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KEGAAAIO 1
AMAPAITHTEEZ ENNOIEZ AMO TA ZYNOAA
1. OPOAOI'IA - LYMBOAIZMOT

1.1 EopPora. K&be AfEn Tou peTayeipifduooTe elvad 16 odufolo was
Zwvolos. Tis S1&gpopes pabnuaTikes EVvoles Tis ToaploTdvoupe SY1 povo ué Aékeic
SAAG ko pé &M adufola K. pé &TAG ypdupaTa 7 pé Sidgopa Yook ofj-

e
porter f kad wé ouvBuaopols Tous. TT.y. «f eBeicx AB», «b d&piBuds 5», «AB»,
«x + p=0», «V o,

1.2 ’Ioéfnta. Aué cUpBoha x kai ¥ umopolv vé& TrapioTévouy THY iSix
twwola fi kad Evvoles, TToOU BecopolvTon &md wid OpiouEVn OKOTTIX TOUTOOT)LIES.
SThv TepiTTwon aUT YP&POUNE X =, YPTOIHOTIOIVTAS TO CUMPBOAD = 77j¢
igdryras. ‘H &pvnon ToU X =y TaploTAvETal WE X # ¥ (6 oluPoro # Bia-
B&leTan «Bidgopo TOU»). A.X.
5=5 5=2+3, nu%=%: %=%,

1.3 Tivoha - Ltoigele. 3¢ pepixés TePITTOOES UG Evvola pTropel vé Beco-
pelTon 5 ovolo Spiouéveov Kal Siokekpiuéveoy EAAwv Evvoidy, T&V groyelwy
tou. TI.x. mi& evBeia prropel vé Bewpeitan dos oUvolo Té&v onpeicoy Tns, pi& TéEn
¢ oUvoho TGV uadnTédy Tns k.o.K. "AAG kol Eve cUvoho wropel v& elvat oTo1-
xefo Evés &Mou auvéhou. TIx. wid elbeiar propel va elven oToryeio Wds Tplopa-
Tikfs Emigdveias, W& T4En oToixelo k&molou oxoAelou ot fewoeiTar G cuvo-
Ao TéEecov kTA. "AfioonueiwTa oUvoha &piBuddy, pé T& dmrola Exouue f18n doxo-
AnBel, elven T& oUvola:

3#4.

N TGV QUOIK@Y &p1Buddv

No TV dkepadeov Ths &pifunTikiis

Z T&v drepadeov dpiBudy (oxeTikGY drepaiwy)
Q TGV pnTY &p1Buddy

R TGV TpayHaTIkGY &pifuddv

R

R

&

+ T BeTikddv TparyuaTikGdY &pifuddv
+

5 T®V pn &pynTikddy TPy HaTIKGY &p1Buddv

TRV pryadikédy aplfudv.
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Trv ékepoon «td x elvar oToixeio ToUu E» ypdpoupe xeE (ff E3 x kal
SiaPéloupe «dmrd T6 olvolo E T oToixeio x») xpnoluomroiwvTas 6 oUufoAo €.
Thv &pvnon obTis 8& oupPorifoupe pé x¢E (f): Epx) kal yevik& Thv &pvnon
This Evvolas ToU TapioTdvel Eva cUuPolo B& T onueicvoups SiaypdgovTas TO
oUpBolo aUTd pé mi& ypappn.

Tlapatfipnon. *Avti ol 8pou oToiyeio xpnatpomotitar kal & Epos anueio oy elva
péAioTa kal ™o kaTéAAnAos oTfv TepimTwon ToU ourdlou R TéV TpayuaTikdy dpiBuddv
kal Tou cuvdhou C T wyadikév &piBudv, dmov, dmrws Eépouue, T& oToiKEia Tous TaploTd-
vovtal pé T& onpeia wmds edbelas 1§ tvds Emmébov dvtioToiya.

1.4 Ilpotociokdg tOmog - ZuvOnkn. ZTa pafnuaTikd ¥PTMOIMOTICIoUVTI
ouyvé Exppboseis Gmreos:

«x elven dképonosy»

«x elvon icookehés Tpiycovor

«x Bioupel TV otplﬂuo 10»

«x € E»,

ol omoles kai &modiSouv Spiopéves iB10TNTES OTO X.

Mia Ekgaon ol Trepitxel fva oluPolo x, odv Tis TTAPATTAVW, XXPAKTN-
pifeTar, Smas sven yvwotd &m Té pabfuaTa TEY Trponyoupivey T&Eewy,
HE TOV Opo mpotactaxds Timos (dvowxty) modraoy, T cvvbhixy) mod meoiéxer Eva
adufoio x. "Av ot Evav TrpoTaoiakd TUTTe P(x) Trou Tepiéyel Eva oUpPolo X, &v-
TIkaTeoTAgoVNE TO oUuPolo x pé Eva ouykekpipévo oTtoiysio o, f &v, 8mws
Aépe, TO x AdPer s Tipn TS @, TOTE, & TOV Oploud, 6 TpoTaTIaKSs TUTTOS Yi-
veTon mpdTaon T omola cuuPohifoups pé P(x). TT.x.

P(x) : ‘O x elvar puoikds &pibuds

P(2) : 0O 2 elver guoikds &piBuds (&Andris)

P(%) 0, % elvan uoikds dp1buds (weubrs).

2uvnbes of Eva rpoTaoiokd TUTo P(x) UmobéToupe 6T T x Traipve
ds Tipés T& oTolyeia £vds ouykexpipévou ouvdhou E, Snhadh, &maws Adue, TO
x BiaTpéyer 16 E. Tote 16 x dvopddetan uerafiyriixad 6 P(x) mooraciaxds Ti-
mog (avowxtyj mpdraon 7 owbixy) otd E. *Etor 1y Eiowon

x2-x +2=0

oy elvar Evas TpoTaciakds TUTTES, YpdgETon uE THY 'rrpou-n'oeecn 811 6 x elvon
cxplﬂuog Elvonr Aoimév 1y &lowon alth wd ouvdixn of &va olvoho dpifudv
Tt 10 Rf ‘16 Gl

“Av P(x) elvan & ouvBfikn o1é E, TéTe 6& Aéue ST fva orouyeio « Tod
E ixavomotel vif ovvbijxn adrif, § 7 ovovBifen P(x) loygber 014 o, TéTe Kai pdvo
TOTE, &v f) TpdTaon P(e) elvon dAndrs. Of éxgpdoeis:

«y1& ke xeE foyua P(x)»
kal
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«Umrdpyel XeE Tétolo doTe 1) P(x) v& ioyUen»
ypb&govtar &vtioTorya:
(¢ xeE) P(x) f| P(x) & xeE
kol
(3 xe E) P(x),

&mou T& oUpBola y kai I BioPddovran dvTioTorxa «yid K&fer kol «Urépye
kai dvoudfovTton dvtioToiya xafoiixds kol vmaofiaxds  mooodeixtng. TIoAAés
gopés oTis Tapamdvew Ekppdoes T6 guvoho E mapodeimeTon kai ToTE yphpoupe
dvtioTorya
(v O P f PX) ¥x
kad
dx) Px).

*Errions, &v x&fe oToryeio ToU E ikavorrowel TA ouvbrkn P(x), SnAadq,
&v loxler (¥ x € E) P(x), Tote f) ouwbiixn P(x) dvopadetan ravrdrnra oo E.
*ET1on

«0 x elvon puoikds &piBudsy elvan TauTéTnTa 0TS N.

«(x + 1)2=x2% + 2x + 1» elvan TautoTnTx OF KdBe OUvoho &piBuddv
«x2 + 1 > 1» elvan TautétnTat 0TS R.

*Av P(x) kol Q(x) elven ouvlifikes oTd olvoho, E, 8& ypdgpouue

P(x) = Q(x) y1& xabe xeE

kal 0& Sxaﬂocéouus «P(x) ouvemdyeTtal Q(x)» fj «&v P(x), ToTe loyuer Q(x)»,
TéTE Kai pévo TéTE, &v kdde oToiyeio Tou E, Trou ikavotroie THv P(x), ikavo-
moiel  kad TV Q(x).

Ol ouvdfikes P(x) kad Q(x) dvopdlovTen iooBuvaues, TOTE kol pévo ToTe,
&v fy wé ouvemdystan THY AAT. ©& ypdgouus TOTE

P(x) < Q(x) y1& xé&Be xeE

kad 84 SiaPdloups «ioyler P(x) TéTe kad povo ToTe, dv 1) Q(x) loyUem.

*Av BEhoupe vé SnAdocoupe 8T1 wmid iooBuvapica YTrdpye ¢€ dpiouoy, ypnai-
poTrolobpe T6 oUpBoro 7 "Etar y1é& is Bud ouvbiikes P(x) ki Q(x) o elvan
iooBuvaues £§ OplouoU ypapoupe:

P(x) = Q(x) y1& xdbe xeE.

opo

1.5 "Alyeppa ovvorov. Kord Trv émefepyaoio évos ucxenuomkoﬁ Béno-
Tos, Yevik&, UTEloépyovTan &TTOKAEIOTIKG T& oToIyElx Evds ouvdAou L, Té dtrolo
dvopdletan Pacixd otvodo. TLy. of Bidpopx TpoPAfuaTa Tis &hyePpas Bew-
prioape 65 PBagikd oUvolo T gUvolo R T&v TporyuaTikGy &piBuddy, tvéd oThV
¢meepyaoia dpiopévey yewpeTpikdy TpoPANUdTwY &5 Paoikd olvoro Q Bew-
prioape T6 oUvodo SAwv TGV EmmESwy oynudTwy.

"Ectw 6Tt A kal B efvan 5ud olvoha pé oToiyeia &’ T6 Pagikd oUvoho Q,
"Omes elvar yvwotd, Aépe 811 76 atvodo A elvar dmoaivedo Toi B kad oup-
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BoAiGoupe ToUto ué A = B, Tote kai udvo ToTE, &v 7 gunllijny xeA owvvemdye-
ratr v xeB. MNd& ouvtopia:
<= A 4
A cB £ (xeA = xeB yi& kabe xeQ).

’Emrions 1) iodrnra Bud ouvdhwv kal 1) Evwola ToU ywijoww dmocurdiov
(oU oupPoiiletan pé C), Omaws Eépouue, SpifovTaon:
A=B «< AcBrxalBcA

opo

ACB <= A cBkal A #B.
opao

Mi& ouvlfxn P(x) oTd Paoikd ouvoro Q opifet 16 clvoro S SAwv Tdv
oToiyeiov Tou Q, woU TV ikavorololv. AUTS TapioTaveTan pé { xeQ: P(x)},
BnAadn S = {xeQ: P(x)}. TT.x. &v @ = R, 1 ouvbrikn x*-1 =0 6pifer 16 olvo-
Ao S = {xeR: x>-1 =0} = {-1,1}. "AN\a &EioonueicTa UmosUvora ToU R mou
Spifovtan &md ouvliikes elven T& &xdAouda, yvwoTd s Siaothuara tou R:

1.’ Avowntd- dudoypa pé dxoa a, B (o< B) :
(o, P) = {X€R: a<x< P}
. Kiewore didotnua pé dxga o, B (< P) :
[@B]={xeR: a<x <B}
3. *Avoxto  dpoteod, xlewsto dekia Sudotnua pé dxoa. o, P (a< ) :
(5, P]={xcR:a<x < P}
4. Kiewotd dpioteod, avouxtd. dekid didotnua pé dxpa o, P (a< P) :
[e, P) = {x€R: a< x < P}
. PAméoavto  doworeod, dvoixtd  defia didoTnpa pé dxgo P
(—w,Bp)={xeR:x<p}
6. *Anéoavro * dototeod, xleioro. Sebua dudotnua pE dxoo P
(—,B]={xeR:x <P}
*Anépavro  defid, dvoixtd. dototepd SudoTnua ué dxpo & :
(o, +o)={xeR:a<x }
8. *Anépavro - dekud, xAetoto  dotoTega MdoTnue pé dxpo & :
[o, +0)={xeR: a <x},

*Emrions TrapaTtnpoupe 871 kai kéle UtrooUvodo S Evds Pacikol cuvohou Q
wopel va& mapooTadel, émws mapamdvw, pé pig ouvlrikn, T\ ouvbikn xeS
"Eto1 éxouue S = {xeQ: xeS}.

Té clvodo SAwv TGV Uoouvdhwy Evds Paagikol auydrou 2 oupPohileTa
HE P (Q). Tlavw o alrd dpidovTar, dmes yvewpifoupe, of wp&Eeis U, M,— &md
ToUs TUTTOUS ;

(4]

o

2

AUB = {xeQ: xeA f| xeB}
ANnB = {xeQ : xeA xai .xeB }
A—B = {xeQ : xeA xal x¢B }.
Mi& émrorrTikn Epunveia abTédv TéY Tpd€ecov pds Blvouv T& TapokdTw
oxnuaTa:
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& O e

Zy. AuB Zy. 2 ANnB 2 -

Té kevd cUvoho @ elvon, 6troos Eépoupe, 1) Biragpopx A—A, &mov A elvan
bTrolodhoTe Umoouvolo ToU Q. ‘Emions T6 oupmAfipwua A® Evés cuvolou A,
Umroouvdhou Tou BaoikoU cuvdrou Q, émews Epoupe, SpileTan, v& elvan 1 Siagpo-
p& Q- A, BnAadn

A*=0 - A={xe: x¢A}.

MeTa€U Tév Tpdecov U, M, — &Anbevouv of TapakdTw TUTOl (TOUTS-

TTes 016 F(R)), Tou pds elvan yvwoTol &’ T pednpaTa TV TTPOT Y OUUEVWV
TaGewv:

AUB =BUA AnB =BnA
Au (Bul) =(AuB)uTl An (BNl =(AnB)nl
Aug@=A AnQ =A
AU(ANB) = A An(AUB) =
(A-B)uB=AuUB (A-B)nB=¢g

An(BUT) = (ANB)U (ANT).

1.6 Zsiyos - Kapreowavd yivépeve. ‘Eva otoixelo o Tou yapaxktnpi-
Leton s momTo xai Eva oToikeio B TOU xcxpO(K"rr]pLCcrou @5 dedTenn onuaTi-
Zouv &va véo oToixeio, TO dmolo ypapetar (a,p) xai dvopdleTan (SixreTayus £v2)
Cedyos. T oTorxeia o kai B ToU Jeuyous dvoudlovTon mpdTy Kt dedtent, &vTi-
aToixa mooflols) ToU Lelyous. “Av ol TrpoPolés ToU GEUyoUs elvon dpifuoi, dvo-
ndlovtan kai cuvTeTayptves ToU feUyous.

AT TéY TapaTduw Spiopd ToU felyous guutripaivoups OTL Bud felyn
elvon foa, 6Tav 8yl pévo oxnuaTifovTal &md T& 1B oToryeia, GG kad oTav
& oToyela aUTd Tapousialovtan uE ThY 18ix BiaBoyn, dnAadr

(ap)=(y,8) = a=y xal p=35.
Mé &uoto TpoTo dpileTan kai wi& (BiaTeTaypévn) TGS (ks @aiot) 1
W& (BrareTaryuévn) vada (o, Oy, - -, %)-
IMopadsiyparo:
1. "Eva khdopa pé &piunTn o kol TrapovopacTh P pTropel vé mapaoTalbel s LeUyos (o).
2. “Evas piyadikds &pifuds o+ Pi pmopel va TapaoTabel ds feUyos (aup).

3;"Eucxs &ywvas peTaly BUo opddwy o kol P wmopel v& mapaoTadel ds GeUyos (x,p) f (B,=)
tpooov BiebayeTan oThy ESpax Ths @ fi THS B ouddas, dvTigTorKQ

“Eotw A kai B 8ud oUvoha. TS oUvola T&v Leuydw (o,p) ué aeA kai PeB

- - - 9
WnepromoirBnke amd 1o lvotirouro Exmraideutikng MoArmikng



ypdoeton Ax B xal dvopdletan xaoreciavd ywéuevo toi A éxi tod B. Anhodr :
A x B = {(x,y): xeA kal yeB}.

Mapdpoia dpiZeTan T6 ywopevo AyxAyX . . XA, v& elven 16 oUvoho TV
VIdBov (0, Oy, - ., 0) BE Ok € Ax, Y14 KGBE kef 1,2,...,v} (f, &mroos kai GAMGHS
Aépe: y1&x kadfe k= 1,2, .. V). "Av fva TouldyloTo Ao T& Ay, Ay A, Elvan
16 xevd oUVoho, TOTE TpokUTrTEl eUkoAa 6TI Kai TS KAPTECIQVO Y1vduevo
A xAyX. .. XA, glvan TEM T Kevd alvodo.

Mé& ouvtouia, 16 AXA cupPorileton ué A2 16 AX AxA pé A® ko

T6 ouvoro A Tév euydv (o) pé aeA dvopddeTon daydviog ot A kadl
elvan govepd o1 A S A%

Mapadeiypata :

LA={aPpy} B={12}

AxB={(x1) (2, B B2 0 (.2}
Bx A= {(la, (1LP) Ly (2a), 2B @)} #AxBE
2. *Ay A elvon 16 oUvoho TG ToBoogaupikdy dpdBwy Tou malpyouv uépos o Eva
TpwTdBAnue, TOTE, TO cUVoAo TEV &yhvwy ToU TpwTalAfuaTos elvar AZ-A, Epdoov ot kb
&ywva oupueTéxouy BiagopeTikés. ougbes kad TO mpwTd@Anua yiveran of Sud yUpous.

Haputﬂp’qon. Mi& Ekppaon Tou mepiéyel Bud cupPola X kol y WTOpE vé& BecwpnBel
&7 mepiéyer Eva oUpBodo, BnAadh T Lebyos (X,¥). Tl.x. ol éxgpaoeis:

« Td xAdoua % elvar dvdywyo »

«'0 x Biapel TV ¥ »

«xt+2yt=2»
dvoudlovTal mpotaciaxol Timor (dvouxtés mpotdoews fi avvbijxeg) ToU mepitxouy Bud ouupo-
Aa x kaf ¥ ki oupBohiZovran pé P(x,y), Q(x.y) xA.m. Téroio Tpotagiakol TUTOl puropolv

vé& Becopnolv s TpoTagiakei TUTOl ToU TepiExouy Eva atpPoto, T6 Lelyos (X,¥).
*Eto, Ekpploels ohv Tis v

Fxy) Py xd @Gx.y) PEY)
Eyouv &vtigTorxa Thv 1B Evvorx wé Tis

&y PEY) ki @&y) P&

*Avdhoya dpifovTtan kal wpoTaoiakel TUTor Ol mepiéyouv Tpla 1) kel mepioodTepa
(memepaopévou TAfBouUs) cUpPoha.

2. EXEZIEIE (ANTIZTOIXIEE) - EYNAPTHEEIE

2.1 Eyéon. Aud oToiyeia oU dvnkouv oTo 810 f ot BIOQOPETIKE GUVO-
A propel v& cuvBéovTon Aoyikd, SnAadn vé ouoyetiGovTou. MM.y. 8tav Aépe
«té Tplycvo ABT Exer 2upadov 100 m?» ouoyetifoune &va rolywvo ué évav dot-
Bud, fi drav Aédue «& &piBuds 25 elvon T8 TeTpdywvo ToU &pifuol 5» auoyeTiGou-
ué dvd dofuods kTA. Tlapoxdrw &EeTdloupe TéTolEs oUoYETIoELS oTo1elwy Bud
cuvdhev, T& dmroia (oUvora) Sév elvon dmopaiTnTo v elvon BlagopeTiké.

"Eotoo A xai B Sud pf) kevd oUvoAa ko Evas OUYKEKPILEVOS TpdTrOos ().
fvas kavéves i pi& Siodikaoia) pé Tov dmoio prropel TouA&yloTov Eva XEA V&

10
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GUOYETIGETOL PE fva f TreprocoTepe yEB. ©& Aépe ToTE ST bpileTon ik oyfon

(@vriororyia ) o &mo 16 A ot B xal 8& onueiwovoupe
xoy fi x 2>y y1& & oToiyela ol ouoyeTifovTai

dvéhoya pé TO Gu ypnolpomolsital, dvrioTolyw, & 8pos ayéon fi avrioTotyia

Té moapakdTtw oxfue pds Sivel mid gmoTrTIKT Epunuela Tiis OXéoEws O

Té olvoho A dvopddetar oivolo .a’cpamg[ag Tfs 0. Té ovoro B dvoudle-
Tau gvvodo dpifews Tiis 0, vd 1) Exppaon xoy A X >y (ToUeivan fi ouuPolikn
HopeT) ToU TpdTov, pé Tév dmroio kalopilovtan T& oTOoIXEIN Exelvar TTOU CUOXE-
Tiovtan) dvopddetan Témos Tiis o. “H Exgpaon xoy SiaPdletan «Td x PplokeTon
oT1} oxéon o ué Té y», v N X Ly SiaPdletan «T0 X duTigTolyiCeTOn Pé T ©
o1 ¥y, 1 «T6 ¥ elvan 16 dvtioToixo ToU x pé T o».

O T& ﬂeoyn (x,y) y1& T& dmoix foxler xoy &moTteAoUv Evar oUvoho
Ss (Umroouvolo Tol AxB), T6 dtrolo dvouddetal yodgnua (graph) Tiis axegews o.
Elven Aormdv

Se = {(x,y)eAxB: xoy} # &,

"QoTe k&P oyéon o &md 16 A oTé B Exel v ypéynuax Se = AXB."AMa
kai &vtioTpoga: kdBe pn kevd oUvoro S, UrosUvoho ToU AxXB SpiGer pi& oxéon
Os M€ TUTTO:

xosy < (x,y) €S
kai 1) dmola Exel ypdgnua 16 S, fitot S, = S.

“Ohat & oroixeia xeA, o PpickovTan oTh oxton o LE Eva (Tou?\cxxlo-ro)
yeB, &mroteholv Eva cUvoro Z(o) 16 &trolo ovouddeTal medio GoLTuoT (domain)
Tiis oxtoews o. Elvar Aormév

(o) = {xeA : 3yeB pé¢ xoy} = A

“Oha T& oToiyeia yeB ol PpiokovTar ot oxéon o pé Bvx (TOU?\C(XlO‘[‘O)
xeA &motehouv Eva cUvoro R(o), Té dmroio dvopddeTan medio Tiudv (range) THs
oyéoews o. Elvar Aormrév

f(o) = {yeB : 3 xeA pé xoy} = B.

11
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IMopoadeiypota:
1. A=B=R, (Wxy) X0y < x*}2y¢=1.
MNé& kébe x,y otd R, Exoupe
X0y = x24-2yl=1=1x2=2y? > 0= x2 1
mwou anualver d11 Do) < [-1,1]. "ANAG kal [-1,1] € D(0), yrori yi1& kdle xe[-1,1], Umdpxet

Y ué xoy. npcxyumlxo’t Y&y = Vl_—zx_z. Eyoupe

: 1—x? :
B2yt = 2 ==X LX) =1
"Apa D(o) =[-1,1]. Tapdpoix y1& k&be X,y o1d R, Exoupe

X4+ 2y2=1=1-2y2=x? > 0=y ]

o
; C 1 1 I 1 1
ol onuaiver 11 R(o) = [_ LI —_] *AMG kad ]: e 77_] < R (o), yra-
VZ ' 4/2 V22
derali 1 1 : ) . ——
Tl y1& xdbe yE[—-—T__u, ﬁt] Umdpyer X pé xoy. Mpayuatikd yi& x = v/ 1—2y% , &
V2 /2

xoupe X%+ 2y = (1-2y®) f 2y2=1.

» 1 1
Apa  R(c) = [_ Seiesind _].
V2 2
2. A=B=R, (¥xy) xoy & (x*+4 Dy*=x*=0.
Mp&ta mapaTnpolpe éT1 y1& kébe x € R, Umdpyer y pé xoy. Tpayporik& yi1&

AU ¥ Eyoupe

VxE+ 1
(2 +1)y?-x® = (x2 4+ 1)

—x¥—x3-x3 =0,

xz
> e |
"Apa D(o) = R. ’Emions y1& xéfe X,y 016 R Exoupe
2
x% 4+ 1
woy onuaivel T R(0) = (-1,1). ARG kad (-1,1) € R(0), Yot y1& kéBe y € (-1,1) Umdp-

]

X4+ Dyt—=xt=0 <> y2=

Xet X pé xoy. TMpaypaTik& yi& x= Y Exoupe
Vi—yr |
mosy fnigiieeg o (0 YA PR IE: 1
o+ Dyt = (2 )y - 2
"Apa Té mebio Tipdv even R(0) = (-1,1).
3. A=B=R, (Mx)y) xoy o (y*+ Dx*-4y?=0.
Mé& kdébe x,y 016 R Exoupe

G+ Dxidyr =0 = x2 = _4V°

1

yz
v l—y

_1—y2:0

5 yz

v+ 1
ou onuaivel 81 D(0) <= (-2,2). "AMNA& kal (-2,2) = D(o), yraTi yi& dmorobrmoTe X € (-2,2)
Umdpyer ¥ ué xoy. Tpaypatikd yi& y = , Exoupe :
3
L ey e e x? ) ik dar A Ly e et e b
(" + Dx2—dy (4_x2+1 et P
*Apa 16 Teblo dpropol Tis o elvon
2D(0) = (-2,2).
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*Emrions mapaTnpolue 6Tt yik kébe yeR Umépyer x pé xoy. TMpaypoarkd yi&

(y: + Dx*—4y* = (y* + 1). ;,f'”,'z—l ~4y? = 4y*4y* =0
xal &pa o
R(o) =R.
4 A=B=R, (Vxy) wysxty =<l
MpédTa & SAa TopaTnpolpe 6Tt yi& kdde XER Umdpyer ¥y wé xoy. MpayuaTika yi& -
y = -Xx, Exoupe
x+y=x+x=0<1
*Apa. D(0) = R. *Emions yi1& kabe yeR Umdpyer X pé xoy. TlpayuaTikd y1& X = -y Exoupe
X+¥y=0N+y=0<1
xal &pa R(o) = R.
Emte1dn) Z(o) = A kai R (o) < B petayeipifopooTe eidikoTepa Tis Ekgpd-
oeis «oyéon tod A. . .» (duti dnd vd), Etav Béhouue v& BnAwooupe 61 Z(o) = A
kol «aytom. .. wdvw oré Bs, Stav BEhoupe va Bnidoovpe 6T ®(o) = B. "Etol
7 oxéon
Tou mapadeiypaTos 2 eival of R 016 R
ToU Trapadelypatos 3 elven dnd 76 R mdve otd R
ToU TapabeiypaTos 4 eivan 7od R adro ord R
Feopetpiky (i ypegiki)) mopactacn oyfcews. ZTAv TepiTTwon ooy
T& oUvora GeeTnpios kad dgifews wds axéoews o elvan Uoolvola ToU ouvoAou
R TéV mpayuaTik®V dpibudv, T6 ypdenua S, Ths oxéoews abTis dmoTeAsiTan
&mé Zelyn TporynaTikéy &piBudy (x,y), T& émoin, dmws Eépoupe, TapioTdvov-
Ton oTd émimedo Ut onuela P, émws gaivetan oTd o). 5. "ETor 16 ypdenua Sq
TaploTaveTan pé Eva omuelogUvoro ToU émiméSou (PA. oyx. 6) kal dvopddeTan
yewperour] (1 yoapuxt)) magdoraoy Tiis oxéoews g, f| kad ddyoauua THs o.

y
y ] =
B |Re
] f_'-mr) l 7
1 ! ey
E
] T - 5 0
Zy. 6 oyéoy o dno 6 A oro B
¥
B‘Tﬂ
X T 0|
Xy 7 Zy. 9
oyxéon o Tol A oo B oxéon o dnd 16 A mdvaw ote B oxfon o Tob A mdvw otéd B
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"Avtiotpogn oyéon. “As fewpricoupe wm& oxéon o &mé 16 A o1d B
Tfis omolas TS ypdenue elven

Se = {(x,y) eAxB : xoy} # z.

Mée dvadhooy) Tfis BiaBoxfis TéV oToelwv ToU Zedyous (x,y) Exoupe T
&kdAoufo YooUvolo ToU KOPTETIQVOU Yivouévou BxA.

S5* = {(y,x) eB X A: (x,7) €S,}
moU elver, BéPanc, olvodo Emions uf kevd.
“Orraos eidape Tapamdve, T6 olvolo S* &piler wdk oyéon &md 16 B 016 A
pé TUTO
yoxx < (y,%) € 5% yi1& ké&fe x,y.
Emaidny (y,x) €$* < (x,y) €S, < xoy, 8& £youpe kol
YOxX < Xoy, Yi& x&fe x,y.
"Av Aoimév Eva onusio x Bpioketon oTH oxéon o ué T ¥, TOTe TS ¥ PpiokeTan
oTh oxéon ow A pé O x. ‘H oxéon o dvouddeTon dvriotoopn oyéon Tis
o kol ouuPoAiZetan pé o-1. "QoTe
xoy < yoolx, vik ké&fe x,y.
"Apa | oxéon o1 Exer medlo Spiouol TS Tedio TINGY This o kai medlo TI-
H&v TS medio Spiouol THis o, SnAadr ioyvouv
Z(c~") = &(0) kad R(o-1) =2(0),
TMapaTnpolus Twpx &TI:
1) "Av o elvon i oxéon dnd ©d A o1d B, téte f o1 elven oxéon dmwd
6 B ord A.
2) "Av o tlvan W& oxéon dnd td A mdvw otd B, TéTe | o~ elvan axéon
To0 B ord A.
3) "Av o elven wi& oxton tod A otd B, TétE ) 0-1 elvan oyéon and vd B
mdve ord A. . ' :
4) "Av o elvon wid oxéon toi A mdvw o7d B, Téte ) o1 elvan oyéon
t00 B mdvw o1d A.
Hap_ﬂfflp'llm'l- Zuxvd, 6Tav TpdkerTan vé peAetnOel wévn Tns A ol &AA&Loups T&

X Kai y petedU Tous, Snhadh Becopolie xe B kal YEA, &oTe T X v& oupPolila mévta fva
gToiyelo ToU ouvdhou dgetnplas. “ETor ypdgoupe xo-ly (ki looBUvapa yox).
Hopadeiypara:
1. *H évriotpogn oxéon Tfis oxtoews ToU Tapamdve Tapadelyparos 1 SieTon &’
TéV TUTTO
WV xy) xoly o y2 4 2xt=1.
2. ‘H évrioTpogn oxéon Tiis oxéoews ToU Tapabeiyuartos 2 BiBetan &’ TV TUTO

¥ xy) xoly & (¥ + Dxiyr=0.
3. ‘H &vrioTpon oxéon Tiis oxéosws Tou Sopalstyetes &t # Minggion.
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*Erreibs, &md Tév dpiopd Tfis dvtioTpogns oxéoews, EXoue 811
(x,¥) €Se <= (¥,%) €54-1

xai Emeidn, Stav TpékaTal Y& ypaghpata oTé RE, T& onpeia P = (x,y) xkal
P*=(y,x) elvar ouppeTpiké dos TTPoS THY TTPG-
n SixoTépo d THs yewvias Tédv &Edvev (BA.
ox. 10), T& Sixypdupara TGOV oxioewy o Ko
o1 84 elvan Eriong ovguerouxd s pds THY d.

“Omres eidoue Tapamdvw, yi& kabe oyE-
on o ioyue

(M x,5) X0y © yoIx
xad &pa yi& THv dvtioTpogn oxéon o~ Tfis
o B8& foyle
(& xy) yoolx < x(e=)y,

&mou (o-1)-1 elven f| dvtioTpogn oxéon TS £y, 10,
o-1 *Apx foyuel kai

(¥ xy) xo0y < x(c-)Yy,
BnAcdh 7 &vrioTpoen Ths duTioTpoens wmds oxtoews o elvan ) Bix A o Nn&
ouvTouia ypdgpouue
(St =0.

‘H {816t ol yewueTpiké EpunvedeTar wé T Ponbeia Tiis oupperpios dos
mpds T Sixotépo d (BA. ox. 10) Tév SixypauudTwy TGV OXECEWY O kai o1,

2.2 Tuvaptnon. ‘H fwoix Tiis ouvapThoews elven wd &m’ Tis ™o Bepe-
MOBels poBnuaTikés Evvolss. AUt TV dpifoune o& w& eldikn oxéon.

Mi& oyéon f &md 16 A o6 B dvoudletan guvdgrnon TOTE kai pdvo TOTE,
&v é&be xeZ(f) Pploxetan ot oxéon f pé &va kad pévo yeB.O& Mue TOTE 6T )
{ elvae ovvdotnon pé medlo dowopos (1) = A xal pé Tiués otd B, 4 f elvas po-
voorjuavty dvrietogia (7 dmendvion) dnd vé A ord B xal 8& ypagouue

f . , i .
X — ¥ y1& T& gToiyei woU ovoyeTifovTal.

LI

Té y, mou elvan dvtioTorxo ToU x pé TAv f, Adue &1 elven Teus] 1) 1 elxd-

va 7ijc f 016 x xai ouuPohiteTan pé f(x). ToTe ypdgoupe
y = f(x), fi xai y = f[x].

"Apa 1) Exgpaon y=I(x) elvar w& &AAn popen ToU xfy f TOU X »—f—r y, 8nhadn
6 tmog Tiig f. Té x dvopdleron dvebdornry pevafnri Tis I kad 16 y ébaornué-
vy perafinry Tis I

"Av @(f) = A, TéTe 8& yphgoupe f: A — B kol 8& Atpe ST fy f elven ouvép-
Tnon Tof A oté B # xad dAMdds, ouvdpTtnon ué medio doouod TO A sl pué TIHES
atg B.

15
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“Av D(f) = A xad R(f) =B, TéTe B& ypdgoupe [: A "—» B kai 0&
Afpe 6T 7 { elvan ouvaptnon Tod A mare oro B.

“Av R(f) = R, TéTe Abue &1 A f elvon moayuaris owvdornon. “Emiomns,

&v xal 2(f) = R, 161e Aépe 8T adtry elven moaypatier) ovvdornon uids moaypa-

Tuniis perafinriic (y1& 16 Sidypoupa wds TETolxs ouvapThioews PA. ox. 11).

TT.x. wé Tov TUmo Ra x A x SpileTan M TPAYUATIKT CUVAPTNOT] MIdS TTpa-
yuoTikfis petopAnTiis. TTapopoia kai pé Tév TUTO x»i-)v Vi-x? opileTan pi&
TporyuaTIKY ouvdpTnon Wwads mpaypaTikils peTaPAnTfis ué medio Opiopou TO
Sidotnua [-1,1]. ‘AvTiBeta, TapaTnpoUue T1 &TO TIS oyécels TGV Trapadel-
yudTwv Tiis TponyoUuevns § 2.1 xaud Sév elven ouvapTnon.

Md& m& oudptnon f &md 16 A o1d B, 10 olvoro Tév Tipdv 15, SnAadn
16 medlo Tipddv Tns R(f) oupPorifetar xai pé f(A). “Etor éxoupe

f(A) ={yeB: FxeA péy=I(x)}.

] ] """

D

]

1

ol

T

;

1

I

1
Y
2
2

i i
H e—x—

A x

RBl=ser===
R e

o

5

w
]
o

f
Zy. 11 x—>y Iy 12

FevikdTepe, &v X < A, Té1e pé f(X) oupporifoupe 16 olvoro TGV TIHGY
Tfis { o1& Sidgopa oroixeia ToU X (PA. ox. 12), &nAadn

f(X) ={yeB: TxeX pé¢ I(x)=y}

*"Avtigtpogn ovvapmnon. “As Bewpnooupe wa ocuvdptnon f &mé TS A
oté B. ’Emeidn 7 f elvan oyxéon &md Té A o1d B, Umdpyxer fy &vrioTpogn axion
f-1 &mwd 16 B o166 A kai pdhioTa, Smes eidape kal mapamédve, -loyuouv

G =Rl el s R=L = 2(1).
*Av 1) oxéon -1 elven émions ouvdpTnon, TOTE aUTh dvouddeTal drrioTpogn
ovvdotnon Tis f. £ auTh TV TepiTTwon, pdAioTa, TO x &mekovileTal pé Ty f
povo o1d f(x) kai T6 f(x) pé v -1 pévo o1d x. “Evol Eyouue

(v xe2(f) -[f(x)]=x

kal dvdhoya
(¥ ye’(D)) M['WMI=y.

Topa aparnpotpe 611 &v f(x;)=I(x,), ToTe kel [~ 1[f(x]=f~[[(x,] EnAadn
X; = X,. "Etol PAémoupe 61, &v kal f) f-1 elvar & ouvdprnon, TOTe Exoupe
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(¥ %, Xy 016 2(D) f(xp) = f(xy) = X, =%,
| loobuvaua
(¥ X, Xy 016 2(1)) x; # X, = [(x) # f(xy).
Mi& ouvdpTnon | &mé 16 A o1d B mou fkavoTrolel THY TapaTéuw ouvln-
KT dVOPTETE  duUqLUoYOTIHaVTy] owvdotyon (i éva mods éva). Tote, PePane,
xad A -1 elven duguovoonuavTn ouvEpeTNON kol loyuer 7y looBuvapica

(¥ 5y) y=Iix) < x=I1"1().

B3O 3
*Eto1 Eyer &moBeryfel TO TapaxdTeo Sedpnua.

2.2.1 @EQPHMA. ‘H gwvdotnon { e dvriorooqy ovvdetnay, dydady 1
ayéon {1 elvar énions ovvdgrnon, TdTe xal udvor tére, dv adri] (Onhadi ij | ) glvau
GLQLUOVOTTHaVTY.

Zy, 14 Zy. 15
dupiuovoopavTy ovrdoTno] dvtloTpopn cvvdotnan
Tovleon cuvaptijocmv. Oecopoupe Bud ouvopTrioes [ kad g. ‘O TUTOS

y =g ()]
Eyer tvvorax y1é& Bkefva & X kol uovo, yi& 1& dmola foyver xeZ(f) xai f(x)eZ(g).
*Etol, &v TO gUVOAo

{x : xe2() xoi f(x)eZ(2)}

elvan pf kevd, & TrapoTave TUTOS Opiger wd ouvépTtnon Tou dvopdletal givle-
an Tiw guvagrijoeay [ zai g kol oupPoAifeTan pé gof. Elvon elkoho v& Soupe
&t

D(gol) = {x : xeZ(I) xad 1(x) €Z(2)} < Z()
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kol
R(gel) = &(g)
‘H ouvBeon gof eivon Aormdv mé owvaptnon &mo 16 2(f) o1o R(g) xai
EpUnVEVETCN ETTOTITIKG OTO TTOPOKATW OXTMX

0)

‘H wp&En Tfis ouvléosws ouvapTtroewv elvan moooetatpiotixy, SnAadn
ioyver fo(goh) = (feg)oh

OTrews TTPOKUTITEl &I TO TTAPOKATW oXfjua.

Sy 17
Elvon eUkoho vé Solpe &1y &v f: A — B xai g: B — I 1é1e 16 olvoro
{x: xeZ(f) xai f(x) eD(g)} =A kal &pa xal fj oUvleon gof dpileton mévToTe
s wé ouvdptnon ToU A otd I, dnAadn
gof : A =T
TMapadeiypara:

1. ‘H olvBeon Tév ouvapthioewy [ kol g ué
1(x)=72x4- 3 |ixclltlvglx)y=npx
elven f) ouvdpTnon ol dpiletan &md TV TUMO

y=nu@x +3) f gof (x) =nu2x + 3).
EBG Eyoupe

D) = D(g) = D(gol) =R
RO =R, R =[-11], R(goh) =[-1,11.
2. ‘H oUvbeon Tdv ouvapTroewv f kal g pé
f)=x2+1 xai gx)=vx
elvan ) ouvdpTnon wou SpifeTan &mwod Tév TUTTO

18
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y=vVe+1 f gol(x)=vx+ 1
'ES& Exouvpe
DN =R, D@ =I[0,+ =), Df)=R
5{([) = [1, #* CD), 971({3‘) i [01 + GD), ﬁ(g"f) = [lr = CO).
3. ‘H oUvBeon Té&v ouvapTnoewy [ xai g ué
f(x) =|x| xal gx)=Vx
elvan ) ouvépTtnon Tou SpileTan &wd TOV TUTTO
y=Vvixl & gl@=vIxl
'ES& Exoupe
D) =R, D@ =[0, + «), D(gol) =R
RO =[0, + ©), RE) =10, + =), R(gel) =[0, + =).

2.3 Ipateig. Oewpoupe Evar pry kevd alvoro E kad wma ouvdptnon &mwd TO
E2 o16 E. Mi& Tétoix ouvépTnon dvopddeton mpdfy péoa ord ouvoho E. "Av %
elvan wi& modén péoa ord olvoho E, 8& ypagoupe

x %y &vti ToU *(X,y)
kel 8& 16 dvoudloupe dmotéleoua Tiis Tphews * Tavw oT& X,¥.

Eisikotepa &v E = R, Td1e yvoopifouue é1i f mpdodeon + kal & ToAAa-
TAagIaouds, kabos kai f dpaipeon — kad ) Siadpeon: elvan Tpdeis o16 R, 9,
pé &Aa Adyia, TpdEers TpayuaTikGy SpiBuddy. "ATS aiTes f| Tpdofeon kal &
TroMamAagiaopds, elvor of BaokdTepes &gou ol &AAes BUo opilovTa, Streos Eé-
poupe, &mé ToUs TUTTOUS

x-y = x + (-y) xao x:y:x-%,y%O.

Sris meprrTcooels aUTés T &roTéAeoux Tiis mpagews + TAVEd oT& X,y dvopd-
Zetan ko dfpotopa tav X,y kol Ths - ywduevo taw x,y. Emiong oi &pifpol x,¥y
dvopdlovtar oTHY TP TepiTTwon moaberéor kai oTr) BeuTepn TAQAYOVTES.
- Ti& tis 5ud airés Paoikés Tp&Eeis Eépoupe 31 loxUouv o EEfis iS16TnTES !

x+(y+2=E+y) +2z , x(yz)=(xy)z (TposETAIPICTIKI)

X Y =y el X , Xy=Yyx (&vmipeTodeTiki)
x4+ 0=x=0+x o Xl=x=1x
Sk GOl (AR <5150 x—i—=l=%x,xq&0
x(y + z) = xy + xz (ETipepIoTIKY)
FevikdTepe, &v Xq,Xg, . . -1 Xy efvar mporypaTikol &piBpol, TéTE Opilouue

Xy, Ghvi=1
Xy F xXg Fivi+ Xmy) + %y, G0 v> 1
koi 1O dvopdloupe yevixevuévo dlpotopa T@Y Xy, Xg .. Xy Kad

x1+x2-{~...+xv=[
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xy, & v=1
Xy X iRy
(X Xz . X, Gy v> 1
kai 16 dvopdlouue yerucevuévo yurduero TV Xy, X, . . ., X,.[1& ouvTopla T yevi-

v
keupévo &Bpolopa TV X, X,,. .., X, TaploTaveTal pé LXk xal TO yevikeupévo
k=l

v
ywopevo Ilxk, SnAadn
k=1
v v
Exk=X%; + Xy +--+ + X, wal IIxx =x, X,° X,
k=1 k=1

Twpa TapaTnpoupe OTI MIG Yevikeuon Tijs TTpoceTalplaTikfs 1810TnTas elvan

v p v v p v
Exp = Xxx + Exi oo Ixe = Hxp, . Txy

k=1 k=1 k-p+l © k=1 k=1 ke=p+l
yia kafe p=1,2,...,v-1 &v& m& yevikeuon TAs EmipepioTikTs [B1dTnTOs lvan
v . v v
E (Exk + nyx) = § Exk + n Eyx
k=1 k=1 k=1

dmov § kal 1 elvar TpaypaTikol &pifpol.
Eidik& 16

a+ta+...+a YpdeeTan va
e ——

v Qopés
kol Svopdletanr vootd moilamidow Tol «, Evdd
(= > T o ypageTan o
v Qopés
xal SvoudleTon ooty dvvaun Tod a. Té v oThv TrpidTn mepiTtTwon dvopdle-
Tal RoAlaiaowactis Tod a kol ot Beltepn dxféTne Tob a.
Elven elikoho v Bolue 611 ioyUouv of iSidTnTes
ot ¥ = ok +v' (ug)v = oMY chi (Gﬁ)v = QVB\'-
Téhos, TapaTnpoUpe 8T1 mid &AAn iB16TnTa ToU {ayve yik ToUs Trparypa-
TikoUs apifuols elvan kad A TrapakdTw dvodrnra tod Bernoullt :
(l14+a)=1+va ¥ veNy kal o> -1
&mov 1) lodtnTa loyver poévo yid a=01f v=0, v=1.
M& vé v &modei§oupe & ornpixBolpe Tévw of mé dmwobeikTik pédodo
ToU dvopdleTan émaywyia uébodos kai ToU Exer s EEfs:

Oewpolye Evav dképaio &piBud 1 kal &vav TPOTATIAKO TUTTO P(x) 076 olvoho
fxez: x = W} mou mepiéyel TS p kal SAous ToUs peyoduTepous & aliToV dike-
paious. *Av 1) poTaon P(u) elvan &Andrs kai yi1& xdfe dxépaio k > p ioyus

P(k) = P(k -+ 1)
TOTe 1) wpodTaon P(v) elven &Andrs yi1& omoloBrymoTe dképaio v = .
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TMaparrnpolpe Twpa 8Tt y1& v=0, v= 1 4 =0 7 dniedtnTa TOU Ber-
noulli loyxUer &gpoU
(1 +a)=1=1+0g, Q+a)l=1+a=1+la
(1 +t0)=1l'=1=1-+40.
*Amropdvel v° &moBeifoupe OTI
(1 +0) > 1+4va My>2 kal a>-1pt a#0.
OféToupe _
P(W):(l ta)p>1+ve, v=2
xai Epopudloupe THY Emaywyikr uedodo yi& p= 2. "Eto1 éxoune
(l+a)t=1+2ax+0c*>1+2a
SnAadn f mpéTacn P(2) even &AnBns.
Etrions y1& ke k > 2 Exouue
(1 +o)k+l = (1 +a)* (1+e)=(1 +xa) (1 +a)=1+ (k+Detka® > 1+(k+1Da
SnAadh
(1 + e+l >1 +i(k + Do
xal Emoudvess f TpodTaon P(v) elven dAndris yi& kade &xépaio v > 2.

AZKHEEIZ

1. N& &mobeaydei ém1 016 P(Q) loxlouv :

1) Ac B <= AUB=B 2) A B <= AnB=A.
2. N& &moBeyfel 11 o716 £(Q) loyvouv:

DO =g P =0 3)(A°)F=A 4 AUA°=Q 5) AnA®=>.
3. N& &mobeayfel 8T 16 P(Q) loxvouy (tUmor ToU de Morgan):

(AUB)® = ASnB® xal (ANB)® = A®UB®
4. N& Bpeet 16 mebio opiopol kai 16 medio TMGY T&v oytoswv o &mé T6 R o1o R
Tou GpifovTan &me ToUs TUTTOUS:

1) yi=x 2) y=x Ny=x+1l 9Hx+2y=1

BY - XEkyr=l1 "A6), Xy Dxt+y =<l Sy R AL
5. Tlows elven ol duTioTpoges oyéoes TGV oxEoewy TS TponyoUuerns &oknoews 4 ;
6. Tlois &mé Tis oyéoeis Tis doknoews 4 elvan ouvapThoes kal Toiés Sév elvan;
7. dloiés &md 7is cuvapTnoes THs dokfoews 4 Exouv &vTioTPOPES CUVOPTNOELS;
8%. Mid mpéEn * péoa o’ éva olvoro E dvopdletan dhua] &v D(x)= E* xai peowr)

& D(x) C E2 Tloiks &md Tis wpdgers +, — . , : o106 gUvoho R TV TpaypaTikédy &pifudv
elvan SAikés Kal Trolés HEPIKES;

; = E 21
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KEQAAAIO 1l

MEAETH IYNAPTHIEQN
1. MONOTONEEZ LYNAPTHEEIE

1.1 Aitovess kai @livovosg ovvaprijosis. Elvan elkoho vé Bolue 6Ti 1)
ouvdpTnomn @ pé (x) = x3 SiaTnpel TN puoikn Si&-
Tofn TOY TporypaTIkGY dpiBpddy, Bniadn yid k&be

4 XpK, oy Uel
X < X=X < X' = ¢(x;) < ¢(Xy)
o - Fevikd & mpayuariky ouvdptnon f wds
| TpayuaTikis peTaPAnTiis ToU Siarnpel, Omws Kol
Ll i fl ¢, T Quoikt) BidTafn TV TpaypaTikGY « &pi-
/ 0 &% % Budv dvoudletan pwoimg adfovoa. AxpiPéoTepa,
yi& mé& ouvdprtnon f: A — R pué A S R &iboupe
5’/ TOV TTAPOKATR OPIoHS:

‘H owvdptnon { dvoudleran yrmoiwg atbovoa
TOTE Kai podvo TOTE, &v yid ke x;,X, 010 A loyuel
e)) TN w DX} 5 FO5)
Mapdpoia, 1 owvdprtnon f dvopddetan ywmoiwg phivovoa TéTe Kol pdvo
TOTE, &v Y1& k&Be X;, X, 0TO A loyUa

y
@ x <xy = i(x) > 1(x)
: T.x. fi owdptnon y pé Y(x)=-x elvar yvn-
ot g olws @fivouca ocuvdpTnon.
o i Al *Av ol (1) kai (2) &vTikaTaoTafolv &vTi-
| otoxa &mwd Tis
. R A m<xm = i) < i)

(2)) X <Xy f(x)) = 1(xy),

TéTe Adpe orrjv mepimTewon Tiis (17) 11 1) ouvdpTn-
on f elvan adfovoa kad oty mepimTwen Tiis (27) ém A f elvea gbivovoa, &n-
Aadn:
‘H ouvéptnon f évouddetan afifovoa ToT: kai pdvo TéTE Gv yi&k kdde x;, X,
oTo A loyia

Ly. 19 y:y=-x

Xy i<, ~offxy)<(x,)
22

Wnepromotr|Onke amé To lvotirouto Ekmaibeutikng Momikrig



‘H ouvdptnon | dvopdletar ghivovoa TéTe kal poévo ToTE, &v yi& x&fe
X, X, 0TO A {oxue
x; <X = f(x)) = 1(xp).

