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Ta kedahaia, oi mapaypador kai ol dpadeg dokfocwv mol Eyouv doTepi-
oko 8¢ 0a 8idayrolv oTolg pabnTég TGv TunpaTwy khaoikig kateuBivoews.
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KE®AAAIO 1

TPITQNOMETPIKOI APIOMOI AOGPOIZMATOZ
KAl AIA®QPAZ AYO TOEQRN

o 1. I[TPOBAHMA. *Andé vois Toryevoustoixois dolflpois tin mpocava-
rokopéverw Tokow a xai f ova Smodoptalloty of Toryavepetoizol ambpol Taw Ti-

Eav a—f xoi a4 fi. Y.

A) “Yrnoloyiopdg 1o ovv(a — f). \Y, Y,
"EXOUME TOV TPLYWVOPETPIKG KUKAC N :
(0) kai ToUs TpwTelbovTes &oves \\ﬁI i | SRR B
X'OX kol Y'OY Tév ouvnuTévey Kai N a
AUITOVEVY, AVTIOTOIY0S. :
3 . — A 1k ; b |
As Trépoupe AT kad AB 8Uo T6€x o8
foa Tpds T& o kal B, drou A f) kown X ADIRE
apyn Tous. Of ouvTeTorypéves TG I = K
kai B ds mpds Tous &foves X'X kai 7% \
Y'Y elven, dvTioToiyws: \
1 K x 3 )x/'
x=0I=0cwa } 1
y=FF =nua
x' = OB, = ouw P ]
y'=BB=nup
®épvoupe T BA kdBern mpds T M. *Amd 16 dploydvio Tpiywvo BAT
EYOUpE:

iY‘
ByEsl

Kad

Bl =BA? + Al = (x—x")% + (y—¥)?

fy Bl = (ow a—ouv P)? + (nua—nup)?
= owla + ou?Pp —2ouv couv P + npla + NuPP —2nuanuP
=2—2(ouwvaouw P + nuanup) (")
‘H i Tou TéEou Bl efvou: o—p + 2km kken

Otpvoupe TV edfeia X';OBX,; kof, #mdver o alrh), TV xébeTo Y',0Y,
Tis &Troies Bewpolue s TpwTeUovTes &Eoves Y1k T6 TOEO (é‘r) =a—p. 'Amd
16 T gépvoupe ThY kdBern [T, pds ) X' X kad ToTe ol ouvTeTaypéves Tév B
kai [ 8& elvan, dvmioTolyws:
x, = OF, = ouv(x — B)

Kad S
¥: =l =nu(a—P)
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*Amd 16 dpBoydvio Tplywvo Bl 6& Exoupe:
BI® = Bry? + MM = (x, — 1)* + (3, —O)?
=[ow(a—B)—1]* + nu¥(a—P)
=owa—B) + 1 —2ouw(ax—B) + nu*(a—p)
=2—2ou(a—B) ()
*Amd Tis oyéoeis (o) kai (af), Topa, Exoupe:
2—2o0uw (a—P) =2 — 2 (owva ouvP + nuanup). "Apa:

Vo, PE R: ovv(a — B) = ouva ouvp + npa mlISJ (O]
Y Aebtepog tpémos. Kard 16 Bechpnpa ToU Chasles elvan:
yeov (OF, OB) = yav (OX, OB) — yav (OX, OF) + k-2, kez
&mou ol Tiués TGV ywvidv aUTdv Ekepdlovtal of dxtivia. "Apa:
yov (OF, OB) = p— & + k-2 kez

ZUugwvea pé Tév dpioud ToU EowTepikol yivouévou dUo SiavuopdTawv (ST' kad
-
B elveu:

’Emreid1) Spes elvan kad
e | ==
|or| =108| =i
o'w(C—)F, CSE) =ow(p—a) =auv(a—|3)}
f| Tponyouuevn lodtnTa ylvetan:
— >
Or - OB = ovv(a —f). (o)

216 dpbokavovikd Buws ovoTnua &fdvwv elven:

e~

Ol - OB =xx' + yy = ouvaouwp + nuanup (o)
*ATé Tis oxéoss (o) kai (o) oupmepadvoupe &Ti:

v, B eR: | svv(@—B) = ovva ouvp + nua nup. |

BnAadt TpokUTrTEl TEAL & TUTrOS ().
B) “Yroheyiopés 1o ocuvv(a + B). ‘Emeidny & TUmros (1) loxler yi& xébe Té60
a kol B, 8& foxlel kal &tav ot Blon ToU P Pdhoupe 16 —P. AnAadn:
ow(a + B) = ouwaou(—B) + nuanu(—p)
= ouva ouvPp — nua Nup,
yiari ow(—p) = ouvP kai nu(—P) = —nup. "Apa:

Vo, BeRr: ovv(a + B) = ovva ouvp — npa npp | )

* Mmopel v& pn 5i18axfel & Tpdmos alTds.
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I) ‘Yroloywopog tod mu(a + B). “Av otév TUmo (1), Smou a Pdéhoupe

AT a, 8& Exoupe:

2
o l_a) ﬂ]zm(-g——u)mﬁ+nu(—2——c)nuﬁ )
l (F-o-8) =ow|[5 ~@+B|=nm+p
ow (5 —a quaxa(nu(%—u)zcwu.
Smére # iaérrn'ru ) yhm'm:
3

[ an(@ + §) = npaovvp + nupovva |

Va,p er:
A) ‘Yrohoyiopdg tod mu(a —B). “Av otév Timo (3), dmou P Pdhoupe —B,

6& Eyoupe:
nu(a—P) = nuaow(—P) + nu(—P) owa

= nua ouvp — nup owva.

"Apa:

(@ — B) = npa oovp — npup svva @

Va,per:
E) ‘Yrokeyiopds tii eg(a + B). "Av UmroBéooupe STi: ouv(a + B) # 0, Tou
loyvel yi&d a + P # ; + k-mk ez, 6& Exoupe

nu (@ + B) _ nuaxowp + nup ovva
@ @R =Gw@+p) ~ owaowp—nuanup M

*Av guvaowp # 0, Tou loxue yi&:

u¢%+k1ﬂ xal B;ﬁ%—{-k,n: k,kyez
Téte f) lodtnTa (1) ypageran Siaoyika:
nua ouvp nup ouwva
nuaouwp + nupowva _ ouva ouP owaouwp
mpca o+ PEE ouva ouvp —nuanup ouva owp  nux nup
ouva ouvP ouva ouvp
nux | nep
_ owa  owp _ epx+ egP ‘
o | b nup 1 —epaegP
ouva ouvp
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ew + epp

"Apa tp(a + ) = e

5

Lt) ‘Yrokoyiopés tiig £(a — B). “"Av orédv Tito (5) P&Aoupe émrou B TS —P
kal Urobéooupe &TI a—P # —Tzr + ki, k € Z, té7s:

g +e@(—P) _  epx—eqpP
e (a—p)= 1 —epaep (—P) 1 + epaeqpP
yiati ep(—p) = —€¢P.

Z) "Yroloyiopos tii op(a + P). "Av UmroBéooupe Ti:
nu(a + B) # 0, mou loxue yik o + B # km, kez

kal nuanup # 0, woU loyve y1& a # k; w kai P # ke, k, k;ez,
B& Exoupe BioBoyIk&:

ow(x +P) _ owaowp—nuanup

P P= T+ B) ~ nuxowp -+ nup owa
ouvaoup  nua: nup
_ _Muanup nuanup  _ opa opp — 1
nuoouvp +‘ NP ouwva opa + opp
nua nup Mo Nup
» opa opf —1
Apa: op(a+p)=- C:PE -Epapr ™

H) ‘Yrohoyniopds tiig o (@ — B). "Av orév tUTro (7) P&houpe dmou P 16 —B,
8& Eyoupe:

o B opaop(—P)—1 —opaopp—1_ opaopp + 1

oga + o (—P) oga—opp opP —opa
2 : ) opu mﬂi 5l l
Apa: op(a—P) = o ()]

& a—Pp #km, kEZ kal a #k; ™ kal P # kom, ky, k; € Z.

8
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Mepikég nepirrdoeis. "Av p = , TOTE €@ 4 =1 kad y1&

s b1
«Fy T s = 'y +_E‘Pa 1 + ega
= —ta)|]=—"=———, k,kez
- 4 kg 1 —ega
a # -5 + Kk 1—54"4“‘5?“
2
kal yi&
a#—z+k2'rr Ecp-';—r—eqxx I o
=>Eq)(4 —u): = l—f—EtPu' ky kyez
o # 12T kg l+s:p—4—-5q:cx "
- . & o1 e P T i i
Qoe: scp(4—+a)— e’ acp( 4 u)-— EET (&)

pé TOUs TaPaTTéVe TEPIOPITHOUS.
E®APMOIEZ

. n o7 3 9 .
e l." M0 <a< 3% -éf<,8<:vt xai npa =5, n,uﬁ——ﬁ,vawmilo—
yaflotv oi mapactdoeg:

np(a —B), ow(a + B), ep(a—B), op(a + B).

Aven. 'Emeadn elvan 0 < a < .gf kad —;— <P < 8& Exoupe:

o 3N\ 4
= —_ 20 = —_f = =-—
owa =V 1 — nuia Vl (5) 5

owp=—V1-—nup=— I/I_(',T) ='”%)‘

doTe 64 elvan:
I T e Bl Yk . S
G F WL B Ll ( "41)— - i e
kal, Emopéveos:

3
nu (a—P) = nua ouvP — NP ouva = 5 -(g P T
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4 40 3,..9 187
"”"(“+5)=°W°°Wﬁ—nuanuﬁ=?'(_fl)_?'ﬁ= 205’
: BYd NG
byt g e P 4 ) 47 _ 15
P T 1 +eqaepp 1+i e = ] 27 33
i(-%) '
4.(-2)
_oparogp—1 _ 3°\7 9 /)7 187
L g e et s

® 2. Nd dmodoyiaboiv oi toiywvouetoixol dpibuol tawv téfwv 15° xal 75°.

Aven. ‘Efraidny 15° + 75° = 90°, & Exoupe:

nul5° = ow75° = ouv(45° + 30°) = ouv45° ouv30° — nu4d5° Nu30° =

1

2

=X2 Y3 y2
37 i el

V6-vV2

4

ouv15® = nu75° = nu(45° + 30°) = nud5° aw30® + nu30° ouvd5® =

V3
o

1

2

Y2

_Vz
=72 2

€@ 15° =0g75° =

ow75° _ Vé6—-V2

Wi~ Vé+vV2

w75 _ Ve +V2 _

op 15° =¢ep75°= =1 _ —
s P o oW T VBN 2

_Vé+V2
YR
Wy, s

epl15°=0975°=2—V\3

"Avakepalaioon.
ne 15° = guv 75° =_\/-6:—\/'2
ooy 15° — np 750 =VL”;[3_

op 150 =59 75° =2+ \3

® 3. Nd dnodeiybet &ru:
Ya,peR:

10

nu(a + pmp(a — B) = npa — 2 = ovv?p — ovvia.
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*AnoderEm. “Exoupe SraBoyikd:
nu(a + B) nu(a— B) = (nuaowpP + nup ouva) (nua ouvP — nup ouva)
nela ouv?p — nu®p owvia
= nua(l — nu?p) — nu?p(l — nule)
nuta — nufa nup —nup + nulanu’p
nufa—nu’p
= 1 —ow?a— (1 —ouw?p) = ow?p —owia.
e 4. Z¢ xdbe voiywvo ABI vi dmodeiyfet dr:
E=aquB —0) + pnu(I’ — A) + ynu(A — B) = 0.
*ArodeiEn. Emeadn o = 2RnpA = 2Rnu(B + IN), 8& Exoupe:
anu(B — N = 2Rnu(B + MNnu(B — N = 2R(nu*B — nul)
kod pé kukdin “Gvadhoyn) TGV ypoupdTtwv o, B, Y kai A, B, I 8& Exoupe:
2 = 2R(nu2B — nu2l) + 2R(nu?l —nu?A) + 2R(nu*A —nu?B) =
= 2R(nu2B — np2l + nul —nu?A + nu?A —nu2B) =2R- 0=0.

TAYTOTHTEZX YIIO XYNOHKEX

® 5."Ava+ B+ y=m, xai askn + g-ﬁ Bk +-’2iﬁ y ki +—’5- , vé G-
moderyliel 1) ayéon:
cpa + e9f + @y = coa £off coy.

"Anodertn. CAmS T oxfon a + P+ y=T =>a +P=m—y xal tmvo-
pEves:
cpo +egp _
1 —eqaepp i

epar + 9P + e@y = e epP gy

ep(a +P) =@ (T—Yy) =—c@y=

‘AvrioTpopng:
@ 6. "Av oi ywvies a, B, y ixavomorodv Ty lodtnra:
(H gpa + e9p + @y = cou P ey (12)

ué moud ayéon cvvdéovrar adtés ol ywvies;

Aban. Amd T oxton (1) Exoupe:

epa + epp = —epy(l — epa £gP) )
*Av elvar 1 —egaepPp =0 < egaepp = 1, TéTE &1Md T (2) =
epa + epp =0 <= ega = —egP,
| émola lodTnTa 8¢ cupPiP&detan pé Ty epaepP = 1. "Apa:
1 —epaepP # 0,

11
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omoéTe &md TN oyéon (2) Exoupe:

epa + epp
1 —epoepp

a+pB=(mM—y)+tvrea+pPt+y=mt+vi=@C+Dnr=kr v, kez

=—e@y <> e¢(a | P) =—py =@ (M —7Yy) =

AT T& Tapamdvw PAtmoupe 611 of ywvies a, B, y ouvBéovTon pé T oxé-
on a+ P + y=km émov kez.

® 1. "Av oi ywvies a, f, y ixavomowiy iy lgdtyre a + f -+ y—m, tdre:
ouv’a + ouviP + cuviy + 2ouva cuvp ouvy = 1 (13)
"An6derln. "Exouns o + P +y =T < o + Pp=m—y kal tmwopbves:
ouv(a + B) = ow(Tr — y) = —owvy <> ouva ouvp — nua Nup = —ouvy<
owa owp + ouvy = nua Nup
Yyovovtas kal T& 8Uo péAn Tiis TeAeutalas loéTnTas oTd TETpdywvo,
EXOUpE:
ouvia ouv?p + ouv?y + 2ouva ouvP oury = nulanu =
= (1 —ow?a) (1 —ow?p) =1 — ouwa—ouw?p + ouvia cuv®p <=
owia + ouv?p + ouw?y + 2ouva ouvP ouvy = 1.
‘Avnietpbgac:
X @ 8. "Av loyber 6 timog (13), nic avvdéovrar oi yovies a, 8, v;
Abon: ‘O TUmros (13) ypéeetan:
ouv?y + 2ouva owp owvy + ouvia + ow?p—1=0 (1)

kol prropel vé Bewpnfel TO modTo péAos s BeuTepoPdBulo TpidVUNO s Tpds
ouvy. "Av A elvar 1) Biaxpivouod Tou, 8& Exoupe:

2— = owla ouv*P —owia — 3uvP + 1 = (1 —ouvia) (1 —ou?p) = nuianup,

kal Emropévess ol piles ToU Tpiwvipou 8& elven:
oy = —owa owp + nuanup = —ouw(x + B),
ooTe 84 Exoupe:
at+P=F(r—y) +k2re at+tPty=Qk+1n ptkez.
ZHM. T& SimA& onuela elvan dvedptnTa 16 Eva &md 16 &AAo.
Mé Spoia épyacia Ppiokoupe &Ti:
¥ YAy oi yowvies a, B,y énalnfedovry Tipy lodryra:
ovvia + ovvlp + ouvly — 2ouva cuvfouvy =1 (14)
Tote ol ywvies a, f, y ocvvdéovrar ué tic oyboeis:

a+p+y=k.2n, 6rov ke Z

12
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@ 9. “Av pevaki Tiv xvolww groyeiwy Evdg rotyavov ABI dmdoye 1 ayéon:
a=2pouvvl, (@)
rére T6 Tolywvo avtd Ba elvar loooxelés.
AnodaEn. ‘H oxéon (1) ypégerto:

2RnuA = 2-2RnuB owl <= nuA = 2nuB ouwl (2)
wal treis A + B +T=m = nuA=nu(B + ) xai § (2) yiverau:
(B + M = 2nuB owl < nuBowl + nul’ ouvB = 2nuB ouwl <=
nuBouwl —nulouwB =0 < nu(B—-1) =0

B—l=k:m, ©6mov ke€Z.
*Emreibfy Suws B xad [ elvan yewvies Tprydovou, mpemel k = 0.
“Apa B— =0, éméte B=T. AnAadn T6 Tplywvo ABI elvan {oooxehss.

AZIKHZIEIZ

Iphrn opada
1. N& UmohoyioBolv of TprywvopeTpikol apiBuol Tiis ywviag 105°.

2. "Av0 <a < %. i /Br ;‘ kai np a= g. cuv p 2191, v& Utmohoyiofouv ol

TapagTdoes:
nu(a—PB), ow (a + B), 9 (a—B), o¢ (a+ P).

3. "Av W za<m, 3_."' <P < 2wka nua= _lﬁ, ouv P = :%, vé& UmoAoyiobolv ol

2 2 17
TAPATTATEIS
nu(a+ B), ow (a—B), ep (x+ B), op (@—B).
4. "Av 0 <a< %, % <P <mwrkalowa= \;2 owv P :—%.‘ v& Umrohoyiofouv

ol mapacT&oss:
nu (@ + B), ow (@—P), e (x—B), op (= + B)-
5. N& &moBeiyfolv of dkéAoubes TauTOTNTES
nu(a— P)ouvp + nup ouv(a—P) = nua.
ouv(a — B) ouv(a -+ B) —nu(a—B) nu(a + B) = owla.
nu(60° — a) ouv(30° + a) + nu(30° + a) ouv(60° —a) = 1.
ouv(a + B) ow(a—p) = owla— nu2p = ou?p —npia.
(B —Y) + ep(y — ) + €@ (a—P) = ep(B—Y) ep(y — @) ep(x—F)-
Né& oiks Tipés Tév &, P, y Bév Exouv Evvoia T& péAn ThS 5;
6. N& d&moberyfei oT1:
L we—p) , nwB-y) | =" o
ouwvaouvp ouvpouvy ouvy ouva
g  TWE-Y)  muy—o) , mE—P) _q
nup nuy nuy Mea nue nup
2nu(a + B) _ ,
Y omErp e
i epi2a— epix

VoY — = ep3aepa.
1 — e@*2ceq’a gl

Wb W N =

13
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7. N& &moBeiyfei &ti:
1. ouwix + ow(120° + x) + ow?(120°— x) = %

2. "Av a4 Pp=45 Téte: (1 + epa) (1 + epp) = 2.
3. owta+ ow(60° + ) + ow(60° — a) s%

+« Agbtepn Opada
8. "Av a+ B + y =, v& &mobeyBei 61i:
-4
£
2.  ogaogp + ogPogy + ogy opa=1.
3. owa ouvp 4 UGNy o
nupnuy  nuy neax nua nup
4. neta + nup 4 nuly — 2ouva ouvp ouvy = 2.
5.  e92a 4, ep2P + e@2y = ep2a eg2P eQ2y.
9. B¢
1.

1. oe +mp%+mp—7_=atpimpj_crvl.

2 2 2 2

k&fe Tplywvo ABIM vk dnrobeiyfei &ti:
omuB-N) | PauF—A) . ynuA—B) _,
nuB + nur nul + nuA nuA + nuB
2. @nuB-T) , Pmu(T—A) , y'nu(A-B) _,
nuA nuB nul
3 (B+y)cuvA+(y-i—cx)o‘uvB+(u+ﬂ)u’wi’:a+p+y.
4. muAnu(B—T) + nuBnp(M —A) + nul nu(A —B) =0.
10. "Av a + B + y =, v& &mobeyBel &Ti:
1. o¢a+ op®P + og?y = 1.

f ) 8 2.
ol Eap%+sv—25-+€¢7¥21-

3. "Av u+5+y=%, TéTE: E@Pa + £9?P + ety = 1.
o o) M 4

(

4. "Av s nuta

=1, 16Te: @y =cqaepp.

¥ o 10. /IPOBAHMA. >And vois Torywvouetpuois aoilfpots Tav mpocava-
toliopéverw téfav a, f,y vi dmoloyiochody of torywvousTourol dotbpol Tot abpoi-
ouaros a -+ f + y.

A) “Yrokoyiopds tob np(a + B + y). “Exouus SraBoyixd:

nu(a + B+ y) = nul(x + B) + y] =nu(x + Bouvy + nuy ouv(a + p) =
= (nuacouvP + nup ouva)ouvy + nuy(ouva ouvP — nua nup)
= nuaowp ouvy + NP ouva ouvy + Ny ouva ouvp — Nuat nupnpy
"Qote, Va, B,y R, elvan:

np(@ + B+ v) = npa ovvp cuvy + nup cvvy cuva + nuy cvva ouvp — npa nup npy
kel méd oUvropa:

np(e + B + v) = Inpa ovvp cuvy — npa npp npy 1s)

14
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B) ‘Yroloyiopog tob ovv(a + B + 7)- "Exoupe SraBoyikd:

ow(a+B+y) = owl(a+P)+y] = ow(a+pB)ovwy —nu(a+Pnuy =
= (ouva ouv — nua uB)owvy — (nuax ouvB +nup ow)nuy
= guvaouwBouvy — nHanuPouvy — nuanuyouvP — nupnuyouve.

