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“H ovyypapn 1ol mapivros tduov Eyéveto g EEFC :
970 ©. Bafaiéroxov : Kepdiawa IV, V, VI, VII, VIII, IX, X, XI, XII, XIII, XIV, XV.
o6 I'. Mnodoyor : Kepddawa I, II, III xal XVI.
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MEPOZ MMPRTON

KEQAAAION |

ITOIXEIA MAOHMATIKHE AOTIIKHE

1. NMPOTAZIE.

‘H petaly Tév dvBpdoTreov ouvewdnols yiveton pé Tpoopikdy f ypoarrTov
Adyov. Eis Ty Fpoppamikiy kel 16 ZuvtoxTikoy «Aéyos ouvropdrTaTos pé fvre-
Adds GmAolUv TrepieySpevovy AéyeTon mpétaoig.

Eis Ty MaBnuoamikiy Aoyikiy ked Té& Madnparicd &v yéver Becopoupey Tds
Asyopévas Aoyikds TrpoTdoels, fiTol TpoTdoels Bi° éxdoTny TGV drofwv Suvdpe-
B kord Evar dpiBdds TpdTTOV Ve &rrogovBidpey &T1, Ekeivo TO dmolov altn &k-
Ppdler, elven dAnbis 7 weubts &moxAelovtes &AATY TepiTTaow. Ofre, Y, 1}
TpdTaOIS :

«& dpiBuds 4 elvar &pTios» (1)
elvar pia Aoyikn mpoTaois, 16T dkelvo TO dmotov alTn Exppdlel elvan dAndés.
‘H mrpdTacs :
« G&pifuos 5 efvan dpynTikds» @
elven pia Aoyikd) mpdTaots, 16T Ekeivo TO moiov cdtn Exppdler elvan \peubés.

Al dvwTtépw TpoTdoes (1) kol (2) Bewpolvton dos anhai mpoTdoes, Kab-
6oov Btv Slvavrtan va ywpioBolv els Blo 7 mepioooTépas &AAas TpoTdoELs.
Tolvavriov / mpdTaois :

« Oi &piBuoi 2 kai 11 elvon mpddToI», 3)
f| omoia xapaxTnpiletan dxs dAnns (efvea SnA. Aoyikd mpdTacs), xwplleTan
eis 800 &AAcs, fiTol :
«5 &p1Buds 2 elvon TpddTosy kai «& dpiBuds 11 elvan TrpéiTosy.

Av oliro 1) mpdTacis (3) Aéyetar odvletog TpdTaCIS.

Kard T& dvwtépw els Ty Madnuarikiiy Aoyikfiy Sexdpeba 61 :

1) Umdpyer &v olvodov &mAdy Aoyikév TpoTdoewy (TO olvolov TolTo
oupPoAilopev pé L).

2) eis &xdoTny TpdTaoW €k ToU L Suvdueba vd dvrioToixiowuer dvods-
Yws ToU Trepieyopévou Tns Evar kai povov fva Bk TV Xapaktnpioudv : aindig
Al wevdig.
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Tapadeiypara mwpoTdoewy Tou owwdiou L :

1. «Té &Bpoiopa TEv E0WTEPIKGY ywvidv TTauTds Tprydwvoy efvan foov
pds piav ebBeiav - yooviaws (&Anbs).

2. «4+2=T» (yeuds)

Mapabeiypara TpoTdoewy, of dmolan Btv dvfikouw eis 16 L :

1. «t& MaBnuaTixa elven mpdoway (Trapodoyiousds)

2. «bv Tplycvov &moTeheitan & TPIGY ypouudvy (doagrs)

3. «x + 10 = O» (Biv Suvdpeda vix &ropavddopey &v elvan GAnBHs 7 Weubs).

"Orov TO TrepiexOuevoy mdis TpoTéoews elven dAnbés, ToTe Aéyouev ST ul
TpéTaots Exel hoyikiv upfiv A i npiv @knbeiog A.

"Orav TO TeplexOpevoy Mids TpoTaoews efvan weubks, TéTe Abyouey STi 1)
TpéTacls Exel hoywiyy npdy ¥ A upiy dinbeiag W.

Iapedeiypara :

1. *H Tipfy &AnBeics Tfis TpoTdoews «d 5 elvan dpynTikds &piBudsy elven Y.

2. ‘H mipf) SAndelas Tiis TpoTdoews «& 3 elvan BeTids dpifudsy elvan A.

T&s TpoTdoels Tol owdhou L mopiotdvousy ouvifus pE T& ypaupoT
p, q, r kTA. [p&eopev, m.x.,

p : «b &piBuds 135 Arjyer eis S».

q:«d &piBuds 125 elvon Brouperds Bix 5.

2. LTAGEPA KAl METABAHTH.

‘H 81& Tis ypogfls ouvewdnors yiveton pé Thy Porfifeiav Siapdpwy omua-
T, TX. ypouudTwv, Aéewv, ppdoswv, TpoTdoewy, onpeiwy oTitews, Sia-
popov oupBaTikéy onudrav (T.x. IKA), ekdvev, SioypappdTwy k.ox. Td Toi-
aUTta ofjpata dvoudlopev avpfola.

“Ev ypdupa, T.X. TO X, elven oUpPolov. ZUpPoia Emions elvat, T.X., | Aé-
Eig «mévten, TO « 4+ », O &pifpds 15, TO EpTNUATIKOV K.T.A.

"Ev oUpBolov elvan Buvardv v &moTeAfiten &md TepioodTEpR OTiMATY,
xadty &mmd T& dmoia elven Errions oUpPorov. Ty X + 5, o — aP. Zuvfifws &g
Ty mepimTwow alTtiv TO oUuPolov TO dvopdlopev Exgpacty.

Méca el Tag TpoTdoels kol yevikTepov elg TAs EKQPACES, iBleos els T&
MadnuaTikd, eUpioxoper dpous | oUpPola, &mes T.X. «&lpoioua, «tplycovovy,
«8», « + 12», «0» xai &\Aa Trapduola, T& dmoia Exouwv piav kabwpropévy kai
povipov onpaciay eig 1o Oépa, w0 onofov EEeralopev. Ta ToaUTa oUpPoAa dvo-
palovral ortabepai.

"Humopel uws els piov Ekgpaow va Umdpyn oupBolov, TO omoiov Bév
Exel povipov kel kafwpioptvny onuaciav s Ty Ekppaow adTv. TLy. s Tv &-
opaotv «& X elvar wkpéTepos ToU 5»Td cuuPoloy x Biv Exel uévipov kai kadwpl-
optvnv onuaciav. Adv elvan 5nA. TO X Svopa Evds cpiopévou &pibpol. "Edv Spcs
els THy Béow ToU x TeBR) Evag dmoloobiroTe Quotkds GpiBuos | fvas TPOYHATIKOS
&p1Buds, ToTe TpokuTTEl TRoTaols (SAnBhs fi weudns). To i8iov oupPaiver el
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T &ppaow 2x=4. ‘Opoiws es Ty Ekppeow x > y. T& Toialra cUpPora
Svopdlopey petapinrés.

3. MPOTAZIAKOE TYINOZ (H ANOIKTH INPOTAZIE).

A) "Ag Etetdowpev TEAW THY Exppaow :
«6 ¥ elvar pikpdTepos TOU 5»
‘H &oppaois alm &tv elven mpédraos, 816t 5tv Suvdueda v' &mopovBidper &v
elvon fi pdvov &Anbhs fi pévov weubiis.

Mapornpoluer Suws 611 alrn ylvetan mpdTaots, &v els v Bdow Tiis
vetaPAnTiis X TomoBeriiowuey dva olovBrimoTe TpayuaTikdy &piBudy. "Av, Tr.x.,
dvTikaTaoTHoWEY TO X Bi& ToU 2, 8& mpokiyn A TpdTaots «& 2 elvan pikpd-
Tepos ToU 5», 1) omola elvon &AnBhs TpdTaois. "Av duTikoraoTATWEY TO X Bick
ToU 7, 8& Trpokiyn wéAw TpdTacts «6 7 elven UIKpSTEPOS TOU 59, 1) dmola Spws
elvar weudnis.

"As tetdowpey diopn T Ekppaow :

2x=4
‘H &oppaos abrh) fumopel va &moPf] mpdTaots, &v TO X dvTikaTacTalT i
TperyuaTikdy &pifud, .. Tov 3, dwéte yiveron 23 =4, f) dmola elven Tps-
Taols yeudis. ‘H 18la Ekppagis yiveren dAnbhs mpdTaois, & # petofAnTH X
dvTikaTaoTalf Sid Tou 2.

Al éxppdoels «6 x elvon pikpdTepos ToU 5%, «2x = 4», K.T.A. éuouér_f,ov'rm
npotaciakol thmor f| dvoiktai TpoTdoes. \

levikéds : Ilpotacakdg tomog (j avoukei npdtacig) mig petapintiic Aéye-
T kaBe Exppacg, 1 droia nepéyer piav pévov peraflnriyy kai 1) dnoia petatpé-
reta el npbéraoiy, Srav 1) petafinei dvukatactadij drod wxov otoryeiov £vig
xafopropévov cuvblov. /

TS oToigeiov, 10 dmoiov dvtikabioTd Thy peTePAnThY, Si1& vé TrpoKUYY
mpdTaois, Aéyetan Tpf) Ths METAPANTHS. T olvolov Té&v TV Tiis METOPAN-
Tiis AéyeTon obvolov dvagopis Tiis ueTaPAnTis ToU TpoTagiakoU TUTou. TolTo
ovuporiferon ouviBuos ut U. TILX. els Tov mpoTagiaxdy TUmov 2x > 3, furopoi-
wev v& AdPeopey dos ouwolov dvagpopds U Td ouvodov Tév TrparyMarTikédy &piBuésy:
TOTE, &v ) T Tiis peTaPAnTiis X elven dpiBuds peyaiTepos ToU 1 %—, 8 po-
KUyn TpodTaols &Anbrs, & elvar foos pé 1 % f| wikpdTepos ToU 1 %— O& TpokU-
wn mpdTaols weudis.

To olvohov Tév Ty Tis peTaPAnTiis, Sik T&s Smolas Evas TpoTaola-
KOs TUTrOS Yyiveton dAnbns mpdraocts, Aéyetan gbvohov dhndsiag Tol TpoTaoic-
koU TUmou. Eis Tov mpoTaoiokdy TUmo, .X., 2X = 4, & Becopfiowpey s oU-

vohov &vapopds TO oUvohov R, Tév mpaypoTikéy &pibudv, ToTE TO cUvolov
S&Anbelas Tou elven {2 }.
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Enp. Efmopey 611 cuviifoss fi peTaPAnTh x elven aToryeiov tvds kaBwpiopévou ouvdlou,
torw U, 1o dmoilov dvopkoauey oUvohov dvagopds. Els Thv mepimTwow TatTny & mpoTa-
a1okds TUTTos Aéyetan kal ouvBikn cig 10 U xal Aéyopev &1 1 petaPinri x Swrpixer o U.

X&pwv ouvrtopias Tous TpoTagiakoUs TUTTous Wé piav peTGPANTHY, T.X.
X, ToUs TapioTavopey pt p(x), q(x), s(x) x.o.k. kai T& ouvoAa dAnbelas Twv
dvtiotoiyews pt P, Q, S xok.

"Av T.x. TapacThowpev pé p (X) Tov TpoTagiakdy TUmov 1 1 L X <5
ked AdPoopev dos ouvolov dvagopds To N, TéTe i mpdTacis p (2) elven dAngris,
65 1 p (8) elvan weudts. To alvodov &AnBelas ToU p(x) elven P={2,3, 4 -

*Erriong &is Tov TpoTactakdy TuTov q(x) : 4x = 20 &xouev éT1 q(5) =45
=20, 8nA. &Andhs mpoTaocts, tvd q(2) =4-2 =28, SnA. eubts TPOTaOIS.
S(vohov 8% dAnBelas Tou elven TO olvodov Q={5 }.

B) "As fecopriowpey Topa THY EKQpacy X > .

"Av QUTiKaTaoTATWHEY TO X M 6 kod TO W pt 4 TpokUTrTEL 1) TPOTATIS
6> 4, ) dmoia elvan dAnbrs. "Av Béowpev X = 3 kal y =5 mpokUmrTe | Weudhs
mpbdTaois 3 > 5.

‘H #kppoois X >y AéyeTal TpoTaoiakds TuTos ué SUo peToPAnTSs.

TMaparrnpoUper 866 éT1 Umépyow leUyn Tiwdv Tév petaPAnTdy (&
6 olvohov R), Bi& Tas dmolas & TwpoTagICKOs TUTTOS yiveton dAnbhs TwpdTaTlS
kal &AM« (elyn Twddv, Six Tds Omolas yiveton eudns TpdTaOIS.

"As fewpniowpey dxopn Ty Ekppooiv

«fy woAis x elvon TpwTelouoa TOU KPATOUS W
*Av &vTi X Béowpey « ABTivany kel dvtl  « EAAGs», pokUTrTel dAndhs TpéTaois:
«H Téhig *Abfjven elven TpeTebouca ToU kpdrous ‘EAAGsy. "Av &uti X Btowpev
«Middvovy kod &vTl y « EAAGs» TTpoxUTrTel TpdTacts weudns. Al tkppdoeis X > W,
«fy oA X elven TTpwTEVoUTa TOU KpdTous w», Aéyovtan mpotaciaxoi tomor SUo
peTaPANTGVY.

Mevikéds : TMpotaciaxdg torog i dvoikti| npoétacig dbo peteflnrdv AEyetan
pia Ekgpaoig, 1 droia mepiéyer 0o perafintdg xai 1) onoia peratpinctar gig npo-
taowy, dtav ai petaPinrai dviikaraotabolv and otoiyeia vo oprlopévayv ovvd-
rov. Ta govoha dvagopic tdV petafhntdv fpropel kai va tavtilovial.

Eis 1o mpdTov Tapdderypd uos, x > vy, kal ol SUo peTaPAnTal dvagépo-
Tou els TO oUvohov R, T@Gv mpoymaTikddy &pifudov.

Eis 10 P’ mopdBerypa 1 ueTaPAnTh X dvagépetan els TO oUvolov TGV mo-
Aecov Kai 1] W els TO oUvorov TEY kpaT@y TOU KOOUOU.

Xépw ouvropias cupPolilopev Tols TrpoTaciakols TUTTOUs WE Suo peta-
PAnTas Sik Tév p(X, ¥), q(x, ) s(x, ¥) kox

"Av p(x, ¥) oupBoAiln Tov TrpoTagiaxdy TUTOV ToU TPRTOV Topadely-
pards pas, SnA. & p (X, ) : x >y, ToTE p (7,5) evan dAnbhs mpoTacts, i
p (5, 7) elven mwpodTaols weuds.

"Emrions & q (x, @) @ «f TOAis X elvan peoTeUouoa ToU KpdTous Wy, TO-
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1e q (Aovdivo, "Ayyhic) elven &Andhs mpdraois, tvéd q (Popn, Béiyiov) elven
weubis.

TMapatnpotpey 811 TO oUvohov &Anbeias TpoTaociokol TUTOU p (X, W)
BUo petaPnTdov elven, év yével, &v oUvolov SiareTorypévwov feuydov.

ALKHZIEIZ

1) N& éEetdoete wads flumwopouv va dvopacBouv al kaTwTépw Ekpaotls: « —», «Tapal-
Anhdypappovs, «opbf ywvias, «17».
2) N& ttetdoete e fjumopouv vi dvopacholv ol ékgpdoes :
«) ‘O 10 eiven &piBuds olvBetos.
p)2=4 Y)5=3+2
5) ‘O EUkAeidns fito giAdAoyos.
g) ‘O x elvan TpddTos &p1Buds.
o) 2x+3=23 D)x+wy=>5
3) Mvepilopev &11 Umdpyer pla pévov T ToU X Bid Thv émofav 2x = 6. Znuaiver
ToUTo &7t TO X elven oTabepov els THY Ekgpaow 2x =6 ;
4) ZtaBepai, al omoicn elvan dvdpaTa Tou alroU mpdypaTos, Abyouey &m1 Exouv THY
aUthy Tipfy. TLx. «O» ked «2 — 2». N& ypdupeTe mévte oTabepds, of drolan vd Exouv Thy Tiufy 6.
5) ‘Ymépyouv dpaye TpoTaciakol TUTol, ol omoiot &tv yivovtan &Anbeis mpoTdoes

X
S1& kappiav Ty Tiis petaPAnTiis Twv ; ‘EfeTdoaTe ToV e 2. Adoare Eva IBikdv oas Ta

paberypa. (AdPete dos guvolov dvagopds Tiis MeTaPAnTiis TO N).

6) ‘Ymwdpyowv mpoTaciakel Tutrol pmds peTaPAnTiis, ol omoior yivovten &Anbeis Trpo-
Téoas 51 Shas Tés Tipds Tiis peraPAnTtiis Twv. Mpogavis Tapdberypa : X 4+ x = 2x, Swou
x€R.

Né& ebpete 2v 181kév oas Tapdderypa. T dvopdlovran af iodTnTes, STes fi X + X = 2x ;

7) Aidetan & wpoTaoiakds TUTos p (x) : 2x = 10 kal cvolov &vagpopds 16 R. N& elpete
TO olvohov dAnfeias P Tol TrpoTtaciaxol TUTrou.

8) Aibeton & mpoTtagiakds TUTOS X + W = 5 kai gUvolov dvagopds TGV METAPANTGV
16 Z=1{1, 2, 3, 4, 5}. N& e0pete 10 olUvolov &Anbeias ToU TpoTaciakoU TUTOU.

9) AiBeren & mwpoTagiokds TUTos q (X) ¢ w=x + 1, &mov x, y elven oToixeia ToU
R. N& ebpete SUo {elyn 5i& T& dmola q (X, ) yivetan dAnbhs wpéTaois kal Suo Bid Té& dmola
yiveron yeubis.

10) Afderon & TpoTaoiokds TUTos p (x) 1 x*—=25=0.

Né& dpioete olvohov dvagopds Tou xal Td &vrioroixov olvorov dAnbelas Tou.

11) AiSetan & mwpoTagiakds TUTos «fj WOAS X eVploxeTon els TOV vopdy y)». Zivora
dvagopds : Tiis peTaPAnTiis X TO olUvolov TGV WoAswv Tis ‘EAAGSos, Tiis peTaPAntiis y To
oUvolov TGv vouddv Tiis ‘EAAGBos. N& elpete Tpia {etyn Tol ouvdhou &Anbeias ToU mpoTa-
gloKoU TUTTOU.

4. NMOEZOAEIKTAL

A) Tvewpilouev &wo ThHv "Alyefpav 6T
(x+1)?*=x2+2x+1, émov xE R
Mvwpilopev &rions 611 & mpoTaciokds oUrtos TUTos Wds METAPANTIS
yiveton dAnBiis mpdTaos Sik kébe Tipny Ths peToPAnThs X, Ty Smrolav Tiudy
Aoppdvoper &md TO oUvorov R, T&v mpaypoTikédy dpibudv. Mé &Aous Ao-
yous TO cUvolov dAnBelas Tol TpoTagiakol TUToU TauTileTon e TO  gUvolov
dvapopds Tov.
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ZUpuPolikdds ypapopey TOTE :
YxxeR): X+ 1)2=x2+2x+1
kol SioPélopey :
«M1&x kdBe X, TO 6molov X dwmker els TO R, dAnbeler &m1
(x+1)2=x2+2x+ 1.

To ouuPolov V' BiaPdletoan «Bidx kdfe...» fj «B1” SAa Té..» kol AéyeTan
xaBolikdg 1 yYevikdg mogodziktng.

’Emions ¥x (xeR) :x-x=0

"HutropoUuev Aoimdv, &tav Exwier TpoTaoiakoUs TUTroUs, T&Y drrofwy To
ouvohov &Andelas TauTileTon i TO olvohov dvagopds, v& TpoTdoowpey TOV
Yevikoy TrocodelkTny.

B) "As &leTdowyey Twpa TOV TPOTHTIOKOY TUTTOY

px):x+3=8 (xeR)

TMaparnpoUper 86 &T1 p(x) &tv ylveton &Anbns mpdTacis ik kdbe Tiphy
Ths ueTaPAnTiis, &md TO R, 8idTy, wY., p (1) =4, SnA. wpdTaoIs Weubfs. “AA-
A& 16 oUvorov dAnbeias Tol TpoTaciaxoU TUmou X + 3 = 8 Biv elvon TS Kevdv.
Mpéyuart : p (5) =8, BnA. &Andrs mpdTaots.

Mp&gouev ouuPolikéds els Thy mepimTwow TodTny :

Ix(xeR):x+3=8
kel SiraPélopey :

«Yrépye TouddyioTov & X, TO dtoiov X dvfikel eis TO R, ToloUTov doTe
va GAnfeun x + 3 = 8».

To oUuBorov 3 Aéyeton dmapbiaxds mecodeixtng xai SioPdleTan «Umépyer
TouAdyloTov Ev.» 7 «Bid pepiké...)

*HumropoUpey dpoiws v ypdweoopey :

o) 3x (xeR):x+1>5

B) 3x (xeR) :x=—x

Y) "Av T dvopdowuey 16 olvodov TEW Tprydwwy, TOTE

3x (xeT) :x lodmwAeupov

“Qoe : "Otav &ls &va wpoTaoiokdy TUTOV TO olvorov dAnfelas Tou elvan
yvnotov UmooUvodov ToU ouvdhou dvagopds, TOTe Suvdpeda vd TPOTAOTwWHEY
Tov Utrapliokov TrooodeixTny.

MevikwTepov Trpémer v& yvoopilwuey Té EEfjs :

TToAA&kis B1& va Siarumrddocopey TpoTéoess, al dmoicn YpnoipomoloUvTan
els T& Mofnuarikg, képvouey pfiow T@Y ToooBetév. Oi TogodeikTar Trpo-
TAooOVTAl TPOTACIOKGY TUTTWY, &mdTe oltor kaBioTavton TpoTdoss §| pévov
&Anbels 7| povov weudels.

Olrw, mx., f) wpoTaois WX (x € U) : p(x) elven pia Aoyixd) wpéraois,
kaBooov alTn AcuPdver Ty dAnbeios A &, kal pévov 4w, TO oUvoov &An-
Belas s P TadrifeTon pé 1o olvorov dvagopds U (dmédTe 10 Pe = @F) xai Tiufy
SAnBelas , év, kal povov édv, T6 P elvan yvficiov mrogtvorov Tou U (bméTe 1o
Pe # 2).
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*Emrions 1) mpéTacts ax (x eU) : p (x) elven pia Aoyikn wpoTaoIs, Ko-
Bdoov ot Exer Tipy &AnBeias A, v, kal uévov taw, TO clvohov dinbelas s
P 5ty elvan T Kevdy, kad Tipyv &AnBelas ¥, v, kai povov &, T6 olvohov P elven
16 & (dmwdte 1O Pe =U).

Iapadeiypata :

. "Av p(x) : x+1>3 kal U=N, TéTe

o) ¥xxeN): x+1>3 Aoppbver mipfy dnbeias ¥, 81611 P =
={8,4}. 3,850 € lU;
B) 3x(xeN): x+1>3 Aaupdver T dAnbeios A, Biomt P =
= 13,456, ..} #£2
2. "Avp(®): X2+ 1< 0 ki U=R, 167
o) ¥x (x €R) : x2 +1 < 0 AapPdwer Tipfy dAnbelas , Biom P = .
B) ax(xeR): x24+ 1 < 0 Aoppdwer Tty dAnbelas y, S16m P = 2.
3. "Avp () : x2+2x+ 1 = (x + 1)%, o1
@) ¥x (xeR): x2+2x+ 1 = (x+ 1)? &e Tty &Andelos A, 516~

7t P=R
B) ax(xeR):x2+2x+ 1 =(x+ 1)2&xar Tty ddnBelag A, Biom
P/,
ALKHZIEIZ
12) N& dtetdoete &v elvar dAnbis fi weubls &1 :
Q) Mx(xeN): - =1 B) VX(XER): (x+ 1) =x1+1
y) 3x(xeR):x=x+2, 5) 3x(xeR):x* #£0

£ 3x(xeR):(x+1)2=x*+2x+1 oT) ¥Xx(XeER) :x=-—x
13) N& ypnoipomorfioeTe karédAnAov Tocobelktny els Tols k&Twdh mpoTaciaxols
TUTTOUS @

@) x #x+1 B x=x f
y) [x|=x 5 x=1(2
&mou alvolov dvagopds Tiis ueTaPAnTiis elvan 16 R.

5. ZYNOETOI IMPOTAZEIE.

Eis v koBnpepiiy oulftnow kal s t& MafnpaTika 8&v ypnoidoToi-
oUpev pévov &mAds TrpoTtdoels. TuvnBws Tas &TASS TPOTACEIS UVDEOMEY peTO-
€U Tov pt Bi&popa oWBETIKG, Tr.Y. «Kai», «eiTen, «fi», «Ox1», «tdv. .., TOTE...»
k.T.A. kal oynuarifopey kot cdrdv TOV TpdToV véas TpoTdoEls. Tas TolaUTOS
TpoTdoEls Ovopdiouey ovvBitovg mpotdoeis.

6. H LYZEYEIL AYO IPOTAZEQN.

‘O &mAovoTepos TpdTos ouvbioews BUo TrpoTdoewy elvar 1) oblevtig, Ko-
T& Ty dmolav Ekpuwvolpey f| ypdpopey alrds poly, ué Eva kai petaly Toov. TLy.
&mo Tds &mAds mpoTdoels ¢ «'O ‘lewdwwng elvon padnThsy, «6 Kworas elvan kn-
Troupdsy TrpokUTrTEl pE THY oUleuiv Twv fj ouvBeTos TpdTaois :
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«6 “lwdwvng elvar podnTis ked & Kdoras elven KT TToupds».

‘H oUleutis 8o mpoTdoswy droTehel TPOTaoW Kol Emoutvs B elven #
Hovov &Andrs 7 pdvov Weudns.

Agyopeba 6t | cilevErg sivan ainbiis povev Gtav kai ai dbo suvicrdear
Tpotdcig sivar ovyypoverg alnbeig, dhhog 1 ooleviig slvan yevdic.

‘H oUlevtis m.y., « ZokpdTns fiTo doTpovdpos ked 2 + 3 = 5, elvea peu-
815, 8w 1) oulevtis «2 +3 =5 ked 2 > 0» elvon &Anbrs.

‘H ollevtis o mpoTdoewy p kai q oupPolileton : p A q.

To oUpPorov A BioPaleton «kain xai Aéyetar oipfodov tijg ouleniemg.

TMpooétare : 10 cUpPorov A XPNowoTrolETTal povov Sia v owvdén mpo-
Thoels. Aév dmiTpémeTan LY. v ypaywper «3 A 2» f «b KdaTas A # ‘EAévnp.

7. MINAKEE AAHOEIAE.

A) Eis Ty Mobnparikiy Aoyixnw 7| TIEPIOTOTEPOY X PNTILOTIOIOUNEVT) pé-
Bo8os pds elpeow Téw (Moyikéw) Tiudv Té&v ouvbéTwr TpoTdoewy elven fxel-
VN, KoT& THY Otroiaw dvarypégopsy SAas TS SuvaTdTnTas aAnbols f weubols
TV oOWIGTWO®Y TpoTdoEwy Kol THS TrpokUTITOUaTs €€ alTév ouvBéTou Tpo-
T&oEws UTTd Lopeny Tivaxos. ‘O ToioUTos Trivat AyeTan ouvfifus mival (Aoyikdv)
updv A rival ainbeiag.

Ao fva Trivake dAnBeias NuTTOopolpEr va SlomioTdowpey pé & PAéppe,
&dv pic oUvBeTos TpdTacs elven &Anbng fi weudrs, Stav yvwpilwpey, 11 o mpo-
Tdoels, ToU THY &roTeAoly, elvan GAnBels 7 weubeis.

Korwtépe BAémeTe ToV Trivoka dAnbelas Bi Thy mp&Ew Tiis ouleUkecos Blo
TpoTaoewy p kai q. Eis Ty mpdtny ypauuiy ToU Tivokos BAéopey 611 fy oU-
Tevtis p A\ q elvon &AnBHs pdvov Srav kai ai Suo ouioTdoal TpoTdoels p, q elvan
ouYXpévews &Anbels. Eis dAos Tag &AAas TrEPITTTOGCEIS 1)

ouleutis pAq elvan weubts. ToUTo E8exOnuey s &Anbés, p q | pAq
81671 ouppwvel kol pé THY Evdpaoiy pos. il
B) Kat’ dvehoyiov mpds Ty oUleutw &Uo TrpoTd- A A A
Oewv fuTropoUuey v EfeTdowuey THY oulevtiv BUo dvoi- A ¥ ¥
KTG&Y mpoTdoewy, p (X) kad p (X), THy Smoicw B& ovppo- : Q :

Aifoouev pe p(x)Ag(x).
"As MBoouey & ToapdBerypa
"Eotw &1 p (x)elven 1 x2—5x 4+ 6 =0 kad qxyox—=2=0.
Téte p (x) A q (%) elven :
(x*—5x+6=0) A (x—2=0), U=R.
‘Orav x =5 ) dvwrépw ouleukis HeTaTpéTeTan s TNy s olvBeTov TpdTaow :
(5*~5-5+6=0)A(G+3=0)
7 omola elvon weudrs, 5161 kébe pla &rrd TAS OWIOTWOOS TTPOTEOES elvan yeubils.
"Edw els Ty dveotépw ouleutw p (x) A\ q(x) Béocopev x =2 TéTE TrPOKU-
TTEL ) TPOTAOIS :
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(22-5-246=00A(2-2=0)

1) omoia elven dAnbrs, 5161 k&e pia &wd Tds ouvioTdoas TpoTdats elvan dAnbs.

Ao TO dveoTtépw TapdBerypa yivetan pavepdy 8T TO alvolov dAnbelas
Tiis oulelewds BUo dwoikTév TpoTdoewy p (x), q (X), TO dmoiov oupPBolilopey
{x|p(x) A q(x)}, dmoTeheiton &md éxeiva T oTorxeia xell (ToU ouvéhou
dvagopds), T& omoia dvfikouv ouyypovews els TO oUvolov P (oUvolov dAnBelas
Tiis p (x) ) kad €ls TS glvodov Q : (Uvolov dAnbeias Tis q (x) ), SnA. &md T&
oroieia, T& Omoia dunikowv eis THY Toufy P N ().
Qore: {x|p(X)IAq(X)}=PNnQ.
MpdypaTt els TO TponyoUuevoy TapdBerypa Exope :

{x|x*=5x4+6=0Ax—-2=0}={23}n{2}={2}

8. AIAZEYZIE AYO IPOTAZEQN.

A) "Ortav Toapaféowuey BUo TpoTdoEls &v ouveyEia pE TO oUVBETIKOV «fi»
N 10 «efrer petaly Towv, Aéyouey émi toynuaTtiooapey Ty Salevéy TéY SUo Tou-
TWV TTPOTATEWV.

TTpoottare .x. Tas kaTwTépw Tpels ouvlBéTous TTpoTéoEls.

1) “H ’Efvikf) Tpdmela mpooAauPdver dmoAuTtnpiouyous Tou Mupaciou,
oi 6moiol yvwpilouv MoAhika gite "AyyAikd.

2) Oa &pioTevow els T&d MaBnpamika gite els T& Quoiké.

3) ©& Umayw eis TOV KwnuoToypdgov fi 8& peivw els T oiTL

Eis v mpdotny TrpdTacw elvan gavepov &1 f) Tpdmela Stv dmrokAeleTon
v& TpooAd&Pn dmoAuTnpioUyov ToUu lNuuvaciou & &moios vd yvwpiln ModAid
kai "Ayyhiké. ‘Emiong els Thy Seutépav mpdTaow & SmiAdv Sév &mokAeier ST
evbéyeTon v& dploTedon kal eis T&d MaBnpoTmika kai els T& Quoika.

Eis thv TpiTny mrpdTacwy elven pavepdy &t & SmAdy 8& mpdkn v éx TV
8Uo : f) & Umdryn eis TOV kivnuaToypdgov f) B peivy i TO omim. Katd Tou-
T &Taw Adyowpev «p fi q» 84 &vwooUpev T pdvov p elvon dAnbhs | pdvov q elvan
&ngis.

Eis thv mpdTny xai Seutépav mepimTwaoiv f) pia tovkhayiotov kai Evdeyo-
péveg ai d0o mpotaseig eivar aknbeic. Aéyopev TOTE OTI EXOpev EYKAEIGTIKNY
datevtry 1), dmAdds, SalevEiy kai kdpvouew ¥pfiow ToU «eite» s ouvBeTikoU.
ZUpPolov Tiis EyrAeioTikiis Sialevtews elvar TO \/, TO dmolov SioPdaleTan «elten.

Eis v mepimTwow ToU Tpitou dvwTépw TapadeiyuoTos o cuvdetikdv
«fipp ypnowonoieitar pé v Evvorav dn 1) pia povov and tag mpordces &i-
vau a@inbic, xai 1| @iin sivar yevdijg. Eis Thyv mepimrwow alTthv Afyopev OT
7| S1&levtis elvon anoxieroniki. ZUuPodov Tiis dokAeioTikils Srafevtews elven
TO V., TO omoiov SioPdleTan .

Enp. Eis thv xabnuepwiny Smidiav xpnoipotroloupey, PePaiws, THv Atk #if pé SitThy
onuaoiav. *AAAoTe, Tav Aéywpev «p fi q», évwooluey 511 pia kai pdvov pia &wd Tas TpOTUOEIS
elvon &AnBhs xal &AAoTe &Ti pim TovAhaxiotov TpéTaots efvan dAnbs kal mbavdy va elvan kai
ai dbo.
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Eis T& MaBnpaTikg dpes Siv Suvdpefa va ypnolporomowyey To «fi» pé Sty onpa-
alav. Tpémer va yveopifwper EraxpiBéss Tl tvwoolpev STav Atywiey «p fj q»

Mapadeiypara (BykAeioTikiis) Sialellews : p\/ q (p €ite q)
1) o —2— efvon pnTds eiTe & -2 efvon BeTikds.

2) & 4 elvon Bionpérns ToU 5 elte & 3 elvan Quoikds.
3) & 4 elvon Siaipétns ToU 8 eite & -3 elvan &pynTIKGS.
Al dvwTtépw Bialeltes elvon dAnBels TpoTaoEls.

4) ‘H didleulis @ «b 3 elvan &pvnTixds eite © —;—— elvon  éxépoiosy  elvan

weubris, 5161 dugdTepan ai oumoTdoar TpoTdoels elvon weubels.

IMive (homikdv) tpdv tijg (Eykheonkiis) daledtemg: p\/ q

p q Ip\Va AnAab) 1 Salevic p \/ q elvar yevdijg povov drav
T A A kai ai 300 cvwvietdom npotdoeig elvar yevdeis. Eig 6-

A ¥ A hag tag Ghlog nepntdoeg elvar aindig.

2 A A

Y s ¢ ¥

Mopadelypara &mokAeioTikfis Sialeltews : p Vv q (pAQq)
1) & =3 elvan guoikds 7 © —;— elven BeTikdg

2) 6 % elvar dxépaitos 7 & —3 elvan &pvnTikds

3) 6 2 elven Sioupétns Tou 5 7 & —2 elvon BeTikds

4) & 5 elvan guaoikos 7| 6 —5 elven &punTixos.

Ai 8Uo mpdTan &mokAeioTikal Sialevters elvon &Anbels, &vdd oi SUo Tehev-
Todon elvon WeuBeis.

Mival (hoyikdv) tpdv tijg (droxiersnkijc) haledlews : pV q

P q |pvg Anhadn 1 owalevEig p vV q sivar alnbic téte xai
% A ¥ povov téte, 6tav M| pia pévov amd 1dg cuvieTdoog
A w A npotdoeig sivan ahndic.

o A A

N e L ¥

B) Kot’ dvahoyiow mpods Thv SidlevEv 8o mpoTdoewy fumopolUuer vi
Eletdocoper THY S1dfevtv BUo dvowTdr TpoTdoewy p (x), q(x), THv dmolav B&
ouupoAilwuey p(x) \/ q(x).

"As AaPwpev &v Tap&Belypa :

*Eotw &1 p(x) elven : x2—5x + 6 =0 xad q(x) : x + 5 =0. TéTe p(x) \/ q(x)
elvan :

(x*=5%+6=0\/(x+5=0), U=R
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‘Orav x = 5, 1) dverépw Biddeutis perarrpémeron els Ty Efis olvBetov TrpdTaow :
(52-5:546=0\/54+5=0
1) omola elven weudrs, 5161 kéde pia &Trd TS ouvioTdoas TpoTdoEs elvon WweuBis.

’Edw x = =5, 1) dvwTépw Bidlevtis dvoiktdy TpoTdoewy ylveton :
((=5)"=5-(=5)+6=0)\/ (-5+5=0)

1) dmola elvan dAndris, B16m1 1) Beutépa TpdTaCIS Elven dAndrs. *Emrions, dv x = 3,
TéTe 1) Sidlevtis yiveTen :

(32-5-346=0\/(3+5=0)
i omola elven &Andfs, 81611 1) Tpeorn &wd TEs ouvioTwoos TPoTdoels elvon
dAntis.

KarraAf)youey Aorov els To EEfis oupmépaopa @ T& oToiyEla ToU cuvdAou
dAnbBelas Tiis ouvbéTou dvoiktiis TpoTdoews p(x) \/ q(x) elvan Exeiva T& oTol-
Xela ToU ouvdou dvagopds, T& &mola dvrikouv els TO cUvoov dAnBelas P Tiis
p (x) i els 16 olvohov dAnBelas Q Tiis q (x) fi dvfixouy kad els T& BUo cUvora
P kal Q. M¢ &AAas Adteis 1O oUvorov dAnBeios Tiis p(x) \/ q(x) elvan T PU Q.

SupPoAIkdss SIXTUTIOVOUEY TO CUMTIEPOOMX TOUTO Cos EEfjs :

{x|[p®Va®}=PuQ

N Kot dvodoylew mpds Thy &mokAetoTikiyy Si&levtv Blo TrpoTdoewy
Suvdpeda v EteTdowuey THY &mroxAeioTikhy Siddevtiv Suo TpoTaoloKGY TUTTLY
p (X), q (x), Thv dmolow 8& oupPolifwpey pe p (x) V. p(x).

Elvar pavepov &T1 TO ouvorov dAnBetoas Tis p (x) V. q(x) &moTeAeiTon &mmd
tkeiva T& oToiyela ToU guvdAou dvagopds, Ta omoia kabioToUv THY p (x) &An-
7 kad T q (x) WeubT TpdTacw kol Ekeva T& oToixeiat ToU ouvdlou dvago-
pds, T& dmoia kabioToUv THY p (X) weudfi kod Ty q (x) GAnbf, SnA. elven TO
otvohov PUQ — PNQ 7, émep 10 alrd, 1o otvodov (P — Q) u (Q —P). Zup-
PoAikéds TO gupTépacua SiaTuTrcveTon G EEFS ¢
{x|]p®¥.q® } =PuQ-PNQAP-Qu(Q-P)

Hepadevypa :

“Eorwo &m {nreitan 10 {X|X2=5x +6 =0 v_x® —6x + 8 = 0}, &mov
ouvohov duagopds elvar To R.

“Exouev P={2,3}, Q= {2,4}. ‘Emoutvers: PUQ = {2, 3, 4} xal PNQ
={2}. Qore: PUQ—-PNQ = {3, 4} xai

{x|x2—5x+6=0Vv x*—6x+8=0}={34}.

AZKHEIEIZ (%)

14) N& Belfere 611 al ouleifas p A q xal g A p Exow Tas abrds Tipds dAndeios.
15) Né& 8eltete 8T al SwafeVers py q xal gy p Exow Tas altds Tipds dhnbeias.
16) N& Siarumrdoete Aekticéds Thy oulevbw kad Thy S1&evEv @y kdTwh mpoT&oewy,
a) ‘O ledpyros elvan &ypédtns. ‘H "Ayyehikyy elvon olkokupd.
B) Al ebfefan alran elven TapdAAnicl. Al ebfeian altan Tépovtal

(*) *Amd tag mpotewopbvag dowhaeig elg o Kepdhatov I 0 3iSwvron Soww xutd vy
vploty oD Biddoxovreg dmartobvron Bk Thy dumédwow éxdamng Evbmros.
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17) N& oynuarioere Ty oUlevtw kal Bidtevtiv 16y katwrépw Tpotéoewy. "Emaita
vé& &mopavBije mepl Tiis dAnbelas A uf TGV ouwBéTwy TpoTéoewy, TolU Bk TpokUyou.
a) ‘O ZemréuPpios £xer 30 fudpas. “H iPBopds éxa 8 fuépas.
B) To 3 elvon pikpdrepov ToU 4. To 4 elven pixpdrepov Tou 3.
Y)5+1=6. 21=3:7
8 5+1=5 84+1=10
18) Né& oyxnuartioete Ty oUleutv kad Sidlevtiv Té@v kaTwTipw &voikTédy TpoT&oEwy.
Né elpete drohoUBus T& olvola &Anbeias Tév ouvbéTwy dvoikTdy TpoTdoewy, ToU 8& Tpo-
kOyouv. (Z0vohov dvagopds To R).
a) X+2=0,x*—-4=0

B) x*=0, x=2
Y) X*—8x+12=0, x2—5x+6=0
B xyIys

£ x—8=0,x)5
o) X —4=(x+2)(x—2), x*—=1l=(x+ 1D x-1)
Eis Thv &oxnow y) v elpete kal Té ouvohov dAnbelas Tis dmokAeioTikiis BialelEecos.
19) ’Edw a, P elven mpayparikol dpifpoi, TéTe 1) mpdTacs o P = 0. BierumdveTan
uE plav Bidfeviw. Tlofa elvon abTh 1) Bi&levkis ;
20) 'Edv « kal B elven TpaypoTikel &piBpol, TéTe | TpdTacts of + Pt = 0, SiaTuTd-
vetan pt piav_oUlevtw. TMola elvenr adth ) olUfevts ;

9. APNHELIZ.

A) ‘H Spvnois Siapéper &md Tds Tpomyoupdvas Tpdkels THs SialebEews
kol oulelfecos kord o &1 elvon povopehrig Tpdtis. *Edw p elvan pia mpéTacts,
| &pvnois Tijs p elvon pier véa (oUvetos) TpdTaais, | dmola Exer dvrifetov Ti-
uhy &Anbeias. ‘Edw, .y, | p elvon dAnbris. f &pvnois Tiis p elven weubfs xai
Bw ) p elvan yeubits ) dpvnois Tiis p elvon GAnBiis.

‘H &pynais mds mpoTdoews p oupPorileTan pé ~ p kad SiaPadeTon : Gy p.

Hopodeiypota :

lov, p: 65 elvon guoikds &p1buds.

~ p: &1 65 elvan guoikos piBpds =6 5 Biv elven puoikds &p1Buds.

2ov. p : 6 2 elvon dpynTikds dpiBpds.

~ p:8x1 6 2 elvan dpynTikds dpiBuds = & 2 Biv elvan &punTikds &p1Bpds.

ov.pit 24 3=5

~pi243£5

4ov. To &Bpoigpa TEY &moAUTWY TINGY TGV ECWTEPIKGY ywviddy Evdg
Tprycvov elvan 1800,

~ p: 10 &fpoicua TGV ETOAUTWY TINGY TEW ETWTEPIKEY Ywidy vds
Tprycdvou Btv elvon 1800,

ITivag alnbeiog tiis dpvijosag ~ p

100 Wind 4
AN
o A

16
WnpionoBrke amoé To lvotirouto EknmaiSeuTikrg MoAmkrg



Enp. OpoaoTikéds ai dpviioers Tév &mwAddv TpoTdoewy oxnuaTifovTen guvr-
Buas i Tfis TopepPoliis vos By (R 8v) els Ty katdAAnAov Béow.

Mapadeiypata :
lov. p: & 8 elvar TéAetov TeTpdrycovo.
~p:06 8 B&v elvon TéAetov TeTphycovor,
20v. p : KdBe TeTpdrycovov eivan dpBoydcoviov.
~ p: Kdfe Tetpaywvov 8év elvan dploydviov.

To ouvnbéoTepov opdhua, T6 dmoiov yiveton kaTd ToV oynuUaTICUOY TS
&punoews Wds TpoTaoews éTrws, .., 1| « Okot oi pabnrai adrijg tiig tatemg
dyamobv v Feopetpiavs, elvon va eiTwper «kaveig padntig cig adrijy v 1é-
Ewv dév ayand v Feoperpiaw. Al dvwTépw TrpoTdoels PePaiws Biv cupguvoiy,
dMAG Bév elvan 1y pic Gpynois i GAAns, B16T1 tvBéxeTon vé elvan kai ai BUo weu-
Bels. Aix ToUTo elvan TpoTIuGTEpOY el TS TOXUTAS TEPITTTWOEIS V& oynuoTi-
{opev THv &pynow AexTikdds p¢ 10 @ Ox1. Eis 10 dvewrépw moapdderypa Aormdv 8
eiTwpey : 6x1 GAot ol pabnTal aUTiis Ths Tdlews &yamoUv Thv Mecopetplav.

B) "Edv p (x) elvan pic dvoikth) mpdTacts, ToTe 1| &pynois aUtis oupPo-
AlleTan pt ~ p (x).

’Edw &k Tiis dvTikaTaoTdosws ToU X 81 fvds oToixeiou ToU ouvdAou dva-
popds U els v p (x) rpokUmrTy mpdTacis dAnbns, Six Tiis dvTikaTaoTdoEws
ToU X 81& ToU aToU oToryeiov els Ty ~ p(X) mpokUTTEl TpdTaols Weubtis. *Edw
&k Tiis dvTiKaTaoTaoEws Tou X els p (X) &1° &vds oToiyeiou ToU ouvdhou dvago-
pds TpokUTITY TrpdTacls Weudns, Si& Tiis dvTikaTdoTdoews ToU X &g THV ~ p(X)
81& ToU aToU oTorxeiov TrpokUTrTel TpdTagls dAnrs. "QoTe TO olvolov GAn-
Oeias This ~ p(x) croTedeiton € Ekeiveov TGV oToikeicw Tou U, T omoia Sév
dvrikouv els TO olvohov dAnbeias P, Tiis p(x), émopévws O& dwrkouv eis TO
oupTANpwHETIKOY ToU P dog pds U, SnA. 1o Pe.

ZupPoAikéds Biatutrcovopery T dvwTépwy s EEfis :

{x]|~p(x)} =P

*Eotw s mapdSerypa fi dvoikth) mpdTaais p(x) : X2 —4 = 0 xai odvohov
dvagopds T R. To olvohov &AnBeias Tis p (x)elven 10 P ={2,—-2}. To
oupmAnpwpaTikdy ToU P ds mpods R elvan 16 Pe= {x | x# 2Ax # — 2 }. "QoTe:

{x|~p(x)}={x|x#—2xal x # 2}.

10. H APNHEIEZ MIAZ LYZEYZEQE.

*Eotew 671 BfAouev v& oxnuaTiowpey Thy &pvnow Tiis oulellews :

« & A elvan forpds kai & B elvon S18&okehos».

“Omreos Eudfopev ( § 7), Bk va eimroopev &1 f) TpdTacis alrn elven Weudis,
Tpémel 1) pia TouAdy(ioTov &md TS ouvioTdoas TPoTdoels V& elvon weubs.

Od& eimreopey Aottrdv :

«'0 A B elven iaTpds eite & B Stv elven B18&okahosy.

"As AdPwopev Ev EAho Trap&deryua :
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«O& kepbiowpev els Tov dryddva Tou POAeU pé THy dudda ToU Mupvaciou A
kai 8& kepBicwpev el ToV &ydva pé THY dudda ToU Muuvaoiou Bx.

Ak v& oynuoTiowpey Ty &punow Tiis dvwTépw oulellews elvar povepov
&1 Tpémrer vé efreopey ¢ «Atv 8& kepSicwper els TOV dydva PoAel pt TV Spdda
ToU [Nupvaciou A eite 8tv B xepBiowuev els Tov dydva pé Ty dpudda ToU u-
uvacoiou By,

150U &v TpiTov TopdBerypa &md T& Mafnuamikg @ 'Edv a kai B elven
TpaypaTikol dpifuoi, TéTe ) mpdTaois o + B2 =0 SioTrumoveTon pE THY oU-
fevtw a=0A P=0. ‘H &pvnois Tfis a® + P2 =0 elver o + P2 +# 0 kai Sioru-
Treovetan pE THY SiklevEv a# 0 eite P # 0. AnAabe:

~(a=0AP=0) elvor (a2 0V P#0)

Elvar Aorrov gavepdv 811 1) &pvmois Tiis p A q elvan ~ p V~q. To mpdyua

koBioToTon cagéoTepov &mwd TOV KaTwTEpw Trivee: dAnBeias.

Pinal.. 4 ~p | ~q |pAg|~(PAQ|~PV~g
A A ¥ ¥ A ¥ ¥
A ¥ ¥ A ¥ A A
¥ A A ¥ Yy A A
¥ ¥ A A ¥ A A

'ATro Tds BUo TeAeuTaias oTrAas Tou Trivakos gaiveTan 61 ) &pynois Tiis
P A q kai fj Sidlevkis ~ p V ~ q Exouv Tas alTds Tiuds dAnbeias. *Emions oo-
péoTepov Qaivetar &md Tas oTnAas Sy kal Tnv &1, Stav 1) p A q elvan &An-
B1is, 1) (~p V ~ q) elvan yeudtis kai dtav 7 p Aq elven weubns, i ~pV~q
elvan dAnBns. ‘Emropéveds 1) pla elven &pvnois Tijs &AAnNS.

Zupmrépaopa : ~ (p A Q) elven: ~p Vv ~q
11. H APNHEIIE MIAZ AIAZEYEEQE,

"As AaPwpev Tas TPOTACES :

p: 0o A elvar iarpds,

q : 6 B elvan Sib&okalos.

‘H &idlevtis cirrddv elven :

PV q: o A elven larpos eite 6 B elvon Bi5&okoos

Elvan elxohov va fwonjowuey 8T ) &pynois Tis p vV q elven : & A Biv
elvan loTpds kai & B 8tv elvon 8i18&okahos.

NQore ~(pV q) e : ~p A~g

180V Ev opdderypa &md T& MabnuoTikd :

"Edw o kai B elvan mporyuarikol dpifuoi, téTe | mpéracs a-p=0 Bia-
TutrcoveTan pé Ty Siddevtv - a =0V P=0. ‘H &pwnois Tis a-Pp=0 el
o P#0 xad Sroerumcoveton pé THy oUlevEiv a# 0 kol P # 0. AnAadd :

~(@=0y B=0) elven (a0 AP#0)

"loyer Aormrdv 8T ~ (pV q) elvan ~ p A ~ q.

To oUro eUplokopev, mépav Thons dupiPorias, v oynuoriowuey Eva
Tivaka &AnBelas Sid Tas pV q kad ~p A~ q.
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P | 9 | ~p | ~q jpVa|~pVa|~pA~q
A A ¥ ¥ A ¥ ¥
A ¥ ¥ A A ¥ ¥
¥ A A ¥ A ¥ ¥
¥ ¥ A A ¥ A A

Ao Tas SUo TeAevtalas oTiAas Tou Tivakos gaiveTon 611 1) &Gpvnols TS
pVq kad oUleutis ~ pA ~ q Exouv Tas aUTtds Tiuds dAnBelas. ZapéoTepov PAé-
Tropev &md Té&s oThAas Sny kal Tnv 611, Stav f) pV q elven dnfis ) ~ pA~ g
elven weuBhs kol &tav 7y pV q elvan weudns fy ~ p A~ q elvon &Anérs. ‘Emropé-
vas 1) pia elvan &pvnois Tiis &AAnS.

Zupmépaopa : ~ (p V q) elven : ~p A ~ q.

AZIKHZIEIZ
21) N& Siatumdoere Tds &pvrioels TGOV K&Twl TpoTdoEwy :
a) ‘H "AlyePpa elven dvBiagépouvoa,
B) "Ohotr ol pabnral Tfis Téiews dyamwolv THY “AlyePpav.
Y) Tav Tplywvov Exer Téooapas mAeupds.
8)5+2=7 €) & 7 elvan mpdTos &p1Buds.
o1) 341=5 0) & 4 blv elvan Téherov TeTpdywvo.
n) Mepikol &piBuol Biv elvon &pvnrikol.

22) N& Umohoyioete 16 P = {x | ~ p (x) } Bi& T&s kdTwh dvoikTds TpoT&oEIS

p (x), &mou olvohov &vagopds Tiis peTaPAnTiis x elver 16 R.

@) x=2 P) x=-2
Y)x+7=15 8) xt=9
O x'+1=0 o1) x* > 16

23) N& oxnuotioete Tds &pvfioers TV ké&rwbr :
a) Zfiuepov elvan Terdptn kal & xaupds elvan Ppoyepds.
B) x=2kad wy=5
Y) 2:3=6«kal 34+2=5
8) Td vplycwvov ABI elvon loookehds kol 16 ABE elven lodmheupov Tpiycvor.
€) O& pelve els 76 omin f 6& Umdyw els Tév kwnuatoypdeov (*).
01) 24+3=6 ere34+4=5
D) 5-7=35 elre4:-5=20
12. TI EINAI ATIOAEIZIE.
Eis Ty xafnuepwiy {won, otav OéAwpev v& meicwuey &v mpocwTov OTI
k&1, Six 1O dmolov oulnToupsy, elvan dAnbés, ouvnBws Aéyopev : «Abtd elvan
&Anbés, 5161 Exeivo elven dAnBEsy. Atk v elven TreloTikf ple TolelTn TpdTaOIS,
Tpéter ol oulnTolvTes v& oupgwvoly 6Ti TO Ekeivo elvon dAndEs kal 11 adtd
elvan dvaykala ouvémeia Ekeivon. Mé 8AAas Aéters Tpémer va Udpyn oupgwvia
s Tpds Tas TAnpogopias, pt Tas omolas dpyifoper, kal dg Tpds TO WS EE&-
Youev ouptépaopa &d aUTds Tas TAnpogopias. ‘H hoyikf doyoreitan pé thv
peiétny tdv kavévoyv npods oxnpaticpdy dpldv npotdoswy.'H Aeyopdvn anodertic
ouvioTarral els TOV oynuaTIoNdY TTpoTdoEwy ToU TUTou: *Edw alTd elvan dAnbés,
ToTe kal Exelvo Trpémel v elven dAndgs. TLy. «dav Ppétn, ToTE & KfjTos pou B

(*) M¢ rmivaxo dinBelac 0% Betfwpev mponyovpévag étu # dpwnowg THe PV q elva
(~PVQ APV ~Q).
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moTiobijy. ‘O wkobeis 8& ouppeovion pé aTnv THY TpdTacw, S16Tt Aot gk Trel-
pas yvwpilopev &1 pe Ty Bpoxnv 6 kijos B& ToTioBi.
’I8ou BUo &AAa TrapadeiypoTa ék Tiis "AAyEBpos :

1) "Av 3x =5, Té1e X = 73

2) "Av a=4 kal p=2, 161 o+ 2B =20

"Ohat ai pabnuarikai drrodeitels ypnoipomololy TPOTECES TOU AvwTépw
TUTTOU.

ZurToudTEPOY BloTUTrCovopey  Tas TrpoTdoels TaUTas AEyovTes «p ouv-
emayeTon », fi oUPPoAIkds @ p= g.
5
3

(a=4 kol = 2)= a2+ 2=20

Mia oUvleTos TpdTaois Tiis uwopefis : p = q AéyeTal, € yvwoTov, cuve-
nayoyl. ‘H épyaoia pé dAnbeis TpoTaoes ToU TUTTOU : p= g AfyeTan mapa-
YOYIKOS ovhhoyiopds. 7, amAds, ovhhoyiopds. ‘H mpdtagis p Aéyston Omé-
Beorg kai ) TpdTaois q AéyeTan ovpnépaopa. Aéyouey 8¢ 6T1 p = q elvan Ev Bed-
pipa.

‘Orav f) pdTaois p elvan dAnbrs, i TpdTaois q fumopel va elven dAndis
fi yeudrs. “Emions étow f) mpdTaois p elvon weubns, ) TpdTacis q TfuTopel v&
elven &Anbns fi weudts.

TMpémer Aormrov vé yveopiloopey Tas Tinds dAnBelas pids ouverarywyfs, 6Tav
elvar yvwoTai af Tipal dAnBeias TdY &TAGY TpoTdoEwy, éx TGV dmolwy alTn
ouvicTaTal.

HX 3)(: 53X=

Kaitor f) mpds Tov oxomodv cltdv dxohouboupévn uébodos elvon ouvémeia
mas mapadoxfis, év TouTols altn oTnpileTon éml Tdv dvopaTikév PdoEwv ToU
6pBou ouAhoyiopou. Od éleTdowper kaTwTipw SAas TAs SUVOTAg TEPITITCOOES.

13. IINAZ TIMON AAHOEIAL THE EYNEINATQIHE.

1) ’Eqw pic &Anfns Umdbeais p 68nyf els &v &Anbis ocupmépaoua q, mi-
oTevopey 6T éxduopey SpBov ouMdoyiopdv kai BewpoUuer TRV GuvETTCrywymV
&ANG.

2) 'Eqv pic &GAnfng Umdbeois p 68nyd sis #v yweubts cupmrépaopa, TOTE
elven PéBonov & Exopev kel Adfos els Tov ouldoylopdv kai  Bewpoluev ThHY .
CUVETTY WY TV Yeudty.

3) 'Eqw 1) UmdBeois p elvan weudris, ToTe dpbds guAAoyiopds AuTTopET v
uds o8nynon els dAnBis ouutépacua kel cuugwvolUper v dvoudlwuey dATER
TNV THY CUVETTY WY TV.

4) ’Eav 1} Umdbeois elvon weudrs, TOTE &pbos ouAloyiouos fiumopei EE
foou va pas 68nynom els weubls cupmépacua kal TéTE oupwvoUuey v dvo-
pdlwpey THY ouveTaywyny auThy SAned.

T& dvwTépw ovykevTpdovopey els TOV kaTwTépw Trivaxka &Anbeias :
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[ivag aindeiag tilc ovvenaywyiic: p = q

o R (O (R e
A A A
A ¥ ¥
¥ A A
¥ Yy A

‘Omos aiveten eis TOV Tivake, 1| cuverayeyi p = q slvar wevdig tote
Kai pévov, Grav 1| nporrn npétacig eivan aindic kai 1 dsutépa yevdijc. Eig 6-
Lag tag @hlag mepintdoeig sivan dindic.

TMapoBeiyuara Epappoyfis ToU Tivaxos :

1) 2eN = - €Q, &Andis

2) 3%0= % eN, yeubfs

3) V2eN= 2 Q, danors

4) L eN= V2eQ, dAnbis

"EoTtw 1) dAnbfs ouvemaywyn p= q, 6mou 7| p elven dAndrs. ‘H ouve-
maywyn alrtn SioPdletar kal pé &GAdous Tpomous. IBoU pepikol € alTd :

1) tv p, TéTE q

2) p elvan ikowvn) ouvlrikn Bia q

3) q elven dvorykaico ouvdrikn Sik p

4) iva q dpxel p

14. ZYNEMAIQIH AYO ANOIKTOQN IMPOTAZEQN,
"EoTw &1 Eyouev T ouvemraywyfv p (x) = q (x).
Zuvodov dvagopds To U, ouvolov dAnbeias Tis p (x) T& P, olvolov &hAn-
Beias Tiis q(x), TO Q. OfAouev v& Tpoodiopicwuey TO olvohov dAnBelas Tiis ou-
vemerywyfis p(x) = g (x).
ToparnpolvTes Tov Tivake &Anbeias Tfis ouvemaywyfis, PAémopey &7
TIHTTOPOUNEY V& KOTAOTHOWHEY THY ouveraywynv p (X) = q (x) dAnbH,
{ Ty p (x) SAnBH xoi Thy q (x) dAnH,
&v kataoThowpev: ¢ THY p (X) yweudf kad THY q (x) dAnBT,
{ ThHY p (X) weudd kal v q (X) yeudd.
'Ex ToUTwv EmeTon 6T :
{x|lp=q) }=PuQ(*
Mapadeiypata :
1) N& ebpebfi 10 olvohov dnbeias Tfs ouvemaywyfis, x2=1=x=1.
(ouvohov dvagopds 16 R).
EUpioxopev mpddtov 6m P= {1,—1}, &pat Pe = {x|x# 1 eite —1 }.

(*) *Amodewavietar 67t Gha al wepimTdoeg xaddnTovial d&nd Todv Timov TolTov.
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Evploxopev émerra 611 Q = {1 }. ‘Emopdveos PcUQ = {x|x#—1}

2) N& ebpedij 10 oUvorov dAnbelas Tiis owemaywyfis: x=1=x2=1.
"Exomev P= {1}, dpaPe={x|x# 1} Q={1,—1}. ‘Emoubweos PcU Q=16
oUvohov dvagopds R.

