H ouvbetos mpotacls (p = q)<=-( ~ py q) elvar TauToAoyia :

o Ve el e L i e o el D (ki A
A A S A
A o ¢ ¥ ¥ A
Y A A A [ A A
¥ = A A | A A
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4) ‘H ouvBeros mpdtacs (p<=q)<=>[(~pva) AP v~ Q)] elval Tautoloyia :

P lal~p|~a|~pva|pv~a |p<=g (~ pv@)A(pv~ Q|<=a)<=>[(~ pv@)Alpy~q)]
Alaly |y A A A A A
Alvl vyl A ¥ A ¥ ¥ A
¥ Al ALY A 3 yp ¥ A
Yol A 1A A A A A A

5) ‘H ouvBetos mpéTacks (p V @)<=>(~p AQy (pA ~q) elvar TouToAoyiax :

pla|~p|~a|~pAa | PA~a|pval|(~pAd)V (PA~Q|( V@ <=>[(~pAdv(pA~a)
Alal v | ¥ ¥ ¥ ¥ ¥ A
Al ] wiliea ¥ A A A A
YAl A | A ¥ A A A
il R A ¥ ¥ ¥ 29 A

*ATrd ToUs Trivakas T&V Tpidy TeAeuTalwov ToapaBeryudawv EmeTan 671
1) p = q elvar fooBuvapos Tpds THY  ~ p V q
2) p<=>q elvan loodiwapos mpds T (~pV QY APV ~q)

3) Py q elven {ooBuvapos mpds Ty (~p AV (P A~ Qq)

Ex ToUTwv EmeTon &T1 Sik Tédv Trpdiewy Tis dpviioews, Tiis oulevkews
kal Siafettecos Suvdpeba va Ekppdowpey TaS &AAas Trpdeis TS ouveTtaywydis
( =), Tfis looduvapias (<) kai Tiis &rrokAeloTiKs Sialeltecs () kal Emo-
Béveas SrrolooBriToTe Aoylkds TUTros Buvartan vé SiaTutrwlij Bid T&Y TPIGY aup-
Béheow @ A, V kal ~.

21. ANTIDALIL. %

Mia oivBetog npotamig héyetar dvtigaog, £av Kai povov Eav, eivar wevdig
&' droravéiimote tpfy (A i ¥) 1@v cuvictoe®y TPOTAEOY NG,
Khaooiwdy mapdbeypa dvmipdoews elvar 1) ouvbetos mpéTacs p A ~ p.

P ) I [ A
A K B
¢ A ¥
‘Ao Tdv KoTwTépw Trivake PAémouev 81 i &pnals pids Tautohoylas
dmorehel dvripaow kai 1 &pvnots wds dvTigdoews TauToAoyiav.

p | ~p |pV~plpA~p~pV~p|~(PA~p)

A b A % Y A
4 A A L b i A
AIZKHEEIZX

58) Né& &moBeitete ¥pnotpomroioUyTes Trivokas dAnbelag 611 ol k&Twl TUTOI dToTEAOUY
Taurooylas : -
o) [~ A Ql<>(~pv~q)
B) [~ (p v @l (~pA~Q)
NIi~e=ql<=pP A ~
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59) “Quoiov {NTNRA S1& TOUs TUTTOUS -
o) [~ (p<== Q<> (~ p<=>q)
B) [~ (p<=q<=(p=~ f
60) N& &robeitete bpolews 611 GmoTEAOUY Tautehoylas ol k&rwh TUTON !
o) (pAa) =4
g) [~pA(PvAl =1
Yp=®mva
61) “Opotov [HTnHa S1& Tous TUTTOUS ©
o) py (@vD<>(pvaivr
B) pA (aAD<=>(ADAT
62) ‘Opolws :
o) pAlavn<(pADVPAD
) pv @ADN==(pva APV
Nip=aA@=01= (/=0
63) N& dirobeltere &1, tw o elvar pla dAndhs mpdraos, Téte (p A @)<=p-
64) N dmobeitete gmi bav y elvan pla weubhs TpéTaos, TéTE (P v ) <=p.
65) N& d&mobeitere om (pvp)<>p kal (pAp)<>p

22. TYNOI AAHOEIZ KATA ZYTKYPIAN,

“Evag Aoyixos TuTros, & dtroiog Bév elven obre tauTohoyla olrre  dvTigaais,

&AN & dmoios BIG MEPIKSS Tiuds TGV peTaPAnTEY TOU (&mAGY TrpOTATEGDY ToV)
bibe dhngés dmoTéheoua Kai B &has weudts, Aéyetan tomog GAnbilg Kard ovr-
xoplay (7 oyenkds t0mog).

Mapaderypa. ‘O Timos~ p N/ q elvon dnhg xarrd ouykuplov.

< . T o ol A
A A ¥ A
A : Y ¥
X A A A
¥ ¥ A A

Ol Trivaxes dAnBelas &moTeholv Eva dopodf] TpoTIOV B vd SlamioTwVw-

uev & Evas TUTros elval Tavtoloyia A dvtipaois f &Andhs kaTd ouyxuplav.

ALKHZIEIL
66) “Evas pednTiys Ekaue Tov Eiis ouMoyIoudY :
P=>q  (&ndhs)

q (&Anés)
dpa p (&Andis)

-

N terdoete &v elvon & oulhoyiouss airés mavroTe dAnds. (0& wépere Tivaxa &hn

Beias Brax[(p => @) A dl = P

67) Ni Biborre e ovyxexpuibio Tiapdberyuc Gecd Thy 'ApiBunTikiy, &md Té bmolo

v& galveran 671 6 uMhoy1onds Tiis doxnoeas 66 elvar dAnhs kaTd ouyxuplay (T.X. P 1=3

q

Ty,

68) “Evas wadnTis fcape Tov EERs oUAAOYIOHSY :
‘Eaw x =0 xal Yy =17 ToTE W ) 1.
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AN b 1L TApa y # z.
N& théylete Tov oulhoyioudy ToUTov.
(Mopaothoarepép :x =0, q: wy=1z,r: y >1 xTA).
69) 'Eréy€are ToUs kaTwb oulhoyiopous :
@) [(p=~qA~ql= ~p.
PYx(5=>x#y, x#yAx (5
Apa x{{5Ax =y
Y)x=2vx{2,x=3x #2,x=3=>x42
TApa x # 3
) x=ywy#1, x=yAy #1). "Apa y # L.
70) Aeltare 871 :
a) & Tomos [~(p A Q)] <= (p= ~ q) el pla TauToroyle.
B) & Tumos (p A q) A ~ q dmoTerel dvrigaow,
¥) & Timos [(p v @) A Pl = ~ q elvan oxeTikds TUTTOS,

WnoionoiOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg
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KEDAAAION Il

TYNOAA
ENANAAHWEIL KAl EYMMAHPQIEIL

23. H ENNOIA TOY EYNOAOY. LYMBOAIEMOL

"Eudfopev els Tés Tponyouptves TEeis dTi Ty ALEw Ovolov YpToipo-
mroloUpey Srav BéAwpey v dvagepBidpey els dvTikelueva Spiopdva kai oogds Bi-
axexpipéva, T dmofa Becopolpey s piov SAOTHTA.

OUrew, T.Y., SuhoUuey TEpL TOU guvdlou TEV uedn Ty Tis TalEws was,
ol ouvdhou TV dypoTév Ths XOPas as, TOU GUOAoY oW QuoikGY EpiBudy,
TOU GUVOAOU TGV onueiwy tvos EmiTrédou, ToUu cuvohou v onueicy tvds eubdu-
ypdupoy TpfpaTos, ToU ouvdhou T&Y BlavuguaTwy ToU tmimEdou K.T.A

Té dvrikelpeve, T& dmroia ouverroTeholy Ev oUvolov, Aéyovtal oroiyele
TOU GUVOAOV.

*Ovopdlopey T& gUvoAar Yevikid pé Kepohaia ypdupaTa TOU ShgaprTo
uas, T& Bt oToigelo WE WiKpQ.

"Orow & oToiyeiov X &viikn els Ev olvorov A ypapopey cupPohikds XEA.

“Orow & oorgeiov X 8tv durikn els 1o olvorov A ypdgouey X¢A.

A’ & oUvohov A kol &v oTorxeiov x dAndever i X€A f XA

‘H #wwore ToU ouvdhou elvan ouvBeBepéun peé THv Evvolav Tiis Paoikis 106
TnTos, # dmoiac ouMPoAifeTal pé « = » kai Paoel aUTiis Becopoupey TG OTOIXET
o0 ouvbhou dig Biaxexpiuéva petaty Teow. Ao oTOIYEIX kol P Abyopev &7
elvon Toa kel ypdgouey & = P, &, xai pdvov kv, T& o kai P elvar dvopaTa TC

F - ' g 10
avrrou otoryelov. OUTw, T.X., €5 1O oUvohov () elver 2= .

'Eqw Btv elven a =P, ToTE Adyouev émi « elvon Sragopov Tou=P Kkal ype
QOHEY oupPohikdss a# P. Ak 8o TuyovTa oToIXEI X xad B¢ foyim :
Ax=y A x#y.
"Omes pds elvan yvwoTov, & ouvolov oupPohileren :
1) ut Guarypagny TGV oroielwy Tou Evtds &ykioTpou.
2) ut TEpLy pa@TV YOpOKTNPIoTIKTS 1810TNTOS TEOV oTolyelwy Tou Ti ponBe
peraPAnTis kol &ykioTpou.

36

WnopionoiOrke amo 1o ivotirouto EknaiSeuTikrg MoAmkrg



Thixy Niss {3, 208 0 )
Z = { x|x dxépaios Tiis ‘AAyEPpos }
Tpds evkohicv katd Ty BiarUmeaw yevikév mpotdoewy elodyeTal elg
T& MaBnpetika fv odvohov, TO OToiov AéyeTon Kevdv oivolov, cuppollouevov
ut . Eig 16 olUvolov TouTo oUbtv oTolyEiov dwrikel.

24. YIIOLYNOAON ELYNOAOY.

Néyouev &1 Ev oUvohov A elven Orocvohov Evds oUvolou B, kal cupPo-
Mlopev A < B, #av xal povov Edv, k&Be agToiyeiov ToU A elvan kal oToiyeiov Tol
B. ZupPolikds & Opiopds aUTos SioTumrdoveTan s EEfjs ¢

(A c B)<(¥x : xeA = xeB).

OUtew, Y., TO olvohov N, Tév guoikdy piBucy, elvar UtrooUvohov ToU
ouvdhou R, Tév mpaypartikédy &pbudv @ N < R.

Aeyopeda 611 TO Kevdv oUvorov & elven UtrooUvohov dtroloudfoTe GAAou
ouvdhov, BnA. & < A, Six ke olverov Al To kevdv olvorov Exel UmrooUvoAov
udvoy Tov tauTdv Tou, BNA. & & .

loyUowy al k&Twbi 1616TNTES !

1) A c A (daxhaomikn i abtomadis).
2) (A< B ABcN = Acl (peraParikn)

"Ev oUvohov A Aéyetca yvierov UmooUvodov &Adou ouvéhou B, Edv, kol
Bévoy 2w, TO A elvan UmogUvorov ToU B kal Umépyn oToixelov XeB pé X¢A.
EUuﬂoMKc‘és ypagopey ToTe : ACB. AnAadn :

(AC B) <> (¥x : xeA = xeB) A (AyeB : y¢A)

"Edw & otvohou A Siv elvan UtrooUvodov ouvéhou B 8& ypaguwpey : AE B.

‘H &woia yviiglov Orogdvokov £xer povov Ty petaParikiy  IBi16THTA
(ACB ABCT) =ACT

Té ouvorov B, Tol &molou Bewpolper Sidgopa Utroolvora A, A, E x.T.A.
Afyetan obvolov avagoplg i Orepovvokov Tav A, A, E k.T.A,

25, |EA LYNOAA.

Avo oUvora A kai B Aéyopev &Ti elvan Toa, kol oupBolilopev A = B, tdv,
kad pdvov v, k&Be oToiyeiov ToU A elval kai oToiyeiov Tou B kal dvmioTpd-
Puxg, ke oToryelov Tou B elven kol oToiyeiov ToU A. AnAaBr), oupPoAikds :
(A = B) <> (¥x : XA = xeB) A (Vy : yeB = yeA)

OUrew, T, tov A={1,2,3} xai B ={%, 3; 2}, Tére Eyxopev A = B.

*Edv 5o ouvoha A kal B Biv elvan Toa, TdTe Aéyoper 611 1O A elvan dudgo-
Pov toU B xai oupPohilopev A # B.

loyvow o #Efjs IB1oTnTEs TS lodTnTos TRV oUVOAWY:

1) A=A (vaxdaoTikny §i avromabis).
) A=B=B=A (ouppeTpixt).
) (A=BAB=I) = A=T (peraBoriki)).
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*loyver Emriong 1 £tfis 1B1oTng ¢

(A= BABcA) =(A=B) (QUTIOUPUETPIKT)
TMpérypaTt @
(A < B)<=>(¥x : xeA = xeB) }_j Al
(B = A) <=(¥x : xeB = xeA)

26. AYNAMOZYNOAON LYNOAOY.

"Orav Eyxwhev év ovvohov U kai Becwptiowpey GAa T UmooUvoha aUToU
éx SuTikelpeva, BnA. s oToryela Evos viou ouvdhou, TéTe dpileTan Eve véov oU-
vohov, TO &molov Aéyetal duvaposivelov 100 U. Touro oupPoiletan ut P (U),
dvfikouy B eis oUTO Kol TO Kevov gUvorov kal T f8iov 10 U.

“Oreos EpdBopey €lg TPOTYOUHEVDS TéEeis, k&be cuvolov Biagopov TOU KE-
voU Eyet 7O dAryddTepOy BUO Urroouvoha 1 TO kevdy cuvohov kal 1oV tauTdy TOV
“Ey gUvohov ut 5U0 oToryeia Exer 28 = 4 UtrooUvoha. “Ey gUvoAov pé Tpia oTol-
yela Exer 2% = 8 UtoouvoAa, &y ut e oTolXElia EXEl 25 YrrooUvoha Kol YEvIKES
& ouvohov pé v oToiyeia Exer 2Y YrooUvoha., OUTw, .., v A= {1, 2.3 %
rée PN =12, 115 {25 {3} (L2} {13 {28% 1,249 ) o

patnpoUpey &t 611 TO Abya 22=28 UtrooUvoAa.

27. AIATPAMMATA TOY VENN.

Els ToAA&S TEpITTTAOEIS SieukoAuvdpedo els THY peAETTY tvds [nTHMaToS
dvagepoptvou els oUvoha, Eav XPTOIHOTIOI O WHEY ¥ POPIKSS TIAPOOTATELS alT@v,
T yvwoTd pas &mrd TS Trporyoupévas TAEELS Biory papuaTa 10U Venn. “Yrev-
funiZopey &1 €lg fv Si&ypoupa Tou Venn T& oTolxEla TolU OuvbAOU TapIoTE:
vovtan B1& onuelwy dveEapTiiTws Tis UoECs QUTEY.

ALKHIEIZ
71) ’E&v A= {«a, B, v, &, £}, v& Entytete &v elvan &AnBels kai olon &md Tag KATWE
TPOTACE :
BeA, e¢ A [eA BeA YEA
72) Né& Béoete ut dvaypaghy Tév oToiyelewv Twy T& gUvoha
) (xeR|x*—5x+6=0} P) {xeN|x <2}
73) N& edpete yapakTnpioTikiy BidTnTa B1& THY Teptypaehy TV k&Twh guvdrwv

o) 0,36, 9 3% 3} -
B4 Lok 9l &)
ST = D ST )

74) N& dvaypéyete BUo ouvoha, Tév bmolwy T& oToIXElX VA elvan olvoha.
75) *Av Ac B xal A # B 1l oupmepaivere Bid 16 olvohov f

76) Né& xafopioeTe ué dvaypaghy Tév oToiyeiwy Tou TO ouvolov (xeR|x*+1= (
77) N& &mobeitere ém (A C BABE )= ACT

78) N& oynuoTtioete TO Buvapoguvoroy Tou { &, «, B}

79) N& d&mobeltere, om1, tv A=, 161 A=

80) Motov elven T& Buvapogivohov ToU kevoU guvdAou ;
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81) N& éfetdoete &v 7o kevdv olvorov elvan yviioiov UmooUvohov ToU TuyOVTOs Tuv-
SAou A.
82) N& dvaypdyete T& oUvohov AUgewv Tis Ehiodoews
G+ -+ D=0
a) étav olvolov dvagopds elvar 10 R
B) éTav ouvohov dvagopds elvar To Q
y) dtav olvorov dvagopds elvar 1o N.

28. NPAZEIE METAEY EYNOAQN.

"As Bewpriowuer v oUvolov dwagopds U pfy kevdy kal Tehelws Gopioué-
vov, Tou émolou T& Yroalvoha & cupPoriowpey kit A, B, T, X, Y,. ..
“Owess yvwpilopey BUo Umoowoda Tob U, fotwoav T A, B, Atyovtai
foq, tdv wkai pévov tdw, Bix ke XEA = xeB ral Bia wxdbe yeB = weA. ‘H
fvoia Ths lodmnTos alrris SUvartan va Becopnfij dos Paoikn iodTng els TO ouvo-
Aov Shwv TEV UroowwdAwy Tou U, TO dmolov, &5 yvwoTdv oupnPoAilouey ué
&P (U). Béow Tiis loétnTos aTiis T& Umoovora ToU U BecopolvTan Biomkexpl-
Méva petafy Twv. Els TO olvolov ToUTo, Téw UoguvdAwy Tou' U, &pifovren
Tpates dos EEFs ¢
A) "Evoeig ouvolwv.
‘Q¢ Bvwols SUo cuvbAwv A kol B, f émoia oupPoliletar pg AUB, Opile-
Toa 16 oUvorov &hwv TEV oToiyelwy, T& dmola dvfjkouv els TO A elTe els 1O B.
ZUPPOMKES yPAPOLEY :
AUB = { xeU | xeA v xeB }
"Av T& olvoha A xai B épilovrar i yapaktnpioTikiis iSi16TnTos TGV
oToiyeicov Twv, SnA. &, Y., elval
A={xeU|lp(X)} xal B={xeU|q(x)}, Téte Exouev, Smws yvwpi-
louev &md Thy Aoy, &1 : ¥
AUB={xeU|p() Vv 9 }
‘H ypagikhy TapdoTaots Tis tvioews SUo owodwy A kel B gaivetan elg
To TapamAespws Sikypapua. Elven To toxiaoutvov
Hépos ToU oymuaTos.
loyUouwv ol EEfs 1B16TNTES :
1) AuB=BuA (&dvnpetafetixi)
Mpéypari, AuB = {xeU | xeA v xeB } =
={xcU|xeB vy xeA} (Giéni pV q<=qQV p)=
=BuA
2) (AuB)UT = Au (BuT) (TrpogeTaipioTikd)
TMpéyuar,
(AuB) U M= { xeU | xe (AUB) Vv xel }
= {xeU | xeA v xeB v xel }
= {xeU | xeA v xe (BUI) }, Biémi(pvq) V r<>p V (QVT)
= Au (Bul)
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by iis loylos Tiis IB16TnTOS  2) ouiguvolpe v YPagoouey :
(AuB)uT = Au (Bu M = AuBul

‘H mpdlis U ¢rrecTelveTan BIQ TEPIOOOTEPA TUVOAQ !

Au AU Au..-UA =_er{‘\.¢ = {xeU | xeA, V xeA, V ...V xeA, }.
B) Topi| ouvdhrov.

‘Qg Topn SUo ouvdhey A xal B opiletan T cuvolov TV ororyelwy, T&
Srola &vtikowy els T A xadi €l 6 B ovyypovws, oupPoriletan Bt pi AnB.

ZUpPOAKES Y paGOpEY OV Opiopdy G EEfs ¢

ANB = { xeU | xeA A xeB }

"Av T& oUvoha A xai B BiSovtan Bid YapaxTpioTikis {516t TOS TEW OTOL-
weloov T, WX &v elvan :

A= {xeU|p X } xai B={xeU|q ()}
ToTE B EXOOpEV
AnB={xeU|[p(x) Ag(X) ]

‘H ypagixh TapdoTaos Tis ToWfis SUo ouv-
Show A kol B gaiveton els TO maporrAedpws Bia-
yeopue. Elvan 76 Eoxicopévov pépos ToU oY THaTOS.

loyvouy ai Efs iBioTnTES :
1) AnB=BnA (GuTipeTaBeTIKT)

MpaypaT: :
AnB = { xeU | xeA A x€B}
Sy. 28.2 — {xeU | xeB A xeA}, (Bém p A q<=q A P)
=BnA
2) (ANB) Al = An (BN (TrpoceTaiploTik)

MpdyuarT,
(ANB) Nl = { xeU | xe (AnB) A xel }
= {xeU | xeA A xeB A xel }

= {xeU | xeA A xe(BNM) }, Biém (pAQ) Ar<=>pA (qAr)
= An (Bnl)

Adyw T loyvos Tiis 1810TTOS 2) guppvoUpEy V& YPEPMUEY
(AnB) Nl = AN(BNI) = AnB Nl

‘H mpakig N dmexTelveTon Bl TepIoTOTEPA TUVOAX :

AN AN AN DAY= n1A'° = {x€U | xeA, AxeA, A ... AxeAV ]

Téhos Umevbupifopev 6, &v ANB =2, tote T ouvora ATB AéyovTe
géva peratl TV Kord Taire "Edw ANB # @ Téte [3X : XEA A xeB] kal dvT
oTpdgus, v [IX: xeA A x€B]zéte AnB # & fi xai AnB# @ <>[3X
xeA A xeB]

AIKHEIEIZ

83) 'Eawv A= { 1,2,3,5) kel B={-1,3,T} v& oynuaTioere T& owoha AW
ANnB
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84) "Av A= {xeR|x>0), B=({xeR|0<x<8)}rail={xeR[2<x<6]}
v& gupPoMoete pé Xpfiow peraPAnTiis T& olvoha AN B, AUB, ANT, AU BT BT,
AnBnl AuBuUT.

85) Né& dmrodeifere 6T @

o) AUA=A By Aug =A
86) N& d&mobeltete &1 :
a) AnA=A AN =0
87) N& &mobeitete 61 :
a) AnBg A ) AnBcs B
88) N& dmobeiteTe o1 :
a) A< AuB By BE AuB
89) N& d&mobeltere 611 (Au B=@) = (A =@AB =)
90) ‘Oupoicy &1, tav A< B, To1E: o) B=AUB p) A=ANB

91) N& &mobeitere 611 (ANB)nls An (BN T) xai Emwions om
An(BnNc (AnB)YAT. Ti ouwéyoue t altdv ;
92) N& d&mobeitere OT1:
D ANBUN=(ANBUMKAD
By AuBAN=(AuBN(AuUD
Né& Beifere kal pé Sidypappa ToU Venn &m al dvarépw 1Bi16TnTE &AnBevouv.

}(Emutplo-rmcd 1816TnTES)

) Awgopa ovvolwv.

Qs Biagopa guvbhou B &md TO ouvorov A, ocupPohifoptvn ut A - B, opi-
letan TO oUvohov TV oTolyeiwy ToU A, T& omoia Biv dvrikouv el T B. “Edv
T& A kad B elvon Eévar, TéTe Beydueda i A - B = A Téhos, tav A= B, 16T A-B=
=A-A=¢.

SupBohikéys & Spiopds oUTos ypdpeTan dx EEfs

A—B={xeU|xeAAx¢B}

‘H ypagixi Tep&oTacis Tis Biagopds A — B gaivetat els TO TopoTAsy-
peos Bidypoppa. Elvar 1o Eoxiaopévov pépos ToU
OXTHaToS.

*Ex ToU oaUroU oyfuoros PAémopey  dpéows

&m :
(A—-B)uB=AuUB
A) Tupnhipopa cuvbrov.
*Ovopdlomey oUPTTAT PG Tou ouvdiou A &5
Tpds o U, kal T oupPorilouey pe Ac eite ut CA, Zx. 283
LY

6 gUvohov U — A, BnA. 1d alvolov TéV ororyelwy Tou U, & omoia Btv &-
viikouv el To A.
TupPohikés & OpIopds oUToS YpAQETAL SOVAHE 5
Ac = {xelU | x¢A } ¢ '
Elvor qavepdv Ek T&V &vwTépw bpiouddv &T1 ¢ : .
1) AnAc =g, 2) AvAs = U kol 3) (A=A
’Emrions T CUU =@ xal (';,’@ =[] 5
Téhog ik ToU dwwTépw oxfiuaros Exopev &Ti: “\‘: O

‘%,a

P i
e
TR

£
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A—B=AnBe
"loyow «i itfjg iBioTnTEs, o Sdtroial Aéyovtal vopor Tou De Morgan :
1) (ANB): = Ay Be
2) (AuB) =Ac N Be
*AmroBekviopey E66 Thy lodTnTa 2y
A kéBe xell, xe (AuB) = x¢ (AuB) = ~(xeAV XeB)®) = x¢A Ax¢B =
xeAc A xeBe = xe (A N Be ).
“Qore : (AUB): < (A NBe) (o)
" AvTIoTROPWS :
A k&Be xeU, xe (A nBe )= (xeAe A xeBe ) = ~(XEAV xeB) =
(x¢A AX¢B) = x¢ (AuB) = xe (AuB)®
“Qore elvan (A NBe) € (AuB)® P
Bk téwv (o) xal (B) EmeTan A &votépw lootns (2).
M Suotov Tpémov rroBeikvieTan f CL)s

ATZKHEEIZ
93) N& drrobeitete ot ¢
(A = Be )<=>(Ac =B)
94) N& &mrobeibere 6T1 T& oUVoAX A kal B—A elvon Bbva peraby Toov.
95) N& &mobsilete &T1 A-@=A
96) N& &mobeltere kal pté oulhoyropdy 6T
(A—B)uB=AUB
(0 &vrikaraoThoete 70 A— B ut 1o foov Tou A N Be xai 8& tpapuboeTe THY tre-
peproTikhy 1B16TNTE Tiig bvdsoews g Tpds THY TOWAY).
97) Na &rrAomoifioeTe Tas kaTwh TAPATTATELS :
a)Bﬁ(AUA") ﬂ)Au([’u[’c)
¥) (BnF)u(Bnl’c) 5)(AnB)u(AnB':)u(Aff\B)

39. KAPTEEZIANON IINOMENON IYNOAOY A EMI LYNOAON B.

‘4 Ewoia Tou BiarteTarymévou [eiyous uss elvat yvwoTh &mo TS Tpon-
youuévas T&kerg @ "Ev Telyos avoiyelwv Abyeta BiaeTorypbvoy [elyos, v, kad
ubvov Eav, Exn opodi motov otoiyeiov elvan pédTov Kal Toiov Beutepov. OUTw,
.Y, b Bk & oroyeia a, P Splowuey o5 Tp@TOV TO & Kal Gog BeUTEpOV 10 B
£youev kabopioel Thy Bibratw els TO Teuyos, toUTo Bt oupPoriloper Bi Tou (&),
i Gu Oplowpey éog TpédTov TO P kol dog Betrepov TO o B yplywouey (B, @).

Els & BiaTeTarypevov LeUyos (o, B) 6 « Abyetan @ td mpddtov pEhog TOU
Letryous xal TO P i 10 dedrepov péhog ToU (elryous. -

ATrd Tov GueTépw SpIoHOY ToU BioTeTorypévoy {ebyous Emeten 6Tt (<, B
# (B, @) Elvat Spws Buvamov v EXwHEY [eUyos ut TO aUTd TPEDTOV kal BeuTe-
o yithos, s, X, T (@0, (BB (rm): KT

AUo BiareTorypéva levyn (o, B) xal (o, ") Spilovran s ioq, t&v pdvov
o, elvan o= o kol B'=P"

W e L

(*) Aubme t ~ (pva)<> ~ pA~q
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‘Eqv A xai B elvat 800 pf| keva cdvola, 0 covohov tdv SatetaypévovLev-
yav (o, p) pt acA xai peB, Léyeran: kaptearavoy yvopevoy Tob cuvorov A Emi
1o gOvolov B kai ovpforilerar pi A X B.

SupPohikds & deTépw bpiouds ypageTal !

AXB = { (a, B) | acA A PeB }

"Av A= @ HB=(, toTe A X B = (¥ ¢ dpiouol. Elven BnA. Axg=d
kal @ xB=g

Eay A=B, 161t Ax A=A*={(a B) | acA A BeA }

TMapadeiypata : lov) 'Edw A= {1,2} xed B={o B} TOTE
AxB={(lLa), (L,B) (2 ), 2 )} &&

BxA={(xg1) («2) @1 @2} Qo AxB #BxA
2) ‘Eew A=N={1, 9, Biis s Jin TOTE
BB, 3,
‘ (20 D5A2,°2), @)3), 0
GGG ...

“Yrevbupilouey T& k&Twli :

1) ‘H &vriperadeTinn 1516 Btv foyuer el TO KOPTESIOUOY Y IVOUEVOY &vo
cuveAwv.AnA. elvon A X B # B X A txrds tdw elven A = B ) & elg Tév Taporydv-
Twv elvan TO kevdy oUVOAOV.

2) ’Edv 1o olvorov A X1 K & WAfifos oToiyela kal TO B Exn v oToIXEla,
TéTe O A X B Eyer e v TO Aff0S groiyeia. "Edw 1o A fj To B Exn &meipov TAT}-
fBog oroiyelcov, TOTE TO KAPTETIOWOV ywopevow A X B Exel trrions &meipov TrAfiBos
oToiyelwv.

3) Auwépeda v& TUpACTHOWHEY & kapTeoiavdy ywopevov pt Trivake 8i-
TAfs eloéBou, &mas EpdBopey gls Ty y' Tdlw.

5) *Edw Bewpriowhey T& BEAN fvds Biarretarypévou (elyous G OUVTETQY-
pévas onuelou elg T Emwimedov Suo &tdvav x'0x, 'Oy, TOTE k&fe BrareTarype-
vov {glyos TrapIOTSVEL & onueiov els 1O Emwimedov autd. ‘Emoptves Ev kapTE-
Olovdy yiwdpuevov pé Suo TrapéyovTas, T.X. TO A x B, 8& TapioTdvn TOTE &V ou=
vohov onueicov els T #mimeSov aUTé. “Exopev TOTE THY Aeyoutvny YEOUETPIKTY
(i{ ypagiknyv) rapioracy ToU KPTECIQVOU YIWOUEVOU.

NxN=N:=

ALKHEIEIZ

98) 'Edv Té& BroreTaypbva fedyn x+y 1) xal (5, x—y) s foa, v& eUpETE
T& x kal .
99) 'Eaw A={1,2,3} xal B={0,1,—2}, v& oxnparioere 16 A X B, "Emaita v&
KépeTe yewpeTpikiy TapoTaow alTou.
100) Na& &mobeltete 11 :
@) Ax BAN =(AxB)n(AxT)
B) "Av A< B, Tote A X As BxB,
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KEDAAAION Il

STOIXEIA AIANYEIMATIKOY AOTIZEMOY

KAL IMAATIOTONION LYETHMA ANA®OPAEL.
v BUo Tepvoutvous &tovas x'Ox xal
O Tijs Toufls TWV kol povabiaia Biawu-

30. OPOOIQNION

A) Elg &v trriredov (E) Yoapdooope
'Oy, Exovras kowhy d&pyhv TO onueiov
opaTa 00 =i xai OH =T &vriorolyws (oy. 30-1 xal 30, - 2).

Sy. 30.1

Ol BYo auTol &foves &roTeAowv Ev sloTnpa atovev Eml Tou gmimédou (E).
“Egre Tpa TUXOY onpeiov M 10U tmimédou (E). *Amd 10 M gépouey TS
mraepoAATIAOUS Té&v &Eévav. ‘Opilovran olTwg & onueiov TT &mi Tou &Eovos x'OX

wal & onueiov P &l 10U &fovos w'Oy. ‘Opilovran Emions T& SiawopaTa OMr

of, oF.
To Sidwuopa OM 1X3%
on »  terpmuévy mpoPoryy ToU O_I\)/L

4 » 65 »  tetaypévn mpoPohi ToU OM.

‘H dhyePp. T O, Tol Of, Afyeton tetpmpévn ToU omu

i —_—

OP, » OP, Atyetan teraypévn ToU omuelou M.
PohileTon pE Xm kel ) TeTorypévn TOU s
pévar Tou ompefou M,

ctan Sravoopankd axtig Tou onueiou M.
» »
glou M.

» » »
‘H TeTpnuévn Evos onuelou M gup

WM dvop&lovTal 5t &pooTEp! GLVTETAY
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TMapornpolpey Topa 8Tt & 1) ud Tov TpbmOY, TOV dmoiov eibopev TpoN-
youpéves, elg kéle onueiov M ToU émimédou &vtioToryel &y, xal povov v, Bia-
TeTarypévor [eUyos TperyuaTikdy GpiBudy pé TrpédTOV WEAOS TOV THY TETUNHE-
vy XM, ToU M, xal BeUTepov MEAOS TOU THV TeTaypbvny Wu, ToU M, BnAadn
15 Biareraypévoy [eUyos (Xm, ¥m)- 2) *AvmioTpogus els kade SlareTory pévoy
[ebyos TparynaTikGy &piBucoy (x, W) qvmioToixel v ko pévov oueiov TOU ti-
Edov, Té_hil (x, ), To dmoiov Spileran, &v AdPeopev &l TEY X'X Kod Wy Bie-
wopata OTT kal OP Toioirra, Gate O =X kai OP = y xal ptpwuey tk ToU T
TrapdhAniov TpOs TOV &fova Wy xal & ToU P TrapdAAn Aoy TTpds TOV X'X. ‘H
Touf, TéY BUo ToUTwv elBEIGV Spiler To M.

“Yrapyer honov GpPQLPOVOSTIHAVTOg avuorogia petad tod suvélov R X R
kai 10D guvorov t@v onpeiov tob Eémrnidov (E).

A& v& dkgpdowpey 6T Eu onueiov M Exer TeTpnuévmy X kal TETAY HéVTY

y ypégouer M= (x, ¥) i M (x, ¥)- % [ g

O 6uo &foves oxnuaTifouw Téooapas yoovias, al
drroian MéyovTan mpiven, devtépa, wpitn kal terdpry yo- 27 Pia )|
via tdv GEovev, OTwS oTUEIVOVTA kard capaw I, I, y

i, 1V es 10 ox. 30-3. Iy. 30.3

K&Be anpelov towTepikoy TS yovias | Exel guvTeTaypévas BeTikdS.

Kéfe onueiov towTEPIKOY Tis ywvias Il Exer oUVTETOY Hévas &pvn TIKES.

K&Be omueiov EowTepikdy TS yovlas 1l Exel TeTUnUEVNY &pymmikijy xad
TeTarypévny BeTiknv. KéBe omueiov ETWTEPIKOV THS yoviag 1V Exel TeTunuévny Be-
Tikiv Kol TETOOYHEVTY &pynTIKNY.

‘O &Ewv x'Ox Ayetan GEwv 1@V X f) GEav v tetpnpévoy kal 6 §'Oy Ae-
yerar oy thv y T GEev 1OV tetaypévav. ‘H Toph Tév dldvay O AéyeTan apyi
iy &Edvea. ‘H dpyn O Exer dugoTepas t&s ouvTeTorypévas Unbév, BnA. 0(0,0).

Ol &Foves Aéyovtan dpBoydvior GEoves ouvTeTaryubveoy, &Tav elvan kdfeTol
peTaty Twv, GAAws AbyovTal nhayroydvior (oy. 30 - 1693

“Orav ol &koves elvar dpBoydoviol kal Emrl TwAEov & povadiaia BioviopaTa
66 kal (ﬁq Eyouwv loa ufkn, TOTE AEyouev &1 Eyopev Ev OpBokavovikdy oUoTTHG
&Edveov.

O0rew 51& Tév ouvTeTaryuéveov kaBopileral 1 Béois tvds onpelou s T grl-
Tredov.

31. KAGOPIEMOEL THE OELEQL E®AP. AIANYEMATOZX EIE TO EMIMEAON.

*Eorw (ox. 31-1) TrpogavaToMauévoy trrimedov (E) éq)(.o_sblcto'pévov ut TO

oUotnua dpBoywvicy dtdveov xOy kai tpapuooTov Bidwuoua AB tmévw elg TO
(E). ®épopev &md T& A, B Tds TrapaAAfAous TTpos Tols ‘&ovas. ‘Opilopey olrw
T& EpapuooTd SiavvopaTa A:TBI trrdveo els Tov &Fova x'Ox kal A:TE!, é-rré:vco_sk
Tov &fova 'Ow. To ATB: SvopddeTal : TETUTPEVN npoPori) ToU A_B', 5 Bt AyB,.
tetaypévn mpoPory ToU AB.
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“Av & cpopen',l;, o0 AB (16 dmoiov UrotiBetan Sx1 unBevixdy) elven Tapd-
Anhos Tpds Tov &fova Oy, ToéTe f) TeTunuén TPOPOAR ToU AB elvan T unde-
vikdv EpapuooTdv Sidwoua Aﬁ:‘\, (Zx. 31-3).

"Av & popels ToU AB ¢lvan TrapdhAnios Tpos Tov GEova OX, TOTE ) TeTary-
péun TTpoPoit) Tou AB elvon 70 undevikdy EpapuoaTor Sidvuoua f"\?ﬁ\2 (2x. 31-4).

A=(4.4)

Y
&,, S
Y8

Az
Ya

Y y1 Y
'} DRSS
A o '4, s '-1A
i ' :
i H 1
! ' o) | e
A=5, X A 8 x 0 A¢ x
2. 31.3 Zx. 31.4 Zy.-31:5

"Av 16 AB elvan pnBevikdy Sidwuoua, X, TO AR, téte kal ol S0 Ttpo-
Bohai Tou elven unBevika BravouaTa (Zx. 31-5).

*Eorer Topa 611 elvan @ A =(Xa, Ya), B0A. A TeTUNUév ToU onpelou A
elvar x4 kol f Teraypén Tou elvan wa. "EoTw tlong & elven B=(xs, yp).
‘0 &piBuds Xp — Xa (TETHMHE ToU 'rrépa-ros petov TeTpnuévn Ths &pyfis 'rou

AB) bvopddeTon @ 1 tetpnpévn Tob AB xal ouyxpéves : 1 dhy. Tpd tob A1Bx
tni tob GEovog x’Ox, xai oupPoriletcn pe AB, (Ex. 31-1).
‘0 dpifuds ya — ya (TeTorypevn ToU TépaTos peiov TeTayuévn Ths &pxir

ToU Blavucucrros) Svoudderan @ 1) tetaypévn Tod AB ko ouyxpoves ¢ 1 dhy.
i tod AzB, #ni rob ifovog y'Oy, oupPohileron B¢ pe AzB,

OUtaws els T Ex 31-2 # Terunuévn mpoPohs ToU AB elvan Td A1
‘H TeTunuévn ToU ABelven 1 —4=-3= d?\y TIUN TOU A,B1 trrl Tou x 'Ox:
‘H tetaypém mpoPodn ToU AB glvon 1o A Bs. ‘H TeTarypévn ToU AB elven
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2-4=—2=4&\y. Tiun ToU A:é, émi ToU 'O .

"Ewiong | Tetpnuévn mpoPoAf ol BA elvanr 1o Egl'\,,ﬁ TeTUnpévn TOU
BA elvn 4-1=3= &Ay. Tiuf) ToU BT‘Al ¢l ToU x'Ox.

‘H Tetaypévn  mpoPoAf, Tou BA elvan T B—J\,, ) TeTaypévn ToU BA
elvar 4-2=2= d&\y. Tipn ToU Bﬁz ¢l ToU 'Oy

"Erions elven (Zx. 31-2):

= —_ " —_ L —
i TeTunuévn wpoPoAs ToU AA TO AA,, f) TeTunuévn ToU AA 1 4-4=10
—

N TeTorypévn mpoPoAry Tou AA T A:;\‘,, 1] TeTaypévn AA : 4-4=0

‘H TeTunuévn kad Tetaypévn fvds Sicaniouoros Abyovtal cuvistaypéval
ToU Siowboparos. Ak v oupPoriocwusy &T1 & Sidvuopa A_§ EYEl TETUNRAMY o
Kot TeTaypévny B ypdpouey AB (o B) A AB= (o, B)-

Ao Td dvwtépw Ewoolper 8T ) Béoig Evds tpapuooTou SiowiopeTos

kabBopileTan, tdw yvwpilwpey TS oUVTETay pévas TEw &xpowv Tou fj TdS ouvTETCrY-
uévas ToU BravUopaTos kal Tas oUVTETAY pévas dvds &xpou Tou (&pxfis ) mépaTos).

32. IEA (H IZOAYNAMA) EQAPMOLTA AIANYEMATA. ANTIOETA AIANYIMATA.

A) “Ev tpappooTdv Sidwuoua AB Abyetau Toov f) icodbvapov Tpds &ho
FA, tv, kai pévoy tdv, ol ouvTeTaypévan Tou AB elvon ioon dvmioTofyws pds
TaS OPWVUMOUS TWV OUVTETOYHEVas ToU I‘K

Mpépopev TéTE CUM-
PoAikdds : AB =TA

Olrw, my., es T
Zy. 32 - 1 1) reTpunuévn Tou
AB elvau —S5—-(-2)=-3
1) TeTarypévn ToU AB elvon
6—-2=4

e

N Tetpnuévn Tou A =
2-5=-3

i Tetayubvn ToU A =
7-3=4

"QoTe, katd TOV So-
Oévra Spiopdy, elvan

AB = I&. :
~ s o —
levikdss, tdv AB (q, B) xai A (o, P'), Bid v tkpplowyey 81 AB =TA

Buvdpeda v ypowuev oupBolikdss (a, B) = (', B"). Ar olrrol Ewoolpey &mi
a=a kal p=p’

2y, 32.1
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‘H opioieioa 68 Ewoia lodtnTos tpappootdv Siavuoudewy Exer Tas
YvwoTds 1816 Tas ¢
e —
o) 'AvakhaoTikfiy : AB = AB

B) Zuppetpikny : AB=TA = A= AB

y) Thv perafoTikiv: AB = I'TE ' Tl P
— — ( = AB=KA
A =KA |
Moparnpficers : 1) Elvan gavepov 11, &v  Exwpev & tpappooTdy Sidwu-
oua, Y. TO _AAI‘3, Umdpyouy dmeipdpifua tpappooTd Siavlouete, koBty dird
T& drroia elvon foov mpods T AB. Elve Ta& SlowdopaTa T& EXOVTA TAS CUVTETAY-
Hévas Twv foas Tpos TAs Spwvipous OUVTETO Y PéVas TOU f-\-g
2) Aoyw Tils dvwTépw 2as 1B1dTnTOS THs wolas Tis lodTnToS fiumopoU-
Hev v Aéycopev 8T : A_é, l"z—feivm foa peTalu Tov.

3) "Av K’B, A elven foa (HeTall Twv) kol Byl UnBevikd, TéTE Eyouv TH
1Bicw Bievbuvoy (ol gopeis Towv elven TapdAAnior) kel THy Biav gopav (elven

dudppotra). (ATt Tpry. ABH = Tpiy. FA© kai AT—I", ¥ TapdAAnAa kol Sudp-
porra dmeos Errlons kol T& H_é Kerl @7\. K.T.A).

4) Kdbe unbevikdv tpappootov Sidwuoua elvar  foov Tpds ke EAAO pn-
Bevikov Epappoatov Sidwuopa (Siati ;).

B). "Ev tpapuootov Bidwuopa AB (Zx. 32- 1) Aéyetan «avriferovy &AAou
E—i &, xai pdvov tdv, oi ouvTeTaypévan Tou AB elven dwriBeTor dvTioTolyws
TPds TS Sucvipous OUVTETOY Hévas Tou Ef
Ipagopey TéTe AB=—£7, Elg 16 Zx. 32 - 1 #opey, .x., S1& T& Epappo-
ot SiavUopaTa AB ked EZ :
TETUTMEVT) TOU KE:—-S—(—Q)=-—3
TETUTHEVT) TOU E’Z =4—-1=3,
o =
TeTaypévn ToU AB=6—-2=4
—_
TETayUév ToU EZ =2 —-6=—4.

- e — = i
‘QoTe 10 AB elvar &v Sidwuopa dvtifetov ToU EZ, SnA. AB = — EZ. El-
van B¢ pavepov &tikdde Sidwuoua foov pé T AB elven dvriBeTov Tpos 10 EZ «xal
Tpos kéBe foov Tou. Mpopavdds &vrifetov ToU Biavlopatos AB elvan kad T B_K,
51‘]3. A_é = - Ei
— . =
Mopatnproes : 1) "Av elvea AB duriBetov ToU A, TéTe 8% elvan kal T
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rA &vrietov Tol AB (iBrati ;). A TolTo Emitpémeron v Abywpev: T Kﬁ, rA
elvon dvTiBeTa (eTafy Taw).
—> —
2) "Av AB, TA elven dvriBerar (peToky Teov), TOTe Exouv THY iSiav BielBuy-
ow (ol popeis Teov elvar TapdAAnior) xal dvmiBéTous popds.
3) Kabe pnSevikdv tpappootéy Bidwoua elva dvTifeTov Tpos Kkébe &Ao
undevikov Sidwuopa (Biar )

33. MHKOZ E®APMOZTOY AIANYEMATOZL,

"EaTe Tuydv épapuooTdy Blévucua?B.’Ovoudgs'rm pfixog ToU AB eire ané-
Lvtog mp ToU Kﬁ, kal oupPolileTon pi IK?BI, Té pfjkos ToU elfuypdupou Tuh-
HaTog pE akpa, T& A,B. OUTw, X B1& 16 pnSevikov Sidvwopa K’A EXOMEV : ufj-

W = x = -~ » ; 3 =
kos ToU AA = |AK| = WfjKos ToU eUBuyp. TufjueTos AA = 0. Mevikdds : 1O pfjkos
x&fe pf pndevikol EpapuooTol SiavbopaTtos elvon fvas &moAuTos Trpory paTikds
&p1Buds. _ :

"As MPwper oUoTnua dpBoywvicov dEdvcoy xOyp (Zx. 33-1) xal povadi-

X = < - — - — >

afa Siavlouata T& 00 =i, OH = ] HE 0B = |OH|. "Ag Urrobéocopey B¢ &11
elven : A = (Xa, Wa), B=(xs, ya) kai &7 a) 1o AB Bty elvan punBevikdv xal B)

—_
76 AB Btv elven mopdAAndov pds Eva ik Téy
&Edveov.

Tée opileran &v Tplycwvov AKB, &pfo-
yoviov els Td K, &mres paiverar els To Iy,
33-1, ut tpappoyny 8 Tol MMubaryopeiou
BewpripaTos eUpiokopey 8T T piikos Tou AB
6idetar dmd TOV TUTOV !

| A_B)l = Y(Xp — Xa)*+ (wn —ya)? (33,0)

Evar elkodov v tEnyfiowpey &1 & Tu-
os auTds loylel kol Stav T AB elva un-
Bevikdv Bidwuopa f) elvon apdAAnior Tpds Eve ik Tav &Edveor (més;). “QoTe
loyUel yevikéds &1 :

Té pfikog Epappootod Sravieparog clva ooy nE v tetpay. pilav tob &0poi-
opareg tdv tetpaydvev tdv ouvietaypévav tou,

‘Emropéves : "Av Svo TUXOVTA EpappooTd Siawdopata elvan foa peTaty
Tewv, TéTE B& Exouv TO alTd ufikos (Bierri i). "Apa kfe 860 by pndevika Toa
tpappoota Siaviopata Exovv 10 abtd pijkeg, tiv abtiv SistBovary kol kai v ad-
™V @opav. 'Emrions 16 alrd pfjkos kal THY aUTh SietBuvo Exouv kal xdfe Slo
Sxt undevika dvrifeta peTatl Towv tpappooTd Siavlopara.

Té olvorov SAwv T@v tpapuooTdy SiavuopdTwy Tol emiméBou (pady
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kal pé T& pnBevika tpappooTa Siawlopara aUrtou) 8& TO oupPorilwuey, dtou

y
5
4
34
2

1'1

Iy. 33.2

-
x

elg T& imdpeva pds ypewaobi, pt D.

Iapaderypa lov. Elg & tmimedov (E) (Zy.
33-2) tpwdiaopévov pé &fovas  ouvTeTaypévcov
XOv, Bibovrar Ta onueia A (2, — 8) kai B (— 3,4).

Na& elpete ) Tas ouvteTarypdvas ToU Siowi-
ouaTos AB. B) Tas ouvTeTarypévas Evds Siawlopa-
Tos dvTiféTou ToU AB xai Y) TO pfjkos ToU AB (&nA.
Thv dméoTacw petofu TGV onuefwov A kal B).

"And@vinoig: o) TeTUT v TOGKI-B =Xp—XA=
=-3—-2=—5 TeTayuévn TOU RE:WB—\;;A=
=4—-(—-8)=448=12.

B) “Ev Sidwuona dvriferov Toi AB 0
cruwwuyuevas dvmiBéTous TGV ouvTeTarypéveoy Tol
AB BnA. B& Exn TeTunuévmy @ 5 kal TeTorypé-
vy =12,

Y) Zupgovess TPos Tov TUmov (33, a) elva

|AB| =V (=5 12t =V 25 F 144 = V160 = 13 povdses.
Mapddevypa 2o0v. Els &v érimedov tpwbicopévov u¢ &tovas cuvtetarypd-
vev XOy Bidovran T& onueia A (2, 3), B (2, 5).

Na elpete @) Tds ouvTeTorypévas Tou SiaviopaTos AB kal B) 16 ufikos Tou

(Zx. 33-3).

"ArGvineig @ TETUNREVN TOU AB = Xp — XA = 2 2 =0, TeToypdvn TOU

AB \{JB-\})A:5 3—2

HovaSes.

Mfikos ToU AB—IABI'—VO' 2=)Y4=2

Mapaderypa 3ov. "Ev Sidwvopa AB Exel TeTHNHEY 3 kal TeTaypbvmy 0,

¥

B 5 =
4
Ag 3= A

H

H

Iy, 334

dpxfiv 8¢ 16 onueiov A (2, 3). N& elpete Tds ouvtetayuévas ToU TrépaTds Tou

B (Sx. 33—4).

‘Aravineig: “Eotw B =(xp, y8). TOTE: Xp—2=3<>xp=3+4+2=5
kad wp—3 =0<>yp = 3. "Apa B = (5,3).
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AZKHEIEIZ

101} Né& ebpete rés ouvTeTay pévas Tou Slav(rcucrrogi’é xal 16 pfikos Tou, ddv eig Ev
oUoTnua SpBoywvicy &févwy Tol Emimébou elvan A=(=2,-3) kal B=(2,1).

102) N& Eeitere 11 16 Tplywvov, mou ExEl kopupds Td{j"“ﬂf A_——;(— 2,8),B=(-1,1)
kal ['=(3, 3) elvan loooxerts. (N& oUYKplveTE T& pfkn T&v AB, AT, BIN).

103) Els &va imimebov dpwBiaouévor pi Spokavovikdy oUoTnue dEéveoy Tpla onuela,
A, B, T Exouv dvrioTolyws owTetaypdvas (3, 1), (3, 5), (-1, 1). N& ebpete 15 ouvretaypévas
tvds anuelov A ToU EmiméSou, b yvwpllete &t RE =F5. (Abois @ 8& mpémer vi Exwpey ¢

XB— XA = XA —Xr kal Wg — Yo = s — yr kad v Aiowpev Tds Slo thiooers b dyvooTous
Td X4 xal y).

104) "Ev tpapuootédy Bidvuopa Kééxsx TeTunuévny 3 kal Tetaypébny 4, mépas B¢ 1o
onuefov B (4, 2). N& edpete Tds ouvteTaypévas g dpxfis Tou A kal 16 pijkos ToU SiaviopaTos.

34. TO EAEY®EPON AIANYIMA EIEL TO EIMMIITEAON,

“EoTw #v Sidwoua AB ToU D, BnA. &v EpaproaTdy Sidvuoua Tol EmiméSou.
(To AB Biv &mordeleTan vé elven &v pnBevikdy EpapuooTov Bidwuopa). Mvewpi-
fopev 81 Umdpyouv dmeipdpibua SiovlouaTa foa (loobivana) Tpds T AB.

To olUvohov SAwv Téw fowy Tpds T ?B tpappooTdy SiavuopdTey Tou
Emrebou dvopddetan : «Ev EhedBepov Suavoopar Tou EmimréSoy kal 16 AB (xaBas
xal kéBe Toov ToU AB épappooTov Sidwuopa &md TO D) dvoudderan : elg dvrr-
npéemnoc ToU EAeubépou Braviopertos.

"Omas &md 16 tpapuooTdy Sibwopa AB dpioauer tv EAelbepov Sidvuaua,
oUTws fiutropolpey v dplocopey &mrd kébe EpapuooTov
Bibvwoua Tol D dva v EAelbepov Bréwuopa Tou dritr-
Sou. "Av yivn ToUro, Téme 10 D 64 Exn Biatpepiobii elg

¢
KAGoers (UmogUvoda) Eves petall Twv dvd Buo, ka- / %
Beplac dmd Tds dmotas elvon (€ dplopol) Ev EdetBepov ¢ / /
0

Savoopa.

“Ev olovBfimoTe tpapuooTov Sidwopa &md Té D

elva els dvmimpdowros k&mrolou E\evbépou Biowopa-

Tos TOU émiméBou. SuvhBes dx Qrmimpdowmor fvdg =
E\eubépou Broavoparos ToU EmméSou xOy (Zx. 34-1

AcpPavouer To tpapuooTév Sidwuopa Tol D, oy Exel Ix. 34.1

&5 dpxfv Tou TS O,

“Ev E\elBepov Sidwuopa ToU Emimédou elvan kel TO undevikov  EAetBepov
Bidvuopa, EnA. T& oUvodov SAwv TV pnBevikdy EpappooTdv BiavuopdTwv Tol
¢mimédou. ToUto & 16 ouuPoMlopey it O,

Kébe EAelbepov Sidvuopa 6 ovkBoliletan &1' &vds TuxdvTos dvriTrpocds-
mou Tov eiTe Bix ToU dvTimpoodrou Tou i &pxhv 16 O elte pé & pikpdv ypdy-
W ToU dApaPritou pall pd dv pikpdy PéAos Utrepdvw. OUrew Buvduebar v dui-
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Adpev 81 TO EAelbepov Bidwuoua OA 1 [:E, 81& T EAelBepov Bidvuopa E‘ K.T.A,

(Zx. 34-1).
To ouvohov Shwv T&V EheuBépuwy SiavuopdTwy Tou Emimédou B& 1O oup-

PoAilcopey pt D,.
35. MHKOZ EAEY®EPOY AIANYEMATOE,
Mfikos Evos BiaviouaTos dmod D, 8nA. Evos EAeubépou Biavioparos, foTw
@, AéyeTan TO ufjkos EvOs dvTirpooTou Tou kal ounPoldleTan pi | al.
Olrw, Sia 1O pndevikdy EAelepov Bidwuopa O, Exopev :
— S
ol ety N
36. LYNTETAIMENAI EAEYOEPOY AIANYEMATOZ.
“EcTw —c;e_@o. *Ovopdderar : TeTunuévm o0 &
y 1) TeTUnuévn Evds OTroloudnTroTe  dvTiTrpoodaTTOU
P
Tou kal TeTaypévn ToU a 1) TeTarypévn ToU aUToU
f| oloubrjroTe &AAou QUTITTPOTWTTOU Tou.
Olre, m.y., Sid 10 O elvan : TETUTHEVT TOU
70 0 kai Tetaypévn Tou 10 0. 'Emions Six T EAeU-

Bepov  Bidvuoua _o:: ToU  AVTITTPOCWTEVETAL &TrO
5 AB (Zx. 36-1), elvau: TeTPMUéVN Tou & 4 Kad
TeTaypévn Tou & 3. ZupPorikds ypdeopev o (4,3)
Zx. 36.1 Elvon govepdv &1, tav Sobouv al ouvteTarypéven &
vos EAevbépou SiavUouaTos TUTTopouuey, va Splocw-

HEV ypagikdds Eva dvTimpdowmdy Tou els T EmimeSov xOy (wés ;).

(o B SR S G

x

[
]
H
i
o 4 2 3 ¢ 5

37. H ILOTHE EIE TO Do.

"Eotwoav 811 cxe_‘Zﬁ kal ﬂe_‘Z)o Od Mywpev 8T1: TO o elvan igov feley
TO B kad B ypdq:wusu Ca= [3 &y, kai podvov Edv, umxpxn K&Tro10§ QVUTITTPO-
gwtos ToU & fgos pé xé&molov dvTimpdacwmoy ToU B

"EoTw ;=§-: ToTE (Kl pdvov TOTE) elvon :
TETUT|HEVT) TOU o = TETUTRéVT) TOU E Kal TETOrypévn ToU o= TETXY W) 'roCrE.

Elven gavepov 6mi kai Bia ThHy épiofeicav £86& Ewwolav iodTnTos loyUoww
ol Tpels yvworai 1816TnTes THs lodTnTos SicvuopdTwv. SnA. ) dvarhaoTikd,
OUMHETPIKY Kol 1) peTaPaTikd.

38. ANTI®ETA AIANYEMATA EIE TO Do,

“Eorw ue,‘j)n Kal OA dvmiTpdowTds Tou (Z)( 38 - 1) “Eotew OA’ & dri-
fetov Tou OA tpapuooTov Sidwuopa. To OA' = — OA elvan qvTiTpOoWTToS
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éués é?\r;uﬁepo'u Blc:vucuq'ros, foTw o: AUTd TS EAeuBepov Bidvuopa c: AfyeTan

Elver pavepdv émd Tols dpiopols, Trovy edoapey, 4
&1 }/

1) Mi& x&Be aeD, Umdpyer v pbvov dvTierdy Tou y
Sicwopa ToU P,.

&vTiBeTou ToU & Kcrl oupPorileTal pe— L,

a

i = b
2) &v o elvar T duTiBeTov ToU a, TéTE Kad TO & €l o

var 16 dwrifeTov ToU o' kad 3) ol ouvteTaypdven ToU o
e Zy. 38.1
elvon dwrifeTor TGY dpeovipwy CWTETOY PEVGY ToU a.

39. MPAEEIL EIE TO LYNOAON Do, TON EAEYOEPQN AIANYIMATON TOY EII-
IEAOY.

A). "As AdPwpev T EpappooTd Siawiopuora AB kal Br Ta Omola PAé-
TeTe el TO c)( 39- 1. "Omws yvwpiloper, &mwd doa EudBopev els THy y' TéEw,
'ro B:dxwuuor Al elvar T &Gpowua TGV éqacxpuocr-rmv BiaBoyikév Bravuopdrey
AB xal BT ZupuPohikids ypdouey AB 4 Br=AT.

Mopatnpolpey Tdpa 611 al O’UVTEToryuévcn ToU &Bpoioparos Al elven
oot dvrioTolycws pt T &Bporoua TG

OUWVUNWY SUVTETOYPéVQY TGV TTPoode-
Téwv SravuopdTwy. TpdypaTtt elvat :

<

TETUNHéVY  ToU KI)B ==
TETOYHEVT) TOU ;\—Ei =
TETUNUEVN TOU A= 1, /
TETOypévn TOU Bf =2
TETUNWéVT TOU Klt =4 =341,
TETOY Uévn) TOU Ki.'=4=2+2

~ N WA & e N O

B) "Estaeav tépa 0;1;20 Kkati éreﬂ)o

xal AB, BF (3x. 39-1) &vmiorolycws
drv-rmpéomrro[ Twy, ol émoiol elvan 8lq80xlxa Siavbopare.  ‘Opiloper 16

&bpoloua AB + BF 8nA. T AF AU‘ré 8 AT elven Evag drwmpéo‘mrros Kd&Tolou
EAeubépou 51uuucuor'rog, Ecrrcn y Tb y bvopddeTan &Bpowua a by ﬂ kal guppo-

Ex. 39.1

AleTan pg « + B, 5nA. « + B y Elven mpogoves 811 T y Exel dos TeTpnuévny
T6 &Bpoiopa THs TeTUNUéVNS TOU oo gl TETUNUEVMY TOU [3 kal TeTarypény TO
&Bpoloua Tiis TeTorypévns Tol o ol THY TeTarypévny ToU Bb
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OUrew, Y., v _1:(0, B) kel R (y, 8), TéTE TO (.“. + ;S 0& Exn ouvTe
Toypévas (a+y, P+ 8) ml Suvc:ueﬂu V& KaTaokeuGowpey Eve duTirpdow-
mov Tou BiawlopaTos (u + \) Goou yvewpilopey Tas cuvTeTaypévas Tou.

Kotomw 1édv dveTépe dpitopev s &bpoiopa buo tAeubépwv Slavuapdroy
;l’(dl, By ke v (ety, o) kai 16 cupPoAilopey ut v, T E\evbepor Bidwuopua \_w),
TO oTolov Exel TETUMUEVTY @ + o, kel TETaypévny By + PBa. Zuvifus ypdgouey
(o, Br) + (o, Bo) = (& + ay Py + Bo). ‘H mplis pé Ty Omoiav edplokopey
TO W, tk TGV u kel v, Aéyeton npbobeoig i auvbeois péoa els & alvorov P,

"Edw 70 & ék Tév mpoobeTéwov SlavuoudTwy elvan TO pnBevikdy EAeUBepov
Bidwuopa, TOTE B Eywopey e + 0= ix‘, BioTi 76—6 Exel TeTpnuémy 0 kol TeTerypé-
viv 0 kol &mopéves elvat (ay, By) + (0, 0) = (& + 0, By + 0) = (ay, By)

AnAabn 1O undevikov EAelBepov Bidwuoua elven TO obSétepov oTOIYETOV
els Ty Tpooleow bv D,

"Av g, E:* ; Elum -rpicx é?\eoﬁspu SravUopoTa ToU ém'rré'o‘ou (E) ToTE Opi-
gouev o}s aﬁpolcua o oww B auv y, kal Td oupPolilopev a + {5 + y, TO &bpor-
oua(a + B + v.

"Avardyws dpiletar TO dBpoioua pé Téooapa TrEVTE KTA. TrpooBeTéx Bio-
wiopaTa.

Efvea elkohov va Bikaiohoyfiowpey &t ) dpiofeioa wpdodeais v D, e
Tas 1BoTnTas @ dvmipeTaBeTikAy, TpooeTaipioTIKNY Kal T Biypagfis. *Hron:

) a+Pp=P+a

N+ +y=a+@+Y)

3) d=Paty=P+y

‘H loyus Tév dvetépw 1B10TTwY elvan poavepd &md Tov Sobévta Sproudy
Tiis lodTnTos BUo EAeubépwv SiavuopdTwv. L,

Mpdyuar, & Urobéowuey 6T T& Bravdopara o kol P Exouw ouvretayyé-
vas GuTioToiyws ToUs TporypaTikols dpibuols o, By kal oy, By TéTe TO &bpoi-
opa & + ]3' elven 16 Bidwuopa pé ouvteTarypévas (o) + o, By + Py). TO &Bpoioua
E-I— o elvan 1O EhetBepov Bidwuoua ut ouvteTaypévas (o + o, By + By). CAMN
el oy + oy =, + o kai By + By =Py + Py, oviTEpaivopsy ST o + P =

= B + a. -
‘H &mddatis Tiis loylos Tév {SiotTwy 2) kai 3) elvan euKo?\derrn

I') "Agaipeaig Ev D, MNwpilopev dr'rro v M 7éEw 611 &v o kal ﬁ elvar 8Uo
EAetBepa Bto.wcumcx émi ¢mmédou kad 13 elvan TS EAelBepov Bldwuoucx TO dnrri-
Betov Tou E TéTE bthETm ws Smnpopu a nlnv B, kal oupPoAileTan ui FEs ﬁ, T
EheUBepov Sidwuopa o+ [5 5nA. TO a + (= [3) OUrw B va eUpwpey ThHy Sio-
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q)opc‘xv.c;—ié, dpKel v& TTpooBécwuey els TO o TO dTiBeTow Sicwopa Tou éb

‘H mpatis Tiis elpéoecws Tiis Siagopds a —-E AbyeTon agaipeoig &v D,.

"Emeidn 1d dvrifera SicvlopaTa Exour &vTiBéTous TAs SuwVUpOUs TuVTE-
Tayuévas Twv kol Emadn, o eiSopev, 1 Siagopd g—_ﬁ iooUran pé & + (— BY,
Sia TouTo, &v eival P (ay, B,) kol |§( %, By), TOTE elvent —-é (— cta, — Bs) kai émro-
Hévas TO Sidvuopa &HE=7&+ ( —ﬁ) Exer owTeTayptvas o — oy, B, — By
ZunPolikds ypdgouey (o, By) — (4 By) = (o — ay, By — B).

AoBévtewy Erropdveos BUo BlowuoudTwy o (o, By) xad _é (g, Pa) Opilopev
s Siapopdy Twv T& Sidwoua, foTw )_/: T EXOV oUVTETOYpEVas o) — O, By — By
BnA. TO 3:( a — o, Py — Pa). Elven gavepoy 871 ioyle # tooduvauia :

Gfoyerfsy=d
‘Ewriong loyver ) i8i16Tns -
=B
AXKHZIEIZ

105) "E&v U (2, — 5) xad v (3, 1) el SUo EAeBepa Bravioore, vk Sploere, ut Tas

ouvTeTaypévas Tou, T EAelBepov Elévuaucr_u + ;rbxul va oyedibdoete els 1o EmrimeSov x Oy
fva QyTiTpdowTéy Tou.

106) "Eqv u (3, 1) kal v (2, 5) vé& elpe-
TE TGS OUVTETYpéVas Tou U + v kal T pfjkos .s/
Tou. "Emerta va elpete pi Téds ouvteTaypévas

s Thv S1agopdy u—v kal vé Urohoyloete T L

ufikos ToU SiaviopaTtos U — v].'

107) To Sidwwopa o (—3, 8) elvar Td
&Bporopa Tou  SravuopaTos -E:‘(—i,—Z) xai
tvdg GAAou dyvadaTou Browloparos. N& elpeTe
TO TeAeutaiov altd Bidwuopa.

108) Els 16 oy. 39 — 2 PAémete Suo ¢- g
eapuooTd SiaviopaTa KE xal FA, T& émola el-
vei dw'r:'rpécrm'{ro: &0 theubépuwov SiavuapdTav

O

............ e e

e T A —

\

- T W
0-_—_-_.;_-4 S
N

®

©

ot

S

LY

(M8

LN

(v SRR - SR

a kal P. Znteitan va elpeTe &Trd TO oYfiMa Tas Ix. 39.2
ouvteTaypbvas TG BrovuopdTey o kal {? "Emeita va elpete 1o Sidvuopa T Toov pé-; +_§
katd SUo Tpdmous. (& Evas Tpétos B elvan pi T owTeTayuivas). Na epete dpoiws 16 Sid-

—
voua 16 foov ¢ o —p,

40. F'INOMENON AIANYEMATOEZ EIMI NMPATMATIKON APIOMON.

A) Eis thy I TéEw tudBopey 811 : ddv AB elvan TUXOV 6)(!- mlﬁfwxbv Bi14-
woua Tou Emmédou xai p # 0 TpoyuaTikds &piBuds, TéTE g pAB opileton
Sidvwopa FE, TO &trolov Exel TN 1Biav SielBuvow pi To A%, popdv Ty 18lav &v
p>0, dvrifeTov 8¢, &v p<0 xal pfixos foov ué | p| - | AB '
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“Hén ﬁapmnpouusv O'TI 1 &v TO Sidwuopa ETB Exn TeTunuévny X kol TETO-
yobvnu Y kai 16 AE=p - AB (els 10 oyx. 40— 1710 p =2, els 16 oy. 40—2 elvan
p=—13) &xn ouwvTetaypivas X' kai Y dvmioToixws, TéTE Adyw TAW Suoiwy
Tprycvwy AKB kal AAE 8& Excwopev :

AE X Yy
Lk i
"Ex ToUTwv Emetan 611t X' = pX kad Y' = pY
" Ay Toiro Buvdpeba va Splocopey o p;\_’é T Sidvuoua TO Exov ouvTe-
Ty uEvas pX, p. THror s i Al X, Y =(pX,; pY)
MapatnpoUuev tmlons &Ti loyver :
|AE| = VP F GV =| ol - VXi % Yi=| p|-|AB|

Yy
Al A a8 S B
¥ e Y
2|l K
1 1
I 3k Lo
| |
5 | |
L -
4 2 ! i
3 ik PR
; ik ol
; Ao X 27 9 7 T SRy
; 85, SN 4}
Ol & 2 3 £ 858 678 =
e b
e
Ty. 40.1 Tyx. 402

‘H mpatis, pé THy dmoiaw elpiokoper TO ITB = p/iE &mo Tov p kal T .?8, w-
vopdoftn nokhanhaciacpos ToU AB trrl v p.
¥ B) "YmevBupilopev &ti loylowr ai i-
BioTnTES ©
— —
1) (=2):-(3AB) =—6AB =
= >
(—2-3) AB = EZ (Zx.40 - 3) xai yevikéds :
A (pAB) = (- p) AB, &mou A, p Tpayiia-
Tikol &piBpoi.
— —_ —_ —
2) p(AB+BlMN=pAB+ pBIl, &

A TV R TUXGV  TrpayuaTikes &piBuds kai

AB BF SiaBox k& tpapuooTd SiaviopaTa
Sy. 40.3 eiTe EAeUfepa BiaviopaTa.

I
4 ; |
I
i,

£
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Fevikdds, pt Paow Tols Sobévtas dpiouols, 1 1810Tns 2) denyeitan o EEis.
"Eotw @ TeTunpévn ToU AB — Q, TETOypévn TOU )§_§=ﬂ
» » EF:C!', » » EF:B
ToTe elvan :
. > >
TeTPnpévny ToU AB 4+ Bl =a + o
Tetaypdn »  AB + Bf =P 4 P’
- — —
"Apa TeTUNUEVT TOU p (AB + BN = p (a + «') = pa + pa’ kad
TeTaypévn ToU p - (AB + Bl') =p(B+P)=pp + pﬁp
"Ag eUpwpev -rcopo( TAS O’U\JTETO.'Yué\JGS Tou p - AB +p- BF & elvan

y

TETUNHéVT TOU p - AB +p- BF = pat 4 pa’
TETOYpEVT) TOU p AB +p- Bl = PR + pﬁ
'Emeidn Aorrdv T SiovUopaTa p(AB +§F) Kkl pKé 4 p—BT' Exouv Yoag
Tas SHWVUMOUS TwY ouvTeTayubvas ouvdyouey (§ 32, A) 8T elvar Toa. AnA.
p (AB +BF) = p AB+ p BT

AXKHEEIZ

109) *Av r’A =0 AE. Ti ovpmepaivere Bid Td I?A H
110) *Av I:E =ip» ﬂ Tl oupTepalveTe Bix To le g

111) Aierar 16 Sidwuoua AB ol oX. 36 —1 kal Inreltan v xataoxkevaoBolv Bia-
voouata Toa mwpds T4 :

)3 AB, B) % AB, y) —2 AB, 5) .%_ AB

(N& tpyoodijte pt 8lo Tpémous. ‘O Evas Tpdmos B elven pd ouvreTaypévas).

41. TYNOHKH TAPAAAHAIAL AYO AIANYIMATON.

A) 'Et dowv éudlopev el T& TrponyoUpeva (§ 30, §31, §39, §40)
ouvdryoper 6T Suvdpefa v Ekppaowpey Ev Sidwopa Bid Tév povadialwy Sia-

— -

wopdTwy i, | kal TGV OUVTETOYHEVWY Tou.
Mpéypari, Exopev (Zy. 30-1 xad 30-2) :
OM = OfT 4 TTM
— P —> —r —
"ANA' Emeidt) O = OIT- i xai TIM = OP = OP ﬁ GvwTépw Sicvuopa-
Tk lodTng yivera :
e —_— —_— =
OM=0IT-i+4 OP -
fj, & bvoudowpey X ThHy TeTunuévny ked Y THy TeTaypévny Tol SiavlopaTos
O—Na(-, TOTE

—> o I

M=X1+Y]
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‘Opoiws B 16 Sirdwuopa AB ToU oxNuaTos 33— 1, &v SvopdowHEY Xg— Xo=
=X «kai ygwyA =Y, ch elvat :
AB-AK+KB—AB +A B,, fiTol AB = X |+Y_]
B) *Ectwoav s T Emwimedov Suo SiowlouaTa V (X, Y) xai V' .5 &7
B1& Ta dmola foyler V' =kV. Mveopifopev (§ 40) &1 & Braviopare adree Eyouw -
Ty I8lav Siedbuvow (elvan TapdAAnia). *Emeidn V= E\Z BnA. (X', YY) = (kX,
kY), 8& Excopev (§ 37) :
X' =kX kal Y' = kY
gtropéveos B elven :
X N
Y
"AvTioTpdpuws, & loyun -);——-YT kai Svopdowpey k Ty Tiuhw Ty Ad-
yowv, B& elven :

l‘)z'.zdﬁf'_:k = X' = kX kai Y’ = kY

kal ETropéves :
V= X4 Y] = kXi + kY] = k0% + Yj) = kV, A, 1& Browie
opora V' kai V éxowv TNY aUThy SievBuvo.
"Qore: dvaykaia kai ikevi ouvbikn, fve &0 Sweviopata tob Eminédov
elvar mopdhinha, elvar ai opdvopor suvietaypéval abtdv va slvar avahoyor.

ZupPoAikdds : - % v
VIV = Y=

42. AIANYEMATIKH IEOTHE TOY CHASLES. (ZAA).

‘Eav A (xa, wa), B (xs,w8), T (xr,yr), A (Xa, ya) elvai TUXOVTX OT-
pela Tou émmédou xOy, B& Exmusu :
AB (xa = Xa, Wa—ya), BT (xr — Xa,  Wr =), ra (h —Xr, Ya—yr)
Kai AA (XA — Xa, Wa —ya). To &fpoiopa AB + B -+ FA + AA 6 Exn TeTun-
HEMY X — XA + Xr — Xa + Xa — Xr + Xa — Xa = 0 kal TeToypbmy wp —ya +
+WYr—YB+ WYa —Yr+ya—ya=0, elven 8nA. pnBevikdv Sidvuopa. "loyer
Aoimrov 1) EEfis looTns :
—> — e — —
AB + BI' 4+ TA + AA = O,,
N Omoia Aéyeton Sravvopaniky ioétng tod Chasles.

-

43. AIANYIMATIKH EEIEQEIZ EYOEIAL EIZ TO EMINEAON.

"EoTw A (Xa, Wa) TUXOV omueiov kal Bv EAelBepov Bidvuopa u (o, B) ToOU
emmédou xOy oy. 43—1.
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Ocwpoluer 16 cUvodov T&Y onueleov M (x, ) ToU Emmédou, Sid T& dmoia
elvor AM = A - :, émou AeR. To olvoov Tév onuefov TouTwy Aéyeton : eblela
(2). 'H e¥feia almn dplobn &mo 16 onueiov A kal 18 EAetBepov Sidvuopa u.

'Edqv elg dugoTépa Ta péAn Tiis Ehiodoews

AM =Au (AcR)
'rrpocrﬁéccouev TO aUTd Sidvuopa 5-;\ f& Eyoopev :
OA + AM = =+ OA

| — — e
| 5nAaby OM = Au + OA (AeR) (43, «)

‘H ttlowas, AM =Au (A€R) kafios kol ff OM = Au + OA (AGR) xgpd-

fouwv 1) xdde pla Ty dvayxaiar xed ikewtyy ouv-

Ofjknv Tva 10 onueiov M &vikn els THy edBeiav ‘

(). ‘O mpayuaTikds &pibuds A elvan ) raphpe- Y .
Tpog TGOV dvwTépw EliooEwy. },

Ao Tov dvwTépew Sproudy Tiis evbelas (e)
Emetan &1 1) (€) SpileTon povoTpdmes Ek ToU on- A
pefov A kal ToU Biewloparos u. f)/

Avo onueia A kai B (Sidgopa petafy Towv)
opifouv piav kal pdvov plav eleiaw. Tpdyper:, 7 ¢
Suvapebo va AdPwpev -n‘]v fuﬁs:av A omola &pi-
levon &md 10 A kad TO i= AB. ‘H ttlowaig Thg Iy. 43.1
eUBelas O elvon :

AM=A\AB (AcR)
f OM=AAB'4 OA (AcR)
B A =0 Exopev M= A Bix A =1 Zyopev M = B.

Mapadeiypa. Aldovrar onueiov A (2,5) kal Sidwuopa _L:(- 2,3) els 1o tri-
mebov XOy kel InTeiten #) Siowuopariky eklowais Tiis ebbeles, ) dmola Sitpye-

Tau B ToU A kad elven mapdAAnhos pds TO u.
"Aravinaig. Suppovws Tpds ThY (43,6), & M (X, ) elven Tuxdy onpeiov

Tiis {nToupévms elbeias, OwodTe Bd elvan oM (x, y), B& Exopev :
W) =A-(=23)4+(2,5 N omola elven 7 [nToupbvn BiewuopaTikh
ttlowaois.

"Ex TaUtng edplokoper BiaBoyikdds

(X, ¥) = (=24, 30) + (25) >
(W) =(-2A+2 A +5) =
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=—2A+2 =2

-5

X2 =5

3

3X—6=—2y+10 = 3x+ 2y — 16 =0, # dmoler elven # Aeyouém dvadv-
ukf Eicwag Tis eUbelas.

44. AIEYOYNON AIANYEMA EYQEIAL,

To Bidvuoua ;J,(O:, B) Aéyeton SievBovov Sravvopa Tis elBeiag (e).

T& Siowbopara u’ =t1_;(teR) elven Emrions Sievbivovta Siaviouara T
(e), Bidn 1y tliowos Tis (g) AuTopET V& ypogd :

AM = % tu
i AM =T U (eR, teR xal t #0)
AZKHZIEIZ

112) AiSercn 16 EAedbepov Sldwucruu_J (— 3, 5) kal {nreitar v& dploete Bik TédV guv-
TeTayudvey Tou 16 Bidwuopa — 20, “Emerte v AéPete oUoTnua Spbokavovikdv dEdvwv kal vk
oyedidoere Bva dvmipdbowmov ToU — 2u.

113) Né& éerdoere &v elvan TapddAnda fi &x1 & Srovboparta 3(3, 4) kal v (%.2)

114) Gewpolpey T& Slavéuumuﬁ xal TA :
A(-3,2), B (1, 3), Fi(l,:2); A5, 3)
N& tlevdoere &v T& dvetépw Biavbouara elvan mapddAnda kal &v elvan Tis aUTis
@opas.
115) AiSetan 16 EAelBepov Bidwuopa L,(Z, 1) kel 6 onuelov A (2, — 1). N& kaBopioete
ThY edfeicv, fi dmoia Biépyeran Bid ToU A xai Exer SievBivor Bidwuopa T E’
116) Alderanr 16 EAelBepov Bidwuopa -u’(- 1, 2) xad & onueia A (2,2) xal M (x, y).

e -
ZnTeltan va dkppdoeTe 61 T& Bravvopata AM kal u elvan TapdAAnia.
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MEPOZX AEYTEPON

O/
KEDAAAION IV \\\\"

ANAAYZIZ NMIOAYQNYMQN EIZ 'INOMENON
ITAPATONTQN

45. OPIIMOE. ’Avdlvois molvevipov els yuwdpevor mapaydvrwy xaleivar ¢ peta-
oyquatiopds adtod eic ywduevoy magpaydvrwy.

‘H dvdduais moluwvipou els yivdpevor mrepaydvtey elven v &k TéY oTrou-
ScioTépoov kepodaicw Tis "ANYEPpas, BidTi els mAeloTa SAyePpikd Béporta, dx
8& iBwpey, dmanTeiTan, 6MWs TX ToAuMVUpa TeBouv U HOPPTIV Y IVOpEvou
mapaydvtwy. [y, es thy émiAvow Eiodoewy.

‘O peTaoynuaTiopds TGOV TOAUGWIHwY el YIvouevoy TaperydvTov, Ev
elvar Buvards, &tv elven évtoTe elkoAos, oUte SUvaTan vk yivn 81 copiopéveo
Kavovey. Zxdmipov elven Aoimrdy v’ &oyoAnBdpev, doov TO Buvardy TEPIcTOTE-
pov p¢ TO Bfua TolTo.

46. Elvar yvworn & Tiis mponyourtms TéEews 1 dvdAuois el ywdpevov Tapa-
YovTwv T&Y K&Twh TapaoTagewy, &1° 8 kal EravahopPdvovTar cuvrTSpLs

1. Mapacraoeig, v omoiny ol por Exouv kowdv napayovia.

MoAudvupov = (xoiwds  Tapdywv) - ( TnAikov  ToAuwvipou &i& kool
TaparyovTos)

Mapadeiypata: o) 4xdy — 10x2y2 4 12xy® — Byix = 2xy + (2x? — 5xy +
+ 6y —4y?), PB) 459 +1x — 25¢r+Ex? | 15V X3 = 5rtIx (9 — Syx + 3yixd)
Y) Da(f-3P-3P—-3)P+6aP@P—-3)=3a@—-IDEE—3)2—
—a(P—3) + 2]

2. Haopaotacerg yopiopevar slg opadag

Mapadeiypare: o) oy + Pv? + o®v? + Pu = (o®u + Pu) + (a®v? 4 Bv¥) =
=u(a+P)+vi(a+P)=(c+P) (u+v?)
B) ax” +ayh — oBx" — aPyt + PX* 4 Py = (ox* + o) — (aBX” + aPyh) +
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FBX By = o () — af (X¥ + @B Hy)= (X* + ") (a—af +P).

Tty i8iav mapdoTacy Xwpiooate el lo Spadag kai dkoloUBws dvoAUcaTe &lg

YIVOUEVOV TrapoyOuTwy

Y) xy (o + PO+of (x*+y?) = o*xy+Pixy + afx?aPy? = (a’xy + aopx®) +

+ ((B*xy + aPy®) = ax (ay + Bx) + Py (Px + ay) = (o + Bx) - (ex + Py).
3. MNaepastaceis tijs pop@ijc A> — B* (A kai B akyePp. napastacsig)

A*_B*=(A+B) - (A-B)

Hopadeiypata : ) 25x* — 8lyt = (5x)% — (99*)?* = (5x — 9y*) (Ox+ 993
E,) uls_uu:(un +V')'(UH—U1) —_ (uaﬁ-\n“)'(u‘-f-v"t)'(u‘“\ﬂ):
= () - () () - (i),
Y) oy — a‘.’u — (q“)? == (Bu).’. — (av + Bu) . (C‘v 2 Bu)r (U, p e N)
8) (8x — 3w — (5y?® + 2x)* = (Bx — 3y* + 5¢* + 2x) - (Bx — 3y? — 5¢*—2x)=
= (29* + 100) (6x —By?) = 4 (y* + 5%) - (3x — 4y®)

4. llapactaseg tijg popeiic A® |- 2AB + B? (A,B nupuctaceic).

A* 4 2AB + B*= (A 4 B)*

Mapadeiypata: o) 9x* + 12x +4=(3x)*> + 2-3x -2 4+ 22 = (3x + 2)*
B) 16?4 49x%yt — S6xy® = (49)? + (Txy?)? — 2 dy - Txy? = (4y — Txy?)?
y) Gt o 2'BH + P = (@)  20'B* + (B = (o + P)*
B) (XE4 w24 4AxNE 4 4 (x4 ) xy = [ (X2 D) + 2y = [(x + )2 =
=(x+y)!

5. MNapastaaag tijc popeils ¢(x) = x* + px + q (p,q,xeR)
A=0<g(x) =x+px+q=( x+ %)2
> 0orqt) = pr = (x4 ) (B =

p+ YA =
= (x+2412) (x+2515)

ALO <sqm) =xt+px+q=(x+2)+ (L)

A=p*—4q

Eis v mepimrwow, ke’ fliv A < O, maparnpoupey 611 1) TapdoTacis
@(x) = x* 4 px 4 q 6év peraoynparifeTon els T6 oivorov R el ywdpevor pow-
ToPaduicwy Tapaydvrwy, dAAd els &Bpoiopa Buo TeTpaydvwy. Alav ouvTdums
8 pdbwpev Tpdmov peTaoynuaTiopol el ywduevov mapaydvtov T Ponbeig
GAAou ouoThipaTos &piBudv.

Iopadeiypata: o) @(x) =x*+8x+ 16 - A=8"—4-16=0
"Qote Exouev 1 @(x) =x*+ 8x + 16 :(x + %)2 = (x + 4)?
B) o(x) =x*4+2x—15. A=22—-4(-15) =4+ 60=64>0
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Ore : g(x) =x*+2x—15= (x+ 5)2~ (Y5 o= (x + ZF)(x + 5%) =
=Xx+5-(x-=3)
Y) o) =x*—4dx+ 1. A=(=4)=4-1=16—4=1250
OUraws Exopey : @(x) = x — 4x+1—( +—4—+-Y-i2) .(x~|-—4 -V12 )_
— 4 4-2¥3 —4-2 =

= (x+ =I5, (4 +W—V—V3):(xh2+V3>-(x—2—V3)
8) p(x) =x*—3x+13. A=(-3)*-4:13=9-52=-430
‘Qote, Exoper @ @(x) =x:—3x + 13 = ( Nl '-'23)2 + (!?(2_,42) )2 =

:(x~ ) (“3 )5 &fpotopa BUo TeTparycovev.

6. lopastaoewg tiig popeils ¢(x) = ax® + Px + v, (¢ # o, B, veR)

A=0eg)=at+px+y=a(x+Ext V)=

=a(x*+px+qg)=«a (x+f&)2, émou p = —E—, q=—

A = pt — 4
i p-Va
2a

A>0<>p(x) =ax®+Px+y =°f(x +B‘¥) : (" +

A<O<=@(x)=ax?+Px +y =« [(x + .2%)2+ (l’z“;)]

Kai dvralba 6tav A<O, uetcoxnuariletar el dGdpoioua SUo TeTparydoveoy
kol Sy els ywodpevor Un TrapaydvTwv els TO olvorov R.

Maopadeiypata: o) p(x) =9%* +6x 4+ 1. A=62—4-9-1=36—-36=0
Olreog Exopev : @(x) =9x2+6X +1=9 (x +i%)a =9 (x + %)2=(3x+ 1)?
B) p(x) =2x*—x—1. A=(=1)*-4-2(—1)=(1 4+ 8) =9>0.

"Qote: px)=2x2—x — 1 = 2(x+ _;_"?,9)( -|~:12:,}’3— =

=2(x+%)(x-l)=(2x+l)(x—l)

Y)e(x)=3x*—x+2. A=(-12—-4:3-2=1-24=-23<0

s s9=30-x 2235+ 51) + (D) J=slle b+
+(V23 ]

8) @(x)=25x2—20x +1. A=202—4-25=400—100 = 300>0

OUTw : g(x) = 25x1 =20 + 1 =25 (x +:2i’*‘ﬂ9)(x £ LR

50
=25 (x+ 2504228 ) = 5x—2+ V3) Gx—2VD
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I8ou Topat SAACI TEPITTTEGES PETOOXNUATIONOU TOAVWWWY s Yi-
vopeva TTapaydvtwy Alov yproipor :

7. Hapastaceig duvapeval vi ypagoiy Gg S1agopd TETPayHVOV TAPUSTATEDY.

o) ZuvBuaouds TV TEpITTTGOEWY 3 kai 4
A*+2AB+ B - =(A+B)>?*—-M=(A+B+NA+B-I
A*+2AB 4 B2 — T2+ 2I'A — A? = (A? + 2AB + B2) — (M — 2r'A + A?) =

=A+B-T-8)2=A+B+T—A)(A+B-T+A4A)

dmou A, B, T, A dAyePpikai mapooTdoEs.

B) Mapaotdoes Tis popefis x4+ x¥ '@ 4 w2, veEN kai v > 2
x!v+xav 1 E"' l+kP“‘V:.\" -E—QXZ -1 2\«l+wzv ,.v I\P._,'v 1_
="+ \p’"")"—( XETE R = (e T xR ) (0t
5 q}n_,\f-—l Vs Wzv-z)

y) Mapaotdoes T popefis X2 + 442, veN kai v > 2
x,v 4 4q}av (sz—l)z 2t (2\‘)2\;—1)2 A 4x2v-l L'P.zv_] - 4x2v—l wzv—l .

= O™ 21 (2 gy
= (xov =1 4 2LPW 1 £ 2x2v.—a ng-z) R (xzv-—l - 2\‘}2\!-1 o 2x.lv-2 \sz—Z)

Els Tas mepimTddons P okal y EmBicokopey THY oupmAfipwoy Tis Tapa-
otdoews S Tpoofapaipéoews Tou avTol povewvipou, fva alm kaTaoTh Sio-
popa BUo TETpayvwv.