*Etrions Aéue 8T w& owvédptnon f elvan ywyeins povdrory TéTe kal pévo
TéTE, &v aUTH elven yvnoiws alfovoa fi yvnoiws ¢bivouoa. *AvtioToixa Aépe
&1 ) { elvan wovdrovn, &v o elvan alfouoa fi gbivovoa. Mé& v& Snhcdooupe
16 elos Tiis povoTovias wds CUVAPTNOEWS YPNOIHOTIOIOUKE T& TTOPOKAT®
oUupoha:

f2 f f A <= [ elvan ywmolws altovoa
FY A I\ < felvon ywnolws gbivouca
f4 /4 I A < felva altovoa
f}] A [ < felva gbivouoa.

*Av f owéptnon f elvar oTadepr), Snhadh kéde xeA &rreikovifeTon pé v f
otdv 1810 TévToTE TpaypaTikd &piBud, fi pé EAAa Adyia, TO Tedio Tipdv R(f)
glvan Eva povopehés oUvoro, ToTe 1) f elvan TauTtdypova adfouca kai gfivouoa.
*AMAG kal &utioTpoga, &v ) f elven TauTdypova alfovoa kal ¢Bivovoa B Exou-
pe y1& SToIBATIOTE X1, X, 016 A (X5 #X,) T f(x)) = f(x,), SnAadn 1 A f
elvar oTafepn ouvdpTtnon. Tpaypartik&: yi& x; < X, EXOUME
i(x)) < f(xy) (yrori 1) xed £(xy) = f(xs) (nieeri £ )
BnAadn f(x,) = {(x,). Mapduoia, Y& x, < X; ExoUue
f(x9) < 0(xy) (a1 1) ke 1(x0) = 1(x) (viawl £ 4)
SnAadn mwéh f(x,) = f(x,). "QoTe &mwoBeiape ot
1.1.1. *H owvdgrnon f: A - R (ASR) elvar arabeorj rdre xal udvo tdre,
dv 1) § elvau Tavrdygova atfovoa xai glivovoa.

*As ueheTriocoupe Tpa s TTPdS TN
povoTovia TNV TpaypaTIKl] gUVaPTNaT

o pt w(x)= —i—, Tou Exer Tedio opi-
ool Té oUvoro R-{0}.

*Av BexBoUpe 611 1) ouvdpTnon w
elvan gBivouoca, BnAadr 6T yi& kdde
X4 +%a

X, < X, = w(x;) = w(xy),
TéTE Y14 X; = -1, X, =1 kaTaAfyouue
o016 &tomo -1 =w(-1) = w(l) = 1.
’Emrions, &v BeyxBolpe &1 1) w ei- 3
van abfouoa, SnAadn ST yid kdbe x;,X, Zy. 20 wiy=—1
X < X = w(x)) < w(Xy),

23
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1
TéTe yi& x; = 1, Xy =2 koraAfiyovue 016 &tomo 1= (1) < w(2) = W

*Qoe f| ouvdpTnon w Bév elven povéTovn. TapaTnpolpe ducws 81, &v Tre-
propiofolue yi& X%, 016 (-0,0), loyle
1

65 X< Xgo=> (X)) = = >— = w(xy,),
X1 Xg

SnAadh oTd (—0,0) PAémoupe 811 f) owvbnkn va elvan f| w yvnoiws ¢bivovoa
TAnpoUTal. TTAV TepiTrTwon aUTh Aépe 8T1 f) ouvapTnon w elval yvnolews ¢Bi-
vouoa oTo (-c0,0).

Mapduoia kol yi& X4,%, 016 (0, + o0) loxlel fi (3) kal dvédoya Atue ST1 1)
w elven yvnoiws pbivovea ot (0, -+ <0).

Mevikg, &v yi1& T owdpTnon f loyxle 4 (2) y1a& kade x,x, 016 B, (Smov
B elvan &ve pf) kevd UtrooUvoho Tou mediou dpiouol Tns A) TéTe Adpe &Ti f f
elven ywoiows ghivovoa o1é B kad oupPoAifoupe adté pé [ | B.

*Avéhoya Aéue 611 ) f elyon ywmoing adfovea o16 B, &v f (1) loxve yi1&
kéde x,, X, 0Té B xebds #mions kal &1 f) { elvan adfovoa avd B fi phivovoa ot
B, &v 1y (1) A (2") dvTicToixa loyvel yi1& kdbe x;, x, 016 B. MNé& v& SnAcdooupe
avtioTorya &1 iy f elven yvnolws atfovoa o1d B, alfouoa o1 B kal ¢bivoucx
a1é B, ypnowotmoloUpe Tous oupPoriopous f L B, f + B xaf { | B.

M.x. fy ouvdpTtnon fuiTovo, ToU &mws yvwpilouue TapioTdveTan kal pé

‘o » . i ™ ; ' '
T6 oUpPoio nu, elven yvnoiws alfovoa cr"ro[—— =i —2-] kai yvnoiws ¢fivouca

, ] 3 , + ; ;
oTG [f' T] [evikdTepa, &v k elvan dxépaios, loyUel

I X[ZKTr —; v 2xm 4+ —211] Kai nu ¥ [2K'rr+ % ,(2K+1)TT+%]

1.2 "H povotovia kai 1| sOvleon svvapticewv. ‘H mpayuaTikn ouvdptn-
on o pé o(x) = ax, Omov o
y elvan Evas oTabepds Tpaypa-
Tikds &pi1fuds Bidpopos Tou
0, elvan yvnoiws povoToun
kal pédioTa &v a > 0, elvan
U T yvnoiws alfovoa, &ou yid
< K&BE Xy, Xp X <X, =
ax; < ax, = o(x;) < o(xy)
tvd &v a<0, elvar yvnoiws
ghivovoa ol yi& kaex,, X,

y=ox, a>0 y=ax, a<0
Zy. 21 Zy. 22

X; < X3 = GX; > OX; = .0(X;) > 0(X,).
o> 0i=ig} i ok
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lecwopeTpixg fi ouvdpTnon o ToploTdvetal Bé & edela, dmws gaiveTen
ot& oynuata 21 kol 22,

*As Gewprooupe &mions kal TAV TporypATIKN ¢ .
owépTtnon T pé T(x) = x + B, émov P elven oTa- /
Bepds TparypaTikds &pifuds. ‘H owvdpTnen T elven
yvnoiws abfouoa, tmeadr yi&k ke x;, X,

X <X = X +P <X+ P = T(x) <T(x)

Té Bidypoupa Tfis ouvepTnoews T elvan 1
elBelar ToU oynpartos 23 ToU SiépyeTan O TG on- y=x+p >0
peia (-B,0) xad (0,B). 2y 23

*Av TOpa @ = Too elvan f) oUveon TV ouvaptgswy o kal T, SnAcabn
f| ouv&pTnon Tou &pileTat &mwd TOV TUTTO

w(x) = T(a(X)) = ox + B, ;
émovu «, P wpaypaTikoi &pifuol

pta # 0, TOTE TTOpOTNPOUME
811 foyuowy : = -

, oz r ‘:0 T
a>0=>w?|la<0=w]
= ' eiy=ax+ B, a>0 wiy=ox+ B, a<l
Zy. 24 B>0) Xy. 25 PB>0)

gwaidn y1& xdbe x,x, kal y1& a > 0 Exoups

X <Xy = X +B < ax,+p > (X)) < w(x),
@ yid a <0

X; <Xy = ax; +P > ax, 4B = (X)) > w(x.).

Té Sidypappa Tiis ouvbécews w TV ouvapThgewy o kai T elvan 1) evbeia
Tév oynudTwy 24 xai 25, ToU SitpyeTal &md T& OTPEIX (— -%, 0)in(0.;§:).

*Amd Sha T& Tapamdve Taipvoups Thdpa 671 oThV TepiTTwon « =0,
&mou of o kai T elvar yvnoiws alfouces ouvapTroes, fi ouvleor) Tous w elva
yvnoiws alifousa ouvépTnom, vé oThv TepimTwon a < 0, dmov 1 o elvan
yvnoiws ivouoa kai f T yvnoiws alfouca ouvdpTnon, f ouvlean Tous w el-
vail yvnoiws gdivouga ouvdpTnon.

Mevikg, & f: A —>B, g: B —~R elvan mpaypatikés ouvaptnoes (A,B
UrooUvoa Tou R), TéTe dpifeTen, Smeos Eépouue, f oUvleot) Tous gof : A = R
kol ioyUel 16 TapakdTw fewpnua.

1.2.1 @EQPHMA. Yrofiérovue d1t ol owvaomijoas f zal g elvar ywnoiws
povéroves. Tore, dv xai of dvd elvar Tod Otov eldovs povorovias, 7 atvleor Tovg
gof elvar ywnoiwg adfovoa owvdotnon, évd dv elvar Otagpogetizol &i0ovs povoTo-
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viag, 7 ovvbecrj Tovg gof elvar ywoiwg gbivovoa evvdgrnon. *Axoféoreoa loyd-
oY T TA0AXATW

a) fI } = gol b) fx } = gof
. Bho g Ui Al

1
e SRR G | B }:- l
gy } 4 gl 3 |

*Anddetn. “Eotw x,, X, 8ud SmoiadrToTe oToryeia ToU A.
a) "Av X, < X,, TOTE Eme1dn) f 1 Eyoupe f(x,) < f(x,) kal &pa, Emednh
kal g b, malpvoupe g[f(x;)] < gli(x,)]. "Eton
X; < Xg = gof(x;) < gof(xy)
moU onualver &t gof 1.
b) "Av x; < x,, ToTe Emaidn) { [ Exoupe f(x;) > f(x,) kal &pa, &meadr
kol g + maipvoupe g[f(x,)] & glf(xs)]. *ETon
X; < Xy = gof (x;) > gof(x,)
ToU anuaivel 8T gof T.
c) "Av x; < x,, Téte dmadf) f 1 Exouue [(x;) < f(x;) xod &meidn) g ¥
gli(xy)] > gli(x)]. "Evon
X; < Xy = gof (x)) > gol(xy)
ToU onuaiver &T1 gof T .
d) "Av x; < x,, ToTe EmaIdn) f ¥ Eyoupe f(x;) > f(x,) xal émedh g 7
loyxter’ g[f(x,)] < glf(xs)]. "ETon
X; < Xp = gof (x;) < gol(x,)
mToU onuaivel &t gof 1.
1.2.2 O épapudoovue Twpa TO Tapamdvew Becopnua 1.2.1 yi1& vk pede-’
TgoUpE G5 TTPOS T HOVOTOVIA TNV TPXYMATIKT) CUVEPTNON W Mé

w(x) = it B—

YX .8
démou a,p,y,B elvar oTafepoi mpaypaTikol dpiBuoi pé y # 0. Tp&dTa TapaTn-

poupe &1 T6 Tedio dpiopol Tis w elvan T6 oUvolo R— [—- _)5/_] Kol dkoun OT1

foxue

26
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SnAadn

a c
C) y-:_-w(x):?.i__ 5
XooE—t
i
a P
o ' o, CIS-—ﬂY_ Y B
OTTOou Beo'cme-c._.—-—?’___ o

elvan oTadept) ouvdpTnon, SnAcdh

Ik

Mé& ¢ # 0 mwaparnpoUue &Ti f w elvan ouvieon HEPIKEY &TTAGY ouvapTn-
oWV 8y, B2 83 g1 “‘é

=)= wc-rcxee;;ﬁ

BE=x+ 2 L B = 3 B =oxel g =T X

Snhadn
w = gyo[g50(82081)]-

AN ol ouvapThioels g, kai g; elvan povoToves kai ETol 1| wovoTovia THs W
trrnpeddeTon &mrd T povoTovia TS gaofs- Emreid) f) gp efvan povoTovn ot Sia-
othueara (-0,0) kai (0,4 o0) 8& mpémeal va &€eTdooupe T povoTovia THS gaof;
o txeiva T& SiaoThpaTa Tou R, &mou f g, Talpvel Tiués 0T Tapamrdve SiaoTi-
wora (-00,0) kai (0,4 0). Eiven pavepd 611 T& SixoThpaTa aUT glvar T&

(——oo, — %) Kad (— -%, —|—oo). *Etor &mwd T6 fecdpnua 1.2.1 mraipvoupe :

neplntwan ¢ > 0
gl 3 5
2wy | = Bt (o= 3)

§:°fz : (_w G E‘!')} = g0 (gog) ¥ (_00 T %)

Y -
gs °(g° &1) *("00- 7)} <~ I(—oo.-i)
- v
neplntwony ¢ < 0:

gl 5
3’::(‘00;0)} > e i(-=,-7)
g0 81 ¥ (—0, —

%)} = o * &
yos 8o (2208 2 (— oo )

27
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5 4

Sa°(gz°gz)1(—°°'-;')} = w*(—w——s-

g2 VR
4 A

*Etor Pprikape OTi:

o -wi (e y) [Eromvied

TMapduoia prropolue vé Bpolpe kad 871t

e8] <o= wi(-3o+=)|  [phl0 - *1(T 1)

Té& Topamave CULTEPATUATA OXETIKE Mé T wovoTovia puropouv vé Trpo-
xUyouv kol &uéows &mo Tous Spiouous TS povoTovias ouvapTroews.
Avaypappe tiig cuvaptijoewg w. "Av Béooupe
] o
X=x+ —;‘, Y=y— ?:
T16Te & TUTTOS (4) Biver

. lﬂ e
=i e AL o8
Y=5, 6= ¥
Of &Eoves x,y upetabdéTovTon TapdAAnAa oTous X, Y ué &pxr TO onueio
C= (—- -E-. -%—) Té Bidypapua Tfs W BideTan 0TG TOPAKAT®W OXNHMATS :
b

Pl {
!

b e X (S Sx
. ol i

S _{: ﬁ 0 x 0 I

- x+P “9J -EtP |EB]
¥ n+8'|75>0 Y=yx+s |y =0
Zy. 27 Zy. 28
Ilapadeiypata :
Bonbnrixol SnoAoyiouol
TR - T e
X+ ¢ x+3 1 k3 _3
= — i 1
T W) 2+x+3 8 ¢
C=(—3,2) x=0: -—3—=2+-3—:>B=6+C=>C=2
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2 x+3 | Bonbruixol dnodoyiopol
w(x)—2x+3 5% + 3 __5_+__c
2 Ix+3 2 3
— e
5 4 2
y=wx) =5+ ——5-
x+5 3.5 ¢ 5 2 9
2 P o s gl —_— —_— — IS = j= -
” 3 5 x=0.3_.2+—3_=>1 5 sc—_»(. r
=(""Z’ ‘é’) 2
Ypoy
|
I
i
e 1o g X
=AY [} A
i L
II v
—
|
x+3
Ex 30 wW:Y= z-x—;—j'
3 3
wi(~0,—3) xal wi(-7 )+ )

1.3. “H povotovia kai 1| dvtictpogn cuvaptnon. *Eorw f: A R, B

(A, B UtrooUvorx Tou R) wi& yvnolews povdTovn ouvdpTnomn ToU A Tévw oTd B.
Té1e adt elvan kad &ugruovoofipevTn, Snhedh yi& k&b x;, X, 076 A loyuow

(5) x; # Xy = f(xp) # 1(x9)
MparyuaTikg: PTopoUue V& Umrofbooupe, Xwpls PAGPn TS yevikéTnTos, OTI
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X, < X, (0T vtifeTn mepimTwon, Snhadn x; > X, dAA&Loupe TO poAo TGV
Xy, Xg)- "AMG ToTE O& oyl
f(x) < f(xp), & f2 f f(x) > i(xg), & (7.

*Apa TévToTe foxuer Ay (5) xai tro1 f) [ elvan GugipovooTuavTn oUVEPTNOT ToU
A T&vw oT1od B.

SUugeva ué T6 Becdpnua 2.2.1 ToU keg. | Umdpyer kal 7 dvtioTpogn Tiis
yvnoiws povéTovns ouvapThoews . "AkpiBéoTepa {oyler T6 TapakdTw Bedpnua.

1.3.1. @EQPHMA. "Av I: A — B el md ypwolwg povérown ovvdg-
oy vo6 A éni Toi B, vdve dmdoyer 1) dvrioTogn ovvdornan -1 adrijs xai pdiora
ioytovr.

{3 170 8 £y =1-1 Y

*Anddeidy. ‘H Umapén Tfis dvtioTpogns ouvapTroews Exel &mroberyfel
mrapamdve. Mé v dmoBeifoupe kol T& UméAoiTa gupTrepdopaTa ToU fewpnua-
Tos Biokpivoupe Tis TEPITTTWOEIS:

a) {1 «al -1 &x1 1. Emwadf f i1 8v elvan yvnoiws alfouoa, Utrdp-
¥OUV Xy, Xy OTO medio Spioucy Tiis B pé

xS T (Xy)-
*ANAG

2 3 :
116 5 Fig) } = [(f-2(x) = I(f-(xp)) = x4 2 Xy,

moU elvan &totro, yiorl x; < X,.
*Qore &mrodeifape 61 { L = -1 1.
b) {7 xai £-1 8y 7. Tloapduoi, dmas kai oThv TrponyoUpevn TEpi-
mTwon, Emeldn f -1 Sév eva yvnoiws @bivouoa Umdpyouv Xy, X, oto B pé
X < xi kbl i) S 0.
*ANAG
f3
13(x;) < F-1(x5)
moU elven émions &Toto .
“QoTe &mobeifope &M [y = {71 ].
Mapadeiypata:

} — 1) 3 1K) = % > Xy

1. ‘H mpayuaTikf ouwvépTnon ¢ ké ¢(x) =x* (BA. Zx. 18) elva, dTews yvewpifouue,
yvnoiws atfouoa, &pa kai &vtioTpogn aUTiis ouvdptnon ¢! Tis dmolas 6 TUtros elvat
y= 3yx, elven tmions yvnolws alfouca kai pdhioTa Té Sikypaupa aUTis (PA. Zx. 31) €i-
Va1 CUBLETPIKS, €5 TTpds TH BiyoTépo Tiis TpdTns ywvias Tév &Eveov, ToU By pdupaTos THs ¢.

2. TevikdTepa, 1 owvéprnon f pé [(x) =x+1 (v quoikds &p1Buds) elvan yvnoiws
alfouoa, yiari yi& émolaBiTeTE X)X,

Xy < Xy = 3,180 < x Ve s f(x)) < f(X,). e
Mapéuora kel  dvrioTpogn -1 abrfs, Tfis dmolas & Thmos eivan I-1(x) =YX, slvan Emwions
yvnoiws abifouoa. T& BixypéupaTa TéGY ouvapThoewy [ kai -1 elven  PEPaia QUUHETPIKG 65
mpds TH BiyoTéuo Tis mpdTns ywvias Tév &fdvawv (PA. Zx. 32).
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b
Y ’
£
8,; - §; S
] f//’ ’///
75 = 5)4
i St
0z-" ) .47 ! 3l
A * 7, .
i
i /'l'
Pl " l ’,” I
s — : v+l
@ y=x*; o7l y=+/X. fry=xvtr; lhy= 4/x.
Zy. 31 Zy. 32

2. AKPOTATA TYNAPTHIEQZ

2.1 Méyoto ki EhYI0T0 GUVAPTHOEMS. Mé& H ouvédpTnon @ ué

p(x) = 1-x2 TropaTnpoUuE 811 foyUer
o(x)=1-x2 < 1 =¢(0) ¥ xR,
Snhod1 of Tipés THs @ ToTé Bév Eemepvolv THY
Tipfy Tng 016 0, Snhadr TV &p1fud ¢(0). ZTnv
'rrepm-rmcn ot Adue 61 ) @ Tapouciadel péy-
oTo oT1d onueio 0, véd THY Tipfy s @(0) ThHY

Y

1

A

dvopddovpe péytotn Tipn Tis ¢. "Axdun Tapa-
Tnpouus &1 A @ elvan yvnoicws alfovoa C(plO‘TSp(I
&md 16 0 kad SxpipéoTepa o6 (- 0,0], yrocrd aled
ké&fe x,, X, loyvel

X, < Xy 2 0 = l-x,2 < 1-x,2 = @(x;) < 9(Xa),

/ : \ )
Zy. 33 @:y=1-x
@ mapovmdler péyiaro oti 0.

kol dxdun &1 alT elvan yvnoies gbivouoa Sefick &mwd TS 0, yroTi yid ke Xy, X,

0 <X <X = 1-X2> 1-%2 = 9(x1) > @(x)-

Té Sibypappa THs ouvapTAcews @ Bivetan oTO
oy. 33.

‘Avéhoya, yi& TH ouvpTnon Y M
Ww(x) = (x-1)? TapaTtnpoUue &TI

Ylx)=GE-T"=10=y(l) ¢ zek,
SnAadn SAes of TiuEs THS ouvapTnoews Y Eemepvol

v TR s w(l)-

Sthv TreplmTwotn. aUTh Aépe OTI | ouvépTn-

on Y Tapouci&lEl E\&y10To OTO onpeio 1, véd TV

Y

Zp 34 wiy=G-D?
 nagovowdle éAdyioro ard 1
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i) Tns Ww(l) Thv dvopddoupe EAdyioTn Tiuf Tns. ‘Axdun Taparnpolue &T1 1
y elvan yvnolews glivousa o6 (—o0,1], SnAadr) &pioTepd &’ 16 1 kal yvnolews
atfovoa 076 [1, + 0) SnAadh Befi&k &mé 16 1.TS Bidypapua Tis ouvapThoe-
ws W uds To Siver TS oy. 34.
Mevikg, y1& wi& owwdptnon f: A - R (A € R) Ape 811 mrapovoiddel
péyioro (| Shuxd uéyioro) o Bva onpeio x, € A, TéTe kol pévo TéTe, &v loxve
f(x) = f(x) ¥ xeA.

TAv T {(x,) THv dvopdlouue, TéTe, ueyiorn Ty (% Ghixd uéyiato) Ths I,
Mapdpoi, Aépe St f) [ mapousidler éidyioro (4 Ghund éldyioro) o Eva
onuelo x, € A, TOTe kal udvo ToTeE, &v loyUel

f(x) = I(x,) ¥ xeA.
Thv Td I(xy) v dvouddoupe, Téte, &Adyiory Ty (R dhxd dAdyoro) Tiis f.

"Egappoyés :
1. 'H owéptnon [ ué f(x) = ax? (aeR-{0}).Awaxplvoupe Tis TapakdTw BUS TIEPITTTAOTELS
nepintwon o >0 I agointwen o <0
‘H I mapovoikler éidyworo o1 0, Emedn ‘H { mapouoidler péyiaro até 0, Emedr
f(x) =ax? > 0=1{(0) ¥ xeR . fx) =ax? < 0=1(0) ¥ xeR
f 7 (-%,0), twedf y1& xébe x;, x, f 4 (-o,0] tmadn yi& k&be Xy, X,
N <X Q0 =ax? >ax,? = (X) > (X)) | X; <X, 0= ax;? < ax,? = 1(x;) < ()
I 1[0, + ) twadh yi& kde x,, X, t 3 [0+ oo) treidry yi&k k&fe x;,X,

0<% <% =ax® <ax? =1(x)<I(xy) | 0 X < Xg= X2 ax,2= f(x,) > [(Xa):

y Yy
]
Sf &
0 Z f
Zy. 36 liy=ax?t, a>0 Ly 36 £ y=ax’, a< 0.

Mopoatipnen. ‘H wepamdve ouvdprnon  Bév elvan GuginovooipavT 1, dwabn yi1&
k&fe TpaypaTiké &p1Bud x loyle

f(x) = ax? = a(=x)? = {(-x).

‘Avtileta, ol owvaptficers ¢: [0, + ®©) - R kaf ¢ :(-o,0] — R, mou é&pifovtar d&mé
Tov 810 TUMo

¥y =ax?
elval yvnolws povoToves kel ETopévas &UQIMOVOCTIUGVTES OUVEPTHTELS. "Apx ol cuvapTroels
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¢ Eyouv GuTioTpoges GUVEPTAOEIS TTOU TaPIoTAVOVTAL YEWUETPIKE OT& Tapak&Tw oyhuaTa,

auTé
k| #
a7
1k
57 e
7
’,'
: 0’ )
a>Q a>0
Zy. 37 Zy. 38
4
; I y 4 -
: 0 -
Vi ”
4
oN/ i
~ - rirs
5 x sy /L
N ]
\ A
/ \ /
/ /|
1 Sy
|
a<? 1 59 a<0
2y. 39 Zy. 40
2, “H rpuiwupny ovedotnon devtégor  Pabuod [ pé I(x) = ax? + Bx 4y, dzov
o By elvar moayuariod apfipoi zai & # 0.
Mp&Ta TapaTnpoupe OTI
1 P By B
.\’=°‘x’+@x+‘f=u(x +;-‘<)+Y=u b s v o (Rl e L
kal Eropéves, &v Béooupe
Lo g By LD didoyi—ipt
X=x+ 7 kal Y=y ’
33
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8& Eyoupe
Y = aXt,
kai ol &foves X,y 0& peTagepolv TapdAAnia oTols XY ué &pxf) TS onueio

4« — B2
O (— za—q ' );q B ) (PA. mapokdTw ox. 41 kal 42).

Twpa, xpnoipoToibvTas T6 TponyoUuEvo TapdBerype, oudmepaivoupe elkoda &T1:

neplntwony o >0 neolnrwony  a <0
B B

‘H I mapovoidler #AdyioTo 016 = ‘H { mopoucidler péyioto otd ~ e

fI(—w.—%] xal £ [—22-, +w) r:(-oo.—zp—u] xulfl’[—-zg;a +°°)-

\/ %
I
ET o B x

]
Ad 1
1
|

Zx. 41 f:y=ax*+Px+7y, a>0 . 42 f:y=ax®4+Px+vy,a<0.

3. "H duergdywn toubvoun ovvdotnon t ué f(x) =ax! + Px2+ vy, 6wov «, B, ¥
elvar mgayparixol doiluol xal a # 0. *H pehétn Tfis BiTETpy VNS TRIbvuuns guvapTHoews f
BagileTon oTéd yeyovds &t abrh elven oUvleon Tfis ouvapTrosws h pé h(x) = x? kad T
TPIOVUNS ouvapThoews g pé g(x) = ax? + Bx + y. “Exovtas Uméym uos TO yeyovéds ou-
6, nAadt 16 &1 f = goh, of ouvBuaoud pé T Bewpnua 1.2.1, pwopolue v& peAeTrhoouvue T
petaBold Tiis { kol v& yap&€oups 16 Sidypopud Tns, s QuiveTon oT& TAPAKETW TApPa-
Selypara:
Mapdderypa 1.  1(x) = 2x4 —4x2 -1
h(x) =x*
gx)=2x*—dx—-1=2(x—-1)*-3.

'ATé & oupmepdopaTa TEY Tapamdve tpappoyddv 1 kaf 2, # peTaPord Tév ouvap-
Toewv h kel g §i8eten &md ToUs Tivakes:

ST :
AT, | N A

S PRI

h(x)

w

"Emein f(x) = glh(x)] kai #) g &xer SraxpopeTikd €l8os povoTovias o1& SiaoTApaTa
(=00, 1] ko [1, 4 o0), mwpémer v& peAeTHooUNE TN ouvdptnon f, s mwpds T povoTovia, o’ E-
kelva T& UTodlaoTAuaTta Tév (- oo, 0] kad [0, + o) émou ) h mAnpol wm& &méd Tis oUVOFKes
h(x) =x2 <1 kai h(x)=x? > 1
BnAabr o1& SraoThuaTa (-, -1], [-1,0], [0,1] kai [, + co).
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@) Ité Sdornua (-, ~1], & gafveron &md Tév TwpdTO Tivaka, fi ouvéptnon h
elvar yvnoiws gblvovoa, &pa

hx)=xt > (-1)*=1 M xE(-w, -1,
&nAabt ol dvtioToryes Tipés TFs h dvfikouv oTd Sidotnua [1, + ), dwov, &g TPOKUTITEL
&mé Tév BedTepo Tivake, f g lvan yvnolws alfovea. “Apg, oUupwva pé TO Bedpnua 1.2.1
# olvéeon goh, Snhad 1 euvépTnon f, even yinoiws pblvovoa a1 (-, -11
@ii) ZTo Sidatnua. [-1,0], dmes gaivetan &méd Tow TpidTo Tivexa, # ouvdpTnon h
elvon yvnolws gflvouoa, Gpx

) =x < 1p=1 Vx€[-10,
snAadt ol dvrioToixes Tiués TS h &vfikouv oTd BidoTnpa (-, 13, &mov, émes paiveral &md
16 Bedrepo Tivaxa, A g elvan Emions yvnoiws givouca. “Apa, oUpgwva pé To Bedpnua 1.2.1,
) ouvleon f = goh elvan yaing aiifovoa 616 [-1,0].
(iii) Tapduoia, oTé Bi&oTnU [0,1], &mos gatvetan &mwd Tév mp@To Tivaka fi cuvdp-
tnon h elvan yvnofews abfovos, &pa

hx)=x* g 12=1 7 xe[0,1],
SnAadh ol &vrioTorxes Tipés Tiis h &vrkouv oTéd BikoTnua (-, 1], émou f g elvan yvnoiws
gbivovoa. “Apa # oUvleon = goh elvan ywnoing glivovoa ard [0,1].
(iv) Téhos, oTo BrdoTnux [1, + o), fj ouvdpTnon h elvar yvnolws abfouoa, &pa
) =x > 1*=1 Pxell, + «),

Snhabty of dvtioToryes Tipés Tiis h dvrikouv oTd Sidotnua [1, + «), dwov, amows galvetat
&mé T BeUTepo Tivaka, 1 g elvaa ¢mrions yvnolws abfovoa. "Apx #) obvleon { = goh elvan
yvnoiws abfovox oTd [1, + ).

*Amé T& TrapaTéve TTROKUTITEL Thpa & EEfis mivoxas petaPoirfis Tiis f.

neplmrwon of <0

i

___:sr.____

Iy 43 F:y=2x'—4x'—1.
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Hapdberypa 2. f(x) = 2x* + 4x2 -3
h(x)=x*
gx)=2x*+4x—-3=2(x+1)*-5.

O1 mivaxes petaPolfis Tév ouvapTiicewy h kal g elvan 2

I
X 6 x -1
| |
| |
hx) | N\ R gx) | N\ TRardi]
*ATé Tols Tapaméuew mrivakes petaPolfis Tdv ouvapThioewy h kal g PAéToue 8Ti kal
oté Sud Braoriuara (-, 0] kai [0, + ) # owdprnon h malpver Tiués oTé [0, + o),

émou 1y g efven yvnoiws abfouoa. *Apa EpapuélovTas T fedpnua 1.2.1 maipvoupe Tév Ta-
pokdTew mivaka petaPoAfis Tfis BiTeTphywyns Tpibvuuns ouvapThoews f =g o h.

-
e

nepinrwon of > 0

Y

) o

=3

Dy 44 1 y=2x4+4x*-3.

2.2 Tomka GxpbéTate cvvapriceme. STé Tapdderypa 1 Tfis Tapoamdve
Epapuoyfis 3 €idaue &T1 | BiteTpdywvn Tpibvupn ouvdpTnon | pé f(x) = 2x'—
4x*~1 (PA. ox. 43) Tapovoi&el Tdoo 0TS onusio —1 doo Kol o1 1 (6Akd) EA&-
xioTo ué EAdyiotn Tip 16 -3. Avtifeta ) ouvdpTtnon auth Sév Tapousidler
(Ohikd) péyroro. "Av Suws mepiopiobolue oTd dvoiktd Sidotnua (-1,1), TéTe
TapaTNEOUNE &T1 loyUel

ix) & 160y ='=1\ xe(-1,1)
SnAcdn of Tiués s [ 076 SidoTnua (~1,1) 8y Semrepvolv ThHY Twh TNs 0TS on-
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ueio 0. Tthv TreplmTooon alTh Abue &1 Ay ouvdptnan | mapouaiddel 0TS anuelo
0 romizd péyaro.

Mevikd, Aéue 8T W& ouvdpTnon f: A — R (A = R) mapouaiddel romxn
uéyiorn o Bva onusio x, € A, TéTe kal povo ToTE, & UTrépyEr Eva avorrTo B1&-
otnua (a, b) Tou Tepiéyal TS X, kal mEpiExETan 0TS Tedlo dpiopol A Tiis [, On-
a8 x,€(a, b) € A, TéToo doTe v& loyuel

f(x) = f(x) % xe(ab).

TAv Tiud 1(x,) dvoudoupe TéTe Tomuxd péyioty Tl () Tomizo HEIaTO)
Tfis T.

Mapdpole, Aéue &T1 A ouvdpTtnon [ Tapoucidlel tomixd éldyiaro o’ Eva
onuelo X, € A, TéTe kai uévo TéTE, &v UTEpYE fva avouxtd SidoTtnua (a, h) = A
ToU vé Trepiéxel Té X, kal TéTolo hoTe v& loyUel

f(x) = (x,) % xe(ab).

Thv 1A 1(x,) THY Svouddouue ToTe Tomxd fhdyory Ty (R TOTIRG
Eayiaro) Ths .

‘OTav wi& guvdpTnon [ mopoucidle o’ Eva onueio X, ToTKG péyloTo f
TomiKd EA&yIoTO, TOTE Mpe 8T aUTH Tapousiddel oTé onueio X, TOMI%G Ax00-
raro. Ax. f) Sitetp&yowvn Tpiovuun owdptnon [ pe I(x) = 2xi—4x*-1
(BA. oy. 43) Tapovoidle ot& onpelx -1, 0, 1 Tomiké dkpdTaTa. ’AkpiPéoTepa
ot Tapovatdle oté onuela —1,1 (SAkS) EndyioTo kal oTO onuelo 0 Tomikd
péY10TO.

3. MEAETH TYNAPTHEEQE KAI FEQMETPIKH THE MAPAETAZH

3.1 ‘H pehétn wids TpoyHaTIKTs ouvapTAoews s TPAYHOTIKTS peTO-
PANTHs &mroTeAelTan &G THY TUMUATIKT (kotd SlxoTruaTe) peAéTn Tfis povo-
Tovias Tns, TOv kafopiopd T&Y onueiwy émou adTr Trapouciddel Toiké xpd-
ToTta kal TéV UmoAoylopd TGV EKPOTATwWV TIMGV TS, SnAadn TV TOTIKGY
peyloTwy kai Tomkdy EhayioTwy Twdv Tns. Mé Th Porifac TRV TAPATTAVE
oToiyeicov, Té dmola TpokUTTOUY &Td T peAéTn WSS GUVOPTNOEWS, MTTOPOUHE
V& TTOPOOTHOOVHE YEWUETPIKG aUTh TH ouvdpTnom, SnAadh vé yopdEouue TO
Sidypaupd Tns. TN X&patn Tou SiaypdupaTos wds ouvapTHoEwS BleukoAuvd-
paoTe TTOAU v koBopiooupe, TPETa, dpiouévar onuEla TOU Siory pABLATOS oy
T& éxAéyoups, aUbalpeTa kal kaTd TETOOV TpdTo, doTe aUTE V& YopoKTnpi-
Zouv Té Bidypoupe, &v elvan Buvard, of SAn THY gkTaoT) TOV.

3.2 ‘H owdorgon | u¢ (x) = yVal—x? baov oy elva oayuatizol
dothpeol rai o > 0. To medlo Spiopol adTiis elvan TO KAeloTO SrdoTnua [—o, .
*Akoun yi& y = 0 f) ouvépTnon f elvan yvnoiws ab§ouoa o6 BiaaTnua [~o,0],
yiari yi& dmoladAToTE Xy, X, 016 [-0,0] loyver '

X, <X = X42>%=>at—-x?<al—x? = Ve —x2 < Vat—x} =
f(x) =y Va—x2 <yVo®—x?=1(xy),
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& o0t elven yvnoicws gbivouoa oTéd Sidornua [0, o], yieti yi& doradro-
TE X, Xp 016 [0,a] loyve
<=t >t —x2=>Val—x2 > Val—x? =
)=y Vea—x2 >yVo—x7=1(x;).
Mapépora, y1& y < 0 Exoupe f ¥ [-o,0] kot | 2 [0,a].
"Eto1, 7y ueraPoln Tis ouvepThiosws | BiBeton dmd TOUS Trivomes:

X —a 6 o X —-a é x

|
| |
f(x) 0 A va \ 0 1(x) 04, v« 7 0
y>0 y<0
"ATd Tols mivoakes altous PAéToupe 6Ti ) ouvdptnon f TopoucIdlel oTd
onuelo 0 péyioTo pé péylon Ty ya &v y > 0 kod EAGy1oTO pé EA&YIOTN TIY
Yo &v y < 0. ‘

TS Bidypapua THs owvapTiioews | Sivetan oTd TapakdTe oyfuaTta:
y

Zy. 45 Ly=yYo=x', y >0 Ly 46 f:y =yYad—x', y< 0
Né dkpiPéorepn xd&pafn ToU Siaypduparos mas oUVapTNoEws oxXedid-
Zouue TpdTa dproubva onueia ToU SierypdupoTos, T& dtrola TO XopakTnpifouv
ot OAn TA &Taof Tou. "ETol .. oTHY Tapamdve mepiTTwon yid a =4

Y= % Xapatoupe TO Bidypoppe Tiis cuvapThoews | pé )= % V16-x® pt
T Porifeia ToU Trivaka peToBoATs TS
0
x |—4

4

|
i) | 0 3% 0

kol ToU TapakdTe Tivake ou Siver Tis CUVTETOYpévEs Oplouéveov onusicov Tol
Sty péppaTos.

X -4 | -3 <2 -1 0 1 2 3 4

Mé Tpoctyylon
f(x) | O 1,98 | 2,60 | 2,90 3 2,9 | 2,60 | 1,98 0
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7 RS

A
Zy. 41 1:y= TVi6-x"

Eidikég mepint@oeig:

3.2.1 y=l, dnpiadyj f(x) = Va®—x®. Ity mepimreon aUTh Exouns O
Bidypoupa THis [ T6 Téveo AuikikAo ToU Exer kévtpo 0 kal dxtivar a. Mpayua-
Tikd &md 16 TuBoydpeio Beddprua, ke onueio P = (x,y) ToU SiaypdupaTos
Tiis { émoAnBeler T oxéon OP?= x%4y? =x? + (Voi—x®)? = x? + (a?—x%) = o,
&pax ) &mdoTaon kéde onpelou ToU Siaypduparos Tfis f &md Thv &pyn TéV &Eo-
veov elvon oTabepd) kad Ton pé . *Axdun, kébe onueio P = (x,y) ToU Tévw fu-
KuKkhiou (&pa ¥ = 0) elvan onueio ToU Sioypduparos Tis f, dgol waA &md TO
muBarydpelo Bedpnua Exoupe

@=OPt=xi4y? = yi=al—x* = y=+v o —x'=I(x).
Y

-.Z'x. 48 Liy=y o —xt Iy 49 —t:y==4/o*—x* Zy. 60 x*4y'=at
Elvon gavepd 811 6 Sidypapua Tis ouvapTthoews —f elvat T6 K&TW TW-
KUKAIO TroU Exet kévTpo TS 0 kal dxtiva o (BA. ox. 49). "Apa & kUkAos pé kévTpo
0 kol dxriva o elvan i Eveon TV SlaypouudTwy TGV oUVAPTHTEWY f ke —f.
Ké&@e onueic P = (x,y) ToU kUkAou pé kEvTpo 0 kol &rTive o graAn9:Ua T oxéon
©) xt o+ yr=at

grreos, eUkoha, pTopel vé TrpokUyel, dmé T6 TruBarydpeio Becopnua, *AMNG kad
&umioTpdows: k&fe onpeio P = (x,y), mTou granBeler Ty (6) PpiokeTon TAVw
oTéV KUKAO pé kévTpo 0 kal dkTiva a, 8Treos TEAL eUkoAa TTPOKUTITEL &t T TU-

faryopeio Becopnua.
“Qote f) oxéon (6) xapaxTnpifel TO oUvoho TGV onpeiwy ToU émimedov,
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ToU Pplokovta Tdvw oTéV kUkAo pé kévtpo 0 kol dkTiva a, kal dvouddeTo ‘
&&lawoy ToU kUKAoU auTol.
MevikoTepa 1) oxéon

M Cex o+ (=
&mou X,,¥, elvan oTafepol TpaypaTikel &pifpof,
pé TNy dvTikatdoTaon X =X—-X, kai Y = y-¥,,
ypdgpeTan kel ETol:

-__&-__,0:_,

ToU elvan i E§iowon ToU kUkAou pé kévTpo TV &p-
¥y Co= (\“, v,) TV véwov &Eoveov X, Y kaf dkTive @ Zg. 61 (X+Xo)*+(y—Yo)'=a?
(BA. ox. 51). ‘H mepamévew oyéon (7) dvoudletal

ékiomarn ToU kUkAou wé kévtpo C = (x,, ¥,) kal dxTiva a.

3:2:2 i B , Onlady I(x) = 2 \/.EZ:F, dmov o xal P elvar Oetinol a-

otOuol. ZTNMV TepiTTwon aUTn & Tivakos MeTaPoAfs Tiis  elvan

X -

|
0
|
) o/'da‘\o

T& SixypdupaTa Tfis [ kai Tfs —f 8iovTon oTd TapakdTw oxXNMOTA:

Y
X
s -a 0 a 7
5
-a ||| a T F
=y 52 r:y=£ = Iy 53 ~f:y=_%y§fx.

Trv évwon TéY Topamdve SiaypopudTwy TGOV ouvopTtnoswy | kal —f
THY dvoudlovpe EAletypn pié xévroo 0 xal sjudbores o, B.

Kabe onpeio P = (x,y) Tis é?\?\squemg oaUTHis émaAnfevel T oxéon

2

®) FHE=1
¢rraidn), &v 16 P dviikel oTO Slaypagucx Tfis [ (mou dvopdletan kai mdvew fuéi-
Aevyn pé xévroo 0 xai fudfoves o,p), Exoupe

o SN 2
z‘cﬁ?\/c’—-x’ - yr=Te—x) = @)
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kai+ &v 16 P dviiket 016 Sidypapua Ths —f
(TroU dvopdleTan Kol xdrm wufidsiyy wé wév-
roo 0 xai fuiaboves a,B), &AL Exoupe

y=—L2 VI % =y=EB(rx) = @8

"ANG kal dvTioTpdgws : &v yik Eva on-
peio P=(x, y) f| (8) tmreAnbeleTen, TdTE TO P
elval onueio Tfis EANelpews, yiaTi

®

y=0

x? yl
Zy. 64 ?4_?‘: 1

B
] =y Tea el
EMewpry pé xévroo 0
P dvrjker o016 Sidypoppa Tis —f xal Hudfoves a, P

&) g o Ak .
Ao o [ y:_?\/ a®—x* = P dyfke oTd Si&ypoppa THs —f

‘H oyxéon (8) xapaktnpiler T& onueia Tfis #AAelwews pé kévtpo 0 kad fuik-
Eoves o, kal dvopdleton élomon Ths ENAeiwews alTs.
| A

3.3 "H owvaptnon [ ué I(x) =y VXo?, daov oy ebvar moayuatiol
aoiliuol xal o > 0. Té mebio Spiopol Tiis cuvapTrAcews adTiis slvan 7 Evwaon
v SlaoTnpdTwy (o0, —a] xkai [a, + o0). "Omws kai oTAV TpONYyoUUEVy § 3.2
TpokUTTTEl Kai €860 OT1 & Tivakes peTaPorfis THs ouvapThoews | elvar:

! s | =] ' _"4_‘“__5_“___{
| |
;f(X)|\0i!0/ilf(x)|/00\J
Y >0 Y<'0

Xy 55l:y=yV¥x2—a?, y >0 Zy. 56 y=yV¥x'—a, y <0
Md& 11 x&patn Tév SiaypappdTwy TOV Tapamdve oxnudtev 55 kai 56
BieukoAUvouv kai of elbeles wé ool y = yx kal v = —yx, yioti, m.x. oTiv
mepiTTTweon y > 0, éxoupe
aE T v
f(x)=y Vx—a? =y|x| Vl——%<y|x|
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&pa xai f(x) < —yx ¢ xe(—0 ,—a]
f(x) <yx ¥ x€[q +o).
ElSiké, Twpa, &v Becopricovne Té BioypdupoTta TV ouwapTHoEwY, T&

omoia &meikovidovtan oTis Tipé Y = g kai
Y= -—% , Omov, kT &md TO o, kad TS P el-

van BeTikds &piBuds, TéTe 1) Eveon TV Sia-
ypoupdTwy alTtédv (BA. ox. 57) dvouddeTal

dmeofols].
‘H oxéon
X2 y?
®  +g=

&meos wopel vé& Tpokipel elkoha, &v épya-
otelue Smws kai oThv TepiTTTwon THs EAAel-

X 1
Zy. 57 ?_L__

= yews, xapaxTnpiler T& onueia Tijs UepPoAdis
dmeofol]. kai dvouddeton éiowon TS dmeofolijs.
Oi elfeies pé eiowoss y = % x kol y=-~ -E— x oy BieukoAUvouv T X&-

pafn Tiis UmepPofis pé Eficwon TV (9) dvoudlovtan dodumrwres Tis Umep-
BoAdis.

AZLKHIEIZ
9. o) N& pehernbolv s mpds Tr) povoTovia of ouvapThoels Tou Spifovtar &wd Tols
TUTOUS:
YD tm=x+1 2) @) =-x—1
== 1
) f@)=x*+1, x>0 4) f(x):m.xzﬂv

B) "Av )  eivan & povéTovn fi yvnolws povétoun ouvdptnon, T oupmepaiveTe ye-
vik& yi& T ouvdprnon —f oxeTikd pé TH povotovia Tns; “Av xai altd, SnAadh A —f elvon po-
véTovn, Wi ouoxetiletar T6 elbos THs povorovias aTis wé TS elSos Tis povotovias THs f;

Y) N& etacel 16 1810 tpatnua, &mws kel o1é B), yi& TH ouvdptnon IL' &mou &-
8@ Umobéroupe, PéPana, T f(x) # 0 y1& kdbe x oTé mebio dpiopou Tis .

10. Ocwpolpe Sud mpaypaTikés auvapThoss f kai g pé kowd medio Spiopod.

1) Né& &mwodeixfei &m !