"Qote, VO, B,y €R, elvai:
ouv(a + B + 7) = ovva cuvp ovvy — npa Npp covy — N Npy cvva — NRY R cuvp

kad ouvTouOTEPO:

ouv(a + B + ) = ovva ovvp cuvy — Inpa npf ovvy (16)

I) “Ynohoyiopds tiic @ (a + B + 7)- *Exoupe BiaBoyikd:

me+p+y) _ T nua ouvP ouvy — Nea NUP Ny 1
@@ +P+N=0 01 p+y) ouwaowpouwy—Znuanupouy’ o

"
Stav elvan ow (« + B +y) #0, Tou loylet yid a+P +vy # 5 +km, kez.

*Av Buws elvan kad owva owwp ouvy # 0, ol loxle yid:

gL

a# g tkm BEG +lm Y # T+ kg ovyypove (ki ke ks €2)

Sicnpcovras kad ToUs BUo Spous ToU KA&opatos (1) Tou Beutepou péAous ué
ouva ouvP ouvy, EXOUHE:

L spa — eqa £9f £y
1 —ZXequeop

ep@+p+v= amn

_tga  cof - £gy — epa op 97
) pa+p+1= 1 epa cop —eop coy — £@YEQQ

A) *Yrohoyiopds tiic 0@ (a + B + 7)- “Av np (o + P + y) # 0, ou loyuel
yea+p+y# k, émou k €Z, Exovue SraBoyIka:
ow (a+ B+y) _ owvaouwpovvy —Inuxnupovvy ),
o0(x +P =G T pFy) | Inucowp ouvy — ke B Ty
“Ay Sucws elvan kad npa nuP nuy # 0, Tov foxle yid & # k,m kad B # kg
kai y # kym, &mou ky, ky, ky €Z, SicipdovTas ToUs Spous ToU KAQOUATOS ¢))]

pé nuenup nuy, Ppioxoupe Tév TUTTO:
o¢a opp opy —Loga

op@+P+7) = — yoefoey—1 18

i oes oyl agy —ove— o9k O%)

bl oy “ogB ooy + 6gy opa+ogacpp — 1
15
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2 1
Mapadevypa. “Av ega — -112, epfl = 5 W= vd amoderylei 7 alilea
Th¢ iodTnrag:

a+B+y=-7 +kn, kez

"Arnbderdn. Ztov TUmo (17) GvTikabioTeovTas Tis SeBopbves Tk, Ppiokoupe
HETG THV EkTéAeoT) TV OXETIKGV TpdEecov:

eq;(u—}-ﬁer):l:E(p:. "Apa: a4+ P+y=m/4+km kez.

AZKHZEIZ
IIpdtn épada
11. N& UmohoyioBouv ol Tapagtéoeis:
Lo nu@+y—a), nu(y + «—p), u( + p—vy).
2. owP+y-oa), ouv(y + a—p), ouv(a + B—y).
3. ow(a-p-y), ow(@—a—y), ouv(y —a—B).

3 8 5
12. 1. "Av 0 < o, B, ¥ < % kal epa = % 9P =15 ¥Y =75, v& Umohoyiobolv ol
Tprywvopetpikol dpiBuol Tév dfpolopdTwv o 4+ B+
3 12 7 5
2. "Av 0< «, B, 7<J21 kal nua = &, nup =713 WY = 55, v& Umohoyiglolv ol Tpi-
ywvouetpikel &piuoi nu(a + B + y), ep(a + P + ¥) og(a + B —vy).

TPIT'QNOMETPIKOI APIOMOI
AKEPAIQN IIOAAANIAAZIQN TOZQN

® 11. /TPOBAHMA. > And roic TotywvopueTouots dolbuots évde tétov a vd
bmoloyialodv oi TorywvousTpinol apibpol Téw tokaw:

2a, 3¢, . .., va pveZ
A) “Yroloyiopdg tob np2a. *Av ord YvwoTd TUTrO:
nu(e + B) = nua owp + nup ouva
PéAouue vl B 16 «, B& Exoupe:

nu(x + o) = nua ouva + Nua cuva

np 2a = 2npa ovva (19)

=5

B) “Yrokoyiopds tob ovv2a. *Av otd YvwoTéd TUTrO!

ow(a + B) = ouva oup — nua nup,
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PdAoupe Srou B TO a, B& Exoupe BiaBoyikd:
ouw2a = ow’a—nuia = 1 —nula—nula = 1 — 2nuda
kol ow?a = owla—nula = owia — (1 — owia) = 2ouvia— 1.

"Qoe:

ovv2a =1 —2np’e = 2ouvia — 1 = cuvia —npla

I') "Yroloywopég tijg &9 2a. "Amd 16 yvwoTd TUTTO:

£ (o + p) = lﬂ?é(;:‘:g, &v PéAoupe otrov P TS @, Exoupe:
o o+ o = Epa +ega  2ega A LA 2eqa
Pl T = T o epa 1—eqia A pupo

‘0 Timos (21) loyte yid:
cxaé—g- + k- kad a # + g—-i—kl-rr. omou  k, ky, ez.

A) "Yrmodloyiopds tijs 0@ 2a. "ATd TS yvwoTd TUTO:
ocpaocep—1

o (x + ﬁ'):?pu—fﬁ' Stav P=a, Exoupe:
_ opx-opa—1 opa—1 _og*a—1
o s by ogax + opa  2oqa A aple = 209a

‘0 TUmos (22) foxier yi& o # km kal & # 72 + k-1, émou k, k, € Z.

® 12. Oi toryawvopetpizol dpilpol toi téfov 3a. “Exoupe BiaBoyixd

nu3a = nu(2a + a) = nu2a ovva + nua cuv2a =

= 2nua owa - ouva + nua(l — 2npla) =

= 2npa owvia 4 nua—2nuda =

= 2nua(l —nue)) + nua—2npla =

= 2npa — 2nula + npa — 2npda = 3npa — 4nuda.
ouv3da = ow(2a -+ o) = ocuv2a ouva — Np2a Nua =

(20)

2n

(22)

= (2ouwvia — Douwva — 2npla ouva = 2owvda — ouva — 2(1 — ouvia)ouva =

= 2ow3a — ouwva — 2ouva -+ 2ouvda = 4ouvia — 3ouva.

_ 3epo— e@ia
ep3a =€ (20 + a) = _1._:3_&?2(1

3o¢a—1

Lo
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"Qoe, TeAikd, & Exoups:

nu3e = 3npe —dnpia
(23

ovv3a = 4douvia — 3ouva

_ 3epe—zo'a
=S
Kai (24)
% — 30
.

ZHM. Oi Timor (23) kad (24) wpokUmrTouv &md ToUs TUTous 15 - 18, &v
&el Pédoupe Srou B =y = o« kai ExteAéooupe Tis TpdEes.
‘O mp&Tos &md Tous TUTous (24) Exel Evoia, STav

™ ™ ™
3u¢i~+kv=u #_?"H"_f

kol aii%—i-k,'rr, émou k, k, ezZ.

‘O BeuTepos &md Tols TUmous (24) Exer Ewvola, Stav:

m

30:75]{,1'r=u¢k2o3

kal o il + kg, dmou  ky, kyEezZ.

3

* ® 13. Timow toi Simpson. Tpogavéys elva:

nu(a + P) + nu(a—PB) = 2npaowvp
ow (a + B) + ow (a—P) = 2owaouwp |,

‘Emropéves:

nu (o + B) = 2nuaouvp —nu (a— B) }
ow (a + B) = 2owaouwP —ow (a—Pp) |,

kol &v PéAoups dou a Té pa kai Sou B 16 «, Ppiokoupe ToUs TUTTOUS:

nu(p + Da = 2np(pa) cvva — qu(p — 1a 25

suv(p + 1)a = 2ovv(pa)ovva — cov(p — 1a (26)

"ATé Tols Tumous (25), (26) yi&k u=1,23,4,5,6, ... Pploxoupe dvri-

oToi)ws ToUs TUTTOoUs:

npe 2a = npa cvva

np 3a = 3npa — dnp’e

npe 4o = (dnpe — Snpa)ovva

neSe = Snpa — 20mpta + 16np’e
nuba = (npa— 3I2npla+32npca)ouva

ovv2a = Sovvia—1

ovv3a = d4dovvia—3ouva

ovvda = 8ovvia —8Bovvia + 1

ovvSa = 16ovvia — 200vvia + Souva
ovvba = 326vvia — 48cuvia + 18cuvia —1

® 14. E®APMOI'H. Nd dnoloywfoiv oi torywvouerpixol dobpol vaw

yoviav 18°, 36°, 54°, 72°.

18
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Abon. “Exoupe Siadoyikd: 36° + 54° = 90° <> 36° = 90° — 54° <
Nu36° = Nu(90° — 54°) = ouv54° <> Nu(2-18°) = ouv(3-18°) «
2nul18° ouvl8® = douv® 18° — 30wv18° <
2nul8® = 4ouv?18® — 3 < 4np2l18° 4 2nul8° =1 <

1 5 . 5
218° | T e s 2nul8 — 2= -
4nutl8 +2nu18+4_4¢( yit +2)_4¢.
| s 1] N5 A . V5-1
| 2nul8” + | = Vo < Ul + o =5 = nuls =~ ~0,3090
A . Ik
“Apa ow=18°=1—-nu518°=1—(v-54_1) - Jq:w:.

ol
owl8 =—1/10 +2V5
nuige _J/25—-10V5
ouwl8® 5 y
*ATéd TéV TUTo ow2a = 1 — 2nple, y1& o = 18°%, Exoupe:

= 2 o
ouv36® =1 —‘21][.12180 =1—2 (v-54—]. ) =v-54+ 1

omrdTe epl8° =

' _10-2V5
T 16

xal Nu?36° = 1 —ow?36° = 1 _(V54+ 1) %\[10_21*5

L e Sy
v.wv36_‘l/5 V5

Kai &#weidf 18° + 72° = 90° xkal 36° + 54° = 90°, oupmepaivoupe:

fi nu36=

kal &por: £p36° =

nu72° = owl8® nu54° = ouv36°®
ouw72° =nul8° ow54° = nu36°
ep72° = o0@l8° Kai ep54° = 0936°

o@72° =¢l8°
* AvaxeoAcacovovTas EXOUME:

op54° = e@36°

V5—1

4

nui8’ = ouv72° =

np36° = ovvs4° = %VIO—NE'

° o 1 3
ouvi8® = mu72° = - /10 + 2V'’5

ouv36° = qu54° = Y_-‘;ﬂ

£18° = 6972° = % st— 10/'s

£036° = 6954° = v5—2 Vs

opl8° =g@72° = ]/5 +2 V—?

1
0036° =ep54° = ——
V5—2v5
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AZKHZIEIZ

Tpém opada

13. *Av nua = 0,4 kal 90° < a < 180° v& Umoloyiofiouv ol TerywvopeTpikol &piBuof:
nu2a, ouvla, sp2a, opla

1 1 ™
14, "Av nua = 3 nup = 5 kaf 0 <o, P < X v& Umohoyiafel 16 nu(2a -+ P).
15. "Av 4nuzx — 2(1 + ¥3) nux +13 =0, v& UnchoyioBolv ol &mbuoi:
nu2x, ouv2x, e@2x.

1
16. "Av ocuva = 5 v& UtohoyioBel 16 ouv3a,

3
17. "Av nua= R vé& UmroAoyrofel Té nula.
18. "Av ega = 3, v& Umoloyiofel ) e@3a.
19. N& &moberyfiouv ol dxdhoubes fodTnTes:

np2a 1+o09%a

b Tiowsa = @ 5. Tgpa  —ITHRG,
nu2a ogta+ 1
= 1— owdg - OF% 6. oeta—1 = Teula,

ouwv2a
35 guvia —nu'a = ouvZe, 7. ep(45°—a)= T Enuia

4. opa —epa = 20¢2a.
TTéTe Exouv Evvoia TG péAn TV Topamdve GoKNoEwY;

20. N& &mobeiyfouv ol dkdAoudes lodTnTes:

s b
1. ouwd (T—a) —nu? -I—u) = nu2a.
2.  e@(45° + a) —e@(45° — a) = 2eq2a.

3, ouva + nUa o ouva—nux 2eq2a.
guva — Tjpa guva 4 nua

4 1 —ouwla + nu2a _ spa
1 + ouw2a + nula .

4 Acgbtepn dpada
21. N& dmoberybolv of &xdAoubes lodTnTes:

1. mwda  owda _, S DOWETENOR o oa
nHa ouva ' 3npa—nu3a

3. nuda + nuta _ o 4 owia — ouv3a 1 nule + neda _ 3,
ouvda — ouv3a : ouva nua

5. 4npPaouwida + 4ouvia nuda = 3npda.

6. 4nuanu(60° + o) nu(60° —a) = nu3a.

7.  ep3a—e@a—epa = ep3acpas@a.

8. ore i

oga — op3ax ¥ £pa — eg3a

20
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e 15. [IPOBAHMA. ’* Ané Ty epa évdg tokov a vd dmeleyialody ol Torywvo-
perpixol aolfpol Tijs yowviag Za.

Aven. ‘Ao Tis iodTnTes:

1 £pia ™
By —_ = { 2y — & = =
GRS = = wed nufa=— P g & a# 5 kT, kez
Exoupe Siaboyika:
1 2eqa

nu2a = 2nupa ouva = 2ega-ouvia = 2epa- e =t ot

o Bl
ow2a = owia — nuifa = — 2 i SN Lf‘ia

1 feg’o 1 fepia 1+ epicd

= 711125!7 - %Eip,uf . T T T
e¢p2a_wv2uf1_ﬂpzu,ava¢ 4 “"kl'z kadl a;é#g—4—+k2-n-
1 —ep?a ) Tt ™
op2a e &v a # (2k; + 1) 2 kal o # ot kg,
Smou ol ky, ky, ks, ky € Z.
"AvakepaAaivovTas EXOUE:
_ 2&qa _ 2a
nda =, + g¢%a | — tp'a
- (29)
_1—z¢a _1—ega-
ouvla = 1E e opa = - Degr.

Ztols TUtous (29) TrapatnpoUue 6T ol TpiywvopeTpikol &pifuol nu2e,
ouw2a, eg2a, op2a elven pnTés guvapThoEels Ths epa.

Xe 16. Tzopetpixn éppnveia tdv tomov (29). “As Umobéooupe é11 O elvan 16
KEVTPO TOU TPIYWVOLETPIKOU KUKAou, A 1) &pxn) Tév T6-
Ewv kol AZ & &fovas TGV EpaTrTopévav. 3

*Av t = epa = AT elvea ) Tiun Tiis épamropévns,
brrola dvmioToiel oTd SUo dvTiBioueTpiké onpeia M kai
M, ToU TprywvopeTpikolU kUkAou (O), ToTe T& TOEa, T&
omola Exouv EgarrTopéun = AT, TepaTdvovTal oTo
onueio M 1 16 M,.

“Apa ol Tipés Tous B elvan :

x=a+ kmw, émoukez.
T& SimAdoia To€a 8& Exouv Tipés:
2x = 2(a + k*m) = 2a + k27

21
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kel 8& TepaTdovovTan oTd onueio P fi Py, "Av, Aormdv, yvwpifoupe Té onueio
T, elven duéows yvwoTtd kal 76 onueio P. "Apa ol Tprywvopetpikol &piBpoi
ToU Téov AP elvan Tereloos opiouévor.

*AvTioTpogpws, & elvan yvwoTtéd Té onueio P, elven &péows yvwoTd kal

16 onueio T, omoTe elvan yvwoTh) kad ) EparmrTopévn ToU TéEou AM. AnAabn

&méd Tols TprywvopeTpikoUs dpifpols ToUu Téfou 2a elvan yvwoTr 1) ega.
*Eton elven:
l—ow2a  2npla N2
n2a  2npaouva 1+ owla’

e 17. [TIPOBAHMA. *And tijy e %, va vmoloyioboty oi tovrywvopstounol
aoifuoi Tot Tékov a.

Abon. "Av oToUs yvwoTous Tutrous (29) dvTikoTaoThiooups T ywvia o
pé T yovia %, 8& Ppoupe ToUs &kdAouBous TUTTOUS:

NP e N
1+e¢2% l—aq;ﬁ%
a a o
-t o PO i
1+5¢'*§* 28@%

Ztovus TUmous (30) Taparnpoupe 6T1 ol TprywvopeTpikol &pibuol Tis yo-
vias a éxepdlovtal &5 pnTés ouvapTnoEls TS eq)%.

Oi TUTror This TpwTNS oTHANS Exouv Ewvola, &v
a # +m + 2km, kez.
‘O wpédTos THs Seltepns oThAns Exer Evvola, &v

o # (2K, + 1)_% kel o # + 72‘ + 2k, k. k; €Z.

‘O Belrrepos Tiis SeUTepns oThHANS Exel Ewvola, &v
a# (kg + D owkad a1+ 2k, kg kz;ez.

@ 18. [IPOBAHMA. *Azd ©é ow2a vd dmoloywolody ol rorywvouerowcol
aotfuol Tijc ywviag a.

22
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kad

Kod

Aben. AT ToUs yvwaoTous TUTTOoUS:

2 —
Nl = 5

ouvia = 5
AnAadt), &vTioToiyes:

1 + ow2a

1— o-w2ct

1—ow2a

ow2a =1 — 2nula kal ow2a = 2ouvia— 1
Eyoupe dvTioTolyws:

ouv2a

= | nua I;VI_—__
2

1 + ow2a
< | owa | = =5

PN iVl—(vaa

nua= 4 lf —=— kai ouwa= + ij— quvZu
2 2
O& elvan dxdpa:
1 —ow2a 1 — ow2a
e — SRl
At Err— e B o V1+wv2'”é°‘¢i2+k“
1 + ow2a 1 + cruv2cx
By b T — R
et g o ot sl ol e
kai o # 2k,m, 6mou k, k;, ke € Z.
’ AvakepahcicovovTas EYOUpE:
1—mwza 1—ovv2a
NOoE V St V1+—m7£
—_— — : (31)
Vi+cnv2n 1+ ovv2a
cuva = + g BT

Amd Tous Tutrous (31) gadveton &Ti TS TPOPAnMa Exel Tis £Efis AUges

ke 1

7 - V 1—02w2c
1 + ow2a

ouva = + Vf

nua= + L’-"zwzu
1 + ow2a
2

2

Db V]—wvzﬁif
nua = 5

ouva = —

WnopiomoBnke amoé 1o votirouto EknmaibeuTikrg MoAmkrg
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¥ o 19. l'eopetpiky Epunveia tdv Miocav adtdy. Té SimAd Tpdonuo TV
Tapamdve TUTTwv EEnyeiTan dg &€tis:

"As Bexfoupe 8Ti: ouw2a = = OP (oy.3) xal AM =0 16 EAGyi0TO Be-
TIKd 160, TOU érrolou TS cuvnuiTove elvan .

"Av M, elvan Té ouppeTpikd ToU M dos Tpds Tév &fova A'OA, TéTe kad TS
T680 AQ\M, Exer 16 1810 guvnuitovo u=OP. ‘H T k&8 &\hou TdEou, T6
omoio Exel dpxn TO A kal Téhos T6 onueio M 4 M;, 8& elven:

2a= 40+ k-2m, kez. . 7
B
0 — L EQ
"Apa: a= 4+ — + k- (1) S R J*’,
2 ,t'T,I

Av k=12v, veZ, ToTe
]
a=+4 —— + 2v-
2 ;
kai T& dvtioToixa ToéEa TEpOTE-
vovtar oT& onpeia N kaf N;, émou
N kai N, & péoa TéV 160V

AM i ANM,. NYT,
Av k=2v+1, vez, T6TE 1 B’ M
oxéon (1) yiveran : Sy 3 >
1
8 8
a= -+ o +@uv+ D= + —5- +m+2vmr 2

kol T& dvtioToiya TéEa TepaTvovTan oTd onueic Ny kal N,, dvmiSiapeTpixd

T&v N kal N; dvtiotoiyws. T fuitova Tév T6Ewvy A,I—*i\, Aﬁ;, Aﬁ;, Aﬁ: Exouv
foes &mdAuTes Tipés. TS 810 oupPadver kai pé T& ouvnuitovd Tous.

T& T68a AN, A?‘Ja kaBos kad T& ﬁ’\-l‘:ls, ﬁ?\ll Exouv foa fjuiTtova kai dvri-
Bera ouvnpuiTova.

Té& T68ax AN xad Xﬁa Exowv v iBix dparrTopévn AT, kal THv 1B OUVEQQa-
mropbvn BE,, &vd T& TéEa ﬁ\lz kal ﬁ\ll Exouv v i8ia Eparrropévn AT, (&pvn-
Ticr) kad TV 181 ouvegarrroutvn BE, (dpvnTikd).

— > > — >
T& Biavvopara AT, kal AT, elven dvTipporra, ke kad T& B2, kai BZ,
pé GAyePpikés Tipés &vTiBeTes &vTioTolyws.

® 20. [IPOBAHMA. *And vd avva vd dmoloyiatioiy of towyevopetool dot-

0:““” L4714 }fm;'t’ug a.
, o
Aber. "Av aTous TUrous (31) BaAoupe dvTi yid T ywvia o TH yeovia Ei

EXOUPE TOUS TUTTOUS:

24
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a 1—ovva a 1—ovva
'“"2_*]/ 2 "’z"iV' '

1 + ouvva

S — @2)
a 1+ ovva a 1+ouvwa
‘“"’z”tV" 2 6“"2___‘&1/0.—01)\:«

"ATtd ToUs TUTTOUs avTous aiveToan TaAl 6T1 TO TrPOPAnua Exel TEOOEPIS
Aoeis, Tis £Efis:

B V I-owa - | P Vﬁ},—:@\fﬂ
gy =4 2 ‘ LT )
1 3.
o & o [ L+ owa L"“"i_‘v 1 + owa
= 2 = 2
. e (| & V e
My =+ v EEaml| WmS—d
2. |4
« 1 +owa | o V_l_—}:'ou{ad
i =*V"’"2 | s = I o

‘H yewpetpikry éppnuela @Y SimAdv onpelwv TGV TUTTWY aUTtdy yivetan
pé Tév Tpdémo ToU Eywve kal oTh TponyoUpevn Tapdypago kal pé Té 180
oxfina.

