BAIIAEION THEI EAAAAQL
YNOYPTEICN-EONIKHERMNAIAEIAL KAl @PHIKEYMATIRN

MAOHMATIKA

A" FYMNAZZIOY

(OETIKHI'KATEYQYNIEQI)
TOMOI NMPQTOI

9. BABAAETIKOY - . MTTOYZIrOY

e

OPFANIZIMOY EKAOIEQI AIAAKTIKQN BBAMON
AQHNAT 1288



WnoionoiOrke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkrg



MAGHMVMATIKA

AQPEA

EONIKHE KYBEPNHIEQX

WnoionoOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



T6 napdv dnovedei tov A" Touov 1od hid tors mabnrac i A Tdifew: tof Nvurasiov
npoopilopévor Sidaxtixot Bufiiov, v avyypapn Toib Gmoiov dveréfy, dia Tz O’ dodu. 57338
26-4-1968 “Yrnovgyueic dnopdoews, el tots xabmyymras rév Mabyuaticanr =.x. -

1) Beodoaiov Bapaiéraxor, Kabnynuiy tijc BapBaxeiov ITpor. Zyois:.
2) *lwdvvny *lwavvidny, *Exelntiy 108 "Efv. M. IToivreyveiov.
3) Teawgyior Maoiayor, Aee 1@y Mabnuatixdar, xatynrgy Asorreiov Lyoisc.

Zvverdyn Pdoet Toi fyxplévros;, &ud Tis Ox' aplfu. 126711]19-9-68 “Yaoveyixic dwo-
pdoews, véov 'Avadvrixot IMTooypduparos, xaragriofévros vao 1ic, #x o Kabmmrot tor ' Eby.
M. IModvreyveiov x. Ilavay. Aadomoviov xai tdv x.x. Anu. Kdawov Kafhpymrot tor Havem-
otnuiov "Abnyav, ‘Ao, ITdida Kabnpynrod tic Lyoifis Navr. Aoxiuwr, Nix. Madexa [Hpoé-
dpov toi A.E.X. xai Anp. Pridagérov Zvpfoviov toi A.E.X., éxi tovre overabeion: ' Exitpomic.

‘H émoxrela 1ij;, ovpgdva: mpds 16 avedpa Tob véov  Avaivrixod [poypduparos, o~
veagiis toi fifidiov, datjeéev &gyor Tic dad vy Kabmywriy x. I1. Aadémovior 'Exrponic. sis
v peréayov ol Kabmynrai x.x. A. Kdanoes xai A. ITdiias, ta pédn rov A EX xx N. M=dg-
xa; xai A. Pddperos xal oi Nevixoi "EmBewmonrai x.x. 4. Kdgrowva; xai ©. Xaniuirns.

WnopionoiOrke amo 1o ivotirouto EknaiSeuTikrg MoAmkrg



BAZIIAEION THI EAAAAOQOL
YNOYPFEION EONIKHL MAIAEIAL KAl GPHIKEYMATON

MAOGHMATIKA

A" TYMNAZIOY

(QETIKHZ KATEY®YNIEQZ)

TOMOI NPAOTOI

©. BABAAETIKOY — . MMOYLIIOY

21 ANPIAIOY

OPFTANIIMOL EKAQIEQL AIAAKTIKQN BIBAIQN
A©HNALI 1248

(o]
o
F




H avyyoagl rod AMPOVTOS Thpov Fyéveto iz 0N
a6 6. Baflaléraxon Kegddawa IV, V, VI, VII V11 IX, X, XI

i o XA, X1, XTIy
vas F. Maoioyor Kegpddaia 1, 11, [1] xai XVI

YnoionoOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg

X'l



MEPOZX MPQTON

KEDAAAION |

ITOIXEIA MAOHMATIKHZ AOIIKHE

1. MPOTAZIE.

‘H petaty Tédv dvfpeoTriov ouvewdnails yiveTol pé TTpogopikdy fi ypamTov
Aéyov. Eis Thv MpappaTixiy kai TO ZuvTaxTikoy «Adyos CUVTOUWITOTOS WE EVTE-
AGxs &mrAouv Treplexduevovy AfyeTal mpdtacic.

Eis THv MafnuaTtixny Aoyikiy kal & MaBnpaTtixd év yéver Becopoupey TAS
Aeyoupévas AoYyikds TTpOTAOEl, Tol TpoTages 81 ExdoTny T dmoiwv Buvaye-
Ba kaTd fva dxpiPdds TpoTov va dogaviduey 5T1, ékeivo To omoiov alTn k-
ppaler, eivan dAnbés 7 weudés &rrokAeiovTes GAANY mepiTrwow. O0Tw, X, 0
TPOTAOIS : :

«& &piBuds 4 elven GpTiog» H
clven pia Aoyikny TpdTacts, 56T ixeivo TO dmolov alTn tkepaler elven Ghnbss.
‘H mpoTaois :
«& dp1Bpos 5 elfvar GpynTikds» (2
elvan pia Aoyixd TpdTacis, Bi1dTI ékelvo TO dmoiov alrrn éxepaler elvan weubis.

Al dvewTipw TrpoTtaces (1) kai (2) Sscopouvran g drnhal TPOTATEL, kof-
bdoov Biv BUvavTal va xwpioBouv eis Blo A TeplocoTépas GAAGS TPOTATELS.
Todvavriov 1) TpoTOOIS :

« Ot &piBuoi 2 xai 11 eivar mpddTow, (3)
4 émoia yapaxtnpileTar s dAndns (elvar 8nA. Aoywn mpédTacs), ywpifeTan
els 8o &AAag, fiTo!L :
«d &piBuds 2 elvan wpdTogy Kal «6 &piBucs 11 elven wpddTog.

Al alro 1) poTaois (3) AéyeTan avvBerog TTpoTaoIs.

Koard T& dvwTépw s v Malnuarixiv Aoyiknv Beyoueba OTL :

1) Umépysl Ev oUvorov &AGY Aoyik@v TpoTdoewy (TG oUvohov TOUTO
ovuBolifouey pe L).

2) el ixdoTny TpdTaow &k ToU L SuvaueBa va dvmigToiyiowuev Gvaho-
yws ToU Trepiexoufvou Tns Evar xad pdvov Eva €k TEV YApaKTTPIOUGY : aknbng
| WELOTS.
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Mapabelypara wpoTdaewy ToU owdrou L :

L. «To &Bpoiopa TV EowTepixdy yowidy TravTos Tprydwvou elver ioov
pos piav evBeiow - yoviowr (&Andns).

2. c44-2=Tr (yeudns)

Mepabeiypata wpotdoeww, al dmoicn Biv dvfjkouv eig 16 L :

L. «1& Mafinuomika elven mpdowen (mapaioyiouds)

2. «&v Tplycovoy dmoTeAeiTan ik TPIGW ypappdvr (doaers)

3. «x + 10 = O» (Bév BuvdpeBa va dmopavBiduey &v elvan dAndns fi weuBrs).

‘Orav 16 Tepiexopevoy mds TpoTacews elvan &Anbdés, TOTE Aédyopsy &1 T
TPOTaOS Exel hoyiKNy Tiufv A | npnv aindeiag A.

"OTav 16 Teplexouevor wds TpoTdoews elvan weubés, ToTE Aéyouev 611 T
mpdTaois Exel hoyikiy npRy W A npfv aknBeiag .

Nopadeiypata

1. "H Twn dAnbeias Tiis TpoTdotws «& 5 elven dpunTixds dpifudsy elvan Y.

2. 'H mwn dinbelas s mpoTdotws «& 3 elven BeTikds dpifudsy elvan A,

Tas mpotdoes ToU cuvdhou L mapioTdvopey owwhBs pi Ta ypdupaTa
P q, 1 kTA. [pdoopev, T.x.,

p i «d api1Buds 135 Afyer els 5».

q:«5 &piBuds 125 elven Biciperds Six 5.

2. LTAGEPA KAl METABAHTH.

‘H 8ix Tfis ypagfis ouvevvonois yiveton pé Ty Pondeiav Biagpdpwy onud-
TV, TYX. YPauudTwv, Attewv, @pdoswy, TpoTdoswy, onpeiwy oTifews, Sia-
@opwv ouppaTikdy onudTwy (.. IKA), ekévwy, Sioypapudrwy x.o.x. T Toi-
auta onpata dvopdlopey adpfol.a.

"Ev ypduua, Ty, 16 X, elven oUpPorov. TpPoAa tions elvar, .y., | Aé-
bis «mévten, TO « 4+ », & dpiBuds 15, 10 EpwTnuaTiKOY K.T.A.

"Ev oUpPodov elven Buvatov va dmoTeAfiTan &mo meplocdTepa onuaTa,
kabty o Ta dmeia elvan drrions oUuPorov. Thy x4+ 5, a? — af. SurfBows elg
Ty TepiTTeoow althy TO oUuPorov TO dvopdlopev Exgpadty.

Méoa eis Tas TpoTdoels kai yevikeTepov &g Tas Exppdoes, 18iws el T
MafnuaTika, eUpiokopey Spous 7 cUpPola, &Treos Y. «dBpoiopar, «Tpiywvovs,
«By, « 4+ 12», «0» xai &A\Aa Tapdpola, T& dmola Exour uiav xabopropévny kai
uovipov anpaciav &ig 1o Bépa, 10 dmolov £Eetdlopev. T ToiaUTa oUpBoia dvo-
palovren orabepai,

"Humopel Spws els plav ikppaoiv va Umdpyn oUpPorov, T6 bmolov Siv
Exel povipov kol kaBwpioptvny onuaciav els THY Ekgpaotv clThv. .. eig v Ex-
gpaow «5 X elvan pikpdTepos ToU 5» T aUuBorov x Stv Exel pdvipov kal koBuwpt-
opevny onpaciav. Atv elvar BnA. 1o X Svopa Evds Mpiguévou &piBuol. 'Edv Spcos
gls Trv Beow ToU x TeB) Evas OoloobnTToTE PUTIkds dpiBuds f Evas TpaypaTikdg
Gpibuds, TOTe TpokUTITEl TPdTaols (dAnBNs A weubrs). T iBiov ouppaiver elg

6
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Thy Exppaoiv 2x = 4. ‘Ouoiws es Ty &xgpaow x > y. Ta Tolaura ouppola
Svopalopey petafinrac.

3. TMPOTAZIAKOEL TYTIOL (H ANOIKTH IMPOTAZIL).

A) "As éleTdowpey TEAWY TNV EKPPacv :
«b x elval pikpdTEPOS TOU 5»
‘H &xoppacits alrrm &&v elvan mpdTacts, 80Tt Bkv Suvapsda v’ &mopavBdpey &v
elvar 7| pdvov &AnBhs 7| povov weudns.

MaparnpoUuey Suws 6T almn yivetan wpdTaos, &v els Ty Btow T
peTaPAnTHS X ToTmroBeThowuey Eva olovdnmoTe TpaypaTikdy &piBuoy. "Av, TX.,
dvTikaTaoThGwyey TO X Bid ToU 2, 8& Tpokiyn f TpoTacls «& 2 slval WikpS-
Tepos ToU 5», 1) &mola elvar dAndns TpdTaots. "Av dvTikaTacThowuey TO X Sid
ToU 7, 8& mrpoxingn TréAWw TpéTaats «& 7 elvan pikpdTepos ToU 5», i dmola Gues
elvanr weudns.

"As tleTtaowpey dxopn THY Exppacty :

2x =4
‘H &gpagis alrh Aumopel va &moPf wpdTacts, &v TO X dvTixeTaoTad i Eva
TrpaypaTikdy &pifudy, Y. TOv 3, OmoTE yivetan 2 -3 =4, §) omola elvan mpo-
Taols yeudns. ‘H idla sxcppc(clg yiveTan m\n&ng TpéTaols, &v 1 petaPAnT X
dvTikaTaoTedf Sia ToU 2.
Al tkppdosis «b X elvon pikpdTepos ToU 5», «2X = 4», K.T.A. dvopalovTal
npotadiakoi tomor 7| avoiktai TpoTEoES.

Mevikéds : [Ipotaciaxds torog (i avoikty npdtacic) mias perafintic rEyE-
a1 xafe Exppacic, | Onoia repiéyer piav povov petafinriy kai 1 onoia pETATPE-
retar eig mpotacty, Grav N peraPineh avaketactabi] and twydv oroigeiov £vog
xabopiopivou ouvoiov.

Té ororgeiov, TO dmolov &vTikadioTd Thy petaPAnTiy, Sid va TEOKUYY
pdTacs, AéyeTcn Tpf THs peTaPAnTis. To olvohov TV Tdv TS peToPAn-
s AéyeTan gbvolov dvagopds Ths ueTaPAnTHs ToU TPOTEOIAKOU TUTIOU. TouTo
oupPohileran ouviBws ué U. Ty el Tov TpoTagiaxdy TUToV 2X > 3, fuTTopou-
pev v AdBeopey tx oUvolov dvapopds U TO oUvohov TY TRy HATIKGY &p1Buddy:

_ _— s ; i i 5 1 )

T4TE, &v A Tpn Tis petaPAnThs X elvan &piBuds peyadUTepos Tou 1 —, f& Trpo-

. & ; 5 . = | AT '
xiapn TrpdTacts &Andhs, &v elvan foos pi 1 —i—n HikpdTEPOS TOU 1 — B& TrpoKU-
w1 TpdTaois weuds.

Toé oUvorov T&v Tiudv Tiis peTaPAnThs, Si& Tds dmoias Evas TpoTaCIO-
kds TUTTos yivetan &Andhs mpdTaois, Aéyetan ovvolov dhnbeiag ToU mpoTaoic:
xoU TUmou. Els Tov TrpoTaciaxdy TUmov, T.X., 2X = 4, &v fewpriowyey s ou-
vohov dvagpopds TO oUvolov R, T®v mporyuoTikiy &pibudv, ToTE TO guvohov
dAndelas Tov elven { 2 }.
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Znp. Eimopev 6T ouvnfuws N petaPhnTh x eiven oToiyeiov tvos KoBuwpiopivou ouvdhou,

fotw U, 10 dmoiov dvopdoapey ouvohov dvagpopds. Eis Thy mepimTwow Taltny & mpoTa
giakos TUTrOs AéyeTon kol ouvBikn £ig 1o U xai Aéyopev é71 § peraPinti x Statpiyel 1o U

Xépw ouvtoplas Tous TpoTooiaxkoUs TUTous pé piav  peTaPAnThy, Y.
X, Tous opiaTévopey pt p(x), q(x), s(x) x.ox. kai T& ocUvoha dAnBelas Twv
dvmioToiyws pE P, (), S xo.x

"Av Y. TrapagThacopey pé p (X) TOv TrpoTaciaxkdy Tuwov 1 1 < x < 5
kel AdPuwuey G olvorov dvagopds To N, TéTe f| mpdTacts p (2) elvar dAndns,
twld Ny p (8) elven weudris. To oUvohov dAnBeias ToU p(x) elvan P=1{2 3,4 }.

"Emriong els Tov wpoTacioxoy TUmov q(X) : 4x = 20 Exouev 611 q(5) =4+ 5
=20, nA. dAnbhs mpdTaas, e q(2) =42 =8, Bnh. weubns TpdTaois.
Zovohov B¢ dAnBeios Tou elven TO guvohov () = { 5 L.

B) "As Bewopricwpey Toopa THY Ekppaciv X > .

"Av QUTIKOTEOTHOWHEY TO X pE 6 kai TO v HE 4 TpokUTrTEl 1) TPOTACIS
6> 4, 1) dmoia elven dAndrs. "Av Biowpey X = 3 kol Y =5 TwpokUTTTE 1) Weudns
mpdTacis 3 > 5.

‘H Ekopaois x > ¢ Aéyeton wpotaoiaxds TUTos pé SUo peTaPAnTds.

Mopatnpoluey €66 671 Umdpyowr (elyn Tipév TV ueTaPAntév (&mo
T0 gwolov R), 8i& Tas dmoiag & TPOTACTIOKOS TUTOS YiveTan dAndrs mpdTaois
ked GAAa [eUyn iy, 81& Tds dmolas yiverar yeudng TpdTaois.

"As Bewpnowuey &xéun THY fkepaciv

«fy wohis x elvon TrpwTelovca ToU kpdTous Wwr.
"Av Gl x Béowper «’ ABfivony kai dvTi y « EAAGs», TrpokUTrTel dANBTs TRdTaoIs:
«H moAis "Abfjvan elvan TpwTelouosa ToU kpérous ‘EAAGsy. TAv dvTi X Béowpey
«Middvown kai dvTi y «' EAAGS» TrpokUTrTel TpdTaos weubns. Al ikepdoeis X > v,
«y wéAis X elvon TpwTEVoUTa TOU KpaTOUS Wi, AéyovTal mpotasiakoi tomor BUo
HETaPANTOY.

Mevikéds : Tlpotaciakos timog ij avoikti) npotacic dbo petafintév iéystai
pia Ekepaoig, 1) omoia nepiEyel dvo petaPintag kai N onolg peratpénetar £ig wpo-
oy, otay ai perafinrai avakotestabody and otorzeia 8o oprlopivev guvo-
rov. Ta elvoka avagopac t@v petafintd@v furopel xai va tavrilovran

Eis 10 mp&Tov Tapdderyud pes, X >y, kai ai SUo peraPAnTai dvapépo-
Tou elg TO olvohov R, TGV TrpaypaTikidy &piBudv.

Els 70 B’ mwapdberyua f| petaPAnTn X dvagéperal gis TO olvolov TEW -
Aewv kad f) W eis TO olvodov TGV kpaT®v TOU xdauou.

Xapw guvtopias oupPoAilopev Tous TpoTaciakoUs TUmous pé Slo peta-
PAnTds Bk Tdv p(x, ), q(x, ¥) s(x, ¥) x.o.x

"Av p(x, ¢) oupBoAiln Tov TpoTaciaxdy TUTov ToU TrpwTou Tapabeiy-
HoTés pos, BnA. Qv p(x, ¢) 1 X >y, T6TE p (7,5) elvar dAnBns TpdTaas, Evdd
p (5, 7) elvar mpdTacis weubns.

‘Ewions av q (x, W) : «f) mohis X elven mpwTelovoa ToU xpdTous we, TO-
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Te q (AovBivov, "Ayyhia) elvan dAndns mpoTaas, tvid q (Pdun, Bédyiov) elva
weubns.

MoparnpoUpey 6Tt 70 olvolov dAnbeias TpoTasiakel TUmou p (X, W)
BUo peTaPnTdv elval, &v yével, év oUvohov BiaTeTayuéveoy [suyév.

AZKHIEIZ

1) Na éteraoste wis fiumopolv va dvouacBolv al KaTwTipw EXPATEs: € —3, «TapaA-
AnAdoypauuovs, «bpbf) ywvias, «17».

2) Na tletacete W fumwopouv va dvopacfouv al ixgpdars :

a) 'O 10 eivan &pibuds ouvbetos.

B) 2=4 Yy)5=3+2

8) 'O EUxAeibng ATo ¢iddAoyos.

£) 'O x elvar wpdTos dpifuds.

or)y2x 4+ 3=23 Dx+wy=5

3) Tvewpilopey ST1 Umdpyer pia pdvov Tipd Tou x Bia THY Smoiav 2x = 6. Inuaive
TouTo 871 TO X elvan oTaBepov eis THv Exgpacw 2x =6 ;

4) Zvabepal, al dmolm elven dvopata 7ol abtol Tpdyuaros, Aéyopey &T1 Exouy THY
aUrhv Ty, Tl.x. «0» kai «2 — 2». N& ypayeTte Tévte orabepds, al dmoiar va éxou Thv Tipfy 6.

3) “Ywapyxouv dpaye mpotaciakol TUmol, ol émoiol B&v yivortan dAndels Tpotdoes
Bi& xappiow Tipfy THs peTaPAnTiis Twv ; "Eletdoate Tov % = 2. Adoare Eva iBixdv gas Ta
paBeiypa. (AdPete x5 oUvolov dvagpoods THs weTaPAnTiis TO N).

6) "Ymapyouv wpoTaciakei TUTol wm&s ueTaPAntiis, ol dmoior yivovtan dAndeis Tpo-
Téoas &' SAas Tag Tiuas Tis petaPAnTis Twv. MMpogavés Tapdbayua @ x + x = 2x, dwou
x € R.

N& ebpete Ev iBikdv gas rapaberyua. s dvoualovtar al iodrnres, dmas fi X + x = 2x ;

7) Aidetan & TpoTaoiaxds TUTos p (X) : 2x = 10 kai clvolov dvagopds T6 R. Na elpere
T0 olvolov &Anbeias P ToU wpoTaciaxoU TUou.

8) AiBeton & mpoTaciaxds TUTos X + = 5 kail gUvolov dvagopds TGW HeTABANTOY
70 Z={1, 2, 3, 4, 5}. N& elpere 15 oUvohov dAnBeias ToUu mpoTaciaxou TUTOU.

9) AiBerar & wpoTaoiakds TUTos q (x) 1 yw=x + 1, dwou X, y elvar oToixsix ToU
R. Na& ebpete BUo [eUyn 51& & dwola q (X, ) yiveran dhnds wpoTaots kad Suo Sid T& émoia
yivetan weubrs.

10) AiSeran & mpoTagiaxds TUwos p (x) 1 x?'—25=0.

Na& &piceTe glvolov dvagopds Tou kal 16 dvrioToiyov clvolov dAnfeics Tov.

11) Aidetan & wpoTaciaxds TUTTos «f TOAIS X eUpioxeran ey Tov vopdv y)r, Tivoha
dvagopds @ Tiis peTaPAnTis X TO oUvolov TOv ToAswv Tiis ‘EAAGSos, Tis meTaPAntis w T
gUvolov TGv voudv Tiis "EAAGSos. Na& eUpere Tpia [ebyn Tou oguvdhou dAnfeias ToU mpoTta-
glaxoU TUTTOU.

4. MOTOAEIKTAL

A) Tvewpilopev &mwo v "AhyeBpav 6T
x4+ 1)P=x*4+2x+1, omov xe R
Mwpifousy dmions 6Tt & TpoTaoiokds obTos TUmos wds petaPAnTis
yiveran &Anffs wpoTaois Six xdfe Tiuny Tis peraPAnThs X, Ty Omolav Ty
AcuPdvopsy &wd TO ouvolov R, Tdv mpayparikdv &pifudv. ME &Ahous Ao-
yous TO guvorov dAnBeias ToU wpoTaoiakoU TUTrou TouTileTar pE TO  oUvohov
&vagpopds Tou.
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ZupPolikéds ypdgopsy TOTE
¥x(xeR):(x+ 1)2=x2+ 2x + |
kol SiePalopey :
«id kaBe x, TO dmoiov x dvriker els TO R, dAnbele &mi
X+ 1D)?=x*+2x + 1.

To oUpPodrov ¥ BioPaletan «Bidx kéBe...» f «B’ SAa Td..» kal Aéyeran
keBokikdg ij yevikdg rocodeixtng.

‘Emions ¥x (xeR):x-x=0

"Humopolpev Aormédy, dTaw Exwpey TpoTagiakoUs TUTTCUs, Ty &Trolwy T6
olvodov dAnbelas TauTileTon pé TO olvodov dvagopds, va TPOTEOTWUEY TOV
YEVIKOV TrocoBeikTny.

B) "As ftetdowper Thpa TOV TpoTagiokdy TUTTOV

p(x):x+3=8 (xeR)

Mapatnpolper 86 6Tt p(x) Btv yivetan &Andhs mpdTaois 8i1a kébe Ty
Ths ueTaPAnTiis, 4o 10 R, 81671, ™Y, p (1) = 4, BnA. TpdTaoIs Weubns. 'AA-
A& 16 olvodov dAnbelas ToU TpoTagiakol TUTOU X + 3 = 8 Biv elven TS kevdv.
Mpdrypar @ p (5) =8, BnA. dAnfns mpdTaais.

Mp&gouev oupPoAikés els THY mepimTwa TaUTny :

x(xeR):x+3=8
xal SiaPalopey :

«Ymapye TouddyloTov Ev X, TO OTroTov X dvrixel els TO R, ToloUTov doTe
va dAndelin x + 3 = 8».

Té oUuPoAov 3 AbyeTan Orapilakdg mocodeiktng kal SiaPdleTan «imdpyet
TouAaloTov Ev...» fi «Bi1d pepikd...)

"HumopoUpey Spolws va ypdyeopey :

o) 3Ix (xeR):x+1>5

B) 3x (xeR):x=-x

y) "Av T dvopdowuey TO olUvodov TEV Tprydvwy, TOTE

3x (xeT):x lodmheupov

"Qote 1 "Oraw els dva wpoTaciakdy TUTov TO cUvohov dAnfelas Tou elvan
yvfigiou Utroguvodoy ToU ouvdlou dvapopds, ToTe SuvdpeBa v TpoTdoowpey
Tov Umapliakoy TogodeikTny.

levikcotepov mpémer v& yvepilwpey & &g :

TToAAdxis B1& va BiarruTrddowpey TTpoTaoels, al dmolal YpnoipomoloUyTat
els T& Mafnuariké, kduvopev xpfioy Tév TrooodaxTtdv. Of TogobeikTal Tpo-
T&OoOVTAl TPOTaCIOKGY TUTWY, &moTe oUtol kaBioTavTan mpoTdoes f pdvov
dAnBeis ) pdvov peubels.

Olrew, w.y., f) wpdraos ¥x (x e U) : p(x) elvan pia Aoyixh) mwpdraois,
kafogov alrn AapPdver Tipny dAnBeias A édv, kai pdvov Edv, TO oUvolov dAn-
Beias s P TabTileTon pé 16 otworov dvagopds U (dmodTe 16 Pe = ) kal miunw
dnBeias , tav, xai pdvov tav, 1o P elvan yvrolov Umoolvodov Tou U (dméTe 1o

P # ).
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"Emrions /) mpdTacts 3x (x e U) : p (x) elven pia Aoywn mpoTacis, ka-
8boov oirn Exer Tipfv dAnbeics A, #v, xal pévov Ev, TO olvodov &Anbeias g
P Btv elvan TO kevdy, kai Tipfv &Andeias ¥, t&v, kai pdvov v, T& guvolov P elvan
10 & (0moTe 1O P = U).

Mapadsiypata :

. "Av p(x): x-+1 >3 ked U=N, more

) Fx(xeN): x+1>3 Aaupdvet Tiptyy dAnbeias ¥, &8iéT P=
—{f 545 6...7 €U
B) ax(xeN): x+1>3 Aaufdver Ty &hnbeiag A, Biémt P =
—={3, 4596,  Y£8
2 TAY PRy X120 ved =P, ToTE
a) ¥x (x eR) : x2 + 1 < 0 AauPéver Tipfy dAndeicas y, Biom P = 2.
B) 3x (xs R): x>+ 1 < 0 Acupdver Tipfy dAnleics y, Giomi P = 2.
3. TAvp(x) : x*+2x+ 1 = (x + 1)?, ToTe
o) ¥Xx (xeR): x2+2x + 1 = (x + 1)? &e Ty dAnbeias A, Sio-
s P=R
B) 3Ix(xeR):x2+2x + 1 =(x+ 1)?&e mpfy dAneiag A, Siom
P2 2.

ALKHZIEIZ
12) Né& tlerdoere &v elven dAnfis f weubts &1

@) Vx(xeN): - =1 B) Wx(xeR): (x+1)=xt+1
Y)3Ix(xeR):x=x+ 2, 8) 3x(xeR):x*#0
) IxXXeR):(x+ 1) =x"+2x+1 oT) ¥x(x€R):x=-x

13) N& ypnowoTmoifioeTe katdAAniov wogodelktnv els Tols xdvwd mpotacaxols
TUTTOUS

a) x #Fx+1 By xt=—x
Y) [x|=x &) x—1(2
dmou olvolov dvagopds Tiis wetaPAnths elven 16 R.

5. TYNOETOI IMPOTAZEIL.

Eis v xafnuepwiyy culimnow xal els Ta& Mafnuamika 8év ypnoiporol-
oupev povov &TTAds TrpoTdoEls. Zuvnfux Tas STTAdS TrpoTdoels ouvBiopsy peta-
§U Twv pé Bidpopa ouvBeTikG, T.x. «kaly, «eiTe», «fi», «by», «dv..., TOTE...»
x.T.A. xai oxnuaTrilopsy xoT’ cUTOV TOV TpOTOV QS TTPOTACEIS. TGS TOIGUTAS
TpoTacels ovoudlopev cvvlitoug rpotdgEls.

6. H TYZEYEIT AYO ITPOTAIEQN.

‘O &mAovoTepos TpdTros cuvbéoews Suo TrpoTdoewy elvan ) oblevllg, xo-
T& THv dmrolav Expwovoiusy f) ypdeousy autds paly, pt fva kai peratl Twv. TLy.
&md Tag dwAds TrpoTdoEss @ « 'O lodwng elvan pafinTisy, «6 KooTas elvan k-
Troupds» TrpoxUnTTel pé THY oUleuEiv Twv 1) olvletos TpoTaois :
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«0 “lwdwng elven pednThs kad & Kdvoras siven KNTIOUpOSs.

‘H olleutis 8Uo TpoTdoewy drroTehel TpoTacw kol EToptvess B eivea 1
Hovov dAndns 1 udvov Weudns.

Acyopelo b 1 o0Cevbig elvar aindig povov Htav kai ai dvo cuvict@om
mpoTaselg Elvat ouyxpévmg aknbeic, dhhog i ovleviig eivarl wevdic.

H ouleutis m.y., «6 Zawkpdns fito doTpovépos xai 2 + 3 =5, elvar wyeu-
b7s, &g M) oUleubis «2 3 =5 kai 2 > O» eiven &Andns.

‘H oUlevlis BUo mpoTdoewy p xai g oupPohileTan @ p A q.

To oluPorov A BioPéletan «kai» kai AéyeTan edpPohov tiig ouievgemg.

Mpooétate : 16 oUuPodov A xpnolpomoieital ubvov Si& v& auvbén TTpo-
Taoes. Aty émiTpéTeTal Y. V& ypaywpey «3 A 2» ) «& KevoTas A 1) ‘EAévn».

7. TINAKEE AAHOEIAE.

A) Eis miv MaBnpaTikiiy Aoyixijy ) TepiogdTepoy X pnoipoTroloupéyn pé-
foBos mpog elpeav T (Aoyikdv) TGy TEY ouVBiTwy TrpoTdoewy elvon Ekei-
), kaTa TN Omolaw dvarypdgopey SAas TaS SuvaTOTNTOS &Anfous 1) weubous
TGV oWICTWIGY TpoTaoewy kal TS TpokuTTToUsTs & alTédy cuvbéTou Tpo-
TagEws U popeny mivakos. ‘O TolodTos Tival AbyeTan ouvifus rival (Loyikdv)
npdv A mivag ainbeiog.

Ao fva mrivaka &AnBeias fumopoluey v BlamTioTwowPEY uE Ev PAéppe,
gav pia oUvbieTos TpdTagls elvan GANGOTS f Weudns, STav yvewpiluey, &T1 af Tpo-
Tdoels, oU THY &moTehoUv, elvan &Anbfeis T weudels.

KaTeoTépe BAémete TOV Trivaxa dAnbeias S THv mpakw s ouleviews BUo
mpoTaoewy p kai q. Eis Ty mpcdtny ypapuiy ToU Tivakos PAémousy 8Ti 1 oU-
Gevtis p A\ q elvan dGAndns povov étav kai af o ocuvieTdoar TpoTdces p, q elvat
ouyxpoves dAnBels. Eis 6has Tas dAAas TEpITTWOES f

oUleulis pAg elvan weudns. ToUto E8éxBnuev dos dAndés, p | q | pAq
BIOTL cunguvel kal pt T évdpaoiv pas.

B) Kat’ dvedoyiav mpds thy oUleubv Suo mpoTd- A 4 A
oewov NUTTOpoULEY Vo EteTdowuey THy ouleutiv 8Uo duoi- A * i
KT&V TpoTdaewy, p (x) kai p (x), THv dmoiav 8& ocuuPo- $ i i

Aifcopev pé p(x)AG(X).
"As AaPuwpey Ev TapdBeryua
"EoTtw Omi p(X)elvan: x2—5x+6=0 xai q(x): x—2=0.
Tote p (x) A\ q (%) elvan :
(x2~5x+6 DN x=2=0), U=R.
“Otav x = 5 #) dvwrépw ouleutis petatpémetan els Ty EEfjs olvBeTov TrpdTaoW :
(53*~5:54+6=00A0G+3=0
1) dmola elven weudig, 816T1 ke piar &md TaSs oUVIoTAOCAS TTPOTATELS elvan Weuds.
'Eqw els v dveotépes oulevtv p (x) A\ q(x) Béowpey x =2 TéTe TrpOKU-
TTEL | TPOTOCTIS :
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(22=5-24+6=00AN(2-2=0)

1) Omoia givan &And1s, 810T1 k&be pia &wd TaS CUNICTWOOAS TPOTAGENS Efvat Ands.

Ao TO dvwTépw Tapdderypa yiveTan gavepdw &1 TO cuvorov dAnBeiag
Tfs ouleltews o dvoikTdy TrpoTdoEwy p (X), q (X), TO dmoiov cupPohilopey
Px | p(x) A g (x) )}, dmroTeheiton &d ékeiva & oToryeia xell (100 owvdhou
cvapopds), Ta oTola dvnkouv Guyxpovws es TO ouvolov P (cUvokov dhndelas
TS p (X)) xai gis TO gWvorov () : (oUvodov dAnbelas THs q (x) ), SnA. &md Ta
oToIXElx, T Omoia Gurkowv eis TN Tounv P N ().
Qome: (x| px)Ag)i=PEnQ.
Mp&ypaTt els T TrponyoUpevov Tapdderyua Fyopey :

[X|x2=5Xx+6=0Ax—-2=0}={231n2}=1{2}

8. AIAZEYZIZ AYO IMPOTAZEQN.

A) "Ortav rapalicwuey Blo TTpoTdoels &v cuvexeia pt TO oUVBETIKOY «fj»
N 1O «elten peTall Twv, Aéyopey 6T doynuaTioapey thy dialeviiy Tédv SUo Tou-
TWV TTPOTATEWV.

TMpocétaTe T.x. T&s KaTwTEPw Tpels ouvbéTous TpoTdoes.

1) ‘H ’Efuikny Tpdmela mpochauPdver dmoAuTnpiouyous Tou [Nuuvaciou,
oi omolol yvwpilouv MNcdAika gite "AyyAika.

2) ©& dpioTeUow els T& MabBnuaTikd ite els Td Duoika&.

3) O& Umdyw eis TOV kwnuoToypdeov i 8& ueives els TO omiTi.

Eis Thv mpcdtny mpdTacw elven pavepdy 6Ti 1) Tpdmelo Bév dmoxAeieTan
v pooAdPn &moAuTtnpioUyov Tou lupvaciou & omolos va yvwpiln [adhikd
kai "Ayyhixé. ‘Emiong els Ty SeuTépoay mpdTaow & OWAGY Biv Grorhelet 6T
tvdéyeTan va &ploTevon kai eis T Malnpatikd kal els T Quaika.

Eis v TpiTny TpdTaow sivar gavepdy 811 & SA&Y B& Tpdln fv ik TGV
BUo : fj B& Umdyn eis TOV KwnuoaToypdpov A B peivn eis 1O omiti. Katd Tal-
Ta &Tav Adywuey «p ) q» 0& évwoolpev f) pévov p eivan &Andng T pévov q slva
&Andns.

Eis Thv mpdTny kal Seutépav mepimTwo T pia tovkayietov Kai Evdexo-
péveg oi 80o mpotaceig eivar alnbeig. Aéyousy TéTe OTI Eopey EYKLEICTIKNV
Sralevgv A, &TAds, dwalevliy kai kduvoper xpiiow ToU weiten 5 GUVBETIKOU.
ZupPolov Tiis EykAeioTikfs SialeUlews elvar TO \/, TO Omoiov BiaPdleten «eiter-

Eis v mepimTwow ToU TpiTou dvwTépw TapaBeiyuaTos 1o guviETIKOY
«fpp ypnowonoeital pé THv Evvolav 6T 1| pia pévov arnd tag mpotdeelg Ei-
var alndig, kai 1 @ik sivar yeovdng. Els Thy mepimTwow adthv Aéyope 6T
) Si&levtis elvon @mokketotikf. ZUuPoAov THs drmokAeioTikiis Slaleltews elven
TO V., TO Omoiov SiaPdaleTan .

Inn. Eis THv xaBnuepwnv dwiAiav ypnoipomolovuey, BePaiws, Ty Aétw i pi SirTiv
onuagiav. *AAAoTe, SdTav Aéywpey «p fj g», tvvooupey 6Ti pia kai povov pia &md Tas npo-rc’xou«:
elvar dAnBhs kad &AAoTe &T1 pia tovkdxietov TpdTaois elvar GAndhs kai mbavov va civar kal
ai dvo.
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Eis Ta Mafnuatiké Sucs 8iv Suvdpeda vk ¥pnoipoToIiowyey TO «fj» pé SITTHY onua-
aiav. Mpemer va yvepifwper émaxpiPéds Ti tvwooluey dtov Aéywuey «p f q»

Mapadeiypara (ByxAeioTikiis) Siadellecs : p\/q (p eiTe q)
IS —;‘;— elvan pnToS eite O -2 elvan BeTixds.

2) & 4 elvon Bripétns 100 5 eite 6 3 elvan Quoikds.

3) 6 4 elvon BixipeTns Tou 8 eiTe & -3 elvan &pvmTikds.

Al dvwtépw Sialelters elvanr dAnbels mpoTdoes.
< ; s . wi o e L ¥ Hay
4) "H &idfevlis : «6 3 efven dpunTikds eite & 5 cElvar  dxépaiog»  elvan
yeudng, B10T1 dupdtepan ai ouvioTéoar TpoTdoels elvan weuSeTs.

Mivad (hoyixdv) npdv tilg (Eyxheaonxiic) dialedbewg: p\/ g

p q |p\Vgq AnAadt 1) Sualeviig p \/ q sivar yevdig povov dtav
A A & kal ai 800 cuviet@om npotdceig elvar ywevdeig. Eig 6-
A y A Lag 10g dhhag mepintieoeg slval ainbic.

¥ A A

Y Y W

Mapabdetypara dmokAaioTixfis Siafeviews : p V. q (p A q)

1) 6 =3 clvan guaikds 7 & —]2- elven BeTikog

2) 6 % elvon dxépaios ) & —3 elvan dpunTixds

3) 6 2 elven Bioupétns To0 5§ 6 —2 elvon BeTikos

4) & 5 elvar guoikds fi & =5 efven dpunTixds.

Al Blo mpdTar dmokeioTikad Sialelters efvan &Andels, tv@d ai BUo TeAeu-
Taiarelven euSels.

HMival (loyikdy) tpdv tijg (drokhestixilc) daledtews : p vV q

p q |pvg Anhadn N &aleviic p v q elvan ainbilc tote kai
A _A y pbvov tote, Grav 1 pic povov and 1dg cvvicthoag
A v A npothcelg eivar aindrgc.

i A A

Y i R

B) Kat’ dvohoyiow mpds Ty Sialeviw BUo mpoTdoewy fAumopolpey vk
ttetdowuey THY Sidfevtiv Slo duowTdv TpoTdoewy p (x), q(x), Thv dtrolav 0&
ovuPoileouey p(x) \/ q(x).

"As AaPopev Ev Tapdderypa :

“Eore 871 p(x) elvon @ x2=5x + 6 =0 xai q(x) : x+ 5= 0. TéTe p(x) \/ q(x)
elvan -
(x2=5x+6=0\/(x+5=0), U=R
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*Oraw x = 5, fi dverépew S1é&levtis peTorrpémeTan els Thy EEfis owvbeTov mpdTaowW
(5:2=5-54+6=0\/(5+5=0)
1) dmrolar elvan weuSns, S16T1 ké&De pic &TTd T&s TUVITTOOAS TTPOTATES elvon euds.

Bdw x = =5, 1) dvwTépw Sidleutis dvolktdv mTpoTdoewy yiveTan :
(5755 +6=0V(>+3=0)

1] &mrola elven dAnBs, 5101 1) Seutépa TpdTaois elvan &Anbdrs. “Emions, &v x = 1
ToTe ) Si&levlis yiveTan :

(32=5-34+6=0\V/3+5=0)
f &mola elven &AnBns, 1671 f TP &Wd TS oUVIGTWoas TPOTAoES Elva
cAnbs.

Karrahfjyouey Aormrév eis To &Efis oupmépaona @ T& oTolyEia ToU ouvdhou
dAnbeias THs cuvlttou dvoikTiis TpoTdatws p(x) \/ q(x) elvar Exelva TX oTOl-
¥ela ToU ouvdAou duagopds, T& &moia dvrkouv els TO oUvoAoY &Anbelas P Tiis
P (x) A eis 1O ovvorov dAndeias Q THis q (x) f dwmrou Kol els T& BUo ouvola
Pxai Q. Mé &MAag Aékeis TO ouvorov dAnbelas Tis p(x) \/ q(x) elvan 10 Pu Q.

SUPBOAIKGS BIaTUTTCOVOUEY TO CUPTIEPOORX TOUTO 05 ¢Efs :

{(x|[p®VaX}=PuQ

M Kot duahoyiow Tpds Thy dmoxheiotikny Siddeutv 800 TPOTGTEVY
Suvdpeda va EeTdowpey THy &rokAsioTixfy S1dleulv 8o TpoTaciaRdy TUTIWY
p (%), q (x), Thv Smolav 8& cupPohilepey i p (x) V. plx)-

Efvcn pavepdv 811 1o olvodev dAneias Tiis p (x) V. q(x) &moTeheTTan &mO
#xelva T& oToIEIa ToU guvdlou dvagopds, T& Smoia kabioToly Ty p (X) dAn-
87 kol v q (X) weudf] mpéTaow kal ékelve T& oToIKEl ToU ouvdlou cvago-
pds, T& &moia kaBioToUv THY p (X) weudf xai v g (x) dAndi, SnA. elvar 1O
ovorov PUQ —PNQ #, &mep 10 alTd, 1O owvodor (P-Q) v (Q—P). Zup-
BoAikds TO cupTépagpa SiaTumdveTon s EEfS
{x|px)Vv.q® } = PuQ-PnQH F-QuQ-F)

Hepadervypa :

*Eoreo 871 Imreitan 1O { x| x2=5x +6 =0V x*—6x +8 =0}, émov
ouvohov dvapopds elvar To R.

“Exouev P ={2,3}, Q= {24} ‘Emonbves: PUQ={2,3, 4} kol PNQ
= {2}. “Qore : PUQ—PNQ = {3, 4} «al '

{xlx"—5x+6=0lx2—6x—i—8=0}m{3,4}.

AZIKHZIEIZ(*)

14) N& Befltete 811 ol ouledteis p Aq xad g Ap Exow T&s abTds Tipds dAnBeias.
15) Né& Beifete 611 ol Swkedlas py q xal Qv p Exow Tds auTds Tipds &hnfelas.
16) N& Siarumdooete AekTikdds Ty oUfeviw kal Thy Sidlevtv Té&v K&Twht TPOTATEWY.
«) ‘O Teopytos elven &ypdTns. ‘H "Ayyehid) elven olkokupd.
B) Al ebfeian altan elvan TapdiAndon Al elfeic alrat TéwvovTal

(*) "And Tag mpovewopbvag doxhoetg elg 15 Kepdhatov I Ba 8idwvran dout et THV

vplow 700 3t8donovrog drmatTolvrar Sk Thy duméduoly Exdamg &vbrnrog.
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17) Na oynuaricere thy oUleviv kel Sidfevtv o XKQTWwTépw TpoTdoewy., "Emeaita
v& dmopavliite mepi Tiis dAndeics N uf TGV ouvBéTwv TpoTAgewy, ToU f& TTROKUYOUY.
a) ‘O ZewrépBpros Exer 30 Auépos. ‘H £pBoudas éxer B fuépas.
B) To 3 elven pkpdepov Tol 4. To 4 elven HiIKpOTEPOY TOU 3.
Y)S+l=6 21=3.7
8)5+1=5 8+1=10
18) Na oxnuatioere iy oUlevtiv xai Siafevtiv TOV KaTWTépw AVOIKTGY TTPOTAaEwWY.
N& elpete drohotfuws T& oUvoro arnbeics TV ouvBiTwy dvoikTdV TpoT&oEwy, ToU Bk TpOo-
xOpour. (Zlvohov dvapopds T5 R).
Q) x+2=0xt-4=0

P)x*=0, x=2
Y) X =8 +12=0, x*=5x +6=0
5) x33, x)5

£ x—8=0, xY5
o) X —d=(x+ 2 (x—2), =l =(x+ 1) (x-1)
Eis mv doxnow y) va eUpeTe kal TO oUvohov dAneias THs dmokAeioTiKfS Sraledlews.
19) "E&v a, B eivan TpayuaTikol dpifpol, TOTe | mwpdTacis @ P = 0. SiaTumdrETa
vt piav Bideviw. Moia tiven auTh 1 Sialevls ;
20) "Eav & kad B eiven mparypaTikol &p1fpol, ToTe A TpdTaoIs af 4+ P? = 0, SiaTuTd-
veTan ¢ picw_oUlevtw. Moia elver avth f) cUlevlis ;

9. APNHZIZ.

A) 'H Sownois Siapipel &md Tds Tponyouuvas Tpdlels Tis Sialellecog
kal ouledtews kaTd 16 éT1 elven povopeing mpdtis. "Eqv p elvan pia mpdTacts,
i dpvnois Tfs p elven pla véa {oUvBeTos) TpdTacis, f bTroix Exel &vTifeTov TI-
Uy dAnBeics. “Edw, .., f p elven GAndrs. 1| dpunois THs p eivan weudhs ke
t&v A p elvon weudis A &punols THs p elvon dAndYs.

*H dpvnois wds mpoTdarcs p ouuPoAiletal pt ~ p kai BiaPdderal : x p.

Hopodeiyparta :

lov, p: 65 elvat puoikds &piBuds.

~ P8yt 65 elvoi quoikds dpiBuds =& 5 Siv elven QUOIKOS &pi1Buds.

Zov. p 1 & 2 elvon dipunTikds dpiBuds.

~ P Sy o 2 elvon dpunTicos &piBuds = & 2 Siv elven GpunTikds &piBuds.

Jov. p: 24+3=5

~p:243#£5

4ov. To &fpoiopa T&Y  &moAUTeoy TINE Tow ECWTEPIKGIY Ywviddy Evdg
Tpiywvou elvar 1800,

~ P T &poioua TAY &TOAUTLY TINGY TGV EoWTEPIKDY Y&y £uds
Tprycvou Bév elvon 1800,

Mivag alnbeiag tiig @pvijoems ~ p

0
Al v
2
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Lnp. OpaocTixés al dpvioeas TV &mAdv wpoTdoswy oxnuarifovtan guvi-
Boxs Biax Ths TapepPoAds vds byt () 88v) els THY kaTdAANAoy Béaw.

Mapadeiypara :

lov. p: & 8 eivan TéAslov TeTpdywvov.

~ p: 0 8 Bév elvan TéAelov TETpyovov.
2ov. p: Kdfe Tetpdywvoy eivar dpboycoviov.
~ p: KdBe Tetpdywvov Bév elvan dpboycviov.

To cuvnbéoTepov opdipa, TO dToiov yiveTan kaTd TOV oYXMUATIOUOY TS
&pvnoews mids TpoTaoEws &Tws, Y., 1 «Olot oi padnrai attiig tig téieng
ayarobv tiv Feouetpiovw, elvon va eiTwpey axaveig paldntig elg advtiy v 1a@-
Euwv B&v ayord tiv ewpetpiavn. Al dvwTépw TpeTdoers PePaicws Sev ounpvoly,
&GAAG Bév elvan 1y pice Gpvnaots T GAANS, B10T1 vdiyeTan va eivan ke al Buo weu-
Bels. At TouTo Elvent TrpoOTOTEPOY Eis TAS TOIUTAS TEPITTWOELS V& CYnUaTi-
feopev THY &pvnow AskTikdis pi 1O ¢ &y Els 10 dvwtépe TapdBerypa Aormov 8&
gimewopey : &yt dAor ol palnTal alTfis TAs Talews dyamouy v MecopeTpiov.

B) ’Edw p (x) eivan pia dvoikTr) mpéTags, TéTe fi Gpynots adTis ouuPo-
Alletan pé ~ p (x).

Edv éx Tfis dvTikaTacTdoews TOU X 81’ Evds oTorkeiou ToU guvoAou dva-
gopds U els v p (%) mpokUmTn mpdTasts dAndns, Sid T dvTikaTaoTdoews
TOU X S1& ToU aUToU oToixeiou gl T ~ p(x) TpokyTTEl TRdTACIS Weudng. 'Edv
ik Ths AuTikaTaoTAacEws ToU X sls p (X) 81" &vos aToixeiov ToU ouvdrou dvago-
pl&s TpokUTITT TpdTaols Wweubns, Bid THs dvTikaTdoTdoews Tou X g THY ~ p(X)
S1& ToU aUToU oToryeiou TrpokUTTEl TTpdTaotls dAndns. "QoTe TO glvohov dAn-
Beias THs ~ p(x) &moTeheitan £E ékelveov TGV otorxelwy ToU U, T& &moia Bév
&vrikouv els TO cUvoAov dAandeias P, THs p(x), ftmoptvws B dvfikouv els TO
cuumAnpwuaTikdy ToU P dg mwpos U, BnA. 1o Pe.

SupPoAikd®s S1aTUTTOVOPEY TA GueTépe @ EETS ¢

(%]~ plO0) .} =P

"EoTw s mapddeayua 1) dvoiktn mpdTagis p(x) : x*—4 =0 kal olvoov
dvapopds to R. TO olvohov &Anbelos Tis p (x) elvan 10 P ={2,—-2}. To
cupmAnpwuaTtikdy ToU P s mpos R elven 10 P = {x | x# 2ZAx# -2} “QoTe:

{x]~p(x)}={x|x# -2kai x# 2}

10. H APNHEIZ MIAZ TYZEYEEQE.

*EoTeo &T1 Béhouey vt oymuaTiowpsy THy dpunotv Tiis oulevlecs :

« 5 A elvan lorpds kad 6 B eivar S18doxahos».

“OTress tudBopsy (§ 7), S1& v& eimoouey 8Tt 1) wpdTaos ol elvon yeudns,
‘mpémel 1) pla TouAdyloTov &md Tas CUVIETWCTS TPOTAES va elvar weudts.

Od& eimwuey Aoiméy

«'O A 8&v elven iorpds eft: & B 8v elvan S18daKahosy.

"As AdPwpev Bv &AAo TapdBeypa :
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«Od xepSiocouey €l Tov Sydva Tou POAeU pE THv dudda Tou Muuvaciou A
kal 6 xepbiowuey eis oV dydva pé THY SudSa Tou ruuvcccri?u B». ;

Qg va oxnuaticwuey Ty &pvnow THs dvewTépoo O‘U_f,sugeco.g. sT‘vcn‘ qscwe,pov
Ol mpémel v eimaopey : «Atv 0& kepbiowpey els ToV dyddva PoAeU pi iy é~uo:5u
ToU Tupvaoiou A eite Bev 8& kepblowpey eis Tov dydva pé THY dpudda ToU Mu-
wvaaiou By,

180U & Tpitov Tapdberypa dmd T& ModnueTikd : Edw « Ko‘ti ﬁ: Efvc’(l
TparyuaTikol épibuoi, ToTE f) mpdTaols of 4 B2 =0 SiaTuTrdvETal i3 :rr]v au-
levtw a=0A B=0. ‘H &pvnois Ths o + P* =0 elven «® 4 B2 0 xal Sicrtu-
moveTon pE Y S1dleuiv « s O efte p# 0. AnAadq:

~(@=0AP=0) el (a0 v P 0) :
Elven Aormov gavepov 811 # &pvmois Tiig P A qelvai ~ p v~q. Td mpdyux

kebioTaTan cagéoTepor GO TOV kaTwTEpw Trivena GAnOeias.

9 | ~P | ~q |pAQ|~(PAQ|~pV~q
O 1 ¥ v A ¥ ¥
A ¥ ¥ A Yy A A
¥ A A ¥ ¥ A A
¥ l ¥ A A Yy A A

\

"ATo Tas Blo TedeuTadas oThAGS ToU Tivaros gadveton &1 4 &punoig TS
P A g xai 1) 8iddevtis ~ PV ~ q &ow Tas alTds Tipds &Anfeias. *Emions ca-
PEoTEPOV QaiveTar &Td T otAes Snv kad Tnv &1, Stow 1 p A q elvea &An-
b5, A (~p V ~q) elven weudts kol oy N p Aq elven weubns, 1 ~pVrm~q
elven &Anfrs. “Emopéveas Ay pice elvan &punais Tiis EAAN.

Zuumépcopa . ~ (p A Q) el : ~py~gq
1i. H APNHEIZ MIAZ AIAZEYEEQY.,

"As A&Poopey Tég TPOTACES :

p:d A elvar latpds,

q:6 B elven 8i5dokaros.

H &iaevtis avrésy elvan -

PV Qg:dA e latpds eiTe & B elvan 818&akaAogs

Elven elkodor v& wworigeopey &1 N &pwmais Tis p v q elven : & A Bty
elvan fatpds kol & B Biv elvon 818&aKaos,

Qote ~ (p v q) elven - ~pA~g

180U & TrapdBeryua dmo T MobnpoTikd :

"Edv o kai P elven TperypaTiol &pibuoi, TéTe TpoTaoS B =0 Six-
TUTTGVETL pE Ty Bidleuty : o = 0O VB=0 'H &pwmois T - P=0 elvan
« B0 kel Srerumdveton i TV oUGeVEiv o 0 ked B# 0. AnAas :

~(a=0Vv B=0) elve (x#0 AB0)

loyier Aoy 11 : ~ PV QqQ cvar ~ PA~Qq

T6 alrd eUplokopey, Tépav Trdons SupiPorics, 2w oxnuoTicwpsr fvg
mhvaka dAnfelas Si& Tog PV qekad~pA~ q-
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p | a | ~p | ~a |pvq|~pVag|~pA~d
A A ¥ 7 A ¥ ¥
A ¥ ¥ A A Y ¥
¥ A A ¥ A Y Yy
¥ Y A A ¥ A A

Ao Tds SUo TeAevtalas oTriAas Tou Trivaxos gaivetar 611 6 &pynois Tiis
pVq xad oUleulis ~ pA ~ q Exouv Tés aUTds Tiuds dAndeias. ZagtoTepov PAE-
TTopey &TTO TAs oTAAGs 5nu kad Tnw &1, Stav ) pyv q elvor dinBiis ) ~ pA~ g
elven WeuStis kel STav 1y pV q elvan weubhs i ~ p A~  elvar dAnéng. “Eirout-
vas 1 pla elvan &punois Tjs &AAns.

Zupmépaoua @ ~ (p V q) elvan : ~p A~ q.

AZKHELEIZ

21) N& Siatumdoete Tdas &pvioels TEV katwd wpoTdoewy
a) ‘H "AhyeBpa elvon tvbiagépovoa.
B) "OAot of pobnral Tis Télews &yatoly Thv “AlyePpav.
) Tav Tplycwvov Exer Téooapas TAeupds.
3) 54+2=7 €) & 7 elven pdTos &p1Buds.
or) 341=5 [) & 4 8iv elvcn Téhelov TETP&YWVOV.
) Mepikol &piBuol &tv elvan &pvnixol.
22) N& Ymoroyloere ™0 PC = {x| ~ p (x) } B1& 7Tds kdrwh dvowrds wporéoes
p (x), 8ou ocUvohov &vagopds Ths peTaPAnTHs x elvan T6 R.

a) x = B) x=-2
Y) x+7=15 B) x¥=19
g) x24+1=0 oT) x* > 16

23) N& oynparticere Tds &pvioais TévV katwb :

o) Zhuepov elvan Tetdptn kal & kaipds elvar Ppoyepds.
B) x=2 kal w=5
Y) 2:3=6 kal 34+2=5
8) To Tplywvov ABI elvan loookehds kal & ABE elvan lodmhevpov Tpiywvov.
£) B& pelvaw els 16 omitt fi 8& Utrdyw els Tov KwnuaToyphgov.

o1) 2+4+3=6 €lre 34+4=5
) 5:7=35 ¢elte 4-5=20

12. TI EINAI ATIOAEIZIE.

Eis thv kafnuepwiy fwmny, étov Béhwpey v& melowper v mpdowmor 6T
kéT1, 1 TS dmolov oulnToUuey, elvan &Andés, ouvmBuws Aéyopey @ «Abtd elvan
&Anoés, 81671 Ekelvo elvan dAnBés». Ak va elvan TreloTike pia TolawTn TROTATIS,
mwpérel of oulnTolvtes v guugwvouy &Ti TO ékelvo elven dAndés kal &Ti abtd
elval dverykala cuvémeia Ekeivov. Mé &AAas Aéteis pétrel va UTrépyn ouppuvic
ds Tpds Tas TAnpogopias, pE Tas omolas dpyilouer, kai dg Tpds TO ES EEL-
Youev oupTrépacua &md auTds Tas TAnpogopias. “H loyikf doyoleitor pé tv
pelétny 1@V Kavovov npdg oxnuatiopdy opbdv npotasemv.'H Aeyopévn drddedig
owloTaral el TOV oxnuUaTIopdY TTPoT&oEWY ToU TUTOU: "Edv alrrd elvan dindés,
ToTe Kal Exelvo Trpiret v elvan &Andés. TLy. «kw PpéEn, TéTe & kijmos wou B4
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moTiabfi». ‘O kabeig H& CUHQWVNOT E QUTHY THy TipdTacty, 51571 dAol ik Trel-
pas yveopilouey STL pe Trw Bpoyfy & kfjTros 8 ToTioB.
"IBoU BUo &AAa TapadeiypaTa tk THg "ANYERpag -

1) "Av 3x =5, TéTe x = ;

2) "Av a=4 xai B=2, T6Te o + 2p =20

‘Ohan ai peBnuoaTikai dmodeifes XpnopoTolouv TpoT&otls ToU duwTépwy
TUTOU.

ZuvTopdTepov BlaTuTrdovoper T TpoTdoels TaUTas AéyovTes «p ouv-
emdyeTen v, i oupPolikéds © p = q.

My o= B -2

(a=4kai B= 2)= o® 4+ 28 =20

Mia oUvBeTos mpdTaais Tiis HOPQTIS © p = q AéyeTai, @S yvwoTdv, TuVE-
nayoyl. ‘H épyocix pé dAndels TpoTéaels ToUu TUTTOU p = q AéyeTol mapa-
YOYIKOS ouviioyiopds. 1), A, ovihoyiopos. ‘H mpdtaocis p Aéyetar Omo-
leoig kal ) mpdTEOIS | AéyeTon qupnipacpa. Aéyopsy 8t ST p = q eivan &v Bed-
ML

"‘Otav f mpdTaos p eiven dAndris, A TPOTaTls ( fpTTopel va elvan &Ands
fi peubns. "Emions dtav ) mpdTaots p elven weudhs, ) TpdTao q NuTopel v&
elvon GAnBns 7 weubns.

Mpémrer Aormrov v yvwpiloper Tas Tipds dAnBeias pids CUVETTay wyTis, OTaw
gl yvwoTad ai Tiwal dinBelas THY ATTAGY TPOTGoEWY, ¢k TGV OToiwy alTn
gwigTaTal.

Kaitor 1) mpos Tov okoméy adtov dxoroufoupévn uébodos elval CUETTEIX
wds mapadox s, &v ToUTols alTn oTnpileTal M TéY EvoparTikG B&oewv Tou
opflou ouhdoyiouou. B& leTdowpey KaTwTipw GAds TS BUVOTAS TTEPITITLOTELS.

13, MINAZ TIMON AAHOEIAL THE LYNEMATQIHE.

1) "Eow pia dhnbhys Umdbeois p By eis év dAnBis cupmépaoua g, Ti-
oTevouey OTL Ekdpiopey OpBov oUAAOYlouoy kal Gecopoluey ThY CUVETTOY WY TV
AN OR.

2) 'Edv pia dAnfng Umdbeois p O8nyd els &v weubds oupmépaoua, TOTE
elvan PePonov 81 Exopey kGuel Adflos eis TOV oUAMoyoudy Kai  Bewpoluey THY
SUVETTCY WY TV WeudTy.

3) ’Ecv # Umébears p eivon weuBrs, ToTe dpBog guAAoYIouos TiuTTopel v&
uds o8nyfon cls dAndes agupTépacua kal cuppwvoUpEr v ovoudlwuey dAN6H
alThY TNV CUVETTO YWYV,

4) "Eov f UmoBeois elven weudns, ToTe SpBds ouAloyiouds Aumopsi 2E
igou va pds o8nynon els yeudis OUUTTEpaoUS Kol TOTE CUUQWVOUNEY vdt dvo-
pdlowpey THY ouveTtaywyny aUThy &Ano.

Ta dvewTépw ouyKevTpOVoUEy ey TOV kKaTwTépw Tivaka &Andelas

20

Wnoiono|Orke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



ITivag aknBeiag tiic ocvveraywyfig: p = q

PN VI s
A A A
A ¥ i
¥ A A
¥ ¥ A

"Otrws paiveTan eis TOv Trivoko, 1] CuvERay®yn p = q givel Wevdig tote
Kai povov, dtav N npotn npotacig eivar aindng kai 1 deviépu wevdig. Eig -
hag tag Grliag mepint@oselg given aindnc.
MapodeiypaTa épappoyfis ToU Trivaxos :
1) 2eN = - €Q, aandbns
1
12

2y 390 eN, yeubng

3) V2eN= 2 «Q, ahnghs

1
4)

"EoTtw 1) &Anbns ouveaywyd p=-q, émou 7| p elvar dAnbrs. ‘H ouve-
maywyh abtn SiaPaleTar kai pué &AAous Tpotous. IBou pepikol €L oUTGW :

1) ¢&v p, TéTE q

2) p elvar ixavny ouvBrikn 81 q

3) q elven dverykaia ouvBiikn 81k p

4) va q dprel p

eN= V2eQ, &Andns

14. ZYNEIMATQIH AYO ANOIKTON ITPOTAZEQN,
"Eotw &1 Exouev Ty guvemaywyty p (x) = q (X).
Zvorov dvagopds 1o U, ouvodov &hnbeias Tiis p (x) To P, olUvohov &An-
Beias s q(x), TO Q. OéAopev v& Trpoocdiopicwper TO auvohov &Andelas Tiis au-
verrarywyfis p(x) = q (x).
Maparnpolvtes TOV Trivaka dAnBeias THs cuveaywydis, PAémopey 6T1
TLTTOPOUHEY V& KOTAOTTOWHEY THY ouvetTrarywyny p (x) = q (x) &Andf,
{ TV p (X) &An6f kal v q (x) &AnbA,
&V KQTAOTTIOWHEV: TNV p (x) yeudd kai Thy q (x) &Andd,
Thv p (x) weudd kal v q (X) weus.
"Ex ToUTwv EmeTal 811 :
{x|pC)=q &) }=PuQ)
IMapadeiyparta : :
1) N& ebpebiy 10 olvodov dAnbelas Tiis ouvemaywyfs, x*=1=x=1.
(oUvohov dvagop&s 1o R).
Ebpiokopey mp&Tov &1 P= {1, -1}, &pa Pe= {x|x# 1 eite =1}

(*) "AmoBewavieTar &7 Bl ol mepimTddaelg xxAdmTOVTRL &TO OV TUmov TolTov,
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Edplokopev émarta 611 Q = {1}, ‘Emoméveos PeUQ = {x|x# —1}.

2) N& ebpebj 10 olvohov éAnbeias THs ouveaywyfis : X = l = xt = 1.
"Exovev P= {1}, dpaPe={x|x51}.Q={1, -1} ‘Emopéveos P U Q=70
auvodov dvagopds R.

AZLKHZIEIZ

24) Né& ebpete molon &md Tés k&Twd ouvemaywyds elven &AnBels kol Tolan weuBels.
Q) 3=4=34+1=4
B)2)0=>6=2-3
¥) 5=2+3=2)8
§)2=5+6=8)10
g 3=2=2)5
25) N& oxnparioete Tov Tivaka dAnbeias T&v :
) p=~q B) ~p=q Y) ~p=>~q
26) N& oynuatioere Tov mivake dAnfelas Tdv
p=> q xai ~pva
Ti mwapaTnpeie ;
27) Aix va elvan X = — 2 elvan dvaykaia ouvdikn f x* = 4. AlaTUTdOOATE TOUTO CUY-
Bohikéds pé plav ouvemaywyn.
28) Na oynuarioete Tov Tivaxka dAndeias T :
p=(pvaq)
29) Né& oxnuatioete 8o ouveTaywyds &md kdle (elyos &k TéV k&Twd TpoTdoewy
kal va e0peTe Tas Tipdg dAnbeias Teov.
a)3+4=7 5+4+3=8 By 5+1=6, 342=6
y) 6-3=2, 4*=25 8) 0'=:); 2:5=10
30) Eis 1ds xdrwb ouvemaywyds dvoikTdv TIpoTaoewy va elpeTe TG olvoha &An-
Oelas Toov.
(To guvohov dvapopdis U elvan 18T R).
a) 'Edv x*=4, té1e x =2 e — 2
B) Eév x =4, Té1e X2 =16
¥) 'Edw x* =25, té1e x=-75
8) 'Eew x =3, TéTe x #£ 5
£) 'Eaw x* >0, 161 x2< 0
oT) 'Edw x2—5X + 6 =0, TéT1e X = 3 €i1e 2
31) «ax =3, p= 2. Elven f| mpdracs alrn Ikavi) § dvayxaia ouvbrxn ik vé Ey copev
a+p=5;
32) "Eotw & ovohov 3 mpotdoewy : p, q, T, Bi& Tds dmolas oy nuaTilopev fva Tivaxka
Tipdy &Anbeias. Mooas ypappds O mepiéyn & wival ; TTdoas tdv ol 5154puevan TrpoTéoels elvai v ;

33) "EoTw p 1 mpdraois «Bpéxer kal q f TpoéTaTIs «xduver kpuo». N& &moBéoete
MKTIKES TéS TPOTAOE :

pAg pA~a, ~pA~q pv~qg ~((PAQ), p=q
p=~q ~p=q qQ=p, ~p=~(q

15. H ANTIETPO®OEL KAI H ANTIOETOL MIAL LYNEIAQIHE.

A) "Eotw | ouveTarywy :

« &v Evos apifipos ANy s 0 ) 5, TéTe elven Sicupetds 81k 5», THY dmolay
OTUEICOVOUEY D= Q.
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Oewpoluey TOPa TNV CUVETTOXYWYTV : ,
«&v Bvos dpiduds elvan Sicupetos Bk 5, Téte Mye els 0 ) 5». Ty owvemrayw-
vy adThy 8& THY onueibowper i q = p, 5161 Uddeais els TV Seutépav adTny
cuveTTarywyny elvan TO oupTépacua Tis TpwTns Kol TO ouuTTEpoopa TTS Beu-
Tépas ouveTTaywyTis elvan Utdleois Tis TpTNS.

Al ouveTrarywyad p= q kal q= p Atyovtal dvtigtpogot plor 7S AT,

Moapornpoluey 871 ai p= q kod g = p ToU QuwTépw TapabelypaTos eival
kol af SUo &AnBels. Adv cupPaivel Suws aUTd TAVTOTE. ‘H &vtioTpogos wids
&Anous cuveTraywyfis EvdéyeTon va elven weudns. Thy. p= q @ &w BUo yovial
elvan &pbad, TéTe elven loan (GAnGNs), &v&d g=p : gow Buo ywvion elvan Toa,
ToTe elvan &plai (weudns fv yével).

B) *Eotew 7 &Andhs ouvemaywyn
p= q: &w Evas &p1Buds Afyn els 0 fy 5, ToTe elvon BiaupeTos 81 5. ‘H ouverreryco-
yh~ p=~ q AéyeTar @vrifetog Tiis p= g

Eis 10 Tropddeiypd pas AekTIKEDS B& elmroopey
~ p=~ q : Edv évas &pifiucs Bev Afyyn els 0 7y 5, TéTe Bév elvan BlonpeTds Bk 5,
A omola elvan &Anbrs TpdTacs. Atv oupPBaivel Sucs TrévToTe 1) dwTibeTog Wds
d&Anbols ouveTraywyfis v& elven émiong dAndrs. 18ou &v Trapaderyua :
p=q: & SUo yovicn elven dpbai, TOTE elven foat (&Anbng).

~p=n~ q: tw SUo yevic Stv elven dpbai, TOTE Btv elvan foon (peudfs).

16. H IZOAYNAMIA AYO TNPOTAZEQN.

A) Avo mpoTéosis p kai q Aéyopev 6T elvan igodivapor peTafy Toov, v
A oulevtis (p=q) A{gq=p) slven &Andrs. TuuPohiloper TO yeyovds auTd pE
p<>q kai SioPdlopev @ p looSuvauel (Aoyikés) pt q. O0tw, T.X., oi TPOTGCE
p : Bvas &piBuds Anyer el 0 fi 5 xad q: &vas &p1Bpos elven Bronpetds Bidx 5, elvan
icoSUvapor, 86T loxUel p= q kai q= p. [p&gouey Aormov p <= q.

Ak vé& oynuatiowpey ToOV Trivaxe dAnBeias THs iooduvaias, dpkel v& oYn-
natlowuey ToV Trivake dAnBelas Tiis ouleutews (p= qQ)A(q=p). "Exouev:

|p=q | g=p ' ®=9 AG=p)

e L
A A A A A
A o Y A ¥
b 1 A A ¥ b
by ¥ A A A
Anhadi] Exopev toOV Katwbh mivake TpdY ahnosiag 1ijg icodvvapiog:

p | 4@ sy

A A A

A bl s

¥ A ‘ ¥

b b A
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"Hrou 1 toeduvepiu dvo mpotacemy civar aindng povov dtav Kal ai 800
mpotaciig eival ainbels i) wevdels tavtoypoves.

Mé &Ahas Aéteis Buo TPOTAOES P kad  Aéyouev 8T1 elvan looduvapol, STav
Exou Tas aiTag Tipds dAnBeias ouyypdves.

MapadeiypoTa EQPOPUOYTS TOU Tivaxos :
elvan répaios <> & —3 eivan GpynTikos {(GANHnNs)

1) ¢

w

2) é--z-- elvan diépatog <> & /3 eivan guoikds  (dAndng)
3) 62

o-

eVl puaikdg < & l) glvan dépanos  (weudns)
L.,
T2 glvar GppnTos< = 0\/3 elvan GpprmTos (weudng).
5) f) eVBeic €/ /e' <> f) edBeic €' [ [e (&ANOnS)
6) 10 Tpiywvor ABI elven {odmheupov <= TO Tpiywvov ABI elven igoydvio.
B) ‘H igoduvouia P SlaTuTreoveTan AskTIKGs Kai pé &AAous TpOTTOUS.

9

O~

Mpootlarte Tag BUo wpoTdoss «p £av q» xai «p udvov 2w qr. ‘H «p 2w
@ anuaivel = p ked § «p povov tdw q» onuaiver p - q. ‘Etropéveas gdv kad ol
8o altai TpoThoes elvan dhndels, | ouleulis Tev B eiven &Andfs. “Qoe :

«p fav kal pdvov éqv » onpaivel p - qxal g = p, dnAadh pe>q.

“Qote avel va Léyopey «p looduvapel pE q», TPTOPODREY Vi Liympey «p
tav kai pévov Eav .

Mopaderypo : Qewpovuey Tdg Efffs BUo mpoTdoels :

p: Abo eufeicn fvdg dmimebou Sév TépvovTal,

g : ol e0felan avTod elven TapdAinior.
pq: 'Eav SUo elBelon dvds émmiSou Btv TépvcovTan, TOTE eival TapdAATAO!
(dAnéns).

q »p: 'Eqv Buo elfeion évodg émmedou eivon TrapdAAnAoct, ToTe Bév TéuvovTal
(&Andis).

"Humopoupey Aormov va eimoyey
«Ato elfelon tvos EmméSou sluon apdAAnAct £ay, Kui pdvov £av, Sév TéuvwuTay.

Ty icobuvapiav 0o TrpoTdoewy THY SiaTumdvopey Kati pé dAAov Tpdrrov.

"Av AdPopey TEA Y TO dveTipw Trapdderyua fuTropoUuey vd eiTrouey
«aveykaio kai ikgv) ouvOnkn 81& va elven TapdAAniol Buo elbeicn Evods Emrié-
Bou gival va uf TéuvcovTal.

“BEvag &AAos Tpdmos Siatutrdicews Ths lgoBuvapics T GvwrTépw Blo
mpoTdoEwY p kol ( eivan : «Aid v givan TTapdAAnior 8Uo edfeicn évds émieSou,
rOEMEL KOl OPKED VA UT) TEPVLOUTOLY,

"As AaPowuey fv GAAo Toapdderypa ¢

YrrevBupilopey T& Vo BrwpriuaTar.

OEQPHMA | 'Edv 16 TerpamAeupov ABIA elvon  TrapoAAnAdypaupov,
ToTe of Biaywviol Tou Al ki BA SixoTopolvTan.
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OEQPHMA 2. 'Edv ai Siaywviot Al kai BA Evds kupToU TeTpatielpou
ABlA BixoTopoUvTal, TOTE TO TETPATTAEUPOV TOUTO elval TapoAAnAdypapuov,

"As dvoudowuey p Ty TpodTaow @ «ABMA  eivan mapoAAnAdypaupovy,
kal g Tov TpdTaowy «Al kai BA dixoTtopolvtais.

To Beopnua 1 éxppddeTtar Bia Tfis ouvemaywyfis : p =+ q

To Bewpnua 2 ékgpaleTon i Tfis q = p.

Kal ta 8Uo fBswopnuata poly ékepdlovran 81a Tfis iooduvauicas p<=q.

K&be pia amo tas mpoTdoels p kal q givon ikeviy ouv@ikn Sia thv GAAny
kai émions k&fe pio elvan avaykaia cuvOikny Sia THy GAANv.

"HutropoUpey AoiTrov va eitreopey :

«"lvar v TeTpdTAcupoy elvan TTapcAANASYpappoy dvaykaio kai ikavi cuv-
kN elvar ai Srerywoviol Tov va Sixotopouvtair. "H &kdun :

«"lva év TeTpdTTAcupoy elvan TTapaAAnASypappov mpénel kKai Gpkel of Sio-
ywviol Tou va BixoTopouvTay.

"Etrions, Ommews £iBopev QuwTEpw, MUTOPOUMEY V& ETTTWHEY :

«"Ev TeTpdmrAeupov eivan rapaAAnAdypauuov £av, kai povov &av, o Sio-
yviol Tou SiyoTopouvTay.

"ATro Tov dpioudv TTis icobuvauias évvooupey &T1 ioyUouy ai éifig 1810TnTeS :

@) p<=p
B) (p==q)<=(q<=p)
Y) (pc:-q/\ q*.:::»]‘) = (p¢:~r)

17. IZOAYNAMIA ANOIKTOQN TTPOTAZEQN.

"Otreos xal glg THY cuveTraywyty, oUTtw kai gls TAV icobuvapiav fumopou-
pev v émekTelveopey THY évwolav kad S1d voikTas TpoTacets. “Ag [nTnowuey Aol-
Trov 1O ouvorov dAnbeics Tfs p (X)<=q (X).

"Edv Ofccoper eis Ty p (x)<=q(x), émou x fva oToryelov ToU ouvdAou dva-
popds U, 1o émolov dunkel gis Thv Tounv PN Q, AauPdvouey piav &Anbdf auvbe-
Tov TrpdTacty, Etreld) kol T& SUo pEAn Tiis icobuvapias efvan Twopa dAndels Tpo-
Téotis. "Edv els v p (X)<=>q (X), Béowpev OTou X v gToixeloy, TO dmolov &vn-
ket els TV P< NQc, AapPdvopev Tr&A pioy dAnd oUvletov mpoTacty, 510l
Topa kai T BUo péAn Tiis looduvapios elvan weubels mpoTdoes. "Eqw dvTi TolU X
Bécopey dTrolovdnTroTe &GAAo oToryelov Tou U, mpokimrTel weubng ouvBeTos Tpo-
Taols, 51671 TO Eva péAos Ths looduvapias B elvon &Andns TpdTaos kal TO GAo
weudfis. Zupmepaivopev Aotmov STI :

(x| p()==q ()} =@nQ U (P NQ)

INapaderypa.

Znteitar O oUvorov SAnbeias THs (x*=4) <X =2). “Exopev T
p(x):x2=4 xai q(x) : x=2. ‘Emoutveos P=1{2,-2} xal Q={2}. "Apa
B efvan Po= {x|x # 2elte—2} vad Qo ={x|x #2}.
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Twvemds PrQ = {2} xai Pcn Qe = {x| x # 2 elre — 2} Tehikéds Aoi-
oV Exouey :
X[ pM))= @) }=(PNQ U (P NQ) = {x|x # -2}

Inp. 1. Td olvohov dAnBeias T (x2 = D <=>(x = 2) elven duéows pavepdv dT1 elven
TO {X|X # =2} 8i6m 10 — 2 elvan | pévn Tipd ToU x (&Td TO clvohov dvagopds R), Bk
Thr omolav Btv AapPdvouy T&s alTds Tinas dAnbeias xal T& SUo péAn Tiis looSuvapias.

Inp. 2. Al mpotéoes

PVQ pAQ p=>q, p<>q ~p

Aéyovtan obvBetor mpotdoelg mphitng Pabpidog, Si&x k&be {eUyos &mwAddv TpoTdoswy p Kal q
tk to0 L,

AIKHZIEIZXZ

34) Na BiatuTdoete Tas dvTioTpdpous THY K&TwH owETaywydv kai va &ropavdijTe
Qv aUTon eiven &Anbeis | weuBeis.
a) 'E&v kamotos Eyevunifn els Tas TTarpas, TéTE Exet “EAAnuiknv {Barytverav.
P) 'Bav x —y =3, téTex )y
¥) 'Edv BUo dploycdwia Exowv foas Pdoers xal fox Oyn, ToTE Exowy Toa tpPabd.
8) 'Edw x* =125, TéTe x =5 efte x = — 5.
€) 'Edw & onuelov xeTtan ¢ml s pecokadétou fvds elBuypdupou TuTuaTos, TOTE
améxer &8 ioov &mo T& &rpa TOU TpApaTOS. )
ot) 'Eaw 2+4=05, 161e 4+6=28
35) N& dmopavbiite, &v ol KATWTEpw TpoTdoss elvar loobUvaporl peTaly Twv :
@) p: 2Xx=10(xeR)
q:x= 5
B) p: To Tpiywvov ABT elvan ioéTrAeupov
q: To Tpiywvoy ABT elvon igoydoviov
YIP:x)y (x, yeR)
q:y(x
8) p: A ebeic € elvan apdAinhos Trpds THY €
q: A ebeia € elvan TapdAAnAos mpds THY €
) p:x=4¢1e x=—4
g fix2=16
36) N& BiatumhoeTe TpoT&aels loobuvdpous Tpds Tas KETwH dvay pagopévas :
a) Al elbeion € kal € ToU émmédou (M) Biv Téuwvovtal.
P) Te onueiov M &vikel els Thy evBeiav € kal els T evleiav €.
¥) Ta onueia A kai B kelvran els 76 altd Huemimedov c Tpos THY eUBeiav E.
8) To mapahAnhdypauuov ABTA Exs1 Tés Biaywvious Tou AT xal BA foas.
€) To onueiov M keitan émi Tfis BixoTdpou Tiis ywvlas 8.
aT) ¥2.=:1.
Dx=2xa y=—2.
37) Nex ebpete 10 olvodov dAnBeios els k&Be piav &d Tés x&TwH ioobuvapias dvoikTéy
TpoTéotwy (oUvodor dvagopds Tis petaPAnTis T& R).

) (x =D (x==1) B) (x*= 0) <= (x=0)
Y) (3x=6) <= (x =2) &) (x # 1) <= (x* #1)
6 (x = 5) <> (x#5) o1) (3x=6) <= 3x +2=28)
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18. H ANTIZETPO®OANTIOETOL MIAL LYNEIMAMQIHE.

A) Els T& mrponyolusva &md Ty ouvemaywyny p = q foxnuaTioauey
TV &vtioTpopdy Tns q = p kal THY dvTiBetdv Tns ~ p = ~ q. Mia &AM ouve-
Torywyn oxeTilopévn pé THy p = q elvar f| ~ q =~ p, 7| omola AéyeTan avri-
atpopoavtifetog THs p = Q.

Iapadeiypota :

loviepi=rig) 1 i Syt i)

~gqQ=~p:xXPF9=x #3

20v. p= q : ’E&v 8Vo elfeica fvodg Emimrébou TéuvewTal, ToTe al elfeion
Bev elvon Trop&AAnAoL ~q =~ p : "Edv SUo evBelon évds EmiméSou eivan mrapdh-
AnAol, TOTE Bev TépvovTal.

3ov. p = q : ‘E&v wépw Pobuov 17 es t& MabnuaTikd, toTe & éxew 16
els TO évBeikTikOY pou (BvvoeiTal @ pé Thy Umdpyovoay PabucAoyicy els T dAAx
pebniuaTa). ~ q=~ p : "E&v Btv £xw 16 eis 1O &vdeikTikdy pov, TOTE BEv B Exeo
Téper 17 els & Mabnportiké. :

4ov. p = q : Eqwv Al =BA, té1e 70 mapoAAnidypapuov ABIA elven
Spboydviov.
~q=~p: 'Eaw 16 ToapadAnidypappor ABMA 8év elvar dploydviov, ToTE
Al # BA.

B) "H mAfov &vdiapépouca i816Tns Tfis dvTioTpogocvTibETou ids ouve-
Torywydis elvan 611 elven ioodUvapos (el Tas altas Tipds dAnbeias) pe Ty Bo-
Beioav ovvetterywynv. Aniedn :

('=4g)=={~ g ==~ 1)

"As kaTookeudowpey TOV Trivoka dAnBelas Si& Tés p =>q kel ~ q =~ p:

p..L.9. | ®p | #4 |poo |sg=ep
A | A ¥ 1 ¥ | & Jodh
A % ¥ o <) il vl
¥ A A ¥ A A
¥ ¥ A A A A

PATTO Tds oThAas Sy kal 6ny ToU Trivakos PAémopey 611 i gUvleTol Tpo-

TACELS
P=Qq¢kai~q=~p

Exow Tas aUTds Tipds dAndelas, elvan Aotmdv loodlvauor TpoTéoes. ‘H 18idtng
Ut W&s EmiTpéTrel Trpokelptvou v &rodeitwpey plav ouvettaywyny, v dmrodel-
Eoopev vt auTiis THY dvTioTpogoowTifeTdv Tngs.

OUtew, .., €ls TO gUvohov T&Y TapodAnAoypdppwy ioyUel 1| TPOTACIS :
«&v TS TapadAnAdypauuov ABIA #xer foas Tds Siorywvious Tou, TOTe Exel TaS
yeovias Tou dpbds». ‘H mpdTacts alrn elvan looblvauos mpos Thy mpdTaoW !
«Ecv 16 TapadAnAdypappov ABIA Stv Exel dpbas Tds ywvias Tou, ToTe Bév Exe
T&s Bioywvious Tou Toagy.
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"I8ou &v &ANo Trapdberypa

Ma v amobeitwopey els Ty MewueTpiav OT1 @ «O yewueTpikos TOTOs (TO
cUvohov) TG onpeicov Tou Emmedou, T& ool daréxouv & foou &md T& Sxpax
&vos euBuypdupou Tufjuatos AB, elvan 1) pecokdBetos ToU TunpaTos AB», diro-
Beixviopev o) 'Edw Tuydv omueTov M dréxel foov &mo T& A kal B, ToTE dunkel
els THY pecokdBetov. kal P) "Edw T6 M dwrikn els Thy uecokdBeTov Tou AB TéTe
améyel € foov dmo T& A xkai B.

Auvvapebo Spes v Epyaoldper g Eifjs ¢ N& &modellwpey THy o) kai ka-
Tomw duti THs B) va dmobeilcopey THY dvTioTpogoavTifeTov Tiis B), 611 BnA.
éav TO M 8év ameyn igov &mo T A kai B, ToTe Bev dunkel gis Ty pecoxdBetov.

M Mia &GAAn 1816TNs TTis p = ( eivon OT1 elven iooSUvapos TTpods THY ~pV/ Q.

AnA. (p = @) <=(~ PV Qq)

Mp&ypaTi, & kdpwpey TOV Tivaka dAndeias,

p 4 | =P 1P=4 [~ Py
A A Y | A A
A ¥ . il e ¥
¥ Al A | A A
¥ e S S R

PAéopey aro Tas oThAas 4ny kai SNy 6T p = kal ~ p N/ q Exouv Tag olTaS
Tipag dAnfeias, SnA. efvon iocoblivapol TrpoTdcEls kAl TUTTOpOUMEY, STaV XpPElC-
o), v& dvTikaTaoTowuey THY wiav Sid TR GAANS.

ALKHZEIZ

38) N& Birumwoete Tas duTioTpogoovTiBéTous Thv xatwd ouvemaywydv.
a) 'Eav Trpiis Tas Siardlels ToU xkdikos OBixijs xukAogopias, ToTe GEv B& Aaprs
KAfjow 4o TOV TpoyovOuoV.
B) Eaw sis Tdv “Apnv Biv Umdpxn &Tudogopa pi ofuydvov, ToOTe BEv Utrdpyer
fon Exel.
y) 'Edv 16 onueiov M dvnkn els Thv eUBeiav £, ToTe Sev dvnxel els Thv €.
8) ’Edwv futopéans va Srarpéing Tpia yihiduetpa eis | Aemrrov, toTe 0& phyw TO xa-
mENOV pou.
g) 'Eaw 2x = 10, Té1e x = 5.
o) 'Edv & onueiov M keiton £mi THs dixoTdpou mas ywvias 0, ToTe 10 M &éyer
ke Toou &mod Tay TAeupds TRs ywvias.
39) M& dmodelfete pé THv kaTaokeviy fvos ivakos ainbeias T ) dpunois Ths p => q
givan pA ~ q.
40) Karaokeudlovtes Tivake Tipdv dAnbeias v dmodelfete 6T 1) ouvemaywy™n elval
petaPaTikn. AnA [(p = @) A(q = )] = (p == 1).
41) "Av p : g elven k&BeTos EmTi THY €
q: & elvan k&BeTos Tl THYV gy
r @ g elvan TapdAAnhos Tpos THV &,
va ypéyete Ud oupBoAlkny popeny Tds ELRs TpoTaoes :
o) av € efvon kaBeTos Trpods €, kal €, k&BeTos TPds THY &, TOTE 1) € glvan TApAAAN-
Ao§ TTpOS THY E,.
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B) dv g, sivan k&feTos TP TNV €, kol £, Biv slvon kaBeTos Tpds TAV £, TOTE M g
8ev eiven mapdAAndos mpods THY E,
42) Na Beitete 61 i wpoTdoes p =+ (q v r) kai (p == q) v (p=r) elvar igoduvapor,
Eyouv BnAabn Tas alTdas Tipds dAndeias.
43) N& dmoBeifete pé xataokeuiy mivakos dAnBeios 611 §) &punois Tis p<q eva
~ p<>q f| p<>~ q.
"Emeita va oupmAnpdoeTe TOV KéTwh Tivaka :

TUTOS | &pvnaoig
pAVEVIATS pAq ~py ~q
Aidlevts pPvq
ZuveTTay wyn ! pr=s pA~q
‘locbuvapia | peq I —

19. GEQPHMATA KAI AFOAEIZEIL.

A) Eis v § 12 efmopev &1 Aoyikn elvan 7y peAérn Tév kavduwy Tpds Ka-
Taokeuty 6pBdy  ouAAoYIoP&Y.

‘O péyoas "EAANV giddoogos 'ApioToTéAns Utrfipley & mpddTos uéyas &i-
S&okoAos kol BzpelicoTns Tis Aoyikfis. ‘H Aoyikn Thv omoiav cuvéypoye Biv
Exel oxedov TrpoayBf uéxpt ofjuepov kal els THY TpoyupaTikéTnTa SAa oxEdov,
Soa peAeTéMEY omuepov, dumkouv g &,Ti dvopdlouev «Aoyikny Tou "ApioTo-
TéAous», T) Omroia Exel MAkiav Guew Tdr 2000 étdv. ‘H pabnuaTikomoinois Tiis
Noywfis elven, PePaicos, Epyov TGOV peToryevsoTépwy kol 18iws Tou Georges Boole
(1815-1864) xai &AAwv BewpnTikédy TR NAoyikis.

Eis T& MafnpoaTike, 18iws els thv lMecopetpiov, 1y pyaocia pas ouvioTato
glg THy &mddalv BecwopnpdTowv, dnAadn mpoTdoswv. Ak vd dmobeifowpey Ev
Becopnua TTpéTrel va Seifcoper 6T ToUTo ETraxoAouBel Aoyikds &Tro Tas UtroBiaes
pas. Al va TO K&pwUEY aUTO XPNOILOTIOIOUNEY TAs ApYas TTis Aoyikis, dnAadn
ADY1KOUS KQUOVaS.

Edv, 1%, yvwpilwpey &t f) mpdTaols p - q elvon dAndng kal Ty p
elvarl dAnBns, ToOTe Bduvdueba va oupTrepdvwpey 6T g elvan dAnBrs. AnAadn ué
oupPoix :

[(p=a) Ap]l =q

MpaypaTt, &v oyxnuatiowpey Tivake &Anbeias,

P | _a |p=alp=agApl(p=aAp]=q
A A A A iy
A ¥ ¥ ¥ A
¥ A A ¥ A
¥ ¥ A v A

PAémropey ST1 1) oWvBeTos TrpdTaats [(p - q) A p] = q elvan ndvrote alndig,
&uebapTnTws TGOV TIpdY dAnbelas, Tds dmolas AauPdvouv al cuviaTdoal aUThY
TpoTéoels. Mia TolaUTn TRdTacIs AéyETal tavtokoyia kai ué Tas TauToAoylas,
0& doyoAnfduey kaTwTépw eifikdTEPOY.
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‘H olvbetos mpdtaots [(p = q) Ap] = g, eiver TavToTe, G5 eimoney,
fvas oplos ouMoyiopds. “EvioTe ypdgoupey alTév dg EEfjS :

p = q (&Anbns)
p (&Anris)

&pax g (ouptrépacpa Tou gUAAOYIoUOU)

O& Sdowuey TOpa Tapdderyna EPappoyTis TOU AOYIKOU Kowodvos :
((p=q Ap]l=aq

Mupaderypo. :

EA&Pouey plav TpdokAnow ik Tds yupvaoTikas émideileig ToU MNupva-
alou A, 1y omola Eypagev «&v Bpéxn xatd THY fluépav T&Y émbeitecov, 1) fopTh
6& yivn el TO KAeioTOV yupvaoThpiovs (p = q). Znuepov elvan 1) fipépa TS fop-
Tfis ki Ppéyer (p elven &Andrs). "Eg’ doov Aoimév ol TrpoTdoels p = q kai p
elven kol af Buo dAndels, yvwpilwuey 611 q elvan &Anbrns, 8nA. f) fopTr) B yivn
el TO KAsloTOV yupvaoThplov. ‘Hutmopouuey Tdhpa va eireopey 611 &medeitapey
10 Beopnua: «'H fopthy TEY yuwooTikdy EmiBeitecov 8& yivn el TO KAeioTOV
MupvaoTrpiovy.

B) Mia &AAn Texwiks) ypnowpomoloupévn els Tas &rrodeiters eivon ) EEfs ¢

"Edv yvepilewper 6TL p = q elvon dAndns xal v yvowpilwpey 611 q elvan
Weulnys, TOTE fjpTropoupsy va cupmepdvuey &Ti poelvan Wweudng. ZupPoAikdds :
[(p=q) A~q]=~p

MpdypaTy, &v xaTaokeudowuey Tivaxe &inbelas,

( UmrdBecis ToU cUAAOYIoHOU)

p | § |=p 9 |p=9|(=gA~q|(p=q)A~gl=~p
Al A | Y ‘i’ E A ¥ ‘ A
ALY Y ‘ A ] ¥ ¥ A
Y /O I ¥y A ¥ A
(N R A A 1 A A l A

PAémopey 6T1 A ouvBeTos TpdTacts [ (p = q) A~ q] = ~ p elvan TavToTe GAn-
Br5, GveapThTeos TV TIHGY dAnBelas, Tds Smolas AapPdvouv ai owicTdoal
althy TpoTtéoes. Elven BnAadn TauToAoyia kel flumopoUuey v& TV XpNoipo-
TOIOUPEY 5 AOYIKOV Kawdva.

180U & Tap&Berypa dpapuoyfis ToU kavovos TOUTOU :

Napaderypa :

‘O padinTis Mewpyiou Aéyel 611 6 — 5 elven pila Ths eliowoews X* —5x 4 6 =
= 0. ’Edw — 5 elvan pilax Tfjs tEiocooews X2 — 5x + 6 =0, Té1e (— 5)* =5+ (= 5) +
+6=0 (p=gq) 'AN& (=5)2=5-(=5)+6=25+254+6 #0 (qwyeu-
B7s). "E¢’ doov Tedpa yvewpilowey 611 p = q elvan dAnBns kal OT1 q weubts, el-
pebo PéPaiot 6T p elven weudns kad & Mecwopylou Erape AdBos. ‘O — 5 Bév elvan
pila Tfis tliowoews x* —5x + 6 =0.

Eis 70 mopdBearypa alTd flumopoUpey va simwpey 81 dmedeioper 1O Oe-
wpnua : «6 =5 Bév elven pila Tfis Elicooecs X* — 5x + 6 = O».

‘H s v qmoddertis Aumopei va ypopl cs Eifis :
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TMpoTdoeis Aikatohoyial

1) —5elvar pila Tfs x*—5x 4 6=0 1) ‘Opiouds pilns més Eiowoews.
=P -3+ =0
2) (—=5)2=5-(—=5+6#0 2) "ApiBunTikn.
3) —5 8év elvan pila Tiig 3) Mpotdoeis | kal 2 kol kawo-
x2—5x+6=0 ves Tiis AoyIkiis.
ALKHZIEIZ

Eis x&fe piav &md tag kaTwTépw doxfoes 4452 (*) Bibovtar dpiouéval TpoTages
Tas omoias dvopdlopsy &AnBels kol BiaTutrdoveTon fv Becopnpa. Eis pepikds mepimTedoes TO
Becopnua Suvatar va elvan weudés kal el &Aas v& ph BiSwvtan dpxetal TAnpopopian Sik va
dmogavBidpey &v TO Bewpnua elvan dAndis §) weudés. ZnTeiTan va SiaTutdoeTe T &robeilels.
(al 818opevan &AnBels TpoTaoels Aéyovtal @ Utrobégels).

44) "YnoBcarg. ‘O Beiog Kdortas 8& uds ouvoBelon eis T BéaTpov, tdv 1y pnépa 7o -
Tpéwn. ‘H pnrépa 1O EméTpeype.

Oswpnpa. ‘O OBeios Kaoras 8& p&s ouvodelon els 1o Barpov.

45) 'YnoBeorg. 'Eav Sév Umdpyn Stuydvov els Tiv ZeAfvny, ToTe Siv Utrdpyer [wf) kel
Aokipal Exouv Beiter TeAeiwTikés 611 Btv Umrdpysr dtuydvov Emi Tiis ZeAfjuns.

Oewpnpa. Aty Umdpyer [eof) &ml THs SeAfvns.

46) ‘'Ynobeowg x +yw =20, x—y=4

Osopnpa. x # 1
47) 'Ynobeorg 2x — 3y =7, x +2¢ =3
Ochpnpa. 3x —y=10

48) "Yrofeowg. To ywopevov 8Uo Betikdv &piBpdv elvan Bemikds. ‘O &pifuds a elven
fsTikds. To ywodpsvov a- P Biv elven Betikds,

Oeapnpa. ‘O &piBuds B elvar dpvnmixds.

49) "YnoBeowg. 'Eav aeZ, Téte lra=a 'Ew a, B, YEZ, TéTE Bra+ya=
B+y)e l4+1=2

Ocsapnpe. Aix k&le ae Z, loxleal o + a=2a

50) "Yrobeorg. 6 + (—6) =0,8 =2 + 6. A& x&bs Tp1&da &piBudv «, P, v, K TOU
Z, loxuan o1t (a+PB)+yv=0a+ (P + y). ’Emions &k x&be x € Z loyber én1 x +0=x.

Oedbpnpa. 8 + (- 6) = 2,

531) N& kataokeudoete Eva Trivaka &Anbeias &1 Thy ouvBetov mpéTacw (p A q) v I

52) Tlola elven 1) &pvnois Tiis ~ p, dnAadh pt wolow TpdTaow iooduvauel f| ~ (~ p) ;

53) 'Eav «, P elvar mwpaypaTtikol dpibuoci, v& Beitete 611 a=p >ad+y=p+vy.

54) N& dmodeltete 16 fewpnpa :

'Edw x =5, TéTe 3x +6=21

55) N& &mobeitere 10 dvrioTpogov ToU dvwTépw Sewpriparos Tiis dokfioews 54.

56) '’E&v o, PeR, a # 0 xal a3 —8) = «, 7l fumopeite v& guumepdveTe ;

57) 'E&v «, PeR, P # 4 xal Ba + 12) (2B —8) =0, 7i Aumopeite v& oupmepdveTe ;

20. TAYTOAOTIIA.

Mia cuvBetos TrpdTaocts, ) omola popgcdvetan &md  &AAas TPOTATES P,
g, T K.T.A. Temepaouévov TANBous, ouvBeopbvas g T oUuBora A, Vv, V., =,

(*) 'Ex t&v dowvoewv todtwy Ba Sobobv elg todg pabnrds, Souxt xate why wplow tol dt-
Saoxoviog dmaitolvror Suk Thv éumédwow Tig dwwolag wdmédeifign.
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<, ~, 8& dvopdleron hoyikdg thmog Al p, q, r, k.T.A, al OTolan BlvavTal va
AdBouv Tipds A | ¥, AdyovTan peraPinrai ToU AoyikoU TUTTOU.

O1 TUTo1, Tous éTroious cuvnyTrioauey eis Ta TTponyoupeva 1 pA q, pV q,
pP=q ~p p<>q, ovopdfovtan @mhol tOmOL. ZULPUWVWS TIPOs TOUs GVGOTE-
pw Opiouols 1 Ekgpacis ~ p A ~ q elvan Evag Aoyikds TUTToS, &Treds mions Kol
ai tkepacels [(p=q) A p)] = qkai [(p=q) A~ q] =~ p, Tas Somoias ou-
yvThoapey gls T& TponyoUMeva.

‘Ame oo dleBioapey el TG TponyoUpeva dwooUpey &Ti Si1& vk elpwpev
Tas TiGs dAndeiag tvds AoyikoU TuTou, 8¢ oynuaTicwpey fva Trivaxa, Tou dTroiou
al mpdTan oTiihan & Exouv EmikepaAidas Tas &TA&S TTpoTaoElS P, G, I, K.T.A,
&mo Tds omoias dmoTeAeiTan & TUTos. 'Edv af &mAal TrpoTéoeis eivan SUo, ToOTE
al ypoppai ToU Trivaxos 8& slvan 22 = 4. "Av of &mAal TrpoTdoers elvon TpETs,
TOTe ai ypapuai Tou mivakos 0 elvan 2% = 8. "Av al TpoTdaes elvan Téooapes,
of ypappai 6& elvon 2¢ = 16 x.o.x. “Emeita 8 oynuaTiowuey &v ouveyeia oTh-
Aas pé émikepoAidos ToUs dmrAoUs TUTTOUS, Eis ToUs Omroious dvaAUstal & Sobeis
Aoyikos TUTos. Els Thy TeAeutaicw oTrhAny Emikepaiis 8& eivan & Bobels ouvde-
Tos TuTres. ‘Edv el Ty TeAeuTalay othAny ol Tipal eivan els Shas Tds ypaupds
s A, T6Te & Bobeis TUTros eivan dAndns, B1° Shas TAs Tipds TOY TUVBETIKGY Tou
TpoTdoEwy Kol AfyeTal tovtokoyia. "QoTe : tovtoloyia Aéyetar mig hoyikog
tinog, 6 oroiog GhnBeler B16 kGl npny (@AMOF | wevdfj) tdv ankdv npota-
aedv Tov.

LUo omouvBalas TauTohoyias cuvnyThoouey el T Tponyovusva Kol €i-
Bouev 671 els TG MadnuaTixd yivetan ueyddn xpfiois attédv. Elval af TauTtohoyia:

Dip=q Apl=g
) [(p=q) A~ql=~p

AfSoper pepixe dxdun TrapabelypaTe TaUuToAoYIGY
1) ‘H ouwemaywyd p = p elvar TauTohoyia.

p pP=p
A A
a4 A

2) ‘Hioobuvapic~ (~ p)<=p elve TauTohoyia.

S O P b ) o e el
AT TR A
¥ A |y A

3) "H ousetos mpéTavts (p = q)<=( ~ pVv Q) eival Tautoroyix :

P 4 |.~p | p=q |~pvai(=qg=>(~p)Ag
A 2 [or B e A
A ¥ | ¥ ¥ W A
¥ By leecalt, ol o by o A
¥ A T e A
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4) ‘H ouvBetos wpétacis (p<=q)<=[(~pva) Apv~ )] elvon TauToAoyla :

P la]~p|~a|~pva |pv~q |p= aj(~pvDA(pY~q) (p<= Q<=[(~pv@)Alpy~q)]
Alaly | v A A A A A
A s 1 ¥ A ¥ ¥ A
¢ olal A M A ¥ ¥ ¥ A
LA A A A A A A

5) ‘H ouvBetos mpdTacis (p vV @<=>(~pAqyv(pA ~q) elvon TauToroyia :

pjal~p|~a|~pAq | pA~a|pVa|(~pAq)V (PA~|( V) <[(~pADV(PA~Q)
O S ¥ ¥ ¥ Y A
Al vl A ¥ A A A A
vilial & + A ¥ A A A
Yivl Al A ¥ ¥ i ¥ A

ATt Tous Trivekas TGV TPt TeAeuTadwy TopaBeryudTow EmeTon OTL
1) p = g elven igoBUvauos TTpos THY  ~ p V g
2) p<>q clven icoSuvapos Tpds THY (~pV @ A (pV ~ Q)
3) pv q eiven iooBdvapos mpds ThHY (~ p A QVpPA~Q

Ex ToUTwv EmreTon 6T S v mwpdkewow THs dpvfioews, Tis ouledlees
kad Sialeltecos Buvdueda va Ekppaowpey T&s &AAas TrpdEes THs ouveTrarywyfis
( =), Ths icobuvapias (<) xai THg &morheioTikfs Srafellecs (v ) xal mo-
péveos OTTOl0oBATIOTE Aoyikds TUTTos BUvarton va SiaTutdf Sia Tév TpIddY oul-
Bohwv 1 A, V xal ~.

