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1. TO ZYNOAO C TQON MITAAIKQN APIOMQON

1.1. Eicaywyf

Ztfiv Trpomyoupevn Té&En pdbape &1 of piles Tiis SeutepoPdbuias E§iowoecs
ox?+4-px+y =0, a#0, op,yeR @)
Sivovtan &md Tév TUTTO

X = Spkv ey )
2ax
*Av elven P-4ay >0, Té1e ol piles almés elvon mpaypaTikés. "Av Opes elvan
p2—dory <0, 167e 1) (1) 8év Exer piles 016 R. Z1rjv Teheutaia alTh TepimTwon ol
pites Tfis (1) &xouv T popen k+Ai kai TwpokUTToww &md TéV TUTO (2), &V al-
TOs ypopTei(t)
A/ Aav—_pB2
x = 2% & %ﬁ—-i 3
Ol &piBpoi k+Ai dvfjkouv o’ fva olvoro eUpUTepo &md T6 R, o1d alvoho TGV
pryoSikGy &piBudv.

EiSikéTepa 1) Eficwon x2=—1 < x24+1 =0 Exa piles Tis i, SnAadn
elvan 2=-1 kai (—i)?=-1.

Meté Tis Tapamévw TapaSoyés kaf Th SiamioTwon 611 i2=—1 kaTaAn-
Eape 0TS ocupmépaoua OTI o miyadikoi amOpoi «ovpnepipipoviar Brag kai té
idvopa a+Px pé x = i.

*As BupnfoUpe ué TapadeiypaTa Tdds ékTeAoUpe Tis Paoikés mpaes Tpdo-
feon kai TTOAAaTIAGOIONS 0TS oUvoAo TV myoadikdv apifpdv. N& Tols wi-
yabikoUs &pifuoUs 3421 kai 44-5i Exoupe:

1.  (B42) + (4+451) = 34+2i+4451 = (3+4) + (2+5)i=7+T7i, kai yevikd
(a;+B,1) + (ay+p.i) = (a,+ay) + (B, +Byi (4)

1. ‘H popefy oUrh Sgeideran ovév ‘EAPeté pabnuatiké ToU 18ou aldva Euler
(1707-1783) & émoios oupPéAioe Thv VT pé 16 i ou elven Té dpyiké ypdupa Tiis Aéfews
imaginare (gavraoTikés). Tponyoupévws ol uadnuaTikol ToU 16ou ai. eiyav ypayer «Tutikds
VPpi*—day = Viaay—p? - VI, érav pi—day <0.

Tév 190 al. & Teppavéds padnuaTikés Gauss (1777-1855) wapéoTnoe yewueTpika ToUs
wyabikous &piBuols pé onuela ToU tmimédou xal &medafe éTal 611 of wyabikol dpibuol elvan
tEloou ouykexkpipévor (kai &x1 gavracTikol) dmws kal ol wpaypaTikol &pifuol.
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2. (34:2i) - (445i) = (3-4) + (3-5)i + (2-4)i + (2-5)i
G4+ G5+ (24i + (2:5) (-1)
(3:4-2-5) + (3-54-2-4)i = 2+23i, «xal yevixk

(o, +Bi) . (ay+Poi) = (o,0,—B,By) + (a,By+a,p)i (5)

"Akdua elvar pavepd 871 0Td pryadixd &piBud a-Pi propolue v& dvtioTol-
xiooupe T6 SiareTarypévo Leliyos (a,B) kol dvtioTpopa. ST Emdpevn Tapdypapo
B& Opiooupe Tis Pagikés wpdeis Tpdobeon kal ToAAamAaoiaoud oTd clvolo
TéV BiaTeTaypévwy Leuydv ToU R X R €101, oTe vd T TauTicoups wé TS oUvolo
TGV pryoadikdv &pibudv.

li

1.2. Té odvoro C odv oivvolro Sratetaypévwy Leuydv oG RxR.

Qewpolpe T6 oUvolo
C={zlz=(aop), aeR, PeR}
kai 1M yvwotr lodtnTa TGV oToixeiwv Tou
(xPy) = (0Py) =y =0 kal B, =P, (1)
276 olvoho C opifoupe SUo Paoikés mpdbers, THv Tpdcdeon kal Tév ToAaAa-
olaopd, pé T& ouvhifn oUuPoia "4, kal - . TS &Bpoiopa kai TO ywduevo
8o oToixelww (o,B;) kai (au,B,) ToU C SpilovTan pé Tév didhoubo Tpdmo:
To a0powopa:  (ay,B,) + (@Be) = (@ +0sB+By) @
To yvopevo: (uy,By) - (0B = (o0,—PyByy @,By+asB)) (3)
(Aeite TH oromMOTNTA QUTGY TAV dpiopdv TapaPdiiovtds Tous wé ToUs TU-
mrous (4) xai (5) Tiis Tapaypdgou 1.1.).
"As Tépoune Topa 16 Urocivodo R’ ToU C, oU Exel yi1& oToiyela Tou SAa
T& oToiyela THis wopeiis («,0), kad &s kdvoupe petafy adTol xaf ToU R THv dugi-
povoafipavTn &vTioTolyia
R's (a,0) <> aeR
Mé& Buo ororgeia (o,,0) kai (@,,0) ToU R’ elven
(2,0) + (o,,0) = (o +,,0) ¢ (o, +,) e R xkad
(2,0) - (02,0) = (,@,0) +> (o) €R
Andadn: o) Té &Bpoloua &Uo oroiyeiwv ToU R’ dvmiotoiyiletan dugipovoot-
uavta 016 &fpoioua TéY dvtiocTorywy oToiyelwy ToU R, kai
B) TS ywduevo Blo ororxeiwv Tol R’ dvmiotoiyifetan dugipovoot-

pavTa oTd ywouevo Té@v dutioToiywy oToixeiwy Tou R.

*H SiarioTwor pas abrn pds EmiTpémel vé «TauTioouus» T R’ pé 16 R xal
v& fBecopolpe étor 61 elven R C C. Metéd &md afmd pmopolpe vé ypd@oue:

8
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(@,0)=a 4

*Av Spicoupe (a,P)? = (a,B) (a,B) kal oupBoAicoupe pé 1 16 oToigeio (0,1),
TéTe 0& elvan:

it=(0,1)-(0,1) = (1,0
kal oUupova pé Tiv (4)

i2=—1 (5
Emeidy Spews elven  (B,0)i = (B,0)-(0,1) = (0,p), O Exouue:
(@,p) = (2,0) + (0.p) = a+ (B,0)i = a-+pi ©)

*Apa: 16 tugdv atoiygeio (a,p) tod C «tavtiletaw pé 10 Yvooto pag pryadixd
apipé a4 pi. “Evor 16 olvodo C tpobiaopévo uk Tig wpdkers Tiis Tpooéoecs kal
100 ToANaTAGCIaopoU, Tou T& t€aydpevd Tous Bivouv oi iooTnTes (2) xai
(3), elven 16 oUvoro TGV wryaBikédv &piBudv kai Té& SiaTeTaypéva Leyn-oToixEia
ToU C—dvopdlovtan pryadikol dpifuoi.

216 Aoyiopd ouvnfws of wyadikoi &pibuoi XpTC1OTTOI0UVTCN Bé T BopgT
a-+Bi dvrl (ap). ‘H xpnowotnTa TS LOpPis (o,B) 94 gavel oTr yewueTpIKT
TOUs TOpACoTAOT.

‘H mapaméves «taumion» («,0) = a pds EmTpémea V& Y poyoupE

k.(a,p) = (xa,xp), x eR. M

1.3. 1816t Teg TG mpoaBéaewg xal Tob moAAarAactacpod 6o C.
1. "1&161nTEg Tiig MpooBéoews

Elven govepd &1 fy wpéobeon, 6Tws OpiogTrKe, Exer Tis 1810TNTES
-
2,42, = 2,47 (&vTipeTadeTikn)
(2, +2)+2, = 2, +(2+23) (TTpoTETAIPIOTIK)
yi& SAa T& 24,2524 € C.
*Axdpa foxUouv of drohoubes TTpOTATES:
Ipétaon 1. “Yrapye Evag kai pove myadikog apiBpog L tétoreg, date 1id bhovg
to0g pryadixovg apifpoig z va ioyber:
14yt =2 ¢
*AnodaiEn: “Av dvan z = o+Pi kol Z* = x4yi, Té1e ) (1) ypégeTtan igo-
Suvaua

(a+-Bi) + (x+yi) = a+Pi <= (a+x) + (B+y)i = a4 pi <
watx=a kal P+y=Pp < x=0 kai y=0

"Apa 16 oToixeio * = 0+4-0i elven 16 povadikd Trou ixavotroiel Ty (1)

9
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yi& ké&Be z € C. To oroiyeio 0 + 0i dvopaletar oddétepo ororyeio Td v npod-
60eon 616 C kad y1& ebkoMa 16 Aépe pydév kad 16 oupPohrifoupe pé 0.
INpétacn 2. INa kabe pryadikd apibpo z drapyer Evag kai pove pryadikog aprbpog
z* tétorog, @ote va ioyoe:
z+z*=10 2

*AnoderiEn. "Av elvan z = a+-Pi kai z¥ = x+yi, ToTE 7} (2) YphgeTan igo-

Suvapa
(atPi) + (x+y)) =0 = (a+x) + (B+y)i=0+40i &
< atx=0 kai B+y=0 <« x=—a kal y=-—f

"Apa & myadikds piBpds z* = (—a) + (—P)i elven & povadikds yi&k Té wi-
yadiko &piBpd z = a-Pi, moU ikavotroiel T oxfon (2).

‘O mryadikog apiOpog (—a)+(—p)i, ToU y1& eUkoAior TOv ypdgoupe —a—Pi
kol Tov oupPorifoupe pé —z, dvopalerar avtiletog tod z = a+Pi i 6 cvppe-
tpikéd otoryeio 100 z = a+Pi na tiv npécleon ot6 C.

Ilpétacn 3. XL16 odvolro C ioyiel 1| icoduvopio
7 =2, <2,+2=12+2 3)

"Anddeltn. o) ‘H ouvvemaywyn 2z, =12,=2,4+Z =124z Yyi& OAx T&
z € C elven pavept) &md Tov dpiopd Tiis mpoobéoews.

B) ©& Beifoupe TV ocuveraywyn 2z,+zZ = 2,2z = Z,=%,, TTOU &wOTEAEl
16 vopo tijg dwaypugijs otiv npdebesn ot6 C.

Mp&yportt:
ntz=z+z = (u+2)+(2) = (2+2)+(—2)
< 224 (—2)] = 24 [2 4 (—2)]
< z,+0=12,4+0
o Ty =ity
Ilpotaon 4. ‘H éfiocwon z,+z = z,, z,,z, € C (4) Exer povadiki Adon oté6 C
v z = 2,4 (—zy).
*AnodeiEn. "Exovue SiaBoyika
Ltz=1z, < (2+2)+(—2) = z,+(—2,)
= (ztz)+(—z) = 2s+(—2)
= z+[z+(—2)] = 2.+ (~2z)
< 240 = z,+(—z,)
< 2=+ (-2

“H povadue) Ao tijc éEwodioews (4) dvopdlerar Srapopd tob z, and 16 z,

xal ovuPolilerar ué zy—zy. Anladj ebva

Z,—2; = Zy+(—z) ®
10
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“H modén, ué vy dnola Pploxovue i dapood dud pyadixdy doludy, dvopd-
lerar Goaipeon).

Il. "1616TnTeg ToU moAAamAaciaopold

Elvan govepd éT1 xad & ToAaTAagiaouds Exel Tis 1B10TNTES
2,.2, = 2.7, (GvTipeTodeTik)
(2,.2,) .23 = 2,.(Z5.25) (TTPOCETANPITTIKN)
kol dkdun elven mpdEn EmpepioTikn ds mpds TV Tpoabean, &nAadn
2,.(2,+2) = 2,.2,+2,.24
Y& SAa T& Zy,Z,,Z3 € C.
O& Beifoupe 6T kal oTov ToMAamAaciaoud ioyUouv GvTioTOIXES TPOTATELS
ué Ekeives ou Beifape oTnV Tpoodeon.
Mpotacn 1'. "Yrapger Evag kai povo L* € C tétoog, dote g 6ha t@ zeC va
ioyier:
.t =2z (1"
*AnodaiEn. "Av evai z=a L Pi kai (¥ = x+4yi, 1o1e | (17) ypageTan loodU-
vapo
(at+ Pi) (x+yi) = a+Pi == (ax—Py) + (ay+px)i= a-+Pi <=
= ax—Py = a kal ay+Px=Pp. "Av immAéov elvan o P # 0, ToTE EXOUME
T povadik AVon x=1 kai y=0, bv®, dv elvar &2+ p=0<>a=p=0, ToTE TO
oUoTnpa elvan TauToTikd Kai ouveTdds Exe kai TH Auon x=1, y=0.
“Apa & wryabikds &pifpds L*=1+-0i elvar & povadikds moU ikavoTolel v (1)
y1& kéfe z € C.'O pryadikdg apilpog 1+0i dvopaletan ovditepo otorygeio ni@ wov
noilanhaciacpd 616 C kai y1& eUkodia TOV Aéue povada kai Tév oupPohiGovpe
pé 1.
Mpétacy 2. Tiakade z € C pé z # 0 prdpye Eva kai pove z* € C, date va ioygder:
z.2% =1 @)
*Arédeitn. “Av elvar z=a+Pi #0 kai 2*=x-+yi1,  (2') ypageTan looduvana
(ax—Py) + (ay+Px)i=1+0i < ax—Py=1 xal Px+ay=0

ko, 4ol elvar a24P2£0, 16 cloTnua 8& Exa T povabikn Auon x=_ct—z—:_ﬂ*—

> . A B s <
Apa & wyadikds Gpifucs z P ’wa

kai y= i elvan

et ol —p
C(2+ BZ Gz+ﬁ2
& povodixds yi& T6 wyodiké &piBud z = o+ Pi7#0 moU ikavemowi T (2.
: ; : a - . . ’ — | ;

O pyodikdg apiOpog P + mél, nob ovpporifeton z7t i = ovopdaleton
avtiatpogog tod z i Kai 16 oupperpikd otoyeio 1od z=a+fi # 0 a4 tov mok-

)ankaciaopd otd6 C. Elven Aoirdw
11
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7l = (a+4pi) 1 = z#0

o —B .
P i g
Ilpotacn 3". Lt6 C ioyxder f| ovvenaymyn: z,.2 = 2.z kai z # 0 = z,=12, (39
(‘H mpéTaon avTh elven & vépog tiic Swaypagiis otév rolhanlucraopé oté C
kol ) &wddeifn erfivetan yi& &oknom).

Ilpotaon 4. ‘H tEiowon z,.z = z,, 7,2, e C, z;#0 (4') Exer povadikiy Lion
ot C iy z = 2,.2,-!
(‘H &mwdbeafn dpriveron y1& &oxknom).

“H povadue Abon vijs dwodaems (4') dvopdlerar anlixo tob 2z, dud z, xai

ovpfollerar zy:2, 1] :i Ankah) elva
1
z r
B omgnt om0 )
1

‘H nodfn ué iy onoia Poloxovue 16 mnhixo ddo puyadiedv dolludv, dvoud-
Levar Swaipeon.
— L’ Eva pryadikéd aplpd z = a+Pi 16 a dvopaleron npaypatiké pépog kai o p
dvopdlerar pavrastixd pépog(l).
— Of Buvépsers (a+Pi)%, k € Z opifovtan &mws xal o1é R pé zl=z yik kdle
zeC, z°=1 8rav z#0, kad z#0 Stav k < 0. Of Buvdpers Umohoyilov-
Ton Smreos kad of Suvdpers (a-Px)Y pé x=i kai i2=—1.

1.4. "Aoxficelg

1. Aeifre mi: "4+t 4i% 44" = 0.
2. TpoodiopioTe T& a,p € R, GoTe ol wyadikol &piduol
(Ba+14p) + (2a—P)i kal T—i v& elven foor.

3. "Av a,p,ye R kal (a+P)—yi =5y+ (a—P)i Beire &1 0& elvan 2a—P=y.

1
4. "Av a, B, ye R—{(0} xal —g- i 7 Bei§Te OT1:

2(a+B)+ (B—o)yi = Sa+i.
5. N& qépete o1} popery a+Pi Tis wopaoTdoes

ol e o SR 5-2i
o) 3i+2i04i202-5i-147_2j7 j12 B) =

i /5y (4—i)*-2(1 +2i)
N Sovs —G+HY2) 8 "Gy @

6. Acifte 611 f) E§lowon x*+81 = 0 Ikavomoreitan &wd ToUs wiyadixkous &piduols:

1. Té mpoyuartikd pépos tvds pryaBikoU &piBuol 7 = a+Pi guuPohriletan Rez kal 18
gavtaoTikd lmz. AnAabn elvan Rez = a xal Imz = B. 'O piyadikds &piduds a+-pi pé af #0
Svopdleran kabapds fi yvioiog myabixds dpifuds.

12
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. LAt e L S ES e L P e ¢ i, &
2 2 2 2

7. Aeifte &1 o1é oUvoro € a) f mpdadeon elven pdfn &umipetaderikr) xal TwpooeTal-
proTikfy kai B) o TroAAaTAaoiagpsds elvar wp&En dvtipetadeTikn, TpooeTaipiaTiky kal
dxdun EmipepioTikd ds Tpds THY Tpdodeon.

1.5. Suluyeig pryadixol dpiBpol
1. "Opiouds
'O pryadinég apBpdg a—Pi dvopdletm ovluyfig Tod pryadiked apBpod z=

—a+Bi xal ouppoMifeTan ué z, SnAadf z = a—pi.

Ereidfy elvan (z) = a+Bi =3z, of myadikol apiBpoi z xai 2z dvopalov-
tan oviuyeig pryadikoi apBpoi.

EUxoAa PAérouue ST z-+z = 2a, xai 7z = o2 4-P?, BnAadh T6 &bporoua
kal T6 ywdpevo SUo gufuydv uryoBikdv &p1Budsv elven Tpayuatikol dpifuol.

Il. "1616TnTeg TOV ouluy@v Hiyadik@dv apidpv

Mé& ToUs ouluyels pryadikoUs dpiBuols Gvagepoups pepikés Xphioipes 1816TnTEs.

@) f'r‘_z)=_; B) 21+Z==51+Es Y) f—zn =;1“Ea
8) TFat. . Fh=ntat... +ZuveN O =12 %
OT) Zy 25+ By= % 'Zy.. .2y, VEN ) @) =(@)",veN

n (Y = (z)-1, z#0 9) (%) =k, 2, 70 kol 1) az =az, a € R.
2 z.

2
*Anodeikels.

B) "Av elvan z, = ay+Byi xal Zy = Oy +Pol, TOTE 8& elven 2,42, = (o +
La)+ (BRI kel ouvemds z+z, = (o +a)—(Bi P = (oy—Pai) + (o=
—Bai) =21+E=.

8) *Amé Th P) kai pé Ty Umdbeon T yik v = k loyum Tt it FEe=
=2+ 23+ . . +2c Talpvovpe: Z+Zpt . - - it Zep=(2 2ot +2e) +Zetr

=2, +2Zy+ ... T i Ty = ;l-}—;,—}—. o +;‘+;‘+l, oy &rmrodeikviel 81 1) 1816-
TnTa loyler yi& k&de v € N.

€) "Av elvon z; = ay+-P,i kol z; =+ Bgi, ToTE 084 €lven
Zy'Zp = (o @ty—PyPo) + (e Pa+uPi)i
xal ouverds 2,23 = (,%—P1Py) — (uPe+cuPy)i m

13
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"EE&MAou  z, 7, = (o —Pi) - (aty—Pyi) = (alaa“plﬂz)_(ulﬁz‘l‘“zﬁl)i (2)
Oi (1) kal (2) &mwoBekviouv T InTopevn.
Oi &mroBeifeis TéY Urdhorwv iBlotfTwy defvovton yi& doxnon.

1.6. ’Eappoyée
1. Ofi povor pfy npaypanikoi pryadikoi amBuoi, nod 16 EOporopa kai 16 ‘ivopevd toug elvan npa-

TRatikdg apBpog, elvar oi avluyeic.

"Anodeign: "As elvan z,, 2, € C—R pé v {8161 (2, +2,)ER Kai (2;.2,) eR. "Av  elvan
2y =X+ kal 2, = Xy y,i, Té1e A B16TnTa TOU £xouv Biver T6 ovoTnua

X1¥s + XY, =0 < X3 =X
Yi:¥a #0 Yi-¥p # 0

OméTe & 7, = X,+y,i yphgetan Ly =X, —y,i xal owvends z, =7,

Yi+y.=0 ] y==ﬁy1}

2. "Av Evag miyadikog apipog elvan pifa mag noloovopkiic tEioboeng pé npaypatkols ovv-
tehedtés, 101E Kai 6 aviurii tov elvan émiang pila aitfig tiig twdasamg.
"Anédeign: “Eotw 811 Eyoupe v ToAvwwupikn Elcwon
I(x) =ax'+a,xv-1 4 ... + ox+a, =0, a, #0

Hé TparyuaTIKOUS TUVTEAETTES, fi émola Exer y1& pla Tns 16 Hryadiké &pibud z, SnAaby
1(z) = 0. ©& Belfoune &11 A tlowan it Exel y1& pida Tns kol Tév Z, 8nAabd {(Z) = 0.
Emeidd) 6 oufuyns ToU 04-0i elven & tauTds Tou, dpxel v& Beffoupe ST i)y = 1(z).
TMp&ypat i’(?): Yt &2V oz ta

= ozt a2 +. . taita, ClBi6T. 8) TAs 1.5.)
= r.:,,?"-{—c:l:.,_l R e (&6, i) Tiis 1.5.)

= a,@) '+, @)1+ ... + az + a, Cl&wT. L) Tiis 1.5.)
= 1(@).

I fewpla Tdv ToAvwVUHwY TpéTaon alth dmodeikvieTan xal ué EAAo TpéTrO.
3. Na &mivbel ot6 C # Eiowon 2—3z+(—z) = 0 (1))

‘Enibvon: ‘H (1) ypéoeten looblvaua 2—3z—7 — 0, xal &v elvar z = x+yi, Téte 4
TeAeuTala yiveron:

2-3(x+yi) — (x—yi) =0« (—4x+2) + (-2y)i =0 <«
—4x+2=0 xal —2y=0<>x = % xal y=0.

I 1
"Apax 1) Elowan (1) Exer TH AVon z = -5 +0i =5

Alvoupe dkéun pia épappoyt Tol, &v kaf Sév &moTehel tpapuoy TV 1810THTwWY TéY Gu-
Cuydv pyabikdv &piBudv, Tapovoiate vBiagépov.

4. Zouguwva pé Tév dpropd «Tetpayovikf pila évog pryadikod apilpol & =a+Bi dvopdlovpe
k@le pryadikd aplps z = x+yi mod ikavonowel tijy EGiowan 2? =E&», v& BpeiTe Thv TETPO-
yovikg plle ToU € = 5—12i.

14
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I1.7.

Abon: “Av & wyodikés &piBuds z = x+yi elvar f Terpaywviki pllx Tou §=5-12i,

TéTe Exouue:

(x + yi) =5-12i <«
e xt-y?+2xyi = 5-12i <>
< xt-y*=5 kal 2xy=-12 (1)

*Apa 84 elvan xal (x2—y?)? = 25 xal 4xiy* = 144.

MpooBétovtas xatd wékn Tis Sud TedeuTales t1owoers Exovue:
(x4 yh)t =169 <> x'4y* =13
'EmiAUovTas T ouoTtnua  xP—y'=>5 ]
13

x4 yr=
Tralpvoupe x=43
y=42

*Agol Suws elvan kal 2xy =—12, T6 obortnua (1) 8& Exe Tis AUgels
=3 , y=-2 xa x3,=-3, =2
“Apa Um&pyouv BUo -rerpayuvm& plles
z,=3-2i xal 2z,=-342i 70 ¢E= 5-12i.
Cevika BeifTe 5T1 xade pryaduxog apibpos a+pi #0+40i Exer 500 Suaxexpptveg tETpayOVIKES

piGes.

1.7. ’Aoxvicerg

1.

B W

z
. "AV 2,2, 2€C pé 2,.2 # 0, Beifre 61-1—;— =
£

*YrohoyloTe ToUs x,y € R doTe ol myabixof &p1Buol
2, = —3+i(2x—y) xal z, = x=5y-3i v& slven ouluyels.

. "EmiAdoTe Tis Tapakérw odons pé &yvwoTo T6 piyadiko

@ z=-z, B) z=—4z «xal y) Z+z=0.
“Av 2,2, € C, ToTe: 2,.2, =0 (2, =0V 2,=0).

Zy.1
Zy.%

5. "Ay 2! = 2%, TéTe 0& elvon pévo z€R fl z € (O]

(=2

. “YmohoyloTe Tév xR doTe v& loyler 1+2i vZi=3.

. ‘YwohoyloTe Tous x,yER doTe v& loyle:

()= (0 + ¥ + L =T

1+xi
1-xi

. Bpeite Tis TeTpaywvikés pides ToU wryadikoU 24 2i.

¥ 5+6i

x
. ‘YmohoyloTe ToUs x,yER, @oTe v& loxe T3 +§-_i-_-§'i' i
. Bpelte T6 &Bpoioux TV v-Spwv:

i+ @430+ @+5)+6+T) + ...+ [2v=2 + @-Dil, veN

. EmboTe ThY Elowon 2—(3+1)z+4+3i=0, z€C.

1. Té atvoro Lelvar 16 Umootvoho ToU C ué oroixeia Tiis wopgiis (0,p), P#0 xaf dvo-

uéleTon oUvoho TEV gavTaoTiKG dpifudv.

15
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1.8. Mérpo TV piyadindv &piBuidv

‘Opiopéeg

Ié 16 pryadiké apbpd z = a+pi 6 pqy Gpvnrikog apbpds 4/ a+p? dvopa-
Cetar amblueny tpn i pérpo tov kol ouppoAileTan pé |z|, SnAadm

z| = [a+Bi| = VPP

"Emeidn elvon 2z = o?4-B2, 6& elvan

lzZ = Vzz

Elvan pavepd 811 elvan [z|>0 yi&k e z € C.

‘Otav elvan z = a+-0i, &xoupe |z| = Vai= lal. “Otav elven z = a4-Bi

kai B0, TéTe foxUer [z|? # 22, yiari & |z|? elven OeTixds, Evéd & 22 elvan &pVnTI.
Kkés i elvan yvrowos wyadikés dpifuds. Al elvon pla omoudaic Siagopd peTaby
Tév oToiyelwv ToU R kal Tol C—R.

16

‘1616TnTeg TOU péTpou TRV piyadikidv apibuwv.

"Avagtpoups pepikés Paoikés 1B16TnTes ToU péTpou T&V uryadikév &pifpddv.
AV 2,2,,2,,. . .,2, elvar wyoBixoi dpifuol, TéTe 0& elvan:

@) |z +2| < |2y + |z4] (Tprycovikd dvicdTnTa)

B) lzitzet. .. 42z)| < |zl +l2g)+...+]z,), veN

Y) HZ1I_J12H$!31+ZE|g‘zﬂ‘Hzﬂ

8) |2,724 = EAREA £) 225 . . 2,|=|2y|"|2,]...]2,], veN
oT) [zY|=z]Y, veN 0) |z7Y =|z|7Y, zz0
Zy |21|
—| ==, 1z, #0.
m Zy |2, :
"Anodsileig:

@) "Av z; = oy +Bii kal 2z, = oy +-Pai, § {nTolpevn yivetan

(e +ay) + (B4Rl < oq+Pyil + [op+Pai] <

V(o +a)?+(B,+B)? < Ve +B? + Va2, +BY  xaf, dgol T& péAn -

var P &pvnTikol TparypaTikol, Talpvoupe loodUvaua

(@ +a2)*+(By+P2)? < &2 +By® + o+ B+ 2V (0 + B, ) (o%+ByY) =
ay+ByPy < v“12u22+‘112[522+a;2512+ﬁ12522 (1), oémdre

i) "Av ay0p4-B,B, <0, f (1) dAnbeler odv yvfiowa dviodtnTa.

i) "Av 0<oyc,+ByP,, TéTe 1) (1) yivetan looBuvaua:
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L 1.9

a2y BBt 4 20,0608, = oo 0Byt + Py By et <
0 < (oyBy—o,py)?%  f omoia dAnBeler TavTa.
‘H InTotpevn 6& loxlel obv lodtnTa, éTav eval
0<oyop+PByPy kai oyPfy—oypy=0 @
"Agol 7,25 = (0,0 +PiBy) + (cuP;—eyP)i, of oxtoeis (2) iooduvenolv ué Thv :
(21-52)20. "Apa foyler |zy42, < |25]+25], 25, 2, € C xad ylvetan {odrnTa
&tav (2,2,) =0 # loobivapa étav (z,25) =0.
*As BuunBoUue 61 i 18ia oxéon oTols TpayuaTikoUs &pibuols elvan |a+-B| <
< |a|+|B| xai A fodTnTa foyvel, Stav a-p=0.
8) "Exoune |z;-zy)* = (ZL'Z_E)‘(Zl_zz_)z (120 (2% =
= (212 (22°2) = |2|*" |22]* = (24| " [22])?
<[22y = [24]]2y]

1.9. ’Aoxvjcerg

1. Aci€te Tis Uméhormes IS i1bdTnTes THs Tapaypdgou 1.8.
2. Acifte 3T yidk kdBe 2,2, € € loyvea: ||2,|—z,|| < |12,-2Z,| < 12,1+ 124)
3. Bpeite T& pétpa T@V wyabikdv dpibudv
- - . . ) o, 4
o 45 gy _({2+-_P 9 ( 31(\/3+1\'/5)_.(1—n/3) )
2+i i(1—iv3)? 4-iV3
i) gépvovras mpdta Tols wryadikols oTr wopen a+-Pi kal
ii) ypnowomordvras Tis [B16TNTES ToU péTpou TGV wyadikdv.

4. Bpeite 16 péTpo ToU wryabikoU &pibuou (#) , VEN.

5. Bpeite 16 wyadiké z, y1& Tév dmoio [2—1| = [2—2| = [z—i|.

6. "Av z = x+yi, Ppeite TH oxéon petafy TGV X kai y, ToU pifeTar &wé Thy lodTnTa [2—i|=
=|z+42|.

7. 'EmAVoTe o1d olvoro C Thv Elowon z24(z| = 0.

8. Bpelte ToUs wiyadikols z, y1& ToUs omofous foyler:
|z2=2iz+2a(1+i) =0, a>0
mepropliovtas xaTdAAnAa TéV a.

9. "Av z,,2,,25,%, elvar pryadikol &p1fuol pé z4.2, # 0 kal

2 2
|zal? + |22 < 1, 8eifre T + > |z, 42,03,

&,
Z3

Zy
Z

10. “Av ol miyabikol z,, z, ikavomoioly Tis oxéoes
2,424l = [2,] = I2Z5, |Z3] # 0, Beifre &m

[23—25] = \/le,l.

17
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I21.
2. TEQMETPIKH NMAPAXITAZH TQN MITAAIKQON APIOMQN

21. 'H é&mewxévion t@v piyadixdv aplBuév otd onpeia tod
émunébou,

‘H dppiuovootipavtn dvtioToixion of kdfe myadikd &piBud z = xfyi
ToU ZeUyous (x,y) eR? &Bnyel, S eimape mponyouptves(l), oTh yeopetpiki
tov mapaotacn pé Eva onueio fvds EmiméBou. *As mépoupe Eva EmimeSo ()
xai &va dpokavoviké cloTnua &fovewv x0y o abrté (Zx. 1). Elvan avepd &t
016 wyadiké dpibud z dvmioToiyel odv sikdva tov TS onueio M(x,y) ToU Emi-
mebou auTol kal dvTioTpoga oTé onueio M(x,y) dvTioToiel & pryoBikds &pib-
oS z = (X,Y).

‘H dugipovocmiuavtn dvtioTtolyion myadikédy &piBudv kol onueicov Tou (IT)

P 2 O - M,(a,z,M ]
(o
Al =% -
B0,
—— -2 o -
x’ | H A1,0) 3 Cixg) X
] |
u | Mgz~ 3 -2 ’
M (-3~ S ERL L = A N L g s M(x~y)
7
Zx. 1

uds tmirpémer v& xpnolpoTrololue ouyxvd yYAwooo yewueTpikn kai dvti yi&k T6
uryadikd &piBud z v wAdpe y1d 16 onpeio M. M’ adré kai of x,y dvoudgovran
kapreciavig ovvietaypéves Tou piyaSikou &piBpolU x+yi. Té émimedo (TT), mou
Xpnoipgomoleitanl y1& Thv TapdoTtaon aUTh, Aéyeton pryadiké Erninedo f) inincdo
tol Gauss.

ZUppuwva pé THY Tapamdvw Tap&oTaon ol mwpaypaTikol &pifuof x, TroU
Tous «TavTioape» pé & Lelyn (x,0), TapioTdvovtan pé Té onpeia Tou &fova TV
TeTunuévey x'0x, & dmolos yi’ alitd dvouddetan mpaypatikég dEovag ToU ou-
otnuaros. Oi kafapd gavracTikol dpiBuoi (0,y) dvmiotorxolv oTd onuela Toy
&Eova y'0y Tdv TeTaypéveov, & &troios yi' aTd dvopddeTan pavtasTikdg GEovag
TOU OUOTAMATOS.

Z16 o). 1 mwaparnpolue 611 oTév dvTifeTo —z ToU wryadikoU &pifuol z
GvTioToIXEl TO ouuueTpikd M* ToU onueiou M ds pds Tv &pxn 0 TolU cuoThua-
Tos Kal 0T ouluyr z ToU z T6 ouppeTpikd M’ ToU onueiou M ds Trpds TOV Tpary-
paTikd &Eova x'Ox.

(1) ‘Ymoonuelwon Tfs Tapaypépou 1.1
18
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2.2. Tewpetpunf| einéva tob dbpoiopatog xai g Siacpopis
%o piyadixdyv aplBpdv.

‘H &ugipovoonipovtn dvTioTolyion piyaBik®dv dpifuddv kai onpeiwv ToU
pryadikoU &miméBou pds EmiTpémel THV dugpipovootfipavTn &vmioTolyion TV
pryadikédy &piBpddy kol T@v BiavuouaTik®dy dxTivewv TV onusiowv ToU pryadi-
koU émmédou. "ETol m.x. oTd miyadikd &pifpd z = (X,y) dvTtioTorxel TS onueio

—_—
M(x,y) xai 016 onuelo M(x,y) dvtioToixel /) SiavuouaTikf dxtiva OM (Zx. 1)
— —
kad dpa 016 z = (x,y) dvnioTorxel fj OM.Trv OM Trjv dvopdfoupe Sravvopatikil
axtiva 100 pyadikold z.
ERP -~ %

Elvan eUkoho v BoUpe 6T |OM| = Vx2-Ly2 = |z|, 8nAabr ém1 16 péTpo

>
Tfis OM ioouton pé 16 pétpo Tou pryodikou Gpifuou z.

Mé 11 PoriBeia TGV BiavuopaTik®y &kTiveov TOV Wyadikédv &pmbudv prro-
polUue v& Ppolpe Tis SiavuouaTikés dxtives ToU dBpoiouaros kai Tfis Biapopds
BUo wyudikédv &pmbudv kai vk Epunvelooupes ETo1 yewpeTpik& Ty Tpdobeon
kai ThHv dgaipeon o1d C.

*As mépoupe ToUs pryodikous &pifpols z, = x,-+¥;i kad 2z, = Xp} ¥, kal
Tis dvTioToryes elkdves Tous M,(x,,¥,) kai My(X,,V,) 0T pryadiké émrimedo (2x.2).

— —»
Oi BiavuopaTixés dxTives 1@V z, kal z, elvon of OM, kai OM, &vtioTorka kad T6
3 —p _
&fpoiopa z,+2z, Exel yi& SiavuopaTikn Tou dktiva TH Siaydvie OM Tou Ta-

= —
peAAnAoypéupou Tou dpifouv of OM,; kai OM,.

Mixj+x2,¥3+¥2)

Mqlxq,v9) M_‘f,_ )

Mg(xy Yg) Ma(xa¥g)| -~

4 P [+] x

x! 0 x x’

Mlxp=x1,y2-¥1)

. 2 Ix. 3

L4 2 T a 7 ’ i r 3 1 0] 2 1, g
Té &idwuopa MM, =0M,—OM,, moU &piletan &md ThHv &AAn Siaywvio Tou
TapaAAnAoypduuoy aTtoU, elven foo pé T BiavuopaTikn dxTiva T Siagopds
z,—2, TV uyadikdy &pifudv. ‘H Siapopd TapioTdveton pé T BiovuopaTik

Sxtiva OM' (Zx. 3), moU elvan f| &AAN TAeup& ToU TrapaAAnAoypdipoy o
19
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I 23.

kaTaokevabeTal pé mAsupd THY (f)_l\‘:‘l1 kaif Bierywvio THv 6!':1,. 2td oxAuara 2 kal

3 UmoBéToupe 8T TO TapaAANASYpaupo TGV SIaVUoUaTIKGY dKTiveoy 654‘, E)—,Mg
elvan karaokeudoipo, SnAadn T& onueia O,M,;,M, 8¢ Ppioxovtar v of ed-
fela ypapun. "Otav Té& onueic O,M,;,M, Bpiokovtar wévew othv 181 elfeia, ToTe
Exoupe elxoda 16 &Bporopa kal TH Biaxpopd TéV z; kal z,. AUTS galvetan oT&
oxfuara 4 kal 5.

y ¥
Z4+Z5 ZgZ4
Za 2z
Zo-Z4 Zy*Za
Zy
x o x x’ ] x
Z1
Y ¥
Ix. 4 X 5

‘Eguppoyf: ME tf Porifeia tfig yeopetpikils napaotdoeng ty pryadikdv apOudv Sellre
Ty ihdenra v) tiig rapaypagov 1.8,
‘Amé 16 Tpiywvo OM;M 10U oy. 2 maipvouue
I(OM)—(M;M)I(OM)(OM,) + (M, M) <= [(OM,)—(OM,)| < (OM)(OM,) +(OM;) <>
— — — - —
[IOM,|—|OM,|| < IOM| < |OM,| + |OM,| <=
|1Zy] — |Zal| < 12424 < 12y] + 1Zql.

2.3. ’Aoxvcelg

1. N& wapaoradolv o1é uiyadiké Emimedo ol wyabikol &pibyof 2+ 3i, 2—3i, —2+ 3i, —2—3i.
2. N& wapaotafoiv oTé bwimebo Gauss Tpels pryadiol 2,,2,2; kai imata ol piyabikel

Zy+ 2y + 2y xal oz, 4+ 2, —z5
3. Aeifre pé T Pofifax Tiis yewpeTpixiis TapaoTdoews TOY wyabikdy dpiudy STt foxver
N2l = (22l < 120=25] < 124] + 2.

20
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I 3.1

3. TEQMETPIKEEZ EQAPMOTEE TOY METPOY TQN MITAAIKQON
APIOMQON

3.1. ‘H éElowon tod xOxAov

“As elven O 1| &pxn) ToU dpBokavovikol GUSTABATOS ot1d tmimeSo Gauss
kel M(x,y) éva onueio ToU ¢miméBov, TroU &méyer &d 16 O dmooTacT fon pé a
(Zx. 6.).

bl |

Zx. 6
*Amé 16 dpBoywvio Tpiywvo OAM Exouue (OA)?+(AM)2=(OM)?, &nAab
x4y = o 1

"Av pé kévtpo T6 O kai dxTiva o ypdyoupE év kukho (0,a), TOTE TO TUXOV
anueio M,(x,,y,) a¥ToU ToU kukAou ikavotrolel Thv (1) kai dvrioTpopa.Mpdy paTt’
o) evan (ONH(MM,)? = (OM,)*, BnAadA x4yt =a P) "Av N¢x,v.) el-
vou fva onueio ToU émimébou pé x P4y, t=ab, TOTE, &pol x4y, =(ON)*,
& Exoupe (ON)* = o kai Gpa (ON) = g, Tou onuaivel 6T 16 onueio N elvan
onupeio Tou kUxAou (0,0). .

"Apa 1 Eiowon (1) even f E€iowon 10U kUkAov (0,a). 'Emealbf) TO onueio
M(x,y) elvan 1) eikdva ToU pryadikou &piBpol z = x+yi, SnAadn f OM elvan I
SiavuouaTikn Tou dxtive, fi (1) ypdpetan looduvapa

|z[* = o f kai 2| =a, &poU a>0.
"Etor #youpe TO oTroudaio ouptépagua OT1:

— Etb piyabikd Emincdo to oovoro TtV eikdva v pyadikdy z nod ixave-
21
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L 3.1.

mowoiv ) oyion |z|=a, a>0, elvar 6 kikhog pé kévipo tHv apyf O xai dxri-
va lon pé a.
Elven ebkoho Tepa vé Solpe 871 yi& 16 wyadiks &piBud z = x-+yi | oyéon
lz] < &
dpiler T EocoTepikd ToU KUKAOU (0,@), &vé> 1 oxéan
|z| > «
opiler 16 EwTepikd ToU.
"As elvon Tpa M, (x,,¥.) fva otafepd onueio Tol AmiméSou ToU Ganss
kal M(x,y) Tuxdv onusio Tou, ToU &méxe &mé Té M, oTubepr| dmdoTaon Ton
ué o (Zx. 7).

¥
Mix,y),
] i
Y
T o
'
: L) X0.Yo)
Yoy HRReS %z =
o [ [\ Wy Ni(#2y2)
v xq
% 0 x er‘; } x
¥y o = My(%q¥4)

,\"!
P27
Mvepitoupe 811 ) &réoTaon (MyM) Sivetan &méd T oxéon
(M.M)? = (x—x,)* + (y—y.)% BnhodH
(x—X0)*+(y—yo)* = ? @)
"Av ut kévtpo TO M, kai dxTivar o ypdyoupe Tév kUkAo (M,,@), Té1e Y1& 6 TU-
Xov onueio Tou M, (x,,y,) Exouue: (=% +(y1—y.?) = o2, 8nAadf of ocuv-
TeTaryuéves k&de onueiov To0 (M, &) ikavorrololv TH (2.
"Avtistpoga: “Av N(x,,y,) elvan fva onpeio Tol émiméSou, yi& 16 &troio loylel
(X, +(yay.)? = o, 167e, 900 (Xy—X,)2+(yy.)'=(M,N)?, 8¢ Eyoume
(M_N)? = o, 8nAadt) (M_N) = &, ToU onuaiver 11 16 N elvea onuElo TOU KU-
kiov (M, a).
‘H (2) Aormév elvan 1y é€iocon Tol kUkAou (M.,@). "Av & onpsia M(x,y)
Kad M, (x.,y.) elven of eixdves Tév wyadixdv &piBuédy z = X+yikai z, =x +4y,i
dvtioTolya, ToTE Ay &flowon (2) ypdgetan :
lz—z,[*=c® fi |z—z,| = «, &pol a>0.
Elkoha PAémoupe 8T1 7 oyéon [z—z,| < a épller 16 EowTepikd ToU kUKkAou
(M,,@), 8 1 [z—z,|>a bpiler T6 EEcwTepikd Tou.

22
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I3.2.
3.2. ’Epappoyés

1. Bpette i onpela tod wyadikod émridov, e ta dnoia elvan: |z| = 3-4i] (1)
Abon:  “Exoune |z] = [3—4i| <> [z| = V{4t es 2| =5 (2
‘H (2) elven f) E€iowon ToT kUkhou (0,5) oTo wyabixéd dmimebo xal &pa ol wyadikol &pif-
pol, Tou Exouv elkéves T& onueia autol ToU kUkAov, elvon AUoeis tiis (1).

2. Eto myadixo Eninedo Ppeite tig Aboewg tiic tElomoeng

|z + 2+i| =2.

"Emilvon: “Exoupe [z42+4i] = 2 <> [2—(—2-1)|=2 (1) xal olppwva ué T4 TpOMYOU-
peva ) (1) émaAnBedetan &mé ToUs wyabikoUs apibuols z, Tou Exouv elkdves oo pyadikd

¢rrimeBo Té onusiac ToU kUkAou pé kévTpo THV elkdva ToU uiyadikoU —2—i, dnAadn 16 on-
peio M_(=2,—1) kal dxriva a = 2. (Zx. 8).

Zyx. B x. 9
3. Bpeite ti onpeia tob pyodikod émnidov, Té 16 dmoia elvon:

jz+2| = lz~—1+i)I.
Aben: “Exouvpe [2+2| = lz—(=1+Dl <= |z = (—2+40i)| = |z—(-1+1)I (¢)]
~Ag elvan A(—2,0) # elkéva ToU wiyadikol —2+0i kai B(—1.1) 1ol pryabikod —1+i (Zx. 9).
“Av M elvan 7 eikéva tvds pryabixol z, ToTe T6 lz—(—2+40i)] mapioTavel ThY dmwéoTaon
(AM) kai 76 [z—(=1+0)| TV &méoTaon (BM). ‘Emabh 8éhoume |2—(—2+00) = |z—
(=141)], 0& wpemer v& lven (MA) = (MB). AUTé onuciver 61 ol elkdves TV Agewv TS
(1) ioaméxouy &mé T& oTabip& onuela A xai B kal &pa dvikouv oTf) pecox&Beto ToU AB.
*Avtigtpoga: Kafe onueio M(X,y), eixova Tou piyadikol z = X+Yyi, woU iooméxel &mwd T&
A kal B, 8& ixavomolel Ty lodTnTa |z—(—2+00)| = |z2—(=14)i, snA. Thv (1). "Apx T&
Inrolueva onuela &moTehouy Tr) pecokadeTo ToU Tufpatos AB, ué A(—2,0) xai B(=1,1).
. Eto pryadikd éminedo Ppeite mob dvijkovv oi eikoveg TOV pryadikGyv apipdy, mo0 elva dv-
oag tig EElohoEmg
2iz—3-2ij2 + 2lz+1-3i2 =21
Avon: “Exoupe  22—3-2i|* + 2z+ 1-3ij2 = 21 <>

21
=34 20 + lz—(-14-3D) = )
23
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133

16 myadié EmimeBo wadpvoupe T& anpeia A(3,2) kal B(—1,3), mwou elvon elkdves Téy pi-
yadikdv 34-2i kal —143i dvrioroixa (Zx. 10).

Ix. 10 Iy, 11

21
"Av M elvan #) elkdva pds Aoecos Tjs (1), 1616 f| (1) wds Abet 611 (MA)2 -+ (MB)? = =

34(-1 342
“Av K elven 16 péoo Tol elBUypaupov Tufuatos AB, TéTe 84 elvan K(# A —j-z-—) =
5
=k ( 8 ~2~) kol &mé 16 mpdhTo Bechpnua TV Siapéowy oTé Tplywvo MAB mpoxu-

T dm (MK)? = % _(A_f).’. AN (AB) = V7, dmére (MK)*=1, Snhabf (MK)=1.

5
"Apa 16 M dvriker of kUKAo pé kévTpo K( 1,7) kal &xktiva a=1. *Eto1 ol AUgeis Tiis (1

Exouv elkéves T& onuela altol ToU kUkAou, & dmolos Exel EElowan

|z—(l+% i )|= 1.
5. Lt6 myadikd Eninedo Ppeite 16 olvolo tdv cikdvev v piyadikdv aplpdv z, nod elvar
Abeerg tod ovotfiparog:

3
lz—2+1i| < o lz—4—i| > 2

Abon: Z76 oxfipa 11 Blvouue TH yewpetpixy elxéva Tfis AUoews ToU TpoPAfjuaTos. *Agr-
voupe yi& Goxnon TH SikaoAdynon T&v &moTeAeopdTov.

3.3. "Aoxfjoeig

1. AgiGte 6m 1 £5iowon tof kOkhov |z2—z,| = a naipver 7 popen

27 = 2Re(z 7o) +a’—|z,*
. 2716 piyabikd EwimeSo mAvoTe THv lowan |[z—243i| = 5.
. BpeiTe T& onuela ToU wyabikel miméSou, yi& 14 dmoia elvan  |z—i| = |2+ 2|.
. Bpeite T& onpeia ToU miyadikol Emmibou, yik T& émoix elven  |z—2| < |z].

W o w N

- 276 piyadiké trrimeo Ppelte 16 oUvoo TGV elkbveov TEV piyadik@y, moU radnfedouy
Thv [2—1| < |24-1].

24
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6. "Av elvan |z—8| = 2|z—2|, z e C, Beifte &1 8& elven [z| = 4.

7. “Av |z] = 3, Ppeite T& onueia ToU pryadikoU Emmédov, wou elven elkdves TGV wyabikdv

@ -2z, B 1=z (n) 3e-1.

8. Bpsite dhous Tous pryadikous &piBpols, y1& Tous dmolous elvan: 3 < [z +i|<4.

I 4.1.

9. Bpeite dhous Tous wiyaBikous dpiBuous, yid Tous omolous elvan: [a—l|* + |z 412 =

10. Bpeite Tols piyabikovs z, ol dmolot éwainfelouv ouyypdvws Tis Eiohaels

‘ z—12
| z—8i

=— «kal

5 —4

| =1

3

4. NOAIKEZ EYNTETATMENEZ MIFTAAIKQY APIOMOY

4.1. ‘Opropdg

YAs Tépoups T6 piyadikd &pibud z=a--Pi#0 kal T SavvopaTikh Tou
&xrlva OM (Zx. 12). Elven |[OM| = Va@£pi=p.

¥

BlOf) Mla,B8)

MyleyBy)

Ala0)

’

¥

Ix. 12

“Ohot ol pryadikof, ToU of elkdves Tous elvan onueia Tob kikhou (0,p), Exouv T6
1810 pétpo pé Tov z. Nk vk Tpoodioplooupe Aoimdy 1 yewpeTpixy eikdva Tou z,
Bév elvan dpxeTd TS péTpo Tou. "Av Buws Eépoupe padi pé Té uétpo p kal TH ywvia
8 €[0,2m) Tou oynuaTiler & Betikds AudEovas Ox pé T SiavuouaTikn dxtiva

534 ToU z, TéTe ) elkdva M(a,B) ToU z kafopifeTan TATpws &mé T Lelyos (p,9).
Elvon pavepd (Zx. 12) &mi T& oroiyela. Tév feuydv (o,p) xai (p,8) ouvbtov-

Tai pé Tis oyxéoes:
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I4.2.

b= VTP
ey
ouvh = .. kol nud = )—p—w , 0<8<2m
Vo i pt Vi p

"Amé Tis axtoes (1) PeparwvopacTe &1, dtav Sofouv T& a kal P, TpooSio-
pifovtan povoonpavta T& p kail 8 kai dvtioTpoga.

"Apa kabe pryadikog apibpog (a,p) + (0,0) propel va dprotel kai pé 16 (eb-
Y05 (p,8).

Tda grouyeia toi Ledyovs (0,0) dvopdlorvrar molikés ovvietaypéves rod -
yadixot apilpod z=a-+pi. Eidixdreon v o ovopdlerar (6mes Eépoupe) pétpo
1ol z xal 16  mpwtetov dpropa (Argument) tod z xal ovufloiilerar Argz=>0(1).

To wyadikd &pibud z = a+Pi, éktds &mwo 16 LeUyos (p,0) ol PBpiokouue
&md Tis (1), Tév Tpoodiopife kai k&Be LeUyos (p, & + 2xm), keZ. M’ alTd Ka-
B yovia anod tig 0+2kn, k € Z ovopalerar GTAdS dpropa 1o pryadikod apiOpod
z xaf oupPohileTon argz.

4.2, Hopadelyparta
1. Z7é oy. 13 galvetar éT1 y1& 16 pryadikd &pibpé z, = 2+ 2i elvar (py,8,) = (2 \/2—,;)

— s -
fi yevikéTepa (2‘/2, xm+ 7 ). k €Z. "Opoia y1& Tév 2;=—1+1V3 elvan (py,0,)=

2 2
= ( 2, TTT) fi yevikotepa  (pg,8,) = (2.2:(1:—;-—31-), keZ. Tis Tipés T&V p kal & pwwo-

poucape guoikd vé Tis Umohoyigoupe xal &md ToUs TUTous (1) THs Tapaypagou 4.1.

v y
] (S —— =y 2
. SRR '
ﬁ |
) 1
1\ »z2 | o g
I \R= ’ e
| . P e (7T
! 2 E x* 23 3;\0 zq x
x/ j o 12 x
z4
¥, v
Iyx. 13 Iy. 14

2. Ol wyabikoi &piBuoi z, = (1,0), z, = (0,1), 23 = (—1,0) kai z; = (0,—1) Exouv kowd ué-
Tpo p=1 xai dvrioToixa mpwrebovta dpiopara Argz, = Arg(l1+0i) =0, Argz, =
3
= Arg (0+D)=— Argz, =7 xal Argz, = 323 Gx. 14).

1. Zmy Piphoypagia pepixés gopés s Argz Becopeiten ) ywvia @ pé 8 € (—m,m].

26
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I'S.1.

3. Ol Twohikés ouvTeTaypéves Tou wyadikol &pibpol z = 1—i V'3 elvan:
elkoha &mwé  Té

@) p=VI+3=2 «al [3)6:5%. ‘H twh 8="3 Pploxetan

. 1 NF
ovuoTnua ouvl = 7 nué = — =53 8 € [0,2T).

4
4. "Av ol Tmohixés ouvTeTayubves Tou &pibuol z = a4 Bi elvan (2 ' T), Té1e PhlovTas
s 4
oToUs TUTous (1) Tiis wapaypheou 4.1 \/u3+ﬁ5 =2 xal 6 = % Bplokoupe 611 & wi-

yabikds alrés &pibuds elver & 7z = —1—iV3,

4.3. ’Aoxvoerg

1. Bpeite Tis ToAikés ouvTeTayuéves (p,8) TAV wiyabikdv dpiBuddv:

2, = 3+0i ) 2, = 343 ; 25 = (0,3),
2, =(-33) . 7 = (=3,0) . 7y = —3-3i
2, = (0,~3) , zg = (3,=3).

2. Tpéyte ot popen z = a+Pi Tols myabikols &piBuols
™ = 5 3w
n=(2%) n=emw n=(vi.F) «=(17)
kal &meikovioTe Tous yewueTpik& oTé Emimebo Tou Gauss.

z
3. Bpeite Tis mohikés ouvTeTaypéves TV wyabikdv &pibudv z,.z, kal z_l' Gv elvat
2

:,=(3,%) xal 23 = (2%)

5. TPITANOMETPIKH MOP®H MITAAIKOY APIOMOY

5.1. ‘Opiopol xal Bewpripata

EiSaue mponyoupévess &1, &v (p,0) elvoan of Trohikés ouvTeTaryuéves TOU Wi
yabikoU z = a+Pi # 0, téte 0& elvan:

= Wl T BV ad = o = ool Sonipp
p o?4-p%, ou Vg xaf nu Vu’-}—ﬂz )
pt 0 < 0<2rw
*ATd Tis oxéoels aUTés Taipvouue:
a=povvd xai B=pnub,
27
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I5.1.

éméTe & myadikds z = a--Pi walpver TH popery:

z=p(ouwb+inud), pé

0<6<2m, p=V o+ P
‘H popof| adti Aéyetor tpry@vopetpiki] popei) tod miyadikod a--Pi.

Quoikd dvti y1d 16 TpwTeUov Spioua B prropoUpe v Tépoupe O6ToI08N-
ToTte &AAo Spioua Tiis popefis 642k, k € Z.

Anhadh:

@

a+Ppi = p(ouwd+inud) = plouww(8+2km)+inu (8+2xm)], k € Z,
bmov p= V@ FP* kai ©e[0,2m) ut

(©)]
auvl = % kal nué = E

"Omos gaivetan &md 16 ox. 15, yi& 16 piyadikd z = 141 elvan
: 5 T i, T
z=14i=v2 (UUVT*F”]H E)

=2 (aw(2xw+%)+inu(2xﬂ+ %)). ke Z.

y

e e 1

ol :
x 1o

Zyx. 15
‘H TprywvoueTpiks] wopen Tév wyadikdv &pifudv Ponbéer o1éd vé &vTiper

TwTigoupe TOAAG TrpoPAfjuaTa kal v Bdoouue yewpeTpikT) punveia of TOAAG
fecopnTikG cuuTepdopaTa.

O Bdooups duéows TaPaKATW pEPIKG Xphoiua BewpripaTa.

Qewpnua 10. Avd pryadixoi pibuoi z, = p, (auvl, +inpd,) xai
z, = py (ouvd, + inub,) elvar foo, Gtav xai pove Grav

pr=1pp 0,—0, =2kn, xeZ

'AnédeiEn. 'AgoU ) z, =z, ouvemdyetan 8Tt p; owd, = p,ouvl, kal
pinub,=panub,, ToTE 8& elven p?(ouv?h,+npd,) = p(ouv,+-np2e,), oméTe
p1=ps- “Apx ouv=ouvd, kai nub,=nub,, omoTe 6,=2kT+6, fi 6,—6, = 2xm.
28
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IS1

Oewpnua 20. Té yivopeve dbo pryadikdv apbpdv clvan Evag myadikog apOpée
mo0 ExeL pétpo 16 yYivépeve 1@V pitpwv tovg Kai dpropa 6 GOporopa tdv
opropdtov Toug.

‘Anddaitn. "Av z,=p, (ouvB,+inub,) kal z, = p, (Cuvbyt-inub,),

EXOUHE: 2,2y = pypyl (OUVE,0uvB,—n i Mu8y) +i (ouvB nub, + 16 ouvey)).

“Apas: a7 = papa (OUV(8,-+8,) +inu(®,+6) | 4)
"Emarywyiké Sel§te OTi: TAV Zo = Py (ouvl, +inpd,), x = 1,2,...,v, tbte :
7y Tge o By = PraPye Py [OOV(0 40,4+ .. +0,)+inp(8, +0,+...+0,)] (5)

“Av elvan p,=p,=...=p,=pkal 6, =8, = ...=0,=0, 1o1€ 2,)=2,=...=2,=
= p (oub+inud) xal f oxéon (5) yiverau:

[ 2 = (p(owo+inue)) = p* (ow(v0) +inu(v)) | ©)

*H (6) uds elvan prioiun TapokdTw kal dvapépetar aav Ocopnpa De Moivre.
*Aueon ouveneix Tis oytoews (5) elvan kai f) yvwoTd] pog iB16TNTa TOU pETpOY
TOU yivouévou TToAAGY pryaBik@y apifpddv, BnAadm

[ 1zze 2 =1l -zl 124l ©)

*Attd Th oyfon (5) PAémoupe &kdun OTi:

O

2xmr4-Arg(zy 2y - . .2,) = Arg z,+Argz, + ... +Argz,, ®

8Tou k kaTdAANAos dxépaios apifuds

Oewpnua 3o0. 'O avtictpogog ivig pryadiked apbpod z£0 Exer pétpo 19 &v-
tictpopo tob pétpov Tov kai Bpropa to GvtiBeto tol dpiopatég tou.

*An68eiEn. “Av z =p (ouvl + inub), p#0, elvan Bvas pryadixos dpibuds, ToTe B&

S : 5 [ oyl - T

z  plowbtinu8) p owH4nuH

= 1F(cruue—im..lﬁ) = H;— [ouwv(—8) +inu(—9)].

elven

Oewpnpa 4o. Té nnyhike 800 myadikdv apbpdv eivar Evag myadikdg apro-
poc oo Exer pétpo 16 hoyo v pétpav tovg Kai Spiopa i Sagopd Tdv dpi-
opdtav tovs. AnAadn:

z, = p; (ouvl; + inudy) Fey

P1 ;
= L [quv(B,—8,) +inu(6,—8.
7y = py (oW, inuy) #0 | Z  Pe [ouv(8,—8,) +inu(8;—6,)]

1. Tpégoupe 2kTr-+Arg (2,.%,. ..2,), yraTi elvan gavepd &11 16 &fpoicua a1é P’ uéhos
Tiis (8) urmopel va& pfv dvrker o6 [0,2).

29
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IS.2
A 1 :
Mpdeyparti: _Z,l_ =gyl = [pl(cuuel+myel)][P—(wv(—ﬁ,)+mu(—62) =
2 2

= oL [ou(9,-8,) +inu(®,-8,)].
Népropa: loyver (ouvB+inud)—* = ouv(—vB) +inu(—ve), v e N.

5.2. Napadelypara—Epappoyéc

1. Ipayrte 16 piyadié aplpo z = V3+i o TPLYOVOUETPIKT HOPPT.
Aven: Elvar @ = V3] B=1 kal &pa p= V3+1 =2.

o V3 T
Emiong ouvd = . kal npd = = ué 0O <2,

5 = - . ™
ano Tis omwoles maipvoupe  § = %5

"Eton elvan \/?-H =i2 (uuu% +i nu% ) 3
2. To ido i@ t6 z = —2—2i.
Avon: Elvar a=-2 kal P=—2xal &pa p= Vi pt = 2V73,
8 = . ) i nud (- L £ 0B <2
lJ’\.l\-F——?‘\/?ﬁ—2 Kmnu_-—z‘/z_-——z.u <6 <2m.
S
'ATS Tis Teheutaies Taipvouue § = I Sdmore
. o= S5 . S
—2-2i =2V2 (auvT +inu *-4—)

11 1irn
3. Ipayre t0 piyadiko apiBpudé z = 4 (uuv —; + i'il-'-_(,') ati] popei a+pPi.

Aben: Elvan p =4 kai 6 =——, &pa

c::‘la-w“T":f;.%:Z\/f‘ kai p=4np I{Tn': ( - '%‘) =—2, émote
z=2Vv3.2i.
4. Bpeite ta tSayopeva v npaScov:
6(oww20°+inu20)
1/3 (owv 40° + inud40")

1
a) 6(ouv20° | inu20°) . 3~ (owv 40° + inu 40°) B
Aven:
1
o) 6(Wv20°+ir|u20‘).T (ouvd0"+inud0°) = 2(ouv(20°+ 40°) 4 inu(20° + 407)) =
T, V3 =
= 2(ow60°+inué0*) = 2 (7+17) =1+iv7.

6(auv20” | inp20" 2 ayips o
B) Tg‘mmﬁgﬁ:18(Wu(20"—40°)+111|.l(20°—40“))=lB(cuv(—ZO )+ inu(=207))

= 18 (owv20° — inu20°).
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5. N6 broloyietel | napaoraon (\/_ 1/1 )

Adon: Mpdgoupe 16 piyadikd &pibuéd z = ........-"2+ i_\éz.gd ot TPIYWVOUETPIKT HopeT) .

Elvaip = ‘,{ J.— = V'Z kal, &gpol 16 onpeio (‘\’/_ \/—) qvfiket oTd (I) TeTapTn-

_1

o

uépw, fouvd = Biver 0 = 1 (TpwTelov Spropa) *Apa:

2
+1\/- vZ (wu%-f-jnu-'—;-). *ATé 16 Gedpnua De Moivre Pplokoupe:

(gjk i‘/z_s) {. (wr;— + inu‘g_)]’ ={(VZy '(°”"7' % Finy 7%) -

== SVf(ouv% - im.rg-) —

Vi .
8'\/?(_21“ e ._.bzl)=4‘\/2 +4]\/€.

(o)
V3—ip

Abon: 'Amé 16 TponyolUuevo mapdderypa Exouue (\/2 +1ﬁ) =8vV2Z (Uw% 4

.oom
+inu ?).
Bplokoupe Tdpa THY TprywvopeTpiks] popef] Tol V3—i. KaTd T& yvwoTtd Exoupe

i 11 11
ViLi=2 (awT" +inu—g"), émére

6. Na arhoroinBel 16 xhdopa :

1
= 25, (W\’%r +inu IT“') = 8 (ouv270° + inu270°). "Apa

(£+1\/26 ) 8vTiow60e+ inu6o?)
Y T 8(ouwv270°+4inu270°)

= V2 (ouv(60°-270%) +inu(60°—270°))

= VT (ouw(=210%) +inu(—210)) = \/zT( . . ) = ‘/_;+ .__‘/2_

7. Teopetpixi) naphotacn tod yivopévou z,.z, kai tob tnkixov -:T* v myahikdy  apbpdv
7, = p, (ovvd, +inpd)) wai z; = py(ovvd; +inpby) pé pip, #0.
a) Elvan z,.2, = py.p, (owv(8,48;) + inu(8,+6,)).
Ztpépoupe TN wi& &mwé Tis SravuonaTikés dxTives 6?-1,. 6’&13 (Zx. 16) 1&v z; xof 2, foTw
Thv 6&, katd ywvia fon pé 16 Arg 2, xal mévw o1é gopta Ths TEAkTs dxTivas Talpvouue
onueio M, doTe va elvan |6$4\ = p,Pa. TS onueio alrd M elvar gavepd 811 dpiler Tr Savu-
ouaTikf dxTiva -6;1 ToU piyabikoU z,.%,.