Mapodeiypata: o) 9x2 4 6Wx 4+ w2 — w? = (3x + y)? — w? =

=Bx+yv+w)Gx+y—w)
B) 36a* + 12aP + B2 — y* — 4y8 — 482 = (36a* 4 120P + B2) — (y* + 4y5 +
+ 45%) = (60 + B)* — (y + 26)* = (60 + P + ¥ + 28) (6 + B — y—25)

¥) X4 x2PR gt = x4 4 X2t 4 Wi — x2y? = (X2 + @) — (xy)? =

= (x* + 2 4 xg) (¢ + y2 = xy)
B) x¥+xWt 4 gh = x® 4 2t S — Xt = (X )T - (xiy) =

= (x4 W XA - (x4 = XY =

= (X* 4+ @i+ xy) (x* + * — xy) (x* + @' — x2y?)
) X1+ At = (X + (297 + Xyt — 4y = (x* 4 291)? — (2t =

= (¢ 297 + 2uy) (x° + 29° = 2xy)

8. "Avalvaig £vog i mepogotipov Gpov cig dbporapa drhiov.

ToANéwis TapioToaron dvdykn dvohloews tvds f) meplocoTépawy Opwv elg
GAyePpikdv &Bpoiopa EAAwy, Tpokeipévou vi EmiTUYwUEY THY dvéAuoiy els yi-
vopEvoy TroparyduTwy wds TopaoTdoews. Suvifws TouTo drredTeiTan, &T&Y
TO WAffos TGV Spwv THs TapacTows elval TEPITTOV Kal EmifupoUuer vi TO
KATAOTNOWHEY &pTIOv.

‘H péfoSos alrn yprnowomoieital els TOAAGS TEpITTTGOAES.

Mapadeiypora: o) N dvodudij els ywdpevor Tapaydvtwy f| TapdoTadis
A =X + X% + YX + Yo + 0¥ + why + 2xyw
JExouev 1 A = X%y + x%0 + WX + Yl + X + Wiy + XY + Xpw =
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= (X% + X%0) + (WX + xp0) + (Yoo + wohy) + (@K + xyw) =
=xE (Y 4w) + Xy (Y + ) + oy (Y + w) + wx (@ + y) =
=W+ X +xy+toyt+to) =W+ o) [xE+Wt+wx+y)] =
=+ w) x+y) x+w
B) N& yivn ywdpevov f) mapdoTaois e(x) = X8 — 3x + 2
Exouev : @) =x1 =3 +2=xX—x -2 +2=x(X'=1) =2 (x=1) =
=xGx+D)Ex-D-2x-D=x-1)x*+x-2)=
=xX-DE+2~-x-D=x=-D) [x+Dx-(x+2)]=
=x-=-1D*Xx+2)
9. Nopaotaoeig tiic popeilc X' -+ y¥, veN.
Tés mapaoTdoes aUTds dvelUopey dml Tf Péoel T Bewplas TV &flo-
onueldTY TMAiKWY kel THs TaUTOTNTOS THS TeAelas Siapéoeas,
o) Al mapaoTdoris Tiis Hopefis o + PP Bicipovuevan Bid « + B SiSoww
Umrodorrov 0 kal wnAlkov a® F af + P ‘Emopéves dvadlovrar s tEfg :

| @ pP=(aEP) (@ Fap+p) |

B) Al mapaoTdoels Tiis wopefis XY — ¥ &mou veN, BiaipoUueval Si& X —
GiBow Uméhoimov 0 kad TnAlkov X¥o1 4 xV-ty xSyt 4 xyv-t 4
by
"Apa Exopev I XY — ¥ = (x — ) (X¥~14xv-2 WAXB W x4 \Pv_l) j

"Av elvon v = 2k, keN, ToTe Buvdueda vd dvedlowpey kel dx drkoAouBug

XY= W= X = B = (XX pR) (x5 - )

TMapadeiypara: 1) ot — B! = («*+B%) (a? — B?) = (a* 4B (« + P)(a — P)
i al—pt=(a—p) («* + a®B + o + B?) = (a — B) (a + B) (c+P*)
2)at —B* = (a—B) (a! + o'p + «*B* + aP? + BY)

3) af — P8 = (o® + B°) (a® — B*) = (& + P) (a* — ap + P*¥) (o — B) (c+aP+pY)
A ot — P& = (a?)?— (B?)® = (o — P?) (o + a®p? + B¢) =

= (a+P) («—P) (a® + ap + B*) (* — P + B?) (BA. mepimr. 7 B A

af — B8 = (a—P) («* + o'p + oB* + ®BY + Pt + P¥) = (a — B) [o* (a+ )+
+ B (a + B) + B + B) ] = (@ = B) (a + B) (o + o*p? + PY) kAT,

Y) A& Tés apaoTaoes Tis poppis XY 4 v Siakpivopey Buo TepiTdd-
oeig : 1) "Edw v=2x + 1 (mepiTT6s), TéTe T Bicovupov Bicpelton Bidk x + y kal
ket dxoAoubiav :

Yv=2k+ 1
KeN

XY 4 g = (x_‘_w) (xw-l —_—xv-2 W+xv-3 W’ e -"‘\Pv_.‘f'wv—l) ]

2) 'Eav v = 2x (&pTios), TTE TO Bidhwupov Biaipoupevoy Sid X + y 1 Six
X —y 8iBer Urddorrov 24 kol ouverrédys Btv Buvdpeba va dvadlowyey oTd els
YWwdpevov Taperydvreov drrl T Pdoel Tiis fecoplos T@Y &EroonusiddTay TrnAlkeoy.

Els Twes Spws mepimrTioeis, kard Tds dmolas & v elvan GpTiov TOAACTTAG-
glov TepITTOU dpifipol, Suvdpefo va dvaAlowpey s drohoUBes
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(B =243 2 49 =000 400000 = (el i) (8 25+l

(12=4-3) %%+ = () + (W98 = (x* + 99 (¢ — 9" + )

(]0 . 2 5 5) xlll _* Wlll — (x2)b t (Wﬂ)ﬁ - (x2 1 \PE) (XB i KG\PZ * X-IWI i -":‘Vﬂ i
+¥9)

[Hopadsiypata:

1) a{: + Bﬂ — (C( + p) (C(l " c-‘lﬂ + QZﬁE o uﬁl} _+ BI)

2) o + P =(a+P) (o - P + o'P? — PP + a’B! — ap® + B°)

3) ﬂ”‘ + Bl.’) —_ (u:i)ﬁ _& (E,:l)s — (aa ,’_ ‘33) (all’. — asga + GUBB e GSBQ + Bl!) -
- (C + B) (cx2 e aﬂ + Bi) (alﬂ By qupa + aﬁpﬂ o a:lﬁl + ﬂll)

10. Mapaotaoeig: Télewov tetpaymvov ij kifog melvmvipov.

a) "Otav &v TOAUGVUPOV TIEPIEXT) TG TETPEYWVX UEPIKEDY povwvUpwy Kai
T& BimAdola yivdueva adTdv dva Blo ko’ SAous Tous BuvaTous TpdTrous WE TO
kaTédAAnAov onueiov, TOTe elvan TéAelov TeTdywvov kal guverrdds dvoAveTan elg
yivépevor duo fowv Tapayovtwy. Mepikf) mepiTTwaols elven | mepimTwois O
&p18. 4.

Mepadeiypata: 1) o + P2 + y2 + 20 + 2Py + 2ay = (a + P+ ¥)* =
(x4 P-+y)iladtBLY)

2) x4+ 4y + 9e? + dxy — 6xw — 120y = x* + (29)* + (CGw)* + 2 2xy —
—2%-3w—2:2y - 3w=(x+ 2y —3w)t = (x + 2y — 3w) (x + 2y — 3w).

B) ’E&v T mohucovupov elvar Tis popefis A® - 3A*B + 3AB? + B?, Tote
elvan & xUPos ToU Brwvipou A + B kai ouvemés dvodleTon els yiwduevov Tpidoy
fowv mapaydvTwy .

OUtw : A% | 3A®B 4 3AB% | B®*=(A : B)*=(A +£B)(A = B) (A +B)

HMapodeiypata :

1) 27x3 4 2Tx3y + Ixy? + W' = Bx)* + 3 - Bx)%y + 3 - Gx) ¢ + ¢* =
= (Bx+ W)= Gx + v) Gx + ) Gx + )

2) 8x%a®—36xbat + S4xia — 27x% = (2x%a)® — 3 - (2x*a)? (3x) + 3(2x%ax) (3x)* —
— (3x)* = (2x%a — 3x)? = (2x*ax — 3x) (2x%x — 3x) (2x*a — 3x)

11. Nopuataces : [olvavopa Pabpod avortépov tod npartov.

‘Qs yvwoTdy, &v dxépaiov ToAudwvupoy @(x) PaBuot > 1 undevileTon Six
X =@ty = —g, émou «, PeR, TéTe BraupeiTar Bid x —a fj ax — P kol avTi-
OTPOPUWS.

"Emri T Pdoer Tiis 1816TnTOS aUTRs dvadUope, £’ doov TouTo elvon kaTop-
BuwTéy, ToAubvupa dvwTépou Tou o BoBuol el ywopeva TapaydvTwy, s
els T& drdrouba TrapabelypoaTa : oo

IMapadeiypata: 1) Na dvadubij els yiwouevov 16 TOAUVUMOY

p(x) =x* 4+ x*—x*4+x—-2
EUplokopev TolUs Siaipétas ToU yvwoTtoUu épou —2. OUtor elven @ 1, = 2.
Mapoarnpouper 611, & x =1 Exopey ¢ (1) =14 4 13 —12 41 -2 =0. "Apa
16 @(x) Sinpeitan B x — 1 kal 8i8et mwnAikov My(x) = x* + 2x? + x + 2
‘Emropéveos Ba Excopev @ @ (x) = (x — 1) (x* + 2x + x + 2) ()
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‘Ouoiws, 81k x =—2 &opev: [M(-2)=(-2+2(-2)4(-2)+2=0
*Apa 1o TT,(x) Bioupeitan Sid X + 2 kai 8ider mnhixoy TT, (x) = x + 1, dméTe
M) =0x+2) (x*+1) kai dxorolbws 7 (1) ypagerai:
X)) =(x—-1D (x+2)x*+1).

2) N& &vahulify els ywduevov 10 @ (x) = 2x3 + 3x? 4 8x + 12.

EUpiokopey Tous Bicipétas ToU yvwoTol épou 12 kai ToU ouvteAsoTou
ToU peyloToPabulou dpou 2. OUtor elven ol &Efig: ToU 12 0of + 1, + 2, + 3, 4,
-6, + 12, ToU 8¢ 2 of + 1, 4 2. *AkoroUfws oxnuaTifopey SAa Ta KAdopaTa,
T& dmola Exouv dpifunTds Tous Siaipétas ToU 12 kol TapavopaoTés Tous Siai-
péTas ToU 2.

TaUrta elvar: + %, - % "Ex 1@V kAaopdTwy aUT@Y TO KAGOHX — 5

pnBevifer TO moAucdwupov @(x), BidTi ¢ (—%) =2 (—%)3 +3 (k %)2 +
+ 8(— %)+ 12=0. *Apa 76 @(x) Sicupeiton Sicx 2x + 3 kai 5ider TnAikov TI(x) =
=x?+4, omote ¢ (x) = (2x + 3) (x* + 4).

ALKHIEIZ

117) N& tpamouv els ywdpevor mapaydvrwy al mapactaoes :
1) xpyp 4 xu—tyn - xu Hyp—=t, HEN, 2) ax®+Px*+a+ P + ax + Px,

3) xM (e + P+ aB (X + ) D (X i)+ (VX — ety

5) l4dxiy? — 121atp?, 6) x¥—(x— Py, 7) (ex + Py)*— 1,
8) (x! + xy + i) — (x* —xy + yHL  9) 6dxryt — 160x2¢? + 100x2,
10) 169x3yz? - 286xytz® + 121y%2?, 11) 4y20p® + 361x'Iwta? + ToaPxyiw?
12) ot — pt — 2Py — y?, 13) a® —2aP + P* — 4y? + 12y5 — 982
118) N& petaoynuarioBolv els ywoupevov mpwroPabdulwy Tapaydvrwy Ta dxdéiouba,
TOAVDVUL :
1) x* 4+ 4x — 21, 2) x* - Tox + 12at, 3) w—(v—2Dw—2v
4) 2w + 4w ~ 70, 5) 5x'—4x + 1, 6) 9x! —bax + a? — p?
119) N& dvaiuBouv els ywouevov mapaydvrwy al mpaotdoes :
1) 9a’p® — 36ap + 36 — 25a3, 2) x4 — 16w* + 9yt — 6xiy?
3) 2(x'y —3w) — 9 + xW — w+xY, 4) dat + 16arp? + 25p¢
5) 36x*y* + 49at — 100atx?y?, 6) 9x* + 1 — 15x¢4, 7) 64aix? + ¢,
8) A 4 4uih, (v, A€ N), 9) axt—(a+ Dx+1, 10) ux® + (p—5v) x —5v

11) x* +x*—3x"=5x—2 (Umdd. —5x = — 3x — 2x),

12) x* +x3—2  (Uwdd. x* = 2x* —x?)

13) 64t £ 279", B £yh (@ By £ (@-P), (a-P) P
14) a'x® — y*, Xt £ 64a’ys, a't 4 1, a* + P2

15) 32x* 4 1, X'+ g, X' + ¢, 2430 + p*
16) 81x* + ¢?* + 4w + 18xy — 36xw — dyw

17) Sa’x* + @'p* + 1 — 6aPixty — 6ax® + 2Pty

18) 8x* + 1 + 12x* + 6x, 19) a’x? — 6a’xty + 12axy? — By?
20) 27y — Ba? — S4axty? + 36a’xy
21) x*—7Tx® 4 9x* + Tx — 10, 22) 3x* 4+ x*—6x+ 8
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AZKHEIEIE EMANAAHVYEQZL

120) N& Tpamouv els ywdpevor mapaydvtwy al TapagTaoels :

1) alt —pe, 2) x'h— iy, (1, vEe N), 3) x3psvs —ixtn Y, (U, veEN),
4) By' +aly + 0P~ — Bty —ay’,  5) (x— @)+ 120" (x—a) + 36a*

6) X! —yt — ! + 2y + X + Y —w, D x+y)r—1—(x+y+1)xy

8) alptv 4 2ar MPVH L am P, (v, € N)

9) 16atm -tptv — 24ap® 4 9ai-2m Bi-tv, (u,ve N)
10) a®v + P 4 2av Pu — y*h, (4, v, A€ N)

11) x4V + 4x2v @i + 4yt — a'f? + 2aB — 1, (4, veEN)

12) xtv + x¥ @i+ @, (4, vEN), 13) a'xt wiv + 64p%, (u,veEN)
14) ot — p?, 15) a* — 27a® — ad + 27, 16) x* — (a® — 1) x® — a®
17) X3 4 @ 4 3xv i (xV + @), (mveN)
3
18) 125x3v +5 — 75x8v +3 4 15xv +1 — I, 19) 5= — KT'-Hc—l
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KEPAAAION V

TAYTOTHTEZ

47. OPIEMOE. Tavtoryg xaleirar 1 lodtng perald ddo ddyefpuedy napacrdocow,
7] émola elvar @dnbne dua mdoag Tac Tiuag Tadv yeaupdrov éx Tav dnolwy éap-
TOYTaL.

T& 800 péAn Tis TavtéTnTos Elvan loodlvauol dAyePpikal TapaoTdosis.

Eis wiav ToraUtny lodtnTa TO gUpPoroy (=) dvTikabBioTaTanr ouvnbes,
xwpls ToUTo v elvon dmoAuTws dmapaitTnTov, pé TO gUuPolov (=) kal T
émoiov BraPdletan @ «dk TauTdTnTos fgov pén. "Htol ypdgouey ¢ (X, y, @,...)
=X V00, 56

"Edv 1) lodTtns adrn foyxin wévov 81" dpiopévas TiLds TAV X, , w,. .. Kal
Btv loyin B1& kaBe Tipnv TdY peTaPANTdY abrdv, TéTE Btv elvan TauTdTNs.

‘H xpnoipdTns Tév TauToTATWY Elvon oAU peydAn. A1’ alrddv Bieuko-
Alvetan TOAU & dAyePpikds Aoylopds' fiTor & peTaoXMUOTIONdS TV TApAOTA-
oewv els &mAouoTépas TeploTOTEPOY ETweEAels Bid Ta dAyePpikd BépaTa.

48. EMAAHOEYLIL (ATIOAEIZIZ THE AAHOEIAL) MIAL TAYTOTHTOZ,

‘H ¢pyoaosic tmrainBeloews Wwas TautdTnTos owvioTatar els Biaboyikous
xaTaAARAoUs peTaoynuaTiopols, Tous Omofous 8& EkTeAéowiev els TO Ev pédog
Bix v kaToAnEwpey els 1O dAho. KatdhinAor 8t peraoynuaTtiouol elven @ 1)
txTéheots TGOV mpdlewy, 2) QUTIKATATTACIS TAPAOTAOEWY UE TS €k TaUTéTN-
Tos foas auTddv, 3) dvdduos Spwy els dBpoiopa &AAwy, 4) TpdoBeais kal deai-
PETIS TAUTOTAHTWY YVWOoTOY KaTd AN, 5) mrpocBagaipesis dpwv fi TapaoTd-
gEWV KA.

TToAAdkis UmroBéTopey THY TouTtdTnTa dAnGT| xai deol Emipépouey dpi-
opévas dmrAoTtrolfioels, kaTaAnyopey els lodtnTa &k TV TpoTépwy GAnGH. “Eme-
Ta, droAouBoUvTes QuTITTPOPOUS METATXNHATIOHOUS, KaTaAryouey els Thy d&mo-
Bewtéaw TauTtoTnTa. KoAow 84 elvan Spws TouTto va dogelyetal, BidTt &AAws
dmanteital Tpogoxn els THY YpnowoTtoinow TV uETaoXNUATIoWGY, ol dmolol
Btov va elvan dAol QuTioTpeTTTOl.

"Eqv Eyopev pds ErairiBevoty TauTdTtnTa UTrd TrEplopiopols, dkoAovBol-
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pev THY aUTn Biadikociay, WE TRV Blagopay OTI KaTa TNV EKTEAETIY TGV TRA-
Eecov TrpéTrel va Excopey TWTOTE UTT Syiv pas Tous TEPIOPIOHOUS.

Els 1o mrapov kepdhaiov fa yvwpiowpey TaUTOTNTAS, EkTOS T@v Adn Y-
Ty &k TTig TTpOTYOUUEVNS Tékecws, kal dAAas Tas dToiag ol padnTai &éov va &rro-
KVT HOVEUTOUV.

49. AEIOMNHMONEYTO! TAYTOTHTEL.

A) Pvaootai &k tiic mponyoupévng tagewg
(@ + B)'= o & 2ap + Premat 4 B* = (a £ B) i 2aP
(a+B) (a—B) = o — B <ol — Bt = (a + B) (s~ P)

(a+ B)P=c®+ 3P +3ap £ PP=c® + P* + 3P (a2 P) >

o + PP = (a+ B)* — 30B (a + P) = (x + B) (o —ap + P%)

ol — Pt = (a— B)* + 3aP (a— P) = (a — B) («® + ap + PBY)
(c+ B+ ¥)=ot+ PP+ 2 + 208 + Py + 2ya<

o 4 Bt vt = (a+ B+ ¥)' —2(ap + Py + v
( + @) (x + B) = x* + (2 + )X + ap
(x4 @) (x4 B) (X + ¥) = X+ (@+ B+ Y)x* + (@B + Py + yo)x + oBy
(x—a) (x—B) (x—y) = X1 — (@ + B+ Y)x* + (@B + By + yo)x — aPy
Tautdtns Tfis Braupégews

(x) U(x)

A
A(x) = 85(x) - TI(x) + U(x) 5D = M(x) + 560 5(x) # 0,
dmou A(x), 5(x), TI(x), U(x) dvmioToixws BiopeTéos, Biaipétns, TmAikov kal

Utrdhorrov Tiis Biaipéoews.
B) "Allar dSroonpeiwtol TaVTOHTNTES.
1) To retpaymvov moluvwvipov
Né& eUpedii 1O dvdmruypa Tou (o + P +y + 8)*
Exouev : (@ +P+y+8P=(a+p+y+8(a+P+y+8)
= a“+ﬁ2+y“+82+2dﬁ+20y+2a5+2§37+2ﬂ8+2y5
— ot 4 P*+ yt + B + 2(aP + ay + ob + By + P6 + )
Mevikds (o + e+ ... + o) =(@m+ o+ ... 4ay) (o + e+ ... o) =
=a(gt+out... to)toal@gtat.. . +ta)t ... + o, (o + ot ..
+oo) = a4+ o + ...+ ol 4 2o, + weg + - +oyay) + 2(0uay +
oo o ) e+ 200 ay = A +a? 4 .+ a4 2+
L 1T e Y T + oty + ... +Gv-10v)

T =1 2.3 L% §
e popalony g Mokl

OUtw : .4 o)t = 2o+ 22044 I

“Htor : To TeTpdywvov ToAuwvipou pE v Spous foouTan pé To Gbpolopa
Tév TeTparycovey T Spewv Tou, NUEnuévoy xatd 16 BirAaaiov Tou dAy. &bpoi-
opaTos TGV Yiwouévwy T@Y Spwy ToU Aappavopbvey dvd Buo, ko’ SAous Tous
BuvaTous TPATIOUS.
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Ilapadeiypata :
&) (a+P—y—8)=a + Pt (—y) + (~8)* + 20B + 20 (~y) +20(=5) +

+2BEN+2PED+2ENED =t 4 Py 8+ 2(afp—ay -
—ab — Py — P56 + yB)
B) (oo + Bx* + yx + B)? =
+ Pyx® + P8x* + y8x).
2) ‘O kifog tprwvipov
N& eUpedij 1o dvdmruyna Tou (a + B + y)*
“Exouev 1 (@ +B+y)P=(@+P+Vy)(@+P+Y)
=(c®+ P2+ ¥y + 20 + 2Py + 2ye) («+ P + ¥)
= o + P? + ¥y + 3oty + 3P + 3P« + 3Py + 3y*a + 3y*P + 6aPy
= + B2+ ¥® + 3(aty + o*B + Pla + Py + v + VB + 20By)
(BA. Tep. Ba dvahloews) = o® + B + y® + 3(a + B) (B + ¥) (y+)

OUrw : ‘O kUPos Tpiwvipoy foolrran pé 1o &bpoioua TéY kUBwY TdY Spwy
tou, nuEnuévoy xaTd TO 3mAdoiov ToU ywoubvou Tdv dhyePp. dbporopdToov
Tév Spwy Tou AapPavoptvey dvd BUo, ke’ Shous Tols SuvaTols TROTIOUS.

Hapadeiypara : N& ebpedolv T dvamrriypara
D0 +x+xP=B4+x3+x+3(14+)E+xDA+x)=1+x2+x+

+ 3x + 3x? + 3x® + 3x* + 3x4 4+ 3x5 4+ 6x% = x® + 3x® + 6x* +
+ Tx® 4 6x2 4 3x + 1
B) (2x—3y+508=8-2T¢*+125+3(2x-3y) (X +5) (5 -3y) =
= 83 — 27y? 4+ 125 — 36x%y + 60x® + 54xy? + 135¢* + 150x — 225y

3) Na dnodevydfj 1 arfbera tfig Tavtdétntog
o + Pt y*—3aPy = (@+B+Y) (@ + Pt +y'—ap - By - o)

*Exopev o + P8 + y? — 3aPy = (a+ P)* — 3aP (@ + P) + ¥* — 3Py =
=(@+pPP+y'-3flat+p+y) =
=@+ B+ V) [@@+P)—(@+P)y+y']-3ap@+P+y)=
=@+p+N(@+P +y' —cB—Py -y

"Emreith B¢ of + P*+ y? — ap — By — ya=-5 (2a® + 2B* + 2y* — 20B —

aix’ + Pt + yix® + B2 4 2(aPx® 4 ayxi + abx® +

~ 2Py —2y) = 5 [(a—B) + B —Y)* + (v — @)*]

dpo Exomev o + PP+ y® —3aPy = —é— {8 AP0 [~ B0 o (B =308 sk
+ (=

[lapadeiypata : o) N& dvadubij els ywopevor mapaydvtwy 1) Tap&oTacls

o + 8p* + 27y® — 18aPy.
Aborg : “Exomev o + (2B)° + (3y)* — 3+ @ 2p - 3y = (a + 2B + 3y) (@ +

- 4p* + 9y* — 20 — 6Py — 3ay)
B) N& &modeiydfj 6T 1 —o® + (a4 1)? 4+ 3a(a+ 1) = 2(3a* + 3a+ 1)
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Abaig : “Exouev 1 —o® + (a + D343a (o + 1) = 13 4 (—)® + (o + 1)% —
—3°1(—a)(a+1)z(1—ot+c+1)[1+a1+(ot-|-1)"—1-(—0:)—1-(0:—i—
+1)—(-——0:)(a+1)]52(1+a’+d’+1—{—2a—|—cx—cx—1+t‘:“‘-+a) =

=2Gat+3a+1)

4) Tavtbétnreg tob Lagrange

a) Na &mroBerx ] &m: (o + ofy) (By® + B*) — (cuPy + Pyt =

= (cfp— oPy)?
Avowg: “Exopev @ (o + o) (B% + P%) — (4P + Bacy)? = kP +
4 o8, + afBh + atP, — o B — 200063:Ps — P = a? Pl 4 a?yf? —

— 20,00P1Py = (04Py — 0uPy)? = 1 o Py 1 . To cupporey | & P
oy Py | a; Py

KOAOUHE-

vov épilovoa Pas Tétews Eyvwploapey els Y Trponyouuérny TaEw.
B) N& &moberxdij o1 :
(“a; + oy + o) (B + BY + BY) — (P + cuBy + cuPe)’ =
oy Pu)? a Byt + o ﬁszr
oy By o By cy Py
‘H &mwdbatis va ylvn Umo T@Y poabnTdv
Inp. Ak Tov oxnuatiopdy Ty Spifouody ToU B’ péhous Bew-| oy By

poupev Tas TpdBas TEW dpiBudy (o, &, ag) kal (By Pu Bs) els BUo B !
othAas s & mivak. h o Ps

y) Tevikdds Becopoluev Tds ndbas ToV &pBudy (o, O - oy ) o Py

kel (By Ba - - -Pv) kol Tas dpilovoas Pas Tatews, o bmofon  Tpo- sz ‘?2
xiTrrowy Ek Tou Trivakos TGV BUo gTnAdy. OUTws EXOHEV : c;v [-3\;
(@ +aly+ ... +at) B +PL+ - PY) — (e + Py + ... + P =
|y \' o B |* o Py |* o By | Ay Pea|?
— o g R + e v 5

Oy ﬂ% = ﬁa y Bv Cly Ba Ay ﬁv

‘H TauTdtng alrrh Abyetan TautéTns Tou Lagrange, 4 Bt ypnopdTns
Tns els Tov dAyePpikov Aoyiouov elvan peydn. Of pafnTal BuvevTon va k&vouv
T TrapaTnPNoEs TwY, 65 TTPOS TOV TPOTIOV oxnuaTiopol auTfs.

-

Mapadeiypara : o) N &mwobeybij &mi (o + 1) x4+ 1) —(ax+ 1=
= (a—x)"

Abag: *Exouev : (o + 1%) (x? 4 1%) — (ax + 1)* =

2

a X =(0—X)2

11
B N &mroBeiy@f 871 : (o + 1) (x® + Wt + 1) — (o + 1)1 = ay? + (@ — )"y
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Aberg: “Exopev @ (o + 1) (x2 4y + 1) —(ex + 1)2 = (o2 + 0%+ 1%)-
T 00 ) B8 S R L
’ 2 2 = 1) = : =
(x*4+yr+ D)= (ax+0y+ 1 ‘xw‘ﬂ“ 1+ 0|

— (= Ox)* + (@ — ) + (01— D=ty + (2 =0+ ¢t
Eqp. Tols éAAeimovTas Tuydv Bpous SUNTIATPDVOEY ué unbevikous.

5) Tavtotng tob Newton — Ar@vopov 1ol Newton

«) Elg Tas yvewoTas & Tfis Tponyoupévns Takews TAUTOTNTAS OULTIEPIE-
Agbnoav xal ol dxdhoubor :
(X +£o)(x £a)= X2+ (o + )X + oy
(x + o) (X +a) (X & 0a) = x3 4 (o + o + og)x® + (% + oy + )X +
4 o0ty

*Etriong eUxdAWS Suvapeba vé EraAnbelocopey oTL:
(x 4 o) (x + o) (X + &) (x£o)=x'+ (ct1+dg+ct3+a4)x3—|—(d10:,+
+ oy Oy + 040 + %0+ Gy + gt )X? 4 (@00 + 00y + 0y 0y + Cp0ty0) X+
+ o O0tgTy

Suvey(fovTes 0UTw, Buvdpeda v& AdPeopev T yevikiy Exppacv T TOUTO-
tnros ToU Newton, Tiis dmolos mAfipns dméBeiyis B& yivy els dvawtépay T&EwW.
Ofrw: (X + o) (x + ap) (X4 o). - (x+ o) =x"+ (e + ...+ )R Lts
+ (oo + ooy + . Oy . X AT SR, . . VI P "{'Uv—lcv)xu":i: (oy0pcty+
1. oy, + oty - T 000, 4 ... OOty O, + Ol + ...+
- Bl gOly Gy K3 (=1 (0. . . Qvogt. - ) XA (—1)Y @y, . . O

"Edw B¢ ydpw ouvtoulas Beccouev

Z, TO &Bpoigpa TGV oy, Ay, Oy - - - Ay kad
Ty Iy .- 2k TO &Bporopa TGV ywopbveov TV 0, Oy - Qv Acppavoutvey
dvrigTolyws dva 8Uo, dva TpEls,. . dvd K kad' Bhous Tous BuverTous TPOTIOUS,

TOTE B Exwuev :

(rra(io) . Gra)=x': Ix 45 - +CD R DR |

B) Edw els Tds Tponyoupévas TEUTOTNTOS EYWHEY O = Oy = ... = Qy # 0

Téme (X + a)? = x* + 20x +of
(x + ) = x* + 3x*a+ Ixa? 4 ot
(x + a)t=x'+ 4x3%a + 6x2a? + 4yad 4 o

(x + @)t = x® £ Sxla+ 10x%® 4 10x%a® + Sxat 4 o KA.
‘H yeuikdy Exppaois ToU SwammTUypaTos ToU Brovipou (x + «), veN,
1 &moiov keheitan Sicovupov Tou Newton, 8& 8obfj els dvwtépav Tétw. 'Evraufa
mrepropifopedar els Tas drohoUBous Taparnphioels S1& TOV oXNUOTIoUSY ToU &va-
TTUYHATOS.

Mopatnpiioeis:

o) To dvdrrruyua elvan bpoyevis TTOAUGVULOY, o5 Tpods T X kal @ Babuou
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foou Tpds ToV Pabudy ToU Siwwipou, Exov AfiBos Spuwv foov Tpds Tov PaBudy
Tou nUEnpévov keta 1.

B) O! ixbéton ToU X Paivouv EAarToupevol, v Tol a alicvépevol

y) ToU dvamrTUypaTos (X + «)' &mavtes ol &poi Exouv mpdomuov BeTi-
KoV 8@ ToU (X — &)Y tvoAAGE BeTikdv kal &pynTikdy.

§) "ExaoTos ouvteheaThs TrpokUTrTEl, &v AGBuopey TO Yyiwdpevor ToU CUVTE-
AeaTol Bl Tdv Ex@éTny ToU X ToU Trpomyoupévou Spou kal Sicipéowper Si Tol
&piBuol ToU Bnholvros ThHy TaEw ToU Tponyoupévou dpou. Of lodmag &méyov-
Tes &rd ToUs &kpous Spous ouvteAeaTal elvan ool

Mapadeiypa : N& evpedfy 10 dvémrruypa ToU (X 4 «)f.

“Exopev @ (x + o)® = x? + 9xPax + 36x7a® + B4xfa® + 126x%at + 126x¢a® +

+ 84x3a® + 36x%a” 4 9xaf + af

Maparnpoipey 611 o) TO dvémruyua elvan duoyevis You Babuou o mpos x,a.
B) To mAfiBos Tédv Spwv elvar 10
y) Elvan Bioretarypévor katd Tég dviovoas Suvdpels ToU a kol kaTd Tas

kaTioUgas Tou X

~ B4.

8) ‘O ouvteAeoTns T.X. 126 AapPdveron ék Tou & = 10E

4
50. TAYTOTHTEZ YITIO LYNOHKAXL (Mepopiapol elg oli dmbxeivian ta ypappata)

DVepy:atpt+y=0Va=p=y<a’+p’+y'=3aPy
"An6deikig : "Edv a+ P+ y =0, ToTe ¢k Tfig TauTOTNTOS

a® + B3 4+ ¥y — 3aPy = (a + P + ¥) (a? + B* + y* —af — By — ya) AauPdvopev

a® 4 PP 4 y3 — 3aPy = 0<=>c® + P? + y? = 3afy

Bdv B a=P =1y, 1éte *+ P+ ¥? = + o + o = 30® = 3oaa = 3aPy
"Avniotpogorg : Edqw a® + PP 4+ y3 = 3afy <= a® + P+ y? — B3Py = 0 <=

12(@+P+M[@=P+B-'+-=)1=0 (BA. TovréTnTa 3)

'Ex TtoUtns Emetan a+P+y =0V (a=P+PB-¥)'+(y—-or=0
"ExaoTos Té Spwv Ths TapaoTdoews (a—P): 4 (B—y) 4+ (y —a)?

elvon pf) dpynTikds. Zuverrddss, &v (@ — B+ B—y)Y¥ + (y—o)* =0= (a—P)*=

=0,(B-y)!=0,(y-a)=0>a-p=0,p-y=0,y—a=0=a=p=y
Awvatdy v Eywpey a+ P+ y=0A(—-P)+PB—-Y)? 4+ (y—a)?=0

dmbrea=PB=y=0

"Qoe : | Va,By: a+pP+y=0Va=p=y<a+ p*4 y?=3afy

‘H xpnowdtns Tiis TautéTnTos aUTiis ¢alveTan ik Ty TrapaderypdTor
Trou dxoAoufiouv.

Mapadeiypara : o) N& dvadubfi els ywdpevov ) mapdoTacis (3a — B)* +
+0CR=y) 4+ By —a)?, & elvon a4+ B+ y=0.

Abog: 'Emedy Ba—P)+ P —-y) + By —a)=2(c+P+y)=2:-0=
=0, Emeron 11 (3o — B)* + (3B — ¥)* + By — @)’ =3 (30— B) (3p — ) (By--0)
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B) Edvea + P+ y =27 v& yivn ywépevov ) mapdoTacts (2t —3a)? + (21 —
—3p)* + (27 = 3y)°

Abog: Emeish (21 —30) + (27 —3p) + (27— 3y) =67 —3(x+B+ V)=
G- 3 dp=br—6r =0, b & (2 —30)* + (2r - 3p)* 4+ (2 —
— 3y)? = 3 (2v — 30) (27 — 3P) (27 - 3y)
2) Vc,[ﬁ,y:cx+B+y:0Vd=0VB:OVy:0¢>(uﬂ+f}ay+cry‘=
= anpa + ﬁzyz + Yeuz
Ol pabnTal, XpNOILOTIOIOUVTES THY TOUTOTNTA
(P + Py + yo)? = a?p? + Pry? + yla® + 20fy (o + B+7Yy), v& xduow Ty
&mébetv,
3) Vor,[‘},y:cx+ﬁ+y=OVd+[5:yV|3+y=aVy+u=]3¢>a‘+
Pt i =2 (@ + Py + )

O pafnTad, &polU EmoinBevooww THy TautétnTa Tou de Moivre
at + P+ vt — 2a0p — 2Pyt — 2yat = (@+p+y) (@=BP+Y) (@+P-Y)
(o — P —y), Buvowtar va kdyoww Ty &mwdBakw.

AZKHIEIZ

121) Né& &mobeiy®7 fi didaa &V kdTwh TOUTOTATLY !
e WY )
1’( 2 ) ( 3 )--'“‘*

1
2) ot + p* 4 y* — (ap + By + ¥o) -‘T[(cﬂﬂ)’ﬂﬂ—v)w(v-u)’]
3) (u+v)’—(u—v)‘+(|-\+V)(I-1—V)=u(2v+u)+v(2u—V)
4) (a+ P) — (a—PB)* = 2p (B* + 3a)
5) (@a—x) P+ -N=E-DE+P -V

122) Né& ebpefolv T° duvamTuypaTa :
i 1
1y (4x* — 30— 2x + 1), e

3) (ox + Py + xy + 1Y 4) (o —o’x + ax? —x)*
123) N& ylvow al wpdtes : (2x + 3y — w)? — (x — 3y + 2w)' — (x — 3y — 2w)!
124) N& ebpefolv 7" dvamriypata :
1) (a* —ax + xDY 2) (e + o'+ 1)
125) Na etpebij T teyduevov 6w Tpdiewy :
x4y 4 o) —x—y+ o) - 4y —w)—(y+e—x)
126) N& dvahubij els ywouevov mapaydvtay :  Bx® — 2Ty0 — 64w’ — T2xyw
127) Na& &mobeybj o1t :
(a—BY —a + (a+PB) F 3a (o — B) (a + B) = a (4a* + 3p%)
128) Né& dmaineubouv al k&Twh ToutdTnTes Wi THY PoriBeiav s TauTdTNTOS
Lagrange :
1) (o 4+ %+ ¢ (b + o + 1) — ax + ) = (et — XD + (@ - x¢)* + (- ay)t
) () -yt yz xz)' = (x* —y2)! + (' —x2)* + (z* — xy)* )
3) (at 4+ P (x* + 9 +w' + 1) = (ax + Pw)? T a’y? + P! +a' + BT+ (aw—Px)*
129) Né& ebpeBouv T& dxdrouvba dvamtiypaTa @

@2x £ W - (x4 (ox? + 1)* (aPy + 2x)7, (a* —x)’
130) N& txreAeofolv ol mpdtes : 1) (x — )" + (x + 97 = (x* + ¥ (x* - )
2) @xt— 1= GBx + 2% 3) 3(x — 3yt~ 5 (x* — 5S¢
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131) N& dmobeaybff f| dAfbei 1@V TauToTATGLY @
1) (@+p) —o*—p*=3ap (a+ )
(o + B)* —a® — B* = 5af (a + B) (o + of + PY) } Tautérntes Tou Gauchy
(2 +PB)"—a” = B? = Tap (a + B) (a* + ap + B9)*
2) (x+ W x4 =20 Xy + )
3) (2x + B)* — 32x® — P* = 10Bx (2x + B) (4x* + 2xP + B%)
4) (3a — 2P)5 — 243at + 32p° = 300p (2P — 3a) (9a® — 6ap + 4p%)
132) Né& dmobeyfii f Taurdtns Tou De Moivre
at + Pt + yi — 2alpt — 2Pyt — 2atyt =
S@+B+Y)(@t+tBP-V)(@—P+V)(e=B=Y)
133) 'Edv a+P+y=0 v& yln ywéuewvov n waphoTaois
C+Pr+@+Yy+yr+a)?
134) N& dvodudff els ywopevov | mop. (@—BP + PR —y) 4+ (y —)*
135) '"E&v a+PB+y =K+ A+ 1 v& &vohubi} els ywouevov # mapdoTaos
(@—x)?*+ (B =2)7 + (y —u)?

ALKHIEIL EMANAAHYEQEZL

136) 'E&v a=TXx+ 3y + 6w, P=6x+2y+ 6w, y=3xX+3y+2w ka
X! = ! + !, va dmoderydi) &t o =P+ y*

137) N& eUpefoiv T& dvamtiypaTa TGV :

1) (¥ + Y+ ¥y = (&~ P =y + (—a¥+ BV + YY)
2) (ax¥ + PyH)* + (ax¥ — Py + 1)* — (ay — Px*)*

138) Né& &mobeydfy &m1 (¢ +P +y +8)°* —3(a6 +pPs+ y8) (a+P+y +8)—
-8 =(at+p+y)

139) Né& eUpedf T tfaybuevov Tiis mapaoTdoecws
(=P +y)P—at+p—y® Umd uopphiy yivouévou

140) Né& dmobeiy 8 &t elvan : A+ l-3a=(@-1)(a+a+l)

(@ +at—al —1) = (a® +a+ 1) (a—1)* (a' + 20 + 2a* + a + 1)

141) Né& &mobeix8i &n # &hy. wapdataots (x* + ¢! + wf) (! + x*) — (ax + xy)?
elvat uf &punmikd (BnA. AcuPdver ya, X, y, @ € R pdvov Betikds i pnBevikds
TIPS,

142) 'E&v o, s Py Pa€ R AP Pa # 0 kal (o 4+ of) (By* + Pa?) = (uPy + ups)®

b - )
vé droBeiy 67 o1 By Bs

143) 'E&v o1 ,P1 €R, i=1,2,3,. .., v, v& &wobeybfj &n :
(e +at+ ... +aN @ +PB+. . +B) 2 (cuPy + oy + . . .+ ay Py)?
(AT kaheltan &vigdTns Tou Schwarz). 'Ymd molas ouvbrikas elven wévov lodrng;
144) N& tmoAnbevbolv al TautdTnTes
@ X+ +FWF e+ (@+xP -3+ Y+ o) (@+x)=2x+ '+

+ w? —3xyw)
B) (x' — we)® + (y? — wx)? + (w* — xy)® — 3 (x* — yw) (y* — wx) (w* —xy) =
= (x* + ' + w® — 3xyw)? -

145) 'Edv o+ P+ y =0 v& &vahubij els ywouevov # mwapdaraais
A= (ox + BN)? + (B + YAY® + (yx + GA)*
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KEDAAAION VI

PHTA AATEBPIKA KAAIMATA

s51. Thv Ewolav ToU hyePpikol KAdoUaTOs xal Tés Tpdlers b alTdy Eyveo-
ploapev els THy TponyoURENTY T&Ew, 51° 6 kol ExBETopey Tas Ewolas ToUTas udvov
TrEPIAT TITIKES.

Maoa owvdpTnols Y = —g- R, &mou A kal B dxtpona oluGwpa WSS f

TrepioToTépwY ETAPATTEY Ko B # 0, Myetcn pnrov dhyeppikdv xhdopa.

“Ev pnTév dAyePpixdv KAGopa elvon # dmhouaTépa Hopeh WIES pnis
KhaopoTikis TapoaoTdoews. O TrapovopaaThs B ToU pnTou &Ay. KAGopaTOS
Suvarrov v elvan oTodepd, dméTe TO KA&oha elvad dxépaiov TTOAUGVUHOY. ZU-
veTdds & dwépaiov TroAucvupoy Bivara vér BecopnBij pnTov GAYEPpIKOY KAGopct.

2 Ll 2 3 3 | oy

Al ouvapThoels :_:'-W ' %f—: ] i-_;?i—t}w— ) %%_—g‘im— glven pnTa

SAyePpikd KA&opOTA.

A v Exn Eworaw fi ouvdpTnOIS Y = % mpémer B # 0. Kot drohou-

Blav elvan dopiopévn els TO abvohov R, &md T& moiov EenpotvTan al Tipad, al
&rrofon pnBevifouv Tov TTPOVOUT TV O¥rw Tb Tedlov dpiopou TS owapTh-

7, xe
¢l

oews f(x) = Y R xoi @ (x), 9(X) Sxépaia TroAucovupa, elval TS oUvolov

T=R—(x/xeRAg()=0}
SupPoli{ope B¢ : f: x€Z — f(x) = :: 83 R

*Emrfons To mebiov dpiapou Tis ouvapThoews  (X,.9) = % (X, ¥)

e T x,weR kal

e (X,9), 92 (X)) Sxépana TroAvdvupa, elvar To olvoov
TR = { (%) (x ¥ER A () =0}

D f o — W
SupPorilopev B¢ : f:(x,p)ez f(x,¥) a7 3m) eR
Fnuelwors R*=RxR (Kapreoravov ywéuevov)
A = xal (oUpPohav Aoyikiis quleuteax)
: = x*—5x + 6
Mapodeiypata: o) THS CUVaPTNOEWS (x, Y= — 4—), xeR, mediov

x!

Spropol elvon 1O oUvohov s=R-{2-2}
11

WnopionoOrke amod 1o ivotirouto EknmaiSeuTikrg MoAmkrg



By *hs auvspvhosas () = ‘;’i :2) o P, Y, 5 XxeR Ay # 0 mebiov &pi-

opou elvan
16 oUvolov Z:R-—{x/xeRl\yx+5:0}=R—{— %}

52. EIAIKAI MOP®AI TOY AATEBPIKOY KAAIMATOL :Z'-, P, @y GKep. TrO-
2
Avovupa.

o) Té kAdopa ToUTto Btv Exel Ewolay mporyperTikol &pifuol, stav geR A ¢, #
#O0N@,=0, 8611 @ - wy=0-y=0 # ¢
B) Eawv ¢, =0A¢, # 0<>¥ o, #0€R : =10
y) 'Eqv ¢, =0A ¢9,=0 16 khdoua y elven &rrpoaBidpiaTov fj ddpioTov,

Efs &AAny Tabw 8& BeyBi 611 16 kAdopa ToUTo Blvaran elg TepiTrTddoEIS
Tvds v& Eyn piav kai pdvov Tipfv.

53. AOTIZMOZL TON PHTON AATEBPIKON KAAIMATON.

»

OPIEMOE. AUo fi mepioodTepa drépana TroAumvupa dvopddovren TpddTa
pds EAANAG, tav & M.K.A. alrév elvan pla orafepd C # 0. Zuvemdds & Trmhi-
Ka dxepaieov ToAvwUpwY Sid Tou M.K.A. alrrédv elvar duépona ToAuchvupa Tpé-
Tao Tpds SAANAQ Kai dvTIgTPOPLS.

"Anhoroineig pnrod kiaoparog

"Edw 1ol [oewpev Tols Bpous fuds pntol KAdopaTos = M E:; gt 1O aU-
TO dxépaiov ToAuwvupoy (X)), AapPdvopey Ev pnTov kKAdoua :‘ : looBuvauoy

ol -?lLVxEE= R—{x/xcRA¢p=0Ag,=0}
"AvrioTpdews, TO Khdopa 22 s ® elvan tooBlvapor TolU :‘ X€eZ, &méTe Ab-

youev, &T1 T K?\dxa‘ua ‘P‘ ? Exm &mhomroint el To - w. . ‘H &mhomoinois Aormdv el-

von Buverrry, é9” doov ToU pnToU kA&opatos ol 6po: Exouv xowodv TmapdyovTa
&Ay. mapdotaow. 'Ex Tév dvwtépw ouvdyoper &Ti, Sid va dmAotroifjowuey
&v pnTov dAy. KAdopa, dvailopev Tous Spous Tou el yiwduevov TraporydvTwy
kol Braipoupey dugoTtépous Bid TGV kowdv Twv Tapaydvtwy, UmoBéTowTes
ToUTous Bagdpous Tou pndevds. 'Edv ) Siadpeots yivy Sid Tol M.K.A. Tév
Spwv Tou, TOTE AcuPhueTtar kAdoua looBuvauov pt TO dpyikdv  Eyxov Spous

TpdToUs TrPos GAATIAOUS. -
Mapadeiypata : o) N& &w?\onomﬁﬁ 16 KAdoua A = > $ x, yeR
AGies: “E Ave XYY TG0 ) OOEE X Y
G XE= w' (x+ W) (x =)

“Ymobttovtes x — # 0 Branpoupey Tous Spous Tou A Bid X — y kal Eyo-
Cpev B = X E*{”g ¥ kAdopaTa A kal B elvan looBivapa Bid ke (x, w)eR?
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tkrds o euydv drelveov, T& dmrola unBevifouv Thy Tap&OTAC X — Y.
Ene. 1) Té kidopara A xal B Biax x +y = 0 5tv Eyouwv Ewolav.
2) 'O maphywy X —\y, KehelTal Tapdywy +fis &mpoobiopioTias ToU wAdouaTos.

B) N &mhomwondij T& pntdv KAdoua A = ::ﬁ}?;—:_—%-, xR

oy L H=2xp=3 .. x+Dx-3) _x+1 -
Averg : “Exopev A__'—__"x'—5x+6 e B x—3 0.

To KAdopa Bty Exer Ewoiew Bia x = 2. ‘O mapdywy X — 3 elvon & maphywy
&mpooBiopioTias ToU KAGOPATOS.

Mpakeg pntdv dkry. KlLaspatov.

Al Trpdters Tpdobeois, &palpeats, Toh[opds kal Ewalpeais gl TOV pnT@V
ShyePpikédy khaopdTov yivovtan Smres kel Bl TEY yvwoTéy péypr ToUde KAa-
oparey. Oltw Exopev :

¥xeX =R - {x,’xeRAq::O}-e::-%}» i PT;= Lx_:t?v-

VXeT = R — =0 =0 Py P D%k PP
= s { X..IKER £ # : P } G P + P2 D1 Pe

‘v‘ == -_— = A = -@'—pl'-—p—.-=g!—gl
xeZ = R—{x[xeR A @ =0Aq=0 0o o0 =00

VxeZ = R — { x/xeR Agy=0OAg=0Ap,=0}>Br: 2 =P

. P1 P 1Pa
Enp. “Amavta T& TOAVGWULG iAfednoav g dxép. ToAuGvupa TOU X

Mapadeiypata: o) Na yhn pNTOV KAGOpA 1) TAPAOTATIS

2x — 1 2x 1
A= Zr— + 55 — a0 TR

AboIG : TO KA&OPA 312_‘;,' tyer Bwolow STav X # 0, T rgxﬂ BT X # —-;—
kal T Wl—"ﬁ)m Stav x # 0 kal x # -é~, &pa Bi&x THY EkTéAECIY TGV Tpdtewy

Trpémer v& UoBéowopey X # 0 kol X # % Té EKJIT. vév mapavopaotdy el

var 2% (1 —2x). Meta Thy dverywyty T khaopdTwv gle TOV aUTOV TTOpOVE-
paoTHY AcpPavopey :

A (2x—1)(i—2x)+2x-2x—-l_ =) ___%5:&__ L= 2(—2x) 1
) = Dl 2%k 2xlEl =2xh X
B) N& d&miomroindij f mapdoTaols
A=%:L-§2—A§%§, x #2,x #£0)
: _G+DE-9H _x+tDE+HE=2) (x + 2)
Atorg: A="F—oyax T (x — 2) 4x = T
¥) N& yivouw of mpdtes
x¢—1 XL X
AZFTTxTI e (x# l,x #—1, x #0)
g =l 1o o=l e Lo I (D s i B (x*+1) (x*-1) (x=1) _
Abmg: A=t iSST SR PR G-DRGED
= ) e ) e T i T
3 x-1Px+1Dx Fd
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54, LYNGOETA -KAAEMATA.

Té pnTov ShyePpixdy KAGTH, v mepityn els THY &hyePpuchy TapdoTa-
ow tvds TouhdyioTov K TGy Sdpwv TOVY, priToY KA&OHA, AbyeTal abvOeTov KhG-
opa, tv dvmibtotl Tpds Exelve, & &mrola Eyxouv 8pous dxepadas pnTés SNy, TAPO-
gréoes kol TQ oTOI kahouvtan amhd.

“Ey guvleTov KAGOUQ TpETETAl el &mholy, o -rrponyouutucoq peTaTpE-
YaIEV Toug &povs ToU elg prira GAY. K\dopora kol dxohoubws Slmpéawhev
oot bl T Poer TOU dpiopou

A —A:B (B#0

IMopabeiypata : Xt £
) Né& pardj els &mAoly 10 ouvbeToy KAdOUA A:H——
i_:\'v_l
£ L X+Y e T S 0 2x
Aborg: ‘O dpibunTis ¢ )l_w—i-1.-x—-——-_w-!,—“--——--___W =0 (x#4)
. e S L oA x=Y o 2y
0O TapavopaoThs — 1_—-—x_‘+‘ x—i—\v_'x—\v' x#Y)
: 2x

To otveToy KAEOUK © A=—"—;‘v—""—=x2_"w:%=%-, xEy ¥#0)

X—v

p 1 4x* + 2x
p) Na Tpari) el &rrhotv Td olvdeTov KAGOUS Am—2TZ . x¥0
1
e

Abag : Aappdvouey BiaBoy ks :
‘H mapdoTacis ToU m:povouuo-roﬁ 14+ % =xt l,
wal ouvends TO KAdoUa e LS O

1 x+1 x+1
1+~
X %
. - e X _x+1+x__2x+1
(0] wupouowo-rhs Tou ouvBétou 1 + H_i-__.l 4+ r= T = x+1
X
a2 _ @D 0D __1_)
Tovendss A=t R =00 —ax+D) (x#-3
x+1
ALKHIEIZ

146) N& &mhomoinfoly Té &xdhouda pnTd KALOUATS

Ly 2B 165uvixY vty L-x

) gpyw 0 D T ) porpa P Treg-G+x°
5 10t — 7o 4 10 = Ta xt — (e — P)x —of 2 15x2 4 35x* + 3x + 7
) o —Zw +1-2a ' 6) ¢ rpx faxtaop v D TR F 6ax - 120 -28x
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(a+ ) — xy(a® + P +ap (x' +yY) 10 x4 — atx! — 5x* 4 Satx
® @+ a)-—u= ﬂ‘ v Vgt —y’ 0T Goar k-5
(xt—2y0—w!—y" (a+P—y)
(x +y + ) (& —p*+ y*—2ay)

147. Né& perarpatiy tkdorn Tév k&Twb Tapactdoewy els pnTdv AAyePpikdy khope.,

5 3 4 3 a . p
Do xo1 T aay Tk D RGN G-8T

11)

b A+ p B+y Y+«
taoa-p’ 2 <u—n(v—u) to-wo=n T a=ne-»
XP—y* X -y x4+ 1 1
Y e rn s TN o e Vel T T T Yo
! i e y! +op
to—oo ey’ O @ HE-D T EINE-9 Tr-d @I’
x* — ax? — 5x* + Sa'x x* —o'x T 4a’x — 4a' 8 Byt —27y8?
9 G- x—5  x+2x+a  x—ox —ex*+at’ ) 4y"- 98"
2 (2y + 36 11x -2y _ 121xt — 4yt x1—25  x!=9x 420
'47'—|(~3’:Y5+%_57.‘ 9 ExTy sy 10 STT. o=k !

1_xt  at—pe ax Mt e
1 au-!-’[; T+ x (a+tx—x)’ 12) W 3y (h—v) — v B )
il —6x4+8 xt-—Ix46y, x=-2)
13) (L+T)(%i_—+ )' 1"‘)( —dx+3 X=Ix+8) " x-1"
- e 2 4ap
15 (55 —55p) ' oo

148) N& tparrf els &mholv #xaoTov T&Y dioAolBuwv owbiTwy KAaoudTwy.

p—a o 4 P 2ap | 2up
a+1Fap R 5 R TS

P—o ) o —ap +P* _2af 2ad _p d
S ) a-P a+p  atp

3a+ By | 20+ P _«+ap _ 2 +ap

2 (-5 (-5 5)(°‘ = ﬁ) (e atp )

3ﬂ’ 2] uﬂl )
1+ o op +a—p E
o — p?
6) 2pt
ke o agne s
l+&—_‘."ﬂ' &

149) N& Tporrf els &mholv kAdoua BkboTn TéV TopaoThoRwy L o
2w 2yw X oxtogr AL _l_
I Yra = e s Ut (x'+w'_)

1) 1 1 + 1 _1—_'_ " ) (x'f“‘i’)lﬂ ) (L—l)l
E‘+\y—2m Vv T w2y X=y)' +x¢ \y X

e i et TR ++ sk
3) x' X xl \P’
e B S e i 1
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ALKHIEIZ EMANAAHYEQZ

150 N& dmiomoinfoiv T& kAdoparta :
I) X8 4 leyl + ya 2) ﬂ’ﬁ’ + B'Y’ + Yad’ St 3“‘5‘)"
x®—y* ! op® + Py? + yia® — a'By —aply — aPy?,
3y E=BP+B-yr+(y o)
@B E-Yy-a
151) N& &miomoindf] f mapdoTaotg
& A+ — (Y+w)'wx?+(x+w)’—y‘
X+y—w y+w-—x X+ o—y
152) 'E&v a+ P+ y =0, v& dmobeaydj ot :
ul 1 : ]
=rEy T B T )
153) 'Edv a + P + y =0, v& dmwoBeybfj 611 :
ot —pr-2 P _yt-2 ! —af — 2a
uﬂ+ﬁﬂ7+ p pv+yuy+ Y P P _o
154) Né& dmdomoinouv al mwapacTtdoes :
X—(p+)x+w  x—x 2) e - 1 - u'+uﬁ+a')9’

XX+ xT—vt ] @+ p  a—Pp \No'—ap + P’

s TR At e e g N
4 (x‘—Zx“ +xr7 x=1) ) e = e
A B P!_'_Ys_u! B U'-"ﬁl—"f'+2ﬂ'f
155) "Eav x = — %6 kal y = CEY EE I CE ST va dmoberybii, &1

X
A Tap&oTacis l—+x);'

elven dvebdpTnTos 1AV a, P, Y.
x—a  x—P
1565, N& Ribingdt B +b oivberay ddme e—e 118 T PR
o BN
(1 +ax) (1 + Bx)

elven duebdprnTov TOU X.

¢ X

157) 'Edv )TTF_OJ
1 1

+T+ i";)=7-

=y v& Saybi :

=i,

: )
x =P xFy
1

1
ofy e
alv —1
158) 'Eéw v e N, v &modaxffj &1 10 khdopa A = P elvan dxépaiov To-
Aucvupoy Tou a.
(x* —xy 4+ Y)? + (x! + xy + y1)?
2(x*+ 9"
d+P+yY+3@tPB++D -
R

" (695 ol il
161) 'Ouoles 1o wAdopa A = T Xy T 99 Sy

159) N& émhomoinéij 16 kAdopa A =

160) 'Opoiws Td xAdopa A =

(o + Py

162) 'Eév a+ P+ y =0 Va =P =y va elpedfi { Tiph 1ol kAdouaTos by

4 4 4
163) "Edv o + B + y = 0 v& ebpebii ) mih Tou A = c'_ﬁ"{i‘t&%{%'_
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KE®GAAAION VI

SYSTHMATA EEIZQIEQN a' BAGMOY (Tpappixé)

(Eoprhfpoorg)

55. "Ex ToU kepaialou TouTou dyveploapey els iy I 1élw 1" dcdhovbar :

1. “Opiopol kal 1816 TES ouoTnUATWY.

2. ZvoTthuaTta loodivaua

3. M#fobor miAvoecs ypaupikoU ouoThpaTos Buo o o PaBuol pé Buo
&yvdoTous.

4. Apeivnots ToU &v AdyQ oUTTHUATOS.

5. Tpagihy tmwiduots ToU 18lov ouaTfueTos.

6. *EmiAvols ypaupikou ouaTfiuaros ut mepioooTépous TEY BUo dryvco-
oToUS

7. TpoPAfuara dmiAudpevar Ti) PonBelq ouoThparos YPOURIKOU.

"Hen 6 Eetdowpsy &MAas LeBdBous EmiAUoecs Ypaupikol ousTHHaTos
TAfov cuvTSUOUS.

56. MEGOAOE TON OPIZOYEOQN — KANON TOY GRAMER.

a) ‘Enflvoig ovoripatog a Pabpod pt dbo dyvhetovg
Els Ty I té&kw 868 & dpiopds Tiis dpilotians P Tdtews.

|
Obrew : Yoy, ay By PR : A= 5. ﬁl\ =P~ B
Ay Py
"As Bewpfiowper TO gUCTNHA :
xRy =7 iy a, Ay, Py Po Yoo Y X, WER A
X+ Py =Y. g [+ 1Bl >0 A [e| |8 >0

Mveopiloper 611 :
E:api-af0 e {9 9eRA

~{ER=0 SRR

ax +By=7]
X + Py = Ve
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‘Erroptueog. Buvdpefa v& ypaWHEY

Q. ﬁ | Y2 El" I“;Y)
- o 0 : eR:AZI) = | Ys P | | % Ys i
i & By #0 = {(x, )| &xW) } TR ﬁ‘l’ 1% B
a Py oy Pe|
= Ax Ay = o By — |7 By e TGN
_{(.A—' —A_)}' 61TOU A_ (= ﬁ:i, ﬁx— Y1 92" AY— oy Ya
“Qore 1 AUais Tou Z elven : (X, y) = éﬂ‘—, 'AEL) > szTx' y = ATY (1)
x X ___1_‘ v o 1 X __w__—_!;
Bov oy 8, T8 kol &pa - = 5- =7

Ol tumor (1) (rmor Tou Gramer) Beikwiouy, &m ExaoTtos &yvwaTos el-
vau TrnAlkov BUo Spifouodv b TTXPOVOLCTTHY KOWOY ThY dpllovoav A T&V guv-
TeAeaTEY TEY deyvddaTawv Kal &pifunThy, 6 &roios TrpokUTTel, Gv els TRV Opl-
{ouoav ToU TapovouacTod &uTikoTaoThowHEy THY CTHANY TEV OUVTEAETTGY
100 Umohoyiloptvou dyvdaTou Bix T oTiAn TEY yvwoTdv Spwv, eUpioko-
péveov draponThTes els TO BeuTepov péhos Tav Eiohoewy ToU oUOTHUATOS.

‘H Tumormrommuévy olTn uéBobos EmAUCEWS CUOTHUKTOS YPOUHIKOU  pt
Blo &yvdooTous KoAeiTal KAV@V TO f Gramer

. , |3X + 2qJ - — 12

Mapadeiypota : lov N& EmIAVeT TO ovoTrpa p ¢ sx—3p=1 (x,yeR)

ADOIG ¢ ZUPQOVes Trpds TOV Kavova ToU

| 12 2‘ |3 12’
- 5
Gramer Aaupdvopey @ X = | ; ; o= ‘F% >
| 5 -3 5 —3‘

o323, _ 3-60 _ 51 _o4
=T Tt eNTTeE T E

Obrw : Z: {(x,¥) [ (x, W) eERAZ}={(23)}

” ; | o abp=2. 0

20v ; N& ¢mAvbf o cloTnua Z: }X+W=20 , &mou &, X, YER

Abog 1 ‘Opoleos Aaupivopey
2 af

= 2a 1 ., 220t _2(1—6)(u’+u+1)_ 2(&'-};9_—(—]) 4

—T & o Ioie W e e~ D,
| 1 1| %
1 2

_"1 2 [ 2a—2 __ 2(a—1) . 2

R e S Gl T Ot T R

OUrew Eyopev : Z: (W) | X W) ERPAZAa # + 1y =

-[(2ezeen — )
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‘H pedernbeioa Biepedvnois Tou ouoThuaTos 2 : ouX + Py = Yy A X +

T Pay = yu 6OV oy, &, By, P Y Yo X, WER, Blvaran v& ouvoyioiy o dio-
Aovbess :

Aepedvnols Tou ovaThipatos I aX + Py =y, A + By =y,
dmov &y, o, Py Py Y Yu X, YER
ouAx
o B e
# 0 <= To ovorTnua Eyer plav kal wévov piav Avow.
a B QLA
A
YiBu |
i o o
YePa | " o ouoTHHS
&Y | L Wl ) €RINZ ) = elven &8uvarov.
‘ #0
A Ys
oy, O, By, P 8x1 &mavTa unbiv
% P Y1B | (W w) eRVAZ J = {(x,¥) [(x )
T ? | =0 €R* Acyx + By =1 )
% Ps Ys Ps Té olotnua Exer &meipous T TAffos Aloeig
(“Evas &yvwoTos aubalperos)
o Y, == =Ph=y=y=0
‘=o (9 | 0 Y ERAT ) = R?
oy Y Té ovornua elval TauToTikdy
(x xal g albaiperor)

Snuefwors : Aidgopol &AM UTTOTERITITWOEIS Bidovtan dx dokfoels.
) 'Enilvoig ovatipotos « Paduob pi tpelg dyviratovs,
‘Opitovear tpitng tdEewg.
a, By Y1 | &mroTehovuevo €€ 9 oroiyelwv els Tpels ypapuas kai
To cUuPorov | & By Ya | TPETS othAas dvopdloper Spilovoay Tpltng Tékecws
o By Ya kal Opilopey :

" :1 E) ;:1 . | B, Y!i ¥ B 7 B Yli
= 2 P2 Y |=0 ! | — Sg ]
% Ps ¥ {Bs Vs Ba Ys Bz Yo

TO B’ péhos Taumns dvopddetan dvdmrruyma i T Tis A, af 5t dpifouca atTol
UETd TOU Tpootiuou Ehdacoves Tiis A.

To dvémruypa s A mpokUtrtel, &v moAAamAacidowuey T& oToixEla
Wds ypoaupfis f oThAns dvTioToixws EkaoTov dml Thy EAdooova Spifovoa, f
Omola AapPévetan Si Tiis Siexypagfis Tis ypauuds o T oThAns, &g fiv dvn-
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kel TO v Adyw OTOIXETOV. TMpd Bt EkdoTou TEV yivoptuwy ToUTWY BéTopey TO

onueiov TO dvricToiyolv &k ToU Trivexos

prlYﬂ i‘+“+
GszYa"‘"f' i—+—
0 B s | [ 4=+

To dvdrmrruypa ToUTo ebplokeTon eUKOACHTEpOY ME TOV KaVEVaX ToU Sarrus.
Kot abtov Emavahappavousy k& THS TPITNS Ypouufis Tég BUo TPWTAS YPAH-
nae 7y Sebid Tiis TpiTNg oTfAns Tds BUo TrpTaS oThhas kai oUTw TTPOKUTI TEL
&vrioTolyws Trivat TEVTE ypoupdy kal TPIGY gAY, A TPIEY YPaHHEY kad
mrivte oTAGY G dxohoUbus

+|le By M|~ | " =
) +|la P Ya|— ; ot B A By
TMivet 1 rleag B M- Tivat I & v ow B
C o Pa Ya s Bs |
a P Ye ==l i==p =

"Ev ouvexeia AapPévopey T& Tpia ywopeva Biarywvics, ¢ dproTepddy Guw
mpds T Bebid KATW, M 5 Tpbonuoy (+ ) kal T& &Mha Tpla ywoueva éAw
Biaywvies, ¢ &ploTepdy k&Tw Tpos T Behid dvw, pt TS TpdoNHOY (=)

OUrew evplovwpey = | oy Py 7
A=l P Y2 |= CﬁzYz"razﬁaYl+‘33517’2—‘1:927:—“!5372‘%?’1)’3

oy Py Yal

‘Iabtnreg 1OV dpilovadv.

1. To dwémruyma opilovons Sev peTaPdAheTay, v ol ypauuai ylvowy
oTRhan kai af oTfiAal ypauuai.

2. To dvémruyna opifouons GAAGOTEl Tpbonuoy, &V &uTipeTadéowpey
BUo ypauuds fj Suo aThACS

3. "Edw el plov dpilovoav 8Uo ypaupai # BUo orfihat elven af avtal, TOTE
atrn looUTan pk undev.

4. 'Edv épilovons Ta oTOIXEIX wids ypoupds A oTHANS ToAeTAaciacfolv
¢l AeR, TOTE kal TO dvaTrTuypa aUTis roAamAaotdleTan Emi A

5. To dvédmrruyna opilotons &&v peTaPdihetan, bav els T& oToIyETx &
oThing Tpoodigupey T& oToyeia Wwds &AANS OTHANS ol [oBtvta Emi A # 0.

Thv &modafiv 1OV {BloTHTWY TOUTWY APT) VOUEVY el Tous pabnTds o
&oxnoty. €5 kal THY SiaTUTreoty K GARWY TUXOV {BloTnTwWY. i

MNapadeiypata: N& eUpeli H TN TOV ké&Twhl dpilovoddv :

o) 185 B) 1 a-2! Y) lau’\
Ave | 2id-6 Ay=|a=1 3 A=|1p P
3k 1 2 l—wm heyray®
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Ay =4+54+10-60—6—6=—4

W -
=

B) la =1 3 &« —-1|: Ap=a+6a—20—4—3+a8=cd45a—7

o a

Y[1 B Bl B|:A=cp Py +aly-a’p-Ply—oy?=(a-P)(P-y)(y-a)
¥ ¥

X + Py + v = 8§,

X + Py + yow =8, (1)
X + Py + Y = &,

— "Eoto thpa npdg Abaiv 10 olotnpa Y -

Averg : Aappdvopev Tég EAdooovas Opilovoas THs Spilovong T&Y ouv-
TeAeoT@Y TéW &yvooTwy ToU ovoThpeTtos (1)
BaYe B
Pa Ys Bs s
kel oynuorifopey ToV ypaupikdy cuvBuacudy

Al s 1 _A2= ' —

Piv |
B: e

Ay (04X + By + ¥1@) + Ag (X + By + ¥a®) + A (06X + Bay + o) =
=AB, + AB,y + Ay <> (o4A; + Ay + GADX + (B A + BoAs + ByAs) v +
+ (AL + Yehs + YaAa)w = ABy + ABy + AB; "AMAE elven : BiA; + BA; +
+ PaAs =B, (Bays — BaYa) = B2 (B1Ys — Bay) + Ba(Brye—PBay:) =0

‘Emlong elvan : y,A; + yaAs + YsAs = Vi(PoYs — Beys) — Ya(Brys — Bsyr) +
+ ¥s (Brys — Boyr) =0 "Apax (oA, + %Ay + aAy) X = 5iA; + 5,A, + B,A,

o B 7 5 P
fi % Pe Ya| x=[8 Py Yo A Chsx= Ap “(2)
o Py s 55 Ps Ya
'Epyugéusvm kot dvddoyov TpoTov AapPavopey
o B 7a o 87
GPRyY: | W= | w8y, 7 A"'P'T‘A,\' 3)
| o B3 Ys o3 85 Y3
o B va o By &
% P Yo w = 0y Py B i A.w=A4 (4
% By Ya ay Py 5,
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‘Edw elven A # 0, ToTe ¢k 16 (2), (3), (4) Exomev :

Ax A Ao
X=-x w:—}:m:—d— 5)

*H&n Tapatnpoluey, 4TI xal B1& Thy Emiduoty ToU ouoThucTos o Pabuol
ut Tpeis &yvdaTous BlvaTal v tpapuootdij & xavdy Gramer.

Atevpebvnog ol ovatijatog (1)

Arexplvopey TéooGPAs TEPITITLOEIS

1) ’Edv elven A # 0, TéTe of dpllovocn Ay, Ay, Ag Btv elvon Shan pndév.
P2 Yo

Bl £ 0, Téte & ovornua (1) elven looBUvapor  Tpods TO
' Fa rali

YEorw A =

CUCTTHA !
A, (oax + By + v10) + Ae (X + oy + Yow) + A; (ogX + Pay + Ys0) = 8,A+
+ 8,A; + B4Ag Bay + Yoo = By — X
Q) Pay + Yaoo = By — X
Al EE1odoels Pay + Yaw = By — X kol By ¢ + s = B — oX &mroTeAoUV

ouoTnue Exov piav pévov Auow, Bi16Ti UrreTéhn Ea :’! # 0. "Apa TO oUTTNHX
3 Vs

(6) Exet plow pévov AVow kai ouvetréss kol T loodlvapov autol (1) Exer wiew

pévov AU, fitis AapPdveTar 6w Tumrev (5).

2) Edv elvon A =0 kal g TouAyioTOV 6w A, , Ay, By elvar Si&popos
ToU unbevds, TéTe dk Tév (2), (3), (B xadloToran Tpogaves 8Ti Td cuoTnua (1)
elvan &BUvartov.

3) ’Edv elven A=Ay = A, =A, =0, TOTE 6 oUoTtnua Exer dmelpous
6 TrAfifos Avoels, fiTol elvan &oproTov.

4) 'Edw a1=“2=%="‘31=Bz"_‘ﬁ‘s:)ﬁ:Yz:Ys:Bl=52='53=0-
téTe TO oUCTHUA Elval TOUTOTIKOV (X, Y, @ atBadpeTot)

Mapatipnorg 1) Kara Ty mpidTny meplrTaow, v elvar 8, = 8, = & = 0
kal ouvemtdds A =8y =0y =0, 16 ouotnua (1) Exer plav pdvov AUcw THY
undevikiy, TO B¢ cUoTnua koAeiTOl OpoYEVES.

2) 'Edw A, A, 4y, by elvon GAa Si&popa ToU unBevos TOTE Ek TGV (5
AcpPavopey :

e el 0 ek o o8 b g 40 0 SO
7 Pl e o by et aaet R R PR T
2 +y—z=1
Mapadeiypata: 1) Na EmiAubi Tbcﬂafnuc:z:}_x+2w+2=6
x, ¥, zeR [x+w+21=9

Aborg t Zuupcvws TIpog TOV kawdva Tou Gramer AcpPovopey

88

WYnoionoiOrke amo 1o ivotirouto EknaibeuTtikrg MoAmkrg



| 11 =1 | 2 1 =1 2 4 1 l
3‘ 6 2 1 i -1 6 1 =1s 205 & |
(9 4 2 I 9 2 1T ods o9 2
S e e =“2""1_:“1” S S e e I b
-1 2 1 1 2 1 { <J 22 lo
1 1.3 104 \ ks 2y
OUrw Exopev TNV AUcw (x, W, 2) = (,, 2,3
2) N& #mAuf 1o otvotnuet : 2 X+ 3y +oz=—4xA—X + oy +
+oaz=—2a?A2x+y—2z=—1, X,y z R
Abois : Ay ToU xavévos Tou Gramer AcuPdvouey :
—4a 3 « 1 —4a « } 1 3 4o
| -2« o « | -1 2 ‘ -1 a —2af|
-1 1 ~1 2 -1 -1 e |
x=l—1—_3_ °‘|= % W= 3 = —2aq, z——-l Nas e =1
=1 a a -1 o o ! -1 a « 1
| 2 1 ~1| 2 1 -l | 2 1 -1 |

Ol Eyopev THv Aow (X, W, z) = (&, — 2, 1).

AELKHIEIZ
o Q&g

164) N& émiAuBolv Bi& ToU kewdvos ToU Cramer T& ouoThuaTa :

X
1) 9@x—N—10(y+3)=19 ) 4 — %=1
X
6 (4x —9) — 25 (y +4)=—6 +++ =5
N x+ay=2 H kx+k+Yy=2 5 x+uy=1
x +y = 2a x +ky =1 w+Dx—y=2
6) (a—P)x+ (a+p)y=2("+P
(a+ B) x + (@ — B) y =2 (a* + 20P — P?)
P’ 'Oués:
165) N& tmiavb 10 olomnua ¥ 2::1%::: &, % B Par Yo Yai € R

1) & v, =vy:=0AoBy— Py # 0
D&wa #0VP #0Aqg= [3.——0,"\7’:#0
3 &P =P=0Acy,—cuy #0
4o =p=0AYy, #0A(x#0VpH+0)
5)&v o =y =P =P =0A G #0V y; #0)
6) & oy =Py =Yy, =0
Hava=Pp=v=0A(q#*0VE+0)

43, ) doa+Dx+2up=2
166) A& molas Tmds Tév A kal p TO ovoTNa Z "GN x+ CGu-Dy=-3

8moux, y, A, u€ R, Exer dmelpous 16 wAfifos AUgeis ;
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167) Aia moias xai Tag auTds TIKGS 16y A kol p dupoTEpa TA oUOTHUATX

2 B rdig =1 kal Z, : =Wl E Qo =2 elvan dbwvata
X —y=3 X+2¢p=>5
y Oupas:
168) N& eUpebf] f Tun ExaoTng TOV Spilovadov :
531 1 1 1

1}~ et il | 3 P NN
1410 1061 a p P B y+4a p
1515 (159 1| | @ pe yt Y v otB|

a=p P—=y ¥—o
p—y y-a« a-Pp
y-ao a—-p P-vy

5)

169) N' dmobeybouv al kaTw TauTéTnTes ¢ v o, B YER

0 l+a? ap ay 2 1 1 1
ap  1+P' Py = o'+pi+yitl 2p Ri=y=5 2p =
ay By l+y? 2y 2y y—a—p
=(@+p+ ¥
5 Ouéks:

170) Na& émAufowv Bia tou xavéves Cramer T& guoTHMATA :

| x4+ w—22=-15 -y +3k=1

1 25 —z =
) x —y+z=10 )} KXJ"ZJJ zz :
1 —2x +y +z=15 ‘; e S T
+z=1 tytw=1
3 X4 YT 4 ax + ¥
ax + Py 1 YL =05 X+ay tw=a
alx + Pyt yiz=8" X+ +ow=a

§7. EMIAYEIZ EYETHMATOQN A" BAOMOY EIAIKHE MOP®HE Al' EIAIKQN MEQOAQN.

‘H trriduots dpiopévey ovoTnudTwy o Paduou elbikiis popeiis EmITUY Y-
veran B’ elBikédv peBdBwv (TexvaoudTwv) TOAU oUVTOUWTEPLY Ko &TrAouoTEPWY
TEW yvwoTdy peBobuwv EmAUTEws.

'AvaQépopEy  KOTWTEPW elBikds Tivds peBOBous EmiAUgecs ouoTnuaTLY,
ik Tév ouvnBuws Trapoucialopévy.

a) ‘'H péBodog tilg npoobiceng tdv ELiomatov katd péhn.

A THig ueBdBou TauTng émAvovTa guoThpaTa Tiis KopPRs : 2
Mt Xt Xt oo FXa=o
""i Xa I X4 : - T_"' T (1)  &ToU Xy Xu.. X &yveoTor
B By s s oF L= veN kal v >3
Xe + X% +X+ . .. +Xa=09
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"Av Trpooféowper KaT pEAT) Tés thioooels ToU ouoThpaTos AauPavopey |
(V_l)(x1+X3+ v =Xy )=°:1+C(2+ v s G, T
B =+ 2
S R B e et

v—1

* AkohouBws auvbudlopev txdoTny Etiowow ToU ouoThuaros (1) pé v (2),
ométe AapPdvouey &vrioTolyews !
o +ay+ -+ av B fs x oSGy s o O -

S Xres v=1 ' eI
ag—(v—2)a,+a3+ ... + Qv
Xl-l»-a_—__ql_-tu'_vt_l_-tﬂ-.éiﬁg X = 1 u—‘;
. . . K'O'K' . . . . .
g . .. i B s el it s
X\,_l+av :-_m;_:_l_—-x—- 33 ﬁs Xy—1 = ST

Mapaderypa : N& EmAvbij 10 ovoTnua :
X+y+z=1, y+z+0=3z2+0+x=2, o+x+ty=6

"Enilvorg : Aid mpooBicews koTd pEAn TV EE10WoEWY TOU CUCTTNHATOS
touew 3(x+y+z+w) =12 &fs x+y+z+w=4 ()

*Apaupolpey kaTd PEAN txdony tlowow ToU ouothuaros &mwd Thw (3),
bmrére Eyopev dvTioToiyws
w=3, x=1, y=2, z=-2

B) ‘H péBodog tiig yxprowponomiioeng Ponbnukdy &yvoerwv.

A& Tiis peBdBou TaTng EmAvorTal T& K&TWH ouoTAMaTa

1. Na imlvBfj to edotnpa: X +P e+ X+ ... HX) =T
&TTOU Xy, Xgy - - - Xy &yvwaTor (1) | o, + Be(Xg+ .. +Xv+X1) =Y
Sy BNyt D AN R SR el S S
veN kal v >3 Xy + By (X + X+ .. F X)) = Y

"Enilvoig :

*Av Blocopey STou X, + Xz + - .- + Xy =K, ToTe fkdorn TGV Eliowoewy
Tol guothuaTos (1) dvrioTolyws ypagpeTal :

x4+ B K=x)=m %5 =0—PK /(e —-BD) “Omou

o # P
X + By (K—Xp) =7 o X = (ya — PaK) [ (0 — Po) @ a.: “ B:
ax+Py (K—x0) =y Xy = (yv—BK) [ (av — Bv) oy # Py
MpoodéTopey Tas (2) kaTd péAn, OmoTE AapPavouev :
—Bv K
X+ Xt +Xy— aé‘-f'a. ﬁé +.--+7:‘._|397=K 3
‘H ttiowais (3) erm_-rrpco'roBdtﬂu:os s Tpds K, 1) dmola Avouptvn Bibel :
Y1 Ys _ P Ps |3‘<‘
o e i s o) i L e e % GO Tl
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Smep, fotw K=C. Thv iy K=C Bttopev elg Tag Ehiomoes (2) xal Exopey
TAS TIMGS TV Ky, Xop « -0 Xy

Mapaderypa : Né #miAubi 16 oloTnua :

W42 +2)=8 4p+3@z+x)=6 z—4(x+y)=28

*Enihvorg : Ofropev dmov x +y +z=K, &méTe of Ehiodoes ToU ouoTh-
pocros ypagovTan : 3% +2 (K—x) =8, 4y+3K-y)=6z-4(K-2)=38,
g v x=8-2K y=6~3K, Z=(8+ 4K) | 5. TipooBéTopev kaTd  péAn,
OMoTE X+ Y+ 2= E—;—z-llf kal dpa K= @—_5?}5. K = 3+ Téhog 8’ dvTikaTa-
orédoews Thg Tifs K =3 Exopev :
x=8-=23=2, \.p=6—3'3=—3, Z=(8+43)5=4

2. N& ¢mdudff 0 obotnue: | ox 4+ B o+ B _ oyt By
Xy, Xg,+ - - Xy &yvwaoTol i O ST Yv
Cy, Vv, Ov, €5 0 \ 85, +8.x, + ... + 8uxv =€ M
veN kal v 2 2
‘Erilvois.
log tpémog. T7) PonBelq ToU Becopfinarros TV fowy Adywv Eyouey :
ﬁl al ﬁv
t!1x=-'-Bl-'_"—(x.x’-}-ﬂ' = =GVXV+BV=XL+&;=XQ+“_.= - =Tn;a}=
Y Ys Yv ! X8 Yv
o ay ay
b+ Ry Bux + i
="&n . & BT
o o av

Bh | b BBy BB BB B

B,X,+8%+. . .+ vaverTl' ay o, a Greis %
5,1 | 8a7a By . 5;')3 824 S¥v
“1+‘xx+”'+av O 4 ay Hrne ¥ ay
§ & »
81OV &y, Qg, .- .y Oy # 0 KGIE—;Y—1+‘—:}—.+ s +%’# 0. "Apx Si%tpPr. i
1 4 v Y

S”"%'E'=K,. I .,E%E’ = K, $ &v Eyouev Tas Tiuds TEOV AyvdoTwy X,
1 v
Xgy - o Xy
20 tpbrog. Edw Exaoros Tév fowv Aoywy Exn Tipf K, TéTe B& Exoopev :
alxl_-l_'_ﬁ_l =K, aXs + Py =K, ..., M_E,! =K, &t Qv X = _—-KYI_ﬁ‘ , Xg=
Y1 Y Yv a
. i o s Kyv=PBv(2). Tas Tiwds (2) dvrikaBioTdpev els Thy Seu-
oy Ay
tépaw EElgwaw ToU ouaThparos, 8Ted, ﬁ(‘a—_ﬁ-‘ + 5, 'ﬁ{;}a—' S SVEY—';ip"=
1 v
—¢. Al elvan TpwToPddulos dis mpds K, 1 &trola Avouévn Biber :
e Bi®i Pibs BBy / (BiY1y Biva Burv) —
K=(e+ B B0 o B0 R0 o Xv) = C

THv Tiufv K = C Bétopev els Tag Eliodatls (2), &mméTe. Exouey TS TIHOS TEV &yve-
OTOV Xy, Kpy-« «5 Xv
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W=
o
)

Mopaderypa N& EmAvbiy 10 ovoTnua :
X —y + 3= —2
"Enidvais : “EoTw K f Tiph éxdoTou 1@ iowv Adywv. ToTe Eyopev x = 3K,
Y=9K—1, o=>5K+ 2 Tds Tipds auTds 8éTopev eis Ty o, X —y + 3w =—2
&6 3K — (9K —1) + 3(5K + 2) = — 2, & fig K = —1. Téhos 81" dvmikaraoTd-
oews Ths Tipfis K= —1 fyopev x =—3, y=— 10, w=-3

Xy T_I' g !
3. Na ¢miudfy to ob ais 1’ 1’ Ir—1
- Na Eimivbf] 10 obotnpa: D B e Wk e
X1 Xgyo .oy Xy GyvooTol #0 (1) | % Xa Xy
uEN kal V>3 -1 - .l ...... l. & e
;u—+7f+' +xv_. i1
‘E : Of T e = e e e e
nllualg' FroyTes SO Xy i L %a =X Xs =Xg:n xv— v EIS

TO ovoTnua, EXOMEV

i+ X+ .o Xy a=a To olornua (2) EmAtetar 8i& Tiis webod-

@) Sou Tiis Tpoobigews TéY Eiohoewy KaTd
wéAn, éméTe B1° dvmioTpogfis TRV TIRGV

XL X'g. .. X'y EXOUEV TS TIMGS Xy, Xay - - X
Mapadeiypara: 1) N& ¢mAvdi 10 ovotnua :
T TR e om0 5 e LR il
T+¢=—6—:¢+"&, =t h e
"Enidvorg : Mpémer v elvan xyeo # 0

Blropey % =x, ":7 =y, Lw = ', OméTe AcuPdvopey :
X'+ = _Z_ ‘ "
) ' 7 A& rpooBéoecws kaTd péAn T (1) Exopey :
Vi+eo=m7 1M swty+e)=22 fkx+¢+o'=5 @
W +x' = —i—

"Apaipouper kord pEAn, ExaaTny Eflowaty b tév (1) &mod Ty Eowaw (2),
oméTe Exopev dvTioTolyws @ W' = —;—- iX= % = -% , kol dxohouBus X = 2,
vY=3 w=4.

A ’ < Xy e yw WX
2) N& tmAubf) 10 ovoTnpa : gt T =y, = e B, e

"Enidvoig : ‘YmoBétopey apy # 0 kal xyw # 0, émoTe 16 ovoua Ypé-
PETON @

93

WnopionoiOrke amo 1o ivotirouto EknaiSeuTikrg MoAmkrg



! .

7]

1
W

ax Py 1 g{_E b @éTOpEUé‘H’OU%:X,$=\P, =w
oy & s 1 odTE AapPavopey

pckae L | o L b e
yo p s T T § oy’ + px' = lfy |

patys _ L By bt W yo' +oy =18 (1)
wx a X w o Bx'+Yw': l!a:

A& TrpoaBéoews Téw (1) kaTa weAn AapPavouey :

2 (' + B+ yo) = BEBLXEY g g oy 4 px 4 ye' = LY

*AaipoUpey &o aUTiY E&oTNV thicwow &k Tév (1) katd péAn, 6Te Exopev :

. __ ay +Py—ap . ap+Py—ay »_ ay +ap—Py
1o = PR S S R = T ey B
w' = (ay + By —aP) : 20By%, X' =(aB + Py—oy): 20B, ¥ = (ay+

: 2 : : 0 2apy* s 2apty
+ af —By) : 2a*PBy kai drohovbuws w = oy By —al © X =

e B

¥~ "oy ¥ op - By

Inueiwag. To Béua Tis EMAUTELS CUTTTUATWY 51’ elBikdov peddBuwv oUboAws tEavTAel-
van évtalba. "ERapTaTan B &md 1o elbos ToU ouoThpaTos kal & Thv Bebioteyviay kal elxé-
peiav ToU dayohoupévou i auTd.

ALKHIEIE

171) Na tmAuBouv Ta drdrouba CUOTHMATA :

D | x+y=—1 ) xtytw=4 3 | x+ytw=2
g+ w=-—19 ytwtz=-2 X+3yw+w=06
w+x =2 | wtz+x=1 X+y+3w=-8
z+x+y=-3
) |lax+tytw=1l 35 |xty-—w=c 6) ‘ux+vw+z=l
Xt+ay+w=a yt+w—x=p [ x+uwy +z=1
X+ g+ aw=at VHX—Y=Y .‘x+v\y-¢-uz:1
172) Na& émAubouv T& dkoAovfa ocuoThpoTa !
D | x+3(y+e+2z)=15 2) |ax +Ppy+z+w)=y
by +5(x+ w+1z)=36 ay +Pi(xt+z+w)=y
3w+ (x+y+2z)=11 az+ B (xtyt+w=7v
S2+2(x+y+w=17 aw + P (X+Y+2 =17,
D imes, Wi W PR Bl L el SSRR S
5 & = 15 NSNS e 1 1 1 1
E | 3 T
2+ —w = X+y+w=x X [ @ &
6) 1 i 1 ] xyw ad
T+w % = Xy + xm—yo o
1 1 1 1
‘P+‘°+ z — 3 Xy
o B Ui, Vo Fyx—ax P
@ z x 6
1 1 ) T Xyw
z +T+—Lp'_ 6 X foy—xy T
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8) | xyw = a (yw — WX — Xy)
Xy = Pwx — yw — xy)
Xyw =y (Xy — yw — wX)

173) Né& #mAuvBour Ta dxdrovba ovoThuaTa :

1) |x+y=3 Y |vx+y +zZ+w=1v N]2x+2)+w=-5
y+w=>5 X+w+z+ o=y X+2(y+w)=06
w+ =17 X+yt+vzt+tw=v 2(y+w)+z=0
¢ +z=9 X+y+z+vo=1 2+x)+y=~—1
z +x=6

58. EZIZOZEIL LYMBIBALTAL
x—2¢y=—-+4
“EoTtw Trpds EmiAucy TO oUOTNUX Z: 3x +y=9 x,yek
TpIGy Eliohoewy pt Suo &yvdaTous. X+ 5y =17

*EmAvovTtes 1O oUoTnua TV Slo mpwtwy tliowoewy eupiokopey :
e e

[(x,xy)/(x,q})eR A S gy ]_{(2,3)}

Mapatnpobuey 6T f evpebeioa Avois (x, y) = (2,3) elvan AUois xal Tiis
Tpltng ko, X 4+ Sy = 17. "Hro1 al Eiodaoes ToU cuoTruaTos Z Exouv  KOWRY
AUgy,

Tas tiohoes TalTas kaAoUuey oupfifastag kal 10 cUoTtnua TO SToiov
&moteholv cupfifactov.