21. ANTI®AZIL.

Mia cOvOstog mpétacig héyetun dvtipasig, £av Kai povov av, sivo yevdig
8 orowavdfimote TipAy (A i W) 1@y cuviotwody mpotdoedy e,
Khaooikdy TapdSerypa dvTigdosws elvan 1y ouvdeTos mpoTacs p A ~ p.
B B BAop
A SR
i \ A ‘ g
‘Ao TOV KoTwTépw Trivaxe BAémopsy 6TL R dpunals wds TauTtoloyias
&moTehel duTipaow kol f &pynols wds GvTIpdoEcs TauToAOYfaw.

p | ~p lpv~ppA~p~pV~p)|~(A~Dp)

no Y E R R

O S | . IR | % 1 A
ALKHZIEIZ

58) Né& dmodeifete XpnotuomolotvTes Tivakas &Anbelas 671 of xdrwbl TUTOL &TToTEAOUY
TauToAoyias :
@ [~ A Ql=(~pVv~a)
B) [~ v @l<==(~pA~qQ
Vi~p=l<=pP A ~q
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59) "Ouoctov IMTnua Bi1& ToUs TUTOUS :
@ [~ (p<=q)l<=(~ p<=q)
B) [~ (p=q)]<=(p<=>~ Q)
60) N& dmoBeitete Spolws 811 &moTeholv TauTcAoyias ol x&Twh TUTOL :
o) (pAg)=q
P l~pApval=g
Np=pve
61) "Ouoiov IfiTnua Bi& ToUs TUTOUS :
O py@vn<(pva)vr
P)pA(@AnD<=@pAgAr
62) ‘Opoiws :
O pAlgyn<=(pAqyv{pAr)
Bypv @An<=(pva@Alpvr)
YIp=aAG=n]=(p=r.
63) N& amoleltere 6, v o elvan pia &AnShs mpdraoss, TéTe (p A @) <=>p.
64) Na dmodeitere 11 tdv y elvan pic weubns mpoTacts, TéTe (p Vv W) <=>p.
65) N& d&mobeitere T (py p)<=p kai (p Ap)<>p.

22, TYNOI AAHOEIE KATA LYTKYPIAN.

“Evars Aoyixds TUTros, & dmoios Stv efvan olUTe TauToAoyia oUTe dvTipaois,
SAN' & omroTos B1ix pepixds TIMGS TEW peTaPATTEY Tou (&TTAGY TPOT&TEWY TOV)
8iber dAnBEs dmoTéheopa kai 810 EAAas weubés, Aéyetal tOnog aindng xatd ovy-
kopiav (fj eyetikdg TOmOG).

HNepdderypa. ‘O Timos~ p\/ 7 elven dAnbis kard ouykuplav.

P | ¢q ~p |~pVg
A s ¥ A
A ¥ ¥ ¥
¥ A A A
¥ Y A A

Ot mivaxes dAnBeias &roTedoly v dapahii Tpdtov Bi& v& SiomioTdweo-
Wev &v Evas TUmmos elvon Tautodoyla fi dvTipacis i dAnBRs KaTd ouykupiov.
ALKHIEIZ
66) "Evas pafnThs Ekaue Tov s ouAdoyiopdy :

p=q (&Anéns)
q (Anbns)
&pa p (&Angris)

Nér EetdoeTe &v elvanr & ouMoytapds aliTos TavToTE aAndns. (O& k&pete Tivaka &An-
Belas B1af(p = @) Aq] = p.

67) N& Baoete fva guykexpipévor TapdBerypa &wd ThHy ‘ApiBunTikiy, &mwd Td Strolov
Ve gaiveran 611 & oulhoyiouss Tis dokrioews 66 elvan &AnBhs KaTd ovykuplaw (mx. p: 1 =3,
gz 2=2),

68) "Evas pabnrhs fkape Tov Efis ouAAoyioudw :
B x =0 kal y =z, 1é1ew ) 1,
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AMAG B 1. TApa y # z.
N& EAéytete TOv ouAloylopdv TouTow.
(Mopaotioateutp : x =0, q: y=2z, 1r: y >1 ktA).
69) 'EAéyfate Tous k&TwO ovAAoylopous :
Q) [(p = ~qA~al = ~p.
B x(5=x#wy, x #yAx(5
“Apa x L 5Ax =y
Y)x=2Vx{2,x=3x#2,x=3=>xq2
"Apax x # 3
B x=yy £, x=wAy #1) "Apa y # 1.
70) Acltate 6112

o) & Timos [~(p A )] < (p=~ q) elvan pla TauToroyla.

B) & Timos (p A @) A ~ q &moTeAel dvtigaaw,
¥) & Tumos [(p v @) A p] = ~ q elvar oyemikds TUTOS.
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KEQAAAION ||

ZYNOAA
EMANAAHUEIL KAl IYMMAHPQIEIE

23. H ENNOIA TOY LYNOAOY. EYMBOAIEMOL.

"EndBopev els Tas mponyouptvas TéEeis 11 THY AéLlv cbvohov Xpnoipo-
motoUuey 6Tav BEAcopey v dvagepBdpe els dvTikeipeva dplopéva kal coapdds Bi-
akekplpéve, T Omoia Bewpolpey s upicw GAOTITC.

Olrw, my., dwAouey mepi ToU guvdiou Tév uednTédv Ths Tdieds pos,
ToU ouvdhou TG &ypoTéy T Yhpas Has, ToU guvdhou TGV GUOIKEY &pIBpdy,
TOU guVOAoU TV onueicv Evds Emiédou, ToU ouvdhou TV anueiwy tvds elBu-
YPGHUoU TufjaTos, ToU guvdAoy THY SlovuoudTwy ToU ETITESou K.T.A.

T& dvtweipeva, & dmoia ouvaroTeAoly &v oUvorov, Aéyovtal ctougeia
TOU QUVOAQU.

"Ovopcloper & oUvohar yevikéds ug kepoAale ypduuata ToU dApaPfTou
pos, T& &¢ oTorgeic pE pikpd.

"Otow & oToiyeiov x Gk els & aUvohov A ypdoouey cUUPOAIKEs XEA,

‘Otew &v aToiyeiov X Sév durjk eis TO oUvohov A ypdpouey XA,

Ar & ouvohov A xai #v oTorgeiov x &AnBelel | XA T XEA.

H Ewoix ToU ouvdAou elven ouvBeBepéun pé THY Ewolaw THs Baoixkds iod-
™05, 1 omola cuuPohiletan uE « = » kol Péoel aUTHs Gewpoluer T oToikEla
TOU ouvdhou ¢ Biaxexpiuévar peTaly Toov. Avo oToixela a xai P Aéyopev &1
elvon Too kal ypagopey o = B, v, kod pdvov v, T& o kal P elvon dvdpara ToU

i y ¥ ¥ L, - 10
autou ororyeiou. QUted, my., €5 16 clvorov ) elvan 2 = =

"Edw Bév elven a = B, 161 Myopey 671 o sivan Siapopoyv ToU B kal Yp&-
pouey oUMBoAKGs a# B, Ak Blo Tuydvta oToyela X kal w B loyim :
Ax=y A x#y.
‘Omws wds elvar yvwotdr, v olvoloy ouuBoAileTan :
1) ué dvaypapiy Tév oToikelwy Tou duTds dykioTpou.
2) ut Teprypagiy XapoxTnploTiks 1816t TOS TG oToryelcoy Tou T Ponbelx
veTaPAnTHs xal dykioTpou.
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Moa N =L 1 2,030 o ]
Z = { x|x &xépaios THis ‘AAyéPpas }
Tpds elkoAiov kord Ty BraTUTwow yevikddy TpoTdoewy slodyeTtan g
T& MadnueTikg év glvohov, TO dmolov AdyeTon kevov sdvohov, cunuBohlduevoy
put¢ @. Eis 10 oUvoAov TouTo oudty oTolyeiov Gviikel.

24. YIIOZYNOAON ZYNOAOY.

Aéyopev &1 &v olvorov A efvan broshvolov &vos alvorou B, kai oupfo-
Alfouey A = B, &&w xai pdvov ¢dv, k&le ororyeiov ToU A elvan ki oToryeiov Tol
B. ZupPolikdds & opiouds aUtds BiaTutrdveTar s EEfs ¢ -

(A = B) == (¥x : xeA = xeB).

O07e, .., TO clvodov N, T&OV puaikidv &pi1Buddy, elvar Yrooivoror Tol
owodlov R, Tdv mrpeaypaTikédv dpiBudv : N < R.

Aeyxdueba 811 T xevdv guvolov F elven UmooUvohov dmroloubfiTroTe &AAou
guvdhou, BnA. @& = A, 81k kdBe oUvodov A. T kevdv olvolov Exel Uroguvoor
povov ToOV EauTdv Tou, SNA. & < &F.

loxvowy ol x&Ttwb {B16TnTES -

1) AcA (dvaxiaoTiky | adtomadrs).
2)(AsBABcT) = AcT (petaPaTiki)

"Ev odvohov A AéyeTan yviiowov UtrooUvodov &AAou ocuvdrou B, &, kai
povov &, T A elvan UtrogUvolov ToU B kai Utdpyn oTorgelov xeB pé x¢A.
ZupPoAixés ypagpopey TtéTe @ AC B. Anhadi :

(ACB) <=(¥x : xeA = xeB) A (QyeB : w¢A)

"Eav &v olvohov A Biv elvar Utroouvolov ouvdhou B B ypdowuey @ A¢ B.

‘H &woia yviiorov drooihvolov Exer povov ThHy petaBatiky  {Bi1dTnTa
(ACB ABCIN = ACT

To olvohov B, ToU omoiou Bewpoluey Sidpopa Umoouvora A, A, E k.T.h.
AéyeTon oOvohov Gvagopic 7| drnepodvorov TV A, A, E k.T.A.

25. IZA ZYNOAA.

AvUo cUvora A kal B Aéyopev 611 elvan Toa, kol oupPolifopey A = B, 2dv,
kai povov é&v, x&Be oToryelov ToU A elven kal oToiyeiov ToU B xkai dvTioTpd-
puws, k&Be oToixeiov ToU B elvon kai oToixeTov ToU A. AnAadn, cupPorikds :
(A =B)<=>(¥x : xeA == xeB) A (Vy : yeB = yeA)

Olteo, X, 8&v A={1,2,3} xai B :{%, 3 2}, ToTE Eyopev A = B.

‘Eav 8Uo ouvoda A kai B 8tv elvan ioa, ToTe Aéyouev 611 10 A elven Sidgo-
pov ToUu B kai cupPoAilopev A # B.

NloxUouy ol &Efis iBi1éTnTes Tfis iodTnTOs TGV GUVOAWY:

1) A=A (dvaxiaoTiki) fi alromabnis).
2) A=B = B=A (ouppeTtpikn).
3) (A=BAB=T0) = A=T (petoPaTixn).
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‘loyvel Emions 7 &R 1816t :

(AcBAB < A) = (A=B) (dvniouppeTpikn)
Tpdrypor
(A = B)<=(¥x : xeA = xeB) }3 o
(B = A)<=(¥x : xeB = xcA)

26. AYNAMOZYNOAON LYNOAOY.

"Otow Exwpev &v oclvorov U kal Bewopriowpsy dAa T& UmrooUvora altol
o uTixefpeva, BnA. s oToryeia Evds véou ouvdhou, ToTe SpileTan Eva véov oU-
vohov, TO dmrolov AéyeTan Suvaposiverov ToU U. TolTo cupPoliletar pt &P (U),
dviikouy B¢ el aUTd kal TO kevdv glvorov kal T 8iov 16 U.

"Omws épdBopey els Tponyouutvas Takels, k&fe oUvolov Sidpopov ToU Ke-
vou Exel TO OAlyTepov SUo UmooUvoha 1 TO kevdv oUvohov kal ToOv fauTdy Tou.
“"Ev oUvodov pé Slo oToryela Exel 22 = 4 UmooUvoha. "Ev oUvolov pé Tpia oTol-
xela Exel 2° = 8 UmooUvoha, & pe TévTe oTolela Eyel 28 UocUvola kad yevikéds
& ouvodov ué v oTorgela Exel 2¥ Umoolvora. OUtew, )., 2w A= {1,2,3},
o LA=1g{15{2}, {3, {L2% {1,3},.42,3%, {1,2, 3} mos

patnpoUuey B¢ 611 1O A Exer 2% = 8 UmmooUvoAa.
27, AIATPAMMATA TOY VENN.

Els moMAds meprmrredaes SievkoAuvoueda els THY pweAéTny  Evds {nTHpaTos
dvagepopévou s oUvoa, Eav YXPNOIHOTIOINCWHEY YPAPIKAS TTAPATTATELS QT
T& YVwoTd pas &md Tés Tponyoupévas Télels SiacypdppaTta ToU Venn. “YTrev-
Bupifouey 6T els v Bidypoupa Tou Venn T& oTolyela ToU gUVOAOU TUPIoTE-
voutan 81 onueioov dveapThTws THs pUoews adTdv,

AZKHZIEIZ
71) 'Eav A= {a, B, v, 8, e}, va #Aéylete &v elvan &AnBels kai Tolan &rd Tés k&Tw
TPOTACENS
BeA ce A, LeA BeA yeA
72) Na Bdaete pt dvarypaghy Tév oTorxeicy Tev T& oUvoha
@ (xER|x*—5x+6=0} B) {xeN|x <2}
73) N& epere yapaxtnpioTixiy [B16TnTa S1& THY Teprypaghv TEY x&Twd ouveAwy

SR AT
B) 1 49, i
YD g & =2 =T 00y 2030

4
74) N& dvaypayete BUo oUvola, T&Y omrolwwv T& oToixela va elvan olvola.

75) "Av A< B xal A # B Tl oupmepaivete Bi& 1O glvodov A ;

76) Na kaopioets ut dvarypagiy Tév ororxeiwv Tou 76 olvohov {x € R [x2 4+ 1 =0}
77) N& &modeitere 61 (AC BABS N = ACT

78) N& oynuatioete 10 Swwaposivohov ToU { &, «, B }

79) N& amobeitete, 611, tw A @, 7é1e A=

80) Moiov elven 16 SuvapogUvorov ToU XevoU ouVOAOU :

:

38

YnepromoiBnke amndé to vatitouto Exmaidevtikrig MoAmkng



81) N& tfetédoete Gv TO Kevdy oUvolov elvan yvrioiov UTrooUvolov ToU TUXOVTOS TUM-
Shou A.
82) N& dvaypdyete T6 oUvohov Alcewv Tiis tiohascws
x+DEx+1D) G- +1)=0
a) STav ouvorov dvagopds elvar 10 R
B) &étav olvolov dvagopds elvar 16 Q
y) &Tav ouvodov dvagopds elvar To N.

28. TIPAEEIEZ METAZEY ZYNOAQN.

"As Bewpriowpsy & olvohov dvagopds U ) xevov kal Tehelws wpiout-
vov; ToU &mrolou T& UtrooUvora &s oupPorlowpey pt A, B, [,..., X, Y, ..

"Otreos yveopilopey SUo Yrroouvora toU U, fotwoow Ta A, B, Aéyovtal
foa, t&v kol pdvov 2dv, Bk k&fe XEA = XeB kol Bik k&fe yeB = weA. ‘H
fwola Thg lodTnTos aUTis SUvartan v BecopnBi) dos Paoid| iodTns s TO olvo-
Aov Ghwv TGV Utroouwvdiwy Tou U, TO dmolov, ¢ yvwotdy cuuBoilouev pe
P (U). Béoe Tiis iodtnTos airiis T& Umocuvoha Tou U BecopolvTon Biaxekpl-
pbva peTall Tewv. Elg Té olvolov ToUTo, Tév Umoouvohwy Tou U, opifovton
Tpatels dos EEfis :

A) "Evocig ouvélwov.

‘Qs fvwols SUo cuvdhwy A kal B, f| dmola cupBoAileton ut AUB, opile-
o1 TO cUvohov Sheov TGV oToiyelwv, T& dmola dvfikouv els To A efTe els TO B.

ZupuPoAikdds yp&Popey :

AUB = { xeU | xeA v xeB }

"Av T& olvora A kol B opilovran Si& xopoktnpiaTikiis iSioTnTos TV
gToryeicov Twv, SnA. &v, T.X., elven

A={xeUlp(x)} xai B={xeU|qX)}, ToTe EXopey, &mes yvopi-
lopev &md Ty Aoyikiy, 811 :

AUB = {xeU|p () V q (9 }

‘H ypagikly TapdoTaots Tis tvddaews Buo ouvdhwy A kal B galvetan el
& TapamAeUpes Sidypaupa. Elven T foxiaouévoy
MEPOS TOU OXTHOTOS.

Yloyyouv ai EEfis 1816TnTEs ¢ 4 A B
1) AuB=BuUA (&vtiueTadeTiKn) '
Mpdyuper, AuB={xeU | xeA v xeB } =

={xeUlxeB v xeA } (Bwomt pV q<=>qV p)=

= BuUA
2) (AUB)UT = Au (BulN) (TpogeTaipioTikn) Ty. 28.1
Mpdryue,

(AuB) u M= {x€U | xe (AuB) v xel }
= {xeU | x€A v xeB v xel }
= {xeU | xeA v xe(Bul) }, Bioti(pvQ) V r<p V (V1)
=Au (BuD)
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Ay Tiis toytos s t61dTnTos  2) CUHPVOUNEY V& ypapeopey
(AUB)UT = Ay (BuT) = AUBUT

H ompatis U fmexTeiveran 51k TepioodTEpa GUVOAK

AU AU Ay, LUA, :\VJAK = {x€U | xeA, V x€A, v ...V xeA, }.

B) Tops) ovvorov. ol

Qs Toun Blo owwdAwr A kai B épileTan & cUvohov T oToryelwy, T
dmoTa dvrikowy els o A xad els 6 B ouyypoves, ouuPolifeTon 8¢ ué ANB.

ZupBolikéds ypdgopey Tov dpiapdy e &g ¢

ANB = { xeU | xeA A xeB }

"Av T obvora A kad B SiBovron Sidk XAPAKTNPIOTIKAS 1816TNTOS TGV OTOI-
Xeloov Teov, Tx.. & elvea :

A={xeU|p @)} kal B= { xeU
TOTE B Eywopey
AnB={xeU|p () A q ()}

‘H ypagiki) TapdoTacis Tis Toufis 8o ouv-
Shwv A kad B paiveton els O moparmAeUpws Bid-
ypappa. Elvar 16 toxiaopévov pépos Tol OXTHOTOS.

loxvouy ol Etfs i816TnTES
1) AnB =BnA (dvtipetoBeTin)

q )}

TMpdyuaTt :
ANB ={ xelU | xeA A xeB }
Ty, 28.2 = {xeU | xeB A xeA}, (8161 p A q<==q A p)
2) (ANB) Nl = An (BNT) (mpoceTaiplaTixd)

Mpéoy i,
(ANB) NN = { xeU | xe (ANB) A xel }
={xeU | xeA A xeB A xel )
={xeU|xcA A xe(BNM) }, 8611 (PAQ) Ar<=pA (qQAT)
=An (Bnl)
Adyw Tiis loyvos Ths 1816TnTos 2) cuugoavaluey v YPEPWHEY :
(ANB) NI = AN(BNIN) = ANB NI
‘H mpdlis N émexTeiveTan Bick TEPICOOTEPT TUVOAX :
ANANAN. .. NA, = r\\Ak. = {xeU | xeA, AxeA, A\ ... A xeAv}
k=1

Téhos Umevbupilopey 671, dv ANB = &, 1oTe T& oUvoha A, B Adyovtan
&va petaty Towv. Katd Talta ‘Edv ANB # & tote [3X 1 XEA A xeB] kai dvi-
oTpoPuws, Ew [IX : xeA A XxcB]wote AnB # @ f kal ANB # B[3ax :
XeA A xeB]

AZKHZEIX

83 Bav A=1{1,2,3,5} kal B={—1,3,7 } va oxnuaTtioete T& olvoda A U B,
AnB
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84) "Av A={xeR |x>0), B={xeR|0<x<8}kail={xeR|2<x<6}
v& ounBohrioeTe ut xpfiow peTaPAnTiis T& avoha AN B, AUB, AnT, AUT B U I, B,
AnBnl, AUBUT.

85) N& dmoSeifete 6T :

@ AuA=A B Aug =A
86) N& &moBeitere 671 :
) ArvA=A B ANG =@
87) M& &mobBeitere &1 :
o) AnBes A B) AnBec B
88) N& d&mobeilere 671 :
«) A= AuB P) B AuB
89) N& dmodeitete 6T (AUB =) = (A=@AB=¢)
90) ‘Ouoiws &T1, tdw AS B, 767 : «) B==AuUB BYA=ANB

91) N& amobeitere 611 (ANB)N TS An(BnAT) kal Eriens 6T
AnBnMNs (AnB)nT. Ti ouwdyoper 8 abrdv ;
92) N& drrobeifete 671 :
A ANBuUN=ANBUAND
BYAUBNAMN=(AUuBANAUDN
Neo Beifete kol pd Siaypappa ToU Venn ém al dvwrépw 18161Tes dAndetiouy.

}Gmurpm-rmq‘x 181671 TES)

') Awagopa cuvvorwy.

Qs Siapopd ouvdrou B &md 1O alvodov A, oupPohilopévn pe A - B, opi-
(et TO oUvodov TGV oToiyelwv ToU A, T& dmoix Btv dvikow els To B. “Edw
T& A kai B eTvan Eéva, ToTE Ssxoueeu 6TIA—-B=A. Téhos, 8w A=B, 161e A-B=
=A—-A=¢.

ZUpPoAikdds & Opiopds olTos YpageTan s EE7S :

A—B={xeU|xcA Ax¢B }

‘H ypagixn mapdoTaois:Tis Siapopds A — B eaiveran els 16 moparmied-
pws Sikypappa. Elven 16 foxiaopévov  pépos ol
oY THOTOS,

'Ek Tou alToU oynpatos PAémopev  dpéocs

OT1
(A—B)uB=AuB
A) Zoprdfpopa cuvolov.
"Ovopdlopey cupTAfpwua ToU ouvdiou A dog
pos To U, xal 16 oupPoliloper pé Ac eite pt CA, Iy 283
U

16 cuvorov U — A, 8nA. 16 oUvodov T&v oToixsiwv ToU U, T& dmoia Bév &
vikouv elg 1o A.

ZupPoAikdds & Opiouds olTos ypdeeTal

Ac = {xeU | x¢A }

Elvar povepodv ik T&v dvwTépw Oplopdv 811 :

D) AnAc=¢F, 2) AUA =T xai 3) (A=A

’Emions 611 CU = &J xal (;Q)’ =l

U
Téhos ¢k ToU dvwTépw oxXNpaTos Exopey &TL :
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A—B=AnBe
loxUouv ai EEfis i516TnTes, af émoian AéyovTan véuor ToU De Morgan :
1) (AnB): = Ac y B
2) (AUB): = Ac N Be
"AmroBeikvUouey €56 THY lgdTnTa 2) :
A kdde xell, xe (AuB)e = x¢ (AUB) = ~ (xeAV XEB)™ =x¢A Ax¢B =
xeAs A xeBe = xe (Ac N Be).
“Qote : (AUB): < (Ac NBe) (e)
"AvTIoTPSPWS
A k&Be xeU, xe (Ac N Be ) =(xeAc A xeBe ) = ~(xeAv xeB) =
(x¢AAX¢B) = x¢ (AUB) = xe (AuB)
"Qote elvon (A< N Be) = (AuB)X  (B)
'Ex T1é@v (o) kol (P) EmeTon f) dvootépw iodTns (2).
Mé Suoiov Tpdmov &modekvieTon f (1).

AXKHEIEIE
93) Na& &mobeitete 671 :
(A =Bc )<= (Ac = B)
94) N& dmobeifete 6T1 T& olvoda A kal B — A elvan Bbva petald Tov.
95) N& d&moSeifete 611 A - = A
96) Na dmobeifete kal pé oudhoyiopdv 6T
(A-ByuB=AuUB
(& dvtikataoTioete TO A — B pt 1o fogov Tou A N Be kal 8& EpappogeTe ThHY Emi-
peproTikNY 1B1dTnTA Tiis dvddoews g Trpds THY Topny).
97) N& amAomoinoeTe Tas kaTwO TOpaoTACES :
a) Bn(AuAc) B) Au(fTurle)
Y) BANu(@BnNTe) 8) (AnB)u (AnBc)u (Ac n B)

29. KAPTEZIANON TI'INOMENON ZYNOAOY A EINI EYNOAON B.

‘H Ewola ToU BioreTarypévou (eUyous pds elvan yvwoTn &md Tds Trpon-
youpdvas TéEels : “Ev [eUyos oTorxeleow AéyeTton SiateTorypévov (elyos, édv, kol
pévov &w, Exn O6p1oBF Tolov oToiyeiov elven Tp&TOV Kal Troiov SelTepov. OUTw,
Y., 2w S1& Td gToryEla o, P Oplowpey ds TTpdTOV TO o Kail s BeUTepov TO P
Exouev kaBopioel Thy Sidratw els To [eUyos, ToUTo 8¢ cupBoAifopey Bk Tou (o,B),
8 du dplowper ds TpdTOY TE P kai dog Belrepov TO o 8& ypdywpey (B, o).

Eis v BiareTaypévoy (elyos (o, B) TO o Aéyetar @ 16 mpdtov péhog TOU
[elyous kal T& P @ 10 dehtepov péhog ToU [elyous.

AT TOV dvwaTépe Opioudy ToU SiaTeTaypévou [elyous EmeTan 611 (o, B)
# (B, @) Elven Suws Suvatdv v Exopey [eUyos b TO aUTo TpdTov kai BeUTe-
pov péhos, émeos, Y., T& (a, &), (B, B), (¥.¥) K.T.A

Ao Biaretaypbva Ledyn (o, B) xad (o, B°) dpifovrar ds foa, €&v pdvov
¢, elvarl a=a’ ki P’ =P

(*) A 1 ~ (pyg)<> ~ pA~q

42

WnopionoiBrke andé 1o vetirouto EknmaideuTikrig MoMTikrg



Eav A xai B elvar 800 pf] keva odvoka, 10 gbvohov thv Saretaypévoy Cev-
y®v (a, B) p¢ acA xai BeB, Léyeton : Kapreoravov yivbpevov tob ouvdlov A ini
10 obvolov B kai ocvpPorilerar pé A x B.

© ZupPolikéds 6 dvwTépw OpIopds YPAQETAL :
AXB = { (o, P) | aeA A BB }

"Av A= 1B =, 1o1e A X B = @ & dpiopol. Elvan Snh. A X @ = @&
ki @ X B=¢

Eaw A=B, 101t AXA=A2={(o,P)| ccAABEA }

Mepadeiypata : lov) Edw A= {1,2 } kai B={q, B}, ToTe
AxB={(l0), (1,P) (2, ), (2, P) } v&

Bix A={(a; 1) (c,2), (B; 1) (B+2) }- "Qote: AXB #BXxA
W AEar A=N=1{1, 2,3, +: .}, ToTE

(L D) C1 290 €130 e
2 1, 2 2, &3, ...
NxN=N= GD G2 GI...

“YrrevBupilopey T k&Twh :

1) ‘H &vtipetaBeTikny 1816t Bév loylel els 1O kapTeoiavoy ywopevoy duo
cuvdhev. AnA. elvan A X B # B x A éxTds tdw elvan A = B fy & els 6w Traparydv-
Twv elval TO Kevdov olUvohov.

2) ’E&v 16 oUvorov A Exn b TO TAfifos oToixeia kal TO B éxn v oToryeia,
T6TE TO A X B Exet p - v 1O TARfos oTorxeia. *Eqv T A A T B Eyn &meipov TAT-
fos oToryeiwy, TOTE TO kapTETIAVdY Ywdpevor A X B Exel #mlons &meipov mAfifos
oToiyelwv.

3) Auvdueba va TapaoTriowpey v KapTEClaVOY yivbuevor uE Trivaka Bi-
TAfis elodBou, &Treos Eudbouev els T Y’ Tdkw.

5) 'E&v Oewpricopey T& péAn £wds SiaTeTaypévou [elUyous dos ouvTETay-
pévas onueiou els TO Emimedov 8lo &kdveov x'0x, WOy, TéTe kdéde SrateTarypé-
vov [elyos TmoapioTdvel & onpeiov els 1O Emimedov alTd. ‘Emoubves v kapTe-
clcwdy ywopsvov pt dvo Tapdyovtas, T.X. TO A X B, 8& mapioTdvn TéTE BV OU-
voAov onpeicov els TO EmimeSov oalrd. “Exopev TOTE THY Asyopévmu YEORETPLKTY
(i YPa@1KNV) mApPGoTaGLY TOU KAPTECIQUOU YIVOUEVOU,

AXZKHZIEIZ

98) 'Edv T& SaTtetayptva (edyn (x +w, 1) kel (5, x —y) elvon foo, va elpeTe
T& X kal y.
99) E&wv A={1,2,3} kal B={0,1, -2}, v& oxnuatioere 76 A X B. "Emarta v&
KAUETE YEWHETPIKNY TapdoTaov alUTol.
100) N& &mobeitete 811 :
a) AX(BNnIN=AxBnNnAxTI)
B) "Av A< B, 161e A X A< B x B.
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KEGAAAION Il

ZTOIXEIA AIANYZIMATIKCY AOTIZMOY

30. OPOOIQNION KAI TMAATIOFQNION IYETHMA ANA®GOPAE.

A) Eis v émime8ov (E) yapdoocousy SUo Tepwoptvous dfovas x'Ox  kad
WOy, Eovras kowny &pxnyv TO onueiov O Tiis Toufis Twv kai povadiaia Siawy-

opaTa 08 =1 xal OH :J dqvTioToiyws (ox. 30-1 xai 30, - 2).

Y
P
W
J

x’ o7
"H

2y 30.1 Zx. 30.2

Oi 8o adirol Gloves dmoTeholy Ev obotnua aEovey el Tou EmiméSou (E).
"Eotw Todpa TuxOv cnusiov M ToU émiméSou (E). CAme 1O M pépouey Tés
TapadAniovs TG &idvev. ‘Opilovtar oltws & onueiov TT émmi ToU &fovos x'Ox

kal &v omuetov P émi o &fovog W'Oy. “Opilovtar émions T& Sicwlouara O_Mb’
off, OF.
A ’ = ’ I 5 ~ ~ I3
T 8iawuopa OM Aéyeton Srevvopaniki axtic ToU onusiou M.
—_— —
» » on »  tetpnuévn mpofolrny Tou OM.
— —
» » OP »  tetaypévyy mpofoiny ToU OM.
‘H &Ay:Bp. -r‘lur‘] OfT, Tol O_Tf, AéyeTan tetpunpévn ToU omueiou M.

et —
» » » OP, » OP, Ayeton tetaypévny ToUu onueiou M.
‘H TeTunuévn fvds onueiou M oupPoAileTan pé Xy kai ) Teroypéun Tou i
WM Svoudlovtan 8¢ GuedTepan cuvietaypévar Tou onpeiou M.
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TMoapaTnpoluey Tdpa 871 : 1) pi Tov TpdToOV, TOV dTroiov €ibouey Tpon-
youuéves, eis k&Be onueiov M ToU émiméSou QUTICTOIXET &V, Kol pdvov &y, Bia-
TeTerypévoy (eUyos TrporypaTikGy dpiBuddy pé Tp@dTov uéAos TOU THY TETHNp-
vy Xm, ToU M, kal Seltepov péhos Tou ThY TETQYPEMY Wy, ToU M, Snhadn
T BioreToryubvor [eUyos (Xm, Wm). 2) ‘AvTioTpéows sis kdfe SiorreTorypévov
{eUyos TpayuaTikéy &pibudy (X, W) dvmioToixel v xai povov ompeiov ToU Emi-
TESov, -ré_fil (x, ), TO dmolov SpileTan, &v AdPoopev i Tdv X'x kol W'y Biae
voopare OTT kai oP TolaUre, doTe O = x xai OP = kai pépoopey ik Tou T1
TapaAAniov TpEds Tov &fova ywy kai &k ToU P mopdAAniov mpds tov x'x. ‘H
Touf) TGV dUo ToUTwy elfadv Spiler TO M.

‘Yrépyer howndv apgipovosipaviog dvristoryio petatd tob suvorov R x R
kai 1ol guvéhov T@V enueinv tob Emnidov (E).

Aia v& exppdowuey 811 &v onueTov M Exer TeTpnuévny X xal TeTaypbmy
Y ypdgousv M = (X, ¥) i M (x, ).

Ot BUo d&toves oxnuaTiloww Téooapas ywvias, af
omolal Aéyovtan mpidty, dsvtépa, tpivn kel terapty yo-
vic t@v @févov, OSTws onpeovovTanr katd gepav |, I,

I, 1V &is ¢ ox. 30 - 3.

Zy. 303

K&Be onueiov éowTepikdr Tis yowvias | Exar ouvtetoyufvas Beticds.

Kd&be onuelov dowTtepikov Tfic yeovias Il Exst ouvteTorypbvas &pynicds.

K&be onueiov éocotepikdv Ths ywvioas || Exer TeTunuévny dpvnmikiy xai
TeTaypévny BeTikny. Kéfe onusiov towtepikdv Tis yeovias IV Exer TeTunuévmy 6:-
TIKNY Kol TeTaypévny dpynTikDy.

‘0O &teov X'Ox AéyeTal GEwv 1@y x 7 GEov t@v tetpnpévoy kai 6 'Oy Ak
yeTan @Ewv t®V w fi &Ewv 1dv tetaypévoy. *H Topn Tév &ldvwv O Myetan Gpyi
T@v &Edveov. ‘H &pyh O Exer GppoTépas Tés ouvteTarybévas undéy, dnA. 0(0,0).

Ol &toves Aéyovtar dpBoydvior dEoves ouvTeTaypéver, dTav elvar xébetar
peTalU Toov, EAAWS Aéyovtal mAigayioydvior (ox. 30 - 1).

"Otav oi &Eoves elvan dpboyovior kal Emi Thidov T& povaSiaia SicviouaTy
6?-3 xal OH gxowv foa pnkn, TOTe Aéyouey 8T1 Exopey év dpBokavovikdy cUoTnua
&Edvaov.

Ofrw B1& Tév ouvTeTarypévaor kaBopiletan 1) Béois tvds anuefou els 16 Emi-
meSov.
3i. KA@OPIZMOZL THEI OEIEQL E®AP. AIANYEMATOZX EIZ TO EMNINEAON,

"Eovew (oy. 31 - 1) mpooavaToAiouévor érmimedov (E) éq;u_:ilacuévov pé TO
ovoTnua dpboywvicy &dvewy xOy xal tpappocTtov Sidvuoua AB émdve els 10
(E). ®épouev &mo & A, B Tés TTC(pD:?\?\T]?\OUS Tpods Tous &tovas. ‘Opilopev olrw

—_

T& EQUPUOCT Slcxvucmorrcx /"\1 B, tmdve els Tov &fova x'Ox kai A, B, émévw eig
Tov &fova W'Oy. To A, B1 6voua§5‘rm 1 tetunpévny mpofoliy Tou AB, o 8t A,B..
tetaypévn mpofiokn) Tou AB.
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"Av 6 gopels, ToU AB (16 dmoiov UtroTiBeTan &1 undevikov) elvar TTapdA-
Anhos Tpods Tov dfova Oy, ToTE f) TETUNMEVT) TTPOPOAT TOU AB elvan o unBe-
VIKOV EQappoaToV Sldvuopa 1‘3\_11\1 (Zx. 31-3).

"Av & popels ToU AB elven TapdhAnAos Tpods Tov &fova OXx, TOTE 1) TETay-

pévn) poPolr) Tou AB elice 76 undevikov épapuocTov Sidvuoua A:T\._, (Zx. 31 - 4).

¥y Y
8 8= (X Yp) A=(4.4)
P/ ]
Az
e
H
iﬂ' B'i Ar
0 [2 x, X5 x i
Ix. 311
b4 % Y
By|mnmm—mn B
v "“:d—-fg Y 14
i ! i
- S P & :
| f ! !
L 1 .‘ 1
4z x [ Ay 8 x 0 A; x
Zy-31.3 Ix. 31.4 Tx. 31.5

"Av 5 AB elven pndevikov Sicvuopa, T.X. TO A?\h, ToTe kol ai &Uo Tpo-
Pohai Tou elvar undevikd Siawloparta (Zx. 31 -5).

"Eorw Topa &1 elvan @ A =(Xa, Wa), SNA. | TeTunpévn Tou omueiou A
elvan xa kol f) Tetaypévn Tou elvan Wa. “EoTw Emions 6T elvan B=(xs, yp).
‘0 &p1buds x — Xa (TeTUMévn TOU TrépaTos pelov TeTunuéun THS dpxiis Tou

) — —_
AE) bvopddeTea : 1| teTpmpévn tol AB kol ouyypdvews @ 1 dhy. Tipn tob A,B;
ini tob GEovog x'Ox, kai oupPolileron pé ATB1 (Zx. 31-1).

‘0 &p1Bpds Wi — Wa (TeTOYREVT) TOU TépaTos uelov TeTaypévn THs &pxs

ToU Browbopatos) dvopddetai @ 1 tetaypévyy tob AB kai ouyxpovws : 1) Gry.
Tpn 1eb A._,Eg ni tob GEovog y Oy, ouuPohileton &8 pé A,B,.

OUtes els 10 Zx. 31 -2 1) Terpnuévn TpoPoAn Tou A_é elvcn 6 A, lél.
‘H TeTpnpéin Tou AB glvn | —4=_3— &Ay. Tipfy ToU Alfl, tri Tou x'Ox.

— —r
‘H teraypévn mpoPodn Tou AB elvan 76 A.B,. ‘H Tetaypévn Ttou AB  elvan
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s
2-4=—2=7d&\y. Tiun ToU A,B, émrl ToU \p'O\p
‘Emrions ©| TeTunuévn 'rrpo[ic?\q ToU BA elvan 7o B AnT] TETPNMEVT TOU

BA elvar 4 — 1 = 3 = &Ay. Tipn ToU B 1Ay &l ToU x'Ox.
‘H TETcrypévn TrpoPoAn TOC! BA elvan 1o E-iz/’\ 1] TeTOrypévn TOU BA
glven 4-2=2= &\y. Tiun ToU B A, &l ToU WOy,

’Emrions elvan (Zx. 31 - 2)
f) TeTunuévn TpoPoAn ToU AA T AIAI, 1) TETUNREVT -rou AR :4-4=0

1) TETaypévn TPoPoAr| Tou AA T AAA, | TeTOYpévn AA:4-4=0
‘H Tetpunuévn kai TeTaypévn évds SiawioupoTos ?\éyouTm vuvetaypEvar

Tou SiavlopaTos. Al v o’uu}Bo)\iomuev 4TI Ev Sidvuopa AB Exer ETUMUEVTY O
kal TeTaypévny P ypdgopey AB (o, B) 7 AB = (o, B).

ATe T& dvcoTépw Evwoouuev STI 1) Béois Evds EgoprooTou SraviouaTos
kofoplileTan, &&w yvowpilouey Tas CUVTETOY HEVas TGV BKpeav To | tas OUVTETAY-
pévas ToU SlavlopaTos Kol Tas auvTeTay pévas tvds dipou Tou (dpyiis fi réparos).

32. IEA (H IZOAYNAMA) E®APMOLTA AIANYIMATA. ANTIOETA AIANYEMATA.

—_
A) "Ev épappocTdv Sidwuoua AB Aéyetan loov 7 igodlivapov Tpds &Ado

— Br e
rA, t&v, xai pdvov &, al ouvteTaypévar Tou AB elvan Toan dvmioTolyws mpds

—p
T&s Spwvipous Twv ouvTeTaypévas ToU [A.
Ip&opey TOTE TUU-
PoAikéds : AB—TR
OUrw, .., els TO
3y. 32 -1 ) TeTunuévn ToU
AB elvan —5 — (-2)=-3
1) TeTaypévn ToU AB elven
6—2=4
. —>
fn TeTpnuévn Tou A =
2-5=-3
f Tetaypévn ToU A =
7-3=4
"QoTe, KaTd TOHV So-
%\:Td tﬁiz_]cuov, el 3y, 32.1
AB =TA.
—> — =1
[evikéds, &av AB (o, B) kal TA (a, P, &1 v& Ekppdocuey 611 AB =A
Buvdpeda vee ypdguwuer oupPolikés (g, ) = (o, B’). A’ altou éwooupey OTI
o — o ral Pi= B
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‘H opiotelon €8 éwoia igdtnTos EpuppooTddv Biovuoudmwy Exel TAS
yvwoTas i516TnTas ¢
—_ —
o) 'AvakAaoTikiy : AB = AB

B) Zuppetpixny : AB—TE = A= AR

y) Thv petoPaTiknv: AB —TA |

e

—
=~ AB =K

FA = KA

Mopatnpfiges : 1) Elver gavepdv &11, Gv  Exwpey &v épappooTdy Bidwu-
—>

ape, Ty, 1O AB, Umdpyouv dmaipapibua tpappooTa SiaviopaTa, kabtv &o
T Omoia elvan foov Tpos TO Aé) Efven T& SravdopaTa Td ExovTa TAS OUVTETOY -
pbves Ty loas Tpds TAS SHWUIUHOUS CUVTETOYHEVOS TOU ;‘:Ei

2) Noyw Tiis dvartépw 2as 1B16TnTOS TRS dwolas Tiis lodTnTos HumopoU-
Hev va Afycopey 6Ti Aé, FA elvan foa peTafU Twv.

3) "Av ATS, A eivon ioa (peTaly Twv) kal &x1 pndevikd, TOTE Exouv THY
iBicv SiebBuvoty (of gopeis Twv elvan mapdhinior) kai Thv (Biav gopav (elva

dudppotra). (AT Tpiy. ABH = Tpiy. TAO kai AT-T, o TapdAANAa kal Oudp-
potra &Treos Emions kol T HB xoi ©A K.T.A).

4) Kdbe pnbevikdv tpapuooTov Bidvuoua elvar  ioov Tpds ké&Be &Aoo pn-
Bevikdv EpappooTov Bicwuopa (Biati ;).

B). "Ev tpappooTov Sidvuopa AB (Zy. 32- 1) Aéyetan «avtiferovy &AAou
Ef, Eqv, Kol pévov édv, ol ouvTeETaypéval ToU AB elvan duriBeTor dvTioTolY WS
mpos Tas Spwvipous OUVTETOY UGS TOU EIZ

[pagopev TéTE Aé S Eis 10 Zy. 32 - 1 éyopev, r.%., 81& T& Epapylo-
ot SiawouaTta AB kol EZ

TeTunubvn ToU AB = — 5 — (—2) = — 3
TETUNHEVT) TOU EE =4 =73

TETOY HEVT] TOU Al G B ed

TETOY HEVT) TOU i =2-6=—4.

“Qoe 16 AB elven v Bidwuopa  dvtiBeTov TOU Ei, BnA. T
var 88 pavepov 6Tikale Sidvuopa Toov pe TO AB elvan duriBeTov Tpos TO EZ xai
mpos kébe Toov Tou. Tpogavds dvtiBeTor ToU SraviouaTos P_\é elval kal 1O BA>
SmA. AB = — BA.

Mapatnphaes : 1) "Av elven AB dvriBetov Tol F&, ToTE B elvan kai 1o
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iy
FA SvtifeTov ToOU AB (i8iari ;). Al ToUTo EmiTpémeTan v Abywper: T AB i')

elvan GvtiBeTa (ueTalU Toww).

2) "Av AB, TA elvon dvTiBera (neTall Toov), ToTE Exouv THY [Blay BiedBuv-
ow (ol popeis Twy elvon TapdAinhor) kai dvTiBiTous gopas.

3) Kdbe unbevikdv tpappooTov Sidwuoua elval dvtifieToy Trpos ke GARo
pundevikdy Sidwvuopa (BiaTi ;)

33, MHKOL E®APMOZITOY AIANYEMATOZL.

= Yoyt
“Eateo TuyOv tgapuooTor Sidvuopa AB.’Ovopdletan piikog ToU AB eie dnd-
i _— ) i 3 A i1 -~ b > s i
rvtog TR ToU AB, xai oupPoAiletan pt |AB|, T ufjkos Tou efuypaupou Tun-
-
patos pé dxpa, & A,B. OUTw, m.x., Bid 1O pnbevikoy Bidwuopa AA Eyopev @ uij-

KOS TOU AR = }AA>| = ufikos ToU evBuyp. TuipaTos AA = 0. Tevikds @ TO piikog
k&fe uf pndevikoU EpappocTol SiavlouaTos elvan Evag dmoAuTos TTPOrY HOTIKOS
&p10uds. ¥

"Ag AdPoopev cruo*r'quo: 6p60ycuv|mu &hovwy xO\y (Zy. 33-1) kai povedi-

>

aic SlaviopaTa T O@ 1 (5[-1 =4 ut |OG)| EOH| "Ag UtroBéowpey Bt OTI

Ui

elvar @ A = (Xa, Wa), B=(xs, tpa) kai 6T @) TO AB Bty elven pnBevikdy xai p)
5 AB Bt elven TapdAAnAoy TPOS fva K TV
&Eovawv,

Tére OpileTan &v Tplywvov AKB, &pbo-
yoviov els 1o K, 8Treds paiveton el 1O ZY.
33-1, u¢ étpapuoynv Bt ToU [Mubcryopeiou
fBecopfiuaTos eUpiokopey 811 TO pfjkos TOU AB
5iBeTon &mwoO TOV TUTTOV :

—_— T T O WL i LS e aer L
| AB| = V(xa —xa)*+ (wp —Wa)? (33,0)
Elvan eUkolov va éEnyncwpev éTt & TU-

Tros aUTos loyuel kal dTtav TO AB elvar  un-
Sevxoy Bréwuopa A elvan TapdhAnoy Tpos fva ik T &lovew (mds;). "QaTe
loyUel yevikdys OTL :

To pijkog épappootod daviopatog elval loov pe v tetpay. pikey tod dbpoi-
opatos THV TETPAyOvVOV 1MV GUVIETAYPEVOV TOV.

‘Erroptvess : "Av BUo TuyOvrTa EpopuooTd Biawiouata lvon oo PETOLY
Tev, TOTE B Exouv TO aUTo piikos (Biati ;). "Apa k@be 0o by pndevikd iou
fpuppootd dravioputa EZovy o abtd piijkog, Ty abtipy drevbuvery kai kai iy ob-
iy gopav. 'Errions TO aUTd piikes kal ThHy adThy BievBuvary Exouv kai kéle Buo
&1 undevikd dvTileTa peTalU Twv ¢popuooTa BlaviopaTa.

Té gUvohov SAwv TEW EQapuooT@Y BIaVUoUETWY Tou Emimédou (polu
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xai pE T& pnBevikd tpapuooTa SiawlopaTa auTou) 8& TO ouppoAilwpey, dtou

y el Ta émdpeva p&s ypeiaotd, pt D.

E Mapéderypa lov. Eis & émimedov (E) (Z.
B=(34) 4 33-2) tpwBlooutvo pt &fovas  ouvTteTerypéveoy

3 XOy, 8idovrar T onueia A (2, — 8) kai B (— 3,4).

2 N& elpete a) Tds CUVTETOYUEVOS TOU Siawl-

—>
cuatos AB. PB) Tas cuvteTayuévas fvds Sicviopa-
55 5 s oo ‘ \ b - =
-3 2 °T F 3 4x 105 dumiBéTou ToU AB kai y) TO ufikos ToU AB (BnA.
T dmdoTacw petall TGV ompeiwv A ke B).

e
"Andvinoig: o) TeTpnuévn ToU AB = X — x4 =

=-3-2=—5 Tetayuén ToU Fé:q}x—q),\=
=4—-(—8)=44+8=12.

B) “Ev Bidvuona dvriBetov Tou AB 64 &xn
ouvTETOry pévas GuTiBéTous TGV ouvTETaypéveow  Tou

M- (2-9)

Kﬁ, SnA. B& Exn TeTpnuévny @ 5 koi TeTeryué-
vy —12.

Y) Zvpeovws mpds Tov TUTov (33, 0) elvan
— _— (e e i

|AB| =V (=52 + 122 = VY25 + 144 — V169 = 13 povéSes.

Mopadevypo 20v. Eis &v &mwimebov Epwdiaouévor pé &fovag OUVTETOrY pé-
vy xOy Bibovren T& onueia A (2, 3), B (2,5).

N& elpeTe o) Tds ouvTeTeryudvas Tod SrovUopertos AB xai B) To pfjxos Tou
Gx. 33-3).
- "AnGvineig . TeTunuévn ToU AB = Xp—Xa =2—2=0, Tetaypéun ToU
AB=ys—yr=5-3=2 Miios To0 AB=|AB| =V O ¥ 2=V d=2
povddes.

Zy. 33.2

—
Iigpédderypa 3ov. “Ev Sidvuopa AB Exer Tetpnuény 3 kai TeTerypévnv. O,
Y

B2 i R
4 4
sifead g
g dipmmmans A A"—&.’
2

H

i
3 4

———r— o
A4 =83 4 X [

Zyx. 33.3 Zx. 33.4

.

[

B
B
R

dpxty 8¢ 1o onpeiov A (2, 3). N& ebpete Td&g oWTETay pévas ToU TrEpaTds Tou
B(Zx. 33-4).

‘Anéveneig: "Eotwo B = (X, Wo). TOTe: Xp—2 = 3<>xp =3 42 =t
Kal W — 3= O<:>t+13 =13, "Apcx B= (5,3)
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ATXKHEEIE

101) N& elpete T&s ouvTeTaypévas ToU vaocrucrros-}-\% kal TO pfjkos Tou, E&v els v
oUoTnua Sploywviwy &tdvwv Tol EmméSou elvar A= (—2,—3) kal B=(2,1).

102) N& 8elfete 871 16 Tplywvov, ol Exer xopugds Tﬂnuﬂg Aj(_ 2,8),B=(-11
kal '=(3, 3) elven icooxehés. (N& ocuyxpiveTe T& pfixn tédv AB, Al BN).

103) Els &va tmimeBov tpwdiaouévor pt dpbokavovikdy cloTnua didver Tpla onueia,
A, B, I' Exow &vtioToixws ouvterayuévas (3, 1), (3, 5), (— 1, 1). N& ebpete T&s guvteTaypévas

—_— —_—

tvos onuelou A ToU EmiméSou, kv yvewpilete 611 AB =TA. (AVgis : 6& mpémer vk Eywpsey :
XB — XA = XA — Xr Kal Wp — ya = Wa — yr Kal va Aowpev tas SUo tliowoes pé dyvootous
TO Xa Kal Wal).

104) "Ev tgappooTdv Sidvuopa ﬁixa TeTPnuévny 3 kal TeTaypévny 4, Tépas B T
anueiov B (4, 2). N& elpete Tds ouvteTayuévas Tiis &pxfis Tou A kal 16 pfjkos ToU Siawboparos.

34. TO EAEY®EPON AIANYEMA EIL TO EIIIEAON,

“EcTw & Sidvuopa AB ot D, dnA. tv EpapuooTdy Sidwuoua Tou émiméSou.
(To AB Bty &moxheleren v elvan v unBevikdv épapuooToy Bidwuopa). Mvawpf-
fopev 611 Utrdpyouv amepdpifipa SiovtopaTa ica (loobUvap) Tpos TO AB.

To oUvohov SAwv TéY Towv Tpds TO AB EpapuooTdY BlovUopETwWY TOU
¢mimeSou dvouddeTan : «Ev EhebBepov Sravvopar Tou EmiTESou kal TO AB (kaicos

e ] 2 Y 1 3 A i1 3 1
kal ké&Be foov ToU AB Epapuootdv Bidwuopa &md 1O D) dvoudletan @ &lg dvni-
npdocwrog ToU EAeuBépou BrowiopoTos.

o 3 A i 3 A i e € i a 3 0 3
OTtreds &md 1O EpappooTtov Sidwuopa AB dpioapey & EAelepor Sidwuopg,
oUTws fuTopoUuey v& Spicwpey &mod kade EpapuooTdy
Sidwuopa Tou D dvd &v EhelBepov Sidvuopa ToU EmiTre- Y

Bou. "Av yivn ToUTo, TéTe TO D 0& Exn Siauepiodi els / é

kAGoels (UmmooUvoAa) EBévas petolU Tow dvd Blo, ko-
A //

Peplcr &mo Tas drolas elven, (BE Spiropol) Ev Eheblepov Q/k
0 E3

didvoopa.

“Ev olovdnjTroTe épappooTov Sidwuoua &mo TO D
elvan els dvmirpdowTros k&molou EAsubépou Siowiopa-
Tog ToU Emmédou. Zuvnfos s SUTITTPOCWTIOV Evog
gAeudépou SiawlopaTos ToU Emimedov XOy (2. 34- 1)
AauPdvopey TO EpapuooTdy Bidwuoua ToU 2D, mou Exel Ex. 34.1
ds dpxnv Tou TO O.

“Ev #\elBepov Bidwuopa ToU EmimréSou elvan kod TO unBevikdv EhelBepov
Bidvuopd, SnA. TO oUvolov SAwv TGV UnBevikésv EpappocTtév SiavuopdTwy ToU

¢mmédou. ToUto B& TO cupPorilopsv pé O.

Kéde &Aellecpov Sidvuopa 8 oupPolileran 8 Evds TuxdvTos GuTiTipooco-
Tou Tov eiTe 81 ToU dvmirpocdTrov Tou pE &pxnv T6 O eiTe pé Bv pikpov ypou-
pa ToU dApaPritou poll pd &v puxpdv Pilos Umepdwed. OUtw Suvapebo vé -
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'

L e
Aduev B T EAelBepor Bidvuopa OA f TA, §1a 1o EhelBepov Sidwuopa B k. TA.
(Zx. 34-1).

Té oUvohov GAcov TG EAeuBépeov BrawuapdTwy Tou EmimEdou B T oup-
Pohilcouey pgé 2.
35. MHKOZL EAEYGEPOY AIANYIMATOE,

Mfikos vos SiaviopaTos &md D, dnA. fvds EAeubépou Slorvur;ucx"ros, EoTw
a, Aeyetal TO pfjkos Evds AUTITPOoMTOV Tou kol oupPoAileTon pd IC( |
Olreo, &1 10 pdevixdy Ehelbepov Sidwuopa O, Exouey :
= ' —>
| 3 |=]06]=0
36. LYNTETAIMENAI EAEYOEPOY AIANYEZMATOZ.
"EoTw 'ae_i)u. *OvopdleTal @ TeTUnpévn TOU &
It N TeTUNUEVn Evds OTToloUdnTTOTE  AVTITTPOCITTOU
TOU Kail TeTorypévn ToU o 7 TeToypévn ToU aUTou
f| oloubfiroTe &AAou QUTITTPOCWTIOU Tou.

Oltew, X, 81& T O efven : TETUTIUEVT) TOU
10 () kai TeTaypévn Tou 16 0. "Emrions 8i& T £Ael-

o
Bepov  Bidwuoua &, ToU &uTiTpoowTeUETol &GO

16 AB (Ex. 36-1), elvan: TeTunuévn Tou & 4 kal

d

—_
TeTarypévn Tou & 3. ZupPoAikdds ypdgopey o (4,3)
Ty, 36.1 Elven qovepdv &1, E&v SoBolv al ouvteTaypéven &
vos Ehevbipou BiaviopaTos TjpTTopoUpey, v& Gpigw-
Hev Ypopikdds Evo dumipdowToy Tou eis TO émimedov xOw (wéds ;).
37. H IZOTHZ EIZ 10 Do.

=S
"Ectwoay &1 UEZ! Kol [55_‘2)0 Oa Aéycpey 871 : TO o elvea icov Tpds
T6 [3 Ko 60{ vmq:mueu o= B, &, kal pévov Ew, u-n-qpxn K&rolos &uTITTpo-

0GOS ToU mog pé kdroiov duTITTpOTWTTOY TOU [3.
s

“Eoter o = B: 1éTe (xai povov ‘TOTE) elvon :
TETENMEVT) TOU o = TETUNPRéVT TOU [5 kol TeToypévn ToU o= TETOY MEVT) TOUB
Elvar avepov 611 xai 814 Ty dpioBeioav 86 Evvolaw {odtnTos ioyUouy
ai Tpels yvwoTal 1816TnTEs THS lodTnTOs SlavuoudTwov. EnA. ) QVOKAQOTIKT], N
ouppeTpikn kal 1) petoPoTiky.

38. ANTIOETA AIANYZMATA EIZ TO Do.

"Eoter cxs_‘Z)ﬁ kai OA &TITTpOowWTTds Tou (Zx 38-1). "EoTtew OA’ & dwrl-
=l
fevov Tou OA ¢popuooTov Bidwuope. To OA’ = — OA elven GvTITTPOO TS
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£vd RE\JGEpob SiavuopaTos, EoTw &. AuTd o EAeUbepov 8|c1vucuor 0{ AfyeTan

Bl
dvTiBeToV TOU @ Kci oupBoiileTal ué—o. y
Elvan @avepov &md ToUs oOplopols, ou EScocpey,

8T ¢ ;/
1) Ak kdB: aeD, Umapxel Ev uovov SvtifeTdv Tou y
GL__

sidwuoua ToU D,
ST S = T iy S 3
2) & o elvor 16 dutifetov Tou o, TOTE kai TO « &l- A./
-

e
yal TO dutifetov Tou o kai 3) al ouvTeTaypévan Tou o

g Iy. 38.1
elvanl &uTifeTor TGV SUWYUMWY GUVTETCY MEVWY ToU d.

39, TMPAZEIT EIE TO EYNOAON Do, TON EAEYOEPGN AIANYIMATON TOY EXNI-
ITEAQY.

s —_—

"Ac AdPwpev T& fpappooTtd SrovvopaTta AB kol Bl Ta émola PAé-

mreTe £l TO ox. 39 - 1. "Omws yvwpifopey, &md Soa tuddouev s thy v’ T&lw,

—

16 Sidwuopa Al elven 76 &Bpolopa T&V épappooTdy Siadoyik&dy SiavuopdTwy
— — — e —
AB kai BI. ZupPorikdds ypaeouev AB + Bl = Al

MapaTtneouper Twpa 8TI al cuvTeTaypéver Tou dbpoiouaTos AT elvan

foct dvTioTolyws WE TO dfpolopa TRV

SuVUNwY oUVTETAYHEveoy TGV Trpoofe- i
Técov SicvuopdTwy. TTpdyuaTt elvan : e
, S e o T R 4
TeTunuévn Tou AB =3, A '
S :
TeTorypévn ToU AB = 2. 4 —mmemn 517/
o 7 3 g i
TeTpnpévn ToU BIM =1, / 1A i
SEES N
TETOYHEVN TOU Ef; =2 ’ i I
TeTpnpévn ToU Al =4=3+1, S S RV B B R I B
e
TeTorypévn Tou Al =4=242
B) "Ectmoav thpa aed), kai e D,
Ty 39.1

kai Xé, Bl (Zx. 39-1) &vTioToixws
uTitpdowTol  Twv, of émoior elver Bladoyika  BiawlopoTa. ‘Opilopey TO
&Bpoioua AB + glt BnA. T ﬂ: A\’JTO’ o AT elven Evas du—n—rrpécrmwcg k&TTOLoU
e?\euﬁepou Bldvucruc("ros, EoTw y To y SvopdleTal quowuo. « by B kai ouppPo-
AileTon pe « + {3 SnA. &+ [3 y Elven mpogavés 611 TO y Eyel o TeTPNPéVTY
o &Bpolopa Tiis TETUN RS TOU ‘& ol THY TeTRnuémY TOU ﬁ kad TeTorypévny TO

&Bpolopa TS TETCCY HVTS TOU a oUv THY TETCyHEwTy TOU {3
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— — —_— —

Olrew, my., &&v u (e, B) kad v (y, 8), Tote TO (u + v) 8& & ouvTe-
Taypéves (a+y, B+ 8) KCﬂ 8uuau56cx v&  KOTOOKEVGOoWUEY &val QuTITpdow-
oV TOU  S1owUoHOTOS (11 \) ol yvwpilouey T&S CUVTETOCYHEVCS TOU.

Katémv tév dvetépw apilopey cos &Bpoioua SUo EAeubépuwv Siavuoudav
— — — — —
u (o, By) xai v (o, Bo) kel 16 oupPolilomey ué u + v, TO EAeUfepov Sidwuoua w,
To Smolov Exer TETUMUEMY o + @ kad TeTayutvny By + Pa. TuvnBws ypdgopev
C [31) + (a, ;32) — (c:1 + o, Byt Po). H mpdlis pé Ty Omoiav eUpiokopev
TO W, &K TGV u kal v, AéyeTar npdoBecis fi oUvBeols péoa eis 1O alvorov D).

Eqv 10 fv &k TG TpooBeTéoor SravuoudTwy slvar TO unSevikdy EAeUBepov
— — - —
Sidwuopa, ToTe B Eycopey u + O = u, 81671 1O O Eyel TeTumuévny 0 xod TeTerypé-
vy 0 kad Emopéveos eivar (o, By) + (0, 0) = (o + 0, By + 0) = (o, By)

Anhadf 16 pnBevikov EAelBepov Sidwucpa elvar TS obdEtepov oTolyeiov
gl Ty pdobeow v D,

"Ava, B, v elvan Tpia AelBepa SravuouaTa ToU émmédou (E), TéTe Spi-

— —> o - — —
Touev g &Bpotopat @ oUv B oy y, kal TO ovpPohilopey a + B + vy, TO &Bpor-
— — —
on (@ + B) + .

"Aveddyws OpileTan O &fpoicua pé Téooopa TEVTE kTA. TpoofeTéa Bia-
wopaTa,

Efvon elxohov v& Sikanchoynowpey &T1 1) &piofeioa mpdobeois &v D, Exe
Tas 18i1dTnTEs ¢ dvTipeTaBeTikAY, TpooETalploTIKAY kol THs Siaypagfis. “Hror:

e — = —

Dot+p=p+a

— —_ — — > —
D@+ +ty=ac+PB+y)
e e o

) a=Ppeoty=F+y

‘H loxts v dvwTépw 1B1omhTwv elven pavepd &md TOV BofdvTa Sproudy
Tfis looTtnTos 8Uo EAeubipeov Bravuopdrev.

Tpéynat, &5 Utrofécwpey 611 T& BiowlouaTa & kol P &xouv ouvTeToryué-
vag &uTioTolyws Tous TparyuaTikoUs &pibuovs o, By kol o, By ToTE TO &bpoi-
oua o + P elvon 1O Bidwuoua pt ourTeTorypévas (o + o, By 4+ B.). TO dBpolopa
P+ o elvon 10 EAelBepov Sidwuopa pé ouvTeTaypivas (o 4+ o, Bp + By). TAAN
emadn o + o =ay+ o kel B, + B, = P, + By, ounTepaivousy 6TL o+ B =

- —
= ﬁ- + .

‘H amodeitis s foyvos Ty iSioThTwr 2) Kad 3) elven EUKo?\mTocTn

I') *Agaipeois &v D, Mvwpilopey cx'rro e [ TéEw é11 &v & kal [3 elvar &Uo
EheUbepar Blduucua"rc: el Emimébou kai [5 elvan TO éAeUBepov 8:cwucua TS avti-
fetov ToU |3 TOTE optCETch 65 Blmpopa @ rtlm' B, kal oupBolileTal pé . [3, TO
thebBepov Birdvuopa ot -+ [3 8nA. 1O o: + (— |") OUTe 81 va eUpeopey THY Bia-
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tpopéxv_(; —-_é, &prel va TrpocBécwopey gls TO o 16 &vTifeTov Sidvuopa ToU ﬁ)
‘H mp&lis Tfis eUpéoews TS SIG(POPC(SZ 7[)5 AéyeTan agaipeoig & Dy,
Ere1dn) t& dvtifeTa SicwUopaTa Exouv cxu*rleToug TAS ouwuuuous OUVTE-

Taypévas TWY Kal ETrEtSn, (] slBousv, 7 Siapopa o= [':5 1crou*rm e 0:+ (- ﬁ),

B1& ToUTo, &v elvan o« (ctl, Po) KGl ﬁ( Sy Bs), ToTe elvan — B (— o, — Pp) kad Emo-

pEvws TGO Bidwuopa o — B —_ + (— [3) EYEl OUVTETCryHEVaS o — O Py —Pa

ZunBolikds ypdgopey (o, Br) — (o Po) = (& — & By — P
AoBévTwv EToptvws BUo Slc:uucuoc-rcov oc(cxl, By xal J(ocg,ﬁz) opilopev

(Al Blu«popcxu Teov TA Sidvuopa, EoTw y, T EYov CUVTETOYHEVDS o — Oy, By — By,

SnA. TO y( 0y — Oy B, — @2) Eivm pavepdy 811 foyxver f iooBuvapic :

c-B=y=p+y=a
Emcng lOXUE'l n l&o'rng
a—p=(+N-F+7
AIZKHZIEIEX

105) 'Eav-:(Z, —5) xal v (3, 1) elven dUo E?\soeepu SravUopara, v& OpioeTe, pE TAS
cuvTeTaypivas Tou, TO £AeuBepov Slé(vucucx?+;>|<ai va oyebidoete els 1o Emimedov x Owy
fva TIPSO WOV TOU.

106) *E&v u (3, 1) xad v (2, 5) vé eUpe-
TE T&S CUVTETXYHEVRS TOU LTJJ xai 71O pfjxos y
Tou. “EmeiTa va E':')pE'T_E,Llé TS TUVTETOY HEVAS

Tns THv Siagopdv u — v Kal v& YmohoyiceTe TO
st

O

pfikos ToU SiaviopaTos u — V.

107) Té Sirdvuoua cx(—3 8) elvan TO

nooWooR

&Bporopa ToUu  SiraviopaTos ﬂ( 1,—2) xal
tvds &AAou &yvoTou Siaviopares. Na elpete
16 TeAsuTaiov auTod Sidvuopa.

108) Eis 16 o¥. 39—2 PrémreTe BUO E-
papuooTa SiavlopaTa AB kal [-'TA" T& Omoia El-
vm r.vv-rmpocw'rrol 8Uo EAevbipwv BravuopaTLv

-~

o xai [3 ZnTeiten v edpeTe & TO cxnuu T&S 2. 39.2

ouvTeTaypévas TGV S1avuop&Tov c: kad ]'.3 *Emeaita vd elpete TO B1dwuopa TO Toov pt o+ P
katd SUo TpoTrous. (6 EUO’S TpéTos 8& elval pE Tas ouvTeTaypévas). Né& elpete dpoics To Bi&-

—_

wopx To igov pE o — ;3.

40. TINOMENON AIANYEMATOE EINI TPAIMATIKON APIGMON.

—_—
A) Eis thy " TdEw éudbopev 811 : tav AB efvan Tuxdv 61 ;mSach‘w 81&-
ywopa Tou &médou kal p # 0 POy BaTIKSS &p1Buds, TOTE ws P+ AB SpileTan
Bidvvopa ['A, & Strotov el T 18iav BievBuvow pé TO AB, popdw Ty 18iav &v

p>0, &rrifeTov 8¢, &v p<0 kai pfikos foov ué lpl /?é [
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"Hsn ﬂapormpoﬁusv o~n 1 &v T Sidwuopa AB Exn TeTunuéevny X kal TeTO-

yubvw Y xai 0 AE= p AB (els 76 ox. 40 -1 70 p =2, ¢ls 16 o). 40-2 elven
p==3) &n owteToyudvas X' xad Y dvmioTelycs, TéTE Aoy Tév Spoiwv
Tprycveor AKB kol AAE 8& Excouey :

AE' X ¥
=g =g =p
AR X Y

"Ex toUtew Emeton &1 X' = pX xad Y = pY

Al ToUro Suvdpeda var dplowouey di pATE T6 Sidvuopa TO EYXOV OUVTE-
Taypévas pX, pY. *Hrot:  p- (X, Y) = (pX, pY)
- Maporrnpobuer émrions 6t ioyler
B = VGO GV = ol VT Vo= o] | BB
Y

6

y 20
4
£z 3
5
4 i
3¢ !
pea
o
7 = =f 0 T
-fF
a x
P
Zy. 40.1 Zy. 40.2

€ ~ \ 1 < 1 € '3 A == o 3 3 i3 41 A T 3,
H mp&kis, ué v dmroiaw elpiokouey 6 MA = pAB &md Tov p xad T6 AB, -

voudadn nolhanhasiaspos Tou AB &l tov p.

Y B) “YmevBupilopev &T1 loylouw ai i-
L e e g e 810N TES ©
--------- h — —

| EaT ; | I3 €=2) (IAB) =~ 6AB —

=l T s £ — — . .

i i i | (— 2_-}3) AB =EZ (Ez(.‘l@ - 3) xal yeviréds :

: i ! i A (pAB) = (A-p) AB, émou A, p Tporypa-

3 i ' ! Tikol &piBpoi.

| | — — — —

AT ol ! 2) p(AB+BM) =pAB 4 p B, &

S il L TOU p TUX®V TparyuoTikds &piBuds ko
AB, BI' BicBoyxikd épappooTd SiowiopaTa

Zy. 40.3 eiTe EAelfepa BrovlopaTa.
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Mevikéds, pe Paow Tovs Sobtvtas dpiouols, ) 18i1dTns 2) ginyeiton s éEfs.
“Eoteo :  TeTumuévn ToU AB = q, TETarypévn TOU PTB>=B

A i s
» Bl =y » » Blr=p
Téte elven :

TETUNMEVT) TOU KE + §F =it
TETOYHEVT)  » AB + Br = B4+ p
. 3 ol = S
Apa TeTUNpévn ToU P (AB + BN =p (a4 a') = pa + pa’ kai
Tetaryném 700 p- (AB + BI) = p(B + B') = pp + pﬁ
*As eUpcopey Tcopcz T cruv-ri-:-ruyusvcxg ToU p - AB +p- Br Od elven
TETUTMEVT TOU p - AB +p- BI" = pa + pa’
TETCY HévT) ToU p - AB +p- B PR + pB

’Emreidny Aormév Té Siowbopara p(AB + BF) Kk pAB + pBF gxow foag
Tds SUWVUHOUS Twv cruws'rcxypsuo:s cruuotyop.ev (§ 32, A) 611 elven foa. AnA,

p (AB + B =p AB + p BF

AXKHEEIZ

109) *Av F)A =0- Aé, Ti oupmepaivere Bi1d TS -Fjﬁ 4
110) *Av A= pr ﬂ, Ti oupmepaivets Sia T ra ;

111) Aidetar 16 Bidvuopa AB o0 ox. 36 — 1 kal {nTeiten v& kaTaokevaoBoly Bia-
wopata foa mwpos T& :
)3 AB, ) _;_ AB, ¥) —2 AB, 8 _-2_ AB

(N& #pycobijte pué 8Uo Tpdmous. ‘O Evag Tpdmos 6& elven pé ouvteTaypévas).

41. EYNOHKH [MAPAAAHAIAL AYO AIANYEMATON.

A) EE éowv EpdBopev els T Trponyoupeva ( § 30, § 31, §39, §40)
ouvcyouey OT1 Suvdueba va Ekppdowey & Sidwuoua Sid Ty povediadwy Sio-

—

woudTev 1, | kal TAV CUVTETOYPéveov Tou.
TpdypaTy, Exopev (Zy. 30-1 kal 30-2) :
i et —
OM = OIT 4+ TIM
— e —= — =
"AAMN Emreidny OTT = Ol - i kai TIM = OP
TiIKf) {oéTNs YyiveTon :
_— s — —_—
OM=0IT-i -+ OP -j
1, &v Svoudowpey X TV TeTunuévny kai Y Ty TeTaypévny ToU SiawlopaTos

o
OM, toTe

3

= 0P -], n &dvwrépw Siavuopa-

—> — —
OM =X i4Y]
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pl )
‘Opoiws 81 10 S1dwuoua AB TolU oynuaTos 33— 1, &v duoudowiEy Xp— XA=
=X kai yB—yAﬁY B elvon :

AB AK+KB_AIB +Ang, fTol AB = X 1+Y ]
B) "Eotwoav eis 1o émimedov SUo SiovUouoTo v X, Y) kai v YN
Bi& & dmola loyler V=KV, Tvwpilopev (§ 40) 811 T& SravlopaTa alTd Exouy
T 18iav SievBuvo (elven ToapdAAnA). “Emadn W e ki\}/, &nA. (X, YY) = (kX,
kY), 6& Excouev (§ 37) :
X' =kX kai Y =kY

Emopéveas O& elven :

o
E
s , o wo B i o " § § 5 ,
AvTioTpdpws, &v ioyun ~ = -y xai dvoudowopey k thy Ty 18 AS-
yov, 8& elvan :
Sl o iy el o
=7 =k =X =kX«kal Y =kY

Kad Etropéves :
- = e i — — —> — . "
V=Xi4+Y)j=kXi+ kYj=k (Xi4+Yj) =kV, 8nA. 1& Brewi-
- e
opatee V' kad V Exouv Ty adTiv Sievbuvaiv.
“QoTe: aveykeio koi ikavi) oovORkm, iva 800 Sraviopate ToD Emimédov
eival mapaiinha, eivon ai op@vopot cvvietaypévar adt®y va eivar avahloyor.

ZUpuBoAikéds : [ e . .
g IV - %=

42, AIANYIMATIKH IZOTHE TOY CHASLES. (ZAA).
Eaw A (xa, wa), B (xs, wa), T (xr,yr), A (Xa, Wa) elvan Tuydvta omn-
el Tou emmeSou Oy, B& Exwpe :
- — 2
AB (X — Xa, WB —Wa), Bl (xr — X8, wr—wa), TA (Xa—Xr, Wa—Wr)
. e —> —_— —_— —_— 1%
kad AA (Xa — Xa, Wa — Wa). TO &Bpoioua AB + Bl + TA + AA 6& EXN TETWN-
BEUTV Xg — Xa + Xr + XB + Xa + Xr + Xa — ¥Xa = 0 xal TeTayubvny we — wa +
+Yr—ys+Wa+wr+ wa—ya=0, elvan BnA. unSevikdv Sidvuopa. loyUer
Aoy 1) Elfis lodTng :
— — —> — >
AB + Bl 4+ TA + AA = Qa,,
N omola Ayetan Savvopatikn io6tng tod Chasles.
43. AIANYIMATIKH EEIZQEIZ EYOEIAL EIZ TO EMNITIEAON.

"EoTeo A (Xa, Wa) TUxOy onueiov kal Bv éAedfepov Sidwuou ;: (e, B) ToU
emméBou xOw oy. 43—1.

58

WnpionoiBnke amdé 1o vetirouto EknaibeuTikrig MoMTikrg



Oewpolper TS cUvorov TdY onueiwr M (x, y) ToU émimedoy, Sid T& émoin
—_— —
elvcn AM = A+ u, &mou AcR. To olUvohov Tdv onpeiwy ToUTwy AéyeTal @ ebbela
(g). ‘H e0feia altn dopichn &md 16 onpeiov A kal TO Ehelfepov Bidwuopa u.
’Edv eis qugpoTépa Ta péAn Tfis Eliccoews
—r —
AM = Au (AeR)
TpooBéowuey TO alTd Bidwuopa OA B Eycopey :

—> —> s
OA + AM = Au + OA

| 5Bl OM = Au + OA (A€R) (43, )
x

‘H &iowois, AM = Au (AcR) xobcos kol § OM = Au + OA (A€R) éxqpé-
fouv 1) kdde pla THv dvaykaiav kol ikavny ouv-
friknv fva 1O ompeiov M dvrkn els Ty eYbeiov
(e). ‘O TpaypaTikds &pi1Buos A elven f mapape- Y
Tpog TV dvwTépw Eliccooecov. },

PATTO TOV &vwTépw Spiopdy This eUfelas (g)
EreTan 811 1y (€) SpileTon povorpdtress &k TOU on- 4
uefou A xad ToU StaviopcTos L. /@

Avo onueia A kai B (Bidgopa petaty Twv)
Opilouvv piav kai povov plav evBeiov. TTpdrypaTi, 5 -
Suvdpefa v AdBoopey THy edfelow, 1| oToia opi-

(et &md TO A kal TS 0= Aué-. ‘H étiowots Tis Zy. 43.1
eUfefas B elven :
AM =AAB (AeR)
— —_ —
fl OM = AAB 4+ OA (AeR)
Sidx A=0 &xopev M= A Bix A =1 #yopev M = B.

Mopaderypa. AiSovran onueiov A (2,5) kal Sidvwwopa ;(- 2,3) els To émi-
Tedov XOy kai InTeiton 1) SiovuopaTtikny étlowors Tfis elbelas, 7 omola Siépye-
Tan 1 ToU A kal elvanr TrapddAnios Tpos TO u

TAnGvineis. Zupgoves mpos Thv (43,q), & M (x, y) elvan TuySv onueiov

—
THs {nToupévns elbelas, oméTe & elvan OM (x, ), O& Excopev :

K Y)=A(—23)4+(2,5 7 omola elvan 7 (nroupévn BravuopaTikn
iowots.

. ’Ex TaUTtns eUpiokopey SiaBoyikdds :
(%, @) = (=27, 30) + (2r5) =
X, $)=(—2A+2, 3A+5) =
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=—2A+2 5 =A
= 5 =
=3A+5 ==
Xx—2 -5
=y

3X—6==2¢y+ 10 = 3x +2¢— 16 =0, §| omola elvan f Aeyopévn avalv-
nkq &icwog Ths Udkias.

44, AIEYOYNON AIANYIMA EYOEIAZL,

Te &idwuoua -II-(C(, B) Aéyeran SevBivov Savvopa TRs elbeias (€).
T& Siavicpara U =tu (teR) elvan &mions Bwevblivovta SiovlopaTa TS

(e), Bi1oTL 1y Elicoois Tijs (g) fumopel va ypui) :

AM =2
5 OAM = % U (AR, teR xai t # 0)
AXKHZIZIEIZ

e

112) Aifetan 1o thelBepov Slc':wrmc u (=3, 5) kai {nreitar va oploete Sia TGOV ouv-
TeTaYHEVGY TOU TO Sidvuoua — 2u YETrerTa v& AGPeTe oUaTnUa opeoxa\Joummv &Edvwv kal v&
ayeBIaoeTE fva  QuTiITTPOTWTIOY  TOU —2u

113) Né derdosre &v eivar mapddnda § dx1 T& Sivdouata u (3, 4) ki V. (%2)

114) Gewpolpey T& SiavuguaTa AB xai T4 :
A(-3,2), Bl 3), £il2y, K15:3)

Né tfetdoers &v TX cxvm'repm Siawopata sivan TapdAANAa xai &v elven THs adThs

popds. e
115) Aigeton 6 $MevBepov Sidwuopa u (2, 1) xal 76 onueiov A (2, — 1). N& xabopioeTe
Thy evbelay, fi émola Siépyeran B Tou A kad &xel SieuBivor Sidvuopa TO a>

116) AiBeren 10 Ehevdepov Sidwuoua u (— I, 2) xad T& onueia A (2, 2) kad M (x, ).

e
ZprelTan va ikgpéoete 6T T& Biavbouate AM kai U sivan Top&AAnAa.
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MEPOX AEYTEPON

KEQAAAION IV

ANAAYZIZ IMOAYQNYMEN EIZ TINOMENON
IIAPATONTQN

45, OPIZIMOEL. "Avdlvoic molvwvduov el ywduevor mugaydvtay xaleitar & petva-
TyNUaTIopos adtol £ls ywduevoy mapaydvrow.

‘H dvaAuois ‘moAuwvipoy els yivduevor apeydvTtev elvar fv ik TGOV oTrou-
BaoTépuov xepoAaiwy THs "AAyEPpas, Bi16TL els TAsioTa dhyePpikd BéuaTa, dx
6 18wuev, dmanTeiTan, Omws T TroAucvupa TeBoly UTO popeny yvoudvou
maporydvtev. Thy. els Ty émiAvow &iocoewy.

‘O HETQOXMUOTIONOS TGV TroAuwwiuwy el yYIVOUEVOY TraparyovTwy, édv
elvan Buvards, Sev elvcn TravToTe sUxoAos, olte dlvatan v yivy 817 dpioutvey
kawvdvoov. ZxéTripov elvat Aoirov v &oxoAnddpey, doov TO BuvaTdy TEpIoodTE-
pov pé TO Géua ToUTo.

46. Elvanr yvwoTn &k Tfis mponyoupéuns Tté&ews f) dvdiuois els ywduevoy moapa-
yovTwv T k&Twd TopacTagewy, B1' & kal droaveauBavovTar gurTOMES |

1. IMopactacelg, tdv omoimv ol Hpor Exovv kewov napiyovia.

TToAudwupoy = (kowods  mapdyww) - ( TnAikov  TroAuwvigoy  Bid  kowou
TrapdyovTos)

IMopadeiypota : o) 4xdy — 10x2p2 4 12xy® — 8yix = 2xy - (2x* — Sxy +

+ 6y —4y®), PB) 45yvHlx — 259vEx? 4 159V = Syl (9 — DSyx + 3yx®)
§y) 15a(@ -3 -3 (P—-3)°"+ 6P —-3) =3 P—HBP—3)—
 —a(f—3) + 2]
f 2. Mopactacelg yomiopevar sig opadag
| IMapadeiypata : o) o2u 4 Pv? + a®? 4 Bu = (a4 Pu) + (o®? + B =
(@B ()= () (V)
’ B) oxY -yt — aBx’ — Bk + Px* + Pk = (o + o) — (oBx’ + By +
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BBy = o () — o (X + wOHB )= (XY + ) (- P+ P
T'w i8lov mapdoTac ywploate gis Slo duadag kol dxoAroUBuws dvehUooTe Eig
YIWOPEVOY TTaPCySUTwWY
y) xy (o + PO+ap (xthy?) = cexy+Pixy + oPxi+aPy? = (axy + apx?) +
E((Bxy + aPy?) = ax (ay + Br) ++ Py (Bx + ay) = (ap + Bx) - (ax + PW)-

3. Mapastaoelg iig popeils A* — B* (A kui B a)ryePp. TUpPUOTACELS)

A B e DAk B) 10— B)

Mopadsiypata : @) 25x* — 8ly! = (5x)2 — (9y*)* = (5x — 9% (5x+ 9v?%)
B) W6 —vf = (u vty - (b — vt = (8 v - () - (V) =
"‘(!.l _{ U') (u-:+v:).(u2+u) .(uz_v)_
y) o — B = ()2 — (B)? = (a + B*) - (" — P*), (v, v e N)
5) (8x — 3wt — (Sy? + 2x)F = (8x — 3y + Sy* + 2x) - (Bx — 3yt — Sy —2x)=
= (292 + 10x) (6x — By?) =4 (y* + 5x) - (3x — 5¢%)
4. NMopactacsig tig poppilc A® - 2AB + B* (A,B NAPAGTATELS).

At + 2AB + B? = (A + B)®

Mapudciypara: o) 9x* -+ 12x + 4 = (3x)* + 2~ 3x~ 24+22=(3x 4+ 2)
B) 16w? + 49x3yt — 56xy3 = (49)? + (Txy?)? — 2 - 4y - Txy? = (4y — Txy®)*
Y) ai\- | 2(1 Esu A ..|| — ((I) 20(\13“ ‘i‘ (Bu)i _ \(_CIV ﬁu)z
5) (< + w) + A Yok 4 (xR xy = [ (8 4 ) + 2xyl = [(x + 9)* ) =
=(x+ )

5. [apastiosic tig poppic @lx) = x* + px +q (p,q,xeR)

A=0<«sp(x) =x*+px+q= ( _'_lz
A>O<f>q>(x)=x2+r>><~%q=( ;’
iy

A<0 o =x+px+a=(x+2)+ (172)

Eis Thyv mepimTwow, kad fiv A < O, mopaTtnpoupey &TI ] TAPACTATIS
p(x) = x* + px + q Btv petaoynpartifeton els T6 oUvorov R els yvopevov mrpeo-
ToBaBuiwy TapaydvTwy, GAAX els &poioua Blo TeTparywovwy. NAlay curTopws
0 pdboouey TPOTOV peTagynuoaTiopol el ywouevov Trapayodvtwy Tf Pondeic
&Mou cuoTruaTos Ap1Bpdov.

Mepudsivpate: o) e(x)=x*+8x+16-A=8"—4-16=0

"Qote Eyouev @ o(x) = x* + 8x + ]6=(x + 3) (x + 4)2
B p(x) =x*+2x—15 A=22—4(-15) =44 60=064>0

A=p*—4q

) =
P
(o

Ll’_)
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Olrew : p(x) =x2+42x— 15= (x + .%_)2_, (1{624)1: (x i 27;8)()\ ofi ,258)-;
=x+3) - x=-3)
Y) q:(x)=x3—'4x + 1. A=(—-4)?-4-1=16-4=12>0

OUreos éxopsy : p(X) =x2— 4x + 1 = (x =l = -}-1«'.12) \ X+ f"_i‘_nz ) =

2
= (x+ = AV )« (x l-ff*-*?l’?-) g PR VDY T Y
Bl o) = =S 19, A= 5P 4 TTa9 5 — i ]
"Qote, Exopev @ @(X) =x*—3x+ 13 = ( -+ - ) (V (243))

2

:(x — %)— + (V?i'),_ &Bpolopa BUo TETPOy VLY.

6. Mopactasews tijg poppiis ¢(x) = ax? + fx + v, (¢ # o, b, 7eR)

A zOocp(x)zcrxg-I—.Bx—i-y:u(xz-f-g-x+ D:

=a(x*+px+q)=«a (x—l— zﬁu):, émou p = 2 q :Z.

A = P — day ;
A>0<>9(x) —ax*+pxty =afx +2518) (x + B12)

2a

A<O<p(x)=ax?+Px +y =« [(Xﬂ%)zﬂ“(w A)z]

2a

Kai vrauba Stav A< O, wetaoynuatiletan els dlpoiopa SUo TeTparycovey
kal Oy1 elg ywopevov 8Uo mapaydvtwy els TO givorov R.

Napadeiypata: o) ¢(x) =9x*+6x+1. A=6"—4-9-1=36-36=0
OUres Eyopev : ¢(x) =9x*+6x+1=9 (x -i—;—g)z _—.9(x + —;—)2=(3x+ 1)z
B) p(x) =2x2—x—1. A=(—1*—-42(-1D)=(1+8)=9>0

Qore: (x) =2x2—x — 1 = 2(x~‘L —5.4-219‘)()(_%_:12.—;’9’

=2(x+5) x-D =@+ D=1
Vo) =32—x+2. A=(—12—-4-3-2=1-24=-23<0

e s +2=3[( + ) + (52 sl
L("23)] 4
Bl a2 B0 £ 1. A—T08—475—400= 100 ="200>0

Ot : g(x) = 25%2 — 20x + 1 = 25 (x + =2 V30 (| ~20-VI0)_

:25(x+‘2§V§)(x+'2;V§ = iDLV BT
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180U Twpa EAACL TEPLTITCOELS LETCOXHATIGHOU TroAVwWILwY €5 yl-
VOUEVE TraparyovTwy Alow ¥praiporl :

7. Mupactaoetg Suvapevatl vi ypugodv Og Slagopd TETPUyO VOV TAPUCTATEMY-

a) Zuvduaouos TGV TepITTTWoEwY 3 kol 4
AL 2AB+ B -M=(A+BR-MP=A+B+NA+B-)

Al 2AB 4+ B2+ 2MA - A2 = (A2 +2AB + B) — (M —2TA 4 A?) =
C=(A+BR-(T—-A2=(A+B+T—-A)(A+B-I[+4)

mou A, B, T, A dAyePpikai TopaoTACES.

B) Mopaotdoes Tis popeiis X2 4+ x 'w2 ™ 442" veN xai v > 2
x* x2¥-! \Pe"*l s ng =x2+ Ox2¥-1 W-‘i"" 4 ng e RE 1 qu L=
s (xzv..l +‘+’2\- .|):_< XE -2 w_,v ’)’ - (Xg\. -1 4o Wev- 1 1 x Lav—=2 q\ ’) (xo\-l -+
T )

y) Tapaotéoes i wopeis x*° + 4y?", veN xal v = 2
xz‘. _1_ 4%} (\,» l) + (24}.,\ l) J_ 4X gv—1 ,\ 1 4\,\ 1 \P_,_v—l -
= (7 29 - (20" ) =
_— (xg\ -1 = 24}0\ 1 o zxg\ ,n ) (Xz\ 1 s 2(,\ 1 2x2v—2 \P‘lvfz)

Eis Tas mepimTadoes B okal y ETnSleousv THY CUUTTATIPWOCIY TTis Trapo-
oTéoews Bi1d Tpoohapaipéoews ToU oUToU povwviuoy, ive aUTn kaTooTT) Si1a-
Popa BUo TETPOryGIVCOV.

Hepadeiypata: o) 9x2+6wx +y?P—wi=(Gx + )P —w?=

— Gx+y+ @) Gx+y—w)
B) 36at + 12aB + P — y* — 4ys — 482 = (36a® + 12afp - B*) — (y* + 4yd +
+48Y) = (6 4- B): — (¥ + 28)* = (6o + P + v + 28) (6a+Pp — y—28)

Y) X+ 2t gt =xt 20 w* gt —xt = ()P4 W) - (k) =

= (X2 + ¢+ xy) (x* + * —xy)
8) X8 xfpt 4wl = xP 4+ 2xipt 4 @S — xgt = (A wi)t — (X =

= (x4 @+ 330 - (xR =

= (2 4 w24 xy) (x2 + ¢ —xy) (x! + @' — X3
§ Xt dyt = (X7 + (Qu2)* + duty? — Axiy? = (x4 299 — (2xy)? =

=(x* + 2¢* + 2xy) (x* + 2¢* — 2xy)

8. "Avaluoig Evog 1§ meplecotipmv pwv eig @lpolopa drkimv.

TMoAAdiis TopioTaTal dvdykn dwalUoews évds 1) TreplocoTépov Spww elg
dhyePpikoy &Bpotope &AMy, Trpokeluévou vé& EMITUXWUEY THY dvdduow els yi-
vopevoy Tropaydvtwy wds TopaoTdoews. zuvnfuws ToUTo d&maiTeiTan, ST
1o wAfiflos TéW Speov Tiis TopaoTdosws elval TEpITTOV Kal émibupovuer va T
KATOOTNOWUEY EPTIOV.

‘H uébodos oltn ypnoiwomoiiTal els TOAALS TTEPITITOTELS.

Mapodeiypate : o) N dvedudij els yivdpevor TapoaydvTwy | TapdoTao!K
A= xqyp + X200 + @iX + Wi + X + @iy 4+ 2xpw
“Exoues : A= x2y + x%w + Wi + wiw + wX + @iy + xyw 4+ xyw =
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= (% + x%0) + (9% + xyoo) + (20 + i) + (@ + xyes) =
=X (Y +0) + xy (¢ + @) + @y (¢ + @) + @x (0 + y) =
=WH+oE +xy+oyto)=(W+w)[xx+y)+ox+y)] =
= (¥ + ©) (X + W) (x + w)
B) N& yivn ywdpevov | mapdotacs o(x) = x* — 3x + 2
Exouev : o(x) =x*—3x +2=x"—x -2+ 2=x(* =D -2 (x—-1D =
=XxE+DE-D=-2Ex=-D=x-Dx+x-2)=
=x-—DEX+2X=x=D=-D [xX+Dx-x+D]=
=xX-1)2x+2)
9. Mapastaceg tiig popeiic x¥ 4 yY, veN.
T&s TapaoTdoels altds dvahUopsy 2l 11} Pdoel Tfs Bewplog TV &lio-
ONUEID TV TTNAKGY kol Tig TaUTOTNTOS Tiis TeAelas Sicxipéoecs.
o) Al TapaocTéoels Ths popeiis o L B¥ Bicupolpeval Sidr o - P 8idow
UmoAeimov 0 kal mrnAikov o T of + B2 ‘Emouéveos dvadlovTton ¢ EEfs :

[ LB =@LP (@ FapFp) |

B) Al mapacTdoeis Tiis popefis X¥ — y¥ Smou veN, Slepoluevan Bid ¥ —
6idouv Uméhoimrov 0 kai mnAikov x¥-1 4 xv-2 W XTI Xyt
+ gL
"Apa Exouey | XY — ¥ = (x — ) (X TR yhxt T i Xyt 4 )

"Av elvan v = 2k, keN, ToéTE Suvdueda vit dvodUowpey ked s dkohouBews

W= == G R O~ )

Mopadeiypata : 1) o — Bt = (a*B2) (o2 — BY) = (o +B?) (a + P)(a — B)

fi ot —Pi=(a—PB) (a® + B + oP? + B?) = (a— B) (a + B) (o*+B%)

2o —B° = (a = P) (@ + of + oB? + aB® + )

3) af =P = (a® + B%) (® — P%) = (o + B) (o — af + B¥) (o — B) (o*+ap+P?)
i o — B8 = ()7 — (B = (o — PY) (a' + P + p) =

= (a+P) (a—B) («® + of + P?) (o — P + B (PA. mepimr. 7 B) A

o — B0 = (o — B) (@ + @' + oB? + o + 0B 4 P9) = (a ) [a' (o+ B) +
+ op? (a + B) + P+ B) ] = (= B) (x + B) (a! + o*B% + BY) k.

Y) L& T&s TopaoTéoels THs popefis XY 4 ¥ Broxpivopey SUo TrepITITE-
oeis ¢ 1) "Edv v = 2x + 1 (mepiTds), ToTE TO Sicovupov Broupeital Sid x 4 y kal
kat’ d&xkoioubiav :
=2t 1 [ o =) (0 =yt g - = \

keN

2) ’Eqv v = 2x (&pTios), TOTE TO Sicowupov Sienpovuevor Bid x 4+ ¢ 1 Bid
X — y BiBer UmdAoimrov 29 kal ouveTrés Sty Suvdueda vd dvadUowper alTd Elg
ywouevoy Tapaydvtwy émi Th Pdoer THs Bewpios TV dEloonueidTeov Tnhikey.

Efs Twas dpes TrepimrTddoes, kaTd T 6moias & v elvan dpTiov ToAAGTAG-
giov TepITTOU &piBuoy, Suvdpebo vd &vaduowuey o &koioUbuws :
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(6 =23 xF +¢8 =(+ W) =G +v) K —x + Y
(12=4:3) x4 12 = (x4 (990 = (x4 + 99 0 — X% + %)
(10=2-5) X104 y10 = (x)° + (¥9)° = (X7 + 9 (x° — X397 + Xy —xiyf +
S
Maopadeiypato:
1) o8 + p* =(a+P) (! —p + o®B* —aP® 4 B9)
2) « + 7 =(a+P) (af — @B + a’p* — a*B® + a*Bt — of® + PBF)
3) s L 15 = () + (B%)° = (® + P?) (o — o'p® + aPs — oBPP + B12) =
= (a+ B) (@ — o + P (o' — o®B? + a®B® — a®B? + PI*)

10. Mapagraosig : Téherov tetpaymvov ij kbfog moivwvopov.

«) "OTov B TOAUGUULOY TEPIEKT) T TETPAY WA HEPIKEY HOVWVUHwY Kol
& SrmAdaIa ywdpeva auTédy dud 8o kaB® EAous Tous BuvaTous TPOTIOUS WE TO
koTéAANAOY onueioy, TOTe elval TéAelov TeTdywvov Kai CUVETIE cvoAUeTol els
ywdpevoy 8o fowy mapaydvtwy. Mepikny mepiTToos elval i TepiTTTooTlS Vi
&pif. 4.

Mapadsiypata: 1) o - B2+ y? + 2af + 2By + 20y = (a+ P+ v)* =
(c+P+y)(c+P+Y)

2) X+ dy? + 9e? + 4xy — 6x — 12c0p = X + (29)* + (Bew)® + 2 2xy —
—2% 3w =22y 3w = (X + 2y — 3w)? = (x + 2y — 3w) (x + 2y — 3w).

B) "Edv 1O ToAuwmvupov elvan Tiis wopefis A® £+ 3A2B + 3AB? - B3, ToTe
glvar & kUPos ToU Srcovipou A 4+ B xad ouvemtds dvodUsTon &g yivépevoy TPIY
iowv TapayovTwy .

OUre : A® = 3A2B + 3AB? — B*= (A - B)*=(A =B) (A &+ B) (A +B)

Mapadeiypota :

1) 27x3 4+ 27x%w + Iy +¢3 = Gx)P + 3 G + 3 G v + Y2 =
=0Gx+w)P=0Cx+y) Cx+y) Bx+y)

2) 8x8c® — 36x3a + S4xta — 27x% = (2x2)? — 3 - (2x%0)? (3x) + 3(2x%x) (3x)® —
— (3x)* = (2x%x — 3x)® = (2x%x — 3x) (2x%x — 3X) (2x%a — 3x%)

11. TMapastaseis : Holvaovepa pabpod avotépov tol rpdiov.

‘05 ywooTdy, &v dxépaioy mohuduupoy o(x) Podpol > 1 undevifeTon Six
E=8n x= %, émou a, PeR, TéTe Sroupeltan i x — o | ax — P kol &uTi-
OTPOPWS.

Bl i} Poe Tiis iB16TnTos alTiis dvedopey, £p° Soov TouTo elvan kaTop-
Buydy, ToAubILa dveoTépou ToU o Bafpol els ywdpeva TapayovTwv, WS
els T& dxdrovba TrapoBeiyuaTa :

Mapodeiypata: 1) N& dvedubij els ywopevor TO TToAucUUHOY

(X)) =x'+x*—x>+4+x-2
Etploxopey Tous Bicipétas Tou yvwoTol Spov —2. O¥Utor elvar @ 4+ 1, &+ 2.
Mapernpoupey 611, S1d x =1 &opev @ (1) =14+ 13— 124+ 1 -2=0. "Apx
16 o(x) Bratpeiton &1 x — 1 kal Bider wnAikov TT(x) = x¥ + 2x2 + x + 2
‘Emopévas Ba Exwpey 1 ¢ (x) =(x—1) (B +2x2+x+ 2) (D
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‘Opolws, 8i&x x=—2 &yopev: T(-2)=(-2"+2(=2+(-2)+2=0
"Apa 1o TI(x) Bicupelitan B1&x X + 2 kai 8i8er wnAlkov T1, (x) = x* 4+ 1, émoTe
ME)=K+2)(x2+1) xai dxorolbws 1) (1) ypleetai:
e(x)=(x—1) (x+2) x*+ ).

2) N& dwadubf] els ywoupevor 16 ¢ (x) = 2x3 + 3x* + 8x + 12.

EUpickouey Tous Siaipétas ToU yvwoToU Spou 12 kai ToU ouvteAsoTol
ToU peyioToPabuiou Spov 2. OUtol elvan of éifis: ToU 12 ol + 1, 4- 2, = 3, 14,
-+ 6, + 12, ToU & 2 ol —+ 1, +2. *AxoAcUbws oxnuaTifopey SAx T& KAGopOTE,
T& oTola £xouv &pifunTds Tous SicnpéTas ToU 12 kal mapavopaoTds Tols Biai-
péTas TOU 2.

TaUra elven: - Tl, 4 % Ex TGV xAaoudTwv altdv 1O KAGOPQ A%
unBeviler 16 ToAudwupoy @(x), Si16TI ¢ (— -g—-) =2 (—%)3 +3 (—-%-)2 o
+ 8(— %)—l— 12=0. "Apa 10 ¢(X) Srcapeitan Si1&x 2X -+ 3 kai 5i8e1 wnAixov TI(X) =

=x*+4, omoTe @ (x) = (2x + 3) (x2+ 4).
AZKHZIEIZ
117) N& Ttpamolv els ywdpevov mapaydvrwy ol mapacTtéoes

1) xpyn 4 xu—=dgn Al xu+lgn—t, pe N, 2) ax®+ Bx2+ a+ P+ ax + Bx,
3) xB (e + B Fop (x ), D) (W V) (i -ty

5) l4dx2y?® — 121a2p?, 6) x*— (x— P)3, 7 (ox + Py)*—1,
8) (x*+ xy + w3 — (x* —xy + yB?3,  9) GdxPyt — 160x2y2 + 100x2,
10) 169x2yz? — 286xwz? + 121yz2, 11) 4y2wP? + 361xttwia? + T6aPxyte?
12) ot — B2 — 2By — v2, 13) a® — 2P + P* — 4y* + 12y5 — 982
118) N&a petaoynuaTticfolv els ywousvor Tpwtofabuicy mapaydvtey T& dkéAouda,
TOAVWIVHA :
1) x* +4x — 21, 2) x* + 7ax + 1202, 3N =@ =2)x—2v
4) 2w? 4+ 4w — 70, 5) S5x*—dx + 1, 6) 9x* — 6ax + o — p?
119) N& dvaAubolv els ywoéusvov mapaydvtwy al TpaoT&ots :
1) 9a®p? — 36aP L 36 — 257, 2) Xt — 1600t + Gyt — Gx2y?
3) 2 (x*y —3w) — 9 4 x*? — w4 X2, 4) 4ot + 16a2P? + 25p¢
5) 36xiyt + 49at — 100a%x2y?, 6) 9x® + 1 — 15x¢, T) 6daix® 4 i,
8) A £ vk, (b, AEN), 9 ax®—(a+Dx+1, 10) BX® 4+ (u— 5v) x — 5

11y x4 +x*—3x*—5x—2 (Umdd. —5x = — 3x — 2x),

12) x* +x*—2  (Umdd. x2=2x? —x?)

13) 6400 = 27P%, @ yS, (a+PP L (@—B), (ax—B)—p
14) aix® — g8, X8 - 64&5\4.15, ot L, of L p3

15) 32x* 4+ 1, X7 + 7, x° 4y, 2430 4 P
16) 81x? + ? + 4w? + 18xy — 36xw — dyw

17) 9ax* + w2p* + 1 — 6oPy — 6ax? + 2Pty

18) 8x® 4+ 1 + 12x2 + 6x, 19) o®x?® — 602y + 12axy? — 8y?
20) 27x*y® — 8c® — 54ax®y? + 36aixy
21) x* — 7x* + 9x2 + 7x — 10, 22) 3x*+x*—6x+8
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AIKHEIEIZ ENANAAHYEQZ

120) N& Tpamolv es ywouevov Topaydvtwy ol TapaoTEoes :

l) ali e ;3]0' 2) Xlu = ‘PJV » (u, VE N)' 3) XJH‘J‘ v+ __ .‘*Jixlg -1‘ (:' vE N)‘
4) By + a?y + ap? — a*p — PPy — ay?, 5) (x —a)t + 12c* (x — @) + 36a*
6) XPmyr—w!+2yw+ Xy —w, D E+y)y—l—x+w+Dxy

8) aip2v 4+ 2au PVl L gt B, (v, pE N)

9) 16atm —pev — 24aP? + Sai-2 BV, (u, vE N)

10) a®v + % + 2a¢ Br —y*, (4, v, AEN)

1) x%v 4 4x?v @i + 4yt — Bt + 2ap— 1, (u,veEN)

12) xtv 4 x¥ @i L yie, (n,ve N), 13) a'x® wi= + 644, (B, veEN)

14) ot — p?, 15) & — 270 —a® + 27, 16) x* — (@ — 1) x*—o*
17) X3 4 @i 4+ 3xv wh (x¥ + y# ), (u,ve N)
3 3
18) 125x3 +3 — T5x% +* 4+ 15xv #1— 1, 19) 3= — ‘; +x—1
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KEQAAAION V

TAYTOTHTEZ

47. OPIZMOZX. Tavtdrys raleitar 1 lodtne petald 0o dlyefipuaan mapaatdoeom,
7] 6mola elvar alnling dud mdoag TGS Tywac TAY ypaupdtoy Ex TaY émolon £ap-
TOYTAL.

T& 8Uo wéAn Tijs TauTdTNTOS AdyovTal icoduvauot dAyeppikal TapaoTaoes.

Eis piav TolaUtny {odtnTa TO cupporov (=) davTikabioTarar ouvnfus,
xwpis ToUTo v& elvan dmoAUTws dmapaitnTov, pé 16 oUuPodov (=) kal 10
bmolov SiaPdleTal : «ék TauToTnTos foov wés. "HTol ypagouey ¢ (X, y, @,...)
= f(X,y,00,+ «. )

*Edv 1) lodTns altn loxun pévov 81 dpiopévas Tiuds TGV X, Y, ,. .. kal
Bév loyun 81 kabe Tipmy TGOV peTaPANTOY alTdy, TOTE Bév elvan TauTdTrg.