B) Ztpépoupe TN BiavvouaTikn dxtiva Eﬁ, ToU Sicpetéou 2z, (IX. 17) xatd yowvia fon

31

WniomoBnke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkrg



I 5.3.

—
ué Té6 —Arge, kal dmws mponyouptvws Bplokoupe T6 anueio M pé |OM| = 1;1 'Emreibe
1

M{Zq-Zg)

MalZg)
MylZq)
x' (1] o x
¥
Ix. 16 Iy, 17
elvan Zi _ P2 (guv(8,~9)) +inu(8,~8), yiveton gavepd 8T Té onueio M, dmwws Pptdn-

Zy P1

; W g T Z3
ke, Oplfer T SiavuopaTikn dxtiva OM ToU mnAikou 7

8. Na& dnoloyiotoby oi tpryevopetpikoi aplpoi tod tofouv 30, dv yvopilovpe 100G TPIYCVORETPI-
Kob5 apdpov; tob togov 0.
Aben: "Atd 16 Behpnua De Moivre Exoups ouv(vd)+inu(ve) = (ouvd+inud)*, ve N (1)
N& v =31 (1) yiverai ow38 + inu3d = (cuvd+inud)?, BnAadn
ouv39+inulds = ouv's L Jiouv?dnud—3ouvBnub—inu'® kal ouvemrds
guv3d = ouv'8—3ouvdnud = ouv'd—3ouvd(l—ouv?8) = 4ouve—3ouvd kal
nu39 = 3ouwInud—nu®e = 3(1-Nu*B)nue—nu’e = 3nub—4nu’e.

5.3. Aoxvceig

1. N& ypagolv of TprywvousTpik poper of wyadikol &pifuol:

1

V3 = s,
7_—231, 242Vv3i, -Vt

2, Acifte 8T TS Bebpnua De Moivre
(p (owwB+inud)) ¥ = p*(ouv(vd) +inu(v8)) loxle kal dtav ve (..., -3,-2,-1}
3. N& &mobeifete é11
) (1/734+i)“'-' = 2150,
v4-2 v+2

2 . v . : Cha .
B) (4D +(1-i)*=2 * auw 3 VEN, Y) (L+i)*—(1-)*=i2 * nu—7, veN
8) (ouvB--inud) 4 (ouvB +-inud) ~*=2auv(v), (ouvlinud) —(ouvl-inud)—=2inu(ve).

4. N& kgphoete T& ouv58 xal nuS8 odv moAvdvupa TdY ouvd kal nud dvtioToixa.

1 1
5. "Av z = ouvf+-inub, Beifte &1 2ouvh =z4 — xad 2inud = z—— .
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I 6.1.

6. PIZEZ TON MITAAIKQN APIOMQON

6.1. “Opiopéc—Oewpnpa

‘Opiopds. Nweti pila £vog myadikod apiBpod & = a+Pi elvor xdBe pryadi-
koG apibpog z = x+yi pé iy ihdtnTa

(x+yi)" = a+pi.

O& deloupe, pé T6 Becdpnua oU dxohouBel, 11 kdBe pf pndevikds pryadikds

G&p1Bpds € Exer v dkpiPds SiapopeTikés peTagU Tous vioaTés piles.

Oewpnua: "Av E=p (ovv0+inpd) sivar Evag myodikog apibpoc pé p£0, tote ol
pryadikoi apibpoi

Ze = \v/_P tru-.'EH-‘,zm‘t +inp e+:’m » k=0,12,...,v—1

elvan Srepoperikoi petafd tovg kai elvar oi povor mod énaknleiovv tiv Eficwen
z¥=E.
*AndderEn: O& £Eetdoouns &pyikd &v Umépyel pryadikds &pibuds
z = r(ouvw+inuew), Tou vé elvan viootn pifa Tou § = p(ouvd{-inud).
Né& va oupPaiver odrd, Tpémer va ioyve
p(owd+inpd) = [rlouwww-+inpw)]¥ = r'low(vw)+inp(vew)) (1), Bniabdi

Wi,
p=r"«kai voo=0+4+2km, keZ f| r = 4/p xai m:eiv?ﬂ, kelZ
v
“Apa z= Vp (qu6+5kﬂ + inp 9+3K'n‘), kelZ (2.

‘H (2) pavepcover v Umapén ToU z, dnA. wds viooTis pilas Tou E.

O& beffoups Tpx 611 1) (2) yid k=0,1,2,...,v—1 Bivat v BiaxpopeTikég
Tipgs TRjs viooThs pifos Tou § pé §40-+01, Tis omoles 6 dvoudlovpe viooTés
piles Tou § kai B& Tis oupPoAiloupe:

. 0+2 042
2= Vp (ouv T it ) k=012...,v—1 @
Z1h ouvéxelx 0& Seifoups 8T yid omoicSnmoTe &AAN Tipd Tol ke Z & zc 8&
oupmitrrer pé pla &md Tis Tipés 2, 21,2, . - -, 24—y TIOU Sivel & TUmos (3).

Mpdyport: i) *Av fitav 2, =z, A, p € Z, A#p kal 0<<A, u<v, TéTE O Emrpe-
8+2AT 8- 2um
T N
Efven Spws 0 <|A—p| <v xai &mopéveas 0<|pv| <v, 8nA. 0<|p| <1, Té dmoio &l-

vau &rotro, yioTi Sév Umdpyel p e Z pé 0<|p| <.
"Apa za # z, y1& Sha Té A, ue{0,1,2,...,v—1}, Snhad1 of v Twés THs (3)
elvon BropopeTikés petal Tous.

e v& elvan =2pm, peZ, Bnhadf A—u=pv, pel
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I6.2.

i) NdkeZ uéx¢{0,1,2,..., v—I1}, 8nhadn yi& k>v | k<0 86 Exoupe:
k=Av+v, AeZ xai ve{0,1,2..., v—1}, émdTe

z="Vp W"H‘? <t inu iﬂi\?ﬂ]

= Vp|ow 9+20\:+U)w +iﬂue+2(?\:+u)j J

= \/S[cw (2?\Tr+—e-j—~3£)+inu(27\w+ 9t )]

= |

B o 2T L S 9*\}2"“} ut ue0,1,2,..., v—1}.

v
"Apat &z ouptrimTel pé & &md Tis Tipés ToU Sivel & TUTTOS 3):
"Eton BefSope 61 Umdpyouv v dxpiPéds SiagopeTikol peTall Tous piyoSikol zZ
oi omoiol émanfevouv Ty z¥ = § =p (ouv@+inud), Stav p # 0.

Téhos, &maidny 6Aot of z., k =0,1,2,...,v—1 elvan BipopeTikol peTafy Tous,
B& Exouv kod SiapopeTikés eixdves, STav dmeikovioTolv oTé wiyodikéd EmrimeSo.
AUTé 8 gavel oTd Trapadelypata 1 kai 2. roU dxoAcuBolv.

6.2. ITapadeiypara—"Epappoyés
1. Bpeite tig tpeis wupikég pilec 100 —I1+ /3 i

Aven: Oépvoupe dpyxikk Tév —14-4/31 of TprywvoueTpiky poper.
Elvar —144/31i =2 (owl20° + inul20°) wof TéTe

3
= 120° % : °+360°
2 = V| ow( IR i (ROAION] g1
3 . 3_
2, = VT (owd0® + inud0), 2, = V7 (oww 160°+iny 160°) ,

Tx. 18 Sx. 19
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I 6.2.

3
Z, = V2 (owv280° 4 inu280°)
Mewpetpiké of kuPikés pifes wou Pprikape &mrekovifovton oTls kopugts iodTAsupoy Tpryd-
3
vou byyeypapuévou of xixho dxtivas V2 pé mpdTn Kopugn Té M, oy (OA/,\OM“)=4U° 2
x. 18).

. Na napactijoete yemperpikd tig viootég pileg 1o pvyadikod Gpibpod z = p (ovvd+inud).
Abon: Ol viootés piles ToU z Sivovrar &mwd Tév TUTO

v
= ‘/;[Gu"‘#ﬂr b i"lﬂe+m] , k=0,1,2,...,(v—1), kad elvan
e B
=vp (cruvT—!—mu "3_‘)’
v 5 2
=T 2 s (34 2)),

L e perze)

o= Vo 50 (£ 2050

Maparnpolpe d11 SAes ol vieotés piles ToU z Exouv T iB10 pétpo, Bnhad [z,.] = Vo
8 2w
kal Spropa TéTolo, doTe &wd KaToIa &pYIKT TIUM == v& avdver Braboyikd koTd e

"Omros elape kal mponyoUpeva of pryadikol abrof &pibuol z, &mekovifovTan of onpeia

v
Tol pryadikol EmimeSou, wou elvar onueia Tod kikhou (O, Vp). (Zx. 19).
3. N tmlvBel 1) éSicwon z* = —64i
"Exidvon: “Exous 28 = —64i = 64(—i) = 64 [auv( — o) Hinu ( = 325)] .

SméTe maipvoupe:

3 —%+21<1r - l;—+2:<~:r
=V 3 + inw 3 o k=012
™ : ™ L |
M& x = 0 elven: zaz4(cuv—6——mu€)_ ( 1._2_)|
™ Lo
yik k =1 elvan: z, =4 (va g nk— ) =4 (0+i) =4,

yi& k=2 elvon: z, =4 u’uv-— + inp— o =4 —ﬁ—i.—{—- 4
6 2 2

TMaepatiipnon: K&be éElowon Tiis popefis 2¥ = «, dmouv a e C, a#0 kal ve N dvopdletan
Sudvopn EEicwen kai EmiAderan pé TH Poribeix ToU BewpriuaTos Ths Tapaypdgou 6.1. yik
Tév Umohoyiopd T&Y v vicoTdy pifdv TéY pryabikédy &pibudv.

4. Né émhvBel i &iowon: 25 = —V3+i.
"Exihvon:Tlp@Ta yp&goupe Tév —V 31 of TprywvopeTpikt) popef.
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I63.

*Eto Eyoupe: %= —V3 i =2 (owv 150°4inul150%), &mére of piges elven

s ¥
. 150° 360" . 150°4-360°
i = VT (ow PEERN 4 inu 2 TRE), = 01234
3 _ea3 1
7, = VZ (ouv30°+inu30°) = V2 (—2— +1i. T)
5
(. 150°4360° . = 150°+360°
7, = V32 (ouv 45"3 + inu L z ) KT,

5. Na tmivdel 1 2Eiomon: z¥ = 1 (1) (Nwotig pileg tiig povadag).
*Enikven: “Exoupe z¥ = 1.(ow0°+inp0d%), omwdoTe of v piles elven

2

042kt . I0+2m'r N 2T . 4
= + inp 5 ) =ouyT = + inpi—, x=0,1,2,...,v-1

v
T \/l—(o'uv 7

Oi v adrés pifes Tis (1) AéyovTat xal viootég pileg tiic povadas.

= 2xmw . 2k ?m . 2wm\k
Maparnpolpe &T1 2, = oWV — -+ine S (UWT +inp ) Ve 0,1,2,...,v-1
2-rr+. 2 1__(0 21T+i E)‘_zg
oméTe 2, = 1, z; =owv -~ T IMH—, T L kS =%,
I3 = Z!S' 4= LYl =2 V-1,
“Apa ol vieotig pileg tiig povadag givan oi:
2n 2n
1, 2y 4% 2o sl MEZy =00V +inp N

Mé v=3, Exouue Tis xuPikés plZes Tfis wovédas Trou elvar:
o . 2w L. M3 ) i B
%=1 zl=cuv?+lfw‘§ =*7+1—§.ls=21=-"§‘—1T-

01 kupikés piles Tiis novadas, &v &mreovigTolv oTév KUKAo (0,1), elvan kopugés {odmrAsy-
pov Tplydvou.

6.3. *Aounoeig

1. N& #miAuBodv o6 C ol Efiodass.
o) 22=8, P)2#=2+2 y)#+64=0, 8 2*= 14+ivV3, € 25+64i=0 xal
oT) 3x6+24x* =0

2. Asfte &m1 Tis plles Tis tEiodosws (142)2Y + (1-2)*Y = 0 pas Tis dlver & Tumos:

2x+1
z = ie@ K‘;; m, émou k= 0,1,2,...,(2v=1).

3. Né& &mewovioTouv oTé pyadié imimedo ol piles Tis tiodoews 28 =—V3+i
4. *Av 2,2, elvan ol pyodikés xuPikés piles Tfis povéados Seifte &mi:

o) z,2 =12, xkal 2% =12,

B) 142, +22=0 xal 1+4z+zt= 0,

¥) (1 422,432, . (1422,+32,) = 3

8) (1+42,—24)% = (12, + )"
5. Aelfre 11 & z = ouvB+inuB~£—1 ypdgeran Kai
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I 6.3.

_ 14
Tolxi’

ke R kardAAnios.

.\/._
6. Aeifte &7, & X, y,2€ R xal w = — %—I—i—-z—j » TOTE B elvan

o) (l—w) (1—w?) (I-w?) (1—w®) =9,
B) x*4 yi4-22—xy—yz—zx = (X+yw+z2w?) (x+ywi+zw), Kol
¥) Xy 20-3xyn = (x+y+2) (x+ oy o) (x+wty o).

7. "Av elvan w = — % +i¥ Beifte &1 TéTE B4 elvan:

a) o*+p* = (a+Pp) (aw+pw?) (aw+pPw)
B) (c+B+Y)® + (a+Pwt+yw)+ (a+pu?Fyw)® = 3(e®+ B+ v+ 6aPy).
8. Acifte 6T kde wd amwd Tl TapaoTages

2y = a+2p+2dy, 2z, = a+tz2*fp4zy, dwou z =

:1}%\{1, 8¢ petaPdiierar, v dvTi-

KaTaoTiooupe Tous o,PB,y pé ToUs a+A, P+A, Yy+A, Ae R dvrioToya.
9. Aeifte 6mi:
(1—z+2%) . (1—2+-z%) . (1-z%42%).. .(]—?."(_l + 22"y = 2%,
dmov k &pTics Quolkds kai z TuxoUoa KuPikn wryadikn pifa Tis povéSas.

10. *Av ve N kal z :i:‘ézi_ﬁ, BeifTe 611 ol povabikés TipEs TS MOPACTACEWS

K = 22¥42" elvan —1 kai 2.
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I7%

7. ZYNTOMH ANAKE®AAAIQZH

1. Té olvoro C={zlz=(xp), xR, P eR} pe

(0,8)) = (ay,B,) < 0, =0, xai B, =B,
(a,B)) + (05,8 = (0, +0,, B +B2)
(ay,By) - (25,B2) = (@,05—B, By @,By+asB))

elvon Té olvolo TéV piyaBikév dpifuddv.

2. Of wyodikol &pBuol wmopolv vék &meikovioTolv ot onuelar dvés Emime-
Bou (pryadikd émitedo).

3. Z16 wyadid &mimedo & wUkhos kévtpou (X,,y,) kal drrivas pétpou a Exel
&Elowon

lz—z,| = «, &mou z, = (x,,¥,) xa z=(xy).

4. "AMes ouvtetaypbves ToU wryadikou z= (o,B) #(0,0) elven of wohixés (p,0),

ﬂ g _p
&tov p = qu+ﬁz, GG[O,QTF) p.é ouvl= ‘\/&_Ll—_ﬁz kad Tll-‘e—,\/‘cmz'

5. Mé T4 Porjeix Té&Y oAk ouvTeTorypévey Tous of pryadikol dpiuol walp-
VOUV TTV TPIYWVOUETPIKT] TOUS HopgT

[ z = p(ovvl + inpd) l

MNé& ToUs wyadikols z = p(ouvl-+inud), z; = p; (ouvl;-+inuby),
z, = py (ouvB,+inud,) Ioyxuouv:

z, =z, <> py=p, Kai 0,—0, =2xn, keZ
Z, « Zy = Py Po [o0V (0,+0,)+inp(0,+0,)]

%1% =%L [ovv (0,—0,) + inu (0,—0,)], p,£0
3

1
1 = o [oov(—0,) +inu(—08,)l, p.70

Zy
z¥ = p" [ouv(vO)+inu(vB)], veN

6. Ké&Pe pfj undevikds wmyadikds piBuds € = p(ouvd+inpd) Exer v dxpiBdds
SiaqpopeTirés peTall Tous viooTés piles, Tis:

¥ 042k . 042kr
z.c=1/|)—(o'uv = I+n|u +v ), x=012,..., v—1
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I8
8. AZKHZEIZ TIA ENMANAAHWH

1. "Av 2z # —14-0i, Beifre &m1:-
z—1

a) &tav |z] =1, TéTe & &prBuds ST

elvan kebapés gavraoTivds, kai
—1
B) drav & &pmbuds _:I‘T slven koBapds povraeTikés, TéTE [z = 1.

2. Thé xéle ae R pé o1 Ppeite ToUs pryadikols z, mou EraAnfelouv Ty Eflcwon
ztajz+1]4i=0.

3. Né& xébe a0 Ppeite Tols wyadikols ol Erainfetouy Thv 2|z|—doaz+1+ia =0

4. ’EmAUoTe 16 olotnpa 234w =0

2. wt=1, &v ol z,w elvan pryadikol.

5. Adifte 61 @) 2,424 = |2,|+ (24, &V %:- > 0, 2,2, € C, xai

Z
B) lzi+2al = flzy1—l2,ll, &vﬁ <0 xal z,2,€C

6. AdEre &1t o) l2y—yl = [IZ:1—Ill, & 2> >0, 5,2, €C, Kol
]

%
— <0, 23,z C.
Zy

B) 23—y = |2+ |24, &v
7. "Amolhdviog Kixdog: “Av z, kol z, elven BeBopévor uryadixol &pifiuof, Ppeite 16 clvoro
T@dv onuelwv ToU wyadikoU EmmiSou, wol elvon elkdves THY wiyaBikdy z pé:
lz—2,| = A|z—2,] xad A 5 1.
Aei€e didpn dmi 16 wévrpo alrol ToU xUkhou elvan ) eixkdva TolU myoSixol

z;—A%z Az, —z
Z, = ll—k: kaf # &xriva Tov elvan a = ﬁ—

8. "Av [z—10| = 3|z—2| Beifte &M |z—1| = 3.

9. “Ymohoylore Tols X,y € R, woU ixavomololv Thv (x+2yi)? =xi

1
10. "Av |z|* = |z2—1|, Beifte &T1 Rez? = —

2 .
11. "Av z =x+yi, xyeR kol 2!4z41 =0, Té1e 84 elvan
Izl = z4+1| = 1.

12. Bpeite 16 pétpo kal Té Spropa 1ol wyabikol &pibuol

z = ouwva—inua + ouvB+inpd, 0<a<%

13. *Av |z4- 16| = 4|z 1|, Bei€te ém |z] = 4.

14. "Av z =x+yi, 27'= (a+pi)! + (a+yi)! pt af,ye R xaf
a+Bi, a+tyi &1 undevixof, Umohoylote Tis TipEs TéHY TapaoThoswy
i) x®4+y? i) (x—e)?+y® kai iii) Rez ouvaptfioer 1év a,p,y.

15. *Av z; = (z—) / (Bz—1), 1z #1/q, 0 < |a/<],
Beifte &n |z,| Z 1, &Taw, kad pdvo &rav, |z| Z 1.

16. "Av {?= 14128 (=E§E+in, z=x4yikad§ n, x,y€ R, Beifre &11:
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b EEF = ot + (ayr = 1
i) 26 = V(I —yBF+ax%y? + l4+x*—y?

20t = V(I Fx—y)i+4x%yT —1-—x* +y?

17. Aci€te 811 |2,—2,%+ |2, 2| = 2|22+ 2]2,|® xai Emerta BeifTe 11 y1& TUXSVTES MI-

yabikous z, kol z, 8& loyuer
- ‘\/za’r-z.‘ 14124 + ‘/la'—h'l = |23+ 24 + [25—Z4|

18. Acifre &11 ol elkdves TV Braxerpipéveov pyadikidv &piBudv z,,2,,2; 01d piyadiké Emimebo

7,2,
Bpioxovtan oé elBela ypauph, dtav kal pévo dtav ;‘1—;- =AeR.
1%

19. "Av yi& ToUs wyadikols &piBuols z, kal 2z, elvan |z, <1 kal |z,) <1, Beifte &Ti

|2—2g] < |1—2,2,].

20. *Av z,,z, elvan wyoBikol &piBuol xal A >0, BeifTe dm
1
ot 2t < 01zl + (145 ) Il

21. "Av ol &piBpol zy, 2,,...,2z, Ikavomoolv Thv dvigéTnTa

z,—i Zo—i
Iz,—j—i‘ z+1l+ z+1|<1'
TéTe 8& Ikavomololv kal THV
2yt 2+ ...+ 2 |<1
Zy+Zygt+ ...+ Z,+1i ’

22. Bpeite T4 dxdAovba &BpolouaTa:
Z=1+4+xowd+xPou28 + ...+ x"loww(v—1)8 «al
2 =xnud + x*nu20 + ... +x"Inp(v-1)8,
G xeR kal O0<b<m.
23. *Ymwohoylore T& dxdAouba &BpolopaTa.

3 = 14-vouvb+ Q ouv2é +‘:9:1+%-(-;:2)- ow 30 4 ..., kaf
=vnub + ( ) nu 26 + “‘”‘1"2‘_“;2) k38t

2 v LR
24. "Av w = ouwv '; +ITII-|—V-, veN xaf

A = x+yo tzat™ .. 1", x=0,1,2, ..., v-1, ¥ xX¥2...

uryadikols &piBpols, Seifte &T1:
[Aol® + 1A 4 .o+ A =Ix]® + [yI? + ... + IT%).

25. Acifte 11 & pryoBikds z = X+ yi pmopel v& ypagpTel ué TH popen

1At
lz] . [ T Fi——r 1+7\’] dmou Xy, A€ R.

26. Né& tmubst 1) §€lowon (z‘ 1)* = 16(ouva+inpe).z4, 0<u< —_

WnpiomoOnke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkrg

» T TUXOVTES



KEDPAANAIO 1l

AANATEBPIKEZ AOMEZXZ

1. Dipeheig mpageig

2. "Huiopdadeg-"Opadeg

3. AakToAiol

4, Twparta

5. Alavuoparikoi Xx@pol

6. ZOvroun avakepalaiwon

7. "Ackfoeig yia émavainyn

WniomoOnke amoé 1o votirouto EknmaiSeuTikrg MoAmkrg



WniomoBnke amoé 1o ivotirouto EknmaiSeuTikrig MoAmkrg



II 1.1.

AATEBPIKEX AOMEZX

St TponyoUueves TéEeis yvwploape Sidpopa oUvoha, Smws 16 olvoho N
TV Quoikdy dpiBpddy, Té olvolo R TV TporyuaTikGY &p1Budy, 16 alvoro V
ey BlavvopdTowy fuds EmméSou k.&. It oUvora aUTd efyaue Opioel Biagopes
Tpdeis, dmws Tpododeon ko ToramAaoicopd &pibudv, Tpocheon Biavuopua-
Teov kTA. EiSope dkdpa 611 of Sidgopes Trpdéeis o1d oUvora Ut elyav koiwés 1516-
TTes, 8Treos WY f) Tpdodeon oTé R kad f) wpdobean oté V fitav &vTipeTabeTi-
KéS, TTPOCETXIPITTIKES KTA.

MevnéTton Thpa TG dpcdTnua &v pmropolue vé Tafvopnioouue T4 Siagopa
oUvoha pé Péon Tis i10TNTes TGOV TPdEeov, pé Tis &roies elvan épodiaopéve,
kad &v w& Tétola Tafwounon 8& fitow ¥protun.

Mé& Ty &vmpetdomorn aUTol Tou Béparos 7 yvwoTh pos &ErcopaTie pé-
BoBos tpapudleTtan pé dmTuyic kol pdMoTa pé ToAAG OpEAn (Bviaia yAwoog,
tridvon padnuaTikéy TpoPAnudTwy, tpapuoyts of dAAes EmioTHueS KTA.). "ETon
ot v cUvoho B& Spiloupe Trpdtes, B4 BexdpooTe pepIK aEicopaTa kol 8& &ro-
Bevloupe yevikés i516TTes &ve€dpTnTes &md TH Quon TEV oToielwy ToU ou-
véAou.

316 kepdhaio oUTd B& yvwplooupe pepikés TETOIES Paoikes Tagwopnoss,
Trponyouutves Sucos B& peReTriooupE THY Evvoix Tii TrpdEecos oY, STrws dvagé-
pape kol TopaTdve, 6 poAos TN elven Paoikds.

1. AIMEAEIZ NPAZEIZ
1.1. ‘H évvoia tiig Siperodeg mpdEewg

Kowd yvbpiopa Tév Sidgopwy TpdEewv mou Exouus udder ot TpoTYoU-
peves T&Eeis, &mroos ). 1) Tpoodeon kai 6 ToAAaTAcoIaopSs &p1Buddy, T TTpdode-
on SiovuopdTwy, & EowTEPIKSS TroAAQTTACCIaouOs SlevuopdToov, O TToOAAQTTAC-
olaopds TpaypaTikoU &pifpol pé Sidvuoua, elvan &1 «ouvBéTouper BUo oTOl-
¥efa, ToU dvfikouv of BUo oUvoAa, kol Taipvoupe s &mroTéAeopa aUThs TS
ouvbéoews &kpIPGs Eva aTorysio Evds ouvdhou, T6 &mofo elvon Suvard vé elven
oo pé k&molo &mé T& BUo TponyoUpeva oUVoAQ.

St moMés Tpdas T dmoTéAeopa EapTdTan dmod T BidTadn TV oTOI-
yefeov TroU ouvBéToups, Emws K. OTHV G@aipEoT TPAYHOTIKEY &pifpddv T&
&moTehtopoTa x—y Kol y—x elvan yevikés SiagopeTiké. Elven dvéyxn Aormov vé
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II 1.1.

Becoprioouue 811 76 dmroTédeoua wds Tp&Eews TpoépyeTon dmmd Eva BiareTerypévo
Celryos. “Eton, yevikd, w&mpdén elvon i dredvion () évds guvdou SiorteTary-
pévov feuydv of Bva &Ao ouvolo.

Alvouue Thpa TV TapakdTw OpIoPd.

‘Opropdg 1. “Av A,B kol T elvon pry kevd olvoha, TéTe kéBe &mekdvion f Euds uf
kevoU Umroouvddou A Tol kapTeoiovol yivoutvou A X B otéd I dvouddetan
(Swpekng) mpagn &mrd 16 AXB o1 T
"IiaiTepo EvBiagpépov TTapouaidlouy ol dkdAoubes elbikés TepiTTTdOES TP&-

Eewov:

() A=B=T xai A= AxB. Tore f| wpd€n elven &mewdvion THs popeiis
f: AxA-=A

kai dvopdletan Eowtepkn wpatn 616 A.

MNé& 16 ouuPohioud was fowTepikfis TpdEews H& ¥pnoiuotroloUpe, dvtl yik
76 f, fva &mwd T& oUpBoAa ¥, o, -+, -. *ETol, YpnoigormoidvTas Té oUp-
Poho *, Thv eikdva (o)) ToU (x,P) €A X A 8& T oupPohiloupe pé
a* P kol 0& Ty dvoudloupe drotélespa Tiis EowTepikfis Tpdfews peTally
ToU o kai P.

Mé o « oy & 0y B& oupPoMZoupe TS (o +0p)#0y kol YeVIKS pE 4%, . . 5,
TO (O4yClpx . . . #0,_y )*CX,.

(i) B=T xai A=A x B. Tote f) pd€n elvan dmewdvion Tiis popefis
f: AxB—B

koi dvouddeTon $Ewtepiki) mpatn oté B.
Mé& 16 oupPolioud was &Ewtepixfis wpdtewss 0& ypnoipotrololpe, vt yi&
76 f, 16 oluPoro - (Erml). “Etor i eixdva f((a, x)) ToU (a,x) € A X B 8&
oupPoAileTon pé a-x kai 8& dvopddeTan drotéheopa THs ECcoTepikiis Tpd&Eecos
petafl Tou o e A xaf ToU x € B. Té& oroigsia ToU A dvoudlovtal teheotic.
T alré fy dxpiPéoTepn Svopaoia Tiis mpd€ecss auTiis elvon «Ecotepiky Trpd-
§n o160 B pé oUvoro TeAeoTdv TS Ax.

HNapadeiypata:

1. *H wpdofeon, f| dgaipeon kai & Tohlamhaciaouds elvan towTepikés wpdles o1é Z, yrarl
y1& k&t Brateraypivo Lelyos (X,¥) € ZX Z T& &moTeMéopoTa X4y, X—y, X.y aUTdv
Tév mpdecwv elvan dxépanor (uovootiuovTa dpioptvor).

2. *H fvwon U (&vT. ) Topn M) o6 Suvaostvolo & (A) tvds ouvbhou A elvan md EowTepi-
k| wpdEn o1é P (A).
3. ‘H mpdodeon oT1éd olvoro
A={v|veN xa v &pTios}
elvan wd towTepikh TpdEn oTéd A.

1. Mé 1év Spo aUTd Evvoolue «povoanuavtn &meikdvians.

44

WnepiomoOnke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkrg



II 1.2

4. ‘O moMamAaciaoubs TpayuaTikoU &pifuol pé Bibvuoua elvan wik Ecotepixf wpdn oTo
oUvoho T@v Siavuoudrtwy (Tol Emmédou) pé olvohe TeheoTdv T6 R.

5. “Eotw A = R xaf B = Rx R. Né& ké&be A € A xal (x,y) € B fy lodtnra A . (X,¥)=AxAy)
Spiler wmé &meikdvion

.:AxB - B,

oy elvan m& 2EwTepikd, mpdEn oté R X R pé olvodo TeheoTdv TS R.
*Extds &md abmh THY EEwTepikd) TpdEn oTé R x R pmopoiue vé dplooupe kal wék dowTe-
pixfy TpéEn 0TS olvoho auTéd pé TéV GkdhouBo Tpdmo:

Mé x&Be (X, ¥1), (Xu.¥s) € B(=R x R) | loétnTat
(X0 ¥1) + Fa¥e) = G+ ¥1+Y2)

opiler ula &maikdvion

+: BxB = B,
mou elven mi& towTepich) TpdEn oTé R X R (apaP. pé (2) Tis 1.2, Keg. ).

6. ‘O towTepikds ToMamAagioouds « oTé olvoho V Tédv BiavuopdTwy Tou Emimédou elvan
ula wp&€n THis Hopefis
«:VxV = R

yiarl 16 towTepikd yivdpuevo BUo Biavuoudrawv glvan, ds yvwaeTs, Evag TperypaTikds &p1d-
uds.

Elvor yveooTéd &1t t6 &Bpoioua BUo &punTikédy Trparyuamikéy &piudy eva
wéh Bvas dpunTikds TparypaTikds &pibuos. I adTé TO Adyo 8& Aépe 8T T oU-
voho T@v &pynTiKGY TpaypaTikd &piBudy elvon iAo Td ds Tpds TV Tp&En
Tfis TpooBioews oTd R.

*Etol Exoupe TOv dxdAoulo Spioud.

‘Opopds 2. "Av x elvan & towTepiks TpaEn of fva olvoho Zxod A Evax pr Kkevd
YrooUvolo ToU T, TéTe 8& Adpe 811 16 A elvan kheweté dg mpbg TRV mpaln x,
&tav kai pévo Stav yik k&e (af) e A X A 16 &motéAeopa oxP elvan
oToiyeio ToU A.

*Eto1 16 oUvoho T&Y dpymTikédy TrparyuaTikdy &piBudv Bév elvan kheioTo
G5 Tpds THY TP&EN Tiis dgouptoews oTé R, &pol i Bixgopd BUo &punTikdy
&pibudv Bty elven mévToTe &pynTixds, mess wx. (—3) — (—8) = +5
) Inueioon. It& bmépeva 8& &oxoAnBolpue pdvo ué EowTepixés kal EfwTepikés mwp&Eeis.
*Eweib uévo oty Teheutala Tap&ypago alrol Tol kepohalou & yenowomorfiooupe ™Y

fvvora Tiis EEwTepikfis Tp&Ees, Tis owTepikés Tpdears B& Tis Aépe &mAds wpages, STav Bév
Utrépxer kivBuvos ovyyUoees.

1.2. ’Eowrepirég mpdkelg oé ovvoda pé otoiyeia xAdoelg igo-
Suvapiag

*Atrd Teponyoupeves TéEeis elvan yvwoTd 8T kdde oxéon uéoa of Eva oUvolo
A (#¢), mou elvan dvorAaoTikd, ouppeTpikn kai peTaPoTiki, bvouddleTon oyé-
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on leoduvapiog oTé A kol cuuPohiletar ouvrfuws pé T aUpporo ~ (i =), ol
SioPadeTan «iooblvauon.
Anhad) yi& wé oxéon looduvapias ot A foxlouv:

(i) a~a yi& éha & aeA (dvehaoTixn 1816TnTa),
(i) a~Pp=Pp~a (ouupeTpiry i816TNTC),
(i) a~ P xad Bay=a~y (veTaPaTikf 1B16TnTa).

"E€&MAov -elven yvwoTé &1, dv @ € A, TS oUvoro SAwv TéY oToiyxelwy x
ToU A pé TV I818TNTa X ~ o dvopdleTon khaon igodvvapiag ToU a kai 8& cup-

PoAileTan pé «, SnAadn
~
a={x|xeA p¥ x~a
e s, i I3 3 3 o~ 13 =
Kdfe x e a B& dvopdleton QUTITTPOCWTIOS TTis KAGoews iocobuvapias a.
Elvon elikoho va BeiyTel 871 yi& Tis kAdoes looBuvapias loyUe

~~ -~
a~pwa=p

kal &7, &v SUo kAdoeis 8év elvan ioes, ToTE elven Eéva oUvola.

» . . 5 ¢ E P - 2 fed
As oupPoricoups Twpa pé K 16 olvoro SAwv TéV KAQOPATWY — pé

P
ap el kai P # 0, 5nAadn

K:{g- | apeZ ko [3#0}

TéTe 1) oxéon, woU opileTon ué TéV dxdAoubo TpoOTTO
a _ v _

ﬁ =8 <= ab BYI
elvan wd oyéon icoBuvauics o1é K kai elvan yvwoTd 6T 1 kKAGoTn [ooduvapiag
tvds oTorgiou Tol K dvoudleTan pntds dpibuds. *Etor T& GTOIXEIa TOU ouvdAou
Q T&v pnTév dpifudv elven kKAdoes icobuvapios.

Aivoupe Tpa drdua Bvar TapdBeryua cuveAoy pé oToixela kAdoels ioodu-
vapias, Tou 8& 16 Ypnowomoifiooups ouxvd o alTd 16 KeQAAQio.

Mapadevypa 1. "Av x,y € Z kai v € N, T6Te pé Tév drdAouBo TpdTTO

X =y (mod v) < x—y = dxépaio ToAAaTA&SI0 TOU v,

bpiCeton pia oxéon «= (mod v)» péoa o1é Z. Té x =y (mod v) SiaPdleran
«x {ooduvauo (fj icoUmdhormol) wé 16 y modulo v». *Etor 6 = —2 (mod 4),
apol 6—(—2) =8 =24 xai 3 = 42 (mod 13), &pol 3 — 42 = —39 = (—3)-13.

‘H oxton «=(mod v)» elvau oxéon ioobuvapias o1éd Z. TMpayparTi, elven

1. Narl, &v x=y (modv), TéTe ol Sraupéoers T@V X, y € T v Elvouv 16 1810 UmdAoiTro
kal dvrioTpoga (Keg. Il 1.3, mpor. 2),
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(i) &vorAaoTikd, ol yi& xéfe x € Z elven x = x(mod v), &poU x—x = 0=0"v,
(i) ovpuetpin, yiatl, & x =y (mod v), ToTe Umdpyer k € Z pé x—y =k-v,
&méTe y—x = (—k)v, ToU onpaiver é1i y = x (mod v), dgoU —k € Z,

(iii) peroPaTikn, yiati, &v x = y'(mod v) kai y = z (mod v), téte Umépyouv

dxéponon k; kel ky pé x—y =k;-v kad y—z =k, - v, OmoTe

x~2 = (x-3) + (53-2) = ky'v + kg - v = (ky + ky)v

kol &mopévers x = z (mod v), &epou (k,+ky) € Z.

Ot KAdwoeis iooduvaplas TGV oToiyelcov ToU Z ds Tpds TV TapaTdvw oxé-
on dvopdlovTtal kKhacsws droleoinov modulo v. “Etol ) kA&on UmoAcimov modulo
v ToU aeZ Tepiéyer SAous Tols dxépaious X, Yi& Tous dtrolous 1) Siapopd x—a el-
var &képaio TOAAXTTAGGIO TOU v, BnAadn

a={a+kv|keZ

‘H oyéon ioobuvapias « = (mod 3)» dpiler Tis dxdhoubes kKA&aels UroAoiTrou
modulo 3 o1o Z:
0={(3k| keZz},
T={3k+1| kez},
7={3k+2| keZ},
yiarl Té& Suvard bméhora Ths Sinpéoews Evds drépaiov pé 16 3 elven 0,1,2.
Té ouvoho Tév Kh&oewv Umrodofrou modulo v 8& T6 oupPorifouvpe pé Z,.

o Z,= {0, T, 2}.

3¢ TpomyoUpeves TéEers yvwploope towTepikés Tpdgels oTé @, oY oTfY
TpaypaTikéTnTa fiTav Tpdels peTafl kAdoewv icoBuvauics. *As SoUue Trdds
% kai y =—; dnuiovpyolv,
dTreds eiTape TTponyoupévws, Tous prToUs X xaod y *Av pé TH yvooTi wpéa&sm‘g

p&bope Ty Tpdobdeon oté Q. T& kAdopaTa x =

o6 oUvoho K Tév kAaoudTwy Tpoolicoupe BUo &vTiTpoawous TGV X kedy ¥,

Y. ToUs i 4 kad —;, Ppiokoupe dfpoioua z :—5_. Abo &Ahor &vTiTTpdowTToL

2 6
" e 2 . 3 30 .
TGV pTéY X xod y, Y. ol 7 x5, Sivouv &bporoua e 16 dmoio  dvi}-
Kel OTTV K?\d(cn’z\, 6:(p00% :% Té 6o oupPaiver xai pé omoloucdn TroTe

QVUTITIPOOOTTIOUS TGV PTGV X o ¥,
*As dvmipetwmicoups Topa TO B alTd yevikd. “Eotw A Eva olvolo,
o6 &mroio Exouv OploTel pi& fowTepikn] TP&EN + kol wik oxéon icobuvapias ~

“Av A elven 16 oUvoho TV KA&GEQY ioobuvapias T&v oToixelcv ToU A, TéTE
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Umépyouv Bidgopor Tpdtrot, yi& vé dpiotolv EowTepikés TpdEels 0TS A. *Emrei&n
kafe oToiyeio ToU A dmorersiTen &mé oToieiat ToU A, yewwibton TS EpcaTnua v
efvan Suvard vé dploTel EowTepix? TP&EN oTé 2 ué T PoriBerar Tiis TpdEecos x oTS
A. T& 16 okomd alird kéwoupe Tols £ ouAhoyiopols. “Av ?:‘, é\e #/\\Koti Tré&pou-
HEX € gmi Y€ é: TOTE TO AMOTEAEOPA X & y Gufikel of w& khdorn looBuvopies,
toTw TN ,}: Té Sépa Tdhpat glvan v lio &Ahor SuTipdowTTol X;, ¥, TEY KAGOEWY
o xad 3 évmioTolyws Sivouv drroTéAeoua X, £y, TS droio vk Gvrikel otV kKA&on ?

Elvon pavepd 811 y1d& v pmopel vé& SproTei md Tp&En oTd A ué T Ponbac Ts
TpGEecos «, ToU v& elven dveEdpTnTn &Td THY &Aooy TGV GQVTITPOCWTTWY TV

—~ ~
KAGoewy o ked B, mwpémrel Té droTehéopoTa X # ¥ Kad X, ¥; v& dunikouy TévTa
oThv & « khdon lcoBuvapias.
“E1m Sivoupe Tév dxdhouBo Spiopd.

‘Oprouids. Mi& oyéon looBuvapios ~ o1é A SvopdleTan cvpfiBasti ué Ty Eocw-

TEokn TRGEN * oTd A, &v kel pévo &v loxuer | ouverraywyt

g kel yvy = Xey) ~ (X4 7))

ZTfv TepiTTwon alTh wropolye vé dplooupe i towTepict) TpdEn oTd /A\,

moU 8& TH ouuPoliloupe étmions pé %, pé TOV dkdhoulo TPOTIO:
3 * E == u:[&

T &mduevo Becdpnua elven ypricipo, yik vé E\éyyoupe &v wi& oyéon iooSuva-
pios elvon oupPiBooTh pé pic Tpden.
Ozdpnpe. Mi& oyéon looBuvapias ~ of &va advoro A elvea ouupifaoTn pé mé

EocoTepikt) TPGEN & 0TS A, &v yi& kéBe a,B,y € A loyve

A~ P = (asy) ~ (Bry) xai (ysa) ~ (y » P) (¢))
"AmdderEn. “Ymwobétoupe 81 1) ouvBrikn (1) loyver. "Av a~a' kai B~P’, TéTe

Aoyw Tiis (1) Exouwe (o) ~ (o'+B) Kad (a'sP)~("*P") kad, dgpol 1) ~elven
vetaPaTikn oxéon, Exouus

(@ B) ~ (o' « B,
BnAadn f ~ elven oupPiPoacTh vé THY x.
TMapadeiypata:

2. "H oxton looduvapias «= (mod 3)» o16 Z lven ouuBiPactn pé Trv Tpdobeon oTd Z.
“ETor pmopotue vé dplooupe oTé Z, mpdoleon ut Tév dxéAoulo TPOTO :

"Av (’}'(\r ?)eZ,xZa, TéTe oUppwve pé Soa Exoule dvagéper Tponyouptvas £xoupe

~~ ~ ~~
X+y=x+y.
Té& dmoteMéopara Tiis wpdbews + oT6 Z; Slvovren oTéy Tiveka Toy oyfuatos 1.
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+|o|7]7 o T|Z
o0 Tz (0|00
T|T|2|0 T|0|T]?2
ABEE % 5 2|3

P3| Zx. 2

Té mpéTo ué?\osl).(\ ToU BiateTaypévou felyous 6(: '{f) qvayphgeTan oTHY TPWTN OTAAN
ToU Trivaka, dvd T 58\‘1T£p0? oThv TpwTnH oelp& Tou Tivaka kaf T &mwoTéAeopa x,-}\— y
o1 SaoTalpwan THs ypauufs, ol mepityer Té ;:, kal Tfis oThAns, woU mepiéyer 16?.
~~ —~~ -~~~

My. 24+1=0

3. ‘H oyéon looduvapias «= (mod 3)» o1é Z elvenr ouppifacts pé Tév ToAAamAaciaoud
oT1é Z.
Mrropoupe Aormdv vék dplooupe otéd Z; molhamAaciaopd pé Tév &xdroulo Tpdtro :
*Av (;;\, ?) €Z; X Z;, TOTE kKaTd T yvwoTd Eoupe

~~ _~~ ~
X=Xy
T& &moteddopara Tis mphews - o1é Z; Bivovran oTdv Tivaka ToU oxfipaTos 2.
"Etor w.)- 3 . ,2\=/1\
4. ‘H oyéon «=(mod 7)» o1 olvoro N eivan mé& oyxéon loobuvauias. *Av dpigoupe o1éd
N v mpdén = pé tév dxdAoudo TpdTO
a+ B = EKIT («,B),
TéTe 1) o}éon «= (mod T)» 8év elven oupPifacTth vé Ty mwpdEn *, yrori
2=9(mod7), 4 =11 (mod 7),
2+4=14 " 9«11 =99,
tvid TO 4 8év elvan iooBUvapo pé 16 99 modulo 7.

1.3. ’I816tnTeg TGV éowTepixdy npdEewy

Elven yveooTd 8T 1) wpdén Tiis mpoobéoecws oTé N elven dvmipeTadeTind ad
TpooeTalploTikf. Mé Tév TapokdTw Opioud yevikevoupe Tis Suo auTés 1510TNTES
yi& & dmoiadnroTte mP&EN.

‘Opiopdg 1. Mik pd€n o of éva oUvolo Z SvouddeTan
(i) avuperaleniki, &v kol pévo &v yi& kéle op € Z ioyve

(ii) mpooeraiprotiki), &v kai pévo &v yi&k xéle o,p,y € Z loxUe

[ (cop)oy=co@oy) |
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Mopadeiypata:
1. *H yvworh mp&én Tiis mpoodicews oTd oUvoro Q T&Y prTdv GprBpdv elven dvtipeTabe-
TiIKA, yiati yid kdde x, y € Q loyle

X+y=y+x
xai wpogeTaipioTikd, yiotl yik kdbe x,y, 2z € Q loyue
(x+y) +z2=x+ (y+2).

2. *H wpdfn Tiis dpoupéoecos oTé cUvoro R Bév elvan  dvmipetabetik, yiati Umdpyouv
X, ¥ € R 1éroia, doTe

X—y # y—x (mx. 8-3 # 3-8),
obte elvan TpooeTaipioTIk, yiaTi Umdpyour X,y,z € R Tétola, doTe
(x=y)—z # x— (y-2z) [mx 5-3)-1 #5-3-1)].
3. 'O woAhamhaoiaouds kot f) poodean owd R elvar wpdfes dvripeTadeTikés Ko TpogeETA1-
poTikés, dvid f) wpakn » 0TS R, o dpifetan pé Tév dxdAoubo Tpdmro

s B = lo-p| (@B eR),
elvan dvtiperadeTiky GAA& Sx1 TpogeTaipioTIK, (N& yiver &mwdbeign &mé ToUs pabnrés),

‘H yvwoth émpepioTikny i8i1d6TnTa ToU molAamAaciaouol s mpds THY
Tpéofeon 016 R yevikeUeTan pé TéV Tapoxdmw Splopd.
‘Opropds 2. "Av «, o elvon 800 péSers of Eva olvoro I, TOTE Adpe 811 ) mpdEn «
elvan
() and dpotepd Empeprotikiy dg npés thv 0, &v kal udvo v Y& kébe
B, y € Z loyia
[ csBov)=(asP)oary) |
(ii) ané Selua Empeponikn Gg mpds TV o, &v kai povo &v yik kéde
a, B, Yy €Z loyua
| Boy)sa=@ra)oysa) |
(iii) Zmpeponikf| dg npég iV 0, & kai udvo v elvon ouyypdves &To dpi-
oTep& kal &md Sefidk EmpepIoTIKA s TPds TV o, SnAadn yid xkdbe
a, B, y € Z loyua

[ ar®on)=(a:P)o(@sy) xal Boy)sa=(B:+No(yso) |

Efvan gavepd &, dtav #) wpiTn mpd€n + oTdv Tponyoluevo dpiopd elva
dvTipeTabeTike, of Tpsis Evvoles EmpeploTIKOTATAS THS % G5 mpds TV o elven
iooduvaypss.

INapadeiypara:

4. ‘O woMamAagiaouds elvar mpdén EmpepioTik s mpds TAV Tpdodeon oTé N, yar
(i) & moAhamAaciaouds elvan dvripetaderiki mpdEn otd N Kai
(ii) yi1& x&e «,f,y € N loyie

a B+y) =ap + ay
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‘H mpdobeon o1é N Sposs kv elvon mpdn tmipepioTikh s wpds TéV ToAAaTACTIaCHS,
yiarl Umépyouwv x,¥,z2 € N TéToia, doTe

X+ (y-2) # (x+y) - (x+2) [y 3+(2-1) # (34+2) - G+1)]
5. ‘H Toph N elvon TpdEn EmpeproTikd s Tpds THY Evewon U oTé Suvapoolvoio F(X) tvds
ouvéhou X, yiartl
(i) H Toun elven dvmipeTodeTiery wpdEn 0TS FP(X) xal
(ii) y1& k&8 A,B,I € F(X) toyia
AnBuD=(AnBUANT).
*Emions f fveon U evan mpdn EmpepioTike s Tpds ThY Toun N ot1é P(X).
6. Ttb otvoho R Bewpolpe T yvwoTh mp&En Tiis Tpoobioews + kal Tv Tpdén o, ToU opi-
Letan &mwd ThHY fodTnTa
Xoy=x¥y (x,y € R).
Tére
(i) y1& xé&be x,y,2 € R loxie
xo(y+z)=xt. (y+) =x*.y + x*z=(x0y) + (x032),
BnAabh f) o elvar &mé &pioTepd EmpepioTikd s mpds TV +,
(i) Umépyowv x,¥,z € R, y1& T& omoia ioyver
FH+D)ox=(y+2)P X #yx + Bx=(yox) + (zoX),
SnAaBh 1) o Bév elvan &mé Bebid EmpepioTik &5 wpds THY .

1.4. O08étepo otolyeio tg mpdg éowTepun) TEAEY
Mvepifoupe 8Tt o1d olvodo R & &piBuds 0 Exer v iBiéTnTa:

¥ xeR: x+0=04+x=x

kad yr' auTtd dvouddeTan oUbérepo oToIXElD g PSS THY mwpabn +.
MevikeovTas THV IB1I6TNTE oTr) £xoupe TOV &xdAoulo oplopo.

‘Opopds. “Eotw « pia pd€n of Eva olvolo Z. Tote tva oToiysio e ToU Z dvo-
udleTon obditepo oroyeio cos pds TV TpdEn =, dTav kol pévo éTav yid
ke o € Z ioyUel

|Gt€=e*d:G|

Iapatipnon. “Av oTév mponyolpevo &piopd 7 TpEn « elvan GvTipeTade-
T}, elvon gavepd 81 Bvar oToiyeio e ToU X elva oUBéTepo oToIyElo s PSS TNV
TTp&EN , 8Tav kai pévo dTav yik kabe « eZ foyle axe=a.

@chopnpa. "Eotw & mé mpaEn of Eva alvolo Z. Téte, &v Umrdpyel oUBETEpO OTOI-
eio oT6 T cog pds THY TP&EN x, «UTO elvon povoadikod.

*Anodailn. “Av e, e, € T elvan oUBETepa oTOIXEX s TTpos THY TPGEN *,
TéTe BewpdovTas TS €, oUBETepo OTOIXEID, Adyw ToU Opiouol, Exouue

@1x8y' = €y
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IL 1.5.

&vd Bewpvtas TO e, oUdéTepo oToiyelo, AL Adyw ToU Spiopoy, EXouue
e + € =gy,

omoTe, Adyw Tiis peTaParikfis IBi10TnTas THs ioéTnTes 016 T, Taipvoupe e, = e,.

2ty mepiTTwon ol Umdpyer oUSétepo oToiyelo G Tpds wié TrpdEn, Bk
¢miTpémeTan, Adyw ToU TrpomyoUuevou Bewpnporos, vé Afue &Ti oUTd elven 16
oUdtTepo oTOIYEIo b5 Tpds TNV TR&EN adTh. Té oUbétepo oToryeio (&v Umdpyet)
cas PO Wk Tp&En, Trou dvopdleTan «mpdadeony, 8& ouuBoAifeTan ouvrBuws pé 0,
Evdd G TTpos wi& TpdEn, Tou dvopdleTon «ToAAaTAcCIcoudsy, Bk oupPolile-
Ton pé 1 f L

Hepatiipnon. ‘H povadikétnTa ToU oUbétepou oroixefou ds wpds TV Tpdodeon (&vT.
Tév moMamAaciaoud) oté C, ol eibope oTé Keg. | (Mpot. 1 kaf 1° 7fis 1.3), elven &peon
ouvETala Tou TponyoUuevou BecopripaTos.

Mapadeiypata:
1. Té oudétepo ororyelo dx mwpds Thv wpdabean o1é C elven 16 0 =0 + 0, 2vé T6 oUdE-
TEpO OTOXElo s TPds Tov ToAAamAaoiaoud elvenr 6 1=1+0i (Keq. I, MpoT. 1 kai 1’

s 1.3.)
2. Té ¢ elvan 16 oUBkTepo aToiyeio Tol P(A) ds Tpds THY (&vTineTadeTike) TpdEn Tiis bvdo-
oes U, dgol yid kdBe X € P(A) loyte X U ¢ =X, kol 76 A elvan 16 oUbrepo aroryeio
s pds T (GvTipeTaBeTikn)wpdEn Tis Toufis N, yiaTi yi& kéfe XeP(A) loyva XN A=X.

3. ‘H loétnTa
Xoy=X (x,y e R)
bpiler & wpd€n o oTé R, s wpds THY dmola Bév Umdpyer oUBéTepo oToiyelo, yiartd,
&v Umiipxe oUBétepo oToryeio e € R, TéTe yik X,y € R pé X # y 0& foyue e 0 X = x xad
eoy =y, dwére Adyw ToU 6p1cr|.|ou Tiis mp&Eews & eiyape e = x kal e = y xad Emopé-
vws X =y, mou elvar &romo.

1.5. Zuppetpind otoiyeia dg mpéds éowTepinf mpdEy
MveopiZoune 811 y1d& dmroiodrmoTe TparypaTivg &piBud x Umdpyer fvas Tpay-
pertikds dpibuds, & —x, TETOlOS, WOTE
x4+ (—x)=(-x)+x=0.
MevikelovTas alTé yi& W& dmoradfmoTe Tp&EN Exoupe TéV drdAoudo dpiopd.

‘Opopds. "Eorr + wid mpd€n of dva olvodo I, s Tpds THY dmola Umdpyer
oUbéTepo oToiXElo e € Z. TéTe SUo oToixela o kol o Tou T dvouddovta
SUppPETPIKG G5 Trpds THY Tp&En , STav kai uévo Stav loyle

'ctscr'=cx'*a:e1

Ztiv mepimTooon b Adue 81 T6 o elven ouppeTpiké ToU o G Trpds TAY
Tp&En » kaf dutioTpoga TO o' ouppeTpikd TOU o s TPds THY .
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N II. 1.6.

Maparipnon. Elvon goavepd 611, &v oTév mrponyoluevo Spiopd 1) pdén *

elvan dvTipeToBeTikn, BUo oToyeia o kal « ToU X elvan OUHUETPIKY G5 Tpds TV
TpdEn +, Tav kol pévo Otav loxle s o’ =e.

Tlapadeiypata:

1 55

. Sté ouvoho A = {e, X, ¥} dpilouue THv mp&En o, Ths dmolas & wi- | | € x

Kéfe mpayuaTikds &piBuds x £ O Eyel ounpeTpikd oToryelo g wpds THV (dvmipetafeTikn)
TpdEn ToU TohAamAaciaouoy oTd R Tév &piBud X1 (ol s yvwoTé SvopdleTan uTl-
atpogos ToU x), yiaeri  x+x~l=1, &mov 16 1 elvan 16 olBETepo oTOIXEIO s pds
Tév moAhamAaciaoud oTd R.

. Of &vriBeror wyaBikol &pibuol a-} Pi kal —a—Pi elvan ouppeTpikd oToixElx s Tpds THV

(&vripeTafeTicd) Tpdn T wpooBioews oTd C, yiatl (a+ Bi)+ (—a—Pi) = 0 (Kep. 1,
Mpot. 2 Tfis 1.3). "EE&AAou kdfe pryadeds af-Pi # 0 Exel ouppeTpIKS  oTOoIElo  dos
mpds Tév ToMamAagiaopd oTé C Tév dvTicTpopd Tou:
o —-B .
A p? +?+—B’ b
&mreos eibape o1é Keg. | (Tlpot. 27 Tfis 1.3).

vaxas dmoteAeopdTwov Slvetan o6 oxfua 3. Edkoda SiamoTtdvetal | e | e | x
&1 16 e elvan T6 oUdéTepo oTotyelo THis Tp&fews o. Té oToiyEio X
= . : g x| x| e
ToU A Exet Slo ouppeTpiké oToixsia s wpds TV wpaEn o, TéV tow-
76 Tou kad TS y, yrati ylylel|x
Xox=¢e xai Xoy=yox=e Zx. 3

1.6. “AmiomotfoLpo crotyeio (g Tpdg EowTepi TPAEN

“Oot yvwpiloupe Tous 8Uo vdpous Tiis Sixypagiis o1d oUvoro N:
o= Gf 00 = B0

" D:B = Qy = B =Y-

Of {51éTnTes adrés yevixevovTon pé Tév dkéAouBio Spiouo.

‘Opropds. "Eorew » md mpaén of fva olvoho S. Téte Bva oToiysio o ToU Z dvo-

péleTon drmhomorfoio s Tpds THY TPAEN x, &v kai wovo & y1& wéde
B, y € Z loylow

[«+p=csy ==Y kal Pra=ysa=B=y |

TMapadeiypota:

1.

KéBe TparypaTikds &pibuds elvan &mhomorfoilo oToreio ds pds Thv wpdén Tiis wpoohé-
oews a16 R. “Emions xébe wyobixds &p1Buds elvan dmAoToimoipo oToIKEO s pds ThHY
p&En THs Tpoobégews a1é C (Keg. 1, Tpot. 3 Tiis 1.3).

Ké&Be mpaypatikds &pidpds # 0 elvon &mAomonotpe oTorxElo d Tpds THY TpaEn ToU

~ moMAamAagiaopol oTé R, yietl, &v x # 0, ToTe y1& xébe o,p € R loylowv

X-a=x-Pf=a=p xa X =Px=a=p.
*Emrions xéde wyadixds &pibuds + 0 elvan &mhoToioiuo oToreio dg wpds THY TpdEn
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1T 1.8.

Tou moMhamAagiacuol o6 € (Keg. |, Tlpot. 3° Tis 1.3). T6 0 (4vr. 76 0 = 04 0i) Bév
elvar amAomoioipe oToixelo s pds THY TpEN Tol ToAAamAaciaouol oTé R (Gvr.
C), ywatl mx. loyvouv 0-3 = 0.4 xai 3 # 4.

1.7. ‘H évvoia t¥ig &AyePpuxiig Sopfig

“Otroos eidape oTé TponyoUueve, of Eva oUvoho As£( ptropolv vé dpioToly
Sidqopes Tpageis. ToTe 16 oUvodo A padi pé Tis mpdEeis aUTés B& Adue 6T: Exal
wmd aryeppiki dopiy, 7 omola yoapaxTnpileTan &mo Tis 1816TNTES alTGY TV
mpd€ecov. Tty TepiTTwon ToU of Eva alvolo A Exouv OpIoTEl pévo EowTePIkEs
Tp&geis, o, x, ..., (2, 8& ypdgoupe (A, o, %, ..., ), Y1& v& Ekppaooupe THY GA-
YeRpikf) Bour) (fi crA& Sour). “Etor of ouuPohiool

(N- ‘}’)t (N- ’)l (zr +), (R, +)f (Z, =+ ')’ (Q, 'Irn )

tkppagouy Sous. Of Soués (N, +), (N, ), Tapdho Tou dvagépovTtan a1é iBio
cuvodo N, elvan SixgopeTikés, yiar 8¢ yoapoxtnpifovtar &mé Tis iBies iB1dTnTES.
Tl.x. oTf) Bouny (N, ) 8év Umdpyer oUbiTepo oToIKEio dos PSS THY mpdén +,
&vd o1n Sopny (N, -) Umdpye kai elvor T6 1.

Mepik& mapaBeiypara dAyePpikdv Sopdv 64 yvwplooupe oTis &mdueves
TTapary pAQovs.

1.8. ’Aonfoceig

1. Né& ietdoete &v 16 oUvolo
() {1, =1} elven khewoTd cog wpds THY TPEEN Tol moAAamAagiaguol oTd Z,
(i) T&v BeTixddv dxepaicov elvan KAeioTSd s Tpds Tis TpdEeis Tis Tpoodioews Kal Gpai-
pégews oTod Z,
(iii) {k + ki |k € R} elvar xAeio7d dos pds THv mpdEn Tiis Tpocbioews oTé C,
(iv) {1, =1,i, —i} eivar kAewoTd os Tpds ThHv Mpakn Tou ToAAamAaciaopcd oTé C
2. "Av I ={A,B, T, A}, 6mou
A=¢, B=(ap), T=(ay} xai A={apy),
Beifte 6T1 Ny Evwon U elvon bowTepikn) wpakn aTé Z. Elven Toun M fowTepikn TpaEn
o1 Z;

3. AsifTe 6T fy oxton looduvapias « =(mod v)» eiven ouuPifaoTr) pé THY Trpdotion kal Tév
Tolhamhagiaopd oté Z.

4. KatookeudoTe ToUs Trivakes GmoTeAeoudTwv yi1& Ty mpdobeon kai Tév ToAAamAaciaopd
016 Z,. Oi mpakers alTés eivan dvmipetadeTikés ) mpooeTaupioTixés; Eivan & meAAamAaoia-
opés TpaEn Emuepio Tk s Tpds v Tpécbeon; 'Ymdpyouv oUdiiipa croyria s TPOs
Tis wpageis auTés; Tlewk oroixeia Tou Z, Exouv CURHETPIKG cTeryelu @ Tipds Tl Tp&Eris
auTés;

5. Bpelte y1& motés Tipés Thv a,p € R eivan TpooeTaipioTiky # Tpdén + oTé R, wWoU Oplle-
Tan pé Tov drdhoulio TpoTo

X*y=ax + Py.
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Im 21.

6. N& Beifete dm1 #) lodrnTa
asp=p
Spiler w& mpdEn » o1é N, ds wpds TV dmola Bbv Umdpyer oudéTepo aToiyelo oTd N.
Elvar wpoosTauptoTikyy ot f) wpatn;
7. ‘H leotnTa
asp=ap + a+p
Spiter wa wpdEn « ord R. Elvon f) wpdfn airh dvriperaderikn f TPOTETAIPITTIKT ;
Motk aTorgeia Tol R Exouv oupueTpikd oToixelo d wpds Tnv wpdfn aiTi;
8. ‘H loéTnTa
xoy =x+y + x¥*
Spiler wi& wp&En o o1 R. Né& Beifete 611 kdbe x € R—{0} pé x < 3—1 #xer BUo ouppe-
vE

Tpik& oTolxElx dis PSS TV wpdEn aUTi, tvdd ke xR wE x > ‘Jl—sgu Exer ouppe-

Vi

Tpid groiyeio. T& 0, 3_!_ Eyouv ouppetpikd oTorxelx kal Toid;
Ve
9. 316 oUvoho C odpifoupe md TpdEn » pé Tov dxdAoulo Tpdo
Zy* Ly =12 + 29— Z,Zq.
(i) Né& Beifere 6T ) wpdgn aliTs) elven duTipeTaBeTik Kal TpooeTaiploTIKT.
(i) “Ymapyer oUbétepo oToryeio d Wpds THY WpaEn aUTh;
(i) Tloi&d oToixeia Toi C Exouv ouPUETPIKS OTOIXETO &5 TrPoS THv Tp&En alTh;
10. "Eortw s wé towtspikn mpaEn of dva gUvoho E, ds mpds Tiv dmola Umapyer oudétepo
otoixeio e € E. "Av y1& xé&fe a,p,y,8 € E loxla
(asP)s(y+B)=(asy)*(B25)

vé& Beifete 8T ) TP&EN olTh elvan dvTipetaleTikn Kal TPOTETAIPIOTIKY.

2. HMIOMAAEZ - OMAAEZX
O Sopés pé wd towTtepikny TpEn YwpifovTan, duéhoya pé Tis i816TNTES

oy Exer f| pdEn aUtn, of Sidgopes karryoples. “Amé Tis karnyopies alTés
86 tfeTdooupe oThy Topdypago aUTH Tis fuiouddes kal Tis Guadec.

2.1. "Hpiopddeg

STV kaTnyopia adTh UmdyovTtan of Soués Ekeives, oTis Omoies fi Tpdén elvan
TrpooeTaupioTikT. TTapdadetyua TéTolas Soufis eivar 16 (N, +), 8mou ) Tpdobeon
elvan, 65 yvwoTd, TpooETauploTIKY TTPAEN.