« v i tkaig ¢, w6 f+g 4 Y)év it | kaig |, 66 f+ g |
By &vftuwalgt,voref gt By Gwi | xaf g v, ToTe [+ g ¥
€) dvel guvaptioes [ xai g elvon povéToves GAAG pé BiogpopeTind elbos povoTovias,
Tl ouumepaiveTe y1& T povotovia s | + g;
2) "Av f(x) >0 xai g(x) > 0 y1& ke x, v’ &mobeifere &1
a) &v f ¢ xaf g +, Té7e fg 4 y) &v f | wai g |, TéTE Ig |
B) &v f t kal g t, Té7e fg t 8) &vfy xai gy, wéme fg Y
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€) v ol ouvaptnoes [ kaf g elvon povdToves &AAG ué SiopopeTikd elSog povoT ovias,
=l ouumepaiveTe yi& T povotovia THs fg;

3) "Av f(x) > 0 kai g(x) < 0 yi& kd&e x, v* &mwoBeifete o1

o) v I t wkai g ), ToTE [8 | 5) &v il | xal g t+,TéTefg ¢
P) 6v I 4 kal gy, vome fg 3 €) Gv i | xal g t,7éTelg §
y) v 2t ol g |, TOTEE } ot) &v [ 7 xal g 4, ToTE {8 }

) &v ol ouvapTrioels { kai g elvon povédToves pé Té i8io €ibos povotovias Ti ouuepai -
veTe y1& TH povotovia Tfis fg;

4) "Av f(x) < 0 xai g(x) <0 yi1& x&be X, v’ &modeifete ST
o) &v f | kai g |, TéTE fg y) &G [ t xai g t,ToTe fg |
B) &v f | kai g 7, ToTelg 4 8) &v f + xal g &, 71o1e fg
€) &v ol ouvapthoesf kai g elval povoToves SAAAG pE SiagopeTiko elSos povoToviay,
1l gupmepaivete yi& TH povotovia This Ig;

11. Né& pehetnfolv kai va ToapaoTafolv yewpeTpika of ouvapTnioers mou Spifovran
&wé TolUs TUTOUS:

1) 1(x) = ;—"I— 2) 1x) = x;_” 3 1(x) = Eax—-:-%
2 X + 2
H 10 =577 5) f(x) = 3":‘ 6) 1(x) = 5’;11

12%. Né& pehetnfolv xai vé mapaoTafolv yewpeTpikd ol ouvapTrgels mwou opifovral
&mwd TOUs TUTTOUS:
1) f(x) =3x* 42 ) I(x)=—4x*+1 3) f(x) = 2x*-1
4 f(x)=x2—3x+2 HIX)=—2x*43x+5 6) f(x) =3x2—-2x -5
NDix)=x*+2x*-3 8f(x)=—2x"+3x245
13. Né& yopayfoUv ol &EAAelyes ué tiocoes:

xl 2 vl xz
1)T+—§—=1 2 xt+F=1 ) 5 +y=1
xl 2 : 3 2
4 !6-&—1 5)x‘+%=4 6) %+%=3

14. N& yapaxbolv ol UmepPolés pé é§iowoers:

DR . ¥ x?

9] 5 l6—1 2)x'—-—§—__1 3)T€_y==l
xl yB y2 x!

4) T__s__g S)xi—?*‘! 5)1?_},:_4
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KEQAAAIO Il
AKOANOYOIEZ
1. AKOAOYOIEXZ IMPAIMATIKQN APIOMON

1.1 ‘H évvowe tfig dxolovbius. Zépoupe A8n (keg. |, § 2.2) Thv Evvora THS
ouvapTnoews (&meikovioews) [ : A — B pé medio dpiouoU éva oUvolo A kol ué
Tiués o’ éva ouvoro B (A,B UmoféToupe 611 elvan pry kevd). 'E§ &Ahov yid T&
oTolXela X,y ToU ouoxeTifovtar ué Thv [ Sypapouue

) As3x — y=I(x)eB.
"ET1ol, yi& wm& ouvapTnon o pé medio Splopou TS ouvodo N T&V @uoik&v &pl-
Budv kol pé Tiués oTo B ypdgpoupe

a: N—=B 1] kel Nav—a(v) eB.
K&be ouvdptnon, émws | Tapamdve & dvopddeTon ued dxolovlia otoryeinw
700 ovvolov B. EiBikg, &v B = R 1) dkohoubia o dvopdleTar dxolovliia moay-
Latiedy qolbudm.

“Qoe : arolovlie moayuariein dollucw elvar xdle guvdotyoy wé medio Goi-
ouod td atvolo N tdv guowedv dollucw xai pé Tipés ord olvelo R véw moayuari-
#@v qoiludy, onlad pd drewdvioy tod N otd R.

ZThv mepimTwon mds droloubios o cuvnBifoupe vé ocupPolilovps THV
Tipn s a(v) ué o, ypdeovtas Té guoikd dpidud v ds k&Tw Beiktn ToU a. Tis
Tipés wids &rorouBias a Tis dvouddoupe Spous TNS Kol UTTOPOUUE V& ToUs KaTa-
ywpriooupe of Evav Trivaka ué Tév EERs TpdTo:

1 2pig ] P B
o1 az{“&l-»-'avl‘

Zuvfifas ) TPWTN Ypaupn ToU Tivaka TapodsiTeTon kal ypdpovTal povo

ol dpol THs droloubias, SnAadn:

(¢)] Oy Sgy Cgye vy Syyo e
‘O épog a; dvoudleTon TRd@TOS dpos Tiis dxoAoudias, 6 o, SeUTepos Spos kad ye-
vik& & a, viooTds Spos Tis dkohoubias.
"Exer émikpaTfioer & dxoroubia o va TapioTdveTon pé Tous Spous Tng
Smes otrv (1). Tote Adue «rj dxolovlia o, oy, O, .. . &y, . ..» A K&l GANIES )
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anolovbia &, &y, Oy, . . .». ZuvToudTepa 1) dkorouBia (1) mapioTdveran kal g
£€is:
g vEN #y kel &, v=12...
IMapadeiypota :

1. ) dkorouBia TéV Quoikdy &piBudv, BSnAcdh f &rohoubia
1,2 B Wy
1fis &dmolas vicoTds Spos elven & &piBuds v, Snhabfh oy =w.

2. 1) dxorovlia
1,2 L

5 3 e
Tiis dmolas & viooTds &pos elvar & &pi1Buos = , BnAcd @, = 1.
v v

1
T

3. 1| &xohoubia
1, 4, 9,...

)v',...

4. ) dxohoubia v
-1, 1 it
Lo — g Y e
1.1.1 Tewuetoin napdatacn dxolovbias. "Av o, v=12,... glvan pid

drohoubia TrparyuaTIKGY &piBud, ToTE TO Bidypauua Tns Sa elver T6 oUvodo
{(I5e)), @edit o) ke
‘H yewueTpikf Tapdotaon (16 Sikypaupa) abtol ToU ouvéhou 1), dTrews
kol &AM Adue, Tfis dxoroubias o, v=1,2,... &mwoTeAsiTan &md &TTopovwuEva
onueia ToU Emmédou, Smews paivetan oTd TapakdTw oxfMa 58.

a
— i % 3 ] 3 —=
5 ARG R
of ] |
A s em e e
Zyx. 58

112 Gpappéry dwolovbla. N& thy dxohowbia' o, = ~ , v=12,...

Taparnpoupe 611 loyvel 1
0<a == <1 ¥ veN oy + ¢ X

Zy. 59

SnAadn SAot of Spor THs dxohoublos auTiis PpiokovTtal 0T KAEloTS B1GOTNRX
[0,1] xai TéTe Aéue &T1 ) dxohoudia alTh elvon goayuév.
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Fevika : pd dxolovbin moayuarixiv dofudv o, v=12,... dvoudierar
poayuévy, Tote xai pdvo Tove, dv vmdoyovy moayparixol dolbuol y xal & Tévolot
dare vd igyvet.

2 y<a,<8 M veN
TéTe of dpibuoi y xai & dvopdlovtan, dutioToixe, xdrm ol dvew goedyua T
dxohoubios o, v=1,2,....

"Av Topa § elven &piBpds peyalUTepos fi foos & Tous &pifpols |y | xai
& ], TéTe &md T (2) TpokUTrTEl ETI:

o, <8< |8 <8 W veN
kal dxdun

o =2y 2-—|y|>—06 ¥ veN.
*Ape, loyler TéTe

3 —8<a, <0 ¥ veN
fi looBlvapa .
(C)) |a,| €8 % veN.
'AMG kai dvTtioTpoga, &v loxie 1) (4), TéTe fy dxoroubia @, v=1,2,... elvan

ppaypévn, GpoU 1) (4) elvon fooblwaun pé tiv (3). *Amcdelfoape Aormdy, &i:
Mud dxolovbia moaypatixdy dolbudv o, v=12....clvar goayuévy tére xal
uévo ToTe, dv dmdoyer moayuarixds dofuds O tétows, dore vd ioyie
o, | <0 3 veN,

2Ty mepimTwon ol & dpiBuds O SvopdleTon godyua THs dkohouBios o,
=12 .5

Dporypéves droroubies elvan, Tr.y., o %‘f_, v=12,... %o ZCC:W,
v=12,... ywori loyvouv
[ ymev | vinw| v
|u+l =S ‘<‘v+1 <1 ¥ weN
Ko
2 2 2
o | = el <2 ¥ veN.

"AvTiBeTa, of dkohoubies v3, v=1,2,... kai —v2 + v, v=1,2,... Bév elven
ppoacypeves, yiomi yi& k&be TpaypaTikd &pibpd f) mpdTn Exel Spous ueyaAuTe-
pous &mwd aUTov kai f) BeUTepn pikpdTEPOUS.

1.1.3 Movétovn axolovBia. *Egdoov 7 dxolouBic elvan wid elbixd Trepi-
TTWOT ouvopThoews, of Evvoies wovdrovy xai pvyoiwg movétovy dxelovbia
TRaypaTIKGY &piBudy elvan  yvwoTés, cUppwva pé Tous dutioToryous opi-

guous Tou Bdfnkav oThv § 1.1 ToU kep. 1I, yi1& TpayparTiés ouvopThicers wds
TPXYHaTIKTS LeTABANTHS.
"AxpiPéoTepa mid drohoubiar TrparypaTikGy &pIBuGY o, v =1,2,... v

atovoa TOTE kKai pévo ToTE, dv
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V<= O O

Mopduote, A o, v=12,... elvon ghivovoa TéTE Kol povo TOTE, &V
Vi P = 0, = O

*Errions, f dxohoubia «,, v=1,2,... elvan yryaiws alfovaa &v
V<o dy <0

kad pvnoiows ghivovoa, &v

v<iu= a > O

Ty. f &xohoubia V% v = 1,2,... elvau yvnoicws alfovow, yori

v<p= v

o g i ik : ; ’ '
v N am?\ouB:ouT, v=1,2,... elvan yvnolws @bivovoa, yiaTi
1 1
V<P — > —*
v U
Tdope, elvan elkodo vé SiomioThooupe 8Tl wi& &kohoubia a,, v = 1,2,... eva

alifouoa, TOTE kol povo TOTE, &V @y = Oy veN
gbivouoa, TOTE Kad povo TéTE, &v &, = Oy W veN
yvnoiws abfovon, TOTE kod uévo ToTE, &V o, < o,y V VEN
yvnoiws @bivouoa, TéTe kaf uévo TéTE, &v @, > Gy ¥ vEN

1.2 “H ¥vvow tijg dnaxorovbiag. "Av a,, v = 1,2,... elven w& drodouvia
xad Becwopricoupe THY dkohouBia TEV &pTicov PUTIKSY GpiBuddy 2v, v = 1,2
TéTe pé TH SiaBoyikn &vTioToiyion

i}

Vo 2V e Oy

dpifeTan & véx &rkoroubia &y, v =1,2,..., SnAadn f drohoubia

(o PNl PO OIS - | SN
o &rroTeAeiTon &d dkelvous Tous Spous THS &, V = 1,2,... mou #éyouv BeixTn
&ptio. ‘H véa ol &xohouBic dvopdleTtan dmaxoiovlia THS &, V= 1.2, « et

udAloTa dmaxoioviia Ty doTiwy OELATOY.
Tapoduoia, 1) dxoloullic
oy, gy Ko owwop Kay-1y

ptropel v Sp1oBel @ N Smaxotovlia T@Y mEOTTOY OEIXTDY TS &, V = 1,2, .-

Ay. v o, =(-1)" ~17, v=1,2,..., Tote f| Umroxoroubia TV &pTicov Bel-

kTG elvar 1

T it B
e ST R
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kal 1) UmoxoAouBio Tév TEpITTGY SeikTddv elven 1

1wty il
gt 5 v

Mevik, &v &uTi y1& Trv dxohoudic TGV &pTicov | TEPITTEY QUOIKGV &pI-
Buddy Becopfiooupe W& yvnoiws ali§ousa dxoloubia guaikdy &pBudv k,, v =1,
2,... (&pa K, < K,+qp) TOTE pé TH Sradoyikf) &vTioToixion

el

I
opileTcn mik véx drodouvbia oy, v = 1,2,... (f ouvBeon cok TRV &roAouBiddv
(owvapThoswy) k kal o), dnAadh 7 drohoubia
Qxys Oy Gy = v on Gy oo
oU dvopddeTon vmaxoiovdia TAs a, v=12,...
1.3 Mndevikéc axohovbieg. ;E)swpoﬁue v dkoloubia o, v=12,... ué
a, = (-1)" -—‘1)—, dnAadn Trv dxoAoubix

1 1

o 1
—1,_§, -g', ...,(-—l) 7’- L

*As Becopricoupe Twpa T6 Sidypapua aUtis Ths dkoAoubias (BA. ox. 60),
Bva BeTikd &piBpd & Ty, Tov £=0,4 kai Tis e0feies pé EflocoEs y =¢ kal vy = -,
ol &rroies elvan TapdAAnies Tpds Tév &fova TAV X kal Spilowv Tévw oTé Emi-
medo W& rawia.

jca0d

SR R

ey i 7 B
-2 L

"
:
:

R BT

S st B )

“"%

Zy. 60

S16 mapamdve oxfiva 60, TaparnpoUue 8Tt T& onpeia Py kad P, Bpioxov-
Toun #w &md THY Tawia, dvd SAa T& &vtioTora onueia, pé Seiktn v = 3 &nAadn
1& onuela Py, Py, Ps,. .., Bpiokovtan péoa o’ abrh. Mé &Aa Ay, ol TeTa-
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YUEveEs TGV onueiwy aUTédy, dnAad ol BpoL it 0y, Ugyereis. TS dxoroufios pas,
BpiokovTal oTo &voikTd BidoTnua (&), SnAadn

<o, <e yv=y,=3 (=04
7 icoduvaua
Iicwi <E M VZ"n=3~

“Av Tpa Tépouue Evav EANo BeTikd &piBud €, .. TOV € = 0,16 (wxpo-
Tepo ToU Trpomyouuevoy) kol émavohdPouus T& TapaTéve, TOTE KATOATYOUME
016 oupTrépacua 8T1 T& onueia Py, Py, Py, Py, Py xad Py BpiokovTan £Ew &mwd TV
dvrioToryn Tawia, &véd Té& onpeix Py, Py, Py, .. PpiokovTon péoa o’ auTh. Mé
&\ Adyia, of TeTorypéves TGV onueicov alTdv, SnAad1 of dpot o, O, KXo, - -
THs dkohouBias pes, PplokovTal oTé GVoIKTO Sikotnua (-ge). "Apa loyue

c<a, <t Mv=y=7 (=0,16)
1| {ocoBuvapa
la, | <8 M v=2y=T.

S16 1810 oupTépaoux kaTeAfyouus kol &v Tdpoupe & € STro1081|TOTE
BeTIKG &pIBUG, Movo TToU Yi& K&BE £ GAAGEEL & BeikTns v, (Taparréve eifaue OTL
yi& e = 0,4 &ouue &5 v, 6 3, tv&® yi&k e =0,16, 16 7).

s L e ) 1 ; =
TAv dxoloubia alTn, &, v = 1,2,... ut o, = (-1)" — moU ikavoTrolEl T
v

TapaTévw, TH Xapaktnpifouue s undevie) axolovlia.
*AvtiBeTa, of dxohoubies B, = (1), v= 1,2,... BnAadn

1 T=1, T
kol Y= —1_—(2_1l, v=1,2,... dnhadnh
0 1,50, 1y

Stv TAnpouv T& Tapamdvw (BA. ox. 61 kai 62) kai ETal alrtés Bév pmropouv v&
yopoxtnpicfolv s unSevikés.

e EaasaA (s “
_le=0d | e
i < R
P e JFAE SR e
i EESEEEERA S T
Zy. 61 Zy. 62
‘A6 Th TapaTéue O8nyoluaoTe oTO v& Shoouue TOV £Efis Oploud:
Mid axolovdia moayuatixin doluiv &, v =1.2,... droudlerat UndEvLR]
anolovBia kal cUTd 8& TO oupPolifouue pé
o, >0 # xal lima,=0
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tdre xal povo vdte, dv yud xdle €0 dndpyec deintns vy = v, (€) (mov Efaprarar
and Td €) téroros dore vd ioyle.
fo,l'ce W WS
TI'id owropia:

o >0 <= Ye>03 vy=ve): |, | <t Yv >,
opa

IMapadeiypora:
L H dwolovbia @, = —,v=1,2,... el undewssf, yiarel yik x&fe 8erixs dpibus
v
€ Umdpyer Seiktns v, = v,(e), (ESG) umopel vé AngBel évas guoikds &p1Buds peyoAUTepos Tol

.—..] ). TETOLOS GOTTE
€

1 3
U Uy e (O e 2
0 v v < v“ '
xaf, &Téd THY dAoyh ToU vy,
Vo > i = L < E
£ vy

“Apa loxlel oy | <e WMy > V. "QoTe &moBeifoape T

1
Ye> 0, gv,= ua(e)(dpkﬁ va Angbei vy > e ): law| <€ Yv>wy
SnAadn

a,=i - 0.
v

1
2. “H dxolovbia oy = o v=12,... elvar pydevixr), yravi yik dmorobdmoTe Ge-

Vv
TIKS &piBuo & Umrdpyer Seiktns v, = v,(E), (5866 propel v& Angbel fvas guoikds &p1Buds pe-

YoAUTepos ToU iﬂ ), TETO10§ GITTE
£

V= = o= ‘v'lﬁ %
v Vo
kat, &méd Y Ehoyh ToU v,
1 1
Vg ™ _V—U: < &
0

"Apa toxler oy | <€ Mu > Yy
"AmoBeifope, Aorréy, S11:

Vex>0, 3 vy= v,,(s)(&pnei vé Angbel uo>_!2.): ] <& v =g
€
SnAadn

Rl 0 O )4

Yv
1.3.1 "ISwtnteg 1@v pndevikdv dxohovbidy. °E65 dvogépovtan of Po-
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oixdTepes 1510TnTes TEV pnBevik@y &rxooubiddy Trou udBope OTH TTPOTYOUMEVT
T4En.
{1 o, —+0 < |a,| =0
Ao aUTn Ppiokouue elkoda kal &T1
a, »0 < —a, > 0.
2. a, >0 = o, 0,
émov o, v=1, 2,... elven dmoiaBhmoTe Umakohoulia T o, v = 1.2,.
AUTS onuaiver &1 xa&s Smaxoiovdia pndevinijc axolovliag elvar Emiong ,unésvc-
w] dxolovlia.
3. a, >0 = a,v=12,... elva poayuév.
Té vrioTpogo, Suws, Bév foxUel, 8w Wopel va &mobeyfel pé TO Topdder-
yHa a, = (-1)" :
Mpayuamikd abth elven gporypévn yori
la, | =1 =1 y1& kébe veN
&A\\G& Sév elvon pndevikn.

4. a,—>0

B _)0] > o,+p, =0

5 «, >0 ]
Buv=12,... geayuém

AUTH pé Thv iBidtnTa 3 pds Sivou ThHY

= ap, >0

g“ ::g} = ap, =0
B (EXER—>O} = Ea, —=0.

AUTH pé Th iBidTnTa 4 Sivouv ThY

teR, a, >0

neR, p, — 0 } St

Eisik& y1& € =1 kai n = -1, maipvoupe

;" :g] => o,—p, =0

T |a,| < |By| ¥ veN
p,—0 }

=> a, >0.

8. a, >0 = v/Ta,| >0, xorabepds puoikds &piBuds.
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'E@appoyés :

1. "H axolovfia oy = \ﬁ. v=12,... elvar pndevizr. Tparyuectid.
v v 1
lvi= gy S =7 Y N
=

kol Emwedn ~i— -0 &méd TAV iBidTnTa 7 Taipvouus &m1 kal gy

0.
2. ‘H dxolovfia ay=VVW +2—-Y v+ 1, v=1,2... elvar pndevoer. TpaypaTikd:
SEes . 1 1 1 1
o= ¥ — Y = —— —_—< —= — = eN
o= W2V = e e < s = e < Y

kai Ee1dn 1. 0, oUugeva wé ThY 1816TnTa 7, kel 1) dxohoubic oy = Yv 3+ 2 — Yvi + 1,
v

v=12,... elvon pndevikn.

3. "H dxolovfia o, = ", v=1,2,... pé o orafeod mpayparixd doud xai|w| <1
eivar pumdevixr]. TlpaypaTikd.

*Av w =0, TéTe ay =0 Y VvEN xal f ay =0, v=1,2,... elven pndevikn.
.~

Av w # 0, Exoupe 0 < |w| <1 = |37> 1. "Apa .l_l =1+ 6, 86> 0 kal &-
w | @
TTOMEVOS
1
5 | =|o|'=_— " €
3) Ay | | w T+ oy Y veN

AN EmeiBhy 1 - 8 > 0, oUppwva pé T yvwoTh dvicétnTa ToU Bernoulli (§2.3
ToU keg. )
(L+8 =14 v8
Exoupe
(1+86)'>ve FveN
kai TéTe 1) (5) ylvetan

1 1 a
Al — e 5
el S o=y — vl

*Apa, Emreidn ..i_ — 0, &mé Tis iB16TnTES 6 xxi 7, oupmepaivoupe &1 kai ) dxohoubia
v

ay=w’, v=12... (0 <|w| <1) v pnBevikn.

T.x. ol dxoloufies .21_“ =100 3—1“ v=1,2,... xai ‘_116"' v=12,...elven SAes un-
Sevikés dxkoAoubies.

1.4 Tvykhivoveeg dxodlovbieg. Mé& TV dxorovbia o= 3-";—1, o A G

I 1 ik ;
TapaTnpoupe 81 ioxuel a,—1 = grit SnAady f dkoroubic o~1, v =12, .. ¢-
i ' s 4 ' ' : o 2 v+1
var pndevikr drxohoubia. AUTS TS Ekppdloupe Atyovtas OTi 1) dkoAoufia —:— '
v=1,2,... ouykhiver tpds Tov &pi1Bud 1.
Mevikd, Aépe 8T1 «uud dxolovfia mpaypariziw dolbudv «, v=12,...
cuyriiver mods Ty moayuatid dolud by f ki GANGS «relver mods Tdv mpaypa-
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Tixd apifud 1y xad aTd TO cuuPohifoupe wlima,=1f o, =1, TOTE rad
pévo TéTE, &v 1) drodovlia a-l, v=12,... dniadj 7 axokovfia

(SR A T S S
elvar pmdevinr. Ti& oguvTopla ypapOUE :

hmm:z¢¢m4»0}
opa

‘O &piBuds | elven povadixds kai Svopddetan doto i Gowaen Ty Tiis Gxo-
Aoubics a, v=12,...

Té povoohuavto Tis dpiakiis Tiufis elven pavepod yi& Tis oTabepts drohou-
Bies, 2vd yevikd TpokUTTEl &md TV {BioTnTa

}=h=g

Mpayuotikd: émedf lima, =1, kai lima, =1, 8& Eyoupe o, -1l =0 xai
a,~1,—0 kad Ero1, &wé TV iB16TnTa 6 TGV undevikév dxohoudiddv (a,~ly)—(a,~1l)=
= l,-ly — 0 woU onuaiver 11 [, =L, =0, |, = l,, &pol TpokeITan yidk oTabepn
dxohoubia.

lima, =1

lim o, = I,

1.4.1. ®EQPHMA. "Ay o, v=1,2,... elvar ud drolovbia moayuarixdiy
anlbudy, Téte oi mapaxdrw mOOTATELS elvar igoddvaueg:

(i) limea,=1

(ii) I'd xdfe & >0 dmdoyer delxtng Vo = Vo (¢) (mov éfaordrar and o &)
Térotos, dote vd loyvet

| a~l| <& pd xdfe v = v

*Andderty. (i) = (ii). Mporywariké lim o, =1 = lim (o,~l) =0 kai EToL

&rd Tov Spiopd Tijs undevikiis drohoubBias Traipvoune
W e>0, Fvy=ve(e): |a-l| <& ¥v=vg

(i) = (i). MpoypaTikg: &md TOV Opiopd Tis undevikiis &xohoubias 1) TR~
Taon (i) onuaivel &1 f) dkoroubia a~L, v = 1,2,... elvan pnBevikt] kad adTd
ouvverdyetan v (i).

Tapatipnoen. “Av ewpriooupe Thv &kohoubic vk , v=12,..., mou dmwws -
v

11

poupe guykhivel Tpds TV &p1Bud 1, TéTE TapaTnpolue 611 kai ) &Ko?\ouﬂ[uv__::._lb,vzlﬁ....
v -

8nAadn 1 dxohoudia
1 13 14

16 g RIS

1
dmola wpokUTTEl &TO THY yopl Cv=1,2,... pé Braypagn TGV Séka TPOTWY Spwv TN
P 5 YP

trions ouykAlver kal pdhioTa wpos ToV &p1Bps, 1, yiari

v+ 11 1 1
]v+10_1 R

=i+ v
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Fevikg, &mé Tév dpropd Tis ouykhivouoas dxohoubias umopoupe v& oupmepdvoupe eUkoAa
ST fy 1B1dTnTer v& elvan wid dxoAoudia ouykAivovoa Siaxtnpelten kai perd &mwé T Siaypaen
tvds memegaopévov AHBoUs Speov Tns kal péAioTa 7 opraxh T Tns Tapauével &uetrdBAnT.
“Av oy, v =1,2,... elven pi& dxohoudio kaf M fva d&mépavro Umoolvoho TolU ouvdlou

N &y guorkéy &piBudv, yi& &vow TpaypaTikd &p1Bud I B& yphgoupe

lima, =1

veM
TéTE Kaf pévo TéTE, v

Vex>0, 3vy=v(): |ovl|l<e ¥ veM BE v >y,
“Eton elven gavepd &1 y1& drolodfmoTe TéToto oUvolo M ioyver

O] lima, =1 = lima,=1
veM
kal &ropn &
limea,=! o lima, =1.
ve N
‘Emions, &mé Ty mapaméve maparthpnon, yi& SmotodriTroTe  Wemepaouévo Umroou-
voho T Tol ouvéiov N loyver

limoa,=1 = lim a, =1 xal lima, =1

veM ve MUT veM-T
Téhos, &v A,M elvou &mépavta gUvoda YmooUvoda Tol N, TdTe

lim ay =1

veM d

: = lim a,=1.

lim o, =1 Ve MU/\

vEA

MpaypaTikd: &v ¢ elven Eves Betikds &piBpds, ToTe Emwardn lim o, =1

veM

An=vE): la-l|l <e ¥ veM ptv>y,
kal émedd lim o, = I, wéA
veA

Fva=v(e): |a-ll<e PYveA @ v=>v,
"Eto1 y1& v, = max{v,, v,} éxoupe

v>v, kai veM
v=v, kai vEAUM = {4

}- law=l] < ¢
v=v, kal veA

SnAadn
Ye>0 3 vo=vo(e): la-l| <€ ¥ veAUM pé V>,
ol onualver &1t lim e, = .
veAUM
1.4.2 “Taibtreg 1@v ovykhivovsdy dxohovbidy. ’Amd Tis 18161 TES TEV
HnBevik&Y dxoAoubiddy TrpokUTTTOUY Guéows kol of Tope kdTw 1516TNTES TEW
ouykAvouodv dxoloubiddy, ToU elvon &AAwaTe yvwoTés kol &’ T& padruara
Tponyouptvay TéEecwv.

1. lima,=1 = lim |o, | = |{|
;S lima, =1 = limcx,v=l
otrou S, v=12,... elven & Umoaxoroudia TS o, v=12,..., Snhadn xdle

draxodovhia ovyxiivovoac axodovlias elvau éntong ovyxdivovoa dxolovlia HE Ty
e dpuaxs) Tu].
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3. lima,=1= a,v=12,... elvar poayuém.
T4 &vtioTpogo Bév foyUer, SnAadn Utdpyouv ppaypéves droroubies Trou Bév elvan |
ouyxAivouoes (/\.x. f o, =(=1) + % ST S )

4, lima, =, ]
B B } = lim (o, + B =1 + 1,
5. lime, =1, )
: tim By by } = lim {a, B,) =i, 1.
AUTH) cuvemyeTon TNV
geR :
T } = Hm(E &) =~£1L
fy omola paldi pué Tiv 4 ouvemrdyeteu THV
€eR, lima, =1,
neR, limp, =1, ]
Eidiké, yid § =1 xai n =-1, m:'xlpvouue

= lim (gav = nBv) = g’l + ﬂlz- x

lima, =1, ) 0

lim puzlz = lim (av_av)= 12
6. hmav:z#o]nhmi:_;__
a, #0 % veN a, l

ATy padi pé TAv Trponyouuevn iBi1dTnTa 5 guverdyovtan xal TAV

e, =1; == 0

lim B, =1, »lim%’«:{%
a, =0 V veN ‘ .
T lim ey =
lim B, = Iy = Ll
o = By ¥ veN
8. lim p; =1
limy, =1 = lima, =1

pr oz y, ¥ veEN

x K
9. lima,=!= limV|a, =V |, koTabepds puoixds dpiduds.

Iapatipnen. o Tapaméve 1516TnTes SlaTumdvovTan dvtioTolya kaf pé T6 oUupo-

Ao lim oTf 8éon ToU lim, &mou M elvon Eva mépavTto Umoauvoho Tou N. *Etor m.y. fi &v-
veM

TioToixn ué TN mapamwdvew BidtnTa 1 elven §

limea, =1~ lim |a,| = |l]
veM veM
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dvrioToixn pé Thv IB16TTA 2 Elven f) (6), &vrioTorxn ué ThV 3 elvan §
lime, =1l = 386>0: [oy|<0 ¥ veM 1
veM |
K.0.x. OAes ol UméAormes &’ Tis Tapamdvw i816TnTEs loxvouv dvddoya &v &vTiKaTaOTT-
goupe T6 oUvoho N pé T6 M.

‘E@uppoyéc : .
o v 43v45 1
1. Iim —4;,—_;1— =4

et d), 14l 42
Mpay parrikg: s s e i Y/ = d 1 Y
4241 1
v (4 i 7=) 4+
O dxohoubies Spcos E. =3..l., v=12,..., l — _1_ . L v=12,... xal
v v vi v v

2, =5. —12, v=1,2,... elvar Shes undevikés &koloubies. “Apax
v v

, 3 5 - 1\_ _
hm(1+T+T‘)=1+0+O=lml lim (4+ﬁ>_4+o_4.

YE1o1, &mwd Thv {BidtnTa 6 TV cu}x?\woucd’w dxohoubiddv Eyoupe

> 5
1 il =
. vi43u45 ; +v+v’ 1
lim = lim =
40 + 1 iy 1l 4
v v?
2. lim Yo =1, érov o eivar orabeods Oetixds dptuds.
Araxpivoupe Tis TOPaKATW TEPITTWOES:
i) a=1. Elver qavepd.
v
i) @ > 1. ©étoupe 8, = Ya -1, v=1,2,... kal Té1e &pkel v& Beifoupe &T1 &, —0.

v
Mpayuatikd: &youps Ya =1 + &, SnAadn
@) a= (1 + 5,)"

'Emaibn 8, > 0 W ve N, &’ v dwiodtnta Tou Bernoulli, 8& Exoupe xad (1 +8,) >
1 4 v, kai &1on ) (7) Siver

a>1 4 vb, > vB,.
"Apa

DB = = =0

v

16 &olo, oUugwvea pé TAY i816TnTa 8 TéY ouykAvoucdy dxohoudidy, ouverrdyetan 811 5, — 0.

i) @ < 1. ZTAv mepimTwon abTn éxouue =L > | xai éto1, oUppwva ué TV Tpon-
=

Yo

v
S1oTnTa 6 TGOV ouykAwouodv drohoubidy, ouvemdyetar 6Tt Yo —

v
10 1
youpevn TepimTwon, Exoupe v_l_ — 1, dnhabfy —— — 1, 76 dmoio, pali upe v I-
a

~
1

i
3. Elvon exoho vé Bolue 81 f dxoroudla a, = (=17V4 o ,v=12 ... 8&v elvan
v

=l

ouykAivouoa. Mmopolpe Suws vé Ppolue ui& Tns UtraxolouBia Ak, V= 1,2,... kal pdhoTx
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tkefvn M€ x, = 2v,v=1,2,... Snhabl TV o = (-1)3(2) | 2l, v=12,..., mou elvou #
v
Umakohoubla T&V &pTicov Spwv, yik THv dmola TapaTnpolue &T1
e I e T SUDTE NG ke LY
2v 2v
" 5nhabh 6T ouykAiver.
*E1o1 PAémroupe 811 Evd puud drolovBia pmooel vd pijy elvar avyxiivovoa, pmo-
el vd Exer ud ovyxdivovoa dmaxolovlia Tys.
1.4.3 "H povorovio koi 1 obykhien dkolovBiag — O apOpdg e. "As Oeco-

prigoupe TP@Ta TAV dxohoulia #, v=12,..., dnAadn TrVv
R LB SR
2 3 4 v
kai Emerta v drolouBia v2, v=12,..., SnAadn Tv dxoroudic

1y A9 160ads MBes
TMapornpeolpe 811 kad ol Bud elvan alouoes kai uéhioTa yvnoiws alfou-

1

o o : . . e —
oes drohouBies. AT’ alTés Sucs pévo ) TpTn, SnAadh 1 dxoAoubia |
v
) . v-1 R B
v=12,... elvon ¢@paypévn, &eou OéT < 1 % veN. ’Akéun TapaTnpouus

o1 ) dxolouBla ot ouykAlvel kai pdhioTa lim ‘% =1, & &vtifera f| v3,
v=12,... Tou Bév elvon ppaypévn, 8¢ ouykAivel Tpds TpaypaTiKd &piBpd.
Té yeyovds 6T fi aliouoa kal gpayuévn dxohoubia E, e [ I
v

ouykAiver Tpods TrparyuaTikd dpifud TO BexduaoTe 6T loxUel yevikd yid kdfe
avfovoa kai gpaypévn droroubia. *AxpiPéoTepa SexoucoTe T dxdAoubo diwpa:
‘Aliopa, "Av a,, v=12,... elvar wd povdrovy =ai goayuévy dxolovlia
mpayuatixdy aofudv, tdre adti) cvyxdiver mods xdmowov moayuarizd dolud.
‘O apbpog e. Becopoupe Tis dxohoubiss o, v=1,2,... xai B,, v=1,2,...
&rrou

o= (1 +—1~)“ Kol Py= (1 +~‘1"-)"+l

Y& Tis dtroles pddTa B& &modeioupe &1 elven yunoiws uovdToves kad pdhioTa
flo,v=12... (yvnolws) alfovoa kai f P,, v=1,2,... (yvnoiws) gpbivouca.

Mé& v dkoroullia o, v=1,2,... &xoupe 11
1 y\v+1 1 v+l
Cyvi1 (l+V+I) o 1 w(v4-2)\ V1 1
= — (1+—-—)=( 3 SAl+—) =
o, (1 ey 1 81 v (v+1) v
et

- (=) (4 > (o) 1)
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émou ypnowotofnke fy dvicdtnTta ToU Bernoulli
=l

(14+w)+! > 1+@W+Dw, bt O=cTTy -
"Apa ,
xy < Oy W Ve N
ToU onuaivel 811 1) &kohoubic o, v=1,2,... eiven yvnoiws ablfouvoa. *Emions
gxoupe

1 v+1

g (=) B

T T
ﬁv+1 (]_]_m)

v+1 v4-1

(M) !
&mou ypnowpotromnke wéM A dvicdtnTa ToU Bernoulli.
"Apa

1 vtl p ] 1 v+1
(erm) 2> (04D g ) - B

ﬂv‘ﬂ < B MveN
“Yorepa &’ alré elven gavepd 8T1 yi& kéBe guoikd dpiBud v loyUer
2= =a, <B, =p,=4
kal &mougveos, &mrd T povoTtovia TV dkohoubidv «,, v = 1,2, ke Priv =1,
2,... kol T6 MapaTdve &fimuc, oupmepaivoupe 8Tt kai of dud alrés diohoubies
ouyrAfvouv. "Apa 8& foxler kai 2 < lima, < limp, < 4.

5 B e e Rt o e R 2y
ANNG Exoupe e = im 2 = jim (1+7)_1+hm-v__1+0_.1

Qy
nAadi
lim a, = lim B
Trv kown Spiokr| Tipn TéV dkoAoubidy a,, v = L2 kel Bovsl X,
TV mapioTévouue pé e, SnAadt
e=lim (14 )" =lim (1+2)""
"E§ &ANov gadveTon elkodar &1 yid ke puoikd &pibud v loxler
(1 +T‘]’_)v :< ¢ < (l +%)v+1-
‘O &piBuds aiTds e elvan Evas &ppnTos dpibuds kad 1 TapaTdve dviooTn-
T uGs emiTpémel v& TOV Tpooeyyiooupe Soo BéAoupe. “Etor ik TPOCEYyIon
ToU dpiBuol alrol pé Tpia Sexadikd yneia elvon 1
G i
f) dmola mpokUTTel &M TV TapaTévw dviodTnTa yi&k v = 4837. ‘H ériunon ‘
ToU &pifuol e pé T Borifeix Tiis SrmAfis auThis dvicédTnTos elvon TpakTIKG ETri-
movn kai 8év mpoopépetan. M’ adTé Exouv Sobel TaxUTEpol TpoTTOl TPOCEYYi-
oews ToU &piBuol e. “ETor A.. Pploketan 1| Tpootyyion
e ~~ 2,71828182845904523536

Hé 20 BexoBikd ynole.
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2. TA EYMBOAA + » kai —eo. IPAZEIZ ENITPENTEZ KAI MH EINTPETITEER

2.1. Ta ooppora + co kai —co. Mi& pr gparyuéun dxoloubior Trperypai-
kv &piBpdv a,, v=12,... B¢ ouykhiver Tpds TpaypaTikd &pifud, yiati
SANIGs, SnAadn &v odTh ouvékAve PSS TpaypaTikd &piBpod, TOTE, oUppwva
pé ThY 181dTnTa 3 TéV ouyKkhivouody dkohoubidy, B& fitav PPOYMEVT], TIPAYH
&rormo. IThv TepimTwoon moU f b gpaypévn drodoubia a,, v = 1.2..... et
kol atifouoa, émaws Wy, f V3 v=12,... Afye 6T oUTh «amepilerar Betindn )
wovyxdiver mods T6 + co» f dkdpn «relver mpds T + co» (16 oUpPoro + oo Bia-
B&LeTon «aty dmergon).

Sthv mepimTwon wds drkoroubias o, v = 1,2,... mou slven afovoa kai
uf gpaypévn, Snhadn mou &mepileTan BeTikd, &v € elvan gvag BeTikds &p1Buds,
TéTe Umdpyel Seiktng vy = vo(€) TETOlos, oTE V& loyUel

) oy
Tparyparikd: &v ToUto 8év firav owoTd, TéTe B eiyame

a s%VveN

kod tmeidy A «, v=1,2,... elvar alfouoa,
o€ o, s % v ueEN,
mpdyua ToU onpafver &t ) o, v=12,... 0& frav gpaypévn, SAN alTo elvan
&ToTro.
Topa, tmadn f a,, v=12,... elven alfouoa, Eyxouus
v 2 Vo = oy 2 avu
kai Erol
V2, = o > 32 i
€
"QoTe &moBeixfnKe &1 y1& TV alifovoa kad ph pparyuévn drohoubia a,
v=12,... loyia én:
Mé& émolodhmoTe BeTikd &piBud e, Snhadrn yi& kabe e > 0, Umépyer Bei-
KTNS vy = Vp(€) TéTOl0S, doTe vt foyUel
(> -] % MoV > v,
“Yorepa &md T4 Tapamdve elvon mé guotkd vé Soooue ToV £Efis yevikd
dpiopd yi& T oUykhion dxolouBias TporypaTIKGY ApiBuddy Trpds TO —+ 00.
O& Mye éT1: 1 drohoubia TparypaTik®dy Spifudy o, v = 1,2,... «dmer-
piterar Oerixdy 1) GANIGS wovyxdiver mode 16 + oo» fi dwdun «relver mpds 6 + O»
kol a0 84 T6 ocupPorifoupe pé lim o, = + fi &, — -+ o0, TOTE Kail povo TOTE,
&v yid xdfe & > 0 dmdoyer deintng vo = ve(e) (mov éfagrdrar dmd 76 €) Tétouog,

1 £ q
dave vd loyder o, > ?ywi %xdfe v > v,. Ni& ouvTopia:

lima, =40 < ¥ e> 0,3 v, = v(e): u,>-1‘- Y2 v,
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Hapadeiypata:

L. ‘H dxolovbia tiw guoxdy aoludy v, v=12,... dmepllerar Oetixd, Snhadn
v =»> 4 oo,

2. “H axolovbla v: + 1, v=1,2,... dniadj 7} droiovbia
25 15,510, WL A
anepllerar Oerind. TlpaypaTikd: yik 6molo8imoTe BeTikd &p1Bud € > 0 dpxel v AdBoupe s

1 % s
Vo =V, (€) Evav @uaikd &p1Bud peyadlTepo &mo TO o kal TéTe, &oU v2 + 1 > v, B& Exoupe

1
u2+1>v2un>? v =,
"Qote: y1& x&be € > 0 Umdpyer Beikns vy = v,(e) (&pkei vé AdPouus s TéTolo SeikTn Eva
g S . =
QUOIKS &p1Bud peyoAlTepo &mod TOV —s—)' TETOIO§ OOTE

V"+‘1>—:' Vov =,

SnAcdn V141> 4o

‘H dxohouBia —v2, v=12,..., 5nAadh | dxohoubic
-1, —4, =9,..., —,...

elvon gBivouoa kail uf gpayuévn. "Avdhoya Tpos T& Trapamdvew §& popoUoaue
v& TroUpe 811 aUTr &mepileTon dpvnTikd. "Afiler v TopaTnpriooups €66 OTi
Ay dvtifetn dxkohoubie, SnAadh f —(-v?) =v?, v=12,... &mepifetan GeTik&.

Mevikd 8& Aéue 6T1: A dwolouBiar TporyuaTik®y dpifudv o, v=1,2,...
wamepilerar doviriedn 1 SAMES «ogvyxdiver mods T6 - oo» 1) &ropn  «Teiver

mods 16 —oo» Kol aUTd 8& TS oupPorilovue pé lim o, = -0 fj a, - - (16 olu-
Boho —oo BiaPddeton Ay dmegon) TOTE Kad pdvo TOTE, &v N dvtiflery dxo-
Aovbia —a,, . v=1,2,... anewilerar bering. M& ouvtopla:

lima, =—® <= lim (—a,) =+

loxtouy T& TapakdTew fewpriuaTa:

2.1.1. @EQPHMA. ‘H dxolovbia moayparizdy doldudy o, v=12,...
amewileTar dovnrind, Tore mal udvo tdve, dv yud wdfe € >0 Dmdpyse deixTig
Vo = Vvo(€) (mov éfagrdrar and 6 &) Tévolog, date vd ioyde

av<——!£- N 2yl
*Anddedn. lim a,=—w <> lim (o) =+ <>(¥ ¢>0,3 v, =
=v,(e): — u,>—l—\-/v z VD)-¢>(VE >0 3 vy=1v,(e): av<—-é- Ut v)_

2.1.2 @EQPHMA. Ozwooiue dvd dxolovlies a,v=12,... xal P,
v=12... ué a, < P, ydxdfe veN. Tdre iocyiovy

lima,=+40 =1lmp, =4cw xal | lIimP,=—w = lima,=—w
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* Andderdy. *Emeadf lim a, = -4 oo, Exouue
Moe> 0, 3 vog=v(e): cx,>-z— Mouvz=y

kol alTé padi pé THY dvicdTnTa o, < B, ¥ ve N guvemrayovtan 8T

¥ e>0,3 vy=ve): B> i MoV =y

€
oU omnpaivel 611
lim B, = +co.
“Qote &mobeifape 611
lim o, = + 0 = lim B, = + c0.

AT oo TrpokUTITEL Kai OT1

lim B, =-0o = lima, =-o
dpovu ioyxuer —B, < -a, A veN kal &ropévess
lim B, = -0 = lim(-P,) = + © = lim(-a,) = +© = lima, =-o0.
“OTreos eibope Tapamdvw oTé Tapddeyua 2, f| dkoroubic v - 1, v=1,
2,... &mapileTon OeTikd. AUTO pIopoUpe V& TO CUMTTEPGVOUPE &pbows ME TN

Porfeix ToU Tapomdve Bewpriuaros, yiori foxler v < v+ 1, ¥ veN xai
lim v=-+ 0. Tlapéuoia, &md 16 moapamdvew Bemdpnua TpokUTToUY elkoAa Kai
&n lim (v*—v + 1) = + oo, lim(-v¥) =-c0 «kai lim(-v* + 2v-2) = ~o0.

2.1.3 Td obufola —oc, +oo xal 1§ Owdraly tdv apaypariov dollpcm.
“Omrws elvan yvwoTod, yid Tis ouykhivouoes dxolouBies TpoaryuaTik@dy dpifudy
foxver (§1.4.2 iBiotnTa 7).

lima, =1, LeR
lim B, = b, LeR =L <,
a, < B, ¥ veN

Tpdyua ToU Taifel ooudaio péAo OTAY TEXVIKT TGV &rrodeifecov TTOAAGY Oew-
prudTev THs pednuaTikiis dvedUoecws. M& T6 Adyo auTd 8& Opigoupe Bi&ratn
o1 clvoho RU {—oo, + oo} koté TéTolov TpdTo, GOTE vd ioyUel TO Traparraved
kad oTis TEpITTOOES, Gou 7 pla f) kai of Buo opiakés TiEs [, [, lven Eva &mro
T& oUpPolx -0 kai + oo. TMpayuoTikd: &v SexBolpe alTo, Ba Exouue

lim«, =1, leR

lim B, = 4 =1 < w0

a, < P, ¥ veN
kal Emreidn, dmwd Tov dpioud, TO + oo Bév elvan mpayuaTikds &pifuds B TrpeTel
vk dplooupue

I < 400 ¥ leR

Mapduoia, S6nyoluaaTe kai oTé va dpiooupe
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—o < 1% leR kol —wo < 4o

Té olvoho R Tév mpaypaTiké®y &pbuddv, mol, dmws §épouus, T& OTOI-
Xl Tou YEWUETPIKE TrapioTdvovTal pé T& onueio pds eUBelas, dvopddeTon kai
edbela v moayuaTidy dofudv f| meayuparixi) edbeia. TS elplTepo ouvolo
RU {-o0, + o0} ol Bewpeitar tpoBiaopévo ué T Sidra€n ol dploape Tapa-
v SvopdleTan dmexterauévy etbela Tiv moayuarixdy doudv 1) émexverapé-
v moayuarixy) edbeia xal TopioTdveTan ué R¥, SnAadin

R*= Ry {-o, + «}.

2.2 *Emutpenég kai pf) Emrpentéc npaeg perafd tdv ouppérev -, +
kai t@v mpaypankdv apbpdv. 16 olvodo R* prmopei vék opioolv, s uepikes
mpé€eis, 1) Tpbodeon kai & ToANamAaTiaouds (kabdx Emions ko 1) dpaipeon kai
# Siadpeon) kard TéTolov TpdTO, GOTE V& WiV d8nyoupaoTe ok dvTighoels oTis
péxpt TOPa yvewoTés i816TnTes TV Sproxddy Tiudy.Ol mpdgers adTés SpilovTon o
ErrexTdoels TGV &uTioTolywy Tpdfewv oTé R. TTplv mpoywpricouus aTov Spioud
Tév mpdEecv alTdv 0& drodeifoupe Tis TTapakdTw 1B16TNTES:

1. lima, = +
lim B, = x, xeR

Tpéta waparnpolpe &1, & Ty iBidtnta 3 Tis § 1.4.2, 1 dkoloubix B,
elven ppayuévn, SnAadn Umdpxer TpayuaTikes dpifuds & Tétolos coTe [B,|<6
yi& ké&fe veN, SnAadt

® -8 <Pp, <6 ¥ veN.

} = lim (o, + B,) = + .