AZKHEXIEIZ

24) N& elpete mofan &mo Tés k&Twbh ouveaywyds elvan &hnbeils xal woia yeubels.
o) 3=4=>34+1=4
B)2)0=>6=2-3
Y) 5=2+3=2)8
8) 2=5+4+6=8)10
£) 3=2=2)5
25) N& oynuarioete Tév mivaka dAnbelas Tév :
@) p=~q P) ~p=q PP =~g
26) N& oynupoticere Tov mivaka dAnbeias Téwv
. p= q xal ~pvVvq
Ti Twaparnpeite ;
27) Ak va elvan x = — 2 elven dvaykaia ouvlikn f| x! = 4. AicTurddoaTe ToUTO gUp-
BoAikéys pé piav guveTaywynv.
28) N& oxnuoaTioere TOV Tivaka dAndeios Tiis :
p=~(pva
29) Né& oxnuaticere Vo owvemaywyds &mod kdbe {eUyos & TGV kéTwh TpoTdoewy
kal va eUpete Tds Tipds dAnBeias Toow. :
) 3+4=17 5+3=8 B)5+1=6 3+2=6
y)6=-3=2 4=25 b)v=1, 2:5=10
30) Eis T&s xatwh ouveraywyds GvoikTAV TPOTATEWY V& EUPETE T& OUVOAx &An-
Belas Toov.
(Té ouvohov dvagopds U elvan TOLR).
o) ‘Eav x* =4, Té1e x =2 eite — 2
B) 'Eqv x =4, TéT1e X2 =16
y) 'Edv x? =25, té1e x=-5
3) BEdv x =3, TéTE X # 5
€) 'Edv x* >0, Té1e x2< 0
oT) 'Edv x*—5x +6 =0, Té1e x = 3 €l 2
31) «ax =3, P = 2». Elven 7 wpdTaois abrn lkavi) fj dvaykaia ouverikn Bid vé Exwpey
a+p=5;
32) "EoTw & glvolov 3 wpoTdoewv : p, g, I, S1& T&s Omolas oxnuatilouev éva wivaka
Tiucv dAndeias. TTooas ypauuds 0 mepiéxn & ivat ; Téoas tdv al B16épeven poTéoess elvan v ;
33) "Eotw p 1| wpéTacis «Bpéxer kal q B wpéTOOIS «Kdpvel kpUor. N& drrobboeTe
AeKTIKGS TaS TTPOTATES ¢
pAg, pA~gq, ~pA~q pv~a ~(pAg), p=>q
Pressh Gy WA gy g = Dl Do

15. H ANTIZTPO®OE KAI H ANTIOETOZ MIAL ELYNEIMATQIHE.
A) "Eotw 1 ouwveTraywyn :
« &v fvas &piBpds Ay els 0 ) 5, T6Te elvon Broapetds Bik 5», ThHv dmolaw
OTUEICOVOEY P = (.
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Oewpolipey Tdpa THY ouUvETTay WYY :
«Gv Evas &piBuds elvon Siaipetos Bid 5, TéTe Ayt els 0 A 5». Thy ouvereryco-
yhv aUtiy 6& Ty onusidowpey pé q = p, 51611 Umdbeais els THY BeuTépav T
ouveTrarywyny elvan TO oupmépaopa Tis TPWTNS Kol TO oupmépacua Tiis Seu-
Tépas ouveETTaywyTis elvan UmdBeois Tiis TpddTns.

Al ouveraywyal p=> q kal q=- p AéyovTanr avtigtpogor 7 pia Tis &AANS.

MopaTnpotuer 61 of p= q kai = p ToU dvwTépw Tapadelyparos elven
kol ol Vo &AnBeis. Adv oupPaiver Suws alTd TdwtoTe. ‘H dvTioTpogos wids
&AnboUs ouveTrarywytis &vbéxeTan va elvon weudns. Ty, p= q : 2w &lo ywvic
elvon Opbaid, TéTe elven foon (&AnGrs), #vd q=p : &w Blo yovicn elven foa,
ToTe elvon Splal (yeubfis &v yiver).

B) "Eotw 7 &Anfns cuveraywyt :
p=q: éw évas &piBuds Ay s 0 A} 5, ToTe elven Bropetds Bi1&x 5. ‘H ouverraryco-
Y~ p=~ q MyeTar @viiletog Tfis p= q.

Eis 10 map&beryud pos AekTikéds 8& eimoouev :
~ p=n~ q : 'Eqv évas &piBuds Stv Ajym els 0 7 5, TTe Stv elven Sicupetds Bic 5,
1 omoia elven &Andrs mpdTaois. Atv oupPalvel dpews TavToTe R duTifeTos wids
&AnfoUs auveTrarywyfis v& elvon émrions dAndrs. 180U & Tapdderypa :
p=q : &w 8Uo ywviocn elvan dpbad, TéTe elven ioon (dAnB1).

~ p=~ (: & 8o ywvicu Stv elven opbal, TéTe Bdv elven focn (yeubris).

16. H IZOAYNAMIA AYO IMPOTAZEQON.

A) Avo TpoTdoeis p kad q Aéyopev éTi elven igodbvepor peTalU Twv, v
N oulevlis (p=q) A(qQ=p) elven &AnBrs. ZupPoAilouey TO yeyovds alTd pé
p<=q xal SiaPdfopey : p loobuvapel (Aoyikds) ué q. OUtw, T.X., af TpoTtdoes
p @ fvas Gpifucs Afiyer eis 0 ) 5 kal q: #vas &piBuds elvan Bionpetds Bia 5, elven
icoBuvapol, Bi16m loyler p= q kal q= p. Mp&pouey Aormdv p <= q. '

A& v& oxnuaTiowpey Tov Trivaka dhnBeias Tis iooduvapias, dpkel vk oyn-
poariowpey Tov Tivaka dAnbelas Tiis ouleltews (p= q) A(q=p). “Exomev :

P | 9 |p=>q|g=p !(p=9) A@=p)
A A A A o1 Aol
A b ¥ A N
 d A A b 1 b o
i b o A A A
Anhadiy Exopev tov kGtobh nivexe tpdv dindeiag tiig icodvvapiog :
Bl p<-q
A A A
A 3 L
o A ¥
) Y A
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“Htot 1} isoduvapia 600 npotdaccwv sivar ainbig povev dtav xai ai divo
npotacelg eival ainbeic 1) yevdeic tavtoypoves.

Mé &AAas Aéters BUo poTdoes p kai q Aéyopev 611 elven loobivapol, SToav
Exouv Tas oaUTas Tipas GAnbeias ouyypovaws.

TMopoBeiypaTa épappoyfls Tou Trivakos :
1) 65 elvan drépoios <= & —3 elvan dpvnTikos (&Anbns)

2) 62 elven duépatos<> & /3 el quowds  (&Angris)

3) 6 2 elven guolkds <> & —;— efvor duépatos  (yeubns)

4) 6 %EIUCK! &ppnTos <> 64/3 elvon &ppnTos (yeudns).

5) fi elBeia €/ [e' <> ) elBeia €' [ e (SAndns)

6) To Tplywvov ABI elvon iodmAeupov <= T Tpiywvor ABI elven iooydviov.
B) ‘H icobuvapia p<>-q SiatumoveTan AekTikés kol pé &GAAous TpoTrous.
Mpooétars Tds BUo TpoTdosls «p &w g» kad «p pévov &aw g». ‘H «p éaw

q» onuaivel g = p kol 1) «p povov Edw q» onuaivel p - q. ‘Emropéves £dv kal ai

BUo ool TwpoTdoels eiva dAnels, fi oUleutis Twv B& elvon dAnbrs. "QoTe :
«p &v kai pévov Edv q» onuaivet p= qkal g = p, dnhadn p<=>q.
"Qote avri vi hEyopev «p icoduvopel pé g», fumopobpev va AEYOpEV «p

£av Kal povov £av q».

MopéBerypa : Ocwpolpev Tdg Eifis Suo mpoTdoeis :

p : Alo elfeicn tvodg Emimédou Bév TépwovTa,

q : ol eWfeion adral elven TapdAAnAol.
p=q: *Edv 8o elfeion évds &mmédou Biv TépveovTal, TOTE elval TapdAinAo
(&An8rs).
q=p: Edv BUo edfeion &vog emimedou eiven mapddAndol, TOTe Sev TeuvovTol
(&Ano1s).

’HutropoUuey Aoty vér eTTTeopEy :

«AUo ebBeion Evods EmimréSou elvon TTapdAAnAot &dv, kai povov Eav, BEv TEuvwvTaLY.
Ty icoduvapiov Blo TrpoTdoewy THY SlaTutrcdvopey kai pé &AAov TpdTTOV.
"Av AdPoopey TOAW TO duwTépe Topdderyua fumopoUuey v elmropey

«avaykaie kai ikavi ovvdikn B1& v elvon TapdAAnAol BUo elBelon tvdg EmiTre-

Bou elval va pf TEMWGVTLY. '

“Evas &AAos TpdTrOs BlaTuTrdoEws TS ioobuvapias Tév dvwTépw &lo
mpoTdoewy p kai q elvan : «Aid v elvon rapddAnior Bo edbeicn vds EmimeSou,
npénel kol Gpkel v pn TERVLYTOLY.

"As AdPwpev Ev &AAo TrapdBerypa :

YrrevBupilopey T& SUo fecopnuaTa.

OEQPHMA 1. 'Eav 16 Tetpdmhsupov ABFA elvar  mapaAAnAdypauuoy,
TéTte al Bicydviol Tou Al kol BA &ixoTopouvTa.
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OEQPHMA 2. 'Edv ai Siaydvior Al kal BA #vds xupTol TeTpamAelpou
ABlA BixoTopolUvTtan, TéTE TO TeTpdmAeupoy ToUTo Elvan TTapoAAnAdypaupoy.

"As bvopdowpey p Ty TpodTacw @ «ABIA  elvan mapoAAnAdypauuovy,
kol q Tov mpoTacw «Al kal BA SixoTtopolvrony.

To Gswpnua 1 éxppaleTon Bia. Tfis ouveTraywydis @ p= q

To Gedpnpa 2 éxkppaleTan Six Tfis q = p.

Kai 1& Vo Bewptjpata pall ékepdlovran Sia Tfis iooBuvapias p<=>q.

Ké&Be pia &rod Tas mpoTdoes p kai q elvan ikavi) ovvBixn Sia Ty GAATY
kai #rions kdfe plo elvar dvaykaio ouvBikn Si& THy &AAnv.

"Hutropoupev Aoimmov va eimrwpey :

«"lva &v TeTpdrrAeupov elvan TapoAAnAdypaupov dvaykeio kai ikavi) ovv-
fqxn elvan ai Sioydviol Tou v& BryoTopouvTon». "H &xkdun :

«"lva &v TeTpdmrAcupov elvan TopaAAnAdypauuov npénel kai dpkel of Sio-
yaviol Tou v& BioTOHOUVTaIY.

*Emrions, &Tmes eibopev duooTépod, HUTTOPOUMEY VA ETTICOMEV :

«"Ev TeTpdmAeupov elvan TapadAnAdypauuov v, Kai pévov Eav, ai Sio-
yewioi Tou BirxoTopolvTaiy.

*Atrd Tov dpropdy Tiis icobuvapias évwoouper &1 ioyouv ai étfis iB10TnTes -

o) p<=p

B) (p=q)>=(g=p)

Y) (p<=>qA q<r) = (p<=1)

17. IZOAYNAMIA ANOIKTQN IMTPOTAZEQN.

"Omreos kad els THY ouveTraywytiy, oUTw Kai els THY icoduvapiav futropou-
pev vé émexteivooper THY Ewworaw kai S1 dvoikTds TpoTdoels. "As [nTACWUEY Aoi-
mwov TO oUvorov dAnbelas Tiis p (x)<=q (x).

*Edv Béowpev els THy p (x)<=q(x), &mou X &va aToryeiov TOU guvdlou dva-
gopds U, To dmolov dwrker els v Toutv PN Q, AcpPdvouev uiow GAndf odvle-
Tov TpdTaow, Emeidh kai T& &Uo péAn Tis icoduvauias elven Topa dAnbeis Tpo-
T&oes. "Edv eis Thy p (x)<=>q (x), Béowpev Gmou x v oToiyeiov, TO dmroiov vty
ket el THY Pc NQ<, AcuPdvoper TéAw piow &AnGf olvbetov mpdTaow, 16T
Tdopa kal Té BUo uéhn Tiis icoBuvapios elvon yeudels poTdoels. “Edv vl TOU X
Btowuey dmolovdrioTe &AAo oToiyeiov Tou U, mpokimrTer weudtis ouvBetos Tpo-
Tagls, 51611 TO Eva péhos Tiis iooBuvapias B& elven dAnBRs TpdTaos Kal TO &AAO
weudrs. Zupmepaivopev Aormov OTi :

{(x|p@<=q® }=FnQu (P-nQ)

Iapaderypa.

ZnTeitar TO oUvodov SAnBeias Ths (x2=4)<>(x =2). “Exouev om
p(x):x2=4 kad q(x) : x=2. ‘Emoptvers P={2,-2} xed Q={2}. "Apa
0k elvar Pe={x|x #2efre—2} kad Qe ={x|x #2}.
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Zuvemdds PNQ={2} kai PN Q= {x|x # 2 eite — 2} Tehikéds Aoi-
oV Eyopev :
{x[p))=@x) }=PnQu (P NQ)={x|x #-2}

Inp. 1. To olvohov dhndeias Tfis (x* = 4)<=>(x = 2) tlven dpéows pavepdy &1 elven
T {X|X # —2}, B16m1 10 — 2 elvan 1) pévn Tiph ToU X (&M TS aUvohov dvagopds R), Bk
Ty dmoiav v AapPdvouv Tas alTds TiMds dAndeias kol T& BUo pEAn THs looBuvapis.

Enu. 2. Al TrpoTdaosis

PVa pAQ, p=4q, p<>q, ~p

Afyovton ohvBetol mpotdoeig mpdng Pabpidoc, Bia rdde {elyos &mAdv mpoTdoswy p kal q
tx.ToU L.

AZKHZIEIZ

34) N& Siarumddoete Tds dvTioTpdgous T@Y K&Twh ouveTaywydv kal vi dropavbijTe
v alrar elven dAnBeis f) yeudels.
a) ‘Eqv xdmolos dyewnfn els Tas MaTtpas, TéTe Exer ‘EAAmuIKiY Barytverav.
P) Eawv x —yp =3, TéTeXx ) ¢
Y) 'Edv 800 dpboycmia Exouv foas Pdoeis kai Toa Uy, TéTe Exour foa tuPaba.
&) ’Edw x* =125, vére x =5 elre x =—15.
€) 'Eqv &v onpetov kefren Eml Tijs pecokadétou tvds elBuypdppou THfuaTOs, TOTE
améyer ¢ foou &md T& &xpa TOU TEApaTOS.
ot) 'Edv 24+ 4=05, 1é1e 4+ 6=8
35) N& dmopavBiite, &v ol katwTépw TpoTéoes elvar icobuvapor peTaly Toov :
a)p: 2x=10(x€eR)
qix= 5
B) p : To Tpiywvov ABT eivan icémAeupov
g : To Tpiywvov ABI elvar icoydwviov
Y)p: x>y (x,yeR)
q: w(x
8) p: 1 elbeia € elven TapdAAnhos mwpds THY €
q: 7 eUbela € elven wapdAAnAos wpds THV &
e p: x=4¢le x=—4
q sy x*=16
36) N& Biarumdoete TpoTdoels looBuvdpous Tpds Tas k&Twh dvaypagopbvas :
a) Al elBeion € xai € ToU dmméSou (IT) Biv Tépvovral.
B) To onuefov M dviiker el Thy eUfeiav € xal els THY evbeiav €.
y) T& onueia A kal B kelvron els 16 alimd fuemimedoy dx wpos THY elfeiav &
8) To mapaAAnAdypappor ABFA Exer Tds Siaywvious Tou Al xal BA foas.
£) To onueiov M keiton émi Tis SixoTdpou Tis ywvias 8.
or). Xt =1,
Dx=2ckal y=-2.
37) Né& elpete 16 olvohov dAnBelas els ké&be plav &md Tés kéTwd loobuvapios dvoikTdy
Tpotdoewy (oUvohov dvagopds Tis uetaPAnTiis T& R).

O (x = D> (x=—1) B) (x*= 0) <> (x =0)
Y) Bx=6) <= (x=2) 8) (x # 1) <= (x* #1)
€ (x = S) <> (x#5) ot) (3x=6) <> (3x+2=28)
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18. H ANTIETPO®OANTIOETOZ MIAE EYNEIAIQIHE.

A) Eis T& mponyolueva &md ThHY cuvemaywyny p = q foyxnuoticapey
Ty dutioTpogdy Tns q = p kol ThHY dvriletédv Tng ~ p = ~ q. Mia &\An ouve-
Toywy oxeTilopévn pé THY p = q elvon ) ~ q =~ p, 1| omoix AgyeTan dvn-
acTpopoavtifetog THS p = q.

Iapadeiypata :

lo. p=q :x=3=x*=9

~g2a~piXt£9=x #£3

20v, p=q : 'Edv BUo elfelon fvds &mmébou Tépvevton, ToTe of eUfeion
Bév elvon opdAAndor ~q =~ p : ’Edv 8Uo elfieicn Evdg émméSou elvan Tropdh-
AnAol, TOTe SEv TépvovTal.

3ov. p = q : ’E&v mwépw BoBudv 17 els T& Mabnuartikg, ToéTe B Exw 16
els TO &wBeikTikOY pou (Bwvoeitan : pt T Umrdpyovoay Pabucioyiav els Ta SAAx
pebrjpara). ~ q=~ p: "Edv Btv &y 16 eis TO tvBeikTikdy pov, TOTE Siv O Eyw
Téper 17 els T& Mabnpoatiké.

4ov. p = q : 'Edv Al = BA, Téte 16 TaporAnAdypappov ABIA elvca
dpfoycoviov.
~q=n~p: Edw 10 mapadAnAéypaupov ABIA &iv elvea dpBoycoviov, ToTE
Al # BA.

B) ‘H mhéov &vdiapépouca i816Tns Tiis dvrioTpogocwTiBiTou WSS ouve-
Torywyfis elven 671 elvan ioodUvapos (Exer Tas altds Tiuds dAndeias) ue THv Bo-
Beloav ouverrorywytv. AnAad :

(B =4 s(~q =5.D)
"As kaTaokeudowpey Tov Tivaka dAnBeics Si& Tds p = q kal ~ q =~ p:

p .- 4.} ~p | ~q |[p=q |rg=~p
A A ¥ ¥ A A
A ¥ ¥ A ¥ ¥
¥ A A ¥ A A
% ¥ A A A A

Ao Tds oThhas 5y kal 6ny ToU Tivaxkos PAémropev OTi ai ouvBeTor Tpo-

TAOEIS :
p=>qxkal~q=>~p

Eyowv Tas aUTds Tipds dAnBeias, elvan Aormrdv ioodlvapor TpoTdoes. ‘H 18i6Tns
Ut uds EmiTpémel Tpokeipévou v& modeitopey piow ouverarywyny, vi dmodei-
twpev dvt’ adtiis Tv dvTioTpogoavTifeTdy Tns.

OUrw, T.X., &ls TO olvohov Tév TapeAAnioypduucy ioxvel | TpoTAOIS !
«&v 16 TapoAAnAdypaupor ABIA Exel ioas Tés Siorywovious Tou, TOTE Exer Tés
yovias Tou dpbds». ‘H mpdTacis alrn elvon ioodlvauos mwpos Ty TpdTACW :
«Edv T mapedAnAdypappov ABIA Btv Exer dpbds Tds ywvias Tou, ToTE BEv Exer
Tas Sixywvious Tou foosy.
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150U &v &AAo TrapdBerypa :

A& v’ &mroBeitwpey el Ty lMecoperpiov 6T «d YEWUETPIKOS TOTOS (TO
oUvohov) T@Y onueiwv Tou émiméSou, T& Smoia dméxow EE foou &md Ta dxpa
&vos eUfuypduuou Tufuatos AB, elvar 1) pecokdBertos Tou Tunuaros AB», &mo-
Bemviopey o) 'Eqw Tuyov omusiov M d&méyel foov &wd T& A kad B, TéTe dwriker
els TV peooxdeTov. kad B) *Edw 1O M dwnkn els THY pecokddeTov Toi AB TéTe
&méxer €€ foou &md Ta A kol B.

Auvdpeba ducws va Epyaohidpey g &g : N& &rmodeiteopey THy o) kad ka-
Tomw dvtl Tiis B) va dmoBeifwuey THy dvrioTpopocyTiBeTor THs B), 6T 8nA.
& TOM Bty dméyn foov &md T&r A kad B, Téte Biv dvriker els TNV pegokdBeTov.

) Mic &AAn 18165 THis p = q elvon é11 elvan {ooblvapos TPOS THY ~pV/ q.

And. (p = @) <=>(~ pVq)
Mpaypari, &v k&uwyey Tov Trivake dinbeias,

P | 4 | ~p |p=gq|~pVq
A A Y A A
A ¥ Y o Y.
s i A . A A A
¥ ¥ | A A A

PAéropev &mod Tés oThAas 4ny kai Sny 811 p = q kai ~ p \/ q Exow Tas oUTdS
Tiuds Anbeias, SnA. elvon looSuvapor TpoTéoes kai AuTropoupey, STav Xpeta-
off], v& dvtikaTaoTHowpey THY pliav Bid Tiis &AANS.

AZKHZIEIZ

38) N& Bwxrumamoete Tds dvTioTpogoowTiBEToUs TEY K&TwOI ouvETTaY WY &V.
«) ‘Edv tnpfis Tés Siatdlels ToU xddikos dBikis kukAogopias, ToTe Biv B AdPrs
KATjow &md Tév Tpoyovduov.
P) "Edv els Tov "Apny Biv Umdpyn drudogaipa pi Sfuydvov, TéTE Biv UTdpyet
Town Exel.
Y) 'Edv TS onueiov M durikn els Thv elBeiav ¢, TéTe Biv dvriker eis THY €.
8) 'Edw fiumoptons va Siecrpétns Tpix X1hidpeTpa els 1 Aemrtédy, TéTE B Payw TO Ka-
TEAAOY pou.
€) 'Edwv 2x = 10, Té1e x = 5.
oT) "E&v & onueiov M keitan émi Tiis Sixordpou wmas ywvias 8, Téte & M &réyer
€ Toou &mwd Tds TAeupds Tiis ywvias.
39) Né& &rmoBeifete pi THv karaokeuiy tvds Tivaxos &hnbeias 611 ) &pvnois Tiis p=>q
eivar pA ~ q.
40) Karaokeudlovtes mivaka Tipdv &Andefos vé &mrodelfere &ti 1} oueTaywyn elvat
peraBatikd. AnA. [(p = @) A (@ = )] = (p =1).
41) "Av p : g elvan kéBetos &l THY €,
q : & elven kd&BeTos Eml THY g
r : g elvon TapdAAnAos Tpds THY &
v& ypéyete Umd oupBoAikiv uwopehv T&s Efis TpoTdoes |
@) Qv & elvar k&BeTos WPos € Kal € k&BeTos TPds THY &, TOTE f £ elvon TapdAin-
Aos Tpds THY .
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B) &v g elven kéBetos Tpos THY €, kad g, Biv elvan ké&deTos Tpds THY £, TOTE 1) g
8év elven TapdAAnAos Tpds THY €.
42) N& Beifere 6mi ol wpotdoes p = (qyr) kel (p = q) v (p=>r) elvar looblvapor,
éxouv BnAabn Tas altds Tipds &Andefas.
43) Na &moBeltere pé karaoxeuhy Tivakos dAnBeias &1 &pvnows Tiis p<=>q elven
~p<>q @i p<=~q.
"EmeiTa v& ouptrAnpaooeTe TOV k&twh Trivaka :

| Tiros &pynaois
T0leukis | pAg ~py ~q
Méleukis i opALg _
ZuveETray wyn p=q pA~gq
"loobuvapia p<>q _—

19. OEQPHMATA KAI AMOAEIZEIE,

A) Els Tiyv § 12 eimopey &1t Aoyikd) elvan | pehéTn Tév kavbvawy Tpds Ka-
TaoKeUTi OpBdv gUAAOYITUGY.

‘O uéyas "EANMy @idéoogos ‘ApioToTéAns Umfiptey & TpRTOS uéyas Bi-
Baoxahos xai Bepehicotns Tiis Aoyikiis. ‘H Aoyikfy Thv émolay ouvéyponpe Biv
Exel oxedov Tpoaybij péxpr onuepov kad els THY TpaypaTiKéTTA SAa oxedov,
Soa pedetddpev oripepov, dwrikowv els 8,m1 dvoudopev «Noyixhy ToU ApioTo-
Tehousr, 7 Omoia Eyer fAiov dvw Téw 2000 Erédv. ‘H pofnuaTikomoinois T
Noyixfis elvau, PePaics, Epyov Tév peteryeveoTépuv kai iiws Tou Georges Boole
(1815-1864) kai &MAwv BecopnTmikédv Tiis Aoyikfs.

Eis T& Mabnuarikd, i8icws els Ty Mewpetpiow, 1 épyacia pas owioTera
el THy &moBeitw GecopnudTeov, SnAadn Tpotdoewv. Ak vd &modeifwpey &
Becopnuar péTrer v Beifcopey 811 ToUTo EmrakoAouBel Aoyikéds &mod Tds Utrobéoels
uas. Ak va TS kdpwpey aliTO XPNCILOTIOIOUNEY TAS &pyxd&s Tiis Aoyikijs, SnAadi
Aoyikous kavdvas.

"Edv, .x., yvwpilwpey 6T ) wpéTacis p = q elvon dAnBis kod &T1 A p
elven &AnBrs, TéTe Buvdpebo v oupmepdvwuey 8T1 q elven dAndTs. AnAabh ud
oUpPoAa :

[(p=aq) Ap]l =q

Mp&ypari, & oynuaticwper Trivake dAndeios,

P |9 |p=q|p=qAp|l(P=q)Apl=q
A A A A A
A ¥ ¥ ¥ A
¥ A A ¥ A
¥ ¥ A ¥ A

PAémopev &1 ) olveTos TpdTacis [(p = q) A p] = q siver névrots &Anbig,
dvebapTiTws TGV Tipdy dhnbeias, Tas dmoias AapBdvowr of cuvioTédoo aUThv
mpoTdoels. Mia ToiaTn TpdTaCIs AdyeTon tavtoloyia kai pE TS TauToAoYias,
B& doyoAnBdper kaTwTépw elbikdTEpOV.
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‘H olvbetos mpdTacts [(p = q) Ap] = q, elvar wavroTe, s eiTropey,
tvas OpBos ouMAoyiouds. 'EvioTe ypdgouey altov d EEfs ¢

p = q (&) o i - -
5 (&AnBhs) } ( Utrdbeois ToU oUAAOYITHOU)
dpax q (oupTtrépaopa ToU guAAoylopou)

Od& Bdhowpey Twpa TapdBeryua époappoyfis Tou AoyikoU koavdvog :

[(p=q9 Ap]=q
HMapadevypa :

’EAGBopev piav TrpdokAnow Bk Tés yupvaoTikds émbelers ToU TNupva-
oiou A, 1| &mola Eypagey «&v Ppéxn kaTd THY fuépav T@v émbeitewy, 1) topTm
8& yivn els TO KAeioTOV yupvaoThplovs (p = q). Zfuepov elvar | fuépa Tis Eop-
Tiis kai Ppéxer (p elvan &Andrs). E@’ doov Aormdv ol TpoTéoels p = q kai p
efvon kai of 8o &AnBeis, yvawpilwpev 611 q elven dAnbdrs, BnA. 4 fopTh B yivy
els TO KAeloTOV yupwaoThpiov. “Humopolpey Twpa vet eimreoper 671 drmeBelfoper
T6 Becopmpa: «'H EopTh Tév yupvaoTikGy Embeiecv 8& yivn els TO xAeioTOV
TupvaoTnpilovs.

B) Mia &AAn Texvik) ypnoipomolovpérn els Tas dmodeiles elvan 1y EEfis :

Edw yvowpilwpey 611 p = q elven dAnbhs kad & yvwpilwuey 611 q elven
weudris, TOTE fiuTopoUuey v& oupTrepdvepey 6Tt p efvar weudns. ZuuPoAikés :
P pEgvee f=sorp

MpdyuaT!, &v kaTaoksudowpey Trivake &Anbelos,

p | g | ~p | ~a |p=q|(=DA~q|(p=9)A~q]=~p
A A ¥ ¥ A ¥ A
A y v ALRIRSY ¥ A
y A A ¥ A v A
y y A A A A A

PAéropev 8T 1) oUvBeTos TpdTaots [(p = q) A~ q] =~ p elven TévToTE &AN-
Bris, dueCapTrTeos TGV TRV dAnBelas, Tds omoios AauPdvouv ai cuvicTdom
oty TpoTdoeis. Elven 8nAadn Tautoloyia xai fipmopoUuey va THY Xpnoiuo-
TroloUpeEy G5 AOYIKOV Kowova.

’150U v TapdBeryua épappoyfis TOU kawdvos TOUTOU :

TMapaderypa :

‘0 pobnThs Mewpyiou Adyer 611 & — 5 elven pila THs Eliocooecs x2 —5x + 6 =
= 0. "Edw — 5 elvan pile Tfjs tliocdoews X2 — 5x + 6 =0, Té1e (—5)* =5+ (—53) +
+6=0 (p=q) AM& (=5)?2—-5-(—5+6=254+254+6 #0 (qyev-
&15). 'E@’ Soov Tdpa yvwpilopey 8T p = q elvon &Anbs kai oTi q yeudns, ei-
pebor PéPaiot 671 p elven weubrs kai & Mewpylou Ekape Adlos. ‘O — 5 Bév elvan
pila Tiis &iocdoews x2 —5x + 6 =0.

Eis 10 ToapdBerypa otd Apmropoluey vé eimeopey 6T dmedeifauer 1O Oe-
wpnua : «& —5 Btv efven pila Tiis éliowoews x* — 5x 4 6 = O».

‘H ¢ dve &mdBeitis AuTropel va ypagfi ds EEfjs :
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TpoTé&oeis | Aionoroyia

1) —5elvan pifa Tiis X2 —5x +6=0 1) “Opiouds pilns mds hioosws.
> ((=5)* =5+ (= 5) +6=0)
2) (—=5*5-(-5+6=#£0 2) ’ApiBunTikn.
3) —5 Bkv elven pila Tijs 3) Mpotéoes 1 kal 2 kol xowod-
X2—-5x+6=0 ves THis AOYIkfis.
ALKHEZEIZ

Els x&fe piav &mod 75 KaTwTépw dokfioels 44--52 (*) &ibovtan dpiopbven TpoThoels
Tas omoias dvopdlopev &AnBeis kal Siatumdveton &v fewpnua. Eis pepikds mepimToEs TO
Bewopnua duvatan v elvan weudis xal els &AAas v pf BiSwvton dpretal TAnpogopicn Bix vér
dmropavdiuey dv TO Bedpnua elvan dAndis i weubés. ZnTelton v& SiaTuTdoeTe T&g dmodeites.
(ol 6166ueven dAnbels Tpotdoes Aéyovten @ Umobéoers).

44) "YroBeog. "0 felos Kboras B uds ouvodedon els 1o Béarpov, Edv f) pnTépa 16 Emi-
Tpéyn. ‘H puntépa TO EméTpeye.

Ocdpnpa. ‘O feios KdoTtas 8& pds ouvodelor els To Béarpov.

45) "Ynobeows. "Eqv Sév Umdpyn ofuydvov els Thy Zehfvny, TéTe Sdv Umdpyer {wi Exel.
Aoxipal Exouv Beiler TeAerwTikds ST Bév Umdpyer dEuydvov Eml Tiis Zehfums.

Oedpnpa. Atv Umdpyer loon Eml Tis Zehfjvns.

46) ‘Ynobeowg x +y =20, x—y =4

Bchpnpa. x #1

47) "Ynobeog 2x ~3y =7, x+2¢ =3

BOcopnpa. 3x—yw=10

48) ‘YroBeos. To ywouevov BUo Betikdv &piBudiv elven Berikds. O &piBuds o elvan
BeTikds. TO ywopevov - P &iv elvon Betixds.

Oedpnpa. ‘O &piBuds B elven &pynmixds.

49) 'YnoBeag. 'Edv «€Z, 161 lra=a. 'Edv o, B, YEZ, TéTE Praty-a=
(ﬁ+Y)¢r 1+1=2.

BOehpnpa. Ak xdbe ae Z, loxle a4+ a=2a

50) ‘YnoBeows. 6 + (—6) =0,8=2+ 6. Aix x&fe Tpidba &piBudy o, B, y, & TOU
Z, loyuer 6m (x+ P) +y =+ (B + y). 'Emlons 81 kébe x€ Z foyler 611 x +0=x.

Ozhpnpa. 8 4 (—6) = 2.

51) N& kataokeudoere &ve Tivaka dAnfefas S1& Thy oUvBetov mpéTaow (pAg)yr.

52) Mola elven ) &pvnais Tiis ~ p, Snhadh ut wolav wpdTaow ioobuvayel | ~ (~ p) ;

53) 'Eav «, P elvan wpaypaTikol &piBpol, v Beifete ém a=Pp > a+y=p+ Y.

54) N& d&mobeltete 1o Beddpnpa :

'Edwv x =5, Té1e 3x + 6 =21

55) N& &mobeitete 16 dvtioTpogov ToU dvwTépw Bewpfiuaros Tiis &okfioews 54.

56) 'Eaw o, PeR, a # 0 kai a(3p —8) = «, Tl fumopeite v& ocuumepdveTe ;

57) 'E4w a, PeR, P # 4 kal (3a + 12) (2B —8) = 0, i fiumopeite v& oupTEpSVETE

~

20. TAYTOAOTIA.
Mia olUvletos mpéTaois, f| dmola poppdveTon &md  &AAas TpoTdosis p,
q, r x.T.A. memepaouévou AT Bous, ouvBeopévas pE T& oUpBora A, V, V., =,

(*) Ex Tév doxfoeav tobtev O& Soboly elg todg palnrtdg, Sow watd thy xplow Tob 3i-
ddorovrog drattolvrar Sk Thy EuméSmaw Tig dwolag wdmédefign.
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<>, ~, Ba dvoudferon hoywkdg tomog Al p, q, r, k.T.A, o émoian SlvowTen v
AdPouv Tiwas A 7 Y, Adyovtan petaPintai ToU AoyikoU TUTou.

Oi o1, Tous dmroious ouvnyThicgauey eis T& Tponyolpeva : pA q, pV 4,
P =>4, ~ P, p<>q, Svopdlovran @mhoi tomor. Zuppcoves Tpds ToUs weTé-
pw Oplopols 1) Exppaadis ~ p A ~ q elven fvas Aoyikds TUTros, Srws Emions kad
oi Exppaoers [(p = q) A p] = qkal [(p=q) A~ q] =~ p, Tés dmolas ov-
vivTiioopey eis T& TrpomyoUueva.

'ATo éoa EteBéoopey els T& TrponyoUpeva BwwooUpev &Ti Bik va elpoopev
Tas Tipas dAnBelas Evds AoyikoU Tirou, 8 oynuaTicwper dva Trivexe, ToU dtroiou
al mpdtar oTijhar B& Exouv EmikepoiBos Tas &mwAds wpoTdosis p, q, I, K.T.A.,
&mod Tas omolas dmoTeAeiTan 6 TUTos. 'Edw ai &mAai mpoTdosis elvon Buo, ToTE
ol ypoupal ToU mivaxos 64 elven 22 = 4. "Av of &mAal wpoTdoeis elven Tpeis,
ToTe of ypapuad ToU Trivaxos & elven 23 = 8, "Av oi TpoTdoes elvon Téooapes,
ai ypoppal 8& elvon 24 = 16 k.o.x. "Emeita 8& oyxnuaTtiowpey év ouvexelg oTn-
Aas pé EmikepoAibos ToUs &rAoUs TUTrous, eis ToUs Smrolous dvahUeton & Bobels
Aoyids TUTros. Eis iy Teheutaiow othAny Emikepohis 8& elvon & Sobeis oluvde-
Tos TUTos. "Edw els Ty TeAsutadow oThAn ai Tipal elvoa els SAas Tds ypauupds
™S A, TOTe & Sobels TUmos elvon &Anbrys, 81° SAas Tas Tipds TGV ouvBeTIKGY Tou
TpoTdoswy Kai AéyeTan tavtoloyia. "QoTe : tavrohoyia Afyeton mig Aoyikog
timog, 0 dmolog ahnBeder Sua k@Be Tty (GAn0F i yevdd)) tdv anhdv npora-
aedv 1oV, '

Avo omoudaias TauTohoyias cuvnyTrioapey els T& TponyoUpever kai €i-
Sopev 671 els T& MabnuaTixg yiveron peyddn ypfiots adtdv. Elven af Tautodoyia:

D(p=q) Apl=q
) [(p=q A~ql=~p

AiSopev pepika dropn TapabelypoaTa TaUToAOYIGW :
1) *H ouveraywyh p = p elvar Tautoloyia.

P pP=p
A A
¥ A

2) ‘Hlooduvapia~ (~ p)<=>p elvar TautoAoyia.

P |_~pP |~(~p)|~(~pP)=p
A ¥ A A
¥ A ¥ A

3) 'H oWwbetos wpdTacts (p = g)<=>( ~ pv q) elver Tautodoyia :

_p 1 a4 | ~p |p=q |~pva]=q<>(~pl)i
A A v A A A
A ¥ ¥ ¥ ¥ A
¥ A A A A A
¥ ¥ A A A A
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4) 'H olvBetos mpéracis (p<=>q)<=>[(~ pva)A(pv~ q)] elven Tavtohoyia :
~p | ~a | ~pvq | pv~q |p<= q|(~pva)A(pv~ @)(p<=a)<=>[(~ pva) Alpy~a)]

€€>> P
€>»-€> |©
x££
»>-€>»<€
> £€>
»£€>>
> € €>
»€€>
>e>>

5) *H olvletos mpétaoss (p V @)<=>(~pAq v (pA ~q) elven TauToAoyia :

pla]|~p|~a|~pAq | pA~a|pva|(~pAq)y (PA~a)|(pva)<=[(~pAgv(PA~a)
AlAL ¥ | ¥ ¥ ¥ ¥ ¥ A
ALl 1A ¥ A A A A
wlal & ¥ A ¥ A A A
vyl afl A ¥ ¥ ¥ i A

AT ToUs Trivakas TGV Tprdv TeAeuTaiwy TroapoBerypdTev EmeTon &TL -
1) p = q elven looBuvaos Tpos Ty ~ p V q
2) p<=>q elven igobuvapos pds Ty (~pV @ A(pV ~Qq)
3) pv q elvon iooBlvanos mpos THY (~ P A QV P A~Qq)

’Ex ToUTwv EmeTan 611 Sk Tdv mpdlecwov Tis dpviioews, Tis ouleltecs
kai Sialellews Suvdpeba va Ekppdowuer Tas &AAas Tpdlels Ths ouveTrarywy s
( =), Tfis iooBuvapics (<) kai T dmokheioTikiis Siafelfews () xai &mo-
péveos droloaBfiroTe Aoyikds TUTros SUvarar va Sratutrwdiy Bid T&Y TPIGY oup-
PéAwv @ A, V kai ~.

21. ANTI®AEIEL.

Mia civBetog npétacig héyeta aviigaoig, av kKai povov &av, eivar yevdig
&' onowavdéimote tpfy (A §i ¥) tdv ocvvietwodv npotdcedV TRS.
Khaoowdv mapdberypa dvmipdoews elvan fy oUvBetos mpoTacis p A ~ p.

p ~p IpA~D
A 3 b g
b 4 A g
PATO TOV kaTwTépw Trivoke PAémopey 6Ti 1) dpunols wids TouToAOYias
&moTedel dvTipaaw kad f| &pynols wds dvTipdoews TauToAoyiav.

p | ~p lpv~ppA~pl~pV~p)~({PA~p)

A ¥ A ¥ ¥ A
¥ A A ¥ T A
ALKHZIEIZ 5

58) Né& &moBeitere ypnopomololvTes Tivakas dAnbelas 671 ol kaTwh TUTOor droTEAOUY
TauToAoyias :
Q) [~ (p A @le=(~pVv~a)
B) [~ (Vv ale=(~pA~a)
Ni~e=l<==pP A ~ q)
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59) "Opotov {fTnue Bi1& Tous TUTTOUS :
o) [~ (p<=>q)l<=>(~ p<=>q)
B) [~ (p<=>q)]<=>(p<>~ q)
60) N& dmobeitere dpoles 11 dmoteAolv TautoAoylas ol k&rwd TUmor :
0 (pAg) =q
BP)[~pA(pval=q
Yep=0Pva ‘
61) "Opotov [ATnua Si& Tols TUTOUS :
9 pv @vr<=(pva)vr
B) pA (gAn<=>(pAgAr
62) ‘Opofws :
@) pA(avn<=(pAgyv(pAr)
B)pv @AD<=(pvaA(pvr)
Y) (p=>a)A(@=n]=(p =1
63) N& &moBeltere 6m1, 8w o elven pia dAndhs wpéTaos, TéTe (p A a)<=>p.
64) N& d&moBeifere 81 ddv y elven pla weubfs mpéraoss, TéTE PV y)<>p.
65) N& &moBeifere 811 (pyv p)<=>p kal (p Ap)<>p.

22. TYMNOI AAHOEIL KATA IYTKYPIAN,

“Evas Aoyixos Timos, & émolos Stv elvan olite TauToAoyia olre  dvTigaais,
&AN" 6 Omolos Bidx pepikdss Tipds TEY UeTaPANTEW Tou (&TAGY TrpoT&oEdy Tov)
8ibe1 &AndEs dmoTéAeopa kai 51’ EAAag yeubés, Abyetan timog Ginbig xatda ovy-
kvpiav (f) oyerikdg timog).

Hapdderypa. ‘O TUmos~ p\/ q elven &AndRs kord ouyxupiav.

P | 9 | ~p |~pVg
A A ¥ A
A b ¢ ¥ b
¥ A A A
¥ ¥ A A

Oi mivoaxes dAnBeias &roteholv fver &opadf] Tpdmov Bik v& SiormioTdve-
vev &v Evas TUos elven Tautodoyla f dvripaois fi dAnhs kaTd ovyxuplav.

AIKHZIEIZ
66) "Evas uodnThs Exape Tov EEfis ouldoyioudy :
P=q  (&nbns)
q (&Anghs)
Gpa p (&Anbrs)
Né& Etetdoete &v elven & ouloytopds altds TavToTE &Anbrs. (O& képete wivaka &An-
beias B1&[(p = q) Aq] = p-

67) N& Baoere fva ouykekpipévor Tapdderypa &mrd v "ApiBunTixiy, &md 1o molov
v& padveron 871 & ouNAoyiouds THis dokriaews 66 elvon dAnBis kaTd ouykuplav (r.x. p: 1 =3,
q:2=2).

68) "Evas padnThs Exaue Tév Efis oulhoyioudw :

‘Bav x =0 ked w=12, Tétey ) 1.
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"AMAG w B 1L "Apa y # z.
N& Eéytete Tov ouAAoyiouow ToUTov.
(Mapacthoatepép : x =0, q: y=z r: ¢ >1 k1A).
69) 'EAtyEate ToUs kéTwb culdoyigpols :
@) [(p=> ~qA~qg]= ~p.
P)x{(5=>x#y x#yAx(5
At XL 5Ax=y
y) x=2Vx{2,x=3x 52 x=31=>x4 2.
“Apax x # 3
B x=yy #1, x=yAy #1). "Apa y # L.
70) Aeifate o7 :
o) & Timos [~(p A q)] <= (p=~ q) elven pla TauToroyla.
B) & Timos (p A @) A ~ q &moTehel dvtipaow,
y) & Timos [(p v q) A p] = ~ q elvan oyeTikdg TUTOS.
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KEDAAAION ||

ZYNOAA
EMANAAHUEIL KAl EYMMAHPQIEIZ

23. H ENNOIA TOY LYNOAOY. EYMBOAIZMOL

"EndBopev s Tés mponyoutvas Ta€eis éTi Thy Aéw edvelov xpnoiuo-
TroloUuey STaw BéAcopey v dvapepBiduey &g dvTikelpevar dpiopéve kol capdds Bi-
aKeKPIpEVe, TG OTroia Bewpolpey s picy SAéThTA.

Oltw, .., ouholuey Tepl ToU ouvdhou Tév paBnTév Tis TéEes pars,
ToU ouvdAou TGV &ypoTaV Tis XWPOS MAS, TOU oUVSAOU TGV QUIKEY &piBudy,
TOU guvdou Tév onuelwv Evos émméSou, ToU cuvdhou TEW onueiwy évodg elbu-
YPSuuov TufjpaTos, Tol guvdlou TGV SiavuoudTwv ToU EmImESou K.T.A.

Ta dutikeipeve, T& dmoia cuvatroTeholy &v ovvolov, Aéyovtan ortovyeia
ToU ouvdAou.

"Ovopdlouey T& oUvoha yevikéds pé kepodaia ypéuuoaTa ToU SAgapfTtou
Has, Tax BE oToiyela pE pikpd.

‘Orav & oroiygiov x dviikn els & olUvohov A ypdpouey cupPoAikéds XxeA.

"Otov & oToixeiov X 8tv dvrikn &is TO oUvohov A ypdgouey X¢A.

Av &v glvodov A kol &v oToixeiov x dAnfeler i xEA i x¢A.

‘H &woiat ToU ouvdhou elvan ouvBeBepévn ut Thv Ewoiar THs Pacikis lad-
TNTOS, 1) dmola ouuPoAileTon Pt « = » kol Pdoel aUTHS Becopolipey T& oToKETa
ToU ouvdou & Siaxekpiubva petafy Twv. AUo oToixeia o kai B Aéyouev i
elvan Toa kai ypdooper o = P, £, kai povov édw, T& o kai P elvan dvdpaTta TOU
ayTou gToiyeiou. OUtw, T.X., &s TO oUvorov ) elvan 2 = Lso

"Edv Btv elven o = B, toTe Abyousv &1 o clvon Siapopov ToU B kai ypé-
pouev ouuPolikds a# . A Blo TuxdvTa oToryeia X kai W B& foyin :

Aix=y A x#w.
"Omax p&s elvon yvwoTtdy, & olvorov oupPoliletan :
1) pé dvarypagtv Tév oToixeiwv Tou évtds &ykioTpou.
2) ué meprypagny XapaxTnploTikis iB16TnTos TEY oToIKElcv Tou T PorBela
peTaPAnTiis kad dykioTpou.
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T N= ik 208 )
Z = { x|x dxépanos Tiis "AhyiPpas }
Tpds evkoiav kaTd THY SiaTUTwow yevikdy TpoTdoewy elodyeTan els
T& Mobnporikd &v gUvolov, TO &mrolov AéyeTon Kevev oidvolov, oupBoMilouevoy
ut . Eis TO olvohov ToUTo oUBtv oToiyelov dufikel.

24. YIIOZYNOAON EYNOAOY.

Aéyousy 6T &v olUvohov A elven Orosidvorov vds ouvorou B, kad ouppo-
Alfopev A < B, tw kad wévov &, k&be oToixelov ToU A elven kai oToixeiov TOU
B. ZuuPoAikés & Spiopds aUTtds BraTuTcoveTon G EEfis ¢

(A < B)<(¥x : xeA = xeB).

OUTtw, T.X., TO ovohrov N, TGV guoikdy dpiBudv, elven UrooUvohov Tou
ouwdrou R, Tév mpaypatikév dpifudv @ N = R.

Aeydpeba 871 TO kevdv olvorov F elvan UtrooUvorov dmroroudnmoTe &AAou
owdhovy, BnA. & < A, Bik kd&Be olvodrov A. To kevdv olvolov Exel UtrocUvoAov
pévov Tov fautdv Tou, BnA. F = .

loybow ai k&Twd 1810t TES :

1) A <A (dvaxdaoTikn fi alTomads).
2) (A= BABcT) = Acl (uetaPaTiki))

“Ev olvolov A AéyeTon yvijerov UtrooUvolov &AAou ouvdrou B, édv, kai
pévov &, TO A elvan UmooUvohov ToU B kal Umdpyn oTtoixelov xeB pe x€A.
SupPolikés yp&eoupey ToTe : AC B. AnAadt :

(ACB) < ('x : xeA = xeB) A (QyeB : y¢A)

*Edw #v olvolov A 8iv elvan UtrooUvoov ouvdhou B 8& ypégowuey : A ¢ B.

‘H Ewoia yvijolov Dmoshvolov Exel povov Tiv petaPotikiyy  iBidTnTa :
(ACB ABCIN) =ACT

Té olvorov B, ToU 6moiou Bewpolper Sidpopa Umoolvora A, A, E k.T.A.
AéyeTon obvohov avagopic fi Omepodvohov Tév A, A, E x.TA

25. IEA LYNOAA.

AUo civoha A xai B Aéyopev &1 elvan foa, kai cupPolifousy A = B, tdw,
xai pdvov &w, kéde oToixeiov ToU A elven kol oToixeiov Tou B kai dutioTpd-
guws, ké&Be oToixeiov ToU B elven xal oToixeiov Toi A. AnAadt|, oupPolikds :
(A = B) <= (% : xeA = xeB) A (Vy : yeB = yeA)

OUrw, mx., 2w A={1,2,3} xa B={%, 3,2], Té1e Exopev A =B.

Edw BUo oUvoha A kai B 8év elvan Toq, TéTe Aéyopey 611 1O A elvan dago-
pov ToU B xai oupPorilopsy A # B.

loxtowy ai Efs 1816TnTes Tfis lodTnTOs TEY OUVOAwY:

1) A=A (dvaxhaoTikn f| alromadns).
2) A=B = B=A (cupuetpixn).
3) (A=BAB=TI) = A=T (uerofaTixn).
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"loyver émiong 1) Efis i8ioTns :
(A=BAB < A) = (A=B) (dvriouppetpikn)

Mpdypot :

(A = B) <= (¥ : xeA = xeB)

(B = A)<>(¥x : XeB = xeA) }*A= .

n

26. AYNAMOZIYNOAON ELYNOAOY.

"Otaw Exowuey &v olvohov U koi Bewpriowpey SAa T& Umootvora alrrol
o5 dvTikeipeva, BnA. dos oToiyeia £vds véou ouvdhou, TéTE opileton Eva véov oU-
voAov, T émrolov Aéyetan duvaposivorov Tou U. ToUto oupohiletan ut P (U),
dutikouv 8¢ els alTd Kol TO kevdv oUvodov kol TO iSiov To U,

"Omreos épdBopev els Tponyoupévas Tékes, k& oUvoAov Si1&popov ToU ke-
voU Exel T dArycotepoy BUo Umoouvoda @ TO Kevdy alvohov kal TOV EquTéy Tou.
“Ev olvolov pt Vo oToiyeia Exel 22 = 4 UrrooUvora. "Ev olvohov pi Tpiax oTOI-
Xl Exer 2% = 8 Umoouvoha, &v pt mrévte oTorgeia Exer 25 Imoouvoha kel yevikdys
& oUvolov p¢ v oToiyeiar Exel 2¥ UmooUvora. Olre, T A= {1, 2.3 3,
v, PUA) =@, { 1 {2} {3} {(H@%4N3) €23 1,23}, ‘ma-

patnpoUuey 8¢ 611 TO A e 2% = 8 UmooUvoha.

27. AIATPAMMATA TOY VENN.

Eis moAA&s mepimrdoes SieukoAuvdpeda els THY pedérny  Evds InThiuaos
dvagepouévou eis oUvola, &v ¥pnoikomolfiowpey ypapikds TOapaoTaoES aUTdY,
T& YVooTd uas &mrd Tés Tponyoupévas TéEes SiaypéupaTa Tou Venn. “Yrev-
Bupilopev &1 el Ev Bidypaupa ToU Venn T& oTolXElr ToU ouvdAou TapioTd-
vovtal dic onueiwy dveapTiToos THs pUoecs adTév.

AZKHZIEIZ

71) 'Ev A= {aq, B, v, 8, &}, v& EAéylete &v elvon &Andels xal Troiocn &md TaS K&Twh
TpOT&OEIS :

PeA, e¢A [eA BeA yeA
72) Né Bhoete ué dvaypaphy Tév oToiyeicov Twv Té olvoda
@) {xeR|[x*~5x+6=0} PB) {xeN|x <2}
73) N& elpete xapaxtnpioTikiyv iB16Tnta Sid Ty TEPYpagfiy Tév kaTwh ouvdiwv :

&)y 008,69, oy
B 149 ¢ 3
e =2 s e Ml

74) N& dvaypéyste BUo olUvole, T&v émolew T& oToixela va elvar olvora.

75) "Av A< B xal A # B Ti ouumepaivete Si& Td alvorov A ;

76) N& xafopigete pt dvaypaghv Tév oToigelwy Tou 16 olvohov {xeR|x*+1=0}
77) N& d&modeitere 611 (A CBABs ) =>ACT

78) N& oxnuarioere 10 SuvapogUvorov ToU { &, a, B}

79) N& &modeitete, 811, t&v A< @, TéTe A=y

80) Toiov elvon 16 Suvapoolvorov ToU Kkevol ouvdhou .
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81) N& derdoete &v T Kevdy oUvohov elvan yvAolov UmooUvolov ToU TUXOVTOS OUV-
Shou A.
82) N& dvaypdyete TO oUvohov Avgewv Tiis tfiodoews
x+DEx+1) ®-2)*+1)=0
) dtav oUvohov dvagopds elvan 16 R
B) &tav ouvodov dvagopds elvar 16 Q
y) &tow glvorov dvagopds elvan 1o N.

28. TPAZEIZ METAEY EYNOAQN.

"Ag Bewopriowpey Ev oUvolov dvagopds U pn kevoy kol Teheloos copropé-
vov, ToU &tolou T& UmooUvorax & oupPoricwuey e A, B, I,..., X Y,...
"Omrex yvepilopey 8Uo Umoouvoha ToU U, fotwooav T& A, B, Aéyovtan
foq, & kol pévov #w, Bik xkdbe xeA = xeB xal Six kdbe weB = yeA. “H
twola Tiis lodmmTos Uty SUvaran vi Bewpnbij ds Pagikh iodTng &g TO cUvo-
Aov Sheov TGV Utrooguvdhwv Tou U, TO &moiov, s yvwoTdy oupPolilouer pé
P (U). Béoer Tiis ioétnTos auriis T& Umootvoha ToU U Becopolvron Biakexpi-
pbva petafy Tev. Eis TO olvodov ToUTto, Tév UmroouvdAwv Tou U, épilovTon
Tpates dos EEfis :
A) "Evoolg cvvilov.
‘Qs &vwois SUo ocuvdAwv A kol B, f| émoia oupBoliletan pé AuB, opile-
Tou TO oUvohov SAwov TEV oToryelwv, T& Stoia dvrikouy els TO A eiTe &is To B.
ZUMPOAIKES YPAQOUEY :
AuB = {x€U | xeA Vv xeB }
"Av T& ouvoha A kal B opilovron Si& yoapaxTnpioTikis 1816TnTOS TGV
oToiyelww Tov, SnA. &, .y, elvan
A={xeU|p(x)} xai B={xeU|q(x)}, Tote Exouev, Smws yvwpi-
lopev &md THy Aoyikfy, 6T :
AUB={xeU|p(X) V 9@}
‘H ypagix) TopboTaois Tis tvdoews SUo ouvdhwy A kai B qalveTan g
16 Tapamielpaws Sikypapua. Elvar To Eoxiaouevov
uépos TOU OXTHATOS. <
“loyvouv ai EEfis 1B16TnTES ¢ A B
1) AuB=BuUA (&vmipetadeTikn)
Mpdyuari, AuB={xeU |xeA vV xeB } =
={xeU|xeB v xeA} (Biémi pV q<>q V p) =
=BuA
2) (AuB)UT = Au (BuT) (TrpoceTatpiaTiki) Sy 28.1
Mp&ryuari,
(AuB) u I'= { x€U | xe (AUB) Vv xel }
= {xeU | xeA v xeB v xel }
= {xeU | xeA v xe(Bul) }, 8i16mi(pvq) V r<=p VvV (qV 1)
= AU (Bur)
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Adyew Tiis foxbos s 1816TnTOs  2) CUNgWYOTLEY V& ypdppey :
(AuB)UT = Ay (BuTl) = AuBuUT
‘H mpdlis U tmekTelveTon S1d TeprocdTEpa oUVOAX :

By A R o SO =C;f\,¢ = {x€U | xeA, V xeA, V ...V xeA, }.
B) Topn cuvolov. N

‘Qs Topn BUo cuvdAwv A kol B opileTon TO oUvolov TGW oroixelcow, T&
omroia dvfikouv els TO A xad els 16 B ouyxpovws, oupPohileTen 8¢ pé ANB.

2upPoAikdds yphgopey TOv Spiopdy dis EEfis :

AnB = {xeU | xeA A v=8}

"Av T& oUvoAa A ki B SiSovtan. Bid xapoxTnpioTikfs 1816t Tos TéY oToI-
Xeloov Toov, L. &v elven :

A={x€U|p() } xai B={xeU|q(x) },
ToTE B Exeopev :
AnB={xeU|p(x) Aq(x)}

‘H ypagikf| TapdoTaois Tiis Toufis 5o ouv-
ohwv A xal B gaiveton els T TapaTTAeUpws Bid-
ypaupa. Elvar 16 éoriaouévov pépos ToU oyfuctos.

loyUowv of EEfjs iBidTnTes :
1) AnB =BnA (dvtipeTabeTixn)

Mpdrypo :
ANB ={ xeU | xeA A xeB }
Tx. 28.2 = {x€U | xeB A xeA}, (51611 p A q<>q A D)
2) (ANB) NI = An (BNl (mwpooeTaupioTikd)

Mpdrypatt,
(AnB) NI = { xeU | xe (ANB) A xel }
= {xeU | xeA A xeB A xel }

= {xeU | xeA A xe(BNT) }, 8161 (pAQ) Ar<>pA (qAr)
= An (BNl
Noéyw Tfis ioxUos Tfis 1B16TnTos 2) ouupwroluey V& ypdpuwpey :
(AnB) N[ =ANn(BNIN) = ANB NI’
‘H mpdlis N émexTeiveTon 814 TepogdTEpa oUVOAK :
ANANAN...NA =N A ={xeU | xeA AxeA, A ... AxeAv}
k=1
Téos Umevbupifopey 6T, & ANB =&, Téte T& oUvoha A, B Aéyovtan
Géva peTaly Towv. Kotk tabta 'Edw ANB # & TéTe [3x @ xeA A XeB] kai dvmi-
oTpogus, éav[Ix : xeA A XeB]woTe ANB # & f| xai ANB# @ <[3x :
xeA A xeB]
AZKHIEIZ

83) 'Edw A=1{1,2,3,5} xal B={=1,3,7} v& oynuaricete T& olvoda A u B,
ANnB
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84) "Av A={xeR|x>0}, B={xeR|0<x<8}kalMl={xeR|2<x<6}
v& oupPoliceTe pi Ypfiow peTaPAnTis Tk olvoha AN B, AUB, AnT, AulTBuUTl, BT,
AnBnrl, AUBUT.

85) N& dmodeifete 611 :

o) AUA=A By Aug =A
86) N& &mobeitete 61 :
) AnA=A B Ang =@
87) Né& &moleitete o1 :
a) AnBc A Bp) AnBc B
88) N& &modeitete &1 :
o) AcAuB p) B AuB
89) Né& d&modeitere ém1 (AU B =¢) = (A=FAB=¢)
90) ‘Opoiws &T1, é&v A= B, Téte: a) B=AuUB p) A=ANB

91y N& &modeitere 611 (ANB)NTFT< An(BnT) xai émions ém
An(BnNc (AnB)nTl. Ti owdyoue £ abtdv ;
92) Né& dmodeitete 61 :
) An(Bul=(AnBu(AnT)
B)AUBAN=MAUBNMUN
Né& Beifere kai pt Bidypappa ToU Venn ém1 af dvwtépw i&1dTnTes dAnbelouv.

}(é'rnuspw'rmcd 15167 TES)

I') Awgopa ouvolov.

Qs Siagopd cuvdhou B &md T olvohov A, oupPolilopévn we A - B, opi-
leTar 1O oUvohov Tév oToryeiwy ToU A, T& dmoix Stv &vrikow el T B. 'Edw
T A kai B elvan Eédva, TOTe Beydpeba 11 A — B = A. Téhos, tav A=B, 1é6Te A-B =
=A-A=¢.

ZupPolikdds & dpiopds olTos ypheeTan s EEfS :

A—B={xeU|xeAAx¢B }

‘H ypagixi) TapdaTacts Tiis Siagopds A — B gadveran els TO mopamAsy-
pws Sikypappa. Elven 10 Eoxiaopévov  pépos ToU
oy fHaTos.

’Ex ToU altoU oyfuartos PAémopev duéows

om :
(A—-B)uB=AuB
A) Zoprnlfpope ovvoiov.
"Ovopddopev oupTrAfipwpa Tou guvdiou A s
mpds T U, xai O oupPohifopev pt Ac eite pé CA, Zx.- 283
U

& olvohov U — A, BnA. 16 oUvorov Té&v oToryeiwv Tou U, T& édmoia Btv &-
vijkouv els TO A.

SupBolikids & Spiopds oUTOS ypaeTal :

Ac = {xeU | x¢A }

Elvon pavepdy ik TGV duwTépw Opiouddy OTi :

1) AnAc =g, 2)AuAc=U xai 3) (A=A

’Emrions 8T (:,’U = @ xai CUQ =T

Téhos ¢k ToU dvwTépw oxfuaTos EYoMey OTL :
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A—B=AnBe
loxbouv ai &fis 1516TnTes, of dmoian Aéyovron vépor Tou De Morgan :
1) (AnB): = Ac y Be
2) (AuB)t = As n Be
"AmroBeikvopey €86 THY ilodTtnTa 2) :
A k&Be xel, xe (AUB) = x¢ (AUB) = ~(xeAV xeB)®) =x¢A Ax¢B =
xeAs A xeBe = xe (Ac NBe).
"Qote : (AuB)* < (AcnBe) ()
*AvTIoTPOQLOS :
A kdBe xeU, xe (A N Be ) =(xeAc A xeBe ) = ~(xeAV xeB) =
(x¢A Ax¢B) = x¢ (AUB) = xe (AUB)*
"Qote elven (A NBe) < (AuB) (B
Ex 1év (o) koi (B) Emeton f) dvwtépw iootns (2).
Mt Spoilov Tpdmov &mrobeikvieTar 1 (1).

ALKHZIEIZ
93) Né& &mobeifere &7 : '
(A = Bec )<= (Ac =B)
94) Né& d&mobelfete 61 T& oUvoha A kol B — A elvan Béva petafl Toov.
95) N& dmobeifete dm1 A—F = A
96) N& &mobeitete xai pt ouddoylopov 6T
(A—ByuB=AuUB
(& dvrikaraoThoete T A —B pi 10 foov Tou A N Be xai B4 Epopudoete ThHY &m-
peproTikiy IBibTnTa Ths fvdooews s Tpds TRV TOPMY).
97) N& &mlomoifoete Tés karwh TapaoTaoes :
a) Bn(Au Ac) By Au(TuTle)
Yy BAaDu(BNTle) 8) (AnB)uU (AnBe)u (Ac N B)

29. KAPTEZIANON I'INOMENON IZYNOAOY A EIll LYNOAON B.

‘H #wota ToU SiareTaryuévou [eUyous pds elvon yvwoTn &md Tds TpOM-
youutvas T&Ees : “Ev [eUyos ororxelwy Aéyetan Siatetaypévov [euyos, édv, kal
pévov v, Exn dpiabii moiov oToiyeiov elvar Tp&Tov Kal Toiov BedTepov. OUTw,
T.X., Ev B1& T& oToreia o, B Spiowpey dx Tp&TOV TS  Kaxl G BeUrepov TO P
Exouev kaBopioe Thy Sidratw els 16 [eUyos, Touto 5 ouuPoAilouev Si& ToU (ayp),
&6 &v Splowper d mpdTor TO P Kol s BeuTepov TO o 8% ypdyoouev (B, &).