*Etot Exoupe TOV drdAoubo Spiopo.
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Im22,

‘Opropds. Mia Sopry (G, o) dvopdleton fipopdda, &v kol uévo &v 1 mwpdén o
elvon pooeTaupioTiky, SnAabh yid k&b o,f,y € G foxue
(xoB)oy=ao(Boy)

“Av Emiméov 1) TpdEn o elvan dvmipeTadeTikd, TéTE 7 Souny (G, o) dvoudde-
Tou Gvuipetafeniki fHpopdde.

20ppova pé TéV TapaTdve bpiopd of Sopés (N, +) kai (N, ) elven dvTipe-
TofeTikéS Tpi1opdSes.

216 Tponyolusva eidape 6T Eva oToiyeio elven Suvard v EXEl TTEPIOOOTEP
&mrd Eva OUDETPIKG GTolKEla G5 Tpds pia mpafn (Mapad. 3 Tiis 1.5). Ztis

©

fluiouddes Suws alTéd elvon &8Uvato, dmaws SnAduel Té dkdAoubo Gecdpnper.

Ocopnpae. “Eotw (G, 0) wm& fluopdda. *Av Utrépyel oUbétepo oToikEio e G
Tpds TV TP&EN o, TOTE kdbe x € G Exa TS TOAU Eva OVUMETPIKO TTOIYXEIO
Qs Tpos THY TpdEn oUTH.
"Anédeiln. “As Umobéooups 1 Té oroixeior x' kai X" ToU G elvon ouppeTpi-
k& ToU X € G dxs wpds TV pdén o. TéTe Adyw ToU dpioucl ToU ouppeTpikoU
oToixefou Exoupe
xox'=e «xof x"ox=e,
oméTe dmd THY TpooeTaupioTikY IB1GTHTA Tiis Tp&Eews o Traipvoups
x"=x"oce=x"oxox)=(x"ox)ox' =eox =x',

SnAadn x" = x".
2.2. ‘Op.adeg

‘H Souny (Z, +) elvan w& (dvmiperodenivd) fuiopdda oy Exer kai &AAes
{8161 TES, Tis Soies Sév Exel 1) (GvTipeTafeTikn) fuiopdda (N, +). Oi mpbofeTes
abTés iB16TTes elvan of dxkdAoubes:

(i) Umépyer oUBETepo oToIyEIO s TTPdS THY Tpdofeon:

Mael: a+0=0+a=«a
(ii) k&Be oTorxsio o Tol Z Exe dvrifeto OTOIXEIO TGO —ar:
@+ (o) =(-a) + a=0.

GewopdvTas aUTh THY dAyePpikr Sour| Tou Z of Eva dmrolodrioTe cUvoo
Eyxoupe TéV dkdhoubo oplopd.

‘Opropéc. Mia Sopn (G, o) dvopddeTan opada, &v kai pévo &v ioyUouv of dkdAou-

Oes iS10TnTES:

(0,) "H 8opdy (G, o) elvan Huiopdda.

(Oy) “Ymépyer e € G Této0, GoTE Y1k Kébe o € G V& ioyver
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IT 2.3.

aoe=eoa=2a (Umopén oUBérepou oToryelou).
(Oy) N ke a e G Umdpye « € G TéTol0, OOTTE
coa =aoa=¢e (OmoapEn ouppeTpikol oTorxefou).

‘H dudda (G, o) B& dvouddetan dfehravi fi dvuperafeniki, &v kai udvo &v

f) mpdEn o elvar dvripetabenixi.

Eqpeioon. “Av of & 6udda 1) TpdEn dvoudletan «mpooteony, B8& Mue OT1
elven & mpoobetikn dpada, vd, &v A Tp&En SvoudleTan «TTOAACTTACCLOTUOSY,
0& Adpe 611 elvon wd molhanhosractiki dpada.

Mapadeiypata:
1. *H Bopd (Z, -), of &vtieon mpéds T Soud (2, +), Bév elvan dudda, yart wyx. 6 3 Bév

Exer ouppeTpIKS gToIyElo oTé Z dag Tpds TV Tohhamhagiacpd, deolu Bév Umdpye dké-
patos a pé o3 =1

2. Té olvoro A = {2" | k € Z} elvon kheroTd ds mpds TéHV moAAamAaciaoud otd Q xal 7
Bopdy (A, -) elvan m& TorAamAaotaoTikY &Pehavn Spdda, yroi yikkade kA e Z loyvouv

(i) 2%-(2*.28y) = (2%.24.2¢ (TpoceTanpioTikf| 1B16TNTA),

(i) 2k.20=2°.2k=2% (UmrapEn oUBtTepou oToyelov),
(iii) ok o~k ok gk —ige (OmapEn ouppeTpikol oToryelou),
(iv) ok, phiooh gk (GvTipeTaBeTikn) iS16TNTA).

3. ‘H oupperpict] Siagopd + elvon & mpéEn oTo Suvanocivoro HP(X) tvés auvdhou X,
ol opileTon s EEfis:

A+ B=(A-B) u (B-A) (A, Be F#(X)
‘H Bouy (P(X), +) clvan & &Pehiavry dpdda, yrarl yi& kdde A,B,l € P(X) loxlouwv
i) (A+B+Ir=A+ @B+ (mpoceTatpioTik 1816TNT®),
(i) Ato=9¢ +tA=A (GmapEn oUbétepou oToryelou),
(i) AtA=09¢ (ropEn oupueTpikoU oToixEov),
(ivy A+tB=B+A (&vmipetabeTikry iBi1éTnTa).

2.3. Baowég ididtnreg o€ pid opdda

Tt md 6pdda (G, o) foylouv ol &roNoudes 1516 TES.
Ity 1. TS oUbétepo oToixsio e € G elvon povadixo.
AUTS lvan ouvémeia THs iB16TnTas (O,) Kai ToU Bewpruaros Tis 1.4.

*Ihwetnte 2. Kébe a € G Exe povadixd ouppetpixd oToryeio s Tpds THY Tp&En o.
AUt elvon cuvémaia Téwv iSothTwy (0)), (O;) xad Tol Bewpriuatos Tiis 2.1.

Enpeioon. 2¢ md mpoodeTiks 6udSa T GUPHETPIKS ToU o B& cupPolifeTan
pé —a kad 8& dvopdletan avtifeto ToU «, tvéd of wé ToraTAcCIaoTIKY Sudda
abté 0& oupPorifeTon pé ot kal B& dvoudleton dvtictpogo ToU «.

Iootnra 3. K& oroixeio o ToU G elvor &mhomoroiuo, SnAadh yi& kée
B, y € G ioxuouv
oF
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II 2.4.

coPp=aoy =PB=y kal Poa=yoa=pP=y.
"AnddeiEn. "Eotw ao P =aoy. O& Beifoupe 611 P =y. *Amd Tis 1816T-
Tes THs Ouadog kad Ty Umdbeon malpvouus
p=cop=(@ox)op=ao(aop)=ao(aoy)=
— (@ox)oy=coy=y.
"EoTw Poa=7yoa O& Seifoupe &1 B = y. "“Opoia maipvoupe
B=Poe = Bo(aoad)=(PBox)oa =(yoa)oa' =
= yo(aoa)=yoe=y.
‘Isbtnta 4. "Av o,p € G, TéTe k&Be md &rd Tis §iooes cox =P, xou=P
£ye1 povodikny Avon otd G.
"Anodeiln. “Eotw o € G 16 ovppetpikd 10U a. ToTe
cox=Pp ¢« do(adox)=ad'oP < (dox)ox=a'0P
< eox=aop <= x=a0p.

"Apa ) povaBikn Avon Tiis Eiowoews ao x = P elvor T6 oToixeio o o .
"Opoia Pplokouue &1 1y povabikt] Alon Tis ¢iocoews x o a = P elvar 16 oTOI-
X€io Boa'.

Teputijpnon. Z¢ &Pehiavés dpddes ol dUo Eicwons otiv iBidtnTa 4 elvan
iooBUvapes. EidikéTepa of pocbeTikés &PeAtavés Ouddes ) povadikd Avom TV
Tapamdvw Eiohotwy 8& oupPorifeTar pé P—a, EnAadn Pp—a = P} (—a).

2.4. ’Acxnoelg

1. Tois &mwéd Tis Boués (A, o), (A, #), (A, <) xal (A, E) ué A ={a,p) xai pé wpdes, mou of
Tivakés Tous Sivovten oTéd oyxijua 4,

o |a | P #lda lp Cle | B @ || P

alp p a| « o |« | B

R P | (B [e]
Ix. 4

elvan fjuiopddes kal moiks dpdbes;
2. (1) "Av (A, +) evar w& mpoobeTikh dudba, vé Beifere ST1 Y1k kdBe o, PEA
a+P=0= p=—a
(ii) "Av (B, -) elvar m& moAAamhaciao ik dpdba, v Belfete ST yik kéde a,PeB
a:p=1= p=qal
3. Aci€te 61 ) Bopn (Z;, + ) elvan &Pehiav) pdba. "EmAvoTe o166 Z, THY é&tcwcn?-{—x =5
4. Z&¢ m& wohhawAaoiaoTikh dudda (G,-) Seifte 81 y1& kéBe o, € G kad p, v € N loxlouv
® @Hrl=a ,
i) (- )t =pt-at
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(ili) o » a¥=oat+",

(v) ()" = a*

&mrou ol Buvdyers dpifovTan kot T6 YvwoTé Tpémro: ol = a, af = a.« kal yevikg a¥+ =

=a%a (ve N).
5. "Av elvan

I=(A+ A |AeR}

xal + f wpdadeon oTd C, v& Belfete &1 ) Sopn (T, +) elvan dpéba.
6. T¢ mé mpoodeTixd dudba (G, +) yi& x&le ap e G loxiow

(@ =)=« (i) —(a+P)=(PB) + ().
7. Z16 giuvoho

E={(a,B) | e R—{0} xai PeR}
N oxéon
(@) » (v,8) = (av, By + 8)

bpiler pla wpdkn . N& Belfere dm1 f) Sopd) (E, +) elvan dp&da.

8. "Av (G, +) elvar mé &Pehiavh - dpdda, vé EmAvbel oT6 G 16 oloTnua

{x-a:y.y
XxsP=yoso
&mov o TO CUHPETPIKS TOU a.

3. AAKTYAIOI
3.1. ‘H &vvoia tol SaxtuAiov

Stv TponyoUpevn Tapdypogo eidape dAyePpixés Souks ué pia uévo towTe-
pikf] TpaEn. 'E8G 8& yvepioouue dhyePpicés Soués Wé Blo EowTepikés Tpagers.
‘H w& mpd€n 0& oupPorileran pé + xal f& SdvopdleTon Trpbdodear), Evdd 1) &AAN
Tp&En 8& oupPohiZeTon pé - kal B& dvopdleTan TOMaTAaGIaTuds, Xwpls cUTd
v& onpalver 8T ol TpdGeis avuTés TautiGovTan T&vToTe pé TiS YvwoTés pog
Trpé€ers Tiis Tpooboews kai ToU ToAaTmAagixopol oTé R.

TMpoToU Biaouye Tév dpioud ToU Boxtuliou, & weheTigouue T Boun
(Z, +, *). ’loyUouv of dwdrouBes 1B10TNTES:

1. ‘H Bopn (2, +) elven dvmipetadeTinn dudda, yiatl yi& kée a,p,y eZ

{oyuouv:
@) @+P)+y=a+E+7)
(i) a+p=Pp+o
(i) a+0=gq,
@(iv) o+ (—)=0.
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II 3.1.

2. H Sopn (2Z, -) slvan fimopdda, yiari yi& kafe o,B,y € Z loyver:
(@ P)-y=a-B vy
3. ‘O moAAamAaoioopds ¢ elven Tp&én EmiuepioTikn ¢ Tpds THY Tpdo-
Beon -, yiori yi& kébe o,B,y € Z ioylouv:
o« (P+y)=c-Pta-y ki (B+y) a=p-a+y-a
Ao TS TponyoUpevo Topdderyua 68nyoluaoTe oTdy Op1oud Wwds yevikfis
Sopfis, ou 8& dvoudleTen daxridioc.
‘Opropds. Mia Sopn (A, +, +) dvoudleton duktihiog, &v kol pdve &v ioyxUouv
oi dxdAoubes iB16TnTES:
(8,) “H 8oun (A, +) elvor dvripetadericy dudda.
(4y) "H Bopn (A, -) elvar fuiopdda.
(Ag) ‘H mpdEn - elven Empepiomini & pds THY Tp&En +.
“Evo1 y1& va Soxtuhio (A, -, *) loxUouv ol dxdAoubes 1816TnTES:

1. ¥apyeA: (atP)+y=oc+(@+y)
2. “Ymépyxa 016 A oUbétepo oToiyeio (ouup. 0) Gs Tpds ThY Tpdodeon A
3. Kdébe oroxeio o Tol A #ye avrifeto oToixsio (oupP. —a) Y
4. MYopBeA: o+p=p+a
5. yapyeA: (- By y=a-B-y) (A2
6. YapyeA: a@+y)=cptay kd B+y) a=patya (A
‘IBiadtepa, Evos BokTUhios (A, -+, -) 8& dvouddeTon
(1) dvniperaBenixdg, &v kol pdvo &v 1 fimopdda (A, -) elvan vTipeTabeTIKY,
nAadn yia kade o, P € A:
a-p=p-q
(i) dowrOhiog pé povadiaio etoyeio, &v kad pévo &v Umrépyer oUbétepo
oToiyelo s wpds T Tpdén - (Trou, Smws Exouue Gvapépel, oUUPOAL-
Cetan pé 1), 8nAadn y1& kébe a e A:
a*l=1 a=aq
Hopudeiypara:

1. “H Boud) (A, +, +), &mou A = {a+PVZ | af € Q) kol Tp&ters + xaf - of yvwoTés pas
wpaEes otd R, elven dvriperabeTikds BaxTUAlos pé povadiaio oToixgio.
Mpéyuar, yi& kébe o, o', B, B', B € Q loxbouv:
O [@+PV2) + @+PVI)] + (" + B" V2) = (@+BVZ) + [(+B'VT)+
+ (@' +B"V2)], yorlkdle Fva &mé T HEAn Tns foolTen pé [(a+o'+a' )+
+ B+B'+B)VZ),
@) («+pv2)H+ (u'+B"\/§-)= @'+ ﬂ'ﬁ){- (a+pVD), yiari k&Be pédos s fooi-
T pé [(ato) + (B+P)VZ],
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II 3.1.

Gii) (e+BVZ)+ (0 + 0V2) =a+pVZ
(iv) (a+Pp V2) + (—e—pVZ) =04+0vZ =0,
™) [(@+pVD) - (' +p VI)] - (@ +B"VZ) = (@+pV2) - [(¢+B'V2) . (" +
+p" VD)),
o) (@+BVZ): (' +PV2) = (+P VD) - (a+PV2),
(i) (a+PV2) - [(&+P'VD) + (@' +B"V2)] =
= (@+BVZ) - (@+P'V2) + (@+pV2) - («"+B"V2) «al
@ii)) (@+pVZ)- (1+0V2)=a+ pVZ
. “H Bopn (Z;, +, ) elven dvas dvTipetadeTikds BoxTUAiog pé povadiaio oToryeio,
"Evas elikohos TpéTros, Y1& vé EEetdaoupe &v loxUe & dpiouds ol BaxTuhlou y1& T4 Sopr

(Zs, +, =), elvan A KaTOOKEUH TV YvwoT&dY TIvdKWY Y1d Tis wpders + xal « 016 Zj
. 5.

TpéEers o1d Zg
TpdoBeon TToAAamAcoiaopés
o~ ~~ ~~ _—~ —~ ~ - o~ o~ ~~
+] 0} 1 3 4 0 1 3 4
19| T|Z2|3|T |T|T|0|0|T |0
-~ -~ _~ ~~ -~ _~ -~ o~ -~ _~~ P ~~
1 1 2 3| 4 0 1 0 1 2 3 4
23|27 | 2|02 |F|T|7
o~ _~ o~ -~ ~ _~~ —~ o~ —~ ~~ ~~ -~
3 3| 4 0 1 2 3 0 3 1 4 2
~~ -~ _ o~ _ o~ ~ ~~ —~ _~~ ~~ ~~
4 410 1 2 3 4 10 4 3 2 1
ZXD

'Av/a, ’ﬂ\xui ';\ elvon khdoers YmoAoimev modulo 5, EroainBelore Tis iB16TNTES
= AN AN o~ ~ o~
@ (@+P) +y=eat+@+r)
iy A~ N ~ ~
(i) o+p=Pp+ « .

A AN ~

(i) a4 0=a

(iv) M& k60 X2, Umbpxsr yEZy wé THY BrdTNTR X+ ¥ =0
.y i\+ ?:6\),
AN A A A S A

W (@ Pry=a-@-7)
~ o~ A~ N

(vi) e e p=P-a

g T A~ A AN A~ AN

i) e+ (B+yY)=a-pP+a-7,

i) a-T=a
. KéBs poveotvoro A = {o} podi pé Tis dxéhoudes TpdEers a+a = a kad a.a = a elvan Evas
&vTipeTabeTicds SaxTUAos pé uovadiaio aTolxelo, ToU dvoudleTan pndevikdg Saxtdirog.
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II 3.2

MaparrnpfioTe 611 T& BUo oUbttepa aToiyela ds wpds Tis mpdEets + xaf +, SnA. & 0 kol 1,
TauTiGovtar pé 6 a. "Etor umopolpe vé ypdyoupe A = (0}, ol Sixaiohoyel Thy Tapa-
mhvw dvopaoia.

3.2. Baowég idiétnTeg o€ éva SaxtdAio

Oi Pooikés iB1oTTes of Bva BoxkTOAlo elvon dvdhoyes pé Tis iB1dTnTes ExeTves
016 Z, oy Bév dvagépovtan oTd dutioTpogo Evds oToiyelou kel THY dvTipeTo-
feTikn 1810TNTa TOU TOAAOTTACOIao 0T, "ESE B¢ dvagépoupe wévo SUo i8i1dTnTES
TV dakTuAiwv. :

‘Iaotnra 1. *Av (A, +, -) elven Evas SaxTUAios, TéTe yid kdBe o € A ioyUer
L a-0=0-a=0 —l
‘AndderEn. "Av B e A, TéTe
B+0=p,

OdTE
@ (B+0)=ap.
"Av tpapudooupe THv EmpepioTik iS1dTnTa, Exoups
«-Bt+a-0=ap,
SnAadt 16 -0 elvan Té oUBéTepo oToryElo s Trpds THY Tpdalean kal Emopdvess
o - D=l
Mé dvédoyo Tpdmro &modekvietanr dm1 0 - a=0.

Iépropa. “Av of fva SaxtUAio pé povediaio oToiyeio T& SUo oUBétepa oToryeia
TauTtifovTal, 3nAadn 0 = 1, T7e 6 BaxTUAlos elven fvas undevikds SaxTUALos.

‘Ihdtnra 2. "Av (A, +, -) elvan fvos SoxTUAios, TOTE yik kéBe op € A foylel

[ « B =—p |
"AnédeiEn. Md dmolodrimoTte P € A Exoupe Ty lodTnTa
-B) +p=0.

*Av Tapa ToAaTmAacidooupe &d dpioTepd kol T& SUo pEAn Tns pé e A kol
épapuoooupe TV EmpeploTiky 1818TnTa, Taipvouys

a-(Py+aPp=a-0.
Té Belrepo péhos Sues elvan 16 0. ‘Emopéveos
a- () +ap=0,
mou onuadver 8T Té a-(—P) elven Té dvtifeto ToU a-P, Bnhadi
a (-B) = ~(P).
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H 3.3,
3.3. ‘H ¥vvoian tijg &xéparag meployiig

‘H Bopny (Z,4, +, -) elvan Eves dvmipeTabeTings BoxTUAlos ué povabiaio oTol-
yefo. Mé& v mobeifoune alrrd, kaTaokeudloupe ToUs Tivokes Tou oxfpaTos 6.

(Té& olBéTepa oToryeia éx Tpds Tis BUo TpdEels elvan T& 0 xa /1\).

TMp&ers o1 Z,

TMpdobeon ToAAarrAaoiacpds
4|08l T|2(|3 9lT|21(%
910]T|2|3|0|0|0|0|0
T|T|Z2|3|0|T|0|T|2|5F
212|301 T|2|0 2|02
3|3]|0|T|2(5|0|3|2 T

Zx. 6
216 SaxtUAlo aUTO TrapaTnpoUpe OTL
%91
*Apa, &v of fva SokTuhio (A, 4+, +) loyUer
o =10,

aUTd 8 onuaiver 611 & elvan o =0 eite p=0.
*Etol, ué THv mapatfipnon aUTth &8nyolucoTe ot Bedbpnon wds véas
dAyeBpixiis Boufis, TTOU TAV dvoudoupe dxéguia mestoyl].

‘Opuopds. “Av (A, + ,-) elvan Evas ur) un8evikds duTipeTaBeTikds SakTUMos pé
povadiaio oToixeio TéTOlOS, COTE
a-Pp=0=a=0 €t =00 (o, € A),
Té1e ) Souny (A, +, -) SvopddeTan dxépua meproyf.
TMapadeiypara:

1. *H 8ouf (Z, +, +) elven mé dxépona mepioyn), yioTi elvan évas pr unBevikos dvTipetabeTikds
BoxTuhios ué povadiaio oToiysio kai péhioTa &v a B =0, TéTE @ =0 eire p=0.

2. ‘H Bouy (Zs, +, +) elven mé dxépona meproy. TTéd mopdderypa 2 Tiis 3.1 eibaue &1
Souf| alTh elvor dvTipeTaBeTids SaxTUMos pé povabiaio oTolyeio. "ATé Tév mivaka ToU
moAAamAaciaouou ToU cxfuatos 5 BiamoTdoTe T

o~ A o~ o~ o~ o~
. p=0< a=0 cite P=0

1. Abyw Tiis iBiétnTas 1 Tiis 3.2, | dvrioTpogn ouvemaywyr loyxle wavra of Eva
BaxtUAio,
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II 3.4.

3.4. "Aoxfcelg

%

64

Aeifre 811 4 Bopn (A, +, -), mou A = {1,2} kod +, - of wp&Eeis ToU Spllovrar oTous
Tivakes ToU oxfuartos 7,

+]1]2 e |l 12

LT 2 . {4 ] 1

2121 Z11] 2
=X T

elvan &vTipeTabeTinds BakTtUhios. “Eyel povadiaio oTotyeio;

. Totés &mé Tis Tapakdre Soués

@ A+, ), 8mou A=(2uvez),
@) (A +, ), émou A = {ap,y,8} kad wpders ol Splfovten oTols Trivakes ToU

oxfiuaros 8,
+la|lB|y s al |yl s
c|la|Blyl|Bd al | ol a| a
B|P|la|8 |y P| x| P| a| B
Yly|8 [P Y| of y| |3
8|8 |y |p|« 8| al 8| | &

Zx. 8

(i) (FA), +, 0),
i) (FA), + v)

elven SoxtUAtor; ZT4 ouvéyeix vé& Bpelte Tols dvTipeTadeTikols SakTuAious.

- Asifre M A Bopn (2, D, @), Smou ol TpdEers 0 xal @ Spifovran s EEfs:

a@Pp=a+tptl Kadf a@OP = atp+ap,

elvor dvripetadeTids SaktUhos. “Exer povadiaio oToixelo & SaktUAlos alTds;

. *H Bopdy (A, +, +), &mou A = {=B, .8} kol mwp&Ears +, - wou Spllovtan oTous Tivoxes

TOU oxfuaros 9,

+la| Bl Y] 8 o | p ]
{8 - 51 I -1 2 (. & e x| a
B|P|a|B]|y B|

¥ LY = g Y| a a
8 8|1 y|p| « Ela|p]| Yy

Zx. 9

elvan Evas SoxtiAios. N& ouuTAnpdoeTe Tév Trivaxa ToU TolamAaciacpoy. Elvat aUTég
& BaxTUAlos &vTINETCBETIKGS; "Exer wovodiaio oroiyeio;
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5. "Av (A, +, -) elvar Bvas SoxtOMios, Beifte 811 yi& xéfe a,f € A loyie

(—=) (—P) = ap.
6. Tloiks &md Tis TapakdTw Bouds
@ By £} - ué ={2v|veZ},
® €&+ W E=u+vV5ipve,
Qi) (H, +, ) ué H='{p+qV5|p,qe Q).

elvar dxépaies mreproyés;

4, ZOMATA
4.1. “H évvora tob cwpatog

*As Eetdoovpe Th Bopn (Q, +, ). ‘H Boun abti elven Evas dvTipetabeTikds
SaxTUAlos ué povabiaio oTorxelo, &@ou
a) of mpdEeis + kad - elvor dvTipeTabeTiés kol TpoCETAIPIOTIKES,
B) f mp&€n - elven EmpepioTikn dos Tpds ThY TPEEN +,
y) Té& 0 xai 1 elvan oUbétepa ororyeia dag wpds Tis wpdears +, ki dvTioToixews

xai
8) kdfe oToiyeio ToU Q Exet vtifeTo oTOIXEO.

Elvar yvwoTd Spcws 8T xéBe oroixelo o Tou Q* = Q—{0} & dvtioTpogo
oTtoixeio T a-l, dnhad

a.at=1,

IS16TTa Tou Bv maiTeiTan oTéY Spiopd ToU SaxTuliou. N T6 Adyo alTé A
Boury (Q, +, *) dvopdletan aapa. “Etor Exouue TOv dkoAoubo Spropd.
‘Opropds. Mi& Souny (A, +, -) dvouddetan obpa, dv xai pévo &v oy Uouv ol

dxdhoubes 1B 16T TES:

(Z) H Boury (A, +, *) elvan Bvas pry pndevixds &vripeTaBeticds SaxTUAIos.

() ‘H Bopf (A*, -) even pia dudda, dmou A* = A—{0}.

"Etor ot fva odpa (A, +, -) yi& k&b op,y € A loxlouv ol dxohoubes
1510 TeEs:
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(a+B)+y =at(B+y)

at0=04a=«

Lot () =(—) +a=0
a+p =p+ta )
« p=p-a

- (Pt+y)=a-pta-y
(@ B)-y=a B -V
arl=«a (0]
&-gr=1 "k A0

Enpeioon. Té &ni 1) iBidtnTa R foyle kal yi& a =0, even ouvéraia tfis 181étnTas 1
The 3.2,

IMopadsiypota:
1. ‘H Sopn (R, +, -) elvan oddua, yiarl o1é R loxlouy, 8mws yvwpifoupe, of mapamdve
iBiétnres 1.—9. “Opolws | Souny (C, +, -) elvon odpa.

2. Té olvoho A = (1,1} pali pé tis wpdters + xai -, mwoU dpilovren oTols Tivakes ToU oxfi-
patos 10, elvan émions éva Tap&derypa oduaTos,

+]0 1 % 0" |1
0]0 1 0 0 0
111 0 1 0 1

Zy. 10

4 2. Baoixég i816tnTeg oé éva ochpa
Elvar yvwoté &1 016 odua (R, 4, +) TOV TpaypaTikdy &pifpdv ioyvel
a-p=0=a=0¢T1p=0.
AUt elven & 1Bi1dtnTa, ToU THV Exouv EAa T& odpoTa.

‘Ihwtmrae 1. "Av (A, +, ) slvon odpa, ToTE Y1 o, € A foxuer 1) ouveTraywy

[a-ﬁ:ﬂ = =0 E-’fTE [3:0'

"AnodeiEn. "Av a = 0, ToTe Aoyw Tiis iBidTnTas 1 Tiis 3:2 f| ouveTraywyn
loxver,

"Eotw a « B=0 kal o« # 0. Téte Urdpxel 16 &vtioTpogo ol ToU o # 0,
omoTe ToAAaTAaoIGlovTas kad T& Uo péAn Tijs lodTtnTas o f = 0 pé o ! Talp-
VOUWE

ato(a - B) = a0,
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Noyw Tiis ididtnTag 1 Tfis 3.2 16 BeUTepo péhos elvan 16 ororxeio 0. “Etol
ExOUpE
(@t oy p=0
kol Eropéveos

SnAadh B = 0.

Moprope. Kéde odpa elven drépena meploxn.

Elvan yvewoTd dkdpa 6T1 0TO oddua TGV TpaypoTikGy dpifpdv 1 éiowon
ax =
pé o = 0 Eyer povadikn AUon o1d R.AUTS &mroTeAel yevikr B16TnTO TGV CLopdTwy.
Iawotnta 2. “Av (A, +, -) slven oua kal o,p € A pé o # 0, ToTE f) EEiowon
o t=h

Exer povadikt] Avon oTd A.
‘H &mdBeifn elven 181 pé txelvn THis i810TnTos 4 7fis 2-3. ‘H povadikf Avon
Tiis E§iobosws auTiis elvan T6 oToikeio ol - P (=P - a7, ToU TS cupPohi-

P s B,
Zoupe pé — dnAadn — =i = oL

4.3. ’Acoxvjcelg

1. Bpeite moiés &mwd Tis TapakdTw Soués elvar gduaTa:

M) @y + )
(ii) (Zas +, ')v
(i) (Z +. )

@(iv) (A, +,-), émou A= {x+y V5 |x,yeQkal 4+, ol yvwotés wpEeis oré R.
2. "Eotw A = {a=(x,y) | X,y € Q).
(i) "Av ata'=(x+x", y+¥) kol a. a = (xx' + 2yy', xy' + xy)
elvar odpa 1) Soun (A, +, +);
(i) "Av ata = (x+x', y+y) xai oo =&xx'-yy, xy + x'y),
elvan gdpa fy Souny (A, +, -);
3. "Eotw (A, 4+, -) Eva odpa. AeifTte 611
(i) &v opeA*, ToTe (a-P)! = a-Lp-t,
(i) &v o ye A xai B,5e A¥ ToTe
& oy W o R By
p 8 p-& '
4. N& tmAvBel 16 oloTnua

- -~ ~~
2.x+ 3.y=2
-~ _~~ -~
1-x+2.y=4
oT1é odpx (Z;, +, -).
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5. AIANYZMATIKOI XQPOI

5.1. “H évvoia Tob Savuopatinod Ywpou

*As oupPoricoupe ué A T6 glvolo TV SiavuoudTwv Evds émmedou. Elval
yvwot)d &t 1) Tpdobeon oTd A Exel Tis dxdhoudes iB1oTnTES:

- — —
1. & tpla émoiadimoTe Siawbopara X, y kai z o0 A loyve

i )+ e - iy e

-
2. Na kade Sidvuopa x Tou A ioylel

-

X4 0=0 4 x=x.

.
3. Né& «dbe Sidwuopa x Tou A foxue

—

X+ () = (%) + x=0.

O ¢
4. & 300 omowadnmoTe Biavlopata x kaxd y Tou A loxua
— — - —
X+y=y+x
Ny Tév Tapamdve iBloTATwy fi-Soun (A,+) elvar wid dvtivetadeTikn

Spéda.
*EE&AAoy & ToMAaAgiaouds TrpaypaTikGy &plbudv ué Siaviopara ToU

A Eys, G5 yvwoTd, Tis drdAoubes 1B1oTnTES:

a. M 8lo dmotabfmoTe SiaviouaTa x kai y ToU A kol y1& kébe mpayparikd
Gp1Bud A loyls
-3 -3 -p =i
A.(x+y)=A-x+A-¥
—
B. Mé& xdBe AueR ki yik kdfe Bidvuopax x ToU A foylouv

-

A+w-x=A-X+u-%
Aol my s @Y F K

s
y- Né& kébe Sidvuoua x Tob A ioxve
— -
18 %= x;
&rrou 1 elvar T6 povadicio oTorkelo ToU OGOPOTOS TAV TPy paTIkGY ApiBuddv.
*Amd Tis Tapamdve i816TnTEs 68nyoUpacTe oTi) Becopnon wds veas Ahye-
Bpixfis Boufis, ol dvopddeTon dtavvauatixog 1 poaupuxds yooos. "ETol EXoupE
TOV TTOPAKATw Op1apd.
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‘Opiopos. “Eva pnfy kevd olvoro V 8& dvopdleran Sravvopotnkog i ypuppikde
Aopog navm 616 odpa K('), dv kal povo &v foylouv ol dxdhoubes ididTnTes:
(T Z16 V elven Spropévn md Eowtepikty mpdn -k Téroie, doTe ) Soun

(V, +) v& elven dvripetabetikny dudda.

(TFy) 216 V elven dpiopéun mé eEewtepikn) pdn - pé olvoro Teheatdv Té
K Tétoww, doTe yi1& kéde x, y € V kai o,p € K v& {oylouv of dxdhou-
Bes 110N TES !

Do (x4y)=a-x+a-y (mporn émueponiky BioTnTA),
(ii) (c+P) - x=a - x + P - x (Belrepn émpuepioTikn IB10THT),
Qi) (e~ B) » X =0 =i(f X} (TpoceTaipioTik {810TNTA),
(iv) 1 - x=ux,

&mou 1 elven 16 povadiaio oToixeio ToU owpaTtos K.
‘H mpdofieon o1d V 84 dvopddeten Stavvopatiki npocleon kai 4 &6w-
Tepikf) TTp&En ¢+ 016 V (ué olvoho TeAeoTdv T K) Pabpwtog moida-
niaclaopos oté V.
Eidikdrepa, Evas SiavuopaTikds y&Gpos Tavw oTd oddua R 8& dvoud-
Leton mpuypanikog Sravvopatikog () ypoppikos)  ydpoc.

TMuputiipnen. Ztév Tapamdvw Opiopd PAémoune 6T T6 1810 oUuPoro
xprowomoitar 1600 yi1& THv mwpdabean a1 K, émres Ty o016 mpdTo péAos
Tfis (ii), 600 kai yi& 11 SiovvopaTtikf Tpdoleon, 8tres K. 0TS SeUTepo pEAOS
Tfis (ii). T ard &év mpémer v yiveTon oUyyvon dvdpeca oTis dlo altés pdgers.
’Avédoyn mopatrnipnon ioxte yi&k Tt oUpPoio -

Inueioon. Té oUbétepo oTolxeio s mpds T SiavuouoTikn Tpdobeon €x
oupPohiletar pé 0 (undevikd oToixelo ToU SiavuouaTikoU ¥wpov), véd T ou-
Bétepo oToixelo s pds THV Tpdobeon otéd K ué 0.

Napadeiypota:
1. 16 apddayua 5 Tfis 1.1 Exouv dpioTel ol dxdhoules pd€ers 016 olvode V=R x R:
(i) w& Eowrepiks| wpdfn +-:
(xu¥2) + (Sa¥e) = (X +Xa Y1t ¥a)
xal
(i) wé& EEwTepikn) TpdEn - pé ouvodo TeAsoTdv TO R dog EEfs:
A ()= (X, Ay) (AeR)
Mé Tis Tapamdvw Tpdfes T6 oUvore V elvar évas TpaypaTikés BiovuopaTikds xdpos.
Tp&yuar,
a) 7 Boun (V, +) elven dvmeraleTiks) oudda pé oUbéTepo oToIElo g PSS THY TRA-
En + T6 (0,0) xai &vrieto cToxElo ToU (X,¥y) TO (—x, —¥),

B) yi& 8Uo dmroiadnmoTe oTorxeia (X,,¥,), (Xa¥.) Tou V kai a, P e R loyxvouv
() o [y )+ (xeya)] —a- (X3 Xy Yi+Ya) = (X Ha Xy, ay+a&y,) =
= (o-Xy, oyy) (@ Xy @ yy) = e (X)) + & (XaYa),

1. Ti& Adyous guvtopias & ypégovus «odpa K» &vti «odua (K, 4, .)»
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II 5.2.

() (@+B) + Xy Y1) = (@ X +P-Xp, @y + By = (%X €V) +
+ (B-Xy By =« (Xp¥1) + B (Xu¥1)s
(i) (@B) - (xu¥n) = (o BoXy, @-Boyy) = & (BeXy, Boyy)=
= o-[F- (xuydl
(V) 1+ oy =%y 17 = (Kuy)-
leviké, TS oUvodo )
RY = (X Xgpoosos X 1 Ky Xy eeow X8 RY
ué lodrnTa
(Xpy Xgr- -1 X0) = (FuYare - oY) € X =¥ Y16 K&de k€ 1 20000)
kol pé
a) towTepikf) wphfn +:
(X Xgoo v eiXs) + Fr¥ar oo 0¥ = E+¥n Xat+Yare - X+ Yo
B) EEwTtepikn WPAEN (né ouvoho TeAeoTdv TS R):
A (KyaXgy o -2X o) = (A AXgro - AXy) (AeR)
elvon Evas TpayHaTikds BIQVUORATIKGS XGOS uE undevikd ortorxeio 6 (0,0,...,0) xaf
&utiBeto TOU (X;,Xay. . .0Xy) TO (—Xp—Xg. - -,—X,)-
2. Té olvoro V Shwv TGV Tpiovipwy
ax? + px +y - (xpy €R)
ué fodTnTa
axt + Px + y =« x!Hpxty' ea=a xai Pp=p’ xal y=Yy
kal pé
o) towTepikny Tp&fn +: )
(@t Px+y) + (@xPHPRLY) = (ata)x® + B+BIX + (r+7)
B) tCwrepikd TpdEn (wé olvolo TeheoTdv T6 R):
A (ex?4Bx+y) = Qa)x® + (ARx+ ()
elvan Evas TPOYRATIKGS YPOUMIKGS X®pos ué unBevikd oToixeio 16 0x*+0x+0 xal &vri-
8eTo ToU ax2+4Px+y 16 (—a)XP4(—P)X + (—7)-
3. Té alvoho € Tév prycdik@dv &pibudy ué T yvwoTn mpdodeon kal Thv EEwoTepikn Tp&EN,
mwoU SpileTan &wé Thv lodTnTa
A (aBi) = () + (AR (M eR),
elvan Evas TpaypaTIKSs YpapuikSs Xdpos, yioti f| Soph (€, +) elvon dvTipeTabeTiky Sud-
S kol eUkoha prropel v& &rodery el 11 ikavototoUvTan of iBi16TnTes (i) — (iv) ToU dpiopou.

5.2. Baoixég id16tnTeg oé éva Savuopatiné ydpo

“Eote V Evas SiavuopaTikds xpos Tévw oTé addua K. Mé 1) Bonfeia Tou
Spiopol ToU SlavuopaTikoU Xpou prropolpe vé droBeifoune Tis TTAPAKATE
iB1oTnTES - T

‘It 1. Ni& kale a € K ioyve

Io:-0=0
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II 5.2.

"Anédaitn. N& Eva otoryelo x ol V ioyle
x +0=x,
oTroTE
a-(x4+0)=a-x
i Aoyw Tiis TpdTNs EmpepioTikds 1S16TNTAS
a-x+a-0=a-x,

oy onuaivel 611 T6 @ - 0 elven TO undeviké oToryeio 0 Tol SivuouaTikol Y-
pov, BnAadn

a-0=0.
Isbtnra 2. Mé kébe x e V ioyls
Qi x =10
"Anédain. MNa éva otoixeio o ToU K ioyue
a+0=a,
&roTE
(c+0) - x=a-x
i Adyw Tfis BelTepns émipepioTikiis (81T TOS
a-x+0-x=a-x,

TroU onuaivel 51 76 0-x elvoan 16 undevikd aToixeio 0 ToU SiavuouaTikol Xdpoy,
5nAadn

0-x=0.

It 3. Nid a e K xaf x € V iayde 1) ouverraywyn

B-x:ﬁ:a:(} gite x=20

"AnddelEn. "Av o =0, 1) ovveraywyt| Tpogavids loxvel. “EoTtw o - x =0
kal o # 0. Tote, émadn 16 K elvon odpa, Umépyer 16 dvTioTpogo ol ol o + 0.
"Etol &xoupe

x=lax=ilar! » oy e=m s fa 2) =a1-0=0!

oprope. NMé& a e K xal x € V loyla f| ouveraywyn

’cx'fU kal x %0 = cx~x¢*0|

"Iowotnte 4. N kdbe a e K kai x € V oyle

l (—a) - x = —(a'x) ]
‘AnddaiEn. MN& kéle « e K loyia
a+ (—a) =0,
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&moTe moAAamAacidlovtas kaf T& SUo péAn pé Eva oTtoixelo x ToU V Exoupe
(@-+(-)) - x =0 x
fi
a-xX+ (—a) - x=0,
ToU onpaivel 611 TO (—a) - X elvan 16 dvTiBeto Tol a-x s Trpds T1 SravuopaTiky
Tpdodeon, SnAadn
(o) x = —(a-x).

Iopopa. N& k&le x € V ioyle

TMapatnpfioTe 871 Tis Tapamavw iB16TNTES Tis yvwploaue kal oTé Biavvopa-
Tikd Aoyiopo.

5.3. 'H &vvoia 100 Siavvopatinod (ypappixod) dméywpouv

216 mopddaypa 1 s 5.1 i8ape 811 16 R X R pé kardAAnies mpdEes
elvan Evas TpaypoTikds SiavuouaTikds XMdpos. “As Trépoune Twpa TO dkdAoulo
Utmroouvoro tou R X R:

A = {(a,0) | @ e R}.
Taparnpoupe 811

o) 1 SiavuopaTik Tpocheon BUo oToixeiwv ToU A Sivel drroTéAeopa Eva

oToryeio Tou A TrpdyuaTi,
(@0) + (B, 0) = (a+p, 0+0) = (a+p, 0) €A,

B) & moAhamAaciaopds Evos TpaypaTikoU &pifipolU pé Eva oTolxeio Tol

A Biver dmroTéAeoua a1 oTorkeio Tou A’ TrpdyuaTi,
A-(@0)=0A0cA0)=_>RAqa 0)eA.

I alrés Tis 8o iB10TnTes Aépe 6T 16 A elvan Evas SiavuopaTikds UTrdywpos
ToU R X R.

*Av tautiooupe T6 R X R pé Eva kopTe- ¥ r RxR
olavo émimedo, TéTE TO TTopaTdvw clUvolo A A
TauTifeTon ué TOv &fova TGV TeTunuévwy TOU Ol x
kapTeoiavou Emmébou (Zy. 11).

Atvoupe Topa Tév drdAoufio OpIoS. . 11

‘Opopds. "Eva pr) kevd Umroolvoro A tvds BiavuopaTikoU Xwpou V TTavw aTd
odpa K dvopdaletan dovvopatikog (1) ypeppikdc) dmoyxmpog tou V, v kai
péve &v yi1a kéfe x, y € A xai a e K ioydouv

x+yeA Ko a-x € A.
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1I 5.4.

IMoparfpnen. ZUpgwva pé TOV TapaTdve Spiopd Evas SiovuopaTikds UTro-
ywpos A ToU V mepiéxal Tévta 16 ‘unBevikd oToiygio 0 ToU V, yiari 16 A podf
pé fva oToiyeio Tou x & mepiéyer xaf 16 0 - x = 0.

Inpeioon. Mé 1) Porifeix ToU TrponyoUusvou bpiopol drrobeikvieTan £l-
koha &T1 kéBe BrovuopaTikds UTrdxwpos Tou V elvan ypauuikds XGPos Tavw oTo
opa K.

MNapadsiypata:

1. Té etvoro B = {(&,&) | « € R} elvan fvas ypaupikds Umédywpos ToU SlavuopaTikoU X G-
pou R x R (Ex. 12).

2. *Av V evan Bvas SravuopaTikds X&pos mavw ¥y B
oTéd odpa K, Té6Te TO ouvoho 0 459
= {0} x
elvan  BiavuopaTikés Uméywpos Tou V, dgpou /‘ RxR
0+0=0€eTl xai x.0=0€l yi& éAa T& oTOI-

1 v K.
Xela @ ToU Sy 12

5.4. Tpappixy dveEaptnoia - Tpappixi éEdptnon

*Av V elvan Bvas ypappikds X@pos mave oT6 odpa K, ToTE k&b TTapdoTaCT

MxXy +AgXp + .00 ALK,

p A eKkal xieV (i ef{l,2,...,v}) slvar fva oToryeio Tou V, ol dvouddeTon
ypoppikdg ouvdvaspog TV XX, . .., X, Kai T& ApAg- - - Ay AByOUTOL GUVTELE-
otég TOU.

*As r&poupe Tapa T& ororyein (1,0) kad (0,1) ToU yvwoToU uas TrpayHa-
TikoU SiavuopaTikel Ydpou R X R. ©& ferdooupe of ok TrepiTrTwoon Evas
ypapuikds ouvBuaouds auTdy TéY aToixElwy elvan foos pé 6 pndevikd oToryEio
(0,0) ToU R x R. "Av A, A, € R, Eyouue

A (1,00+24(0,1) = (0,0) = (A,,0) + (0,A)=(0,0) < Ay Ag) = (0,0) <=

< A=0 xa A, =0.

*Apa Evas ypaupikés ouvBuaopds Tév (1,0) kad (0,1) elven ioog ué 16 (0, 0)
poévo oAy TepiTTwon: A, =0 kal A, = 0. Né& 16 Adyo aitd Té& (1,0) kai (0,1)
Mue 6T givon yoauuizds avetdotyra otoiyeix Tou R X R. *Etor EYoupe TOV
&xdhouBo dpioud.

‘Opropée. *Eotw V Evag SlavuouaTikds X&pos mwavew oTd oddua K. TéTe T& oTol-

YEIQ X;, Xy, - - ., X, TOU V OvopafovTan ypeppikig avetapnta, &v kal pdvo
av

AXy FAgXp 4+ . AAX, =0 o M =R = =X,=0
"Av T& XXy, ....X, Oév elvan ypaupikdds &ueEdptnTa oToiy el ToU V,

TéTe aUTd dvopddovTal ypappikds EEapInpiva.
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IS5,

YEtol, dv T& xp,x,,...,%, elvon ypoupikéds EEapTnuéva oToiyelr ToU V,
TéTE utropel Evas ypapuikds ouvBuaopds Tous A x, HA.X, ... A X, vé& elven
Toos pé 0 xowpls Aor of ouvTeheaTés Ay Ay, - . . A, vé& elvon Toor pé 0. "As mobloou-
pe x&pn ebkodias 611 Ay # 0. Tote drd v lodTnTa A X, + AgXy+...+A,x, =0
gmeTon 6T1

Y A A

Xy =—"Xg— — Xzg—... — —X,.
1 Ay 2y ¥

‘Etropévas Exoupe dmodeifer Ty dixdhoubn iSi1oTnTa.

Tadtnre. "Av T& Xy, Xy, ..., X, elvan ypoupikéds EcpTnudva oToIKEla Evds Sio-
VUOLATIKOU Ywpou, TOTe éva TouA&yIoTov &mmd alTd tkppddeTan odv ypou-
WIKOS ouvBuaopds TaY UtrdAoITTwv aTOIYEIWY.

Maputiipnen. "Av kdmolo &md T& oToyela x,X,,. .., X, lvan 16 0, T.x.
X; =0, T6Te T& X;,X,,...,X, elvon ypouuixds EGapTnuéva, yiarl yi& A, #£ 0
foyue

AM-04+0x+4+...4+0-x,=0.
Mapodeiypata:
1. Té& ororyeia (1,1) kal (=1,—1) Tol R x R elvan ypaupikds tapTnuéva, yiati & ypapu-
ko5 ouvduaopds Tous
3.(L1) + 3.(-1,-D
elvar foos pé 16 undevixd atoryeio (0,0) ToU Rx R xai ol cuvteheoTés Tou elven £ 0.
2. Evdv mpaypaTikd ypaupkd x&Hpo V SAwv Tdv Tprwvipoy
ax? 4 Px + y (a.8,y €R)
(U eiBape oTd wapdberyua 2 Tis 5.1) T& 1x24+0x+0 =x2, 0x 4 1xL0= x wai
0x2+0x+1 =1 elvar ypapwkéds &vedprnta oroiyeia, yiari
AL (X)) 4 A(x) + Ag(1) = 0x? 4+ Ox + 0=
<> MXPHAX A= 0x24-0x+ 0 Ay =0 kai Ay, =0 xal A, = 0.

5.5. Baon xai didatacy évdg Savvopatixed ydpou

v 5.4. eiBape o T& e, = (1,0) xal e, = (0,1) efvon BUo ypauuikdds
duefépTnTa oToixela ToU R % R. "As mépoupe Teopa fva oToixeio (o,B) ToU
R x R. Té oToixeio arrd UTTOpPET v& ypa@Tel odv ypauuikéds ouvduaguds TV
e; ki e, ué Tov dxdAoubo TpdTro:

(@p) = (a+0, 04B) = (,0) + (O.B) = a-(1,0) + B-(0,1) =
= a-e, | P-e,

"Etor PAetroupe 81 kdBe aroiyeio Tou R % R wmopel v ypogTel odv ypaupi-
ks owvbuacuds TGV ypapuikéds dveEdpTnTwy oToixelwy e, e, N& TO Adyo
alTé T& e, e, Aue 6Tt &rroTeAoly wid fdoy ToU R % R. Afvoupe Topa TV &Ko
Aoulo opropd.
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‘Opropis. "Av V elvan Bvas Siavuouamikds Xépos mave o16 obdua K, 1oTe i vid-

8a (by, by, . ..,b,) &b oToixeia ToU V dvopddetan Paen tob V, &v kai pévo
v
(i) T& by, by,...,b, elvan ypoumikéds dveEdpTnTa oToryEle,
(il) k&Be oToiyelo X ToU V ypdgpeTan obdv ypaudikds cuvbuagpds T&v by,
by, ..., by, SnAadn

x=DMA-by+2A;-by+ ...4+A, b, (1)

Mapatipnon. ZUpgwva pé Tov Opioud altd, Té& otoixeia by, b,,..., b,
elven dpretd y1& vé «kataokevdoouvy SAa T& gToiysia Tou V kal yU alTd 1
gvvola Tiis Pdoews tvds SlavuopaTikoU ¥pou elval TTOAU omuavTIKD.

‘H ypappir dvefaptnoia Tév oToixsicv Tis Pdoews éaogaiilea oT1 1

“ypogny &vés otorxelou x Tou V ué T popeny (1) elven povadikn. Tlpdyuar, &v

x=Ab; +Nyby + ...+ A",
ToTE Aoyw Tiis (1) Exoupe
ANiby +Ayby+ ...+ A yby=ALby +Ap-by+ ...+ AyD,

1l
Apby 4 (FA) by + Ayrby + (A by L A by (A)b, =0
|
(A=A ] by A-[A = As] bt -+ [A A J-b,=0
fl
MM =ANgih=...=A A, =0 )
f

AMi=N , ékdbe ie{l,2,...v}
Oi ouvTeheoTés 016 BelTepo péhos THs (1) dvopdlovTal oUVTETaYUEVES TOU X
s pds T Paon (by, by, ..., b)) xai ypagovtan cdv vidBa

¢, F—— ) Y
Tapadsiypata:
1. T& aroysia by = (1,2) xai by = (—1,1) oxnuatifouv wé& Péon (by,b,) Tou R x R. TTpé-
YBaTt

a) T& by,b, elvar ypapukds &vefdpTnTa oToxela, yierl
Ay-byAg by = (0,0) < Ay (1,2)+Ay-(—1,1) = (0,0) =
o (AVZA) + (FAuAg) = (0,0) <> (A Ay, 24, +2,) = (0,0) <
< MNP =0 kal 2A,+2A; =0 < A =0 xal A; =0,

B) k& oToixelo (o,B) ToU R x R umopel v& ypa@Tel gdv ypauuikés ouvduaouds
Tév by, by, yrati

(0,B) = A-(1,2) + A (=1,1) & (a,P) = (A—hy, 20 +2y) <>
o MA=a kol th =P < A = “_;t.@ xal = '_233*_?’,

*Etot ol ouvtetayuéves Tou (a, B) s wpds T Péon auTh elvan
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(u+ﬁ —2a4-p )

3 3 :

2. "Omows eibape othv &pyn, T& e; = (1,0) kaf e, = (0,1) oxnuatifovv wma Baon (e,e,)
To0 R X R, s wpds thv dmofa ol ouvteTaypéves tvds oToixelov (a,B) Tod R x R givan
(a,B). Mé& 16 Adyo aUtd 1) Pdon autn dvopdletan kavoviki Paon ToU R < R.

3. Z1d wapdbaypa 2 Tiis 5.4 €idope &1 T& x2,X,1 elven ypapuikds dve§dpTnTa oTotyEin
TOU TPAYHATIKOU YPaHHIKOU XWpou

V ={ax? 4 Bx + y | a,p,y € R}
’EE€&AAoU kd&Be oToixElo ax?+Px+y Tou V ypdeeTan odw ypaupikés cuvBuaguds TV
x%,x,1 pé ouvteheotés P,y kol Emopfvess Td x%x,] oynuatifouww wa Paon (x%x,1)
Tou V, s mpds T &moia o ouvtetaypéves Tou ax®4-Px 4y evar (o,B,y).

AT T& Topamdve mopaBelypata 1 kal 2 SiamoTdvoupe 61 & (hy,by)
kai (e, e,) elven 8Vo Paoes Tou R x R. "AmoBeaxvietan 6T kdfe GAAT Pdon
1o R % R &moTeAeitan &md SUo oToixsia kal y1” atd 16 Adyo Aéue &1 1) dud-
oTaoy ToU ypopuikoU xwpou R X R elven 8o. Mevikk & ypapuikds y&pos RY
fxet SidoTaon v kai f) xavovikr Pdon Tou &moTteAeiTen & TG SiavuouaTa

8= (110,0,5::,0), 8y= (0,1,0,:.:0), o5 €= (0,0,0,.: ,0,1).

*AmodeikvieTon yevikk 611, &v Evas BiavuouaTikds Xdpos Exel m& Paon &md
u oToIXEIa, TOTE K& &AAN Pdon Tou 6& éxel p dxpiPdds oTorysia kai TéV &piBud
p 8 Tov dvopdloupe diastaen(?) alTou Tou BiaVUTHOTIKOU ¥wWpou.

YAV X1,X,,. . ., Xy ElVon ypappikdds dveSapTnTa oToxeia fvds BiavuopaTikod
ywpou V Tévw o1é odua K, 16T TG clvoro

{Aaxy F Aoxa + oo Auxp [ ApAg .- A €K
BAeov TEV YPOUMIKEY CUVBUATUEV TV Xq,X,, . - ., X, ElVal TTpogavdds Evas ypou-
pikds Utrdxwpos A ToU V. ‘O A dvopdleTton Dndympos mod yevviétar amnd ta x,,
Xg « oy Xy ZUPQoVE Pé TOV Oplopd Tiis Paoews T& Xy,X,,. . ., X, &moTeAolv pi&

"
Péon ToUu A kai Eropéves & A elvan Evas SiavuopaTikds X&pos ué BidoTaon p.

56. "Aoxvcelg

1. N& 8eifete 611 76 oUvoho
R? = {(x), X, X3) | Xy, Xy, X3 € R}

(1€ lodtnTa kad mp&Eers maws dpioTnkav o1d mapddayua 1 s 5.1) elven Evas Tpaypa-
Tikds SravuopaTikds XBpos.

2. "Av V elvan évas SiavuopaTikds xdpos wevw oTé odpa K, vék Beifete émi yr& kdbe
ae K xai x € V loyie

@ (—x) = —~(a-x)
1. “Ymé&pyouv BiavuopaTikol x@por pé pry memepaopévn Sidotaon. O Evvoies mou E-

xoupe &vagéper oTis 5.4 xaf 5.5 yevikeUovton kal yi& Tétoious xwpous. ‘H mapousiaon duws
abTév Tév twoidv Eegelyer &md Td okomd alTou ToU PifAiou.
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II 5.6.

. N& Bei€ete &1 16 glvoho
A={(M2\ | AeR}
elvan Evas ypaupikds Umdywpos ToU R % R. Ti Sikotaon &xe;
. Né& 8el€ete 8T1 16 olvoho
A={(xy)|(xy)eR x R ut 2x+3y =0}
elvan Evas ypapuikds Umoywpos ToUu Rx R. Ti SikoTaon Exe;
. N& #etdoete &v t& (2,1), (1,2) eiven ypouuxdss &veépTnTa aTotyeia Tol RxR.

. Né& #€erdoete &v T& b, = (1,0,1), b, = (0,1,1), by = (1,1,1) &morshoUv m& Pdon Tou
SiavuopaTikoU Xwpou Tis doxknoews 1.

. Né& Beffere 6m1 Té 2z, = 14-0i wai 2, = 0+ 1i &wotehoUv & Péon Tol BravuouaTikey
ywpou Tou mapadelypatos 3 Tis 5.1. Ti Sikotaon Exe & ¥dpos alTos;

. "Eotw V fvas Siavuoparikds ¥&pos Tavw oTtd oua K. “Av AB elvan BUo SravuopaTi-
Kol Umrédycwpol Tou V, vé Beifete 611 f) Toun A N B Bév elvan TS xevd olvoho xal pdhioTa
elvan BiavuopaTikds UTdywpos Tou V.
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II 6.

78

ZYNTOMH ANAKEDAAAIQIH

- *H Bopty (G,0) dvopdleton fiuopdda, &v kaf udvo &v 7 Tp&En o elvan Tpoo-

ETQUPICTIKT.

. "H Boun (G,0) dvopdderan dudda, &v kal povo &v ioyxlouv ol &xdAoudes

iBidTnTES :
(O)) "H Bopty (G,0) elvan fuopdde.
(O,) “Ymdépyer oUbérepo oToyeio 5 Tpds TRV Tp&EN o.

(0;) Kdfe oroixeio ol G Exer ovpueTpikd oToiyelo s mpds Thv Tpdén o.

. "H Sopt) (A, +, -) dvopddeTan SaxTUMos, &v kai povo &v loyUouv of dkd-

Aoubes 816N TES !

(A)) ‘H Bopn (A, +) elvon dvmipetabetiky Sudda.

(Ay) ‘H Bopn (A, -) elven AuiopdSa.

(4g) "H wpdfn - elven tmuepioTiky €5 mpds THY TP&EN .

. ‘H 8opn (A, +, ) dvopdletan odpa, &v kai péve & ioyUouv ol dxdAoubes
T.l 1 X

iBi1drTes:
(Z)) H Bopn (A, +, <) elven Bvas pry pundevikds dvTiveTabeTikds SaxTUA1os.
(2,) "H Bopry (A¥*, -) elvan dudde, dmov A* = A—{0}.

. "Eva pry kevd olvolo V dvouddeTor SiavuopaTikds fi ypoppikds X&pos Tdvw

o1o agdux K, dv kal pévo &v loylouv ol dxdAoubes iBroTnTes:

() 216 V elvon Spiopévn wid éowTepikny TpdEn -+ TéTold, oTe 1) Soun
(V, +) v& eiven dvripetabetikn dpdda.

(Iy) Z16 V elvan Spiopévn md E6eotepikr) mpdEn - pé oUvolo TeAeoTdY T6 K
TETOl, OTE YId k&b X, vy € V kai o,p € K v& ioylouv:
(1) o (x+y)=ax + ay,
(i) («4p)  x=a-x+p-x
i) (- B) - x=a (B x),

vyl x=xi
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7. AZKHZEIZ TIA EMANAAHWYH

1. "Av x = (a,a’) kad y = (B,p") elvon Blo ortoryeia Tol ouvéhou A = Z x Q, ToTe dpifoune
Buo fowTepikés TrpdGers = kai 0 oTd A pé TOV dkdhouBo Tpdmo
x*y=(a+p, «P) , xoy=(aB, «+P).
Aei€te 61

(i) ol mpa€eis altés elvon &umipeTabeTikés, TpooeTouploTikés kal Umdpxer y1r aUTés
oUbétepo oToiyeio oTO A,

(ii) T& oToieix ToU A Tiis popefis (1, @) kal (—1,a") éxouv ouppeTpiké oToKEIX &S
Tpds TNV Tpafn o,

(iii) Té& oToiyela ToU A Tiis HopeTis (o,0) Mé & # 0 Exouv ouuMETPIKE gTOIXETA G5 PGS
Ty TpdEN *.

2. "Eotw (E, *) uldt Huopdda, yi& 'rnv Smoia u-rrdpxa ouﬁé'rspo oToiyeio e € E. Av Y& TS
oToyela oo« Tou E foyour o * a =e¢ xai o’ + a = e, BeifTe éTi a=o". Ti oup-
TepaiveTe yi& T& oToixEia a kal o;

3. "Eotw (G, -) m& éudba. “Av yi& x&be o,p € G loyue

(o B) =a®- B2,
Belfre 871 ) Sudda alTh elvan &Pehiavy kal yi& kéfe v e N foyle (a-B)Y =a¥ - p™.

4. Z16 olvoho R dpifovpe Tis wpabeis o kal * pé Tév dxdAoufo Tpdmo:

aop=at+p-1 , a*P=cp—a—p 4+ 2.
Aci§te 611 ) Soun (R, o, «) elven odpa.
5. Zt6 R fy oyfon
x+y=ax+Py+y  (upeR—(0)
Spier mé TpdEn *. N& poobiopioeTts T& o,p, doTe ) wpdfn ‘alTh v& elvan mpooeTanpt-
oTik). N& Umoloyloets 16 y ouvapThios tvds TpayuaTikoU &pifpou €, doTe f Sopf
(R, *) vé elvan 6pdda pé oUdérepo orToiyeio TS e dos Tpds THY TRAEN *.
6. "Av v elvar orafepds guoikds dpiBuds, va Seifete &Ti TS olvolo
A,={zeClz*=1)})
elven KAeloTd G Tpds TV TpdEn ToU ToMaTAaciaouou oTé C kai oTh ouvéyeia &T1
Bouny (A,,.) elvan dvmipeTaleTike Spdda.
7. "Eotw (A, 0) m& fuiopdba pé Tis dxdAoubes iS1dTnTES @
(i) Umbpyer e € A ut eoa=a yi& k&be a € A,
(i) y1& kdfe ac A Umdpyel o' €A pf o’ ca=e.
Acifte 611 1) Boun (A, o) elven dudda.

8. "Eotw (G, -) m& oAAamAacixoTIKY &PeAiovny dudda. “Av k elvan éva oTalepo oToiyeio

Tou G, ToTe Opllovue o1d G Thv TpdEn = pé Tov drdAoubo Tpomo:
axP=o-p-K
Aei€te 8T1 f) Sopny (G, #) elvon &Pehavry opéba.
9. "Eotw (A, -) wmd woAhamwAaciaoTikn &Pehavr) dudda, &mou
A= {ay, o e S}
(i) "Av x elvan éva oToixelo Tou A, Beifte 811 TO A TepiExer dxpifdds T& oToIXElx
X0l XoCln ey Koy
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Im;7

15.

16.

18.

(i) M& k&fe x € A loyle

V=1,

Emou’:, ol kAdors Umroholmou Té@v x kal A modulo 5, dplfouv Buo towTepikés Tpdters
o1é E xaf # 8opny (E, +, .) elvan Evag dvTipeTadeTikds BaktUAos pE povadiaio gToieio.

. Asifte 8m T& b, = (3, 1,5), by = (3,6,2), by = (-1,0,1) &moteholv W& Pdon Tou R3.

Totés elvar ol ouvteTaypéves Tdv x = (1,0,2) xal y = (2,0,5) s mpés T Béon auTh;

. 3t ok mepimTwon T& a+Pi kal y+8i dworehoUv m& Pdon Tou SiavuouaTikol Y-

pou TolU Twapabelyuaros 3 Tiis 5.1 ;

. "Av T& x5,z elvan ypaupikds dveE&prnTa oToixeia dvds BiavuopaTikoU xwpov V mwave

a1é odpx K, Beifte 8T xal T& X+y, X—y, X2y +2 elvan ypaupixds &vefdpTnTa oTOI-
xela Tou V.

. Tpéyte 16 oToixelo (o, B, y) ToU TpxyHaTikol BiavuguaTikel xdpou R? oév ypap-

wiké owvduaousd Tév (1,1,1), (1,1,0) kai (1,0,0).

. Alvetan 16 oloTnpa

X+ 4y +2z=0

2x+y+52=0 } &
Né& Bef§ete 811 16 olvoro THY Algewv Tou (2) elvan Evas ypaupikds Umoywpos V ToU
TpaypaTikol Savuouatixol xipov RS, Bpeite wi& Bdon Tol V.

"Eotw (A, +, -) fva odpa. "Av o,y € A xal B8 € A, Beifte v leoBuvapla

= % <> ab=Ppy.