‘H xpnoindTns T&V TauToThTwy elval oAU peyddn. A altév Sieuko-
AUveTon TTOAU & &AYEPpikds Aoyiopds: fTol & HETOOXTMATIGNOS TV TopagTa-
gewv els dmAouoTépas TEpIoodTEpOY EmmweeAels Sid Ta dAyePpika Béuata.

48. EMAAHOEYZIZ (ATTOAEIZIZ THE AAHOEIAL) MIAL TAYTOTHTOZ.

‘H ¢pyaocia tmaAnBedoews wds TautotnTos ouvioTaTan s Siaboyikols
KOTOAAAOUS HETaOYNUTIoHOUS, Tous Otolous Bd éxTeAéowuer els TO € péhos
81 v& kaTaARtwpey els TO &GAAo. KutdAinAor 8¢ petaoynuaTiopol elven @ 1)
txTEets TOY Tpdlecov, 2) GUTIKATACTUOIS TTOPOOTATEWY HE TAS EK  TQUTOTN-
Tos foas autdy, 3) dvdduals Spwv els dBpolopa &Ahwvy, 4) Tpoaleois kal dgai-
PECIS TQUTOTATWY YVWoTOV KaT& WéAn, 5) mpoobBagaipeois dpwy fi moapooTd-
OEWOV K.A.TT.

TMoAAdxis UTroBéTopey TNV TAUTOTNTA GANGR kol doU Emigépouey copi-
opévas drrAoTroinaels, kaTaAfyouey els io0TnTa €k TGV TTpoTépLy GAndR. "Eme-
To, droAouBoUvTEs AVTIoTPSPOUS pETATYNHaTIoWOUS, KaTaAfyouey el THv &mo-
BeikTéaw TouToTnTe. Kooy 8& elvar Suws TouTo v drogevyeTat, H10T1 AR
&maiTelTan TPoooYT €5 THV XPNTIMOTOINTW TGV PETATYNUATIOUGY, of oTroiot
Béov v& elvan SAot &uTigTpeTTOL.

*Edv Eyoopev Tpds ETavdAnyiv TauToTnTa UTtO TEpIoplopos, diohoulou-
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uey Thy aUThy Biodikaoiay, ut THY Brapopdy &T1 xaTd T EKTENEGTV TGV ifelo s
Eecovw TPETTEL VAL EYOOUEY TTQUTOTE UTT SyIv UaS ToUs TEPIOPITHOUS.

Eis 16 mopdy kepaAaiov 8& yvwpiowpey TauTd TN TS, EkTOs TGV N8N yvw-
o1 & THs Tpomyouutvns Takews, ko &AAas Tas dmroias of pafnTal Séov v &Tro-
LU HOVEUGOUY,

49, AZIOMNHMONEYTOI TAYTOTHTEL.

A) I'vootai ék tiig mponyovpévng TaEEmg

(a4 P =0t + 20p + P<>of + B2 = (o £ B)* F 2P
(@+p)(a-P = —p=a - ﬁ*(t‘#—ﬁ)(d—ﬁ)
(a+ PP =0 & 3P+ 3Pt L PP=o® £ PB° £ 30f (ax + P) <=

G+!3‘_(ﬂ+l3)‘—3al3(0f+l3)- (o + B) (o — of + B

— PP = (a—P)* + 30p (x — P) = (a— P) (& + af + P%)

(oc—|—|3+y)1£cx2+ﬁ + v+ 20p + 2Py + 2ya<=

@+ p+yi=(atp+y)—20eB+ Py +yo)
(x+ @) (x + B) = x* + (o + P)x + ap
(x+0) (x+P) (x+7)=x3+ (c+ P+ VI + (0B + Py + yoOx + by
(x—0) (x=P) (x=¥) =x* = (c+ B+ Vx> + (oB + Py + yo)x — Py
TautdTtng THs dicnpéoecds

AGX) = 5(x) - ﬂ(\)ft(\)@;}(@‘; =TI(x) + ‘BJ((")) 5(x) # 0,

émou A(x), 8(x), TI(x), U(x) dvtioToiycos BiaupeTéos, SiaipéTng, TnAikov kad
Umdholrov TRis Slapéaecds.

B) "AlLov dfloonpeimTol TauTOTNTEG.

1) To teTpaymvoy molvmvOpou

Na& eUpedfj 10 dvdmtuyna tou (o + B+ y + 8)?
"Exouev : (@ +B+y+8?=(a+B+y+8) (at+P+y+8)

2+ PPyt 4+ 8% 4 20B + 2ay + 208 + 2By + 2P5 + 28
=at+ PP+ y2 4+ 8+ 2(aP + ay + ab + Py + PS + ¥8)
Mevikéds (o + o+ ... +a ) = (g + o+ ... +a) (o + @+ .. o) =
=q(g+et...ta)F+oulgtat . oo +a)+ o ac (o ot
+a)=oy + o+ ...+ a4+ 2o + ooy + ... Foqo) + 2(ap0, +
e o go) ot 20 oy = 0 0% L e 4 2 (e -
B o e A 1= SN e (R« 81

Vit =12, 35
i£§,]=23

Oles : oy ot .. 4 o) = Za? 4 280

"Hro1 : To Tetpdywvov moAvwwipou pé v Gpovs icouTal pé TO &Bpoioua
Téw TeTperyvwy T Spoov Tou, NUinpévoy kaTd TO SimAdotov ToU dAy. dBpoi-
opaTos TEW ywoptvwy TGV Spwy Tou AauPavoudveoy dud BUo, kaf’ Shous Tous
Buvatous TROTTOUS.

70

WYnoionoiOrke amo To ivotirouto EknaibeuTikrg MoAmkrg



Iapadeiypata :
o) («+B—y—8)F=a+ B2+ (—y)2+(=8)* + 2B + 2a (=) + 2a(-B) +
+2B (—y) + 2B (—8) + 2 (=) (—8) = o+ P+ ¥+ B+ 2 (op —y -
— o8 — By — BS + y5)
B) (oo 4 Bx2 4 yx + 8)% = o2x” -+ P2xt 4 y2x2 + 82+ 2(aPx’ + ayx! 4 abx®+
+ Pyx® + BOx* + y8x).
2) "O xdfog Tpradvipov
N& eUpefi] 10 &vdmruyua toU (o + B+ y)
Exovev : (c+P+y)P=(a+P+y)(@+B+Y)
(a® + P* + y* + 20B + 2By + 2ye) (@ + P + V)
o® + B3+ y? 4 302y 4 3B 4 3P%« + 3%y + 3ya + 3y*P + 6aPy
o + 3 + y® + 3(o®y + B + P + PPy + yla+ YR + 20By)
(BX. rep. 8 dvahloees) = o + B + y® + 3o+ ) (B + ) (y+a)
OUrew : ‘O kUPos Tpiwvipoy icoUTon pé To &bpoiopa TéY kiPwy TGV Spoov
Tou, NUEnuévoy katd TO 3mAdciov TOU ywoufvou T@v dhyePp. dBpoloudTav
&Y Spwov Tou AapPavopévey dvk SUo, ke Shous Tols Suvatols TpdTTOUS.

(e

Mopadsiypota : N& eipefolv 1" dvamrtiyuara :
(1 +x+xD3=13 4B+ x54+3(1+0)EX+xDA+xH=14+x5+x54
+ 3% 4 3x2 4 3x2 4 3x* 4+ 3x1 4 3x5 4+ 6xF = x84+ 3x° 4 6x 4
+ 7x346x2 4 3x 41
B) (2x—=3yp+5B3=8x3-27Ty2+ 12543 (2x—3¢) (2x+5) 5 -3y) =
= 8x% — 27y? + 125 — 36x%y + 60x? + 54xy? + 135¢2 + 150x — 225y

3) Na amoderyx0i) 1 arfqbera tfic tavtéTnrog

|+ P°+y°—3apy = (c+P+V) (@ +P + ' —ap—Py—ya) |
FExoley ot PP yE—3afy = (a + BP—Jef (o4 Bl ¥2—Jafy =
=@+PP+y -3 (a+P+y) =
= (a+ P+ 7)) [(@+P)?—(a+Py+y*|-3p(a+P+Y)=
= (a+B+7) (@ +B +y —oP— Py —ye)
’Etre1dny 8¢ o + B2+ y? — of — By — v« EIT (20 4 2P + 2y? — 20B —
— 2Py —2y0) = o [(@—B)* + (B—y)* + (¥ — @)?]
Gpx Exopev o 4 B3+ y? — 3Py = —é (@+P+7Y)[(—P+ @ -+
+(r — )7
Hopadeiypata : o) N& dvarudf) s ywodpevor Tapoydvtwv 1) TapdaTaols
o 4 8p3 + 27y® — 18aPy.
Avorg : "Exopev o + (2B)2 4+ By)*—3-a- 2B - 3y = (o + 2P + 3y) (e*+

+ 4p* + 9y* — 2aP — 6By — 3ay)
B) N& &moBeixfj &t1 1 —o® 4+ (a4 1)*+ 3a(a+ 1) = 23c® + 3a+ 1)
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Abog: Exonev 1 —ad + (a+ 1)+ 3a(a+ D =P+ (P + (e + 1P —
3 1(_a)(a+1)ﬁ(1—a1~afl)[lwﬁ- @+ DF—1-C)-1-
+1)—(—-c:)(cr+1)];2(1+m3+c2+1—2c—c—c—l+:l—-

=20+ 3a+1)

!
¢
o
)

I“ "u\ N

4) Tavtotntes tob Lagrange

o) N& dmoSeixdii &7 @ (o + o) (B + B — (2fy +~ =B =
= (P — wfy)?

Aboig:  “Eyouev : (0(21 + o) (B% + B%)

+ a? Pl + oB? + P2, — o PR 1—2(110:3

| & By ®

% By

vov dpifouoa Pas Télews dyveopioapsy els THy TponyouLEvny Tl

— 2a,0,P1Ps = (4P — fy)? = |

B) N& dmobexfiy ot :
(o) + o + a%) (B2 + Ph + P) — (@b + B + B =
=;°fx{512 o S Bil* |
| By " e By
‘H &mddeitis va yivy Umo Tdv pednTdv
Ing. A& oV oxnuaTiopov Tév opiloucd

pouuey Tds TpidBag TV &pifpdv (o, o, o) Ko
oThAas s & mivak.

Tt
I i

y) Tevikids Oewpoupey Tas vidbas Tdv (o, O Sy ) S £y
kai (By Py - - -Pv) kal Tas Opiloloas Pas T ol wpo- _i :
KUTTTOUY &K TOU Tivakos T@v BUo onAdy. Olrws Eous G B
(@ +at+ ... +at) B2+ PR+ .. P — (Bt b+ ... T &)=
EcﬁﬁajizL GlﬁlzL._‘+!G1ﬁ1 ,zé c—zﬁzz_” o | @1 Bes

@Ryl | 0Pl e Bl | xBs = =

‘H toutdtng oty Adyeton TautdTtns ToUu Lagrange, 7 8% ypnowd s
TS el TOV dAyePpikdv Aoyioudy elven peyddn. Of u G KSwouV
T&S TOpaTNPTOES Teov, &S TPOS TOV TPSTTOV OYMUCTICUOU oUTTis

Napadeiypara: o) N &modeybi o (a2 +1) (X2 1)—(agx L+ 1)*=

= (¢ —x)?

Abowg: "Exouey : (@@ + 1D (x*+ 19 —(ex+ 1= F ¥ =(a—x2

BPYN &moBaybijom : (e + DN (X +y + D—(ex +- 1= L (c—x) 1w
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Atoig: "Exousv : (P 4+ 1) (x4 w2+ 1) — (ax 4+ 1)2= (o + 024 12) -
01 iz
vl
= (oay —0x)* + (x— x)? + (O — 1)2:uw2+(a—:<)2+\v3

Inu. Tous éAAeiTovras Tuyov 6poug cupmAnpvopey pé pndevikols,

0(0| o 1l 1# %0

GRS G T 4

X1

5) Tavtétng tob Newton — Awd@vopov tob Newton

a) Eis T&s yvwotds &k Tiis mwponyoundvns Tdews TauTtdTTRS OULTEPIE-
Mpfnoav kal aif dxdioudor :
(x £ o) (x £ ) =x2 £ (o + o)X + o,
(X £ o) (x £a) (X = ag) = X% £ (og + o + 0p)x® + (o0 - Gy + )X ==
£ 000,

’Emions eUxdAws pmopolpe vd Emednfelowusy &1 :
(xta) (X £ ) (X o) (x+ o) =x" 4 (o + @ + o + o) X* + (o, +
0 O+ &y - @y + oy + apa)XE - (00 4 0y 4 000, + Catty) X+
+ 0y 00y,

ZuveyifovTes olTw, Buvdpela v AdPoopsy THY Yevikiy Ekppacty THs TauTé-
TnTos Tou Newton, fjs doias f TAfpns &mdBeiyis B yivn s dvwtépay Tékw,
Obeo: (% + @) (x == &) (X ). .. (Xt &) = XVE (oo + ... a)x"1 +

+ (o0 + ooy + .o ooy L ey L o)XY (oot

T e, S L e, .+ oy, 00y + ... +

+ gl 30 IXY L L (=1 (oS L Syt ) X (=LY o,
Edw B¢ yépw ouvrouias Béowpev

2, T0 &Bpoioua TGV o, o, &, . . . oy Kal

%5 2y ..., Zx TO &dpoioua TEV ywopveow TRV o, O . ..y, AapPavougvey
duTioToiyos dvdk SUo, dvk TpeTs,. . ., dvd k kad SAous Tols BuvaTous TpoTTOUS,
ToTE O& Eywpey :

l (o )(x4e). .. (XL a) =x"+ LT 24 . A (=1)1E, L x(—1)E,

B) 'Edw &is T&s Tponyouptuas TOUTOTNTOS EXWMEY & == ... =a, £ 0
TOTE : (X + o)? = x? L 2ax + o
(x + a)® = x3 + 3x%a 4+ 3xa® - o
(x £ @) = x* + 4x%x + 6x%2 4 4y + of
(x £ @)* = x° = 5x'a + 10x3%a® £+ 10x%a® + 5xa* = & kAT

»

‘H yevikn) Eepaois Tol cwcm-ruyucrrog ToU Slcovipou (x + )Y, veN,
T6 OTolov kaAeiTan Sicovupoy Tou Newton, 8& Bobj els dveotépay T&Ev. Evralfa
Teplopilopela eis Tés droolBous TapaTnpfioss Sid Tov OXNUaTIoNOY TOU dva-
TTUYHaTOS.
Iapatnpieseis :

o) To dwarmrTuyua elvan duoyevés ToAudvupoy, ¢ TPOS T X kad o, Podpol
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foou mpos Tév Pabudy ToU Sivipov, #yov ThAfiflos Spwv foov Trpds Tov Padudy
Tou nUEnuévov kara 1.

B) Of &BéTcn ToU X Paivouv éAarToUpevor, && ToU o aUiavopevol

y) Tol dvamTUypaTos (X + )Y &movTes of Spoi Exouv Tpdonpov BeTi-
Koy i ToU (X — &)Y BveAAGE BeTikdv kol GpumTIKOY.

8) "ExaoTos ouvteheoThs TrpokUTrTel, &v AdPwpey TO ywouevor ToU oUVTE-
AeoToU &l Tov EkBETY ToU X ToU Trporyouudvou 8pou kai B1o1pETULlEY S1& ToU
&pifpol Tol SnAcUvtos THY TAEW ToU Trpomnyouuévou épou. Of iodwis careyov-
Teg &md TOUS &Kpous Spous guvTersoTal elvon ool

Mapaderypo : N& ebpebfi 0 dwdmruypa ToU (X + o)l
“Exouev 1 (X + &) = x? 4 9xPa 4 36x7e + Bdx 6o | 126x5at + 126x%a® 4
+ 84x3a® + 36x%a + 9x0® + af
MapatnpoUpey 6TL @ &) TO QUATITUYHX elven dpoyevis Jou Pabpol dos Tpds X,a.

B) To mAfifos Tédv Speov elvanr 10

y) Elven BiorteTaryuévoy kata Tds dvioUoas Suvdpels ToU o Kal KaTd Tdg
KoTioUaas ToU X

8) ‘O owvtereots Tr.X. 126 AcpPdveTon &k TOU BB, 126

50. TAYTOTHTEEL YIIO ZYN@HKAZ (Ilepropiopoi eig ol dmokewvtar ta ypappata)

1) Yo, By s a+P+y=0Va=p=y<=o®+ p?+ y* = 3aPy
*Anddeiig: CEaw o+ P+ y =0, TéTe éx Tfis TawToTNTOS
o® + PP+ y¥ =3Py = (x + B+ ¥) (€ + B + y? —aP — By — yo) AcuPcwouev
@+ B+ y3— JaPy = 0<>a? + B3+ y° = Sapy
Bov 88 a=p=7y, T0Te o® + P+ y* = + o® + o® = 3a® = 3aca = 3afy
‘Aviietpogag s Edw o + PP + P = 3Py <> o® + B2 4 y? — BaPy = 0 <=
12@+p+[E@=P+PB-*+(r—1=0 (BA. ToutéTnTa 3)
Ex tovrns Emetan o+ P+ y =0V (a@—=P+ P-4+ (y—x)*=0
"Exootos Téw Opwv THs TapacTdoews (a—P)2 4+ (B —y)2+ (y — @)?
elvan pf) GpynTikds. Zuvetdss, & (x =B+ (P -y + (Y —)* = 0= (a—PB)* =
=0,B-y=0(y-a)=0=0-p=0,p—y=0y—a=0=a=p=y
Auvvardy va Eywpey a+B+yYy=0A(c—BR2+P—y)?2+(y—a)?=0
ométea=P=y=0

“QoTe : l Yo,By: a+P+y=0Va=p=y<=a® 4+ p*+ y>=3apy 1

‘H ypnowotns Tis TautdTnTos aUTils paiveTon €k TGV TrapadelypdTwy
Tou dkoAouBolv.

Mopodeiypota: o) N& dvodudij eis ywopevov f) mapdotacis (3a — B)® +
+CP—YP+Gy—@? & elven a+p+y=0.

Avorg: Emaidh Ba—B) + Cp =) + By - =2(c+P+y)=2-0=
=0, fmetan 6Tt Ba =P + G-y + By — ) =3 Ba—B) B — y) By—«)
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B) Ewa+ P+ y =27 v& yivny ywdpeov map&otaols (21 —3a)® + (27 —
S 3P)R = (D7 — 3y

Aborg: "Emredn) (2t —3a) + (2t —3B) + (21 —3y) =6t -3 (a« + P+ y)=
=61 —3:2vr =67 — 6r =0, fmeran 6T (2v — S)® + (21 — 3B) + (27 —
=3y =3(2r—30) (2 —3B) (2x—3y)
2) Vo, B,y :a+PB+y=0Va=0VR=0Vy=0<x(oB +Py+ay)=
= a?P? 4 By? + yia2
Ot pabnTai, xpnoipomoolvtes THY TauTdTnTa
(@B + By + yo)? = o®Bt + B2y? + y2e + 20Py (o +P+), v réuow Ty
&modeitiy.
N Vapy: a+P+y=0Va+PB=yVB+y=aVy+a=p<ait
+ Byt =2 (o2 + Py 4 aty?)

Oi pafnTtai, dpou émreAndevoouv THY TautétnTa Tol de Moivre
al + P4yt — 2002 — 2Py — 2y = (a+ B+ ¥) - (@—B+Y) (a+P-Y)

(c—P —7vy), dlvavton v& kdpouv THv ATédSef.

AZKHEZEIZ

121) Né& &moderxdf # &Anfeix Ty k&Twd TauToTATWY :
a+py: fa—PpyE
niE o)) =
1
2) APy - (R +PY+ YD) EF =P+ B -7+ ¥ -
D EE -2+ @+ =) =p (@ + ) +v(2u—1)
4) (=4 P)* — (a— P)* = 2P (B* + 30)
N @@=+ -0=Tx-—a)x+P) -1

122) N& eUpefolv T° dvamTUypara :

1) (4x® — 3x2 — 2x + 1), 2) ("7—%+2)
3) (ax + Py + xy + 1)3, 4) (o® — a®x 4 ax? — x9)?
123) N& yivour o mpdiers 1 (2x + 3w — w)? — (X — 3y + 2w)? — (x — 3y — 2w)?
124) N& ebpefolv T’ dvamtiypaTa :
1) (a? —ax + x2)?, 2) (a® 4 ¥+ 1)?
125) N& eUpebf] TO tfeyopevov TdV Trpdiecov :
EFy+oy—x—y+wP—x+y—w)P—(y+o-—x?
126) Na dvcdudj els ywopevor mapaydutaw @ 8x? — 27y8 — 64w® — T2xyw
127) N& &moBesi 671 : -
(6= BY* — o + (a+ B)° + 3a (« — P) (& + PB) = o (4o + 3pY)
128) N& émaAnfevBolv al kdrwd Toautdtntes pt Thv Ponerav Tis TaUTOTNTOS
Lagrange :
1) (& + x2 + @) (x* + a® + 1) — (Zax + )? = (o — x3)2 + (o — x¢)? + (x — ay)?
2) X+ 92 +2 — (Y +yz + X2 = X2 —yz)t 4 (92— x2) 4 (2P —xy)?
3) (af 4 B2 (x* + Y2 4 w? + 1) — (ax + Pw)? = oy + B2y + of + B2 + (aw—Px)®

129) N& eupefouv T& drérovfa &vamTUypaTa :

@Ew), G (@1 (@Py 20, (@)
130) Né& #xtedeofBoUv ol mpddes @ 1) (x —y)d + (X + @)t — (x° + ¢®) (x* — )
2) (@x*— 1) — (3x + 28, 3) 3(x—3y)t =5 (x2—5yn)2
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131) N& &mobery®ii 1 dAnfei T&V TQUTOTATWY ¢
1) (a4 )y —a —p* = 3ap (a + P)
(a + P)* — o — P* = 5aP (o -+ B) (a® + ap + B } TautéTtnTes ToU Gauchy
(a+P)7 —a’ = p7 = TaB (a + B) (& + ap + B
2) (x+4)! + X+ 1= 2 (6 xy 92
3) (2x + B)* — 32x5 — P = 10Bx (2x + B) (4x® + 2xp + P*)
4) (3 — 2P)° — 243a¢ 4 32p° = 30aP (2P — 30) (9o — 6ap + 4p*)
132) N& dmobaybij i Tautétns Tou De Moivre
ot ok pl -+ Yl ez zceﬂz . 2[—32},2 Lk 2(_{9}/"’ =
S +B+Y) (@ +FRP=Y)I(—RB+ YV (E—PF—Y)
133) "Edw ¢+ P+y =0 vi ylvn ywopevov 7 TapEOTAOIS
(o BY + (B -+ y)" + (v + @)°
134) N& dvodudi sis ywopevoyr i map. (x—B) + B —v)* + (y —a)?®
135) Eéw a+B+y==k-+ A+ p va &vahubij eis Ywopevov 1) TTOp&oTATlS
(x—x)* + (B—N)"+ (y —1)?

ALKHZIEIZ EMNANAAHYEQE

136) 'Edw  a=Tx + 3y + 6w, P =06x+ 2y + 6w, y =3x+ 3y + 2w kal
X? = y? + w?, v& &mobaybij om of = p? 4 y*
137) Né& edpefoly T& QuamTiypota TGOV :
1) (" +BY+ ¥t = (@ — BV =y 4 (— @+ B )
2) (ox¥ -+ py)? + (ax¥ — Py + 1)* — (g — Px¥)*
138) Né& &mobery®ij 6m (x +P + vy +8)* —3(ad +PS + y8) (a+P+ vy +8) —
-8 = (a+ B+ Y);u
139) Né& eupeBfi o Elaydpevoy Tii§ TapaoTaoEwWS
(a—B+y) —o 4 P*—y® UmMd pophv  Yyivouévou
140) Né& &moBeiyfiy ém1 elvan : a4t ]l —3at=(a—1)(a® + a+ 1)
(B +a'—at—=1)= (o + o+ 1) (@ = 1) (! + 20 + 2 + @ 4 1)
141) N& &moberxii 6Tt A &hy. mwapdotaois (x! + w? + o?) (@ + x?) — (ax + xy)?
elvar pf &pummiksy (Bnh. AcpPdver ya, X, w, w € R povov Betikds 7 undevikas

TIpds).
142) "E&v oy o B Be€ R A By B # 0 kai (o + @?) (B)? 4 Pa?) = (&P + cuP.)?
v &robery 87 émi % = %—j
143) Edv «i ,Bi €R, i=1,2,3,.. ., v, v& dwobaybf émi :
(a4t + .. +a)PlP+HRE+ ..+ RS2 (P + P+ . . . 4 ay Pyt

(AUTN keeitan dviodTns Tol Schwarz). “Ymo moias ouvBrkas elvan povov lodTns;
144) N& ¢maAnfeuboiv al TauToTnTes
@) x+yP @+t (@) =3+ WY+ o) (@+x)=2 &+ ¢+
+ w?® =3xyw)
B (xf — weo)® + (92 — @) + (@F — x)? — 3 (x* — o) (* — wx) (? — x) =
= (x¥ 4+ ¢* + @' — 3xyw)?
145) 'E&v a+ B+ y =0 va dvadudij cis ywouevor # mapdoTaois
A = (o + PR+ (B + YA + (yx -+ aA)?
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KEQPAAAION VI

PHTA AATEBPIKA KAAXMATA

51. Ty &woiav ToU dAyePpikol xAdopoaros kai Tas Trpdles ém altdu byve-
ploauey els ThY Tponyoupéunu Tdtw, 81’ 8 kal tkBéTopey TAs Ewolag TauTas povoy
TEPIAT TITIKGS. :

MMaoa owéptnols Yy = % €R, &mou A kal B drépana oRucvuper pids 1
TepIoCOTEpwY PETAPANTOY kol B # 0, Adyeton pntov dhyePpukdv khdopo.

"Ev pnTov dAyePpikdv kA&opa elvar 1) &mAouoTépa popen wids pnTis
KAQopaTikfs TTapaoTdosws. ‘O TapovopacTns B Tou pntou &Ay. kAdouaTos
SuvaTdv v& elvan oTafepd, OmodTE TO KAGopa elval dxépaiov TOAVGIUHOY. Zu-
VeTTéds £v dépatov TToAucvupoy BvaTan va Becpnbii pnTov dhyePpikdy kAdoua.

Al 4x Yy XL xEE2xgty? Xt el-3xpe

WP TTIOELS elven pnTa

Hy T xol T ey T e
GAYEPPIKG KAGOHOTCL.

A& va Exn Eworav 1y ouwdpTnols W = % mpémwel B # 0. Kat’ dkodou-

Biav elvan dprouévn eis To odvorov R, &md 16 dmolov Eaupolvtan of Tiuad, af

édmoian pndevifouv Tov TrapovopaoTiv. OUtw T6 Tediov dpiopol Tis ouvepTi-

oews f(x) = @‘Ex;- xeR kai @,(x), ¢x(x) dxépana ToAuwvupe, elvar T oUvolov
Z=R—{x/xeR A g,(x) =0}

ZuuPohifoper 8¢ : f: xeZ — f(x) = x‘ E:; eR

’Emrions & mediov dpiouoU Tiis cuvaptioews f (x,y) = ;f' E:’ :j;, X, weR kal
o (X, ¢), ¢ (X,9) Sxépaie moAucovupa, elval TO oUvolov
T= R {(x 9)| (X, WEREA g, (1) =0}
SupBoAilopev 8¢ : f: (x,y)ez — [ (x, y) = z' E: 3 eR
Inueiworis R? = R x R (KapTeoiavov yivopevov)
N = kal (oUpPorov Aoyikiis crugs\'xiswg)
—5x+6

MMapadeiypata: a) Tis ouvapTHoEws (x p=2 S ), xeR, meblov

bpiopol elvon TO oUvorov Z=R—{2, -2}
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o ; + ) .
B) Tfis  guvapThoEces (x, Y= Yi+§) o B, Yy, 8 xeR Ay # 0 mediov Spi-

opou efven

el Lo 5
76 owodov Z=R — {x/xeRAyx+8=0}= R-{— 7}
52. EIAIKAI MOP®AI TOY AATEBPIKOY KAALIMATOE Y = %, @1, P, Gxep. TO-
Aucovupar. :

a) To khdopa ToUTo Stv Exel éwolay TrpaypaTiKoU dpiBpol, Staw ¢,eR A @, #
#0Nq@, =0, 86T 9, - wy=0-y=0 # ¢,
B) 'Eaw ¢, =0A¢, # 0=V g, #0cR : ¢y =0
y) Edw ¢, =0A 9, =0 16 xhdoua y elvar &mpooBidpioTov fij ddpioTov.

Eis &AMy Tékw B Bery i) 6T TO kAdoua ToUto SUvaTan els TepirrTddoeis
Tvas v& éxn piav kol podvov Tipmv.

53. AOTIEMOL TON PHTON AATEBPIK{IN KAAIMATON.

OPIZIMOE. AlUo fj mepioadTepa dxépala moAvdwpa dvopdlovTtar Tp&dTo
mpos GAANAg, éav & M.KLA. alréov elvan pia otadepd C # 0. Zuvemdds T& TrnAi-
ket dkepadcov ToAvcovupwy Bik Tou MKLA. alrév elvan dxépana rodvcovupa Tpéd-
Ta Tpos EAANA kad QvTICTPOPLS.

‘Anhonoinoig prrod khdcpatog
1 (X)
P (X)
PriEp
P 2P

£l 1O Qu-

"Eqv ol fowpey Tous Spous fvds pnTou kAdopaTos W=

T drépaiov ToAudvupor ¢(x), AauPdvopey & pnTOV KAGOUQ igodUvapoy

TOU TVXFE R-—{x/xcRAp=0A¢,=0}
*AuTioTpoRws, TO KAGopa * q>_qJ ® elvai icelivauoy Tou —qJ—‘ WXEZ, OmoTE Aé-

Do

¢ 9

yopey, 8T1 TO K?\cxcrucx exa amhorroinf els T -, ‘H &mAoToinais Aotrov el-

va Buvartn, £’ Soov ToU priToU kAdouaTos of &pol Exouv kowdy mapdyovta
Ghy. mopdoTacw. ‘Ex TGV dvewtépw cuvkyousy &T1, Bid vd &mAomomnowuey
fv pnTov &hy. kAGoua, dvahUoey Tols Bpous Tou el yWwoHEVOr POy dVTOV
kai SialpoUney dupoTépous Bid TEW KOWEW Twv TapayduTwy, UToBETovTEs
ToUToUs Bagdpous ToU undevds. 'Edv f Siadpeois yivg Si& ToU M.K.A. TéV
Spwv Tov, TOTe AapPdvetar kAdopa loodlvauov pwE TS dpyikdy Exov Spous
mpeTous Tods EAANAous.

Mopodeiypara: o) N& &mdomomfii 70 kAdopax A = X3 — s i
Xt — "Pz P Ny ‘+’
Aborg : "Exopev A—x““’o_(;“—w)(x’+xq¢+\y2)
S e G+w) x—y
“Ymobétoutes X —y # 0 Siaupolpey Tous Spous Tol A Bik X —y kal Eyo-
uy B="% +XX:J\:~ ¥ To kMdopara A ko B elven ioodivaua 51 kéde (X, Y)eR?
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ko TGV (euydv Exelveov, T& Smola pndevifouv Ty TapdoTaow X — Y.
Enp. 1) T& kAdopara A kal B 81k x + =0 &év Exouv Eworaw.
2) ‘O mapdywv x —\, keheitar Twapdywv Tiis &mpoodiopioTias ToU khdouaTos.
B) N& amAomoindij To pntov kAdopa A = e

: s x*—2x=3  (x+DE=3 _x+1
Avborg: “Exopev A=2 e T e e e x—3 #0

Tod kAdoua B&v Exer Fvvorav Bik x = 2. ‘O mapdywv X — 3 elvat & mopdywy
&mpoodioploTias ToU KAGOUOTOS.

IIpageis pntdv Ghy. Kiaopdtov.

Al Trpdtels Tpdobeols, deaipeots, mohfouds kai Siadpeois emi TV PNTEY
SAyeBpixédy xAaopdTwy ylvovtal 6Trws Kai éml TGV yvwoT@Y uépr Toude Ko
opareov. OUtw Exouev :

VxeZ =R —{x/xeR N o= O}@ :g:pz PiED:

9

VXES = R—{x/xeR/\qal_O/\%:O}Qp‘:}:p”=—pi’%:ﬂ‘—
e =R—{x /xR A ¢;=0A g, =0 }=+ p‘ %:ﬁ:

P D%

Wxez = R — {x/xeRA¢1:0A@2=OAp2=0}©£ § =
1 2 1¥2

Enp. "Amavta T& ToAuwYULa EAneinoay ds Grép. TOAUDVULG TOU X

Mapadsiypata: o) N& yivg pm*ou KAGoua ) TopdoTaos

2x4 1 1
A= + 17 2x T xeR

1
i

. . ; 2 —1. = v 2% e
Abolg ¢ TO KAQOUX P EXE! gwvolaw étav x # 0, TO Toog OTVX# —

) 1 « . 1 ., TR NET . ;

- — {9))
e g X #0 kad X # 5 Gpa Biee T ExTEAeo TGV Trpatewy
1

mpémer va Umroléowpey x # 0 kal X # = Té EKIT. Tév mopavopcoTéy el-
var 2% (1 —2x). Metd Thy dvoywyny T8¢ KhaopdTwy els TOV aUToV TTapovo-
pooThY AcpPavopev :

A .@=Dd-4-x-1 -~ Axc? _ -20-29, 1
= 2x (1 — 2x) =m0 0% . 2xii=2%) X
8) N& &miomonti 7 mapdoTaois
. 2 —4
A=t ¥ —, (X #2,x £ 0)
o o (x 2) (&t 4) (x+2)(x+2)(x—2) (x+2)°
Abag: A=p—em x —2) 4x =rom
y) Na yivow ai mwpdies
N TR 1, L
_F——2}(+1';_ , x#Lx #—-1,x#0)
L oa x=1 o@dx ®=1  x—1 _@IDE-D D _
ADOIS A_x”—2x+i'x—1_(x—l)2 ¥ rx . G-DPrGtD

S DG Dty v
x—-Drx+1)x =
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54, LYNOETA KAALMATA.

To pntov dAyePpikov KAGopa, éav Tepiéxn &ls TNy &AyeBpikiy TapdoTa-
ow tvds TouAdyioTov K TGV Spwv Tou, pnTov KAGOHE, AédyeTal abvBetov kha-
apg, v dviBéoer TTpos ékelva, TG omrola Exouv Spous drepaiag pnTas dAy. Toapa-
oTé&oels kol T dTola KaAoUvTtal Gmhi.

“Ev olvetov kKA&opa TpémeTal els &mAoUv, &@oU Trporyoupbvess HETOTpé-
ywpev Tovus Spous Tou els pnTd dhy. KAGopaTa kal dkoAoubws Sicipéowpey
aUt& émi Tf) Pdoer ToU Spiopou

A

& =A:B, (B #£0)
Mopadeiyparta : Sl
a) N& Tparfi els &mAolv 10 olvdeTov kAGopa A = Xl
; Kl o o
X— v
AD . 0§ s :x+\p L XENE X 2xX
bog: ‘O &pifunis e N Ry KEW)
. b XANE o Xb M X—g 2y
O mopavopasTis : e l_x_w e (x# y)
2x

1) A . g K= 2% 2 K
To olvbetov kAdoua : A = R TR x#y, v#0)
X—y

B) N& Tpormij els &mAoly 16 clvbetov KAdoua A =

Abverg: AoapPévopsy SiaBoyIkés :

‘H wapdoTtaois Tou TrapovopacTeld 1+ Tl =)%1,
Kol ouvetrds TO KAGouX pse=tiog. &
: R pok | EET R
% x
‘O TapovopaoThs Tou ouvBétou | 4 . = o = X Sl
1 x+ 1 x+1 x+1
1+‘;‘*
= A2 x(x+ D) (x+H1) 1
Zuvemdds A= e i e =2x(x+1), (x#—T)
x+1
AZKHEEIZ
146) N& amhomoinbolv T& Grdrouba pnTd kKAdouaTa
1 39p2ys! 165p2y2xv 147xv+2yv 1—x?
) Geye 0 D Tt ¢ D Tprpei P TF e (e T
B 1002 — 703 + 10 — 7« 6 Xt — (e —B)x —ap + 15x® + 35x* + 3x + 7
) o —2a¢ 1 -2a '’ )x“+5x’+ax+cx}3' ) 27x* + 63x® — 12x* —28x '
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(o + P)s —af — B xy(a® + P9 +aB(xi+y?) o0 %!t — 5% + Sa¥
 wrpr—e—p ' g@-pprarE-y)’ DT a-ra-»
iy X = 2yw —wi—y) (@ +P—y)

) x+y+ o) (@@ — P +y—2ay)

147. N& petaTpatd ékdotn Tdv kdTtwl TapaoTdoewy els pnTov dAyePpikov khdope.

5 3 4 3 [ p
Da-r  i- 1T e T+ 2 GoPe-n Tena-a*

Y a+p Pty Yo
TEoa-p’ D o moe-D T a-De—w T G=RnE-—»

=y X=Y% X+y 5 1 o 1
Xy Xy 26y )(a—ﬁ) E-NG-D PN B-o&-
! — Py P* + ay y:+cp
e SR R e W o

x! —alx® = 5x® + Safx X3 —a®x e 4ax — 4at 8 8yt — 27y8?
n x—a)l(x—5) ORI P R gy g R 1)

2 (2y +38) 11x -2y  121x® — 4'4,'_ 10 x'—25 x*—9x+420

4y’+6y8+952 X 6x —y ' 36x*— - )12 T a4 ¥

a? — x? pE — v + v? pr—v?

1) a+p &X+X2 ( + )s IZ)U_BHV(“_U)_U:'U:+],:)

x? LN x—6x+4+8 x2-5x+6\, x—2)f
) (_3+_‘)'(T'_$+T)’ s ) Ve
—p_ e« A+ P, 4cp
15 (505 —555) t o
148) N& Tpatii els &mholv fxaoTov Tdv dxoroubuwy ouvbitwy xhaoudrav.
p—a o 4 p? 2P 2af
a+ﬁaﬁ of — B? S+p | aFP +p
D e D F-prp » T 2w '
I+ap a—p SR
k- +p Ctop) (  2tap
el S e )
D 3 B & ,
1 + 4?‘2 GB—{- —p*
6) “'32@2
SP e e
1+d—_‘"3

149) N& Tpamii els &mAolv kA&oua EkGoTn T&Y TapaoTdoewy

4) 5T

2yw 2w S L (
=0 5 X2+ g* X3 + 43

) Tmeirese 1

(x—y)?+xy \y

%[~
+
s

i
€
.E

-

oL

15
+

—

|
|

|~
S
s

€
l
™

<

|
o

|elelx <l-|e
+ |+ T
€| XI_E

+

7

.E

|

I

|

=)
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ATZTKHEIEIZ ENIANAAHVYEQZ

150 N& &mdomoinfoiv 1& xAdopaTa :
1) X0 + 2x%y? + y8 2) a*P? 4 Piy3? 4 ylad — 3aIptyt
X6 — y* ’ 0:132 o psYz + yia® — azBY —Gﬁzy = aﬁY’, »
3) =B+ @Yy + &y —ap
=R (==
151) N& dmhomondij fi TapdoTacts

(x+y)“—m3+ F+ew@P—x  (x+w)-y?
X+y—w Yy+ow-—x Xtw-—y

152) Eav a+ P+ y =0, v& &modeydi &1 :
o p Vo
@By T W ray T Iyivap L
153) ’E¢w a+ P + y =0, vk &mobeaybfj 611 :
a® —p2— 2Py p* —y?—2ay Yi=a¥=2ap
55 Rl e o
154) N& dmiomoinSolv al Tapaotdoes :

1) =t x4p | x1-x 2) o« —p  a+p :(G‘+Gﬁ+f5’)2,

X—W+x+u  xE—v2’ @+ p° a—p at —afp + p*
3)( x*—1 X241 (x+1)—x
=2+ x =1 ) X2
i il A o — P —y* + 2Py
155) "E = = . A
) Eév x By kal y GIBE+t Yy Pry—-9 va &wobery b7y, ST

; : Xty Ll =
T mapdoTao T elvan dveldpTnTos T&v «, B, Y.

¥y
X = Xx—p
l+ax ~ T+Px

14 G- &—P)
(A +ex) (1 + Bx)

156) N& &moberxbfi 6T 76 olvletov KAdopo

eivan dveldprnTov ToU x.

Vel X o w : o
157) *Ed&v S =i fre B, ——~+—y =7y va& Beix8 :
1 1 1 l)
Py (u' L P + e
odv — 1

158) 'Eqv v e N, v &moBeydfj éT1 16 khdopa A = e T elven drépaiov To-
Aucovpoy Tou a.
& — Xy + ) + (32 4 xy + y2)?

2+ 9D
LAY +3@+RB+Y) iy +
LBy
e 8= XP g
(e + xy + 97) Sxiy?
162) "Eaw a+ P+ y =0 Va=p =1y v&eipedij 1| Tiph) To0 KAdopaTos
ot + Bi + Yﬂ

159) Né& dmhomoindf 16 kAdopa A =

160) ‘Opoiws T6 kAdopa A =

161) ‘Oupolews 76 xhdopa A =
(@ + P+y?)
aPy

163) "Edw e + P + y = 0 véx eUpebfj ) Tipd) ol A =
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KEQAAAION VII

TYEZTHMATA EZIZQIEQN a' BAOMOY (I'pappixa)

(Evpnifipooirg)

55, "Ex ToU kepodaiou ToUTtou Eyvwpioopey es Thy I Talw 1" drdrouba :

1. ‘Opiopol kai i810TnTEs CUTTNUETWY.

2. 2voTnuaTta icoduvaua

3. Méfoor émAlcews ypaupikol cuaThpatos Svo étio. o Pobuol pé Slo
&y VOOTOUS.

4. Awpedvnols ToU & Ady GUCTHMATOS.

5. Fpagikny &mwiAuais ToU idlov ouoThpaTos.

6. ’EmiAucits ypappixoU oUCTHHOTOs pE TEpIoooTEpOUs TG BlUo dyva-
oTOoUS

7. TpoPAfuaTa émidudpeva T Ponfelx ouUTTAUCTOS YPOLMIKOU.

*Hen 8 éfetdowpey dAAas peBdBous EMIAUCEWS YPORKIKOU CUCTAHATOS

TTAEOV GUUTOMOUS,

56. MEOQOAOL TQN OPIZOYEQON — KANON TOY GRAMER.

a) "Ernilvoig ovetipatog o Pabpot pé dbo dyvdretovg
Eis thv " t&twv £866n & éplcgc‘\)s Tiis opilovons P’ TéEews.

o
ObTw : Yoy, G, Py, PR : A= [N “P} = oy Py — ot By
& By
"Ag Becopnowpey TO oUoTNUG :
X + Py =y, , o, Uy By Ba Yu Yo X, ye R A

-lazxwzw:ya TV s+ B >0 A [ || >0

lMveopilopey 611 @ e = e s
30 ab-opi20 < {0y () eRA
e { (Ylﬁl = Yv:Pr any.— O(z)’x) }

e Py — Py’ o Py — Py

ax+ By =y
aX + By = Ve
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‘Emropdvars Suvdueba v ypdweouey :

B in'ﬁl_' oy Yy
>:- ll;ﬁoﬁ{(x W W ERAZ} = (——';;gj',,%jgjl) =
e o, Py ’C‘z‘ﬁzi
= [(8x Ly _ e B YiPi| A l&am|
,{(&, A)}’ mou A = ’ B, A‘_-|Y!3 ’A’_Gzhi
“Qoe 1) Aois ToU Z elvan @ (X, y) = ( = '—ﬁ—j—)ﬁ x=AT", y=%’ (1)
o O L ] e e
143 O == 5 =7 kol apa r e e

Oi tUmot (1) (TYmor Tou Gramer) SeixvUouy, 6T1 EkaoTos &yvwoTos €l-
vai TnAikov Suo opilovadv wé Tapovopaa Ty Kooy THv opilovcay A Té&V ouv-
Teheo TGV TGV &yvaoTwy kal dpifunTrv, & dtrolos TpokUTrTel, & el THv Opi-
{ouoav TOU TrapOVOPXOTOU GUTIKATAOTACWUEY THY OTHANY TOV OUVTEAETTEOV
ToU UmroAoyifopévou dyvoTou S1& THs oTHANS TGOV YvwoTdw Spwv, eUploko-
péveov dmaparthiTos el TO SelTepov péhos TV Elicworwy ToU CUCTHHATOS.

‘H tumomoimpévn altn péBodos EMIAUGEWS OUCTHHATOS YPOHHIKOU pé
8Uo dyvioTous kakeltal kavayv 1ol Gramer.

Mapodei lov N& Eminve Yl
apadeiypata : lov N& émAvlf 1o oloTtnue Sx—BqJ 1 (x,yeR)
Abaig: Zupgavess TRds TOV Kavdvae ToU R |
i12 2 (3 12
. | . | |
; o e il 5] | 5 1
Gramer AcapPdévopey @ X = ey Wi ey S
B LR
-36-2 38 3-060 57
b~ s Rt R deke oyl Beni
Olrw @ Z: {(xw),l‘(xw)ERZ/\E}—{ w30k
| X a =2
20v : N& émiAvbij 10 oUoTnpa Z:%xj——wi&‘x , 6ov «, X, YeR
Abaig : “Opolews AauPbvoper
2, o]
120 1] 2-20  l-w(attatD) 2(at+a+1) he
SR Ee T Um0 tie LG
S
}J 2
11 20| 2a-2 2(ax—1) Ly 2
- “ = " OFol=0 - T+
Obrw Exouev : Z: {(X, ) | (X, Y eR*PAZAa £ + 1)} =
:{(2(u*+u+1) . }
¢ l +a l-’-cr))
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‘H uehetnBeioa Biepelivnois Tol ouoThpaTtos 2 : ouX + By = ¥y A auX -+

+ Bay = Y2, OOV @y, @, By, By, Yo
Aoubeos :

2 X, WeR, Blvarar vd ouvoyiobd s dko-

—
Aigpedvnols ToU ovothuaTos Z i o + By = v, Acx + By =y,
Smou @y, @ By, Ba Yo Yo X, YER
F L Ax
o B1 | e T ) i
| # 0 <= To ovoTnpa éxel piav kai pdvov piav AJow.
| oy 8: | _A_W
\ Eat
| V1B |
! B l 2 I Té cloTnua
R (ki eRAzy =g T
| o, Y1 ‘ efvon &Buvatov.
 #0 ‘
| Az Ya |
oy, O By, P2 OX1 Gmavta pndév
far B Pl | (00 Wl w) ERAT J = ((x,¥) [(x, W)
| 4 0 =0 eR* Aax + By = v, )
% 2 Y2 P2 | To ovUoTnua Exsr &meipous 1O TAfBos AUges
("Evas &yvwoTos avfaipetos)
g=aG=Pfh=PR=y=y=0
= 41 7 . 5
‘:0 (W eRAZ =R
Oy Y2 To ovUoTnua elval TaUTOTIKOV
E (x xai y abbaipetor)
|

Snuelwars : Aidgopor GARx UtmomepitTaoes Bibovtan s dokroes.

B) "Enilvorg cvotfpatos @ Pabpob pi tpeig dyvdotovg.

‘Opifovoar tpitng taEeme.

ov ¢8O oToiyeicov eis Tpels ypappds kol

Tpels oTAAas Svopdlouey Opilovgaw TpiTng Tékecos

| B1 v

> o) Bs Ya

b

o By v | &moTeAoUuev
Té oUuPorov | & P: Y 15,9 ‘
» oy Py ya | X opilouey :
Sl Bove| |Be
A=|% P V2 = B Y3L_a2 B,
o Ps Y 2 ‘

10 P’ péhos TaUTns SUoUAlETX QVATTTUY A i Tiun TAs A, oi 8¢ dpifovoan oltou

usTd TOU TrpooTpou Ehacooveg Tis A.

To dvémruyua Tis A mwpokUTTEl, &v TOAMOTAQTIAOWUEY T& CTOIYETX

wds ypauudls i oTNAns dvtioToiyws &

kacTov &mi Ty EAdooova Spilovoay, fy

Smofar AapPdveTan S1& THs Siorypaefis Tiis. ypauuis kol Ths oA, s fv dun-
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eyl . : = .
kel TO &v Adyw oTorkeiov. TTpd &% ékdoTou TEV yiwopévwv ToUTtwy BéToper TO
anueiov TO QUTIOTOLXOUV €K TOU TrivaKOs

4 B ya T =
GPeye| — |-+ —
o Py Ya | SF

To dvamruypa TolUTo elpiokeTan eUkoAWTEpOV ué TOV xowdva ToU Sarrus,
Kat” alrov émavodapPdvouey k&rw THs TpiTns ypouufis Tas Slo TpdTas ypap-
uas 7 Bebix s TpiTns oTANS T&s SUo TrpedTas oTHAas kal oUTw TTPOKUTITEL
dvTicTolyws mivet Tévte ypapudy kal Tpi@y oTnAGY. fi TPIGY ypaupddy kol
TEVTE oTNAGY s dxoAouBeos :

+|o B on|- ol B -
7 G Broye |- ' siaP ¥ ow B
Mivad | dlan B b= Mivat 11 o Py Y: o P
Lo, By T O Pa Ys o P |
[y B Ve e i

'Ev ouveyeia AapPdvoper Ta Tpia ywopeva Siaywviws, 8 dploTepddv dvw
Tpos T Betic k&Tey, uE TG mpdomuov (4 ) kol T& AN Tpla ywduever AW
Blarywriews, € dpioTepddy kémw Tpds T Befidt dwew, pE TO Tpdonuov (— ).
Ol edpiokeoper : [ oq By ¥,

A=loy By ya|= 0‘1B2Ya+uzf33)’1+Gsﬁle—‘xaﬁer'O‘:BaYz—dzﬂ;Yn
oy Ps s

ISiotnteg tdv oprlovodv.

1. To dvamtuypa opilovons &év veTaPdMAetal, v ol ypoaupal ylvouv
otfiAct kol af oThAar ypappod.

2. To dwdmruypa opilovans &AAGooel Tpdonuov, & &vTipeTadiowpey
BUo ypouuas f| SUo oTrAcs

3. "Edw &g piav opilovoav SUo ypappai fi 8Yo oriiAar elvar of adrad, TdTE
aUtn {ooutal pg undév.

4. "Ecw opifovons T aToryeiar ds ypauufis i oThANs roAAamAaoice oy
eml AeR, ToTe Kod TO dwvaTTUypx abths ToAaTAoI&leTan Tl A

5. To dwamtuypa dpilovons v petaPddetal, v els T& oTorxela pids
oThAns Tpoodicwuer TA oToikeia wids &AANs oTAANS ToA/oBévTa &l A £ 0.

Th dmodeitw Tév iooThTey ToUTwy dgrivoper els ToUs padnTds s &oKT)-
ow, & kod ThHY BiarUmwow kI’ &Mwv Tuyor 1BloThTwv.

Hapodeiypora: N& ebpebfj i Tipn v kéTwd pilouadv

) A 3.5 B |1 a-=2] T G
8,=1246 Ay={a-1 3| 8;=11p pt
(301 21—« 1oy 2
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a5l s
D2 4 6 2 4|: A=44+54+10-60—6—6=—4
AT e

By la —1 3 o =1|: A2=0(+6cx—2cx—4—3+oc3:ot3+5u~7

[e4
00 [ G T - L G - : Ag=oPi 4Py +aty—otp-Pry-ay? = (a-B)(B-y)(y-)
IR sty sl

X + Py + e =38
GX + By + Ya0 = 8, (1)
X + Baw + a0 =8y

— "Eoto thpa mpdg Abowv 10 cbotnpa

Avoig 1 AcpPdvopey Tas EAGogovas Bplgoﬁcag THs &pilovang TV ouv-
TeheoTEY TGV &yvdoTwy Tou cvaThuatos (1)

Bz Y2 Bi7
Bs ¥s Ps Ya

kai oynuoTifopsy TOV Y POBHIKOY ouvBuaoudy

Pr 71

By
i B2 Y2

A1= r _A2=

Ay (% + Py + Y1) + As (X + Bay + ¥200) 4 Aq (0aX + Pat + va@) =
=AB;, + A, + Ady <= (A + ®A: + aADX 4+ (BiA; + BoAe + Pofy) ¥ +
+ (71AL + YA + YaAg)w = AB + AS, + AB, AN elvan @ PyA + B.A: +
+ ByAs = By (Pays — BsYs) — B2 (Brya— Bsyy) + Ba(Pry:— Byp =0
*Emions elvan @ yiAp + YoPe + Yaha = Va(Beys — Bayz) — Ya(Biys — Payr) +
+¥a (Prya — Bayy) =0 “Apa (oyA; + oAy + aaAg) X = 81A; + 5uA, + Bahg

o P Y1 8 Py 71
il 0‘2‘[32 Yaill X = 22 P e ﬁ‘er'}_=ﬂx (2)
o Py Vs s Ps Ys -

’Epycxgéuet;'m KaT dwéhoyov TpoTov AapBdvouey

o P11 o 8y Yy
WGP Y: | W= | %BY: A Ay=4 (3
o Ps Ya o3 B3 Ya
o P71 o By 8y
APy |- @w=] %P8 f Aw=0: (4
% By s © | agPs B,
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"Edw elven A # 0, 1éTe t 16w (2), (3), (4) Exopev :

X=-‘5—.-1q):—100=—' (5)

"HBn moapatnpoluey, 61 xal Bi& ThHy émiAuc ToU cuoTApaTOS o PoBuoy
pe Tpefs &yvwoTous SUvaTal vé épappootii & kawdw Gramer.

Aevpedvnorg tob custipateg (1)
Arakpivopey Téoooapas TEPITTTLCELS
1) 'Eaw elven A # 0, TéTe af dpilovoan A}, A, A, Btv elvan SAau unSév.

"Eoteo A, = } E‘! ‘ # 0. Tote 10 oUotnua (1) elvon icoBlvapov mpds T
qUaTTH :
Ar (00X + Pyy + 7100) + Ay (00X + Pay + ¥200) + Ay (06X + Baw + y400) = 5,A+
+ BA; + ByA, Boy + ya00 = 8, — X
©) Bay + ysw = By — o

Al E1000es By + Y500 = 8, — X Kol Py @ + Yo = 8, — aX &roTEAOUY
Bs ¥2 !
Ps Yal
(6) Exer picw povov AUswy kad cuverrdds ked TO tooSUvapov odTol (1) Exar plav
Hdvov Avowy, ATis AapPBdvetan & TéY TUTw (5).

oUoTnua Exov ulov pdvov Alci, §16T1 UreTéln # 0. "Apa 16 cloTnua

2) ’Eav elvar A =0 kad els TouhdyioTor Téw AL, Ay, A, elvan Bi1&popos
ToU undevos, ToTe dk TéY (2), (3), (4) kadioTaTal Tpopovis 8T1 TO cUTTHU ¢
elvan &&dvertov.

3) Eav elvas A=A, =A, =A, =0, tére ouoTnpa Exel &meipous
16 mAfiflos AUoers, fitor elvon &dpioTov.
By === =P ==y, =Y. =Yy; =8,=08,=8,=0,

TéTE TO oUoTnua elvar TouToTiKOY (X, W, @ cxuecnps-rm)

Mopatfpnors 1) Kard my mpddtny mepimrwow, édv elven &, = 8, = 6, = 0
kal ouvends A, = A, = A, =0, T cloTnua (1) &xer plav pdvov Avow Ty
undevikfy, TO B¢ cUoTnpa koAeiTon Opoyevéc,

2) Edw B, Ay, Ay, By elvon Sha Siépopa ToU pnBevds TOTE Bk TEW (5)
AcpPdvopey :

L Rk T T S S NS
| 2xAy—z=1)
Mapadeiypata: 1) Na 2mAubf 1o cloTnua : Z f _2’&"“ 29 + el
X, ¥, zeR 7 |x-{-\p+2z—9
Aboig : Tuppdoveos Trpods Tov kawdva ToU Gramer AcpPdvopey L

ST
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e .

isz | R i—16 1 -1 2 6 |
g¥eqs ~ g IO [ AT, B

IR eE ns v e s —1*“|=2’Z VE = it
ST 2 2 1 -5 &/
) fup {1 i

Ot Eyouev THY AUow (X, y, z) = (1,2, 3)

2) N& ¢mAubf 76 otlotnua @ 2@ X + 3w+ az=—4daA—x+ oy -+
toaz=—20A2x+y—z=—1, X, v,z ceR

AUoig : A& ToU xavdvos ToU Gramer Aoppavopev :

3—4\'1 3 o | | 1 A« 0(; 1 3 —4a
%---.'20('l e oo -1 2 GJ -1 « —20(’3‘
= A R i el e
x:| I BTAY GHT T el e ] 3 ‘—l
=1 o« o -1 a o« (-l & o |
= " LI TR E 755 = %

QU Exopey THY AUow (x, y, z) = (o, — 2a, 1).

AZKHEIEIZ
Gl O GE

164) Né& émAuBolv Bi& Tol kawbvos Tou Cramer Té& ouoTApaTa !

D 9@x=3)—10(y+3)=19 ) o+ — & =1
X ¥

6(4x =9 —25(y+4H=-6 e =15

DN xtaty=2 4 kx+ (k+2y=2 5) x+up=1
Xt da x+ky=1 Wt Dx—y=2

6) (x—PB)x + (x+PB)yw=2(x*+P%)

@+ P x+ (a—P)y=2(a* + 2ap — B
B "Opdsg:
165) N& &mAudf 1o cloTnua 3 ax +PY =Y g o By By v va €R

06X + Py = Yo

1)&1‘}’1:)(2““““0"\3:;32"51%%0
2) & ooy #FOVPE #0Ne=pP.=0Ay, #0
3D p=P=0Aaqy.—y, #0
4H & =Pp=0ANAy#0A(#0VE0
5) &0 o= =P, =B =0 A (ys 0V ys #0)
6) v oy =P, =Yy.=0
THéwea=p=y=0A (0 #0V B, #0)

fIE )

A+ Dx+2uy=12

|
166) A& moias Tipas TOVWA kal p TO gUoTnHa z z (3-3) & + (Gu—1)y=—3

dTou X, ¢, A, p € R, fxe1 &meipous 1O mAffos AUoEs |
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167) Aia molos kal Tas adTds Tipds TEY A kal p &updTEpa TG CUTTAUATH
T X + Ay =1 X+ A+ Dy=2

as 350 .
Dk i3 kal Z, Xt elvar &dlvara ;
Y Opds:
168) Na elpedfj f) miufy ékdotns Tév opilovodv :
153096 [ 532 [+ 1 1] a
1410 |10 61 a p B p yt+a B
15 15 [ 1592 aHpE g YT AR

a-p B-y y-«
5 4
. Py "y =B 595

//’7 y-o a=p Py [~

169) N* &moBeiyBolv of kéTwb TauTdTnTES : vea, B, YER

) 14a2 op ay 2 1 1 1
[ 4B By | =attprbyiel % p-y-a 2p =
X oy Py l4y® 2y 2y Yi=Tai= P
T =(x+B+yy : s B
- 5 Opds:

170) Né& émAuBolv B1& Tol kowdvos Cramer T& guoThuaTa :

b X + ¢ —2z=—15 2 K—y+32=1
- —Xx+2y-z=~7
x —y4+z=10 \ 5 vz 5
-2X+y+z=15 2 ot Si==5;
3 X+y+z=1 n X +y+w=1
ax + Py +Pz=35 X+ay+w=a
X + Py yiz=52 X+ y+aw=a

57. EMIAYZIZ LYETHMATON A° BAOMOY EIAIKHE MOP®HE AI' EIAIKQN ME@OAQN,

‘H émiduois dpiopéveov ovotnuaTwy o« PBabuol el8ikfis Hopfis EmITUY Y&~
veTan 817 eldikdv peBoSeov (TeyvaoudToov) oAy CUVTOPWTEpwY Kol &TAOUGTEpwV
TOV YVeo T peBdBuv EmAloecs,

*Avagtpopey KOTWTEpw eldIkds Twds peddSous EmAUCEWS oUCTTUATWY,
& Tév ouvnBuws Tapouoialoptvey.

o) "H péBodog tijs npocbicewg t@dv ooy kata péln.

A& Tijs peBddou TaTns EmAvovTan OVOTTUOTS TS Lop@fis :
X1+ X+ %X+ ... T+ Xy =0
Ml ek R e Sk (H &mou x4, X Xy &yvwoTol
X+X+ X+ . =« lrisers gy W
B e =15 veN kol v >3
Xy Xt Kk PR i
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“Av TrpocBéctouey Ko PEAT TAS EF1othoels TOU CUOTTHATOS Aappavopey :

(v=DE+ X+ ...+ X Y=ot ot ..+ =
+ o +
> X+ X+ ... X =E‘—li%jl—a'v*(2)
* AkohouBws auvSuddopey tkdoTny éticwow ToU ovoThpaTos (1) pé THY (2),
éméTe AapPdvouey &uTioTOlYwS
o S g —
o+ X = a‘+a"v+_] t o g g x, = 2E%T \,tulv C-Be
o —(V—2) oyt ... +av
v—1

Q; o 2
X1+0:2= 0’1+ zv'i';] “l‘\' ,EE'F]SX1=

c g K. O. K. s b sy S
Xy o = “1+<Izv+_-1- .+ av L8 T Xuoy = o+t ':Evl—i—(“—z)o'\‘
HMapaderypa : N& EmiAubf) 1O ovoTnpe :
x+y+tz=1l, y+z4w=3z+w0+x=2 ot+x+y=6
" CEniiveic: A& TrpooBéoews kaTd péAn 1év thigdhoecy ToU oUOTARATOS
torey 3(x+ y+z+ w) =12, R x+w+zt+w=4(3) N
Agaipolpey kard péAn ExdoTny Etiowow ToU cuoThuaTos &mo Thw (3),

&moTe Eyopev dvTioTolyws :

w=3 x=1, y=2, z==2
B) ‘H pébodog tiig ypnorponorijocws Ponbnnkdv ayvootov.
A& TRs peBdBou TaTns EmIAUOVTCL T& K&TwH cuoTHUATA :

1. Na #mivdi] 0 cdotnpa: oK B Ko+ X+ FX) =T
BTTOU Xy, Xay - -« Xv &yveoTol (1) | oo+ Pe(Kat .o +XHX) =72
vy Pv Yv# 0 TN e R
veN kal v2>3 Xy + By (- Xo+ .o X)) =Yy

*Enilooig :
*Av Béowuey 8TToU X, + Xo + ... + Xy =K, TéTE ExdoTn TV gL1ohoEwY

o0 ovoTthuaTtos (1) &TioToixws ypageTan :

X+ P (K=x)=7 X1 = (y1— BuK) [ (o — B NO;T%U
X, + B (K—%,) =vs izt Xz = (Y2 — P:K) [ (e — B2) @ :: - [_;;
C(va+5v (K == xv) =¥ Xv = (Yv = BVK) ,I (du = @V) oy #F Bv

TMpoodéToper Tés (2) korrd péAn, omoTe AapPévouey

_vi—BK | v2—BK yv—pPvK

X1+ X+ ...+ Xy _;‘l_—ﬂl-kT_ﬁz + . +E?gT— K (3

‘H étiowois (3) elvan TpwTopdduios s mpos K, 7 dmola Avopévn Bidet :
o Y Y2 N B Be By

K'_(Gl—?l +az#r'-"z + ot Ay — ?V )/(1 +C‘1“‘1ﬁx+u:*ﬂ=+ +0fv-—'§v)
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omep, kot K=C. Tiy Ty K = C Bétousy s Tas hiowoes (2) kol Eyope
TS TINAS TV X, Xap + . .,y Xy

Mapdderypa : N& dmAubf 10 oloTnua :

3Xx+2(w+2)=8 4v+3@+x)=6z—4(x+y)=8

"Enilvoig : Oétopev &mou X + y 4 z = K, 6mdTe ai tiodhoeis ToU cuoTh-
patos ypagovtan @ 3x+2 (K—x) =8, 4p +3 (K—y) =6,z—4 (K—2) = 8§,
e v x=8-2K, y=6-3K, Z=(8+4K) /5. TlpooBttopey kaTd uéAn,
omoTe X +y 4z =1 5---»}5 kol dpa K= .E;%, K = 3 Téhos 81" &vtikaTo-
oTéoews Tiis Tipfis K = 3 &xouev
x=8-2:3=2, wy=6-3:3=-3, z=(8+4-3):5=4

2. N& émdubfj 10 cbotnpe: o 4P o+ B ake By
X1y Xoy . . Xy &yvOOGTOL YR Vi i e Yv g
iy Yu; By, 822 0 ] 0% + 8%+ ... + 8 xv=¢ ©)
veN kai v > 2 |
’Eridlvoig.
log tpomoc. TH Ponfeiar ToU Becopfuactos Téwv focwy ASywv Exopev :
B B. By
st B_axatB _ _awtp MTe Mte 0 Mg
T ¥e Yv Y1 Y T
G Az ay
8x, + % BoXy + S:P Suxy 4+ SVBv
= —i = ————7(-:—?— i = — v —
Sy e s Bvry
o, @, av
8 8 5, 5
IX +8 x2+ +vav+ lﬂl + !ﬁ2 + VBV E+ lﬂl+ﬁ+ : + Vﬁv
Oy _ G S Svi T
M BeYz Eva 81y, ByYa Bt i
al+ct:""+cz\, T+?:+"'+ a,
& ] 5, &
OOV g, 0 v vy Oy £ O ko - lYl""T;ﬁ"[" e+ ‘Y"#O Apo LT & x‘_Ha‘ K,
N 2
+ i o
Ez{*y—rp—*:}(,...,ixﬁy"'—ﬁ" = K, & v Exousy Tds TIpds TV dyvioTwv X,
2 v
ORI
204 tpbrog. "Eqv éxaotos 1@y Towv Adywy Eyn Ty K, TéTe 6& Eycopey :
aXt By K%ath _ Ky oy o G K, & v x, = K= Xs =
Y1 Y2 Yv o i
K Kyv—Bv . N 3 & o
Y; [32 K= Y‘;TB—‘ (2). Tas Tpds (2) cw"rlkotﬁlcr-rcousu els THv Seu-
2 v

=i

Tépaw ELicwoy ToU cuoThuaTos, STE 81

+ 59 C!:‘ E'a 1 + SV ﬂv
= ¢ AUTn elvar mpeoToPdButos s Tpds K 1 omoia Avopévn 8iBel :

il  Pidi | Buby BBy 1Y 2Y~ Burvy
K_(ET;_1+70727+...+ )/ et e

Tv Tty K = C Bétopev eig Tég shcwcetg (2), OToTE ExoUey TaS Tiuds TEW dyva-
TTOOV Xa, Wssiomey) K
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X y+ 1 w—2
Mapaderypa N& dmAuSH T6 ovotnuec: | 3 9 5
| x —y +3w=—2
"Ernilvoig : "Eotw K ) Tiuf ék&oTov Tév iowy Adywv. Tote Exoper x = 3K,
y=9K—1, w=5K+ 2 Tds Tias aTdg OfTope s T 2lio. X —y + 3w = -2
&t1e : 3K — (9K — 1) + 3( 5K + 2) = — 2, & fis K = —1. Téhos &1’ dvTikaTaoTa-

cews ThS Tiufs K= —1 &opey x=-3, y=-10, w =-3
1 1 1
T o
3. Na Zmlv0i] 10 cdotnpa: 1 1 1
1 o uy —t—F = =
Xy Xay. - -, Xy &yveodoTor # 0 (1) | X Xy Xy
veN xai v > 3 ¥ i S
1 1 1
- Xy + T1 —!— s + ;(\J——-; e
/1 ] S 1
*Enilverg : Oftovtes oy — = Xf] — = X',/ - = X3, . ., — =Xy €S
X Xz Xa Xv

TO oUOTNHA, EYOMEV :
4%+ . X =9

To clotnua (2) émiveTan i Tis pebo-
) Bou Tfis TpooBioews TAV Elicwatwy KT

e L, péAn, OmoTE 81’ dwTioTpodiis TV TGV
X'1, X'g. - - X'y EXOHEV TAS TIMAS Xp, Xp, - - - Xv
Mapodeiypara: 1) N& émAudi 16 olotnpa :
1 1 5 1 1 s 1 1 3
b e il T £ ek 3
*Enilvoig : Tpérer var elvon Xyow # 0
OéTopev il = A W' L _ o, &méTe AcwPévopey :
X 1 \v g r W ’
' ' 5
X +y = &
74 A& rpocBioews katd péAn Té (1) Exope
o= 1 : : ; 1855 R .13
vre=m)|O iy rer=atxryie =g @
w + X = aE
AQaipoUper KOT& UEAN, EkdoTny Etiowow & Tév (1) &mo Thy Etiowow (2),
Fos s W s ' ' 1 i 1 ' 1 v o2 '
SoTe Exopey duTioToiXws ¢ W' = & , X' =5,y =3, K drohoUfos X = 2,
y=3 w=4.

Xy N Yw = [3 wx
Py Yyt T B+ yx

*Erilvoig @ “YmroféTouey afy # 0 kal xye # 0, oméTe 10 oloTnpa yp&-
QeTan :

2) N& &miAugf) TO ouoTnpa :
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ﬂﬂ_"’: e £+£_i OfTopev éTou %:x',—l—:q,}" %:m'
Xy Y ety s, ; i
Yy + aw 1 y = 1 OTréTE ActuPdvopey :
= ==L L = ' e
W B [A] Wy B ay + [3?{ = IIY
e e ye' +ay =1/p| (1)
wx a X w o4

Bx' + yw' = l/«
A& mpootéoews Tév (1) kerd péAn AcuPdvopey :

2 (o +Bx 4 yw) = LEPYHY g 50 oyt x4 yeor = SBEBYay

afy T 2apy
"Agaipolpey & iy kdoTny eElcoocw & T (1) kord péhm, 61e Exopev :
¢ _ oy +Py—ap _ 9P +Py— »_ @y +ap — Py
= T 2Py » BX = 2§py O = 2By , £8 dv
=y +Py—of): 208y, xX'=(aP + Py—oy): 2Py, ¢ = (oy +
+af = Py) : 2a*Py xai drohodus w = = .. o o sER )
' Gy By Pt P+ Py —ay
% 2a*By
Y=t —py

Inueioocc. To fiua Tng em?\ucrewg cuc‘rnuchu 81 eldikdv peBdBuov oubdAws EEavTAei-

Tou dvrauba, "Efaprérar 8¢ dme 6 elbos Tou ouoThuaTos kal &rd ThHY SelioTexviaw xal evyé-
pelav Tou doyohovuévou pE alTd.

AZKHEZEIZ

171) N& #mdubodv T& dxdrovla ouoThpaTa :

D) | x+y=-1 2) [ x+y+w=4 3 |3x+y+w=2
y+w=-19 lYyt+wt+z=-2 X+3w+w=6
WH+x=2 \w+z+x=1 X+y+3w=-—28

lz4+x+9p==-3

Y | x+yt+o=1 5 |x+y-—w=« 6) ‘ux+v\.p+z=l
X+ay+w=a Y+w—x=p X+wy+z=1
X+ y+ow=a WEHX—Y=Y X vy 4 pz=1

172) N& émiAubolv T& &Ké?\cu'ec: CUTTIHOTA :

D0|x+3y+w+=15 ) |ex+Bw+z+w)=y
6y +5 X+ w+z)=36 ay+P(x+z+w) =y
|30+ G+y+n=11 | =tharyrw=y,
152+2(x+y+w)=17 aw+ By (x +y +2) = y,

D Xy 8 Aho., Wb ey 5) ﬂxgﬂ\v Yw
ST e w o T 1
X+ y—w= f x+up+w=x ] I__+ +—_‘§

6) 1 1 1 1) Xyw
T+\|J+_n-)f=l XY+ xo—yo &

1 1 1 1

\y+w+ Z T B Xww i
1 1 I <. 5 Yo + Yx —wx
w+—_z—+‘;__?
LR Xyeo

z E O T B WX + oy —xy 7
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8) | xyw = o (Yo — wX — Xy)
Xy = B(ox — yw — Xy)
Xy =y (XY — Yo — ©X)

173) Na& &mAufolv T& dkdAouba cuoThuaTd :

D |x+y=3 Divx+y +z+w=v N]|2x++w==5
y+w=>5 X+vwy+z+w=1 X+2(y+w=06
w+ =7 X+ytvzfo=v 2(y+w)+z=0
¢ +z=9 x+y+ztrvo=1 2+x)+y=-1
z+x=6

58. EZIZQEIEIZ TYMBIBAELTAIL ;
Xx—2y=-4

YEotw Tpds &miAucw TO oUTTNUX }:j 3x4+y=9 x,yeR
TpiGdv Eiocoewy pé BUo dyvddoTous. x+5y=17

EmAUovTEs TO oUoTnua TEY SUo TpwTwy tliodoewy eUpioxopey :

. Xx—2¢y=—4]
[ovwimwen A J75 = e (2))

MapoarnpoUpey &1 1 evpebeioa AVois (x, ¢) = (2,3) elvor Aoig kai Tis
Tpitns &tio. X + Sy = 17, "Hrot af 2fiotoes ToU GUGTHMATOS Z EXOUV  KOTy
AUcw.

Tés tfiowoes TaUtas kahoUuer copfifootds kai TO oUoTNUa TG &moiov
&rroTeAouv cvpfrfactov.

"Ev yéver, Stow TO TAfifos u TéY ooty elvan peyahUTepov ToU TAR-
Bous v TEY &yvdoTwy, TOTE EKAEYOUEY V giochoers, Tds &mAouoTépas, Kal Avo-
pev TO cUoTnua TO &tolov &moTeholv, &9’ doov #ym ToUTo AUcw. ‘H Avois ToU-
Tou &w elvar AUCIs Kad TG UtroAoiev Elchorwy, ToTE of p elicwatis glvat oup-
pifactal kai TO oUoTnua aUTéy cuppifactov, tdw 8y, ToTE af ehiodoes eiva
aovppipactor kai TO cUcTnua @ddvatov.

Hapadeiypata : 1) N& eUpedfi oyéors petall T8V o, oy Py, B.e R Tdv
Hiocioeey ogX;, + By = 0 kad X + P, =0, émou oy, & # 0, v aUTon eival
ouppipaoTal.

Abowg: “Exouev Tds Avoeis 1 {x/xeRAxx+ Br==07} {ﬁ% }

B.

{xjxeR/\crgx-l-ﬁg:O}:{_'oi}

Il

Aéov v& glvan :

_E—___—_Ez. -~ al:,ﬂi <~
(& oy Qg P2

fTis elven 7 {nTouuévn oyéols. TO QuTioTpogov TPOPAVES.

2) N& eUpefi] oxéols uetakl TGV GUVTEAOTOV C, 2 Biaar Yoz €R TV
ooy X + By =¥1 (1), X + Py =72 (2), X + Bay = ¥ (3), bmou
| e | + 1By [>0 | | + (B |>0, ] o | + | Bs >0, v aUron efven oupPipaoTad.
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o e Ax
Aboig : ‘H ko) Aaots tév (1) kel (2) efven x = Z(‘—E’_—?% =
12 2|

Y= ;%2‘;2%' = A.—a'-, 8mov o4, — By # 0. AlTn 1 AUgis Séov vk elvan Atois
1Mz — Yk

kai s (3).
o Py Yy |
*Hror : cra-%‘ﬁ—ﬁa-%:ya = GOt By = YA = | B ye | =0.
% Ps Ys

AU elven f) [nToupévn oydos.

59. ATIAAEI®OYZA TYETHMATOZ (EYNAPMOZOYEZA).

Eis 1& dveotépw SUo mapadelypata cupPifacTdv éficwoewy of epe-
Gelocn oyoels elvan T¢ Eorydpevov Tiis anakorpfig TGV &yvddoTwy peTakl TRV
ehiodosr ToUTwy, 81° 8 kol xeheiTau arnaieipovea ToU cuoTrpaTos TV EEl-
OWoEWY,

‘H dmodeipovoa fvds auoThuertos elval i Ikavh) xai dvoyxkada ouvbrixn,
v 10 oUoTtnua elvon oupPiBacTdy.

Hepadeiypata: 1) N& elpedf 1 dradeipovoa ToU GUGTAPGTOS X4y =3,
X =3y=—14, A4 pp=y, Aurx,yeR

Avog : Kotd 10 apd@erypa (2) THs TPONYOUREVNS TTapay paQou EXOHEV:
Lol 3
2 -3-14|=0 < A+v=4y
{h v

H oxéors A v =4y elvea 7 amodeipouca ToU ouoTAueTos.

2) A& Trofaw Tipdy ToU AR T oV elval cuuPBIPacTor 2AX + 1y = A,
X+y=3 x-2y=2& R

Aborg : “lva 0 cUoTnua elvan oupBiBaoTov Tpdmel 1 amaAsipovsa adToU
v&x glven (.

THzor: [ 2N TR
I 1L 31=06 <4 2A2+06) —C+20D+B—-N=0
1 =2 2
= A=— Ilﬁ' "Qoe, B1d A = — jlg TO &oBtv ocUoTnua elven oupBiBocTév.
ATZKHZIEIZ
a ‘Opés:
174) N& tetaodii &v ai thiodars els T K&Toobt ovoThpara elven ouvpBiBaoTal § &y1 ;
Dx-5y=0 2) 2x — %=2aﬂ1
X=y+4 2ax + Py = p? + 2a?
K-Ty=8 +2T;P L

%
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175) Tloia oxéois owdéer Ta a, B va T& drdAovba cuoThuaTa elvan ouuBiPactd.

Dax=p—1, Px=2a+1

D Px+ap=13, w+2x=2, 2Bx + 3py=1

176) *Av ol Tpeis ELiochoes : ax + By=1, apy+pPx=af, x+y=a+p evxn
ouupiBacral, v &moderxdii STt (a + P)* = apf + 1

p" Opas:
177) N& mwpooSiopiodfi ) Tipn Tol pe R, iva 16 cUoTnua Tév tiodoewy (W —T1) X = 5
kal (Bu—1yx = — 1 elven oupBiPacTéy. *AxorolBuws v& AuBii 7o aloTnua.

(@ =B x + o+ p1 =
X+a+p =0
179) N& ebpebf # dmaheipovoa ixdoTou Téw dxohoUBwy ouoTnudT®Y :

178) N& ebpebi] ) &mwadeipovoa Tol ouoThpaTos |

Dx+Ap=-—n ) ax+yy+p=0 3) ex+Py=y
Xy = — YX+ Py +a=0 o’k + Py = y?
% i =t Px+op+y=0 X + Py =y

60. OMOIENH I'PAMMIKA ZYETHMATA.

‘Opropds : Mia yoauua) éiomoc xaieitu duoyevijs, fav 6 yvootds dpog
aitis elvar pndevixds m.y. Al Eiohdoers ax - Py = 0, ax 4+ Py + yw =0

Xy + CXo + gXg + ... FaXe = 0, &rwov x; petaPAnTad, efven ypopuiked
Ouoyeves, !
Katd ouvémeiav &v ovotnpe © popuikéu ouoyevév ¢hicdhoewy civen 6 p o-

YEVEG Ypappikov clhotnpua

Ta ouotiuaTa : | oyX + Py + Y0 =0
X+ Py =0 X+ By +y:0=0
X + Pay =0 ‘ X + By + Yy =0

elverl ypoupika Opoyevi] cuoTHUaTA.

| GX Py +yiz=0
X + Ry + vz =0

Inp. “Bvas TouAdyioTov ék T&Y ouvTeAesTaw Séov vd elvan pf pndevixds.
TMpogaowfis AUois vos Opoyevols ypapuikoU cuoThuaTos elvar A pndevikd (Shot
of dyvwoTor 0) ouverrdds Exer TvToTe piaw AUow, TevwdTan dvtalba 1O Epd-
TNUa, &v ékTos T undevikiis £xn k1” SAATY AUow fi &AAag Avoels.

2koTds THS MEAETNS TAV OUOYEVEY YPORHIKGDY CUoTNUETGY elval | dva-
{tnois T@v pn pndevikddy AVogewv TV,

61. IKANAI KAl ANATKAIAI TYNGOHKAI, INA TO OMOTENEZ I'PAMMIKON IY-
LTHMA EXEI AINEIPOYZ TO MNAHOOZL AYEEIZ MH MHAENIKAE.

A [ x + Py =0
I. "EoTw T6 oUcTnua %, ¢ | 1 o, 5 Bisss X, weR
TN 24 | cux + Py =0, 2 Bues X, @
. wor = [ieg | : d J ; e ;
EiSopev, &T1 &v ql gl, # 0 T6Te TO cUoTnua £yl plov kel pdvov AU-
| S o
S 5 “ e e ’ ;
ow kal dvtata Ty undevikny (0, 0), fiTis efvan mpopavns, "Av ‘ cxl g‘ ‘ =0, 16-

Te TO ouoTnua sival &opioTov, Exov &Teipous TO TATBos Aloels, &rokAsiopé-
vns TS TepITTTOOEWS ToU dduvdTou, £’ Saov Exn uplow Alow Thy (0, 0).
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Tés &meipous 6 TATBos AUoels evpioxouer Tpopavéds Ex wds Eilohaecs ToU
Z,, 6Tav 6 €ls &yvwoTos &kAeyT aliBaipéToos.

"AvTioTpégws. “Av TO cUoTnua X Exn &xkTos Tiis AUcews (0,0) ki THY
ANow (Xy, ¥i), 10T 1) Opilovca T&Y ouvTeEAeoTGY B8v BUvaTon v& elvan Sidgpo-
o1 ;Bl = O

pos Tou 0. "Apa 8& elven
% P

"Qote 1) dvaykaio Kai ikavi] euvBnkn, tva 10 sdotnpa I, Exq Exrtdg tiig M-
cews (0, 0) kai dhdag ansipovg 10 nhijfoc Aieeig, elvar 1 opilovea tdv ovviE-
Leot@dv tdV dyvdetov va elvar 0.

o Bl

G: Et‘ =P, — o p =0« % :%

X+ Py + yi =0

%X + By + Yoo =0

duoyevs ypapuikdy 8o ooty uE Tpels dyvaaTous. TTpopavns AUsts ToUTou
elvar (X, y, w) = (0, 0, 0)

YmobéToper xypw # 0, TéTe 1O oloTnua T, Suvatal vd ypagd

*Hrot

[l "Eotw 10 ocUoTnua Z

g 5

al%’+ﬁl'mi iy

. Tt -H%% it AUovTes s TpoS —-E; kad % Acupdvopey
g Py : B 7 !
i= ‘_}’zﬁa u) ‘ﬁz Y e X A
= 1% B | [31; §l31 Yil o Py
Lo Be| 1o Pyl B Ya! < Bl Ea s 2 i et
(% 71| |71 & | Br o |v1 | |ou By
Y | ."Y?,,j _ v _9(_2‘_ it e [ B2 vl lye @ oo Be
m—’cx, B o Py Yi c‘l“ I - l31|
o By o Byl Y: % Lty By

Oi Adyor olror Exow Ewoiow dTav ol Spilouoal T TapovoudoTdy elvan Bik-
Qopol ToU pndevds.

. - - D W w
Avuietpépag. *Edv = = =2, AeR kail
By 1 JY1 oy [ By i
.B2 YZ |Y2 02 |CI2 BJ
By ¥ Y1 % o By i
BzYz#O' Yz%#o' o Bz?éO,TOTE ol Tipad
X=2A Pu 7 W= " % St e s elvar AUoeig
ﬁﬂ Y2 Y2 O Ty Pai

ToU ouoTAUaTOs X, ToUTo SiemioToUTan eUkdAws & QUTIKATATTNOWHEY T
TG TaUTes s Tés oo ToU Z,.
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“QoTe | dvaykaia kai ikaviy cuvBikn, iva 10 ovetnpa L, éktdg Tiig Mot
(0, 0, 0), £xq xai drlag drcipovg 1o nhilbog Abosig, sivar af, — oo, # 0, Pry.—
— By # 0, Mo —1y,a; # 0.

X + Py +yiw=0 (1)
. "Eoteo 16 oVotnua ¥ ;| X+ By + Yy =0 (2

GX + Py + Y0 =0 (3)
Mpogavtis AUois ToU ousThuaTos =, elvan 1) (X, y, @) = (0, 0, 0)

"Ex 16w (1) ke (2) Acwpdvopey : x=A|P* 11|, p=a |7 9] wn|® Pl o,
Bz Y2 Y2 % o Py
ométe A (3) vyiveton @ Aoy (Byys — Poyy) + Ps (i — oYz ) + Ys
o By
(P —Pie ) 1 =0, AiTis yp&eeron kol oltw : A.loy By Y2 |=0fH A.A=0
rcxs Bs s

'Ecw A #0 161 A =0 kol ouvendds x =0,y =0,w =0
'‘Edv A =0, 1éTe ik AeR ¢k T&Y (4) H& Eyoopev dmeipous TO TATBos Aloes,
ko’ Soov & A dkAdyeTan alBonpéTos.

"Avnietpbpag : "Edv pia AUcis ToU cuoTthuaTos Z; elven B (Xq, Yy, ;) #
#+ (0,0,0), Téte A # 0 kol cuvendds &k TiHis A - A=0 pokuTTel A = 0.

‘Qoe, kol 8@ N Gvaykaia xai ikaviy ouvdikn, iva 10 cbotnua L, éKtog

tiic Moeewg (0, 0, 0) Exq xoi dhlag aneipovg to mhijfog Aieeig, eivar 1 Opilou-
ca 1@V cvviedeotdv TAV ayvaetov va eivor 0

o P17
Hror: | B Y2’=0
o Ps Vs
ITapadeiypata :
3% 4 2Ap =
0 At “relavimiti w60 ha ks slomuy o F T A =D
X —(A+Dy=0
Exel kol GAAas Avoels ExTds THs unSeviks ;
Avorg 1 Aé X £ 3 2A
IS gov V& sxco;.xevl =04=};\=_1
|4 -a+D x
Mpdyuers 86T TéTe 3x + 2 (—-— 13—1) y=0 33x -6y =0

4x_(—%+1)q1=0 3 445 — 8y =0 W

1x—2y = 0} Kal &mougves 16 oUvolov T Alotwv Tis TpcTnS

1x —2¢=0] thiodoews fooltar & o TowolTov T SeuTépas.
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2) N& evpebfi 1) dvaykaia kol ikevl) ouvbrxn upetall Tév o, B,y iva

ax +y+w=0
T6 oUoTnua Y | x + Py +w=0 #yn kal &AAas AUoels EKTOS
X+y+yw=0
Tiis undevikiis (X, y, w) = (0, 0, 0)
{ie 1= Qi

Aborg : Aéov v | a
. l—0>a 4+ P+y— =3
Eoopey & | Pl Bt Paupmil A

[l 1 givar 1) {nToupévn cuvlikn.

3). N& émAubf 10 clornua 6x —yw —w =0, 3x + 4y — 2w =0
Adorg: Tlpopavis elvan 1) AUois (x, , @) = (0, 0, 0) Aix Thyv elpecty T &A-
Awv Augewv, €@’ Goov Ecouey :

i e = ~1 6|

‘g H=24+3¢0, i _;!=2+4¢°"—2 o R e
: Lol | = o il Bl Ll

AauPdvopey x*7\‘ 4_2—67\, H= |-2 3‘_97\'&}_7\;3 4_27?\

OUtw ai AUgels elvan :
(x, g, w) = (GA, 97, 272), VAeR
mx. S A=-1 AauPdvopev (X, y, w) = (—6,—9, —27), fiTis elvar AVoIS
ToU OUGTAUOTOS,
AZKHZXIEIEZ

180) Ak molav Tipfv ToU A e R T4 gUoTnua 5x +(2A—-1)y=0,
Exel &meipous TO mAfifos Avoers ; —2Xx+GAr+1Dy=0

181) ’Eqv 70 cloTnua ax + By = 0, Pix+ a?y = 0 #xel kai &AAas AUoers EkTos TS
undevikiis, moia f) oyéois Tév o Kai B .

182) Toia éx Tév dkohoUfiov cuoTnudTwy Exouv pioy pdévov Augwv kal Tola &meipous
T6 TAf{fos AUcEls ;

) x4+y—-w=0 2) S5xy+4y+3w=0

ZxX—y+4w=0 X—2¢y +w =0

x—=3¢+w=0 —10x + 8y + 60=0
183) N& &mAuBouv T& cuoThpaTa X+ 2p—z=0 002( i B‘t+ YC: —:;g
(xpnoiemomoare Tés SUo Suoyevels 3 St -4 a9 ax + Pry+y wr
thiohosis) x+wt+z=2 x+\p+m=a—37

AZKHZIEIZ ENIANAAHYEQZXZ

184) Ak mrolas kai Tés ch'rc‘:s -nuc‘xg TGV X Kai ol opifovaat

'y 1 1 [ 2x -
4 e xai 4 1 AapBdvouv &ugdTepar TNV Tipfw 0,
44y 3 5 | 3 -1 1y | 7
185)-N& émiAubolv kai &epewqeoav 'r(':: &Ké?\ouecx OUOTAMATA
1 x4 On< Dige=0 2)‘"+T= 3) a+ax +y=0
X+2y=A—4 1 1 P+ Px+y=0
T ek
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186) N’ &moBeixfolv af xdTwd TauTdTnTes.

1)| 1 A — Al 2)|x —x 0 y
(1 o —w | === +A+) 0 xt -1 l R e
{1 v — : 1 x x+1 (:;11)
3)‘ ay of Py 4) [B*+y* B oy
(1 1 1[=EE-PDE-MN—9 |ap oty py [=dipeyt
i p Yy « ay By a*+p*
187) N& émAuBolv 81& ToU kavéves ToU Cramer T& oUOTHHOTA :
Dax+py+z=1 2y x+y+z=0 3) x +ay +z=2«x
X+apy+z=p ax + Py +yz=0 X+y+az=0
X+Py+az=1 Pyx +ayy+apz=1 (a+Dx+ay+z=a

188) N& émAubi) kai Biepeuvndi 16 clUoTtnua, &1k Ae R
Dx+y+Awo=1 x+Ay+w=A x—-y+w=23
189) TMoix fi oxéols peTaly Tév guvteAeotdy a kal B, va af tfiocdoes Px + 2oy = op,
ax — Py =aB, x4+ y = 2a—P traAnfelwvrar ui Tds aiTds Tiuds TV X, W € R;
190) N& Tmpocdiopigdij f Twuh ToU peR, va 16 olotnua
x+@4+Dy=10, 2x—@u+ Dy =5 x—y =06 éxa piav pévov Abow év R.
191) N& ebpebij 1| dvayxaia xal ixown ouvBrikn petaty TV
ax + Py + yw =20
Bx +yy+aw=0
x+ v+ w=0
a?x + Py + y2w =0
ax + Py + yw=0
x4+ v+ w=0

a, B,y va 16 oloTnpa
gxn kal &\Aas AUcels EkTds TR Tpopavous

192) Né& eupedf] 1 dvaykaia kai ikavi
ouvBrikn petaly T&v o, B, ¥ Wa 16 olotnpa
Eyn kol GAAas AUoels EkTds Tiis Wndevikiis

193) N& d&modeybij 671 1O olUotnua elven | i i

@ g ¥ 3 g = R | ax + ay + w =1
cupPifacTov Bia Tdoas TES TIMGS TOU a € | X + oy 4 o= 1

tktos a=1 kal a=—1 X+ ¢+ aw=a
X y 5
pry T y—a ~ w-p ="

164) Né& émAubij kad Bigpeuvnéij 6 oloTnua % " 5
(Al BUo mp@Tan Elicooels ATOTEAOUY OpOYEVES — + = + p= 0

) Ay b B—y ¥
oUoTnua BUo Ehicdoewy pé Tpels dyvwaoTous) o

B+y

+ “’+ B_za
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KEQAAAION VI

AXYMMETPOI API®MOI — IIPATMATIKOI APIOMOI

(Zopmifpwoig t@v Sibaydiviov gig v I” takiv)

A’, ALYMMETPOI APIOMOI

62. Eis thv I TéEw eiBopey, 6T katd TNV oToudly TV PNTEY OXETIKEV
&pifpddy BiemioTwdn 1 &Buvapia pnTiis AUcsws T tliowoews x2—2 =0,
Tfis x2=3=0, f| & yéver Ths x2=9, Smou 8>0 kai pf) TeTpdywvos &pduds,
816m Bév Umdpyel pnTds, ToUu omolou TO TeTpdywvov va elvan dvmicToixws 2,
A3, fi 0. Qs ék ToUTou, Trpotkuyey T &udnykn ETEKTEOEWS TOU OUVOAOU TGV PT)-
Tov dpifuddy pé THY Snuioupyicy véwy &piBuddv, dvopaoBivtwy appitey i
dovppétpov kai ol &molor koTeokevudofnoov koTd TpodTrov Beparrelovral TS
&Buvapias T@v pnTév &piBudy. AnAadn va kabficTaTon Suvarn 1) AUois T&V
vw Eiocaewy.

‘H BepeAicoots ToU véou ouoThuaTos TéY dppriTev &p1Budy Eyve kaTtd Tpo-
oy TAnpourTa Tds S18akTikds dvdykas. OUTws, fyvwpioapey Tas drxoioubous
éwolas :

‘Opropéc. 'Ex ToU &pifuou «eN, kal Tfis &mepdvtou (&vev TéAous) dko-

AouBias ynepicwv (povoyngiwy dxepaiwv) Wy, Wo,. .. Wy,. .. oxnuatilopev Thv
&mépavTov dxohouBiaw &piBudov.
(1) a YL G @\ ey - G2 W

Ty Omoiav oupPoriloper o, Wi Ws Wi - . Wy ..

Té aUuPorov ToUTo, To omolov elvan pia &mreipowr@los Sexadikh Tapd-
oTacls, ovoudlopev dppntov ij dodppetpov &pibudy, &v B&v  TapioTavn Bexa-
Bikov meproBikoy dpifudv (BnA. pnTov), ATor &v, detd TNV UmoSiaoToANY EiTe
HeTS &mro Ev y kal Tépaw, Sév tupavileTen «Tpfipa wneiwvy EravaAapPavépevov
Siaprdds ywpls THY éppdviow GAAwy wneiwv.

M&s Spos Tfs dxohoubias (1) elvar Evas pntdg mpoceyyiotikdg aviimpo-
sonog ToU dppniTov &piBpoU oW WeWs . - Wy .

Zyenukdg dppnrog apbpdg koAeltan TES &pENTOS PEpwy TIPS aUToU TO

() A 1o (=)
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.X. Ol &por TGy dkoAoubidov :

@1 14 1,41 1414 1,4142...

B2z - ol5.. 1,42, . 1415 1,4145. .
elvar pnTol TpooeyyioTikol &vTiTpdowTol Tou dppriou 1,4142. . kat ENAer-
wiv A ko Umrepoxrv duTioTolyws kal ékgpdfouy Tiuas T V2 xatd Tmpooty-
ywow 0, 1 0,01 0,001 0,0001...
O Exoney 1< 1,4<1,41<1,414< ... < V2 < ... <1415<1,42<15<2,
SmréTe Adyousy 811 ai dxorouBicn (o) kad (B) Brarxwopifovtan &md TV doUnpe-
Tpov &p1Buodv Vz 6 6molos Bik ToOv Adyov aUTOV GUTITIPOTWTEVEL TOV &oUupe-
Tpov 1,4142..., Tov dmoiov KkaBopifouv ai drohoubicn. Mé dvahoyov TPOTTOY
Suvdpeda v kaTaokeudowpey kol &AAous &ppriTous dpibuols T HopTis Ve,
&mou > 0 kol pfy TeTp&ywovos.

Al Trpders &l TGV douppéTpoy &piBudv, pdodeats, deaipeals oA ouds,
Siaipeots kai of Eworen THg iodTNTOS Kol dViCSTNTOS Spilovren g kai emi TV
prTéY (ouppéTpooy), Kal Exouv Tas aUTas Gepehicobels 18161 TOS, TOS OTOlNS
Exouv ai Tpdtels gl Tév pnT@Y. ‘Opoicws dpileten f Evworer THs Buvdpecss Gppn-
Tou &pifpou. '

Al rpéters adrad i TGV dovupéTpoov &piBuddy els Thy oToiyeicddn "Alye-
Ppav yivovTtan TpOCEY yIoTIKGS. ©Oewpoluey Tl TV AouppETpwy  GplBudy,
TpogEY Y10 TIKOUS QUTITTPOCMTIOUS oy (pnToUs ouvettd) pE dmolavdhToTe
mpootyyiow BéAwuey. OUTws & Umohoyiopds &pibunTikiv PO TACEWY g
doupuétpous dpifuols yivetan pt maoav EmbupnTiy Tpookyyiow, A dmola alts-
ver pé TO TrARBOs TV SekaBikG Wiy T&Y pnTéY dvTiTposdtwy Twv. TLy.
B vk Spiowpey TO &Bpoioua Y3 + V.'-Z_ ked UtroAoyiowper alTd, AauPdvopey
ut mpootyyiow 0,01 Tols pnTous &vTiTpoodmous kad oxnuaTifouey TO dbpor-
oua 1,73 4+ 1,41 = 3,14. & 3,14 elvon O mpoceyy1oTiKds pnTOS QUTLTTPOTWTOS
ToU &ouupétpou &piBuoU V3 4 V2.

Té &Bpolouca, ywdpevov, Siaxpopd kal TnAikov &ppriTev &p16uddy Buvatoy
v& elvan pryos &pibuds mx. V3 - V12 = V36 = 6. ‘Opoiws V18 : V2 =V18:2
= Vg_:' 3.

Emi Ti] Phoer Tév AexBévrwv, OYETIKGS uE T&s Tpdters Emi TGV dovp-
HETPWVY, CUVAYETL TO cupmépacpa 6Tl Suvdpeda v ExTedddpey pdtels Epapuo-
lovtes Tas iB10TNTAS CUTEY, &81apopolvTes Sid TO eldos TV dpiBuddy, eiTe TPo-
keiTon epl TV, €iTe TRoKEITCl TEPL dppriToov.

63. "H5n 6& &letdowuey uepikds Xpnoiuous TpoTdoEs

1. 'Eav a éppnrtog Kai py, p, pntoi tote, Eav elvon @ - p, = py, Oa civar p, =
=p, =0
Andderlrg. 'Edw UmoBbowuey p; # 0, TOTE at-py = pp= X = z-"l’, émep

&rotrov, B16T1 & &p1Buds —z—“ elvan pnTds. "Apx 6 p; Btv Slvorran vé elvan Siago-
1
pos ToU undevos kol cUVETTds P = 0, &\A& ToTE kai p, =0+ 0=0
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2. 'Eav a dppnrog xai p pntég, 161 6 apibpdg @ + p kai 6 apibpdg a - p
(p # 0) eivar dppnron.
"Arédertig: "Eqv UmoBégwuey éT1 elvan prTol ToTE
a+p=p' =pnrds<+a=p' —p = pn1ds, &TreP dTOTTOV

ap=p" = pnrds <= « :2—“ pnTos (p # 0), 8mep &ToTov.
3. 'Eav 0eN kai 8év eivar Sovapig pé éxBitnv Swaipetov dia v, téte 6 api-
Opog {/6 givar dppnroc.
Anddedig 1 “YmevBuuiloper 611 TO cuuBoiov ]}6 Tfis viooTfis pilns ToU &pi-
Buol 8 éyveoploapey s Thy T T&Ew kad 611 @ X = 1\}5@» X¥=0 (Siamav 6 >0).

v
"Ecw UmoBéoeopey, 611 V8 =k (keZ+) kad 8T1 & k=kM - kM. .. KM, Smou

Kiga. - o Kel Agyg, . pUoIKOl, TOTE: B =K"= KM K22, . kM, STrep &TOTIOV.
v
0 o ~ K o« i ~ \ > ,
‘Edv Umoféowuer, 611 V6 =~ &mov K,AeZT TpddTOl TrPds  GAATAOUS,
K KY " » . ; Ay
ToTE B = (T)”: 5 ¢ OTep &Totov, B16T1 of Gpifpol x¥, AY elvan TpddTO TPdS

v
&MMAous. "Qore & V9 elven dppryros.
4. Ildoa akepaio ddvapg tiig nupastdocog o - BVy, Gmov a, B,y pmroi
Kai V}"_('ipp*qtog elvay napdotacis tiig popoiis k = % Vy, érov k, L pnroi.
Amideifig: o) (a £ P Vy)i=o + By 4+ 20BVy =K, + A Vy
émou a® + Py =K, kad 2ap = A,
B) (x4 BVy )* =@ £ 3a®BVy + 3Py + By Vy =
= (" + 3aP?y) + (3 + B*Y) Vy = £ A, VY
omou o + 3oy =k, ki 3a2f 4 Py = A,
5. 'Eav a,f,7,8 pntoi kai VB, V& dppnror, téte S ve eivol
¢+ VP =y + V8 npéner koi apxei va sivar o = Y kai B = 6.
"Anédeitig: "Ew o=y, Téte Vp = V5,2 o0 B =75 ’Ef &AAou Eyopev:
a+VB=y + Vo<ssa—y+ Vp= V&, & fis 61’ yoecs es 16 TeTpdrywvov
xoney (@ —y)*+ B+ 2a—)VB =8 = 2(a— )V =5 — P — («—y)*. "Edv

aFy TOTE VB = M%@—i“y;—” = pnTSs, Smrep &ToTov kKad® oov VP &ppnTos.

Ko’ dvayxny Aoy o =y kai ouvends kol B =5. ToUTo & elven Gpxe-
TOV, 5 £lvon TPOPLIVES.

Nopaderypa : N& edpebolv af Tiped T ouppéTpwy A kal W, Tva 7y TTapd-
otaols (A4 1) V54 2A —u icolren mwpds V5 + 1.

Aborg: "Exoney A+ W) V54+2A—u=V5 +l<A+u—-1)V5=1+
+ u—2A, Smep koTd THY mpdTaow 1, B& mpémel A4 pu—1=0kai 1 4+ p—

—2A=0, & o0 Exouev ThHY AUow (A, W) = (-33, %) 1
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‘Tetopikn] onpeivwoig:

Thv Umapliv dovupétpwov &pifpdy SiemioTwoay TpésTor of MuBarydpsion,
drorovbs & EUSotos ouvéBaier TPAYUaTIKGS els TN Evwolay TGV GouppéTpoy,
vecoTepor 8¢ BecopnTikoi, s of Weirstrass (1815-1897), Meray (1835 - 1911)
Cantor (1843 -1918), Dedekind (1831 — 1916), eloexdopnoay TAéor Babire-
pov émi Tfis fwolas T&V douppétpwv B1d TEW Tepipriuwy «topdv  Dedekindy».

B. [IPATMATIKOI API®GMOI

64. Qs yvooTdy, Téooapa elvan Td wUpia oTdSia T ELeAitecos ToU ouoTh-
paros TV oxETIKGY &p1Buddy. To mrpdiTov elvon 1) fvoia TéY anoldtmy akepaiwy
i puek®@v apibpdv. "Hrololbnoev 7 émékTaols els T gUOTNHG TV GLETKDY
akepaiov. "Ev ouvexeia 1) eloaywyn Tév pnrdv khaoudreoy €dnuodpynoe To
oUoTnua T&V pntdv ij eoppétpov aplpdy. Téros, f) Evwola ToU appitov i douvp-
pétpov @pBpot GBMynoev eis THY iSéaw tmexTdoEws ToU ouoTHuaTOS TGV p-
Tév els & oUoTnua, TO molov vd TepiEX TO oUvoloy TEV pnTEY Kai TO GUvoAoy
Tév GppfTwv &piBudv. To olotnua ToUto xkaheital oloTnua TGV mpaypd-
nk®v apilpdv. Bpabltepov 8& udbewpey kai plav d&AAny &mékraow Tpds & eb-
pUTEpOV oUTTNUa &plBuddv.