*Eotw Thdpa Evas (SmoioobrimoTe) feTikds dpibuds € xad foTw e* =ﬁ
*Apa ToTE

lim o, = 4+ »(3 V== WiE®): oy >'E|7 Vi vzvu)’
‘Emropévers, &md Thv (8) 8& Exoupe kal

i 1+ 1
o+ Py > E—,-a:#-e=—s MoV v,

"Qote &mobeifaue &1

M > 0, 3 v, (ol opTdTon &md T £, dpa kad &md 16 €): o, + B, > »:—

MV = v, dnAadh ém lim (a, + B,) = + .
4, i = -
h’m oy B } = lim (o, + B,) =-.
lim B, = x, xeR

TMaparnpoupe &11, &v lim a, = -0, TéTe lim(—a,)=+ o0 xai, &v lim B,:x,
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xeR, Téte kai lim (-B,) = -x, —xeR. “Eto1 tpapudloupe Thv iBidtnTar 1 wed
£y oupe
lim a, = -0 lim(-a,) = + 0
lim B, = x, xeR } iid [ lim(-B,) = -x, -xeR } -
~ lim(=(a, + ) = lim((-o) + (-B)) = + 0 = lim (a, + B,) = -co.
3. lima, = + o

nm&:+w}=hm@ﬂﬁJ=+m

MpaypaTikd: yi& &vav (dmoiodnmoTe) € > 0 Bétoupe e* = 2 kad TOTE,

dgpou lim o, = + oo, Umdpyel  SelkTns vy = v,(e*) TETOI0S, WOoTE &, > —EI,—
\fv=>v,. *Emions ,égoU limB, =+ oo, Umépxel BeikTng vy = v, (£%) TéTOLOS, GOOTE
B. > :—, v > v, “ETol, & v, elvan & peyadUTepos &mwd ToUs Buo BeikTes vy
xod vy, Yi& k&E QuoIKS &piBud v = v, B& Exoune TTE

1 1 2 1
e Sty

a, + B, >
dnAadh o, + B, > % Vv > v, mphyua ToU onuaiver 871 lim(a, + B)=
= 4o

4. lim o, = =0

= tim @, + ) =-o0

Mé¢ Th Borfeia Tfis iB16TNTOS 3 maipvouue

lim B, =-o0

lim &, = - =¥Iim(-0(\,)=+oc> o Bear s i -
. m:-oo} - +m} lim(=(o, + B) = lim( (-e) + (-B)) =+
= lim(a,+ B =-2°
5. lim o, = 4 o0

}=mumm=+m

Mé& vk 16 &modeifoune aird Sioxpivoupe Tis 6T Bud TrEPITTTWOEIS:

g, =%x>0
(i) mepintwon x = + 0. TéTe, y1& dmorodfimoTe € > 0, BéToupe e* = Ve
kai Gpa
lima,= 4+ = 3 v,=v,(e%): o> %,— Mv>=vy
kol lim B, = + 00 = J vy =vy(e¥): B,>—E—1,—v v = v,
“Etal yi& v, = max {v;, v} (mou éfapTdTan &md T e, &pa kol &mo TO

g), Exoupe
1 1

go g
T e

1 1
Vv - o> g kel B> = B>

€ e

Snhad
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Mex>0, Tvo=v8): o, B> % Moo=y,

ToU onpalvel O
lim (&, P,) = 4 0.
. ’ T . . XeE
(ii) meoinrwan x € R. Tote, yi& dmolodbnmote €= 0, BéToupe e* = e
Emeidn lim o, = + oo kai lim B, = x, x > 0 Umépye Beiktng v, (ToU tEapTa-
Ton &md TO €%, &pa kol & TO €) TETOLO§, WOTE

B El M v>y kal o B-x| < % ¥V
BdnAad| i ’
o> = xd B> 5 ¥ v > vy,
“"Apa, TOTE, y1& k& v = v, EXouue
&, B, > é . %-:ls_

*Eto1 &modelfape Ot

1 %
v e>0,dveeEv (@) afy> ¥ V=2V
dnAadn oT1 lim (&, B,) = + 0.
6. l{mav=_w } = lime, p,=-
lim B, =%, x =0
Mé T4 Pofifeia Tfis iBioTnTas 5 Taipvoupe

e = ] = { i (‘G‘.‘) NG wo }: lim (_G\- B\) = lim (_C(\)B\ = L

limei=xx > 0 lirdi B, =tk

= lim «, B, = — .
75 lim @, = + o0

: = lim &, p, = —co.
I, = = x"=10
M¢ 11 Ponbeia Tiis iSidTnTas 6 Taipvous
h.m o, = o :{ lfm (~0t) = — 00 }_4 fi G‘p\:“m(_&\)(ug\).;_ 0
Hp = x.x < 0 lim (-p,) =-x, —-x>0
8. lima, =-w il B = o 5
i B = O

Mé T Ponfeix Tfis iBi1oTnTes 5 Taipvouue

e ] = [ Hop U= €5 }:- lim a.f,=lim(-e)(-B.)=+ ®

limp,=x,x <0 lim (-B,) = -x, -x >0

9. lim a, = x, xeR
lim B, = + O el
B, #0 ¥ veN B
TTpay uamIK&” TaPATNPOUME OTI
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lim B, = +

1
B, #0 ¥ veN]= (v €0, Jve=v(®): Pv> ¢ ¥ v =) =

1
B — (3}

= (Me> O,E{vn:vo(e);% <E M vZ=y) = lim

*Eto1 oUuguwva pé THY iBiotnTa 5 Tiis § 1.4.2 Eyoupe:

lim &, = x, XeR lim &, = x, XeR !
lim B, = + o = ox KD - = lim 2 = limx, — =x-0=0.
pv = 0 le veN llm 'E‘ = 0 ﬂ\f Bv
10. lim o, = %, xeR
lim B, = - = lim ‘;“ =0.
B, #0 ¥ veN '

MparywaTikg: &md Ty BdTnT 9 Eyouue
lim a, = x, xeR lim (-&,) = -X, -xeR
* - lim & =lim =~ =0.

By -Bv

lim B, = -0 lim (-p,) = +®©
B, #0 ¥ veN B, #0 ¥ veN

M¢ 1) Bonbea, Thpx, TEV Taparéve 1BloThTwy uﬂopoﬁﬁs vk Spiooupe
wal &urioTorxes émroenrés modfers OTO clvoho R¥*. Zuykekpiuéve ol Tpagess
aUTés, TTOU TTPOEPYOVTOL &md Tls iS16TnTES TOU poAls Beifome, TapadéTovTal
oTév TrapaKdTe TrivoKe:

*18usTTss *Emroentés mpdbels

lﬁma‘= + o0 }:, lim (¢, +P)=+© | +® +x=x+(+®) =+ wxeR
lim B, = x, xeR

]imo: — — o0 :

: ] v+ v) =0 —00 = —

s Pt A o Lt (<) +x=x+(—0)=—® VxeR

li = .
- @ }a]lm(av+[3v)=+w 400 4 (+o0) =+x

lim B, = +

lim @, = - : o

.- X lim (& +P)==% | o4 () =—

lim o, = —o0 = lim (-&,) = +® —(—0)=+®

lim o, = + 00 = lim (-&,) =-0 —(4o)=—®

lilmcxv=+oo }:-limot,ﬁ\,:-l—w (+0)x = x(+0) =+ ¥ x>0,
Iim B=x, x> 0 &pa (o0 ) (400 ) =+

lim o, = —00

}:» lim &, B, =—-0 (=0 )x =x(—00) =—© Vx>0,
limﬁv=x,x>0

&pa (—co )(+00 ) =(-o0 )(—0 )=—c0
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(oo )x=x(+0)=—0 ¥ x <0,

lima,= + o
lim a, B, =- &pa (+oo )(—0 )= (—o0 )(+00 )=—00

hm p,=x, x<0}
lim a, = ] (—o)x=x2(—0)=4w ¥ x<0,

llva_X x<0 fm o By =+ | dpa (=0) (—0) =+

lim a, = x, xeR
hm g = 4
B, #0 ¥ veN

lim o, = x, xeR
lim B, = -0 - lim4- =0 X —0 ¥ xeR.
By —

B, #0 ¥ veN

*Amé Tis Topoméve EmTpemTés TpdEels TpokUTTEl dutows ST kaf 1
mpdEn + oo— (- ), dnradhy A + o + (- (- w)) elven EmrrpemrT, yiati
—(-0) = + oo kai Emopfves + o0 - (-0) = + 0 + (+ o) =+ . "Qore
+ co—(—00)=} 0. Tlapduoia, TpokUnTer Kai &1t —00 — (+ 00)=—00+(~(+ o))
=— @ + (~0) =-0, dnAadr —w - (+ o) =-

*AvTifeta ) Tp&En + oo — (+ ) kv Spiferon G EmTpemTh, yiori &v
lim o, = + o0 kai lim P, = + o0, ToTE 7 &rodoubia o, —P,, v= L2r .25 bk
ouykAivel TavToTe Tpds TO pndév 7 &AM povooTudvTes Opiopévo &pifud, f
dxodun mpds Eva &md T& oUpPoha —oo, + co. TpaypaTikd: &pel v& AdPouue d
o, =v:+v - +oo kal B,=v2 - + o0 ki TOTE &, —B,=v — + oo xai
s o, =2 + % - + o kai B,=v? — 4 o0 kai TOTE u‘,—ﬁ,:% —0. ’A-
véhoya dpyalducoTe yi& vk Solpe &1 kad f) —oo + (+o0) Bév elven EmiTpe-
) Tp&én. :

Emions 1) mpd€n 0(+ o) Bfv elven émitpemrTd), d@oU &v o, = —‘1’- »
g2 xal By v—=12.. . ., T6TE

lima,=0, limp,=+ow kaf limo,pB,=lml=1

i &v c:,,=-1— =] 200 ) walbr B, =y, v=11,2,..
v

.
2 1 .5 TOTE

lima,=0, lmp,=+o «xai lima,B,=lm--=0.

*Avédoya TpokUtrTer kad &T1 of mpd€as 0(—0), (+ )0 kai (—o0)0 Gév
elven &miTpemrTés.

*Axkdun 1 wpdgn% 8&v elvon émTpemT), doou & a, =B, =v,
v=k2;. .7 TOTE

lima,= 40, limp,= 4w xai o=lim]=1

[
Bv
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o &v o, =v, v=12,... kad B, =V v=12,..., TE71E

lim a, = + o, limp,= + o xai lim%-:lim 1 =o
0 o ¢ —00 + oo —00 +o0
Mapdporar wpokymTer &1 ki of mpdlers —— » —— = 4=

wad 5

Bév elvon EmiTpeTTéS.

‘H mpaén —g—, A, Sév elvon EmTpemTn), yioati &v o, =P, =

v=1, 2,... TOTE

lima,=0, limp,=0 xai lim 3 =lim1=1

By
e &y o=, v=12,... kol B,= X v=12,..., T
lima, =0, limp,=0 xoi lim i;— =limv = + .
Téhos kad i pdén % , aeR 8év elvan Emtperrt. TTpoyuoTikd, yi& a =0

1

16 elbape TapaTéve, dd yi&k a # 0 Eoupe S v P, = —, v=1, 2,0 TOTE

limp, =0 kai lim T;‘- = lim av = o+ )
1

béd &v py=——, v= 152, < v\ roTe

limpB, =0 kof lim —

By
"AME a (4 ) # af-00) &tav o # 0.

*E1o1 SiamioTdoope Tis TopokdTw piy EmiTpemrtés mwpdfeis of oxéon ué
Tis yvwoTés iB16TNTES TV SproaKddy TIUGV.

= lim a(—v) = a(- ).

Myj émiroentés modéeis

+ o0 —(-{»—GO), —DO+(+ CO), 0(+c°)1 0(_50)': (+m)0' (_00)0:

e e
2.3. Tevikii maparfipnen. ‘H mopdoTtoon “:;1 , 6ov W kel v elvon @u-

ool &pifuot, yi& p oTafepd Spiler m& drohoubia THY «, = ":;1 T 1 e
nAadn TV

u+1 p4+1 p+1 r+1
i By 2miliveBuechrd ST g e

fy émola ovykAlver kol péhioTa lim o, = lim —"‘;"—T‘:O.
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“Av 8pws Becopriooupe TO v oToBepd, TOTE f TapdoTaon u:;l Spiler
; 1 o=
wé &N Sxohoudia, TAYV B, = “:; , u=12,..., Snhod” THV
g- 3 4 u+1
Xl i TR Rt SRR
ol s . : . p1 1
ov Emions ouykAlvel kel pdhoTa lim By=1lim T
M vé Siaxpivoupe Toid &md Tis &kohoubles oy, v = 1,2,. .. i By, u=1,2,..

o o : 1 o ) ;
Becopolipe o6 lim “:’—vl, yp&epoupe lim L:;— yi& ThY TpTn TEpiTTwon, &n-
v

s s ; T u-+
Aadt) y1& Thv dkodowbic @, v=1,2,... xai lim
M

uvl y1& T TepimrTon Tiis

drorouBics By, v =1,2,... "QoTe éxouue
imitlo0 xal limEEl=l
ST . i v

Ipdpouye Emions looBuvaua kol

0. ) e B T e
uv v ' w owov

*Avti yi& T& oUpPora lim fj —> yxpnoipetototvtal &mions kol T& oUp-
v

Poha lim fj —». ‘Emropéveos pmropolue vé ypdapoupe igoduvapa
V=00

V—oo
lim /4t e fmtit e L
vsoo W u=00 o L4
7 &xdun
nt1 w1
o 1 ek o
By v— 0O [ K=+ v
AZKHEEIE
15. Tlows &md Tis &kohoudies &y, v=1, 2,... wol &pilovrar &md ToUs mapakdTw
TUTrous elven gpaypéves kol Trotés Sév elvan ;
1) e« o V100 5 g = D 5 iy NN
) v ) %= D ) AT
3 2
) o T T e o
) ay="E 5) oy =5 6) ay= g,

16. TTowés &md Tis dxohouBies Tijs Twponyoupévns &okfoews elvon povdToves kol Toiés
8tv elvar ; Mé& Tis povéToves v& kabBopioBel kal T6 eldos povoTovias.

17. N& Sdoete Tpeis SiapopeTikés UmraxorouBies yi& xd@e & &mwd Tiis &roAoubles
Ths &oxrjoews 15.
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18. N’ &mroBeifere 611 ol dxohoubies a,, v=I, 2

yees TOU Opf &méd Tov -
T TUTTOUS Elven SAes undevikés : s
— v 14+ Vv
Dev=grs73 Day=Yv+5—Vv Ia= +u,-‘i—
4) a.,=v(Vv'+2—v+ 5) “v=ﬂ-{;,%—mlv‘ 6) ﬂv=V'!7(\";“-l—-§—v')-

19. Né& Umooyloere Tis dproxés Tipés T&Y dkohoubidv ay, v=1, 2,... Tou Spifovrat
&mwd ToUs TapakdTw TUTTOUS :

D ¢v=vl+i.aeR* 2) g‘,:l_‘*‘z%;“‘_"
v—3v42 Y P S—— eR+
Nevele ot H a=YGFraE+b - v, ;EIR{*

5) ﬂv=V(l—V 1 +%), aeR+ 6) a,= :—: , aeR*
elven yvnoles

20. *Av Becopnfel yvwoTd &Ti f dxohoubia (1+ _l-)v”, v=l, 2,50
v
2

gBlvouoa, vé& &mobeiyBel 8T ) dxohoubia (1+ i)v, v=1,2,... elver yvnolws alfouoa.
v

21. N& Umohoyioete Tis Spiaxés Tipés TV dkoroubiddv oy, v=1,2..%

. mou opllov-
Ton &mwd ToUs TapaK&Tw TUTOUS :
S o v g P il 1
Dev=5157135 2) ay=— vFy Nav=1l+5+...+ 7
22. N& Umohoyloete Tis TapaKaT® Spiakés Tipés :
i pvt ? pv? : pivt
1y hﬁnm 2) 11‘1:11 | 3) h‘rln o= g g
. utvt 28V 28yt
4) llsn T e 5) 11m gy 6) hm T
69

Wnepromotr|Onke amé To lvotirouto EknmaiSeutikng MoNmikrig



KE®QAAAIO IV
IYFKAIZH ZYNAPTHZIEQN

1. ZYTKAIZEH LYNAPTHIEQE I'lA x—+ +®

1.1 $16 mponyolusvo kepdhato doyoAnbiikape pé T oUykAion dxkohou-
Biédy TporypaTIKGY &pIBuEY ToU, s eldape, drmroTeholv wid oAU &A1 Trepi-
TTLOT TPAYLGTIKEY OUVaPTHOEWY. ZTO KepdAaio ToUTo B& Emextelvoupe Tig
Bwvoiss THs ouyxhicews kai Tiis Sploxfis Tiufs yi& TpoaypaTikés GUVAPTAOELS
mds TrpacypaTikiis peTaPANTRs. AUTS 8& yivel TPOTX Yi& TPOYUOTIKES oUVap-
THoEls Opiopéves ToUAGyIoTov of Evd dmrépavTo B1aoTnUX Tfis wopefis (o, + o),
&mou o elvon oTafepds TpaypaTikds SpiBuds, SnAadn yi&k ouvapTthoes f ué
(o, +00) = Z(f).

1.2 Mndevikéc ovvaptiosig y1é x — + oo. "Omoss elven yvwoTs, ioybouv
v — + oo kol l — 0 kai udhioTa ) Bevrepn &’ a¥Tés elvon ouvémeaia Tfis Tpco-

*AMwoTe kad yevikdTepa yi&k 6ﬂosa81ﬁﬂo‘re dxorovbia x,, v=1,2,... pé
X > 0 3 veN ioyUe

[, limx‘,=+oo==-xl -0

v

gmadn, &mwd TAv lim x, = -+ oo, Exoupe
Me>0,3vy=v(E): x> —:- M v =,
kal &pol x, > 0 ¥ veN
Me> 0, Jvy=vye): |XL’= «i— <E M vy, 5'r]i\c:('c31’]xL =0,
Thy iSidtnta (1) THv Ekgpédoupe Aéyovtas &Ti 1) owvdpTtnon f pé
= -:—, xe(0, + c0) elvan undevisr] yid x—>+ 0 (16 oUMPoAo X—>+ 0 BroP&-

Leton «x Telvel pds TO + co») kai ypdgoups — . ——>»0f lim e
I S X—r-- 00 v
Tevikd, &v | elvon & owdptnon dpiopévn ToudyioTo o’ Eva SidoTnua
Tfs popefis (&, + o0), B& Aéue 8T1 (] ovvdgnen I elvar pndevia] yud X — + co»

kol aUTd 8& TS cupPorifoupe pé f(x) ———»01f lim f(x)=0, T6Te ki povo
X—+-400

+
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&1, &v yid #dfe arodovdia x,, v=1,2,... pé x, €(a+ ) ¢ veN xal lim x,=+o0
ioyde 1(x,) — 0.

AnAad1
1(x) D Mé& xéde dxorovbia x,,v=1,2,...pé x,e(a, + ©) veN
By P | toyer limx, = + o = lim f(x,) =0

MMapadeiypata:

1. "Il ovvdgrnon § ué I(x)= Xf-—ll-f;x' x€e (0, + ) elvar undevixii yid X — + ©,
Mpayuatixd &v x,, v=1,2,... elven m& émoiadfimoTte drohovlia pé BeTikoUs Spous, TETolX
&ore lim x, = -+ o, TéTe f| dvTtioToryn drohoubla TwdV f(x,) = %l_, v=12... -

X, e
var pnBevixd, yorl &md thv (1), Exoune ¥ -0, 3 -0 kal .l_z — 0 kol Emopéves

Xy v Xy

1 1

Xy X2 040

f(x,) = - i

T g 1+0

Xy

"Qote &mobelfape 8T y1& kéde dkolouBia ué BeTikols Spous X, v=1,2,... kal pé
lim xy = -+ o # &vrioToixn &xohoulic TiuGV THs ouvapThoews f, Snhadi f dkoAoubla 1(xe)
v=12,... elvon pndevikn.

1
2. "H owvdotnon f pé {(x)= ol x€(0,+0) elvar pmdevixt) yid x—+ 0. TlparypaTird:

&pkel v’ armobeifoupe T &v X,, v = 1,2,... elvon w& émoradfmoTe drohoubic pé BeTikols

Bpous kal pé lim Xy= + oo, # dxohoubia Tév TIGY I(xy)= ;,:(—_v. v=1,2,... elvan ynbewvi-
«f|. TTpds ToUTo, Becopolipe Evav drotobrmoTe BeTikd &piBud e ToTe &mé TV lim Xy = + f& &-
youpe 8Tt y1& T6 €
T Vo= Vp(e) i Xy > eiﬂ ¥ o>y,
kal Emeidh xy > 0 % veN, Exoupe
-l—- < e M v =v, dnhabf 1

Xy Y ;\r

<L o=,

*QoTe &mobelfape 611 yi& dmoloBrmoTe BeTikd dp1Bud €, Snhabh yi& k&be € > 0 Umdp-
xe1 Sefktns vy (moU EaptdTon &mé T €) TéTolos, DoTE V& loxler

l_ <eNv=y
x""

SnAcds 611 —— = 0.

Xy
1.3 Zuykhivovaeg ovvaprficels 1ié x — + 0. M& T ouvdpTnon f pé
x)= %ﬂ mapatnpoupe &T1 f(x)-3 = % kad Emopéveos f) ouvépTtnon -3 el-

vou pnBevikd) y1& x — + co. "Avéoya mpds TV TepiTTeoon TGV dwohoubiddv
My kal 856 8m1 ) ouvdptnon { ouykhver yi& x — + co Tpds Tév &piduc 3.
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Mevikd, Mpe 811wk owdpTnon | dpiopévn TovhdyioTo o’ Eva SikaTnua
Tfis uopq:ﬁs (o, + o0) wavyxiiver yud X — + o0 mods Tdv dobud Ir. ) dNMds «rei-

vew yid X — + o0 mods Tov doibud Iy ked ToUTo TS oupBohifoupe pé lim f(x) =1
X =400
] f0x) ——— I, Té1e kal poévo TéTE, &v 9 cvvdernon - elvar undevier yid

X — 4 o0. I'ia ouvTouia:

llm f(x)_i pina f(x)—l—»O

x—>4.00

O& &mobelfouue Thpa 8T yik w& ouvdpTnon f Oplouévn o Evar TouAd-
yioTo Sidotnue Tis popefis (&, + o) loxbe 16 &&fs:

1.3.1 ©EQPHMA. “H cmvaomo"r,' f ouyxdiver yud X — -+ o0 mpds TV G-
oud | tére nal pdvo tdre, dv yud wdbe dxodovbia x,, v=1,2,... ué x, &(a, + )
i veN loyvet

lim x, = + o0 = lim f(x,) =1
*Anddakn. *Améd Tév Spioud Exoupe &t lim f(x) =1 < lim (f(x)-)) =0
X—r—+4 X400

"Opaws, lim (f(x)-0) =0 onuaiver &T1 y1& kéfe drolovbic x,, v=12,... pe

X—>+4o00
&pous o7d (0, + ) kal TéTowx doTe lim x, = 4 oo, loyle lim (f(x,)-1) =0
SnAadn lim f(x,) =1

*Emreid) 16 Spio wmds drohoubios efvan povadikd, &mwd 16 mapamdved Beco-
prua TrpoKUTITEL 8T1 & &piBuds I elven émrions povoonuévTws dpiopéves. Tov &pi-
Bpd aUTd Tév dvouddoups oo ) dotaxi) Ty THs ouvapThoews f yik x — + 0.

Iapadeiypota :
148 5
1. ‘H owdornoy { pé 1(x) =%, xe(0, +90) ovyxdlver y1& X—>+00

1
npde Tév dpiBud. T MpaypoaTikg @

1 x*4+8x 45 1 x+1

L6 S s = e 2 T e )

o X1
AN, BTress elBaue oTé Tap&baypa 1 Tiis wponyoupévns § 1.2, loxie m—m 0

Aok Ti x*+8x+5 _ 1
Gt T L
x> 00 i
<) 3
= =
2. “H owdotnon { pé {(x)= —Qv}'“ , X€(0, + ) ovyxilver yud x — + © mpdg
Tdv dolfuc % . TlparypaTiké: &v x,, v=1,2,. . .elven dmoradrimoTe dxohoubia pé BeTikols Spovs
LE 3
VE o
kol pé lim x, = -+ o, TéTe f) droroubia f(xy) = A Yy 2, b oundMiver mpds
2¥xy+ 5

TéV &p1Buo _;_, yiati Exouue
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L e e b
f(x) L P £
2Vx, + 5 -
¥x,
xatdmduni -0, 1 =0, —— — 0. *Apx
Xy Xy X,
1 0 gl
lim f(x,) = e
Cr St

"Qote &moBelfape 8T y1& k&Be dkoAouBia pé BeTikols épovs xal pé lim x, = + o,
# &utioToixn drohoubla TindY Tiis ouvapTricews f, BnAadr f dxohoubia [(xy), v = 1,2,...
; ; 1
ouykAivet Tpds ToV &piBpd 5 "Apa, &md TO mopamdvw Bewpnua 1.3.1, loyle
Yx+ 2
2 AL |

R, Mo & awrhry

1.3.2 Zvvaptiiosis nod anepiloviar Oetikd 1 dpvmukd yvia x — -+ co.
Mé T ocuvdptnon f pé f(x) = x? woparnpolue 611, &v x,, v=1,2,... elvar &
omoladfioTe &kohouBix TpayuaTikY &pi@uddy pé lim x, = 4 oo, TéTE kad 7
avtioToixn dxoroubia Tindv f(x,) = x4 v=1,2,... &mepileton OeTikd, yrori

fx)=x22=x,x, => (+ ) (+ ®) =+

Ztnv TepiTTwon oUTn Afue 6T 1) ouvaptnon [ pé f(x) = x2? &mepileTan
BeTik& y1& X — + 0.

Meviké, Afue ST1 pi& ouvdpTnon f ToU elven dpiouévn TouhdyloTo o’ Eva
SidoTnpa Ths popefis (o, + ) wanewilerar Oerind yud x — + wo» i dAidds
wovyrhivet yid X — + 00 @eds 16 + o f) &koun. «relvet yid X — 400 mods T

+ oo» ki ToUTO TS oupPohifoupe pé lim f(x)=+ o A [(x)———> + o,
X— 400 X—>+4 @
TOTE Kai pévo TOTE, &v yid xdle dxolovbia x,, v=12,... pué x, € (g, + x)

y veN  &yovue
limx,="4c = limf (x,) = + 0.
*Avéhoya Tpds TV TEpiTTTwon TEY &koAoubiddy B& Afus &Ti ) ouvdpTn-
on f «aneilerar dovnrind yid x — + co» fj GANBS (ovyxiiver yid X — + 0
mods Td —co» 1) Akdun «velver yid X— + o0 meds 16 —oo» kal odTd B4 TO
oupPoiifoupe ué lim f(x) =— o0 7 {(x) » — o, TOTE Kai povo

X—>+oo

+
TOTE, &v oyue hm (-f(x)) = + 0. & ouvTopix
X=p to0

x]lgl f(x) = —o0 4=a- lim (— f(x)) = 4o

—x¥4-x

My # ouwdprnon f pé f(x) = S

, x€(0, +o0) &mepileTon dpynTiKé

Yi& X - + o0, TpaypoTikd:
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- 100 = 537 X0, ++0)

kai y1& dmotadfimoTe dkodoufia x,, v=1,2,...ué BeTikols Spous kai pé lim x,=+ 0
foy el
—-x, x,—1 +00 —1

= =
3x+l wa) 3+0

= -}-00,

—f(x) =3

: e - y A f =2 hE e
Gpa lim  ( f(x)) = +o0 xal Emoéveas Iim =

"ATé T& Tapamdve TpokUTTEl Tdpa ekoda dT1 T Beddpnua 1.3.1 loyle
kal oty mepitrTeoon, ol ) Spiakn T ! elven Eva &md Té oUpBora + o,
—o. Thé ouykekpipévar foyver 16 dxdhouBo Becopmua:

1.3.3 @EQPHMA. ‘H owvdgryon f ovyxdiver yid x — + o meds 161
(leR*¥*=R U {~ 0, + o0}) 7dre xai udvo tdre, dv yid xdle dxolovdia x,,v=1,2,. ..
vE x.&(a, + o) ¢ veN yovue:

limx, = + o0 = lim f (x,) =L

*Anddedn. ‘H meplmrwon wdU I e R Trpokimtel &md 16 Becdopnua 1.3.1,
tvd 1) Teplmraon I = 4 oo &wd Tév dpiopd Tiis ouvapTroews ToU &meiplleTan
feTikd y1& x = 4 0. ‘H mepimrTwon woU &mopéver elven [ = — oo kal TpokUTTEL
Katd TOv dkdAouBo TpdTro:

'Até Tév Spiopd Exoupe lim f(x) = -0 = lim (—(x)) = + . AN

x> -+ ®
hm f(x)) = + 0 onuaiver 811 y1& Kkdbe dxo?\oueior o, we=12,000 i
—+ 100
x, € (0,4 ) 3 veN Tétoig, dote lim x, = + o0, foxler lim (-f(x,)) = +
dnAad1 lim f(x,) = - 0.

2. ZYTKAIEH EYNAPTHIEQE I'lA x——x

x+1

2.1 *Ag Bewpricoupe TH ouvdpTnon | pé f(x) = g X€(-,0) vi&
Thv émola TapaTnpolue 811 yi1& dmoiadriToTe dkohoubia x,, v=1,2,..., pé
x, <0 ¥ veN xai lim x, =-o00 loyle
f(x)_xv“"l_,l-i.xiv 1+40_ 1
v, —-va—z._ __i —>3—=—3-
AUTé 16 Ekgpdloupe Aéyovtas 8T f) owdpTnon f pé f(x) = —;:_—_Ez "
xe (- 0,0) ouykhivel yid x — —co rpds TéV &p1Bud —;— kal Té ypbooupe
limi: gt e L
e DX 3
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Meviké, Mpe 811 wé& owdptnon f mol elven Spiopévn ToUA&XIOTO O Eva
BidoTtnua Tiis wopgiis (oo, o), «ovyrAiver yid X ——o00 made Tdv dollud I»
i &ANIGSS ((Telver yud X —> — 0 mpds Tov dglbps I» kaf aTd TO oupPorilouue pe

lim f(x) =14 {(x) ——> |, ToTE kal pévo ToTE, &v yid xdfe dxolovlia
X—>—00 S
Xy, v=12,... pé x,6(-0,0)  veN &povue

lim x, = - = lim f(x,) =1

*Attd Tov TrapaTdva OpLoud TrpokUTrTEL &T1 & &piBuds [ elvan povoonudv-
Tws dpiopbvos. Tév &piBpd alrd Tév dvoudloune doro i bowaxt] Tyip Tiis £ y1&
X — —00. .

‘H #wvola Tis ouvapTrioews ToU &mepileton BeTikd fi dpunTiKG yi&
x——00, dpileTan dvéhoya Tpds ThY mepiTTwon X — 4 co. hé ouykekpipéva,
&v felvon wi& ouvdpTnon Oplouév  TouhdyioTo o Eva SidoTnua TR HopPPTis
(-0, «), TéTE Opifoupe:

) Mé& ke &roroubia x,, v=1,2,...ué X, €(-0,a) veN
lim f(x)=+ o0 <=

A o0 | joyler lim x, =-c0 = lim {(x,) = +
Ko
lim f(x) = —0 <= lim (—{(x)) = +
xX—>—00 opg  x—»—00

“Eto1, dvéhoya Tpds Té Bedpnua 1.3.3, Exouue kal T6 MapakdTw fecoprua:

2.1.1 @EQPHMA. "H owdornon f ovyxdiver yud X — -0 meds 76 1, leR¥,
rétre xal pdvo tdre, dv yid xdfe aroiovbia x, v=12,... pé x,e(-o0, @)
¢ veN Exoupe

lim x, = - = lim f(x,) =1

TMapadeiypota:

3x2 4 1
1. I ovvdprnon £ pé 1(x) =ﬁ, xe(-o0, —1) ouyxhlver yud X—>—o0 mpds v

doibpd 3. Mpayparikd & Xy, v=12,... eva wé doiadmoTe droloubia TpaypaTIKGY
&pibudsv pé X, < -1 ¥ veN kal lim x, = —o0, TOTE

1

o= Z2tl VRS 40,

X e AT, 1+_l_ I+0 '
Xy
R IS I T :

YT x =+ 0 ka = L 0.0 = 0. "Qore &model§aue STt
3x,2 41
lim x, =—© =*llmx,"+xv—-3,
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3x2 41

Trx

SnAadfy &mt lim
X—>—00
2. ‘Howdgryoy 1 pé 1(x) = VXEX, xe(-»,0) dnegilerar Betind pid X — —co.
MpaypaTikd: &v Xy, v=1,2,... elvon & dmoradnmore dxohoublar pé &punTikoUs Spous kal
pé lim xy = —o0, ToTE

f(xv)=vxv._xv= vxv’(l—:—v)=|xv|v1—%\’-=_xv l‘-;]:--—)-

v

S (—0)V1I—0=—(—w) 1=+,
BnAadt

limx, =-0 = lim y/X?-x,= + .

kol tmoptves lim 4/ x2-x = 4 oo,
X—>—®

3. “H owdotnon 1 ué [(x)=x vX*—x, xe(-c0, 0) dmewpiierar dovimizd yi& X->-co.

TMpayuatikd: &v Xy, v = 1,2,... elven wm& dmoadnmoTe dkohoubia pé  &pvnTixous Spous
kaf pé limx, = -, TOTE
f(x\) = xyvx 2%y = () (+ @) =-00,
Bnhadn Y
limx, =-0 = limx,vx2-X,=-w
kol Emopdvers lim x4/X*-x = — o,
X =5 60

3. ZYTKAIZH ZYNAPTHIEQE I'TA x-X,

3.1 Iiykhion ouvvaprijoeng Nid x —x, + 0. & ™ ouvdptnon g pé
g(x) = x + v/'x-1, xe(l, + ) ToaparnpoUue T yi& OmolaBnmoTe  dKoAou-

fla x,v=12,... pé x,> 1 3¢ veN kol lim x, = 1, loxle

@ gx) =%+ vx-1 = 1 +v/1-1=1.

Mapépora, yi& T ouvdptnon h wé h(x) =;_1—5 , xe(5, + o) Toapa-
Tnpoupe &1l yi& émoiabnimote dxohouBic x,v=12,... pé x,>5 yveN
kad lim x, = 5-ioxUel

3) h(x,) =5—5 - +

yieri, &mwd Ty x, > 5 3 veN kal v limx, = 5 TwpokUtrTel 61, yid kdbee > 0
Utrdpyer Beiktns v, = v, () Térolos cdoTe va foxuel 0 < x, -5 <& M vZ=y
kai &par
‘ 1 1
X—5 R A 2V
&nAadn &xoume ém1 lim h(x,) = + 0.

Thv iBidtnTa (2) THv Ekepdloupe Aéyovtas &T1 1) ouvdpTnon g Mé
g(x)=x +\/?—T, xe(l, + o) ouykhiver y1& x — 1 +0 mpds Tév &piBuo 1 kad

h(x,) =
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ypbpoupe lim (x + /x-1) =1, & T BidmTa (3) v ékppaloupe AEyov-
x—14-0

Tos 8T 1) ouvdpTnon h pé h(x) = L, xe(5, + ) &mepiletor feTik y1x
x =5 + 0, § ouykhival yi& x — 5 + 0 mpds 16 + 0 kai ypdgouue
lim -l-5= -+ co.
x=>5-4+0%"
Mevikd, &v [ elven w& ouvdpTnon dpioutvn TOUAGXI0To o” Evar BlaoTnua
Tfis popptis (X, B), Strou xueR B& Aépe &T1 oTh wovyxAver yui x — X, + 0
qode 76 I» fj GG arefver yud x — X, + 0 mods 78 Iy, 8mou leR* kad ol 6&

16 oupPorioupe wé lim f(x) =1 A} X)o7 I, Téte wai pévo TOTE,
X —Xo+ X=X+

&v yud wdle arolovfia x,, v=12,... pé x,&(x,B) ¥ veN #&youpe
lim x, =%, = lim f(x,) =1

TS I, ol elvan PéPaia povoonuévTws SpITHEVo, T4 dvouddoupe doto 1
owwer) Ty} THs owvapThoews f yid x — x4 + 0.

“Av 1 =0, TéTe A owvdpTnon | dvouddetan pmdevixi) yid X —> Xo + 0.
*Errions oTAv mepiTTwon, mou | = -0 Aéue kol &T1 1) ouwvdpTtnon [ amepileral
dovnrixd Yi& X — xu + 0, &v& o-n’]v mepirTeoon, mou I = 4 o Afpe 6T Ut
anewplCerar Oerind pd X — Xy + 0.

Tapadeiypota:

1. *H ovvdotnen { pé i(x) =

7! xe(0, 4 ) ovyxiiver yuid x—-+0

n06e Tov aglps 1 (-0 ypdgetan &vri Tol 0 + 0). TTpayuatikd: &v X,, v =1,2,... elvar mi&
émoiaBrimote undevikf) dkoloubia pé BeTikoUs Spous, Exoupe

~ O-+)oq=

i(x,) = (x,—1)*+

*Apa hrn ((x—l)’-{-v ’+1 =1

X
2, “H ovvdornon { pé {(x) = BGEE ) xe(l, + ) dreapilerar dpynrind yi&k x == 1 + 0
MpaypaTtiké: &v x,, v =1,2,. .. elvon dmoladnmoTe drohoudia pé Gpous peyaAUTEPOUS Tou 1
Tétora, GoTe lim x, = 1, TéTe Exouue
1-x,2 <0 % veNkal lim (1-xv*) =0

kai &pa lim _.1__. =-w. "Eton
1-x®
ol e e R )
5nAabn lim -
x->140 1-x*

3.2 ELoykhon ouvvaprijgew; yé x — x, - 0. N& 7 owdprnon g pé
7
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gx)=x+ V1-x, xe(-o0,1), Taparnpolue, émws kai ot (2), 8T yi1& dmola-
BrimoTe dkohouliar x,, v=1,2,... pé x, <1 3 veN foyuel
limx, =1 = glx,) =x, $3/1=x) L PAES/TET =1,
Mapdpoia, yi& T ouvdptnon h pé h(x)= ,:—5 A

811 y1& dmoladrimoTe dkohoubic x,, v=1,2,..". pé x, <5 3 veN loyle

xe(-o0, 5) TaparnpoUpe

limx, =5 = g(x,) :x—_l_-_,’— — —o0.

Mparypamind: &md 16 yeyovds & lim x,=5 kad x, <5 y veN mpokuTTel 11
Y& kébe e > 0 Umdpyer v, = vy(e) TéTolos GoTe v loxler 0<5-x,<e v vZv,.
"Apa foyUer kaf

1

1
S—Xy> T M VEVO

BMACH lim 5= = + o0 wai Fro lim — = ~co.
T& TrcEmc'xvm T&  Exgpdloupe Aéyovtos &Ti T ouvdpTnon g ué
g(x)=x+VI=x, xe(-0,1) ouyrhiver Yi& x—1-0 mpds Tév &piBud 1 kad ypdpoups
lim (x + 4/1-x) = 1, kad &1 ouwvapTtnon h pé h(x) = -]—5, xe(-0,5)
x—+1—-0 L

dmeipifeTon &pynTIKE Yi& X — 5-0 f ouykhival yi&k x — 5-0 mpds Té -0 kad
Yp&poupe lim x—_l-g- = —o0o0.
x—>5—0 )

levikg, &v f elvon wé ouvdprnon Spiopévn TouddyioTo o° v BidoTnua
Tiis wopefis (@, X,), 8mou X, €R, 8& Aéue 8T alTiovyxAiver yid X — x;~0 modc
74 I» fi &AMidds «relver yud x — x,~0 mpds 76 I», Smou leR* kad alTéd 6& T6 oup-

PoAifoupe pé lim f(x) =1 f f(x) ————> [, TéTe kad pévo TéTE, &V pud
X—X—0 X—~>X—0

ndfe dxodovlia x,, v=12,... pé x,&(c, x,) 3 veN Eoupe
_ lim x, =%y = lim i(x)) =L
Té I ol elven, PéPaia, povoofuavta dpiouévo, Té dvopdloupe Spro 7y dota-
wij Tys) Tiis owapThoews | yid x — x, + 0.
"Av I =0, To7e f) ouvdprnon f dvoudletan underin] yid x — x,~0. Emiong
oty TepimTeoan, Tou I = —oo Adpe kad &Ti ouwvaptnon f dmepilerar aovnrixd

yid X = X,-0, dv@® oy meplmwrwon, woU | = + co Abue 811 alth dmepileTa
Oerind yid x — x,-0.

Mapadeiypara:

1. "H awdgnon  pé 1(x) = (x + 2)* + V xfl , Xe(-1,0) ovyxiives yed x - -0

pds Tov dp1Bud 4 (-0 ypdgetan &vtl ToU 0-0). Mparyparikd: &v x,, v = 1,2,.. . tlvan dmroia-
BfimoTe unBevikn dxohoubia pé xve (-1,0) ¢ veN, Exoupe
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=+ 20+ Ym0 420+ | =4

Xy

—r
i Gpa i ( , v _
xai Gpa lim (((x+27 + —1) 4

X
x?

2. "H owvdgrnon f pé f(X)=% , xe(-w,0) dnepllerar doynrizd yud x — —0.

MpayuoTiké & Xy, v=1,2,... elvan dmoixdimoTe unBevikf) dkohouBia ué &punTikoUs -
pous, TOTE, y1& k&Be € > 0 Umépyer v, = Vo(€) TETOI05, dote vé loxie 0 < —xXy <e  ¥v = v,
TéTe dpoos

1
el veN

gl

SnAadh lim ( = -l—) = + o kai Ero1 lim . S = -, "Apa lim i1 = -c0.
Xy Xy X 0 =
3. "H owdgrnon § pé 1(x) =-11_(T, xe(-1,1) &mepifetan Berik& yid x — 1-0.
MpayuaTiké &v Xy, v=1,2,... elvan dmorabfToTe dkohoubia ué dpous oTd BidoTnua (-1,1)
xol TéTola GoTe limxy = 1, TOTe Exoupe
1-xv* > 0 % veN kai lim(1-x?) =0

&m’ &mov maipvoupe lim = 4 . "Eto1

1-x,2

f(xv)=1%;w,=x - 1(+®) = +e.
v

vI—x3
af lim o= t®
o gt x=+1—0 1i=—x?
3.3 Ziykhion ovvaptioens Yi& X — X, "Av fewpriooupe W& ouvapTnon
f dpiopévn TouhdyiaTo o” Eva avolo THis Hopefis (&, Xo) U (xg,P), TOTE Y1’ @l

elven Buvartd vé dpiabei f Evwoia Tiis ouykhioews Téo0 yi& X — Xg + 0 &oo xai
yi& x — x-0.

My & i(x) = ]:fl' xe(-00,0) U (0, + ), Exoupe

lim 2 =1lim X =lml=1
x—»-{-O”‘i x—+40 X x40
Kai
lim =~ =lim = = lim (-1)=-1.
xinig VBl g9 T8 x5 L0
"Axdun, yi& f(x) ==, xe(-o0, 1) U (1, + ) Exouue
im =l fim DEHD_ G x4 =1+1=2
T T x—1 o
=140 x=140 x=>140
kad
lim 2=l = gim EDEHD - gim ) =1+1=2
x—1—0 x=1—0 x=1—0
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Sthv TeheuTala aUTn TepimTeoon mapaTnpoUpe STI

i =9 lm

x->140 = xeplnf) FTH

x2—1

x—l

xad atrd 16 Exgpédoupe Myovtas &Ti f) ouvdpTnon f pé f(x) = :

xe(-00,1) U (1, 4+ ) ovyxhiver yi& x —1 mpds v &pifud 2.

Mevikd, &v f elvan wi& ouvdpTnan Spiouévn TouldyioTo o’ fva ouvolo Tiis
uopq:ns (&, xg) U (x,,p) &mou x,€ R, 8& Aéue 8T oty (ovyxiive pud X = X,
mpdc 76 Iy ) AMGS «(Telver yud X — X, mods TO I», &mou leR* xai a¥rd 6& TO

oupBoAiZoupe pé lim f(x) =14 f(x) yrra I Té1e kol pévo TOTE, &v
X=X,

lim f(x)=Il= lim f(x).
x=>Xy+0 x—=x,—0

*Ovopdloupe T6 I doto ) Gotawt) Tourj Tis ouvapTiicews | y1& x — X,.

*Emreidn) of opiakés Tipés Tiis | yu& x = X,0 kal x > x5 +0 elvan pova-
Bixés, &md T& TOPATTAVW 'rrpor.u*rmal ém xal f) 6praxf) T Ths f y1d X X
elvon &rrions povadixi.

*Av | = 0, Té1e f) ouvdpTnon [ dvopdletan undevier yid X — X, Akopn
oTHY TepiTTwao, ToU [ = — oo Adue kad &T1 f) ouvdpTnon f amewpllerar dovyTind
yid X — X, 803 oThv TepimTon, émou ! = + oo Mue ST oUTh amepileTal
Oetind yid X — Xg.

Iopadeiypata:

1. “H ocwvdgron 1 pé. 1(x) =L‘f:‘g‘_6, xe(- @, U2+ ) ovpxiives yid X2

npds tov dpibud —1. TperypaTikk:

X' —5x + 6 (x-2)(x—13)

x=2 == =0 =x—-3 ¥ xeR — {2}
"ANA& TOTE elkoha mpokUmTet &1 lim (x—3)=-—1= lim (x—3), SnAadh
X—*2+0 x—>2—0
o, Dol N m Lokt rtvsualods dg g
X—>2+0 x—2 k x-].'.T_o T TR xai &pa P_TS == =1

2. ‘I ovvdornon { pé I(x).=—;7 , xe(-0,0) U0, + @) dnepilerar Berind y1&
x — 0. Mpaypariké: yi& k&de pnBevikn dxohoudia Xy, v=1,2,... ué feTiKOUs Spous, EXOUME
lim L =4+
Xy
kol &pa —11-=-i . m 4 (+ ) (+ ®) = + o, BnAabh lim -l; =
Xy X Xy x>40%
*Emrions, y1& xé&fe pndevikf) dkodoubia xy, v=1,2,... ué &pvnTikoUs Spous, Exoupe

g L s
lim Xy
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1

_ 1
x,,’_ Xy

xal &pax

Xy

1 1
=(-o) (-o)=+ w,5nhadf lim S = + o0,
x—+-0
1
*Etor &mobelape 811 lim o= g0,
x—0
3. “H ouvvdptnon 1 pé 1(x) =);;’1, xe(-,0) U (0, + ) dnewpllerar downrind yid

x — 0. Tpayuarikd yi& x&Be pnBeviky dkohouble xy, v = 1,2,... ué Betikols Spous,
Eyoupe

=1 __ 1 (1__1(1_-)-"(+m)(l—__(+ﬂn))=(+w)(—no)=—m

XN Xy
lim x—1 =—00.
xal &pa L, T

*Emions, y1& ké@e pnBevixf) &korouvbia Xy, v = 1,2,... ué &pvnTikoUs Spous, Exoume

ol L (- L) Co)t- (o) =(“m)(+o)=—e

X! Xy %
RO <o
xal &pa xl‘_Tn - —
ox—1
*Eto1 &mobef€ape &T1 lim i =-®.
x—0

ZYeTIKE PE TH oUYKAIOT YI& X = X, X.eR loxuer 16 mapokatew Baoikd
Beddpnua, oy elvon dvddoyo pé T6 Bedpnua 1.3.3 moU dvagpépeTan oTh oUy-
KAIOT) YI& X = 4 00, ‘

3.3.1 @EQPHMA. Qzwooiue uid cvvdgrnon f dotouém tovidyoto of éva
otvolo tijc poogiis (a, Xo) U(xg,P), XeR. ‘H auvdornon | ovyxiive yd X — Xq
mode v6 1 (IeR¥), tdre xai pdvo tdte, dv yid xde dxolovhia x,,v=1,2,... Jé
x.6(a, Xo) U (%p, B) ¥ veN EZypovpe.

lim x, = %, = lim f(x,) =1

*Anddeikn. A) “Ymobéroupe & lim f(x) =1 ad Gecopolpe wd morad-

X=>Xq p

mote drohoubiax x,, v=1,2,... pé x,&(a, Xg)U(xy,B) veN kal lim x, = X,.
Arcxpivoups, Thdpa, Tis TapokdTw TPETS TEPITTOOEIS:

1. loyder x, < Xo p1d &va nanegau,ué'm aAijfog dewxrdw. ZThy Trepl-
TTwon oauth), Siaypdgovtas ToUs Spous THs X, v=1,2,... TroU ikavotroiolv
T oxéon X, < X, Exoue m& &xodoubia y,, v=12,... yi& Thv omrola, PeRac,
loxUer y, €(xo,B) ¥ veN kai dxdun, cUpgava pé Ty Taparhpnon Tis § 1.4 Tou

kep. lll, ém1 limy, = X,. “Apa, &pol lim f(x) =1, Exouue lim f(y,) =1{, oY,
X=X,

cUpgewva TéAlL pé Thy I8 TapaTfipnon, onuaiver &7t lim f(x,)=1

2. *loydel x, > X, yid &va memsgaouévo mAiflog deverdw. “Omas kai oThw
Tpcotn  TepimTwon, Eror kol €86 ouumepalvoupe ué &védoyo TpoTo Om
lim f(x)="1

3. Aév iogber xaud 6 Tis meguurdoeg 1 xai 2. ToTe, SiaypagovTas
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ToUs Spous Tiis X, v=1,2,... 1ol ikavorroiolv T oyton x, < X, Exoupe &
Umakodouvbia x, , v=1,2,... 7Tfs x, v=12,... yi&k tiv Omola loyler
x, €( x0,P) ¥ veN xai dkoun lim x, = x, Cl&1dTnTe 2, § 1.4.2 70U keq. |lI).
'AMG dpou lim f(x) =1, Exouue
X-»X,
€)) lim f(x, ) =1.