Acigre &7 4 Souh (M, +, <) ué M=((a, B, v, 5) | % B, v, 5€Q) «xal

(a B v, B) + (5 5 n, 8) =(a+te, B+L y+m 840
(« By, 8) (& L, m, B)=(ae+Pn, al+P8, yetBn, y5+59)
elvan SakTUAos. TToid oToixela ol M Exouv &vrioTpopa oToiyelx;

|2

. AeifTe &n

(i) * Boufy (Zy, +, ) elven Baktihios,

A A A AN AN A AN A
(i) T& Ymootvora A=(0, 5, 10} xal B=(0, 3, 6, 9, 12} evan whaigTé s wpds Tls
wpdters + xal - oTd Zyy.
O1 Souts (A, +, ) xal (B, +, -) elvan dxipaies Treproyés;
*Av (G, +) elvan dudba kal A fva pf kevd UmooUvoko Tol G pé Thv IBibTnTa

X, YEA = X-YEA,

Seifte 871 f) Bouf) (A, +) slvan dudda.
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KE®PAAAIO Il

ITOIXEIA OEQPIAZ APIOMQON

1, AiaiperéTnTa otdé oclvolo Z

2. 'Aképaieg AUoeig Tiig éfiowoews ax+By=y (a,B.yeZ)
3. Zovroun avakepalaiwon

4. 'Acoknfoeig yia émavainyn
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iIT, 1.

ITOIXEIA GEQPIAT APIOMON

‘H Becoplar Tév &piBpdv elvan Evag KA&Bos Tév Mafnuatikdy, ol 1) loTopia
Tou dpxiger Ty Eoxd) ToU T& puoTikd TV dpiBuddy dmaoydAnoav yi&k TpdrTn
pop& ToUs dvlpadTrous.

Mvwotétepos &md Tols &pyaious ol doyohrfifnkav ué ToUs &piBuols el-
var & Tubaydpas (500 m.X.). Kard Tods xpévous ToG Etmdeidn (300 m.X.) 4
HEAETT) T&V &p1Bud Eyive TepioodTepo ouoTnuaTik Kal § Paoikr Sewplor TV
&p1Buddy dvagépetar oo EBvaro PipAfo Ty «ZToiyelwun Tou. *ApydTepa & Epa-
Toatéuns (230 m.X.) EBwoe uéBodo elpéoews TpdTwv &p1BuGY (kéoxvo Tou *Epa-
Toaéun).

‘O Aibpavtos & ‘AdeEawBpivds (350 p.X.) oTé Epyo Tou «ApiBunTikd:,
Tou &mé Tols 13 Topous awlovrtan pdvo of En, doyohfifnke pé mTpoPAfucTa
ooy,

‘H oUyypovn Bewpla Tédv &piBudsy dpyilel pé tis tpyaoies ToU P. Fermat
(1601-1665 p.X.), moU pé Té puTewd puohd Tou Tpdopepe oA oTh pafnuo-
Tikf) EmoTAun kad 1BiciTepa oTéV KA&SO TS Becopias &pi1Buddv.

Oi peyorUrepor pabnuorikol Tév TeAeutadwy oldveov Ektde TRV SAAwY
&oyorfifnkay kai pé 7 Becopla dpiBudv, Smruws m.X. ¢ L. Euler (1707-1783), &
K. Gauss (1777-1855) x.&.

1. AIAIPETOTHTA XTO XYNOAO Z.
Ity Tapdypago it 84 peAetriooups Trv Ewvoix T SiatpeTéTnTas 0TS
olUvolo Tév &kepaicov:
Z={...,-3,-2,-1,0,1,2 3,...}
Zuyvd 8& ypnowotrololpe kaf T& ToapokdTw UrooUvora ToU Z:

TO gUvoro TV uf undevikéiv dxepaicv: Z* = Z—{0}
T6 aUvodo TV uff &pynTikév dkepadeov:  Z, = {x|xeZ pé x>0}
16 oUvolo TV BeTikGV dxepaicov: Z% = {x|xeZ p¢ x>0}

"EmimAfov 8& xpnoiwomoifigoupe 16 drdhoubo &Efwpar.

‘Afiopa. Ké&e pf) kevd Umrootvodo A ToU ouvdhou TV OeTikdy drepadeov Exet
EAéx1oTo oToIXElo, BnAadh Umdpyer oTé A povaBiké aTotyeio, ToU elvan
HikpSTEPO &rd SAar T& &AAa oToiysia Tol A.
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III. 1.1.
1.1. 'H ¥wvoia tii¢ Siaipetdtnrag otd Z.

*H &6iowon —3x = 11 8év éxa pila oo Z, yiarl Bév Umdpyer dxépaios oy,

&v oA amAagiacTel pé 76 —3, v& Bivel ywopevo 11. ‘H élowon Spws —3x = 12

éxer pllax oTd oUvolo Z Tév dxépaio —4, yiorl —3(—4) = 12. Zriv mepimToon

o) Aépe 61 & 12 diavpeirar pé 16 =3 ) 611 & —3 draugel TS 12.

Aivoupe Twpa TOV TopakdTw Spioud.

‘Opropbs. “Av o, P € Z, ToTe 8& Adpe 611 & o Srpeitan pé 76 B 1) ST1 6 P Srapel
Tov a kal 8& yp&eouue Bla, dtav kai uévo dtav Urépyer dxépatos y TETOIOS,
GoTe va foyUer

o= By.
Zthv meplmTwon olth 8& Aepe Emions &
(1) & o elvon modlhanhaoro ToU B kal
(ii) & B elvan dwmpétng | napayoviag tod a.

Mapadeiypara:
1. "Awé Ty lodrnta —35 = 7.(-5) &metran &1t
71-35 kal —5|-35.
2. Té olvoro Tdv moAAamAaciwy Tou 5 elven
5.y | yez},
SnAadf
{..., =15, =10, -5, 0O, 5, 10, 15,...}

Taparnphioeg
1. ’Emeidf y1& kébe P e Z loyva 0 =P . 0, émeton &1z
kG0e Gxépargg Sranpel 16 pndév.
2. "Av Ola, TéTe Umdpxet y eZ pé Thv BidtnTa a=0.y, SnAadn a=0.
"Apa:
16 pndév elvan Srapétng povo tol £avtod tou.
3. ’Amd Tis pogavels lodTnTes
a=(+1)a kai a=(-1)()
émeTon OTL:
ke axépaiog a Swmpeiton mavta pé todg +1 xei +a.
4. "Av y1& Tpels dxépaious o,p kal y loxler a = By, T6Te Tpogavdss loxlouv
kal ol oyéoes
—a=B(-y), «=(P)(-y) xd —a=(Py.
“Apai:
iiv pla, tote pl—a, —Pla wai —Pl—a.

84

WngiomonBnke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkrg



IIL 1.1

5. 'Emaidf), Adyw Tijs Tponyolpevns maparnprioews, loyUet
Bl <> Bl
T6 oUvolo TV SroupeTddv ToU o kafopifeTon TAfpws, Stav elvon yvwoTtd
TO guvolo TV Bemik®v SioupeTdv Tou, ToU 8& TS oupPolifovpe pé Alc).
6. ’Amd Thv Tapatrpnon 4 cupmepaivoupe Erions 8T
Blet < Bl—e,
dnAadr) 6bo dvriferol dxéparor a kai —a Exovv 100g idtovg Sropéteg kal Eropéveos
A(e) = A (=) = A(Ja))-
"Etor
A(—8) = A(8) = {1,2,4,8}, A(—9) = A(9) = {1,3,9} «ai
A) = {x | xeZ u¢ x>0} =2Z% .
2T ouvéyeia 8& dmodeifoupe BUo yprioipes TTpoTATES.
Ilpéraon 1. "Av o,p,yeZ, ToTe foyUouv ol drdAouBes 1810TnTES:
(i) *Av alp, TéTe Y& ke xeZ loyUer alkp.
(ii) *Av a|p xai Bly, ToTE aly.
(iii) "Av alp kol aly, TéTE P4y
(iv) "Av o|p xai P # 0, Té1e |of < |B].
"Anodergn.
(i) "Av o, ToTe Urdpyxel dxépaios A TéToos, GoTe B = oA kod émouéves
kP = a(Ax), ToU onuaiver 611 oxP.
(1) "Av o|p kai Bly, ToTe Umdpyouv dxéponol p,v TETOlOL, OOTE
p=awu kol Yy=pBv,
ooTE
y =Bv= (@) v =a),
SnAadn aly.
(iil) *Av a|p kai aly, TéTe Umdpyouv dképenot A,u TéTOl01, QOTE
p=oh xd .y=oc-u,
o1réTe
P+y=a(+w),
ToU onuaivel &1 a|p+y.
(iv) “"Av «|p, T6éTe Umdpxer dxépaios A Térolos, doTe P = a-A. "E§&Aov,
dpou B # 0, 8& elven A # 0 kai Eropévess

A= 1.
TMoAhamAacidlovtas kaf T& BUo péAn oavriis Ths dwvicdtnTas pé |of
Traipvoupe
|oA| = |a

ket &pax [B| = |al.
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IIl. 1.2.

Aoyw Tiis Bi1oTnTas (iv) Tfs mwpotdosws k&Be BeTikds Slmpé’mg X TOU
peZ* ixavorrowel T oxton 1< x<|B|, dnAadnh
| xea® - 1<x<pp| m
*Ad thv (1) xad Ty mapathpnon 4 Exouue Té &xdhovlo mopiTua.
Iépropa 1. Oi povadixol Bicupéres ToU 1 elvon of + 1.

’EE&MAou Adyw Tiis mpoTdoews 1 kal Tfis Taparnphoews 3 Exoupe T
drdhovbo ToHpIoUT.

Iopopa 2. ‘H oxfon “I” uéoa o1éd ouvoho T@v BeTikdy dxepalwv elvan oyéon
pepikiis SiaTdbews (BnAabh dvariaoTiky, peTaPaTikf kai GUTICUPHETPIKN).
Téros &md ThHv (1) Exovue TO drdloufio wopioue.

Tépiopa 3. Té alvoho Tév BeTikédv Brocupetddv Evds dxepafou PeZ* elven Treme-
paouévo.

Ipotacn 2. "Av aeZ, PeZ* xaf Bla, TéTe Umdpyel povadikds dxéponos y ué ThvV
iBiotnTa a=p-y.

*Anédertn. “As Umoftooupe 811 Umtépyouv Y,y €2 TETOIOL, COTE
a =By kad o =Py
Téte Aoyw Tiis petoPamixiis i16TnTas Ths lodtnTas Tralpvouue
Py =Pr1

kal &mopbves y = y,, &pou B # 0.

“Av BeZ* xaf Pla, TéTe 1) wpdEn, pé v dmola PplokeTan & povadikds (M-
yw Tfis TpoT. 2) dxépanos y pt TAv IBioTnTa a = Py, elvar 1 yvwoTh uas Téiaia

Bialpeon kel & dxépanos y elvan 16 dxépaio TnAlke alThis Tiis Sicupéoews.

1.2. MpdTor xal ovvletor dpibpol.

Mi& &md Tis mé Pooikés Evvoles ot Bewplo dpBpdv elvan # Evvoia Tou
modiTov dotfuod. Mé& vé kaTavoriooupe TV fvvoia alr), &s Tapoupe T6 oUVOAO
A=2Z-—{-1, +1}.

Kébe oToixsio a ToU ouvdhou A Exel, Adyw Tiis Taparnprioews 3 Tiis 1.1,
TouhdyioTov BUo BeTikoUs Sionpétes, Tous 1 xai [af. TI.y.

A(3)={1,3}, A4)={1,24}, A5 = {15}

A6)=1{1,23,6}, A ={LT}.

TMaparnpolue 8T kdde fvas &md Tols &piBuols 3, —5, 7 Exer ouvoho Be-
TikGV BronpeTdv pé ddo dxoifdc otoryeia. Tétolor &pibuol, dmes ol 3, —5 xal 7,
Sdvopdovtan mo@ror dofuol. “ETon Exouue Tév dxdrouflo dpioud.

‘Opopés. “Evas drépaios ps£0 dvouddetan mpétog apbpioc, tav xal udvo otav

p # +1 xal of povadikof Betikol Bicupéres Tou elvan of dpibuol |p| xaf 1,
SnAedn A(p) = {1, |p}.
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II1. 1.3

Kéfe drépaios o e Z — {—1, +1}, ol Bbv elvea mpditos &pibuds, dvoudde-

T abvBetog apiOpog.

"Eto1 k&fe oToiyeio ToU ouvdhou A = Z—{—1, +1} elvon fj rpddTos dpiBuds
# olvletos. O1 &piBpol —1 kol +1 (rou Bév dufikouv oT1d A) elven ol pdvor dké-
paiol, ToU Té gUvohro TGV BeTik@v SicnpeTddv Tous elvan povoperés. (TTopiopa 1
Tiis 1.1). Mé Baon Tév Tponyoluevo dpiopod oi &pifpol —1 kai +1 olte TpdiTol
&p1Buol elven olte olvBetol.

Hopatnpiiosg

1. "Av p elvan TpddTos &piBuds, TOTE, dq)ou A(p) = A(—p), 8& elvan kaf &6 —p
TrpddTOS ApIBuds.

2. "Av p,,p, elvar Betixoi TpddTOL dpifuol kel py|py, TOTE, &poU A(py) = {1,p,},
8& elvon p; = p,.

IMapadeiypota.

1. ‘0 dxépaios 2 elvan wpddros dpbpds, yarl A(2) = {1,2}.

2. ‘O dxépaios —9 elvar olUvletos dpiBuds, yiarl A(—9) = {1,3,9}.

3. "0 dxépaios 5 elvon mwpdiTos &pibuds, yiari A(5) = {1,5}.

1.3. "H &vwvoia tHg dAyoptBuiniig Siarpéoews.

*Ag UTroBécoupe &1 Exoupe ToUs dxépaitous 32 kad 5. TS 5 Bév elvan Sicupétns
ToU 32, dpoU Bév Umdpyer xéponos a pé THY {BidtnTa 32 =5« ‘O drépaiog
Suws 32 prropsl vé& &voAubel kaTd ToAAoUs TpoTous of &Bpolopa Evds TOAAG-
TAagiou ToU 5 kai tvds fetixoi dkepalou, Gmres Selxvouy of TapakdTw odTnTes(Y):

32=56+ 2 32=5:2 + 22
32=55+ 7 32=51+27
32=54+12 32=50+ 32
32=53+17 32 =5-(=1) + 37

Mpépouys Tpa Tis TponyoUpeves lodrnTes ué Tév dxdroudo TpdTo:

39.5.6= 2 32.5.2 =22
32-5.5= 7 325127
32-5-4 =12 32 5:0.=32
3959 2 17 32-5(~1) = 37

T& Belrepa péhn otls Trponyolusves lodtnTes oxnuatifouv Eva ouvolo
&mmd pf dpunTikols dxepaious, kal & éddytorog &mrd aldTols elvon & dxépaios 2,
wou elvan kol & povadixdg ToU TepiéyeTon petafy ToU 0 kaf ToU 5.

©4& &mobeifouus Topa &1L f) Umaptn kol 7 povadikdTnTa fvds TéTolOU Spi-
Buol, dmws ToU 2 oTd TponyoUlevo Trapdderyu, ioyuel yevikd.

1. Enpadare 1 32 = 2 (mod 5), 32 =7 (mod 5), 32 = 12 (mod 5) x.T.A.
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III. 1.3.

Behpnpa. "Av aeZ kol PeZ*, TéTe Urdpyouv povadikol dxépaiol T kad u TéTol01,
@oTE

a=pmw+v  kal 0<v <|p

"Anéderbn. Awoxplvoupe Tis dxdhoudes TEpITTTCIOEIS:

I. aeZ, xai p>0. "Ag Becopriooupe Té olvoro A Shwv Tdv drepaiwv Tiis
uopefis a—Px, dmou x elven Evas diépoios Tétolos, doTe vé loylel a—Px > 0,
SnAadf

A={oPx|xeZ kal o—Px >0}

Té olvoro alrrd Bév elvan 16 kevd. Tlpdypoam, dpol elvea B > 1, ToMamAaoid-
Govtas kol T& BUo uéAn Tns pé acZ, Pploxoupe of > o kal Emropévess a+top>
= a+a=0, snAadh atap = 0. "Etol, &v mépoupe X = —a, gupmEpaivoups
611 & pr) &pvnTikds dképanos a+af dvrikel 0TS oUvoro A. ZUpguwva pé Té dlwpa
THis mapeaypdpou 1 16 glvoho A Exel EAdyioTo oToixeio, foTw v. Aol ueA,
8& Umdpyer diépaios T TéTolos, MoTe vk loyxUel a—Pm = vu. ‘Emopéveos

o = Pmr+vu wad 0<w
O& &mrobelfoupe Tdpa 611 v < B. *Ag Urobéooupe i v > B. TéTe elvan u—p > 0
kal, &mweidn loyvel
V=P = (a—TB)—p = a~(mr+1)p,
ouumepadvoupe &1 16 U—P durier, oTé A. AUTS Spcos elvan &ToTro, yiari 16 u—p
elven pikpdTepo &md 16 v, vdd ouyypévws T U elvan T EAdyioTo oToryeio Tou A.
‘Emropéves v < P kal Eror Exoupe dmroleifer 8T1 Umrdpyouv dxépaiot T kad U Té-
TOI01, GYOTE
a=pmr 4 v kal o<u<p b}
Méver v’ &roBeioupe 31 of dxépator T kad v elvan povadikof. *As UoBtooupe
&1 Umépyow dxéponor T kad v’ Térotol, GoTe &= P4y kal 0 < V' < P.
Xowpls vé PAdyoupe 11 yevikdTnTa utropouue v& UmoBéooupe &1 ' < . *Emer-
&M elvan o =P+, Exoupe P +u="Ppr + v H
B (m—m") = u'—u. (2)
TpooférovTas Thpa kord pédn Tis oxéoes 0 < v kaf ' < B Bplokoupe V' <Pty
fi V'—u < B, émdte A (1) ypdgeran
p(m—m) <P
#, &l P > 0,
m—r' < 1.
“Etar yi1& Tév dxéparo w—mr’ loylouv ol oyéoes
0<m— kaf T < 1
kal Emwoptveos m—m' =0, SnAadn w=m'". Tdpa # (2) Biver v = u. "Apa TS
fewpnua loyve oThv mepimTTwon alT.
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Il 1.3.

IL a <0 kai Bp>0. *H &mwddealn oty mepimrwon alth ylveta, dmes oThv
mepfmToon I, &pkel v& SiamoTwdel éT1 T6 o—Pa elven oTorkelo Tol cuvdrou A-
ITL aeZ xoi B<0. ZTrv TepimTwon alth Bétoupe ois oyxéoes (1) Smou
B 6 |B|, omoTe Taipvoupe
a= BT+ v kaf 0 <v <|B

f a=p(-m) +u ki 0<u<|p
1 a=pr 4+ v kal 0<v <,
dmov T = —m.

20ugoova pé T6 TponyoUueve Beddpnua of kébe Siatetaypévo Gelyos (o)
ToU Z X Z* durioToixel povadikd Siatetaypévo Lelyos (mu) Tou Z X Z,
TéTolo, CoTe vé& loyUouv ol oyéoeis a=Pr+u kal 0 < v < |B.

AnAodr) EByxoupe ploa pdEn TolU Z x Z* 016 Z X Z,. ‘H mpdén a¥n bvo-
paletan dhyopOpkiy Saipeon. O &piBpol o, P(+£0), kol v dvopdlovTan &vTi-
oToiyws Sumperiog, Sraipétng, tnhike kai dnohowmo tijg (GhyoprOpikiic) Sanpé-
oewg tol a pé 16 B. ‘H oyéon a= Prr+u (émou 0 < v <|B|) dvoudderan isdtnta
tfig (dhyoprOpuikiic) Srapioemg tob a pé 16 P.

Hapatfipnon. Elven gavepd ém, & oty lodtnta Tfis &AyopiBuikiis Sicnpéoecos
ToU o pé 16 P elvan v =0, 1éTe & P elvan TapdyovTas ToU a.
IMapadeiypata.

1. *H d&AyopiBuixr} Sixipeon Tou —35 ué 16 6 Biver nAfko ™ = —6 kai UmdAoiro v = 1:
=35 = 6(—6)+1
2. 'H oxton —14 = 4 (=5) + 5 Bév elvan lodrnra Tiis Sraipéoses ToU —14 ué 4 4 olre Tiis
Sionpéoews ToU —14 pé 6 —5, yiarl elver 5> 4 kafl 5=[-5].

3. "Av aeZ, TéTe T& Buvard Utdhorma Tiis Biopéoecws ToU o ué Té 5 elven 0,1,2,3 £ 4, yrorl
T6 UméAoiro v avtiis Tiis Bixiptoews Ikavomroll TH oxéon 0 < u < 5.

‘H dAyopiBuikn Siadpean évds drepaiou pé 16 2 elvan Buvatd v Bwoel Umd-
Aoimro 0 i 1. Elven yvwoTd 871 oty Trpcotn mepiTrTwon & dképaios dvopdleTan
dotiog, Evid oTh BeUTepn meorzos. "ETon Evag &pTios dképaios Exel T popeny 2Kk,
8 Evas TrepiTTds TR poped 2k+1, &mou k € Z.

Ol dxéparor —8, 4, —6, 10 elvan &pmiol, &vd of 5, —7, 9, —15 mwepiTTol.

‘H &AyopiBuikn) Siaxipeon Tou 32 pé 16 12 Siver bmérormo 8. Taparnpolue
& & &képaios 2, Tou elvan kowds Siaipérns TéY 32 kai 12, elven Sicnpérns xai
ToU UmdAoirou 8 kai émiAéov & dképanos 4, ToU elvan kowds Siaapétns ToU 12
kad ToU Umdhorrou 8, elvan Sixipétns kai ToU Sicapetéou 32. Of iBidtnTes alrrés
foxUouv yevikd, Omos Beiyver f) TapokdTw TROTHOT.

Ipétaon 1. "Av v elvor 16 Umdhoimo Tiis dAyopiBuikiis Bicupéoews ToU o pé

T6 P kad 8eZ, TéTE loyUouv

(i) 8l kol BB =By,

(i) 8|p kal B|u=5la.
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oL 1.4.

"Anédeiln. (i) "Amé Ty lodtnTa Tiis dhyopiBuikiis Sicipéoecs Tol o pt T
B Taipvoupe
o—pr=v (1)
"Agol 8la kol BB, Adyw Tiis mpoTdoews 1 THs 1.1 & § elven Sicupérns ToU Tpcd-
Tou pérous Tiis (1) kai Emopéves B|u.
(i) "AmoBeikvieTan Spoia.
MNaepatipnon. Ité mapdBerypa ol &vagépape mplv &md Thv mpéraon 1 & dxépaiog

8 elvan kowds Bixipérns ToU 32 xal Tol Uwbhormou 8, &AAG Bév elvan Bioupttns Tou 12. "Etot
gy wpéTaon 1 8év loxie f cuveraywyn:

Sla kal &|u=35|p.
Tipéraon 2. "Eorw «, PeZ kai yeZ*. Téte ol Biaptoers Tév o kal B pé 16 y

Blvouv 16 1810 UmdAoiTo, Taw kad pévo Etav 1 Siagopd a—P elvar TToAAa-
TAdoIo TOU Y.

*An6derln. "Av ol Sicaploeis Tév o kal P pé 16 ¥ Slvouv 16 1810 UmrdAoiTro, TéTE
£YOUpE
a=ym +uv xadd P=ym+vuv (Gmov 0<vu <y,

omwodTe pé dgalpeon katd péAn Taipvoupe

oa—p =y (m—Ty),
oy anpafver 6Tt 16 a—P elvon ToAAaAdoio ToU y, &@ou Try—myeZ.
"AvtioTpoga, &v elvon a—P = y.A, Té1e EgovTas Umoyn T lodtnTa Tiis Bicu-
péoews ToU P pé TO v, dnhadr Thv

B=ym+u (dmou 0 <v < [y)),

Ppioxouue

a—(ym 4 u)=y-A
fi

a=y A+4+m) + v
Emaidn elvan 0 < v < [y|, f) Tedeutaia oxton elvan ) lodtnTa Tiis Sicnpéoeas
ToU @ pé 16 ¥ kai émoptvas T6 UmdAoimd Ths elvar .

1.4. "Aoxfoels.

1. "Av o= P (mod 2), 8eifte &1 & dxépaios a+P elvar ToAAamAdaio ToU 2.

2. "Av v =4x+1, &mou keZ, Beifre 811 4|3+ 2v+1.

3. "Av y =y (mod v) xal By = B, (mod v), Belfre &1t o, +P, = ay+-PB, (mod v) xal
&Py = oy, (mod v).

4. Acifte 611 TS ywépevo BUo BraSoyikdv dkepalcov elvan &pTios &piBpds xal Emerta dTi T
TETp&ywvo tvds mepiTTou d&piBuol elvon THs popeiis 8x+ 1, dmou keZ.

5. "Av o,f,x elvan dxépator Tétoron, dote a= P (mod 2) kal x = a®4 p?, Beifre ST1 16 %—

slvan &Bporopa TeTpaydvwy BUo drepalwv &prBpdiv.
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I 1.5.

6. Acifte 811 y1& kéde AeZ & dxbpanos A(A?+2) elvan woAhamAdaio Tou 3.

7. "Av 8Uo dxépanot Bty efvan morAamrAdoia Tol 3, Beifte &1 76 &Bporoua fi f) Biapopd Tous
BranpeiTon pé T 3.

8. "Av Bvas dxtpaios Bév elvan moAAamAdalo ToU 3, Beifte &T1 TS TeTphywvd Tou elvan Tijs
woppfis 3A+1, dmwou AeZ.

9. "Av xkeZ, Beifte dm 6|k (k+1) (2x+1).

10. “Av Evas dxépaios o Bév elvan moAharAdoto toU 5, Beifre &1t A Bialpeon Tou of pé 16 5
Blver UmrdAorro 1 fi 4. ZTA ovvéxeia Bei§te 8T, &v of drépaior X kal y Bév elven moAAa-
Aol Tol 5, TéTE 5| xi-yt

11. *H 8iadpeon tvds dxepalou a pé T4 65 Blver TrnAlko Bvav &prio &p1Bud A xal Umdhoimo A?,
TpoabioplaTe Tous dxepalous a.
12. *Av v elvan quoikds &piBuds, Beifte 611 9| 24v+1_D23v_],
13. Acifte 811 yi& xébe guokd &piBué v loylouv
q) 5‘3H+S+ 2v+4 p) :,'|32v+1 +2v+.l
¥y X1 [ 3mvisipevi 8) 17]3.5%%-1 4 23v-4,
14. “Av o,B,p e Z xaf ol dxépaior o®—P xal PP—a elvar wohhamA&ora ToU p, Beifte &T1 ol
Biatpéoeis Tév aP+of xal o+ PR ué 76 p Blvouv T 8o Umdhormo.

15. Bpeite 16 UmdAormro Tiis Sicnpéoecs ToU 930 4 1710 ué 16 8.
16. *Av p,h elvan dxépaior pé 4p+1 = 3A, Ppeite 16 yevikd TUTO TOU p.

1.5. Méylorog ®owvég Sraipérng dxepaiwy. — "AdydpiBurog Tod
Edxheidy.

"Av o kol P elven BUo dxépaiol, TéTE TO gUvoro A(x) N A (B) Trepiéye
Shous Tous Kkotvous BeTikous BionpéTes TEV a kai P, Evas &md ToUs dmolous elven
kad & dréponos 1. ZTiiv TrepimTwor ToU dvags TouAdyioTov &mo Tous a kai P
glvan # 0, 16 olvoro A (o) N A (B) elvon mremepaouévo ( Top. 3 Tfis 1.1.) xal
trroutveds Exel péyioTo oToixsio. T péyioTto aUtd oToixelo ToU [A(x) N A(B)
dvoudletan & péyiotog kowvdg Srarpétng (MKA) tdv a kei B xad oupPohifetan
ué (o,p).

*Etol & péyioTos xowds Sixipérns dUo dkepaiwov o kai B (TmoU Evas TouAd-
xiotov elvan = 0) elvon & povadikds Betikdg drépaios 8, o ikavotrolel Tis i816-
TNTES !

(i) Bla kai BB,

(1) vla kol ylp =y <8

’Emraidn) 16 olUvolo I

AD) A (D) =2%
Bév Exel péyioTo oToixelo, péyloTtos kowds Bicapétns TV a =0 kol p=0 &
bpileTan. “ETol, Stav oTd émdueva dvagepdpacTe 0TS BéY1oTO Koo BiaipéTn
BUo drepaicv, B& Uobétoune 8T1 Evag TouAdyloTov &md adTols elven 0.
Maopadeiypota.

1. ’Emeaidn A (—8) = {1,2,4,8) xal A(20) = (1,2,4,5,10,20}, Exouue A(—8) n A (20) = (1,2,4)
kel Emouéves (—8, 20) = 4.
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II. 1.5,

2. 'Emeibf) & pdvos xowds Betixés Bianpbrng Tév 4 kal 9 elvan f povdda, Exoupe (4,9) = 1.

Hapatnprioeg

1. "Emaidf) A(e) = A (o) xad  A(B) = A(IB|) (TTopar. 6 Tfis 1.1), Exoupe
A(e) N AR) = A(lal) N A (IB)

[ @B)=(el Bl |

2. "Av aeZ*, 1é7e b |a| elvan & péyioTos Biapétns Tol a (Mpot. 1 (iv) Tiis 1.1).
Emaidn) emmidov loya A(e) N A (0) = A(q), Exoupe
(0:’0) = |of
3. "Av BeZ* xal Bla, TéTE, dol & péyioTos Bicnpérns Tol P elvan & dxéponos
Bl xat |BleA(a), Exoupe (o,p) = |BI.

"EoTw

kad Eropéveas

a=Ppmr+v (dmov 0 <v <|p)
N lodtnTa Tfis dAyopiBuixfis Sicnpéoews ToU o pé 16 P(0).
"Exoupe udder (Tpot. 1 Tijs 1.3) 611 kéfe kowds Broupérns Tév a xaf P elvar Sion-
pETns ToU v kal kéBe kowds Sronptrns Tév P kad v elvan Siaipérns ToU . ‘Eroud-
ves T& olvoda A(c) N A(R) kal A(B) A A(Y) TouTiovtan, ol onuaiver 8Ti
(o,p) = (B,v). "Eton Exoupe v dxdAoubn mpéTaon.
Ipéraon 1. “Av v elvar 16 Umdhormo T dhyopiBuixiis Bicipéoecos ToU o pé Téd

P (s 0), Téte

(a,p) = (B.v)-

M¢ 1 Porfieix Tfis Tponyoluevns mpotdoews 84 EEnyfioouns wi& péBoSo,
pé v otrola & propolue vé& Urohoyifouue T6 uéyioto kowéd SiaupéTn Svo e
TIKGY Sepadwv. *H péBoSos alrh dvopddetan dhyopiBpog 00 Edkleidn.

*As BoUpe TpdTa TH pébodo alth ué Eva Tap&derypa.

Mapadevypa 3. Ofhoupe vd& Goloyloouue T MKA Tév 306 xal 108. T p&goupe Thv loé-
TnTa Tiis dAyopiBuikis Biipécews ToU 306 pé T 108:

306 =108 . 2 + 90,
Erata Thv lodtnTa Tis Biapboews ToU 108 pé 16 90:
108=90.1 4 18
kal Téhos Thv lodtnTa Tis Sicnpéoews ToU 90 ué T4 18:
90 = 18.5 + 0.
Adyw Tiis Tponyoluevns mpoThoews Exouue
(306, 108) = (108, 90) = (90, 18) = (18,0) = 18.

"As EeTdooupe Tdpa TH pboBo alTh yevikd. “Ag UmoBéoouus &1 Exowv
Bofel 8Uo uf pnBevikof dxépaior a kaf P kad BENoupe vé Ppolpe Té (a,p). "Emreidn
(«,p) = (lal, [B]) (Mapar. 1) popolpe vé& Umobéooupe 6Ti of a,p elver BeTikof
dxépaiol.

92

WnpiomoOnke amoé 1o ivotirouto EknmaibeuTikrg MoAmkrg




I 1.5.

Mé& 11 Siaipeon ToU a pé 1O P Exoupe:
a=pr+v kad 0<v<p.

"Av elvon v =0, ToTe Pla, kai Emopévas (a,p) =P (Mapat. 3).
YAv elven v £ 0, TéTe Y1k T Biaipeon ToU P ué T6 v Exouue:

p=vum+vy xal 0<v, <u
*Av elvan vy # 0, TOTE y1& T Siaipeon ToU v pé O vy Sporax Exoupe:
u=um,+vu, ki 0<vu, <y

kai guveyifoupe autn TN BiaBikaoia péypr v& Ppolue Umdhoio pnbév: ToUTo
ouuPaivel, yiati yi& Tous un &pvnTikoUs dkepadous v, vy, Uy,. .. loxue

P30 0 s

kal T6 wAfiBos Tous elven T TOAY P. “EoTw v,y = 0. ToTe Exoupe Tis &xoAoubes
looTnTES

a=pwtv (1)
p=vm + vy (Y]
V= UpTTy+Uy (2
".";‘-:2.; ;Jv*:l“v_“uv &I.v‘)
Uyq = U, Ty +0 (lv+p)

Té TeheuTtalo pr) pndevikd Umdoimo v, elvan & MKA T&v o kal B, yieri oUu-
gwva pé ThHY TpdTaon 1 Exoupe

@R =@V =>Uu)=...=WUprg V)= Urpv,) =0 =v,

*Av ypnowwotroifiosr kavels Tis iodtnTes (I.) — (l4+1) ToU Tapamdvw &A-
yOpiBpou ToU EUxAeidn, propel va &modeifer Thiv dréAouln mpdTaon.
Ilpétaon 2. "Av 8Uo dxépatol Bionpefolv pé éva BeTikd kowd Sicupétn ToUs v,

ToTe & pbyroTos kowds SiaipéTns Tous SianoelTan pé TS Y.

Iopropa. *Av (o,p) =8, ToTe

(5.2)-1

*IB1aiTepo dvBiagépov Trapouaidlouv Ekeivor of dxépatol o kal B, yi& Tous
&molous loxve (a,p) = 1. v mepimrwon alth & pévos BeTikds Kotwds Bioupé-
s TGV o kai P elvar ) povdSa .Ado dxépaiol, TToU Exouv péyioTo kowd BicupéTn
T povéda, dvoudlovTon mpdrol petatld tovg 7 oyxetikdg mpdror appoi. Ty.
ol dxéponor 6 kai 5 elven oyeTikds Tp&dTol &pibuol ,yiati (6,5) = 1.

T mponyoUpevo Tépioua utopel Topa vé Srorutwdel ué Tév drdhoubo
TpdTo:

“Av 800 axépoor apiOpoi Srapeloliv pé té6 péyieto worvd Swmpétn tovg, Yi-

voviol oyeTikdg npdror apibpoi.
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OI 1.5.

©d& Bolue Tdopa 611 & MKA 8 Buo dxepafwv a kaf B wmopel v& ypagTel oy
Ypauuikés ouvBuaopds TV o kal P, nAadt

8 = aa’ 4 PP’ ),
dmou o', P'eZ.
"As Boupe TpdTa Eva TapdBerypa Trpoadiopiopol fvds Lelyous dkepai-
wv o kal B, GdoTe v& ikavormoleitan ) oxéon (1).
Mapadeyypa 4. Z1é moapdberyua 3 Pprikape &t (306,108) = 18. ‘O &Aydpibpos Tol
EdAeldn #Bwoe kel Tis dxdhoudes lodTnTes:
306 =108 .2+ 90, 108=90.1+ 18, 90=18.5
‘H mpdrn dwé autés Blver 90 = 306—108.2, dwére &wd T BeUTepn Pploxoupe

18 = 108-90.1 = 108—(306—108.2).1 = 306.(~1) + 108.3,
8nhadf 18 = 306 (—1) + 108.3. "Apax o' =—1 xal P’ =3,

"Av tpyaoTel kavels dmes oTé TrponyoUpevo Tapdderype, wTopsl, Ypnol-
potrotvtas Tis lodrntes (1,)—(l,) ToU &AydpiBuou ToU Edrdeidn, vé &mrodeifer
Thv Tponyoupevn oxéon (1) yevikd.

211 ouvexela Suws B& dmodeioune, dveEdpTnTa & TéY dAydpiBuo ToU EvkAel-
&n, TV TapakdTw TpdTACT.
Ipéracn 3. "Av § = (o, B), TéTe Umrdpyouv drépaiol o kol B’ TéTolol, doTe

v& loyue:

5 =aa’ + Bp’
kol & 8 elvon & wikpdrepos BeTikds &xépanos, ToU propel v& ypapTEl odv ypo-
wikds ocuvBuaopds TV o kol B.

"Anbderln. Oewpolpe T6 olvoho A Shwv T@V ferivdy dkspaiwy THs pop@fis
ax+-Py ué x,yeZ, Bniadq
A= {cx+By|x,yeZ xkal ax+Ppy > 0}

“Av répoupe x = a kal y = B, TéTe Exoupe ax Py = o2 +P2>0 (dpol Evas &rd
Tous B elven # 0). "ETol 16 olvodo A elvan # ¢, dmdre olpgpoova pt 16 &Eico-
Ha Tiis Tapaypapou 1 Exer EAdyioTo aToiyeio, EoTw &', Aol §'€A, & Urdpyouv
dxépaiol o kol P’ TéTolol, doTe

ax’ + PP’ =08’ 3]
O& &moBeifoune 811 & Berinds dxépanos §' elvon Sicupétns ToU a. SUupva pé TS
Becopnua Tfis 1.3 Umdpyxouv dxépatol T kaf u TéTolol, oTE

a=8r4+v kad 0<u<?.

Tére Exoups
v=o-8'Tm = a—m (aa’ + Bp’) = a (1—mwa") + B(—mp"),
dnAadn
v=a (l-me) + B (=TB").
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Il 1.5.

*Av elven u>0, TOTe &d THY TEAeuTalax lodTnTa oupTrepaifvoupe 611 v € A, "A-
A& cird elven &rotro, dgol loxie v < &' kad Té &' elvan Té EAdyioTo oToiyelo
Tou A. ‘Emropéves elven v = 0 xai &pa a = &', ol onuaiver &t §'|a. Mé dpoto
Tpdmo pmropoUpe vé& &rodei§oupe &1 §'|B. “Apa & &' elvan kowvds BiaipéTng TGV o
kad P. *Av Tdopa y elvan Evas kowds Biaipétng &V a kal B, TéTE &1ro Y lodtnTa
(1) kot ThHv mpéToon 1 Tfis 1.1 oupmepaivoupe 811 & y elvan Bicupérng ToU &'
kal tmopbvess y < 8. "Apa &' =8 = (o,p).

Sthv &méBeifn Tis wponyolUpevrs TpoTdoews eifape 611 kébe kowds Biaipt-
s Tév a kal B elvan trrions Sicupéns Tol &' =8 kal Emwopéves.

AN A(R) S A®B).
*AvtioTpoge, &v xeA(B), TéTe x|8 kai, &pol 8| kad B|B, Adyw s meTaParixis

18161 Tes Exoupe X|a kai x|B, 6moTe x € Ala) N A(P) kad Gpx A(B) & A(x) N A(R)
*E1on Eyoupe Thv dxdlouBn TrpdTaom.

Ilpotacn 4. "Av & = (a,p), TéTE
A(B) = A(e) N AB).

Enueloon. "AfiZe v& Toviooupe &1 §) TpéTaon 3 B¢ EnAdver dni ol dxépanor o xal P’
elvan povabikol. ETé mapdderyua | eiaue d11- (=8, 20) = 4. ‘H mwpétaon 3 taogariie &
Umépyouv dxépatol o kal B TéTolol, MaTE

—8a’ + 20p" = 4.

Elvan elikoho vé& Biamiotdaoupe &T1 A tElowon abTh EmaAneletoan yid o' = 2 kal B = 1
fi y1& &'=—3 kai P’ = -1. Zthiv Tapaypago 2 & pdkBoupe ST Umdpyouv kal &AAa Lelyn die-
palwv &pBudy, oy EraAnfelouv THY Tapamdave Eicwon.

*H &wola ToU peyloTou kowol Sicupétn yevikeUeTan kai yi& TeploodTEpOUS
&mé BUo dxepaious. "EBG B& tvBiagepfolue povo yid 16 péyioTo kowd Bicapétn
Tpidy dkepaicov. “Av a,B,y elvan Tpeis duépaiol, ol Evas TouAdyioTov elvan # 0,
TéTe T6 péy10To oTolyElo Tou (Temepaouévou) guviou A(e) MA(B) N Ay) Tév
Kkowév BeTikév BicupeTdv Tous dvopddeTon 6 péyiotog Kotvig awnping 1OV of
kai y kal oupPoliZeTan pé (oB,y). Zthy mepimreon wou elven (o,f,y) =1, of
dxépanot o,p kal y & dvopdlovren trrlons modror peradd Tovs 7 axetTirds mpd-
toe dpifuot.

*Av Urrobéooupe 811 Evas &rd Tols B,y elvan # 0 kaf dvoudooupe & 16 MKA
Tous, BnAaby & = (B,y), TOTE Adyw Tijs TpoTdoEws 4 Exoupe

Afe) 0 AB) N Aly) = Ae) N [AR) N A(y)] = A(e) N A(B)
kol Emropéves

(a,pyy) = (= &)
"Apa

| (o B v) = (= B @

“Eto1 Exoupe
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II. 1.6.

(12, 4, -8) = (12, (4, -8)) = (12, 4) = 4,
(_3r 5 9) = (-3, (5, 9)) = (_31 1) =1,
(-8,0,0)=(0,"-8,0)=(0,(-8,0)=(08) =8

Mé 1 Pofifeia Tfis (2) kai Tiis TpoTdoews 2 prropsl vé& &mobelfer kavels &1

@B y)=5 - (% P %)=1

1.6. ITpotdoels pé mpwroug xul oxeTinde mpwroug dplbuolg.

‘O mpédTos &pibuds 3 B¢ Bicpel 16 10. Mapoarnpoupe T ol &pibpol alrrol
elvon oxetikéss wpédTor, Snhadh (3,10) = 1. ‘H iBibtnTa ol loyuer yevikd,
&t galveton oThv TapaxdTw TpdTaOT.

Ipéraon 1. “Av p elven mpidTos &pibuds kal aeZ*, Téte & p 5¢ Bioupel Tév g,

Stav kal pévo étav (a,p) = 1.

‘Anéderign. "Av & p 8¢ Bioupel Tév o, TéTe kal & |p| Bév Sionpel TéV a kal
&oolU A(p) = {1, [pl}, & wévos kowds Betikds Biapérns TéV a kad p elvan 16 1.
*Apa (a,p) = 1. "AvrioTpdeus, &v (a,p) = 1, Téte & p Sév utopel v& elvan Sici-
pétns Tou @, yiati oThv &vTiBern TrepitrTeoon & Emperre vé Sicupel 16 péyioTo
kowo Biaipérn Tous 1, ol elvan &romo, &eou p # +1.

©4& drobelfoupe Thpa W& TOAY Xpioun TpdTaom, ol oxeTifeTon pé oye-
TIKGS TpwToUs &pifuous.

Ipétaon 2. "Av o,B,keZ* pé (o,f) = 1 kal Pk, ToTE Ak .

"Anbderln. ‘Aol (o,p) = 1, Umdpyouv dxépaior o kaf P’ Tétolol, doTe vk

loyver 1) loédTnTa

ac’ 4+ Bp' =1,
omédTe moMamAacidbovTas kal T& &Uo péAn Tns pé k # 0 Pplokoupe
oxa’ + Prp’ = k. (¢))

"Agou 6 o elven Sicupérng ToU P, 8& Sioupel kad ToUs BUo Spous ToU TP oy pé-
Aous Tiis (1) xal Emwopéves alk.

TNapéderypa. “Av x, yeZ ué 3x = By, téte olugwva pé Thv mpéraon 2 Exoupe 3 |y xaf
8|x, &poU (3,8) =1.

Mmropolue Thpar vé& &moBel§oune THY didAoudn TpdTao.

Hpbraon 3. “Av o,p e Z* kol & TpddTos &p1Buds p Brapel 16 ywbuevo o.p, TéTe
6 p Bionpel dvav &md Tols a,f.

*Anbderln. “Ag UtroBéooupe 8T & p 8¢ Sicnpel TéV a. TéTe oUpguva pé Ty
mpéraon 1 Exoupe (x,p) =1 kol Emopbvax Adyw Tfis TpoTdoews 2 & p elvan
Biaipérns TolU P.
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oL 1.7.

Mé Th péfoBo THs TeAelas Emaywyfis wmopel vé &moBexTel TO drdAouo
Tpiopa.
Tépropa. “Av oy, &y, . . ., &, 2% kal & TpddTos dp1Buds p Bicupel T YIVOUEVO O * Oy
..., TOTE Bionpel Evav & TOUS o, 0, . - .0t ye

Mapatfipnon. ‘H mpéTaon 3 Bév &Anbeler kat’ dvdyxn, &tav & p Bév elvan TpddTos &pi-
Buds. Tl.x. & 8 Bianpel T6 ywopsevo 4.6, &AA& kavévay &md Tols 4 ol 6 5é Siipel.

1.7. "EAdyloto xotvé moAlamAdolo dxepalwy.

*As cupBoMooupe pé TI(a) T6 olvoho Tév Betiddv ToramAaoiwy Evds

&xepatou o Tére TI(0) =2 al
M(e) = TT(—a) = TT(|ax]),
yicerl 8o &utifetor &pifuol Exouv T& 81 TOAAGTAGTIC.

*Av BoBolv Buo dtpaior « kal P ué o-p # 0, TéTE T oUvoro TI(a) N T(p)
185V koW BeTikd oA Aoty Tév o kal P Bév elvan T6 kevd, yioatl Tepié-
¥e1 16 oToiyeio |al-|Bl. ‘Emopévess 16 olvoho T(a) N TI(B) Exe: EAdyioTO OTOI-
¥elo, TO dmolo dvouddeTat 6 Ehayoto kowvo molhanraaio (EKII) tdv xai p xal
cupPorigeTan pé [Pl

“Etor 16 EAdyioTo kowd ToAhamAdoto Suo dxepafwy o kal B pé ap-#0
elvan & poveBixds Betikog dxépaios €, ToU ikavotrolel Tis 1B16TNTES:

(i) ole wkai Ble,

(i) & aly, Bly wxai yeZ¥ ,Tote e <.

NMapadeiypata.
1. "Emeibd
n3) =13,6,912,...,3\...} xal
TI(4) = (4.8,12,...,4A,. ..},
Eyoupe [3,4] =12 i
2. "Ouoiax Pplokoupe &1
[4,-10] =20, [510]=10 «xal [-34]=12

IHapatnpiioeig
1. ’Emadn loxvea () N TI(R) = T(|af) N TI(IR]), Exovue

[ o B1=01, BI] | (apez.

2. *Av «, PeZ* kal Pla, TéTE, &pol TS EA&yioTo BeTikd ToAAaTAdTIO ToU a
elvan 16 |af ked EmimAtov |of e TI(R), Exoume [o,p] = o
O tEetdooupe Thpa dvaAUTIKG Tf) pop@h, ToU Exouv T& kowd BeTikd oA~
AamAdoia BUo dxepadeov a kal B ué o.p # 0. Né& 16 oxomd alird & TEpoupe
fve KOWS BeTid ToMaAdo10 1 TéW & kal P. *Apol |of|u, Udpyer BeTikds dké-
patos A pé THY IBioTnTA

|
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I 1.7.

p=lal - A m
'EE&AAov, treidn P |y, & &piBuds

kI

BB &

elvan &vas BeTikds dxépaios. “Av Bégoupe Topa (o,B) = (lal, |B]) = 8, TéTe Umdp-
Xouv BeTikol drépanor oy kaf B, TéTolon, doTe laf = a,. 5, |B| = B8 kai (ay,B;) = 1.
Tote Aoyw Tiis (2) Exoupe

B _ @A
Bl By’
"Emre1dr) & ﬁ elvan &képanos, &mwd Ty TeAeuTaia lodtnTa cupmepaivoupe &Ti

6 B, elven Sicapétng ol ey xaf, ol (ay,By) =1, & P, elvan Biupérns ToU A
(mpot. 2 Tiis 1.6) ‘Emopéves Utrdpyer fetixds dréponos k TETOL0S, GOTE

*Eto1 Aoyw Tis (1) TS kowd BeTikd ToAAamAdoio p TéY o kol P Exer TH popen
_ el 1Bl
e St i ©)]

|
dmou k feTikds dxépouos. ‘AvTioTpdgus, k&Be dxépatos THs Hopefis !—G‘SLBI K

ué x BeTikd drépono elven gavepd &1 elvan Evar kowd BeTikd ToAAaTAGTI0 TEY o
kai B. "Apa.

() O TIR) = {L‘i'a'_m K | K BeTikds dxépu:os}.

Té AdyioTo oToryelo atol ToU ouvdlou TrpokumTel yik k= 1 xai elvon TS

_ lal B
g=

At v (3) ouumrepaivouue Tdpa i Evar kowd ToAAaTAGoIo B TV o kad B
EXEl TN popepr):
g =E€K (émov k GeTikds dxépaios),
"Eto1 Exoupe d&modeifar Tis dikdAoubes Blo mpoTdoeis.
Hpétasn 1. *Av o, BeZ* kol [o,B] =¢, ToTe
TI(e) = () N TT(R),
EnAaBn) T oUvolo TGV kowdv BeTikédv ToAAamAaciov TEY o kal P Tou-

TileTon pé TS gUvolo TGV OeTikGV ToAAamAaciwv Tou EAayioTou kool
TToAAamAaciov Tous.
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Il 1.8.

Ipérasn 2. T EAéyioTo kowd TroAdamAdaio e Blo dxepadwv o xod B pé off # 0
Blveton &mrd Tév TUTO

ol B
(op)

Mépopa 'loyle: (of) =1 =[o,p] = |af B
Adyw Tiis TpoTéoews 2 Exoupe:

[G,ﬁ] =

12-8 12-8
[]2’8]=(“12,8)=__4 = 24,
__|-36]-14 36-14
[-36, 14] = s 3 =252.

‘H #vworx ToU #AayloTou kowol molamAaciov yevikevetan kal yi& mepio-
ooTepous amd SUo drepaious. 'ESG 84 évBiagepliolpe povo yi& Té EAdyioTo Kol
v mohhamAdoio Tpidy &xepalwv. "Av o,B,yeZ pé a-P-y # 0, TéTE TS EAdyi-
aTo gTotxeio ToU ouvdhou TT(a) N TI(R) N TI(y) (moU elven +# o, &poU mepié-
xet 16 |af |B| |y]) Tév kowddv BeTikdv ToAAamAacicov Tous dvouddeTon 16 EhG-
1ot kowvd molhanlacwody o,p kel v xal oupBoAiletan pé [o,B,y].

*Av € = [o,p], TOTE Adyw Tiis TpoTdoews 1 Eyoupe

M) N TI(R) N T(y) = ([T(e) N TI(RY) N TT(y) = TI(e) O T(y)
kal &ropéveos
[cc, Br Y] = [Er Y]
*Apa

[l B I=[«ply] |  (x:p-y #0).

“Eto1 Eyoupe

[3, 4, 5] =[[3.4]), 5] =[12,5] = 60.

1.8. "Avéduom Betindv'" dxepalwy oé yivépevo Betindy mpdTwy
napaydvrwy.
‘H &véduon tvds BetixoU dxepafou ot yivdpevo BeTikdv TphdTwv Tapaydy-
Twv otnpiletar oAV dxdhoulin TpdTaon.
Iporacn 1. Ké&Be Oeikds dxépoios = 1 Exer Siupérn Evav mpddto &pibud.
"Anoderln. "Eotw aeZ¥ pt a>1. Tote 16 olvoho A TGV BeTik@v BSicipe-
TGV ToU &, ToU elvan #1, 8év elvan Tékevd, yiarl aeA.‘Emopbvas 16 A 8& Exal

EAdyioTo oTOIYElD, EoTW P. "Ag Utrobéooupe &T1 & p elvon alUvletos &piBuds. Té-
Te O p 8& Exer Sicupétn Eva BeTikd dépaio B, Siagpogerikd &md 1 kal p. "Agol

1. Mi& &vdduon &pvnTikou drepaiou ot yivduevo TpdTwY TTapaydvTwy dvdyeten oThv
&udduon ToU dvmifiTou Tou of yivdpevo OeTIKGV TPOTWY TAPAYOVTWY.
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Im. 1.8.

Blp xal pla, Exoupe Blo kal Eropéveos PeA. AUTd Sucs elvar &rotro, yiarl elven
B < p kai 76 p elvan 16 EAdyioTo aToixeio ToU A. “Apa & p elvan TpédTos dpiBuds.
Mapatipnon. "Amé Thv &wédafn THs wponyoluevns mpotdoews elven gavepd &1t &
wikpdTepos &mS Tols BeTikoUs Branpétes ToU o, ToU elvan peycdUTepor &mé TH povédda, elvon
TwpddTos dmBuds.
Mevikd, Evas GeTikds diépanos (1) pmropel vé ypagTel odv ywdpevo Betikdv
TaparydvTwy katd Sidgopous Tpdtous. TT.y.

60=10-6=12-5.
Zuyvé kéBe Evas & Tols TrapdyovTes alTols ptropsl v ypoagTEl odv yivduevo
BeTikddy TapaydvTwy kal alté prropel vé& ouvexioTel, darou Aot ol Tapdyov-
Tes v& elvon rpédTor dpiBuol. “ETan
60 =10-6 =(2-5):(2:3)=2-5-2-3
60=12-5=(6-2)'5=(3-2-2):5=3-2-2-5.

Maparnpolue 6T kad oTls BUo meprmrredoes of (BeTikol) TwpdTol TapdyovTes
Tou 60 elvan 8101, *H 1816t Tar almn foxle yevixd xal tkgpdlerar pé fva oAU
gmouBaio fedpnpa, ToU SvopdleTon Bepediindes Gedonpa Tiig " Aol pnrinis.
BOehpnpa. Kébe olvletos BeTinds dpiBuds dvedletar oé ywdpevo BeTikddv TPLITLWV

G&p1fuddv katd povadikd Tpdo.
"Anbderidn. "EoTw o &vas GeTikds oUvleTos &piBuds. “Av p; elvan & pikpdTepos Be-
Tikds p&dTos Bioupérns Tou (Mpdraon 1), Téte Eyxouue

a=p; -0 , oq<a
"Av & oy elvan TpédTos dpiBuds, TéTE & o Exer &voudel of ywduevo BeTikGY TTpda-
Twv &pifuddv. “Av & a; elvar oUvBeTos kai dvopdooups p, Té MIKpdTEPO BeTikd
TpdTo Srupétn Tov, TéTE Eyoupe
o =P K o < &

"Av & ay elvan TpdiTos, TéTE & o Exer dvahuBel of yivduevo BeTikév TTRcTY &pi-
Buddv: a=p; py oy "Av & oy elvon oUvfetos, dravadauPdvoupe THy Sl épya-
ola, pexpr vé @Bdooupe of k&olov TpdTO pIBud p,, OTOTE oy g =P,

TMoAMarAacidlovtas Aes alrés Tis iodTnTes kal &TTACTIOLOVTAS Trai pyouue
TV TopaxdTw &udduon Tol o o YIVOUEVO TTPLITLV TTapaydVTwY.

o= PPz - :Pv

(ii) "As Umobtooupe &T1 Umrdpyer wik Sedrepn dvduon Tol 1810 dxepaiou a
Ot yIwopevo BeTIKGY TPADTWY TAPOYySVTWY: & = gy (. . .Qp.

Tote Exoupe

PiP2-- Py =Gy qa. . .y @

T wpédTo péhos Tiis (1) Srcupeitan pé 16 qy, STéTE oUugeva pé T6 TdpIoHa

Tfs 1:6 TouAdyioTov évas &md Tols TapdyovTes TOU TpwTou péAous Tiis (1)
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Im. 1.8.

Trpémrel vék SionpeiTon pé 16 qy. "EoTw qq|p;. ToTe oppwva pé Thv TapaTfpnon 2
Tfis 1.2 elvan q; = p;. "Av Sicupéooupe kal & SUo péAn s (1) pé q,, Taipvoupe
T lodtnTa

PaPs- Py = Qefa- - - qu @)
“Av tpyooToupe Sporax kal oThv (2), Pplokoupe p3 Py...Pyv= J3'qq. - -qu KTA,
@oTrou TeAikd v& Ppolpe &1 BAot of TapdyovTes ToU évds péAous, .. TOU TTpcd-
Tou, Exouv &mhotroinbel, omdTe B& elvan v < p. "AAAG TéTE TrpémEl Kad ol TTapd-
yovTes ToU Belrepou péhous vé Exouv dmAotroindel, yiori dAAids 8& elyope Thv
looTnTa
1= qvr1 Gvto---qu s
ToU y1& BeTikoUs TrpwTous &pifuous Bty utropel v& loyuver.
"Apa 1| Seutepn dvdduon of ywduevo TpdTwV TraporydvTwy TauTileTon pé
TV TPWTN.
*Aueoes ouvéeies Tou Trapaméve fewpripatos elvar Té drdhouba TropiouaTa.
Iopropa 1. Kébe Betikds dxépanos v # 1 ypdgetar katd povadikd Tpdrmo
&
v =p" P2™...Px",

8oV Py, Par- - -,Px Elvan BeTikol TrpédTor dpifuol BiagpopeTiol petafl Tous

kal o, oy,...,0x elvan Quoikol &piBuoi.
Mapadeiypata:
1. ‘H &véhuon ToU 720 of ywduevo BeTikSv TpwdTwv Tapaydvrwv elvar:
720 = 24,385

2. *H &véhuon ToU 2400 elven
2400 =25 .3, 5%,

MNépropa 2. Ké&be Sicuptrns ToU dkepalou
V=P Pp™. . . Pxx
elvan Tfis popefis
p:f pafopfxe , Smov 0B Lo, i=12,..0K
kal &vTIoTPSPWS.

MropoUpe Twpa vé& XpnolpoTolfjooups T& TponyoUpera, Yik v Tapoups
m& Sedrepn péboBo eUpéoecos Tou M.K.A. (Betikdv dxepaicov).

Mpédracn 2. *Av o kal P elven Betikol dxépaior = 1 Tétolol, coote
o= Plv“ng'- <Pt
P=p" pa™...pa",
BTOV vy, Vg, ... Ve Kl Wy, Ba...,Ma B &pvnmikol dképaiol, TOTE

(ouP) = pi™ pa™...pa",
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oL 1.9.

Smov ki = min (v, W) yi& k&de ig{l,2,... A}
*An6derEn. O& &mrodelfoupe &1 ) TrapdkoTaon pyfipy- - - path =A lkavorrouel

Tis i516TnTes TOoU M.K.A.
(1) ’Emaidn) i < wv; yi& ke i€{l,2,...,A}, Emeron &1 16 A Sioupel 16 «.

Emaibn) ki < Wi y1é& kéde ie{l,2....,A}, 16 A Sicupel kal 1O P.

(2) "Av y elvan Brcupérng ToU o, Trpémel cUppwva pE TO Trépiopa 2 v& ypdgeTan

@5 dxoAoufus

Y =PiPpef. ..,
&mov 0 < pi< vi y1& kéBe ie{l,2,... A}. "Av 16 y elvan kol Bicapérns Tol
B, émions Exoupe 0<p; < wi y1& wéde ie{l,2,...,A}.
"Apa 0 < pi < min (v, i) = Kk; Kai &mopéves T y elven Siaipétns Tou A.
"Apa  (o,B) = A.

Hapaderypa. ‘O MKA tév &xepalwv

T2=2¢, 3¢
210=2 .3* .5

dven: (72,270) = 2.3%. *Emeibd) [72, 270]= 12:270

m, §XOUU.E
[72,270] =2, 3.5

19. "Aoxficeig

L.

Bpeite 76 MKA T&v 27 kal 20 kal Emaita rpoodiopioTe &repafous X kal y Térolous, dITe
(27, 20) = 27x + 20y.

Ot Braipéoes Tédv 253 xkal 525 pé fva BeTikd dxépano a Blvouv UmdAormo 15. TTauks elvan of

Suvatés Tipés ToU o

. Mé o1 BeTikd dxbpano pérer vé SionpeBolv ol 1268 kal 1802 y1& vé& wépoue dvtioTorya

Umédrorma 8 kal 17;

. Katé v tpapuoyf) ToU &AydpiBuov ToU EUxAelbn yi& Tév Umohoyioud Tol MKA &Uo

BeTikddv drepaiwov a kad B Bafskoue Sriadoxiké TTnAika 1,2,1,20 kai 4. Bpeite Tods a kai 3,
&v elvan yvwotd ém (o,p)=4.

. Totof BeTikof dxépaior «,B Exouv &Bporopa 233 kal MXA 24;

6. Bpeite 6 MKA xal 6 EKIT vév 90, 96, 140.

@

9.

Ll

102

. *Av (a,B,y) =8, Bel§Te 811 Umdpyouv dxépaiol X,y,z TéTolol, DoTe ax+ By-4yz =38.

MpoobioploTe dxepalous x,y xal z, doTe

(32, 48, 72) = 32x + 48y + 72z.
Bpette Shous Tous BianpéTes ToU 120.
Totof BeTikol &xépaior Emrainlevouv Thv &fowon x2—y? = 36;

. Aeifre dm
i) («p) = (5x+4p, a+p) (i) («p) = (Bx+4p, 20+3p)
(iii) («p) = (a+Pv, P) ) (@py) = (P By

*Av (a,p) =8 xal & = ax+Py, Seifre &m (x,y) = L.

. "Av keZ¥ , BeifTe ST
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m. 2.1.

@) ®(ap) = (ka, kP),
(i) [oB] = [xe kB].
13. "Av |y, B|y xad (a,p) =1, Beifte 8m1 of | y.
14. 3¢ xabeuid &wd Tls TapakdTw mEpITTOOES UTohoyloTe Tols BeTikols dxepalous o xal B:
(i) ofp =2400 kad (o) =10,
(i) a+P=36(x,p) xai [op]=3850,
(i) (B) =26 «xal [op]=4784.
15. “Av 8Uo dxépaiol elvan wpédTol peTal Tous, BeifTe 811 kébe BiranpéTns Tol tvds elvén Tpds-
Tos pé Tév &AAo .
Zth ouvixeia Belfte T ouvemaywyr
(@) =1 = (ap)= (= «p).
16. *Av fvas dxépaios elvan mpdTos pé Eva yivduevo dkepalwy, TéTe elvan wpddTos pé kéde Ta-
p&yovta ToU ywouévou kal dvtioTpdpus.
"Epappoyfs: Acifte
@ @P=1 <« (@pH=1 (veN)
(i) (@p)=1 <« (& pH=1 (v, ueN).
17. "Av (o,p) =1, Beifre
@) (@+p @) =1=(a+Bp p)
(i) (a—p, o) =1= (P, P),
(iii) (a+p, of) =1 = (a—P, ap).
18. *Av o,p,y elvon meprrTol dxéparor, Beifre ST

o= (252 25y, By,

2. AKEPAIEZ AYZEIZ THE ESIZQSEQE axtBy=y (a.B.yeZ)
21. Eicaywyy

Ity Taphypago aiTh 8& doyornfolue pé T6 TpéBAnua(!) Utrdpecos kol
eUptoews dréponwov AUcewv Tis ypaupikis é§iohaecs

ax +py=y (aPye?d) )

*AxEpaa Lben Tis tEiodoecs (1) elvan kdBe Ledyos (X,,¥,) &mo diépaious
&p1fpovs ol TV EmwohnBeler.

“As Bolpe o1& elvan ) yeopeTpixr Epunueicr ToU TpoPAfjuaTos albrou. Elven
yvwotd &1 f Elowon (1) TapioTdvel mé elfela Tévew oTo kapTeciavd ErrieSo
(Ex. 1), ou guolké ol ouvteTarypéves (x,y) ke onueiou Tng Emedngelouy T
EElowon (1). Té TpdPAnua Topa elvan: Uédpyxouv onueia X évw oThy ebfela
aUTh pé drépanss guvTeTarypéves kal, &v Urdpyouv, Toix elvan aUrd; "Omress 6&

1. M¢é 16 péPAnua altd mpddTes doyoMifnke & "EAAnvas paBnuatikés Adgavros &
*AreEavbpivds o1 Epyo Tou «ApifunTikée (360 p.X.).
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I 2.2,

g
/

o/ x

v

. 1

Solpe Tapokdrw f) Elowon 2x—4y =5 Bév Eyel dxépauss AUoeis, ToU onualver
o i el pé fiowon 2x—4y =5 Bév Exer onuela pé dxépanes ouvTeTarypbves,
tvéd 1) tfioccon 2x—5y = 3 &xe &meipes diépaies AUoess, TToU onuaiver &1 f ed-
Bela ué Eflowon 2x—5y = 3 #xel &mepa onpeia pé dépoues OUVTETCY MéVES.