"Ev yéver, Staw & TAffos 1 T Ehiowoswy elvon peyaAUTepov Tou TrAT-
Bous v Téw dyveoTwy, TOTE Exhéyopey v Eliocoels, Tds dmrhouoTépas, kail AUo-
Hev 1O gUoTnua T dtroiov &moTeholy, €9’ Goov Exn ToUTo Avcw. ‘H Abois Tou-
Tou tdw elvan Aol xad Tév UoAoltrav ebiowoewy, TéTe ol p tliowaotls elvar oup-
Ppactai kol T oVoTnua aUTdY cupfifactoy, v &y, ToTe ol Elowoes clva
Govppipactor kal TO oUoTnua ddbvarov.

Hapadeiypata : 1) N& elpebf] oxéors petaly tév o, oy, Py, Poe R TV
tiowoewy X, + Py =0 kol apX + P =0, dmov oy, @, # 0O, v adran elvan
ouppipacTai.

Atorg: “Exouev Tas AUoeis 1 {X/xeRAx+p =0} {*—% }

-]
qy

Il

{x/xeRAax+p;=0}
Aéov v elven :
_&—_EA a—'—-pl P e Py =0

oy Oy e o P e By |
fiTis elven fy {nToupévn oxéois. To dvTigTpogov Tpopaves.
2) N& eUpedij oxéors peTafl TV ouvTeAeaTdV @y, o, 3 Prwsr Yz €18 TGV
tiodoey @x + By = va (1), X + By =72 (2), X + By = ¥3 (3), émou
e | + B | >0 ,|eu| 4 |Be | >0, o | + | Bs| >0, fvex alren elven oupPipaorai.
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Yifimyafy _ Ax

Abeig: ‘H kowvn Avois t@v (1) kai (2) elvar x = o v

y = 2%'1}2-;: = %”-, dmou oyPy — P, # 0. AUtn 1) AUois Béov v elvan Avos
kal Tfis (3).
o P
*Hrou ; cx,-%i+ Bs: %”—:y, <= Gl + Py =Y <= | %Py | =0.
a, Bs Ya

AUTH elvan 1) gnToupévn oytors, (*)

59, ATIAAEI®OYIA LYETHMATOZL (EYNAPMOZOYEIA).

Els t& dvwTipw 8lo mapadelyparta oupfifacTtdv thicwoewy ol elpe-
Beloon oyfoers elven o Eleryduevoy This drakorpiis TV &yvaoTwy petakl T
thiodoewv ToUTwy, B’ & kal kakeitan draleigovea ToU ovoThAuaTos TRV Ebi-
TWOEWY.

‘H &rredelpovoa tvds ovoThuaTos elvan ) ikavn kal dvaykala ouvBrkn,
fva 16 cUornua elvar oupPipaaTov.

Mapadeiypata: 1) N& ebpebfi /) drodelpouoa ToU ouoThuaTos x4y =3,
2x=3y=-14, M+ uy=vy, AuvxyeR

Abog : Katd 10 mapdBeryua (2) Tfis mponyouuévns Tapaypd@ou EXOUEY:
L B
2 -3-14 =0 <= A+v=4u
AVl
‘H oytolg A v =4y elvan ) &mredelpovoa Tol cuoThuaros.

2) Ak Trofav Tiptv ToU AeR 16 oUornua elvar cupPiPacTor 2Ax + 1y = A,
x+y=3 x—-2y=2& R

Abag: “lva Td oUoTnua elven oupPiPaoTtdy mpEmel 1y drohelpovoa alTol
v& elven 0.

"Hrors |28 1 A
1 1 3
1 -2 2
<= A= ili "Qote, ik A = — 113 76 Boftv oUoTnua elvan oupPiPaaTov.

=0 < AQ+6) — Q2+ +B—N)=0 =

ALKHZIEIZ

o ‘Opds: -
174) N& tletaobfi &v ol tiodors els Td kéTwh ovoThrata elvan ouppifacTal f &x1 ;
Dx=5¢=0 2 2x—-%=2cﬁ-—l
x=y+4 2ax + Py = p* + 2a*
X 2y
I—-Ty=28 _u—+—[?=3‘

(*)  #rig Tva elvar xal lwavy mpére

96 By — Py # 0V agBy — Py # 0V ayPy — aufy # 0.
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175) Tola oxtois ouvbiel T& q, p Wa Ta &xdhovba ovoThpata elvar aupPifacTa.

Dax=p—1 Px=2a+1

D Px+apy=13 w+22&=2 2Px + 3py =1

176) *Av al Tpels thiowoeas @ aX + py=1, apy+px=0ap, x +ty=a+ B elven
oupPiBaoral, v &mobexdij &mi (a+ B)? =ap + 1

B’ Oupas:
177) Né& wpoabiopiodij | Tiun +oU u € R, va Té oUoTnua Tév thisdoewy (W =T)x =5
kel (Bp—1)x =—1 elvat aquppipactév. *AxchouBug v& AuBf] TO guoTnua.
3 s « (@-pPYx+a+p=0

178) N& evpedij f) dmaheigouoa Tou QUOTHUATOS ‘ =N Y
179) N& etpediy i dmareigovoa tkéoTou TV drohouBv oUSTPATWY &
Dx+Ap=—»7A ) ax+yy+p=0 3) x+Py=Y

X 4y = — yx +py+a=0 aix o PUp= 8

X+ vy =-—v Px +ay+y=0 ax + Py =y°

60. OMOrENH FPAMMIKA LYETHMATA.

‘Opopog: Mia yoauu) gElowag xaleitar Guoyewis, v 6 yvwoTds 6pog
adrijc elvar undevinds m.y. Al Bioboes oX + Py =0, ax + Py + yw =0
Xy + Xy + CgXg + - oo T+ WX = 0, émou x; uetaPAnTad, elven ypaupkal
Ouoyeveis.

Kot ouveTrelay Bv OUOTNHE YROUMIKGY Spoyevddy thioaewv elven O p o-
Yevig ypapprtkov cOGTNp G
T& ouothparta : | X + Py + 1@ = 0

X+ Py =0 X + Py + Yaw =0
aX + Pay =0 | cux + Bay + ysw =0
elvon ypoupikd duoyevii ouoThuaTa.

Inp. "Evag TouAdyioTov ik T ouvTeheaT®Y Béov va elvan uh pnBevikds.
Mpogavis Alas Evis Spoyevols YPOapUIKOU GUOTHHATOS elvan f) pndeviki (Shot
ol dyvworor 0) ouverrdds Exel TAUTOTE wlav AUow. Cewdron Evrolba 1O Epdd-
U, & Ektds THs pndevikiis EXT k' EAANY AUow fi &AAas AUoEs.

TkoTos TS HEAETNS TEW SpoyEvidy Ypopuikdy ouoTnpdTwy elvan 1) dvo-
[NTnois Téw wr pndevik®dy AUCEWY aUTéW.

\
| X+ By +viz=0
ng + ﬁzw ‘+‘ Ygz = 0

61. IKANAI KAI ANATKAIAI EYNOHKAL INA TO OMOIENEZ I'PAMMIKON EY-
LTHMA EXEl ATIEIPOYE TO IMAHOOZL AYIEIZ MH MHAENIKAE.

| — 0
[. *Eore TO ouoTnua Z; ¢ I :i i E:: —Q Suws By X, yeR

EiSopev, &T1 &v \ul Py | £ 0 ToTe TO oUoTnua Exel plav kad udvov AU-

(e P
0w kad Erradba Thy undevikiyy (0, 0), fimis elven Tpogavhis. "Av Slod
2 s
Te 1o oUotnua elvan &bépioTov, Exov &melpous TO TAfBog AUosls, drokAeiope-
Vng TS TrepiTTTE0EWS ToU &BuvaTov, tg’ Soov Eyn ulov Aow Ty (0, 0).

% pll:(.'l, T0-
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T dmeipous T wATiBos AUoels ebploxopey Tpopavdds bk mds tEiodoscs ToU
%, érav O els &yvwoTos EkAeyfi oiBanpéroos.

"AvmioTpdpaws. "Av To olotnua I, Exn éktds Tis AUoews (0,0) xal Ty
AUow (X5, y1), TOTE 1) Opllovca Tév ouvteheoTdv Bt Blvatan va elven Bidgo-
a B

=),
o Py

“Qate 1 dvayxaia kai ikavi] oovBiikn, Iva 10 chotqpa I, ¥xy Extdg tijg A=
ceng (0, 0) kal dhhag dreipovg 10 mhfjbog Aooerg, elvar 1 dpilovea Tdv cvvre-
ieotdv thv dyvoorwv va elvar 0.

o Py
o P

l. "Eotw TO ovoTnua Z

pos ToU 0. "Apa 6& elvan

-——ct,Bg—cx,Bl:O-v::»:.—’ =%:

uX + Py + yio=0

X + Py + v =0

Spoyeves ypaupikdy 8o tiiodoewy pt Tpels dyvaaTous. TTpogpavts Alals ToUTou
elvar (%, y, w) = (0,0, 0)

‘YmoBéroper xyw # 0, Téte TO olornua I, Buvatan vy ypoagd

*Hron

4o P ==y
T et i ) 5 ’ - v
AbovTes g Tpds — kai ——  AapPdvopey
az‘:‘;"'ﬁa%:—)’a 2 2
J‘_Yl By | ‘51 Yli‘ ‘
X " [~y Ba B Yo X @
.8 = AT
@ ‘ ‘ [ By By Yl O ﬁll
a Py |0y ﬁ's[ 1Bs il o By . grall e G
Gy =Yl Y1 % }ﬁl Yo |vroo| |en Py
Y_lom nl_lne Y w B val |y cuf o P
@ '“1 Py | ! Bxi 71 all ‘“1 By
o Pyl Qg ﬂz‘ Ye 311 Iy By

Ol Adyor olror Exouv Ewolav &tav ol épilovoa Tév TapovouaoTdy elvar Sid-
gopol ToU pnBevds.

i : X ] w
Avtiot . 'Edv - o= = =A, AeR kal
ey B Y:( |Y1 Ull oy Py
B: Y2 [Y: o o Py
Bi' ‘Yz o o By
#0, 0, #0, téte al Tipal
B: Y2 Y: O o By 4
X=A P Y', =?\lY' al‘,m:A % By dva AUoElg
B: e Yo G o Py

ToU ovoTthuaTes Z, ToUrto Siemiotolron elkdAwys &v QUTIKATAOTACWHEY TAS
Tipds Tavtas el Tas tliodoes Tou Z,.
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“Qoe 1 avaykeia xai ikavi) ovvOikn, tva o avatnpa I, fxtog tiig Mooewg
(0,0, 0), ¥xy xai Eihag ancipovg 16 mAfifog hooes, elvar ayf, — ap, # 0, Bryo—
—fy, #0, y05—7yp0; # 0.

X + Py + yiw =0 (@)

I, *Eoreo 76 olornua Y, | @X+ Py +yw=0 (2
X + Pay + Ys0 = 0. (3)

TMpogaviys AUols ToU ovoThuaTos Zy elvaa # (X, W, w) = (0,0,0)

a
"Ex 1éw (1) kel (2) AauPbvopey : Xx=A E f/ y=A ;: Z Jo=A| E:;(zn,
dmére ) (3) ylveran : Al (Bryea—Payd) + B (n% — e ) +vs
o Py 7
(o — By ) 1 =0, fimig ypdoeran kai olTw @ A-lcy By ve =0fA.A=0
Qo Py s

‘Eew A £ 0 Téte A =0 kol owemdds x=0,9y=0,0=0
'Edv A =0, Téte Bix AeR tx Té@v (4) 6& Exwpev dmelpous 16 mATifos Auces,
kab' Soov & A EhéyeTon oUBoupETLS.
'Avtiotpbpas : "Edv i Aois ToU ovoThparros Iy elvanr Ay (xy, w,) #
#* (0,0,0), TéTe A # 0 ked ouvemds & Thg A - A=0 mpoximrter A =0.
"Qore, kal 266 1) avaykaia xai {xavi) covBixn, Tva 16 obotnpa I, éktog
g hboeag (0, 0, 0) Exy xai Ghhag aneipovg 1o nhijfog Aioew, elvar 1 opilov-
S0 thy guviehsatdy @V dyviatav va sivar 0,(*)

oy Bl Y1
“Hror: | P2 Ya|=0
a Ps Vs
Noepadeiypata:
i Ay 3x 4 2Ay =0
1) gk iy iy Y00 A BB 39 TN G BT
EXel xal &Ahas AUoeis éktos Tis undevikiis ;
Aborg : Abov v Exwuev | 3 2A b et e
4 ~(h-1d) i

Mpéypor S16m TéTE 3% + 2 (-— %) y=0 ] 3Bx—6p =0 \
. P

4,(_(_.%4.1)4;:0 44x — 8y = 0

llx =24 =0 kai Emwoptvas & oUvolov TV Aoewv Tfis TpdTs
11K-—2q;=0} #hiohoews tooUTan pé TO ToloUTov Tis Beutépas.
et

(%) wol al Erdogove; bpifovoat abific xath T3 oTouyela Widg ypappds va elva # 0.

99

WnopionoOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



2) N& ebpebf] 4 dvorykaie xed ik owBrixkn petady Tév B,y fvc
aXx+y+w=0
TO oUOTNUE T ¢ | X+ By +w=0  #n kai EM\Aos AUoels EkTog
X+y+yw=0
TS undevikfis (x, y, w) = (0,0, 0)
-
1P 1i=0=a+ P+y—apy=2 fits
1 1 ¥ elvar 1) {nToupérn ocuvBrkn.
3). N& EmiAubf 16 cvomnua 6Xx —y —w =0, 3x + 4y — 200 =0
Aboig: Tlpogpoviis elven ) Abois (x, g, ©) = (0, 0, 0) Ak Ty elpeaiv Tév &
Awv AUcecwv, £’ Soov Eywpey :
6 — b we ol

Avborg: Afov va
Eycouev :

=1 16

1 i

g 4J=24+3¢o, ; _2,_2+4¢a’_23 =—3+412 #0,
. o el eih] o d B e

Acupévopey xm)\i 4 _2r%6?\, \p_)\F_z 3[_97\, w_A:3 4| =27A

OUtw of Avgers elvan :
(x, g, w) = (6A, 97, 272), WAeR
X Bi& A=—1 AapPavopsy (x,y, w) = (—6,—9,—27), fitis elvar Avois
TOU OUOTAWGTOS.
ALKHZIEIZ

180) Awa molav Tipfv ToU A€ R T oUoTtnpa 5x + (2A - 1)y =0,
éxer dmeipous Td TAfBos Avoers ; -2+ EA+Dy=0

181) "E&v ¢ ovotnua ax + Py =0, Bix+ aly =0 Exel kal &AAas Avcers dkrds Ths
unBevikis, wola f) oxtois TGV o Kkai B .

182) Tota & Tév dxohoUBwv ouoTnudtwy Exouv piav wdvor Abow kal Tola &melpous
16 TAfifos Aloels ;

) x+y—w=20 2) 5S5x+4y+3w=0
2X—y+4w=0 X—2¢+w=0
X=3y+w=0 — 10x + 8y + 6w =0

183) N& émAuvfouv T& ovoTthuaTa X+2¢—z=0 ox + Py +yw =0

_ s t 2 2 20=0
(xpnowomomearte Tas Yo Suoyevels D l2x—y+32=0 2 S e m]

éf.ld'd)dsls) X+y+z=2 x-ﬁ-v-«{-mxaﬁ-}j

AELKHZIEIZ ENIANAAHYEQZL

184) Ak Trolas kal Tas aUTas Tiwas Tév X kai g al dpilovoa

X I 1 -1 1 2x
4 2. 5ifwal 2 ‘4<% Aappdvouv auedTepan THY Tipny 0,
4+y 3 5 3 -1 l—y -
185) N& émiduBolv kol Biepeuvnolv T& dkérouba ouaThpaTa :
1 1
B xt =Dt . 2T T =Y 85y aanfy=0
X+2y=A—4 1 1 P+ Px+y=0
EE
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186) N’ &moBeixfolv al k&Twd TAUTOTRTES.

|1 A=A 2| x % 0 ;
1w - ‘ =A== V-R)(v+A+1) 0 x —1]|= ’.‘i_:%
1 v =0 1 x x+1 (x#1)
3)|ar of By 4) |p*+y* op  ay
11 1 1[=E-BE-NI—9 |p o+y" py =4%PY
lp v @ ay By at+p
187) N& ¢mAuBoly Bid TOU KaVOVos toU Cramer T& ouoTHpaTa :
Dax+Py+z=1 2) x+y+z=0 3) x+ay+z=2a
x+aﬁ\p+z=[§ GX+|3\P+YZ=0 x+y+az=0
X+ Py +az=1 pyx+ayy+apz=1 (a+Dx+ayfz=«a

188) N& tmAvdij kal Biepeuvnfij 10 oUoTnue, Bid A€ R
Dx+y+ro=1 x+Ap+o=2 x—y+w=3
189) Toia 1) oxéos peraly TV cuvTeAeaTaY a kail B, Tva al odoes Px + 2ay = ap,
ax —Py=aP, x+y=2a—p traAnBevwvTal pé Tas aUTds Tiuds TV X, Y ER;
190) N& Tpoabiopiofii N Tk ToU peR, va 10 olornua
X+ M+ 1Dy=10, 2x—@u+ Dy=35 x-—y=56 e plav uévov Avow év R.
191) N& elpedij ) dvayxaia xal Ixavy owvbrxn petaly T
ax + Py + yw =0
Bx +yy +aw=0
X+ Y+ w=0

alx + B’\p + yiw = 0
ax + Py + yw =0
X+ ¢+ w=0
ax + Yytw=a
193) N& dmoBerx®i &m 7o oUoTnua elvan lox L opd-o=1
oupPipaoTor Bia Thoas TAS TIMAS Tou @€ R S

trds =1 kal a=—1 Vot i ath s
X W z

" .. . B+y + Y-« a—Pp = 0

194) Né& EmAvdij xal Biepevynfij T oUoTNUX % " z

(Al BUo mpa@Tan thiodoels &TOTEAOTY Spoyevis —_—— =0

; P Y —
aloTnua BUo thiodoewy pE TPELS &yvdaTous)

B,y va 1O ovoTnea i
txn xal &Ahag Avoeis EkTos Tiis TTPOPOVOUS

192) Né evpedfi  dvayraia xad lkovhy
owfkn perafy TdY « B,y Tva TO oUoTnH
Bxn kol &AAag AvUoers bktds TS WnBEVIKAS

X

¥
pry T y—s T

a+ p
z
cx-}-ﬁ=2“
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KEQAAAION VI

AXYMMETPOI APIOMOI — ITIPAI'MATIKOI API®MOI

(Evpndfpooig tév Sibaybéviov elg v T tatw)

A'. ALYMMETPOI APIOMOI

62. Els mv " 7élw eiBopey, 671 kord THY omoudty Tév prTdv OXETIKGV
dpiBuddy BremoTwbn 4 dBuwania pnTis Aboews Tis tlowoews x2—2 =0, #
Ths x*=3=0, f| & yéver THs x*=8, dmou 6>0 kal uf TeTpérywvos &p1buds,
Biém Btv Umrdpyer pnTds, ToU dmolou TO TeTpdywvoy v& elven QuTioTolyws 2,
713, A 8. "Qg & ToUTov, pobkupey 1) dvéykn EmrekTéoews ToU ouwbAou TV pny-
TGV &pibuddv pt Ty Bnuioupylav véwy &piBudv, dvopacBivtwv dppfitov
dovppttpov. kol ol émoiol koTeoreudofnoav katd Tpdmov Bepamelovra T
&Buvapias TG pnTdv dpibudv. Anhadf vd kabloTetan Suvath) f AUois TéW
v EhigwoEwy.

‘H Benericoos ToU véou ouoThuertos T dppriTev dpiBudy Eyive kaTd TPO-
oV TANpoUvTa Tas SiSaxTikds dudyras, O0Tws, éyvaploausy T &roAoubous
twvoles :

‘Opropds. Ex ToU dpifipoy aeN, kol Tiis &mepdvrou (&vev Téhous) dxo-
AouBics ynolwy (uovoynelwy dxepaiwv) Wy, W, ... Wy,. .. oxnuaTilopey THY
dmépavtov dkohouBiay Epi1Budiv.

D e oy oy, CYays -0 YWy
Ty dmolav oupBolifopey o, Wy Wa Wy .. Wy ..

Té oupPodov TolTo, To émoiov elvar ula deipoytipios Sexadik Toapd-
otaois, ovopdlouev ppntov §j dodppetpov Gpibpdy, &v Biv TapioTvn Bexa-
Bikov meploBikdv dpiBuoy (BnA. pnTév), fiTor &v, petd THY UmoBiooToAfy elte
petd &mrd Ev y kal époy, Stv EugavileTan «Tpfipa ynglwvs Eravedapfavépevoy
Biaprdds ywpls THy Eupdviow &AAwv ynelowv.

T&s Spos Tis dxoroubias (1) elvar Evas pyrdg mposeynotikds dvrunpo-
conog ToU dppriTou &piBuol oW, Was. . .Yy . .

Lyetikdg dppntog apbpds xadeltan s dppnTos gépwy TP aUTOU TO
) A7 (=)
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mX. Of dpor T@Y droroubidv :

(1 14 141 1414 14142...

gy 2. 1.5 L2, ;1415 14145
el pryTol rpooeyyioTikol &vmipéowmor Tou &pprytou 1,4142. . kot EAAEI-
Yw f ke® Umepoyiv dvTioTolxws kal ékppdlouv Tipds Tiig V2 kord mpooty-
Ywow 0,1 0,01 0,001 0,0001...
Ol tyope 1< 1,4<1,41<1,414< ... < V2< ... <1,415<1,42<1,5< 2,
oméme Aéyopey 6T ol dxohouBian (o) xai (P) Brocxwopllovran &md TOV &oUMpe-
Tpov &pifusdy V2, & émoios Bik Tov Adyov aUTov &uTITTpoowEVEl TOV GOULME-
Tpov 1,4142. .., Tov émoiov kafopilour ai dkoloubian. Me dvahoyov TpoTIOY
Buvdpefa v karaokeudowpey kal  &AAous GppriTous Gpifiuols Tiis Hopeiis Ve,
‘émtov 8 > 0 kal ufy TeTpdyvos.

Al Trpdels #Trl TGV QOUMHETPWY &p1Buddy, mpdobeots, &paipeois ToA/opds,
Bilalpeois kal of Bwoicn Tis lodTnToS kai dviocdtnTos dpilovrar dos kol éml Tév
PNTEY (ouppétpav), kol Exouv TaS aUtds OBepehicobers 1B1dTnTOS, TAs Sroias
&ow o mpaters gl TV PTGV, ‘Ouoiws pileTon 1) fvora Tis Suvdpews &ppri-
Tou &piBpou.

Al mpdteis abrad &l TGV douppéTpwv &p1Buddy els THY oToixeidddn “Alye-
Ppav yivovran TpoceyyioTikéys. Oewpoluey dvti T@Y douppéTpwy &piBudy,
TPOCEYYIOTIKOUS GUTITIPOCTTIOVS aUTédv (pnTous ouvetrds) pi SmolavEnmoTe
Tpookyyiow Béhwpey. OUrtws © Yrohoylouds &piBunTikéy TropooTaoEWY LE
dGUuué-rpoug &p1Bpols yiveton put Taoaw ¢mbupnThy Tpookyyiow, f| dmola alid-
VEL ¢ T TARBos T Bexabik@y wn@iwy TGV pnTdy QUTITPOoWITWY TV 1158
Si v Splowpey TO dbpoloua VY3 4+ V2 kal Umrohoyicwpey amd, AcuPévopey
K& Trpogtyyiow 0,01 ToUs pnToUs &umirpoodTous kad oxmuertifouer To &bpor-
Oux 1,73 + 1,41 =3,14. & 3,14 elvan & TPOCEYYIOTIKOS PNTOS SVTITTPOTWTTOS
ToU douppérpou dpibuol V3 + Y2

To &Bpoiopa, ywduevoy, Bragopd kai TrnAikov &ppriTwv apiBuddy SuvaTdy
V& elvan pnTOs Ap1Buds Y. V3m . Vﬁ — V§6_= 6. ‘Opolws V18 : V2 =V18:2
=V9=3,

'Emi T Phoe Tév AexBivtwv, oXeTIKGS pé Tas Tpdlels Eml TGV Govp-
HETpeoy, ouvdyetan TO oupmépaoua 8T Suvdpela v ExTeAddpey Tpdakers Epappo-
lovtes Tag 1B1dTnTas cryTdy, dBiagopoivTes 81 TO ldos v GpiBudy, eiTe Tpd-
KeiTon Trepl pnéov, eiTe TpodKkeTon Tepl &ppryTwv.

63. *H&n 8 etdowpey pepikds XpNoiHous TPOTACES
1. Eav a Gppntog kai py, py pRTol tote, Eav elvar o - p, = py, Ba elvar p, =
= pz =,
‘Anddertig. ‘Eqv Umobéowpey py # 0, TOTE - py = py a0 = %’:—, &mrep
&romov, Si6T1 & p1Buos —2—“' elvon pnés. “Apa & py Bty Blvarran v efven Bidgo-
1
POS ToU unSevds kal guverdds py, = U, dAAG Téte kel pp = 0=0
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2. 'Eav a dppntog kai p pntog, tote 6 apibpdg o + p xai 6 aplpoc a - p
(p # 0) elvar Gppnror.
"Aréderbig : 'Edw UmroBéowpev T elvon prTol ToTE
a4 p=p =pnros<>a=p' — p = pnTds, &TEP &TOTIOV

ap =p'' = pnTds <> a = ;i' pnTos (p # 0), émep &ToTrov.
3. 'Eav 0eN kai 8év elvar d0vapig pé éxBétny Sumpetov dua v, tote O api-
Opog ]V/B_ elvar dppnroc.
"Anbderbig : “YmevBupilopev 811 TS oUpPodov ];B THS viooTHs pilns ToU &pi-
Buol 6 Eyvwploauey els Ty [: TéEw kad éT1: X = ];6_¢>x“ =0 (Biamav 8 >0).

*Edw UmroBéowpey, 611 VO = Kk (keZ*) kal 611 & k=i -k 2. .. kM, Smou

Kpsgs- « - p K&l Ay, oo u QUOIKOL, TOTE: B=x" =K"M k" 2. . Kk, ™, &mep &ToTOV.
v
\ < o o K ~ \ .
’Eqv UmoBéowyer, 511 V8 == 6mou kALt mpdTol TS  &AATAOUS,
K KY o il 3 3 ~
ToTE 6 = (T)": v » OmEp &romov, 51671 ol &pibuol k¥, AY elvar wpdTor Tpds
v

&AAfAous. “QoTe & VO elvan &ppnos.

4. Naoe dxepaia dovapis tiig napastaccws o + Py, Gmov o, B,y puroi
kai Vy Gppnrog elvan napastacig tijg popefic k 4+ » Vy, émov k, A pyroi.
Anddekig: «) (a4 BVy)=ot + By 4 20BVy =k + A Vy

6mou a? + PPy =K, kol 2af = A,
B) (a £ BVy)*= o £ 3a®pVy + 3apty £ By Vy =
= (o + 30P?y) + Gt + BHY) Vy =% £ A Vy
dmou o + 3aPry =k, kai 3ap + Py =A,

5 'Eav a, B, 7,8 pnroi kai VB, V6 dppnror, téte Sa va elvar
o+ VB =y+ V6 npérer xai apkel va elvar o = 7 kal f = 8.

"Anbderbg : 'Edv a =1y, 1éte VB = V&, ¢ oU P =5 ’EE &\hou Eyopev:
a+VPp=y + Voa—y + VE=V5, & s &’ bydorws els 16 TeTpdy covoy
txouey (a—y)* + B+ 2a—y)Vp =8 = 2a—)Vp=58—Pp - (a—y)% 'Edw

aFy TOTE VB = 8__2[3(;{_—“;)7.)_‘ = pnTés, Smep dromov kad’ daov VP &ppnTos.
Kot* duéyxny Aormov a = y kal ouverrédds kal p =8, TolTto bt elvan &pxe-
TV, s elvon TTpopavés.

Mapddervypa : Né elpebolv al Tipad Tév oupuétpov A kal y, va ™ Topd-
oraots (A+p) V5 4+ 24— looUtan mpds V5 + 1.

Abg: “Exopsy A+ W) V5+20—p=V5 + 1A +u=1DV5=1+
4+ u—2A, Omep kaTd THY TpdTaow |, 8& wpémet A+ p—1=0kai 1 +p—
—2A =0, & ol Exopev ThHy Alow (A, B) = (%, —;— ) .

104

WnpionoOrke amo 1o ivotirouto EknaiSeuTtikrg MoAmkrg



‘lotopikt] snpeinolg :

Thv Orropbiv &douppétpooy &pilBudy SiemrioTwoav mpdTor of TuBaydpeiol,
dkoAoufes & EtSotos ouvéPoer Trpry HaTIKGS elg ThHy Ewwolay TGV GOURMETPWY,
VeTepor ¢ BecoprTikol, s ol Weirstrass (1815-1897), Meray (1835 -1911)
Cantor (1843 - 1918), Dedekind (1831 — 1916), eloeywpnoay Aoy PoabUTe-
Pov ¢mrl Tis twolas Tw &ouppéTpwy Bik TGV Tepipriuwy «topdv Dedekind».

B. IPArMATIKOI APIOMOI

64. ‘Qs yvwoTéy, Téooopa elvan T kUpla oTébia Tis #feditecws ToU ouoTn-
Haog Tésy oyeTikgy &piBuddy. To mpddTov elvar N Ewola TGV drolitwv axepaiov
i puowkdy aplpdv. 'Hxoholbnoey 1 EmékTaois els TO oUoTNUX TGV oXETIKOY
dkepaimy. 'Ev ouvexela §) eloorywyh) Tév pnTdy KAaoudTwy E8nuioUpynoe TO
OUoTT e Ta prT@Y i cuppétpav apBpdv. Tékos, 1) Evoia ToU dppitov i dovpu-
REtpou apiBpod MBHynoer els Thy 1Btav EmexTdoews ToU cuoThpaTos TGV pn-
T els fv oUoTnUE, TO doiov v Teplén TO oUVOAoV T&Y pNTEY Kad TO gUvoAoy
T&Y dpphTev &pibpdv. To aloTnua ToUTo KoAEiTOn oUoTnua TGV mpaypd-
Tkdy apOpdv. Bpadutepov B pdBwpey kal plav &AMy &mréktaow Tpds v el-
PUTEpoY gUoTnHa &p1Buddv.

"Qore, th chvolov OV pIdV Kai @V appiitav aplpdv, tiig "Akyéppas,
Kakeitar sovohov t@v mpaypatik®dy apiOpdy (Real) xai napiotatar 1a tod R

"Emeidny oUBels pnTos dpifuds elvan &ppnTos kol dvrioTpdpuws, EmeTan Ot
T& 8Uo guvoha Tis "AAyéBpas, Q TO oUvohov TEV OXETIKGY pnTéY Kal A TO oU-
Vohov Ty oyeTikddv &ppriTev, elven Bva wpos GAANAG kal Siauepifouy TO ouvo-
Aov R.

OUrtws Exouey : QNA =, QUA= R, @CR, AGR.

"Edv 5¢ N, elvon T& ouvohov Tév @uaik@v kal ToU undevds kal Z elvon T
SUvoroy TV oyeTikGy dxepadwy, TOTE !

N CZGOER, NenA=g, ZnA=d.

Tas wpoypaTikds &piBuds, t’ Soov elven §y pntds 7| &ppnTos &piBuds, oup-
Bohiferen B1& ToU o,yiWas- - -y -+, O Omolos TapioTd& Thy dxolovBiav o,
Ly e - A - - Py - ey OTTOU OENG KO Wy, Yoy Wae Py - &rrépav-
o5 drohouBia povoyneiwy dxepaicov. To BekaBikdy dvdmTuyna ToU Tpayha-
TikoU &p1BpoU efvan #| Trep1oBikov, bméTe & dpibpds elven pnTds, fi pi mepioBikov
OTére & &piBuods elven &ppnTos. Ymevbuuilouey &T1 Tévres ol pnTol &pi1Buol oup-
Poilovron 61 &meipoyngiou TepioBikol Bexadikol dpiBuod.

65. H IZOTHE EIE TO R.

Avo TrparypaTikol dpdonpol &piBuoi o, X Xy Xy - Xy - el By WiaWg - - Wy
GPIQOVTQL fool, t& kad pévov Eqv, elvan =P, Xy =W, Xe =WYoo o) Xv=Wv,- .-
Elkéheos 82 &mroBenwietan 1 loyus Tév 1B1othTwy Tis loétnTos, f émola ouvi-
OT& oytow loobuvapias.
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66. TMTPAZEIZ KAl AIATAEIL EIE TO R.

Eidopev o1 o mpdlers dpilovran dos kad ml Tév pnrédv kol al 18167 TeS
Tapapévouy dvarAolwTol, yivortar Bt els THY oToiyeiddn *AlyePpav Tpogeyyt
OTIKGS.

Els Tobs dvwTépe Toous mparyparikous dpiBuols, (§ 65), &v cuppfi va elva
=B, X, =Y, Xa =Wy ... Xv g =Yy kil Xy > W,, TOTE ol &piBuoi elva
dvigol pé peyahiTepov ToV TrpddTOV. ;

‘H oUyxpiois uetal mrpacypotikdy dpiBpddv yivetan els Tds Epappoyds
Pdow THY TpooeyyloTiKAY EkmpoodTnow TéY dovppétpwv. OUTtw, ¥ o, Be R
ula povov mAnpoUTan Ek TGV oxtoewy 1 o > B, a=pB, a<p

‘Emions & «, B, yeR kol a@ <P kai P < v, TéTE B elven kad a<y.

67. H FEQMETPIKH EIKON TOY LYNOAOY R.

-
6

Qs yvwotdy, 1) elbeia x'x, X 0 A M X
16 onpelov O kol 16 povadiaiov ' 1

Bidvuopa OA = 6_,‘ &rmroTtedouv Evav GEova, Tov &fova (x'0x, ‘G.) "Av Bewpriowpey
onueiov M émrl Tou &fovos ToUTou kai AdPuwpev TOV Adyov ?—_—T ' 1éTe & AbYOS
OA

oUtos looUTtan mpds Tov Adyov TéW pétpwv THY Siovuoudrewy, & &moios elvan
tvas TporypaTikds dpiBuds pnTods By &ppnTos kail pdvov Evas. OUtws els k&de on-
ueiov. M Tou &tovos dvtioToryel els kal pdvov TperyuaTikds &piBuds, doTis elvan
& Adyos Tév péTpowv TEW SravuopdToov OM kai OA.

"AvTioTpogws, €ls TdvTa TporypaTikdy &piBudy dvTioToiyel v kal pévoy
onueicy M Tou &koves, T6 dmolov elvar mépas ToU BiavUopoTos O_Irﬂ kel ToU
dmofou & Adyos Tpds TO Sidwopa OA toolren TPos TOV dp1Budy alTdv. ‘Emo-
peveos, petaky ToU ouvdou R kal ToU ouvdrou Tév onuelwy ToU &fovos x'0x,

Umdpyxer dvmigToryia dupipovootipartos, Sid ToUTo & &Ewy X'0X xahelTal HE@V
v rpaypatik®y kol elvan 1 yewperpixn elkdov ToU ouvdrou R.

68. AITOAYTOL TIMH TPATMATIKOY APIOMOY

‘Qs yvwoTdy, 1) fvewois ToU auvdhou TEV BeTIKGY ap1Bpdy TTis &p1BunTIKTS
METE TOU UnBevds kal ToU ouvdrou Ty dumiBétwv Twv &moTeAel TO, oUVOAOV
TV OYETIKGY &piBpdv (TrparypuaTikéov).

‘Opropdg. Elven yvwotdv & Trponyoupévns Télews, 611 Grbivtog Tipd)
(i nérpov) &vds mpaypoTikoU dpifpol koAeiTon & dpifuds Tiis CApiBunTIkis,
& mpo<imrTew &md alTéy, Stav Tapaegbij TO TpdanudY Tou.

OUtws N &mdAuTos Tipd ToU + 4 elvon & 4, f) 8¢ &wéAuTos TIpd ToU —4
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elvon rdAw & 4, oupPolileran Bt cos EEfig: | + 4] =4 xad | —4| =4 xal BioPé-
leten «dmdAvrtos Tiwhy Tou + 4 fi ToU —4». *

*Emeidn) wévtes ol femicol dpifuol TauTifoven e Tols &piBpols Tiis dpr-
BunTikiis kord oUpPaow, EmeTon 81 Exouey 4 = + 4 kal ouvetds |+4|=+4
el | 4] = + 4= — (—4).

"Qoe Suvdieda v eltreopey auoTnpdrepov 6T1: "Andhuteg Tpf Evdg mpay-
HatucoD amBpod (ff pids mpaypatikfic napacthoeng) @ waksitar abrog obrog
o aplpoc @, tav elvan Getikdg §ij pndév, 6 davrifetég tov 8¢ —a, Gv 6 aplpog
elvar apvnnikos.

Tupgaaves TTpds ToV vaeRyt = |a| =«
dvetépw dpiopdy B Exwpey |- YaER™ = | | =—a(=a>0)

Kard T& dwwrépw f) mapdoTaols | a| oldémote ylveton dpunTixn Kot
SuveTeiss elven Evas piy Gpvnrikdg apbpodc.

69, BALIKAI IAIOTHTEE TN ATIOAYTON TIMQN.

1. Edv aeR, Téte |a| =|-al.

An6deitis: 'Edv aeR+ = — aeR~ kal owvemdys O& Exoouev |a| = a xal
|~a|=—(—a)=a “Ofev |a|=|—q

‘Edv aeR- = — aeR+ kol ouvends 6& Eyowpey || =—a kal |~a| =
=—a O || =| - y

"Edw o =0, Té1e —a =0 xad mpogawdss | a| =| -«

"QoTe ¢ WIER=>|0:|=|—G|—|
2. 'Edv aeR, Té7e elvan —|a| o < | «|.
"‘Anbdeitig: 'Fav aeR,+ = | o =a xal tmwedn |o| > —|«f, EmeTan
6 —|oa| <a=|a|(l). Ew 8 aeR- = |a|=—a f —|a|=q, éméTe
~la|=a <|al. (2). Al oxtoas (1) xai (2) Bldow — | a| Ca | |
“Qoe ¢ rVdER¢—|C!| La | a l
3. "Edv «eR kai veN, Téte elvan | a|* = o® it
"Anddaitis : 'Edv aeR,t = | a|= axaol &pa| a|? = o, 'Edv aeR~= | a|=
=—a ral &pa | a|? = () =

"Qoe : lr vaeR, veN = | a|¥ =¥ 1]

4, ’Edv aeR, + kol veN, Téte elvon | o |24 = oV
"Anéderig : 'Edv aeR,t = | a| = a xal &pa | o [M4 = o1

"Qoe : DasRo’f. veN = | o |+l = aivil f

e sk
Waine [*): T obuBodov | | xal # dvopxola abrod, boebloveat el wdv Nepparvdy pabnuatucdy
Veirstrass (1815 - 1897).
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5. 'Edw a,xeR ko [x | Lo, Té1e —ax < x < @ kai SwTioTpdPews.
"Anéderbig : 'Edv xeR,* = | x| =x xkai &mebn | x| € a, fmeTal X € «

ki dpa —a < x < @, 816m x| < a=a>0 Edw 5 xeR- = | x| =—x «ai
breeibny | X | S @, émeTon —Xx S« f) X > — o kal Gpa —a S x S @, Swotia > 0.
'Avaotpogag : Edv xeRyt = | x| = x kol dmadt) —a < x < g, EmeTon

|x| €Sea 'Eav xeR- = |x|=—=x fj —|x|=x xal émadn —a<x<q
Emeton —as —|x| fla>|x| | [x| S« :

"Qoe : [Vu,xeR:|xl€a<¢—a<x<a I

Enp. 'Extods Tév Paocikidv ToUTwv 1S1omhTwy els &AAny i 8& pdbwpey
kal &AAas Alav xppciuoug.

Mapadeiypata: o) 'Eav xeR TéTe, [ x—7 | <3<«=4<x<10

Mpbypatt: |[x—7|<3<=>-3<x-7<3=4sxx<10

B) 'Edw elvan 6 < x < 10 v elpebi] TO ouvorov Tipddv Ths TapacTdoews
A=—|x—-1[=-2|x-11].

Aborg: 'Ex Tfis 6<x< 10 #opw 5<x—-1<9, oémep |[x-1|=
=x—1, tmons =5 < x—1l< =1, &mep |x—1l|==(x=11)=11=x

Apg A=—(x—1)-2l=-x)=x-211A+2l=x i 6 < A42]l <
<10A-15<A< 11

ALKHZEIZ
[ B gy 4 J50

195) N& &rmoBeix8ij 811 ol &pibuol 34 ¥3, ¥5, ¥3, ¥3  elvan &ovpperpor, &

8t 3+ Y5 v& xaraoxevaodii ué mpooéyyiow 0,01
1

196) 'Edv « &ppnTos kal p pnTés, vé dmodaydi ot ol dpibuol byl -g", ,g_ elvan
&ppnTor.

197) Né& &mobeyfj 51& Tapadeaypdtwy, 611 To &poigua, TO ywduevov kal 1O TnAikov
Vo dppATwy, Suvatar va elven prTos dpifuos

198) “Av (o, B, Y)EQ kai a+P V2 =y ¥3, Té1e a=p=y=0.

199) Né& eVpefolv ol Tipai Tév ouppétpwy A kal y, dv & &piBuos (A — 1) Y2 — (2u-1
elvan foos mpds Tov V2 .

200) *Av x &oUppeTpos kai &, B, ¥, & oUdueTpol, UTd molav ouvlrfikny f) TapdoTaois

ax + p o
—Ym elvar apibpos oUppeTpos ;

201) *Emrl ToU &fovos Tév mpaypaTikdy &piBudv X'OX va eupeBouv onuela, Exovra

yewpeTpikds elkévas Tous dpiBuous Vo, V3, V5 ,oue (81 xpnolpoTrofjoews Tou Tufa-
yopelou BewpripaTos). -

202) N& &moBaydfj é11: yao,peR = |a—p| =|p—a

203) 'E&v a e R, v& &moBeydi 8T oUbtmote ehvan—|a|< a< |af

204) N& &mobeaydij 6T1: yaeR-xal veN = |a|tv tt = —alv *!

205) 'Edv o, PeR kai |[a| + [P | >0, 7i oupmepaivete Six Tols &, P ;
206) 'E&v [x—10| <5, 161 5 € x £ 15 kal dvmioTpdouws.
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>0
207) N& &moeixdii # locbwanla : |x—a| €8 <= { P N
208) 'Eav x e R+, vax dmoBeydij &m éx Tiis oxtotws | x [ > a> OtmeTan 0 € @ <X<

< 4o, tov 6t xeR- ) —x <x< —a<x0

209) N &mhomonéii T KAdopa (x|+8)[@Ix]|+1D

210) Eaw «, Pe R, va dmoBex®i om o 4B > 2|a| - |B]

211) *Eaw x = V2 + 1, vk eUpedi f| T Tiis TEPROTEOEWS
A=—22x=1]-31¥2=x|-7|3x-(YZ+3)|-3]a|

212) N& eUpedi} N Twn TS TapPACTATEWS :
qu—ﬂl—j‘ﬁ—c‘+2}u+ﬂ‘—‘20—ﬁ[, dva>p >0

213) "Eaw —5< x < 12, v& eupedif 1o oUvohov TGV Tiis TapaoTACEWS
A=—3|x—6|+|x+13|-2|2%=11]|—|12-x]|
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KEQAAAION IX

ATIPOZAIOPIZTOZ ANAAYZIIZ TIPQTOY BAGMOY

70. OPIEMOI

Eis v Tponyouptvny Tétv eiSopev &1 TO olvoAov TGV Alotwy HIds ypo-
pikfis thiohoews ax + Py =y, 6mou o,BeQ, elvan Uoolvorov Tol ouvdAou
RxR, Exov &mepa oToiyeia Tiis popeiis (X, y = _y_Bcz_x)

TMoAAdkis Suws tvBiapepouela povov Bid Tas dkepaias Alcets Tiis lioc-
oEws aX - Py =y, fjTol Tas AUoeis Tfis wopefis (X, y)eZxZ.

Tols ouvtedeoTas a, B, ¥ elven Buvardy mévToTe va Becopidpey dxepaious.
“Epyov Tiis kahouuéuns anposdiopiatov dvakiocwg o Pabpod elven 1) Epeuva TS
Urrépecos kai 1) dvalnTnols Tév dkepaiwv AUcewy wids Eliowoews o Poabuou
pe ckepaious ouvTeAeoTds kal peTaPAnTds (dyvwoTous) doacbfiTroTe TreTEpa-
optvou TANBous A kail ouoThpaTos o PabiuoU pé TATBos Eiowoewy pikpdTEPOV
TOU TV &yviaTov.

71* EYPELIZ TON AKEPAIQN AYEEQN THE EZIZ. ax + Py = y (1), émov a, B, v, €Z

1) “H ebpeois Tév dxepaicov Auoewy atnpileTat els Tas drorollious rpoTéoeis.

. 'Eav oi a, B, v Exovy M.K.A. & # 1, tote 1 EEiowoig —:— X -Jf——g- \p:%
elvar igodlivapog tiig EElehoewng (1).

‘Anddeibig: ‘H mpoTaois elven mpogavns kb’ Soov Biaipolpey dupdTepa
T& péAn T (1) Bid &, pds dmitpémer 82, vd UmoBéTwopey ThvToTe ToUs OGUVTEAE-
oTas &, B, ¥ TpwTous Trpods GAAAOUS.

2. 'Eav o, B, y elvar  mpdiror mpdg  ahifhovg kai a, f Exovv Koivov tiva
Sumpétnv & # 1, 1 Egiowaig (1) obdepiav akepaiav Loy Eyel. -

"AndociEig: ‘O & mpogavids Sév Sicupel TOV y, Bioupel Spws Tous Spous oy,
kal Py kai guverrds 16 &Bpoioua alTdy, oloBnmoTe ki’ &v elven of dwéponot X

(*) ‘O "Ednv \l'zﬂ'r,u.z"/éf Avdpavrog & ° \M’av&p:uc (360u.X.) 'r,,.e)vrne al elgey ':1;
'zn:,aia.; Amth TolTev Estomoewy Ewg dou Pabucd, 3ud tolto xal wakolvrar dwogpavrixal £§i-
odioe;, 7 B¢ z':;ua&ép'c'mc dvarvorg Awopavties dvdivois.
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kol . ‘Enopévag, v xyeZ, tote ta pédn tiig Ewhoeng (1) oUbémroTe yivov-
Ton Yoo kel ouverrdss 1) tElowois elvan &BUvatos. “HTol ouBeulaw AUow Exe

3. ’Eav a, p npdror npdg &rrfhovs, 1 tElowag (1) Exe axepaiav LMoo,
'Anodeatic 1 Awvdpeda TéyToTe VX UtroBéteopey o > 0.
‘H ttiowais (1) ypoageTan : sz_—&_Eﬁ_‘ (2).

Al BiaBoyikal Gxépaian zipad: 10,1 253 iae=]1 (AnBous o) TiBépevan
dvrt ol y els Ty (2), 5iSouv Tas dxoAoubous AUCEIS :

® (L,0), (=8 1), (Z2.2) - i

Becopolipey Tous pryTOUS &p1Bpous :

4) %, I-_—ﬂ, Y__az—g,...,"’_—j—g‘;l—) kod fortew T& deépona TrnAlka T, Ty,
a

Ty s o) Mooy Kol T ph) &pynTIKE UTTOAOITI Uy, Uy, Vg, - - -y Va1 GTIGTOIXGS TG
Sicuptaeew y: a(y—P): .., [y =P (e=D]: *Edw Urépyowy &pynTika UTTo-
Aormro T kaPioTéMEY BeTikd 81’ qUENOEWS AmoAUTwS KaTd povdda T& dvrioTol-
X rAlka. Ty, Tiis Sicuptoeds ——];- 16 TAlkov elvan =3 kol To UmdhorTrov

—2, &mére AapPavopey s TMAiKoY 16 —4 xal ouvetrdds Umdhormov 4+ 3, BioTi
~17=5 (—4) + 3. Ta Uméroma Tare, o elg TAffos, elvar piKPOTEPX TOU
o kal Si&gopa peraty Twv. A6TI & BUo TUXOVTa Ve , Ux (k K AL @) elvan Tog,
Aol &v v, = Vi, TOTE B& Excopev :

Y — Pok=ammc + Uk s B POA=R) i
Y —B.A=am + U ¢ P ks o ESEE
= dépaios.

"Emreidty 8¢ o,p mpddTOL TPOS &Hrows, Epa & o B Trpttrn va Bioup] TOV
A=k, Paoe yvwortiis 116t Smrep &ToTov, Bivmt 0 <h—k<a. “QoTe, OAat
T& Unbhormra elvan Bidpopa petall Tw, gl Afifos o kal EkaoTov pikpdTEPOV
ToU a. "Apa &v TéV Grroholtreov ToUTwv elvan unBev kol kot ouvemeiaw elg TGV
pTdY &piBucy (4) elven &piBuocs dxépanos, firor pla Té@Y Aoewv (3) elvan &e-
pata Abois Tis thiodoews (1).

4. 'Eav 1 tEicwag ox + Py =7 (1) Exy piav axepaiav Aoy, TV (Xo, Yok
0a ¥yy xai dhhag ancipovg 10 mhijog ths nopofils (Xo — PK, W, - ax) kai po-

vov abtag.
"Anodeitig 1 Katd ThHy TpoTaow (3), tav a, P TpédTOL TPOS &AATAOUS,

TéTe §) tElo. (1) Exer piav dxepatav Mow, EoTw Ty (Xg, Wo). “As UtroBéowopev 61
Exel kad T dxepatay Ao (Xy, ). O Exwuey TéTE: aX, + Py =Y ked axy +
+ By, = y.’AgaupotvTes Tas lodTnTas kadr péAn Exouev: o (X, —Xo) + Blyr—Vo)=

=0 = xy—xy =~ ﬂg—- (ys — o). TO o pédos TaUTng elvan dxépaios &pibucs,
Al
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tp’ Soov EBExOnuey TN Utrepliv kai Tiis SAANS AUoews (X,, W), Slagpopou Tiis (X,
o). “Apa pétrer va elvan drépaios &piBuds kai TO B’ péhos — % (W, — Y,). "ETrei-

&1 B¢ a,p TpdiTol TPos dAAHAoUs, TTRéTEL O o va Biaipd) TOv aAAov TrapdyovTa

Wiy =, Edv keZ elvar 10 TrmAixov fﬂ;fff. fitol &v 3‘—2-1' =K, TOTE Y =

=\, + oK Kal X; = X, — BK.

'Ex Téwv loothTwv ToUTwv keBloTaTan gavepdy, 6T maoa dkepaia Augig
(x, ¥) = (X; Y1), BiBeTon &md avtds, dTav & k A&Pn piav dxepaiav Tipfv. ‘Emo-
péveos Utrdpyouv dmetpan TO TrAfifos dxéponat Adoes.

‘Avuetpogug. KéaBe Atois Tiis wopefis (X, W) = (X, — Px, W, + ax) elvon
AUois dkepaia Tfis liowosws (1).

MpéypaTt Exoper : a (X, — Px) + B (Y, + ax) = ax, — afx + Py, + afk =
=aXy + Bye =7y, 816 ax, + Py, =Y

“Qoe, tav 1) iowois (1) Exn plav drepalov AVow THY (X, W), TOTE B £
kad &AAas drelpous T TAfBos AUcels, ai drroian SiSovTan dmwd ToUs TUTOUS.

(5) X=X —PK o X=X+ Px 5167 keZ
V= otox =gy — QK .

I1) Ebpeoic piig axepaiag hbaemg tiig tEohoens ax + Py = vy

A& v& tpapudowpey Tous TUTous (5) Trpémel va elpwpey pdvov piov &rd
Td&s dkepaias Avoels Tiis éhig. ax + Py =y
Mpos ToUTo, AUopey THY étiowaty dy Tpos TOV GyvwaoTov Ekeivov, ToU EEl
Y — By
a

TOV PIKPOTEPOV OUVTEAETTNY, T.Y. Bdv & wikpds TOTE @ X = v Kal dxo-

AoUBuos ko THY TpdTaow (3) Bétopev bmou w =0, 1, 2,.. . ,a— 1 péxpis Stov
gUpowopey X dxépaiov.

*Edv ol ouvredeotal a kai P elvon ueysdol apifipol, 1) mponyoupévn péfo-
Sos elven émitrovos 81 ToUTo Epyaldueda g EERS ¢ AvYopev v Elicwatv g Tpos
1év &yveooTov Ekefvov, TTOU Exel TOV WIKPOTEPOV OUVTEAESTHY T.X. Tov o ToTe
» - v, Y Uy — V,
tgobn ket SR L Lo g ) Wm0
&mou Try, M, TMAlKa kal vy, U, Umdhora Tév Bicipéoewy y 1 o xad Bra Ak v

elvan ouvettés & X AKképaios TTPETE! TO KAGTHY 2 %’5{ v elven dxépaios api-
Buods w. "Hrol U‘—luﬁi =w<>aw 4+ Uy =Y, ’

AUt Exer dxepaias AUgels 516t of a kol v, elven mpédTor pds dAAAAOUS.
(‘O MK.A. 8Uo &piBudy Btv peTaP&AAeTan Edv QUTIKATACTHOWUEY TOV HEYOAU-
Tepov &piBudy Bi& ToU Urohoitrou Tiis Biaupéoecds Tou Bid ToU Etépou).

OUTws dverydpeda els THy edpeaiv dkepaiags AUoews TTis LEIOWOOEWS QW + Uy =
=v,, ATis elvon &mhouoTépa, BidT U, <
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SuveyilovTes s TrpOTYOUHEVLS, xoroAfyyoper el Etlowow pE pikpous ouv-
TeAeoTds, OwdTe EpyalopeBa pE THY TpoTny Wébodov.

Mapadeiypara : 1) N& ebpefolv al dxépoia Auosis Tis ElLiooews
3x 5y = 11.

Erihvoig : “Exouev X =!—1—_3—-5-‘f. Ottopey w = 0,1, 2. la y = 0 &o-

Hev X = 13—1, tvéd Bl y =1 Eyouev x =1-1-;2 = 2. To (edyos Aowmov (2, 1)

elven pla dxepaia AUots TS tiooaews. Egappdlovtes ToUs Tumous (5) S
(Xo, Wo) = (2,1) Exopev T& olvodov Tév Aoewy TS 3% + Sy = 11,

Olres ;. w=2-—5k fj x=2+73k

w=1+ 3 w=1-3k

Equeivag. A v edpeow TV BeTikédv pévov dxepaicov AUgewy eUpioxo-

HEV Tds Tids ToU K, B1& Tdg dmrolas ouvaAnBelow ol dviadaeis 2 —5x >0 kail 4

&mou keZ

+ 3x>0. *Htor — _%7<K< —g— kol ouvetréds Kk = 0."Apa 81x k = 0 Exopev (x,9)=
= (2, 1), Amig elvon ) povadixn dxepaia etk AUais.

2) N& dvoudfj 16 xAdoua 176 [ 221 els &Bporopa A Siapopdy Blo &AAwY
PNTEY KAaopdTwy, ExGvTwy TrapovopaaTas 13 kal 17

"Erilvoic. "Edv & {nToupeva kAdopaTa elvan % kol ,IP__I , TéTE B Eyx -

Snuwdm 375 = i
W ot g =7 < 17x + 13y =176 (1)
Evpiowopey Tas dxepaias AVOEIS Tfis thiowoews (1).
» 176 — 17x 176 1 s i=dx
Exopey ye= —ar— &= S5 1§ x=13—-x+ - = 13—% 4 @
s " 7-13 y i 7
Ts Eiomoews w =.'i,l§4_‘_ A Beot+dx=710x= ——-4——3 uta dkepaia Avoig

elven (x, w)=(—8,3)
Kol drropbvess w = 13— (—8) + 3=24

Ofrw, pia dxepaia AUoIS TS (1) elven 1 (Xq, Yo) = (= 8, 24), T6 oUvolov
B¢ Ty AUoewy auTis Bidetan &md Tols TUTrOUs
X=—-8-13% , x=—-8+4+13x
w=24 4 17¢ | y=24 — 17x
Ak k =0 Exouev (Xo, Yo) = (=8 24) kol &pa — TBB— S -2;_? = %

21 41 176
» k=1 y () =( P C S DERE e e e i

f, &mrou kKeZ

72. EYPEEZIE TON AKEPAIQN AYEEQN LYETHMATOEL A" BAGMOY AYO EEIZQLEQN
ME TPEIL AINQETOYE.

“EoTw T ovotnua (1) |aX + By + Yoo = 8 } oy, Py, Yo B €2

(2) X+ By + Y0 = 8,) o PoYa B2 €Z
Tous ouvreheaTds o, By, Yi, By @ xal ToUs Oy, o, Yer B2 Buvéieda va Umrobéoco-
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uev TTPTOUS pETalU Twv, B16T1 &v Biv elvon, Sioupolpey T& péAn Tdv (1) kai (2)
Biax Tou MK.A. aUtdv dvrioTolyws.

Mpdtov Traparnpouper 611 TO ovUoTnua oUdepiav dkepaiav Auow Exe,
tav oy, By, Y1, 8, elven TpéaTor Trpds dAAfAous kel ay, By, Yy Exour MK.A. &, # 1
(mpdTacis § 71/2). To aldrd oupPalvel, tdv oy, Py, Y, 8; elval wpddTol Tpds &A-
Adous kol ay, B, ¥, Exour M.K.A. &, # 1.

‘YmroBétopey Aormrov &T1 ay, By, ¥y Kol o, Py, Ve elven &piBuol mpddTor Tpds
dAANAous Kal &radeipoper Tov Eva dyvwoTov petalty Tév Eiodoewy (1) kal (2)
foTtw TOV .

Olbres Exomev @ (cyyy — cpy )X + (Brye — Pay) W = & yo — Bayy (3). 'Edw
N (3) £xn dxepaias AUoels, TéTE TO oUvodov T&V AUcewv oUTdv B& BibeTen
Omd T&Y TUTEY X =X, — (Bry: — Payy) K } o)
Y=y, + (@Y. —d y1) K
Tés Tipds (4) Tédv X kal @ Béropev els plov TdY thiowoewy ToU ouoTh-
porros, Eotw el Ty (1), 6mdTe AapuPdvopey peTd Tas Tpdtels Ky, (o,By — afy) +
+Yw =8 -oX —Piye (3
Edv 1) (5) Exm depaios AUcels, TéTe TS olvohov Aucewy auTiis 8& BibeTon
UTIO TGV TUTTWY K == K; — YA ]. AeZ, (6)
W = Wy + ¥y (Pg = uPA
Ty Tiufv ToU k & TV (6) BéTopey els Tous TUTTOUS (4), OTdTE AauPBdvopey :

X = X;] _“"‘" ({31)’2 — BzYl) (K{l = Yll)
Y =W, + (orYs — qyy) (% — Y1)
@ = wy + Yy (0B — Pi)A

Ot TUmror olror BiBouv Tds dxepalas AUoels ToU oUCTIHATOS.

Inpeioog: Kard Ty dradoipny 10U &vds &yvooTou petaby Tdv Ehiod-
gewv (1) kai (2), TpoTiHoUuey ToV &yvwoTov tkeivoy, ToU dmolou ol ouvtekeoTal
elvar pddTol Tpos dAAfAovs. AaTi ;

Mapaderypa : N& ebpeBolv ai dxépanar AUcels ToU ovoThpaTos

1) 4x+3y+w=>5 kal dx -6y —3w =7 (2)

*Enidveig : "Amcdeipopey Tov &yvwaTov w, d1rdTe AapPdvopey @ 16X + 3y =
=22 (3). EUplokouev Tas &kepalas Avcels Tfis (3).

Ofrw : y= 2-2—_5-1-?—"— Mia dxepata AUots atriis elvan (Xo, Wo) = (1,2),
16 8¢ gUvolov TV AUcewv Sibeton Umd TV TUTTWY
x=1-=3k

= e } (4), émou keZ. ‘H étiowos (1) Bid T@v (4) yiveton 4(1 — 3k)+
+3@416K)+w=5<>36k+w=—5f w=—5— 36k, Tis dmolas plc dre-
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pader Auots elven (o, @) = (0, —5), Td B¢ olvodov T&Y Aoewy aUTiis SideTan
UTrd &Y TUTTWY

Kk=0=X

s L } (5), émou AeZ. Thy Tiuhy Kk = —A QéTouEY els ToUs TUTTOUS
(4), &méTe AauPdvouey Tous TUTTOUS

X=1+43A ; y ] =y ) . N
Y =19 o 16K (6), ol omolol & AeZ BiBouv Tas dkepaiag Aucels ToU

iy e 5 BN OUCTHHOTOS.

Aix A =0 Exouev (Xg Yor @0) = (1,2, = 5)
2 A=l Xy, Yy @) = (4, — 14, 31) x.O.x.

AZIKHEIEIE
214) N& evpebolv ol dxéponor Augels Tév dxohouBuv ELiohoewy :
1) 3x + 5¢ =—12, 2) —x+4y=1, 3) 7x—9y = —28,
4) 13x + 21y =91, 5) 53x + 29y = 108, 6) 40x + 51y = 121

215) Né& eupeBolv al dxéponen kal BeTiked Tipal TOU X, al dmolar kafioToly dxepaias

kal Betikds Tds dxoAouBous TXPACTATE !
7x — 15 _133—2;( B 1053:&{

- R e O s - v

1
216) N& dvahuffj 16 kAdoua 75 els &Bporopa Blo pnTdv KAaopdTwy, EXOVTWY TTa-

povopaoTds dvrioTolyws 3 kal 5

217) "Ev xapTovdliopa rév 50 Spay. Kot wéoous Tpdous Slvaren va dhAaybi] i3
képuara v 2 kal 5 Spayudv ;

218) Né& eUpebij &piBuds, & dmoios Bioupovpevos Sid 5 BiBer UrdAorov 3 kal Biaxipou-
uevos Bi& 7 SiBer Utdrormrov 2.

219) N& elpediy Bipngios dpibuds To100T0s, dote T TplTov THis Biagopds Tou yneiov
Téw Bekdbev &md ToU &piduol, vé looUTen ut 16 BrmAdatov ToU ynelou T&Y povdBuv abinbiv
xatd 5.

220) Né& etpedolv al éxéponcn AUatis TV &roroUBwy ocuoTnudTwy

D|x+2y—w=—4% 2) !7x+5w+6m=18 3) | 6x —4y + 3z = 30
Ix — 4y + 2w = 17 |4x + 2y + 30 =9 3% + by — 2z = 25
4) | 3x + 6y — 5y = 11 5) | Tx—5y =4
—x+Ty—2w=-—16 11x + 13w = 103

221) Né& ebpedf Tpiyngios &piduds, ToU &molou T& ynela Exow &Bpoioua 7 kal &
dmolos Biv &hdaoel, & T& yngla auTol tkatovtdBuou kal povaBwy tvalhayolv.

222) Né& evpebolv Blo &képaiol xal Betikol &piBpof, Exovtes &Bporopa 100, 1o Bt Umo-
Aormrov Tiis Biapéoews Tol tvds Bid Tou 7 elvan 1, tvédd ToU &Ahou Bid ToU 9 elven 7.

223) Tpeis krnvoTpdgor Exouv duou 111 [&a. 'O &piBuds Tdv {dwv Tol a' kTnvoTpd-
gou elvar Siaupetds B 2, ToU P SaipeTds §1& 5 xal ToU y' &i1& 7. Td tpimAdoiov b Tdv [dwv
ToU o kTnvoTpégov, To BirAdotov Tou P xal To TevramAdaoiov ToU y' Exouv &bBpoioua 400.
Néoa [da elyev ExaoTos ;
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KEDAAAION X

IIEPI PIZRN

TON TTPATMATIKQN APIOMON "H IMTAPAZTAZEQN

73, Els iy T TdEw eiSopev, 6T mds mpoaypoTikos Gpibuds o elvar TeTpd-
yowvovr &Ahou TrparypaTikoU dpifpol X, SoTis éxAndn TeTparywvikn pila (R pila
Bas TdEecs) ToU a. 'Efetdoauer 8¢ Tas (SidTnTas kal Tas mpdtes Tév pilikédv
Pas TEews.

"HEn & yevikeUowper THY Ewolaw THs pllns TV TpoypaTIKGY ApiBpddv.

‘Opropds. 'Edv ceR kai veN xai peyahUTepos Tiis HovdBos, ToTe, Eaw
Umépyn ETepos &pifuds XeR, doTis Uyolpevos els THY vvooThy SUvauw ylveton
foos pds TOV @, B Aéywuey 611 6 X elven pia vvooti pila (i pila vvootfis td-
Eewc) tob a.

Oltw, tdv v=2, & ¥ elvon pla Tetparywviks pila ToU @,

dwv v=3, 6 x elvar pia TpiTn (kuPikf) pila TOU a.

M. Tou &pbuol 25 pic Tetpaywvikh pile elvan & + 5, Biom (4 5)* =25

ToU &piBpoU 25 pia Tetporywvid pila elven & —35, Swom (—=5)! =25

ToU &pifuol 8 uia Tpitn pile (kuPikh) slva & +2, &iom (+2)* =8

ToU &p1Buol — 27 pla kuPikh pila elvan & —3, Bivm (— 3)3 = =27

ToU dpifuol —9 oUBepia TeTporywvikh TRoyHaTIKh pila UrdpyEl

f &AM pila dpTics TdEews, BidTi oUBels TpoypaTIkGs GpiBuds UyoUuE-

vos els dpTiav Blvopw yiveton ioos Trpds ToV -9,

‘Evralfa mapatnpoUuey, 6TI Evas mporypaTikds dpibuds Blvaren va EXn
meplocoTépas Tis WEs TpaypaTikas pifas, dmas Emions elven BuvaTov va phv
Exn mpoypoTikhy pilav dptias Takews.

Fevikdg &¢, Siopivopey Tas EEfs TEPITTTOOE :

1) ’Eéw o > 0 kai veN, Ttéte &moBeikvietar ST1 Utrdpyet els kad uévov el
feTikds &p1fuds X ToloUTos, GoTe @ XY = a. ‘H &mddeibis Tfis mpoTdoews albTiis
Blvarron v& yivy el EAANY TéEw. "As eibwper dv Umdpyn &punTikds &pifuds x
xai TooUTos, aTe : X' =« "Edv v = 2x + 1, dmou keN, TéTe oUbels dpynTixds
Ap1Buds X Umdpyer Ikavorroi@y THY x¥ = a>0

"Edw B¢, v = 2x, dmrou keN TéTe, ddw X, > 0 elvon 1) povaBixd) Betikty pila s

116

WnpionoOrke amo 1o ivotirouto EknaibeuTikrg MoAmkrg



o, y¥ = o, Aol X' = @, 0& elven piler THg X¥ = o kad O dp1Buods — x, < 0,
Siom (- Xo)' = X' = Q.

2) Ev a< 0 xai v=2x+ 1, émov keN, TéTe Umdpyear els kal pdvov
el wperyparTicds dpunTikds &pifuds X ixavoTroiddy T Elowow x¥ =a < 0. 'Eav
Bt v =2k, TéTe oUBels TPOyHarTIKOS GpiBuds X UTTapYEl ikavoTro1@dV THY XY =
=a < 0, 'Ex TéV QuwTipw oUNTEpXivOUEy OTI

g npaypatikog pibpog a Exet 1) piav pévnv mpaypatikiy vvootijv pi-
Sav x nepreriic taews (v = 2k + 1) Oenukqv apvnukiy, kal’ doov 6 a slva
Betikog 4j apynuikdg aviietoiyws, firig kaksitar nporedovoa voooti pile 1ol a,
2) &vo npaypatikdg voootag pitag avubétovg apriag taiewg (v =2k), Gv b a > 0,
tK t@v dnoiov 1) Betikn kaheital npwteovovoa vooat pila tol a kai 3) oddepiav

Tpaypatikiy voostiy pilav apriag tdlews, @va < o.
v

Thv Tpwrelovoay wwoaThy pifav ToU a oupBohilouey Va. T ouupo-
Aov V7 kedeiTan mlikoy, & v Seixtng Ths pilns kal O a Orépprlov. Bdvv=2
TéTe yphgouey Vo, fiTis éxgpdlel ThY TpwTElousOw TeTporywovikiy pilav ToU a.
Mévta T& QvwTEpw BikenoAoyouv Thy Aoyikfy iooBuvapicv
s
| X == VC! <= XV =0

ot

Gpeoos B¢ ouvtmala aUTHS ;E;n_ (f/u—)” -4
"Qoe, ouvowilovTes, TO c\ﬁuﬁo?\ov'\l‘/c? Eyer T&s EERg 1816 TS

1) "Edv a > 0 kai veN, ToTe ‘:’E > 0, pnTds 1) &ppnTos.

2) 'Baw a < 0 kad v =2k + 1, xeN, TéTe ]V/CT < 0, pnTds | &ppnTos.

3) 'Faw a < 0 kot v = 2x, ToTe TO oupPohov Va Stv Eyer fvworaw TrporyperT-
KoU &piBpou.
v
4) "Eaw aeR kod v = 2k, ik 16V dveoTépw ouvdyeTan 61 Vo =| |, & B
V=2 4+ 1, Tote Var :a:(‘/;)-
5) Els m&oav mepimTwoiv opilopey Y0 =0
Mapadeiypata : Na eUpebolv ol TpwTevovoar pilar TGV dp1Budy :

3 3 4 4 5
Va7, V=27,V 16, V=16 V3. :
Atog : *H mpuwTeouoa kupixd pila ToU 27 elven & &pibuds 3, Biom V27 =
2;’ 3% =3, ‘Opolws Exouev ;/ﬁ = ;/(TF = -3,
"Eriong VTG = V2 ﬁ.f?—ﬁ? | P2
‘H {;-—16 Btv Eyer fwolaw TTPOYMATIKOU &p1Bpoy.

117

Wnpionoi|Orke amo 1o ivotirouto EknmaibeuTikrg MoAmkrg



5
‘H mpwrevousa méutn pila ToU 3 elven ¥3 > 0 &ppnros.

74. IAIOTHTEL TQN PIZON.

M Thy Eétaocwy TéV 1BioThTwy TéY pildv ypeaaldpeda Ty TpdTaow !
Afippa (Bonbnniki npérasig). "Edv 8o Betikédv &p1bpdv al puooTtal Buvdpers el-
vai ioor &pifuol, TéTe ki ol &piBuoi elvan ioor.

‘Anbderbls : 'Edv a, PERT kai of = PH, dmou peN, ToTe #k Tig a—pH =
=(a—Pp) (' +a P+ ... +p*1) =0 mpokimrrer a—P =0 | a=p, Siv-
T & mapdywv ol 4ot 2B 4 L. 4 P elvon BeTinds, dos dfpolopa BeTikddy
TrpoofeTiwvy.

Isiétng In 'Eav a > 0 kai v = 2k + 1, (keN), 161e V—a = — Va
T& pédn Tiis lodTnTos adriis elven Tpopave. , & nTiKd. *Av Sues ypaei -V— o=

= Va yivovrar feTikd. Yycovouey T& pthn Tns els THY vuoaThy Blvequy, &Te Exopev:

v v

(-V-d)=—(V=a)==(—a)=a kal (Va)= ¢,

‘H 1B16s alrn pds EmiTpémel v EleTdowper Tas drodovBous 1Bi1dTHTOS
TV pif@v UobéTovTes T& Umdppila BeTikd, S16m Phoel alTiis, 1O Tpdompov
ARy EépyeTal, Bid pulik& TreprrTiis TéEews, ExTds ToU pilikou.

‘Ihotng 2a Pilar tfig abtiis taEeog modhanhaodlovtar fj Swapobvral, Edv
nokhaniacrwacBoly fi Swmpebolv al Onoppilon moobrnreg abtdv kai o EEaybpe-
vov telf] dbg Omoppillov plikod tfig abrfic taewme.

Eav Ya xai VB, émou g, PeR*, elvar mpwtevovow pilar, TéTe Vo >0
ki VB > 0. ©& dmobeitopey 871 elvan :

Va - VB =Vaf (1) xal Va : VB =Va:p (2)

YyoUuev T& péAn Tdv lootriTwv Biaboyikds els THv vwooThy Blvau.
“Eyoveniody e« 0B d = A1) CVE ) s ety s g i
T PonbnTikny TpdTaov Exopev Ve - V[:'T = VEB'

af YEY=VE) _ 2 i (V55B) —aipo )

i v [5 p
VP

(ve)

&pa kerd Thy PondnTikiy pdtacw Exopev Ve : VB T V- p
l'[o.putﬂpnmq Al Icé-m'rsg (1) kal (2) ypagovTan kal olrew :

\/C!B = \/a \/ﬁ kal \/u § B \/a \/B
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‘Ibtng 3n Oenixds naphyov fi Sunpétng piikol Sovaton va eloaydij Ond
w plikby, dg raphyov §i Sunpéng tod dmoppilov, dv oyl el v dovapuy
tob deiktov tol pliked xal GvrioTpdeme.

"Anbdeibrg : ‘Edv o > O kal 4/P mpwTelovoa wwooth pifa ToUu B > 0O,
Tére 84 &mobelfwpey 811 : a4/P = /B (1) xod VB =VE_—_ @
a v
"Exouev : 1) a4/P = VJ WP /e P
2) \-/—ﬁ-— VB BT a= /@
Al lodrnTes (1) Ko{i (2) {oyUouv mpogavdds kal dvTioTPpdPwS.

ISty 4n. Pile Gidng pilng dpbpol tivdg loobra pe pilav ot adrod ap-
Opob, Exoveav deiktnv 10 yvépevov TV SeikTdV.

v v
‘AnbderErg: O& &moBelfoopey 61 : v\;‘; = va (1)
YyoUpey T& uéhn Tiis lodmTas el Ty Blvapw .

o (V) = [(V ) ] = (Ve = ()" =

"Qore kard THY Pon@nTikhy mpoTaow T& pEAn Tiis (1) elven foa.
"I5w6tng 51 Pile dyobrtar gig Sovapry, v dywbi} elg tiiv SOvapy adtijy o
Onopmltov xai tob EEayopévov 2Eaxdii 1 pila tic Gﬁtﬂe takews,

"AnbdeiElg. O& drobelfepey &T1 ¢ (\/u_ ) \/u“
v m VAR Vi SRR NTAR L
'Exoueu:(\/&—)=\/q.\/a.\/u.. \/d—-\/d a° Q... a=y/a¢

f
Of padnTad v kévouv Thy &rrddeit kel pé &hAov TpdTTOV.

‘Iwbtng 6n "Eav Seixtny pilng xai tx0ttnv 1ol Oroppilov adrfis mol/ow-
ey §j Sumpéoopey (B Sapotvrar) pd tov abtdv ooy apbudy, i &pOpnTiKd
Tt tiig pilng Sév perafailerar.

Vst o . Vit | S
"Anbdeibig : O& dmrobelfwpey &1 : Vot = Vare (1) kad Vo = Vorie (2),
dmou peN kal Bicnpérng TéV v Kal W
*ExXOue, KaToTiv Uyeoews TEV KEAGY Tiis (1) els v Slvopw vp,

D ({/‘;‘)w= [ ({/aﬁ)"]" (a#)P = a¥® kol (Vum’ ) = qie

xp__ L
2) Otropev v:p=xeN, éméte v=1xp, f| B (2) yphgeTan Vo = Varie, Y-
YoUpey T& péAn Tng els THY Blvapv px

*ExOMEV G;a_") = o xel (VG“ ’) - [ ({/W)‘ ]" = (o PP = o
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“Qote kord THY PondnTikfy TROTHOW T& péAT TV loothTev (1) kai (2)
loouvTan.

’A&locqpmmtog rapatfipneig: Tds dvwtépw 1B16TTOS tEeTdoapey, Umo-
BérovTes BeTike T Utrdppila. "Edy Spws Ta Umdppilar elval oxeTiol &p1Bpol
&rrarteitan 1BlouTépa TpooOYH KaTd ThY Epapuoyny TGV iBloTnTWY TOUTWY,
s paivetan els T k&Twh Tapadelyuara. ‘

Mapadeiypata : 1) Aty Buvaueda va yplypwuey Va VB =Vap, tv a>0

xal B<0 f) tav a<O xai B<0, olTe Vo | VP =Va/p. 'Eves ¢ a<0 xal P<O,

Buvdueda vd ypayeopey Vo = V—a- V- “B kal V"__ V—GJV —p, BoTi—a>0
xal —p>0.

4 : i B b
2) Aty BuvbueBa va ypoywpEy VVE — Vo & a<0.
3) Adv Suvdpefa va yplywuey oVp = Vaip tw a<0, P>0, 10 dpbdv elvan
aVp=—|a| VB =—Vap.
k]
4) Atv Buvdueba va Yp&ywuey Vab = Vct’" tow a<0, BidTL T& pédn THs lod-

3 3
nTos elvan ETepdonua kal oUVETTES Bidgopa. To dpbov elven Vab = V—(—®) =
6

3 6
e V(_a)ifx = _._Vz:&)lo = —VYalo,

6 k} 6
5) Abv Buvépedx va ypdywuey Va = Vo tv a<0, 8iémt of &piuol Va?

3 o 1 Biusins, 330
xai Vo elvon érepbanuor. To opBov elvan : Ve =V{=)E=V-—a >0.

75. TPAEEIE ME APPHTOYE [APALTAZEIL.

Kaleito dppnrog napiotacig, kabe ambpnukt i Eyypappatog maphotacig
nepiéyovaa £v tovAGyloTOV mlkov.

Al TapaoTéons a+ B V2, e \/,, Vx + ¢ elven &ppnTor

1) MpocBeais kai Gpaipeais.

OPIZMOE. Pi[ik& Eyovtar Tov autdy Belkrmy kol TO auTd Umdppifov bvo-
pdlovran Bpote. ZuvreheoThs Bt pilikoU kedelTan & Tpd alToU EUPIOKSUEVOS
Tapdywy.

A& v elpuwpey TO &AyePpixdv GBpoioua &ppriTwy povwvipwy, dpofwy dx
Trpos TO PIfIKOY TTOU TrEPIEXOUY, TXNH nuccrifopey &v &ppnTov povdvupoy Sugiov G
mpds T pifikéy, Tpds Ta BobEvTa Ut ouvreheoThy TO dhyePpikdv &8poiopa TV
ourTeAeoTdy Ty pilikdy Ty SobevToov HOVLOVU POV,

ﬂupaﬁaiwuta a) To &bpoigpa TGV HOVWOVUIHGV — BVCX!B ch’B,

3 7 3

%V a’p, —'2Vot25 lgoUten pt (=3 +1 +--2)Vqﬂp.-—_._}/'—ﬁ
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3 I B )
B) N& ebpedij o &bpoioua V3a'x — 2V 3ax + V24aix
3 SR Sy S Span T L
“Eyouev V3aix — 2 V3ax + V24a'x = a V3ox — 2 V3ax + 20 V3ax = (a— 2 +
3 B
+ 2a) V3ax = (3a—2) V3ax.
2) Mollarhacaopds kai daipeoig

‘O oAfouds kai 1) Siaipeols &ppriTwy TapaoTaoEwy Yyivetan Gt kad
els Tds pnTds dAyePpikds TaPaOTAOE. ZUvETTds TPETTEl T& pilika TGV Tapa-
OThoewy va elvan §) v yivouw Tol auToU Beiktou. Pilika 8t Siapopwr Betddv
Tpémovtan els pifikd Tou avTou BeikTou, &av Beiktngs kol txbétns Umoppilov  Eka-
oTou 8 orédy TroAAamAaotaadi} éml 1o TnAikov Tis Sicupéoecs ToU E.K.TT. Tdw

Bewcrédy 81 ToU Belktou ToU pifikou.
3 3

3 ey L N e
Mapadeiypata: o) 3 Valy « Voy: Vyt=3V(ey)(ay)y' =3 Vady* =
= 3‘3)/2
B) N& elpedij 1o ywouevov A = Va - VB - Vy -
12 15 PO O T SO
EKTT Sewrav 76 12. Ofre: A=V - VBt - VyS = VaiPiy?

By

e vy & e
¥ T etk + VB L e RS
VP w0
3 1 e — 5 !
§) N& Ekreheobolv ol Tpdtels (V’%ﬁ-v%) 4 (\/xcx + /48 ) Exouev:
U T L Tt Y R A i
A=V Y e Ve VY e e
+) g =2 LR V:,—‘U— Xy
3. "Anlonoinaig.
A Tiis Epapuoyfis TOV SiothTeov T@v pildv, elvan Buvardy moRAdmig

plik& i &ppnTor TTapaoTATES V& &mAovoTeuBolv f), &Trws Aéyouey, v drho-
Toinfouv.

PR o Yem L AR S 6
Mapadeiypata: ) \/_;_ % V_;t =v v;_" _33; =VV;__; =v (_g_)a=
4 1 12 12 4

S = IR 12 2_., o A pdt
VE wVia Ve de-Ve Be Jeemie @0

76. TPOIMH KAAEMATOEL ME APPHTON IMAPONOMALTHN EIL IZOAYNAMON ME
PHTON IMAPONOMAXLTHN.

Skomipoy elvan v HETOTPETTLHEY, ¢’ Soov TouTo elvan Buvardy, KAdoua-
Ta pt &ppnTov rapovoucaThy el oobUvapa Wt pnTOV TrapovopaoTiy, B1oT!
oUrw BieukoAlvovren oAU al mpdtels.
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SuvnBorepon popgal ToloUTwy KhaopdTwy elval al drdAoubor :

1. K)dopata tiig popefig A= ——, B > 0, yuEN xad v > ¢
VB

MoAAarrAaaidlopsy ToUs Spous ToU KAGTHATOS gl \/vﬁ

VFS _a VB _a VP _o VB

OUrw : A= — - = : B
Yo - Vpu  VBe P 3
D ey -
) i1 i Aiy351 5125
L0 s e e e Rl
Y5 y5 - ¥5 y5q
. =—9-T fi B= —'_.-“’u—‘rf R+
2. Khdopata tijg popofic A T f Vit V5 2=

‘Opropdg. “AppnTol TrapaoTaoels &pTias Thtecs Biagépoucan pdvov &S
Tpods TO TpdanMov Evds pilikol, dvopddovTal ouyvysis.

a) TO Khdopa A TpémeTton €l looBUvapoy pé PTTOV TEPOVOUATTHY, tdw ol
épor ToAjafolv &mi THv ouluyfi mapacTaow ToU TrapovopaaTol Tou, HTIS

elven dvrioTolyws P F Vy

g Y5 ® -V
0 :A:: c(:= G(B_ VY) _=u ’___I_
VE = B ETne=Ty P
kol Ay = 2 = _ﬂ"_(ﬁil'ﬁf,__ﬂ,tlf)

B-Vy (B-Vn@+¥n P-Y
B) TloA/lomev ToUs Gpous ToU KAGOUATOS B tmwi Ty ovluyd TapdoTaow
ToU TrapovopcoToU Tou, fiTis elval VB Vy

aOF -9 __ _s0E-p)

O By= oo e = AR+ W (BT P
X 2—_‘-?3: = 2;_]!35 =2+V3, 72:1—‘,3: 5 !g;t—;lj =—(¥2+V3)
3. Khaopata tiig popeiis A = W:_f v B, v, 5eR.

TMpokeipévou vé Tphypeopey Ev EE aUméov elg looBuvapoy pé priTOV TOPOVOUX-
oy, ToA[lopev ToUs Spous Tou tml plew ouluyfi wapdoTaow TOU Trapovola-
oToU Tou. a4

G A A a I a (VB + VY +V8) S
i e YB+Vy—V6  (VB+Vy-V8) (VB + Yy + V8)
2_‘Mj;ls—_) - = —“—ﬁﬂuj@— , T dtroiov elvan Tiis popoiis 2 kal

B+Vi-6  @+y-8+2¥py
Tpémeran els looBlvapov u pNTOV TopovOpaaTHY G TpoTyoUHves.
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A A(YZ-YI-V5) _ A(2-Y3-Y5)

M.y. - — e e T e b =
& V2-¥3+ V5 (Y2-V3+V5) (Y2-V¥3-7V5) (YZ-¥3):—5

= AQZ-YV3-V5) _ A(VZ-YI-V5) _ A(VZ-V3-Y5) V§ A
243-5-206 —2Y6 -12 B

A
Yo + Yoo + Yau £ ... £ Yoy
Tau elg looBUvapa pt prTOV TapovouaoThy, t&v ouvex@s ToA/lwuev ml piaw
OUluyfi TapdoTacty ToU EK&OTOTE TrApOVOUACTTOU, WEXpls &Tou & Tapovopa-
oThs yivy pnTés.

Tevikdg : KAdopoara THs Hopeiis TpéTrov-

4. KhGopata tiic popofic A = — K -—, B=- A\,—.G.BER"
Va + VB Vo - vE
1) Ak 16 kAdoua A Sioxpivoper BUo TEPITTWUELS
@) 'Edw v =2k + 1, xeN, TéTe TO kAdopa A ypdgera :
AN K G g (\/5)““(\/5)_
= i ] v T a4 p b i = ST
va+vE © P va+vE Ve + VB
) R S v v l)
a+p (\/d"“ — Vo B + Ve pEi— ... +VP-
B) ’E&w v = 2«, xeN, TéTe Spolws Exouev :
A K e g oo K .(\/E)H(\/a) ot
N el o e AN VB B
K v v ¥ s st
=505 (Vam—vap + V@B - = VFT)
G 35 N3
- 1 1 R e (_\Lz)*“(\/a)__
X i : NiRg et TS T N e T - Gl Bl 7 il
V2 + V3 VI + V3 V2 + 3
o e L B
5 (V4-V6+V9)
2) T xAdopa B ypeetan :
St S N T Bl i O
e L e b el a0
=2 (V@ Va4 ..+ VE)
4\ 4 N4
= 1 | E g 1,(\/:7)—(\/3‘),_
X >3 rimie i T T T e g e, =
VZ -3 VZ - +/3 V2 - 4/3
== sk 4 b & [ B
(V8 + V12 4 VI8 + V27) A
Inueloog. "Edv 16 kAdoua elvan ijs wopefis [ = e dmov «, p e R+ kal
Ve + VB
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v, ue N, Téte mphTov xabioTidpev 1oy mapavopaoTiy  Exovta pilika ToU aUToU SeixTou
kal frerta TpoywpolUpE s Gvw.

" 1 =y 1 clo Sl 427
KT 7 gl e San T R T
VZ+VI VE+ V2 V& 4 /27
6 _\6 6 \6
o7 1 (\/4)“(\/27)_, i GHIRSTE 2 [ L IONGE ol
i P e e ~—§(V45-V4*-27+V48-27=—V42-273+
VE +A/27

6 5] Ll 6 R
+ Y4&-27¢ = V27 )
77. AYNAMEIZ ME PHTON EKGETHN.

EiBouev 611, kord ThHy 6ny {BidTnTa TGV piléov, Buvdpebar vi Bianptowopey
Befxny pilikol Kad txBéTny ToU Umroppilou Tou Bix ToU aToU guolkoU &pifuol.
O, tav a>0, pveN kai p=vk, dmou keN, TéTe Bid THY  TpwTEVOUoQW

Ve
pllav 4/c* O& Exwuev :
v v v
Vb =/ = (1/0 ) =at = at. Anhadn PAémopev 6T TO oUppo-
M WV
Aov oV Exel Thv Ewoiaw ToU oupPolou \/a, ¢’ Soov PePaiws TO % elval pu-

okds. ‘Edw Suws -rbwg—ﬁév elven guoikds TéTE TO oUMPOAY cxiv' Biv Exel kappiaw
Evvora, CUUQIVes Trpds TOV dploudy Tiis Suvdpecs. ZkoTipoy elved, GTres yevi-
kevowpey THY Evworav ToU ouuBoiou 0{% kol &1& ThY TrepimTow, kad’ fiv TO —S—
Bev elvon Quoikds, GAAG & yével pTTOS.