Mapdpora, Biorypdgovras Tous dpous Tiis X, v=1,2,... mou ikavomoiolv T
oyéon X, > X, Eyoupe m& Umaxoloubia Xpp V= 12,. s omfis 2w 120 o
yi& Thv bmofa loyue x, €(a, Xo) ¥ veN kal lim x, =X, ‘AN, d&goU
limf(x) =1, #youue

X=X,

(5) lim f(x, ) =1
Mapamévew Siaoméooaus THv drorovbia x,, v=1,2,... of Sud Umaxohoubles
™s, Ts x,, v=12,... xal x,, v=12,..., yi& Tis dmoies ioyvouv &vTi-

oToixa oi (4) xai (5).’Amd Tis oyxéoes aUTés mpokUTrTel 811 oy el kad lim f(x,)=l.
Tporypomikd: Betovtas A ={Ay, Ay,.. .} kal M= {u;, py,...} ol (4) xai (5)
uTTopolv v& ypagolv dvticToxa
lim f(x,)=! xai limf(x,)=1L
. VeA veM
"ANAG, &mroos €iBope oThy Tapdypago 1.4 ToU keg. I, ioyle
lim f(x,) =1
vel ; y
=  lim f(x)=!= limf(x)=1L

lim f(x,) =1 veAlM=N
veM

“Qoe xad oTis Tpels TapaTdvw TepiTTTdoEs dmodeifope 611 lim f(x,) = L.

B. “Ymobérouue, Topa, 811 yi1& kd&fe dwodouBia x,, v=12,... ué
x,&(e, xg)U(x0,B) 3 veN foyvea

6) limx,=x, = limf(zx)=L

Elven govepd &1 alrd foyUer kai yid Exeives Tis dxoloudies x,, v=1,2,...
Y& Tis omoiss x.e(a,x,) ¥ veN mwoU onuaivet 6Tt lim J(x) = 1. *Axdun

X—>%g=

N (6) loxUe kol y1& Exelves Tis &rohoubles x,, v=1,2,... pé x, € (x,B) 4 veN,

mo¥ onuaivel 611 lim f(x) =1 “Etol #xoupe lim f(x) =1
X—X,+0 X=X,

4. IAIOTHTEZ TQN IYTKAINOYEQN EYNAPTHEEQN

~ 4.1 "EoTtw oe R* =R U {~o0, oo} kai f pi& ouvdprnon dpiouévn Toudk-
XioTo ¢’ Eva oUvoro U(o) mou Exer T poper

(d, U) U(O’, B), &v oeR
(=, +o0), & o=+
(0, o), & 0 =—c0.
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Mopaméuew Exoupe opfoer THv Bvwoia ToU lim f(x) =1 kol pdhiora of
X—>0

Shes Tis mepirTdoEls, dmou I e R*. "Axdun 16 [ 16 dvopdoape doro 1 dotax] Tip]
Tijc ovvagrijoews [ yi& x — 0.

“Omreos eibape, 1) oUykhion pids ouvapThoews yik X — o YopoxTnpileron
TévToTe &rd Tis ouykAivouoes Tpds T6 o dkohoubies ki ToUTo SAAoTE &S TOV
Spiopd (BA. .- § 1.2) kad &AhoTe &md BewprjuoTar (PA. .. GewpriuaTa 1.3.3
kol 3.3.1). NMi& Shes Spoos Tis meprTcdooels ioyvel, TO dxdAoubo Becoprpct.

4.1.1 ®EQPHMA. ‘H gwdornon f ovyxdiver yud x—>0 modc 6 [, 1 € R¥,
ToTE ai pdvo tdve, Gy yid xdfe dxodovbia x,v=12,... pé x, € U(o) ¥ veN
loyde

limx, =0 = lim f(x,) =1
*Anddetn. N& o= + o, 16 Bedpnpa alrd ouptmimrer pé T Bedpnua

1.3.3. Tapduoia, kai yi&k o = —o0, T Bewpnue A foyler (BA. § 2.1). Téhos yik
oeR, 16 Becopnpa oupimTea pé T Bedpnua 3.3.1.

Mé 1 Bofifeix ToU Trapatdve BewpriuaTos &rodeikviovTen edkoha kel yidk
Tis ouyxAivouoes ouvapTnoels i516TnTes &vddoyes pé Tis 1816TnTEs TGV &rohou-
Géov. Tlpiv Gpws Siatutrddgoupe Tis 1816TnTES TAY oUyKMvousdY ouvepTioewy
8& oplooupe TpdTa TV Bwoia TS goayuévne owvagtioewe, 1| dmola ouvbée-
Tou pé v Ewoia Tis ouykMoews ouvapThoews, dws dxpifds cupPaiver kol pé
Tis &roAoubies (PA. 1&16TnTes 3 kel 5 Tis § 1.3.1, kol iB18TnTOr 3 75 § 1.4.2 TOU
keg. 1I).

Mi& ouvdptnon f, dvopddeton goayuévn oty yatowd ot o, ToéTE Kad
uévo TéTE, &v Umépyel TporyuaTikds &piBpds 8 kal olvoho Tiis popeiis U(o)
TéTOl0, doTE V& foxUEl

[f(x)| € 8 3 xeU(o).
To 8 évoudleton TOTE gpdypa 1ijs § mdve ord U (o).
T.x. | ouvdptnon f pé f(x) = —:- elven gpayuévn o yertoni& ToU 4 0

kol TOU —c0, yiarl loyle

|1 ¥ xed, +w),
kol

1%|s 1% lxeloo, = 1).
TMopduore, adth elven porypévn kad o1 yertowid Tou 2, yiarl loyer

| +|<1 ¥ xet2) 0@ +w).

*Avtifeta, ol Bfv elvon ppaypévn o) yertowid ToU 0, yiorl &v UmroBéooupe
oT1 Umrdpyer € > 0 kal olvolo Tis popefis U(0) pé
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Ll

X

T61E Y14 KéBE xE| (- ~l—, 0) W:(10, L Ylar (0) Exowpe = > 8, mpdrypa rou
L} ] X

elven &rotro.

4.1.2. M¢ v Porfea 109 Oeworjuaros 4.1.1. mooximrovy ol magaxdrw
ibudrnres Taw ouyxlwovedy ovvagTioewy ué iy mooiindean, PéPara, dre ol mod-
Eeig mod onpeidvovrar oTis Soraxés Tipés elvat émiToentée.

“YrroBétoupe 8T f kol g elvon ouvopThioels dpiopéves TOUAGXIOTO Trdvw
ot tva ouykekpipévo ouvoho U(o), This wopefis oy kafoplofinke TapoTéve.

1. f goa oty) yerrond Tot @
poayuévn otrj y } () g() —— 0

g(x) X =0 ,0 X—0
TMpaypaTiké: Bewpolpe Eva ppdyua 8 s f wévew otéd U(o) kai wk dmoiadfimo-
Te &kohoubia x,, v=1,2,... pé limx, = o. ’ANA& TOTE EYOUUE én x, e U (o)

yi& Shous Tous BelkTes v ticrds &md fva Temepaopéve ATBos kol Erol yik ToUs
iSious SefkTes pokUTeTel ST |f(x,) | < 6. AT aiTd TpokUTTTEl dpéccos OTL 1)
&rohoubia f(x,), v=1.2,... elvar gpayutvn. Topx TaparnpoUpe 6T loyuel
kel g(x,) =0, &goU &méd Tfiv Umobeon Exouue én g(x) > 0. "Apx

cUpgwva pé Ty iBidtnTa 5, § 1.3.1 ToU keg. Ill, pokUmrrer STikad f(x,)g(x,)—0,
&nAadh f(x)g(x) —— 0.

X—=0
25| 2R

»0 < 1f(x)i T)?)‘ 0 <= -f(x) » 0.

X—=>0 X—>0

Mparypamikd: &v x,, v=1,2,... elven m& &moladnioTe droroubia ué limx, = o,
TéTE oUpgwva pé Thv iBietnTa 1, § 1.3.1 ToU keg. 11, E&xouue

f(x) -0 < |i(x)| -0 -(x) -0
kol &po foyver 1 2.

3. gx) ——> 0 ~ %) 0.
f(x) | < lg(x)| ¥ xeU(a) i
TpaypoTikd & x,, v=12,... elvon pi& émotadnoTe drorouic ué lim x, = o,

yopls PAGPn THs yevikétnTas UmobéToupe &Ti X.€ U(o) & veN. "Etol Exoupe
g(x,) — 0 kad [f(x,) | < |g(x,) | ¥ veN kal &pa, oUpgova pé v idtTnTa 7,
§ 1.3.1 ToU xeg. lll, ioxve kad f(x,) — 0, moU onuaiver 6Ti i(x) » 0.

X—>0
|1], &v leR

+ o0, Gv l = 4+ o0 fj —0.
MpayuaTiké &v I eR, Téte Exoupe f(x)-I

4. limfEx) =1= lim |i(x)| =
X—>0 X—0

—> 0. 'AM& foyue
L) | -1 | < fx)-1| ¥ xeU(o) xai &po, &méd ThY Topamdve 1BidTnTa 3,

mrpokutrTel 811 kad | [f(X) | = [!] | 75> 0, SnAedn lim i) | =1L
X—=>0
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*Av l = 4+ o0, fj —o0, Bewpolpe & dtroladATOTE &roroublx x,, v=1,2,... pé
lim x, = 0. "AM& loxle - |i(x,) | < f(x,) < [f(x,) | kel ETo1 Exoune

lim(- |f(x,) ) < lim f(x,) < lim [f(x,)) .
*Ape, &v I = + oo, Téte kad lim | f(x,) | = + o0, vd &v lim f(x,) = -0, TéTE

xal lim (= |f(x,) |) = - kol &pa lim | f(x,) | = + o0. "ETon TAVTOTE EXOUME
lim |f(x,)| = + o moU onuaiver émi lim | {(x) | = + 0.
X—=>0

5. limf(x)=1 leR = f elva poayuévy ovij yeirond tod o.
X—=>0

YAy UrroTebel &1 ) f Bév elven gparypévn, Exoupe:

1) & o e R, Té1e of kéfe oUvoro Tiis woppiis (cr— %, cr) U (c, 0'-%-%)
Umdpyer x, pé f(x,) =v & veN.

2) &v o = -, TéTE of ke oUvoro Tiis uopefis (-, -v) UTT&pYE X,
pé f(x,) >=v & veN.

3) & o= 4o, TéTE ot K&Be oUvoro Tiis Hopefis (v, + ) Umdpyer x,
pé i(x,) =v ¥ veN.
TMapatnpeotue 871 kal oTis Tpels Tapomave TrepITTooEs 1) dkoloubla Tou bpl-
Leton elven TéTola GOTE

limx,=0c xai f(x,) =>v % veN

*Apa lim f (x,) =l kad didpn lim f(x,) = lim v,BnAadh | = + oo, mp&yua ToU
elven &rotro.

6. limf(x)=1]

X=a

lim g(x) =1, ] = lim (f(x) + gxN =h +h

Mpayparikd: &v x,, v=1,2,... elvar & SmroiadnmoTe droAoudia pé lim x, = o,
167 Exoupe kai lim f(x,) = I, lim g(x,) = I, xai Ero1, oUpguva pé Ty IS0 T
4, § 1.4.2 10U kep. lll, wpoxiTrTEl
lim [f(xv) + g(xv)] — ll + 12
mou onuaiver &t lim [{(x) + g(x)1=4 + .
X—0

X—=+0o e

lim g(x) =1 ‘ = 11_13: f(x)egx) =14 L.

X—+o
MparyuaTik&' &v X, v = 1,2,... elvan w& drroiadrmoTe dxoroubla pé lim x, = o,
TéTe Exoupe kol lim f(x,) =1, lim g(x,) = [, xai Eroy, oUpgpova pé v 1B16-
T 5, § 1.4.2 ToU keg. Ill, mwpokimrTel

lim f(x,) g (x) =141,

oy onuaiver & lim f(x) g(x) =1, L.
X0

85

Wnepromotr|Onke amé To lvotirouto EkmaiSeutikng Momikrig




AUTH poll pé ThV mponyolpevn iBidtnTa 6 cuverrdyovton kol TV
teR, lim i(x) =1,

X0

neR, lim g(x) =1, = 1;_':1 E(x) + ng(x)) = & + nb.

Eldikg, y1& € =1 xai n=-1, mpokUmTel

lim f(x) = [

X0 .

lim g(x) = I, l = lim (f(x) —y(x)) = b — b
X0

1
1]cl+u ‘(X) i

X=0o

f(x) # 0¥ xel(o)

Mpayuomikd: &v x,, v=1,2,... elvenr w& dmoiadnmote dxoroubia pé lim x,=o0,
Té1e lim f(x,) = 1. Xoopls PAGPn Tis yevikdTnras UmoBitoupe 6T x, €U(o)
yi&k k& veN Tére Sucos Eéxoupe lim f(x,) =l kad f(x,) # 0 3 veN kal érol
&md Ty iidtnTa 6, § 1.4.2 ToU keg. Il maipvoupe

e L
f(x ) 1

8. limi(x)=1#0 }

ToU onupaiver &1 kad lim NS R

x>o %) t
AUTH podf pé Thv Tponyolpevn iBidTnTa 7 cuvemdyovtar kal TH
limi(x) =1 #0

X0
i — B =
}‘gr:r gx) =1 :115: T zl
f(x)# 0 ¥ xeU(o)
9. limi(x)=1

X—=0
lim g(x) =1, =L <L
X—o
f(x) < g(x) ¥ xeU(o)
Mpayuatikd: &v x,, v=1,2,... elvar & dmoladnmoTe &xohouBia pé lim x,=o
kad x, € U (o) ¥ veN, 8& mpémea v’ &moBeifoupe Thv TopaxdTe B1dTnTa
lim f (x,) =1,
lim g(x,) =1,
f(x.) < g(x,) ¥ veN
AUTH Suws TpokUTrTEL GO TOV Oplopd Tiis SiatdEews oT1d ouvoho R*
Tou Sé8nke oty § 2.1.3 ToU kep. lIl.
10. f(x) < h(x) < g(x) ¥ xelU(o)
lim [(x) =1, limg(x)=1
X=C X=»0O

Mparyuamikd: &v x,, v=1,2,... elvon m& émoiadnmwoTe drorovbia pé limx, = 0o
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6 Eyoupe lim f(x,) = xaf lim g(x,) = I. Xwpls, Suws, PA&GPn Tfis yevikdrnTas
Utrofétoupe 611 x,€ U(o) ¥ veN kal &pax

f(x,) < h(x,) < g(x,) ¥ veN

AUTS, oUpgpavar pé Thv ISt 8, § 1.4.2 ToU keq. lll, uds Biver o1 kol
lim h (x,) =1 oU onpadver é1 lim h(x) = 1.
X—=>0 ®
1L lim [(x) ={= lim Vi(x)| = {Vm v leR
X—c X "|"CO , QV = +-00 'F] —c0 .

MparypoTike: UmoBétoupe 6T leR kai Becopolipe pix dmoradnmote drohoubia
x,v=12,... pé lim x, = 0. ToTe Sues lim f(x,) =1 xai &mwd v iBioTnTa 9,
§ 1.4.2 ToU keg. Il Exoupe

lim Vi) = V[ »
TTou onpadver 611 lim KP| i(x)|= {/m- .

X—=>0

*Av I = 4 o0, ) =00, TéTE, &md TAV Tapamdvw iBiwtnTa 4 Exoupe kol

lim | f(x) | = + . *Apg, yi& omoiabfmote dwohoubfar x,v=12, ... pé
X g

lim x, = o, &oupe lim | f(x,)| = + 0. *ETol y1& ke € >0, Oéroupe ek =¢*

kol ToTE Urdpyer Sefktns v, (oU E§apTdTan &mwd TS e, &po xad &mO TO €) TE-

TOI0§ DOTE 1

@) | == ¥ v=vy

*ANMG ToTE Exoupe kol -

L3

I >2=2=1 yvzy,

Yeb Ve
% x
SnAad lim V[ I(x,) | =+ o, oV onuadver &1 lim V[ {(x) | = + co.
X—>0
AZKHZIEIZ
23, Né& Umohoyiofolv ol TapakdTw Spiakés Tipés:

. bm ] i Li L2k i nuSx

) x-l-n-:-m x84 3 2) x]—l;".lw X 3) !I—Lnj_qo X+7
4 lim X0 5) tim X+l jm X1

) x+=r00 X'+ 1 ) xﬂl-Tw x—1 £ x—l:-r?w xt—=1

24. Né& UmoloyioBouv of TapoxdTw dpiaés Tipés:

. 2xt 4 3x2 47 : e : T 5x L2 -2
D lim ZAIRAT 2 dim (GEFD-x) P lim (VETF5H2-2x)

. x® 4+ Tx " X —Xx3 6 fim x? —x®

9 xl:-Tuo 3x*4 1 3 x-l-ﬂw 5x¥ A 1 ¢ x>too X4 + Bx* 47
7 x4 —x7 1z X3 —x* 9 lim X -—-X‘.

i ,-I-:-Tuo X0+ 7 8 xl]-n;w x? 4 2 ) x—L+BO Tx* + 2
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25. N& UmohoyioBolv of TapakdTe dptakés Tipés:
) lim XWX gy gim XEZX 3 dim x (VX F14x)
x—>—00 X* 41 x—>-00 —X3+ 8 x—>—

26. N& Umohoyio@olv ol Tapak&Tey Spiakés Tiuks:

: x4 1 ; 2 3 lim X 4 lim 27X
D Hm XEL 2 dm S D Mmoo P e oy cra
27. Né& Umohoyiofolv ol TopakdTw Optakes Tiuks:
1) M X-fxtd T | i S 8
x—+1—-0 x—1

x~»1+0 x—1
|x—2|+x'—=3x+2

gy tim cdXmll R0z 432 4) lim
x—>2+0 X—-2 x—>2—0 x—2
5) im Xt2 6 Hm X2t2
-0 [X|x

x—>+0  |X[X
28, Tlapduoia,vé Umoloyiololv ol épiaxés Tipés:

x342x -3 3) lim x? 4+ 3x—4

TR el N T Xh3x—d
x—>1 2x¥—-5x+43

x>y xt—2 x—=>1 x—1
L o xh—1 . R
4) 31:31 ST (Au guoikol ¥piBucl) 5) "!H'ny.— 5x%% — i.v_ 22x=_4x
& tim X+1 P 3x? 4 6x o e
R B LR
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KEOAAAIO V

IZYNEXEIA ZYNAPTHIEQN
1. H ENNOIA THE IYNEXOYE LYNAPTHEIEQE

1.1 "OAes oi cuvaptnaoeis pé Tis dmoies doxohoUpaoTe 0TS KepdAaio aUTO
elvan TrparypaTikés Wds TPayHaTIKTS MeTOBANTHS.
x*— ..
MNé& 1 ouvdptnon g ¢ g(x) = ['Q:T' c‘xu i TapaTnpoUue 8T1
G o x=1
. T
lim ‘g(x) =lim S—5==2 # 0=g(l).
x?'—1 v 1
*Avtifeta, yi1& T ouvdptnon h pé h(x) = [‘x‘:f' P

TTEPATT POUUE
20 ot avz=1
33!

lim h(x) = lim X=1 =2 = h(1).
=1 X — 1

x—>1

L]
T

=

il i
s /

Zy. 63 Zy. 64

g elvar dovveyss ot 1 h elvar ovvepjc otd 1

=1 SeUtepn mepimTeoon Aéue 6T N ouvdpTnon h elven ouvexns ot onpeio 1
(o 64), dvéd oThv TN TepiTTeaon Adpe 6T fi ouvdpTnen g elvar &ouvexris
oTd onueio 1 (oy. 63).

*Erions y1& Tis ouvopThioes ¢ kol W ué
|x], &vx<0 Vol wix) = x]' i
x+1, &v x>0 x & x>0

(x) =
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TaparnpoUpe 81 elven douvexels oTd onpeio 0, Strws padveton kal oTis Topord-
TW YEWPETPIKES TTOPACTACEIS TOUS:

y i

S¢ 5¢ \

Sy

levikd, y1& md ouvaptnon f pe medio dpiouol éva Sidotnua A Aépe &1
elven guveyijc 01d onueio X, € A, TéTE xai pdvo TOTE, &V
lim f(x) = f(x,)

X—>X,
Iepetipnon. Ztév mapamdvw Opioud  ypagovtos lim f(x), &v 16 x,
XX
elvon 16 &pioTepd &xpo ToU BraoThuaTos A, dvwoolue T6 lim f(x), ved &v T
X—>Xe+0

X, elvon 16 Be61d &xpo, EvvooUpe TS lim f(x).
X—>X%y-0
"Av 1) ouvdpTnon f elvon ouveyfs oé kébe onueio ToU SiooTrpaTos A, TéTE
Ape 611 elvar owveyijs otd A, f) xad, &mAd, cuveyis.

1.1.1 ©EQPHMA. ‘I ouvpdpryon f elvar owveyrc otd onueio X, €A tdre

®ol udvo tdve, dv yud xdfe drolovlia x,,v=12,... ué x, el 3 veN &yovue
lim x, = x;, = lim f(x,) = f(x,).

*Anddertn. *Amd Tév dpiropd, T6 61 1) | elvan ouvexns oTd x, €A onuaiver

ém lim f(x) = i(xy). *Eto1, oty mepimTooon ToU Té x, Bév elvon dxpo ToU
X—X,

Sicotruaros A, TO fecdpnua TpokiTTel &1rd TO Becopnpa 3.3.1 ToU xeg. 1V,

&vé o mepimTeoon ol Té x, elven dxpo ToU BixoTAuaTos A T6 fedpnua

TpoKUTTTEL GO ToUs Opiopous ou &dfnkav oty § 3.1 kai § 3.2 ToU keq. IV.

Inpeioon. Oswpolue w& ouvdptnon f opiopévn o’ Bva Bidotnua A,

omola elvan ouvexns of Eva onueio x,eA. Téte yi& dmoiadnmoTe droloubia x,,

v=12... ¢ x,eA ¥ veN xal yi& fva &mépavto olvodo MEN pé hI’all S
e

Bétoupe
_ [ %, &v veM
e _[ X, &v véM
kol TapaTnpoUpe &TI
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lim x, = x;, = limy, = x, = lim f(y,) = f(xg) = lim f(x,) = f(x,)
veM veM
dnAadn 6T
lim x, ='x; = lim f(x,) = f(x;).
veM veM
Topoadsiypore:

1. Kdfe orafleprj ovvdotnon eivat ovveyis.

2. “H owdornon T pé 1(X) =X ela ouvepjs. TlpaypaTikg' yid ké&fe droroubla Xy,
v=12,... pé lim xy = x, Exoupes

; lim f(xy) = lim xy = x5 = [(x,).
“Apa lim f(x) = f(%,) kad TolUTto y1& k&be X,.
XX,

3. "H owdprnon { pé 1(x) = ax®™ (k guowds dobuds) elvar owvegrs. Tlpaypotiké:

Y1& kébe &rorovbia x,, v=1,2,... pé lim xy = x,, Exoupe

lim £(x,) = lim ax’ = lim oXy Xy. . .Xy = aXXg...Xy = c.\';

K (Qopés K popés
Smou ypnopoTeioaps Siadoyikd v iB16TnTa 5 Ths § 1.4.2 ToU keg. lll. *ETon
lim f(x) = (%) xal ToUto yi&k kdfe X,.
X—X,

4. "H owvdptnon { pé 1(x) = x| elvar ovveyris. Tpayparikd &v xv, v=12,...
elvon ik drohouBiacr pé lim Xy = X, TéTe & Thv iBidtnTa 1, § 1.4.2 ToU kep. 11l Exoupe
lim f(xy) =lim | x| = | X5 | = £(xy).

*Apa lim f(x) =1f(x,;) kai ToUTo y1& K&be X,
XX,

K
5. “H gwvdprnon { pé 1(x) = Vx , x = 0 elvae ovveypic. Tpaypatikd & xy, v=1,2,...
elvar pié& dxohoubia ué xy=0 % vEN kal lim xy = x,, dmov X, =0, &wd THv ididTnTa 9,
§ 1.4.2 10U eq. Ill, Exoupe

K K
lim f(xv) = lim Vxy = Yx, = (x,).
*Apa lim f(x) = f(x,) xai TolUTo y1& K&OE X,.

X—>X,

1.2 "Ihbmreg v ovvex@v cvvaptijcemv. ZTd TopokdTe OecopfucTa
dvagipovTal Uepikes Paoikés i816TNTes TGV ouveX@V TUVOPTTOEWY.

1.2.1. ®EQPHMA. “Ymofiérovue &ue f xal g elvar owaorijosic pé medio
Sowopot éva dwdotnua A, "Av ol f xal g elvar owveyeic owvaotijoe, Tote xai T
dgoropd Tovs F4-g xai T6 ywduerd Tovs fg elvar ovveyels ovvaprijoss. “Av dndun

. 4 f ,
g(x) # 0 ¥ xel, vdre xal 1d aniixo Tovg T elvar ovvepjs auvdornon.

*Anddedn. "Emadh ol ouvapthioss f kol g elvan ouveyels o fva dmmoiodi-
ToTe onueio X, ToU BiaoTrpoTos A, 8& ioyve
0 ]

lim f(x) = f(xy) xai Jlim g(x) = g(x,)-

XX,
"Evo1 kad y1& w& dmoiadrmoTe droroubia x,, v=1,2,... ué x,€A veN «kai
lim x, = x, 8& loyde
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) lim f(x,) = 1(x;) xal lim g(x,) = g(xo).
"Apa

lim [f(x,) + g(x)] = (xo) + g(xo) kal lim {(x,) g(x,) = f(x,) g (%)
SnAadr) &mrobelape OT1

limx, =x, =

lim (f + g) (x,) =lim [{(z,) + g(x,)] = {(x) + g(xo) = (f + g) (xp)
kad dxoun

limx,=x, =

lim (f g) (x,) =lim f (x,) g (x,) = f(x,) g (x0) = () (xo)-
"Eto1, ué T Porieiar ToU BecopripaTos 1.1.1, pokUmrTer 811 of cuvapTioes f 4 g
kal fg elvon ouveyels oTo Xy kal ToUTo y1& kéfe x, € A.

"Av Tdpa Umobtooupe &1 foyle kal g(x)#0 V¢ xeA, TéTe &md ThY(1)
kel &mo 1o yeyovds 6T g(x,) # 0 3 ve N wpokUtTal 8T1

fxy) _ _1(x0)

lint gix,) — gxo)’

5nAcdH

imx =x, = (—é—) (35\;) = gfg::; — ;((’::3) = (-;—)(Xo).

*Apc, pé Th Porifera ToU GewpriuaTos 1.1.1, mpoximrter &T1 kal f guvdpTnon
% elvon ouvexns oTd x, kal ToUTo yi&k k&fe x4 € A.

’Egappoyf. ‘Qs wmé& &mAr Epapuoyn abtol ToU Beopriuortos TrpokUTITEL
811 kd&be ToAvwvuliky ouvdpTnon elvan ouvexrs, &pou elvan &bpolopa povwvu-
UKV ocuUVapPTRoEwy, ToU, oTrws eibaue oTO Tapdderyua 3, elvan ouveyels ouvap-
Thoses. "Axdua kal ol pnTés ouvapTrioels elvan ouvexels, yiaTi wé pnTh ouvép-
Tnon elvan TrAiko TToAvwvupIKGY ouvapThioewy, SnAadt ouvexdv ouvapTHoEwY.

1.2.2 GEQPHMA. “Vaoférovue 6 f: A — A xal g: A — R elvar dvo
owagtioels, 6mov A xal A elvar diaorijpara. Tdre, dnws Eégovue, 1) otvleor] Tovg
h = gof dpilerar ué Tov Timo h(x) = g[f(x)], xeA xal pdiora ioyiet

f ;
atwex?{g ] = gof oquveyis.
g U’U'VEZT]Q
*Anddedn. “Eotw onueio xeA ko x, v=12,... w& omoladnmoTe

dxohouBior pé x,eA 3 veN kai lim x,=x,. Tote, madn 7| ouvdptnon { elvar
ovvexrs, Exouue lim f (x,) = f(x,) kai &polU xai 7 g elven ouveyrs 8& E&xouue
lim g [f (x,)] = g[f (x9)]-
"QoTe &mobeifaue 611 &v f kai g elvan ouveyels ouvapTnoes, TOTE
lith x, =%, = lim h(x Y= h(x,),
SnAadt &1 f) oUvbeon h = gof T&v f xai g elvan ouvexns oTd onueio X, kai Tou-
To Y1& K&fe X €A.
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Inpeioen. ‘H oivbeon h = gof pmopel vé elvan auvexris, xwpls ol ouvap-
Thoess | kol g vé elvan ouveyels. “ETol yix

H(x) = [ kol g(x) = {

fxoupe h(x) = g[f(x)] =x + 1, 8nhadf A oUvleon h = gof TGV douveyxdsv
ouvapThoswy f kol g elvan ouvexns ouvapTnom.

L s ! | Sn
; 4 /
) 1
| 0 /' c "/° L

X &v x<0

x+1, &v x=0 X, & x=0

54
Mopadeiypata:

1. ‘H ewvdgtnon h ué h(x) = VX ( Betinds dobuds) elvar ovveyds. AUTS Tpo-

WTrTer elkoha &md T6 Taparéve fedpnua 1.2.2, yiarl § ouvdprnon h wmopei vé& BecopnBel

s oUvdeon Bud ouvapThoecy | kal g pé f(x) = o®—x? —a =x=a kol g(x)=v%, 0<x<+ =,

Tou elvan ouvexels.
3

x3+1
2. ‘H owvdotnon h wé h(x) = V:\ﬂ—'—o—l elvar avveyrs. TlpaypaTiké f| guvdpTnon

x4 ] ALl
h wrropel v& Bewpndel s aUvleon Bud guvapThoewy f kal g pé 1(x) = fz:‘r_—ixc:i g(x) =4/x
mou elvan ouveyeis.
3. ‘H owdorygon h ué h(x) =xP, x > 0, §7ov p enrds, elvar ovvegrs. MpayuaTikg:
A
®

&v p= sou AeZ kal keN, T6Te f) cuvdpTnon h umopel v& Becopnel s ouvleon TéY ouv-

K
apThosey I kel g pé I(x) =x* x > 0 xal g(x) = VX, x > 0 moU elven ouvexels.

1.2.3 GEQPHMA. “Av f elvar md ocwvvdornon Smoudvy xal ovveyijs o éva
dudornua A xal yud éva onueio Xgel loyder 1(xy) # 0, Tdre Umdoyel AvouxTo
dudornua (a,b) Térowo, dore va ioyle

f(x) #0 ¥ xeAn (ab)
xal pdalora:
) @ I(xp) > 0, rdre =ai £(x) > 0 3 xeAN (a, b)
i) & f(x,) <0, tdre =af £(x) <0 y xeAN (ab).

> Amddeibn. i) *Av UroBiooupe &T1 Sév loxvel 1) 1), TéTE o€ k& olvoho Tiis

Hopofis Aﬁ(xo— -‘17 s Xoot -‘l’—) urropoUpe va Ppouue &va x, pé f(x,) < 0. Mné&

v &rohoubia x,, v=12,... &ouue Tl
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xve(xu— %, Xo + %) dnAadn |x,~x,] < %

yi& kdfe veN. "Apa lim x,=x, kai, &mwo 1 ouvéyeia Tfjs f kal T oxéon f(x,)<0
3. veN, Traipvoupe
f(xp) =lmf(x,) <0
ToU elvar &roTro.
ii) AUTTy TrpokUTrTel EvTEAGYS Guahoya pé THV i).

2. OI TPITQNOMETPIKEE LYNAPTHZEIZ

2.1 "H ovvaptnon fpitovoe givar ovveyhc. "Omws elvon yvewoTtd &md Thv
TprywvopeTpla, Y& Tis ouvapThoess nu kai guv (] dres &AAIGS TTaploTavovTal
pé T& Biebv) oUpPola, sin kad cos &vtioToixa) ioyUouv ol TropakdTw TUTOL:

UX — nux, = 2 nu 27X guy T3 X0

kol
[nut| < |t] wad |owt| <1 ¥ teR.
‘Etropéveos 8& Exoupe '
(2 | nux—nux, | =2 |nu x;"”[ |crw
*Av Ttopa x,, v=12,... elvor m& dmoiadrmoTe drooubia TporypaTi-
K&y &piBuddv pé lim x, = x;, Omov x, €R, TOTE ) (2) Biver
[ nux, —nux, | < | X=X | - 0
SnAadf lim (nux,—nux,) =0, f limnux, = npx,.
"QoTe &mwodelfope ém lim x, = x, = limnux, = nux, kal ToUTO Y1k K&be X,
kai omoladfmoTe dkorovbix x,,v=12,..., nAadr) 1| ocuvaptnon nu eva
TUVEXTS.
- *Ag peAeTfiooups Twpax T ouvdpTnomn fuitovo. 'ATd ThV TprywvopeTpia
elven yvowotd 61 elvon meotodixy] ué mepiodo 2w, Snhadny ioyxvel
nu(x + 2w) =nux 3 xeR.
*Apkel Aormrdy v& T pedetfioovpe o fve BidoTnue pé pfjkos 2, K. oTO Sia-
ornua [—1r,7]. “H petaPoln Tiis ouveyols ouvapTrioews np 0T SidoTnux [—,T]
TTEPIYPAPETC OTOV TIHPAKAT®W TivaKA.

X + X,

<2lZml g oz g

A_Nld_

—o—|— o—
‘"—-—“—Nlﬂ'—

nEl By Sl oA 0 d N O

et e - e, ;
*Amd Tov Tivaxka alTéd @aiveton 6T1 0TO onueio - 5 T ouvdpTnon MU Tapov-

o1ade EAdyioTo foo pé -1, &vd oTd cnue’i‘o-g—- Tapouoidlel péyloTto oo pé 1.
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Tevik& f) ouvdpTnon aUTr Tapovoidlel oTd onueia 2kTT— 7 K= 0,+1,+2,...

EAdyioTo oo pé -1 kol oT& onueia 2k + %, k=0,+1,+2;... unéyrovo
foo ué 1.

2.2 ‘H ovvaptnen cuvnpitove elvan ouveyig. "Omas §épouue &mwd TV
TprywvopeTpia ioyUel

3) va=nu(%—x) ¥ xeR

xal Emopdves f ouvépTnon ouvnuiTovo wmopel vé Becopnbel ds oUvbeon TV
ouvexdv ouvapThoewy f ué f(x) = %—x kol N, kai Eral &wd T6 Beddpnua 1.2.2
mpokuTrTel 8T1 ) ouv&pTnon ouv elval CUVEYTS.

‘H ouvépTnomn cuvnuitovo elvan TeploBikn pé Trepiodo 27, 8trws aiveTon
kad &wo Tév TUTo (3), & dTou TPoKUTTTEL Kad & TTPOKETW Trivakas peTapo-

% e . .- . ¢ ™ 3w
Afis Tfis ouvopTNOEWS QUTTS OTO didoTnua [— -5 T]
I I I
Ld ™ 3
Al i gh, 7 L
| | |
] 1 I
1 0
| |

Zy. 66 y = ouwx.

‘H ouvéptnon ouvnpiTovo Tapoudidlel oTo onpeio 0 péyioTo ioo pé 1,
tvéd oTd onuelo T Trapoucidlel EAdyioTo joo pé -1. Mevikd, otd onueia 2k,
k=0, +1, +2,... Tapovoialel LEy10TO oo pt 1 kal oT& onueia (2 + 1),
k=0, + 1, +£2,... Topovoiale EA&Y10TO foo pé -1.

2.3 "H ovvaptnon égantopévn elvar ovveyxis. ‘H ouvépTnon e (fi kal
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tg 1| tan) Smeds Eépoupe, Spiletan, &md TéV TUTO E@x = :S:x kol Exer edlo Spi-

opol Té oUvodo TEV TPy aTIKGY dp1Budsy éKTé; &rd Tis piles THs ouvapThoecs
ouvnuiTovo, 8nAadth Tols &pibuoUs ki -+ ?, k=0, +1,£2,... ‘H ouvdp-
TNan &p ds TNAlko ouvex@y ouvapThoewy elvan, oUppeova pé T6 Becopnua 1.2.1,
ouvexfis ot k&be Bidotnua THs Hopgiis (K'rr+ ;, x + 1D+ %) k=0,
= 2 S SN

MNé& 1 owdépTtnon ol loyle, &mes elven YVwoTS:

£ (X + ) =epx x;ékw+—1, k=0+1+2,...

kol émopéveos &pkel v& TR pEAeTAOOUME 0TS Slcxcr'rnuc:( ) )

‘H owdptnon €@ elvaw yviolwe adtovoa atd (— %— : —2-) Mpayporikd:
&mod Tis cxécras 811 nu 1 [0 —) kol ouv T [0, —;—) gy oupe

0 < nux; < nux
DX <X, < - 5 ! :
RSN < o S 10w ouX, < ouvx, | CPXIS EPXy,

SnAadn 871 ep 1[0,-—3-). "ANAG 1) e elvon TepiTTY) ouvdpTnon, SnAadn loyuel
e0x = —ep(-x) kol &pa Exoupe

L x L
—7 X< <0=20<-<-x< 5 = p(-x;) <ep(—x,)

=EPX; < EQX, SnAchﬁ e X (—7; 0]-

’Emrions y1& 1 cuvocp'rncrn ep loylouv

lim epx =+ 00 kol lim epx = — o0

L L
X+ —0 X+—= 340

Mpaypatikd: Tapatnpolue §T1 yi& SmoiadnmoTe dkoloubia x, v = 1,2

ué _-"21 s T -; (&pa xai ouv x, > 0 3 veN)

. iy . s
hmxv=-2— = limowx,=ow — =0 =

2
(% e>0, avo—vu(e): O<owx, <e ¥ v>y) =
1 1
(% €> 0, 3 vg=vy(e): o > T Y v=v) = lim—— s — T @
"Qote loyua
. lim nux, = nu 21=1
]imxv=7u—- 1 =
lim—— = +

oUVX,
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= limep x, =lim nux,—l— =1.(+00)=+00, 5nAadn lim epx = + o0,

TUVXy %
x—»-;—O
*AmroBeifoue Aoy 811 lim epx = 4 c0. TTapdpoia pmopolue vé drrodeifoupe
x»lz—o
kol &1 lim  epx = —o0.

X—> — —2"-+0
IZnpeioen. "ATo THv TeploBIkOTNTA THiS CUVXPTHTEWS €@ TTPOKUTITEL, TWO,
eUkoha 611 loyUouv
lim epx= +ow xaf lim epx=-00
XK+ 2—0 x—+xm—— +0

yi& ké&fe dxépaio &pifpd .

A

| | )’ : |
I 1 1 !
| 1 ! It
] 'l: 1 IL
l i) H 11
I / : | Y i
! 7 I ’f i
! i
1 /, : 1 / 1‘

an! /il ] A

P4 |

- 1} [ e (O A A A
| 7 ! | e ! x
L ‘ e |
= i i I, -
1 7 | 1 / 1
Y | |
L/ ! S !
1! [} i I
) 1 | |
i | i L
I
! : | ~

Zy. 67 y =¢epx.

2.4 "H ovvaptnon cvvegarntopévn elvar ovvexfis. ‘H ouvdptnon oo (f
ouUvXx
nHX
Eyer medlo dpiouol Té oUvodo TV TpaypaTikiy &piBudy Ektés &md Tis piles
Tfis ouvapThoews Nu, SnAadn Tols &piBuols km, k =0, £ 1, +2,..."H ouvdptn-
on og s TAfko ouvex&v ouvapThoewy elval, oUpguwva pé Té Becpnua 1.2.1,
ouvexns of ke SidoTnua THs popefis (km, (k+1)m), k=0, £ 1, £+ 2,...N& 19
ouvdpTnon aUth) dmws Eépouue, oy Uet,
op(x + M) =09x M x Fxm k=0, +1, +2,...

kal ol &pxel v T pedethooupe o1d Sidotnua (0,7). Elven &xdpn yvwotd &mo
THV TprywvopeTpia 611 ioxUel & TUTOS

kol dAMidds ctg f) ctan) &mreos Eépoupe, dpileTan, &md TOV TUTO OQX= kal

™
opx = ECP(T-X)
& &moios uds Pondd oTd v& PEAETACOUNE T O XPNTILOTIOIVTOS T& TUHTE-
pdopoTa ToU Exoupe yi& Thv gp. "ETol T.x. fi og, dg ouvbeon Tiis yvnoicws
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gbivouoas ouwvapThoews f ué f(x) = —;—x, xe(0,m) xai Tis yvnolws abfousas

aTtd (——121 ,-%) ouvapTnoews e, elval, oUpguwva ue 6 Bedpnua 1.2.1 ToU

keg. Il, yvnoiws gbivousa o1éd (0,m). "Akoun TaporTnpoUpe OTI

X—>+0 x—*>r—0

’ limopx =+oc0 xai lim opx = —co

Mparypamiké: TapoaTnpotpe 611 yik dmoladfmoTe &kohoudia x,, v=12,...
1y

0 <x, <m ¥ veN (&pcc kol —% < 5% < % M veN) Exoupe

. ™ 13
Xy—> 0 = lim (T—Xv) = 5

xad ddun
lim (5-x,) =—
2 = 2 :
. ( ) = limep (—;—-xv) = 4+ o0 = lim opx, = + 0.
lim epx = 4 o0
x>0
"QoTe foye .

x, 0 = lim ogpx, = 4 0.
*AmoBeifope Aoiméy 6T lim o9px =+ . Mapdpola popolpe vé dmrodeifoupe
x—+ 40

kol &mi lim opx = —c0.

x—>m—0

Inpeioon. ‘AT Thv TeploBikdTNTA TS QUVOIPTT|OEWS O TrPOKUTITEL,
Thpa, eUkoAa &T1 ioyUouv

lim opx = +o kal lim o¢px =-o

x—>km+0 x—km—0
yi& kéfe drépaio &piBud k. Yy
1 1 |
= : |
i : ' l i
] (5 |
i b :
: ‘\ } ‘\ I
i L i
) R 1oy i
\, \
_}t: \:% 0 % :J't \\\-3—;_1'- J:2"
; b P R x
' g I \, i
i \ ! i T
| \ ! Nies i
1 \ 1 \ |
| \\ i ‘\ |
I \ | Ll
! ‘: = 1
) \ ] } |
: ' i
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3. H EKOETIKH KAI H AOTAPIOM IKH LYNAPTHEH

3.1 'H &kPenikf) oovaprnon. “Omes Eépoups, kd&de TpaypaTikds  &pifuds
x Eyel m& Sexadikn TAPAOTAGN X = W, WiWa- . Wy . ., OOV Y, efvan diépaniog
AP1BpSs Kol Wy, Wy, - - Wy, - - - ElVa Wwnopia, Snhadn drépoiol dpifuoi ué 0=y, <9
M veN. ‘H dxodouBia r, = Wo¥y W - -Wy, v=12,... elvar m& atfovoa
dxohoubia pnTddv &p1Budy, ToU ouykAivel Tpds TOV TpayuaTike &pifud x.
“Omress, ™AL, Eépoupe

4) YoST, Sy, +1 ¥ veN.

*Av Bewpriooupe, Twpa, kai &va BeTikd &piBud a > 1, ToTe, Emadn 1) Ev-
vola Tijs Suvdpedds Tou pé ExBétn Eva pnTd &piBpd elvan yvewoTr, opileTtan ) dxo-
Aoubia

a™, a%..., a%...,
oy, pdhioTe, elven alfouoa kad EmmAkov @poryuévn, yiaTl & TV (4)
loyUel
at'sats "t A veN.

"E1o1, olupewva pé 16 &Elwpa Tiis § 1.4.3 ToU Kegp. IlI, 1) dxoroubia 'y
v=12,... ouykhive Tpds TpayuaTikd &piBud, ToéV OToio TTapICTAVOYUE ué
a* SnAabn dpifoupe )

a* =lima".

THv mapamavew Evvoia Tis Buvdpews fvds &pibuol a > 1 pé éxdéTn mpa-

yHoTIKG &p1Bud: ErekTelvoupe kal yi& 0 < a = 1 opilovTas, & EEfs :
i a=1: 1¥=1
N 0<a<l: a‘=1/(—:1;-):.

*ExBeriny) (exponential) owdornon pé Pdon 16 Oeried dofud a dvoude
Louue, Thpa, TN ouvdpTnon Tou opileTan &md Tév TUTO ¥ = a*. AUTA T1 ouu-
PoAiloupe pé expa, SnAadt) exp,(x) = a*. Triv Tiun expa(x) ypdooupe &mAou-
orepa kol exp,x. Eidik& Thv &kfeTikn} ouvdpTnon ué Paon Tov &pibuoc e (§ 1.4.3,
kep. II), dnAadn T ouvdpTnon exp., T oupPorifoupe &mAoUoTepx Mé exp
kai Thv Ovopdloupe GmA& éxfletini} ovvdprnom).

*ATrd TV Opioud Tiis éxBeTikiis ouvapTNoEws exp, TrPoKUTTTEl eUkoAa OTI
it Exel edlo Spiouol T6 olvoro R TV mwpaypaTikdy &pibuddv kai Traipvel
Tipés 0TO oUvoro Rt T&v Betikdv &piBudv- Snhadn ioxuel

a* >0 & xeR.
*H &BeTik) ouvdpTnon exp, éxe Tis Topak&Tw 1816TNTES:
1. “H ovvdornon exp, &lvar povérovn xal pdhora yid a > 1 pynoiog at-
bovaa, &d yd 0< a < 1 ywmoiws gbivovoa.
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*Anddety. Ti& a=1 # ouvdpTnon exp, oupminTe pé T otabephy ouv-
&pTnon 1, f émola, PéPana, elven povéTovn. Mé a # 1 Becopolpe Sud dmolovo-
5fmoTe TpaypaTikoUs &piBuols X, y pé x < y. "Etor &md Tov Spiopd Tiis exp,
Eyoupe

a* = lima™ «af & =lima"
Smov u,, v=12,... ki v, v=1,2,... elvon dxoroubies pnTéY EpBudy pé
limu,=x kal limv, =Y.
*ExMéyoupe Topa Sud pntoUs &piBuous z, w ué
x<z<w<Yy
xal ToTE elkoha TrpokUTTEl 6T Umdpyer Selktns n TéTolos, oTe v& loyuer
u, <z<w<v, ¥ Vvs=Dn-+ | A
*Apc, Emeidh T& u,, z, W, v, glvon pnTol &pifipol, dmws Eépoupe, B& foyuer
a <az<aw<au", &v a> 1
kal
a¥>a>a">a" &wld<axcl
yi& k&fe v=m, n + 1,... "Qoe yi& a > 1 Exoupe
a*=lima" <a*® < a¥ <limav=24a’
kaf yi&d 0 <a <1
a* =lima™ > a*> a" >lima® =2’
2. "Av z,, v=1,2,... elva dmowadijmote undevixt) dxolovbia, Tire
lim a* = 1.