Zté& tméueva B& tpapudooupe T& oupmepdoucTa TS Tapaypdgou 1, yi&
v& pehetficoupe yevikk T TpSPANUa alTd.

2.2, "Yrapkn xal ebpeon dxéparwy Adoewy THg ax+By=y(a.B,yeZ)
Elven pavepd &mi, &v ol ouvteheotés oB,y Tiis &i0cdoes

ax+Py=y (xpyeZ) O
Exow uby10To kowd Bicupétn 8, TéTe T olvoho Té dxépaicov AUaedy Tns TouTi-
CeTon pé 16 oUvoro TEV Sucpaicov AUoewv Tiis E§10choews

« Bz
i e

ToU ol ouvTeAeoTés TN elven oyETIKGS TpddTor dpifuol. "ETor oTd Emdueva prro-
polue v& Umobétoune 811 of ouvtedeotés P,y Tiis (1) elven  oyemkds npdtoL
amBpoi, SnAadt (oyB,y) = 1.
‘H &mduevn mpéraon Enyel yiori 1 lowon 2x—4y =5, WoU dvapépae
otiv eloaywyr, Sév Exel dxépones AUoes.
HMpéraon 1. "Av (aB,y) =1 kal (¢,B) =7 > 1, Téte | lowon (1) 8&v Exa
drépaies AUoers.
"Anédarin: “As UmoBéooupe & ) (1) Exer m& dxépona Avom (x,,¥,)- Téte

qxﬂ + ayﬂ = Y‘
"ApoU Alo xaf AlB, & A elven Bicnpérns TéV dxepaieov ax, kad By, TolU mpd-
Tou pEous Tis Taparréves lodtnTas kol &pa & A elven Sicupétng Tol y. 'AgoU &
A elvon kowos Siupétng TéV o,B,y kal (,B,y) = 1, Tpémel All, SnAadn A =1
oy elvon &romo yiami & Ty mdbeon elvan A > 1. *Apa 4 (1) v Exer oxé-
paies AUoers.
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oI 2.2

Adyw alrriis Tiis TpoTdoews péver vé EetaoTel f Elowon (1) oThv Tepl-
Trrewon mou ol ouvteheotés of elven oyeTikés TpdTor &piBuol, SnAadt
(o,p) =1, émoTe kal (ao,p,y) = 1.

Ilpbtaon 2. "Av (o,p) = 1, Téte 1) &lowon (1) Exar pla TouldyioTov &xépaia
Avon.
*ArbderEn. "Av elvan y =0, Té1e ) Elowon (1) ypdgetan
ax 4+ Py =0
kal elvan gavepd &m1 m& dxépaia AVon Tns elven 9 (x,,v.) = (0,0).
“Eotw y # 0. Aol (a,B) = 1, Umdpyouv dxépaior o kal B’ TéTol01, CdoTE
oa’ + Bp' =1,
o1éTe oA amAaoidlovTas kal T& BUo péAn Tns pé y # 0 Pploxkoupe
al@y) +BERY) =V,
Trov onualver & m& &képona Avon Tiis (1) elven A (x,,¥7,) = (a'y, B'Y)-

Mapatipnon. 'Améd Tis SUo TrponyolUueves TrpoTdoels oupTepaivoupe THY
ddAoudn icoduvapia.

| (H (1) &a pix TourdyioTov dxépaa Alon) kad (o) =1 < (xp)=1 |

©4& &mobeloupe Twpa THY dkdAoudn mpdTaon.

Ipbraon 3. “Av 1) &iowon (1) Exa mé dxépona Avon (x,, ¥,), T6TE T6 oUvolo
T&V dxépancv AUcewv Tng elven

A={xVI(xy)eZxZ, x=x,+Px, y=y,—ax xal keZ},
BnAadt| Exer &mreipes of TATfos drépaes AUcels TRS Mopfis

L (x,y) = (x,+Px, y,—ax), Swou keZ |

*AnodaiEn. Aol 1 (1) Exa m& dxépona Aomn (X,,Y,) kad propoupe v& Urro-
Béooupe &1 (a,B,y) = 1, clugwva pé THv Tapamdvw TapaThpnon 8& Exouus
(a,p) = 1. "As Umobéooupe 811 (x,,¥,) elvan wc dadpona Ao Tiis (1). ToTe &pon-
pawvTas kaTd péAn Tis lodTnTes ax;+Py, =y kai ax,+Py, =y maipvoupe

a(x;—%,) = —B(y1—Y.) ™
’Emraidn) (o,p) = 1, &mwd 1 oxéon (*) Adyw Tiis TpoTdoews 2 Tis 1.6 meTon ST
Blx;—x,, émdTe Umrdpyer dxépaios k pé TV 1G0T Ta x;—x, = Px fj x; = X, 4-Pk.
Tote &mwd v (*) Ppiokoups Siaboyixkd

Bk =—P(y,—y,) i —ok=y,—y, i y1=y,—oK

*Apa (x,,¥1)€A. "AvTioTpdpws k&Be oToixelo ToU ouvdhou A elvar wié drépaia
Avon Ths (1). Tlpdypat, 16 (x,+Px, y,—oK) émainbeler thv (1), yerl
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L. 2.3.

a(x,+Px) + B(y.—ox) = ox, + 0P+ Py, —aPk = ax, +py, =y-
*Apa, & (x.,7,) elvan i dicpona Aon Tiis (1), TéTe Shes ol dxépanes Moes
s (x,y) Umohoylfovtar &mé Tous Timrous:

| x=x,4+Pk kal y=y,—ak, dmwou keZ I M

Enucioon. MoArés gopés oThiv wpkEn Béhouue vé Ppoupe pf dpvnTikés &xépaies AUoels
1fis (1) [ué (o) = 1], SnAadh dxépates Aboers (x,y) pé x>0 xai y=0. Alrés Pploxovtan &mwd
ToUs Timous (T), &v oTév dxépao k Bdgoups Tiuks, TTou vk ouvainBelouv ol &viodaoes s
Tpds K:

x, +Ppxk=>20 xa y,—ox>=0.

2.3. MéBoBor edpioewg pilig dxdpatog Aboews Thg ax+By=y Ré
(a.B)=1.

Mé& vk ypnotototjooupe Tous TUmous (T), elvan &pxetd v yvwplfouue
pla dxépana Ao (x,,y,) Tis Eiomoews
ax +py=y ut («p)=1 €Y
Mi& Avon Tiis (1) wmopolpe vé Ppolpe pé md &md Tls TrapoxéTed pedoddous.

MifBodog 1n. MmropoUpe v& Umobéoouus &t orfiv (1) elven a>0, yiorl d\ds
&AA&Loups T& Tpdonua oty Elowan.Advovtas Thv (1) &5 Tpds x Pplokoupe

_YBY o«
B, (K1)
*Av Bogoupe oTd y Tis Tinés 0,1,2,.. ., =1, ol elvan a ot Afifos, Pploxouue

Tls dxdhouBes AUoeis Tiis (*) oTd clvoro QA X Z:
(%0) (1) (52)o (52 )
a ’ 1 a ' L a r ey u 1’ |

O Solpe 71 pla pdvo &md awrtés Tis Aloers elvan drépona Adan s (1). "As dvoud-
GOVYE Tr o, Ty, Ty, . . -, Ty T& ALK kel Uy, UV, . . . Uag T& UdROITIG TEV &~
yopiBuikdv Siopéoewy TV dkepaicwov y, (y—P), (Y—2B),...,[y—P(a—1)] vé 16
a &vmioTolyws. 'Emeadt, Adyw ToU fewpriuaros Tfs 1.3, of Suvards Tinés TV
Trapamévw Umodoltrwy elvan of 0,1,2,. .., a—1, &v T& Umdrora ol elvon Siax-
popeTirG peTabU Tous, TOTE, &goU elvon o ot ATiBos, k&mrolo &d T, & Trolue
16 Up, 0& elvon Too pé undév, dmdTe & pntds 0—%@ 0& elvon dxépoios. “As Utro-

Béooupe 811 U = vy, Tk Umdroira alth dvTioToixolv of Ekelves Tis Sicupéoreis,
ToU oTd y Exoupe Bdar &vtioToixes Tipks k kol A, xal foTw 0 < k<A <a. ToTe
dpaupwvTas kotd uéAn Tis lodtnTes

Y—PK = o+, Y—PA=oam + u
Pploxoupe
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IO 23.

POA—x) = a (me—m),
&méTe, dgou (o,p) = 1, Adyw Tiis TpoTdoews 2 Tfis 1.6 & « elven Biaipérns Tou
A—k. "AAAG alrd elvan &totro, yiorl & BeTikds dxépanos A—x elvan pikpdTepos drd
Tév a. "ETol umopoUps v& Umohoyifoupe wmik dxépona AUon Tiis (1)

MN& 1 pébobo adrh &martoUvtanr T6 TOAU o o TrAfiBos Soxiués, Soes Tipés
BnAabi| Sivovue 016 y. MNd 16 Adyo altd TpoTipoUue v AUvoue Ty Elowan (1)
s Trpds EkeTvoy ToV &yvwoTo, TToU Exel Kot &TTOAUTO TIUT) MIKPOTEPO GUVTEAETTH.

Zthv TepiTTwoen woU ol cuvtedeoTés Tiis Efiowaoews (1) elvon peydhor &pi-

Buol ) mapamdvw wbodos elvan koupaoTikh, YU aUTé XpnoipomoloUue THY
trdpevn péfodo.
Mi0Bodog 21. ‘H péBodos alrr) otnplletan of doa dvagépaue oty &mddaln Tiis
TpoTdoews 2 Tis 2.2. "Emadn (o), B]) = («,p) = 1, propolpe v& mrobéoouue,
&7 ol o,p elvan Betikol dréponot, dmroTe pé TV &AydpiBuo ToU EdkAeldn pmopol-
pe vé& TrpooBioplooupe, o eibaue 0T TapdSerypa 4 Tfis 1.5, 8lo dxepaious o
kal B’ TéTolous, doTe

oo’ + PR =1.
Tdpa rorhomAaoidlovtas kal Té& BUo péAn pé y # 0 (yord, vy = 0, m& b
paia AUan Tfis (1) UmohoyiZetan duéows) Ppiowouue
a(ay) + PRV =Y
kol &pa 16 (X,,¥,) = («'y, B'Y) elvan pia dxépaia Avon Tiis (1).
Moepadeiypara:
1. N& Ppefolv ol pfy &pvnmikés dxépaies AUoes Tis Eiodoews
Ix 4+ 4y = 37.

*Enilvon. 'E5& Exoupe (a,B) = (3,4) = 1 xal &pa f Elowan Exea drtpaies Aboes. O& Epap-

udooupe ThY TpooTn uébobo. Alvovtas ds Trpds x Eyoupe x =3?T—4y. Topa o alth 8-

Toupe BraBoyikg y =0, 1, 2, uéxp1 v& Ppolue &xépona Tiuf Tol x. Mé y = 0 Bpiokouue

X = -3-';— Né& y =1 Pploxovpe x =3;f3:‘E = 11€Z. "Apa pla dxtpona AUon Tiis Sebopé-

vns Godoecs elvan # (x,,¥.) = (11,1) ol émoubveas ol dxépates Aloers Tns Pploxovtan
&wd ToUs Timous (T) wal elvan T& felyn (x,y) ué

x =114 4k

y=1-3% xal xeZ

O1 ufy &pvnikés ductpaes Aloeis Tns 8& PpeBoly, &v oTols Tapaméve TUToUs Bdhooupe oTdy
Gxépao k Tipés, ToU v& cuvaAnBelouv Tis dviodoeis

11 4+4c >0 xad 1-3k>=>10 <
11 1 1
<> x2—~4— xad ngc— —2.75SKST

"Apa x = =2, —1,0. Ol py &pvnrirés &xépaies AVgeis elvon ol (3,7), (7,4), (11,1) (PA. wivaka
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Im. 2.3.

06 Ty 2 .
b ]
K y \
3
-2 7 Y \q\"’
"] 7 4 ol 374 \ "
0 11 1

x. 2
% . 3
*Omres PAtmoupe, ol pfy &pvnTixés drépaies Aboes Tiis E§1odoews 3x 44y = 37 elvan Tpels, SnA.
Temepacpéves of TATBos. “As SoUue s Enyeitar alTd yewupetpikd. ‘H Eiowon alTh ma-
proTével Tévw oTé kapTeoiavd Emimebo wm& ebfela pé kAlon(l) &pvnTikd (Zx. 3). 'Ewedr pévo
Eva eUBUypaupo Tufjua THs elBelas alrfis PplokeTar oTéd TeTapTnudpie I, elvar guowd v Exer d
tEfowomn memepaopéves of TATBos uf) &pvnTikés dxépones AUoers.
“As bmiAugoupe Topa THv 18ia tElowon ué Th SelTepn pébodo. 'Agol (3,4) = 1, Umapyouv
drépator o xaf B’ pé
3a' + 49" = 1.
Xewpls Tév dAydpiBuo ToU Elxhelbn Pploxoupe 871 ol Tips o' = —1 kal B’ =1 Ewainfelouv
v lodtnta abt, SnAadf
3-1)+4.1=1

MoAhamAacidlovras kal T& Blo péAn pé 37 Pplokouue

3(=37) + 4.37=37,
moU onuaiver &1 ﬁ (x1,¥y) = (—37 37) elvan pla dxépata AVon Tis Eiocoews. “Apa ol dué-
poies AUoeis Tns Slvovtan &md Tous TUTous

x=-37 + 4

y=37T-3A
Tou Biapépouv &mé ToUs Tponyouuevous, dAAE Y1& kaTdAAnAes Tipés TV k kal A Pplokouue
s 1815 AUoeis. Ol pf) dpvnTirés dxépones AUoers palvovtan oTédv wivara ToU oyfjuaTos 4, oy,
&mews PAbmoupe, elven 18ies pé aldrés ol Pprikape kal mwponyoupdves.

reZ,

A x [ y
10 Tying
11 7 4
12 11 I
IZy. 4
2. Né& Ppefolv ol pf apvnrixés &xépaies AUoers Tfis Erodoews
34x - 7ly = 3.

1. Kifon Tfs elfelas pé t€lowon y = Ax 4 p Sdvopdleran & &pifuds A xal dkppdler THv
toamrroutvn Tfis BeTikfis ywvias &wd 16 Berikd Hudfova Tév x péxpr Tiv elfela. ZT6 Tapé-
Beryud pas elvan epo = —3/4.
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I 2.4.

*Enilvon: ©& xpnoipomoifigoupe Tr Seltepn péfobo. "ESE Exoune o = 34 kai B = —71. "Emeidn
(34, —71) = (34,71), 8& PpoUue Té péyioTo kowd Bianpérn Tédv 34, 71. ‘O &dhydpibuos ToU
EUkAeiBn Biver Tis loéTnTes

71 =34, 24 3,
34 =3.11+1,
F=1. 340,

*Apa (34, —71) = (34,71) = | kai owverdds f Beboutun Elowan Eyer drépoies Auoers. "Amd Tis
Tponyolpeves ladTnTes | Sedtepn Adyw Tiis TPWTNS ypdpeTal:
1 =34-3.11 =34 — (71-34.2)11 = 34.234+71(-11)
i 34(23.3) — 71(11.3) =3 f 34, (69)—T1(33) =3,

woU onuaivel 811 ula &képata Avom Tiis BeSoubuns Efiowaews elvan | (Xq,¥,) = (69,33).
“Apa ol dképaies AUgels Tng BivovTtan &md Tous TUTTOUS

X = 69-T7lk

y = 3334k
Mé& vé Ppolue Tis pn &pvnTikés dépoies AUoeis,ouvainBelovps Tis dvigdhaoes

69—T7lk >0 kal 33-34x >0 <

keZ.

69 . 33 3 ( . . 33 69
< k<377 kal k< g Kiﬁ cxtpouy<7f)
“Apa ué Tls SuvaTés drépenes Tipds ToU k: 0, —1, —2,. .. kai ToUs Tapamdvw TUTTOUS Bpiokoupe
Tls ur) &pvnTiés dxépates Aboeis Tiis diowoecws. (AdoTe yewpetpiksy Epunvela yrarl ) éfiowon
Exer &melpes TETOES AUOELS).

2.4. "Aowvoerg

1. N& Ppefolv ol dxépaies AUoers Tiis Efiocdoews 2x—5y = 3.
2. N& Ppefouv ol pny dpunmikés drépaies AUoeis Tédv Efiodoewy
(i) 455x + 519y =2 (i) 119x 4 29y = 2.
3. Ofhouue vé& peTaTpépouus fva yapTovdmopa Tdv 100 Bpy of képuata T@dv 2 kal 5 Bpx.
Mé méoous TpdTrous umopoUue v TS TeTUYOUME aUTS;
4. Bpeite Tis OeTixds dxépanes Adoeis T Eiodoewv:
(i) 3x + 4y =34 ) (iii) 34x 4+ Tly =772,
(ii) 9x + 5y =100 F (iv) 41x + 73y = 561.

5. "Evas pafnTtris BéAer v& &yopdoe TeTpddia TV 9 Bpy. TS Eva kol poAuPia Tddv 7 Bpy. Té
tva. "Av EobBéwer dxpipdds 100 Bpy., Bpeite wooa TeTpdbia kol Toéoa HoAUPia prropel vk
dyopd&oet,

6. "Evas ypuooydos BiAe1 v&k xataokeudoel BUo eiBn koounudtwy. *Av yid TAV KATAOKEUT
tvos kooufipaTos &wéd kéde €iBogs &mwonToUvTon dvTioToixa 5 ypou. kai 8 ypau. xpusou,
BpeiTe Tooa kooufuaTa &To k&De eIBos UTTOPEl V& KATHOKEUATEL XPTTIROTOIMVTRS &KPI-
Pds 134 ypap. ypuoou.

YAv &1 Eva kéopnua Tou o eious kepBiger 600 Spy. kal &md Eva ToU P’ eidous 750 Bpy.»
BpeiTe of ok TepimTwon 8& Exel péyioTo képdos.

7. Bpeite 5Uo BeTikols &repaious ol Exouv &bpoiopa 37, &v elvan yvwoTd 11 f) Biadpeon
ToU TpidTOU pé TS 5 Biver Urdhoiro 2 kai fi Sixipeon ToU BeUTepou pé TS T Biver G-
Aortro 4.
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. 3.

3. ZYNTOMH ANAKE®AAAIQZIH

1.

Mé& 8o dxeparious o, ué P %0 Uépyouy wovadikol dxépatol Tr xal v TéTOIOL,
WoTE

a=pmT v wad 0<u<p

. ‘O dhydpibuos ToU EUkheidn elvan yprioipos yio TV Umoroyiopd Tou MKA

dxepatioov.

. "Av B = (a,p), ToTe Umdpyouv SUo dxépatol o kol B’ TéTOwol, OTE

5 =oa 4+ PP’ ¢Y)
‘0 &hyépiBuos Tol EUkAeldn elvon xpriciuos yi& Tov UmroAoyiopd dkepaicov
o' kai P', ToU vé& EmaAnelouv Thv (1).

4. "Av a,p,ke2* pé (o,p) =1 kai oPx, TOTE GlK.

110

. "Av o,peZ*, téte [o,p]. (a,p) = laf- P

Mé& v elpeon ToU M.K.A BUo BeTikédv drepaicov a xal B, mou Exouv dvo-
ABel of yiwduevo (BeTikéV) TrphTLY TapaydvTwy, oxnuaTifouue T6 yi-
volevo TroU Trepléxel Tous kowols TrpcdTous TrapdyovTes TEV o kod B Tov
kabéva pé TO pikpdTepo Exbétn. M& Ty elpeon ToU E.KUIT Tous, oxn-
potifoupe T ywdusvo Tou TepiExEl Tous kowoUs kai prf kowous TPWTOVS
TopdyovTes TGV o kol P TOv kobéver pé TO peyohUTepo ExBeTn.

. "Av (o,B) =1, tote 7 Efiowon ax-+Py =7y (B, yeZ) Exe &meipes dixe-

paies AUoels (X,y), Tou SivovTton &mé ToUs TUTTOUS
X = Xq + PBx,
Y =Yoo K,

&mou (X, Vo) elvan md dxépaia Alon adTiis Tfis é§i0woews kai kel
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10.

14.

16.

17

. AZKHZEIZ 1A EMANAAHWYH

. Aeifre &t y1d& xdBe veZ & v 4 3v + 5 Bév Bropeiton pé T 121,
. Aei€re &1 & 111°—1 Bicupelron pé 100.

. Aeifte &1 TS &Bporoua TV TeTpayduwy Tévte Biaboyikdy drepaiwv Btv elvan Too pé 16

TeTpdywvo dkepalou.

- Aetfre 811 T6 TeTpdywvo kdBe TphTOU dpiBuol peyahUTepou &méd T 3, &v Sranpefel pé

12, Blver Oméhoimo 1.

- Beifre 871, &v p xal Bp—1 elven Berikol mpddTor dpiBuo!, Téte & Bp+1 elvan oUvBeTos.

- Aetfre 811 ol 2¥—1 xof 2¥4 1 Bév umopel vé& elvan kal ol 5Yo wpdTor &pibuol Y& xapd

T ToU QuaTIKoU v>2,

. Deifte 11 y1& xdBe pveZ f) mapdoTaon

W84 3ufv—5pdyt—15p208 4 4uvé-f 12v8
5év malpver THv Tuh 33.

. Aeifte &1

= | | 22225555 + 5555323!

. Acifre &, &v Shot ol ouvteheoTés Tiis Eiodoeus

ax?+Px+y =0
elvar meprtTol dibpator &pibuol, TéTe ol plies THs iochaeces Bév elvan pnis.
Né& Ppelte ToUs quaikols &piBuols x,y kal z, &v

> y Z
- + ir +71T = 0,946053 946053. ..

. "Av f Balpeon ToU 802 ué Evav &xépaio o Blvel nAlko 14, Ppelte Tis Suvarés Tipés Tol o

kal T@v Umololmawv.

. "Av o,B,v,peZ kal v—p|va +pP,. BeifTe &m

v—p | (a+B) (v+p).

. N& Beifte 811 y1& kébe veZ T4 khdoux

15v* +8v + 6
30v2 + 21v + 13
elvan dvéywyo.
"Av A =222...2 pé v 16 wAfiBos wnela kaf B = 888. . .8 u u 16 wAfifos yngla, Beifre d1i

2
(AB) = 5 (10°-1)
dmov § = (v,u,)_

. Té &Bporoua Tdv dvtioTpdguwy TpIGY uoikddy &pBudy evar Too pé Eva. Moiof elvon ol

&p1Buoi ;

AeifTe 8T1 y1& kdBs K€ Z ol &prBuol 3k+1, 14k+5 elvon wpéiTor ekl Tous. "Av k £
# 29\ + 10 kol A€Z, Beifte 611

Gk—1, 14k+5)=1.

Mé& mouts Tipés Tol guaikol &piBuot v ol &piBuol 5"+ 1 kal 39 elven wpdiTor ueTafy Tous;
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IIT 4.

18. *Av B | a(a—1), 8mou o,PeZ, BeifTe 61
(2a-1,p) =1L
19. "Av o,B,A,B elvan dképaiol xal Gégouue
§=(ap), A=(AB), p=[ap] xal M=]JA,B],
BeifTe T
(oA, oB, PA, PB) =8.A «xai [aA, aB, PA, PB] =u. M.
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KE®PAAAIO IV

NMOAYOQONYMA

Té olvoho Cp, TV moAuwvipwv
AaiperéTnTa MoAuwvipwy

"ApIBUNTIKA TIPA TGOV moAuwvopwv

. QewpripaTa oxerika pé Tig pileg TV moAuwvipwy

"EEicwoeig 3ou kai 4ou BaBuoi
Diepedvnon éEilowoewv kai aviowoewv
Zovroun avakepalaiwon

‘Aokioeig yia émavaAnyn
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IV. 1.1.

1. TO ZYNOAO Cy TON NOAYQNYMON
1.1. 'Opiopég tob C,,.

Zt mponyoUueves T&Eeis Exoupe wARoEr yi1d ToAudvupa pé TrporyuarTikols
ouvTeheoTés kol Exouue pdBer vé kéwvouue TrpdEes pé aUTd. ESGH & oUPTTAT)pe-
ooupe Tis yvdoers pas aUTés duagepbusvor kai of ToAudvupa pé pryadikous
ouvteAeaTés. “ETol,

k@b napdstacn tiig popeii
e X +a, x4 axi+a,x 4y x° (1)
Bé 04,0,,...,a,€C xai veN,,

8& Thv dvoudloupe kal TdAL rolvdvopo tod X kol 84 T6 cupporiloupe pé
f(x), g(x), o(x), x.&
To mwohudvupo (1) 16 ypbpoupe &rholoTepa
ax"+a,_;x" 1 4. 4 exitax+ta, 2
BeTovTag dmou x! 16 x kal 1o ox® T8 o Td ap,ay, .. .,a, dvoudlovTal ovvie-
Aeotég tod molvovipov xal T& ox¥, ke{0,1,2,...,v} Gpor 100 mohvevipov.

EidikéTepa of Spor oxx* pé a,=0 bvopdlovtan pndevikoi fpor tob moAvwVD-
pov kai & o, orabepig Gpog tod molvwmvipov.

“Av &hot ol Spot tvds TToAvwwipou elvar unBevikof, TéTE T TTOAUGWILO oiTd
Svopdletar pndeviké molvdvopo.

‘O «ixBétng» Tol x of &va pf pndevikd Spo Evds ToAUwVULOU SvopdlETal
Pabpég oToU tob Gpov. M& Eva pr unBevikd ToAUGWULO & peyaAUTepos &
Tous ékBETes TGV ph undevikédv Spwv Tou Svouddetan Pabudg ol moAvovipov.
Ty & f(x) =a,x¥ + o,y x"1 d. .+ oyx + ap ¢ a, # 0, Téte Adue 871
76 f(x) elven viooTol Pabuol xad ypagoupe Podu.f(x) =v. "0 8pos a,x" dvo-
paleTan TéTE Kai peyioToPdbuios dpos ToU f(x).

211} ypagr) &vés ToAvwviuou SexduacTe Tis s dmAomroifoeis:

o) Topoheimoupe T povdda, &tav elvon OUVTEAEDTIS k&Trolou Spou, EkTds &v
elvan & oToBepds Spos.

B) Topodeimoupe 16 «+», STow drohoubel dpos pé ouvTeeoTh Tiis MopPTs —a

y) Toapodeimouue Tols pundevikous Spous i kai TpooapTolpe, dtov elvon &vary-
kaifo, doouodiimoTe &md oUTolds. Duoikd of Eva unBevikd ToAuvupo Bév
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IV 1.2.

TrapaheiToupe Shous Tous dpous Tou (ypdpoupe TouddyioTov Evav). “ETal
8o ToAucovuuar ptopolv v& ypagoly Tévtote pé Té 180 mATifos Speov.
AUTS yivetan ouyvd otd Emopeva ywpls vé TovideTan {BiaiTepa

ZUupwva pé Tis Tapadoyés ToU kdvape, T& ToAudwupa f(x) = —g— x? 4
+ (=5)x + iV2 kai g(x) = (2+)x® + 1x2 4 Ox + 1 ypagovTtan &TAoUCTE-
pa f(x) = %x2-5x +iV2 xad g(x) = (2+D)x® + x* + 1.

Tovioupe 611 T ToAudvupo f(x) = o, OSvopdletan otulepd molvdvopo
kol Stav o # 0, elvon unBevikol Paduol, dvéd dtav ay=0, elvan pndevikd TToAvd:-
vupo xai dév Exer Pabpo),

‘Otav o1& tmwdpeva Aéue 8T «td molvdnouo flx) elvar d modi viosrod fufd-
potn B& Evwooupe ST T f(x) elven pndevikd ToAudvupo f Badu.f(x) < v.

"Av flr)=ax o, x4 Fazta, xal glx)=fur¥FPegr’ 1. ..
+prr+fo, vote Ui Aépe brivd molvdwonae adrd elvay toa xal d podgovue f(x)=g(x),
drav xai povo Grav elvar ai=f; yd Gia vd je{0,1,2,...,v).

Elvan gavepd &1 ) iodtnTa 1@y ToAVwWILGY, STrws dpiaTnke, Exer Tis yve-
oTés pag iBidTnTes Tiis lodTnTos kol dxkdpa 611 Sbo iga molvdvvpa Sév elvan
800 molvdvopa, dlha Eva kai 6 adté molvdvupo.

"ATd Tév Opiopd Tiis lodtnTas TéY ToAuwviuwy cupepadvouus &1 Drdp-
YEL povadikd pmdeviké molvdvupo. Té povadikd aUTd pndevikd Toludvupo B
T6 oupPoiifouvue 0(x) A 0.

Té ouvoro Tdv ToAuwvipwy pé pryaBikods ouvteheoTés 0& TS oupBohi-
Coupe pé Cpy.

274 Emopeva & dvagepduacTe yevikd of Toludwvupa Tou Cp, kal STav
givan dmapaitnTe vé Exoupe Toludvupa pé uévo TpaypaTikoUs cuvTeheaTés A
uévo pntous, B T Toviloupe iSialTepa kal T& olvodd Tous 8& T& cuuPoriloups
GvmioToixws pé Ry kal Q.

1.2. ’"Eappoyés.

1. Na nposdopratoiv ol npaypatikei admbpoi a,p,y,8, dGote 16 nokvdvopo
f(x)=(e—1)x*+2p—a+ 1)x* +(a+p—y)x + 20—y +P+58
v elvar té6 pndevikd molvdvupo.
Abon: ZUpgwva pé Tév dpiopd ToU undevikol moluwvipou Exoupe TS guoTnua
a—1=0, 2p—a+1=0, a+p—y=0, 2a—y+p+5=0,
T6 dmolo tmAubuevo Biver:
e=1, p=0, y=1, &==1.

1. Mepikés popés aTh PipAioypapia of fva undevikd Tohudvupo &obietar & Paduds — .

116

WnpiomoOnke amoé 1o votirouto EknmaiSeuTikrg MoAmkrg



IV 1.4,

2. Na npoadioprotody ol mpaypatikoi dpiOpoi a,f,y, dote td rohvdvopa
f(x)=(a—Px*+yx—2a+p—1 xai gx)=(a+p+3)x*+2—p)x+3a—2
va elvar loa.
Abon: ZUupwva pé Tév Spiopd Tis lodTnTas TdY ToAuwviwy Exouue:

o—B=a+p+3 } —2B=3 }

Y=2—y 2y=2
—2a+p—1=3a-2 —50+p=-1
SRk SR 3 !
Ao 16 Teheutaio ocUoTnua Traipvoupe P=— 5 =1, TR

1.3. IMpéabean oté Ci,.

"Avi(X)=0.,x"+0, x*+... +ox+a, Kai 2() =P x"+p,— x4 ... +Bx+B,
elven BUo moAudvupa ToU Cp, tote Opileton povosipavra té molvdvupo
PX) =7 X+ X' o XA,

né ouvteheotés vi=a;+pi yia dha ta jef0,1,2,...,v}, mod dvopateron Hbpoiopa tdV
f(x) kai g(x) kai ovpporilerar pé f(x)+g(x). 'H mnpatn, pé Ty dmoia o1é Lelyos
(I(x), g(x)) dvniotoryifeTon 16 wohudvupo [(x) + g(x), ovopdietar npéadeon
616 Clx]. ‘H mpdodeon adtn, dmws elvan gavepd, Exet Shes Tis i8i1dTnTes Tiis
mpoobioews oTo C kal y1’ ot

1} dopdy (Cpy),+) givar dvruiperaderikn opada,
ué oddétepo groiyelo T undevikd ToAudwupo kol dvriBeto ToU [(x) = a,x¥ +
+ Xy x4 ox gy TO —f(X) = —a x Vot x VT —. . — gy x—ay,.
“Eto1, &v f(x) kol g(x) elvan yvwotd mohudvupe, fy Elowon f(x) + Y = g(x)
Exer povadiki Alon Ty Y = g(x) + (—[(x)), mou dvopddeTtan Sragopd ToU Tro-
Aveowviuou f(x) &rd 16 g(x) xad oupPohileton pé g(x)—f(x), BnAadn

g(x)—f(x)=g(x)+(—(x)).

1.4. TloAdandaciaopds molvwvipov éml &pBpd AcC.

"Av f(x) = a,x¥ + o, x4 agx oy elvan Eva ToAudvupo Tou
Cry, TéTe Splfovpe o6 Cpy pia BEwtepixiy npaln mollanlaciacpod pé tele-
atég b anb 16 edpa C, dvmioToryifovras o1é felyos (A, f(x)), 16 moAudvupo:
M) = a)x” + (e x4 o4 Aa)xy + (o).
‘0O moMamAagiaouds auTds, Smrws dploTnke, elvon elkoro vé BerxBel émi
éxer Tl yweotés 18idTnTes
) A-(f(x) + g(x)) = A-f(x) + A-g(x)

B) (AW - f(x) = AH(x0) + x-f(x)
Y) () - f(x) = A (xf(x))
8) 1-f(x) = (x)

yi& SAa T& AkeC.
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IV 1.5.

"Eton 16 Clx] tpodraopive pé tiv tootepiki npaEn tfis mposbicmg xai tiv £5o-
tepiki npaEn Tod molhariaciaspod né tehegTig and 16 C elvan Evag da-
voopanikdg dpog ndveo oté odpa C.

Merd Th Siamiotwon adth T Tohudwvupo f(x) =ax¥ + o, Xt +
4o+ ox+a elvan ypaupikés guvBuaouss TV mohvwvipwy 1, x, x%,...,
x¥-1,x" pé ouvTeheaTés &md Té C, drréTe 16 f(x) ypdgetan f(x) = &l 4+ op'x +
4 oy x4 oy XY 4o xY kad pTopel vé& BecopnBel odv &bpoiopa T&Y
Spwv Tov.

1.5. HoAAarAaciaopéds oté C,,.

*Av f(x) = o, x¥ + oy XV 4o taX g wal
g(x) =Bux* + Buyx* 1 4.+ Bix + Py
elvon BUo ohudvupa ToU Cry, TOTE dvopdletar yivopevo tob f(x) &ni 6 g(x)
kod oupPolifetan pé f(x) - g(x) 6 molvdvopo:
PE)=Yuu X" ...+ VX +. .+ Y1+

ué Yr"—'utﬁu + 0 ]ﬁ;'}' Ol 3524‘ e +C!2.B.;_,+Glﬂ:_l+doﬁ;,KE{0,1,2, e -V+|J}(1)
Elvon gavepd 8mi 6 f(x).g(x) elvan Eva mokvdvupo Tod C(,y novadikd, dtav
Slvovron T& f(x) kal g(x), &pol ol owvreheoTés Tou SpilovTan pé TH PoriBeix
Tfis mpoobtoews kal ToU oMamAagiacpol oté € T&Y ouvteAeoTdy T@v I(x)
kol g(x).

‘H npaEn, pé v dmola of dva Leiyos Tolvwvipwy ToU Cpg dvmioTory!i-
Zeton T6 ywbuevsd Tous, dvopdletar moldarhamaspds 616 Ciy.

Té& mrorudwupa f(x) kad g(x) dvoukiovtan kal maphyovees ToU yivopévou
f(x) - g(x). *Av f(x) =0, Téte 0-g(x) = 0. 'Amd Ty lodnTa ot PAéoupe
871 w6 0 Ex;r b rapyovra k@Bz molvdvopo tob Cpy. Emlons &v f(x) =1, ToTE
1-g(x) = g(x), 8nA. kabe mokvdvupe elvar naphyovrag tob Lavrod tov.

Mapathpnon: “Av {(x)eC xal A elvan fva oradepd moAudvupo 10U Cpy), TOTE 10 M-
vopevo A.f(x) tavrifetar pé t6 Tivopevo tob ELotepixod nodlarnlaciaopod tob f(x) éni 16 AeC

*Amd Tév Spioud Tol ywoudvou f(x) - g(x) yiveTan gavepd STi

6 Pabudg tod yivopévov Sbo pf pndevik®v mok vavipwV elvan ioog pé 16

G0poropa tdv Pabpdv tdv S0 molvwovipwv.

‘Aéd iy (1) gaiveran 8T W) mpaEn tod molharhaciacpod slvan Tp&En
avniperafenikf kol TpdEn Empeponiki Gg npd tHv npbodeon otd Clx].
*Emreisfy 1-g(x) = g(x) kal & moMomiaciaouss elvan wpdfn dvmiuetadeTixd, 6&
foyte 1-g(x) = g(x)-1 = g(x), &nA. & ToMatAagiagpds o1é Cry Exer obdé-
tepo orougeio t6 orabepd mohvdvopo f(x)=1."AmodekvieTan &xdua 611 & TrOA-
AccmAagiaopds oté Cpy elvan mpatn nposetmpotiki. Aniadi

i Sopfy (Cipp+,+) elvan dvrperabeninds daxtodog pé povadialo ororyelo.
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IV 1.5

"Av dvalntfigoupe 6 dvrictpogo ctoyelo Y1 kébe pry unSevikd oAU VY-
uo, 84 Solpe 61 alrd Sév drapyer mapa pévo yi1& T& oTabepd TOAUGVUMA.

Mpérypar @) &v yi& éva roAuvdvupo f(x)eCy,; ué Pabud v # 0 Urfipxe 6
dvrioTpopd Tou f-1(x), TéTe 8& frav f(x)-f-1(x) = 1. "Av Emoptvers & Poabuds
ToU f-1(x) elven ueN,, ToTe 6 Babuds ToU f(x) - F-1(x) B elven v+u > 0, Tpdyua
&romwo, deoU 16 P’ péhos Tiis f(x)f-1(x) =1 elven 76 TwoAuddvupo 1 ol Exe
Bafud pndév.

B) "Av elven f(x) = oy # 0, TéTE T6 oTafepd TOAUOVUNO % elvon 16 dv-

TloTpogo ToU f(x), &pol aﬂ-% =}

"Etol PAémoupe ST ) Sopdy (Cpyy, +, .) 88v givar odpa. M T4 Soury Sucos
adt loxler fi ovveraywyn f(x) g(x) =0 = f(x) =0 eite g(x) =0, SnAadf
1| dopf) (Clx], +, .) elvar axépara meproyxd.

Mpéyparr &v fitav f(x) # 0 xai g(x) # 0 pé peyroToPdduious Spous dvi-
oToXa a,x¥ kad Bux* ToTe Té ywodpevo f(x)-g(x) 8& elxe Tév Spo o BuxV+H
ué a,By # 0, 6 dwolo onpaiver 811 16 ywdpevo 8¢ 8& ftav Té undevikd Tro-
AVVUpO.

©& Beifoupe Twpa &1 kG pi pndeviké molvdvopoe civar drndonotijowpo otor-

yElo Gg mpdg thv npain tob nollarlacwacpod ot6 Ciy; (vépos Swaypaeiig), ol
elven iB1éTnTa kéde drépanas meproyfs. Anhabdn 8& Beifoupe dmi:

f(x) - o(x) = g(x) * ¢(x)
‘P(X) #0 ] f(x) = g(x)
Mpyuarr f(x) - ¢(x) = g(x) - @(x) (f(x) —g(x)) - o(x) =0 ]
(x) #0 b o(x) #0 ]~

=~ f(x) - g(x) =0 = f(x) = g(x).
Avvaperg pé ikbérn veN, Evds moAuwviuou f(x)eCiy Opilovrar pé  Tov
dxohouBo TpdTTO:

o) [(x)]? = f(x) f(x) kal [f(x)]*+ =[f(x)]c - f(x) pé keN xal x>1
CEmaywyikd).
B @) =1f(x) o
y) [f(x)]°=1, étav f(x) #0
Met& Tév Spiopd Té@v Suvduewy, &v
f(x) = ax '+, x"1 4. ..+ gx+oy # 0 xal
P(x) = Pux"+Bu X" ... Pyx4Py # O

elvar BUo ToAvdvupe, TéTE T6 [(9(X)) elven TO oAUV

@q&?&ﬁ&ﬁﬁﬁxﬁ anté WS TotTo BB EBFIAC TR mric



v 1.7

Té moAludvupo aUTd, perd Thv EkTéheon TV mpdecwv, yiveran fva Tro-

Audsvupo ToU x pé Bobud foo pé 16 yivopevo Tév Pabudv Tév f(x) kai ¢(x). "Av
16 ¢(x) elvan 16 oTadepd ToAudvupo, T.X. @(X) = a, TéTe TO f(a) B4 elvan émri-
ons oTabepd TToOAUDVUO.

1.6. HNapadeiypata.

1.

NG npoosdiwopiotoby td a,p,y GBote va ioyder 1 igdtnra

{(x). p(x)=g(x)—o(x), pé f(x)=x>—2x+3, o(x)=x—1

e(x)=(a+1)x*+(B—2)x?+(y*—20)x+2 wai o(x)=5x+5
Abon: *ExTeAdvTas Tis p&eis Taipvoupe:

f(x) . p(x)=(x*-2x+3). (x—1)=x3-3x245x—3 «kal

g(x)—0(x)=(a+ 1)x3+ (B-2)x*+ (y*~25)x—3.
InTolvtan T& o,p,y, Gote va loyle f) ledtnTa

x3—3x24 5x—3=(a+ 1)x*+ (B—2)x?+ (y*-25)x~3.
Mé& vé oupPaiver aird, dpxel va ouvaknfebouv ol Efiowoers
a+1=1, p—2=-3, y*-25=5 kal —3=-3,

&mwd Tis dmoies elkoAa Talpvoupe a=0, p=—1 xkal y=;|:1/§6.

. "Av f(0)=2x*—3x+1, @(x)=x—1 Kai g(x)=(a—PB)x *—(2o—P)x—a+P—y v& nposdroprotody

14 a,p,yER, dote va ioyxder i iscdmnra g(x)=f(e(x)).
Avon: Elvar f(p(x)) = 2(x-1)*-3(x—1)+1
2(x2=2x+ D)-3(x—1) + 1=2x*"—4x + 2-3x+ 3+ 1 =2x"-Tx+ 6
kal gnreiton v& elven: (o—P)x*—(2a—P)x—a+p—y=2x"-Tx+6
Mé& v& loxier f) Teheutaia oyéon, dpkel v& Exet Abon 16 oloTnua:
" a—p=2, —2a+p=—7, —a+pP-y=6
'EmiAvovTas Té6 oUoTnua autd walpvoups a=5, p=3, y=—8.

1.7. ’Acoxficerg

L.

"Av i Siaxgopd Blo ToAuwviuwy elvan 16 unbevikd ToAuwvuuo, BeifTe &1 T& ToAudvuua
abtd elvan foa.

2. "Av v kai p elven dvrioToiya ol Pabuol lo mwoAvwviuwy f(x) kel g(x), ué v=u, Beifte
&1 & Pabuds Tol moluwvipou f(x)+g(x) elvan 16 wohU Toos pé v.
3. N& TmpooBiopioTouv T& o kal B, doTe v&k loyver ) lodtnTa
4x%+20x2+33x = (2x+5) (2x+3).(ax+PB)+2x—15
4. "Av [(x)=3x3-2x?+Tx+6 kol g(x)=03x* + cgX? 4 ;X + &y, Ppeite Tis TIds TEY €, &y,
oy, GoTe f| Bragopd {(x)—g(x) v elvan woludwupo:
i) 3ov Pabuol, ii) Té woAl 2o0uv Pabuol, iii) lou PeBpou
iv) pnBevikoU Pabuou kai v) Té6 pndevixo.
5. N& mpoobiopioTouv ol mpaypaTtikol dpibuol «,p,y,8, doTe 16 ToAudvupo
f(x)=x+ox?+Px?+yx+9 vk elvon 16 TeTpdywvo ToU ToAvwwipou g(x)=x?+4x+85.
2 2 2
6. Aeifte &T1 ol ouvbfikes P= 34- S —g xal 8 = % elven dvaykaies kol lkavés, doTe T
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IV 2.1.

moAvdvupo f(x)=x*+ax?+ Px?+yx+8, aeR—(0} kai B,y,5eR vé& elvan 16 TeTpdywvo
Evos ToAv@YUNOU E(X) ué TPaYHATIKOUS TuvTEAECTES,

7. Alveren 16 woAudvupo [(x)=9x *—30x3+ 37x*—14x—1. Bpeite BUo moAudwupa g(x) wal
m(x), 2ou kal lov Pabuol dvrioToixes, dote vé elven f(x) = (g(x))*+mw(x).

8. Afveran 16 Tohvdvupo f(x)=4x*—8x%+ ax+P. Bpeite mohudvupo g(x), BoTe Blagopd
f(x)—(g(x))* v& elvar ToAudvupo Té oAU lou Pabuol. “Emerra vé TpoodioploeTe T&
a kol B, doTe 16 f(x) v& elvon Téheto TeTpdywvo ToAvwvipou.

9. "Av elvan o434 y?=3aBy kal a+P+y #0, &mou o,B,yeR, Seifte 811 16 ToAUGVUNO
f(x)=k(a—P)x2+A(P—y)X+ u(y—a), ué KABEC elvar T6 pndevikéd TroAuduvpo.

10. Bpeite 8Aa & Tpicovupa f(X)=0ax?+Px+y, ut a0, Té dmola ixavomroiody ThY lodtnTa
f(x+1)=I(—x).

2. AIAIPETOTHTA MOAYQNYMQN

Ztfiv Tapdypago alrr 6& pehethoouus T Evwola THs BioapeTéTNTAS OTO
Cix xai 8& Solue Tpotdoels dvéhoyes pé txeives ToU eidome oTd KeQGAo TRV
drépancov prBuddv.

2.1. "H &vwvoia tij¢ Srapetdtnrag oté C,,.

"Av [(x) kai g(x) elvon 800 ToAudwupa ToU Cpy kad Urdpyer TOAUGVULO

T(x), GdaTe v& loyue
f(x) = g(x) m(x), (H

TéTe Mue 6T1 t6 g(x) elvar mapayovag tol molvevipoy f(x). Ouoikd TéTe kaf 6
n(x) elvar napayovrag tod f(x).

"Av £youpe dxdpa 8T g(x) # 0, thte 0& Adue BTi:

6 g(x) Srarpel 6 mohvdvopo f(x) if eivan Srarpétng tob f(x) (ovpPoriké
g(x)[f(x)) 1 6 f(x) Srmpeivan pé 16 g(x) i 6t elven morhanhasio tod g(x).

Zriv mepiTTodon auTr, s yvwpifoupe, t6 m(x) dvopateran kol mnhiko
tiig tékerag Supéosmg tol f(x) pé 16 g(x) kai sivor povadiks.

Té Tehevtado dmoBewvlieran Smes 1) wpdToon 2 Tis 1.1 Tol Keg. Il o
f(x)

Té1E Ypdi e kol w(x) = 2.
Te ypagouue kol Tr(x) 2(x)

Mapatnpiioeg:

L "Av (x).g(x) #0 kal Pabu. [(x) <Podu. g(x), TéTe elvar pavepd &t Bév Umdpyet
ToAvchvute T(X) Tou vd Ikavotrowel Thv (1).

2. "Av (x).g(x) #0 xal Ywépyer T(x) mou Ikavororel ThY (1), TéTe elva:
Padi. T(x)=Padi 1(x)~Baby. g(x)
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1Y 4.4

3. "Av 1& f(x) xal g(x) Exouv mpayuaTikoUs ouvTeAsaTés, ToTe kal T W(xX) 8& Exer
mpayuaTikoUs ouvTeheaTés. Elvan Spws Suvarté fva moAudvupo f(x) ué mpayHaTikods ouvTe-
AeaTés vé Exer SiaipéTtes ToAuvupa pé pryadixous ouvtedeoTés. AUTS galveTan &péows &mwd ThHY
loéTnTa

x¥41 = (x+1i). (x—i).
2.2. 'ISiétnres Tiig Siaperétnrag Tdv moAvwvipwy tod C,.

’EBE 64 BoUue, ywpls véd kévoupe Shes Tis drroBeifes, pepikés 1816TnTES TS
BiaupeTdTnTas TGV ToAvwviuwy Tol Cpy. TToAés &md oalrés elvon Spotes ué
Tis 1816TnTEs THis SrcupeTdTnTas TGV dxépatcov &piBudy ol elboape oThv Ta-
p&ypago 1.1 Tou Keg. IlI.

1. *H oxton Tis SicuperéTnTas SUo ToAuwwvinwy elvan petaPaTikd, SnAadi
&v g(x) | f(x) wai (x) | @(x), TéTE g(x) | P(%)-
2. "Av g(x) elvan Bronpétng Tédv Tohvwvinwy f(x) kal @(x), TéTE O& elvan Eriong
Biaipétns ToU moAlvwvupov f(x) + @(x).
3. "Av g(x) elvan Bieupétng Tou f(x), ToTE T6 g(x) elven Srcnpétns kad ToU yivo-
ptvou Tou f(x) pé x&be ToAudvuuo @(x).
AT Tis 2 kel 3 Eyxoupe T drdAouln iBidTnTa
4. *Av 16 Tohudvupo g(x) elvan SicnpéTns kaBevds & T& roAudwupa fy(x), f5(x),
v (), TOTE TO g(x) elven mrions SioupéTns ToU ToAUVUMOU
1,(%) @1(x) + f5(x) + @o(x) + - . .+ fu(x) * Pel(X),
&mou (%), pa(X),. .., P(x) elvan TuxdvTa TOAVGVUMA.
5. Kd&fe mroAudvupo f(x) Srcupeiton pé xdbe moAudvupo pndevikoU Pabuol.
*AnddaiEn: *Av 1(x) = a,x¥ + o, x¥ 1 + ...+ ax+fog kal g(x) = k#0
(5nA. punBevikol PaduoU Toludvupo), TéTe B& elvan

s o R 4 By Ly i U
(x) = (K" 4ty Bxy K)
6. “Av 16 g(x) elven Sicnpétng ToU f(x), TéTE T K - g(x) (Mé K TUXSVTX U} pnBe-

vikd &p1Bud) elvan Emions Sapérns ToU [(x).
*AnddarEn: "Agou  f(x) = g(x) m(x), ToTE
1
f(x)=x- — - g@) )« f(x) = (xg(x)) - (x7'm(x)).
7. T& povabik& ToAudvupa, Té dmoia elven Biaupéres Tou f(x) #0 xai Exouv
Tév {810 Pobud pé aiTd, elvon T& k - f(x), pé k # 0.

*AnedaiEn: o) Elvar f(x) =« - k1 {(x) < f(x) = (xi(x)) - k7!, BSnAadn
16 xi(x) elvan Sroapétns ToU f(x). B) "Av g(x) elven Branpérns Tou f(x) kai g(x)
Exer Tév (810 Padud pé 16 f(x), TéTe T6 TrAlko Tiis Sicnploews ToU f(x) ué To
g(x) mpémal vé& elven pnBevikoU Pabuol ToAudvupo, SnAabr f(x) = g(x) - A,
A # 0. Amd v TehevTtala oyéon Exoupe g(x) = A-H(x) = kf(x), (xk =21 # 0).
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IV 2.3.

8. "Av T g(x) elvon Bicapérns ToU f(x) xad 16 f(x) elvon Braupérng ToU g(x),

 TéTe 84 elvan g(x)=xf(x), x # 0, kal 0& Aépe B & rolvdvopa f(x) xai
g(x) dwagépovy xatd moilarmlacrwastiki otadepd.

Inueimon: 'Améd Sha t& wohudvupa xf(X), k #£0 woU Siepolv T6 f(x), Talpvoupe oA~

Aés popés o5 «avrinpboanoe» keivo Tou Eye ouvTeheoTr) ToU ueyroToP&Butou Spov T povéda.

My &v {(X)=ax +a, X" 1 4. .. +ox+a, a,#0, TéTe pmopolpe v& mhpoupe s &v-
Timpdowmo SAwv T&Y kf(x), k#0, TS ToAUdvuNo
vy o o,

—x vl p o+ —x+ —.
ay a, oy

g(x)= -;1:- f(x)=x"+

"Emeaidn) f) oxéon Tiis SionpeTdTnTas Yo ToAuwvipwy 8¢ uetaPdAieTon &v
76 v &md aUTd (A kad T BU0) dvTikaraoTabel dwd k&molo &AAo, TToU Biapé-
pe1 &méd aUTd kT ToAATAolaoTIKY oTafepd, oTd Emdueva, STav ypdgoupe
5(x) | f(x) 8& dvvooUpe xai SAous Tols &AAous Biaipétes ToU f(x) Ths wopofis
x-8(x) ué k0.

*Eton, pé té& 1| (%) xed f(x) | 1(x) wé f(x) # O tvveolue kol x| f(x), x # 0
kal xf(x) | f(x), x # 0.

T& x kol k-f(x) pé k # 0 ovopdfovtan npopavels Swapéreg tob f(x).
KdBe &Mhos Braupttns ToUu f(x) dvopddeton yviiorog dumpétng Tou f(x).

“Av &va pfy otadepé ToAuddvupo [(x) Exer pdvo Trpopavels BiapéTes, TTE dvo-
pdletan mpdro fj dvaywyo moluvdvuopo.

Té vé elvan Eva rohudwupo f(x) dvéywyo fi dx1 t§aptdron &md Té oUvohro
oTé dmoio T6 Eeté&loupe. T, T6 Tohuwwupo x241 elvan dvdrywyo oT6 olvoho
Rix, 6AA& 8év elvan dvdrywyo 016 Cpy, yiati T& (x4i) € Cyy) elvan yvfioion Si-
aipétes Tou. 'Emrions 16 x2-2 elven &véywyo oTd olvodo Q) &AA& Bév elven

dvdywyo oté Ry, yiotl & (x4 V2) € Ry elvan yvrioiol Siaipétes Tou.

2.3. *H &AyopiBpuxch Sraipeoy.
3¢ pikpdTepn TAEN pdboue vé EkteAoUpe Sipéoels petalU ToAvwvipwy pé

TpaypaTikols ouvtedeoTés. Ol Sicupéoels aUTés pmopoUv vé ékTeAeoTouv Kai

pé ToAudvupa ToU Cpy pE TOV 1810 dkpiPdds Tpdo. 'EBEG 6& d&moBeifoune T

dxdhovlio Bepnua, ToU elvan yvwoTd dx Ocdpype tiig dhyopOmxiig i Ed-

kieidberag Sumpéosms.

Qewpnua: "Av f(x) xai g(x) elvar 560 rodvdvopa tod Cp,y pé g(x) #0, tote dndpyer
Eva povadikd (etyog molvavipmv m(x) kai v(x) tob Cig,pé v(x)=0 ij
Padp.o(x) <pabp. g(x), téroro dote

f(x)=g(x) n(x)+v(x) 6}
"An6daikn: O& &moBeifoupe Tp@Ta &TI dmdoyovy o molvdwvua m(x) xai

r(x) mod ixavemototy Té Oedhonua.

*Av f(x) = 0, TéTe Td TOAVVUpa T(Xx) = 0 kai u(x) = 0, ikavoTrolouv TO

Hecopnua.

"As hwwmnméﬂﬁé 1o lvoTitoUTo Exmaibeutikr|g Mohimikrig



v 2.3

f(xX)=a,x 4o, ;x¥ 1 + . . 4 ogxtoy o, #0 ke
g(X)=Pux"+Pu-1x*1 + ...+ Pix+PBy P.0.
Tére:
"Av v<u, TOTE T& Toludwupa m(x)=0 kai v(x)=f(x), ixcvomololy T
fecopnua.
"Av v>u, TéTE BéTovTog

- g(x) = w(x) (BI)

maipvoupe Eva ToAuvupo vy (x) pé Thv 181dTnTa vy (x) = 0 4 Babu. v (x)=v, <v.
"Av Tapa elven ui(x) =0 | v, <y, TOTE T& TOAUDBVUNA

G\v' v

m(x) = B xV* kol uy(x)
"

ikowoTrololy 16 fecdpnua. "Av Spaws elvan v, > kal K, elven & ouvTeAeoThs ToU

ueylotoPdduiou dpou ToU v, (x), TéTE BéTovTag

u(x) — T X't g(x) = uy(x) (B2)

Taipvoupe Bvar TOAUGUULO Uy(X) pé THY IB16TNTa Uy(x) =07 Padu. Uy(x) = v, <v,.
“Av hoimdv elvan uy(x)=0 i v,<u, TéTE T& TTOAUGIUNG

o K
(X)) = ﬁ" x"'“+-BJ»x"r“ kol uy(x)
" "

ikavomoloUv 16 Becopnpa, fvé &v elven vy > B kol K, elven & ouvTteheoTrs ToU
HeyioToPdBiuou Spou ToU uy(x), TOTE HéToUpE

ug(x) — ﬁ— XU - g(x) = Uy(x) (83)

kel ouvexifoupe Thv 181a Siabikagia.

"Emreidn) of Paduol vy, vy, vg,. .. TGV Tohuwvipwy vy(x), vi(x), vs(x),...
EhaTTvovTal Siapkdds (ExkTds &v oupPel v (X)=0, &moTe Teheihvar kel ) Sia-
Bikaoia), BnAadn émeadn elvor v>v>v,>ve> ..., 8& @Tdooupe petd &d Tre-

mepaopévo mATBos PrudTwv (By,B,,...,B), of fva modudwupo up(x), woU
dpifetan &md Ty lodtnTa

Va-1(%) — ;5_1 X"-174 - g(x) = Ua(x) (BN)

y1& 16 otoio 8& elvan vi(x)=0 f| Pabu - ua(x) <p. TTpoobérovTas TéTE Tis lodTn-
e (B1), (B2),.. .,(B?\) Katd péAn Trafpvoupe TV lodTnTa

Kip—q

fi(x) — 9 e Aama o ﬁ_u b &/l +T X VA-g1~" ]g(x):ul(x),
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1V:2:3.

;"x"*" + g—‘x"r“—l— e KE—'I x¥-174 | - g(x)4+ua(x)

TOU pavepdvel &TI T& TroAVDVIIG

Snhadnh Ty [(x) =

(x) = %L B A % . +% X174 kol u(x) = ui(x)
(] M

ikavotrololv 16 Bechpnuat.

O& Belfouue 6T vd molvdvopa w(x) xal vix) elvar povadixd.

"As Utrobégoupe 611 EkTds & Té T(x) ked u(x), Udpyouv kel Té& TOAUGD-
vupa T'(x) kai u'(x) ToU ikavotroloUv T Bepnua, SnAadn 11 elven:

f(x) = g(x) - 7'(x) + V'(x) an
pE U'(x) =0 fj Pabu v'(x) < Pabu g(x). TéTe 0& Eyoupe:
g(x) - m(x) +u(x) =g T(x) + V(x)
g(x) [m(x) — '(x)] = v'(x) — u(x) @

‘H (2) loxler pove oty mepimrooon ol elven m(x) — m'(x) =0, 6mwdTe

B elven kad v'(x) — u(x) = 0. N, &v even ™(x) — (%) # 0, TOTE 04 €lven
Bady g(x) [1r(x) — 7'(x)] = Paby ('(x) — u(x)) > Badl g(x)
tudd elvan ouyypoves
Pedu (u(x) — v'(x)) < Pabu g(x)

Tpdyux &roTro.

"Apa drrodelyTnre 611

'(x) = m(x) kad u'(x) = u(x)

SnAadt) o1 Té& m(x) kal v(x) elven povadik.

‘H Tropeic pé v émola &rodeiyTnke Té Bedpnue, uds Selyver kal Tév Tpd-
o pé Tov omoio Ppiokovue T& ToAudvUNa T(X) kai u(x). *H elpeon TéV T(x)
kai u(x) dvopddetan ahyopiluuixd i Edxleidsia Swipson tob f(x) pé 16 g(x).T&
mwoAvavupa f(x), g(x), m(x) kai w(x) dvoudfovtan dvticToixx Simperios, Sar-
péng, mliko kol Dréhowme tijs Swupiosmg tob f(x) pé 16 g(x). ‘H igotnra (1)
uE Tis wpoUTroféoeis Tou Bewpripartos dvopdleton isdtnra tilg dhyopibuikiig
duipéoeme.

Mapatypiioec:
1. "Awd Thv &médei§n ToU Bzwpriuaros, ounmepaivouns &1 ol guvTsheoTés TSV TOAuw-
vipeaw w(x) kai u(x) elvan wpayuarikol, dtav Té wohuhdrupa f(x) kai g(x) dvikouv aTé Ry
2. Elvan gavepd &1, Stav elvar Padu ((x) > Padu g(x), TéTe loyle:
Pabp w(x) = Padu [(x)—Padu g(x)
3. "Av elven u(x)=0, TéTe Exoups TNV tEAEle Swripeon ToU dvagépape Tponyoupéves.
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IV 2.4.

2.4. Méyiatog xowvdg Sraipétng modvwvipwy tod Cy,.

Emeidf) x2-5x+46 = (x—2) - (x—3) kal x4 = (x—-2) (x+2), 16 moAUD-
vupo x—2 Bionpel kol T& BUo ToAudvupa x2-5x+6 kal x2—4. levik&, Gv Eva
rolvdvopo g(x) Srarpet §o 7| neprocdtepa mohvdvopa, tote dvopdletar worvig Si-
apétng thv mohvavipmv adtdv. Elvar gavepd &1 oTols kowols Sicipéres SUo
fi mepiocdTepwy ToAuwvUpwy TeptAaupdvovtan kol SAa T& TOAudvVUpa un-
Bevikol PabuoU, SnA. SAot ol mryadikol &piBuol tktds &md 16 undév. "Av T& To-
Avavupa f,(x), fo(x),...,f(x) Bév Exouv &AAous kowols Bicupéres, Exrds &md
Td ToAvdwpa undevikoU Pobuol, TéTe B4 dvopdlovrar npdita petald touvg.

Elvar gavepd Errions 811 xowvol Suaipéreg tod pndeviked modlvavipov xaf Evig
nolvmvipov f(x) elvar Shor ol Srarpéres tob f(x) kai, oUppwva pé Tiv TapaTpn—
on 1 Tfs 2.1., xavévag Swapétng &vig pi| pndevikol molvwovipov dév Exer Pabpd
peyaldtepo Gnd v6 Pabpd adrob tod molvmvipov.

O©& Bel§oupe Tdxpar, pé TV TPSTAOT) TrOU dkohoubel, &Ti dy doboiy o 7 mepio-
adrepa modvdvvpa, dnd vd dmoia Tovidyiotov vd &va 8év elvar vd undevind molvdr-
wpo, pmopotue mdvrote vd mpoodiopioovue &va molvdwuuo mob Td advelo Tdw
drarperdn Tov tavrilevar pé 1d odvolo Taw xowdv Siugerdy Tdv molvavipwy,
mov Exovv Sobei.

‘H wpéraon &vagépetar of SUo pfj pndevik& moAvdvuug, yiorl &v 16 fva
elvan 6 pndevikd, ToTE, oUpguwva pé Sdoa eirope Tapamévw, Té &AAo TroAuwwy-
po elven T6 {nTolpevo.

Ipéracn: "Av f(x) xai g(x) elvar dbo0 pf pndevikd rolvdvopa tod Cp,, pé Pabp.
f(x) >padp. g(x) xai 8(x) slvan Evag xowdg Swmpérng tovg, téte w6 &(x) Oa
elvar kowvdg Sumpétng xal TV rolvovipov g(x) kai v(x), drov v(x) elvar 6
drélowwo tiig Swmpéoewg tob f(x) pé t6 g(x), xai dvriorpoga.

*Anbédaibn. "Av m(x) xad u(x) elven 6 TnAiko kal Té UréAorTo TS Sicnpé-
oews ToU f(x) ué 6 g(x), TéTe 6& Exouue
() = g() ™) + u(x) A 1(x)—g(x) T(x) = u(x)
*ANG T6 8(x) elvon SicnpéTns ToU TpyTou péAous Tijs TEAsuTalas lodTnTars,
&mwéTe 6& elvan kad Sroupérns ToU u(x). "Apa T6 8(x) elven kowds Siaipérns TéV
TroAvevipwy g(x) kal u(x).

*Avtictpoga: "Av elven 8(x) | g(x) xai 8(x) | u(x), TéTe 8& elven kal
5(x) | [g(x) w(x) + u(x)] = f(x),
BnAadn 16 5(x) 8& elvon kowds Sianpérns Tév () xal g(x).

*Apa of xowol duatpéres taw f(x) nal g(z) ravrilovvar ué rols xowods dua-
pbrec tw g(x) xal v(z).