©a xalolpey to oOpflokov aiv dovapty tod @ pé EkBETy pTv, Kai opilopey

v maplotd THY vuooTiv mpatedoveav pilav tiic puoatilg duvapemg tob g, firol
v

Ty \/a_"‘, av % > 0 kai @ > 0 kei thy dvrictpopov avtiig vl v < 0 kal

Vo

a>0
\ : B L Ve ool 1 1 2 s
O& yphyewuer a v =y/a* kad o ¥ =—— =5, OOV pveN kai a>0.
av Var
B 12 iah e W W A 1
Tl 8 03 =afcs, at=git=qF =Vab,a” 7T =—
Va

»
Enusioag Tpémer va ATOPEUY WHEY VX Epapuolwuey Tov guuPohigpoy av’
Srov a<0, Bi1éT mbowdy v oTepfiTan Evvolas.

3

1 ek 2 LR L e 8 3
My (—8)7 =V B =2, &\ (~8)F =/ (—BF =/ 8 =v8=1+2
1 2
Mpogavéxs (—8)3 #(—8)7%
*Qoe, Péoer TV TeBEvTWY Opiouidy, ndoa pila dovarar vi ypagil g 8O-
vapig pé EkOETnv pnrov.
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Al véor adrad Buvdpels pt pnTov ékBétny UtrakoUouy els Tag iBioTnTag TV
Suvdpecov pé ExbéTag oyeTikoUs dkepaious.

78. IAIOTHTEL TIN AYNAMEQN

1) To ywopevov duvapeov tod abtod apbpod a > 0:

L] x k= SR Vi e R Vi
7 v N — Py vo— x 2
Exouev : av - a* = 4/a* - 4/0r =/ /a0 = /ot =
uAtxV I x
=q A — gV G A

2) "Yyomeig duvapewg eig SOvouy ¢
»

"Exouev (G%’){“ = V(c{u )K v Vau vvum = Vc:“"

x "

s S 1
3) “Yyooig yvopévou &l dovapiy: =
Exoues: (- B+ Y)Y = (& B VP =A@ Py =
VB = By

4) To nyhikov dvo Suvdpsmv b a >0:

K vl

n
"Exouey : av :ah =y/d* \/a* = x/ﬁ"* ' va"‘ = Ao —

vh L HA =KV | L l i
_\/uul—o:\ = X = A D > X

5) “Yyoog khaopatos &ig Suvauw:

M v v W
'E ay_VEf V&~ ¥E =
xo: () = V(5) = Vi =%
VE
A SAos TS TEPITITWOELS YmeTédn «, PeR " xai p,v,x,AeN
Inpsioong, ‘Emadn o :l = "']T' fmeTan 671 al dvwTépw iB16TnTES foxUouy kal Bid
av

Buvapeis pt kBétas pnToUs dpumTIKOUS.

Of pofnrad Slvavtar v BIGTUTTGIOOUY TOUs Kowovas T&v 181oThTwy Tédv
Buvdpewy pé Ekbétag pNTOUS &p1fpovs.

Mapatipnoig : "Ex Tév dvawtépw ouvdyeral 611, & Aoylopds pé pilikd ka-
Blorarar oAU elkohos, STav TOUTX dvTikaraoTafolv pé Suvdpelrs pé ExBéTag
PNTOUS.

2 g R A R N s
"E@appoyi : (Vé{E vl '\.fo:)'\/o:“ :((x’ R -c:z):c:6 -
53 9 4
=dﬁ:cx?=u—'§={:’a_‘
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1

5,

Y40,

ALKHZIEIZ

224) N& eupefolv al mpwreovoar pilen T@v &piBudy :
5

3 4_ 5__ 5__ VT v 1 VT e
- Y=27, V81, Y3z, Y-243, Te Va7 735" Y0,0256

225) N& eUpsBolv Shan al mpayparikal pilan TeTdprns Tatews T&V dpiBudv
16, —16, 49, —10% 81, 0,008l

226) Na &ﬁ)\orromﬁoﬁv al dmé]\ouem TapAoTATES :
9 15 10 18

6 3

Y49, V9%, v32 Y512, Y-243, Y—-ZT(:’B' A/ Zarpey Y, 4/6daliy

227) N& éiaxaow éK-:bs heily pl(ns ol K&Td}\?\q?\ot -rrupdlyov-rss

VT 1320 v-as v0125o Vs4x\p, Y32x‘tyw' vxm vx'v+=_—v+=' Vi6xys
228) Ol dktds Tav pildv Tapdyovtes va eloayxbouv dvrés aUTiis.

3 3
3¥2Z, -2v=7, aV3u, u'a\’wnp —2aﬁ‘y'V—aﬁy. (a+B) Ya—p, .5 Vg
a+Byfa—-P
-PYat+P
229) N& ebpeBolv 'ré: dmé?\oueu ywéuevu xal TnAdka :
4
1) 5Yi8-3V8, 2) Vs- 1/36- 1"150. 3) V24 4/48 - '\/48
3 3 3 v
4) YT5apy - 2 Yéa'py* - VEOBy®, 5) Yx'ca""-\/\p""m"\/x""w’
5 10 4 6 12 4 4
6) Va V& Ve 1 3ya Ty Vap?, 8 5vIB:vE
.3 3 3
9) 4y/712:24/2, 10) (\?E‘—-p«. a /B : Vap
230) N& &mAomroinfolv al dxdroulor TapaoTaoE
3 v—I
5 o 7 3 =
3 i A 7 14 i 7 e B
V'Vj V‘—’ (v—a V3G ' ‘/}’—-Sa’ ), L v“a-r
i Ba
Vi, iiEE VTEVTE
231) N& edpefolv T& &hyePpix& &ﬂpo[crpcrm
3 3
1) V54— \/E-w’ﬁ V3, 2) 4v’24+v' 3+\/—81 3)\/16 \/4+\/—4,
4) V50 VT -VBEAVEE, ) o557 — 3V 6w+ VE "
6) Viatrd -5 VIita +\/x’+u'x' + V9319
7 SVG'+ at ___v4u'+4u' :jll
232) Né& tkrereofolv al dxdroubor npd:iels 5
3 3 3 3
(VB +2 Y2 —4V375) V=3, 2) (x— a+Vp+a) (x —a- Vp+ab)
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3 3 : ) 3 B 3 k]
HWT+YB)WE@ VB +YF), 4 (Vx =V ) (x+y+ VX' + Vxy)
4 4 4
5 ¥x =y Ve ):(Vx=Y¥) 6) (Ve =¥ ): (VX + ¥Vx¢ + V)
7 Gav¥a +a+V¥a —2): 3 Va —2)
233) Té xkdrwdh khdouaTa

v& Tpamolv els iooblvapa pi pnrdv TOapavouacTHY
a a'

]) d Ej,ﬂ, 2) q_ — U T n:+1"T§
B 'vlu-,,.’vwrs 1+Y¥a "Vx +Vy "o VP’
VY +y VK 3)\/x+\v+ VA=W AE=ye el AN,
x+\/$ Vity—-VX-y 1-vx+yy a+p+2Vep
5 1
V2 - 3 -5 +4/6 5 —3—5 7 T : e
VE Fafs /3 ~f 2 -

3 I 3 =
VZHyT 1= 42 3=y VvV 4-4/3
234) N& éxtedecBolv al &kdAouflor Trpdleis :
g =1 peadxil g 2)\/2); Y V2 — "W VIV -V -y
X—/X =1  x+4/xi—1 VX T Y —/2x—y VX + /22X — g
)\/l+u \/1_6‘ ._2__- 3 3 o)
Vi=at -\/l+u’ V1—at

1
Vet dy/a +1 4ot —\/a+1
235) N& txreheaBolv ol dxdhouBor pates :

D (22 .4.32I ) ’ (2;'_ 3;_) = (2;_+3é")" 9 (2;—+3i_— l)" <) (Y')
'(r‘?);_'V}'”(u%“—ﬂ:")(a‘“;w i Gy 'y e ’)( sl
Dl ) i)

236) N& &mhomoimfolv al TapaoTATES :

2
T -

15 i 1 A
a—p o3 Pi + od BT 2 ol —2ai +1

1) =y { T 1 15 ) L 1y
ai 4+ o Pa ai” + B3 ai — 208 + 1
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KEODAAAION XI

MITAAIKOI API®MOI*

79. ANATKH EIZATQI'HE NEOY LYETHMATOL APIOMON.

Ets 7o xepdhauov «&véhuols dxepaicov dNy. TopaoT&oEwy Elg YIVOUEVOV
TraparydvTwys (TEpiTTWals 6n) eibopev, 8T1 TG TPIVUHOV o(x) = ax® 4+ px + Y=

= cx[( X+ %)2—— —é] 51 A < 0 8tv Buverran va peTooynuatioli s Bio

4ot

popév Buo TETpAyWYWY, 51671 6 6pos % Stv elven TETpayCOVOV -rrpcrypcx-nxoﬁ
dpiBuou dxg APVTITIKOS,

*Errions 81° piopévas o, o6 ol x24+1=0, x* + 4 =0 H Aois
elven &BUvaros dv R.

Fevikdys Bt f lootns x =P, ¥xeR A PeR ~ A veN,, elvon aBuvaros, 516~
11 ouBeis TrporyparTikds GpLBuds UmdpyEr X, TOU dmolou ) &pria Blvaps va elvot
&pynTikds &p1Bpods.

2v

* Akopr eidopey 811 aeR-A veN 10 cUpBolov 4/a BEv Exel Evwolaw Trpa-
yHoTIkoU &pibuou.

T& dveorépe dhyePpikd Béparar ko MG guvagh] auTdw Epevoy GAuTa pé-
xpis 6Tou 1y Embupia TGV MaBnuamikéy, 6w Boouv AUow elg ToloUTa Dé-
pata, OBnynoe g ThHY grwonow évds veou cuaThucTos apibudv, ETTITPETTOVTOS
THv EmbupnThy AUow.

Olres elofydn & véov aUoTnUa dp1Buddy, 1o oTroiov wvopdaobn eboTnpd
@aviacTik®dy aplipdv.

“Ey ToloUTtov ouaTnua &pibudy Bix v& yivy BexTov, TpEMEL V& UTrakoUn
els ToUs yvwoTolUs uEXp! ToUBE vouous, ot &mroiot loyuouy Bid ToUs TRPaYHaTIKOUS
&piBuovs. Aexoueda Six 15 vioy cUoTNUa T@Y QaviasTik®V apipdv, &1 Ume-
Kovel els TOUS VOUOUS aUTOUS.

80. ®ANTALTIKOL APIOMOI — OPIEMOL
Mav ouoTnua &pidudy £xel plav povada. ToU CUGTTARETOS TV PaUTAOTI-

*) Tiy feoplay Gv pryadiedy dppdy d0epeiiwoay ol @ D' Alembert, Euler, Gauss.
F e t '
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Koy cplﬁ‘uwv ™Y povcht -rrcxplc-rwusv ue TO ypo:uuct i cszmov THs [aAhikis
AéEecog imagineure, xai ovouagousv aUTnHY (puvtammm' pova&a ‘H lpmtuanuq
hovag i, dpilopey mm)g iyer rnv idotnra, 10 tstpa‘ywvov ms. ¢ kai 10 TETPa-
Yovov tob dvulitov avtijg —i va locobrar mpog Ty apvnuikiyv povada. 'EE opi-
OuoOU AoiTrov ExOMED

e —_—

(—1)~=~1J M

Al toétnTes (1) xobioTolv Suvariv Ty AVow  Tis o, X2+ 1 =0, &g
ToUs pavTtaaTikoUs &pibuols, BidTi
4+ l=0e==le®=(+i) >x=4i
%

"Eml mhtov of todtnmes (1) Snhotw émi i | 4/ — 1=+ @
e N

Gavrastikog apidpog keAeitan as &p1Bpds, 6 droios yivetan Si1&x Tfis Emava-

Miypews T pavTaoTIkfs povddos i, 1) kai Tiig &vmiBéTou — i, kol TGV pepldv aUTRs.
Otreos of dpibuot 2i, — 3, —-ir — = i, 0,251 elveu govTagTiKoi. *H yeu-

K popeh évds povTacTikoU &piBuol elvan : i, émou B # 0 eR.
"Emri T Pdoer Tédv TeBévTWY OpIoudY, 1 terpayoviki) pila mavtog apvn-
Tikob apilpod elvar aplbpdc GaviaoTKoS.

Mpéymom: VaeR—: y/a=+/1 V[ A /=T =cki= Wa=Liy/fdl

"Ek Tév BUo 'rsTpcxywvmwv pilév Tou cxpun'rlkou &p1Buol a ouupwVoULEY
B1& 1ol oupPdou 4/, va TTGP[O‘TGU(OUEU v i/a], T émolav kehoUuev
TpetebovTay TETpXywyIKNY pilav TOU C.

My /=16 - /=0 =iy/16 +i4/9 =i%4/16- 9=(ﬂ1) 9= Mo
M1 dpb1 mpdkis : \/—16 L 9_\/(—56) ) =4/1 =]
Al axépamian dvvaperg g QavIaoTikiis uovu&og
MEXOUEV: 1=
=1 ¢t Spropol
it=—1,(=1)2*=-1
B=itri=(=1)i=—1
p=iteit=(=D-(-1=1
it=ii=1li=i
2) levixdds :
P =y =1 =1
vl — v j=11=1
i-ivm:i{vi‘.';-l(_l)=__
ii\'cﬂ:‘llvi:l:l(_i)=_i

VueN :

i~ =% (Awaral mpad ¢ 1,4, =1, =)

——

(*) 'lov cru:.BoAl.op.bv roitov Exproworalrae T mpdrov & Gauss, ddka 6 Euler (1777)
oy elofyayey dpaTinds.
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[Mapatnpiioeig :
1) Al Buvaral Tipad TGV Buvdpewy Tou i elvan i, —1, =1, 1 kal tvaAA&ooov-
Tal TEPIOBIKGS.
2) Al &pmian Buvapers Tiis i elvan ol wpayparikoi &pifuol + 1, — L
3) Al mepirTad Buvdpers THg i elva ol pavTacTikol &pibuol i, —i.
Mopadeiypara : 1) Na &mobexdf émi i7 +1° + 41t =0
Aoors: i+ i@+iv4 i0="(1+i+ i#+i)=i"(1 +i—-1-1) =
= {7+ 0=0
2) Né& ebpebij | Twn TS ToapacTaoEws A = 12 4 ll_, + 2i4 4 3i?
Auois: A = (i*)"+_ii+2 A4+3C=D=C)+i+2-3=(-1)-1+
+1 "Omep V=2 keN, tA=1—-1+i=1
Ve=2k+1: A==1-14i==2+4i
3) N& ebpeBolv al uvarai Tipal Tis TapaoT. : A=i4 il i34+ ...+
Aots : o) "Edv v = 4k, &mou keN Eyopev : AA=1+4+i-1—-i+... |
B) 'Edw v =4k 4 1 Exouev : Ap=14i—-1—-1+4... +1l4+i=141
y) 'Edv v=4x+ 2 Eyopev : Ag=1+i—-1—-14 ...+ R R
5)_ Edw v = 4k + 3 Exopev : A‘=1+i—l—i+ voi A1 Fi—1 —1=0

81. MITAAIKOI API®MOI (COMPLEXES) — OPIEMOI *

Eav g, peR, 8a dvopdlopev pryadikov aplpov 10 dryefprcov Gdporopa
tiic popofic a + Pi, 6mov 6 a drotekel 1 MpEYROTIKOY pépog, 6 6¢ Pi 10 guviaoT-
kov pépog abrol.

"Erreish) B1& p =0 elven a = a + 0i kal Bt a=0APp # 0 elven pi=0+
+ Bi, fmetan &1 &5 ApiBucs mparypaTikds €iTe pavTaoTikos Biverral v Tebf
Umd Thy popefy Hryadikel dpibpou.

‘Enopévag 10 cbotnua tdv pryadikdv aplbpdv mepréyel ta ovetipata THV
rpaypatik@y Kal t@v QuviacTIkGVY aplipdv.

"Av ouverrdss elvon 1 1 Td aivolov Téw pavTaoTikGy &piBpdv Pi, R 10 au-
vohov Tév TrperyparTikéy &pibudv a kal C 1o gUvoAov @ pryadikéy apbuddv
o + Pi TOTE EYOUEV :

ReIETe € Rinl=g, Rul)cC

Els Tov wyabiov dpibpsdy Z = a + Pi TapaTnpoUuey, STi peTafU TAV
mparyuamikGy &pifudv « kal B UpioTerton wia BipeAns oxéols. ‘Emopveos Buva-
pefa v Becopriowpey &TL Td o kol P &roTeholv BiateTarypévoy [edyos (o, B)
kol ouverréds vd oupPorlowuer Tov uryaBikev dpiBudy UTd popeiv BloeTary pé-
vou [eUyous pt TrpédToV oTOIXETOV TO TrperyHaTIKOY WéPOs kal BeUTepov TO pavTa
oTikdy pépos aUToU.

(*) Elvat d8tvatov g drmédeiev 6 Weirstrass, va Ordply olOTHUE YEVIXGOTEQOV TOU Ut
vaduxal, elg tH bmolov va laybouy Ehov ol vbpol 6y Teaodpwy TarSewy.
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Obrw Exopev : |Z=a+Pi= (o, B), Vo,PeR

*ApEcos TUVETTEIQ TGU VEOU gupPoriopol efvea 671 :

1) [ag npoypatikdg apidpog elvar tiig popoiis (o, 0), aeR

2) Mag gaviactikds apibpog slvar tiig popeiig O, p), BeR

Tpos Srarxeopiopdy TV WryoBikdy dpibudv Ths Hopefis (o, Q) e Jﬂr— 0
8o ToUs pryadikoUs Tis nopefis (< B) Vo, PpeR, CUNPLVOULEY TOUS TTPLTOUS
V& ToUs kahoupev kabapode pry. Gpbpods.

82. QOPAZEIE ENMI TON MICAAIKQON APIOMON.

‘Opiopoi: 1) KohoUpev oviuyf] ToU wryaBikou &pibuou A= oy, (B
=a+ Bi, TOV uryadikov &p1Bpodv Z = (q, - P) = o — pi  avnieuluyfi 8¢ TOv wy.
Spibpsy Z, = (—a, p) = —a + i

2) 'rlok'fg : ulycx[g). dpifpovs Z = (a, B)=a+Pival —Z=(-0o,—P)=
= —a—Pi kohoUpev avridérovg. ‘ g

3) Métpov ij anorvtog tpf) ToU Z = (o, B) = o + Pi kaeiTen & piy dpvn-
Tikds &piBuds + Var + PP xal ouppoAileTan

P:lZ[:|(a,B}|=F_—;+pi|:+ Ve T B

Al Tpéters tmrl TV pryaBikéy dpiBudy yivovrar Omeds 1::0:1 ¢l TV Bieovy-
Mwv o + Px kal y + 8x, dmou & X elven # QOVTOTIKY Movds i, kaBoTI EBexOnuey
loxUorras ToUs péypr ToUde yvwaToUs vopous i TV TrparypaTIKGY apiBuddy.

ISibtreg nivig tdv mpakemv.

a) Oi pyadikoi apibpoi, pndevikds, povuﬁlui(?g. ’ i ’

1) ‘O pndevikde piyadikdg aprOpdg Hrapyer Kai elvar Evag kai poveg 6 0 =
=0 + 0i = (0,0). : ; ’ .

Mpéypam : “Eotw &7 elvan a + pi =0, omoTe @ = — Bi = a? = (— Pi)?
<->q2:[3212<:>u2=_p2<._>a2+ﬁ2:0. ‘ 3 ‘

Té o péhos af + PP elvar pi &pynTikf) TOOSTNS Kal ¢eldn) looUTan pé un-
8y, tmetan 6T a=0 kai p=0.

"Qoe, tv o+ pi=0<>a=0 kal p=0

2) O povadiaiog pryadikog apibpdg drapyer kel elven Eveg kol povog 6 1 =
=1+ 0i = (1,0 : : : \

Mpéyuar : “Eorw & elvar o+ pi=1, omédre (a —-Al) + Pi = 0. *Apa
a—1=0«kai p=0f a=1 kal p=0 xal ouvemdds at+pi=1+4+0i=1

p) Oi icor pryadikol apipoi

‘H ikawi) xai dvaykaic euvdikn, iva SO0 pryadikoi apibpoi civar iooy, sivai
va Eyouv 1 mpaypanikd pépn loa Kui tovg cuvieheotdg 1ol i loovg. "Hrov: a +

MpdypaTy,idv a=y ko B=5, Tote a+Pi=y + 5i."Edw 8¢ elvon o + Pi=
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=y + 8i, ToTE (a—Yy) + (B—8)i=0xa oweés a—y =0 ki p—8=0,
drea=yKalPp=2
Lnpeioois : ‘H oytois iooTnTos pryadikédv apiBpdov elval -
1) adromabiis fiTor Exopev (o, B) = (o, B)
2) cuppespuciy: firor Exouey (o, B) = (v, 8) <= (v,8) = (e P)

3) petaunikiy fiTor ExoMEV E:" g% z 2"' 23 } = (o,p)=(e,0)

Mia TolaUTn oxéols koAelTal oyéolg icodvvapiac.

Al mpakerg tijg mpoobicens, ol harhaclacpod kai SaipEoEne.
“Eyouev : Yoy, & Py BeR : (o + Bi) + (o + ﬂ.{i) = (o4 + @) + (B, + Po)i
oy, & Py PaeR ¢ (oq + Pui) * (ot Bui) = (o0 — PiBe) + (Pe +

+ o, Pi
‘H &oalpeors (o + Pul) = (o, + Pui) dwéryeTan glg Ty mpoodeow.
OUrws, Exouey (o + Pui) — (0 + Bop = (1 + BaD) + (— e — B.i) =

=(a1_32)+(51"‘52)i
To @0poropa kai T0 YLvOpEvOV 500 ouluy@y pdadIKOY apifpdv civar apr
Opog mpaypaTikic.
Mpdypari, Z+ Z=(a+pi)+ (@=p)= 2a
7« T = (a4 B} - (o—pi)=a*—(PD)* = + P*
‘0 piyadikds dvrictpogog Tl ambpod Z = a + pi # (0,0) dnapyer xaicive

tvac kai povog, 6 Z71 = (o + Pi)' = Ez’jf[zﬁ+ q!lpﬂli

MpéoyuaTt, tv Z = o 4 Pixad 277 = x + i, ToTe mpéer (o + Pi) - (x+
+yi)=1=1+0i -:—(ax—Bq})+(cx\p+[3x)i=l+Oi<:>

ax—py=1] _ ":?’:_ﬁ
ay +Px=0] "

KohoUuey nnhikov 800 pryodikév aplOpov Z, = oy + Pi, Z; =0+ Bais
&rou Zy # 0, Tov pryabikov &pBudy X + i TolouTov OTE :

(o + Bal) - (x+w)=0+ Byi = (X — Bay) + (auy + Bux)i = oy + Byl <=

X = aa; + PPy

X — Bw:all o AT RS
Ly + Pox = By Y __zﬂslal — &Py
a? + By’

a0y + PiPe afy — iy 7
ot B.* + ot + Pt 4
A Thy eUpeow ToU rnhikov dbo pyedov  Z, = o + Bii well 2, =iyt
+ Bai # (0, 0) épyadoueda kal G EEfig @
Zi:L=2 L= (o + Bi) + (e + Pui)t =
. LS . W -‘ﬂ___- _Cldn_+ PiB. oy — Py
) (C(, =S Bl) ( a,? ‘C [ 3 a,t +|Bgl 4 ) =i _atl + Bs? & ;t' oo 911' c

*Hror éxomev : Zy: Zy=X G yi=
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*Errlong ) mpatis THs Sioapéoews yiveTon dpéows, & oh/owpey Tous Spous
Tol KA&opartos tmi Tév ouluyf HryeBikéy ToU TrapovouaoTol.
L . 5 1 Z, e+ B,i . (o + Bii) « (o — Bal) _ oy + PPy | afy — o, .
Hro 2 L= g =T — T B (B o F PR | RS

‘H byooig pryadiked ambpob eig ddvapv.
“Exompev : Z2 = (a + Pi)? = of + 2aPi + p%* = (o — p*) + 20Pi

73 = (& + Pi)* = o® + 30 Pi + 3aPti® + P =
= (a® ~ 3apt) — (B* — 3*P)

83, QPIZMENAI BAZIKAI IAIOTHTEL TOY METPOY.

1) Of wyadikol &pifuol a+ Pi, a—Pi, —x+ Pi, —a—Pi Exow T
QTS péTpov.

Obme : |a+ Bi| = | a— i| =| —oc+ Pi| = [—a—pi|=+ V& + P
2) Oi mpaypatikol wiyadikoi &piBuoi (&, 0) = a = a+ ol Exouv pérpov
TV |al. *Hror : \(0n°)|=10+OiI=Vcﬁ*=|a|

3) Ol gpavraoTikol &piBpoi (0, o) = ai =0 + ai Exouv péTpov lex|.

*Hror: | (o, &)| = |0+ ail =+ Vor=|a

4) To Terpdywvov Tou pétpou Evds myod. &pibuou Z = (a, P) = a + Bi
elven foov ut TO ywéuevov autoU Emi Tov cruguny Tou.

"Hror: Ya,peR: |Z|P=2-Z = (V@ +B%)= (a+Pi)- (a—Pi) = a?+p?

5) To uétpov ToU yivopévou Buo uryad. &p1buéy Z, = (o + Pyi) xai
Z, = (o, + Pyi) looUren pt TO ywopevoy TV PETPLV QUTEV.

"Hrot: | Zy - Zy| = | (et Pai) - (0o + Pai) | =V (1ca—PiBo)* + (uBytoufy)*=
=V(a? + B (0 + Ph) = Vi + Pt - Vel + Bl = | 2| - [ 24|

Mevikdds Exopev : | Zy - oo v =& 45 - lZel

Ol podnrad va dmobeifou Thv 1B16TNTA TauTny 8i1a Tpels kal Téooapas
Ep1Bpovs.

6) To uétpov ToU dvriaTpdgou Z7! ToU wiyad. &piBpol Z = a+ Pi lool-
T pt T dvrioTpogov ToU pétpou Tou Z- (Z+# 0) -
HTOI:EZ’i—l(G+a)j|—| _|ﬁa | v:a’a|+ 'ﬁ yia

al + Pt P (o B (crFBY)

-_.Va'+ﬂ' =V*‘—=%=l—

(a® + p1)? <+ P Vaerp | Z]

7) To uérpov ToU TnAikou 5o wiyod. &pibuddv Z; kad Z, # 0 looUran pt
TO TrmAikov TGV péTpwy aUTY.

HTO‘:\le_kzl Zoh | =l Z bl =12 - |

1 &)
4]~ izl

8) To pérpov Tol Tnhixou BUo ouluyddv pryodikédy &piBuddv elvar fy wpary-
Harikd) povés (1)
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Hpepan: 2 121 =1, &t | Z]| =|2Z]
Z | z |

9) To pétpov fvds wyadikou dpifuou Z = o + Pi elvan undéy, 6tav a =0
kai B =0.

MpéypaTt @ Exoper | a+ Pi| =0 = L-&-’TE*‘:O s ot L Ppr=0 »a=0
kai Bp=0. "Avtiotpépws : Z=a+Pi=0+0i <= [Z]| = V&E_J}_ﬁ_’-’ = 0.

10) ‘H {816tns ¥Ze R » | Z|* = Z* Btv foyle, tav elvar Ze(C—R).

Mpdyuam : & Z=a+ Pi (Pp# 0), 101 | 4 Bi|* = (V& + B} =
= o* + P2 'EE &Adov éyopev (o + Pi)? = a? — P? + 2aPi.

‘Etrouéves To | a + Pi [* Btv looUtan mpds To (o + Pi)?

Lnpaviikn onpeivoig. 1516 Tes TIvEs TV ATOAUTWY TIPGY TGV LAy Ua-
TIKGV dpiBudy Biv foylUour Bid ToUs kaBapous uryabikoUs dpiBuols (1810Tng
10 Tis dvw Trapoypépou).

84. I'PA®IKH (TEQMETPIKH) MAPALTALIZ MIFAA. APIOMON

Mvwpilopev, 871 T& SiateTaypéva fevyn (X, y) Tou ouvdhou Tou KapTe-
ciavol ywopévou R? dmeiovilovtan dpgipovoonpduTws ey Ta onpeia ToU Emi-
mEdou TV dpboywviwy dtdvwy (KapTeowavow émimedov).

Ol piyaBikoi &pifuoi, s Siaretaypéva [ebyn mpaypaTtik@y, &lvavtat
guveTTéds va TrapacTaBoly &mo T& onueia Tou émiméSou TGy dpboy. dtdvwy.

Mpdypam, & wyadikds dpiBpds (a, ) = « + P, dmou a, PeR, dmeko-
vifeten els &v povov onueiov M (o, ) ToU émmedou, TO dmolov ExEl TETUNREVTV &
xad TeTaypévny B kai dvTioTpoguws, To onueiov M (o, B) weé ouvTeTarypévas (o, B)
&vtioTolyel Tpods Eva kai pévov dpiopévov pryadikdv dpifuoy (a, B) = o + Pi

yic o A NN 'Aé)x?f;.rj:rrrév EiKE)U
| Yo, PeR : (o, ) =a + Pi «—=>M (o, B)

O0Tws Umdpyel dugipovoonuavTtos dutioToryia petaly T@v pryadikddy
dpiBpdv TolU owdrou C = {(x,y)/[(x, ) wyabikds dpifuos } kai Tdv
onueicov Tou émmédov. 'Emi ToU émimréSou
TouTou & &twy T@V TeTUnuUéveY Kal TETOy-
péveoy ovopalovTal duTioToixws d@Ewmv 1dv
npaypank®v kal GEwv 1@V @aviasukdy,
10 8¢ trimeBov piyadikov 1) molwkov Emi-

- A nedov 1 Sidypappa ToU Argand (oy. 84.1).
St Emrions Buvdueba va Exwpev  piav
,/J:d‘ £ duipovoonuavtoy  dvTioToiyiav  peTakU

0 Tdw pryad. &pibudv (a, P) kal TGV Biavu-

opaTikGV &rTiveoy oM g TTpos TO onpeiov 0
y' Zy. 84.1 ToU tmmedou. ToUTo SiamioTouTan dpoiws.
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Ors i—;"(; p)eR? ;{@, B) = (a + Pi) «—» OM, &mou M (o, -;55 1

Eresy | OM | =/ T B* ai-| o+ Bi| = y/a®+ B% dpa 70 iikos
TOU S1ovUopaTos C—)—I'Jl TaploTE TO PETPOV TOU Wiy. &pifpou o + Pi. “H mpoon-
Haouévn ywvia 6 = (OXT\OM) koAeiTan Sploua ToU & + Pi.

gy 85 il == oL o i) i B

(OM) ot + P M) VP

Otrreo, (e, B)EC: « + Pi= V@ + P ( e Wf‘Jr =) =
= p (owd + inud), dmou p TO pétpov kai & TO Spiona.

To pérpov p kad 1O Spiopa 8 &vos wry. &p1Bpol o + Bi, Exovtos elkdva TO
Onueior M (g, B) xohoUvTan nohikei cuvretaypévar Tou onpuelou M.

“Qoe, Tas pryodikds &pBpodg Blvertan v& ypoagi] UTd TAs Woppas o + Pi
kal p (ouvd + inud). ‘H mpcdoTn KkeeiTal Kaepreowavi] popei) kai i) Seutépa 1pi-
YovopeTpikt) popoin

Mapaderypa : N& Tebf Umd TPIYWVOUETPIKNY popetiv 8 Z=1+1 \/5
Exouev |Z|=4/T+3=2, ouwd = ‘;— xal npé = 1/2—3' &pa p = 2 xal
8= 600, ‘Emoutvews Buvdpeda v ypOWOuEY

Z=1+iy/3 =2 (ow6 0+ inu 60°)

85, rPA®IKH MAPALTALIZ TOY A®POIZMATOZ KAI THE AIA®OPAL AYO MITA-
AIKQN.

1) Mpéabeorg. 'Edv Z, = oy +Pil ked Zy = oy + Pol kai ai eicdves orrddv
T& SiowvopaTa OM, Ko oM, & JT
VTigTolyws, ToTe TO &fpoioua
L 4+2,=2 Exer s elkdva TO &-
epolcuq éﬁl -+ Cﬁ;ﬁ, = Ciq Qs
YvwoTdy, TO Sidwuopx O_I\Z Exet
dpyty 1o onueiov O kal Tépas T o 5
&\Ao &xpov THs Biorywviou ToU o >
Tapad [ypdppou OM;MM, (kavov
ToU Trapad/ypdupou). y Ty. 85.1

‘H &mébatis Suvaron va yi-
Un o eV BN TeY EUKOAws GpKel V& TapoaTnpricouwy OTL & + o =a Kad
B+ B, =P. (Sxfinc 85.1)

2) "Agaipeorg. "Edv al elxoves 6V wyadikdy Z; = ay + Byl kai Zy = & +Psl

elvay & SiaviopaTa O_I'~T1l xad OM, dvmiorolyws, TOTE ) elkaov Tis Bragopds Z, —

) M (x,8]
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—Z,=Zelvan TO Bidvwuopa oM (Exfina 85.2). AwnZ =2, — Z, =Z,+ (= Zy)-

y
1 My (xg: s )

A ‘ Ni(dfl'ﬁ)

Y >

’

Fo s v Sl lde 2 roai O 0;4(3,6}
!
MI("’Q:'%) ﬁ Ty. 85.2

‘H elkcov TOU — L glvar T Sldvucua oM’ o ouuu&‘rpakov ToU OM; s pds To O.
OUtw : OM, — OM,= OM, + M0 = OM, + OM’, = OM.

AZKHZIEIZ
Ol gavtastikoi apiBpoi.
1
237) N& d&mobeaybfi, &m it=it=-1, it = — V= T
1

fven = jvin =, -1 =—1, Smou v, HEN,.
238) N& txteheaBolv ol mpales —5i° (—i7), B L LT
S 4@ -1, T+t R
239) N’ &mobexdij 6Tt yve N, Exopev i+ Y4l 4y R =0
240) Toias Tinds Suvarta vé AdPn 1 TapaoTads
A=10—it4it—... (-~ 1)'", dmou ve N,
241) *Edw A=1i04it4i?+ ... 4+i¥, B=it—it4it—... (=1 veN,
moles Tipds Slvatar v AdPn # mapdoTaots A+ B,
242) N& ouyxpiolv al Tiwal Tdv kaTedi TAPATTATEWY :
A=A 4+t 4 424 43, B= -ilT+ i—;i-,ﬁ— n%wu % » MEN
243) *Eqv ol &piBuol k, A, p,veEN SicipoUpevor Bid 4 &pfivowv T alTd UtéhoiTrov
V' &moBerydij 4T @) iF=i =it =1i" B) i*Htidv=1
244) N& eupsBov ol TeTpaywvikal pifen TV &piBpdv, — 25, — 36, —23,

Ol wyadikoi apBpoi.
245) N& dvayBolv ol xérwd mapaoTdoes els THY popehy a + Pi:
a) —2i(—1+10)—(=3+2i), B (5+30):-(5-3)-i% ¥) 1+
(1 42— —i)
B @+ F@-, 9 A+ —A=20% D gIIyF-@To

a+pi a—pi a+i ‘\/3+1 ‘\/3—1

W (a+ P+ B O TR+ g D T=a' ® i TAB1i
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246) N’ &modey0ij 1 aAffeic TV xartwh looThTwv !
o) (L—i)=—4, P((-2+T)- (2= =53 ¥) 7+ -T+iH=-50
§) (24 30)- (B +20) = 13i, € (x—a+pi) - (x—x—Pi) = (x —a)! + p?
3 18 15 a+ Bl a + Pv — (av — B)i
DgTm=erter Wp-a—1+ 9 =
g et BTGP
D a—ptarp o« Fp
247) Mg Trolas TTpayRATIKGS TINGS T&v X, ¢ loyxuet B lodTns
(l=2)x+B+5)yy=1+3
248) 'Eaw 7, = (2 + i), z=(—2i) v& UmohoyioBfi & wyabikos Gpibuds

=a+ Bi

v+ =4

z
2=z.+zg+zlz:+—zl"+(zl-h)’-

1 T 1 S/ R R Ty i
249) ’Eav z, = — —2—+\1~2—i, Fy== iy e Y &mobeiyBi 6T :
a) z, =12.%, B) z, = z,* kal Y)ni=z'= 1

250) ’Eav z = o + Pi xal Z = o — Bi, v dmobayfouv al oyEoE !

|

— —_ — —_— Z Zz
R, S I BT T 5 T (—é) = -—z% (za # 0,
e - 1 1
(~2)=-7z, (”*)=-: z#0)
z z

251) 'Ywo wolav ouvfknv TOW oy Oy Py, P:€ R 10 &bporona fi | Bxgopd TV
7=y 4 Py, 2, = o+ Pal elvan apibpos ) TpaypaTikes kal B) pavraoTikds kabapds ;
To pétpov tOY HLyadikOV appdv. ]

i Bl 5 LAV TR

252) Tlofov T pétpov TGV apifudv —1, U i) CLE ool G BT
Fibi g4 L (G4 (=1+20 i-@-Vi+ip
Py O e € ) e 0 1 T T (ST

253) ’Eav z,z:€ (C—R) v& &mobay®i 6T |zz: | = |z |* |2 |* (E@apudoaTe
Tov oo |z|t=zz )

254) N dmrobey®ij 6Tt |z, + 2y | =%+ 25l oz zE(C—R) Tl Lyl

255) 'Edv ol z, = o + Pii, Z3 = G+ i Anpolv THY OXEOW Z, 2 +22 Zy =|zi+z %
Beitare 811 oy + PP =0

256) 'Edv a+Pi=0 <> |a+pi|=0

Cpagiki napaotaog 1@V pyadik@y ambpdv.

. : . 1
257) Na& ebpefoly al elxoves TaV gpbpdy 1 +i, 1-2i, 341, —2- =1

(=23, (a+o, 1, -1, i —i, J;'a ”—':—

258) TapaaThoaTe ypagIkeds ToUg pryaBikous &piBuovs o + Pi, o —Pi, —a+Bi,
—a—Pi (o peR?). Ti mapaTnpelTe | 5

259) Né& eUpeBolv al mohkad ouvTeTayhtvan ToU &piBuol V3 +i kol va Teiy Umd
TPLY WVOLETPIKTY HOPQTIV.

260) Al Tohikel guvTETaypEval tvde prydbos elvan p =5 kal B = 45° TTotos & d&pibuds
OUTOSZG;I) N& ToapaoTadi ypagikads 1o &Bporopa TpidY Kal dxohoubws Teoodpwy wyabikdv
&p1Bucov.
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va elvar foos pe undeév. ‘Evropéves ai pilan tédv thicwoewy ¢,(x) =0, ¢, (x) =
.. (x) =0 elvan kai pilon Tiis tliocoews ¢ (x) = 0.

5) ‘H ttiowois (X) = @ (x) Btv elvan &v yéver looBuvapos wpog Tnv eki-
awow [ e(x) J2 =[1(x) X

Ao s | (h)} = [f(x) ]} =0<=>(o(x) + f(x)) (¢(x) = f(x)) =0, fimg
8(8e1 p(x) = —1(x) Vox) =1 x)

"Ek This mepAnmTikfs TaUTtns Umopvnoews, dveu dmobeifews, Tdv i8i0Tn-
Towv TGV Elowoewy gupTepaivopey, 0TI KXT& THY AUoiv TGV Eliodoewy Béov va
AapPdvwpe coPapds Ut Syiv alTds, Bid v uny UtromriTrTwpey g5 opdApaTa.

87. OPIEMOX KAl EIMIAYEIX EZIE. B BAOMOY (1)

‘Opropdc. Kaheitm ESiomaig fi” fabpod og npog x, nica éEicwaig tijg pop-
ofic ax! +Px +vy=0 pé¢ ¢ # 0 xoi a, B, y wpoypouxoi ij kai pryadikoi.
"Evraufa 8 fecopolvtan ol @, B, y ol émoiol kahouvtal ovvtelestai, Tpoyua-
Tikol dpifuol f) kal dhyePpikal TapaoTACES PN TEPIEXOUTT TOV &YVWOTOV X.

Olrw 81 Tas droroubous tlicwoes B’ Pabuou ol ouvteAeoTal Exouv dvTi-
oTOIXWS TAS TrapaKeIPévas TINGS :

K=-2x=0 =3, p=-2, y=0
—-5x*+7=0 a=-=5  p=0, y=17

- 5xt=0 a=-—, B=0, y=0

—3x+1=0 a=1, p=-3, y=1

—(a+ Dx—3a=0 o =0, p=—=(+1), v'=—3a
A=1)x2—4Ax + (A2 =9 =0 a=2—-1, P=—4A, y=»A-=9

Al Tpeis rpdTan tliowoers Sév mepiéyouv GAous ToUs Epous ToU Tplwvl-
uou ax?® 4+ Px +y, 81& ToUTo kehoUvTan £ A h v e g Al &\Aan Tpeis elvar nt & -
pELg popoai.

Ev yével, kv B=y =0 AcuPBéopey avE—10 ‘
» B=0Ay #0 » axt +y =0 A hmeis popgad
» P #EONy=0 » ax® + Bx =0

» B#0Ay #£0 » ax* 4+ Bx +y=0  wAfipns uopeh
Ths thowosws o(x) = axt 4 Px + y =0, (a # 0, B, y)ER, B xaholuev Loy
A pitav Ty Ty x = x,eC, tv Eywuey o(x), =ax? +pPx,+ ¥y =0. (C =
= { x [ x wmyabikds &pifp. } * ).

"Omes Ba iSwpey kaTwTépw, TO cUvorov TV Alcewy (p1idv) Tis B'/Buiov
thiodoews elvar SipeAés,

Edv Aoimdv X, kai X, elven of pilen Tis f(x) = ax*+ Px + y =0 els 10
atworov C, TéTe o f(x,) = ax,® + Px; + ¥ = 0 xai f (X)) = ax,* + Pxs+ y=0
elvar &AnBeis iodTnTes.

{1) T&;'é":'.m:w:f.c_ B Balpod ut évav dyveootov npaypatedln b mpdrov & "Edday: Mabn-
paTidg Avbgpavrog.

(*) Tbd otvorov C Tav peyadwév dplpdy mepéyer b abvohov TéHY mpaypativdv dpil-
wév (xegdhatov mept MuyaSixdv).
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ZupPoAilouev :

oyt e }«»z: (x/xeC A f(x) =ax? + Bx + y =0}={xy.%, }]
£ () =0, f (x5) =0

Ernilverg tijg #&o. B Pabpod.
1) ‘H &ns popeh ax* =0, a # 0. ) ,
"Emeidhy a # 0, &k Tfis axt=0<>x2=0fx-x=0, & ol X, =x,=0
2) ‘H EANhs popen ox* + Y = 0, a #0, v #0
*Exopev : ax!+y = 0 <>x? + yja =0, omoTe A
o) 'Eav % < 0, Brhodr ol o kai y elvat trepdonuor, ToTE — I > 0 ket

1) etiowois ypageTal : st e P
- (= L) =0t (Y =) =0= (+Y = D) -V=%)-o

3 I e g R 1, -
g elven TooBUvapos Tpds T6 [eTyos X + v-— =0, x v L =0, & of

x1=_v;“ .{_—,xaz_;,v:-%

] Y -
B)’Eqv L >0, 5nhabih of akaly elven dpbonuoy, TéTe 1) tiowos x24 L=
=0 Bty Eyer Abow &v R 816 X* + %:* > 0 ¥ xeR, Exet Spws Avow el 10 auvo-

Aov Tév pavraoTik@dy 1. Olrtw AcuPdvopey Tas AUGELS

ALY Jr= 8 e
xlz—v— %:—] V’-‘:{_’ x2=+v-—— —G—“_l Va
3) ‘H &Amns popeny ox? -+ px=0, as= 0, p #0. ,
“Exouev : ax®+ px =0 <x(ax +p) =0, AT elvat  iooblvayios 'gpés
16 [eUyos Tév o x =0, ax + P = 0, 8 ol Aaupévopev X, =0, X = — -
4) ‘H mhfipns wopeh f(x) =oax!+Bx+y=0, a #P,B £0,y #0
“Eyovtes U Sy TS i516TnTos fooBuvaplas: Ty Eiodoewy Aaupavo-
HEV BlaBOYIKES :
f(x) =axt+px+y=0 (roh[Touey Eml 4a)
<= 4o’x® + 4apx + 4oy =0 (rpoobéTopey Tov )
=0
o» 4ox? + 4aPx + B2 — P° + 4oy
< (Qax +p)—(P*—doy) = 0 (Bétopev émou P —day = A)
A (2ox+pr—-4=0 ' y >
:‘11 ((2:;( + pa))E_ (vB): =0, fims elvon iooBlvapos mpos TO [elyos Té&v Ef-
ocoeew 2ox + P+ /B =0, 20x+P— \/A=0, & ol Acppvopsy
B en=bavd
i 2a

» Xg

"Qaore 1) tlowaos f(x) = ax? +Px +y =0 &a pilas, of émoian &iBovran
&mrd TdV TUTTOV
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‘H mapdoTacis A = p? —day €R kodeitan Swakpivovea Tijs thiowoews.

Inp. Al tletaoBeioon #AMTels popeai elvar Suvarov va ¢miAufiouy B
ToU dvedTépey YevIKOU TUTTOU.

‘H Siaxpivouca elvon Suvardv v Tapouoiacti] Umd Tds EEfis TEpITTTDOES
o) 'Edv A>0, TéTe ol pilon Xy, X, o 8186uevan &mrd tov TUmov (1) elvon mparyna-
Tikal kol &uicol.
B) Ev A =0, Tére al pilon x, X, elvan mpoayporikad kel loal, dmédTE Aé-

yopev, &Ti 1) ttlowois Exer plov SimAfy pilav x=——2§—d

¥) *Edv AL0, TéTe 7 ttlowois ax?*-+Px 4 y =0 f /) looblvauds Tns (2ax 4 B)* =
A Biv Exer AUow els 16 olvorov R, 81611 ¥xeR = (2ox + B)* >4, Exer Spos AU-
ow els TO olUvohov Tév wryadikdv Tis Hopefis (a, B) wE B # 0, al B pifen x4,
X, Aéyopev 671 elvan kafapad pryadixa.

Eidwkn nepintoog ‘O Tumos (1) Blvaran v &mAouaTeudf, éqv & ouvTeAe-
oths B ToU x elvon ToAAaTTAGoIoV TOU 2
Olrw, tdv P =2p", ToTe A= (2p) —day = 4p"? — day =4 (B"* — ay)

~f 2 VE o042 Ny ok VBT

2a 2a a

B B P'—4day »>0<>4 (BP—ay) >0<=pt—ay >0
‘Opoics 2&w P —doy < 0<>4 (P?—ay) < 0<=p?—ay <0

Mapadsiypata: 1) Na émAuvBolv ai ttiohoss.
o) 9xt—16=0, B)4x*+3x=0, y) 6x*—5=0, 8)5x*+3 =0
*Eridvong «) “Exopev 9x? — 16 = 0 <= (3x + 4) (3x — 4) = 0 looBlvapos pods
75 lebyos [ 3x+4=0

{ 3x—4=0, £ o0:

ZUvETTédS X =

Xy =—

p

- ui-hm:-:-

Ofrw : = {x/xeRA9X*—16=0}= _%L;}

B) "Exouev 4x2 + 3x = 0<=>x (4x + 3) =0 looblvapos mpds 16 [elyos

x:=10 X, =0
¢t oU :

TéV Eiowoewy l 4x4+3=0" Xy =

W

Ofrw : Z:{x,’xeR/\4x2+3x:0}:{0,—%}

y) “Exouev 6x2 —5=0 <> (x 1/ 6)* — (v/ 5)=0<> (x v/ 64+1/5)
(x4/6— 1/5) = 0 icoBivauos wpds T6 [euyos Tév Eichoewy X4/6 +4/5 =0,
V. - ¥N

V6 6

X1/ 6—4/5 =0, & ol AauPdvouev Tas AUoels X, =— ¥y =

VI %
4 6

a|

“Qote: T={x[xeRA6x*—5=0} :(—\-/6—3_0,%@}

8) “Exouev5x2 +3=0<>(x 1/ 5)2—(y/=3): =0«
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< (xy/544/-3) /5= 4/=3) =0 looBlvanos Ttpds T [eUyos Tév tho.
X/54 4/=3=0, x3/5-y/3=0, & ol x;= i3 /5, %=V 3/VE
“Oore : T={ %[ xelASx*+3=0}=4 W RN & AT
2) N& #miAuboiv o thiodaotls }
a) x*+2x—3=0, p)x2—6x+13=0, y) 3x2—=5x+1=0
‘Enidvoig. ) 'Emeibf) elval o= 1, p=2, y=-3
Gpo A=22—4.1.(=3)=4+12=16. DX ToU TUou (1) Exouev :
b ﬁ_~2_-_{—7‘\‘/£ :.__z_zi_4-’ it o0 xl-::_;:_j:: 1. x2=_—2—2__.4 =-3
Olrrw : Z:{x!xeRl\x‘+2x—3=0}={1,-3)

) ’Emeibh elvon a=1, p=-6v= 13
fos A= {—6)'—41-13=36=52==16 B 7ol Témou (1) Exopey:

x:%ﬂ‘“’:ﬁ—g‘ﬂ, #ob: x=3+2 x=3-2

Olrw : Z={xfxeCAx2—6x+l3:0}:—-{3+2i,3—2i}

Y) By a =3, ﬁ=—5, ‘y=].
&a A=(—5)—4:3-1=25-12=13. A Tou Timou (1) “Exomev :

_5+VD3 _5+ B DERR 5-VI3

VT3 2
X T ?——,EEOU: X,:———g——- i 73

2-3
OfTw : z:{x|xeB.A3x1—5x+1=0}={5+;/‘3, 5_”_;./_!3}

3) 'E&v o, PeR, va Emaveq f ttlowaols ¢

x? + 2Px — (o + 20P) = 0
‘Enilvoig : Emeidh 6 ouvTeNeaThs ToU X elvat mroMarAdaiov Tol 2, E-
__B'i—\{xﬂdﬂ, Acppdvopey

papudlovTes TOV TUTTOV X =

iy 1
R s
Ovre : I={x]| xeR/\x"+2ﬁx—-(c‘+2aﬁ):Ol\cx,ﬂER}={g,
—(x+2B) }
4) N& bmwdfi § Etiowons ’(_1_14,%:%

g RV PRt TR O L VEIp _BEletPl_ _py|a+tpl,

"Eniluoig. T& KAGouaTa EXow tvotay, STow X # 4, X # 1, X# -9. 'Ex-

TehoUpey T omueioupévas TPGEES ol BiardooovTes, AcuPavouey 2%t —41x +

, 41 + 27
+ 119 =0. A& o0 TUTOY AcpPdvopey T&s AUCEIS X3 = 77:'-- t =17, 3=
. 4] ;27 :%' ol émoian EwaAnBevowy Ty Etlowow.
5) Na& tmAudfy #) tlowors 23'—}5:’%"'"2 =0,
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"Erilvois.

To kh&opa Bi& x = 2 elven &dpiorov, 816T1 of Spor afrol pndevilovTan.
"Hrol, 6 mapovopaoTths X — 2 elven 6 Tapdywv &mpoodiopioTias ToU kAdopo-
T0s. "YoféTovTes X # 2 AapPdwopey petd Thv éktéeoy THs Sicnpéoecos (2x2 — 5x +

+2):(x—=2)=(2x-=1). "Apax 2x—1=0, ¢t fis x = +%. fiTis elvor AU-
ols Tiis Sobeions tlioccoews.
88. EIAOL TOQN PIZON THE EZIE. ax? + Bx + ¥ =0, a, B, yeR.

To elbos Tév pilév Ths Eliowo. f(x)—ux2+|3x+y 0 éEotp'rchul
amo Ty Siaxpivoucay A = P — day eR

OUrw Biaxpivoper Tds EEfg TEPITITLOTELS

1) ’Edw A >0, Tote /A €R xal ouvemdds x = lE-zi?‘/é eR
*Hror al pilal X, X, elvan npaypatikai kai dvicor.

"Edwv 8¢ elvon A =k kol @, B, v, keQ ToTe o pifen X;,X, tkppdlovrar pn-
Té&s. "Hror xy, x,€Q. "AMAws ai pilar elvar dppntor (dovpperpor) ouluyeis. An-
Aodh &rav #) Elowors £(x) =0 Exe o pifav TOV &oUppeTpov X, = A + /B,
B # p® 8& Exn kol Ty pilov X2 = A — /B (mapas. 2y’)

2) 'Eaw A = 0, té1e /A =0 xad ouvemdds x = ;23— eR.

P

*Hrot al pilon x; =%, =— e elven mpaypatikai kei loar.

3) "E&v A < 0, vére /A el ai ouvemiss x= —EEIVA ¢ —R).

*Hror x, = + l‘/ L y Xa= ;—f —1 ‘/-2:— kabopai pryadikai ovluyeic.

Tév -rrpo-réccremv TouTwy loxuour kal al &urioTpogol.
Ol pobnTai Bovavtal eUxkdAws va képouv ThHy &modeakiv.
KorwTrépw Bibopev ouvorrTikés Ta dvwrépw oupmepdopata els SUo ivoxas.
Mivag |

Eldos T&v pilav Tis &fio. ax?+Px +y =0, a #0,B, yeR

A=p*—4ay >0 Avo pifor TpaypaTikal xal &vigor @ x, < X,

A =P —4ay =0 Avo pifor TpaypaTikal kai foat @ X, = Xy = — g—a

A=p*—day < 0O Ao pifor kabapal pmyabikal ouluyeis.

Mivag 1l
Elos Tdv pildv s o, ax? +Px +y =0, a #0,p,yeQ
A=ks Avo pifar mpaypatikai dvicor kal oUppetpor. -
A>0 | keQ
A # k? Avo pifat mpaypaTikal Gvicol kai douppeTpol.
A=0 Avo pilen TpaypaTikal foat kal guppeTpol.
A< O Avo pilar kabapal myabikal ouluyels.
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Iqpavriky repatiipnorg. "Edv ol cuvteAeoTtal o kai y elven étepdonpol
TéTe 1) thio. ox® + PX + y = 0 Exer BUo pllas mpaymaTikas dvicous.
Qb téte : ay < 0<>—day > 0<=pt—doy >0 A A 0.

89, TYCKPIZIE TON NMPACMATIKON PIZON THE ox? + px +v =10

= A -p—+2a
*Eyouev A >0 kal X, = ._9_';“.\&., x“:_Ech\L'

Zynuailopey THY Siapopdy X, — X A N
=Pt Byl yl
2a 2a a
To onuelov Tiis Siapopds X,—X; tlapTaTan &md TO TrpdomHoY TOU @, 16T
A>0<«+vA>0.
OUrw : Ewa > 0, éTex, — X > 02X > Xe
Edv a< 0, TéTE X —Xo < 0% < Xe
EInpaveky enpeiong. Zxémpov elvon v Excouey els dugoTépas T Tepi-

TTdoes fviaday Bidmaty TéY TpayRaTIKGY PILEY Xy, Xa. A1 ToUTo oupgVeU-
Bev g T EmopEVa va YpnaIuoTroIdpey THY Biaratv X, < Xy, OoTE &v >0 TéHTE

X —X=

ne=BEVE o =BV a0t y=—trd0 ol
x,:%‘:\/“u.

90. EIAOE TON PIZON TOY TPIQNYMOY f(x) = ax* + Bx + 71, @ #0

Kahotvran pifon ToU Tpicovupoy f(x) of Tinal ToU X al dmoian Td undevifouv.
Suverrdds ol pilon ToU Tprcovipou f(x) elven ol exrrad ut s plfas s ticwoews
ax? 4+ Bx +y =0 xal xord ouvémelqw TA oupTepdopaTa, T ouvayBivTa ik
s Efetdoews ToU elbous Tav pildy avThs, Buvavtal v& ypnoiporromBolv kal
trraiBa (Tivaxes | kad 1I).

INepadeiypata. 1) Na npoadropobdil 1o eldog @V plidV TV dxolobbwv
tehbocov : o) x*—5x+4=0, P) xt+2x+1=0, y) 5x*+13x+9=0
Aborg «) “Exopev: A=(—5)‘—4-1'4=25-16=9=3’ >0
"Hro1, 1 Blokplvouoa A Tiis tEighoews elva TEAEIOV TETPSY VOV TrPOLY HXTIKOU
&piBuol kol &pa 1y ttiowas Exer Buo pilas TparypaTikds ouupéTpous kal dvicous.

B) "Eyouev A=22—4.1-1=4-4=0
*Apa Exer BUo pllas foas TpayHaTIKAS ¢ Xi =X = — 5T

y) “Exouey A =132—4-5 .9=169—180=—11<0

*Apat Eyer Buo piles xaBapds pryadikas ouluyels.

2) Na npoabropiodij 10 eldog TV pidv t@v EElo@oEOV.

o) x2—(a+ B)x +ap =0, B) x*—2ax + a? 4 B?, a,peR

Aborg: «) Elven : A= (a+ P)t — 4P = (a—B)? >0

=

=-1
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“Apa Exer BUo pilas mperypaTikds ouppéTpous ds Tpds o, B dvicous A Toas, Lo’
Soov B Eywpey & # P fi a=p dTioTolyws.
P) Elven : A= 4da?—4 (a® + p?) = — 4p* = — (2p)*<0
“Apa Exel Buo pilas keboapds wryadikas ouluyets, taw B # 0.
3) Na npoabiopiofoiv al ipai ot heR, d1a tig dnolag 1 tEicwag Exe pilag
a) loac, B) npaypanikag dvisoug kai y) xabapic pyadikag ouluyeic. f)=3x*+
+2x=(Gr+1)=0 ;
Abog: o) “Exopsv A=22+4-3 - (A + 1) =0<=9A +4=0 & fis :

A= — "Qore Bid A=— 5 f f(x) = 0 &er uiaw pifav BimAfiv. AU elvan
2 1

xlzxzz—--- =_— =

2.3 3
B) "Exouer A=2t4+43(3A+1)>0>9 +4>0eA> —a .

‘Qote Bia A > — —g f f(x) = 0 #e Svo pilas wporyy. dvicous.

y) “Exouev A=2!+4-3(A+1) <0<>A < — 5

QoTe S A< — % # f(x)=0 Fyxer 8o pilas kaBapas wyoabikds auluyets.

SuvorrTikdg Trivad

S 4 Siarins
Tipal ToU A —_ =gy + o
|
Mpbonuov Tiis A I —_ 0 +
|
\ BT DT M (115 W0 3 Gt Pl e s pa e o]
{ ElBos prlésv Tiis Avo kabapal i1 Avo mpaypaTikal
1 f(x)=0 i wyabikal ouluyeis ~ 3 &vigoy |
AEKHEIEIZ
‘Ouasa:
278) N& tmAuBouv al dkdroubior thiowoers :
1) 6x*+5x =0, —55xt 4+ 75x =0
2) 2x*—-18=0, 7xt+1=0, 121x* - 196 =0
3) x*—2x—-80=0, x!—9x + 14 =0, X!+ 25x 4+ 156 =0
4) 4x* 4+ 7x —2=0, 2x1—=2x—-2=0, Sx:—Tx+1=20
5) 2x*+2x+5=0, 9x* —6x +4=0,
6 5x*+Vix—1=0, (1-VDx-2(+VDx+3VZ+1=0
1 2
7) (+1)f — (x=1) (x+2) = —2x (x=3), (x+2)(x = 7)— Ox —1) (x 4" T):l—Zx
Sihl 3% B o 85 Gl aed
By T a5 ko 0ok gty PR
1 1 1 1
B AT e "are ama= 0
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x+1 x+2 x+3
% x—1 +;j+x—3—3‘
‘Opas p:

279) Na& #mAuBolv al dxdAouborl thiowoes :

) dx=1»+3@x-1)=0

2) (4x + 1)*+3 (16x*—1) =0,

N Bx+DGEx-D+Cx+NHA~- 5x) = (1 — 5x) (2 + 15%)
280) N& EmAubolv al dxdAoubor thiocoers ¢

1) 15x® + 26ux + Tut=0

5 T _ Ayt = O

2) xt— (ot — P)x —a*p* =0, xt—2(a®+ B X+ (a*—Pp
3;4x’—4ax+(u’—[5')=0, wx! + A+ Wx—x+A+u=0

x+a , x+PB , x+y D st Py
4)x—a+x—ﬂ+x—Y=' X+5+X+Y x+P+y
Qués y': ‘ i

281) Né& mpocbiopiadij 1o elbog Tév prldv TV ooy Ywpls va edpeBolv alrtal :

1) x*=11x+28=0, x? —24x + 143 =0, x?—16x + 64 =0
2) x'—17x+11=0, 3x*+Mx+5=0 8x*—4x+5=0

282) 'Edv o, peQ mpoobioploaTe TO elsos 1@y pildv Tdv thodoewy
s - —pP =
8 :ﬁ;;fi:u'ﬂ—);:%, . 4aix? + dox +p*+1=0

283) A molas Tipds Tou A # ttlowas X' — 204+ x+2=17=0 Exa plov
pilav BimAfv ; 'E&v x, = 11, v& Umohoyiodfi | Xu.

284) Awx Tolas Tipds Tou v 1 Eowois 4+HIx—@+Dx+v+ 2=0 &y
a) pifas foas, P) mpayuaTikds dvigous, y) kaBapds wyadikds ouluyels. .

285) 'Edv f tlowors x* + ax + P = 0 Exn os pifav ToV &pibudy 2 + 3i, v& Tpoobio-
prlofolv T& a kol P. y 5

286) 'Edv # #tlo. ax? 4+ 2Px 4+ y =0 X0 pllas x, # X € R, vé& &mobeiybfj 76 alrd
S loyle kel Bi& Thy o, x*+2(a+ B+y) x+2B(x+Y)+ 3y =0

287) N& &mobeix8fj &1 1o elbos TGV pildy Tdv ‘Eiwcbcrsmv fix)=ox?+2Px +y=0
kal fo(x) = ox? + 2Pkx + k?y = 0 elvan 16 aUTd B' &pgoTépas.

288) 'Edv al pilan Tiig tho. x* + 2px+y=0 elvar kabapal wyabikal ouluyels, v&
&mrobeiyfi 611 kel ol pifon THs X + 2% + ¥+ 20 (x + 1)+ 1 =0 elvon tmrlong xabapal pya-
Bikal uyels.

‘2:;"5 YE; a, P, yeQ va &mobayfi &t al pigua Tis thiodoews (o + 2p — y) x* —
— 2ax + a+y —2p =0 elvar pnral xppaoes T&V o By Y-

290) Né& mpoaBiopiodij 1o elbos T&V pilév THs TaApaoTAOEWS

oy B . &_=E 3
(ax + P + (aux + Pa)?, Bv &y, O ﬂ:.iﬁ:ERA;j*—a:* Ti ounpalver & Z-=F"
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91 SYMMETPIKAL MAPASTAREIE TON PIZON THE [(x) = ax* + fix -y =0
EYNAPTHEEL TON @, fi, y2R

‘Opropis. Mia Tapdotacts ¢(X,, X.), TEpIEXOUTa Tas pilas X, Xa Tis £Ei-
cheoews Tou B’ Pabduol ax? + Px + y = 0, xadeiTal CUMPETPIKT CO5 TTPOS TS pi-
lats Xy, Yo £Qv B8 peTaPcAieTon 81" tvahAayfs TGV Xp, X, HTOU ! ¢(Xy,X2) =
= @(Xn X1)-

OUTws i TopaoTAoE
Xy %y, By Rer N -+ Ke's ‘\IT‘ ”“\i“ (2% 4 3) (2%a + 3) + 5xiX,
elval ouppeTpikad TTapooTaoEs TEw PILEY Xy, X

Al guppeTpikal TopacTéoels TEv PGV X, X TS oax® 4+ Bx +y =0 B80-
vavTal, s 86 (Bwpey, va tkppaaBouy guVapTHOE TGV g, B, YER, xwpis va AubT}
1| tiowals.

“ABpotopa, yivopevov Kai Grorvtov Sragopis t@v pldv X, X, tig f(x) =
=ax® +px +7=0, o B =R

"Ex rédv Exppdoccu Tév v Tis £(x) =0.

. _ =B+ _ —h-vb
A= e 9%
3 —f 4 /A =50 RN
AcuPdvopey 1 Xy - Xy = g 20\ - 70‘\ =— %
_(_=B+vA ~B—vB Y _(BP—(vB _ ¥
R
—p+vE _ -p-vA _2vA_vA

XS g 2a 2a o

OUTws £xopev :

OcpeAtdbers oyxéoels ouvTeAeaTdy Kai pigdv

Xy, Xa THs ax2+Px +y =0

Si=% +Xe= —_,P,fx,x,_% ‘
X=X _ V& | ] =5 VALIN
| 1 2 o 1 2 T J

Mapatiipnois. To &poiopa S, kal 1O ywouevov Py 16w pulédv Xy, X, Tis f(X) =
=0 elvan wavToTe &PIBUOS TPOYHATIKOS.
"Avniotpopos. Edv x,, x, elven BUo dpmbuot TTAT)pOUVTES TAS OXETEIS X; + Xo ==

= - % Kol %y = K= % odrol 8¢ elven pilan Tis eiocoews ax® + px +vy=0.
Mpdypart ik This ax® + px +y =0. ==x* + 2— X+ 72- =0 kal TGOV
X 4% =— % g Xy g = % AapPdvopey :

X2 — (%3 + X)X + XXa = 0> (x — %) (X = x,) =0,
fTis elvon igoBlvapos Tpos TO [eUyos X — X, = 0, x—X, =0, ¢ ol : x=1x,
% == Xy
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'Exk T@v QvwTEpw ouvdyeTal f) TPOTAOIS :

Of apibpoi x,, X, ive civar pilm tiig &0, ox* + fx + v = 0, npérner kai
Gpkel va mhnpodv tag oyfoels X, 4 Xo= — % Kol ¥ Xp= _:T

"E@appoyai

1. "Ex 100 yivopévov kui tob abpoioparog 600 ambpdy, vi oynpatieli &Ei-
cwag p’ padpod, Exoveae pileg toig apidpods abrolg.

"Eav ax? + Px + y = 0 elven fy {nounévn éticwois kai Xy, X, alb pilen end-
P b

— = Kal Xyt Xy =
(o4

THg, TéTE X, + X = X

Il

*Erreidr) Opeos ¢ X, + X, = S Sobels &piBuos | .
% =P »

al< =@

S
=P
"Apa Eyouev : g
qx2+{3x+y:0¢>x2+g—x+%=0ﬁl X"’—SX%—P:OT
“Qote, S1d 10V oynqpanopdy piig EEeOoEOg " pabpob ix tob abpoicparog
S xai tob yivopévou P v pilldv adriig, dbov v Eympey o’ Byny tov tomov x2 —
—S8x +P=0
Lpavoki rapatipnoic. Ak Ty elpeow TV EPIBUGY Xy, Xg, TGOV OTTOiwY
BiBovron T &Bpotopa kai TS yiwduevov, Gpkel V& AUTWHEY Thv étiowow x* — Sx +
+P=0.
IMapaderypa. N& ebpeBolv 5Uo &pibuoi ExovTes &Bpoioua 9 kal ywépevoy 14,
Averg "Edw x,, X, elvan oi {nToupevor &pibuoi, réTe elvan XX, =9, XX, =14,
N B¢ ¢Elowois 7 Exovoa avTous s piles elvan xt—9x + 14 =0. Ex Tfis dmAv-

2 ; 4oA BT 58 ke e
Oewos aUTfis AopPdvopsr X = _9___\_/2___4 R X=Xy =2

2. Na oynpencdij iEicwoig p- pabpod, drav Sidwvrar ai piCa adriic.
Abog: 'Edv x, = q, X, = Pelver al Bobelocu pilen Ths {nTouuévng Eti-
OwoEws, TOTE Exopey S1aBoyIKdds
X1+X2=C(+[3 } ) { G+ﬂ=b S e B R e e
Xyt Xp=of o:ﬂ:P'
Aaupdvopey x* — (a+ P)x +op = 0
Mapadevypa : N& oynuariodi Etiowos B’ PaBpol, Egouoa pilas Tous

&pifpols _;_ o4,
d : = 4=2
Averg: "Exoper X; +Xo =5 -8 =y K Xy i

"Apa 1) étiowaols elvan ¢
"2‘% Xx+2=0<>2x2—9x+4=0

92. YMOAOTIEMOE TOY A@POIZMATOE TON OMOION AYNAMEQN TON PIZON
X X; TG ax? + px+y = ¢ a B yeR.
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1. ‘Yrohoyiopog tob S, = X% + x% Kai S, =% +x%
p )g_zlzﬁ'*sz

“Exoriev Sy = X,* + X' = (%4 Xo)? — 2% X = (— L= - =

a
3
‘Ouofws Sy = X, +X.* = (X 4%2)? = 3% %o (X + Xo) = (— %) —3. % . (—-%) =
_ —P 4 3aPy
uﬂ

" 12 —p? + 3af
Olrw : X+ X2 = &E;I, X13+x13= L BEY

a!

2. “Yrohoyiopdg tob S, = X' + X'y VE N.
Emreidh X, X, elvan pllon Tis ax* + Px +y = 0,
Gpa @ Xt +PXy F Y = 0| TloAamhaciélopey T& pékn Tfis TPHOTNS gl
ax? + Px.+y =0
sméTe : ax¥ + Px,  + yxF=0
axy” 4 Byt Y%t =10
Aaupévopey :
G (% + %)+ B T x) F Y (X ) =0
A aSy+PSw-1+YyYSw=0

Se=—L£ 8, ~L 8, =88y —Pi Sy

A& ToU TUTrou TouTou SuvdpeBor vér elpwuey TO Sy = X" + Xo¥, STQV YVW-
pllwpev T& dbpoionara Svy=X"" + ) P o s gl o O

X'~ ki Ta pERn Tiig BeuTépas bl x,¥-2,

‘, pootiETovTes B¢ KaT HEAT

OUrow :

Mapaderypa 1 N& evpedi) 10 EBpoioua & TeTdpTwv Buvdpewy TGV pIldv
Tiis #hiodoews x*—3x +2=0.

“Exouev : S, =8,S;—=P1 S, Ewaidy S, =3, P, =2, &youev
szzﬁf%l:_l o P 31;1.‘ B - 18=9
*Apa §,=3:-9-2-5=27-10=17

Mapatipnaig: O Umrohoyiouds Tou &BpolopaTos ;17 + }1—\, , veN,
1 2
&uécyeTon els THY TTpOTYOUMEMY TeplTTTWOW.
%Y+ XY = _S_v
T R &

3. "Yrohoyiopog olagdijrote pntiic aqupperpikiic TapaoTaoEmg @(x, Xp) TV
pUdY X, X, g ax® + px + vy =0

Efc piqv pnTiv oUHHETPIKAY TTapdoTaoy T&Y pigév (X, X,) elvan TAVTOTE
Buvarrh) 1) Exppaois aUTs ouvepTroet Tou &fpoiouaTos X, + X, kal TOU ywoué-
VOU XX, Kol ouveTrdds auvapTroel TEY suvTEheaTdY @, B, YER, BidTi & TUyV

o 1 1
Olrw : x_1“+ e
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Spog auTis 7 8& elvan Tiis pop@fis AxgXe, BXixe%. . -, X, Xy, OOTE 0& Exppale-
Tan Bi&k ToU XX, 1) 0& elvon Tiis wop@fis Tx,*xg*, oméTe pt Tov dvrioToiXov Tou
Tx* x,* 6& 5iBouv Sicvupov Ths HOpPPTs TaX X" + Txx=Tx,* xg* (x5 +
+ %X )= TP Su-i , KA
*Edv, TéAos, Umrépyn Spos THis nopefis Mx,", 8& mrépxn kal & dvtioToiyds
Tou [X,", émwéTe méAw B& Exowuev x" + Mx* =T (%" + %") = 8.,
“QoTe, nlica pTi| TAPACTAGIS CURRETPLKT] TAV LAV Xy, X, ThG ax?+Px +y=
= 0 #kepaletar pyridg cuvaptijoer @V o, f, YER.
Mapaderypa : N& Umohoyiodij f Td Tiis TAPUCTATEWS. .
@(Pl: P,) = F’12 + Pez + (Pl = Pz)2 + 3P12p2 = 391 P‘lzl t P1r Pas elvat pl§a| ™ms
Biodhoees X2 + ax + p =0, yopls v& AvBi alrn.
Abag: ‘H ¢(p, p) elvar cuppeTpikd s Tpds Tas pilas py, P
“Exouev: @(p,p,) =pt+pt + o+ ps? — 2pypz + 3p1Ps (P1 + p2) =
=2 (py® +peD) — 2p1Pa + 3p1pe (Pr + P2) =
=2 (p; + po)* — 6p1P: + 3PiPe (prtpe) =
— 2 (— a)? — 6P + 3P (— &) = 2a* — 30p — 6P

ALKHIEIE

‘Opag a': '
291) Né& Umohoyiodfi 16 S kal P 1év pil&v ixdotns TEY K&Twh thiohoewy ywpls v
AuBouv alran : - 4
N xt—12x-7=0 , x‘+x\/3+‘/5=0_
= = o
2) —x?4+3x—1=0, x*4/2 +x4/3 44/2
3g (0 + Pt — (@ —PYx +a* +p =0 , eByx'+ (a®p — apx — Bty =0

292) 'Ex ToU &bpoloparos § xal ToU ywoptveu P BUo &p1Budv va eUpeBolv olitor el

Tés dxoloUBous TEPITTAOOE !

1s=15 2) §=-19 3) §=2a
P=14, P= 84 P=at—pt
203) N& oynuamodij tiowas B’ Poduoy, Exousa pilas :
1) 7 xad —5, 2) —10 KO!l——";—" 3) 54+ 4/3 xad5-4/3
g-kp . atp
4) =24 3i xkal —2-3i, 5)u+ﬁxala—-ﬁ. 6) mxl-ﬁs—

294) N& Umoroyiodii # mpia pila Tijs thiodoews ox® + Bx +y =0, &tav yvwpllwpey

THy &AAnv pilov alriis.
295) N& UmohoyioBfi # Tiufy Tou A,
&pr1pdy _;_
296) 'Edv x,, X, elven ol plfan g x'—(m+ D x+m=0, v& eUpedfy
1) Bix molav Twhv ToU m Exe E{Las dvTiBéTous, -
2) Bi& molav Tipfy ToU m TAnpoUTal # oxtors 3%, + 2X, =
3) B1&x molav mpfy ToU m Exer pilas dw"nc"rpétgoui. i £
297) N& edpebfi f) kavhy xal dvayxala ouvliikn petaty Tév o, B, y Ths ex® + Bx + y=0,
Wa al plfon abiTfis x;, X, TAnpoOlV ThHY axtow kX, + AXy = W

o T& Tpivupoy X — 5AX + A Exn pllav Tév

7
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‘Opag B :
298) 'Edv x,, X, elven ol pifon THs thoooews 3x —2x + 6 = 0, v& Umohroyiofolv al
Tigal TEY TAPATTETEWY :

r 1 1 1 ]
b + L s i % Pt b
; 2 2 X Xa
) = 1 53 T as ? Gu-DEu-D « 35+ 55

299) N& oynuaTiohf tlicwas P’ Pafuol éxousa pifos 1) & dvtioTpopa Tév mildv,
2) T& dvrioTpopa T@V TeTpaywvmY TOV PGV Kai 3) Tous kUPous TdV pildv TS Efow-
oews X2 —ax - P =10 i )

300) 'Eév py, o eiven o pilan Tiig éflooews X — Ix + Kk =0, va UrroAoyioffi i Tun
ol K, Ta: 5p’p;—4ppe =2k + 3 +4pip’ — 5pip.’.

301) A& Tolas Tiwas Tou A€ R 7o dfpoioha THY TeTpaydvay T@Y pildy T tho.
Mx(x=1)—x(x—2)+3A=0 loouren mpds 4;

302) Ak moias Tipas T kel v ol pifen py, pa THs Ehon 2xF X — 3y =0 mAnpolv
tas aytoers 3p, + 3py = 2pype kal 1 —pipy = 5(py +p:—2)

303) *E&v x,, X, elven al pilon Tis thwodosws ax® + Bx + y = 0 vibmohoyicholv ol
TAPATTETEIS ©

(ax, + B)~* + (ax: + ) (ox, + B)? + (oxs + P)°

304) N& Av8f to oloTnpa | —3ppex + 5 (o + p) W =4(ps + p2)
&mou py, ps pilor s X! —3x+1=0 | (o + p) X+ PPy = TPiP2

305) N& kataokeuaoBi éticwas P’ Padpol, Tis omolas al pilat x,, x, TAnpolv Tas
oxéoes X, Xa — 3 (X; + X} = — 3 k@i X Xa — M (% + %) =—1 ral axohovBug vd TeoaBiopt-
085 & u, va | kataokeuaoBeica Eligwaig En pilas Toas.

93. MPOZHMON TON PIZON TOY ®()= oxX* + Ppx + v, o fyER, a7 0.
EiSopev 611 16 €l8og Té@v pildv Tou Tpiwvipou @ (x) ttapTdTon &mo ThHY
Slaxpivouooy A = B* — day xal &1 alTal SuvoavTon vd elven TrparypaTiked &vi-
gol (A>0), mpayuaTikal o (A = 0) kai xaBapal wyaSikad ouluyeis (A<L0).
HEn 8& teTdoWHEY TO TPOGTIHOY TGV pildsv el TN TEpiTTT@AIY, Ko fiv
Eyopev pilas mporyparTikds, BIOTL TOUS pryodikous apidpous  Bev Biexplvoper els
BeTikous Kol &pYnTIKOUS.
T Tpdonuov TéY pildy Tou ¢(x) EtapTaTal &mo 1O ywodpevov P = %— xai

P

T0 &fpoicpa S = — - auTVv.
Awakpivopey tig EGfic MEPITTMOOELS !
I. A>0. Al pilon efven Tporypormikai &vigol.

o) P= % > 0. Al pifan elvon dpdanuot, OToTE EQV EYWOHEY

1) S= — —i-> 0 dugdTepon efvan BeTikal (X, X, eR™),
2) 8= - %<O dugdtepon elvar dpynikad (Xq, X,eR7)
‘H mepimreoois S = — % =0=p=04ut 3&’—>0 kai A>0 elvan &BUvarTos.

By P= % < 0. Al pilon elven tTepoonuol, omoTE dqv EYWUEY
S =-— -i— > 0 &mohUTws peyohuTépa even f) Betikhy (x€R*, X,€R7,
Axe <0< xxal| %] <%l
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2)S= - % £ 0 &mohlTws peyaduTépa elvan | &punTIKT

(x,6R*, X,€R~ A X, < 0 < x; xal [x; ]| L |x21 )

3) 8= — —i— —0 ai pilen elven driBeror (X0 < %, xad %=1 %[

y) P=L =0 ‘H ula pila elven 0 xai # &MAT B1dgopos TOU undevds
(&mrorheleton X, = x, =0, 81T A > 0), omwoTe Eqv Exwiey

)S=-£>0 Ax=0kaifin>0 (=t
2)s=-L2 <0 f4x=0xihH %0 ("’:‘%)'
Il A=0. Al pilen elven TporyuaTikad ioal (x1 =Xp=— 'QBE) Kal ouveTréds

P= {— 0, 6moTe Eqv Exwpey
a) P= —E— >0 kai §=— % >0 dupdTepa elvan BeTikal (X; = X,€R*),
By Pi= % >0kai S=— %<O &ppoTepon elval &pvnTikal (X%, =X,6R")

y) P=X =0 &uoédtepou elven 0 (x; =X = 0).

e = 1
. A < 0. Al pilen elvon xaBopai wyadikai ouluyeis Cloxs | =1 x| )
T& dveotépw ouwopilovtar els TOV drdhoubov Trivaka

Mpéonuov pildv ToU ¢ (X) =ox*+Px+y, «P,YER, a#0

A ‘ P ‘ S ] EiSos pilév kal Tmpognuov auTdv
= X, €R*, x.€e RT < 0 < X2< Xy
-+ - ;_xleR*, x;€R~ < X < x<0
. | 0 \ TeplTTWoNg ABUVATOS SR
_-Mﬁﬁg_x.el{*, ER <X < 0 x xal X< | X |
4 = h:ﬂ‘a X, € R*, x,eR-¢x3<0<xlxcﬁ|x,|<;x,l
Wbﬂi x € RY, X:ER'AX1=—X=’=‘|X:|=EX:|
| ! B
+ | x.€R7, x, =0 (xl——u
0 ‘ B
i X, =0, x;€ R- (X:=—j‘—
|
i 07 ] TEPITTWOIS &5uvaTos, BidTt A # 0
p
+ x,ﬁx‘.r:—-*z—a'ER*
W e s b
i x,=x,:—'2;ER‘
|
0 0 | x.:x,:O
== k ' x; € (C—R), x,E(C—R)xaim:i, = |x|=]%]
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Hepadeiypata : ) N eVpebi) 10 mpodonuov T@v pilédv Tév ttiooewy.
1) x2—2x—5=0, 2) x2+5x+4=0, 3) 3x*—x+ 1=0
Avoeig: 1) "Exousy A= (=2t —4-(=5)=2450, P=—2<0 kal

S:——_Iz—=2>0. “Apa X, eR, xR kad | X | <[ % |-

2) “Exopev A=52—4-4=9>0, P=4>0 kai S=-5<0. "Apax xR,
x,eR- == x,<x,<0.

3) *Exopev A = (-1)*—4-3:-1=-11<0

“Apa x,€ (C — R),x, €(C —R) xai X, =X, = | xa| = % ].

B) A Toters Tiuas Tou A ai pilen Xy, X, Tis o X2 —8Xx + A =0 eha
Etepdonuol pE &TOAUTWS peyoduTépay THY BeTiKNY ;

Abowg. Tpémrer v& mAnpolvTar ol ouvBfiken P < 0 kai 8 > 0 (Ady happavo-
pev A >0, Bidm btav P <0 = A >0)

“Apg P=A <0 kol S=—(—8)=8 >0 "Qore :

A A < 0 Exopev x,€R*, x,6R- kad | X[ <[ x|

v) N& Biepewvnfiy 0 ttiowas 3x* — 6x + 5@u—1)=0, peR

Avorg. ‘Efetdlopev Té&s moodtnTes A, P, S
A=36-60(2u—1)=123—10u+5) =24 (4-5u)

To onpeiov Tiis A elven - B|l—oo 4/5 + oo
Al f=1 =
i
p=3@-D _ 3 g1 ul-= 12 + o
3 3 5 —
To onueiov Tou P elvat : | o
= g g , ; : X el .
S=-— i = 2 > 0 'AxohoUbws CUVTAOTOUEY TOV THvaKa
w]a P |8 | Elbos pil@v Ths 3" — 6x + 5 @Q-n=0
et l — . + | x,eR+, x;€R- kel | x| < [ %y]
,;7 ___LO 1 Al_xleR?. Xz:0|x1:2 - = e
+ I i | + \ xR+, x€R*
_4_ (0] 1_4_ = SR | T —————
5 I~ i H=X=
foo T L4+ |+ | uEC-R), xe(C-R) kel =X > 1x (=l
[ | T DL T T - i o
ALKHZIEIZ
306) N& eUpebfj To Tpodonuov 16y pildv T k&Twbl thiohoewy :
1) x*—6x+9=0, 7x* 4+ l4x—1=0
2) 4 —4x +1=0, —3x*-9%x +2=0
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307) Né& eupeBolv al Tinal 100 AER B T&s Omolas al pism Tis tho. 3x? — 2x +
+3 (A —T7) =0elvan : 1) dugpérepan fetikal, 2) érepbonuot uE dmoAdTws peyaduTépay Ty Be-
Tk, 3) wlav SimAfv feTikfy, 4) kaBapal wyadikal kard pérpov foal.

308) N& Biepewvn8ij Bi& mpaypaTixds Tiuds Tou A tkéaTn TV droAovbwy thiodoewy
kal pa ylvny mvakoypdenols T&V oupTEpaoH&TLY  THS S1epeuvioews.

1) x*—4x—-3(@2-52)=0, 2) -2 +5x—7(1-2)=0

309) N& edpets 76 elSos kal T& wpbdonpov T&Y pildv Tifs thiodoews 2x (x — ) = a?,
STav a mwpayuarikds kal a # 0

94, METAEXHMATIEMOEZ TOY | (¥) = ax® + px + 7, @B, YER xal a 5 0 gz
FINOMENON MPQTOBAG@MIQN QE MPOL x MAPATONTON.

"Edw Xy, X, elven af pifan ToU Tpreovupou f(x) = ax? + Bx + y, TOTE Exo-
ey X;+xgx—~§- Kal X; « X = %.
’EE &AAou TO Tpicovupoy YPAPETAL !

fX)=ax?+Bx+y = u(x“+—5~ x-i—-:—) = a[x2 — (X + X2) X+ XiXg] =
= AKX — XX + Xl = a[X(x—X) =X (x—X)]=
sa(x—x)(X—X)

“Qote, A1l va petacynuaticopey T TPLOVUROY f(x) = ax® + Px + 7 elg
Tivépevov @ | fabpiov nopaybvrav @g npdg X, EDPIOKOPEY TAG pilag abdtod kai Ka-
Wmy oxnuatilopey 0 ywépevoy @ (x —X;) (X —Xa)r

Mapaderypa: N& tpatrouw els ¥ WOUEVOY TPy SVTWY TA TPIGVUN
Hxd—7x+10, 2) 3xd 4+ x~2, 3)yxt—4x-+3

Aveerg: 1) Al pilea ToU TpIcovUKOY elvdy Xy=:3; X3 =12
"Apa Exopev @ X*—TX + 10=(x—-5)(x—-2)

2
2) Al pilon ToU Tprovipou elvar X, = = Xp =1

“Apa Exopev @ 3x? 4 x—2 =3(x—%) x+D=0Cx-2) x+1

3) Al pilar ToU Tpreovipou ebva x=2+1i, x_,=2—i. "‘Apu Exopev :
X dx 4+ 5=(x—Q+0D))x-@-i)=x-2-D)x-2+1)

*Hrot ) dvdduois Tou Tpiwvipou X* — 4X + 5 pe pilas Kc:eorfoc‘x; pryabikds
Biv elvon Buverrhy pdv (BA. 5n mepltr. dvaUoews) elg TO oUvolov TGV TpayporTI-
K&, elvan Speos Suvarrty els TO oUvolov T@Y pryabikdv.

95, EYPELIE THE B/OMIOY EEIEQEEQE EK TON PIZON AYTHE.
*Edw Bobolv ol pilan X,, X THS p’/Bulou ttiodaews, Buvdpeda xpncrmon_'omﬁv—
Tes oV peTaoynuoTiopdy  ox? 4 Pxt+y=ax—x Y (X—X;) va elpwpev
T tElowow TauTny.
Mapédeypa : N& oxnuatioij Etlowois B’ Pabuocl, Exovoa dx pifas Tous
dpiduots @) 3, =2, P) 24+ 4/3, V-3 2
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Abowg : o) Exouey a (x —3) (x + 2) =a(x*—x—0) =0<xt—x—6=0
8) "Exomey o [x—(2+ /D 1{x-@=-v3) 1=alx-2r-3]=
=0¢>(x—2)'~'—3=0':~.x“—4x+ =0
y) "Exouev cx[x——(ﬁ3+2i)][x—(—-3—2§)]:u[(x+3)2—(2i)’]=
=O<:>(x+3)"’+4=0<:>x1+6x+13=0 .
Enueioog. ‘O Tapdywyv « ToU yivouédvou BuvaTan v mapaeimeTar f kol va elvat
ologBrmoTe TpayHaTIKGS &PBUOS.

ALKHIEIZ

310) Na& Tparouv els ywouevoy o [Babuiey TapoyovTwy Tou X T& dxdroufa Tpravupa
B Pabuou :

1) x*+ 7x — 8, xt —1lx—26
2) 2x*+ llx +5 X!+ Xy — 7293, vix? — 6ux — 91
3) x? - 2ax + (a® — B?) X% — 2ux 4 Mt —v, x? — 2ax — 3a* — 4B (P — 29).