Mapadevypa 1. Nd dmoloyiaotv ol torywvouetouxol dolflpol Tod tdiov 22°,5.

Aben. 'Emadn 0° < 22°, 5 < 90°, oupmepaivoupe 811 Shot oi Tprywvope-
Tpikol &pifpol Tou Tofou 22°,5 elvan BeTikof. “Apa:

i T—auwds 1/ leedNg '?z)"_v 2-V2 _

nu22 '5:]/' e V_ 2 - 4 ~ 2 V2 V2,
T o 1+ (V2:2 2+V2 _

w225 = Vl i c2>'uv4_5 ol v +(2\/- )= V +\f V2 T

13-v2:  smas g wmratls
€22 ,5=V2’3;\;2:ﬁ = 9 _*_'—\/-:2_ =5 +‘/2 e 1\ = P

/7 Ld
op22°,5 = - . alect

2 e el B

25
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% Hapadavypa I1. Nd dmoloywslei 1 ep 7° 30'.

Abon. *Emaidry elvan:

a _ nwe _l-owa k
2 Tiltowa nua ! o ikm) = €&
B4 Eyoupe: £97°30'= 1;—:1‘;" 2 (1)

A& owl5® = —l— (V6 +V2) Ku{nu15°=—;— (Ve -v2)

kai | oyfon (1) ylvero:

1 —
- (Ve + VD) 4ve-v2)(WE + V)

s %(\[?-\[2‘) - (Ve-V2)V6+V2) N
_ 46 +4VI_4V3I -8 — rx . m
= 46 + L =8 VI 4+V2Z-2
"Qore : e@7°30 =V6 —\V3 +V2 —2

Né& Bpsite pdvor gas Tdpa ToUs EAAOUS TPIyVORETPIKOUS &p1Buovs T
yovias 7° 30"

% Tlapadevypa ITI. Nd dmoloyiotody ol Torywvopetoucol doipol tijc yw-
viag 165°.

Abon. *Emeadn 270° < 330° < 360°, oupmepaivoupe &1 1357 < 165° < 180°
xal &pa T6 T6Go 165° Exer Té TéAos Tou oT6 Belrepo TeTapTnudplo. O& Exel
&xopn Betikd fpiTovo kol dpvnTiké ouvnuiTovo.

"Etol 8& Eyxoupe:

= ow3i® 1—(V3:2 e\ S
nul65°= +V% =+ —%[——) = % V2-_v3
1+ ow330° 1+ (V32) g2,
crwl65°=—v] ke L =—V nh (e S NV +V3,
2 2 2
nulés°

£p165° = =V3-2 kaf 09165°=—(2 + V 3).

ouvl65°
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Inpeioon. "Emadh 165° + 15° = 180°, 6& Exoupe BiaBoyika:

Yoo¥2 . lyates

nul65°=nul5° =

--‘/—_:\[ =—é~\f2+\[3

ouwvl65° = —owl5° =—

ep 165° =—e915° =— (2—-V 3)=V3-2
kel 0@l65° =—0@l5° =— 2+V3)
X Tapadevypa IV. Nd dmodeyfei ) dlrjfewa tijs lodryrag:
- Tn 3

4 =

= AL ﬂﬂ 45_" =
A= -+t g Ty 2 "

*AndderEn. 'Emeidn Z;L—I— J;— = kal 3—81T— + E;L =,

TpokUTrTEl OTI:
T it 5m 3
e —— g U 8 e —4— 8 =N 3

bdmédre f) (1) pas Siver BraboyIkd:

3 3ar

1 —ouw——
+ 2 4

2

A =2nut ﬁ+2nu 38 =2

T
1—GW—‘£
2
2

2

=2.

4 4\[2+2 4+4\f_+2 M, _ 0

e 8 8 8 2

X Tlapaderypa V. Nd dmodeiyfei Gve 1 magdoraoy:
B = ovvia + ovvi(a + 120°)+ ovv¥(a — 120°).
elvar dvekdotnty dmd td tébo a.
*AnbédeiEn. “Exoupe SiaBoyikd:

1 +ow2a 1+ ow(2a 4 240°) | 1 + ouv(2a—240°)
B=—T5——+ 5 B s

ow2a + ow(2a + 240°) + auv(2a— 240°) ] =

724
) 1 &,

l e p—
[awZa—2-Taw2cx]——é—+ o= 0= 5
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(2—\f_)“’ (2+\6f2—)2
L T

6]

¢))

[o‘w2a+20‘w2uow240°]= 3 +%[o—w2a+20w2a(—wv60°)
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e 21. [IPOBAHMA. >And vods vorpovoperpixods anlluois tijs yowiag
vd dmoloyioloty oi Torymvopsroxol dolfpol Tis yowvias o.

Abon. 'Atd ToUs yvwoToUs TUTTous:

ne2a = 2nua ouva,
ow2ax = owia — nuia = 1 — 2nula = 2ouvia — |,

2eqa ; 1 —eq’ax
epo = = kol  op2a = Bopex
&v otou o PaAouue Téfgf , 8& E&xoupe ToUs TUTTOUS:
- a a a
npoe = 2np ——2——cuv727 2e¢ ;7
£Qa = -
e e g B 1— et
CUVE = gLV 2 nu 2 EQ 2
(33)
a
=1—Iwt - 1—cg? 5
opa =
== 2 .(.1_ — a
= 20vv 2 1 28q)T

Téte té péAn Tédv Ty Tis S:UTepns oTnAns Sév Exouv Evvoia;

EQAPMOTEX
1. Nd dnodeiybet % dhijfea tijs iodryrag:

- 1+1lu0—cm0 =E‘P%-

1+ npb + ovvd
'Arddeigy. "Exoupe Siadoyikk:

0 9 0 3} ] 3}
=it 7| 2 Y ) gV
Agl—.—2nu2 2 (l 2nu 5 ) 211|.12cruv'2 +2n}17 >
e i) I ) o
1+ 2nu 5 —OUV—— (2cruv —zuwl) 21'];.1—2—t::rw—z——l-2<:rw2 5
$ont mt) !
il 2 g R 8
= — = i
auv (qu +ovvi) cruv-e— -
2 2 2 2
&v loylouv: 6 ;é% + ki xad 82k, +—-;—, yati;  k, k, € z.
28
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2. Nd anodeylei 7 aliifeia tijs lodtnras:

0 1 0
w”( f:— + —2-—) S el

"Anbderln. “Exoupe BiaBoyikd :

6

TWT 2

- 8\ 8 \2 (1 a ) )
S e 1 -fep—- oUV-—5-

“T w0 (e))

A5+3)-
6 W T _(1 ™ e)"_(l e)"f '
04y Bad (1 i 2)
s
2
(crw 2 + —e-)z ouv? . + 2——e-—+2 g ouv £
g I T e Ueer & By 1 aub
(U'W . e‘“)z ouv- 2. o 2 —e-a'uu o Fehs
R CHRRLIE Bl b
AZKHZIEIE
[Mpotn opada
22. Na 4mobaixfouv of drdhoubes [odTnTes:
crq.\.g_+l o
ouv o I
1. A = T=rf ° 2. TEpA — EQQ = EP (45 ,2_),
op——1
2
1+ a -+ “
ouva + UV~
3 E¢a+15uc=ocp(45"—%) . 4.._—...12::@,;,,
nuc + nu--;
5 nu 2a l—m.um;3 a & nu 2a ouwva a
" 1I=—ow2a owa g e Trewea T Fows 7D
B e (450 + 227/ Lt nua
T uq:2 5112 209a, 8. eq ( 5° +4 2) e

23. N& &mwodeixfouv ol wapakdTw looTnTes:

1. (owa + ouvp)? + (nua —nup)? = dowv? 2 ;_ﬂ 3

2. (ouva + ouvP)? + (nua + NuP)® = dowv? f_iﬂ ;

3. (owa — owpP)? + (nua—nup)? = dnu? Etza :

nut (% + %) — nut (—181 - ;) 5122 nua .

-~
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X Acgbrepn opada
24. N& dmoBeryfouv ol dxdhouBes lobrnTes:

, A Lauo® 8 g T gim_ 3
N Siladt 2 Mgt =2
3. ouvt —g--ro'w“%:+uuv'§83+cruv‘?;=%
4, (l+cruvf) (I+wv ) (l+wv5;r) (1+wv78w)=%.
5. *Av o‘uvx__..,f, ouvy:_..g_,, oww = T . ToTE:
P+y Y +a- a+ p

il + @2 Y g,
ol AR T
25. N& &mroderyfolv ol dxdhoubes lodrnres:
I
L W
Efp(ﬂt ﬂ+—3—)+5¢ (ﬂ Y+—) + g (Y*ﬂ -3—) =

“ (s g)m (v ) (r-et3).

2. Sog(y +a—B)op(a+P—y)=1, &v a+ B+ y=0.
3. Zog(2a+ P—3y)oe(@P + y—3a) = 1.

4. Zx(1—y?)(l - w?) =4xyw, &v xy+ yw + wx =1,

5. mu(a+PB+y) < nua -+ nup+ nuy, &v 0 <a B,y <

2
6.  N& &moBeryfel émi:

1 + nuta 4+ nu?B > nua + nup + nuanup.

* ® 22. [IPOBAHMA *And vy ep a vd dmodoyiobei 7 ep &
Aben. "ATo T yvwoTr| loéTnTa:

295 & e
Epx = ———— §Eyoupe THV: Epx s(pzT - 25@7 —epax=0 (@)
l—eqﬁ%

&md TH dmroia Ppiokoups:

a —1+4VY1+ sp’a

S cpa 30

Awgpedvnen. "Amd Tév TUTo (34) gaiveton &1 TS TpOPAnpa Exer SUo AU-
st i
oeis. ¢ & Tipn THs ega, o dvTioToiyel o6 Sidvuoua AT, Trou £xel pfjkos AT,
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&vTioToryouv Buo TéEa AM xal A,'-I':f‘ll, OUPETPIKG G5
Tpds T6 KévTpo O TOU TPIywVOUETPIKOU KUKkAou (o). 4),
v &molwv of Tipés elven:

a=8 + km (1) kez
&rrou AM =6 16 EéyioTo BeTikd TéE0. "Apa
o i) s
e Nt @

Aroxpivoups BUo TrEPITTTAOEIS.
A) *Av k =12v,vEZ, 1 (2) yphgeTon:

== % + v )
kal T& dvtioTorya TOEa Exouv TO TéAOS TOUs OTA OT-
peic Nxai N, kad #ouwv Ty i Eparmrropévn, moU
TrapioTéveTan &mod 16 Tufjua AT,

B) *Av k= 2v+1, vezZ, ©| (2) yp&oeTau: = 4
o 0 m
R T A @

xed T& dvrioToya Té€a Exouv TO TéAos Tous oT& omueiax M, kal Mg xail Exouv
tparrropévn TO WijKos AT;.
*Emaidfy 16 Tplywvo T,0T, elven dpBoycwio o6 O, 8& Exoume:
AT AT,

AT,-AT,=—OAt= —0B? ff — .— =-1 )
OB OB
Té ywéuevo Tév pig@v x', X' Tiis EE1owoews (@) elvan:
o EQa Wi
EQ

xed &mo 866 adveton &1 &Anbeler fy (5)-
*Av, &vtl y1& THv epa, SoBel T TG0 1671 1 mopdotaon V1 +epia
elven peycdUtepn &mé T povdda, Stav epa # 0. "Apa:

= epax >0 i
1. Av0<a < —, TéTE:{ o %‘Eq,i___—_l—i-_\/-lﬂd_
2 qu-7>0 2 £pa
epa <0
2. "Av ¥ <a<T, ToTE: l = _=—1—\[1+Eq>2u
e ep >0 2 EQa
3 epa > 0 '
3. ~Avw<a<3—, TOTE: [ & =>eq;i:_1"v-l+€‘?2°‘
E(p—2—<0 2 EQa
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epa < 0

a  —1+V1+ epia
4. 'AVBTTT<O:<21T, TOTE: { E‘P‘g <0=’E€P M= gpa " o1 -

K Hapadevypa. "Amd Ty epd800° = —4/3, vé& UroroyioBet i €p2400°.
Aban. Né& vé Bpolpe 16 Téhos ToU TéEou 2400°, ypbaoupe:
2400° = 360° .6 + 240°.
“Apa TS TS0 2400° Eyer Té TéAos Tou oTé TpiTo TETAPTNUSpIO.
‘H tpamrrouévn Tou elven fetixd. AnAadn:

=1—V1+3 ~1-2 3
£p 2400° = —— == =\3
—-V3 -V3 V3 Y
Mrropolpe, 8pes, v EpyacTolpe kol d EEfis:
ep 2400° = e (360°-6 + 240°) = ¢ 240° = £ (180° + 60°) = ep60° =V 3
kol Erouéves:

owddiP et Lo e S L ¢
—V1 +e922400° —\1+3 2

it SN0 . VR, NO
—V1 4 €9?2400° —V1 +3 2
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KE®AAAIO II

METAEXHMATIZEMOI TPII'QNOMETPIKQN ZIYNAPTHZEQN

® 23. Metaoynuariopds dfpoiouarog 7 duapogds o dpdwupwy Toiywvo-
pEToudy auvagtijoewy of ywdpevo 7 mnAixo.

@) ’Amé Tis yvwoTés TauTOTNTES:
nu(a + B) = nuaowp + nup owa, | ouv(x + P) = owva g — nuanup,
nu(a — P) = nuaouwP — nup ouwve, | ouv(a — B) = owvaowp + nuanup,
TrpooBéTovtas kol dpaipdovtas kard uéhn, Ppioxoupe:

(e + B) + nu(a—P) = 2nuxouvp, M
nu(a + B) — nu(a—P) = 2nup owe, @
ouwv(a + B) + ouv(ax—PB) = 2ouva ouvp, 3)
ow(a + B) — ouv(a—P) = 2npanup = 2nuanu(—p) C))
kai &v Pdhoupe:
AT A+B
a+p=A 2a=A +B =D e B=A
a—p=B}¢2ﬁ=A—B}¢ e TR
p=—s
of (1), (2), (3), (4) yivovren:
mlA+mtB=2nuAijvA;B (35)
A—B A+ B
ﬂuA—-mlBEZWTWV%— (36)
cuv A + ouvB EZWv‘f\f;’lva:B @3N
o'mrA—canEZﬂuA—_;l3 n F;—A (38)
B) “Exoupe Sicdoyikd:
_ mpA nuB _ nuAouvB + nuBouwA _ nu(A + B)
A +eeB= AT ows ouvA ouwB ~ ouwAowB’
ool 84 elvan A # 12[- + km xal B % -12L + kym opé k, kjeZ.
3 33
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TeA nuB _ nuA ouvB — nuB ouvA _ nw(A—B)

epA —epB= e ol

ouwB ouvA ouvB owA ouvB

crq;A+cqu=ﬂA ouvB _IEWVA+HHAWVB_TLLL(A+B)

A T quB nuA nuB T nuAnuB
apoU B elvon A # (ky + 1) wad B £ (kg + 1), pé ky, k; €z,

ouvA B Ev__B_ __ nuBouwA —npA ouvB _ nu(B—A)
nuA  nuB nuA nuB ~ nuAnuB

'AvaxepadaidvovTtas Eyoupe:

kal opA —o¢gB =

_ (A + B) _ (A + B)
_ mA—B) _ _m(B—A)
“0) | A= S AenE OPA—IB= AmB | @
® 24. Eidikéig mepintdoeig. “Exoupe SraBoyika:
@) NpA + owA =nuA + nu(90° — A) = 2nu4d5° ouv(A — 45°) (¢))]
kai  Emeidr) 2nuds5° = 2. 7\/‘-22__ =V2 «kai:
ow(A —45°) = oww(45° — A) = nu(d5° + A), 7 (1) yiveren:
NPA + oWVA=\2 ouv(d5° — A) =\/2 nu (45° + A) 43)
B) nuA —owA =nuA — qu(90° — A) = 2nu(A — 45%)ouvd5® =
=V2nuA—45°) = -\ 2 nud5° — A) = —\ 2. ow(45° + A).
"Qote 8& elven:
A —ovvA = —\/2 qu(d5°— A) = —\/ 2 ouv(d5° + A) (44)
= s e g D [
¥) 1 + nuA =np90° + npA = 27]1-1(45 +—-§ )qu(45 —?)
kel érmreidn elven:
nu(45° bk :,}) = cruv(45° - —27), 0& Exoupe:
A A
14 mpA = 2nu2(45°+——f)52mw"' (4s°—7) @5)
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8) ’Emions 8& slvan xad:
1 —nuA = nud0° — nuA = 2nu (45°_ ;-)wu(45° +g—) =

A A
— 2 e — 2 R
=2nu (45 2 ) = 2ouv (45 i )

1—npA 521]“2(45°-~; )E 200v? (45“ + :)

£) 'Emiong elvan:

BnAadA:

1 + owA = ow0° +ouvA EQO‘U\JO_ ; A e 2—A = 2ouv? A2 )
o A AL (]
1 — ouwA = ouvld’ — ouwA = 2nu A ;_ nuA20 = 2np? g
"Apa :
1 4 ouvA EZwvzg 1 — ouvA = 2p? %

ot) "Av A # ; + km, pt k ez, 8& Exoupe:

— eodR® _ MM(45°+A) _
I +epA=ed5" + 69A = — T oA

= VZnu@s +A) _V 2 ow(45° — A)

cuvA ouvA,
< u(45° — A
kai 1 —epA = €45 —EcpA:-%U%TW—W)\—_ =
_ V2nu45°—A)  _ V2ow(45 + A)
= ouvA ouvA
* AVOKEQOAIGVOVTS EXOVHE:
_ V2np5° +A)  _ V20uv(d5°—A)
1o CUVA ouvA
_ V2nu5°—A)  _ V200v(45° + A)
e et auvA ouvA

D) "Av A #£ (k + 1)m, ué k €Z kai pé duoix épyacia Pplokoupe :

V2npds® +A)  _ V2ouv@d5°—A)
1 A= =
e npA npA
ey e Vnuds —a) V 26uv(45° + A)
npA npA
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48)

(49)

(50)

(51)
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E®APMOTEZ
magdataon:

03

a) Nd anlomowmnblsi 1)

(ovva — ovv3a)(np8e + np2a)
(nuSa — npa)(ovvde — ovvéa)’

A=

Avan. "Exoupe SiaBoyikd:

2 a + 3a 3a—a 8a + 2a 8a—2a
yltt 5 nu 5 - 2nu 2 ouv 5
A= —;
i S5a— 5 =
20 u2 & cxz+ a 2nu4c¢ -; 6a Y 6 24(::

_ 2np 2a-npa-2nuda ouv 3a

~ 2np2couv3a- 2nuSonue 1, &v foxUouv:

a«#km, a £k - 5,0;&k,- 2, o # (2ky + 1) % k, ky, ky, ky € Z.

B) Nd driomownbfet 16 xAdopa:

_ _Mpa—npSa + quda —npllda
~ ovva — ovvSa — ovvda +ovvlda

Aben. “Exoupe SiaBoyik:
_ (nu % + nua) — (Mul3a + nuba)) _ 2nuSaouvda — 2nudaouvda
= (owa— owba)—(ou9a —owl3a)  2np 3anula— 2nu llanua

_ owda(npSa—nuda)  ouwvda-2nu2aowla
T n2a(muda—nulla) T np2a-2npdaowia =i

&v Umdpyouv ol oyéoes:
nu2a # 0 <> 2a # k1w < u;ﬁk.—g, ut kez,

nude £ 0 o da # kg oo @ £y, wé K€z,

owla #0 <« Ta # kym + lz-e-a :,ékz--; —{—I—T‘; ué k, € z.
v) Nd yiver ywvduevo 1) magdoraon:

A = npx + npy + npo —apx + y + ).
Abon. "Exoupe Sradoyikd :

A =2nu x-é—yo_wx;y_*_znum—xz—y—mowm+x _; yro =
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E2nux;ycrwx—2y—Znux;ycwzmszry
= x+y AT, o 20 XY
=2nu 5 | W3 auv 5
o 2 _
Eznux;—y_znux y+24m+x+y - m+x—i;y x4y

X % + -
= 4nuf¥ : nu-—;—@ -nu‘iz Y. Apa:

X+ [0} 0+Xx
nex+npy+nuo—mp(x+y+y+o) = 4mlTy ,“,L*z‘, np 2+ (52)

Inpeioon. “Av of ywvies x, y, o evay, dvioTolyws, of yawvies A, B, I tvds
tprycovou ABT, ToTe 84 Exoune &md Tév TUmo (52):

nuA + nuB + nul —nu(A + B + N =nuA + nuB + null —nul80® =

A+B B+T r+A
=nuA + nuB + null’ = 4nu e nu = nu s P

2 2 2 =
= L AT . T
A+B r A4+ B r i
yieerd —J;- + 2—:90“, &pa nu- -;— =ow5, Apa:

X¢ ndfe tolywvo ABI' ioyder:

neA + nuB + qul’ = dovv %W‘%W"g (32a)

8) Nd yiver ywipevo 1 mapdoraon:

B = ouvx + ouvy + cuve + ouv(x+y+).
Abon. “Exoupe Siadoyikd:

B = 20w X+ x;y +2o-wm+x+Y+mmw—x—y—m

2 2 2
. x+Y X—y x4y x4y + 2w
= 20w b + 20w 7= oW 5

3t
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- Xty X=y X4y + 2w
= 20wy 5 ow—sy + ouv 5
E2ovvx;_y 20— +:+y +2wmﬂ___m__—x4—y i

— Y = T :
= 4owv 5 oW-=m—ow—y

“Apa :

X+y e yt+o olF o+x
2 2 2

ouvX +ouvy + cuve + cuv(X +y + m) =4ovv (53)

Inpeioon. “Av ol ywvies X, y, @ elvan, dvrioToixws, ol ywvies A, B, T
gvds Tprywvou ABT, TéTe:

m(x+y+w)=aw(A+B+I'):auv180°=~—l

kol ow X ;_ y:wvA2+ g2 T]IJTr,. .. kal & TUmos (53) ylvetan y1d xdbe
Tplywvo ABI: ;
' |
ouvA + ovvB + ovvl =1 + dnp % np% np; (53a) 'I

¥ €) Nd yiver ywoueve mapaydvrow 1) mapdaraoy):
I' = ovvia + ouv?p + oovly + oovia + B + v) — 2.