*Amddeitn. *Amd Tov dpioud yik 0 < a < 1 Exoupe

at. =1 /(—l—)z, &Tov H =1
a a

ol onuadver 671 dprel v’ &moBeiyfel f Tapamave 1BidtnTa oty mepiTTwon
dmou a => 1. ‘Ymofétouue Aormdy &1 a > 1 kol Becopolpe Bvav BeTiko &piBud

Vi
e> 0. Tote, émeidf lim 4/ a = 1 (fgopuoyn 2 Tfis § 1.4, keq. lII), Umépyer @u-
owkds &pifuds k TéTolos, ddoTe v foyUer
i 1
a%x —l=YVi—l <ekad a” ¥ -] = K_I i by - Sl
Va
*Akédpn, &maidn lim z, = 0, Umdpyer puoikds &piBuds n TéTolos, hoTE YIk
kdle Beiktn v pé v > n v& loyler
1
— — <z,< rh
K K
kai émoupévess, Emeaidn 1) ouvépTnon exp, elvon yvnoiws alfouoa, Exoupe kal
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ey 258 Sl =
O A i

*Apa y1d& kéfe Quoikd &piBud v pe v > n {oyver
1 1

ey w2 Pt 2 W= e
Snhabdn
-y : [az —1 | <e
T6 émoio onpaiver 11 lima?= 1.
3. I'id xd0e moaypatixd dofud X xai émowadijmote duolovdia onrdv aoBudy
u, v=12,... pé limu, =x ioyde
a* = lim a’ .
* Anddeién. Sty mepimrwon émou a=1, ) 1B16TnTa auTr elven gavep.
MN& a > 1 Gewopolpe kai THY &xohoubia 1, v=1,2,... TOU bpiopoy THs Suva-
pecos af. BéPona T& u,, Ty elvan pnol &pifuot kad foyUel
. oafv
&mov lim (u,-r,) = limu, - limr, = x-x = 0. "Apg, oUppwva ué Thv Tpon-
youpevn iBiotnTa 2, loxver

a% = %"

limaw—Tv=1]
&md &mou Taipvoupe

lima® = (lima»—") (lima™)=1ax=aX.
Téhos yi& O< a< 1, Exouev —l— >1 xai Eopéves
a

1 1

i uv— —, = A
lim a . T B ay.
lim [ — ==
a a
4. Tid émowvadimote moaypatuxovs dofuovs X xal y loyve
a* -a¥=2a" +7 |

* Anddertn. Oewpolue Sud dxohoubies pnTédv &pibudv u,, v= 1207 ked
Eel S S BT
limu,=x ko limu,=Yy.
*AMNAG TOTE EYOue
a™ a%=a%" ¥ veN
xal Eron, &md THY TponyoUpevn iBidTnTa 3, maipvouue
a* a¥ = (lim a® ) (lim 2" ) = lim (a* ") =lim a™"™ = a*+7,
treidq lim (uy 4+ v,) =limu, + limv, =x +y.

5. “H guvdotnon exp, elvar avvexrs.
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*Anddedn. Oewpolpe Evav  omolodAToTe TpaypaTikd &pifpd x, Ko
émoladnoTe dkooubia x,, v=1,2,... pé lim x, = x,. ZUpgowva pE TV TPON-
youpevr iBi10TnTa 4, EXOoUuE

a'v=a" P e=g" T g% 1y veN
kel #1o1, émedn lim (x,~x,) = 0, &md ThHv iBioTnTa 2 Taipvouue
lim a™ = (lim a™ %) a = 1 -ax0 = axo
ol onpaivel éT1 ) ouvdpTnon exp, elval ouvexns oTO X, Kai ToUTo foxUel yi&
kdbe onpeio x,. :
6. Iid émowovotimote moaypatixovs aolbuods x xal y loylet.
(aX)¥ =gV,

*Anddeitn. Oewpoipe ud dxoloubies pnTédv dpiBpédv u,, v=12,... xal

U, v SR
limu,=x kai limv,=y.

*Av r elvon Bvas SmoloabfiTroTe pnTds dpiBpds, ToTE B& Exouue

~

(@) =a™ ¥ veN
kol Erol, &md T ouvéxela TGV ouvopThoewy exp, kai f(x) = xr, waipvoupe

(@*)" = (lim a™)" = lim (a™)" = lim a*" = a "™ = a*
SnAadh
(ax)r = g*r,

*Apa foyUer kal

(a®)’* =a* ¢ veN
kol ETouéves, XPNOIHOTIOIVTaS TT&AL TT) oUVEXsla Tfis exp, , Tehikd, malpvouue

(a¥) = ]im(ax)"v = lim a*% = gl @) _ a7

7. YAv a > 1, tdre loyder
lim a* =40 xal lim a*=0.
x—>—+oo X—>— 0
> Anddern. Oewpolpe doladnmoTe dkorovdia x,, v=1,2,...pélimx,=+ o
kol fva GeTikd &piBud e “Emaidn fi dxohoubia a, v =1,2,... Bév elven pporypé-
vn, Uépxer SelkTng K pé

a > .
£

*Errions, &méd 16 6T lim x, = + o0, wpokUTrTel 8TI Umdpyel SeikTng n
TETOlOS, oTE v& oyUel

X, =K N v=m ot 1.
*Etal, &madn f) ouvdpTtnon exp, elvan yvnoiws abfouvoa, 8& Exovue kai

a¥v > ar > —IE— sefan=—mim =] v b
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Emeidn 16 & elven dmrotooBhioTe Betikds &pibuds, 8& loyver
lima™ = + o

kal &po, dmedn kaf B x,, v=1,2,... elvar & dmoiadrmoTe dkoAoubic Wé
limx, = + oo, 6& loyue kai

lim a* = + o0.

X—>4 0
Mé& v’ &moBeifoupe v lim a* = 0, fecwopolpe &k SmroiadnmoTE dKOAOU-
X——o0
fla x,, v=1,2,... pé lim x, = —o0. To1e Exoupe
lim x,=—o =>lim (—&,)=+® = lim a=%=+4
kol E101 1 1 1
lim a*v=lim = — = = 0.
a= lim a—* + oo
"QoTe y1& otmoladnmoTE Sxoroulia x,, v=1,2,... pélimx, = -0 loxUer

lima*v = 0, ToU onuaiver 8T
!im ax=0,
X=—»—x

8. "Av 0 <a< 1, 1dre ioyde

lima*=0 xai lima*=+ co.
X+ X——on

* Anddetn. “Exoupe % > 1 kai, &maidn &mwd oV Spropd

X
-1/ )
a
ué T Ponfaa Tfis mopamwdvw iBidTNTAs 7 EYoUNE

lima*= ! 1

= — 0_
X=b 4o lim (l)" + o0
X—++o a
Mé& v’ &mobeloupe Ty lim a* = + oo, Becopolpe ik SmoiadnmoTe dKo-
X—+—a0

Aovbia x,, v=1,2,... pélim x, = —o0 ki Evex BeTikd &p1Bud . *Emeidn) Ay dxo-
Aouble @Y, v=1,2,... elvan pndevikn) (Epapuoyn 3 Tfis §1.3, keqp. Ill), Umdp-
Xet SeikTns K pé

a* <e.
*Axopn, émedr) lim x, = -0, Umdpyer Beiktns n TéTolos, doTe v loylel
s S0 e =2 en= A8 g
kai &pa, dgol | ocuvdpTnon exp, elvar (yvnoiws) ¢bivouoa,

axv23~"=~1—>—l— svtu:n,n+1,...

a® €
Emreidn) 16 € elven omoiednmoTe, Ba ioyuel
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lima™ = + o
kai Eton, Emady xal ) x,, v=1,2,. . .elvon droiadfimoTe droloubia ué limx,=-o0,
08& Eyxoupe
lim a* = + .
X—+—m»
‘H uerétn Tfis ouvexoUs OUVOPTTOEWS eXp, TEPIYpdgeTal, Pagikg, oTov
TrapakdTw Tivaxa kol f yewueTpikn Epunuela Tns oTd oxfuata 69, 70.

ex lim a*=+4o xal lim a* =0
a>1 Pa 1, =, L
a=1 * expa otabeor) lon ué 1
O<ca<l1|expay, lima*=0 xai lima*=+o
x= | 0@ x— —00

ElSikd, émadn e > 1, f) iBeTikr) ouvdpTnon exp elval yvnoiws alfovoa

ouvapTnon ué .
lim eX=- o0 xai Jim e¥=0 (ox. T1).
X=p+m X—»—x
4
4
1 1
0 % 0 % X
Zy. 69 y=a*a >1 Ey. 70 _y=a",0<a<1 Zy. 11 y=¢*

"ATTé T ToapoTdve oXNBATA Kai TO CUVOTITIKG Trivake TS CUMTTEPIQO-
pdis THS oUVEXOUS OUVOPTHOEWS eXp, TapacTaTiké TpokUTrTel 871 TO Tedio Ti-
uédv Tis ouvapThosws aUThs elvan SAdkAnpo TO oUvoho R¥ Tév GeTikddv dpi-
Buddv, dnAadn

& (exp, ) =R

3.2 ‘H royapiOuikn ovvaptnon. "Omews iSape mopamdvew, fi ExBeTikn
owdpTnon exp, yi& a # | elven yvnoiws povétovrn. ‘Emoptvess (Becopnua 1.3.1
ToU kep. 1) Umépyer fi dvtioTpoen Tns, ToU dvoudleton Aoydpibuos dg mods
fdon tdv dobud a kai cupPohiferon pé log, . ‘H ouvdptnon log, éxer medio
Spiopol 16 Tebio Tiudv Tiis ouvapTHoEws exp, , SnAadn Té oUvoho RF Tdv Be-
TikédV &p1Bpddv, kad Tedio TipdY TS medlo dpiopol- THs exp, , dSnAadh TS oUvoho
R T&v mpayuaTikdv &piBudv. Zuykekpipéva ioyUel

2 (log, ) =R+ xal & (log. ) =R
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THv Tipf loga(x) T ypégoupe md &mAd kol pé log,x. "Amé Tév Spioud
THis AoyopiBuikiis ouvapTioews TTPOKUTITEl &uETWS éTi

y=log,x < aV¥=x.

Emeids) a® =1 kad al = a, #xoupe Tis EEfjs &EloonueicoTes Tipés Thg ouv-
apThioews log,:

(@) log, 1 =0 xal log, a=1 (a#1).

Eisik& # owdpTnon log. dvoudleron quowds Aoydpilbpos xal ouuPodi-
Zeten mo &mAk pé log fi kel In.

‘H ouvéptnon log,, s dvtioTpopn yvnoiws povdTovns CTUVapPTHOEWS,
glvon Errions yvnolcws povéTovn ked péhioTa yi& a > 1 elvan pwnolws alifovoa,
tvéd y1& 0 < a < 1 elven pimoiws ghivovoa (Becopnua 1.3.1 ToU keg. ). ’Emions
16 Sidypappa Tis cuvapThoews log, elva ouppeTpikd ToU BiaypaupaTos TS
exp, G Tpds TH SixoTépo Tiis WpdTns ywvias Ty &fdvewv. ‘H YeWHETPIKT
Epunvela THis AoyapiBuikiis ouvapTrhoews TapixETal OT& TTEPAKATL oXNHaT
72,73 xod 74 (&mou mapiotdvetan i log).

T !

| 4 A
9+ 4
b P24
P
=) L) 0

Zy. 72 y=logax, a >1 Zy. 73 y=logax, 0< a<1 Zy. 74 y=logx

o

»

N

N
b
N
A
—
2
bl

*Amd T& Tapatdve TpokUTrTel elkoAa kad & dxdrouBos guvomtTikds Tri-
vaxas Paoikédy 1BotiTwy Tis AoyapiBuikiis ouvapTioews.

a>1 log. 2, limlog.x =+ oo xai lim log,x =—
x4+ x-++0

0<a<l1| log, ¥,limlog.x =—c0 xai lim log.x =+
Xeb+ 00 x40

EiSiké, emeidf e > 1, & guaikds Aoydpibuos elvan yvnoiws abfovoa ouv-
&ptnon ué
limlogx= +o ko limlogx=-00.
X—> 400 x—+ <40
At Tév dpiopd THs AoyapiBuikiis ouvapTthoews log, , o avrloTpogns
Tfis exp, , TpoxUTrToUV &uéows kad of TUTOL:

loggx

a°%* =x kol logaa'=x

ral eldikd
elosr =x «kal loge® =x.
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"Emrions # Aoyapibuiki ouwvdptnon Exer Tis ToapakdTes 1B1dTnTES:
1. Id dmowovadijmore Oericods doBuods x,y ioyder.

log. xy = log, x + log,y.
*Anddedn. “Exoupe

alosaly =xy= al°¢a" alogay - alngax+loza)' .

AN &pol a # 1, f) dkBeTikr) ouvdpTnon exp, s yvnolws povéTovn elvon kel
&upipovoofipavTn ouvdpTnon. “Etol maipvoupe

log.xy = log.x + log,y.
2. Iid omowovadjmore Oetirots dofuods x,y loyde

loga—;:— =log, x - log,y.
"Andderdy. Toppawva pé Ty Tponyolpevn iS16TnTe Exoupe
logex = log, — - y=log, > + log,y
Y y
kal &pa
logag = log,x-log,y.
3. Id dmowovodiinore mpayparixods dpluods X,y pé x > 0 ioyde
log, x¥=y log, x

*Anddeién. *Eyoupe

a logax¥ _ yy — [a 98ax] ¥ — aV logax
Kai E1o1

logax¥=y log,x.
4. ’Ioyder 6 Timog

(6) aX — exloga.
’Andﬁstfﬁ. "Exoupe
aX—= (e!oga)x —eXloga
5. Ioydet 0 vimog
(@) log, x= L)
loga
*Anddekn. *Améd Ty Tapamdve IBidTnTa 3 Exoupe.

log x=log a'°®a* = (log,x) (loga)
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kol Etol

3.3 "Afwonueioteg ihibtnres. ESG 6& ouumAnpdooupe T& oupTreph-
ouaTta TEY Tponyoupévewy Tapaypdewy 3.1 kaf 3.2 pé Tis TapaxdTw &foon-
peicoTEs 1816TNTES TGV CcUVapTRoEWY exp, kai log..

1. Iid xdfe moayparizd Gobud x ioyde

(8) e > 14 x
xal yevixdrepa

a* > 1 + xloga (a # 1).

*Anédedy "ES& 8& ypnoipotroificoupe T yvwoTr dvicdtnTa TOU Ber-
noulli (l+w)=>1+4vw
&mou v elven pr} &punTikds dépaios kai w > —1.

Mé& v’ &mrodeifoupe Tév TUTO (8), Becopolpe Evav dmrolobrimoTe pnTd &pi-
Bud u kai dxdpn dud &kepaious p,v pé u = % , veN. "Eto1 Siakpivoupe Tis ropa-

K&TW BUd TEPITTTWOELS:
(i) u >0, onladsj u = 0. OéToupe

K= [K § = EN}.
v
Té K elven dva &mépavro (un memepoouévo) Umooivodo Tol ouvdhou N Tév gu-
ok&Y &p1Budy kai pdhioTa yi&k kébe keK ioyUer

KU=K i =iu BnAadn  kueN,.
v

7
“Apat
1 \Ku 1
(1+-) = 1l fou) — = L
K K

xal Emeidn f) owdptnon f pé f(x) = xv elven ouvexrs, Taipvoupe

1 \Ku ! 1 \¥]u 1 \*u
KEK K ke K K KeK K

kal éTol
el>1+4u.
(i) u<O, dmAady p<0. Ofroupe
A= {A:A>0 xai et €N}.
v

Té A elvan &va &mrépavto UmrocUvoho TolU ouvéiou N &V Quoikéy &pifuddv kol
p&hioTa yi& ke Ae/ oy vel
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_A+1

_(A+1)u=—-(7\+l) - (—H) BnAadh —(A+1) ueN.

"Apa
1 \iu 1 1 —Au A \—nu 1 \—m
A LA 1 A+1 A1
1+ — 14+ —
(1+3) E il

s (1 1 —(1+1)ll>1 A 1 1 1
A 0D (= o) =1+

kol Emeidh, Smeos oty mepimToon (i), Exouue

1 Au
lim (l e —) =gl
AeA A

Taipvoupe
e* >1+ u.

“Qore &modeifaue 811 y1& dmolodrmoTeE pnTé &pBuS U loyUe
e">1+u

kal Ero1, &v y1& dmolobriroTe TparyuaTIkG &piBud x Becopricoupe wiéd dkohoubla
pnTéV &piBudv u,, v=1,2,... ‘¢ limu, =x, TéTE &M T ouvéxeia Tiis éxBe-
Tikfis ouvapTroews B& Exoupe
e*=lime™ >lim(l +u)=1+limu,=1 + x (BA. ox. 71)
Téhos, &mé ToUs TUmous (6) kai (8) Exoupe
a* = e*loga > ] + xloga.

2. Td ndfle Oerixd doibud x loyde

(9 log x < x-1
¢ ; Pl
xal yenxdreoa log, x < s v a>1

l,av0<a<1

xal log, x > Toda

*Andden. GETov-ro:s y = logx Exoupe e = x. "Apa &mé Tév TUTO (8),
Exoupe
x=e>=1+4+y=1+logx
kal ETon
logx < x-1 (BA. xod oy. 74)
TeAos, &mwd Tév TUTO (7), Tadpvoupe
logx < x-1

loga _Fg;' gan s

log.x =

&gpol loga > 0 kal
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logx » x-1
loga = loga

log,x = v 0<a <1

4ol Té1e loga < 0.
3. “H loyapifuweif ovvdprnon log, elvar cuveypic.
"Anddetn. Touguova ué Tév TUTo (7) Exoupe
logx

fogax = loga

xod Ero1 Spkel v’ &dmoBel§oune TH ouvéyelx Tol puaikol Aoyapifuou log. Mé& T
oKkoTS aUTé Bewpolue Evay dmolobrmoTe GeTikG &pIBud X, kad W& dxohouBia
OeTikddv &piBpdv x,, v=1,2,... pé lim x, = Xo- "ATO Tis 816N TES 1 K 2 THig
mponyouuevns § 3.2 kal ToU Timou (9), yi& k&b puoiké &piBud v, Exoue

Xy

log x, = log (xD ﬁ)=[(:tgx,,+log Lol < logx, -+ —1
Kol Xo o Xo

log x, = log (xu /—xl) =logx, —log X

X, X

= logx, — (ﬁ-u 1)=logx°+ ke

Xy Xy
"Apa y1&k kafe Quoikd &pi1Bud v loyuel
fogxet 1 — 2 log x, < logx, + * _ 1.
Xy Xo
"ANK
; X X
hm(!ogxo-f— 1 — w) =log %, + 1 — == = logx,
Xy Xo
ki
. Xy Xo
lim (Iog Xo + — — 1) = log x, + —= — 1 =log x..
Xo Xa
"QoTe loyver kaf
lim log x, = log x,

T6 émroio, Emeidn ) x,, v =1,2,. .. elvou émroiadnmoTe droloubia BeTikéy &pifudov

pé lim x, = xg,onuaivel 611 & Quokds Aoydpifuos elvat OUVEXTIS TUVPTNOT
oTd X, yi& omoiebnmoTe feTikd dpifud x,.

4. *loyder:

(10) B a2l g,
x>0, 6 X

"Anddety. Tpddta 8 daroBeifoupe 671 loyUer

er — 1 )
—— < e yxe (0, + oc)

1 <
X
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Kol ex—7]
et £ —

& 1 rection
3 < 1 yxe ( , 0).

TMpaypaTtikd: yia xe(0, + o), &md Tév TUmo (9), Eyxouue

et —1

e —1 2= (14+x)—1=x, dmwbre =1
X
kad
Al K =
B e el e S g e
ex X
MNé& xe(-c0,0), Exovpe —xe (0, + ) kai &ro1 Twaipvoupe
1€ e*‘_——l_ < e%, dmdTe e* < e -l jl- =il
—X —X
AN
-k 3 — > JSEEE
ex gt =i = b—or = s kai Emopéves eX < _c_l_ £l.
—X —X X X

©& &modeifoupe, Twpa, &Ti lim e_—I= 1. TlparyuaTikg: Bewpolpe & omor-
x»40 *X

obfmoTe drohoubla x, v=12,... pé x,> 0 3 veN kal x, > 0. AAA&

TOTE, oUPQuVa pé T& TTapaTdvew, ioyUel

exv—1

1< <ev y N

v

kal £Tol L gel

lim = 1.

v Xy

&gol, &md TH ouvéxex Tis Ex@eTikfis ouvapTHoews, Eyxouue lim ™ = ¢ = 1.
*AtroBei§aue Aormov 61

X,
. ev-1
x, >0 = lim =]
v
i e N e*-1
ToU onuaivel 611 lim =
x—+40 X
; o . oe*-] . -~ e
Mapéuora ioyver kai lim sne o 1. TpaypoTikg: Becopolue mid éola-
x—»—0
dnmote drohouBia x,v=12,... pé x, <0 % veN kai x, — 0. *AM& To-
TE, oUNPWVE pé T& TrapomTdvew, ioyve
- Y
e < el
X 3 VEN
kal Etol
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& —1 _

lim L.

Xy
&poU, amd Th ouvéyeia THs ExBeTikiis ouvapThoews, Exoupe lim e*v = ef = 1.
*AtroBei§aue Aoirév 61

e™-1
x, >0 = lim =1
p .oex-l
ToU onuaiver 611 lim ——=1.
x—+—0
Q foyy L S,
oTe {oxUe lim ex —1 2 e i ex —1
X=+0 X X=>—0 X
BnAadn
B o
X—»0 X
5. loyde
: log x
lim —— =1.
(1 1) x—=+1 x—1

*Anddetn. Tp&dta 8& &moBeioupe 611 loylea

ls dogx, <1 wxe(l,+)
X x—1
Kal
log x 1
lg —— g —wyxe (0,1).
Xl = 4%

MpayuaTikg yi1& xe(l, + o), oVugwve pé Tév TUmo (9): Exouue

log x € x—1, émdre e £ <1
x_
Ko
log x x X X 1
= > = = —
x—I1 x—1 x—1 x—1 x
M xe(0,1) éxoupe % € (1, 4+ ) kal Ero1 Taipvoupe
log = 2 log X
1 X . 1 X il
il oy | g i3 e
L .l = ] X 1 1 X
X X x

*ANAG
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log —
A x 1 —logx —logx _ logx
x 1 = X, =% l—x x—1
x X
kai Etot o 1
1¢ =£% ¢ —,
x—1 X
log x ; < ;
©& dmodeifoupe, Tdpx, &T1 lim = 1. TlpayuaTiké: GecwopoUpe W&
x=+14+0 X 1
SmoladnmoTe  dkoloubic x, v=1,2,... ué x,> 1 % veN kai lim x, = 1.
"ANAG TOTE oUugoova pé T Topaméve ioyUel
1 log x,
— < 2T <1 wuweN
Xy =
kol Erol
lim 18 % _
Xy —
= & 1 1 .
dgolU lim ot i 1. "AmoBeifape, Aoimdy, i
limx,=1 = lim ]"g_’l‘ =1
ol &, T JDBE _y,
x=>1+0 x-1

log x

Mapdpora foyxler kal lim = 1. MpayuaTikd Bewpolpe wid dmoia-

x>1—0 X-1
&AmoTe droAoudia x,, v=1,2,... 0 < x, <l ¥ veN kol lim x, = 1. *ANAG
TOTE, oUppwva pé T& Tapamévew, loyle

log x. 1
ey e 2 v veN
x, =1 5 o
kel Eton
Xy =1
St 1 1 s , P
dpol lim Sl 1. *Amudel€ape, Aormdy, &1
limx,=1 = lim log =3
X~
kal &po lim logx =1

x-51—q 31

“Qote loyvel
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i R LS i A0S
x=+1+0 X —1] x—+1—0 x —1
SAGSY ]
lim o 1.
x-+1 X1
ALKHEEIZ

29. Né& pedernBolv &g wpds TH guvéxeia ol ouvapTthoels Tou dpllovren &mé Tols Ta-
poxéTw TUTOUS Kal v& TapaoTafolv yewpeTpik& ol Tpels TPdTES:

X, hxe[ﬁ,—;-] —1': dvx #£0
b )= : D=4 *
—2—+x,&vxe(711] 0, &vx=0
1 1
—1r & x#£0 n—"r & x>0
N =4 X o ={ X
0, x=0 X, &vx <0’
x'nu-l—f&vxaﬁo inu—ll&vx;eo
5)* f(x)= * e m=4 * X
0,&vx=0 0, &vx=0

30. Né& &moBexfel 811 ol cuvopTthioes Tou Spifovtan &mwéd ToUs TapokdTw TUTTOUS
elven ouveyeis:

1) 1(x) = oww(x? + 3x) ) X =owVI—x* 3) £(x) = nu(ow3x)
4 1) = s S 5) f(x) = f%'f;,- 6) 1(x) = ouw(x® + 893x)

7) 1(x) = 28%+M6X (] 4 epx) 8) 1(x) = log(l + x* nu'x) 9) f(x) = 3%e0(=" +1)

31%. Né& pedetnfel &5 wpds TH ouvéxeia f| ouvdptnon f pé

= nu—l. & x #0 xal x| g1
1) = x x
0, & x=0
nux, &v ixi>1
32%. N& pehetnfei &5 mpds TH ouvéyaix kai v wapaoTabel YewueTpikd f ouvépTnon
T pé
logx, &vx>2
f(x) ={x—2+1logx, & 1<x<2

1—x, dvx<gl
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KEGPAAAIO VI
MAPArQrox XIYNAPTHIEQX
1. H ENNOJA THE IMAPATQIrOY LYNAPTHEEQE

1.1 Of cuvaptriosls Tis omroles 84 Bewopolue oTd kepdhaio TouTo &lvorn
SAes TIPOYHOTIKES OUVOPTAOES PIas TrpaypaTikiis MeTaPAnTfs. ‘H #woix Tfis
Tapaywyou wds ouvapTrosws elvan, dtos kal fi Evvola TR ouvéyelas ouvap-
TNoews, &ueoa Bepévn pé THY Evvora TS ouykhioews.

*Eotw f m& ouvdpTnon ué Tedio oplopou Eva Sidotnua A kal #oTw XA,
ToTe pe Tov TUTTO

f(x) - f(x
Ex, (x) =.——( 3{_ ( "), xeh - {x,}
OpideTan Wi owvapTNETn gy, T ool dvopddetan anldixo dagogdw Tig [ atd
onueto X, "Av Umdpyer 16 lim g (x), dnAadn T
X=Xy

1(x) - 1(x0)

X=X

lim
X—>Xp
kai TouTo sivan TpaypoTikds dpiBuds, TéTe Adue &t «if ouvvdotnon  magaywyi-
Lerar o16 onueio Xg» f) SAMGS: «imdoyer 7 mapdywyos (dkpiPéoTepx 7 modty
mapdywyos) tijs f ord onpeio xp». Ty dploxn oty Tiph) THY Sdvopdloups ToTE
nagdywyo (&kpiPéoTtepa modtn maodywyo) Tis { oTd onueio x, kai pdAioTa T
cuupolrifoupe pé

PGt A (0(X)) smy» [‘Hﬁ) L

Mé& ouvtopia

f'(x,) = lim I I
e AR
Hepetnpiicers. 1) "Av 16 x, elvon 16 &pioTepd Sxpo ToU BixoTriuaTtos A,
TéTE OTOV Topamdve Oploud Evwoolue TV Opiakh TiuA Y& X — X, + 0, &vd
&v T x, elvan 16 Be§16 dxpo ToU BicoTruaTos A, TV Sprakr T THY évvoolue
yi& x = x,-0.
2) Mmopsi v& &modeyfel &T1 f) Umapén Tiis Tapaydyou mids cuvapTi-
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oews o Eva onpelo ouveTT&yETOn T CUVEXEIX TTjS CUVAPTToEwS aUTTis oTo oneio
Touto (PA. Trapaké&Tw idivtTnTa 1.5.1).

Iapadeiypata:

1. Zvip meplnrwon orabeoijs ovvaprijoews ¢, Snhadn (x) = ¢, Exoupe

1) — f ~ :
', =lim (x)x_x(x") =lim == lm0=0,
F =Xu o = >
SnhadH iy i vy ?
@y =0
x=xXg

‘0 TUmos alUTds loxle yi& k&be mpaypaTikd dp1Bud X, kal péhioTa ypdpouue
(¢) ==0.
2. Zrijy meglnrwon émov f(X) = X, Exovue

- Xy

: T g 1Y %
O xny = P—qu X=X ll—Txol ik

SnAabdn

(Y gy = |

‘0 TUmos alrds loxler yi& kébe TpaypaTikd &piBud X, kai paAioTa yphgoupe
ki =l,
3. Zuijy mepinrwon dmov 1(X) = X2, Exoupe
, e X ==Xgh 3
(x*) X=xg _xl—llnx., X=X, = !:—-ﬂlxsx + Xo) =X + Xo = 2X,,

SnAadn

(Y 5, = 2%
kad péhioTa & TUTOs aUTds loyUel yid xéfe mpaypaTiké &pifud x,. ToTe yphgoupe
(x%)" =2x
xal Abpe 871 §) ouvdpTnon f pé 1(X) = X® wopaywyiletar oTéd Tedio dpiopol TS kel pdAioTe,
oThv TepimTaon abTh, TH ouvdptnon g ué g(X) = 2x Tv dvopdlouus Tapaywyo Tiis f.
Feviké, &v y1& wi& owvdptnon f pé medio dpiouol Eva Bido TN A, mép-
¥e1 ) (mpwTn) moaphywyds Tns yi& kabe xed, ToTE & TUTOS

y="I()

Spiler w& ouvéprnon f, o Exer medlo dpiopol émions TO SidoTnpa A. Trv
owdptnon ' ThHv dvoudlouue mapdywyo (dxkpiPéoTepa modTy mapdywyo)
Tiis f 016 A f) &mA& (mpdTy) magdywyo wijs f. AUTH TH ouuPolifouue kai pé
g%. Sthv mepimTwon ToU dpiletan f (wpdotn) Tap&ywyos ' Tiis ouvapTr-
oews f, Mpe 8T1 «f owvdornon | nagaywyilerar ovd Dy 1) &mA& «f ovvdpryen f ma-
paywyileTaw.

*Av f) ouvdptnon | mapaywyiletan, TéTe popel v& Topaywyifeton kal
1) ouvdptnon |’ o° fva onpeio x,el kal oThv mepiTTwon aiT, THY Tapdywyo
(F'(x))'x=x, THv Ovouddoupe Selrepn Tapdywyo Tis f oTé onpeio x, kaf T4

cupPoMZovue bé 1”(x,) i (I(X)) "xex, fi GxSun Ko [-“Zf,‘#]m . "Av Tdpa U-
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hpyer | Setepn Tapkywyos Tis f of k&be onueio xel, ToTE & TUTos
y=1"®
SpiZer & ouvdprnon ' ué medio Sprouol Emions 16 idotnux A, f dmoia dvo-
uéleton devrepn mapdywyoc vis f otd A f &mA& dedregy magdywyos Tijs f.
td
AUt T ouuPohifoupe kol pé %. T.x.
(x’)"’!:ln = (2x)‘!=xo = 2:

@y, =lmZ=Z_lim2=2

X=+Xg X —Xp X—+Xg

yiari

"Apa Utrdpyer SE\’JTepn Trapéywyos Ts ouvapThoews f pé f(x) = x? kad aUTh
elvar 1) otafepry ouvdpTnon 2.

*Avédoya Spifoupe TV TpiTn Tapdywyo w&s cuvapThoews | vé elven 7
Trapdy wyos Tiis SeUTepns TAPAYWYOU TNS Kol Emarywyikd TH VIooTr Tapdywyo
fv 1fis £ pé TéV TUTO

fi=(feringv=23, ..

&mou pé f* oupPoliloupe TH piooTn Tapdywyo THs f. "Axkdpax yi& TNV viooTH
Tapdywyo [V xpnoemoiitar Rai TO oUpBolro %

1.2 Teopetpiki] onpocic tijc mapaydyov. “Eotw &1 f elvon & ouvép-
Tnon pé medio épiopol fva SidoTnua A kol
Py=(x,, {(x,)) &va onueio ToU SixypdppaTos Tiis
ouvopThoews aUTHs. “Av Bewprigouue kol Eve
&\ho onueio Py = (%o + n, f(xy + 1)) TOU Sicx-
ypdupoTos kobds kal TAv ebfela oU BiEpye-
Ton &md T& onueia Py, Pn, (1) evfeia alrr dvo-
pdleTon Téuvouoo ToU SiaypdpuaTos oTo Py),
TéTe 6 cuVTEAETTTS KaTeUBUVoES Tns, dnAad™ 1)
gparTopévn THS yovios oy, SideTan &md TV
TUTTO

QPq — f(%y +n) — (fxo) s

€% =p g -
tvéd ) t€lowon yi& TV Tépvouoa elval
f i
6] ¥~ i(xg) = DI (¢ _ ),

“Av Towpa Umobéooupe &T1 Umdpyer 16 lim

f(xo+n) — (xp)
n=0 n

, Snhadn 611 Urdp-

X&1 1 mapdywyos f'(x,) Ths ocuvapThoews [ oTd onueio x,, TOTE SpileTon dog
optaxn) &§lowon Tfis (T) yi1& n — 0 1) &lowon Tfis edfelos

© y-1(x0) = I'(xq) (3-%()

116
Wneptomotr|Onke amé To lvotirouto EkmaiSeutikng MoAmikrig




mrou SibpyeTon &md 16 onueio Py=(x,, {(x,)) ko Exel ouvTeheoTh koreuBlivoecos
v (%), &nAadn (BA. ox. 73)
ep oo =" (%)

‘Oplfoupe THv evBeic almh vé& elvon 7 épamrouévy edbela Tob Sayodu-
pazog i f 010 onueio Py.

1.3 Kwnpotikf onpasia tiig mapaydyov. “Eote &mi f) Béon x &vds UAI-
koU onuelou oY kivelTon Téveo ot wmd edbela EkppdleTan ds mid ouvdpTnan Tou
¥povou t. Anhadi

x = f(t), teh = [t,, t,] (Bva Xpovikd Bi&aTnu).

f(t) E(T)

Té mnAiko Siogopédv oTH XPOVIKA oTIyHn TE[ty, t,] Exppdder 7

uéon raybryra Tod VAmod a'rmeiov xard T4 yoovixd didoTnua peTald TV aTiyudY
T xai t. THv dpioxn T Tfis péons abTiis TaxiTnTas yi& t —T T SplGouue
s T (orwypuaia) taybrira u(T) Tob GAixod onueiov xatd Ti) goovii] oTiym T
BnAadn opifoupe

u(T) = llm f(ti___i_(ﬂ = 1{(T).
“Av Tdpa fi oTiymada TaxUTnTa U(t) Spiletan yik kéfe Xpovikf oTiyMR

tefty, t,], TOTE TS TAiKo Siagopddv (t)_ oy Exopdle T péon Emirdyvvon Tod DAt

%00 o'r},uewv ®atd TO yoowxo OdoTHue ,uew.fu Tav orypdy T xal t. THv oplokd
ol TIMY Tiis péons ém'raxuvcews ytc: t — T THY Spiloupe s T (oTiyuaia)
gmrdyvven y(T) xavd 1] yoovier oty T, SnAadn
Lk WD — v = @)
T
1.4*% Awegopiké ovvoptiicens. “Eotw &1 [ elvon wi& ouvdptnon ToU
Tapaywyiletan o fva Bikotnua A. "Av x, glvar Eva Srrolo8fmoTe onpeio TOU
BiooThuaTos A, TéTe ué Tév TUmo Y = f'(x,) X opileTon m& (chx;.ll.llKT']) ouvép-
non, 7 &moia dvopdletan Sapopixd Tijs ewvagtiioews | oTd onueio X, Kol
oupPolileron pé df(x,), SnAadn
g e
Eidixé, &v Becop'rﬁoouue Thy TauToTiK cuvdpTnon, SnAadn T1 ouUVEpTNON
T pé 7(x) = x, T6Te T6 Biagopikd dT(x) = dx aUTis Tfis ouvapThcEws oTO oN-

peio x, opideTan, cruucpwvcx ué T& TapaTTdve, 6 f ouvdpTnon moy dideTat &rd
Tov TUmo Y =7 (X)X =1-X =X, 8nhabt

X+ Y =X
kel dpa ) owvdptnon ['(x)dx &a Timo Y = '(x)X, &nhadn oupTriTrTEL Mé
16 Siagopikd df(x,). "Apa foyxler & TUTOS

|mm=mmu ]
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6 otoios kai Sikaioloyel 1O ouuPolioud f'(x,) = df(x") Tfis Tapaywyou odv
TnAKo Slapopikddv. 4

€ ’ ! g ~

H yewuerpixr| épunveicc ToU Sia- y Yi 3¢°
gopikoU df(x,) Tfs ouvaptroews f oTd v Y
Xo, OiBeTon 0T Birhavd oy. 75a, étrou 1 A
&pxn Tév &Eévwv X, Y elvon TO onueio Tt 100 APz
Py = (%o, 1(x0))-

" » A g Yo )

Omreos eidape Topamavw, ot kabe X X
onueio x,e dpifeton T Sixpopird df(x,) |
Ths f oTd x, dnAadn OpifeTon W& po- T el ST
voonuavTn &meikdvion pé TUTTO /]

Zy. 75a.

A3 x v di(x),

1) ool oT6 onueio xeA dmeoviler W& ouvdprnon, Té Biapopikéd di(x) Tis {
oTo onueio x. Trv &mewovion olth THv dvoudloupe diagogixd Tijg ovrapTi-
oews f xad T oupPolifoups pé df, dnAadnh:

As x ¥y df(x).

1.5 ‘Ihétnreg 16V mapoydyov. Oswpolpe Sud ouvaptnoels | kal g pé
kowo medio dpiopol Eva SidoTnua A. Téte loylouv T& EEfjs:

1.5.1. "Av 7 owvdprnon f magaywyilerar ord A, tdére adri elvar owvveyis
avvdpTnon.
*Anddetn. "Eotw x, tva onpeio ToU A. TdTe Eyoupe

1) — f(xe) = =1 (y _x) W xeA—{x,}

X — X,
kol &po
lim (f(x)—f(x;)) = lim Mhm (x —x,) = f'(x,) - 0 =0,

SnAod lim f(x) = f(x,), 16 omoio onuaiver &t ) ouvdprnon f elven ouve-
XX,

XNs 0T onueio x, ToU SiaoThuaTos A.

Uagar?ﬁgnan. To avtioTpogo Tfis iB1dTnTas abThs év loyve, Bnhadh m& ouvdpTnon
umopel v& elvan ouvexns, GAAG v& unv Tapaywyifetar. AlTé propsi v’ doberxBel pé T Taph-
Berypa Tiis ouvapTrioews f pé f(x) = | x |, oy, &mws eiSape oT6 Tapdberyua 4 Tis § 1.1 ToU
kep. V, elvan ouvexns. AUTn éuws Sév mapaywyiletar otd onueio 0, yiati

S RS LI M e L T
x—0 x—0 -l,&vx < 0
xal &pa
lim WDy fim ﬂ"r_u:‘é“) i
x==+0 x—>==0
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*Apa Bév Urdpxer TO lim @:0@, 8nAadty 1 ouvdptnon [ Bév moapaywylbeTar oTé
x=0 X

onueio 0.

1.5.2. "Av oi owvaorijoes f xai g mapaywyilovtar otd B, tére masaywyi-
Covraw nal ol owaorioes f4g xal f—g xal pakiora ioydovy

((+g) =F+g wai (Ig)="I-¢g.
*Anddetn. "Av x, elven fva droiodniroTe onueio Tou SiaoThpartos A, TO-
Te ExOVUE

(100 + 8()) —(txy) + 8 _ £ —f(x) | () —8(x)

X —X, X — X, X —Xg
kol &pa
' . f + g —(f o) + B n)) g I(x) -‘f(x )
(fx) + g(x)) — xllsnt, (1) 5(1)1 — n(x ) + g(x =3'_E.n,,, S o

+lim S8 _ (x) 4+ g'(xo),

BnAadh (F(x) +2(x)) x=x = I'(Xg) +8 (%) xaxi TOUTO Y1k k&Be Xo€h, Tpdypa

16 dmoio onuaiver é11 (f + g)' =1" + g

Mopdporer prropel vé &modeyfel kal & &vTioToryos TUTos yik 1 Biagopd.
Eidik&, &v g elvon A oTafepr) ouvdptnon ¢, ToTe foyue

(I o) =1"
1.5.3. Ay ol ovvaomijoeis f xai g magaywyilovrar oté A, TiTe mapayw-
yilerar xai 16 ywduevo fg xal pdliora ioyder.
(fg)’ =f'g + fg".
*Anddetn. *Av x, elvan dmolobfiroTte onpeio ToU SiaoTrpaTos A, TOTE
Eyoupe

M0R() = 1eECe) L1000 — [(x) B00) + [I(xa)E() = 1) 8] _
X —X, Xy
— 0, = 0.
- %_) g(x) + (x5 i(fxl:i(}),.

*Emreidny Suws f) g Toapaywyileran o1é A, oUpgowva pé Thv 1.5.1, abh v ou-
vextis kal &pa lim g(x) = g(x,). "ETor maipvouue

XX,
(X)), _,, = lim =00 i gy 4 10x) lim &0 ZB&W
X Xy ¥ X %p x—*Xg *
= I'(x0)8(xo) + (%) &'(X0)
kai ToUTo Y1k kdfe x,€h, Tpdypua ToU onuaivel 611

(fg) =1'g + fg"
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EiBikd, &v g elvan | otafepti ouvdpTnon ¢, TéTE ioyUel
(eh) = ok
1.5.4. “Av ol owaprijoerc f xal g magaywyilovvar ovd A xai ioyde

, o, Sl B, 3o
2(x)#0 yxel, vdre mapaywyilerar xai T6 mnlixo ke pdliota ioydet

(_f)' = Fe—fg'
g g

Eidixd, v £ elvar % orabepij ovvdotnon 1, loylet

I3\ g
M (v) =-3:
*Anddesy. ©& &mobeifouue mpdTa TV (1). *Av T6 X, elven Eva dmolo-

SfoTe onueio ToU SiaoThpaTos A, Exoupe
1 1

g BGa) _ L1 g —glx)
TERexAaXyE 0 | B0 B(X) X=X
*Emeidr) Spess fi g mopaywyileton oté A, olugove pé v 1.5.1 adtr elven ou-
v 1 1 .
x = T
veyms ko &p !m‘l g(x) = g(x,). KErot i im &=y
1 : i 1 I {X) B g(xu) o _1
(g(x))'—*xu T EED 1'_21 g(x) !('.T X—% 8= g(X) g'(xo) =
— _ &'(xa)
&%(x0)

TolUto Suws ioylel yi& kébe x,eA moU onuaiver ot ioxve ) (1).

Tope, &mwd v (1) kal hv 1.5.3 Eouue '

T L 1 ._ g fgfs

(K)H(fg)_rg_*'f(g) -l +f( )

1.6 Oi rapaywyor pepikdyv atotxatméd&v cUVAPTIGEMV.

16T i=vxy-L =203 ...
Mé& v=2 #xoups fi8n Umoloylor &m (x2)' = 2x = 2x*1, dnhodn & TUToS
foxver. ‘H &mwddeifn ToU TUmTOU altoU oTr) yevikh mepimTwon yiveton pé Thv
Emaywyikn pébodo s EEfis:

*Eotw 611 loyler (xX) = kx*1 Té1e, &md v 1.5.3 8& loyle

Ry e (0 xE) = (x) et faek) =il Pl es b= Gocbilhzs;
"QoTe, ué TO v&k Beyxfolpe &T1 & TUmos 1.6.1 loyler yi&k Té Quokd &pibud
k(xk>2),8ei€ope 811 aUtds ioyUel kai yik Tév Emduevd Tou guoikd &piBpd k+1.
"Apa 6 TUmos 1.6.1 ioxlel kal yi&k k&fe puoikd &pbud v > 2.

1.6.1 (% )‘ =~ ",{:T: x # 0 (v guowds doibuds),
N v=1 ¢ 1imos abrds loyel, yiori &md Trv (1) Exoupe
( 1 ATTO v Vo 1
T) T A Gy X
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Mé& v > 2, &mwd v (1) kai tov im0 1.6.1, Exoups

( 1 )'___ g_x“)'__ vxl v
: ¥) TTwpTT e T wA

1.6.2 (nux)' = ouvx.

TMpédTar 8& dmodeifoupe Tov TUTO lim MY_ 1. "Amé Ty TprywvopeTpia
y—=0
elvan yvwoTn 1) dwicodtnTa

ney <y < ey ¥ye( O,—zﬁ)

f| 6ol ypdgetan igoblvaua kai cfog EEfs:

mJuy< i) ye(, 2).

‘H Tedevtada alty dvicdTnTa Ic)(\';sl kel yid x € (—% 3 0), yioti

U B e i s B = R

“Qote d&mobeifape 611

) owy <B¥ <1 v ye( -7 ,0)u(o, 7).
¢

Etreidn 16 ouvnuitovo E’[vul guvexrs ouvapTtnon, Exoupe lim ouvy =ow 0=1

y—+0
kad & TUTos (2) Siver lim 1-1)5,! = L.

y—0

Mé& v& &mobeifoupe Tohpa Tév TUmo 1.6.2 Gewpolue Evav OmolodrmoTe
TPAYUATIKG &p1fud xy TOTE Eyxoupe

X —X, X 4+ X, X—X
NEX —NEX, s ke o g X +Xo
X—X%X, X —X, T ox—X, 2
2
X—X
o . 5 .
kol Emeidn, Smoxs mopomdves Seifope, lim ———= 1 kad (&md TH ouvé-
X—>Xg 2
= ’ . X )
¥ete ToU ouvnutévov) lim ouv x-; e = o-uvx""z'—x“ = ouv X, B Eyoupe

X—Xp
(NUX) x=x, = 1+ CUVXy = OWV X,
ki adTé yi& kéBe TpaypoTiKd &piBud x,, ToU onuaiver & (Mux)’ = ouwv X.
1.6.3 (ouvx)’ = -nux.
*Avéhoya pé T Tponyouuevn mepiTTwon Exouue
—2nu X — X, X + X,

(owx)' o L OWX — OWXe  _ i CI
Lt X—+Xg X=X, _x-n., X =Xg

121

Wnepromotr|Onke amé To lvotirouto EknmaiSeutikng Momikrig



X — X,

nu
=—lim —— limnu*t X = — 1 nu

Xo+Xq
xbxg o Xo yopx 2

= — THX,-.

1.6.4. (eq;x)':a%‘-=1+s¢p2x,x;ékw+—g- k=0, L=2,...).

‘H &médBeafn ToU TUTOU altoU yiveTon pé Epoppoyn Tiis idiotnTos 1.5.4

(egx)’ = ( nUX )‘ __ (nux)’'owwx —nux(owx)’ _ owxouvx — nux (= nux) =
X)) =\owx) = ouvix e owix
_owix+4+nux 1
T~ T owix  owix’
1.6.5. (opx) = — _n:.x =—(l+09%), x#xkmr(k=0,+1,42,..).
(opx) = cwx)' LS (ouvx)' nux — owx (npx)’ =i, (— nux) NuX — oWXoWX ll
? nux nuix nux
= MR ol =R a]
- nuEx =T mukxt
1.6.6. (¢X)' =e*.
"Exouue b
el e Aty — gl ) o g g8 Ko 1 ,
X XG T X —X, = FEE

kai émopéves, &meldn) oUppwva pé Tév TUtro (10) Tfis § 3.3 ToU kep. V loyxuel

. ex ~xXg — 1. ‘o
lim T.i__ =1, 6& Exouue kai
S
. eX — eX
(cx)‘x: e lim X —X =% . ] = g%

X=>xy 7 o
kol alTo foyver yi& kéde TpoypaTikd &piBud x,, Trou onuadver &Ti (¢¥)’ = e*.

1.6.7 (logx) = %, xe(0, + =0 ).