311y N& oynuariodf tlowas B’ Pobuol, Exovoa pilas :
1) —% Kal -%. 2) 5424/3, 3)% = —321
4) o« + /2B 5) A 3ui, 6) a* + P kel a—P
312) Na &mAomoinfoluv T& KAQOHATR :
1 P cine - 0 Bt 19x — 14
x*—ldx—15*  6x*—x—2
Ix? — Txy -1:_2_!' x—-x2a+3p+ 1)+ (Q‘G + 3p)

2 G soxyg F ¢! 20 —x (da+ 6P+ 1) + (Za+ IB)

96. AAAAI EIAIKAI MOP®AI TOY f(x) = ax? + px +yévR

"Edv X, X, @l pilon ToU Tpiovipou f(x) = ax? + Px + y, TOTE

— A —p-vAa
% = _,ié’;_\/ﬂ,xzzriz_u_\/f
To 8¢ Tpicovupoy YPAQETOL :
f(x) =ax*+Bx+y =ax—x) x—-X%)=« (x— ﬂﬁ%ﬂ)

—B- VA _ b VAy?
(X— 2-:1——) =a[(xT2a) B (-2—u')]

Atoxpivopey TOPX TAS TEPITITLOEI

e , 2 A\2

1) Eaw A>0, Tote f(x) =« [(x—i— %{-) - (‘éﬂ—t) ]
fror 16 Tpidvupoy f(x) WxeR peTaoynuaTifeton els Sixpopay BUo TreTpory -
VWY TIPOy HATIKGY TrapaoTaowy Tl TO & # 0.

2) 'Edw A=0, Téte f(x) = +Px+y= a(x+ %‘)”
fror o f(x) ¥xeR petaaynuaTifetan elg TEAEIOV TeTpy VoY TTPAYUATIKTS
TapagTacEws Eml TO & # 0.

P LR R e [
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2 = 2
=a[(x+ %) + (=)}
firor 16 f(x)¥xeR petaoynuertifeTan els &Bporoua BU0 TETPOY WYV TP LTI
k& TrapaoTdcewy Em To a # 0.
Enpeimorg. Al dvewrépw popgal elvan Alov ypriowpor Bia T& EmopEva KEQAAma.

ALKHEIEIZ

R Bi& Tas dTmoias & drkdrouba Tprdvupa elvar o)
pav BlUo TETpaywIwY TPAY HATIKDV TTAPATTATEWY,
TPaY HATIKDV TAPEOTATEWY :

2) — Tx* + 5x — 3 (2 — 3A)

OAOUBWY TPILVUHWY petaoynuatilovtan els Siagopav
aypaTIKGY TAPOOTATEWY |

2) apx* — (ot + POx + op

4) 9a'x? — 8a®p (3x — 2P) + 16p*

313) N& evpefolv al Tiual Tou A€
iAo TeTpaywva, P) Toa mpods ThHY Biago
Y) foa mpds 16 &Bpoioua BUo TETpaYWVLV

DS@EA-Dx*+x—1,

314) N& ebpebi] moia ik TGV 4K
kel Toia el &Bpoicpa Bua TETpaywWVGLY TP

1) 4x* + 20ax + 21a?,

3) ax?!—2a®x +a'+ 1,

97. MPOZHMON THE APIOMHTIKHE TIMHE TOY o(x) = ax*+ Px + 71, a, B,
veR, a 5= 0 AIA TAZ AIA®OPOYE MPAICMATIKAL TIMAEZ TOY x.

2 _ 5x + 6) eR% AUTn elven Tehefoos

“Eortw 1) owdptnots (X, (x) = X
v GpiBudv. "As eUpwiev pepIKas T

Dplopévn elg TO guvorov TGV TTPOCY MOITIKG
aris . ToUs : ¢ (—4), ¢ (2), ¢ (—:‘—), ¢ (3), 9 (10). OUTe Exomev :

B ¢ % sl il e et x= 5 p(L)=-5<0
$: x=2—9(2)=0 g rax =3 —>9U)="
Tlaparnpoupey 671 ai Tiped aUrris GAAOTE elvea BeTikad, &AAoTe &pvnTikai
Kad povov Bid x, = 2 kai x, = 3 (ol pilen Tfis (x) =x*—5x + 6 = 0) elvan foa
Tpos 0.
TToAAGKig els T& Emrdpeva padnuaTa B eUpeB@dpey els THY Gudrykny v& yvoopi-
{wopev T Trpdonpor T &PIBUNTIKAS Tiufis ToU Tpiwvipoy @(x) = ox® + PX + ¥
(o # 0), B1& TUYOUCOW TIWAY X = teR, &veu eUptoews Ths Tinfis @(E) eR.

EfSopev &T1 7o Tpicovupov @ (X) = ax? + Px + v weTooxnuerifeTar els Ty
2 A y . =
Hoppiy ¢(x) = ax*+pPx+y=¢ [(x 5 ‘Zﬂ—u) =T W]' sl sl sl

Youons Tiufis altou ¢ (8), & X = £ Tpogavids gEapTdTon #x Ths A kal ToU

GpiBuolu a.
OUTew Siaxplvopey TS TEPITITWOEIS :
1) ’Eav A > 0, T6TE Xy # X2 eR xai foTw Xp <‘ X3 :
Al pilen Xy, X. Srapepilouv 16 ouvohov R els Tpia SixotiuaTa g paive-

Tan el THY YEWUETPIKNY TAPATTOOW.

-

— Xa Xy + o
- B s S ST s
*As fecopfiocopey play T X = FeR. Awx Thy Ty aUriy Siakpivopey Tag
Efig mepiTTOOELS JOHhHE e
% e
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a) 'Eavt < x,<x; vt - x <O ka £ —x,<0 = (E—x,) (E—x)>0 'EL &A-
Aou tk Tou @ (x) = ox® + Px +y = a(x— Xy) (x—x.) Aappévouey ¢ (E) = ol
+RE+y=af—x)E=x)=a (BeTixds apid).)
*Apa fy Tun ¢(E) Exel TO TpoOTHOY ToU a. “Hroi a. ¢(8) > 0

B) Eav x, <E< xys=t—x < OkaiE—% >0 = E—x)(E—x) <0
Kol oUVETTGaS
) = +PE+y=af-x)(E-x)=0a. (&pvnTikds &piBuos).
“Apa ) Tip) @(E) Exer TO Tpdanpoy Tou —a. “Hrol ag (BH<0

y) 'Edw X, < X, < E<>b—% >0 xai E—x>0 = (E—x) (E—x) >0
kad @(B)= a (E —x) (£ —xs) = a - (BeTikdg 4p1Bucs)

“Apa 1) Tinn @(E) Exer TO TpooTUOY ToU @ “Hrot ag (£) > 0

2) 'Eav A =0, ToTE X, =Xp = — 55 eR kol TO TpiVUpOY HETAOXTHG-
2
Tiletan els @(x) = oax*+PpPx+y=a- x+ ga) , OmoTe tdw x =0 # — —fa

Aaupévouey @(E) = a - (& + £ )’ = o (@ericos &)

“Apa ) Tiun @(B) S Taw & # — % ExEl TO TTPOCTIHOV ToU Q.
3) ’Eav A<O, ToTE X, %:6(C—R) xai 1O TpIcovupov peTooynuoTileTan &g

p(x) =ox*+pPx t+y=« [(" + -ga)a + (iz:;_ﬂ)z] , drroTe Aappdvopey o) =

= c[( E4 P )2 % (\2;_’:“_)2J = o - (BeTikds &pIBUOS).

2a
"Apa f) Tipf ¢ (£) Bia waw EeR Exer T6 TPdCTUOV TOU a.
Ta dvertipw ouvoyilovrar G GrohoUBuws :
9(x) = axi+pxty

Mpséonuov Tis & | Pifer 100 ¢ (x) ] Mpéonuov Tou ¢ (x) (Brax =EER)
X, % €R x< xﬁE <3 Tpdonuoy ToU o
Ry X b
A >0 | Ry M X sl >a
i 5l = Lo _;i;ianuou Jol = &
X< X< X agp(t)< O
R A T__"i—_il_-'_-ﬁ— TpbanuoY ToU @
6=0 X =X=—75 €R VA # - 7a ag () >0
A . [ ‘ f TpdaHOY TOU a
A< O X1 % € (C—R) ‘ WV XE ap() >0

P SRS Nl (e s S U S B

“Qare: To tpr@vopoy ¢(x) happaver iy opdonpov tod a. 5

a) B x < Xp < X i Xp < X <X gav x,, X, €R, B) ha ¥x # — o0 eR
kay X, = Xp = _TBE kai 7) dua VxeR, 2av X5, X (C — R), happaver b Tpiy
dpbonpov Tob —a Y1 X, < X < x, Fav x;,X,ER. i

Mapadeiypata : Na eUpeboly o TrparypaTikad Tipal ToU X, Si1& Tag omolas
T& dxéhouBa Tpidvupe EXOW Tiuds BeTiKAs Ty &pYnTIKGS

1) x*=6x+8, 2) x2—6x+9 3) IxE-—x+1
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Avog :
1) 'Emeibh) A=36—-32=4>0xal x,=4, X, = 2, Emeron & dxdroubos

Tipal ToU X - 2 4 + o
l |
mivat Tpdonuor ToU o 0 s lo} +
TprwvUpoy [ I

2) Emady A=36—-36=0 xai x,=X,= 3, EmeTon 8TI TO TPIWVUHOV

¥x # 3 xabBlorarar ferikév. OUSEmoTe yiveTan dpvnTIKOY.
3) "Emeby A=1—12=— 11<0, émeTen 1 16 Tprowpoy WXeR kabi-

ororar BeTikdy. OUBEToTE YyiveTon &pynTIKOY.

ALKHZIEIZ
315) A& molas Tipds Tou x € R Té& dkdhouba Tpiovupa yivovran BeTikd fi dpvnTikG ;
1j Ixt =4, 2) d4x* — 20x + 25, 3) x+x+1
4) —x*+x—1 5) —2x' + léx — 40, 6) —3x*+2x—5

316) N& &mobaybi 81 Td Tpdwvupov @ (X) = 53X+ WX + 2p* (neR) elvan BeTikov
¥xeR. = g

317) N& dwobeaxdii &1, v 1o @(x) = ax' +Px+ ¥ kabioTarar dpdonuov Tol a
1)\ x e R, 167 Exer pllas kaBapds pryabixds ouluyels, 2) Wx#— g € R tdnx,=X=

B

T b
318) N& dmwodeiydij &m T Tprbvupov @(X) = ax? + Px + vy Exer pifas wpaypaTikds

dvloous, Eav Umrdpyn &piBuds £ € R TololTos, doTe vé elvan ag ® <0
319) N& d&mwobaydij 6m 1) ttlowais X—=2x+(A—=1)=0 &xa pllas wpaypaTikds

¥AeR.
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KEOQAAAION XIII

ANIZQEEIZ B' BAOMOY QX ITPOX ENAN ATNQEITON

98. OPIEMOI — IAIOTHTEE (nepiinniiky) Onopvnaeis)

‘Opiopoi : Kaleitar dviowog s mpds dyvwatoy Tov X mdoa oyéos Tig
poopiic p(x) > 1(x) 7 1(x) < @(x), 7 dmola elvar aAnfng O eldixag Tipag Tov
dyvidotov X, dmov @(x), f(X) mpayuatizal oUYAETIOEL THS perafinrijc X, Exov-
car 76 abto medlov dorauot. "Edw elven dinbis Six Tdoog T&s TIHAS TOU GUVGAOU
dvagopds abTiis, TOTe KoAelTan poVINOG avicwaig.

"Eniluolg Guiowosws, v owoAy S, xaheiTal # elpecis ToU guvdhou T&V
TIpd ToU dyvdoTou X v T S, al dmoion ThHY kofioTodv dAndT (EraAnBevouv).

Al euploxopevan Bid Tijs EmAUOEDS Tipel ToU X kohoUvTan ADGEIS TS
AVICWOEWS.

Ao f| TeploCOTEPOI AVITWOTEL, v TUVOAW S, kahoUvtan igodbvapor, t&v
kol pévov Edw Eyouv TO aTd gUVOAOV AUCEWV.

Iuotnreg: 1) ‘H dvicwais ¢(x) > f(x) elven iooBivapos Trpds ThHY dwi-
owow @(x) + =(x) > [(x) +1(x), ¢’ doov f ouvapTIls 7(x) elvan dproudvn els
6 oUvorov dvagopds S.

2) ‘H dviowois @(x) > f(x) elvan iooBuvapos mpds Ty ¢(x) — f(x) > 0.

3) ‘H dvicwais ¢(x) >0, tv §, elvan looBivapos Ths dwmohoews ¢(x)-
co(x) >0, & f dvicwos o(x) >0, tv S, elvar povipos.

4) *Edw ol dwiodatis, &v S, ¢(x) >0 xai f(x) =0 elven looBlvapol,TOTE kol
A @(x) + f(x) >0 elvan looBUvapos TTpos qUTAS.

*Ex Tiis TEPIANTITIKTS TOUTNS Urropvfioews, dveu dmodeilecos, TGV iBloT”
Ty TG &nighoewy ouptepaivouer, 6T kaTd TV Ao TGV dvicwoewy Béov
v& AopPdvewper oopapds ' Sy auTas ds trriong kel TS yvwoTds 1816TnTAS
Tév duigoThTwy, Bid v& Wny Ymrotimrowpey els opdhpaTa. )
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99, OPIEMOEL KAl EIMIAYEIZ B /OMIOY ANIEQEEQE

‘Opropés. Kalefraw dviowog ' faluod, s mgds dyvwator o0 X, mdoa
dvlowoc Tic poppiic @(x) = axt+4px+y>0 i < 0 ué a#0, a f,yeR,
(ol o, B, y Buvevten v& elven kol mporypaTika TAPAOTATES WN) TEPIEYOUTAL
TOV &yvwaTov X).

To « péhos Ths dviomoEews Elval TO TPIVULOY B’ PoBuou, TO dmolov &i-
Souev &1 elvon Teheicos Gpiopévoy els T ouvorov R. OUTw Biax Ty EmiAvow —rﬁg
dviohoews ox? + Px + y>0 f <0 &v T® owdrw R, ?\au[adjousv _tm‘ 6\;}1}: TX
oupmepéopaTa s ttetdoews ToU MpooTiuoy THS &pifu. Tufs ToU TpIwVUpoU
(x) Bid TpoypaTIKES TIUGS TOU X.

"Exihvoic g avichotng o(x) = ax® +px +1 >0 i <0, (@3 0).

‘Qs yveoTdy, TO Trpdonuoy THs &piBu. Tipfis ToU (x) éfcr;‘rrc"rrm i TS
Siaxpovons A kol ToU &pifuod a # 0. Oftw Suvdpeda eUkdAws va BikaioAoy -
owpey THY oUNTATpway ToU K&Twli Trivekos.

SUvohov AUgewv Tis S(vohov Aloewy Tig
3 b ax+px+y >0 ax!+px+y<0
XuX:ER, Xa < X4 XuX%€R, Xa< X
i {XER | — 0 <X<Xsy X <X< + 0} {XER X< X< X }
+ 1
Xy X ER, Xq <% | X X €ER, Xa < Xy
( {xeR X< x<X; } {(xeR|-0< X< Xy, X;<X< + 0}
I —_—
+ | fxerixz-22} ( 1=2
0 = o st SN S
| i
o -l { o= xeR|x¥ —ing
l i {x|xeR} { }1=¢@
—_— | e | ————— e — l
4 =5 { =@ i {x|xeR}

Enpeinoig, Td ovppPora — oo kol + @ Siv dvriTrpoowmelouy GPITHEVOUS TpayHa-
Tikous dpifuous.

Mopadeiypara : N& émAvdolv é&v R, of dkohouBol GIoWOoEs :
1) 3x2 —x =250, 2) —3x* +x +4>0, 3) x*+ 6x+9<0, 4) x*+x+1>0

I 2
"Eridvoig: 1) a=3>0, A=1+ 24 =250, =1, Xg= ~=.
\ ; 2
‘H dvicwois TAnpoUTal Bix Xx>1 kai Bl X< ——
1 2
*Apa TO oUvohov Avcewv elval ! {xeR | =0 <X <=5 l<x< 4o}

: 1
Y a=-3 A=1—d(-34=4950, X, =g Ko =~
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‘H dvigwots dAndever Biax —1 < X <‘;-
SUvohov AUgewv @ { xeR | —1<x <—;—- }
Ha=1>0, A=36-36=0 x,=%X=-3
‘H dvlowos Btv Exer Auow els 1o olvolov R.
Sivohov AVgewv : {XeR | x*+6x+9<0}=¢
Ha=1>0 A=1- =—3<0, x;%e(C —R)
‘H &vicwors elvon dAndhs i wéoas T TROYM. Tipds ToU X. Elvar pla
uévipos dviowos. Tuvohov Augewv : {x|xeR }.

100. ANIZOLEIEZ BAOMOY ANQTEPOY TOY AEYTEPOY

Mia dviowats PaBuol dvwrépou ToU Beutépou dx Tpds X Bid va EmAUBT,

Béov v& AGPn THY popetv (%) * @u(X). . - u(x) >0 A< 0, &mrou py(x), Po(X);- - -
@u(x) dxépaia TOAUOWHA TOU X TrPGITOV #| Seutépou Paduol, Exovta TO alTd
TeSiov dpiouou.

Ol Tapdyovres P’ Paduoy, kv Exouv pilas TpayuaTikés, SuvavTon va dva-
AuBolv els ywdpevov BUo TpwToPaduicov Trapayévtwy, tw Exow pilas kaBapds
uryaBikds ouluyes, SuvavTen v& Trapaheipbouv s povipws Berixel, (Brom -
Tote Buvdpeda va UmroBéTwpey Tov « BeTikdv). ZTuvewdds f dvwtipw dviowais

mévroTe elvan Suvartdy va AdPn Thy nopeiv (X — pr) (x—pa). . - (X —p)>0A<0

(ueN). ‘H trldvais Tiis dvohoews aUTiis elvan yvwoTth) & TS TPONYOVHEVTS
Tatews.

Mapaderypa : N& ¢mAvli &v R, # dviowos :
fx)=x=-3)+1DE—x+2) (—2x? 4 7x — 3) (— x* + 5x)<0
‘Exiivoig : 'Eferélopev ToUs SeurepoPadpious Tap&yovTas.
Obras Exomev: x*+1, A=—-4<0 =>x*+1 > 0¥xeR
X'—x+2 A=-7<0=>x—x+2>0¥xeR
2+ Tx=3,A=25 >0 =—2x+ Tx—3 =—2(x—3)(x—%)
—x'4+5% A=25>0=>—x3+5x==x(x-5)
*Apa 1 dvicwos elvan looBUvapos Tpods THY dviowow :

x-3 (-2 x=3) ( x- %) (= x) (x —5)<0, #is elvan looBivapos TS
Thv (x—3)* ( X m-é—) (x=5) x < 0. ‘O mapywv (x — 3)? elven pf &pynTikds
WxeR, Emropbves Bid x # 3, 1) dviowois elvan looblvapos wpods THY

(x—-%») (x-5)x<0.

Al pilen ToU TpddTou péhous alrfis elvan O, %, 5, OUTws Exouev:
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X — 00

5.5
0 5 ]
| i |
1 —_ —
Mpdonuov Tol ( X — —2-) (x—5) x ? + ? f? +
F hoa ) 0
| | |

1
Mpdonuov Tou (X — 3)‘( X= -2—)()( —5)x R
1
*Apa 16 givohow Aoeaw Thg f(x) <0 elvan: {xeR |0 <x<0, 5 <x<5, x#3}
101. KAAEMATIKAI ANIZQEEIE

Mia dvicoag kareitar Kiaopatiki, Eav dovatar va Lafin v poporly,

%_E_:% > 07 < 0. "Omou gy(x), 9«(X) TpayHaTikal pnTal oWapTATELS ToU X,
L]

g -~ ~ Pu(
Eyouoan TeBlov dpiopol Td Teblov dplopoy ToV pnTOV Ghyeppikou x?\é(ouu'ros?‘T:;

*Etreibf) 1O mrnhikov Buo &piBpddv elvan SpdanHoy TOU YIWopEvou alTdv,
tmrovran al &kdhoubor foobuvaplan :

200 - 0ty ) <= gy(x) * @) >0 (0 S)

®a (%) S 16 cuvohov OpiopoU -roG:‘ 8;
t]

. 53 <0 (tv 8) <= py(x) - () <O (& S)

“Apa 1) Erihuais Tig dviohoews -‘;:fg% =07 < 0 dvéyeran els T EmfAvow dvi-

odoews Tis popgiis Pu(X) @u(x) >0 <0
Mapaderypa: N& dmAudij, v R, 1 dviowors

3 3 2N
T ey 24x — 37
: . 3 3 5 X
Enilvowg: EXOUEV;_—Q"I';__“'[_';II] <0<+ x-2)(x—Dx+3) <0

TS meblov dpiopol elvan 8 =R —{2,1,— 3}
*ErriAdopey Thy looSivapoy autiis (x* + 24X — 37) (x—2) (x—1) (x+3)<0,
g TrpoTyoupves, STTOTE AcpPavouey T& oUvoAov AUCEWV : 2.
{xeS| =0 <x< — 12 /181, —3<x<], ~—1244/18l<x<2}

102. LYETHMATA ANIEQEEQN B’ BAGMOY.

"Edv 8Uo 7| TrepiocdTepan GUICWOELS, s TPOS -réx‘J aUTov &yvwaTov, elvan
&AnBeis Bid Tdg aUTds Tiuds TOU &yvedaTOU X, tv owohw S, TOTE Afyouev &Ti
daroTeholy obotnpa dviohoEny. 1 3 b &

*Eniluoily ToOU OUGTNUATOS dnodoewy KahoUpey Thv EUPECTY TV KOW®Y
Aoty oY dnohaewy auTtol. To oUvoAov TV KOIV&Y TouTwv AUcewv elval
1) Topf) TGV guvdAwy AUCEWY TGV SVITWOEWY, E\'inO'KETG: b€ 6161' TOU YvwaToU
Trivakos, GoTis kaBopilel T& Kowd SiaoTHHATX AUcmo\: TRV d\:lo’mo&mv.

Mapaderypa: N& EmAvdi, & R, TO oUoTnua T&Y GWIOWIEWY

1) =6, 2 x!—6x 520, 3)x3—9%*+14x <O
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‘Erikveic: To ouvohov AUgEwv TS mpootns Elvan : Z,={xeR | x>2 }
To oUvohov AUcewy THs Beutépas elvan: Z, = { xeR | 1<x< 5 }. ‘H Tpitn ypage-
o x(x=7) (x—2) <0, fims elven dAnBhs Si1&d — oo <x<0 kai 2<x<T.
X | — o 0 2 7 + ©
| ! |
S g e i | \
x3ﬁ9x1+14xi = ?‘F?_‘U g
|

To ouvohov AVoecw Tiis Tpitns : Z3 = { xeR | —0 <x <0, 2 X T}

Té olvohov AUGEwY TOU ougTuaTos AapPdveTa ik Tou &kohouBou r{vcros.

X l 3x—6 ’ x? —6X + 5 | x*—9x*+ 14x | Abgers ouoTi 0 J
2 en [
N ‘ = + =S
i = 5 0
i - + +
1 [ - 0 +
o e - +
2 | 0 - 0 2L D
l _+_ -— —_—
5 + 0 -
+ + -
7 + + 0
+ : =
|

+ o

SUvohov AUcewy TOU ouoThuaTos elval
T =30n5nT={xeR | 2<x<5 }
AZLKHLEIZ

320) Né& tmhiubolv, tv R, al dxdhoubol duiowoes:

1) x?—2x + 3>0, 3xs — 13x + 10<0, —x*+2x+3>0

2) —6x* + l1x —4<0, 16x* — 8x + 1>0, xt4+4/3 x=1<0

3 -9+ 1) (x—-4)<0, X+1I>x'+x Xt —1>x'—x

4 -2+ DG+ 1) E@x-1D>0, @ —-5x-NE -G +7<0
xt—4 x?

D zw1 2% SF172

Sy (.
8 ZxFiZx+1  x—1

X (x+2) (x=3)° Ixt—Ixt+4x
G+ (x=5)p = PG FIm—8 7
321) N& ¢mAubouv, tv ouwére R, T& dxdrovfa ouoTAUATA @
1){4x’—4x—-3<0 2) { . 2x—1 1
x4 2x >0, I D-9 "
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3) X! — Tx+12>0 4 x*—5x*+6x<0
—3x* 4 16x—5<0 —x*+2x+ 3>0
—x! +2x + 48>0 2%t —=5x—7>0
322) Ak molas mpas Tou AER 1 tile. A—=1x*—=2A—=3)x—-h+ 3=0 E=n
pilos a) mpaypaTikds xal B) kabapds pryabikds ouluyels.
323) Ak Tolas TpayHaTIKES Tipds ToU B TO TPIGVUKOY p(x) = (H—2) x*—
—2(u+3)x+2u—18 Eya pilos @) Berixas ked B) &pvnTiKds.

103. ®EZEIL MPAIMATIKOY APIOMOY QE IMPOL TAE I[PAIM. PIZAZ TOY TPIQ)-
NYMOY op(x) = ax* + px + 7

"Edw Xy, X, elvan al pifen (rpoymaTiked), STroV Xy <Xy, Kol 80 mporyua-
Tikds &piBuds £, ToTE of Tpels TPAYHATIKOI &piBuol X, Xs, & BUvavTon v& Trapou-
oldaouy Tas EEfis oytoes iatalews

i<x S X X< K<i X <E<Xy

kohouptvas BEoerg tol & GG mpog TGS pilag.

‘ExdaTn Tév Béoecov ToUTwy ToU & yapakTnpileTor &wo dpiguévas  ouv-
Bkas peTaly ToU E kol TEY oUVTEAEOTOV & By

1) ’Edv E<x, < X;, TOTE G YVROTOV ag(®) >0 (§ 97)
Errlong Exopey E<xy < X+ <X, kal E< X = A<+ XY E< btk

A E<—L A £+ 2 <0."Apa ol ouvfiven elvan >0, ag(§) >0 xel E+ <0

*Avrietpogog. “Eotw A >0, ap(8) >0 kai £ —{—2% <0. ’Ex Tiis A >0 Eme-
Tal X, € X, € R. ’Ex Tijs Seutépas ap(E) >0 Emeton ST & & Biv dlvaral va keiTen

neraty Tév pildv. Téhos éx i TpiTns €+ -2% < 0 émeron 61 © E elvon pikpd-

Tepos Kkal THs pikpoTépas pilns X 5161 &v o X € X < E, TOTE X, < E Kal
P

X, < U X e 2 ’&ig."—*<£=~z+ﬂ>o.

2) *Edw X, < X, <, ToTE Exopev AW ap(E) >0 xal dmeid & Tiis X, < %, <t
p
Erreten B4 3‘3; >0, &pa ol guvbijkat glvan A > 0,a9(8) >0, kol t+ 5= > 0.
*Avniotpégag. 'Ew A >0, ag(E) >0 xal E+ '.’% >0, ote Eyone pilas
TpaypaTikds (X; S X,), & & & Suvarol vi kelTan petafy TV PiIfdv ko ouve-
T, dos xelpevos krods Tév pildv, elve ueyoAUTepos kol T peyeduTépas Xy,

Bi1om1 &AAws B Exeopey t+ -2% < 0.
3) 'Edv X, <E<X, TOTE G YvwaTOV ag(8)<0 (§ 97)
'Aviiotpogag. 'Edv ap(E)<0, ToTE &g’ tvds Exouev pilas TpayHaTIKGS,
&g’ Erépou x,<E<x,, Biém &v B < 0 elvan ap(E)>0. 'Edw 8¢ & E Eerto Exkds
Tév pilév & eixouev ag(E) >0.
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Ex Tév dvewTépw ouvdlopey OTL :
Al ixavai kai dvaykaiar ouvBijkay, fva 6 E€R elvar 1) pikpbiepog THV Xp < X

glvar A 30, ag) >0, & + —g—a <0 kai 2) peyalitepog TOV X, < X;, elvar A>0,

ag® > 0, & + 35> 0.

“H ikavi] kai dvaykaia cuvlijkn, iva o £eR ebpioketar perald TV Xy, xR,
elvar ap(§) < 0.

Iapazfipnog. Ty oubikny o@ ()<0 ¥PTOIHOTTOIOULEY TTOAAGKIS @5 Kpl-
THPIOV POy UaTIKGTNTOS TEY PILGY Tou @(x).

Té& dverépw, ©F Kol HEPIKWOTEPX! TrepITTTOoE, ouvoyilovTa Gy EEfiS :

()= axt +Px+Yy, XS X
A |ag(t) [E +2% Otorg Tol E s TPOS Xy, Xy
+ n<xu<t
W - <€ X< X
=+ x,<’&-;—x’<f< X3
+ = = X E<§‘—;~'x—’< Xy
0 x,<E=’-“—-—}—x—’<' %
0 Ay X< X, =t
- I=x<X
| + E x1=K.<E
T PGS
0 = | e xi ="
0 0 | N=X=t

INapadeiypara : o) Tola #) Beois 6w &pibudsy =3, 0,9, 10 ax Tpds TAS
pllas Tis thiodoews @(x) = x* —8x — 9=0;

Abag: “Exouev A = 64 + 36=100>0, x,<X, kal a = 1. "Eweidt) ap(—3)=
— 94 24-9=24 50 kal =3 + £ =3 —4=-7<0, tmeron 11 —3<x<xy
‘Opoiws ap(0) =—9<0 &pa x,<0<x, -
ap(9)=81-72-9=0 =x< =9 =>x<x3=9<10
“Ohat dpol Biordogovtan : —3<x, <0< x=9< 10

B) Ak moias Tipds ToU A al pifar ToU o(x) = 4xt —x + 2(A — 1) elven
uikpdTEPaL TTS povados :

Abeng: TTpérrer véx Eyoopey X, <% < 1

TTpds ToUTo dpkel va elven A > 0, ag(l) >0, 1+ '2??:' >0.
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Otrres Eyopev: A=1-32(A—1) > 0=>A< Z
1
cp(l) =4 (d—1+22—-2)=4(1+20) >0=A> -5,

B -1 Uit
I+ =1+ =1-g =5 >0 (AR ]
\ 1
Al A %—;—27, 7\>—%cwa?\neeoow&a—-i»(}\gﬁ-

AZKHZIEIX
! !
324) N& eVpedi) f) Béors T@v dp1BudV -2,-1,0, 5 ,2ds Twpods Tas pilas  Eka-

—x— 4 yx)=4x* +4x—3.

oTou TGV Tpwwipwy @y (x) = 3x*
ToU Tprwvipov @(X)= — Tx* + 2x —

325) Ak molas Tipds Tou A€ R al pilal Xy, Xa

—(3A — 2) mepiéxovTan petaly TOY Epbucy — 1l :
326) Né& dmobBexdij 671 ol k&rwd thodoes Exow pilas TpayuaTikds kal &vicous,

xwpls ThY ypfiow Tis Siakpwouans :
1) (x=5)(x—=3)-5=0, 2) (x—a) (x—PB) =K (P, x #0eR)

327) "Edv x,, X, €van ol wpayuaTikal pilal TOU TIGVINOY ()= ax* + Px + v xal
D<y <P <a, v &moBeaxbi &t ol pilal Xy, X TepiéxovTan HeTaty &Y &piBudy — 1 xad 1,
328) Né& etpedij 1) 6éo1s ToU &pibuol 2 mpds Tés pifas TOU TpLwvUKou p(X)=2x"—3x +

+ 5 (1l =2X) xard Tds Srapdpous Tipds TOU Al v
329) 'Edv &, &, €R xal gx)=oax* +Px + Y. v &mobeayi 6T To 9(x) Exer pifas

TrpaypaTikds kal dvicous tav elvar g £) 9 &) <0, pla Tédv drolwv Yepléxs-rm us'rui_\‘.l TV
£, < . "AxohouBuws &l Tij Phoer Tiis TPOTEOEWS rauTns, v dmodeydi 6 al plfon Ths -

chorws O=(Xx—2) (x +3)+ (x+2) K- PN-2-x)CB-x)=0 elvar TpayuaTikal
&vicol kal | pla Tév dmolwy mepExETAl petafy 2 kal 3.

E®APMOrAl TON ANIZQZEQN B BAOMOY

104. AIEPEYNHEIL IMTAPAMETPIKQN ESIEQEEQN § BAGMOY.

EiSopev €l T& trpomyoUpeva, ST ol gurteheaTad @, B, Y TOU Tprwviuou
¢(¥) = ax?® + PX +y TOAAGKIS elvon cuvapTHOELS EVOS ypéuuaTos AR, To dmroiov,
Xewpls va BiBeton &pBunTIKES, QecopeiTal &S yvwoTh) woedTns &vetdpTnTos
Tou X kal &md T S1apépous TIMGS ~oi &rolou sapTdvTan al pilen kal TS om-
uefov ToU Tpiwvipov.

T ypépua A KoAETTOl TAPAPETPOS,
ool aUTd mapapetpikai.

A v& Biepewvhowpey plav €
Biagdpous Tiuds T TAPAUETPOY A,
vaka ( § 93), & dmolos tteTadel TO €

Mapaderypa : N Siepeuvnfi] 1 tiowo. ¢(x) = (2A
=0, érav AeR.

Abag : "Eferddopev TO onpeiov Tév AQA),
pous Tipds Tou A. OUtws EXOuEV :

ol 5t tiodaes f| &VIoWoEls TEPIEXOU-

Flowow B’ Poduol TapapeTpikhy KaTa TAS
Stov v& Exwuev U’ Syw Tov yvwoToy Tri-
180 kod TO TpoaTHOY TV PIl@y TS,

—Dx2—2A—-2)x+ 3=

P(A) xad S(A) kata Tds Biago-
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AO) =4 (A —2)—12A (A — 1) = —4(5\* +A—4) =—20 (?\-}-1)(7\—-%)
A |lmo -1 Ys + @

Té onueiov Tfs A(n) Bietan &md TOV e o e T T
YPOQIKOY TriveKa A | — o+ e
P(A) = 2—3-}1- T xAdopa -2-?-\3:?\1 elvon dpdanuov Tou 3A (2A — 1), TOU é'rro[qu TO
onueiov 6iBetan &md TOV ypagikoy Ti- A |8 o Yo +o
VOKE 3A(2A-1) + Y= 0.4
I |
1
P(A) + ? = &
S(A) = 2%%: i") . To kAdopa 2——2(;_;12—) elvar Gpéonuov ToU 2(A —2) (2A — 1), Tou
&mroiou TO onueiov 8iBeTon &rd TOV ypa- A —o 'y 2 + o
piKdY TriveKa : 20-2)2-1)|  + 5 BH (L
I |
]
SV + =N +

Ta& duwTépw Ponbouv els Tov drdhoubov Trivaka Siepeuvnioews :
Awpeivners Tis thiodoews ¢ (X)= (2 — 1)x* — 2= x+3A=0

A A(A) l P (A) [ S(A) | ElSos pilédv kal mpéonuov abtdv
=] e 4 + X, Xs € (C—R) xal x1=§.=>|xl|-—-|x.l
P
-1 —0-—-_*74_____)(,=x,=—-—2;=l
+ + + NERY, X eRt<=0< X < Xy
0 |— -0 —|— xeR,x=0 (u=—-"F=4
: + | - | + X ER* X, ER-<>X, < 0<%, xal [X]< Xl
=3 7’*—'“——-”——'Eiiamms TpwToPdbuiog EX2
+ 4 o neER % eR<=>x<x <0
4
S ik s ot R N Al i el Aol
= -t — X% €(C—R) xal X =% =[x|=]x]|
2| e e e e tle S e iy e Taat o = i— Xy
- + =+ X1 X € (C—R) xad x1=;n:'“‘1|=lxi|
+

Enp. C ovorov wiycikdy, | oUvohov kabopdv GavTaoTIKGY.

105. AIEPEYNHEIIZ [TAPAMETPIKOQN ANIEQIEQN B BAOMOY.

A vé& Siepeuviiowpey piav dviowow B’ BaBuou TapapeTpikfy, SnA. va el-
pwuey T& oUvoha Algewv aUTis kard Tds Siapdpous Tipas THS TAPOPETPOU A,
Btov v Exoopey Ut Sy Tov ywwoTdy Tiveka (§ 99)-

IMapadevypa: N& Biepeuvnbij 1 dviowois
X)) =CrA-x*—A-1x+2A-D < 0, étav AeR.
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Aveig: 'Efetdlopev TO onueiov TV AR xad a(N) kot Tas iagopous Ti-
uag Tou A, OUTws Exopev :

I 15
AN =(—1)—8A—1) BA=D=(A—-D)(2A+15) |7 5 | +=
To onueiov T A(x) Sibetan &mwd Tov Tivaka ! A(?«)‘ = i ? —

. 2 3 P
a(A) = 3\ — 2, émep Exer onueiov BeTikdy Bi&k A > 5 kol dpnTikdy B1d A <—

MnBevileTon 8¢ Bi& A= -i—- Té& dveoépes PonBolv els Thy otvtatv Tol dxoAoU-

Bou mrivaxos :

( Arpeowmars 17 o, s =CGA—Dx*—(A-Dx+2(R -1 <0
A | AN | a(A) Tuvohov AUcewy Ths ¢ (x) <0
. Ry ==
= |
= = {x/xeR}
15 Sdtacis wst v} BN
7 |[—0— —ﬁ{xER;’x#f'zﬂaﬂti}——
+ - X< Xy, {XER/[—00<X<Xs, X\ <x< + o }
‘g‘ — g |— &vlowos o /pabuos, {xeR /- £ cr =i V]
- + X< Xy [xeij,<x<xl}
1 —0———{ }=@ — —_—
3 i { =0
+
(.

Inpeimog, T& ;\T. ;,;;v; teppéoes ToU A xal peTaPéAdovral petd Tou A

ALKHZIEIE

330) N& Siepeuvnfoiv al dwshoubor Ehiodatis xal dviodoes, &tav AER :
1) (2A—3) x* + 2 (6A —5) x + 182 +25=0

= A4 1) xt—3Ax +4A>0
Y (A=5)x!—4Ax +A—2=0, Tkl
yx14+2(@A—1)x +3A1—-5>0, 3) @ +Z)x’ +12x+10-6A< 0
xt- 5x + %,
3 1) Né& &moberydfj 6Tt O KAGOWX T T AapPdver TEOAV TRAYUATIKAY TIRAY,
6tav » € R.
3. ) 'Edv x TrpaypaTikds &piduos, v &ioBeix®f ST TO KA&opa (x4 2x - 11)/
2(x— - 8tv BivaTan v& AdPn Tipds Tou SixaThpaTos 12, 6]

SXEZEIZ TYNTEAEETQN AYO B'/BAGMION ESIZQIEQN
INA Al PIZAl TQN TTAHPOYN QPIZMENAZ IYNOHKAZ

1 Sovian dbo EEremoeig 9(x) = 0x' + x4+ T ={3 Kai ?z(x) = apX? + Box +
0(a,# 0, o, 0) pi TPAYHATIKODG CUVIEAEGTAS Kal pitag avuertoiyong
1 y U2
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(X1,X,) Kai (py, po). Znrodvron ai oyfaeig petald tév coviehestdv tav, Tva abd-
tav Exouvv pilac:
1. "Avakédyovg pi Léyov ).

"Exouev : %— = =A<>X, = Ap; Katl X, = Apy = X; + X = A(p; + pg) xed
1
XX, = pipeht i — —'5—‘- ( E’) Kad - Y:: 7{;: A A -_féz kel E:'=$,%F:>
APl

- [E=h& o

'Aviiotpéeomg. "Edv L'anlo'rorrm 7 ouvdrikn (l), TéTe ol Elicdars Eyouv pi-
Las dvahdyous pi Adyov A. TTpdypar, BéTovtes Tous Adyous (1) foov pé k Aeppé-
VOUEV :

o = Kay, Py = KBA, ¥, = Ky,A?, &mdTe f Hlowois ¢(x) =0 ylveran ¢(x)=
=KopX? + KBAX + Ky A2 =0 <= apx? + PAx + YAt = 0.

AlTn Eyer piloas X; =2A _E!__"‘_‘:( 93,_,%- i X, = Apy = % =A
%y =A—Pi= \/Bs 4a.y. A X Ky 51 1

X X

B = A. "QoTe 1y crwﬂf]Kn (1) elven ikavh) kal dverykaic.
2. "AvuBétovg. “Exopev : x; = —p; Kal Xy =—p, =

ﬁl_ 65 R
x1+x2=—(pl+pz)L —a__(_&_g) j|j__&__l'.l (@)
R T
| o Ty .

Srep

i
XXy = P1P2 i n_Y

"Avriatpbos. "Edv UploTaran f) ouvBiikn (2), TéTe of Ehiodoes Exow pi-
Las dvmiéTous. TTpdyuerti, Bétovtes Tous Adyous (2) Toov e k, Aappovopey @ o =
=Koy, Pr=—xKPy Y1 =Ky, OMOTE ¢(X) = KopX® —KPX + K'Ye = 0 <> oyX*—
—BaX + va = 0, fimis Exen pilag x, = P+ \/p. —dony I Vﬁ" Ao

2ay

AUran elven &urifetor Tév pildv py, pp THS o @u(X) = 0px® + ﬁgK+Yz =0.

“Qote 1 ouwbnkn (2) elvan ke xed dvorykader.

To dvertépw Biwerren vd Becopnfi dos Toplopa TH TEpITTGOEWS Ko’
fiv af pilon elven dvdAoyor pé Adyov A =— 1.

3. "Avnietpbgovg. “Eyousv @ X, = pl kal X, = %
XI+xzppl+P.|ﬁXI+xz_ Pi P2 fi AR Y'lﬂyl ﬁ'l:»
e = W o
T [ XaRy=r—o s W =]

‘— T
oy g: =20 (3). ‘*H oxtois (3) elven 1) {nToupévn.
J—-_. S—

Avtwrp&pmq. "Eqv UgpioTarar f) ouvbiikn (3), TéTe ol igwaes Exouv pl-
las dvmioTpdgous. TlpdoypaTi, BETovTes Tous Adyous (3) Toov ué k, AauPdvopsy :
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G = Kyp Pr=KPy Y= K0y OTOTE §u(X) = KysX® + KBX + K0 = 0 <>y +
—Bs + VB — dauys ) Xq = :&_:‘\/_ﬁa‘ = 4&:_)’:.

+ Bex + @y =0, fims e pllos Xy =———75,—— + ™4 2vs
Al pilan 8¢ Tfis @u(x) =0 elven py =?E!;-‘%%::ﬂ'. P2 ——ft 1 E’;:ﬂ

EE crtrrady EXOMEY X Py =‘%ﬁ—_— 1>x= _F.::. ‘Opoleos B8 x,=é.

"“Qove: Al Ixavai xai @vayxaioy covdiikay, tva al Eebhoeis 94(x) = 0 xal
0,(x) = 0, Exovv piCag 1) avakéyovs pé héyov &, 2) dvuibétovs xal 3) i
elvay avnietoiywg al (1), (2), (3).

AZKHEEIZ

333) Ak molas Tipds Tév A kol n al EiodoEs = +2)x —(W+1)x-3=0
kel @u(x)= (u— 1) x? + 4Ax + 2 =0 Exow pllos ) dvahbyous ut Adyov 2, p) dvmibérous
kal y) dvmoTpdgous.

334) N& oynuoariodij Elowors p° Paduol, Exouod pllas T& TeTphywva TEV piLdV
Tfis X! 4+ Ax 4 p = 0. *AxohoiBuws va ebpefolv al Tpayuarikal TiHal ;rt.'bv A kol p Bid Tds
smotas ol Buo thodaes Exow pllas o) dvakdyous ut Adyov 2, B) dvmbiTous xal y) dvmie
aTpépous.
-+ -1- kal Xy +--l—, &mou Xy, Xy pilar

X X3
al 5Uo thodoes Exow pllas

335) N& oynuatiodi tlowars Exovoa ptfos x4

s ax? + Px 4+ y = 0. "Axchoufws ve evpedfi owbrikn,
dvaAdyous ué Adyov K.

107. ATIAAEI®OYEA AYO TPIONYMON B’ BAGMOY.
*Edw SoBolv SUo Tprovupa ¢y(x) = ax* + BiX + Y1 Kol @o(x) = X + Pax+
+ ya 1t TpaymoTIKOUS OWTEAEOTESS, STIOU & # 0, o # 0, xal pilas dvmoTol-
X5 (Xy, Xg) Ko (py, pa), TOTE O KOAOUHEY v TPy HATIKAY TAP&OTACIY
R = (oY, — %y)* — (4P, — Py) (Brys— Bavy)

analeipovoa t@v Sbo tprovipwY.
‘H #étaois Tév BothTwy TS &modeigotons R BUo TPy B Pa-

B0l Ponfel els Ty EmiAuaw TONAGY oTrouBaty TpoPANUATwLY.
a) Mopgai tiig aralergovens R
AcBévraov TGV GaTépw TRIWVIKWY,

Tds doAoufous popeds :
In R = o2 ¢y (X1)92 (xg) = a9y (p) (pe)

TMpéyuari. Exnuortilopey TO Y WopEVOY
Po(X1) Pa(X2) = (cteXa? + Po¥a + Ye) (opXs® + BaXe T+ Yo) =
= 2%, 2X,? 4 pPeXyXe (%, + Xg) + %Yo (% + %) + Pa*X1Xp +
+ Baya(Xy + %) + Y2 = .
- L [ auys — cars)*— (auPa— By Bava =Py 1= g - R
"Apa R = oy gy (X;) @2 (X) duolws 88 R =o' ¢ (py) 91 (P
2a R = oy, (%, — pr) (Xe — pr) (X—pa) (Xa— Po)

f &mohelgovoa BlvaTal v& AdPn
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1 :
3 R =—2[(Qoyys + 2ayyy = BiPo)? — A, ],
! brou A, =B —dayy;, By =P’ — 4auY,
Of pefnTad SlvavTtar eUkdAws va EraAnBeuoouy Tas popeds Tiis R 2a kai 3n.
B) “Iéwdtnreg tiic anakeipovens R
1. ’Edv ) &madeipouoa R = 0, TéTe dk Tfis R = au’, (py) @1 (p2) EXoHEy
%2 ¢y (p) 1 (p2) = 0=, (p) =0 Vo (p) =0, émoTe v @ (p) =0 xad
Ereidh @, (py) = 0 (p; elvan pile ToU @, (x) ), EmeTon 671 1) py elven kown piler Ty
@ (X) kel u(x).  'Edw 8t 9,(py) =0 kai @y (po) =0, TéTe T& @y (X) K&l Po(X)
gxowr dugpotépas Tas pilas kowds. Eis Thv mepimTwow aUThy B& Excouey :

%:%—Y B16T1 X; + Xp = py + po ke x,x”_p,pzz--—g—‘z—p—' kad
Ve S B Y
o oy =BT

‘Avucrtpétpmg. Edw T& Tpicwupa Eyouv kowhy fj xowds. pilas, ToTe Tpo-
pavéds R =0.

"Qote: "H kavi kai dvaykaio oovdikn, va t@ tpuovope ¢,(x) kai @u(x)
Eyouv piav tovkhayiotov kowdv pilav, elvar 1| dnedeigovea abdtdv va ioodrot
npog 0.

2. ’Edv 1) &mohelpouoa R =0 kal oP, — Py # 0, T6Te eibopey 6T &
Toidvupe @,(x) kai @, (x) Exowr plow TouAdyioTov kowny pilav, Btv SvavTal
Suws v Exouv dugoTépas Tas pilas kowds, BT TOTE B fiTo % =%=;’:—‘

2 t ] 2
= ayf, — Py = 0, TO émoiov elven &romo, &16T UeTédel oyP, — aufy # 0.

=

"Aviiotpogog. “Edv T Tpidwupa Exouv piov povoy kowny pilov ThY X,

TéTE ! uxxolz +Pixo +v1=0 } <> X2i= Puys — YiPy Kal X, = Y_!?L'iﬂ\f!’
Xy + BeXp + Y2 =0 oy P: — P, a,py — aufy

&€ v AapBdvopey illg:—i%:%.: 2. (Y:giz Z:El) kol P, — auf; # 0 kal &pa
(1% — ayy2)* = (euPe — 1) (Bry: — ¥viBs) =0 xad oyfy — aufy # 0. 'H xowd
alrn pila x, elvan wporypoTikn, 81671 &v fiTo wryadikh Ths wopefis k 4 Ai, TOTE
Ta& TpIGvupa B& elyov kowny pifav kel Thy ouluyf k — Al kal ouverdds B elyov
8Uo kowds pilas, omrep &Totov.

“Qote : ‘H ikaviy kai avaykaic ovvdikn, iva ta tpudvopa @,(x) kai @yx)
10y — &Y,

ey ) elvar 1

Eyouv piav Kai povny mpayponknv kowviy piav, My X, =
anakeipovoa abtdv R = 0 kai af, — asp; # 0.

Inueimorg. “AMAar 1816TnTes Tiis dmaheipovans R, Alav &fibhoyor, 84 EieTacbouv
els &GAAnY Tabw.

Mapadarypa : Ak molas Tipas Tou A al tliodoels
P(x)=2x2—x—3=0 kai ¢, =x*—(2CA=3)x +4A =0 &ouv plav kai po-
vy mpoypaTikiy kowny pilov kal va ebpedfi alrn.
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Atog: Mpémet R =0 ked quPy — Py # 0
7
“Exomev 1 &Py — Py = —2(2n—-3)—1 (=-)=—4+7+# O<=A# ¢
ﬁmuﬂm=—'l-4h+(27\—3)(—3)=—1o7\+9

s —yy =2 =1+ (=3)=8r+3
“Apx R=(BA+3)2—(—A+7D (= 1A 4 9) = 0<> 122 + TIA =27 =0, &

1 27
'F]; ?\1=T, 7\2:-"-—74*
— (82 y
‘H ot pila B ?\1——-"—;-21'}0’.! Xo = —_(K%S:{'—‘:—l
3
kol Bix Ap=— _241 elvan: Xp =75
ALKHEEIZ

336) Tola # ouvbrikn peraty Tév o kal P, va & Tprevupe @(x)=ox® +x + B kol

Pu(X)= X! + ax + P Exouv play pévov kowhy pllav, fiTis v& eUpedi.
337) *Av al todoes x* + pX 4+x=0 xkal x*+xxX + A =0 Exow plav pévov xowhy

pilav, va &mobeydi &m: (K— A)? = (ph — x¥) (x = p). \
338) A& Toias Tipas TGV M kal v T& TPIVUHX lx) =uxt—(u—1Dx—5 xa

Pa(X) = (v —2) Xt —3vx + 1 Exouv &5 avras plhas ;
339) 'Eav x, elvai fi kown pila TéV BUO TPIWIURGWY @(X)= ax® +Px + 1 kal g, (x) =

= ax' + Px + va xal R 1 &mahelpouod Twy, V& &mobeay 6

émi: R= EEI_;_—W c (%) = (ElEL:Tlg!ﬁ_l),’ - @a(%o)

340) N& dmobeiy6i 671 T& TpIOYULS g =M= Qe+ Dx+u kal 9y(x) = Aux* +
FAT— W x —A=0 #ouv xowihy pllav, ATs v& eUpedi). ;

341) Né& &modeaydii ém al thohaes x*+ax—3=0 ‘xul X 2ax +'3 =0 5&v BU-
vavTtal va Eyouv &ugoTépas TaS piles xowds. EUpaTe 5¢ TAg TIHAS TOU O, fva alran Eyouv plav

kownyv pilav.
7O TPIGNYMON (x) = ax? + 6x +y ¢ EYNEXHE SYNAPTHEIE TOY X
108. 1) BALIKAI ENNOIAI ETIL TON EYNAPTHEEQN MIAT METABAHTHE

1) Metafintai teivovoat npog 10 0, kai npog otabepdy ack

Mia petaPAnTi ToU ouvdAoy T6W TPAY HOTIKGDY &piBuddv Aéyouev @ a) OTI
Telver pos 16 0, Kal oupPoAilouer X —> 0, étav peTaPaioptvn Suvarar v yivn
kod ve pelvy kot &moAuTov TIRY HIKPOTEPX mrawTods &piBpol >0, doovdhroTe
HikpoU katd PoUAnow,
B) &T1 Teiver TTpds TO @ (BeTikdv 0 &pYNTIKOY), kol oupPoAifojiey X — o0, &tav
peTaPahopbvn, Blivaral va yivy kel va pelvn ket &mwoAuTov TiphY peycuTépa
TovTds &pidpol M >0, SgovBhTroTE HEYEAOY,
y) &7 Teivel Trpos TOV oraBepdy &pifpov o, ko oupPohilopey X — &, dTaw peTa-
Pohopévn BuvaTal 1 Slopopd X — & & ylvn kal v et kot &moAUTOV TIPtV
pikpoTépa TavTdS Apifuoy ¢>0, doovBNTroTE ikpoU kara PoUAnow.

2) Metafolol pidg qUVAPTITENS

Mia owéptnais ¥ = ¢(x) &youoa gUVOAOY dpiopol T® LS R, MyeTan
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a) abtovoa eig 1 I, &tav els SUo olacbnmoTe dvicous Tipds Ths HeTaPANTHS
X, X, Xo€Z &uTioTOYoUV Spofws &viool Tipal THis ouvapThoews.

"Hro1, dv x;< Xg <= 9(x;) <@(xy),

B) @Bivovea eig 10 I, dtav els Tés &v Adyw Tipas X,, X,€Z dvTioToixoUv dvopoiws
al dwigor Tpal Tfis ouvapThoews. "HTol, & X, < X, <> (%) > p(X,) kal

v) otabepd eig 1o I, Stav els Tas SUo dviocous Tiuds X;, X.€Z dvticToryolv ioal
Tigal Tiis ouvapTnoews. “Hrol, &v X, < X, <= (X)) = ¢(Xa).

THv gopdv petaPolrfis Ths &vw cuvapthoews Yy = ¢(x) kabopller mpo-
pavid TO onueiov ToU Adyou %—fﬂ , & &molos &v elvan BeTikds 1) ouv-
dpnois elvar adfouoa, &v dpynTikds gBivovoa kai &v loolren pg 0 # ouvdp-
ois elvan oTabepd.

‘H Evvowa tfig ouveyeiog mic euvaprijocnd.

Mia ouwvdptnots W = @(x), cpiopéin els &v olvodov £ < R, Abyetan auve-
g d1a miva nipny x, €L, &&v, ToU X TelvovTtos Trpds TO X, ) ouvdpTtnals Telver
wpds THY TNV @(X,)-

"Eav 8¢ 1) w = 9(x) elvan ouvexns Bid kdde Ty X,€Z, TOTe AbyeTon guve-
¥ns elg 10 odvolov E.

109. 1) 1) H LYNAPTHEIE ¢(x) = ax? + px + y EINAI EYNEXHE EIL TO R.

"Eotw xR pia mipd s petaPAntiis X kol @(X,) =ox* +Pxo+y
dvtioToiyos Tiph THs ouvapThoews. *Edv AdPoopev kal THY Tiphy X, 4 ¢, Smou
€>0 kol doov Béhouev pikpd ToodTng, TOTE ) dvTioToiyos T THs ouvapT-
oews 8& elvan (X, +€) = a (X, + €)* + P(X, +€) + Y. Zyxnuatilopev THv Sia-
gopdy @(Xy + &) — ¢(Xy) = Xy +€)2 + P(Xo + &) + ¥ — (x> + Pxy + ¥) =
= 2ax, £ + og? 4 Pe.

"Emre1dn) € &p1Bpos doovdrmoTe pikpds, kdbe Gpos Tou Pou pédous Exel &md-
AuTov Tiufy Soov BEAoper pikpdy kai ouverrds 1) Siagopd @ (X, +€) — @(x,) BU-
varal vé ylvn kal va pelvy kot &mdAutov Tinfv WikpoTépa TavTds dpiBuol &' >0,
SoovBfiTroTe piKpoU kaTd PoUAnow. "Apa (X, +E) — ¢ (X,). 'Eweidn 8¢, x,+¢
— X, 016T1 >0 boovdriTroTe Mikpds, EmeTan &TI ) owdpnols Y = ¢(x) elvan
ouvexns Si1d THY TiwAy X = X,. ‘H TiuR Spws x, elven Tuyoloa xal ouvetréds 1)
owdpTtnois ¢ = ¢(X) elvan guveyns 51a k&Be Tiufw x e R kel &pa ouveyhs els
T guvolov TGV TpayuaTikdy &piBudv R.

2) MecraPoht) tiig ouvvaprijoens ¢(x) = ax® + px + vy, dtav xeR
“Eotw X;, Xs€R (X, < Xy) BUo mipad Tiis peraPAnTiis X pi P(xy), pexg) ol
9 () =0 () _

Xy — Xy

durioToryor Tipal Tiis ouvapThotws. ZynuoaTilopey TOV ?\éyav

_ o Bn by —ext=Pu-y _a0n=x)+ POT=K) o 4 x) 4 P =

Xy — Xq Xy — Xg

|
Q
—_—~
Lo
+
>
L
+
p—
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A Tov BAeyyov Tou anuelou atrroU Biaxplvopey TES TEPITITAOEIS

P 4 Bl
o) 'Edv a>0 xal AaPopey X, <Xy < —5@&-, ToTE EyoUEV X1 <— 5o kal Xp € g

p ? (xl)_'_' ¢ (Xa)
=X+ X < ——ri—:»x1+xg+-2— <0 = alX+ X -{-»G—)< 0 = e <
<0 kol owemds f owdptnols ¢(x) = axt+pPx+vy ;Ivcn @Bivovoa.
‘Opofeos Buvépeda v &rroBeltuwpey, dm &va >0 kal -5 € X <Xy TéTe 1
o(x) elven abgovea.

B

“Qote, | ouvaptiolg S a ~0 gig 10 Sdornpa — oo < X<— 5 elvar gbivov-
3 Aadty dAAdooe popdw

oa xai gig 10 Sbonpo — 2%— < x < + o abifovea. Aniadi ::2
petaPoAfis kal Emeidh &md gbivouoa ylveTal attovoq, Slée)(a'rm Bi& wds Eho-
xlons Tiufs koAoupérns Ehaylotov (minimum) tfig GLVAPTNTEWS. 4

) Eav a <0, arodeukviopey O3 nporyoupéves, T 1 nnv:pzqms elg
Sdotqpa — % < X< — _2@& slvar abtovoa kai eig 10 ﬁldutqpu—-za.< X< + o
pbivovca. "Hrol & &ANGoE! popdy us-raﬁo}\ﬁf kod drreidty &rd adtouoa Yh)gl.
Tai gblvovoa, BiEpxeTal S1& wds peyloTns TTS, kahovpévrg péyrotov (maxie

m) T X). . 5
a )3)ﬂ§4&ctov /i Eadypotov tob tpraviopon (x) = ax® + fx + Y ; X
EiSopev Trponyouuévw; &T1 TO TPIGVUHOY, &v a>0, elg & oUvohov 1 pweou
tou (R) AopPdver Tipds Slepy OHEVaS 51 bvos EhayloToy, TO omolow elven :

P )= o ~ L) _%)+y=4“z;'£lxai&vu<O,EI;“récﬁvo?\ov

/
?\ "2 i g
R AcuPdver Tipds Biepyopévas B’ dvos peyloTov, 16 drrolov elvan: @ ( =) =
= 4ay=Pp4
o 4q -~ / = qx’ + X + de_
Tiy tEracw s weTaPolils TOU Tplwwuo'u ¢(x) 4 P Yﬂ =
peba VA Kképcopey kol &md THY pop@hy ToU TPIVUHOY (x) = [(x +5e )
4ay—B' ). Ora Browplvopey T& EEfis :
+4,]-Ou*rw 10Kp s ok
o) 'E:w a>0, TéTe STov x> £ T (x =] —29;) — + oo kai -rb(x+ i‘&) =

4day —P? # o 5i& x —> -+ o0. 'Ev ouveyelg, ToU X
£ AP s 4w "Apa o) > F

U P dver TI BeTikds
avfovopévou &md — eo Ew§ TOV — %, o (x + 2::) Aapp pds

P BN _
Lty SAAG EAarTToupévas OUVEXES Bix x B¢ Toov Tpds — 5=, TO (x i 2::) 0

0+ 4_°‘.Y_’._EJ= i‘%ﬂlﬂ *AxohouBws, TOU X
4a
2 » ~
ot P g TOU 40, TO (x+ 2-%) avtdvetar ouvexds &mod
2a ol § T TS 9(%) avbéveton ouvey s &md THS TIMFS

wad cumc'&sq;(—%) =d[

Tou 0 Teivov elg O + @

By_ 4oy —PB' _efyouca elg TO + -
P _ﬁ)_ 4a
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B) 'Edw a < 0, &mobBeikviopev Spoiws, &Ti, Tol X avfavoptvou &md — oo Ews
TOU — 21 , T Tn Tiis cuvapTrosws oUtdvetan ouvexds &mmo — oo Ews TTis TIpfS
4“4“ 2 kai, Tou X aviavopévou &Tro — 2% gws ToU 4 oo, f) TIUN Tiis cuvapTI-
oEws EAGTTOUTGI OUVEYGS &Tod Tijs TIMfS ‘h—nc_ﬁ Telvovoa els TO — co.

T& dvwTépw ouvoyllovrar els TOV drdAoubov Triveka :

Miva€ petaPolfis ToU Tpiovipov ¢(x) = ax®+ Px+ vy

| X = 1A - A Fo
| o v
(4ay — P [ 4
& =0 ‘ L i ™y E\éy1oTOY A g !
— 4ay — p?) [ 4« \
<0 | v RN DY g

Hopadeiypata: o) To tpicovupor @(x) = 3x® — 2x + 3 Exer fva ENdyioTov

St x =— % =— ;—i:% Bidm a=3>0, 16 émoiov elven q:(%) =
__ Sy —p (4303 (=2 (118
Y =il = 43 FEEE

B) To tpicvupov f(x) = —x* — 2x + 2 &xe fva péyioTov B x = — 2.%.= _f(ﬁg)v_

=—1,80T1 a=—1 0. ToUro elvar ¢r_yy = 3.

AIKHIEIZ

342) N& eUpeffi 1O péyiortov fi EAdyioTor Tév xdTwd ouvapthoswy :
Dea=3x-2x+4 q=x'—Tx-1, p(xX)=x*—Tx, @,x)=5x"—
1 3
2) o(x)=-x=3Kx+1, o(Xx)=3-(x—1)2 oy(x)= = e (x + 2)¢

343) N& eUpebfj f) Tipfy ToU A, Tva 16 Tprwvupor @(x)=(A— 1)x? —Ax + A Exn pé-
yioTov Tov Gpifuoy — 1.

344) Né& ebpebij f) petall Tév a kal P oyxtors, va 16 Tpidwupov (x) = — x! 4 (o + B)x
—(a—PB) &xn péyrorov Tov dpiBudy a + B.

345) A1d molav mpfy Tol X T& ywdpevov (2a —x) (2B 4+ X) yiverar péyioTov kal
Tolov 16 péyrotov Toutov (a, P € R).

FPA®IKH MAPAZTAZIZ TON ZYNAPTHZIEQN

y=o0x + B xai y =ax® +px + vy
110. "Opropds. lNoapuxi) mapdotaois 7 yemuetown 1| mapactatixy xapumdin pds
auvaptijocws ¥ = @(r) xaleirar 7 yoauurj, tijc dmolag Ta anueia Exovy TeTunué-
vag Tag Tiuas ol ovwdlov dptouoi adtijs xal Terayuévas tag dvtiotolyovs Tipag
100 owdlov TIUdY THE oCVYapTIoEws.
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1. Tpagikn rapaotacig Tijg cuvaptijceng W = ox + f, tav (x, y)eR?
*Edw x, kal X, elven SUo aaipeTol Tipal TOU X, ToTE af dvrloToiyor Tipal
THs ouvapThoews Elvon Wy = aX; + P Kal Yy =
ax, + . Koraokeudloper T& onueia Al V1) y
kel B (X, ), dvagepdyevor els & bpboydoviov L
ovoTnua &Edvev x'Ox, y'Op. “As BecopiowoEy
kal &v TplTov onueiov
M( X, Yo = aXg + P)-
"Ex TGV W, = oXy + P 5
Yy =y + B 7«-;.0;
Yo =0X + P v
81’ dopaipboews kaTd WEAT) EXOMEV !
VomWi=a(o=X) ] yemw_temh o, Yemi Yoo _ o
Yo — Yo = & (Xp — Xg) } e Rl dnd —p
Ot &pot ijs dvaoylas auriis elven al cuvTeTaypévan T SlovvopdTv MA (Xo—Xy,

Sy. 110.1

R Vo= Yo 9

Wo — yp) kad MB (X, —Xay Yo —a) Of B¢ MYol = = elvou ol ouv
TeeoTol Sieubuvoews dvmioTolyws aUTEV. )
“Apa T& SiawUopeta Exouv ouvreheaTds Bievdlvaews foous xal ouverdds

tlvan ouyypaupixd. *Hror Td onueiov M (Xo» o) KeTTan ri g EOGE{UE AB,~ETT5151‘|
Bt EAtig8n Tuydy, EmeTon &1 Traw onueiov Tiis eVBelos AB elven onpelov Tiis ypo-
PIkfls TapaoTdoews ThS ouvapTToews Y = X + B

“Qore, #) ypaguki) rapiotacs tiig v = ax + P elvar ebbele ypoppt Hl.l.t o
TeheG TV ﬁteuéﬁvczay;, tdv guvieheotiy SievBivecag TdY Savvopdrov MA, MB,
b drolog elvan @, Sux tobro kai Kahelrar | Y = X + B ypapprkn WV&P"TIUF:G-

‘H c’uué(p-n-]glg six x=0 5{6er y = ﬁ kal Bk v =0 5{Be1 x=——a-, TS

8¢ onueia I (0, P) kad A (_ % 0) glven T& onpela Toufis TS E_UGE{GS y=ox-+f
¢ Tous &kovas 'Oy kol x'0x dymioTolyews. ‘H TeTayuévn B ToU onuelou I xad
1 TeTunpévn _ P o0 A xeholvran GvmioTolXws tetaypévy Eni Ty Gpyiy xal
a
terunpuévn dri TV apyfv, GUEOTEPS! 8¢ guvtetaypévar ini iy dpyiv.
‘H ypapikl) Tap&oTacls Tis OUVGPT. Y = oX + P bux P =0, fior iis
ouvapThoEws y = ax, elvon ebfela Siepxouévn Bi& Tiis &pxfis 0 Tév &tdvwov,

S16m Brax =0 elvan kol ¢ =0 4 b b
‘H ypagiki) Tap&oTacis THs owapT. Y = ax + P, étav a =0, firor Tfig
araPepds owvapT. = P, elvan eVleia mapéAAnios Tpds Tov &tovar x'Ox, Biémi

Bi& v X elven ) T Tis  mévToTe P

Kataoxeod tiig eddeiug v = ax + B ;
Mia edBeta dpileron Bi1&x BUo pévov opelwv. T& YOpaKTNPICTIKDOTEPX TTPOPavESs,
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Bi& THY kocraokeuhy Tis eUbelas @ = ax + B, elvon T& omueia Toufis aUTiis
- Tous &fovas. "Apkel Aoitrdv va elUpwpev TAS

y ouvteTarypbvas Bl Thy dpyrv. ObTw, T& on-
peTor A(— -g-, 0) kol B (0, B) é&pkolv 81 va
ees) dploouy Thv edBelav AB, fimis elvon # ypagixi

TrapdoTacis THs ouvapTho. Y = aX + P.
" 50 . Em:. Eév # evbeia Sibpyeren ik Tiis
) % &pyfis Tév &fdvawv (y = ox), TéTE Hid ThHY
" kectaokeutyy Tns, Gpkel &v pdvov omuelov.
Iyx. 110.2

2. Tpagiki) maphotac tfig ovvapt. y = ax® + Bx + v
“ExovTes U’ Sy Tov Trivana peTaBoldis ToU Tpiwwipou ¢(x) = ax® + Bx +
+ Y, Buvdueba v TTaPOoTHTWHEY YpagIkéds THv ouvdp-maw y=oax®+ px+vy,
dvagepduevor els TO dpBoydviov cloTnua &Edveov x'0x, y'0y. OUrew Biakplvo-
uev SUo TEPITITWTEIS :
¥ F @) ’Eav a>0. ‘H ouvdpTnois S1d x = ._2%
AauBdver Ty EAayloTny Tng Ty y =

Aoyl - P
--—"ia = Stov 6¢ m<x<"‘2—‘;
MR o] 50 Eyer meblov Tiw@v TO (+ o, :‘FA) kel 8-

TV —i%<x< + 0 Eyel meblov Tiudv T

: V%y 4 = (‘4_(?'4_00).

AL R
ok Karaokeudlopev Aottrd O onpelov A
Zy. 110.3 AN 2 "
5 (w %, H)‘ Axohoubws Aappdvouev SUo
. TS X; =_§% + Exal X, = —% — b ouppeTpikds s Tpds THY Ty — i%

xad Tas dvrioTolyous Tinds W, kal y, Tiis ouvapTrioews. EixdAcws dmrobeikvio-
pev &T1 Wy = . “Apa & ompeia B(x;, ;) kal T (Xy, ) elven ouppeTpikd s
mpds THy evBelav AT, ATis kodeitan &kwv ouppetplas Tiis ypaupfis ¢ = ¢(x), |
kol oUvETréss ) ypagikh Tap&oTacts Tis ouvap. W= ax? 4+ Px + y dwoTehelTau
&md BUo TufpoaTa AMZA kol AHBE ouppetpicé ds mpods Tov &fova oupueTplos
AT. A& TV KaTaOKeUTY AoITrov ke Trpooty ylow Tiis ypouufis y = ox® o Px+y
Béov v eUpwpey Soov TO BUVTOV TEPIOOSTEPE OMHEIX TUPUETPIKA G 'mpds TdV
&fovar ouppetplas, 5161 elvan ) ypauuh xapUAn kal oUbty Tufiua abriis elvon
eUBUy pampov. ToUTo ouvdyeTal ik Tou &1, 1) elBeia y = Ax + B Tépver Ty ypau-
piv @ = oax? + Px + y el Yo Td oAU onueia, 16T TO gUoTnpa TTOU dro-
TehoUv Exel TO TOAU BUo AUoes.
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Thv kapUAny TOUTNY xohoupey napafoliy, TO onueiov A kopuety oU-
Tis kod Tov &fova AT EEova tiig mapapoliic.

Mapatnpieeg 1) Ta YOPOKTNPIOTIKWTEPS OTHET Tis KauTUANS W= ax®+

Px + y elvau : 1) kopugh aUTHS A( —2%. - f&), T& onueic Topfis Tis TapaPoltis

ut Ty &fova Téw X Z(pg 0) kai H (py, 0), &0V Py, P pilen ol Tprwvipou, kai

T6 onueiov Topfs Tis ToapaPoliis uE rov &fover Tév @ A0, ) xad TO ouppeTpr-
< p A

xov etou E (—%, y). 2) To onueiov A (—23. - 1;) kelTan, &v oyéoel Tpog

Tév &fova x'0X, kérwdev, fi Eml, fi Gveobev alrtoU, ke’ doov elven A>0,f) A =

=0, f§ A<0. Tpdypar, Biémi TOTE &vrioTolxws 8& elvan :

g o B D s D
\‘P=—"4'&<0, q)———--4—u——0,\+’ 4ﬂ>

ToUTo Sewvietan elg T& &rdrouba oXNUaTA.

axo
£<0

£x. 110.4

B) "Edv a<0. Ty ypagikhy TapaoTaoy THs ouvapThoews Y = ax? + Px+ y
Suvdpefa va KOTXOKEVAOWHEY oKeTrTOPEVOL GpOiws.
Thy tpyaciov TaUtny &ervopsy Bix ToUs pa-
Onés. y
Hapadeiypa : N yivn 1 ypagIkh Tap&oTO-
o5 THg W =x*—5x + 6
Kataoxevt): "Emaidn a = 150, 1 cwdp-mrfs
Eyel EAdy1oTov. EUploxkopey Tdg auvTeETaypéves TGV
XapaxTnpioTikidy onueiwy Tfis KAUTIUANS. Kopu-
1

on A('_Z" - —4—). Tnueia TOWTS pt oV X'0x :

I (2,0) xed B(3,0). Enueiov Topfis. uté Tov Yoy :
A (0, 6) xkai TO CUUUETPIKOY QUTOU E (5,6).

Avo ETepa GUPPETPIKG OTUEIX ! Z (1,2) xed H(4,2).
Mt t& onueia ourd Suvdpeba va xcrraa.keudcm-
HEV THY KQUTTUANY KaTd TpacEyYIoW. Ty kaTa-
okeufy TaUTny SeikvUel TO oxfiua.

(s.8)
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AZKHIEIZ

346) N& yivy f ypagikn Tapdoracis Tév K&TwHh ouvapThoewy :

w='§—x—2, w:*Z—%x. X =4y, y=ax+ 2, y=+x+p

347) Aid oias Tinds Tév A kal pal eleim w = (A-1) x+2u kat @ = —(2+A)x+5
TépvovTan els TO onueiov M (%, ?r?f),

348) Na yivn fi ypagikh TapdeTtaois Tév elfady = 2x+1, y=—x+3,
y=x-+ "3-* Ti mapaTneeite ; AikaioAoyRoaTe Thy Tapatrpnaly oas. :

349) N& yivn N ypagik Tapdaragis T& kaTcwbi oUVapPTATEWY :

Xt r
\P=—T+2x~2, q::——2—+4. y=x4x41
y=2x'+x, y=xt—x-6, y=—x+x—-2
x!
350) Awd moiav TRy ToU a TO pEylaTov TR ouvap. W = — 3 + 2% — 2a elvar &

&p1buos 1 ; "AxkohouBuws TapagTHOATE aUThY  Ypagikas.
351) Né tmiAuBolv ypagikéds T& ouoThpaTa Kol v& ebpeBolv al &p18unTixai AUoes Twy !
{w=—2x)l {\y:x’ﬁx-i-l
y=x?—2x—35, y=x"+x
352) Né kartackevaofolv ol ypogikal TapeoTdons TOU CUOPTATEWY § = X%t

3 3
+2X+ 3 kal y= -%7 4 (x _T)' *AkohouBuws v eUpeBolv al dépaten Timal Tol a, iva

A elfeic = o Téun dugoTépas TAS KAUTTUASS.
AIZKHIEIZ ENIANAAHYEQL

353) N& tmAufodv al dxdhoubor Eiodoers :
D (@ +p+yDxt+2(@+p+y)x+3=0 o, P, YeER
(@—xP—(B-x° _

) G=ayrTE—xp- P % BER.

3) (k—x)PP+ (x—A)P=(x—2A)? x, A\€R

4) (x—a+2p)" — (x — 2a + P)* = (a + B)", a.peR
x—a) x—-y) &-BE&-Y)

D E-aGon @B " RRRg LG

354) 'Eav @, P, y € R, f Bt tliowos f(x) =ax? +Px+y = 0 #yer pilov Tév myabr-
Kb W+ vi, va &mrobay8i &Ti ) &AAN pila Tis (X) = 0 elvan & piyadios p— vi.

355) Né eUpedi 1o elbos Tév pil@v Tiis Eiodoews, a, P,y €R, 3x* — 2(a+P+Yy)x +
+ap + Py +ay =0.

356) 'Edv f ttlowas f(x) =x"+ax+Pp=10 &n pilas wpayuaTikas kal dvigous,
v drobery8f 6T 1o aliTd oupBalver xal Bia Tas pilas TS fX)+A2x +a)=0%2AeR

357) Né& poobiopiadi] 16 elbos v pridv Tfis thigwoecs Bixt + (y* + P —a?) £+ y'=0,
&v a, P, y TapioToly pikn T@V TAEUpDY TUXOUTOS TPIyWUOU.

358) 'Eév x, X: elvan pilen Tisx* +ax + B =0 va oxnuaTioli tElowos P Paduol,
Eyouoa pilas Tas X,*, X, kai dkoroUbuws va eUpedi oytars peTabl Tév a kal B, iva f véa tei-
cwaoig £xn SimAfv pilav.

S
359) ’Edw X, X, €lvar pilan ToU Tpiwovipou f (x) = ax® 4 Px - y xal T R
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vér droBey 8 61 f(% + k) =f (—g- -k ), &mou k Tuyxdv mpayupaTikds &pifuds.

360) N& mpoobiopioBolv ol k kal A, fva ol pilon Tfis Eiooews Xt + kx + A = 0 elven
ol &piBuol k xal A.

361) 'Edv x,, X elven pilen Tfis 0. ax? + Pix + ¥i + A (0ux® + Bax + ¥e) =0,
va &moBerx8i &Ti Umdpxel oytors petaby TAY Pl X,, X GuebdpTnTOS ToU A kad va ebpediy
H Tiph ToU A, Hi1&x Ty émolav # Efowas Exer BITATY pifav.

362) Aisetan 1y tEiowois ax? + Px + Y = 0, Exovaa pilas X, X, N& oxnuatiodij eEi-
owats, Exovoa pilas X, + A, X: + A kal dxohoubows va poobioploBf & A, va altn elvar TS
wopgfis 1) Ax* 4 F=0 kal 2) Ax*+Bx=0.

363) N& dpiofiodv T& k kal A doTe, & Xy, X elvan al pilon Ths tho. x* +xx+ A =0,
TéTe ol dpifpol x, + 1, x, + 1 v& elvar ol pifen Tis thio. X! — X + KA = 0.

364) 'Eqv o, B, Y € Q, 1) B¢ tElowois f(x) =oax!+PBx +y= 0é&e pilav Tov dovp-
HeTpov Kk 4 4/ A, va dmobey8ij 611 f) &AAN pila Tis £ (x) =0 elvar & &alppeTpos x —/ A
“EvBa x, A€ Q kai A ufy TEAeiov TETpdywvov pnTou.

365) 'Eqv Tdv thodoewy x!+ 2ax + p=0 xal x*+2Ax +B =0 al pifar elveu
dvmioTolyws (Xy, X)) *al (% + K, Xa + k), v& Sexfj om : Al B=a®—p.

366) 'Eav al pifan x,, x; Tiis 0. ax? + Px + p =0 tlven dvdhoyor Tév dpiBudv

. n v B
4, v € N xal x,, Xy ERF: v& &modeiy8i o v: + VJ s VE =0,

367) N& eupedij # Ixavh xal &vaykala cuvlrkn peTaty TGV o, B, Y € R, iva 16 Tpre-
vupov @ (x) = ot x* 4 (e + Y —PHx + y* elvan TéAetov TETpGywavov.

368) N& d&modeixdij oM f maphoTacs («+ P)!x* + 2 (a* + P*) x + (o — B)3,
o,PeR kal a # 0, p # 0 Sovaral v& petaoynuaTioBii els Siagopdv Blo TeTpaydvwy Tpa-
YuaTikéy ToapaoTéoewy kol dkohoufs va duohuBfi elg ywduevor TapaydvTwv.

369) Né evpedoiv al Tipal o0 B, Bi1& Tas dmolas | mapdoTacis x* + (My +2) x +
+ 2y +3) (y — 1) Blvarar V' dvahuBi elg ywépevor BUo pnT&v TpayHaTIk@Y Tapayo-
vTev o [Buiwv ds mpods X xal .

370) Né& eupedii A tkavn xal dvayxaia owhkn, fva f| mapdoTaocy (ax + B)* +
+(yx+8)* elvar Téherov TeTplywvov.'Ev guvexelg va &mroBeix8ij &11, tav ol mapaoTdoes (o X+
B 4 (oux + Bu)? xal (aux 4 P 4 (aax + B,)* elvan TEAeix TeTpdywva, TOTE kal | Tapd-
artaos (ax + By)? +(eax + Ba)* elvan Téeiow TeTpdywvoy. Ol &piBuol ay, 49, Briwisi & B, v, B
UmroTiBevTan TpaypHaTikoi.

371) Na &moBexi 6m 16 f(X) =2x! —A(10x — 7) — | éxer pllas wpaypaTikas dvi-
oous \F AeR. I

372) Na Saydij &t f tilowas Q)= (x — ) (x — o) + (X — ) (x — ) + (X —ay)
(x —a,) =0 Exer pilos mpayuaTikds &vioous, o< o< o

oy + o a, + a o+ & o
373) ‘Oupolws Biax THY ;1__.__&‘3 + ;s—r_-ql"-F = 0, &v ot < af < o

374) Né& oynuamodi tiowors P Pabuol Exovoa BumAfiv pifav Thy xowhy pilav Téw

BUo Tpiwvipwy X! —ax + P xal x? —8x + a.
375) ‘Ymd molav guvdrkny T& Tprdovupe X!+ axy + Pyt kel x* -+ yxy + Byt Exow

tua kowdy Tapayovta Tp@Tou Pabuol ;
376) N& dmoberydfj om # A Tiis tho. oxt 4 Bix + ¥1 + A (0ux* + Bx + ¥a) =0

elvar TéAetov TeTpdywvoy, av al Ebio. Xt + Pix Y = 0 xal ax® + P+ y: = 0 Exouv piav
xowfv pilav. :
377) N& EmiduBolv tv R al dxdéroudol dvicwoers :
1) xt— (3a + ) x + 2a (a + P) < 0,
(tay ot :
2) (x+|3)‘<5'+x" &da>p >0
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Aepevvnais Ths o, oxt 4 Px* 4y = 0, a,B,ye R,a#0
A P i S l Pilen &miAuouoms l El8os pilédv BiTeTporydveov
+ | yuyeRY {xl,x,,x,,x‘eR.x,=—x.. X = —X,
= — | vuyieR- vy X1 Xg) Xay X3 € | i
2 y e R, yeR™ Xy, % €R, Xs X, €1 )
+ o — | vieRT, y,€R~ XuX1€R, Xa X, €1 1§
0 yeERY Wy, eR-, y1=—\y X % ER, X5 X, €1
i + W ERY ¢, =0 % Xn Xa =X =0eR i
§ — | y.eR-, 4, =0 Xp X, €L, x;, =% =0
i AI—‘;IT_ v, =y, € Rt X =%€R, xa=%x,€R
0 £ — | yi=y.eR- Xi=X€elx3=x,€l
__ui_iioii Y=y, =0 ] X=X =Xs =X, =0
— 1 [T Ty.wme-R) X1, Xar Xas Xg € (C —R)
Znp. | cuvehov Tév gavraoTtikédy, C olvehov TGV pry oBikdv.

113. METALXHMATIEMOE EIZ I'INOMENON TAPATONTON TOY AITETPArQNOY
TPIONYMOY ¢(x) = ax* + px! + 7, a# 0.

"Edw i, . elven al pilon Tiis Emuovons ay?+ Py + v, TOTE ay? + Pyty=
= aly —y) (v — o). 'Ex B Tiig x?=y <>y =x
TpoKUTITEL : axd + Px2 + ¥y = a (X2 —yy) (XE— W) = 5 3 o
a (X vy (X = v/ w) (X + V) (x—1/ye) =

= a (X = X)(x — Xa) (X = %) (X=X

*Ex TOU PETAOXTMATIOHOU TOUTOV ETTETAL, &11 Suvdpeba v eUpuopey TO Bi-
TeTpdrywvoy TpIddwupoy, dTav yvwpilwuey Tas pifas Tou.

*Emrions Suvdpeda vi AdBwpey GAAas Loppas Tou BiteTparyvoy TpILVUUOY,
T&g dmoias Si8opey dg dokrnoeis.

Mapodeiypata: 1) N& EmAvbf f Etiowais 36xt 4+ 11x2—=5=0
"Erilvoig: ‘O petaoynuaTionds x* =y 8idel v EmiAlovoay 36y + 11y—5 =0,

q 1 5
ftis Exer pilos y = - Ve=—7
Al pilat Tfis SiteTporydovou eUpioxovTan éx Tév EioWoEwY x’:%, ¢t s
1 ligs 5 V5 A
Xy =7 Xy = — 5 Kal xt=-=3, et fis Xg=1—5— Xg=—1 =~

2) N& eUpedij 7o elbos Tév piféov Tfs thio. 2x! —5x*-3=0  ~
Abowg : “Exouev 51 x* =y Thy tmidlovoaw 2¢?—5y-3 = 0, fimis 5i8er:

A=25+24=4950, P=—><0, S=3>0

*Apa 1) EmiAvouga Exer pilas TpayuaTikGs, ETepooTipovs b &moAUTws PEYaAU-
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Tepav Ty Betikny. Kal ouvettdds 1) BITETpdycovos EXEL (i Tiis BeTikfis) Buo pilas
TpayHaTIKAS AUTIBETOUS kai (kTS &punTikiis) uo pifas pavTaoTikas dvTibeTous,
" 3) N& petaoynuaTiodi gls ywopevoy TrapaydvTiv TO TPICVUHOY
p(x) = x* —ax? (@— 1) —a? o>0
Aveg : Aappdvopev Ty EmAvovoav ! — ay(a— 1) —a?, fiTis Exer pilasg
W, = oF, py = —a  ZUVETTES ol pilar ToU @(x) elvau : x2=a2 & fs X, = g,
Xy = —a Kod X, =i Vo, x,=—iVa

“Apa Exouey g(x) = x4 —ax! (a—1) = a¥= (x=a) (i+a) (x—i Vo) (x+iVa) =
= (x—0) (X + &) (¢ + )

AZKHEELL
383) Na émAvbolv al &kohoubor thiowoes ¢
1) x* + 12x2 — 64 =0, oxt —5x*—4=0
gy i 4 s 210 B e HiE i yish
gt feo 5 X1

x4 a 2
3) x? (ax* — 1) = ap* (ox? — 1), ;;—:!=—E—(x-—l)
324) Na ebpedij TO el6og Tadv pil@v ExdoTns TV tiohaewy :
1)2)&‘-5x"—7:0, 2) Hxt+ 13x* +2=0, 3) 2x* +19x2 +9=0

385) N& dvahufolv el ywouevov TEPEYOVTWY TX TRIOVUNQ :
1) ¢ (x) =x* + 13x¢ — 48, 2) ¢ (x)=36x'— 13x2 + 1, 3) g, (x)=a? P2 y3x* +
+ x¥a?—pryy) -1
386) Na oynuaTtiedi BrreTpaywvos tiowars, Eyouaa pilas
! e T g il L e L a+
1) o Butign 2) +v/3 £ 3) 5 2V 2 4 ._:_2*.i“2_5
387) Na& Bipeuvnouv al &xdhoubor Ehigwoss
) A—1)xt—4xt +A+2=0 2) W+ Dx=2@-—Dx*+3@=-1)=0
388) Na dmodeiy8ij 6T1 TO TPIGWUOY @ ()= ox'+Bx* + v, & P, v € R, ueTaoynua-
TileTan els ywdpevov §uo BeutepoPaduicv TapaydvTwy Tou X.

389) 'Eav %< 0, va &mobex8i o1 & Tprdvupov 9(x) = ax' + Bx® + y weTaoxn-
parileTar elg ywopevov Suo TpwToPaduicv mapaydvtwy kal tvos PB'/PaBuiov wapdyovtos

d TP X.
114. MELXHMATIEMOE ALITAQN TINON PIZIKON EIX AITAA

Al rapustioeig tig popefis £\/A £v/Bs érov A, BE Q*, B p| téherov te-
tphyovoy pntod Kai A > vB=>A'—B >0, kohoDvrar Simhid tetpaywvika pu-
Likd. Ta A kot B duvorol v& elvar kad pnTal TAPATTACEIS.

TolguTal TAPACTATES &mravtéuTon els Tas Aoels Tiis SiteTperycdovou Eti-
ooEws, OTAV T Srakpivovod A=pt= 4oy TS ¢miAdvovons auTiis Bév elvan

TEA€lov TETP&YWYOV PNTHS TTAPATTLIES v ouvTeEAEo TG @, P, ¥ UtroTiBeutveov
pnTév. Tpdyuar els Tas AUCES TS BiTeTporyvou EElotoEws
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Xjigi= o V:%E, Xay =+ v_ﬂ—z;—‘/-é, ¢av Béowpev — 2% = A xal jl’ =B

EXOMEY Xy, 303 4 = £V/A + /8-

Al Suokorlal, Tds dmolag Snuioupyolv T& BimAd pilikd, aipovtar els dopt-
opévas TEPITTTCOES S1& TOU METQOXTUATIONOU albTdv els &AL

Tpds TouTors, [nToluey 8Uo pnToUs BeTikous &piBpous X xal y ToloUTous,
@oTe 1 /A £1/B8 =1V/X £+ 1/, & Td émoiwy & els ToudyioTov v& elvar ph
TEAEIOV TETPSywvov prToU.