Aben. "Exovue SiaBoyikd:

ouvia + ow?p = 1 +2WV2Q+ b+ ;uv_ZE =1+ ; ow2a + ouv2p ] =
=l+ ; .2ouv(a + B) ow (a—PB) =1 + oww(a + P) ouv (a—P).
*Errions elvan:
ow?y + owi(a + B+ y) = : +2GW2Y+ £ +UW2(2G+B+Y) =

E]-l——; ow2y + ow2(a + B +y) |=1 + ow(a + p) ow(a + P + 2y).

*Apa 8& elvan:
I = ow(a + B) ouw(a—B) + ow(a + B)ouv(a + P + 2y) =
= ow(a + P) [ouw(a—B) + ovv(a + B + 2y)] =
= ouv(x + B)-20ww(a +y) ow(B +¥) =
= 2ouv(a + ) owv(p + v) ou(y + ).
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"Qore:

cvvia 4 ovvif+ouviy +ouvia+p4v) — 2 = 2ouv(e+Plovv(B+r)ouv(y+a) | (54)

Inpeiwon. "Av ol ywvies o, B, y , dvTioToiyws, elven ol ywvies dvds Tpi-
yovou ABT, Téte & TUmos (54) yiveten:

ouvZA + auv?B + ouvlT = 1 — 20uvA ouvB ouvl ] (54a)

‘O TUmros (54a) ypdgetan ouvtopdTepa kai G EEfs:

LZouviA = 1 —2[louvA pé A+B+l"=lﬁﬂ°‘
AZKHZIEIZ
Iparen opada
26. N& ylvouv ywépeva ol wapaotéoers:
I, nuda + nua, 2.  nula—nudea,
3.  owba-ouva, 4. ow3a—owbSa.

27. Na dmwobeiyfel f) dAnfeia Tov looThTwy:

1 ouv3a - ouvia — 3. nu2a + nuda L
nuSa = nu3a b ow2a — ouv3a ? o
ouv2a —ouvda _ 93, 4. ouvda—ouva  _ - Sa 1
nuda — nu2a nua — nuda 2

28. N& yivouv ywvoueva Tapaydvrwv ol mapaotdoes:

1. nua — nu2a + nula, 4. ouv3a + ouwda 4 ouvla -'- ouvlSa,
2. nuda + nuia + nulla, 5. nuia — nuSa —nu3a 4 nua,
2o ouw7a —ouvda + ouvda —ouva, 6. guva + 2ouv2a + ouv3a.
29. N& &mobeiyBei ) dAfifeia Tév lcothiTwv:
|18 ni2a + nuda—nuer ep2a,
ouwv2a + ouvSa + guva
2. nua + nuda + nuda + nula epda
ouwva + ow3a + ouvba + ouvla '
3 owla 4+ ouv3a —ouvSa —ouva op2a

nula — nuda — nuba + nua
nuA — nuB g A—B-

ouwvA + ouvB 2
TMéTe Bév Exouv Evvora T& péAn TEOV Tapamévw lgothTwy;
X Asdtepn opada
30. N& yivouv ywopeva ol TapacTtdoes:
nu(e+ P+ y + nue—p—y) +nu(a+P—y) + au@E—p + v

ow(p + ¥y —a) —ouw(y + a—B) + ow(a + p—y) —ouv(a + P + y).
nu2a + nu2p + nu2y —nu2(a + P + v),

nua + P — nu(x + B) = 4nu % nu -g— nu “—4-2"3.

ouv?f 4 ouv?20 + ouv?30 4 ouvi4t — 2.

L
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@ 25. Mztaoynpatiopds ywvopivov of aBpoiopara i Swagopic.
*ATd Tis yvwoTtés TauTOTNTES:
nuA ouvB - nuB ouvA = nu(A + B),
ko nuA ouvB — nuB ouwA = nu(A —B),
ué wpoobeon kal deaipson kord péAn Ppiokoups, &vTioTolyes:

2npA ouvB = npu(A + B) + nu(A —B) (54)

kadl 2npuB ouvA = np(A + B) —qu(A —B) (55)

’Emrions &mo Tis yvwoTés TouToTNTES!
ouvA ouvB — nuA nuB = ouv(A + B),
kol ouvA ouvB + nuA nuB = ouv(A — B),
pé mpdobeon kal dpalpeon kot péAn Ppiokouue, dvTioToiyws:

| 200vA aUVB = V(A + B) + ouv(A —B) (56)
el 2npA quB = ovW(A — B) — cuv(A + B) 7
E®GAPMOTES

a) Nd dnlomowmbei 16 xAdopa:

nu8a svva — npuba cuvia

i ovvZaouvva — np3a npda

Abon. “Exoupe SioBoyikd:
e 2nuBa owa —2nubaowda _ (nuda+nuia) — (nuda +nu3a)

= 2ow2aowa—2nu3a nuda  (ow3a + owa) — (owa — ouvTa)

ne7a—nuda 2nu2aouvda
ow3a + owla ~ 2ouv 5a ow2a

— e«p2a,
&v o # (2k + 1)% el o # (2K, + 1)3;_, k, k, € z. Terr;

B) Nd dmodeiylei bre:

I T I T I T I T I T A T I T R T
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"Anodertn. "Amd 16 yvwoTd TUTTO:

= . _ nH2x
NH2X = 2npX OUVX, EXOUNE: OUVX = T
kol ETTopévess:
s M1 o o - L R
WMy Wy Wege Ry ey s

A= = K o
2T 3 41 51t 6 Frwiiy 27
it 15‘ 2““ 5 s 2”“75 2““ Tl L L}

e ™ 14w _ 3w _ 12w 10w __ 5w
4 val: ME s =Nps, MEE =T, e =N s

W 7) Nd dnodeyfei 1 alijfea tijc iodrnrag :
3

A =np20° .qpd0°.qp60°.qp80° = 36 ° 1)
"Anédertn. ‘H lodtnta (1) ypheeran:
2-2np20° nud0° - 20uv30° ouv10°® = —g— : (2)

*Av dvopdooupe B 16 TrpddTo péhos Tis (2), 8& Exoupe:
B = 2(ouv20° — ow60°) (ouv20° — owvd0°) =
= 2(ocwv220° — ow20° ouv60° + ouv20° ouvd0® — ouvd0” ouv60”) =
= 20uv?20° — 20uv20° ow60° + 20uv20° ouvd0° — 20uv40° ouve0® =
= 1 4+ouvd0° — (ouv80° +owd0?) + (owb0° +ouw20°) — (ouv100° +ow20°) =
= 1 —(owB0° + ouv100°) + ow60® =
1 1 3

= 1 — 20uv90° ouw10° +T=1_0+,2...___T_
3

kai &pa A=1—.

X @ 26. Nd perasynuariofiei of ywdusvo 6 dlootopa tdv furdvar v vd-
Eww, mod dmoredody dollunriei) mpdodo.
Abon. "As Utrobéooupe &1 BfAoupe va Ppoupe TO &bporoua:
S =nua + nu(a + w) + nu(ae + 2w) + ... + qu{c:+(v— Dw] (1)

"Av ToMamAacidooupe kal T& SUo péAn Tis (1) pé 2np ——, ExouvuE:

25nu % = 2npa nu% + 2nu(a + m)nu% A 2nu[ot+(v—l)w]nu T
" ) @ o AL w
AMNG: 2nuany — W (a —5 ) crw(cx +—2 ),
3w
2nu(a + w)nu & ow [a+— owla ),
2 2 2
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5
2nu(a + Zw)nu% =ow (u+3Tw)__ GW(C! -l---22 ).

—Q—=o'uv[u+¥m ]—c’uv[u +2v2—l m]

2nu[a+(v—1)m]nu -

TMpooBéTovTas kaTd péAn Tis iodTnTes aUrés Exoupe:
2v—1 m]=2qp. Y v—21 m]nuv;a,

w w
25nu T:crw(a—- -2—)— c'w[u + 5

&’ 8mou, Tehikd, Ppiokoupe:
a -+ bt ® i
np 2 ne 2
S =- (58)
9
g

Mé dvéhoyo TpdTro Epyalduevor Ppiokoupe &Ti TS &Bpoioua:
§8' = owa + ow(a + w) + ow(x + 2w) + ... + owla + (v — 1)w]

v—1 Vo
ovv [ a+ 3 m]nu 2
elvan: §= o (59)
ne 2

Té &mwoTéheoua aUTd Pyciver &md Tov TUTo (58), &v dvTikaTaoTHoOUNE

™ a uémg —a kel TO w pé —o.
*Av @ = o} of TUtror (58) kai (59) yivovta:

v+1 va
e 3 )a-nu—z--
S, = npa+np2a+npdat. .. +apve) = —— o .(60)
W=
(v+1) & va
e -
e (61)

kal  S,=ovva+ovv2atovvda+t...+ovv(va)=— o
1“1_
2

*Av Quows Pddoups w = 2a, Exoupe Tous TUTTOUS:
_ w¥(va)

npa

(62)

S, = nuoa+nuda+npSa+ ... +qpv—a
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kai 8 ,=ovva+ovvia+tovvSat . .. +oov(2v—l)a= n;:f;“) (63)
w Mapadevypa. Nd armoderylet 7 aAifewa rijs lodrnrag:

n 3r 1
S = ovv ta + ovv 1—7——+...+ mw-ﬁ -rE

i 3 1 o
"Anddekn. Ta to€a ;1:! A IT.;, o ?;_r &mroTehoUv dpiBunTikn Tpdobo pé

Adyo 21.; To TAfifos Tév dpwv Tns TpokUTTEl &Td TOV TUTTO:

T2 4 1=8

T=a+WV-1w = v=

M¢ 17 Ponfeia Tdpa TolU TUToU (59), Bplokoupe:

ot e +$,_,! 2m 8 o 8m 8m
( v iuniait — 17 )““ 17 7 ™7
5= ™ — 3 =
1 Ry T
R et L v 1
—— = = = = —2—71
2nu 17 2nu 17
(el Ty po W T6T
ATt O = A . SRR O s A
Mé dvdhoyo TpéTo Ppiokoupe OTi:
™ 3 5t 21w 1
Fi i T

B oty 0

X e 27. Nd dmodoywslei td dbgotopa :
S = qpla + Mie + ) + np¥e + 20) + ... + e + (v—1Do]

Aban. "Av oTh) yvwoTr| pas TauTdTNTS

nula = _; (1 — ow2a)

&vTikaTaoThiooupe T a pé Té o + w, B& Exoupe Bradoyikd:
nula= -;é— (1 — ouw2a),

nuz(u—i—m):-é—[ 1 —ow2(a + w)|,

WngiomoOnke amoé 1o ivotirouto EknmaibeuTikrg MoAmkrg
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L %[1 (&t Do) ]

nuz[ a+ (v—1Dw ] = %—[ 1 —ow2[a+(v—1)w] ]

kol pé pdobeon kard péAn:

Se= —; ——;—[wv2a+o'w2(u+w)+aw2(a+2m)+ o —{-crw2[ a+(v—1)co] =
_ v ow[2x + (v— Dwlnu(vw)
= 2nuw
"QoTe :
S. = np’e + np¥e + 0) + p¥a + 20) + ...+ qpfle + (v—1o] =
2a —1
— ¥ _ owl2a + (v—Dojnp(ve) (64)
2 2npo
“Av oTdév TUTro (64) P&Aoups w = «, EYoupe:
. oV Da.np(va
S. = nula+npu22a+npu23a+. .. +nqpiva) = 0 el Mﬂ (65)
2 2npa
Kaf &v péAovpe w = 2«, Pplokoupe &Ti:
S. = muta+npBat mSa 4 iy — Da = - — VEOWAD) g
2 2np2a
Mé Tév 1810 TpéTro EpyalduacTe kal Stav dvtl yid fjuiTovo Exoups ouv-
nuiTovo.
AZKHZEIZ
Mphtn opada
31. N& peraoynuaTiofouv of &Bpoioua fi Siapopd ol TapaoTéoes:
1. 2nu2aouve, 4, 2npa nu3a,
2. 2nuaouvda, 5. 2ewSaowle,
3. 2nudaowBa, 6. 2nu3anuSa.
32. N& Bpefel 1) &pifunTikn Tipf) TGV TapaoThoswy:
1. 2ouv60° nu30°, 3. 20uvl50° owv30°,
2. nud5° ow75°, 4. 2nu36° ouv54°,
33. N& &mroberxfel &mi:
1. ow2aouva—nuda nua = guv3a ouv2a,
2.  owbaouw2a — ouvda ouvda = —np2a nua,
3. nudaouva —nula ouv2a = nua ouv2a.
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34. Né& &moberyfel &mi:
ow(36° — a) auv(36° +

W=

o) + ouv(54° +

ouvanu(P —y) + ouwp nu(y — a) + ouvy nu(a—p) =0,

nua np(B —y) + nup nu(y —a) + nuy nu(a—p) =0,
nua nu2a + nuda nuéa + nuda nul3a

a) owv(54° — @) = ouv2a,

= e@9a.

nua ouvZa + nuda ovvba + nuda ouvl 3a

Agbtepn opada
35. N& &mobeiyBel &mi:

1.  ow20° ouvd0°® ouv60° ouvB0® =

1

¥

ok
7
LI 3

e
2. e920° eg40° e@60° egBO° = 3,

2m 4m 6'n'
3. ow = om o

T aking 7 U 7

3w 5m
4. A " 4 pll
m! 7+t Fnut e+ nu

16 2

36. N& L‘rrrvoymﬁoCrv T& dxdrouba dbpoioparta, ol Té kabéiva Tous Exer v Tpoofe-

TéOUs:

1. nu2a+ npda + nuba + ...

2 ow2a + ouvda + ouvba + ...
3. nuae—nu2a 4 nuda—...

4. owa—ow2a+ ouwla—...

37. N& &mobeiyBel dTi:

5t

19

61

121

51'r

C

17w _ 1
+crwﬁ—_2-,

20T 1
+...+cw21— 5

4.

1. wv%—+wv%+wv
2 wvz‘?ll+wv;_1;+cw
3. nu~§-+nuﬁ+nu3—“+...
elvat v — 1.
4. wvl—g—wvgf_-{-
v

Spwv elven 2v — 1.

=—guv I, &mwou Té TAfifos TdV
v
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¥ KEDPAAAIO III

TPITQNOMETPIKEE TAYTOTHTEZ
II0Y A®OPOYN ZTIZ I'QNIEEZ TPII'QNOY — TETPAIIAEYPOY
"H TAYTOTHTEZ YII0O ZYNOHKEZ

® 28. Towyawouetpnés oyéaes avdpeoa aric ywvies évds toydwov ABI.

2¢ x&Be Tplywvo ABT elvea:

A+ B+ = ki pa 9 +% +_2L =%.
"Apa B4 Eyoupe Tis drdAoules oyéoes:
nu(A + B) =nul nu(B + N =nuA nu(l + A) =nuB
A+B i B <=0 A r+A B
W= =gt Wiy M ameditg, g
SwA +By=—owl |  ouw(@ + ') =—owA ow(l + A) = ouvB
oy T B Lus o A vl i FeA . B
aguv 7 =M 2 G’UV———-—2 =N ] ) ="nd 2

Mé 1) Porifeia TGV TouToThTwV aUT®V kad pé T} Yprion TGOV Tprywvo-
HETPIKGV HETAOXTUATIONGY &TTOBEIKVUOVTOL SIGQOpPES XPTOIHES TPLY WVOUETPI-
Kés oxéoels dvdpeca oTis ywvies A, B, [ ToU Tprydvou ABI kai oTd miod altdwv
T&Y yowiddv. Of kupidTepes elvan of dxdAoubes:

@ 29. X¢ xdBe tolywvo ABI" va dmodeiybet dru :

neA + qpuB + nul’ = dovv % ouv zlcmv%

"AnédeiEn. “Exouvpe Siadoxikd :

NuA + nuB + null = 2nu a ; . crw¥+ ZnuzL csz =
= 2an\}2L uwi;—8—+ Znufgf wv—;—z 2ouv 2I" [wv —%—E— =+ T]HT?E* ==
=2wv-—2r_ ouv A;B + ouv g ;B]=2crw g—.Zcuv ? wv—g— =
N T
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A B I
A+B+T'=nrn = npA + npB 4 qpl’ = 460\'—2—0'0\! 5 — (1))

‘0 TUTros (67) Ppébnke kad oy Tapdypago (y) oeAida 37 pé &AAo TpoTro.
Mapatiipnon. “Av a + B+ v = 2vn, pué vEZ*, tote :

a
nua + Mpp + nuy = ('-l)""-4nu——z— np zi ﬂu%

*Anédeiln. 'Amd TN oxéon:

4 Yo g B340 g & bR
c+|5+y_2v1r=>2—_\m‘ 5 Kall ——==vx

ol <

a— G —
'AMNAG:  nua + nup = 2nu = _g P auv 123:21111(\:11' ——;{—)cw —2|3 ¢))

i ey =2ns fow Y=o Y oS58 ) @

*Eweibn & v pmopel va elvar &prios f epiTTds, O& Exoupe:

a+ Py _ o+ p
3 )ﬂiow—2—-.

nu(u-rr-—%-): :tnu% kadi cw(v-rr—

“Apa ot Shes Tis TepiTTTadoEls 84 elvan:

nu(vv—%) = (=)' nu )2; T (,W(W_S_;‘E) =Z Cyrrow E -5 5.

“Apa ol lodtnTes (1) kai (2) yivovTteu:

Nua + nuﬁ=(—l)”"2nu—;—0w Gz_ P nuy = (=1)*" ‘[ 211:1 ﬂ]

kai pé mpoodeon ‘auTéy TéV looTATwY KaT& WéAn Pploxouu:
aQ— o+
nua + nup + nuy = (1)1 2nu12[ow 5 B o 5 Pl

=(=1)""'.2nu —- 2 2nu— nui*“(—l)' Lodnu o nug nul—

"Qoe :

a
a+B+y=2vn = nua + npp + npy =(—1)"1'4nn—2—nn—%nu12~- (67a)

*Av Opws elvon:

a4 p+y=Q2v—1)n = npa+nup+npy=(—1)".4ouvv - uuv—z-mw—%— (674)
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‘H &médefn Tol TUmou (67B) yiveran pé Tév 1810 TpdTo TOU Eywe Kal 1
&modefn Tou TUTOU (67q).

® 30. 2¢ xdfe toiywvo ABI va dmodeyfei dr

ouvA + ouvB + oovl' =1 + dnp % m.l.—l;- 'qp%
"AnodeiEn. "Exoupe SioBoyikd :

ouvA + ouvB +aw|"=20‘uvA+B i

r
i g2 ! _
—5 oW +1- 21'1|.1 5 o
r A-B A—B A
=2 gowl g2 —nu . + 1= 20, z[ T‘““T]“:

=]+2nuLcmuA_B At B

A B

2 b, —oUN—s— 2 }—l+2nﬂz 27]”-27]1-\2
A B I
=14 4nu 2 N 9 T"Il-l‘i'-

"Apa 8& ioyUel 1) ouveraywyd:

A+B+TI'=n =

ouvA 4 ovvB + oovl =1 + 41“1% np % nu% (68)
‘O TUros (68) Ppébnie kai pé &AAo Tpdro oV Tapdypago (8) oeAida 38
HNapatipnen. "Av alnfedea 1j lodryra

ouva + ouvf + ouvy = 1 4 4nu Tumll ml%

vd fpeite nag ovvdéovrar of ywvies a, f xal y

Abon. “H Sebopévn lodtnTa ypheston ds £Efs:
1 =2t S omupB Y o By

2 O'W-—2 oUV—7—

5 =1+ 2nuo [mﬁ__-}’_mL +Y]—

'1L12[T11-t—+~'.ru'vB Y] ﬂ+y[ =

=—oWS5—IMe o +UW—‘—B+Y]¢'

o 5?2 o oo

‘H todtnTa alirr) EmoAnBeleran:

|2

=2km+ 7 ha_;_” )

= (2K +1)m—7- +P-?' @

lo: M¢ nuz—a-wﬁ_;),_qp(%_a_?’)zb

e N
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B—y 3

bW, LI, ol 4
20 : Mt nu- 2*—-"0'\1\}51._1“1 B%X_;_):, 2 : 2 2
%:(2k3+1)“+—g— —‘5—? 4

‘Amé Tis (1), (2), (3), (4) Ppioxoupe elxoAa Tis oxéoeis:

(l.j:ﬂ:i:7 =(4).+l)1|:' &Trou k,kl'kelks,AEz.
at+pLy=U@r—1Dn

*Av Supws elvan:
ouvva+ouvp 4 oovy=—I1+(—1)".4ovv —:--cmv%cmv% (68a)

a+p+y=2vn =

‘H &mwddaifn yiveton dmws kad oty Tapdypago (29)

*Av, TéAos, elvai:
P v
cuva+ovvp+ouvvy = 14(—1)".4np ol nn B - ,2’ (68B)

a+p+y=Qv+r =

@ 31. X¢ xdfe pi dofoydwio Toiywve ABI ioybe 1) igdtyra
epA + £9B + eyl = @A £¢B eol.