"Qore, 10 oOvolov t@v pntdV Kai t@v dppitav apBpdv, tiig "Alyéppag,
ka)elzar cOvolov tdv mpaypatikdy apOpdy (Real) kol mupictetar S1d tob R

"Emaidn oUBels pnTos dpibuds elvan &ppnros kai QuTioTpdPs, ETeETan 6T
T& SUo cuvoAa Tis "AAyEPpas, Q TO olvolov TGV oyeTIkGY pNTéY kad A TO oU-
vohov TGV oxeTikddy &ppiTwy, slven Eéva pods SAAnAc kol Siauepilouy T& olvo-
Aov R

OUtws éxopev : QNA = &f, QuUA =R, QCR, ACR.

"Eqv 88 N, elvon 10 oUvolov T&Y Quoikév xat ToU undevds kal Z elvon 1o
oUvoAcy TGV OXETIKGY drepaiwov, TOTE :

NyCZCQCR, NynA=gf, ZnA=g.

M&s mparynartikds &piBuds, Ep” Soov elvan fy prTos | &ppntos dpiuds, oup-
PorileTan 81 ToU o,yyWaWs. . .Yy ..., & &molos TaploTd THY dkohoubiav a,
G GYe - WY -y L, STIOU aeNg Kkad g, W, Wy, Wy, . dTépa-
Tos droAouBia povoymelwv dxepaicov. TO Bexadikov QUaTTUYpX TOU TTparyua-
TikoU &p1Buol elvan fi TreploBikdy, déTe & dpiuds elven prTés, A pA TeploBikdv
omoTe & &pifuds elvon &ppnTos. “YmevBupilopey 811 TrévTes of pnTol dpibuol oup-
PoAifovTar 81" careipowngiou mepiodikol Sexadikol &pibuod.

65. H IZOTHEZ EIZ TO R.

Alo TparyuaTikol SHOTNUOL GPIBUOT ¢, Xy Xy Xy. . . Xy . . KA P, YiVaWs. - Py - .
opifovtal fool, édw xal povov tdv, elvar o =B, x; =y, X, = Moy sy v Wy s
EbkdAws B dmoBeikvieTan fy loyus Tév iSioThTeww THs iodTnTos, 1 oTola ouvi-
oT& oxéow igoduvapics.
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66. IIPAZEIE KAl AIATAZIZ EIE TO R.

EiSopev 671 of mpdters opilovron cog kal éml Ty pnTdY ki of i810TnTES
Tapauévouy dvaihoiwTol, yivovtan B¢ els THY oToiyewdn "AAyePpav TpooEyyi-
OTIKES.

Eis Tous duewTépe igous TparypaTikoUs &piBuous, (§ 65), &v ouppi v elvan
=P, X =W, X =W -+ Kvg=Wy_y k&l X, > Wy, TOTE Of dprBpol elven
duigol pé pEYOAUTEpOV TOV TrpiITOV.

‘H olykpiols petefy TpaypaTikéy &pifuddy yiveton els T&s épapuoyds ik
Baaw Ty TpogeyyloTIKNY EkTpoghTnow T&Y dovpuétpwv. OUTtw, ¥ o, Be R
pier pévov TAnpoUTon Ek TGV oxfoswv i o > B, a=p, a<P

"Emrions &v o, B, YeR kad o <P kol P < y, 1TE B elvan kol a<y.

67. H TEQMETPIKH EIKQN TOY LYNOAOY R.

Qs yvwoTy, fy elfeia x'x, X 0O 8 A M X
1

10 onueiov O xad 16 povadiaiov

Biavwwoua OA = 9, dmoTtehoUv fvav GEova, Tov dfova (x'0x, ©). "Av fswpnowuey
oM

onueiov M &ml ToU &fovos ToUTou kal AdPwpev TOV Adyov —* TéTE & ASYOS
QA

oUtos looUTar Tpds TOV Adyov TEW péTpwv TGV Siowondtwy, & &molos elven
fvag TparypaTikds épiBuds pnTods A dppnTos kal wévov Evas. OUTws els k&be on-
pelov M ToU &lovos dvtioToiyeT €ls kol pdvov mperypaTikds &pi1buds, Sotis elva
g s
& Adyos TGV peTpwy TV SiavvopdTtwy OM kai OA.
"AvTioTpoguws, els TdvTa TpoyMarTikOy dpibudy dvTioToixel &v kal povov
s 3
onueiov M ToU &ovos, TO omoiov elvon Tépas ToU BiewUopaTos OM kai Tou
—
droiou & Adyos Tpds TO Sidwuopa OA ioolTen mpos Tov &pifudy altdv. “Emro-
pévaxs, petaty Tol ouvdAou R kal ToU ouvdAou Tév onueiwv ToU &fovos x'0x,
Umdpyel dvrioToryio dpgipovoonpavTos, Sid TouTo 6&Ewv X'0x xoheiTon HEmv
v mpaypatikdy kol elvan ) yewueTpixt) gikcov ToU cuvdiou R.

68. ATIOAYTOEL TIMH TPAIMATIKOY API®OMOY

Qs yvworoy, f Evwals Tol ouvdiou TEY BeTikédy &piBuddy THs &p1BunTIkis
HeTQ TOU unBevds kad ToU ouvdiou TéW uTiféTwv Twv &moTeAel TO gUvoAov
T OXETIKGY apiBuddy (TrporyerTikédv).

‘Opropds. Elvon yvwoTdy ik mpomyoupéuns Tétews, 671 amdluteg Tipd
(ii nétpov) tvos mpaypaTikoU &pifpoU koAslTar & &p1Buds This CApBunTikfs,

O TPOKUTITWY Ao auTdy, STow Tapodeipdf TO TpdoMUSY ToU.
Obreos ) &mwdhutos Tipn ToU + 4 elven & 4, 4 8¢ &mdAuTos Tiph Tou —4

106

YnepiomoiriBnke amé To votirouto Exmadeutikig MoMTikrig



elvan wéAw & 4, cupPolriletar 88 dos tEfig: |+ 4] =4 kal |~ 4| =4 kal SiaPd-
leton «&moAuTos Tiph) ToU + 4 f) Tou —d». *

’Etre1df) méwTes oi BeTikol &piBuol TauTtifovan pé ToUs dpiBpols Tiis dpi-
BunTixfis kot oUuPacty, Emetan 81 Exousy 4 = + 4 kai ouvends |+ 4| =+4
kal |[—4|=4+4=—(—4).

"Qore Suvdpeda v eiTreopey alotnpdTepov 6T1: TAmdlutog TR Evog mpay-
patikod apBuod (§ mds npaypatikiic napucticemg) o koheitar adtdg ovtog
o apiuog @, &av sivar Oetikog i pnddv, 6 avrifetog tov 8¢ —a, dv 6 apluog
elvar apvnrikég.

Zuppoves TTpods TOV vaeRyt = |
[

qvewTépw Oplopov B Excopey - YaeR

Kot T& dvwoTépw f| TapdoTaois | o oubémoTte ylvetan dpunTikhy kal
ouverdds elvanl Evas pn apvnrikdg apibpds.

69. BAZIKAI IAIOTHTEZ TOQN AIMOAYTON TIMON.

1. 'E&v «eR, TéTe || =|—«].

‘Anédeifig: "Edwv aeR* = — aqeR- kol ocuvemdds 6& Exwuey |a| = o kal
|—a|=—(—a)=a "O8v |a|=]|—q

’Edv aeR- = — aeR* xal ouvemds 6& Exwuey |o| =—a kal [-a| =
=—a. Ofw |a|=|—af

Edv a =0, 1é71e —a =0 kal mpopavéds | a| =| -«

"QoTe : IVGER:}G|:|-G{ J

2. ’Edv «eR, 7oTe elvar — || a | af.

*Anéderig: Edqv aeR, t = | a| =« kol &mwedn | o] & —| «f, Enetan
& —|a| <La=|a| (). Edw 8 aeR- = |a|=—a {§ —|a|=q, émote

—|a|=a < | «|. (2). Al oyxtoes (1) xai (2) 8idow — | a| Ca<|af
"Qoe fVaeR =—la| La | «f ]

3. ’Edw aeR xai veN, ToTe elven | o |2 = o
"Anédeikig : "Eqw aeRyt = | a |= akail dpa | « |* = a®. Edw aeR™ = | a|=
=—a kal &pa | « | = (— ) = o :

“Qoe : 1 vaeR, veN = | o | = o¥ |
J

4. ’Eqv aeR, + xal veN, ToTe elvan | o |+t = ¥+t
"Anodafig : "Edv aeRyt = | o = a kol &pa | o [l = gl

“Qoe : [ vaeR,t, veN = | a|¥+l = o'}

_ . (*). T obuBorov | | xal § dvopacix adtol, doebovear el tov Deppavby palnuatiny
Weirstrass (1815 — 1897).
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5. 'Bdv a,xeR kai [x | Lo, 10TE —a € x < « ki QTIoTROPWS.

‘Anédeilg: 'Eqv xeRy* = | x| =X xai émadn | x| € @, EmeTal x € «
Kal dpar —a S X < o, 81971 | X | S a=>a>0 ’Edv 8¢ xeR- = | x| =—x «kai
freedh) | x| < o fmetan —x <o X > —a kol dpa —a € X < a, 6T a > 0.
"Aviiotpopag : Edw xeR,* = [ x| = X kal émeidh —a < X < o, EmeTan
|x] S ’Ew xeR- = |x|=—=x fi —|x| =X xoi &meidy —a < X <.q,

fetet —a<— x| a>|x| | | x| <«
“Qote : I}u,xeR:fx]ﬁa@—agxéa J

Enp. "Extos Tév Paoikév ToUTwv i810ThTwv els &AANY Tdiw 8& pdbopey
kal &AAas Afav ypnoiuous.

Mapadeiypata: o) *Eav xeR Té7e, | x —7| € 34 <x < 10

Mpdywart: |x—7|<3<>—-3<x-7<3=4<x<10

B) "Edw elvon 6 < x < 10 ver elpedfi TO gUvohov Tiu@Y TS TapaoTdoews
A=—|x=1|=2[x=11].

Aberg: "Ex iy 6<x < 10 #xopey S5<x—1<9, Smep [x—1]|=
=X—1, fmiong -5 < x—11< ~1, 8mep | x—11 | =—(x—11)=11—x

Apr A=—(x—1)-2(l-x)=x—21 A+2l=x f 6 < A+2] <
<I0A-15<A<-11

AZKHZXZEIX

3 4

195) Na& amoderx8ij 671 ol &pifpol 3+ ¥3, Y5, ¥3, ;3_ efvar dovppetpor, &
8 3+ V5 v xaTaokeuaodi ue mpogéyylow 0,01.

196) ’Edv o &pprtos kal p pnréds, vd amwodery8ij 671 ol &piBuoi -L—, %, % efven
&ppnor,

197) Né& dmober0fj 81 apaderypdrwy, 6Tt TO ddpolopa, TO yiwéuevoy kai T6 TnAikoy
8o dppTwy, Slvarar va elven pnTés dpiBpds.

198) "Av (o, B, y)eQ kol a+P V2 =y V3, t6te a=p =7y =0.

199) Ner eUpeBolv ol Tipal Tév ouppéTpeoy A kal p, &v & &pidpds (A — ) ¥2 — (2u — 1)
elvat Toos pos Tov V2 .

200) "Av x douppeTpos kal o, P, ¥, 8 oUuppeTpor, UTd Tolav cuvBRkny 1 Tap&oTaATs

L
YX‘-FE elvan &p1fuos oUppeTpos ;

201) "Eml ol &fovos TG TpaypaTikéy &plpdv X'OX vé supeBouv onueia, EyovTa

YewpeTpIkGs elxdvas ToUs apibuous Y2, V3, ¥5 ... (51& ypnoiyoToifjoews Tou Tuba-
Yopeiou BecopripaTos).

202) N& &moBey8fj 671 : vy o, PeER = |a—=P| =|Pp—«a

203) "Edv a€ R, v& &modeixfi 6T oUBémoTe eval — | o | « o < ||

204) N& &moBeiyBi 671 : yaeR-kal ve N == | a|tv #1 = — g2v +L

205) 'Eav o, BeR kal |a|+ B | >0, i cupmepaivets 1 ToUs o, B
206) "Eav [x—10| < 5, 61e 5 < x < 15 kaod SUTICTPOPS.
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>0

a—-B<xga+b

208) 'Eav x € R+, va &modeyBfj &1k Tis oxforws | x | > a > 0 émeTon /0 € a <x<
< 4o, tav 88 XER- ) —xxc < x< —ax 0

209) N& dmAomrondfi 16 xAdopa (| x| +8x%) /(B |x|-+1)

210) ’E&v o, P e R, v& &moBeaxbij 611 a2+ P2 > 2|al - || ;\QS

211) "Edv x = Y2 + 1, v& eUpedfi ) Ty Ths TOPGOTEOERE
A=—22x—1|-3|V2—x|_—T|3x—(¥2 43| —3|x]|

5212) N& ebpeff) fi Tipf) Tijs TapaoTdoews :

~7|a—Pp|-3|P—a|+2]at+P|—-|22-P], dva>p >0

13) Bav —5 < x < 12, v& eUpedf) 7O ovvodov Tmudv Tiis TAPAoTATEWS

==3|x—6|+[|x+13}=2|2x—11|~]|12-x|

207) N& &moBeix8f ) looduvapia: |[x—a| 8 <= {

N
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KEQAAAION IX

AITPOZAIOPIZTOZ ANAAYZIEZ NIPQTOY BAOGMOY

70. OPIZMOI

Els Ty Tponyouptvny TéEw eifoper ET1 TO olvohov TEY AUoEwY was ypa-
Hikfis Eiowoews ax + Py =y, émou a,PeR, elvar Umoouvoroy ToU cuvdhou

RXR, #ov &meipa oToixela THs woppfis (X, y = I-_Bﬁ)

TToAAGkis Sucs EvBiapepdpeda udvov §1d T drepaias AUceis THs éliod-
ceds aX + Py =y, fiToi Tds AUceis THs Hopefis (X, w)eZxZ.

Tous ouvteheoTds a B,y elvar Suvatdy mdvToTe va Becopidpey drepaious.
“Epyov Tfis kohoupévns arposdiopicton avalicews @ Pabpod slvan 1) Epevva Tiig
Umdpleas xai 1 dvalnTnols T drepaiv AUoewv wids Eiodorws o Babuol
HE drepaious ouvTeheoTds Kol peTaBAnTds (&yvidoTous) SoaodnToTE TEMEPQ-
ouévou mAnBous A kad ouoThpaTos o PoBuol ué TAfiBos eiicdoewy UIKpOTEPOY
ToU T@Y dyvidoTwv.

71* EYPEEZIE TON AKEPAIQN AYZEQN THE EZIT. ax + Py = v (1), 6nov a, B, 1, €Z

1) “H ebpeais Tév dreparioov AUcecov oTnpileTan els Tas droAoUBous TPOTAOELS.

1. "Edv oi a, B, v Exouy MK.A. § # 1, t6te 4 igiowoig % X+ —2— \p=%
givar igodovapog tig E5ledoeng (1).

"Anodeibig: ‘H mpdtaois elvon Tpogavts kad’ Soov Sicupoupsy dupdTepa
T4 péAn TS (1) §1& 5, pés emiTpémer 8, v& UmodéTopey TEUTOTE TOUS GUVTEAE-
oTs @, B, Y TpddTous mpds GAARACUS.

2. 'Eav @, B, y elvar np@tor mpdg arliflovs kai a, B Exyovv kovov Tiva
dnpétny & # 1, §y iicweig (1) ovdeuiav axepaiav Loy Exer,

"Amédeitg: ‘0 & TTpopavdds Bt Siaipel TOV v, Braipel Speds Tous Spovs oy
kal Py kol ouveréds 1O &Bpolopa aUTév, ololnmoTe k' &v elvan of dxépaiol X

i )("‘] \"() "El).nu‘.\[ace-rmc":v.zb; Atbpavros 6’ AdeZavdasic (360w.X.) hpedvnos »al ebpev Tag
@rzpmiong AVOELS TOLOLTMY
athoe;, T 8t ampoadidpian

wowazwy £ug 4o BaBuod, 3ik tolto xxl wadobv=ar dogavrixal é&i-
¢ aviiuowy dopartea) drdivods.
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ko . ‘Enopéveoe, dv xyeZ, tote 1o péhn tiig #Erehosng (1) ovdémoTe yivov-
Tou oo kol ouvetréds i dliowois elvon &dlvaTos. “Hrol oUdepiaw AUo EYEL

3. Eav a, p npdtor mpdg dhiflovg, 1 ESicwelg (1) Exe1 dxkepaiav hoarv.

*Anodeifig : AuvdpeBa TvToTe V& UToBéTwiey a>0.

‘H &icwois (1) ypégeTai : X:Y—"aﬁ—w (2).

Al Biadoyikal dxépaion Tiped 0, 1,2,3,..., « —1 (mifous «) TiBéuevan
&l ToU w eis Ty (2), 8iSouv Tas &xohoUbBous AUCEIS :

G (5, 0) (B ), (SR ) (R )

a

BecopoUpev TOUs pTTOUS &p1Buovus :

= = = a—1 i B R ‘
(4 %, Xu—ﬁ, I—C‘j, by LE’—E{——) kol foTw Ta dxépaia TNAIKE 1T, Ty,
oo ooy Moy Ko TN &pynTIK UTTOAOITIC Uy, Uy, Ug, - - -y Va1 duTioTolyws TG

Sicapboeeoy y: o (y —B): .., [y — P (a—1)]: a. "Ecw Utrdpyouwv dpynTIKG UTTO-
NorTra T Kad1oToMEY OeTika 817 alEnoews ATOAUTWS KoTd povdda T& GuTioTol-
ya TnAike. TTy. Tfis Sicupéoecos —]5? 76 TnAlkov elvon =3 xai TO Umodermov
2, &moTe AapPovouey g TInAiKov 16 —4 kol ouveTédds Umohoimov + 3, BT
~17=5 (—4) + 3. Ta Umdroima TaUTe, « els TAfBos, elvan WiKpOTEPX ToU
o kad Si&popa MeTalU Ty, AidTi & Suo TUXGVTE Uk , W, (K <A< ) elvar foaq,
fitol &v ue =V, TOTE O& EYomev @
Y — PBx = Tk + Uk
y—Pr =am+ U
= &Krépaios.

Emraidhy 8¢ o,p wpddTor Tpos dAAnAous, &pa & o B4 TpEmn vé Biaipi TOV
A —k, Péoa yvwoThs i8i16TNTOS, &mep &romoy, S1oT 0 <A— k<. “Qote, OAx
& Umrohoitre elvan Bikgopa peTedy Ty, el TARfos & kol EKAGTOV  WIKPOTEPOV
ToU a. *Apx & &V UtrohoiTrwy ToUTwy elvan undiv kad kord guvETEIQY els TGV
pnTew &p1bucy (4) elvan dpibuos drépaios, fitor piar Tév Avoewy (3) elvon dre-
paice Aolg Tiis éhiochoecws (D).

4. 'Eav 7 &Eicweg ax + Py = v (1) €1 piav axepaiav hooy, B €xn Kai
irag aneipovg T mhijfog tig popeic (Xo - Bk, W, + aK) Kai povov avtac.

| = pa-w-a(n-m)= B2 —m-m =

*Anodaitig: Katd thv mpétaow (3), & B TpdTol TPOS SAAThous,
tote 7 o, (1) Exer piav drepaiov Abow, Eotw THY (Xg, Wo). “As Umroféocapey OT1
#xer kad THY dxepaiow AUow (x;, Wy). O& Exeouen TéTE: ax, + By, =Y Kal oX; +
+ By, = y. ApaipolTes Tas I06TNTOS KATA WEAT Eyouey: o (X;—Xo) + B(Y1—o)=
=0 =X —X3=— % (wy —W,). To o phos TaUTns elvan dxépaios &pifuos,
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&p’ Soov 25éybnuer ThY Urraptv kel Tis &AANs AVoews (X,, W), Srapopou Tis (x,,
Yo)- “Apa mpétrel vé efuen dxépaniog Ap1Buds kol TO B’ péhos — % (W1 — ). Emer-

0 8¢ a,p TpdTor Tpds dAANAoUs, TRETTEL & o vt Blaupd] ToV &AAov TapdyovTa

h W

Yi— . 'Edv keZ elven 1o mrnhlkov ﬂ;-\ff. Aol &v .

=¥, TOTE Y =

=W + ax kal x; = x, — Pr.

"Ex 6w {ooThiTev TouTwy kabioTaTa gavepdy, 811 T&oa dxepaia AUois
(X W) = (X, W), BiBeTan &rrd auTds, dtav & k A&Pn plav dxepaiay Tipfv. ‘Ero-
Héves Gmdpyow &meipan TO TAT00s dxépatan AUoers.

‘Avustpopoc. Kdde Alois Tii popetis (X, W) = (x, — Bk, y, + ax) eivan
Aois dreparic s Eliochoews (1).

Mpdryuarn Exoue : o (x, — BK) + P (w, + oK) = ax, — aPk + By, + aPk =
=X + Py, =y, o ax, -+ Py, =y

"Qote, tav ) tieos (1) Exn wicw drepaiov Abow Ty (Xg, W), TOTe B Exn
kol &Mas dmelpous To TARBos AUaels, of Sroicn SiovTon & ToUs TUTTOUS.

(5) X=X, —Pr ., X=X+ Pk,
Y = Yytax Y =Yy — aK,

816T1 KeZ

) Ebpeorg g axepoiag Looewg tiig Elomotng ax - Py = v

Qi vix Egapudocopey Tols TUmous (5) Tpétrel va elpoopey pdvov piaw &rrd
Tos Grepaios AUoels THs o ax 4 Py =1y
Mpds TolTo, Alouer TN ooty &g Tpods TV &yvwoTov Ekeivov, Trou Eyel
Y — Py
je4
AotBoos kot ThHy TpdTamv (3) Bétopev &mou w =0, 1, 2,. . .,a— 1 uéxpis &tou
elpooper X drépaiov.

TV WIKpSTEPOY TuVTEAETTHY, T.X. €V & PIKpds TOTE : X = ¢+ Kai  dxo-

"Edw of ouvtedeoTal o kai P even peydhor dpibuod, 7 TTponyoupéun utbo-
8os elven émitrovos S1é ToUTo epyalopeda dos £Efis : AVouer Ty eicwai g iyelely
Tov &yvesoTov éxelvov, TroU Eyel Tov HIKPOTEPOV OUVTEAECTNY Tr.Y. TOV . TOTe
z e < LI p v ( U=) Vi — Yy
EYOUEY = Ty = —_— — 5 -— =TT, — T, -——
XOUEv X 5 = =¥ Tr1+a TT_'+U Y=T— Ty + =
6mou Ty, 1, TAiKa kel Uy, v, dhorTer TEY Siopoecov v 1 o kad B Ak va

i ~ 1o . . . U — Uy
EIVOT QUVETTWS © X QKEPTIOS TTRETTEl TO KAQOUX —- =

Buds w. *Hror U‘——uﬁ:i =W aw + Uy =y,

va elvar dxépatos &pi-

AUTn Exel dxepadas AUoels 51871 of o kal U, elven rpddTol Trpds dAAHACUS.
(‘O M.K.A. 8o GpBudy Bty peToPddieTan Edw QUTIKATATTACWHEY TOV pEYCAU-
Tepov dpifuov Si& Tou Urrohoitrou Tfis Sixipéoedds Tou Si& ToU £TEpoV).

Obtws dverydpeda els Ty elpeoty depaias Mioews THs EE10WoEws qw + Uy =
=V, fiTis elvar amlovotépa, Si14TL U, < a.
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ZuveyilovTes g Trponyoupbves, kaTalyouey gl iowoi p HIKPOUS GUv-
TeAeoTEs, OToOTE fpyaldueda pi TH TpwTny pébodov,

Mapadeiypata: 1) N& eUpeBolv af drépaicn Aloeis THs fiochotws
3x + 5y =11.

Eridvorg : “Exousv x :11;53‘ Oéropev yw = 0,1, 2. Mk y = 0 #o-

1) - \ - - 3 =~ '
HEV X = 3 VG Siax =] EYOHEY X = “3- ? — SRR gsuyos Aotmrov (2, ])
elvan pia dkepaia AVois THs  liowoews. "E@appolovtes Tous TUmous (5) Bik
(Xos Wa) = (2,1) Exopev 16 olvodov Tév Aoewv Tfis 3x + Sy = 11,
OUrw ' x=2—5k fj %= 24 5«
w=1+ 3k w=1-3«

Inpeiwoig. Ak v elpeov Tév BeTik@y péuov drepaion Aloswv eUpioko-

pev TGs Tipds Tou K, Si& Tds dmolas ouvadnbelou ai dviodoes 2 —5k >0 xedl +

+ 3k >0. "Htor — —%- x —§ kol ouveTréds x = 0."Apa B k = 0 Eyopev (x,y)=

= (2, 1), Aims elvan ) povadixkn drepaia BeTikd AUois.
2) N& dvadhubi) 16 kAdopa 176 [ 221 &ls &Bpoiouc i Siagopdy Slo dAhcwy
pnTEY KAaou&TwY, E€XOVTWY TapovouaoTds 13 kai 17.

} Smou KeZ

‘Enilvoig. "Eav T& [nrovpeva xAdouaTa elval - 13 xai ;P.,,-, ToTe B Eyco-
X gy lig & S v
ey o3+ + 17 =37 < 17x + 13y = 176 (1).
Ebpioxopev Tas drepaias AUses THs tliohosws (1).
J _176-17x 176 7. . _
Exouey y = —5— = T g X=18-x + i =13—Xx+w
Ttis Eliooews w = 7'—734'"5 f13w+4x=7 1 x= 1——%’ pla akepaia AUoig

elvar (x, w) = (—8, 3)
kel émopéveos w =13 —(—8) +3 =24

OUtew, pia drepaia Abais tiis (1) elvat 1) (X, Wy) = (— 8, 24), 10 alvodoy
8¢ TOY AUcewy auTiis 8ibsTar &mwd ToUs TUTTOUS

o T x=—8+13K{ .
il , OTou keEZ
=24 + 17« w=24 — 17«
. x I 24 176
Mx x =0 #Eyxopev (Xo, Wo) = (—8,24) kai dpa — 13 + 5=
21 4] 176
» =] » (X, y) =(—21,41) » » — e

72. EYPEZIIEZ TON AKEPAION AYZEQN ZYIZTHMATOL A° BAOGMOY AYO EEIZQZEOQON
ME TPEIZ ATNQETOYZL.

"EoTtwo 16 ovotnua (1) |ogX 4+ Py + o = 8, } oy, Py, Y 8, €2

. (2) lowXx + Py + vew =8, ] oy, By, Yo 8y €Z
Tous cuvTeAeaTds oy, Py, Y1, 8 ©5 kad ToUs ay, By, Ya, 8, Suvdueba v Utrobéow-
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uev TpaTous peTady Twv, S16T1 &v Sév efvon, BioupoUpey T& péAn Tédv (1) kai (2)
61 To0 M.K.A. avrédw QvTioTOlYWs.

Mpdtov mapatnpoluey é11 T cUoTnpa obbeuicu arepaiav AUot Eyet,
& o, By, vy, 8, elven Tp@TOL Tpos dAATAoUs Kad &y, By, Yy Exouv MK.A, &, # 1
(rpéraois § 71/2). To adrod cupPaiver, &dw ay, By, ¥s 8 elvon TpddToL RS GA-
Adous kai oy, Py, Y. Exyouv M.K.A. 8, # I.

YmoBétouey Aoimrov iy, By, y. Kad o, Ba Y. elvan &piBpol mpddTor Trpos
SAAHAoUs kal amodeipouey TOW Evar &yveooTov peTaly Tév Eiocioey (1) xed (2)
EoTw TV w.

OUres Exouer 1 (oY, — cuyy)X + (Brye — Bayy) Y =08, v, — 8y, (3). 'Edw
0 (3) &xn drepoias AUoeig, TéTe 76 oUvolor THY Avcewy alTév B& §iSetan
Umo Tév Ty x =x, — (Brys — By } 4

Y=y + (ogys — ) K

Tas Tiwds (4) Tév x kal Y BéToper els plav Tév tlicdoswy ToU ouoTh-
Haros, oo els v (1), &méTe AauPdvopey petd Tag mpddels kyy (B, — cpy) +
trnw=58-ux,~By, (5)

‘Eav ) (5) & éxepaias Aoeis, TéTe TO oUvoroy Aoewy oTiis 0 SiSeTan
UTTO TV TUTTWV K = K, — YA }' KeZ, 185

W =y + ¥y (o4yPy — cwPy)A
Thv Tiny 10U k &k TéY (6) BéTopey els Tos TUTTOUS (4), 6TrdTE AcuPdvopey :
X = X — (Brye — Bay) (% — yiA)
Y=y, + (ay: — yy) (K — ¥1A)
I W =y + ¥ (P — cBA

Moseraoii e c @ L

Oi tUtro1 olror 8isoww T Srepaias Aoels ToU ouUaTAUOTOS.

Enueiooig: Kard Ty amoaoipty ToU vds &yvdoTou peTaly TV Eic-
oewv (1) kal (2), TpoTipoluer Tév &yvwaTov Ekeivo, Tol dTrolou of ouvteheoTad
elvon TpdTor TPds dAATAoUs. Al

Hapadevyna : N& ebpebolv ol Grépaiat AUgels ToU GUOTHLATOS

D &X+3y+0=5 xad d4x—6py—3w=7 (2)

"Enikvoig 1 *Amaheipopey Tov &yvwoTov w, déTe AapPdvopey 1 16X 4+ 3y =
=22 (3). Evpiokoper Tds &repaias Avoeis Tis (3).

00w : "y = 22;3163- Mia éxepaia Alots attis elvan (X, o) = (1,2),
TO 8¢ glvorov TéW AUoewy BiBetan Umd TGV TUTCov
x=1-3
Y =24 16k
+3Q24+ 16K+ w=5+36k+w=—51 w = —5 — 36k, Tfis dmrolas ploa dxe-

} (4), 8mou keZ. ‘H ttiowos (1) Sik Tév (4) ylveron 4(1 — 3k)+
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padar Aats elvan (K, ©o) = (0, —5), 10 8¢ cuvohov T&Y Auoewv auTis Sideta
Urd TRV TUTTWVY

k=0—-2A

5 6 } (5), dmou AeZ. Tfv Tny k= —A Oftopev el Tous TUTOUS
(4), 6moTE AcuPAvopey ToUs TUTTOUS

x=1+4+3A : ! ; .
y=2—16A (6), oif 6molor 8B AeZ Bidouv Tds &kepaias Avgels Tou

=5 L 36K CTUCTNIOTOS.

M A =0 Eyopev (X, Yo, @) = (1,2, —5)
Bl A=l & (X1, Y1, @) = (4, — 14, 31) .0k

AZLKHIEIZ

214) N& eUpefolv al dxépatan AUoels T&Y dkoroUfwy ELioGoEWY

1) 3x + 5S¢y =—12, 2) —x+4y=1, 3) Tx—9y =-28,

4) 13x + 21y =91, 5) 53x 4 29y = 108, 6) 40x + 51y = 121

215) Né& evpeboiv al dxéponar kol BeTikad Tipal Tol X, ol dmwolar xabioTolv dxepadas
kal GeTikds Tas dkoAovBous TapaoTacels :

1 7x — 15 9 133 — 2x 1053 — 31x

3 3 A=
1 ;
216) N& dvaAubf) Td KAdoux 15 els &Bpoloua SUo pnTdY KAaoudTwv, EXovTwy Ta-

povouaoTds &vrioTolyws 3 kal 5

217) “Ev yaprovéuiopa Tév 50 Spay. xatd méoous Tpémous Suvarar vk dAAax8i pE
képuaTta TéV 2 kal 5 Spayudv ;

218) N& eUpedf &piBuds, & dmoios Sicpotpevos S1& 5 5iSer UmdAotrov 3 kal Siopou-
pevos Siax 7 8(8e1 utrdAorrov 2.

219) N& evpedfi Buyngios &pi1Buds ToroUTos, doTe To TplTov Tis Siagopds Tol ynelov
Tév BexdBoov &md ToU dp1Buol, va fooUTan pé T BirAdaiov Tob ynelou Tdv povéBv autnbiv
xatd 5.

220) N& eUpeBolv al dxépoicn Acers T dkololBwv guoTnudTwy :

1)|x+2\y—-w=—4 2) | 7x + 5y +6w=18 3) | 6x — 4y +3z = 30
3x — 4y + 20 =17 4 +2¢ + 3w =9 3x + 6y —2z = 25
4) |3x + 6y — 5y =11 5 | 7x -5y =4

— X+ Ty —2w=-—16 11x + 13w = 103

221) Né& eVpedfi Tpiyfipios &piBuds, Tou émolou t& ynela Exour dBporopa 7 kol &
&rolos Biv dAAd&ooel, &v T wnela aUToU ékoTovTdBwy Kal povdbuwy tvahAayouv.

222) N& evpeBolv BUo drépoiot xai Beticol &pibpol, ExovTes &bpoioua 100, o 8¢ Umé-
Aovrov Tijs Biaipéoews ToU fvds Bk ToU 7 elven 1, tvd ToU &ANov Sid Tou 9 elven 7.

223) Tpeis krnvoTpdeot Exou duol 111 {Ga. ‘O &piBuds Té&v [wwy ToU a’ kTnvoTpd-
pou elvar Bienpetds Bi& 2, ToU B’ Braipetds Bid 5 xal 1ol y' Bi&k 7. T tormAdoiov &t Ty [wewv
Tol o KTnVoTpdgou, T SimAdotov Tol P’ kad Td TevTamAdaiov ToU y' Exour dBpotoua 400.
Moo (& elyev ErkaaTos ;
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KEDAAAION X

IEPI PIZQN

TQON TTPATMATIKQN APIOMQN "H TAPAZTAZEQN

73. Els v T 7éfw eidoper, 4mi TS TPAyHaTIKOS &pibuds o elvonr TeTpd-
ywvov &AAou TperyuarTikoy dpiBuol X, SoTis EANBn TeTpaywvikn pila () pila
Pas Tatews) ToU o ‘EfeTdoomey 5t Tds 1B10TNTas Kad Tas Tpdlels TGV pilikddv
Bos TEeos.

"Hen 8 yenkelowuer Ty Ewolaw THs pilns &V TrpayuaTIkGY &piBuddv.

‘Opropés. 'Edw aeR kai veN kad peyoAUTepos Tiis povddos, ToTE, Edwv
Umdpxn ETepos dpiduds xeR, Sorig Upolpevos els THY vuooThv Blvapw yiveTon
ioos pds TV @, B Afywpey 611 6 x elven pia vuooti) pila (i pila vvoortiic téa-
Eeac) tob a. :

Olre, dav v=2, 6 ¥ elven pia TETParywvIkn pila ToU a,

tw v=3, 6 x elvan piat Tpitn (xuPikn) pila TOU a.

TLx. ToU &piBuot 25 pin TeTpaywvikhy pifla elven 6 + 5, 81611 (4 5)2 =25

ToU &pibuol 25 pia Tetpaywvikd) pila elvar & — 5, Biémt (— 5)% = 25

ToU &pifuol 8 pia Tpitn pila (kuPikn) elvan & 42, &iom (4 2)* =8

10U dpiBuol — 27 piar xuPikhy pila elven & — 3, S1611 (= 3)% = —27

ToU Spifuol —9 olBeuic Tetparywvikd TpayuaTikn pila Utrdpyet

| &AAn pila dprios TEews, B16TI oUSeis TPOYHATIKOS &pifuds Uyolupe-

vos el dpTiow SUvav yiveten ioog Tpos TOV —9,

"Evtalba mapartnpolpey, &1 fvas TporypaTikds &piBpds SUvaTan va EXm
TEPIOCOTEROS THS piBs TrPayHaTIKSS pifas, &mws émions elvar Buvardy v ufy
&N mpoayuaTikiy pilay &pTics T&Eews.

Devikdg B¢, Sionpivopey Tds &g TTEPITITAOOELS :

1) Eov a > 0 kai veN, TéTe dmrodexvleton &1 Utrdpyel €ls kad pdvov els
BeTixos dpiBuos x TOIOUTOS, GaTe 1 X' = a. ‘H &mwdBeifis Tiis TpoT&oews adTis
Blvaran vé yivn els GAANY T&EwW. "As eiBopev &v Uépyn &punTikds &piBuds X
Kai To100Tos, GoTe 1 XY = o. "Edw v = 2k + 1, émou keN, ToTe oUBels dpvnTikds
dpifuds X Umdpyer ikeworoldy Ty x¥ = a>0

"Edw 8¢, v = 2«, &mrou keN TOTE, 8w X, > 0 elven ) povadixn BeTikn pila TS
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o, XY =, fiTol XY = &, 8& elven pila THs XV = a kol & &piBuds —x, < 0,
BIOTL (— Xo)¥ = X,¥ = @

2) ’Edw a< 0 kai v=2x+ 1, Smou keN, TéTe Umdpye €l kad udvov
elg TporyHaTIKGS dpunTIKOS dplBuds X ikavomroitv Ty Eiowow XV = a < 0. *Edv
8¢ v =2k, TOTe oUBeis TpayuUoTIKds &piBuds X Umdpyer ikavoTrodv ThHY XY =
=a < 0. Ek 1év dvwTépw ocuumepaivopey &t :

Ilag npaypatikog apibpog a Exer 1) piav pévny mpoypoatikiy voostiyv pi-
Cav x nepretiis taemg (v = 2k + 1) Oetikijv i{f Gpvnrikiy, kad odoov 0 a clvar
fcTixog fi GpvnTikdg @vtiotoiywg, fitig kaleitar npotedovsa vvoati] pila tod a,
2) 00 mpaypatikdg vvootag pilag avriditovg dpriag takewg (v =2k), iiv 6 a > 0,
ik 1oV onoiwv 1) BeTikn kKaheitol npwteobovsa vwoath pila tob e kai 3) oddepiav
Tpaypatikiy vvootiv pilav, dv o < o.

v
THv TpwTelovoav vuooThy pilav ToU o cupPohrilopey Va. Té auppo-
Aov V7 kodeitan pilukdv, & v deiktng Tijs pilns kol 0 a dréppov. "Edw v =2

téTe ypagopey Vo, fiTis ékgpdler THy TrpwTedouoav TeTporywvikiy pilov Tou a.
TMévTta T& dvwoTépw SikatoAoyolv THv Aoyikiy iocoduvapicy

v
ix:]/or <= X' =«

L

&pecos Bt ocuvimrela oUTis elvan (];a—)v = a.

“Qaore, cuvoyilovtes, TO cUuPorov Vo Exer s &ifjs iBidmnTas
1) 'E&v o > 0 wai veN, TéTe Va =0, pnTods i &ppnTos.
2) Eav a0 < 0 kai v =2x + 1, xeN, ToTe Vo <0, pnrds i &ppnos.

3) 'Edv a < 0 kai v = 2k, T6Te TO oUuPolov Va 8tv Exe Ewoiaw TporypaTi-
KoU &p1fuou.

g

4) "E&v aeR kal v = 2k, & TGOV GwTépw owdyetan éT1 Vo =| |, 2w Bt
v v v

v=2x+ 1, 1é1e Voo == (Vcr).

5) Eis waoav mepimTwow Spifopey ’VVO_ =0
Tapadeiypota : N& ebpebolv ol mpwTevouoar pifoar TV &pibudv :
Va1, V=2, V16, V16 V3
Avorg : ‘H mrpwTeUouoca kuBik pila ToU 27 elven & &piBpos 3, Biom 13/5'—."::
='|3/§3 = 3. ‘Opoiws Exouev ;/?27 = ';’T:B—)’" = i)
’ET_riims 14/1_6 = {/? f 1‘/‘(_——2_)“‘=|2|=2

‘H Y — 16 Btv £yer Ewoiow mporyuarikoU &pifucy.
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5
‘H mpwretovsa méutn pila Tol 3 elven V3 > 0 dppnTos.

74. TAIOTHTEE TON PIZON,

Ak iy eitraow Tév IS0ty Tév piléw xpeicddusda THY TpdTaOwW :
Afippa (Bondntikh npétasis). *Edv Svo BeTikédv &pBudv ol uvooTal Suvdpers el-
vau Tgoi &pifuot, TéTE kai of &p1fuoi elven iool.

Anédedig : 'Edv o, PeR* kod ot = pH, émou peN, Téte &k Tis ot—PH =

=(@—P) (' + B4 ... 4 pr-1) =0 mpokimrTel a—P =0 A a =P, B1é-
Tt O Topdywy ol 4 gr- Eﬁ + coo PR elven Bemikds, s &Bpoioua BeTikGdv
TpocBeTiwy.

Iatng 1n Eav o > 0 koi v = 2k + 1, (keN), téte V—a = — Vﬂ-
T& ue?\n s lodtnTos artfis elven Tpoavids &pynTikG. *Av Sucas Ypo@ —V— ax=

= ch yivoutan BeTird. Yycovopev T& péAn s els T Voo Thy Buvapiy, ETe EXOuEV:

e s o et kY e

v v v v
dpar — V—-_c: =YaiV-a==Va

H i816tns alrn pds émimpémer v EEeTdowuey T&s dkohoUbBous 1Bi1dTnTOS
T&Y pIlév UtroBéTovTes T Umdppila BeTike, S16T1 Pdoel oThs, TO TpooTIHOV
A EpyeTan, Sid pifikd TeprTTS Tokews, EkTOs TOU pilikol.

Tarotng 20 PiCar tijg abriig taEemg nollankacrialoviar #ij Swarpodvrar, Eav
mokhanhagragbotv §i Swapebodv ai droppiio nocdtNTEG abTdY kai 10 EEayops-
vov e8f dg dmoppilov piliked tijg adriig taiewme.

v v

v
Eov Va xai VB, éwou « PeR*, elvan mpwtelouoan pifen, TéTe Va >0
v
kal VB > 0. ©a &modeltwyer &mi elvan

]/v_ VJE_VVC(_B_ (1) xai Vvo—r : Vﬁ ﬁVoz:[i‘n (2

Yyouper T& ue?\n TG looThTwv BiaBoyikdds els THY vuooThv SUvauiv.
B (e V)= () - (e) = b et (V) o, cpocnams
ThHy BonfnTikiy mpdTaro Eyouey Voc VE = Vﬂﬁ

2)(‘/“ ) (ﬂf“—zﬁw— (o) e p=-3

vi] (ve) °
dpax kaT& THY PondnTiky TPOTATIY EXOMEY Vvd— Vv[E'T S VVOK—EJ-

Hapatt]pqmg Al u:o*rn'rsg (1) Ko (2) YpapovTai kal oUTw :

\/cx[.’; \/a : \/ﬁ xad \/cx P =iia x/;?
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‘I6tng 3n Ostikde napywv i Swnpéng plikod ddvata va eloayij vnod
w plikov, Og napayev fi Swipétng tod Umoppifov, dv byl sig Ty dovauy
100 deiktov toD priikod kai dvriaTpopwe.

*Andderlig: 'Eqv a > 0 kal l\/f‘}r TpwTevovox wooTh pila ToUu P > 0,

ot 8% robeifopey 811 a4/p = 4/TB () kel VB =1/B_ (2
=4 v

“Exouev : 1) q(/ﬁ::/d—v \V/E‘:\v/ﬂ

2) \Li—:i‘,ﬂ—:vg’ 8o oc:\v/c;'
Ve

Al loéTnTes (1) kal (2) ioxUouv Trpopavéds kol GuTIoTPOPWS.

"I6tng 41. PiGa dhhng pilng apiBpot tiveg icobtar pé piav tod abtod apr-
OpoB, Exoveav dciktnv Td yvépEvov 1@V deiktdv.

v \HJ:_
"AnédaiEig : O drobelfcopey 811 : v \;g =V (1)

YigoUpev T& pEAT TRS iocdTnTos els THY Slvopw .

v wy v vu
. BA\g i wy
” i n e e — s ) =S )
Exomev : (v \/cx_) = [(VJG—) ] = (V/O() = a kal (\/a) =a
"QoTe kaTd THY BonnTikny TEOTAC TA WEAT TTS (1) elven foa.
‘Iotng 5n Pile dwobtar sig ddvapry, Gv OywOi sig TV dovomy adTiy 10
dropplov kai 10D EEayopévov EgaxBii 1 pila tiig abrijc Tafews.
v e v
*An6deiblg. Oa &rodeltwper 6T1 ¢ (\/cx ) = \/a*
b N ¥ o WL oo ) v L
“EYOMEV (\/cx) = /. yfa. Ao VA =yfara s a .. d =4/a
H b s
Of pobnTal vé& kdvouv THY &moseilv kol pE &AAov TpoTTOV.

‘ISetng 61 "Eav dcixtnv pilng kel éxBétmy tobd broppilov abriis mok/ow-
pev i Simpéoopev (Gv Srampotvrar) pé 1oV abtov Queikoy amlpdy, N apripmuiki
upfy tig pilng d¢v peraPddierar

Wil VD), ey v vip

*AnodeiElg : O& &rmobeitwuey &t : Vo = Vare (1) xai Yo =Varie (2),
dmrou peN kai Sipérns TV v Kol .

“Exopev, Kooy Uydaews T&v weAdy Tiis (1) €is THY SUvapv vp,

v\ v \vp ve  \vp
1) (Vct“) = {(Vc&“) ] = ()P = o*® Kol (Vc:“ﬂ = o

Kp K

2) Otropsy v : p= keN, 6moTE v =Kp, 8t (2) ypégetan Vo = Varir, Y-
woluey TG WEAT) TTS els Thv dUvauw px

rexones (V) = vt (Vams) "= [ (73575) [ = oonp =
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"Qoe kard THY PonbnTikiy mpdTaov T& pEAn T looThTeow (1) kai (2)
icovral,

"AQoonpsiotog naparipnoig: Tds dvwTépw i816TNTas EeTdoauey, Yo-
BeTovTes BeTikd v Uméppifa. *Edw Suws T& Umdppila elven oxeTikol &piBuoi
&roateiTan Biaitépa wpoooxh kot THY £popuoyny TGV iBioTATwY TOUTWY,
@5 paiveTan el Td k&Twh TopabelypaTa.

HNopadeiypara: 1) Aty Suvaueba va ypdipwuey ]/oTVE-z VaB, tw o> 0
kel B<O ) v a<0 ke B<0, otire V| VB = Vo/p. "Evéd 2&v o< 0 xal p<O,

Suvdpela v ypdyeopew Vop = V=a- V=B xai V—g-: V——G[VW_{}, B1oTi—a >0
kai —B>0.

6
Vo & «<O.

3) Atv Buvdpeda v ypdyouer aVp = VP tdv a<0, P>0, 16 dpbov elven
alp = - [a| VP =— Vazp.

3 6
4) Atv Buvdpeda v ypaywpey Ved = Val® iy o< 0, 810T1 T& véAn THs fod-

3 3
TS elven Erspdonua kai ouverréss Sidpopa. T dpbdy elven Vob — V—(—a) =

3 e 6 6
=-V=a) =~ V=)™ = — Yoo,
g SuBT R & 3
5) Aty Buvduda v yedyouey Vo = Va tdv a<0, 5id11 of dpifpoi Va2
3

2) Atv Buvdpeba v Y pépcopey Vf/& =

B [T e
kal Vo elvan érepdonuor. To opbov elven @ Ve = V(=) = V—« > 0.
75. TIPAZEIL ME APPHTOYE MAPAETAZELE.

Kakeitar dppnrog napdotacts, kabe apOpntiky i tyypappatog napiotasic
rEpEyovoa Ev tovhiyiotoy plikov,
A @

Al mopooTéoss o + B V2, oy Vx +y elven &ppnror.

1) Mpéelearg kai agaipeaic,

OPIEMOZL. Pi{ikd Exovta Tov adrodv Belktny kol TO o¥iTd Umoppifov dvo-
pélovron Gpowa. ZuvteheaTs B¢ pilikoU koAeiTar & o aUToU  eUpiokdpevos
Tapdycov.

Lid v elpaopey 1o hyePpixdy &fporopa dppriTwv poveviucy, dpoiwy s
TPOS TS pilikdy ToU TEpIEXoUY, oxnuaTifopey & &ppnTov povdvupoy Suolov s
PSS TO pifikdy, Tpds T Sobbvta BE OUVTEASTTIY TO GAYEPpixdy &Bpolopa TéY
CUVTEAECTGY TGy pilikddv TGV SobévTwu Sl IIVITIA

3 3

Iapadeiypata: o) Té &bpoioua TGV povewuwy — 3Vep, Vaip,

: ; 3

3.5 3 e po—
%Vﬂ”,—ZVu“ﬁ igoUTan p¢ (—3 + 1 +%—2)Vazﬁ=— Va2

N~
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3 3 O T
B) N& supeBr] T c"xepowua V3aix — ZVE + V24cx‘
’Exousu V3ot‘x 5] V3cxx + V24a4x =« V3ux — ) VBc:x + 2a V30:x =(a—2+
+ 2a) V3ctx = (B3a—2) V3cxx.

2) HoAllanlaciacndg xai diaipsoig

‘O morfopds xai 7 Siaipesis dppriTwy TapaoTdoewy yivetal & Kkal
elg T&s pnTds &AyePpikas TapacTaoes. ZuveTrdds Tpémel T pilikd TGV Trape-
oTdoewy v& elvar fi v& yivour ToU aitou Seiktou. Pilikd 8t Siagdpv Beiktddy
TpéTrovTal £ls pifiké ToU alrrol SeikTou, 2w BeikTng xai ékBétns Umoppilou  Exd-
oTov £ aUT&Y ToAAaTrAaolxoBf Ewl To TnAikov THs Siaupéaccos Tou E.K.TT. Tédw
Beiktdy 81a ToU BeikTou ToU pilikou.

3 3 3 a
IMapadeiypata: «) 3 VO!QY 9 V‘IY 2 V}j =3 VW‘B’T‘)’] =3 Vdg_)’s =
= 30‘)’2
_— 3* d—_
B) N& eUpedf 10 ywopevor A = Va - VB - Vy -
12 12 12 12
EKTT Bewrdv 0 12. OUreo : A=V - VB - VyF= Vaopiy?
m nv nv
F el W e i .
Y) To mnAikov : \—/v—f =YZ vg—u (o, PeR™)
VB VR

8) N& ixtedecbolv ai -rrpccias (V V (\/Ta + /3 ) “Exopev:
Vo VT Y Y
=T+ L Y 4 ﬁ,—u+ Xy

3. "Anloroinoig.

Aix THs dpappoyfis Tév i8omhTwy TdY pildy, elvar SuveTor ToAAdkis
pilikx 7| &ppnTol TapaoT&oels v& dmmAouoTeuBolv 7, &Tres Adyousv, v& &mAc-
mroinfouv,

6

Mapadeiypata : o) V 1 V— V sz = Vﬁ :\/(’g’)J:

12 12 4

—'V B) vvaz VVG, ucx“—‘/m Vo - V@ =Vl=V& (a« > 0)

76. TPOITH KAAZMATOZ ME APPHTON [TAPONOMAZTHN EIZ IZOAYNAMON ME
PHTON IMAPONOMAZLTHN.

Zxodmipov elvan v& peTaTpéTriopey, £’ doov ToUTo efven SuveTdy, KAdoua-
Ta pé &ppnTov TrapovopacTny els lcoSUvaua pt pnTov TapovouaoTy, Si6T
oUTw SieukoAUvovTan oAU ai Trpdtels.
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SuvnbéoTepan Mop@al ToloUTwy kAaoudTwy elvan ai dxdAoubdol :
1. Khaoparta tiic poppfic A= ——, B > 0, v,ueN kad v > p
Ve

ﬂoMorrr?\o:cnd(goueu ToUs Spous ToU KAGouaTos Eri \/VEJ_—T

o T ]’ﬂv—u _«a Y —= L YB—= i Vf;v—u
VE VP YRR Ve
- i 3 3
Ty R T _3Y¥%5 _ 3V35
T TN S 3 TR ITE dha

Y5 Y5 - y5F Y5+

2. K\dopara tiig popofic A =— > AB=—% - R+
TS ropene Pt Vy n Vﬁj:v B, Ye

‘Opropds. "Appnot TapagTacels dpTias Talews Biapépovcan pdvov S
Tpos TO Tpdonuoy Evds pilikod, SvopcfovTar evyvyei.

o) 1O KAGopa A TpémeTon els icoBUvapov pE pnToV TTapovouaoThy, v of
épor moMfafolv émi THY ouluyfi TapdoTaow TOU TIEPOVOUGSTOU Tou, fTIS

elvon dvrioToiyews B Vy

Elvp R B «(B-Vy) _ap- Vy)
B+Yy @®+¥n@E-Yy - B-
kad A, = « a4V a(ﬁ-@-_l’ﬁ
B-Vy @®-Yn®+¥y P —v

B) TloA[louev ToUs Spous ToU KkAdopaTos B &l Thv ouluyf TapdoTaow

ToU TapovopasTol Tou, ATis ehvan VB F Vy

Olfiens By «(Yp— V¥ _a(B-¥y
VB+Vy  (FB+¥y) (VB-Vy) B
Bodmme B —en® . SR ¥
e = =
1 24E a 1 _YI4+vY3
X Y3 7-3 =243, YT_vs ~ 2=3 =—(¥V2+V3)
3. Khaopata tfig popofis A = BV VY =——r= B,y, 8eR*.

Mpoxeipgvou v& Tpéwoopey &v & caiTédv els 10'05uvocp0v HE PNTOV TTOpOVOUA-
oThy, ToA({ouev Tols Epous Tou Emi plow ouluyf TapdoTac ToU Trapovoud-

oToU TOUV.

Offreo: A o & a (VB + ¥y +¥8) =
YB+Vy—-Vs (V5+vy Y8) (VB + ¥y + ¥5)
c(VB+Vr+V¥8)  «(VB+Vy + VB HpALi. " i !
= - , TO omolov elvon THs popefis 2 kai

B+V¥yr-s — (B+v-8+2Vpy
TpemeTan els {oobUvapov pE pnTOY TapovouaTTHY ¢S TTPOTYoUuives.
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o A 4 A(¥V2-V3-Y5) _ AQ(Z-VI-VE)
T R ) T R T T
A(Z=V3I-V5) _ AGZT-VI-V5) _ AQI-VI-VRVE _,
24+3-5-2Y8 —2Y6 = -12 i

A
Va & Yop & Vo + ... + Yo
Tat el icoBUvapo pé pnTOV TrapovopaoTy, v ouveyds TroA/lwuev éml uiow
ouluyT] TapdoTaow TOU &KAOTOTE TTOPOVOPXOTOU, WEXPIs OTOU O TTOPOVOuG-
oThs yivy pnTos.

Tevikdg : KAdouara Ths popofis

TpéToU-

4. K dopata tfig popoiis A = — i ——y B == Av —, o,peR~
Va + VB Va - VB
1) Ak 16 xA&opx A Biakplvopey 8Uo TEpITTTOCEIS : ==
a) 'Eqw v =2k + I, keN, Té1e 10 Khdoua A ypdgeTa :
K K a+p K (\/5)""(\/5) &
A:v \J7=q+B'\O Y_=o:+[5' Ve ¥ T
\K/E+\/ﬁ Vea + /B Vo + VP

NETE (Ve — \v/cxv—fﬁ + wv/o:v—“-[sz—... .{_\/p-T')

B) E&v v = 2x, keN, ToTe Opolws Exopev :

e e ) = )
v v e T v__qfﬁ ) v v _ =
R P 7+ Ap
K v v v fic's v S
= o5 (Vo —va=p Vo P L, )
3 3 3 3
1 1 pELC I (\/i)+(x/§>_
X = 3 & R B T i L T
V2 + /3 VZ+ /3 vZ +4/3

1 3 3~ 3_
=5 (Va-V6+v7)

2) TS kA&opa B ypéopetan :
Lt A S SO B L, 10
R TS R e T
e )

7 4 4

ole! =B

1 e i R

L) 2 iy e e PO
VI -3 VZ -3 VZ —+/3
i'lﬁ 4_ 4_ 4“

=~ (V84 V2 + VI8 + V27)

Enuciooig. 'Eqv 16 kA&opa elvar Tis popefis [ =

, omou «, P e R* kal

\/ot-_!:\u/lg
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v, HE N, TéTe TpdTOv KaBIoTOMEY Tov TapavopaoThy  Exovta pilikd ToU avUTtol BeikTou
kal Emerta Tpoywpoliey dx &ve.

1 1 1 4597
» — & —“_ = T . 6_ —'6'-;
V2 4+ V3 VE+ VT VE £ 7T

27 1 G (il il (il B E
75— == 5 (VF — V& 5T+ VF 2 — VI T
Va4 4/27
6 et
+ V4278 ~V27s)
71. AYNAMEIE ME PHTON EKOETHN.

EiSouev &1, katd v 6ny iSi16TnTar TéY p1lév, Suvdueba vik Sicapéoouey
Beiktny pifikol ai kBT ToU Umoppilou Tou S1& ToU aUToU guotkol &pifuou.
Ofrrw tv a>0, pveN kai p=vk, dmou keN, TéTe 81& THy TrpwTEUoUTaV

pllav \/cx“ Ga EYwHEY
s 1 I o \ i
\/(I“ \/0("‘— (\/ot") =a* = a5 . AnAadn PAémopsv &Ti TO oUpPo-
. A——
AOV —_— \ » - ' e PERL ’ \ £ U-
a v Exel Ty Ewoiaw ToU oupPoioun/a¥, £’ Soov PePaiws TO . elvon @
u
okés. "Edw Spes To vi&v elval puoikos TOTe TG oUuPBoAoy o v Biv Exel Kappiay
éwolaw, CULQWVWS TTpos TOV Opiopdy Tis Buvduews. Exdmipov elvon, dres YEVI-
n
; 1% . ; N o L e O]
KEUTWHEY TNV Ewwolaw Tou cupPoioy o v kal 81 Thv mepimTwoty, ke®’ fjv T =
Bev elvon Quoikds, A& &v yévat prTds.

n
Od kakoipev t0 sdpforov a v dovapy tob o pé ExBETnV pyTév, Kai dpilopsy
Vi maplotd Ty voostiv mpoteboveav pilav tiig pvootiic duvapswg Tob @, fro

My /ab, Gy < >0 kai o > 0 xai Ty avtictpogov adtiic yav & < 0 kai

Yo
a0
i ; N N 1 1 o .
O ypayowuey av =4/ kad o v = — =, 6mou p,veN kal a>0.
Qv Ve
12 6 2. B 1

M. x. 0:3 __\/o:*1 ol =gio=q5 :\/cxs,c.r TR
Vi
Enpeioog Tpémel var dogelywuey v& époappdlewpey ToOV cupBolioudy o
Srow a<0, 81611 mbovdy v oTepfiTal évvolas.
2 6 6 3

1 I
My (=8)T =V 8=_2 &\\& (=8)F =1/ (—8) =4/ B =1/B= 4 2

s 1 2
TMpopowdss ( — 8) 7 +# (—8)%
"Qoe, Pdoer TGV TeBivTwow dplopdy, mica pila Sbvatar v ypapi dg 8O-
vapg pé sxﬁzmv pnToV.

2
v
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Al véou adTad Buvdpeis pé pnTov ExBétny Umrakolouy els Tas 1816 TS TGV
Buvduecov pE EkBéTtas oxeTikoUs &repaious.

78. IAIOTHTEEL TN AYNAMEQON

1) Té ywopevov dvvapewv tod avtol apifpod a > 0:

4 i & Mo 7, A vA 3 T VA
EXOIJ.EU ca¥ - ah = ,\/cu . -\/O:" = ,\/O:u;\. 4 ,\/ax\' — \/apl-{-xv —
Aty B ®
= a A — aV s

2) "Yywoig dvvapemg eig dovapy :

o (5T = VI = Vim) = Wam =V =

ol i
:a.\.v =V 4

3) "Yywoig yivopévou gig dovapry :

I'E)(C.‘tI.I.E'UI (Gﬁy)_“:»\;(al}.y)u =\/CX“'{3”"Y“ i

M sl Wiy W B i b
— VTRV Ve T A
4) To nniikov d0o Svvapewy 100 a > 0:
LS E £ e i e A
*Exoupev : « :ad —\/o:u o = 4ot g/ = o =
}"_,_7,, ph—Kv M R u K
:_\/aulﬁxv —q YA —qg* A (T > -?\—)
5) "Ylumcnc; Kl&dputoq aig dvvapry :
v W
*Exouev : ) V E: 35“” = E‘,‘;,
VB p

AV Ehag Tés TepiTTdoes UeTEdn o, BeR* kad p,v,x,heN
1

In
= —rt Emeron 6T ol dveoTépw iB10TNTES loyUouv xal Bk

Inuciocig. "Emaldlh a” v =
av
Suvdpels pE Ekdétas pnTOUs &pvnTIKOUS.

Of pednTal SYvavtar v& SiaTuTrdoouy ToUs xavovas TV iSloTnTwY TAW
Suvdpewy pE Bobévtas pnTous &pifuovs.
Ex Téw dueTépw ouvdyeTan &1, & Aoylopds pé pilikd ka-

IMopotipnoig :
BloTaTal TTOAU eUkoAos, &Tov ToUuTa dvTikaTaoTaBoUv pé Suvdpels pe éxBetag
pnTOUS. :

S = AN, Sk 2o 1, A0 = BIE L

*Egappoyn : (-\/0:3 Vi Ty /a ) syl =(cx3 i S e ) Sl ==

53 9 4 15 __
= :o:f'-=ocﬁ:\/cx‘
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ALKHZIEIZ

224) N& ebpeBolv ol mpwTebougar pilon Tév &pBuddv :
3 5

3 5 5 e —= =
e I V 1 V 1 o
8 v=27, w Y32, Y=243, v V=77 Vi ¥0,0256
225) Na eupeBolv SAen al mpaypatikal pllon TeTépTns Thlews THY dp1Budv :
16, —16, 49, —10%, 81, 0,0081

226) N& émdomonBolv ol dkdAouior TapaoTéoes :
4 H 10 9 15 3 10 18
¥25, Y49 Yow, ¥32, Y512, V=243, Y—Z27aoP®, \/—oBoy™®, 4/ Gdoiiy
227) N& taybolv EkTds Tis pf§ﬂ§ ol Ku‘rér?\?\n?\m Trcxpdrycv"res
3 5 s 4
V40, V~24 ¥320, ¥=9¢, Y0,1250, 'V54x\y, Y32x o, vxm vxv+upv+s, YIexevy+

228) Ol &rds tav pildv mapdyovtes vér eloayBouv dvtds alTHs.

3 3 4
W2, -2Y=T, a¥3a, =pv —eB, -2opty VB Py, (o +P) Ya—p, 3”’]/9,‘ =
a4p

a—

@

™

a+p
229) Na eUpeBolv T& dkdMoufo ywdpeva kai TnAixa :
3

3 3 4 4
1) 5ViB-3V8, 2) ¥6- V30- ¥i50, 3) ¥24:4/48/38
3 3 3 v
4) Y75aPy - 2 Yéa*py* - VE0cpy?, 5) VdoJT’:E \/qz“ 3ol - \/x_v—z_q_,.o

5 10 4 4

6) Va T /a1 3\/6-7\/@- \/as;sw. 8) svﬁ :4/8,
E; J_ - ( 3_ 3o o
9) 44/512:24/2, 10 \2:&_[3« a /PP : V/opi

230) Ne& d‘n?\owomenﬁv al dxéAovbor TapaoTdoEs :

Ve VE Vo 0y Vi
v V2vgv2 V V V9aav2ﬁ V4va_

231) Ne eupseouu T& &?\yeﬂp;xu dtapo[oucrro: 3
6 4 3
1)\/54 \/16+\/12 V3, 2) 4\/24+\/ 3+\/—81 3)\/E VIV

4) V50 — 1./324 \/2916+\/256 5) 9\/2u°x~3\/16ux+\/2x
6) Via+4 — 5 1/] ot + Viitrax® + Vo4
3 2 2 4
7 5Vg_ﬁ+__u_ _ Layaary 4(13_3_::_ch+ 1
X x—1 x ¥Fx-—1
232) N& éxteheafoly of dxdhoubor pdters :

3 3 3 3
D (VB +2 V2% —4Y375) V=3, 2) (x— a+ VB + ) (x —a— VP T oi)
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3 3 3 3 3 LTS S dee
NS +VB) (W@ -V +VF), 4 (VX =V ) (x+ v+ VX + Vx9)

4 4 4_ ]
5 (x ¥x —w Vo )i (Va=Y ¥ ), 6) (Yx — V& ):(¥Vx +¥Vxy + Vy )
7 BaV¥a +a+Va —2): 3 Va —2)

233) T& xédtwh kAdopara va Tpamolv els looblivaua pé pnTov TOPGVOLTTAY.

NP g o - T P T

R TR T = , 5= — , ———

Do e e Ee LR TR R T
AT N N e T e I e S Y
x+ vy | UrFv=VE—y l—yx+y/p a+p+2Vop

2. 3 5 3 1 11
‘\/__——2 T \/3 4-— ‘\/5 .MP 4) 3 5'_ j‘l 3 5 1 4 EH 3

= = “ea i ol C i = ag
V3 6 —/3 =/ 2 R4 T =2 w32 afA-4/3
234) N& #xteheofolv al dxdhoubor mpdders :
1 XV X =1 _ x—/x—1 2)'\/2}?7{-\{7+\/2x— ¥ \/2x—{\y \/72:5:#

X —/XE—1 XA =1 VX Y —2x — \/2x—l Y+y/2x —y
2 1 1
Lt eyl edl 49— 3

Vi—e yivae yl-a VWV /o +1 afat /]

235) N& 2xtehegfouv al dxdroubor mpdters :

. (2;“ +3:1*) ‘ (2;’- 3]2") 2 (2é’+3;')2' 3 (22 +32 )2’ & (Y:‘ )i—
r)F Vy_:“ e Wl P e S 1) {op7)
n(5- ) )

236) N& &mAioTmoinfolv al TapagTdoers :

1 1 1

a—p cxz ﬁ4 + o [32 o — 204 +1

1) = Ty A L I 2) 3 1
ai + oF P& a7 + BT ai — 208 + 1
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KEQAAAION XI

MIT'AAIKOI API®OMOI*

79. ANATKH EIZATQIHE NEOY IYETHMATOZ APIOMON.

Eis 10 repdhatov «dvéduots dxepaicov dAy. TapacTéoewy els yiwbpevov
TaporyduTewy (TepimTaots 61) eidouey, 61 TO Tpidvupoy p(X) = ox? + PX + y=

= C([( X + —2%-)2— 4%-2] 81 A < 0 8tv Svaral v& peTaoynpaTicli els Sia-

gopav SUo TeTparywvwy, S10TI & Spos ;1% Bév elval TeTpdywvov TPayUXTIKOU
dpifpol s dpunTikds.

"Emrions 81" dpioptvas iodoes, o5 af x2 4+ 1 =0, x2+4=0 1 Aloig
elvar &SUvatos &v R.

Cevikéds 88 1 fodtng X2 = B, ¥xeR A BeR — A veN,, elvan &Buvaros, S18-
1 oUBels TporyarTikds SpiBuds Umépyst X, ToU oroiou | dpTia SUvas vk efvan
&punTikds &pi1fuds.

2

"Axdun eiSouev 671 YaeR-A veN 1o oUppoiov 4 o Btv Eyel Ewolav TTpo-
yHaTikoU dpifpod.

Ta dvwtépe dhyePpikd Bfuara kal dAha ouvapf alTédy Euevor EAUT ué-
Xp1s 6rou ) émbupia TéY MabnuaTtikév, &Trews Swdoouv AUcy els TolaUTa 9é-
Hora, wdfynoe s Ty émwénow &uds véou cuoThuaTos &piBudy, émiTpérovTtos
ThHY EmbupnThy AUow.

OUrws elafixdn év véov oUotnpa ap1fudov, 1O Smoiov dvopdodn sdetnua
PUVTAGTIKAV apiOpdv.

‘Ev ToioUToy ovoTnua dpiBudv Bid v& yivn BexTdv, Trpémel v& Umtakoun
£ls ToUs yvwaTols péxpl ToUBe vduous, of dTrotol ioyUouv Si& Tous TPCY BATIKOUS
dpiBuods. Aeydueda B TO véov qUOTNUG TAY PAVIAGTIK®Y apibudv, 6T1 YTTa-
KoUel ¢ls Tous vdpous aUTous.

80. ®ANTALTIKOI APIOMOI — OPIEMOI.
MMév ovotnua &pbudsv Exel piav povada. ToU cuoThuaTos T PAVTAT TL-

(*) Tipy Ozeplay <@y piyadidy deludy Beusiiowowy of : D’ Alembert, Euler, Gauss.
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KGOV &piBuddy TNy povdBa TapioTOuey pE TO ypdupa i, dpyikdy s ToMikdig
Aétews imagineure, kol ovopdfopey aUTTy paviacTikny povade. 'H goviustki)
povag i, opilopev Grmwg Exsl v iddTNTE, TO TETpAY@VOY NG BF Koi 1O TETPG-
yovov tol avribétov adtils —i va icoltar npdg TV dpvnuikiy povadae. EL opi-
OUOU AO1TIOV EXOUEV :

B T

e e T A St |
Al iodtnTes (1) xkabioTouv Suvatiiy Thy Aow  Ths ého. x* 4+ 1 =0, s

ToUs gavTaoTikoUs dpiBpous, 816T1 :
x4+ 1 :0;-}7(2:—1&7){2:(:1': 1)2 =Xx=-41

Emi mhéov of iodTnTes (1) Snrolv &t | 4/ — 1=+ i )
| ER o

®avrootikog apibpog kaAeTton Tas apibuos, © dmoios yiveton Sid THs émava-

ANWEwS TTs paVTaCTIKTS Hovados 1, fj kal TAs dvTiBéTou — i, kad TV pepddv alTHs.
2 e v g A i 3 . e oo
OUTtws of &pifuol 2i, — 3i, 5= il 0,251 eiven pavtaoTikoi. ‘H yeu-

KT Hopen fvds povTaoTIKOU &piBuou elvan @ Pi, dmou B # 0 eR.
Emri TR Baoear Tdv TebévTeov Spropddv, 1 tetpayoviki pila movidg dpvn-
nxob apifpot eivar apbpog govraoTikog.

Mp&yupaT: YaeR ™ : \/E — \/j' \/"'m A \/j: +1= .\/’G_=ii\/’ﬁ

’Ex T&V &Uo TeTpaywvikidy pi{dv Tou dpunTikoU dpifiucU o oupguvoupey
Bi& ToU oupPorou 4/, va TapioTavwpey TN 14/] a, Thy omolav kohoUuey
TPOTEDOVGAY TETPAYwWVIKNY pilov Tou «.
M. /=16 - /=9 =i4/16 i4/9 =i24/16 9=(—-1) - 12=—12
M# &pBf) Tpdtis 1 4/ — 164/ —9=+4/(—16) - (=9) =+/14¢ =12
Al axéparar dvvapsig tiic @avractikils povadog.
YExopev : 1) i°=1

JLi—1 ¢t Opiopol
t=—1,(-12=-1
Piluias( ~ [i—i

H=i-it=(=1D- (=1 =1
P=iti=li=i

2) levikdds :
(i =(ity=1=1
!j*“’:'lzi“'i:l'i:i
: iigvu:-‘z:i“ig:l(—l):"l
YyveN: ti“g:iuin:l(_i):—i

== l—l\ (Aworad Tipad @ 1,1, =1, =)

Tov auuPoriopdy Tobtov Erprcuonolnoe 0 mpdrov 6 Gauss, dad 6 Euler (1777)
Thv elofiyayey 6otoTinde.
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Hapatnpioag :
1) Al Buvared Tiwad Tév Suvdpewy ToU i elven i, —1, —i, 1 ki EvedAdooov-
Tal MEPIOBIKES.
2) Ai dpmicn Suvders Tfis i elvan of TpayuaTiKol &pifpot + 1, — 1.
3) Al meprtTal Buvdpets THs i elvon of povTacTikol &pifuot i, —i.
Mopadeiypata : 1) N& &modeydi &t1 i7 4+ 8 4 i + {0 =0
Aot P4BLPL =P (l4+i+ P4 =it bimli) =
=i 0=0
2) N& eUpedfj | miuny Tiis TapaoTaoEws A =12 + i]T‘+ 211 - 342

Aots: A= (' +L+2 143(-D=(-D+i+2-3=(1)y—1+
+1 "Omep Vo=2¢,keN, : A=1—1+i=i

Vo=2%+4+1: A=—1—-14+i=—-2+41i
3) N& edpeBoiv af Suvarral Tipa Ths mopaoT. t A=i0+ it F 24134 . 40
Alois @ @) "Edv v =4k, émrou xeN gxopev : Ay =1+4+i—1—-i4+ ... 4+1=1
[3)’Ec'wv:4x+1é’xousv:A2=1+i71—i+...+1+i:1+i
Y) Edv v=dx+2 Bopev : Ay=1 +i—1—i4 ...+ 14+i-1=1
5)’Ec‘:uv:4k+3§xou£u:A4=l+i——1—i+...—i—1+i—l—i:0

81. MICAAIKOI API®MOI (COMPLEXES) — OPIZMOI *

Eav o, feR, 60 dvopalopey pryadikov apibpov 10 dlyefpicdv dbporopa
i popoiig a + i, mov 6 a dmotekel 10 mpoypaTIKOY pépog, 6 8¢ Bi 10 pavracti-
KOV pépog avtoi.

"Eme1dn S1x B = 0 efvan o = a + 0i kai 51 a=0AP # 0clven Pi=0+
+ Bi, EmeTon 6T Mg &piBuos TpaypaTikds eiTe POVTaCTIKOS SUvaral va Tedf
Ume Ty popety uryaBikol ap18uod.

‘Eropévag 1 chotpe tav pyadikdy apllpdv nepriyerl @ ocveTipoTe THV
TPOYHATIKOV KOl TV QUVIACTIKGY apiOp@dv.

"Av ouveTtdss elven 1 TO otvorov T PavTaoTIKGY Gp1Buddv Bi, R 16 oU-
vohov TEV TrparypaTIkGY ap1Bpédy a kai C 16 olvohov TG&Y Hryodikadv dp1Buddy
o+ Bi TéTe Exopev :

RcCIcC RnI=g, (Row Ly ¢'@

Eis tov wyeBikov dpiBudy 7 = o + Bi Taparnpoupey, 6T peToky TEHW
TPy MaTIKGY &p1Budy o kal B UpioToran pic BiueAts oxéois. ‘Emopéves Suvd-
e v Becopriowper 6TI T& o kad B dmoteholv SiareTarynévor {eUyos (&, B)
Kol ouvends v oupBoliceopey Tov miyaBikoy &pifpov Ud popehy SiacteTarypé-
vou Lelryous ué mpéTov oToryeior To TPy uaTIKOY pépos kal BelTepov TO pavTa-
aTIKOV pépos alToU,

(*)'Eiv:u advatov g dmédeifev 6 Weirstrass, ve Omdply choTnua yevindregov w0l wi-,
ke s perd e A G o ; = :
Yaaueol, elg 70 dmolov va loylowy Sho of vouoL Tav Teacdcwy npatewy.
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OUtw Eyopev : | Z=a+ pi= (¢, B), Vo, PeR

"Augoos cuvéTrEla ToU véou oupPoriopol elven &L

1) Ilag mpaypatikog apibpog eivur tiig popoiic (o, 0), ecR

2) Ilac @avractikog apiBpog eivon tijg popoiic (0, B), pcR

Mpos Sraywpioudy T&Y wryadik@dv &pdpddv Tiis popefs (o, ) ué p#0
amd ToUs wryabixols s wopefis (o, P) Vo, PeR, cupguwvolper ToUs TpGOTOUS
v Tous KaAoUpey kabapois pry. apbuovc.

82. TMPAZEIZ EMI TOQN MITAAIKOQN APIOMON,

‘Opiopoi: 1) KahoUpev ovluyfi ToU wyadikol dpifuol Z = (g, p) =
= o + Bi, Tov wyadikov &pmbudy Z = («, - B) = a — Bi - avuevluyij 8¢ Tov wy.
apiBpov Z, = (— o, P) = —a + Bi

2) Tous wyad. &pifuols Z= (o, B)=a+Pikad —Z=(—-a, -B)=
= —a — Pl kaAoUupev avubitovs.

3) Métpov ij anolvtog tpn) ToU Z = (o, B) = o + Pi weheiton & pry &pun-
TIKOS Gp1fuds + Vaz - -+ [3- kol oupPoAileTal :

p=|Z|=|(P)=|ax+Bi|=+ Vc!ﬂﬁ{

Al Tpdtes émi TV pryaBikédy &piBudv yivovTan mes kod éml Té&Y Sicovy-
pov o + Px kel y + 8x, &mou 6 X elvan Ty povTaoTIKT povds i, kaBoT E5éyBnuey
loyvovtas ToUs péxpl TOUSE yvwoTous vopous Tl TV TrporyHaTikédy &pibudv.

Isotntes Tiveg TV mpatemv.

a) Oi pryadikoi apifpoi, pndevikids, povadiaios.

1) "O pndevikdg pryadikoe apbpog drapyer kai sivan Evoag kol povog 6 0 =
=0 + 0i = (0,0).

Mpéypati : "Eotw 671 elvar o + Pi =0, 6moTe o0 = — Bi = o = ( —Pi)*
<ol = [321 <= a? = — Pi=a? 4 P = 0.

To a péhos o + P2 elvon pfy &pvnTikn ToodTns kad émealdh ioolTon wé un-
Btv, €meTtan 6T a=0 xal Pp=0.

“Qote, d&v a4+ Pi=0<a=0 kai p=0

2) "O povadiaiog pryadikog apiBpog drapyer kai sivon fvag kai povog 6 1 =
= 1 + 0i = (1,0)

Mpdeypomt @ "Eotw &1 elven o+ Bi=1, émdre (a— 1) + Bi = 0. "Apa
a—1=0kd P=01 a=1 xai p =0 xai ovvendss o+ Pi=1+0i=1

p) Oi icor pryadikoi apiBpoi

‘H ikavi kai avaykeio oovOikn, iva 800 myadikoei apiBpoi iva ioot, civai
v Exouv td mpaypotikd pépn loo kol todg guviehestag tob i ioovg. “Hrtov: a 4
+Pi=y+oia=7yAp=25

MpdrynaTi,iav o=y xad =38, TéTe a+Pi = y + 6i.°Edv &t ¢lvar o + Pi=
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=y +8i, 161 (a—y) + (B —8)i=0xal ouvendds c«—y =0 kai f—8=0,
dTEa =ykaip =8
Inpeimwowg: ‘H oyéois iodtnTos pryadikév dapifudv elva :
1) adronabiis: fitor Exopev (&, B) = (&, B)
2) coppetpikis fTor Exopev (g, P) = (v, 8) <= (v,8) = (o, )
i S
3) petafanikn fiTor Exopev Ei” gg i ((Z' Q; } = (&,B)=(&,0)
Mia ToiaUtn oyéols koheiTan oyéolg icoduvapiag.
Al npateig tijg mpoobictwg, mollaniaciacuod kai daipéoewg.
“Exomey : Ve, o, Py, PoeR : (o + PByl) + (o + Bol) = (o + o) + (By + Pl
Vay, oy, P, BoeR ¢ (og 4 Bi) + (o + Bel) = (eyce — ByPy) + (aPy +

+ o Pi
‘H &oaipeois (o + Bii) — (o + Pol) duéryeTen els ThHv mpochecv.
Obreos, Exouey (o4 4+ Bai) — (e + Bai) = (o + Pui) + (— e — Bol) =

=(g—0) + B —P )i

To @fporopa kai 10 yivopevov dbo cviuydv mdadikdv apbpudv elvar dpi-
Opog mpaypatikoc.
Mpérypomt, Z 4 Z = (x + Pi) + (o — Bi) = 2«

Z-Z=(a+Bi)  (a—Pi)=ct—(Bi)* = + P2

‘0 wyadikog dvtiotpoog tod apibpod Z = a + Pi # (0,0) drapyer xaiciva
Evag xol povog, 6 Z-' = (a + Pi)~' = ;;-%—Ez- + #E;aﬂ i

Mpéypartt, tav Z = a + Piked Z71 = x + i, ToTe wpémel (a4 Pi) - (X +
+y)=i=14+01 = (ox —By) + (ay + Bx)i =1+ 01 =

a
w—Py=1] *=GpE
ay + Px =0 } . -
CEs
KehoUuey nnhikov 800 piyadikddv aplOpdv Z, = o + By, Z, = o + B,
&mou Z, # 0, Tov wryadixdv dplBudv X + wi ToloUTov oTE :

(ot + Boi) + (¢4 i) = oq + Byl = (cuxX — Puy) + (o + BuX)i = oy + Pyl <=

_ o0y + By

X — B:!"P =y } =3 B ot + B,®
oy + Pax =Py y= WPy — P

a4 By

o, + PP P, — o, P, .
a® + E:? + n'-l:52 %+ B'LE :
A iy elpecy ToU mnhikov 800 myadov 7, = o + By kal Z, = o +
+ Boi # (0, 0) épyalopela kai cos Etfis :
L4y =7 L'=(oy+pyi) - (o + Bei) ' =

o N <, =P s _ood + Bipe Py — P, .
=B tntanml ) S e
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"Emlong 1) mp&tis Tiis Blonpéoews yivetan dpows, dv Tod/cwier Tous dpous

ToU KA&opaTos &t TOV ouluyf wyadikdv Tol TapovopaoToU.

» l 9 1 (o 41 1 Ay — Py 1 1P 2P — Py .
Hror - Z Z B o, i ggl Ecx2 i g 1; Ecx - E ll)) qaj“ j: EE " “3 el B[::

‘H yooig piyadikod apbpot eig dtvapy.
"Exomev 1 Z% = (a + Bi)? = a? 4 20Pi + P2 = (a® — B?) + 2aPi
23 = (ax + Pi)® = o® + 302 Bi + 3ap2it + Pt =
= (o~ 3Pt —(B*— B3P i

83. QPIEMENAI BAZIKAI IAIOTHTEEX TOY METPOY.

1) Oi wyaSikoi &piBuoi o + Bi, «— pi, —a + Pl, —a—Pi Exour TS
aUTO péTpOv.

Obrew : e+ Bi| =|a—Ppi| =|—a+ pi| = |—a—PBi|=+ V2 + p?
2) Oi mpaypatikol wiyaBikoi &piBuol (g, 0) = o = af o éxouv pétpov
Tov [a|. "Hroi : | (o, 0)|=]| a+ oi| = Vol = | «f

3) Oi gavraoTikel &piBuol (0, o) = ai = 0 4 ai Exouv pérpov |o |

Hror: (o, 0)| =0+ ai| =+ Voo = |«

4) To TeTpdrywvov ToU uéTpou Evds myad. &piBuol Z = (o, P) = a4 Bi
elvon fgov pé 10 ywopevov alrol Emi Tov ouluyd Tou.

Hror: Yo, BeR: |Z|P=Z.Z = (Va®+P2)2= (a+Ppi)- (a—Pi) = ot-+p?

3) TS uétpov ToU ywoutvou SUo piyad. &piBucsy Z, = (o + Pyi) kai
N (t:!:2 + Bsi) looUtan pé 16 ywéuevov TEV PETPWV aUTEY.

=V(® +f31=) (0(2.+{52) RVGI *+ E’x 'VQ22+[32 = | Z1| | Z, |
Feviks Exopev : | Zy. Z, ... Z,|=|Z, || Zy]|... |Z.]
Oi pobnrad v& &modeitoun Thy 1816TnTa TaUTnY B1& TpeTs Kkal TéoTOpCS
Sp1fuovs.
6) To pérpov ToU dvutioTpdpou Z-! Tol wyad, dpiBpoy Z = a4 Pi iool-
T wE TO dvtioTpogov ToU weTpou ToU Z- (Z # 0)
132

e R il =2 ] L[ +(au+a>
1) SEE S e Ll

(ot + p3)? o + P AT Tp | 7 ‘

7) To pétpov ToU mnAikou 8Uc piyod. dpibuddv Z, kai Z, # 0 ioolrton ut
TO TrMAiKoY TGV péTpoov clTdv.
Hov |2t =1z =1zl 1 2t = 2 =

8) To pétpov Tou TnAikou Suo ouluydv uryadikidv dpibudv elvar 7 Tpary-
HaTIKT povds (1)
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Tpdrypa - %! i—|*1f 51é+1lZE=\TI

9) To uétpov fvds piyadikol &piBuoy Z = o + Pi elven pndby, étav a=0"
kai B =0.

Mpéyuerrt @ Exouev | a+pi| =0 = Vc-x?-}-T?;Z—[} = o +pP2=0= a=0
kai B =0. "AvtioTpépws : Z=a+Pi=0+0i <> |Z|=Va?+p*=0.

10) “H i&i0mns WZeR = | Z |2 = Z? Btv ioyuer, étaw elvar Ze(C—R).

Mpdypari @ &v Z=oa+pi (P#0), téte a4+ Bi|2= (Vaz + B®? =
= a® + P2 ’ER &Ahov Eyopev (o + Pi)? = o — P2 + 2api.

‘Erropéveos T | o + Pi [® Bt iooUTon pods To (a + Pi)?

Emw‘vum‘] enpeivotg. ‘1816 TES TIEs TOY ATOAUTWY TIHGY TGV TPXY M-
TIKGY &p1Budy Bty loylowy Bik Tous kabapols wiyadikous dpifuovus (1810Tng
10 tfis &vw Tapeypdpou).

84. TPA®IKH (TEQMETPIKH) ITAPALTAZIZ MITCAA. APIOMON

Mvewpilouey, 671 T& BiareTerypéva [elyn (X, y) ToU ouvdrou ToU KapTte-
olavou ywopévou R? drreikovilovTon dppiuovoonuduTws els T& onpela TOU &TTl-
médou TE Spboyovicov &Eovev (KapTeoiowdv émimedov).

Oi wyadikoi &pibuoi, d BiareTayuétva [elyn TporypaTikéy, SlvenTon
ouveTtéds va TrapacTadoly &md T& onueia ToU Emimedou Tddv dpboy. &Edveov.

MpdypaT, & wyadikds &pibpds (o, B) = o + Ri, 6mTou a, BeR, &meixko-
vifetan els &v pévov onpelov M (q, B) ToU &miméSou, T6 STrolov Exel TETUNUEVY &
kel TeTarypévny P kal dvmioTpdguws, TO onueiov M (a, B) pE cuvteTayuévas (o, B)
durioTorxel Tpos fva kol povov dpiopévov piyadikdv &pibuov (o, B) = a 4+ Bi

"Hron, | *ApyéTuTrov Eixcowv

| Vo, BeR : (&, B) = o + Bi «—M (g, B)

OUtews Umdpyel dugipovooruavtos dvTioTolyla petaly TV wiyabikédy
dpiBucv ToU owsrou C={(x,y) /(X W) wyadikds &pibuds} kol TV
onuelewov ToU EmméSou. ETri Tou émiméSov
ToUTOU 6 &Ecov TEV TETHNHEVGY Kal TETOY -
péveov dvopcdlovtan dvTioToixews d&wv tdv
y TPAYRETIKOV Kol dEov T@V Qaviactikdv,
TO 8¢ émimebov pryadikov 7| molikdv Emi-

PG« M6 nedov (oxfipa 84.1).
: ’Emions Buvépeba va Exwpev  picw
Lot ?;\!;-/»92 N dugipovocnipavtoy  &uTioTolXiav  HETOQEU

% . S T&Y miyad. dpdpdv (o, B) kad Tév Sicvu-
G 8(1,0) 1 (et0) e 2jie
opaTikddY dkTiveoy OM dos Trpds T onpeiov 0
i LAt | I3 - - € {
j Zy. 84.1 ToU émiTrédou. TouTo SiaxmmioToUuTo OUOLWS.
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OUrow : (o, B)eR? : (q, B) = (a + Bi) «——> OM oo M (oc ﬂi

’Etra1dn) | oM l =4/ F P? xai.|a+ Pi| =4/ 0+ B &pa TO wiikos
ToU SiovUouaTos OM TopIoTd TO péTpov Tou ury. &pifucu o+ Bi. ‘H mpoon-

poouérn ywvia § = (OXT\OM) koAeTTan Splopa ToU o + B

ET 5t e R ! L sl -

valr Ot cuv ) b7 e kol npd = o) \/W

o X . ] a p gl
Ofreo, W(a, P)eC: a + Bi = 4/a® 4 p2 (\/q=+ﬁa \/aﬁ;@)f

= p (ouvd + inud), &trou p TO péTpov kal § TO Sploua.

To uétpov p kal TO Spiopa 6 évos piy. &pibuol a + Pi, EyovTos eikdva TO
onueiov M (g, P) koAoUvtar molikai cvvtetaypévar ToU onueiov M.

‘Qoe, T&s pryadikds &pifuds Slvaral v ypagf] UTe TS poppas o + Pi
kai p (ouvd + inud). ‘H mpdotn xoheiton Kapteoravi popet kai 1) Seutépa tpr-
YOVOUETPLKT] Hop@T)

Hapaderypa : N& Tebf Umrd Tprycovopetpikiy poppiy & Z=1+41+/3

Exousv |Z|=+/1+43=2, mﬁ:%xainuﬁ:%: dpax p = 2 kai

6 = 60° ‘Emropéveos Suvdpebo vd ypdayopey :
Z=1+4i4/3 =2 (ouw6 0° + inu 60°

85. 'PA®IKH ITAPAXTAZIE TOY AGPOIZMATOZ KAI THE AIA®OPAL AYO MIIA-
AIKQN.

1) MpéeBeorc. 'Edv Z, =cy + Pyl kol Z, = o + Pai kel of sikdves abrdov
T& SiovUopoTa 5\711 ko CTMZ &- JJ
vTioToiXws, TéTe TO &fpoioux
Z,+Z, = Z Exa cos elkova TO &-
fpoloua O_l\"l)—I + 654‘2 = Oﬁ s /
yvwoTédy, TO Bidwuoux OM Exel
&pynv O onupeiov O kal Tépas TO
&\ho &xpov Tiis Sicrycoviou ToU
mrapad/ypdaupou OM;MM, (kawdov
ToU Tapah/ypauHoy). i . 85.1

‘H &méddabis Slvaran v& yi- y
v UTd TRV pelnTév edkdAws dpkel v& mapaTnprioouy &TL oy + & = & kai
B, + B, = P. (Exfiux 85.1)

2) *Agaipeois. 'Eqv ai sixdves TéV wryadikédy Z; = oy + Pyl kad Zy = o +P4i

W (6]

bl - - -

— —
elvan T& Siavdopara OM; kal OM, &vtioTolyws, ToTe ) eikav Tis Sixgopds Z;, —
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—Z,=Z¢ehvea 1O Sidwuopa (5?\71 (Exfina 85.2). Awom Z =Z, — Z, =Z, + (— Z,).

Y

[ My(xer6e )
W 0 ‘:'\Mi{%’ﬁ)"i
Fi ol oo S HC ]
M54 4 Tx. 85.2

‘H sikdov ToU — Z, elven 18 Slocvucmcx oM’ n, O'ULJ.IJE'TPIKOU ToU OMJ s mpos To O.
OlTw : 01’\/'1l OM,fOI\/‘i1 + M, O OM + oM’ .:OM

AZKHZIEIZ
Oi pavtastikoi apBpoi. Y
237) N& émwoBerydfj, &m i =iH=—1, iMt=—iV=—5
1
v o= Ve =, HH;jv-1=_] Smwou v,ueEN,.

tg

238) N& éxterecbolv of mpdalers —5i° (—1i7), Pesidieojde j4,
o o 1 1 1 1
R B R D e e e ey
239) N’ dmodeiyfij 611 yve N, &xopev ¥4 Vil 4ivi2 4+ iV =0
240) Moias Tinds Stvarar va& A&Pn ) TapdoTacis
A=1°— 42— .. (= DY, émov ve N,
241) 'Edw A=i"4i'4 it ... +i¥ B=i"—+*—... (—1)¥Y, ©veN,
molas Tipds Blvaton v AdPn N mapdotaocis A+ B
242) N& guykpiBouv al Tipai Tév kdTwdh TapacTdoewy :

; e e 1 1 A 1
Asitidb e, B= ok g+t T o0 MEN

243) *Edv ol &pifuol K, A, p, vE N Siipotpevorl Sid 4 &orjvouv TO auTd UmdAotTrov
v &moBeydn 6T oa) iK=1ir =it =1, B) iFdrtitv =1

244) N& ebpefolv al TeTpaywvikal pifan Tdv &pbpdv, — 25, — 36, —23, —27.
Oi piyadikoi apbpol.
245) N& dvoybolv af kérwd wapaoTéoes els THY popenv a4 Pi:

o) Rt ad. P G+H-G=W- Wi

4 ) ! (it +21)”—(1—1)3
B @++@=-D% o (1+20'=QA-20% D gToyw—rin

o a— Bi 3+ 8=
W) (ot B @B © ST e, D T R\;"a“l' ¥3+1,

136

WnopionoiOrke amo 1o ivotirouto EknaiSeuTikrg MoAmkrg



246) N’ &moBerx0f] f dAfBaa Tdv xdTwh igoTrTOOV :
) (l—D'=—4, PB(=2+4T) (—2-T)=53, y) (=740 (@ +i)=-50
8) 2+3D)- (3 +2) =131, € (x—a-+pi) - (x—a—Pi)=(x— )+ pt
3 18 15 i Pi + By — (av — P)i
e simar Tl g = =

<+ P« —Bi  2(at—pY :
D o pt e p s i VU A=

247) A& Tolas TrpaypaTIKas Tiuds T X, ¢ loxver 7 lodns
(A=-2)x+ B+ 5)w=1+43i
248) 'Eav zy = (2 + 1), z=(1-2i), v& Umoroy1o8f] & pyadikds &piBuds

Zl
z=2+2, + 2z + -+ (2 — )

& f T 3 I3
249) ’Eav z, = — 2 + =i, = -3 T T i v &mobaydfi émi:
@) z, =2,% B) Z=zkal y) 2 =22 = |

250) "E&v z = a + Bi kal z = a —Bi, v’ d&mwodayboiv al oyéoels

TETA N R e R T (EL) — 2L £ 0
ZiEZy = Zp 1 2 12 = Z; - Zy, 7. _;:- (2:?: 3
= = 1 1
-z=-1z (7):: (z#0)
4 z
251) “Ymwo molav ouvbrikny T «, @, By, B,€ R 10 &Bpoiopa §i f Siagopd Tév
7, =0 + Byi, Zo = o + Pai elver dpiBuos o) Tpaypartikds ki B) povTacTikds kebapds ;

To pétpov 1AV pryadikdv ampbudv.

252) Tlotov T pétpov T&v &pbudw —i, 141, 1 +iV' 3, 24V 341 i, : l-é?ll
1 4ai 3+2. i (3+4i).5_1+2i) S@=V34iy
AT Rl i M = v v (g
253) ’Eav z),z,€ (C—R) va &modeaxfii 611 |z,z, |> = |z, [>- |z, [* (¢popudoate

tov TUmov |z |*=1zz )
254) N* &moBey®fi &1 |z, + 2. | = |z, + 2|, z,z.€(C—R)
255) 'Eav ol z; = o, + Pii, o= oy + Pui Anpolv THY oxéow 7, Z, +25 7. =| 742 %,
Belfate 611 ey, + BB, =0
256) *Eav o + Pi =0 <= |a + Bi| =0
Tpagikn rapaotacig TV pryadikdy apilpdv,

1
257) N& eUpebouv al eixdves Tév &pibpdv 1 40, 1-2i, =341, -2-— 5 1
1 1

(il = FAU DG B DL R LR e e

258) MapaoThioaTe ypaikds ToUs piyadikous dpiBuous o 4 Bi, o —pi, —a+Pi,
—a—Pi (o, pe R*). Ti maparnpeeite ;

259) N& eUpefouv i ToAal cuvTteTaypéuan ToU dpibuol V3 + i kol va Tedii Umo
TPIYWVOUETPIKNY HOPPTV.

260) Al moAikal cuvteTaypévar Evos piydbos elven p =5 kal 8 = 45° Tlolos &  &piBuos
oUToS ;

261) N& mrapoacTabfj ypapmdds 1o &Bpotopa Tpidv xal &koAoufuws Teoodpwy pryabixdv
&p1Bpdav.
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262) Mopaotioare yewpeTpikdds T6 &Bpolopa T&Y &plbuddv :
Dzy==2i,z=-342ikai 2) =31, z=—24+0i, z, =1 +1i
263) ’Edw z, =2 —3i, z, = +1 + 2i, molan ai eikdves eis TO wiyadixov émimeSov THY
Sagopiv 7, —z, xod z, —z,. Ti Toparnpeite ;

AZKHZIEIZ EMNANAAHYEQZX

264) 'Edv z;, 7, € (C — R), v epedij oxéors petafy Tév o, o, Py, P: € R, éTou 7z, =
=&+ B, zn=o + B, a fgwpev: ) z,z,€R. B) z,z,€I (R olvorov mpaypaTi-
k&, I ovohov pavtaoTikéy).

265) Yo olav ouvBrKnY TEY TPAYUATIKEY &y, &, By, P TO TTnATKOV % elven
«) TpayuaTikds &pifpds xal B) govracTikds. ) *

266) 'Eqv z,2,€ (C — R) xai z, = — z,, v &mwobeixfij 671 1o &Bporoua z; + z, elvan
kafapds pavTacTikGs &p1Buds kal 1o ywduevov z, z, € R

267) "Edv 7 = @, + Pyi, Zo = o + Pui, UTTO Tolav owBikny TEV o, o, PBp L. 8& elven
) (@ z)=0xa B) |z,—2z | =]z +2]|;

268) 'Ev zy =0 + Bii, Zo =t + o kel |2y |2 |22 =]z — 7, |* v& &mrobeydii
T oy o, + B Pa=0

269) 'Ev z,,7,€ (C—R) v d&moBeydii 6m1 2(|z |2+ |z |2)=|z.+ 2 |2+
+lz—z 5

270) "Eav of mohikal ouvteTaypévar ToU &pifpol z = o + Bi elvat p, B, Tolat af ToAikal
owTetaypévar ToU &pibuol z- = (a + Bi)! ;

271) 'Ymo molav ouvrikny T@V o, &y, Py, Bo € R af elxdves els Td mwohxdy rmimeSov
TV Z) = &y + By, 7o = & + Bui, kelvton 1 evBeias Siepyopévng i Ths &pyfs 0 TEV &Eveov ;

272) "Edv z = a + Pi kol z = a — Bi, ToU 8t wyadikol z, = x + i Té pétpov |z, | =1
v& dmodexdii émi T = (T 2 1)
l-zz
273) MapacTthoaTe yewpeTpixds ToUs &pifuols z_-;z_' _Z.E_Z &mwou z  pIyadt-
i

KOs dpiduds xal z & ovluyns auTou,
274) "Edw z = a + Bi xal z = a—Bi, v& &modaydii &1 & z elvan fi TpaypaTikds f
pavTaOTIKGS &V {oxun 1) oxéois 7= z%.

275) Ewv |z + 2 |=|z:— 2, |, émou z,,z.€ (C—R), v’ &mwodaydij 8T :
o) 2,27 + 2,2, = 0, () 22 auluyels T@v 7, z, dvTioToiyws) kad B) |z, + 7, | = |z, + Zf *Eri.
ong v\ &moderxdfi, ém & |z, + 2z | =|z,— 2| TOTE Z,7, + 7,7, = 0.

= 2z
276) 'Eqv z = a+ Pi kal z=a—Pi, v &modaybij, ém al mapacTdoes T
zz

_2{: elvan myadikel auluyels &pifuoi.
l+zz

27T) '"Bwz=a+ Bi, o, Pe R, kad |22 —1 | = |z — 2| v’ &mwoBeixfij 611 o + Pt = 1.
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KEQAAAION XII

SEIZQZEIZ BOY BAOMOY

86. OPIZMOI IAIOTHTEZ (nepihnmeiki) Oropvnoic).

OPIEZMOIL : [Tdoa iodtns perald ddo dlyefoundy magacrdoewy, 1 érola elvar d-
Inbne 8¢ dotouévag Tiwag T@Y ypaupdroy (dyydoTwy) TEHY nagactdoewy TolTwY,
xaieltar élowais.

*EvraUfa &tv &mrokAeleTon 1) mepimTwois, kel fiv SUvataa 1y lodTns va elvan
dAnBNs Bk Tdoas TAS Tipds TV YpappdTwy, OToTe fi Etiowols koheTTon Tou-
T6tns. T.x. 1) &llowaois 4x® + 1 —4x = (2x — 1)? elven &Andns S mév xeR.

‘H elpeagis SAwv TV Tipdv TV ypappdTwy, T& dmola kahoUvTar dyve-
otol Tis £liodoews Bik Tas Omolas elvan altn dAnbs koAeiTan émikvoig THS
thiowoews. Al o0Tw 8¢ sipiokdpevanr Tiwal koholvtan hboeig i pilen Tfis efioc-
TEwWS.

Ao §j TepioodTepan Eliodoels, of dmolon Exour Tas alTds axpiPds AUoels
(81 kowds Avoeis), kakobvial icodbvapor

Towotneg: 1) ‘H owois (x) = ¢ (x) elvon ioodlvauos mpos v &
cgwaw f(x) 4+ o (x) = ¢(x) + o(x), &’ doov els TO cUvorov els TO dmoioy dva-
pepopeda, 1) ouvdpTtnots o(x) &xn vonua. Oltw : f(x) = ¢(x) <= f(x) +o(x) =
= o(x) + o(x)

2) ‘H étiowaois f(x) = ¢(x) elvon igoBlvapos mpds ThHy Eliocwow Af (x) =
=A@ (x), 6mou AeR, A # 0 kai dveldpTnTov TOU X.

OUteo oupPoiiloper @ AeR, A # 0: f(x) = o(x) <=Af (x) = Ap (x).

3) ‘H étiowas f (x) = p(x) 8&v elvan év yéver loodlvauos Tpos Thv Elicwaw
f(x) - o(x) = ¢(x) * o(x), émou o(x) ouvdpTnols TOU X.

Mpéynam, 516m (x) + o(x) = @ (x) * o(x) =) [{ () —¢ ()] =0,
g fis #xomev o(x) =0 \/f(x) = ¢ (x).

4) "Av ¢(x) = 0 xad @(x) = @, (x) * Pu(X) - - - @u(X), TOTE TO Glvodov TG
Aoecov s @(x) = 0 looUran pé Thy fvwow TEY ouvdhwy Ty Aloewy TEY
koo ¢;(x) =0, .(x) =0, . .., ¢.[x)=0. Tlp&yparr, 516 Sick vax dAnfel
f (x) =0 mpémer kal &pkel els TouAdyioTow & TEV Py(X), 9u(X), . . - Pu(X)
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va eiven foos pé undév. ‘Emousvess o pilon Téw Eiodoewy ¢y (x) =0, g, (x) =
=0,...9,(x) =0 elver kel pifen Tis Ercdaecs ¢ (x) = 0.