*Exoupe
b i e
T i el VTR iginds N
X —X, SOyl T | X

kad #ron, Emeidn oUpgowve pé Tév TUTo (11) THs § 3.3 ToU kep. V ioxva

iy
. L .
xl—l:I: T 1, 8& Eyoupe kai
o o =1
' Tt logR = ey [100]) I ]
QT 2T o o, ) TR
(']

kol oUTé foyler yi& kébe Betikd &piBud x,, ToU onuaiver &1 (log x)'
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*Emreidn, oUugova pé Tév TUmo (7) Tiis § 3.2 ToU kep. V ioyUel

s logx ©o .
JJogax = ioga (a # 1), 6& Exoupe
I L1 11
(logax) :l?g_r; (logx)" = loga x  xloga
“QoTe ioylel, yevikdTepa, & mapoxdT TUTOS
: Slea ]
1.6.7 (log.x)' = oy xe(0, + ) (a # 1).

1.7 Mapaydyien oivletng ovvaptiioews. ‘O Umoloyiouds THs Tapayc-
you wds ouvapThoews ké Tr Poriferx ToU dpiouol Tns elven yeviké koupaoTikés
ke TToAMEs gopés TpakTiké &BUvaros. Of iBidTnTes TéY Tapaywywy kai ol TU-
o1 TroY S6Bnkav oTis Tpomyouueves Tapaypdous 1.5 ki 1.6 wmopouv vé&
EpoppooBolv KaTEAANAG Y1& TéV UTTOAOYIOUS TEY TPy YWy koi &GAAwV oTOL-
YEIBEY ouvapThoewy, OTrws T.X.

(log x + e¢x)’ = (log x)" + (epx)’ :% +;Ui—2x, xeR* kal x #xmw + -121—
k=0 +1,+2,...).
"ANAG 0TS of TOAMEs TrepITITAICElS GTOIXEIBEY ouvapTioewy Bév elvea

Suvatd mws Y. yi& TH ouvdprtnon Tou Opileten &md TéV  TUTO
y =ow (2x + 3), Tiis dmolos Suws wmopolpe oxeTIKG ElKOAX v& Umoloyi-
coupe THY Traphywyo pé &’ elfelas Epapuoyh ToU Spiopol, dx EEfs :

(U'UU(ZX 4 3))';;:;(": lim =% (2x+3)—ow (2x,+3) _ l-lm—21'll-l (x—Xo) MU (X +Xo+3) _

X=PX,

_l’ y X — X,
——21im &%) jim qu(x +x, + 3) =
X=+Xg X —Xp X=Xy
=_2-1 nux, + X + 3) == 2nk (2%, +3)
xai oird foyuel yi& ke TparymaTikd &pibud x,. “Apc
(owv (2x + 3))' =-2np (2x + 3).

‘H mapoamdue owéptnon, Tis émolas Umoloyloape TV TRP&YWYO,
wrropel vé& Oecopnfel dos olvbeon Bud owvapThoewy, Tis ouvapThoews f pé
f(x)=2x +3 xad ToU ouvnuiTévoy, of Tapdywyor TGV bmolwv YmoloyifovTan el-
koA pé TH Porbeia TGV TUTwy kad 1B10THTROY TEY Tapaypdgwy 1:5uxad 1156
Efvon Dormdy guod vé dvalnTnbel kérroix oxéon petafl Tiis Tapaywyou Tis
oUVBETNS ouvapThoEws kol TV Tapaydywy T&Y ouvapTioewy, ol ool TNV
owvbétowv. ‘H oyton ol Sidetan oTd Emdpevo Becopnuat.

X —Xg X—+X0

1.7.1 @EQPHMA. “Eorw 6t f: A — A xal g: A—R elvar dvd ovvapmij-
ceic, dmov A xal A elva draoripara, yid tis dmoies Smobévovue dtu magaywyilov-
rar. Tore 4 otvleai] Tovg h = gof (4] dmola, dnwg Eéoovue, dollerar and Ty T
7o h(x) = g[f(x)], xed) magaywyilera énions xai pdhora ioyde

h'(x) = glIOI ().
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*Anddekn.*. "Eotw x,eA. "As Becopfiooupe wéd odmoiadnmoTe droloubic
x,v=12,... pé x,€ A -{x} ¥ veN xai x, = x,, y1& TAv dmoia Siaxpivou-
pe Tis TapoakdTew Tpels TrEPITITOES:

L. i(x,) ={(xy) ytd &va memepaopévo mlijlos dexrdv. Sty mepimTwon
abTh, pé Sixypagh T@V Spwv Ths x,, v=12,... oy mAnpoUv TA oxéon
f(x,) = f(x,) mpokUTTEl W&k drohovbic y,, v=12,... y1& THv Smoix ioyUel
¥y = Xo (BA. mopatfipnon Tiis § 1.4 ToU kep. i) xai

f(ys) # 1(x,) W veN.
ToTe 8& Exoupe
h(y)—h(xg) _ h(y)-h(x)  f(y.)=f(x) _

Yv— X% r(YV)_f(Xn) ' Yv—X,
_ gli(y)] - alf(xe)]  f(y.)—1(xp)
TR (67 IR PR R,

"Emre1dn) & Triv UmdBeon Umrdpyouv of mapdywyor g (f(xe)) kad f (x,), elkoAa
SiamioTwveron 8T foxUouv kai
gli(y.)] - glf(xo)] f(y,) - 1(x0)
lim =22 =L A0 — oTf(x ——” =1
j‘(y )_ f(,{ ) =82 [ ( )1 Y, f (Xo).

‘Emropéveos lim —2v/ — 1 (-Vv) h (X.,) =g [f(\:o)]f (%0) xad, &mwd TV TopaThpnon TS
§ 1 4. ToU keo. II], oy Vel émriong
@3y lim 2GS0 — TGN (o)

2. Lix) = f()io) yid &va memcoaouévo wAnflog dexrdr. EThv mepitToon
auTT), péBrary pagr) T&V Spwv TS X, v=1,2,. . .ToU TT?\T]pOGV T oxéon f(x,) #i(x,)
TPOKUTITEL Wik dkodoubiar y,, v=1,2,... y1& Thv' émoix loxler y, — x, kad

, i(y,) = f(Xn) W veN.
Téte 8& Exouue

'(xy) = lim fGr) = fxo) e ) 0,
kai &rrions Yy =X Yv—Xg
m 2O =hGxo) _ o alfG)] —elf(xg)] _ . sliCxo)]-eli(xe)] _
YV"XU yv_xo Yv— Xy
kol Emopéveds, cUupoova ué Ty TapaThenon Tis § 1.4 Tob keg. lll, foxver émions
lim h(x,) —h(x,) 0.
X, — Xg

"Apa kai oty mepitrTwon adTh loxler & TUmos (3), yior TéTe SiomioTdvET!
ém I'(x,) = 0.

3. Kawd and vic meoimrdioes 14 2 8 loyder. Mé Siaypagr Tév Spewv
Tfis X, v=12,... mwol wAnpolv TH oxéon f(x,) = f(x,) TpokimTel m& -
makohoubia xi, v=12,... Tfs x,, v=1,2,... yi& Ty omoia ioyUer Xu, =X,
(1BomTa 2, § 1.4.2 100 keg. 1II) kod f(xe) # f(x,) ¥ veN.
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Mé& v UmokoAouBia alrh, &kpiPéds 8mes kad oTfy mepimTwon 1, TpokUmTEl
ém
: i h(xkv)ﬁh (Xa)

@ lim =2 = TG (o)
TMapduore, ué Siaypaer T@v Spwv Tiis x,, v=1,2,... oy mAnpolv ™
oxéon f(x,) # f(x,), mpokUmTer W& Umoxohoubic X, v=12,... Tfs x,,
v=12,..., yi& Ty émola foxler x, — x, ki f(x,) =1(x,) ¥ veN. N&
Thv UmrakohouBia olTh dxpIP@ss, ST kai oTAV TepiTTwon 2, TpokiTrTel &TI
. h(xy )—h(x,) v i
®) i v’—_xa = g TIx) I (xo)-
Moparréve Siaomdoope THv dxodoubia x, v=1,2,... of dud Umoko-
Aoubies Trs Tis Xg, V= L2... ked x4, v=1,2,... y1& Tl dmroies ioxvouv of

(4) xai (5). *Amd Tis oytoes altés &mwodakvieTcn &T1 foyuel & TUTos (3).
"QoTe kad otis Tpels Tapamdve mepirTddoels dmodeifoue ST foyvel & TU-

mos (3), SnAadh 811 dw x,, v=1,2,... elvan dmoiadnmoTe &roAoubia pé

x,€0~{x)} 3¢ veN Téte

h(x,)—h(x,)

lim x, = x, = lim —2—"2= = g'[f (x)] £'(%,),
8nAadn

lim 202000 _ i) (xg) f b(xg) = TR - (x0)

X—X
X—>Xg al
kal alTo foylel yi& dmoiodhmoTe X, € A, ToU onuaiver &Ti
h'(x) = g'[f(x)]1{'(x) ¥ xeA.
Hepatipnon. Sty tehevtala mepimraon, &mou foylouw TauTdypova: ol
Tumror (4) kel (5), Exouue, dmws kai ot Selrepn meplrrTwon, ' (x,) = 0.
"E@appoyég:

1. (ow(2x + 3))' =[-Mu(2x + 3)] (2x + 3)' =-nu(2x + 3)-2 = -2nu(2x + 3).
216 dmoTéAeopa aUTS eiyame Katahffer kal Tponyoupéves pé & elbelas Epapuoyr Tol Spi-
opol Tiis Tapaydyou.

2. (a®)" = a*loga.
Z0upwva pé Tév TUTO (8) Tis § 3.3 Tol kep. V Exoupe a* = exloga kai Eropéves

(ax)- - (exlogl)n L3 exlosa % loga)' — exloga loga = a"loga.
3. (x2)" = axa—1, xe(0, 4 x).
Mopdpoia, Exoupe xa = ealogx kaf Emopévas

(xn)a o (ellolx): — gtlogx (alogx) = galogx a(logx)’ = x* 3‘_31( = ax® L
1
Eibix& y1& a= 5 Taipvouue
sy b i ik
(x ’)=—21-x’ 1 =%x u,ﬂ‘rm(f{):zvi.
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X
V41

Mpoyparikg : (YxP+1) =

4 (Yeorl)'=

1
= X =,
ot Pl o s s

1
2¥x 41

FevikéTepar loyUer 6 TUToS

- I'(x)
(Vi)' = —W—

Smaws elikoda mpokUTTEl &md TS Bechpnuo 1.7.1.

; = oy "
Hivaxas 16w nagaydywy vaw xvQLTéQWY oToLyEIWdEY TuvapThoewy

f(x) f'(x) f(x) f'(x)
x¥ vxY7h X axs=1
[ e~ a*  a*loga
1 1
logx = log. x s
nux . owx owx — nux
1 1
£pX P~ opx -

2. O POAOE THE NAPATQIOY ETH MEAETH IYNAPTHEEQEL

2.1 “H &wvoia Tiis Tapaydyou uds tEutnpeTel of peydho PoBud oTh pehé-
™ Wwids ouvapTroews, Sxi udvo yiati ptropolpe vé KaTapTioouue TayUTepa TV
Tivake petaPolfis Tns, dAAG kad yiori pé T Porifeix Tiis Taperydyou propol-
He v& Exoupe 6 AemrToueph oToiysia 1k TH oupTepipopd ToU Siorypduperros
Tfis owapToews of 8An THv EkTaoh Tns. T& BewpriuaTa ToU  dxoAoubolv
Epunvelouv T pbho Tiis Tapayyou OTN WEAETT OUVRPTHOEwS.

2.1.1 ©EQPHMA. “Ay 4 owvdgryoy f mapaywyiletar of &va onueio X, xai
magovardle Tomuxd Gxodraro otd anucio avrd, vire toyve £i(x) =0.

*Anddedn. *As Ymobiooupe 8T 7 owdpTtnon f mapouctdler Tomikd péyi-
0To 0TS onueio X, (oTHv TEPiTTTEOoT ToTrIKOU eAéy1oTou EpyaldpacTe dvdhoya).
Téte 8& Umdpyer fva dvoikTd SidoTnpa (a,b) ué x,e(a,b) = Z(f) Téroo, daote
v& foyue

i(x) < f(xs) ¥ xe(ab).
“Etot

fi i . F
(xx_);‘xa(x_ﬂ)ﬁo ¥ xe€(xq,b) kai -(’;_):_ig >0 ¥ xe(a,x,)

xal &pa, Emadh A [ wapaywyiletar ové onueio X, 0& Exoupe
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f'(x) = lim SO £ g yof f(x) = lim =) 5 0,
¥oeg a0l A X—>X,—0 * o

SnAadn f'(x,) = 0.

Té dvtioTpopo Tol Tapamdue BewpripoTos 8év ioxer. ‘H lodtnTa f'(x5)=0
ptropei v& ioxle, ywpls f| ouvdprtnon f v& mapoudidder Eva Tomiko kpd-
ToTo 0Td onueio X, AUTSé X, oupPaivel oThv
mepimTewon  Tmou f(x) =x% x;=0, &eoU, &vd
f'(0) = (BxBy=0=0, Y& k& x>0 Exoupe
f(-x)=-x3< 0 <x3=f(x). (PA. kal oy. 18 keg. II).

MecopeTpikd fi Utraptn &vds TomikoU dkpoTa-
Tou Tfis ouvapThoews oTé onpeio X, onuaivel (oTNV
mepiTTwon o 1) cuvdpTnon TapaywyileTar 0TS
Xo) 671 f) EparmrTopévn ToU Biaxypbupatos ThHs f
016 onueio Py = (X, {(x,)) elvan apdAAnAn pos
Tév &Eova v x (PA. o). 76).

Zy. 76

2.1.2. @EQPHMA (zoi Rolle).”Eotw [ wd ovvdornon pé medio ooopod
fva xletord dudornua [a, b], 7 dmolo elvar owveyrjc xal émmAéov magaywyilerar
016 dvouxrd dudotnua (a, b). Tdre, dv f(a) = f(b), dmdoyer x,e(a,b) téroro,
dored(xg) =0

Té Gecbpnua alrrd EppnveleTan yewpetpikd (PA. ox. 77a) dx &Efis: &v

Xp

A N T

2y, Tla. Zy. 778.

wé kouTUAn (Bnhadh TO Si&kypompa wds ouvexoUs ouvapTroews), ToU Exel
tparTopévn of k& onueio Tns, Téuveton &wd wd ebbeia TapdAANAn TS TOV
&Eova TEV X ok Bud TouhdyioTo onuela, TOTE of Eva TouAdyioTo onueio 1) épa-
TrTopévn THs KouTUANS aUTiis elvon TapdAAnAn mpds Tév &fova Tév x. Eidik&
oty TeplrTeon mou f(a) = f(b) = 0, fi yewpeTpikn Epunveia ToU BecopriuaTos
abTou &ibeton oTo oy. 77PB.

Té Becopnua oU dxohoubel dmoTehel wi& yevikeuon ToU Becopriparros TOU
Rolle xoi elvan yvwoTd s Oedonua tijc péons tyufis to0 dapogixot Aoyiouov
fi koi s Oedhonua Tav memepacuévwy abérjoewy.

2.1.3. @EQPHMA. “Eorw 8t f elvar wud ovvdoryon pé medlo dpiopot éva
xdetord dudornua [a, b], 7 omola elvar ovveyric xal émmiéov magaywyilera aTd
avowxtd dudornua (a, b). Tdre dmdpyer X, € (a,b) téroro, dore
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A f(b)—f
i
"Anddeitn. Té Becdpnua ard Tpoklmrrer Epeoa dd 16 Becopnue ToU Rolle
&v tpapuootel yi& T ouvdprnon g pé
f(b)—f
B(x) = 1(a) = f(x) + (x-a) (O=I@

‘H ouvdptnon g ikavotrorei, TPAYUaTIKY, Tis Umobéoers Tou fewpriuaros ToU
Rolle, yiori abrd elvon ouveys, Tapaywyifetan o1 (a, b) xad pdhioTa
' ' f(b)—f
| g0 =—1'(x) + (O@
v, tmrions, elvan g(a) = 0 = g(b). ‘Emoutvass Imépyear x,e(a,b) Térolo, dote
vé& loyve

' v f(b)—f{
, g (x0) =-1'(xp) + o2 =0,
® e
4 Bnadh 1(x,) = O=f@

‘H yewuetpiks onuacia ToU Becopfiuaros  ol-
TOU (?7\. oX. 78) elven 1) EEfjs: &v wid kopmiAn Eye
EpamrTopéun of kébe onueio s, TéTE of W Tou-
AdyloTo onueio 1y épatrTopévn Tfis KOUTTUANS cdTiis
Iy 78 elvon TapdAAnAn Tpds TV Téuvouoo edfela Trou
BitpyeTan &md T& dxpar THs KapTUANS.

fat
L~

2.1.4. NOPIEMA. “Av wd ovvdgrnon | magaywyiletar of &va dudoriua
A xal pdhora yid xdfe xel ioyie f'(x) = 0, rdre 4 ovvdornon abr| malover ovd
dudotnua A orafieor Ty
*Anddesn. "Eotw x* fva otafepd onpeio ToU SiaothiuaTos A kol x fva
&\Ao émolodfiTroTe onpeio ToU SiaoTAuTOs aUTOD. ZUppwva pé T Bedpnua
Tfis wéong Tipfs ToU Siapopikol AoyiopoU Umépyer onueio x, TéTolo, doTe V&
ioyUer
f(x)—f(x*)

X—x*

=1'(xe) =0, &pax f(x) = f(x*) ¥ xeA.

2.1.5. MOPIEMA. “Av ol owagrioe { xai g maoaywyilovrar ord dud-
otyue A xal pdhiora yud xdfe xel loyde I'(x) = g'(x), tdre oi ovvaprijoe |
®al g Owpégovy xard wid orabepi ovvdornoy, dndady yid xdfe xel loyiet
(x) = g(x) + c.

"Anddeity. T& T4 ouvéptnon h = f-g moparnpolue 871 loyle
Kx)=fx)-gx)=0 y xeA
kol Emoptvess, oUugeva ué T Topioua 2.1.4, | h Taipvel o076 SidoTnua A oTo-
Bepr) T, Eotw c. "Apa f(x) = g(x) + ¢ ¥ xel.
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2.1.6. @EQPHMA. “Av 1 ovvdptnon | mapaywyilera ovd didornua A,
ToTe loydovy Td magaxdrw

F(x) >0 Vxeh =+ A|F(x) <0 Wxeh =y A

F(x) 20 V¥ xeh =T+ A | I'(x) <0 ¥xeA =1} A

*Amddetn. *As elven f'(x) > 0 y1& ke xel. Tote, &v x,, x, elvan Sud
otrolaBnToTe onueia ToU SixaTruatos A pé x; < X, 6& Exoups, &md TS Becopn-
por Tfis péons Tipfis ToU Siapopikol Aoyiouol, &Ti Umdpyer xe(X,,X,) = A T
TO10, OTE

f (xl]) = f(xg)—1(x,) )

X—X,
&pa {(xy) — 1(x;) = {'(xy) (Xe—%;) > 0, Bnhadn f(x;) < f(x,), ™oU onuxiver
67 A f elvan yvnoiws alifovoa 016 A. "Qote &moBelaue &t
fi(x) >0 s xeA = f 1A
T& Gmwéhorra oupmepdopaTa ToU Bewpriuaros iE&yovtal pé dvdhoyo Tpdmo.
2.1.7. @EQPHMA. “Eoro f md ovvdgtnon yud tiy émola drdoyet 7 Sev-
Tepn magdywyos otd dudornua (a,b) mod elvar xal ovveyjs. Tdre, dv x,e(a,b) ué
'(xo) = 0, loxdovw:
"(x5) <0 = 1y f mapovordler romuxd péyioro ovd x,
f"(x¢) > 0 = A [ magovordler romxd éAdyioro otd x,.
"Andden. ‘H ouvvéxaia Tiis Seltepns mapaydyou kel | dvicdtnTa
I' (xp) < 0 ouwvemdyovrar &md 16 Becopnua 1.2.3 ToU kep. V 8T Umépyer Sid-
oTnua (ay, by) vé x,e (ay, by) = (a, b) xai {7 (x) < 0 ¥ xe(ay, by)."Apa &md
76 fewpnua 2.1.6 mafpvoupe &t ' T (ay, by) xai émopéves

f'(xo) i = '(x) > f(x,) =0 ¥ xe(ay,x,] = £ 1 (a5, X,]
I ¥ (a5, %)
=> f(x) < i(x,) ¥ xe(a,, X,]-
Mapduoia
') =0 : .
: :0 o } = ['(x) € I'(x,) =0 ¥ xelx,, by) = f } [x,, by)
>

= f(x,) 2 I(x) ¥ x€[x,, by).
"Qote dmobeifope (BA. ox. 79) 611 foxlel
f(x) <1(xe) ¥ xe(ay, by,
SnAabny 611 1y f Tapouodlel Tomikd péyioTo 0T
OT|HEIO Xq-

"Av "(x,) > 0, 16T pé Epapuoyr) ToU b, b £
TOPATAVE CUMTTEPATUATOS YI& Tf) OUVAPTNoN
-f (y1& THv omola loylUer (—f)'(x4)=—f'(x,)=0
kol (—f)""(x,) = - {""(x,) < 0) TpokUmrTEl &TI Zy. 79
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airfy (R —f) Trapouciddel Totiké péyioTo oTS omueio X, TTpdyua TToU onuaivel
11 ) [ mapouoidder Tomikd EA&y10TO 0TS X,

Eqoppoyi. NMd pid papuoyr Tév mapamdve, & HEAETTIOOUE TWPA T1
SiteTpdywvn Tpicovuun ouvépTnon f pé f(x) = 2x* - 4x% -1, TV &Troia peAs-
THoope kad oty § 2.1 (Beappoyn 3, Topdd. 1) ToU xeg. Il (BA. ox. 43).

MpéTa Umohoyilouue THv TrpddTn kel Seutepn mapdywyo Tis . "Etol
Exoupe

f'(x) = (2x%)’ - (4x%)' - 0 = 8x3 - 8x = 8x (x%-1)
"(x) = (8x%)' - (8x)" = 24x%-8.
Oi pites Tfs TpwTns Topaywyov f elvan -1,0,1 yi1& Tis dmoles ioyvouv
"(-1)=248=16>0, {"(0)=-8 <0 «xai f'(1)=16>0
kol ETropéveas, cuppove pé T6 Becdpnua 2.1.7, ) I mapouoidder Tomikd EAGyIOTO
o7é onueia -1 kai 1 kai Tomkd péyloTo oTd onueio 0.
’Emrions, eUkoAa TrpokUTrTouy kol T& Tapok&Tw:
f'(x) <0 ¥ xe(-o0, -1) xkai ¥ xe(0,1)
f'(x) > 0 ¥ xe(-1,0) ki ¥ xe(l, 4 0),
T4 &moia, &mwd TO Bewdpnua 2.1.6, cruv:"rrc'x)fowcu T& EE7is:
£7 (oo, -1), £1(-1,0), £7(0,1) kai f 1 (1, + 0),
EnAadn) T& oupmepdopaTta ToU Trivoaxka peToPorfis This fTiis § 2.1 ToU kep. Il

2.2 Kvprég xai koikeg ovvapriiosic. "EoTew f m& ouvdprnon ué medio dpi-
opol éva Bidornua A, | omolx TapaywyileTon oo A.
Tore, émws Eépoupe, Umdpyer 1 épamTopévn of kébe on-
ueio ToU Siaypduuatds Tns. “As Bewpriooups Topa THY
TepiTTooon dmou T Sidypaupa Tijs ocuvapTiioews [ Ppi-

P

= oKeTOI ThAvw &mo Thv épamrTopévn oTd dtrolednmoTe on-
peio Tou Py (BA. oy. 80).
Zx. 80 *Emreidny, émroos eidape othv § 1.2 alTtoU ToU kega-

Aaidou, 1) €§iowon Ths EparrTopévns Tou SixypdupaTos
s [ 010 onueio Py = (X, f(x,)) elven 1
¥ =1(x) + ' (x0) (x—x),
16 Sidypaupa Tiis f PpiokeTan éve &md THY EparrTopévn Tou aTéd onueio P,
TéTe kKol pévo TOTE, &v ioyUer
f(x) = f(xg) = 1'(xg) (x—%p) > 0 ¥ xeh - {x,}.
2ty TapaTdve TrepiTTwoT, &mou 1) TeAeuTala oxéon
i P, foyxter yi& émroiodriroTe XA, Afpe &Ti Ty ouvdpTnon f
elvan xwotr o1 A, f kal &mA& xvpTi.
*Avéroya, &v Bexfolpe 611 16 Sikypappa Tiis f Ppi-
okeTan k&Tw &mo THY éparrTopéun Tou of Eva onueio Tou

x. 81 P, (BA. ox. 81), 8& karafi§oupe, Tapduoia, 0TS UNTE-
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pacua &T1 aUTd ouuPaivel, TOTe kal pdvo TéTE, dv yik SmolodhToTe onueio
XA foyler

f(x) = f(xg) = £'(x0) (x — %) <0 ¥ xeA —{x,}.
Ztiv mepimTwon ot Aéue i ) f elvon woidy oTé A A &TA& x0iky.

“Qoe

r f xvory) o6 A p =g () -1 -TWE-y) >0 ¥ x,yor0Apéx #y

‘ f %oidy o1 A = ) -1 -'(¥) (x-y) <0 ¥ x,yordAptx = y

Mepadeiypata:
1. “H owdgrnon f pé {(x) = x® elvar xvorsf. Tparyparivd Exoupe

1) 1) —I'(N(x —y) = X*—y* = 2y(x —y) =X? —y* —2xy + 2yt = x? — 2xy + y? =
=(x-y)*>0 % x #y (Pr.oy. 82).

o X

2y 82 y=x* Xy 83 y=-x'+2x-—2

2. “H owdgrnon [ ué 1(x) = —x* + 2x-2 elvar xoidn. TpayuaTiké: Eyoupe
HO-I-I' () (3-y) = —x* + 2x-2-(-y* + 2y-2)-(-2y + 2) (x-y) =
=-x* +2x-2 + y®-2y + 2 + 2yx-2x-2y? + 2y = —x? 4 2xy-yi= -(x-y)* <0
¥ X #y (BA ox. 83).
3. "H ovvdgtnon § pué f(x) =x* elvar xoiln o716 Y
(—0,0) =al xvrij ord (0, + o). MpayuaTikd: Exoupe
IE)-1)-'(y) (x-y) = x*-y>-3y2 (x-y) =
=(x-y) (x* + xy + ¥) 3y (E-y) = (x-¥) (x*+xy-2y%) =
= (x-¥)* (x + 2y)
kaf Emopéves
@) -1 -I) (x-y) <0 ¥x,¥ 016 (-0,0) W x # y
Kai Iy 84 y=x}
1) —1(y) = 1'(y) (x-¥) > 0 & X,y 076 (0, + o) péx # y.
210 Tedeutalo dmd T& Tapamdve Tapoaelyuata Taparnpolue &1 f
ouvéptnon [ pé f(x) = x? elvou kofAn &pioTepd ToU 0 xai kupTh Befik Tol 0
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(BA. ox. B4). AUTS T6 ixppdloupe Aéyovtas 6T f) owvdpTnon nmagovatale
xaumj oré 0.

Fevikg, Mépe &1 W& ouvdprnon f oy elven Tapaywylown of va dvoikTd
Sidotnua (a,b) magovadler
xapmj oté onpelo x,e(a,b) Y
ToTe Kol pdvo TTE, &v adTH
elven koidn o1é (3, x,) xod i
KUpTn 076 (Xp,b) 1) &v elven a
kupTh oTéd (a,x,) kai kofAn T
o710 (X,b) (BA. oX. 85 kai
86). Té dvrioToixo omnueio
Py = (x, {(x,)) 100 Biorypdpuaros Tfis ouvapThoews dvoudleTan TOTE onueio
xapumfic ToU SiorypdpuoTos aUtol. EThv TepimTwon mou Té onueio P, elva
onueio kauTrfis, ) époamTopévn ToU ypagriuatos THs [ oTd onuelo alTd Sio-
TEPUE TO yp&enua, Omws gaiveTan kad o1& oxfuarte 85 kai 86.

Xy, 85 Zy. 86

2.2.1. @EQPHMA. “Eorow f jud ovdornon yid iy dmola dmdoye fi ded-
Tey mapdywyos ord Sudornuae (a,b). Tdre ioybovy :
f'(x) > 0 ¥ xe(a b) = f mom ato (a,b)
f"(x) < 0 ¥ xe(a b) = f xmﬁnj azd (a,b).

"Amddety. "Av x,y elvon Bud dmoladrmoTe anueia ToU SiaoTAuaTos (a,b)
pE X # ¥, TOTE, oUpgeva pé T Bedpnua Tiis uéons Tiufis ToU BiagopikoU Aoyi-
ouoU Umrdpyer anpeio X, petall TGV X kad y TéTolo, SoTe

) = 1(y) =1 (x0) (x-y)-
"Apx loyler kal
f(x) = 1) - '(¥) (x=y) = [F'(x0) - I'(¥)] (x-y),
T6, &molo, uE épapuoyt) Al Tol Becopriparos THs péons Tipfis ToU SiapopikoU
AoyiopolU yi& tHv I, pd&s Siver

©) f(x) = 1(y) = I'(y) (x-y) = 1" (yo) (xo~¥) (x-¥),

Smov 16 y, Ppioketar wetall T&V x, kad y. 'Emeidn 16 x, PpiokeTon peTafy

TGV x kai y, loxbe (x~y) (x=y) > 0. ‘Emouéveos 'q oxéon (6) oTrv TPWOTN TTE-
pimTwon Smou {"'(x) >0 V xe(a,b), ouvemdysTan 61

x) - 1) - () (x-y) > 0
8nhodn 611 7 I elven kupTh 0716 (a,b), &vé o1 Bedrepn TepimTadon Smou £(x) <0
% xe(a,b), ouvemdyeran &1

f(x) =40y 1(7) (x-y) < 0
&nAadn 6T 1) f elvan koidn oTd (a,b).
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‘Epappoyéc:

1. “H owvdgryoy { pé 1(x) = v VaPx2, a> 0 el xoidn yud ¥ > 0 xal xvprdj pud
y < 0. TlpaypaTikd: Exoupe

‘ 1 ; 1 =
X =y ———— (@ —x)' =y —— —2X) = —
2V a2 —x2 v 2V —xt o= : Yo —x2
kaf
—— (= 2x)
— X —x— =
£ e (x)’y‘us#xz »-X(Vcr’ix?)' Vot —x S 2V e—x2
X=-vy £ on —— . _
o —x® ot =t
qz
==Y i Vo =

‘Emoptveds y1& y > 0, Exoupe

I"(x) <0 % xe(—«a, @), &pa { xofAn o716 (—a, ),
& V& ¥y < 0, Exoupe

["(x) >0 ¥ xe(—«q, «), &pa f xkupTh o166 (— @, &)
(BA. ox. 45 xafl 46, § 3.2 ToU keq. II).

2. “H owdpmyon { ué 1(x) =y VX% a>0, pud v >0 elvar xoiin ori draotipara
(—o0,~0) xai (a, + ®), &vd pd y < 0 elvar svots otd (-0, —&) xaf (&, + ), (PA. o). 55
kal 56, § 3.3 ToU keg. II). TTpaypaTiké: Exovue

xr—al)y 2x

X
) i = —— — = —
x) Y2\rx2—a‘ ¥ 2 Vxi— ot Yy‘xz_uz
kai
— i Vx2—a? —x =
ey — v (X VxE—a —x(Vx2—ad)’ _ ¥xi—at
r=y X1 — of = X — o =
u!

=Y @m e

‘Emopévaws y1& y > 0, Exoupe
f"(x) <0 % xe(-w,-a) kal ¥ xe(a, + =)

kal yi& y < 0, Exoupe
I"(x) > 0 ¥ xe(-, -«) kai ¥ Xe(a, + ).

2.3. "Aciuntotes. "Ag Bewpnioovpe pi& ouvdptnon f opiopévn o Eva Bia-
otnuet Tfis popefis (o, + c0). Mi& ebfeio pé
élowon y = ax + P Svopdletan dodumtwry
T00 diayoduparos tijc f (PA. ox. 87), &vioyia

lim [f(x) —ax-p]=0.

X—+ o0

*ATd TN oyfon alth TpokUTrTouy of TUToL:
f(x)

a= lim — xai p= lim [f(x)-ax].
X—> 4o % X—>—+ 2
MparyuaTiké: & TUmos B = lim [f(x) - ax]

K->+ Zy. 87
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elvan povepds, Bwid & EAAOS TpokUTITEL g £6fs:

lim ( f(x)—ax)
lim (mf{"—) —a)=lim '(")—“"_=H+°°r e
X400 A X+ +00 X x-:TED X “+0

5nAadY lim _ffcil =

X=+00

"ATS T& TrapaTéve pafveTon &T1 & &Eovas TGV x, SnAady ) edBeic pé 238
owon y =0 (a=p =0), elvar &oUpmtewt Tol Slary pdupoatos dmrolaednToTe
unBevikiis ouvapThioews y1& X — -+ 0. T.x. TouTo gaiveten oTéd oy. 88 kol

=g : W U A i 1
89 y1é& Tis cuvapTroes Tou Spifovtan &1’ Tols TUTTOUS y= % Kol y =— nux,
ol &moies, dmreg yvepifoupe, elvan pnBevikés Y& X = 4 o0,

y

1
Ly 88 y= Ly 89 y= = Nux

1
X
Mopduoia, o1y mepiTTwON TrOY Taipvoupe T ouvdptnon | Spiopévn
o’ Eva BidoTnpa TS uopgfis (—oo0, o), Aépe 671 ) edfelar pé tflowon y = ax + p
elvau doduntwTy Tod dwayodpuaros tijc f, &v ioyuer
lim [f(x) <= ox~p]=0.
X—>—o0

Topduoia TéTE, Eyoupe
BP=B+0=PB + lim [f(x) ~ax-B] = lim [f(x)- ax]
X—>=—00

X—>—0
ko
I f(x)—
i (7{(5)_ —er) = it -ax xlnju:(’ tx-on) S
s X s x ik lim x
X——00 X -0 X——00
SnAadn)
a=lim " i = Jim [i(x)=-ox]
X—r—00 X—>—0c0

Elvar Aoirrdy gavepd ém1 & &fovas Tév x elvan &oUuTTwTn TOU Sy pdupaTos
STolxa 8 ToTE pnBevikis OUVOPTHOEWS Y1& X — —oc0. AUTS, T.X., aiveTal oT&k
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ox. 88 kal 89, émov oi &utioToixes ouvapThoes elvan pndevikés y1& x — — oo,

Téhos, &v y1& T ouvdpTtnon [ UmoBéooupe 6T eivon Spiopévn o’ Eva Tol-
MyioTo dvoiktd Sikotnua (a,b) (a,b mwpoypoTikol &pifpol), ToTE Adpe 61 A
eUBeic pé &iowon x =a elven  (katakdpuen) dotumTmTy TO dayoduparos

tijc f, &v ioxter lim f(x) = + o0 | —o (PA. ox. 90 ki 91), dvdd Adpe 811 1
x—a-+0

eVfelar pé E€icwon x =D elvar (kaTakdpugn) dotumrwry Tod duayoduparos ijs
f &v ioyver lim f(x) = + 0 fj —co (BA. ox. 93 kai 94).

x—+b-0
y v /"'- L
a| x J/ x » X \ b X
Zy. 90 Zy. 91 Zy. 92 Ly, 93

TM.x. o1 oy. 88 & &fovas Tév y elvon elfela dovpmTwTn ToU Sioypbupo-
ToS, &vdd, duTifeTa, oTd ox. 89 &fv cuuPaivel alTd.

2.4 ’Egappoyés ot pekhétn ocuvvepriicens. T& cupmepdouaTta ToU Pyd-
Aape TopaTrdvw uds ETITRPETTOUV V& LEAETTIOOUNE Mk ouvdpTnon pé T1) Porifac
Ths TpwTNS Kol SeUtepns Tapaydyou Tns EGeTdlovTas povo TR ueTaPoAr Tol
mpooniuev Tous. “ETol, &x1 uévo pmopolUue vé kafopicoupe Tomikd (katd Sio-
oTfuaTa) T6 elBos THis wovoTovias (&md TO Tpdonuo THS TPWLTNS TTAPYWYOV,
oUppuwva pé T6 Becdpnua 2.1.6), dAAG kal T &v 1) cuvdpTnon sivan kupTT ) KoiAn
(&md 1o mpdonuo THs SeUTepns Tapaywyoy, oUlpwua wé Té Bewpnua 2.2.1).
’Emions ¢ koBopiopds TéV onueiwy, dmou i ouvdpTtnon mTopouciddel Totiké
SrpoTaTx f] Ko, elvan elyepris, dvéd & kaBopiopds TGV GGUUTITWTWY Bieuko-
AUvel o) Xapagn ToU ypagfipards Tns. Ztd Tapadelyuata ToU dkoAoubolv
yiveton ca@ns 1 Texvikf THs PEAETNS WIS CUVAPTHOEWS -
4
2
i(x) = % x% (x-3)° plles TR [ : 0,3

2.4.1 “H owvdagrnon  ué [(x) = x? (x-3). "Exouvue

Iix) = »3_— x (x-2)  plles tiis £ : 0,2
f(x) = 3(x-1) piZe tfjs I ¢ 1.

ZxnuaTifoupe TéV TapokdTw Tivaka SiaTdocovTas Tis piles Tév f, 7, '
movew o fvav &fova kol onueidvoupe TAvw oTd dvTioTolXa SidoTHpaTA TO
Tpdonuo TGV cuvapThoewy [, [' kai [. TéAos, &md T& oToryeia abTd £Edyoupe,
oty TEAeuTaia ypoppn ToU Tivoka, T& CUPTTEPGOPOT Pas Y1& TH povoTovia
Tfis f kel y1& 6 &v a1 elven kupTn ) koiAn. *Axdpn, onueicvoule kal T onueia,
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otou fi suvdpTnon | Tapousidge kowtd (x), Tomikd péyioTo (T.u.) xai Tomikd
EréxioTo (T.€). Koo dxpipdds &md Tév Tivaka aiTéd Xapdloupe Té Si1dypappa
Tfis ouvapTrioews (PA. ox. 94).

— oo ? ? 400
' ¥ i - o +
'@ = = + +

+
e SR N e N N
t t
TS K B TE Lo
KoiAn | Hoidn | Kyprri |  Kuern Kuorn
y | !
i i
| i
0 1 2!

A e i
Sy, 94 y=—;-X’(X—3)

Iy mepimTooon THs Tapamdves ouvapThoews, elval edkoho v& SoUpe 8T

Bév. Umrdpyour &oUpTrTeoTEs, yiati lim o _ lim %x(x—B): + eo.

X— 4+ X— + o

1
2.4.2 "H ovvdotnon | ué f(x) =e x. “Exoupe
1

X 1 2 L.
f'(x) =< ki f'(x)=—" ¢ =

Xt X
3 ’ 1
Emions 1 lime x
T L o - NI
lim — lim =" lim x —+To"0 ked
xX=>r 4 X = +4 & X—* 4+ o0

1
lim (f(x)—0-x)= lime *

X=" 4+

=1,

“Apa 1) elfela pé flowon y =0x + 1 =1 elven (op1ovTia) doUpmreTn (Yik
X — -, Pplokoupe TEM THY iBix doUuTrTaoTn).
"Emaidn ) ouvdpTnon [ Sév elvar dpiopévn oTé onueio 0, 7 eYpeon TéV
Sproxév Tiuedv lim [(x) xai lim f(x) s BieukoAUvel oTH Y&patn Tol By~
x——0 x—=>-40
papuaTos. ZTAY TrpoKeluévn TepiTTTwaT UtrohoyileTon &
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1
lim e *=+4+w xaf lim e
x——0 x—++40

xal dpa & &fovas TéV y elvan (koraxdpugn) &olumrwTn (PA. oy. 95).

1
X

=0

= 7 +oo
) + + -
§" * + =
§ ) + + +
Foorr Foprl§ Fain
yi
H
I
1
1
i
1 o
s .| (S e
i
I
i
-2 :
& s v
o 3 z

1
Zy. 95 y=e x

2.4.3 “H owvdgrnon { pé 1(x) =x +—. "Exoupe:

F(x) = -5 piles Ths [ 1 ~1,1
n 2
= 3.
*Emrions
lim = tim (1+5) =1« lim ((-1-x)= lim . =0,
 X—>4© X—> 0o L X—»+ @ X—4 o =

“Apa, 1 eUfela pé Eiowon y=1-x + 0= x elvar dolpmtwtn (Yi1& x — -
Pplokoupe wdAL v 18i1a dolumrtwTn). "ETradn i ouvapTnon f 8év elvan Spropévr
o710 0, Umohoyifoupe Tis Opiakés Tiués
lim f(x) = lim (x+ ) =0 + (-0) =~
x—+—0 x—+—0 *
kol
lim f(x) = lim ( x + L):o e e
x—+40 x— 40 K
"Apa kal & &fovas TéV y elvan (xaraxdpugn) doUpTTwTN.
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- v
oo + SIEE +
_f'"(x) = - g J e
f - =l % i+
I
— TAN Nare —
Houin \Kouin | Kuorrd Kyprrt

1
Zy. 96" Yy=x+ =

3. O POAOZ THE TAPATQIOY LTON YIIOAOTTIEMO OPIAKQN TIMOQN
ATIPOZAIOPIZTEE MOP®EEL

3.1 "Anpoodiopiateg popoég tob thmov —g- . N& T ouvdptnon h ué

h(x) =542 mapamnpotue & loxder lim log (1 + x)=log 1 =0 kai
x—0

lim (e‘—-I) =e"-1=0 kai E&roubves yi& v& Umohoyioouue Thv dpiakd Tipd
x—0 )

% log(1+x)
=t Bév prropoupe v& Epappdooups TV TUTTO
x—+0
lim f
i I(x) :To ®

s BOK) lms g2(x)

. ; 0 . , yii ~ Los
(N TpdEn o » Omrws Eépoupe, By elvau EmirperrTe)."Opcos, umopolpe vé& UmroAo-
yioouue v Spiakn alTh Tiun s s
log (1 + x) — logl

logcf_l_-i-lx) _ log(lefj)e" logl uid e:ien Moxs 1 wdx.uD
TR
kal Eropéves
1im  Jog(l +ix) —logl I
lim o8 +%) _ x>0 X 3 (og(l +x)),—, ca b O
x>0 ¢ =1 lim ¢ ¢ & e a e .
X-+0 X
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‘Opiakés Tipgs &treos 1) mopamdvw, Snhadt Spiokés Tiués THs Hopefis:

o o S B KD 0=l o)

o 0 ¥
bvopdlovTan dmgoadidoiares poopés Tod ThmOL o ’AkohouBovTes ThHY 181 Tey-

log(1++%)

Foms el

Vikf], 8Tres TapaTdved Yid ToV UTToAoyIond THs Optakfis Tiufis lim
x—>0
poUpe vé& &mobeifoupe 1o £Efis Becdpnuar:

3.1.1. @EQPHMA. “Eotw dr [ zal g elvar ovvaorijoes pé zowd medic
dptopot éva oivolo Tijs poogis (a, x,] N [Xeb) A (8, xJ U [x, b) =(a,b) o
omoles mopaywyilovtar o1d onueio X, =zai wpdliora g'(x,) # 0. Tére, o
f(x)=0 = g(x,), ioydet '

i(x) _ f'(x0)

xl_lf: gx) — ()

*Anddekn. *Exoupe

f(x) — 1(x0)
1) _ f0-1x) _  x-x
B T B0 -8l g -Gy X7 Yo
X —Xg
kol &pa foxver kel
lim f3) = ().
o f(x) — X —Xg _ f'(xa)
X—-+Xg g(x) lim ﬂx)*g(x_li_ D)

X—+Xq X=X,

Znuelmon. Tapoamdve, othy mepimrwon Tou Té6 kowd medio dpiouo.

Tév { kai g elvon Tfis popefis (a, x,], ¢ 16 cUuBoro lim évvooUpe T6 lim
X—>Xp X—>Xg—0

Mopdpoia, oThv TepiTTwon ToU T xowd Tedlo dpiopol Tév f kal g elven s
popofis [Xq,b), ué 6 lim évvooUue 16 lim

X—+X, X=X+ 0
’Egappoyés:
1. lim = 1. Mapatnpolue 811 altd elvanr & &mwpoodiopioTn Wopgn ToU Ti-
x>0 l-e™*

TTOU % *Eyoupe (x)' = 1 kaf (1-e—*)' = 0—e—* (-x)' =-e~* (-1)=e*, xkai &pa &mwd T wapo-

Tévw fedpnua Traipvouue

. x (x)'x=a 1 1
=T U—eDiam &8 T
1 4 ouvx

TUTTOU .g . "Exoupe (1 + ouvx)' =0 + (-nex) = -nux kol (x-m)’ =1-0 = 1. "Apa, &md 1<
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Tapaméve Becdpnua Taipvoupe

o

hm 1 4+ouvx o +cuux)',£n __-num —
X—b 1t X—m xX—m)yon !

=0.

~

"Extos amd 16 fecdpnpa 3.1.1, moU elven yvwoTd o1n BifAloypagpia ds
xavovas Tou de I Hospital, ioxUer koi 16 Topaxdre Becopnpe.

3.1.2. @EQPHMA. “Eotw bu [ xai g ehva owagTioes ué xowd medio
dotopod éva aidvelo Tije poowiis (a,x,) 7 (Xesb) 7 (a,x0) U (x0,b), 0i 6moiec ma-

’

oaywyilovrar. Tdre, dv lim {(x) = 0 = lim g(x), ioyiel

X=X, X=X,
vl (G S () B
x=>%,8 *x) x—rxng(x)

276 Becopnua alTd TS X, prropel vé elven kol Ever & T oUuBola 4 oo
fj ~o0 ko &pa, TéTE, TS KOWS TEBiO Spiowol TGV [ kad g 6& elven THs popyfis
(a, + ) 4 (~e0,b) dvricToixe, &véd 7 TpiTn TEpiTTwON QuUoIkE droKAeleTan.

"Egappoyég:

1. lim _X— = 2. Topatnpoipe 6T1 aUTd elvon &mpooBidpioTn popen ToU TU-
x—0e*+ x-1

Tou % "Exoupe (x2)' =2x, (e~ 4 x-1)' =e~* x) + 1-0=e"*-1) + 1 = 1-a—* xal

TapaTnpoUue &T1 f dpraxn Ty lim __(\_2)_, = lim 2x_ _ 2 lim — X clyeq -
x—0 (e~ + x-1) x—0 l-e—* l-e—=

Tions w& &wpoodidpioTn Woped ToU TUTou .% AUTH udhiota UmoloyloBnKe oTAV Ta-

paméve tpapuoyn | kol &pa, &md T Tapamave fedpnua 3.1.2, loyle
X

lim x* = lim -.__.__(xz)’ = i =2-1=
Xx=0 e~ X4x—1 x—>0 {e.x+x_l). lejino i =32 1 =2

2. lim XNEX

g 0. MepaTnpolpe 8Tt altd elvar w& &mpocBiopiaTn Hopet] ToU TU-
x>0 X°

mou % "Exoune (x-npx)’ = l-guvx, (x3)" =2x kol TapoTnpolue &T1 1§ Spraxt] Tipg

lim (;—-n:_\) = lim ﬂ‘ﬂc elvon Ewions wé &mpooBidpioTn Hopen ToU TUmou L AU
x—»0 (x%) x->0 0
T, &wo T6 feopnua 3.3.1, UtmohoyileTan 811 elvon ion pé (liliﬂ':_ﬂ = '910 = 2 =0
(2x)'s=p 2 2
SnAadny {oyler lim (x__?ﬂ =0. "Ape, oUupwva pé T Bebpnpa 3.1.2 Traipvoupe kal
x—-0 (x%
lim XEX _ o
x—0 X
x-1
log™— 1 1
3. lim Xl Maparnpolue 811 loxler lim log e =log lim *= ) =
x>+ 1 X+ X X—++o X
x
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log x;_l

=logl =0 kol é&mions lim A 0, snAabn &1t f| Opiakh T lim elvat
x>+ X X+ 0
X
0
wé& &mpoobidpioTn Hoper ToU TUTOU T.'E-n'cuévms, pé T Porifaix ToU Bewprparos 3.1.2
Eyouue
-1 x—1y x ¢x—1 X 1
log X (log == e _) e
b X o gim N X/ g EAMX gy X0 T o
x—>= 400 1 x—> 400 10N x—>+00 __r x—>+00 _ b
x (T x2 x*
. : 1 1
= lim —— = lim = — ==1
x—=>4+0 1 =% x—>40 | 0-1
=ik 1

3.2 ‘Anpocdibpiotes popeis tod rbmov +Z. ‘Opiokés Tipés TS HOPPRS

5 f - . "

lim —(Q, gmou lim f(x) = + o0 = lim g(x)

XXy g(x) XX, X
dvopdlovTan dmpoodidoiaTes poppés TOD TIMOV .