Eis & Biaretaypévov [eUyos (o, P) TO a Aéyeton @ 10 mpdtov péhog ToU
{etyous kal TO P : 10 dedrepov pélog ToU [edyous.

*ATod Tov dveTépw Spiopdy Tou Siatetorypbvou Jebyous Emetan &1 (o, P)
# (B, o) Elven Spoos Buvardv vé Excouev (elyos pé TO aiTd mpddTov kal Belre-
pov péhos, &mws, X, T& (o, &), (B, B), (¥, 7). KTA

Ao Biaretaypbva [ebyn (o, B) kad (o, B7) pilovrat dx oo, &w pdvov
i, elvon a =o' kai p'=Pp".

(*) A ~ (pvg)<= ~ pA~q
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'Edav A kai B elvar 800 p1) keva ebvoha, 0 edvolov tdv datetaypivov gu-
yov (o, B) pt acA kai feB, Léyetar : kaptesiavov yivopevov tob cuvorov A Emi
10 obvolov B kai ovpfolilerar pé A x B.

ZUpPolikdds & dvwTépw Oplopds YpAPETAL :

AXB = { (o, B) | aeA A BeB }

"Av A= i B= &, 161 A X B = & ¢t Spiopol. Elvea nh. A X @ = &
Kkl @ XB=g

'Edv A=B, 1é1e AX A=A>= {(a, B) | acA A PeA }

Mopadeiypora : lov) ‘Edv A={1,2} kol B= { o, B}, 161
AxB={(La), (1,B), (2,0, (2, B) } &vd
BxA={(a, 1) (,2), B, 1), (B,2)}. "™Qome: AXB #BxA
2) 'Edw A=N={1, 2,3, ... },-Tote

() L0 1 VOB o 5 O 1 T R
l (2n 1): (2v 2)v (2! 3): I
NxN=N= GDG2GI, ...

e

“YrrevBunilopev T kérobh :

1) "H dvmperabetikny i816mns Sév loyler els TO kapTeoiowdy ywdpevor &lo
ouvohav.AnA. elvar A X B # B x A #xtds &dw elvan A = B i & els Tév maparydr-
Twv elvan TO xevdv ouvorov.

2) ’Eqw 1O olvohov A Ex1) p TO TAfifos oToiyeia kal 16 B Exn v oToiyxeia,
ToTe TO A X B Exe1 1+ v 1O TAfiBos oToiyeia. Edw TO A fj TO B #xn dmeipov TAR-
Bos oToiyeiwy, TOTe TO KapTETICWOY Ywdpevor A X B Exel Emiong &meipov wAfifos
oTolyeicov.

3) Auvépeba va TopaoTiowpey & kapTeciavoy ywduevov pé Trivaka Bi-
TAfis elodBou, Gmes fuddouev eis ThHY y' T&EW.

5) 'Edv Becopficwper T& péAn é&vds Sioretarypévou [elyous ds ouvTeTay-
uevas onpefou els T EmimeSov Suo &Ebvewv x'0x, WOy, TOTe KéPe SioreTorypé-
vov leUyos mopioTéver &v onueiov els 1O émimeSov ard. ‘Erropévess Ev kapTe-
glowdy ywopevov pé SUo Trapdyovtas, Y. TO A X B, 8& TapioTéun TéTE & oU-
vodov onueiwy els 10 EmrimeBov aird. “Exopev TOTE TNy Aeyouévny YEOMETPIKTY
(i Ypagixilv) mapéotaoiy ToU kapTeciavoU yivopévou.

AZKHZIEIZ

98) 'Edw T& Siatetayptva febyn (x+y, 1) kad (5, x —y) elvon Yoo, v& edpete
T& X kol .
99) 'Edv A=1{1,2,3} kel B={0,1, -2}, v& oynuetioere 76 A X B. *Emerta v&
KAUETE YEQUETPIKAY Tap&oTaow alTol.
100) N& &mobeitete &1 :
) AXBNN=QAXxBNnAxD
pP) “Av A< B, té1e A X A= B x B.
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KEDAAAION Il

ETOIXEIA AIANYEIMATIKOY AOTIZMOY

30. OPOOTrQNION KAI IMAATIONQNION LYETHMA ANA®OPAE.

A) Eis &v émimedov (E) yopdooouey BUo Tepvopdvous Glovas x'Ox xal
'Oy, Exovras kown dpxfv T6 onueior O Tiis Toufis Twv kai povadiaia Siawi-

oHaTa 08 =i xai OH —;T dvTioToixws (ox. 30-1 xai 30, - 2).

Zy. 30.1 Zx. 30.2

O1i 8Uo adtol &Eoves &mroTeAolv Ev sbotnpa aEovev émi ToU Eémimédou (E).
*EoTw Twpa TUXdY onpeiov M ToU émimédou (E). "Amo 10 M gépopev Tas
TapaAAfAous Ta &Edvwv. ‘Opilovton olrtws v onpeiov IT émi Tou &kovos x'Ox
kal Ev onueiov P émi ToU &kovos w'Oy. ‘Opilovtan émions t& Siewouara OM:
of1, OP.
To Sidwuoua 51,\-4 AéyeTal Sravuopankh dktig ToUu onueiou M.
» » on »  tetpmpévn npofori) ToU O_lc[.
» » cﬁg »  tetaypévn mpofoli Tou om.
‘H &AyePp. T OTT, Tol OT'T: AéyeTan tempmpévn ToU ompeiou M.

P— —
» » » OP, » OP, Aéyeton tetaypévn ToU onueiov M.
‘H TeTpnpévn &vds onpeiou M oupPolileTtar pé xm kol 1) TETaypéun Tou ué
WM Svoudlovtal 8¢ dupdTepan cuvistaypévar ToU onueiov M.
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Mapatnpoluey Tdpa &Ti: 1) pé Tév Tpdmov, Tov émroiov eibopev mpon-
youpévews, els k&Be onueiov M ToU EmimréSou avTioTolyel &v, kol pdvov v, Sia-
TeTaypivoy [eUyos mporypaTikéy &pifudv pé mwpddTov péAos Tou THY TETUMpE-
vy XM, ToU M, xai SeUtepov péhos Tou THY TeTerypdvny WM, ToU M, 8nAabdi)
To BioeToypévor [eUyos (xm, Wm). 2) ‘AvTioTpégws els kBt Siarretarypévov
leUyos paypaTik@y dpiBpdw (X, W) GvTioToIXET €v kai pdvov onpeiov Tou Emi-
Trédou, TO M (x, \.p), T bmoiov pileTan, &v AdPwpey i TdY X'X kol Wy Sia-
wopaTa Ol xai OP TolaUte, dote O = x kai OP = y kai pépoopev ek Tou T
mapdAAnAov Tpds Tov &fova wy kal €k ToU P mapdAAnAov mpds Tov x'x. H
Topn Tév 800 ToUTwv ety Spiler TO M.

‘Yrapyer hownov apgipovesipavtog aviistoryia petofd tob ouvédov R x R
kai 0 ouvéhov @V enpeiwv tob Emnédov (E).

Ay v& Ekppdocper &1 v onpelov M Exer TeTunuévny X kal Tetaypévny
¥ yp&gopev M = (x, y) i M (x, y). ;]

I I
Oi 8Uo d&oves oynuatiloww Téooopas ywvias, ai

omolar Aéyovtar mpirtm, devtépa, tpitn kol tetaprn yo- 2/ o ol =
via tdv afdvov, OTws onueiovorton kaTd oeipdw |, 11, v
I, 1V &ls 16 ox. 30- 3. Tx. 303

Ké&be onueiov fowTepikdv Tfis yovias | Exer ouvTeToypévas BeTikds.

Kafe onpeiov fowTtepicov Tiis ywvias Il &xer ouvteTaypévas &prnTikds.

K&fe omupeiov éowTepikdy Tfis yoovias |l &er TeTumpévny dpmTikiy kol
Terayuévny feTikny. Kébe onpetov éocwTepikov Tiis yovias IV e tetunuévny Be-
Tikfy kol TeTaypévny &pvnTikny.

‘O &kwv x'Ox Aéyetar GEwv 1@V X f) #Ewv t@v teTunpévoy Kai & WOy Aé-
Yetat GEwv 1@y y f) GEov 1@y tetaypévov. ‘H Toud &y dEdvwv O Aédyetan apyn
T &Edveov. ‘H dpyh) O Exer dugoTépas Tas ouvteTaypévas pndév, SnA. O(0,0).

Ot &toves Aéyovtar épBoydvier dEoves cuvTeTaypéveov, &tav elvon kébetor
HeTalU Twv, &AAws Aéyovtan mhayreydwior (oy. 30 - 1).

"Otav ol &foves elven dpBoydwiol kai &mi TAéor T& povadiaia SiavlopaTa
ge ke OH Exowv foa unkn, TéTe Aéyopev &T1 Exouey £v dpBoxkavovikdv cUoTnua

Edvaov.

OUrw 8i&r Tév ouvteTaypévev kabBopileTon ) Béois évds onpelou els T8 émri-
TeSov.

31. KAOOPIEMOZ THE ©ELENEL E®AP. AIANYEMATOX EIE TO EIMIITEAON.

"EoTtw (oy. 31 - 1) mpooavaroAiouévov émimedov (E) é¢co_8>1qauévou pé T
ougTnua dpfoywvicwy &Edvey XxOy kai éqacxpuocn‘bv Sidvwopa AB Emdvw els TO
(E). ®tpopev &md 1& A, B Tds Trotpu?ﬂ\ﬁ?\oug Tpos Tous &Eovars. ‘Opigouev oUrtw
T& EpapuooTa Slm'uouma A B, ¢mdvew els Tov &fova x'OX kai A, B, 3 UA) elg
Tov &kove W'Oy. To AlBl SdvopddeTan : teTpumpévy mpoPodrf ToU AB, TO B¢ Ang.
tetaypévn mpofoli) Tou AB.
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"Av & gopeus, ToU AB (T omolov UmrotiBetan Sy1 undevikdy) elvan Tapdh-
AnAos Tpds Tov &fove Oy, TéTE f) TeTunuévn TpoPoAt Tou AB evar 1o un&e-
VIKOV EQappoaTOV Sidvuoua ATI\, (=Zx. 31-3).

"Av & gopeus ToU AB elvor TapdAAnios pos Tov &Eova OX, TOTE 1) TETaAy-
uévn TpoPoAn Tou AB elven unBevikov épapuooTor Sidvwoua A;_:\g (Zx. 31 -4).

B= (X ) 7wl S Lo R Y T
Az

Xg x
Zx. 31.2
Y 5/ Y
3| ERER— B
ponf s ey
: | !
Agf--e--—-—A i : !
! i o :
A=8, x 7 4 B ¥
&% 31.3 2x. 31.4 Zx..31.5

"Av T AB elvan undevikdv Bidwuoua, Y. TO A‘K, TéTE Kal of dlo Tpo-
PoAal Tou elvar pndevika SiowUopata (Zx. 31 -5).

*Eotw Twpa 611 elvon ¢ A =(xa, Wa), 8nA. ) TeTpnpévn ToU onueiov A
elvon xa kai 1) TeToypévn Tou elvon wa. "Eotw émions 6T elven B=(xs, ya).
‘O p1Buds xs — xa (TeTUNUéVn TOU TréparTos ueiov TeTunuévn TS dpyfis Tou

F_\E) SdvopdleTon : 1) teTpunuévn tod AB xal ouyxpéves : 1} dhy. tipf tob A:El
Eni tob GEovog x'Ox, kal oupPorileran pt AB, (Ex. 31-1).

‘O &piBuds wp — ya (TeTarypévn ToU TrépaTos peiov TeTayuévn Tis  &pxiis
ToU SiovUopaTos) ovoudleTar @ 1] tetaypévn tobd AB xoi oUyXpoves : 1} @hy.
Tpt tod A:l;, £ni tod GEovog y 'Oy, c'uuﬁo)\ige'-rou 5t ut A.B,. :

OUteos els 0 Zy. 31-2 ) Tetunuévn TrpoPoAn TolU AB elvon 1o A,TE,
‘H TeTunuévn ToU AB elvon 1 —4=—3= S&Ay. Tipn TOU A_Iﬁl gl ToU x'Ox.
‘H TeToryuévn mpoPold) Tou AB elven 7o ﬁ:ﬁ,. ‘H Tetoarypévn Tou AB  elvan
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2-4=—2=2&\y. Tipf) ToU A_,Ei, émi 1ol 'O y.

’Emrions 7 TeTunuévn TpoPoAn; Tou B_A) elvan 1o B_,A,,ﬁ TeTUNUéVT TOU
BA elvot 4-1=3= S&Ay. Tiuf) ToU é_;ﬁl émi ToU x'Ox.

‘H Tetaypévn mpoPoAn ToU BA elvan 7o @\2, | TeTaypévn ToU BA
glvon 4-2=2= &\y. Tipfy ToU B:Rz gl ToU 'Oy,

"Emriong elven (Zx. 31-2):
1| TeTunuévn TpoPoAn ToU A_K T A:F:l, 1 TeTunuévn TOU AA:4-4=0
f| Tetorypévn TpoPoArny ToU Ez\ TO A:Km ) TeTarypévn P_\A :4-4=0

‘H Tetunuévn kal Tetaypém &wds Siavioporos Aéyovton cuvietaypévar

—_—
Tou Sravboparos. Ak v& oupPoricwpey &Ti &v Sidwuopa AB Exer TeTunuévny o

Kai TeToypévny P ypdgopev AB (o, B) A AB = (o, B).

'ATo T& dvwTépw Ewwooupev 6T 1) Géols Evds EpappocTolU SiavlopaTos
koBopileTat, £av yvwpilwuer Tas ouvTeTarypévas TGV dkpwv Tou f| Tds ouvTeTay-
pévas ToU SiavUopaTos kol Tas ouvTeTaypévas Evds &kpou Tou (dpXiis A TépaTos).

32. IEA (H IZOAYNAMA) EQAPMOZITA AIANYEMATA. ANTIOETA AIANYIMATA.

A) "Ev époppooTtdv Bidwuopa AB Aéyetar Toov i isodbvapov Tpods &AAo
FE, #qv, kal pévov &4, al ouvTeTaypévan ToU ﬁTﬁ elvan focn dvmioTolyws Tpos
Tds SHWVUHOUS TWV CUVTETOYUévas ToU FK

Mpagouev T6TE QUP-
PoAikéds : Kﬁ — l'_Ab

Ofrw, myx., es 1O
Zx 32 -1 1) TeTpnuévn ToU
AE Fhion —5 — (2] 223

=
! uévn Tou AB elven
6- =4
. —

7l Tetpnuévn ToU A=
2-5=-3
N TeTaypévn TOU A=
7—3=4

“‘Qote, kaT& TOV Bo-
Bévta Spioudy, elvan
— - S=—
AB =TA.

- —>

Feviéds, v AB (o, B) kol A (o, P7), Bi v& Exgpdowpey &Ti AB =TA
Buvdpeba v& ypdpwper oupPoAixéds (o, B) = (o, p). Ar' abrol Ewoolpey 811
a=a kol p=p

Sy. 32.1
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‘H épiofeioa & twoia iodTnTos EpapucoTév SiavuoudTwv Exer Tds
YvwoTds BTN Tos
— —
o) 'AvaxdooTikfjy : AB = AB

—  —

B) ZuppeTpikiy : TR = FA=AB

y) Thv petapoTikiv: AB = A l APV
e S A
FA = KA |

Maparnpficers : 1) Elven gowepdv 8m1, &v  Exouer & ipapuooTodv Sidwu-
oua, T.X. TO K)B, Umrépyouv dmelpdpifua papuooTtd SiavlopaTa, kafiy &md
T& Omoia elvon foov Tpds T AB. Elven T& Siaviopara T& Exovra Tés cuvTeTary-
HEvas Towv foas Trpds TS Spwvipous ouvTeTayuévas Tou ﬁ_\-ﬁ

2) Noyw Tiis dvwtépw 2as iB16TnTos Tiis twolas Tfis lodTnTos HuTopol-
HeV V& Aéycouer OTI : A_ﬁ, FA el foa peTaly Tov.

3) "Av _ﬁ?lé, A elven ioc (ueTall Twv) kai &x1 unBevikd, TOTE Exouv THY
i8lov Bievbuvow (ol popeis Twv elven 'rmpd:}\?\n?\ot) kal ThHy [8lav gopav (elven

Sudppotrar). (AdTi TpIY. ABH = Tpiy FA© kel AH o ToapdAANAa kai dudp-
potra é1rens Emions kol T& HB Kai GA ALY

4) Kdfe unBevikov épapuooTtov Sidwuopa elvar  foov mpds kéfe &AAo un-
Bevikov EpappooTtov Bidwopa (Siati ;).

B). “Ev épapuocTtdv Sidvuopa AB (Z2x. 32- 1) AéyeTon «avtiBetovs &\Aov
Ei, &4, kol povov &v, ai ouvTeTarypévan ToU AB elveu dvribeTor dvTioTolyws
TPOS TAS OPWVUHOUS CUVTETOTYHEVOS TOU ﬁ
Ipagouev TOTE g o Eis 10 Zx. 32 - 1 &opev, .x., Si&k T& épapyio-
ot& Siwlopara AB kal EZ :
TeETUNPévn TOU K§=—5—(—2)=—3
TETUNUéVT TOU Bl —4—1 = 3,
TETCYMéVT) Tol AB=6—2=4
TETOY HévT) To0 EZ=2—6=—4,
— — — —
"QoTe 76 AB elvan &v Sidwuopa dwriferov ToU EZ, 8nA. AB =—EZ. El-
van 8¢ pavepdy STikdde Sidvuopa foov pt 1o AB elvon dvriberov TpOs TS EZ xai
pos k&Be foov Tou. TTpogawdds dvrifetov ToU SiowiopaTos Ké elvon kad Té B_FT,
SnA. ﬁ-\E =— EI'\
—> —
TMopatnptioes : 1) "Av efvon AB &vtiBetov ToT A, TéTe 8& elven kad Td
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—r g o — —>
A é&vtifetov Tou AB (iS1ati ;). A ToUTo émiTpémreTton v Aéycopev: & AB, TA
elvar &vTifeTa (peTokl Towv).
= |

2) "Av AB, TA elven dvriferar (ueTatl Twv), T6Te Exouv Thv iBlow BieBuv-
ow (oi gopeis Twv elvar TapdAAndor) kai dvTiBéTous popds.

3) Kdfe unBevikdv tpappooTov Sibvuopa elvar dvTiBeTov mpos kdbe &AAo
undevikdy Sidwuopa (Biati ;)

33. MHKOZ E®APMOELTOY AIANYEMATOE.

*EoTw TUXOV EpuppooTov 5!6(WO'UC!_A+B.,O1JOI.1¢€ETC(I pfikog Tou P_\E elTe dno-
—
rutog Tipf) ToU AB, kol oupPoAileTon pé ]XTB\, TO pfjkos ToU elBuypdppou Tuf-
= b R % —_
poros pg &xkpa, Ta A,B. OUtw, Y., Sid 1O pndevikdv Sidvuopa AA Eyxopev : pij-

LS8 Ures 2
kos Tou AA = |AA| = pfikos ToU elBuyp. TufpaTos AA = 0. Tevikdds : TO pfikos
kabe pf undevikou épappooTol Siaviopatos efvon Evas &mwdAuTos TrporyOTIKSS
&p1Buds. 7 ’

"As AdPowpev cloTnua dpBoycviwv &tdvev xOy (Zy. 33 - 1) kol povadi-

: . = - — - - — -
aia Siewvopara & 00 =i, OH =] ut |0B| = |OH|. "Ag Uobécwuey Bt &mi
-
elvan : A= (Xa, Ya), B=(xs, ys) xai 671 ) T AB Btv elven pndevikdv xai B)
T Kﬁ &tv elvan TropdAAniov Tpods Eva Ek TGV
&Edveov.

ToTe opileTan &v Tpiywvov AKB, &pbo-
ywviov gls 1O K, Smws aiveton els TO Zy.
33-1, ué épappoynv 8¢ ToU TluBaryopeiou

—
BewpripaTos eUpiokouey 6T TO piikos Tou AB
5i8eTal &wd TOV TUTTOV :
—_—
|AB| = V(xs —xa)*+ (s —¥a)? (33,0)
Efvar eUkodov v éEnyriowpey 811 & TU- Ty. 33.1

Tos aUTods loxvel kal érav TO AB elven un-
Bevikov Sidwuopa 7 elvon TrapdAAndov Trpds Evar ix Tédv &Ebvwv (Téds;). "QoTe
foxUer yevik@s Ot : -

To pijkos ¢pappootod Sravioparog elvar foov pi tijv tetpay. pilav tob dbpoi-
OpaTog TMV TETPUYOVOV TAV GUVIETAYREVOY ToU.

‘Emropéveds : "Av BUo TuydvTa fpappooTd SiawlopaTa elvan foa petaty
Ty, ToTe B& Exouv TO alTd pijkos (Biarti ;). "Apa kdBe dbo dyr pndevika fow
tpappoctd Sravoopata Exovy 10 adto pfikog, THv adtiy dievBuvory kai kai iy ad-
v gopav. ‘Emrions 16 alTtd piikos kal Thv ety Sievbuvow Exour kal kdbe SUo
&yt undevikd dvTiBeta perall Twv dpappooTa SiawlopaTa.

To oclvodov SAwv T&V EpappooTdv SiavuoudTwy ToU &mimedov (aly
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kai pé T& pndevikd fpappooTa Siaviouara aurtol) 8& TO oupPolilwpey, dou

y
5
B39) |
3
2
’

3 = a.?é-f:c

Sy. 33.2

els T Emdueva pds Ypeiaodf, pi D.

INMapaderype lov. Eis & &mlmedov (E) (Zy.
33-2) tpwdiaopévov u¢ &fovas ouvTeTorypéveov
XOy, Bibovren T& onueia A (2, — 8) kad B (— 3,4).

N& elpete o) Tés ouvtetarypévas ToU Siawd-
oHaTOS AB. P) Tas ouvteTaypévas Evds Sroviopa-
Tos dvTiBéTou TOU AB Kai y) TO pfjkos Tou Rﬁ (&nA.
Ty dmdoracw petofy TV onuefwv A kol B).

"Am@vineig: o) TeTunuévn 10U AB = XB—XA=
==3—-2=—5 Terayptvn ToOU Kﬁ:\pg-—\mz
=4—-(—-8)=448=12.

B) "Ev Sidvuoua dvrifetov ToU AB 64 S|
OUVTETOY pévas dvTiBéTous TGV ouvTETaypéveoy TOU
Z\E, 8nA. B& Exn TeTunpévny @ 5 kol TeTorypé-
vy —12,

Y) Zuugaves Trpods Tov TUTov (33, ) elven

|AB| =V =5y ¥ 120 =V 25+ 144 = V169 = 13 woves.

IMapadevypa 2ov. Eig
vwv XOy Bidovtal T& onue

&v Emimebov tpwdioopévov nt &fovas ouvteTorypé-

i« A (2, 3), B(2,5).

Na& elpeTe @) Tds ouvTeTorypévas ToU Siavlopartos AB kai B) T pfikos Tou

(.. 33-3).

‘ArGvineig :  TeTUnuéun ToU AB = xg-xA =2-2=0, TeToyuévn TOU

AB = YB—WYa=5—-3=2.
povSes.

Mfikos Tou AB—-|AB|-—VO’ M+ 2E=YV4=2

IMapaderypa 3ov. “Ev Sidwopa _A_’B. Exer TeTpnuévmy 3 kal Tetaypbmy 0,

Sy. 33.3

Zy. 334

&pxfv 88 TO onueiov A (2, 3). N& elpete Tds ouvteTaypévas ToU -rréporrég Tou
B (Zx. 33—4).

"Aravineig: "Eotw B =
kal wp —3 =0<>yp = 3. "Apa B = (5,3).
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AZKHIEIZ

101) N& elpete Tds ouvTteTaypévas ToU 81cm'1crucn'osi,‘8 kal 16 ufikos Tou, tav els &
oUoTnua OpBoywviwy &bdvwy ToU Emmédov elvan A= (—2,—3) xad B = (2, 1).

102) N& Beltere &1 16 Tplycovov, ol éxer kopugds Tdt_c;nuﬂc: A_=,, (-2,8),B=(-1,1)
kel M'=(3, 3) elvar loookehés. (N& ouykpivete T& pnkn Tév AB, AT, BIN).

103) Els &va trrimeBov EpwBiaoptvov pé dpbokavovikdy clornua &idvwv Tpla onueica,
A, B, I Exouv dvmiorolyws ouvtetayuévas (3, 1), (3, 5), (— 1, 1). N& elpete Tds ouvteTayuévas
tvos onuelou A Tou Emmébou, Ev yvepllete 81 AB = TA. (Abois @ O& mpémer va Excopey :

XB— XA = XA — Xr K&l Wp — ya = ya — yr kol v& AVowpey Téds SUo Eliodoers pE &yvaoTous
TO X5 Xl Wa.).

104) “Ev tpapuooTdv Sidvuopa ﬁtxa TeTunuévny 3 kal TeTaypévny 4, Tépas Bt TO
onueiov B (4, 2). N& elpete Tas ouvteTaypévas Tis &pxis Tov A kal 1o pijkos Tou Sievioparos.

34. TO EAEY®OEPON AIANYEMA EIZ TO EITITTIEAON.

"EoTw &v Sidvuopa AB Tol D, ). Bv tpapuooTdv Bidvuopa Tou émimréSou.
(To AB Btv &mokheletan v elven & undevikov EpapuooTov Sidvuopa). Mvewpf-
lopev &1 Umdpyouv dmepdpibua Sioviouata ioa (ioodlvapa) Tpds TO AB.

To olvohov SAwv TGV fowv Tpds TO AB tpapuooTddy SirovvoudTwy ToU
gmimedou SvopddeTan : «Ev EhebBepov Savuopa» ToU EmimréSou kal TO AB (kaBcos

kad K& foov ToU AB tpappooTov Sidvwuoua &mwd TO D) dvopddeTan : glg dvri-
npdcanos Tou EAesubépou SiavioporTos.

“Omws &md 1O EpapuooTov Sikvwopa Kﬁcbpicauev&ué?\e\'ﬁepov Bi&wuopa,
oUTws fjutropoUpey va oplowper &md ke EpappooTdy
Sibvuona Tol D dvi & EhelBepov Biéwoua ToU - ¢ Y
Bou. "Av yivn ToUTo, TéTE TO D 8& Exn Srouepiodii els /
KA&oeis (UmooUvoha) Eévas petall Twv vk Slo, ko- / / //
Beula &mwd Tés dmrolas elvan (RE Spiopol) Ev EhedBepov <
avoopa. / /

"Ev olovdnjmroTe épapuooTdv Sidwwopa &md 1O DD / /
elvan els dvmimpdowTtos k&molou EAeubépou Siovloua-

Tos Tou EmméBou, TuvfBws s dvmirpdowTov duds =0 x
é\evBépou BroviopaTos ToU Emimédou xOy (Zx. 34-1)
AapPdvoper T EpapuocTdv Sidvwuopa Tol 2P, Tou Exel Sx. 34.1

dos Gpxnv Tov TO O,

"Ev EAelBepov Sidwuopa ToU EmiméSou elvan kol TO pnBevikov EelBepov
Sibwuopa, SnA. TO oUvodov SAwy TéV undevikév épapuooTéy SrovwoudTwy Tou
tmmédou. ToUto 6& TO oupPolilopev pe 3

Kéfe EAelBepov Sidwuoua 8& oupPohileTon 81° &vds TuydvTos &vTITTPOTCO-
Trou Tov eiTe Bi& ToU dvTiTrpoodyrou Tou ¢ dpyfv TO O eiTe pé &v pikpdy ypau-
po ToU dApaPritou poll pt &v pikpdy Péhos Umepdve. OUTw Buvdpedo vi Sui-
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Adpev Bi1x TO EAelbepov Sidwuoua OA | I:E, Bia 1O EheBepov Sidwuopa [.Bb KT
(Zx. 34-1).

To olvorov Shwv Tév Eheubépwov BiavuoudTwy ToU émiméBou B& TO oup-
BoAifcopev pé . D,

35. MHKOZ EAEY®EPOY AIANYEMATOEL,

Mfikos Evds Sioviopatos &md D, SnA. évos EAeubépou Slcwuoucrro;, foTw
cr Abyeton TO pijkos &vds GuTITTpOCWTOU Tou Kad cruuBoMQE'rm ué | ct!

Olre, 81 16 pnBevikdv EAelBepov Sidwuopa O EXOUEY :
|3 [=168]=0
36. TLYNTETATMENAI EAEY®EPOY AIANYEMATOE.

"Eotw aed,. *Ovopdletan : TeTpnuévn ToU «
7| TeTunuévn Evds  SmrolouBriTroTe dvTiTrpoayTou

S

=
Tou Kol TEToryuévn ToU & f) TeTarypéun Tou oUToU
1) oloudnmoTe &AAou dvTiTrpocdTTOU TOU.

Olrw, m.x., 81& T 0 elvan TETUTMéVT TOU
70 0 ki TeTorypévn Tou 6 0. *Emrions S1& 1O EAel-

~ N W N G o

fepov  Bidwuopa _&‘, moU  dvTiTrpocwTEvETAl  &TTO
T AB (Zx. 36 - 1), elvan: TeTunuévn Tou & 4 kai

L
L R,

o
~
W
[N
Wk
o
N

TeTaryuevn Tou O 3. ZuuBoAikdds ypdgopey a (4,3)
Zx. 36.1 Elven gavepdy 61, éaw Soflolv ai ouvteTaypévan é-
vos EAeubépou SiawlouaTos TipTopoupey, v dpicew-

Hev Ypagikdds Eva duTipdowTdv Tou els TO EmrimeSov xOy (més ;).

37. H IZOTHEZ EIZ TO Deo.

L
"Eotwoav 811 aefbo Kkl pe,@o Od Mywuev 611 : O « elvan Toov Tpos
e

T ﬁ kai B& ypdqamusu : M= B, ¢, kal pédvov Edv, \mapxn K&TTo10§ &VTITTpO-
Femos Tol o lcros uE kdTolov dvTITTPdTwWTTOY TOU [3.
"Eoreo o = E: TOTE (ke pdvov 'ré're) elvan :
TeTUNUAM TOU o = = TeTunuévn TOU |3 kol TeTorypévn TOU o= TeTary pévn 'rouﬁ
Elven pavepov 811 kai 8i1& Thy épiofeicav 886 Eworav ioéTnTos oy Uouv
ol Tpeis yvwoTad iBidTnTes THis iodTnTos SiowuoudTey. SnA. § &vakAaoTIKT, 1)
OUPHETPIKY kol ) peTaPaTixd.

38. ANTI®ETA AIANYEMATA EIZ TO Do.
“EoTw cce_i)o ki OA QTITpdTwTés Tou (Zx 38 - 1) *Eotw OA' & dwri-
fetov ol OA épapuooTdy Sidwoua. To OA' = — OA elven &vTiTpdow oS
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évds EAeuBépou SravbopaTos, EoTw o Alred 1 EAeUBepov Biavuoua P Adyetal
SviBeTov Tol o Kad ovpPolileTan b —at. bﬂ
Elver qovepov &md ToUs Opiouous, Tou  E8doauev,
o ¢ M }/
1) A kdbe geon Utrdpyel &v pévov dutifeTov Tou y
Sidwopa ToU D, a

S - =
2) &v o elvar 16 &vtifeTov ToU a, TOTE kad TO a el-
-

=
var TO dvtifetor Tou o kai 3) ai ouvteTaypévan ToU o

= Zy. 38.1
elvan duTifetor TGV duwvipwy ouvTeToypévv Tou a.

39. MPAZEIE EIE TO LYNOAON Do, TON EAEYO®EPON AIANYEMATQN TOY EINI-
MEAOY.

—> —

A). "As MPowuer Ta épappooTta Biaviouara AB kai Bl T& dmola PAé-

meTe els 10 o). 39 - 1. "Omws yvwpilouey, dmo Soa tudBouev els Thy y' TéEw,
—_

TO Sidwuopa Al elvan TO &fpoloua T@v épappooTédv SiaBoyikéy SiavuopdTwv
— — =P — s
AB xai Bl ZuuPolikéds ypdeopev AB + B = AT.

Maparnpotpey Twpa 611 ai ocuvtetaypévan Tou dBpolouaTos AT elven
igar dvmioToiyws wé TO &fpoioua TéY

OSUEVWHWY TUVTETOYHéEvey TGV Trpoofe-
Téwv SravvopdTwy. Tlpayparn elvan :

I

2 —p
TeTuNMév Tou AB =3,
TeToypévn Tou AB =
TeTunuévn Tou Bl =1,

-

TeToypévn Tou Bl =2 '
TETUNUéVN TOU ATF:4:3+1, Syt b
TeTOypévn TOU /Tl)' =4=242

B) "Ectweay thpa &;_‘Z)u kal EE.‘Z)',

kal XE, Bl (Zx. 39-1) dvnioToiyxws
dvmimpdéowTol Twv, of &moior efvan BiaBoyika Siaviouara. ‘Opilopey T

Ix. 39.1

&bpoiopa AB = E §F, SnA. T AT. AuTé, TO Al elvon gvas dvmirpdowTos k&TTol0U
E\euBépou BiawlopaTos, EoTw 3; To ; dvopaleTan GOporopa @ oby Fm‘: ouupo-
AlleTan w a +T3: SnA. -<;+E= ‘7 Elvar mpogovis &T1 Té?f ExEl &5 TETUMUéVTY
T &Bpoloua THs TETENRETS o0 o oy THV TETUNREMY -roCr_IS kal TeTOypéuny TO
&Bporopa THs TETayYpévns TOU o Uy THY TeTQypévn ToU E—
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OUrew, .x., taw K(a B) kai v (v, 8), ToTE TO (Ilb+ ;3 B Exn ouvte-
Taypévas (o +y, P+ 8) KC(l Sumueeu V& KOTOOKEUGOWHEY Eva GuTiTpdow-
Tov Tou SiewlopaTos (u +4- v), dgou yvwpilopey Tas CUVTETOyUéVOS TOU.

Katémw Tév dvaTépw opilopev s dBpoloua Yo EheuBépoov Siavuopdron
1_1,(c1, %) ke v (0, B2) ki TO cupPoAilouey b u +7\:, TO EheUepov Bidwuopa :\T,
TO oTolov el TETUNUEVTY o + o, kal TeTayuévny By + B, ZuvibBos ypdgouev
(o, Po) + (o, Bo) = (o + o, Py + Po). ‘H mpdlis pé Thv omoiov edpioxouev
TO ;vb, & 6 u xal 'v). Aéyetan mpdebeoig f) ouvbeais uéoa eis TO oUvohov Dy

Edv 1O Ev ék T&V TpoofeTéwov SlowuopdTwv elvar TO pndevikov EAeUBepov
" Bidwuope, TOTE B& Excopey -1_;—}—6 = 1_;: 81011 Té“O* Exel TeTpnpévny 0 kol TeTorypé-
vy 0 kad Emopéveas elven (o, Py) + (0, 0) = (o + 0, B, + 0) = (oy, By)

AnAaBn TO undevikdv EAeUBepov Sidwuopa elvan TO obdétepov oToryeiov
els Thv 1-rpc'>chscrw &v D,

>

“Av g, B, y eTvm Tpld e?\suespc: SravUouaTa Tou miméSoy (E), ToTE Opi-
Qouev s crﬂpolcua o oW B owv y, kai TS cupPoAilopev cx+ [3 - y, T &Bpor-
oua (@ +B) +v.

‘Avahdyws OpileTan TS &Bpoiopa pi Téooapa TrévTe KTA. TpooBeTéa Sia-
wiopaTa.

Elvan elikohov v Sikatohoynowpey 811 1) dpiobeioa mpdobdeais &v D, Exel
Tas 1Bi1dTnTas ¢ dvTipeTofeTIKAY, TpoceTaIploTIKYY Kai Ths Sicypagiis. “HTor:

Dat+p=p+a

DGE+P+y=a+E@+v

) a=Ppeaty=p+y

*H ioxls Tév dveotépw 1BioThTow elvon povepd &md Tov Sobévta dpropdy
Tfs lodtnTos SUo EAeubépuv BiavuoudTov.

Mpérypam, & Umobéowper 611 T& Siovlopata o kai B Exouv cuvTeTaryué-
vas GvTioToly s Tous TrparypaTikolUs &piBpols oy, By kal oy, By TéTe TO &Opoi-
oua & + E elven TO Sidwuopa pé ouvteTaypévas (o + o, By + B.). TO &Bpotopa
B)-FZETVC(I. TO EAeUfepov Sidwuoua pé ouvteTayuévas (o + oy, Pr+ By). CAAN
emedh oy + oy =ay + o ki By + By =P, + By, ovumepaivopey ST o+ P =

iH 6:1T65£1E[§ Tfis foxUos Téw 180Tt 2) kal 3) elvan sum?\m-rc‘rm

I') "Agaipeoig év D, MNveopilopey &mwd thv I t&Ew &1 &v « kad ﬁ elvanr 8Uo
E\evBepar Sluwcruorrot éml ¢miméBou kai [3 sIvou TS EAevBepov Sldwucucx TO dr\rrl-
BeTov TOU ﬁ TéTE épl§e~rm g ﬁmq)opa a fclqv |3, kol oupPolileTan ué a— B T
EAelbBepov S1évuope o + [3 BN, TO & + (— B). OUrtw 81 v& elpwpev Ty Sia-
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— —»

popav o — B, dpxel va TrpocBécwpey gis TO o: To dw:ﬁs'rou Sidvuopa ToU  B.

‘H mwpdkis Tiis eUpéoews Ths Biagopds P B Meyeton agaipeorg &v D,.

’Emre1dn ta dvtifeTa SiawlopoTa Exouv dvTiBéTous Tas éuc.ovuuou; cruv‘re-
TOyMEVOS TwV Kal é‘ﬂ'etﬁn, g et&ousv, 7 Siagopd &’—'é loolrron pé o + (— |3)
B1& TouTo, Gv elvan o (orl, B,) k.ou [3( Oy B.), ToTe elvon — B (— oy, — Bs) xai émro-
péves TO Bidwuoua o— [5 —a +(— [3) EXEL OUVTETOrYpévas Oy — O, Py — Pa
ZuupoAikéss ypdgopey (ay, Pr) — (0w By) = (o — o, By — Ba).

AcBévtey Emroptves BUo BiavuopdTey o (o, By) kai B (o, Ba) Opilopev
[ Slo:cpopt‘zu Tov Ta Bidwuopa, EoTw )_/: TO €XOV CUVTETXYMEVDS O — O, Py — Pa,
dnA. T y( 0 = 0y B, — Bg) Elvm pavepdv 811 ioxUel 1) iooSuvapica :

a-f=y=pty=a

ETrlcrns lcrxuet 7] 15101'7]‘;

a—Pp=(C+N-EG+7)
AZKHZIEIZ

105) 'Edw_l:(2, -5) Kal v (3, 1) elven BUo EAelBepa BraviopaTa, va épioete, uié Tos
ouvTETOYpévas Tou, TO EAeUBepov 5l(fWUU’th_LT+;)KGi ve oxebidoete el 1o EmimeBov x O
fva QvTITTPOTWTIOY Tov.

106) ’E(‘xv_a-(3, 1) Kad v (2, 5) v& elpe-

Te TdS OUVTETOYHEvaS TOU U + v kal TO pijkog y
Tou. "ETrerTa v&x eUpeTe pt Tds ouvTeTaypévas
s THY Srapopdy U — v kel v& UmrooyioeTte TO
piikos Tou SiawiopaTos u — V.

107) To &dwvoux u( 3, 8) elver TO
&bpoiopa Tou SravloucTos ﬁ(—l —2) kal
tvds &AMou dyveaTou BiavlopaTos. N& elpeTe
TO TEAsvTaiov aUTd Sidvuopa.

108) Eis 10 ox. 39 — 2 PAémere 8Uo &

o e
papuooTa SiaviouaTa AB kai A, T& otroia ei-
vt dv-rmpocrm‘n’m 8Uo EneuBépuwv SiavuopdTav

bem e e e =

(1 A, S,

o xad [:S ZnTeiton v edpete &wd TO axquc TGS 2y 392 .

CUVTETOY HéEVaS TV Blwuoudwmv a xal B. *EmeiTa va elpeTe 1O Sidwuopa 1o Toov pE a + P
kat& SUo TpdTous. (b tvas TpodTos & elven pé Tas ouvteTayptvas). N& elpete dpoiws 16 Bik-

—

wopa 16 foov pt o —-[5

40. TINOMENON AIANYEMATOZ EIIl MPACMATIKON API®MON.
—
A) Eis v I'" Té€w éudBopev &m1 : &&v AB elvon Tuyov Ox1 undevikdv Bid-
-
wopa Tou émméBou kai p # 0 TpoypaTikos dpiBuds, ToTe s p- AB OpileTon
Sidwuopa FE, T omoiov Exel THv i8iav Sietbuvow pt TO AE, gopav Thv i8lav &v
p>0, dvrifeTov 8¢, &w p<0 kai piikos ioov ut | p| - 1 AB|.
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"Hén 'rrotpcrrnpouusu 0"[‘1 1 &v TO Sidwuopa AB Exn TeTpmuévny X kol TeTo-
yuévmy Y kai TO AE= p- AB (els 1O oy. 40 -1 10 p = 2, &g TO oy. 40—2 elvan
p=—13) &xn ouvtetayptvas X' kal Y dvmioToiyws, TéTe Adyw Téw Spoicv
Tprycovev AKB kai AAE 8¢ Eycopev :

AE X' Y
TR K. X ®

"Ek ToUtwv Emetan 61 X' = pX kai Y =pY

Aix ToUro Buvapeba vd dpiowpey dg pﬁ_\é TO Bidwuopa TO Exov ouvTe-
Taywtvas pX, pY. "Htor:  p- (X, Y) = (pX, pY)

TMaporrnpoUpey rrions 671 loylel :
[RE|= V& T GV =]l VXEF Yo=| p|-| AB|

Yy

= R e B
y 7 Y

4| =N K

3+

2.

R s o i

“ N W ™ O oo

N

"N

1

NOA o
=
of

N

1

Tx. 40.1 Sy, 40.2

e — —
‘H mwpakis, ue iy dmolaw elpiokopey 16 TA = pAB &md Tdv p kol 78 AB, -
voudotin nokhantacraepog Tol AB i Tov p.
v B) “YmevBupilouev &1t loylow ai i-
......................... B1oTnTES :
— —
1) (—2)-(3AB) =—6AB =
.
(—2-3) AB = EZ (Zx.40 - 3) kai yevixéds :

~
S

]
1
1
i
1?

|£'
E A (pxé) =A-p) )—‘\-ﬁ, étou A, p Tporyua-
i Tikol &piBuol.

! =i =a — —

! 2) p(AB+BMN=pAB+pBI, &
mou p TUXGV  TparyuaTikds &pifuos kai

AB B Biadoyika épapuooTd SiaviouaTa
Sy. 40.3 eiTe EAelBepar Brovbopaa.

D N Wy N ©

fiois el s ol
8 9 wuicl3 x

56

WnpionoBrke amd To ivotirouto EknaiSeuTikrg MoAmkrg



levikéds, pé Paow Tols Bolévtas dpiopols, 1) 1816 2) EEnyeitan ds EEfs.
“EoTw :  TETUMMéVT) TOU AB — a, TETOypévn TOU PTB,=ES
L . _
» » {Bll'=#, » » B[=p
ToTe elven :

TETUTMHéVT) TOU ?é -+ EF =a+4a
TETCyLéVn  » AB + BF = B+p
» £ o = = » 0
Apa TeTpnuévn Tou p - (AB + BN = p (o + ') = pa + pa’ xai
TeTarypévn ToU p - (AB + Bl = p(B + P') = pP + pP’
-

"As elpwpey Twpa Tés ouvTeTaypévas ToU p- AB L p- BI. 04 el
TETUNMEVN TOU p - AB + p- B = pa + po’
TETCCYUévT) TOU p-A_§+p- §F=pﬁ+p3'

— —_ e —_—
"Emeidn Aoimov t& Siewopara p(AB + Bl kai pAB + pBIN Exowv Toog
T&s OuwVUHOUs Twv cuvTeTaypévas ouvdyoper (§ 32, A) émi elvon foa. AnA.

— — — -
p (AB + BIN) =p AB + p BT
AZKHZIEIZ

109) *Av FA=0- KE, Tl oupmepaivets Six TO A :
110) “Av [:E =p- .S\TA, i oupmepaivetes Bix 1o I?A ¥

-
111) Aidetoan 6 Sidwuopa AB ToU oy. 36 — 1 xal InTeiton v& kaTaokevaofolv Sia-
viopara loa wpos T4 :

— 1 - — 5 —
«)3 AB, B — AB, ¥) — 2 AB, §) = AB

(N& ¢pyacdijte pt 8Uo Tpdmous. ‘O évas Tpdmos 8& elvan pé ouvteTayuévas).

41, TYNOHKH ITAPAAAHAIAL AYO AIANYIMATON.

A) ’Ef bowv tudfopev els T& Tponyouueva ( § 30, § 31, § 39, §40)
ouvdryopey 611 Buvdpeba va ékppdowiuey v Sidvuopa Bid TdY povadiaicv Bia-
VUOPATEOV 17 TKOZ‘I TGOV CUVTETCYPEVRV TOU. -

TMpdynar, Exouev (Zx. 30-1 kai 30-2) :

OM = Of1 + MM
—3 —_— — —_— — e
"AAN tmaidty O =OIT- i kal TIM = 0P = 0P - j, fi dvwTépw Siavuoua-
Tk {odTns yiveTou :
OM=0T-i+0P -]
i, &v bvopdowpey X Ty Tetunuévny kal Y ThHY TeTayuévny ToU SiavlouaTos
O_ﬁ, TOTE
— — —
OM =X 14Yj
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—
‘Opoicws Bi1& 6 Bidwuopa AB Tou oxnuaTos 33— 1, &v dvopdowpey Xg— Xa=
=X kai yg—ya =Y, 8& elvau :

— — — — — — =5 =
AB=AK + KB=AB, + A;B,, fltot AB=Xi+Y j

B) *Eotwoav gls TO EmimeBov 8Uo SiavlopoaTa v (X, Y) kai v X, X7,

Bi& T& dmroia loyUel V' =kV. Mveopilopev (§ 40) 611 T& Brovlopara alTd Exouy

Thv i8iav Siedbuvorv (elven TapdAAnAa). Emraidn V= k\)/, SnA. (X, YD) = (kX,
kY), 8 Excopev (§ 37) :
X' = kX kai Y'= kY
tropéveos B& elven @
X' ;

Y
X v
> . woor e X Y s . s \ s .
AvTioTpdeus, &v loxin - =-¢ kai dvopdowpey k THy Tipuny TGV Ad-

ywv, & elvan :
e =k =X =kXxad Y =kY
Kai Eropéveos :
V= X7+ Y] =kXi + kY] =k (Xi + Y)) =kV, BnA. & Siaw-
TUOTO V' kei V. Exouv TN oUThv SievBuvow.
“QoTe: avaykeio xoi ikoviy ouvdfikn, ive 800 dwavbopare tob Emnédov
glvon mapaidinia, sivar ai opdvopor cuvietaypévar abtdv va elvar avaloyor.

ZupPoiikds : =i . v
VIV & X =%

42. AIANYIMATIKH IZOTHE TOY CHASLES. (EAA).

Eav A (Xa, Wa), B (xs, w8), T (Xr, yr), A (Xa, Ya) elven TUXOVTQX OT-
peia Tou émmeSov YOy, O& Exwopev :
i —
AB (Xa — Xa, W8 —Wa), Bl (Xr—Xs, Wr—ys), T (Xa—Xr, ¥a—\yr)
—_— — — R —
kol AA (Xa — Xa, Wa —Wya). TO &Bpoiopa AB + BIM 4 A + AA 8& Exn TeTun-
pévy X — XA + Xr — XB + Xa — Xr + Xa — Xa = 0 kai TeTOypévny W —ya +
+WYr—we +WYa—yr +ya—ya=0, elvar 8nA. pndevikov Sidwuopa. ‘loyvel
Aorov 1) Etfjs iodTns :
o == =3 . —_
AB + BI' + T'A 4+ AA = 0,,
7 omoia AéyeTon Savvopatiki iootng tov Chasles.
43. AIANYEMATIKH EZIEQZIIEZ EYOEIAZ EIZ TO EITIMMEAON.

"Eotw A (Xa, Wa) TuXOv onueiov kai #v #AelBepov Sidvwuopa u (o, ) ToU
tmmédou xOy oy. 43—1.
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Oewpoupey TO gUvodov T&v anuelcwv M (X, W) ToU émmédou, Sid T& dmola
elvon A"F& =A- _l;, dmou AcR. To olvohov TV onueicwov ToUTwy AéyeTtan @ eblsia
(e)- ‘H elbeia alrn dplobn &mwd 16 onueiov A kai T6 EAelBepov Bidwuoua Il>

Edv els dugoTépa Ta péAn Tiis Elicdoews

AM = Au (AcR)
mpooBécwpey TO aliTd Sidwuopx OA 6 EXWHEY :

= — — —>
OA + AM = Au + OA

— — —
snAady OM = Au + OA (AeR) (43, &)

‘H &iowois, gl'tl = ?\: (AeR) xafos kail 1) Cﬁ.\d = 7\:4— OA (AeR) tkppd-
louv 1) k&be pla Ty dvaykaiov kol ixaviyy cuv-
Ofkny va TO onuelov M dwkn els Ty edbeiow
(€). ‘O mporypoTikds &pibuds A elver 1) mapape- >
Tpog TGV dvwTépw ERiocdoEcv. B

Ao Tov dvawTépw Spiopdy Ths elbelas (¢)
gmetan 8T 1) (€) SpileTon povoTpdTws Ek TOU oT-

3 i (€
pelou A kel Tou SiaviopaTos u. — |

Avo onueia A kal B (Sidpopa petatl Towv)
Opifouv plav kal pévov piav edBeiav. Tpdypori, 0 2
Suvapeba vax AdPoopev 'rﬁu Eueewm, 7 émolar opi-
letcn &md 1O A kad TO u=AB.H tElowois Tiis Zy. 43.1
eUBelag B elven :

AM=2AB (AcR)

A OM=2AAB+ OA (AcR)
Sid A=0 Exopev M= A Bix A =1 &xouev M= B.

IMapaderypa. Aidovton onueiov A (2,5) kal Sidwuopa _1; (- 2,3) €lg 10 &mi-
meBov xOy kel {nTeiten ) SiowuopaTicd tiowos THs eUbelas, 1) dmola Sitpye-

Tar B1&k Tou A kai elven rapdAAnios mpds TO u.
"Aravineis. Zuugavaws wpds THY (43,0), & M (X, y) elvon Tuydv onueiov

Tfs {nToupévns ebBeias, 6moTe B elvon oM (x, ), 0& Eyoopev :
xKY=A(—23)4+(2,5 7 omola elver 1‘] InToupdvn SiovuopaTiKh
ttiowaris.

’Ex TalTng eUpiokopev BiraBoyikés :
x W) =(=27\3N) + (25) =
Y =(-2A+2, 3A+5) =
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x—2=u|z——5$

-2 3

3Xx—6=—2¢+10 = 3x+ 29y —16 =0, | émola elver 7} Aeyopévn davalv-
Tk EEioworg Tis eUbelas.

44. AIEYOYNON AIANYEMA EYOEIAZ.

To Sidwuoua l._l)(C!, B) AéyeTtcn dievBbvov Sravoepa Tiis edbeias (e).

Ta Siovtopora v =tﬁ>(teR) elvan émions Sievblvovta BioviopaTa ThS
(e), B1om 1) ttlowois Tiis (g) Numopel v& ypogd :

AM = 2

T
i AM =2 U  (AeR, teR kal t # 0)

AZKHZIEIZX

112) Aidetan 16 EAelBepov Bidvuopa o (— 3, 5) kai InTeiton va opioete Six TV ouv-
TETAYpévwV Tou TO Sidwuopa — 20, "Emerre v Aapete oUoTnua dpfokavovikdv &Edvwy kal v
oxedidoete fva dvmimpdowmor ToU — 2u.

113) N& elerdoere &v elvon ToapddAnia fi Sy T& Siowlopara T(3, 4) xai 7(%.2)

5 - —_—

114) Gewpouuev T& Sreviopata AB kai A :

A(-3,2), B (1.:3), F(l,2), A(5,3)

N& éferaoere dv Ta dvwTtépw Sraviopara elvon TapdAAnAa kai &v elven Tfis adTiis
popds.

115) Aideron 16 AelBepov Sidvwuopx Tx“(2. 1) kal 16 onueiov A (2, — 1). N& xaBopioeTe
Thv ebfelow, f) dmola Bibpyeten Bid ToU A xal Exer SieuBlvov Sidwuopa TO u

116) AiSeton 1O #Aevbepov Bidwuopa -ﬁb(ﬂ 1,2) xad T& onpeic A (2,2) xad M (x, ¥).

—
InTeiTan va Ekppdoete 611 T& Bravuopata AM kal :lbelvm Tap&AAnia.
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MEPOZ AEYTEPON

KEDAAAION IV

ANAAYZIIZ IIOAYQNYMOQN EIZ TINOMENON
IIAPATONTQN

45. OPIEMOE. 'Avdivois molvovduov el yivdpevoy mapaydvrwy xaleitar 6 ueta-
TYNUATIONOS abTol els ywduevoy mapaysvrwy.

‘H dvdAuois roAuvwviuou els ywdpevov Tapaydvtawy elvan &v &k TV oTrou-
SonoTépwv kepadaiwv Tiis "AlyéBpas, 8161 £ls TAeioTa dAyePpikd BépoTa, s
B& Boopey, dmarteitar, émews T& ToAudwupe TeBolv UTO HOpeTY yIwouévou
maporydvrav. TLy. els Ty émidvow Ehiohoecwv.

‘O LETAOXNUATIONOS TEV TOAVGUULWY &5 YIVOUEVOY TTOpaydvTwY, Ev
elven Buvarrds, Stv elvan TéwtoTe elkohos, oUrte Slvaran va yivy &1° dpiopévcoy
Kowovev. Zkomipov elvan Aoimrov v' &oyoAnfdduey, éoov T6 Suvardv TEpicodTe-
pov p¢ TO Bépx ToUToO.

46. Elvar yvwoT & Tis Tpomnyoupéims Té€ews By dvdAuois el ywduevoy Tapa-
YovTev TéV kéTwb TapacTdoswy, 81" & kal travedapPdvovTal oUrTOPS

1. Iapastaserg, tdHv omoiv ol Gpor Exovv kowdv napiyovia.

MoAucovupoy = (kowds  Tapdywy) « ( TnAlkov ToAuwvipou 81k kowol
TapdyovTos) -

Mopadeiypata : o) 4x3y — 10x3¢@° + 12xy® — Byix = 2xy - (2x2 — 5xy +
+ 6y? — dy?), B) 45¢V+ix — 259v+Ex? 4 159V HIx3 = SyVtIx (9 — Syx + 3yix?)
Y) La(-3°-3(B—32+6PB—3)=3a(B—-3)BP—3°—
—a(B—-3)+2a*]

2. Iopastacerg yoplopevar eig dpadag

Mopodeiypata : o) o®u + Pv? + a®v® + Bu = (a®u + Pu) + (a™? + pv?) =
=u(a®+p) +vi(a®+P) =(a*+ B) - (u+v?)
B) ox* -+ ay¥ — aPx’ — oPyh + PxY + Pyt = (ax” + ayk) — (B + aPy¥) +
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+ (BxHPY) = a (x"+y*) — of (x¥ + Y)+HR(x"+y)= (x" + ) (a—ap + B).

T idiav TapdoTacw ywploaTte els SUo duddas kal dxoloUBuws dvaiUoaTe &ls

YIWOUEVOV TPy OUTWY

Y) xy (@ + P+ (x*+y?) = oxy+Pixy + ofx*+aPy? = (a’xy + ofx®) +

+ ((B*xy + aPy?) = ax (ay + Px) + Py (Bx + ay) = (ay + Px) - (ax + Py).
3. Mapactaseig tiic popyilc A2 — B2 (A koi B a)yePp. mapacticeig)

A*—B:=(A+B) - (A—B)

Mapadeiypara : o) 25x2 — 8ly? = (5x)% — (9¢*)? = (5x — W?) (O5x+ 9y
B) W16 —v8 = (uB 4 v¥) - (8 —v%) = (W8 + v) - (ué + v2) - (! — %) =
=8 4+ v - (ut 4+ 13- (2 4v) - (u2—v).
Y) a¥ —p¥ = (o) — (P*)* = (o' + B*) - (a” — PV), (v, u e N)
8) (8x — 3w?)? — (By? 4 2x)% = (8x — 3y + 5y + 2x) - (8x — 3y? — Sy —2x)=
= (2y* 4 10x) (6x — 8y®) =4 (y* + 5x) - (3x — 4y?)

4. Tapactacsig tiig popeiic A® 4 2AB + B? (A,B napactaceig).

A? + 2AB + B? = (A + B)

Hapadeiypata: o) 9x* 4+ 12x +4=(3x)>+ 2 :3x-2 + 2> = (3x + 2)?
B) 16w? + 49x2pt — 56xy? = (4y)? + (Txy2)? — 2 - 4y - Txy® = (4y — Txy?)?
Y) O 2B+ B = (a)* £ 200 + (B)? = (" & P)*
8) (R+y¢+ 4+ 4+ ) xy =[x+ ¢) + 2yP =[x+ ) =
=&+

5. Mapaotaceig i popoiis o(x) = x* + px +q (p,q,xeR)

A=O<:>rp(x)=x2+px+q:(x+ %)2
A>O<::>q>(x)=x2+px+q=(x+-§-)2—(v73)2=
=(x+p_+2]@)'(x+p;2v_3)

8 <0 a0 =x+pta= (s 3)+ (),

A=p*-4q

Eis Thv mepimTwoi, ka® iy A < O, TapaTtnpolpey 611 1) TapdoTacls
@(x) = x2 4+ px + q Bév petaoynuaTiletan eis 1O olvorov R els ywdpevov mpeo-
ToPabuicov TapaydvTwy, dAAG els &Bpoioua o TeTpaydvwy. Alov ouvtdpws
0 pdBowpev TpodTTOV peTaOYNMMOTIONOU el ywdpevov TrapaydvTwv TH Ponbeic
&AAou ouoTnuaTos &p1Buddv.

IMapadeiypata: o) o(x) =x>+8x+ 16-A=82—-4-16=0
"Qoe Eyopev @ @(x) = x4+ 8x + 16 =(x + %)z =(x + 4)?
B) p(x)=x*4+2x—15. A=22—4(—15)=4+4+60=64>0
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OCrrco:q>(x):x2+2x—15=(x+ %)2—(\134) (x+2i8( +2€§)=
=(x+5)(x-3)

Y) o(x) =x2—4x+ 1. A=(—4)2—-4-1=16-4=12>0

—4 V12 —4—1’T§)=

2 ) (x+
("*ﬁﬁz) (x+ =* m)—(x 2+V3) x—2-V3)

8) e(x) =x2—3x+13. A=(—3)2—4-13=9-52=—430

"Qoe, Eyopey q:(x)=x2—3x+13=(x+ ) (\’—(—43))

OUrows Eyopev : p(x) = x> —4x + 1 = (x +

:(x = %)2 + (Véi_B)2 &Bpoiopa Blo TeTpOrycovov.

6. Mapasticeng tiig popeiis o(x) = ax® + Px + v, (a # o, B, yeR)
A=0copx)=ax®+ ﬂx+y=a(x2+%x+ -E)=
=a(x™+px+q =« (X+~2% % émou p = %s qzl

[3 VA)

A = p® — day VE
B0 q0) mexpriy =ofs +2519). (x4 3

A<O<=p(x)=ax*+Px +y =« [(x S 2%)2‘*' (%l ]

Kai dvraifa étav A<O, peraoynuariletar els dpotoua Blo TeTpary vy
kol Sy els ywdpevov Vo maperydvTtav eis TO oUvolov R.

Mapadeiypata: o) ¢(x) =9x2+6x+1. A=62—4:-9:-1=36—-36=0
OCas Bxouew : (x) =97+ 6x + 1 =9 (x +,5)" =9(x +5-)'=(x+ 1)?
B) p(x) =2x2—x—1. A=(—1)2—4-2 (= 1) = (I +8) = 9>0.

Qore: pX)=2x2—x — 1 = 2(x—|— _;'.{:?vg)(x+—;.—:9 i

=2(x+%)(x-1)=(2x+1)(x—1) -
Voex)=3x2—x+4+2. A=(—1)2=4:-3-2=1-24=-23<0

"Qoe : rp(x)=3x2—x+2=3[(x—i—:éml)z-i-(V—Tm)z]=3[(x—%)2+
+(Z)'].

8) (x) =25x2—20x + 1. A =20%—4-25=400— 100 = 300>0

OUres: glx)'= 25x* = 208 + 1= 25 (x - — 20KV, =20 VW)

=25 (x+ 250 2220 ) (52294 VH) (53-2-V3)
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5oy thpa EAAGL TEPITITOCEIS PETAOXTUOTIOHOU TroAvwviuwy els yi-
vopeva TraporydvTwy Mav Yprioipor

7. Mapactaccig duvapeval va ypagoiv GG Sagopd TETPAyDVOV TUPUTTATED V.

) ZuvBuaopds TGV TEpITTTROoEwY 3 kai 4
A4+ 2AB+B*—T*=(A+B?—-TM=A+B+TNA+B-T)

A? 4 2AB 4 B2 — T2 2IA — A = (A* + 2AB + B*) — (M —2I'A 4 A% =
=(A+B—(T—-A82=A+B+T—A)(A+B-T+A)

dmou A, B, T, A &AyePpikai TrapaoTdoEs.