5) ‘H étiowois f(x) = @ (x) Bév elvea &v yével icoduvapos Tpos THY ELi-
owow [ @(x) P = f(x) %

Biom = [9(x) JF = [ () ]2 = 0> (p(x) + £ (x)) (9(%) — f(x)) =0, Ams
Biber o(x) = —f(x) V o(x) = f (x)

Bk s mepiAinmTikfs ToiTns UTropvhicews, dveu dmodsifews, Tdv i8ioTH-
Ty T Ellowoewy oupTepaivopey, 8T kaTd THY AUow T&v Efiodotwy Bov va
Aaupdveope ooPopds UM Syiv avTds, Bid v piy UToTiTTeopey s opdApaTer.

87. OPIZMOEL KAI EMIAYEIL EEIZ, B BAOMOY (1)

‘Opropés. Kaketto 2Eiocwaig B fudpot dg npog x, nica Eicweig Tiig pop-
Ofg ux* +Px+y=0 p2 @ #0 wai a, B, v mpuypemikoi #i woi pryadikoi.
"Evtaifa 8 fewpolvtan of o P,y ol omolol kaAoUvTar euviehegtai, Tpoypa-
Tikol &piBipol f) kal SAyeBpixad TopaoTdoEls pn TepiEyouTal TOV &yvwaTov X.

Olred 81t Tag droovbous éiodoels P’ Boduol of ouvteeotai Exour &uTi-
oTol¥ws TaS Tapakelévas T :

3x2—-2x=0 =73 p=-2, y=0
=52 +7=0 a=-25, p=0, v=17

— =0 a=-—2, P=0, y=0
X¥=3x4+1=0 a=1, ~ p=-3 y=1
ax?— (a4 Dx~3a=0 o =g, B=—(x+1), ¥y =-3a
A=-Dx2—A 4+ XM-N=0 a=A—1, B=—4 y=2x-9

Al Tpeis TpdTen ELiochoers Sty Trepiéyouv GAous Tous Spous ToU TPIVU-
Hou ax® + Bx +y, ik ToUTo kaholvTon & A A v e Tg. Al &Ahan Tpeis eiven A -
pPELS popoal.

"Ev yével, & B = y=0 Aaupdvopev a2 =0
» B=0Ay #0 » ax?+y =0 &\l popeal
» B£0Ay=0 » ax? 4+ Px =0

» B#OAY #£0 » ax?+pPx+y=0 TATIPNS  HOPPT)
Tiis tfiocaoews ¢(x) = ax2 +Px +y =0, (« # 0, B, ¥)ER, 0& kahoUpuev Abory
i pilav Y Tipty x = x,€C, &w Exwpey @(x)y =ax®) +Px, + ¥y =0. (C =
={x /X wyadikds &pibp, } *).

“Omaog 8 iBeoper kaTwTépw, TO cUvoloy Tév AUcewy (pil&v) Tiis B’/Ouiou
Eliodoecs elvar Sipehéds.

"Edw Aoimov x, kol X, elvon af pilea g f(x) = ax® + Px + y =0 s T
awohov C, ToTe af f(x,) = ox;? + Px;, +y = 0 kal f (X,) = ax,2 + Px;+ y=0
elvor dAnfeis iodTnTes.

(1) Tag eZiocroers B’ Paluo ut dvav dyvestov rpaypateiln < wpdTov 6 "Exknyv: Mabn-
patindg Avbpovtog, )

(*) Té alvorov C 7év pryadiedy dofudv mepiiyer 7o chvorov T@Y TpaypaTixdy &old-
ueyv (vepararov mept Miyaduedv).
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2upPoAilopey :

a #0,B, yeR
f(x)=0,f(x:) =0

}®z= { x/xeC Af(x) = a® + PX + 7 = 0} ={ X, %, }

‘Erilvorg tijg £&re. B Pabpod.
1) "H &nmns popety ax® =0, a # 0.
Emaidn a # 0, & T ax?*=0<=x*=0fx-x=0, ¢ ol x,=%x,=0
2) 'H éxntris popet) ax®? + vy =0, a # 0, y # 0.
“Exouev : ax®+ y =0<=>x?+ y/a =0, émwore
a) 'Edv % < 0, 3nAadn ol a kal y elvar Etepdonuor, TéTE ———E— > Okai

1 ttiowols yp&eeTal :

() == (Y7 2) =0 = D=V F o

ATis elven iooBUvapos Trpds T6 {eUyos x + Vﬂ - = 0, x— V—- % =0, & oU

o e

B) 'Eav —E— >0, 8nAcd of o kai y elvan dpdonuol, ToTE 1 lowas x>4 %:
=0 Btv Exel Ao &v R 81611 X2 + % > 0 % xeR, &y Suws Ao els TO ouvo-

Aov TéV ovTaoTikéy 1. OUtw AauPdvopey Tds Alcels :

x1=~v— = == V% X2=+V_ e V%
3) ‘H énmmns popef) ax? 4+ Px =0, a=£ 0, p #0.
“Exomev 1 ax? + Px = 0<=x(ax + B) =0, Amis el ioodlvapos wpos
0 feUyos Tév . X =0, ax + P =0, ¢ ol AouPdvopey x;, =0, X, = — %
4) ‘H wAnpns wopen f(x) =ax*+Px+vy=0, a #0,8 %0,y #0
*Eyovres U Sy Tas i810TnTas iooduvapias T@v ooty Aappéve-
pev BLaboyIKEds :
f(x) =ax*+px4+y=0 (roA/Touev i 4a)
<> 40x? 4 4aPx + 4oy =0 (poctéTopey TV BP)
<> 4a®x? + 4aPx + P2 — P2+ 4oy =0
<> (2ax + B) 2 — (B® — 4ay) =0 (Gétouev Smov B2 — day = A)
A (Qax +P)—A=0
(Qax + P)? — (\/D)2 =0, fmis elven igoBlvapos mpds T (elyos Tév &1
cwotwy 20X + B+ \/K= 0, 20x + P — \/E: 0, 2 o0 Acupdvopsv
Sher VA ___@.4:\/,3
2a 2a
"Qote 1) Elicwors f(x) = ax® 4 Px + y = 0 éxe pilas, of dmoien Sidovta

&md TOV TUTTOV
iy R " _day
X B ;Eu\/ﬁ B+ ’\/ﬂ ay (1)

X, = y Rg =
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‘H Trapdotacis A = B2 —4ay eR kadeltar Swakpivovea s Eiowoews.
Inp. Al éetaocbeioon EAMmels popead elvon Suvarrov wé EmAubolv Sik
TOU QueaTéped yevikoU TUTTOU.
‘H Siakpivovoa elvan Suvardv va Tapouciacdfy Umd Tés EEfis TeprTTcoEls ¢
a) 'Eqv A0, TéTe af plia Xy, X, of 818Suevon &md Tov TUTov (1) efvan mperypa-
TIKad kol &vioo.
e : o ; i F ;
B) 'Eaw A =0, Téte ai pilar X;, X, elvan TwpaypoTikad ko foon, OmoTE Aé-

yousv, OTI ) ttiowols Exer plav SimAfjy pilav x =——2-|3&

¥) "Edv A0, té1e ) tllowots ax?H-Px + y =0 i 1} ico8Uvauds Tns (2ax + B)2 =
A Bev Exer AUow €ls 16 olvohov R, 81611 WxeR = (2ax + B)2>A, Exar duws AU-
ow gls 1O olvohov TéY uryadikév Tiis popefis (o, B) wt B # 0, ai 8¢ pilan xy,
X, Aéyopsy STt elven xafoped pryodixad.

Eidukn nepintworg ‘O timos (1) Sdvartar v’ dmhouoTeuddy, tdv & guvTeAe-
oths P ToUu X elval ToAAamAdoiov Tou 2
Olrw, tav p=2p", 1o1e A= (2p") — 4oy =4p"> — 4oy = 4 (B2 — ay)
-P +VE _ -2 42 Vﬂ‘“fﬂvzj’ + VB =ay

[s4

ZUveTrddg X = 5
‘Eav 8¢ P?—4ay » 04 (P2— >0<=p2—ay >0

‘Ouoiws faw P —day < 0<=4 (B cry) <0=p2—ay <0
Mopadeiypata: 1) Na émivbolv ol élicwosis.

a) x*—16=0, P)4x*+3x=0, y) 6x2—5=0, 8)5x2+3=0

‘Enidvoig o) "Exopev 9x*— 16 =0<=>(3x + 4) (3x —4) = 0 icob&lvauos Trpods

Té§50y0§{3x+4=0 L
Loy 3
3x—4=0, & oU: 4
Xo= e
# 3
Otmw : T={xfxeR A% —16=0}= {4, £}
B) "Exomev 4x* 4 3x = 0<>x (4x + 3) =0 looblvauos mpds 1O lelyos
L A 2 T
TWV ECITWTEWY 4x + 2 (G 2 £ OV g, o 7;:;*

OUrw : 2={x/xeR/\4x2+3x=0}:{Of—%}

¥) *Exomev 6x2 —5=0 <> (X v/ 6)? — (v/ 5)?=0<= (x 4/ 6+ +/5)
(xy/6=/5) =0 icoBivanos Tpds T [elyos Téw Eiohoewy X4/6+4/5 =0,

X4/ 6— \/5_=0, et oU AauPdvopey Tas AUoels x1=—\\§z — \iz—_q, Xpi=
V3 \/30
Ve
Qore: T={x[xeRAGx*-5=0} ={—\-/6—3_(} 3 \/—f}
8) "Exonev5x24+3=0<=x 1/ 5)2—-(/-312=0<
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< (x/54+4/—3)  (x/5—4/=3) =0 icodlvapos mpds 6 Lelyos Téw thio.
XV +4/=3=0, x4/5=4/-3=0, 8 ol x,==iv/3, xa=i4/3
Qore: T={x[xelA5x2+3=0}={—i4/3,i4/3}
2) Na é¢mAufolv ai élicwoels
) x2+2x—3=0, P)x*—06x+13=0, vy) 3x2-5x+1=0
Enidvorg. ) ‘Emeidn elvar a=1, p=2, y=-3
dpa A=22—4.1.(=3)=4+4+12=16. A& ToU TUmou (1) Eyouev :
A S i P B S
Omw : T={x/xeRAXI4+2x—3=0}={1,-3)
B) ’Emeid?) elvan a=1, p=—6, y=13
dpa A=(—6)2—4-1-13=36—-52=—16. Mi& ToU Timov (1) éExopev:

6+VII6 64 4
T R
Ot : = {x/xeCAXx*—6x+13=0}={3+42i,3-2i}

Y) ’Emeidn a=3, p=—-5, y=1
Gpot A=(—5)*—4-3-1=25—-12=13. A& ToU TUmou (1) "Exopev :
X:%#__si;/w G of - X1=5+;/13, x2:5_;/13

-[f2, =

BB ol 3 Fp=3 2, xp=3=2i

Of0tw: Z={x|xeBRA3x2-5x4+1=0

3) E&v «, Pe R, v& ¢mAvlf 7 Elicwois :
X2 4+ 2Bx — (a* + 2aB) =0
Eridvoig : "Emreidf & ouvteAeoTh)s ToU x elven ToMAamAdaiov Tou 2, é-

? 6

—B R
gappolovTes TOV TUTTOV X = —E—i—:—\/f—ﬂ, AopPdvouey

P VP Fr+2p _ PEV@Tpr_ Pk latp]

i ; = T e 1 =—P+|atpl
Gol: xm=—PtatP=a X=—P—oa—p=—(a+2p)

O0tw: T={x]| xe RAX*+2Px—(a* +20P)=0AcPeR} ={q
—(a+2P)}

4) N& émAvl) 1 éiicwcrls 4+x—l x-:59

*Enihveic. T& kAGopeTa éxouv Ewoiaw, Taw X # 4, x # 1, Xx# 9. Ex-
~ehoUuey Tds onupeiovpévas Tpdtes ol BiardooovTes, AapPavoper 2x* —4lx +

41 + 27
o L

+ 119 =0. Aix ToU TUTTOU AcpPdvopsy Tas AUgEls X, =

L= gl =%, af omoicn Emadnfevouy Thy icwow.

2x‘—5x+2=0_
X—2

= 4

5) N& &maAved 1y étiowois
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‘Erihveg.

To kAdoua 81& x = 2 lvan dopioToy, 816T1 of Spor alToU undevilovral.
"Hro1, & %rapououacr*rfqg X — 2 elvan & Tapdywy dmpoodiopioTias ToU KA&oUG-
TOs. “YTofiTovTes X # 2 AapPdvopiey petd Thv éktéheow Tiis Sicuptoes (2% — 5X +
+2): (x=2)=(2x~1). "Apa 2x—1=0, & Fs x=+%, fTis elven AU-
a5 s Sobeions ¢Eiowaecos.

88. EIAOEL TON PIZON THE EZIE. ax® + px + 1 = 0, o, B, veR.

To elBos tév pidv Tiis tlicwo. [(x) =ax?+Px+y =0 &apraTa
amd Thy Siokpivovoow A = B%— 4oy eR

OUtw Sioxpivopey Tas £Efig TEPITITCOTELS :

1) '"Baw A >0, Té1e v’ﬁ eR kal ouvetrdds x = 7—32'“;\/5 eR
"Hror i pilat x,, x, elvon mpaypatikai kai dvior.

Edv 8¢ eivon A = k* kad o, B, ¥, keQ TéTe af pilon x,,X, tkppd&lovTon pr-
7. "Hror X, x,6Q. "AMws ai pifen elven &ppnTol (doupueTpol) ouluyels. An-
AaBn Staw 1) Elicwaors [(x) = 0 éyer s pilav Tov doUpueTpov X, = A + /B,
B # u* 6& £xn kal Ty pllav x* = A — /B (Tapad. 2y)

2) 'Eav & =0, té1e /A =0 kad ovveTds X = _Zc:

"Hror of pilar x, =x, = —S—q elvol mpaypatikel kai ioat.

eR.

3) Eav A <0, TéTe /A €l ke quveTtéds X = i::zzi\/_a e(C —R).

kaBapal pryadikai ouvlvyeic.

"Hror x5 = %3 + "g;A

Téw mpoTdoewy ToUTwr ioylow kal al duTioTpogol.
O podnTai Svvovtan eUkdhcws vér képouy TV &mrddeilw.
Kereotépa 8iBoper TUVOTITIKGS T& CvwTépw oupTepdopaTa els SUo Tivakas.
Mivag |
Eidos téwv pildv Tis o, ax? Px+vy=0 a#0Pp rveR

L=p—day >0 ‘ Ao pilar TpaypaTikal xai dvicol : x, < X,
A=p*—day =0 Ao pilar mpaypaTikal ke foar @ X, = x, = — g—a
A=p—day < 0 l Avo pilan xabapai wiyadikal ouluyets.
Mivag 1

EiBos 1@ pif@v Tfis o, ax! - Px+y =0, a £ 0,B,yeQ

A=k &lo pilar TpaypaTikal vicol kai oUppeTpol.
A>0 | keQ

A #k* | Ao pifen mpayuaTtikai dvicor xal &oUppeTpor.
A= Avo pilar mpayuatikal ical xai oUppeTpol.
A< 0 Avo pifar kaBapal pryadikal ouluyeis.
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Inuavtikn napatipnois. Edv oi ouvteAsoTal o kal y elvon étepdonuol
ToTe 1) €l10. aX® 4 PX + y = 0 éxer BUo pilas TpayuaTikds dvigous.

Aot ToTe ¢ ay < O<=—day > 0<=P2—4ay >0 1 A >0,

89. EZYTKPIZIZ TQN TTPACMATIKOQN PIZON THE ox* +Bx + 7y =0

"Exomev A >0 kai x;, = = P '2:‘/5 ) Xy = — B;a‘/_‘_l,

Zynuotiloney THY Siapopav X; — X, :
e B Rl B
1 g 2c 2a T

T onueiov THs Slapopds X,—X, ElapTdTar &md TO TpdonUoV ToU a, BITt
A>0<+A>0.
Olrw : 'Eawea > 0, 1o0Tex; — X, > 0<%, > X
Eav a < 0, ToTE X — X< 0<=Xx <X

Inuavnikn onueioeorg. Zxdmipov elvan vé Eycopev els dugoTépas Tas TEPI-
mrredgels Eviaiay SidTaliv TV TperypaTikGy pilldy Xy, X, A& ToUTO ounpwvoU-
pev els T& Emdpeva v xpnotpoTroldipey THY SidTatv X, < X;, doTe &v a>0 ToTE

-p++/A a5 | —p—+/8 g
=_@2\/ , &v Bt o < 0 TOTE x1=—ﬁL— Kai
o 2a

o, =P iV
= 2a

1. . —B—+A
X; Kal Xy = ——-"——

X2

90. EIAOL TQN PIZOQN TOY TPIQNYMOY f(x) =ax® +pBx +7v, ¢ #0

KeAoUvTten pilen Tou Tpicovipou f(x) ai Tipad ToU x af émoicn 1o pndevifouv.
Swetdds ol pilon ToU TpiwvUpou f(x) efven af adrad pé s piles Tfs iodoews
ax®+Px +y =0 xai koTd cuvéTelay T& ouuTepdopoTa, TE ouvorBerTa 2
Tiis tleTdoes ToU eibous T@v pildv alThs, SuvavTon va ypnotporroinBoiv kol
trrauba (ivakes | xad 11).

Mapadeiypata. 1) Na npocdiopiodij o eldog tdv pidv TdV drorodbov
ghiohosoy 1 o) x> —5x+4=0, B) x*+2x41=0, y) 5x*+ 13x4+9=0
Abog o) Exomev: A= (—5)2—4-1-4=25-16=9=3">0
*Hrol, ) Siaxpivouoa A Tfis &hiccoews elvan TéAelov TeTpdrywvoy Trpery POrTIKOU
&p1Bpol kot &pa 1) éEiowaig Exer BUo pilas TparyHaTIkGs ouppéTpous kal dvioous.

B) "Exousv A=22—4.1-1=4—-4=0
*Apa Byl Buo pilas foas mpoypoTikds 1 X =Xy = — 2—2—] =-1

y) “Exouey A=132—4-5:9=169— 180 =—11<0

“Apa Exet BUo pilas kaBapds piyadikas ouluyels.

2) Na npocdroprodij t0 eldog tdv pildv 1@v iEohoemy.

o) xX2— (a4 B)x +aB =0, B) x?—2ax+ o+ P% «peR

Aborg: o) Elven: A= (a+p)2—4ap=(a—p)* >0
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"Apa Exel Slo pilas TpaypoTikds oUppéTPOUS s RS «, B &vicous f| ioas, ép’
Soov 63 Exwuey o £ B R o= B dvmioToiyws.
P) Elvan : A =4da®—4 (o2 1+ B¥) = —4p? = — (2P)2<0
"Apa Eye1 Blo pifes kafapds wryadikds ouluyels, tdw P # 0.

3) Na npocdiopraody ai npai tod AeR, S1d tag droiag 1) hicwaig Exa pilag
a) ioag, P) mpaypoatikag avisovg kai 7) kabapag myedikag eviuyeis. f(x)=3x2+
+2X —(GA+ D=0

Aborg: a) “Exopev A=224+4.3 “CA+ 1) =0<=9A4+4=0 & F :

7\:_%| Qote S1& A = — % ) f(x) = 0 Eyer plow pifov SimAfiv. AUTn elven
a1
plat e Lok
PY "Exowss A=2044:3(R+1)>0-9h +4> 0oh > —
Qote BidA > — %- M f(x) = 0 #xe1 BUo pilas mpayp. dvicous.
V) Exouw A=244-3(GA+ 1) <0A < — 4

Qore Bk A<— —g— 7 f(x)=0 Exe1 BUo pilas kabapds wiyaBixds ouluyeis.

ZuvoTrTikds Trivat

‘[ Tipat Tou A lesen ..__-;~ + o
| I
| Mpbonuov Tfs A ‘t = 0 T
| |
e ]
Elos pilav T Ao xafapal 1 Avo TpaypaTikal
fx)=0 wryadikal ouluyeis _3 &uicol
|
AZKHZEIZX
‘Opas a
278) N& émAubolv al dxdroubor Eicwotls :
1) 6x*+ 5x =0, —55xt4+T75x =0
2) 2x*—18 =0, X2 41=0, 121x* - 196 = 0
3) x*—2x—-80=0, X*—9%+14=0, x*425x+ 156=0
4) A+ Tx-2=0, 2x*—2x—2=0, 5X*—=7x+1=0
5) 2x*+2x +5=0, 9x*—6x +4 =0,
6) 5x* +V3x—1=0, A-VDx—2(1 +VDx+3vVT41=0
1 2
7) (x+1) = (x=1) (x+2) = —-2x (x-3), (x+2) (x —7)— (Bx-1 (x + -3—)11—2)(
8 3x+_l;3-x%i_0 25 x4l x=3
SR e e

1 1 1 1
= e e
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10y ifll +:j§ E‘J—r—s:;l

O uas p°:
279) N& tmAuboUv ol dxdioubor thicwoss ¢

) @x—12+3@x—-1)=0

2) dx+1)+3ex*—1)=0,

N Cx+DOEx—D+Cx+DA-5x)= (1 —5x) (2 + 15x)
280) Né& émAuBolv al dxdhoudol Elicwoers :

1) 15x2 + 26px + 7u* =0

Z)XZ—(QE—Bﬂ)XﬂGEﬂE=, x2_2(u2+p2)x+(c‘!_ﬂ2220
3) 4x* —4dox + (@ —p) =0, kit A+wWx—xk+A+u=0
xtea  x+B ) XtY a+p , «tvy at+P+y
G e Py = T Ty T e
‘Opde y <
281) N& wpocSiopiadij T elbos v pildw TV Hiohozwy xwpls vk eupeBoly alTal @
1) x*—11x+28=0, x*—24x+143=0, x?—16x +64=0
2) x2—17x +11 =0, x4+ 7x+5=0, 8xt—4x+5=0

282) 'E&v «, P e Q Tpoobiopioate To elBos Tév pml&v TGy thodoewy
1) 3ax! + Ba—P)x—p=0
2) x*—2ax +a®*—pP=0, 4oy 4+ dax + P2+ 1=0

283) & Tolas Tiwds TOU A f thlowols x2—2 A +2)x + M:—17=0 &xa plav
pilav BimAfy ; Eqv x, = 11, v& Umohoy1o8f N X

284) Awx Tolas Tds 10U v 1§ tlowos (v43)x:— (v + Dx+v+2=0 i
o) pilas Toos, B) mpaykaTikds duicous, y) kofBapds piyabikds culuyeis.

285) ’E&v f) tiowois x* +ax + P = 0 Exn &5 pilav Tov &pbudy 2 + 3i, v& mpoodio-
piofolv T& « xal B.

286) ’Edv fy &fo. ax®* +2Px + v = 0 #xn pilas X, # X, € R, v& &moBeiy8i O QUTO
&1 loxle xal B Thy Elo. x* 4 2(a+B+Y) x+2B(a+y)+3ay= 0.

287) N& &moBexdfj ST 70 €lBos &y pildv Tév ok fi (x) = ox® + 2Px+y=0
xal fu(x) = ax® + 2Brx + x*y = 0 elven TO adTd B’ &upoTépas.

288) ’E&v af pilen Tfis &0, x* + 2px +y =0 elvon xabapal wyabiked guluyeis, v&
&obaydi 8T kal al pile Ths x* 4+ 2x + v + 2B (x + D+ 1 = 0 elvan ¢mions xabapad prya-
Bikal ouluyels.

289) 'Edw «, B, ¥ € Q va &mobexbi &1 ol pilan Ts towoews (a+2p—y) X~
_ 2ax+a+y—2p=0 evar pnral txppaots TV o, B, Y.

290) N& mpocbiopiodij 1o elSos Tédv pifdv Ths TapaoTaoEws

a
ok + B*  (cax + B, En @, By BiER A G- F E— Ti ounpaver & ;:=% ;
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91. IYMMETPIKAI TTAPAXTAZEIZ TON PIZON THE I(x) = ex* + fx + vy =10
LYNAPTHZEI TON a, B, yeR

‘Opiopés. Mia TapaoTacis (X, X,), Tepidyouoa Tas pilas X,, X, THs 2E1-
owoews Tou B Pabuol ax? 4 Px + y = 0, xahelTon ouppeTpik s RS TAS pi-
Gas Xy, Xor Qv 8v peTaPddAeTan 81' dvadhayfls TV X, X.. “HTOL @ @(X,Xe) =
= 0(Xey X;)-

OUtws ol TapacTdosls :

X1t X Xpt Xa %+ X% % L% s (2% + 3) (2% + 3) + 5x;%,
elval ouppeTpikad TapooTaoEs TGV PV X, X»

Al ouppeTpikal TapaoTdoes TGY U Xy, X, Ths ax? 4+ Bx +y =0 &0-
vawta, o5 o Bopey, v ikppacBoly ouvapTios Tév q, B, YER, Ywpis vi AU
7 tlowois.

"ABpotopa, ywvopcvov kai arndlvtov Swagopic @V PV X, X, Tig f(X) =
sax* +px +vy=10, qfp, ycR.

"Ex Tév ékppdaewy T@v pilédv Tis [ (x) = 0.

oo DR e
A= g R I
AcuPdvopey © X, + X, ::E;q‘_/_A_ _—ﬂ;a\._/éu =— —i—
=By N =P/ (=B)— (/B
% K =( o )( = ):— 4u3\/) =
O e ok e o - W
BN T B de e

OUreos Eyopev :

P
Qepehiddes oyéoeis ouvTeAeoTéV Kal pilév

X1, Xp THs ax? +Px +y =0

Si=x +XE:‘_"%) Po=X %= L

VA

v X =% = <]

Hapaziipnoig. To &bpoioua S, kal TO ywdpevov P, Téwv p1ldv X;, X, Ths f(X) =
=0 elven wévtoTe &p1Buds TperyuaTikds.
"Avuietpopos. “Edw x,, X, elvar o &pifuot TANPOUVTES TAS OXETEIS X; + Xo =

=- % Kot Xyw Xy = %, obTol B eiven pifan Tfis tiowoews ox? + Px + y = 0.
Mpdrynamt ék Tiis ax? 4+ Px 4y =0. <>x2 + % X+ —3;- =0 kai Tdv
X)X, = — % P il oY — —E— AapBavopey :

X=X+ X)X + Xk = 0= (X — X)) (x —x,) =0,
ATis elvar {ooBlvanos Tpos To leUyos x—%,=0, x—%x,=0, & o0 : x=x,,
X =
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Ex Taw dvwTépw cuvdyeTtan 1) Trpc'rru&l;:
0Oi apiBpoi x,, X, iva sivan pifar tig €. ax® + px + 1 =0, npéner ki
apkel va minpodv tag oyf0Elg Xy |+ X, = — % Kal X)X, = %
‘Egappoyai
Ex tob yivopévov kai tob a@poicpartog do apibpdy, va cynpanedi &gi-
cwoig B Babpod, Exovoa pilag todg apiBpovg avrods.
Edw ax? + Bx + y = 0 elvan 1 {nroupévn éticwols xal Xy, X al pifar o-

s, TéTex1+x2:~£~Kai xi-xgz—z
Bl
ETreidn) Sues © X, + X, = S Gobels &pibuds _?_S
O » » Hcuis
==
“Apa Exouev :
cxx--i—|3x+y—0<:>x+ﬁx—r ﬁOﬁ{ x'-’ASx—kP:O_;

chts, 516 10V oxnuatiopov mdg dEsmosmg B pabpol ik tob dbpoicpatog
S xai 10D yvopévou P t@v pii@v abtfig, 8ov va Exopev O’ Sy tov thmov Xt —
—Sx+P=0
Inuavnki napotipnoig. Ak Ty elpeoty T&Y &p1Bpdy Xy, X, TG dmoiwy
5i8ovTon TO &fpolopa kal TO y1wopevov, Gpkel v& AUocopey Thy Eticwaow X® — Sx +
+P=0.
Mapadetypa. Né& evpeBolv SUo &piBuol Exovres &Bpoiopa 9 kal ywopevoy 14.
Aborg 'Eqw %y, x. elvan of {nToupevor apifuoi, ToTe elvan X%, =9, XX, =14, .
f 8t tticwaois 7 Exovoa auTols s pilas elvon X2 — 9x + 14 = 0. ’Ex Tfis émiAU-
gews aUTHs AcuUP&vopey X = uﬁﬁ X =1, Xg=12
2. Na oynuaticdi iEicwcig B Paduod, Grav didwvror ai pitar avris.
Aboig: 'Edv X, = @, x, = Pelvar ai Sobeloon pilan s {nToupévns &li-
gwoews, TOTE EYopey Biaboxikds
4yt X=a+p a+p=3=5
X; - Xo = AP } ;i { ap=P"
Aappdvopey x* — (a+P)x+aop=0
Mapaderypo : N& oynuatiodf etiowols B’ Pobuol, Eyouoa pifas TOUS

4.

méTe &k ToU TUToU X*— Sx+P=0

Qn

> \ 1

&p1Buous =
fovc s E S S P
Aboig: "Exousv Xy 4+ X, —-—2-+ t =, [Xp=5 o=

*Apa 1) Etiowaois elven -
XE—% X +2=0<=2x2—9x+4=0

92. YINOAOIIZMOZXZ TOY AGPOIZMATOX TON OMOIOQN AYNAMEQN TON PIZON
X5, X, TG ax?® + Bx + v = 0, a, B, yER.
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1. ‘Yroloyiopdg tob S, = x% + x3%, kai S; = x3 + x3,

“Exonev S, = x,2 + X0 = (X4 X2)? — 2%;%, —( ) — & ;fﬂ
‘Opoleos Sy = X, 4-%,% = (X3+X,)°— 3K, X (X + Xo) = ( ) oy L 2 (__) =
_ —P* + 3apy

cﬂ
OUtew I;{f + 7(-_12: ‘32 —uzu'}" X13 + X33 — w r

2. ‘Yroloyiopog 100 S, = x4 x,¥, veN,
"Emraidn xy, X, elven pilen THs ax? + pPx +y =0,
Gpot: aX i+ Px,+y=0
ax% 4+ Px.+y =0
&mdTe ¢ ax,’ + Px, A yx ot =
aXs’ + BX, T+ Xt =
AauPavopey

a (X' + %)+ BT F X)) Y (T =0
f aSy+pSy;+¥Se=0

TMoAhamAaciadopey T& péAN Tiis mpddoTns #mi

9

X' kad T pEAN TRs BeuTépas Emi x,Y2,

‘ TpoabéTovTes B kot pEAT)

O 2 . [Sym mrbe Byoy — X Biug= 8, Syoy— P, Sig

A ToU TUTTOU TOoUTOU Suvdueda v stwueu TO Sy = X, + X, 8Tav yvw-
pileoper T& ddpofonarta Syo; = x,"1 4 X7, Sy, = X,V 4 x,¥?
Iapaderypo : Now eipebf) 10 &bporoun Téu TeTdpToov Suvdpewy Tév pildy
s &licwoews x?—3x +2 =0.
"Exopev : 5,=8,8,—-P,S,. ’ETrEle; S.=23, P,=2, #ouev
2 ]
ROt bl g gt S =md el S R
"Apat 8, =3:9-2-5=27-10=17
Hopatipioig: ‘O Umoloyiouds ToU depoicrucrros% = ?]; , vEN,
1
dvdryeTea els THY Tpomyouuéiny TepiTTeooiy.
Y+ XY U El
A
3. "Yrnohoyiopdg oiacSinote pntiig ovppetpikiic napasiaosng Q(Xy, Xo) TOV
mlodv x, X, tiig ax®* + px +y =0
Eis piov pnTiv ouppeTpiiy mapdoTac Tév p1iédv @(xy, x,) elvan évToTe
Suvat?) 1) Ekgpaois odTfis cuvapTiael Tol dBpoicuaTos X; + X, kal ToU yivoué-
vou XiX, kol ouveTrdds ouvapThoel TV ouvTeReoTé @, B, YeR, 86Tt & TUY WV

e TS
QUTw : ,\-_1"+Tg“_

150

YnopionoiBnke ané 1o vetirouto ExknaideuTikrig MoMTikrg



&pos aUTfis i 8& elven s Hoppfis AXiXs, BX2Ko%, . . ., ZX;'Xp', OTTOTE B Exgple-
Tan 81k ToU X Xe, T 0& elvan THis nopefis Tx"Xg", ©mdTe ug TOv duTioToryoy TOU
Tx* x,* 0& 8iSowv Bidwupov Tis HopeTis Tixy™X:" + Tx %5 =Tx* %* (% +
Bl xR =TPASicas kA
*Edw, Téhos, Utrpyn Gpos Tis wopefis Ix,Y, 8 Umdpxn xad & dvrioToryos
Tou [xyY, &moTe woAw B& Exowuer XY + ' = I (% + %) =TS
"QoTe, TAGA PTH TAPACTACLS CORPETPIKT TAY POV X;, X, Tiig ax®+px +y=
= 0 ik@paletar pnrddg cvvaptiioel @V a, B, yER.
Iapaderypo : N& Umrohoyiotij f Tiuf, THs TAPXOTACEWS.
o(p, p,) = pi® + pa* + (Pr— pa)* + 3pr’pa + 3pu P2 & py, pa elvan pifen s
Fiodoews X2 + ax + B =0, xwpls v& Avbf obm.
Aborg: ‘H 9(p, p) elvan ouppeTpik s Tpds &S pilas pyy Pe
"Exonev: @(p, p,) = pi? + pa* + P + o’ — 201 + 30iPe Pprtpd)=,
=2 (p® +p2) —2p1p2 + 3pipe (pr + p2) = _,,
=2 (py + p2)* — 6p1Pz + 3pipe (Prrtpa) = /
— 2 (= a)?— 6P + 3p (— a) = 2a® — 3ap — 6B !

AZKHZIEIZ

‘Opag a :
291) N& UmoAoyigdfj 10 S kal P 1w pildv ikaoTns TV KaTwh tiodoewy Xopls V&
Aubouv aUTan :
Iy xi—12x—7=0 , x+x4/3+5=0
2) —x2+3x—-1=0, xt/2 +x4/3-44/2 =0
3) (et Pxt— (@ — P X+ + BT =0 , aByx’+ (o —aptx— oy =0
292) ’Ex Tou &bpolopartos S kel TOU ywopévou P Suo &piBudy va eupeBolv oUTol elg
Tds dxohouBaus T\'__Ep\'Tl'Td)O‘ElS :

1yS=15¥_2) §=-19 3) S=2«
P=14,__ P= 84 P=a2—p°
293) N& oynuatiodij ttiowals P’ Babuol, Exovoa pilas :
1 - 1=
1) 7 xal =5, 2) — 10 xal =51 35+ /3 xkal5-4/3
4y —2 431 kel —2.=3i, 5) a+pKala—B, | 6 “i’ﬁml“‘gﬁ

294) N& umoroyrodfi # pla pila T thiobotws ax® + px +y =0, &rav yvwpilwue

Thv GAAnY pilav abTis.
295) Né& Umohoyiedij fi Tipf o0 A, fwa 1O Tpidvupor x* — SAx + A XN pilav ToV
Al 4l
&pifpov —.
2 2
296) 'Edw x;, X, elvea of plfen Tfs x* — (m+ 1) x+m=0, v& ebpedij
1) 8id Tolav Tipfy Tou m £xer pllas GvmiféTous,
2) 51& Tolav Tipfy ToU m TAnpoUTaL 7| OXETIS 3%, + 2%, =7
3) &i1& molow Tiphy TOU m Exel pilas dvTioTpdPOUS.
297) N& etpedfi 1) Ikawd) kal dvaryxala guvBfxn petakyu TéV a, B, ¥ Tis o’ T px + y=0
va ol pilen cUTfis X;, Xo TANPOUV THY axfow KX; + AXp = W
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‘Opag p:
298) 'Edv x,, x. elven af pilar Ths Eiodoews 3xt — 2x + 6 =0, v& Gmworoyiofolv al
Tiwal TGV TapacTdoswy

1 1 1 1
8% Ta e e

Xg?
2 2 X X2
2) (—x) e +; +3 ' GCu-Bx-2) » —5+ =

299) N& oxnuatiodij éicwois " Paduol Exouca pilas 1) T& dvrioTpopa TV piicdv,
2) T& dvTioTpoga T@Y TeTpay vy kai 3) Tols kOBous TV pIL&Y Ths Eiohoews X2 — ax 4- P = 0

300) "Eav py, p, eiven al pifen s Eiodoses X — 3% + K — 0, v& Utohoy1o8f ) Tud
ToU K, fva: 5pp, — 4p.%p, = 2x 4 3 + 4p,p.® — Spypat.

301) A& moias Tiuds Tol Ae R T afpolopa TéY TETpaydvwy T pildv TR o,
M= =x(x-2)+3A=0 igolreu Tpos 4 ;

302) A& moias Tinds TEW W kel v at pien py, o, THS 2o, 2% + px — 3 =0 TATpOUY
&5 oxéons 3p 4 3p, = 2pup, ki L — iy =5 (py + pu — 2)

303) "Eav x,, x, elvor al pilar Tiis tiodoews ax? + Bx + y =0 v&bmroloyioBoly ol
TAPATTATEIS :

(¥, + B)=2 + (oot + )2, © (0% 4+ BT oA (o + P

304) N& ABf 16 oUeTnua —3pipX +5 (P14 p) Ww=4(p; + pa)
bmou py, . pifor Tis X2 —~3x + 1 =0 | (p, + pa) X + p, pr W = Tpsps

305) Ne& kataoxevaodi diocwaois P’ Pabuou, Tiis dmoias al pilar x,, X, TANpolv Tas
OXETELS Xy Xy — 3 (X, + Xo) = — 5 Kal XpXs — i (X4 %) =— | xai &koholbus v& mpoaSiopi-
o & b, v Ny kataokevaoBeioa igwas Exn pilas Toas.

93. MPOLHMON TON PIZON TOY @(x)= ax® -+ Px + Y, o B, YER, a# 0.

EiSouev &11 10 €iBos Tév pulév ToU Tpicovipou ¢ (x) &apTaTal &wo TH
Sraxpivovoav A = B2 — day kal &1 alron Slvawrten v elvan TpoaypaTiked &vi-
oot (A>0), wpayuatikai foc (A = 0) kai xabopad pryadikal ouluyeis (A<0).

"Hbn € étetdowpey To Tpdonpov TV pil&v els THv TepiTrTwooty, xad’ fiv
Eyouev pilag TPXYBaTIKGS, S16TI ToUs pryadikous &pifuous  Sév Siexpivapey els
BeTikoUs kad &pvnTikoUs.

Y

To mpéonuov Tév pIlév ToU @(x) éfapTaTar &md TS ywduevoy P =—kai
T6 &fpoiopa S =— % auTéV.

Awakpivopev tag g nepintdosg :
A >0, Al pifen elvon Tporyporikat &uicor.

o) P= %) 0. Al pifen elvan opdonpol, dmmdTe 2w Excouey

) S= £> 0 dugodTepon elven BeTikad (X, X, €R¥),

a

2)S= - —E—( 0 dupoTepen elvan dpunmiked (X, X,eR-)

‘H mepimroos S = — % =0=p=0ue %>0 kai A >0 eiven &BUvaTos.

By P= % < 0. Al pifon elven Erepéonpol, omoTe &dv Eycouey

)S=- —g— > 0 dmoAUTws peyoduTépa elven 1) Betikn (x,€R*, x,eR-,
X0 ka|x|<|x])
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2) S= — _E_ < 0 &moAUTws peycduTépa givan 1) dpinTikn

(x3eR*; xueR= N %< 0T 3y wad ([xq | <C s |

3) S= — —g— =0 o piloan eiven dvTiferor (X,<{0 < % kol [ %) =] x])

Pl -z— =0. ‘H pia pila civen 0 kad f &AM Bidgopos ToU pnBevds
(&mroxdeieTan x; =X, =0, BioT1 A > 0), omoTe v Exoopey

DS==-L>0 4xu=0iqx>0(x=-"1),
HS=—L <0 fAx=0xiH x2<0(x2:—%).
. A=0. Ai pilen given TpaypaTikal ioom (x1 — iR 'Qpa) kad ouveTTéds
P=2L >0, émore tw Exwuey
o) P= % > 0 kai S=— —i— > 0 &duedTepan elvan BeTiked (X, = Xa€RY),
3 Pi= % >0 kal S=— %(0 dupoTepan eivan &pynTixai (x;=x.€R7)
¥ P= % =0 &uodTepan elvar 0 (X, =%, =0 ).

. A < 0. Al pilen elven koBapai wryadikai ouluyets (| x| =X 1.
T& dvwtépw ouvowilovtal els TOv dxdhoufiov TrivaKa :

TMpdonuov pi{é&v Tou @ (x)'é ox® -+ |-3x + }f,ﬁ‘ct, B.yYe R, a#0
AR | Eigos pilév kai Tpéonuov alTddv
5= X, €R*, x€RT <= 0 < xu< Xy
+ = X ERS, eR- = 5w Kya b
0 TepiTTwalg aduvaros
Sl X ERY, X €R™ <> x< 0< X, kad [ X | < | % |
+ — — x,€R*, x,€ R~ <> o< 0 % kel x| < [ X2
0 ‘ XleRf,XEER'/\X1:*X21>!XLI:IK2‘
|
| p
i Hz x, €R*, =0 (XL‘-:—?)
o |
“ i x, =0, x,e R~ (X'z:"%)
Fi’O TepimTwos &BuvaTes, B16TI A#0
+ xl:’(ﬂ:_'z%e R+
0 =+
T x,—x;_——z%ER"
0 | @ | m=xn=0
o ! % €(C—R), € C-R) kl x, =% = [%|=]x]
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HMopadeiypata : @) Né edpedii 16 mpdanuoy Téwv piiév Tév Eliocoecov.
) x*=2x-5=0, 2) CA5X+4=0 3)3x2—x+1=0
Aborig: 1) "Exoper A=(=2)*—4-(-5)=24>0, P=—2 <0 ai
-2
S=-—=2>0. "Apx x,eR*, x,eR- kai | x, [ <] % |

2) "Exouer A=52—-4-4=9%0, P=4>0 kai S=-5<0, "Apx xR,
X;e R~ = x,<x,<0.

3) "ExousvA=(-1)2—4-3-1=—11<0

“Apa xi€ (C—R),x; e (C =R) xai X, =X, = [i=

B) Awx molas Tindgs ToU A ai pifor Xy, X, Ths 8o, X2 —8x + A =0 elva
Erepoonuol ué &moAUTeog peEyoAuTépay THY BeTikAY ;

Abag. Tlpemel v mAnpotvTan of ouvbfikat P < 0 kal § > 0 (Atv AapPévo-
pev A >0, 81Tt btav P< 0 = A >0)

Apx P=A< 0 kad S=—(—8)=8 >0 "Qore :

Qg A < 0 Exouev x,eR*, x,eR- kai | x, [ <] x|

¥) N& Biepewndij 7 eiowats 3x2 — 6x L~ 5 (2u—1)=0, ueR

Atowg. 'Efetdloper T mocdtnTas A, P, S :
A=36-60CQn—-1)=12(3— 10p + 5) = 24 (4 — 5p)

To onueiov THs A elvan : M| —co 4/5 + o
Al + % =
P="8D_2 Qu-1) u|-w /2, L
To onueiov ToU P efvan - P & <:? St
S=— —;’ =2 > 0 "AxoroUfuws cuvTdooopey TOV Trivaka :
u | A I P I S I Elos pifdv 7fs 3x* —6x + 5 2u—1) =0
e+ — |+ X,€R*, xR~ kal | x5 | < | x|
_;_. — 00— xeRt, x,=0, x, =2
+ | + | + x,eR+, x,eR+
8 e il
5 X =X =41
+.oo’ gt st x&(C-R), %e(C—R) kal x, =%, = %, | = x|
AZKHZIEIZ
306) N& ebpebfi o mpéonuov Tév pildv THY xéTwdr Eiodoswy :
1) x*=6x+9=0, X2+ 14x—-1=0
2) 4x*—4x +1=0, —3x2—-9% +2=0

154

WnoionoiBnke andé 1o lvetirouto EkmaibeuTikrig MoMTikrg



307) Né& edpefolv ol Tipad ToU A€ R 81 Tés omolas ol pilon Tfis &hio. 3x*—2x +
+3@A—7) =0c¢lven : 1) &updrepan BeTikad, 2) Erepdanpor pt dmohiTes ueyaAuTtépay TH Oe-
Tk, 3) plav SimAfy BeTikdy, 4) kabapal piyoaBikal kaTd péTpov foat.

308) N& Biepeuvn8ij S1& mpaypaTikds Tinds ToU A ékdoTn TOV drohoUfoov tligwaswy
kal v& yivn mvakoypdenois TV OUNTEpOOUETWY THS Blepeuvn oews.

1) x2—4x—3(@2 =52 =0, 2) —2x*+5x—-7(1-N)=0

309) Né& elpete TO eldos kal To mpdonuov TéY pildy Tiis thiodosws 2X (X —a) = b,
dTav o mpayuaTikos kal a # 0

94, METATIXHMATIEMOE TOY f (X) = ax® + px + v, o,f, yeR xoi a == 0 EIX

FINOMENON IIPQTOBAGMIONN QF MPOL x [APATONTON.
Edv X,, X, elvan ai pifar ol Tpiwoviuou f(x) = ax®+ Px + v, TOTE EYO-
: A8 B Y
pev @ X+ Xp=— - KAl Xy Xg = o
’EE EAAOU TO TPIOVULOV YPAPETL !

f(x)=ax?+pPx+y= a(x2+—g x—f——}) = a[x2 — (X + X)) X+ X%] =
=R —XX—XXF Xl a[xX—X)—X.(x—x)]=
=a(x—%) X—X;)

"Qote, Ald va petacynpaticopey 1 tpdvopov f(x) = ax + Px + v &g
yivépevoy o | Padpicov mapaydviov O npdg X, edpiokopsy Tig piCag avtod Kai Ka-
tomy oynpatifopev to ywopevov o (X — X) (X — Xp).

Hapaderypa: N& Tpomoly ey ywouevou TaperydvTer T& TpIwua
Dx2—7x+10, 2) 3x*+x—2, 3) x2—4x+5

Avesic: 1) Al pilar ToU Tpreoviuou elval X, =3, X, =2

“Apa Eyouev : X2—Tx+10=(x-5)(x—-2)

2) Al pilar ToU Tpieovipou elven X; = %, X =—1

“Apa Exopiev 1 3x2 + x — 2 :3(xm§-) (1 = -2 Ga 1

3) Al pilar ToU Tpreovipoy elvar X; =241, X, =2—1. "Apa Exouev :
—Ax L 5=(x—QR+D)E—-R-1))=x-2-)E-2+1)

“Hror 1) dvdAuois ToU Tpiwvipou X% —4x + 5 pé pilas kaBopds pryadikas
8tv elvon Suvarrh) uév (BA. 51 TrepiT. dwodUosws) els TO oUvoloy TGY TpypaT-
K&, elvan dpeos Suvartt) els TO oUvoAov TV ULy cSIKEY.

—

95, EYPEELIEZ THE B/OMIOQY EZIZQIEQE EK TOQN PIZON AYTHEI. @
*Edv Sofouv of pilon Xy, X, Ths P/Ouiov éiocoews, Suvapeba XpTotpoTololy-
Tes TOV UETAOXNUOTIONOV oX®+PXx+y=a(X—%X ) (X—X%,) v& elpoope
Ty Elowow ToaUTny. = F:
Mopaderypo : N& oynuaTiodd diowaors B’ Badpol, éxovoa s pilos Tols
Spbuols @) 3, —2, B) 244/3, ¥)—-3£2

v Mo
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Abog: o) Byopev a (X —3) X+ 2) =a (X2 —Xx—6) =0=x2~-x—6=0

B) Bxowey afx=(2+4/3){x~@2=-v3) |=a[x-22-3]=
=0=x-22-3=0=x>—-4x+1=0

¥) “Exouey afx—(—3+2) ] [x— (=3 2i)] = a[ (x + 3)?— @)1] =
=0=(x+3)2+4=0=x*+6x+13=0

Inueivog. 'O moapdywy o ToU ywopivou SUvatal v& TapahsimeTan f kel v elvan
ologbfmoTe TpaypaTiks &piBuds.

AZKHZIEIZ
310) Ne&o tpamolv efs ywéuevor o [PaBuicv TapaydvTey Tol X T& dkdAouba TPIWVUHG
B’ PabBuoy :

1) x*+7x — 8, x* —11x—-26

2) 2+ 11X+ 5 X2+ Xy — 729, vix? — 6vx — 91

3) x*—2ax + (o — pY) x?—2ux + p2 —v, x* —2ax — 3a* — 4B (P — 2q).
311) N& oynuamodi ticweors B Paduol, Exovoa pilas :

3 1 = 1 -y 5
1) =7 K=y 2ph idars, 3)7: 5
9 « £ /2B, 5) A+ 3pi, 6) «®+P? xal a—B
312) N& amhomondolv T& xAdopaTa :
. L 3x% 4 19x — 14
)nglfix—IS' T2 e
'5 s '—7x5_h241= Xt —x (Ja + 3B + 1)* (2o + 3B)
6x* —5Xy + @i 2x? -x(@a+6p+ 1)+ (@a+3p) -
96. AAAAI EIAIKAI MOP®AI TOY f(x) = ax? + Px -~y év R

"Eév Xy, X, o pilan ToU Tpiovtpou f(x) = ax? L Px + y, ToTe

w4 /B -B—vE
i = pzq
To 8¢ Tpidovupov ypdgeTat :
" —B +4/A
) =a+Px+y =a(x—%X) (K—%) = a (x— =B -\—)

W

) = (o 5e) = (%))

Lioxpivoey TOPA TGS TERITTTOOELS :

e : oy p By
1) Eév AD0, Téte f(x) = [(xfz) = .zc)y
fitor 10 TPIowwuoy f(x) ¥XeR petaoynuoTileTan els Sigopdy SUo TeTporycd-
VOV TIPOCY POTIKGY TTapacTaoswy éml 10 & # 0.

2) Bw A=0, tére f(x) =ax+Px+y= a(x+ %) ‘
fitor & [(x) ¥xeR ueraoynuatiletanr ey TéAeiov TeTpdycwvov TPUYUXTIKTS
TopaoTaoews i TO a # 0.
3) B A0, Toref(y) = e+ Bx +y = a [ (x+ 5) — (W2 =
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3 B \2 A/ =Bz

o[ B+ ()

Aol 1o f(x)¥xeR petaoynuaTifeTan eig &Hporopa BUo TETpAyOVLOY TTPEYHATI-
x&v TapaoTaoswy Emi TO a # 0.

Enusimolg. Al dvwTépw popgal elvar Alav yphoior B1& TA EmopEVa KEQAAIC.

AZKHZIEIZ

313) N& eupefolv al Tipal ToU A € R 81& Tas dmoias T& dxohovda Tproovupa elvan )
TéAsia TeTpaywva, B) fox mpds Thy Siagopdy SUo TETpay vy TPAYHATIKGY TAPATTATEWY,
y) foa wpds Té &Spoioua 5U0 TETPOYWVWY TrPQYUATIKGY TAPATTATEWY !

Dps@EA-—Dx*+x-—1, 2) —Tx*+5x—3(2-3N

314) N& eUpedfi Toia &k TV dxodoUBuwv Tpieovuuwy peTaoynuatifovTar s Siagopdy
xal Trola sl &fpoiopa BUo TETpAYWYWY TPAYHATIKOV TapaoTaoEwY

1) 4x® + 20ax + 213, 2) apx? — (o + BHx + ap

3) aix? —2a3x + at 4+ 1, 4) 9a'x? — 8a®P (3x — 2P) + 16p*

97. TIPOTHMON THE API®@MHTIKHE TIMHE TOY o(x) = ax®+ px + 1, o, B
veR, @ = 0 AIA TAZ AIA®OPOYE TMPATMATIKAL TIMAL TOY x.

"Eorw § owwdpnois (x, ¢(x) = x*—5x + 6) eR* Aln glvan TeAeloos
mpropévn cis T6 UUvodov TGV TpayHaTikGy &pifuddv. "As cUpoopey pepIkds TGS
auTis Tx. Tous : @ (—4), ¢ (2), @ (%), o (3), ¢ (10). OUTw Exomev :

5 1

9 x=-4—o9(—4)=42>0 P : x:T-—>q>(_25_):_T<0
x=2—-¢@)=0 p: x=3—9¢3)=0
MapaTnpotuey é11 ai Tiual adTis &MAoTe elvon BeTikal, &AAeTe dpynTikai
<el udvov Bk X, = 2 kol X, = 3 (ol pilen THs o(x) = x2 — 5x + 6 = 0) elvat foa
Sifolely 0.
TToAAdxis el & Erdpeva padnuara 8 ebpebduey s ThHy dvdrykny vé yvepi-
[copey TO TTPOOTIHOY THs dplBunTikiis Tiufs ToU TpiwUpoy @(X) = ax®*+Bx+y
(x #0), dix TuyoUooay Ty X = teR, &ueu evpéosws Ths Tinds @(§) eR.

EiSousv &T1 TO Tptdwupor ¢ (x) = ax® + px + v peTaoynuaTifeTan gls THY

r 2 A 5 ; =
uopenv @(x) E;:tx2 +Bx+y=« K‘( =+ %) - Zc:_] To mpdonuov T TU-

xouoms Tiufis avToU @ (8), ik X = & Tpopavdys fapt&ron #k Ths A wal TOU

q) :

&plauoﬂ o.
Q0T Siaxpivouey T&S TEQITTTWTELS |
1) 'Eqv A > 0, ToTe X; #* X, €R kol f0Teo Xy < Xy
Al pilea Xy, X. Siauepifouy T cUvoov R &g Tpia SaothuaTta o5 eaive-

Tou gls THY YEWUETPIKTY TAPACTAGY.
= Xa Xy -+ 1%
< ‘ >

~<—

"As Becopriocopsy piaw Tipfy X = EeR. Ak iy Tipfy arthyy Bloaxpivopey Tas

£fig TTEPITTTACEIS :
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a) 'Eev E < %, <5< — x; <O ke € — x,<0= (€ — x;) (E=x) >0 ’EE &A-
Moutk ToU @ (x) = ax® + BXx + ¥ = a (x — X;) (X—X,) AauPdvouey ¢ () = o2+
FRE+y=af—x ) (E—x,) = (BeTicds &pid.)

"Apa i Tiun () Exer O mpdoniov ToU a. *Hrot a. ¢(E) > 0

PYEw x, << x<=l—x <O kadl—%>0=E—x)E—x%) <0
Kol ouvetréds
PO =l Pl 4+ y = (E—x) (E—xy) = @ - (&pymTids &p1Ouds).

"Apa Ty Tny @(2) Exel TO Tpdonuoy ToU —a. “Htor ag (E)< 0

Y) Eow %, < % <E<=f—x>0 ke E—%>0 = (E—x) (E—x,) =0
kel p(B)= o (€ — %) (€ — X,) = o - (Beinds &piBuds)

"Apa 1) Tl ¢(€) Exe1 TO Tpdonpov Tou a. "Htol ag (8) > 0

2) Eav A =0, ToTe Xp = Xp = — 2% eR kal TO Tpivupoy PETOOYTMG-
Tileton s @(x) = ax® 4+ Px +y =a- (x + ﬁ , OmoTe édw X =€ # —%
AopBévoper @(F) = « - (E + z—i-)z =a- (BETu«Js &p.)

"Apa f) Tipn () Sid v £ # _% éxel TO TpdoTHOY TOU a.
3) 'Eav A<O, T6Te X, X,6(C—R) xei TO Tpicovupov peTaocynuoTileTon elg
Px) =ax®* +Px +y =« [(x + 20:) (\/ A) ] , OmoTe Acupdvouey @(E) =
2 —A\2 2l iy ;
= m[( t+ %) + (‘é—;) J = a - (BeTikds &piBuds).
"Apat ) Tlp.T] o] (E) 81 v teR ¢ SXEL TO TPOCTHOY TOU .

Ta dvwTépw ouvowilovtar s drxorouBes :

P (x)=ox®+Px+ vy

Mpéonuov Tiis A I Pilan 1ol o (%) i Mpdonuov 1ol ¢ (x) (Biax =E€R)
X1 %2 € R I X< x" <X TTpdonHoy ToU o
Xe < X, n ¢ 0
Xe < X < X g ke =
TpdonuoY Tou —
X2 < X< Xy GCP(E){O
ﬂ TTEGoNHOY TOU «
s A=0 ‘x, -— €R AX #E — Dee o) >0
TpdanuoV Tou o
A< O | XX €(C—R) W xeR REed
! ap) >0

"QoTe: To tprdvopoy @(x) hapaver tipfy dpdéenpov tod a.

0) B X < X%, < %, 1 %, < X, < X, 34V X3, %, €R, B) S Vx # — = R
v x; =X, = w—zl—:;mi Y) d1a VxR, £av X;, X, &(C — R), AapPaver 8¢ mipnyv

dpoonpov tol —a Y X, < X < X; 8av X;,X,€R.

Tapadeiypata : N& eipebolv aof mperypaTiked Tipal ToU X, Bix Tds dmolas
T& drdhovBa Tprovwwpa Exouy Tiuds BeTikds A &pvnTikds :

1) x2—6x+8 2) x2—6x49 3) 3xzt—x+1
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Avog :
1) ’Emeaidn) A=36—-32=4 > 0 kai x;, =4, X, =2, émeton 6 &xdAoubos

Tipal ToU X — 2 4 +
mrivat TpdonHoV ToU é) 6
g S - = +
TprwvUpou i |

2) Emrai8f) A =36—-36=0 kal X, =X, =3, &meTa1 8T1 TO TPIOVUMOV
Wx # 3 xabloTaron BeTikdv. OUbémroTe yiveron &pvnTirdy.

3) Emeaidn A=1—-12=— 11<0, &mweren é11 1O TpIcovupov VxeR kodi-
oraral feTikdv. OUBérroTe ylvetan &pvmTikov.

AZKHZIEIZ
315) Ak Troias Tipds ToU X € R T& drdAouda Tprwvupa yivovtar BeTikd fj &pvnTiKG ;
1) 3x2—x — 4, 2) 4x3 —20x 4 25, 3) x2+x+1
4 —x*+x—1 5) —2x* 4+ 16x —40, 6) —3x*+42x-5
316) N& &mwodey8ij 8T 1O Tpiovupov ¢ (x) = 5x* + px + 2u* (Me R) elvan Betikow
¥ xeR.
317) N& &moBeaydfj &T1, tdv 70 @(X) = ox? + Bx + y kabloTaran dudonuov ToU «
1) ¥ x € R, ToTe Exer pilas xabapds pryadikds ouluyels, 2) WX # — 2—[31 ER, Té1EX, =X, =
= - —2%- eR.
318) N& &mobeix®f S11 Td Tpicovupoy @(x)= ax® + Px + y Exer pilas mwporypaTikag
dvigous, Edv UmrdpyTn &piBuds £ € R ToloUTos, doTe va elvar ag (E) < 0
319) N& d&moBeix8fi o6 1) tllowois x2—2Ax + (A —1) =0 éa pllas mpaypaTikag
M AeER.
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KECAAAION XIII

ANIZQZIEIZ B’ BAGMOY Q= IIPOX ENAN ATNQEITON

98. OPIEMOI — IAIOTHTEE (REPIANNTIKT} DTOPVIGIG)

‘Opwopoi : Kalecitar avicwaws g mpeds dyvwotov Tov X mdoa oyéoc s
poopis @(x) > f(x) 4 f(x) < (x), 9 dnola elvar alnbc 6 eldixds tipnae Tot
dyvdotov X, dmov ¢(x), [(x) mpoypateal cover wjoeis Tic petafintic X; Eyov-
ot 16 adto medlov 6ptapot. "Edw elvan dAndns Bia Tdoos Tés Tipds ToU guvdAou
dvapopds @UTHs, TOTE KaAelTan poviog Gvicwols.

"Enilvaig dviodoews, &v ouwvdde S, xaheiTon 1) elpecis ToU guvdhou TEV
TIRGY ToU dyvwoTou X &v 1@ S, af dtrolan Thy kaioTolv &AnBT (Erainbelouv).

Al eUpioxduevan 51 Tfis émAUcewds Tipad ToU X kohoUvTar Adoelg TS
AVIoWTEWS.

Ao T TepioooTEpon AVIoTEs, BV oUrdAw S, xaAoUvTal isodbvapor, v
ke udvov & Exour TO alTd oUvodov AUcEwy.

Towotnreg: 1) 'H dviowois @(x) > f(x) elvan iooSUvapos wpods Ty dwi-
owow p(X) 4+ =(x) > [(x) 4=(x), ¢’ Soov 7| cuvdpTnois =(x) elvan dpiopévn elg
TO ouvolov dvagopds S.

2) H dvicwaois (x) > f(x) elvan ioodlvapos mpos THY (x) — f(x) > 0.

3) H dvicwaois @(x) >0, &v S, elven ioodlvauos Tfis dvichosws @(x)-
co(x) >0, av 7§} dviowgis o(x) >0, &v S, elvan pévipos.

4) ’Edv ai dniowoels, iv S, ¢(x) >0 kai f(x) >0 elven icodlvapol, TéTe kai
1 o(x) + f(x) >0 elver iooBuvapos Tpds olrds.

‘Ex Tiis mepAnTTikTs TawTns Umropvroews, &veu &Trodeifecss, TGV iBioTn-
Twv TRV AVioWaEwy oUpTEpaivopey, 8T1 kaTd THv AUcwy Tév dviowoewy Séov
v& AauPdvopey coPapdds U’ Sy alTas ¢ érions kai Tas yvwoTtds i8idTnTas
TGV dnigoThTwy, Bi1d va pny UmromitTwpey els opdiuaTa.
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99. OPIZMOZ KAI EIIAYZIEZ B /OMIOY ANIEQEEQET

‘Opiopds. Kaleitar dviowais ' Baluod, ¢ mods dyvwaror 1y X, misa
aviowois 1ijs poppiic @(X) = ax®+ X +y>0 § <0 wé a#0, o f,yeR.
(ol «, B, ¥y BUvawten v elvan kel Trporyuorikal ToapacTéoels pr) Tepiéyouoal
TOV &yvwaTov X).

To o' péros Tiis &viowoews elver 1O Tpicovupor P’ Babpou, T6 dmolov €l
Bopev 61 glvon TeAeicos doprouévov els TO olvorov R. OUtw Bid Thy émidvow Tiis
duiccoews ax? 4 PXx 4+ y>0 i <0 & 18 cuvddw R, AapPdvopey Ut Sy T&
oupmepdopaTa THis EleTdoEws ToU wpooTuov Tis &pifu. Tiufis ToU Tpicovipou
o(x) dix TpoyuaTikds TIMGS TOU X.

‘Eridlvoig tfig avichosng ¢(x) = ax* +fx +vy >0 ij <0, (a = 0).

Qs yvwoToy, TO mpdonuov Tis dpifp. Tiufis ToU @(x) apTdTon ék T
Siaxpwouons A kai ToU &pifuol a 5 0. OUtee duvduedor elkdAws va Bikaiohoyt-
CWUEY TNV OUUTTATIpWCIY ToU k&Twbi Trivaxos,

A a Zuvohov AUcswv Tiis Zdvohov Augewv THs
ax? 4+ Bx +y >0 ax*+px +y< 0
7 XX ER, X: <X, XX ER, x: < Xy
o {xeR | —o<x<xAX;<X< +w}| {xeR|x<x<x}
-~ XnXe € R, X. < X, XX €R, xu,< X,
{xXeR |[x.<x< X, } | XER|-o<x<x AX<x< oo )
_ p
e {xeRlxaﬁ—-Z { }=g
0 ] i
1 B
SEPS {verins-£]
|
+ {x|xeR } [ { }1=0
=l L= | txixer)

Inpeioolg. Ta oupPora —eo xai -+ oo Bty dvmTiTpoowelouy Gpiouévous Tpayua-
TiKOUs Apifuous,

[Mapadeiypota : N& émAuvbolv év R, of dkdhouBor dvicmoss :
1) 3 —x—2>0, 2) —3x2+x+4>0, 3) x2+6x+9<0, 4) x*+x+1>0
2

Emidvoig: 1) ¢ =320, A=1424=2550, x,=1, o= =T

‘H dviocwots mAnpoltan 81 x>1 xai Sid x< — §
"Apa TO oUvolov Alcewv slvar @ { xeR | — o0 <X <——.§—/\1<x<-l-oo}

2) a=-3, A=1-4(=3)4=49>0, x, =, x, = -1
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S ; : ; 4
H dvicwors dAnbetel 81 —1 < x < -

SUvorov AUoewy @ { xeR | —1<x <—§— }
Na=1>0, A=36-36=0, Xy = Xo = —3

‘H dviowois 8év Exer Aow els 1O glvorov R.

SUvohov Alcswv @ {XxeR [ x2+6x+9<0} =@
$Ha=1>0 A=1-4=-3<0, xxe(C—R)

‘H &vicwols eivan dAndhs Bid Tdoas Tas Tpoyl. Tiuds ToU X. Elven pia
povipos dviocoots. Tovorovw AUcewv @ { X | XxeR .

100. ANIZQZEIE BAOMOY ANQTEPOY TOY AEYTEPOY

Mia dwiowois PaBuol dvwTépou ToU Beutépou s Trpds X Bik va ETIAUET,
Séov v AGBN THY popetv (X))  @(X) . - . @u(x) >0 <0, STou (X)), @u(x), . ..
pu(X) diépoice ToAuvupe ToU X TpcaTou i BeuTépou Paduol, ExovTa TO adTd
miedlov Opionoy.

Oi TapéyovTes B Baduoy, édw Exouv pilas TpayuaTikgs, BUvavTal va dva-
AuBolv els ywopevov Buo mpwToPaduicy TapayduTwy, Eav Exouv pilas xabapas
pryadikds ouluyels, Buvavtal v& TapoAeipbolv ds poviucws Betikoi, (S16T1 -
ToTe Suvdpeba vd UroBéTwuey TOV o BeTikdv). Zuvemdds f) dvwTépw duicwois
TévToTe £lven Suvatov var AdPn THY popehv (X — py) (X—p2). . . (X —p) >0 A <0
(neN). ‘H #mihuois Tis dviowoews abTfis elven yvewoTn &k TS TTPOTYOUUEVT)S
TGLEwWS.

Mupadeiypa : Na gmAubf év R, 1) dvicwols :

F)=G-3E+FDE—x+2) 2>+ Tx=3) (— x>+ 5x)<0

*Erilvoig : "Efetélopev ToUs SeutepoPaBpious mapdryovTos.

Ot Eyopev : X2+ 1, A=—4 <0 =x>*+1>0¥xeR
XX—x+2, A=—7<0=x*—x+2>0¥%¥xeR
Py B A T5 s 0 - B Ta B0y —3)(x-~;~)
—x24+5% A=25 >0=—x24+5x=—x(x—25)

"Apa 1 dvicwos elvan loodlvauos Tpos THy dvicwol :

(x—=3)(=2) x=23) ( X — %) (—x) (x = 5)<0, fiTis elvan iooBlvaupos Tpos

iy (x=3)* ( x —4) (x=5)x < 0. mapdyew (x — 3)? el A &pvnTinds

WxeR, fmoptvws Bid x # 3, 1) dvicwois elvan ioodUvapos TTpos THY
1
(x—f) (x—=5)x < 0.

Al pilar ToU mpedTou péAous alTfis elvan O :

' F 5, OUTews éxouev:
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(=1

x |-

+

+

1
Tpdonpov ToU ( X — T) (x—5) x i

1
Tpdonpor Tod (x — 3)*( X — 7)(){ —5) x = =+ i

—o-|—o—
e = e e le
I

e O | — O —

!
— il
l
*Apa TO gUvodov Aboewv T f(X) <0 elvan: {xeR |- <x<0/\% <X<5Ax#3}

101. KAAZMATIKAI ANIZQEEIZ

Mia aviscwolg Kaheltar ki aopatikf, av dOvatal va Aapn tiv popeiy,
91 (x)
9= (X)

#youoal Tedlov dpiopol TO Tediov Spiouol ToU pnToU dAyePpixol KAGOUATOS

> 01 < 0. "Omov @,(x), .(x) TpaypaTikal pnTad ouvapTrioes ToU X,
?:(x)

P(x)
Emeidn To mnAikov 8Uo &pifpdov elven Spdonuov ToU yivoudvou altédv,
grovTal ai &koAoubor icoduvapial :

200 0@ S) <= 0i(X) * 9u(x) >0 (v S)

x)
e ((X) S 10 oUvorov Opiopol Tol P EX;
zx & <O (v S) <= (x) - p(x)<0 (2 S) P
“Apa 1) émiAuais Tiis duicdoecs -z’ g;— >07-< 0 dvéyeren els ThH émidvow -
2

cwoews Ths Hopefis ¢i(X) - 9u(x) > 07 < 0
Iapaderypa: N& émi\u&ﬁ, év R, T'] duicwols :

5
x—2 = xfl = X+ 3
e o e x* + 24x — 37
Erilvoig: Exouev z-i-x_l —3 <0< T 0
To Trebiov Spropol Efvou S=R-{21,-3}

"EmiAvoper T icoSivapoy adTiis (X2 4 24x — 37) (x—2) (x—1) (x+3)<0,
@5 TTPOTYOUHEVws, OTTOTE AauBdvoper TO olvohov AUCEwY :
{xeS| —o0 <x< — 12 —/I8] A —3<x<1 A —12 4+4/181<x<2}

102. ZYETHMATA ANIZQIEQN B° BAOMOY.

’Eqw BUo ) TrepiocdTepan dviocaoess, ws Tpds TOV aUTdy &yvewoTov, elven
dAnBels S1x Tas aUTas TIMGS TOU &yvadoTou X, & ouwdig S, ToTe Abyopey 6T
amoTerolv olotnpa avichesoy.

Eniluoiy ToU cuoTHuaTos dvicgdoewy kohoUpey ThHy elpeaiv TGV Kowdy
Aoswy TOV Qrecddoewy aUToU. TO oUvolov TGV Kowdy ToUTwy AUcwy elval
f Toun TGV cuvdAwv Alcewy TéV dviccaewy, eipiokeTar 8¢ 81 ToU yvwoToU
mivakos, SoTis kabopiler T& kowd SixoThHuaTa AUoewy TEY AVICDOTEWY.

Iopaderypa: N& émAudf, &v R, 70 clornua Tév dviodoewy :

1) 3 >6, 2) X2 —-6x+5<0, 3)x¥ -9+ 14x <0
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"Enidveig: To oUvohov Aloewv Tfis mpdTns elven @ 2y = {xeR | x>2}
To civohov Aloecov THs Seutépas elvan: =, = { xeR | 1<x<<5 }. "H tpitn ypdee-
T X(x—=T7) (x—2) <0, fims elvan dAnbhs Sk — o0 <x<0 kai 2<x< 7.

— ® 0 2 T + o
|

e
\
x3 — 9x® + 14x;

| |
| | |

— 0+ 0 —0 +
| I |

TS alvorov Avoewy THs Tpltns : 2y = { XeR | -0 <x < 0A2<x <7}
To aUvoov AUcewy ToU gusThuaTos AauPdveTon &k ToU &roAoufou Trivekos.

X | 3x-6 | x*—6x+5 | x*-9%x*+ 1% | AUgels guoTAHATOS
~w
\ = + =
0 i — + 0
i = -+ +
1 ‘ - 0 +
- - +
2 0 = 0 2llci
+ -_— =
5 + 0 -
o = =
7 + + 0
| + + +
+

SUvohov AUGEwv ToU cuoThpaTos elven :
T=3,n%nE = {xeR | 2<x<5}

AXKHZEIZ
320) N& ¢mivBolv, tv R, al dxdroubot AVICWOES:
1) x*—2x + 3>0, 3x2— 13x + 10<0, —x*+2x+3>0
2) —6x* + 11x —4<0, 16x: — 8x + 10, x2+4/3 x—1<0
3 x=9x+14) (x—4)< 0, x4+ 1>x+x, x1—1>x*—x
9 (x*—2x+ 1) (3x* + 1) (2x — 1)>0, (@2x*—5x—-7) (x*—1) (3x*+ 7)< 0
x274 x‘.’.
e X122
) 2 1 1
O HFT>x+1 x-1
T X2 (x+2) (x=3) 3x® — 7x? + 4x <0
x+49*(x—5° ™7 X} —6x2+12x—8 &

321) N& &mihubolv, v ouvdre R, T& drdAovda oUeTHHATA :
1){4x=—4x-3<0 2) { i 2x —1 i
—x*+2x >0, = e T D=2
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3) X2 —7x+12>0 4) x3-5x*46x<0
—3x2 4+ 16x—-5<0 —x*+2x+ 3 >0
—x? 4+ 2x + 48>0 2x2 =5k —7>0
322) Mi& Trolas Tipuds ToU AeR 1 o, A—-Dx*—2A-3)x—-A+3=0 &u
pifas a) TpaypaTikds kal B) kabBapds uryadikds ouluyels.
323) Ak Trolas TpaypaTikds Tipds ToU p TO Tprwvupov o(X) = (M—2)xP—
—2M+3)x+2u—18 Exe pifas o) Oetikds kol P) dpynTirds.

103. @EZEIZ MPATMATIKOY APIOMOY QI ITPOT TAEL TIPATM. PIZAE TOY TPIQ-
NYMOY o(x) = ax® + Bx + v

E&w X4, X, elvan al pilon (rpoyuaTikad), dmov x, <X, kai Sobf mpoypa-
TIKOs &p1Bpods &, ToTE ol Tpels mwpaypaTikol &piduol Xy, X,, € SlvavTal v& Tapou-
cidoouy Tas Eifis oyéoels SiaTddsws :

<, <% LX<t X<i<i,

kaAoupevas Béceig tob & @g mpog tag pilac.

‘Ex&oTn TV Bfoswv ToUTwy ToU E yopaxTnpileTon &mod GplouEvas ouv-
fMkas peTatyU Tou E kal T&V ouvTehsoTdV «, B, Y.

1) Edwv E<Xx, < X;, TOTE s yvewoTov ap(t) >0 (§ 97)

*Emrions Exouev E< Xo € % <= E<X, xai 8 x; = 2E<X, 4%, ) E< xl;x’

A E<—-Ff E+ 2 <0."Apa i cuvbiikan dvar A > 0, ag(§) >0 kol £+ <0

Avnctpowmg *Eorw A 20, ap(E) >0 kal € 4 25 <0. ’Ex Tfs A >0 éme-
Tl X» € X; € R. Ex Tfis Seutépos ap(l) >0 Emeron 611 & € Bév SlvaTan vé kelten
ueTafU TéV pilév. TeAos ex Ths TpiTns €+ 5 B < 0 EmreTon &11 6 € elven pukpo-
Tepos ki THs WikpoTépas pilns X,, §10T1 &v fTo Xy, € X, <, T70TE X, < ¥ kad

%< b= x4x < %= 2o P oo

2) "Edw X, < X;<<E, ToTe Exouev aAw ap(f) >0 kad dmeidn ik Tfis X, < x; <
gmeTan L+ — B >0, &pa af owlfiken elvar A > 0 a@(?) >0, kad &+ i > 0.

Avuo"rpoq)mg ’Eawv A 20, ap(®) >0 xai &4 —ﬁ—- >0, Téte Exoupev pilas

TpaypaTikds (X, < X,), 6 & 8tv SlvaTon va keltal us-rcxiu TGV pi1lddv Kol guve-
Tréds, €5 keluevos éxtds TV p1l&v, elvon peyoduTepos kol TS PEyCAUTEQSS Xy,
51611 &AAcos B Exeopev €+ ~2P&- < 0L

3) 'Edv x,<Ei<x;, TOTE ds yvwotdy ap()<0 (§ 97)

*Avniotpogos. “Edv ap(E)<0, TéTe &g tvos Exouev pilas TpoyuaTikés,
&g’ ETépou X, <E<X,;, B16m & A < 0 elven ag(f) >0. "Edw B¢ & E EkerTo éxTos
év iy B& elyouey ap(t) >0.
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’Ex 6 dvwtépeo ouvdlopey OT1
Al ikovai kai gvaykaia cuvBijka, Tva 6 EER givar 1) PIKPOTEPOS TOV Xp < Xps

sivar A >0, o) >0, & + %l <0 kai 2) peyohiTEpos TOV X, < Xy, ivar A > 0,

0@ > 0, & + 2> 0.

‘H ikavi) kui dvoyxaie covBikn, iva 6 EER ebpioketan petakd tdv X, Xo€R,
sivar a(8) < 0.

Tapazipnoic. Thy cuvixny ag (£)<0 xpnoiuomoloUuey TrOAAGKIS Q5 Kpl-
THPIOV TPYHATIKOTNTOS TCV pIléy ToU o(x).

Ta duwTépow, b5 kal UepIKWTEPAL TEPITTTOELS, ouvowilovTan dos ELTs

()= ax*+Px+VY, XX

A lqu:(i) i£+2% Otots Tol E s TPOS Xa, Xa
| |
; ‘ + s s
i == B s Xy
| 1
| ! 2
| ‘ 4 | x:<XJ~-J2r—x-'<E< X1
‘ | B Tt
- G HXe
+ | - i = Xz < E< él?*"( Xy
|
\ 0 X-1<E=>L£j<x1
‘ |
‘ . l 3 X< X =t
| 0
} I [P b= X
E + | X1=XQ<E
Il e E< X=X
Mrxaua m=r=t |

Mupudsiypata : o) Tola 7 Béors Ty &piBuddy -3, 0,9, 10 o5 Tpds Tas
pilas Tis thiotoews ¢(x) = x*—8x—9=0;
Abewg: “Exouey A = 64 + 36=100>0, x,<x, kol & = 1. *Etreidn agp(—3)=

—0424—9=24 50 kai =3+ =—3—4=—T7<0, fmeTon &1 —3< X <Xy

2a
‘Ouoies a@(0) = —9<0 dpa X, <0< Xy
ap(9=81-72-9=0=%<x=92=%H<x=9< 10
“Ohai buoy SlardogovTtal 1 —3 < x, < 0 < x,=9< 10
B) Ak Toias Tinas ToU A af pifor ToU @(x) = 4x* — X + 2(0 — 1) elven
HiKpOTEpal THS HOVEBos !
Adoig: TTpémer v Eyoopey X, < X; < 1

TIpds ToUTo &pkei vex elven A>0, ap(l)>0, 14 % =0.
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OUtos Exopev: A=1—-32A—-1) 20<=A< %a

ap(l) =4 (4—1+2A—2)=4(1 + 21) > 0<=>A T

-1 1 7
1+_2%_:1+,§_:1_ng > 0 (¥AeR).
33 33

1 , ; 1
e A > — — ouvaAnfetour Sia — —- < A g vl

Al A < 5

ATKHZIEIZ

324) Na& eupedfi f) Béois Tév &pibudv — 2,—-1,0 7; , 2 &g Tpds Tés pilas Exd-
otou Tdv Tplowipwy @ (X)=3x1—x—4, 9= 4x2 4 4x — 3.

325) Aik Toias Tipds Tod A€ R al pifon X, Xe ToU Tpioovipou ¢(x) = — TX* + 2x —
—(3N —2) TEpiEYOVTAl UETOEY TRV &pipev — 1, L.

326) N& &modeydf 6mi al wdrwb tliodors Exouv pilas mpayuaTikgs kal &vigous,
yowpls Thv  xpfiow Tfis  Biakpwovons :

Dx-5x-3)—-5=0, 2 (x—) (x—P)=x (o, P x# 0eER)

327) ’Edw Xy, X elvan ol wpaypartikal pilor Tou TpicvUpov Px)= ax® + Bx + v «al
0<y <P <« v& &moBexdij o1 o pilan x,, X, TEpEYovTan peTaky TEY aptoudy — 1 xal L.

328) Né& ebpedii fi 0éots ToU &piBuol 2 wpds Tés pilas Tol Tprewvipou 9(x) = 2X* — 3x +

+5(1 —2)0) kar& Tas Sragdpous Tiugs ToU A
329) E&w &, &, € R kal gx)=ox*+Bx+ v, vé& &rodeybi 6T To @(x) Exer pilas
<0, plo @y &Troley mepiéyeTar peTaby TV

TpayuaTikas Kal dvicous tdv elvar @( &) " ¢( &)
{on Tiis &0

£, < E. "AkohoUBuws éml Ti) Pdoer Tfjs TpoTdoEws TAUTNS, v dmoderxdi oT1 al pi
ohoems )= (x—2) x+ 3N+ x+2) -3 - (2-x)(3—x)=0 elvan TparypaTiKal
anoot kal 1 pla Tév Smolewy TepiéxeTon peTall 2 xal 3.

E®APMOrAlI TQON ANIZQZIEQN B’ BAOMOY

104. AIEPEYNHEIZ ITAPAMETPIKOQN EZIZQIEQN §f° BAOGMOY.

EfSopev el T& Trpomyoudeva, &Ti of ouwTteheotal & P, Y TOU TpIwyuuoy
p(x) = ax® + Px+vy TroAAdKis elval cuvapTHoELS fvs ypéupaTos AER, TG &moiov,
yopis v BideTa Sp1BunTIKGS, BewpeiTan OF YveoTh ToTdTns GVELGPTNTOS
ToU X Kai &Trd Tds Siapopovs Tiuds Tou &Toiou geaprévTar ai pifat kel TO ONn-
peiov ToU TPILVUUOU.

T& ypdupar A koAeITAl TOPARETPOS, of Bt #iowosis | GUICWOELS TIEPIEXOU-
gal cUTd mapapeTpikai.

A vé Siepeuvricwpey piaw Eticwow B’ Pobuou TOPOPETPIKNY KaTX TOS
Sipdpous Tipds THs TrapauETpou A, Seov v Eycopev UTC Sy TOV YveoTov Ti-
vaka (§ 93), & omolos eletdlear & e18os kol TO Trpdonuoy TV pIlEY UTTS.

Mopaderypa : N& Siepewvnfij /) Eicwo. o(x) = (2A — Dx2—2(A—2)x+3A =

— 0, étav AcR.
Abowe : *Efetélopev To onpeiov Tév A(A), P(A) xai S(M) katd Tas Brogd-

povs TiKGs ToU A OUTeos Exomey :
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AQY =4 (A —2)* — 124 (A — 1) = — 4(5A* +7\—4)=_20(7\+1)(7\—_‘5*_)

. = = 7 el A oo =1 s
To onuetov s A(n) Bideton &md ToV —_ i ;
ypctcpmc'w Tiveke AN | — o il =
P(A) = . To KMo 2?\3?\ elvon dpdonuov ToU 3A (2A — 1), Tou omolov TO
oTueiov Slse-rcn &TO  TOV Ypagikov Tri- A —8 ° Yot
: \ I
vaKa: © 3N@A—1) 4 or— oy <l
I I
1
PV +oo— |+
A= =
S(A) = 2 (,, 2) . To kA&opa 2-2(?\-_—) elvat dpdonuov ToU 2(A — 2) (2A — 1), Tou
Smofou T onueiov BibeTon drd TOV ypo- A —o s 2 +
b ) i !
QIKOV TIVOKA : 2(A—=2)(2a-1) + o — o +
| |
|
S R
Ta dveoTépw Ponbouv els Tov drdAouBov Trivaxa Siepeuvnoews :
Awgpedunors s ehiowoews ¢ (X)= (A —Dx*—2 (A —-2)x +3A=0
| s [Py | S0y | Eios pilév kal Tpdonuor aUTdv
= 2 — s 3 X, % € (C—R) "-“i’h:;z:‘lxlgzlle
R s e rz% =1
Jio =k + t + X ER", X, e R¥<=>0< x; < X
0 LT Lo s, o
y + | - | + NMERY X ER <X < 0< x; xxb | x| <@ | % |
v ‘*" g —H*ﬂ —”—— — ’Elicwois mpwToPfdbpios 3
j = + — MERXER =X <x, < 0
4
T SR S
I = — XX €(C—R) xal X, =X = | X, |= | X |
2 ii — O — x; e[ x; eI nalx; = — %, = %
_I_o”! + + XX € (C—R) »al X, =% = | % | = | % |

Inp. C olvohov myadikév, | glvohov kabopdv avTagTIK

105. AIEPEYNHEZIZ [TAPAMETPIKQON ANIZQEEQN B° BAGMOY.

Q.

Li& v& Biepeuviiocwuer plav dviowow P’ PaBuol mapapeTpikny, BnA. v& el-
powper T& oUvola AUgewy cUTRs KOTA Tas S1aQOpoUs TIPAS TTis TTXPQHETPOU A,

Béov v Eywuey U Syiv ToV yvwoTtov Trivaxa (§ 99).
Hopaderypa: N Siepeuvnf] 1 dvicwols

) =CGr-x—(A—Dx+2(A—1) < 0, étav AeR.
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Avorg: "Etetclouey 16 onuetov TéY A(A) kol o(\) kot T&s Siapdpovs Ti-
pds Tou A. OUTws Exopev :

AAM=A—-12=8A-DGBA-2)=A-1)(=23A 4 15) * i-m % ), dw

Té onuelov Tis A(x) 8idetan &md ToV Trivaxa : A gD —
i |

a(A) = 3N —2, &mep Exel onusiov feTikdv ik A > %— kel dpynTikdy 1A <%
‘ e 2 i 3 . C o e P .
Mn8evileTcn 88 8i1d A= = Ta dueotépw Bonbolv els Ty alvradw ol dkoroU-

fou Trivaxos :

Awrpeivnois Tiis dvio. e (X)=CGA - x*—A—-1Dx+2 (A -—_1)< 0
%x I A |« l Zuvodov Alcewv Tiis ¢ (x) <0
— 00 |
— =1 {x/xeR}
15 B
3 |—0—— { xeR,’x#—Eg =4}
S = Xe<Xy {XER [ —w<x<x, Axy<x< + 0 }
2
= ——— —0—|—— dvicwois o'[Pdduios, {XER [ -0 <x<2} ————
e + X< X, {XeER[x,<x<x}
I }=p
- |+ ( 1=0
+ o0

Inueioog. Ta x,, X, elvon tkppdosis Tol A kal peTaBdAAovtar petd Tol A.

AZKHZIEIZ

330) N& BiepeuvnbBouv al dxoéAouvlor #liowoels kal dvicwoes, dtav Ae R :
D @A—-3)x*+2(6A—5)x+ 182 +25=0

2) A—5)x*—4Ax +A—2=0, 3) A+ 1D x?—3Ax+4A>0
4) x* +2 (2A — 1) x + 322 = 5>0, 5) A+2)xP+12x +10—-6A < 0
X?- 5x+6

331) N& &modeixdij 611 16 kAdopax Tx—2  Maupdver wéoov mporypoaTikiy Ty,

étav x € R.
332) ’Eav x wpaypaTikos &pifuds, va dmodexdi ST To Khdopa (x* 4 2x —11)f
2 (x —3) 8&v BlvaTtal va AGPn Tiwas Tou Siaothupartes ]2, 6]

IXEZIEIZ ZYNTEAEITQN AYO B'/BAGMION EZIZQEZEQN
INA Al PIZAI TQN TTAHPOYN QPIZMENAZ ZYNOHKAZ

106. Aidovtar 800 E&rwomoelg @(X) = X | BiX + v, = 0 xai ¢u(x) = ayx® +ux +
+ v, =0 (o, # 0, 0,7 0) pé mpaypatnkovs cvvieheotdg kai pileg dvuetoiyog
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(x,X,) Kai (py, po). Zntodvial ai oyxéoclg petald tdv ocvvieheost®v toV, va ab-
a1 Exovy pilog:

1. "Avaidéyovg pé kéynv .

"Exopev : % p =A<=>X;, = App Kol Xa = App= X; + X, = A(p; + po) kai
1 2
[—” B s Yi_ Ysae mn % Ba v S Y
XXa = pipoA f — 2= A ( az) B = ?2 AR R ==, o ?z—Yz;\Z =

[SEc e
= G PR Y-z?\2 (1

‘Avustpogne. 'Edv UploTaTan 1 cw&nk‘n (1), 1T ai &iocoeis Exouv pi-
Cas qverhdyous ut Adyov A. TTpdoyparti, BéTovTes Tous Adyous (1) foov ut k Aoppd-
VOUEY :
o =K, Py =kPA, y; = Ky A%, omédte 1y étiowols (X)) =0 yiveton @y(x)=
=KoX® 4 KBAX + kyaA? = 0 <> 00X + BoAX + yA2 = 0.
AUtn #yel pilas x, = A =P +V B — Ay, A X% o=Ap = J=2

20, P
xe=ATB=VE Ty § x = Ap, = 2 =2,
2, P2
6Trepz~’gpf* A. "Qate ) guvlnkn (1) elven ikovn kel dvaykala.
2. "Avnibitouc. Exousv I Xy - pl Kol Xy =—p, =
Xy s = Cpr b p2) | ot
X% = pip; @ B Ya

| C"L 0‘2
"Avtietpégas. "Edv UploTaTon 1 cruvenkn (2), ToTe ol Eliodoers Exouy pi-
Gas dvmibéTous. Mpdrypai, BéTovTes ToUs Adyous (2) ioov ué x, AauPdvopsy : o =

=K, Pr=—kBy Y1 =Ky, OMITE @(X) = KipX? — KPX + Ky, = 0 <= cpx*—
—PBaX + v2 =0, Aimis Exe pilag x, =P+ \/gz — dauy, = P — ’\/292 — 4oy,
o o

Altoan elvan dutifetor TV piIlév py, p, THs 210, @u(X) = X2 + Pux + Y. =0.
"Qote 1 owdikn (2) elvan fkewn) kai dverykade.
To dvwrépw BlvaTon v& Bewpnffi s Topiopa THs TrepITTTOOEWS Ko’

v ai pifan elvan dvéhoyor pt Adyov A = — 1.

3. "Avnotpégovg. “Eyxouev : x; = Pl Kol X, = pL =

1 2
1 1 2 2
X1+X2=_+_I ,X1+x2:m _E.=_B- E‘_:EL
: o3t Pz A P1 P2 ﬁ =51 Y2 1'-‘] Y2 B =

T ifgt Ji_ % A

P1 P2 P1 P2 X Yz Ye L5

, _Y—: :% = -Z—‘ (3). ‘H oxéois (3) elvea ) {nToupévn.

|

"Avuietpégag. *Edv UpioToaTar 1 ouvbnxn (3), ToTe ai thiodoes Exouv pi-
las dvTioTpogous. TTpdyuaTi, BéTovTes ToUs Adyous (3) Toov ut k, AapBdwopey :
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o = KYs, Pr=xBs Y1 =KX, OTOTE ¢;(X) = Ky:X® + KX + Koy = 0 <=yx® +
*ﬁ: it \/[3:2 = 4?'}’2 —ﬁa “\/|3zz2 = 45?%_

+ Box + o =0, fiTis Exer pilos x; = = , X2 = o
Al pifo 88 Tiis 9u(x) = 0 elvan py = BV B S o R

; S hni 3 (Be? — 4oyyy) R N 1
EE oty ExYopey X _ PGy o g =~ Opolos Bz =—
XOH 1 P1 ey, =X P MO1s e

“Qore: Al ikavei ki avaykaion cuvdiikor, ive oi iGodoeg 9y(x) = 0 xai
@.(x) = 0, Exovv pilag 1) avakdyovg pé Aéyov A, 2) avtifétoug kai 3) avTieTpoQOUS,
elvar dvniotoiyog ai (1), (2), (3).

AZKHEIEIZ

333) Ak moias Tiuds Tév A kal w al thiohoes ¢ (x)= (A +2) x* — (r+1Dx-3=0
kal @u(x)= (k— 1) x* + 4Ax + 2 =0 Exow pllas «) dvahdyous pE Adyov 2, P) dvmibétous
kal y) dvTioTpogous.

334) N& oxnuamicdi ticwois B’ Paduol, xovsa pilas T& TeTphywva TEY piiEy
s Xt 4+ Ax -+ p = 0. *AxorouBuws vd eUpeBolv ol mporyparTikal Tipal T A ked p B TOS
drroias af 8Uo tEicdaoeis Exour pifas o) dvohdyous pé roéyov 2, B) &umiBéTous kad y) &vTi-
OTPOPOUS.

335) N& oxnuatiobij ttiowos éxovoa pifas x; + xil kal X, +XL5. o Xy, Xz pilat
Tig ax? + Bx + y = 0. *Axoroufws vi eUpelii 1 ouvbrxn, v al SUo Ehichoers Exouv pilas
&uahdyous pE Adyov K.

107. ATIAAEI®OYEA AYO TPIQNYMON B° BAOMOY.

*Edw SoBolv 500 Teidvupa ¢;(x) = ox? + Bix + 1 el @g(X) = &K + Pax+
+ Ys uE TpayHaTIKOUS CUVTEAEGTSS, dTrov oy # 0, o # 0, ked pilas dvTioTol-
x5 (%1, Xo) xad (py, po), TOTE O KoAOULEY THY TrPayBETIKTY TIAPATTACIY
R = (eqys — oy1)® — (auP: — %Py) (Brya — Bav1)
anakieigovea tdv 600 TPLOVIR®Y.
‘H tiéraors Tév 1S1oTATeY THs &mahapovons R &Uo Tpiavipwy p' Po-
BuoU PonBel eis TNy EmiAucw TOAAGY omroudaiwv TTPoPATIHETWY.
a) Mopoai tijg anaiepoiong R
AcBivtwy TGV duwTépw Tpiwwlpwy, 1 &moheipovoa BuvaTal v AGREn
T&s &kohoUBous popeds :
1n R = &2 @; (X)P2 (Xa) = &%P1 (P ¢ (p2)
Mpdoypatt. ExnuaTifopey TO yIWOHEvOY
?2("1) Pa(Xs) = (caXi® + BoXy + Yz) (ep%s% + PoXe + Ye) =
= 02X, %X, + pPaX;Xe (%1 + Xo) + Y2 (%,% + %) + By™XaXe +
+ Boye(X1 + Xo) + ¥o* = . : :
= gf‘z' [ (eqye — ay)®— (@Pe— Py) (Brye— Para = of 4
"Apx R = o2 @, (%) @5 (X,), Ouolws 8t R = o2 ¢y (p1) @1 (p2)
2a R = &2 (X, — p1) (X2 — P1) (x—pz) (Xa—p2)
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3n R = [ (Qowys + 20071 — BB — A, ],
dmou Ay =By’ —dogy;, By =P — 4ouys
O1 pabnrad SUvavtan edxdAws va EroAnBeUoouy Tds popeds Tiis R 2a kai 3.
B) ‘Irétnres tiig anarerpovong R
1. ’E&w 1) dmedsipouca R =0, TéTe & T7is R = o,2¢,; (p1) ¢y (ps) Exouey
%’ 9 (P) 1 (p) =0<=9, (p) =0 Vo, (p) =0, OmoTe Edv @ (p) =0 xad
eibn @ (1) = 0 (p, elvan piler ToU @, (X)), EmeTon 811 1) py elvan kowr) pila TGV
¢ (X) xal @u(x). “Ecw & ¢y(py) = 0 kai ¢y (pa) =0, TéTe T& @y (X) xad Py(x)
Exouv dupoTépas Tds pilas kowds. Eis Thy TepimTwo aiThv 8& Exwpev :

e Bl e = i s B B
e e B16TL X + X =pr 4 P2 K& X Xo = PP = S o Ke
YiAaygl s e 4B L o
ay Ty o8} Be Y2

‘Avniotpogoc. “Edv T Tprdvupa Eyouv kowmv 1) kowds pilas, TOTE Trpo-
pavéds R =0. 4

"Qote: ‘H ikavi xai dvaykaio cuvOfkn, iva 16 tprdvopa @,(x) Kai @u(x)
£rovv piav tovlayiotov kowfv pilav, sivar 1 arakeipovca adtd®v va icobtar
npog 0.

2. 'Eav 1) dmodeipouca R =0 kad oyfy — ouPy # 0, ToTe eidopev 611 T&
TPIvupa ¢;(x) kai @, (x) Exouv wiaw TouAdyioTov kowny pilav, Biv SUvavTol
S B o Vo
24 B. Yz
= oyffy — P, = 0, TO omolov elven &rotrov, B16TL UmeTEBel onB, — Py # 0.

Suws va Exouv dupoTépas Tas pilas kowds, 51071 TOTE BA ATO

=

’Avrietpéowg. "Eqv T Tpicvupa Exouv piav pdvov kowdy pilav Ty X,,
TéTe 1 oyt +Pxy +yi =0
%Xy® + PeXo + v =0
iramris _ (visa= auye)e

ap. — P P, — @B,
(10 — o1ya)* — (uPs — Py) (Brye — viPe) =0 xad Py — Py # 0. ‘H xown
aln pila X, eivon mpayuaTiky, &i16m &v fjto wyadikh Ths Hopefis k 4 Al, TéTE
T TpIcvupe B efxov kowny pilav kai THv ouluyf Kk — Al kol cuvetrdds 8 elyov

8o kowds pifas, émep &ToTrov.

—BuYa = ¥ifh
B, —

\ V1% — Y.
Kai X, = S——2F,
o B — P,

}-(:» X

€€ Qv AapPdvouey kol Py — 0Py # 0 kol &po

"Qote: 'H ikavi) kei dvaykaio covBikn, ivo 1@ tprdvope @ (x) kai @y(x)

Exouv piov Kai pdvny npayponikfy kowviy pilav, MY X, = ZLEZ_ ::1;2’
1Pz = Yab)

elvar 1
analsipovou adtdv R = 0 kai o,f, — 0,B, # 0.

~ Enpeioois. "AAhar 816TnTes Ths dmaieipolons R, Afav &tidhoyor, B& EeTtacBolv
els &AAnv Takw.

Mapaderypa @ Aix molas Tipds ToU A ai éicdoeig
() =2x*-x—3=0 xad ¢, =x*— (A —=3)x +4A =0 Exowv plow ke po-
VN TpayuaTikny kowny pilav kel vé eUpedf olTm.
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Aveig s TTpémer R =0 ke oyf; — apfy # 0
E ol o R e Sy POy = T B 2o
Biys—Pays=—1-4A + (2A—3) (= 3) =— 108 + 9
Y, — oy, =2 . 4AA—1-(—3)=8A+3
*Apad R=(B8A+3)2—(—4A4T7) (— 1A+ 9)=0<=1222+ TTA =27 =0, &

1 27
ﬁS7\1=*§‘r7\z=——4-‘ £
‘H xown) pila di1x A = —;— elvar X, = “_(z;_:"?) =-—1
kal 81&t Ay = — _212 elvar: Xy = -3—
AZKHIEIZ

336) Tlola ) ouvlrikn peTokl T@V o kal P, va T& TPIOVUNG p(x)= ox® + x + P xal
P(X) = x* + ox + P Exouv plav uévov kowty pllav, fiTis va eupedi.

337) “Av al Eiowoes X2 + pX + Kk = 0 xal X2+ kx + A =0 #xouv plov pévov kowhy
pifov, v& &moBey®fj &Ti: (k—A)* = (pA — K?) (k. — p)-

338) A Trolas Tipds Tév B kad v T& Tprovupe @y(x) = ux®— (b — Dx-5 Kol
(v —2) x*—3vx + 1 &xouw T&s aUTds pilas ;

339y *Edv X, elvan f) kowh plla Tév 8Uo Tpreovinwy ,(x) = ex® +Pix + 71 kal @u(x) =
= ox*+ Px + v: xad R 7 &madelpouod Twv, va drodeybi
G Ri— (P — @Pi)? @ (Xo) = (caPe — cuPr)? @)

51 X

340) N& &moderydij 671 T& Tpidwvpa (X) = Ax*— (Au+ 1) x + 1 kol o(x) = Aux® +
+(A2—pw) x —A =0 Exouv xowiy pilav, fiTis wé ebpedi.

341) N& &modeay®ij ém ol tiodoes x? + ax — 3 =10 xal x*— 2ax + 3 =0 Btv dU-
vavral v Exouv dugoTépas Tas pllas kowds. Ebpate 8¢ Tds TipGs ToU a, iver abTon £xouv plav
kowny pifav.

TO TPIONYMON ¢(x) = ax® + 6X + Yy W¢ ZYNEXHZ ZYNAPTHZIZ TOY X
108. I) BAZIKAI ENNOIAI EMI TQN IYNAPTHIEQN MIAX METABAHTHE

1) Metapantei teivovoor npog 1o 0, o kai mpog orabepov acR

Mia peTaPAnTH) ToU ouvdAou TGV Tpory HaTIKEY &piBucy Aéyouey @ o) 6T
Telver pos TO 0, kal cupPohilopey X —= 0, dTaw peTaPoioutvn Suvartan va yivm
ol v peivn ket &IrEAUTOY TV HikpoTépa TovTds &pibuol €0, doovdmoTe
pIKpoU KaTd PoUAno,
B) &T1 Tefver pds TO oo (Betikdy ) GpunTikdy), kal cupPolifouey X — o, GTav
peTaPotoudvn, SUvaron va& yivn kol va pelvn kot dardAuTov TIUNY peycAuTEpa
TavTos dpifuol M =0, SoovdfymoTe ueydhou,
y) &T1 Tetver wpds TOV oTcBepdy &p1Budy &, Kal oupPoAilopey X —> o, STaY peTA-
Bohopévn BuvaTar fi Slagopd X — o va yim xal va ueivn ko &TEAUTOY T
HiKpoTépx TTowTds &pifuol e>0, doovdfmoTe UikpoU kot BolAnow.

2) Metafoiai pidg cvvaptiioeng

Mia cuvdpTnols w = (x), Exouoa ouvolov opiopoU T0 Z& R, Abyeral :
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o) adovoa tig w0 I, éTow els SUo olaodAToTe dvicous Tiuds Tiis HeToPANTTS
X, Xy, X2€2 QUTIOTOIXOUV bpoiws duicor Tiwad THis cuvapThoews.

"Hrol, dv x,< X <= 9(x;) <o(xy),
B) ¢bivovaa zig 10 L, btav els Tds & Adyw Tiuds X, X.€Z QuTioTOIKoUY dvopoiws
al dviool Tal Tfis owvapTioews. HTol, &v X< X, <= (X)) > ¢(X,) kai
y) otafepa eig t0 I, dTav £ls Tas SUo dvicous Tiuds X1, X2.€2 GuTigTOIXOUV o
Tipad Tfis owapThigews. "HTol, &v X< Xs <= (%)) = ¢(Xo).

Thv gopdw uetaPorfis Tfs &vw ouvapThoews W = o(X) kaBopilel Trpo-
P (X1) — 9 (x2)

X — Xz

aptnols eivar alfovce, dv dpvnTikds ebivousa xai &v icoUten pt 0 7 ouvap-
™ols elvar oTodepd.

Qawids TO anueiov ToU Adyou , © &moios &v elvan eTikds 1 ouv-

‘H Evvowa tiig ovveyeiog Jdg suvapticeme.

Mioa ouvdpTnols ¢ = o(x), dplopévn els & olvorov Z< R, AéyeTal evve-
AN 016 v npiv X €L, v, ToU x TelvovTos Tpds TO X,, fi ouvdpTnals Teiver
RO TV Tiufy @(X,).

‘Eow 88 ) y = @(x) slvan ouvexfis B1& k& TIpMY X,€Z, TOTe AdyeTon cuve-
%NS €ig 10 glhvolov I.

109. 1) 1) H EYNAPTHEIZ ¢(x) = ex® + Bx + vy EINAI ZYNEXHE EIZ TO R.