*Anéderln. "Exoupe: A + B + =, omoTe:
A+B=m—T xai egp(A + B) =ep(r—T) = —eql <=

£9A + e9B =—egl <> epA + e9B + egl = epA epB eql.

1—epAcgB
"S'Zo-re,uéA;f: ﬁB;é ﬁr?‘:z,xaiA-i—B—ki' r, loyue:
e@A + 9B + £9I’ = @A e¢B goll (69)
*Avniotpéoag : “Av Tpels ywvies A, B, I SiagpopeTikés &md T 727, ikavo-
TotoUv THv lodtnTa (69), TéTE 8& elvan
epA + £pB = e@A 9B egl’ — epl” = —egl(1 — epA €9B)
epA +epB w B " I
1A —pl =ep(m—T) <= ep(A + B)=ep(m—T) =
A+B=vir+mw—-T = A+B4+IT'=(Ww+Dr , veZz
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® 32. X¢ xdle toiyawo ABI loyie: 9 lodrnra:
@A c9B + 69B 09I’ + o9l opA = 1.

"AndderiEn. 'Amé T oxbon A+ B+ =1 Exoupe :
A+B=m-T = ap(A +B)=cq;(11'_[—)=—cq;r i

opAopB—1 ; o / .
m_—crqar. ATé &8 TrpokUmrTel &T1 :
[ 59AcpB+09Bogl +oplapA = 1 ] (70)

"Avniatpépus.  “Av Tpels yowvies A, B, [T ikavorroloiv ™y lodtnTa (70),
TOTE O& Exoupe:

@A opB — 1 = —ogl(ogA + o¢B) <

opAapB—1 h S
oA T ogB =00 = 0B(A + B) =09l =op(r—T) «
A+B=vr 4 (m-T), pt vez. “Apa: A +B4I=(v+

® 33."Av oi ywvies évds torydwov ABIT émoredody aobunren) mododo xai

avyyodvws loyver 1 ladryra:
A + nu®B + qp’l = 2, (4]
vd dnodeiybei 8te ol ndsvpés avrod Tod TEiydwov elvar dvdloyes ué Tovs doibuoic
2, V3 xai 1.
"Anédeiln. ‘H SeSopbvn oxéon (1) ypdeeran :
l—ouw?A +1—owB + 1 —owl =2 =
ow?A + ouv?B + ouwvi =1 (2
‘Agou elvar A + B + =, kar& tév TUmo (13), 8& Eyoupe:
ow?A + ow?B + ouw T + 20uA ouvB oul = 1 3)
Ao Tis (2) xai (3) Ppiokoupe TH oyéon:

owAowBowl=0 = | oupB:O:;.B:_g.'
1 mF:D:a-!‘:%,

*As UmoBéooupe &Ti:

hig

A=, éméte B + r=% @
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*Emraid) &rd Thv Umdleon ol ywvies A, B, [T &otedolv dpiunTikf mpdodo,
8 loyver N oxéon:

Bl AT rr a5 PR =

2 7 9)

"Atd Tis oxtoes (4) kol (5) Pplokoupe:
B4+ TlM=2B—-T < B=2I xai ©y (4) ylveTcu:

T m T T
2r+F_—§ = 3r—-—2—¢r——é- kol &pa B=-3-.
. ) L I

Qoe elven : A—2,B 3,F 6

“Av q, p, ¥ elvan, dvmioToiyws, fi UmoTeivouoa kai ol k&BeTes TTAeupés ToU
Tprycwvou ABI, ToTe, Emeidn:

RS " o 3a?
r=? = y= ;— kal &pa ﬁazazﬂyzzaz—-4 =3 =
a3 g al o B Y
= —— =——. "Apx: — = =
P=—"a =v3 2 ™M |7Z2 Tyz T
AZKHZEIZ
Mparm bpada
38, 3¢ k&Be Tplywvo ABI va &moberyfolv ol lodrnTes:
1: nuA+tu—nur=4nuinu£va,
2 2 2
2 auvA+cruvB—va'=—-1+4auv_;. wv%nu %.

nu2A + nu2B + nu2l = 4nuA nuB nul,
ouwv2A + ouv?B + ow2l = —1 — 4ouvA guvB owvr,
ep2A + 2e92B + €92l = ep2A e92B eq2l,
A B B r I A

S +E¢Te¢_f +5~p_2_Eq>»2— =i
39. 3¢ k&Be Tpiywvo ABT loyUouv ol lodTnTes:

) nu2A + nu*B + nuil = 2 + 2o0uvA ouvB owT,

2. nuA 4 nuB — nuil = 2npA nuB ow,

3. ouvA + ouw!B —ow?l =1—2nuA nuB ow,

4, nu(B+T—A) + nu( + A—B) + nu(A + B—T) = 4npAnuB nul.
40. 3¢ kdBe Tplywvo ABI vé dmobeiyfel oTi:

1. nudA 4+ nudB + nudl = —4nu2A nu2B np2l,

2. ouvdA + ouwvdB + owdl = —1 + 4ouv2A ouv2B ouv2rl,

o W e W

A B r A B r
. L Lol | . L, Bt it B
3 nu2+nu2+nu21nu2nu2nu2
2B + nu2l A B r
4. TWZA '{_“_"_'W_ L N o R [T 5 el 1 7] RIS
NUA + nuB + nul s T Tl
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A B r
5. A+ egB el T 7 P @5

(MuA + nuB + nuN)?  ~ 20uvA owB ol

41. "Av A + B+ I'=180°, v& yivouv ywépeva ol Trapactdoers:
1. nu3A + nu3B + nu3r,
2. nu6A -+ nuéB -+ nuer,
3. ep(kA) + ep(kB) + ep(kl), &v k € N.

42. 2t kdbe Tplywvo ABT vk dmoBerxfel 1| dAffeia kodepds &mrd Tis Tap okéTw lod-
TNTES:

A B r T—A m—B r
1 = il == =:] A e 0 ==
nu2+f|u2+nu2 +4T]114T1U4Tll-l4.
2 cw_4+cw%+wv%=4wvaz_rwvrtvaA:B,
A B r 3 T—A B w—TI
3 g A 8B 2! = 2 -9 ATy =3
o SRR AL ool e e e
A B r 3 m—A B LN
4. 3 2 " Y 3 7 = 2 LT i
wv4+aw4+crw4 2+wv4wv4wv4
¥ Asitepn dpada
43. Zt xdfe Tpiywvo ABI vé &moberyfel &1i:
1. ZnuA ouvB ouvl = nuA nuB nur,
2\ ZouvA nuB nul’ = 1 + ouvA ouvB owl,
3. ZInuAouw(B—T)=4nuAnuBnurl,
4. ZowAow(B—TI) =1+ 40uvA ouwB owr,
5. ZInuAnuB-I)=0,
6. Znuw*A ouv(B—T) — 3nu Anu Bnu =0,
7. Znu3Aouw(B-—-I) =0,
8. Znu3Anu(B-—T)=0.
4. It xdfe xupTd TeTpdmAeupo ABIA vé &moBeiyfel &Ti:
1. nuA + nuB + null + nuA = 4nu A ;‘ g nu -5—;—'- nu E%--ﬂ.
2. ch+va+mr+mAz4wvA;-Bwva-;rwvr.;‘\.

45. "Av ot xémolo Tplywvo ABI dAnfeie xalemd &md Tis lodrnTes:

B _muA+ U 2 nuB + nul’
2 nuB owB + ouvl
3. nul = ouwA + ouwB,
vé& &moberyBel 11 TS Tplywvo alTd dlvan dploydvio kal dvrioTpdpes.
46. "Av ot x&moio Tpiywvo ABT loylel xaBemé &méd Tls lodrnes:

1. o9 NuA =

A B r
s TEe as — =2 2 A =],
1 EQ2+IQ2in2l92 2. Zow 1
3. nu2A + nu2l =nu2B, 4. InudA =0,

vé& &moBeryfel 811 T Tplywve alrd elvan dploydvio kal dvTioTpépes.
47. "Av ot Tplywve ABI loxve 1) loérnra
Nu3A + nu3B + nu3r =0,
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vé &mobeyB:i &1 pla yowvia ToU Tprydvou elvar 60°.

48. "Av nu % ouv? Ll n By ouy? %, Té1e 16 Tplywvo alTéd elvan loookehés.

2 2
’Emrions, &v ouv? %: nuB nurl.

49. *Av ouv3A + ouv3B 4 ow3l = 1, Té7e pla ywvia ToU Tprydvou ABIM elvan 120°.
50. Tt xdbe Tpiywvo ABI v &mobexfel &mi:

1+ slowd _ (o@A + o@B + gl

nuAnWB
51. "Av X + ¥y + @ =Xyw, v& dmoderyfel omi:
1 S SR S 2y ) 2w )
1—x2 1—x2 -yt 1—e*
2 Ix—nd  Ix-cxt 3y—y* 3Bw-—w®

Jg=3x  1-3x* 1-3y*  T-3a?
3. Zx(1—=y® (1 — w?) = 4xyw.
52. "Av A + B 4+ IN'=180° xal veZ, v& dmwoberyfel &n:
NU(2vA) + n(2vB) + nu(2vl) = 4(=1) v—'nu(vA) qu(vB) nu(vr).
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KE®AAALIO IV

E®APMOIrEZ TQN TPITQNOMETPIKQN METAZXHMATIZMQN
IXEZEIZ ANAMEEZA ETA KYPIA ITOIXEIA TPIT'QNOY

@ 34. TYIIOI TOY MOLLWEIDE. X¢ xdfle tolywvo ABI iayvovy ol dud-
Aovles oyfosis:
B—y A B—I P+y B

BT Wl T T TR e Tty T

BY sl BT
ﬁ+yc¢24e¢ ;

"Anddein. “Av P > y, 6& Exouue Sraboyika:

‘A 2RnuB—2Rnul Vi _ nuB—nul .cw—-A— _

TS 2RnuA s o nuA 2
B—-I B+T B-I B+T

PP i T A _ W3 W3 B-T )y
= A PR =g
2nu 5 oW, w5

p+y_ A _2RnuB+2Rqur A nuB +nul . A _
x T 2RnuA S nuA 2
B+ B-T B+l B-T <
2nu 5 wv74 A nu 5 ow—s BT
= + N **2"=—*—A =ouv

2 A ov *A oU——
L e 2

Mt Siadpeon Thdpax katd pEAn Tév (1) xai (2), Pplokoupe :

pay o A L Bl :
LA SR &)

xod pé kukhikf Evedhayf) Tév @, B, y, (2> B > ) kai A, B, [ Ppioxoupe Tols
TUtrous ToU Mollweide.

>

i SO
a

2

a—pP r . A—B B+ A B—TI
e s e W3 =W
an Pt shr v o B y+® B o T—A (72)
P 5T i e A
a—y B __ AT e+p T __A—B
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88 L ARy A

s Sk TRl T TR T s e
r—a A __ T—A i)
7+a¢2 * 2

® 35. [TPOBAHMA. > And tic mhevoés évds torydwov ABI vd dmoloyiafioty
oi Torywvouetoxol dplipol Ty pody yondy Tov.
Adon. *As Utrobéooupe 1 o, P, ¥ elvon of TAeupts Tol Tprydvou ABI xad
21 1) mepiueTpds Tou. ToTe B& Eyoupe:
P+y—a=21—2a=2(Tt—0),
a+P+y=2r = y+a—Pp=21—-2p=2(r—-p),
a+Pp—y=21—2y=2(1—7).
ATt T vépo TGV guvnuITOV@WY EYOoupE TOV TUTTO:
ke g3
2Py

o =P? + y2— 2By owA <« owA = (D

Elven Spews kal

= g =1+owA (2) kai  2np? %: 1 —ouwA 3)

‘Emropéveos pé T Ponbeia Tédv (1) xad (2) 8& Exoupe:

A Prryt—of | PR Y 2Py —a
2 — J—
2 =14+owA=1+ 2By 2By

_ @+ _ B +y + )P +y-) _27-2(1—) _21(T—x)
-~ 2By 2By 2By ok ="BF

’Emraidr) Spows -% <——;—c—auv-—l2\— > 0 kal 8& Eyxoupe:

A V T(T—0)
oUWV —— = T SO el
2 By
Me 8uoto Tpéro &rd Tis (1) karf (3) Pploxoupe: M —o- V(T - ?S,T“Y)
Téhos, pé kUkAIk dvaAdayn) Tév o, B, ¥ kaf A, B, T ﬁpioxouus

(t—a) A _ VQ—u) =y
By "2 By

bt =Vr(r—a) G i el V(r—v)(r—a) 15
2 a 2

I _1/tc—=7 r _1/G=a)c—B
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Arcpovras Emerta katd péAn, dvtioToixws, Tous TUtous (75) pé Tols TU-
ous (74) Ppiokoupe ToUs TUTTOUS:

A _1/Gc—=PpGa—y A _ wft—a)
) T 'Y C—PHGE—
(76) | o B = 1/ C—1C—0) B _ v w(t—p) )
o w—P el B TS 4 =T o
[cof _1/CG—ac—P) L (t—7)
sl —=n Yi3 t—a)(z—Pp)

* Awpedvnon: Nd v& Umdpyouv oi ywvies A, B, T, mpéma:
B C—-7 -~
N e >0 (t—ax)(7—PB)(T—Yy) >0, &pol T >0

Mé& vé elven Suws (t—a) (T—P) (T—y) >0, mpémer f| dhor ol wapd-
yovTes v& elvan BeTikof f) Bvas BeTikds kai of &Aor Buo dpvnTikol. “Av SUo Toapé-
yovtes elvan &pvnTikof, .. of

T—-p <0
T—-y <0
Apa: T—a>0eT1>ae2r>2aw2a <2t a<p +y. ‘Opolws (1)
T-P>0epPp<y+a (2 xad T—y>0=y<a+p @3
"Ato Tis oxéoes (2) kal (3) Ppioxoupe:
—a<y—p
y—-P <«
Meé duolo Tpémo Pplokouue:  ja—y | <P<a+y xai |a—P| <y<atP
"Av Suws a elvan 1) peyocdUTepn mAeupdk, TéTe dprel @ < B+ 7.

Mapatipnon. “Av épyaoTolpe pé Tév 810 Tpdro aTols TUTous (74) f (75),
8& Exoupe:

} = 21-P-y <0 = a <0, wpaypax mov elvan &romo.

] = —a<y—p <a < [y—f| <a<piy

0< T(Tﬁ;q) <1, sniabh 0 < T(;}Y 2 ol T(I;Y 2 =2
f T(r—a)> 0 kol T(T— ) < Py,
i  T=a>1 » B+y+a)P+y—o) <4py,
4 | 5k » (B-v)3-at<0,
i a<P+y » B-y+)B-y—x) <0 (4

Té wpddto pélos Tiis (4) elvan BeutepoPdduto Tpicovupo o mpds B. Mk
v& elvar 16 Tpicdvupo aird dpunTid, BnAadh vé Exer onueio dvtifeto &d T
amueio ToU ouvTeAeoToU Tou P2, Trpémel kad dipkel & P vd PplokeTon dvdpeoa ois
piles ToU Tpiwvipou. AnAab Tpéer:

Y—a<P<y+o &r'dmov: y<a+Pral p<a+ty.
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‘Etropfvers 8& Eyxoupe:

a<P-+y, [B=¥| =g=Bah v
P<y+ea t = |y—«| <p<y +aq,
Yy<a+p |la—PB| <y <a +B.

@ 36. 'Eppadé tprydvov. “Ag UmroBécoupe 8T o, B, v elvon ol mAeupés Tou
Tprycovou ABIN kai E 76 #pPadd Tou. Dépvoupe
T& Oyn Tou AA kol BZ.

*ATd 16 oxfipa 5 Exoupe:
AA = pnul, AA =ynuB kol BZ = ynuA.
Té éppabod ToUu Tplycbvou ABF elvoa:

=% p-Bz=— . A= —ﬁvnuA

1 1
=5 apnul =5 aynuB.

aff nul’ (78)

o

1
"Qoe : E= —2|3~muA = —;— yonquB =

Of oyéoeis (78) Beixvouv &éti: T6 éufadd xdfe rorydvov elvar loo ué vd
uiod Toi ywouivov do mAevpdw Tov émi Td fuivovo tijs yawlag, 1) dmola mepiéye-
Tt @ adtés tic mievpée.

Tuvéirewa : Emeadfy elven nul = é%, 6& Exoupe:

i _ 1 Y _ By =
E=— apnul = 5 ap - >R = 3R = afpy = 4ER (79)

® 37. IIPOBAHMA. ’And tis mievoés évdec torydwov ABI' vd dmoloyiofiel
16 éufadd Tov.

Aben. “Exoupe Sluﬁoxmé'
1 A A A A
E=5 PynuA= 2ﬂ7 2nugowo =pyniyow, =

=y |EBEM /12D - rr—gEmE

“Qore: E=Vie=—a =P G=" 80)

‘O TUmos aUTds keeiTan TUTTOS ToUu “Hpwvoee.
® 38. ITIPOBAHMA. *And vic nlevpés évdc torydwov ABI, vd dmoloyiobel
7 dxriva tob mepiyeypapuivov xixiov.
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Aban. *Améd Tols yvwoToUs TUTTOUS:

apy =4ER kai E=V1(r—a) (7 —B) (—Y)
pé &mradoipr] ToU E Pplokoupe:

oy
P Gl

e 39. ITIPOBAHMA. >And td tjuitova té@v yovidy évds totydvov ABIT xal
iy dxtiva R 100 mepiyeyoauuévoy xixdov, vd vmoloyialst td ufadd tod ToLydwov.
Abon. *Améd Tis yvwoTés oyéoes:
a=2RnuA, p=2RnuB, y =2Rnul’
kaf Tév TUTO: ofy = 4ER, Exoupe BiaBoyikd:
piia ofy _ 2RnpA-2RnuB-2Rnul

4R 4R = 2R2nuA nuB nul’

“Qoe: E = 2 R? npA npuB npll (82)

E®QAPMOTEZ
a) Nd dmodoyiofoin ol ywvies B xai I' évdg touydwov ABI' énd td yvward

aToLyeia Tov:

A=60" xai e=(fp—y) V3,
Abon. 'Améd 16 Beltepo TUTO ToU Mollweide Exoupe:

nus__-l-":B__—Ymi:_ﬁL—Y—mW“: 1:0'W30°=
2 a 2 ®-Y)V3 21 FYES
1 y3_ 1
=—— Y 2 = — =nu30°
TE R T S
2 B-—-T
Apa 8& elven : T=30° = B-TI=60° )
’Emeibr| Suws: B + M= 180° — A = 180° — 60° = 120° (2)

&md Tis oxéoes (1) kai (2) wpokimrrer: B =90° kai I' = 30°.
Supmépacpa: Té Tpiywvo ABT #xei: A=60°, B=90°, I =30°, &nAabf)
elvan dpboydovio oTriv kopuen B.
B) 2¢ xdfe rpiywvo ABI' dinbede 1) aybon:
B*nu2l’ + ynu2B = 4E
"Anodeign. "Exoupe BiaBoyika:
Bnu2l + y?nu2B = 2pnull owrl + 2y*nuB owB =
= 2B%nul owl + 2y - Bnul ouvB = 2pnul (Pouvl + youvB) =
= 2Pnul -a = 2apnul = 4E,
&poU Eépoupe &md TV Tponyouuevn TaEn T elvon:
o = Bowl + youvB, ynuB = pnul, anul = ynuA.
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¥) *Av oi nlevoés a, B,y =ai 7 yovia B fvdg torydwvov ABIT ixavomowodv iy
toornra:

u+~{=ﬂc¢% )

vd Poelei 16 eldog oD Torydvov.

Aben. ‘H foétnTa (1) ypépetan:

B
2RnuA + 2Rnul = 2RnuBog i nuA + nul =nuB og 2B -

B
b AJrrc:r‘.J\,'/j;E—-Z -B—-crw B—— o ¢>0’UVA_r— U-E 2
g Gy O g g I
TW*’f*
“Apa 8& elven: —g—:é%r#Bﬂ-F:A-:A:%“
_g =ﬁr;A¢a+A=r¢r=90°.

*Apx 1O Tpiywvo ABI 8& elvan épBoydvio fi oTfiv kopugn A | oThv
kopueny .
*ATéd T oxfon (2) 6& pmopouce vé& Tpokuyer &T1 loxUouv ol oxtoes:
B r—A B A—T

5 =5 +k. 360° 1 5 =5 + k-360°, kez,
ol &troies Suws &moppimrovTan, yiori:
3—— < 90° xod 1 Eoralid) < 90°. *Apa k=0.