"Av horgiyoibituEiReard & NoTitonTo EkmaiB R SAM Ak 8(%) 8&




elvan ol Sicapétes ToU g(x). *Av Bues elven u(x) # 0, TéTe ol xowol BioupéTes
Té&v f(x) kal g(x) 8& elven ol kowol Bicipéres Tév v(x) ko v (x), émov vy(x) T
Umréhoro s Biaupéoecos Tou g(x) pé 1O u(x). "Av Twpa elvan u(x) =0,
&7 of kowol BroupéTes TéV f(x) kai g(x) 8& elvan of BianpéTes ToU u(x), bvid &v
elvea uy(x) # 0, ouveyifoupe Ty iSia SieBikacia. *H BiaBikaoia aUTh, &meldn
elvor Padu u(x) > Bobu uy(x) > ..., 8& oTauarioe, étav k&mrolo UtrdAolTo,
forw Té Ui (x), elvar TS undevikd TroAucdVULO. Téte oif kowol Biopétes TGV
f(x) xai g(x) 6& elvan ol Sipétes TOU Uiy(X).

MTropolpe Topa yi& mohudwupa fy(x), fy(x),...,f,(x), mou kavéva Bév
elven T6 pndeviké ToAudvupo, vé TpoaBiopicoupe Eva ToAudvupo (X)), TToU
ol BiopéTes Tou vé elven ol kowol Srpétes 1@V Fi(x), L,(x),. .. f.(x). TV aUTod

&pxel v& Epoppdooups ThY Taparrdve Siadikagia yi& Ta fi(x) wai fo(x), wetd
y1& Té& 5,(x) xai f5(%), veT& y1& Té& By(x) kad f4(x) koK., Smou T6 §,(x) £xe
Bicpées ToUs kowous Bianpétes T fi(x) kad f(x), 16 8y(x) Tols kolvous Siai-
pétes Tév 8,(x) Kal f5(x) k1A (CAv pepikd &méd & fi(x), fo(x),.. LI(x) Atav
o pé Té pndevikd ToAudvupo, TOTE aUT B peTéyouv oTn Siadikaoia kal yi’
oUTSd TrpaE Pry UNBEVIKE).

Té molvévopo 8(x), Tou mpoodiopifouue ué Ty TapaTdve S8 ikaaio, pali
pé ta Sregépovra and adté kerd moliarmhusiactiki ctadepd, &rreos elvan pavepod,
Exer 6 peyaldrepo Pabpd dnd dhovg tobg xorvoids Swnpétec t@v ,(x), fo(x)s. ...
f.(x) kai cvygpéveas Srmpeitar pé kade Ghlov xowvd toug dimpétm, YU aUTO Kai
ovopateron péyiatog koveg Srapétng t@v f(x), L(x),. .. f.(x).

Té nolvévopo ToU elvan «ivninpbomros» 1@V nolvevipmy kd(x), k#0 glvan
Erropévess povedikd kei Aéue 6T1 lvar & péyroteg kowodg Simpitng (M.K.A.) tév
rodvovipey £,(x),f(x),. . .[,(x) kai tov cupPorilovpe pé < f(x)fy(x),.. wof X)) >

*Emaidy), Stav Ppolpe fva M.K.A. Tév ,(x), f(x),....f,(x), Exouue ovy-
Xpéves Trpoodlopicel kai Tév dumiTpbowmd Tous Tou elvan & M.K.A. Tous, ué
16 oUpBoro <f(x), f(x),. ... f(x)> 8& ouupohifoupe Tov M.K.A Tous, SN
kal k&Be &AAo Tohudvupo ToU Biagépel &M aUTOV KOTE TTOAMXTAGCIQTTIKT
oTabepd. "ETor &v & £,(x), fy(x),. . ..[.(x) elvan mpdTar peTafy Tous, B gxouv
M.K.A. kéfe pfy pnBevikd orabepd ToAudwupo kai ypépouue <fy(x), fy(x),. ..,
f(x)> =k # 0, &AA& propoiue vé ypagoupe kaf <f,(x), [(x),. . ..f.()> =1

‘H BioBikaoia Tou dvarrTUEaue Tponyoupvews, pé Th Pondaia TS TPOTA-
oeeas ToU &rodeifaue, d5nyel oTév TpooSiopopd Tou M.K.A U0 uf undevikdv
TroAvewpwy ked dvopdZeton Edkheiderog ahyopBpog, Emaidny elvan idia pé Tov
EtxAeiSeio dhydpiBuo Trpoodiopiopol Tou M.K.A. 8o dxépaicov dpiduddv.

Mé& Té& molvdwupa 2x2—2 kai 8x—8, pé Tév ElxAeideio dhydpiBuo éxouue

<2x2-2, 8x —8> = <8x—8, 0> =8x-38
T6 TroAudovupo 8x—8 elvan Aormdv M.K.A. 1év meAvwvipwy 2x*—2 kal 8x—8,

&g M.K.A Tous elvan kai Td TroAucvupo —‘—11— (8x—8) = 2x—2 = 2(x—1) ol
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IV 2.5,

Taipvape of TponyoUusves TéEels, dAMG kol kdBe ToAucvupo k- (8x—8), k # 0
“Opws & M.K.A. Tous elvan 16 Tro?\ucbuuuo% (8x—8) = x—1, moU Exe1 ouvTe-

AeoTh) ToU peyioToPdBuiov Spou Tou TH povddo kai elven & «hvtirpoownoz»
TéV k (Bx—8), k = 0.

2.5. ’Eqappoyés.

1. "Av @(x) #0 xkai 2(0|f(x), tote BG elvar g(x).o(x) | f(x). 9(x) xai avriotpopa.

‘Arédedn: Elvaa g(x) | £(x), 8nA. [(x)=g(x) (x). *ANAG 9(x) #0, &pax

f(x) = g(x) m(x) = (x).9(x) = g(x)m(x).9(x)

Ot lodrnTes almés &modekviouy T {nTolpevo.

2. "Av 8(x) elvor MLK.A. 1@V nokvovipoy f(x) kui 2(x), thre Ordpyovv 8bo nolvhvopa A(x) kai

B(x), dote va ioyien:

80)=A0f(x) +Bx)z(x) )

"An6deidn: *Agou B(x) slvan M.K.A. 1é&v f(x) xad g(x), TéTe 8& elvan [(x) #0 eite o(x) #0.

"As efvan f(x) #0. Tore:

i) "Av g(x)=0, 8& elven <f(x),g(x)> = {(x) Kka! &pa 84 Urdpyer xeC, doTe v& elvan
8(x)=x.f(x). "Apax Té ToAudVULo A(x)=k pali ué dmolo8nmote B(x) € Cpy) 8& ika-
votolouv ThY (1),

"Av g(x) #0, ToTe 8¢ PAdmrTeTan #) yevikdTnTa, &v Umobioous &xdua &1 pabu. f(x) >
= Padu. g(x). O& elvan ouverrdss
<I(0), g(x)> = <g(x), v(x)>
émou v, (x) Té Umdhoire THs Sixipéoecs Tou f(x) pé 16 g(x).
"Av Topa elvan v (x)=0, TéTe Té Lelyos oAUV A(x)=0 xai B(x)=k, 8mov xeC u¢
kg(x)=>58(x) Ikavomowel v (1), &gol Td g(x) B& elven drrions M.K.A. Tév ToAuwvipwy
f(x) xal g(x). "Av Suws elvan vy (x) #0, 16Tz TS Uy(xX) wmopsl vé elvan Sicipétns Tol g(x)
SméTe B4 elvan xal M.K.A. Tév f(x) kai g(x) i umopel kai v& prv elvan Sioupérns Tou. ITHv
mepimTwon wou v, (x) | g(x), tredn elvan
vi(x) = IG)—m (x)g(x) kel
Umdpyer kaTddAnio keC, dorte vk sivan S(x)=x -v(X), T& ToAudvupx
A(x)=k xal B(x)=—« 'm(x) 8& Ikavomroioly THY (.
Ztiv mepimTwon moU T vy (x) Sév elvan Biaupétng Tou g(x), Emedn
<g(X), vi(x)> = <y (), v(X)> 8& Exoupe
Up(X)= ()1, (x) - o) <> Uy (X) =g (O—{ 1(X)~g(x) Ty (X) ]y (x) <=
<> U () =(=a (X)) +[ 141y (x),(x) I (x).
"Eton &v uy(x)= <f(x), g(x)>, TéTe & Urdpyer kKEC pé B(X)=K ' Uy(X), &TdTe T& TOAUGD-
vupa A(X)=kK(—,(x)) xai B(x)=x[1-+m,(x)m,y(x)] 8& ixavotololy TAv (1), dAhoids 0&
ouvelooupe T Srabikaoia ds T6 kaTdAAnio Y; (), doTe vé elven Y; (0)=<f(x),g(x)> kel
B& mpoodiopioouue TéTe T& A(X) Kkal B(x).

ii

=

3. "Av Eve nolvdvopo f(x) civar npdto npdg ta moluvdvuna @(x) kei w(x), tote Bd slvan npdro
kai mpdg 10 YIvOREVO Toug,

"Arbderln: "Agol <I(x), p(x)> =1, oUkpwva ué THv mponyoUuevn Epappoyn, 8& Umdp-
Xouv moAudvuia A(x) kai B(x) Tétowx, dore:
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2.

10.

IV 2.6.

f(x) - AGx)+9(x)B(x)=1 <> 1(x) - [A(X)- W) ]+[9(x) - w(X)]B(x)=w(x).
YAv Td mohudvupa (xX) kal @(x) « w(x) elyav kal kowé Biaipérn &1 unbevikol Pabuol, T6-
Te abTds 8& Arav kai Siapétns ToU w(x), Té émoio elvan &rotro, yratl <f(x), yw(x)> =1.
*Apa 16 [(X) elvan wpd&To Tpds TS @(x) - w(X).

. "Av 10 @(x) dwapel to Tivopevo thv f(x) kai g(x) xai elvon nphro npig 6 f(x), tore 0a Srapel

6 g(x).

"Anodaién: "Av g(x)=0, TéTe T6 o(x) elven BraipéTns ToU g(x). "EgTw Tdpa g(x) #0, TéTe
dmres kal Tponyouptves Exoupe

f(x) - A)+o(x) - Bx)=1 <> [[(x)g(x)] - A(X)+o(x)  [B(x)  g(x)]=g(x).
Té &proTepd péhos Branpeltan pé 6 @(x), &pa @(x) | g(x).

. "Av 800 molvdvopa o(x) kai y(x) elvan nphra perato toug kai xabéva toug dwnpel Eva tpito

rolv@vopo f(x), tote kai 6 yivopevo tovg Ba daipel 6 molvdvopo f(x).

*Anodegn: Elven f(x)=@(x)m(x) ol dmerdn w(x) [[(x), ouumepaivoups &1 w(x) p(x) « m(x),
oU anpaiver 811 Ww(x) | w(X), &pol w(x) TpdTo TpPds TS @(X)."ETor m(X)=y(X) - T, (X),
omdTe [(x)=[¢(x) - W(x)Im (x), Tou &modakvie Thv mpdTaon.

6. ’Aoxfioeig

- AV gy (0) | (%) kel gy(x) | 1,(x), Betre 81 g, (%) - ga(x) [ 13(x) - fo(x).

. "Av 16 g(x) Binpel Eva dwd T& Tohudvupa f(x), f3(X),. . ., [,(x), BeifTe 611 8& Broupel
kal 16 ywduevd Tous.

. "Av T g(x) Sronpel TO f(X), ToTE B4 Brenpel kal TO [f(x)]Y, veN.

. "Av 16 g(x) Sopel 16 [(x)+1,(x) xal fva &wd T& f(x), f(x), BeifTe 6T1 8& Sroupel kal
T6 &Aho,

. Bpeite 16 M.K.A. tév molvwwlipwy f(x)=2x4+ 3x3+x2—3x—3 kal g(x)=x*-1.

. Né& éxrereaTei ) Siafpeon ToU TwoAuwwipou f(X)=x4+3x3—7x2-+kx+ A pé 76 g(x)=x—3x
+5 kai Ererta v& dproTolv ol TpaypaTikol dpiBuol k kal A, doTe ) Sixipeon alTh va €l
van TéAeia,

. N& Ekreheotel ) Sixdpeon ToU f(x)=x4+1 pé 16 g(x)=x°-V2 x-+« kal oTh ouvéxeia vk
wpocbiopioTel | TpaypoaTik Tiu ToU k, doTe f) Sialpeon vé elvan TéAaia.
. N& dproel & paypaTikds &piduds A 0, GoTe Té ToAvdwimo [(X)=x3—5x2+ ;LV& Biai-
peiTon pé TS ToAuddvuuo Ax—l.
Aei€te 811 TS TOAuddvUpo
{(X)=x"ov-rtv-lpx¥ygtv-2p  fxv+14]
Sranpeitar pé Té6 ToAUVUpO
P(x)=x""14x""2 4...+ x+1,
Srou v, oy, ®yy,...,a; elvar guoikol &piBuoi.
Aei€Te 811 TS TOAUDVUNO
f(X)=(xP—1 L axP=t 4, ..+ cP-D)x(p+1) ¥+l L q(p+1) v+
SicnpeiTarl pé TO TOAUDVURO
g(x) = xP+axe-t 4 ...+ af1x4af,
dmou a elvon drépanos &pibuds kal p,v puaikol &pibuol.

129

WniomoBnke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkrg



AV  &sUs

2.7. Mlpotdoelg yid td dméAoira Tdv Siaipéoewy TOV mMoAvw-
vopwy Tob C,,,.

Alvoupe E8& BUo xprioiues TTpoTdoEls, TToU dvagépovTal oTd UrdAoia TEV

Broipéoewov ToAvwvUpwy Tou Cpy.

Ipotasy 1. "Av f,(x), fx(x) xai 6(x) elvar rohvdvopa tod Cp,) pé 8(x)#0, tote ol
Srarpéoeig 1dv £,(x) kai f,(x) pé 16 8(x) divovv 16 ide dnéhoino, drav kai pove
dtav 1 Segopd f,(x)—f,(x) eivan nmollarhaoo tob &(x).

‘H &mddaén Tiis TpoTdoews auTiis elvan dpoia pé Ty &mddefn Tiis TpoTd-

oews 2 Tiis 1.3 ToUu Keg. lll.

TMpdtasn 2. "Av 6 dumpetiog f(x) kai 6 hapétng @(x) miag hapiocmg morhania-
cwactolv pé 16 oo pi pndevikd molvdvopo g(x), tore t6 nnhixo tiig Swopé-
oew¢ mapopével to idro, Evd 16 Dndhoimo mollanhacialetan pi 1o g(x).
*AnodeiEn: “Exoupe f(x) = @(x) + m(x) + u(x), pé u(x) =0 f Pady u(x) <

< padu ¢(x), omote [(x) - g(x) = [¢(x) m(x)]g(x) + u(x) * g(x) <=

f(x) - g(x) =[9(x) - g(x)] - m(x) + v(x) - g(x),

Omou u(x) - g(x) =0, & u(x) =0 A Pabu [u(x) - g(x)] = Pabp u(x) + Pabu

g(x) < Pabu ¢(x) + Podu g(x), 8nA. Podu [u(x) - g(x)] < Pabu [¢(x) - g(x)].
“Apa 1) wpdTaon &modeiyTnke.

2.8. "Eappoyés.

1. "Av 0y(x),0,(x),. . .,0(x) elvon té@ Onodowna thv Simpéoswv TV fi(x), f5(x),. ..M (x) pé o &(x),
(8(x) #0), avnioroixwng, tote ta Onéhoina 1OV dmpiocav 1oy [, +L,X)+. .. +H(x)] xai
vy (%) +vy(x) . +. .. +0u(x)] pé 16 &(x) elvan foa.

Aven: "Av (X)), Ty(x). .., w(X) elvar T& dvTioTorya TnAlka TV Biaipioewv TdY [(X),
(), .. (x) pé 16 B(x), TéTE Exoupe:

f,(x)=8(x) m,(x)+uy(x)

f,(x)=8(x)my(x) +uy(x)

[, )=8(x)m (x)+u,(x).
MpoatéTovras katd pwéAn Tis lodTnTeg alTés Taipvoupe:
L) +1,00 4. .. +1.)=8() [y () + my(X) + . . . A, (O] [Uy () T up(X) + . - U (X))

<L)+ HLEHUE) v (X)L U X)) (X) F () + L+ (X))
moU onuaiver 611 16 8(x) elven Branpétng ToU TpddTou péAous. AUTS, oUp@uva ué TAV TTpd-
Taon 1, &mwoBekvier 16 {nToluevo.

2. "H Swipeon évog nol opov f(x) pé 16 mohvdvopo x?+x+1 diver brndlowmo 2x+1, Evd pé 1o
x24+1 diver Dmohowno x+2. Na Ppedel 16 dnohowno tiig Sumpéoeng tob f(x) pé 16 yivopevo
A 4+x4+1).(x241).

Avon: "Av w(x) xai u(x) elvar 16 TnAlko kai TS UmdAoiTro Tiis Brapéoews Tou f(x) pé TS
[(x24x41) - (x*+1)], TéTe ExoUpE

f()=(x*+x+1) - (2+ D) +ux) (1) f ((xX)—u(x)=(x2+x+1) (x2+1)m(x),
SnAadf) T& woAudvupa X*Lx+1 kai x24-1 elven BionpéTes ToU ToAvwwipou [[(X)—v(x)].
AUTS waA1 onpaiver (rpdTacn 1) &1 of Siipéoas TV [(x) kal u(x) pé T6 X2 4x+41 Bivouv
76 1810 UmdAorro. Té 1810 oupPalver xal pé Tis Biaipéoeis TdY M(x) xaf u(x) pé 6 x241.
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IV 3.1.

*Etor Spoos § Biadpean ol u(x) ué 16 x*+x+1 Blver Uméhorro 2x41 kal f Bialpeon
ToU u(x) pé 16 x2+1 Bivet Ymdhorro x+2.
*Amé Thv (1) Suws Exoupe 8Tt 16 U(x) elvar 16 oAy 3ov Paduol, BnA.
v(x)=ax?+px:4yx+5
dméTe B4 loylouv ol oyfoes:
ax®+Px?+yx+6=(x?+x+ 1)m(x)+2x+1
ax®+Px2+yx+8=(x2+ 1)mwy(x)+x+2
&mou m(x)=ax+xk kal W(x)=ax+A.
*Amd Tls oytoes auTés walpvoupe Té gUoTnua

a+k=p, a+k+2=y, k+1=8, p=A, a+l=y, A+2=85,
mou | tmiduor Tou Bivet a=—1, P=—2 xai y=0. ‘Ewopévax u(x)=—x3-2x2.

2.9. "Aonficers.

1. "Av uy(x) xal uy(x) elvan T& UméAorma Tév Sraptoecoy TEY ohvwwpwy f,(x) kal f,(x)
ué T6 g(x) dvrioTolyews, BeifTe &T1 of Biiptoeis TV ToAvevUpwY f(X) vy(X) kal L (X )y (X),
ué 16 g(x) Exouv foa Umdhorma.

2. *Av ol Bipéoers ToU ToAvwvipou f(x) uwé T x—a xal Xx—B, a#p, Slvouv T6 6o Umé-
AoiTro v, BeifTe 11 kad | Bialpzon Tol [(X) ué 16 wohvdvupo (x—a) (x—P) Blver trriong
16 1610 UmdAormo v.

3. APiBMHTIKH TIMH TQN MOAYQNYMQN

3.1. *ApfpnTuch T xal pila moAvwvipov.
Ké&fe ouvdptnon f: A»A pé Timo
f(x) =ax'+oa, x4 oy X+, (@)
BmoU 0y, . . -, €A kal A Bva &méd T& R,C, dvopdletar TOADMVURLKT] GUVEPTN-
o tod X.
‘O &p1Buds
f(p) = aup¥ + otygp¥ ' + ... FopFoy @
ToU elven ) elkdve ToU &piBuol p péow Tis f, elvan ff dpibpnmikf Tpd fig mo-
Avovopkils cuvaptiiceng Y& x=p.
Stéd Emopeva 8& Abue trrions ST 6 apBpds f(p) elvan 1| dpBpnuikd Tpd tod
roivavipoy f(x)=a.x"+a, x""1+...+ax+a, €Cy; N x=p.

Enueimon: Mrropolue vk Solue &utows T Paoikr Sagopk mou UTépxet oTd pdho
ToU X 016 [(X)EC[y] Kai oTHV ToAVwVUHIK] ouvdpTnon é TUTO f(x). ETiv TpddTn TEpiTTTROON
16 x elvan T6 ToAudvupo Tol Crxy ké oy=1 kal gp=a,=. ..=a,=0, tv& oTh Gevrepn elvon §
peTaPAnTH Tis ouvapTroews ToU &mekoviferan oToV &p1Bpd [(x).

"Eva omoudaio TpdBAnua oTis Tohuwvuuikés ouvapThoels elven vé Bpolpe
Tis Tiués THs peTaPAnTiis X, of &oles &meikovifovTan ooy &piBud pndév. AnAadn
&v f(x) = a X"+t yx¥ 1 4. FagXHap
elvon & TUTrOS WSS TIOAUWVULIKTS guvapTiioews, vé BpoUpe Tis Tinés xeC yi& Tis
omoies elvo¥ngiomolriBnke amd to lvotitouto Ekmaibeutikrig MoAimkrg



IV 3.2,

f(x) =ax"+oa, x4+, foxte=0 3)

‘H (3) dvopdderon morvwvupiki £gicmon.

Ké&Be &pibpds p roU émainbela v (3) dvouddeTon pifa tiig morvomvopkiig
twohoeng. Od dvopdloupe pila tod molvmvipov f(x) kdbe pila Tis E6iocdoews
f(x) = 0. *H eUpeon SAwv 18V pildv tvds TroAuwvipou f(x), &vdyeran oty &mi-
Auon Tfis ToAuwvupikis é§iocdoews {(x)=0 kol 6& pds dmacyoAnoel oTd Emo-
peva. ‘O PoBuds ToU moAvwvupou f(x) #£0 Svopddetan kai PaBuds THs ToAvwvu-
pikfis &Eiowoews f(x) = 0.

3.2. Zyfuoe Horner (Xépvep).

‘O oUvTtopos Umoloyiouds Ths &pbunTikiis Tufis Evds moAuwvlipou f(x),
&nA. TS Twwfis Ths ouvapTnoews [ yid x=p, Tapoucialer vdiagépoy, yiaTi TG
ToAvwvupa &ElotrolouvTtar yik Tis Sidpopes pafnuoaTikés dvaykes. ‘Emrions 1
gmidvon ToAuwvupikGy E6iodoewy yiveTon TToAAés gopés, Stes B& Solue Tapa-
KOTwW, pé TOV UTTOAOYIoUS &pIBunTIKGY TGV TTOAVWVULGY.

’ESG 86 SoUpe pia oUvtopn péBodo vé Umohoyifouue Tis &piBunTikés Tipés To-
Avcovipwv.
“Eotw &m Exoupe v& Ppolue TV Tiun TR ouvapthoews [ pé TUTo
f(x) = oyx3+4oyx? + ogx® + apx® + oyx + o  y1& x=p.
H mpn abrn 0& elvan {(p) = a5p° + oupt + agp? + ap® + o4p + &,
7| Omola yropel v& ypopel

I(p) = [[((asp+aa) - pFeadpteelpteulp+ay &)
Anhad1) y1& Tév Uroroyiopd ToU (p) wropolue vé drkoloubricouus Trv dkdAou-
6n oeip& Umoroyiopdv, mou Umodeikwier 7 (1).

1. ToAAamAacidfovue TéV o pé TV p az p

2. ZT16 ywduevo mpooBéToups TéV ay oy ptoy

3. TMoAAamAaci&fovue 16 &fpoioua altd pé Tév p (a;-ptay) - p

4. Z1é6 ywoépevo alTd TpoobéToups TéV ay (05 p+oy) - ptaoy

5. MoMamAacidlovpue Td &moTéheopa pé Tév p (o5 pto) p+ay) p KTA.

‘H Siadikaoic bt TéY Urohoyiondv gaivetan koAUTEpX 0TS TTOpOKETL
oxfijua, moU evan yvwoTd odv oyfina Horner.

TuvTEAEOTES]
Tou f(x) | op o o o, oy o,

P v a5 p | (o ptay)p

_T_ﬁ. a,p+ oyl (&5 poy)ptayl . . E(Pj:l[((usp*UA)P+°3)P+32]P+“1]P+30
Yi Y3 Ys

Tpiv 8cdooupe Evar &piBunTikd TTapdBerypa, 6& Souue drdpa 8T1 TG oyfjua
Horner ypnoipeter atrjv elpean ToU mnAikou kai ToU Utroholmou Tiis Sicipécews
ToU f(x) pé 16 x—p.
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IV 3.2

"Av Eyxoupe vk Bionptooupe Té TponyoUpeve Toludvupo f(x) pé Té Bicdvupo
x—p (8mou p & TponyoUpevos dpiBpds), TéTe T UmdAormo u(x) O& elven Eva
oTafepd ToAvmvupo u(x) = veC,, oméTe

f(x) = (x—p) ™(x) + v ¢3)]

Mé& x=p 1) (2) iver f(p)=veC, dnAad? 16 dnohowrno tfig Siapioews tob f(x)
pé 16 x—p elvar 16 o1alepd mohvdvopo mov dvrictoryel otiv aprlpnuki) Tipf tod
nolvovipov f(x) yua x=p kol P’ alrdv TéV TpdTro TS Ppiokape kal of TponyoU-
peves T&Eels. "Av Aortrov elvan f(p)=0, tote (x—p)lf(x), SnAadn [(x)=(x—p)m(x)
kai dvuietpépog. AUTS onpaiver o, v p elvan pia pifa Evég molvovipov f(x),
16te 16 x—p elvar Eveg maplyoviag tob f(x) xai dvriotpdgue.

Znueicovoupe 88 671 Eva rohuddvupo f(x), Trou Exer pifa T6 p, elven Buvatd
vé Bioupeitan, #ktds &md T6 x—p, kol &mwd pia SUvaun x ToU x—p. Mevikd elven
Suvard Eva Troducvupe f(x) v Biaipeiton pé TO (x—p)* xal v pr SicapeiTan pé
16 (x—p)**tl. Anhadn elvan Suvard va elvan

f(x) = (x—p)*-m(x)
kol 16 (x) vé& un Sicnpeitan pé 16 (x—p) (BnA. 16 T(X) v& unv Exea pifa TS p).
2’ ot TV TrepiTrTeon Aéue 611 16 p eivor mokianhn pila tod f(x) pé Pabpd mor-
hanioétnrag k i 611 16 p givon pila tob f(x) pé mohlhaemhdtnra K.

‘Otav elvan k=1, TéTe T6 p Aéyeren kol andi pila tod f(x).

Té mmAiko w(x) Tiis Tponyouuevns Sicupéoews elvan Eva TToAumvupo 4ou
PBaBuol Tfis popefis yaxt+ysx3+y,x3+y X+, kai Pploketan, &v tkteAéooupe
TN Sixipeon kaTd T yvwoTd:

X o X+ ayx?+ e X2+ oy X -0 [x—p

—ogX®+ogpxt osX (20 o)X+ [(xsp+ e o+l
prast e e B/ ] i
(epp+ o) x 4 opx? b i T Yz

—(azp+a)x 4 (ap+ ay)px?

Awamiotdvoups &uéows 811 ol ouvteAeoTés ToU TmAikou elvon ol dpifpol
Tfis TpiTns ofpds ToU oyfuaros Horner, &ktéds ToU Teeutaiou &pifuoU Trou
elvan 16 Umdhoio THs Bionpéoews, Steos elTroge.

2ty pagn tpyalducoTe s E€fis:

“Eotw 811 Bfhoupe vk Ppolue TO TrnAiko, T(x), kal TS Umdhoimo, u(x),
Tiis Bioupéoews ToU f(x) = —2x°43x4-2x2+5x—1 pé 16 g(x) = x+3=x—(-3).

Ol ouvtereoTés Tou f(x) (Brcupetéou) ypagovton of pia oeipd (@povrifov-
Tas va ypdayoupe kal TO ouvTtereoTr) ToU x? mou elvon TS undév), otn SelTepn
oelp& Kal dpioTepd ypdgouue TV &pifud p=-3 kal oty TpiTn cEpd oxnua-
Tifouue ToUs cuvTedeoTés ToU TrnAfkou, &tress eltraue Tponyoupéves, kabds kal
TS UmdAormro. “ETor Exoupe T6 drdhoubo oxijua Horner.
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IV 3.3.

Zmrr:lejrrés
7ol f(x)| —2 3 0 -2 5 -1
=3 | (-2): (-3 ]+ 27 81 —237 696
e aer o g . A £
Ye Y3 Yz Y1 Yo v(x)=v

TS mnAiko elvar T(x) = y,x*+y3x? Ly, xt+y, X+, SnA.

(x)=—2x44-9x3-27x24 79x—232 kai 16 UrdAOITO U(X)=695,

ol guoiké elven kal f dpiBunTikd A ToU f(X) yid x=-3.

3.3. "Eappoyés.

1.

Aiveran i) rodvavopii ovvaprnen f:R—R tétowa, dote ia kide zeR vi loxoer f(z)=az+p
Bé a,p npaypatikods dpiBpois kai P 0. Aciite bm N xabe [eilivog npaypanxdv apindy X,y
ioybe: f(x+y) #8(x)+1(y).
"Anéderfn: "Aé Tév TUTo THs ouvapTrioews Exouue:
f(x)=ox+p, f(y)=av+B xal [(x+y)=a(x+y)+p,
dmwéTe 1)+ ((y)=a(x+y)+2p. "ANAG émwerbn) P #0, 8& elvan
a(x+y)+B#alx+y)+2B, BnA. f(x+y) #1(x)+1(y).

- Aiverm pia molvovomxi cuviprnen f:R >R tétowa, dote nd xade xeR xai kabe puoikd

apbud p va loyde:
f(px)="1(x)
Aeigte Bt né xaBe veN loyoer: f(p*)=f(1) 1
"Arédeln: "Emaidf) loxue f(px)=I(x) yi& x&Be xeR kal peN, &v whpoupe x=1, ToTe yia
x&be peN loxve f(p-1)=I(1), SnAabh f(p)=£(1),
©& dmodeifoune T6 {nToUueve ué TH éBoBo THs pabBnuaTikdis traywyfs.
Mpbyuari: yi& v=1 Exoume: f(p")=I(p)=f(1), &nA. loxla 4 ().
"Eorw 87 f) (1) loxle kal y1& v=k, SnA. &mi f(px)=I(1).
©4& Belfoupe TéTe ST loylel kal y1& v=x-+1, BnA. émi f(px+1)=f(1).
TMpéryuar: Exoupe [(px+1)=f(p - pr)=f(px)=I(1). ‘Emopéuwss loxuer f(p*)=I(1) yi& kébe
veN, BnAabn &mobeixTnke 16 {nToUpevo.

. Né éroderyBel dn1 6 rdhowro tilg Srnpéoeng Evig nolvavipov f(x) pé 6 x*—p?, p#0, elvar

b l‘(n};:(w-p) i r(p)-i-zf(—p) l

"Anbdertn: "Eweidn & Sinpérns x2—p? elvan Beurépou Paducl, Té YmdAormo Tiis Sircpéoecs
8¢ elvan 16 oAU lou Padpol, BnA. 8& elven u(x)=kx +A.
"Eto1 & Exoupe: [(x)=(x*—p?) w(x)+KX+A, )
dmou m(x) elvan Té TTNAlko Tis Bipéoecs.
'ATé Ty (1) yi& x=p kai x=—p Twaipvoupe dvTioTolyws:
f(p)=kp+A kol [(—p)=—xp+A.

‘Embovras Té oUoTnua TGV BUo autdv EEiodaewy G Tpds k kal A Ppiokoupe

e Lmz—pf(—?) ot e f(p)-lz-f(ﬂn)

, OméTe TS UméAoimo elvan
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4.

3.

1.

2.
5 I
4.

5

1V J.4.

TMolvdvope f(x) Swmpoipcvo pé 16 x+1 diver broroiro 2 xai Sunpodpcvo pé 1o x—2 Siver
dmolornmo —1. Na PpeBel 16 drdlowmo tig Snpiorwg tob f(x) pé 1o g(x)=(x+1) (x—2).
Aban: "ATé Ty Umébean Exoupe: f(—1)=2 kal [(2)=-I.
Té mohudovupo f(x) &tav Sioapeiton ué T6 g(x), 16 dmroio elven Beutépou Paduol, Blver Trn-
Alko T(x) xal Umdroiro Té TOAY WpdTou Pabuol. “Eorw &1 elvan u(x) = kx+A. Tore
04 loyue:

f)=(x+1) - (x=2) - w(x)+ (xx+2). ()}
*Amé Thy (1) maipvoupe: f(—1)=—k+A xaf {(2)=2x+A, Sniabh

—x+A=2 xal 2x+A=-1
*EmiAlovras 16 oUornpa Tév SUo aUrdv Efiodoewy Pplokoune k=—1 kaf A=1, dwére
16 Uméhorro elvan: u(x)=—x+1.

. Bpelte 16 mmiixo xai 16 dmblowro tfig Sumpiorwg tob f(x)=Ix*—(2+Dx*+4x—3—i pt 16

g(x)=x—(1—0).
Aban: Xpnowomoidvras 16 oxfjua Horner Pplokouus:
Zuvteheotés ToU f(x) i —(241) 4 -3
p=1-i 1+i —1+i 4-2i
i -1 3+i || 1-3i

w(x)=ix~x+3+i xal u(x)=1-3i

4. "Aoxijoerc.

M 16 oyfina Horner v& Umohoyloere Tis EnToUueves Tinds Tév ToAvwvUIKdY ouvapTi-
oewv pé Tols TapakdTw TiTOUS.

&) 1(x)=—2x44+3x1+2x+1, H(=2)=: 1G)=:
B) e(x)=x3—VZx*-1, o(—V2)=;
Y) g(x)=x*—ix?+1 g(l-i)=;

*Av f(x)=3x'-Ax+2, Bpeite T A, dote {(—1)=—3-X

"Av 1(x)=2x4—3x+xx+A, Ppeite T& k kol A, doe {(—2)==25 xai {(2)=-18.

Né& mpoaBiopioete T& a xal B, doTe T6 moAudwio f(X)=ax?—Px?—5x+4 Siupolpsvo
ué x+2 xal x—1 vé& Biver dvmorolyws Uméhorra 6 xal 2.

. Bpelte 16 TnAiko xal T6 Uméorro TV Siiptoewy:

&) ToU 5x—x42x pé 16 x—3, B) ToU x¥+432 pé 16 x+42,
¥) ToU x3—3ix?+4x+1-2i pé 16 x+2, 8) ToU x4+ (14i)x?4ix?+ (= 9+ 7i)x—1+43i pé

1
16 x—2+1i kal €) ToU 4x445x*—12x—40 pé 16 X+T.

. "Av Eva mohudvupo 1(x) Siaipolpevo pé x—a kal x—P Bivar dvmioTolyews TnAlka T (X)

xal my(x), Beifre &1 m(P)="m,y(a), drav a#p.

. "Eva moAudovuuo f(x) Biaipodpevo pé 16 x+1 Slver Umdroimo 2, pé 16 x—2 Biver Imd-

Aorrro 11 xal pé 16 x+3 Siver UwéAorwo 6. Bpeite T6 Uméhormo Tiig Bicuptoews ToU (x)
ué 6 (x+1)- (x—2) - (x+3).

. Aeifte &1 i) & a#P, TéTE T6 UmdAormo Tiis Bimpéoews ToU TroAvwvipou

1(x), Pabu. 1(x) =2, pé 76 @(x)=(x—a)* (x—B) elvau:
ey = KB 4 BIE
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IV 4.1.

ii) *Av a=p, Té1c u(x)=xn(a) - f(a)—arr(a)

9. Afveranr pla woluwvupikn ouvaptnon: f: R +R Tétoia, daTe yi& kdle XeR v loyle:
b X
f(x) :1’(-;—). Acite 811 y1& k&P xER ko xdBe veN loyuer l‘(x):f(ﬁ)‘

10. Bpeite éva mohudvuo Tpitou Babuoy f(x) Titolo, date: [(0)=0 xai f(x)—f(x—1)=x2.
21N ouvéxeia UmohoyloTte T &dpoloua o, =12424+324 ., + 12, veN.
1. "Av ay,...,a, eva Biadoy kol Spor &piBunTikfis TpobBou, Seifte 811 TS
x¥ x ¥~ x? v—1
P(X) :G_:lq-; 0y sy Ay Xy - oy
Braipeitan pé 16 x—1. I ouvéyaia Ppeite 16 mnAike Tfis Sicupéosws ToU P(x) pé T x—1.

4. OEQPHMATA EIXETIKA ME TIE PIZEZ TQN MOAYQNYMQN

E5& 64 SouUpe HepIkG BecopripaTa oxeTikd pé Tis pifes TV TroAuvwvipcov,
T& omola elvan TOAY yproa yi& THY émiAvon Tolvwwupikd Eiodoswy. Té
fecwpfiuoTa alrd 84 T& §exwpioouue oé SUo duddes. ¢ yevixd Kol of eldied. T
TpdTa dvagépovtal of SAa T& ToAUGWULX ToU Cry, & T& Belrepa oé To-
Avdowuua Tol Ry, kal Tol Q.

4.1. Tevixd Bewphpara.

Té Paoikd Bewpnua, OXETIKG ué Tis piles TEV ToAucovUpewy, Té dmrolo &ro-
SewvleTon otV AvdTepn "Ahyeppa elvan 16 dxdAoudo:
Ozhpnpa 1. (Oedpnua D’Alembert ij Ozpeliddes Oehpnua tijg “Alyeppag).

Kabfe morvdvupo f(x)eCy, Pabpob v=>1, Exer pia tovhayiotov myadiki pila.

Té Becopnua alrd pag Eaopaifer ThY UmrapEn pilas yik kdbe TToAuWVULO
BoaBuol v=>1, &AN& 8¢ pds Aéer titroTe yi& T TAffos AV pILdv ToU TroAuwvy-
uov. "Eron y1& thv #Efocoan:

X far,x V-l +ooboxta=0 (¢Y)

T pdvo Tou Eépoupe elvan BT el pia TouddyioTo pila.

O& &moBei§oups Tdpa T6 drdAoulo Bedpnua, ol uds Eaoparide Té TAT-
fBos T@v piidv THs (1).
Ozdpnua 2. Kabe molvdvopo f(x)eCp,, Pabpob v>1, Exer v axpifig piGeg, Gmov

kdle pifa perpiétar tdoeg popés Boog sivar & Paduds roAhamhérnras tng.

An6deiEn: “Eortw I(x)=0a.x"+ Ay X' X o, o, #0 pd
v>1. Katd 16 Becopnua D’ Alembert Umdpyer pia TourdyioTov pila p,eC Tol
f(x), SnAadr f(p,)=0, &mdTe ioyer

f(x) = (x—p)fy-1(x) @
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IV 41.

&mou f, (x) elver 16 TnAiko THs Sronpéoews ToU f(x) ué T6 x—p; Kol Paby.
fi-1(x) = v—1. Kot& 16 ©. D’Alembert kai wéAr, 16 morudvupo f,_;(x), ué
v—I1x1, &e ToudyioTov pia pie, Eotw Tév peC. TéTe Exoupe:

foo1(x) = (x—p)f,-o(x) 3
omédTe 1) (2) ylveron:

f(x) = (x—p1) (x—pa) I,-5(x) C))
pé Pobu f, 4(x) = v-2.

Ao Ty (4) PAémoune 11 f(py)=0, nA. & &piBuds p, elven kad pifa ToU
f(x). ZuvexiCovrtas kord Tév 1810 TpdTrO, KéBe véo TMAiKe B4 Exel Podud koTd
povéSa pikpoTepo &M TS TponyoUpevd Tou kal kéde popd B& Urdpyer Y1 alTd
pla piga, mou 6 elven kad pifa ToU TToAuwwUpou f(x).

"Etor dpos & gddooupe vé Eyoupe:
[()=(x—py) (x—po). . . (x=py-y) * [1(x) ©)
Smou fi(x) moludvupo lou Pabuol, fortw [(x) = P;x+Pg PB;#0. ’Emeidf

f,(x) = El(x-l—%), & dpiBuds p, = _«l;g 0& elven plfa o0 f,(x), BA. wla
1

axoun pifa Tou f(x), émére ) (5) yiveran:
(0 = Pa(x—py) (x—pa). . . (x—poy) (x—p.) ©)
"Av kévoupe Tis TTp&Eeis 0T B’ péhos Tiis (6), TOTE elven poavepd ST1 & peyl-
oTopdbpios Spos B& elven & ByxY, ométe By=a,, kol &pa ) (6) ypdgeran:
fG)=0c,(x=p1) (x—p2) (x—p3). . - (x—P\) )
Ba Belfoupe Twpa &1 1) popeny (7) ToU f(x) elvon povadixr, &tov 8¢ pés
tvbagéper ) Sidraln TV Tapaydvtwy (x—p,), (X—py),...,(X—p,). "As Umo-
ftooupe ko’ dpyniv Omi pé Y 18ia Biadikacia Bprikape émi elven kal

f(x) = au(x—p'y) (x—p'). . . (x—p"\) ®)
Ao Tis (7) kai (8) Exoupe TdTE
(x=p1) (x—p) - . . (x—pI)=(x—p") (x—p'e). . .(x—p"\) ®

YAv Eotw kol pla &mé Tls plles py.par- - - opy TOU f(X), TX. T Py, Bbv elvan
fon pé ké&mrola &md Tls p'y,psr. . Py TOTE P&lovTas oty (9) THv T x=p;
68nyoluooTe of &rotro, dgol TO TpddTo péAos TNs undevileTan kad TO GeUTepo
elvan BiagopeTikd &md 16 undév. "Eto1 PAétroupe &1 Bév Utrdpyet &AAN Tipn, EkTos
&md Tis pypar- - -Pw TOU V& elvan pida Tou ToAvwvipou (x). AUTO Suws Sév
pds drrodeikvier 81 1) poper) (7) Tou moAuwvipou f(x) elven povadikr, yari
elvon Buvatd pla pila py, &md Tis py,pa...,pw V& EravahopBaveran kK opés
ot popet (7) xai A gopés otry poper) (5) wé k#A. O Beifoupe o1 xad alTd
elvon &rotro. Tlpdypatr &v Umobtooupe 611 elven kK #A, ToTE, Eaidn) kéde pry pn-
Bevikd TroAudmvupe elval &rAoTroioipo oToiXelo G5 TTPos TéV TTOAAXTIAGC IS
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IV 4.1.

o706 Cyyy, dmAomroicvras ThHv (9), 8& Exoupe Tév TTapdyovta x—p 0TS Eva péAos
s Xwpls va Urdpyxer foos Tapdyovtas oTé &AAo. AUTS Spws elven &Totro, dreos
dmobelyTnke Tponyouuévws. “Etol PAéroupe &1 f) poper (7) Tou moAuwvUpou
[(x) elvon povaBikr, étav dBiagopolue yi& T Si&tafn TGV pp.ps - . -,pyw kol
pdAioTa T T(x) wiropel vé& ypagel kal pé TH popen
() = &t (x—py)* (x—pp)*. . . (x—pu)'s (10)
Stav ol fool Tapdyovtes ypagolv ué Suvdpess. Ztiv (10) elvan pavepd 811 elven
K +Ky+. .. +K, =v kal &edpa OT1 T& KKy, ...,K, Elvar ol ToAAamAdTnTes
T&V dvTtioToixwv pigédv py, Par- - - )Pu-
Mé Thv Tapamdvew Siadikacia &mobelyTnke TAfov T {nToUpevo.
"ATé T &mdBefn ToU BewpripaTos TpokUTTOoUY T& drdAoufa oupTep&-
ouaTa.
1. "Av ol py,ps,. . .,p, elvan of pites ToU ToAvwvipou f(x), vicoTol PoabBuol, TéTe
aUTé oupgpwva pé Thv (7) ypaeetan f(x) = a (x—p,) (x—py)...(x—p.),
T &roio &rroTehel Ty dvdAuoT Tou of yivduevo TrpwToPdbuiwy TapaydvTwy.
2. ’Emad1 elvon @ovepd 6Tt Eva moAudvupo pnSevikoU Poabpol Sév Exel ko
pifa (Exer SnAadn undév ot TAfibos piles), oupmepaivoupe &1 k@le pi pnde-
vik6é molvdvopo dév propel va Exe pileg neprocitepeg and to fadpd tov, Evad
16 pndevikd molvdvopo Exer pileg 6ha 16 xeC. "ETon v Eva molvdvupo t6 mo-
A0 viootod Pabdpod pndeviferar nid v+1 Swagopetikés Typég tob x, tote adtd
elvar t6 pndeviké molvdvopo.

3. Met& 16 mponyoUpevo ouutrépaoua 2 Exoupe Twpa kol TO dkdAoubo:
"Av o morvdvope f(x) kei g(x) elvor kai & 560 16 mold viostol Pabuod kai
raipvovy ioeg tipég T v+1 dwagopenikéc npéc tod x, tote Oa eivar foa.

Mp&ypaTs "Av Trépoupe 16 ToAudvupo F(x) = f(x)—g(x), 161 76 F(X),

&vdd elvan 16 TOAU viooToU Pabiuou, Exet v+ 1 SiapopeTikés piles, SnA. elvan TS

undevikd mohuwvupe. AUTé onuaiver éTi f(x)—g(x) = 0, SnA. elvan f(x) = g(x).

4. Tomot tob Vieta. "Av p,pspsy. - -4y t!’.vul. ol v pileg tod rolvwvipov
f(x)=a x"+a, x"'+...+o,x+a, pé a,7#0, tote ioyoovv oi oyéces:

@,
Si=p+pt+pst...+pytp, =—

av
a,._
Sy=ppat+piPst-- - +PPv PPt - Pyt PP = l::
a“—
S=piPaPatPiPPut - -+ PP HPIPPF - PIPIPF - P s s =— —

v O
Sv=p1-P2-Ps: - - Pu-1-Pv=(=1)" =




Ipaypan &wd 16 Tponyoupevo Beddpnua Exoupe

f(x)=a,(x—py) (x—p2) . . .(x—p,), BnAaBA
A X o, XV A, x4 L F o xFag=a (x—p,) (X—p2). . . (X—PV)
Aicnpdovtas kal T& 8Uo péAn Tiis TeAeuTalos wé TS a,#0 maipvoupe

o Ol o
Rl MU W' MU USRI I
oy ay ay cxy

x'—(py+pat - -PIX I (PrPetPiPs - - - FP 1P )X P H(=1)"PuPs - Py
— — N
~~ S5
S, S,
ATd Tév dpiopd Tiis iodtnTas TéV ToAuwviuwy Pplokouue TAtov Tis {n-
Toupeves oxéoeis. Ol oyéoeis auTés, ol Omoies auvBéouv Tis piles kai Tous ouvTe-
AeoTés Tou moAuwvipou f(x) évouddovTtan tomor tol Vieta.

Afvoupe Tohpa kol pia TpéTaon oxeTikh ué Tis piles TGV ToAVLVUHLY.

Mpétacn. "Av 1@ TOAVGVURA X—p;, X—Ps,. . . .X—px Olarpodv Eva  wolvdvopo
f(x) kai ol py,pos. - - ,px Elvan Bhor Srapopenikof petalh tovg, tote 16 nokvdvopo
(x—py) (x—py). . . (x—p,) tivar mapayovrag tod f(x).

*AnédaiEn: o) "Av Té moAucovupo f(x) elvon T oAU k—1 Pabuol, TOTE dpol
of &pifuol PPy . . P Elvan piles Tou, oUpguva pé Ty Tapatipnan 2 8& elvan
16 pnBevikd oAudvupo, SnA. I(x) = 0 kal guoiké 8& Sicapeitan ué Té ToAUG-
wwHo (x=py) (X—py). . . (x—po).

B) "Av elven Pabu [(x) =v >k, TéTE, oUpguva pé THY Tapathpnon 1,
aUTd 8& ypheeTon

F(x)=t ,(X=py) (X—p9). - - (x=pi) (x—5,) (x—03) . . .(x~0,_),

&Tou 04,0y, . . .,0, elvar ol UmdAoimres piles Tou. ‘H Tedevtaia oxéon &modei-
kwUel TO {nToupevo.

4.2. Mapadelypara—Eqpappoyte

1. "Av Eva rolvivopo f(x) Exer thv idwtnra f(x) =f(1—x), dzite 611 16 xohvdvupo g(x)=f(x)—
f(0) Sumpeitn pé 16 mohvdvopo x(x—I1).

"Anddergn:

Mé& vé Bicpelran 16 ToAudwupo g(x) ké 16 X(X—1), dpkel v& Bianpeitar XwploTd né O X
el Té x—1, SnAadh mwptmar vé elvar g(0)=0 xal g(1)=0. Ot lodTnTes alrés loxvouy, yrai
elvan [(x)=(1—x).

2. "Av Eva molvdvopo f(x) Exer thy idwbmra f(x)=f(x—1), tote 16 molvdvopo avtd elvar Eva
otabepd noludvopo.
*Anodeiin:

©& Belfoupe pé TH padnpaTikd dmaywyh 8T yid SAa T veN loyie {(v)=1(0).
Tpéypart yi& v=1, &md Ty Umddeon Exoupe [(1)=1(0). "Av BexBouue Topa &1 f(x)=I(0),
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IV 4.2

keN, tweidn Exoupe wal f(x - 1)=I(x) € Umobéoecws, 8& elvan kol f(k+1)=F(0). AnAady

T6 woAudivupe f(x) maipver T 181a Tiun [(0) yi& Shous Tous puaikoUs dpifuols. “Apa B4

elvan: f(x)-10) 0 f [(x)=1(0)=oTabepd.
3. At dn 1o rorvdvUpe

fxy= 2E—eXx—f)  x(—P) (x—1) I x(x—y )x—a)

vo—a) (v—P)  ale—P) (a—y) ' B(B—a) B—)"

016 drolo elvar aPy(a—p) (B—y) (y—a) #0, propel vi nhpel N popef
f(x) = Mx—a) (x—B) (x—7)+1.
Ipoodiopiote katdmv tijv Tpf) toi A.
"AnodeiEn:
"Eraidn elvan f()=1(R)=1(y)=1 f f(x)—1=f(B)—1=[(y)—1=0, Té Torudvuuo {(x)—I1 8&
Exer pites T& o,y kal guverds T6 ToAvdvwe (x—a) (X—B) (x—y) 8& sivan BionpéTns ToU
f(x)—1. "Apa 84 elvan
fe)—1 = (x—a) (x=P) (x=y)m(x) €)]
'AMAG T& ToAudvupa f(x)—1 xal (x—a) (x—B) (x—y) elven 3ou Paducu kal guvenrds T
mnAlko T(x) 8& elvanr oTaBepd ToAudvupo, *Av T(x)=A, TéTe § (1) ypdpeTat
[(x)=A(x—a) (x—B) (x—y)+1 @

kal &mwoSeivier 16 {nTolpevo.
"Emeidn) &mwé v dpyikd) poped TolU f(x) Ppiokouus [(0)=0, tvéd &mwd A (2) tlvan f(0)=
=—afyA+1, TeAik& 9& elven

.1

=%y )

4. "Egetdote fiv 16 3 elvar modihanif pifa tob f(x)=2x—11x2+12x+9.
Aban: ©& Eerdoouue &v 6 x—3 elvon TapdyovTas Tol f(x). *Apkel vk Belfoups 811 1(3)=0.
"AMAG TS foxUe JEtor Exouue [(x)=(x—3)m(x). Mé 16 oxfiua Horner Pplokouue

m(x)=2x2-5x—3, &wére [f(x)=(x—3) (2x?—5x—3).

Moaparnpolipe Tdpa 811 m(3)=0, 5nA. T8 x—3 elven Srcupérns ToU w(x), dméTe mw(x)=
=(x-3) (2x+1) xal &pa f(X)=(x—3) - (x—3) - (2x+ D)=(x=3)% - (2x+1).
‘H Tehevtaia oxéon uds Aet 811t 16 3 elven S pida ToU f(x).
216 TapdBerypa aUtd Sivetan kal Evas TpdTros va EAéyyouus Gv Evas dpifiuds p elven Troh-
AamAn pila &vds ToAuwvipou, Mevik &mobeikvieran &Ti:
“Eva rolvdvopo f(x), PaBpod vk, xeN Exar tov apiBpod p pile molhanhétntag Kk, v
f(p)=0, m,(p)=0, my(p)=0,- - -, mx_,(pP)=0, Snov td m,(X), 7y(X),- - 1(X) elven dvrioroiymg
1& nnkika tOv Swnpéosev tob f(x) pé 1 x—p, 100 m,(x) pé w6 x—p, TOD m(x) pé 6 x—p
K.0.K. Kai ovyypovexg mx(p) #0, drov me(x) elvar to nnlixo tiig Sumpioeag tod iy (X) pé
0 x—p.
“Evas Spws mé mpakTikds Tpdos yi& vé& EMyyouue THv ToAAamAdTnTA was pifas tvds
ToAvcwviuoy galvetar oTd dkélouio Trapdderypc.

5. AeiGre B 16 modvdvopo f(x)=2x*—5x3+3x24x~1 Exer 1oy appé 1 pila pé nodranhotnra 3.
Abon: "Av kdvoupe TO PETATXNUATIONS

x—l=y fi x=y+1,
Téve 18 1(x) yiveran Ky +1)=2(y+1) =5y + 1Y+ 3@+ 1D+ G+ 11 #
=1y + D=2y '+y’=y*Qy+1).

Anhadt 16 g(y) Exer Tapdyovra T6 ¥? kal &év Eyel wapdyovrea Blvaun Tol ¥ ueycAUTepn
amé 3, BnA. 16 £(x) Exer maphyovTa 16 (x—1)3, &AM Sx1 BUvapn Tol X-1 peyailTepn &md 3.

A
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IV 4.2,

6. Bpelte ©6 GOpowopa tdv tetpaydvov kai tdv kifav thv midv tol rolvovipov

f(x)=2x*—6x2+x—10

Abon: "Av py,p,,ps elvan ol piles ToU [(x), TéTte &wéd ToUs TUTOUs Vieta Exouue

6 1 10
P1+P2+P3:T=3r P12t PPyt PIPI="5s PiPePa= 5 =5

Mvepilouue Sucos 811z py*+pe®+pot=(p1+Pat+ Pa)*—2(P1Pa+ PePa+ PapPa)s
1

méTe  pyttpyltpy=31-2 =8 Kol

(Pr+patpa)®=p1" P2’ + 5" +3p1%(Pa+P3) +3p2 (P a+p1) + 3pa(Pr + P2) +6p1Paps fi
(PrtPatpa)*=pi’ + 2’ + 5’ +3p* (3—p1) +3p.*(3—pa) 4+ 3pa*(3—ps) + bpipaps-
*Améd Thv Teheutala oyéon Pplokoupe

75
PP +pat+ps = 3

7. Né xataoxkevastel zolud@vopo g(x), tob droiov ol pifeg va elvan th dvriotpoga t@v pidv 1ol
molv@VOLOD
f(x)=a,x"+a, X" '+...+o,x+0, a,.0#0.
Abon: "Av x,,X,,.. ., X, elven ol pifes ToU f(x), TéTe ol pifes ToU g(x) B&Aoupe v& elvan of
1 1 1

P Ea Pr= ELL Py= X,
Zopguwve pé Tous TUTous Vieta Eyouue:
.
Si=X 4%+ X = :
v
a
By=X X+ X Xyt oo Xy Xy = a""

v

a
Sy=1X, X,...X,=(=1)"=
@y

Té mohuddvupo g(x) 8& elven 16
gX)=x"—8"x""1+8x*- ...+ (1) S,

&mrou
; 1 1 1
S;‘—*P.+~P1‘+’~-+Pv=g +Z+..'+; =
o
Xg. - Xy +X;  Xg. o Xy oo+ XXy Ky ud A
XyXge Ky _1yv S0 L
(GY) e
E 1 1 1 B
Sl=Plp:+plpl+---+Pv—1Pv=]Tx| + X, .04 X
_1yv-a &
_ XgXgo Xy + .00 + X Xg. .. Xyg L3 Sy - Oy
TiXye o Xy T e v B %o
()] =5
1 1 v Oy
8'y =p1Ps-- Py Xi%; xv_ vu¢=(ﬁl) o,
(=t =
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IV 43.

oy
*Evon Exouus g(x)=x"+ :T:x"‘+%x"’+-..+u—o fi

1
g(x)= o @Y+ x4 XY 4.ty

8. "Av t& moAvdvopa f(x), g(x) elvar npdra peraki tovg, tote xai té nodvdvopa (f(x)x xal (g(x)P

mov x, AeN, elvar npirta petald toug.

'AnbSaiEn: "Ag Umrobtooupe 811 Té uf) oTabepd ToAudvupo o(x) elvan kowds BiaipbTns TV
(O0)* xal (GEOY. Tére (1(X)x = a(x) m(x) xal (2(X))* = 9(x) W(x).

*Av Tépa p elvan pifa ToU o(x), dwéTe o(p)=0, B8& elven xal (f(p))*=(g(p))* =0, BnA.
1(p)=g(p)=0, mou onuaivar 11 T& 1(x), g(X) B& Exouv kowsd Biaupérn T6 pf oTadepd To-
Avdovupo x—p. AUTS Suws elvon &romo, yiari T& f(x) kal g(x) elven wpédTa petal Tous,

4.3. 'Aonjoerg

1

2.

. "Av fva moAudvupo f(x) € Cry), Talpver THv &pBunTikh T A y1& &meipes pryadikés

Tipgs ToU X, TéTe BetfTe S TS WoAudwupo alrd elven Té oTabepd moAudvupc AEC|x)-
Acifte &1 T4 UmdAorTro Tiis Sianpéoecs ToU moAvwvipov f(X) pé Té x2—2px +p? elvan TS
w(p)x+f(p)—pm(p), Smou m(x) elven T6 TnAiko Tiis Bienpéoews Tol [{(x)—1(p)] vé T6 (X—p).

. "Av T& mohudwupa 1(x) xal g(x) Exouv Tév &pibpd p pila ué ToAAamAdTnTa K Kal A Gv-

TioTolyws, TéTe & M.K.A. Tév f(x) kai g(x) &xa trions pifa Tév dpiBud p ué moAAamAdTn-
Ta v=min (k,A).

(x-a) (x-B) , (x-P) (x-y) , (x-y) (x—)

- Aetfre bm 6 mohudwuno 1) = G5y Gyp) T @) @) T B (B

ué (a-p) (B-y) (y—a) #0 elven 16 oradepd moluidwupo f(x)=I1.

. AeifTe &1 TS ToAudbvupo x*—4x+4 elvar Tapdyovrtas ToU ToAvwvUHoU

f(x) = x4—4x¥45x3—4x+4.

. Né& erdoete &v 16 ToAvdvupo [(x)=x5—11x4+43x*—T4x2 4 52x—8 Exer Tov 2 pifa pé

mwoAAamAdTTR 3.

. Alveren 4 Elowon (A4 1)x2—(A?45A—=5)x24 (A?+5A—5)x—(A41)=0 pé A#—1

) Aei§Te 11 y1& k&Be Tiun ToU AR #£—1) 1) EElowon Exer pies ToU &moTEAoUV yewHETPI-
¥t} TpéoBo. P) "Av p, elvan 1) pifa Tns wou Bév EapTdTon &S TS A, v& TpogbiopiceTe
T6 A, dore ol piles p,.pyps v& &moTerolv &piBunTikf wpdodo.

y) Aeifre &11 yik Shes Tis Tipés A wol Pprikare oy wponyouuévn mepitTwon f tgiowan
Exer Tpeis piles Toes.

. Né& xoaraoxevéoete E§lowon TplTov Pabuol pé pies Tous dpbuols 1,—2,3.

9. Bpelte tElowon ol Exer plles T& TeTphywva Tdv piLdv Ths X'+ a;x? 4 ayX 4 oy =0.
10. Afvovran T& Tohvdwupa {(x)=x%+ ax—Pp xaf g(x)=px*—ax—1, pé a> 0, p> 0. "Av py,paPs
elven ol pifes ToU f(x) xal T& f(x) xal g(x) Exouv m& ko) wpaypaTixr pifa, TéTe Seifre
&1 i) pyi+p+pat=—2a xal i) |py|+Ipsl+Ipsl>2
11. "Av @;,0,,05...,8y, vEN pé v>1, elvan v Sraxexpipévor &pifpol kal Béooupe
Py(x)=(x—0t). . .(x—a,)
Py(x)=(x—2) (X—aty). . . (x—at,)
Px(x)=(x—0;). . . (X—0x—g) (X—Cx4y). . . (x—x,), ®=2,3,...,v-1
P (x) = (x—a) ... (X—0t\—y),
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IV 44,

Téd1e EmAUoTe ThHY E§lowon
Py(x) Pa(x) P.(x)
SR T R T N R
12. Afvetren 16 ToOAucvuuo
P(xX) =P (a—y)x® + (aP—oy + 2aB*—~Pty + aPy)x?+ (2a*B+ By + oty + BP—aPy)x+op (B+)
dwou o,B,y # 0, a#y kal a#p.
Acifte 811 6 P(x) Biaupeiton &md 16 Q(x)=apx?+ (o + Px +af xal o) ouvéyera SeifTe
&1 & &piBuds P(x,) Siopelton pé T8 (a+B)Y, Smou x,=(x+Pp+1)", veN.
13. *Av yi& &va Tohudvupo (x) € Crx loxde I(x)=f(x+1) y1& xébe xeC, 8eite 611 elven
tva oTafepd ToAudvuuo.

4.4. Eifuxd Oewpripata.

@chpnpa 1. "Av Eva pij pndevikd molvdvope pé mpaypatikods cvvekeotés Exel
pila t6 pyadikd apidpé z=a-+ i, (B#0), tote Exer pila xai tév ovloyh Tov,
z=a—pi.

"Amédeién:

*Av 16 [(x) elvan TrpdsTou Badpol, ToTe T f(x) Bbv Exer wiyadixi pifa, &pol

Exa1 mpaypaTikols cuvTeAeaTés. “Apa 16 f(x) elvan TouAdyioTov B Pabuol.Mé

vé& Bei€oupe 811 kad & wyoaBixds dpiBuds z = a—Pi elvan pifa ToU [(x), dpkel v&

Beifoune 8T1 A Siadpeon ToT f(x) pé T6 MoAudwupo g(x) = (x—z) (x—2Z) = x*—

—2ax+o24P? elven TéAeia. "AMAG T6 g(x) elven Bevtépou Poduol xai &pa TO

UréhorTro THs Bioupboecs Tol f(x) wé TO g(x) B& elvan TS oAU TpdTou Pabuoy-

*Av Aoitrdy elvan u(x) = kx+A 16 Umdhoimo kad T(x) T6 TnAlko abTiis TS

Sionpéoews, TOTE loyuer: ‘

B, ué P oraBepd &piBpd.

1(x) = g(x) “m(x) + Kx+A M
Elven 8uews f(a+Bi)=g(a+Ppi)=0 xal émopbves yr& Tiv T a-Pi Tou x A
footnTa (1) &ivel
(k+opi)+A=0 i (xa+A)+xPi=0, fi xa+A=0 xal kp=0,
&pol k, AeR oUppwva pé Thv Tapatipnon 1 Tis 2.4.
*Emaidn elvan P =0 08& Eyoupe k=0, émoéTe kal A=0, &nAadn fi (1) yivetau
f(x) = g(x)-m(x) @
Trou &modeikvuel TO {nToUupevo.
Moplopara.
1. "Av &va nolvdvupo tob Ry, Exet pile t6 pyadiké apbpé z=a+Pi, p+~0
pé mollamhoétnra k, tote kei &6 Z=a—Pi 04 elvar pila tov pé v e
mollarnAioTnra.
2. T6 r)ijfog tdv pyadikdy pidv Evég mohvwvipov pé mpaypatikels cuv-
teleotég elvan dptio.

3. Kale mohvdvopo neprrtod Pabpod pé npaypatikeds ouvvieheotés Exs
tovi¥ypprarvopibnxpeyramodvopitouTo Exmranbeutikrig MoAmkrig



IV 4.5,

Ochdpnpa 2. "Av Eva pi) pndevikd molvdvopo pé pnroig cvvieheotig Exer pila
v Gppnto a+ 1\ B, a,pEQ, p> 0, VPE=R—Q, tote 0 Exet pila kai tov a—Vp.
Té Gecopnua atd dmobeikvieTon &g TO Trpomyoupevo kal ocuvdyovTal
dvéhoya ToplopaTa pé keiva ToU BewpripoTos 1.