B) TMapaotdoss TS uopq)ﬁ; X 4 x# T s veN kal v > 2
x4 x2 ! 2" o y = x2¥ 4 2y ! z‘ =l 4y — v =L ‘-sz—t
= (" + wz“ V(xR = (x“” T Qe x0T (e
+ qJz\‘f—l o xzv-a ZV—Z)

Y) Tapactéoes 11 popeiis x2* + 49", veN kai v > 2
xzv + 4‘4’2\) (xev l)z + (zwzv—i)a + 4)( av—1 Ll'le--l o 4x2v—l Wg,_v—l =

il (X"v_ + 2\'},\:-1)2 " (zxzu_z 2v-2)2 -
= (x4 292 4 2x2 R ) - (kT 29T 20T )

Eis Tas mepimTddoes P okai y émiBicokopsy TTY oupmAfipwoy Tiis Topo-
oTdosws S1& Tpoobagaipéoews ToU alToU povwvipov, fva altn kataoTi) Sio-
popd BUo TETpOywVWY.

Mopadeiypata: o) 9x2+ 6Wx + W2 —w? = (3x + y)* —w? =

= Gx+y+w) Gk +y—o)
B) 36a® 4+ 12ap + P2 — y?2 — 4y5 — 4582 = (36a? 4 12ap + P*) — (y* + 4y5 +
+ 48%) = (6a + P)* — (y + 28)* = (6a + P + v + 25) (6 + P — y—25)

Y) x4 x2p? b @t = xt 4 2x32 4 gt — XA = (X2 4 )t — (xy)E =

= (X + ¢ + xy) (xX* + ¢ — xy)
B) x® 4 x4t 4 yf = xB 4 2xiyt 4 @B — xiypt = (xf + ) — (X =

= (X* 4 @t XY - (x4 4 gt — xR =

= (x* + @ + xy) (x* + ¢* — xy) (X! + @t — x*%)
& x4 dyt = (x1)? + (297)? + dxay? — 4xiy? = (x* + 29)* — (2xy)? =

= (X2 + 29 + 2xy) (x> + 292 — 2xy)

8. "Avaiuoig Evog fi nepuocotépov dpov eig @0polopa drlov.

TMoAAékis TrapioTaron dudykn dvahUoews Evods f) TeplocoTEpwWY Spwv &lg
SAyePpikov &bpoiopa &AAwY, Tpokelptvou V& EmiTUxwpey THY dvdAuow els yi-
vousvov TraparydvTwy Wids TropaoTdoews. Zuvnfws TouTo dmonTeiTal, STaw
TO TAfiflos TGV Spwv T TapaoTdoews elvon TEpITTOV Kal Emibupouper v& TO
KOTOoTHiowHey &pTiov.

‘H péBoBos altn ypnoipotoieital els TOAAGS TEPITITWOEIS.

Mopadeiypota: o) N& dvodubi eis ywodpevor Tapaydvtwy f| TTapdoTacis
A = Xy + X2 + X + ylo + wix + wiy + 2xyw
"Exouev : A = x3y + X% + WX + Yo + wix 4+ ol 4 Xyw 4 xyw =
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= (X% + x*w) + (Y% + xyw) + (Yo + wy) 4 (0 + xyw) =
=X (Y +@) + xy (¥ + @) + oy (Y + @) + wx (0 + ) =
=W+ X+xytoytox)=W+o)[xEx+y)+ox+y)] =
=(y+ w) x+ ) (x + w)
B) Na& yiv ywousvov 1 mapdotools e(x) = x* — 3x + 2
“Exomev : (X)) =x*—3x+2=x3—x=2x4+2=x(x2=1) -2 (x— 1) =
=xx+DE-D-2x-1D=x-DE*+x—-2)=
=x—-DE+22%X—x—-D=Ex=-D[x+Dx=-(x+2)]=
=X =12 x+2)
9. Mopastacers tiic popeiic x¥ - Y, veN.
Tas mopaoTaoels aitds dvoAUopey &mi TH Pdoea THs Oewpias TEHV &fio-
onuelTwY TNAikwy kad THs TauTdTRTOS THS TeAelas Bicipéoecs.
o) Al mapaoTéoes T Hopefis o - PP Bicupolusven i o + P Bidouv
Umédortrov 0 kai TrnAikov o 5 ap + P2 ‘Emopéveos dvaAvovton c EEfis ¢

| PLPP=(a£P) (*Fop+p) |

B) Ai TapaoTtdoeis Tiis popiis XY — ¥ Smou veN, Siaipopevan Sik X — W
&idouv UmoAormov 0 kad mnAikov XYl 4 xV-Py 4 xV IR o4 L4 x4
+ WV—I.
ﬂApﬂ EXOUEV bv = \Pv — (K = \P‘) (xv-—1+xv—2 W+xv—3 .+,2+ . _+xwv-2 + qlv—lL

"Av elvon v = 2k, keN, ToTe Suvduebo va dvodUowpey kol s droroUbuws

xv =& \Pv — xzx — “Ph — (X" + WK) (X‘ = wr)

Mapaseiypara : 1) o — Bt = (P2 (o — B2) = (o* +B?) (« + P)(a — B)
i af —pt=(a—P) (®+ o’ + of? + ) = (a — B) (o + P) (*+P*)
ot — B* = (a—P) (a* + o’ + o*p* + aP® + BY)

3) af —pt=(c® + P%) (o® — B%) = (a + B) (c«® — P + PB?) (- P) (o*+P+P*)
i of — P8 = (a?)®— (B%)* = (o — P?) (o' + ?B2 + BY) =

= (a+B) (a—B) (o + op + P*) (a* — aP + p*) (PA. wepimr. 7 P7) 4

of — P8 = (a—P) (o + a'p + &®B* + &®P? + P! + PF) =(a— P) [«* (a4 )+
1 a®p? (a + B) +P¥a+ B) | = (a—P) (x + B) (o + a*P? + P*) kA,

y) Mk T&s TapaoTdoels Tfis Hopeiis XY + ¥ Siakpivopev 8Uo TepITTTO-
oers : 1) 'Edw v =2k 4 1 (mepiTTds), TOTE TO Bicovupov Sranpeiton S1d X + W kad
kat’ dxohoubiav :

Vv=2x+1 l XY 4 @Y = (xy) (X1 — X'-2 yhx¥ 3 @2 — ., Xy 2y D) ]
keN

2) ’Eqw v = 2x (&pTios), TOTE TO Biddwupov SicapoUpevoy Sik x +y 1§ i
X — 8i8e1 Umdhorrov 24¥ kal ouvetrdds Btv Suvdueba v dvahUowpey oUTO Eig
Ywouevov TaparyovTwy i T Paoer Ths Bewplas TV &EioonuelcdTwv TrnAiKkey.

Eis Tivas Suws TrepimrTaocers, kora Tas omolas & v elvan &pTiov TOAAGTTAG-
olov TepiTToU &p1Bpol, Suvdpela va dvoAUcwpey s dkoAoUbws :
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(6 =2-3) x® +¢f =(x2)"+ () = (x> + ¢2) (x4 — x%? + y¥)

(12=4-3) x4y =(x)* + (° = (x* + p*) (x® —x4p* + ¢*)

(10 = 2 . 5) Xlﬂ + wlﬂ — (xl)b + (W2)5 —_ (XZ + WE) (XS = xﬂwﬁ + XG\PJ i xBLPS +
+v9)

IMapadeiypata:

1) & P =(a+ P} (o' — B +.a%p? —.aff® 4 PY)

2) o« + P =(a+P) (a® — P + a’p? — o*p? + a?Bt — aP® + B

3) ql:’) + ﬁlﬁ = (u3)5 + (Bh)i — (u:i + BE) (ﬂ12 Tel) Gsﬁ:‘ + QBBB o aaﬂs + ﬂlz) _—
= (a + P) (c* —aP 4 PY) (o!* — o'p? + Bt — o?p? 4 BIE)

10. IMapactacseig: TEhswov tetpaymvov i kifog molvwvipov.

«) "“Otav &v TToAucvupoy TEpIEXT) T& TETPSywIa HEPIKEY povwVUHwY Kal
T& SimAdoia ywopeva aiTdv dud Slo ko’ &Aous Tous BuvaTols TpdTrous pE TO
kaTéAAnAov onueiov, TOTe efvan TéAelov TeTdywvov kol ouvemdss dvodleTan elg
ywopevor 8Uo fowv mapaydvrwy. Mepikf) mepimrwois elven ) mepimTwois U’
&pf. 4. :

Mopadeiypara: 1) o + P* + y* + 20 + 2Py + 2ay = (@ + P+ ¥)* =
(c+P+7)(@+P+V7)

2) x® 4 4y + 9w® 4 dxy — 6xw — 1200y = x* + (29)? + Bw)? + 2+ 2xy —
—2x3w—2-2y 3w =(X+ 2y — 3w)? = (X + 2y — 3w) (x + 2y — 3w).

B) 'Eav 10 moAuwvupov elven Tiis popefis A® + 3A2B + 3AB2 4 B3, TéTe
elvan & kUPos Tou Srwvipou A + B kad ouvetrdds dvodvetan el ywdusvov TGy
igwv TapaydvTwy .

O¥tw : A® 4 3A®B + 3AB? + B*= (A + B)®* = (A +B) (A + B) (A +-B)

Iopadeiypata :

1) 27x3 4+ 27x%w 4+ 9x¢2 + ¢ = (3x2 4+ 3- G + 3- Bx) wi 4+ y3 =
=0EBx+y)P=0Cx+y) Cx+vy) Bx+y)
2) 8x%a®—36x%a2 4 54xia — 27x* = (2x%x)® — 3 - (2x2a)? (3x) + 3(2x%x) (3x)? —
— (3x)* = (2x%a — 3x)® = (2x%a — 3x) (2x%a — 3x) (2x2« — 3x)
11. Mapactaoeis : Iolvdvopa Pabpod dvaotépov tol mpdtov.
Qs yvwoTov, &v drépatov ToAuwvupoy ¢(x) Pabuol > 1 undevileTan i

X=0% 1 X= %, émov q, PeR, TéTe Siapeltan Bid X —a ) oX — P kal &vTi-
oTPOPWS.

Emi Tfj Pdoer This i816TnTOS alrTiis dvadUopev, tp” Soov ToUTo elval kaTop-
BcoTdy, ToAucwupa duwTépou ToU o PoBuol els ywwdpeva Tapoydvrwy, s
els T& dxdhouba TrapadeiypoTa :

IMapadeiypata: 1) N& dvodudi els ywouevov T TroAudsvupov

p(x) =x'+x3—x2+x—2
EUpioxopev ToUs Bicupétas ToU yvwoToU Spou —2. OUtor elven : 4+ 1, -+ 2.
Moparnpoupey 811, Sik x =1 Exopev p (1) =144+ 13— 1241 —-2=0. "Apx
10 @(x) Sionpeiton 81 x — 1 kal 8i8er mnAlkov Ty(x) = x3 4+ 2x2 + x + 2
‘Emropévers 0k Exwouev : o (x) =X -1 (X*+2x2+x+2) (1)
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‘Opoicos, B1&x x=—2 #&opev: T(-2)=(-20+22+(-2)+2=0
“Apa 1O TIy(x) Bicupeiton Bid X + 2 xad &i8er mmAikow T, (x) = x2 4 1, émoTe
ME) =x+2) - x2+1) xai dxohotBuws 7 (1) yp&eTan:
p(x) =(x—1) (x+2) (x*+ 1).
2) N& dvodubi els ywopsvov 10 @ (X) = 2x® + 3x2 4 8x + 12.
EUpiokouev ToUs SicupéTtas ToU yvwoTtolu Spou 12 kai ToU ouvTeAeoToU
ToU peytoToPabuiou Spov 2. OUrot elvan of &Efis: ToU 12 of + 1, 4 2, + 3, 14,
+ 6, + 12, ToU 8 2 of 4+ 1, +-2. *Axololbws oynpaTilopey SAa T& KAdopaTa,
T4 droia Eyouv dp1BunTds Tous SionpéTas Tou 12 kal TapavopaoTas Tous Siai-
péTos Tou 2.

TaUTa elvon: + %, - % Ex TéV KAcopdTev aUTdv TO KAACUQ —%
undeviler TO ToAucwupor ¢(x), ST cp(—-%) =2 (—%)H—J;— 3 (—%)2 +
+ 8(- —3—)+ 12=0. "Apa Td ¢(x) Srenpeiton S1& 2x + 3 kad 8iber nAixov TI(x) =
=x*44, omote ¢ (x) = (2x + 3) (x2 + 4).

AZKHZEIZ

117) N& Tpamoiv els ywduevov mapaydvrev ol TapaoTdaoes :
1) x#yr  xu—lgn 1 xu +lgu—1, pe N, 2) ox® 4 Px® 4 a + P + ax + Px,
3) XAP (a4 B+ aB (4 F W), 4) (W V) + K — Y,
5) l4dxtg® —121ap?,  6) x*—(a—P)%,  7) (ox +By)i—1,
8) (x* +xy +¢h)?— (x* —xy + )2, 9) 64x*y* — 160x*y* + 100x?,
10) 169x*y2z® — 286xyz® + 121y2z2, 11) 4y2w?p? + 361xy2wia® + 76aPxyw?
12) o — P2 — 2By — y?, 13) o® — 2ap 4 P* — 4y? + 12y5 — 952
118) N& petaoynuatiobolv els ywépevov mpwToPaduiwy mapaydvrwy T& drorouba,
TOAVDWIPA :
1) x* 4 4x —21, 2) x* + Tax + 1202, 3) w—(v—2Dw—2v
4) 2w? + 4w — 70, 5) 5x?—4x + 1, 6) 9x® — 6ax + a? — p?
119) N& dvaiubouv els ywouevov mapaydvtewv of TpaoTéoes :
1) 9a?p? — 36aP + 36 — 25a?, 2) x*— 16w* + 9yt — 6xy?
3) 2 (x*y —3w) — 9 4 x}* — w?+x%, 4) 4ot + 16a?P? 4 25p0
5) 36x4y* 4 49a* — 100c2x2y?, 6) 9x® + 1 — 15x4, 7) 64aix® 4 4,
8) Aty 4+ 4vir, (v, A€ N), N axt—(a+ Dx+1, 10) px® 4 (u—5v) x —5v
11) x* 4+ x*—3x*—5x—2 (Umdd. —5x = — 3x — 2x),
12) x*+x*—2  (0mdb. x* = 2x* —x?)
13) 64 £ 27p%, o'P*+ ¥, (a+P)P+ (@—P)*, (a—P)—p°
]4) atx® —\p‘, x* - 6435\},0’ ot 1, o + ﬂn
15) 32x® 4 1, X o g xX* 4 ¢, 24305 4 po
16) 81x? + y* + 4w? + 18xy — 36xw — dyw
lT) galxl + \Plpl + l — 6qalxlw — 6“’ + 2ﬁlw

18) 8x® + 1 + 12x* + 6x, 19) ax® — 6a*x*y + 12axy? — 8y?®
20) 27x*y® — Ba® — 54ax?y? + 360Ky
21) x* —Tx® 4+ 9x* + Tx — 10, 22) 3x*+x*—6x+ 8
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AZKHZIEIZ ENANAAHYEQL

120) N& Tpatmolv els ywoépevov Topaydvtwy of TapaoTdoss :

]) alt — ﬂlsl 2) X — ww ; (IJ., VE N), 3) xsq_,uu-.f- L q_’.sxap +3, (I-l. VE N),
4) By® + oy + ap? — o*f — Pty — ay?, 5) (x —a)? + 122 (x — @) + 36at
6) X! —yP— o+ 2w+ X+ Y-, N x+y)r-1-x+y+Dxy

8) u?ﬁlv = 2am +1[5 v+ oo [5‘. (v‘ pe N)
9) 16a2h ~2psv — 240B® + a2 Bi-3v , (i, ve N)

10) a®v + B 4 2av Pr — v, (4, v, A€ N)

11) xiv 4 4x?v @i 4 4y —a?p? 4+ 2ap — 1, (W, ve N)

12) x4 + x g 4 i, (u,ve N), 13) aixtv gin + 64p4, (u,ve N)

14) «® —po, 15) o — 27a® — a3 + 27, 16) x® —(e® — 1) x* —o®
17) x3 + @ 4 3xv @i (x¥ + g ), (4, veE N)

18) 125x3v +2 — 75x2v 42 4 15xv +1 — ], 19 ’2‘_; = ,’.‘31+ %1
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KEQAAAION V

TAYTOTHTEZ

47. OPIEMOE. Tavtdtne xaleitar 7 lodtns nerabd ddo ddyefoutdy mapactdoeaw,
7 6mola elvar ainlnc bt mdoas Tds Tyuds T@Y yoauudroy éx Tav dmoiwy éap-
TivTat.

T& 0o péAn Tfis TauTédTnTos elvan foodUvapor dhyePpikal TapaoTdoes.

Eis piav Toiautny icotnTa TO oUpPolrov (=) dvtikaBioTaTon cuvrBes,
Xwpis TouTo va elvon &mwoAUTws &mapaltnTov, pt TO oUuPodov (=) kai TO
orolov BioPaleTan : «ék TauTéTNTOS fgov ué». "HTtol ypagouey ¢ (X, y, @,...)
= {8

Eaqv ) lodtns alrn ioyun povov 81° dpiopévas TIpds TGV X, ¥, @, . .. kal
8tv ioyun Bid kaBe TipMY TGV peTaPAnTOY alTdy, TéTE 88v elven TauTdTNS.

‘H xpnowdTns tév TautoTATwy elvan oAU peydAn. A’ oUTédv Sieuxo-
Avetan TTOAU O GAyePpikds Aoylouds: fiTol & LETAOXNBSTIONSS T&Y TapaoTS-
cswv el &wAouoTépag TeploodTepov ETwgelels Si1& T& dAyePpika BéuaTa.

48. EIMAAHOEYZIIL (ATMOAEIZIZ THE AAHOEIAL) MIAL TAYTOTHTOE.

‘H ¢pyacia éwainBeloews wmds TautdTnTos ouvioTaTon els Siadoyikols
kaToAANAOUS HETAOXTHaTIoNOUS, Tous otrolous B& EkTeAéowuer eis TO #v pélos
81 v& karodfiEouey els TO &AAo. KatdAAnAor 8¢ petacynuaTiouoi elvon : 1)
écTélegrs TV TpdEewy, 2) QUTIKATXOTAOIS TTAPOCTACEWY UE TAS K TAQUTOTN-
Tos foag abtdv, 3) dvdduats Spwv eis &Bpoioua &AAwy, 4) Tpooheois kai &pai-
PECIS TQUTOTNTWY YVWOTROV KaT& péAn, 5) mpocbagaipeois Spwv f| Tapactd-
OEWV K.A.TT. :

[MoAAGkis UtroBéTopey THy TouTtoTnTa GANGR xoi &polU Emipépouey copi-
opévas &AoTroIaels, KaTaAfyouey els iodtnTa €k TGV TpoTépwy &ANBH. *Emel-
T, &roAouBouvTes GuTIoTPOPOUS peTaaXTUaTiopoUs, KaToAfyopey els Ty dro-
Seiktéav TawTdTTTa. Kodov B& elven dupws TouTo v &mrogelyeTal, 516T1 SAAws
&rrouTelTal Tpocoy™ el THY YXpnolMoToingy TGV BETHOXNUXTIOU®Y, of dmoiol
Béov v elvan Aot dvtioTperrTof.

"Edqv Excopev wpods émodniBeuoiy TautdTnTa UTo TEplopiopous, drolouBol-
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pev Thy crthy Siadikootiar, pé THY Sicpopdy &Ti kot THY EKTEAETIY TGV P&~
Eecov TrpéTrel vé& Exoopey TAvTOTE UTT SWIV MOS TOUS TIERIOPITHOUS.

Eis 1o mapdv kepdAaiov B& yvwpiowper TautdTnTas, ExTOS TGV BN Yveo-
oTéW Ek THis Tponyouuévns Takews, kol EANas Tas dTrolas of padnTal Séov vé dro-
pvnHoveUTou.

49, AZIOMNHMONEYTOI TAYTOTHTEE.

A) I'vootoi éx tijg Tponyovpévig 1aSewg

(a+P)2=a®+ 2ap +P2<>a®+P*=(a + B)* F 2af
c@+P)(e—P)=c*—pP=a?—Pp=(a+P) («—P)
(ac L PP=c®+ 3P +3apP?+ PP=c 4 P3 L 3P (a0 L P) <=

o + B = (a + B)* — 3P (e + P) = (¢ + B) (a* — of + P?)

—PP=(a—B)* + 3ap (a—P) = (a—P) (o* + P + P?)

(@+p+y)=c+p*+y*+ 208 + 2By + 2ya<

c-H P Lyt =(a+ P+ y)— 2P+ By yd
x+)(x+P)=x*+ («+ P)x + op
x+e)(x+P) x+¥)=x*+ (a+ B+ ¥)x* + (af + Py + yo)x + ofy
- xX—P)x—y)=x*—(ax+ B+ ¥)x*+ (P + Py + yo)x — Py
TouTtéTtns Ths Sicaptoews

A =800 TI(x) + U <52 =T + 52 50 #0,

émov A(x), 8(x), TI(x), U(x) d&vTioToixws Siaxipetéos, Sicipérns, mnAlkov kal
UtréAortrov Tiis Sraupéosas.
B) "Aklo a&oonpuciotor TavtéTNTES.
1) To rerpaymvov molvwvipov
N& eUpefiy 10 dvamtuypa Tou (a+ P+ vy + 8)*
"Exouev : (a+B+y+8)2=(@+B+y+8(+p+y+5)
= a® + B* 4 y2 4 8% 4 20P + 20y + 2ab + 2Py + 2P6 + 2y5
=ratH-iplistopt +82+2(0ri3+0rr+05+5y+ﬂ8+75)
Fevkdds (o + a4+ ... +a) =@+t ... ta) g+ o+ ... + o) =
=oy oy + o+ ... +uv)+cr2(c:1+cr2+ )+ ooy ..
+aoy) =af a4+ .0+ afy + 2(oya + 040 + ... o) + 2(0e0 +
ooy o) i 200 oy = o a4+ L a4 2(oge
ey 0 0 L ey L o)
Vo, i=12 3.

Ol : Yo el tlog o+ L 4 o) = T+ 28aa;

"Hroi : To Tetpdycovov TroAvwvipou pé v épous ioolran pt 1o &fpoioua
TGV TeTparycovey Téw Spwv Tou, Nutnuévov kaTd TO SimAdoiov ToU &hy. &Bpoi-
ouaTos TEY yvouévwy T@v Spwv Tou AauPavopévewy dvd BUo, ko®’ SAous Tous
SuvaTous TpoTOUS.
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Hapadeiypata :
0) (x+P—y—B) = o + B2 + (—y)* + (~8)* + 20 + 2a (—y) + 20(~8) +
+2B(=y) + 2B (—8) +2(—y) (—5) = + B* + y* + B + 2 (oP — ay —
— ab — By — B8 + 5)
p) (C!Xa +Px:+ yx + 5)2 = ax® + 52;.@ L sts + 524 2(ch5+ a},x4+ abx3+
+ Byx® 4 P8x? + ybx).
2) ‘O xifog tprvidpov
N& eUpeby 10 dvdmrruyua toU (o + B + v)3.
Exonev : (a+P+y)P=(a+P+y)(@+pP+Y)
= (o + Bt +y" + 20B + 2y + 2ya) (a+ P+ )
=o® 4+ P* + y® + 3a?y + 3B + 3P% + 3Py + 3yia + 3y 4 6aPy
=+ B+ ¥° + 3oty + o + Ba+ Pty + y'a+ P + 2aBy)
(PA. Trep. 8o dvoloews) = + B3+ y2 4+ 3+ B) B+ v) (y+o)
Ofrw : ‘O kiPos Tpiewovipou ioobtar pé 1o &bpoiopa Té KUPwY TGV Spuov
Tou, nUEnuévov katd TO 3mAdolov ToU Yywopévou TéV SAyePp. dfpoiopdTav
TG Spev Tou AapPavoptvev dvdk SUo, ke’ Shous ToUs BuvaTous TPOTTOUS.
Hapadeiypata : N& elpebolv T dvamtUypaTa :
(1 +x+xP=4+x34+x4+3(14+x)E+xDA+xH=14+x3 x5+
4+ 3x + 3x2 4 3x2 4+ 3x4 4+ 3x4 4 3x5+ 6x3=x® + 3x® + 6x1 4
+ Tx34+6x2+3x 41
B) (@x—3y+583=8x3—-27Ty3+1254+3(2x—3y)(2x+5)(5-3y) =
= 8x3 — 27y?® + 125 — 36x%y + 60x2 + 54xy? + 1352 + 150x — 225y

3) Na arnodery0ij 1 aindewa tiig tavtétntog /
o+ P+ vy -3y = @tBEY) (P + Y’ ~of — By —y©)

“Exompev o £,0° 4.7 = 3aPy = (@ £+ )2 =3P (a + P) + ¥* =3Py =
E(ﬂ+ﬁ)“—+1 3aB (a+B+y) =
=(a+P+Y)[(a+B)—(a+PBy+Y]-3B(+p+Y)=
_(ﬂ+l3+‘f)(ﬂ’j|‘?'2+)’z—ﬂl5 By —yw

*Emreidn 8¢ a3+ﬁ“+y’—-<x|5-—-ﬂy—yu - (20® + 2P + 2y% — 2043 -

= 2By —2ya) = 5 - [c—p)+ (- Y)2+(Y—°f)2]
S V(Eitlj”{ w&—ﬂiﬂﬂ—\ﬂ”f
ah Oy < G

Hapm‘iaiyuum o) N& &vod\uﬂn e[g YWOUEVOY TrapoyOVTwy 1) TOp&TTaC1S
od 4 B8P3 + 27y® — 18aPy.

Avaig : "Exouev o + (2B)* + By)* —3-«- 2B 3y = (a + 2P + 3y) (*+
+4B* + 9y* — 2aB — 6By — 3axy)

B) N& &moberx0fj émi 1 —of + (a+ 1)% + 3e(a + 1) = 2(30® 4 3a - 1)
C i - ”
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Aborg : “Exopev 1 — a® + (a0 + 1343 (a+ 1) = 13 4 (—o)® + (a4 1)3 —
-3 l(—a)(ae+t)=(—-at+a+ D[l +c®+(a+1)2—1-(—a)—1-(ax+
+)—(—Q @+ D=2+ +a®+ 14+ 2a+a—a—14+&+ o) =
=2Ba?+3a+ 1)
4) Tavtétnteg tod Lagrange

@) N dmoBeixfij i : (o 4 o) (By® + B%) — (P + Py)® =
= (s — aPy)?
Averg: "Exouev 1 (o + ofy) (B% + Ph) — (cuPy + Be)? = P +
+ % B% + P + a®P? — P — 20405P,By — P = P + P —
2 e oy Py |? il o Py
— 204e,P1Ps = (P2 — uPy)? = - T6 auPohov
% By % P,
vov dpifovca Pas TéEews dyveoploauey els THY Tponyoupiiny T&Ew.
P) N& &modeayxdij 61 :
(o + oy + a%) (B% + B% + B%) — (cuPy + By + a4fy)?=
o Byf? s o By
o By o Ps
‘H &mddeitis v yivny Umo TéY poBnTdY

Inp. A Tov oxnuaTioudv Tév Spifoucdv ToU P’ péhous Bew-| o By i
polpev Tas TpidSag TV &piBudv (o, o, o) Kol (B, Ba Ps) Els SU0 | oy By F

KaAOUE-

2 2

o Py
+
o Py

othhas s & Trivak. | % Py |

y) Tevikdss Becopoliyey Tés vidBas Téw dpdudv (o4, S,. .. o) | & Py
ked (B, Py . -Py) kol T&s Spilovoas Pas Téews, of &moi Tpo- sz ['?E
xUTrTOUY & TOU Trivakos T SUo oTnAdv. Ol Exouev : &v "3‘,
(eh+ah4+ ... +a) B2+ Pt .. Ph) — (P + P+ ... + ap)i=
_|eaPs? o By [* Py o Py |* Ay—y By |?
- 4 T it 5 S AR

& Py Oy By ay, By + o5 B (- P -

‘H Tautétns o) Aéyeton Tautétns Tou Lagrange, f &t XPNOIOTNS
Tns els TOV SAyePpikov Aoyiopdy elvon peydin. Of pobnral SUvorTar vé kévouv
TAS TApATNPNCES Teov, €5 PSS TOV TPGTTOV GXNPATICUOU aUTHS.

Hapadeiypata: o) N &moBeyxdii &m (o2 + 1) (x2+ 1) — (ax + 1)t =
=(x—x)*
Abowg: "Exousv @ (o + 12) (x2 + 12) — (ax + 1)2 =

o X Ry

151
B) N &rroBery87) 671 : (o 4+ 1) (x* + w2 + 1) — (ox + 1)2 = a?y? + (o — X)*y? |
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Aborg: “Exomev @ (e + 1) (x2 4+ ¢2+ 1) — (ax + 1)* = (o2 + 02 4 12) -

g2 L [O1E
(g ) = (ox 4 0p 4 1) = " 3 ‘
X X1 wl]|

= (o —0%)* + (2 —X)* + (01 — g+ 1)* = cy? + (@ — X)* +
Inp. ToUs EAAeirovTas Tuxdv Spous gupmAnpuvopey ué pndevikoUs.

5) Tavtétng tol Newton — Avdvopov tod Newton

«) Eis Tas yvwoTds &k Tiis Tponyoupévns Téiews TOUTOTNTOS OUNTEPIE-
MpOnoav xai ai dxoAoubor :
(x £ o) (x 4 o) =x* £ (o4 + )X + 0%
(x £ o) (x o) (x £ o) = x® £ (o + o + @w)X* + (@0 + @0y + aa)X +
e Lo e 64

’Etrions eUkdAws Suvapefa va émadnbBevowpev Ot
(x +a) (x £+ &) (x £ o) (x + o) = %% + (o + o + a5 + o) X+ (oo +
+ oy O+ OOy + OG- Loy + et X? 4 (0400l + 0o, + 000t + Cp0gey)X+
+ 0y 00y

SuveyilovTes oUTw, Buvdueda va AdPoopey THY yevikiy Ekppaotv TS TOUTO-
TnTos Tou Newton, Tfis omoias 7| TATpns &mdBenpis & yivy &g dvwotépay T&EW.
O0re: (X 4+ &) (X &= o) (X£ &) .. (Xt &) =X+ (gt + ...+ o)X’ +
+ (o0t + ooy + .- - F ooy F 0oy .. 0y .. - v )XY 2 (oot
IR T o, 4. ST X0 A R S e e A R o L Lo M oo 1o . P P o
+ g0, 1@ X3 A (=1)Y T (o - Gyt L) X (1) oo, L Loy

Eav 8¢ yépwv ouvrtoplas Géocopev
2, 16 &fpolopa TEW ay, oy, qy, . . . Oy Kol
2%, ..., 2k TO &Bpoloua TEW YWoptvey TRV O, O, . . .Gy, AcHPavopévev
dvTioTol}ws dud SUo, v Tpels,. .., dwd k ko’ Shous Tous BuvarTous TpoTTOUS,
TéTe B& Excopev :

Ej;cxl)(x +a).. . (xtoa)=xV+ ZxVIHZx -4 .+(Tl)“"2v_1x+(—l)vzv I

B) *Edw &ls Tds Tponyoupbvas TOUTOTNTOS EXWHEY 0 =Gy = ... =ay # 0
TéTE (X + @)= x% 4 20x + a? !
X+ o) =x%4+ 3x2a+ 3xa2 + o
—(x%t)‘ Ax%a + 6xa + 4xa® 4 of
o)t = xﬂ 4 5xio + 10x%® 4- 10x263 + 5xaf 4 o kAT
H yeuncn Ekppaols ToU ‘dvarrTUypaTos Tou Swwovipou (X + )Y, velN,
T6 dtroiov kaeiTan Sicovupov ToU Newton, 8& 5067j els dvawtépav Tétw. *Evraifa

Teplopildpela els Tés dxoAoUBous TraparTnprioels B1& TOV OXMUATIONOV TOU dva-
TTUYPaTOS.

MMopatnpiiceis:
o) T dvc’xv‘run TroAUvpoY, G5 TPos T& X Kai o, Pabuol
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foou pos Tov Pabudy Tol Sicovimou, Exov TAfifos Spuwv foov Tpds Tév Padudy
Tou nuUknuévov kordr 1.

B) Of &bBétcn ToU x Paivouv EharToUpevol, 8w ToU o enfowdpevor

¥) ToU dvamTlyparos (X + &)’ &mowTes ol Spor Eyxouw Tpdonuov BeTi-
KoV 808 ToU (X — )Y EvoAASE Betikdv kai dpunTikdy.

8) "ExaoTos ouvTeeoTis TpokUTTTEl, & AGPooter TO YwdpEvor ToU ouvTe-
AeoTou Emi Tov EkBéTny ToU X ToU Tponyountvou Spou kai Sicupéocwpey Bi1 ToU
&p1Buol ToU BnAolvtos ThHy T&Ew ToU mponyouuévou dpou. Of lodxis Srréyov-
Tes &wd ToUs &kpous Spous cuvteAsoTal elven Toor.

HMapaderypa : N& elpebf) 0 dvémruypa ToU (x + ).

"Exouev @ (x 4 o) = x? 4 9xBa 4 36x70? + 84x5a® + 126x5at + 126x4es +
+ 84x3a® + 36x%a7 + Ixo® + af
TMoparnpoluey 611 @ o) T &vdmTuypa elven dpoyevis You Poaduol dx TPOS X,

B) To mAfifos Tév Spwv elvar 10

Y) Elvan Siaretarypévov xard Tés dvioloas Buvdpels Tol o kol kot TaS
KATIOUCOS TOU X

8) “O ouvteheoths m.x. 126 AcpPdvetcn & ToU 8149 =126

50. TAYTOTHTEZ YIIO EYN@HKAL (Mepropropol eig olig dmoxkervian i Tpappata)

[])_!ot, Byt Q+E+frio,va‘:ﬁ=7®q3+ F53+Y“=_3_0‘5Y

“Apbdertic : "Edv a4 P + y =0, Té7e tk Ts TauTéTnTOS
E.;-ga"’!r, Bort y? — 3aPy = (a+ B +¥) (o8 £ B* + ¥ — of — Py — ya) AawPdvopey
o’ + B3+ y? — 3aPy = 0<>0® + P? 4 y3 = 3afy. '

Edv 8¢ a=P=1y, T61e of + P34 y? = o + & + o = 30 = 3aaa = 3afy

"Avnietpégag : Edw cx3+|33+y3=3cxﬁy<:>a3+_[33+y3—3aﬁy:0¢>
12(@+P+M[(@=PB)2+B-y)*+ (y—0) =0 (BA. TavtéTnTa 3)
’Ek TabTns EmeTon a+P+yYy=0V(@=P) P+ P-y)i+(y—a)?=0

‘ExaoTos Tév Spwv Tis TapaoTdoens (x=B2+PB—-y)?+ (y —a)
elven ufy dpunTikds. Suvetrdds, &v (@—PYX+PB-y)+(y—0a)=0= (a—p):=
=0,(B—7)*=0,(y~0)?=0>a—P=0,p—y=0,y—a=0=a=Pp=y

Auvarov ve Exooper a+P+y=0A(c—P2+PB—-y)2+(y—a):=0
dmétrea=P=y =0

“Qoe : LVG,B,}/: a+P+y=0Va=B=y<a®+ %+ y* = 3apy ]

‘H xpnowétns s TautdtnTos TS paiveTan &k TGV TopadelyudTwy
ToU droAouBouv.

HMapadeiypora : o) Né& dvedudij els ywdpevov TapdoTaols (3e—P)3 4
+GP—Y)*+ By —a), & elvor a+p+y=0. iyt

Aborg: "Emeibh) (3o — B) F 3B =) + Gy — ) =2+ B +y) =2-0=
=0, Ereton 811 (3 — P)* + (3 — y)* + By —)*=3(Ba—B) (3 - y) By—a)
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) Eava+ B+ y =2t v& yivn ywdpevov fi mapdoTaois (2t —30)® + (27 —
—-3B) + (2 —3y)*

Abog: Emady (27 —3a) 4+ (21 —3B) + (2t —3y) =6 -3 (a+ P+ ¥)=
=6t —3 2t =67 — 61 =0, Emetan &m (2t — 3o)® + (2v — 3B)® + (2 —
—3y)® =3 (27t — 3e) (2 — 3p) (2 —3y)

2) Vo, B,y :a+B+y=0Va=0VPp=0Vy=0<>(ap + Py + or)* =

= a?p? + Biy? + ylot

Oi pefnTad, XpnoipoToloUvTes THY TAUTOTNTX

(B + By + ya)? = o®B? + By® + y¥® + 20Py (x + P +Y), v& xauow Ty
&moderliv.
HVe,By:a+P+y=0Va+p=yVPp+y=aVyta=p<=a+
+ P+ vt =2 (a"* + Pty + oty)

Oi uoednTad, &poU EmaAnfevoow THY TauTtotnTa Tou de Moivre
at 4 Bt + yt —2a2pt — 2Pty —2y% = (@R + V) (@—P+ V) («+B—-V)

(«—B —Y), Slvavran v& k&pouv ThHY &modeatw.
AZKHZIEIZ

121) Né& &mobey8i fi dAfifeia TéY K&TwB TOUTOTHTWY :

1
2) f"+ﬁ'+Y"(“ﬁ+|3Y+YG)ET[(““&)’+(5’Y)‘+(Y—“)']
N WP —@—)E @+ =) =n@+w)+v(@u—v)
4) (a4 B)* — (x—PB)* = 2p (B* + 3a?)
5) (@a—x) B+ -0=E&-—a) &+B)&x—v)
122) N& ebpeBolv " dvamTtiyuaTa :

2 2
1) (4x® — 3% — 2x + 1, 2) (12-—%+2)
3) (ax + By +xy + )Y, 4) (o —o’x + ax* —x)*

123) N& vylvow of mwpéles: (2x 43y —w)*—(x— 3y + 2w)® — (x — 3y — 2w)?
124) N& ebpeBolv 1" &vamTiypoTa :
1) (ql —ax + X')s, 2) (az\r + aV + l)a
125) N& eUpedij 6 EEeyduevov Tév mpdleww :
K+y+o)P—x—y+w)P—x+y—w)—(y+o—x)
126) N& dvahudfi els ywopevov Tapaydvrey 1 Bx® — 27y — 64w® —T2xye
127) N& &moderxfij o7 :
= (o — B)* — & + (o + B)® + 3t ( — P) (& + PB) = & (4o* + 3p%)
128) N& EmoAnfeuBouv al kéTwd TauToTnTES HE THV Bonfeiav Tiis TAUTSTNTOS
Lagrange :
1) (ot + x + ) (x* + af + 1) — (2ex + y)? = (a? = x?)* + (@ — xy)* + (x —ay)?
2) (x* + ¢* + 297 — (x¢ + yz + x2)* = (& — y2)* + (y* —xz)* + (2 —xy)*
3) (a4 P?) (x* + y* + F + 1) — (ox + P@)? = oyt + Pyt + o + B* + (ow—Pr)?
129) N& ebpefouv T& dkdAouba dvamTiypara :

— ), 3, D (@Y 207 (@ —x)
130) N& #xrteheofolv al wpdies @ 1) (x —y)f + (x + )* — (x* 4+ ¢*) (x* — y?)
2) (2x*—1)*—(3x + 2)%, 3) 3 (x — 3y)* — 5 (x! — 5y?)?
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131) Né& é&moBeyffi 1) dAffaia Tév TauToThTwWY

l)%ﬁi,&)i:.ﬂ“—:@“ =3aB («+P)
a + B)® — af — P8 = 5ap (o + P) (e + af + BY) ] TautéTnTes ToU Gauchy

(a4 PB)' —o” — B7 = Tap (« + P) (a® + ap + p?)?
2) (x+ @) x4+ =2 (X xy + )2
3) (2x + P)* — 32x® — p* = 10Px (2x + B) (4x* + 2xP + B?)
4) (B —2P)* — 2430 4 32p* = 30aP (2P — 3a) (9o — 6ap + 4p%)
132) N& &moderydij f) Tautdtns Tol De Moivre
ot + Pt 4yt — 2a2p? — 2Py — 2atyt =
Z@E+P+N(@E+P-Y) @B+ V) (@=B—7)
133) "Ev a+B+y=0 va yivnp ywduewor # Tapboraos
@+pr+@+y)?+r+a?
134) N& dvedudfj els ywopevov ) map. (x—B)* + (B — Y2+ (y—o)®
135) '"E&w a+P+y=x+A+pu vk GvoAubi} els ywoupevov ) TapdoTacis
(@—x)+B-N*+(y—w)? '

AZKHZIEIZ ENMNANAAHYEQZ

136) ’Edw o= 7x + 3y + 6w, B=6x+2y +6w, y=3x+3y+2w ka
X? =y + w?, v& &mobeixfij 6T af = P2 4 y?

137) N& ebpefolv T& dvamTUypata Téw :

) (2 +B¥ + ¥ — (@ = B~ y)* + (— o + BY 4 y)?
2) (ax” + Py#)? + (ox" — Py + 1)1 — ok — Bx)?

138) N& &moberxdij 6T (a+P+y+38)P—3(b+Ps+y8)(x+B+y+58)—
—8 = (a+B+y)

139) Né& elpebfj t& #ayduevov Tfis TapaaTdoews
(@—P+y)—c®+P—y* UTMS poppHv ywouévou

140) Né& &modeyi &1 elvan : @ +at+1-3t=(a—1) (e +a+1)

(@ +al—a?—1)=(a® + a+ 1) (a—1)* (o + 2a® 4 202 + @ + 1)

141) N& &mobeixdij &1 f &Ay. wapdoTacts (x? + y? + w?) (a + x2) — (ax + xy)?
elvon pfy dpvmmikhy (BnA. AcpPdver yo, X, @, @€ R pévov Berikds A unSevikds
Tipds).

142) "Edw oy, @, By B, €ER AP Be # 0 kal (&2 4 ou?) (B + B:*) = (auPs + aupy)?

v& &mobeiyBij &1 %:— = %
143) "Eqv ai ,Pi €R, i=1,2,3,. . ., v, v& &mobeybij & :

o+ +a) BB+ . B> (@B Pt . . . P
(AUt xaheiTon dviodTns Tou Schwarz). Ymd molas ouvbrikas elvan pévov lobTns;
144) Né& troAnBeuBolv of TautédTnTes
DG+ +WtHeP+(@+xP=-3x+¢) v+ o) (@+x)=2 X+ >+
+ w? —3xyw)
B) (x* — we)® + (¥ = wx)® + (@? — xy)* — 3 (x* — yw) (y* — x) (0! — Xy) =
= (% + ¢* + @ — 3xyw)?
145) Ecw a4 P+ y =0 va dvodudi eis ywopevov 1 TAPEOTACIS
A = (o + PA)* + (Br + yA)* + (yx + ad)®
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KEDAAAION VI

PHTA AATEBPIKA KAAZMATA

51. THv Ewoiav ToU dAyePpikol KAdopaTos kol T&s Trpdlers &m cUTEY Eyve-
ploayev €is Ty Tponyoupéiny Téw, 81’ & kal txBéTopey Tas Evwolas TadTas WOvOY
TEPIATTITIKES.

TMaoa ouvapTnols Y = % €R, &mou A xal B dxéponar Tohuvavupa pids f
TeplocoTipwy peTaPAnTEY kod B # 0, Myeton putdv dhyeppxov Khaopa.

"Ev pntov dAyePpikdv kAGopa elven # GmAouoTépa popeh) wmds pnTiis
KAaopaTIkis TapaoTdoews. ‘O TapovopaoThs B ToU pnToU dAy. kA&ouaros
Buvertdy v elvan oTafepd, omodTe TO KAdoua elvan dépatov TOAUVUHOY. 2u-
veréds &v dxépaiov TToAuUNoY BuvaTan vé Bewpndi pnTov GhyePpikdy KAGopa.

Al ouvopTnoes gk O O s e

e e Tyt elvan pnTa

dAyePpik& kAdopaTO.
A& v Eyn Ewolav 7 ouvdpTNOIS Y = —g— mpémret B #£ 0. Kat® dxoAou-

Biav elvon dpiopévn els T6 olvohov R, &mo 16 Smoiow gcnpolvton of Tipal, o
&mroicn undevifouv Tov TrapovopaaThv. OUTw T meblov dpiopol THs ouvopTh-

P1(x)

oy xeR xai @y(x), Pu(X) dxépaia ToAuwUpe, elvon TO oUvoov

S=R—{x/xeR A q)(x) =0}

SupPohilopey 8¢ : f : xeZ — f(x) = :::—E:; eR

*Errions To meblov dpiopoU Tis ouvapThosws f (x,y) =

osws f(x) =

P (X, W)

iy CyeRxal

o (5,9), . (X,y) xépara ToAUcVUMG, elvar TO oUvolov
TR - {(x )| (x PR A g (x9) =0}

4o fis — N (x, ‘i"_)
SupPohilopev 8¢ : f: (xp)eZ — f (X, ¥) S eR
Snuelwors R? =R x R (KapTeoiavdy ywépevov)
A = kal (oUupolov Aoyikiis u-uget'}Eems)

Mapadeiypato : o) Tfs ouvaptiosws (X, y = 5x + 2 ) xeR, mebiov
dpiouol elven T owohov E=R—{2,—2}
v
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) Tfis ouvapThoews (x, y = :’;ig » % B, Y, 8, xeRA y # 0 mwedlov Spi-

apou elvan
& oUvorov £=R—{x/xeRAyx+8=0}=R-{-——3}

52. EIAIKAI MOP®AI TOY AATEBPIKOY KAAZMATOL =%, @1, P GKEP. TTO-
Avcvupa.
o) To xAdoua ToUto &tv Exel Evwolow TrparyuarTikol &pibuol, dtav peR A @ #
#0A@=0, 816T1 ¢ - y=0-y=0 # g,
B) 'Ew ¢, =0A¢q, #0<=>V o, #0eR : ¢y =0
Y) 'Edv ¢, =0A 9, =0 16 kAdopa y elven &mpooBidpioTov fi ddpiaTov.

Eis &GAAnv Tt & Bexbij &t TO kAdopa ToUTo SivaTo els TEPITITCITEIS
Tvgs va Exn plov kel pévov Tipnv.

53. AOTIZMOL TON PHTQON AATEBPIKOQN KAAIMATON.

OPIZIMOZ. Ao | mepioodrepa dxépata ToAvdwupa dvopdlovtal TpdTa
Tpos EAANAG, ddw & M.K.A. alrév elvon pla oraBepd C # 0. Zuverrdds T& TrnAi-
xat dkepaicov ToAvwVUpwY B1& ToU M.K.A. alrrédv elven dxépana roAudovupa: Tpéd-
Ta PO EAANAQ Kal &vTIoTPOPLS.

‘Amdornoincig pnrol xhaopatog

"Eqw ol [owpey ToUs Spous Evds pnToU xAdouaTos y = %‘_E:_; gl TS ol
2

TO dképaiov ToAvmwuuoy @(x), AauPdvopey & pnTov KAGONX %L:—:: iooBuvapoy
2

ToU %‘_ver=R—{x/xeR/\<p=0/\fPa=0}

’AvTioTpdews, TO KAdoUa :‘ : elven {oodUvapov Tou —%—‘-’v‘xei, OTroTE Ad-
2 2
Yyouev, 0T1 TO KAdopa ?—;‘—z Exel amhoTromB els TO {::‘— ‘H &mAomroinois Aowmwdv el-
2

van Suvartry, 9’ Soov ToU pnToU KAdopaTos of Gpor Exouv kowdy TapdyovTa
&hy. mapdoTaow. *Ex Tév dvwTépw ouvdyousy &Ti, ik v &TAOTOIRCWEY
& pnTov &Ay. KAGoua, dvadvoper Tols Spous Tou els YWOUEVOY  TTOpOry OVTwV
ki Biaapolpev dppoTépous Bik TGV kowdv Twv TapaydvTwy, UmoBéTovTes
ToUTous Sapdpous ToU undevds. "Edv f) Sixdpeois yivn Sid Tou M.K.A. Téw
Spwv Tov, TéTe AcuPdveTon KAGoua looBlvapov i TS dpyikdy Exov Spous
TPWTOUS Trpds &AARAOUS.

MNopadeiypata: o) N& &mhomomndfi 16 khdoua A*-—-::%::, X, yeR

baics * =X _ -y &t xy+yY)
Aboig : "Exopev A = T - G a—a)
“YmobétovTes X — y # 0 Sicnpolpey Tols Spous Tou A Bik x —y kai &yo-

pev B = x—s%:—w- Té rAdouora A kai B elvan iooSivaua Bid kéde (x, yweR?
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drds 6w leuydv defveoy, T& bmola undevilow T TapdaTao X — Y.
Eqp. 1) T& khdopara A kal B &1& x 4w =0 Biv Exouv Ewoiav.
2) ‘O mophywv x —\, xaheitar mapbywy Tis &mpoobiopioTias ToU KAGOPATOS.

B) N& d&miomondij 1o pntov KAdoua A= XT%;_T_—:;, xeR
e o x=2x-3 _ (=+1DE=3) x+l
Ay “Exowy A=grmpre g Toy Som s 0 Bl

Té khGopa B&v Exer Ewolow Bid x = 2. ‘O Toapdywy x — 3 sl’vcu 6 Tapdywy
&mpoodiopioTias TOU KAdOUTOS.

Ipakerg prtddv Ghy. xhaopatov.

Al Tpéters Trpbodeots, dpaipeais, ToA[opds kai Siadpeats i TGV pN TGV
ShyePpikév KhaopdTwv yivovral &mes kol &l T&Y yvwoTav péxpl ToUBE KAC-
opdrav. OUtw Exopev :

XeZ = R—-{x{xeR/\q::O}@ﬂ i&=1=£%&

VxeE =R - {x/xcRA ¢, =0A =0} <= P‘j;"':&?ié?_l’ﬁl_
172

vxeS=R—{x/xeRAg,=0Ag, =0} <pi :::2_1%:

. P _P1®:
vxeE=R— {x/xeRA¢;=0A 9, =0Ap,= 0}-@%.% =

Enp. "ATavte T& TOAVGUUMG IAnednoav ds duxép. TOAUGYUNG ToU X
Maopadeiypata: o) N& yivy pn-rov KAGopx 1| TapdOTACIS
2x -1 1
g e 1—2x — wa—y B

A \ z ., 2X 1
Abeg : TO Ki\c’mua 2x Exem Bwolaw &taw X # 0, TO 5 OTWX#

kal TO -2"(—11__5‘7 Stav x # 0 kal x # ..;_,, &pa Si& ThHY ExTéAeow TEY TPGLeco

Tpbmer v Yoéowpey X # 0 kal X # -;— To EKIT. 1év TapavoucoTtédy el-
von 2x (1 —2x). Met& v dvaywyfy T KAooudTwv gls TOV alTOV TrOpOVO-
poo Ty Aappdvopev :

A @D =242 2% 4x—2 —20-22)_ _ 1

2x (1 — 2x) Sxd-2%x) x(1-2x) X
P) N& d&mAomoindij Trupo(cr'rcxol;
A=3E2 X8 (x £2,x #£0)

5
A _(x+2)(x'-4) (x+2)(x+2)(x—2) x+ 2)*
Aborg: A=—p"om x—2) 4x =&

y) N& ylvoww ai mpdtes
o xt=1 X +x o~
A_x_'—2x+l‘x , x# L,x#—1,x#0)
: G (=] ,x’+x_ xi—1 x—1 x4+ x-1) x=1) 1)
Abors : A'—x'-2x+1'x—-l_(x—l)" X +x (x-—-l)’x(x+1)
_ @D D -1 x ]
BT e R
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54. LYNOETA KAAIMATA.

T pnrov dhyePpixdv kAdou, tav Tepiéxn els ThHy dAyePpikiy TapdoTa-
ow tvds TouldyioTov &k TGV Spev Tou, pnTov KAGopa, AéyeTar ohvletov kG-
ope, &v cvnibéoel Tpds Ekeiva, T& Smroia Exouv Spous dxepalas pnTas dy. Tapa-
ot&oels kai Ta dtroia kohoUvTon drli.

"Ev olvfetov xAdoua Tpémeton el drrhoiv, &poU TrponyouLévas HETOTpE-
ywuev Tous Spous Tou els pnTd dAy. xAdopata kal dxoAoUBes Bioupéowpey
Ut érrl Tfj Pdoer ToU Spiopol

£ =A:B, (B #0)

Mapadeiypara : E.i'..‘i’+1
o) N& tparij el dmholv 10 olvfetov KAdoua A=:_T_$
x—uy_"l
R . Xty _xty ,x—y _ 2x
Abegnit O Spdrdls s bl =itk Ty (R0)
. o XY g Xty x—y 2y
O TopovopasTis : = l_x_:.y g e (x# y)
2x

. . _X-wv _ Zx 2y  x
To olvfetov KAdoua : A = 3% RSy (x#y, y#0)
X—vy

B) N& Tparij els &mholv 1o olvBerov khdoua A = 14’(—'4’[2" , X#0
o
1
14+ =
Aberg : Aoppdvopey Siraboyixés :
‘H mapdoracts Toi TapovopacTou 1 4 % =X j; l,
1 X

4 . i "
kal ouverréd TO KAdopa R T e R

I+~ X
. ~ | - x+414+x  2x 41
O TapovopaoTtis ToU ouvlétou 1 + E_1+x+1_ T 5
I+T

AR AR Ry | BRI 1) D it

Zuvetrdds A""'zx S it e L W =2x(x+ 1), (x #— 2)
x+1
ALKHZXIEIZ

146) N& d&mhomornfBolv T& dxdAouba pnra kAdopara

i 39pryb 165p*vixvy 147xv+2yv 1 —x?

) &pyer 0 D Tt ¢ D Borip-i D TFay=@Eo
5 10a? — 7a® + 10 — 7a x!'— (a—P)x — o 15x* + 35x*' + 3x + 7
) a'—2a + 1 -2a ' X+ pPx*+ax +ap ! D 27x* 4 63x3 — 12x* —-28x '
80
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(a+ P —a—p
D @rpi-w—p
1 (x*— 2y —w?—y?) (a+P—y)
) KFY T o) @ P+ v~ 2ay)

2y + B habRt gy o o0 R —aixt = Sxd 4 Sal
xy@-p)tape—y)' 0 aorm—5

9)

147. N& peratpami] ikdorn Tév kdTwh TapaoTéoewy els pnTdy dAyePpixdy kAdopa.

5 3 4 3 a B
D1 1t it i5 ' 26 Po-» Teni=5"
a+p B+vy Y+a

)
Toa—oe-p’ D Tnoe-n T ERe T GoNGw

X—y* x-y X+y 1 1
Iy Ty T Iw ) D @ h - Ne-d T FnE-9G-P
+ ! 6) q':ﬂy +u;l.+dY_ + &
F-dy—=B&—7" @=BE-y)  E+VNE-o "y-o G+B’
X' — a?x? — 5x3 + Safx x? —atx 4o’x — 4at 8yt — 27y8?
0 G- (x—5)  x*+ 2ox+a X —ax —ox! + o’ 3 4y?— 9p®
2 (2y + 36) 11x —2y | 121xt — 4y? X*—25  x*—9x + 20
"dyT+ 6y5 F 98%, bx—y - 3eo—yt ' 10335 i Ta—a

al—x?  ar—p? ax Ut — gy 4 v? pE — 2
1) a+P axix (a+a—x)’ 12) W (v —v

X, 1\, /x 1,1 X —6x+8 x'—5%x+6\  (x—2)
15 (?"‘T)'(E_V"'T)' L (x*—4x+3‘x=_2x+s)' = (o

@—p ot ipr  4ap
) (Errerg) s

148) N& 7pari] els &mholv ExooTov Tév dxololbwy ouvBitev KAaopdTv.

P—« o’ + p? 2ap 2B
“+iiap @ a+p Tatp TP
15} "—T?’ 2) W' 3) 2ap 2a°f '
l=etss a—p atP &tp
3a+ By | 20+ P ot + oy 20 + ap
(1‘ a—p (1_a+2ﬂ) (“‘ a—p) (““a_+|a )
4 36 , 5 5 .
L+ i P+ aip
6) el
Gl et e
+;:B‘

149) N& Tpamij els dmholv kAdopa Ek&oTn TEV TapaoToewy

2y 2yw X' —y? x?yt i 1

pEEe Y | g¥e=®  wrv wie \w T )
bl B X7 BT T i Eonlem (L LY
0 'y—2w W w— 2y (x —y)? + xy () X
Foate 2 Ll
3) ety 1 G
XX E_ Y
.+\P L R ] v _x
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AZKHIEIZ EMANAAHYEQZ

150 N& &mAomoinfolv T& kA&opaTa :
1) X8 4+ 3x3ya.+ y® ] 2) . a:aﬂ + aiyi <+ Yaus - 3“lﬁlyl )
*-7 T Py + vl — Py —ap*Y — Py,
3) C—PP+ER-—7V+ (-
@-PE-MNr—x
151) N& &mhomoindij f) TapdoTacts
B+ gF— o (r + w)* —x* &1 (xt+w)?-y*
X+y—w y+w-—x X+w—-Yy
152) ’E&v a+ B+ y =0, v& d&modeybi &1
2 2 2
2«1‘3— By s 2[3’i— ay + 2}(’.:- ap =1
153) 'Eew a+ P+ y =0, v& &mobaysij &1 :
o —p?—2 2 —yt—2a 1 —a? — 2q
aﬁ+ﬁﬁv+ P p7+y T o -
154) N& &mhomoinbolv ol mapaotaoers :

X—u+vx+w x—x o —p a+p | of + ap 4+ P?\2
B X—m+Rx+p  xt—v ! 2) ( ) ’

CFB a-p \w-ap+p
3)( x2—1 y x‘+2x+1)_ x+1)2-x
x4—2x3 +x* T x*-—1) ) x?
- prayt—o of —pt—yt + 20y >
15 v x = = & & s
5) ’Edv x 2By xal y CET R T v obery b}, &7
fj TapdoTacts lx —+x);r elven dvebdprnTos Tév «, B, Y.
x—a . iX=p
156) N& &mobey®fj 6T Td cUvdeTov kAdoua 1+ ex 1+Px

G=—DG—P)
= (1 4+ ax) (1 + Px)

elven &vetdprnTov TOU X.

X w 4 o
15T) B~ = wix =B gy =Y v
1 1 1 1
TP*/“_(V_’-T'*"T)::Z

v — 1 =
158) Edw v € N, v& &mwodex8fj 671 10 xAdopa A = —C;T_'ﬂ— elven &xépaiov To-

Audvupgov TOU a.
!~ Ty 2 )3
159) N& dmhomomdij Td xAdopa A = Gl —xy & ‘g %x:r +(::P ISI- Xy + )
“‘Ouoi : _ 4P+ Y +3E+R RN+
160) ‘Opoiws TO KAdopa A = e

X 4 Y)F — X5 — b
161) ‘Opoiws T& KAdopax A = (x(, s X‘:J)-l- o) 5x\:’w’

3 ’l 3
162) ’Edv a+ P+ vy =0 Va=p =y vaeipedi) f Tiph Tou KAdopaTos i

apy
' - - i ] - 0
163) 'Eqv a + P + y = 0 v eUpedij ) Tiuf) 7ol A = e c:"'ay’ T By
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KEDAAAION VII

IYZTHMATA EZIZQZEQN o' BAGMOY (Ipappixa)

(Zvprifipaoig)

55. "Ex ToU kepaaiou TolTou Eyvwpioapey els Thy [ TéEw T dkdAoula :

1. “Opiopot kai 1516mnTes ouoTnudreov.

2. Zvothuata icodivaua

3. MéBobor Emihlioews YpatupikoU ouotiuaTos Suo o, o Babuol pé Suo
&yvdoTous.

4. Aipeivnots ToU &v Adyw ouoTHueros.

5. Tpagikn #mwiduois ToU iBlou ouoTHuoTos.

6. "Emiduois ypoppikol ouoThuctos pi TePIoTOTEPOUS TV BUo dyveo-
gTOoUS

7. TlpoPMuara EmAudpeva T Bonfeix ouoThparTos Y POuuIKOU.

"Hn 8& #etdowuey &AAas peBdBous EmiAUoews ypauuikoU CUGTARSTOS
AoV ouvTdUOUS.

56. MEGOAOL TN OPIZOYEQN — KANOQN TOY GRAMER.

a) "Enilvoig ovotiipatog o Padpob p2 dvo dyvéorovg
Eig thv I Tétw &868n & dpiopds Tiis dpifovons P’ Tékews.

Olrw : Moy, oy, PuP:eR: A= % Py =0y By— 0P,
o Py
"As fewopficwpsy TO oUoTnua :
- 0‘1X+91W=Y1; 5 1| C‘m ﬁll Bzv Yll Yza X,WERA
X+ Py =1, | G+ R >0A [ep|+ B[ >0

Tveopifouey &mi ¢

I:api-air0 < {96 weRA el b

Ylpl YQBI CYs — O'in) }
qxﬂ: o 0’191. Py — Py
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‘Emroptveos Suvdpefa vd ypaywpey :

& 5 ‘Ylp:; | oy Ya
T cx:pl #04=>-{(x,\p)}(x,w)sﬂﬂ/\Z}z\(%%?" Z:E: ) =
) luiﬁtl daﬁg
o Ax ALP [ - o El - Y1 pl B o'y
‘_-[(—K' K)}' e = ’1': 52!' B Y ﬂ:!' LA -2 Y:
“QoTe ) AUois ToU Z elvan : (x,y):(%, éal')*:" x=9§—, y=‘%” o
P x 1 y 1 . x _ oy _ 1
8w p-=g 3 =F ¥ & - =5-=7

Oi Tumor (1) (TUmor ToU Gramer) SeikvUouv, 8Ti ExooTos &yveoTos el-
vau TrnAikov Suo dpifoucdy pE TrapovouaoThv kowdy THY Opilovoay A Tév ouv-
TeAeo T TEW &yvdoTwy kol dpibunThy, & dmoios mpokiTrTel, &v s v Spi-
[ovuoo TOU TropovoudoToU GUTIKOTOOTHTWHEY THy oTHANY T&Y OCUVTEAETTEW
10U Umooyilopévou dyvioTou ik Tiis oTAANS TEY yveoTdy Spuv, eUpioKo-
ubveov &mraponTnTws el TO SeUTepov peAos TGV gE1och0EwY TOU CUOTNUATOS.