"Eotw x,€ R pla mipn s petaPAnTis x xad o(x,) =aX®+BXe+ ¥y 0
dwTigToryes Tipf Tiis ouvapThoews. "Edv AdPwpey ki THY TIWNV X, + & &Tou
£>0 xai doov Bhopev pikpd TOCSTNS, TOHTE 1) dvtioToixos Tiun Tiis ouvapTn-
oews B elvan (X, + ) = & (%, + €)* + P(x, +€) +y. ExnuaTifouey THY Sia-
Popav @(Xo + €) — p(%,) = a(Xo + €)% + B(Xe + &) + ¥ — (ax, + Bxy +y) =
= 2ax, € + qe? + Pe.

"Emeit) € dpiBuds doovdnmoTe pikpds, ke Spos ToU PBou ptdous Eyel &od-
AuTov Ty Soov Bhoper wikpdy kol auvetrdss 1 Siagopd ¢ (x, +€) — P(x,) BU-
vatal v yivn kal va pelvy kot &modAuTow Tiufv uikpoTépa TTavTos &pifuol £ >0,
SoovdnmoTe wikpol kaTd PouAnow. “Apx ¢(x, &) — ¢ (X,). "Emraidn 8¢, Xo+€
> Xy, 81671 €0 ooovdnmoTE Wikpds, EmeTon &T1 ) oUVdETN OIS W = @(x) slvan
ouvexns Bia THY Ty X = X, ‘H Tip Spws x, elvar TuyoUoa kol ouverds f
owdpTtnols Y = ¢(x) elven ouvexfs Bix kdde Tiww X e R xal &pa cuvexds els
TO oUvohov TEY TparypaTikéy &pibudv R.

2) Metofoli] tiig ovvaptioens ¢(x) = ax? + Px + vy, 6tav xR
"EoTw Xy, X%, €R (%, <%,) 8o mnad THs peTaPAnTHs X ®med ¢(X,), ¢(x.) o

dvtioToryor Tiual THs ouvapToews. IxmucTilopey TOV Adyou q)—(jf;();fﬁ} =
e 1
ax,® + Bx; + Y — ax.® — Bx, — a (X —x.) + Xy — X,
:_1”,7,971"‘)(?_)‘ g Y~k x?—xﬁ(l )=G(XI+X2)+F5:
1 2 2

:G(xl‘i‘xz-i‘%)-
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Ay Tov Eheyyov ToU onueiou aUTol Slokpivopey Tas TEPLTITCITELS

a) 'Eav a>0 xai AdPopey X, <X, < -—-2%, TOTE EYOUEY X‘<_2_ch kol xeé—zﬁu- S
= £ LBl R p B = )=o)
=X 4 Xe < c$x1+k2+g<0 - G(Xl+x3+a)<0 = ‘_?

<0 kal ouvetdds | ocwdptnois e(x) = ax® + Px + y elvar gbivovoa.

P

‘Oucics Suvdpeba ve &modeifwpey, 611 &va >0 Ko == £ K%y TOTE M
e(x) elven aib&ovoa.

"Qcte, 1] ovvaptnolg did a>0 gig 10 dudotnpa — o < x<— % £ivar pBivov-
cu kai tig t0 oo — %— < x < + o aifovea. Aniadn d&hhdooe gopdy
peTaPorfis kal #mraidn &md gbivouoa yiveTar alfousa, Sipyeton Si& wds ého-
xioTns Tipfs kaAoupéuns Ehayistov (minimum) g CUVEPTTOEOG.

B) "Eav a < 0, amodeikviopey Gc mponyoupives, Bt 1 cuvaptnolg eig o
Staotnpe — o < X S — —f; gival avéovea Kai £ig 10 ﬁlaumpu_-fd S x<+ e
gBivovea. "HTor A GAAGoE! gopdw peTaPolis kai meldn dmmo altovoa yive-
T gfifvouca, BiEpyETal Bix w&s weylorns Twfis, kalovpévng péyieTov (maxi-

mum) thg @(x).

3) Méyiotov 1j éhayiotov Ttob Tprovipov @(x) = ax® + fx + v

EiSopev Trponyouusvwg 11 TS TpLVIPOY, Qv a0, els TO clvolov Splopoy
Tou (R) AcuBduel Tiuds Siepyopévas 51’ fuds thayioTou, TO omoiov eivan :

P ( _..P_):o;( —%)+ﬁ(—ﬁ)+y—%~ﬁ kal &v a < 0, eis TO glvoiov

2a

R AcpPdver Tuds Slepyomtvas 51 Evds peyloTou, TO dmoiow elven: ¢ (772%) =
i 4c:y p*
=

Thv eétaov Tis ueTaPoAils Tou Tplvipou (x) = ax? 4 PX + y Suvd-
pebar v Kducopey kai &Trd THY HOPPTV TOU TRIWVULOU p(x) =« [(x +2BG) -
+4GIG i } QUTw Siaxpivopey Ta EETs :

. e ’ B \2 - B2
o e 15

) "Edw a>0, Té1E OTQV X—> F= ©©, TO (x + 2:1) > -+ oo Kal -ro(x + 20‘) +

+ fla_z;ﬁ_ —> + oo, "Apa o(x) —>» + © Bix x —> - . *Ev ouveyela, ToU X
=
o A 2 I . A
avfavopévou &TTO — 00 Ews TOU — %, TO (x = 2%) AopPéwel Tindg OeTikag
uév GAAG EAaTTOULEVS guvEX G, S1& x 8¢ ioov Trpos — ok TO (x + ?%) =0

: ~ p doy — P | _ 4oy —P° . i
kol CUVETTadS q:( — QTX) = & [0 + e “— T AkohoUBws, TOU X

oUEavopévou &TTO — 2% gws ToU 4+ o, TO (x + %) avfdveTan  GuveyEs &mo
o0 0 Teivoy gl 7O -+ o xal f TR Ths e(x) altaveTan cure s &TTo THS TIMAS

4= p\ _ day—p° . 3 \
Q ( E)* T Telvovoa el TO oo
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B) 'Eav o« <0, &modeikviopey duoiws, &T1, ToU X aUfcvopévou &Td — co €0

ol — £ , | T THs ouvapThoews avfdveTat ouveX s &TTO — oo Ews TS Tipfis

x
day=ipal i o c o LR - S e &,
—g— xad, ToU x avtavoutvou o — 5y Eoos TOU + 0o, 7 T TS cUvapTH
ge0os EAXTTOUTO! OUVEXES dTrd Tfis Tiufis 4“—74; B reivouoa gl TO —co.

Té& dvwTépw ouvewilovton gls Tov dxdAoubov Trivaxa :
TTve§ petaPofis ol Tproviuou @(x) = ax® 4 Px-+ ¥y
5 ‘

' |

! il X | — 2 = 0% 7 W

| | e
: : (4ay — B [ da

a>0 | 2 (0 J 100 B En&y1oToY l =5 ‘
e | 0 i
e (day —B?) [ 4 | i
[ a< 0 ? () ‘ - éyloToy i i ‘

Hapadeiypara : a) To Tpicovupov @(x) = 3x% — 2x 4+ 3 Exel Eva EAdyioTOV

; flf ol I ; e 1
S x =— e =~ 73— 00T a=3>0, 10 omolov elven ¢ (T) =
_4ay—E_4-§-3—(—2)“_ 8
PR S T RN
P) To tprcovupov f(x) = —x? — 2x + 2 #xe1 fve péy1oTov S1c X = — 2% =— EITZIY:

==10816m a=—1 0. ToUro elven ¢y, = 3.

AXLKHEZIEIZ

342) N& eVpebi] 10 péyiotov fi éAdyioTov TEdV kéTwb OUVAPTTOEWY :
Dox)=3x-2x+4, ¢(x)=x2—Tx—1, X)=x2—7x, ¢,X)=05x*—4
1 3
2) o) =—x"=3x+1, c.(x)=3— (x — 1)2, GRS — - x— e+ 2)
343) N& eUpedf 1) Tiuf ToU A, fva 7o Tpiwvwpor ¢(X)=(A — 1)x2 —Ax + A Exn pé-
YioTov ToV &pifudy — 1.
344) Né eUpedi) f) petaly T&v a kal B oyéors, va To TPrVUHOY @(X) = — x? + (a + B)x
—(a—P) Exn wéyroTov TOV &p1Budy o +- B.
345) Ak wolav Tipfiy ToU X TO ywopevov Qe —x) (2B +x) vyivera péyioTov kol
Tolov To péyioTov Toutov (a, P e R).

FPA®IKH TTAPAZTAZIZ TQN ZYNAPTHZIEQN

y=o0x + B xal y =oax® 4 fx + y
110, "Opropds. loaguer mapdotaces 7 yewustowsr 1) MAQACTATIHNY  RAUTOAN JLdS
ovvagtijoens y = ¢(x) xalelrar 1 ypapw, tic dmolas Ta onueia Eyovy TETUNUE-
vag Tg Tuuds Tol owrdlov dglopod abtiis xal tevayuévag Tag dvrioToiyove Temdc
100 owwdlov TLudY TG cvvagTHoews.
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1. Tpogikty mapactacis tii cvvapticews Y = ax + B, 6tav (x, y)eR?
Edw X, kol X, elvon 8Uo alBaipetor Tiwad ToU X, T6Te ai dvrioToiyol Tipad
Tfis ouvapThoews elval W, = axy + P Kal Yy, =
X, + P. Kataokeudfopey T& onupeia A(X;, W)
kol B (Xs, Ws), Gvagepouevol gis TO opboywviov
oUoTnua &idvwv x'Ox, Y'Oy. "As Becwpricuwpey
kad Ev TpiTov onpeiov
M( Xg, Yo = X + B).
Bk TGV Y, =X, + P
W =ox; + B
Yo = Xy + P
81° &eaipfosws KOTG WEAT EXOMEV :

Vo—Wi=a(e—%X) |_wi-wi_Xo—% _ Yom¥i_ Yo _
Wu‘\Pz:q(xu_xa) Wo— W2 Xo— X Xo— X1 Xp— Xa

i
Ol 8pot Tfis dvaroyias aTfis elvon ai ouvTeTarypévon TéY Srowuopdrav MA (x,—x,,

W Moo

—
Yo — W) ki MB (X, — X, Yo — ) of 8¢ Adyor :’) =g —L:~ efvan of ouv-
3 s | el 2

TeAeoTal Sieubluosws &uTioTolXws TG,

"Apa T& SiawiouaTa Exouv ouvTeAeoTds SieuBlvoews foous kal ouvemrds
elven ouyypaumiké. “Htor T onueiov M (X,, W) keitan i Tiis elbeias AB, émeaibn
Bt EAfpln TuySy, EmeTan 8TI & onueiov Tis elBeias AB elvan onpetov Tiis ypa-
Qikfis TapacT&oEws THs cuvapThoEws Y = aXx + P.

“Qore, 1 YpoQIKT] Tapactacis tiis W = ox + P elvar edBeio ypoppd pé cvv-

teheatiiy SievBiveemg, TOV ovvieheotiy dievbBbvosng TdY duvuopdrov ﬁi, IWB,
o oroiog elvon a, Srd Tobto Kul Koreitar 1| ¥ = ox + B ypappiki} cuvaprnec.

‘H ouvdpTnols 81 x =0 &idet w =P xai &ix y =10 &idar X =-%, T
8¢ onueia [ (0, B) xad A (— %, 0) elvan T& onpela Toufis Ths efelas w=ax+B
¢ Tous &fovas w0y kad x'0x dvtioToiyws. ‘H TeTarypévn B Tol onuelou T kol

| TETHUNMEVT — % ToU A xehoUvtar dvTioTolyws tetaypévy Eni v apyiyv xai
tetpmpévn mi v dpynv, dupdTepan Bt cvvietaypiven Emi tiv apyfv.

*H ypagikt) Tap&oTacts Tis owept. Y =ox + B &k p=0, fror Tfs
ouvapThoeEws W = ax, elven eUfeia Siepyousvn B s dpyfis 0 Tév dkdvawv,
516m1 Bixx =0 elvan kol w=0

‘H ypagikfy TapdoTacts Tfs owepT. y = ax + B, étav a =0, fiter Tfs
orodepds ouvapT. W = B, elvon ebfsia rapdAinios mpds Tov &tovar X'OX, BioT
S1& waw x elven f) T Tfs W mTavToTE .

Kataokevn tig e0bsias y = ax + B
Mic evBeia SpileTon Sik Buo pévov onueicov. T XAPaKTNEICTIKWTEPR TTPOPAVAS,

1T




B1& Ty katookeuty Tiis elfelas W = ax + B, elvan T& onueia Topfis adTfis ué
Tous &tovas. ‘Apkel Aoirdv vd elpwopev TS
ouvTeTorypévas el Ty &pynv. OUtw, T& on-
petor A (— %, 0) kai B (0, B) dprolUv B1& v&
dpioouv T eleiav AB, fimis elvan § ypapiki
TAPACTAClS THS CUVPTNO. Y= ax + B.
Inp. 'Eqv 1y e0Beia SifpyeTan 1 Tiis
Gpyfis T@OV &tovewv (g = ax), TéTe Bik ThHY
KATOoKEUNY TNS, Apkel v pdvov onueiov.

Iy, 110.2
2. Tpogwkn rnopactacis tiig cvvapt. ¥ = ox® + Bx + ¥
"ExovTes Ut Syiv TOV Trivaxa petaBolfis ToU Tpiwvipou e(X) = ax® + Px +
+ v, Buvdpeba vd TopaoTHCWHEY YPaAPIKES THY CUVEETNOW W = ax® + Bx + v,
dvapepopevol gls T dpBoydoviov oUotnua &idvev x'0x, w0y, OUtw Siaxpivo-
pev Yo TEPITITLOELS ©

v ‘T a) Eav a>0. ‘H owdptnois 81t x = —%
| Acppdver T EAayioTny Tns Tipy =
i =SB O Aray Bk it
| ST 2a
|

o &1 = \ - A R
Exel mediov TGV TO (+ 0, 4 ) xad 8-

Tow -2%—<x< + co Eyel ediov TIWGY TO

X' o W T el
| \ (z;r-i-w)v

; AR #) . 1585
y i KaTtaokeualopey Aoimrov 16 onueiov A
Zx. 110.3 Bi=A 5 . -
(— e 4—a) AxoAoUbws AapPdvopey 8o
TIPAS Xy = — % + xal X, = _5% — & ouppeTpikds @5 Tpds TRV TIUfY — z—ri-

al Tas GVTIoTOIYOUS TIMGS W, Kal w, Tfis ouvapThoews. EdkdAws &mrodsikvo-
Hev 871wy =y, "Apa ta onueia B(xy, wi) kol T (Xo, we) efval ouppetpixd dos
mpog Thy elbeiow AT, fiTis kodeitan &Eeov ouppeTpias THs ypouuds w = o(x),
xal oUVETTa 1) ypagikl) TapdoTaols THs ouvap. y = ax? + Px + y &roTeAsiTan
&mo 8o Tunuate AIZA xoai AHBE CUMUETPIKG cos Trpds Tov &tova CUMPETRIGS
AT. A1& THY KATEOKEUNY AOITISY KaTd TTROTEY YiTwv Tig Ypouufis w = ax® 4+ Px+y
Séov vax elpwper Soov TO BuvaTOV TEPIOOGTEPX OTUEIR CUUHETPIKE Cog Tpos TOV
&tovar ouppeTpias, B16T1 elvan | ypauur kapTUAT ked oUBiy Tuflua auTfis slvan
08Uy paupov. TouTo ouvdryeTan &k ToU &1, 1) eUfeiat w = Ax + B Téuver THY ypap-
Wy y = ax® + Px 4y eis 8Uo T& oAU onpeie, 16T TE oUoTnpa ToU &To-
TeAoUv EXEl TO TrOAU BUo AUcels.
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Ty koumiAny TaUTny kahoUupey nopaforiiv, TS onpelov A wopugiy oU-

TRs kol Tov &bova AT @fova tilg mapafolriic.
Iopatnpioeig 1) Ta xapakTNPIoTIKWTEPA OTUETC TTs KAPTTUANS W= ax*+
T . A A \ » o &
Px + y elvan @ 1) kopuen aUTHs A(_ZE&’ — @), T& onueiar Toufis Tfis TapaBofis
ué Tov &fova Téw X Z(py, 0) kel H (py, 0), &tou py, p, pilan ToU Tpicwwipoy, kai
& onueiov Toufis THs TrapaPolfis pé Tov &fova Tév W A(0D, ¥) kol TO GUMLETPL-
\ — . = fi 7 5 . \
koy auTou E (_—ET’ y). 2) T onueiov A ("2[:1:—’ — 4q ) KETTOU, Eu oxEoel TPOS
Tov &fovar x'0x, k&Twlev, 7 émi, 7 duwbev alToU, «of’ doov elvor A0, 7| A=
=0, § A<O. Tp&ypaTi, 816T1 ToTE dvTioToiyws O& elven :
A A A
e lausss 0 U om0

ToUto Bewkwletan els T& drdAouba oxfuaTa.

y Y
azo
a0 £¢0
A=0
|
| =5 as
x 0 A x X0 x
y
Ty. 110.4

B) "Eév a<0 Thy ypagikiy TapdoTacy THs CUVapTHTEWS Y = ax®+Bx+vy

SuvEpEda V& KOTOOKEUATWHEY OKETITOUEVOL Opoiws.
Thv épyacicv TalTny &ervopev Bid Tous ua-
nTas. by

Iapaderypa : N& yivy 0 ypagixkiy moapdoTa- \
ois s w =x*—5x 4+ 6

Kataokevn: 'Emadn o= 1>0, | ouvaptnols
#yet EA&yioTov. EUpioxopey Tds ouvTeTaypévas TV
yopokTnploTikdy onpeicv Tiis kaumiAns.  Kopu-

o 5 1 : M AT
of : A(--z—, - ) Snueie Topfis WE Tov x'Ox :

[ (2,0) ki B(3,0). Znueiov Topfis ué Tov 0y :
A (0, 6) ke TS ounueTpikdy avtou E (5,6).

Ao Erepa ouppeTpik& onueia : Z (1,2) xai H(4,2).
M T& onpeia oUTd Buvdueda V& KATAOKEUATW-
PEv TV KQUTUATY KaTd Trpactyylow. Thv karto-
oKeUT|V TQUTNV BelkvUel TO oxfiuc.
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AZKHZEIZ
346) Na yln f ypagiky TopdoTacss TéV x&TwWH TUVGpTAOEWY
W:%xﬁz, \p=—2—%x, x =4y, Y=ox + 2, s s
347) M moias Tinds TEY A kal pal edfeion w = (A—1) X+21 kal ¢ = — (2+A)x+5
TévovTan €5 TO onueiov M (%, @) 5
348) Na yivn f -ypagikfy ToapdoTagts Tdv elfadv w=2x + 1, w=—x + 3,
y=x++ = Ti mapatnpeite ; AxicAoynhoate THY TapaThpnoiv oas.

349) N yivn f) ypagikd) mapéoTacts Tév k&Twd ouvapThoecoy :

xZ X?
Y ==z 4ix—2 Y=—roid y=x*+x+1
Y =2x*+x, y=x*—x—0, y=—x*4+x—2
X2
350) M& molaw Tty Tou @ TS péyioTov THis guvap. Y = =5 + 2x — 2a elven &

Gp1buods 1 ; ’AxohoUBws TapacThicate oUTHY Ypagikés.
351) N&dmAuBolv ypagikds T& ouoThpaTa Kal v £UpeBouv ai dpifunTikal Avcels Twv ©

qu=—2x—l {Lp:xﬂ——x+1
| y=x*—=2x-5, Y=x+X
352) Ne& KuTﬂC‘KEUC{O‘GOCN ol ypagikal TopaoTdoes TOHV CUVOPTNCEWY W = —X2? +

3 - . 3
+2x+3 kad y= ? 4 ( 2 ).’Axo?\oﬁewg vd eUpebouv al dréponon Tipal ToU a, iva

N eVl W=« TEWVT) QUPOTEPOS TAS CQUTTUAGS.

AZKHZEIZ ENANAAHYEQZ

353) N& émAvBolv ol dxdhouBor thicdoes :

) (@ + P+ y)xt+2(@+p+y)x+3=0, | « B yeR
(@—x—(p—x)° _
S T i «peR
3 e—xP+(x=AP=(x—A)® kK, A€ R
43 (X—or+2(3)‘ (x — 20 + B)* = (a + P)3, a, PeR
—a) (x=y) (=P &E=¥)
%) <.5'—'cx> E DI B kgt

354) 'Eaw «, B, y e R, i 8¢ Elowors [ (x) = ax? + Px +y = 0 &xe pilav Tév wmyadi-
KOV W+ vi, vé drobenydi 6T ) &AAn pila s £ (x) = 0 glven & piyaBikds p — vi.

355) Né& eupedi] 16 €idos Tév pildv Tis Eliohoews, «, B, y €R, 3x2 — 2 (a+P+vy)x +
+ap+ By +ay=0.

356) 'Eav 7 tliowors f(X) =x*4+oax+pP =0 Eyxn pilos TpayuaTikds xai dvigous,
va dmoderybij 611 T alTé oupBaiver kad Bid Tas pilas Ths f(X) + A@x + ) =0 AeR

357) N& wpooBiopiabi) 16 eibog Tév pildv Ts tlicdoews P2x® + (y? + P — a?) x + y2=0,
&y o, B, y TapioToUy pnkn T&V TAeUpdy TUXOVTOS TELYCOVOU.
77 358) "Edw x,, X, v pilen s xP L ox 4+ B =0 v& oxnuaTiod tiowois P’ Paduod,
Exovoa pifas Tas X,% X, kol dxohoUbws vk eUpedi) oxéors peTall TV o« kal B, Tva f) véx EEi-
gwais €xn SimAfy pilav.

S
359) "Edw x,, x. elvan pifen ToU Tprwvinou f (x) = a’x + BxX + ¥ kal R )%_X_.
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vét &robeiy6f 611 f(% —+ k) =1f (—2— -k ), dmou k Tuycv TpaypaTikds &piBuds.

360) Né& mrpoodiopiodolv of k xai A, fva ai pilen Tis éicwotws x? + kx + A = 0 elvan
ol &pibuoi k xai A.

361) ’E&v Xy, X, elvan pila s &0, ax2+Bx + yi + A (@x +Px+¥) =0,
v& &roBery B 811 Umdpyel oxéols peTaty TEY pildv X, Xo &veldpTnTos ToU A kol v elpefi)
i Tipfy ToU A, Bix Thy omoiav 7 fEiowaors Exer SimAfy pigav. !

362) AiSetcn ) éficewois ax? + Px + y = 0, &govoa pilas X, Xo. N& oynuaTiobij -
cwots, Exouca pilas x; + A, X, + A xal dkoAoubuws v mTpoodiopiod o A, Tua abrn eiven TS
popefis 1) Ax24+T=10 kai 2) Ax*+ Bx=0.

363) N& dpicBouv T& k xad A doTe, &v Xy, X. elvan al pilen Tfis 0. x* + kx+A =0,
téte ol dpiBpol x, + 1, x, + 1 v& elvanr ol pifan Ths ¢hio. x* — ki + kA = 0.

364) ’E&v o, B, Yy € Q, 1) 8¢ Eliowors f (x) = ax® + Px + y = 0 éxer pilav Tov dolp-
UETPOV K + —\/_35\_, v& &mroSexbij éT1 fy &AAn  pila Ths f (x) = 0 elvan 6 aolpueTpos x—‘\/T.
"Evbe k, A€ Q kal A R TéAetov TeTpdrycovov pnTov.

365) 'E&v Tév thiodoswy x4 2ax + P =0 xal x4+ 2Ax+ B =0 ol pila elven
&uTioToixws (X, X2) ko (X, + k, xe + k), v& Seayfij émi: A*—B=o"—p.

366) 'E&v of pilat x,, X, Tiis &0, ax® 4+ Px + p = 0 tven dvdhoyor Tév apifudv

w,ve N, va &modaxdi oT vlt_’ + ‘/E 4+ Vg =0

367) N& gupedfi 1 Ikavh) xal dvaykaia ouvdnxn petadl Tév o, P, ¥ € R, va T TPICO-
wpov @ (x) = o x% + (a? + y2 — P x + y? elven TéAelov TeTpdycovow.

368) N& &modeaydii o6m 1 wapdoTtacs (x4 B)*x® 4 2 (a® + P)'x + (a—B)%
a,BeR kai a # 0, p # 0 Buvata v& petaoynuaTiodd) els Siapopdy Uo TeTpayvwy Tpa-
YHATIKEY TopaoTaoEwY Kol &rohouBws vé dvaAubii els ywopevor TapayovTwy.

369) Né& ebpefolv ol Twwal ToU b, i1 Tds bdmolas 1) TapdoTagis x% + (Bby +2) x +
+ (2y +3) (¢ — 1) Blvarec v’ dvahubi} els ywouevov BUo pnTEY TPayHATIKGY Tapayod-
vtov o [Bpicov s Tpos x kal .

370) N& eupedii # Ixavhy kol dvoaykaic owbikn, iva f moapdoTaois (ax + B)* +
4 (yx+8)? elvan TéAeiov TeTpdycovov.’Ev ouvexela v& &mobey 6 611, d&w al TapaoTdoas (o x+
B,)° + (Gux + Po)? kaid (X + Bo)® + (cux + B2 elven TéRela TETpAywva, TOTE Kal f Tapd-
araois (X + B,)? +(epx + Bg)? elvan TéAeiov TeTpdy wuov. Ol &p1Bpoi oy, 2,3 Bryasa 4 B Y, B
YmroTifevTon TpaypaTikoi.

371) Né& &modeay8i &t 7o f(x) =2x* —A(10x —7) — 1 & pilas wpayparikss dvi-
gous N A€ R.

372) Né& Bey8f 871 ) &iowos e(x) = (x — &) (x — o) + X — ) (X — o) + (x —ay)
(x — @) =0 Exer pilas mpayuaTikas dvicous, av o < o, < O

373) ‘Opolws Bi&x TRV :1_-0-::3 :ijc::a Tj—:z'] =0; v at< ot o

374) N& oyxnuamiodf étiowors B’ Babpou Exovoa Bimhijv pilav Thy xowiy pilav Ty
Suo TpiwvUpwy X* — ax + P kal x? —8x + a.

375) ‘Yo molav owvAkny T& Tpiovuna x* 4 axy + Pyt kel xf -+ yxy + By2 Eyouy
fva xowdy TapdyovTa TpToV Pabuol ;

376) N& &modeax®i 67t i A Tis o, oux® + Pix + yi + A (@x® + Box 4 v2) = 0
elven Téhetov TeTpdywvoy, &v al dhio. ox® 4 Bix 4+ y = O kad cux? 4 Pux+ v = 0 Exow piay
kotny pilav.

377) N& émAuBoUv &v R al daxdAouBor dvicwoes :

D x2—QCax+P)x+2a(a+P) <0,

G AGE | SR
2) (x+{3)'-’< BT I x¥ v a>p >0
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378) Ak woias Tipds ToU A 1) mapdoTtacts (A —2)x*+4x + A+ 1 Biarnpel Spo-
ofuous Tipds Sid mEoay TTpaypaTIKAY TRy ToU X ;

379) N& eUped 170 cuvolov épigpol TS TPAYHATIKTS OUVapTTOEWS
W=0y/x*—4x +3—-2¢/—-x*+6x+8

380) Na epedf 1 oias Tiuds Tou x € R &AnfeUa /) dvicwois X — 2ax + (B + y) 2=>0,
&v o, B, Yy mapioTouy pikn TAeupdv Tprywvov ;

381) To tpiowwpor @ (X) =ax? + Bx + y 8i1& x = 5 &ya EAayioTov Tov —3, fj pia Tou
5¢ pifa elvar & &p1Buos 2. EVpate T «, B, ¥.

382) N& ebpedi] ) ikav kal dvaykala ouvlfixn, va of elfeiat y =ax + By, ¢ =
=X + Bs, Y =X + B, Siépyovran Bid Tou oUTou omusiou.
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KEQAAAION XIV

EZIZSQIEIZS ANATOMENAI EIZ EEIZQIEIZ B' BAOMOY
AITETPArQNO! EZIZQZEIZ

111. ‘Opropds. Kaleitar Scretpdywros €flowats i 7pos Eva dyvwoToy, mica 8k
swote dov Pfabuot, nepiéyovoa udvoy dotiag dvvduelg 100 dyraoTov.
*Htor Tfis wopofls axt+px*+y =0, a # 0, B, yeR 7 xal Tpary parTIKal Tre-
paoTagels uf] TepiEXOUoal TOV X.

TS mpéTov uéhes aUThs @ (X) = ox' + Bx% 4 y xeheltan Siretplywvov
TPLOVUHOV.

112. ETIIAYZIZ.

Erriuols autiis dmiTuyydveTan 81 ToU PETQOYTHATIoNOU X* =\, OToTE
Acpfdvousy Thy éliocwow oy’ + By +y =0, fAiTis xoheitcn gml.bovoa THS
BiTeTparywvou liowoews.

‘H emAvouca Exel &v yével BUo Aoels Wy Kol o TpayuaTikds T kebapas
wyobikds ouluyels, OTOTE Eravepy Spevol glg TOV pETROYNUATIoNSY X2 =y EYO-
18y X2 = gy kel X2 = . AcuPavopévoy 52 U Sw, 671 &g &pifipos Iy uaTI-
ks 7 wryadikos, Exer Uo povov TeTpaywvikes  pifas &mbérous (§ 73), ebpi-
orouEy & TEW X2 =y Kad X2 = W, TAs AUGElS TTiS BireTparycavoy ELlgoEs X =
= U X L/, & v Exopey x; = 4/ Y1 Xe=—V Yy K= A/ Vo
X3 = =V Y

“Qats @ Al tetpayovikal pilar 1OV pldv tiig #muvoteng eivar pifa tiig 81-
teTpaydvov iEloMoens, ava 500 avribetou

Eidoc v piidv tig d8e. ax? + x> +v =0, o, B, veR

To eldos Tév pilév Tis SreTparyvoy E1owoEws EopTaTal ¢k ToU £idous
kol ToU TrpooTuov TV pIfdv THS ¢miAvovons cUTTS.

Oltws, ExovTes U Syw T& CUUTTEPAOUATE TOU TrvaKOS s (§ 93), Suva-
peda V& CUUTTATPCIGWOHEY TOV Sxdhoudoy Trivaka Blepsuvnosws TS BiTeTparyco-
vou etiowoEws
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Aepedunors s o, ax' +Pxt4+y =0, «,B,¥ye R, a # 0

A ! P | S Pifeu émiAuovons | Ei8os pildv BireTpaydove
4 _i_ YLy € R* . X Xz X3, X, ER, X = — Xp, Xg = —x,
— Y W ER- X1y Xoy Xay X5 € 1
TS + vieR*Y y,eR- XX E R, Xz, X, €1
+ S e Wy ERY, yeR- jxl,xﬂeR.xﬂ,mel
T LpleR",%eR-,wl=—%! X1- X ER, x5, x, €1
& + _‘EER“.%=O .x,.xg,x3:x4=OeR
3 — | ¥:€R-, 4y, =0 Xy X €L X, =X, =0
_ 7-—0—7 Y=y, e R+ X1 =%€ER, Xa=x,eR
0 o =5 Y=y, e R~ xi=x€lx;=x,¢€l
s Vi=y,=0 ___x,=x2=x3=x,,=0
-1 Y yie(C— R) Xy, Xai X5 X, € (C — R)
Inw. | olvodov Tév pavtaaTikéy, C oUvolov T&w wiyabikév.

113. METAEXHMATIZMOZ EIEZ TINOMENON ITAPATONTON TOY AITETPATONOY
TPIONYMOY o(x) = ax* + px2 + v, o % 0.

"Eaw yy, y, elvan ai pifar Tfis #miAvolons oy By + v, TOTE oy 4 By+y=
=Y —w) (W—y). Ex 8 Tis x*= <>y =x?
TPOKUTTTEL : ax® + PBx? + y=axi—y) (X2—y,) = 2 o
= a (X +/4) K= y) X+ /) (x — V) =
= a (X —x)(X — Xg) (X —X5) (X — Xy)
’Ex Tou HETGOXUaTIONOU ToUToU £mreTan, 671 Suvdpefa v eUpwpey TO 81-
TETPGywVoV Tplcwupay, &Taw yvopilwuey T&s pilas Tou.
"Emrioms Suvdueda v A&Peopey &AM HOPP&S TOU SITETPOYMVOU TRIVULOU,
Tas Omolas iSopev dog &oknoEls.
Hapadeiypota: 1) N& tmAudf A iowois 36x4 + 11x2—5=0
“"Enilvoig: ‘O petaoynuaTtionss x2 = Y 8i8er T EmAlovoay 36w? + 11y—5 = 0,

SR , 1 5 :
s Eer pilas yi= 7, yp=——
4 8
Al pilen Tfis SiteTpaydovou elpiokovTan & Té& Eiodoewy X2 :_; , BT
| bt - V5T VT
M= K= kil X =, B fig X =15, X=—i =

2) Né& ebpebij 10 elbos Téw pilddv THs &io. 2x4 — 5x2 — 3 — Q

Abog : "Exouer 81t x* = ¢ THv EmAUoucav 292 —59—3 =0, fiTis 5i5e1:
A=25+24=49>0,P=-3 <0, S=3 >0
“Apa fi Emlovoa Exel pilas TparypaTixds, ETEPOOTIUOUS pE &TTOAUTWS peyoAu-
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Tépaw THY BeTikAy. Kol ouvertds 7 SrteTpdywros Exer (e Tfs BeTikfis) So pifas
TporypaTikds dvTiBéTous kol (k THs &pynTikiis) BUo pifas powTaoTikds dvTifiTous.
3) N& petaoynuaTiodf els ywduevov TapaydvTwy TO TEIVULOY
p(x)=xt—ax?(a—1)—a} a0

Abolg : AcuPdvoper Ty émAlcuoay i — ay(a — 1) —ad, fiTis Exer pifas
Wy = o?, Wy = —a. Zuvemdds ai pilon ToU @(x) elven @ x*=o? & fis X = q
X, =—a kot X, =1Veo, x,=—iVea

"Apcx Exouev @(x) = x* — ax? (a—1) — @ = (x—a) (x+o) (x—i V) (x +iVe) =

(x—a) (x+ o) (xX*+ )

il

AIKHZIEIZ

383) Na& émAubBolv al dxdhoubor Ehiocdoes :

1)x‘+12x"f64:0, Ix'—5%*—4=0
2) _+ ) 2 +2)_ D2 +6
x* + TEREER) 5 58 x4 1
X1 8
3) x* (ax®:— 1) = ap® (ax® — 1), :z—t--lz—%—(.‘(‘—l)
324) N& ebpedfi 1o £idos Tdv pilév éxdoTns Tév Eligwoewy :
1) 2x*=5x*—=7=0, 2) llx* 4 13x24+2=0, 3) 2x'+19x*+9=0

385) Na& dvahufioUy els ywduevov TapayovTwy T Tplowuua :

Do x)=x'4+13x2—48, 2) . (X)=36x'—13x*+ 1, 3) ¢ ()= «® P2 yx' +
+ Rt — PR ]

386) N& oxnuatiodi SiteTpaywvos tlicwois, éxovoa pilos

1 = i i
D £3 5, 2) £v3 £ 3) Lo k22 ) ﬁ_‘;“_,ii_;i”
387) Né& Bigpsuvnbouv al dkdroulor élicwoers :
DA-Dxi—dxt+A+2=0, D WFDX—2@-Dx+3@m-1)=0

388) Né& &mwodayd7 6T 1o Tprcovupov ¢ (X) = ox' 4+ Bx* 4 v, «, B, Y € R, peTaoynpoa-
tileTan els ywopsvov Buo BeutepoPabuiwy TapaydvTwy ToU X.
389) "Edwv %’< 0, va dmoBaixBf 611 TO TprovUpoy @(X) = ax' 4 Px* 4 y neTaoyn-

portileTan eis ywéuevov SUo mpwToPabduiwy TapayovTwy xal évos BfBabpiov mapdyovTos
&g TTPOS X.

114, MEZXHMATIEMOZX AITAQN TINQN PIZIKOQN EIZ ATTAA

Al napactdosig Tijg popeils -1/ A 4+/B, Gmov A, BEQ™, B pn tékeroy -
tpayovov prtod kol A > /B = A2 — B > 0, kehovion Sithd tetpaymvikd pi-
LGikd. T& A xad B 80varan vk elvon kad pnrad mapaoTtdoss.

ToxUTal TopaoTdoss dmauTdvTal els Tas AUTEs Ths SITeETparyvoy £t1-
oootws, dTav 1 Siokpivousa A = B2 — 4day This EmAvoUons auThs BEv glva
TEAEIOV TETPAY VOV PNTHS TAPATTAOEWS TRV CUVTEAETTEY «, B, ¥ UrroTiBepéveov
pntév. TMpdypatt els Tas AUoeis Tfis SiteTporydovou éliochoecos
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Xpe = - V‘_Ez"%ﬂ, Karg = =+ V" ﬁZZ‘/A, édv Béocopey — % = A kal ‘%
EXOMEY Xy 0,4, 4 = +/A J—-Vg

Al Buokohial, Tés dmoias Snuioupyoly Ta SITA& piliké&, aipovtan els dpi-
OLévas TEPITTTAGES B1& ToU PETAOXNLATIOUOU adTddy els &AL,

Mpds ‘TOUTOIS, InToUpev 8o pnrtous BeTikoUs &piBuols X kol W ToloUTous,
GOTE 1 /A /B = /X 4 /AP, ik TV dmroicov & el TouAdioTov va elven pi)
TEAEIOV TETpdrywovoy pnTol.

T Brmholy onpeiov Sikatohoyeitar cos R -

"Exouev & Tiis \/A +4/B ;\/5 =4/X + /¢, B Oydoews sls T TeTpdrycovoy,

A+yB=x+y+ 24/xy. "Emaid /B ke 4/xy &ppnTot kai A kol X + @ pn-
Tol, Emetan (§ 63)

A=x+vy e ghie. 4 o = =

= — = — = — — — — 2

\/8:2\/)(\44} A-y/B=Xx+y—-24xy = A—+/B = (/X —/¥)
= VA-yB =[x =/y| u =
“QoTe Exopey 8’ GupoTépas Tés Trspnr-rc'ocslg X+y=A,+/B=24/xy,
AX+y=A dxy=Bf x+y=A, xy= —, al dmoian oynuaTifow THv ¢Ei-

:B,

owol w? — Aw 4 —4—: 0 pe pifos Tobs &piBuols X kai . Al pilal adTis THs
Eflooews elvan :
X=A+\/2ALB' O

- & v elvan 8¢ of X ki @ pnTol, Trpé-

meL A' — B=T?2, (FeQ), 80w x = A+2[r1’\+':/-‘\—ll'|

2
"Avnietpons. 'Edv x, weQt kal x = A—Q—‘, W :%—r—, TOTE :
R — A R AT_TE
- i — AE ‘\/B ‘
Ofev | v/x+4yW| = /ALa/B

"Apa: A va drapyovv prtol fetikoi apBpol x Kai v, p¢ €va tovkayietov
1| téherov TeTpaymvov prtod, Toobtor, Bote\/A + \/B =+/X + Yy, mpémel
kol apkel va sivar A, BEQ+ A®— B = I, (I'eQ).

‘O veTaoynuaTIouds TETE ToU S1TAOU pilikol
elvan Suvatds kai yiverar | e T B Gl
Bdogl ToU TUTTOU | £4/A+/B=+ (V‘k?_-— + v—2—)

Hapadeiypoata: N& us‘racxnu(rncen ExaoTov TGV &koAoUBuwv BITrAGHY p1-
Qv els &mA& : 4/3 4 2 V2 V2 + 24/ = pt.

Aborg: ) ‘Emedn 4/3 ¢ 2\/2 = ABLaE ++/8 xal 32 —8=1=12, #youe

e e
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) “Exopev 4/2a+ 2 V@ —p* + V2a + Vi@ = py ol dmedh A =2q,
B—4 (x> — p?), &metan A2 — B =402 — 4(c — p?) =4p? =2 "Obey
’\,/20(—}—2-\/:?‘;;52:‘/2“;2[3 + VZGEZB:\/G—FQ-{—\/G—& “YreBéoaper
a > p>0.

AZKHZIEIZ

390) N& petaoynuatiobolv eis &mAd pilikk ai dxéhoubor TapaoTéoes @

N V71VIs Va_vis, Voravs Vie-2vi,

2) \/u+2 Va—1, V53— 2a3, Vet P—y—-2VE@E-mMa

HVIIZ2vEo+ Viszvie  Vs+sVitavs +

3 V3 +8V1—4V3

391) N& eUpedij fi T ToU A, va f mapdoTacs, W x>4, y = \/x +Avx—-4
Sovatal v& TpaTd) els &MAE pirlixa.

392) N& &moBeixdfi 811 | mapdoTaos =Vx 13V -9-Vx—3vV -9
icovTan pE V2 2x —9), & 4,5 < x < 9 kol elvan dvebdpTnTos TOU X, &v X > 0.

ANTIZETPO®OI EZIZQZEIZ *
115. “Opiopds. *Eficwows 1ig ¢ (X) = 0 xaleirar dvriozgogos, dvav, éyovoa g

o \ ” . . TR i o
pitav Tov dolbuoy o # 4 1, &n o toadtyy xal Tov apibucy — (o#0).

Béoel ToU TebévTos dpiopoy, pia dvricTogos Eicwols Stv ueToPaiieTal,
gy &vTi ToU X TeBi) TO %, (x # 0).
M.y 7 &lowols ax® + Px2 4 Px + a =0 elva dvtioTpogos 3ou Pabuol, BT
&v &vti ToU x Tebfy els cbTnv % eUpiokopey:
a % -+ ﬁ.%—lr— B .-i—+€x:0<¢- o+ Px+Px2+ax? =0, it elvea f alTh
pt Ty ox® + Px2 + Bx +a=0.

'AtroBeaikwieTan &T1 : “Avaykoio kal ikevi covBikmn, iva 1 tiloneg ¢(x)=

— 0 elvar @vtictpogos, elvar oi cuvvtelreotal 1@y Bpav adtiig, of ishdkig 1@V -
kpov anéyovieg, va elvar iool §j avriberol

Eidikdbrepov, & ) &vTioTpogos oTtepfitar Tév pildw 4 1, even &piou
Podpol kal of cuvteAeoTol TEY Spav auTis, ol lodkis TGV &xpwy &éyovTes,
elven Toor.

Suppdves TTpds T& dvwTépw ai dvtioTpogor Eiodoes P Ews kol € Pad-
poU elvan :

(*) "H #woia =7s dvtiorpdoon itsdoswg dpelietar cic 7oy De Moivre (1667—1754).
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ax*+Px +a=0 ax® 4+ pBx24Px +a=0

ax?+Bx*+ yx* +Bx Fa=0 ox® + px:2—Px —a=0
ax! +Px* 4+ Px +a=0 ax® +Pxt 4+ vy} 4+ yx2 4+ Bx +a=0
ax! +Px*—Px—a=0 ax® 4+ Pxt 4+ yxP—yx2—pPx —a=0

‘H Aois téw dvtioTpdguwy ticmoewy 3ou, 4ou kal Sou Padpol Suvaral
& yhvel v dvaxBi els Ty Avow SeutepoPaduiou Efioacecs

116. EMIAYZIZ ANTIZTPO®ON EZIZQIEQN

1. ’Enilvoig dvtiotpopov Eshoemv 3ov kai 4ov Babpod pd Eicimovia
T0v pecaiov Gpov.

To mpdtov péhos TV Eligwoewy aUTGY HeTaoyNUaTileTan eUxkoOAcws &g
YIWOUEVOV TTopary GUTwv.

@) 'H avriotpopog ex® + px*+ px 4 ¢ =0 (x, B = R)

"Exouev : ax®+ Bx*+Px+a=0 < a (x3 + D4+pPxx+1)=0<=
= X+ Dlax*+ B —-o)x +a] =0, fiTis elvan icoSlvapos TPods TO [eUyos
TGV 0. X + 1 = 0 ked ax? 4 (P—a)x + a =0, 2 o0 Eyopev x = — | kad &AAcs
8Uo pifas dvTioTpdpous Ek Tiis dvTioTpdpoy Eilomoews ax® + (B — o)X 4+ @ = 0

B "H avtictpogog ox® + px* —fx —a = o (a, f=R)

Kat® dvahoyov tpdmov Exopev (x — 1) [ox?+ (¢ +B)x + «] =0, f7is
Biber : x = | kod &AAas BUo pilas dvTioTpdpous,

7) 'H dvtictpogog ox* + px®* —px —ae =0 (a, p=R)

Exouey 1 oxf +Px¥ —Px —a=0=a (' —D+Px (x2— 1) =0
<> (x* = 1) [ax®4-Px + a ] =0, fiis ioobuvauel Tpods TO {eGyos Téwv ttio. x2—1 =0
xod ax® + Px4a =0, ¢ ol Exouey x = + 1 kai SUo &AAas pilas &vTIoTPOPOUS.

Inu. ‘H dvtioTpogos axt + Px? + Px + o =0 AleTan, &mws 1 TATIPTS
dou BoBuol ax! 4 Bx® + yx® + Px + a =0 xorwTépw.

2. 'Eridvoig dvristpogwyv £Sio. dov kai Sov foudpod.

@) "H dvtictpogog ax® + px® + yx® + Bx + a = 0 (o,3,y€R)

Alcipoluey dupoTepa TG wAn B x2, (x # 0), dméTe Eyouev ax! 4 Px3 4
FY 4+ PX +a=0<ax®+ Bx + v+ % i % =0= « (x2+ le') +
4 ﬁ(x —|—-i—) + y = 0. ’ExTteAoUpev ToV HETOOYNUATIONOY X +- —)1(— = w, OTe
x% = (x - %)2— 2% - % = w*—2, xad 8’ dvTikaTaoTdoews AauBdvo-
pev o (0 =2) + B+ y =0 aw? + Bw + y — 20 =0, fTis koheitan EmAd-
oveu Tijs Sobelons elicioecws kal Exel dv yével SUo pilas oy, w,. *Erravepyduevol

X* +

3 . \ 1 i e .

g5 TOV LETUOYTUOTIONOY X + — =, hopuPavoper Td&s EElowaoels ¢ X + —%-—_ w,
| 1 T 5 s sila 5 y

kol X + — = § AF—enX 4 1=0«kal x2—wox+ 1 =0, o &moion 8iSouw

&V yevel Gva SUo pilas, kad ouverds 1) dvTioTpogos 4ou Pabuol Exel v yével

4 pilas.
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To eiSos Tév 4 ToUTwv pildv EapTaTon &k ToU eidous TéY pIldv wy, w, Tijs
¢mAvoUons kol &xoAoUfws gk TR Siaxpwovons A= w?—4kal b, = w,? —~4
v Ehicwoewy X2 —wX + 1 =0 xkal x*—w,x + 1 =0 dvrioTolyws.

Mapaderypo : N& &b f &liowois 6x' — 35x% + 62x2 —35x 4+ 6=0
*Enilvoig : Alcipoupey Bic x2 kai AcuPdwouey Siadoxikés ¢ 6x1 — 35x% 4 62x° —

—35x + 6 = 0<==6(x* + ) =35 (X + ) + 62 =0, A & x + —=w

x'i

= w?—2 yiveton : 6w? — 35w + 50 =0, & fs Exopev ;= 24

= x2
2 5)

MEU‘ >fa""

kol w, = =, OUTws Eyopey TAs ELICWOEIS :

3x2—10x + 3 =0, & 75 Exouev X, = 3 kai x2=%
1

2x2—5x 4+ 2 =0, & fis Exopev X3 =2 xal Xy ==

B) ‘H éavtiotpogog ox® + Px* + yx3 + vx* 4+ px + a =0 (B, yeR)

*Exomev : ax? +Px*+ yx¥ 4+ yx*t+a=0<x

a (x4 1) + Pr(C + 1) + yxE(x + 1) =0
X4+ D[aGt—x*4+x2—x+ D +Bx & —x+ 1)+ yx*] =0, fi7is eivan ioo-
SUvapos Tpds o LeUyos X + 1 =0, ax? + (B —o)x® + (@ — P +y)x* + (P—a)x+
+a=0. ‘H mpe>tn 5i8 x = — 1. ‘H Belrepn elvon dwioTpogos 4ou Pabiucl
kol ETIAVETCL €05 TTPOT)YOUREVCs.

v) ‘H avtietpooog ax® + Px* + yx? —yx* —fx —a =0 (a,p,yeR)

Kat’ dudoyov Tpdmov #yopey TO [eUyos T&V Eioaewy:
x—1=0, & fis x = I rai
ax® + (o + P)x® + (o + B+ ¥)x® + (x+ P)x + a =0, fims méAw eiver dvTi-
oTpogos 4ou Pabucl.

Cevikai mapatnpfoeic. 1) Al dvtioTpogor tiodoes ducotépoy ToU Sou
Babuol Biv BUvavTon &v ytvel va EmAuBoly Bi” dvorywy s Twv el BeuTepoPabuious
thiocooels.

2) ‘O PETACKTHATIONOS X + :1(— = w UToPiPdle bv yéver Tov PoBude wids

dvtioTpdpou Eioaews dpTiou Bobpol el T Aoy,

AXZKHZIEIZ
393) N& émiduBolv al drérouBor Eiodoers :
37 37

1) 3x* 4 13x2+13x +3=0, x”—-l—z'x3+—ﬁx—l=0
2) xt—6x34+6x—1=0, Xt X3 —4x*+x+1=0
3) 2xt —5x* + Tx*—5x +2=0,
4) x° —4x* + 3x% + 3x*—4x + 1 =0, 2x5 — 3x' —5x* + 5x2 +3x—2=0

e il (obadt F-x+12  _ 9
) xe == L% = Tt xi—x+1 1

394) N& #miAuBolv of dxéhoubor Eiodass (uf) dvrioTpopol) :
1) 6x* +25x* + 12x2—25x + 6 =0, 2) X6+ 2xt +2x*+1=0
3) 5xf—16x3 + 2x2+16x+5=0, 4) X'+ 2x3 +3x2+4x+4=0
395) N& EmiAuBH xal Biepeuvndi A x* 4+ Ax* 4 AX + 1 =0 (AeR). 189
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AIONYMOI KAl TPINNYMO! EZIZQZEIZ

117. AIQNYMOI EZIZQIEIE.

‘Opopdg, Kaleirar duwvouog élowars, ¢ moos dyvwatov tov X, adoa 8Ei-
owotg Tijs poogijs Ax* 4+ Bx* =0, dmov 4 xali B mpayuatixel doluol 17 moa-
yuatizal magaotdesg uy mweodyovaar Tov dyvwotoy xal x, AEN.

Al Ehiocdoes @ X34+ 8=0, x—81 =0, 27x*—64x=0,

2x3 — 3x2 = 0 elven Sicobvupor.
Eridvoig tijg 510, Ax* + Bx* = 0 (A 5 0 xal x > A=N).
"Exouev: Ax< 4 Bx* =0<=Ax* (x"*’- + —g—) = 0 <=x* (x"—’~+ %-) =0,

o " 4 s N ~ o . B
ATis elvan iooBUvapos Tpos T6 [elyos Tév Elicwoewy x* = 0, x*—* L = = 0.

"Ex Tfis wpaytns x* =0 #youev A pilas foas mpds 0, (X=X, = ...=1x5=0).
Elven 8nAadn 10 0 pila A PaBpol morAamAdTnTOS.
‘H Beutépa tliowaors, Edv Btowpey k — A = veN kal — % = q, yp&eeTal : X¥ = a.
Araxpivopsy Tas EEfjs TreplTTTAOCELS ¢
«) 'Eqw v &pTios, ToTe Exel SUo pilas mperypaTikds dvmiBéTous, Stav a>0 wkad
oUBepiav TporyuaTikiy, étoav a<0
B) ’Edv v mepiTTds, TéTE e mwavToTe piav pdvnu mpayuaTikniy pilav, BeTikfy
pev Stav a>0, dpynTikfy 8¢ étav a<O

Al UmoAoimmor pifen elvan kabapal uryadikad, Ty elpeotv T&v dmroiwv B&
etetdowpey els &AMV T&Ew. Ev ToUTols kad fjuels Suvapeba va elpopey TS ka-
Bapas wyadikas piles, dtav & v AP Hikpds Tipds.

IMopadsiypata: N& émiAvbolv ai liowoers :
Dx¥4+1=0, 2)x*4+16=0, 3)x*—1=0, 4) x°—5x2=0

‘Erikvoig: 1) "Exopev : x*+ 1 =0=(x+ 1) (x2—x L 1) =0, fiTi5 €l-
vaa igoBuvopos mpds TO (elyos X4+1 =0 kol x2 — x + 1 = 0, & ol #yopuev x,=—1
KCIiX:-—-+1‘\//3,x_ I

i S
2) "Exouev: x4 4 16-0@){‘ + 16 +8x2 — 8x2 =0 <= (x* + 4)? — (24/2 x)*=0
<= (X 4+ 24/2x 4+ 4) (x2 — 24/2% + 4) = 0, f1is efvan icoBlvapos wpos TO Lel-
Yos X2+ 24/2x +4=0rxal X2~ 24/2 x+4 =0, ¢ o¥ Exopsy Tas pilas
Ky Xy Koy Xy
3) Tiw éiccow x8 —1 =0 Suvdpeba va EmiAUowpey, EmAUovTes Micwy 2k TEW
ioobuvdpcv Tng :
@) (x3+ 1) (x3=1)=0, fitis 5i8ar : x4+ 1=0, x3—1=0
By x* =1 (x* +x2+ 1) =0, fiTis 5idar : x2 —1:0 x2 fexdfi =0
YVE-DEF+x3+x2+x+ D)= 0, fiTis 8idet T EEIO’CDUE{S x—1=0,
X+ +x*+x24+ x4 1=0 (drioTpogos)
4) "Exopev : x* —5x2* = 0<=>x2 (x8 — 5) = 0, f7Ti5 elven iooBUvaos Tpos TO [eU-
v0s X*=0 xai x*—5=0. "Ex 7fig x> = 0 &xouev x, = x, = 0. ‘H Seurépa yp&-

190

Wnopionoi}Brke andé 1o lvetirouto EkmaideuTikrig MoMTikrg



3 3 - 3
petar X3 — (1/5)° = 0 = (x —/5) (x2++/5x +4/25) = 0, fiis looBuvapel mpos

o M % 3 = 3 S 5 x a 2 —
16 [eUyos Tév oo, x —4/5 =0, X +4/5% +4/25 =0, &t oU Exouev X, =4/5,
3

3
e Ca LT e G e R PRy

118. TPIONYMOI EZIZQEIEIZ

opPIzMOz. Kaleitar towdvouos Eflowas, e mpos Eva dyvwotor, maca 8-
cwois Tz woopiis Aw* 4 Bar 4+ Iut =0, dnov A, B, I’ apaypatixol doibuol 7
Toayuatizal TaoacTdoes W weoté yovaar Tov dyvwotoy xal %, A, 1 eN.

Evralfa tviagépsr pdvov 1) mepimTwots, ko fiy Eopey k—A=A-1,
STav eivar k>A>Y, 516T1 TéTe 1) EmiAucis TRis Ak® 4 Bx* 4+ Tx* =0 dvéryeTal
glis THv EmlAucwy TRs #iodozws Ax* 4 BxY 4T =0, velN.

Eridvoig: Edvk — A=A —p=v=A=u+v,k=u+ 2y, omodTE: AXFTR4
L Bx#t Tt = 0<=x* (Ax¥™ + Bx* + 1) =0, fms evan  Iooduvapos TPOS
15 [eUyos x* =0, Ax*+Bx*+T=0. *Hx*=0 Bibati=Xs= u: i=%=0
fitor Exst TO undév pilav uvooToU Pofuou TOAAXTAGTNTOS.

Eis Thv Ax® + Bx¥+ =0, é&v ExTeAéowpey TOV  PETOOXTHATIOWOV
x¥ =, AauPdvouey Ay?+ By + =0, AT kohelton Emibovsa s ehiow-
oecos Kol Eyel &v yével BUo AUoels yy xal gy, "Emravepyduevol gl TOV PETQOXTUATI-
oudy XV =\, AcuPdvopey Tas SicovUpous EIDOES XY = Y, Kol XY = .

To el8og T@v piléw Tis Tprwvluou AXY + BxY + ' = 0 &tapTdTan & TOU
eiSous T@v pil&v Ts &miAvoUons aUTRS.

Noapaderype s N& dmiduéij # &iowog x1° — 26x7 — 27x! = 0
Enihvoig: “Exopev 10 —7 =7 —4, &pa 7 étiowois ypapeton ¢ Xt (X8 — 26x3 —
—27) =0, fiTis elven looBlvapos pods T6 (eUyos TGV =0 R=%=%=
%, = 0) kai x8 —26x% —27=0, fiTi Bid x® =  Bidel Thy EmiAvouoa Y — 26y —
_27=0, <5 dmoias ai pilon elven ;= 27, y, = — 1. Zuvemds Exouey TTPoS &mi-
Aucly Tas Sloviuous EEIoWoEls ¢

B e B D =D, Bl Fe— B T e T

: 1, i3
e D et D=0, PllE S by Ko =k B
AZKHZIEIZ
396) N& émiAuBolv af dxdhoubor Ehiodoers :
1) x*—8=0, 8x* + 27 =0, 64x8 —x3 =0, x5 —8lx—0
2) x5—-32=0, x#—256 =0, x84+ 729=0, xt—-1=0
3) x1°+1=0, x2 L 1=0, 3xT—2x+=0, xt—xt+xt-1=0
397) N& tmAubouv al dxdroufor thichoEs ¢
1) x8—5x*—24=0, x8 — 80x*—81 =0, x4 31xf—-32=0
3
2) x!12 —33x7 4+ 32x* =0, x—1p—-9x-1?+8=0, 2x8 x_’=5
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EZIZQZEIZ ME PIZIKA AEYTEPAZ KAl ANQTEPAZ TAZEQZ

119. OPIZIMOXL. Kajeirar ééiowaic pé pilwea %) doonros éflowoig, dg mods &va
dyvooatoy, ndoa éflowos Tijs drmolag 10 & Tovddyiovoy uélos elvar doontos GAye-
Bouxy mapdoTacis ¢ mods Tov dyvwotor. Al AUoeis wds dppriTou tElocoecs
Beov v& dufikouy els To Tediov Splopol dAcwv THY dppriTwy TropacTdoEwy TS
ttiowoews. Elg T émdpeva s mediov dplouol B AapPlveTan ékeivo, TO dTroiov Bk
kafloT& TporyuoaTikGs TS TopacTdoss THs eiodoews fTot, 7 ETiAvols T&Y &p-
pnTwy gicwaoewy B yiveTan v 7@ ouvdAe R.

Kard mw émidvow wds dpprrou 2hicdoscs EmiBicokopey THY duarywryfv
adThs s pniy Eiswow, fimis Stv elven &v yéver iooBlvaos Tfis dppriTou EEiod-
gews. TTpds TolTo, Séov v éxoopev U’ Swel Tas drohoUbous Trpotdosis ¢

1) "Edw 1& péAn mids thiodoews ¢ (X) = ¢, (X) Wpdowuer eis dpriar &U-
vapw, fi mpokUtrTovga icwols Exel pilos Tés mpaypoTikds pilas THs deyi-
Kkfis kal T&s mpaypaTikds pilas T @ (X) = — @, (X).

2) "Edv v& pédn s hiodoews ¢y (X) = ¢, (X) Updowuer els mepiTThY
Blvapy, 7 TpokiTTovca licwors Exel TparypaTikgs pilas udvov Tas TPy o~
TIKGS pilas Tis dpyixis.

Al TpoTdoes alTal pdls Uoypecovouy, 8Tws, LeTd THY elpeaiy TEY p1iéov
Tis Etiocoews, s flv dydueba karémy SiaSoyikéy Uyddaewy 81’ ECGAe1YIY TEOW
pilikdy, yivetan émodnBeuots R, dmep kol TO peBodikcdTepov, yivetan #ieyyos,
& of pifan ikowotrololy ToUs TedévTas Treplopiouols, of &moiol éfaopaiifouv
TO Sudonuov TGV peAdv THs elichotws Kol kafioToUv TS TXPACTACEIS AUTTS
TPy HATIKSS.

120. EZIZQLEITZ ME PIZIKA AEYTEPAL TAZEQE

Mpémer v evon A(x) 2 0 = /A (x) > 0. "Apa &i1& v& Umdpyn AUGTS,
mpemel B(x) > 0, omére 81" Uycdoews els TO TeTpdrywyoy TV peAGHY Acupévo-
Hev (2) AG) =[B @) P<=[BE) 2= (/A X ) =0, ATis elven icobivauos
mpds TO Ledyos B(x) = 4/A(X) kai B (x) = — VAE). "Apx Bi& v EmiAUcw-
vev Ty (1) dpkei var emAUcwpey THY (2) Kol €k TEY Aoty v &rroxAelaBoly
Exelven, of dmoicn 8&v fkavomrololv Tov Trepiopiopdy B (x) > 0. Mpopavéds &ro-
Khelovtan of Avoeis Tiis B(x) = — /A (), 51671 kabioToUy T B(x) < 0. ’Ex
TV dveTépaw ouvdyouer éT1 f Eiowais (1) kal TO oUeTnra B(x) > 0, A(X) =
=[B(x)]* #ow &5 alTds AUces.

Hapéderypa. N& 2midudij &v R 4 elicwois 2x — 3 =4/x* — 2x + 6

‘Erihvowg. To Uméppilov, ds Exov pilas kabapds Hyadikas elvar  povipess
BeTikov. Tlpémel vd Exopey Aormdv 2X — 30 <= x >%~ (Trepropionds). “YwouvTeg

T& AN Ths o, el T TETPCrywvoy AcpPdvopey:
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(2% —3)* = x2— 2x + 6 <>3x2 — 10k + 3 =0, & ol x,=3, xy=-5 H M-

—

o5 X = = dmoxAeieTal, s U TANPOUTA TOV TrEpIOPITUSY.

B) Tfig popeiig (1) \/A(x) ++/B(x) =T'(x), ¢v R.

Ai A, B, I pnTal ouvopTrosis ToU X.

Tpémret véx elvan A > 0, B > 0, T > 0."YyoUvTes els TO TeTpérycovor AapPdavouey:
A+B+2+/A-B=0= 24/AB=T2—A—B (2) dxohoufws mpéme [ —
—A — B> 0 kad 81° Upchoecs & véou T@v uehddy Tiis (2) els 1O TeTpdrycovov Aappa-
vopsy THv pnThy Eicwow 4AB = (M — A — B)* (3). "Ex Tév mperypamikddy Al-
oecwv THs 3 doat TTAnpoly Tous Teplopiopous A >0, B> 0,T >0, M —-A-B>
> 0, elven Aoais Tiis (1).

Ai oyéoeis A > 0 kad B > 0 elvar dAneis 9’ Soov eiven dnbeis ai &hha.
Tpdyua, A (3) ypogeton : 4AB=T4—-2M2 (A4 B) + (A+B)2<=T"+(A—
—B):=2I2 (A + B). Toé o« uéhos Tijs iodTnTos alfis elven uf dpynrikdy. *Apa
kod 1O B’ péhos Trpémer va elven piy dpunTikoy. *Hro1 22 (A4-B) > 0, L fis A+ B >
>0. *Emra1dn) 8¢, éx Ths (3) EmeTon 611 AB > 0, &pa A Z0«kal B > 0.

*Ex Tév dvwTépw ouvdyoper 6T1 1) gowaois (1) kai O olUornua
r=0
M—A—-B >0 Exouv T&s alTds AUaelg
4AB = (I'* — A — B)*®

IMepadsrypa : N& émAvlf év R 4 o, VE—B4x—5=3,

*Erilvoig: TTpémer x —8>0, x —5>0, ¢ &v x>8, x>5. YyolvTes €ls 10
TeTpdywvov AopPdvopev : X —8 4+ x —5 4 2 Vx—8 (x—5) =9 <=
> VX —8) (x—5) =11 —x, dxoroufieos Tpémsr 11 —x >0 <« x<11
kot 817 Uyddoews éx véou els TO TeTpdywvor AauPdvopey THy prTiv Elicwoly
(x=8) (x—5) = (11 —x)? %= 9x =81 ) x = 9. Oi mepiopiopoi guvenfebouy
Sk 8<x < 11. "Apa f) Aois x = 9 elven Aois THis Sofeions Eliocooees.

v) Tiig popofic (1) VAX) + VB(x) = VI(x), & R (A, B, TeqQ).

A& s pnTas ouvapTroels ToU X, A(x), B(x) kail ['(x) Sioxpivouey Tas €Efig

TEPITITCOELS :
1) Eew A>0, B>0, >0, téte 8" Upddaews els 10 Tetpaywvov 1 (1) yps-
peTar A+ B +2VAB =T < 21V AB = I — (A -+ B). ’Axodovfcs édw [ —
— (A +B)>0, T6Te UyouvTes & véou els TO TeTpdywvov, Exopey Ty pnThY -
cwav 4AB=[T— (A4 B)]* (2).

’Ex T&OV TpayHaTIKOY AUcewv ThHS (2), dom TANPOUV TOUS TTEPLOPITHOUS
A>0, B>0, >0 xai [ —(A+ B) >0, elvon Aoeis Tijs ehio. (1)

A>0, B0, T>0
r—(A+B)>0
4AB=[I—-(A+B)]?

2) ’Edv A<O0, B<O0, I'<0, té1e —A>0, -B>0, -'>0, | & ¢Eowas (1)

*Apa ai AUgeis ToU ouoThua-
Tos elvanr kal Avcels Tiis (1)
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yedgeran i VIAR) +i VBE) =i V() < v/=A +VB=+v-T (3.
“Yyouvres T& widn Tis (3) els T TeTpdywvov Exopev —A — B + 2V/AB = —T
— 2V/AB=A +B—T. "Acodolfws ¢&v A+ B —~T>0, Téte Uypolvres &
véou els TO TeTpdrywvov, Eyopey Thv pnThy éiowow 4AB = (A 4+ B -2
4AB=[F—(A+B)]* (4.

"Ex Tév mpaypaTik@y Aloewv Tiis (4), doar TAnpolv Tous TepiopiouoUs
A<0, B<0, T'<0 xad A+ B —T>0, elvar AVoeis Tiis o, 1.

"Apa ai AUoels ToU ouoTrpaTos it el B e
- L | 55 o A+B-T=>0
elvor kal Avceis Tfis &hio. (1) Yl 4AB=[T—(A+B)]

"Ex Tév dveotépoo ouvdletan &1 1y etiowos (1) Exs dv R Tds AUoEls ToU ou-
oTpaTtos X, kol Tas AUCEls ToU oUOTAUGTOS 2, Ko povoy aUTds, 16T EAAx
mepimTacels Six & A, B, [ elven &Slvertor.

Mapadevypa : N &midubf &v R 1) eligcoisy/ x — 8 +4/x — 5 =4/ 3x — 21
"Enihvoig : Zungcdves pds TG dvwTépw af AUoeis Tis Sofeiong tfichoews Trapé-
XovTan &Gméd 1o oloTnpa

{x-—8>0,x—5>0, 3x—-2120,3x-2l —(x—8+x—-52>0 )
4x-8) x-5=[3x—-21-x=8+x=51]

kad ri:'rrc')'ré{ x—8<0,x—-5<0, 3x-21<0, x—8+x—-5—-3x—-21)>0 )
ovotTnua | 4 (X -8) (x—5) =[3x-2l —(x—84+x—-5]°

"EmiAvois ToU ouethpaTos (1) :
"Exopey x>8, x>5, x>7, x>8

‘H ttiowois 100 ouoThuaTos peTd THY ExTéAeoy TGOV Tp&iewy yiveTal :
XE=12x432=0, & s %y =8rad xg=14

Al Niseis ToU ovoTthipaTos AapBavovtatl €k ToU dkoAoUBou Trivaxos

| . - |
% |%=8|x=5]3=21 |Sx-Pl~@—8+x%-5) 20 igx 3z | [UeEETeD
| guoThpaTos |

i a . '
[ =5 i A 0 5

| Brlea e = = gt |

el e = = ‘

|l i S = |

{ = + [ + | — — ;

f 8 0 + | + | 0 0 x=8

j s + + = +

+ o

"Emiducis ol ouoThuaTos (2) :
Emednx -8+ x—-5-(3x—21)>0<=3x—-21 — (x — 8 + x —=5)<0, ai
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&AAar B¢ dnodtnTes kol 1) Eliowols elvan af odrad, Suvdpela éx ToU dvwTépw
Tivakos v& AdPoouey Tas AUoels ToU ovoTipartos (2). OUtw ol Aoes ToU ougT-
patos (2) efvanr 1 x =4

‘Etropévios oi AUoeis Tfis Sobeions 2licdoews efvan X; =8, X, =4 xal po-
vov oUTad.

8) Hepintooig yeviki

’Edw 1) &tiowaois Exn meprocdTepa TAY SUo pilikédv Bos Takews, TOTE Eml T
B&oer Teplopiopddv, 81° dAAeTaAANAwY Uywcooewy eis TO TeTpdywvov, AauBdvo-
pev pnTnv &licwaoty, 7) dmoia 8 TepiExn Shas Tas AUceis Tis dpyikfis kol GAhas
ddun, &vdexoubveos, al omolon Béov v& &moxAeioBoly, o5 prf TAnpoloar Tous
TEPIOPITHOUS.

121. EEIZQEEIZ ME PIZIKA ANQTEPAE THE Bag TAZEQEX

Al Elicdoels pé pilika dvwTépas Tiis Pas Tdlews mapouciklour TokiAiay
poppddy. Atv Umrdpyer 82 Evialos TpoTos EmAUcEws. ZuvniBws dkorouBeiTon f) pé-
flobos THs Uypwoews TEY ueAdy Tiis &pprTou Elicaewws els xaTdhAniov Slvapw,
doTe 1) TpoxUTrTovoa ttlowois v Tepléxn OAryTepar pilika.

3 e
TMopadeiypata : o) N& dmaudf év R 1) 8i0.4/X3 + 9x* =3 +x
*Erijvoig @ “YwoUvTes els TOv kUPov T& péAn Tis Sobeions elichoews AapPdvopey:
X34+ 92 = (3 + x)%<=x%+ 9x% = 27 + 27x + 9x2 + x% <-x= —1, fimig elven Av-
o5 T Sofeions Eliocoews.
%
B) N& émiAvef & R # tlicwois 4/ 8x2—1 =2x.
*Enilvoig: “YwoUvTss eis THv TeTdpTny SUvapy T& péAn Ts éhiodoews AapBd-
4 ; 1
vopev @ 8x2— 1 = 16x%<=-16x* — 8x2+1 =0, Ams &a pilos X =X =

1

W2
2 c ! 1
T =~ Etra18h) 8¢ mpémer 2x > 0<x 2 0, &pa i Mols X =—

Séov va &mrokAelo9.

3 3 3
y) N& emAudi 1 &lowois VA +v B +V T =0, &mou A, B, T pnrai ouvop-
TAHOES TOU &yvadoTou X
*Enidvoig : Els 7O kepdAaiov «tautdtnTesy Euddopev OT1 :
Veo,B,yeR:a+p+y=0Va=p=y<>c®+p’+ y*=3ofy
3 \8 3 __\3 4.8 AN et
*Apa &k s Sofelons EmeTon 1 (‘\/ A ) -+ (\/ B) —i—(\/ r) = 3¢/ABl <A +

3
+ B+ =34/ ABl kai &’ Uypcoews eis Tov kUPov 1 (A4 B4 )P = 27ABT.
*Apar Exopev :

k= 8 e Bl
"Eéw xeR :4/A++/B++/T =0<>(A+ B+ )3 =27AB"

3 3 3
QUreos iy Elicwois & R 4/ X —2 44/ x — 3 44/ x — 4 =0 elven icoblvapos Tfis
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=24+ x—34x—4P=2THU-2DE—-3NE—-4H=0Cx—9)3=
=2T(x*—9x2 4+ 26x — 24) <> (x — 3)* = x® — Ox® 4 26x — 24 <>x = 3, AT
elvan AUois s Sobeions &tiocdoews.
AZKHZXZEIZ
398) N& émiduBouv & R al dxdAoubor Eiccoers :
) 5y x=—3=vx+9, VXX +32=16
) =3+ —2x + 6, ‘\/2_4-7;(T:__5_=\/T3_——x. By o
NVIRFD VX T 1=y/Xx+6 A/ x+1+v/x—2=1/2x+9
B/ x—B—/x—10=/x+6 /x+17, X+ x+2=E+DV/x+5

—/x 4x+20 4/ x— x4 1 —x-—8
sy iy Sy AR, aae 3/4_1-, B e e =
2 444/ x Vv x+3 vV x—2 VT
399) Ne& émiduBolv iv R al dxdhouBor tiiodioers :
< e g
Dy x+49—/x—49=2, VE+3+y/4—-x=1
3 e Ny el el Rt Rt T
2)\/x+2+\/2x+2+-\/3x+2=0, VoX— A/ x+1—/x—-1=0
Xtz x73 5 (l0x—1\1/2x + 1 - 20
==, = / = = =11
3)Vx—3 Viz== (10x+1)‘* T—i. = bR
\/x
400) Na& émiAubf & R 17 #iowas Vatyx+vV a—/x=4/%x

ATIAA ZYITHMATA BAOMOY ANQTEPOY TOY TTPQTOY

122. OPIEMOE. Kuleirar dvowrépov tob mpdtov faluotd & cbornua 6do 7
mepocotépwy Esidoeny, v uia Tovddyiatoy T@v éficdoewy adtod etvar faluot
@varégov tob mpdtor. TelTa Tapovoidlouy peydhny Tolkihiay popeddy kal ds
&k ToUToU Btv Umrdpyer Eviaiog TpoTTOs ETTIAUGEWS Towv.

‘Evtovfia dvagépovtan pepikad &TAaT popeai cucTnpdTwy, T& dToia ou-
Xvé& mapouaidlovTon kad s THy iAoy TV dTrolev dvdyovTal BuokoAwTepal
uopgal ouoTNHSETWY.

A& Ty EmiAuoLY, EVOS TOUTOU GUCTNNOTOS XPTTIMOTIOIOUUEY EKTOS T
HebOBeov EMIAUOEWS YpoMpIKOU OUGTANGTOS Kol &AAOUS eidikous TpdTTOUs (TEYVE-
ouaTa), uh Utrayopévous els dplouévous kavdvas, EmiSidkovTes oUTw THY elpecty
amhovoTépwr 2E1G0aEY.

123. LYETHMATA AYO EZIZQEEQN ME AYO ATCNQETOYE.

a) tig poppiis ax + Py =, Ax? +Bxy +Ty> + Ax + Ey +Z =0
‘H émrihuois alrou eiven elkohos, 8101 #k Tiig TPWTNS AcUPavouey X = L_;—BW’

omoTe 81" duTiKaTOOTACEWS Els THY BeuTépow dvatyduela elg SeuTepoPabuiov ELi-
owow &g Tpos w (*).

(*) Té chotnue wodto wakelzan chornue Bov Babuod, Sibre #xel 2v Yéver 8o Aaserg
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INopedeiypata : 1) N& dmAvlf 16 olotnua X + Y = & XY = B
*Eniivoig @ "Exousv{x+t|./=0t lx:d—\y [x:a—kp
<>
Xy =P (c—y)y=p pt—ay +p=0,
16 Smroiov eivan iooSUvapoy Tpods TO [eUyos TGV CUOTNUETWY.
{X=C‘—\P , { o I R {x:a-P; , { X=a—p,
S =iEy W=y Nty Mi=Ps
&Tou py, pe pilan Tiis 2o, WEP—ay + P =0
2) N& émAubf 1o cUoTnua X+ =a, x*+y>=p*?
*Erilvoig : log tpomoc. "Exopev [ X+y=«a { X=a—y
<= <=
X%+ gt = p2 (a—y)t+ y? =p*
X=a—y
2yt — 2ayp + o? — P2 =0, TO Omoiov EmAleTOl WS TIPOT) Y QULEVLS
+ =« {x{-\p—a X t+y=a

' X
20g 1porc0g{ (X + @) — 2xy = quﬁ-{q___ 2%y = |3

x2 + W; = Bg <=

| X + \P o

l Xy = ot — g , T bmolov elvan THs wopefis ToU Taped. (1).
3) N& ém)\ueﬁ 6 oUaTHUX { 3x* — 4’“{; i ;l;j?x +y+41=0

Eriklvoig : "Exopev :
{ 3(7 — 3w): — 4 (7 — 3y)wy? — 2(7 — 3\y)+w—|—1 =0 { 40y2—14Tw+-134=0

x=7—3y =73y
o omoiov eivan igodUvauov y=2 . [y =067/40
R 5 ; kal
Trpds T [eUyos TV cuaTnudTey | X =1 x = 79/40

B) tiic popoiic { Cﬁxj + Baxy + YN}.E +ox+eay+4L=0
X2 + BoXY + Yoy + Bx + &y + L= 0
‘H &miAuois ToU ouGTAMGTOS aUToU EfapTdTan &v yével 4O ThHY gmriAvow
s eElokoews dvwTépou ToU Pou BaBuou, Thv Omoicw Stv Suvdueba mavToTe
v émTuycpev. Eis eidikds Suws meprmTidoes Suvduebo va EmAvowiey TO oU-
sTnue, dx ToUTo KaBioTaTal pavepdy ik TRV kiTwd TrapaberyuaTwY :

Mapadeiypata : 1) N& émAuvdf 16 clornua : [ iy 4):) W ?3
‘Enilvoig :
h X2 4 4y? =52 X2 4 (2y)2 = 52 (x +2¢)2 =100
Ercusy { xy =12 i { dxy = a8 xy =125
@{ X+ 2\V):} f 11;] , To bmolov elven looSlvauoy Tpds 7O leUyos T@v
i X+ 29 =10 + QW —ro
CUOTNHETLOV { )= 10 L} { 2 (2). Al Aageis ToU
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ouaTAuaTos (1) elvar (x, w) = (4, 3) A (x, ¢) = (6, 2) xai TOU
ouoThpertos (2) elven (x, y) = (—4,—3) A (x, ¥) = (— 6, —2)
*Apa of AUoeis ToU Bo- x |—4| 4 | -6]| 6 |
BévTos ouoTHpaTOs VAl ‘ = 31 3 =2Z| 2 |

S T ap e 3+ 3y2—11x—Ty +10=0
2) Na émAulf To oloTnua { R I R R

*Enikvotg : “Exouev:

34+ 3= 1lx—T¢+10=0] 1] { 3x2 43y —11x—7y+10=0
L | <= 3 =
{ X4yt — 4x—3¢ 4+ 5=0|-3 —3x2-3y2+ 12X+ 99 —15=0
!’X+2kp-—5:0 {x=542\p
= a 9 =
[+ y?—4x -3y +5=0 (5—2y) 24y 2—4(5-24)—3w+5 =0

{x:S—Zq} {x:5—2\p {x=5—2q.; X=5-—2y
<= =3 <> Kol
Syf—15¢ 4+ 10=0 W:—3y+2=0 y=2 =1
&8 dv Eyopev Tas Avgeis (x, y) = (1, 2) kad (x, ) =(3, 1)
J uX? + Pxy + Yy =5, (&, # 0)
| ox® + Baxy + yay® = 5, B # 0)

Ta mpdta péAn TV thiowoewy ToU cuoTnpaTos elvan TroAvcvupa Spo-
yevii Pou Pafuou, T 8¢ BeUTepa péAn otoBepol &pifuot Sidgopol ToU pnBevos:
TalTa kohoUvTar dpoyevij cvetipata.

7) g popeiig

Mg Ty Emiduoy aUTdy EKTEAOUMEY TGV PETOOXNUOTICUOV
x=Ay (y #0). Oftewo AcuPdvouey :
GRS bR ot =0 | [0 (ot Bd e gn) =0y
AR + B Ay + yapt = B, W2 (oA® + PoA + y2) = &,
crohoUfes Bioupoupsy Tas EL10COTEIS KATA MEAT), OTE EYOuUev

A4+ BA A+ 5 4
TP B o (B, — aBA + (BiB: — BSOA + (18 — v2B) = O,

fiis 8idet A=A VA=A, ’Emavepyduevor el TOV upeTaoxmuaTioudv, E£xopsy
TPos ETIAUCIY TX CUCTHMAT ©
[ X=Mhy { X =Ny

X+ Pixy + iyt =8, o X* 4+ By Xy + 9t =5,
Augis efven yvoor.

, TGV &troiwv 1) ri-

# 2 3‘ + 2 2=
Hapaderypa : N& EmAudf 10 cUoTnua { A Xy w 2

2%+ xy —y? =20
OfTopey X = Ay kai Exouev :
{ ARy — g2 4 2y =2 {WE(A2_3A+ e T
Aop? 4 Ayt =20 e el g
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- o i TR e M—3A42 1 i
Sircpoupey Tas EEIOWOELS KOTX UEAT), OTE EXOPEV T T <>8A2—31A +
+2h:QﬁﬁgM=3,M=4%

OUtws Exopev Trpods émiAvow T& ovoThuoT:

{{XZNJ M e @
{x2—3xy + 2y =2 T -y t2pr=2

Al Aoeis ToU ousthuaros (1) elven (x, W)= (3, 1), (x, ¥)=(=3, =1) xai

DE YT - - )

ToU cuoThpaTos (2) siven (X, W) = (
8) ZucTipata CURPETPIKA.
"Ev cbotnpa Kaleitor cLPPETpKdY, O Tpdg Tolg GyvdeTtoug Tov, dtav Shm
ail £5w0d@oerg adtod elvar ooppetpikal @g TPog Tog ayvMOOTOLS.
X2+\|J2:01 I X2+\{J2+X+\P:a
xy =P | x+¢+xy=p
A& T EmiAdvow odTdv Bty Urdpyel Evialos TPOTTOS.
SuvfBws yonoiuoTroloUuey PonbnTikoUs dyvwoTous, s palvetcn s TO Kd-
T Topdderyuc.

X T& OVOTHHOTX ‘ X+y=«

lvall OUUPETPIKA | Xy =P

Mopaderypa: 1) N& &mAudf 16 olotnua | X2+ y:+x+y=«

*Erilvoie : OfTopey dmoux + @ = pkaixy =w, | X T Y FXY= P
&moTe 1O oUotnua (1) ypdeeton ¢ — 2w+ ¢ =«

poi=0p
ToUTo tmAUsTan ¢ T& ouoThuaTa Tis Mopefis (a) kol Bie Tas Aloes
p=t o=l ; o e i e
o i N gy Apa TrpokUTrTouy Trpds EmAUCIY T& oUCTHHATS Xy =N
Kaix+qJ=K2, s L S Al I ,
Xy = A TGV dmolwv f) AUois elvan yvwoTn.

124. IYETHMATA TIEPIZZOTEPON TQN AYO EEIZQIEQN.

@) "Otav 1 pia pévov éEicwerg elvar SevtepoPadurog kai dhar ai Ehhar npo-
tofadprot.

Eis Thv Trepitrreooiv oUTHY EmAUopey TO cUoTnpa TGV mpwToPoduiov
Hiodhoecv, BeopolvTes fva TGV dyvaoTwy g yvwaTor Kal droAoUlcs dvTike-
fioTduey gls THY SeuTepoPdduiov Eiowoty, THY Smolov émiAUoue.

Hapaderypa : N& dmidudd 1o [ 2x% 4 @ — 4dvoo — 2y + 3x — 4y —13=0

oUoTnux 2! {5X—y—w=2
Tx—3¢p+w=—6
"Eniluotg : OecopolvTes TOV @ 65 yvwoTov EmAvopey TO cUTTNHa THs Bev-
i s , > . o = | ; 34w 1143w
Tépas kal TpiTns Eliowoews. OUTws Exopey THy Abow (X, ) :(—~2—- " .
Tés Tiuds TEY X ki W dvTikadioTduey els Ty mpdTny Elowow kol Exouey
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2(34—%3_)2_1_(11+3m)3_4. 3+m_w_2_ 1I~2F3m‘w+3,3+w__4_11+300_

2 2 2 2
—13=0<96 + 80— 17=0, & fis = 1, wp = — 4
‘Emropéveds : 81 w =1 #youev (X, y) = (2, 7) kai
. 17 4 5 8
Sid w=— 5~ Exouev x, @) = (“é" , T)

€ %y a) =12, 7, 1)

"Apa ai AUoeis ToU guoThpaTos 2 efven ¢ 5 a 17
(X,kp,m):(—g— e

) "Otav nepiocdtepar tijg piag iEicmdosig suvar devtepofabpion (i kai dhat)
kel ai dilar mpwrtopabpron.
Eis v mepimrwow abthy 8év Umrdpyer évialos TpdTros EMIAUCEWS.

Mopadeiypata: 1) Na MO 10 oot : | x+yfwo=a (1)
J X2+ @ 4 w?=p2 (2)
Avog . H (1) ypdgeron | Xy =" 3
X+y=a—ow Yyouuer T& uéAn Tns eis 1O TeTpdywvov kai AapPévovtes Ut
Syw Tas (2) kal (3) Exouev BioBoyikdds X 4 w? + 2xy = of + w? — 20w,
P?—w? 4 2y? = o + w? — 20w <= 2w% — 20w + o — B2 — 2y? = 0, Tijs dmolos
ai pifol EoTw w, kai @,. OUTws, ai éligwoeis (1) kai (3) 8idouy T& ouoThUOT :
(x+y=a—w [ x+y=0—0

¢ xRy =y* R

.
W= W | W=,

T& Omoiar Audueva pds 8idouv Tas AUcels Tou dpyikou.

2) Nu 2vbfj 10 cbetqpa (1) ‘ X (X + Y+ o) + yow = o
o, B, yeR~ @ < Y+ y+ w) + wx=p
G | oxt+y+e)+xy=7y
Abeig 1 TO oUoTnue yYpdeeTal ¢
E+tWx+wy=a, W+ W+x)=p (@+x)(0+y)=7(4.
ToA/fouev  kata wéAn kai Exopey (X 4+ W)? (@ + @) (w + x)* = a?Ply? =
= (X4+y) (w+y) (w+x) =+ apy. Axipoupey Thy Elocwow auThy Siabo-
XIKG3s Bic Téw (4) ko Exopev: X + = + —c?, vt o= 4 %’, w4 x= + %
OUTtews Exouey mpos Emiivow T& cuoThuaT :
G) {x+y=cBly, y+ow=pyla, w+x=ay/p
© {x+y=—afly, v+o==Pfy/a, w+x==ay/p.
Iyueimoig. T éetacfivra dvwtépw mapabelyuata Tapéyouv pwdvov piav ATy 18éav
TG eldikdv peBoBuwv, al dmoicn ypnouomelcUvTanr Sik THY Emiduow cuoTnpdTwv dvwTépou

Tou mpwTou Pabuol kal kat’ dxoAoubiav of palnTal wpémer va k&pouv pakpdv éEdoxknow elg
peyddov dpibudv doknoewy, S1d v& duvnbolv va dmokTAcOUV K&Trolaw eUXEpEiaV.
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AZKHEZEIZ

‘Opac o

401) N& #miAvbolv T& dxdroula oUCTHHATA :

Dix+y=2 2) | x4 2xy—y?+4ax -6y +7=0,
| 4xy =3 | 2x +y=4

N | xS5+ys5=1 4) | x*4y?r=157 5)| x*—xy=14
| 7x2 4+ S5xyp —3y?—2x—27=0 qu;=66 | xy—yr=10

6) | x*+ i+ X+ y=062 7) | 3x* 43y —1llx =Ty +10=0
| (x—w) x+y+1)=50 | x2+yt—4x —3y+5=0

8) | (x+w)r-3x+y)=10 9) | x*4 2y —yi=
| 9%2=5x — Ty =25 | 3x2—3xy + Syt =17

10) | x24+xy—y?=—4
| Bx—y) (x+2¢y) =—36

‘Opag
402) N& émAuvbolv T& dkélouba ouCTAHATA :
l)‘x+\p-2m:6 | x+y+w=06
| 2x—y=—1 | x2 4 y2 =20t - 13
| 2% + xy + w? — 4w =10 | xy=2
H|x+2=46+y 4| x+y+ert=8 5)|x@x+ytoe)tye=12l
Xx+y—z=14 [ x+y+o=14 | wx+y+ o) +ox=18
x*=9 X = y? o E+y o) Fry=42
6) | xx+y+w=a D xy+ow)=a
| WGty @) =B |yt @) =p°
| @ x4y + @) =7 | o+ =7
‘Opag v
403) Na& tmAvfouv & dxdrouba cuoThuaT :
D|vx+yv=1 D x4y =19
| x +y =265 x+y=1
3) | x—y2 =37 | x+y-2/T=TVY D | W=
| — S w =
ix"‘+xw+w2:37 [V x+y =5 ix=y‘
6)’xwz=6 zowx =12 7) | x4 w) x4+ y?) =432
| yzwo =8  wxy =24 | x*+w2=20

MMTPOBAHMATA AYOMENA Al' EZIZQZEQN B°Y BAOMOY KAl
ZYETHMATQN ANQTEPOY TOY TIPQTOY BAGMOY

125. OPIEMOE. “Ev madfinua 0d xadirar modfinue dvotépov Tod mpdrov fab-
pot v 7 Mo tov dvdyerar els T Fnllvow was fwodoswg pé &va dyvwotoy
Bov Baluot, 7 eic Ty énilvaw Evos ovoTUATOS BElodoewy arwtégon TOD mpdToY
Babuos. Al THY AUcw Ewds ToloUTOU TPOPATHaTOS, Béov vix Eyooper U dyw T&
els THY Trponyounévny Tk dvapepbivTa Bid T& TpoPAfuaTa aov Bobuou.
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"Hror: o) *ExAéyopev Tov ryveooTov ) Tous dyvdoTous ToU TpoPAT)HaTos.
(B) KatoaoTpvopey THy 2owow f Tds Eiodosls ToU TpoPAfpaTOS.
(y) ©érouev Tous eplopiopoUs TEV &yvdooTwv, Tous TnydlovTas
Qo TNV QU ToU TrpoPAfuaTos.
(8) ’EmiAvopev Ttnv glicwaw f| TO ocVoTnua Tév hicdoewv.

(&) "ExtedoUuev T Siepelvnoiv ToU TpoPAfiparTos.

Aix 16 TeAeuTalov oTdBiov THs Siepeuvtiosws dTITEITOL PEYEAT TrpoGo-
XN, 18ics Gtaw T& SeBopévar ToU TpoPAnuaTos TapioTovTar Sk ypauudToov,
810m o AUoeis Tpémel vd elvan TparyparTiked (oUVBnKn TporypaTikSTNTOS), BT~
kal 1| dpynTikai (onpeTov T&Y AUoewv) kol peyoAUTepen 7 pikpdTepar &pifpou
Twds € (Béois &piBuol s Tpds Tas pifas Tpiwvipou).

126. IPOBAHMATA AYOMENA Al EEIEQZEQN Bov BAOGMOY

«) Ipophnpa. N& ebpedfj dxéporos dpibuds, ToU &moiou T TeTpdycovoy
autavduevor kord T 5/mAdotov altol yiveten 50.

Aberg: 'Edw X elvan & {nToUpevos &piBuds, TOTE TS TeTpdywvov aToU elvan
X%, 10 8¢ 5/mAdoiov ToU &pifpoU 5xX.

OUrews Exopev ThHv éticwow x* + 5x = 50.

Mepropiouds : ‘O x Stov v elven dxépatos (xeZ)
"Emidvois Tfis x* + 5x — 50 = 0. “Exopev X, = 5, X, = — 10.

Aigpetvnatg © Al ebpeBelocn Tiped x; = 5, X, = — 10 TAnpoly Tov Tebbvra
TEPIOPIOPOY Kad guveTtdds TO TPOPANHa Exer BUo AUoeis.

B) Mpopinpa: N& pepiobf] & &pibuds 15 els 8o pépn Toixira, GHote TO
TETpAy wvov ToU TpdTou EAaTToupevor kard 41 vir keBloTaron foov Tpos TO 5/
mAdoiov ToU TeTpaycvou ToU &AAoU.

Aberg : "Edw X given TO & pépos, TO &Ado O elven 15-x. ‘Emropévcos £y oueY
Thy éticcwow x2—41 =5 (15 — x)?
Mepropiopos @ Tpémer v efvar 0<x < 15.

"Emiduoig Tis x*—41 =5 (15 —x)2 ‘H icoSUvauos aiTiis efvon 4x2 — 150x -
+ 1166 =0, & fis x. =22, x,=11.

Awepedvnots : H pila x1:573 amoppitreTan, S16T1 % > 15, T& (nToUpeve
Aorrov pépn elvan 11 kad 4.

y) Hpépinue. “Eprropos mewidy #Aaias mpods 22 Spy. T XIALOY pappoy,
xepdiler &mi Tols fkaTov TO fluioy Tol kdoTous EkdoTou YiAloypduuou. TTdoov
kooTilel TO Y1Mdypaupov ;

Aboig: "Eqw 16 }1Aidypappoy kooTiln x Spy., 6k kepBiln 12‘—% kai &Tro-
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péveos Ao X Bpy. B& kepdiln %ﬁ) = ;W)
2uveTréds, Exopev Thv glicwow x + %ﬁ =22

Mepropropds : Tlpémer vax elvan 0<x<<22.

"Enilvois: X 4 5"0—% = 22 <> x* 4 200x — 4400 = 0, & Fs Eyouey ¥, = 20,
= — D70
Atepevnons : *H x, = — 220 &moppimrreTan.

“QoTe, TO x1AMSypappov kooTiler 20 Spy.

8) Mpéfrnpa. Edv of mAeupal TeTparydovou alinfolv kard u povddas pn-
kous, TO éuPabov Tou €& yivn pu— 3 gopds ToU &AAou. TMofov T ufikos Tis wheu-
pds aUTOU ;

Avowg : 'Eqv 1O pfikos Tfis TAeupd&s ToU TeTporywvou elval X, TOTE T TAeu-
p& ToU véou TeTpaywvou B elvan X + p povddas prjkous kel Ta EpPadd alTd
dvtioTolyws X® kol (X-++p)2. ‘Emopdvws Exopev Thv tlicwow (X 4 p)? = (u—3)x%

Mepropiouds @ Tlpémel x>0 kol x +u>0

Eridvorg: (X + W)= (r—23)x2 < (4—wx*42xu+p2=0, fimng i
HVEE=3) - VEE=3 ‘

T y Xo

Be1 dvo piloas x,= 2 i

Aigpetvnots : TO elBos Ty pillédv kal TO Tpdonpov aUTdv, &§ YrwoTdy
gopTdTan &md TO onueiov TRV A, P, S.

SynuaTilovres TOV Trivaka Siepeuviioews SlamioTolpey &TL Sk u>4 Exo-
uev AUow eis TO TTPOPAnuUCL

Olrw, Bid p=7 Exopev X, = — %, fiTis &moppitTTeTar kad X, =7, fiTis
elvan Bextn).

127. IPOBAHMATA AYOMENA AIA EYETHMATQN ANQTEPOY TOY IIPQTOY BAO-
MOY

o) Mpopinpa. T ynoia Siyneiou dpibuol éxouv ywduevov 35, "Edv yi-
v QvTipeTddeots TGV ynoicov, TpokUTrTEL Gpifuds ueyoRUTEpos TOU YWwopEvou
6 yneiwy kard 40. TTolog elvon & dpibuos ;

Avoig: "Edw & dpifpds #xn X BexdBas kal y &TAds wovddos, TOTE B Eoo-
pev : xy =35 kal 10y + x = xy + 40

Mepropiopds : TTpémer v elven 0<x<10, O<y<10 wed x,ypeZ
Xpi=35 (75 — 10y) ¢y =35 292 — 159 +7=0

<>

x4+10p=7 "1 x=75-10y x =75 — 10y

16 &oiov elven icodUvauov Tpods TO [elyos T&V cUOTNUETWY

il

’Erilveig : {
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y= % "Apa Exouer T&s AUoELs :
=TI ) =67 (ke = (70, L)

Agpeivnots : Ts Lelyos (x, ) = (70 —) TPopavdds &moppiTTeTal.
“Qote 6 InTolpevos &pi1Buds elven & 57.
) Hpéprnpa. “H mepipetpos dphoy. Tprydovou elvan 60 cm xai T6 & T

UmoTelvouoaw Uyos 12cm. Tlola & pikn Tév TAeUp@Y Tou ;

Aborg: "Eqv X, y, z elven T& prkn TéGv koBéTowv TAeUp&Y kad THs YtroTel-
vouons, TOTe B& elven x* + w? =72 kai x + Y+ z =60
"EE &Adou TO £uPBaddv ToU Tpiydivou elven E = ’5; =-1-§z = Xy = 12z. TS ouU-
oTnua Aotmov elvar

Xt+yi=12z% XxX-+y+z=060, Xy = 12z

Tepiopiouds = Tlpémer x>0, w>0, z>0 kai MikpSTEPOL ToU 60. *EmiAviov-
Tes TO oUoTnua Exopey X =20, w =15, z = 25,

y) Hpofinpa. Avo épydron éxteholv &v Epyov els A bpas. ‘O wpddTos po-
vos TO éxTeAel Els o Qpas OArywTépas ToU SeuTépou. Fis Trodoag dpas EkaoTos
povos ExTeAel TO fpyov ; >0, A >0

Aberg: "Ecv 6 o ypeidleTan x dhpas xad & B’y dpas, ToTE O elvon X + « = .

i 2 5 u A | o ¢ A 1 . Kool
O mpdTos €ls 1 dpav ikTeAei TO o ToU épyov, 6 B° TO —\L— K&l QUPOTEROL SpOU
\ 1 s n 5 i B0 ¥ » \
TO {— - i L A Bt copas ekTeholv TO Shov Epyov. “Hrol & Eycopev :
1 I
s N ey T
(g =1
Mepiopiopds @ Tlpémer va elven x >0, ¢ >0, x > A, w > A

Enihvoig : y=a-+ X Y=a-+ X Y =a-+x
(F+-Epm1 (g oneenco
T0 6Troiov Bider :
(x, p) = (2‘\ SH \2/,4?‘“ +at 2A 4 - \/4?\ ot ) fiTis efvon Sexrr.

H &\n Aoig droppiteTon émeidn x < 0, w < 0, s ToUTo paivetanr &k ToU
ywopvou Téw pilév XX, = —aA < 0

MPOBAHMATA

‘Opas o :

404) To Tetpdywvov Tis fAkias Tou8os EAQTTLOE KaT& TO BITA&T1SY Tns, yivetan
fgov Tpos T BimAdoidy Tns. N& ebped f AAxia alTn.

405) No& eUpebij drépoios &pibuds, & dmaios Bicipolpevos i 25 yivetan Toog mpods Tdv
duricTpogov ToU TrnAikou.

406) Na elpeBii &piBuds, & dmoios alfavdpevos xaTd T6 T[Thé&aoiov Tfis TETpay cOVIKiis
pilns Tov yivetar 44.
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407) Né& etpeBolv Suo dxépaior BiaBoy kol mepiTTol &pibuol ToloUTol, GoTe T0 &poiopa
TEV TETpaywvwy Twy v eivar 74.

408) “Eutropos Troohdv TO dumopeupd tou dvti 39 Bpay. kepdile Tooov Tols koo,
&doov TO elyev dyopdoel. [léoov 16 fydpaoey.

409) Mathp 40 &rév Exer vldv 3 &rdv. Metd méoov ypdvov N Akl ToU marpos B
elvon kaTd 5 TN WikpoTépa ToU TeTpaycowou Tiig HAkias Tou ulou ;

410) Toodtns 630 KIAGV Tpogipwy émpokerto va Siaveundi els Gplopévas TTWYES
oikoyeveias. 'Emeidn)- 15 &k Tdv ofkoyeveidv Biv wpoofiddov, EkdoTn TG UtmohoiTwy EAcPey
1 kiAov Tpogipwy &l TrAfov. TTolov TO TARBOs TMY oikoyeveddv ;

411) Torycovou al Tpels mAevpai elvan 3 cm, 6 cm, 8 cm. Katd meiov Tufjua TpéEL
va alPhfBolv ol mAevpai, fva Sivatar va oynuatiodi & abtdy Tpiywvov dpBoymuior

‘Ouds p

412) N& ebpedf Srynoeios dpiBuds Toloutos, GoTe To wngiov THV SexdBov v efvan
katé 1 peyaAuTepoy ToU SimAaciouv Tol wneiov Tév povaBuwy, Slaipoupeves BE Six TOU Yo~
pévou TéV wngiww Tou v& Bidn mAnAlkov 3 kai Umoroimov 10.

413) Kepdhaov é& 27.000 Spay. ToxileTar wpos 6% xwpilonevov el BUo pépn. To mpddTov
¢roxicdn &l 5 pivas TepioodTepov kal EBwoe Tokov 1500 Spay., To bt P’ EBwoe ToKoV 900
Spayuds. N& eipeBolv T& SUo pépn Tou kepahaiou.

414) Na& eupeBouv ol SiaoTdoes opboywviou, To dmoiov éxet Siaydwviov 20 cm Kkal
tuPabov 192 cm®.

415) AUo TroBnA&TAl QUOXWPOUV CUYXPOVWS EK TIvos TodToU Bidr vd Browlgouy &Trd-
otacw 90 km. To fiuiou Tiis TayUrnTos ToU mpTou kai Té TpiTow THg TaxUTnTos TOU B

Exouv &Bpotopa 16 km. N& eupeBov al TayuTntes, &v 6 o Erepuamos -%f Tis Gpos EveopiTe-
pov Tou P

416) Tpeis &piBuoi elvar dvdhoyol Tdv &pibudv 2, 3, 4. To TeTpdywvov ToU peYOAV-
Tépou elvan peyaAiTepor ToU Bimhaciou yopévou Tév EAAwY kaTd 36. Na ebpeBolv ol Gpibpol
oUTol.

417) O &pifpos 3 xai Tpels &AAo1 cuvioTolv Guahoyiaw, Tiis dmoias ol fyyouuevol
gxouv &Bporoua 9, ol tmopevor 12 kai 16 &Bpoiopa T TETpay vy TEVTWY TEY Gpuv elval
125. TMoia 1 d&vaAoyia ;

418) Né& UmohroyioBolv ai wheupad dpboy. Tprydvou, &v ol kéetor mheupal Siagipouy
kaTd& 5m kal 1) UmoTeivouoa pE TO £ alThy Uyos Sidel dBpoiopa 37 m.

AZKHZIEIZ ENNANAAHVYEQZ

419) N& tmAved 7 tliowors x! — 2 (o -+ P)x* -+ (a—P)=0, o PeR, xaiva Tefoly
al pilen aUTRis UTd popefv ALY pIfikdV.

420) A& wolas Tipds TOV o kai B 7 tliowois (a BIX' + (Ra—p—10) x* + 2x* —
—(a—B—T)x 4+ 6—a=0 elvar Birerpdywvos kai &1 moias deutepoPddnos. Els dugotépas
T&s TEpITTTOES v& evpedi] 1O eibos TV priéov.