Ocdpnpe 3. "Av Eve molvdwvope f(X)=o X'+, X" 1+.. .+, x+a, a,.0,5%0,
pé dxéparovg suvieheatés, Exel nd pile tov 16 pnté%#ﬂ, (x,M)=1, t6te b x

64 elvan rpétng 1ol otabepod Gpov a, 1ob f(x) xai & L tob evvredeotii a,
0D peynatofadpiov dpov tov.

*Anbderln: ‘Amd Ty Umdbeon Eyoupe:

()0 = (5 <o (5) (3o

< QK 40, KT o kA VoA =0
<> O KY=—A(0, ;K" 14 . . oA V-2 oA Y1) @)
< oA V=—xk(a K" 1+ a, KA. L At (2
Emre1r) ol mapevBéoeis oTd Selrepa péan Tdv (1) kad (2) elven dxépoion
&p1Buoi, of A kai k 8& elven dvtioTolyws Bicipétes TAY o k¥ kad e Y. Elven Speos
(xN)=1, dmdTe O0& elvan (k¥, A)=1 kai (k,A")=1M."Agol Aormdv elver A | e k"
kal (k¥,A)=1, 8& elvan kaf A | a,. "Oporx kol ® | .
Mépopa. “Av 6 mohvdvopo f(x)=x"+a, x " 1+...+ ayx+a, a,#0 pé axé-
paovg ovvteleotéc, Exer pntéc pileg, tote adréc 0a eivan axéparor apibpoi
koi dwmpéteg Tob .

4 5. Mapadelypara—"Eqappoyéc.

1. Bpsite Eva mohvdvopo terdprov Babuol pi pnrods ovvreheotic, 16 dnolo va Exer 500 pileg tov
toig apBpoig i wai 1—V'3,
Aven: "AgoU Té LnToluevo ToRudvupo Exel pnToUs ouvTeAeoTés, B& loylouv yid Tls miya-
Sués kad yi& Tis &ppntes ples Tou T& Bewopfinara 1. kal 2. kel ouverrds ol &piBuol —i kal
1+ V3 & elvan BUo dxdua piZes Tou. *Apa 16 I(x) 8& elvon THs woppis
1()=x(x~i) (x ~i) [(x—1)+ V3] [(x—1)—VT], keQ, x#0
i I(x)=x(x2+1) (x*—2x—-2). "Eva &mwé T& {nrolpeva mwoludwupa elvar Ty, TS
(x4 1) (x*—2x—2)=x—2x3—x2-2x—2
2. "EmMiote tiyv tfiowon x*—4x*+9x—10=0, {iv slvar yvwoto bn 6 myadikoe apibpog 1+2i
eivan pila g,
‘Enilvon: "AgoU 76 mohvdvuuo Tol mpdtou wéhous Tiis Eicdhaews Exel mpaypaTikols
guvTeheoTés, TOTE 1) Eflocwon 8& Exer pila kol Tév &pBud 1—-2i, dwéTe T6 ToAudVUPO aUTd

8& Sroupeiton pé 16 wohvdwwpo [x—(1+2i)] ((x—(1-2i)]=x2—2x+5. Té mnAlko Tfis G-
ptoecds Tous Bplokoupe 6T elvan 16 x—2 xai &pa ) Tpitn plla THs Erodoecs elvar 16 2.

1. BMéme &oknon 16 Tfis 1.9. ToU Kegahafou lIl.
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IV 4.6.

"Emihbote Ty £Zicmon x4+ x2—Tx2—x +6=0

"Eridven: "Eweibn ol ouvtedeoTés ToU TpuTou péAouvs elven dxépaior kel & ouvteheoTrs
Tou X 16 1, &v Umdpyouv priTés plles, ouTés B elvan dképones kol GuYypovews BiaipéTes ToU
oTabepou dpou + 6. Elkoha Bplokoupe &1t ol plfes efven of &p1fuoi =3, —1, 1,2. (Xpnoipo-
morfiote .. Biaboyikd Té oxfua Horner).

. Emloete thv égicmon 2x743x24+8x+12=0,

‘Emilvon: "Av Umdpyouv pntés piles, adtés 64 elven Guaywya kAGTpaTe pé dpbunTh

3
SiapéTn ToU 12 kai Tapovousets Siaipétn Tol 2. Bpickoupe Erot &1 & &p1Buds -5 elven
ula pifa kal ) tElowon ylveton:

(x; —; ) (2x2-8)=0 <> (2x+3) (x*+4)=0 <> (2x+3) (x +2i) (x-2()=0.

3
"Apa ol plles elven Xi=— 5" Xp=—2i wkal x,=2i.

. "Av oi ovvtehsotig 10D molv@vipoy fu(x)= Cpy, elvan oi oviuyeic 1OV Gvtictolzov cvvishea-

atdv 1ol noivavigov f(x) e Cp) xoi 6 Badudc tiv fi(x) ai f,(x) elvan v, 35i%te 611 o pileg
tob Evog eivin of evluyeig tHv plav tob diiou.

"Anoderin: Ta wohudvuua f,(x) kal [,(x) pmopolv v& wépouwy T4 wopon  f(x)=0p,(x)+
+igy(x) xal [,(x)=g,(x)—ip,(x), dTou T& ToAudvuua @, (x) xal @,(x) Exouv TooyuaTIKOUS
ouvTeheaTes. "Av Aoiméy & piyedikds dpibuds kA elvan pla pida Tol l,(x), TéTe 8& elven
fi(x+~AD=0 fi g,(k+Ai) +ig,(k-+Ai)=0 i perd Tis mp&Eers (A+Bi) i (Tr+Ai)=0 1 ¢
Aos (A—A)+(B+TM)i=0. )

Znv dpappoyn 2 Tiis 1.6. ToU Kepahaiou |, Beifaue &t Wz)=cp('—[) kal Erouéveos A &piBun-
Tk Tiun ToU f,(X) y1& x=x—Ai efvai:
L_,(KJi}:tp,{K—?\i)—igu.z(x—?\i):(A—Bi}—i(FuAi)I(A—A)—(B—1- Mi, émote Aéyw 7Ths (1)
Exovue [,(k-Ai)=0. To f,(x) éxer tmoubvess piles Tis ouluysis Tév piG@v ToU fi(x).

4.6. "Aounoelg

L

"EmiAvoTe Tis moapakdtw Eiodoes

o) 4x1—4x3-25x* + x + 6=0 B) x*+x*—x—10=0
¥) x'—4x*+x+6=0 &) 2x¥-9x?4+-Tx+6=0
£} 3x*+-x*—5x+8=0 or) 2x"—11x'4 14x3-2x2--12x+9=0

. MpogdioploTe Tous &cipaious k, dote f &Eivwan

x'x?4-xx-+4=0

v& Exst pla TouddyioTov pnTh pifa.

. AetETe éT1 Ay Efiowon

x'—1=0, veN
Exer dxpiBds BUo prtés piles, &v v &pTios, kol Sxpipdds uiax pnTh pida, dv v meprrTés,

. "EoTw &1 & drépaios A elvon wpdTos &pifuds kai BlapéTng TRV Ky, Ky, Ky € 2. AeiTe 611

& A eivan Branpérns ke diépotias pilas Tiis £1omoews
X3k X2+ KX+ Ky=0
Mé 17 Bofifieia altol ToU oupmepdouctos EmAdoTe Ty tElowon
x3—4x2—4x + 16=0
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4.6.

. "Av plo plfa Tiis E§rodoecs

x3—8x?-kx +A=0
elvon & pryadikds &piBuds 3—i, TpoobiopioTe Tols TpaypaTikoUs dpiuols k kaf A kal Tis
&Mhes piles Tns.

. Aeifre 811 & piyadikds &pBpds 141 elvan pila Tiis tEiooEws

x4-3x2+43x2-2=0
kal ot ouvixeia Ppeite Tis &AAes piles Tns.

. "Av f(x) elvat ToAudvupo wé TpayuaTikoUs ouvTedeaTés kal ouvTeAeoTr ToU uey1oTo-

Béduiou dpou T 1, TéTe mpoadioploTe 16 f(X) oTis dxdAoubes meprTTOoEIS
@) Té f(x) Exer Tpeis piles &md Tis dmoles ol Yo elvan 16 1 kol T 2i.
B) Té f(x) Exer Téooepis pites &md Tis dmoles ol BUo elven 76 i kaf 16 141

. N& ylver ywépevo TpdTwv TapayduTwy kabéva &mé T& maparéTe ToAvdvupa ToU Cry)

o) f(x)=x3—x3—x—1, &v fvas Tapyovrds Tou elvar T& x—i.
B) g(x)=x '+ 4x3+ 10x2+ 12x+21 &v & fvas map&yovras elvan T8 (x+2—VFi).

. Né& yiver ywépevo mpdTawv Tapaydvtwy T6 Tolvdvupo 1(x)=2x—9x2+T7x+6 ToU Crx).

. "Av py,p, elvan ol piles ToU ¢(x)=x2-+ax+p, P #0 kal pifes ToU TMoAUwVIMOY f(x)=x?"+

4ax¥+pY, 8mwou v &pTios puaikds &piBuds, Seifte ST ol dpx&uoi%. ';—sehmu pifes Tou
? Pi

mohuwwipou P(x)=x*+1+(1+x)"

*Av UmoBtooune &1 F(X)=(f,(x))*+(f,(x))%, dmou f,(x), [,(x) ToAudvupa viooToU Pad-

ol pé TpaypaTiKoUs guvTeAeoTs, Beifte 8T T6 (X) Wopel v& ypagel s ywdpevo v Beu-

TepoBdBuicov ToAuwVitwY LE TTRPEYUATIKOUS GUVTEAETTES.

Acifre &T1 T6 ToAudbvupo f(X)=X" nua—xnu(va) +nuv—1)a, dmou aeR xal veN pé v=2,

Branpeiton pé 16 ToAvwvupo @(x)=x*—2xouva+1.

“Av Té ToAudwupe [(X)=a X 4a, X" +.. . fax+a, Exea pila Tév d&piBud p xal

elvan f(exp)=0, Beifte 811 & p elven kai plfa TOU ToOAUCOVIROU g =f(I(f(x)))-

*As elvar f(x)=x+ax+p. Kaholue g(x) T6 mohudvupo Tou wpokimTa &v oté f(X)

Btoouus Smou X TO I(x). Asifte 6T &v py,p, elvan ol piles Tol Tohuwvlipou f(x)—x, TéTe
auTés elven kel plles ToU g(x)—x.

. N& #evdoste dv T6 mohudvupo f(X)=27x7+26x74+9x—2 Exer plles T uopedis Vp,

&mou p Betikds pnTéds kal Vp eR—Q.

. Asifre 811 TS ToAvdvupo f(x)=x*—x—1 &xa1 ula &ppnTn plix py kal BUo ouluyels wiya-

Bikés, Acifte dwdux 8 1 <p, <V

. Aeifte 611 16 ToAuGVUPo f(X)=x"+2Ax+2, pé veN, v>2 kol A dxépato apBud, Bev Exe

pnTés piles.

*Av fva Tohudwvupe viooTol Babuol, pé v>4 kol dxépaious guvTeheaTes, AcuPéver THV
T 7 y1& Téooepis SragopeTixés petaly Tous dxépanes Tipés ToU X, BeifTe ST yidk KOuI&
dxtpana Tip ToU X Té TMoAvcwupo B¢ AcuPdver TV T 14
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IV 5.2.

6. EZIZQZEIZ 3ou KAl 4ou BAOMOY
5.1. Eicaywy.

Mé Ty émiduon TroAvwvupikéy Eiohoewy Exoupe doyoAnfel &md THY
PN T&EN ToU yuuvaoiou. “Etol SAol yvwpiloups vé EmiAloupe TpuwToPd-
Buies kal SeutepoPdduies E610choes kal drdpa eldikés uopeés Elodoecy pé Padud
peyadUTepo &md T6 Selrepo, dmreds elvan of BiteTpdywves, ol dvtioTpoges, ol Bid-
vupes, of Tpidvuuss k.& Mé T BonBeia EE&AAou TéV BewpnudTwv TroU duagé-
povtan oTis piles TGV ToAvwvipwy, utropolue #mions vé EmAloups Opiopéves
thiowoes. "Anodaikvistor oTd pafnuaTikd & Ay EmiAuon wmds Eiohoecs ye-
vikfis popefis pé Pabud peyodUrepo &mrd Tév TétapTo 8év elvan mévToTe Suvati.
"ETo1 ol udves Eiowmoes ol EmAvovtan ThvtoTe elvon of E§iodoeis péxpr Kol
TeTApTOU Pofuou.

O¢& SoUpe dutows &md Evar TpdTo EmAloews §iocoswy 3ou kai 4ou Babpol
BE ouvteheoTés &md T6 C. EZT& TopaBelypara, yid elkoMa oTd Aoyioud, 8&
TEplOpIoTOUNE Of EE100EIS pé TTPAYUATIKOUS TUVTEAETTES.

5.2. "Enilvon tij¢ éElohoews x3+ 3ax? - 3Bx+y=0 (1)

‘H tlowon (1) elven yevik popery TpiToPddutas tEiooecws, &pol ké&de tflowon Tiis
Hopeiis
apx? + ayx? 4 oyx+a,=0
walpver T4 popeny (1), dtav Sipéoouue Tos dpous TNs Wé o, kal Béoouue
o o
—1=3C(, —‘xla =SB. -G—H=Y
Kévovras 16 petaoynuatiopd

X =y—a My)

&mov elvat p = B—a? xal q=2c—3aB+y.
Kévovtas Ttdpa Té peTaoynuatiopd

fi (1) walpver T popen

P
y=1- L2 My

A (2) Taipver T popen
28 4 qzd —p* =0 3
mou elvon SeutepoPdduta Efowan ué &yvwoTo Té 27
"Av py, p, elven ol piles Tiis SeutepoPddmas s wpds 2 Efiodoews (3), TéTe EmiAvovrag
pla &wd Tis Brcovupes E€iodoes
B=p , 22=p, (€}
Bploxoupe Tpels Tinés 7, 7,, 2, Y@ 16 7.
©ftovras Tis TS aUTés oTd peTaoxnuaTiopd (M,), Pploxoune dvtloToixes Tius ¥y,
Y2 ¥3 Y1&TO Y, &md Tis dmroies ué A Ponfeia Tou (M,) Pploxoupe Tis plles X,, X,, X5 Tis &pyixiis.
Mapatipnon: “Onowa tEiowan &méd Tis (4) xal &v EmiAUooups, 8& Bpolue Tehik& Tis 15ies
Tis y1é& Tis pides xy, X, x5 Ths (1).
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IV 5.3

IMupaderypa:
Na émdvlel 1y éEiowon Tx*—12x*—8=0,
*Eniduon: ®épvoupe Ty Elowon o1 popen (1), Bnhadh ypdgouus TAv looblvapn Tns
4 8
3 Y = 2 = PRy,
x+3( 7)x+3 Dx+( =)=0

4 8
Elvan Aormédy  a=— —, p=0, y=—— xai &pa

7
42 22.5-13
P=—=F xal q=— =
22:5-13 49
‘H (3) ylverr 20 ——=5 2} + —'F=0

kol Eyer AUgeis

_ainE VT
.L1.='%‘, Zy= 1_L-; 2 kal 2, = 71% —
kal pé TH Pondeix Tol (M,) Pploxouue
10 —5-3iv3 —543ivV3
W= Yas 35— kal yy=—735
swore ué T Bohbeia ToU (M,) Pploxovus Tis pifes THs &pyikiis wou elvan:
-~ _ —1-3iv3 _ 14 3ivE
x;=2, Iy MR e
Enpsioon: “Av Emidoouue v Eficwon:
8 \3
i [
i ( 7 )
i L B = s q_ & /
maipvoupe 7, = ‘-?" 2y = 4(_1L7lﬁ) kad 74 = 4-1-v3)
Bpiokoupe Aoimév Thpa
10 —543iv3 —5-31v¥
Vuimse  Famie—m— wll a=—m—
dmdTe kel TEA elven
—1-3iV3 —1+3iV3
X =2, Xy = ——=—— kel Xy =—s—"

‘H tlowon Wmopovoe vé EmAubel xai pé TH PorBeix Tol Becopfiparos 3 THs 4.4.

5.3. "Eniivon thg éElowoewg x4 dax? - 6Bx>+4yx+5=0 (1)
‘H tEloeoon (1) elvan yeviks popef TetapToPddmas Efiodaews, 8Tws eUkoAa uTropoUue
vé S1amoTOToVpE.
*Av oupBoticoupe pé o(x) Té Tp&To Wikos Tis (1), TéTe wopolue v& Té ypdyoune oy

Biapopd TETpayvwy TV TOAVWVUILLY
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IV 5.3,

A(x) = x24 2ax 2A
B((x))z 2px++u BT } (My)
&mou Té& Au,v elvan kardAAnhor wryadikol dpiBuoi ol Twpémer vk ToUs mpogdiopiooupe.
Mp&yuaTt: ypagovras
o(x) =[AX)P —[BX)]* 4
[BE) = [AX)]* — o(x)
vetd Tls pders Pplokouvpe Thv lodtnTa
(2ux+v)? = 4(A+a?—P)x2+ 4(aP + 2eA —y)x + (B+21)*-B (2)
Mé& vé prropei Aorrdy 16 Sedrepo uédos Tifs (2), Tou elven SeuTepoPdduio Tpicdvupo Tol X,
vé ylvel TéAsio TeTpdywvo, dpkel vd TrpooBiopiooupe T A, GITE va undsvifeTan A Bioxplvouok
Tou A. Metd Tis wpaEers SiamiaTdvoupe 811 A Eiowon A = 0 elvon igoduvaun pé Ty E§icwon
4N — (B—4ay+ 3PN + PB4+ 2aPy—Bi—yi—a?s=0 3
mou elven TpiToPdBuix s Tpds A kal EmiAleron dmreds By (2) Tiis 5.2
Mé A Boffaia mds &md Tis Tpels Tiués ToU A, ol Biver | (3), Umooylfoupe T6 [B(x)]?
&méd T (2) kal oTh ouvéxaia A (1) Adyw THs @(x) = [A(X)]*—[B(x)]?
looBuvapel ué THv é§iowon
[A(x) + B(x)] [A(x) - B(x)] =0 (4
mou EmiAeTan &AL, yiaTi dudyeton of Buo SeuTepoPdBuies E§iooes.
Mapatnpiice
1. "Omoix Tipf) Tou A, woU Biver f| (3), xal &v P&Aouue oTh (2) 8& Ppolue dvrioToxa
ToAvdvupe A(x) kad B(x) &md Tév (M,) mou Blvouv Tis Moeis Tiis (1:
2. 'O oTadepds 8pos Tis (3) slven TS &véamTuyna Tiis dpliovoas Tpitns Tdfews

1 a P
a By
p vy B
Tapaderypo:
Na Emhvlei W EEicmon @(x)=x*+4x*+12x*+12x+27=0
*Erilvon:
Elven o=1, p=2, y=3, B&=2T.
1 SR | 2
‘O oTabepds &pos Ths (3) elven | 1 2 3 = 544-64+6—-8-9-27 =22
Z 3 2

xal & guvteheoTrs Tou TwpwTofdbulou Spou Tng elvan
—(27—4-1-343-2%) = -27.
“Exoupe Aorrédv Thv E§lowon
4N3-27A + 22 =0
f v looBlvaun Tns

w3 - 5 Yty =0
g - 9 11
mwou elven f (2) Tfis 5.2. wé p=——7 kai g = - kal Exer piles

MN=2, A=

—24-vT15 —2—-v15
e v wad ?ts——z—

Mé& A=2 mwalpvoupe &wd Tév (M,)

149

Yneromo}Bnke ané To votirouto ExmaideuTikrg MoMmikrg



IV 6.1.

A(x) = x*+2x+6,
&méTe &md THY [B(X))® = [A(X)P—p(x) i &md ThHv (2) Ppioxovue
[BX)P = (2x+3)*
Ol tEiowoes A(x)+ B(x)=0, A(x)—B(x)=0 wou Bivar | (4)
ylvovran  (x¥42x+46)+(2x+3)=0, (x*42x+6)—(2x+3)=0 kal Exoupe &mwd oU-
Tés s piles Tiis &pyixfis ou elven ol
X=—2+iV5, x,=—2-iV5, x,=iV3 kal x=—iv3-:

5.4. 'Aowioeis.

1. 'EmAboTe Tis trocoes
o) 2x3-9x%+ 12x—4=0 B) x®+3x*—3x—14=0
y) x3—3x2+ 12x 4 16=0 §) x3—9x—12=0
2. ’EmAvoTe Tis Eiodoes
o) x4—2x3+4x?—10x—5=0
B) x*432x—60=0

6. EDAPMOTEZ XTH AIEPEYNHEIH EZSIZQIEQN KAI ANIZQZEQN

6.1. Eicaywyy.

Ol tiodoss kol dvicdoes pé Tis droles 8& doyohnfoune E5%, 8& Eyouv
TTPOY HOTIKOUS GUVTEAETTES.
Awepedvnon wmds Eiocdoews, pé dyvwsTto xeC, kévoups
o) &tav dvalnToUue T eldos kal TO Tpdonuo TEV pifév N5 yik Tis Sidpo-
pes TpayuoTikés Tiés TEOV oUVTEAEDTROV TS, 7
B) 6tav &valnTolUue Tis Tiué TGV ouvTeAeoTdY Y1k Tis &roies ol piles Tiis &61
owoews ikavotrotoUv dpiopéves ouvBijkes.
Aepetvnon wds duiodoews, pé &yvwoTto xeR, kdvouue
o) &tav dvalnTolue Tis TpayuaTikés Tinés ToU X TTOU fkavotroloUv ThHv &vicw-
on yi& Tis Bidpopss TpaypaTikés Tings TV ouvTeAeo Ty Tns, 1
p) &rav dvalnToUue Tis Tinés TV oUVTEAESTRY TNS Y& Tis &roies 1) dvicwon
ikavotroleitan y1& SeBopéves Tipks ToU xeR.
Afvoupe &upéoox uepiké EvBlagépovta Tapadelypata Sigpeuvngewy, TroU
guotkd Btv EfovTAoly T Bépa, dhA pds kararoTrifouv of ikavoTroInTikS Pabud
mévw otd ouviifn TpoPAfjuaTa Siepeuviioewy.
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IV 6.2,

6.2. Alepedvnon EEowoewy xal dvichoewy.

1. Na dwepeovnBel yia tig tpés heR # 2Eiocwon pé dyvosto x:
(—3)x*—=2(30.—)x+Th—6=0 (1)

Awepedvnon:

o) N& A-3=0 4 A=3 f (1) ylveron —10x415=0, SnAadr) mwpwTo-

pabuie, kad Exer T AUon x = %—

B) M& A-3£0 f§ A+#3, f| (1) elvon BeutepoPdduic. O& Efetdooupe Aoimdv T&
Tpoonpa Tév A, P, S, émou A 1) Siakpivousa, P 16 ywéuevo tév pilév kal
S 16 &Bpoiopd Tous. “Exoups:

i) A=4(2A*+3—2). Ever A=0 yi& A,=—2 kal A=

2
A>0 f 2043020 yi& A< —2 eite ?\>—é—
kai A<0 yi& —2<?\<%.
i Pl B Pei i Bt

A3 ik

P>0 f (7A=6) (A=3)>0 yi& 7\<—$~ ehte A>3

kal P<0 y1& -g—<7\<3

i) $ = 22D e 520 yia A= 5,
$>0 f 200 —4) (A-3>0 yi& A< % de A>3
.4
kal S<0 yi& —3-<?\ <3

2’ bvav kowd Tivaka Plovps T& Topamdvw pepik& gupTepdopaTa kol
Pyddouue &md T6 ouvbuaoud Tous T& yevikd oupmepdopaTa yi&k thv (1).
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IV 6.2.

A la [P s || a—3)x—203N-4)x +~ TA—6=0
—%
F= =7 r O0<py<ps
-2 FO—t—p—————- o P1=py=2
= “f v P1:P2EC—R, pi=p,
1
% [ e el w2 Pr=ps=1
4+ i =+ 8 e T o
6 1
= O e > P=0, py= =
+ | = | | p<0<py pu>lpl
4 posies
3 | e pr=—V2=—p,
+= = = pr<0<ps; pi>pe
3 /f— = — == » mpwTopdfuia .\':-—g—
+oo |+ | + T 0<py<p,

2. Na diepeovnlel 1a tig nés 2R pé diyvoso xeR 1 avisooy
G+ DX2—2(0—1)x +2(—1) >0 (§))

Awgpeivnon. O& &dvalnTiicoupe T6 Tpdonuo ToU a=A+ 1 kai Ths Brakpi-
vouoas A=B*—4ay yi1& Tis Sidpopes Tipés AsR kol & oxnHaTigouue Tivaka yik
vé Bigpeuvnooupe thv (1).

"Exouus:
a) a=A+1=0 yi& A=—1, a0 y1& A>—1 kai a<0 yi&k A< —1
P) A=—4A*—Br+12 kol elvan A=0 yi&k Aj=—3 kal A,=I,
A=0 ) =A-24+3>0 A A42A-3<0 yi& —-3<A<l ko
A<0 yid A<—=3 &ite A1

A a A Augeis Tiis (A+1)x2-2(A—-1)x+2(A—1) >0
-0 - - *AduvaTn
-3 =z > Abdlvarn
- - AUoeis: xeR pé py<x<p,
-1 =) —————% TlpwTtoPdBuia. NUoeis: xeR pé x> 1
-+ - Alosis: xeR pé x<p, < p, iTE p,<p, <X
I O === AUoeis: éAa T& xeR pé x#0
+ - Noeis: SAa T& xeR
- o0
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IV 6.2.

3. Na dieprovnbel ya vig tpés heR pé dyvooto x 1 #iocwon
(—Dx 14 2(2h—3)x>—(4).+9)=0 (1)
Awepebvnon: "Amé T Biepelvnon Tfis ES1owoews
(4A=1)y24-2(2A—3) y—(4A +9)=0 (2)
oy dvoudeTan dmiAousa T (1) kad Tpoximrrer &’ aUTny, STav Béooupe
x2=y, 8& Pydhoupe T& SUUTEPGOUOTS pos yi& ThY (1).

Mé& 4A—-1=0 4 A= -;11— A (2) yivetan Tpwropdbua ué AUon y=—2.

Mé& 4r—15#0 f 7\-75% éxoupe:

o) A=80A®{-80A kal elvar A=0 Y& =0 kai A;=—1
A=0 y1& A<—1 eite A0 xai A<0 yi& —1 <7\<O

B P=_(4A+ )Kou elvar P=0 #| 4A4-9=0 Y& A= s -
4n—1 4
P=0 ff —(4A+9) “4r—1)=>0 4 (4A+-9) (4r—-1) <0 yik —%(?\<%
P<0 y1& A< : eite A> L
Lo 1 Z
—2(27—3) ; o 5 S
Y) S_T kad elven S=0 y14 ?\_7,
5>0 1 —2(2A-3) (4-1)=>0 # 2(22-3) (4A—1) <0 y& % A< %
5<0 yi& A< - elre A &
<0 y 3 > g
ZuumepdouaTa yi& ThY Zupmepdouata yik Tis piles Tii
A lale s miAdouoa (4A-1)x '+ 2(2A—3)x*_ (41 1-9)=0
s
| = |= | ¥1<0<yu I¥il> ¥s P1=- ",."'—:npaa \/JTers:*i ‘/‘_}’1194:“/—_)’1
9 9 3i 3i
) 0 ¥ Y= ¥e=0 || pi=p3=0, ke Rl
+| + | = [[ya<y.<0 Pi= 4V e =i VY, py=-ivVy,e=ivy,
1 o B o Yi=Yp=-1 p1=py=-i Pe=py=i
=+ |= [[707:6C-R yi=y, PuP2PyPy € C-R
0 [0 > Yi=Yy;=-3 PL=Pazi‘/3_ PZZPJ_:i V3 Y.
|+ = [Yi<y.<0 Pr=-1Voyy, p=i VY, py=—i Ve =iVy,
% /- Mpwtop. y=-2 |l p=-iVZ p,=iVZ
T = | [V <0<y, ¥o> [yl py=-iV ‘.5"1 pa=i ‘f'.h Pa*‘ Ve, Pa— V¥a
2i O—r-» Y1=‘\/§- .!'==‘/§ Pl“_IV’B Pe= ”/— P3== \/3 Pt—‘/_
+ = | = |n<0<yy (yil>7, pl=_1‘/“ylr Pz:"/‘Ygr Pa=“‘/.‘hr Pd’:‘/?s
+ oo
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IV 6.2.
4, Bpeite tig nipég 1o heR ya tig omoieg 1 &gicmon
(204 Dx*—4x+20=0

Exer 800 n~ileg mpoypomikic {vices kai pikpdrepeg and oV 3.

Avon:
Mé& va Exe ) lowo pas Blo mpayuaTikes kai &vioes piles, dpkel vé& elvon

l 2

D10 wed A= T(B‘z—fluy):(—g—) —ery>0, Snhedh

1 xal 4-2A(2A+1)>0 4

A #—
A FE— % kal  2A24A-2<0 1
1 o ==V . AT
AF— - xol i <A< i )]

Mé& vé& Pploketon & 3 Ew &md 16 BidoTnpa TV piidv, &prel, ué Tols Te-
propiguols (1), N cEBunTiKn Tiun ToU Tprwwlpou f(x) = (2A41)x2—4x 424,
yi& x=3, v& elvon dpdonun Tol a=2A+1, SnA. dprel (2A+1DI(3)>0 1

(2A+1)(200—3)>0 #

: gite A> -§~ (¢3)

Etraidn) Béhovpe dxdua vé elvon kol
pr<3 , Gpxel pé Tous Tepiopropous (1) xal (2)
pa<3

. o Pitpe _B u B Yy
vé elvon dkdpa o <3 H 2ﬂ[<3‘n‘ 3+20r>0’ BnAadn

2 3(2A+1)-2
%370 f TR
ﬁ @+1) @A+D>0 4

1 1
sk ATy Y 2=l 3
A< 5 ETE A> 3 3

Mé 1) Ponfaia Tijs elfelas TéV TpaypoTikdv &pibudv  Ppiokouus elkola
moiés Tipés ToU AeR Ikavotroouv Tis (1), (2), (3).
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1V 6.2.

~-viT 1 i e v =14+ V17
X’ 4 2 6 20 4 Xy

“Apa 1) E§iowon Bé Exer BUo TrparyuaTikés Kol Guioes pides xal wikpdTepes &md TéV 3

=1-%/T7 1 ) ( 3 =147 )
— e e LEHE = P s S
L “( i T 30 3

3. Ia v mponyoedpevy iEiswan nposéiopicte tolg heR, G va Ppiokstar | pio
pile g o6 didotnua (—1,3).
Avon:
Ot dpiBunTixés Tipés Tol f(x) y1& x=—1 kai yi& x=3 8& elven ) pla dudon-
un ToU o kai ) &AAY Erepdonun, omoTE dprel v& slvan
f(—=1)f (3) <0. (€))
‘H ouvbrikn o tEaogonile ouyxpévws kol Ty UmapEn TpayuaTikdy

xal &dvigwv piLddv, Stav elvon a0 BnA. 7\;&—%—.

‘H (1) looBuvapei pé THv dvicwon
(42 +5) (20A—-3) <0
3

; ; 5
moU &Anbelel yi& o il A< 20

kal &pa 1y &lowon yi& Tis Tipds

e ( .__2, — ,_;_)u( _% ) 2%) 8& Exer piles mwpaypaTikés kol &vioes,
&md Tis omoies fy pic 8& Gviker ot SidoTnua (—1,3).

6. Bpeite toig AeR, dote 1| dvicwon

AP=200+1)x+A <0
va aindeiet yiéd kade xeR.
Aden:

"Emeidn) 16 Tpicovupo axi4-Px+y Siatnpel 16 1810 mpdonuo Y& SAa T
xeR, uovo Stav elver A <0, &pkel vk elven

a=A<0 kol A'= L [20+D)I—A-A<0 4
A< kal (A+1)2-A2<0 fi
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1V 6.3.

A<O xad 22410 #
i

A=

2

"Apa Y1 7\<—% f| 8eSopévn duicwon &Andevel yid Ao T& xeR.

6.3. ’Eappoyés oé tpiywvopetpinég EELowicELS.

1. Na émivfel kai va diepsvvndel 1 £Ziswon

anuix +prux+y=0, oB,yeR xai a#0 nH
*Erihvon: “Av Ofoouue nux=t f (1) yiveton dAyeBpik) §icwan ds mpds t:
f()=at2+pt+y=0, a+#0 2

“Av 1,1, elvon of piles THs (2), ToTe A (1) ExEr yick yevikr Avon BAss Tis AUgelg TGOV
Baoikdy Eflomoewy
nux=t; , nux=t, 3
& vé& Exer 1y (1) AUon, mpémrer v Eyer Aion pia TouldyioTov &mo Tis (3).AnAadn
Trpémel of dpidpol ty,t, vé& elver TparyuaTikoi kal Evag TouldyioTov va Pploketat
ot1d Bidotnua [—1,1]. "ETor Exoupe Thv &rdAoudn Siepedvnan.
Awpeivion. o) ‘H Eiowon [(L)=al? Bt -+ y=0 €y b povo dexth pile, Stav:
i) Mid pévo dmd Tis piles s ty,ly (Fotw t, <ly) dvrikel 0TS BidoTnua (-1,1),
BnAadn elvan 1, <—1<t,<1 fi =l <t <l<t,.
‘H ikavn) kai dvaykoic cuvlhikn y1’ adtod elven:
al(=1)-af(1) <0 f o2l(=1) - f(1) <0 f f(—1).f(1) <0, nA. (u+Pp+7) (a—P+71) <0
i) “H wd& pila elven 1 xai # &AAn 8o &wd 16 Sidonua [—1,1]. AlTo loxla
dtav kai pévo oTav
1—1:;»1
@

yioerd, &é t -ty :la-, &v ) md pia elvon & dpibpds 1 1 &AAn elven & l;—.

f(1)=0 xai

=1,8nA. a+PLty=0 kai

i) ‘H wé pifa elvon 16 —1 ke ) &AAN e dmd 16 BdoTtnpa [—1,1]
AUTS foylel, dtav kai yovovw OTav:

f(—1)=0 kai

% =1, 5nA. a—f+v=0 xai

-T—P!
a

B) ‘H &fiowon [(L)==at?+-Pt+y=0 Exe BUo Bextés piles, 1<t <t, <1, brav

kai povov étav A= 0, uf(—1) >0, af(1)>0 xai —1 <—£—1<l, BnAadn
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IV 6.3.

pi—day=>0, a(c—Pp+7)=0, alc+p+71)=0, xai

‘H Teheutaia ouvBrikn TpokUtrtal &mo T6 6T —1<t; <t, <1 1

t4-t B
1 5 2<t2£1 kad tl+l'2:_?-

-1 <t <
Y) ‘H &lowon f(t) = at?4+Pt+y=0 &xer wm& SimAy pila Bextr), STav ko povo

Stav A=0 kai —1 <t,=t,= 1+ 2 <1, 8nAadt| pi—day=0 kai [— iﬂ-‘<l.

8) ‘H &fiowon I(t)=at®+pt+y=0 Sév Exer k& piGa Sextr) éTav xai pdvo
Stav

1) A=p2—day <0, 8nA. 1) Efiowon Exa piles pryodikés.
ii) Exer Bud piles pwikpoTEpes &mo 1O —1, dwoTE B& oy Uouy

A=p—day=0, af(—1)>0 «oi t<t-; <t,<—1, SnhAady

pP—doy= 0, a(c—p+7)>0 wadi —~2% <-1.

iil) "Exe1 8ud pifes peycduTepes &mwo 10 41, omoTe 64 ioyxUouv

A=p2—day=0, af(1)>0 xai 14<t1étl-'2_tz <t,, BnAcdn)

A=p—day=0, o(a+p+7)>0 kal ——f—u>l.
iv) *Exer Bud piles wpaynatikés &md Tis drroles ) wla elven wikpoTtepn dmwd 16
—1 kad 1y &\An peyodUTepn &md Td +1, dmodTe 8& ioxvouv:
af(—1) <0 xai af(l) <0, dnAadn a(e—Pp+7) <0 xai a(a+p+7y) <0
2. Na émdulel xai va diepeovn0sl 1 iiowon (ypappiki] TpiywvoisTpikil)

anux+ poovx=y, a.p.y#0 H
*Eniivon. log tpomoc. ‘H (1) ypdgeron:
nux + vax:l, kal gmeidn Umdpyer mdvToTe ToE0 O wy. " s
o o 2 2
TETOIO, GIOTE E(pﬁ:% Exoupe:

R B i YO =
nux—+ ggf-ouvx = . 7 nex + s oUVX= = 1 nuxouwvl4-nubouvx
i
= ouvl 1

nu(x+6) = Louve @
15F
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IV 6.3.
“H (2) elven Baoikn Tprywvopetpiky tElocan kal Exe Loen, brav kai pévo Grav

2 2 2 2 2
—Z—cwﬁi <1 #Y—,cuvzeﬁl - z,fS —1—¢Y— < 14-e¢* ©%£1+‘5¢'
o I a o o

ouvd | of ol
o +piay? 3

AnAadt, &v loyler o 4Bixny?, TéTe Umdpyer TO§o wel0,2m) TéTolo, hoTE
nuw = %crwﬁ (C))

‘Omédre f) (2) yiverau:
nu (x+8) = nuw
*Améd v Tedevtala Talpvouue Tis Aloels
{ x+0=2xm+4w, keZ x=2kT+w—0, keZ
A [ .
x+9=2x+1)m—0, keZ x=(2x+1)T—0-0, keZ
Mé atd Tév TpdTo EmiAUoupe cuvrifus Tis ypauuikés TprywvopeTpikés E61-
ogwoes (1), dtov 16 T6§o 0, Y1& TS dmoio elven Eq)ﬁ':%, elvanr yvwoTd Too.
“Orav a¥1é 8¢ oupPaiver xpnoipotroloUue Tov dkdhoufo TpoTro.
X X
25q>7 l—eq 5
kal guvx=
X X
l—{-ecpzi 14+eq? 5

20 tpbmog: Mvwpifoupe 611 Mpx=
x T
ué 5 KT+ -5 BnA. x #2kmmr, kelZ,
éméTe 1y (1) ypdoeron:
x 5.2
25q>§~ l—£g 5

a. = +p- ==y kol petd Tis mpdeis:
1+5q)’? 1+EquT

([ﬁ-l—y)eq:’%-éascp%--i-(y—ﬂ)za pé x A2k, keZ 29

ToviZoupe 85 &1 1) (1) 8év elvan looBUvaun pé ) (27) yari §) (2), Bév Exe
Aoeis THs Hoppfis X=2kmw-Tr, keZ, tvdd Bév &mokAeleTon alTés vé elvan Aloels
Tis (1)

‘H (2) tmAleTon Tdpa elkoAa

i) "Av p+y=0, 8nA. y=—P 1} (2") yiveta eq)%: —%, 1| omola elven Baoiki
TprywvopeTpikf Elowon.

i) "Av P4y +#0, Téte f) (2') Exer Mon, &rav kal pdvov Stav Ax0, BnA.
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IV 6.3.

A=4c’—4(B+y) (y-P)=0, BnA.  a*+pon?,

2t \/A &md Strou UroAo
yiloupe T& TéEa X.
26ty

Zmiv (1) &evélovue &v Exel kal plles THs wopefis x=2xm-4T, KEZ
3. Na émhvBel 1 iEicwon (ovppetpik @3 mpdg NuX Kai cvvx)

&TrédTE £ ;

NRX + ouvx—nux suvx—npx oovix=1 a
Enilvon: ‘H &lowon (1) elvan oupuetpikn ds mpds nux kal ouvx, SnA. 8¢ pe-
ToPaAAeTon Gv Bégoupe Srou nux Té ouvx kel dmou ouvx Té nux. Tis CUBMETPL-
Kkés E6l0WTEIS pTropoUue TavToTE V& Tis ékppdooupe pé Spous T& nux+ouvx kal
nux-owx. “Etor 1) &lowon (1) ypdestan
(nux+ ouvx)—nuxouvx(nux +ouvx)=I, dnA. (nux+owx) (l—nuxouwx)=1 (2)
©éToupe TWpa

LT
nux+ovvx=t, oméTe Nux-Fouvix -+ 2nuxouvx=t? BnA. nux.ovvx= g 3 : . (3)

‘O peTaoynuaTiopds MuX+ouvx=t ypleeton:

VEw(s-F)=t 1 ow(x-T) =L,

Mé& va Exet vonpa 1) Tedevtala lodtnTa mpémer:
-
V2
‘Emrouéveos 1) &locwon (2) ypdepsTan:

21 " 2—t*4-1 \ ;
t(l-T) 1 4 t(Z—)_l’ dnAadn

13—3t+2=0, pt —VI<t<v2 (5)
‘H (5) elvan 3ou Padpol cs wpds t kal miAleTon pé Evav &md Tos yvwoToUs
TpéTOUS. "ATrd ToUs Sicupétes ToU oTaBepoU Spou PAémouns Guéows T Td +-1
elvon pida Tns.
"Etor 1y (5) ylveTan:

(t—1) (t24t—2)=0, pt —VI<t<v2 (6)

‘H (6) éxar piles t=1 (BimrAn) kai t=—2, f) dmola &mwopplrTeTan, yiari Sév
ikavotrolel TéV TEplopiopd.

<1, B®mA. —V2<t<vVZ (4

‘Etropéveas Exoupe:

nux4-owx=1 < \/icruv(x—%)=l < m(x_—})=\/—lf¢

s T k13 h1d
< ouv (xﬂz)z_ c»cruv(x—?)zow—‘}q:» x—-«a—:Zx'n':I:—, kelZ.
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IV. 6.4
*Amd T TeAeuTtala Traipvouue Tis AUoes:

x=2x'rr+%, kel

n

x=2km, KeZ

6.4. ’Aoxioeis.

1. Né& épiorel & mpayuarikds &pifuds A, dote ol piles Tis Eiocdoecs
(A-2)%*+ (2A+ 1)x+A=0
vé& elvan: o) TpayuaTikés xal dvioss B) Twpoyuarikés kal foes
y) dvtioTtpoges, 8) wiyadikés kai €) ) &mwéhutn Tiu Tiis Siagopds Tous WKPSTEPT
&méd 16 2.

2. Bpelte Tls wpayuaTikés kal Tis myaBikés piles Tis Eiodoews
x?4+8x+|x|4+20=0
3. N& Biepeuvnfel y1& 8Ass Tis Tpayuartikis Tiués ToU A 1y tfiowon:
(A2 3+ 4)x2+2(A-1)x + 9A-9=0
4. Ttdy tElowon xI—5Ax2+A—2, vé& dproTel & A, DoTe v Exel TéooEPIS plZes wpaypaTikés.
5. Né& tmidubel kad vé Siepeuvnfsi f) dviowon
(A—3)x2—4x—2A <0,
6. N& EmAubel kal v& Biepeuvnfel # ESiowon
A—=1)x*+3Ax*+x2—3Ax+ (A-1)=0
) AGc+D)
7. Né& Emiubel kal va Siepeuvnbel 4 &vicwon: _f:l_>1

3 1
8. N& tmAuboiv ol E§iodoels o) cuu‘x—TWVX-i- -§"=0.

B) (14 VIt (1-Vows=1+ V3, y) nux+ VIowx=vZ xal

5) nux-+ouvx—nuxouvx=l.
9. N& tmAudouv kad vé SiepeuvnBolv ol E§iowoeis:

o)  nu2x=Anudx kal P) nux+@A-1)ovwx=1-2A, AeZ
10. N& tmAubsl kal v& BiepeuvnBel ) é§lowon
A(MUX +ovvx)—nux-ouvx=1.
11. Né& Ppeder ) Irkavf) kol dvayxkaiax ouvlrikn, yi& v éxe ) tlowon
pouvx—(2p -+ Dnux=n
5Uo plles  Xp,X, BE X,—X, #2kT, KEZ, TETOWES, WOITE

m
o) X=X, = 2
wal  B) XX, = 3%
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. ZYNTOMH ANAKE®AAAIQEH

. Kébe map&oraon Tiis Hopoiis

(=05 S5 =o NN, e NI + oy X -ty
Mé 0,0y, . . ., ,eC kal veN, dvouddeTton mohvdvupo tob x kal oupPoAileTan pé
f(x), g(x), x.&.

. ZT6 oUvodo Cpy TéV ToAuwwipy OpiCouue BuS Tpdters, THY TpdoBeon «—»
kal Tov ToAMaTAcciaoud «-». “H dopny (Cry, +, *) elvan Gvripstafetixig
daxtohog pé povadiaio atolyeio.
- TAY I(x) xal g(x) elvon TroAudwUa ToU Cix ué g(x) #0, TéTe Umdpyel pova-
B1xd Gelyos TToAvwUpwY T(x) kol u(x) ToU Cpy, Hé u(x)=0 1} Bobu. u(x)<
<Padu. g(x) TéTolo, doTe

f()=g(x)m(x)+u(x) ey}
- "Av oty (1) elven u(x)=0, téte T g(x) elven Bioupérng Tol f(x).
. K&e owvdptnon

f:A->A
pé TUTTo
f(x)=ax"+a,_x*-1 4 . L X +a,
&mou oy, ay, . . ., 0, €A kal A Eva &ré & R,C, dvopdletan
TOAVOVUMIKT oUVapTneT Tob X.
‘O &piuds

fp)=awp+ay1p* ! +... 4 ap+ta,
o elven efkéve ToU p péoe Tfis I, dvoudletan apOpntiky upn tfig mo-
hvovopkiis ovvapriesng f 1ia x=p 1| xai ap@pnnixq tpf tob Tolvmviopov
f(xX)=a,x"+a, ;x*1., e x4a, nd x=p.
"Av {(p)=0, ToTe Adpe ém1 & p elven pila tob molvmvipov f(x).
H elpeon Shwv Tév &pifpdsy p yi& ToUs &molous elven
f(p)=ap*+ot,1p¥~! +. ..+ p+ay=0
dvopdletan Emilven tiig nolvovopikic 2Eodosmg
fE)=onx o=y oy x+ay=0.
. Kabe molvdrvopo f(x)eCpy, Pabpod veN,, Exer v axpipds pilec, Grav kade pi-
Ca perpiétar tooeg popig Boog civat 6 PoBuog morhamhotntas tne.
- Ol mohuwvupikés oo péypr kai dou BaBuol émAlovton mévrote. E1-
owaels &vwTépou ToU 4ou Pobuol émilovtan pdvo of elbiés TIEPITTTOELS.

- ZTis TapaueTpikés oo # dviocdoels k&voupe TrévToTE Siepedvno.
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IV 8.

8. AZKHZEIZ TIA EMANAAHWH

Acifte dT1 16 mwoAudvupo f(x)=(ouve+ xnue) *—ouv(ve)—xnu(ve), dmou veN,
elvan Sicipetd pé 16 moludvupo g(x)=x?+1.

. Aeifte &m1 16 TwoAvddwupo I(X)=x‘nue—p -Ixnu(ve)+ p nu(v-1)¢, dmou veN,

elvar SroipeTd pé 16 ToAvdvupo g(X)=x—2pxouve+pl

. Beeite T& o xal B, doTe TO MoAUDVULO

f(x)=ax "1+ Px*+1 v& Srcupeiton pé 16 (x-1)%

. "Av 16 mohvdwupe f(X)=a X'+ o, XV 4 a, X2 4. ..+ ayx+a, Biaipeltor pé T

(x—1)2, Beite &1 TS ToAuddwulo
gx)=va x4+ (v—Da,x"" 4 ...+ a, Sopeitan pé 16 x—1.

. "Eva mohvdvupo P(x) Siipolpevo pt x—a Exer rnilko x2—3x+4 kal Siipoluevo ué x—p

Exer TnAlko x2—4x+2. N& Ppeite 16 P(x) kal 7& o kel B, &v yvwpilete 811 & oTadepds
8pos Tou P(x) elvan foos pé 1.

. Alvovtan 1é& ohudvupa f,(x) kal f,(x) xal & wnhika m,(x) kaf w,(x) TéY Seplosv

ToU fy(X) pé 76 (x—a) kal ToU f(x) pé Té (x—P). Aeifte &1 T6 UmdAorme v(x) Tiis S~
péoews ToU ToAvwviuov f;(x) - f,(x) ué 16 (x—a) - (x—P) ué ap divetan &mwd TéV TUTO

V(E)=f(B)m:(B) (x—e) + fi(e)my(e) (x—B) + fy() - L,(B)

. BpeiTe y1& moids Tinds Tév W kai v Té ToAudvupo x4+ 1 SionpeiTan pé 16 X4 pxf-v.

8. "Av a+P+y=0 kaf a*+p*+y"=S,, Beifte 6

10.

11.

12.

13.

14.

162

28,=8,%, 68,=58,3,, 68,=78,5,, 108,=78,8, 258,8,=2158,

1
508,2=49S,8}, S s=aPyS,+ Tszs v

. "Av 16 modvavupo f(X)=x"+a,. X"t a, x¥? 4. ..+ ax+a, e plies mTpayua-

Tikés, SelfTe ST (0, — 2a,-,) - v=al,

Bpeite 1) oxéon uerafU Tdv ouvteAeoTdy ToU ToAuwviuou f(x)=ax?+ Px2+ yx+ 8 daTe
ol piles Tou py,pa.ps v& Ixavorrotolv Th ouvlixn p,+p;=2p,.

Bpeite v dvaykafa kal lkavh ouvlfikn petafl Tdv ouvTedeoTdv ToU ToAuwvidou
f(x)=x*—ax?+ px—y, ué a#0, dote pia plla Tou vé elvan péon dvdhoyos Tdv Suo &Ahwv.

*Av 8Uo &mé Tis plles ToU moAvwwipoy [(x)=x>+ ax?+ Px elvon &vribetes, BelfTe &1 fvas
TouAdyioTo T@vouvteheoTdv o,p elvar undév xal dvrioTpopa.

"Av 16 ToAvwwupo [(x)=x?+ax?+Px+y Exel TpayuaTikoUs guvTteAeoTés, pé y #0 kal
ol plles Tou p,.paps IkavoTrolotv Tis lodTnTes |p,|=2|p,|=3|p,|, Belfre ém1: |aP| <11yl

Né& &mobeixtouv ol lodTnTes

v—1 KT
Ak el a_ S
Q@) x*—l=(x 1)‘51(}( 2xouv 5 +1),

v 2xm
B) x3v+i—] =(x.—1)!11]( x’-2xow2v—+l + l_) i

&mou keZ kad veN kal o) ouvéyeia vé Beiete &1
v-Dm Vv

L. @b Ve
Moy M By M = = 5v3
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16.

20,

21.

22.

23

. KofBoplore Tév veN yi& Tév dmolo 16 mohudwupo

f(x)=x3v-34x3v-4 L+ xt+4x24+1 elvon Braipetd pé T ToAudvupo
gX)=x"-1 4 x¥-? . 4 x¥4x+41.
Bpette 16 elSos Ty piiév ToU mohuwviuou

[l

f(x)=x?+ax?+Px+y, & qp,yeR «xal —IW-VZ_p<1.

. Aeifre 811 TS ToAudvupo f(x)=(1-x") (1 +x)=2vx "(1—x)—vx *(1—x)?

elvan Sronpeté pé 6 (1—x?).

. "Av p elvan pifa ToU ToAvewviuou f(x)=x*4-ax?+px+y pé |a|>|B|=|y], Beifre &mi

Ipl <1+|a.

. "Av p elvar pida ToU ToAvwvipou f(x)=a x Yt Xt L g, wé |p|21,

Belfte &mi: || <oy | + [@omgl + oo Jo] + [l
"Av p elvan plla ToU f(X) = X"+ o, x"1 4 ...+ « X+, Belfre it
Pl <1 + layyl + ... 4 Jou|+|eql-
N& éproTel & mpayparikds &pibuds a, dote # Elowon (o—D)x*—(a+1)x?+ a—2=0 vé&
Exer a) Téooepis plles TpayuaTiés, B) BUo TpayuaTikés kal BUo wryadikés kal y) Téooepis
piles pryodikés.
Afvetan 16 mToAudivupo
f(X)=cx "+ ay_ X" + ...+ X+, o, #0 kal opay,...,0,€Z.
"Av 16 mohudwuuo altéd malpver TV Twd 3 yi& téoospis BiapopeTixés dxépones Tipks,
ToTe BeifTe ST Blv Umdpyer dxépanios k TéTolos, dote f(K)=5.
Né& &mAubel 1) EEigwon
x3—x?+4 9ax—a = 0,
&v yvowpifouue &Ti Exer piges BeTikés, kai Emeta va TpooSiopioTel | Tiud THs TapapéTpou a.
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KE®DAAAIO V

TPITQONOMETPIA

1. TpIYyWVOMETPIKA CTUOTApATA
2. TpIiywVOMETPIKEG AVIOWOEIS
3. Zivropn dvakepalaiwon
4. "Acgkijoeig yid émavainyn
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V1.2

1. TPITQNOMETPIKA ZYEITHMATA

1.1. EicaywyH.

"Eva oUotnua t6iomoswy, Tou Aot ol &yvwaTtor elven TéEax () yewvies) kol
pfa TouddyioTov &md Tis E§iomoels elvan TprywvoueTpikn, dvopddeTan tpryvo-
peTpikd choTnua.

Erihven tvés TprywvopeTpikoU ouoThpaTos elven 1) elpeon SAcwv T&V TO-
Ewv moU Té Emainfeouv. ‘H Emidvon kal 7 Siepelvnon Evds TpIywvolETpIKOU
ouoThuaTos dvdyetan oThv émlluvon kal Biepedvnon wds TprywvopeTpikiis
tE1ocooews.

Zt& TprywvopeTpikd ouoThpaTa, émws kal oTd dAyePpik& ovoThuaTa 61
owoewv, Sév Udpyel TravToTe pia yevikn pébodos yia v émiAuon Tous. Mro-
poUue Suws vé Eexwpiooupe pepikés KaTTyopies TPIywWVOUETPIKGY oUTTNUETWY,
T& Stroia EmiAbovTtan pé Evav Spiopuévo Tpdro. Toviloupe €66 émi yi& v émiduon
tvds TPy wVOUETpiKoU ouoTnuaTos Emdickoupe TavToTe vé& PpoUpe Eva loobu-
vapd Tou &AyEPpIkd yi&k TOv TrpocBiopiopd T&V &yvwoTtwv Téwv.

1.2. Tpirywvopetpixd cuothpata wé dbo élowoelg xal dvo
dyvwota TéEa.

I. ‘"H ma &icwon tob everipates elvan dhyeppiki xai 1 Ghin tpryovopstpiki.
Stfv karnyopioa adTh dufikouv kal T& dxdAoufa oUOTAUOT, TTOU UTTOpOU-
ue v& Té EmAUcoupe eUxkoAq.

X +y=a ] X +y=a X +y=a ] x4+ y=0a }
Bl Bl '

nux £ nuy= owx towy=p|' epx tepy= opx +ogy=p
X ty=a X+ y=a X ty=a X+y=«a X ty=a
nux -nuy=13]’ cwwiy=ﬁl ' ouvx -nuy=B]’ px 'S<PY=B] " oepx -0¢y=B}'
X t+y=«x X +y=«a X +y=«a
THX_ \, OWX_ ., EPX_ . [
ny P ewy P sy

"EB& TrpoomaBolue v& peTaoynuaTicoupe THY Tprywvouetpikn) Efiowon of
&hyePpikn, oméTe T6 oloTnua dvdyetan oty émidvan évds Aol &AyePpikol
CUOTTHOTOS.
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V12

Mé mrapodelypara 8& Solue wdds dpyalducoTs oThv TR&EN.

2r
x+y=—?
Mapaderypo 1. Na gmivOel t6 cbotnpa k

3
ﬂllx-i'ﬂll)’:—z‘

"Erilven: Td ogUotnua icodlvapa ypeeTan:

2 2
x+y="7 x+y="73 ey ’
3 <« o < V3 :
2w P Yow Y = 2| 2 FowiE = 2] 2 P2
2 2
N R I R
<> = <>
X-y _iB_ X-y G 13
owgt=—3] ow=F=owe | TF=tkmi, kez
xty=0
<>

X—y=4kT + T , keZ

‘Etrouéveos Exoupe vé& EmiUooupe T& &xdhouba &mAd dAyePpik& ocuoThiuaTa.

21 27
T oy Aon @
1/ 2.

—y—4k1r+ oo , keZ x—y=4kn'—— keZ

3
Té oVotnua (Z,) Exer Tis AUoes:
x=2k11'+%, y:—ZkTrJr%, keZ (1)
v 10 olotnua (Z,) Exsr Tis AUgels:
x=2km+ —, y=—2kmwt ; keZ (2
Ot (1) xad (2) elven ol AUoeis ToU &pyikol oUoTAPATOS.

X
3

X—y=
Hopaderypa 2. NG &mhvbel t6 chotnpa 3
GUVXGLVY = -

*Erilvon: Té olotnua loodlvapa ypdgetan:
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V 1.2

T
X—y=-—5" x—y=—§
3% 3
2cuvxouvy = 5 ouw(x—+y) + ouw(x=y) = 5
T T
X"y=-3—- } X“yzi l
<> <
T 3 3 1
ow(x-+y)+ouv g ow(x +y)= T &
:{-y:TTr X-y= ; x=km+ mGTE
<« < <> , keZ,
ouwv(x+y)=1 x+y=2km, keZ| y=kn— %

ToU elvan of AUceis ToU TPLYWVOPETPIKOU OUGTTUOTOS.

xy=1
Mopaderypa 3. Na émivbel t6 ohotnpa

n
E‘P_x=3 (x,y#kn + T,kel)
€
e y#pn, pel

‘Enilvon: Té ovotnpa iooBlvapa ypdeetan:

T ™
. e e
6 nu(x+y) D 8
epxtegy  3+1 owx-ouwy 4 ,,‘JE‘(?‘ﬂlzz
epx—egy  3—1 nu(x-y) 2 nu(x-y)
OUVX ouvy
X-y=— T X-y=—r
=3 ’ y=3 =g }
< <> o <>
WEA=2mux—y) | nu(x +y)=2nu]  nux+y) =1
S T
Y=7%

=

x=ktm+4 %
< keZ ]

x+y=2k + 21 keZ y=kTr+1€T-

HNapaderypa 4. Na EmivOei kai va Siepevvnfel 16 odonpa:

X+y=a a,peR
X (£)
%-—-B, W Fpm, ueZ}
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Vi

‘Eriivon:

216 oUoTnua albTtéd Exoupe kal Tis Tapauétpous o,P kad 8& Trpéme v& feTd-
coupe, & Tis Sidpopes Tiués Tous, ToTE TS oUoTnua Exel AUarn, ToTe elvan &b-
pioTto kai woTe elven &BUvaTa.

L. "Av B=1, 16 oUoTnua loobUvaua ypageral:
X+ y=a }@x—i—y:rx ]

NUX=nuy x=2km+y cite x=2A+41)m-y, (k,AeZ),
omdTe Exoupe v& EmAUooupe T& Bud &Ad &AyePpik& ouoThuaTa:
X4y=a X+y=a
x=2km+y, keZ] & x=(2A+)m—y, ?LeZ} @
2.7Av B#1, 1é1e TS olUoTnua (Z) ylvetan:
X+y=a
X+y=a x+y_ x-y
mexnwy pilie VT2 pyd
NHX-TKY B-1 P I
2 2
X} y=«x x+y=«a
- x4y x—y_5+l}c=- o x-y P41 (29), OmoTe
2 v TEg 2% 2 TPl

i) &v scp% #0, 8nA. az#2km, keZ, 16 olotnua (Z,) looBivaua ypdeetar:

b “Ymdpxer TvTote 1660 8 pé 0 <B <1 ked ogh=pt-lop-2
-y I3+lmp_a . “Ymépyea méutoTe T6E0 B pE 0 <B < Kkal o =193
2

X+ y=«x X+y=a
"Eto1 16 TeAsuTaio oUoTnua ypdoeTon: ” =
PR EE crcp%- =o¢b ]é x—21=k1r+0,kez }
X+y=«a
-
x-y=2kmw+426, keZ

T TeAeutaio cUoTtnue miAveTon edkoAct.

ii) *Av ecpi;-:O, &nA. a=2km, keZ, To1e 76 oloTtnua (Z;) elvar &buvaro,
Srav Pp#—1, kad &dpioTo Stav p=—1. It TeAeuTala TepiTTwon StrolabiToTe
Tofx X,y Wé x—y=0 xal 8+#2pTr, peZ EwaAnBelouv TH BeUtepn icwon ToU
(Z3), omoTe Exoupe v& EmAUcoups Té olcTnua:

X4 y=a }
x-y=6
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Vi

Topadervypa 5. Na EmdvBel kai va Siepeovnfel 16 obornua:
X—y=0 a,feR
epx+egy=p, x,y#kn+ %,kez ] &

"Exnilven: Té ovotnua (Z) ylvetan

nuE+y) _ 4 (= o
owxowy nu(x+y)=pouwvxowy

X-y=a X—y=a ]
p
X-y=a } X—y=a }
- <>

2nu(x+y)=plow(x-y)+ow(x+y)]l  2nu(x-+y)—Pou(x+y)=powa

‘H 8BeUrepn Eiccwon 1ol TeAeutadou ouoThuaTos elvan ypaupikd kai Ero-
péveos EmAleTan KoT& T& YvwoTé.

Té obotnua (Z) Exer Avon, Stav kal pdvo &tav 1 Eiowon adTh el Alom,
BnAadn Stav 4+PinPlouvia <= 44PA(l—ouia)n0 <« 44-Binuiax0.

‘H ouwvbikn 44-pinuPfax0 &Anbele TévToTe kad Emopévess TO oUoTnua
(2) Exa mwévToTE AoT.
IL "Olkeg ol Eiohoeig Tob ovotfpatos elvar Tpryovopetpikéc

©& BoUpe €66 né mapaBelypata cusThpaTa abtiis Tfs kaTnyoplas ToU
dudyovtan &péows of dAyePpiké ouoTrhpaTa (Trapad. 1) kebds kel cusTApaTa
ouuueTpik& G TPos T& TéEx (Trapad. 2), dmwws .. elvar Té dxdAouba:
NEX+nUy = u} nUX MUy =« EPX +-EQy =«
owxowy= B] ' ouwxtouwy=p ' ouvx ouvy =P
T& omoia Emions dvéyovTton TeAik& of dAyePpikd.

Tepaderypa 1. Na imlvdei t6 odornua:

1
nX—Mpy=—o-

5 @
neix+aply =

"Erihven: "Av Béooupe nux=cw, nuy=¢ 10 ovotnux (£) ypdgeTan:
1
2 2

w’+q:3=%

w—¢p=

T6 bmoio elvon dhyePpixd.
*EmidbovTas 16 oUoTnua altd Ppiokoupe Tis AUoeis
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vV 1.2.