8) ¢ xdbe vpiyavo ABI' adnbeder 1) oyéon:
A B r
@+p+m (wiﬂmf) =209 5 -

Anédertn. “Exoupe SiaBoyixkd:

A+ B
A B 2
(«+P+¥) (EfP Ty DWe? 7) =2R(nuA + nuB + nul) - ————x =

OUV——OUV—-

2 2

auv r
_oR. A B r D) : - gt
MTmf—z_
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r

ouvt_—— ouv——
r 2 r 2
=8R.nu T-T_Sﬂnu E Bhiir —I' =
i oy
r r [F r r
=2R-2-2nu—Z—MT.U(pT:Z-ZRnurmpT = 2yo! 5

g) "Av of mhevoés &vds torydwov ABI ixavomooty vy lodinra:

a+ vy =28, zdre o'(p—{;-- + o¢ —12; =2mp%
xai @vrioTpdpms.
"Anéderln. "Amd T oydon:
aty=2 = 2i—(@+ V=21~ = (1= + (r—y) =27~ P)
BiaapavTas T& péAn Tns pé TV TapdoTaom

E— v TR I — %)

T

Ppioxoupe T oxéon:
=) T _, 1/ _@=B)
Voo + Vovots =2 Ve
&wd THv dtroia, pé Pdon Tous TUmous (77), Ppiokoupe:

A B B
i sl o stom il T v

‘H dvrioTpopn mpéTaon &mobeikvieTon eUkoAa, &poU SAes ol TponyoUueves
wpaers elvan &vTioTpeTTés.

AZKHZIEIZ

Mpan opada

53. *Av ¢’ tva Tpiywvo ABI elvar = 120° xad 2a = B( Y3 —1), v& UtroAoyiofolv
ol ywvies alrrol ToU Tprycvou.

54. *Av ¢’ v Tplywvo ABT elvar 3a = (B + y) 13 kal A = 60°, v& UmoAoyicolv o
&AAes yowvies alToU ToU Tprydvou.

55. "Av o’ iva Tpiywvo ABI elvar B =2y xal A =60°, v& UmoloyioBolUv ol &Ahes
ywvies aitol ToU Tprydvou.

56. "Av o fva Tplywvo ABF elvar B =a( 3 —1) kal [ = 30°, v& Umohoyiofolv ol
&AAes yeovies alTol ToU Tprydvou.

57. "Av o' fva Tplywvo ABI elvan a =2, ¥ = |2, B = 15°, v& UmoAoyioBolv of &hhes
yowvies alrroU ToU Tprycvou.

58. It xdbe Tplywvo ABI loybouv ol dxérouBes lodTnTes:

1. a(fouwvl —youvB) = p*—y?,

2. afowB + owh) =2 +y) nu’%-
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A

3. B+r—-9 (cq)%+ctp_;:)=2ucrq>2

2 __ 2 2 _of L3
s P cnY nu2A + ¥ g‘zu nu2B + a’yeﬂs nu2r =0,

¥ Acedtepn opada
59 3¢ k&be Tplywvo ABI loyUouv ol lodTnTes:

|, au@B-N)_pnu—A)_ ymu(A-B)
Bt —vy? yi—a? o — B3, d

2. T@-noel=0 3. E(Pt—y") ogA=0,
4, ITe+portB g s o B _Daak,
2 anu M
6. SaouvA=2E, 7. g owAowB _ 1
R ap 4R?
A+ B 0, 9. B—-T A

8. - = O 22 =0.
¢ Z(c—P)eg 5 Zanu - O 0

60. 3t xabe Tplywvo ABT vé& &moBeyBel omi:

1. a*=p?+ y*—4EogA, 2. 2E(o9B—o9A) =a®—p2,
3. @+p+y =4EZogA, 4. l-csprel =Y.
2 2 T
61. "Av ot Tplywvo ABI loxUouv ol oyéoes:

1. a=2pnu %, 2. nuA =2nuBowl,

A r B
3. a=2powl, 4. (T—Pp)og ?z'req; 5
5, 20u=ucq}%, 6. 4E=q‘o¢.%,
Ts °=+2%ﬁ=acp% -}-3:@%. 8. aep A+ BE¢5=(C!+E')E?5;—_—B

vé& &mroberxBel &m 16 Tplywvo alTé elvan loookehés.
62. “Av oé Tplywvo ABI eivan:
nul (ouvA + 2ouvl) = nuB (ouvA + 20uvB),
v& &moBeryfel 81 T6 Tplywvo alTé elvan focookerés i dpboywvio.

63. T tva Tplywvo ABT elvan: (1 —ogl) [l + o@(45° —B)] = 2. N& &mwoberyfei &m1
aiTd elvan dpboycovio.

64. "Av ot Tplywvo ABT elvan A = 90° xal 4E = a?, 76 Tpiywve aUTd 84 elvan idooxehds.

65. "Av o’ fva Tplywvo ABI elvan:

P* 4 yl—a=af (B + v —a) kal 4nuBnul =3,
76 Tplywvo alré elven lodmAeupe.
66. "Av & tva Tplywvo ABI elvan A = 120°, v& &moBeiyfel &ti:
y (ot —y?) =B (2 — ).

67. *Av ol mheupts tvds Tprydvou &moTeholv &piBunTikr wpdoBo, v& dmobeyBel i T&
fuitova Tév ywvidv ol PplokovTat &mévavt &mwd Tis TAeupés alTis &mwoTteholv Gpibun-
TIK) Tpdobo.

68. "Av o’ fvx Tplywvo ABI elvan o 4 y? = 2p?, v& &moberyBel &tiz

agA + ol =20¢B
xal &vTioTpduws.
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69. I’ tva Tplywvo ABI elvan o 4 y = 2B. N& &roderyfei dT1:

1. owA o@%--{- owl o %-:20\}\’3 aq% ;

2. aouw? g_ + y ouv? %: 32_‘3‘
A r B
3. Lo L =2092,
op 5 + o¢ 7 209 3
A K 1
4. ge =
i > 3 3

‘loxbouv T& dvtioTpogd Twv;
70. "Av ol Theupés o, B, ¥ Tpiycvou ABI &mroteAolv dpuovikn) Tpbodo, va dmrodeiyel
811 xai ol &pibuoi

—

A B
EY i 2
ny 3 K 7 nu

2
dmoTedoUv dppovikry mpdodo.
T1. ¥ tva Tpiywvo ABP elvan a+ y =2B kai A—T =90°. N& &rrobeiyBei &Ti:
o e Y
Y7+1- T fT-1
72. "Av o’ tva Tplywvo ABI elvan T = 60°, v& &mobeixfel &71i:
1 gl Je 3
at+y P+y a+PB+y

kal &vrioTpdpess.
73. "Av ouvA = ouva nup, owB = ouvp nuy, owl = ouwy nua kal A4+ B+ T =,
vé& dmroderyBel &Ti:
o epP egy = 1.
74. "Av owA = e9P e9y, owwB = epy epa, ouvl = epaepp xal A 4 B+ M=, v&
drodeyBel &T1:
nuia 4 nup + nuzy = 1.
75. Zé e Tpiywvo ABI vé &moBeyfel mi:
99A + ogB + ol > 3.
76. "Av o’ tva Tpiywvo ABI &Anever f lodtnTa:
N 4A + nudB + nudr =0,
vé dmoBeryfel 611 aliTéd elven Sploydavio.
77. 'AgoU dmoBeiy@el 1 TautdTnTa:
EPX = o@X — 209 2x,
vé &rmroBeixbei dxoroUbeos &Ti:
| Pe 1 X 1 P ey | x
Mgyt Wt tpw = oo X —oex,
dmov 0 <x < %

78. N& é&moBeifel 811 Umrdpyouv Blo GpiBuol x xal y, Téroior dote:
o"rsucrrxecp..g. + Yoo q,
éwoiobrimoTe kai &v elvan T4 a. *AxkoAouBeag BeifTe o118

Sy = oTep o + oTep 2a + oTepda £ . . . + oTep 2va =crqa.;_'.—e¢p2"a.
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KE®AAAIO V

TPITQNOMETPIKOI IINAKEZ

e 40. ‘Avaykn tdv tpryovopetpikdy mvakov. O Tprywvopetpikol &pifipoi
TV ywVIGY XpnolpoToloUvTal yi& ThHv EKTAfpwon ToU okotrolU Tiis Tpiycwvo-
petpias. Md& v& yiver abtéd dvmiAnmTd &md Tddpa, AUvoupe T6 drdAouio Tpod-
PAnua.

e 41. [TPOBAHMA. "Eva dpboydwo tolywve ABI Eyet a — 20m xal
B = 12m. Nd dmoloyislei 1) yavia Tov B.

Abon. Mé xévtpo T6 B kai dktiva BA =1 ypi-
Qoupe KUKAo, TroU koPet Trv UmoTeivovoa Bl oTéd A
kal TV kdPetn TAeupd AB oTé E. Oépvouvpe TH AZ k&-
8etn oThv AB. 'Amé T& Suoia Tplywva BZA xai BAI
ExOouUpE :

p _ _« B P HaT
ZA BA nuB 1
_P _ E B I
MWl ===y =T e M

'ATS T oyfon aUTh gaiveten &Ti yvwpifoupe T6 nuB, ox1 Suws xai TM
ywvia B.

Mé& Toév Umodoyloud Tiis ywvias B épyalduacte s EEfs:

Maipvoupe TolUs Aoyapifuous kal Tév SUo peAdv Tiis fodtnTas (1) kol
£y OUpE:

Aoy nuB = Aoy 0,6 = 1,77815.

*Av, Aoimrdy, Exoupe Trivaxe, oU v& Tepigxel Tous Aoyapifuous TéV TpI-
ywvopeTpikGy dpifipédy T@V ywvidv, umopoUue v& Ppoupe Th ywvia B, Tfis
&molas T6 fuiTovo Exel AoydpiBuo Tév &pifus 1,77815. Tétotor Trivakes Urrépyouy
Siapodpwy eidddv.

“Evas Trepiéyer ToUs Aoyapifuous T@V TprywvopeTpik@y &pibudv, fuiTo-
vou, ouvnuitdvou, EpamTopévns koi ouveparrTopévns pé 7 BexaBikd ymela,
&Ahos pé 11 Bexabiké wneia, &AAos pé 20 Bekadikd yngic kai &AAos pé 5 Be-
kadikd ynela.

MNé Tis ouvnbiopéves Spos épapuoyés &pkel & TrevTayrnglos Tivakas, ToU
bmolou Umdpyouv kal EAAnVikés EkBdoels kaTd T6 oUoTnua Dupuis.

“Evav Tétolo Tivoxa 8& meprypdyoupe pé ouvtopio kad 86 éxBécoupe kal
Tév TpdTTO THiS XPTIOEWS Tov.
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e 42. Ileprypagi) téhv LoyapiBpikdv mivaxomv Dupuis.

Oi mivakes ToU Dupuis mepigxouv ToUs Aoyapifuous ToU fjuitévou, TS
tpamrrouévns, TS ouvepamTofifvns kol ToU ouvnuiTévou T&V ToEwv dmd 0°
péxpis 90°, T& omola cufdvouv katd 1.

‘O &pifuds TV poipdv dvayphgetar E§w dmd TS TAaiolo ToU Trivaka.
Mé& & 168 ToOU Eyouv ArydTepes &mrd 45°, & &pifuds TGV popddv ypdeTal
oo Emdve pépos Tiis oeAiBas. MN& T& &AAa ToEa & dp1Buds TéY polpddv ypdgeTal
oTd xdTw pépos Tiis oeAibas.

Oi &pifuol Tév TpwTwy AerTdv oTd Té§a Td MikpdTepar &rd 45° dvarypd-
govTal oY TPWTN oTNHAN &pioTepd, 1) dTroia Exer s Emikegodido wid ofeia (1),
i oTd &G\Aa Tofx yp&ETan oTHV TPWTN OTNAN &md T Befid.

Zthiv &pioTepr) omHAN T& TP&GTa AemwTd avfdvovTan &mwd TWhvw TPds T
K&Tw, vd ot ek avfdvovTan &md kd&Tw TPds TE VL.

Mé thy Trapamrdve Sidtagn ol &pifuol Ty TpwTwy AeTrTdy dUo oupTAn-
puwpaTikédv TéEwv Ppickovtan oty iSia dpifovTia ypappr. Of AoydpiBuor ToU
Kafevds &md ToUs TpiywvopeTpikoUs dpifuols évos Tofou, Tou elvan pikpdTepo
&md 45°, kad 5év mepiéyer SeUtepa AetrTd, PplokeTan o SicoTavpwon Tiis &vi-
oToiyns opibdvTias ypapuis TV TpdTwY AerT@v kal Tis oThAns, 7| omolx
Exel g tmkepoAiSa TOV TpirywvopeTpixd dpiBuod.

"Av Suws T6 T6§o epiéxeTon petay 45° kad 90° kad Bév Exer Seltepa AetrTd,
6 Aoydpifuos kabevds TprywvopeTpikoU dpifpou Ppioketon oTn SiaoTolpwon
THis &vTioToIXNS YPauUTls TGV TpwTwy AemTdv kol Tiis oTnAns, 1| omoix oTd
kato pépos Tng Exel TNV dvopaoia TOU TprywvoueTpikoU &pifuol.

TIAPAAEITMATA

Aoy nu (18°25) = 1,49958
Aoy nu (39°56') = 1,80746

Aoy nu (67°16) = 1,96488
Aoy nu (78°33") =1,99127

Aoy owv (24° 12°) = 1,96005
Aoy ouv (43°52") = 1,85791

Aoy owv (62° 10°) = 1,66922
Aoy owv (56° 53') = 1,73747

Aoy ep (30°147) = 1,76551
Aoy ep (39°277) =1,91533

Aoyep (61°58") =0,27372
Aoy ep (48°19") =0,05039

Aoy o (29°39") =0,24471
Aoy o (44°51") =0,00227

Aoy o (52°117) = 1,88994
Aoy o (77°38') = 1,34095

“Orav ol Aoydpifpor Exouv kowd T& o TpdTa ynela Tous, aiTd ypd-
QovTan povo oTév TrpddTo Kal oTdv TeAeuTtaio AoydpiBpo. Mé& Tous EvBidueosous

 AoyapiBuous Ta BUo aliTd yneia B¢ ypdgovtal, GAAG évvoouvTal.
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“Av ol Aoydpifuol altol PplokovTan ot TepioadTepes oeAides, TG SUo Spoix
ynela dvaypdgovtan kal oty dpyn kal oTéd TéAos aUT@y T@V geAibwv.

"Av oT1d petalU petaPAnbel TO Eva &md T& BUo TpdTa ynelx, 6 Aoydpr-
Buos dvaypdgeTar dGAOKATpos, Omews kai & Twponyoluevds Tou.

Metd &md Tis oTfiAes TGV Aoyapifuwy T&v HuTévewy kal TEV ouvnuiTo-
v, Urdpyouv oThiAes pé Emikepaiida 16 ypauua A (Biapopd). ZT1d &vtioTorya
TeTparywvidia dvaypdovtan of povddes TéurTns Sexadikfis Tagews (w.e'.5.7) ol
Biagopés TGOV Aoyopifuwy TV fuiTovwy kai cuvnuTévwy SUo Siadoyikév
T6EwV.

’Emrions Suola oThAn Umdpyel kai dvapeca oTis oTijles Ep kal Zg Tou
Trepiéyouv Tis kowés Siagopés TGV Aoyapifucwy TéV épaTrTouévwy Kal ouveEpaTTTo-
péveov Vo Bradoyik@v TéEwv.

Ao Tis dodTnTes:

P = s kal € =
ExoupE:
Aoyepa=—Aoyopa kai AoyepP = —AoyopP

kai Emopévas:

Aoy ep a — Aoy ep Pp = Aoy o p — Aoy op @

Ztd 5ef1d TV ouvnuiTovwy Bév Umrapyel oTNAn Siagopdv yia Ta Tofa
roU elvan pikpdTepa &md 18° i peyodUtepa &o 71, ywari of Siagopés auTés
elven pikpdTepes &rd 16 5 kal Pplokovtan elkoAa &mréd pvnuns.

Zris oeAides TV TOEwv &md 6° Ews 83° kad E§w dmd TO TAaioio, Urapyouv
pepiké mvakidia. Kabéva &md T& mvakibia altd éxer ds émkepodiba wmid &mé
Tis Siaxpopés TTou eiTape o Tavw kal SraupeiTan of SUo oThAes. ‘H wpdTn oTN-
An Trepiéxel ToUs povoyngious &pifpous (1 -9), ol dmoiol gavepwvouv SeuTepa
AerTd, kad ) &AAn Tis dvTioToixes peTaPolés TV Aoyapibuwy TV Tpiywvo-
HETPIKGY &p1Budv. Té mvakidio Tr.x. ué émkepaiida 23 Beixver o1, & ) Bia-
@opd TGV Aoyapifuwy TprywvopeTpikoU &piBuolu Suo BiaBoyikdv Tofwv elvan
23 p.e'.8.1., of alfnon ToU Téfou KaT&

Ly 2 35S frolll, 9=

&vtioToixel afnon 7 #A&rTtwon ToU Aoyapifpou ToU i8iov TprywvopeTpikoU
&piBpou kard:

0,38 A0 Tl B fmteiofi o8 45 e =By
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31 Hu A Eg B Zp Zuv 4
10,52 01,6716l 24 1,72567 31 0,27433 | 1,94593 6 60
2 11,03 1 7185 23 2598 30 7402 4587 7 59
3] 1;55 2 7208 24 2628 31 1372 4580 7 58
4 12,07 3 7232 24 2659 30 7341 4573 6 §7
5 [i2,58 4 7256 2689 7311 4567 56
6.13,10 — — |24 — | 31 _ — ]
T |3.62 5 7280 23 2720 30 7280 4560 7 55
8 (4,13 6 7303 24 2750 30 7250 4553 7 54
9 14,65 | ‘T, 7327 23 2780 31 7220 4546 6 53

30 8 7350 24 2811 30 7189 4540 K 52
10,5 9 7374 2841 7159 4533 51
21,0 — — |24 — |31 — — | =
1 1 10 7398 23 2872 30 7128 4526 7 50
4 12,0 11 7421 24 2902 30 7098 4519 6 49
5 |25 12 7445 23 2932 31 7068 4513 7 48
6 13,0 13 7468 24 2963 30 7037 4506 7 47
7135 14 7492 2993 7007 4499 46
8 14,0 — — |23 — | 30 _— i@ —
9 14,5 15 7515 4 3023 3] 6977 4492 7 45

24 16 7539 23 3054 30 6946 4485 6 44
1]0,4 17 7562 24 3084 30 6916 4479 7 43
20,8 18 7586 23 3114 30 6886 4472 7 42
3 FN,2 19 7609 3144 6856 4465 41
41,6 — — |24 — 31 —_— — |7 |—
5120 20 7633 23 3175 30 6825 4458 7 40
61|2,4 21 7656 24 3205 30 6795 4451 6 38
Trfi2.8 22 7680 23 3235 30 6765 4445 7 38
8 13,2 23 7703 23 3265 30 6735 4438 7 37
9-13.6 24 7726 3295 6705 4431 36

23 — — |24 — | 31 - — — | T =
10,38 25 7750 27 3326 30 6674 4424 7 35
210,77 26 7773 7 3356 10 6644 4417 7 34
o5 0 1 i 27 7796 24 3386 30 6614 4410 6 33
4 | 1.53 28 7820 23 3416 30 6584 4404 y 32
5 (1,92 29 7843 3446 6554 4397 31
6 (2,30 —_— — |23 — 30 _— [T |—
Tp2768 30 | 1,67866 1,73476 0,26524 | 1,94390 30
8 1307 —
9 13,45 i 2uv px Eo Hu i
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Hu " Eg A 29 2w "

30 | 1,67866 |,, [1,73476 |, [0,26524 | 1,943%0 | (30
31| 7890 |22 3507 |3 | 6493 4383 |7 |29
2| 71913|% 3537 | 30 | 6463 4376 | | |28
3| 7193 |5 3567 |30 | 6433 a369 | 1 |27
34| 7950 3597 6403 4362 | 7 |26
L e — 3| —= iy - O il
35| 1982, se27 || 6373 4355 | |25
36| 8006 3657 6343 4349 |5 |24
37| 8029 |23 3687 [0 | 6313 4342 |7 |23
38| 8052 |23 3717 |30 | 6283 4335 | 7 |22
39| 8075 |23 3747 |30 | 253 4328 |7 |21
| — 2 Pl e M T P
40| 8098 |, 3177 |0 | 6223 4321 | |20
ar| 8121 |2 3807 |30 | 6193 s14|] |19
42| 8144 |2 3837 |20 | 6163 4307 | ] |18
3| sle7 (2 3867 30 | 6133 4300 | |17
44| 819 3897 6103 4293 |7 |16
N I Y e L] L - |7 =
5| 823, 3927 | 0 | 6073 4286 |, |15
46| 82372 3057 | 0| 6043 4279 | [ |14
47| 8260 |2 3987 |30 | 6013 4273 |5 |13
48| 8283 |2 a017 [0 | 5983 4266 | 1 |12
4| 8305 4047 5953 4259 |' |11
B - B ) (R AR 3 0
50| 838 | 4077 | 3, | 5923 4252 | |10
51| 83s1 |23 4107 | 5o | 5893 4245 |7 | 9
52| 8374 |23 4137 |59 | 5863 4238 |, | 8
53| 8397 |23 4166 |50 | 5834 a3l |, | 7
54| 8420 419 5804 4224 6
] ean|os N TN
55| 8443 |, 4226 | | 5774 a7 || 5
56| 8466 |2 4256 | 20 | 5744 a210 |1 | 4
57| 8489 |2 4286 | 20 | 5714 4203 |11 3
58| 8512 |2 4316 |20 | 5684 a19 | 1] 2
50| 8534 4345 5655 4189 1
| Py Balds AT S I L5y B 38
60 | 1,68557 1,74375 0,25625 |.1,94182 0
4 2uv p) E‘P.___PH ’
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@ 43. Xpiion 6V LoyapOuxdv tpry. mvakmv. Tous AoyapiBuikoUs Tprywvo-
peTpIKOUS TrVOKES TOUS XPTIOIMOTIOIOUNE YI& TTV trriduon Tév dkdAovbwy Trpo-
PAnudTOOV.