‘H Tumomoinuévn altn uéBodos EmiAUoecs OUGTAUCTOS YPOHUIKOU L&

BlUo d&yvwoTous kot _Kavév—rtodo Gramer, |
) A 3x+ 29 =12
IMaopadeiypara : lov N& émAvlii 10 ouoTnua Z: Sy ByEY (x,yeR)
Aborg ¢ Tupgoveds TTpds TOV Kawova ToU
1 12 2; \ 3 ]2’
Gramer AcpPdvopev : X =T;—% ;Y= ; }2 e
¥ el e
¢x=_36—-2=2§=2 w:iﬂ:E:S
—-9-10 19 ! —-9-—10 19
Ofrw: Z:{(x,9) | (x, W) eR*AZ}={(2,3)}
20v : N& ¢mAvdi) 10 oloTnua Z: SRR Kvou «, X, yeR

Ixte=2ag
Aveg : “Opoleos AcpPavopev :
2 af *\s\

AP 2-28 _ 2l-o)(@+at]) _[2(+at+]) "
A=l = . | =0 dxe | Tt 1,
1 1
1
1

e s it S 2(ax—-1) A 2
b s V= e Sl Y T s

OUrw Exopev : Z: {(Xx, W) | (X, YERFAZAa # +1}=
={(2(c‘+—u+l) 2
: l+a))}
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‘H pedetnBeioa Siepedvnais Tol ouoThuaros I : GX + By =y A ax +
+ By = Y2, SOV q, o, Bir B2r Y1r ¥ X, weR, Slverren v ouvowioBi) s dko-
AoUbexs :

Awepelvnors Tol ouoTApaTes T egx + By =y, Adx + Py =v:
émou &y, o, By, Ba Yy, Yu X, VER
7 _ Ax
oy By o AL
N # 0 <= ¥ To oUotnua Exer piav kai pévov piav Abaw.
i ="
‘ Y1 B
| #0
Y: P Té olornua
e {(x I, ¥) €R:NAT ) =g i
%Y | elven &Buvarov.
| # 0
U Ya ‘
&, O, By, Bp 8x1 &TavTa unbiv
o Befan i Y1 B, (G W, W) eRTAZ } = {(x, ) [(x, )
& B e =0 €R* Aax + Py =y, }
. Y2 Be To olornua &xa &meipous To6 TAfiBos Aboes
("Evas dyvwoTos avfaipetos)
o Y, w=6=PF=PR=y=y,=0
=0 {x, @) | x, y)eR*AZ } =R?
Oy Y2 Té ovUornua elvan TautoTikdy
(x xel g adfaipeTor)

Inueiwors : Aidgopor &AAan UTromepiTTcdoels BiBovtar ds dokroers.
B) Eridvarg ovetiipatog o Pabpod pé tpeig dyvietovg,
‘Opilovoar tpitng takswe.
o [31/ Y1 | &roTtedoUpevor €€ 9 oToiyelwy els Tpels ypoupds kai
Té oUpPorov | & B, Y. | TPETS oThAas dvopdlopey opilovoav Tpitns TdEecws
o By y, | xod Opilopev :

«
A ql El 4 [ Bz Yo “31 b Pr v |
TN B |y T s | e |
o Ps vs i :

6 B péhos Tt dvoudleTon dvdrTuyua Ay Tl THs A, ai 8¢ dpilovoa alrrol
UeT& TOU Trpootipou EhGecoveg Tiis A.

To dvdmTuypa Tiis A mpoxUmTel, &v ToAAamAaoidowuey T& oToIXEl
H&s ypoppfis | oThAns duTioToiyws EkaoTov Emi THY EAdooova dpilovoay, f
omola AapPdvetan 81 Tiis Biotypagiis THis ypouuds xal Ths oTAANS, s Av v
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) 5 ;
kel TO v Adyw oToieiov. Tpd 8t ékdoTou TV ywoutvey ToUTwy BéTOpEV TO
onueiov TO dutioTolyolv &k Tou Trivakos

o By s +i—it
G Py — |—F —
o Bs Y fE—="ct

Té dvémrtuypa ToUTo ebplokeTon eUKOAWTEPOV pE TOV Kavova TOU Sarrus.
Kor® atrov EmavehouPévopey k&tw Tiis TpiTns ypapufs Tas o mpaTas ypok-
pds A Befik Tfis TpiTns oTAANS Tas Blo TpcdTas othhas kol oUTw TTPOKUTITEL
dvrioTolyws Tivak TévTe ypouudv kal TGy oTNAGY. fi Tp1Gv ypopudv Ko
Trévte oTNAGY G GroAoUfus :

+]la B vi|-— Tl i =+
: G P oYe|— - ai\ﬁi\:; o P
TTivak | o B ¥ vat | o> ; » 3\ B
st By M o Ps 3 \&\ \ﬁg ‘
|y B Y2 SRS =

"Ev ouvexeia AauBdvopey T& Tpia ywopeva Siarywvies, & dproTepddv Gvw
Tpds T& Bebik k&Tw, ué TO Tpdonuov () kel T& EAA Tpiat ywopewa TEAW
Biorywvicos, ¢E &pioTepdv k& Tpds T& Befik deo, pE TO TPOOTHOV (—).

OUtw suplokewpey: | o By 7
A= B ve =0‘1E‘zYs"‘QzBsYd‘da[31Y2—%52Y1—“1[38Y:—“2131Ya
o Ps s
[Swotnteg v oprlovedyv.
1. To dwédmruyua dpilovons Biv petoPddieral, v ol ypaupal ylvouv
otidan kol o oThAal ypouuai.
2. To &vémruypa opifovons &ANGooer mpdonuov, & duTiueTadéiowpey
BUo ypaupas fi Uo oThAas
3. "Edw &ls plav dpilovoaw 8Uo ypaupal f| 8Uo otijhar elven ai odad, TéTE
aUTn looUTtan pé pndév.
4. *Edw dpilovons T& oToiyeia pids ypapuiis fj oThANS ToAAamAcoiacfoly
¢l AeR, ToTE kol TO dvdmTuyna aUTis ToAAamAaoialeTan émi A.
5. To dvémruypa opilovons Stv petaPddietan, éw elg T& oToixeia Hds
oTHANs TrpooBicwpey T& oToixein wids dAANs oThAns ToA/oBivTa gmi A # 0.
ThHv &médafiv 16V iBloTNTwy ToUTwy &erivouey els Tols pabntds g
&oxnoty, &g kai THY SaTumwoly k' &AAwY Tuxov iSloThTwWY.
Mapadeiypata : N& ebpedfy f Tiun Tév kéTwh dpifovoddv :

o) L.3.5 B 1 a2 Y) la of
Aj= [ 2446 A=|a-1 3 Di=|.1.p BE
3ivly 1 A lyyt
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l a2
B) |« =1 3
2 1 —«

p—

a o
|1 p B
y il o

-

— "Eoto tédpa npdg Loowv 10 cbetnpa ¥ -

1 B
1 ¥

A =4+54410—60—6—6=—4

A=a+60—2a0—4—3+ =034 5a—7

aGX + Py + v =8,

OGX + Bay + vy = 8,

%X + Boy + Y0 =8, (1)

: By=aP® Py +oty—oaB-Pry—oy? = (a-B)(B-y)(y-x)

Avorg : AopPdvopey a5 Edooovas SpiloUoas THs opifolions TGV ouv-
TEAEOTGV TGV yvidoTwy ToU ouoThuaTOoS Gy

B2 ve
BsYs

1 =

o ==AANgS=

Bi71
BsYs

r

Piva ‘
P2 e

kol oxnuaTifopey ToV ypapuikdy cuvBuaoudy

Ay (X + By + ¥10) + Ay (06X + Boy + ¥2%) + Ay (X + Bay + Ysw) =

=Ad;, + AB, + AS, <= (aA, + %A, + 0ADX + (BiA; + PoAs + BsAg) v +
+ (A + v2hs + Yehdw = Ady + AB, + Ady AN elvan : BA; + PA: +
+ Pafa = By (Buys — Baya) - B (Brys — Boyy) + Ba(Brya — Pay) =0

‘Emions elvan @ y,A; + v,A, + YsAs = Y1(BaYs — Baya) — Ya(Brys — Pavs) +
+¥s Brya—Bayy) =0 "Apa (oA + apA; + Ag) X = BiA; + 8B,A; + B,A,

o P & B 7
A (o By Ye| "X=|8 B V2 i Ax=A4, (@)
%G Py Ys 8 Ps va
"Epyafduevor kat’ dvéhoyov Tpdrmrov AopPévoper

% B vi o8 7

%GPrye | W= | %8y, A A.y=4, (3)
% Ps Ys % 83 Y3

% Py o By 8

%GPey: [- 0= 0By 5, i A w=0 (4
% Ps vs o3 Py 83
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Edw elven A # 0, téTe & Tév (2), (3), (4) Exouev :

A A A
X=-—-—§—)\+}=Twrw=—£ (5)

*H8n TrapoaTnpotpey, 8T1 kad i ThHy EmiAvow ToU ouoThuaTos o Pabduol
ué Tpeis dyvadoTous Blvaran va Epapuoodi) & kawcw Gramer.
Arevpeivnorg ol cvotipatog (1)

Awaxplivopey Téooopas TEPLTTTWOELS :
1) ’E&v elvan A # 0, TéTe af Opilouaan Ay, Ay Ag 5tv efvan SAon pndév.

"Eotw A, = ‘;2 :2 £0. Tére 10 ovornua (1) elven fooBlivapov pds TO
| Ps Ya
cUoTnua : i
A, (X + By + 7100) + A, (X + Bay + Ya) + Ay (05X + oy + vsw) = 5,A1+
+ 8,A; + 834, Bay + yaw0 = 8, — aux
6) Bay + vsw = B3 — apX
Al ioamaers Bay + yaw = 8, — X Kkal By + ¥ = 83 — X &moTehoUv
B: v2

cUoTnue &ov plav pévov AUow, B16Ti YrreTéln # 0. "Apa TO gUoTnux

Ps Vs
(6) Exer wicw podvov Aow kol ouverrdds kai TO fooduvapiov avtou (1) Exer plov
pévov AUaw, fiTis AauPdvetar & Tév TUTLY (5)

2) ’Edv elvon A =0 xai €ls TovAdyioTov Tév A,, Ay, Ao elvan Bi&popos
ToU pnBevds, TéTe &k Téw (2), (3), (4) xabioTaTon Tpogovks 8T TO cUSTNUA (1)
elvon &BUvarTov.

3) *Edw elvon A=A, =4, =A, =0, téte T oVoTnua Exer dmelpous
16 TAfifos AUoets, fitol elvon &odpioTov.

4) Eow “13—*0‘2:“3:!31:[52:[53=Y1=72=Ys=51=52=53=0-
TéTe TO oUoTnua elvan TauToTikOy (X, W, @ avfaipeTor)

Hapazipnoeig 1) Kord Thy mpddny Tepittwow, éav elvan §; = 8, = 8;:=10
wed ouvemds A, = A, =A, =0, 10 cVotnux (1) e uiov pévov Avow ThHY
undevikfiy, 16 8¢ oUoTnua koAeiTan Opoyevis. '

2) ’Edw A, A,, A, Ay elvon S Sidpopa ToU pndevds TOTe & TV (3)
AcpPavopey :

XL fuk y 1 e | X Wy
Be = A e A Bah ol T

A, % Ghbe
A Bk Bale ah
X +y—z=1
Mapadeirpaca: 1) N Emidud 10 oGy )Y | _x 4 2y 2= 6 ‘
X, y, zeR !g;gizzzg: |

Aboig 1 Zuppaves Tpos TOV KAvoV Tou Gramer AopPdvopey :
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| e B R R 2 1 agy
]621' ~1"g "1 _126‘
9 1 2 19 2 11 9
I T ot e 8 G B —2’2“_21-_1 et
1.2 1 1 2 1 ;-121‘
L g 11 2 =178 S

OUtew Exopev ThHY AUow (X, y, z) = (1, 2, 3)
2) N& dmAuvdf) 10 otlotnua 1 2 : x + 3y +oz=—4daA—x + oy + gg

+az=—22A2x+y—z=-—1, x, v,z acR

X=

Auaois : Aid ToU kowdvos ToU Gramer AapBdvopev :

4o 3  «f I —4a «a 1 3 —Ha|
202 o «f -1 2a? oti -] « —2u2i
| -1 i il 2 -1 -1 ot
5 R iy e Bl i S e it e B T T
| =1 e -1 o o -l a «
Jz 1 -1 2 1 -1 2 1% -1
OUteo Exouev THY Aow (X, v, z) = (&, — 2¢, 1). v
AZKHEEIZ

a ‘Opés:
164) N& émAuvBouv S1d ToU kavévos Tou Cramer T& ouoThpaTa :
1) 9@2x—3)—10(y+3)=19 ) -+ =1

6(4x—9) =25 (y+4)=— =+ 5 =5
) x+ay=2 D kx+k+2y=2 ) x+uwy=1

x4+ y =2« x+ky=1 R+ Dx—y=2

6) (a—P)x+(@+P)y=2(a*+P)
(@+P)x+ (@—B)y=2(a* + 2ap — p*)

p’ ‘Oués:

@165) N& tmiavdi 10 olornua 3 [ X HPY=Y o o b B, v yueR

X + Py = Yo
Déavyy=v:=0Aapy— Py, # 0
) &v o ZOVE #0A=0,=0MNy, # 0
& P, =P, = T — Oayr # 0
4)wu,-ﬂ,—0/\yl#0/\(a,#DVﬁ,;‘:D)
Nwa=a=p=PRH=0AE#0Vy,#0)
6) &v oy =P, =y, =0
Naway=Pp=y=0A (g #0 V B, # 0)

A+ 1)x+ 2y =2

166) A& moias Tipds Tév A kol B TO oUoTnua Z % GN) X + Gu=)y=— 3

Smoux, y, A, he R, &a dme(pbus T6 TAfBos AUoeis ;

89
WnpionoBrke amd To lvotirouto EknaibeuTtikrg MoAmkrg



167) Ak molas kai Tas aUTds Tiuds TV A kel p dupdTepa T& ouoTMUAT
S x4+ Ay =1 — x4+ QA+ Dy=2
e

i3 kal Z, ¢ % 4 Py =5 elven &bdvaTa ;
y ‘Opés:
168) N& eUpedfi f Tipf) éxdoTns Tév Opifovody :
6 53 1 | S | o o
o 2) 3) g | PHY
1410 1061 a p P B yta P
1.5:13 1591 a? Bt y? Yy y oafp

aEp Pev vire
By w—a, a=p
y—a a—p p-vy

5

169) N’ &moBeixfolv al k&twb TautdtnTes : vy o, B, YER

1 14at ap ay 2 1 1 1
o 1+p* Py = o*+py ] 2p p-—y—« 2p =
ay Py 14y 2y 2y Yy —~e&~p
Si(e+p V)
8 ‘Opéas:
f 170) N& #mAuBouv 81 ToU kavdvos Cramer T& ouoThHuaTa ©
1)| Xx+y-—2z=-15 2 33—W2+Bz:_l 4
@ 2 kgt | by~
‘ %4+ y+z=15 S S T §
3) x+y+z=1 8 ax+y+w=1
ax+ Py+ yz =258 Xtay+w=a
a%x + P+ ylz=>58" X+y+ow=a

57. EMIAYZIE SYETHMATON A° BAOMOY EIAIKHE MOP®HE Al' EIAIKQN MEQOAQN.

‘H émidvois dpiopéveov ouotnuaTwv o PBabBpou eidixiis wopefis EmTuyX&-
vetal 51 eiBikddv peBodBoov (TexvaoudTwy) TOAU CUVTORWTEPWY Kal &TTACUTTEPLOV
TGV yvwoT®dy peBdBowv EmAUoews.

*Avagépopey  kaTwTépw elbikds Twds peBdBous émiAUcews ouoTnudTwY,
&k TGV ouvffws TTapoucialouévaoy.

a) ‘H péBodog tijg npoclicewg tdv EElcdoemv Katd péln.

At THis peBdBou TaUTns EmAUovTOn ouoThpaTa Tiis Hopefs :
+X+X+ ... +Xa=0

x2+xs+x4+---+xv =y

1 8Tou Xy, Xgy. . - Xy &yvwoTol
Xa+ X+ X+ ... X =04 m e

veN kal v >3
Xe + X+ X+ ..o F g =0
20
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"Av TpocBéowuey kot péAn Tés Eliodoels ToU ouoTnuaTos Aaufdvopey :
(v=D+%+ ... +X)=q+ta+ ... +a =

>X X4t .o Fx =°L"'2"‘":'1"ﬂ4(2)

*Akohoufws ouvBudlopey ixkdoTny élowotw Tol oueThuaros (1) ue Thv (2),
&moTe AapPlvopey dvTioTolyws :
oy e X = cxl+u,v+_.-l.- + av JE e xy = o + o + ...v—l-_ctlv —(v—2)
a,+u,v-i-_.l.. + ay , & #s x1=ui—(v—2)u,;}-_u§+ v Qv

ht o =
K. O. K.

+ay 4 ... Fov—y—(v—2)
xv_1+uv=w,éﬁﬁs xV—1=ul = \;—Vl1 : e

Mapaderypa : N& 2mAuvbf 10 olotnua :
xfty+z=l,y+z4+w=3,z4+w+x=2, ot+x+y=56

"Enidlverg : Ak mpoobéoews kard péAn Tdv Eiowoewy ToU OUTTNMOTOS
oy 3(x+y+z+w)=12, &fs x+y+z+w=4 (3)

’AganpoUpey kot péAn Exdony étiowow Tou cuc'rﬁum'os &mwd v (3),
omdTe Exopev dvtioTolyws :
w=3, x=1, Y=2, z==2

f) ‘H pébodog tfis ypnowonorijcens Pondntikdv ayvactov.

A Tiis peBdbou TalTns EmAvovtan T& k&Twh cuoThpaT :

1. Na ¢mlvbf} 10 cbotnpa: o+t X+ ... FXx)=7
OOV Xy, Xgy - .- Xy &yvadoTol (1) | Xy + P (Xa+ ... + X+ %) =Ye
L o e R e e e E
veN kai v>3 WXy + By (X + Xz + . +Xv—1)—Yv

"Erilvog :
*Av Btowuev &Tov X; + Xy + ... + Xy = K, TéTe &doTn TéV Ehiomoewy

ToU guaThuatos (1) dvtioTolyws ypdgeron :

X+ P (K—x)=v: X = (1 —B.K / (e —PBy) -O;T%U

ey —3 ul i
%Xy + Py (K—X5) =, 3=0arRK/ (%R @2 %#B
axtBy (K—x) =y X, = (yv— BK) [ (@ —By) o # By

TpooBéTouey Tés (2) kot pédn, dméTe AauPdvopey
TR o A L N E)

o — Py —Pa oy — By
H &iowais (3) elver mpwToPddutos ds mpos K, ) dmola Avopévr 8ider :
b ol Ye Yy Py B Pv
K= +almt tacw)/ (I+latatet - tay)
91

WnpionoBrke amd To ivotirouto EknaibeuTikrg MoAmkrg



Smep, fotw K=C. Tty mipfy K= C 6étopev el T&s thiocboes (2) wai Exopev
TS TIHAS TV Xy; Xop - o5 Xu
- Hapaderypa : N& &mAvbfi 10 ovotnpa :
3X+2(y+2) =8 4y +3@EZ+x)=6z—4(xX+y)=

*Enilvoig : Oftopey dmov X + Y + z = K, omdTe ai Etiodoels ToU ouoTr-
uaros ypagovtor @ 3x+2(K—x) =8, 4y +3 (K—y)=6,z—4 (K—2) =8,
88 v x=8-2K, y=6—-3K, Z=(8+4K)/5. TlpooBéropev kaTd péAn,
OmoTE X +y 4z = @—-5—2—1-5 kol Gpa K= E*S?E, K = 3* Téhos &1 dvTikaTo-
oTéoews THs Tipfs K= 3 &yopev :
x=8-2:-3=2, y=6-3-3=-3, z=(8+4-3):5=4

2. Na tmivbij 10 cbotnpa: | oy 4 P aatP oy +By
X1y Xpy- - - Xy &yVOOOTOL ¥ G Sl SO e |
dwasvp E-‘;‘éo 51"1'*‘82}(2"%'---""S\l'x\’=e ()
veN kal v > 2
*Erilvoig.
log tpomog. Tij Poneix Tou BewpnuaTos T&v fowv Adywv Exopey :
P B By
X + a1=c‘2x:+ﬁsz :avxv+ﬁv_’(l+u1=x=+ui oy =xv+‘xv=
"1 Y: o Yv Y Yo o Yv
o a, ay
2B gy, g BB Bux, + 2B
et S
AR ke
o a, av

5 5
BiXat-BuXat-. +6”+‘5‘+“—E*+ 4 8P BBy BB 5By

) o Qv _ 9% ] ¥ Ay - K
M 51_)’5 Byyv i 81_71 8, Biyw
a!+u2+""+uv u,+T,+"'+T,'
o 3y 8 8 viv »
GATON 0Bt vivy Gyt D Km-éyn‘-{»;—h+ il +8—Y #0. "Apa . ol K,
1 2 oy ) Y
%;’ﬁ: K,.. .,w = K, & dv Exopev Tds TiHds TV &yvidoTwv X,
v
X s X
20¢ tpbémog. "Edw ExaoTos T&V fowv Aoywv Exn Tiunv K, TéTe 8& Exowpev :
X+ By o %X + P Xyt P x Ky, — .
'1‘;71; =K tB g ., R K o %= YITBl, X, 8
Ky: — Kyv— \ N 2 & Vi o
= —Y’TP—’, S — Y"Tﬂ"(Z). Tas Twds (2) dvtikebioTdduey eis THv Seu-
Tépaw Etiowo ToU cuoThpaTos, &Te 8, KY'G_ L + 5, KY;: B A suYY a"
1

=& AUtn elven mpwToPdBuios dos rpos K, 1) dmoia Avouévn 8ider :
K (E 2 ﬁlsl B:az s BuBy ) /(51Y1+ 5,}(; e Bqu i

oy
Tﬁu TIpfY K (@ Gé‘rouﬂ.—'u els TaS sElomo'sls (2), 611'615 Exopev TAs TIHGS TGV &yvcd-
OTOV Xyidas- 15 Xy
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x _y+1l w-2
HNapaderype N& Al 6 olotnua: | 3~ 9 5
X—yY+3w=—2

"Eridvoig : "EoTtw K 1) Tipr ikédoTou Tév fowy Adywv. ToTe Eyouey x = 3K,
y=9K—1, w=>5K+ 2 1ds Tipds cirds OTopey elg T €610, X — @ + 30 = -2
6te 1 3BK— (9K —1) + 3(5K + 2) = — 2, ¢ #is K = —1. Téhos 81" dvrikaTaoTd-

oews Tiis Tfis K=—1 #opev x =—3, y=—10, w =3
1 1 1
Wl el 1l
3. Na Zmivlf] 10 cdornua: 1 1 i el ;
Xyp Xgp- - -y Xv GyveooTol # 0 (1) | * Xa X, %
veN kai v >3 SR S e e e
2 P R T
Xy X1 s X
» 2 ; & 1 S 1 , 1 , 1 ,
Ernilvoig : Oérovtes Smou — = x'};, — =X, — = X'g,. .., —= X', &ls
X1 X2 X3 o

10 oUoTnpa, Eyoev :

Xit+xet ..o +xv =g To oUomnua (2) EmiAletan Bik Tiis pedd-

(2) Bou Tfis Tpoclioews TGV EiohoEwy KoTd

R R . peAn, omoTe &' dvTioTpogfis TGV TG
X' X'gy. .. X'y EXOpEY TaS TINGS X5, Xgy - . . Xy

Mapadeiypata: 1) N& &mAvdf 16 olotnpa :
1 1 5 1 1 7 1 1
WG R g rgtaTare ey

*Enihvoig : Tpémer v& elvan xyew # 0

<k e v, .. ', &méTe AapPlwopey :

OéTouey L. X
X y w

Did& rpooBéoecos kae péAn T (1) Exouey :
20+ o) =0t lisx +y o' =12 (2)

Cu)'-|—x':

"Agaipoluer katd pédn, Ekéotny Hicwow & Tév (1) &mo Ty iowow (2),
dmdTe Exouev dvTioTolyws : w' = % X = é— Y= % , kol dxohoUbeos X = 2,

v=3 w=4

- = ‘ T . yo O% v
2) N& émAvlf] 10 olotnua : e T yw+am_ﬁ’ﬁw_+y7_q

"Enilveg : “YmoBérouey ofy # 0 kod xypw # 0, émdTe 16 oUoTnua Ypo-
PeTCN1 :

. . )
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ax+py _ 1 « B _ L. Otwopdmou + =x, & =y, 5 =
e e — e X [ )
Xy Y v o x oy . )
yy+aw 1 4=p.1+_°‘__1_ 6'rro*rs7\cxu?dvou5\:.
Wy g RN ay’ + px’ = lfy
Po b ol B ieandl sk yo +ay'=1/p| (1)
WX a X w a Bx' + yw' = l/a
A& TpocBioews Téw (1) koTd pEAn AauPdvouey :

2 (oy' +Bx +yo) = PEBLEDY g gy 4 px o+ yoo! = SBLIEY
*Agaupotuer &md althy Ekdotny Eticwow &k Ty (1) xord péhn, STe Exouev :
, __ oy +By—op o v Py —ony s __ ay +ap—Py -

YO = ey PX'= T ocey i e

@' =(ay + By —op): 20y, x'=(ap + Py—ov): 20fly, ¥ = (v +
2 N , . 2apy? - 2ap?y

4+ op —Py) : 20By xai droroUfws w = Tk By =P O e e e

2a*py
ay + of — By

\P:

Inpeioowg. To féua Tis EmAloews ovortnudTwy 51° eldikdv pedddwy oUbdcws tEavTAel-
Tan dvroalfa. ‘EfapTéTon 8t &md TO elfos ToU cuoThpaTos kal &md T BefioTeyviov kol eUyé-

peiav Tou &oyoloupévou ut alTd.

AXKHZIEIZ

171) N& #mAvlolv T& dxdAovla ouoTiuaTa :

D | x+y=-1 2) ‘x+xp+m=4 3 |3%x+y+w=2
y+o=-—19 y+wtz=—2 X+3w+w=6
w+x=2 wt+zt+x=1 X+y+3w=-8

z+x+y=-3

) |x+y+w=1 5 |x+y—-—w=a 6) |mx+w+z=1
X+ay+w=«x Yy+wo—x=p X+ wy+z=1
X+y+aw=a? W+X—Y=Y ix+w+upz=1

172) N& ¢mAvBolv T& dxdAoula ouoThpaTa :

D | x+3w+w+2z)=15 2) |ax+Py+tz+w)=Yy
6y +5(x +w+2z)=36 ay +B(x+z+w =7
B+ x+y+z)=11 z+pPEty+w=r
52+2(x+y+w)=17 cw + Py (X +¥+2)=7Y,

Dz ¢ o fifxba W B Wty S| ak=plyi=ie
5= "6 15 TR R R 1 1
Xty —w=2 | X+y+w=x x+T+-;)ﬁ_‘5_

6) 1 1 s 7 Xyw
T+\p+ w XY+ xo—yo %

1 1 1 1
Bt el B Yo F WX — wx
P T i B

1 1 B O 1] Xy

z +T+T—_6- ox Foy—xy Y
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8) | xyw = & (yw — wx — xy)
Xyw = Bwx — yw — xy)
XY =y (XY — yw — wx)
173) N& émAvfolv Té dxdAovfa ouoThpoTa :

D [ x+y=3 Divk+y +z+w=1 N|2x+z)+w=-5
y+w=>5 X+w+z4+w=1y X+2(y+w) =6
w+e=7 Xt+y+vz+w=v 2(y+w)y+z=0
o +z=9 X+y+z4+vo=1 2(z4+x)+wy=—-1
zZ+x=6

58. EZIZQIEIZ LYMBIBALTAL

Xx—2y=-4
*Eotw mpds Emiluow TS cUoTnua Zj 3x+y=9 x,yeR
P16 eliocooewy ué SUo dyvddaTous. X+ 5y =17

’EmiAbovTtes 10 oUoTtnua Té&Y SUo TrpdTwv Elodhaswy eUpiokopev :

.7
{vw/@wem a I72 7 ((2))

MaparnpoUper &1 1y ebpebeion AVois (X, ¢) = (2,3) elvan Adois kod s
Tpitns hio. X + S5y = 17. "Hror af Eiodoels ToU ouoThparos S Exouwv kowdy
AUgw.

Tés &owoes TauTas kaholpey copPifactig kol TO oloTnua Td &mroiov
&motehoUv cupfiactov.

"Ev yéver, dtav 1O mAfiBos 1 Ty Eiodoewy elvon peycUTepov ToU TAR-
fous v TGV dyvedoTeow, TOTE Exhéyopey v EEiohaels, TS armovoTépas, kal Avo-
Hev T oUoTnpa TO dmroiov drrotedoly, &p° Soov En ToUTo AUow. ‘H AlUcis Tou-
Tov £ elven AUois kad T&v Utrohoitrewy &iochoewy, TéTe ai p Eiodaoers elvar oop-
Pipactal kol To cloTnua alTév cvpPiactév, tv Sy1, TéTE of Eiowoss elva
dovpBifactor kol 16 oloTnua @ddvatov.

Hapadeiypate : 1) N& eUpedij oxéors petafl Tév oy, o, Py, Po€ R TV
elicwoea ogX; + By = 0 kod epX + Py =0, &mov oy, o, # 0, v abTen elvon
oupPifaoTa.

Aborg: "Eyxouev Tds Aloers : {x/xeR/\cxlx+|31=O}={—%}

{x/xeR/\agx+[32=0}={_%:}
Aéov v& elven :

A B B
o a, &y By

fitis elvaan f) {nToupévn oxtois. Té dwtioTpogov Trpogaves.

2) N& elpebi] oyéors peTatly TEV oUVTEAESTOV Oy, 3, 3, Prass Yurzm ER TGV
ti0c00ewy oX + By = ¥4 (1), X + By =2 (D), oeX + By =y, (3), émou
[en| + By >0 ,jou | + |Be|>0, | 05| + | Bal >0, fvar afron elven oupPifaoTal.
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Yibr —vaPy _ Ax
By — oy A

&mou ouf, — Py # 0. AUTn 1 Abois Béov va elven Avois

Aborg : *H konwwvn Abois tév (1) kol (2) elvan x =

g SYm oA
P — Py A’

kai Tiis (3).
% By 1
"Hron : %'%*‘Ba'%}’—:)’a <> G+ Py =Yl <= | Prye|=0.
o Py vs

AUTH elven 1) EnTovpévn oyéos, ()

59. AMMAAEI®OYEZA ILYETHMATOZ (EYNAPMOZOYZIA).

Els T& dvwTipw BUo mapadeiypora oupPiBactdy Eiohoewy af eUpe-
Bctocn oytoels elvon TO eforydpevov Tiis amakorgfig TV dyvaoTwy petaky TV
#iohoewy ToUTwy, B1° & kol kaeiTan @raisipovea ToU ouoTApoTos TGV Eli-
GOOEWV.

‘H &moheipouoa fvds ouoThuaTos elvat 1) ixavl) kol dveryxoia ouvBrikn,
va 16 oUotnpa elvar ouppipacTov.

HMapadeiypata: 1) N& ebpedfi 1) dmodeipouoa ToU cuoThpaTos X+y=3,
2Xx =3y =—14, x4+ py=v, Apvx,yeR

Averg : Kotd 10 mapddSerypa (2) Tiis wponyoupéns Tapoy pdou EXOMEV:

11 3
2 3-14|=0<= A+v=4
Apoov
‘H oyéois A v =4u elvar 1) &radeipouoa ToU cuoTHHOTOS.

2) Ak molaw Tty ToU AeR TO cUoTtnua elven cupPiPacTov 2AX 4y = A,
x+y=3 x—-2¢y=2& R

Abeig : “lva TO oUoTnua elvan oupPiPaoTéy Tpémel fy &aeipovoa aldToU
va elven 0. '

THrailio [2h 0 de X
1 1 3|=0 <= 22246 —24+204+B—-20)=0 <=

1 -2 2
> A=— ]1—3 "QoTe, 1id A = — 113- T6 Boftv oUoTtnpa elven ouuPipaoTov.
AZIKHZIEIZ
o Ou&s

174) Né& tetaofdi] &v ol thodoes eis T& k&Twd ouotiparta elven oupPiPaoTal ) &x1 ;
D x—5p=0 2) 2x= %:20:—1
x=y+4 20x + Py = p? + 2a?
R-Ty=8 4 =3
(*) fimg fva elvae xal ixavh mpémer
2 Py — By # OV Py — aBy # 0V Py — Py # 0.
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175) Tola oxéois ouvbéel T& a, P Tve T& drdrovba ovothiuara clven cupPipacTa.

DYax=p—1, Px=2a+41

2)Ppx+ay=13, w+2x=2, 2px 4 3py=1

176) *Av al 7Tpeis thowoes: ax +Py =1, ap +Px=af, x+y=a+ B elvan
oupPipacTal, v &moderyij &1t (a+ P)? =ap + 1

B’ ‘Opds:
177) Né& mpoabiopiofi) 1 Tiun ToU p € R, fva 16 olotnua Tédv thiodoewy (B —T) x =5
kad Bp—1)x =—1 elvar oupPifacTdv. *Akorolbuws va Aubij Td cloTnua.
2 __ AY 3 3 —

178) Né& elpedij fi dmwaheigovoa Tol ouoThipaTos g xx-:_(:( I I; ; %
179) Né& ebpebfj 1) &mwaheipouoa ikdoTou TGV &roAoUBwv ousTnuéTwy :
Dx+rg=-» 2) ax+yy+p=0 3) x+Py=y

X+ uy=—p yx+pPy+a=0 atx + Py = y*

X+vy=—v Bx +ay+y=0 a’x + ply = y?

60. OMOIENH I'PAMMIKA EYETHMATA.

‘Opropds : Mia yoauuuxn éflowois xaleitar duoyevis, éav 6 yvwatos 6pog
adrijs elvar undevieds m.y. Al Etiowoers ax + Py =0, ax + By + ywo =0
Xy + X + 0Xg + ... +oxy = 0, Smou x; peToPAnTad, elvan ypoumikai
OUOYEVETS.

Kat& ouvémeiav &v oUoTtnua ypaupik@y duoyevidv thiocoewy elven 6 po-
YEVEG YPAPpLKOV cOGTNH Q.

Ta ovotiuata: | ax + Py + v =0 |
X+ PRy =0 ! X + Py + v =0
%X + By =0 | ouX + Bay + Yao =0

elvan ypoppika Spoyevi] cuoThuaTa.

Inp. “Evas TouddyloTov ék TG ouvteAeaTdv Séov vd elvan py undevikds.
Mpogavi)s AUgls évds dpoyevols ypaupikoUu ouoTnuaTos elvan 1) pndeviki] (GAor
ol &yvwoTol 0) ouverrdds Exel mavtoTe piav AUow. Mewdron évtalfa TO Epa- -
e, &v &kTos Ths undevikiis Exn k1® EAANY Aow 7| &AAas Aoets.

ZxkoTrds Ths HEAETNS TGOV OUOYEvdv Ypoppik@y ouoTnuéTwy elven 1) dvo-
{ftnois Ty pfn undevikév Aucewv aUTY.

uX + Py +viz=0
X + By + ¥z =0

61. IKANAI KAl ANATKAIAI EYNOHKAI, INA TO OMOIENEE I'PAMMIKON ZIY-
ETHMA EXEI AIIEIPOYE TO INAHO®OE AYIEIZ MH MHAENIKAE.,

» i | ogx + By =0
I. "Eote 16 olotnpe X, ¢ | ° 1 Oy, 55 Bivs X, WeR
NHX 29 |%x+ﬂ2‘+’=0' 152 Pre Y
EiSopev, 611 &v :1 gl # 0 TéTe TO cUoTnua Exsl piov ked pdvov AU-
: P
ow kal tvratba thy undevikiyy (0, 0), fiTis elvan Tpogavts. "Av 2: g‘ =0, T16-
2

Te TO ovoTnua elvon &dpioTov, Exov &eipous TO TATBos AUacels, drokAgiopé-
vns TS TeEpITTTMOEWS ToU &Buvdrou, &’ Soov Exn miav Avow Ty (0, 0).
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Tés &melpous o TAffos AUoels elpiokoper Tpopavéys ik mids EEiohoews ToU
Z,, 8tav & el &yvwoTos EkAeyf) albaipéTas.

*AvTIoTPOPws. *Av TS cloTnpa Z; #xn #kTds Tiis AUoews (0,0) xod Thyv
AUow (Xy, y1), TOTE 1) Opilovoa T cuvTedeaTdv Siv Blvaran va elvon Sidpo-
o Pr| _ 0

pos ToU 0. "Apa 8 elven
G P

"Qote 1 dvaykeic kei ikavi ouvBikn, Tva 10 cootnpa I, Exq Ektog 1iig AO-
oewg (0, 0) xai Glhag ancipoug 10 mhfjbog Lbeeig, elvar 1 dpilovea tdv ovvre-
reoT@OV TOV dyvootov va sivar 0.

o Py
o P

Il. YEoted Td oUoTnua Z .
0

o _ By
o P2

ax+ Py + vie=0

%X + By + Yaw =0

Suoyeves ypauuikov Suo Eiocoewy ut Tpels dyvdoTous. TTpogavtis AUois ToUTou
elver (%, y, w) = (0, 0, 0)

‘YmobéTopey xyw # 0, TéTe 16 oUoTtnua Z, dlvaror v& ypagf)

*Hto1

=op— P =0«

dl_:"l'ﬁl%:' ==V i i X L R I
Uz%+ﬁz% e UovTes g Trpods & ked o appdvopey

| =7 By ‘ [Br 71
X =Y: ‘32|=JB2 Vil o L
w | Py o By B 7 lcﬁ By

@ P o By sze‘ o Py oL et i

& -y Y1 & Byl |1 | Py
Yol —Yel_ |Ye o e B: v2 Ye %l |0 P
W |y 51|_ o Py Y1 01_‘0‘: B

o P | a P, Y2 O ‘sz s

Oi Adyor olror éxouv évworow &tav ai Spifovoon T&Y TapovopaoTédv elvan k-
@opol ToU pnBevds.

. e X W @
Avtietpbows. *Edw .= = =2A, AeR kai
pégas B 71 |Y1 all o By
B: Y2 ly: % Py
o a,
P Yl;éﬂ, L ];éO, 1 Py #0, 16te o Tipai
B: v2 Yo O o B
X=A Pim , W= e ,w=2A o Py elvan AUoeig
B: Y Ye % Sy Po

ToU ouoThuaTos 2, ToUTo SiemioTolral eUkOAws &V QUTIKOTAOTAGWUEY TAS
Tipds ToUTas els Tas EEiotoels ToU Z,.
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"Qore 1) dvaykaio kei ikavi) ouvBfkn, Tva 10 cbetnpa I,, ix16g tiig Abocng
(0,0, 0), ¥xn xai Hhhag ancipovg 1o nhijbog Aboeis, elvar a,f, — ap, # 0, Byyv.—
—Br #0, M@ —1,0 #0. -
oux + By +rw=0 (1)

X + Py +Yyw=0 (2)
X + By +yw=0 (3)
TMpopavhis AUcis ToU ouoThuaTos 2, elven ) (X, y, @) = (0,0, 0)

lll. *Eotw 16 oVornua ¥, :

. o ceaPi PR b 2 B At Ba
Ex 1év (1) kai (2) AapPdvouey : X =2 B . W=\ A, w=A % B ‘(4),
omére ) (3) yiveran @ A[ g (Bryea— Payy) +Bs (1% — Y2 ) + Vs
) o B 7
(P — B ) ] =0, fiTis ypégeton xad oUtw : Ao Py Ya|=0H A.A=0
o Py Ya

Edw A #20 161 A= 0 kil ouvemdds x =0,y =0,w =0
Ew A =0, téte 51& AeR #x Tév (4) 8& Eywpev &meipous To TATBos AUoeis,
ko’ Goov & A ExAéyeTon ovBanpéTeos.
*Avniotpboag : 'Edv pia AUols ToU ouoTnpaTos Z; elvan 1) (X, Yy, wy) #
# (0,0,0), Téte A # 0 xad owverrds &k Tijs A -+ A =0 mpokimtar A= 0.
“Qote, kai £6® 1 dvaykaio xai ikavi) ovvBfkn, ive 10 cbetnpa I; Extog
tiig Aboemg (0, 0, 0) Exy xei dGrhhag ancipovg td nhijfog Adoeig, sivar 1 oOpilov-
oo TV cuvtelestdv TOV dyvoetov va elvar 0, (%)

o Bin
% B v
%G Ps Ya

*Hrot : =0

Ilapadeiypata :
3x4+2Ap =0

1) A i UAeR 106 ov
) A& Troiow Tipufy Tou Ae R T ovoTnua dx— (\+1)y =0

el kal &AAas AUoels &kTos Tiis pnBevikiis ;

3 2A 3
4 SR =0 <= ?\_.—ﬁ

Mpdoyuart: 8167 1éTe 3Xx + 2 (-—- 13—1) y=0 33x— 6y =0 l
“=r

Aborg : Aéov va Eyoopev

44x — 8y =0

ax—(— 7+ 1)w=0

11x — 2y =0 kal émoptueos T& alvolov TéV AUoewov Tiis TPOTNS
l1x —2¢ =0

thiowoews icoUtan pé Td ToloUTov Tiis SeuTépas.

(*) xal al Erdogoves Gpllovoar adtils xatd T& oToyyslx Wwiig Ypappdc va elvan % 0,
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2) N& cOpetiy f) dvayxaia kol fkovh) owvbrikn petaly Tév o, B,y va

ox+y+w=0
TO oUoTtnua Y ¢ | x+Py+w=0  #mn ki &AAos Aloels kTds
X+y+yw=0

Ths undevikfis (X, y, @) = (0, 0, 0)
; oo f1+=l
s ?;f,:;,d. 1 B 1]/=0=a+ p+y—oPy=2 fms
{1 1 y | elvar ) {nrouuévn ouvBrkn.
3). N& &mAubf 16 clotnua 6x —y—w =0, 3x + 4y —-2w =0
Aborg: Tlpogavis elvoa A AVois (X, y, w) = (0, 0, 0) A iy elpeow ‘Tév &A-
Awv AUcewv, £€p’ Goov Exwpey :

Bt -1 —1|_ =% Bl
3 4!_24+3;£0,_ 4 _21—2+4 #0,'_2 31_.—-34—12 # 0,
Aaupévoues x =2 |7, :é’:a, w:xi:é §|=9A. =S }|=272

OUtw ai AUosis elvar :
(x, ¥, @) = (62, 97, 272), ¥AeR
™Y Six A=—1 AcuPévopev (x,y, w)=(—6,—9,—27), fitis elver AUois
TOU OUOTTHKTOS.
AZKHZIEIZ

180) A& moiav Tipfv ToU A€ R TO oUoTnux Sx4+ (@A -1)w=0,
Exer dmeipous TO TAfifos Avosis ; —2x+ (A +1)y=0

181) ’Edv 16 ovotnua oax + Py = 0, P+ oy =0 &xer kal &GAAas AUgeis ékTos TS
unSevikiis, ola f) oxéois Té a kal P .

182) TMoia &k Tév dxohoUbBwv ouoTnudTwy Exouv pioav pévov Auow kal Toia &melpous
Td ThAffos Adoers ;

D x+y-0=0 2) Sx+4+3e=0

2x—y+40=0 -2y +w=0

Xx—3¢+w=0 — 10x + 8y + 6w =0
183) N& #mAubolv T& ouoThpara X+2y—z=0 z’:x':_ﬁ;f! ++Y‘:3c:_g
(xpnowoToifoare Tas o Ouoyeveis ) |2x—w+3z=0 2) il r
EEiocoeis) x+y4z=2 X+y+w=5r

AZKHZIEIX ENANAAHYEQZ
184) Ad Trofas kal Tas aUTds Tipds T6V X kal y ol épilovaat

X 1 1 -1 1 2x
4 2 5 |«ka 2 nd 1 AauPdvouy &pgdTepar THY Ty 0.
4+y3 5 Tl R

185) N& émAuBolv kol Siepevvnfouv T& drdAoufia ouoThpaTa :
1 1

ot D=0, 9 x5
X+2py=A—-4

= 3) ot’-}—ux-l—ty:p
iy PP+pPx+y=0
X TR P
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186) N* &moBeixfouv af xétwdh TauTdTnTES.

F]

1) A=A 2)|x —x 0 .
I w - ‘ =AW W)+ +u) 0 x* -1 = _’1(
1 v — I x x+4+1 (; ; 1)
N|ar op Py 4) [P*+y* o ay
1 1 =@-PEPE-Ny—-—o |p al+y? Py [=4a?piy?
B v « ay By a*+p?

187) N& ¢mAubBolv 81 Tou kavdvos Tou Cramer T& ouoThuaTa :
Dax+py+z=1 2) x+y+z=0
x+apy+z=p ax + Py +yz=0
X+Py+oz=1 Byx + ayy +apz =1
188) N& ¢mAuBf kol Siepeuvndij 16 oUoTnua, &1k Ae R
Dx+y+ro=1 x+Ay+w=A x—y+w=3

) x+ay+z=2a
X+y+az=0
e+ Dx+ay+z=a

189) Toia f) oxéois uetall Tév ouvteheaTdv a kal B, Tva ol thiodoes Bx + 2ay = af,

ox — Py = oB,
190) N& mpooBiopichij ) Tun ToU peR, va 1o oUotnua

x+u+Dy= x—(@p+Dy=5 x-y
191) N& ebpebfi N dvaykaia kal ikovr ouvlrikn petaly Tév

ax + Py + ywo =20

o, B,y va 16 olornua Bx 4y + aw =0

fn xal &AAas AUoeis ExTds Tiis mpogavols

192) Né& eUpebij f) dvaykaia kal ikavn
ouvbrikn petakl TAV @, B, ¥ iva TO ovoTnua
Exn xal &\Aas Moeis Ektds TRs unbevikiis

193) N& &mobeixdfj &11 T olornua elvon
oupPifacTov Bid Tdooas Tas Tiwds Tou a€ R
s a=1xad a=—1

194) N& #mAubfi kol Biepeuvndij 16 cloTnua
(Al Buo mpdTan Ehiodoes dmoTeAoly duoyevés
cuoTnua dUo tliodoewy pt Tpeis dyvoTous)

X+ y+ w=0
a’x + Py + ylw =0
ax + Py + ywo=0
X it

w=0

x+ Yy4+uwu=a
ax + oy +w=1
xX+oay+aw=1
X+ yt+aw=a

X+ y=2a—p tmaAnfelovrar pé Tds aUTds Tipds TGV X, WER;

=6 Exe1 plav pdvov Aow v R.

X 0] z
Pyt y—a " a-p ="
* ¥

P—y ¥ +a+ﬂ_0
X ¥

ﬁ+¥+v +a+ﬁ_2°‘
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KEQAAAION Vil

ATZTYMMETPOI API®GMOI — ITIPATMATIKOI API®MOI

(Evprdfpoeig v Sdayliéviov eig v I talw)

A’. ALYMMETPOI API®OMOI

62. Eis Ty " TéEw eidopev, OT1 koaTa THv omoudny T&V pnTOV OXETIKGV
&pifpddv SiemioTwdn 1) &Bwapia pnTis AUosws Tiis tiodoews x2—2 =0, f
Tfis Xx2—3=0, f| & yéver Tfis x*=0, &mou 6>0 xai pf TeTpdywvos &prBuds,
8161 Btv Umdpyel pnToOs, Tou OToiou TO TeTpdywvov va elvar dwTioTolyws 2,
713, f| 6. ‘Qs &k ToUToU, Trpotkuyey 1) dudykn EmekTAoEWS TOU oUvdAoU TEW pn-
TGV Gpifudv pe ThHv Bnuioupyicv véwv &pibudy, dSvopacBévTwv dppitov i
aooppitpov kol ol dmoicl koTeokev&ofnoov kaTd Tpdmov Bepamelovra TS
&Buvapias TGV pnTdy &piBudv. AnAadh va kabioToaTon Suvarh i AUcls TEw
qvw ELITCOEWY.

‘H Bepediwons ToU véou cuoTriuaTos TEY &ppHTwy &p18uddv Eyive kaTd Tpd-
oV TANPOUVTa Tas B18akTikas dvdrykas. OUTws, éyvwpioaper Tds dkoloubous
gvvoias :

‘Opiopds. "Ex TolU &pifuoU aeN, kal Tiis &mepdvrtou (&vev TéAous) dxo-
AouBics yngicov (uovoyneicv dxepaicov) Wy, Wy, ... Yy,... oxnuaTifopey ThHy
&mépavTov Gkohoubicy &pibudov.

D) e oy oy, WY - WYY
TNv omoiav oupBoAilovey o, Wi Wa Wa. -« Wy. ..

To oUpBorov ToUTto, TO &moiov elven pia &meipoyneios SexaBikf Tropd-
oTaols, ovopdlouey dppmtov i dodppetpov &pibpdy, &v Biv TapioTdvn Sexa-
Sikov Tep1odikdy dpifpdy (BnA. pnTév), fiTol v, petd ThHY UtrobicoToAnw eiTe
peTd &mo &y kai Tépav, Bev dppavileTon «Tpfiua yneiwvy EravodapPavdpevor
Srapréds ywpls Ty Eupdwiow &AAwY yneiwy.

s opog Tfjs dkohoubBios (1) elven Evas pntdg mpoceyyioTikdg dwmpb—
conog ToU dppriTou &pifuoU oW WaWs. - - Yy. . .

Lyenikdg dppnrog appoc kodeitan Tas &ppnTos @épwv Tpd aUToUu TO
) A 7 ().
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m.x. Ol dpor Tév drohoubidsy :

()1 1,4 141 1414 1,4142...

®2 15 142 1415 1,4143...
elvar pnTol TpooeyyloTikol dvTiTpdowtror ToU &ppritou 1,4142. . .keer’ EAAel-
yw T ko’ Umepoyfiv dvmioToixws kal Ekppdlouv Tiwds Tis V2 kord Tpooty-
ywow 0, 1 0,01 0,001 0,0001...
Olrw Eyopey 1<1,4<1,4l<14ld4< ... < V2 < ... <1415<1,42<1,5< 2,
omoTe Abyopev 6T ai dxohouBicn (a) kai (B) Sioywpilovron &mwd ToV &oUpue-
Tpov &piBudy V2, & dmoios &1k ToV Adyov auTdv dvTipoowTeUEl TOV &oUMuE-
Tpov 1,4142. .., Tov dmoiov xafopifowv ai dxoAoubicn. ME dwéhoyov Tpérrov
Suvdueba var koTaokeudowuey kai  &AAous &ppriTous dpifpous Tiis Hopefis Vs,
o B > 0 kad pf) TETpdyw vos.

Al mpdtes &l TéY douupétpwy &piBudsv, Trpdobects, dgaipeois ToA/ouds,
Biadpeois kal ai Eworcn Tfis lodTnTos Kl dvicdTnTos SpilovTan g kad Eml TEW
pnTév (ovuuétpwv), kai Exouv Tas aUTds Bepehiddders 1Bi16TnTOS, Tds dmroias
Exouv o Tpdaters émi Tév pnTdv. ‘Opoics dpileTon f) Evoia Ths Suvdpews &ppr-
Tou &pifuol.

Al mpdters afrad émi Tév douppéTpwy &piBudsy els THY oToiyEIdEN *ANye-
Ppov yivovtcn TrpooceyyioTikdds. ©OecopolUpev dvti TEV douppétpwv dpifudv,
TPOCEYYIOTIKOUS QUTITIPOOWTIOUS qUTév (prTovs ouvetrds) ué omoiavdnimoTe
mpootyyiow BéAwuev. OUtws & Umrohoyiopds &piBunTikGy TapoaoTdoewy pé
douppéTpous &p1Buous ylveton pt r&oav EmbuunTiv Tpootyyiow, 1 dmoix clid-
vel pE 1O TAfiBos TAv BexaBikdv yneiwy TV pnT&Y GvTiTrposdTwy Twy. TIy.
Bik v Spicwpey TO &poropa V3 4+ V2 kol UtroAoyicwper aitd, AauBdvouey
e mpootyyiow 0,01 Tols pnTous dvTiTpooomous kai oynuaTilouey TO &Bpol-
opa 1,73 + 1,41 =3,14. 6 3,14 elvan & TpooeyyloTikds pTodS QVTITPOCWTTOS
ToU &ouppétpou dpifuol V3 + V2.

To &Bpoioua, ywopevov, Siagopd kal trnAikov dppriTev &piBuddv SuvaTov
v& elvon pnTds &piBuds . V3 - V12 = V36 = 6. ‘Ouoics V18 : V2 =V18:2
= V9_: 3,

Emi Tf) Pdoer TAV AeyBévTwv, oyeTik@s uE T Trpdkels émi TGV doup-
HETpGov, ouvdyetar TO oupTrépacia &1 Suvdpeda va EkTeAdduey TTpdels Epapuo-
fovtes T&s 1B16TNTas oY, &BiagopolvTes Sk TO eldos TEV &p1Buddv, eiTe TpO-
keiTon Trepl pnTdv, eiTe TrpokerTan TeEpl dppriTwv.

63. "H8n B& éfeTdowpev pepikds ypnoiupous TpoTdoels :
1. ’Eav a dppntog kai p,, p, pnroi tote, £av elvar o - p; = py, 0d givar p, =
=p=0.

"An6derlrg. Edv UmoBéowper p; # 0, TOTE 0 py = <> & = %, Smep
1

&romrov, B16m1 & &p1Buds % elvan pnTds. *Apa & p, Stv Slvaran vi elvan Sidgpo-
1
Pos Tou pndevos kod ouvetrdds p; = 0, GAA& TéTE kel p,=a-0=0
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2. 'Eav a dppntog kai p pntog, 161e 6 ambpdg a + p kai 6 épbpdg a-p
(p # 0) glvar dppnror.
*Anodeitic 1 *Edw Utrobécwouey 61 elven pntol TéTE
a4 p=p' =pnrds<>a=p —p = pnTos, Smep &roTov
op =p'' = pnTds <= « =§~ pntos (p # 0), &mep &romov.
3. 'Eav 0N kai 82v elvan dhvapuig pé ExBétnv Smpetov S v, tdte 6 apr-

v
Opdc VO elven dppnroc.
.
*An6daiEis @ “YrevBupilopev &T1 T6 cUpBolov VO Tiis vicoTis pilns ToU d&pi-
v
Buol 8 Eyvepicapey s Thy M TéEw kai 611 : x = V8<>x¥ =0 (Sixmdv 6 >0).

v
*Edw Utroftowpey, 6T1 V0 =k (KkeZ*) kai 6T1 & k=K, k™2, .. kM, Emou
Kisgs - oositl KO Mgjgpevoiin puokof, wédre: O=1x"=x M2 . ™, Smep &Tomrov:
v
K
T
KY

TéTE§ = (%)”: s » OTep Gromov, 86T ol dpifpol k¥, AY elvon TpédTor Tpds

"Eqw Urmrobéocopey, &1 V8 = 8mou kAeZ* mpdTol Tpds GAATIAOUS,

v
dAAAous. "QoTe & V8 elvon &ppnos.

4. Ildoa dxepeio dOvepis tiic mapastisens o = pVy, Gnov a, B,y proi
kai Vy dppntog slvar maphotacig tijg popoiis x + A Vy, 6rov k, A pyroi.
Anddedic: o) (a+ B Vy)i=o + Py +2BVy =« A Vy

émov o 4 PPy =K Kal 20p =N
B) (a + BVy)®=o® £ 33BVy + 3Py & By Vy =
= (e®+ 30B%) + BB+ PN Vy =x £ A Vy
émou o + 3aPly =x, kad 3o®p + Py =7,

5. 'Eav a, B, 7,8 pnroi woi VB, Va dppnror, tote Sd va slvan
a+ VP =y + V8 npéner koi aprei va eivor o = y xai f = 6.

’Anoderfig: Edw a=vy, ToTe VB = V&, 00 B=>5 ’EE &Ahou Exopev:
a+Vp=y + Vo<a—y+ Vp=V5, & fis &’ Uydoews els 1O TeTpdycvoy
Exomey (@ —¥)*+ B +2—y)VP =8 = 2 —y)Vp=8—-Pp—(a—y)* 'Ew

a#y 16T VB = %;—(fty—;)(—)i = pryrés, &mep &rotov ke®’ Soov VP &ppnos.

Kot dvéyxny Aormov a =y kai ouverréds kod p=18. ToUro 8¢ elvon dpxe-
TéY, s elvor Trpogavés.

Mapaderypa : N& eVpefolv af Tl Tév ouppétpwy A kad i, ve /) Toapd-
oraois A+ 1) V5 + 20—y loolrar mpds V5 + 1.

Abog: "Exomev A+ W) V5 + A —pu=V5 + 1A +u-1DV5=1+
4 u—2A, dmep kord THy TpdToow 1, B wpémet A+ p—1=0«kal 1 +u—

—2A =0, ¢ o0 Exopev THY Aow (A, 1) = (—32._, % ) .
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‘Iotopikt} onpueiveg :

THv Umaptiv &douppétpwv dpiBudy Bieriotwoav TpédTor of TTuBaydpsiol,
droAoUfws & ElUBotos ouvéPader TporyuaTikds els THv Ewolow TGV douppétpuwy,
vecrteporl B¢ BewpnTikoi, s of Weirstrass (1815-1897), Meray (1835 -1911)
Cantor (1843 - 1918), Dedekind (1831 — 1916), eiceywpnoav mAtov PobiTe-
pov ¢l Tfis éwwolas TéV douupéTpwy Sk TEY Teplpfiucy «topdv Dedekindy.

B. MPACMATIKOI API®OMOI

64. ‘Qs yvwotdy, Téooapa elvan T& kUpia oTdBia Tiis élehifecos ToU ouoTh-
paTos TEY oXETIKGY dp1Budv. To TrpddTov elvan 1) Evwoia TGV dnokitov akepainy
i poowdv amBpdv. 'HrorolBnoey 1 émékTaols els TO oUOTNHA TV OLETIKGY
akepaiov. ‘Ev ouveyela 1 eloaywyn Tév pnTév KAaoudTtwy 8nuoUpynoe TO
cUoTnua TGV pntdv i cuppétpov aplBpdv. TéAos, 1) Evoix ToU dppiitov 1j douvp-
pétpov apibpod GdnMynoev els TH 1déow EmekTdoews ToU cuoThpaTos TEY pn-
16 els fv oUoTnue, TO dmolov v& TepiEyn TO oUvolov TGV pNTEY Kal TO gUVoAov
Tév &ppriTeov &piBpddv. To oUoTtnua ToUTto kodeitan ocloTnua TV mpaype-
nkdv ambpdv. BpadiTepov 8& pdbwpey kol plav ANy &mékTaow Tpos Ev el-
pUTtepov oUoTnua &pifuddv.

"Qoe, 10 cOvohov tdV pntdV Kai @V appiitav apbudv, tiig "AlyéBpag,
koheitar oOvolov tdv npoypatkdv dpOpdv (Real) kai mapiotator dud tod R

*Emreidn) oUBels pntos &pibuds elvan &pprtos kol dvTioTpdeaws, EmeTon 0TI
T& BUo ouvoAa Tiis "AAyEBpas, Q TO olvohov TGV oXeTIKGY pnT&Y Kol A TO gU-
vohov TGV oXeTIKGY &ppfTwy, elvar Eéva Tpods &AANAa kol Siapepifouv TO olvo-
Aov R.

Oltws Exopey : QNA =g, QUA=R, QCR, ACR.

’Edw 8¢ N, elvan 10 olvolov Tév @uoikév kal ToU pndevds kal Z elvan T
oUvolov TGV OXETIKGDV dkepaiwv, TOTE :

N,CZCQCR, NnA=g, ZInA=¢.

T&s TparypoTikds &piBuds, £p° Soov elven i pnTés i &ppnTos &piBuds, ouu-
BoAileTan B1& TOU oWy WaWs. - -y ..., © Omolos aploTd THv dxodoubiav o,
QW1 WY - WY - - Yy .. ., OTrOU aeN, Kol Wy, W, Way - - Wy - - - GiTEPOV-
To5 dxohoubia povoyneiwv dxepaicov. To Bexabikdy &udmTuyna ToU Tparyua-
TikoU &piBuol elvon fy TeploBikdvy doTe & &piBpds elvon pnTds, f) ufy TEpioBikoy
dméTe & dpiBuds elvon &ppnTos. ‘Ymevbupilopey 11 méwTes of pnTol dpifuol oup-
BoAilovton 81 dmreipoyngiou TeploBixol SekaBikoU &pifuou.

65. H IZOTHE EIE TO R.

Avo mporypoartixol Sudonpol &piBuot o, X; Xa Xg- - - Xy - . KO B, Wiy . Py - .
Spifovran fool, &dw kol pudvov é&v, elvan a =P, X; =Wy, Xa =WYoo oy Xv =Wy y- -
ExkéAws B¢ &moBeikvieTan 1y loyUs Tédv iSioThTwv Tiis iodtnTos, f) dmola ouv-
oT& oytow logobuvapics.
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66. TIPAZEIZ KAl AIATAZIZ EIE TO R.

EiSopev &1 ai mpéers opifovron dog kal &mi v pnTév kol ol 1816t TeS
Tapapévou dvarrofwTol, yivovren 5¢ els Thy oToixeiddn “"AlyeBpav Tpooeyy!-
TTIKGS.