0 r. 2 o
= Tis &mpoodiopioTes pop-
@és TOU TUTTOU GUTOU WTTOPOUPE v& Tis Umohoylooupe pé TR PonBeia Tou
TropaxdTw Bewpripaos, Tou elvan dvdhoyo Trpds TS Bechpnua 3.1.2.

3.2.1. @EQPHMA. "Egrw dre { wal g e ovvaorijocs pé xowd medio
dpwopod Eva aivolo Tijs poogiis (a, Xo) 7 (Xo.b) 7] (a,xp) U (xy,b), #al 6Tt maga-
yowyitovtar. Tore dv lim f(x) = + o0 = lim g(x), ioyiet

X=X, X—-- @
G i . f(x)
x'_,x“g (x) xl_?,:u 8(x)

ST Becopnuo alTéd wropel, Emions, TO X, vé& elvan Bva &md Ta oUpPola
+00 fj —c0.

"Eappoyig:
: logx __ - 3 S , el Rt : 7
1. lim 28X —0. Maparnpolue &7t aUTéd elvar puix &rpooBiopioTn Hopen TOV
x>+ X
TUTOU iio, yiorf lim logx =+ = lim x. *Apa, &mé TO fedbpnua 3.2.1 Eyouue
+e X—>4 @© X—++ ©
1
lim 'EX_ jim (%X _ jim X _ lim 1. S
x—>+400 X x—=+00 (x) >4 | x—>+00 X
Ay 1 i
% X %
Zi Dipy, -2 = —o0., [aparnpovpe &1t lim e T $C {
x—>+0 logx paTnp x—+=+0 logx x Lmn — logx kel
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4

i ’ . e 1 1 -~
dxdun 11 f) dpraky Twd lim 0_‘—1””‘ elvor w& &mpooBidpioTn popeh Tol TUTou T2
o )

|
|
R L
\

"Apa Exoupe

lim = lim = Iim — > _— 7 - lim =—— =
x>+0 — logx x>+0 (—logx) x—=>+0 i x—>4+0 X
2 X
= it 2 Wn e ™ = )il =
x=>4+0 X x—>40
kal Eropévas 1 1
x
lim = — lim £ =— =
x—>+0 logx x>0 —logx SR =g

3.3 "Anpocdidpioteg popoés tdv tinav + o — (+ ) Kai 0( + o).

3.3.1 *Angocdidoiores poppés Tod timov - oo — (+ o) elvar Sprokés Ti-
ues Tfis popefis:
11m [l'(x) g(.\)], dmou lim f(x) = + 0 = lim g(x).

X=X, X=X,
Ot d‘n‘pocr&oplc'res HopPQEs TOU TUTTOU alUToU dvéyovTan of &rpoaBidpioTes

popipés ToU TUTTOU % MpaypaTiké: &v F = % ki G = % , TOTE TrapaTn-
polUpe &T1 .

1 _ 1. G(x) — F(x)
lim [f(x) — g(x) ]_llm[ 769 G(x_)]_ lm: “FaOE

X—+Xg XX
"Apa, ETeISh

1 1 1 1

x]_ib]'i]" F(X) = m‘r—(i)— =— e O Kai x]iyl'il —G(x) Wg(T) = W = 0,
x—>xg o X—*xq
G(x)-F(x)

ouumepafvoupe &T1 ) dplokd TR lim elval W& &mpooSidpioTn

F(x) G(x)

o XXy
pope1) TOU TUTTOU T |
bl 1 1 1 ,

Mapaderypa : lu'r:‘J (m — X )= 7. Tpoyuatkd

"Apcx

LY g —log (1 +x%) e
i (Iog(1+x=) _?) = lim = x’log(l+ x5 "ol A wheala adm

- 0
Sprakd Tipn elvan & &mpoadidpioTn poper) ToU TUTOU R yiati

im, G~ log (1 +x3)) =0 =lim  *log (1 +x2).

fipa 2x "
Ty BN bRD g O lopdl 42 g ket i
—0 X?log (1 +x% ~ x>0 (xflog (I +x?%)) -0 2%
o . e <R o0 (¢ + A +x9log (1 +x9)

x? 0

&mpoabid e
- xt+ (1 +x%)log (T +x%) ( poabispiom uepefi <& )
(x?)’ 0 9% . 1

= lim =tm 2%y 1 _
x>0 (F (T FxDlog (1 FX0)  xvo 2x@ T Tog(l F5) — o2+ Tog (1 F 59
T AR
T2+0° 2
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3.3.2 *Anpoodidoiares poppés Tob Timov 0 (+ o) elvon opioxés TS
THs Hopeis:
lim f(x) g(x), émou lim f(x) = 0 kai lim g(x) = + 0.
X—>Xq X=X XX,y

Ot &mrpoaBidpioTes wopgés Tol TUTOV aUTol dudyovtat ok awpoo'&opto"rsg pop-
0

gés ToU TUTTOU - kol pepikés opés o Ekelves ToU TUTTOU ;—— Mpatypari«o
TOPXTNPOUME OTI
- fe _ 80
100 830 = 7gey = 171w
otTouv
1 i
lim f(x) =0 = hm ——— kad lim g(\) + 00 = lim —=——
XX, g(x) X=X, XX, f(x)
Tapadeiypata: 1. lim xlogx=0. Mpayparika:  lim  xlogx = lim Jogx_
x—++0 x—-»+0 x—++0 1

X

=- lim ﬂx_, dmou ) TeAevtala dpraxd T elvar i dmpoodidpioTn poper TOU TUTTOU
x>+0 1

X
o
T kol dmropbvas  lim —1ogX _ jim (—]og x) _ B F = limx =0
+® x>+0 1 x—=+0 ( ) x=>+0 1 x>0
X x2
— logx
"Apakai lim xlogx = —lim 1 8X =—0=0.
x>4+0 x—>=+0 A
X
2. lim xogx = 1. Tlpayuatik&: lim Xxogx = lim —, &mou f| TeAevtaio O-
x—++ 0 x—>+40 x-rr05¢

praxfy Tipn elvan pik drrpoadioploTn popgn Tou TUTTOY % kol Emopéveos

YO . - S
= 1 ~ = lim

X—]P'—I—{J X X—:+0 (epx) X—Ir—{-o 1+epx

1
=5= 1. "Apa xai  lim xopx = L.
x—+40

3.4 Anpocdiopiotes popeis v tonav, 07 (+ o) rai 1+,
3.4.1 *Ampoodibpiores poggés Toi Témov 0° elvon proxes Tiugs TS popRs
lim [f(x)]e® , 8mou limf(x) = 0 = lim g(x).
X—+Xp X—X, XXy
3.4.2 *Angoodidouores poogpés Tob wimov (+ 0)° even Oplakés TIpES TTS
Hopefis:
lim [(x)]#® , &mou lim f(x) =+ o0 ko lim g(x) = 0.

X—X, X=Xy XXy
3.4.3 *Ampoodidpiotes poowés Tod Timov 11% elven Splokes TIMES TAS
Hop@fis:
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lim [f(x)]8® , émoulim f(x) =1 xai lim g(x) = + oo.
X=X, X=X, X=X,

“OMes of mapamdvew dmpoodiopioTes opgés dvdyovTtal of drpooBidpioTn
Hopen ToU TUmou 0(+ o). Tpayuatikd, &mws Eépoume (BA. TUmo (6), § 3.2
ToU kegp. V), loyver

[f(x)]e® = eslosf(x)
kad &mé TH ouvéyeia THis EBeTikfls ouvapTricews EpapudleTan & TUTTOS

lim [f(x)]g(x) — lim o808t _ ex‘i‘:’xog(x)logt‘(x)
X—>Xq X=X,
xai Emouvas dpkel v& Umohoyicoupe ThY piokn Tiw lim g(x) log f(x), Tou
XX,
ot Shes Tis Tapamdve TepiTToEs elvan (| dvéyeton elikoda of ) pia &rpooBis-
p1oTn popen ToU TUmou 0(+ o).

apadeiypara: ¥
1. lim x*=1. Mopatnpolpe 6T1 aUTd elvon ik &mpoobidpioTn uHopgt) TOU TUTTOU
x—-+0
0°. “Exoume lim xlogx
lim x*=1lim exlogx = ¢ x>+0 = e=1,

x—>+0 x—>+0

yiarl, &mes Umohoyioaue othv § 3.3.2, lim xlogx = 0.
b S
a4
2. lim x* =1. Maparnpolpe 611 aliTd elvan widk dmpoadidpioTn poper ToU TU-
X—++4 o
mou (+ )% "Exoupe

]_ L. I lim logx
Im x* =lim e¢x % —,x>+®@ X ==,
X—+00 X—++00
yiarti, 8mws Umoloyloaue oty § 3.2, lim l_o;c =0

i X-—>400 X

3. lim (o'uux)T = . Tloparnpolpe 8Tt aité elvar W& &mpooBidpioTn Hopet)
x—++0
ToU TUToV 1+% “Eyoupe

1
— log ouvx
X 4

wuly s log ouvx limo
lim (owx)* =lim ¢ * =e " = ef=
x—>=+0 x—*40
yiaTi
i l . @ o . (ouvx)’
lim — logowx = lim °89YWX _ |y .(imf“) ="lim Z¥X =
x>0 X x>+0 X x>+0  (X) x40 1
=— lim epx = —¢ep0 = 0.
x—>=+0
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ALKHEIEIZ

33. N& UmohoyioBolv o (mpéiTes) Tapdywyor T&v TUVIPTTIOEWY TToU SplovTan

&wd ToUs MAPOKATW TUTOUS.
2

1) f(x) =x*+2x + 3 2) f(x) = x* (x + 1) 3) 1(x) = (;%-);
3x+2 142X+ 5 _

4) f(x)=x’,‘—j_'—l 5) f(x) = "—)-‘. 11 6) 1(x) = ouvx + logx

D= 8) 1(x) = x* egx + _i_ 9) 100 =dowx + ¢

34. Tlapépola, v& Umooyiofolv ol mapdywyer T&V ouvapTthoewy ol SpifovTal
&md ToUs TapoxdTw TUTOUS:

1) )=t E =] 2) 100 = ——
Yx+1
3) I(x)=¥x 3"+ 1 4 1x)=VxF1+Vx-1
5 f)=—d  _ L =
) e T o =VEn
7 1(x) = ow(3x + 2) 8) f(x)=nu(3x+2)
= 1 — 1
9) f(x)= T 10) f(x) = :':;—4-1
11) f(x) = 3nu'x + 20uvix + 1 12) Ix)= Yepx+1
2
13) 1(x) = mﬁ"gm) 14) 1(x) = log nux +x*
15) 1(x) = (x* +x)% + log (x* + 1) 16) 1(x) = (nux)logx
1D 1) =x"+142"% 18) f(x) = egx™.

35. N& Bpefolv T& TomiK& &KPOTATX T ouvapThigewy Tou pifovtan &md Tous
TapaKkdTw TUTOUS.

1
D) =nu@x+3) 2) I=x-2x'+5 3) [(x) =1
36%, N’ &rwoBeryBel &1 peta§l Showov TGV dpBoywviwy ué oTadepd mepipeTpo, TO
TeTphywvo elvan ¢kelvo moU Exer T peychiTepo Eupabs.

37%, N’ &moSeiyfel 871 petal SAwv TV Tprycvwy pé oTalepn TepipeTpo kal oTafe-
pf) Péon, T6 lgogxehés Tpiywve elva tkeivo TToU Exel Té peycAuTepo EuPabo.

8%, N’ &mobeiy8el 11 peTaly SAcv T&Y Tprydoveov pé aTadept| TepipeTpo, TO Ig6TAEY-
po Tpiywvo elvan Exeivo oy Exer TO ueyahuTepo EpPadon

39, N’ &modeiyfel o1
f kupth 016 A <> ~I roldn oté A
kad { koiAn oT6 A < —f kupTH OTS A. "

V‘Z
40. N’ &moBeryfei o1 ol &oUuTrTeoTes THis UmepPorfis wé Eiowon i —F =1

(BA. § 3.3 ToU kep. 1) elven xal &oupmrTeoTes TéY ouvapTroewy fy, [ Tou dpifovTan &mo ToUs

Timovs f,(x) = —E-‘\/x@_—c?' kol fo(x) = - % Vx—at,
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41. N& pedetnfouv kal vé mapacTtabouv yewperpikd ol guvaptiioes oy dplfovTan
&md ToUs TapakdTw TUTTOUS:

1) f(x)=3x*—-2x*+3 2) 1(x) =x(x2—4)
1
3) f(x)=2x443x2+42 4) f(x)=x+F
42, N& Umohoyigfolv ol TapakdTw &wpoobidpioTes popeés:
a
DimZE =1 g by logx _nox.
1 x—1 ) ,.T:‘ xr—1 ? il-rnt‘) nupx
4) lim 99X 5) lim £ =€ —2x X—nux
x+0 EQPX ) :-rﬂ) X — nux % :T(l} x?

43. N& UmoloyioBouv ol mapaxdrw &mpoobidpioTtes pwoppés:

1) lim et 2y ilim, -
xz

x+teo X+ logx Nebisiog)

: Jog(x—-1) - log(x*—8)
3) lim 4 = SOBLX
6 T+x-10, i

44*. Nd& Umoloyiofouv ol wapakdrtw &mpooidpioTes poppés:

. - " ™
D lm Viloge 2 lim (T~x)sqax 3) Lm

1
X0 x+1+0 (1081 T Tx—1 )

45%. N& UmohoyioBolv ol TapaxdTw &mpoobidpiaTes popeks:

X
0 X++00 x

1) lim x mex 2) lim (1 " : x+1 \x
)x_:Té og x) 3) lim (_.__)
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KE®PAAAIO VII

OAOKAHPOMA
1. TO AOPIETO OAOKAHPOQMA

1.1 "Apyikf| ovvapinon xai aopioto oOhoxhfpopa. "Eotw 611 f xaf F
elvon ouvapTnoes pé kowd medio dpiopol éva Sibotnua A. O& Aépe 81 1) F el-
von i doyeer (| magdyovoa) ouvdpTnon, f| &Ahids &a ddowoto dloxhijpwua
Tiis £ 016 A TéTe kal pévo ToTE, v 1) F mapaywyileTon kol ioyel

F'(x)=1(x) ¥ xeA.
"Av F elvan md &pyikn) ouwvdptnon Tiis f 16 A, 1é1e altd 16 auuﬁo?\{r‘,‘ouue
YpégpovTas

Ji(x) dx = F(x), xel
(16 oUpPoro [i(x)dx SiaPddeTan «dAorkAnpoopa f(x)dx»).
“QoTte, Aoirdv

J[i(x)dx=F(x) ¥ xeA = F'(x) =f(x) »+ xeA.

M.x. | ouwvdpTnon ouv Exel &pyikn ouvdpTnon TAV My, yiari, émews elvan fi8n
YvwoTo, (Mux)’ = ouvx. "Apa fouvx dx = nux, kafdds &mrions kal
J'auyx dx = nux + ¢, dmou ¢ oTabepds &piBuds, yiatl kal A Nu + ¢ elvar &
&pyik ouvapTnon Tiis ouvapTioews ouv, &pou (c)' = 0. Oi ocuvapTroes Tiis
Hop@fis nux + ¢ elven koi oi povadikés dpyikés ouvaptnoes Tis ouv, yiati lo-
XUel T dxdhoufo Becopnpe.

1.1.1. @EQPHMA. “Av F xai G elvar dvd doyinéc owvagtijoeas tijc owag-
ijoews £ 01d A, vdre adréc diapépovy xard orabeprj owwdornon.
*Amddekn. Zougova pds Tév Opiopd TS dpXIkTs oUVOpPTNOEWSs EXOUNE
F'(x) =f(x) ¥ xel xal G'(x) =i(x) ¥ xeA.
*Apa F'(x)=G"(x) ¥ xel kai Evol, &wd 16 moépiopa 2.1.5 ToU kep. VI, loyUel
F=G +c.

Hopodeiypora:

Mé tpoppoyn T@Y TUTwY TEY Tapaydywy Talpvoupe Tols Topak&Tw TUTOUS:

1. Jodx = c. Tpayparikd ToUto € dpiopol elvan looblvapo pé 16 () =0, mwou,
dmaws yvwpifoupe, loyuer.

147

Wnepromotr|Onke amé To lvotirouto EknmaiSeutikng Momikrig



2. fadx = ax. Mpayuotikd: Tolto € Spiopel elvan foobuvapo wé 16 yvweors TUTO

(ax)’ =4a.
3 fxvx= X" g0y LfEBY @y e+ Dx
u+1( 144 ) PAYHATIK v+l)_u+1 v+l = xV.
. ) v+l !
“Qome dmobeifape &Tt V_—F-T)= XV mwoU € Spropol elven loodivapo pé [ xVdx = x“:'l )
v
dx 1 = 1 1
& f? = (\TXV—I (V S 2131' . ')' npaYNGT"(d' (— (Vi—l_)x—"—-;) ]
=_J_( )___(_iji _ v=Dxvr 1 1
v—1 xV- -1 T | (xva}: A (u = l)xg(v_l) = ngv'l) - = F.

5 dx 1
© | % =logx (x > 0).Mpayuariké: (logx)’ = =

; xﬂ+1
6. [ xidx = a1 (@#—1) Tpayporma

(xa+1\r_(xn+=)'-_(a+1)xa_ .
ALy ARl el

7. J ouvxdx = nux (16 &mobelEane Tapamévew),

8. [ nuxdx = — owx. TTpaypaTiké: (— owx)' = — (— nux) = nux.
9 dx i ! 1
| Gwax = W% Toayuamikd: (e9x)" = —o—
10. f 1y = — 9¢X. TpaypaTikd: (— opx)’ = — (-- = e
nusx T nuix *

11. [erdx = e*, MpaypaTikd:(eX) = eX.

a* ) a®)’ a*loga

ax
12. faxdx =m (a = 1). Mparypatikg: (m

7 - R I e -~
livazas dopuorew  dloxinowudran Taw ®UOLETEQWY  OTOLYELWODY cuvapTiioewy

|
| f(x) ! [ f(x)dx f(x) J f(x)dx
\ .
J v Xv'H l 1 1
| : Y > 32| —gopyoa
a i Xa+1 1
‘ x2 (a%—1) =0 — (x20) log x
’ THX — owvx guvx nux
1 1
X T oex owix =
K a*
T ; e* a loga
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1.2 Tevikoi tomor drokAnphecmg. ‘YmobéToupe, Smou ypeidleral, ST
ol ouvapThoels TOU BecpolvTan OTHY TAP&YpPago aUTH EXouv TTap&ywyo.

1.2.1 [[f(x) + g(x)]dx = [f(x)dx + [g(x)dx.

Mpayuarikd: &md Tév Spioud ToU &bpIoToU GAOKANPOUTOS EXOULE

(T + 2(01dn) = 1(x) + g(x) = (JIE)Ax)’ + (Jg(x)dx),

&’ &Tou TpokUTITEL & TrapaTTéve TUTTOS.

MNapadervypa :

Jx4endx = S xdx + fe"dx = lx:"l + &&= _"2_'. + e*.

1.2.2 faf(x)dx = aff(x)dx.
Mpayuarxg ( Jaf(x)dx)’ = af(x) = a(ff(x)dx)" = (aff(x)dx)".

Ilapadeiypata :

1. Jax¥dx = afx'dx = a % = i : xV+1,
2. (ot ouvBuaopsd pé Tév Tumo 1.2.1) @ +a,x+ .. +acx<)dx =

= [adx + faxdx + ... +fa.<x'(dx=a.,x+12‘_x'+... +;%x't+'-

1.2.3. ‘0 tdmog dhoxinpdoews ward mapdyovres:
Ji(x) g'(x)dx = f(x) g(x) - [T'(x) g(x)dx.

Mpayparikd: ([i(x)g'(x)dx)" = f(x) g'(x) = [[(x)g'(x) + '(x) g(x)] - I'(g(x)
= (f(x) g ()" - (JI'(x) g(x)dx)".

Eidix& yi& g(x) = x &xoupe Tov TUTO

1.2.3 [i(x)dx=x{(x)- [x{'(x) dx.

Mapadeiypata :

1. [logxdx = xlogx — [ x(logx)'dx = xlogx — [ x—é—dx = xlogx —[dx = xlogx —x=
=x(logx — 1).

. 2. [ xlogxdx = f(xT’)logxdx =-§logx —f-xT’ (logx)'dx = %ilogx —f-);i %dx =

= %Llogx - —;_—fxdx =XT' logx — —%-'%‘- = -};—‘ (2logx—1)= —);L;-(!ugx' —1), 8nhadn

2
[xlogxdx = Z_ (ogx* - 1).
4

3, [e*nuxdx = f(e")'quxdx = e*nux — fe"(-nux)'dx = e*nux — [e*ourxdx =
= e*nux — J(eX)'ouxdx = e*nux — [ e*ouwx — Jex(owx)'dx ] = e*nux — e*ouvx +
+ [eX(— nux)dx = e* (nux — owvx) — Jernuxdx. "QoTe &mobeifaue &1
[e*nuxdx = e*(nux — owx) — [e*nuxdx,
&mé Srrou mpokUTTeEl EUkoAx &T1:

NUX — oUVX
X p— S ) e — v
Je*nuxdx = e 3

1.2.4. ‘O timoc dhoxdnpdioews pé dvrixardotaon:
Jg 11 (x) dx = [fg(¥)dyly=rww
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Smou oT6 86616 péAos ToU TUTTOU EvvooUue &Ti UoTepa &md TéV Umrohoyioud Tol
J8(y)dy ogeidoupe vé& dvtikaTtaoThgoupe T y pé 16 f(x).

Mé& v’ &mwoBeifouue  Tév TUMO oltd, BéToupe F(y) = fg(y)dy (&pa
F'(y) = g(y)) vod Té1e dprel vé& Seifoupe dmi

FIIGO] = felf(x)]f' (x) dx.
AUTS TpayuoTikk loxle, yiori oUugeova pé TS Beopnua 1.7.1 ToU xep. VI
(rapaydyion oUvletns ouvapThoEws) Exoune
(FUED" = FIOI(x) = glf(x))f'(x).
Mapadeiypata:
1. fow(ax + pB)dx = % Jow(ax + B) - adx = -:T Souv(ax+p)- (eax+B)ydx =

= Uowydy g = L [y Iy geip = L it 4 B), @ 0)

2 [_dxi = log | x |."Omews Eépoupe ioyue fﬁ = logx, x€ (0, + ). Né& xe(—w,0),
: . X
T6 SAoxAfpwua autd UtoroyileTan cs EEfs :
d_x=f_1_(—l)dx:f._1_ (—x)'dx:[f_l_dy] = [logy],=_t =
X —x —-x y e

= log (— x), x€(—e , 0).
Ol 8o TUTo1 dSAokAnpicews

5 logx, xe(0, + o) «xai fﬁ‘i = log (—x), x€ (—,0)
B X

dx
tvotroloUvTan oTédy f s log | x|

X 1 1 1 1 '
S e ] N = — (1 +x¥)'dx =
3 f] e dx : fl B (2x)dx . fl 5 (I +x?)dx

|

+
1 1 1 1 = 19 <%
= UT 0¥ Jymiinr = 5 (10815 |1y ae = - 108 (1 +x) = log YT F .
4, f dx = 1 + log 'X = 2'- MNé& vé& mohoyiooupe Té6 dAokAfpwpa
x—-1)2(x—-2) x—1 x—1

alTtd Bétoupe

1 a
G-DrPE-2) x-—1 +(x—Bl)’ +x12
kal Umoloylfoupe T& a,B,y s EEfis:
Mé ToMamhaciaoud kal TEY Sud peAdv s éml (x-1)% (x-2) Pploxoupe
1 =a(x-1) (x-2) + B(x-2) + y(x-1)?

kal peté Tis wpdtes

l=(a+y)x*+ (3a+P-2y)x + (2228 + v)
kal obTé loyle yi& k&fe xeR, mpdyua wol onuaiver &Ti

(e+y=0 -3a+ p-2y=0, 20-2 + y = 1).
'Amé T ErlAvon ToU guoTripaTes alTou Bpioxoupe (a=-1, B=~-1, y =1) «xai tmopéves
loyer
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1 LhE 1 1
G-IPG-0 — x-1 G-1p T'a=2"

f(x—l)’(x—2) s -x—l f(x-—l}‘+f
"ANAG

fxdjl-:fi—l
f(x—lr f(x Iy - Ridg= U%Jyﬂ-u=1F—?:-“],.ﬂﬁ|=‘xil

25, . *dy o
2 _fx—- 3 (x—2)dx = [J T]; e [ log L‘,’i] y.:x..;,: log | x—2 |.

O& Eyoupe Aormédv

“Apa

-ty ax=[ [ 8] =[ugiyi],_ =t

dx 1 1 ey
= _leg |k —1 T e i
G a—0 - JEx-1|+  —T+leglx—2|=c—7+lg |T—7|.

‘0 wapamdvew Timos loyUe ot kabtva &md T& BraothpaTa (—oo,1), (1,2) kal (2, 4+ ©).

5. fvxd_: 2_ =j](‘—l+ 3 (x +2)dx = [J.-‘%!:] s :{f y %dy ]yi!_‘_zz

1
==k ‘l

y
—— - =[2 V)T]v:x\z= 2Vx+2_
-+ y
= ¥ y=x+a
nux 1 dy "
6 Jepxix = [ 2 ax= - [ owwyax = - [ T]y., .
=—[log|y|]y_guwx =108 |ouvx].
1 v2x cruva
) 5 _fcruv’xdx:f +w fzdx+ f

e 5%+ l.fcrwhd: = —2—x+ T' ?U"WYGY]V=2‘ &5 Tx'*'T[nu”y:h:

2: x XOUVX
= X 4 nu +n; :

8. ferdx=-fer(-1)dx=-fe* (-x) ds=-[f edyl,—,={e'l,=s=—0"

X xt X"
9. ferx dx=-v!e™* (1+ 1 + 71 4.t W) v=012,...). Té &ho-

KAMjpwpa aitd T Umooylfoune ué Thy &vaywyikr) péfoBo, s EEfis:
MN& k > 0 Exoupe:

le(x) = [e—*x®dx = — [x%(eX)dx = —x* e * + Se* (x%)'dx = — x¥e~* 4 x Jerxx-1dx =

= —x"e* + kg (X),
SnAabn)
le(x) = —x* e=* + k I (X),

"Etor vi& k= 1,2,...,v Exouvpe
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(o1) I (x) = —xe* + l4(x)

2 o

1 1
1
(o) 1y (x) = — x%e=* 4 2I,(x) 71
1
(@3) 14(x) = —x3e=* + 3l,(x) i
1
(o) (X)) = —x%e™* + K [-1(X) =i
() 1,(X) = — XY e=% 4lyoy (%) L

"Av_molAamAacidooupe kal T& Sud péAn TGV Tapanuve oyfoewv pé Téy &uTloToixe
1

&p18ud mou elvon ypaupévos Befik (w.x- Tiis oxéoecs (0y) trri Tév ?)m( TpooBéooupe JoTepa
xavd pEAn TpokuTrTer (dooU ylvouv ol kaTdAAnAes dvaywyés) &t

1 ¥ X2 xY
7l lo(x) = lo(x) — ST o gt — o e

"Eton émerbi), d1meos Urohoyloape oTé mponyoupeve TapdBeryua, Ih(x) = fe—*dx = —e—*
0& Exoupe

v
1(x) = [e-*x¥dx = —yle-* (l-l- +2! +Z:T)
ALKHEEIZ

46. N& UmohoyioBolv T& TapokdTw &dpioTa dAokAnpduaTa:

dx - 4 3 2

1 fM_H 5 f_l,,_-“_t_g fx 4+ 2xt—3x +1

(-‘(—2)(-‘( +3) ) (xz_]}(x+2) dx 3) (X—l)(X+3) dx.
47. N& Umoloyiofolv T& Tapakdrw &bpioTa dAokAnphuaTa:

) dx X
S e S

48*. N& Umoloyiofolv T& TapakdTw &dpioTa SAokAnpduaTa:

3x + 1 et
)fVI S dx 2) I—W dx 3) f(2x—3)l’x —3x+2 dx

1) YR rodx

49. N& Umoloyigfolv T& TapaxdTw &dpioTa SAokAnpduara:

1) [opxdx 2) [e-sxdx 3) [xe-s*dx
4) [exouvxdx 5) [nuexdx 6) [epixdx
50*%. N& UmohoyioBolv Td TapakdTw &dpioTa SAokAnpduaTa:
1) [ nuxx nuvxdx 2) [ nuxx ouwxdx 3) [ ouvkx ouwxdsx,

&mou k,v guaikol &piBuof.
(N& ypnowomomnfouv &vrloTtoixa ol Timor:
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MUKX TUWVX = ué- [ ouv(k — v)x — owv(k 4 v)x ],
THKX OUVWX = _jlf [nu(k +v)x + nu(x —v)x ],
OUVKX OUWX = _;_ [ouv(k + v)x + owv(k —v)x ] ).

51%, N& UmohoyioBolv T& TapokdTw &OpIoTa SAOKANPLUOTA:

1) f(cruvx + nux) Youwx —nux dx 2) f(l-:-]:ivx)- x 3) fﬁu’;ﬁ%\w_x)’ %

)J' XTux 5)—[(_)( )29};
1+ o‘uvv.)" XNUX -+ ouvx

52%, Né& Ppefolv dvaywyikol TiTol yi1& T& ShoxkAnpuuara:

1) [nuvxdx 2) fouwvxdx (v puoikds &piBpds).

Mé 11 BofiBera alTédv TV TUTTWY v& UroAoyioBolv T& SAokAnpuwuaTa Soutxdx kol
Jouvixdx.

53%. N& Ppefei dvaywyixds TUmos y1& 76 ShokAfipuua flog'xdx (@=0,1,2,...)
xal pé T PorBed Tou vé& UmohoyioBel Té GAokApuwia Jlogixdx.
2. TO OPIEMENO OAOKAHPOQMA
2.1 "Opropés kai iddtnies. “As Becwpriooupe pi& ouvdpTtnon [ Splouévn
o’ Wa SidoTtnua A, f dmola elven ouvexns kai, &mras Exer dmrodeiyfel of) Mafn-
paTich "Avéduon, Exer &pyixf ouvépTnon otéd A. "Av o evon Bud brroladn o~
1e onueia ToU A, ToTe fi drapop&

F (B) - F(),
&mou F elvon Wi dpyikn ouvéprnon Tis f, elvan dve€dptnTn &md v tkhoyn Tiis
I". TTpary porTiké: cuucpwvo: pé 16 Becopnue 1.1.1, droiadnmoTe cpyixkn ouvapTnem
G iis f Siapéper &md Thv F kard pia oTabepn ouvdpTnen, gnAodn G=F + c.
‘Etropéveos

G(R) - G(o) = (F(®) + ) = (F(®) + ) = F(P) - F(c).
TH Siagop& F(B) - F(a) Thv dvopdloupe dowouévo bAoxhjomua Tijs f

p
and o péyor P xai 16 TopioTdvoupe pé [ f(x)dx, dniadn
a
B
{ f(x)dx = F(B) — F(«)

8
(16 oUpporo [ f (x)dx BiaPagetar «Shokinpwpa f(x)dx &md o uéxpt Br).

*Atrd Téy Topamdvw dpioud ToU Spiguévou SACKATPWHATOS TTPOKUTI TOUY
dutows T& EEfs: a
[i(x)dx=0
a

Kai
[ p
g' f(x)dx = — [ f(x)dx,
2 a
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TH Bwxpopk F(B) - F(a) Thv TApIoTaVoUPE ouvhifaos kol pé [F(x)18,
dnAod1) [F(x)]”— F(B) - F(a). *Eton
F090x = [FOoP = [ fGode I
TMopatnpoUpe dkdun &1 16 SAoKAT pLope f f(x)dx #§aptdTan Tdoo &wd
T ouvdptnon f, oo kai &md ToUs CIPIBU.OUS' a, [3 oi &mofor évopdlovTal dxoa
dloxlnodioems. *Avtifeta T6 SAoKkAT pwpa ff(x)dx Sev EapTdTon &mé TH pe-

TaPANT X, 8nAodn Sév SAA&leL &v QUTIKATAOTHOOVE TH HETOPANTA X &Trd
& &AAn. “Etor ioyUe

[ i0dx = [ fyat.

Mapadeiypata :
]
1. f adx = a(f — ).

Mpayuorrixg: fadx =[ fadx] = [ax,] =ap —aa = a(p — a).

2 fxtem )
1 1
Mpayperng: fxdx = [xdx ]:) = [%f]‘):_;f_%: %_
{ = T
Moayermié fvax [ friax ] = o
0 0 . 3 A

n/g
4. afnuxdx =1,

®/g

/
Mpatyuarkg: ofnuxdx:[fnuxdx ]: = [ —owx ]“;’= - uw% +owld =—04+1=1.
n

2

5 J owixdx = %

2
Mpaypomikd &mwd 16 mopdBeryua 7 Tiis § 1.2.4 #oupe:

kil
UW‘de:[f ouvixdx] = =[ x+ Tlu;c'uvx

n
= 1

hig

2 o R

k2 T ™
]2 B T

N|a = wla

2
6. f logxdx = log 4—1.
i
MpaypaTikd: &mwéd T6 wapdderypa 1 Tiis § 1.2.3, Exoupe:
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2 2
[togxdx=[ flogxdx]} =[x(log x—D]; = 2(log 2—1)—1(log 1—1)=
1 3
=2log2-2+1 =log 4-1.
1
% of-]-% dx =logV/Z .

Mpayuatiké: &mwé 16 Tapdberypa 3 Tfs § 1.2.4 &youpe :

1 e ~ —
b4 X 1 ——n - .
= —_— == e -1 = lo 1+ 12 —1lo 1+ 0 = log\/2.
f 1 7 dx fl r dx ]Og‘\/l X o g\/ g‘\/

2.1.1. "And tév dpwoud toi dowouévov SloxAnpdparos mpoximrovy ol ma-
paxdrw TUMOL:

f [{(x) + g(x)] dx _—_u.Ff(x)dx - &{'Bg(x)dx
;af(x)dx =a/ BI(x)d;nr.

Mpaypatikd: &v F kai G elven 8ud &pyixés ouvapThoes Tév { kol g &vrl-
oTOIYO, TOTE EYOULE

B
[0+ s0]dx = [f10) + gen]ax]? =[S reodx + [ g(x)dx] =

a

B B
= [F®+G(0]8 = F(B) — F(x) + G(B) — G(a) = [ 1(x)dx + [g(x)dx.
*Avéhoya TTpokUTITEL Kad O BeuTepos TUTTOS. y
2.1.2. "Av ap,y elvar onueia tob dastijparos A, tive loyder 6 Timog
¥ 8 8
Ji(x)dx + [ {(x)dx = [ f(x)dx.
a ¥ a

TMpayuaTikd' & F elvan w& dpyicn owvdptnon Tis f, ToTe Exouue
[F(y) - F()] + [F(B) - F(N] = F(B) - F(=)
SnAabn TéV TapaTrdved TUTO.
2.1.3. ’loyde 6 témos (Tijs péoms Tiuijs Tov SAoxinowtixod Aoyiouoi)

[
J 1()dx = f(xe)(P — ),

dmov x, elvar &va xardiinio onueio Tod dvouxrod dwagtijuaros (o, B).

Mporyuariké &v F elvan wé& &pyixfy ouvdprnon Tfis I (Snhadr F'(x) =f(x)

¢ xeh), TéTe, &I T Bechpnua Tiis péons Tiwfs ToU Siapopikou Aoyiouol (Bec-
pua 2.1.3 ToU kep. VI), Umépxer xq€(a,p) TéTo0, ddoTe v& loxUer

F(B) - F(a) = F'(xp) (B-o) = {(xo) (B0,
BnAadn

Fidx = 1(xp)(B — ).
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"Av épagudoovus v magandve Timo Tijs péons Tuuije Egovue vd EEig:
a<p
f(x) > 0 ¥ xe[ q, B]
a<p B B
() > 500 ¥ xefap] | ~ L > e

I = .f?f(x)dx =0

ITpoiyuomKd' Emadn f(x) >0 V¢ xe[a,p] koi Y& 16 X, ToU TUTOU Tfis
ueons Tipfis, 8& Exoupe kad f(x,) > 0. "Apa.

J 1(x) dx = 10x) (B—) > O(B—c) = 0.

*Emrions, émedn f(x) > g(x) ¥ xelo,p), éxouue f(x)-g(x) >0 ¥ xela,p].
"Apa

:[ f(x)dx = Jf[f(x) - g(x)]dx + fg(x)dx =0+ fg(x)dx = j‘g(x)dx.

-
2.1.4. ’loyver énlone xal 6 tdmog
B w(B)
Sy dx = [ fy)dy.
s w(a)
MpaypaTikd: &v F elvan wd dpyikd ouvdptnon Tfs f, TéTe, olupoova pé
Tov TuTro Tijs dAoKANpWoEws pé dvTikaTdoTaO, TraipvoupE

L‘fr(w(x))w'(x)dx = [ty ()dx]§ = [( [1dy], - g0 18 =

v(B)

= [F3)y -y = [Flveol]2 = FlwB)] — Frv@l =[  f(y)d;.
) yla)
E} s 1 [T —
Egapuori: [yi—xiax = T,
-1 2
Mpayuatik& wpdTa TapaTnpolue &1
oy ™y /s
f ouvixdx = f owxowxdx = f V1T —nuix (nux)'dx =
==y =y - Ty
nu(3) : ;
= f V]—y'dy:JVi—y'dy:fVl—x'dx.
m(-$) " .

“Eto1, dvatpiyovtas oo mapdBerypa 5 Tiis § 2.1, walpvoupe
1
S T
j; VT —xFdx = -
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2.2 T6 opropévo dhokiipopa og épPadov. "Eorw [ mia ouvdptnon dmo-

pévn xai ouvexns oTd KAeloTd Bidotnua [e,P] pé f(x) = 0 xelop]. "Eotew,
dxopn, E 16 xwpio Tou émmédou moU OpifeTon &t
T6 Bidypappa Ths f, Tév &GEova T x kel Tis eUleiss A
pé Eiooes x = akal x =P (PA. ox. 97) dnAadn f S
E = Bidypoppa {(x,y) :a < x < B, 0 <y < ()} ! \/‘\

"As Bewpriooups TpdTA TV TEp(TTTWIN, TOU 1§

f elvon ypapuiksy ouvdpTnon, 8niadn f(x) = yx-+86. 1 ;

Téte T6 Ywplo E elvan fva Tpoméfio (BA. ox. 98) w¢ T @ T Tk
Péoeis (TrapdAAnAes Trpds Tov &Eova TEV y kai) Trou

gxowv prkn f(o) wai [(B) xai pé Oyos oUu Exer pijkos £x. 97

B-a. "Eto1 f| Tiun (E) ToU £uPadol ToU Tpaeliou E
elvan

f(e) + 1(B)
@10 (i),
"EE &Ahou Exouue
B B
f f(x)dx :f(yx + 8)dx = {-é—yxz + 8x ]E =

a

= 2B + 8~ (5 vt +5a) =

= 2 y(B =) + 5B —a) = (5 y(B + ) + 5 )(B—o) = PPFT (Bc)=
— et O0B+D g OLIB @_q), smasy

j? f(x)dx = (E).

'O TUmos aiTds ioyvel yevikdTepa kol oTfiv mepimTaon Smou f I el
W& modvywvixy] ovvdornay, Snhadn w& ouv-
dpTtnon Tis omoias TO Sidypapuc elvan W&
ToAuywvikl ypopun TX. i AAAA, Tou
oy. 99. ToTe Eyoupe E

(E) = (&) + (&) + (e3) : /;:;,-3__74
kol : ) W | |

y

@y Uy B B . | £ £ !
JIx)dx + [ f(x)dx + [ f(x)dx = [ [(x)dx, [ &1 B2 1 Sa
a ay ay 7] ! :
dnAadr e " a a 7, A T
 1¢0dx = (E). g
‘O TUTos alitds loyUel PéBaia kad yid TOAUYWVIKES ypalies pé Goeabnmos

Te TAEURES.
*As Eavayuploouus Tdpa oThY mepimTewon Tijs SMOIGOBNTOTE CUVOPTT-
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y oecws f. "Av Siauepiooupe 16 kAeioTd SidoTn-
va [o,B] of v foa pépn SpiZeton wick TOAUYw-

Sf vk} ouvépTnon f, Trov Tpooeyyiler T f,
0 émeos gaivetar 016 ox. 100 yi1&k v=4. *Av
dvoudooupe E, 16 dvriotoiyo Xwpio Tol &

B G miméSou o dpile 1, (Bnhadh E, = Sid-
b1 dpi £ 3 yeoupa {(x,7): a« < x =R 0<y<f (x),
!t T6TE dvoudloupe Tipd ToU uPadol Tol X0
a a a 4G p Z piou E 16 lim(E,) (&v, PéPaic, ToUTo Umrdpyet
ey xad elvon mporypaTikds &piBuds), SnAadn
X

(E)=Im(E,})= Hhm jqfv(x)dx.

2T ueBnpoamik &védvon dmoBevieTan T, x&Tw &mé Tis Umrobéoeis aUTés
moU kdvape, oyUel

B B
lim [ 1,()dx = [ f(x)dx.
"QoTe kad o yyevikA TeplrTwon ioyver
B
J i(x)dx = (E).

Hagaripnon. ‘H mapaméve uéfodos otnpileton oThv  ISéa THS Tpogeyyicews Tou
tuPaBou, Tou TepikAeiel wid kapTUAn, &To TO Eupadd wou mepikeier wik dyyeypaupévn o al-
T ToAUywvikd ypauun. ‘H IBéx aiTh SgeikeTan oTédv ‘Apxwndn, & émolos THv Epdpuoce
Y& Tév Umohoyioud Tiis Tiufis Tol EpPadod Tapafolikou ywpiou.

IMopadeiypata:

1. f(x) = x* x€[0,a]. Zthv mepimraon alTh T6 &vrioTtorgo ywplo E Tol EmiméSou
elvon Exelvo oU mepiéyeTan peTafU Tol Biaypppatos Tiis f, Tod &fova TV x kal THs eUfelag
pé tiowon x = o (PA. ox. 101). “Exouue

©- poox = [ o =[5 ]1= § - =

2. f(x) = nux, x€[0,7]. ZTAv TepiTTwon alry 16 &vtioToiyo xwplo E Tou tmiméSou
efvon alTd ol mepikAeleTan &md TV fuiTovoedy kapmUAn kad 16 Bidornua [0,7] (BA. ox. 102).
*Exovue

(E) =Jnuxdx =[-owx]§ = —owm + oWl =—(=1)+1=2.

3. "Eufadd éowremxoi évds xixiov pé dxriva a. “Ag Becpfigoupe 16 EmimeSo ywpfo E
ol mepikAeleTon &mé 16 Bidypapue THis [ pé f(x) = Va®x2, —a <x < a kaf Tév &Eova TdV
x (BA. ox. 103). “Exoupe

) ==_,E\/_c;’——_xi i =_qu¢dx=«'_;f VT—(_%—)" (= )ax=

a 1

= q? f\/lg)'“dyzuﬁf\/l—x'dx
a -1
w
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s ¥y 102 Zy. 103

kai treidf, dmws Umohoylobnke oty § 2.1.4 (é:p:xpp.oyﬁ')f V1xtdx = _24'“'_ , B& Exouue
=1
ma? - & s L e .
(E) = -5 ‘Emropéveos | Tinf ToU EpPadol ToU EowtepikoU KUkAou pé dxtiva o 8& elven

2
2(B) =25 =mot.

4. *EuPaddy fowteonod uids éhietpews. “As Sewpfiooupe TAv ENAetyn pé tElowan
2 2
S5+ % =1, Snhabh THY EMenyn pé xévpo 0 kal HumdEo-
ves o,p. “EoTew E 16 yowpio ToU émmédou ol mepikAeieTan y
& 16 Sidypappa s { pé f(x) = %‘\/ukxz, —a=x=a
kal &mwd Tév &fova Tdv x (PA. oy. 104). TéTe Exoupe

(€ = f%vuT-_x"!dx =p h/—lu- (%)’u:

< [V (Z) (=0 Jir=riar=

xt 2
Iy 104 = +-—g—,- =]

—a/a
ap f YT xtdx
—1

1
xaf tmreibr, &mws Umohoylofnke otiv § 2.1.4 (Egapuoyn), f‘\/ﬁzdx = —;— , 0& Exoupe
—1

(E) = E;—ﬁ. ‘Emropéveos #) Tipd ToU tuPaSol ToU EowTepikoU Ths EAAelyews pé kévtpo 0 kad
fimd€oves o,p elven Tap.

*Ag Bccwprigoupe Twpa Bud ouvopThoess | kal g ol elvon dpiopéves kad
ouveyeis 016 [o,B] pé f(x) = g(x) ¥ xe[a,p]"Av E moploTdver 16 xwpio ToU
¢miméSou (BA. oy. 105), mou mepikAeieTan &od T& SiarypduuaTa TGV oUVPTNA-
oewv | kad g kol Tis etBeies pé E§10hoes x = « kai x = B, 16T T6 EuPads ToU
ywplou avtol elven f Biagopd TV EuPabidv Tév Xwpiwv Ep ki Eg (BA. oX-
106 kai 107). “QoTe Eyoupe dniadn
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Ty 105 Zy. 106 Zy. 107

() = (B ) — (B, ) = f 1(x)dx — [ gx)dx,
BrodH . ’
® =119~ 8(x) 1 dx.

Mapadeiypata :
1. f(x) = x xal g(x) = x2 TS tupadd Tob yxwpiou E Tob tmmédou (PA. ox. 108) elven

X xx];= 12 .2 (o- 0*

(E)=6f]'(x—:(')dx = [f(x—x')dx ];=[_2——'T

Zy. 108

2, {(x) = ouvx xal g(x) = nux. To &uPadd ToU Ywplov E moU mepikAeieTon &’ T4
CUVNMITOVOEIST) KaUTTUAT, TV fiTovoeldn KautUAn kal Tév &fova Tév y (BA. ox. 109) elvan
LI r/
(E) = j (ouvx — nux)dx = [f(o'wx — nux )dx ] = [ nux + cruvx] ‘=
0 0
\’_ 1/'_

™
=nu 7 + ow —4— — (MU0 + ow0) = —(0+D=V2-1,

SnAabn
By = VZ =1,
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AZKHEIEIZ

54. N’ &moBeryfel 811
n n

1) _{; nukx nupexdx = 0 = [ ouvkx guwxdx (kv Quoikoi, k # V)
= -x

T
2) [ nukx ouvexdx = 0 (x, v puoixofl)
-m

n n
3) J nukxdx = m= [ oukxdx (x PUOIKSS)
-n -

55%. N’ &mobeiyfei &1 y1& xdbe guaikd &pibud v loyxbouv :

%2 1-3.-(2v=1) = Xl 2-4---(2
i By Vydx = —— Sy =5 2y} Py _.'_-.._‘i)__
)‘.{'TH-‘ xax 2-4-.. (2v) ) 2) .{TIU 17‘"-‘*3.5...(2\, By

56%. N& Umohoyiofolv Té& Spiopéva SAokAnpduaTa:

m.r‘i r:’-’-,!

1) J ouxdx 2) [ owvtixdx,
0 0

Smov v elven Quoikds &piBuds
57. N& GmohoyioBel f Tipf ToU tupadol ToU xwplou E ToU tmméSov, wol TepikAele-

Tan &wd Thv EAAenyn pé ECiocoon iz + ‘7: =1, Tév KUKAO pé kévTpo 0 kad dkTiva 1 (r < o kol
a

r < P) xal ToUs fetikovs fiui&Goves (PA. ox. 110).

y

o r a x
Zy. 110
58. Né& UmohoyioBel | Tiuf ToU tuPabol Tol ywpiou E Tol Emmédou, wol mepikAele-

Zx. 111 Zy. 112

3
o &md Té BiaypdupaTa Ty ouvapTioewy { kal g pé f(x) = Vikal gx) =x%, 0<x g1

(PA. ox. 111).
59. N& Umohoyiolei | Tiur ToU éupadol Tol ywpiou E Tol tmméBov ol TepikAele-
Tan &md 16 Bidypappa Tis f pé 1(x) = x°/2 ko Tis ebBeies pé Efroboasy = 1, x =2 (BA. ox.112),

ol
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