® 44. [IPOBAHMA 1. Nd Boelei 6 Aoydofipog Gptopévov 1orywvopeTomxod
dotfuot évdg dedopévov Toéov.

Abon. o) “Av T BeSopévo Tofo Bév Exel BeUTepa AemrTd, & InToUpevos Ao-
yépiBuos PpioxeTon o) oeAida Tév poipddv ToU Togou kai o1 SlaoTaUpwon
Tiis dpiévTias ypauufis TéY TpdTwy AerT@y Kad THs oTAANS ToU ExEl TV Svo-
paoia ToU TprywvopeTpikol &piBucl. “ETar Pplokoue:

Aoy nu (19°38") = 1,52634 Aoy ouv (65°51") =1,61186
Aoy eg (26°17") = 1,69361 Aoy og (56°23") =1,82270 rAm.

B) "Av T6 TéEo Tepiéyer xad BeUTepa AemrTé, EpyalouaoTe o &Efis (yram
of Trivoxes Bév TepiEyouv BeUTEpa AETTTA):

1o. ‘O Aoy nu (29° 15" 18") &év Umdpyer oTols Tivakes. Mé& vé Tév Ppoue
TapaTnpoUpE OTL:
29° 15" < 297157 18" < 297 16/

kal &pa: nu(29°15") < nu(29°15° 18") < nu (29°16°)
kad Aoy nu (29° 15°) < Aoy (29° 15' 18") < Aoy (29° 167),
) 1,68897 < Aoy (29° 15" 18'") < 1,68920.

AnhaBf & {nToupevos Aoydpibuos mepiéxeTan peTafl TV dpifuddv 1,68897
xal 1,68920, ol &moiol Biagépowv katd 23 pe'.B.T.

*Attd TéV Trivaka BAtToups s of alfnon ToU Téfou kard 1' GuTioToryeEl
# 18100 aiEnon ToU AoyapiBuou ToU HuiTovou Tou, dprel TO Tofo v A Brapépel
TToAY &rd T (29° 157). Mropolpe, Aorréy, va Becopficoupe Thv aldfnon mepirou
&védoyn pé Thv alfnon Tév Téfwv kol v& Umoloyigoupe Tégo TrpéTel vd
auEnBel & Aoy nu (29° 15) = 1,68897, yi& v& Tpokiyel & InToUpevos Aoyad-
pibuos.

‘O Umohoyiopds yivetan s EEfs:
*Av alEnbel 16 TéEo kat& 1'= 60", 8& Exoupe afnon ToU Aoy. kord 23 pe'.5.T.

- gl » » 18", » » » » e <
L ) 18 414 ; .

Aper [ x =23 | @ = € =6,9 | 7ue.8.7. p¢ Urepoxn.
‘Etropévess:

Aoy i (29° 15’ 18”) = 1,68897 + 0,00007 = 1,68904.

Ol Tapaméve TpdEes ypapovtan kal s EEfs:
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Aoy nu (29° 16") = 1,68920 60" 23 pe 5T

Aoy nu (29° 15') = 1,68897 18" x;
I8 ’
A= 23 x=23. 2= =69 i Tuebr
“Apa: Aoy nu (29° 15" 18") = 1,68897 + 0,00007 = 1,68904.

20. Katd Tov 810 Tpédmo fpyaldpacTte yi& v Ppolue kal 76 Aoydpifuo
Ths EpamrTouévns Sedopévou TéEou. "ETal, yid Ty elpean Tou Aoy ¢ (60° 45’ 23')
Ypdgoupe:

Aoy e¢ (60° 46") = 0,25209 60" 30 ue.5.T.
Aoy e (60° 45") = 0,25179 23" X

A = 30 x=30.%=i;= 11,5 § 12 pe’ 8.1,
*Apa: Aoy &g (60° 45 23'") =0,25179 + 0,00012 =0,25191.

30. *Ag UtroBéooupe &T1 BEhoupe v PpoUpe TO Aoy ouv (60° 48° 28'").

Mvewpifoupe &T1, dtav aubbvetan Té TéEo &md 0 £ws 90°, 16 ouvnuitovo
ki f) ouvepamrTopévn EharTavovtar. “ETol of alfnon ToU Téfou dvTioToryEl
E\&TTwon TV Aoyapifpwv TGV TprywvopeTpiky apifudv.

ZThv TrEpITITWOT) pOs:

*Erreid 60° 48" < 60° 48" 28" < 60° 49’
84 elvan ouv(60° 48") > ouv (60° 48’ 28') > ouv (60° 49")
Gpa kaf Aoy ouv (60°48") > Aoy ouv (60° 48’ 28'") > Aoy ouv (60° 49")
A 1,68829 > Aoy ouv (60° 48’ 28'") > 1,68807.

TMaparnpoupe, AorTrdy, 6_:1'1 & fnToupevos AoydpiBuos TepifyeTon dvdpsoa
oToUs &piBpols 1,68829 kai 1,68807, ol émoiol Siagépouv katd 22 pe' 5.t

Ip&goupe ThHY Tp&En s EEfs:

Aoy ouv (60° 48") = 1,68829 60" 22 pe'.5.T.
Aoy ouv (60° 49°) = 1,68807 28" x;
o x=22.25-10,06 4 10ue'5v

*Apa: Aoy ouv (60° 48’ 28") = 1,68829 — 0,00010 = 1,68819.
40. "As Utrobéooupe 611 BEAoupe v& Ppolpe TS Aoy og (36° 54° 38")
[pépoupe Thv Tpdfn s EEfs:

Aoy o (36° 54") = 0,12446 60" 26 pe'B.T.
Aoy o (36°55") =0,12420 L
38 :
T 2% X —26.m— 16,46 i 16 p.e’.5.7.

“Apa: Aoy og (36° 54’ 38") =0,12446 —0,00016 = 0,12430.
69
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AZKHZIEIZ
79. N& PpeBouv ol Aoydpifuorl Tdv dxdAovbBwy TpiywvoleTPIKGY &p1Buddv:

1o,  mp15*277), 5. &9 (20°16%), 9. nu(25°10°18"),
2. ouw(36°12), 6. € (53°6"), 10.  nu(55°26'39"),
3.  ow (58°10Y), 7. o9 (14°36), 11.  ow (33°17" 25"),
4.  nu(65°25), 8. og(70°14"), 12.  ouv(66° 14’ 52"),
13. e (18° 56" 10"), 16. o¢ (24°19'10"),
14. e (48°10°50"), 17. o (70°34'15"),
15. o (29°33'48"), 18. nu(123°56'10").
80. ’Emions Tdv TprywvopeTpikddv apiBuddv:
3 3
: o 3. e
k[ i it
5m
2. s 4. .
el v iy iy

@ 45. [IPOBAHMA II. Na Poelei vd éAayioro Oetind ko, dv dobei o
AoydolBuog évds Torywvouetpxot aplbuot Tov.
lo. "As UtroBéooupe 611 BéAouue v& Ppoupe TO EAdyioTo BeTikd Tfo X,
yi& 16 dmoio elvan:
Aoy nu x = 1,73940.
Abon. Bpiokoupe TpdTa oTédV Trivaxka éTi:
Aoy nu45° = 1,84949.
Kol émreidn: 1,73940 < 1,84949, 6& Exoupe:
M x < nudd° kal &pa x < 45°.

Mpémel, Aormdv, v& dvalnThicovpe Tév dpiBud 1,73940 o-is oTfjAes, TV
fimTovewy. Tév Pplokoupe o) oeAida Tédv 33° kai otiv dpifdvTia ypapun TéV
17'. Elven, Aoimrodv:

Aoy nu x = 1,73940° = Aoy nu (33° 17)
kai &pa: x =133"17".

*Av Suws elvar: Aoy nu x =1,68129, TOPXTTPOUME &T1:

1,68121 < 1,68129 < 1,68144
kai Eropévas:
28° 41" < x < 28° 42’

’Emrlons mapaTnpoUue oTi:

A=1,68144 —1,68121 =23 p.e'.5.7.,

5=1,68129—1,68121 =8 p.¢'.5.7.
kal karapTifoupe T BidTaln s &Efs:
AUEnon Aoyapifuou katd 23 eépver alifnon ToU Téfou katd 60"
» » » 8 » DL » » ¥
‘Emropévens:
8 480"

y=60" . T= T=2O”,88.
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©4& elvan Aoitrdv: x = 28°41' 20"",88.
ZuvtoudTepa ) TP&EN ypdyeTon s EEfis:

1,68129 1,68144 28° 42 23 60"
1,68121 1,68121 28° 41" 8 ¥
Aragpopés: 8 23 1'=60" || y= 60% = 20",88.
"Apa: x = 28° 41" 20”,88.

20. "Av Aoy ep x = 1,85360, v& Umoloyiofel & x.
A&rafn TéV Tpdewv:

1,85360  1,85380  35°32' 2% 60"
[,85354  1,85354 3541 6 ¥;
Mrspopks: 6 % 1'=60" || y=60". 2—66 —13",84.
“Apa: x = 35°31' 13",84.

30. "Av Aoy ouv x =1,85842, v& Ppedel 16 EAdyioTo BeTikd ToEo X.

ZToUs Trivaxes TTapoaTnpoUpe &T1:
1,85851 > 1,85842 > 1,85839

kol &pa 43° 47" < x < 43°48".
‘Emopéveds, y1& v Ppolue 16 Té6o x kdwoupe Ty drdhoudn Sidtaln:
1,85842 1,85851 43° 47 12 60"
1,85839 1,85839 43° 48’ 7 3 Vi
Alagopés : 3 12 1'=60" || y= 601—32= 15,

‘Emreidr) Spws, étov ofdvetan Té TéEo EAarTdveTan TS ouvnuiTovo, B&
Bpolue 16 1680 x ds EERs:
x = (43°48") — 15" = (43° 47' 60"") — 15" = 43° 47" 45",

Kot Tov 1810 Tpdmo épyalduacTe kai tav Sofel & Aoydpifuos Tfis auvepa-
TrTouévns évds ToSou x.

Y Inpsioon. Oi AoydpiBuor otols Tevtoymeious Tivakes Exouv ypagei pé
mpoctyyion 0,00005. ‘Emopévers Té& Té§a Tou UmrohoyilovTon pé altols Tous
mivoxes 8év elvan puabnuomiké dxpipr). Xpeiddeton, Aormdy, vé Efpoupe of Troid
mepimTwon Ppiokovpe TV dxpiPéoTepn Tip ToU TéEou.

Mé& tolto oxemropaoTe o £Efis: “Ag UmoBéooupe ém T péTpo évds &md
T& Té§a ToU elvan ypapptva oTols Trivaxes elvan o TéTe TS péTpo ToU dpéows
peycAUTepoU Tou elvan a + 1" = a + 60"".

il
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‘Ao Tis oytoes:

wy _ N(a 4 60") ; _ Mua
E(P(Q + 60 )— m KOl eQa = prm

TpoKUTITOUY of oyéoes:
Aoy e (x-+60") = Aoy nu (x+60"") — Aoy ouwv (a+60"")
kad Aoy ¢ a = Aoy nu a« — Aoy ouv a.
M alrd Kkai:
Aoy ep (a + 60") — Aoy ep a = [Aoy nu (a + 60°") — Aoy nua] +
+ [Aoy ouv a— Aoy ouv (a + 60"")] @)
"Av TapagThigoupE:
Aoy ep (a + 60") — Moy epa =35
Aoy nu(a + 60") —Aoy nua =25,
Aoy owv a— Aoy ouv (a + 60") = &,
1 (1) ylveraa: 8=25, + 5,
kai Emopévas 5§>8, (2 Kai &> 5, (3)

Elven gavepd 671 ol dpifpoi 8, 8, kol 8, &gpoU dvagépovtan of mevTayn-
gious Aoyapifipous, TapioTavouy EkaTovTdkis YiAtooTd (E.).)-

"Evo1, oUuguwva pé Té& rponyolpeva, &v époupe dvTi yi& Té Aoy ep (o 60°)
16 Aoy €9 a, k&voupe AdBos foo ué:

Aoy ep (a + 60"") — Aoy epa =8 Ex.

"AMAG TTE dvTi Y1k T6 TéEo o + 60", 8k wépoupe TS a. *ETor 16 dvtioTol-
%0 Adfos oTd 1660 O elvan Too pé 60",

AnAadn, Adlos & .. oU oupBaivel 0TS AoydpiBuo Tiis EpamrTopévns, Tpo-
kaAel o016 Té€o AdBos 60".

"Améd alTo ouptepadvoupe 61 AdBos k E.x. oTd AoydpiBuo T tQorTTTOpE-
vns, 8& mpokahéosr oTod TOo Adbos 60" . % - "Opoila oxkemwTdpevor Ppiokoupe
8T AdBos k £.x. oTd Aoydpifuo ToU fuiTévou fi Tou cuvnuiTévou évds TEou,
Tpokahel oTd To6Eo dvTioToixo Addos

60" . = # 60".

"Exovras Spws Uroyn ues kal Tis (2), (3) ouvdyoupe éTi:
k k k k

> 60", — xad 60" . — > 60" . —

LA "5 5, 5

"ATS aiTéd TpokUTrTel 8T Kkémrolo TéEo TrpooBiopileTan dxpiPéoTepa &ird
T6 AoydpiBuo Tis EparrTopéuns Tapd &md TS Aoydpifuo ToU fuiTévou Tou f
TOU guVmUITOVOU TOU.
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AZKHZIEIZ

81. N& Umohoyiofoiv ol petafy 0° kai 90° Tipés ToU Téfou X, ol dmoles IkavoroioUv
Tis E1oaoeis:

1. Aoy nux = 1,84439, 4. Moyopx=1,59183,
2. Aoyouvx = 1,65190, 5. Aoyogx=0,21251,
3.  Aoyepx = 1,26035, 6. Aoy epx = 1,18954,

7. Aoy Teux = 0,02830.

@ 46. [IPOBAHMA III. Nd foebei 16 éAdyoro Oetixd vdfo x and éxelva
7ot Exovy dedoudvo Tprywvouetoxd dolbud.

Abon. “As UroBéogoupe 611 Béloupe vik Ppoupe TS EAGxloTo BeTikd TOgo X,
ToU ikavotrolel & &md Tis Eiomaoes:
npx=a, ocowx=4§ sgpx=y
dmov a> 0,p > 0,y > 0. O& elvau:
Moy qu x = hoya, hoyouvx = hoyP, lLoyepx =lhoyy.

At Ty “AlyeBpa yvwpiloupe 811, &v 8Uo BeTikoi &pifpoi elvan oo,
T6Te kai of AoydpiBuol Tous 8& elvan oo

*Av Spws fvas &o Tous g, P, ¥ elvar &punTikds, TOTe aUTos Sév Exel Aoyd-
pifpo. Ty TropimTwon aUTh épyalopaoTe s &fs:

o) "Av a < 0, téTte &md TV nu x = a, Talpvoupe:
nu(x — 180%) = —a > 0.
AT aUTh Tdpa bpileTon TO TéGo x — 180°, &pat kai TO X.
Han & ; 4 3
IMapaderypa lo. "As Umobéooupe OTi: NUX = — ot
Aban. T6 ErayioTo BeTikd TéEo ol Afjyel oTo Yy’ TeTapTnuopio UmepPaiver

T4 BeTiKd fiukUKAI0 KoTé K&TTol0 T&EO ¥, BnAadn 6& elven:

3
x=180° + y. ”Apu\: rlp,y:_nuxzﬁs_ =

Aoy nu y = Aoy 72— = Aoy3 —Aoy5 = 0,47712 — 0,69897 = 1,77815,
&m’ &mou kaTt& T& YvwoTd:
y=136°52"10",58 koi &px x = 180° 4 y =216°52' 10”,58.
p) *Av y < 0, TéTe &mo THY

gpx =y <0 <« —epx=—y >0 <> ep(180°—x)=—y > 0.
Napadevypa 20. “Ag BSexBolpe 811 €@ X = —3.
T3
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Aben. "Exoupe BiaBoyixd:
X =-3 < —epx =3 <« ep(l80° —x) =3 =
Aoy e¢ (180° — x) = Aoy3 = 0,47712
kaf kaTd T& yvewoTd:
180" — x = 71°31' 54" « x = 108° 26’ 6",
Y) "Av B <0, Té1e dmd Th:
owx=p <0< —owx=-—P >0 « ouw(l80° — x)=—p> 0.
Hapaderypa 3o. “As Sexfolue 8Ti: cov x — —0.,6.
Aven. "Exoue Siaboyikd:
—ouw x = 0,6 < ouv(180° — x) :l% = —5:1 =
Aoy ouv(180° — x) = Aoy 3 — Aoy 5 = 0,47712 — 0,69897 — 1,77815,
Hal KaT& T& yvwoTtd Bplokoupe &md 856 &11
180° —x =53°7"49"42 & x = 126° 52’ 10",58.

AZKHZIEIZ
82. N& UmoloyioBolv of perafy 0° kal 90° piGes Tév TopakdTw Eiodotwy;
I nux=ﬁ% 4. opx =ouv42°, 7. ouw ;.zE(p]SU',
2 ow x =-0,7, 5, Tepx =218, 8. nu2x=0,58,
L X 17
3, =-3, 6. =— 9. 45t ) = nd
X OTEN X 3 £ ( -+ = ) -

¥ @ 47. Xpijon tdv LoyapiOuixdv TPLYOVORETPIKDY mvaKeY Y14 t6Ea pi-
kpdtepa and 4° kai peyalorepa ano 85°,

Tlapdderypa lo. Nd foedei 6 Aoy nu (12 407 ).
Abon. Ztols Trivakes Pplokouus &Ti:

Aoy nu 12’ = 3,54291.

"E€etdZoves Tis Siagpopés oAy oikeia oThAn, PAémoune 811 of ke alfnom
Al EA&rTwon ToU Toou kaTd 1' Sév gxoupe TavToTE Kai THY iSicx oasénen 1
T 181 peiwon ToU dvrioToixou Aoyapifiuou of Siagopés elvan Suoavdioyes.

Aév Umrdpyer Aormrév oliTe kaTd Tpoatyyion dvaroyia dvdueca oy aU€n-
on Tév 16wy xal oy alfnon Tou Aoyapifuou. AUTé oupBaiver yik Tous
Aoyapifipous ToU Aitévov, TS éparrTopéung kal THs OUVEQATITOUEVT)S TGV TO-
§wv dkefveov roU elvon pikpdTepar dmd 4° Kkad Yi& ToUs Aoyapifpous Tou cuvnui-
Tovou," Tis EparrTopévns kal Tis OuvEQaTTTOREVTS TEV ToEwV Exelvov TroU elvea
HeyodUTepar &md 85°. I atlird 16 Adyo év uTTopoUpe v& Epapudooupe oTis Tre-
pITTT@OoEs alTés TV dvedoyikn péfoBo, Trv Smola Epapudoaue ot TponyoU-
Heva TTpoPAfjuaTa.
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Stis mepirTadoes alTés ) AUom TEOV oxeTik@v TpoPAnuéTwy ylvetan pe
v dkdAouin elbikny pébobo.
TMaparnpouye &T1:
Qo
X

nux

nuxX=x: Kai €p X = X .
Kol ETTOPEVLS:
Loy nqux = hoyx + Loy n_p:x (1) kai  hoy egx = hoyx + Aoy ET:—‘ ©)
"Av x TapioTduel SeUTepax AemTd, & Aoy x Ppioketar &md Tous Trivomes
MY o
X

Tév Aoyapifuwy T@Y dpiBudv.’EEGARou & Aoyapifpos TV Adywv

BE &oeTon 016 AV pépos Ths o oeAibas kai 0T kéTw Kai E§w &mwd
= oy pag p

16 Thalolo kafemds &wd Tis &AAes oeAibes TV AoyapiBuikdv Tvaxkwy TV
nH X

&p1Budv kai Ew &md T6 TAaioid Tous. N &idxpion, & Aoy OTHEIVETAL

EQX
X

WX _§ xat Aoy 40— =T.
X X

ué 16 S, e & Aoy onueioveTon pé T T. AnAedn:

Aoy

*Av Aormrdy Epappdooupe ThY iootnta (1) oTo Tofo 12740 = 760" Ppi-
OoKOUpE OTI:

Aoy nu(12° 40"*) = Aoy 760 + S = 2,88081 + 6,68557 = 3,56638.

Mapadevypa 2o0. Nd foelel 6 oy ep (1° 5" 327).

Abon. 'Emaidn elvan 1°5° 32" = 3932", olnpwva pé Thv iBiotnTa (2) 84

£y oupE:
Aoy e(1° 5 32"") = Aoy e9(3932") =

— Moy 3932 + T = 3,5941 + 6,68563= 2,28024.
Mapéderypa 3o0. Nd foefiei 6 Aoy o (15 207 ).

Aven. "Emaidf elvan:
1

w5y = Moy oe(is 20") = —Aoy ep(15’ 20").

op(1520") =

TANAG:
Aoy e (15’ 20") = Aoy 920 + T =2,96379 + 6,68558 = 3,64937.
“Apa Aoy og(15"20") = — (3,64937) = —3,64937 = 2,35063.