Eis Tols dvwTépe Toous mparyuaTixous dpiBuous, (§ 65), & ouppij vi elven
A=, X =Y Xe =Wy ... Xv 1 =Wy, Ko Xy > Y, , TOTE of &piBuoi elven
&uicol pé peyoAUTepov TOV TrpddTOV.

‘H olykpiois petall mporyparikésy &piBudv ylveton els Tag épapuoyds pi
Péow Ty mpooeyyloTiKiY EkTposhTNOW TV Gouppétpwv. Oltw, ¥ o, Pe R
pio pévov mAnpolTan &k TGV oxéoewy 1 a > P, a=p, a< B

"Emions & «, B, yeR kod o <P kai B < Y, ToTe B elvon kel a<y.

67. H FEQMETPIKH EIKQN TOY LYNOAOY R.

e

Q5 yvwoTdv, 1) elfelar x'x, X’ 08 A M x
TO onueiov O kal TO povadiaiov I 1

S1évuopa OA = 0-,) &motedolv Evaw dEova, Tov &fova (x'0X, _93 "Av Bewprfiowpey
onueiov M &l Tou &fovos ToUTou Kai AdPopev TOV Adyov E—T ' TO0TE & Adyos
' OA

oUTos igoUron mpds Tov Adyov TGV pétpwv TV SiavuoudTwv, & émoios elvan

&vas TporypoTikds &pifpds pnTos A &ppnTos kod pdvov Evas. OUTws els kdbe on-

ueiov M ToU &fovos dvTioToiyel €ls kol pdvoy TporypaTikds &pibuds, SoTis elvan
6 Adyos T pétpwv TéY Siavuoudrey OM xal OA.

"AvTIoTPOQWS, Els. TéUTa TpaypocTIKSY apifudv &vricToixsl &v kad pévov

~ I o ¢ -~ 7 == ~

onueiov M ToU &tovos, 10 Smroiov elvan TEpas Tou SiavUopartos OM kai ToU

—_
omoiou & Adyos Tpos TO Sidwuopa OA icoUTan Tpds TOV &p1Budv aldrédy. ‘Etmo-
uéves, peTall Tol ouvddou R kal ToU cuvdAou TEW onuelwov ToU &kovos x'0x,

Utrdpyel dvmioToryia &ueinovoatiuavtos, Sik ToUTo & &fwv x'0X xoAsiTal GEwv
TV Tpaypenkdv kai elven f YEWUETPIKT) eikcov ToU ouvdiou R.

68. AMIOAYTOE TIMH TPATMATIKOY APIOMOY

Qs yvewotdy, 1 Bvwois Tol cuvbAou TEW BeTIKGY &p1Buddv Tiis &p1BunTIKis
HET& TOU undevds kail Tol guvdAou TGV SvTiBéTwy Twv &moTteAel TO oUvolov
TV OXETIKGV APIBudY (TrparypaTiKGdY).

‘Opropds. Elven yvwotov #k Tponyouuéuns Télews, 8Ti dmblutog Tpd
(il pétpov) tvds mporypaTikol &pifuoU kodeitar & &pibuds Tis *ApBunTikds,
& TpokUTTwY &md alTdy, STav Toapaelplij TO Tpdonuéy Tou.

OUtoos 1) &réAuTos Tipf ToU + 4 elven & 4, f 8¢ &mwdAuTos Tiuty Tou —4
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elvon TéAW & 4, oupPoriletan B¢ dos EEfis: |+ 4] =4 xai | — 4| =4 xad BraP-
[eTan «&mWOAUTOS TIWA Tou +4 f| ToU —4». *

*Etreidfy méwtes ol Berikol &piBpol TauTifovan p¢ ToUs &piBuols Tfis &pi-
BunTikis kaTd cUuBaow, EmeTal OT1 EXouey 4 = 4 4 kol ouverrdss |+ 4| =+4
kad |[—4|=+4=—(—4).

“QoTe Suvdpeda vé eiTapey cUoTnpdTepov 8T1: "Anélutog Tpf Evig mpay-
panikod aplpod (fj mag mpaypotikiig nopacticeng) @ koheitor avtog 0dTog
o apbpog a, 2av elvan Betikog i pndiv, & avtifetég Tov 8 —a, dv 0 apbpog
glvan @pvnuikoc.

Suppdves TTpds TOV vaeRyt = |a|=«a
dveotipos Spiopdy 8% Exwpey |- VeeR- = |af =—a(—« >0)

Kord T& dwwrépw f) mopdoTaols | o| oudémoTe yivetan GovnTikh kal
ouvertéds elvon Evas pR Gpvnrikdg apiOpos.

69. BAEIKAI IAIOTHTEE TON AIIOAYTOQN TIMON.

1. ’E&v «eR, T61e |a| =|—«a].
AnddeiErg: ‘Edw aeR+ = — aeR- woi ouvemrdds O& Exoopev x kal
|l—a|==(—a)=a "Ofv |a|=|-qf
'Edv aeR- = — aeR+ kal ouvemrds B& Exwpey |o| =—a kol - | =
=—a Ofw |a|=|—a]
*Edv a =0, té1e —a =0 kal Tpogawdss | o | =| —«
“QoTe : FVueR:>[ai:|—u|J

2. ’Edw aeR, TéTe elvan — |a| o <[ «f.

*‘Amédaitig: 'Edv «eR,* = | o] =« kol fmed) |a| 2 —|«f, Emetan
dn —|a| <a=|a|(l). Edv 8 aeR- = |a|=—a f —| a| =q, émoTE
—|a|=a <] «|. (2). Al oxtoes (1) xai (2) Bisoww — | a| La<| o

“Qorre : [ vaeR = —|a| <o | af ]

3. *Edw aeR kal veN, Téte elvar | o | = o

*Anddeitis : 'Edw aeRyt = | o |= axal &pa | & [ = o®. "Edw aeR™ = |e|=
=—a kal &pa |« |¥ =(—x)¥ =¥

“Qoe : FV(XER, veN = |a|?¥ =¥ l

4. Edw aeR, + kad veN, TéTe elvan | o |24 = o'+
"Anédartrg : 'Edv aeR,* = | a| = o kai &pa | o [P = o2

“Qoe : Fq&Rf, veN = | ot |+l = o®¥H1 l

1

(%) T odpPorov | | xab % dvopxsle abrob, bpethovron clg 1oy Deppaviy pabnpotidy
Weirstrass (1815 —1897).
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5. "Ew o,xeR kai [x | <o, 1616 —ax < x < a kad &VTIoTPOPLS.

"Anéderfig : "Eqv xeR,* = | X|=x kal ¢meidn | x| < q, EmeTon x < g
kol dpa —a < x < @, 51471 [ x| < = a >0 ’Edv 5t XER~ = | x[ ==X kai
tmaidn | x| < o, EmeTon —x Safix>—akadpa —a<x<a, Siomi ¢ > 0.

Avuietpépag : "Edw xeR,* =|x|=x kai ¢medh —a < x < o, fmeTan
|x| S« 'Edv xeR- = [x|=—Xx | —|x|=X «kai fmed —a < x < q
freten —a<—[x| A a2 x| f |x| <«

"Qoe : UQ,XER:|X|§G¢>—G<x§a ]

Znu. "Extds 16V Paoikdy ToUtwy iSioThTww €l &AANY T&Ew B& pdbBowpey
kal &AAas Alav xpnoiuous.

HNapadeiypate: o) Eav xeR ToTe, x—7|<3<=4<x<10

Mpdypart : | x—7|<3<—-3<x-7<3<=4<x<10

B) ’Edw elvan 6 < x < 10 v& eUpelf) TO olvodov Tidv Tfis TapacT&oEws
A=—|x-1|=2]x=11].

Abag: 'Ex 1fis 6<x < 10 #opev S5<x—1<09, omep [x—1| =
=x—1, tmions—-5< x~11< -1, Smep [x—11|==(x=11)=11—x

*Apa A=—-(x—l)—2(11-—x)=x—21ﬁA+21=x1'1 6< A2l <
<I0f-15<A<-—11

ALZKHZIEIZ

3 47T
195) N& dmoBeix8i 671 ol dpibuot 3+ ¥3, V5, V3, V3 elvan &oUupeTpor, &
5t 3+ V5 va xatookevaoHii pt mpootyyiow 0,01,

o P
» o Elven

1
196) *Eqv « &ppnTos kai p pnTds, va dmobex8ij &1t ol &p1Buol = o

&ppnrot.
& 197) Né& &mrobeiyfij 51& Trapaderypdrov, 811 Td &Bporopa, 16 ywdpevov kal T6 TRAlkov
8o dppfiTwv, Buvatar v elven pNToS dpibpds.
198) "Av (@, B, ¥)eQ Kkad a+P V2 =y V3, 161 a= p=y=0.
199) Né& ebpebolv al Tinad Tév ouppétpooy A kad b, &v & dpiBuds A=W V2 - (@2u-1
elven igog wpds Tov V2 .
200) "Av x &oUuuerpos kol a, P, Y. & oUppetpol, Umod Tolav ouvrikny TAPEOTATIS

_'JK_-!—_?_ i d B A Y .
yx + 5 Elvar &pibuds aluperpos ;

201) ’Emi ToU &fovos TEV TpayuaTIKGY &pifudv X'OX v& elpefolv onusia, Exovta

YewpeTpixds elkdvas Tols &piBpous V2, V3, Y5 e (&1 ypnotpomoiosws Tol Tuba-
Yopelou Becopripacros). -

202) N& &mobeibf émi: yo, PeR = |lea=B| =|p—«af

203) 'Edv «€ R, vk &modeix8ii 811 oUbémore elvon — |lal<cac [

204) N& &moBeydfj émi: yaeR-kal ve N = | @ [tv +1 = — gtv +2

205) ’E&w o, PeR kol ||+ [B| >0, 1i ounmepaivete Si&x Tols «, P ;
206) E&w |x—10| < 5, 1é1e 5 <X < 15 xal dvrioTpdpuws.
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207) N& d&moderydij 1 loobuvapla : |[x—o| <6 %{2?60<xgd+e

208) 'E&v x € R*, v& &mobeiy®ij 6m1 &k Tfjs oxtoews | X | > a> DEmeTon N0 € o <x<
< o, B B xeR- ) —xc < x< —a<g0

209) N& &mhomondij 16 xA&opa ([ x| +8x%) [(B[x ]+ 1)

210) ’E&v «, Pe R, v& &moBexfij émt a* +Pp* > 2 || - |B]

211) Edw x = Y2 + 1, v& ebpedij f) T Tis TOpAOTATEWS :

=—202x—1]|—=31Y2=x|-73x—(¥Y2+3)|-3|x]|

212) N& ebpedfj /i ) Tfis TapaoTaoews :
T[cx—[5|-3}ﬂ—a|+2ta+B|—[2a—[3|,&vq >p >0

213) "Eav —5< x < 12, v& ebpedij TO oUvorov Tiudv Tiis TapaoT&oEws
A==3|x=6|+|x+13|—-2|2x—11|—-]12-x]|
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KEDAAAION IX

ATIPOZAIOPIZTOZ ANAAYZIE IIPQRTOY BAGMOY

70. OPIEZMOI

Eis Tiv mponyoupévny TéEw eiBopev 611 TO oUvolov TV AUgewv WS ypo-
ikfis Eliowoews ax + Py =y, &mov o,PeQ, tlvan Urooivohov ToU ouvdAou

RxR, &xov &meipa oroigela Tiis popeiis (x, w = %)

TToAAGkis Epews EvBiagepduela povor Sid Tos dxepaios AUoels Tiis EEioc-
oews ax + Py =y, fitol Tas Aloes Tiis wopefis (X, w)eZxZ.

TolUs ouvTeeoTds o, B, ¥ elvan Suvarrdv mdvToTe v Becopddpev dkepadous.
“*Epyov Tfis kahoupévns anpoodiopictov Gvalboeng o Babpod elvon 7 Epevva T
UmrdpEecos xai 1) dwalfTnols Tév dkepadeov AUoewv wds Eiodoews o BabBuou
e drepaious ouvTeAeoTds kod peTaPANTSS (&ryvadoTous) doaodfioTe Temepa-
ouévou TAfBous A kai cuoThuaTos o PofpoU pé Affos iiocoewy pikpSTEpOY
TOU T&V &yvddoTwv.

71* EYPEZLIEZ TQN AKEPAION AYZEQN THE EZIE. ax + By = y (1), émov a, B, v,€Z

1) “H elpecis Tév depaicov Aboewv ornpileTan els Tés droroUBous TPOTATELS.

1 "Eav oi @B, 7 Exoww MKA. § # 1, tétz i Eiowog o x + 2 y=Y
givar icodivapog tiig EEemeewg (1),

"Ardderlic : ‘H mpdToois elvan mpopaviys ko’ Soov Siaipolpey dupdTEP
T& peAn Tiis (1) S 8, uds Emitpémer 8¢, v UroBéTowopey TévToTE TOUS CUVTEAE-
oTds «, B, Y mpdTous mpds GAATACUS.

2. ’Eav q, B, y elvar  mpdror mpig ailihiovg koi a, p Exouv xowvov Tiva
Swnpétnv & # 1, q EEicwoig (1) oddepiay daxepaiav Aborv Exsu

"Arddeilis: ‘O & mpogowéds Siv Sicupel TOV y, Bicnpel Spws Tous Spous ay
xai Py kol ouvemds T6 &Bpolopa alTdY, oloBhToTE K1 &v elvan of dxépaiol X

(*) O "Exdny Mabnpatizde Abpavros & *AlcEavSpede (360.X.) hpetvnoe xal elpev Tog

x

duepalag Maeig towbtey Eodoewy Ewg bou BabBpob, Sk Tobto xal xxholvrar Adopavrixai 5i-
adoeg, ) 8 dmpoadibpiotos dvdivaig Awpavtixy dvdivors.
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xoi . “Emopévars, &iv XyeZ, tote 1@ pékn tiic ESwheeng (1) oUbémoTe yivov-
Ton ioa kal ouvetdds f 2Eiowos elvon &Buvaros. “Hroi oUBepiow Abow Byl

3. "Eav a, p npdtor npdg arifhovg, 1 fEicwaig (1) Exer axepaiov Loowv.
*Am6daitig : AuvdpeBa TévtoTe vi UmroBéTeopey a > 0.
‘H Eticwois (1) ypageTan : x=%} (2).

Al BiaBoyikad dxépaton Tipad 0,1,2,3,..., a—1 (mAnBous o) TibEuevan
dvrl ToU  els THY (2), BiSouv Tds drohouBous Aol

O (£.0) (52,1, (552.2) - (2D, o)

a
BecopoUpey Tous prTolUs Gpifipols :

(4 —E—, i : ol O Y__ﬁ_g‘.__l) kel foTw T dxépane TMAIKA T, Ty,

a x
Ty v .y a1 Kai T& pf) &PYNTIKE UTTOAOITI Uy, Uy, Vg, - oy Va1 dvTigTolyws TGV
Biouptoeaov y: o, (Y —B): ..., [y — B (a—1)]: a. "Edv Umdpyouww &pynTIKS UTTO-
AorTrar Té keBioTéMEY BeTikd 81’ aUEfioews dmoAUTws KaTd povdda T &vtioTol-

ya Tnhixa. Ty, Tfs Sixpéoews -1;: & TrnAikov efven —3 kai TO UmdAorTov

—2, &moTe AapPavouey € TAikoy 1O —4 kol ouveTréds Umérorrov + 3, B16TH
-17=5 (—4) + 3. T& Ymérarra TaUTa, o &g wATRbos, elvon pikpdTeEp TOU
o xal Si&popa peTafU Teov. AGTI &v BUO TUXOVTX Uk , Ur (xk <AL a) elven loa,
fiTol &v ue = Vv, TOTE B Exocopev :
Y — B.x= oty + Vi
Y — B.A= amy + Ux
= diéparios.

*Emeibny 8¢ o,p mpédTor Tpds dAAHAous, dpa & a B& mpémrn va Bianpi) TOV
A —k, Pdoer yvwoTiis iBiéTnTos, &mep &romov, BivT1 0 <A— k<o ‘Qoe, SA
Té& méhorra elven Sidgopa peTady Twv, els TAfifos a kal EkaoTov MIKPOTEPOV
10U o "Apa & Tév Umroholeov ToUTwv elvon undiv kai kaTd guvETEIaY elg TGV
onTév &piBucov (4) elvon dpiBucs diépenos, fiTor pia TéY AUoewy (3) elvon me-
paia Aois Tiis Eiodwoews (1).

} >PA-—K)=a(m—m) = a—o\a:i)=-rr,‘—'m=

4. "Eav 1 ¢icwog ax + Py = 7 (1) Exn piav dxepaiav hdowv, Y (Xo, Wo)s
0a ¥y xei dhhac aneipovg o mifiBog tiic popeiic (Xo — P, W, + oK) kai po-
vov avtac.

"Anodaiblg : Katd Thy mpdTacw (3), &w «, B wpddTol TEOS &AAT|AOUS,
e 1y o (1) Exer piow drepaiav Alow, EoTw THY (Xo, Wy). “As UtroBéocopey &l
Eyer kol THY Grepaicw AUov (Xy, ;). O& Exwuev TOTe: aX, + Py =Y kol ox; +
+ Py, = y. AganpolvTes Tas lodTnTas kara wéAn Exopev: o (X, — Xo) + Byi—¥o)=

=0 =x—X,= —%— (Y1 — ). To o péhos Tamns elven dncépaios &p1Buds,
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Ep” Soov EBexfnuey Thy Umapfv kal THis EAANs Aloews (X,, W), Brapopov THs (X,
Wo). “Apa Trpérel v elven dépanos &piBuds kal To B’ uéhos — % (Y1 — ). Emrer-

&1 8¢ o,B wpdiTor Tpds dAATAOUS, 'rrpé'n'et 6 o v Sampﬁ TOV GAAOY TrapdyovTa

W1 —Wy. 'Ev keZ elvar 10 mnhikov Y2 Yo, frop gy ¥is \P" =K | TOTE ) =

=\, + ox kal x; = x, — Pk.

"Ex Tév iooThTwv ToUTwv kabloTatan @avepdy, T mica dxepaia AUois
(X, @) = (%, ), Bidetan &mod airrds, dTav & k A&Pn piaw Grepaiav Tipfv. ‘Etro-
pevers Urdpyouv &mreipar TO TAfifos dxépancn AUoes.

"Avniotpéous. Kafe AVois Tiis wopefis (X, W) = (X, = B, W, + ax) elven
AUois édrepaia Tiis hiodoews (1).

TMpéryuorrt Exouer : o (x, — Bx) + P (o + ox) = ax, — aPk + Py, + afk =
=X + Py =y, BT ax, + Py, =y

“Qoe, v 1) gtiowos (1) &xn uiow dxepaicv AVow THy (X,, W), TOTE 8& &1
kol &AAas dmefpous TO TAffos AUcsis, ai dmoicn SiSovtan o TOUS TUTTOUS.

©)] T o A X, ==y 7} 81611 keZ
Y=otk g =y, — ox,

II) Etipeois miiic axepaiag Liozog tiig tiiehosns ax + Py = v
Aix v Epapudocpey ToUs TUTrous (5) Tpémel v elpopey pévov piaw -&rd
Tas dkepaias Aucels Tiis o, ax + Py =1y
Tpds TouTo, Alopey Ty éEicwa ds Tpds Tov &yvwoTov Exeivov, TTou Exel
Y=PY-
o

TOV WIKPOTEPOV OUVTEAETTTY, T.YX. v o pikpds TOTE : X = kal dxo-

Aoubes kard Thy TpdTaow (3) Bétopev Smou w =0, 1,2,...,a—1 péxpis STou
elpwpev X dxépaiov. |
"Eéw ol ouvteheoral o xal B elvanr peydhor dpibuoi, f ponyoupévn uébo-
Sog elven miovos S1& ToUTo pyalopeda ds EEfis @ Avopey Thy Eicwaw s Tpds
TOV &yvwoTov éxeivov, TroU Exel TOV WIKPOTEPOV OUVTEAETHV Y. TOV . ToTE

boves x =2 X By g Bt )y a4 B

=4

dmou Ty, M, TnAlka kai v, U, UTréAoiTa TV Stmpécrswv Y:aka pro Ak vk

elvon ouverrdds & x dxépaios TpéTrel TO KAGopa V& elvor dwéponos Spi-

fuds w. *Htot %‘W

=W<S0W + WY =y

AUTn Exer dxepaias Aoeis 8161 of a kai v, elven Tp&TOL PSS GAATAOUS.
(‘O M.K.A. BUo dpifpdy Btv peTaPfdAleTal v GUTIKATOOTHTWHEY TOV* Py oAU-
Tepov GpiBuov ik ToU Utrohoitrou Tiis Biaupéoedys Tou ik ToU ETépou).

Orreos dvarydpeda els Ty elpeatv dxepalas Aloews Tiis Eiotoens aw + Uy =
=, fiTis elven &mhouoTépa, B16T U, < a.
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Zuveyilovtes G5 ponyoupévs, kaTaAyouey els eEiowow ut pikpols ouv-
TeAeoTds, OMOTE EpyalopeBa ué THY TpTny pébobov,

IMapadeiypata : 1) Na eUpefolv of dxéponcn AUoeis THs EEiochoecos
3x +5¢ =11.

’Enilverg :  “Eyopev x =£;i‘?. Ottopev w = 0,1, 2. Aix ¢y = 0 &o-

11 i \ ¥ - y ~ A
eV X =5, &vd B1& y =1 Eyopev x =93—5 = 2. To Ulelyos Aormov (2, 1)
elvon i drepaia AUois s Etiodoews. *Egappédlovtes Tous Timous (5) Bik
(Xor Wa) = (2,1) Exopev 1O olvolov T&V AUcewv Tils 3X + Sy = 11.
Orw: x=2-=5x f x=2-+5«
w=1+4+3k y=1-3

Enpsioawg. Aix iy elpeow Téw BeTikddv pdvov dkepaicov AUoecov ebpioko-

pev Tés TIMdS ToU K, B1d Tds dmoias ouvaAnBelouy of dviooeis 2 — 5k >0 kai 1 +

} érou keZ

+ 3k>0. *Hto1 — —;—<x< -g— kal ouvetrds k = 0."Apa Bi1& k = 0 Eyopev (X,y)=
=(2, 1), ims elvea # povedikn dxepaia BeTikh) AUols.

2) Na dvahubij o kAdopa 176 [ 221 -els &Bpoiopa 7 Siapopdw 5Uo &AAwvY
pNTEY KAaoudTwy, EXOvTwy Trapovopaotds 13 ke 17.

X '
== Kai

"Enidvoig. "Edv t& InToUpeve kAdopaTa eivon 3 —;—P_‘,— -

176
b x4+ =0 < 17x+ 13y =176 (1).

Epiokouer Tds drepaias Aloes Tiis efiomoews (1).

ToTE B Eyco-

» 176 — 17 176 17 71— 4
Exopev ‘V=Tx=ﬁ_ﬁ"=13—x+—l—3—x=13—x+w
- 20y 7T—4x . 3 7— 13w x -
This &hiohoews w = 3 N Bw+4x=7 17 x= 7 pia drepaia AUois

elven (X, ) =(—8,3)
kol Emmopévers w =13 —(—8) +3 =24

OUtw, pla drepaia Aois Tiis (1) elvar ) (Xo, Yo) =(— 8, 24), 16 glvohov
8¢ Tév AUoewv aUtfis Bidetan &wd ToUs TUTrOUS
x=—8-—13 =—8+4+13

A , ©mou keZ
yv=24 4+ 17k y=24 — 17k

N x ' 8 24 176
Ak x =0 Exopev (Xo, W) = (—8,24) xal &pa — 43+ 7 = 537
21 41 176

» K=1 » (xl,qll)=(—‘2l,4l) » » '—'—ﬁ-l-v-——'ﬁﬁ

72. EYPEZIE TON AKEPAION AYIEQN LYETHMATOZL A" BAGMOY AYO EEIZQLEQN
ME TPEIZ ATNQETOYE.

*Eotw 16 oVotnua (1) |ax + By + 1w =8, } o, By Y1, 81 €Z

(@) leax+ By + vaw =8,] o PoyYa 8 €2
ToUs ourTereoTds oy, By, Yi, 8y &5 kal TOUs oy, B, Ya 8y SuvdueBo vi Umobécco-
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uev TrpeoTous ueToky Toov, 8161 & Btv efvan, Sicnpolpey T& péAn Tédv (1) kai (2)
81 Tou M.LK.A. alitév dvTioToiyws.

Mp&Tov ToapotnpoUpey 6TL TO oUoTnua oUdepiav drepaiow Alow Exet,
tv o, P1, Y1, 01 fvon TpédTOl TPdS dAATACUS Kad oy, Py, yi Exouv MLK.A. B, # 1
(TpdTaots § 71/2). To alrtd cupPaivel, £ oy, By, Yo, 8y elvan TpddTol PO &A-
AAous kal o, By, Yo Exouv MLK.A. 8, # 1.

YrobéTopey Aoimmov 8T1 oy, By, Y1 K& o, P, Ve elvan &piBuol mpddTol mpos
&AAHAous kaid droeipopey Tov Eva &yvwoTov peTaly Ty thicdoewy (1) kai (2)
goTw TOV .

OUrws Exopev @ (oY, — &y1)X + (Bry: — BaYy) W = 81 Yo — 8ay1 (3). "Edw
7 (3) Exn drepaics AUoels, TOTe TO oUvohov TGV AUctwv aUtdy O& Bibetan
Urd TGV TUTTWV X=X, — (BryYa—Bay1) X } )

Y=o + (Y2 — % ¥1) K

Tés Tinds (4) Tév X kal y BéTopev els plov T&v Eliccoewy ToU ouoTH-
paros, fotw es T (1), dmdTe AauPdvopev petd Tas Tpdkes ky; (oP. — wPy) +
triw=38-ox —Py, ()

*Edv 7 (5) &xn dxepaias AUoels, ToTe TO olvodov AUcewv avrriis 8& Bibeton
Umd TEV TUTWY K =Ky — YA )

e } AeZ, (6)
@ = @y + ¥y (c4Py — 6P
THv Tiunv ToU Kk &k TV (6) BéTouey eis Tous TUous (4), &éTe AapPévopey :

X = Xp — (Brya— Bayr) (% —Y1M)
Y=y, + (cqy: — Yy (k —YiN)
w =y + ¥y (4P: — wPHA

Oi TUmor oltol 8idouv Tds dkepadas AUoels TOU ouTTHMATOS.

Enpeiooig: Katd Thv &redoipny Tou &vds &yvaoTou petafy Téw Eioc-
oewv (1) kad (2), TpoTipoUpEy TOV &yvwoTov keivov, ToU dmroiou of ouvTeheoTal
elvon mrpddTol Tpds dAAHAous. Aiari ;

Mapadeiypa : N& eUpebolv of dxéponan AUCEIS TOU OUCTNHMATOS

1) 4x+3y+w=>5 kai 4x—6y —3w =17 (2) ‘

"Enilvoig : "Amoeigopey TOV SyvwoTov w, 6TOTE AapPdvopey : 16X 4 3y =
= 22 (3). Ebpiokopev Tés dkepaias AUoeis Tiis (3).

Olrw : yw= _22_;_!6_:; Mia dxepaia AUois alriis elvan (X, wo) = (1,2),
T6 8¢ cUvolov TGV AUcewv Bideton Umd TV TUTTWV
x=1-—3k

o D } (4), dmwou keZ. ‘H &tiowois (1) B Tév (4) yiveron 4(1 — 3x)+
+3(2+16K) + 0 =5<>36k + w=—5fj w=— 15— 36k, Tfis dmolas pio ke
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pada Aot elvan (K, w,) = (0, —5), 16 B¢ oUvohov TéV Agewv alUTfis BideTat
Yo TRV TUTGWV

=0—-A
1;__5 136 } (5), émwou AeZ. Trv mwhy k= —A Bétopev &g ToUs TUTTOUS
(4), émwoTe AapPdvopey ToUs TUTTOUS
x=1+43A ) ! y
y=2— 16\ (6), oi omoiot Bk AeZ 8iBouv Tas dxepaias AUcels TOU

/i 544 B8N, | ITHHATES

Mé A =0 Exouev (X, Yo, @) = (1,2, —5)
» A=1 » (X1, Y1, @) = (4, — 14, 31) k.0

AEKHEIEIZ
214) N& etpeBolv al dxéparc AUoeis T drolouBuwv Ehighoewy :
1) 3x + 59y =—12, 2) —x+4y=1, 3) Tx — 9y =—28,
4) 13x + 21y =91, 5) 53x + 29y = 108, 6) 40x + 51y =121

215) Né& edpeBolv al dxépanon kal fetikal Tipal Tob X, al dmoix xafioToUy drepaias
xal BeTikds Tas dkohoUbous TAPATTATEIS :
7x — 15 133 — 2x 1053 — 31x
e T o R P )18

1
216) N& dvahubij 1o xAdoua 5 elg &Bporopa BUo pnTdY KAQOHETWY, Exdvtuw Tra-

povouaoTds dvtioToixws 3 kal 5

217) "Ev xeprovémoua Tév 50 Spay. kard éoous TpéTous SUvaTar V& SAAa 87 ue
képpaTta Tév 2 kal 5 Spayudv ;

218) N& elpedii &piBuds, & dmoios SiaipoUpevos Bid 5 5ider Umdhormov 3 kal S1cpov-
pevos Bik 7 Bi8er Umdhormrov 2.

219) Né& ebpedii Siyrfipios &piBuds Totoltos, doTe TO TpiTov Tiis Biagopds ToU ynolou
TGV BexdBoov &rd ToU &piBpol, v looUTan pi 1o Srrhdoiov ToU ynelou TGV povaSwy adindiy
katd 5.

220) N& etpefolv al dxéparcn Alcers T dxoloUfwy ouoTnudTwy :

D|x+2¢y—w=—4 2) | 7x + 5y + 6w =18 3) | 6x —4y + 3z
3x —4y + 2w =17 4x + 2y + 3w =9 3x + 6y — 2z

4) |3x+ 6y —5¢ =11 5 |Tx—5¢y=4

—x+Ty—-2w=—-16 11x + 13w = 103

221) Né& eupedij Tpipfipios &pibuds, ToU dmolou T& ywnela Exow &Bpoiopa 7 kad &
broios Biv dAA&ooel, & T ynela alTol éxaTovtdBuwu kol povdBwy Evehhayolv.

222) Né& ebpeBoiv Blo dxépaior kal BeTikol &piBuol, ExovTes &Bporopa 100, T4 Bt Umd-
Aottrov Tiis Sicipéoews Tou dvds Bi&k ToU 7 elvan 1, &vé Tol &AAou &1& ToU 9 elven 7.

30
25

223) Tpeis kTnvoTpdeor Exouv duol 111 {Ga. ‘O &piBuds Tév [dwv ToU o kTnVoTpd-
pov elven Sroupetds 51& 2, ToU B’ Brenpetds 51k 5 kad ToU y' 81k 7. Té TprmAdoiov St Tdv [wewv
Tol o krnvoTpégoy, T BirmAdaiov ToU P’ kad Té mevtamAdotov ToU y' Exouv &fporoua 400.
Méoa e elyev EkaaTos ;
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KEDAAAION X

IIEPI PIZQN

TON TTPAFMATIKQN APIOMON "H TTAPAZTAZEQON

73. Eis v " 7é&w eiSopev, 611 Tds mpoypaTikds &pifuds o elvan TeTpd-
ywvov &GAAou TpayuaTikoU &pifuol X, SoTis EkANBn TeTpaywvikn pila (i pila
Bas Tdkews) ToU a. ’Efetdoapev Bt Tds iSi16TnTas kol Tds mwpdkels Ty pilikédy
Pas TéEews.

"H8n 8& yevikeUowpey THv Evoraw Tiis pilns TGOV TpayuaTIKGY &piBuddv.

‘Opopds. 'Eqv aeR kai veN xai peyodurepos Tiis povddos, ToTe, v
Umépyn Etepos dpibuds xeR, SoTis Uyolpevos els Thv vuooTiy Buvapv yiveto
igog mpog ToV o, & Aéywuey 81 & x elvon pia voooth pite (i pile vvootiic ta-
Eewc) tob a.

Oltw, éav v=2, & x elven pic TeTpoarywvikf pila Tol o,
tv v=3, 6 x elvan piax TpiTn (xUPIKn) pila TOU a.
TLx. ToU &piBpoU 25 pia TeTporycovixy pila elvan & 45, 16T (+ 5)2=25

Tou &pifipoU 25 pla Tetporycovikny pila elven &6 —5, &ibmt (—5)* =25

ToU &piBpoU 8 pia Tpitn pila (xuPikn) even & 42, &6 (+2)3 =8

ToU &pifuou — 27 pix kuPikf pila elven & — 3, &iom (— 3)3 = —27

ToU Gpifuol —9 oUdeple TeTparywovik TpayuarTikly pila Umépyer

fi &AAn pila dpTias T&Eews, 516T1 oUBels TporypaTiKos &piBuds Uywolue-

vos els GpTiav BUvoauw yiveton foos mpos Tov —9.

‘Evraufa TapaTnpolpey, 611 Bvas mporyuaTikds &pibuds SUvaron vk Exn
TepioooTépas T WS TpoyuaTikas pifos, &mews émwions efvan Buvertdv v .pfy
Exn mpayparikny pilav &pTios TEecos.

Fevikdg B¢, Sioxpivopev Tas EEfjs meprmTdoEls

1) Eav a > 0 xod veN, TéTe dmoBeikvietan 811 Umdipyet els kad povov els
feTikOs Gpifipos x ToloUTos, hoTe ¢ XY = &. ‘H &mwdbeikis Tiis TpoTdoEws TS
Slvaron va yivn els SAANY TaEw. "Ags eidwuey &v Utrdpyn dpunTikds &pifuds X
kol ToloUTos, dote : XY = o. 'Edw v = 2k 4 1, &mou keN, TéTe oUdeis dpynTirds
&p1fuds x Umdpyer ikavorroidv THY X¥ = a>0

’Edv 8¢, v = 2k, &mrou keN TéTe, Edw X, > 0 elven 1y povadixr) BeTiny pifa TS
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tho. XY =q, fiTol ¥,¥ = a, 8& elven pila Tis XY = kal & &piBuds —x, < 0,
BIOTL (=) =¥ =a.

2) Edwv a< 0 xed v=2k+ 1, 8mou keN, Téte Umépyer el xad pdvov
els TTporyuaTios dpunTikos &piBuds x ixovotroidv TH elowa x¥ = a < 0. *Edw
5t v =2, TOTe oUBels TporypoTikgs &piBuds X Utrdpyer ikavotroiddy THy XY =
=a< 0. "Ex Tév dvwTépw ouumepaivouey &1 :

ITag mpaypatikog apbpog a Exer 1) piav pOVIV TPAYRATIKRV VVOGTHV pi-
Cav x repretfic taCewg (v = 2k + 1) Oenknv i Gpvnukiv, kad Goov 6 a clvar
fetikdg #j apvnuikdg dvtigtoiyws, fitig kakeita npatedovaa vvooti) pila tod a,
2) 800 mpaypatikig vvootag pilag avnBitouvg dptiag taEewg (v=2k), vo a > 0,
ik 1OV omoiov 1 Betikn kakeitar tpoteodovea vvooth pila tob o kai 3) obdepiav
npaypatkiy veostiyv pilav aptieg tatewg, dva < o.

v

Thv mpwTelouoaw - woothy pifav ToU « cupPohilopev Va. Té ouuPo-
Aov ¥V kedeitan piikodv, & v deixtng Tfs pilns ki 16 o dmépplov. Edv v =2
T67e ypéoopev Vo, fiis ikgpdler Ty TpuwTelovoay TeTpaywvikiy pilav ToU a.

Mévta T& dveotipw SikanoAoyolv Thv Aoyikhy iooBuvapioy
I‘ v

x=Va <> x'=qa |

L

&uecos B¢ ouvémeia aUThs elvon (];;)v = q.

"Qote, ouvoyilovtes, TO oUpPorov Va Exel Ts EEfis iSioTnTas -
1) "Eav a > 0 xal veN, 161 Vo > 0, pntos # &ppros.
2) 'Eaw a < 0 xoi v=2k+ 1, keN, 1é1e Vo < 0, pryvds §| &ppnros.

3) 'Edv a < 0 kad v =2k, 16T TO oUpPoAov Vcr Stv Exel Evvolow TrpaypoTI-
koU &p1Buol.

4) "Eqv aeR kol v= 2«, & TGV dvwTépw ouvdyetan T ch" =|af, tw &t
v=2k+ 1, T6TE ch" =a= (Vc)

5) Eis mw&oav mepimTaoow opilopev : Vf)f =0
Mapadeiypara: N& elpeBolv of mpwTelovoaon pilon Tév &piBudy :
V2, V=7, V6, VITE V3 3
Abog : *H mpeoTelouoa Ku[3u<r‘| pigq Tol 27 elven & dpiBuds 3, Bidm V27 =
—V 3= 3 ‘Opoios Exouev V 27 = V (-3 =-3.
E-rncns V16 = V2 A V(_Z)* =122
‘H V —16 &tv Exer Ewoiov TparypaTioU dipiBuod.
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5
‘H mpwrebousa méptrn pila ToU 3 elven ¥3 > 0 &ppnros.

74. IAIOTHTEEZ TQN PIZON.

A Ty Eétaow Tév iBloThTer TEY pildy Xpeiodoueda Thy TpdTaOW !
Afippe (Bondntiki npétacig). "Edv o Getikdv &pibudv o pvooTal Suvdpels el-
vou fool &pifuoi, TéTe ked of &pibuoi elven Yool

*Amédertig : 'Edv «, PER* kai o = pr, &mou peN, ToTe & Tiis P =
=(ax—P) (@' + P + ... + p*1) =0 wpokUTrTEL a—p =0 fy a=p, 516
Tt & Tapdywv ol 4 2P 4 ... 4 P elven BeTiGs, G5 &Bpoiopa BeTikddy
TrpoafeTéwy.

v v
Isiotng In 'Eav @ >0 xai v = 2k + 1, (keN), tote V—a =— Va.
v
T& péAn Ths todtnTos aUTis elven Trpopawids dpvnTikd. "Av Spws Ypagi) -Y—a=
v

= Vo ylvovron BeTikd. ‘Yycovouer T& péAn Tns els THY vuooThv Slveuy, Se Exouev:

(-V=w)=—(V=a)=—-(a=x ki (Va)=0o,
&a~V—a=YadV=—a=-¥ua

‘H 1516tns ot uds EmTpémer va Eetdowpey Tas drohoubous iBiéTnTOS
6w i@y UmobéTovTes T& Umdppila BeTikd, Bidmi Pdoer aUriis, TO TPoOTMOY
AN EépyeTa, Si& pilika mepiTTs TaEecws, EkTOs TOU pifixou.

oot 2a Pilm tiig adtiis tfeng nolianhacrdoviar i Srmpobvral, gav
nohhanhacwacfodv # SrpeBodv ai Dréppilar mocotnres abdtd®v Kai 1o ELaydpe-
vov 1£0f] (¢ Omoppillov mlikod tiig abrtiig tateme.
Eev Yo kai VE émou «, PeR+, elven TpwTevovoa pilan, T61e Vor =20

kai VB > 0. ©& d&modeitwuey ti elvon :

VE -VVE =Vva_a (1) kai ch_( : vaé,‘:v;:_a 2
“Yyolyer T& péAn T@v loothTow SicBoxixdds els THv vuooTiv Buvauw.
*Exopev @ 1) (va . Vvﬁ)vz (Va)v . (Vyﬁ)v= o - P rai (Vvﬁ)vzuﬁ, &pakaTd
Thy BonnTikny TpSTAGW EXOUEV ch_t . Vvﬁ =Vap

va\ (V&) _ o (Varp) —aipo-e
) =G, K Va:B) =a:p=—%
( ) (el - P

VB
&pa kord THY PonénTixiy Tpdtaow Exouev Va i VB T Va- P
IMapatipnog : Ai ioétaTes (1) kai (2) ypdpovtan kai oUTw :
VaB =/ /B xad yaB=va iv/p
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‘Ihbtng 3n Oenikds napayov fi Suapitng plikod ddvato va sioaydij Ond
10 pilikdv, g napaywv §j Swmpétng Tod dmoppilov, v dywlij sig v ddvamyv
100 deixtov 1ol plikod xai dvnictpbgac.

"Anédargis : 'Edv o > Oxai 4/B mpwTelouoa wooTh pila Tol B > 0,
T6e B dmobeifwuey &Ti i a4/B =4/ (1) kai VB =V€ @)
a av
"Exouev : 1) a4/P = \/d_” \/5 =/a"p
2) \/—ﬁ— Vﬂ ’ 8167&0::\“/5
Ai ioéTnTes (1) Kod (2) foxUouv Tpopaviys kel dvTioTpdPLS.

‘Iswétng 4n. Pila &hing pilng apibpod tivog icolitar pé pilav 100 adrod api-
Opod, Exovoav deiktnv 10 yivépevov tdvV daktdv.

v v
"Anéderlig: Oa dmodelfcouey &1 : V\;OT =V (1)
YyoUpev T& péAn Tiis lodrnTos el THY Slvouw pw.
v wy v vu
o ) — o B \uw i\
Sy (V\/’;—) T [(VJ&)] = (va) =axi(ya)" =
"Qore kora THY BonfnTikiy TpdTaow T& péAn Tis (1) elvan foa.

Thétng 5n Pila dyoblrar eig dovapy, Gv dywwbij eig tiv dovamv adriyv 1o
bnépplov kai tob EEayopivov EEayBii 1 pila tiig abrijg Tatewms.

v " v
*Arddarlg. O& dmodeitwpey &1 : ('\/CX_) = 4/a¢
¥\ \ ¥ . ¥ e WL v Wi
"Exouev : (Va)=\/a- Ve yVa . yJa=yara s oL a = ok

u
Oi pabnTai va kévouv ThHY &mdBet kai pt &Aov Tpdov.

‘Iddtng 6n 'Eav deixtnv pilng xai éx0itnv tob Dmoppifov abdriig mok/cw-
pev 1j Sunpéowpey (dv Srmpobviar) pé 1ov adtov guoikdv apiBpdv, 1| apOpnTiki
npf i pilng 6&v peraPadiieran.

v vp v ot (ot
Anddertlg ¢ ©& &modeitopey &1 Var = Vo (1) kad Vo =Varie (2),
ooy peN kai Bicapérns Téw v kol .
"Exouev, katodmiv Uyeooecws TG peAdv Tis (1) s THy Sdvopw vp,
U_ vp p— vp
) (V) "= [ (V) | = oty = aow rat (Voow )= v
xp__ ol ide
2) ©ktopev v:p=xkeN, émdte v=xp, f| & (2) ypdoetan Vo =Varir, Y-
Youuey T& péAn Tns els THY Suvauw px
Kn_ tp— K_ xp K.__ X ]p
“Exomev (Vd“) Wi (VG‘” ") = [(VG’“ ’) ] = (oviP)P =
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"QoTe kaT& T PonbnTikiy WpdTaow T& pEAN TéW foothTwy (1) K 2
igouvTan.

"Afwoenpeiotog roparipnoig: Tas dvwTépw 1816TNTas derdoapey, YTo-
BéTovTes BeTika T& Umdppile. "Edv Spws T& Uméppile elvar oxeTikol &piBpot
aronteiton Biantépa wpoooyh katd THY dpapuoyny Tév 1BloThTwr TolTwy,
0% gaivetan els T& kdTwbh moapadeiyuara.

Hapadeiypare : 1) Atv Swépeda va ypdyopey Vo VB = Vap, t&v a>0
ked B<O f &w a<0 kai B<0, otre V&| VB = Va/p. "Evé v a<0 xal B<0,
Buvdpefa v& ypdyopey Vct[is V—c- V=P xai V——— V—or]]/ —B, Biém—a>0
kai —p>0.

2) Adv BuvaueBa v& ypdpopey v;g=;a- & a<O.

3) Aty Suvéueba va ypdywpey ol P =Vo®p i a<0, P>0, 10 &pbov elven
aVp=—|a| VB =—Va®.
6

4) Atv duvdpeda v yphywuey Vod = Val' tv a<0, SidTi T& péAn THs iod-
3 3
TnTos elven Erepdonua kol ouvends Sidgopa. To dpov elvan Vb = V—(-af) =
3 6

6
R oy B e
6 3
5) Aev Buvdpefo v& ypdywuey Vo = Va écxv cx<0 8101’1 of d&p1Buoi 'Vo:x2

kel Vct elvon étepdonpor. To dpbov elven : ch—z = V(—ot)é = V——cx > 0.

75. TMPAZEIZ ME APPHTOYE TTAPALTAZEIL.

Kokeitar dpprrog napastacis, kabe apibunnikn fi Eyypappartog napastacig
nepiEgovoa Ev Tovrdyiotov prlikov.

Al mopaoTéoes a4 P V2, ——— 7T vu, Vx+ v eluou &ppnToL.

1) Ilpéoleois xai agaipeois.

OPIEMOE. Pilikd éxovra Tov afrov Selkrny kol Td olrrd Umdppifov dvo-
udovron Bpora. ZuvteAeoThs 88 pilikoU koAeiTon 6 PO aUTOU eUpPIoKOMEVOS
Top&ywy.

A1 v& elpwpey TO &hyePpikov dBpolopa dpprTwv HovWIHwY, Suolwy dx
Tpos TO pifikdy ToU Tepiéxowy, oynuaTilopev Ev &ppnTov povdovupov Spolov ¢
mpds TO pifikdy, Tpds TS Sobivta pt cuvtedeoThy TO dAyePpikdv &bpoiopa TGV

ouvTEAEOTGY TOV pilikéy TGV SobBévTwv upoveovupwy.
3 3

Mapodeiypate: o) To &bpoiopa TGV povewspwy — 3Vo?p, Voip,
3

3 3
5 VB, —-21362—;3 lootran wt (—3+1 + > —2) VP =— 2 Vap
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p) N& Eupeeq ) aﬁpowua V3u"x = 2V3c:x + V24a“
'Exouev V3u‘x =9 1/3ctx+ V24a4x =« V3cxx 2 V3ctx + 2a V3ux =(a— 2+

+ 20) V3otx = (3a—2) V3ax.
2) Ilo)harhacracpds kai daipeoig

‘O molfopds kal 7) Siaxipecis dppriTewv TapacTdoewy yivetan Smos kai
els Tas pnTas &AYePpIkAS TOPAOTAOES. ZUVETIGY TPETEL TX PIfIK& TGV Trapa-
otéoewv v elvan f v& yivouv ToU avtou Seixtou. Pilika 8¢ Biopdpwv SeikTdv
TpémovTan els piiikd ToU alTol BeikTov, tdw Seiktng kol &kBéTng Umoppilov  Ekd-
otou & alTddy ToAaTAaoiaodf &l TO TnAikov Tiis Sionpéoecs ToU E.K.TT. Téw
Bewtédv Bi1dx ToU Beiktou ToU pifikou.

3 3 3 .3 o 8
Mopadeiypata: o) 3 Voly - Vay V¥ =3V(ey) () y =3V =
= 3ory?
3 4
B) N& eupedii & ywdpsvov A= VYo - VB - Vy -

2 12 12 12
EKIT Beixrédv 1o 12. OUrtow : A—V? - VB - VyE= Vatpiys
B N
y) To TnAikov : \{‘u Wﬁ g—; (o, BeR*)
VP \/53

&) N& &xtedecfolv al mwpdieg (v +v ) (\/xu—i-‘\/q; ) *Exouev:
A=V o 1 VT + Yt VT
3. "Arlonoinoig.

A& Ths dpopuoyfis Tév 1BoThTwv T piléy, elvon Suvartov ToAAGKIS
pilikd fi &ppnTol TopaoTdoels v& &mAovoTeuBolv fi, STes Aéyouev, v& armio-
Troinfouv.

Hapadeiypara : o) v v_ _v Vx’ _VV _\? )=

12

=v§ P V‘Vu” ‘/]/o:2 Vas_ liﬂt Vot - VG5—‘VG’— Vo:" (a>0)

76. TPOITH KAAZMATOE ME APPHTON IMAPONOMAZTHN EIE IZOAYNAMON ME
PHTON IMAPONOMAETHN.

Skdmipov elvon vk peTaTpémeopey, 8’ Soov ToUTo elven Buvardy, kAdoua-
Ta pi &ppnTov TrapovopaoThy &g looBlUvapa ué pnTOV TapovopaoTiy, S16T!
olTw SieukoAdvovTar ToAU o mpdtes.
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ZuvnBéoTepon popgad ToloUTev KAaoudTwy elven of dxdAoubor :

1. Khaopato tijg popofic A = f—, B >0, vueN ki v >
VP

Uo?\?\m-rlacn&gouev ToUs Spous ToU kAdouoTos &l ‘\/vﬁv_-u

Otre : A= “"'3‘"“ _a VS o VF _a VE

i e e R ’
3 3
3 3 15- 3Y25  3Y25
Tl'.x. B o 3 = 3 — 5

L 7 V5 - VS’ VY5
2. Khdopato tiig popofic A =

x 2

— = . +
prvy 0L Wz vy PYER
‘Opropds. "AppnTol TapacTéoels dpTias TéEews Siapépouscn pévov G
TPos TO Tpdonuov fvds pilikoy, dvopdlovtar euyvyeis.
o) TO kKAdopa A TpémeTan el looBUvapoy i pPNTOV TapovopaoTy, v ol
Spor moM[oBolv Emi Thv ouluyfi TapdoTac ToU TapovoussToU Tou, ATIS
elvar dvrioToixws B F Vy

Ot Mmoo SB=VR\ _ SIE VP
AT T me-T . Py
il s __a@EV) @+

p - \’7 B-VE@E+¥Vy P—v
B) TloA/Touev ToUs 8pous ToU kAdoparos B &mi v ouluyfi mapdoTaow
ToU TapovopaoToU Tou, fiTis elven VB F Vy
O%tew: By = —% (VP — Vy) _a(VB-¥y)
T ATty B+ BTy B-Y
« _a(VB+YY)

*Erd et i
mions B, BT BTy
Lo a2 %3, S S S - I
X gy = 7o3 2tV gy =Ty =—(V2+V3)
o N T - 1
3. Khaopata tijg popoiic A_V.E:{:V?i 5 B,y, 8eR*.

Tpokeiuévou va Tpéwoopev &v &8 oy els iooBivauov wé pnTdv Tapovopa-
oy, mol/{ouev ToUs Spous Tou Emi piav ouluyfi TapdoTacw ToU Trapovopa-
oToU Tou.

OBt WA of T \ ' a(YVB+Vy +78) tede i)
e T Yty V6 (B V-8 B+ V78

COB+Vy+V8) _ a@B+Vy+7¥8) - oyl o

= = - = . Trofov elven Tfis popefis' 2 kad

B+Vyr—8  @B+y—5 +2Vpy ' i X
TpémeTen els icodUvapov uE pnTOV TTapovopxaTAY G5 TpoTyoUpévess.
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A A(VZ-Y3I-V5) _ AQEZ-Y3-Y5 _

X Y V3278 (-Vi+V® (2—V3-V5)  (Z-V3 -5

_ AQZ-YVI-VS) _ _AGZ-VI-V$ _ AQZ-VI-VHVE .

- 243-5-276 —2Y6 <12 - N
A

— — én'ov—‘
Vo & Vot Vot o e Vi,

tou elg iooBlvapa pé pnTOV TapovopaaTiy, & cuvexdds Tol/lwuey Emi piav
ouluyf] TopdoToaoww ToU EKAOTOTE T aoTol, uéxpls 6Tou & Trapovoud-
oThs yiv pnTés.

4. Khdopata tijg popofig A = — k ——
Ve + VB

Tevikdg : KAdouara Tis Wopefis

1) A& 1O KA&opa A Biakpivopey BUO TEPITITCIOELS 2
a) 'Edw v=2k+ 1, keN, TéTe 16 KA&oua A ypdpetod.:
—r:,-vw ~ { v . v v _'V
K (R whps "( a) + (VE’) B
= Se+p v v_T +ﬁ %
\/'+\/p M '\/F_ix/'é' Ya +VE
i tL_(J_/g"_ Vi + VaTFo . 4 VET)
B) ’Edv v =2, keN, TéTe Suoiws Exouev : 1
inr eyl el R S (\/3) — (ve) il
\/a+\/|3 P VarvE TP Ve
=5 (\/w-‘ ~ VT 4 VTP ... V)
1 1 S (\/2)4‘(\/3)#
X 3 3 =2+3 _:’T 3_-_.—5-. =
VZ+V3 VZ+3 «/2}+«/3

1 A et 2
=5 (Ja-ve+vs) X
2) To xAdopax B ypheeTan :

B—_ A ___A ooy RO i 5 gl
o= v T a—Pp° v _ v T a-—-p ) v _ v _ =
Ve-vB Va—+/p Va -/

o "—afg‘ (o= +yap+ ... +VE_) S et
m oot wyr vwlyag ____1_(\}2‘)"(\4/3‘)4=
X‘ A ‘_|_2—3. 4 T e W i _4__
ol VI-v3, V-3

e BNk 08\ A FTHAY
=- (V8 +VI2 4 VB + V1)
Enusinog. 'Edv 16 kAdopa elvan Tfis popedis |' =

, &mou «, e R*kal

Ve VB
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v, HeN, téte mpdTov KabioTidpey TOV TapavopasThy Exovta pilikd Tol alToU SelkTou
kal Emerta wpoywpolUuey ds &veo.

¥ 1 1 I 4-=97
X 53— R - B 8 4 ST e T
V2 4+ V3 VE+ VT VT 4+ /27
! - (-y Sl S
&5’5_ 1 (va ) (\/27) o R T GIERE S $ oo
R ~_53‘—(V45 — V4 27 + V43 - 272 — V42 . 2734

\/4 + V27
6 6
+ V427 — V275,
<L
77. AYNAMEIE ME PHTON EK@ETHN.

EiSopev &1, kot Ty 6ny i8i1dtnTa Téw piléov, Suvdpeba va Sicupécwopey
Befktny pilikoU ko éxBéTny Tol Uﬁoppigou Tou B1&  ToU a¥ToU guaoikoU &p1Buoy.
Ou-rco, éaw a>0, uveN kai p=wx, &mou keN, TéTe Sik THY TpwTeloucay

pllav \/0(" Ga Excopey :
'\/Ot“ —-\/a“ﬂ(\/o:") =a* = ay. Anhabh PAémopey &1t O oUpPo-
Aov ov éear Thy Ewolaw ToU ouu[%é?\o\J\/c:T, &g’ boov PePaicos TO -u"-‘- elven gu-

oikos. "Edw Sucos T %Sév elvan Quoikds TéTe TO oUpPoiov auT Btv Exel kaupiov
Evvola, oupQwYws TTpds TOV OpiopoV Tﬁg Buvduews. Zxdmipov elva, dTreos yevi-
KeUgwpey Thy Ewolaw Tol cupPdhou a v kol Bid THY TepimTwow, kol fiv 16 Jﬂ-
Sev elven quoikds, AN v yévr:l pnTds.

Od kalobpev 10 odpfolov a_v dovapuy 1o o pé EkOETny pntov, kai dpilopey
va n::pwtﬁ Ty voootiiv mpotetoveay pilav tiig puestiis Suvipcng tod o, ijtor

MV A/a4, Gy —':— > 0 xai o > 0 xai v dvtictpogov adtiig , av % < 0 kai

Yo
a>0
; . e M 1 g \
O& ypbywuer av =4/a kad oV = — =-—, omou yveN kad a>0.
av \/u_g'
b G - 1t 8 12 6 C e 1 1
LY. o3 =4/a4, o:l-z=(xlT)=o:T=\/c(5,o;—_2_ =
Va

H
Enpcioog TMpémer v dmopedycouey v Epopudlwpey TOV oupPolioudy av
Stav a<0, 816‘1‘1 mfovov v oTepfiTon évvoias.

[P 6 6 3

Tx. (- 8)3—‘/—8~—2 [ (-8)C =/ (=8 =\/B =y/B= + 2

Mpopavéds (— 8) T # (—8)%
"Qore, Pdoer TV TeBivTwO Sproudv, Tice pita ddvatar va ypagij dg 8-
vopg pud EkOETny pntov.
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Al véan abTad Buvduers pt prtov éxBétny Utrakolowy els Tas iBi1dTnTas TEY
Suvdpecov pé EkBéTas oxeTikoUs dxepalous.

78. IAIOTHTEEL TOQN AYNAMEQN

1) To ywopevov dvvapewv tod adtod &plbpoi‘: a>0:
» 5 Yo A T 7 R vh
"Exouev : a¥ - a*r = /ot - 4/ar =/ 4 Sa = S =
uh+xv

[0 x
=q Y+ :C(_V +

T
2) "Yyoeig dvvapesmg eig ddvamv :

"Exomev (cx%)% = V(ap )K ]/c:u VVQM = VOF; —

uK

_alv —C(" 3 K

3) "Yywaig yivopévov eig _ﬁi)vauw:

v

"Exouev : (a - ﬁ-y)T:\}(q-p-y)u = /o Pr o yE =

v v___ v L By
=V& /B =a . B
4) To nniikov 600 dvvapewv tob a > 0:

o
v

X

"

3 R AT VA VA v
‘Exouev : ¥ :ar =yfa* q/ax =4/t : A O = ot Y =

vl____ HA—KV n K m K
:,\/aul-—lw =q Y* =g A (T > T)

5) 'Yquoclg xlc’wum‘og Blg dovapy :

o (3= V(T =V B j_ﬁ: =k;

Ar o?\ctg Tds TepiTTwoels UeTeln o, PeR* kai v,k eN

n 1
Inueioog. 'Emady a = v = T gmeTon 8T of dvwTtépw IB16TNTES loyUouw kol Bidk
av
Suvdpels pé ExBéToas pnTous &punTikols.
Ol pofnTai SUvavton vd SiaTutrddoouy Tous kKavovas TGV iBioTnTwv TV
Suvapecwov pé EkBétas prnTous &pifipods.
Mapatipnoig : 'Ex 16v dvwTépw ouvdyeTtal 6T1, & AoyIlopos uE pilika Ko-
Horatar oAU elikoAos, dTov ToUTo dvTikatoaoToBoUv pé Buvduels pd EkBéTag
T TOUS.

SR T FNY B AN S Mgt =
;Eq,apuw"]: ('\/62 -\/d;; .\/0!)'\/‘1“ =(G3 s xSl .0:2):“6 —
53 9 4
=aﬁ:ctT=otﬁ= lsdT
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AXZKHEEIZ

224) N& evpefoiv ol mpwTelouoam pfcm TGV dpleuc'.'w:

1"8 1’—27 131 1’32 1/’—243 Vlﬁ’ V 57 V243. ¥0,0256

225) N& eipefolv SAecn o mpayupatikal pilar Tetédprns TéEews Tav &piBudv :
16, —16, 49, —10¢, 81, 0,008l

226) Na& dmAomoinfolv al dxdAoufior 'rrotpcxc'r&cslg
4 5 10 9 15 3

¥Z5, 1149 Yo, Y32, Y-512, Y=243, Y—27ap?, ‘\/‘-a’ﬁﬁy“’ ‘\/64::“ %0

227) Na& éEaxBow txTds TS pigns ol Kcrrdt?\?\q?\m 'rrotpdyov'rsg
3 5 +
Y40, 1—24 Y320, V—9s ¥0,1250, VS4W Y32x'\pw‘, vxm vxm vz YI6xPgt

228) Ol iktos Tav midv maphyovtes v eloayfolv tutds alTis.

3 : Ity
y2, -2v-7, u\'3tx. cL’]’:W—uﬁ —2ap?y ’V—uﬁy, («+B) Ya—B, V9xzw:'

=+ﬂ «—B
a—p u+ﬁ

229) N& edpeBolv T& &xdAouba ywdpeva kai TnAika :
3 3 3 4 4 4
1) 5Y18-3V8, 2) ¥6- ¥30- Y150, 3) V24.4/48-\/38
3 3 3 v v v
. 4) Y75aPy - 2 V6a®By® - VE0aiBy®, 5) Vxiw 't 4/ gV at - 4/x7-0ys
L 5_ 10 4 6 12 4 4
6) Va-\/@ 4/af, T) 34/a-TA/aB- /BB, 8) 54/18:4/8,
« 3 il 1, g 3_ 3_
9) 44/712:24/2, 10) (1?(:‘&‘- ay/BY : v/ apn

230) N& amhomoinfolv al dxkéAovBor Tapaotéoers :
3 v—1
2] - 7 3
Vi Vir Vo =) Vi,
3
VTR iy, VTR VTR

231) N& etpeBolv T& dhyePpik& dBpolopcra :
3_ 3_ Al = 3“ 3__ 3_ 6_ 4 3 o
DV5E-VI64+VIZ-V3, 2) VA +VI+VIB, HVIE-Vi+VI
e 4__ 6 LA 8 S 3 N 3 Al s 3 ol
4) V50 -V324 - V2016 + V756,  5) 9V2ax — 3V 6% + V' 7x
6) Vo' +4 - 5V Tat +VxiFaix? + V919
c:’+n’ _1_ 4o 4 4a® 3aqy/a+1

—x? X x—1_  xkKx-—1
232) Nc’: ixTedeoBolv al dkdAouBor Tpdlers :

75

3 3 3 3
(V81 +2 V2d -47373) V=3, 2) (x- a+Vp+a) (x —a— YVB+o2)
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3 3 3 34.‘. i 3
VB +YE) 4 (VX =V 9)(x+y+ VX + Vx'y)

.. 3., 3.
HWa+7P) (Ve -
4 4
V&) (VX + Vxy + V9 )

4
5 x¥X -y Vg ): (V=Y ¥), 6) (Y%
7 BaVa +a+Va —2): B3 Va —2)

233) T& kéTwdh KAdopata v& Tpamolv els igoBlvaua pé pnTOV TOPAVORTTHV.