(s 1) (o=t =)

*Etol Eyouue v& EmiAUooupe T& GrOGAOUEX TPIYWVOUETPIKE CUSTHUATX:

nux=1 NUX= — ==
=, (Z)
nwy=-- nuy=-1

Té avotnua (Z,) Exar Tis Aboeis:

x=2k'rr+; x=2kmn+ »;—r
, KAeZ §, o kNEZ i
T T
y=2Am -+ ra j y:(27\+1)‘|T—E- j
To oUatnua (Z,) éxa Tis Auosis:

x=Zlerr x=(2k-4 D"

3 ! 3
y=2Am-+ 5 k, AeZ y=2Am-+ 5 k, AeZ

nux+npy=1
Hupaderypa 2. Na £mhvdsl 16 odotnua } ()

3
OUVX GUVY= -

Enilvon: To ovoTtnue altd elvan ouppetpikd & mpds T& Téa x xal y. AUTd
yp&peTan ioodUvapa:

x+y -y X+y 1
2nu g oW =1 nuva-—z— =5
3 [ X— x+y 3 =
ow(x-y)+ ow(x+4y) = 5 20\:\;‘2—2—y—1 L 1—27]:.12"-5‘— =5
+y Xy _ 1
=y ow s =
-y _Xt+y_ 3

2__
i e i sl

"Av féooupe mpu +y._w kol ouv g—cp, Talpvoupe Té dAyePpikd cUoTnua:
e 1
?=2
gr—co?= %
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Té Tehevtato olotnua Exe Tis AUoeis:

(k) (ot o)

"Eton Exouue v& tmiAUooupe T& dkdAouBa TprywvousTpikd ouoThuaT:

x+y_ 1 X+y 1

w g W

b @ . - @)
O'UVT—I vaz—l

Té olomnua (Z,) loodlvapa ylveta:

nu—=~ _gy—nu-g X;Y—an +—ETTs x+y._(2k+1)'rr—+-
=
o™ T=ouw0 S , kAeZ
"Exouvue o1 & Bud dhyePpixd ouoThuaTa
x+y=4k + g : x+y=2(2k+l)7r-—% }
X—y=4AT , kKAeZ x—y=4AT , k,AeZ

T& dmoia &miAvovTan elkoAa.
AT 16 olotnua (Z,) malpvouus Bud dxdpa dAYEBpik& cusTAuaTa, T -
omoia émAlovTan KaTd T& yvwoTé.
1.3. Tprywvopetpixd ovothuata wé tpeig EElodoers xal tpla
dyvworta TéEa.
levikfi  uéBoBos yi& v Emiluon kad Tétolwv ovoTnudTwv Sbv Umépyer.
O Bwaoupe £5& Eva TrapdBelyua, Tou Tapoudiddel vBiagépov yik Thv EmiAuon
kai T Siepedvnor Tou.

TMopaderypa. Na Emhvfel xai SizpsuvnBsl 6 obotnpa

X+y+z=n
_‘E_‘ﬂ=ﬂ_ﬂz a_ﬁ_y:,ﬁﬂ] ®)
a B
‘Enidlven: Té olotnua (Z) ypdgerto:
x+4y+z=m
-
WMy, q.ﬂ.),#o]

= {xtytz=m nux=Aq, nuy=Ap, nuz=\y, oPy#0} (%)
i) "Av A=0, Té1e 16 oUoTnua (Z;) ylvetcu:
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VL3

X+y+z=T - kyw4-kymHkgr=m
x=k,m, y=k,m, z=kgm, k;,ky ke x=k,m, y=k,m, z=k4, kl,k,,,ksez

ky+ky+ka=1
x=k,,m, y=k,m, z=k,m, k, k, kyeZ}

ii) *Av A0, TéTE &Td THY Elowon x+y+z=T Talpvoups x=m—(y+2),H
omoia iver nux=np[m—(y+z)]=nu(x+y) xai 16 clomnua (Z,;) yiveta

x+y+z=m

nu(y+z)=Aa
nu(x+z)=Ap
nu(x+y)=Ay

X+y+z=m X+y+z=m

NUYoWVZ+nuzZouvy=Ax ™ Apouvz+Ayouvy=Aa
NUXOUVZ+-NHZOUVX=AP Acouvz+Ayouvx=Ap
NUXOUWY 4 NUyouvx=Ay Aaguvy +ABouvx=Ay

X+y+z=m
powvz -} youvy=a
aguvz+youvx=p )
acuvy -+ ﬁcmux=y

"Av ToMamAaoidooupe Tis Tpels TeAeuTales £Siowotis ToU (Z,) dvtioToiya
ué o,pB,—y xai mpooBiooupe T& Eaydueva kaTd péAn Traipvoupe:
o2 p2—y?
SEr
2 2_ o2
" o
o 2_A2
e
"Etol Exoupe TS cloTnua X+y+z =T
F 33 +-Y2__as
o4 y2—p? (=)
2ay
u2+ﬁ2_y2
2aP
I52 +Y2__u2

o?+4B2—y?=2afouvz, BnA. ouvi=
"Opoix Traipvoupe: ouvx=

quUvy=

ouwy =
ouvi =

Té oclornua (Z;) Exer Avom, Stav i <1 xaf

. o
2ap

21 \2_A2
sjvilsl
2ay

xof
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Tote Umdpyouv EAdyioTa Betikd Toax 6,,8,,8; yi& T& dmoix elvan:

2 2_ 2 2 2_[2 2 2 2
! =ﬂ;%, iy e TRl o SR wol

2ay 2ap
Tiués T&Y x,y,z elvan:
x=2k, w46, y=2k,m 40, z2=2k,m+6;.

*ATo Tis Tinés alés AUoels Tou &pxikoU ouoThiparos elvan of TpiaBes (x,y,z)
yi& Tis &moies ikavorroiitan 7| x+y+z=m.

Mé& vk weTUyoupe Téroles AUoets, EkAéyoupe Bud &d Tous drépaious k), k, k,
avBaipeTa, dmdTe dpifoupe Tév TpiTo ETal, doTe vé& ikavotoliTan 1) X4y z=Tr.

1.4. Tprywvopetpind draloip.

“Otav &va TapaueTpikd TPIYWVOUETPIKG oUoTnua Exel TreplocoTepes E§1-
owoels &wd ToUs &yveaTous (&md T& dyvwora ToE), TéTE Ppiokoupe upio ()
TEPIoTOTEPES) OXéon METAEU T&V ouvTeleoTéOY TV &yvdoTwy kal TGV oTabe-
pdv Spwv TGV E§ilodoewy, Yid vé cuvahnbelouv EAes ol Efioors ToUoUTTHHA-
T0s. ‘H oxéon alth, Smws kad othv &AyePpa, dvopdletan draleipovoa.

AnAad 1y &rodeipovoa elvan 1) dvaykaia ouvlnikn, yidva Exel T6 oUoTnua
AUon.*H épyaoia, ué v dmola Bplokoupe Trv draAsipovoa, dvoudieTc drahorpi.

Afvoupe €& Buo TrapaBelyuara TprywvoueTpikils &maAolefs.
Iapaderypa 1. Na Ppebel 1) drnakeipovoa tol cvsriuuros:
ovvx+ovv2x=a
] ®
nux+np2x=p
Avon: "ESG Eyxoupe Bva ovotnua SUo TprywvoueTpik@dy E§io woswy ué fva
&yvwoTto 1680 x. ‘Emoubves 8& Ppolus Thv &madeipouoa, SnA. Ty dvayxaia
ouvBikn, @oTe v& Exouv kowr AUon ol Efiodhaas adTés.
"Av x4 elvar pia AVon ToU ouoThuatos (Z), ToTe Exoups Siadoyik&:

310 23 2 Xo Xp 2 )
OUVX g+ 0WV2X j=a B 2oy 2 o 2 i G )='4UW 2 Powi 5= )
nux,+nu2x=p B, By ! . D e
2nu 5 =B 4nu o oW T:[?a

MpoofétovTas kot péAn Tis Bud alTés E§iomoels Taipvoupe:
4001:2%:0:“+[35 .

*H mwpdotn & Tis E§1ocdaes Tou (Z;) ypdgeTa
2(40'1111’ ;" 3crw——~) oW 2l —g = Bouv L ol (2)

2 2 2
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V 1.5

"ATo (]) kad (2) Eyoupe: 8-(“21—B2 )2_6.‘121“52_:1:

(o +BY3(e+p)=20, i (o4 p)(a?+B-3)=2c.
‘H Terevtala oxéon elvan #) {nTolpevn dmadeipovoa ToU (Z).
Mepadevypo 2. Na Ppebei 1) anakeigovoa tob ovetfpatog:
sou(l+npo)=4a ] ©
c9a(1—mpo)=4p
"Av w, elvan wi& AVon Tol ovoTthuaTos (Z), TéTe 8& Exoupe:
cq;m,,(l-l—nuc.ou).—_flu} - c¢mn+cwmu;4a} opw=2a-2p
ogw(l—npw,)=4p CPwW—oUVw =4p
UV, —p
NUwg at+p , oP#£P? ) =
ouvw,=20—2p oww,=2a—2p

nite-+owto = 575 +Fj) @28y~ S5 ) +aeepr=1 4 ap=(o-poy
*H oxéon af=(c®—P2)? elvar f {nToluevn &moAelpouad.

1.5. Aoxicels.

ouvw=2a—2p

= 2042 _ b=

1. Né& dmAuBolv T& TprywvoueTpikd& guoThpaTa:

™ 21 2T
x+y = ] x+y——3- JH—y—T
o vipr P vy 7 3
MUK — Uy = —5— TUVE—OWVY =—— nux nuy=—7
2m m ™ T
. -y=3 . XET=0 ')X‘F}"'—‘T 0 X+y= 5
€ oT T
12 ouvx = L 34+ V3
TUVK-OUVy=—— s =—v'3 epx+epy=1 nuix+nuty=—p
2. Bpsite Tis Tipés TéV Téwv X,y moU dmoAnBelowv T glUoTnua: XYy = %
4npx ouvy=3

<X <3mW,UT<y<3m
3. N& émAubolv T& cuoThuaTa:

2nux -+ Jouvy=—2 x+2y = o nUX+nuy = %
«) 5)] 3" Y) vy
6nux—ouvy=4 nux+nu3y=—2— wvx+o'uvy:—2—
4. Né& tmaubel kol BiepeuvnBel 16 oUoTnpa:
EQX 0@y =a
ogx-+epy=p
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Y2.2.

5. Bpeite THy dmahelpouoa Tésv oueTNUdTWY
Q) oy NUX P ouvx=y,,
s e L » BE o Py—oyB, 0,
GNHX -+ Byouvx =y,
B) Wnux +vouvx =A%nuxouv, Y) X+y=a
u%uux;usnux:]\“vax EPX +eQy =epp
TpX+0gy=apy

2. TPIFQNOMETPIKES ANIZQZEIx

21. 'Opwp.oi. Tprycwvoperpiy dviceoon dog Tpos Eval T660 X duoud-
CeTon kébe dvicwon, Tou TEPIEYEL TPIY WVouETpIKOUS &p1Buoys Tol T680v x."ETan
T.X. ol dvicwosis:

nux<—§l i —;— ‘uix+auvx =0, €px—1>0, nux —1<0,

owoEws dvouddeTan Yevikf hben Tns. ‘H EUpEaN Tiis yevikfis Aoecos wids TPy w-
VOUETPIKTS dviodoews dvoudleton énidven tijg avieheswg.

Té olvoro Tésv UEPIKEY AUoecoy Ths dvicdoews oTd SidoTnua [0,27) dvopd-
Cetou ik Lioy Ths dviodoecws,

Kar& v &miduon mds TprywvopeTpikiyg GVIowoEws Tpéer vé AaPaivoy-
HE UTTOWN pag ToUs yvewoToUs TEPIOPITUOUS TGV TRIY QVOUETPIKGY Sp1Buddy TGy
TG, Grog X [nux| <1, |[ouwx|<1.

2.2. Baounég 1p lYwvouetpinég dvicwaers.

M& vé& dmdvooupe ik TPrYwVoLETpIkA &viswn, Tpormadolus Mé KoTdA-
AnAous METAoYNuaTiopoUs vé T PEpoupe o md &rd Tls TapakdTe popopés:
i nux>« 1 nux <«
(i) owx>« i owx <«
(i) epx>a 4§ X < o
(iv) opx > a 1 opx < q
Smov « YvwoTds TPy HaTIKGS &p1Buds.
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V22

Tis -rplymuouﬂplkés atTés dvigoels Tis dvopdlovue pacukict fepchaddag,
O& Bhaoupe £86 pepikd TapodelynaTa ETIAUOEGS  TEIYWVOUETPIKEY &vi-
CITEWY.
Mapaderype 1. Na ¢moBel i Gvicoon Npx>a, aeR.
Mé& v& tmAlooupe ot THY dviooon, Biaxpivoups Tis EETS TEEPITITLOTELS :
i) "Av a<-1, 9 &uiowon ErahndeleTal &TTo k&be T6Eo x (udviun &uicwon).
i) *Av a=-1, | &vigwon EmoAnfeleTan &md kéPe T6E0 X, ExTds Ao T& ToEx

x=2k'rr—12T—. keZ.

i) *Av a=1, 9 &uiowaon elven &Buvertn.
iv) Téhos, &v elva: —l<a<], Tote Exouue Blo TEPITTTCITELS.

o) "Av —1 <a<0, Advoupe TrpddTa THY &vicwan ypogik& TaVw OTOV TP
yoovopeTpIkd KUKAO. AUTS yiveTon pé TOV &xdhoubo TpdTro. B
Taipvoupe Tréven oTov &Eova TEW AuTOVEY BB' onusio A
TéTO10, WOTE OA=a. *Atd 16 A gépvoupe TrepdAANAn TTROS
Tév &Eova AA’ TGV guvnuITovey Kl TTadpvoupe T& onuEia
ropfis Tns M, M’ ué TOV 'rplyoovoue-rplxé xUkho. Elvon @a-

vepd &T1 kaBe T6EO TOU TIYWVOUETPIKOY kUKAoU Trou ExEl

Trépog Eva oTUEIO T6v TEEWV ABM bl M'A (tktds TV M
kol M) ikavoTroiel ThY qvigwon (ox. 1). "Av Thpa T S TR
péTpa TéY TG0V Tou [0,27), ol ¢ronfedouy TV tEi- x 1B
cwon nux=q, &va G kol 8, (8;<6y), BnA- (AEM)=61 kad (A§M')=Gz, TTE,
| €iBikn AuoT THs AVIoCWOEWS NPX> &, _1<a<0, glvan Shx T& 1O X pé:

0<x<@, el B,<x <2n
‘H yevikn) Avon Tiis AVITLOEWS alrtiis elvan TP Sha T& TOEat X pé:

ok < x < 2kmw+6, ¢Te 2km+0, < x < 2km+2w  f

[2Km < x < 2kt e 2km0y < x < 2(k+1)m, keZ |

B) "Av 0<a<l, TéTe oxspTousvol OTrws o
parmréve Ko XPNIOIHOTIOIVTES 16 oy. 2 PAETTOUHE
&1L THY MUX> TNV ErranBelowy BAa T& TéEat TTOU
& TrEpoTd Tous Elvat towTEPIKS OTUEIT Tou TOGOU
MBM' ué (AM)=0 xod (ABM)=m—8. Eto1 f eidr-
k1) Avuomn TS dviocoews elvar A T4 ToCa x pé
§<x<m-8 kai fi yevikfy Aon Tns glvau:

kr 40 < x < 2k (1w-8) 1
[2kmr+0<x<@k+ D5, keZ | 5. 2
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V 2.2,

Mapduoia Emiitoupe bAes Tis Paoixés TPlYywvopeTpikés duiochosts. Mk EumréSeo-
on & Solpe pepikc OUykekpludva Trapadelyuara.

V2
TMapaderypa 2. Na émivdei M dvicwon: nux ST

V2 i
Eridven: T& 166t x pé 0<x <27 TOU Eyouv nu:c:ﬁz— elven X1=Z
3 ko ; .
kol x2=T8n7\. Ta TEpaTd Tous elven T& om—

wela M xad M'. Elven govepd Topa 8T S
T& T TrOY T& Tépatd Tous efvan onueic
&Y 16wy AM xaf MB'A EranBesouy ™
Bobeioa dvigwan (oy. 3).

"Eton Exoupe Thy eldixr) Alom:

OSXS% eiTe 37}1:l-§x<21'r.

&md Ty dmola elikoha Traipvoups TH Yeviky Ty, 3
Ao '

2k <x gzkw+-} elre 2k'rr+3—: <x<2km-12m, keZ

Hepadeaiype 3. Na 2midvei 1 @vicwen suvx— -\gi

‘Enidven: Té 1é€a x pé 0<x <27 mou gmaAnfedouy THY éflowaon ouvx=

) o .

T elven x;= 3 el X dnAad T4
mépaTd Tous elvon T& onueia M Kad M’ tou
TPIY. KUKAOU.

BAémoupe Tepa &11 Shar T& T68a X, ToOU
gmahnbedouy T Sobeioa &viowon, Tpémer vé
Ayouv of onusic Tédy T6Ev AM Kad M’?A,
&Tég & T& M,M’. "E10y 1 eldikr) Alon T
dviochoews elvan T TOSa X pé

051{<I eiTe 7—1T<x <2,
4 4
kai 1) yeviki) AUon g elven T& TéEx x pé

2k <x <2kt ITF eiTe 2k11'+z£<x <2km-2m, keZ.

WnpiomoBnke amoé 1o votirouto EknmaiSeuTikrg MoAmkrg 179



Vv 23,

TMapaderypa 4. Na Emivlel § dviowon: epx< V3
*Eridven: T& Té€at x, TroU groAnBedouy TV sq>x=\/§ pt 0<x <2, elvay,

1 41r
T& X= 3 kad Xy = 3 -
Elven gavepd 8T T& 160t x, TrOU ETCGAT-
Bevouy T Sobeloa dvigwon Afiyouv o onuelx B M
TéY TOEWV Afl\*fl. BA'M’ kai B"-.A, txTdg &To T& i

M,B,M’,B". “Eto1 f) elikh AUom elven T& T6€x
X ué

™ T 4 3
P St B = elte & 2
<< 3 eiTe 5 <x< 3 eiTE 5 <x<2mw

kai 1) yevikny Auon TS elvan & TéEx x pé

2k <x <2km+4 131-»,2k-rr-|»—;—r— <x<2k'rr+4%-r, Ix. 5

2k ?—211 <x<2km+2m, kel

2.3. Tevixég TPLYWVORLETPLXES AVICWOELS
Topaderype 1. Na tmhobel | Gvicwon: 2ovvix—3ouvx+1<0
*Enihvon: ‘H Bobeioa dvicwon ypageTan: (ouvx—1) - (2ouvx—1) <0.
TTadpvovTos TOV Tplymvouﬁpmé KUKho kol peheTdovTos T& Tpdonua TV
Tapory SVTWY ouvx—1 kai 2ouvx—l oTd BidoTNUX [0,27), oxnuatifoupe TOV
&réhoubo Trivaxka y1& TO YIwouevo P=(ouvx—1) (2ouvx—1).

x 0 % %T 21
owx—1 | ! - :. 3 E = i
2ouvx—1 : + : — : -+ :

| 1 1
P ! = | th l = |

*Eto1 PAémoupe 6Tt ) Sobeloa dviowon Exer elbikn Avon & TéEx x TrOU
trronfetouy pia & Tis dwviocosis

O<x< g eiTe STW<X <2

*Apa ) yevikr) Alon NS elven Té& TéEa x pé 2k <x <21-C'n'—§——;}i eiTe

2kTr +5—1; <x<(2k+1)m, ke
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V24

Hapaderypa 2. Né Ernivdei 1 dvicwon: euvix< %ué 0<x<2n

"Enilven: ©étouue 3x=y, émdre EXouue vé& EmAlooupe ThY dvicwan
V3

ouvy <2—

‘H Tedeutala dviowon Eyer Thv eldikr) Avon —6—<y<1—é-— oméTe 1 yew-

ki Aon s elvea:
2k‘rr+ <y < 2k'rr+”v, keZ.

"ETol A yevikd Aoon Tiis c'rpxmﬁg Stvetan &md Thv

2k <3x <2kt NI gz
. 2kt ™ 2kt llTr
kai elven b So) -+ ig < <~3—- +T8_’ keZ €))]
Emeidn Suews k=3A+u, AeZ kai ve {0,1,2} 7 (1) Yp&peTau:
2:'m+2“—Tr +15 <x<27m+2ﬂT+ ”“ 3)
AT TH (2) yik u=0 maipvoupe: 2Am4 - §<x< 27\11'—{- IITr (3
Y& u=1 maipvoupe: 2?\17+%< s = 27\1T+313§T-T 4)
xal y1& u=2 malpvoupe: 2A1r +L—< X < 2Am +35—Tr (5}

"ATS Tis (3), (4) kol (5) BAémoups 8mi of InTolueves Aloeis oo [0,2m) elven &
ToEa x pé:
™ Il 137 23w 25w " 35m
B~*<Tg* I8 *<Tgr g <*<Tg-
2.4. ’Aoxnoerc.

1. Né& tmAuboiv of &viodoeg

a) nux<—-—%—, B) rruvx<l/£ Y) oox> \/—3 kal  8) e:px>l;1

2 3
2. Né& Emihuer 4 dvicwon
2nuix—3nux+1>0
3. Né& Emidubei A dvigweon
(V3-2nux) (2ouvx—1) - (2epx—2) - (Me2x+nux+1)>0
4. Né& tmiubolv of &vicdoers

@ 3x>V3 ,  py qu5x>$
Gnux-1) (5nu'x—5nux+1)
5. Né& dmiaveer 7 Gulowon X ok 0
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3.

EYNTOMH ANAKEQAAAIQEZH

. T& TPIYWVOUETPIKE TUTTHMOTS T& Sioxpivoupe kupieos o€ 0o korrTyyopies:

o) Zé TPIYwWVOUETPIKK guoThuaTe, oTd dtoia 7 uia TouhdyioTov Efiowon
elven &hyePpixh G5 Tpds T& &yvwoT T6Ea.

P) ¢ TPIYWVOUETPIKS ouoThpaTe, oTé omola Ghes of tiooes elvor TpI-
Y OVOPETPIKES.

. Dév Umépyouv yevikés ueboBol FTIAUCEWS TPIYWVOUETPIKGY oUCTTRATWV.

3. TTd TOPAPETPIKA TPIY WVOUETPIKE ouoThuaTa pé W E§lodoels kai v &yvo-

182

GTOUS, M=V, KAVOUUE TPLYOVORETPIKT aralowpd). Bpioxoupe SnAadn TV
dvorykaia ouvBiikn (&ohelpovoat ToU ouoTRRaTes), Yi& va Exel TO oUoTnua
AUom.

. Tt wé& TprywvopeTpikn dvicwan Biakplvoupe

o) pepikiy hoen, mwoU clven Eva TéEo TroU THY EmranBeler,
B) eidukf hben, moU elved 16 oUvolo TGV pepikdv Aucewv oTo [0,2T)
y) yevikq Aben, roU elvan &ha T& TéEa oU THY Emainfedouv.

. °H &miiuon kdBe TprywVOETPIKTS duiodocees dvdyeTal TEAlkd oty Emiiuon

wds f TeplocdTEPLV &mrd Tis BeneAicoders Tplycovous-rplkés &V1oQoEls.
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V 4.

. AZKHZEIZ TIA EMANAAHWH

- Né& tmiduBolv kel Siepeuvnoiv T4 ovoThpara

@) EPX-epy=c B) nux+nuy=2Anua
NUX - nuy=p OUVX 4 ouvy=2Aguva
. N& tmiiuBoiv T& ouoThuaTa:
@) N +nuiy=1+nuz ) epx+epy=1 Y) X4y+ow=m
Ny + nufz=1+4nux OUVX * oUvy = 2. L G
2 1 2 3
Nz +-nuix=1+nuy
. Bpeite Thv amadelpovoa oTd TAPAKET® TUoTHpaTA:
«) aowwx+Bnux=Var} p? B) Aouv2x=ouv(x+6)
ouvix | nuix 1
S e @rpr Anu2x=2nu(x+6)
[ o g
Y) Owx+ouv2x= —- B) e =
IB’ p-8+0 Ll JMUX - guvx #£0
NUX+Nu2x= = AOWX—Pnux=auv2x

- N& tmidufolv ol dvicdioers

@) nux+oux+ V2 (1-vV)nu2x> 1, B 20‘uv%——qp%——2> 0.
¥) (Qowx—1) - (x—2)>0, O0<x<2m.
- N& Emiuber 4 &viocwon

log s(nux)> log,,5(3nux—2)

183
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MNAPAPTHMA

‘YrodeiEerg yid tf Adon tdV doxfoewv-"Amavtioelg
KE®AAAIO |

(Ym.="Ymobaln At =AmédvTnon)

1.8. 1. Y. 1°=1, it=i, ?=—1 kTA. 2. Y. 'Apkei 30| 14p=T kal 2a—p=—1. "Am. -

8. 4213 2187V3+70V2
5 Y5103 5103

9
=Sakal (B—o)y=1. 5.'Aw. )-2i,P) 5 F
586 252 ( v’i)" 81
LA L 372) ==
8 1390 1300 & "\ 2
N& méoete 2,=0;+ By, Z,=c+ P xal z5=a -+ Pyl

1.7. 1. Y. Tpémer 2,=7%,. 'Am. x=2, y=1. 2. 'Am. o) z=0+yi, yER, B) z=0xai ¥)

M3 1

IE{O. ~1, —;— + —5 i, — #iz—’; i}. 3. Y. "Av z,=xX;+ Yl kad 2,=X,H Y.l TO-

2

z
e Beifre & x,=y,=0 V X,=y,=0. 4. Y. OfoTe ;’ — 2,6C, BnA. 2, =172 KTA.
2

1
5. Y. "Av z=x + yi, TéTe #) Bodefoa Blvar xy=0. 6.7Am x = 7~ kel y=-1

Vox

) — s
‘A x=—5-. 8. A L[V VZr1 +V V21l 9. *Am x=1, y=2. 10.°Ym °H
Sofeioa yivetan: [2+4-+6+ ... +2(v—D1+[143+5+. .. +@v=D))i. 11.°AT 2, =2—1

xad z,=1+42i.

1.9. 1. “Yr. XpnowormorfjoTe fver dmd ToUs Gmrobayivres TpdTrous fi T padnuaiky dTaywyn.

a_ 3Iv3

2. Y. N& 8toeTe oty Bi1dTnTa () 8mov 2, 76 —ip. 3. AT a) ¥ 5 B) —4 Y)

34,210

3 3
95 - 4. ’Aw. 1. 5. AT 2="5" %Ti. 6. ‘Am. 4x+2y+3=0. 7. *Ym. N& T&PETE

31
17
p=+37: 3. Y. Tlpémet o+ P=5y kal —y=a—p. 4. “Yr. 'Apkel v& Beiyfel T 2(a+B)=

kad

5 vl (1H)8 = (14D i=...=—4. 7. °Ym

T =

2=x-+yi kai vé ixtehtoete mpdEeis. A, z,=040i, zz:d+i. 7;=0—i. 8. °Ym. Né& BéoeTe
z=x-+vi, XxeR, yeR xai v& tmAloere oUoTnua s Tpds X kal y. CATT. Zyg=0+ (=l x

+ VI Dw)i wé O<a<—14+VZ. 9. *Ym. N& A&Pere Umoyn 3T |2+ 2,12 < (171 +

Ta
+ |2 kel |22<1—(2a* .72 10 Y. ‘H |2+ =12=12] yivﬂm\lﬁ*il:l
1

Zy
31

Zy b " i
Otote 2 —x{yi kol UmohoyloTe TG X.¥.
1

2.3. 1. Y. ’AmeovioTe & Levyn (2,3), 2 -3) kT 2 “Y1r. BpsiTe Tis elkdves TSV (2 + %)+

4ug kod (2,4 29)—2a. 3. Y. "EpycoTeite Smress oTAY tgapuoyt TS Tapaypdgoyv 2.2,

3.3. 1. Ym. |z—2.|*=a? <> (z—2,). (2—2,)=0" ©T.A, 2. "Am. Eivor T& onpeia ToU kUxkAou kév-
Tpou (2,-3) kad ductivas 5. 3. “Yrr. *EpyaoTeite 8Tws TNV tpapuoyt 3. 4. Y. Bpeite
7, TéTO1X o TE| 2-2| = 2| kal ETEITA TG Z ué|z—2| < |z|.6."Ym.Bpeite &z pé| z—1| =2+ 1| kai
fraTaTé z pé |2—1] <[z 1].6. Y. |2—8|2=4|2—2|*<>(2—8) (z—8)=4(z—2) . (2—2) ®.T.A.
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7. “Ym. Tlapatnpfiote 871 ol SiavuonaTikés dxtives TéV 2, yi& T& dmoia |2] =3, woAha-
TAagi&GovTar émi —2 x.T.A. 8. Y. Bpeite & z: |z-+il=3 xai |z4i] =4 x.T.A. 9. Y.
‘Epycoreite s oTiv dpoppoyn 4. 10. ‘Y. 'EmiAloTe T6 olotnua 9-]z—-12|2=
=25. |2-8il%, [2-4]2=|2—8? kT AT, 2, =6+ 17i, 7,—6+8i.

43.1. a0, (3vz, ). (35) . (3 ) am. (3” 5 ).
3IV3

- o 3
Av z,=a+Bi, TéTe a=p ouvb kai P=pnud, dmwéTe z,= 2+ 3 i. "Opoix  Ppi-

z
o i 1 - " g o
oxovpe Z,=1+4 V3i. "YrohoyloTe T& Ty ty - kal Emerta Ppeite T& péTpa kad T& -
2

, ; 2m 3
piouaté Tous. AT (6, =) (T‘ 0).

5
5.3. 1. 'Am. aw%-{—mu . 4(crw l—mu = ) 2(cuvr—-—+mu = )

6.3.

1
(ouvB+ inue)™

2. ‘Yw. Tlapatnpfiore 8Tt (ouvB+inud) ™~ = (oul—inud)* =

ouv(—«8) + inu(—«8). 3. ‘Y. \/’j—-&-i:Z(aw% +inp %). I+i=
& ™
\/':-?_[cuu—T;— .an—g- ]. I—i= \fi{cuq(u.%) -,-im.l(— T)]KT?M

4. Y1, Xprnowomoifiote 16 ©. De Moivre ouv(v8) +inu(vl)=(ouvl -inud)* y1& v=>5.

1 ) 1 1
5. “Ym. Zxnuatiote 16 - - xai fraTa T& 24 -, 2 — .

3
1. (0)#*=8 <> 2?=8 (owD+inu0) = 2, = \/‘2'( S + muz-‘%f ) k=0,1,2.

3
. 14z 1+
Mopdpoia Emibovtan kol of Uméhoimes. 2. Ym. { ;== =—1; 8nk 1=
2k T 3 2k T . WY, N ( 5w
s it i L . 1SV —9
auv—y +ine ———, x=0,12,...,2v 1.3, Y. z 3 +i ouv g+

b 3 “ "
+ Imp %) kT 4. (B) Mapornpiiore ém z%—1=0e(z,—1) @4+ 2, +1)=0xTA,
& 6 ™ m y
(8) 28 +12,4+1=0<142,=—2% kTA 5 "YW x=eo—5, *2—e(+-— - ). 8. Y.
(a) *Exteréore mpders kol AdPete Umdyn oos T Wit w+1=0, wi=l K-ri\ (B) "Ep-
yooTeiTe Tapéuoia. (y) Xpnowomorfiote T (B). 7. ‘Y. 'ExTedéoTe wpddes kai AaPete
Uméyn oos 6Tt 1+w+w?=0. 8. 'Ym. Taz elvan ol myq&mé\; kuPikés pies Tfis povadas,
&nA. 23=1, 14-z+22=0 x.7.A. 9. Y. "Av k=2v, veN, T6é1e Beite 61 2*¥=moA. 341,
veN, &1 1-82""% 4 822" — 28 woi 1-62""7" 462" '=—202 .7 A. 10, ‘Y. T&z elven
of wiyadikés kuPixés piles Tiis novadas kai v=3A+v, v=0,1,2.

=1 - S :
. 1. Y. N& Béoete z=x+yi Kai v& pépete rév — oTh wopen a+Pi. 2. *Yw. Na& 6¢-

z+41
oeTe, =X+ i kai v& EmAUoeTe oUoTNUa g Tpds X xai y. "Am. MN& a=1 elva z=—1—i.
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1.8.

24,

186

—od—a V 2—a?

Mé a=v72 dvar z2=—2—i. M& 1 <a < V2 e I=—@gm7 —ivVz=
—a?+aV2—o?

—i. Né& a> V2 Bév Eye Aboes. 3. Y. Epyaocfeite e oTnv mpon-
1

5. Malpvoupe w!®. 2=1, &mwd Smov

af—1

yoUpevn &okmon. 4. Ym. zl=—cw® kal 2?= =
|w|=1 kai »2=1 k.T.A. B. “Ym. XpnopoTofjoTe Tis 516N TES TOU HETPOU. 6. Y. Xpn-
cwpotroifioTe Tis 1816TnTes ToU wéTpou. 7. Y. Elvan |22, 2= 2—1,| % <> (2—12,) (z—2,)=

=A2(z—12y) . (2—25). ZT) ouvéxeia oupPovdeudeite T& TapadeypaTa kal TV &oxknaon 1

| [ |
Tfis 3.3. 8. ‘Y. *Epyacfeite dmews oty &oknon 6 Tis 3.3. 9. "Am. (0,0), (T’ 74-)

1 1
( - T) 10. ‘Y. ©tote z=x+Yi kal txTehéoTe Tpdels. 1.°Ym. "Av 22424 1=0,

84 6
Téme (02 +a—Pt+1) + B(l+200i=0 k.TA. 12. Ym. Elvan 'z=2 0w — u[UW—Q—GJrinu

f—a 64+ o " ' )
—— kel | 2| =[20uv . 13, Y. "Epyaodeite 8mws oty &oknon 6 Tis 3.3. 14. "Am.
2 2 PY!

| ou CPEPUTRELGE) L @R . BGEPMEYS
x4 yi= W y (Xx—e)*+y = IETB+yY)R ' Rez= AT By 15.

Y. ZyxnuatioTe 7)2—1=C7—1 wai AdPete Umdyn 6T |al <1 kT.A 16 Y. LP=1+

1
+ 122, Téte [2—2=1, BnA. (E—z).(C+2)=1, fron C—z:m KTA 17, Y, |2,—2,|% =

Yi—Y¥a _ Ya—¥2 .
X=X, = ﬁ, émou 2,=X,+1y,, K.T.A.

19, Y1 |29ty 2= (2—2a) . (2—2a) ¥et | 1=2,25 2=(1=2,25) . (1—2, . Z) K.T.A. 20.°Y™. ©6
OTE By=Xy+Vii, Ty =X, -y,  kai ExrehéoTe mpdbes. 21. Yw. "Avz,=X,+y., TéTe

=(2,—25) (2;—2y) K.T.A. 18, “Ym. Aeifre 8Tt

z,—i

<l = VX2 +(y,~1)? < Vx 2 (y++ 1) xT.A 22, ‘Y. Ofote z=ouvB-+inud,

%y
oynuaTioTe T6 wyadiké I+iZ kTA. 23. Yw Ixnuariote 16 wysbwo IHiZ. 24

“Yrr. Elven |A2] A2t ... 4 |Avy|2=AR +AA+...+A A, 26 ‘Yr. Ofore

8 221\ 4
A= 5 M 0=Argz. 26. ‘Y. ‘H Bofeloa ypageta (’_2?) =guva-t+inua K.T.A.

KE®AAAIO Il

1. ‘Y. Xpnowomorfiote Tév dpiopd 2 Tis 1.1. 2. “AmAq. "Am. "Ox1. 3. *Ym. Xpnoipo-

TrorfioTe Té fedpnua s 1.2. 4. ‘Y. XpnowomoifjaTe Tév Spioud: as [?: c;:B. 5. "Am.
(0,0), (0,1), (1,0), (1,1). 6. ‘Y. XpnowomoifoTe Thv el &romo amaywyn. 7. Y.
*EqapudaTe ToUs dvtioToryous dpiouols. 8.°Yr. OewpfioTe Thv éficwon x*x 2 +x'+ x=0.
9. ‘Y. XpnootorfjoTe Tous dvtigToixous piopols *Amr. (i) Nai 76 0 (iii) Kdbe z+#
# 1 £xe1 ouppeTpIKS oToryeio. 10. Y. ZTr SoBeiox oxéon vé& SuTiKaTAOTHOETE HEPIKG
&md T& a,B,y,8 ué xaTdAAnAa oTorKElC

I. “Ym. "EgapuéoTe of ke mepimTwon Tév durioToixe dpious. 2. ‘ATTAR. 3. "ATAT.
‘AT, x=4. 4. Y. (i) Gewpfiote T iodTnTa al. (a~)~'=e kal tpappdaTe Thv iG16Tn-
Ta 2 Tis 2.3. (i) 'E@apudore Tév dpioné Ths 1.5. (iii) kai (iv) AdBere Uméyn & A
Tp&En elvan TpooeTanpioTikf. 5. ‘Y. *E@opudoTe Tov dpropd Tiis 2.2. 6. ‘ATA. 7.
Y. 'E@upudaTe Tov Spiopd Tiis 2.2. 8. "Am. x = o'«p'sp’, y=p".
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4.3.

5.6.

I "Ym. "EqappdoTte Tév dpropd Tiis 3.1, Am, "Exer povadiaio oroiyeio. 2. 'Am (i)
Elvon &vripetafeTikds Saktuhios. (i) kal (iv) Aév elvan SaxtiAior  (iii) Elvar &v-
TipeTabeTikol BakTUAlol. 3. Y. 'EgoppdoTe TéV OSpropé Tis 3.1. 'Am. “Exe
povadiaio oTorxeio. 4, ‘Y. TMaparnpfiote éni y p = (B4 8)-P xt.A 5. ‘Ym. AdPete
v mapboTtaon (—a) [B+ (—P)]. 6. Y. 'E@apudoTe of kdfe mepimTwon Tév Spropd
G iy

1. PAT. (i) "Oy, (ii) Naf, (iii) Nai, (iv) Nal. 2. *Y1r. *EgappdoTe Tév dproud s 4.1. 3.

‘AmAd. 8. 'Aw. x=2, y=1.

1. “Ym. 'E@opudoTe TV dpiopd Tiis 5.1. 2. Y. M&pte Thv Tapdotaon a-[x+(—x)].
3. 'Ymr. ’E@appdoTe Tév dproud Tis 5.3. "Aw."Exel Sidoraon 1. 4. ‘Y. 'Egopudare TéHV
Spiopd Tiis 5.3. Aw."Exe SidoTaon 1. 5. "Amw. Elvan ypaupikéds dveEdprnTa. 6. "Am. Nal.
7. 'Am. "Exer BidoTaon 2. 8. ‘Yw. TTépte x,yeANn B kai Beifte 11 a-x+p-ye AnB.

1. “Yrr. ’EpapudoTe Tols &vrioToiyous dpiapols “Am. (ii) "Exouv dvtioTtoiya ocupue-
1
Tpikd oToryela Ta (1, —a') xkal (-1, —a’). (iii) Té ouppeTpikd gToiyeio s[vm(fd.?).

2. Ymr. N&Pete Umoyn kai T lodtnTa o '=a"se. 3. 'Yw. a) ‘H lodtnra (o-p)? =
ot p? ypagetan (a:P) (a-P)=(x-a)-(B:B). P) Xpnowomwoifjore T péBodo Ths pa-
OnuaTikiis tmaywyfis. 4. Yw. 'E@apudoTe Tév Spiopd Tis 4.1. 5. 'Am. a=p=l,
y=—e¢. 6. 'Am. "Av x,yeA,, Tote x'=1, y'=l, omére (xy)'=I1 kol y~'=1 xTA
7. Y. Aci€Te dpyixd 8T aoa’ = e kai Emwerta 811 T e eivan 16 oUbiTepo oToryElo
s wpds TV Tp&En o. 8. ‘Y. 'EgapudoTe TéV Spropd Tiis 2.2. 9. “Yw. i) ‘YmwobioTe
811 x-a, = X-o, BEX # pkal xaTaAfj§Te of &ToTo. i) OewpfioTe TV Xo). XA, . . X0, =

1 1
&0 &y 100 AT x=7= (18, =3, 2), y=73 (42, -7, 19).
11, 'Am. ad—Py #0. 12, 'Ym. ’EgappdoTe Tév Spropd Tiis 5.4.

13.‘ l’ATI'. y(LLD 4+ (B—-y)(1,1,0)+ («—P)(1,0,0). 14. “Ym. Bpeite Tis AVoeis ToU (2
kai EpapudaTe TOV dpioud Tiis 5.3. "Am. Mid Pdon ToU V &moreAeitan uoévo &mo fva
Bigvuoua, w.x. T (18, —1, =7). 16. ‘Y. AdPete Uméyn 8Ti T& P kal & Exouv dv-
TioTpoga oToryela. 16. ‘Y. 'EgapuéoTe Tév dpiopd Tis 3.1. *Am. ﬁ %, —B.
=Y, @) ué a®—Py 0. 17. *Yw. (i) *Epapudore Tév Spopsd Tiis 3.1. (i) 'Eqopus-
oTe TéV Opioud 2 Tfis 1.1. "Aw. Kai ol SUo Boués elvan dxépaes epioxés. 18, Y.
MapaTnpfioTe 671 x—x € A kai ipappdoTe TéV dpigud Ths 2.2.

187
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1.4

1.9,

188

KE®AAAIO HI

1. Y. Z1é &bporgpa a-f B mpoobéoTe kaf &ooupéoTe TO P

2, Y. Acifte 8T 16 Vi 2v41 Exel TrapdyovTa TS 4.

3. Yw. Acifte &1 of Sragopés (o +Py) — (op+Bs) kal ;B — auP, elvon morlamAdaix
TOU V.

4. Y. o) NéPete Umdyn oas 611 Evas dképoios elvon &pTios fi TepiTTSs LB) CAvarrTUETe
16 TeTp&ywvo tvds mepitToU 2A+1 kal ypnowlomoifioTe Té a).

5. ‘Yw. Xpnowomoifjore Tis TautdrnTes woU Bivouv T& &uamTiyuata Tdv (a+-P)?
kol (a—P)? kal A&Pete Uméyn oas 611 ol a+P kal a—P elven &91101.

6. ‘Y. No& Bwoxplvete Tis mepimraoes A=3k, A=3xk+1, A=3k+}2.

7. *Yw. N& ouvbudoete Tis epirTodoers x=3k+ 1, x=3k+2 pé Tls y=3A+1, y=3A+2
kal vé &mrodeifete 16 {nToUuevo.

8. ‘Y. N& Siaxpivete Tis mepimrrcdboes x=3k+1, x=3k+2.

9. Y. N& Siaxpivete Tis mepimrdoeis k=67, k=6A+1,..., k=6A+5.

10. Y. ) N& Siakpivete Tis mepimrrdoss a=5«+1,..., a=5k+4. B) N& mapayov-
TOTOIOETE KATEAANAX T6 X—y* kol v& xpnoiuoToricete T6 o).

11 ‘Y. Bpeite Tis SuvaTtés Tiués ToU Umohoftrou A3 kad TrpocBiopioTe T A, 'Am. a =0
il a =138 f| =324,

12, *Yw. Taparnpfiore 811 24v+1-22v_] = 24v_22vL 24v_] al EmeaTa TapayovTo-
ToifioTe TO BeUTepo pfhos. To InToluevo B& mpokUyer &v BuunBeite wds mapayovTo-
ToloUvtal T& ax—1 kad a?k+14-1 (x & N).

13. “Ym. Xpnowormotfiore T pédobo Tiis pabnuaTikis Emaywyfs.

14. Y. XpnowomoifioTte Tiv mwpdTaon 2 Tiis 1.3.

15. ‘Y. Aei§te ém1 9% =1 (mod 8) xal 17! =1 (mod 8) kxi YpnoipomoifioTe THY
&oxnon 3. "Am. 2.

3 1
16. Y. Teparnpiiote é11 16—4—7\—-‘{ Tpémer v& elven duépanos. A p = 3k-+2,

KeZ.

1. Y. XpnowwomorfioTte Tév &Aydpibuo-Tol EUkAeidn. *Am. (27,20) =1, 1=27.3 4
+ 20.(—4).

2, “Ym. N& ypdyete Tis 8Uo lodrnTes Ths Sronpéoecos kal vé oupmepdvete 811 af (238,510)
kal a>15. AT. a =17 | o = 34,

3. Y. ’EpyaocTeite émws orhv &oxnon 2. 'Amw, 21, 35, 105.

4. Y. payte Tis iodTnTes T@v Siaboyikdy Sicupéoecov. *Am. a=1344, p=1004.

5. 'Ym. "Av o,p elvon ol {nTolpevor dxéponol, TéTe a=24a’, P=24p°, («',p)=1 xai
o'+ p' = 12. *Am. 24,264 f 120,168.

6. ’Am. 2, 10080.

7. *Ym. Xpnowomoifjore T oxéon (2) xal Thv wpdTaon 3 Tfis 1.5. Mmopeite v&k TpocSio-
ploeTe m& TP1&Ba (X,y,2), &v ypawete (32,48,72)=(32, (48,72)) xaf ypnowomorfioeTe
Tov &Aydpibpo ToU ElkAeibn. *Am. (32,48,72) =8 =32.1448.1472.(—1).
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2.4.

4.

8, Y. *AvadiaTe Té 120 ot ywdpevo (BeTiddv) TpdTwy Tapaydvtwy. ‘A, 1, 2, 2.3,

2.5,2.3.5,2%, 283, 205,28 35,23, 2¢ .3, 20.5,/2%.5,22..3.5; 3,5; 3.5 (16 Bienpéres).

9. *Yr. TlapayovTtomroifjoTte T6 TpiyTo péAos Tiis E§iocoews, Ppeite 16 A (36) xal TapaTn-

piiote 671 x+y = x—y (mod 2). 'Am. x = 10, y=8.

10. Y. (i) N& 0fgete (o,p) = & kai (5a4-4p, a+P)=>8" xal va Beifete pé T Ponbear

Tfis wpoTdoews 4 Tiis 1.5 &1 8|8’ xad 8'|8. Trig (ii) (iii) kaf (iv) vé tpycoTiiTe pué Spoto

TpOTO.

11. Y. TépTe Eva kowd Biroupérn A TéV X kal y kol Beite é1t A = 4 1.

12. Y. (i) N& 8toete (o, B)=8, (ka,kP)=8" ki v& Bei€ete 811 8’| kB kol k8| 8. (ii) Xpnoi-

potroifioTe THv TpdTaon 2 Tiis 1.7 kai v (i).

13. “Ym. ToAhamhaoibate kal T& 8Uo péAn THs aa’+Pp’'=1 pé y xal Beifte é11 T6
Tp&dTO MEAOS Trs SroupeiTan pé Té o P.

14, “Yw, N& 0tote (x,p)=5, [a,p]l=n, dwdte a=a;8, P=P,;5, (a;,B;)=I1 kai aP=u.8.

Am. (i) a=10, B=240 f «=30, P=80 | a=80, P=30 fi «=240, p=10. (i) a=154,

p=350 4 «=350, p=154 4 a=110, P=3850 f{ «=3850, p = 110. (iii) =208, p=598

fi =598, p=208 fi a=26, P=4784 fj a=4784, p=26.

15. ‘Y. @) 'AmoBeifte T6 {nTolpevo pé Thv els &romo dmaywyn.p) N& Béoete (o,p)=58

kal (o, kP)=38" kal v& Belete 8T1 B|8" kai §'|8 ypnopoTolVTAs TO TP@TO WéPOS TiiS

dokfjoews xal THv TpdTaon 2 Tiis 1-6.

16. “Ym. A&Pete Umdyn oas 81 k&Be TapdyovTas Evéds youévou drepaicv elvan Bicnpé-

Tns ToU ywoduevou kal ¥pnowomoifioTe T6 wpdTo Wwépos Tiis doknosws 15. "AmodeifTe

T6 dvTioTpogo ¥proipoToldvTas TH cuveraywyr Tis &okfoews 15. “H dpapuoyh (i)

elven &peon ouvémeia ToU TpwTou pépous THs dokroews, Evd f (ii) &moBewvieTar pé

T Poribeix THs (i).

17. Y. Nié& tis (i) xal (ii) 8et€re 811 (et p,o) = («,B), (x1P,B)=(a,pB). M& THv &mwd-

8eifn Tiis (ili) xpnowemorfioTe Tis (i) ol (ii) kel Tiv &oxnon 16.

18. “Ym. N& 6toete (aP,y) = B, (# . %’ . g—?’):a' xad v& Bel€ers &1 5|5’
xai &'|8.

1. 'Am x=4-5x, y=1-2k, xeZ.

2. VY, *EpyaoTeite dmws oTé mapdSaypa 2 Tis 2.3 "Aw. Ol (i) kel (ii) &xouv wévo
dpvnTikés drépanes AUaoels.

3. “Yw. Bpeite Tis uf dpvnmikés &xépanes Aoeis Tiis 2x 4+ 5y=100. *Am. Mé 11 Tpémous.
4. ’Am. (i) (10,1), (6,4), (2,7), (ii) (5,11), (10,2). (iii) (6,8) (iv) (3.6).

5. 'Am. 4 poh. kol 8 Tetp. fj 13 poA. kai 1 Terp.

6. 'Am. o) (6,13), (14,8), (22,3) B) MéyioTo xépbos B& Exer, &v kaTaokeudoe 22 koopt-
para o eibous kal 3 xooufuare P’ elbous (uéyioTo képbos =15.450 Spy.).

7. Ym. *Amé Tis x+y=37, x=57+2, y=Tn'+4, wpox¥mra Sw4 7mw'=31. *Amr. x=12,
y=25.

1. Y. Gewpfiore Ty lodtnTa (v4+7) (v—4) +33=v243v+ 5 kaf Beifre 11 v+7 = v—4
(mod 11).

2. "AmAf.

3. Y. 'Ovopdore v—2, v—1, v, v+ 1, v42 Tols Biaboyikols drepadous xal Beifte &t1 &
vi4-2 B¢ SicpeiTan pé TS 5.

. Y. N& Sokplvete Tis mepimrddoes p=6k+1,..., p=6k+5.

‘Y. Aeifre 61 p==3 xai guveyioTe xaTdAAnAaL

“Yrr. Aeifte 6T whvta & dvas &wéd alToUs Sicpeiton pé Td 3.

‘Y. Tlapayovrtomoirfiote Thv map&otaon.

Y. Tlpooféote xai dpoipéoTe 16 45856 42092

eNoos

189
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9. Y. Aet€re 811 P—4ay = Bk+5, keZ, xal o1 cuvkyeia 8Tt 16 8x -5 Sév elvar TéAeio
TETpAY WVO.
10. "Am. x=3, y=4 kal z=2.
11. Y. XpnowpomoifioTe 16 febpnue THs 1.3.
12. ‘Y. GewpfioTe T Siagopd (a+P) (v+ p)—Ava+pB).
13. Y. Iphyre 76 xAdoua oTh) Hoper
Gv+1) Gv+1)+5
2(15v* 4+ 8v+6)+5v4-1

2 8
14. Y. MaparnpfioTe 611 A = j(IO"—l) kad E:rg(lo*‘—l).

15. ‘Y. Aei§te 1 évas TovAdyioTov elvon pikpdTepos &mrd 4. "AT. 2,4,4 ) 2,3,6 § 3,3,3.
16. Y. o) Aci§te 611 Evas ypauuikds ouvBuaouds Tdv k41 xal 14k+4-5 elver Toos pé
povéda. ) AdBete Urdyn Tis lodTnTes 14x+5 = 5 (3k—1) —(x—10) kai 3k—1=3 (x—10)
+ 29.

17. Y. N& Biakpivete Tis meprmrcdoers v=4k, v=4k+ 1, v=4x+2, v=4x+3* «xal wa-
parnpiiore 611 5% =(26—1)*=(24+ 1)**. *Am. v=4«.

18. Y. Né& btoete (20—1, P)=5 xai vé& Beifete T 5|1,

19. *Ym. Elven (aA, aB, BA, PB) = ((«A, aB), (PA.BB)) xai [aA, aB, PA, PBl=[[aA,
«B], [BA, PBI].

KE®AAAIO IV

1. *Ym. ‘Ymobéore 61 f(X)=a,x"+ ...+ x+a, kal g(xX)=Bx* +...+pB, elvan 1&
0o ToAudvupa kal oxnuartioTe TH Siapopk Tous.

2. Y. N& Sraxpivete Tis mepimrddsas v p kol v=u.

3. 'Aw. a=1, p=1.

4. "Am. i) ag#3, i) ayg=3, iii) x,=3, 0,=—2 kaf o, #7, iv) a;=3, a,=-2, o, =7 kal
oy #—6 xad v) a;=3, ay=-2, a,=7 kai o;=—6.

B. 'Aw. a=2, p=7, y=6, =3 f§ a=2, B=-5, y=—=6, 5=-3.

6. Y. Tég(x)8&elvat: g(x)=x24ux+v,u,veR, dmdte &wd thv lodtnta I(X)=(g(x))?
&mrodeikvioupe TS {nToUpevo.

7. *Ymw. N& mwdpere g(x)=ax®+Px+y, a#0 kal w(x)=8x+e ué 5++0. Am g(x)=
=3x?-5x42 xal w(x)=6x—5 A g(X)=-3x2}5x-2 kal w(x)=6x-5.

8. ‘Ymw. Té g(x) 0& elven 16 oAl 2o0u PaBuol, SnA. g(x)=kx?+Ax+u. ZynuatioTe 16
wodvwvupo  f(x)—(2(x))% "Am. g(x)=2x2-2x—1 f g(x)=—2x2+2x+41.

9. Y. N& AdPere Umdyn cas THY TautéTnTa o8- PP yI-3afy= -é—(u+[3+y)
[(&—PR)*+ (B—y)*+ (y—=)®]). |

0. ’Ar, f(x) =ax®—ax+y,  « yeC.

1. Y, Elven £,(x)=g,(x)m(x) xaf f(xX)=g,(x)m,(x)

2. Y. *Yrmoféore &1t g(x) | fk(x), SnA. fu(x)=g(x) * w(x).

3. Y. ’Epyocofeite 6mrows oTfiv TponyoUuevn &oknon.

4. “Yw. “Ymobéote dm g(x) | f,(x), émdte f(x)+f(x)=g(x)m(x) xkai f,(x)=g(x)m,(x).
5. 'Amw. x—1.

6. 'Am. k=12 kol A=30.
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29. 1

3.4.

4.3.

11.

AT, k= g kol A=——.

. AT k=l

1 1
AT, 7\=T ﬁ l——é—-

. Y. ExnuatioTe Th Biagopd I(x)—p(x) kol BeifTe &1 o(x) | f(x)—p(x).
10.

“Yr. 276 (x) v& mpoodiceTe kal v& dponpéoeTe Tév dpo aPx(F+!)Y, doTe v& umopé-
oete v& TS KbpeTe ywopevo Tapaydvtwv Tou g(x) éml k&molo mwoAudvupo T(x).

- Yt Apkel g(x) | [11(X) ()~ (v ()]
LY. Elven (x—a) | [f(x)—v] kel (x—B) | [f(x)—v].

AT o) [(=2)=-23, 1(5)=—1164, B) ¢(—V2)=—1—4VZ, ¥) g(l-)=-3-2i.
. AT A=4.

13 83
2

2 k 5 I A 4
Y. wptwer f(—=2)=6 xai f(1)=2."Am. a = g p= T

. AT @) w(x) = 5x?414x4-44 xal u=132

B) m(x) = x*—2x*44x?—8x+4 16 xkal u=0

y) w(x) = x*—(2+31)x+8+6i ki v=—15-14

8) mw(x)=x2+43x2+(6-2i)x+1-3i kal y=—2—4i
45 275

3
g) w(x)=4x*+3x?— T kal v=— T

. Y. “Exoupe {(X)=(x—0) - m,(x)+ (), 1 émola yi& x=P &ivar {(B)=(P—c)m,(B)+

+ f(a) x.T.A

. Y. Té dmdhoimo elvan 16 oAl 2o0u Pafuol, SnA. Tiis popefis v(x)=xx®+Ax+u.

“Evor #yowvpe f(x)=[(x+1) (x—2) (x+3)]w(x) +rx24+Ax+u, &AA& [(=1)=2 x.T.A,
AT, u(x)=x®+2x+3.

LY. 1) "Exoune f(x) = (x—a) (x—P) m(x)+xx+A, dwoTe [(a)=ka+A k.T.A

ii) “Exovpe f(x) = (x—a) w(x)+f(a) kai w(x)=(x—0) ™,(X)+ 7(cx).

. Y. Aei§Te T6 gnToupevo pé T péBodo Tiis pabnuatikiis Emaywyfis.
10.

Y. N& wépete 76 mohumwupo f(x)=xx?+Ax*4ux+v xkal vk Umohoyloere T&

1 1 1
KA W,v, Gote v& loxlouv ol Umobéoeis. AT, k = 37 A= 0 H= "
‘Y. ’Apkel v& Belete 11 P(1)=0. N& oxnporioere 16 P(1) kal v& wépere 16 S,=
1 1 1 , .
= & + &5, +...t T Ixnuotiore T6 ywdpevo S (w Sixpopd Tis
v—1

oo,

&p19u. wpobddov) kal Geifte 1 S, =

. Y. Aette 811 T mwohudwvupo F(x)=I(x)—A elvan 16 unbevikd TwoAuwvupo.

2. Y. N& AdPete Umdyn 6 x2—2px +p?=(x—p)>.
3. ‘Y. N& AdBete Umdyn oas &1t f(x)=(x—p) " “m,(x), vé m,(p) 0, g(x):(xAp)"m,(x),

ué y(p) #0 kabods kai Tév Spioud Tou M.K.A.

. Y. ZxnuarioTe 16 woAudvupo F(X)=f(x)—1 kai Seifte &1 elvon 16 unBevikéd To-

Audvupo.

. Y. XpnowomoiwvTas Siadoxik& T6 oxfjua Horner deifrte 811 & &p1Buds 2 elvan plia

ué Pabud morhamAdTnTas 2.

. Y. Xpnoworotfjore SiaBoyik& 16 oxijua Horner.

191
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10.

1

12.

13.

4.6. 1

o bW N

~

1.
12.

13.
14,

15.
16.

17.
18.

192

. AT 140, 14,

- Ym 'H Hlowon ypdgeran: (A1) (x3—1)—(A2+5A—5)x(x—~1)=0. "ETo1 PAtmoupe

1 pla plfa Tns elven 16 1.

. AT x3-2x2-5x+6=0.
YT YAV X,%,,X 4 elvon of piges Tiis EnToUpevns E§1odaoews kal py,p,.p, of piles THs So-

Geloas ToTE X =p,% X,=pp?, Xy=p,% OWOTE X; X3+ Xy=p 2+ 02+ s KTA
AT X302 —20,) X% 4 (o2 —2a o) x—a,2=0.

Y. i) Xpnowomorfiote Tols TUmous Vieta. ii) *Agol p, 2+ pyt+ p,2=—2a <0, Exoupe
&1 ol py,pap, BEv elvan Shes Tpayuamikés, SéTe, &v p, elvan | Kowd TpaypaTKA
plba, TETe pypg € C e [py|=[py.

- Y. "Av P(x) elvon 76 o' uéhos s tfiodioews TéTe P(ay) =0y, P(oy)=a,,. . < Pla)=a,

ZynuatioTe 76 ToAudwupo F(x)=P(x)—x. *Am. x=p.
“Yr. Aeifve mpdTa 8T of piles Tou Q(x) elvan kal piles Tol P(x). “YrrohoyioTe Emerta
kal v TplTn plfar ToU P(x) xkai ypdyte 16 P(x) pé popet) ywopévou.

Y. Iynuariote 6 mwoAvawupo F(x)=f(x)—1(0) kai Seifte &1 elvar T4 undevikd
TOAVVUPO.

Ay -ms A gifgi/i ¥) —1,2,3

' 2"

5) 23~ % 0 -2 S_ifsﬂ, o) 3(BImAR), _Lz, i i

. Y. MhBavés prités plles elvon ol Sipétes Tod 4. A, x=2,—4,—13,—19.

. Y. Mibavés pntés pides elvan of &piBuof +1 et —1.

- Y "Av p elvan dibpaiar plfa, TéTE pPk,p? 4 kyp+k,=0 § kip?+kyp+k ;=—p2.
. AT =3, pp=3+i, py=2, k=22 kafl A=—-20.

1+v5 1-v5
T 2-

. AT o) f(X)=x3—x?44x—4, B) f(x)=x4—2x3+3x2-2x 2
L AT @) Hx)=(x—i) (x+i)(x —#)(x_%i)

B) 1()=(x+2-V31) (x+2+ V3D x+iV3) (x—iVT)

. AT f(X)=(x—2) (x~3) (2x+1).
10.

Y. N& AdBere Gmdyn &t p2vbavp,Y4BY=0, p,2V+a'p, "+ P =0, Py pr=—0
kol p,py=P.

Y. Té f(x)=(1,(x) +ify(x)) - (F(x)—if,(x)) xT.A.

Y. Aeifre 871 ol plies ToU ¢(x) elven kal piles ToU f(x).

Y. 'Améd & 1(p)=0, f(ay)=0 xkai 1(0)=a,, UrodoyioTe 16 g(p).

Y. Exnuariore t& g(x), f(x)—x xaf g(x)—x xkoi SeifTe 81 g(p)—p1=0 k.T.A.
Y. Aci€re 811 Bév Umdpyel p, pé peQ+ ked VpeR—Q: f(Vp)=0.

‘Y. Xpnowwomoidvtas ToUs TUmous Vieta, Beifte 811 TS ywvdpevo

(P1—P2)? * (Pa—p3)? " (Py—py)t <0, dmére T& PuPups BEv uTropel vdvan mpaypaTixol
&p1Buot. ETH ouvéxeix Beifte 11 16 1—p, <0 kad V2—p,> 0.

Y. Aeifre &Ti 16 f(x) Bév Exer piles Tis mOavés pnrés piles +1,42, & Ael.

Y. Zxnuariote Té woAudvupo Q(X)=P(x)~7 xal 8eifte &1 undevileton y1& Téo-
gepis BropopeTikols peTafl Tous &répatous &pifpols. *Av yik x=T foyxler P(1)=14,
eifte 8m1 Bév loyxven | oxéon P(T)—T=T.
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5.4. 1.

6.4. 1.

«) X =5 X =2, X,=2
LB ST —SHTVE
B) x,=2, Xe= _5_3 7 Xaﬂ-—j—z—

VD x=1, x=20-iV3), x,=20+V3)
3

33 /3 3 _ 6 — -
8) =3 (VI+1) = [(-1-VI(VF-VI)il x:=%

. ) x._=1—‘\/2_, x,=1—{--‘\/£ x‘;‘—i\/s_, x‘zi.\/?)_

B) x;=—1—-V7, x=—14+VT, x,=1-3i, x,=1+3i

1 L

! ;
ST B) A=—13: Y) &BUvato, 8) A<—j7

AT @) A>— T
& |12A+1]| < 4(A-2)?

. “Ym. Né& tetdoere Tis meprmrdoes XER kal xeC-R. 3th Bedrepn meplmTwon vk

Btoete x=a-+Pi

. Y. N& kaloploee & Tpbonua Tdv A,P,S yi& Tis Sidpopes TpaypaTikés Tipés ToU A

kol v& kévete Tivaka.

4. Y, Tptrrer ) EmAvouoa Tiis Bobeloas va Exer BUo piles BeTiés. 'AT. A>2.
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11.
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1
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. Y. Aeifre dm g(1)=0, &gol yvepilete 81t f(1)=0 kai w(1)=0 (mwou w(x) Té

TnAlko THs Sicnpéoews ToU f(x) pé Té6 x—1).
193

WniomoBnke amoé 1o ivotirouto EknmaibeuTikrg MoAmkrg



5. ‘Ym. Né& AdPete Umdyn &mi (x—o) (x*—3x+4)+v;=(x—P) (x*—4x+2)+v,.
6. ‘Y. N& Umohoyloete T& x kal A &mwd Thv f,(x) * fy(x)=(x—a) (x—P)w(x)+ kx+A
7. Y ‘Ywobéore 611 x4 l=(x*+ux+v) (xX*+mx+v,) xai mwposbopiore T& n
CATIRUN
8. ‘Y. “Ymoftore 611 ol a,p,y elven piles Tiis tEiocdaews x*+kx+A=0, &nA.
o+ kp+A=0, P*+xp+A=0 «xai y*4xky+A=0.
9. Y. ‘H &mwodeixréa ypgerar [(p;+pat - .. +pv)*—2(p1pst+pPiPs +---+ 1Pl
V= (PPt FPIDN

10. ‘Y. Né& AdPete Umdyn Tous TUTous Vieta kad T &xéon moU Blveron kal &wd abrés
v& &mraleiyete T& py,pg,ps. TAT. 2P 427025 =9aPy.

11. "Av p; elven ) péon dvddoyos TGV p,,pg O& Exoups p,=p, - py. "Exovue drdpa ko
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14. ‘Y. Of pdves pnés pites Tis §iodboecs x2¥—1=0 elven of 41. “Ohes ol piles Tns

2k 2k
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1 2 3

ToUs TUTous Vieta.
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NUX + nuy —T u—a’uvT=—2—
Y) “Ym. Vi < vE -
R ) PR
X4y x-y
2nu——cruv7 = T
<> KA
tY_v3
2
4. *Ym. N& 6éoere - { :
. i T =— =—
=% o oey=g,
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4
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m L T T
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. "Epyaafeite drws o1d TapdBsrypa 1
Ths 2.3, )
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