Mopaderypa do. Nd Poedei 6 Aoy ovv (88° 40 25" ).
Abon. Emadn evan:
75
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90%:—i(88° 40 25'") =:1° 19" 35" = 4775,
8& Exoupe:
Aoy ouv (88° 40" 25'") = Aoy nu (4775"") = 2,36451.
Mapadevypa So. Nd foelei 6 doy e (89° 3 407 ).

Aven. 'Emeidn) elven: 907 — (89° 3" 40'") = 56" 20", 8& elven kad:

a8 Sy 1
ep(89° 3' 40”) = op(56" 20") = (56’ 207
kai &pa: Aoy e(89° 3" 40) =

=-hoy ep(56' 20'") = — (2,21453) = 1,78547.
Hapadevypa 60. Nd foclet & Aoy op (88° 50" 25" ).

Aven. 'Emreidn elvan:
90° — (88°50° 25"y = 1° 9’ 35"
fa elvan kai:
Aoy o@(88° 50" 25") = Aoy ep(1° 9" 35"") = 2,30629.
Mapadevypa To. Nd foelei vd éidgioro Oerixd vééo x, yud ©d dmoio elvar :
Aoy Mu x = 3,72960.
Aven. "Av &vafnTrooupe T6 SeBoubvo Aoydpifuo oTrv &utioToixn oTAAN

TV AoyapiBuikdy mvakwy, TaparnpoUue 8T alrtds TepiéxeTon peTafy TdV
3,71900 kai 3,74248. Elvan 8nAadn:

3,71900 < 3,72960 < 3,74248

Aoy nu(18") < Aoy nux < Aoy nu(19")
18" <x < 19" « 1080" < x < 1140”,

kal Emopéves S = 6,68557. T alréd &md v (1) 8& Exoupe:

fi
f

3,72960 = Aoy x + 6,68557 <=
Aoy x = 3,04403 = hoy(1106", 69) <
x = 1106",69 = 18’ 28",69.
Mapaderypa 8o. Na foelici 16 Eddyioro Oetind Tdéo x, yid Td omoio elvau:
roy £@ x = 2,45777.
Abon. "ATd ToUs Trivokes Exoups:
2,45507 < 2,45777 < 2,45958 <
1° 38" <=x <i1° 39
5880" < x < 5940”
kai Emopvess: T =6,68569 xai &pa &md TH (2):

-

2,45777 = Doy x + 6,68569 <>
Aoy x = 3,77208 = Aoy (5916",7) <« x = 1° 38" 36",7.

Hapaderypa 0. Na foebei ©6 éddyiaro Oerixnd 160 x, yid 16 dmoto elvar:
Aoy ouv x = 2,16833.
76
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Aben. ‘Ao ToUs Trivokes Ppiokoupe:
2,17128 > 2,16833 > 2,16268 <«
89°9" <« x <8910 <
90° — (89°9") > 90° —x > 90° — (89" 10") <
51" > 90° —x > 50" <
3060 > 90° — x > 3000
*Apa, yi& 16 1660 90° — x elvan: S = 6,68556 xai
Aoy nu(90° — x) = Aoy ouv x = 2,16833.
"Evor f) (1) ylverau:
2,16833 = Aoy nu(90° — x) + 6,68556 <>
7\oy nu(90° — x) = 3,48277 = Aoy nu(3039",29) <
90° — x = 3039",29 =50’ 39,29 <
x =8929"20",7.

Mapaderypa 100. Nd foelei 16 érdyaro Oerixd tdéko x, yud 16 davio rivac:

Loy op x = 3,92888.
Aben. "ATd Tous Tivakes TapaTnpoUue OTI :

3,94086 - 3,92888 > 3,92619 <
89 30' < x < 89° 3l =

30> 90°—x>29 <
1800 < 90° — x < 1740" kai &pa T = 6,68558.
*E€&MAoU: Aoy €@ (90° — x) = Aoy o¢ x = 3,92888,
émdTe 1) (2) ylveron:
3,92888 = Aoy(90° — x)"' + 6,68558 <

(90° — x)"' = 1751" =29' 11" <
x = 89° 30’ 49",
AZKHZEIZ
83. Né& Ppebei 16 EAdyioTo BeTikd T X, Y& T6 omoio elvon:
1.  Aoynux =3.72835, 4. Aoyouvx =2,69231,
2. Doyepx =2,77213, 5. Aoyegx = 2,48739,
3. Doyoex=1,53421, 6. oyogx =253298.

84. N& Ppefei 76 EAdyioTo Betikd Tgo x, y1& Té Smoio elvan:

Y «.ouvA
nu5A.e9B

&mou a=—0,08562, A=131°49'25", B =36°43"26".

opX =
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KE®AAAIO VI
AOTAPIOMIZIMEZ IIAPAZTAZEIZ

® 48. Xpnowdtnta petatponfis nopactccav of dhheg AoyapiOpiowpes.

"As Umrobéooupe 611 BéAoupe vé UmroAoyigoupe THY Tipd TS TAPATTATEWS
l4+owx

y=’1__mx. v x =24°36".
S 1 4 ow(24° 36"
B Soconesi Y =T ow 2% 36) M

Maporrnpolpe &T1 y1& vé& Ppolue Tév y mpémer vé Ppolue 16 ouv(24° 36"
kad v& Extehégoupe Tis TpdEers oTd BelTepo péhos Tis (1).
"Amtéd Tols Trivakes Pplokoupe STt elven:
Aoy ouv (24°36") = 1,95868. "Apa  ouv (24° 36') = 0,90922
Kai Emopéveas:
_ 14090922  1,90922
Y= 1-0,90922 — 0,00078

= 21,031.

5 i 1 + ouvx X s x

Emeidn e c¢2§-, 8& Exoupe y = og? 5 kal &pa :

¥y =09*(12° 18") <> Aoy y = 2hoy o@(12° 18) = 2-0,66147 = 1,32394
&md Smou Eyoupe: y=21,031.

"ATS T& TapaTéve SiamioTovoupe 8T pé Té Selrrepo TpdTo TS InToUpevo
Ppténke elkohdTepa kad pé ArydTepes Tpd€ers. AUT dgeideTon oTd dTi 1y Bedo-
pévn ToapdoTaon duTikaTaoTdlnke pé ThHY looBuvaudy Tng o@¥(12° 18"), Tfs
émrolas TG Aoydpifpo Ppiokoupe &v Epopudooups TH yvwoTd 1B16TNTa TOU
Aoyapifuou w&s Suvdpews. Md& 16 Adyo alTd f) TeAeuTada aUTh TapdoTaon
Svopddetan Aoyapifuioipn.

"Amé T mopdBerypa alté kaf &md &AAa Suoix PBAémoupe &Ti elvon TOAY
Xpiowo vé époupe TG V& PETOTPETOUPE TPIYWVOMETPIKE TTapacTaoEls of
&AAes foodUvaues kad AoyapiBuicipes.

Z1é& TrponyoUusva kepdhane eibope 8T HEPIKES TrapacTaoES HETCTPETTOVTCN
ot &Ahes fooBUvapes pé popgt| ywopévou fi TnAikou. “Etot eibape &1 of Trapa-
OTATEIS:

Nua owp + nup ouvax nuA + nuB ] epA + epB

owa owp + nuanup owA + ouvB opA + o¢B } i

METOTPETTOVTAN OF pOVGVUAL.

78

WngiomoOnke amoé 1o ivotirouto EknmaibeuTikrg MoAmkrg



’EmmavodapPdvoupe pepikés yvwoTés TapaoTdoels Tou elvan &mapaitnTo
va Tis §époupe.

1+ cruvuz2cruv“-; (1) l 4+ nua = 26\1\42(45"— ; ) @
A a
1 —ouwva = 2nu? 5 3) l — nua = 27“-‘2(450“ "f) (€]
1 + epx =%@ ) 1 + opa =@M) (6)
ouva U

1 —owia = nplx ) 1 — nua = owia (8)
1 4 epax " l —epa o

e 5‘11(45 + a) ©) Trepa £p(45° — ) (10)

1
2y — Loy —

1 + ega=——s arn | l+o¢ = (12
l+owa , « l—owa .«

T—owa ¥ 2 a3 T fowa P2 (4

® 49. Xpijon Pondnuikiig yovies. TToAkés gopis BieukoAuvopaoTE OTH PETa-
Tpotn) Wmds TapooTdoews of &AAN AoyloTn ué Tous Aoyapifuous, &v xpnoiuo-
TroIMooupE KaTGAANAT PonbnTikn ywvia. “Eton:
o) "Av k e R*, TOTe Umdpyel ywvia &8eia @, TéTolx ddoTe:
epp =k 7} o9 =k 7 e@*¢ =k | opp =k.
*Av 0 < k < 1, TdTe prropoupe v& Pdahoupe:
k=nup i k=099 fi k=nu’e fj k=ow?.
B) "Av k eR, TéTe popoupe v PaAouye:
k=99 fi k =ogp.
"Av | k| < 1, TéTe umopoUpe va PéAoupe:
k =nue fi k =ouve.
y) AicAéyoupe mdvToTe s Tiun Ths ywvias ¢ TV EAdyioTn BeTikn TR
tEiomoecs ToU 84Bnke s wpos ¢. “Av k > 0, TéTe ) yovia @ elven deia.
Oi ouvnBéoTepes TpoThoels oTis dmoles ylvetan Xprion Tiis peBdBou (Pon-
fnTikfis yovias) abTis éxouv Tis dxdAoubes popepes.
® 50. [IPOBAHMA I. Nd yivovy Aoyaglfuiowues ol mapaordoes:
Yi=a+p xai y=a—p

Abon. ’ES& Umotiferan 611 o >0, P> 0 kad of Aoydpibuol Tous elvea
yvwaTof.
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lo. "As BexBolus 6T1 Aoy a > Aoy B. "Apx a > P. *ETor ypégoue:
x+pP=a (1- - P )

x

a") ’Emeidn ‘ 757’ < 1, prropoupe v& Péhoupe:

B & P P _
% 28 1= A =0y
omoTe 8& Exoupe &vTioTolyes !
Vi=a + p=a(l + ouvg) = 2a ouv? %,
s = )= &
Visa+ p=ol + ep’p) v
B B _aV2nu(45°+ ¢)
Vi =a+p=ol +E‘P‘P)—T
pB’) "Av Bahoupe:
P _ P _ .2 P .
oo S B

kel  UtroBéooups 6mi

% l <1 xal O < % < 1, TbTe 8& Exoupe, dvTi-
oTOiXwWS :
yz=u——]3=a(1—cuvq:)=2unu2—c2p—
Yo=a—B =a(l —nu’g) = xow?y,

oV 2 nu(45° — ¢)
ouvg
20. "Av hoy a < Aoy B, TéTe a < PB. “Eror ypdgoupe:

o 2 L S P
a +B_a(1 Lo ) Kai cx-ﬁ_oc( -—?)
kal épyalduaoTe STWS TEPATAV®.
IMapatipnon. M vé kdvoupe Aoyapibuioiun THv TapdoTtaon:

x=a—p+y—35,

Paloupe a—P=A, B=A +y kai T=B—35, kai fpyalduacre Smex kaf
TTPOT Y OUMEVES.

® 51. IPOBAHMA II. Nd yiver doyapibuiown 1 napdoraon:

ath M

Ya=a—P=o(l + epp) =

X
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Aven. “Ag Umrobéooupe 611 o > B. “Av PdAoupe &trou E = €99,
TOTE B Eyoupe :

M e A e ST
T ataepe 1l tepe (45" — @),

kai &v ‘ E L < 1, prropoUpe v& PdAoupe drou 2— = owv ¢, OTdTE:
a— aouvg 1 — ouvgp s @
= = — = E(P i
a -+ aouve 1 + ouvg 2
*Av a < B, ToTe Umoloyiloupe THV TrapdoTaon y = B __}_z

* © 52. [IPOBAHMA IIl. Na yivovy AoyaoiBuioiues oi rapacrdoes:
x=Va& + P xa y=\ a?—p.
Aden. ‘H Beltepn TapdoTact, mpopavds, Exer Evvola, dTav o > P.

a) "Av BdAoupe E = e@@, N) TpwWTN Tap&oTaon yivetai:

2
_ 2 2 P . ©oemln — 2
x_Va + P —C!Vl+(q) —uVI beplp = Fovd

B "Av Pdhoupe g = nue, ToTE 1) SelTepn TapdoTaon Yyivero:

y=V<Er= aVl -—(5—)2 =aV1——nu2cp=ucruwp.

® 53. JIPOBAHMA IV. Nd yiver Aoygolpiow 4 mapdotacn:

Y = a ouvx + f nux. (D
Avden. 'E8&® Umotifeton 6T of #£0 kai x # k. g-, kez.
x p____ nuep ; "
Av g = e N TapaoTacn (1) ypheeTan:
_ . P s 4 HP Ly PWETEY)
y= u(cruvx -} = nux) = cx(o'wx } oW THX ) = owe
aovv(x @)
"Qore : y - LY, )

cuve
) omoia elven Aoyapibuioiun.

Mapatipnoen. ©& prmopovUoaue vé PdAoupe —f =opp 1 &v Pyel koi-
vés Trapdyovtas O B, v& BaAoupe :

S —cpp i o =ogp
P P '
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Mopadeiypa lo “H napdorasy y = 3ovvx -+ dnpx vd yoagel pé 1) poogi]:
y = Aovv(x — ¢).
Aven. ‘H Bedopévn mapdoTaon ypageTal:
3 4
y= 5(75“ ouvx +-—5— nux) nH
“Av Spws 0 < ¢ <l, TOTE OUVP =- 3 , THG = 4 “Apa epp :747
2 5 5 3
kai Eropévas:
¥ = 5(ouvp ouvx + MU Nux) = S5ouv(x — ¢) (2)
‘H mrapdotaon (2) elven Tiis {nToUpevns popefis pé
A=5 kai ¢=>53"748"/4,
yiati &mod TV e =% Traipvoupe:
Aoy epp = Aoy 4 — Aoy 3 =0,60206 —0,47712 =0,12494 = Aoy e(53° 7" 48" ,4).
% Hapaderypa 20.Nd piver loyaoiBpioun 1) napdoracy :

¥y =V B + v* —2fy ouvA )
Abon. Oswpoupe Tous dpifuoUs P kal y GetTikols pé B >y kal &t
0° < A < 180°.

Té Umdppifo ypageron Sraboyika:
A A A A
. = 2 2 g.re N gt 2 =
Bt + y2 — 2By owA=(B* + y*)(owi5- + nut-5-) — 2By (owi5—nut o)

= (P*+y®Hnu? —A—+(If5~1f)”ﬂw2 s =(p? + yHnut —[1 +(B+ Y) og? ’Z‘J

y=(f + y)nu —V +(p+y) w‘% @
“Av ypdyoupe g'—+l oQ % =ep@, f) (2) yiveran:
y=(@ +Y)nu7 E -B%(nu —%
"Qo1e : y= Ba:-vq:“p ‘;

%o 54. [IPOBAHMA V. Nd yivovr doyaofuiowes ol piles tijc devregofid-
Oueag éEwodaews:
ax? +px +y=0.

Abon. ‘H xavovikn poper mds SeutepoPdduias E§iowoews elvan 1) :
ax? +px +y=0 (¢H)]
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*Av =017 y =0, of un pndevikés piles Tfis éfiowoews —&v alTn Embéye-
Ton TéToles— elvan Aoyapifuioipes.

“Av &rrions P2 — day = 0, & oi piles This EEiotoews elvar AoyapiBuioipes.

TMapodeirovTas Tis TepimrTadoers alrrés, pével va E€eTaooupe TN mepiTTwon
moU 1) é€lowon elvan TARpns kai EmdéxeTon plles TpaypaTikés kai SiagopeTi-
kés &mod TS pndév.

“Ymrotiferan mévra a > 0. "Apa 1) (1) pmopei vé éxer Tis drkdAoubes popepés:
x2—px—y=10 2 ax’+px—y =10 “
xX2—Px+y=0 3) ax’4+px+y=0 (5)

Tpogavéss, of piles Tév tEiowoewy (4) kai (5) elven dvTioToiyws &vTibetes

ué Tis piles TV Eiowoewy (2) kai (3).
*Apkel, Aoirdy, v Bewprigoupe pévo Tis Efiowoels (2) kel (3).
a’) ‘H &Eiowon ox?— Ppx—y =0. Ztiv tlowon oith elvar ay < 0 xai
Emropéveos of piles Tns elvan:
B-VFidy . _B+VPiy
TS = 2a

“Av BdAoupe 4;2)’ = eqp, | Tap&otaony Piiday ypdgeTon SiaBoyikd :

Vl32+4“Y va““Y B]/st——'af

cuvQ

2

Hyt
how: xi= o (P ) = g ome-v= B o @

auve 2a0uvg [ auve
P
ouvi-
—dda. B ) LR LB 2 )
e T _7£(ﬂ "ouwe /T 2a0uvg (o BT ouvg

‘ATd Ty 4;;}’ =eq?p < P= 2—};‘%,6“6‘1’5 of (6) xad (7) yivovTau :

v , Y @
x1=—V—z— r.q)% Kai Xy = V—E o0 5

BnAadn TopaoTdoss AoyapiBuioiues.
p) ‘H Eiocwen ax>—Ppx +y=0. “Av glvar:
p2—4ay > 0 <= P> 4day,

ToTe kad 1) E§lowon émﬁéxﬂcﬂ pies Betikés, waidn TS ywduevd Tous elvan Be-
Tikd, &mews xad TS &Bpoloud Tous elven BeTikd. AuTEs elvau:

_P-VP ey o 0 BtV —iy
2a 2a
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"Emeidn P2 > 4ay,

day _ Nay
B? =nup <« p= s

“Apa ) TapdoTaon VPR — 4oy yphgetar SiaBoyikd:

V _day = pV1—4“Y_BV1—nu2 =powe

kad Emropéves:

B i_ Lo
2 55 (P —Powveg) == (1 —ouvg) = —--nu*—
o
xal Xy = (B+ 9wu¢)=_j%(1 + ouvg) = % awz—gl
"Emeidr) Spes B = 2\/—0((;/' ol (8) kai (9) yivovrau:
Wit ; LR
X o 5?3 kai Xy ]/ ot

dnAodn) TapaoTacels AoyapiBuioipues.
"E@appoyfl. Nd dmoldoyiolodv ol piles tijs éfiodioews:
4x* — 25,7x + 35,549 = 0.

Aven.'H éElowon abth elven Tiis popefis ax? — px + y=0.

"Av ypéu.pouu& g = 4;? , B& Exouue SraBoyixd:
Aoy nue = = (Aoy4 + Aoya + Aoy y) + ovdoy B =

ométe @ =68°7"36" xai _‘g— =134°3'48".

= 7 (0,60206 + 0,60206 -+ 1,55083) + 2,59007 = 1,96755,

®

)

Oi piles Tfs tEiodoews TpokUtTouy &md Tis oxéoeis (8), (9), BnAadn:

B P

S el e
Aoy x, = ?\By B + cudoy a + 2Aoy nu (34°3'48") =
=1,40993 + 1,39794 + 1,49654=0,3044]1 =
x, = 2,0156,
Kai P k.

e 2
Xg === OJU* — =
AN Tey 2
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Aoy x, = Aoy P + ovhoy a + 2hoy ouv (34°3'48") =
= 1,40993 + 1,39794 + 1,83650 = 0,64437 =
X, = 4,4093.

AZKHZEIZ

IIpdtn opada
85. Mé T ypfion xaTdAANAns PonfnTikiis ywvias, v& yivouv AoyapiBuioipes ol dwod-
AouBes TTapaoTAgES:

1. xX=F_|, 4. x=1-73,

2. x=2+12, 5. x=Y3+72,

3. x=2+13, . x=3-713,

7. x=2+12 TRl R, 0
2—92 34193 131

86. N& ylvouv AoyapiBpicipes ol TapasTdoes:

1. x=1+ Znus, 4. x=20wa—]3,

2. x=1-—20uvq, 5. x=1—Y309paq,

3, x=1+ 12nue, 6. X =nua+ nu2a + nude,

T X = guva -+ ]’i‘w“- 8. X$¥i_+v_;g%“

* Acitepn opada

87. "Av elvar yvwoToi of Aoya kal Aoyp pt Aoya > AoyB, vé yivouv AoyapiBuioiues
ol TapagTdoes:

i _y/iTB ., p/aE
1. x=fa?=p2, 3. % ]/“+ﬁ+ =
: b T

2. x=Ja+p+Ja—p, 4.-x=.,(&7§)§)‘;ﬂ.

5. x=Ya? +pi—y%,

&v y1& SAes elven: a= 1375, p=28602, y=1215.

88. “Av o= 108,7, Pp=173,45, v& UmohoytoBel f x = Jof + P.

89. *Av a=71,29, p=32,57, v& UmohoyioBel  x = Ja?—p?.

90. “Av o = 4258, P = 3672 xai Pep 3x = a -+ fa? + P?, vé& UmohoyioBel & x Eroy,
Qote 0° < x < 180°

91. "Av a=46255, P=3944,6, 0=51°57" 44", 8, =63° 18" 27" «al
o nud, — P nud

EQ2X = 2 P

anud, + P nué’
vé& Utohoyiofel & X, y1& vé& elvon:  0° < x < 180°
92. N& tmiAvbel 1) Eflowon:
8x2? —36,75x — 25,628 = 0.
93. ’Errions ol tfiohoss:
1. x2—148,7x + 1385=0, 3. x? 4 16,75x — 64,53 =0,
2. x*—245,Tx —1247,6 =0, 4. x*+ 75,23x—433,7=0.
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