To SimrhoUv onueiov BikaloAoyeitan g EEfs :

“Exouev & THs /A +1/B =X + 1/, B’ Gpdoews els 1o TeTpbywvov,
A4y/B=x+y+ 2\/x—\p' *Emaidh/B ki 4/xy &ppnror kal A ol X 4y pn-
Tol, Emeron (§ 63)

A=x+y } » et ! = - =
VB =27y =A—yB=x+y—-21xy > A-y/B=(vx—/)
= VA—YE =| Vi 4l

“Qore Eyouev 81" dpugpoTépas Tds 'rrspm"rcocag XxX+y=A B=2 \/x\p,
Ax+y=A d&xy=BAx+y=A xy= —4-, al émolal oynuaTilouv THv Eti-
cwow w!— Aw + —‘}: 0 ué pilas ToUs &piBuols x kal . Al pilan alriis Tiis
thiooews elvan @
X=A+\/2§;B' =P \/A'

. B va elvon 8¢ of x xked y pnTol, wpé-
m A* — B=T%, (FeQ), 80w x= AT1T1 (A

Il
2

*Avaotpopns. ‘Edv X, yeQt kal x = 2 +2l A B = _2| I'_l' TOTE :
X ) T e Ik AT_TE
WX+ V) =x+y+ 2q/xq.l=—J L+ A 2_|_’i2v_4_=

=A + \/B .
Ofev |vVXxd+ vyl = VAryB
*Apa: Awd va dndpyovv prrol Betikol apiBpoi X kaiy, pé Eva tovldyiotov

i téheloy tetplymvoy pntod, toodtol, Gotey/A + /B = \/f + 1/, npéner
xai dpxel va elvar A, BEQ+ A* — B = I'?, (I'eQ).
‘O petaoynuaTiopds TéTe Tou SimmAou pifikoU

elvou Buvards kad yiveren [ KTl =
Pdoer Tol TUTOU l{i\/ﬁ:tvs::i: (v v 'L'_)
Mopadeiypata: N& petaoynuatiody ékaoTtov Tdv dxoloUBwv BimAdv pi-

[kdw elg &N : /3 +2+/2 , \V2a + 24/ - P*.
Abowg : ) 'E'n’ilaﬁ \/3 T2v2 = 1/3+y8 ka 3 —8=1=1%, Eoue

viteyi=V2E + VEL —v2+ vT=vi+1
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B) "Exopev 1/2a +2Va—p* + Vo2& + Vi@ = py xal émadh A =2q,
B4 (ot — P9, breras A1 —B=dal — &of — PY mmdPt s [ 50BN
o e Sy = hiihohe
V2a+ 2Va-pr= 2_‘1::_-%-_2_@ + vziz—g—\/a+ B+ \/ct—-—ﬂ. Yrebtoapey
a > p>0.
ALKHZIEIZ

390) N« petaoxnuaiofoly s &TA& pilik& al dxéhoubor TapacTaoels :

1y V7sVE VE-VD, Vot avs Via-2v13,

2) \/c:+2 Va-1, Vet +3-2aV3, \/a+p—y—2\/(a—y)a

3 VIT—2 V30 + VI-2 VI, Vs+8Vizavs +
+ V3+sx/7—4\/_3'

391) Né& evpebf] i Tiud) toli A, Tva A maphoTaos, Fx>4, y= \/x +AVx—4
BivaTal v& Tpad els &TAR prlikc, .

392) Né& &modexdf &7t 1 mapdoTaos Y Vi +3VE=6-Vx—3VEX -9
lootran wt VI (@x—0), & 45 € x <9 xal el dvet&pTnTos ToU X, &v x >9.

ANTIZETPO®O! EZIZQIEIZ »
115. ‘Opropés. *Etlowas 76 ¢ (x) = 0 xaleirar dvtlorgogog, dvav, Exovoa ¢
. \ el
oltav tov dibudy ¢ # 1, &y dg TowasTyy xal ToV dpibuoy iy (e# 0).

Baoer ToU Tebévros dpiouol, ula dvrioTopos dtiowais Btv peTaPdAieTan,
& 1
v dvrl ToU x Tebff TO — (x #0).
My # dlowos ox® + Px* + Px + a =0 elvan dvtioTpogos 3ou Paduol, BioTi
&v vl ToU x Tedij elg aUThY -;l‘- eUplokopev:
o« o+ P t ﬁ-%+d=0¢ﬂ+ﬂX+ﬁX'+qx3=0, fimis elvan ) oUmh
X x¥
Ty ax® + pxt + px +a=0.

' AroBeikvUeTan &T1 i "Avaykaia xai ixavi] oovlixn, Iva 1 EElowong ¢(x)=
=0 elva dvriotpogos, elvar ol guviereatal thv Spov adriig, ol lodkig 1@y &-
xpov dnbyovtes, va elvar Toon §j dvribeton

Elsixdrepov, taw fi dvTioTpogos orepiiTar Té@v pildv 4 1, elven &priou
Poduol kad of ouvTeAeoTal TV Spav VTS, ol lodkis T6v xpuwv drréyovTes,

elven Toou.
Tuppdves Tpds TX dverépw ol dvtioTpogor thiohoes P Ews ol € Pod-
poU elven :

(*) "H bwoua 75 dvriorpbyov EElabasng dpelreras elg vov De Moivre (1667—1754).
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ax?+Px+a=0 axd +pPx*+Px+a=0

axt + Px* - yx*+Bx +a=0 ax® +pPx:—px—a=0
ox? + Bx? + Px +a =0 ax® + P+ yx* + yx2+ Px +a=0
oax! 4+ Px* —Px —a=0 ax® 4 Px! + yx*—yxt—pPx—a=0

‘H Alos Tév dvTioTpdpwy Eliodaewy 3ov, 4ou kal Sou Pofuol SuvaTal
v yéver va duayBij els Thy Aow BeuTepoPabduiou Etiodoews

116. EIMMIAYZIZ ANTIZETPOOON EEIZQIEON

1. 'Ernilvowg avuistpogov éirohoenv 3ov kai dov fabpod pé Ellrecinovra
tov pecaiov Opov.

To mpidTov wéNos TAV Ehicmoewy aUTdY peTacynuaTileTar eUkoAws els
YIVOUEVOV TTOpX Y SUTV.

a) ‘H avtiotpogog ax® + x>+ Pfx + a=0 (o, P e R)

"Eyouev : axd +Px24+Px+a=0 ca(x+ 1) +Bxx+ 1) =0«
o (X4 D [ax? + (p—c)x +a] =0, fimis elvan igodivapos Tpds To (elyos
TG 1o, X + 1 = 0 kai ax? + (B—a)x + a =0, &€ ol Exopev x = — 1 kad &AACS
8Uo pilas dvmioTpdpous ik Tis dwTioTpépou Ellowoews ax® 4+ (B—)x + a=0

B) ‘H dvtigtpogog ax® + px* — fx —a =0 (¢, BR)

Kat' duéhoyov Tpdmov Exopev (x — 1) [ax®+ (a0 + P)x + a] =10, fims
BiBet : x = | ki &AAas Buo pilas &vTioTPOPOUS.

v) ‘H éavtiotpogog ax! + px* — px —a = o (g, peR)

“Exouev : ax! + BxI —Px —a=0<>a (X' = 1) +Px (x* = 1) =0 <
<> (x? = 1) [ax*4-Bx + a ] =0, Aimis iooBuvapel Tpds T feuyos Tév thio. x*—1 =0
kel ax? + Bx+a = 0, ¢ ol fxopev x = -+ | xai Suo &AAas pilas dvTioTpogoUs.

Enp. ‘H &vrioTpogos ax? + Px® + Bx + a =0 Aletan, Smws | wAfpns
dou Pabuol ax! + Px? + yx* + Px + a =0 kaTwTipw.

2. ’Eriivoig avriotpogov £te. 4ov kai Sov fabpod.

a) ‘H avtiotpogog ax* + px* + yx® + px + a = 0 (a,p,yeR)

Aicipolpey dppdTepa Ta peAn Sia x?, (x # 0), 6moTe Exopev axt + Px?® +
+yx?+Px+a=0<=ax*+px + v+ % -+ f; =0« « (x'—’-{-—x!;) ==
+ B(x -4 —i—-) + y = 0. ’ExTehoUpev TOV UETAOXTMATIONOV X + —3(— = w, 61¢

x* + syl (x - —i—)2 - 2x orctiard 2, kol 8 &vTikaTaoTdoEws AauPavo-
x?! % X

pev o (w? —2) 4+ Pw + y = 0 <> aw? + Pw + y — 2a =0, fimis keeitar émio-
ovaa THs Sobeiong Efiodoews kal Exel v yivel BUo pilas wy, w,. ‘Emravepyduevor

glg TOV HETGQOXTMOTIONOV X + —i— = w, hauPavopev Tds Ebiowoels @ X +—:—= @,
kal X + »3? =, f X! —wx+ 1 =0 kel x*—wx + 1 =0, ol éwolan &idouv
tv ytver dva Suo pilas, kal Tuvedds 1 &vtioTpogos dou Pabuou Exer bv yéver
4 pifos.
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Té elos Téw 4 TouTwy pildv ttapTaTa tx ToU eiBous TV piIlév w,, w, TS
¢mihuoUons kol dkohoUBus £k TS Siokpovans A= w,* —4kal A, = w,* — 4
i Hiodosov xXP—wX+ 1 =0 xod X2 —ox+1= 0 dvtioTolyws.

Mopaderypa : N& EmAvly 1 thiowols 6x* —35x% 4 62x2—35x 4+ 6=0
*Eridvoig ¢ AlcipoUpey B1& x? kai AapPdvoper BiaBox ks 6x4 — 35x3% 4 62x2 —

e & ol 5 \
_35x+6:0<:-6(x~—,——x;)—35 (x-rux—)+62=0, fiis Six x 4 % = w
= X+ % = ?—2 ylveta @ 6w —35w + 50 =0, ¢ fis Exopey w;, = ,132
kel o, = % OUTws Exouey Tas ELIOCTEIS

3x? — 10x + 3 =0, & fig Exomev X = 3 kol X;= %
I2x2—5x +2=0, & fis ExoMev Xs = 2 Kadi x4=%
B) 'H avriotpopog ox® + pxt + ¢ +Ppx +a=0 (o,B,yeR)
“Exomev :  ox® + Bx* + yx? 4 yxE + Px + a = 0
a (x® + 1) + Px(x* + D+yx*(x+1)=0<
et l)[u(x4—x'~‘+x‘=-—x+ 1) +Bx(x*—x+1) + yx*] =0, finis elvan loo-
Suvapos Trpds TO JeUyos X + 1=0, ax* + (B — )x* + (a— B +y)x® + (B—Ox+
+a=0. ‘H wpwrn 5lder X =— 1. *H 8eurepn elvan dvtioTpopos 4ou Pabuol
kol BTIAVETGL (o5 TTPOT]YOUMEVAS.
y) 'H avtictpopog ax’ + pxt + 1x* —yx*—fx —a =0 (a,p,yeR)
Kat dudhoyov TpoTov EXOHEV 6 [eUyos TGV Eliohoewy:
x—1=0,¢fs x=1 kal
ayxt + (a+ B)x*+ (@ + B+ y)xt+(a+ B)x + a=0, fims wéAw elven &vti-
oTpogos 4ov Bedpou.
Fevikai rapatnpioeg. 1) Al durioTpogor Eiowaoels dvwTépou ToU Sou
Pabuol Siv SuvavTal &v yiver va emiAuBoly 81" dvarywy s Teov els SeuTepoPabuious

thiowoEls. .
2) ‘0 HETQOYTHOTIOHOS X + —= = @ UmroPiPdder fv yéver TOv Pabuoy wds

dvrioTpodgoy ELITWIEWS &priou Paduo els TO fHuiov.
ALKHEIEIZ

393) Na& #miubolv ol dxohovlor Ehiooeis © 4 "
Xi— ot g xs sl

XX —4xt4x+1=0

1) 3x? 4 13x* + 13x +3 =0,

2) x4 —6x* +6x—1 =0,
3) 2%t —5x* + Txt = 5x +2=0,
4) x° —4x* + 3x* + Ixi—4x +1=0, 2x5 —3x' —5x* + 5x*+3x—2=0
L b b W S Tl I
N = oy, T4t T WX el T
al dxdhouBor thiowotis (uh dvrioTpogon) :
2xt —25x + 6 =10, 2) x¢+2x+2x*+1=0
i 16k 5=0, 4 {420+ 3xt+4x+4=0
néf f x4 A+ A+ 1 =0 (AeR). 189

394) N& EmAuBolv
1) 6x* + 25x* + l
3) 5x¢ — 16x* + 2x

395) N& EmAvli kal Biepewv
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AIONYMOI KAl TPIQNYMOI EZIZQZEIE

117. AIQNYMOI EZIZOIEIE,
‘Opropic. Kateitar dudvopog éElowats, s mpds dyvwarov 1oy X, ndoa &l
cwas Tijg poppijc AX* + Bx* =0, énov A xai B mgaypavixol dofuol 7] mpa-
yuatixal napaardoets uy) nepiéyovoar Tov dyvwartov xal x, AEN.
Al Eodoes: x*4+8=0, x*—81 =0, 27x1—64x=0,
2x% — 3x2 = 0 elven Siovupon.
*Erilvorg tiig 810, Ax® + Bx* = 0 (A 5= 0 xad k > AeN).
*Exouev: Ax* 4+ Bx* =0« Ax* (x‘ 4 —-) =0<=x* (x*—1+ A—) =0,
B
T
= X

I
o

Amis elvan loodivapos Tpds 16 [elyos Tdv thiowoewy x* =0, x<—* +

D
~

*Ex THig potns x* =0 #youev A pifas foas mwpds 0, (X=X, =
Efvan BnAabty 10 0 pila A PoaBuol mroAAamAdTnTos.
*H Beutépa ttigwas, ddw Btowper k — A = veN kai — -%- = @, ypageTal : X¥ = a.
Avoxplvopey Tds EEfis TepiTrTadoEs ¢
«) 'Edw v &prios, TéTe Exer BUo pilas mpoypaTikds dvibéTous, Stav a>0 kad
oUBeplav TparypaTikfy, dtov a<0
P) 'E&v v mepitTds, TéTE Exer TévToTe piow pévny mperypaTikiy pifav, Betixiy
udv dtaw a>0, &pvnTiki & dtav a<0
Al Uméhorror pilon elvan kabBapal wyadikal, Ty elpeow Tév dmolwy B&
terdowpey elg &AAnY T&Ew, "Ev ToUTois kal fuels Suvdpeba v edpwper T ko-
Bapds pryabikds pilas, dtav & v AGPn Mikpds Tipds.
Mapadelypara: N& &mduvbolv ol tiodoes :
)x24+1=0, 2)x¢+16=0, 3) x*—1=0, 4) x*-5x2=0
‘Eridvoig: 1) “Exopev: x*+ 1=0<=x+ 1) (x*—x+ 1) =0, fimig &l-
vai looBuvaos mpos T leuyos x+1 = 0 kol x? —x + 1 =0, € ol Exouev x,=—1
Kol Xy = -21- +1 \_/23_, Xy = %_l\/3
2) "Exouev: x4 4 16=0<>x*+ 16 + 8x* — 8x2=0<=(x* + 4)* — (24/2 x)*=0
<> (X' 4 24/2x + 4) (x* — 2¢/2x + 4) = 0, fimis elvan looBlvapos mpds 1o TeU-
yos X! +24/7 x + 4 =0 xai Xx*— 24/2 x+4 =0, & oU Eopev Tas pilas
Xy1) Xgy Xgy X
3) THv tllowow x® —1 =0 Suvdpeda va EmAUowpey, EmAUovTes piov & TGOV
looBuvduwy Tns :
o (x4 1) (x¥*=1)=0, fmis 5iBer :x34+1=0, x2-1=0
B (x*—D(x*+x2+1)=0, fimis 86t : x* —1 =0, x*4+x*4+1=0
Y)(x=1) (x5 4+ x4+ x2+ x*+ x + 1) =0, A5 6ider Tds Ehiodorig x — 1 =0,
x‘+x‘+x’+x’+x+ 1 =0 (dvrioTpogos)
4) "Exopev : x® —5x?* =0<>x* (x* — 5) = 0, fimis elvon loobuvapos Tpods TO [eU-
yos x'=10 xcl x3—5=0. 'Ex s x? = 0 Eyopev x, = x, = 0. 'H Beurépa ypa-
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3 3 3
peTon X4 — (\3/5")3 =0<>(x—/5) (X*+/5x +/25) = 0, fiis looBuvetuel Tpds
3

3 . B o 3l
6 Lelryos Tév tiowo. x —/5 =0, x* +4/5% +4/25 =0, t& ol Exopev X; =4/5,
3

Xy = \/TS(—l+i\/3), x3=75(—1—i\/3)

118. TPINNYMOI EZIZQEEIE

oPIzMOE. Kaleiral Touavvpos dtlowaig, d¢ mpds &va dyvwartov, ndoa &l
swois Tiic poppiic Az + Bx*+ It =0, dnov 4, B, I mpaypatixol dpifuol 1)
npaypuatizal mapacTdoeg u) mepiéxovoal v dyvwarov xal x, 4, u €N,

"Evraufa évBiapépel HOVOV f meplmrrwos, ka®’ fiv Eopey k—A = A—1,
Stav elval k>A>H, Bi1oTI TOTE 1) grrihuols Tiis AkK 4 Bx* + Mx* =0 dvdyetan
els Ty Erivow T EiohoEws Ax¥ + BxY + =0, veN.

"Enidvoig: 'EQvk —A=A—p=V= A=u+ v, K= u+ 2v, omwdTe: Ax¢i4
+ Bx## 4 xt = 0 <>x* (AX¥ + Bx'+ M =0, #Hms elvanr {ooblvopos Trpos
& leiyos x# =0, Ax*+Bx'+I=0. ‘H x* =0 58e1 X, = Xy = ...=X,=0
fitor Exer to pndtv pilow puooTou Paduol TONAGTTASTNTOS.

Eis v Ax® +Bx*+T=0, By EKTEAEOWUEY TOV  UETAOYNUATIONOY
XY =\, AcuPdvouey Ay? + By + =0, fims koAeltan Emidbovea Tis éEwc..b-
oews Kal Exel &v yéver Buo AVoELs Wy Kol Y. *Emravepydpevor elg TOV peTaoyNUaTI-
oudy XY = y, Aappévouey T&g Srowipous EEIoQaTEs XY = W,y kal X¥ =

To elbos Tév pif@dv Tis TRIWVIUHOY Ax® + BxY + [ = 0 taptdTan & TOU
eibous Té@v pilév TS tmilvouans aUTHS.

Mapaderypa : N& braueq # dtlowos X1 — 26x7 — 27x4 = 0
*Enidvarg: “Exomev 10—7=7— 4, &pa 1 Etlowois ypdgeTan : x4 (X* — 26x® —
—27) =0, A7 elvat looBuvapos Tpos TO feuyos TaY x4 =0, (X =Xy =Xs=
xy=0) xal X0~ 26x% — 27 = 0, fiTis Bix x? =  BiBe1 THv EmAbouoa W — 26y —
—27=0, 7ijs émolas ol pifon elvar Yy = 27, y, = — 1. Zuvemds Exouev Tpds Emri-
Aucty Tds BlwvUpovs thiowoEs ¢

3 3i4/3
8= 27 <> (x—3) (K +3x+9) =0 Pilw x;=3, Xo;=—F & ‘é
1 B
K= —les(x+1) x—x+1)=0. Pifm Xg=-1, "°'m=7iiz—
AZKHIEIZ
396) N& tmiduBolv al dxdhoubor EE1oWOES
Nx-8=0, 8x* +27=0, 64x* —x* =0, X5 —Blx =0
2) x*—32=0, x# — 256 =0, X® 4= 729 =0, xM—1=0
PN x4 1=0 x*+1=0 3xT—2x¢ =0, X=x'+xt=1=0
397) N& dmAubolv al &xbdroubor thiowaEs ¢
13 x*—5x'—24 =0, xb —80x¢—81 =0, x4+ 31x*-32=0
3
2) x1 —33x" + 32 =0, (x—1)=9(x—=1)+8=0 o+ 5=
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EZIZNIEIZ ME PIZIKA AEYTEPAZ KAl ANQTEPAZ TAZEQZL

119, OPIEMOE. Kaleirar étloworg pé oliea 7 doonrog EElowas, ds mpds éva
dyvoaroy, ndoa éklowas viis dnolag T &v Tovddyiovoy pélog elvar dppnrog ddye-
Bove) mapdotacis ds mpds Tov dyvwatov. Al AUoEls Wds &ppniTou tlichoews
Btov v& dvijkouv els TO Tebiov dpiopol GAwy TGV &ppriTeov TapaoTAoEWY THS
Eiohoews. Els T& Emdpeva g mediov dpiopoU 8 AauPdveto ékeivo, TO dmroiov B
kaBioTd TpaypaTikds T&s TapaoTéoels Tis Eiowosws fTol, 1 triAvois Tév &p-
priTey liotoewy B yiveton & 1@ ouvdiw R.

Katd Thv émiAvow wds dppritou Efiocioews Embidkouey TNy dvaywyty
alriis els prThv Etiowow, fiTis Btv elven &v yéver looBlvapos Tiis dppriTou Etiod-
oews. Tlpds ToUTo, Béov v Exwpey Ut’ Syel Tas droAouBous TpoTdaEls :

1) ’Edv t& péAn wés Eiodaoews @ (x) = 9; (x) bycdowpey els dpriaw 5U-
vauw, f| mpokutrTovoa tlowois Exer pifas Tas mporypaTikds pilas TS dpxi-
kfis kal Tas TpayuoTikds pilas Ths @y (X) = — @ (X).

2) ’Edv T& péAn wds diohoews @ (X) = ¢; (X) Uyoowpey els meprTTIY
SUvauw, # TrpokUTTTousa Elowals Exel Tporynamixds pifas uévov Tas Trporypa-
TikGs pilas Ths dpykfs.

Al mpotdotls alral uds Umoypecvouy, &Tws, HeTd Thy elpeow TEY pIldy
Tiis EEiodoews, els Ay &ydusba kardmw SiaBoyikéy Uydaewy Bi” EEdAepv TGV
pilixés, ylvetan EmoAffevas f), Smep kal TO ueBodikdytepov, ylveran EAeyxos,
tav al pifen ikavorroiouv Tous TebevTas mreplopiopols, ol dtoiol Eacpoiilouv
1O dpdonuov TRV ueA&Y Tiis Elioworws kol kafioTolv Tds TapaoTacEs aUTS
TPy HATIKAS.

120. ESILQIEIL ME PIZIKA AEYTEPAL TAEEQL

a) Tiig popeits (1)1/A(x) = B(x), &v R, (A(x), B(x)€Q).

Mpémer v& elvan A(X) > 0 = 4/A(x) 2 0. "Apa B v& Umdpyn Avors,
mrpbmel B(x) > 0, &émée B’ Uypoews els TO TeTpérywvov T peAGV AauPavo-
bev (2) A() =[B () JF<+[B(x) = (vA()) =0, fims elvan loobivapos
mpds T [eUyos B(x) = 1/A(X) kai B (x) =—+/A(). "Apa Bi& va EmAlow-
pev Ty (1) &prel v dmAvowuey Ty (2) kal ék TV Aboewy v& drorAeioBolv
Ekelvan, al dmroion Stv Ikavotrololv Tov Tepiopiopdv B (x) > 0. Tlpogavdys dro-
Kelovton al Avosis Tiis B(x) = — /A (x), 61671 xabioTolv 1o B(x) < Q. ‘Ex
Tév dveotépw auvdyopsy 8T 1 lowois (1) kal To olomnua B(x) > 0, A(X) =
=[B (x) ]* &ow T&s aUTds Augels. 1

Mapaderypa. N& ¢mAvlf & R 1) Elowors 2X — 3 =4/X2 —2x + 6

Enidvaig. To Umdppilov, o Exov pilas kabapas wyabikas elvar povipcos
BeTikdv. Tpérer v Exeopey Aorov 2x — 3>0 <= x>-—3— (Trepropiopds). “YyolUvTes

T& pén THs o els TO TeTpdywvov AcuPdvopev:
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- ) )
(2x — 3)* = x2 — 2x + 6 <=>3x"— 10x+3=0, 8 ol X, =3, X, =— '"H AU-
o Xt = ~;— &mroxheleTan, G5 uf TAnpoUoa TOV TIEPIOPITHOV.
B) T nopefis (1) V/AX) +1/B(x) =T(x), v R.
Al A, B, T pntal ouvapTrigels ToU X. ‘
TMpémer va elvan A >0, B >0, T 2 0.“YouvTes els TO TeTpdrywvov Aaupdvopey:
ALB2 \/ﬁz [t 2 \/EB-= re—A—B (2) dxodolBuws mpemel [ —
—A — B3> 0 kal 8 (ydoews ik veou 6y peAGY TS (2) els TO TeTpdrywvov AapuPd-
vopey ThHY pnThy Eioway 4AB = (M — A —B)? (3). 'Ex T@v wpcxyu’crnxmv A=
cewv THs 3 Soai TANPOUV TOUS mepiopiopols A > 0, B > 0, r»>o,r—-A-B>
0, AU Tfis (1).
. i‘{’“;xé::;'SA 'ﬂ) (() :cd B > 0 elven &AnBeis £p’ Soov elvar dAnfels ol &AAau.
Mpdyuety, f (3) yphperal : AAB=T4—2M(A+B)+ (A+B)<>T (A—
—B)2=2r*(A+B) Td o péhos Tiis lodTnTos abris elvan pf dpvnTikdy. "Apa
kal O B phos TPETE! vé elvan pfy dpynikéy. “Hron 21 (A+B) > 0,8 fsA+ B>
>0. *Ereih) 8¢, & Tis (3) Emetan 6T AB 20, &pax A >0 «kai B 20.
*Ex tév dveTépw guvdyopey OTi #| towois (1) kel 10 cUoTnHa
r=0 :
L S Eyouv TAs auTds AUCES
4AB=(M—-A-— B)?
Mapaderypa : N& mAudi & R f o VX—8+Vx—5=3.
*Eniivong: TTpémer X — 8>0, x —5>0, & dv x>8, x>5. ‘YyolvTes el 1O
TeTpdyovoy  AauPavopey @ X — 84+x—54+2Vx-8)(x-5 =9 <=
« VE-8 x-5=11-x &xohouBws mptmel 11 —x 20 <= x <11
kol 81 Uyoews &K véou elg TO TETPAYwVOV AcuBdvoper Ty pnThv Eticwoty
(x—8) (x—5) = (11—-X)* +=+ ox =81 f§ x =9. Ol mepiopiopol ouvehnBelouy
51 8B<x < 11. "Apa f) Aais x = 9 lvar Aais s BoBelong thiodoews.
1) Tiis nopofic (1) VAR + VB = VI, tv R (A,B,T€Q).
A& TS PNTAS ouvapTHoEs ToU X, A(x), B(x) kal ['(x) Bioxpivouey Tdg EEfs
TIEPITITGITELS ‘
1) Eav A>0, B>0, [ 20, e B’ Uyddoecos els TO TeTpaycovoy 1 (1) ypd-
petar A+ B+ 2vVAB=T <= 24/AB =T — (A + B). 'AxoAcubuws tdv [ —
— (A + B) >0, ToTE UyoUVTES ik viou els TO TeTpdywvov, Exouev THy pnThy &Ei-
owow 4AB=[C-(A+B)]* @ ; Uit ‘
’Ex Téwv 'r'rpc!yuaTlKGSV Avoewov Ths (2), doan TANPOUY ToUs TIEPIOPIOHOUS
A>0 B>0 I>0x«al M—=(A+ B) > 0, elvar Avoeis Tiis ehio. (1)
b ! A>0, B>0, I>0
“Apa al AUgeis TOU UOTHHA~ zl | r—(A+B)>0
Tos elvan kol AUoels TiiS )} 4AB = [ —(A+B) ]

2) *Edw A<0, B<0, [<0, Tére =A>0, =B =0, =[>0, &k dtlowois (1)
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ypageTar 1V =A(x) +1V—=B(x) =1 V-T({x) <= -A+V-B=v-T (3)
YYyouvtes T pEAn Thg (3) el TO TeTpaywvov Exouev —A - B 2 VAB =—T
> 2VAB=A + BT ‘AxohouBws tav A + B —T>0, T1éTe Uyolvres &k
véou els TO TeTpdywvov, éxopev TRV prThHy Elicwow 4AB = (A +B-I)* 1§
4AB=[TT—(A+B)]* (4.

‘Ek T&v TpaypaTikédy AUcewv TRs (4), doal mAnpoUv Tous TEplopiguoUs
A<0, B<0, <0 xai A+ B —T>0, elven AUoeis Tiis o, (1). '
A<l Bl T=<0

: A+B-— 0
elvan kol Avoes Tis thio. (1) : E4AB _Tr“_(l;\i_ B) ]t

“Apa al AUoels Tou gUCTHLATOS

*Ex Tév dvertépw ouvaleton 6T 1) dtiowois (1) Exer év R Tas Augels Tou ov-
orhuaTtos I, kai Tas AUcels ToU ovoThucros X, kai uévov autds, 81T SARal
mepirradces 81& T A, B, I elvan dBveton.

Mapaderypa : N& EmAudfy év R 1 ttlowaisy/ x—8+ vV x=5 =4/ 3x=21
*Enilueig : Zuppaves Tpos Ta dvwTépw al AUoeis Tfis Sobelong ttiowoews TTapé-
¥ovtal &mo TO oUoTNua

x—820 x—-520,3x=2120,3x—-2l —-(x-8+x-=5)20 o)
{ 4(x—8)(x=5=[3x—-21—-(x-8+x—-5)
kal &mo -n‘a[ x —-8<0,x—5<0, 3x—21<0, x—8+x—-5—-3x-21)>0 @
4(x-8) (x-5=[3x—-21—-(x—8+x—=5) ]
’EmriAugis Tou ouoTthuaros (1) :
Exowev x 28, x 25, x217,x28

‘H t{owols ToU oUoTHUATOS PETG TNV ékTeéAeow TV Trpdlewy yivetal :
x¥—=12x 4-32=0, ¥ fis x, =8xal X, =4
Al AUoeis ToU ouaThpaTtos AauPavovTal ék Tou dxoroufou Trivakos
X |x—8 x—-5!3x—21 =21 =0C=BF ¥ —9) x?—12x + 32

oUoTNHa

Augeis Tou
OUOTHHATOS

- - - - t

4 — = a —

0

o [ -
] o) e Iy — =l

8 0 - 0 0 =5

+

‘ + t 1
feuds J

EmriAugis ToU ouoTthpatos (2) :
Emebhx—8 +x—-5—-(3x—-21)>0<-3x -2l —(x -8 +x - 5)<0, al

0 = -
4
t

Al
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aAAQl BE dwiooTrTes Kot T eticwois elval ai adTal, Suvapetia €k TOU QUWTEPW
Trivaxos va AdPoopey Tas AUoEls TOU OUOTHUATOS (2). OUTw ai AUgels ToU ouaTi-
paros (2) elvan @ x = 4

‘Etropéves ol Avoeis Tris Bobelons ¢hicwgews slvar x; =8, x, = 4 kal po-
vov auTal.

3) Mepintooic YEVIKY

*Edw 7 Elowals Exn TEploooTEpa TRV SUO pilikav Pos Takews, ToTE il T
Paoer mepropiouddy, &’ dAReTTaAAAWY Uyoewy el TO TeETpdywvov, Aaupavo-
pev pryThp Elowow, f omoia & mepiéXT Shas Tas Aucels Tis dpxikiis kal dAAas
&xoun, EvBeyopévess, «f OTroic Btov va &rokheiofBoly, G5 pr TAnpoUcal ToUs
TIEPIOPITHOUS.

121. ESIZQEEIL ME PIZIKA ANQTEPAEX THY Bag TAZEQX

Al #hiomoes pt plika duetépas TS Pag Tatews Tapovcialouy ToikiAiav
wop@dv. Aty UTTEPXE! B¢ Eviaios TpOTOg EmiAUcEws. ZuvnBuws dxoloulelTan 1 wé-
80Bos THs UWWaELWS TV LEAGY TS &pphTov EicwoEws elg kaTdAAT Aoy Suva,
oTE 1| TMPOKUTTTOUOX tigwalg va TEpPIEYT OMydTEpa PiliKa.

3

Mapodeiypata : a) N emiAuBT &v R 7 Eio. /X3 F 9xE=3 +x
"Enidvaig : “YyolvTes elg TOV kUPov T& pEAT THs Sobeions éfiocoecs AauPévopey:
%3 4 Ox? = (3 + X)? <> x3 4 9x? = 27 + 27x + 9x* + X’ = x=—1, frig elvar AU-
o5 Tiis Sobelons thiowoews. .

B) Ne& emAvli v R 1 étlowois v/ 8 i 1 =2x,

Enidvoig: “YipolvTes els TV TetdpTny Sdvapw T& WéAn Thg EElowoews AauPa-
vouen : Bl = Thxt < 16x8 — Bxtotl=0, Amsiakxe pilos X=Xy =
Xp = X4 =" _:12_ Emaisn 68 mpémel 2Xx & 0<x 2 0, &pa f| Avois X =—%

Beov v GrrokAeloBT. ;

3 3
y) N& émAusi) fi étlowois VA+V B+V =0, omou A, B, T pnrai ouvap-
THoES TOU dyvwoTou X
*Enitvotg : Efs TO KeQOAQIOV «TQUTOTNTES? tuddopey OTL :
Yo, B yeR:a+p+ y=0Va=p=y<>oa + P34 y! = 3aPy

3\ 3 g Ky B
"Apa i Tiis Bobeions tmeren #y (v &) + (VB) +(y/T) =3y/ABT <A +

B+ I = 3\3/ ABI kal 81’ Uywaoews els Tov kUPov 0 (A + B + MN? = 27ABI.

"Apa EXOMEV !
e—mer—tr——————— — ——— .

T I
'\ "Eav xeR : \‘j’A t \J B+ [=0=< =(A + B + M3 = 27ABI

|

AL o e s s : -
Otrras A EElowas &v Rigf =24 K-=3 Ty nad= 0 elvan looBlvapos THS
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(xX—24+x—-3+x—-4)=27 \X—Z) x=3)(x—4)<=>Bx—9)P*=
= 27 (x® — 9x® + 26x — 24) <> (x — 3)* = x* — 9x* + 26x — 24 =x=3, fims
elven AUais Tiis Sobeioms éiwcbcsc.og.
AZKHZXLEIZ
398) Né& ¢mAubolv &v R al dxérouBor thigwoes :

1) 5y/x=3=y/x+9, VX x+32=16
2) 2 =34/ R -2 F6 V 24/ x=5=y 13-x,
NVIHFD—VEFT=V/X+6 A/ X+1+y/x—d=v2+9

DY/ X-B—/x—T0=y/X+6—/x+17, x+IVx+2=(+2Vx+5

X 4x x-3 X+ 1 ——x—8
iR VI Y R-3 N ER]l R
444/ x vV x+3 Vv x-2 Vv X
399) Né& émAuBolv év R ol dxdAoubol thiowoes :
g Ao ey g A Ty E3 M
Dy/x+49—+/x—49=2, Vi+3+y//4—x=1
godbs gl Bl 3o 3 Als ook SRR o
2)\/x+2+\/2x+2+\/3x+2=0, V5ix— A/x+1—/x-1=0
X +2 x—3_ 5 rlox=1Y\y/2Zx 41 > 20
= = o e R e o _—=ll
3)vx—3 Vx+2- 7 ltms1) VT= =14V
\/x
400) N& émAveii & R 4 tiowors Vaty/x+v a—/x=v/x

ATIAA ZYITHMATA BAOMOY ANQTEPOY TOY MPQTOY

122. OPIEMOE. Kajeitar dvartépov Tot modtov fabuot év abotnua dio 1)
negtaaounwv iwdoewy, éav pla Tovidyotoy 1@y wodoewy adtod elvar fabpod
dvwtépov Tob modtov. ToauTa Tapoudidlouy peydAny TroiAiay poppdy kal g
tk TouTou Bty Umdpyel Evialos TpdTros EIAUCEWS Twy.

"Evraufa dvapépovtal pepikal GmAcl Hopgal oUOTNUATWY, T& bmoia ou-
xvé& Tapovoidlovtal kad els Thy ErfAuow Tév dmoiwy dvéyovTtal BUOKOAWTEPQ!
poppal ouaTnudTwy.

A& Thy EmlAuow, Evdg ToloUTOU OUCTAHRATOS XPT|OIHOTIOI0UMEY EkTOS TV
pefdS v EmAUoEWwS ypaupikel ouoThuaTos kal &AAous elBikoUs TpdTrous (TeXVa-
ouora), uh Utrayoptvous el dpioptvous kavovas, EmiBicokovTes oUTw TV eUpeav
dmrAovaTépwy EEIoTEWY.

123. EYETHMATA AYO EEIZQIZEOQN ME AYO ANAQETOYE.

a) tijg popeilc ax + Py =7, Ax! +Bxy + Ty + Ax + Ey +Z =0

‘H #rriAvois ool elvar elxkohos, B16T1 &k TTis TPAOTNS AcuPdvouey X = Y -_&—B—'V'

Srrére B’ dvmikoraoTdaews els Ty Beutépav dverydueba els Seutepopdbuiov tLi-
owov s TPos y (*).

*) T obomqua Tolto xaheital ovotnpa Bou Pabuol, Subte Exe & yéver 8Lo Moelg
[l 4
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Hapadeiypata s 1) No FrAuOR TO oUoTnMa X + Y =@, Xy =P
Enilvoig : "Exopev(X +y =& X =a—=\ [x=a-y
i {X'P: p 4ﬁ{(ot—\y)w:i3'.‘ﬂ‘{qﬂ--qu;-|-g3:0.
15 &rroiov elven icobuvapoy Tpds To feUyos TV CUOTRHATWY.
[ X=a—y {x=u—\y Ao { X=a—p; , [ X=a—p
y=p  ly=f ¥=p ¥ =p

dmou py, py piten Tfis tio. Ei—ay+p=0
2) N& gmavdi 1o olornpa X + Y =& X2+ gt =p?

*Erihveg ¢ log tpomog. "Ej(okev [x +y=a [x =a—y
- ~=>
X: 4 = p* (G—\y)z-l—kp“:[}‘
X=a—Y
T 2yt - 2oy o — p?=0, To &émolov EMIAUETQL G5 TTPOTYOUREVWS
X+y=a x+y=a Y
205 tMﬂOG{x2+W1:52 <= (X+W)2—2X\P=ﬂ2-‘=’ abe SR pz..#..
= :
I[ it ‘+‘a2 —p & &rroiov elvan THs popefis Tou Tapad. (1).
W= ‘—2'-'
By L 3x!—dxy + ¢! —2x+y+ 1=0
3) N& #mAvdf 16 ouoTIHa { i S

*Eniivoig: “Exompev :

x=T7-3y x=1-3y
16 &rroiov elval ioobuvauov y=2 s [ y = 67/40
Trpds o [EUYOs 6w ouoTnpaTey | x =1 x = 79/40

Xt + Py F YW+ 8x +ay + 4 =0
b M5 vpieels { Xt + Poxy -k Yoyt + BX ey + =0
‘H &midugls ToU OUOTHUATOS aUTou ttaptdTon fv yever &mo Ty EriAvow
nids EE10oEws QUWTEPOU ToU Bou Pabuol, Ty omolav 8év Buvdpela TavToTe
va EmiToyeopev. Els eldikds Suus mipiTT@oels Suvdpeba va EmAlowuey TO gu-
oTnua, G TouTo kadioTaTal pavepov Ek TGV xaTwh TapaBerypdTwy

5 ; [ x4 4yt =52
Mopadsiypata: 1) N& tmiAvef) TO ovoTnua ¢ { xy = 12
*Erilvoig :

y X% + 4y? =52 x? + (2¢)* = 52 (x + 2y)*= 100
Exouev [ xtjl w2 <> a5y =48 < T, 1=
{ x+2y =+ 1120 , To dmoiov elvar looBlvapov wpds TO [eUyos T&V

Xy =
2y =10 X+2¢y=-10 , -
CUGTTHETWY { XA e x\:' ik (1), [ Xy =12 (2). Al Aoeis Tou
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ovoTthuaros (1) elval (x,w) = (4, 3) 7 (x, y) = (6, 2) xai ToU
ovoThuaTos (2) elvan (X, y) = (—4, ﬁ3) f (x y) =(—6,-2)
*Apa ai Aucels ToU Bo- x| —4 -6 6

BévTos ouoTnpaTos elval: q:_ B 5 S '
3x2 4+ 3yt —1lx— 7 10=0

2) N& EmAus To oloTnua { sk s
X2yt —4x — 3y + 5=0

*Eriluoig : “Exouev:

[3)‘& 1‘—3\{»“—l]x_7\p+10;01; 1 [ 3x‘+3\|ﬂfllx—7\|;110:0‘;_/

X2+ ¢t — 4x —3y + 5=0|-3 : —32-3y2 - 12x+ 9y —15=0
x4 29—5=10 _ ${=5-=2u )

Q[ X4 yt—4x—3¢+5=0 B ‘(5—2W)1+kp2—4(5—2k|}}~3\y+5:0 i

x=5-—-2¢ x=5—-2y Xi= 524, . R=5-=2y

< < <> Kal
{Sqﬁﬂl_’)w—w-iO:O {‘-41’—3ky+2:0 lq»:? =1

& v Exopev Tag AUoels (X, w) = (1, 2) kad (x,\) =(3, 1)

C‘J\l FRXY A Yyt = 51 & #0)

t Baxy + yay' = O (8, # 0)

Ta mwpdTa péAn Tév EElowotwy TOU CUTHUATOS Elval TTOAUWIUHG OpO-
yevfi Pou Baduol, Ta Bk BeuTepa péAn oTabepol &piBuoi Bidpopotl ToU pndevds:
TaUTta kahoUvtal Gpoyevi] suetipata.

Mg Thy EmAVCIY aUTGU EKTEAOQUUEY TOV WETOOXTIUCTIOHOY
x=Ay (y #0). OUrw AcpPdvopev :

{ iyt + P A+ iyt = B, = gt (@M +PA +y) =8
aAy? + P Ayt + yayt = &, 42 (oA + Ph £ y2) =8, ;
&roroubuws SialpoUuey Tas EElomaels KaTa pEAT, OTe ExOuEV

A+ BA .o By .
: A 4 ga}‘ ::1;’; P (o8, — BN + (F48y — PBOA + (118 — v:81) =0,

ATl BiBet A=A, VA=A, ‘Emavepydpevol els TOV WETAOYXMUATIONOY, EXOHEV
Tpos EmiAugiv TG gUOTHHOTA !
[ X =AYy { S 4

ox? + Buxy + it =8 o X+ Bixy + iyt =98
Avais elvat yvwoTr. -
XEP—3xy + 292 =2
2% + xy —y? =20

1) tis popeig

, ToOV dtrolewv 1y Emi-

Mapaderypa: N EmAulf 16 ovoTT pa {

OéTopey X = Ay kal Exopey :

{ Ayt — 3hy? o 29t =2 {'*’E(?\*—%Jr?):?
<>

dxohol
Ayt 4 Ayi— gyt =20 1 (20 + A — 1) = 20 ° xeRoUes
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j & v A2 IA 42 1
Blaipoupey Tas ELIOWOEIS KATQ WEAT), OTe ExoMeV 53, Ty = g < 8A — 31 +

F2l=0,8fis =3 h= g
QUTws EYoHEV TIPOS griAuciv T& QUOTHHOTO!:
7

{X=3 =
S e B @
{of = 3my 4 2t =2 XP—3xy + 29 =2
Al AUceig TOU OUOTTHATOS €Y EL”E“ (i ‘E)_: (Bl W)=L_3_ —1) kad
T2l v 8 AR 3 =T
tou ouoThuaTos (2) elvan (x, ) = ( - \—34—- - -\3 = ),(x, W) =(_?_‘./3,ﬁ, - ?_\é_z)

8) Tvotipara GURPETPIKA.

"Ev gUoTIpe Kaheltul cuppeTpikdy, O3 npog tolg ayvietovg tov, rav Ghat
ai tElomastg abrod glvar ovppeTpikal OF mpdg tolg dyvaaTous.
Y. T& ouoTARATE | X T Y=« | X+ yi=a | X+t xt+y=a
elval CUPHETPIKG xy=p l xy =P X+y+xy=p

A iy Erfhuoty alTév Bt Umrdpye! tviaios TpOTTOS.

ZuvnBuws XpﬂO'lpO'iTOlOGuEu PonBnTikous dyvidaTous, ds gaiveTan elg TO KA-
TwBl TapdBeryua.

Mapaderypa: 1) Na ¢mAUBf TO oloTnua | XE4+ WP+ Xty=a

‘Enijvotg : OfTopey STTOU X + ¥ = @ Kai Xy =0, X+y+xpy=p
sméte To ovotnea (1) ypdeetal ¢f —2w 4 ¢ =«

Totro EmiAUeTan ds T& ougThpara Ths popefis (a) xal Bidel TAg AUCELS
=K L P=K-, : : : ; . X+y=K
=A< o =2, Apa TpokUTTTOUY PGS ETAUCIY T& oUaTAKOTA B =

X+ Y =K bl . ’ y . !
Kl - » réay omoicov 1) AUols elvan yvewoTn.
Xy =M,

124. LYETHMATA MNEPIZLOTEPON TON AYO EZIEQLEQN.

) "Otay 1 pia povov igicwa civar devtepoPadprog kai dhar al dhlor npo-
tofaduot.

Els Thv mepimTwow aUTny EmAUCuEY 70 ouoTnua TV TpwTopaduicwy
EE1o0EY, BEWPOUVTES Evar TGV &y vdoTuwy @5 yvwoTov Kai drohoUbws duTika-
BraTiopey el THY SeutepoPddpiov eticwaw, Ty Smolav ETIAUOHEY.

Hapaderypa : N& mAudf 10 [ 2x* + Wi —dxw — 2yw + 3x —4y —13=0

oUomnpa 2 ISx—y—w=2
IX—-3y+w=-—56
"Enilveig : OewopolvTes Tov @ @F yvwoTov EmAvouey T oUoTnua T Bev-
I4+w 114 3w)_
DI D
Tas Tipds T@Y X kai y dvTikeBioTOwEY gls Thy mpaTny Etowow xal Eyouev

1épas kad TpiTNS ElIOWOEWS. OUrews éxouev Thy Auow (X, W) :(
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*Hroi: «) *Exhéyouer Tov &yvwaTov fi Tols &yvdoTous Tou TpofAfjuaTos.
(B) KatoaoTpuwvopey Ty iowo fi Tag thigoels Tou mpoAnuaTos.
(y) ©krouev ToUs meploptouols Ty &yvoaTev, Tous TnyalovTas
&mwd TV QU Tou TrpoPAnHaTOS.
(8) ’Emiivopev Thy tlicwow i Td oUoTnua TEdY Elowoemy.
(e) ’ExteAoUpey Ty Siepelvnow Tou TpoPATipaTos.

A& TO TeAeuTaiov oTdBiov THs Biepeuvnioews ATEITETTA WEYAAT TTPOCO-
xn, 1Bl érav Ta Sedoptva Tol TpoPArfpaTos TapioTavTX Bi1d ypappdrTwy,
51671 af Augeig Tpémer vi elven parypaTikal (ouvBrixn TpayHaTikdTNTOS), BeTI-
xai 7| dpunTiked (onueTor Tév Aloewy) kai peycAuTepar f pIkpOTEP dp1Bloy
Twds E (Béois dpiBipol s mpds Tas pifag Tpiwovipou).

126. TIPOBAHMATA AYOMENA Al EZIZQLEQN Bov BAOMOY

a) TIp6Prnpa. N& eUpedfi dxéponos &pibuds, Tol dmofou Td TeTpérycovov
attavdpevor kaTd TO 5/TAdoiov almoU yivetan 50.

Abeig: *Edw x elven & InToUpevos &piBuds, ToTe TO TETpdywvov avTou elven
x?, Td 8t 5/mAdoiovr Tou dpibucu 5x.

OUrws Eyopey Thyv Efigwaw x* + 5x = 50.

Mepiopionds : ‘O x Séov v elvan dxépaios (XeZ)
"EwiAvois s x2 4 5% — 50 = 0. "Exopev X, = 5, %, = — 10.

Aepeovnots : Al eUpeBeioan Tipal x; = 5, X, = — 10 mAnpolv Tov TebtvTa
Treplopiopdy kal gureTrdds Té TpOPAnua Exel Buo Algels.

B) Mpoprnpa: N& pepioBfi & &pifuos 15 els Blo pepn ToloUTa, OOTE TO
TeTpéryvoy Tou TrpwTou éAaTToupevoy kot 41 va keBloTaren Toov mpds T 5/
TAdolov TOU TETpaywvou Tou &AAou.

Aborg : "Edv x elven 10 #v pépos, TO &AAo fBa elven 15-x. "Emropéveos Exouev
™y tliowow x*—41 =5 (15— x)*
Mepiopiouds = TMpémer va elver 0<x < 15.

Emidvois s x2 — 41 = 5 (15 — x)%. ‘H loobivapos ovrfis elvar 4x* — 150x {

+1166 =0, & s x. =2, x=1L.

Mepeivnors - ‘H pila x;, = 57,3 dmoppiTTeTal, 10T 5; > 15. T& InToupeva

Aotdv pépn elven 11 kai 4

y) Mpopinua. “Eutropos mwhédv hatas 1pos 22 Bpy. 7o YIASypaupov,
xepBiler &mri Tois dkaTov TO Huiou ToU kéoTous EkdoTou Yihwoypauuou. TTéoov
kooTiler TO Yihioypaupor |

Adoig ¢ 'Fav 16 y1hidypouuov kooTiln x dpy., B wepbiln ; %, e dro-
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xl

utves &md x Bpy. 6 kepBiln -;—- 5 i%ﬁ = 266"

2
Suverréas, Eouev THY thiowow X + 5%5 = 22

TMeplopiouos Mptmer v elvat 0<x<22.
£

*Enihvoig: X + —2%3 92 «» x® 4 200x — 4400 =0, £ fs Exopev ¥, = 20,
X, = — 220

Awgpetvnoss @ H Xg=— 220 &moppltrreTan.

“Qare, TO YIMOYpPOHHOY kooTiler 20 Bpy.

5) Mpopinpa. ‘Eqw ol TrAeupal TETpOrytovou aEnBolv ke p povadas ury-
Kous, TO tupabov Tou 8& yivp u—3 popds TOU GAAOU. Toiov TO pfikos TS TTAEU-
p&s oUToU ;

Abag : 'Edv TO ufikos TAs heUpds ToU TeTparytovou elvad X, TOTE fi TrAEU-
pd TOU vEOU TETPOrY VOV 8& elvan X + K povddBas pfrous kel T tupadd oUTdV
dymioTolyws X kel (x-+w)2. ‘Emopéves Exopev Ty Eigwow (x + W)= (n—3)x2

Tep1opiomos Mptmer x>0 xad X + u>0

B S T R T S

VG —3)

St Silo plas X, = STy K= ~u— Vi =73)

4-p

AiepeUvmois ¢ To elbos @V pidv kal TO TpdOTHOY alTdy, 65 yveaTdy
trapTaTal GO 16 onuelov TV A, P, 8.

SynuortilovTes oy Trivaxa BiepeuvnoEws SramioToUpey 8T S u>4 Exo-
pev Avow els T TPOPANUA.

Olre, Bi& u =7 Exouey X = — %- #imig &moppimrretan kol Xp =17, fiTis
elvan BexTh.

127. TIPOBAHMATA AYOMENA AIA EYETHM ATQON ANOTEPOY TOY TPQITOY BA®-
MOY

o) Mpofrnpa. T& ynola Swynelov ip1Buoy Exouv ywbpevov 35. "Edw yl-
vn) &yripetddeals TV yneiov, TIPOKUTITEN &p1Bpds peyohUTepos ToU ywopévou
Ty ynelwv kord 40, Tloiog elvan & &pifuds ;

Aberg: ‘Eqw 6 &piBuds Exn X Bexdlios kol &mAds povabag, TOTE B Eyow-
pev ¢+ Xy =35 xai 10‘+‘+X=X\P+40
Mepropiopds : TTpéTel v elvar 0<x< 10, 0<y<10 xal X, yel
xy =35 Q{(75—10\|,)q4=359[2w9—15w+7=0
x+10yw=175 =75 - 10y x = 75— 10y

16 &mrolov elven loobuvanoy Trpds T [elryos TGV ouaTndTwY

"Eriloog ¢
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w=17 | = Mf "Apa Exopev Tas AUoElS :

x=T100" | )= 75210 (o 9) =67, () = (70, 1)

Agpetvnois @ To [eUyos (x,y) = (70, -1—) Tpogavids dmoppiTTeTan.

“Qore & [nrotuevos &piBuds elven & 57.

B) Mp6Prnpa. ‘H 1repipetpos dpoy. Tprywvou elvan 60 cm kol T6 Emri iy
Urmrotelvouoay Uyos 12em  Tlofa & pfikn Tté&v TAeupddv Tou ;

Avewg : 'Edv X, y, 2z elven T& pfjkn TV koBéTwv TAeUpiY kel Ths UtroTel-
vouons, ToTe 8 elvan x? +yP=12% kal X + —!— z =60

EE &AAou To EuPaBov Toll Tprywvou elvan E = ~2r I’;?z.,., => xy = 12z. Té oU-
oTnua Aoitrov elval :
X2+ y?=1z) Xx+y+z=060 xy=12z

Mepropiouds : TMpémar x>0, >0, z>0 kal pkpdTepor Tou 60. "EmiAvov-
Tes TO ouoTnua Exopev x == 20, ¢ =15, z=25.

y) Hpopinpa. Abo épysdrar éxteholv €v Epyov els A dpas. ‘O mpdrTos po-
vos TO éxTehel els a dpas OAtywTépas Tou Seutepou. Elg méoag dpos -
uévos ExteAel To fpyov ; a >0, A >0

Abog: "Edw & o yperdleTat x dpas kal & By dpas, TéTe Baelvan x 4+ a

‘0 mpddTos els 1 dpav EkTeAel TO -?i- ToU £pyov, & P’ TO —\IF kai dpedTepol dpou

T —)l?- - -::ﬂ elg A Bt dpas éxTeA >0V T Shov Epyov. "Hrot B Eycopev :

1 [
8k ks
Mepropiopds : Mpémer véx elvar x >0, ¢ >0, x > A, w > A
‘Eniluoig: [ = a+ x y=a+x y=oa+x
1 1 = 1 ! o -
( == V)?\:1 (T+a+x) A=1 " |x*—(2A—a)x—ar=0

10 bmrofov 6ibel :

D —a+ 4?\‘+c' A +a- \,/4?\’+a
9 = (4 Y =

‘H &AAn AUais &rmropplmreran dmetdf) x < 0, w < 0, os TouTo QaiveTan éx ToU
ywopévou Tév pilddv XX, = —ah < 0

) fiTis elven SexTr).

NMNMPOBAHMATA

‘Opds a' ¢

404) Té Terpdycwov Tis Hhikias maiBos EhaTTwdly katd TO SimAdoidy Tng, ylveten
loov Tpds T6 BimAdotdy Tns. N evpebfi fi Al adrn.

405) Na& eupedfi dnbpanos dpifuds, & dmolos Biaipolpevos i 25 ylveran Toog Trpds ToU
dvrloTpogov Tou TnAikos.

406) Na elpedfi dpnbuds, & émolos cdfavduevos kata To 7[mAdotov Tfis TETpay wvIKilg
pllns Tou yiveran 44.
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407) Ne& eUpeBouy BUo dképaiol Biaoy kol TepiTTol &p1Buol TorolTor, doTe T6 &fporopa
TiY TETPOY WYLV TWY va elvar 74

408) "Entopos TRy TO dutrdpeupd Tou &uti 39 Bpay. xepbiler téoov Tols ExaTdy,
Bgoy TO Elyev Cryop&atl. Téoov TO fiydpaoev.

409) Mathp 40 trév Exer uldv 3 ETdv. Meta Téoov Ypdvov f Hhkia Tou TaTpds B&
elvan xard 5 ETN piKpoTEp TOU Tetpaydvou Tiig HAkias ToU vlou ;

410) MogdTns 630 kiAéwv Tpogiuwy EmpokarTo va Braveundij els dpioptvas TTwWYAS
olkoyeveias. "Emeidn 15 & Tév olkoyeveidy Bty TpoofiA@ov, tkéoTn Td@v Umoholma Bhapev
1 kiAdv Tpopipwy vl hdov. Tlofov To Afiflos TEV olkoyEvEIGW |

411) Tprywvou ol Tpeis Thevpal elvan 3 cm, 6 cm, 8 cm. Kata olov Tufjua TrpETTEL
v aufnfolv al mheupad, iva Buveral v& oxnuamobi ¢ abTdv Tpiywvoy Spboydviov ;

‘Opas Pt

412) N& ebpedi Supnplos &p1Buos TowoUTos, GoTe TO wnglov Ty Bexdboov va elvan
kata | peyahuTEpOV 1ol SimAaciou ToU ynglou T&Y povaBuwy, Bropouuevos 5t Bi& ToU ywo-
ptvou TV ynglwy Tou v& 5B TAnAlkov 3 kel Umohermov 10.

413) Kepdhaiov #8 27.000 Spay. TokifeTen wpds 6%, ywpilopevov els Buo pépm. To péyTOV
trokioBn ¢l 5 wijvos TTEPICTOTEPOV kol 5o Tékov 1500 Spay., To &t P’ EBwae Tékov 900
Spayuds. N eupedoly Ta BUo uépn Tol kepaiaiou.

414) Na evpedoiv al SixoTdons dploywviou, T& dmolov Exer Biaydviov 20 cm xal
¢upabdov 192 e¢m?®. .

415) Avo obnhdTal dvaywpouv ouyypoves Ek Twos TOTOU 51 v& Biowioouv &Tré-
gracw 90 km. Té fipoy Tiis TayUTnTos ToU TpiToy kal T& TpiTov TS TayUTnTOs TOU P
iyouv &fporoua 16 km. N& evpeboly ol TaxiTnres, &v b o brepudTioe %— Tis Gpas fvepiTe-
pov Tou P

416) Tpeis &p18uol clvon &véhoyor T dpiBpddv 2, 3, 4. To TeTpdywvov TOU HEyaAu-
Tépou glvon peycAuTEpOV <ou Simrhaaiou yvoptvou Téw EARwY koara 36, N& eUpedoiv ol &pfpol
oUTOol.

417) ‘O &piBuds 3 kal Tpefs &AAor guniaToUv dvahoylav, Tis émolag ol fyoUuevor
#youv GBporopa 9, ol Emwopevor 12 kai TO &Bpoigyua T@Y TETPAY WYY TEUTWY Tév Spoov elval
125. Tlofa 1 auahoyla ;

418) N& UmrohoyioBolv al mheupal dpBoy. Tprycvey, &v al kabetor heupal Sragépouv
vatd 5m kal # UtoTeivouoa ut To e adthy Oyos BiBa dfporoua Y4,

AZKHZIEIZ ENMNANAAHYEQZE

419) Né& tmudi #) tiowas x' —2 (@ + p)xt + (@—B)* =0, o, PeER, el vé TeBoliv
al pilar abris UTo popehv &mAdY pilikdv.

420) A& Tolas Tiwds TGV a xal P f ttlowos (o + PIx* + (2o —p—10) x* + 2x* —
—(x—Pp-Nx+tb—a= 0 elvan BiteTpdywvos xal Bi& Toias SeutepoPdbuos, Els dppoTépas
Tég TEpITITOOES va eUpeBT 1 elBog TV pridv.

421) ‘Ymd molav owbfkny TO Tprdwupoy @ ()= ax! + pxt+v, « B YeQ Eyer
ollas Tiis Hopgfis A/A = 4/1 Smou A, BE Q-

422) N& petaoynuaTioBolv ely &TAG pilika al dxdAoubor TapaoTOES

e e 3___ _2 e

D Var4l+ty/x+x* + 1 (xeR) 2) i—k—}vsi_?‘-'_

b z Yy 2*

423) N& &moberx8i 511 Tapdoracs P a, pPE R*

A=vatPya—p + V a—2p/a— P lcolren b 28, & p* <o <2p°
ol ut 2 o/ a— P, dva >2p

205

WnopionoiOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



424) Na& tmAuvfouv al dkéhoubor fticmaeis ¢

1 1
13 % -+ xl':ﬁ(x—s x). Y+ x4 Fhkx+ki=0 (keR)
425) Na evpefouv al ocuvBfiker, Omd tag émolas ) émidovoa Tfis thio.
X oaxt 4 Bxt 4 yx* + Px? +ox + 1 =0 elven dvrioTpogos Eicwors.

; gl 7 uff 1 \® ] K
426) Na tmudf ) Eicwoig (\ x) —~9 (\ : ) +8=0

X
427) N& ¢miuBolv fv R ai éxérouBor Ehiohaoeg
4 3 a A
1) Sk /% —34/x* =29, 2) vx+1 -y x-1=4/x-1
428) Né& tmihubfi kol va Biepeuvndfi ) tfio. 4 x* - 4y X - A Bid TpoypaTids
Tinds Tou A xal X.
429) Né& tmidvBoldv T& drddovba cuoTipata :
1) x4 ¢ + w?= 210" 2y Z doxd =] Xy 4 z0=0
Y + wx — Xy = 6o’ W] owt - 2x + W (22 4+ @) =2
3x + ¢ — 2w = 3¢
430) Na& eupeb] 1 drokeipovos Tou ousTHUATOS

A

xt oyt 4wt =ad, X4 pe (V8] et X 52
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MEPOX TPITON

~ $O¥AN

.':\\‘_
o

e

KEQAAAION XV

S$TOIXEIA IIEPITPA®IKHE ETATIETIKHZ

128. £KOTIOL THE LTATIETIKHE.

‘H orarioTikh gls THY ETOXHY pas, pt Ty Shws 181cuTépay omrouBandTnTA
THy bmolaw &TEKTNOE B Ty dvbpwmdTnTa, dvetrTUybn €l pioy ExreTapéuny
FTrioTuNY pE TTOAAOUS KA&Bous.

‘H gmroubcudTns Tis ZtamioTikds Eyketen el TO 6T alTn tmTuyydve
TpoPAbyEls TS supmepipopds Evds «AnBuLoU» Xepls v elvan dvéykn () dTaw
Sty elven Buvarrdy) ver TrpoPheddij N cupTepipopd TEY &Tdpcey aUTou. Yo al-
Ty Bt TH Evwolov tyel tpappoyds &1 povov el Thv Olkovoploy ) ThHY Kowe-
viohoyiav yevikds, &G kal els Ty vewTipav Quoiknv.

‘H Lranotikil, o5 kAabos TV <Epnpuoopévey MadnpaTikévy, Exel s
Epyov TV gulAoyy oTorxelwy, THY Tatwdpnoiv Twv kal THy Toapovsiaow au-
Téw els kaT&GAAnAoV popgny, duvanevwv v &vahuBoly kal Eppnveufouv Bi& Thy
gty ptTnow Blagopwy gxotrév. TLy. §ia Ty Tapakohoufnow Tis dvarrTUtews
kol £EeAitecos TOU €KTTIVOTPOPIKOU TAnBucpoU» Thg XWpas Hos 16 “Ytroupyeiov
Mecopylas CUVEKEVTPLTE oTolyEiQ, TG OTroia HETA THY Tafwépnow mapouciage
B1& Tou dxohoUBou Trivaros :

*Etéitis KmnyvoTpogikoU TrAnBuouol

E_h;—;l?ué&:q KeQaA Y

Elsesiteal | 1959 1961 | 1963 1964 ~
=—= | e
Bées 510457 11085 | 11600 | 11403 |
Boupahot 72,6 67,20 | BR5 ol 60,8 ‘
MpoParta ' 93339 | 9593,5 9720,0 9450,0
Alyes 5066,1 4979,0 4700,0 4570,0 |
Xolpo - 6381 621,6 6320 | 6468 |
Mrnva 15146,3 16341,9 18000,0 | 184263

Elg THY TTPOMYOUMEVTIV 4t Eyvwploauey Gploptvas Paoixds twolas TS
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Kereotépeo EmravedauBdvopey Tous TPATOUS TapousIdoews Ty OTOTIOTI-
K&y BeBopdveoy, Adyw Tiig Biontépas onuadias clréy.

129. MAPOYZIALIE LTATIETIKON AEAOMENQON — [INAKEE

tmetepyaoiay, Tapovoidlovtal kaTd TolobToy TpoTOY, OoTe v elven elyept|s
) MeAéT Toow kal 1 guvaywyt| oupmepacpdrwy. ‘H mapovoiaois alTn ylvera
guvhBus xard Svo TpdTous.

o) Yo popghy GpiBunTIKOY oTaTIoTIKOT Trivoos

B) ‘Ymo HoPPAY ypagixol oraTioTiked r{vexos,

ApiOpytikoi nive K £¢. OUtor SUvavtal v Exouv popeiy  dveg
Kelpevou Exbéoecos Ty TANPOPOPIGY Ut TEoay Suvarhy Aetrouépeiaw. ZuvriBeos
Spes elvon OUYKEVTpOTIKOL P oThAas Kkal Ypauuds, &miol els T dvdyveaw
kai els Ty petady Taw oTtoixelwy oUykpigw.

Luyvorng — rivag ouvyvoritmy. “Ymobéropev 811 al Tipad Wds petaPAnTiis
X, els plav OTATIOTIKNY Epevvay bk N TopaTnpcewy elvar : x,, x,, Xar. . Xn Katl
OT1 EE ot TV TGy v elven oo mpos x,, vy Toen mpds x,, . . v, Too ™RSS X,

Olrew, oxnuorifopey Tov
Tivaka TéY §vo gelpv.

"Exaoros T SpIBUGY vy, vy, . . -Vy KoAETTCl dnéAvrog oUXVOTNG T GrrAdg
aquyvoTng Tijs dvmigTofyou Tipfis x kel oukPorifeTon pé 16 ypdupa | Mpopavésg
et vy v, + .. F+ =N O N elvar & TANB&pIBLOS ToU TANBuCIOT (otvo-
Aov maparnptioev) kel keeiTar Ohikfy ouyvotng, oVpPoAlleTen & kal pé Sf.

Ol Adyor %, %, o vy % kehoUvTtal oyetikai ovyvoTnTES TGV X, Xesioe sy
&vTioTolyws ked To Y Wwopevov alTdv fmri 100 Ekppdlel Ty Ekatootiafa (%) oye-
Tkl evgvitnra., Ta dfpolopara 3, = v, L=vi+v, =y + Vaob Vg, ..,
Li=v4v4... + Vu T) &1rep TS aTd, T dpolopara 5,=1,, 3, — fi+ ...,
=R+ ...+ fu xadolvrar abporstikai ouyvhTnTEg,

To G0poropa rwy oy GLETKDY ouvgvotitay g oratetikiic épEl'lV‘l;G
ioolitan pé iy povida,

vy 3

Mpéypari, Exousv:%th + ;e %‘JL: A %r-+zL’r_+... —%%:1

‘O mivat (1), &oris Sdvaran V& ypagfi kal els 5Uo oThdas, drroTeled TOV

rivaxa evyvoriroy I THY katavopusiy auy Vot TOLY,
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IMapadeiypata ovykevipotik®v apibp. mvixov.

1) Kot 1 oxoh. £Tos 1967 - 68 tveypbonoav efs T MNuuvéoiov 764 pobn-
ral, &y dmolwv T& oToiyeia kaTeypdgnoav els & PiPAlov, «16 MafnTohdyiovs.
Touto &motehel Bva yevikdy Trivaxe AemwTopepd &veu Takwopnoews, &md &rou
Buvdebar v EYWHEY OTATIOTIKGS TAnpogoplas oxeTikds pE TOV TATBUOMOY TGV
nodnTéy Tou axorelou ToUTtou. ‘H ounTAipwois ToU k&Twll CUYKEVTPWTIKOU
Tivakos Eywev drrl T Paoer Tfig ToloTikiig 1816 Tog «Tdig tyypagfis»

Karavopdy Té&v padntddv Tou Muuvaciou kord TéEels

‘ | *ApiBuds padnTdv | | | ‘EKZT:-:;:\T[G *ABpoloTikh

‘j dekes E *AmrdAuTos oUXVe- iﬁupc::::mﬁ 1 cﬁxvéms txatooTiala

| rypags | ot W P deage oxeTiky ouxvéTns

[0 ooty wleg Nagl ‘ 5,245 | 32,1 32

| B | @ =160 | =405 | 21 53

_— 7|' AT I =53 | 17,5 70,5

s f,= 90 T,=629 | 11,8 \ 82,3

F _\ fw 0., | S=88 07" 9,1 l 91,5
ST fo= 65 | Z,=1764 \ 8,5 100 )

k Sf=764 | | 100,0 |

‘H ouptMipwats Ths P’ oThANs elvan wpogavrs. H TpiTn oA «&Bpor-
oTiKT ouySTNS» ouveTTAnpdln ds EEfs 1 Ak kB TdEw dymioTory(GeTan T &bpor-
opa Tiis &moAuTou ouxvéTnTos THs Tétews kol SAwv TV Tponyouptvey aUTHS.
‘H oupmAfpwais Tiis 8 oThAns Eyive Pdoer Tou TUTTOU 100 - f/Zf, ) 8¢ cupmAf-
pwots Tig € oThAng Eywe ds kol s ¥ oThAng & Tiis 8 oThAns.

‘0 Trived olros elvan &mhols, T& 8¢ oupmepdopaTa éx Tiis HEAETNS aUTOU
TpOPaVT.

2) Eis plav Epevvay ToU Uyous T 764 peBntédv ToU MNupwaciou TOU Trpo-
nyountvou TrapaBelynoTss uas kateypdgnoay els poxelpous KOTaOTHOES T
Oym aurTédv, Té& drrola bvegdvioaw Tipds petaky ToU 135cm kad 185cm. ‘H mooco-
Tikd) 18167ns «lpos padnTol» elvan pia ouveyhs HeTaBATTY (BecopnTikds) HE TIHAS
elc T Sidornua [ 135¢m, 185 cm ], ToU &molou | Biagopd Tév Blo &kpewv TIHGY,
SnAabh To ebpog Ths peTaPANTHS, &meos Aéyetan, elven 185 — 135 = 50cm.

To otvohov T T Ths petaPAnTis Tautns Ywplletan els 5 Tétes
(budbos) ToU cutol elipous 50/5 = 10 cm.

‘H tpyacia abrn koAelTal bpadonoinaig TV TapATNETCEWY.

‘O Kb ouykevTpwTikds Trivat Eywey ¢l Tij Péoer THs ToooTikfis (516~
TrTog «Oyos padnTol» Kooty Ths dvewTépw SuaboTrorfioews.
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Koravoud, 764 ucfntév tvos Mupvaciou kot Uyn

| | Ap8 Qv | | » 7

Tl TR At | o | ot
0 I S WSSO S R | _ouxvémns
missids |wo| e | s | ga3 | 123 |
B s e e g Ugie T e SBF.

3n 155-165 |160| 218 R T
amies 0| 0 | e | ;e | 953
| 5q175-185 | 180| 36 e has oyl g L .
|| ==764 | 1000 | |

Eis tHv o oThAny ai Tékes elvon BiaoThpaTa TiS HETaPANTHS X Tou U\ous
KAeloTd dproTepd Kal QUOIKT Befid, mAfY THg Sng Takews, ATis elvan Bi&oTnua
KAeloTOV EkarTépBev.

To Huéhpolopa TGOV Expwy TIMGY tedoTns Tlews koheTTan pEan T kai
ut Tas ptoas Tipdg oupTAnpouTan fi B aThAn.

‘H oupmiipawcts T&Y UtroAoimwy oTnAév Eywey g xal TIPOT| Y OUMEVLS.

Kai & mriva oUros elvon dmhols kal f) dvéyvwols aUToU £UKOAOS.

My &mo Thy y' oThAny gaiveral, &T1 36 podnTal Eyouv péoov Oyos 180 cm,
065 &rd THY §° oTHANY alvean, &T1 548 podnTad Exouy GvaoTNHE KATW TOU 165cm.
"Ek Tis ¢ aThAng cuutepaivopey, 8T 76 12,39, Tév padnTév elval dvaoTHUCTOS
ké&Teo Tév 145 cm, v Ex THs TedeuTadas othAns 6T T 71, 7% elven Oyous
k&Tw TV 165 cm.

Enuelwarg. Els x&fe mivaka Trpémrer vé UTTapX N els 18 &ve pépos Evag tithog, fows kal
tvas brotithog. ‘Axdun Biv &moxAeleTan vé ypagouv xal Umoonuekoes. Mavra TaUuTa pé TOV
oxoTdY vd TANpO@opoUY ouvTéuws Kol oapds Ti TepIEXE & mivak, pt wolav katdraliv ouve-
Thyfn kal els Tolav ypovikiy mepioBov xal elg moiov ThTrov dvagépeTal.

Fpegikoi nivakeg (Saypappara)

‘H Tapouciaots TGV OTATIOTIKGY BeBoutueoy BId GUYKEVTPWTIKEY &pI-
BunTikGY TIvaKWY, TapouTI&lel PERIKAS Suoxohias s Tpds Thy Epunvelav, BioTt
&rranteitan &M TOUs TEPICTOTEpOUS GVBpOTIOUS peydAn mpoomabeia kaTavo-
foews Tiis dxpipous onuacias Twv.

Teelws duws Biagopos elvan 1y brrUTawots, Ty &rrolav Sokipdloue, STav 1
Tapousicaols TGV oTaTioTIKGY Seboutvov yivn Umd popeniv yewpeTpIkoU OX1)-
HOTOS, YPAPIKTS TTOPATTATEWS. *Erri trAdov 8¢ # EvrUmrwots adTn elvan feompo-
Tépa xal peyadutépas Siapkeias. s

Al ypagikai mopactdeeig fi  &mAds Swypappata elvon o elkoves TV
&piBuddy kod Taptyour duéows kai uvoTrTIKGS Biapdpous ypnaiuous TANpogo-
plas.

‘H mrowiiia Tév ypagikidv TapaoTdoEwy, TAS Strolag YPNOIWOTIONET n
StomioTiky, elvan peydin. Oa dvagtpwuey  Tas Suo KUPIWTEPOS karnyopios :
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o) TS YPOMMIKAS TapaoTaoEs i ypaupikd Siory pdupaTa kal B) Tas & Emga-
veIGv ypogikds TapaoTdoes. Zuvils dvapepdpeda el TO yvwoTov oUoTnua

Tév Spboywviwy &tdvwv.

1) Iohbyovov cuyvétnreg. ~Otav
) peTaPAnT X €ls plav oTamoTIkhY Epeu-
vav elvan ouveyfis, TOTE T& [eUyn (x, ),
&meikonlpeva elg TO ouoTNRA TG bp-
8oy. &tdvav xOy, BiSouv ouvexfi TebAa-
opdvny ypaupny, TO kahoUpevov TMoko-
yovov guyvotnrog. ‘H mapamiedpows
ypaupikhy TapdoTacis 5idet TV yewje-
Tpikfy elkdvar Tiig k&Twley alrTiis KaTa-
voufis 68 tpyaréw #vds EpyooTaciou
kard Papn.

ToAAékig els Thy ZTamoTikiy elvan
Ypfiolos ) ypagikn TopdoTacts Tig

Koravouh 68 Epyardv

Tétes

55- 65
Bk A e
75-85 ..

Jurvorne

b

eppaTay

>

Bapoc ¢

Ty 129.1

ol Papn els kg
' ABpotoTik
auyvérng

'ABp. oyeTIKh
| ouyxvétns %

e/

85-95 |
 95-105 |

105-115

&BporoTikiis ouxvéTnTOS, STOTE T TrO-
Aywvov Tou AcpPévopey kaAeiTal no-
Ayovov  dBporotikils  guyvoTNTOS ‘H
TrapaKEéT Y PaKIKT TapAoTao!S elven
76 TroAUywvov &BpoioTikiis ouYVOTNTOS
THs kecravopfis T@v 68 EpyaTdv KaT&
Pépn. ’Edv éx ToU omuelou A PEPLOHEY
AB ] Oy xai drorovbws BN L Ox, oup-
mrepadvopey 611 35 ¢pydTan Exouv P&pos
SArycdorepov Tédv 78 Kg (70 78 elven
f| Tetpnuévn Tou ).

FIS—IZS Lof 130 yont) ryumesilorsi | v |
_ 115125 1 :

6
_Gﬁ
8

|
|
{
38 l i 3
7 3 1

=
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2) “lotéypappov ouyvéTnroeg

To ioTdypappor guyvéTnTos elvar & ourmBioTepos TPOTIOS  TTapoUTIdTEwS
by oTaTioTikGy SeBopéveov. A Ty koTa-
' OKEUT)V aUTOU KaTaokeud{opey Spboyco-

254 i 5

g via & Paoels & foa TuApaTa ToU &fo-
2| vos 0x, el T& dmola dvTigToINEel TO €U-
pos txdotns Takews Tis dpaBotoinuévns
kaetavopfis, kel Oyn Tds dvmioToiyous

ol / oUXVOTNTOS oUrTiis.

.‘ To éupabov éxéoTou dpboywviou
*F o | dmeikovilel TV dvrioToiyov Tpos Th

{ ] 3 o~ 1 108 ]
T %Wﬂﬁ_ﬁ S V- - Pdow cu-f-ou oUXVeTNTA. .To I'OTOYPO:L{-
dordgpaiuas Fuzederrog HOV OUXVOTNTOS TOU OYNUaTos pag Bi-
Bel TV yewpeTpiky elkdva THs koro-

5y, 129.3 THY y pIK) fis

voufis T@v 68 EpyaTdv kaTd Pdpn wé
TebAaopdvny B¢ ypauuny maploTaTar To ToAUywvor guyvdTnToS.

3) To papdoypappoy.

Touto &moTeAelTan &md plav oeipaw dpBoycoviwy, TéY dmolwy ai Péoeig
elvan foon xal ornpifovtan elg Tov alrrov &tova () Tov OXx A Tov Oy). Ta pfkn
Twy elvon dvdAoya Tpds Tas dvTioTolyous Tipds ToU Tapiotolv. Els T& Suo

a 2'00 i'lﬂ "MJ 6?0 ng 200 z”::; 5
Kpéag (214 kt) . 72
) o
: __|/dda(worrat) ‘ 46
. ’ ";
:]'Pa (78kt) ‘ 30
i -
BAAG el
. = 1964 1963 1966 1967
Krnvorpogiud nmpolovra éroug 1964 Eapayar Biounz mpolbrray
Iy. 129.4 Zx:.129.5

Topaxeipeva oxfuata Bidopev Suo papSoyphuuara. To mpiTov dvagipeTan
els Ty Trapoywyfv Tis ‘EAAGBos xard TO Eros 1964 T@dv kupiwTépwv kTnvo-
Tpo@ikédy poidvTwy kol TO Selrepov els Tas Ebarywyds Tév Propnyavikédy Tpoi-
SvTaov Tis Xdpas pas kard THy Tetpaetiav 1964 - 1967. To Bov papbdypauua
kaAeiTal kal ypovodiaypappa.

4) To kuvklikdv Suaypappa

ToUTo elven kUkAos aiBaipérou dxtivos Siapepiopévos el kukAikous ToueTs,
ol 6moior Exouv uPadd dvdAoya Tpods Tas dvtioTolyous Tiuds THs peTaPAnTHs
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xad Tév dmolwy ouverrds T& Téka Exouv uétpa dvéhoya TpdS TAS aUTAs GVTI-
orolyous Tipds Tiis peTaPAnTis. *EvraUfa 8iBopev Ev ToloUTov Bikypaupa &el-
Kkovilov THY ypruaToddTnow Siagdpwy KA&Bwy Tiis olkovouixfs fuwfis Tiis xdpas

XpnuarodéTnots 5 KA&B Y
els Exarop. Spayudv (AdyouoTtos 1968)
KAddor | Toadw ; % Moipai
ZgoBoysla 3.900 | 195 | 70°10
2. "Hhextpikh il y
tipysia 3.300 16,5 | 5924
E 3. Meragopal
tmikowevian 5.000 25 90°
54 *Epya xowfis My :
doperelas 6.600 33 118° 50
5. “ETepor "
oxoTrol 1.200 6 21° 36
“ABpoioua 20.000 100 3600

nes kerré Tov AtryouoTov 1968. To 19, &vnoroiyileran el Tdtov %‘% =3,6"=

—=3936", trropbvers T& 16,5% els Tétov 3,6
X 16,5=59924"

‘Excrds oV dvewTépw YPOPIKGY Ta-
PaOTEOEOY TGV OTATIOTIKGOY SeBopbveov U-
Tépyouw dréun T& yaproypappata, T& &
ol elven yewypagikol X&pTen wé TroiKi-
Aov ypowudrev, Erlong Umpyow T el-
Soypagipata A elboypappata, T& dmoia el
ven Trivaxes oyeBlov kol elkGVGY TPOCTTLV
i mparypdreov kal T& dmwoia XpnoipoTrol-
oivran pt Toiklhas poppds el Tas Biagn-
pioeis.

130. KENTPIKAI TIMAI

Zy. 129.6

Els & mponyouueva efbopev TPOTIOUS  TTAPOUCIdoES TV OTOTIOTIKGY
BeBoptveoy 51I° &piBunTikdy Tivdkwv kol ypagikdv TapacTdoewy. ‘H gdais el
s Tapoucidoews doTehel fvav oloidbn Topta Tiis meprypagikfis ZramioTikds,
Bi1é11 pds drredAdooEl &rd Tov kbTov £k THS TapaTnpficews peyahou TrArBous

&p1Budsv.

Tiferon Bucos TO pdyrnpa @ piTes elven Suvardy 1) meprypagn Hids oeipds
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OTATIOTIKGY OToIKEwY v yivn uE BAayioTas yapakTnploTikds Tipds, of dmola
va Beikwour THy Téow ToU EeTalopévou gaivoutvou Kol va SiaTnpdvTan eUko-
AcoTepov gls THY pynuny ; Y. H dvtUmrwois, f) dmoia SnpioupyeiTan éx Tiis éte-
Tdoews ToU Trivakos Pafucloyias tuds pafinTol els ékaoTov pédlnua keyxwplopéves,
elven PePaiws &dopahrs, duws elvan kaTd oAU dmAouoTépy, cageoTépa kal Siap-
kfs els Ty pviuny, & (Bwpev Tov yevikov Pabuov émbooews, TOv péoov Opov
6Treog AEyOuEY. '

Eis v ZTtaTioTikny ouvnBus SvalnToOUPEY HEPIKAS YAPAKTNPICTIKAS TGS,
ai émolan &uTikeBioToUv Eva oUvodov &plBpddy ouykerTpoupévwoy g rrl TO TrAel-
oTov TrépIE aUTdY kai al dmolen va &idouv plav ikavomoinTiknw ISéav Tou cuvdhou
T teTalopévewy dpiBuddv.

Al yapaxtnpioTikal alTal Tipal AéyovTan kevepikal tpai fy péool, Siakpi-
vovton B8 guvhBuws els péoovg kevepikiic taoewms kai el péoovg Bfoewe.Of TpdTol
elvcn & apBpnrikoe, & yeopstpikog xal & Gppovikdg piaog kal ol SeUtepor 1) dud-
neoog kai 1) Emkparoboo ipt. ‘Ex Tév wpodTwr 8& yivn 7 EiéTaois pdvov Tou
dp1funTikoU pégov.

"Appntikog péoog (i péon tipd)

o) *ApiBunTikds péoos Emi dratopnTwy oToryeicov.

"E&v Xy, X, . . - Xn Elven af TapaTnpnleicen Tival, TéTE TO TrNAlKOV TOU &bpof-
opaTos SAY TV TIuGY Sid ToU TAntous N abTdv 8iel Tov &pifunTikdv pécov,
boTis TaploTaTal Sid TOU X.

» ) XXt .. XN .
Hrout %= 5 A x=1] N

B) ’ApiBunTixds pécos Emi TativounBévrwv gToiyeiwy.

'Eqv al X, Xp, ...,XN TIGPOTNPN-

Befoon Tipal  TatwounBouv els  Trivaka * *1 oty 1B Ko
KOTOVOUTis ouyvoTAT®Y, TOTe TO TMAI- foraplnh fgrobid Atedileost o)
kov Tou d&fpoiopoaTos TEU yiopbvwy iy i S 'J
SAwV TGV TINGV Xy, X, - . . X, £ TOg QuTioToiyOUS ouxvdTnTas T f, fy,. . ., f

Bix Tfis OMkfs ouyvdTnTos N = Zf 8ibe1 Tov dpifunTikdv pégov X.

Xy '_tX-z +_, i “+'7(N=fl,(| + faXe + 000 + fu xu_:’:_fx (2)

Heor: x = N 5T = =7

Mapaderypa : 1) N& edpefiy & &piBunTikos péoos Tou dvacTtruaros 12 pa-
BnTév. Ta dvacthuaTta abTdv &rabwounTta elvat : »
151, 152, 152, 156, 156, 156, 162, 162, 162, 162, 168, 168 cm

(*)' B <6y v X, X, Xag ol £} elvnt Towr mpds Xy, 2l £ Yo mpdg Xy,..., al fy, Yom

mphs X, wal ouvemiiz Eyopev X, X Xy =Ty%; |17 ST R 5 1

214

WngionoiOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



Mécov dvdoTnpe ¢
< — 1514152:41524-156+ 1564156+ 162 +162+162+162+168+168 __ 1907

e == 158,9 cm
‘0 mrivet koravoptis ouyvoThTwy elval : | 151 lgi_lg\ 162 | 168‘
kel ouverréds kaTd Tov TuTov (2) [ il o Tl e ;

% — ; A : - 162 4 2- 16
Exopev : X = Lisl e Lak? %5{: ol 158,9cm
2) Né sUpebfi To péoov Papos Tév 68 EpyaTdv ék Tou Trivokos karravoufis
ouyvoThTwy Tou TrapabelypaTtos Tiis ogd. 211,
‘O Ymrohoyiauds tvtofior TOU GpiBunTikoU péoou ylveTan kaTa Tpooty-
yicw, 51671 Becopolpey s TIHGS THS X Tos wécas Tiuds Tfis P oTHANS.
OUTtws Eyopev :
- : . . -15-90 4 13- 100 . .
o 360+ 11T0+24:80 41590413 10040:11042:120 _ gy
"Apa T péoov Pdpos T 68 tpyatdy elvan 84, 7 Kg.

‘Ihwtyreg tob apfpnuiked pioov

1) "Eotw Xy Xey - <Xy - - -5 ¥n @l Topamnpnbeican mipad kad x & &pif.
péoos otrrédv. "Eqw ThHy Blogopdw X, — X kohéowper gméklewy THs TuxoUons
Tiufs X, &md TOU pécou X, TOTE TO &Bpoicpa TEW dmokhoecoy ToU ouvdiou TEY
BeBopéveoy &md Tou X elvan pnbév.

Tpdyuart, (X;—X) + Keg=X)+ oo + N —=X) =X+ Xg+ ... + Xn =
~Nx =Nx —Nx =0.

2) ‘0 péoos x lgobrar pé 1o &Bpoiopa T&Y ywoptvey TEY TIHEY Xy, Xa - - - Xu
trml Tés oyETIKGS CUYVOTNTOS auTdV.

Mpdyuar, tk ToU TUToU (2) EXouev :
;zzr—;xl-i-;—;h-*- +2%'— Xy = F1 Xy + Foxs + ... + Fuxy = ZFx, Swou
F,, Fs, ..., F. elvon i oyemixai OUYVETNTES

Avapeoog (Xs)

"Edw Xy, X, - - - X elvar of N wapompenBeioen Tipal kal ypdywpey aUTds
kard TéEw atfavoptvou ueyEBous, TOTE &v ey UTrdpyn peoalos Spos Tis oeipds
T 1By aiTév, auTds elvan f) Bidueaos Téw &PIBUEY X1, X, . . . Xy , v Bt Bl
Umépyn ueoaios dpos, AaupaveTal s Bidpecos TO HudBpoioua Téy BUo peoaiwv
dpev.

E1§ aupoTépars TAS meprrTedoes 1y Bidpeoos elvon &piBuds, & dmolos xwpllet
o oUvohoy TEY TGV Xy, Xa- - - Xn Els BUO Takers pd TOV airrdv WAnBamBuov. ‘O

TUTrOg Bt s, ‘; U 5iser iy T&Ew Tiig Siapéoou els Ty oripdy TéY dpiBudv. ..
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1) Bidpegos TG dpibpdv 3, 10, 13, 19, 20, 30, 32 elvan & &piBuds 19, Bois

karéyer Thy TéEw s 2 =4os. 'Ev® Tdv &pbudv 12, 15, 15, 15, 19, 40,

2
40, 41 elvar & dplﬂué}gE—;ﬁ = 17. ’Emeidn 8¢ elven E;—] = 4,5 &po karé-

XEL THY Snv T&Ew Kad ouveTTads KelTal peTatU TV dpBpdv 15 kai 19,

‘0O Utrohoyiouos Tiis Siopéoou dpaBomoinpéviy TOPOTNPHOEWY TapoU-
o1&l BuokoAiav Twé kal k&molow dopioTiow Si1& THy Tt abTis, S16T1 Stv yves-
pifopey Tas dupiPeis Tiuds Tiis peTaPAnTiis. TTpds ToUTo, &1 ToV UToAoyioudY
Tfis Siapéoou TGV TINGY ToU Trivaxos kotavoufis TG 68 toyaTdyv Tis oA, 211
oxemrTopefa s Ebfs ¢

"Exouev N = 68 kal Nzi = §§~§—Ll = 34,5 “Apa 1 8idpegos Tium
keTTon petalU Tiis 34ns kal 35ns &k T@v 68 SiareTaypéveoy kaTd T&EW peyéfous
TGV Tiis peTaPAnTiis x Kal ouverds dvrker els Ty TéEw 75 ~ 85, dx TolUTo gai-
vetan €k Tfis oTiAns (dBpoloTikd) ouyvdTns).