421) “Ywd moiaw owbixkny Té Tpidwunor ¢ (X)=ox' 4+ Px*+y, o B, YEQ, Exetl
pilas Tis popoefis \/}\ \/u, émou A, nE Q1

422) N« ue-racxnucrncﬁouv els amAd pilika al o’mé?\ouﬁm ﬁapus'récrmg'

423) N& dmodeyfij 611 1| TapdoTacls YW« [36 R*

A= \/ct+2[5 \,c.x—@ + ‘\/cx—Zﬁ.\:-’-a::ﬁj’ icoUTan pi 2B, &v P2 g a £ 2p*
xed pé 2 4/ a— P, &v o« > 2B
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424) N& tmiduBolv ol &xdAoubor Eiohoers ¢

1 1
D"”‘FIG("JFT)’ D x'+x*+x*+kx+k*=0 (keR)
425) N& elpsBolv ol ouvbfiken, Ud Tés mwolas f EmAlouca THs tlio.
X4 +Bx + yxd +Bx2+ax +1 =0 elvan &vrioTpopos  EElowors,

I \# 1y
426) N& ¢mhudfi 7 Eowoig (x + Y) -9 ( X+ 7) +8=0
427) Né& émAuBolv &v R af dkdhoubior thichoers

== 4__ 3 3 6
1) 5% 4/x — 3 4/x* = 296, ) A/ x+1 —4/x—1 =4/%x2—1
428) N& emAveq kal v& Bigpeuvndii 1 ello. 4/ X2 —4x = X —A Bi& TPAY HATIKES
Tipds TOU A kal X,

429) Né& émAuBoly T& drdhovla cuoThuaTa :

I) x*+ 42+ w=2]a? 2) 22 +x2=1 Xy +zw=0
Yo + wX — Xy = 6a2 Wt wr=1 @x4+y) (2z+w)=2
3X 4+ y—2w =3«

430) N& ebped] f &madelpousa ToU ouoTApaTos.

X4 g 4w =l Xy = |32, yo = y?, wx = 52
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MEPOX TPITON

KEQAAAION XV

STOIXEIA IIEPITPA®IKHE ZETATIZTIKHZ

128. TKOITOZ THEZ ZTATIZTIKHE.

‘H ororioTiky gls T éroyny pas, Ké THy SAws iSitépay omoudonotnTa
THY &moiov drékTnoe i T dvlpwtdTnTa, dvettTUxbn els piow ExTETauény
gmioTnunY pé TToAAoUs KA&Bous.

‘H omroudcudtns THs ZTaTioTikils Eykertan elg TO &L alTn EmiTUy)dvel
TpoPAbwels Ths cupTrepipopds Evds «rAnBucioly Xwpis v elvon dwéykn (R dtav
Stv elvon Buvorrdy) v TpoPAegdT T oupTepigopd TEV dTdpwy adTol. Yo al-
Thy 5t ThHv Evvolcw Exel Epapuoyds &x1 povov els TNy Oikovoniow A ThHv Koweo-
vichoyiav yevikéds, GAAG xal els THY vecoTEpow Guoikry.

‘H Zratotikf], &5 kA&Sos Tév « Egnppooutvav MaBnuatikdduy, £xer os
Eoyov THy cUAAoY T oToryeiwy, Thy Talwépnoiv Twy kal Th Topovsicow -
6 el KaTGAATAOY pop@hy, Buuciveoy v& dvehufoly kai épunveutoly Bi& Ty
gutmpettnow Siapdpwy okotrév. TT.y. Sid Ty apakeroubnow T QvaTrTULews
kol EEeAifecos ToU «xkTvoTpogikoU TAnGuauoly Tfis Xwpos pag TO “Youpyeiov
Mewpylas ouvekévTpwoe oToIXElR, T& dToTa ' peTa THY Takwounow Topovaiags
S1& ToU &roAoUBou Trivakos :

*EféMtis KtnvoTpogikoU mrAnfucuou

| Eis yiAaSas kegoAddv
B lae 1959 | 1961 | 1963 | 1964
' | \

Boes 1045,7 1108,9 | 1160,0 | 11403
BoUpaiot 72,6 67,2 | 63,5 60,8
Mpépara 9333,9 9593,5 | 97200 9450,0
Alyes 5066,1 4979,0 | 47000 | 45700
Xolpo 638,1 6216 | 6320 646,8

| Mrnva 15146,3 16341,9 | 18000,0 18426,3

Eis Thv Trponyoupévny T&Ew gyvwpioapey dpiopévas Paoikds Ewolas THS
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ZTaTISTIKTS, TOUS TPOTTOUS GUYKEVTPOGEWS TGV OTATIOTIKEY BeBouéveov, re-
tepyaaias kal Tapousidoews i TaY St TGV Gp1BunTIKGY Twdkoov kol Sioypapi-
MGTOV.

KaTwTépw émavedauBdvousy Tous TPOTTOUS TTOPOUCIAOEWS TGV GTATIGOTI-
k@ BeBopéveov, Adye Tis iBlouTépas onuacias cdTéY.

129. MAPOYZIALIE ETATIZTIKON AEAOMENQN — [TINAKEL

T& otaTioTkG oToyEle, T& &Tola TpOKUTITOUY &TO THv Sichoyfv kai
tmelepyaoiar, Tapouoidlovtar kerd TololUToy TpoToY, oTe v& elvar edyepts
T ueAéTn Toov kad 1) ouverycoyd cupmepaoucTwy. ‘H Tapousiaols alTtn yiveto
swifies xatd Slo TpdToUS.

o) Ymo popeiy dpifunTikolU oTaTioTIKOU TivaKos
B) “Ymo uopeny ypapikol oTaTioTikOU Trivakos.

AprOpntikol mivakeg OUtor Suverran v Exouv popeny  Evdg
Kkelpévou exbéoecos TGW TANEOPOPIGY pE Tr&oow SuvarTny AeTrTopépEiay. TuviBeos
Spws elvon ouykevipmTikol pé oThAas kod  ypapuds, &mhol sis Ty dvdyvoow
kad &ls TV peTalU TéY oToryelcov CUYKpITIY,

Zugvotne — mivad suyvotiitwy, “Yrofétopey éTi ai Tinad Was peToPANTRS

X, s plov oTamioTikny Epeuvav &k N TOPATNPNCEWY elval @ X;, Xa, Xg . . . XN KO
61 £ TV TAY TGV v, elvon foe PSS Xy, Vs foat WPOS X,, . . vy oo TRoS X,

Olrw, oxnuaTilopev TdHV 1 R Zﬁuﬂi

Tivoka T@Y BUo oeipddv. () Vi | Ve | W [eel | uy I
“ExagTos Tév &piBudv vy, vy, . . Yy KOAETTON dmblutog ouyvotng 1) GmAdS
ouyvotng Tfis dvTioTolyou Tipfs X kol cupPolifeTan pt 16 ypdupa . TTpopavdss
et v+ v+ ... v, =N. ‘O N ¢elven & TANG&pIBuos ToU TTANBUopOU (alvo-

Aov Tapartnprioecov) kad koReTTon BhikR curvétng, cupPoiileton 8¢ kai pé =f.

Oi Adyor %, {Ii, A EN& KGAOUUTAL 67 ETIKAL GUYVOTNTES TGW Xy, Xa, . . -, Xy

duTioToiyxeos kol TO ywduevor ety el 100 tkppadel THY Ekatootiaio (%) oye-
ukiy ovxvétnte. Ta ddpoiopata 2, = v, L=v4v =v v,
2y =y v 4y, f Smrep TO aUTd, T& dpoiopaTa Z=f, L=fi+1f,...,
Lo=h+0L+ ...+ xoholvrer @bpororikai Uy VTN TEG,

To @bporopa Ghov 1@V oyenikdy CUYVOTHTOV pidg otatictikiis £pedvng
igobtar pé tiv povido.

; " Sl n Weee S Vi e T N o

Mpdypat, £xouey : i e =L S 2f+2f+"'+2f 1

‘O mivat (1), doris SUvartal v Ypopfl kal els 8Uo oThAas, dmmoTeAel ToOV
TiVOKa GUXVOTITOV f) THY Kutavoudy GULVOTHTOV.
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MNopadeiypata cvykevipotkdy app. mvakoey.

1) Kot 10 ooA. #1os 1967 - 68 éveypdonoav eis T Nupvaaiov 764 pabn-
Taif, Tév éTolwy T& oTorysla kKaTeypdenoay els &v PiPAiov, «1d0 MabdnToAdyiovs.
ToUTo &moTehel fvax yevikdv Trivoxe Aerrtouepfi &veu Tatopfoews, &md oy
Suvdpeda v& Exwuer oToTIoTIKGs TATpogopias oxeTIkAS pE TOV TANOUTWOY Té
pabnTdy ToU oyoAsiou ToUTou. ‘H cuumAfipwaols Tou k&Twll CUYKEVTPWTIKOU
Tivakos Eywev &l T Pooel Ths moloTikfs 15ioTnTOs «Talis Eyypagfisy

Katavopn Té&v padnTdv ToU Nupvaciou katd Télels

| & : 20 | ‘ExorooTmiaia |
[ Tates | Ap1Buds nadntév | * ABmioTikh | OXETIKN "ABporoTiky |
| _ | ‘AméAuTos ouyvé- | A GUYVOTTS tkaTooTiala
{ tyypapis s f ' gUYVOTTS : ;
; ‘ 10055 OXETIKA GURYSTNS

A 1 fi = 245 | 5= 2457! 32,1 el

B’ L= 160_#‘_‘____ Sdns | 21 53
B e E=i3 | =5 | 17,5 70,5
| N foe 0. | E=0609" | 118 1 82,3
e : f,= 70 | 5,=69% | 9,1 91,5
T g f,= 65 | E=764 | 8,5 100

| =764 | ; 100,0 l

‘H oupmAfpwots Tfis B’ othAns elvar mpogavrs. ‘H Tpitn oThin «dbpol-
OTIKT) CUYVOTTS» CUVETTATpoofin s EEfs 1 Aik ké&Be T&Ew dvtioToryiZeTon 16 &pot-
opa Tfis &dmoAUTou guyvéTnTos Tiis TéEews Ko Shwy TGV TROTYoUHEvLY T,
‘H ouumAfipwats Tfs &' oTnAns Eye Paoer ToU Tutrou 100 - f/Zf, f) 8¢ oupmAn-
paais Tiis € oThANs Eyive s kad T ¥’ oTHANs &k TRs ' oThiAns.

‘O Trivat oUTos elvan &mhols, T& 8¢ oupmepdopaTa & Tfis HEAETNS alToU
TPOQaVT).

2) Eig piow épeuvay Tou Oyous Té&v 764 uadnTédv ToU MNupvaciov Tol mpo-
nyoupévou TapaBelypaTds pas KaTeypdnoav el Tpoyeipous kaTaoTaoes T
Uy clTéy, T& oTola kvepdvioay TiMas peTaty ToU 135cm ko 185em. *H Tooo-
Tix7) 1816775 «Owos padnToUs elven uia ouveys peTaPAnTh (BecopnTIKEDS) WE TIMGS
gls & Si&onua [ 135¢m, 185 cm ], ToU émolou fy Siagopd Tév Buo Grpwy TIMGY,
BnAadh To ebpog THis meTaPAnTRs, &meos Aéyeran, elven 185-135 = 50cm.

To cUvohov TGV Ty THs ueTaPAnTfis TouTns Ywpiletan els 5 Tékes
(6uédas) ToU avTtol elpous 50/5 = 10 cm.
‘H épyaoia altn kaheiton dpadoroineig TV TQPATNPNOEWY.

‘O ké&Twb1 ouykevTpwTikds Trived Eywev i 1§ Paoa Tiis ToooTikds i616-
TnTos «yos pednToU» xatétw Tfis dvwTEpw SpaBoTToINoEws.
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Katovops) 764 pabntév évos Tupveoiou kot Oyn

Tatas  |Mion| GPTUS BT | Agpoomiy | ZXeTch el
Uyous TIHR f ouxvoTns o e
In 135-145 | 140 94 94 12,3 12,3
2a 145-155 | 150 176 270 23 35,3
3n 155-165 | 160 278 548 36,4 71,7
4 165-175 | 170 180 728 23,6 95,3
5n 175-185 | 180 36 764 4,7 100
3f = 764 100,0

Eis Ty o omiAny ai Tékes elven SiaoThnaTa THs peTaPANTHS X ToU Uyous
KAEIOTG dp1oTepd kai dwoikTd Befid, AR THis Sng Téiews, fTis elvan SikoTnua
KAEITOV EKarTépcobey.

T Auddpotopa TéY dkpoov TGV EkdoTng TéEews xoAeTTon péen Tud kol
pE TOS péoas TINGs oupTtAnpoUTal i B’ oTHAT.

‘H ovumMipwois tév Umrohoimwy oTnAdv Eylwev s kal TrpoTyoupéves.

Kai & mivat ofros elvon &mhols kal 1) dvdyvewois admol elkolos.

Tlx. &md Thw y' oAy gaivetan, 611 36 uabnTai Exouv wéoov Uwos 180 cm,
&6 &md T & oTHANY paiveTan, 61 548 paBnTai #xouy dvdoTnua k&Tw TolU 165¢m.
’Ex Tfis € oTNAns oupmepaivouey, éTi TO 12,39, Tév pabnTév elvar dvaoTriparos
k&t T@v 145 cm, &6 ik THs TeAeuTaias oThANs T TS T1, 7% elvanr Uyous
KaTw TGV 165 cm.

Enueiootg. Eis k&Be mivake mpémel vé Umdoyn els 16 dveo uépos évas tithog, Tows kal
évag Dnomithog. "Axdun Biv dmokAeleTan v& ypagolv kol Utoonueicdoes. TMdvta TalTa pé Tov
oxoTov v& TATPOPOPOTY CUVTSHWS Kal oagdds Ti Tepitxel & TrivaE, pE Tolav kaTdTaf cuve-
Taybn kal els wolav ypovikiy mepicBov kal ey Tolov TéTov dvapépeTal.

Fpogixoil nivakeg (haypappara)

‘H mapovoiaols Tév oToTioTIKEY BeBoutvey S1& GUYKEVTPWTIKGY &pi-
BunTikGy mvdKav, Tapousidlel pepikds Suokohiag s Tpos TNV épunveiav, 510T1
drronTelTan Mo ToUs TEpIoToTEpOUs GVBPGTIOUS LeydAT TTPOoTI&BEI KATOWO-
foews Ths dxpiPols onpacios Tov.

TeAelws Suws Bidgopos elval ) drTUTwors, Thv omoiav Sokiudlopey, Stav §
Tapovsiaals Ty oTATICTIKGY SeSoufveov yivy UTTO op@mv YewpeTpikol oxTi-
uoos, ypagikils mapacTdoews. Emi mAfov B A dvTUmwors abtn elvar {wonpo-
Tépa kaid peyoduTépas Siapreias.

Al ypagikai mopasthocis f|  &mAdS Swaypappata elvon o elkoves TGV
Ap1buddy kel Topéxow duéows kol TUVOTTTIKGS Siapdpous Xenoijous AT POPO-
plas.

‘H mowihia Tév ypagikédv mapacTdoswy, Tds dmoiag XpnoipoTolel 1
“ZromioTikr), elvon peyddn. O& dvagépwuey T BUo KUpLwTépas kaTTyopios :
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Q) T&S YPAUUIKES TTXPOOTAOES T Ypaumkd Sioypauucra kal ) Tas 81 émga-
veIé ypaikds TapacTdoes. Tuvnfos dvagepduea gls TO yvwaTov oUoTIUG

T&Y Opboywvicy &tdvewv.

1) IMohbywvov cvyvétnros. "OTav
) HeTaPANTN X €ls piav oTaTIoTIKNY EpEU-
vawv elven ouvexns, ToTe T& fetryn (x, ),
amreikoni{Speve els TO cUoTnpa TOV dSp-
Boy. &tévawv x0y, 8iBouv ouvexii TeBAa-
cuévny ypauuny, TO kaAoUpevov Tlohi—
yovov ovxvotnros. ‘H TapomisUpoos
ypapuiki) Tap&oTacts §i8el Ty yewpe-
TpikNy elkdvar Tfis k&Twley alriis kara-

Suzvorne épparay

70 80 %

voufis 68 E&pyoTdv évds EpyooTaciou ‘ T R
KOTa ﬁé{pn Bapog eic Hg
TToAAdkis €ls THy ZTamioTikiv elven Ix. 129.1
XPNCIHOS 1) YPOPIKN TapdoTacis Tiis
Kartavousy 68 #pyatdv . katd Pépn s kg
Méo ABoooTikh. | "Afo. o
oy Tluﬁn £ 100 Eif Acf:vc;::? jjivé:r)](: :VT
55- 65 60 3 4,4 3 4,4
65- 75 70 11 16,2 14 20,6
75- 85 80 24 35.3 38 55,9
85- 95 90 15 22,1 53 78
95-105 100 13 19,1 66 97,1
105-115 110 0 0,0 66 97,1
115-125 120 2 2,9 68 100
Zf = 68 100 |

&BpoioTikfis ouxvdTnTOS, OMOTE TO TO-
Alywvov TroU AapPdvopey koAelTal mo-
Abyovov  @Bpowstikiic ovyvétnros. “H
TQPOKEIHEVT) Y POUMIKT TTapdoTaats efvat
o ToAUywvoy &BpoloTIkfls guXVOTNTOS
THs kaTavopfis TV 68 EpyaTddv KaTd
Bapn. Edw &k ToU omnusiou A @épwpev
AB 1 Oy kai dxoAoUfws Bl L Ox, ouu-
mrepaivopev &1 35 Epydran Exour Pdpos
Shrydotepoy Tév 78 Kg (10 78 elvan
f| TeTpnuévn Tou ).

Iy, 129.2

580 w88 W
fToAuyavor d@polSTINAG OUZMGTATES

| S
wo A0 %0 %

e
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2) ‘Tetoypappov ovyvétnrog

To ioTdypappov cuyvéTnTos elvan & ouvnBéaTepos TPOTTOS  TTAPOUCIATEWS
ly oTaTioTiKGY SeBopéveov. Ak THy xara-
okeufly aUToU kaTaokeudfopey dpfoyd-
[ viat pé Baoeis T& foa TufpoTa ToU &fo-
' W vos 0x, &ls T& émoia dvrioToryel TO -

pos éx&oTns Télews Tiis Opadotroinuévns
| koravopdis, kol Uyn Tds dvmioTolyous
f oUXVOTNTOS OUTTS.

| To dupabov éxdoTou Spboycoviou
i [ &mreikovifel Ty dvTicToryov Tpods T
R Pl St Ly Bdow m’JTOG quvé'z:q'mt. ‘Tb i,o-réypcxp'l-
Yordypapuor Svzvirmros MOV OUYXVOTTTOS TOU OXNMMaTOs pas Bi-
Ol TNV yeEwpeTpIkNY elkdva THs kora-
vopfis Tév 68 épyaTdv kaTtd Pdpn pi

Tebhaopévny 8¢ ypapufy TopioTaTar TO TTOAUY VOV GUYVOTNTOS.

Sy, 129.3

3) To papdoypappov.

ToUto dmoTeAelTon &mo piav oeipdw dpBoycovicov, TGy dToiwv of Pdoers
elven foan xai opifevton &g Tov aimov &fovar (R Tov Ox 7| Tov Oy). T ufkn
Twv elvon dvddoya mpods TS &vTioToiyous Tipds ToU TrapioToUv. Eis T SUo

0 200 480 600 800 1900 1200 £ $
— 7T 5
8ol
Kogag (214 kt) 72
61
; " |/dda(w774t) 46
40|
|9 (7ekt) 10
g 3 24 8
] Tupog (1042 Kt) m
a
) 1964 1965 1966 1967
Krnvoroogiud npoivvra €rouc /964 Eéapawpal Biopnz mpoiovrawv
Zy. 129.4 Zy. 129.5

mopakefueva oxfipoTa Bifouey SUo paPdoypdppara. To mpdTov dvapépeTan
gls Ty mapaywyny Tis ‘EAMGBos katé o Etos 1964 @ kupleoTépov KTRvO-
TPOPIKEY TrpoiduTwov kad TO SeUTepov el Tas Eaycoyds TGV Brounyavikév mpoi-
OvTeY THs Xopas Was kaT& ThY TetpoeTiav 1964 - 1967. T Pov poPSdypampca
kodeiTar kad ypovodiaypappa.

4) To wvkhikov Siéypappa

TouTo eivan kUkAos alBonpétou drTivos Slauepiopévos els KUKAIKOUS ToueTs,
ol &moTor Exouv 2uBoda Guéhoya Tpos Tas dvTioTolyous Tiuds THs HeTPAN TS
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ke TGV STrolwov ouvetrds T Toka Exour pétpa dvdhoya Tpos TaS aUTas dvTi-
oToiyous Tiuds THs MeTaPAnTHs. "EvraUfa SiSopev &v ToloUTov Sidrypauua dmel-
xovilov THy YPnUoToSATNGY Siapdpwy kKA&Bwy Tis oikovouxds fewfis Tis xwpas

Xpnuatobétnols 5 xAdSwv
els éxaTop. Bpayudv (AbyovoTos 1968)

KA&8or TTogov % Moipai
1. Toupiopds i ;
ZevoBoxeia 3.900 | 195 | 70010
2. "HAexTtpikd T
ttpyaia 3.300 16,5 590 24
3. MeTagopai .
Emikowovia 5.000 2> 20
4. “Epya xowis i
oqehsias 6.600 33 118° 50
5. "ETepor ;
oheal 1.200 6 210 36
*ABpotopa 20.000 100 3600

pag ket tov AdyouoTov 1968. To 19 &vmioTorileTan es ToLov %6% =3,6"=
—=3936', Eroptvess T 16,5% els Tokov 3,6
X% 16,5=59924".

’ExTos TéWV QvwTipw Ypoik®dv Tra-
paoTéoEwY TEY OTOTIOTIKGY SeBoutveoy U-
Tépyowr dkoun TA yoproypéppoura, T 6-
ol elven yewypagikoi X&pren PE TOIKI-
Aav ypowpdTwy, Emions Umdpyouv T Ei-
doypapipata 7 sidoypappata, T4 dola el-
von Trivakes oxedicov kad eikdveov TTpoocoTew
f| mpoypdTwy kal T& Omoia Y PNOINOTIOL-
ouvtal pé Troikidas popeds eis Tas Siagn-
uicels.

Sx. 1296

130. KENTPIKAI TIMAI

Eis T& TrpomyouUpsve eifopev TPOTTOUS Trapoudidoews TRV CTOTIOTIKOY
SeSopéveov 817 &pIBUNTIKGY Trivdxowv kal ypoagikdy TapacTtdoewy. H gdos aitn
Tfis Tapouoidoews &oTehel fvav oUolwdn Touba Tiis Teprypagikiis ZTaTIOTIKTS,
516T1 pés &maAAd&ooEl Ao TOV KOTTOV K THS TrapoTnpricews ueydhou mAndous
&p1Budov.

TifeTcn Sueos 1O EpcoTnua @ pfTrws elvar Suvatdy ) meprypagr) mids celpds
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G raTIoTIKGY oTolXEiwy va yivy pi EAayioTas yapaxTneioTikGs Tinds, of émoic
vd Sewviouv Ty Taow Tol eTafopévou gouvopévou kod vd SiaTnpduTon edko-
Awrepov els THY wnuny ; . ‘H dvtimewots, i omola Snuioupyeitan &k THg &fe-
Téoews ToU Trivakos Pabpodoyias fvds uabnTol els EkaoTov uddnua Kexwpiopéveos,
elvan PePaics dogoins, Sucos elvan korrd TIOAU &TTACUOTéPQ, TaPecTépa Kol Sicp-
KN Els THY pwruny, dv iBoouey ToOV yevikov Bobuov émiddoecws, TOV pécov Spov
GTreos AfyolEy.

Eis T Zromiomikdy ourifos dvalnToUuey pepikds XOPOKTNPIOTIKAS Tiuds,
ol omolon dvTikabioTouy Eve GUVOAOY &p1BUGY oUYKeVTpOUpEvLOY G5 &Tri TO TrAei-
oTov TEpIt aUTéY kel af dmoicn vé BiSouv piav ikavoToin Tk IBéew ToU cuvdAou
TGV EleTafoutvar dpifuddy.

Al YopaktnpioTiked adTad Tiwed Aéyovtan kevipikai tipai ) péoo, Sraxpi-
vovran BE auviifiws eis péaoug kevepikiis thosog xal tis péoouvg ioewe.Of TP&TO!L
elven & aplpntikde, 6 yeopeTpikdg kel & Gppovikdg péoog kol of BeUTepol ) HLa-
neoog kai 7y Emkpatoiica tipf. Ex Tév mpdTew 84 yivn A EéTacis pdvov ol
&p1funTikoU péoou.

‘ApiBpnukdg pécog (K péon tpd)

«) ‘ApifunTikds péoos Emi &ratvoprTwv oToIYElCOV.

"EQw X;, Xy, - . . Xy elvan af Trapatnpnfeican Tiuad, TéTe T6 TrnAikov Tol &Bpoi-
ouatos OAwv TGV Tip@y Bi& ToU TwARBous N atév 5i8er tov &p1BunTikdv pécov,
éomis TapioTaTen Bid ToU X.

BrokeXpete o ERME g 2o 2K )

N ] N
B) "ApiBunTikds péoos il TakwopnfévToy oToryeioov.

*Hror : x =

Eav af X, X3, ..., XN TapaTEn- | ; &
Beiocn Tipod  TokwounBoiv  els  Trivoxa l_ LT j I Xu
KaTavoufis cuxvoTnTwy, TOTE TO TMAL- } e S ! ‘ £y
xov ToU dfpoiouotos TEY ywopéveor - i '

SAwv TGV TIEW Xy, Xy, - . . Xy &M T&s GuTioTOIXOUS CUXVETTITAS Toov I P

B1& Tfis SAikfis ouyvdTnTos N = Zf 8iSer Tov p1funTikdy péoov X,

\tXot - txn_ G+ x4+ ... +Hfuxy Sfx

Hral: 6= ¥ i e )

Hapaderype : 1) N& ebpebii 6 dpidunTixds uéoos Tod dvacThpaTos 12 po-
OnTév. Ta dvootiuara odTédw drafwopnTa elvar :

151, 152, 152, 156, 156, 156, 162, 162, 162, 162, 168, 168 cm

(*) Ex =@v nuuév Xy, X,,...Xpy el f, elvan Toxe mpdg Xy, ab f, Toor wpdg X, al f), Yom
Tdg X, xab ouvemidg grouey X; 4+ Xy A+ ... + Xy =1x; + Ix, 400 4+ fXp:
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Mécov dvdoTnua !
o 68
= 15141524+152+4+15641564-156+162 +1624+162+1624+168+-168 _ 1907 158,9 cm

12 12

‘O mrival kaTavoudis ouyvoThTo elvan ¢ ‘ 151 | 152 | 156 | 162 | 168
L [2hd b 2

kal ouveTdds KoTd TOV TUToV (2)

1-]51+2-152+3-1;56—|—4‘162+2-168=158’9cm

EYopev : X =

2) N& ebpebfj TO pégov Pépos T&Y 68 épyotdv ik TOU TivaKos KAXTAVOfS
cuyvoThTwy ToU Toapadelypatos Tiis oeh. 211

‘O Ymohoylouds Evtauba ToU &p1BunTikoU upégou yiveTal KOTX TPOCEY-
yiow, 81671 Becopoluey dog Tiuds THig X TAS HECOs Tipds Ths P’ oTHANS.

OUTws &xouev :

3604 11-70424-80+415-90+13-1004-0-110+42-120 —847
68 = e

"Apx TO péoov Papos Tév 68 tpyardv eivon 84, 7 Kg.

N —

‘Isotnteg o apfpntikod pécov

1) "EoTw Xy, X, - - -Xpy -+, Xy of TapaTnenbeioon Tpal kol X 6 dpif.
péoos ctdy. ‘Edv Ty Siagopav X, —X koAéowpev ambkhery T TuYoUoTs
Tiufls X, &TTO TOU pécou X, ToTE TO &Bpoiopa TEW &rokAioewy Tol cuvshou TV
SeBopdveov &Td ToU X elvan undév.

Mpdynaty, (X3—X) + Fe—X)+ ... +En—X) =X+ X+ ... Txn—
—Nx=Nx—Nx=0.

2) ‘O péoos X iooUTal pt TO &Bpoiopa TV YIwopévey TGV TIMEY Xy, Xa . - 1%k
gl TS OXETIKAS CUXVOTNTAS chUTav.

MpdyuaT!, €k TOU TUTTOY (2) Exopev :
?=zf—‘fx1+zf—“fx2+ ok +Zf—'t‘ %y = Fy % + FX, + ... + F,x, = ZFx, mou
Fy, Fa ..., Fu elvon ai oxemixad OUYVOTT|TES

Avapesos (X5 )

E&v Xy, Xgy - - - Xn elvar o N Taparnenfeicon Tipal kol yplpoouey U
kord TaEw cvfavouévou pey#Bous, TOTE &v utv UTrépyT peoaios Bpos Tiis oelpds
&Y dpIfuddy alTGY, oUTOS elvan ) S51&uEcos TEY &PIBUEY XX, . . Xy, &V Bt Biv
Ymrépyn peoaios &pos, AauPdveTar 6o Si&ueoos TO Huikdpolopa Tév BUo pecaiwy

Spwv.

Eis dupoTépas TS TrEPITTTAOEIS T Siduecos elvan dpifuds, & &trolos Ywpilel
5 oUvohoy TGV TIRGW Xy, Xs. - -Xn els 8o T&Ee1s uE oV oo TANGGpiBuov. ‘0
“1UTros B¢ N__-;—_l 5{5e1 Tv T&Ew Tiis Biapéoou &ls hy geipdw Téw &pbudy. T1.X
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fi 8i1dpecos v &pibucsv 3, 10, 13, 19, 20, 30, 32 elvon & &p1Buods 19, SoTis

KaTéyel THy TéEw —t L —dos. ‘Evd Tév &pibudv 12, 15, 15, 15, 19, 40,

2
15+ 19 841
2

40, 41 elvan & &p1Buods —5— = 17. ’Emadn B¢ el
Xe T 5y T&Ew kai cuvettdds keiTan peTofy TGV &p1fudov 15 wai 19.

=45 &pa kaTé-

‘0O Umohoyiopds Tis Siapéoou SpabdoTrommpéveov TOPATNPTTEWY  TTEXPOU-
o1alel Suoxohiay Tvd kad k&Tro1Q dopioTiaw Sia Ty TV aThs, 16T 8tV yveo-
pifopey T&s dxpiPels Tipds T uetoPAnTiis. TTpds ToUTo, Bi& TOV UTroAoyioudy
Tis Siapéoou TGY TIRGY ToU Trivakos kaTovoufis Tév 68 foyaTddv THs oeA. 211
okeTTOpEBa Cog EEFs :

"Exouev N =68 kai N—;'l — &;—] =34,5 “Apa 7 Bidpecos Tipn
KeITal peTaty Tiis 34ns xed 35ns &k T 68 SiaTeTorypéveoy kaTd T peytfous
TGV THs weTaPANTHS X Kol ouvedds dunker els THY TéEw 75 — 85, ds ToUTo Pai-
vetan &k Tis oTAANS (dBpoloTikd ouXvéTNs).

Tpo Tfis Siopéoou TawTns Tiufs Umtdpyouv 34 Tiped, €8 Gv ai 14 dunkouv
gis Ty Takw 55 — 75 xed of UdAoimor 20 durikouv els THy T&Ew 75 — 85, “Qoe
7 Té&ki5 75 - 85, elipous 10 povéSeov, meptAauPdvar eis Tas 24 Tipds oUTHs THY TI-
Wi Tiis Siapégou ked 20 Tinds Tpd alTfs. *Emreidh 82 24 Tiwed keAUTToUY eUpos
10 povédov, of 20 Tiped 8& kaAUTTTOWY edpos 10 - g% yov.

‘Emrouévaos ) Siduegos Tiuf kot TROTEYYIow elval :

Xs=75+10 20 =75 4 8,3 =83, 3xg

Inueioois. ‘O &pidunTikds péoos ToU TapadelypaTds pas Umehoyigln els T& mponyou-
pever kal ebpédn 811 efvan X = 84,7. ‘H mpn alrn dAiyov Biagéper Tfis Siapéoou Tiufs xg =83,3.

Pevikdig, £av xp elvan ) dpxixn Tiun Tfs Tékews, els flv &vrikel 1) Bidpecos
TN X5 , Zf ) Sk auyvdgs, f5 1) ouxvoTns Tis Tatews els fjv dvriker 7| X5 , F
7 &dpoioTikh) cuyrdTng EAcov Té Tdecow Tpd THs TéEews Ths X5 Kol € TO eUpos
Ths T&kews THis X5 , TOTE, Suoiws oxeTTTOMEVOL eUpiokoupey TOV TUTTOV :

1
3 —F

Xs=X,+ € =
fs

U'pagikds npocbiopiopig tiis Srapésov. OUtos elvon oAU elikoAos, SAAG
Bév mopkyel peydny dxpiPeiow.

Karaokeudlopey & ToAUycwvor dBpotoTixiis OUXVATTTOS Kal pépopev THy
Kk&Betov pos TOV &tovar Oy cis TO anpeiov, TO drrolov Xwpilel els 8Vo ioomAn-
Beils Suddog THY SAlK) ouyvotnTa. ‘H kdBetos altn Téuvel TO oAUy wvov els fv
onpetov, 1 88 k&BeTos &Trd cdiTd Tpds TOV &fova Ox opilel onueiov érri ToU &fovos
Ox, Tol émolou # TeTpunpévn elvan f) Sikpecos T, Ei T ToAUywvov &fpoioTi-
Kfjs ouxvéTnTos Tis ged. 211 # Sidpecos elvon 1 TeTUNMéEVT) ToU onueiov [,

216

Wnoionoi}Bnke andé 1o ivetirouto ExkmaibeuTikrig MoMTikrg



‘Emikpatotica tipn (X: )

‘O péoos aUTds elven 1) Tipn) Ths peTaPANTRS, ATIS TapoUCIElETal oUyps-
Tepov, TO1 @vrigtoryel eig TRV peyictnv cuyvornta, kol ouveTrds Exel Evwolaw
Stav TG Bebopéva EugavilovTon els kaTavouny ouyvornTwv. Ty, "Edw & Téw
EpyaTdv éuds EpyooTaciou of AapPdvovTes fuepopichiov 200 dpy. elvar ol ToAva-
pibudTepol, TéTe Adyopsv 611 TO EmikpaTtéoTepov Tipepopicdiov (EmikpaToloa Ti-
ur) els TO épyooTtdoiov elven 200 Bpy.

‘O mwpooBiopiopds pE dxpiPeiav Tfis EmikpaToUons Tipfis TpoUtobéTer Thy
yvéow SAwv TV oTolyeiwv Tiis KaTavoufs kol éopéves elvon Buoyept|s, dTaw
T& oTorxela elvan TTOAUTATIET kal dkavévioTa.

Els piav kavovikfiy karavoufiv ouyvoTtnTwy O Tpocbiopiouds Tfis £mikpa-
ToUons Tiufls KaTd Trpoctyylow oTnpiletan gl ToU Eumeipikol TUTOU

Xe—Xs =2 (Xs — X)

Inueiooig: Kardmw oparnprioews mpotkuey 8T1, EQv ) KXTOVOWT) ouyvo-
THTWY elven kamws kavovikd, 1) Siduecos X TepiéyeTon HeTaly THs EmikpaToucns
TIpfis X, kai ToU &pi@unTikoU péoou X. *Edv fj karavoun elvar ouppetpikn (ioTd-
YPOUUOV TUXVOTTTOS CUMHETPIKOV), TOTE elvan Xe = X5 =X.

Ipagikde Suvdpsbo va TrpocBiopiowpe THY ETIKPATOUTOY TIMNY Ao TO
loTdypaupov ouyvdTnTos d5 EEfis 1 TuuBéoper B1' eUBUYPEMPLY TETRATWY TaS
&vw kopupds ToU Spboywviou THis peyoduTépas gUXVOTNTOS P& TAS YEITOVIKAS
xopupas T&V 8Uo Ekarrépwbey ciToU Spboywviwy kai &To TO onuelov Toufis T
TUNUETWY TOUTWY époper k&BeTov Trpds Tov &fovar OX, f) dmoia opiler Thy émi-
kparoUoav Tipfy. T.x. Eis 10 ioTdypoupov ouyvdtnTos ThHs oeh. 212 ) émikpe-
ToUoa Tiun elvon ) TeTunpévn ToU onueiou A.

Edv tpapudowpey TOV TUTOV THis émikpaToUons TIpfs s THY kotavouny
TGV 68 fpyoaTdv els oeA. 211 AcpPdvopey :

Xe—83,3=2(83,3—-84,7) = x: = 80,5 kg.

Mapatnpiicerg &mi @V KEVIPLKAY TIPGAV

‘O &piBunTikds pégos UroAoyiletan eUkéAws kai Exel xkaBwpiopévny Tiuny,
ATis Bucs ErnpeddeTon &md TS dkpaias Tipds, Sik TouTo elven SuvaToy V& unv
elva ETrapkdds GUTITIPOCWTEUTIKY KevTpik Tipr. "Ev TolTors, elven & mhkov eU-
XpnoTos, & TAéov kaTavonTds kal & TAfoV yvwaoTos péoos els TV ZTOTIOTIKNY
Te&iw.

‘H 8i&pecos UroroyileTan oyeTikdds eUkéAws kai 1 TIPA TNS érrnpedfeTan
pévor &md TS TAfifos TGV SeBoupévcov TGy (Bév EtrnpedleTan o Tas dkpaias
TIpgs), S1& TouTo elven TEpIoTdTEPOY KEVTPRIKT Tium Kal ouveTdds ués TATPoQopEl
TAnpéoTEpOV TOU &p10u. pécou.

‘H ¢mikporoloa Tipd, TéAos, UrodoyifeTanr pdvov KaTd TPoTtyyIoI OXETI-
k&S eUyepdss (1) elpeois THs &AnBols Twfs eivar SUorohos kal Bev grnpedleTal
&rd Tds drpaias TINGS.

F T& TTASOVEKTHUGTA KOl HEIOVEKTTROTA TQV KEVTPIKGY TILGW upavilovTol

217




- kata TepITTTLoWw Kol oUveTds el TS oTaTIoTIKAS Epappoyds T TTpoTiNNCls Twv
YiVETQL KOTQ TEPITTTWOIY.

131. ATAZIIOPA—TYIIKH AINOKAIZIE — AIATPAMMA AIALTIOPAX

EiSopev els T& mponyouueve, 8T af Tpeis kevTpikal Tiped (&pibunT. wéoos,
Giquegos, Emikpatoloa Tipr) Topéyouv TOAAGKIS udvov 2udeiels S THy Tdow
TGV BeBoutveoy wds katavoufis. Elven puoikdy Aorméy, 11 elvon duemrapkels vk
Teprypdnyouy ué kdmroraw &kpifelav THY puoloyvwpiay THs kaTavoudis.

TT.x. Eis &va épowoy of 12 UmrédAnhor pidls Utrnpecios Tpocépepoy T& EEfis Tood :
10, 15, 15, 20, 20, 20, 20, 25, 30, 30, 45, 50. (1). Al kevtpikal Tipad Tfis
oapds autfis elven : X = 25, x5 = 20, x. = 20. *Ew &Td ToUs isious UraAAAous
| oepd TGV elopopdv ATo :

5,10, .10,,10,, 20, 20, 20, 20, 20,.30,. 35, 100. ; (&)

TéTe of xevTpiked Tiwad AW elven @ x = 25, X5 =20, Xe =20 Al ocepai (1)
kai (2) wop® Shov 671 Eyxouw Tds alTds KevTPIKGS TINds v ToUTols Siapépouy pe-
Taty Twv mépa oAU, Els v oeipdv (1) of Tiwal SiaomeipovTan &méd 10 Ews 50
kai 10 eUpos Tiis karavouds elvea 50 — 10 = 40, &vé els v (2) &wo 5 &ws 100
Hé epos 100 - 5 =95, B1& ToUTo Aéyouev, &T1 fi koTavopny Tfis cepds (2) Exet
peyaduTipay Slaomopdy &d THY KevTpIKAY Tiumv.

‘H ZvomoTikh épewve, dos & Toutou, elven UTroypecopévn, Stras EeTdon
kai &Mas Tipds THs peTaPoAfis TGV oTaTioTIKGY SeSoudveov.

Thw ouykévTpwow # &ropdkpuvo TEV oTaTICTIKEY Sedouévay TrépE pids
kevTpikfs Tipfis dvopdlopev Sracmopdv. b

TS elpos Tfis kaTavopfis Btv elvar kaTéAAnAov Bi&x THY Teprypagny Tiis
Sixomopds Téw Bedoptveor, SidT1 apTETon pévov &Td TS &xpalas Tipds. O&
fidwdueba v& Uodoylowper Thy Blaoopdy pE TH elpeov ToU péoou Spou TEY
&mrokAioecor TE&Y TIGY &md Tol péoou X alTdY, Sucws, &Tuxds, TO &bpolopa
T&v dmokAioewr ToUTcov elvan pndev (oed. 215, In i816Tns ToU &pip. péoou).
Ta TeTpdrycove Spoos Téwv dmorifoewy, fTor T& (xa — x)?%, elvan eTikol &pi@pol
Z(xn —x)?

N
Ty moodTnTa iy oupPoAilopey pé TO of kol kehoUpew péanv TETPAYDOVIKTV
anékhewv | Swkbpavery tiig katavopfig, THv 8¢ BeTikiy TeTpory ViKY pilav
QUTTis o Tumkfv Gnékiieiy.

Kol ouveTréds & &pIBunTikds péocos alTddy Bi&popos ToU pndevds.

“Qoe Exopey :

2 (5 = : % (% - 0"
B N BT ) “““’=vk—N @

"Avartiooovtes TO &Bpoloua I (X, — X)? AcuPdvosy :
20 =X = (%, — X+ (X = X%+ ... + (xn—X)2 =
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— (R X = PR Rt o X ) 4 NEE=
s LT R Nx 4+ Nx® = 5x; — Nx*

kai dpa of TUTTOL ; X} Tx
(1) xai (2) yp&povTan:

0% = — —x (1) xoi o= Nl X (2)

Mapadeiypate. 1) Al Siakupdvosis ToU Trponyoulévou TrapadelynaTos
ToU épdvou TéY 12 YmedAficwv elvon els T&s SUo TEpITTROES !

03t = [(10-25)2 + (15-25)* 4 . . . + (50-25)2] = - (I5*+10%+. . .+25%) =

400
= i

o,? =%[(5—25)2 + (10-25)2+ . .. 4 (100-25)*] = %(202-}—1524-. 473 =
3475

= e

Al 8¢ Tumikal &moxAloeis elvon @ op = V4OG 20\/ 3 *VB‘“S

2) N& UmrohoyioBij 1) BiekUpavols Tév dpidudv 6, 8, 11, 12. "Exouev X= %Z— =
= 9,25. XpnolpotoloUvTes TOV TUTOV (1) ExoMev :

0t = 5 [(6-9,25)2 +. . .+ (12-9,25)*] = L (3,25041,250 4 1,75%42,75%) =57
XpnowoToloUvTtes ToV TUTow (1°) é’xouev

o= (684 112+ 129~ () = L Ge+6a41214144) - 52 = 57

‘0 TUmos (1) tvtalba u&s &moaiidooer &wd  TOAMTACKOUS TOAAGTTACH
ClOCHOUS.

’Eav cxi -nuo:i -rﬁg peToPANTRS Exouv Toalwopndij eis fvav Tivoka xaTovo-

ufis | (: X e fi+f+ ... +H=N=Zf 7ére T& TeTpdywovd TEY

a'n'orOucrswu, wo?x?\m*r?\otcnotgousva ¢l Tds dwTioTolyous ouxvoTnTas, dibouy pé-

A 2, (o —%)e g 5 _—
6TV TETPAYOVIKIV anékhioly o = - st (3) kol womkRy  anéxlioy

o)/ S )

Eqwv B¢ chschwuev G5 Kkal Trponyounévess, TéTe ol TUTol (3) kai (4) ypdgovTal
5 a2
* Xl el

ZflxJL V
2. - x 3) kal o =
e 3)

Eis Ty mrepiTrTooow s ouc(So-n'omuéuqs koTavoufis ol dmokAicers Utroho-
yilovtan pé TS péoas Tipds TV T&Eew,

Inueioowg: ‘H Tumikn &mdéxkiiors o elvan TO peTpov TS Siaomopds kal
txppdleTon 1%k TGV dpYIK@Y povdBwy HETpTioews TGV Bedopevwv.
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Iapaderypa :

Zymuotilouey Tov Tivaka :

Apleun'rucog péoos x = 84, 7 kg

N& GmohoyioBfi 1| Tumikh &mokAlols TTjs OpaBoTroinuévns
kaTavopfis Tév 68 ZpyaTtddv Ths oeAidog 211.

;‘ 60 : 3 3600 10800 | —24,7 610,09 1830,27
|0 1 4900 53900 14,7 216,09 2376,99 i
% 24 6400 | 153600 — 47 22,09 530,16 !
% | 15 | 8100 | 121500 5.3 28,09 421,35 ‘}
(100 13 10000 | 130000 15,3 234,09 13043,17 H
| 1o 0 L lgioe | - 1 #p 640,09 — _}‘
| 120 2 | 14400 28800 35,3 1246,09 2492,18 I
bpoouc] 68 | 498600 | e
;Qgﬁ:v c:ruucpd:vo:»g_ TG TUTTG (4) - ‘/4986“70 _E4 72 ~ 12,6 ke
;;;ic:iwg B¢ Td TUmw (4) \/M}E ~ TH 5 e

Enposia tijg tumkils dnokiicemg

‘H yvddois Tfis péons Tiufis X kai THAS TUTMIKAS &mrokAicews o Trapéyel Gve-
kTipnTov ouuBoAny Si&k Tov Trpoodlopiopdy THs Hop@fis THS KoTavoufis ouUyvo-
TATWY KOTQ TROToV ikavoTroinTikdy, els Thy TrepimTwo ka® fv T& SeBouéva
SiaomeipovTan Kavovik@®s kol ouppeTpikds Trepl TOV péoov x. "OTav ) TUTIK
amokMols elvan pikpd, TG Sedopdva Telvouv va oucowpsuBolv TrépiE ToU pécou,
kol STaw elval peydhn, Teivouv v BiaoTrapolv. Al oTaTioTiKal peAéTan Seikviouy
671 €ls plav kovovikfy xal cuppeTpikiy kaTavouty Td SlaoThuaTa ExaTépeodey
ToU utoou X el dmooTaow fony Tpds o, 20, 3o mepiAauPdvouv T& 689, 959%,
99,7%, mepimou dvmioTolxws THs GAIkAs cuyvdTnTOs TGV Bedopucv.

‘0O daxdhoufios Tivat 5i8er ouvoTrTikGs THY SlacTropdy TEY TIWEY TS We-
TaPAnTRs tkoépwley THs péoms Tifs X els ékaTooTiala TrocooTd THs SAIKMAS

Spen | . , !

v 5éL %-26 ?-la ﬂf‘ "+<% E»e% 7+z:s ¢
L i e |
g
598 7
Iy, 131.1
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ouywdTNTOS, Exel B¢ oxomov v& Béon kaTdTEpa dpia dopateios Kai va& Ponthon
ouvetrdds els Thy SiamicTwow Tuydy Acv gl Tous Gtohoy1ouoUs.

Eis 16 mponyouuevoy mapdderypa elpopey 0 = 12,6 kg ai x =84, Tkg.
Apc:Elg‘roStocc-rnuccc:Trox—cr-_847— 12,6 = 72,1 &sx + 0 =284, 7 + 12,6=
=97, 3 SixmioToUNEY, KaTOTIY ELeTdoEws TOU TTOAUYWVOY &BpoloTIKTS ouyvo-
TnTos, 6T dvrikouy of 46 &k Tdv 68 Twdv, ATor To 67, 6%, TpdyuaTy, N TIUY
72, 1 &micToixel Tepitou s THY dBpoioTikiy ouxvéTnTa 19 kad f) TN 97,3
dvmigToryel els T 65 kol ouverdds 65 — 19 = 46.

*Emions, eis 76 Si&otnua &md X — 20 = 84, 7—2 - 12,6=59, 5 tws X+20=
= 109,9 dvfikouv 63 &k TV 68 Tipdy, fiTor To 92, 6. TpdypaT, 1 Tiun 59,5
dvTioToyel mepiTrou els THY &BpoioTikfy cuyvoTnTa 3 kad 1) Tipfy 109, 9 &g Ty
66 kal cuvetdds 66 — 3 = 63..

To Swaypoppa tiig dragmoplg

EiSouey, 6T1 kB karavopdy ouyvoThTwy BuvarTal v mapacTadi] ypogl-
xéds ut &v foTdypaupor | moAlywvoy cuyvetnTos. H eikov alrn elval TuTTIKD
TOU eEETagousvou TANBUGUoU. "Av Suws pavtacBduey &1 6 TANBUoOs HeTaPAA-
AeTan quveydds, BVEd TaUTOYPOVwS TO elpos TGV Talewow Hikpaivel, TOTE TO loTO-
yooupov f| T& oAUy wvoy dpiaréds B& TauTiobf ut piow kaumiAny ( T Sidypap-
pa Ths Siaomopds), T omoix kaBopileTal TANpws &ro Tov péoov X Kal Thy Tu-
kY &moKAIo o. ‘O poos X &moTeEAT TO uéTpov Beoes Tou &lovos Ox kal
1 TUTIKY &ToKAIGIS TO péTpov SiacTropds. 'Edw i Tiuf o elven wikpd, TOTE ) Ka-
pTUAn Trapouaidlel peydAnY KupTOTNTG, Eav B¢ weydAn, TETe f) kauTIUAN Elvou
&rAwpévn. KaTwTépw Bidopey TO Bi&ypaupa diaomopds TS korravoptis Téy 68
tpyaTéy & ToU loToypduuou guxvdTnTos THS oEA. 212

*Exouev X = 84, 7 kad o = 12,6. Eis 76 Sidotnua (X — 0, X + o) dvrrouy
46 ¢k Téw 68 Tipddy, fTol TO 67, 6%, Eis TO BidoTnua (X — 20, X -+ 20) dvrrowy
63 &k TV 68 Tipdy, ATol 1O 92, 6%.
OUTw ocupmepaivopey, 611 1| Siagmopd v

elvon pEy&AT. ::
AUo fj kol TrepioocdTepol  TANBuUcHol

elvon Suvardy @ 1) va Eyxouv TOV alTov pi- ¥

oov kel vé& Slapépouv s Tpos TNY dlaoTo- s

—676
pdv, 2) v& éxouv Thv idicy Sixomopdy kal
Bicgopov péoov kad 3) v Siapépouv s
of 3 ke 5
TTpos THY SiacTropdy Kal TOV pécov. ; sz!sx
T& dxdrouba Bioypappata  SiaoTro- ol mo el

pds dvagépovtal Els TAS CQUWTEPW TIEPI- ':’c | l e TR
TITWOELS &leo'roinS Ma:w;_ﬁ:m,g:e”;ﬁ.w_gi‘w‘m
‘O mive€ ToU oy.131.1, & émolos Bi-
Be1 T BlagTopaw eis ékaTOoTIAG OG0T, Iy. 131.2
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| 6<6;

Ty. 131.3

e

foxuel &moAUTwS, dTaw f) KkoTowopf) oUYvOTTTwv Efvan kawovikd) kal cuppe-
TPIKT) TrEPl TOV pégov X. To &xdroufov oTiKTOY Biaypapua Gidel ThHy eikdva wids
TOIQUTNS KATQVOUTS.

Y
19 . s
(-] -]
o L}
= o ©
=l -] a © o
L] o -] L]
o B £ o
o o o o
o -] o -]
2 s o &
9‘ o < o =] o o
o ° o =l o o
o - o o o o
=] -] L) o =] -2
° o © © < o
& =] -] -] -] o (=] -] o
| © ] ° o o o ° )
2 o o o =] o o (-2 o -] =]
0 © ; 1 o ‘ L] ) -] " o o E o , =] ) o ] . o | : -]
X-36 -26 X6 X X6 X+26 X365
By 131.4

132, H ENNOIA THE LYEXETIZEQZ

*'H olykpiois Tév oTamioTikéy SeBoutveov dmoTeAel THY TeAwhy o
nids oTamioTikfs fpelvng kol &ookomel els THY dvelpeoiv vdpou Twds, SoTiS
va Siemn T&s oxéous BUo fi mepiocoTépwy UTo EéTacy pawvoutvev. Ak THs
ouykploews TGV oTATIOTIKGY Celpdy SUvaTol & EpeuvnThs v& eUpn TS Spols-
™Tas §) Tas Slapopds, al omoim yapaxTnpifour §Uo govdpeva kal va dvakoAU-
yn, ouvemds, Tols Beouols T Tas oyéoels EapThosds Tov.

H obyxpios Tév cTamioTikév SeSopdvewr, 9 doov AcuPdvsl xdpav éi
TpotypaToy  EMIBEKTIKGY ouykpioews, Tapouci&ler SuokoAias, 810T1 1) oyiois
GAAndostcpTioews 6y Slagdpwy pawopévwv (QUOIKEY # olkovouxéw) elval
moAuaUvBeTos, 18lws &rav TpdkerTan Tepl olkovopikGv.
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Al dusikal gmioTiual, T& MafnuaTikd, 1) ‘AcTpovopia, f Biohoyla ma-
péyowv TAsioTa Soa Trapadelypara ouykpicews Siapdpwy ooy Kai Egpd-
louv T&s oxéoels dAANAoeapTHoEws crdTdy Bid TUTIGY (Vopwy) STOAMITWS aTa-
Bepdov kai &uoAAo1w TV,

Al oyéoels alTar Sév UploTavTal Trpokeluévou Trepl OIKOVOMIKEY Qaivopé-
veov. *Ev ToUTors 1) ZTaTioTike Tapéxel ixavoroinTikas &vdeilels émi Tis mopelag
&Y poavopdvey ToUTwv, KaiTol T& oToiyela alTdv elvan cos el T TAeloTov
ETEpOYEVT.

Suyvd oupPaiver af petaPorad els ulav weTaPAnTry v& ouvodedwytar dmo
TrapaAATAcUs HeTaPOAGs, els uicw &AMV peTaPAnThY Kol va Umépyn WeTaltd Teov
oyéols Tis, | Smeos Adyopsy af peTaPAnTal vd eivan ovoyeTiopivar. T.x. T& Oyos
xal TO Bdpos duBpatreov, T Uyos kal A HAxia dvbpdmeo, fi depuokpacia xai
N SIXOTOAT] MHETEAAWY K.A.TT.

“Otav 8Uo peTafAnTal X kol W HeTaPAAA@UTAL TOPEAAA®S KOTX TPO-
Trov, GoTE gls PeydAas ) HIKpSS TGS THS X v& QuTioTOIoUY KkaTX TO TALIoTOY
peydAan A wikpad Tiped THs @ &uTioToiyws, xopls Spes v GTapxn MabnuaTi-
kfy Tis oxéols (oTabepds vopos) uweTaly TV PETOPAT TGV TOUTWY, TOTE Abyopey
871 UTdpyer Oetiki) ovoyitiorg peTakl TéY peTaPAnTév X kal y. Ty, O (yog
kad TO Pépos duBpdoTreov elpiokovtan eis Bemikdv ovoyeTiondv.

“OTay 5t gls ueydas Tiuds Tfs X &vTIoTOIXOUV KATX TO TAsioTOV Mikpad Ti-
uad Tiwed s W kad GuTioTpoQws, TOTE Aéyopev STiL UTdpYEL GpvNTIKIY Svoyé-
norg Ty, & &pibuds TG uUTEY dvd povdda dmipaveias kal 1) dmddoas EkdoTou
TGV QUTEV.

Téhos, &tov of Tipad THs wds peTaPAnTiis Bév gaivoural v& Emnpedlow
& Tipds TR &AANS, SnA. 6Tav af SUo petaPAnTad eivan dvetdpTnTol, TOTE Abyo-
uev &1 eivan doveyitiston Ty, TO Uyos kal TO éTnoiov gloddnua  dvlpoav.

‘H ypoapikl Tap&oTaots UmoPonbel els THy mpoomddeiow dveuptoews wids
oytoews EtapThoews peTaly &Uo PaIVOUEVV.

O¥reos, & Utobécwuey 811 Eyouey Tpos ELéTaaw v olvohov SroTeTay pEveOV
(euydv dvmioTolywy Tiéy 8Uo peTaPAnTéy X kad . "Hrol 16 = { (X, )
(X'lr \Pz):' sy (Xl » W )s' =2 (XNJ \PT“) }

Eic & oUoTtnua opfoy. &tdvewy xOy kataokevalopey T4 eikovas T [eu-
y@v TouTwy. TéTe elval BuvaTdy va AdPwpsy T& EEfis oTIKT Siory pAHMeTd, T&
Smrola elvan fkavd v xore®elfouv, &v Umépyn oxtols Tis EapToews HETALU
T6v BUo peTaPANTEV feTikn T GpunTIK.
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Enueiwclg. ’Extos T@v oTikT@V BiaypappdTwy yiveten Xpfiols kel T@U ypappikdy
SraypappdTey (kauTUAwy) KaTtd ToloUTtov Tpdtov, GoTe f) plo kapmUAn v& imTy i T
&AAns kal va xaBioTaTon Tpogavds & ouoyeTiouds T W TOV BUo METaBANTGY.

T& dvwTépw Bioypdupata elvan pbv dvorykaio, @5 TPOTUPUOKEVATTIKT
Epyaoia, Sy Suws kel émapki]. Ak v& émiTUywpe coapeaTépas, évbeltels kod v
EPUNVEUCWHEY TAS TUXOV OpoIdTNTas Kal Biagopds, elvar dvdykn v& Kapwpey
&pOunTikds cuykpiceis.

OlTeos, tdw x ked @ elvan of péoor 16V oeipdv Tol Trivakes TéY &vrioToi-
K5 i G o e

, TOTE Ev mpddTor Kprthiplov S1& Th
Wir W - Way o0 YN .

XWy TIUGY {
Utraptiv ouoxeTioews petaly TEV X ked y, Topéyel TO _&Opoioua :

Ca= %) (=) + (K¢ —%) W= 9D+ .- + (x — 0 (pn — ) (1), 10
dmroiov &dv efvan BeTikdy, 87]?\01 4T 1) ouoxeTions elven BeTikd, Si16m TéTE T TrE-
plocdTepa ywdueva (X, — X) (W — w) efven BeTixd, ToU onpaiver 61 T& MEPIO-
ootepa [EUYM (X, Wi ) Siouv drokAices k TEV péowy X kod W SpooTuous.
'Eav 10 &Bpoioua (1) elven dpynTikd, tére Bnhol 671 f ouoyéTions elvor dpvn-
Tikf. ‘Edv, TéAos, elvan gyylUs ToU pndevds, TéTe Seikvlel TO dovoyéTioTor TGV
X xal y.

‘O Babuds Tfis cuoxeTioews ueTaty &lo HETAPANTEY peTpeiton Umd ToU
kaAouugvou cuvieheatol ocuvoyeticemg T, & omolos OpileTon &md TO TnAikov
ToU pécov Spou Tou &lpoiopatos (1) Si& ToU ywopévou T@v TUTIKEY &mmokAi-
0EWV Oy Kol oy TGV LxETocBP\n-rcTw X ke .

7 2 — %) (95, — ) 0o =0 W —¥) .

VZ(x;kx)a\/zw; N}J}L TV oI v

"Hto1 Eyopev : r = (2)

‘O ouvteAeo s r elven dueldpTnTos TEW HoVESwY UETPRoEWS, &TTOBEIKVU-
etan 88 6T mepiexeTan petalV —1 ked 1. "Htor —1 <r < + 1. “Otow r>0,
TOTE EYoper BeTiknv cuoyéTiow, 7§ omofa kabioToTan ioyupotépa, xafds & T
mAnoalel Tpos TO + 1. "OTav r <0, TdTe Exouey dpynTiKfY guayéTiow, 1) dmola
xabioTaTon loyupoTépa, kabds O r mAnci&ler wpds TO — 1. "Otav 16 1 elvan éy-
yUs ToU undevés, TéTE 1) cuoyéTiols slven Alaw &oBevns f oUSepica TUGYETITIS
Umépxer. TéAos, tqv r=+41 1) r = — 1, TéTe Exopev &médAutov GeTikiy 7 &pyn-
TIKAV OUOXETIOW, OTTOTE METGEY TV peTaPAnTdv X kai y Umdpyel pobnuoTixd
YPouMIKT) oXEols THS Wopefis W = ax + PB. ‘O ouvTeAeoTns ouoyeTioews r ¥pn-
owoToteitar S1& v Eaxpifuwow ToU Umdpyovtos Beouol tlapThioecss peTaly
SUo gawopéveov eis TAcioTas doas TepiTITaoE, SixiTépws Bt els THy MeTecopo-
Aoyiav, BioAoyiav, ‘laTpixfy, Mewpyikny épeuvav kai eis Ty Oixovouicw.

Kata 1ty Epapuoytv duws Béov & épeuvnTiis vé évepy ] peT& TTOAATS Tepi-
oKéWews, B10TL TTOAAGKIS eUpickouey loxupdy ouvTeAeoTrv ouayeTioews Sid pai-
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vopeva TG dmola Aoyixkds oUbtva Seoudv ELopTroews duvavTal va Exouv.

TS dphov eivon va eeTdleopey Aoyikdds TO TpOPAnua Tp&dTov kal dxoAou-
Bus v Biepeuvddpey TO &oTEAETUQ.

‘O 8idonuos atarioTikeAdyos Tschuprow dvagéper, &T1 el plav oTaTioTi-
kv Epevvay &l ol pey£Bous TG [Ny &k Tupkaiddy kal THs Tapoucias f uf
TUpooPeTTIKGY duTAI®Y & CUVTENECTNS ouoyeTioews &médeikev, &T1 ai TAfov
evBiagépougean {nuicn oupTmimTouy yeuikdds ué THy Tapouciav T&Y dvTAGy. TTpé-
TEL AOITTOV V& KaUOWHEY TAs QUTAIQS ;

Mupaderypa: Of Paduol 12 pafntddv eis & ‘EAAnuikg, MabnpaTiké, Qu-
oIk eivan.

EMuikG x |1 2‘ 4| 5| ¢ 7| 10| 12| 13 15| 16] 19 92=%
| Mabnuarixa _‘il_z_'L ii 2l 12| 16| 16 18] 18 IGE_I_?__ 134=y
Dy 2|1 94|10 6| 12/ 12 16/ 14 16| 18 18] 123-z

N& Umoloyioff & ouvteheaTns ouoyeTioews TOV EmBdoewy T&Y pabnTdv elg
T& 1) ‘EAAnvikd kol MafnuoTikd, 2) MafnuaTika kal Quaikn.
EUploxopey Tés &moxkhiceis kal épapudlopey tOv TUTTOV 2.

U'l
(I)

% —x |- 82] _72\_32574,z|ﬁ3,2"722|03 28l 38| 58\ 8 |
Ofrw: \V,—ly\—l]‘i—34‘—94;—-1,4!—1,4‘ 2,6 26|46|46 2,6 \
TR BT T T N S T e e e R i

E (% —X) (W —9)=(—8,2) (=11,4) + (=7,2) (=3, + ...+(9,8) (5,6):305,16
(. — ) (@ —)=(—11,4) (—=11,3) + (=3,4) (-3,3)+.:.+(5,6)(5,8) =313,36
TG —X)2= (=827 + (—7.2)2+ ... + (6,82 + (9,8)2 = 377,68
Sy — ) =(—= 11,82+ (=342 + ... + (4,6)* + (5, 6)2 = 348,92
Sm—2)=(= 11,32+ (=3, 32+ ... + (5, 8+ (5, 8)% =326, 98

305,16 305,16
/377,68 348,92 363,01~ s

313,36 = 31836

2 ot ~ 0,93
) ~ \/348.92.326,98 330,71

"Ex 16w eUpeBivToov oUTEAEOTOY CUTYKETIOEWS TUpTTEpaivopEy :
1) ém dupdTepon af ouoyetioss elven BeTikad kad Alaw ioyxupad
2) 611 fy ouoytTiols TGV EmBdoewy TAV padnTdy els Td MafnuaTika — Puoikh
elvan foyupoTépa s TorauTns els Ta ‘EAATik& — MafinuaTika.

Ol pofnrad els dugoTépas Tas cuoyeTioels SUvawTal VA KXTAOKEUAGOUY
TO WKTOV Sy pauua.

"Apa Eyopev 1 1) 1, =

AZKHZEIZX

431) 'Ex T&v xatwTépw iBloThTwy Tolo elvar moretikal kol Trolan TocoTikai ; ‘Ex
8¢ &y peTaPAnTdy Toicn eivan guvexeis kol Trolon &ouveyels. ‘AvaoTnua — fhikia — Ewdy yehua
— eloddnua — Bpnoxeia — yAGDoox — oikoyevelax?] KaTAoTaO1s — &p1OUSS &y &uwy — YEwPY1Kos
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kAfjpos — Beppokpacia dépos — BepareuTh pia KaTd Yewy pagikdy Biapépiopa — Pépos — Eaywyn
oTagibos els Tévwous — &rouaial pabnTdv.

432) Els éva Trpdyxeipov Siaywviopov o 42 pabnral Tfis Té&iews nas EAaPov Tols dxo-
Aoubous Pabpous :
2 8. 15, 1T . 10, | 1T 6, oy sz de I, 19 aler . 42
16, 10, 20, 7. 12, 1. 19, 18, 18 9, 17, 18, 14, 2
13 17, 18, 10 14, 6, 11, 12, 14, 1o, 13, 15 I3, 12
N& oxnuatic8fj wival xatavoufis cuxvothiTwy pé oTnAas &moAUToy, oxeTikfs kal &bBpolaTikijs
gUYVOTNTOS.

433) To &ros 1965 of petovdoTon & ‘EAM&Sos &vijAbov eis 117 yihiddas mepimoy, &
@v 65 1A, &vBpes kal 52 xih. yuvaikes fidixias dmwod 0 — 75 dvédv, s & &kdAouBos Tivad :
(Mnyn : ZTaTmioTikh "Emetnpls 1966)

20/21-25/26-30{31-35|36-40 41-45|46-50|51-55/56-60/61-65/66-70 71-75 Ztvohos]
| = 1 ik 2

53 | 10217 [119 |86 |38 |15 |09 [05 03 (02 [01 | &

& |1 |52l 71 (47 |2 |} [11 o8 |06 |04 |02 | 52

N& oxnuaTiodij mival kaTavoufis pé oTriAas s Tiis mTpony. dokfoews.
434) Al &oiters els ‘EAAGSa TepinynT@v &k ToU 'EfwTepikol &md ToU ETous 1959-1965
Exouv dx drkoholbws : (EtaTioTixfy *Emwetnpls 1966)

“Eos 1959 1960 | 1961 1962 | 1963 | 1964 | 1965
‘Agiters | 340,0 | 3994 | 4942 | 597,9 | 7412 | 7575 | 976,1 |[Els xoudbes

N& oxnuaTic8f Tivel katavopfis ué oThhras &5 Tfis Tpeny. &oKnoEws.

435) N& kaTackeuachi TO ToAUywvov ouyvdTnTos TV doxfoswy 2, 3 kal 4 ds kal
16 ToAUywvov &BpotoTikiis guyvdTnTOS.

436) N& xoatacxevaddi 70 loTdypappov ouyvéTnTos kal &BpotoTikfs ouyvéTnTos
T&V dokfoswv 2 xal 3.

437) N& kataokevaohij paPdypapupov S1& T& otoixeix i)y dox. 4.

438) T& yevika EloBa wds &miyeiprioews elvan @

MigBol Spaypai 300.000, tvoikix Bpay. 200.000, dogdheian kal pépor Epoy. 100.000,
Siagriuiots 150.000, Si&gopa Spy. 50.000. N& xataokevaodii kukAikoy Sidypappa adtis THs
KOTAVOUTS.

439) Té Etos 1966 1) ETaois Tfis ‘EAA&GSos mapousiacey Thv Eifis kaTavopry : Tewpyikd
&raois 309, Aacikn éxTtacis 20,39, "Extacis Pookfis 38,29, Oixobounuévn #Toois 3,5%,
dpucdng Ektaois 4,8%, EkTaols kaAutrtoptn Umd UB&Twv 3,29, N& kaTaokevaodi kukhikdy
Sidypapua auTiis Tiis KaTavopfs.

440) Nc& eUpedfy & dpifu. péoos kal 1) Sidueoos els T& Sebopéva TdY doxroewy 2, 3 kal 4.

441) N& ebpedfj N Emikparoloa Tipn eis T& BeBopévar Tiis doxkfioews 3 keywpiopéos
Bi& Tous dwBpas kal yuvaikas kal dkoAoUfws Sid TO olUvoAov TGV peTaVaTTY.

442) To Tpoowmikdy wmds Emixelprioews kaTavéueTan &dvoRdyws T@Y ET&y Urnpesies
s K&Two :

g 15 | 5-10 | 10-15 | 15220 | 20-25 | 25-30 | 30-35 | 35-40 40-45’
UTrnpecias ‘ |
N | |
*Ap18pos |
| D8 g 70 39 20 \ 11 ' 5 ‘ 5 (3 ; 2
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N& yivy & mivat katavoufis ouyvotfiTwy dmoAUTou, oxeTikis kal &BporoTikis Kkal va
eUpeBolv ol kevrpikai Tpal X, X5, Xe

443) 'O dpibp. péoos TV &PIBUGY Xy, Ky ..., Xy, VE N, elvan x.
N epebf) & apidp. péoos TGV &PIBREY o) X, + K, Xa + K, ..., Xy + K, B) Xi— K, Xa — K,
X X X
s Xy =K, ¥Y) KXy, KXz, ..., KXy, 8) Tl’ —Ki, Tt TV, k# 0, kol €) kX, +A, KXy +A, ...,
KXy + A,

444) AiSovton & s Bépn sis kg 3, 6, 6, 12, 9, 12, 10, 9, 12, 14, 17. N& Umro-
hoy1o87) & &piBu. péoos kal 7y TumKA &TéKMTIS.
445) Ta fueponiobiar 500 tpyatdv Evds Epyostaciou kaTavépovtar s EEfs :

I
| Nageis | ...-55 \ 55-65 | 65-75 | 75-85 ‘ 85-95 ‘ 95-105 ‘ 105-. ..
fivepopiod. | |

! I
Apiucs ’ 0 19 ‘ 120 70 | 50 ’ 0 | 10 |
EpyaTdv i : |

Néx ebpedij & dpiBu. péoos, 1 TuTrikn) &mokAlos kal & &piBuds Tév Epyatdv, o 1 dtoio
gyouv fiueponioBio a) &md x — o fs X + o kal B) &md X — 20 Ews X + 20. N& yivn 8¢ kad T
Sidypapua Sixoopds.

446) Ta dvactiuoTo kol T& Bé&pn 346 &rdéuwv katavépovTtoan o EEfis :

\
| Bépos €ls kg 150-55 55-60 | 60-65 | 65— 70‘70 ?5‘75--80‘80—85‘85—90 90-95 |95-100
s . | |
At e 38 | 88 | 70 | 55 | 39 | 26 | 13
&Tdpc | | :
e |
A““‘;‘;‘“" 150~155155- 160160—165‘{165 1701704?5 175- 180;180 185 185-190
: » |
 en !
| febass ‘ | L 48 31| 102 ‘ 40 I 13
| &Tdpww : | |

N& ebpeioiv ol péoor, ol Srakupdvoers, ol Tumikal &mokhices eis EKGoTNV oelpdy Kal vi
tletaoff el molav elven  peyadutépa f)  Siaomopd.

447) Avo Tuyaion petaPAnral tvepavicBnooav els [edyn dvTtioToixcov TiudY s dxo-
AoUBuws :

Xl L
y | 4 |

w
B
g

5 e e T
5. [ 4D 3 3

N& Umodoyio8ij & ouvteAeoThs ouoyetioews kal vd yivn T8 oTikTdV Siaypappa T
10 ToUToov euydwv.

448) Ta xpnowpomoin@évra md wdls itaipelas xepdAaia ¢l 10 Siaboyikd &1 s xal
T& dvTtioTorka képdn BiSovtan s dkoAoUBuws :

T

4 | |
| Rephaney 10 | 20 | 30 | 40 I o | 90 | 100
| els ékaTou. Bpy. | | |
: ] |
[Hes ‘ 2 4 | 8 5 1w | is |1 22 |30 !
elg ékarou. Bpy. ! | |

N& ebpedfj & ouvtedeoths quoyetiosws kal v& yln 16 oTikTdy S1d&y pappa.
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MEPOZX: -TETAPTON

KEPAAAION XVI

TPITQNOMETPIA

133. TO TEQMETPIKON TOZON KYKAOY KAI H TFQNIA. MONAAEL METPHIEQE

*Eri £vds wixAou kévtpou O (Zy. 133.1) &s Becopnioooper Su’o_snuEla A KCXl
T& onueia A kai B yepilouv Thy Trepigépeiaw els SUo Toka, 10 AMB kad 0 EMA.
Al fuieuBsion Oa kal OP opifouv &Uo EmikévTpous ymmcxg, T&s <L (Oa, OB) kai
< (OB, Ooc) ‘H < (O, OP) dvTtioToryei eis TO Totov AMB xod 1 <L (OB, Oa) elg

6 Totov BMA. *Edw povTacBuey 611 TO EmimeSor TOU KU-
xhou oTpépeTorl Trepl TO O kar& THY OeTikTv  gopdw Trepl-
cTpogfis, STav TS onueiov A xivoupevov SierypéyT TO Totov

mB, 1) dxtis Oc, &mi Tiis émoilas keltar 1O onueiov A, fa
Siaypdywn TO towTepikGY TR &QUTICTOIXOU ETIKEVTPOU Y-
viag (Oc, OB) Tx. 1331

‘H ardérvtog mpn &vds totou (f) mds yowvias) eivar &
Adyos ToU Tdtou () Ths yovias) mwpos ThHy povdda TGV Totwy (f) Tév ywudv).

‘H yewusTpia E18&oker &T1 Adyos Blo Tolwy Tiis alTfis dkTivog ioolTon
TpoOs TOV Adyov TV QVTIOTOIXWY ETIKEVTPWY ywviddy kai Emouéves : v 168ov
ExsL v adtiv arndiutov Ty pé iy avtictolydv tov Emikevipov ywviav, £av
Bepaimg g povag petpiisewg tdv t0Emv hopPdvetar 10 téEov 10 dvrigToryodv
gig v povada tdvV yovidv.

’Ex ToUTou EmeTan, 871 TOEx dunkovTa els kUkAous upé SiagopeTikds SxTi-
vag Eyouv THY QUTh &TOAUTOV TNy, f| OTrws &AAws Abyousy, e’Kq>pd§ou-rm g
TOV adTdv &méAuTov dpifpdy, dtav dvTioTorxouv s TNV aUThy f) foas émikév-
Tpous ywvias.

To péyebos Evds Totou ExkppdleTal KaTa SUo TROTTOUS !
1) u¢ 1o pfjkos Tou, &tav eivar yvwoTh § &kTis Tou Kal
2) ug Ty &mdAuTtov Ty Tou, Tij Ponbelx wids dpiopévng povdBos Tokwv,
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1) omola dméAuTos Tiuf kv élapTdTon &md THY dxTiva ToU kUkAou.

Buowkt) povig petpricecos Tév yeowdy elvar 1 &phn ywvia. *H dvtioToiyos
poves Tokwv elvar To }I TOU KUkAou. ‘H 8pB7 yowia UmoBionpeita sis 90 foog
yoovias EkdoTn &k Tév Omolwy Adyeton pia poipa, oupBoAik®s 1° ‘H yovia
WiGs poipos UmeBiapeiton &5 60 foas yovias ExdoTn 2k TV dmoicov AgyeTan
£v hemtov, oupBolikds 1. °H yowvia Tou 1’ Umodicupeitan eis 60 low pEpT), Eko-
oToV K TGV OToiwy AeyeTar  Ev devrepov hemtov, oupPoiikdy 1"

"AvmioTolyws 16 1/4 Tol kikhou UmoBiaipeitar eis 90 Yoo Téfa fxacTov
EK TGV OToicoy AeyeTan Uia polpa kUkAou kad oupPohiletar dpolws 19 To Téfov
wids poipas UmeBinpeitar is 60 foa pépn ExacTov &k TV GTroicov AéyeTon v
AemTov (1) kUkAou K.T.A.

"H Beopntikn povig t68mv Ay ywouidy eiven 16 dxtiviov (rad). To axtiviov
elvon TéEov Tol droiou TO iikos elvan foov TEdS TO ufkos THs dkTives ToU kUkAou
els Tov omoiov dvfikel TO Téfov. Emrions yevia éveg dxtiviov AfyeTan 1) GvTi-
OTOIXOS ETTKEVTPOS yuwvia ToU Tékou Evos drTiviou (ZX. 133.2).

‘H &moiuTos Tiun Emoptucs tvos Tékou els dxTiva elval
S Adyos ToU unkous ToU TéEou TouTou mpds THY dkTiva. To
pfjkos s Evos Totou KUKAOU GKTIvos p ouvBéeTon pé THY &TToAU-
Tov Twhy o ToU Tolov TouTov els dxTivia Si Tis iodTnToS!

c(:_z_<:>5:qp

"Eav 6 povas peTprioews ToU prkous ANelii 1 dxTis p,
TOTE TO pijkos ToU TéRou dxppddeTon pE Tov  adTov &p18udy

2y. 133.2 TR 4 . § b |G s sy
b pe Tov Smolov EkgpddeTal kal 1) &mdAuTos Tiuh ToU Téiou
ToUToU el dkTivic.
. o T \ i gy . , oS . 2m
OBev 1) &moAuTos Tiuf) ToU kUkhou GAckANpou els dkTivier eiven TP =2aT

‘0 &pibuos auTos 21 ékgpdder émions TO pfikos kKUKAoU dkTivos fong pé THY povd-
W5 e, s i o | S o ™

da. ‘H &mwodhuTos Tiun Tou fuikukAiou elven T Kad Tou 4~ ToU KUKAOU givol 5

"Avapépouey 56 kal piav povdda, ThHv émoiav doy&Tws Xp‘l‘]OIUOTTOlOUU elg

TOS CTPATIWTIKAS £QUPUOYas, TO mil*, T6 &moiov {ooUTon pé To ToU KU-

6400
Khou. TouTo kaT& ueydAny Tpoctyyloy iooUtal pé 1000 rad.

‘Eav &1 Tév o Kl W TTOpaGTHOWHEY TS ATTOAUTOUS TIUAS TOU qUTOU Té=-
tou pe povéBas dvTioTolyws TO dkTiviov kal TTv wolpav, £&w TO Totov ToUTo Sév
UmepPaivn Tov kUkAov, 8& foxun 1y lodTns :

& ., B
— = (33

(*) «ppmontivn xathk THY EAMMXRY oTpaTtwTiyY dpoloyiay.
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MpdyuaTi, dUo TéEa & peTpnfouv SiaBoyikdds ué uovddas TO dxTiviov kol
T umpow *Egrewooy Bt o ked U of &rdAuTol Tipal ToU TpdTou Tétou els Gri-
v kol poipas xal o ke w' ToU SeuTépou Totoy duTioTolyes sls drTivia ket poi-

pas. ‘H yewpetpia 8i18doket 8TL & Adyos Buo T6Ewy Btv ElapTdTon &Td THY uo-

v&Ba peTpriosws Twv kal T ioyel : -g—. = ul

Edqw ¢ BeUtepov TéEou Angdii TO fluiou kUkhou TOTE fi looTns -g = —:,—yiue-
Sl

=t S 180

‘H igdTns Acrmov (133, «) pds EmiTpémer va edpiokoouey THY &TOAUTOY Ti-
ufy vds Télou dog Tpds THY piav &k TV wovdBuwy, dTaw yvwpilwuey THY &mo-
Tov Tipfy Tou G5 Trpos THY GAANvV.

134. TIPOTSANATOAIZMENOZ KYKAOZIL KAl MPOZANATOAIZMENON TOZON.

Edv &v kwwnTOV omueiov ocuctxcopncn # Twog onuelou A Ewds kikhou (Zy.
134), SuvaTon v Sicrypdyn aUTOV KIvoUpevov i’ oUToU katd BUo gopds. 'Ex
T8y popddy ToUTwy T duTifeTos Trpds THY popaw Tiig KLV OE-
ws TEY BelkTGY ToU dporoylou SpileTon g Benikn @opa g
kai f| oupewvoUoa pé THY TR xwhoews TV Belk TGV TOU \
@poroyiou ¢ apvnrikn @opd. “OTav gtri Evdg KUKAGU, EYT) »
op1oBfi 1 BeTikn), Emouéves kel 1 &pvnTikT @opd, & KUKAoS
Adyetoan mpocavatoliopévos. Thy BeTikfv gopav oudPoAilopey >
els TO oxfiua pE &v Béhos guvodsudpevoy Pé TO oupPorov -+. Ty. 134

Eqv Toopa i fvds TpocavaTtoliouévoy, KuxAou Exwpev BUo onuela A
kol B, ToTe &ml ToU kUkhou ToUTou Spilovral Téooapa Toba TPOCTaVATOMGE-

va, TéW &Tolwy TO ufikos elvan LixpdTEpoy ToU kUkAou 51611 By TéEov AB sivan
SuvaTov v& Siaypagf Utd kivnToU onueiou eiTe £k ToU A Trpds 10 B eiTe &k TOU
B pds TO A. Oplgov-rou Aotrov 8uo Tota AB 1 Ev Aeyopevou Detikov téﬁov AB,

ouupoilouevov Ui AB , kol v apynTkdy toEov AB, cupPoMouevoy pe AB , ko’
doov TO Ev ExEl TTV BsTLva popdw ToU TPooavaTOAITUEVOU KUKAOU K(Il TO cx7\7\o

1w &pvnTikny. Cevikdds Ev Tofov TpooavaToMaouevoy cupBoMQs’ral ué AB

‘Opilovtan emions SUo Tokx BA, o & Berikdv BA" kel 6 8ho &pynTIKGY
BA A& vé un ylveTal cuy\(uclg Suvduela v& SiaTnphowuey TO ououcx TEOE-
pikdv to5ov AB, cupPolikdds AB B1& TO pikpdTEPOV BeTikOv TOEOV AB

ToU TpocavaTohloutvou Totou AB, T onueiov A Adyetcn @ 1) Gpyij ToU
AB kel TS B : 10 mépag ToU %@

T& xatd TOV dveTépw TpoTov dpiodévta Téka slvon pepikad TEMITITROES
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YEVIKWTEP®WY TrposavaToAlTuévey ToEwy, T&HY &Trolwy To pijkos SUvaTa vk el-
vau peyaAUTepov ToU prikous ToU KUKAOU.

TMpdynom, & pavTacdduer & kvnTdy onueiov &l ToU kUkhou (Zx. 134),
TouTo SUvartan dvarywpolv gk Tol A v &xTeAton plav f) TepiooOTépas TrEpIoTPO-
9d&s Biarpéyov TOV kUkAov kol v oTauaTnon els 10 B.Té xivnTdv ToUTo onpeiov
Slvaral péhioTa v& xwnBf xetd THY BeTikiy A TV &pvnTikNY @opdv &mi ToU
KUKAOU.

Ta ol épilduever Téfa Adyovran tpryovopstpika ToEQ, Ko cUpPOoAi-

fovTen émions Si& ToU cuupdiou Ar-é.
’ A v& elven Spews & TPIYwWVoLETPpIKOY Tolow Tehelws dpiouévoy, TrPETTEL
v& yveopileouey 1) hy dpxnfv Tou, 2) T Tépas Tou, 3) THY Qopdv Tou kai 4)
OV &p1pdy TRV SAokANpwY TrEpIcTPOQGY, Tds &Trolas TO KIWNTOV onuciov Sié-
YPOWe pEXpIs 6Tou oTapeaThon Els TO TTépas Tou Totou. “Qoe :

Tpryovopstpikov t6Zov G& rEyovrar Bha ta t6Za, ta omola draypaoovra
070 Kivntod enueion, 16 droiov dvaympody ik 100 A xai KLVODRLEVOV TAVTOTE KOTA
v abtiy gopav, Benikiv §j apvnrikiy, ctapatd eig 10 B npiv 1 datpiin oro-
Khnpov 1oV kiKkLov fj dool diatpéin nponyovuéves Eva dképarov apbudy koKiov.

Odres évwoolue 811 Umdpyoww &melpdpifua TPIYwWVOUETPIKE Tolar Eyov-
TG THY aUThY GpyTv kad TO alTO Tépas, BeTikd kad APVTITIKA.

135. AATEBPIKH TIMH TPITQQNOMETPIKOY TO=z0Y,
"Ev TprycovopeTpixoy TéZov, Smeos Ev YewpeTpIkdy TOTov, SUvaTol v pe-

Tend e piav & T@v povdBwy TéEwy. ‘O &pibuds, & dmoios B& TTPOKUWY KaT

aUTdv TOv TpdTov elvar % &ToAUTOS TIun, 7 omola XepaxTnpiler TO péyebos,
AN &y xad TV eopav ToU ToEou. Edw Topx els THY &TdAuTor TILAY TPOTE-
fwuey 70 +, tv 5 Tofov elven BeTidy kad TO —, Ew aUTS elven &pvnTIKGY, EXO-

ey ThY Asyopévny diyeBpikiv Tipfv ToU TpocavaToAlouévou Tokou.

Ave mposuvatoiiopéva télo tod adrod KiKAov i loov kiklov sivar
loa, Goav Exouy v abtiv dhyePpiknv tpfyv. Elvan avrifeta, v ai dAyePpikal
Tiwad Toov elven dpifuot &vribeTor.

T ' TOtov, TO Omolov Exel dpxAv kal Tépas Taumi{d-

20075, elvan & cuuPaTikdy TOlov, Asydusvoy undevikoy

Hevar Tpo TraoTs
togov, TolUTou &y | Tien elvar & &pi1Buods 0.

o
=
o
O
q
q
i

Bk Tév dveTipe yiveTan pavepdy 4TI TO TposavaToAiopivor TéEoy Suva-

Tau vat Gewpn B &5 pix ueTaPAnTA, 1 dTola SlvaTtal v A&Pn SAas Tas Tpoypa-
TIKX TiHGs, 1) 6mrofa SnA. BiaTpéyer TO oUvodov R, ddw Bewpniocousy THY Shye-
Bpry Ty 16y Tokwy dx Eve &MAo ouuBolov Sik TS ToEov.

136. TOZA EXONTA KOINHN APXHN KAI KOINON TIEPAX.

“EoTw mpocavatohouévos kiihos kévtpou O (Ix.136), A 1 &px TV TOEwY
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kal M Tuxov onpeiov To0 xUkAou. “EoTew T i &hyePpikd Tiuh ToU TpdiTou Beri-

et . (s 2 k]
koU Totou AM. Edv ¢ elvan 1 SAYeRpikA Tiuh ToU BeTikolU xUkhou (1) &moAuTog
T T&V Towv sUpiokeTan TdvToTE ag THy alThy povdBa: els poipas f els dwri-

viar), TOTe 1O SeUTepov BeTikdy ToEov AM 8 Exn dAyePpiciyy TipAY ¢ + T TO Tpi-
Tov 2¢ + T, TO TETC(pTOV 3c 4+ T kal yevikéds A GAyeBpikhy TIpn ToU TUYOUTOS

BeTikOU TOHEOU AM & BiSetat UG TOU TUTTOU KC + T, dmou Kk elvanr BeTikdg
dréparos A 6 0.

‘H dhyeBpixny Tiph Tol wpco-rou &pynTiKOU TOEOU AM B elvan — ¢ + 1,

ToU Beutépou &punTixoUu TéEou AM B elven — 2¢ 4 T, ToU

TPiTOv — 3¢ + T, ToU TeTdpTou —4c 4 T kad ysulkwg 1 &hA- #
YERPIKA T ToU TUXOVTOS &pumTikoU Tofou AM B BideTen X\
U6 ToU TUTOU ke + T, Smou K K&TTO105  SpunTikds  dwé- [ Pe 4
paos.

"Edw Aorrov 81& Tol x wapacr’rncrmuev THY  GAyeRpr-
KNV TIUfY ToU TuxdvTos TdEou AM (BeTikoU A &pymTikol), Zx. 136

aUTn 84 8idsTan UTd ToU TUTroU
X=xc+ T, «eZ
’Edv ¢ povds Exn AnedR TS dkTiviov & TUTTOS YiveTau :
[ x=2emr+7, | , xeZ (o)
"Edw s poves #xn AnedH 1 polpa & TUTros yiveen :
CXP=360° k+ 10, |, keZ  (a)

‘H icdtns (), kai tmrions N (o), 8&v petaPdddetar, &v vl THs T A&Beo-
uev Ty &AyePpikiiy Tipny fuds omoloudnoTe dARoU, AN dpioutvoy, Téfou

AM Mpdrypari, v els Tév dveotépes TUTov (o) dvTikaTaoTHCwUEY TO K i Ké-
Totov &pifudv ToU o-uuo?\ou Z, WY TOV Ky, B& eUpwpey THY dAyePpikiy Tipdy T,
fuos ik TGV TOEov AM @& elvan Aormrdv :
X=2xm+ T
T =2KTT+T
kal & TOUTeov 81I° dpaipéorws kaTd péAn ¢
X—T=2(k—x)m, BnA. X=2Aw4 T, =
émou AeZ xai T, elvan 1) GAyePpikd) TILA ToU TuxduTos SAN dpiopévou ToEou AM.
‘O TUmos Aormov (o) uds 5iber Thv dAyePpixiy Tiphv Tod TUXOUTOS TPOT-
)
aaTtoMoutvou Totou  AM, Staw yvepileousy THy SAyePpixiy Tindy fuds Tuyby-
ey
Togs GAA’ doploutvou TéEou AM,

‘O alirds TUTOs (@) ypdpeTal :
X—T=2xkw f| X°—71°=360%%, xeZ
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AnAaBt): Abo TpryevopsTpikd toda, td omold Egouv Ty avtiv apyny ki
0 abtd mEpuc Sagpépouy Kotd dxépatov apBuov KOKLOV.

*AvTioTpdgus ¢ & Bewpnowopey év Tétov )&R‘i et GAYERpIKAY TipmY
T, =2km4T
kol & &\ho Tofow ué TAY iBlav dpyfv A kal dhyePpixfy TIUNY T, Slapepoucav
s T, kaTd dxépaioy TTOMAaTAGO1OV TS dAyePpikiis TiAS SAOKAT|poU KUKAOU
ot KoT& K, 2. ToTE, oupguws TS Soa dvwTépw eiTopey, fa glvan @
T.3:T1+K327T:2K1T+‘T4,-2K.3TT:2(K+K2)‘IT+T
ket tmeldhy K €Z, xeZ 8¢ elvan xal (% + K)EZ kai Emopéveos
T, = 2AT + T, AeZ
Ex Tfjs TeheuTalas TaTns fooTnTos cuvdyopey 6TL TO Totov pE &AyePpl-
KAy T T, 0 £y Tépos TO onueiov M.
“Qore: “Tkavi] kKai aveykaie cuvBikn iva 800 npocavatoionéva to6fa Tob
abtol KiKLov Frovia Kowvijv apyiiv Exouv Kai Kovov mEpag givar ai dryeppixal
ol oV vi Srapipovy Katd 2KT (360%), 6mov keZ.

137. MPOZANATOAIZMENH TQONIA. AATEBPIKH TIMH AYTHE.

‘H twoia s TpooovaTOAITHEVT)S yawvias kol Tfs dAyePpikils Tpfs TNS
pds elvon yvewotn & Thy ¥y Tatw.

‘H durioToiyia, f omola Umépyel peTall TéToU kal EmikévTpou yoovlag
Tou udg tmiTpémel v& guvdéowuer THv Ewvolay ToU TrpocavaToAlouévoy Totou
e Ty Ewolaw Tis TpooavaTohiouévs ywvias & 1570,

MpdypaTt dTay T& KIWNTOV oNUEToY Gy wpoly &k ToU A Siaypden TO TE-

tov FTI%, 1o 1) fuieveia Oa Bixypdger TO EoWTEPIKOY TS TIPOCOVXTOALTHE-
wns ywvias (Oa, OB), Ty émoiav cuuPoAilopey pt < (Qo, OB), &v elvon BeTikn
A ut < (Oa, OB), &v eivon dpymmichy. “H Tehwd) mAeupa OP Tiis TTPOCAVAITOAL-
outvns yoovias, Tpiv f A&Pn THY TeAkn 0o autfis OP BUvaran va EkTeAEST)
piov f TeplocoTépas TEpIOTPORAS TrEPT TO O kal v& Brorypd
-yn olUTw fva dxépatov  &piBpdv BeTikédY | dpynTIKGY TIAT-
pewv Y. Ymapyouy Eroutves reipdpifipol TPOoaVATO-
AMopévar yoviar Exouoar ThY aUTHV &pylxny kai THY ab-
Thw TEAkAY TAeupdw. ‘ExdaTn Ek TV ywviddv TOUTWY Aé-
yetan - tpryovopetpkt] yowvia. Kot TelTa UmrdpyEl pia

sy, 137 AUPLHOVOTTIHAVTOS dvticToryla peTalty TV TOEwY Ké kad T&V

mpocavaTohouévey ywuigy (O, OB)

‘H pikpotépa Bemixny yoovla < (Oa, OP), f) ool GuTioTOIXED glg TO TO-
tov .{é?, fumopel v dvoucatf] yeopeTpkR  ywvia, 7 omola oupPoiileTal
& (Oa, OB).

‘H &AyePpikn Tn X T Tuxouons TPIyVOUETPIKTS yoovias pé &py Ky
mheupdy Oct kel Tehikty TAeupdy OB 8i8etan poavids Uy TOU TUTTOUL
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X" =360% - 7° ] x =2kmw + T, é™ou keZ kal T elven N dAyePpikn Tipn wds
OTTo1aeBNTTOTE €k TV ywwidy ToUuTwv, AN dpiopévns, s polpas | dxtivia,

Auvdpeba 8¢ v& SiaTtumddowuey THY EETS TpdTaTI @

‘Avaykaia kol ikavi) oovOfxn, Tva dbo tpryovopetpikal yovim Exovea
KOWVilV apyikfv Exouv kol kowvily tellknv mhsvpdy, eivar ai aryeppikoi tpal
Tov va dwaeépouvy katd 2kn (360°), dnov K Z.

Avvapeba émopéves va peToPaiveopey aBiapdpws &md Ta Toka els Tés dv-
TioToixous ywvias kai dvTioTpdpws kal va épapudluwpey els EkaaTov €k TV ue-
yeB&y ToUTwv T&s peTpikas i810TNTas Tou &Alov, B16TI Ev TpocavaTONTUEVOY
Tokov kal T &uTicTolyos TpooavaToAouévn ywvia Exour TawToTE THY QUTHY
Popav.

AUo TprywvopsTpikal ywvion Aéyovtar dvtibetol, dtav ol dhyeBpikal
Tinad Twv elven &piBuol &utiBeTol.

138. AGPOIZIMA AYO H MEPIZZIOTEPOQN TMPOZIANATOAIEMENON TOZOQN

*ABpoiopa TpocavaTohiopivwy ToEw fvds kUkAou dvopdlopey TO Tpooa-
vaToAlouévor Télov, TO OTroiov Exel s GAyePpikny Tiumy TO &bpoiopa TGV diye-
Bpixddy Tipddv TV Sobévtwy ToEwv.

’Ex ToU 6piouol TouTtou koBioToTar pavepdy 811 S1& TO &fporoua THY Tpo-
cavoToAlopéveoy Tokwv loyUouv al &kfjs i8i10TnTes.

1) Auvdpeba eis &v &Bpoioua TrpocavaTodiopéveoy TéTwy vi &hA&Ewuey
TNV CElpaV TGV TrpoocfeTéwv.

2) Auvvdpeba v& dvTikaTacTHowusy doouaBriToTe TpoofeTéous &1 Evds,

ouU T
T &BpoiopaTds Teov. P

A v& elpeopev TS &Bpoiopa TTpocavaToAiTpévey TOLwy AB DAL DB«

Kaelc-rc.ouev adTd SradoyIKka. /\ocuBcwousv m.X., &mwd ToU omueiov B v 'roiov

BZ &AyePpikiis Tiufs 10115' u¢ THY TOU FA kol &md ToU onueiou Z &v Tokov ZG)
SAyePpikiis Tiufis fons Twpds THY TOU AE K.0.K. T ToEov, T6 dtrolov Eyel &pynY
Thy d&pXTv Tou TrpdTou A kol Tépas TO Tépas ToU TeAsuTalou, 8 Exn dhyeppl-
KNv T fony mpds TO dfpoloua TGV GAyEPpikédY TGV T&Y SobévTwy Tokwy,
dnA. 6& elvon 1O &Bpoiopa aUTdY.

OUteo, .X., &V A, B, I (Zx. 134, o=l 231)eIuoqulcx onuela £ KUKAOU TIpOo K-
vcx‘ro?\mr;.tevou kad Becoprioeopey T Tl AB kol 8r Té1e &fporoud Toov efva TO TO-
tov Ar. Edv o efvan 1) &wdAuTos TIf) TOU YEWUETPIKOU TOEoU AB, B 7 dmwohu-

~,
Tos Tipn ToU yewdeTpikoU Tétov BI, TéTe B Exoopev :
e A i o " .
&Ay. T ToU AB = a+ 2xm, &Ay. Tief Tou Bl = P + 2k'm, émouevcos i) G-
h o
vePpikn Tipn ToU &poioparos Al = a+ B 4 2Am, Smou AEZ.
T& dveTépw EmexTeivovton elkdAws elg Tds TpooavaTOATUEVaS yeovics.
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139. MPOZANATOAIEMENH I'QNIA EIZ KANONIKHN OEZIN.

Aéyopev 611 pia TTpocavaToliguévn yuwvia sipiokeTan els xKavovikiv Boly
o5 Tpds v oUoTnua époywvicy &tdvev x'Ox, w'Oy, &v fi kKopuen Tiis ywvias
ebpiokeTan els T dpyiv O 1Y &Edvwv kai ) &pyixt TAsUpd aUTiis TauTileTon
uE TOov feTikdy fudtova OX, 8Tav f) ywvia Tomobetn8i i Tou émiméSou TéV
&ldveov.

A v& TomrobeTrcopsy, T.X., Ywviav 240° &l xo-
voviktyy Béow pavtalopeba 811 f fiuevbeic OX oTpége-
Tan kaTd ThHY BeTikfy popav katd 2400 (Zx 139), omoTe
dpileTen ) Tehikd) TAsupd Ths yawias., OUTws 1) yowvia B
Eyel GAyeBpikiy Ty 240° Tolto ocupPoAilopev ypa-
govtes P =240°. ‘Opoicws el TO «¥Td oxfiua elven
a=—60° kai 6 = 30°.

Iy, 139

*Edv pé xévtpor Thy dpyiv TE &Edvwv kol dkTiva THY povéSa ToU prkous
yodwouey kUkhov (Zy. 139), TéTe els EkdoTny TEV TPOTCVATOATHEVCOV Ywu&dy,
Y., 8, B, « dvmioToyel &v mpocavaToAiouévor TéLow, TO &moiov, &Tres yve-
pilouev, Eyer Thy ciThy &AyeBpikiy Twmy pé THY dvTioToixov aUToU ywviav.

v
Avadto duvapebo adrepopwe va durdpey mepl yoviag a 1j nepi t6ov AP, 16
omolov dvopalopev éniong to6fov a. *Emions Eyopev ThHv ywviav & ) 1O Totov 8
(= /-Tl"ﬂ- )

‘0 dvawtépw kixhos, SoTIs YpdgeTal uE kévTpov THY Gpyhv Tdv &Eoveov
Kol dwtivee THY povdBa, AéyeTan tprymvopetpikog KOkhog. To onpeiov A (1,0)
Abyetan Gpyf TV o€V TOU TprywvopeTpikoU KUkAou. Elval 1O onueiov, eis TO
omolov & TprywvopsTpikds KUKAoS Tépvel Tov &fova Ox. To O;\ sivon Emropéveg
10 povadiaiov Sidwucue Tou &fovos x'Ox.

‘H dutis ToU TprywvoueTpikoU kikAou, i oTroiae BiépyeTar Bi& TOU TEQC-
Tos Ewds TéLou ToU KUKAOU, AEYETOl TELLKT] GKTIZ TOU TOLoU ToUTOu.

AZKHZIEIZ

449) N& Tpéyete &v dxTiviov &l poipas.

450) N& Tpéyere piav poipav els dxrivia.

451) N& Tpéyete 45° els dxTivia.

452) N& Tpbyete T% axtivia gis poipas.

453) Mé thv PonBeiav potpoyvwioviou v kaTaoksukoeTe els kavovikny Séow ywvias
tyoloas dAyePpikds Tiuds :

a) 75° B)' 1259 y) 210° &) — 1500 g) 330°

oT) —330° ) 385° n) —370°  6) 930° 1) — 955¢

454) N& dvagépete TéuTe yevias, ai dmola els kavovixfy Béow Exouv THy alThy TEAIKTY
Theupdv ué Thv 8§ = 100°.
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455) Al yowvial 6 = 125 kal ¢ = — 955° els kavovikfv 8éow Exouv THY aUTHV TEAIKRY
mAsupay. N& Enynoete 16 Sari.

456) N& tletdoere &v al yowviarx = 930" xai A = — 8700 éxouv, eis kavovikfiy Béow,
THY QUTHY TeAlkNY TTAsupdy.

140. TPIFQNOMETPIKAI IZYNAPTHEIEIZ TQOQNIOQN.

"EoTw & pio peTaPAnTn, 7| Omola AapPdvel Tinds &mo 1o ouvohov I GAwv
TRV TPIYWVOHETPIKEY yowvidv. Td oTorxeia Aoimmov it ouvdrou [ elven ywvial,
&1 &pifuoi.

A& kdBe ywviav 8 ToU ocwdrou I pavtafopeda &T1 TiBeton el kavovikiy

y #it

. PEZY)
peny TP PEY)

a 7 T T

|
N

n n / ‘,\
0 z T

PLTY)
Pezlrs

Sx. 140.1

Béow G5 TTpos év dpbokavovikoy cUoTnua &tovev (Zy. 140.1),

"Eotew P (X, @) Tuxov onueiov émi THs tehikdis TAeupds ThHs yowvias 6 Bid-
gopov Tfis dpxfis O.

1) *Ovoupdlopev fjpitovov Tfis ywvias 8, ouuPolikés nud, Tov Adyov Tfs
TETCYMEVT)S TOU TuXOVTOS onueiou P 1rpds To pfikos p Tiis SlavuopaTikiis &kTivos
5I5 "Qote elvan & dplouol :

nue = %

"As AdPoouey &Aro, Errions Tuxdy, anueiov PT (X', w) émi T Tehikdis mheupds
Tfis yeovias 8, Sideopov Tis dpyiis. ZUnPvws TTpos Tov dobévta dpioudy B sival
nue = —ig—,'—, 8ou p’ TO ufikos TTs SiavuouoTikfs &kTivos Tou onuelov P’ Tla-

poTTpoUpEy Suws OTL OP’ = AOP «ai Eroudves Oa Exoper X' = AX kal @ = Ay,

b, A c ¢ w
t Tév Omolcov EmeTon ST - = - = =2,
: el
B e
R et X X T
MaparnpoUpey Aotrdv &T1 oy Vel ": = Pi ToUTo onpaivel éT1 f) Tipn TOU
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Aoyou \g kv EtapTéTon &k Tijs Bfoecs ToUu onueiou P &mi THs Tehikiis TAsupEs TTis
ywvias, GAAS povov & TRs Btosws aUTfis TauTns THs TeAikfis TAeupds, SnAodn
k ToU peyébous THs ywvias 6.
“QoTe 1 els xdbe yawviav 8 (8el) dvtioTorkel €ls xod pdvov TporyHaTiKGS
apifucs @ 1 Tpn ToU Adyou -pi
‘Opileren Aowméy €83 pla cuvdpTnols ué meSiov dpiopol 1O olvorov T,
S TGV ywuid, kad medlov Tipddv fv clvorov TpaypaTIKEY &p1fuddy, 1) cuvd-
ptnois 6- - nud.
2) "Ovoudlouey cvvnuitovov Tfjs ywvias 8, cupPoiikés ouvl, Tdv Adyov
T TeTuNuévns ToU TuydvTos onueiou P T Tehixds TAsupds Tiis yavias pods
TO wijkos p, Tfis SiawvopaTikils dktives Tou P. "QoTe elvan 22 Spiouou ¢
ouuh = -
p
"As MaPoopev &AAo, Emrions Tuydy, onueiov P (X" ') émi THs TeAkfs TAeu-
pds TS ywvias 8, Bidpopov Tiis dpxiis. Zuupdvaws Tpds TV Fobévta dpiopov

glven nub = P' - Tlapornpoupey Suws TéAw &T1 loyUel —';— = ':*: STrep onpaiver
&T1 1) TIpT ToU Adyou ; Bev EtapTdTan £k Tfis Béoews ToU onpelou p &l THs Te-
Alkfis 'n?\supug, GAN ¢ Tiis Btoews aUThs TaUTns Tfs TEAKTS TAeVpds, 5n7\cx8n
& ToU peyéfous T yevias 6.