L o? v a+ P 2) G_ 280 7 - o:+V_[3
pVa '_’?u v,v,’hw 1+Va "Vx +Vv o VB '
Yy +vy ¥x )\/x-c-\p+ VX —y ) VX —/y ; a=-p
x+vVe | Vxty—-VE—v l/x+vy a«+p+2Vap
= = = 5 5 1 11
/_2_ _\@ _‘/_5 +‘f§, 4) 3 i I_YT w4t AL -
5 B~ —4/f 2 V243 1= 42 3-y2  yE-y3 -

234) No& ékteheofolv ol dxéhoubon Tp&es
1 V-1 _ x—/x—1 21/2x+kp+1/2x—~\y VI Ay — V2 -y

'
X—/X—1 x44/x=1 \/2x+~p —V/2X—v \/2x+w+\/2x—

1 2 I—a 2 1 I
)\/+u\/q-——4)3 3 F53

vi—e i+ Vi-oa' o e+ 1/0:’—\/0(+1

235) N& &xtedecBolv al drdhouBor mpdtes :

D ( +32l")'(2§'— &) D (2;“+3;-)" 3 (22—+3;-_1)', 2 (v )%'
(Y‘;—)}v—‘_ 5)(u;_—ﬁ;_)(a- 24p” 2) 6)( 3 +a sﬁ 3 +B _i)'(cx—_;_ﬁ_%)

3

D (%‘”:i_) :(a_‘;—a“ ‘3)

236) N& &mhomoinfoiv al TapacTéoels :
x4

1) 3 1 1 3 1 1
as + o Pa oz + Pz a7 — 203 + 1

1oL 1.1 1_2'_1
a—p c:le: +m:ﬂz 2)u2-~u+ T
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KEDAAAION XI

MITAAIKOI API®MOI*

79. ANATKH EIZATQIHE NEOY EYETHMATOEL APIOMON.

Eis 10 kepdhouov «dwdAuois dxepaiwv &Ay. TapaoTdoewv els ywdpevoy
TapoydvTwwy (TepiTrTwals 6n) eidopey, 6T1 TO Tpicovupoy ¢(X) = ax® + Px + y=

= C([( X+ —2%-)2-—-- 4%,] Sid A < 0 B&v Buvaron va petaoynuaTiodf) el Sio-
popav &Uo TeTpaydvwy, BidTi & Spos % Btv elvan TeTpdycovoy TrporypaTIKOU
&p1fuoU dos &prnTIKSS.

’Emrions &1 dpiopévos Eiowoets, ¢ of x24-1=0, x24+4=0 # Alos
elvon &duvarros v R.

Mevikéds 8¢ 1y looTns x* = B, ¥XxeR A BeR — A velN,, elvon &8Uvaros, 816-
Ti oUBels TparyuaTikds GpiBuds Utrdpyer X, Tou étroiov fi dpTia BUvaps vé elven

dpynTiKds &p1Buds.
2v

*Axbun eidopev 11 YoaeR-A veN 16 oUuPodov 4/ Sitv Exer Ewolw Tpa-
yuaTikoU &piuou.

Ta dvwTépw dAyePpikd Béuara kol dAAQ ouvagf] auTdv Euevov SAUT é-
Xpis étou A Embupia TGy Mabnuarikdv, dmws Swoouv AUow els TolaUTa Bé-
parta, wNynoey eis Ty émwvdnow évds véou ouoTriuaTos &piBuddy, EmiTpérovTos
Ty émbuunThy Alow.

Olrws elonydn &v véov oUoTtnua &piBudy, 1o émolov dvopdatn cieTnpa
QavTasTKGY apiOpdv. ‘

“Ev TooUTov oUoTnua &pifudv Bik v& yivn Sektdy, pémel v& Umakoun
eis ToUs yvwoTols péxpl ToUBE vopous, of dtroiot ioyUouy Bi& Tous Trpory LXTIKOUS
Gp1Bpovs. Aeydueda Si1d TO véov oUuoTnua T@V guvtastikdy apbpdy, &1 Uma-
KoUg1 els ToUs vdpous alTous.

80. ®ANTAZTIKOI API®MOI — OPIEMOL
Méw oUotnua &pibudv Exer plov povéde. ToU ouoTruaTos TGV PaVTaOTI-

(*) Ty Ozwplav tév piyaduedy dptludy Beperiwony of : D’ Alembert, Euler, Gauss.
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K@y &p1fudy THy povdba TrapioTduey uE TO ypduua i, dpyikov Tis oAk
Metews imagineure, kai Ovopdlopey aUTv @QaviacTikiy povada. "H gaviactixi
povag i, opilopev dmog Exer v idloTNTY, TO TETPAY@VOV TNG OC Kol 10 TETpd-
yovov tob avulitov adriic —i va igobtar wpog Ty apvnuiknyv povada. ‘EE opi-
opolU Aolmrov Eyopev :

Al fodtnTes (1) xabioTouy Suvchnv ™V ?\ucw Tiis tlio. x24+1=0, &g
TOUS q:avTctc'nKoUs apibpous, B16T
+1=0<=x==1<>x2=(+4+1) :x—i:

Bl mAéov ai fodTtnTes (1) SnAoclv ém ! \/— =41 (2

®aviaotikog appog kodeiTan s dp1Buods, 6 dmoios yiveton Bia Tiis Erava-

AMpews Tis pavTaoTIkfs povédos i, fi kal Tfis dvTiBéTou — i, kol TGV pepdd alTs.
OUreos of dpiBuol 2i, — 3i, =i, — =1, 0,25 elvoa gavragTikol. H yeu-

K7 Hopn) Evds gavTacTikoU &pifpoU elvan @ Bi, dmou B # 0 eR.
"Eri TH Pdoer tév TeBévtoov Spioudv, 1| tetpaywviki pile ravtég dpvn-
koD apiBpod eiver apbpog gavtastikdc.

Mpdyuati: MaeR™: y/a=+/—1 /] A v/ =+i = \/0‘ +iv/[e]

"Ex Tév BUo TeTparywvikddy plng TOU &pUNTIKOU « &p1fuol o oULPUWVOUMEY
Bid ToU ouuPBOAOU /q, V& TTapPIoTaVWHEY THY §4/ [, Thv &moiav kehoUpev
npotedoveay TeTpaywvikiy pilav ToU a.
Mx. /=16 - 4/=9=iy/16 -i4/9 =i?y/16-9=(-1) -12=-12
M Spbf mpdtis 1 4/ —16-4/—9=4/(—16) - (=9) =+/144 =12
Al axépowan dvvapsic tiic gaviastkiis povados.
"Exoew iy L) i%=1
il=i ¢t Spropou
t=—1,(=-)2=-1 1
P=i2i=(—=1)i=—i
=2 =(=1)-(=1=1

f=1i=1li=i

2) Tevikdds :
{AY =l Y= R =]
k=g tr) = boni—sj
iVt =gt =1 (=1l)=—=
i g B L G =il

YveN:

i—v = Tlv‘ (Avvarai Tipad ¢ 1,1, —1, —i)

(*) Tév eupPoropdy tobtov Exproworolnes o mpdtov 6 Gauss, d&aa& 6 Euler (1777)
tov elafyoyev dproTinds.
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IMapatnpiioss @
1) Al Buvaral Tipad TéV Suvdpewy Tou 1 elvan i, —1, —i, 1 kai évoAAdooov-
Tl TEPLOBIKGS.
2) Al &prien Suvauers Tfis i efvon of mpoarypoTikol apifuol + 1, — 1.
3) Al mepittal Suvdpeis Tiis 1 elvar ol pavTaoTikol dpifpol i, —i.
Mepodsiypata : 1) N& &modexbij 6T i7"+ 18 +1°+i"=0
Aot : T4+ 841"+ i=i"(l4+i+ 24+)=i1"(l+i—-1—-1) =
=" 0=0
2) N& elpedf] | Tiun Tfis mopaoTdosws A =i + rlla— + 21t 4 3i2

Aot : A=(ii)“+:1—i+2-1+3(—1)=(—1)"+i+2—3:(—])"—-1+
+1 "Omep WVv=2k,keN, :A=1—-1+i=i

Vi=2k41: A=—1—-14i=—2 i
3) N& ebpebolv o Suvaral Tipad Tfs mapaoT. : A=19+ 11+ 24184 ... 41V
AVois : @) 'Eqv v =4k, dmou keN Eyopev : Ai=1+i—=1—i+4 ... 4+1=1
B) 'Edw v=4x+ léxopev: Ay=1+i—1—i+ ... +1+i=1+41i
Y) Edv v=4x+4 2 &xopev : Ag=1+i—-1—i+ ... +14+i—-1=i
8) 'Eav v=4k + 3&youev : Ayj=1+i—1l—i+...+1+i=-1-i=0

81. MITAAIKOI API@MOI (COMPLEXES) — OPIEMOI *

‘Eav a, BeR, 0a dvopalopev pyadikdv ambpov 16 ahyefprxov GOporospa
tiic popoiic @ + Pi, Gnov 6 a drotehel 10 npaypatikdv pépog, 6 62 Pi 10 pavtacti-
KOV pépog abtol.

"Emre1dn) S1a p =0 elvon a =+ 0i kad Six a =0AB # 0 elven Pi=0+
+ Bi, &meTon 6T mls &pifpds mpayuoTikds eiTe pavTaoTIKGs BUvertan va Tedf
Umo Ty popeny pryadikoU &pifuod.

‘Enopéverg 10 chotnpae tdv myadikév dmOpdv nepiéyel té ovotipata tdv
MPOYROTIKADY Kai TAV QaviasTikdv apfpdv.

"Av ouvetréds elvan : I 16 olvohov TéY pavtaoTikGy &piBudv Bi, R TO ou-
voAov TGV TrparypaTIkGy &piBpdv a kad C 1o olvorov Té&v pryadikédv &pifuddv
o 4 i TéTE EXOMEV :

REc G, lc @ RoOI=¢. (RUl).cC

Eis Tov wiycBikov &pibudv Z = a + Bi mapaTtnpolpey, 6T1 peTolU TV
TporyHaTIkGY &pifuddv a kai B UpioTaTon pia SipeAhs oytols. ‘Emouévess Suvd-
peba v Bewpriowpey 6T T o kol P &moTedoly SioTeTarypévov (elyos (o, B)
kad ouvetréds va oupPoliowper ToV pryaBixdy &pifudy UTd popehy SiocTeTorypé-
vou (edryous pg Tp@TOV oTOoLXETOV TO TRoryMarTIkOY pépos kad BeUTepov TS gavTa-
OTIKOV pépos oUTOU.

(*) Blvar d8dvazov dg dnédefev 6 Weirstrass, va Gmdpky oboTyua yevixdTegoy ToD @i
yaBuxab, elg T bmolov va loydouy Blot ol vopol TéHv Teaokpwy TedEcwy.
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Orw Eopev : |Z=a+ pi=(Pp), Vo, PeR

"Apecos ouvtmela Tau véou gupPoiouoU elven OT1 :

1) Mag rpoypanikdg apbpdg elvan tijg popefis (e, 0), aeR

2) Ildc pavtactikdg apbpdg sivar tijg popeiic (0, B), PR

Tpds Siagwpioudy Tév pryadikédy &pibudv Tiis popefis (o, B) e p#0
&md ToUs wryaBikoUs Tiis mopefis (a, P) Ve, BeR, ounpawvoUpey ToUs TPCITOUS
va ToUs kohoUpev kaBapodg puy. dpBpovs.

82. TNPAZEIL ENI TON MITAAIKON APIOMON.

‘Opiopoi: 1) KohoUpev ovluyfi ToU wiyodikoU &pifpot Z = (o, B) =
= o+ Pi, Tov myadixdv dpidpdy Z = (o, — B) = o — Pi * avaiovluyd) 5¢ Tov wiy.
dpiudy Z, = (—q, B) = —a + Pi

2) ToUs wyoed. &piuols Z= (&, P) =a+Bikad —Z=(—,—P)=
= —a— Pi koAoUpev davribitoug.

3) Mézpov §j anélvtog npf) ToU Z = (a, B) = a + Pi kodeiton & pfy Gpvn-
Tikds &piBuds + Va4 PB? ked oupPolileTen :

o=1Z|=|(%p)=|atpi|=+ VTP

Al Trpdtes &l Téw pryedikédv &pifpddv yivovtan s kal gl TGV Brwovl-
v o + Px kad y + 8%, &mou & x elvon 1) pavTaoTIKA Hovds i, kaBOTI EBEXOnuey
ioyUovTas Tous péxpl ToUde yvwaTous vdpous Eml TV TPOCYUATIKGY GpIOpGV.

Iotnteg Tivig tdv mpalewv.

a) Oi pyadikoi aGpBpoi, pndevikds, povadiaioc.

1) "O pndevikdg pryadikog apibpog dnapyer kai sivan Evag kai povog 6 0 =
=0 + 0i = (0,0).

Mpéyuat : *Eotew &t elver o 4 Pi = 0, émédTe a =—Pi = o = (—Pi)*
<af = PA2<a = — Pi>o? + B2 =0.

Td o' péhos of + P2 elvan pf) &pymTikh ToodTns kol Emealdn fooUTan pe -
8y, fmetan 6Tt a=0 kai p=0.

“Qoe, dw a+Pi=0<=a=0 kai p=0

2) “O povadiaiog pryadikog apBpdc drapysr kai slvar Evag kol povog 6 1 =
=1 + 0i = (1,0)

Mpéyuam : *Eotw 6Tt elvan o+ Bi=1, éméte (a—1) + pi=0. "Apx
a—1=0ked p=07 a=1 kad p =0 xal ouverdss e+ Pi=140i=1

B) Oi ioor pryadikoi apibpoi

‘H ikavi] kai avayxaic oovBikn, tve dbo pryadikoi apibpoi sivan iool, sivai
va Exovv 1@ mpoypetikd pépn ioa kel tobg cvvrehestag tob i ioovg. "Hror: a +
+pi=y+di<a=7yAPp=20

Tpdryuar,tdv o=y kai =35, TéTe A+ Pi = y + 8i. Edw 8¢ elven o + Pi=
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=y +8i, Té1e (a—y)+ (B—8)i=0«kal ouveméds a—y =0 kai p—-8={,
Srea=ykaip =25
Inueioowg: "H oxéois iodtnTos pmiyabixév &pi@pév elvan :
1) abroradis: fiTor Exopev (o, ) = (o, P)
2) ovppetpixiy fitor Exopev (g, B) = (y, 8) <> (y,8) = (&, P)

3) petaPanikis fTor Exopev E:t"' g; i g" g } = (a,B)=(e,0)

Mia TolaiTn oxtols koAeiTan oyéoic iooduvapiog.
Ai npagers tijg nposdicens, nollanlaciacpod kai Saipéosag.
"Exopev : Vay, a, Br PeeR : (o + Byi) + (oo + Bol) = (e + @) + (B + Bo)i
oy, o, B B2eR : (o + Bai) - (o + Bol) = (oqo, — BiBs) + (P +

+ &, Bi
‘H &paipeats (o + Byi) — (o6 + Pai) dvéyetan els Thy Tpooheaiv.
OUras, Exouev (o + Bul) — (@ + Pai) = (o + Byi) + (— o — Bei) =

=(a—)+ B—P:)i

To GBporopa xei 16 ywopevov o oviuydv mdadikdv appdv eivar apr-
Buds mpaypatnxés.
Mpayuary, Z +Z = (a + Bi) + (a— pi) = 2«

Z:Z=(a+pi) * (a—Pi)=a'— (B =a? + p*

‘O myadikdg avristpogog tol apiBpod Z = a + Bi # (0,0) orapyer xaiciva
évag kai povog, & Z-1= (a+ Bi)-' = ﬁ—f—?!—% i

TMpdoyuary, tav Z = o + Pi kai Z-! = x + i, TéTe Tpémer (o + Pi); - (x-E
+y)=1=1+40i = (ax—By) + (ap + Px)i =14 0i <=

o

ox—Py=1| X=GIm
A RxamDp ™ i g
\P_uz_*_ps

KodoUuev nnhikov 800 piyadikdyv apibpdyv Z, = o, + B, Z; = ay + P,
émou Z, # 0, Tov uryaBixdv &piBudv x + Wi ToloUTov GoTe :

(o +Bal) © (X + D) =0+ Bii = (cux — Pay) + (cuy + Box)i = &y + Byi<>

% o0 + BB,
GX —Puy =y } o, T ot + B
%Y + Bx =B s a0 - 1__.;432
ay? 9"

a0, + ByPs o %P, — 0By i
@? + Pyt a? + B2
Ak Ty elpeov ToU rmhikov 8o myadov Z, = o + Bi xai Z,=ay, +
+ Bsi # (0, 0) épyaldpedba kai dos s :
Ly P = B (oq + Bil) * (o + Pei)—t =

: oy —Be : _ o + BBy asPy — Py -
:(cx1+l51)-(%2+ﬂ2,+ e 1! ) e T e

*Hrtor Exopev : Z,: Zy=x"4wi=
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"Emlong 1) wpékis Tiis Sicnpéoews yivetan duows, &v woh/owuer Tous Epous
ToU KAGopaTos i Tov ouluyd miyoadixdv ToU TrapovopaoTou.
G g e e e
‘H yoow pyadikod apbpob sig ditvapuy,
"Exouev : Z* = (a + Bi)? = a® 4 2aBi + P22 = (o — P?) -+ 20pi
23 = (a + Pi)® = &® + 3a? Pi + 3aP?i® -+ P? =
= (o — 30p?) — (B* — 3a’p) i

83. QPIZMENAI BAZIKAI IAIOTHTEE TOY METPOY.

1) Ol wyadikol &piBuoi o+ Bi, «—Bi, —ax+ Bi, —a—Pi Eow T
oaUTO pETPOV.

Olrw : |a+Pi| =|a—Bi| =|—a+ Bi| = |—a—Bi|=+ Va2 + pt
2) Oi mpaypaTikol wiyodikol &pifuol (o, 0) = a = at oi Exouv pérpov
v |al. *Hror: [(o,0)|=|a+oi| =V = | «|

3) Oi gavraoTixol &piBuoi (0, @) = ai = 0 + ai Exowv pérpov |« |

Hror: [(0,0)| =|o+ai| =+ Vo? = |«

4) T Tetpdywvov ToU pétpou &vds wiyad. &pibuol Z = (o, B) = o + Pi
evon foov pé 1o ywduevov adrol émi Tév ouluyd Tou.

Hroi: Yo, peR: [ZP=Z.Z = (Va@FB¥)’= (a+Bi)-(o—Pi) = o®+p?

5) Té uétpov ToU ywoubvou SUo wryed. &pibucv Z, = (o + Byi) kel
Z, = (o + Pyi) icoUTon pé TO ywbpevov TGV BTV oUTEw.

Hrow: |Z,-Z, | = (ey+ Bai) - (oo + Bad) | =V (0e—P:Bs)* + (cuPyt-ouBy)?=
=V(‘312 + B (e + B = Voo + By® - Vt?—f——ﬁ—f =|Z|]Z]|

Mevikdds Exopev : | Zy- Zy ... Z,| =2, || Z,]|... |Zy]

Oi pafnral va &modeitouv Thy iBiéTnTar TaUTY Bidk Tpeis kai Téooapas
&mbuous.

6) TS ueTpov ToU dvTioTpdgou Z-! ToU wyod. dpifuol Z = o+ Pi ioou-
T pe TS dvtioTpogov Tou pétpou ToU Z - (Z # 0)

Hror 123 = |G+ B =t -t i = Vb T e

i at-L B V 1 o 1 P _1_

(u’_l_ﬁl)l_ uﬂ_*_B!_,\/aTW—lZl

7) T pétpov ToU TrnAikou 8Uo piyad. dpiBudy Z, kai Z, # 0 looUTtcn pé
TO TrnAikoy TGV péTpeov aUTEY.

"Hror : ‘ ’

Zl == Zl
2l=1z-z =1z 12| = |z e

1
REARNEA
8) To uétpov ToU TnAikou Slo ouluydy pryadikév dpifudv elvo fy Tpary-

Horriky povds (1)

WnpionoBnke amé To lvotirouto EknmaiSeuTtikrg MoAmkrg 133



Mpdywam: 1 Z | _1Zl_ g |2]=|Z]
18- 2UEER A

9) Té pérpov tvos pryadikou &piBuol Z = o + Pi elvan undty, dtav a =0
kai B =0.

Mpéryua : Exopev | a+Bi| =0 = Vi +p2=0 = «®+p2=0 = =0
kad P =0. *AvtioTpdpws : Z=a+ Bi=0+0i <= |Z]| =Vai +p*=0.

10) *H i816mns ¥ZeR = | Z|* =Z* &tv ioxle, STav elvat Ze(C—R).

Mpéypom : & Z=a+Bi (B#0), 161 |a+Ppi|*= (V& + P2t =
= o + P2 ’EE &\hou Exopev (o + Pi)? = o — B2 + Zafi.

“Emropéveos 16 | a + Pi |2 8t looUTten mpos To (o + Pi)?

Inpovikn onpeiooic. '1516TnTes Twds TAY GTMOAUTWV TIHGY TGV TPy HA-
TGV SpiBudy Btv loxloww S1& Tous xafopous Wryadikous dpleucéf (i30T
10 Tfis &vw Traporypagou).

84. T'PA®IKH (TEQMETPIKH) MAPALTAZIE MITCAA. APIOMON

Mvepilopev, 6T & Siaretarypéva febyn (X, y) ToU ouvéhou Tou KapTe-
olavolU ywopévou R? dmeikovilovtal dugipovoonudvTas els TG onueia Tou &mi-
médou Téwv dploywviwy &Eévewv (KopTeoiavov émimedov).

Oi wyadwol &piBuoi, ds SiareToypéva [ebyn mpayuoTikdy, SuvavTal
ouveTéds v& TrapacTaBoly &md T& onuela ToU emiméSou Tév dpfoy. dtdvev.

MpdypaTi, & uryadixds dpibucs (o, P) = a+ i, 8mou «, PeR, d&meio-
vileTon els &v pdvov onueiov M (&, B) ToU mimédou, TO dmroiov Exel TETUNHEVTIV &
Kai TeTorypbvny B ko QuTioTpoPws, TO anuelov M (o, B) e ouvTETayBEVaS (e, B)
dvrioToiXel Tpos Evar kol pévov dopiopévoy uryadikov &piBudy (o, B) = o + pi

- = =

"Hrot. | 7’)/5\px'sm-rrou Eixcov
! Ya, PeR : (o, B) =a + pi «—>M (o, P)

Olres Umdpyel dugipovoofipavTos &vrioToixia peTakU Té@v pryaBikdy
&piBpdy ToU ouvdhou C = { (x,y) [ (X, p) wyodikds &piBuds } xkai Tév
onueicov ToU émmédou. "Emri ToU Emimédou

ToUTou & &feov TEW TETUMUEVCOY Kal TeTory-

pévcov dvopdlovtar dvTioToixws GEmv TdY

‘fl,‘| npaypanik®v kai GEov @V QavtacTIk®Y,
16 8¢ érrimeSov pyadikov f| mohikov  Emi-

P08 o« M é) redov 7 Sidypapua ToU Argand (ox. 84.1).
: Emrions Suvapeba v Exwpev  piow

pLed) ?Nﬂx ik &uipovoofipavtoy  GuTioTolyiow peTokU
X L X 1@ wiyad. &pifudv (o, P) kai TGV Siowu-
G e(1,0) N («,0) > o 5
opoTikdy drriveov OM s Tpos 6 onueiov 0
Y Zx. 84.1 ToU tmiméSou. ToUTo SiamioTouTar dpoiws.
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Ot | i, B)eR? (o, B) = (a+ i) «——~ OV, Smov M (o, Bﬂ

"Emreidd) | OM | =4/ + P2 kol .| a+ Pi| = 4/ a® + P2, &pa TO pfjkos
100 Browiopoos OM TopIoTE TO péTpov ToU Wry. &pifuoU o + Bi. “H mwpoon-

pacpévn yovia 8 = (OX:\OM) kaheltan Gpiopa ToU o + Pi.

o °‘ ; S B
Elvar 8¢ ouvd = = T kol npé = O VT
“ : N T a . B =
Olrrwd, V(o B)EC: o + Pi = 4/ + P2 (\/a-_+E= +i \/a*—_ﬂ'*) =

= p (ouwbd + inpd), &mou p TO péTpov kai O TO dpioua.

To pétpov p kal TO Spropa © vds pry. &pibuou o + Bi, Exovros eixova TO
onueiov M (g, B) xoAoUvton molikai ovvietaypévar froU onueiou M.

"QoTe, s pryadikos dpifuds SlvaTal v& ypoagi UTO Tas popeas o + Pi
kal p (owd + inud). ‘H mpd>tn koAeitan Kaptesiavi popei kol f) Seutépa Tpi-
YOVORETPLKT] HOpOT|

Mapéderypa : N& Tedij md Tprywovopetpikiy popeiy & Z=1414/3

Exowsy [Z|=+/TF3=2 owd = Lxai nud= Y2, &a p =2 xai

6= 60° ‘Emopévers Suvdueba v ypdpwpey :
Z=14i4/3 =2 (ow6 0° + inu 60°)

85. TPA®IKH ITAPAEZTAZIE TOY AGPOIEMATOZ KAI THE AIA®OPAL AYO MITA-
AIKQN.

1) Npécbesic. 'Edv Z, = o+ Py kol Zy = o + Pyl kol ai eixdves alrddv
& SiavlouaTa (f)Jpl1 kai 6?713 &- y
ymioToixws, ToOTe TO &bpoiopa 1 ‘) o
L+ Z,=1Z Exa s elxdva 7O & M;(f”_ Akt 1 i
fpoioua 0—|V>11 + O_Mg =0M. Qs /
yvwoTdy, TO Sidwoua C“)”ﬁ Exer
dpynyv 1O onueiov O kal Tépas TO
&Moo &kpov Tiis Siarywviou ToU
Tapod/ypdumou OM;MM, (kavcv
ToU rapad/ypdupov). y

‘H &médeilis dUvaron v& yi- Lj
i U TEV poBnTé eUkdAws Spkel v& Troapatnpricour 6TL oy + & = o Kol
B+ B.=P. (Exfinx 85.1)

2) *Agaipeois. 'Edw o eikdves TéW pryedikév Z; = o + Byl kal Zy = o 4Byl
elvan T& SravlopaTa O_!Vl‘—l kai C—)_I‘-’T,‘2 dvrioTolyws, ToTE 1) elkdov Tfis Sragopds Z, —

M (8]

0|

Zy. 85.1
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—Z,=Zela T Sidwopa OM (Exfua 85.2). AbmZ =27, - Z, =7, + (—Z,).

5
Ml(“ug.t)

: ::"q(«::ﬂ)ﬁ

/
s

- =~ T TM@8)
Zx. 85.2

A

nf;l/"x.{ l_‘i( ) j
‘H eikcov ToUu — Z, elvan 1o Sidwuoua OTV'i'z, CUMMETPIKOY TOU (511\)42 dos wpods To O,
OM, — OM, =0M, + M,0 = OM, 4+ OM’, = OM.

OUtw :
AEKHZELE

VS — VY — —
i =-i"=-

Oi pavractikoi amBpoi.

237) N& amodeixffj, 6Tt i* =i =—1
i1 jiv-1=_ 1 Smou v, uEN,.
i- i2 . iS . il’

l v 1
=iV =},

jev+L

oh g ga i 1
=541+ (21 —iY), PTe G e
239) N* &moBeiydij 61 yve N, Exopev

238) N& éxteheoBolv ol mpales —5i* (—i7),
1 1

iV + iV+l + i\r'+l + iV+8 — 0

veN,

240) Toias Tipds SUvarar va AaPn | TapaoTaots
A=1—t 42— ... (1), dmou ve N,
241) Edv A=+ 14+ i2+ ... +1i% B=i—-i'4it—... (=1,
Trolas Tipds SuvaTon va AdPn 1) mapdoTagis A 4+ B ;
242) N& ouykpifolv al Tipal 16y kdTwd TapaoTdoewy :

A= ir 4 ikt b R,
243) *E&v ol &piBpol k, A, u, ve N Siaipoluevor 51 4 derjvour T auTd UTdAorTTo
B) iX+idity = |

v &modeiydii 8T a) "=t =it=1iY,
244) N& eVpeBolv ol Terpaywvikal pilon Tév &pibudv, —25, — 36, —23, —27.

Oi pryadikoi apiBpoi.
245) N& dvayfolv ol kdTwd TapooTtdoes els THY popenv o -+ Pi:
@) =2i(=1+i)—-(=3+20),° P G+3D-(G-3D)-i% ¥) A+,
: ; s ; (it 208 o0 z0)F
8 24+i1)2+ (2 - l)a, e (1+ 2!)‘ — (l — 2I)‘, D (3——+WL—(—2TB*| H
- i a—pi a+i 341 3—1
Yigi+y—|§i' 0 ljai'K) ‘\\;__—T—_i+$§+i

n) (o + i) + (a—Pi)?, 6)
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246) N’ dmobeiy8f 1| &AnBeia Téwv kdTwH igoThTWY !
@) (1—i)t=—4, B((-2+T)(=2-T)=53, y) (~T+i) (T +1i)=—50
8) (243))-3+2i)=13i, € (x—a+ Bi) - (x —a—pi) = (x —a)? + p?

3 18 15 a+pi a -+ Pv — (ov — P)i
Desi~arterls Wp—ai —ir O 1oy

a i — Bi 2(a?—p*

=a+ Bi

247) Mg Tolas mpaypaTikds Tipds T@V X,y loyxlet 1 iodTng
(=20)x+ @B+ 5)ywy=1+43i
24B) 'Eqv z, = (2 4+ 1), z,=(l —2i), v UmoloyioB & wmyadixds &piBuds

z
z:z,+zz+zlzg+z—:+(zlfzz)*.

1 . V3 1. MT
249) BEw zy=— 5+ 50, Zz=—5— i v dmobuydj &m:
) z, =24 B) Zz=2z kol y) 2 =2, =

250) ’Eqv z = a + Pi xal z= a—Bi, v &mobeayfolv al oyioes :

e I z
Lt 2 =h Ty LIz T I - In (Z—') == (Z.# 0),
A — 1 1
(~z)=-1z (—z-):-:' (z #0)
z
251) ‘Ymo molav owbfkny Tév &), oy, Py, P: € R 16 &Bporoua fi f Sropopd TGV
=0 + Pii, Zo = + Pai elvan &piBuds o) mpayparikds kal B) govTaoTiKos KabBapds ;

To pétpov 1OV pryadikdv apbudv.

Ly 5 1+42i
252) Tolov 76 wévpov Taw &pdpdw —i, 1+, 1+iV3 24VT+i, 1ot
ltoi 3420 o G+4)-(-1+20) i-@2-vV3+iy
et T lEbere s o R Ty P T P
253) 'Eqv z,,z,€ (C—R) v& &mwoBayxdij ém |zz: [* = |z, [*- |z [* (¢papudoaTe

Tov TUTTOV | Z |P= T )
254) N’ &moberx8ii &1 2,4 24 | =|Z,+ 24| 2z 2€(C—R)
255) 'Eqw ol z; = oy + Pyi, Zy = o + Byl TAnpouv ThHv oxéow z, L4z =742,
Seltarre 671 oyey + PyP. =0
256) 'Edv a4+ Pi=0 <> |a+Bi|=0
Tpagiki napactacty @V piyadikdv apibpdv.

1
257) N& ebpefolv al elxéves tév &pibpdv 1+, 1-2i, -3+1i, -2- 51,

1 1

W=2H=t, G +nt 1. =1, & =, == ==

258) TapaoThoarte ypagikdds Tous uryadikoUs &pibuols o + Pi, «—Bi, —a+Bi,
—-a—pi (o, pe R*). Ti woapaTnpeite ;

259) Né& eUpefolv ai Tohikal ouvteTayptvon Tou dpiBuou V34 koi v TeBf Gmd
TPIYWVOHETPIKTY HOPPTIV.

260) Al ToAikal ouvTeTaypévan évos piyddos elven p = 5 kai B = 45° Tlofos & &p1Buds
olres ;

261) N& TapaoTabii ypagikds 16 &bpotoua Tpidv xai drxohoUbuws TegTapwy ryadikdy
&p1Bucov.
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262) TlapaoTnoate yewpetpikdds 1o &bpoiouc T&Y &piBudv :
Dz,=-2i,2,=-3+2ixal 2) 2, =3i, Zz=—2+0i, zz=1+1i
263) 'Eav 2z, = 2 —3i, z, = +1 + 2i, woiocn o eixdves els 16 piyadikév brrimedov Téy
Sapopdv z; —z; Kol z, —z,. Ti maparnpeite ;

AZKHZIEIZ ENANAAHVYEQEZ

264) 'Edv z;, z; € (C — R), vé& eUpedij oxéors petatl Tév o, o, By, Pr€ R, &mou z, =
=04 + By 2, = oy + P, o Exwpev: o) z;z,€R. P) z,z,€I (R owvodov Tporypari-
k&, I olvodov pavraoTikdvy).

265) Yo moiaw ouvBfikny TGV TRAYMATIKGY &y, G, By, B TO TTHATKOV Cf_;-i-_ﬂ;f_ elvan

a 5
o) TpayuaTikes &pifuds kal B) pavtaoTiks. )

266) 'Eqv z,z,€ (C—R) kai z, = —7z,, v’ &mobaydi ém 10 &Bporoua z;, + z, elvan
kafBapds powTaoTIKOs &p1Buds Kal TS ywduevov z, z, € R

267) "Edv 2, = oy 4 Bui, 2, = & + Poi, UTd olav ouvbhkny TéV oy, oy, By /PBa 0& elven
@) (z1°2) =0 xal P) lzi—2z| = |z + 2| ;

268) "Edv z, =0y + Bii, z, = o, + By kel |z, |2+ |z |2 =|zg— 2, | v& &moBeydi
1 e+ By P =0

269) 'E&v z,z2€ (C—R) v &mobeiydfi ém 2(|z '+ |z |*)=|z + 2 |* +
+|zi—z |

270) "Edw ol mohikai guvTeTaryptvon ToU &pifuol z = a + Bi elves p, 8, Toia ol moAikal
ouvteTaypéval Tou &pibuol z-! = (a + Bi)-! ;

271) Yo molav ouvBrkny Té@v oy, ay, By, P € R ol eikdves els 76 ToAkov EmrimeSov
T&Y 7 = & + Byl, Zo = o, + B,i, keivran &1 edBeias Siepyoptung Bi1&x Tiis dpyfis 0 Tdv &ldvwy ;

272) "Eaw z = a + Pi kal z = o — Pi, ToU B¢ pryadikol z, = x + wiTo pétpov |z, | =1

v& &mobeydii 6m | ZT% | =1, (zz # 1).

l—-z2z,

2= % &mou z wiyodi

273) TMapaoTioate yewpeTpikds Tous &piduols LZZ" 5
i

K5 &piBuds kal z & guluyfs avtol. 1

274) 'E&v z = a + Pi kal z = a—Bi, v& &mobaxfi ém 6 z elven fi TpayuaTikds 1)
pavTaoTikds &v loxin fi oxéor z? = z.

275) 'E&v |23+ 2, | = |z, — 2|, &mov 7z, z,€ (C—R), v’ amodey 8 &m :
&) 2.2, + 22, = 0, (z,, 2, ouluyeis 16w z, 7, dvnioToixws) kel BY |z, + z; | = |z; + 2. 'El.

ons v &moBeixdfl, 8T &v |z, + 7, | = |zi—2z:| Téte 2,2, 4 2,2, = 0.
= ' 2z,
276) 'Edw z = o + Pi kal z = a — Bi, v’ &moBaydi, &1 ol TapacTdoes e
zz
2z —  elvan piyadikol ouluyels &pibpol.
l+zz

277) Edwz=a+Pi, o, PeR, kol | 22— 1 | = |z —2| v’ &moBeixBii &1 a® 4 p* =
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KEGDAAAION XII

EZIZQIEIZ BOY BAGMOY

86. OPIEMOI IAIOTHTEEL (repiinnuki dropvnois).

OPIEMOI : [Tdoa lodtye perakd dbo dlyefondy mapactdoswr, 1) émoia elvar d-
Infie 8 dotoudvas Tipag T@v yeauudtoy (dyviorwy) Ty napagtdoemy TobTwY,
xaleitar élowais.

*Evroaufa Sty dmoxheleTan 1 TeplmrTeots, ko fiv Blvaran 1y iodTng v& elvan
- &Anfns Bid méoas TS TIpds TEV YpaUHATWY, &médTe 1) Ellowols koeiTon Tow-
Tétng. TLy. 1y lowos 4x® + 1 —4x = (2x —1)* elvan &Anfns ik mév xeR.

‘H elpeots Aoy TEY TIUGY TGV ypapudT®y, T& dmoia kohoUvTan dyve-
otoL Tis tliodoecos B Tas drrolas  efvon alrrn &AnBns keheiton Erilvoig TS
Hiodhoews. Al oUtw 58 elplokdueven Tipod kohoUvTan Abeerg i pifon Tiis thiow-
oews.

Avo A TepioodTepan Eiowaeis, af dmroian Exoww Tds aUTds dkpiPéds AUoEls
(81 xowds Avosis), kahoUval icodovapor.

Iowtneeg: 1) “H iowors f(x) = @ (x) elven {goduvauos Trpds TH EEi-
cwow f (x) + o (x) = ¢(x) + o(x), &g’ doov &g TO gUvodrov els TO Smolov dwe-
pepoueda, fi owdptois o(x) Exn vénua. OUTw : f(x) = @(x) <= f(x) + o(x) =
= o(x) + o(x)

2) ‘H #iowas f(x) = (x) elven igobivapos Ttpods T Etiowaw Af (x) =
= Ag (x), 8mou AeR, A # 0 kol dvebdpTnTov TOU X.

OUrew oupPoMilopev : AeR, A #0: f(x)=o(x) <A (x) = Ap (x).

3) “H tiowais f (x) = @(x) &tv elven &v yéver iooblivanos Tpods ThH Etiowa
f(x) - o(x) = 9(x) - o(x), &mou o(x) ouwdpTnois TOU X.

Mpryno, 81671 £(x) - 0(x) = ¢ (%) * o(x) <o) [ (X) =9 ) ]=0,
& fis Eyopev o(x) =0\/f(x) =¢ (x).

4) "Av ¢(x) = 0 kad @(x) = y(X) * §o(X) "~ @(X), TOTE TO gUVOAOY TGV
Aoty Tis @(x) = 0 looUren pt Ty Evewow Tév ouvbhwv TEY AUoewy TV
ooy ¢(x) =0, @(x) =0, . .., ¢u(x)=0. Tlp&yuam, 51671 S1&x véx &An el
| @(x) =0 mpémer kal pkel €ls ToUAGKIoTOV & TV (%), Pa(X), - - o P(X)
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va efvan foos wé undév. ‘Emopévess of pilen Téw Eiodoewy ¢(x) =0, @, (x) =
=0,...9, (x) =0 efvet kai pilen Tfs Erocoecss e (x)=0.

5) "H Etiowois f(x) = ¢ (x) &&v elvar &v yéver ioobuvaos Tpos THY &Ei-
swow [ 9(x) I = [ (x) ]2

Aidm: [9(x) = [£(x) J* = 0> (9(x) + £ (x)) (9(x) — f(x) ) = 0, #mis
S8iBeL @(x) = —f(x) V ¢(x) = f (x)

“Ex Tfis mepiAnmTixds TauTng Umroprfioews, &veu drrodeitecs, TV 18ioTn-
TWv TOV ELIoWoEwY oUNTIEpaivOpEY, 8T1 KaTd Ty Ao Téwv Eiodoewy Stov v
AapPavwpe coPapdds U’ Syw altds, 81k v& pfy UmroTriTTwpey Eig opdApara.

87. OPIZMOZ KAl EIMIAYZIZ EZIZ. B BAGMOY &3]

‘Opropés. Kaheiton igiowoic p° Pabpod ag npds y, nicw tEicwoig tig pop-
Ofic oxX®* +Px + v =0 pé a # 0 xai a, B, v mpaypatikei W xai piyadixoi.
"Evrauba 8& Becopolvran of @, B, y of émoiol kaAoUvran cuvTELEGTal, TTpOypa-
Tikol dpiBuol f) kal &hyeBpikai TapacTéotls uf Tepiggovoal TdV &yvwaoTov X.

Olrw 81 s drorovbous éliodoels P’ Poduou ol ouvteAsoTad Exouv dvri-
oTolXWs TS TTapaKEIUEVOs TIPGS :

3x2—-2x=0 o3, p=-2, y=20
OB L T ) a=-75, p=0, yY=1

——%Xzio a:——é-, ]3:0, Y:O
xX*=3x+1=0 o= 1, p=-3, Y=l
ox*—(a+ D)x—3a=0 o =ua, pP=—(a+1), v¥=-3«a
A=1)x2—dAx + (A2 —9) =0 a=2A-1, = — 4}, y=A-9

Al Tpels TpdTen fiodhoels Biv Tepifyouv SAous Tous Opovs Tou Tplwvy-
HOV ax® - BX +y, 81& ToUTo KoAoUvTan E A At e | ¢. Al &A\Aon Tpeis elven n A -
P E1g popoai.

Bv yével, tow p = y=0 Acppcvouey ax? =10 )
» P=0Ay #£0 » ax? 4y =0 {EAAmels popgad
» P#£0Ay=0 "y ax? 4+ px =0

» B#£0Ay #0 » ax?+Px+y=0  wAfpns upopen
Tiis éhiocwoews o(x) = ax?® + Px4+vy =0, (x # 0, B, y)ER, 8& kahoUpey Logrv
A pilav Ty Tipfy x = x,2C, &w Exwuer o(x), =ax? +Px,+ y =0. (C'=
= { X [ x wryaBikds &pibu. } *).

Orreos 8 18copey kaTewTépes, T6 oUvohov TGV Aoty (p1Léov) Tiis B’[Buiov
tiowoews elvar SipeAds.

"Eqv Aoimov x; xai x, elven ai pifan Tiis f(x) = ax? + Bx 4+ y =0 es T0
owohov C, Téte ai f (x,) = ax,? + Px, + y = 0 xoi f (%) = ax,® + Px, + y=0
elven dAnBels iodTnTes.

(1) Tag efiodroec B Babipol pt &av dyvaoctov gmpaypatenln 1o mpdrov 6 "Eddqv: Mabn-
peatiedg Avdpavrog.
(*) To aivorov C av wyaddy debudy mepLEXEL TO olvolov TRV mpaypatxdy dptl-

wév (xepddatov mept Muyadindv).
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ZupPoilopev :

& #0, P yeR } % = { x/xeC A f(x) = ox® + Px + y = 0} ={ xp.%, }

f(x) =0, (x)=0

Erilvowg 1iic £6re. B Padpob.
1) *H é\imiis vopeny ax? =0, a # 0.
‘Emedn a #0, & Tfs ax?=0<>x2=0 Ax-x=0, & o0 x,=x,=0
2) ‘H &g popet) ax?+y =0, a #0, y # 0.
"Exouev : ax? 4y =0<>x? 4 yla =0, éwoTe
o) ’Ecw— < 0, 8nAadt) of a xal y elven ttepdonpor, TéTE s Oxeu

1) ttlowois ypageTan :

0= (= %) =0~ (Y= ) =0 (4= 1) (-} L) -0,

ATis elven [coSuvauos Tpods TO [eUyos X + V——— =0, x— V— — =0, & o¥

B) 'Eéw -LL >0, 5nAad oi a kai y elven dpudanuol, TéTe 1) Eiowaois x2+ —Z-:
=0 &¢v £ye1 AVow &v R &1dm x2 + H} > 0 ¥ xeR, &xer Suws Abow eis 1O olvo-

hov Tév @avtaoTikéy 1. OUtw AauPdvousy Tés AUcels :

xlz—‘/— %:—i V%, x2=+V— %:i V%
3) 'H émfs wopen oax* 4+ Px =0, as£ 0, p # 0.
"Exopev 1 ox® 4 Px = 0<=>x(ax + P) =0, fitis elven looBUvapos mpog
T feUyos T@v tlio. x =0, ax 4+ p =0, 2 oU AopPdvopey x; =0, X, = — —E:—
4) ‘H wMipns wpopen f(x) =ax®*4+Px+y=0, « #0,p #0,y #0
"Exovres U Sy Tas 1B16tnTas iooBuwvauias- Tév Eiowoewy AapPdvo-
pev BiaBoyikdds :
f(x)=oax?+pPx+yx=0 (oA [Topev i 4a)
<> 4a®x® 4 4ofx + 4oy =0 (pocféTousy Tov P%)
<> 4ok 4 4oPx + P2 — P2+ 4oy =0
<> (20x 4-B) 2 — (P? — 4ay) =0 (BéTopev Smou P2 — day = A)
i (Qex+p2—-A=0
fi (2ax + B): — (v/B): =0, fiis elvon igoBlvauos mpods TO [evyos TGV E1-
owoewy 2ax + P+ -\/E= 0, 2ax + P — \/A_= 0, & o0 AapPdvopev
—P+vB e s 4
2a 2a
“Qoe 1) étlowaois f(x) = ax? + Bx + y = 0 Eyer pilas, of édmoio Sidovran

&mrd TOV TUTTOV
~P+tvA _—P+ VP-day
= oI 2a J )
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‘H mopdoTacis A =p®—4ay eR kodeiton Swakpivovee Tis Ehiowoews,

Inu. Al éetaofeioon éNMimreis popead elvon Suvertov va EmiAubolv ik
ToU &vewTépw YevikoU TUTTOU.

‘H Sioxpivouoa elvan Suvartdv va Trapouoiactiy Utd Tas Efis TepimrTooErs ¢
) ’!Ec‘m .A,,>0' ToTe ai pifat Xy, X, of Bi8Spevan &wd Tov TUTOV (1) elven Tparypa-
Tikal kad &vigol.
B) 'Eav A=0, Téte ai pilon Xy, X, elvonr wpaypoariked kai ioal, omédTe Aé-

youev, OTi 7y éicwois Exer piav SumAfjv pilav x:-—%

y) Edw ALO, Té1e 1y EElowois ax®+-Px + y =0 fj fy loodlvauds Tns (2ax + B)2 =
A Btv Exer AUow eis O alvohov R, 81611 ¥xeR = (2ax + P)>A, Exel Spos AU-
aw els TO olvohov TAY pryadikédv Tiis vopefis (a, B) ut B # 0, ai 8¢ pilar x,,
X, Aéyouev OTi elven koBapad pryodixai.
Eiducn repintwerg “O TUmos (1) duvaran v’ &mAovoTeudi, v & ouvTeAe-
oths P Tou x elven moAAamAdoiov ToU 2
Obtew, tav P =2p", téte A= (2p)2— =4p"* —day =4 (P* —ay)
-B +VE _-242 \/ﬂ*—uy_—a 5 \/ﬂ*—av
2a 2a
'Bdy 5 Bi—day »0<s4(B%—ay) >0<B"—ay 50
‘Ouoies 2w P? —day < 0<=4 (B2 —ay) < 0<=pP2—ay <0
IMapadeiypata: 1) Na EmAubouv oi thiowosrs.
a) xX2—16=0, P)4x*+3x=0, y) 6x2—5=0, 8)5x2+3=0
"Erilvorg o) “Exouev 9x2 — 16 = 0<=>(3x + 4) (3x —4) =0 ioobuvapos mpos
TO [eUyos {3x+4=0 e
€€ oU l

ZuveTtdds X =

3x—4=0,
X;=

Otres : 3= {x/xeRAX~16=0}= {5 i}

323
B) “Exomev 4x*+ 3x =0<=>x (4x + 3) =0 iooblvapos mpos To [eUyos
~ éE 0 { X=0 X . XI=0
TV Etiotoewy Ay Bt E«Ecm'.x2 =_%
Ot : £ = {xxeR Adx*+3x =0} = { 0,- 5]

¥) *Exopev 6x2—5=0 <> (x /6)? — (1/ 5)2=0< (x \/6+V5)
(xA/6—=1/5) = 0 loobivapios pds T [elyos T&v Ehicchoewy x4/6+4/5 =0,
x4/ 6—4/5 =0, & ol AauPévouey Tas AUoEls X, =— \\///—%— — —\/—ZO , Xg =
o 7
AL S,

“Qore: S={x/xeRA6x*=5=0} —{—‘/30 ‘/20}

8) “Exomev5x2 43 =0<>(x 4/ 5)*—(4/—3)?=0<>
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< (x4/5+4/=3) (x \/5—4/=3) =0 looblvayos Tpds To [ebyos T Eio.
x /54 v/=3=0, x¢/5—/=3=0, & oV x,=—iV3/V5, Xe=iv3 /V5
"Qore: T={x/xel A5x24+3=0}={—iv3/+V5, iv/3//5}
2) N& mivbolv ai &tiowoes )
o) x24+2x—-3=0, Pyxt—6x+13=0, y)3x—-5x+1=0
*Enidvoic. «) *Emeidh evon a=1, p=2, y=-3
dpax A=22—4.1.(=3)=4+12=16. A&k Tou TUTOU (1) Exopev :
2LV _ 244y op: x =20 o, x=T2r =3
Omw: E={x/xeRAX*+2x-3=0}={1,-3)
B) *Emeidf) elvon a=1, p=—6, y=13
dpx A=(—6)—4-1-13=36-52=—16. Aix Tou TUTou (1) Exopev :
x:s—%%"f:ﬁ;ﬁ, B ol: x =342 xy=3—2
Ol : E:{x/xeC/\xz—6x+13=O}={3+2i,3—2i}
y) Emady a=3, p=-5, y=1
dpa A=(-5)—4-3-1=25-12=13. ha Tou TUmou (1) "Exouev :
_5+V13 _5+VD3 _ 5413 x_s-v'l_B'
=2 =

:.2 3 =-—?—, ¢t ol : 5= 3 y Xg

X

5 +413 Sa\/ﬁ}
6 3

Ol'j-rco:2={x|xeB./\3x2—5x+1=0}={ ;
3) ’Edv o, Pe R, v& EmAVBH fi Etiowois :
x2 4 2Px — (o + 20p) =0
*Enilvowg : ‘Emeidhy & ouvteAeaThs ToU X elvan ToMaTAdoiov ToU 2, &
'+ VPi—ay
[}

poppdlovTes TOV TUTTOV X = =Y AapPdvope :

I \/9‘]+u’+2dB =—ﬂi\/l<a+ﬂ=—ailla+a|=_B»ﬂu_w,l'

Hol: x,=—P+at+tpPp=a x=—BP-ac—P=—(x+2p)
OUtw: S={x| xe RAX*+2Px—(a®+20p) =0AapeR}={c
—(a+2p) }

4) N& Emilij ) teiowons —— +— 15

x—1 x+9

*Enilvoig. T& kAdouaTa Exow Ewolay, dTav X # 4, x#1, x#-9. ’Ex
TeAoUpey Tds onuetoupdvas Tpatels kol SiaT&oTovTEs, Aaupdvopey 2x% —41x +

4119 =0. Ak ToU TUToU AcuPavouer Tas Aogis X, = - 1_27 =17, X3=
=41:27 = %-, of omoian #mwanBelowy Thy Elicwow.
5) N& EmiAvdf 4 Eiowols "”‘_‘,-‘5_"7“ - Sin
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‘Enilvois.

To khdopa 81 x = 2 elvan dopioTov, Bi1dTi of Spor alrol undevilovra.
"Htoi, 6 TapovopcosThs x — 2 elven 6 -rr&bc’zymv &mpocbiopiotias ToU KA&opo-
Tos. “YmoléTovTes X # 2 AapPdvopey petd THy EkTéheotv Tiis Broupéoecos (2x2 — 5x +
+2):(x=2)=(2x—1). "Apax 2x -1 =0, & s x=+%, fiTis elvon AU-
a1 This Sobelong Efiodaoews.

88. EIAOZ TQN PIZON THEZ EZIE. ax? + px + v =0, a, B, yeR.

TS eldos tév pil@v Tis &iowo. f(x) =oax?+Px+y =0 tapTdTa
&mo Thv Slokpivoucav A = P — 4oy eR

Olrw Siaxpivoper s EEfis mepiTcooEls :

1) E&w A >0, Té7e 1/A eR ki owvemdss x = —PE VA g
"Hror af pilet x,, X, elvon npoypetikei kei évicor.

"Edv 8¢ elvon A = «? kai @, B, v, keQ TéTe o pilan x,,X, tkopdlovran pr-
Té%s. "HTol x;, X,€Q. "ANws ai pilau elvar &ppnTor (&ovppetpor) ouluyeis. An-
Aadh) Stav 1) éticwors f(x) =0 Eyer dx pilow Tov &oUpperpov x, = A + 4/B,
B # 12 8& &xn xai T pifav x* = A — /B (mopab. 2y’)

2) ’Edw A = 0, TéTe \/A =0 kol ouventds x = _2—3 eR.
"Hrot al pifan x, = xzr_—g—“ elval mpaypatikai xai oo

3) 'Eaw A < 0, Té1e /A el kai ouvendss x = i%%ﬂ e(C —R).
*Htor x; = + l\/_ ;) Xe= ;—f -1 ‘/2_: koBapai pryadikai ovluyeic.
" Téw 'rrpo-ramscou TouTwv ioyUouv kai ai dvticTpogor.

Oi pobnral Slvovrar edkdAws va ké&pouv THY &mdSeifw.
KorewoTépe Si8ouev ouvomrTikés T& dvwTépw ouptrepdopata els SUo Tivaxas.

Mivag | )
EfSos Tév pilév Tis 0. ax® +Px+y =0, a # 0, B.yeR
A=Pp*—day >0 Ao pifen TpaypaTikal kel &vicol i x, < X,
A=p—4ay =0 Avo pilar mpaypoTikal kai foar @ x, = X, = — g_u
A=p*—4ay< 0 Ao pifar kobapal wyadikal culuyels.
MivaE 1l
Eios 7éw pildov Tfis o, ax* + Px+y =0, a # 0, B, yeQ
A=k Ao pifen Tpayuarikad dvigol kal oUppeTpol.
A>0 | keQ
Al s Ao pilon wpaypaTikal &vicor kai doUppeTpol.
A=0 Avo pilen TpayuaTikal foat kel dUppeTpor.
A< O Avo pilar koBapal pryadixad ouluyeis.
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Inpaviiki) rapatipnols. Edv of ouvtedeoTal o kai y elvan éTepdonuor
161e ) Elio. ax® + Px + y = 0 &xer BUo pilas mpaypaTikds &vicous.
Mot TéTE ¢ ay < O<>—day > 0<>P2—4ay >0 A 0.

89. EYTKPIEIZ TON INPATMATIKQN PIZON THE ax®! +px +y=0
'Exougu &}0 kel Xi= :&.2'—;/_&’ x2=___P_i—Z:,‘\_/PA

Iynuarifopey ThHv Slagopdv X; — X, :
piolgeee B ARD. —p—+2 _+A
2a - 2a a
To onuelov Tis Biagopds X,—X, EfapTdTar &md TO Tpdonuov ToU a, 16T
A>0<+vA>0.
OUrw : Edva > 0,70TeX; — X > 0<%, > X,
Ew a< 0, o1 X —X < 0<=X <X

Inpavuki onpeioog. Skémpov elvon va Eoopev els dugoTépas Tas Trepl-
mwrdoes dviaiov Sidrafv &Y TparypoTIKGY pIlEY Xy, X,. Ak TOUTO oUMEGIVOU-
uev els Té& Emdpeva v& xpnoiwoTroidpey Ty Bidmafv X, < Xy, 6méTe &v a>0 ToTE

xlzj;'q\/ﬂ kol X, = L;a‘/i, &v &t o < 0 ToTe xlz% ked
= —B+VE
e Ja

9). EIAOL TON PIZON TOY TPIQNYMOY f(x) = ax* +Bx + 71, @ #0

KahoUvTen pila ToU Tpreovipou f(x) af Tipai ToU X ai émroia To undevifouv.
Tuverdss ol pilar ToU Tprwvipou f(x) elven af arad pé Tas pifas Tis Efiowoecs
ox? 4+ Px +y =0 kai xor& ouvémelav T& ouumepdouaTa, T& ouvaxBévra gk
i #eTdoecos ToU eibous T&Y pilddv auThis, SuvavTan va ypnoipotomnBolv kai
tvrafBa (Trivoxes | kad 11).

Hapadeiypata. 1) Na nposdiopodij o eldog tdv pidv TdY dxohoiBrv
twohosoy : a)x2—5x+4=0, B) x*+2x+1=0, y) 5x* + 13x+9=0
Abowg o) “Exouev: A=(=5)2—4-1-4=25-16=9=3">0
"Hrot, ) Biokpivousa A Tiis Efiodboews elvon TéNerov TeTpdrycovov Tpory HaTIKOU
&piBuol kal &pa i Etiowais Exel BUo pilas TporyPaTIKAS TUMETPOUS kal &vicous.

B) “Exouev A=2*—4.1-1=4—-4=0
"Apa Exet Buo pilas ioas TpaypaTikds @ X =Xp = — 211 =-1

y) “Exouev A=132—4-5.9=169 — 180.=—11<0

*Apa Exer BUo pilas kobapds pryadikds ouluyels.

2) Na npocdiopradij 10 £idog v pidv 1@y tLishozov.

o) x2—(a+B)x+ap=0, B) x2—20x +a*+ P, oPeR

Aborg: o) Elven: A= (a+p)—4op=(x—p)? >0
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"Apa Exe1 8o pilas TporyuaTikds ouppéTpous G Trpds o, P cvicous f ioas, éo'
Soov O Exwper a # B fj =P dvmoToiyws.
P) Even : A =4a®—4 (o + B%) = — 4p? = — (2p)*<0
"Apa Exer BUo pllos kaBapas pryoikds ouluyels, dw B #0.

3) Na npootropioBolv ai tipai tob AeR, 1 tag omoiag 1 iEicwaig Exer pilog
a) ioag, P) npaypatikiag avicovg kai y) xabapig myedikag ovluyeis. f(x)=3x2+
+2x —(3A + 1)=0

Avoig: o) "Exopev A=22+44-3 - (3A+ )=0<9 +4=0¢% %5 :
A= —%. "QoTte S1d A = — % fi f(x) = 0 &er piav pilav SimAfiv. AlTn elven
2 1

237773
B) “Exomev A=2'+4-3(A+1)>09 +4>0oA> —4

X=X =—

‘QoTe B1&A > — —g f f(x) = 0 &xe1 Vo pilas wporyu. dvicous.
Y) "Exou A=24+4-3(GA+1) < 0A< — o

"Qore 81 A< — % A f(x)=0 &xa1 dlo piles kabopds wyodikds ouluyels.
ZwotrTikds TrivaE

Tipad TOU A :__ & _%. + ®
|
|
TMpdonuov Tfis A ] — 0 -+
|
2 ]
Elos pilav Tiis Abo kabapal 1 Avo TpaypaTikal
f(x)=0 { wmyadikal ouluyeis =g &vigot
! atiell
AZKHZIEIZ
‘Ouds o :
278) N& #miuolv al dxdhoubor EEiodoers :
1) 6x*+45x =0, —55x* 4+ 75x =0
2) 2x*—-18=0, x*+1=0, 121x* — 196 =0

3) x*—2x—-80=0, X*—9%+14=0, x*425x+156=0
4) x*+7x-2=0, 2x2—2x —2 =0, 52 —7x+1=0
5 2*+2x+5=0, 9x'—6x-+4=0

X FVIX-1=0, (1-VHx-2( +VDx+3VI41=0

T (41— x-1) (x42) = =2x (x-3), (x+2) (x - —;'-) —-(3x-1) (x + %—)=I—2x

o ey 25 2x+1_ x-3
N PTGl o MR Sk T o
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x4+ 1 x+2 x+3
) oy e T
‘Ouds p':

279) N& tmiubouv ol &xdAoubor ELiowoes :
D) @x-1)2+3@x-1)=0
2) (4x +1)* +3(16x*—1) =0,
3) Bx+2)Gx—1D+Cx+T)(1-5x)=( —5x) (2 + 15x)
280) N& émAubolv al dxdhouborl thiohoes :
1) 15x* + 26ux +Tu2=0
2) xim (@ BOX—o®r =0, f X2 PYX+ (=P =0t

3) 4x* —4ox + (* =P =0, KX’+(?\+U)X—K+7\+U—_‘0
x+a , x+p , x+y a+p , aty at+pP+y
4)x—d+x-|3+x—y=3' x+|5+x+y=2'i_+—laj7
‘Oupas y':
281) N& mpooBiopiaBij T elbos Tdv pilédv Tév Erodoewy Ywpls vé eUpefolv alTal :
)x*—11x+28=0, x*—24x+143=0, x*—16x + 64 =10
2) x2—17x+11=0, 32+ Tx+5=0, 8xt—4x+5=0

282) 'Edv «, p e Q mpoodioplaare T elog TGV pildv Tév EhichoEwy :
__uiﬂx'—-uLu;B%f,iQd
2) x2—2ax +a*=p=0, datx? + 4ox +p2+1=0

283) A molas Tipds ToU A # tlowors x2—2A+2)x+ 2 —-17=0 Exa plav
pifav BimAfv ; "Edw x, = 11, v& Umohoyio®fi f X,

284) Bix Tolas Tipds ToU v f #lowos (v+3)x'— v+ Dx+v+2=0 &g
«) pllos foas, B) mwpaypaTikds dvigous, y) xaBapds piyadikds ouluyeis.

285) *Edv # tElowois x* +oax + P =0 &n s pllav Tov &piusv 2 + 3i, v& wpoobio-
profolv T& « kad P.

286) 'Edv # tHo. ox? + 2Px +y =0 &1 pllas %, # Xs€ R, v& &moBeyfj T UTd
dn loyxve xai & Ty Eo. x* +2(@+pP+7)-x+2B(@E+Y) + 3ay=0.

287) N& &mobei8ij &ti 10 elos Téw pilév Téw Eliodoewy fx)=ax*+2px+y=0
kal f(x) = ax? + 2Pxx + k*y =0 elven TO aUtd B1' dupoTépas.

288) ’Edv al pifen Tiis Eio. x* + 2PX + ¥ = 0 elvor xaBapad wyabikal ouluyeis, v&
&mrobeiy i 6T kol ol pifen Tiis x* + 2x +y + 2B (x+ 1)+ 1 =0 elvea trrions kabapal prya-
Bikad ouluyeis.

289) ’Edv o, B, y € Q v& &moday8j &mi al pila Tiis thiodoecs (o + 28 —Y) X' —
— 2ax 4+ a+y—2p=0 elvar pnral ikepaoes Tév o, B, Y.