Mpo iis Siapéoou Tairns Tipfis Umdpyour 34 Tipal, ¢& v ai 14 dvrkouy
els Ty TéEw 55 — 75 kad ol GmwdbAorror 20 dvrikouv els THY TéEw 75 — 85. "Qoe
# Télis 75 - 85, elpous 10 povdBav, mepihapPéver els Tas 24 Tiuds aUTHg ™Y TI-
wiv Tis Siauéoou kal 20 Tings Tpo arrfis. “Emeisd) 88 24 Tipal kehUmrTour elpos

10 povébeov, ol 20 Tt 8 koAUTTTOWY elpos 1050 pov.
‘Emropévess 1) Siduecos Tipf kot Twpootyyiow elvan
Xs=75+10- 29 =754 83 =83, 3xg

Enpeioas. ‘O dpibunTicds péoos Tol mapabelyuards pas Gmehoylodn els & wponyol-
peva kal eUpéfn 611 elvon X = 84,7, *H Tiph altn SAiyov Siagéper Tis Sriapboou Tiufis x5 =83,3.

Cevikdyg, tqv x, elvan #) dpyxikd) Tipd Tjs Télews, els fiv &vijcel i Si&peoos
Tiun X , 2f 1) SAikd) ouywdng, f 1) ouxvétns Tis Takews eis fv dvrker ) x5 , F
1 &BpoioTikd) ouyvédTng SAeov TGV Tatewy TPo THs Télecos THs X5 kol £ TO elpos
Ths Téews THS X3 , TOTE, dpolws oxemwTSUEVOL EUpioKopey TOV TUTTOY :
T+ —F
Xy =X\ + 6 —F—

I'pagikog npoadiopiopds tilg Srapfoov. OUros elvan oAU elkohos, BAAK
Btv Tapéyer peydAny dpiPeiov. o

Karaokeudouey 10 molUywvov &poloTikils auyvéTnTos kal gépopey THY
xébeTov pds Tév dfova Oy els TO onuelov, To &molov ywpllel els SUo lootAn-
Bels GudBas Ty SAikhy ouyvéTnTa. ‘H kéBetos aln Téuvel TS ToAUywvov els v
onuelo, 1) BE kédeTog &rd olrrd pds Tov &fovar Ox dpiler onpetov i ToU &fovog
Ox, ToU émofou 1) Tetpnuévn elven ) Bidpecos Tipn. Els 16 oAUy wvov dBpoioTi-
kfis ouxvoTnTos Tiis oed. 211 # Sidpecos elvan 1) TeTunuévn Tol onpelou I,
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Emukpatotoa tupt) (Xe )

‘0 péoos auTds elvan fy Tn TS weTaPAnTis, fiTis TrapouoidleTal guyvo-
Tepov, Aol avuiotougel &ig tAv peyiemy ovyxvérnta, kol ouveTrdds Exer Evvoraws
Stav T SeSopéva EupovilovTan el koravoufiy ouyvorhTwy. T.y. 'Eqw éx Tév
tpyardiv tvds dpyooTagiou of AauPavovtes fuepopiotiov 200 5py. elven ol TroAva-
pOuSTEpOL, TETe Abyoper 8T TO EMIKPATETTEPOV fluepopioBiov (BmikpaToloa Ti-
un) el o EpyooTdoiov elvan 200 Spy.

‘0 TpooBiopiopds wé dxplPeiav Tis gmikpocTouons Tipfis  TpolTolETel THY
yvéow Shwv Tév oToixelwy TS koeravoufis kel Eopéves elven BuoyEepns, Stav
T& otoryeia elvan TOAUTANG kal dxavévioTa.

Els piov kavovikfy K&TQvopny guxvoTHTWY O TpooBiopiouds Tiis EmiKpa-
Tovons Tiufs ko Tpoctyylow aTrpileTar &l ToU EumelpikolU TUTTOV :

Xe—Xs =2 (Xs — X)

Enueioowg: Kordmy mapatnprioews Tpotkuyey 6T, v 1) koTavouf) ouyvo-
TTeov elvan ko Kowovik, ) BI&HECOs Xs TepIéYETa HeTaty Tis émikpaTovoTs
Tiufis X, kol ToU &pifunTiKoU péoou x. 'Edv ) karravopn) elven ouppetpixhy (loTo-
YPOUUOY GUXVATNTOS CUBHETPIKOV), TOTE elvon X, = X5 = X.

[pagikdg Suvdpeda v TrpooBiopicwie THY EmikpaToUTQY TIUHY &mwd TO
loTdypapyor ouyvdTNTOS 0% &7 : SuvBtopey 81’ elBuyppuy TEMUETWY TAS
&uw kopupds Tal dpboywviou Tiis HEYGAUTEPQS TUYVOTNTOS WE TAS YEITOVIKGS
Kopupds Tédv Buo ExaTépwdey aUToU dpBoycovicov kel &md T onueiov Toufis TéY
TanudTy ToUTwy ptpopey k&BeTov pds Tov &tover Ox, # dmola Spiler Ty Emi-
xpatoUoay Tipfy. .y, Els o loTdypauuov ouxvéTnTos Tis oA, 212 1 Emixpo-
ToUoa Tiph elven 1) TETUMMEVN ToU onuefou A.

"Eqv Epapuoowopey TOV TUTIOV 15 EmikpaTovong TiWfis els THY KaTavopdy
TV 68 Epyardv el oeA. 211 ACUPAVOUEY :

X. —833=2(83,3-84,7) = x. =805 xg.

Mopatnpiiesi ini tOV KEVIPIKBY TIpdY

‘O &p1BunTIKOS HETOS UrrohoyileTon edkdAws kal Exel kabwpiopémy TIPNY,
fimis duws ErrnpedleTan &md Tas dxpalas TIWGS, Bi& ToUTo elvan Buvardy va piyv
elvon Emrapkéds &VTITTPOCTIEUTIKT kevTpl) Tipn. "Ev ToUols, elven & Aty eU-
XpNoTos, & TAboy KOTEVOTTOS xad & TAfov yvwoTds péoos el THY ZTATIOTIKNY
Tpatv.

‘H Bidyeoos UmohoylleTon oXeTIKESS EUKOAWS kad f) Tigf s ErrnpedleTan
évov &md To mAfiflos T BeBoubvew TG (B trnpeddetan &md T dxpaias
Tipds), Bi& ToUTo elvan TEPICTOTEPOV KEVTRIKY Tipf) Kol ouvetrdds pas TATpogopE
TAnptoTEpor Tou &pify. pETOU.

*H tmikparroloa Tiur, TEAOS, gmohoyileTon pévov kKot TPOTty YOI OXETI-
Kds eUyepdds () elpeais Ths &AnBolUs Tiwfis elven BUokoAos kal Btv EmrnpedleTan
&rd Tas drpalas TIRGS.

T& TAEOVEKTANOTX KAl UEIOVEKTTIHATA TGV KevTPIKGY TNV tpgavilovTal
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KOTQ TrepiTrTeoov kal ouvetrdds ey TGS OTATIOTIKGS EQUPUOYSS 1) TTROTIUNTIS TwWY
yleTan kata mepimTwoiv.,

I31. ATALMIOPA—TYIIKH AITOKAIEIL — AIAIPAMMA AIALIIOPAL

EiSouev el T& mponyolueve, &1 ol Tpeis KevTpikai Tipad (&pifunT. péoos,
B1apecos, EMIKPATOUCT TIUR) Tapéxouy Tohhdkis pdvov évdeifers Bid THy Tdow
TGy Beboptvey pids katavopdis. Elvar uoikov Aoimdw, &1 elvan dvemrapxeis va
mepLypdyour pé kamoloy dkpifelav Ty puoloyvwpicy THs kaTovouds.

MM.x. Els évex épavov of 12 UmdAAnAor wids Umrnpeoias Tpocépepov T& EEfis Trood :
10, 15, 15, 20, 20, 20, 20, 25, 30, 30, 45, 50. (1). Al kevrpikal Tipad THs
oeipd&s cUTiis elvan : x = 25, x5 = 20, x, = 20, ’Edqv &md ToUs {5ious GrradAfAous
| oepa Tév elopopddv fiTo :

5, 10, 10, 10, 20, 20, 20, 20, 20, 30, 35, 100 (2)

ToTe ol kevtpikad Tipad TEAW elvon ¢ x =25, x5 = 20, X =20 Al ospad (1)
kai (2) mop’ Shov OT1 Exour Tas aUTES KeVTPIKAS TIHGS &V ToUTOlS Slagépouv pe-
Taty Tov wapa woAu. Els thy cepdv (1) ai Tipal SiaomeipovTan dmd 10 g 50
kai 16 elpos Tis kaTavoufis elven 50 — 10 = 40, dvéd elg THY (2) &rd 5 &os 100
e eUpog 100 -5 =95, 81& ToUto Abyopey, &Ti 1) koTavoun THs oeipds (2) Exel
peycAuTépay Slaomopdy &Td TRV KevTpikfy TIUhy.

‘H Zratiomikh peuve, s Ek ToUTou, elvan Umoypewpévn, Srraws tletdon
kal &GAAas Tipds THs peTaPoliis TV oTaTioTiKGY SeSopbvev.

Thw ouykévtpwow fj &roudkpuvo TéY oTaTioTIKGY BeSopéveov TEpIE ids
KeVTPIKTS TIUfis dvopdlouev Siaomopav.

To elpos Tiis korawopfis Sv elvan xkatdAAnAov Si& Thy TEPLY PPV TS
Blaomopds TGv Bedopévwy, 516T1 étapTdTan pévov dmd Tdas dxpalas Tipds. O&
HBuvdpeba v UtroAoylowpey T Siaomopdy pe THY elpeotv Tol pégou pou T
drrokAloewy TGV TIPGY &d ToU péoou X aUTY, OHws, druyds, 16 &bpolopa
TéY drrokAioewy ToUTwy elvan undév (oeh. 215, In 1Bi1dTns ToU &pibp. péoou).
Ta TeTpaywva duws TGy dmokAicewy, fitol T& (X, — X)%, elven BeTixol &pibpol
kol ouveTrdds & &piBunTIkds péoos alTRY F(X-AN*—X)? Si1dpopos ToU undevds.
Ty moodtnTa adTiv oupohifopey pé TO o kai KoAOULE péonV TETPAYOVIKRY
arokhioy 7 drakbpavary tiig katavopdis, TNy B¢ BeTikniy TeTparywvikiy piloy
aUTfs o tumKnv anékiioiy.

-

Qo By s L 20— VaTey
B A . o J
A= ],2,...'N = N (1} Kdl o = N (2) ‘

‘AvatrTUgoovtes 1O &Bpoioua X (x; — 'x_)! AapPdvopev :
T =0 = (X — X+ (X=X + ... + Gn— X =
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(%, ot 5 rx,;)- 2X (X%, 1—.\=+...fo)-1_—?‘1)&:—1
._~(x12+x._,”+...+x;)—2x-Nx+Nx2:Exi—Nx“

ik T

X2 (1) kai c=\/ NL S )
Mapadeiypata. 1) Al Siaxuuavoes TOU TTPOT)YOUREvOY 'rmpotaclyua'rcs

ToU spowou 6w 12 UmedAfiiev elvan els Tag duo 'ITEPITI'"‘COG’EI.S

0, :'rz [(10—25)2 + (15-25)% + - . . +(50-25)*] ='2‘ (15841024 . . +25%) =
40

kai dpa ol TUTTOL

(1) kai (2) ypagovral:

o

o

0t = - [(5-25)* + (10-25)* 4 .- +(100-25)*] = L@ 15t . 750 =
3475
=3

v S /800 20V 3 /3875
Al 8¢ Tumikai &mokhloes elval @ oy \' = =) %

2) Na& umohoyiafi 1 Siakupavols Tv apibuddy 6, 81l A0 "Exouev;: % =
=9, 25 XpNoIHOTTOIoUVTES TOV TUTTOV @) E)(ouev
ad [(6_9 252 4 .. .+ (12-9,25)% | = A(B 25811 2891 | T5eD THyeaiB T

qumuo-rrmoumg tov tumov (1) Exouav
SRR 2 122 ;{?-) (36+64+121 {-144)_13°3 57
of = (614 81+ 1124129 —(7 =~ 5,
‘0 TUmos (1) évtauBa pas émﬂ\?\adaea &md  TOAUTTAGKOUS TTOAAXTTAC-
T1agHoUs.
Eotv ai Tlp.o:l T‘lS petaPAnTis éxouv Takwopnbi els fvow mivaka kaTtavo-

| | X |
g [Rilde e fl | f+fa+ ... +Hh=N=2Zf 7016 T& TETpdywVA TRV
L it ol
dmrokAloewy, ToAAaTTAaoialoeva €Tl Tas GuTioToixous ouxvotnTas, BiSouv pé-
s 2 2y (% - x)? . s
anNy TETPEYOVIKIY AmoKhioy 07 = s (3) kai tomkny anoékiioly

Vﬂ* G rﬁi (4)

‘Edv 8¢ O'KEq)eb.)[..lEv ¢ Kal TPOTyOUHEVWS, TOTE oi TUmor (3) kai (4) ypagovtal :
2 2 5f X2 7
¥ zrﬁz;i —x (3) kal o = V MRy @)

Elg Ty mepimTwow Tis SuaBoTroinuévns karavoptis ai dirokAicelg UtroAo-
Yilovtan pé Tas péoos TIHGS TGV Télewv.
Inpeivog: ‘H TUTIKT] QITOKAIDLS O glvan TO pétpov Ths BiaoTropds Kai
txppdletan Bix TdY EpxikdY povabev peTprosws TV Bedopéveov.
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Hapadevypo : Na& Urohoyio6ij 1 Tumikn &mékAions Ths Opadotroimuévns
karavoufis T@v 68 Epyoatdv Ths geAios 211.

Zynuorifopey TV Trivaxka @ CApIBUNTIKGS pécos X = 84,7 kg

Tf:%‘ I £ X b %y | %—x | Gy fi (5 — 02
& | 3 | 3600 | 10800 — 24,7 610,09 183027
0|00 [ a0 | 5300 | 147 | 21605 | 1895
80 | 24 | 6400 | 153600 | — 47 | 2200 530,16
f‘gT’ 15 sR0 | v |5 [T mm | ems
100 13| 10000 | 130000 153 | 23409 | 007

110 e | TR | 25,3 649_.93777‘7”___—_—_4 =
120 | 2 | 14400 | 28800 353 | 1246,09 | 249218 ‘
o o | | i

“Apa, ouugdvws TG TUTR (47) o= /45800 ¢ 470~ 12,6 ke

Exopev : 68
ouugduws Bt TH TUTw (4) ge X V’ms94_,1_2 ~ 12,6 kg
EXOUEY : 68

Inpasia tiis twmkiis anoxhiceog

‘H yvéois s ubons Tiufis x kai T Tukiis &mokAioews o Tapéyel dve-
kTiunTov oUMBOANY ik ToV TpooBiopiopdy T HoppTis Tfis kaTavopfis ouyvo-
TATWY KoTd TPSTOV ikavoToInTIKSY, Els Thy mepiTTwow kab’ v T& Seboutva
Slaoreipovtan kowovikéds kad ouppeTpikdds mrepl Tév péoov x. "Oraw N TUTTIKT)
dmwdkMais elvon pikpd, Té SeSopéva Telvour v ouoowpeubolv mépIE ToU pégou,
kal dtav elvan peydin, Telvouy v Slaomapolv. Al oTaTioTikal peAéTar Seikvlouy
8m el piav xavovikny kai TUUHETPIKNY kaTavoufiy Ta SiaeTiuata ékarépeobey
ToU pboou X els &mdoraow fony Tpos 0, 20, 30 mepiAauPdvour T& 68%, 95%,
99,7%, meplmou duTioTolyws THs GAikfis ouxveTnTos T SeSouéveov.

‘O drohouBos Tivat Bibel quvorrTikds ThY Blaomopdy TEY TIRGY Ths pe-
TaPANTHs dkatépwlev Ths pbons Tiufis x els EkaTooTioia TOTOOT Tis A

- o

4 4 i l L 1 1
K-8 il Wos jx' Y6 Xes6  Wess
1 | 1
[ s i
1 A

25% 7,

Sy, 131.1
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ouxvoTnTOos, Exel B¢ oxomoy v Béon) KaTdTEpa Spia dopahelas kai va Ponbrion
auvettdys elg THY SiamrioTwow TUXOV AcB&v els Tous UroAoyioHOUS.

Els 16 mponyouuevor TrapdBerypa elpouey o = 12,6 kg woi x =84, 7kg.
“Apa el 10 BidoTua o X — 0 = 84,7 — 12,6 = 72,1 fus X + 0 =84, 7 + 12,6=
=97, 3 BiamioToUpey, karémy feTdoews Tol ToAvydvou dBpoloTikiis CUYVO-
TnTos, &1 dvijkouv ai 46 ik TGV 68 Tipdy, fitor 16 67, 6%. MpdyuaTt, 1) Tiug
12, 1 dvmioToiyel mepimou els THY &bporoTikiy ouxvétnTa 19 kai Tipn 97,3
dvTioToiyel els TO 65 kai ouveTds 65 — 19 = 46.

Enrions, els 10 SidoTnua &md X — 20 = 84, 7—2-12,6=59, 5 fws x+20=
= 109,9 dvrikowv 63 ik TV 68 TIL®VY, fitol 10 92, 6%, Tpdyuar, f Tiph 59,5
dvTioToryel mepitou el THY &bporoTikny ouyvéTnTa 3 xai f Tiun 109, 9 &ls TV
66 ki ouveTdds 66 — 3 = 63.

To diaypappa tijs dracnopis

Eidopey, 611 k&Be xaTavopn ouyvoTTwy SUvaral va TapacTadii ypagl-
ks pt &y loTéypappov fj TOAUywIoY ouyvdtnTos. ‘H elkaw alrn elven Tumikn
ToU tetaloptvou TATBUGHOU. AV Suws pavtachidper 611 & TANBUOUOS pETAPAA-
Aetan ouveyds, Bud TAUTOXPOVS TO eUpos T&V Tdlewv pikpaivel, ToTE TO loTo-
Ypaupoy | T& ToAUywvoy dpiakds B TauTioi ué wiav kaumiAny (1O Bidypap-
Ha Tiis Biaomopds), f émola kadopileTan TATpWS &Td TOV uéoov X Kai THY TU-
TKf dmdkhiow g. ‘O pégos X &TOTEAET TO péTpov Béoews Eml ToU &Eovos OX xad
1) TuTikg dmékhios TO pétpov BiaoTropds. "Edv f Tiuf o elvan wikpg, ToTE 1) Ka-
uTTUAN Trapouotdlel pEYGATY KUPTOTNTE, tav B peydhn, TéTe 1) kopmUAn elvon
amAwpévn, Karwtépw §iBouey TO Bidypappa BiacTropds Tiis kaTavoufis Td@v 68
EpyaTdy ¢k ToU loTOypdpHoy guyvoTnTos Tiis oeA. 212.

"Exouev x = 84, 7 xoi 0 = 12,6. Eis 10 Bidotnpa (x — o,_?( + o) durikouy
46 ¢ e 68 TGy, Aol TO 67, 6%. Els 16 Bidotnpa (x — 20, X + 20) dvfjkowy
63 & Téw 68 TG, fiTor 1o 92, 6%
Olrw oupmepadvopey, 6T1 1 SiaoTops Bev
elvan peyddn.

Alo ) kol TrepiocoTepor TANBUouOL
elvan Buvarrdv @ 1) va Exouv Tov aUTOY pE- ¥
oov kal v& Siagépouv dx Tpos THY BiagTro-

4 €164
péw, 2) v& Exouv Thy iBloy BiaoTopdv kal
Bidgopov péoov kal 3) va Biapépowv G
pods THY SlaoTopdy KAl TOV péCOV. ’ 523 92'67__
X A : Slaomo- 0 : Ei .
) :ro: c?u-:o?\ouecx BLO.')/IPGU:UGTCI 1 R |
p&s dvagpépovtar els TAg GUTEPW TEPL- o |
: X-26-995 X=847 Re2om 1099
TTWoels AvTioTolYWS. o7 s I,
‘0 Trivat ToU oy. 131.1, & omoios &i-
8e1 T Biaoropdw els EkaTooTIATG TTOCOOTA, Ex. 131.2
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el \,, =
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! X, X2

Sy, 1313

foxUer amoAiTws, otav KOTQVOUT| OUXVOTTTWY eival KQVOVIKT) Kal OuUppe-

TPIKT WEpl TOV péoov X. To dkdAoubov oTikTov Biaypappa 8iBel Ty elkdva wids
TOIQUTNS KATQVOWTS.

J
9 ) v
e o
o e
o <
i2 < a o -
s o s o
© o o o
o & o o
o o o °
=] o o
d o o o o u
© o o © o -
o ° o © < o
v (-] o o o o
o o o ] < L
“4 o o © a ° ° a o
‘ o o o N o o © a
2 < < < < o o o L Q v
3 o o © -] o | o o o o ) ©
) ; 1 L ! RN S L —
‘1 X-3¢ X-2e X6 Lk " X+ X+lo X6
Sl |

132, H ENNOIA THY LYLXETILEQY

‘H olykpiois 1év oraTioTikGy Seboptvwoy droTeAel Thy TEAIKT)V @aaiv
HIS OTATIOTIKAS Epelvns Kol &TrOoKOTE] els THY GueUpeo vdpou Tivds, folomgls
va BT TAs oyécels Buo A TEPIOOOTEPWY UTTO ElETao pawoptviov. Ak T
OUYKPITEWS TGV OTATIOTIKGY Telpdv BlvaTtan & EPELVNTNS Vo elpn TAS Suoid-
TnTas f Tas Siagopds, ai dmoiwm Xapaktnpifour 8Uo paivdpera kai va dUakaAy-
W1, ouvetrdds, ToUs Seouols T Tag oxtoels bapTroeys Twv,

‘H alykpiois 1év oToTioTIKGY Bedopévav, tp’ Soov Aappdvel yopav émi
TPAyUaTWY  EmiBekTikGY guykpiaews, Tapouaialel duokohias, 81671 1) oxéals
GAAnAcetapTioews TéV Siapdpuwy pawoptvay (uaoikidy 7| olkovopikdy) elven
moAvouvletos, 18lcs STav TpdkerTan TEpi ofkovopikdvy.
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Al Quoikai EmoTipal, T& MabnuaTikg, 1) "AcTpovouio, 1 BioAoyix ma-
péxour TAeloTa Soa TapadeiypaTa oUyKpioews Blapdpwy Toghky Kal EKepAa-
low T&g oxtoers GAAnAcetapTioEws alTdy Bia TUTTwWY (vouwv) &moAUTWS oTa-
Bepdov kol dwoAAolTwY.

Al oytosis abtan Bty UpioTavTal TTPOKEIUEVOY TrEp! OIKOVOUIKEY PauVOE-
vaov, Ev ToUTolg 1| STATIOTIKY TIOPEXEL ikowoTroImTikds évBeitels émi Tiis Topelas
TV Qonvopévay TOUTWY, xalTol T& oToiyela oty elvon G Emi TO TAgioToV
ETepoyevi.

Suyvd oupPaivel of petaBoha els plav peTaPAnTiy va ouvodelwyTal &To
TapaAAfihous peTaPods, els piav EMANY METaPANTHY Kai v& UTTdpyn) MeTORU Toov
axtols Tis, T 6mews Aéyopey ai petaPArTal va elvar ovayeniopévar. TLy. T6 Uyos
kel TO Péipos dvfpimay, TO Uyos kai 1) HAikia dvbpdmey, 1 Bepuokpacia kai
| SlagToM METEAAWY KA.

"Otav Buo petaPhnTai X xal y peTaPoiicuTal TapoAATAWS KATA TRo-
oV, $oTe els PeydAas Ty WIKPGS TIHAS TS X v& dvTigToIXOUV KaT& TO TrAeloTov
peydhon f) pikpad Tiwal TAS W dvTioTolxws, Xwpis dpws va Utrdpyn Mabnuari-
kN Tis oybors (oTabepos Vopos) HETOEU TGV PeTAPANTOV TOUTWY, TOTE Aéyouev
611 Udpyer Oetiki) ovoyiniong petaty TGV METOPATTEY X kai . TT.x. 1O Uyos
Kai TO Pépos dubpdomewy ebpiokovTal el DETIKOV oLOYETIGPOV.

“Otav 5t els peydAas TIHAS THS X AVTIOTOLYOUV KOTA TO TAETOTOV pikpad Ti-
Hod Tiped TR @ kol GyTIoTPOQL, TOTE Aéyouev &1 UTrdpyEl dpviTiki] cvoyé-
noig Ty, & &pifuos TGV QUTEY Qv povaBa Emgaveias kad 1 &méboots ékdoTou
TGV QUTEW.

Téhos, brav i Tipal Tis Wds weTaPAnThs Bev paivovtal va Errnpealowy
T&s Tipds T &AAnS, SnA. oTav al SUo peTaPAnTal elval dvetdpTnTol, TOTE Afyo-
pev 6T elvon doveyétietor. X 16 Uyos kol TO éTiolov elodBnua dvbpaoTaov.

‘H ypapik TapdoTacs Uroponbel elg MY TpooTrddeiaw dveupEoews WSS
oyéoews tiapThoews peTakl Buo PUIVOHEVCV.

OUrews, & Umobtowuey &T1 Exopey Tpds EtéTaoiy Ev gUvoAov BIGTETEry pEVeoV
leuyéov duTioTolywy TGy BU0 HETAPANTOY X Kol . *Hror 10 Z = { ( X3, Y1)
T U (-7 By R ¢ 4 L1

Els & ouoTnua opfioy. &ty xOy xataokeudlopey Tas elkovas TV Jeu-
yév ToUTtwv. ToTe elven Buvarov va AdPoopey Ta Eifis oTIKTA Sy papuaTa, TA
Soia elvar ixavd va xaradelfour, & Umapyn oxEols TS gtapTnoews HeTalU
Téy BUo petaPAnTdv BeTikd A &pYTYTIKT.
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Lnuciworg. 'Extos TV OTIKTOV SiaypappudTwy yivetar xpiiais kal TV YpappIKOY
SiaypoppdTwy (KapTUALY) KaTa ToloUToY TpdTOV, DOTE 0 ula kaptUAn va mimry bl Tiig
GAATs kal v kabioTaTar Tpogavis & ouaxeTiapds 7 uf Tdv Buo HeTaPAnTEY.

T& dvwtépw Bixypdupara elvon pbv dvaykaia, € TPOTTOPATKEUXOTIKT
¢pyaoia, Syt duws Kal ETAPKR. Aid v EmiTURwpey oageoTépas, Evdeltels kol v
Epunuelowpey Tas TUXOV OHOIOTNTOS kai Siapopds, elvon duéryxn VA KAWUEY
SpifunTikgs ouykpioEs.

OUrws, taw X xal q.: clvan of péool TéV orlpddy ToU Trivexos Té&v dvTigTol-
XV T { Xiy B ooispi B g fr g BN , ToTe Ev TpdTow KprThplov Bl THY

Wi War «-oa Wha e WN
Urraptiv guoyeTioews peTaly TV X Ko_tl y, TOpEXEl TO jepo:cucx_:

X=X (=) + (e =X) (W= + - + Gx = X) (yn =) (1), 70
Strolov 26w elvo BeTikdy, Bndol &T1 1 ovoxétials elven BeTiky, B16T1 TOTE TX TE-
PIoOGTEP Y IVOPEVT (x-,k—ix') (s — ) elvan Bemixd, moU onpeivel éT1 T& TEPIT-
odtepa [elyn (Xi, ) BiBoww &mroxhioelg tk TGV péowy X Kai Y SuOOT|HOUS.
"Eqw 16 &bporopa (1) elvan dpvnikov, TéTe BnAol &T1 Ty cuoxETiols elven &pun-
Tikf. Edw, TéAos, elvan ByyUs ToU pndevos, ToTe Bewkulel TO GoUOYETIOTOV TEW
X kel .

‘O Pabuds Tis ouoxeTloEws petafy 8Uo peTaPAnTdv peTpeiTar UMd ToU
kehoupbvou ouveheatod cuoyetioemg 1, O &molos dpifeTon &ro TO TnAikov
ToU péoou dpou Tou &Bpoiouaros (1) Bix ToU ywopévou TEY TUTIKGY &TTOKAL-
oewv o Kl Oy TGV pPETAPANTEV X Kol .

TR -0 - I, —%) (¥ — )
i pomAle e _ 2 =Xl =

Y == ()
Vz (=X 2 - VZ O — X, — W)
N

N

‘O ouvteheaTis ¢ elvan Gue&pTnTOS TGV HovaBwY HeTpTioEws, &modeikvi-
eTal B¢ 871 epléyeTon pPETALY —1 xed +1. *Hyor —1 <r < + 1. "Otav r>0,
ToTE Eyopev BeTikfY ouaxETIoW, f Smola kaBioTatoan loyupoTépe, kafds & 1
TAnG1ale mpos 1o + 1. ‘Otav T <0, TOTE ExouE GpunTIkRY ouoxETiow, 1) dmolo
kedioTaran Toxupotépa, kadis & r mAnaialel wpos To — 1. “Otav 10 r elvon &y
YUs Tou unBevds, TOTE T ouoyiTiols elvan Alov &abevig 7| oUdepia cuaxETION
Umépyer. Téhos, tv r=—+ 1 i r=— 1, ToTe Eyouey &wéAuTov BeTikny A dpvn
Tikfy guoyéTigw, dméTe peTaly TGV ReTaPANTOY X kal @ Umdpyer waBnuaTikh
ypouuikh oxtols Tis uopefis ¥ = ax + p. ‘O TUVTEAETTHS OUTYETIOEWS I XN~
clpoTroieiTan Six Thy akpiPwoty ToU UTapXovTos SeopoU EfopTrioecs pETAEU
SUo geuvopéveov els TAeloTos doas TeprrTeoEls, 18icnTépeos B els THY MeTewpo-
Aoyiav, Biohoylaw, ‘latpikny, Cecwpyikiy épeuvay kol el Thy Olkovopiav.

Kord Tiv épappoyny Spuws Btov & EpeunThs V& tvepyT) META TrOAATS Trepi-
oxéyews, 516TI TToAAGKs eUploknuEy loyupdy ouvTeheoThy ouoxeTioews Bix gai-
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vopeva TG OTrola Aoyikéys oubtva Beoudw ElapTrioews SuvavTal va EXouv.

To bpBov elvan var eEsTdlwpey Aoyikdds TO TPOPANUa TRGdTOY Kal droAou-
Boos v Blepeuvddpey TO ATTOTEAETUA.

‘0O Sidonuos oTaTioTikoAdyos Tschuprow dvagéper, 611 el plav oTaTioTi-
ki épeuvay Emri ToU peyéBous TGV Uiy ¢k Tupkaiy kal Tiis Tapousias fi wn
TtupooPeaTikdy duTAIGY & ouvTeAeoTRs ouoxeTicews dmédailey, 6T al TAfov
tvBlapépouaar {nuict oupTimTour yevikéds ué Thy Trapouciay Ty dvthidy. TTpé-
el AOITTOV v kQUowyey Tas SwTAlas ; :

Mapaderype: Of PaBpol 12 podntdv els Ta ‘EAAnvike, Mabnpatikg, Gu-
okt elval.

l ‘EAATVIKG l (

x !LE_E\_‘%_|_?EVE_7‘_19|_1%_1§LEi_1E|L91 92=x |
| MadnuaTixa i!iﬂii‘ 12 12/ 16| 16 18 18 16 18 19 134=y
| Sueni "z | 1] 94| 10/ 16| 12| 14] 16| 14] 16] 18| 18] 123=2
| I=L

N& moroyioBii & ouvreheoThs ouayeTioews TaV EmiBdoewy TGV padnTdv el
& 1) ‘EAAnuikG kad MaBnuaTikd, 2) Mabnporika kal Quoik).
EUploxouey Tas dmoxAioels kol Epapudlopey Tov TUTOV 2.

X—x |-82|-7.2[-52 |42 |-32|-22|08|28|38|58|68) 98

OUTw: Wy~ |-11,4]-34| 9.4 | -1.4 | -1.4 | 26 |26|46|46|26/46|56

2z | -113|-33| 83 | -23 | 37|03 |L7|37|17|37|58]58
3 (x — X) (¥ — ¥)=(-8,2) (-11,4) + (-7.2) (-3.4) + ... +(9,8) (5,6)=305,16
T (g — ) (@ — D)=(=11,4) (=11,3) + (=34 (-3,3)+.+.+(5,6) (5,8) = 313,36
T —x)2=(-82+ (=720 + ... + (6,8)* + (9,8)* = 377,68
S(yn—y)= (=114 + (=34 + ... + 46+ (5, 6)* = 348,92
S(m—2z) = (= 11,32+ (=3,3)2+ ... + (5 8)* + (5, 8)* = 326, 98

305,16 305,16

Apa Exopev : 1) np=—r== 30516 _ g4
po Exomey : 1) 1y = e 3am 00 363,01

2)r Lok = 313,36 | 0,93

* = /348,92.326,98 330,11
) "Ex Téw eUpeBévTiow ouvTeAeo TG oVOoXeTIoEWS ouptrepaivopey
1) ém dupdtepan o ouoyetioers elven BeTikad kad Alaw foyupad
2) 671 f) ouayéTiols TG EmBooEwy TGV padnTédw els T& MofnpaTikd — Quoikn
elvan loyupoTépa Tiis Towaing els T& ‘EAANVIKG — Mafnpamiké.

Ol pabnTal els dupoTépas Tas ouoyeTioels BUvavTan V& KOTGOKEUGTOUY
TO pIkTOV Sidypappa.

AZKHEIEIZ

431) 'Ex Tdv xatwrépw [BothTwy molm elvar mrotoTikad kal Troict ToooTikal ; 'Ek
B& Tév peTaPAnTY Toian elvan guvexels kal ToTal GouveXETs. *AvdoTnia — HAkia — brdy yehpa
— elodbnua — Bpnokela — yAdooa — olkoyeveiakn kardoTaols — &pibuds dyduwy — YEWPYIKOS
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Afjpog — Beppokpacia depos — BEpaTEUTHPIC KATX YEWY PAPIKSY Srapépropa — Papos — tlaywyn
yTagibos s Téwous — &ovaial padinTév.

432) Eis éva mpOYEPOV Sioywvioudv ol 42 podnTal Ths Takews pas EAaPov Tous dxo-
AoUBous Pabpols :
is, @ 15 1. 19, 11 «% 10p 1 14, 11, 19, 16 12
¥ 10 "20, 7, 12 1L 10 13 15 g Mirg, wle e, 2
13, 17, 18 10, 14 6 1L 12 14 o 13, (15 80 12
N& oynuanabij mivat KaTaVORTs gUXVOTATWY b oriAas &TOAUTOV, TXETIKTS kal &BpoloTikTs
ouUXVOTNnTOS.

433) To Eros 1965 ol peTavdoTal i ‘EAMGBos &vijABov els 117 yi&Bas mepimov, 113
DY 65 yih. &vBpes kal 52 KA., YUVaIKES Hkias &wd 0 — 75 Erdv, &g & dxkdhoubos mivat :
(Mnyh) @ ZramioTiky "Emrernpls 1966)

"Hawia | 0-5[6-10[11-15]16-20{21-25 26.30/3135]3640]41-45|46-50/51-55|56-60)

16|13 |53 f‘uzl_ﬁ_ﬁ} 86 |38 |15 |09 [05

“Avbpes | 1,8

11|08 |06 |04 |02]| 52

103 7.1 |47 |2 1
Skt SRR,

Movaixes [ 1,8 {1,614 |8 1

N& oynpatioti mivat karavopfis uE oThAGS ¢ ThH Tpony. &okfoEws.
434) Al &gites elg EAMGEQ TrEpINYNTEY EK ToU "EfwTepikoU &md ToU ETous 19591965
Exour doc dxorouBws : (I-runa-nxﬁ *Emernpls 1966)

Toe1 | 1962 | 1963 | 1964 | 1965 | ‘
st | emme— i

242 | 5979 | 7412 | 7515 | 9761 [Els xihdSas
N& oxnuaTiodi Trival xaTavoudis pt oThhras s THS TRONY. &OKT| OEWS.

435) N& karaokevaodn TO ToAUywWvoY quyvéTnTos THV &oxfoewv 432, 433 xal 434
@5 kal T TOAUywvoV &BporoTIki) guy veTNTOS:

436) Na& kaTaokevaohy TO loTOYPSHHOY ouyvéTnTos Kol &bpoloTikis oUXVOTTTOS
vév doxfoewy 432 kel 433.

437) Na cataokevaotij paPBoyporHOY §i1a T& oToweia Tis dox. 434

438) Ta yevixd Eoba wds EmiXEproees elvar :

MigBol Bpaypual 300,000, ol Bpay. 200.000, dogdAaa xal gopor 8pay. 100.000,
Biagruiots 150.000, Bidpope BpX: 50.000. N& xaraokeuaodi) kukhikéy Sidypanua abTiis Tiis
KaTavophs.

439) To #vog 1966 1 EkTa01s i ‘EAA&Bos apovolaoey Thy s karavopryy : Tewpyikd
txraos 309, Acowkh ETaos 20,3%, *Extaois Pookiis 38,29, OlxoBounpévn EkTaais 9,5%,
&uphng txtaats 4,8%, iTacs xahuTrTopévn UTrd UBATWV 3,2%. N& xaraokevaodij kukhikdv
Siaypappa avtiis TS kaTavouis-

440) Na etpedij & dpidu. uioos xal i Bidpeoos els T& Bebopéva T@V doknoewv 432,
433 xal 434.

441) N& evpedij 1 tmkparoUoa T €l & SeBopéva Tis doxfoews 433 KexwpIopives
Bia tous &vBpas kal yuvalkas xal dxohoUBuws B TO oUvohov TEV UHETAVATTOV.

442) To TTROTWTTIKSY s bmixeipioews xaTavépeTon &valdyws T@v ET@V Ummpeoias
wérreBi ©
*ETn
Umrnpeaias

["Evos | 1959 | 1960

| "Agitas | 340,0 3994

| 1
1-5 | 5-10 \ 10-15 \ 15-20 \ 20-25 \ 25-30 \ 30-35 \ 35-40 \ 40-45 |
< = |

DDDDE

» |
ApiBds | 108 \ 70 ‘ 39

\'.ﬁ-rn::?\?\\‘g?\cov‘L
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Né yivn & Tivat katavopfis ouxverriTwy droAuTou, oxeTIkTs kal &BpoloTikiis Kal va
eUpeBolv ol kevtpikal Tiwal X, X5, Xe "
443) 'O dpifu. ptoos TaV EpIBUGY X,, Xy, ..., Xy, VE N, elvar x.

. Né ebpebi} & &pibu. utoos TGV &piBUGY &) X, + K, X3 + K, + .., Xy + K, P) Xy— K, Xz —K,

X1

X Xy
. KXy 8) T

X e KE 0, xad €) kX, +A, kxy 42, ...,

oy Xy =Ky Y) KXy, KXgp oo
XXy 4+ Al
444) Aibovran & Ebfis Pépn els kg : 3, 6, 6, 12, 9, 12, 10, 9, 12, 14, 17. N& o=
Aoyi08f) & &piBu. péoos kal A Tumkh &méxAias.

445) T& fuepoplotia 500 Epyatdv bvds tpyooTaciou koravéuovtan g EEfs :

Tekes | .55 5565 | 6515 | 7595 | m5e0m | eseigs | ygss.
fluepopiod. | |
; ; | :

L apies 40 19 ‘ 120 70 | s0 ‘ 20 10
tpyaTdv i | J

N& elpediy & &pifp. uéoos, f) TUTKN drrérAiong kal & &piBuds T&Y pyatdv, o | dmoior
éxouv fuepoploBiov a) &é x — o ws X + o kal B) &md x — 20 fuwg X + 20. N& ywn 8¢ kal 16
Bidypappa Biaxomopds.

446) Ta dvaothuata kal T& Pépn 346 drduwy koravépovtan g Efs ¢

|] Bépos elskg {50-55 55-60 60-65’65-10’7045 75--80’80—85'95-90 90-95(95-100
[ ;‘:@‘E“ﬁ‘ ‘2}3 12[33’33!70i55}39 26 | 13
; 'A“d‘m““ 150-155 155—160;160—165?165—1?0 17&175f175—180i 180-185185-190|
f:f;i‘ﬁ’:l:'z 9’43 131’10:2’40‘[3i

N& eUpeBouv ol pégor, al Siakupdvees, al Tutikal &mokAicers els ExdaTny oelpdv kal va
ttetaodf] els wolav elven  peycdutépa A Siaomopd.

447) Avo Tuyaian petaPAnTal tvepavioBnaav els leyn dvrioTolywv Tiudv s dro-
AouBews @

X 1

] 9=
v | 4 5 |

£ |

10
3

N& UmrohoyioBij & cuvtrAeoTis ouoyetioews kal vé yivn 16 oTikTov Bidypapua T
10 ToUrwy feuydv.

448) T& xpnopomomnévta Umd wds Eraipelag xepdhona €l 10 BiaBoyikd Erny ds kal
T& dvtioToixa képbn Bibovtar g dxohoUuws :

6 1] 8
5 4 5

: \ |
KppShaoe 10| 20 | 30 | 40 150 |60 | 70 |80 d 90 | 100
elg tkarop. Bpy. | | | | |
ieo0s R TR AT RS SR LR A
els taTop, Gpy. | \

N& elpedf] & ouvteheaths ouoyerioews kal va ylvn 10 oTikTdy Bidypauua.
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MEPOEX TETAPTON

KEQAAAION XVI

TPITQNOMETPIA

133. TO FEQMETPIKON TOZON KYKAOY KAl H T'QNIA, MONAAEE METPHIEQE

*Erl fvdg kUkAou KEVTPOU 0 (Ey. 133.1) & Becwpniowouey Sog_gnusicz A kai B.
T& onpeiac A kai B ywpilouv ThHY TEPIPEPEIY ElS &Uo Tota, 16 AMB kai 1o BWA.
Al fueuBeion O kol OP dpifouv BUo ITIKEVTPOUS Yﬂ%‘. 75 < (Oc, OB) xai
< (OB, Od). ‘H < (Oa, OB) dvmioToixel els 1o Tokov AMB kai # <L (OB, Oa) eig
16 Téfov BMA. "Edv pavtachdue 81 16 trrimedov ToU KU-
Khou oTptpeTan epl TO O kaTd THY BeTikfv Qopav Tepi-
oTpogfis, éTav TO onueiov A xwoupevov Siaypdyn Té Tétov
mB, ) xris Oc, &l TS &rrolas keiton TO onueiov A, Ba
Blaypéyn TO EowTEpIKOY TS durioTol}ou ETIKEVTROU Y-
vias (Oc, OP) Sy 133

‘H améhutog i) dvds TéEou (A mds yevias) elveu &

Aoyos Tou Tétou (R THs ywvics) Trpos ThHY povdBa TV Tékw (f) TGV yvid).

‘H yewpetpia S18&oker 6T Adyos Buo Totwv T alTiis dkTives loouTa
TpoOs TOV Adyov TV duTioTolywY ETIKEVTPOOY Y@y kal Emopbves @ Ev t6Eov
Exer v abdtiv arohlvtov iy pé TRy avriotoiydv tou Emikevrpov yoviav, tav
Bepaing dg povig perpiocms TGOV toEov rappaverar 16 t6fov td dvriotoryodv
eig tv povada tdV ywvidV.

*Ex TouTou Emetan, 81 TOEa dviikovTar els kukAous we SiapopeTikas GkTi-
veg Exouv Thy aUThy GrOAUTOV Tipty, T &mes &AAws Abyouev, éxppdlovran pi
Tov aTdY &mdAuToy dpifpdy, STV dvrioTorxouv elg THY aUThy 7| foas Emixév-
Tpous ywvias.

Té péyebos évds Toou txppdleTan KaTd BUo TPOTIOUS !

1) ut T pikos Tov, STav glvan yvwoTt) 1) dkTis Tou Kai

2) ué Th mwdAuTov aufy Tov, T PonBei mds dprouévng povaSos Tétwy,
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N &mola &mwdAuTos T Btv ElapTaTan &md Thy dkTiva ToU xUxkAou.
Baowi) povig petpricecss Tév yowdv elver 1) dpn yuwvie. *H dvtioToryos

povds Tokwv elvon T % ToU kUkAou. ‘H &pbny ywvia UmoBicipeitan els 90 ioog

yoviag éxdoTn éx TGV Omoiwy Aéyeten pia poipa, cupPorikéds 1°. ‘H yewvia
wmas poipas UmoBicupeitan el 60 foas ywvias ixdoTn ék T@Y Omolwy Aéyetan
£v hentdv, oupPorikds 1. ‘H ywvia o0 1" moSicupeitan els 60 foa pépn, fxa-
oTov &k TGV omoiwy Abyeton Ev delrepov hemtdv, cupPorikés 1.

"AvTioToixws TO 1/4 ToU xikhou UmoSiaipeitan eis 90 foa Téfa EkaoTov
ik TV dmolwv AédyeTar pla poipa kUkAou kol oupPoAileTen opoics 1°. T TdEow
mas polpas Umodicipeiton els 60 foo pépn EkooTov €k TGV Smolwy Aéyetan fv
Aetrrov (17) kUkAou k.T.A.

"H fcopnuki} povag t6Ewv fi ywunidv elven 16 dktiviov (rad). To dxtivioy
elvon Tékov ToU dmrolov TO pfikos elvan foov pds TO WRikos THis dxTivos ToU KUkAoU
elg Tov dmolov dvnker TO Tolov. Emions yavia Evog dktiviov Myetan ) dvri-
oToryos EmikevTpos ywvia Tol Tékou Evds dxTiviou (Zx. 133.2).

‘H dmodAuTtos Tipn Emopévess tvds Tétou el dxTivia elvan
6 Adyos ToU prikous ToU Tokou TouTou mpds THy dkTiva, To
ufikos s évog TOkou kUKAoL GkTIvos p ouvBéeTon pi TNy &TéAU-
Tov Ty a Tou Tokov ToUTou els drTivia S1x Tiis lodTnTos:

cr:—:—<:>5:up

‘Eav dos povas peTprioecs Tou prkous Angdi fi dxTis p,
TOTE TO Wijkos Tou ToOtou EkepdleTqn pt Tdv aUTov dpiBudy

Bjtaal pt oV dmolov Exkepdletan kol 1) &mdAuTos Tiph ToU Tolou
TouTov els dxtivia,
“ g g ey . . ey T 2
OBev 1) &moAuTos Tiuf TOU KUkAou SAokATpou els dkTivia elval e T

‘O dp1fuds altos 21 ékppdler Erions TO pijkos kUKAoU dkTivog iong peé THY povd-
Ba. ‘H &mwéAuTos Tiphy ToU fuikukAilou elvan T kad Tou % ToU kUkAou elvan —;— .
"Avagépopey £86 kal plav povéda, Thy dmoiav toydTws Ypnoipomolouv elg

; : = ~ & o ik sy
Tds oTPATILTIKGS Epappoyds, TO mil*, To omoiov looUtan we TO Za50 ToUKU-

~ \ -~ i
Khou. ToUTo kaTd peyddnv mpootyyiow looUtal ué s rad.

Edv 814 Tév a kol y TapaoThowey Tas dToAUTous Tipds ToU alTou To-

Eou pé povddBas dvTioToiyws TO dxTiviov kal THy poipav, éav 16 Totov ToUTo Biv

UmepPadvny Tov KUKMoV, B loyin ) lodTns :
i e TR

a [
|2 =2 (i w)

(*) wrrhnasthve xxtd Thy ENuTy otpaTtwTichy dpoloyixy.
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Tpdyuar, SUo Téta &s ueTpnoly S‘C‘EOX‘K‘:’F “é_ “0”‘?50‘5 Té' dKTi"’mv g
Thy poipav. “EcTwoow Bt a kol poal C':(TT(S?\U'I:OI Tipal 'rou"rrpw-rou Tokou €lg ‘éll('r]-
vie kel poipag kal af kad p ToU Beutépou TF’EC’U"S‘VT‘“TO‘X“’S 515 é“""}“‘? KCf‘ poi-
pas. ‘H yewperpia 5154okel 8TL & Adyos Buo Totwy Bv tlopTdTOl QO THY po-

" it e M
vaSa petpfioews Twv xed 8T loxUel © o = <o
’ . F a _ H
"Edw ¢og Beutepov Totov Angbi 15 fipou kUkhou TOTE f lodTns — = -.u—,y[vg-
o m
T =l
T =180

‘H tgéns Aormov (133, @) uds gmiTpéTel vi eUpiokcopey THY &TTOAUTOV Ti-
Ui fuos Tolou g Trpds THY Miaw i TéV povdSoov, dtav yvwpilope THy &Tro-
Tov Ty Tou G5 Tpos THY &AAN V.

134, TPOEANATOAIEMENOE KYKAOE KAl TIPOEANATOAIEMENON TOEON.

*Edw & kwnTov onpeiov dvaxwpnon €K TIvOS crr\uefou A éuélg KL’!K?\O}J (?x.
134), SOvaran va Bioy péyn aUTOY KIVOUPEVOY ‘E'IT ~c::u*rou ko—& BUo gopas. “Ex
T popév ToUTwy 1y GuTiBETOS TPOS T APEPRAEIE K“”(‘UE“ s

ws Téy BewTdw Tou dporoylou SpileTan 6 9“““1 0po. -
kal # oupgwvoUoa pt THY TS Kwﬁo'ewg‘ TRV Sflx-rcov TOU
Gpohoyiou s apvnTiki Qopd. “Otaw Emi lé"és KU'O‘OU" EX
SpioB7 1 BeTikd), Emopévws kal 1) &pynTin ‘qaopét, 6 K:.n:)\og
Aéyeranr nposavatohiopévos. Thy BeTikiv popav cr'uuﬁo?ugouev
els TS oy fiua ug év ﬂé?\og oUVOBEUOHEVOV u¢ 16 oUpPolov +.

T

"Edw Tdopar &l tuoe Trpoaauu-rc?\louéuou, KUKAOU Eycopey BUo omuela A
ked B, TéTe £ ToU KUXAOU TOUTOV dpilovron Téooopa Tola TrpocavaTONCuE-
’

ver, T Srolcwv TO wiikos Elval MIKPOTEPOY ToU Kkukhou Bi16m £v Télov AB elvan
Buvarrdy v Biarypagf] UTO wwnToU onuefou efre ik ToU A mpds To B elTe &k ToU
B mrpds & A ‘Opigo'v"rd‘ Aorrov Suo Téka AB : Ev Aeyoduevov Betikov t6Eov AB,

s
oupBohilépevor pt /{é+, al & apynuikov t6Eov AB, suppohilouevoy ut AB | xab*
Boov To & Eyer ThHY BeTikiyY popdw ToU TposevaToMauivou kukhou kal O &Aho

el
ThHy &pymTIKTY. [evixdds v TOEOV -rrpoccxvcrro?\lsuéucv cuuPolileTar ut AB.
L o
‘Opilovron Emrions Buo ToLa é?A, 10 &v BeTikdv BA  kal 6 &Aho &pvnTikov
~ . \ : oM "
BA™. Muar v iy yiveran oUyXVOlS Suvdueda vc'= BiaTnpHOWHEY TO By yesils
tpikdy toEov AB, GUUBOAIKESS AB, 81& T pikpoTepov BeTikov Tékov AB .
~ .
ToU TrpocavaToMopévoy Totou AB, TO onueiov A Aédyetan @ 1) dpyn Tou

~ e
AB xai 6 B : 1o népag ToU AB.
T& xard Tov duwrépw Tpémov Spiodivra 1ok elvon pepikad TrEpITTOES
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YEVIKWTEPWY TrposaveToAoutvwy Tékwy, Tév dmolwy TO piikos Slvaren v el-
val PeyaAuTEPOV TOU HTKOUS ToU KUKAOU.

Tpéypar, &v pavtacdduey Ev kivntov onueiov émi Tol kuxkAou (Zx. 134),
ToUTo BUvartan dvaxwpolv ék Tol A vd éktedéon plov f) TEPITCOTEROS TTEPICTPO-
Pas SiaTpéyov TOV KUkAov kal v& oTapation s 1o B.TO xivnTév TouTo onusiov
SUvaron pédioTa v kwndf katd Thy Betikiy A TV dpunTikAy opdy Emi ToU
KUKkAOU. )

T olrax opildueva Toka Aéyovtan tpiymvopetpika Téfa, xal oupPBoAi-

N

lovTton Emions Bix ToU ouuPdrou  AB.

' L& vax elven Spcos &v TprywvopeTpikdy Totov Tehelws dpioptvoy, mpémer
v& yvepilwpev 1) The &pxfv Tou, 2) 16 mépes Tov, 3) THY gopdv Tou kai 4)
ToV dpifucy Tév SAokAfpwY TEPICTPOPEY, TaS dTrolas TO KT TOY onuelor Bié-
Ypawe péxpls étou aTapathon els TO mépas ToU tétou. "Qoe :

Tprywvopetpikov toLov )Gl Léyoviar dha ta toSa, ta Omoia Sraypagovian
Omo kivnrod enpsiov, 1o dnolov dvaywmpoiv ik ToD A Kol KIVODREVOV TAVTOTE KAt
v abtijv gopay, Betiknyv i dpvnrikiy, areparti eig 1o B mpiv ij Swatpily 6)6-
Khnpov tov KUKLoV ij doob Sratpi&n mponyovpives Eva dxépatov apipoy kikiov.

Obrews ewwoouper 6T Umrdpyour dmreipdpiBua TprywvopeTpikg Téia Eyov-
Ta THY aUThY dp¥mv kad TO aUTd Trépas, feTikd kad dpunTikd.

135. AATEBPIKH TIMH TPIFQNOMETPIKQY TOZOY,

“Ev TprywvopeTpikoy Totov, Strews Bv yewpeTpikdy Tolov, BuvaTar va -
TpNOf ué piav fx TV povdBuwv Tétwy. ‘O &piBuds, & dmolos Ba TpoxUyn Kot
oUTdy TOU TpéTov elven f) &wdAuTos Tiuf, 1) Smoila yapakTnpiler TO péyedos,
&AN’ &x1 kal ThHY gopdv ToU Télou. "Edw Teopa el TV &méAuTov TiY TPOTE-
Ewpey 10 +, £av TO Tokov elven BeTikdy kal TO —, Eaw alTd elven dpynTikdy, Exo-
Mev TV Aeyouévny dhysfpukiiy tpnv ToU mpocavatoMiopivou ToEou.

Avo npocavatoliopiva t6Ea tob wdtod kikkov i lowv kikkev civa
loa, Brav Exouv v adtiv aryePpukiy tipiv. Elvan avrifera, édv of dhyePpixal
Tigad Twv elven &piBpoi dvribeTor.

T Tpooavartohiopévor Totov, TO dmolov Exel dpyfy kal Tépas TauTi(é-
Hevae Trpd Tréoms TeploTpodiis, elvan Ev oupPaTikdy TéEov, Aeyduevor pndevikdv
t68ov. ToUtou dAyePpikn Tiun elver & dpifuds 0.

"Ex Tév dvwTépw yivetar gavepdv &Ti TO TpocavaToMopévor Totoy Suva-
Tat va BewpnBi} s pia peTaPAnTr, N dmola BUvaron v AdPn SAas Tds TpayHa-
TIKA Tiuds, 1 Omola SnA. BiaTpéyel TO cuvorov R, tdw Bewopricwoudy ThHy dye-
Bpikfy Tipfv TéY Télwv dx Eva EAAo oUpPorov Bia Td Tolov.

136. TOZA EXONTA KOINHN APXHN KAl KOINON IIEPAL.

"EoTw mTpooavaToAiopévos kUkAos kévtpou O (Zx.136), A 1 &pxr) Tév Tékwy
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k&l M Tuydv omueiov ToU wiihou. “Eotes T 1) dAyePpiki Tipf ToU TpdTou BeTi-

KoU ToEou ,{Rq Eqw ¢ elval ) GAyePpixn Tiun Tou BeTikoU kUkAou (1) &réAuTos

Tiph TGy Tokwy UpiokETAl TTAVTOTE elg THY alThY povdBa: els polpas f el diri-
0 L3 3 i 3\

Vi), Tée 7o BevTepov BeTikdy ToEov AM 8 Exn dXyePpukiy Ty € 4 7 6 7pi-

Tov 2¢ + T, TO TéTOpTOY 3¢ + T Kol YEVIKGS T) GAYEPpIxn TIUn TOU TUXOVTOS

BeTikol TotoU Arl‘:1 & BiSeran YO ToU TUTOU KC + T, mou k. efven BeTikods
drépaios 1y & 0. ey (Biagss

‘H &hyeppiky Twh TOU TpcrTou &punTikou Totou AM B4 glvon — ¢ 4T,

v -

ToU Seutépou &punTikoU TOEOU AM & elvan — 2¢ +7 7ol

Tpitou — 3¢ 4+ T, TOU TETAPTOU "40:'F FoKe Y:‘V“(Ofs ﬁ aA-

YePpIKA TIph ToU TUXOVTOS &pvnTikol Totou AM Boc‘&ﬁs'ro‘u

Yrd ol TUTOU KC + T, OToV K ké&mrolos  GpunTIkGs  Gké-

pcnos. ] \ 3
"Edv Aoltrov Sid ToU X TOPOOTNOWUEY THY &AyeBpl-

e e % -
KAV TIUNY TOU TUXOVTOS rofou AM  (BeTikou 1) &pynTIKOU),
ol 8& BiSeTan Umd TOU TUTTOU
x=kc+T, KEL
"Edw cog povas £xn Angbi TO KTiviov & TuTos ylvetau :
X = 2#;;— T, , keZ (o)
"Edw dos povdss &xn AngB f poipqib TUTTOS Yi\?ET(.T.l :
TR0 =360° k47 | . XEL (o)

‘H lodns (cx). wai Errions A (@), Btv ueTaPdMeTa, &v vl ThHs T AdPeo-
Mev THy &AyePpixiiy TIHOY tvods dmoloudnToTe EAAo, GAN Gproutvou, TEoU
KR/I Mpdyuai, £ els TOV QUWTEPE TUTrov (a) SUTIKATAOTHCWHEY -;:b K uE k&=
'n'cn.ou gp?éuéu -'roG cuvdhou Z, T.X. TOV Ky, 8 eUpwpey THY GAYEPPIKNY T T
e, \ A "
tuds B Té ToEv AM. Od elvan AoiTrov :
X = 2K + T
m=2kT 4T
kol &k ToUTwv BI' &QopECEWS KOTQ MEAT) @
e A — K B K= 2AT + Ty e
Smou AeZ kol T, elvoa Ay GAYEPPIK Tipf) ToU TUXéVTo? &AA ‘mpmliévou ToEou AM,
‘0 Tﬁvo; Aovrov (o) nas Bidet Thy SAYEPpIKhY TihY TOU TUXOVTOS PO~
avarrohioptvou  Tékou A(I‘\.ﬂ, &rav yvwpllwuey Thy SAYEPpikiY Tiufy Eudg TUYOV-

£
Tog GAN plopdvou TokoU AM'.
‘0 auTds TUTTOS (C) YPOPETAL -

»

X—T=2um N x0 — 1" = 360"k, keZ
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AnAadry: Ave tpryovepstpik tofe, T dmola Exouv v abtiy apyny kai
10 abtd népag Srapipovy kutd aképarov aplOpoy KOKLov.
AvTioTpdews &5 Bewpriowpey Ev Toov A-R'l uE &AyePpikfv Tipny
T, =2kT 4+ T
al &v &AAo Totov pe Th iBiav dpxfv A kol dhyeBpikAy Tiuny T, Bragépovoay
Tfis Ty, KaTQ dképaiov TOAAaTAGoiov THs dAyeBpikiis Tiufs SAokAfpou kUKkAou
EoTw KaTA K, 21, TéTe, OULQUVWS Tpos Soa GueTépw eimopey, B elvan :
T =Ty + K 2 = 2k + T + 2%, = 2(k + k)W + T
Kot Eme1dn) k,€Z, keZ 8& elvon kai (x, + K)EZ Kal Emoutvess
T, =2\ + T, AEZ
"Ex Tis TedeuTaiag TalTns lodtnTos ouvdyouey 811 16 Tdfou pi aAyePpl-
KNV Ty T, 8& Exn mépas TO onueiov M.
"Qore: "Avayxkaie xoi {kavi) cuvBfikn tva Sto nposavatohopéve toka tod
abtoll KUKAOU Exovia Kowviv apyfjv Exovv kai kowvov népag eivan ai alysfpikai
npai tov va dragipovy kata 2kr (360%), Grov keZ.,

137. TMPOZANATOAIEMENH I'QNIA. AATFEBPIKH TIMH AYTHE.

‘H Ewoia Tfjs TpocavaToAlouévns ywvias kal Ths dAyePpikfis Tiufs Tns
uds elvar yvwoTn dmd Ty ¥ TéEw.

‘H dvmioToixia, f) dmoia Umdpyer petall Tékou kel Emikévtpou yewvias
ToU W& EMITPETEl V& ouvBiowper THY éwwolay TOU TpocavaToAlopévou Téfou
HE THY Ewolav Tis TpooavaToliguivns ywvios (Zx. 137).

TMpdryuamt étav 16 xwnTdv onueiov dvaywpolv &k ToU A Siaxypden 16 TO-

tov Aré, ToTe | fuievBela Oa Siarypdger T& towTepikdy THS TPOCAVATOAITHE-
vns yuwvias (Oa, OB), v émoiav ouuPotilopev pt < (Oo, OP), &v elven BeTixh
7 ué <L (Oc, OP), &v elven &punmikA. ‘H TeAikny ThAevpd OR Tfis TpocavaToil-
ouévns ywvias, mplv f AdBn Thv Tehikny Béow aUTtfis OP Buvaral va ékTeAéon
ulaw fj mepioooTépas TepioTpopas mepl TO O kai vé Siorypd-
yn oUtw Eva dxépatov &piBpdv BeTikGy | dpvnTik@y TAY-
puwv ywviddv. “Ymdpyouv Eropéves dmeipdpiBuol TpooavaTo-
_aMopivan yavicn Exousar ThY  alThy dpxikfiy kal THY al-
THY TEAwny TAeupdy. ‘Exdotn &k TGV ywwvidy ToUTwy Aé-
YETQL : tpiymvopetpikn  ywvia. Kota Tauta Umdpyer pia

GUPIHOVOOTIHaVTOS duTigTory e peTafy T TdEeoy /{?3 kal TG
TpooavaToAlouivey ywvidy (Oa, OB)

‘H mikpotépa BeTikn ywvia < (Oa, OB), #) dmoia duTioToIyE elg TO TO-
tov f(§+, fNuTopel v& dvoucodfy yewpstpiky ywvia, | dmoia oupPohilera
< (O, OB).

‘H &hyeBpix Tun X Tis TuxoUons TpiywvopeTpIKTs yovias pé dpyixnv
mAeupav Oa kai TeAikfy TAeupdy OP 8iBeTcn Tpopavids Umd ToU TUTOL
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X" — 360% + 10 § x = 2kmw + T, &mou KEZ xal T glvan 1) SAyePpict) Tipn s
&TrolaoBhTToTE K TGV ywvidv TolTwy, &N dpiopévns, s poipag f) dxrivia.

Auvbpeda BE v& SiaTutroowpey THY EEfis mpdTaCwW :

Avaykoie koi fkavi) ouvOikn, fva 800 tpryovopetpikai yovia Exovem
Kowvijy apyikijy Exouv kai wowvijy teEMKNY mhevpay, elvar ai diyepprrol Typai
TV vi Sragipovy KT 2xkn (360%), dmov K Z.

Auvdpeba drropéves v& petaPaiveopey dBlapdpuws &md T& Téka el T &v-
TioTolyous ywvias kad dvmioTpdeuws kal V& Epapudlwpev els ExaoTov & TGOV pe-
yebdy ToUTwv Tds METPIKES {516TnTas ToU &Ahou, BLOTI Ev TPOCAVATOAIGHEVOY
Totov kad 1 &vrioToIXOS TTPOCCVATOMOUEVT) yovia Exouv mavtoTe THY cUThHY
Popav. ) :

AUo TpIywVOpETPIKA yevia Abyovton dvriferol, Stav al dAyePpikal
Tipad Teov elven &piBpol dvriferor.

138. AGPOIZMA AYO H TMEPIEEOTEPQN MPOZANATOAIZMENAON TOEQN

*ABporopa -rrpocavorro?ﬂcruéumu T6Ewv Evds kUxAou bvopdlopev T Tpooa-
varohioptvor TéEov, TO dmoiov EXEl ds dAyePpikiyv Tiuhv TO &bpotopa TéY dAye-
PBpixdy Ty Tédv Sobévtwv TOEwWY.

"Ex ToU Spiouol ToUToy xabioToran povepdy 6T Sid 1O &Bpoioua T&Y TPO-
cavaToAlopbveoy TOEWY {oyuowv of Efis 1&10Tn TES.

1) Auvdpeda els & &Bpoloua TPOoCVOTONICHEVEY ToEwy vd dANGEwpEy
Thy oeipdy TV TrpooBeTEV. : ’

2) Auvéueba v dvrikarraoThowyey doouadfiTroTe TpooeTéous Bi tvds,
ToU &Bpolopartds Twv. A

A& vax elpwpey T6 &Bpoiopa TPOCAVATOATHEVWY Tétwv AB, TA, AE,...

kaioTidpey aTd BiaBoyiké. Aauﬁdvo;;&u, .., &md Tol onuelou B &v 'réE(c_)\u

(@ 5 . X & o 3
S & ¢ thy Tou A kai &wd 1ol onuelov Z & Tékov ZO
BZ &hyeppikiis Tiufis fons We TN o

&hyePpifis Tipfis Tons rpds THY TOU AE K.0.K. Té_ Tétov, TO dmolov Exet dpytv
Ty &pyfy ToU TpTOU A kal Tépas TO Tépas Tou Teheutadoy, B& Exn &hyePpr-
ki Tipny fonv mpds 16 &Bpolopa 6 SAyePpdv TipddY TV SobévTwy Toékwy,

SnA. 84 elvar To &Bpolopa QUTGWV.

OUtw, T.X., &v A, B, I (&X- 134, Ue?}.\.23]) elvfxl Tpla onueia dmi kUkAhoU TTpoTa-
varroAlopévou kai BecpriTwHEY & 1ok AB kai Ig?', TéTe &Bporopd Twv elval TO TO-
tov A}"— Edw o elven 1y &moAUTOS Tipf ToU yewpeTpikol Tétou AB, P # dmrdAu-

; ,\. A . .
o Tipf) ToU yewpeTpIKOU TOEOU BI, ToTe B Ex(ius.: :
&Ghy. Th ToU AB = a+ 2«m, Ay, Th Tou B =P+ 2k, Emopéveas ) &A-

: ~
yePpikhy Tipd TOU &bpolopaTos Al =a-+ P +‘ 2Ar, émou AeZ.

T dvwtépo EmekTeivovTal coxoNws el Tas TpocavaToAiopévas yuvias.
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139. MPOXANATOAIEMENH I'QNIA EIZ KANONIKHN GEZXIN,

-Néyopev éT1 pla TpooavaTohiopévr yuwvia ebpioketan els kavovikfv Ofory
dx Tpos v ouoTnua dploywricy &tdvwr x'Ox, w'Oy, dv i) kopueh Tis ywvias
ebpioxeTan els Ty dpxnv O @Y &Edvev kal 1) dpyikn TAsUpd alTfis TauTileTal
pE TOV fBeTikdy fAuiddova Ox, étov ) ywvia Tomofetnd émi ToU EmiméSou TéV
&Edvewv.

A& vd TomoBethiowiey, Y., ywviav 240° &g ka-
vovikfiy Béow gavtalopeba &1 f fuevBeia OX oTpépe-
Ton KaTd THY OeTIKfY @opdv kardr 2400 (Zy 139), omoTe
dpileTan 1) Tehikny TAeupd THs ywvlas. OUTws ) yowvla B
Exer SAyePpikiy Tiwdy 240°. ToUto ocupPorilopey ypd-
qovtes P = 240° ‘Opolws el 16 abtd oxfjua elval
o =—60° kai 6 = 30°.

Sy. 139

"Edv p¢ kévtpov ThY &pyfv Tév &Edvawv kal dkTiva Ty povdda ToU prikous
ypdywpey kUkAov (Zx. 139), Té1e els ExdoTny TEY TpooaWATOAICHEVWY YWY,
™X, 0, B, a dvmioToixel &v mpocavaTtodioutvor Tékov, TO droiov, Emws yvw-
pilouey, Exer THY ol dAyePpikiy Tiuny pé v dvtloToiyov alTou ywviav.

y,

Avabdtd duvapeda adragopoc va opihdpey mepi yoviag o i nepl toEov AP”, 10
bmolov dvopalopev Erniong t65ov a. *Emions Exopev Ty yowiav 8 | 16 Tétov €

4
(= AP ).

‘O dveTépw kUKAos, 60TIS ypdgeTal pé kévtpov THY dpyfv T&Y &bdvav
kol dkTive THY povdda, Abyetar tprymvoperpikdg kikhog. TO onpeiov A (1,0)
AéyeTen dpyf té@v toEwv ToU TprywvopeTpikoU kUkhou. Elven T6 onueiov, el o
otolov & TprywvopeTpikds kUkAos Téuver Tdv &fovar Ox. To OA elvon érroptuess
TO povadiaiov Sidvuopa ToU &fovos X'OX.

*H dxtis ToU TprycwvopeTpikoU kUkAou, f| émola Sibpxetan Bid Tol Trépa-

Tog dvds Télou ToU xkUkAou, AfyeTan tehikt dktig ToU Tokou TolUTou.

AZKHZIEIZ

449) N& Tpbyers &v &xtiviov el polpas.
450) N& Tpéyere plav polpav els dkrivia,
451) N& Tpéyere 45° els driva,

452) N& phyeTe —1% axrina els poipas.

453) Mi Ty Porifeiav poipoyvwpoviou v katackeudoeTe elg KG\JONK!”]‘\J 8éow ywviag
txoloas &hyePpikds Tipds :

a) 75° B) 125° y) 210° 8) — 1500 g 330°

o1) —330° [) 385° n) —370° 6) 930° 1) —955°

454) Na& dvaglpete Tévre ywvias, al dmoian els kavovikiv 8égw Exouv THy alThY TeAkfv
mAeupdv pi Thy 6 = 100",
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455) Al yawvial 8 = 125¢ kod ¢ = — 955" elg kavovikny Beéaw gxouv Thy alThY TEAIKTY
TAgupdy. Na& Einynoete TO BiaTi. . l

456) N& tterdoere v al yavion k = 930" xai A = — B70" Exouv, €lg Kavovikny Béonv,
THY aUTHY TEAIKAY TAEUpAV.

140. TPIFQNOMETPIKAI LYNAPTHEEIZ I'QNIQN.
"Egre © pia peTofAnTh, 0 Srrolet AauPdvel Tipds amd 1O oUvodov [N SAwy
TGV TRLYOVOPETPIKEOV yowdv., Ta oTorgsia Aorroy ToU cuvohou [ elven yowvia,

Ox1 &piBuot. ) ” . . )
A& xéde yoviaw 8 ToU ouvdhou I gavtaldpeda &t Tiferan elg kavovikty

T Y

Ty, 140.1

Biow dog pds Ev SpBOKTVOVIKOY oUoTnua GEovwy M(Ex. 140;1), $ :
"Earew P (X, ) TUXOV OMHEIOV ¢rl THis TeAikfis TAsupds TR ywvias § Sid-
gopov s &pxfs O. 5 ' (400 !
1) 'Ovoudlopev fpitovoy s yeovias 8, oupPoAikdds nub, Tov Adyov T
TETarypéung TOU TUXGUTOS OTIHEIOY P Tpos TO wiikos p Tis SravuouaTikiis dkTivos

OP. “Qore clvon ¢E OpioHOU

=t
nuﬁﬂp

"Ag APeopev GAAO, grrions TUXOY, oTHEICoY P’ (x',y") Eml THs TeAikFs Theupds
THs yeoviag 8, Sidgopov TS Spxis. Zuupdoves Tpos Tov Sobévta dpioudy Ba elven

* 1O M f f i Y glov P'. Tla-
nub = Y, émou p' TO ufikos TAS BlovuopaTikis &kTIvos ToU omu

parTnpoUpey Spws 0T OF'. = AOP kod Emropévers B Exoopey X' = Ax xal @' = Ay,
4 LR N, T

5 i AT v
& Tév Omolwy EmeTon OTL = Ty et
2= i;- ¥ = \H,l— KTA.
X oy 811 loyuel -+ = Y. Teito onuaiver 611 A TIpY TOU
TMaparnpoUuey Aortrov OT1 IOXVEL 5
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Adyou g Bev ttapTaTal £x Tiis Béosws Tou anueiou P i Tfis Teikds TTAeUpds TS

ywvias, GAAG povov éx Tils Béoews aUTiis TalTns THs TEAIKS TrAeUpds, SnAadn
¢k ToU peyfBous This ywviag 6.

"Qoe = el ke yowviav 8 (Bel) dvrioToiyel €ls kad pdvov TpayRaTIKSS
apifpds : 1) Tpn ToU Adyou -Pi

‘OpileTar Aormov €830 uwila ouvapTnols pt meBiov dpiopol T& ovvohov I,
SAwv T@Y ywuidy, kol medlov Tipdy év olvolov TpaypaTIKEY dpIBudY, T ouvd-
ptnois 6 > nub.

2) Ovopalopev suvnpitovov Tiis ywvios 9, cupPorixés ouvd, Tov Adyov
THs TeTUnUevns ToU TuyOvTos onueiov P Tfis TeAikiis mAeupds Tis ywvios mpos
TO pfikos p, 15 BlavuouaTikiis GkTivos Tou P. "QoTe elvan 28 dpiopol :

owl = >
[

"As MaPwpey GARo, Emriong Tuydv, onuelov P’ (x' ') éml Tiis Tehikfis TAeu-
pas Tis ywvias 8, Sidgopov Tiis dpxfis. Zuppavws Tpods Tov Sobtvta dploudy

elven npd = %. + Maparnpoupey Suws oA 61 loyler %- = —::—. Smrep onpaivel
811 1) Tipd ToU Adyou : Btv ttapTdTal éx Tis Béoews Tou onpelou p i THs Te-
Aikiis TAeUpds, GAN' Ex TS Béoecs aUTTis TaUTns THS TeAkiis TAeupds, SnAadh
£ TOU peyéBous Tiis ywvias 6.

“Qote @ el kdBe TiwHy THs peTaPAnTiis & (8el) dvTioToIXel els kol povow
TPy HaTIKes Gpifuds : 1 Tiuf Tou Adyou %~

‘OpileTan Aormov pla ouvdptnois pé meblov dpiopoU Td olvorov I, Shcov
TRV yawvidy, kal mediov TipGy Ev oUvoAov TpaypaTIKGY dpiBudy, 1) ouvdpTnols
8 — ouf.

3) "Ovoucfopev épurntopévny wds ywvias 6 (8el), ouuPoikds epf, Tov
Adyov Tiis TeTaypéuns ToU TuxovTos anuelou P Tis TeAikds TrAsupds Tiis yowvias
Tpos THY TeTunuévny ToU onuelou TouTou. “QoTe elvan € dpiouol

Ecpezt x# 0

"Av A&Peopev &AAo, Etrions Tuydv, anueiov P* (X, ') Eml Tis TEAIK{s TAsU-
pas Tiis ywvias 8, Sidgopov THs dpxfs, B& elven cuppcdoves Tpos Tov SobévTa
opiopdy @l = \:— "AMA', G5 eiBopev dvwTépw, loyUel —f— — \:—., 16 étmroiov on-
Haivel 8T ) éparrTopévn ds ywvias, Stv EEapTdTon Ek Tiis Oéoecs ToUu P Emi
Tiis TeEAkTis TAeup&s THs ywvias, &N’ &k Tiis Btoews aUThis TaUTRS TS TEAIKTS
TAeupds, EnAadn ¢k ToU upeytfous, Ths ywvics 6.

Enpeiwoig. "Otav x = 0, & Adyos y/x Biv éxel fwoiav TpayuaTikoU dpibuol xal émo-
uévas Bév dpifeTan TéTE EpamTopévn Ths ywvias 6. ToUto oupPalver, .x., Si1& Tds yevias, al
dmolen Exouv dAyePpixny Tiphy 90°,— 90°, 2700, — 270°, 450° kTA., &t 8 TBeopey kaTwTépew.
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“Oore : els k&Be TIUNY THis BeTAPANTHS 8 dvrioToixei els kai pdvov Tparypa-

i | -~ ‘ W

TIkOg GpiBucs, 1) TN TOU Adyou 5
‘OpileTan Aolrov kal 886 pla ouvdpTnols uk mediov Spiouol TO auvohov I,

Sheov TéV yoouiddy, kai meblov TIMGY gv oUvohov TpayHaTIKGY &piBuddy, 1) cuvdp-

o 8 — e9f.

4) *Ovopdlouey GUVEQERTOREVRY wmds ywvias 8 (?El_), mju[ﬁo?\mcﬁi cr:p?,
Tov Adyov Tis TeTpMUEVTS TOU TUYXOVTOS omr.\elou f’, Tfis TEAIKTS 'T‘r?\eu‘:iag THis
yoovlas, Trpds THY TETQYHEVTY Tou onuelou ToUTou. "QoTe elvan €€ Spiopol :

cnpez—-% w#0

Enucioog, Mapatnpoluer kal TéAw &1 Biv dplleTan ouveparmrTopdvn Bid ywviag, TdY
brrolwy T6 Tuxdy onuelov THis Tehikfs TAsupds Toow Exer Teraryptvny 0. ToraUTen yeovlan elvan,
Tx. al Eouaa dAyePpikhy TV : 0°, 180°, — 180°, 360° kTA. émeds B Bwper KaTwTépw,

EokdAws PAémropey kai €56 871 1) ovvepaTrTouévn UGS ywvias Bév ElapTd-

Tau gk Thg Béaews TOU onuefou P éml Tis TEAKTS TAeupds TS ywvias, GAN Ek

ToU peyéfous Tiis yeovlas.
"Qoe: elg k&Be Tiphy TS peTaPAnTHs 6 (8 €M) dvTioToel €ls mporypaTIKOS

X o
. : U Ad X kal opiletar oUTw pia ouvdptnols ué medlov
&piBuds, f| T ToU AdYoU pig

dpiopol Tng TO olvodov [, kol meBlov TGV TIWEW TNg & oUvohov TPy HOTIKGY
&piBudv, 1| oudpTNOIS 8 — ogb.
5) *Ovopdouey tEpvovsay TUYOUONS ywvias G_ (8 elM), oupPohikéds Teud,
TOU Adyov ToU UfjKOUS P Tfig SravuopaTixiis dxTivos ToU 'ruxév-_ros anueiov P(x,y)
s Tehikfis mAeupds Ths ywvias 8, Tpds THY TETUMUEMY Tou onuelov ToUTou.
*Hror elvan ¢E dpropou
Tepd = % x#0

&11 Biv dpileTon Téuvouoa Bix yewvias, Tdv dtolwy

\ v f 7 & Eyer Tetunpévny 0. TowaUran
T Cl ciov Eml Tis TeAkis TAEUPAs TV
YW\;;)I(E;\;::!:’T x., ol ywvia, of srolan Eyouv dhyePpiktiy Tiuny 90°,— 90°, 270°,

—270°, k.T.A 6Treos B 1BwHEY ele T& ETropeva.

TMaparnpoluey kol €863

i ! Y tuovoa ds ywvias 8 iv peta-
Kol tréAw &moBeikwueTon EUROAWS Sty T ] «
BéAAeTan, &v AdPuoper GAA, Biégopov Tiis &pxis, onueiov Emi THg TeAds TAeUpEsS
Tiis Ycovilag. "Oore: els k&de TINY THS petaPAnTis 6 (8el) dvmioToixer els mpery-

pt p y y
HaTikds dpiBuds, f TiuM TOV Adyov xai dpileTan olrw pla owwdpTnols uhrjq,
Biov dpiopoU TG aUvoAoY I, Shwv TV ywvidv, kal mebiov TV TIPGY Tng v oU-

; & A dprnols & — Teud.
vohov TrporypaTikGy &piBudv, f ow :

B) 'Ovoudlopev guvtEpvovaay TUYOUOTS yawviag e(eef_-), oUHPOAIKES
oTepd, TOV Adyov TOU WMKOUs P fis BiovuopaTikfs dxTivos TOU TUXVTOS Om-

239

WnionoiOrke amo To ivotirouto EknaiSeuTikrg MoAmkrg



peiou P (x, ), s TeMkis TAeUpGs Ths ywvias 8, Tpos TNV TeTerypévny ToU oTm)-
peiou P. "Hror elvan & bpiopol :
f=-L2 0
omb == s

Képvouev kal 81 tév Adyov % dvaAdyous TapaTnprioels pé Ekelvas, TS

omolas éxapoper Bix Tous opioBévTas dvwTépw Adyous.

‘OpileTan kai wéAw pia cuvdpTnols pt mediov dpiopou TO olvorov N, SAwy
TGV ywvidv, kal mediov TGV TIMGY TNs Ev oUvoAov TTPayMaTIKGY &pi1Budv, 1)
owdépTnois § — oTepd. .

*AvaxepadalvovTes Tous dvwTépw Sobévtas Opiapovs Exouey OTI, Sik Tu-
oUoav TprywvoleTpikhy ywviav § els kavovikty Béoiv s mpos v ouoTnua opo-
kavovikdy kal 8i& P(X, ) Tuxov onpeiov émrl Tiig 'rs?\nm; TAeupds Tiis ywvlias,
TOU &Trolou T pfikos TS Slavusuaﬂkns &xrivos OP elva p, Exouev (Zy. 140.2)

nuo =%
owd =%
p |

=¥
- ™)
T

=2

ag "

Tepd = sy 140.2
el )
oTepb= 9

Al Spiofeioan dvwTépw EE ouvapTnoess @ € — nub, 8 — owd, 6 —epb,
6 — 0B, 8 — Tepd, & — oTepd, AbyovTal TPYOVOUETPIKAL CUVCPTTOEIS THS YW-
vias 6.

A plav BeBoptvmy TprywvopeTpikny ywviav opilovran katd Tov dvwTépud
tkreBévTa TpédTrov of EE dplopévor Adyor (T), ol Ooiol Aéyovtal Tpry@vopetpikol
apbpol Tiis BeBopévns ywvias.

Elvon pavepdv 61 tpry@vopetpikal yoviar elg kavovikiyy Béay, Exovoar Kot~
vijv tehMkny nhevpav, Exovv loovg toig dpwvipoug tpryavepetpikodg apibpoig twy.
OUrw, .., tmedh al ywvic pé dyePpikds Tinas 30° kad — 330° Exouy THv av-
THv TeEAIKNY TrAsUpdy Bd Exouv Tous alTous SPWVUNOUS TRIYwVOUETRIKOUS &piBuovs.

Mapaderypa : N& eupebolv ol TprywvopeTpixol dpi-
Buol wds ywvlas 8, tav ) Tedkh aUTs TAeUpd, Els kavo-
vikfjy Béow, SibpxeTan 81 ToU omuelov P(3, - 4).

Aborg : Mia ToiaUtny ywvicy & PAémete els 1O Ta-
pamAeupws oxfua. 'Ek ToU épBoywviou Tprydwvou OTTP
Exouey pl=x14 Yyl p = vV X¥+ ¢ “Emropéves
p=+/ 3 F (= DT =4/ 25 = 5. Elvan TéTE oUNPVWS
Tpds Tous dpiopols (T):
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owd =2 = 2
$ 54 o':!'m"':._
E¢e _*x*=""—3'“ < R
X 3 s
s e
e X
TERl) ==y \'6
e 0]
WEUB—T— 4

Mepatipnoig In. "Amd ToUs dpiopous (1) PAémouey dutows &mi loyvouy
ol Efs lodtnTes aftves elven TauTédTnTes (B16T1 elven dAnBels mpoTdoes Sik
k&Be Tipfy Tis yowvias 8, S ThY dmrolav dupoTepan al ouvapThoes els éxdorny
lodrnTa elven Dplopéval) : 5
! —
e = 5 = otepd = i

1 nowel
o = —— < TEph = =)
1

Tepd

g¢e :—C;TQ oq;ﬂ =

Maparipnag 20. 'Amd ToUS dvwTépw Spiopols (T) PAémoper Eriong 8T
BUkAws eUpiokopey T& TPOOTMG TEV TPIYWVOLETPIKGY Gpifudiv mds ywvlas,
Sray yvewpi{opev els Trofav ywviay T@v &Edvev ebploxeTan 1) TeAikd TAeUpd THg
Boﬂslcng yavias.

o) nu = Y. *Emreidh) y elven BeTixds dpiBuds els Ty | xad 11 kal dpvnTi-
p
ks els Ty [Il kel 1V ywviay Té@v dEdveov kal 1O p évToTe BeTiIKOS dpIBUds, Bidk

TolTo T nubd elven Beikdv Bid yewvlas ué TeAkfy mAeupdw els THY | xal I yeoviev
Ty &Ebveov ko &pynikdy Bic ywvias ué TeAwhy wAeupay els ThY Il xal IV yeo-
view Tav &Edveov.

B) owd = X. 'Eweidn x elvan BeTikov elg v | kad IV yeoview Tév aEdveov

kel &pynTiov els Thv Il kal 1ll, Sia ToUTo TO oud elvar BeTikov Bik yovioas pt

Tehikiy Aeupdw els Tas | xal IV yovias Tév dEovawv xkal dpynmidy Sid Tas yeo-
Vi ut rediky meupdw els Tas 1l xed 11 ywvias Tév &Edveov,

y) epf =Y. *Emeidhy x xal @ Exouv T& aUTté wpdonpa el Thy | kal I
X

Yeoviow oy dEdvey kol dvridera Tpdonua els ThY Il kal IV yeoviow Tév &évew,
81& oo 1 €90 elvan Bemikhy Bk ywvias ut TeAknv Aeupdy els TH | kal 1l yoviaw
@Y &Edveov kal dpynTikd Sid yeovias pt TeAhY mAevpdy els Tés Il kel IV yeo-
vies rasy dtdvaov.

’Avardyous TrapatnpficEs Buvdpeda v k&uwpey kal Sik Tols &AAous Tpi-
Y@vopgtpikols &pifuols Tis yavies €.

egb
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AZLKHZEILZ

457) Na elpete ToUs TRIYGVOUETPIKOUS dpi@pous Ths pikpoTEpas BETIKMAS ywvias 6
gls kGvaviky Béow, &y P elvan onueiov Tiig Tehikfis TAeUpas Tis ywvias 8 kal al ouvTeTaypéval
ToU Pelvan : @) P (3,4) P) P (=5 12) yv) P (-L -3)

458) Elg molav ywviav Ty dbévev eupiokeTal # TeAkR TAeupd wids ywvias 6 elproko-
pévns elg kovovikny Béow, Eav :

&) nub kol owd elvar dppdTepa dpynTIKG.

B) nud kai epf elvar dugdtepa BeTikd.

y) nub elvan Bemikov kai Tepd elvar &punTikn.

5) Tend elven dpunTikd kal e@f elven dpvnTikt).

€) epf elvan Berikf) kol Tepd elvan &pyTTIKT.

o1) nud elvar Betikdv kal ouvl elvan &pUnTIKOV.

459) Els molav ywviav Tév dEdvey eUplokeTar f) TEAIKN TrAeUpd yewvlas 8, els xavovikiy
Beay, v :
a) nué >0 B) owb < 0 y) g8 <0 ) Teut >0

. ” 8 G 3
460) TvwoTou &vtog 511 nud = 7 xal 611 f) TeAikh TAevpd Tiis 8, els xavovikny Bloy
euploKopévns, eVpiokeTen el THY | ywviov Tév &béveov, v& eUpebolv Ta ouvd kal egb.

5

461) 'Eqv ouwvb = 5, va eUpeTe T& npd xal e,
3

462) 'Edv e9f = — 7, va e0pete T& nub xal oud.

("Ymddeitis : tmeidn egb = % elvar dpynmik, 7 8 elvan yovla pe Tehknv TAeUpdY Els
hv |l yeoviay T@v dEéveov, &v AdPwier x=—4, Y = 3§ yovia pé Tehkip wheupdy el THY IV
yowviay Tév dbdvew, & AdPuwpey x =4, = —3. Els &ugoTépas TdS TEPITTWIES p =
= VI T (-3)'= V25 =5).
4
463) Na edpete 16 nué, Gobévros 8T1 owb = — 5~ kal ém epd > 0.