"Qoe : elg ke Tipn THs peTaPAnThs & (6el) dvTicToel €l kel pdvov
X

TpayHaTiKOs &pifuss @ f) Tiuf ToU Adyou =
‘Opileton Aoimov pla ouvapTnols pé mediov dpiopoU T& ouvoiov T, SAwv
TOV ywviddy, kol medlov Tipdv fv alvodov TpaynaTikdy &piBudy, 1| cuvdpTnois
& — ouvb.
3) ‘Ovoudfopey Egantopévny mds yovias & (8el), cuuPolikés e¢b, Tov
Aoyov Tfis TeTayuévng Tou TuxovTos onueiou P TR TeAikfis TAsupds TS ywvios
TPOs THY TeTUNMEVY ToU onpeiou TouTou. “QoTe elvan EE dpiopol :

eq}@:-i':f x# 0

"Av AdPwuev Ao, miong Tuydv, onueiovr P’ (X', W) émi THs TeAkijs TAsu-
p&s TR ywvias €, Sidpopov Tfis dpyfis, & elvan cupgvws TPds TOV SobtvTa

oploudy b = t— TARN, G elBoper duoTépe, foyUel % = \;’—,, TO dTroiov on-

alver 61 1) éparrTopéun WSS ywvias, Bév élopTdTan Ek Tiis Béoews ToU P Emi
Ths TeEAkTis TAeupds Tfis yowvias, GAN &k Tfis Bioews avTs TaUTns THS TEAIKTS
mAeupds, SnAadn ék ToU peyiBous, TTis yovias 6.

Inueiwolg. "Otav x = 0, & Adyos yfx Biv Exel éwolay TpayuaTikoU &pibuol kal imo-
uéveos Béw OpileTan TOTE EpaTopévn Ths ywvias 8. ToUte cupPaivel, T.x., Sid Tds ywvias, ol
omroien Exouv dhyePpikiy Tiufy 90°,— 900, 2700, — 2709, 450° kTA., STrews B TSwHEY KATWTEPW.
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“Ocre - els k&fe Tiwfv Tis peTaPAnTiis 8 &uTioTolyel el ked uAvoY TTpary pat-
Tikds &piduds, 1) Tuh ToU Adyou %

‘OpileTan AoiTroy xai 886 uia cuvpTnots uE edlov Spiouoy 16 cuvohov [,
Sy TGV Ywviddy, kai mediov TV gy cUvohov TrparyHarTIkEY Gp1Budiy, ) ouvdp-
™ois & — epb.

4) *Ovopdlopev cuvepantopiviy Wds ywvics © (6l), cuuPohikids ogh,
ToV Adyov THs TeTUTRéVNS TOU TUYOVTWS onueiov P, Tfis TeAikfis TrAeUpds TS
ywvias, PO THY TETOY pHEVIV ToU onueiou ToUTOV. “Qoe elvon & Splopoy :

cq:ﬁ:% y#0

Inpeioag. MapaTnpovuey xal réhw &1 Biv GpileTan guvepaTrTOpEVT) Bi1& yovlas, Tév
STrolwv TO TuXov onuelov TS TeAIKTs TTAEUpSS TwV EXE! tetaypévny 0. TolalTan yovla glva,
m.x., ol Exougo &GAyePpikiy Tpfy ¢ 07, 180°, — 180, 360 xTA. Smras 0& TBwpey KATWTEP®.

EUkdAws PAETTOMEY ki £86) &TL 1) TUVEQATITOMEVT) wds ywviag Bev gtapTd-
Tau ik TRg Béoecss TOU omueiov P &mi Tiig Tehkis TAeupSs THS yoovias, AN &k
ToU peyeBous TS ywvias.

"OoTe: gls k&Be Ty THs peTaPAnTHs § (8 el dvmioToiNE €5 T POy PETIKOS
&p1Buss, f) Tiuf ToU Adyou % rai OpileTal oUTw pia ouvdpTnols uE Trediov
bpigpol TNg TO TUVOACY I, kai mediov TGV TipédY TNS fv oUvolov T POy HaTIKEY
&piBuddy, 1 oUVAPTNOIS 8 — oob.

5) *Ovouddopey tEpvoLoRv TUyouans ywvias 8 (6 eT), ounpokds Teph,
TéV Adyov TOU pnMKoUs p THS BIaVUCHOTIKTS GKTIVOS ToU TUYOVTOS onueiou P(x,y)
Tfis TeAIkTis TTAEUpES THs yovias 8, wpds THV TeTpnuévny ToU onueiov TOUTOV.
“Hrot elvan & Splopou :

Tepd = % x# 0

Maparnpoduey kal 86 &1 8w SpileTon TéwoUoa Bk ywvias, T&V émoiwy
TO TUYOV OTHETOV gl Tfs TeMkfs TAEUpds TV Eyel TETUTHEVTIV 0. TotoUTal
yewvian elvar, X, ai yovic, of omoia &xow Snyeppikny Tipnw 90°— 90°, 2707,
— 2700, k.T.A STows Oa Beopey glg T& Emdpeva.

Kol TréAy &roBeikvUeTal e0KSAes 8TL ) Téwvouoa wds yovias 8§ 8&v peta-
B&AAeTa, &v A&Powpey &\o, Si&gopov Tiis &pyfis, anHeTov i Tiis TeMkdls TAeupSS
s ywvias. "Qore: £l k&Be TP THS peToPANTHS © (8el) &vrioToixel el rpory-
poTikds &ptfuds, f| Tgf) TOU Adyou % kal SpileTan ol pla ouvGpTNaIS g Tre-
Biov dpigpoU TO TUVOAOV I, Ay TGV ywviidY, ol Tredlov T Ty T & oU-
voAoV -rrpcryucrnxc'bv &p1Budv, T ouvdpTnois O — Tepb.

p) ’Ovoudlopev cuviépvovsav Tuyousns ywvies € (8 el), oupBohikds
gTepd, TOV Adyov ToU pfkous p THS S1UUGHQTIKTS GxTivos TOU TUXOVTOS OTY-
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petou P (x, y), Tfis TeAIKTls TAeUpdEs THis ywvias 6, Tpds THV TeTerypévny ToU om-
welou P. "Hror elvan ¢ &piopol :

="
oTEp g yv#0

Kéuvopey kat 81 oy Adyov % dvaddyous TapaTnprioels pé éxelvarg, Tag

bmolas Exdpopey Sid TOUS Spiobévrag QveoTépw Adyous.

‘OpifeTon kai mdAw pia owapTnois pé mediov dpiopol Td olvoiov I, &Awv
TV ywndy, kol mediov Téy TGV Tns & gUVOAoV TrpaCYBacTIKGSY &prBuddy, 1
oUIEPTNOIS & — oTepf.

"AvaxepoadaicvovTes Tous aveTEpw SobéuTas dpicpols Exopev 811, S1& Tu-
XOUSQW TPIywvoueTpIkiy yeviow 8 eis kavovikiv Béaw s Tpds Ev cUoTnua dpbo-
xawovikov kel 81k P(x, w) Tuxdv onueiov i Tiis TeEAifs TAsUpds THs yovias,
ToU &molou T wiikos T BiavuopaTikfis &xTivos OP elveu p, Exouev (Zx. 140.2)

g =+

nud =-

oud ==

p

e
iy
T

g=>

op :

Teud :—f— Zy. 140.2
oTepd=-—"
¥ s 7

Al opiodeioan dveotépeo EE owapThoels © 8 — nud, & — cwh, B — €pB,
6'—> eaqae, & — Teud, 6 — oTeps, AdyovTal Tpiy@vopstpikai CUVIPTTOEIS THS Y-
viag 0.

Awx piow SeBopévny TPy wvopeTpIkNY yooviaw SpilovTan ko TdV ducotépw
Exctebivra TpdToV of £E dploptvor Adyor (1), of émolol Aéyovren TPLY@VOpETPIKOL
dpiBpoi Tiis SeBopéung ywvias.

Elvon pavepdu 871 tpryevopetpikai yovia elg kavoviknv Béaiy, Exovoar koi-
Vil tehkiy mhevpdv, Exouv foovg tovg OH@VOROUG TPLY@VOPETPLKOVS apiBpoig tov.
Obrw, m.X., émerdh of yeovica pe GhyePpicds Tipds 30° kad — 3300 Exouv THY al-
THY TeEAIKNY TAeupdy 8& Exouv ToUs adTous Suwvipous TPy WVOHETPIKOUS &p1fpovs.

Mapéaderypa : N& ebpeboiv of TplywvopeTpikol &pi-
Buol wés ywvlas 0, 2w 7 TeEAIKN) aUTiis TTAsuUpd, els kavo-
viknw Béow, Siépxeton Si& Tol onpelou P(3, - 4).

Aboig : Mia Tolorny yoviay 8 PAémeTe els 16 Tre-
pamelpos oxfipa. "Ek ToU &pfoywuiou Tprywvou OTIP
EXOMEY PP = X2+ WP p = 4/ X2 + 2. ‘Emropvess
p=v3 L (40 =+/25 = 5, Elven 1d7e CULQOVWS
Tpods ToUs Spiapols (T):

240

YnpionoiBnke amdé 1o vetirouto EknaideuTikrig MoMTikrg



e
nud = s
o-mﬁ:i:i

p it
e L)
e T s 3
X 3
2P D
Tepd = =

T L

c—rep.e—w_. :

IMapatiipnoig 1. Ao Tous Opiopous (T) PAémopev duéows OT1 IoyUouy
al Efjs loodTnTes aitives elven TautdTnTes (B1dm elvan &Anbels TpoTdoes &1k
k&Be Tiufv THs ywvias 8, Sik THv Omolav dugdTepar ol cuvapTroes €ls EkdoTny
lodTnTa elvan copiopévan) :

e = o orepd T
n T oTepd S nuo
o, i3] W

ouwl = e Teud = ——
1

eph = TeB ogb W

Mapatipnoig 2a. "ATo ToUs dvwTipw Opiopous (T) PAémopev Emions &T1
gUkdAws eUpiokopey T& Tpdonua TGV TPrywvoueTpik@y dpiBudy wds ywvias,
&tav yvwpilouev els olov yviav Tév &tdvwy slplokeTan f TeAkn TAsupa THs
Sobelons ywvias.

a) nud = —t "Emre1dn) w elvan Oetikds dpibuds els iy | xai |l xad dpymi-

kos el THY [l kad IV yoviav Tév &dvwv kal 16 p mwéwToTe BeTikdg dpiBuds, Bi1ct
TouTo TS Mud elvan BeTikdv Bid yoovias pE TeAiky TAsupay eis THy | xal Il yewviov
TV &Edveov kai &pynTikoy S1& ywvicas g Tehkiy mAeupdw els Ty HI kol IV yeo-
viaw &Y &Edveov,
X \ 3 \ ' ' ~ 3T
B) oub = = *Emreidn) x elvon Oemikdv els Ty | kad IV yooviov Tév dtdvew

kai &pvnTikdy els TH 1l kal I, Si& ToUTo TO owvd elvan BeTikow Bi& yovlos pe
TeAkRY TAEUpdw el T&s | kad IV yavias T@v dEdveov kal dpynTikoy Bic Tds yw-
vies pé TeEAkNY TAeupdw els Tas 1l kai I yovias Tév dtdvev.

Y) €98 = i Emreidf) x kol W Eyouv T& alTd mpdonua els v | kol I

ymviorv TGV uiovwv ko dvTiBeta Tpdonua els THY 1l kad 1V yeoviav v &Edveoy,
§1&x TouTo 1) 298 elvan BeTikd) B1& yewvias pé TeAwhy TAeupaw els ThHy | kad I ywviov
6w &Ebveov kal &punTik B1& ywvias pt TeAikhy TAeupav els Tas Il kal IV yow-
vias Tév &Edvewv.

*Avaéyous Taparnpioels Buvdpeda vd kauopey xkal Bi1& Tous &ANous Tpi-
ywvopeTpikoUs &piBpous Ths yowvias 6.
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AZKHIEILZ

457) Na elpete Tous TpiywvopeTpikoUs &pibucys THs wixg
eis kavovikiy Séow, é&v P eivan ompelov THs TeAikfs ﬁ?\supas TuS yovi
ToU Pelvar: o) P (3,4) P) P (—5,12) ¥) P (-1,

458) Eis moiav yuwviav Tév &iévwy supiokeTar A -rz)lrc-\ TAeupd uids yowics § sipicko-
uévng eis kavovikny Béow, Edv :

@) Mud kel oud given dugdTepa GpYnTIKG.

P) nud xai e98 eiven &ugpoTepa GeTikd.

Y) nub elven Semikov xed Tepd eiven &punTike.

8) Teud eivon GpunTikn ked €98 eivon &punTikn.

) €90 elven BeTikd) kol Tepd eiven dpymTikA.

o1) nud elven BeTikdv kol ouvl eiven &pvnTIKSY.

459) Eis moiav ywvicy Tév &Edveov eUpickeTan ) Tehikn) TREUpE ywvics 8, sis xovovikiy
Btcv, Edv :
a) nud >0 B) owd < 0 v) e98 < 0 8) Teuf >0
. 8 : L Dt
460) MNuwoTol évtos &T1 nus = 7 xal 611 f) TEAKY TAevpd T 3, eis xevoviknw Sécwy

eUpioxopéns, ebpioketen els Ty | yowviow Ty &Eévov, v sUpefolv T2 ouvd wal zod.

5
461) 'Edv owd = &+ Ve elpeTe T& nub kad eob.
462) 'Edv eof = — 2 v elpeTe T& nub kal ouvd.
(‘Ymobeitss : émaibny egb = % elven dpvnTikn, f & elvan yoovie pé Tehixny whevpdy elg

T |l yoviaw Tév &Edvwy, du AéBowper x=—4,
ywviay Tév &ldvewv, & AdBuwpev x = 4, ]

=VEL (3 =V5=5).

463) Na elpete 7o mud, Sobévros 671 owh = — — kel

464) No& elpete ToUs TprywvopsTpikoUs &piBuous wids y
V3 !
pilopey ST mﬁ:T kai guvd =g
465) Eis moiow ywviow Té@v &idvew ebpiokevtean ol Tehkal
TpoeTUa TOU NuTévoy, TOU guvnuiTévoy xai TS oletis
GhyePpikay TipAy :
o). 1259 B) #5P Y) —320° §) 2100 e) 460°

466) N& elpete ToUs TpiywvoueTpikols &piBuols yewvia

A

3
@) nué =52 P) eof = = xoi 180°< & < 270"

141. TPIFQONOMETPIKOI APIOMOI TN FONIQN 0°, 90°, 180%, 270°, 360%.

A) "Ev mpayTols ouupwvolpey 1o £Efis : 8& ypdooouey, Y., i 18° kal 8
wooUper TO fuitovov yovias, f) dmoia Exel AhyePpixny ; i

8
= - B ryiomeny oy - c e Rt i
EQU KTA. TO U UQ TO VOOUMEY ¢ SAYEDDIKTV TIUNV

Tous ouuPoriouous nub, ouvs, 5 i
ywvias. Touto wpaTrouey, B10Ti 1) TpiywvousTpiky) ywvia TwpoodiopileTan dxpi-
oo s

v yvepilwuey TT*.‘.

TIPTWY TN,

v 1 8 dlverran vo
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peTaPAnTn, fi STroia BuvaTal v& SiaTpéxn TO oUvohov R, TGV TPAYHATIKEY &pl-
Buc, of &oiol slven dAyePpikal Tiwal yeovidy, of émole Exouv petpnfii ué
povdda THY poipav.
B) O& [nTrocusy Topa v& eUpopsy TOUS TPIYVOUETPIKOUS Gp1Buous v
yeownidv 0°, 90°, 180°, 270°, 360"
“Egteo P Tuyov onusiov (&xt 1 &pyd) & Ths TehkAs TAsupds TS yowvics §
o) ‘Otav § =00 ToTE X =1p, ¥ = 0 xai éTrouéveds :

e B O o
mult= ) P u]
T T -
il == =1 X p_PRO)
e iOfpe | %
EpP =t = i 0
X P § g :
op0® = ik 3 (Btv SpileTon) * sy 1411
S R o o
TepQ? = e 1
oTepl’= —':)—- = E (Bev SpileTat)
B) "Otav & = 907, ToTe X =0, W = p wal ETOUEVES :
TR [ -
nuo0 - :
0 — B -O- =0
w90 . -
@200 = —‘ii = —g— (Bv opileTan)
ok 8 g
a0 5 5
Tep90° = i:- = —S— (8tv SpileTan)
. Ty 141.2
orend0® = & =P =1
Y P ; ]
v) ‘Otav 68 = 180", T6Te X =—p, Y = 0 kol ETTOpEVWs :
et
nul80 p .
ouv.1800=2 =B = _ 1
P P
0
epl80® =-f =— =0
op.180° = % =P (Biv dpiletar) pep o
U ki ~
Tepl80r = £ =L — |
x  -p
iy __P_ =y _P_ \ 8.
oTenl80'= = (&tv SpileTen) Sy, 1413
(*) 8nr. 8w Fyzu Bwvorxy mpayuutiAol 0w,
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8) "Otaw & = 2709, té1e x =0, Y = —p kai Eropéveos :
2700 =¥ P - _
nu 5 >
b cuv270°=—x.=_0_=0
5 P P
=3 —
2700 =Y =P (Bev opileTan)
0 I X 0
,, 092700 =X = 0 _
00-0) . 5
Tep270°0 ={-— = %— (Bev opileTen)
Zy. 1414
g oTen2700= 2 — P —
Y o —p

g) "Otow 8 = 3609, TéTe 1 TeAikd TAeUp& TR @ TauTifeTon pt TV &fova
Ox kad of TprywvopeTpixol épifuot Tiis ywvias 3600 elvan ool pé TOUS SHwvUpoUs
TPIywvopeTpikols &pifuols TRs ywvias 0°.
142. o1 TPIFQNIMETPIKOI APIOMOI TON FONIQN 45 600, 300,

o) "Omeos épdbopev eis Thy ¥ TéEw elven :

vz vz
nuds0 = 5 ouv4d = T epd50 = 1.
y EUkoAws eUpiokopey 611 elven :

B(1.1)

sy — L YT _ g

X 1
orenaso =2 —VZ _ /3
Wy 1
1
opd5t =2 = —
Ix. 1421 ¥ g 1
P) 'Euclopev els iy y' T&Ew m1 :
P
nuGe0° = \73, cruv60°=%, 600 = V3
Buv3) EUxdAws eUpiokopey Tapa &T1 :
L 3
i e B L 2
UpN v ooV3 3
. S
TEMO0? = = =2
oTEW.600 = P — ~2: ple 2\,/*3
Iy. 1422 ¥ %3 3
Y) Eudfopev els thy y' Tdw &1
1 V3 1 V3
0! 0 — T - _—- =
Mu30° = -, ow30° = 5 Ecp30°*\/?—— 3
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EvkdAws eUpickopey OTL :

s S e
op.300 = 5 =" 3
TS e 24 3
Tep30" = s 3
2
Ix. 1423 el o= o =2

143. TEQ METPIKH TTAPAZTAZIE TOQN TPIFQNOMETPIKQN LYNAPTHIEQN.

"Ectw § Sobelox ywvia is kavovikny Gtow (Zx. 143).
Mg kévrpov THY &py v kol dxTive THY povada YOAPEOTOUEY KUKAOY, TOV YVeoToy

Zx. 143

HOS TPIYOUOHETPIKOY KUKAOY, TEUWOVTX Tov &fove Tév X els TO anueiov A(LD),

Tov &fova Tév W els T B (0,1), ThHy B¢ TeAwiy mheupdw Tiis yoovias 8 g 10 P

Dépopev ThH TTP xddeTov wpods Tov &lova Ox kol Tds EpamTopévas €ls T&

onueia A kai B, aiTwes Tépvouv Thy TeAwny TAeupay Tijs 8 1 THY  TTPOEKTATI
aUTiis kor' dwTiBeTov gopdw eis Ta T kal X duTIgTOI Y WS.

“Orreos elvan eUkoAov V& TTEPATNPACWUEY €5 T& dWLTEP oyfuara 143,

t& dpfoydovia Tplyeva OTP, OAT ke OBZ efven Spola petadl Twv dvd duo.
"Exouev Ao1TTow

P __ &7 o B =
& oP % TP OB
UUVG:—E_E:CTI—T Tepd = g—:-o_lziiT
OP on OA
epf =4n_i=-'5_l=ﬁ GTEg@:gz—O_E:O—Z
[eln} OA TP OB
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T& Siawlopara TTF’ OW AT BE OT OZ elven duTioToiyws af yemperpi-
Kai nupuo’tﬂumg TEV oUVEPTHGEWY T8, ouv, £¢b, o8, Teud, oTeud Tig yowvias

(ToU Tétou AP = =)8, ai 8¢ dhyePpikai Tipai t@v Stavuepdroy sivan of le.llll TV

QvTLeToizOv  TpymvopstpkGY suvaptieemy tijg 0. Ak T& OZ kai OT Aaup&-
VeTal 1) gop& Twv BeTikn), STav oUTn oupewvel uE ThHy Popay TAs TeAikfs TTAsu-
pas Tis ywvias, dAhws 1 Pop& Tewv BecopeiTal €5 dpUnTIKY.

"Ex Té@v dvewtépw twooluey &t Buvdpeba, Sodkis ToUTo uds EbuTrnpeTed,
&5 TUXOV onueiov el THs TEAIKTs TAEp&S THS TRIYwVOUETPIKTS ywvias v AapPd-
VeV Exeivo TO onueiov, els TO dtroiov & TPIYWVONETPIKOS KUKAOS TEWVEL THY TeAl-
KNV TAeUpdy. ToTe  émeidn p = 1 8& elven (Zx. 143) :

1) fuiTovow Tod ToEouB(AP = 0)=TIP, 8nAodn N TeTayuévn ToU TépaTos
Tou Totou 6.

2) ouvnuitovor ToU Tétou § = OTI, SnAadh 1 TeTpnuévn ToU Tépatos ToU
Télou 9.

3) éxpcm"rouéun ToU Tofou @ = AT, BnAadn 1) dAyePpikd) Tipn ToU Siowy-
ouaToSg AT TO omolov opileTan i THis EpaTrTouévns eis TNV &pxTv A TGV TEwY
&md 16 A xal 1o anueiov T, els TO dmrolov A TPOEKTATIS TTis TeAikfis dkTivos ToU
Totou 8 Tépver Ty els TO A éparrToutvny ToU TPIYWVOPETPIKOU KUkAoU (&Eova Téw
EQATTTOMEVE v).

4) cruvsapcmmuéun ToU Téfov 6 = BE, &nAadh SAyePpikn Tiun ToU Sia-
wWiouaTos BZ To dmolov Opifetan émi TR épamTopéung els TO B(0,1) &md 16 B
Kol TO gnueiov X, eis TO Stroiov | TpotkTacls Tfis TeAikiis &kTivos ToU Tofou 6

Téuvel TNV els 1O B EpamTopévny ToU TplywvoueTpikoU kUkAou (&fova TGV ouve-
QUTTTOUEVWY).

"Avaddyws OpifeTon ) Tépvouoa kal | cuvTEWOUCS ToU Toou 8(*")
144, METABOAH TON TPICQNOMETPIKOQN ZYNAPTHEEQN,

“Ag Umobécwpey 611 TO omuelor P (Ey. 143) dvaywpolv &k ToU A kiwsiTal
xatd Ty Berikiv gopav Biaypdpov TOV  TpiywvopeTpikdy kukhov. TéTe elven

pavepov &TI 1) ywvia 6 (16 Téfov § = ABB HETaREAAETON cuveXGds o 00 Eoog
3600.

Elvan émions pavepov &t éxyouer S1& Tog TPIYWVOUETPIKGS CUVOPTHOELS
TOV K&Twl Tivaxe, doTis Seikvel TS HETAPOALS TEY TIU&Y Twy, 81d Tds dvTi-
oToixous METOPOAdS TEW TIGY THS ueTaPAnThs 6.

(Eis tov mwivaxka 16 /1 = adfdvar ked TO “u = = éAaTTOUTOL)

(*) Ol dprouol v SoBodv 2mb zobg uabrnzag ud iy Borferay To3 Biddouovtoc.
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MMivag perapor@v oV TPLYOVOUETPIKOV cuvaptioemy

A 15 T i 3 O 3N
6 aUfdvel &TO 0 ws %5k Tﬁwg m ™ Ews o7 | g s 2w
(0" Ecog 90%) (900 fws 180" (]80" Ew; 270“) (270 Ews 360%)
nud l A & 0 Ews 1)~y e 1 o 0 | >u&mod 0 smgél | Aamo —1 ks 0
ow B [~y &mwd 1 Ews O }\ &mo 0 fws—1 | S amd —1 fog 0, &mo 0 faws 1
7
£ O i /*-crr-ro 0 &WEP1,°—1 A&rd dpunTikds * gmd 0 &mepr- | A&md &pynTikds
-! ploTws (?\upplc:- i OGOVST\NO-IOPlUTmS Aaupa- e e Beovbnes.
I iaT os::uﬁrg— Te peYdAas e ch;“&ne Te peydhas ket
i:::s u_:mf e e-] &moAUTOY TRV | “QTE psyu' s ;, &moAUTOV TIUNY
[T pés, kab Zax 5 0, TIKGS TIHAS, KA fexs T 0.
| boov 1O 6 TAN- | 8oov mAnoale
| odler Tas 90° | 16 8 Tas 270"
| (0 Es + ) (—oo Ews 0) \ (0 Ews +c0) (—o Ews 0)
| - &mo 0 &mepi-
ogh !‘ Sy Ao BeTikas loptijjogo ?\C:;;P; |\ - .étrr'é ee-n’l«is :;ic-rmgo }\au;;.
!Tmag ?GOVS"UTTO | vouox cxpvq-rmcxg‘ Tigs OOVBNTIO | o5 Tipds dp-
| ueydhos Ews 0. ! Tiuds Kot a'rro l Te peydhas s 0 v TIKdS KaT &To-
‘. ‘AUTOU TIUnY 1 AuTOV TIwfY &
i couSn-rrO'rE HEY&- ll GOVBTTTOTE pEY&-
| | Aas ka®' Boov *r01 Aag ka®' doov TO
8 mAnoialer T 8 mAnoikle TAs
| | 180° I 360°
| (+ o Ews 0) | (0 s —o0) | (o Fes 0) (0 fws —o0)
e s ‘\*c‘mb —1 dome-
Ten 8 (%) | /l;T: 1 ?\otTrf- A& dpunTids | P‘opic'rws Aci- | N, &md BeTIKaS
i %éfou-or'zg-nj:s Tl ‘5°°V5T'11T0‘ pavsuoe. GPVnT" l Tipds SgovbhTo-
[ s Te peydhas kot | pds THas KaT | e pey Ghas fus
SoovBnToTE HE- 7 ; SuTor i
| y&has, ko' doov RACAUTOVFIHTY | al-rro ,
| e x fooc —1. | boovdnTTOTE He-
| B\ TrAnoiale | yéhas, xa®’ Goov |
} as ‘ 6 0 mAnoalel
1 £ ) | Tés 2700 b
| (1 Bes +e0) (—w 205 1) | (=1 fws —) (4 o Ews 1)
oTen B “ 4o peydhas l Aamo 1 Ews Be- AEmd &pynTikgs ‘ . Gmrd —1 dmepr-
BeTikdg TIHAS t Tikds Tipds doov- | Tiuds peyéhas | oploTes.
s | anTro'rs peydias | kot &méAuTov |

Tipfy Ews —1. |

(+ o fws 1) (1 fws + ) (—oo Eog —1) | (-1 Ew;—co)ﬁ

Tnp. Els thv § 9 énadouey §1& Trolag Twds TAs § Siv opilovrat al ouvapThoes 8 —>€8,
§—> a8, & — Tepd xal 6 — oTeud.

Y

(*) “H peraford Tig zeud wal grepd SdvaTa vi Bu8ayb7 f va ™ caderplf watd ThY nplk-
sw <ol S.ddorovTog.
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145. TPA®IKH TIAPALZTAZIZ TON TPICONOMETPIKQON ZYNAPTHEIEQN.

A) "Eewopricapey ws Twpa TS TPIYWVOUETPIKAS CUVOPTTTELS, tog ouvap-
e Tfig HETaPANTHS 8, § dmoia AopPavel Tipds &mod TS oUvoiov [, Sheov TdV
TPTY WVOLETPIKGY Yoouiddy, EiSouer 88 &1 Suvduebe v AdPoopey, dvtl T&Y ywviddy
8, T&s dAyePpixds Ty Tiuds els poipas, dwéTe § peTaPANTH 8 BiaTpéyel TO oU-
vohov R, Té&v mperyportixév Gp1Budv. "Av oi ywvicn ToU cuvdhou [ peTpnBouv
HE Hovdda TO kTivioy, TéTe Suvapeba var Bewpduey THY TNV Ui&s yovias x
els drTivia 6 fvar dAdo oUuPorov B1& THY yeoviav kai v dvapepcoueda gls THY pe-
ToPANTIY X, & plaw veTaPAnTay, f| émola Siatpéyer 16 R.

Tote s kdbe Tipf Ths ueTaPAnTiis xR, dvmioTorxel pla Tipd Ex&oTns
TEV TPLYGOVOUETPIKGY suvapThicewy durikovoa &ls & aUvoiov TPXYHaTIKGY &pi-
Buddy, Staw, éwoeirea, | owdprnois dpileton Sik THY Ty TaUTny THs peTa-
PAnTfis x. Els v TepiTTwow ety of QvwTépw Opiofeical CUVapTTCElS Abyov-
Tl mpaypotikel tpryovopstpikai suvvaptiees. OUtews af ouvapTnoels, i dolal
opilovtan &md Tds W = mux, Y= OUNK, Y= e0X, W= opx K.T.A. el Tds &mrolag
| METOPANTY X vogiten Biatpéyouca TS oUvoror R kol N Y oplopéva olvola
TpXYRaTIkGY dpifpdy, elvan TPIYWVOLETPIKAl ouUvapThaEels T TPY HATIKEW
&p1Bucdy.

K&l tprycovoperpixn ouwapTnals Exer ds meBiow dpiopol ™S TO oUvoAov
R, Té&v TporypaTikéy &pibucdv, Eaipoupéveoy TGV TGy, of omofen Epupaivovran
els TOV k&Teod Trivoma *

awdpTnais meBlov dpiopol j TeBlov Tiudy

Y= nux R ’ {(yeR| -1 <y < 1}

Y = ouvx R | {yeR|-1 <y 1}

Y = epx R—{‘;-l—KTT},KEZ ‘ R

Y = opx R — {km}, xeZ } R

¥ = Tenx R—{ et w} ez {(veR |y <—1}, (yeR |y > 1}
¥ = oTeux R— {«xm}, xeZ | veR|y <1}, {yeR |y >1}

B) Al Tipal téw TPLYCOVOUETPIKEY TUVRPTHOEWY TEWV TPy UaTIKEY &pi-
Bucdv Bidovra eig Tivaras, edpiokovton Bt af Tiped alton pé pebddous, Tos dtroiag
XPNapoToowy T dvdTepa HaBnuaTikg. (BAéme Tivakas els T&s TeheuTalos ge-
Mdas 10U BifAiou).

TMpokeiévou v KATAOKEUGTWHEY TV Ypagikiy TapdoTATY, T.X., TOV
TPIYWVOLETPIKGY oUvapTrioesy @ = nux, ¥ =o0owx y=cpx, &ibouev s Ty
METOPBANTIY X Tiuds &mrod 0 Ews 21 kol eUplokopey Tog dvTtioTolyous Tiuds Tfis
HeTaBANTHS W &1 ToUs Trivaxas, Kdbe (elyos dvrioTolyewy Tiudy &reixovileTan
E Ev onpeiov ToU EmiTédov, els TO dToioy Exouev AdPer Ev ouoTnua &Edveoy dplo-
S

(*) Atv elvaw drapalryrov ol polfintal vi dropvmpovedoouy thy Thvaxe. Advavrar v qup-

Boviedwvrar adtdy bodug tov yperdlovral.,
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xavovikév. OUTeo, T.x. ebplokopey B1& Tés dvwTépw ouvapToers Tés dvTioTolyous
TIpGs, af omoial éupaivovtan els TOV kK&Twh Tivaka :

X }\y:‘quxl Y= ouvx Y =€epX
0 | 0 1 0
hig
= 0,52 0,50 0,87 0,58
™ [
] o 0,71 1
Tr |
—-= 1,05 | 087 0,50 1,73
T )
- 1,57 | 1 0 Stv OpileTon (*)
2 |
T =209 087 0,50 1,75
3
T x23 | 071 .71 A
5
T ~262| 050 -0,87 0,58
T~ 3,14 0 -1 0
Tt
= = 3,66 -0,50 -0,87 0,58
S5
= 892 -0,71 -0,71 1
41t
== 419 | 087 -0,50 1,73
3
5= 4,71 -1 0 Sév OpileTan
St
3= 5,23 -0,87 0,50 -1,73
T
= = 5,49 -0,71 0,71 -1
11w
5 = 5,76 -0,5 0,87 -0,58
2w~ 6,28 0 1 0
Bt e yi
UPICKOUEY TQ QVTIOTOLYX ON- |
peiat els TO émimeSov XOw kai &- *\----';7-.--..\
VOOVOMEY T B1ck pids Spahiis K- e i -
TUANs. TlpokUmTouv TéTe ai k&~ ot 1 _:j- 5 3”\' I s/.m z
Twh  ypagikal TapacTdoes, éx S .
~ é g < : AL 5. P | P SR S e e e T
TGV -rronfov 7 TTF?f:QTT‘; ‘E'):ETO:l r| R
HETOVOELST)G KupmOin Kod 1) SeuTé-
P GUVIHITOVOELBNG KUpmOLy. Zx. 145

(*) 3w Biv Eyst Evworay mpaypatizol apubued.
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146. MEPIOAIKOTHE TN TPIFONOMETPIKON EYNAPTHEIEQN., EHMAXIA THE
NMEPIOAOY.

"Eotw [ pix owdprnos s petaPAnTiis ué mediov OpiouoU Ev olvodov Z,
TpayuaTIkGY dpdpdy, foTw B8 T UTrdpyel ls TpaypaTikds &piBpos p Srapopos
Tou 0 ToloUTos, toTe va loyun :

f(x + p) = f(x) (o)
B1d k&le TNy THs peTaPAnTis, Sid Ty Stroiav 1 | pileTar. Adyopev els THY Te-
piTTeog auThy &1 & p elvan pie mepiodog Tis ouvapTnosws f, © 8¢ [ AgyeTan
reprodiky ouvdptnois. Kard & dvwTépw 8& elvan :

Ffx+p)+pl=Ff&x+p =X

B\ f(x 4 2p) = (xX), bmep onuaiver 611 2p elven Emwions nia mepiodos Tfis f.
"Ouoicos 3p, 4p,. . ., kp, &mou keN, elvan epioBos Tijs f. "Edw )  elven meprodixy
& pikpSTEPOs BeTikds &piBuds p, & omolos elvan Treplobos TR f, AéyeTon 1 mpw-
tebovow nepiodog Ths f.

Edw el Ty dvewTépw fodtnTa (o) Oftcwpev Smou X TS X - p, AcuPdvopey

[[(x=p)+pl=[(x-p), fTol

VxeZ : f () =f(x—p)
8nAadn xai 6 —p elvan pia mepioBos s [ kai &mopévess kel & —2p, —3p,. .. le-
vikéds Aoroy pia owvdpTnois f 6& Adyeton meplodikn, édv ik k&fe Tiunw T
peTaPAnTiis &md 1o Tediov Opiopou T, loyin :
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f(x) =f(x + kp), omov xeZ — {0} kail p elvon oTadepds dopiopévos
Tpay HOTIKOS &p18uds.

‘H tAayioTn Ostikf Tiun ToU kp Aéyetan @ 1) wpwTelovoa nepiodog Tiis
ouvapTroews f.

OUTrco, Tr.X., tmaidn ai yovicn 8(*) kad 8+ 27 - x Exouv Y aUTHY TEAKTY
TAeupdy, O& ioyxUouv «i lodTnTes :

nux = nu (X + 2xr), guvX = owv (X + 2km)
Bia kdBe TNy TR ywvias x. ‘Emopéveos al cuvapTrioels W = NUX, Y = ouvx
elvar Treprodikai. Kad, grreidn 81 k = | 1) mapdpetpos 2xm AauPdver T EAayi-
oty BeTikniv Tinny, S1& TouTo ai cuvapThoels aUTal EYour TTpwTeloUo Qv TEpi-
obov 16 2. ‘H ouvdpTnois W = epx £xel ws mrepioBov  TO 2, BioTi ep(X + 21) =
= X, GAN’ Sx1 dos TrpwTeUovcay Treplodov, 6trws O& T8copev eis Ta ETopeva.

‘H kataoksut) THS Ypapikis TapaoTaoews pids meplodikfis ouvapTnoews,
Smeos 1) W = nux, kabioTaTal eUkoAwTépa, B1OTI APKET V& KATAOKEVAOWHEY &
Tufjpe aUTiis. Mpdoyparr, meldn nux = nu(x + 2m) = nu (x + 4m) wr.A, of 11-
pad T ouvapThosws, ai 6Tolar dvTioTolxouv els Tds Tipds Tfis X &mwd 0 fwg 21
gupTriTtTouv pé ékelvas, al émoicn dvticToixolv s Tés Tiuds THs X &mod 2m £
41r, &1rd 4T Ewos 6T K.T.AL 1) gl Tés Tiuds TS X &1 —27r Ews 0, —41r Ews —27 K.T.A.
Edv AOITIOV KATAOKEUAC WHEY £V TURjUa TS Ypa@ikiis TapaoTdoews TS W = npx,
Y. TO Tufjua, TO Otroiov QTIoTOIKET &ls Tos Tipds THs X dmwd 0 Ews 27, dpkel
freita pla TapdAAnAos petdBeois Tpos Tov dlova OX katd Sidwuope dhyePpi-
ks Tipfis 2 ) —21 B v Excouey TO duéocs Emropevov 1 TO Apécws TTpoTyou-
pevov TUfjpa TS TTOEQOTATIKTS KXWTTUANS, TToU dvTioTotxel els TAS TIMGS THS X
4o 21 fws 4 §) &mod —2m Ews 0.

‘H ouvdpTnols W= epx Exer TpwTeYovoay TepioBov To T, dmees O iBuwpev
gl T& Eropeva.

147. OEMEAIQAEIE TAYTOTHTEEX METAZY TON TPIFQNOMETPIKOQN EYNAPTH-
LEQN THE AYTHE I'QNIAE (TOY AYTOY TOZOY).

*EpdBopev els Ta rponyouueva (§ 140, moapathpnois 1n) &1 uetaty Tédv Tpi-
YWOVOUETPIKEY ouvapThoewy THs auThls ywvias § loyvouy ai TauToTnTe !
1

— 1 cn"epﬁ:?]wr o = — (c)

Tepd = cuvb o 2]

“Eotew Tdpa TUoUoa ywvia 8, el xavovikiy Otow, Tiis omolas 1) TEAIKT
mheupd 8tv ouptriTTel pe fuddova (Ty. 147). Tote, ué Thy mpoUmobeow fead!
X # 0 kol Emropéveos ouvd # 0 (BnA. 6 # ki + /2, xeZ), O Excopev :

. = w e aig T N e LT I e
(*) 'Bwvoobuev yoviav dhyefounds Tuis 0, g bmolag ywviac 4 dmirutog Tuuh Eyer ebpedd
elg detivea.

251

WYnogionoiOrke amo 1o ivotirouto EknaiSeuTikrg MoAmkrg



ouvh
sa

S Xy, S8 Dlugssayould SNA

L v L
Ty, 147 g
ouvl u <
— (e1V) =
opf T (y) 6mou Umrorl

Beten 6T 1) 6 elvon yeovla Six Ty drofay Md # 0 (BnA. B # xm, xeZ).
"EE &MAov, & 1ol dpfoycvicu Tprydvou OTIP, Exouev :
X +yt=pt (8)
Aicipolvres T& péAn This (8) Si1k p? eUplokouey :
W_+W =1, snA. ( ) (—) =1
1| émola, émeid?) x/p = owd xai ylp = nue, yivetan
[cw%+nme={](q
Aloupolvres T& pédn This (8) Bik x2, UmoTifepévou X # 0, eUplokopey
W P e s
1+ (2)'= (2, smest.
L}++we:Tw%| ©

AtcipolvTes T& péAn THs (8) B1& w2 (y # 0) evplokopey (-z_)aq- 1= (—L%)E,
SnAadn :

(1409 =orewd| (n)

Al tautdnTes (), (B), (), (8), (&), (D), (n) elvan o BenehicoBels oxéoers
HeTakU TEY TprywvopeTpikéy ouvapThoewy Tig abtiig ywvias (Tol auTol Té-
tov).

148. EDAPMOTIAI

1) N& éxppootij &xdorn T@v TprywvopeTpiédy cuvapTicewy Tis yowviag
6 ¢k ToU mpé.
Aborg: ‘Ex ToU TUmOU oun®® 4 nu2e = 1 Exopev :
ow =1—nu = | owd | = —\/1 N, &pa
owd = /1 —nu8 kal o = — /1 —nu2e
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ZUPPOAIKESs ToUs BUo TUTTOUS YPEPOUEY :

silbdiess AT

6 8 1 41— quie
(il | )| e Ll
i ow® T LT _ e’ ogt e © nu b
1 S 0 EEvs Tl L
Tepd = . A oTepd = aih

To mwpdonuov Tiis TeTpary. pilns xabopiletal, tqv yvwpilopey s molow ye-
view T &Edvewv eUpiokeTal f) TeAkT TAsupd Tiis yeovias 8. Oltw, m.X., tv eb-
piokeTal eis TNV SeuTépav ywviav TAY &ldvwy, 8& AdPwper Trpokelutvoy v elpo-
ey 1O ouwvd TOV TUTTOV ouv = — '\/lTn_uzﬁ, B16T1 pio TorauTn ywvia éyer s
guuniTovoy &pVnTIKOY Ap1Budy.

2) Na éxppacfouv ai TprycwvopeTpikad ouvapTioes THs ywvias § & T
£0f.

Avolg : "O TUTros (L) Ths Trponyovuevns § 147 &iel :

3 s 1
Tep =1 4 €90 <= —s = 1 4 ep® <=

1

|

By 1 | o= |
Guvﬁ—lk#wze = + VT tegi0 | (=)

’Ex 8¢ ToU TUTTOU ;ﬁ-% =epf eUpiokouev :
i}
3\%’_&) = @b <= Nubt = cuvbeph <=

L e e ,

1 ep 0
L COTA N el T S p= 0 |

= T s W = e | ®

.

; 1 __i\/l-i—equ
e 0

Téros efvon opf = kol oTepd = Y =5

Ked 886 16 mrpdonuov s TeTpay. pilns xodopileton, Stav yvepifeouey
el Tolow ywviaw Téw dEdvoov edpiokeTar T TeAkh) TAsupa Tfis yooviag 8.

3) XpnoipotoloUvtes Ta&s Bepehindels TauToTnTas BuvdueBo va edpwpey
T&s TIMGS TOU GAAWY TPIYWVOUETRIKGY guvapTioewy, éTav Boff 0 T wés
8 TV,

"EoTw, Tr.X., 611 elvon nub = % kol —360° < 8 < —270°.

Ek ToU TUToU ouv®® -+ nud =1, eUpiokopey ouvi® = 1 —nu*, Obev
oud =t/ Tonie = + V1—or =14 Vas =& 5. ’Emwadh f vehich
TAeup& Tiis yovias 8 epioketon els THY | yoviow v dldver 0& AdPwpey O
péonuoy +, B16TL pla TolTn yoovia Exel ouvnuiTovoy Betikdv. ‘Opoiws el-
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3

’ . 55 5 5
piokopey 611 @ epf = ::U: = %— = %, oph = —;L, TEPO = =t oTepd = 5
=
"Qs Belrepov Tapdderyna EoTw £gf = — 1—52- Emeidn 1) e9@ elven &pvmmixe, 1
8 B elvan yeovia pé teriknu mheupdw eis Thw [ A 1V yeavicw Tév dEducov. Ebpicropev:
1 12
ol = = o
ouvf = et ofige o 1 = 1 U el
i/ T Fep® ,‘ﬁ‘/ R L
“tihim Sl
1 13
f = =
- owd ~ = T2
5
=pf T . B
ue = s T =
¢ Vite® LD TT
5 - 12
1 o 1
oTeph = -t
"Edw 7 6 &xn TEMKTY TTAEURAY "Edw 1) 8 éxn Tehikny TTAsupd
els T Il yowiow &y &Edveov. elg TNV IV yooviaw Tév dEdvcov
5 5
L ==y R
12 12
b = s - — =
CoL B opb =
f 13 13
e = MRS
 — . 12 . 12
ol = — = cuvt = ﬁ
oTepd = £ 8 — 13
B= 5 OTEUU — — 5
5 5
L T e

2) ME Bdaow Tés SeushicdBelg TPIYWVOUETPIKGS TauToTNTas Suvdueba vk
\oouey GAAGS TETYWUOUETPIKAS TOUTETNTAS.
Mupaderypo _lov: Na &moderyfi émi :

N8 + nubow® = nue
Aborg : nud + nudouw™® = nud (e + ow) =nud - 1 = nud
Hapaderypa 20v: N& dmodeiydfj &t :

aTER X
EPX + oPpxXx = — -
PR TEPX ouv X
Aatg # gk ggr= ABX. o x e mitedaule | a0
- * EG 9 ouv X THX ~ OWXTEX  OWXNRX
1 1 1 OTEY X
= . = ——OTEUX = —— =
ouv X o X aquv X X ouv X
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Tapaderypa 3ov: N& &moderysij o
L4 oy o SUHE
U X 1 —ouvx
Abeig : “Ev mpdTois Tpémrer @ ux # O kal 1 — owwx # 0.
l+owx__ (1+owx)(l—owx)  T—awix _ nu? x _ - mex
e e X (1 — ouw x) T ex(—owx)  nux{l—owx) l-owx

TMapadeiypa 4ov: N& dmodeiybfi o1 :

nu X 1+ owx

1 4+ ouw x M X
A X 1 +ouv X 2 X A v x)*
Aberg: I_—;luc'uvx +-"%x7 o nun:xil(l—k+cz:x;)
=t nu*x+1-§—2m{y3<_+qx_;i)i_ (muEx+owx)+1+20wx
nux (1 + ouw x) B nux (1 + ouvx) L

L Ll Poux .. Zbdiouux L 2(1 +owx)

Mmx(l+owx) nex(ld+owx) nux(l+owx)

2 1

=S . =2 —— =20TEp X
nu x nu X

2 oTep X =

"Ex T dueotéped TapaBeryudTov yivetan gavepdy &1, 81 va dmodeite-
pev 611 uia iodTns TreplExovca TEIYWVOHETPIKES GUVOPTACEL, Elvel TOUTOTNS,
mpéter kol Gprel v& A&Boonev TO fv pEAos aTiis (TO TpTOY A T SeUTtepov) xad
81 KOTOAANAWY UETOOYTHATITHEY v& kaToAniopey els TO &AAo uéAos. Eis oma-
vieg TEPITITCOCEIS PETaOYNHaTICoMEY kod T& SUo pédn, Sid vd SuwnBdper vd 16w~
pev &v TrpokelTal Tepl TQUTOTTTOS.

AZKHZIEIZ

467) ’Eav mub =-§* kal 0° < 8 < 90°, v& elpete ToUs &AAOUS TpIYWVOLETPIKOUS
&p1fpols Tiis 0. .

468) ’Edv owbd = — & xal 900 < 8 < 180°, v& elpete Tous &GAAOUS TPIYCVOHETPI=
koUs &pifipovus Tis ywvias 6.

469) 'Edv &b = —-% kal 90° < 8 < 180° v& eUpeTe ToUs GAAOUS TPIYWVOHETEI-
xous &pifuols Tis yowvias 6.

470) 'E&v €¢b = — % xal 270° < 8 < 360° v& elpete THY &pidunTikAy TiLAY TOU

nué 4+ ouvé — £9d
Tepd + oTepd — ogb
471) N& &mwodeixdij &1 :

KAQOHOTOS

&) nué ol Teud =1 B) Tepd — Tepd nu2d = ouvd
472) N& &robeiy8f 611 :
o) nue (1 + o) =1 B) M8 Teu® — Tept B =—1

473) Na& &mobey8ij o1 :
(nud + ouvd)? + (nud — ouvd)? = 2
474) N& &modaydf o611
e@20 ouv20 + o8 nub = 1

255

WYnoionoiOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



475) N& dmobeiydfj 61 :

owb
£pf + mu-e‘ = Teud
476) ‘Ouoles &1 :
1 —nupo ouvd
4 T =1 + nub
477) N& &moBery8ij &11:

B) nuit — ouvtd = 2nu2e — 1

690 —mux  Teux
X T 14 ouvx

478) N& &mobeiydfj 611 :
TUVX OPX — TUX EQX
T oTEX —Tenx
479) N& d&mobeybii 671 :

=1+nuxowx

NHX — ouvx

EPX OTEUX — Tepx opx . -x TWVR
480) ch dmodery 8y 61 :
£pix ouvx
cx)l_E_Eqﬂxﬁl—Znu*x B)l—m:nw{
481) N& &moBaydij 6T :
1 1 2

OTEUX — OPX  GTEMX + 0gx | E9X
482) Na d&mobeydfi 61 :
nuta (l + o¢*a) + ouvia (1 + epla) = 2
483) N& é&mobeydfi &11 :
(repa + epat — 1) (Tepa — epar + 1) = 2e0a
484) N& drmoberydij 6 :
(1 — nua 4+ owa)? = 2 (1 — npa) (1 + ouva)
485) N& &moSeiydfj &1 :
epa+opf  eqa

o9t epf  EoB
486) N& &moBerybfj &71 :
nufa ouvtB — ouvia nut B = nuia — nuzp
Né& dmroberydfy 61 :
(nua owp + owva MuB)? + (owva ouvp — nua nup)=1
488) N& &mobaydf & 1’] Tap&oTaACIS :

487

~

nufa + ouvba — 5 (neta + owia)
Exer plo a-ru@apcxv Ty dvetdprnTov Tol a.
489) N& &moberkdfi 6m # TapdoTacis
nuda + ouvla — 2 (1 — nuia ouvia):
Exel piov oTabepdy Tipdy uetdpTtnTov TOU a.
490) N& &moBaydii 671 map&oracis
nuu(B—an“u)+ma(3—2crw )
Exer Ty oTadepiv dveldpTnTov Tol «
491) N& &mobeaydij &1i :
" 20w'x — 28k + 3npfx — Souvx — 3ourix = nu?x
492) Na dmodeaybij 6T 1) Tapdoraos
nu8x + 3nux ocuvix + ouvty
éXel Ty oTafepdy dvefdpTnTov TOU X.
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ANATQrH EIZ IYNAPTHZIEIZ QETIKQON OZEIQN FONION

149, TONIAL ME KOINHN TEAIKHN TTAEYPAN
*EudBoypey sis Ty § 140 6T yoovion ud kowny TeAIKAy TAEUpdY EXoUv TOUs al-
ToUs TRy wvousTpIkoUs &piduous kal els Ty § 137 &m1, &tav BUo yovian (BvvoeTTan

TévToTE : sis xavovikiy Séow) Siapépouv katd 2k (360%), TéTE EYouv Kowfy
TEAIKTV TTASUpGV.

‘Etropéveos Eyopsv Tas xaTtwd TautdThTos, dmou KEZ.

nu (8° + 360%) = nud® oo (8" + 360%) = ogd®

ouwv (8° + 360%) = owvi® Tep (80 + 360%) = Tepd®

€@ (8° + 360" :\) = g¢f" oTsu (8° 4+ 360%) = oTepb®

O0rw, 7)., slval :
nud10° = nu (50° + 360%) = nud0°
cuv 870" = :,-*\,.\_JO‘ 4 2 360° = owv 150°
gp (— 10007 = =@ (80" — 3 - 360%) = e 80°
150. TOQNIAI ANTIOETO!I (TOZA ANTIOETA)
"Eotwoow BUc yovia 8 xal —8 els kovovikny §éow. "Emi Ths Tehikiis wheu-

pés THs & AauPdvovey Tuydy onueiov P (X, y) xad £l TR TeAIKRAS TTAsUpds TTis —8

AopPdvopey TO onusiov P olrws, doTe vd elvon (OP) = (OP), 8nA. p' =p (2¥.
150).

"Emeidf 1o Tplycovov OPP’ elven looaxerds kal 1) Ox SryoTouel THY yoviav
Tfs xopugpfis Tov, 8& eivan PP’ Ox ki AP = AP’. T onueiov Aormrov P’ elven
cuupETpIKOY TOU P G5 Trpos TOV quvcx x'0x, &pax eivan P'(x, - ).
Py pey)
Y

s A
Py Pay g PEY)
Zx. 150
"Exouev Aoimov OTL :
s e Y e )
e R = - nu
x X
) == = = 1+
ouw (—6) = - ouv
o (—6) = T;(E = ——i: —epf
5 = 3 (150,)
o9 (— ) = 2= - 3= 090
teu (- 0) = & =& = Tend i
C=Oye— L’:—»£—=—O‘TE G}
oTep { —9) = v W
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"Qoe : Eav 0o yovia civar avriferol, tote Exouv 16 ad1d svuvnpitovov Kkai
v abtily tépvovoay, dvriBitoug 8 Todg Hhhovg OpHMVOROVE TPIYMIVORETPIKODS
v amipoic,

Olrew, my.,, mp(—=20") = —nu20°
ow (— 209 = owv 20°
£ (— 20" = — e920° k. T.A. K. TA.

owv (= 30%) =ouv 30° ="432'—

151. TQNIAI EXOYZAI AOPOIZMA MIAN TIAHPH I'ONIAN. (TOZA EXONTA AGPOI-
IMA MIAN IEPIQEPEIAN)

"Eorwoa, €5 kovoviky Béow, SUo ywvicl 8 kai 360° — 6. [Mvopilopey
(§ 137) 6m ai yoovicn —8 kai 360°—8 Exouv kownw Tehikfy TAsUpdy kal EmToué-
vas Exouv Tols alToUs TprycvoueTpikoUs &pifpous. ‘Etropdves 8& Eyxcopey :

] 4 ot y e
p
—-._e{;\f-\. 3
NG \es - 60°- &
AT E
P (]
P
. 151

nu (360°—8) =nu (—6) = —nue

ouv (360" — 8) = ouv (— 8) = cuvd

ep (360°—8) =ep (—6) =—eqh |

o9 (360°—8) =09 (—0) =—og8 ¢ (1519
Tew (360° — ) = Ten (—0) = Tepd

oted (360°—8) = oTep (—6) = — oTeud

“Qeate: £av 6o ywvu.u Eyovv dOporope piav mhfpn yoviav (360°), téte
Eyovv o adto evvnpitovev kei TRy wdtAv tépveusay, avtiBétoug 62 Bloug tolg
dhhovg dpwvipovs tpry@vopstpikedg api@povg.

O¥tw, m.y., el :

/5
nu. 3300 = —nu300 = -2
£ 3000 = —ep60° = —\/3
VZ
our 315°=cuv 45° = -  KTA
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152. FQNIAI TIAPAITAHPQMATIKAI (TOEA EXONTA A@POIEMA HMITIEPI®EPEIAN)

"Eotwoav els xavovikiy Bécw 8Uo ywvicn 6 kai 1809 —0. (A& vd oyeBid-
owpey THY 180° — 8 kaTaokeudlwpey THY -0 kol TrposkTeivouey EmeEITa THY TeAl-
KN oUTfis TAsUpdy Kot duTiBeTov gopdy SnA. oTpépopey TNV TEAIKNY TTAeupdw
aUThHs koTd yeviav 180°). AcuPdvopey Tuydy anuelov P(x, y) émi Tiis Tehikiis
Theupds Tfis § kai & Tfis Tehikfis TAsupds Tiis ywvias 180° — 8 AapPvouey on-
peiov P’ doTe va elven OP' = OP, &méTe 8& efvan p’ = p (Zx. 152).

yl
plxy) pxy)
3 Brts P v
- -
n o %19 TST
¥
n x ?{\9
Y ) 160%-3 x
Y &+ :
p
Play) 2y)

Aoyw Tiis lodtnTos Téw Tprydvwy OTIP kai OTT'P’ efven :

Zx.

y ;
Px,y) £ay)
b
Ylkn e 5
x LN\t |
R —— "
S R
y ‘.'
Y
4/
/
4
/
oz
.'T' 7& x
/RO J 7
S
|3“\ y
P(xy)
p-xy)
152
(OM) = (O1T")

kai (TTP) =TI'P"). *Erropéves ai ouvteTorypévar ToU P elvar —x kol y, SnA. P(—x,y).

Od& eiver Aortrdv :

nu (180° —6)
owv (180° — 6)
ep (180° —6)
cp (180°—49)

Tep (180°—6)

oTep (180° — €)

| o]
g 2

L

el Lo <]

Il

I

I

Yoo |
- =t
2 =_owd
P
b

i eqb
X

s
W a5
e = -

e S Tepd
B (2}
7 OTEM

(152,0)
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“Qote : "Edv 800 yovim sivar napanknpopatikai, téte Eyovy 10 adtod fpi-
TovoV Kai v avtijv ovviépvovoay kKai avriBétovg tovg dihovg Odpmvipovg Tpl-
yovopetpikods tev apibpods.

OUtes, .y, &medn 150° 4 30° = 180° 8& elven :

nu 1500 = nu30°® = -;—

Vil
o

ouy 150°= —guv 300= — K.T.A.

153. FQNIAI ZYMITAHPQMATIKAI (TOSEA EXONTA A@POIEMA*%" TNEPI®EPEIAL)
"Eotwoav s kevovikny Béotv, 8o ywvict 6 kai 90° — 0. (A1 v& kaTaOKEUS-
cwpey Ty 90° — 8 karaokeudlopey THY —8 kal oTpépopey ETTEITa THYV TEAIKTV TTAEU-
pav atfis kaTd THY BeTikfv gopdv katd 90%). Acupdvopey Tuyov onueiov P (X,4)
el TeAikfis TAsupds Ths yeovias 8§ kol &l Tfs TeAikTs TAsupds THis 90 - 6° Acp-
Bavopev ompelov P’ oltws, doTe va elvar OP' = OP, 8nA. p’ = p (Ex. 153).

Aoy T lodtnTos Tév Tprydvwy OTTP kal OTT'P’ Exouev (OTT') = (TIP)
kat (TT'P") = (OTT). ‘Emropéveos 10 P’ el TeTunpévny @ kal Tetaypéuny X. “Exo-
pev Aoltroy :

mErP— =2 =% —
nu (90 ) = Z ouvd
0 = i S Ji- —
owv (90° — 6) = . nud
gp (90"—8) = X = qgob
. (153,)
op (90°—8) = £ =gt
o_ e e
Tep (90°— 6) v = oTepd
oTen(90°— 6) = £ = % = Tepd
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"Qots : av 800 yovia givol cuprinpopenikai, 118 0 fpitovov Exaetig
82 abtdV icobtal pé o cvvnupitovov tijg Hlhng, M épantopévn pE TV CLVEQURTO-
pévny kal 1 tépvovoa pé THY SUVIERVOUGAV.
OUtew, .., &madn 200 + 70° = 90°, 8& &xcouev
nu 70° = guv 20°
ouv 70° = nu 20°
£ 70° = o 20° K.T.A.

154. I'OQNIAL AIA®EPOYEZAI KATA MIAN OPOHN (TOEA AIAGEPONTA KATA TETAP-
TON TEPI®EPEIAL)
"Eotew 671 éxouey, gls xavovikfy o, Tds yoovias 8 kad 909 4 6. Othopey
v& 1Bcouey Tréds oxeTilovTan of TprywvoueTpikol Twv dpiBuoi. "Emaidn (90° + 8) +
4+ (90° — 8) = 180", &ix ToUTto B Excomev (§152):

nH (900 -+ e) —_ i (9011 o e) — guvd ]
oy (90" + 8) = — auv (90" —8) =— U

EQ (900 =l G) = — EQ {90" _ B) == —o'(pe |

o0 (900 + 8) = — o (900 — 8) = — e90 % (154,0)

Tep (90° 4 0) = — Tep (90° — 8) = — oTeud
oTtew (90° 4+ 0) =  oTep. (90° — 8) = T=8 J
OUTe, T.%., &meaidn 110° = 90° + 20°, &ix ToUTo B& elven ¢

ne 110" = ouv 20°
ouy 1100 = — nu 20°
ep 110°=—op 20° K.T.A.

155. I'QNIAL AIA@EPOYZAI KATA EYOEIAN - TQNIAN (TOZA AIA®OPENTA KATA
HMITIEPI®EPEIAN)

“EgTwaay ai ywvion 8 kal 180° +8, oi dtroic Blagtpouy kordr 180°. "Erel-
&f 180° 4 8 = 90° + (90° 4 8), Sk TouTo B& Eycopev :

nu ( 180° 4 8) = nu [ 90° + (90° + 9) ] = ouwv (90" 4 6) = —nud

ouv (180° + 8) = ouv [90° + (90° + 8) ] = —nu (90" + €) = — ouvb

e (180" 4+ 6) = e [90" 4+ (90" + &) | =—0¢ (90° + 6) = eof

og (180° + 6) = oe [ 90" + (900 + 8) ] = —eq (90" + 6) = ool

Tew (180° + 8) = Tep [90° + (90° + 6)] = —oTent (90° + 8) = — Teud

orep (1809 + ) = oren [90" + (90" + ) ] = Tew (90° + 0) = — oTend

Auvdpefa va épyacdidper kal €os £fs : &mweidn (180° + ) + (180" —9) =
=360, Bix TouTo (§ 151) B& Excouev :

nu (180° & 8) = — nu (180° —6) = -~ nud

ow (180 4 ) = ouv (180" —8) = — ouvl

ep (180 + 6) = —ep (180° — 0) = =08

ocp (180° 4 8) =— o9 (180°—8) = ogf

Ten (180° 4 8) = Ten (180°—8) = — Tepd

oTep (1800 + €) = —oTep (180° — ) = —oTend
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“Qote ¢ Eav 800 yoviam drapépovy xata 180°, 16tz Eyovv AV aliiyv Zeunto-
BEVIIV Kal Ty obtiy ouvepantopévny, aviibitovs B8 Tovs dhious OpOVIRoLS Tpi-
TOVOPETPIKOLS TV apibpoie.

Obrw, my., émadh 225" = 180° + 459, S1& TolTo H& clvan
2259 = — u 459 = — ‘V/—Ez_
€9 2250 = ¢ 45° = |
ouwr 225" = — ouy 45" = — \_? K.T.A,

Znueiwors. Tlaparnpolpey 611 tp(m+98)=¢e98 xal
€ (2T + 0) = 0 6 xai oo (27 + 8) = o9 6, 6Tws yvwpilousv.
=e@[2m + (T + )] =ep (T -8 =0 & krh. "Hror ai SuvcpTioEls w = €9 X kol W= cg;

£xouy epiodov Tév .

156. ANAFQIH TPIFQNOMETPIKOY APIOMOY TYXOYIHE FONIAT (TYXONTOZ
TOZ0Y) EIZ TPIT@NOMMETPIKON APIOMON MH APNHTIKHE TONIAT (MH
APNHTIKOY TOZOY) MIKPOTEPALZ TOQN 459,

SQOUS

"Eqappolovtss Tous TUTTous, Tous &Trolous fudBopsy els Tds Tapayp
.
&pi-

149 fwg 155, Buvduedo v dvarydycouey Thy elpeaw fvds To Yoo [
BuoU Tuxolans yewvias § (BeTikfs ) dpunTikdis) eis THY V TPy WVORETPIKOU
&piBuol yooviag pn dpvnTixfs kol pikpeTépas TGV 457,

"Eotw, ., &7 InTeitan 1) ep (—12507). ‘Ev TpwTois yvwpilousy 8T
g (— 1250 = —ep 1250° (§ 150).

Arorpolpey Todxpar Tov 1250 81 360 kai slpioxouey Twn
mov 170, &par elvon 12500 = 170° <+ 3+ 360°. “Exouev &mouévess :

e (— 1250") = — e 1250° = — @ (170° & 3 - 3607
=—ce0 170° (§ 145)
= ¢gp l0° (§ 152)
‘Opoiws elpioxousy 671 :

Ml (— 1385%) = —nu 1385¢ (§ 150)

= —nu (305° + 3 - 360
=—nu 305° (§ 149
= 55° (8 151
= owv 35° (§ 133)

Mevikéds Buvdpueda vdt dkohouBdduey Tov £iT)s Kawdvy : *Averydpsda pédTov
elg yooviar BeTikiy kai pikpoTépay Tév 3600, “Emeaita dav ywvia aUtn slvan pe-
yahutépa tév 270" Thy owvduddouey ué THY 360°. "Av siven perafy 180° xad 2700,
eUploxopey ooy Siagéper &md 180° kod THY owvdudlopey pé THY Biapopaw clrTiyv.
"B elven peycAuTEpa TGV 90¢ kad mKkpoTépa TGy 180° Trv ouvBualopsy pi THY
TEPATAT GWHATIKAY Tns kol TéAos édw elvan peycuTipa T@v 439 xad HIKPOTEPT
Tév 90" Thv ouvBudlousr pé THY CUUTIAT)PWUPATIKAY TT5.
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Tlapadsiypata :
nu290°:—r1u70“:—0'w20“
ouv 260° = —guv 800 = —nu 10°
cp 140° = — &9 40°

op 85% =9 5°

AZKHZIEIE

493) N& dvayfolv sis TplywvoUETpiKoUs dpiBpols ufy &pvnTikils ywvics wikpoTépas
16y 45° of xaTwdt Tprycvoustpikol &pidpoli :

) nu 135° B) ouv315° ¥) = 200° 5) oe 400° €) Tep 3250

ot) ow (— 7600 D e (— 13857 n) nu 2880 8) oTeu 825° 1) oTen 610°

494y N& slpste Tas muds (&xpiBsis) TV TPIY WYoUeTPIKGY TUVapTATEWY & N, UV,
€9, 0P TOV YOIV :

x) 150° 8) 225° y) —330° &) — 120° g) —210° oT) —315°

495) N& ixepasouv ol k&Twd TpiywvoueTpixol aprduol pe TPIY WVOUETPIKOUS Gpifpous
s ywvias 2.

o) ouv (8 — 909), B) e (270° —9), y) ouv (8 + 540%)
5) nu (8 — 270 & nu (8 — 1809 o1y ouv (2700 + 8)
0 nu (@ — 720°) n) ep (= 540° + @) 8) ouv (8 — 1809
496) ’Edv g9 25° = «, v& eUpelf) Tl TV KAaoudTwy :

ep 155° —ep 115° ep 205° — o 115°

o) 1 +ep 155% e 115° 2 Teq 245° + &9 3350
B+T A
497) Ev A+B +T = 1800, v Ba1yd7j 6Tinu(B + M = nu A kal ouv ~—;_——:1w 3

498) *E&v 8 slvan yowvia pé THY TEAIKAY TNS ALY &v sis Th Seutépay ywviay TGV Gtovey
¥ o pov Yy

(Bnh. 90° < 8 < 180%) Bi& Thy dmolaw elvan @ g9 & = — 23, v&x &moday8y 4T TOTE :
nu (90° — 8) — owv (180°—8) 2 \
D) o AT T Foe (G608 13
ep (90° +8) +ow (1800 +8) 2+ V13
nu (270° — 8) — o9 -9 = 9 =%/13

499) N& &modeixdj oti:
a) guv 0° nu2 270° — 2 owv 180° ep 45° = 3
8) 3 nu 0° Ten 1809 + 2 orep 90" — ouv 360° = 1

3 T
y) 2TeuTw ouw0+3 nu? 5 —oTE 5 o= 6
T 3
8) somw ouwv 5 T TEM 2w —oTel 5 =
500) N& &mhotroinfolv T& kaTwd KAGOUQTA :
auv (90° + ) Tep (— @) £¢ (180° — a)
®) I (E60° + o) nu (180° + &) g (270° — &)
Au (180° — a) o (270" — a) owv (o —360%)
) ep (180° = @) £ (90° + &) owv (270° + )
501) ‘Opoiws T& x&Twdl KAdouaTa :

ouv (—Tzr— — c:) Tep (— @) g (M — @)

@) =
Tep (2 + ) nu (T + @) oF (—2“ = G)

263

WnoionoiOrke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkrig



nu(%—u)w(w—ﬂ) c¢(%+u)nu(y—%")
PE-Powm—a T owm@-yvie oD

P

s
c (m—6) g (m + ) e (— ) ep (- — )
Y) o (m 4+ 8) o (m—0) og Bep (27 — )

157. NOMOEL TON HMITONQN,
Eis thv y' Té&lw EpdBopev s oxeTilovTton peTaly Twv T& xUpia OTOIXEIX

dvos Opfloywviou Tprycvou. “YmevBuuilouer €86 ToUs OXETIKOUS TUTTOUS :
r

P=anu B=aowTl
; y=anul =aowB
P=vyep B=yop I }
= E r = a B
WA Yy=Peo Poe
Zyt 157 at =p% 4 y?
B& {nTHcwuEy Tpx va eUpwuey TUTTOUS CUVBEOVTAS T OTOIXEIX TUXOVTOS
ur opfoycviou Tprycvou.
"Eorew ABI Tuxdv uf dpBoywviov Tpiywvov (Zx. 157.2).

Sy. 157.2

Eig 16 ay. 157-2,(a) Exopev &va dEuywviov Tpiywvov. Eig 1o ox. 157-2, (B)
Eyouev fva Tpiyevoy duPAuydvior. Oépouey THv [A kéBeTov Tpods Ty AB kad
Svopddouey (TA) = A. "Ao 1o dploywviov Tplywvor ATA 81 dugdTepat T& o1
uote Exouev A =Pnp A (1)

ATt 1O dpboydwvior Tpiywvor FAB TolU oy. (o) Exopey A =anuB  (2)

Ao 8¢ T dpBoydoviov Tpiywvov TBA ToU oy. (B) &xopev
A= onue = anuB (5161 B 4+ ¢ = 1809), #ousv SnA. mwEAw THw (2). ‘Emroué-
vws &k TG (1) xed (2) Exopev :

A=pnuA

C e
7\=‘ITHIB} = pnu A =anuB= TWA~ nuB 3

Oépopey ToOpa TNV k&Petov &k ToU B Emi Thy ATl xai 8ftouev (BE) =
AV dpedTepa T& oyfuoTa Exouev :
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p=onpl kol p=ynpA. ‘Emouéves Exopev :

p=anul }
u=ynuA

= = SO
= anpF=vynuA = AT (4)

Ex tédv (3) kal (4) cuvdyopev OTi

b

4
| R poE A e S

"Qoe: &ig kKGO Tpiywvov Té pRKN TOV TALLPDV Eivar dvaloya mpog T i
Tova TV anévavtt yovidwv.
Al dvedoyion (157,a) &moTeholy Tov Acyouevoy vopov tdV fpitovay.

158. NOMOEL TOQN ZYNHMITONON

*As A&Poopev TEAW Ev pn Spboydwiov Tpiywvov ABI (Zx. 158) 'Amo
T dpBoydoviov Tpiywvor AFA 81 &ugdTepa T& OYNHaT EXOMEY

B =A% 4 (AD): (1)

3y, 158

PATtd 1O dpboycviov Tpiywvov BIA ToU oy. (o) Exouev :
A=anuB «kai (AB) = a cuB.
‘Etropéveos elvan :
(AA) = (AB) — (AB) = y— cowB
kol f) (1) yiveTan :
B2 =A% 4 (AA)? = o u2B 4 y* — 2yaowB + a?ouviB =
= a? (B + ouv?B) + y? — 2oy cuvB
= a? + y?— 2ay owB
Ao 1o Tpiywvov BIA ToU ox. (B) Exouev :
A = anue = anuB (516 B + ¢ = 180%) xai (BA) = aowe = — aowB
‘Etropéves elvan :
(AD) = (AB) + (BA) = y—aowB
kod 7 (1) yiveton xed Si& TO Tplycovor ToUTo :
Bz = a2+ y?— 2ayowB
"Edv 2pycoBoduey Suoiws pépovtes TS kadéTous &md Tas xopupds I kai
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A &l T dvTigToiyous TAeUpSs eUpiokouey dwdun SUo Suoious Timous :
o =B+ y* — 2Byour A
Y=+ p2—2aP our A
“Qoe Eyouer ToUs TUTTOUS :
ot =P 4+ y~—2[3yo-uuA
P*=y?+ a?—2yaow B } (158, o)
y2=a2+ﬁi—2cxﬁovv r
Ol dvwTépes TUtror® (158, o) dmoTeAoly Tov Asyduevoy vopoy tév SUYNELTG-
vy, o 0Toios AexTikdds SiaTuTcoveTan g EEFs |
To tetpayovov tob pAkovg pidg nhevpdc tprydvon icodrat Hé 10 G8poispa
OV TEPAYOVOY TV pRkdY 1@V S0 Ghl.ov Theupdv ueiov TS Simidciov ve-
HEVOY TdV pMK®Y TGV mhevp®dv adtdv &rmi t0 suvnpitovoy tiic Or’ abt®v re-
piexopévne yoviac.

159. E®APMOILAI

1) Eis &v Tpiywvov ABT elven Y =25cm, A =35° xai B = 68? ZnTiitan
v& ebpebolv T& o, B, I

Aboig: ‘Emabh A+ B 4 ' =180° 6& eiven = 1200 — (A+B)= ?79
'Ex ToU vépou TG flurtéveov Exouey

—G*Z——Y = = THJAZZST]HBE:ZS -,-\—574 ot ;50;‘1"
A aul qu 'l nu77° 0,974
’Ex ToU vdpou Téw NUITOVWY Exouey émions :
8 v _ YnuB _ 25-nues  25-0,927 _ ,,
WE A P S = g~ 2am

2) Eis & Tpiycvov ABM even o= 132m, B = 124m, I = 28° 40", ZnTel-
Tea V& ebpefolv ) Theupa ¥ kai of yoovlan A kai B.

Abe1g: "Ex ol vépou tév ouvnuitdveay Eyopev :
Yi=a'+p—2aB ow [ = 132242242 — 2. 132 - 224 quv 28° 40" = |
y=14/15714 = 125m

anu M 132nu 2804y’ 132

L s A0 s o — —
AluTnVA'nuA‘nur = NuUA = - 5%

-=0,507 kai & TGV mvdKeY TEY QUTIKGY TPy wvopeTpIxGy &p1fuddy slpioxousy
A =30°30",

P
"Epyalduevor duoiws eUpioxopey éx s nuB =R _ &1 B = 120040’
PY P n =

‘\JI
_rl'k
Qe
el
2

Awépeda, BeBaiws, v& Imohoyiowuey Ty B &md Tov TUmoy A - B+ IM'=180".

Eis thy E taw 8& ndbeouey v& Umroroyilwuey T& o-ro:xezc: &v0s TUXSVTOS
Tprycvoy, Otaw SiScovtan &preTd PO TOUTO oToixela kol X iBcousv moTE
kai e yivetan f) épyaoia alTn, THy Smofcy Svoucfouey éniivery Tol Toryhvou.

{*) Ot =imor mpowbmzouy & cle 2 w05 oy S1& wusie Lehig TponTic Tdv a, B, Yy xxi A, B,
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AEZKHZIEIZ

502) Torycwvou ABI sivan « =384 mm, P =593 mm, y =276 mm. Znteitan vk
UmoAoyiolouy al ywvicr Tou.

503) Eis &v Tpiywvov ABI eiven B =300 mm, A = 36°, B =65 Znreitar vk Uto-
Aoyiodouv ai TAsupad « xal .

504) Na& &webdaxf) 6Tt els Tuxdv Tpiywvoy ABI loxus :
BP—y*=a (Powl —youwB)
505) Na& &mwodaix8 dm1 sis Tuxdv Tpiywvov ABI ioyve :
a=powl+youvB
(N& slpere S1&x xuxAixiis TpoTis TAV ypauudrov T&s GAAas TautdTnTas d1d T& P xal y).
506) N& &wodearxbij omi els Tuxdv Tpiywvov ABI loyue :

on

A Y:_;l__qz_ﬁz

CE R R

m
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‘Huitova 6Eeidv yovidv.

——
8 3

g0 {100 |20 | 300 |40 (50 || S| o | 100 |20 [30° |40 | 5O
= =

00,000 | 0,003 (0,006 | 0,009 | 0,012 |0,015(| 45 | 0,707 | 0,709 | 0,711 | 0,713 | 0,715 | 0,717 |
110,017 | 0,020 | 0,023 | 0,026 | 0,029 |0,032|| 46 | 0,719 | 0,721 | 0,723 | 0,725 | 0,727 | 0,729
2[ 0,035 | 0,038 (0,041 | 0,044 | 0,047 |0,049(| 47 | 0,731 | 0,733 | 0,735 | 0,737 | 0,739 | 0,741
3] 0,052 | 0,055 |0,058 | 0,061 | 0,064 |0,067(| 48 | 0,743 | 0,745 0,747 | 0,749 | 0,751 [0,753
410,070 | 0,073 0,076 | 0,078 | 0,081 [0,084] 49| 0,755 | 0,757 | 0,759 | 0,760 | 0,762 | 0,764
5 0,087 | 0,090 [0,093 | 0,096 | 0,099 |0,102| 50| 0,766 | 0,765 | 0,770 | 0,772 | 0,773 | 0,775
610,105 [ 0,107 | 0,110 | 0,113 | 0,216 |0,119(| 51 [ 0,777 | 0,779 | 0,781 | 0,783 | 0,784 |0,786
7{ 0,122 [ 0,125 | 0,128 | 0,131 | 0,133 | 0,136/| 52| 0,788 | 0,790 | 0,792 | 0,793 | 0,795 |0,797
80,189 | 0,142 | 0,145 | 0,148 | 0,151 | 0,154]| 53 | 0,799 | 0,800 | 0,802 | 0,804 | 0,806 |0,807
#| 0,156 | 0,159 | 0,162 0,165 | 0,168 | 0,171|| 54 | 0,809 | 0,811 | 0,812 | 0,814 | 0,816 |0,817
10| 0,174 | 0,177 | 0,179 | 0,182 | 0,185 | 0,188)| 55 | 0,819 | 0,821 | 0,822 | 0,824 | 0,826 | 0,827
111 0,191 | 0,194 | 0,197 [ 0,199 | 0,202 | 0,205|| 56 | 0,829 | 0,831 | 0,832 | 0,834 | 0,835 |0,837
12] 0,208 | 0,211 | 0,214 | 0,216 | 0,219 | 0,222[ 57 | 0,839 | 0,840 | 0,842 | 0,843 | 0,845 | 0,847
13] 0,225 | 0,228 | 0,231 | 0,233 | 0,236 | 0,239(| 58 | 0,848 | 0,850 | 0,851 | 0,853 | 0,854 | 0,856
141 0,242 | 0,245 | 0,248 0,250 | 0,253 | 0,256(| 59| 0,857 | 0,859 | 0,860 | 0,562 | 0,863 | 0,865
151 0,259 | 0,262 | 0,264 | 0,267 | 0,270 | 0,273 60| 0,866 | 0,867 0,869 .| 0,870 | 0,872 | 0,873
16] 0,276 | 0,278 | 0,281 | 0,284 | 0,287 | 0,290(| é1| 0,875 | 0,876 | 0,577 | 0,879 | 0,880 | 0,882
17 0,292 | 0,295 | 0,298 | 0,301 | 0,303 | 0,306]| 62| 0,883 | 0,884 | 0,886 | 0,887 | 0,858 | 0,890
181 0,309 | 0,312 | 0,315 [ 0,317 | 0,320 | 0,323(| 63| 0,891 | 0,892 | 0,894 | 0,895 | 0,896 | 0,898
19 0,326 | 0,328 | 0,331 0,334 0,337 | 0,339| &4 0,899 | 0,900 | 0,901 | 0,903 | 0,904 | 0,905
20| 0,342 | 0,345 | 0,347 ] 0,350 | 0,353 | 0,356|| 45| 0,806 | 0,908 | 0,909 | 0,910 | G,011 0,912
21| 0,358 | 0,361 | 0,364 | 0,367 | 0,369 | 0,372|| 66| 0,914 | 0,915 0,916 | 0,917 | 0,918 | 0,919
22) 0,375 | 0,377 | 0,380 | 0,383 | 0,385 | 0,388|| 67| 0,921 | 0,922 | 0,923 | 0,924 | 1,925 | 0,926
23] 0,391 | 0,393 | 0,39 | 0,399 | 0,401 [0,404)| 68| 0,927 | 0,925 | 0,929 | 0,930 | 0,931 | 0,933
24 0,407 | 0,409 | 0,412 | 0,415 | 0,417 |0,420]] 6% | 0,934 | 0 935 | 0,93 | 0,937 | 0,938 0,939
25 0,423 | 0,425 | 0,428 | 0,431 | 0,433 [ 0,436)| 70| 0,940 | 0,941 | 0,942 | 0,943 | 0,944 | 0,945
26) 0,438 | 0,441 | 0,444 | 0,445 | 0,449 | 0,451]| 71| 0,946 | 0,946 | 0,947 | 0,945 0,949 | 10,950
271 0,454 | 0,457 | 0,459 | 0,462 | 0,464 | 0,467) 72| 0,951 | 0,952 | 0,953 | 0,954 | 0,955 | 0,955 !
281 0,469 | 0,472 | 0,475 | 0,477 | 0,480 | 0,482| 73| 0,856 | 0,957 | 0,958 | 0,959 | 0,960 | 0,960
29 0,485 | 0,487 | 0,490} 0,492 | 0,495 [0,497|| 74| 0,961 | 0,962 | 0,963 | 0,964 | 0,964 | 0,965
30 0,500 | 0,503 | 0,505 | 0,508 | 0,510 | 0,513} 75| 0,968 | 0,967 | 0,967 | 0,948 | 0,969 0,970
311 0,515 | 0,518 | 0,520 | 0,523 | 0,525 | 0,527 76| 0,970 | 0,971 | 0,972 | 0,972 | 0,973 | 0,974
321 0,530 | 0,532 | 0,535 | 0,537 | 0,540 | 0,542 77| 0,974 | 0,975 | 0,976 | 0,976 | 0,977 | 0,978
331 0,545 | 0,547 | 0,550 | 0,552 | 0,554 |0,557| 78 | 0,978 | 0,979 | 0,979 | 0,980 | 0,981 | 0,981
341 0,559 | 0,562 | 0,564 [ 0,566 | 0,569 | 0,571f| 79[ 0,982 | 0,982 | 0,958 | 0,983 | 0,984 | 0,984
36 ] 0,574 | 0,576 | 0,578 | 0,581 | 0,583 | 0,585| 80| 0,985 | 0,985 | 0,486 | 0,986 0,987 | 0,987 |
361 0,588 | 0,590 | 0,592 | 0,595 | 0,597 | 0,599| 81 0,958 | 0,988 | 0,989 | v,889 | 0,989 | 0,590 |
371 0,602 | 0,604 | 0,606 | 0,609 | 0,611 | 0,613]| 82| 0,990 | 0,991 | 0,991 | 0,991 | 0,992 0,992
381 0,616 | 0,618 | 0,620 | 0,623 | 0,625 | 0,627(| 83| 0,993 | 0,993 | 0,993 | v,994 | 0,994 | 0,994
391 0,629 | 0,632 | 0,634 | 0,636 | 0,638 |0,641|| 84| 0,095 | 0,995 | 0,995 | 0,995 | 0,996 0,996
40| 0,643 [ 0,645 | 0,647 | 0,649 | 0,652 | 0,654]| 85 | 0,996 | 0,996 | 0,997 | 0,997 | 0,997 0,997
41| 0,656 | 0,658 | 0,660 | 0,663 | 0,465 | 0,667]| 86 | 0,998 | v.99% | 0,998 0,998 | 0,998 | 0,998
421 0,669 | 0,671 | 0,673 | 0,676 | 0,678 | 0,680]| 87 | 0,999 | 0,999 | 0,999 | 0,995 | 0,999 | 0,999
431 0,682 [ 0,684 [0,686 | 0,688 | 0,690 |0,693(| 88 0,999 | 0,999 | 1,000 | 1,000 | 1,000 [ 1,000 |
44| 0,695 | 0,697 [0,699 | 0,701 | 0,708 | 0,705]| 89| 1,000 | 1 L00 | 1,000 | 1,000 | 1,000

1.000




Tuvvnuitova OEeL®V yOVI@V.

= = 1 ===
o Lo

S| o | 100 | 200 | 300 |40 |50 [ ] 0 |10 200 [30° | 407 | U
= =

o 1,000 | 1,000 | 1,000 | 1,000 | 1,000 |1,000{| 45 {0,707 | 0,705 | 0,703 | 0,701 | 0,699 | 0,597
1| 1,000 | 1,000 | 1,000 | 1,000 [ 1,000 |0,999(| 46 | 0,695 [ 0,693 | 0,680 | 0,688 | 0,686 | 0,684
2| 0,999 | 0,999 | 0,999 | 0,999 | 0,999 | 0,999 || 47 | 0,682 | 0,680 | 0,678 | 0,676 0,673} 0,671
3| 0,999 | 0,998 | 0,998 | 0,998 | 0,998 |0,998|| 48 | 0,669 | 0,667 | 0,665 | 0,663 | U660 | 0,658
4| 0,998 | 0,997 | 0,997 | 0,997 | 0,997 | 0,996 || 47 | 0,656 | 0,654 | 0,652 | 0,649 0,647 | 0,645
5| 0,996 | 0,996 | 0,996 | 0,995 | 0,995 } 0,995 50 | 0,643 | 0,64L | 0,638 | 0,636 [ 0,634 | U632
6| 0,995 | 0,994 | 0,994 | 0,994 | 0,993 | 0,993 ] 51 | 0,629 | 0,627 | 0,625 | 0,623 | 0,620 | 0,118
71 0,993 | 0,992 | 0,992 | 0,991 | 0,991 | 0,991 (] 52 | 0,616 | 0,613 [ 0,611 | 0,609 | 0,606 | 0,604
8| 0,990 | 0,990 | 0,989 | 0,989 | 0,989 |0,988|| 63 | 0,602 | 0,599 | 0,597 [ 0,595 | 0,592} 9,590
9| 0,988 | 0,987 | 0,987 | 0,986 | 0,986 | 0,985|| 54 | 0,588 | 0,585 | 0,583 | 0,581 | 0,578} 0,576
10| 0,985 | 0,984 | 0,984 | 0,983 | 0,983 | 0,982 55| 0,574 | 0,571 | 0,569 | 0,566 | 0,564] 0,562
11| 0,982 | 0,981 | 0,981 | 0,980 | 0,979 | 0,979]| 56 | 0,559 | 0,557 | 0,554 | 0,552 | 0,550 0,547
12| 0,978 | 0,978 | 0,977 | 0,976 | 0,976 | 0,975 57 | 0,545 | 0,542 | 0,540 | 0,537 | 0,335| 0,532
13| 0,974 | 0,974 | 0,973 | 0,972 | 0,972 | 0,971 || 58 | 0,530 | 0,527 | 0,525 | 0,523 } 0,520} 0,518
14| 0,970 | 0,970 | 0,969 | 0,908 | 0,967 | 0,067 59 | 0,515 | 0,513 | 0,510 | 0,508 | 0,303 0,503
15| 0,006 | 0,965 | 0,964 | 0,964 | 0,963 | 0,962| 60 | 0,500 | 0,497 | 0,485 | 0,492 | 0,490 0,487
16| 0,961 | 0,960 | 0,960 | 0,959 | 0,958 | 0.957|| 81| 0,485 | 0,482 | 0,480 | 0,477 | 0,475} 0,472
17| 0,956 | 0,955 | 0,955 | 0,954 | 0,953 |0,952|| 62} 0,469 | 0,46%| 0,464 | 0,462 | 0,459 0,457
18| 0,951 | 0,950 | 0,949 | 0,948 | 0,947 [0,946| 63 | 0,454 | 0,451 | 0,449 | 0,446 | 0,444} 0,241
19| 0,946 | 0,945 | 0,944 | 0,943 | 0,942 | 0,941 64| 0,438 | 0,436 | 0,433 | 0,431 | 0,428 0,425
20| 0,940 | 0,939 | 0,938 | 0,937 | 0,936 | 0,935 65 | 0,423 | 0,420 | 0,417 | 0,415 0,412| 0,409
21| 0,934 | 0,933 | 0,931 | 0,930 | 0,929 | 0,928| 66| 0,407 | 0,404 | 0,401 | 0,399 | 0,396 0,393
22| 0,927 | 0,926 | 0,925 | 0,924 | 0,923 | 0,922| 67| 0,301 | 0,388 | 0,385 0,383 | 0,380| 0,377
23| 0,921 | 0,919 | v,018| 0,917 | 0,916 | 0,915 68| 0,375 0,372 ) 0,369 | 0,367 0,364 0,361
24| 0,914] 0,912 ] 0,911 | 0,810 | 6,909 | 0,908) 67| 0,358 | 0,356 | 0,353 | 0,350 0,347| 0,345
25| 0,906 | 0,905 | 0,904 0,908 | 0,901 | 0,900 70| 0,342| 0,339 | 0,337 | 0,334 0,331 0,329
26| 0,899 | 0,898 | 0,896 0,895 | 0,894 | 0,892fi 71} 0,326| 0,323 0,320 | 0,317 | 0,315] 0,812
27| 0,891 | 0,800 | 0,888 | 0,887 | 0,886 | 0,884f 72| 0,309 0,306} 0,303 0,301 | 0,298] 0,295
28| v,883 | 0,882 | 0,880 [ 0,879 | 0,877 | 0,876 73| 0,292 0,290 0,287 | 0,284 | 0,281 0,278
29| 0,875 | 0,873 | 0,872| 0,870 | 0,869 | 0,867|| 74 | 0,276 | 0,273 | 0,270 0,267 | 0,264 0,262
30| v,866 | 0,865 | 0,863 0,862 | 0,860 [ 0,859 75| 0,259 0,256 0,253 | 0,250 | 0,248| 0,245
31| 0,857 | 0,856 0,854 0,853 | 0,851 | 0,850 76| 0,242 ) 0,239 0,236 | 0,233 | 0,281| 0,228
32| 0,848 | 0,847 | 0,845 0,843 | 0,842 | 0,840)| 77 | 0,225| 0,222 0,219 | 0,216 | 0,214| 0,211
13| 0,839 | 0,837 | 0,835| 0,834 | 0,832 | 0,831)| 78 | 0,208 0,205 | 0,202 | 0,199 | 0,197| 0,194
34| 0,829 | 0,827 | 0,826 | 0,824 | 0,822 | 0,821 77| 0,191} 0,188 0,185 | 0,182 | 0,179 0,177
35| 0,819 | 0,817 | 0,816 | 0,814 | 0,812 | 0,811 80| 0,174 | 0,171 0,168 | 0,165 | 0,162| 0,158
36| 0,809 | 0,807 | 0,806| 0,804 | 0,802 | 0,800 81| 0,156 0,154 0,151 | 0,148 | 0,145| 0,142
37| 0,799 | 0,797 | 0,795| 0,798 | 0,792 | 0,790} 82} 0,139 0,136 | 0,133 | 0,131 | 0,128 0,125
38| 0,788 | 0,785 | 0,784 | 0,783 | 0,781 | 0,779}} 83 ] 0,122 0,119 | 0,116 0,113 | 0,110 0,107
39| 0,777 0,775 | 0,773 | 0,772 | 0,770 | 0,768)| B4 | 0,105 0,102 | 0,099 | 0,096 | 0,093 0,090
40| 0,766 | 0,764 | 0,762 0,760 | 0,759 | 0,757 85 | 0,037 0,084 | 0,081 | 0,078 | 0,076] 0,073
41| 0,755 | 0,753 | 0,751 | 0,749 | 0,747 | 0,745 86 | 0,070 | 0,067 0,064 | 0,061 | 0,058 0,055
42| 0,743 | 0,741 | 0,739 | 0,737| 0,735 | 0,733f B7 | 0,052 0,049 | 0,047 | 0,044 | 0,041 0,038
43| o731 | 0,720 | 0,727 0,725 | 0,728 | 0,721|| 88 | 0,035§ 0,032 0,029 | 0,026 | 0,023[ 0,020
44| o,m19| o,n17] 0.715] 0,718] 0,711 | 0,709 89| 0,017| 0,015 0,012 0,009 | 0,006 0,008
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= o L
g0 | 100 | 200 |30 (400 |50 fiS | o0 100 200 { 30" | 40 | mo
= =
00,000 1 0,003 | 0,006 [ 0,009 | 0,012 | 0,015 45 | 1,000 | 1,006 1,012 | 1,018 | 1,024 | 1,030
110017 | 0,020 [ 0,023 | 0,026 | 0,029 | 0,032 |[46 | 1,036 | 1,042 | 1 Y048 | 1,054 | 1,060 | 1,066
2 (0,035 | 0,038 | 0,041 | 0,044 | 0,047 | 0,049 |[47 | 1,072 | 1,079 | 1,085 | 1 W91 [ 1,098 | 1,104
30052 | 0,055 | 0,058 | 0,061 | 0,064 | 0,067 |[48 | 1,111 | 1,117 1,024 | 1,130 | 1,137 1,144
410,070 | 0,073 | 0,07 [ 0,079 | 0,082 | 0,085 [[49 | 1,150 | 1,157 | 1,164 1,171 | 1,178 | 1,185
5[ 0087 1 0,080 | 0,093 | 0,096 | 0,099 | 0,102 |50 | 1,192 | 1,199 1,206 | 1,213 | 1,220 | 1,228
§10,105 | 0,108 0,111 | 0,114 | 0,117 | 0,120 || 51 | 1,235 | 1,242 1,250 | 1,257 | 1,265 1,272
70023 | 0026 | 0,129 | 0,132 [ 0,135 | 0,138 |[52 | 1,280 | 1,988 | 1 295 | 1,363 | 1,311 ( 1,319
B LOML | 044 0,146 [ 0,149 [ 0,152 | 0,155 |[53 | 1,327 | 1,35 | 1,343 1,351 | 1,360 1,368
? 10,158 | 0,161 | 0,164 | 0,167 | 0,170 | 0,173 || 54 1,376 [ 1,385 | 1,393 | 1,402 | 1,411 1,419
101 0,176 | 0,178 | 6,182 [ 0,185 | 0,188 | 0,191 || 55 [ 1,428 L4387 | 1,446 | 1,455 | 1,404 ) 1,473
TH 10194 1 0,197 1 0,200 | 0,203 | 0,206 | 0,210 |[56 | 1,483 | 1,492 | 1,501 | 1,511 1,520 | 1,530
120,208 | 206 [ 0,219 | 0,222 | 0,225 | 0,228 [|57 | 1,540 | 1,350 | 1,560 1,570 | 1,580 | 1,590
13 | 0,231 0,240 1 0,243 | 0,246 158 | 1,600 | 1,611 | 1,621 | 1,632 | 1,643 1,1i53
14 10,249 | 0,252 0,259 | 0,262 | 0,265 ||5% | 1,664 | 1,675 ] 1,684 .| 1,698 | 1,709 | 1,720
150,268 | 0,271 | 0,274 | 0,277 | 0,280 | 0,284 |60 | 1,732 | 1,744 1,756 | 1,767 | 1,780 | 1,792
16 10,257 | 0,280 | 0,283 | 0,206 | 0,299 0,303 11 63 | 1,804 | 1,816 | 1,829 | 1,842 | 1,855 1,868
17 10,306 | 0,300 | 0,312 | 0,315 | 0,518 0,422 1162 | 1,881 | 1,894 | 1,907 | 1,921 1,985 1,049
[| 18 {0,325 | 0,328 | 0,331 {0,335 | 0,338 | 0,341 |[63 | 1,963 1,977 | 1,991 | 2,006 | 2,020 | 2,035
| 19 10,344 | 0,348 ] 0,351 | 0,354 | 0,357 0,361 | 64 | 2,050 | 2,066 | 2,081 | 2,097 | 2,112 2,128
20 | 0,384 | 0,357 | 0,371 0,374 | 0,377 | 0,381 [{ 65 | 2,145 2,161 | 2,177 | 2,194 | 2,211 2,229
21 0,384 | 0,387 | 0,391 | 0,394 0,397 | 0,401 ({46 | 2,246 | 2,264 | 2,282 2,300 | 2,318 | 2,337
| 22 10,404 1 0407 | 0,411 [ 0,414 | 0,418 | 0,421 || 67 | 2,356 | 2,375 | 2,304 2,414 | 2,434 | 2,455
1123 |u,424 | 0,128 | 0,431 3 0,438 | 0,442 1) 68 | 2,475 | 2,496 | 2,517 | 2,539 | 2,560 2,583
| 24 0,445 | 049 | 0,452 L 0,456 | 0,459 | 0,463 [] 69 | 2,605 | 2,628 2,651 | 2,675 2,699 | 2,793
[[25 | 0466 | 0,470 | 0,473 | 0,477 | 0,481 | 0,484 [|70 | 2,747 | 2,773 | 2,798 2,824 | 2,850 | 2,877
126 | 0,485 | 0,491 195 10,499 | 0,502 | 0,506 || 71 | 2,904 | 2,032 | 2,960 | 2,989 3,018 | 3,047
27 [u510 | 0,513 7 0,521 a2d | 0,528 || 72 | 3,078 | 3,108 | 3,140 | 3,172 | 3,204 | 3,237
| 28 (0,532 54 0,543 | 0,547 | 0,551 [| 73 | 3,271 | 3,805 | 3,340 | 3,376 | 3,412 3,450
22 10504 | 0,558 | 0,362 | 0,566 [ 0,570 | 0,373 {| 74 | 5,487 | 3,506 3,566 | 3,606 | 3,647 | 3,689
30 10,577 | 0,581 | 0,385 [ 0,589 | 0,593 | 0,597 (|75 | 3,732 | 3,776 | 3,821 3,867 | 3,914 | 3,962
3 foor | 005 | o009 [ o513 ] 0,617 | o621 |76 4,011 | 4,061 | 4,113 | 4,165 | 4,219 | 4,275
32 fogizs | 0,628 | 0,683 | 037 | 0,641 | 0,045 |77 | 4,831 | 4,300 | 4,449 4,511 | 4,574 | 4,638
1133 fopug [ 054 | oax o662 | oge6s | o670 || 78 4,705 | 4,77 4,843 | 4,915 4,989 | 5,066
310675 | 0,679 | 0,683 | 0,687 96 1179 | 5,145 | 5,226 | 5,309 | 5,396 | 5,485 | 5,576
35 0,705 1 0,708 10,713 | 0,718 | 0,722 {80 | 5,671 | 5,769 | 5,871 | 5,976 | 6,084 | 6,197
36 0,731 k 0,740 [ 0,744 | 0,749 |181 | 6,314 | 6,435 | 6,561 | 6,691 | 6,827 6,968
Ly 0,758 i3 0,767 {0,772 | 0,777 ||82 [ 7,115 | 7,269 | 7,429 | 7,596 | 7,770 7,933
38 0,786 | 0,791 0,795 | 0,800 | 0,805 |83 | 8,144 | 8,545 | 8,556 | 8,777 9,010 9,255
39 0,815 | 0,819 | 0,824 | 0,829 | 0,834 ||84 | 2,514 | 9,788 | 10,08 10,39 | 10,71 ] 11,06
40 10,839 | 0,844 | 0,849 [ 0,854 | 0,859 | 0,864 |{85 | 11,43 | 11,83 12,25 | 12,71 | 13,20 13,73
41 J0,80d [ 0,874 | 0,880 (0,885 | 0,890 | 0,895 || 86 | 14,30 | 14,92 [ 15,60 | 16,35 17,17 | 18,07
42 10,900 | 0,906 | 0,911 J0,816 | 0,922 | 0,927 ||87 | 19,08 | 20,21 | 21 AT ) 22,90 | 24,54 | 26,43
43 10,933 1 0,938 | 0,943 | 0,949 | 0,953 0,960 (188 | 28,04 | 81,24 | 34,37 | 38,19 42,96 | 49,10
44 10,966 | 0,971 | 0,877 10,983 | 0,985 | 0,994 [189 | 57,28 | 68,75 | 85,94 14,6 ] 1719 844,8
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Fowvia s : | :
| ne } auv i £ a9
&xTivia | Hoipas 1 i i
= | | o =
0,00 | 0,0 | 0,00 1,00 0,00 *
0,09 ‘ 5,0 | 0,087 0,996 0,087 11,4
0,10 1 57 | 0,10 0,995 0,10 10,0
0,17 | 10 | oW 0,08 | 0,18 5,7
0,20 | 1,5 | o2 | 0,8 0,20 i 1,9
| 1
0,26 : 15,0 | 0,26 0.97 gt | s
0,30 | 17,2 ‘ 0,30 0,96 0,3l | 3,2
0,35 [ % 9050 0,34 0,04 0,38 | o7
0,40 | 29 | 0, 0,02 042 | 2,4
0,44 | 250 | og | ost | ow 1‘ 2,1
| | |
0,50 28,6 Wi ae ol oues 0,55 | 18
0,52 (x/6) SOU0NERh 50 i LR 0,88 | 1,7
0,60 | 34,4 | 0,56 0,83 0,68 | 1,5
0,61 |l Gy 0,82 0,70 | 1,4
0,70 | 40,1 | 0,64 0,76 0,54 ‘\ 1.9
| 0,78 @/d) | 45,0 | 0,71 0,71 1,00 | 1,00
0,80 | 45,8 | 0,72 0,70 1,0 [ 0,07
0,87 | 80,8 | 0,77 0,64 1,2 1 0,84
0,90 51,6 | 0,78 0,62 14 | B
0,96 550 | 082 0.57 1,4 0,70
1,00 57,3 0,84 0,54 l 1,6 0,64
1,08 (7/3) 60,0 0,87 9,50 | 4,7 0,58
1,10 63,0 0,89 0,45 | 2,0 0,51
1,13 65,0 0,91 042 \| 2,1 0,47
1,20 6847 0,93 0,3 | 2,6 0,39
1,22 70,0 0,94 0,38 | 2,8 0,37
1,30 74,5 0,96 1 A 0,28
1,40 30,2 0,985 6 0,17
1,48 85,0 0.996 0,09 | 11,4 0,09
1,50 85,9 0.998 0,07 i 14,1 0,07
1,57 (r/2) 90,0 1,00 | 0,00 | ¥ 0,00
| |
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