464) N& elpete ToUs TpiywvopeTpikous dpiBuols pds yovias 8, Sid Thy dmolay yvw-

V3 1
pllopev &1 nul = —5— kal owb =5~

465) Els molav ywviay Tév &tdvwv elpiokovTal al Tehikad Theupal kal Tola elvan T
mpbonua ToU fuiTévou, TOU guvnuiITovoy xal Tis  tpaTrTopévns EkaoTns &k TRV yovidy pE
AAyePpIkny TIAY ¢

a) 1259 By 751 y) — 3200 ) 2100 €) 460° oT) —250° &) — 1000°

466) N& elpee ToUs TpiyWvoHETpIKOUS &piBuols yovias 8, v yvwpilete &T1 ¢

7 3
«) nué =73 ) epb = 5 kol 180° < 6 < 270"

141. TPIFQNOMETPIKOI APIGMOI TQN FQNIQN 07, 907 1809, 270°, 360°.

A) 'Ev TpiTOIS TUHPULVOUPEY 1o s 1 0& ypdgwpe, Y., nu 18% kad Lo
twooUpev TO fpiTovoy ywvias, 1y dmolx Exel &hyePpikiy Tiphy 18° *Emiong el
Tols oupPoliopoUs nub, ouvl, eeb kTA. TO 8 8 T voolpey s dAyeBpikhY TIu!
yavias. Touto TpdTTopEy, B16TI 1 TPIywVOUETPIKT yoovia TrpoaBiopifeTar dKpt
Bédg, 6Tav yvepilwpey ThH AyePpIknY TIWNY TNS.

“Emrerta & THY oupgwvicy alThy f 8 Buveren vé Gecopnfi) 471 elvan pie
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HeTaPAn T, 1) omola Blvatal v SiaTpéxn TO oUvodov R, TV Tparypamikgy dpi-
Bucy, ol omolor elvan dAyePpikal Tipad ywwndy, of Stoial Exouv WeTpnBf ue

HovdBea TrY poipav.

B) ©& [nThowuey TOpa va elpwpey ToUs TprywvoleTpikoUs dpiBuols Téov

yendy 00, 900, 180°, 270°, 360°.

“Eote P Tuyov onueiov (81 ) dpyn) Eml Tis TeAlkfis TAEUpES THS yowvias 6
o) “Oraw 6=0° ToTE X =P Y= 0 kai éropéves :

nuo == = % =t ’
cuvﬂ";?:_s'zl J ’ P(M.JJ‘_
900 = = % = :
aold= _:7 =& (Btv dpifetan) * Sy. 141.1
Tep0’ = '5' =% R
oTep0’= % = 8 (Gev Episere)

B) "Otav 8 =90°, ToTe x =0, y =p kai ETropéveds :

Hu202 o= %
ow90® = -’;
90 = :i
0p0 =
Teud0? = 7;(52_
oTep90! = %
Y) "Otav 8 = 180°, TéTe X =
nul80° :-%
ouv.180"= E
epl80° =%
og.180° = :7
Teul80? = -
oTepl80°= 75-

v|o oo o osio

Il

I, 38l
[

(Bév opileTan)

II
o

g (5tv SpileTar)

24 Ix. 141.2
p
—p, =0 kai tmopévas :
o0
P
SESL 1
p
Wi s 2
-»
= -
- (Bev Opiletan)  pepo)
-p
S
o (Btv Spileran) Sx. 1413

(*) 8na. Bev Eger Ewvorav mpuypatined dplud.

243

WnopionoiOrke amod 1o ivotirouto EknmaiSeuTikrg MoAmkrg



8) "Otav 6 = 270°, ToTE X = 0, y = —p kol tmwopéves :

T, N o) P
nu270° = P > 1
w2100 =X = 2 =0
P P
eg270° = % = _TP (Btv SpileTan)
0
27 =2 =~ =
09.270 s g
Teu270 =-£ = £ (stv dpileran)
Sy. 141.4
% oTep270%= P =P =]
y P

e) “Otav 6 = 360°, ToTe TeAikT) TAeupd THs B TauTifeTan pE Tov &tova
Ox kal ol TpiywvoueTpixol &piBuol Tfis yevias 360 elven foor ug Tous SpwvUpoUs
TprywvoueTpikoUs &piBuols Tiis yewvias 0°.

142. O TPIFONIMETPIKOI APIOMOIL TON TONIOQN 459, 60°, 30°
o) “Omws tpabopey gl Ty y' Takw elva :

s, ozt =LZ,  epdsi=1.
Y EvxéAws euplokopey émi elvan :
B(11) AT
s Vo i AT
&, TepdS? == —-\/L-— V2
2 —
o 7 4 2 UTEMSO:_\%:T:\/
e Xt
o¢.45° == =1

v a2
B) 'Eudouev €elg Ty ¥’ Tékw &i:

nu60° =YZ, owé °=—;—, £960° = V3

2 L
4v3) EUkéAws eUpioxopey Todpx &T1 ¢
] —
TISE B ¥3
op.60° = T )
g AT g
S \ 'reu60°_-x—1—2
T A T N
G’T‘EUGO‘]:_E-::—Z-:: g_\—/:'}j =
Sy 142.2 W3
y) *Eudfopev el Thy y' Tétw &1
1 V3 1 /'3
T]USOD = a0 o300 = . EQ3 b ‘-_—ﬁ = i
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EdxdéAws eupiokopev &T1 :

' % ARG =
cg.30° e V3
(R =8 2 2\/3
Tep300 = % = =5
2
Iy, 142.3 oTen30° = -5 =1 =2

143, rEQ METPIKH TMAPAELTAZIE TQN TPIFQNOMETPIKQN EYNAPTHEIEON,

*EoTew 6 Sofeioa yewvia elg kavovikny Béow (Zy. 143).
M kévtpov TH dpxfv Kat dkTive THY povdda XapdoooUEy KUKAOY, TOV YvwaoTdy

4 3
i
( :\\9

Tyx. 143

HOS TPIYWUOUETPIKOY KUKAOY, TEUVOVTX Tov &tova TGV X elg TO onueiov A(1,0),
Tov &fova TG  els To B (0,1), ThY 5¢ TeAikyy TAeupdw T yewvias 8 els 1o P.

Dépopev Ty TIP kéBeTov Trpds TOV &tova Ox xal T&s EpoamTopévas el T
Onuela A kad B, aftives Téuvouv THY TeAwhy TAEUp&y Thg O f) THY TpotkTaciv
Tis kot duTiBeTov gopdw els T& T kel Z &uTigTolyes.

"Omrws elvon elikohov v& mopoTnpriowyey el T& dvwoTépw aoxfuaTa 143,
T& dpboydvia Tplywva OTP, OAT kod OBZ elvon épota petadl toov dva Slo.
E)(ouev Aoitrév :

P T ) ....9.".1_,?_2.._52
nus B O P 7% TP OB

on _ 57 g = OoF _ O _ 57
auvl _ﬁ’n_O[[ TEW i o7 b

TP AT s )
epf == = AT OTEW = 5 s
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> —r - o —
T& Sicwvouata TIP, OT1, AT, BZ, O'T’, 0% eivan dvTioTolyes o YEOPETPL-
Kol Tapaatdoelg T cuvapThaewy N, owb, e98, o¢b, Tepd, oTepd Ths ywvias

- g . . LN s . -~ ~ . T - . ~
(tou Tétou AP =)8, ai 6 ahyePpikal Tipai 1@V dlavuopdtoy Livar ol TIHOL TV

AVTIOTOLZ OV TPLYOVORETPIKDY suvaptijgeov tig 6. A Ta 0% xai oT AauPo-
vetal A gopa Twv Betik, STov alTr) oupQwuel pE THY gopav T TEMIKT|S TTAEU-
p&s Tiis yoovias, GAhs 1| popd Towv BewpeiTal o &pynTIKT.

*Ex T dvwTépw EvwooUuey OTI SuvdueBa, Sodkis TouTo uds ELuTIMPETEL,
éag Tuydv onueiov i TS TeNIKTS TTAEPES THS TPIYWVOHETPIKTS yovios va Aappé-
veopev Exgivo TO omueiov, els TO otroiov & TPIYWVOUETPIKOS KUKAOS TEUVEL THY TEAI-
iy TAeupdy. TéTe  émeidn p = 1 8a elven (Zy. 143) :

1) fjuiTovov Tou T6tov G(Kb = e)=ﬁ=, SnAadf f| TeToarypévn TOU TEPOTOS
Tou Tdtou 6.

2) guvnuiTovov ToU Totou 6 = OTI, BnAadf f) TETUNHENN ToU TépaTos TOU
Tétou 6.

3) tparrropévn ToU Totou 8 = AT, Snhadn 1 dAyePpixfy Tiuh Tou Biravu-

—

apaTos AT, To émoiov OpileTal ¢ri Tiis éparmrTopévng gls THY &pyhv A TGV Télwv
&mrd 16 A kad T6 onueiov T, el TO otolov | TpotkTags THS TEAKTS &xTivos ToU
ToEou B Téuvel THY Eis TO A EpaTTTOMEVTIY ToU TprywvopeTpikoy kUkAou (&tova TGV
EQaTTTOEVCIV).

4) ouvepamTouévn ToU dfou B = BT, Snhabh | dhyePpuch Tiuf ToU Sia-

vUgPOTOS BI, T dmolov bpifeTan Emi TAS tpamrTopévns eis 1o B(O,1) &mwod To B
kel Td onpeiov Z, els TO Omraiov f TrpotkTaots This TeAKTs &xrivos Tou Totou 6
Téuver THY els TO B EpatrTopévny ToU TpIyWVOLETPIKOU KUkAou (&tova TEY GUVE-
pamrToptvaV).

*Avadyws SpifeTan ) Tépvouoa kal # ouvrtéwouoa ToU Totou 8(*)

144. METABOAH TQN TPICQNOMETPIKOQN EYNAPTHIEQN.

"Ag Utrobiowper 0TI TO gTMETOV P (Zx. 143) dvaxwpowv & Tou A KivelTal
ko THY BeTikiy gopav Blayphgov TOV TPIYOVOUETPIKGY KUKAO. Tée elvan
gavepov i # yovia 6 (1o Togov 6 = AP +) peTaPdAAeTon ouvexds amo 0° Ews
3600,

Elvan trrlons pavepdv 6T Exopev Bid Tas TPIYWVOUETRIKES OUVaPTNTEIS
Tov Kk&Tw Trivexa, GaTls BetkvUel Tég peTaPORGS TGV TGV TWY, 1 Tas duTl-
aTolyous peTaBoAas TGV TG Tis weTaPAnTis 6. 5

(Els Tov mivaka 10 S = avbduel kal TO “u= EhaTTouTal)

(*) Ol dpropol va duboiv st tobg wabrTag pt Thy fofleuy =60 S18danovros.
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MMivag petaffor®y 1OV TPIYOVORETPIKOY OUVEPTHOEMV

0 tws o -t 2 =L
0 alidver dmo i T3 e 00 sl SR e e Bttt
(0¢ Beas 90%) [ (90" Ews 180°)| (180" fws 270%) | (270° fws 360%)
Lo | 7 ame 0 fws 1| dme 1 kws 0] u8m6 0 dws—1 | fdmd 1 ks 0
ow 6 T\; amo 1 Ews 0 ,\ &md 0 fws—1 | A dmo —1 Ews 0 | 7 &mo 0 Ews 1
\ | ~ i
€ 6 ! -”‘&Tm 0 dmepio-| xary dounTinas ; [i:i Okizgz- Ao dpimTikds
| PYEs A““E,d' Tipds doovBriTo- \f;uuo: sbcovﬁﬁ- Tinds SoovbriTro-
! kv bo:u r;— i uSY&R&; Ku."‘ TTOTE HE dk BE' e ueyalu; Kery:
oTe eydAas O | grronyror iy | T “Yé nsaa, &méAuTor Tipfy
TIK&S TIGS, Kab feoc7d D, TIKAS TIMAS, Ki fws 1o 0,
Soov TO B TAn- &S?U w]}nc;tdgsn
oaler Tas 90° T 8 Tag 270°
i ¢ (0 Ews + ) (—oo Ews 0) (0 Ews + ) (—w Ews 0)
A IS Gmd 0 dmepr- “ amo 0 &mepi-
oo 1 b Nl BeTIS | oofoTeos Aappé- 11:;1:5&;::;1:;?:. oploTws Aaupa-
| TIHas 6aou5ﬂ1‘rg' vovoa &pynTiKds e u: ke Euc 0 vouoa Tipds dp-
| e peydhas Ews O | e wart domd- v @5 U unTikas kot &mé-
AuTov TIPRY  O— Autov TipRY &=
| covBNTTOTE pEYd- govBnTToTE peyd-
‘ Aag ka®' doov TO Aag kb’ doov T
‘ (] n?m;réggn Tég 0 ﬂ)\ngg%&en TS
| 0 0
n | (+ o fwg 0) | (0Fws—) (+ o Ews 0) (0 fws —)
l y S amd —1 dome-
TEW 6 (*) "/' gmo 1 : s S&mmd dpynTikds propioTes Acp- o &md GeTikdg
| proploTws aj Tipds doovsHTTo- ﬂci‘voucru c’tpvrrr'l- Tipds doovbHo-
| Phvovoa TGS |0 dhas kat' | HES TIMES KaT' | e pevdiag Eos 1.
| bcovﬁﬁnoTe e dméhuTor TiEAY. | AmdAuTov TRV
| yéhas, kab® doov floc i | doovBhoTe he-
|16 & mAnomdle yéhas, kad’ doov
Tds 90° T6 6 mAnaiale
f T&g 270°
| (1 Es + ) i Eos 1) | (-1 teg —w) | (4 Eax 1)
oTep 6 “, &mrd peydhas Admo 1 Ews Be- amd dpynTikds | N dwo —1 dmepi-
Berikas Tipds | TIKds Tipds doov- Tll-\'dts ueyaAas oploTws.
o | gryroTe peydhas 1«:‘1‘1‘l t.’:;rdlu‘rc;v
Tiuhy fws —1.
(1 fws +0) | (o &s—1) | (=] s —)

(+ oo Ews 1)

Tnu. Els Thy § 9 tudbopev Si& molas Tuds Tiis O &ty opifovtan al ouvapThoes 8 — el
~opf, 8-> Tepd xkal 6 — oTeu.

e e D e S S S
(*) ‘H pevafory vig el xal orenl Sivara v 8i8ay0f # vé mapaherplf xata vhy wpl-
9 tol BuSdanovrog
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145. I'PA®IKH TMAPALTAZIE TON TPIFCOQNOMETPIKON LYNAPTHIEGQN.

- A) "Efewprioauey Ews Tdpa TAS TPIYWVOUETPIKES TUVOPTHTELS, 5 OUVAP-
Thoeis THis HeTaPAnTRs 6, 1) bmola AauPdvel Tipds &mre TO cUvohov [, Shwv TV
TprycovopeTpIk@Y yewuidy. Eifopey 5t 611 Buvdpeda va AdPwpuey, dutl TEY yuvidy
8, T dhyePpikds Twv TGS elg poipas, drdTe | petaPAnTh 6 BiaTpéye TO oU-
vohov R, Té&v TparynaTikdy &piBudy. "Av al ywvia ToU guvdhou [ perpndolv
ut povéBa TO dxtiviov, TOTE Suvdueda v& Bewopddpey THY Ty pids ywvias X
els dacriviar dos Ever GAAo aupPohoy 51 T yoviav kal vé dvagepipeda els TV pe-
ToPAnTHY X, G5 Wlav peTaPAnThy, f &mola Biarrpéyer 1O R.

Tore els ké&be Tipfy Ths HeTaPAnTis XER, &vtioToixel pla Tiuh éxdoTng
TGV TPLYWVOUETPIKGY TUVaPTHTEWV dvfxouoa els v oUvOAoV TTparyaTIKGY &P
Budoy, Stav, Ewoeltal, fi oUVAPTNOIS SpileTan Bra THY TIpNY TOUTNY THS HETO-
PAnTHs x. Els Ty mepimTeoaw abtiy al dvwtépw dprodelox CUVOPTT|TEIS A&y/OV-
Tal: mpaypaTikal TpLy@vopeTpLkal ouvaptioelg. OUras al ouvapThotls, al dTolal
SpilovTan &md TS Wy = MUK, Y = OWK, Y = EQX, Y = I k. T.A. elg T&s droias
7 ueTaPAnTR X voelTal BiaTpEXOUOX 6 guvohov R kal | y dpioptva guvoha
mparypaTikédy &pibudy, elvod TpIywvoLETpIKal oWapTHaEls TGV TPOYMOTIKGY
[SIGIVATE

Kéfe TpiywvopeTpikly ouwdptnals Exel ¢y eblov dpiouou Tns TO guvolov
R, T&v TpayueTik@y &piBudov, tEaipouptvay TV Tipéy, of dmoian EpgalvovTan
glg TOV K&Twb Trivoka *

ouvdpTnols mebiov OpiouoU l Tedlov Tipdv

Y = nux i - | {yeR|-1<w< L

g = ouwx R } {yeR|-1 Sy < 1}

Y = egx R-—{zl-i-m},xez ‘ R

g = ogx R — {xm}, keZ ! R

Y = TEUX R—{%u-{- w],xez ) {yeR |y € =1}, (yeR [y > 1}
Y = oTeNX R — {xm}, xeZ (yeR |y <1}, {yeR |y >1}

B) Al Tipal TGV TPIYWVOUETPIKEV ouvapTHoEWY TAY TpayuaTIkGY &pi-
Bucw BiSovta els Trivaxes, ebplokovTan B¢ al Tipad aliten ut pebdBous, Tas &rofas
XPTCIHOTIOOUY T& &vdsTepa padnuaTixé. (Bheme mrivakes elg Tag TeAeuTalag o€
AlSas ToU PipAlov).

Tpokelpévou V& KaTAOKEUGTWHEY THY YPOQIKAY TEP&ITOTW, T.X., TV
TPIYWVOUETPIKEY OUVapPTACEWY Y = NMUX, Y = WX Y = EQX, SiBopev elg THY
HETGPANTAY X Tipgs &mrod 0 s 21 kol eUpioropey Tas dvTiaToixous Tipds TS
peTaPANTHS Y &M TOUS Trivaxes, Kdbe [elyos dvrioTolyeov Ty dmeikovileTal
ut &v onuelov ToU Emimdov, els TO dmrolov Exouey AdBer B oUoTnua &Edvay dplo-

(*) Aty elvar drapaimrov ol pabnral va dropvnuoveloouy Thv mivaxe, Abvavral va gup:
Bouhebwvrar abtdy dodug Ty yoedlovrat.
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kevovikdy, Ofre, Tr.x. eUplokopey Bid Tés dvwTépw ouvapTnoEls Tas dvTioTolyous
Tipds, of émoian tppaivovtan els TOV K&Twh Trivoaka :

EUplokopev Té& dvtioToixa on-
Melo els 1o EmimeBov xOy kal &
Vewopey aUTd Bicx pids Spahfis kaps
TAns. TpokUtrrouy TéTe of K-
T ypagikal TapaoTdoels,
Ty drrofcov 1) TpayTn AéyeTal 1i-
Hitovoe1diig kapnokn ko 1) BeuTé-
P auvnuitovoeidig kapmoin.

(*) 8. Bev Exer Evvorxy mprypatinold dpifual.

WnopionoiOrke amod 1o ivotirouto EknmaiSeuTikrg MoAmkrg

X ]LPHTW-XI l|J=O'UVx( Y =Ep X
0 [ N0 1 0
052 050 0,87 0,58
|
=01 oM 0,71 1
1™ |
5 = 1,05 | 087 0,50 103
1
l;. ~ 1,57 | 1 0 Bev SpileTan (*)
2 209 | 087 | -050 1,73
?; ~23 | 071 -om ae.
5?“ ~ 262 | 050 0,87 -0,58
T~ 3,14 0 -1 0
%“ ~ 3,66 | -0,50 0,87 0,58
5—: ~ 392 | -071 -0,71 1
Taa19| 087 | 050 1,73
—321 ~ 4,71 -1 0 Btv dpileTan
55”— ~ 523 | -087 0,50 i3
:"—} ~ 549 | -0.71 0,71 =
HGE: 576 | -0,5 0,87 0,58
o~ 628| O 1 0
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Sy. 145

146. MNEPIOAIKOTHE TON TPIFTQNOMETPIKON LYNAPTHEEQN, EZHMAEIA THE
NEPIOAOY.

“Eotw f pla ouvdprnois wids petaPAnTiis pé mebiov dpiopoy &v alvohov Z,
TrparyaTikGy &piBuddy, EoTw Bt 8T UTTapXEr els TTparyparTikds &pifpcs p Birégopos
Tou 0 ToroUTos, toTe va loyun :

f(x + p) =f(x) ()
Sidt k&Be TIpAY THs peTaPAnTRs, B THY dmolav i f lleTan. Abyopev els THv TrE-
pirrwow alty &1t & p elven pia nepiodog Tfg ouvaprioews f, 1) 8¢ f AeyeTal
neprodikt) owwdptnots. Kord T& dvwTépw 6& elvan :

flx+p)+pl=fEx+p) =1

8nA. f(x + 2p) = (x), émep anualver Tl 2p elven Errions pla meplodos TS fi
‘Opolws 3p, 4p,. . ., kp, dou keN, elven repioBos Tiis f. "Eaw 1 f elven Tep1oBIK
& pikpdTepos BeTikds dpiBuds p, & étroios elvon TeploBos T f, AbyeTon :  mpw-
tevovoo neplodog Tiis f.

"Edw elg Thy dvewrépw lodtnTa (a) Btowpev Srou X TO %-p, Acppdvopey

fl(x-p) + p]l=f(x-p), Aol

vxez 1 f(x) =f(x—p)
SnAadh kai & —p elvan pia meploBos Tfis f Kol Eroptves kal & —2p, -3p,... Te
vikéds Aormdy pla ouvdpTnos f B& Aéyetan mepioBiky, tav Bk ké&Be TipNY THS
peTaPAnTis &md 1o mebiov dpiouol Tns, loxim :
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f(x) =f(x +«p), émou xeZ—{0} kai p elven oTafepds dopiopévog
TporypaTikds GpiBuds.

‘H #AayioTn Betikiy Tikm ToU xp Méyeran @ 1) mpwTeUouoa mepiodog T
ouvapTroews f.

Olrre, m.x., tmadh of yovin 0(*) xad 842 -k Exow Ty aUTiv Tehikiy
TAeupdy, B& loyUour ai iodTnTEs :

nux = nu (x + 2¢m),  oux = ow (x + 2kTr)
Bik xd@e Tpfy Tis ywvias X. ‘Emoufvws al ouvaptioels y = nuX, Y = oux
eluon mreproBikad. Kad, émeidn 81& k = 1 | mapduetpos 2w AauPéver Thy EAaryi-
oTnu Betikiy T, i ToUTO ol ouvapTroeis altan Exouv TpwTelouoav Trepi-
oBov 1 21r. ‘H ouvdpTnots = EX Exel 6 mreploBov 1O 2, B1OTI EQ(X + 27T) =
= gpx, AN Sy @5 TpWTEUOVC AV mreploBov, &1res B Bwpev els T Emdueva.

‘H karaokeut) TS Ypagikis TapaoTaoews wds meplodikiis ouvapTioews,
Brreos #) = nux, kadioTaTal EUKOAWTERA, 51671 dprel v& kaTOOKEUGoWUEY Ev
Tufina adTis. TTpdyparl, trreldn nux = nu({ = 2'”')‘ = nu (x -..i._ 4m) kT, o Ti-
Had Tis cuvapThoews, o dmoial dv-na'roixouv_ els T&s TINGS THis X &mo 0 fws 21
gupTriTrrour pé dkelvas, al émoial &VTIOTOIYOWY els Tas Tipds THS X &md 21 s
dr, &rrd 4 s 6T KT ) els TS TIpdS THS X &md —21 £co5 0, —4m Ews —2m K.T.A.
*Edv Aormrov karraokeudowpey B Tafiua Tis ypogikfis TapacTdoews Tiis W = nux,
Y. TO Tufjpa, TS dmolov GUTIOTOIXET elg Tés TipGs This X &md 0 fws 27, &pkel
Brerta plec apddAnios petddeais Trpds TOV Glova Ox Kct'ré: Sidvwopa d?\yeﬁp}-
Kkfjs Tipfs 21 ) —21 Bid vet EXWHEY 10 dpéows lé-rrbuevou fi 10 dptows Tponyou-
Hevoy TuRua TH§ TOPAOTATIKS KapTrUATS, TToU dvTioTorkel els Tas Tipds THg X
e H 1 5 —27 & 0.

T 2::" i:—o:u::t‘;;::?: sax E;):l mrpuwTevovoay Tepfobov TO T, dmax B TBwpey

els T Emopeva.

147, GEMEAIQAEIE TAYTOTHTEE METAEY TON TPITQNOMETPIKON LYNAPTH-
LEQN THE AYTHE FONIAE (TOY AYTOY TOEOY).

Eud@opey els T& Tponyouneva (§ 140, mapatfipnois 1n) 8T petaky Tdv Tpi-
YevopeTpikédy ouvapThoewy TS avrfs ywvias 8 loyvou al TaurdrnTes :

1 !
» oTERd = -Tlld—e ’ U‘Pe = ?1’—5 (CC)

Tepd =

“Eorew Tdpa TUXoUoa yowvia 8, €l kavovikiyy Bécw, Tfis omolas fi TeAukh
TAeupd Stv ouptritTel pé Hudtova (EX- 147). Tére, ut thy mpolmdbeow &t
X # 0 xal tmopbveos ouvd # 0 (BnA. 8 # ki + /2, kel), 8& Eywpev :

(*) 'Evwoolpev yoviay dhyeBprxiis THafic 8, <h brotag yovlag § drélutog T Eye eboed

elg doerivia.
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ef= 12 | ()

X
O ST RS .
O'?B— ey v = ﬂl-le' &nA.
P

Iy 147

Beten 671 A 0 elven yevia Si& Thv émolay nué # 0 (SnA. 8 # xm, kel).
"EE &\hov, & ToU dpBoywviou Tprycvou OTIP, Exopev
xt4yt=p* (B)
Mieupoivres T& péAn Tis (8) Bix p? eUplowopey :

X W o EN e (N
X% =1, emn (p) +(P) .
1 émole, Emreidd x/p = owd kal y[p = nub, yivetan
rc‘uu*ﬁ + nuie = IJ (e)
AlaipolvTes T& piAn Tis (8) 51& x?, Umomifepbvou X # 0, eUplokouev
i S AT J :
1+ (T) = (—;) | BnAalH :
[ 14 ep¥ = TE!.\'GJ (4]

AiaipolvTes T& péhn T (8) Bk y? (y # 0) elploxopey (LW)‘ +1= (—5—)‘,
&nAadn :

| 1+crq:‘6=cr~rsu‘0] n)

Al TaurérnTes (), (B), (¥), (B), (&), (D), (n) elven al GepeAicoBers oxtoes
peTafl TGV TElywvopeTpIKGY owapThoewy tiig abriig ywvias (Tol clrroU T6-
tov).

148. E®APMOTAI

1) N& txppoaotf ExdoTn TGV TPIYWVOPETPIKGY GUVAPTTEWY Tfis yovias
B & ToU nud.
Abowg: ‘Ex ToU TUmou ouvd 4 nui =1 Eyouev :
oW =1 —nu¥ = | owd| = /T —nu, &pa
ouh = \/1 U0 xulc-wB——\/l nu
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SupPoiikédss Tous 8Uo TUTIOUS YPEPOUEY :

ould = 4+ \/1"— nue
o nué 1 _ +Vicwde
=55 e

[ . | 1 B
auv :':\/1—1'1;1“9'

£l =

T b
0= 05 = TV Tomo’ T T e

To mpdonupov T TETPY. pilns keboplletat, taw yvwpilopev els molaw yeo-
view Téw dEdveov eUploxetan f) TeEAIKT TAZUPG T yowvlag 8. OUrw, )., t&v eb-
ploketan elg Thy Beutépaw ywviay Tév &Eoveo, B AdPwpev pokelévoy v elpeo-
MEv 1O ouvd Tov TUTTOV owwd =— V1T —nu28, 8i6m pla Towadn yovla Exer ds
suvnultovoy &punTikdy &pPIBROY.

2) N& txgpactolv al tpiycvopetpikal ouvapThoels THs ywvies 8 ik T
g,

Abeog: ‘O TUmros (§) TS mrponyountvns § 147 5iber :

1
Tepd = 1 + €@ <= &Uv,—e-=l+ecpzﬁ <>

N ——

1 |
1 | oWk = ———o— |
c..lu*B:I_i_w.e s i’\/l—i-e(plﬂ (CX)

4

"Ex B¢ ToU TUTOV O _ eof euploxopev :
auv &

e s¢9¢nue=wvﬂecpﬂ <>

ouv8=
o |
— 1 ez_ EQB __.I
Tl = +/T5eg' 0 L i s +v/T+ept® ‘| ®

1 1 _+Viteo's

Téhos elvon o = =3 kol oreud = =g ==—grF——

Kai 66 16 mpdonuov TS TETPAY. pilns kaBoplileTen, Stav yvwpilwpey
els mrolav ywviay Tév dEdvey gUploketal f) TeAikf) TAeUp& TS ywvias 6.

3) XpnoipomoloUvres TAS Bepeicoberg TautéTnTas Suvdueda v eUpouey
T Tipds TV &AAWY TPIYWVOLETPIKDY owvapThoewy, Stav BoBfi A T was
& arr v,

“Eotw, Ty, 6T elven nul = % kal —360° < 8 < —270°.

'Ex ol TUTou ouvi® 4 nu =1, euploxopey ouv® = | —nu2, &Bev

—t ; 16 4
oUWl = 44/l —nu*® = £ V1—-2?5—= + V'z'?= merl Emeidn 1) Tehikh

Theupd Tiis yevios 8 etploxeran €ls iy | yovlay Té@v dtévey 8& AdPwuey To
Tpdonuov +, 51671 pla TorauTn ywvia EXEl ourmulTovoy Betikéy. ‘Opolws el-
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3
5 5 5
ploxopev &1 @ epb = :—&% = —54- = %- oph = _;—, TEPd = 2y oTepd = 5t
EE
“Qs BeUrepov TapdBerypa foTw £9f = — 1_52. "Erreidn) 1) egf elvan &punTikn, 1y
8 0 elvon yeovia pt Tehixny mAeupaw elg Thv 1EA TV yowiay Tév dEdvav. Edpiokopev:
1 12
opf = -E?. =—
! 1 1 12
owf = e = - = = =
+4/ 1 + e : 25 ; /1_§_9 13
I+m| TYim
I |
Tl =5 =+
5
8 e 5
f = — ,-,-sq-,-i--— s et e L
fa 4+ /1 + €98 R it
; * 12
. = 13
oTepd = e -
'Edv ) 8 &xn ey mheupdy | "Edw f) © Exm Teikiy TrAEUPAY
els Thv 1l yeviov Tév dEdvwy. | elg vV yoovtow Tév &Edveow
P = -— o i epfd = — 3
12 | 12
12 | 12
opd =-— = ‘ opf  =-— =
13 ‘ il
Tepd = — = ‘ Tept = SV
12 | 12
oTepd = -!—51 [ oTepd = — —153
5 5
e = 43 nw =-—+3

4) Mt Pdow Tds BepeAicodels TPIYWVOHETPIKGS TaUTSTNTOS Suvdpeba va
&rroBelfeopey EANGS TPIYWVOUETPIKAS TOUTOTNTOS.
Mapaderypa lov: N& &mobexij 611t
nu30 + nubouv?e = nud
Abong : MU + nuboww® = nud (N6 + ouv*e) = npd - 1 =nud
Mapaderypa 2ov: N& &mobeybiy 611 :

__OTEM X
EQX + ogX =
ouwx _ nuix + ow’x 1
Avowe : = R ity | il T PO PR ——
G E‘PX + G¢x auv X nu x guvxX MU X ouv X Nk X
1 1 1 OTEM X
= = —— OTEUX = —
ouv X nuk x ouv X ouv X
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Mapaderypa 3ov: N& &mroberk ] oT1

LA owis Sy
x| l—owx
Abarg : *Ev mpedToIs TRETEEL & MUX # Oxai 1 —owx # 0.
17*1F’va_(1+wvx)(l—wvx)= 1—ow'x _ nut x _ nux
nux nex (I —owx) mx(—owx) nux(l—owx) ~ l—-owx

MNapadeiypa dov: N& &mobery 8 6T1 !

. neX 1 4 ouvx
2o-reuxm1+wvx+

nux
, g nux l_-t_auvx o nut x + (1 + ow x)*
Avaig: G e mx — max{ fow = =
_ mixldZowntowty  OWEKFoRx ]l i2ang
=i qux (1 + ouwx) e x (1 + ouvx) g
N tegewx At2owx o 2Ulaowm
T nux (1 +owx) Tapx (I +owx) mxd Fowx)
z—2~-=2-—-l——=2c~reux
nux e X

'Ex 16y dvooépw TapaBeryndTy ylvetan gavepdv 671, Bidt va drroBelteo-
Uey &m1 piac lodTng TEPIEXOUO -rpaymuousrpmc‘:g ouwvapTroets, elvan TauTdTng,
Trpémer Kad Gprel it AdBoopey T gy péhos aurtiis (To TpdTov fi TO BelTepov) kal
B1& KoTaAAAAGY LETOOYNHOTITHEY v koraAfjEwopey els TO &AXo péhos. Els omra-
viag TepirTAOEs PETAOYNHATICOHEY kel T& BUo pékn, Sid véx BuvnBdpey v 18co-
Mev &v TrpdkerTan Trepl TEUTOTNTOS.

AZKHZIEIZ

467) 'Eav nua:-i— xal 00 < &< 90°, va edpete ToUs &ANoUS TPy wVOUETPIKOUS

&p1Buols s 6.

468) ‘Edv ouwd = — —2— xal 90° < 8 < 1807, v& eUpeTe ToUs GAAOUS TPIYWVOUETPI-

xoUS &piBuols Tiis yevias 9.
469) ’Ecv sq)ﬁ=r-—z— kol 900 < 8.< 180° v& eUpete ToUs &ANOUS TPIYWVOHETPI-
koUs &piBpovs Tiig ywvlas 6.
470) 'Edv egf = — —%- xal 2700 < 8 < 360° v& eOpeTe THY &p@unTikhy Tiwhy  ToU
KA nué + ouvd — egf
OHOTOS  Te1® + oTepd — ogb
471) N& &mobeiy8ij &7 :

a) nué opd Tend =1 ) Teud — Teud nuié = ouvd
472) N& dmobex®ij 671 :
@) nue (1 + o9 =1 B) nutd Teptd — Tew? 6 =— 1

473) N& &mobeax8ij &1 :
(nu8 + owd)? + (nué — aquvl)t = 2
474) Né& &mobexdfj 871 :
£0'0 ouv'® + g nute =1

255

WYnoionoOrke amod 1o ivotirouto EknmaiSeuTikrg MoAmkrg



475) N& dmobeayff o1 :

epf + = Tepd

auvh
1+ nué
“476) ‘Opolwg &1 :
1 —nué ouvd
Q) o 1 + nub
477) N& &mobayfij éT :

B) nu'd — ouv'd = 2nute — 1

epb — -nix: TN
nuix 1
478) N& &mobaydiy o1 :
OUVX 09X — TIHX EPX
—?E:x—__rwx X1 —+ nux oy x
479) N& &moebeaydf o1 :
THX — OUvVX
QX OTENX — TERX OQK  HK TUVX
480) N& dmoBeaybij o1 :
— ouvt
) [Fam=1-2wx B I-Tiyy =0
481) N& &moberx®i &7 :
1 1 2

OTEMX — OQX  OTEMX | OQX  EQX
482) N& dmobeyffj o7t :
nuta (1 + ogla) + owta (1 + epta) =2
483) N& dmobeixfi &mi:
(Tepa + epa — 1) (Tepa — gpa + 1) = 2epa
484) N& &modexBiy &7 :
(1 — nua + owa)? = 2 (1 — nua) (1 + owe)
485) N& &mobeydij & :
ega+ opp _ €¢a
ogat 9P 9P
486) N& dmwolBeydij o7 :
nula owp — owta nut P = nuta — nu'p
487) N& d&mobexbi) & :
(nua owvB + owva nup)* + (ouva owp — nua nup)t =1
488) N& &mobeix8fj &t1 | mapdoraos :

nuta + owla — % (nuta + owv'a)
Eyer plov orabepdy Tiphy dvetapTnTov Tol a.
489) N& &mobarxff &t fi mapdortacis
nufa 4 owda — 2 (1 — nuta ouwta)?
Exer wlov orabepdy Tipdy dmtdpTnTov ToU a.
490) Nd& &mobeaixéij &m1 Tap&oTaois
nula (3 — 2nuta) + owla (3 -2 o-w‘a)
Bye Tuhy orabepdy dvetapTnTov ToU @
491) N& é&modeaydij omi :
20uvix — 2nu*x + 3nutx — Souvsx + 3ouvix = nux
492) N& &mobeay®ij &émi f mapdoTaois
nuex + 3nutx owix + ouv'x
bxen Tiphy orabepdv dvetdpTnTov TOU X.
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ANAFQrH EIZ SYNAPTHEIEIZ OETIKON OZEION FQNION

149, I'QNIAL ME KOINHN TEAIKHN MAEYPAN

*EpdBopev els TV § 140 811 yoovlo pg KOIWNY TEAIKNY TrAeupdw Exouv Tous al-
TOUS TplY&}VOuETp\KOUS &p1Buous xai elg Thy § 137 61, &row BUo ywvion (fwoeTTan
mrdyToTe | Elg KQUOVIKNY Bov) BragEpouy kard 2xm (360%), TOTE EXOUV Kotviy

TEAIKAY TIAEUPSY.
‘Erropéveds EYOMEV Tég k&Twh TQUTOTNTAS, GTToV KeZ.

nH (en + 360"K) —_ T]Ue" oP (en + 3600'() p— 0'@9"
auv (8" + 360%) = ouvb’ Tep (89 + 360%) = Tepd?
eq (8° + 360") = " orep (80 + 360%) = oTend”

Olre, Y., Elval !

nu 410" = nu (ke s 360%) = nus0"

ouv 8700 = ow(150° + 2. 360") = ouv 150"
ep (— 1000") = €9 (80" — 3+ 360%) = €@ 80°

150. TONIAI ANTIOETO! (TOEA ANTIOETA)

“Eotwoav Suo ywvict 8 wal —8 elg kavovikiy OtaIv. *Errl Tiis TeAkds TAEU-
pis Tis 8 Aaupavouey TuydY OTHETOV P (x, ) xal dmrl T TeAikAs TAsUpds Tfis —0
AopPévopey TO onpERY P’ olres, GaTe v elven (OP) = (OP), 8nA. p'=p (x.
150).

"Ereidn TO Tpiycovov OPP' elvat loookehts kal ) OX SiyoTopel Thy yeviav
Tfis xopugfis TOV, o& elvan PP’ _L Ox kai AP = AP’. T onueiov Aotmov P! i
suppeTpikdy ToU P 6 rpos Tov GEova x'Ox, &pa elvat P'(x, = )

gy Fey Py U &)
y -
T A A
Py P =)
sx. 150
“Eyouev AoITTOV &1l
R P SR 9
nu(—8) = 7 : 5 K
= X =X =guwl
ow (—8) S : ouv
o (o= S =
N % = (150,0)
T s 1o
PN
e (—0) == Tepd %
= — L = — L —= — OTE e |
cup (8= =5 v M |

-
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"QoTe : Eav d0o yoviar civar avriferol, tote Exovy 1o abth guvnuitovov Kai
Wy abmy tépvovaay, avulbitovg 8i tolic d@riovg drovipons TPLYOVORETPLKONG
tov apibpoic.

O\'}:rw, Y., NKu(=20") = —nu 20"
ouv (— 20") = quv 20"
e (— 20") = — 920" x.T.A. K.T.A.

auv (— 30") =ouv 30" = vV 35

151. FONIAT EXOYZAL AGPOIEMA MIAN MTAHPH FONIAN. (TOZA EXONTA AGQPOI-
EMA MIAN NMEPI®EPEIAN)

"Eotwoav, els xavovikny Béoiy, SUo ywvian 8 kol 360" — 6. Mvewpilopey
(§ 137) 6m ai yuwvien —8 kai 360°—8 #xouv kowny TeAkfy TAEUpdY xal Etropé-
ves Exour Tous aUToUS TPIYGwopeTpIKoUs &pifuovs. ‘Emropévws B Eycopey :

nu (360°—8) =np (—0) = —nud
ouv (360" — 8) = ouv (— 6) = ouvd

ep (360°—8)=ep (—8) =—cqb
op (360" —8) =0p (—6)=—ocob
Tep (360" — 8) = Tep (—6) = Tepd
oTep (360"—0) = oTep (—0) = — oTepd

(151

“Qote : Lav 600 ywviar Exouvv dbporopa piav minpn yoviav (360°), tére
Exouv 1o alto cuvnuitovov Kai tv adtiv tépvovaav, avribitoug 6& dhoug Toig
i)rovg opwvipovs tprymvopeTpikoig apibpoig.

OUrw, m.y., elvon :

=
nu. 330° = —nu30° = —-\2—3 n
69 300" = —ep60° =—V3

ouw 315°=ocuw 45° = \%E K.T.A.
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N
152. TONIAI TIAPATIAHPQMATIKAL (TOZA EXONTA AGPOIZMA HMITIEPI®EPEIAN)

r i L 8 kad 1800 — 6. (Aix v& oyedid-

"E?Tmﬁ‘;': EisﬁK::::vc::z:ugzz:siU:ﬁrb-);i:cxi ﬂpOEKTEiuouEv E'n'en'c_:: T 157\‘1_

O?JHEV,TT_}U ]?\ e war’ dvTiBeTOV QOPAV BnA. GTPEQOUEY THY "’EMKT\E Tr?\eupciw

KT]" _f"’UTﬂS "'T EUP'O‘"'U 1809). Aappavouey TUYOL OTHEIOV P(x, y) &l 71‘15 TEAIKT)S

b 'Km-f! }6/{:::‘:1%71"1 1ﬁs.-rs?\u<ﬁ,g TAeupds TS yevias 180° — 6 AauPdvouer on-
':;:;P:f :BT:Ts v elvan OP' = OP, 6moTe & elvan p’ = p (Ex. 152)

£x. 152

i O'P’ i = (om
& ; OTIP kai OTT'P' elven : (O = (
%c lodTnTos TGV TPIy WYY Kay : vt
kai (ﬂ/!:\’{;}:_—qan-‘?'s)_ F;E;:pévmg o guvTETCry HEVal TOU P’ elvan —x kai , BnA. P(=x,y
O& elvon Aovrov :

nu (180°—90) = ‘:: - JPL —nud W:‘

ouv (1800 — ) :'-_P—,x:—_’; — —ouwd [i
e 5 SR [L (152,0)
op (180°—8) = T;"=f%=-gq,e

ren (180°—8) = £ = _ =
g8 = TR

F o™
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“Qoe 1 "Eav 800 yovia elval tapaninpopotikal, tote gyxovv 10 abtd Wpi-
tovov Kai tiv adtiv cuviipvovoav kui dvribétovg todg didoug dpwvopovs tpr-
yovopeTpikois tov apbpoic,

OUte, my. Emeadh 15004 300 = 180° 6& elven :

s

2
V3
7

nu 150° = nu30° =

ouv 1509= —ouy 30°= — Kt

1
153. IQNIAl EYMIIAHPOMATIKAI (TOEA EXONTA A@POIEMAT TNEPI®EPEIAE)

"Ectwoav els kavovikfy Béow, BUo ywvicn 6 kal 90° — 6. (Aid v& kaTaokeud-
owpey THY 90° — 6 karaokeudlopey THy —8 kol oTpéopey ETEIT THY TeAIKAY TrAEU-
pav aUrfis kard THY BeTikfy popdw Kerrdk 90%). AcuPévepey Tuxdv onueiov P (x,y)
érl Tehikfis TAeupds THS yoovias 8 kai dmri THs TeEMkfs TrAeupds Tfis 90 - 6° Aap-
Pavouev onuelov P' olrws, doTe vi elven OP' = OP, 8. p' = pi(ZEX: 153);

p@y) ¥
" plx) t

A -nian",

P_h; o AP @) P
g A |

Ix. 153

Aoye Tiis lodtnTos Tév Tprydovwy OTIP kol OTT'P' Eyopev (OIT) = (TIP)
ked (TT'P") = (OM). ‘Emopéveos 16 P' Exer TeTpunuévny ¢ kal 're"ruyuévnv x. “Eyo-
pev Aormrdv !

(90" —0) = X =% — oup ]

oww (909 —

Il

ep (90°—6) =

P
Lol
p
X
¥
op (90°—8) = %:- = eqf
Ol —
Tep (90°— 6) ¥
£
X

oTep(90° — 8) =
260
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"Qete : iy doo yovia slval uupn}.qpmymmui, tote 1o fpitovov Ekaotng
2 avt@v icobtal pi o auvnpitovov tiig ahine, 1 gpantopéve pE THY oUVEQANTO-
pévy kai | tépvovoa pé |y GUVTEEVOLTAV.
OUTe, T.Y., ETadh Q0 4+ 709 = 90", B Ex wUEY
nu 70" = owv 20°
guv 700 = nu 20°
e 70" = 09 200 K.T.A:

154. TONIAI AIAQEPOYEAL KATA MIAN OPOHN (TOEA AIA®EPONTA KATA TETAP-
TON TEPI®EPEIAY)
“Eote 611 Eyouey, Els kavovikhy Béov, Tds ywvios 8 kol 900 -+ 6. Oéhouey
vé& 1By s oxeTilovTon ol TPIY WVOHETPIKOL TGV &pibuol. "Emreidh (90° + 8) +
+ (90° — 6) = 180", Six TouTo B& EXWHEY (§152) ¢
nu (900 +8) = "¢ (90" —9) = aguvb
ouy (90" + 8) = —ow (90" —8) =— nue
£ (909~ B) == E9) (90" —8) = —ogb (154,0)
og (90° + &) = —o¢ (90" —8) =— epd
Tep (900 + 8) = — TEH (90" — 8) =— oTend
oTep (90" + 8) = OTEH (90" —9) = Tepd
OUtw, T.X., Emedn 110v = 90° + 20°, 81 ToUTO 6& elvon @
nu 1100 = ow 20°
ouv 1100 =—nH 200
gp 110"=—09 20° Kt

155. I'ONIAI AIAGEPOYEAL KATA EYOEIAN - FANIAN (TOZA AIA®OPENTA KATA
HMITIEPIOEPEIAN)
“Egreaay al ywvict 8 kol 180° 48, of omoia Biagépouv katd 180°. "Erer
&% 180° + 8 = 90" + (90° + ), Bi& ToUTO B& EXCoMEV
nu (1800 4 8) =1 [ 90° 4 (90" + g)]=ow (90° + 8 =— nud
owv (1800 + &) = oW [90° + (90° + g))=—nu (0" + 8) = — ouvd
e (1800 + 6) = ep [ 90" + O0° + O 1=—59 (90° + 8) = egf
op (180" + 8) =09 [90° + (90" + 8)]=—¢eo (90° + 8) = oo
Tey (1800 + 6) = TEM [90° 4 (90° + 9)] = — oen (90° + 8) = — Teud
oren (1800 4 8) = oTEl [90° + (90° + 8) ] = Ten (90° + §) = — oTeud
Auvdpeda v& tpyacBiuEy kal s &EfS ¢ Lreidy (180° + 8) + (180° - 6) -
—360¢, Bi& ToUTo (§ 151) B Eywuey :
nu (18004 0) =—"H (180° —9) = —nud
ouv (180" +8) = oW (180" —6) =— ouvl
gyl (180%4-0) =—E} (1800 —8) = egh $
oo (18004 6)=—09 (1800 =)= opf 5
Tep (1800 4 0) = TEM (1800 —8) =~ Teud 11X/
orep (1800 4+ 8) = —OTEM (180° — 6) = — oT]Y
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oTe : dav dbo ywviar dagipovy kara 180°, tote Eyouv THY abTiyv Eganto-
névny kal Ty abtiy ovvepantopévy, dvabitovg 8 toig {)dovg HpovipONs TPI1-
TOVORETPIKOVS Ty apbpoig.

Olrw, m.y., fmeadf 225° = 180 4 45°, §1& ToUto H& elvan :

nu 2259 = — nu 45° = — \’/—g
EQ 2259 = e 45° = |
ouw 225" = —oup 459 = — \-2 K.T.A.

Znuelwars. Tlapatnpoluey 611 eg (m + 6) =ep 8 kal og (7 + 6) = o 8. ‘Emiong
€@ (27 +8) = eg 6 kai o (21 + 8) = 09 6, &mws yvwpilopev. ‘Opolws elvar e (31 + 0) =
=& [2m + (T + 8)] = €9 (7 + 8) = €9 8 xTA. "H7or al ouvapTHoEs W = ep X xal yY=0px
Exouv TeploSov Tov .

156. ANATQIH TPIFQNOMETPIKOY APIOMOY TYXOYEHE T'ONIAE (TYXONTOZX
TOZEOY) EIZ TPIFQNOMMETPIKON APIOMON MH APNHTIKHE TI'QNIAL (MH
APNHTIKOY TOZO0Y) MIKPOTEPAL TON 459,

"EpapudlovTes Tous TUTous, Tous dtrolous éudBopey el Tag TAPAY PEAPOUS
149 £ 155, Buvapeba vi dvarydrywoper THY elpecty dvds TprywvoueTpIkoU &pi-
Buol Tuyolons yawvias 8 (BeTikfis A &pvnixiis) eis THY elpeov TPIY WYOLETPIKOU
&p1fuou ywvias un GpynTikfis kol pikpoTépas T@w 45,

"Eorew, m.x., ém {nreitan f) ep (—1250). ’Ev mpdiTors yveopifopey &Ti
ep (— 1250") = —eq 1250° (§ 150).

ArcipoUuey Twpa Tov 1250 Sid 360 kol elplokopey mrmAixov 3 kal YTrdAol-
mov 170, &pa elvan 1250" = 170° + 3 - 360°. “Eyopev moutveds :

€@ (— 1250%) = — e 1250° = — eg (170" + 3 - 360

=—ep 170° (§ 149)
= eg.10° (§ 152)
‘Opolws eUpiokopey 611 :

nu (— 1385%) = — np 1385° (§ 150)

= —nu (305° + 3 - 360
= —nu 305° (§ 149)
=nu 55° (§ 151)
= ow 35 (§ 153)

Mevikéds Suvdnefa va dkohouBdduer Tov Eifis kavdva @ *Avayduefa TpédTov
els yoviav BeTikny xai pikpoTépav Tév 360°. "Emerta ddv ) yovle alrn elven pe-
yoAutépa Tév 270° THY ouvduddopey pé Thy 360°. "Av elvan petaty 180°%ai 2707,
eUplokopey wooov Biapéper dmrd 180° kal Ty ouvbudlopey pé Thy Biagopdy alTiv.
"Eav elvan peycdurépa Tév 90° kad pikpoTépa Téw 1800 Thy ouvBudlopey pé Ty
TapamAnpwuaTikfy s kal Téhos ddv elven peyaduTtépa Tév 45° kal pikpoTépa
Ty 90° Thv ouvBudlopev pE TTY CUUTTATPWUOTIKAY TS.
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MMaepadeiypata
1w 2900 = — nu 70°

— — ouy 20°

guy 2600 = —ouv 80° = — 1K 10°

ep 140° = — €9 40°
op 850 = ¢ 5°

ATKHZIEIZ

493) N& dvayfolv elg Tplymvous-rpmco
fuol &
y) e 200°

ot) guw (— 7609 ) &9 (— 1385 n) nu 2880°
&xp1PETs) TGW 'rpwmvopewpmé'w guVapTHOEWY

& 45° ol ké&Twb -rp\ywvouz-rpmo’l &pt
a) nu 135° ) ouv315°

494) N& elpeTe Tég Tnds (
£, 0P TRV YWVl !
a) 150° By 225°

Tiis ywvios 8.
a) ouv (8 —90%,
5) nu (8 — 270%)
) nu(8—7200
496) 'Edv €9 25" = &,

n) ¢ (—

e 155° — €@ 115%
o) [ eglo5ep 115
v Berx®ifi 611 nu(B + n

497) "Bl A+B+T = 180°,
498) 'Edwv 6 elvan ywvia

(BnA. 90° < B < 180%) Bi& Ty dmolay elvat

y) —330°
495) Né& txgpacfolv ol kT TPy WVOR

p) ep (270" — 6),
g nu®— 180%)

ué ThY TEAIKT)V TNS TAeupt Els T

¢ &piBuols uh &pynTikiis ywvias wikpoTépos

g) Tep 325°
1) oTep 610°
n, ouy,

5) op 400°
8) oTed 825°

5) — 120" £) —210° a1) — 315°
etpikol &piBpol pt Tp1Y WVORETPIKOUS dp18pols

y) ow (8 + 540°)
ot) ow (270° + )

5400 + ) 8) ow (8 — 180

vex ebped M TIpN TGOV KAQOPETGWY, &

ep 2050 —eg 115°

Epeb) Y
P) Tep 245" + g 335°
A
=neAkal oww —5 "= NH5.
v Beutépay ywvlov TGV &bdveov

s ep b= —2/3, v& &moBey i &1 ToTE :

nu (900 — 8) — ow (180°-8) _ _ L
W) oI LB Fep G0 - VI
ep (90° + 8) + ouv (180° +8) 2+\‘/;
P e (270° — 8) — 9 (= ) IRPTEI
499) N& &moberyi] (-3 48
a) ouv 0° nu? 2700 — 2 owv 180° €@ 45° =
) 3 nu 00 Tew 180° + 2 grep 90° — ouv 360° = 1
T
y) 2Tept D3 nitg ok = 6
3m 9

5) epm oW 5
500) N& &mhomoind

_ow o0 ol
&) Ten (360° + ) B (180"

_.q)q-w(c:—

3 ALl
S 78 27 —OTEHED

oty T& K&TwO KAGOHOTA !
a) ep (180° — a)
T a) og (270° = o)

360°)_

anS{)“ —a) o9 (270°
a) auv (270° + @

) Teq (180" + o) €9 (90° +

501) ‘Ouolws & k&Toobt
™

ow |5 + u) Tep (—

on (g o)

a

rep (21 + o) NH (4 o) o9

KAGopaTa &

o) e (T — @)

(F -2
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w(F-)ae-p or(Fra)ml-T)
@Er-Powm—o T ow@-yead

B)

€p (T — 6) 0 (T + ) ep (— 6) g (_g- «6)
€p (T + 0) op (T —0) 0g B ep (2 — B)

Y)

157. NOMOZ TON HMITONQN,

Els Ty y' 1atw tpdbouev méds oxetilovton peTall Twv T KUplar ororyela
evds dpfoywviou Tprywvou. ‘YrevBupilopey E86 ToUs oyeTikoUs TUTOUS :
r

B=anu B=ucrwr}

a i Yy=anul =aocwB
P=yep B=yog F}
~ » y=Pep=poep B
r
Ix. 157.1 a? = PE 4 y?

©& [nThowuey Thpa va elpwyey TUTTOUS ouvStouTas TA oTorKEl TUYXOVTOS
ufy SpBoywviou Tprycovou.

"Eotw ABT Tuydv pf dpBoydviov Tpiywvor (Zx. 157.2).

Sy. 157.2

Els 70 oyx. 157-2,(c) &xouev fva dEuydmiov Tplywvov. Els 16 oy. 157-2, (B)
Exouev Eva Tplywvov duPAuydviov. Oépopev THy A kéBetov mpds THY AB xai
Svopdlouey (MFA) = A. *Amd 1o dpboycoviov Tplywvov ATA 81" &updTepa T& oyn-
pata Exopev A = Pnu A, (1)

Ao 10 SpBoywviov Tplywvor FAB Tol oy. (o) Exoney A =anuB  (2)

'ATd Bt 1O dpBoycoviov Tplywvov MBA ToU oy. (B) #xouev
A= anpe = anuB (5iém1 B 4 ¢ = 180%), Eyouev 8nA. mwéAw Tiv (2). ‘Emopé-
veos &k Tév (1) kel (2) Exouev :

A=PnuA

= a _ P
;\=UT}UB} = Pnu A =anuB= WA= ruB 3)

-

Dépopev Topa THY ké&BeTov &k Tou B éml Ty AT kol Bétouev (BE) = p.
AP duepdTepa Ta oxfjuaTa Eyopev :
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p=onul xol p= yneA. ‘Erropéves EXOMEV

“zm”r} y 2. L ol e ey
p=ynuA
Ex Téw (3) xad (B guvdyousy 8T

2 s V) KT1BT.0)

B e
| nuA ~ nuB il

“Qoe: eig kGO Tpiyevey Td Pk @y TAEUPOY glvan avéd.oya mpdg Ta fpi-

Tove TOV AnEvayTL YOVIAY.

Al &vohoyien (157,9) &moTehoUy TOV AeySuevoy vopov @V frovov.

158. NOMOEX TON 2\".\'HMITDNHN
*As A&Peopev A & ufy dpboydoviov tplywvor ABI (x. 158) 'Amo
75 &pfioyvioy Tplywvoy ATA 8y’ dpgoTepd 1& oy fHaTa EXOUEV -
Bz = A + (AD)* 1

@ sy. 158

‘AT TO Spboydoviov Tplycovoy BFA Tou oy. (&) Exomev :
A=oanuB xal (AB)=¢ owB.
‘Erropéveds elvat
(AD) = (AB) — (&B) =¥~ aouvB
kai By (1) ylvetan -
Pt =A% (ALY = a® B+ Y - 2yo owB + afouvB =
— o (B + ouvtB) + ¥ — 29Y owB
— o + ¥ — 20 owB
‘Amrd TO Tplywvoy BrA Tou oX. (B) EXOMEY
A = anue = anuB @GenB+e= 180%) kai (BA) = cowve =— acuvB
‘Etropbves €lvat ¢
(AL) = (AB) + (BA) =Y~ & cruv?
cad 1 (1) ylveran xal B 16 Tphywvoy TOUTO :

pr=ct+Y'— 2aryouvB
"Edqv tpyocBipey Spolcs QEPOVTES i kaéTous Gmd TS KOPURAS I xad
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A Bl 1&g dumioTolyous TrAeUpds EUpickope droun Buo duolous TUTOUS :
a? = B* + y: — 2Byow A
Yi=o*+ P2—2aP ow A
"QoTe Exouev ToUs TUTOUS :
ot = B*  y? — 2By ouv A
B*=1yt+ a®—2yaow B} (158, a)
Yi=o*+p:—2afow
Ol dvewTépw TUTOr* (158, ) dmroTeAoUy ToV Aeyduevoy vépov tédv TUVILTO-
vay, & oTrolos AeKTIKGS BIQTUTICOVETE € étfis :
To tetpayovoy 1ol pikovg miig mhevpis tprydvon iootton pé 1o dbporopa
@Y EIPAYOVOY THV pnkdV tdv §00 Ehhov thevpdy peiov TO dinddov YIvé-
HEVOV T@Y pNKdv t@v mhevpdv adtdv Eni to cuvnpitovoy tiic On' abtdv me-
preyopévg yoviag.

159. E®@APMOrAI

1) Eis & Tplywvov ABI elvan y = 25cm, A = 35° kal B = 68" Znteitan
va eupefolv Td a, B, T
Abowg: ‘Emadn A+ B+ M= 180° 6& elvan [ = 180°— (A + B) =177¢
"Ex ToU vépou Tév fuiTdveov Eyopey
a Y _ YA _ 25 nu35 25 -0,574

A~ nqul nul nuir T 0,974
’Ex ToU vépou T fMITOVwY Exoper Emiong :
B __¥ o XTRE  2Bequos _25-D98F .
wB—mr T P= = T = o = 24em
2) Els &v Tpiywvov ABl elven o= 132m, p = 124m, " = 28° 40', ZnTei-
T va eUpefouv 1 TAeupd ¥ kal of yovicn A kel B.

~ 15 cm.

Aberg: "Ex ToU vdpou Tév ouvnuitévey Eyopey
Y?=of+P? —20f ouv [ = 13224 2242 — 2 - 132 - 224 oy 280 40’ = 15714, &pat
y=+/15714 = 125m
A o MO g LR __crnu_r'_132nu28°40'_132-0,_4ﬂ_
AlctTnvA.m_rw—r :,qu_—Y - 155 =—m— =
= 0,507 xai & TGV TIvaKWY TV PUOIKEY TPIYWVOUETPIKGY &p1Buddv ebplokopey

A = 30° 30"
"Epyaféuevor duoiws eupioxopey & Tiis nuB = B—g“—r 6Tt B =120° 40"
Awvduela, PePaiws, va Uohoyiowper Ty B &mrd Tév TUTow A + B+ M= 1800,
Eis Thy E' Tébw 8& pdBuwpev va Umrohoyifwiey Té oToiyeiar dvog TUXOVTOS
Tprydovov, &taw BiSwvtar dpkeTd Tpds ToUTo oToixela kol B& 1Bwpev ToTE
kol wads yivetou fy Epyacia alrn, Thy dmolav dvopdlopey Erihvary Tol TPy Gvou.

(*) Ol wimar maaxbnrouv & elg &« ol ¥hhov B1a xuxhixic Tpomiig Tav a, B, v xxl A, B,I"
266

WYnopionoiOrke amod To ivotirouto EknaiSeuTikrg MoAmkrg



AIKHIEIE

502) Tprywvou ABI elvan a = 384 mm, p=>593 mm, Y — 276 mm. ZnTeital v&
tmohoyrobouv al ywvial ToU-

503) Eis &v Tpiywvov ABI elven
Aoyicfolv al hevpal « kal Y-

504) Né& &moderxén oT1 E
p* — Yz =

571 Elg TUXOY TpiY
a= povy I+

oTriis TGOV ¥ pappaTwy Tés GAAQS TAUTOTT
Tpiywvov ABT loyve @

p =300 mm, A = 36", B =65° InTeita v& UTro-

fs Tuxdv Tplywvoy ABI ioyUe :

a (Powl—Y aw B)

wvov ABI loxue :

y ouv B (@eopnua 1@V TpoPordv)

Tag Si1& Ta P xkal ¥).

505) N& &mobeix8i

(N& ebpeTe B KUKAIKTS TP
506) Na &mobay8i &7 gls TUXOV
EKPA |7 Yl+c‘3_pl

BT Yoo
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‘Huitova okei@v yovidv.

= ———

o ] 100 | 20" | 30

S
400 |50 (|2 0 | 100 {200 |30 |40 | B0
=

Motpx:

0,000 | 0,003 [0,006 | 0,009 | 0,012 [0,015]| 45 0,707 [ 0,709 | 0,711 | 0,718 { 0,715 | 0,717
0,017 | 0,020 |o,023 | 0,026 | 0,029 [0,032]| 46| 0,719 [ 0,721 [ 0,728 | 0,785 | 0,727 | 0,729
0,085 | 0,038 | 0,041 | 0,044 | 0,047 [0,049]] 47 | 0,731 | 0,733 | 0,785 | 0,797 | 0,748 | 0,741
0,052 | 0,055 | 0,058 | 0,061 | 0,064 |0,067(| 48 | 0,743 | 0,745 | U, 747 | 0,749 | 0,751 | 0,754
0,070 | 0,078 | 0,076 | 0,078 | 0,081 |[0,084|| 4% | 0,755 | 0,757 | 0,759 | 0,760 | 0,762 | 0,764
0,087 | 0,090 | 0,093 | 0,086 | 0,099 |0,102|| 80| 0,766 | 0,768 | 0,770 | 0,772 | 0,773 | 0,715
0,105 | 0,107 | 0,110 | 0,118 | 0,116 [0,119]| 61| 0,777 | 0,779 | 0,781 | 0,763 | 0,784 | 0,786
0,122 | 0,125 | 0,128 | 0,181 | 0,183 | 0,136)| 62| 0,788 | 0,790 | 0,792 | 0,793 | 0,795 | 0,797
0,189 | 0,142 | 0,145 | 0,148 | 0,151 | 0,154|| 53| 0,799 | 0,800 | 0,802 | 0,804 | 0,806 | 0,807
?| 0,156 | 0,158 | 0,162 | 0,185 | 0,168 | 0,171|| 64 [ 0,809 | 0,811 | 0,%12 | 0,814 [ 0,816 | 0,817
10 0,174 [ 0,177 | 0,179 | 0,182 | 0,185 | 0,188|[ 55| 0;819 | 0,821 | 0,822 | 0,824 | 0,826 | 0,827 |
11| 0,191 | 0,194 (0,197 | 0,199 | 0,202 | 0,205|| 66 | 0,820 | 0,831 | 0,832 | 0,834 | 0,835 | 0,847 |
12| 0,208 | 0,211 [0,204 | 0,214 | 0,219 | 0,222(| 67 | 0,539 | 0,840 | 0,842 | 0,843 | 0,845 | 0,847 |
13| 0,285 | 0,2¥8 | 0,231 | 0,283 | 0,286 | 0,239|| 58 [ 0,844 | U850 | 0,851 | 0,853 | 0,854 | 0,856

14 0,242 | 0,245 | 0,248 | 0,250 | 0,253 | 0,256]| 59| 0,857 | 0,858 | 0,860 | 0,862 | 0,883 | U,865

16| 0,259 | 0,262 | 0,264 | 0,267 | 0,270 | 0,273|| 60| 0,866 | 0,867 | 0,869 | 0,870 | 0,872 0,873

16| 0,276 | 0,278 | 0,281 | 0,284 | 0,287 | 0,290(] 61| 0,875 | 0,876 | 0,477 | 0,879 | 0,850 | 0,882

17| 0,292 | 0,295 | 0,295 | 0,301 | 0,303 | 0,806(] 62| 0,883 | 0,884 | O,88i | U887 | U888 | 0,890

18| 0,309 | 0,312 | 0,315 | 0,317 | 0,320 | 0,323() 63| 0,481 | 0,892 | 0,894 | 0,495 | 0,896 | 0,898 |
19| 0,326 | 0,328 | 0,331 ] 0,384 | 0,387 | 0,388|| 64 0,899 | 0,900 | 0,801 | 0,903 | 0,804 | 0,905
20| 0,342 | 0,345 | 0,347 | 0,350 | 0,353 | 0,356 65| 0,906 | 0,908 | 0,908 | 0,910 | 0,811 | 0,812
21| 0,358 | 0,3G1 | 0,364 | 0,367 | 0,369 | 0,872) 6| 0,814 | 0,915 [ 0,916 | 0,917 | 0,918 | 0,919
22 0,875 | 0,877 | 0,380 | 0,383 | 0,385 | 0,388]| 67| 0,921 | 0,922 | 0,923 | 0,924 | 0,925 | 0,926
23| 0,391 | 0,893 | 0,396 | 0,389 | 0,401 | 0,404 68| 0,927 | 0,928 | 0,928 | 0,950 | 0,931 | 0,984 |
24| 0,407 | 1,409 |0, 412 | 0,415 | 0,417 | 0,420]| 6% | 0,834 | 0 935 | 0,936 | U847 | 0,938 u,939 |
25| 0,423 | 0,425 | 0,428 | 0,431 | 0,483 | 0,436 70| 0,940 [ 0,941 | 0,942 | 0,943 | 0,944 | 0,945 |
26| 0,438 | 0,441 | Oyddd | 0,446 | 0,448 | 0,451 71| 0,946 | 0,946 | 0,947 | 0,945 | 0,949 | 0,950 |
27 | 0,454 | 0,457 | 0,450 | V02 | 0,464 | 0,467]| 72| 0,951 | 0,952 | 0,953 | 0,954 | 0,855 | 0,955
20| 0,409 | 0,472 | 0,475 | 0,477 | 0,480 | 0,482|| 73| 0,956 | 0,957 | 0,958 | 0,959 | 0,960 | 0,960
29| 0,485 | 0,487 | 0,490 | 0,482 | 0,485 | 0,497(| 74| 0,941 | 0,962 | 0,963 | 0,964 | 0,864 | 0,965
30| 0,500 | 0,503 | 0,505 | 0,508 | 0,510 | 0,513]| 76| 0,966 | 0,967 | 0,967 | 0,968 | 0,968 | 0,970
31] 0,515 | 0,518 | 0,520 | 0,523 | 0,525 | 0,527]| 76| 0,970 | 0,971 | 0.972 | 0,872 | 0,973 lu.su

L I - I e - ]

32| 0,530 | 0,532 | 0,535 | 0,587 | 0,540 | 0,542)] 77 0,874 | 0,975 [ 0,976 | 0,976 | 0,977 | 0,978
33| 0,545 | 0,547 | 0,550 | 0,552 | 0,554 | 0,557)| 78| 0,978 | 0,979 | 0,97y | 0,980 | 0,981 fu.gm
34| 0,558 | 0,502 | 0,564 | 0,566 | 0,568 | 0,571) 79| 0,982 | 0,982 | 0,958 | 0,983 | 0,954 {u,uu

36 0,574 [ 0,aT6 [ 0,578 | 0,581 | 0,583 | 0,585| BO| 0,985 | 0,985 | U886 | U980 | V48T }u,gn
0,588 | 0,580 | 0,592 | 0,585 | 0,597 | 0,589]| 81( 0,955 | 0,988 | 0,948 | 0B84 | U989 | 0,980
37| 0,602 | 0,04 0,606 | 0,608 | 0,011 | 0,613|] 82| 0,990 | 0,991 | 0,991 | 0,981 | 0,992 | 0,99
0,616 | 0,018 | U620 | 0,023 | 0,625 | 0,627|| 83| 0,993 | 0,993 | 0,993 | 0,994 | 0,994 | 0,994
37| 0,629 | 0,632 | 0,684 | 0,680 | 0,A38 | O,641|| 84 | 0,995 | 0,995 | 0,995 | 0,995 | 0,89 | U996

40| 0,648 | 0,645 | 0,47 | 0,649 | 0,652 | 0,54]] 85 | 0,996 | 0,996 | 0,997 | 0,997 | 0,947 ‘\u.ss‘?
41 | 0,656 | 0,658 | 0660 | ogind | 005 [ 0,667]) 86 | 088K | 099K | 0,998 | 0,998 | 0,998 | U,99%
42| 0,608 | 0071 {0,678 0,676 | 0,78 | v,u80]) 87 [ 0,999 | 0,999 | 0,999 | 0,999 | 0,499 | 0,999
43 | 0,682 [ 0,684 [U,680 | Ois | 0,680 | 0,09s(] 88 | 0,989 | 0,999 | 1,000 | 1,000 | 1,000 | 1,000
44| 0,685 | 0,687 [uwing | 0,701 | 0,708 [0,705] 8 1,000 | 1,000 | 1,000 | 1,000 | 1,000 l lituJ
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Tvvnuirova OEELOV YOVLOV.

WnopionoiOrke amod 1o ivotirouto EknmaiSeuTikrg MoAmkrg

— —
gl o | 1w | a0 | 400 |50 [ ] O |10 200 |30 |40 | BU
= =
o 1,000 | 1,000 | 1,000 | 1,000 1,000 | 1,000(| 45 | 0,707 0,705 | 0,708 | 0,701 | 0,689 | 0,497
1| 1,000 | 1,000 | 1,000 1,000 | 1,000 0,999 46 | 0,85 0,698 | 0,690 | 0,GHH 0,686 | 0,684
2| 0,900 | 0,909 | 0,999 | 0,999 0,999 |0,009|| 47 | 0,682 p,680 | 0,678 | 0,676 | 0,673 ] 0,671
3| 0,999 | 0,998 | 0,998 | 0,998 0.998 | 0,998 (| 48 | 0,669 0,667 | 0,665 | 0,663 | V0 | 0,654
4| 0,998 | 0,997 | 0,997 0,997 | 0,997 0,996 || 49 | 0,656 0,654 | 0,652 | 0,649 | 0,647 0,445
5| 0,096 | 0,996 | 0,990 0,995 | 0,995 | 0,895 50 | 0,643 | 0,64L | 0,638 0,636 | 0,634 | 0,633
¢ | 0,005 | 0,994 | 0,994 | 0,994 0,093 |0,003|| 51 | 0,629 0,627 | 0,625 | 0,23 | 0,620 0,01
71 0,993 | 0,002 | 0,992 | 0,991 0,991 | 0,991 52 [ 0,618 0,618 | 0,611 | 0,609 | 0,606 | 0,604
8| 0,900 | 0,990 | 0,989 | 0,989 0,089 | 0,9884| 53 | 0,602 0,509 | 0,597 | 0,585 | 0,592 0,590
9| 0,988 | 0,987 | 0,987 | 0,980 0,986 | 0,985|| 54 0,588 | 0,585 [ 0,583 | 0,581 0,578 | 0,570
10| 0,985 | v,984 | 0,94 | 0,983 0,984 | 0,0u2|| 55 | 0,871 0,571 | 0,668 | 0,588 | 0,564 0,508
11| 0,982 | 0,981 | 0,981 0,980 | 0,979 | 0,979 56 | 0,559 | 0,557 | 0,554 | 0,568 0,550 | 0,547
12| 0,978 | 0,878 | 0,977 | 0,976 0,976 | 0,975 57 0,545 | 0,542 | 0,640 | 0,537 0,535| 0,532
13| 0,974 | 0,974 | 0,878 | 0,872 0,972 | 0,971 || 58 | 0,580 0,527 | 0,525 | 0,588 | 0,520| 0,518
14| 0,970 | 0,970 | 0,969 | 0,968 0,967 | 0,967 59 | 0518 0,518 | 0,510 | 0,508 | 0,505] 0,503
15| 0,966 | 0,965 | 0,904 | 0,864 0,063 | 0,9uz| 60| 0,500 0,497 | 0,495 | 0,492 | 0,490} 0,487
16| 0,861 | 0,960 | 0,000 | 0,939 0,958 | 0.931(| 61| 0,485 0,462 | 0,480 | 0,477 | 0,475] 0,472
17| 0,854 | 0,955 0,955 0,954 0,953 0,952 62| 0,469 0,447 0,464 0,462 | 0,459 0,457
18| 0,951 | 0,950 | 0,949 | 0,948 0,947 | 0,946]| 63 0,464 | 0,481 | 0,448 | 0,440 0,444 | 0,441
19| 0,846 | 0,945 | 0,944 0,043 | 0,942 | 0,941 64| 0,498 | 0,436 | 0,483 | 0,481 0,428| 0,425
20| 0,940 | 0,989 | 0,938 0,937 | 0,936 | 0,935 5 | 0,428 | 0,420 | 0,417 0,415 | 0,412} 0409
21| 0,884 | 0,898 | 0,931 0,030 | 0,928 | 0,928 6| 0,407| 0,404 | 0,401 | 0,390 0,396| 0,393
22| 0,921 0,826 | 0,925 0,924 [ 0,923 0,922{| 67 | 0,391 0,388 | 0,385 | 0,383 0,3801 0,377
23| 0,991 | 0,919 | 0818 0,017 | 0,916 | 0,913 | 0,975 0,872 0,369 | 0,367 0,364| 0,361
24| 0,914 | 0,912] 0,911 0,910 | 0,909 0,908|| 67 | 0,358 0,356 | 0,358 | 0,850 | 0,347 0,345
25| v,906 | 0,906 | v,904 0,903 | 0,901 0,900 70| 0,342 0,339 | 0,337 | 0,334 0,881 0,329
26| 0,599 | 0,898 | V890 0,895 | 0,894 o,802]| 71| v,826 0,928 | 0.320| 0,817 | 0,315 0,913
27| 0,801 | 0,890 | 0,888 0,887 | 0,886 0,884 72| 0,309 0,306 | 0,803 | 0,301 | 0,308 0,295
28 | u,u83 | 0,882 | 0,880 0,879 | 0477 0,876 73| 0,202 0,290 | 0,287 | 0,284 | 0,281 0,278
29| 0,875 0,873 | 0,872 0,870 | 0.869 0,867]| 74 | 0,476 0,278 | 0,270 | 0,267 | 0,264 0,268
30| v,806 | 85| 0,868 0,862 | 0,860 0,859 75| 0,269 0,256 | 0,258 | 0,260 | 0,248 0,245
31| 0,857 | 0,850 0,854 | 0,853 0,851 | 0,850 76 | 0,243 | 0,239 0,286 | 0,283 0,281] 0,28
32| 0,848 | 0,847 | 0,845 0,848 | 0,842 o,840f| 77 | 0,225] 0,882 0,819 | 0,214 | 0,314} 0,211
33| .30 | 0,887 0,895 0,834 | 0,882 | 0,831 78 | 0,208 | 0,205 | 0,202 0,198 | 0,197] 0,194
34| o,ue9 | 0,827 | V820 0,624 | 0,822 0,891 79 | 0,191 0,188 | 0,185 | 0,188 | 0,179 0,111
35| o819 | 0,817 | 0,818 0,814 | 0,812 0,811 80| 0,174 0,171 | 0,168 | 0,105 0,162| 0,159
36| 0,800 | 0,801 0,500 0,804 | 0,802 0,800|| 81 0,156 0,154 0,151 | 0,148 0,145| 0,143
37| 0,799 | 0,797 | 0,799 0,798 | 0,792 0,790|| 82| 0,139 0,136 | 0,188 | 0,181 0,128] 0,12%
38| 0,788 | 0,786 0,784 0,783 | 0,781 0,779|| 83 | 0,122 0,119 | 0,116 0,118 | 0,130 0,107
39| 0,717 | 0,775 | 0,173 0,712 | 0,770 | 0,768 84 | 0,105 | o,102| 0,098 | 0,000 0,098| 0,080
40| 0,706 | 0,764 | 0,702 0,760 | 0,759 0,157|| 85 | 0,087 0,084 | 0,081 | 0,078 0,076 0,078
ai| 0,785 | 0,753 0,751 0,749 | 0,747 0,745( 84 | 0.070 0,067 | 0,064 | 0,061 | 0,058 0,055
42| 0,743 0,741 | 0,789 0,731 | 0,785 | 0,783 87 | 0,052 | 0,048 | 0,047 0,044 | 0,041] v,038
| vas1 | o,7e8 | 0787 0,725 | 0,738 0,791|| 88 0,032 | 0,029 | 0,080 0,028] 0,020
wl ome| omna| 0 o8| vn | weave 8 0,015| 0,012 0,008 | 0,006 0,008



‘Egantopeva: 6Eeldv yovidwv.

=
S o | 1w | 20 |30 {400 |50 P3| o0 j1o [ 200 | 300 | 40 | S
= i =
0 | 0,000 | 0,003 | 0,006 | 0,009 | 0,012 [ 0,015 [| 45 | 1,000 | 1,006 | 1,012 | 1,008 | 1,024 | 1,080
110,017 | 0,020 | 0,028 | 0,026 | 0,029 [ 0,032 || 46 | 1,036 | 1,042 | 1,048 | 1,054 | 1,060 | 1,006
2 | 0,085 [ 0,038 | 0,041 | 0,048 | 0,047 | 0,049 [{ 47 | 1,072 | 1,079 | 1,085 | 1,081 | 1,098 | 1,104
3| 0,032 | 0,055 0,058 | 0,061 | 0,064 | 0,067 |[48 | 1,111 | 1,117 | 1,024 [ 1,080 | 1,187 1,144
410,070 | 0,073 | 0,070 | 0,079 | 0,082 | 0,085 |(49 [ 1,150 | 1,157 | 1,064 | 1,071 | 1,178 1,185
5 | 0,087 | 0,080 | 0,093 | 0,096 | 0,099 [ 0,102 |[50 | 1,192 [ 1,199 | 1,206 | 1,218 1,220 1,228
6 | 0,105 | 0,108 0,111 | 0,114 | 0,117 | 0,120 || 61 | 1,235 | 1,242 | 1,250 | 1,257 | 1,265 1,272
T |0028 [ 0126 | 0,129 | 0,182 | 0,185 [ 0,188 || 52 | 1,280 | 1,264 | 1,205 [ 1,903 | 1,811 1,419
8 | 0,141 | 0144 | 046 [ 0,149 | 0,152 | 0,155 ||53 | 1,827 | 1,835 | 1,348 | 1,351 | 1,360 | 1,368
P 10,158 | 0,161 [ 0,164 | 0,067 | 0,170 | 0,173 [| 54 | 1,376 | 1,385 | 1,998 | 1,402 [ 1,411 ] 1,428
10 | 0,176 | 0,179 | O,182 | 0,185 | O,188 | 0,191 ||55 | 1,428 | 1,487 | 1,446 | 1,455 | 1,44 1,473
11| 0,194 | 0,197 ] 0,200 | 0,203 | 0,200 | 0,210 , 56 | 1,488 | 1,492 | 1,501 | 1,511 | 1,520| 1,530
12 | 0,213 | 0,216 | 0,219 | 0,222 | 0,225 | 0,228 i §7 | 1,540 | 1,550 | 1,560 | 1,570 | 1,580 | 1,580
13 | 0,231 | 0,284 0,237 0,240 | 0,243 | 0,246 |{568 | 1,600 | 1,601 | 1,621 | 1,682 | 1,648 | 1,658
141 0,249 | 0,252 | 0,256 | 0,259 | 0,262 | 0,265 [|59 | 1664 | 1,675 | 1,686 | 1,608 | 1,709 | 1,720
15 | 0,208 | 0,271 | 0,274 | 0,277 | o,280 | 0,284 ||60 | 1,782 | 1,744 | 1,756 | 1,767 | 1,780 | 1,792
16 | 0,247 | 0,290 | 0,288 | 0,200 | 0,299 | 0,308 || 67 [ 1,504 | 1,816 | 1,829 | 1,842 | 1,855 | 1,808
17 [ 0,806 | 0,308 | 0,812 | 0,815 | 0,318 | 0,322 |[62 | 1,881 | 1,884 | 1,807 | 1,921 | 1,985 1,049
18 | 0,425 | 0,428 | 0,331 [ 0,835 | 0,338 | 0,341 )| 63 | 1,968 | 1,977 | 1,891 | 2,006 [ 2,020 [ 2,045
19 10,344 | 0,348 | 0,351 | 0,354 | 0,357 | 0,361 || 64 | 2,050 | 2,066 | 2,081 | 2,087 | 2,112 2,194
20 | G,364 | 0,387 | 0,371 | 0,374 | 0,377 | 0,381 |[ 65 | 2,145 | 2,161 | 2,177 | 2,194 | 2,211 | 2,299
21 | 0,384 | 0,387 | 0,391 | 0,394 | 0,397 | 0,401 || 66 | 2,246 | 2,264 | 2,282 | 2,300 ( 2,918 2,887
22 [ 0,404 | 0,407 | 0,411 | 0404 | 04018 | 0,421 || 67 | 2,356 | 2,875 | 2,304 | 2,414 | 2,434 | 2,455
23 |0 424 | 0,128 ) 0,431 | 0,435 | 0,438 | 0,442 [[68 | 2,475 [ 2,496 | 2,517 | 2,509 [ 2,500 | 2,583
24 [ 0,445 | U9 | 0,452 | 0,456 | 0,459 | 0,463 || 69 | 2,605 | 2,628 | 2,651 | ¥,675 | 2,991 2,723
25 [0, 4t | 0470 | 0478 | 0,477 | 0,081 | 0,484 ||70 | 2,747 | 2,773 | 2,798 | 27824 | 2,850 | 2,877
26 | 0,188 | 0,491 | 0,496 | 0,499 | 0,502 | 0,506 7 2,804 | 2,932 | 2,000 | 2,989 | 3,018 | 3,047
27 (0,510 | 0,518 | 0,517 | o521 | 0,524 | 0,528 |72 | 8,078 | 3,108 | 4,140 | 3,172 | 3,204 | 8,287
28 | 0,532 | 0,585 | 0,539 | 0,548 | 0,547 | 0,551 {73 | 8,271 | 9,305 | 3,840 | 4,876 | 3,412 8,450
29 [u,504 | 0,508 | U562 | 0566 | 0,570 | 0,573 || 74 | 5,487 | 8,526 | 8,506 | 3,606 [ 3,647 | 3,689
30 | 0,477 | 0,581 | 0,585 | 0,589 | 0,593 | 0,587 (|75 | 3,742 | 3,776 | 3,821 | 3,867 | 8,914 | 3,862
31 o601 | 0005 | 0,608 | 0018 | 0,607 | vz (76 | 4,011 | 4,061 | 4,118 | 4,165 | 4,210 | 4,275
32 |05 | 0,029 | 0,683 | 0dT | 0641 | 0,645 [RT7 | 4,331 | 4,390 | 4,449 | 4,611 | 4,574 | 4,639
33 0,049 | 0,054 | 0ibn | o2 | OgiGE | 0670 || 78 | 4,705 | 4,779 | 4,843 | 4,015 | 4,988 | 5,004
34 | 0,675 | 0,678 | U,6KS | O,6KT | 0,692 | 0,686 || 79 | 5,145 | 5,226 | 5,309 | 5,386 | 5,485 | 5,576
35 |o,500 | 0,705 | 0,708 0,718 0,708 | 0,722 [[80 | 5,671 | 5,708 | 5,871 | 5876 | 6,084 | 197
36 {u,727 | 0,731 [ 0,735 0,740 [ 0,744 | 0,749 [[81 | 6,314 | 6,485 [ 6,561 | Suen | 6,827 [ 6,968
37 0,754 | 0,758 | 0,763 | 0,767 | 0,772 | 0,777 ||82 | 7,115 | 7,29 | 7,420 | 7,506 | 7,770 | 7,953
38 |0,781 [ 0,786 | 0,791 | 0,795 | 0,800 | 0,805 [[B3 | H,144 | ¥,345 | W,556 | ¥,77T | 9,010 | 9,255
39 | 0,810 | 0,815 | 0,819 | 0,824 | 0,829 | 0,834 [|84 | 9,504 | 9,7HE | 10,08 | 10,88 | 10,71 | 11,06
40 {0,839 | 0,844 | 0,849 | 0,854 | 0,859 | 0,84 [| 85 | 11,48 | 11,88 | 12,25 | 12,71 | 13,20 13,78
41 {0,869 | 0,874 | 0,880 | 0,885 | 0,880 | 0,895 [186 | 14,50 | 14,82 | 15,60 | 16,35 | 1717 [ 18,07
42 [0,900 | 0,906 | 0,911 |0,916 ]| 0,922 | 0,927 [[87 | 18,08 | 20,21 | ¥1,47 | 22,90 | 24,54 | 24,43
43 {0,033 | 0,935 | 0,843 | 0,049 | 0,955 | 0,860 || 88 | 2E,0d | 31,24 | 84,37 | 38,19 42,90 49,10
44 owes | 0,871 | 0,977 |0,9%8 | 0,98k | 0,094 [|8F | AT,¥8 | 68,75 | W5, 04 | 114,60 ) 171.9 ] R48,K

YnoionoOrke amod 1o ivotirouto EknmaibeuTtikrg MoAmkrg




prwvop,etpmul GUVAPTNOELS
'; rwulcnd—s : . I‘ \ Eh
I~ S| == nK \ ouv € ag

‘ axTtinia polpas |
. Sk Fra ]
0,00 0,0 | 0,00 1,400 0400 *

) 0,09 50 0,087 0,996 0,087 11,4
0,10 | 57 | 0,10 0,995 0,10 10,0
0,17 10,0 | 0,17 0,98 0,18 5,7
0,20 | 1,6 | 0,20 0,98 0,20 l 4,9
0,20 15,0 0,26 0.97 0,27 8.7
0,30 17,2 0,30 0,96 0,31 3,2
0,35 | 20,0 0,34 0,94 0,36 2,7
0,40 | 22,9 0,39 0,92 0,42 o4

| 0,44 | 25,0 0,42 0,91 0,47 2.1

|
0,50 | 2,8 | 0.8 0,88 0,55 1,8
0,52 (r/6) | 30,0 | 0,80 0,87 0,58 1,7

| 0,60 34,4 0,56 0,83 0,68 1,5

o \ 35,0 | 0,57 0,82 0,70 14

| 0,70 40,1 | 0,64 0,76 0,84 1,2

| 1

| 0,78 (m/4) 5.0 | 0,71 0,71 1,00 1,00

| 0,80 | 45,8 | 0,72 0,70 1,0 0,97

‘ 0,87 | | 5050 [ 7 0,64 1,2 0,84

| 0,90 | 51,6 ‘ 0,78 0,62 1,3 0,79

| 0,96 B0 | 08 0,57 14 0,70

I 1,00 57,3 | 0,54 0,54 1,6 0,64
1,08 (x/3) 60,0 | 087 0,50 15 0,58
1,10 | 83,0 | 0,89 | 0,45 2,0 0,51

| 1,13 | es0 | 0 \ 0,42 2,1 0,47
1,20 .\ T \ 0,36 2,6 0,39

\
1,22 70,0 | 094 0,34 2,8 0,37
1,30 74,5 \ 0,96 0,27 3,6 0,28
1,40 80,2 0,985 0,17 5,8 0,17
1,48 | 85,0 0,996 0,09 11,4 0,09
1,50 85,9 0,998 0,07 14,1 0,07
1,57 (x/2) t 90,0 1,00 0,00 * 0,00

* bty dpileran
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EKAOEZIZ I, 1971 (yp) — Avt. 78.000 — ZopBacig 2125/13-4-71
'Extonwoig - BufjAiodesic M. MEXAIBANIAHE & Xz A.E.
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