290) Né& mpoabiopiodfj To elBos Tév pildv Tiis TAPATTETEWS

(aux + ﬁl)' + (oux + P tv oy, oy, Py P2€R A %:' ﬁé 'g'_:' Ti ouppaives &v %=%i' '
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91. IYMMETPIKAI FIAPALTAZEIE TON PIZON THE K(x) = ax® + Bx 4y =0
ZYNAPTHEEI TON a, B, yeR

‘Opropos. Mia Tapdorecis P(Xy, Xo), TMeprEyOUOQ T pilas x;, X, Ths &E1-
owoews ToU B’ BaBuoU ax? 4 Bx + y = 0, xaheitan CGURPETPIKT] G5 Trpds Tds pi-
Jos Xy, X 20w Btv peTaPBdAAeTon &i° evahhayfis TEW Xy, X.. "Htor : Q(Xy,Xp) =
== ?(xm xl)-

OUtews i mapacTdoes :

X1+ Xp Xy Xg Xi® A+ X% x—i" +;i—= v (2% + 3) (2%, + 3) + 5x:x,
elvon oupueTpixal TapasTéoes Téw pilév x,, X,

Al oupueTpikal TapaoTdoels T PGV X;, X, This ax® 4+ Bx +y = 0 &U-
vavTal, s B& iBeopey, ver Ekppaafoly owapTnioe TG «, B, yeR, Xwpis va Aubf
1 etiowois.

"ABporopa, yivopevov koi anoliutoy dapopic t@v plav Xy Xp 1fig fi(x) =
sox* +px +vy =10, a,p,y=R.

"Bk T@v ixgpdoewy Tév pil@v Tiig flx) =0

_ —B++A . —R—+/E
M=y R g
Aauﬂdvouev:x1+x2=;p;q‘i'ﬁ_+__%a.v_a=_%_
—B+vA ) (-B—va (=B~ (/B
X% =(—EEVE) (=B-vE)_ s v
Xi—xoe—BHVE _ —p_/E  24/B_+/A
e 2a 2« T T2« o

OUreos Eyopev :

OeuehicdBels oxéoels ourTENeoTGY Kt piiédv
X1, X TS ax® + Bx +y =0

S =x, +x._,=h—i—, P,:x[xzz%

A VIa]
xl—xgz\/?- [ % — X, | = e

Mapatipnowc. To &Bpoioua S, kad TO ywdpevoy Py 1@ pifdv x,, x, Tfis f(x) =
=0 elven Tévrote dpiBusds TPy HErTIKSS.
"Avtiotpopos. *Edv x,, Xz Elven BUo &piBpoi AnpolvTes Tas OXECEIS X; + X, =

= -——E— kal X; - X, = —z—, oUTor 6 efven pifan Tiis Efiocioews ax? 4 Bx +vy=0.
Mpdypert & THs ax? 4+ Px +y=0. <>x* % X % =0 kai T&V
Xy Xy == —E— i X Xy % Acppavopey :

X% — (% + X)X + X%, = O<=(x—x) (x—x,) =0,
fiTis elven igoduvapos mpods TO felyos x —x, =0, x — Xp =0, & o0 : x=x,,
X= ¥
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Ek TV dvwTépw OUVAYETOL T| TPOTOOIS :
Ol apbpei x,, x,, iva eivar pilor tiic £&re. ax® + Px + y = 0, npéner kai
p

apkel va mimpolv tag oYEGES X; + Xo = — = Kai X, x2=—ZT
‘Egappoyai
1. "Ex t0d yiwvopévou kai 1ol aBpoiopatog 600 ambpudv, va oxnpancdi i&i-
coolg p° Pabpod, Exovea pilag tolg apiBpois avtolc.
Edv ax?® 4 Bx + y = 0 elvan 1) InToupévn Eicwaois kal X;, X, ai pilar ol-

Tf5, TOTE xl-i—xz:——E—Kui x,'XQZ%
. . il b
Emreidn) Opeds @ Xy + X, = S Bobelg dpibuos | a
X =P % » ¥o—p
=

"Apat Exomev :
ux2+f5x+y=0wx2+%x+%=0 f x*—Sx+P=0 w

“Qotg, S tov oxnpanopdv mis lemecng f Pfabpot ik tob dBpoicpatog
S kai tob ywvopévon P tdv plldv avtiig, éov v Exopey On’ Byy tov tomov x* —
—8Sx+P=0
Inpavokn nepatipnois. Ak Ty elpeow T SpBUdY X;, X,, TGV oToiwy
BiBovTon TO &Bpolopa kal TO ywvdpevov, dpkel v Aowpey Ty tEiowow x* — Sx +
+P=0.
Mapaderypa. N& ebpebolv SUo dpibuot ExovTes &Bpoiopa 9 kai ywdpevov 14.
Aboig "Eqw x;, X, elven ol {nToUpevor dpiBuod, ToTe efven X;4+-X, =9, XX, =14,
f) 8¢ Eiowals 1 Exouoa aUTous o pilas efven x2 — 9x + 14 = 0. "Ex Tfis &mAv-
9T;\/281—56 § Srsat LD
2. Na oynpatiedij iicwoig P Pabpod, étav didwviar ai pilor adriic.
Abeig: 'Edv X, = a, X, = Pelvan ol Sofefoen pilon Tiis {nToundvns EEi-
cwoews, TOTe Exopey SioBoyIkGds
W+ X, =a+p { a4+p=85
Xt X, = ap } N ap=P"
Aappéwopey x2 — (o +P)x + op = 0
Mapéderypa : N& oynuarmiodj Eiowots p° Pabuol, Exovoa pifas Tous

0gs OUTTS AcuPcvopey X =

émodTeE &k Tou TUTou X:— Sx+P=0

Gpifuovs —%— , 4.

1 9 1 4

Aberg: "Exopev x; + X, =—2—+4 =5 XXp=— =2

"Apa 1) ttiowors eiven :
x'— 2 x+2=0<>2x—9x +4=0
92, YINOAOTIEMOZ TOY AGPOIEMATOEL TON OMOIQN AYNAMEQN TON PIZON
X3 X, tiig ax* + px + v = 0, @, f, yeR.
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1. "Yroloyiopog 100 S, = x% + x%, kai S; = x3, + x3,

"Exouev S, = X;® + X, = (Xy+ X9)* — 2X,X, = (—'%)2 -2X =

‘Opofws Sy = X +X,° = (X;+X2)% = 3%, Xa (Xy+ X,) = (— 5 3. —Z— : (—3) =

4 (s 4
—p* + 3afy
-
X ? — 2a —p* + 3¢
Ofrw : X2+ X2= P = Y x4 X, = SHESey po By

2. ‘Yrohoyiopdg tob S, = x," + x,%, veN.
Emeidn xy, X, elven pilan Ths ax® 4+ Px +y =0,
gpo: oax* +Px,+y =0
oxl +Px;+y =0
OmwoTE 1 oX,’ + Pxy - yx, 2 =10
Xy’ + PX" 7 4 yx, 2 =0
AapPévopey :

(X' + %) + B X+ X))+ y (x4 %) =0
fi a8y +PSiy+ySw,=0

TToAhamAcoiélopey T& uéAn Tfjs mpotns &mi

X""2 kol T& péAN TR Seutépas Emi x,"-2,

, TpocBéTovTes B8 KoT& MEAN

Ofmw : |Sym =B 8y — L By =881 —P; Sucs

A ToU TUTrOU ToUTou Suvdpeda vé elpwper TO S, = X, + X,", STav Yvor-
pllwuev T& dBpoiopara Sv_; = X,""1 4+ X", Sy = X" 2 + x,¥2
INapéderypo : N elpebij 0 &Bpoiopa Tédv TeTdpTwov Suvdpecoy T&Y pildy
Tfis &liocoews x2—3x+4+2=0.
"Exouev : 8,=8,8;—P, S,. ’Emaidn S, =3, P, =2, Eyouev
Sz=—("3)'l_,2' 1:2
*Apa §,=3:9-2:-5=27—-10=17

=9-4=5kal §,= W H2 VD2 _o7_ jg9,

1

IMapatipnog: ‘O Umoloyiouds ToU &bpolouaTos )—(—17 = , VEN,
1 2

duéryetanr eis THY Tponyoupéiny TrepiTTwow.

. 1 1 XY+ XY S
Olrw : —4 —="2"2 ==V
x,"+ % %Y X, P

3. "Yroloyiopog oiasdiinote pytilg cvppetpixiis nupactacsmg ¢(X;, X,) 1AV
PEBY Xy, X, tiic ax® +Px +y =0

Eis picw pntiv ovppeTpikiy roapdotaow Tév pilév @(X,, X.) elven mévToTe
Suvartn 1) Ekppaais alrTiis cuvapTroel Tou dBpofopaTos X, + X, ked TOU ywopé
VOU X;jXp Kol OUVETTS ouvapThioel TGV ouvTeheoTGV a, P, YeR, Si6mi & Tuycv
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pos alrriis 7 B elven Tiis Lopfis AxiXs, BXy?Ke%,. . ., ZX,"Xy", OmOTe B éxppdle-
Ton Bk ToU XX, ) 6& elven Tis popefis TX,"x,", omdTe & Tov dvrioTorov Tou
Tx* X.© 8& SiSouv Bicovupov THs wopefis TX,k.* + Tx, %% =Tx,* X,* (X,*~* +
4 X5 )= TP*Scy. , K>A.

’Edw, TEAos, Umrdpyn Spos Tis popefis I'x,", 8& Umdpyn kai & dvtioToiyds
Tou Xy, &modTe woAw 8& Exwpev XY+ Mx' =T (%Y + x,Y) =T8..

"QoTE, Tica pNTH TapAoTacls SUPPETMKT THY PILBY X;, X, Thig ax?+px +y=
=0 ikoppaletar pntddg ovvaptijeer tdv o, f, YER.

Iapaderypa : N& Umohoyioij 1| Tipfy Tfis mapaoTdoews.
o(p, p,) = pi* + pa? + (P — p)® + 3PP + 3py pa®, B pyy pay elvent pilen g
tiochoews X2 4 ox + P =0, xwpis va Avbfj alrn.

Averg: H o(p, pa) elvor ouppeTpikf s Tpods Tas pilas py, P
"Exouev 1 @(p, p,) = Pr? + P + 1 + Po* — 2p1P2 + 3papa (Pr + P2) =

=2(p* +p*) — 2p1p2 + 3P (P + P2) =

=2 (p1 + P2)? — 6p1P2 + 3p1pe (Prtpe) =
=2 (—a)?—6p + 3P (— o) = 2a% — 3P — 6P

AZKHEIEIZ
‘Opag o :
291) N& Umohoyiodfi 70 S xal P 1év pilév ExdoTns T@v xétwh thoboewy Ywpls v
AuBolv alTan : ]
D xt—12x—7=0 , x*+x4/34+4/5=0
D —xt+3x—1=0, x*4/2 +x4/3-442 =0
3 (a+ P = (=PI x+ o+ =0 , aPyx'+ (P aP)x—aply =0
292) ’Ex ToU &BpolopaTos S xal ToU ywoptvou P BUo &piBudv v ebpeBolv ofrtor els
Td5 &rkoAoUBous TEPITITWOEIS :

1)S§=15 2y §=-19 3) S=2a
P= 14, P= 84 P=at—p?
293) N& oxnuaTiodij tElowois p° Paduol, Exouoa pilas :
1) 7 kel —35, 2)—101«:1—%' 3) 5 +4/3 xad5—4/3
i
4) —243i kal —2—3i, 5) a+Praia—p, 6 q:ﬂmld—ﬂf

294) N& Umohoyio®ij # ula pile Tfis Ehiodoews ax® + Px + y =0, &tav yvwpilwuey
THy &AAny pilav abTiis.
295) N& Umohoyio®fi A4 Tiuf ToU A, fva 76 Tpibvupoy x* —5Ax +A? Exn pifav Tdv
1
GpiBpdy —.
pbuty —

296) 'Edv x,, X, elven ol pilan Tfis X2 —(m + 1) x + m = 0, v ebpebi
1) 51 molov Ty ToU m Exer pilas dvriBéTous,
2) 51&x Tolov TipfY ToU m wAnpoUTan 1) oxéois 3x; + 2X, =7
3) &1a mofav Tiphv Tol m Exer pilas dvTioTpogous.
297) Né& evpedij # Ixavd) kal dvaykala ouvBrikn petakl Tév o, P, ¥ Tis ax? + Bx + y=0,
va al pifon aUTiis X;, X, TANPOUV THY oXETW KXy -+ AXy = M.
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‘Opéag p':
298) "Eqv X, X, elven al pifon Tiis Ehodoews 3x? —2x + 6 = 0, v& UtodoyioBolv al
Tipal TGOV TapaoTdoEwy :

1 1 1 1
1) Tx+x_z & X_12+K_g=‘ ' X X
2) (xa—x2)? . %’3—, +;‘2 3_‘3" ¢ (3%, —-2) B, —2) % ;:‘_122
—-299) N& oxnuaricdi tfiowals B’ Paduou Exouca pifas 1) T& dvricTpopa T&Y pildv,
2) T &vtioTpopa TGV TeTpaydvay TéV pildY Kal 3) Tols xUBous TAV piidv Ts o=
oexs X2 —ax + B =0

300) ’E&v p,, py siven ai pifon Trs thicoews x* —3x +k = 0, va UmoAoy1adi | Tun
U K, a: 5pp,—4p%p, =2k + 3 + 4p,p.® — 5p1pe?.

301) Ak Toias Tipds ToU Ae R To GBpolopa TGV TeTpaydwwy Tdv pildy THs tho.
XX—1)=x(x—2)+3A=0 iooltar mpds 4 ;

302) Ak molas Tipds Tév p kol v ol pifat Pu P2 THS 010, 2X% + px — 3v =0 wAnpolv
& oxéoes 3p, +3p, = 2pipy ki 1 —pypy =5 (py + p2— 2)

303) ‘Eqv x,, X, elven ol pifon Ts Efiocioews ax®+ Bx + y = 0 vabmohoyiobolv al

TAPATTATEIS :
(oxy + P)~2 + (o, + B2, (axy + P)~2 + (ax, + B)~°
304) N& Avbij 16 oloTnua : —3pipeXx + 5 (o1 + p) W =4 (pr + p)
8tou py, pa pilent Tis x2—3x +1=0 | (p, + p) X + pr P ¥ = Tpypa
305) Né& karaokevaotdi tficwaog B’ Pabuou, Tfis émoias al pilan x,, x, TANpPoUV TS
OXETEIS Xy X3 — 3 (X, + Xo) = — 5 K&l X;Xe— B (X + X2 ) = — | xad dxohovBes v TrpoaBiopl-
i 0 u, va f karaokevaoBeica iowois £xn pilas ioas.

3. MPOZHMON TON PIZON TOY ®(x)= ax’ + px +7v, o, B, yER, ¢ # 0.
Eidopev 811 16 €l8os 6w pilév ToU Tprwviuou @ (X) étapTdTan &mo ThHY

Siakpivousaw A = B2 — day xal 611 altar Bvavtor v& elven TparyuoTiked &vi-

oot (A>0), mparyuamikai foa (A = 0) kai kofapai wryadikad ouluyeis (ALO0).
"Han 8& Eterdocwper T Tpdanuov TGV pil@v s THY TepiTTwa, ko’ flv

Exouev pilas mpaypaTikds, 516T1 Tols pryaBikous apifuous  Stv Biekpivapey els

BeTikoUs kol &pynTikoUs.

To mwpdonuov TéV pirlév Tou q;(x)'éicxp'r&"rm &mod TS ywdpevov P :% Kal

B

T &Bpoiopa S = — - T

Awkpivopev tag £6fi nepintdong :
I. A>0. Ai pilen elven mpaypoTikad dvicor.

)l Pr= —Z— > 0. Al pilcn elven dpdanuol, émdTe édw Eycopev

1) 8= =~ %) 0 ‘GupdTepan efvan BeTixad: (X, X, eR*),

2) 8= — %(0 SupoTepan elven &pvnTikad (X, X,eR ™)

‘H mepimroos S = — —i— =0=p=0ut %>0 kai A>0 elvon &SUvartos.
Biek = % < 0. Al pileca elvon Etepdonpol, dmoTe v Exwuey

1) S = — »% > 0 &moAUTws peyodutépa elvon ) Betikny (X;eR™*, X,eR-,

N X <0 x kel | %, | <[ %),
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. A=0. Ai pilen elven mparypoTikal oo (x1 =Xy =

2) S= - -E— < 0 &mohUTes ueychutépa elvon 1 ApYNTIKT

(x€R*, XpeR~ A %, K 0 <%y wal %y | < [%e | )y

3)S=— % =0 ai pila elven dvriBetor (X, <0< X, kel | X4 =%z |)
y) P= Y. —0. ‘H ula pila elven 0 kal i &\An Sidgopos ToU unSevds
(&ﬂox?\slnal X, =X, =0, Bidm A >0), omwdTe & Exoouev
)S=-L>0 fix=0xaif x>0 (xl —_)
ys=-L<o Ax=0kaif %<0 (x=— o

P= % 20, dméTe dw Exoouey

2a

) kol GUVETTES

o) P= % >0kai S=— % > 0 dngdTepan elven BeTikad (X, = X;€R™),

P= l 0 kel S=— £ 0 &uodTepan elvon dpvnrikal (X;=X,€R")
POTER

y) P=X =0 &ugdtepan even 0 (x, =%, =0).

A0 A plgcn elven xoBapad pryadikad ouluyets (| X, | = X | )-
T& dveotépw ouvoyilovran els Tov dxorouBov mrivaxa :

WnpionoBnke amd 1o ivotirouto EknaiSeuTtikrg MoAmkrg

Mpdanuov pil@v Tol e (X)=ax*+Bx+v, « B,yeR, a#0
A | P| S ‘ Eios pi{év ki Trpéonpov aUTdv
+ % €RF, xRt <= 0 < X< X
+ = %ER-, HeR- <= X < %<0
0 TeplmTwals adUvaTos
=+ xeRY xeR-<=x<0< X kol [ %2 | < | X
S - - % €ERY, BER- <= X, <0< x kad | %] < [X2]
0 | xeRYy %ER-AXy=—%Xe=> | % | =]%e|
b x €R*, x,=0 (x1=—%)
& B
= X, =0, xe R~ (Xz=—-;)
- 0 Teplmrawots &buvaros, Biom A # 0
i x.--xg:—'i;ER*
+
i P
= x,=x,=—‘2;eR-
0 0 X, == 0
— %€(C—R), ue(C-R) kal X, =% = [%|=]%]|
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HNopadeiypata: o) N& elpebfj 16 mpdonuov Tév pilév Tév Eiodoewy.
1) x2=2x-5=0, 2) x2+5x+4=0, 3) 3x*—x+1=0
Aborig: 1) "Exouw A= (=2)*—4-(=5)=24>0, P=—2 <0 «al

S=—;f=2>0. "Apa X;€R*, x;eR-kal | X, | <] x|

2) "Exopev A=52—-4:4=950, P=4>0 kai S=-5<0. *Apa x,€R-,
X eR- <= x,<x,<0. :

3) "ExousvA =(-1)2—-4-3-1=—-11<0

"Apa %1€ (C—R),X, € (C—R) kel X, =X, = | X, | =| %, |.

B) A molas Tiwds ToU A af pilen Xy, X, THs tfio. x2—8x + A =0 el
éTepdonuol pt &moAUTws ueyoAuTépay THY OeTikAY |

Aberg. Tlpemer v& TAnpoUvTan af ouvBfiken P < 0 kad S > 0 (Atv AapuPévo-
uev A >0, 8ivm dTaw P<0 = A >0)

"Apa P=A< 0 kal S=—(—8)=8>0 "Qore :

Ax A < 0 Exomev %R+, X,6R~ kai | x, | <| X, |

Y) N& Sepewnbij 1 &iowois 3x2 —6x + 5 (2u — 1) =0, ueR

Avoig. "Efetdlopev Tés moodTnTas A, P, S :
A=36-602p—1)=12 (3 —10u + 5) = 24 (4 — 5p)

Toé onueiov Tijs A elven : B|—o 4/5 + o
A + ! =
I
P=X2D _ 2 u-1) p|-o 2 + o
5 = = |
To onueiov Tou Pelvan : P ° +
—6 s , s
S=- - 2 > 0 ’Akololfiws ocuvtdoooupey TOV Trivoka :,
g AP 8 ElSos pilév Tiis 3x* — 6x + 5 (2u—1) =0
I I S T I x,€R*, x,6R- kal | X | < | %]
% ol xR+, x,= 0, x, =2
S =R -+ x,eR+, x;eR+
4
el = O- X =%Xy=-+F1
1! — | + | + | xeC=R), x6(C—R) kal x, =% = | X |=|%|
AIZKHZIEIZ
306) Né& elpedfi o mpdonuov T&dv pildv Tév kéTwh Ethiohoewy :
1) x2—6x+9=0, x*+ 14x—-1=0
2)4x¥—4x + 1 =0, —3x*—9% +2=0
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307) N& etpefoiv al Tiwal ToU A€ R i1 Tas dmrolas ol pllon 7Tfis hio. 3x* —2x +
+3@A-=T7)=0¢van: 1) &updTepan BeTikad, 2) Erepbdanpol pé &mohiTews peychuTtépey T fe-
Tixfy, 3) plov SimAfiv Getiknv, 4) kaapal pryadiked katd pérpov loai

308) Né Biepeuvnfij Si& TpaypaTIKds Tipds ToU A kdoTn TV dkohoulwv EEiodoecv
kal v& yhm mvakoypdenols T&V oupTepaopdTwy TS Blepeuviioews.

1) x2—4x—-3(@2-50)=0, 2) —2xt+5x—7(1=N=0

309) Né& edpere O €lbos kal To Tpbonuov TEY pilw Tis Eomoews 2X (x — o) = a?,
Stav o mpaypaTtikds kal a # 0

94, METAZXHMATIEMOE TOY I (%) = ax® +Px + 7, a,p, YER xai a == 0 EIE
TINOMENON TPQTOBAGMION QI IMPOE x ITAPAI ONTQN.

"Eqv Xy, Xp elvan ai pilan ToU Tprovipou f(x) = oax® + Px + Yy, TOTE EXO-
pev : X + x2=—% xod X; « Xp= —‘;—

"EE &AAOU TO TPLOVULOV YPAPETAL :

fx) =ax®*+pPx+y= a(x“—}-—g— x«{-%) = a[x2 — (X + Xo) X+ XXo] =
= a X2 — XX — XX + XiXp ] = alxx—x)—X&-%x)]=
=a(x—X)(X—X%X)

“Qore, Ald v@ petacynpaticopey 10 TPLAVULOY f(x) = ax® + Px + v ¢ig
ywépevov o | padpiov nopayéviov GG Tpog X, epiokopev tag pilag adrol kai ka-
émy oynpatifopsy 0 ywopevov o (X —X;) (x — Xx,)-

Hapaderypa: N& Tpearrolv els ywdpevov TTaporyGUTeY T TRIWLG
1)x2—7x+10, 2) 3x*4+x-2, 3) x*—4x+5

Abozig: 1) Al pilcn ToU Tpiovipou elven X3 =5, Xp =2

"Apa Exomev : x2—Tx+10=(x-5)(x—-2)

2) Al pifon ToU Tpieovipoy elven x; = —:2,-, Xp=-1

"Apax Exomey : 3x? + X — 2 =3(x—%) G+ D=0Ex—-2) x+1)

3) Al pifen ToU Tpleowvipou elvar x; =2+ i, Xg=2—1. "Apa. Exouev :
x’—4x+5=(x—-(2—|—i))(x—(2—i))=(x—2—i)(x—2+i)

“Hror f) &véhuois ToU Tpiwvipou x* —4x + 5 pé pilas kafopds pryadikas
Btv elvan Suvarh pdv (BA. 5n mreplr. dvodoecs) els 1O olvoloy T&Y TpXyHaTl-
kv, elvon Spws Suvarrhy els TO oUvohov T&Y uryaBikGv.

95, EYPELIZ THE B/@MIOY EEIEQXEQEL EK TON PIZON AYTHE.

*Edw Sofotv o pilea x,, X, Tiis B’/Buiou liowaoews, Buvéneda ¥pnoipoToloy-
Tes TOV PETQOXMMATIONOY X+ PX+y = a(X—X) (X—X) v& eUpooev
T ttowow TalTny.

Mapadewypa : N& oxnuatiodij éiowois B’ Pabuol, Exovoa s pilas ToUs
&pifuols «) 3, —2, P) 2+ V3, Y)-3+2
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Al’m'm;:oc)é')(ouevcx(x—B)(x+2)=cx(x2—-x—6)=D<¢-x%—x—6=0

B) "Exouey a[x—(2+/3) [{{x—@2—=1/3) | = «[ (x=2)*—3] =
=0=x—-22-3=0=x2—4x+1=0

) "Exouev afx—(=3+2)][x—(=3-2i)] =« (x + 3)2— (2i)?] =
=10 <X+ 3P+4=0<>x2+6x+13=0

Enpeioor. ‘'O mopdywv o Toi ywouévou SuvaTean vé TapoAeiTeTon ) kel v elvan
olooBrmoTe TpaypaTikes &pifuds.

AZKHZIEIZ
310) Né& tpomrolv els ywopevor o /Bobpicov TapaydvTwy Tol X Té dxdAoude Tprdbvupa
B' Paduoy :
1y x*+ 7x —8, x* —11x—26
2) 2x*+ 11x 45 X® 4 xy — T2y2, vix? — 6vx — 91
3) x* — 20x + (af — pt) X?— 2ux + pt—v, X* —2ax — 3a* — 4B (B — 2q).
311) N& oxnuatiodfi icwos B’ Poabuod, Exovoa pifas :

3 : 1 = 1 3i
1 —TKCH-—*Z—v 2)5i2'\/3, 3)“'2—i—2+
4 « £ /2B, 5) A+ 3ui, 6) o +B? kel a— P
312) N& amhomomnoly T& KA&opaTa :

1 x? — 15x 3x2 + 19x — 14 7 =
)x2—14x—]5’ 6x2—x —2

9 3% — Txy + 292 X' —x (2a+ 3B 4+ 1) + (2« + 3p) f
) 65wy F g N-x @+ 6B r D+t pAl/

96. AAAAI EIAIKAL MOP®AI TOY I(x) = ax® 4 px Ly év R

Edw Xy, X, ai piler ToU Tpiwvipou f(x)= ox® 4 Bx + Y, TOTE
—B + /A —B—+/A
h= p2cx\/ 'XZ:_E‘ZT\/_'

Té 8¢ Tpichwupor ypdpeTan :

FX) =ax®+Bx+y =a(x—x) (x—xg)sa(x—- —p+£)
(2255 = (-3 - ()]

Aroxpivouey Thpor T&g TEpITTROES

1) *Es ; 7 B \2 VA2

) ‘Edw A >0, Téte f(x) = a [(x+§c—() _(iﬂ) ]
fito1 10 TPiovupor f(x) WxeR: peTaoynuartiletan els Siapopdy SUo TeTparycs-
VOV TPy HATIKGY TapaoTdoswy éml 1o o # 0.

2) By A=0, téme f(x) = ax?+Px+y= «(x+ &)
fitor 1 f(x) ¥xeR uetaoxnuarileran els TéAeiov TETPAYWVOV TIPOy WETIKTS
TopacTdoews &mi TO o # 0. &

3) 'Eqv ALO0, T f(x) = ax? + Px+y=a [ (x""%)2 =3 (iVTA)ﬂ

a, 2x
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B P \2 V=B \2
= o[ (x+%) +("=")]
fitor T f(x)VxeR netaoynparilerar el &dpoioua Blo TeTporycvwy TpaypaTI-

K&V TapaoTdoewy gl TO o # 0.
Enueinorg. Al dvotépw popeal elvar Alav xprioipor Bid Té Emdpeva kepdAaia.

ALKHZIEIZ

313) Na& ebpeBouv ai Tipal Tol A € R S1& &g dmolas T& drdAovba Tprawvupa elven o)
TéAelx TeTpdywva, B) foa mpds THY Sragopdy BUo TETpay@IWY TPAYHOTIKGY TOPATTACEWY,
y) loa mpds 16 &Bpoiopa EU0 TETPAY VWY TPOYRATIKGY TAPROTHOEWY :

D5@-1Dx*+x-1, 2) —Tx®+5x—3(2-30)

314) Na& eUpebf) moia €k Tdv dxololBuv Tpiwvwwpwy peTaoynpatilovral els Siapopdy
kai Toia els &Bpoiopa BUo TETpaywvVwY TPAYPaTIKGY TAPATTAOEWY :

1) 4x? + 20ax + 21a?, 2) apx®— (a® + P)x + op

3) ax? —2a% + ot + 1, 4) 9a'x® — Ba®B (3x — 2P) + 16p2

97. TIPOZHMON THE API®MHTIKHE TIMHE TOY o(x) =ax®+Bx+ 7, a, B,
YER, @ 54 0 AIA TAEL AIA®OPOYE TPAITMATIKAE TIMAEL TOY x.

"Eorw 1) owdpmnois (X, ¢(x) = x> — 5x + 6) eR2. AUtn elvon TeAeioog
dptouévn els TO cUvolov TGV TrparypaTiK@dY &p1Bpddv. "Ag eUpwuey pepikds Tipds

altiis mX. ToUs : ¢ (—4), 9 (2), ¢ (_25_), 9 (3), ¢ (10). OUrw Exopev :
¢: X=—4—9(4)=42>0 o¢: x=%—>q>(_§_.)=—-i—<0
¢: x=2—9(2)=0 ¢: x=3—09(3)=0

MaparnpoUper éT1 al Tiped adTiis &AAoTe elvon GeTikad, &AAoTe &pvnTikai
Kal pévov S X; = 2 kai X, = 3 (ai pifon Tfis ¢(x) = x? — 5x + 6 = 0) elvar fom
mpds 0.

TToAAGkis els T& Emodpeva paffipaTe 8 elpebidpey els THY dvdykny v& yvwpi-
{wopev TO Trpdonuov Tis dpiBunTixfis Tipfis ToU Tpiwvipou ¢(X) = ox®* 4 Px + vy
(a # 0), B1& TuyoUoaw Tipfv X = EeR, &vev eUpéoecs Tis Tipfis @(§) eR.

EiSopev &11 10 Tpicowwpov @ (X) = ax® + Bx + y weTaoynuoaTileTon &g Ty
popeny ¢(X) = ax®* +Px+y =« [(x - -2%)2 — %] To mpdonuov Tfs Tu-
¥ouons Tiufis adtol ¢ (E), 81k x =& mpogawéds EopTdTon €k Tfis A kal ToU
dpifuou a.

OUtw Sroxpivopev TS TEPITTTWOEIS :

1) ’Eaw A > 0, T6Te X; # X3 eR xai foTw X, < X

Al pilon x,, X, Siauepilouv Td olvodov R eis Tpia Sraotipara b5 paive-
Ton els THV YewPeTpIKNYy TapdoTaoiw.

— 00 xk2 ;.;_1 + o

*As Becopniowopey piaw Tipfy X = EeR. Ak ThHy Tipfv oy Siokpivopey Tas

EEfjs TrEpPITTTCOOES :
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o) EwE < x,<x; <> E — %, <0 ki £ —x,<0= (£ —x;) (E—x,)>0 "EE &A-
Aou &k ToU @ (x) = ax® + Bx + ¥ = a (X — X;) (X—X,) AcuPdvopey ¢ (E) = ab?4
+BE+y=a(t—x ) (E—x,) =a- (BeTikds &p1f.)
“Apa 1) Tiuf) @(E) Exer TO Tpdonuov Tou a. "Htor a. ¢(f) > 0

B) Ew x; <t < xy<>t—x <O kaib—%,>0=(C—x)(E—x») <0
Kol ouveTTéds
P(B) = b2+ BE + y =a (E —xy) (E—%,) = & - (&pymTixds &pibuds).
*Apa 7 Tipf) (L) Exer TO Tpdonuov ToU —a. “Hror ag (8) <0

Y) BEwx, <% <iofi—x>0kaf—x>0=E—x)E—x) >0
kal @(8)= a (£ —x;) (E —Xx,) = « * (BeTikds &piBuds)

“Apa ) Tiun @(§) Exer 1O wpdonuov ToU a. "Htol agp (E) > 0

2) 'Edv A =0, TéTE X, =X, = — i% eR kol TO TpidwupoV pETOOKNMO-
Tiletan els @(X) = ox® + Bx + y=a-(x+ -?,—)2 , OméTe Baw x =E # — 290

AauPdvouey (k) = a- (E + 53 ) = a - (BeTikds &p.)
"Apa ) Tipn @(E) Bix Taw £ # —% Eyel TO TpdOTHOV TOU O

3) 'Eav A<O, T6Te X, X,6(C—R) kad TO Tpicovupov petaoynuaTileTon eis
¢(x) =cx®+Px+y=a [(x + %)2 + (‘/2;6)2] , oméTe AapPdvopev @(E) =

= d[( £+ 2a) (-\/ A) J = a - (BeTikds &p1Buds).

"Apa fy Tipn @ (B) 81k maw EeR Exel TO Tpdonuov Tou a.
Ta dvewTtépw ouvoyilovtar s drohoubos :
9 (x) = axt + Px + v

Mpdonuov Tfis A | Pifot ToU @ (x) I Mpdanuov ToU ¢ (x) (Biax =EeR)
[
X1, X3 €R | X< X2 < X3 TpdeToy ToU a
Xe < Xy . fi o By
A >0 | Xl XS X *
mTpdonuoy ToU — &
X< X< X ap(E)< 0
p p TPOCTHOY TOU &
A=0 X=X =—75- €R Yx#— By ag(E) >0
R Tpdonuov ToU a
A< 0 . Xy, X: € (C—R) Y xe Sl

"Qore: To tprdvopov ¢(x) hapfaver tipfv dpdonpov 10b a. ¢
o) B X < X, < X 1| Xy < X; < X, 24V Xy, X; €R, B) Sué Vx # ey eR
v x; = X, = -—-ziuxui v) S ¥xeR, 2av x;, x, €(C — R), Aappaver 8¢ npfy

opbdonpov 100 —a yid X, < X < X, £av X, X,€R.

Mapadeiypata : N& evpedolv af mpaypoTikal Tipal ToU X, Si1& Tas dmoias
T& &rohouba Tpidvupa Exouv Tiuds BeTikds fi &pynTIKSs :

1) x2—6x+8 2) x2—6x+9 3)3x*—x+1
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Avog ¢
1) Emaidy A=36—-32=4 > 0 kal x, =4, X, =2, émeTon 6 dxdroubos

Tipal TOU X — 2 4 +
mivak mpdonuoy Tol d o
y + - — +
Tpravipou | l

2) Emreib) A=136-36=0 xal X, =X, =3, &meTan &1 TO TPIOYULOY
¥x # 3 xkofioToron fetikdv. OUBEmoTe yiveran &pymTiév.

3) *Emadh A=1—12 =— 11<0, émercn &1 T Tp1covuuov VxeR kabi-
oraron feTikév. OUBbmroTe yiveron &pvnTikdv.

AZKHZIEIZ

315) Ak Trolas Tipds Tou x € R T& &kdhouba Tpidvupa yivovtan Betikd § dpvnTIKG ;
1) 3x*—x—4, 2) 4x* —20x + 25, 3) x*4+x+41
4) —x*+x—1 5) —2x*+ 16x — 40, 6) —3x*+2x—5
316) N& &moberyfi omi T Tprawupov ¢ (x) = 5x? + px + 2w (neR) elven GeTidv
Y xeR.
317) N& d&mobeydii &, tv 0 @(x) = ax® + Px + y xabioTaTan dudonuov ToU «

1) ¥ x € R, To7e ixer pilas kaboapds piyadikds ouluyels, 2) Wx# — Tﬁa eR, ToTEX, = Xy =
P

= €R.

318) N& dmoberx8ii &m T Tpidwupov @(x) = ax® + Px +y Exa pilas TPy UXTIKSS
&vicous, v Utrépyn &piBuds £ e R Toiolros, doe v elvan ap (8) < 0

319) N& &mwodeixdii &m A tllowo x!—22Ax + (A —1) =0 #xea pilas TrpaypaTIKdS
Y AeR.
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KEQAAAION XIII

ANIZQZEIZ B’ BAOGMOY QI ITPOX ENAN AI'NQEITON

98. OPIZMOI — IAIOTHTEEZ (mepiinntiki] dnopvneis)

‘Opwopoi : Kaleitar dvicwois dc mpds dyvwaror Tov X mdoa oyéois Tijc
poogije @(x) > i(x) 7 f(x) < @(x), 1 onola elvar alnbjc O eidixas ripuag tod
dyvdotov X, dmov @(x), 1(X) moayuarixal cvvagriioeis Tijs perafinris X; Exov-
ogat 6 adré medlov dpiauot. 'Eqv elvon dAnbns Six wéoas Tds Tipds ToU cuvdAou
dvagopds aUthls, TOTe kaAeiTon povipog Gvicweols.

"Enilvoirg dvichoews, &v ouvdAeg S, kodeiTan f) elpecis ToU guvdhou TGV
TGV ToU &yveooTou X &v T8 S, of dmolon TN kadioTolv dAndT (Eranbelouv).

Al eUprokdpevan S1& Tfis EmiAloews Tiwed ToU X kohoUvTtan Adosig TS
AVITWOEWS.

Avo 7 mepioodTepan dviodaaels, & ouvdde S, kohouvtan igeddvapor, Ew
kol povov ddw Exour TO alTd gUvoAov AUcewv.

Ietnreg: 1) ‘H dvicwors ¢(x) > f(x) elven loodlvapos mpds Thy &wi-
gwow @(x) + 7(x) > {(x) +1(x), &9’ Soov 1) ouvdpTnois t(x) elvan dpropéun el
TO oUvolov &vagopds S.

2) *H dvicwois @(x) > f(x) elvon icoBivauos mpds Thy ¢(x) — f(x) > 0.

3) ‘H dvicwois ¢(x) >0, &v S, elvon icodlvauos Tiis dviocoews §(x)-
- o(x) >0, dv 1| dvicwaois o(x) >0, & S, elvon pdvipos.

4) *Edv oi duicwaels, tv S, o(x) >0 xad f(x) >0 elvon igodivapol, ToTE Ko
N (x) + f(x) >0 elven looBUvauos Tpds oaUTds.

’Ex Tiis TepIANTITIKTS ToUTns Utropvrioews, &veu &modeitews, Téw i8ioTh-
Twv TGV dviodoewy oupmepaivopey, 8T1 kaTd THY AUow Tdv &uiodoewy Séov
v& AapPdveoper coPapdss Ut Sy alTas s Emions kal Tos yvwoTds i8i1dTnTas
TGV dvicothTwy, Sid v& PNy UTomimTwpey els opdApaTa.
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99. OPIEMOZ KAI EMIAYZIZ B'/@MIOY ANIZQIEQL (3

/4

‘Opropos. Keleitar dviowaotg B Babuod, s mpos dyvwotov Tov X, mdoa
avioweos Tiic poogis @(x) = ax* 4 px +y>0 7§ < 0 pué a#0, af,yeR.
(of & B,y Buvovton va elvan kad TpayHaTIKGl  TTAPOOTAOEIS UM TrepiExouaa
TOV &yvWwoToV X).

To o péhos THg Guiocoews EVal TO TPILOVUMOY B’ Paduoy, TO émoiov el-
Sopev 871 elvan TeAeiws GpITUEvov Eig 6 oUvohov R. OUtw &1& ThHY émiAuoi Tiis
dmatoeas ax? + Px +y>0 fi <0 &v1d owdhw R, Aaupdavopey T’ gy TG
ouuTepdopoTa Tis EeTdoews ToU Tpocfidou THs apibu. Tipfs TOU TPILVUHOU
o(x) Bix TporyuaTikds TGS ToU X.

‘Enidvoig thg aviedosng ¢(x) = ox* + px + 71 >0 i <0, (a#0).

Qs yvwaoTéy, TO Tpdonuov Tis &pifu. Tiwds ToU @(x) ttapTdTan ik TS
Biaxpouons A kai ToU &piBpol a # 0. Oltw Suvdpeda sUkdAws v& Bikauohoyn-
CwHEy THY ouWTANpwow ToU x&Twdi Trivexos.

A & TUvohov AUgEwv TS SUvohov AUOEWV TS
axt +Px+vy >0 ax? + pPx+y< 0
i ! XX €R, X < Xy X X ER, X3 < X
" {XER | —0<X<Xyy X <X< + 00} {XeER | X< X< X1 }
X X:€R, Xo< X, X X €ER, X< Xy
{xeR |x<x<%} | XER|-0<x<Xy <A<+ 0}
+ ] T ey
= xER |x # —37 { 1=@
0 — = —
' p
i { =0 I {XER\X#—-E}
| + 1 {(x|xeR} | (1=2
[l iy | txixer)
Enpsiwoig. Ta oUpPora —eo kal + o Sty GUTITTPOTWTTEUOWV dpiopévous TRy Ko

Tikous dpiBuols.

Mapadeiypara : N& emivBolv &v R, ai &xdAoubol QVICWOELS :
1) 3x2—x—2>0, 2) —3x2 4+ x +4>0, 3) x*+ 6x+9<0, 4) x4 x+1>0
2

Eribvorg: 1) a=3>0, A=1+24=25> 0, =1, o= —5

‘H dvicwois mAnpoUTan Sid x>1 kai Six x< —13
“Apa O olvohov AUoewv elvan @ { xeR | —0'<x <—-gj—: I<x<tow}

2) =3, A=1—4(=3)4=429>0; X =5 X =~1
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‘H dviocwois dAnbever S1& —1 < x <-§-

Zvohov Aoewv : { xeR | — 1<x <—-g— } :
Na=1>0, A=36-36=0, x, =x, = —3

‘H dvicwois Sév Exel AUgw els O oUvorov R.

Zvohov Aloewv : {XeR | x2 4 6x +9<0} = ¥
YhYa=1>0, A=1—-4=-3<0, X1X,6(C — R)

‘H dvicwois elver &Andis Si& méoog TAs TPoryd. Tiwds Tou X. Elven pia
uovipos dvicwats. TUvodov AUgewy : {x| xeR }.

100. ANIEQZIEIZ BAOMOY ANQTEPOY TOY AEYTEPOY

Mia dvicwors Paduol dweorépou Tol BeuTépou dos mpds X Bk vk EmIAUSH,
Béov vax A&Pn ThY Lopg @u(x) * u(X). .. Pu(X) >0 A<, Brou gy(x), Pa(X),. ..
Pu(X) drépona TOAUGWUNX TOU X TpwToU fi Seutépou Pabuol, Exovta TS alTd
mediov dpiopol.

Oi Tapéyovres B' PaBuol, édw Exouv pifas TporyuaTikds, Slvavtan v dvo-
Aulouv els ywdpevov BUo TrpurToPaduicov TapaydvTwy, v Exou pilas kaBapds
mryadikas ouluyets, Buvavron vé mapaheipboly s poviucos Betikoi, (51611 Twéw-
ToTE Suvduela v UrobéTwuey ToV o BeTikdv). Suvemrdds | dvwTépw dvicwois
TaVTOTE elvan Suvartdw var AdBn Thy HOPRHY (X — py) (X—py). . . (X —p,) >0 <0
(ueN). ‘H émfAuoig Tiis dviodoecas aUtiis elven yvooTh & Tiig TponYyoupévns
Tk,

Mapédevype : N& ¢mAvéi & R, f| dvicwois :

fE)=Ex-3) &2+ 1) (x2—x +2) (—2x* + 7x — 3) (— x® + 5x)<0

"Erilveis : Efetédlopev Tous BeuTepopadpious TapéyovTas.

Otfreos Exopev : x*4+1, A=—4 < Q = X241 > 0¥xeR
X2—=Xx+2, A=—-7<0 = X2—x 4+ 2 > 0%xeR
—2x + 7x=3,A=25 > 0 = —2x* 4+ Tx — 3 =—2(x—3)(x——})
—x24+5x, A=25 > 0 >—x245x=—x (x—5)
"Apa 1) dvicwois elvon iocoBUvapos pds T &vicway :

x=3) (-2 (x=3) ( X— %) (= %) (x =5)<0, fiis efvon ioodUvepos Tpds

Y (=3)* ( x =) (x=5)x < 0. “O apdycoy (x — 3)? ehven 1 dpvnTiKSs
xeR, Emopdveos B1dx x = 3, 1) dvicwaois lven icoSUvapos Tpos THY
1
(x—7) (x—5)x < 0.

Al pifea ol mpeyToU péAoUs abTiis efven O, %, 3, OUTtews Exopev:
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x |-

<1

Tpdonuov ToU (x — 3)’( Xx— —;—)(x =5)x - o+

0
. 1 ‘
Tlpéomuov ToU ( X — —2"') (x-5) x e ? +
0 +
|

—o—|—o— Nl"'
e O —O—| W

o
|
*Apa T auvohov Aoewy Tis f(x) <0 elvat: {xeR |- <x<0, % <x<5, x#3}

101. KAAEMATIKAI ANIZQZEIZ
Mia avicoog Keleltol Kiaopatiki, éav dovata va Lapn v popenyv,

%E% > 07 < 0. "Omou ¢y(x), 9(X) TparypaTIKa pnTail ouvapThoEls TOU X,
2
Exouoan Tediov Spiopol TO Trediov 5piouol ol prToU GAyEePpikol KAGoUATOS :IT(;;
2
*Ereibf T& TrnAikov Yo &piBpddv efvan Sdudonuov Tol YIopévou aUTv,
frovtan of dxdAoubor looduvauion :

:_((% >0(&v S) <= (%) - 9:.(x) >0 (' S)

P1A)) S 1o oUvohov Spiopol TOU: (x)
- Eii <0 (v 8) = @u(X) - () <O S) @
ek sl ek St zl E:; >0# < 0 véyetan els Thy Emwilvow &vi-

oot Ths Hopfis ei(X) - u(x) >0A <0
Hapaderypo: N& emiAvbi, &v R, 4 dvicwols ©

3 3 5
x—2 + Xl < x+3
LA P 3 8 5 x® 4 24x — 37
Erilvorg: “Exouey — + 7~ 3 <0<« D G-DGEFD <0

To rediov dpiopoy elven S=R—{2,1,-3}
*EqriUopey Thv iooBivauov autfs (x2 + 24x — 37) (x—2) (x=1) (x+3)<0,
63§ TTPOTYOUHEVES, &réTe AapPévopey T oUVOAcY AUcswv :
(xS | —o <x< —12—/181, —3<x<l, —12 +4/181<x<2 }

102. TYETHMATA ANIZQEZEQN B° BAOGMOY.

*Edv SUo 7 TreplocdTepan GuioWOELs, G5 TPOS Tov atdv &yvewaTov, elvan
&hnbels B1d Tas cUTAS TIMAS ToU &yvoTOU X, &V owdAe S, TOTE Aéyouev OTI
&mroTeAoUv ohotnpua GvVicOOEMV.

*Enilvoly TOU GUGTHHOTOS GVITWOEWVY koAoUpey THY eUpegiy T@Y KOWEV
AUGE®Y TEV Guiodaewy altol. To oUvolov TGV Ko1Vé Y ToUTwY AUgew v elval
] Toun TGV CUVOAWY AUoEWY TGV &viodoewv, euplokeTon & Bia ToU YvwaoTou
Trivaos, SoTis kaBopiler T& kowd SixoThuaTE AUoEwy TGV GVICWOEWY.

Iapadevypa: Né& EmAvhi, tv R, TO cUoTnua TV &VIOWOEWV :

1) 3x>6, 2) x*—6x+5<0, ) xP—9x2+ 14x <0
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"Enidvoig : To olvohov Aoewv Ths mpdrtng elven : 3, ={xeR|x>2}
TS olvorov Aloewy Tis Seutépas elvan: 2, ={xeR|l1<x<5}.'H TpiTn ypdee-
Tar X(X—7) (x—2) <0, fi7is elven SAnBrs Bik — o0 <x<0 xkad 2<x< 7.

% — 0 2 7 +
|

| |
I | |
R—gtle| — 0+ 0 -0 4

T otvodov Aoewv Tfis Tpitng ;= {xeR| -0 <x <0, 2 <xX<gT}
To ovorov AUoewy Tol ousThuaTos AcuPdveTan ¢k ToU droloUBou Trivakos.

X ‘ 3x—6 [ X*—6x+5 | x*—9x2 + 14x | Aboers ouatiparos I
—® ‘ |
a—— + p—_—
0 R + 0
il 115 + +
1 | - 0 -+
L= - -
2 | 0 — 0 2<K<'h )
+ — —
5 l + 0 — [
+ + - |
7 -+ -+ 0
+ + i
| 4=

ZUvodov Aoewv ToU ovothucTos elven :
2 =3%Nn%N% = {xeR | 2<x<5 }

AZKHZIEIZ
320) N& ¢mAuBolv, &v R, al &xdhoubor dvicwoels:
1) x*—2x 4+ 3>0, 3x*— 13x + 10<0, —-x*+2x+3>0
2) —6x2+ 11x — 4<0, 16x2 — 8x + 10, x24+4/3x-1<0
3) (x*—9x + 14) (x —4)< 0, x4+ 1>xt +x, x'—1>x3—x
D x—2x+ 1) (3x*+ 1) (2x-1)>0, @E*=5x-Tx-1)Bx2+7<0
x*—4 x2
NI x+1>2

3 2 1 - 1
AR g e s et
x* (x 4 2) (x—3)» 3x3 — Txt 4 4x_‘_
x+ 9 x—358¢ SO X —6x' + i2x—8 =0
321) Né& émiAuolv, év owéAw R, T& d&kéAouba ouoThuaTa :
1){4K'—4x—3<0 2) { i 2%~ 1 ;
—x! 4 2x >0, S R I DD

7
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3) x! — Tx+12>0 4 x*-5x*+6x<0
—3x*+ 16x—5<0 —x*+ 2x+ 3>0
—x* +2x+ 48>0 2%t —5x — 7 >0
322) Ak Tmolas Tipds Tou A€ER 1 thio. A—Dx*—2A—-3)x—2+ 3=0 éxa
pilas a) mpayuaTikes kal P) kabapds pryadikas auluyels.
323) Aid Tolag TpaypaTikds Tiuds ToU M TO Tpidovupov @(x) = (b —2) x*—
—2( +3)x +2u— 18 Ea pilas o) Getixds kal B) &punTikds.

103. ®EZEIE [MPATCMATIKOY APIOMOY QI I[TPOL TAL IPAIM. PIZAX TOY TPIf-
NYMOY o(x) = ax® + px + 7

"Edw Xy, X, elven al pilon (mporyparikad), dmou x, <Xy, kai 808} mporyua-
TiKdS &piBuds §, ToTE of Tpels TpaypaTiKol &piBuol Xy, X,, £ Blvavton v Tapou-
c1docour T&s EEfls oyéoes Siaratews !

<k, X XS X<y  X<i<x,

xohouptvas BEselg Tob & Qg mpdg tag pilec.

‘ExdoTn Tév Béoewy TouTwy Tou € xapaktnpileTar 4o cplopévas  ouv-
Brikos peTaty ToU £ kol TGV gUVTEAESTRV o, B, v.

1) 'Edv E<x, < X, TOTE €5 YVWOTOV cxcp(é))O & 97
*Errions éyouey E<x, < X, <= E<x, kai €< x; = 28<X; + X, i< 5"2'"—"’

i E<— p A&+ % <0. *Apa ai ouvdiikan elvan A >0, ag(§) >0 kol §+ % <0

2a
*Avniotpopag. “Eatw A >0, ag(E) >0 kal £+ % <0. ’Ex Tfis A >0 Eme-
o X, < X, €R. “Ex Tiis Seutépas ag(E) >0 Emeran 81 6 £ Stv Suvaron va kelTon
peTaky Tév pilédv. Téhos ek Ths Tpitns &+ «2% < 0 #weton 6T 6 € elven pikpo-
Tepos ol Tfis pikpoTépas pIlns Xa Bi1oTL & HTOo X < X, < E, TéTE X, < Kad

X, < L= 4% < 2= %-@<E:E+2%>0-

2) *Edw X, < X, <E, ToTe Exopev meAw ag(E) >0 ke tmeldn & THs X< X, <E

gmeTan £+ z—i >0, &pa ai owbiiken elvan A > 0,09(8) >0, kai £ + % >0
p

2a
TpoyueTikes (X, < X,), © € Btv Slvata v& xeiton petaly TGV pirlév kal ouve-
e, Co5 Kelpevos EkTos TGV PILEY, elvan peyodUTepos kol TS peYCAUTEPOS Xp,

*Avnietpéows. 'Eav A >0, ap(®) >0 kai &+ >0, TéTe Exouev pilos

5161 &Ahws B Exeouev € -+ EE&' <0,
3) "Edv X, <E<X,, TOTE &5 YvwoTOV ap(8)<0 (§97)
*Avniotpéews. ‘Edv ag(f)<0, ToTe &p’ fvds Exouey pilas TpoypaTIKGS,
&g’ Ettpou X, <E<x,, B16T &v A < 0 elven op(E) >0. 'Edv 8t & E Exerto #KTdS
Tév pildv B eixousy ap(t) >0.
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Ex Tév dveoTépw ouvdlopev T :
Al ixavai kai avaykaio ovvbijkar, iva 6 EER eivan 1) pikpbrepog TV X, < Xpy
elvar A >0, ap(§) > 0, & + g_a <0 xai 2) peyahitepog 1@V X, < X;, elvar A > 0,

0@ > 0,5 + 5 >o.

‘H ixavi) xai Gvaykaic euvBikn, iva 6 EER chpioketar petald t@v X;, X,€R,
civar ap(§) < 0.

Hapatipnow. Thy owbrxny ag (£)<0 xpnoipomoiotuey ToAAGkIs s Kpi-
Thplov TparydaTIkéTNTOS TEY pilddv ToU @(X).

Ta dvwotépw, s kal PEPIKOTEPAL TEPITITCIOELS, cwvoyilovton cs EEfis :

[ PI=ax? +Px+Yy, X< x
A | ag(E) E+2% Oéo1s ToU £ s pds Xy, X,
+ X< X<t
+
s E<Xs< X
2 X3 < ’—‘%X’<E< Xq
+ | -] - %< E<x‘—;x—‘< X
0 x,<E=’-“—§ﬁ<'x,
o + x,<x.1=i
= t=x< x5
. _+__| Xm=x%<k
| 0 = | E< xi=x
| 0 0 | X=Xy=1

|

Iapadeiypate : a) Toia 7 ééms Tév dpifudv —3, 0,9, 10 s mpds Tas
pilas Ths &iowoews o(x) = x2—8x—9=0;

Averg: "Exopev A = 64 4 36=100>0, x,<x, xoi o = 1. *Emeidny ap(—3)=
=9424-9=24 >0 ka -3+ =3 4=—7<0, tmeren &m —3<x,<x;
‘Ouoiws ap(0) =—9<0 &pax x,<0<x,
ap(N=8l-72-9=0=x%<x3=9=x%<x=9<10
"OAon SpoU diatdooovtal : —3 <X, <0< x,=9< 10

B) Awx moias Tipas ToU A ai pilon ToU @(x) = 4x2—x + 2(A — 1) elven
MIKPOTEPOL TiiS povddos :

Aborg: TTpémer va Eyoopey X, < X, < 1
Tlpss To0To dprel v elvoa A > 0, ap(1)>0, 14 £ >0
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Bereas: Boues B Y 300 = 1) QB 2,
ap() =4 @E—1+2—-2)=4(+28) > 0<>A > —,
l+L =145 =1-5 =4 >0 (VAR).
Al A < 3, A > —--l—cruua?\nﬁs\houv81c'x——i<7\g§—3-
32 2 2 32

AXKHZIEIZ
1
324) N& eUpedfj f) Béors Ta@v &pbudv —2, — 1, 0, 5 2 o s piles  Exé-
oTou TEV Tpiwvinwy @u(X) = 3x® — X — 4, @lX)= 4x* 7
325) A& molas Tiuds Tou A€ R al pilon x;, Xe T HHowy {=
—(3A —2) mepiéyovTon peTokU TV &piBpdv —1, L.
326) N& dmodexdij 6m al kérwh thodoes vigous,
xwpls Ty  xpfiow Tis Siaxpwolans :
Dx-=5-3)-5=0, 2) (x # 0eR)
327) 'Edw Xy, X, elvan al mwpaypaTikal pifar * i . @, = ax® + Px + y xol

0<y<B<a, vk &mobay8i 6T al pila x;, X, TepreovTal peTaty Tév &pibpdv —1 xad 1.

328) Né ebpedij f) Béors Tol &piBuol 2 wpds Tés pilas ToU Tprwvipou @(x) = 2x* — 3x +
+ 5 (1 —27) katd Tas Bagdpous TIpdS TOU A

329) ’Edv E, £y, € R xal @(x)= ox® + Px + y, v& dmwodeix8ij &t To ¢(x) Exer pilos
TpayuaTikds kel &vicous 2y efvar o( &) + ¢( &) <0, ulo TéY Smrolaw TepIEXETON METQEY TGV
£, < &. "AxohouBuws Emi T Pdoer Tiis TpoT&OEWS TAUTNS, v &mobery8ij 6T ol pilen Ths Ehi-
ohoews PI=(Xx—2) (x+3)+x+2) x=3)—2—-x) (B —x)=0 elvan TpaypaTIKX
&mool kal 1) pla Ty dmolwv mepiéxeTan petaty 2 xal 3.

E®APMOrAl TQN ANIZQZEQN B” BAGMOY

104. AIEPEYNHEIIZ TTAPAMETPIKOQN EZIZQIEQN §° BAGMOY.

EiSopev el T& TrponyoUpevy, 611 oi owrteheoTal @, B, Y TOU TRLwVUHOU
o(x) = ax® + Px+y TToANKIS elvan oUVCPTATELS Evds YPAUPOTOS AeR, TO émroiov,
yoopls v& BideTan &pibunTikéds, OBewpeiTan és yvwoTth ToodTns GvetdpTnTos
ToU X Kol &md Tas Slxpdpous Tiuds ToU dtoiou gEapTévTan af pifar kai To on-
peiov TOU TPiwvUuOU.

To ypéupax A kodelTar mapapetpog, ai B tiohoels T QUICWOEIS TIEPIEXOU-
con cUTd mapapetpikai.

Aix v Biepeuviiowpey piow Etiowow B’ Pabuou TIOPAUETPIKNY KOoTa TéS
Siapdpous Tipds TS TapapéTpou A, Sfov var EXwuev U’ Syw Tov YVwoTOV Ti-
voka (§ 93), 6 dmoios eEetdler TO eldog kai 1O Trpdonuoy TEV PILGY TS

Mapaderypa : N& Siepeuvni 1) ttiows. o(x) = @A —Dx2—2(A—2)x+ 3A =
=0, étav AcR.’

Abeg : "Efetéopev O onpeiov tév A(A), P(A) kol S(A) ko Tés Siopo-
pous Tiuds Tou A. OUTes Exopev :
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AA) =4 (A—2)2— 121 (2A — 1) = — 4(5A2 4 A — 4) = — 20 (A+l)(?\--%)

Té onuetov Tfis A(x) BiBeton &md Tov L el ~|1 ‘{" ad
YPoPIkOv Trivexe : AN | — < - ? -
PA) = 2%31- To kAdopa -2%_11 elven dudonuov ToU 3A (2A — 1), ToU dmofov TO
onueiov 5iSetan &md TOV ypapikdy Tri- A -8 o Yo too
: | |
VoK : 3A(2A-1) s ol — g
I 4
[
P(A) L E R P
SO =253 =2 To nsoua 2322 el spdonuov o0 20 —2) (24 — 1), 700
oémolov T onueiov BideTan &md ToV ypa- A —® Y 2 -0
Pukov Trivena : s o = o &
| \
\
S(A) + H — Cl' +

Ta dvwtépw Ponbolv els Tov dxdAoubov Trivaka Siepevvnioews :

Aepelvnors Tiis Ehiodoews @ (x) = (2A — Dx*—2A—-2)x+3A=0
A A | PO | so | Efsos pifév kel mpdonuov auTiv
o O - = i X1, X, € (C—R) "’-aixx=;z:>|xl|=[xll
= _o_i_k._x;x,:_z%ﬁ

+ + + ER:, s eR*<=>0< x; < x,
0 |———0———|— x,eR*,x=0 (h=——=4)
i + - Z XNMERY X ER<X <0< x, nal |X]< x|
= _—*—”——*”——- ’Eticwois pwToPdbuios

+ + - xmeER-, xeR-<>x<x, <0
4
T AT R

sl 0 o XuX€(C—R) xal X=X =[x | = x|
2 ——|———O0—|— xel, x;e I nai x, = — x4
P S + X, %€ (C—R) xal X, =X = [ x| = | %, |

Inu. C clvohov myadik&v, | olvolov kabapdv pavracTikdv.

105. AIEPEYNHEIE ITAPAMETPIKOQN ANIEQZEQN B° BAOMOY.

Di& v&x Biepeuviowuey piav dvicwow B’ Paduol TapapeTpikiy, SnA. v el-
pwpey T& oUvoda AUoewr aUTHs Ko TS Siapdpous Tipds TS TTapapéTpou A,
Beov v Exwper UT Spiv oY yvwaoTov Tivaxa (§ 99).

IMapéderypa: N& Siepeuvntij 1 dvicwors
X)) =Cr—-2)x*~A—1x+2(A—-1) <0, &rav AeR.
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Abowc: Efetélopey 1o onueiov Téw A(A) kai a(d) katd Tés Brapopous Ti-
pds ToU A. OUTeos £xopev :

I 15
AN =(A—1)2—8A—1)(GA—2)=(A—1)(-23A+15) * |7® 33 1l +w
To onueiov THs A() 8ideTan &md Tov Trivaka : A(M[-T.g T é___—
\ \
a(A) = 3\ — 2, &mep Exer omueiov BeTikov Bix A > % xad &pynTikdy B A <—§
MnBevileTon 5¢ Bix A= —%‘ Té& dveotépeo PonBolv els Thy oUvTakw ToU dxoAoU-
fou Trivakos :

[ Awepevnons Tiis dvio. @ (x) = (3A —2) x* — A-Dx+2A-1)<0

A ‘ AR | a(N) Fivohov Alcewv Tis ¢ (x) <0
—o
— = {x/xeR}
15 p
73 |—O0——] { Xx€R [x# -5 —_-4}
+ = X<Xy {XER[—0<X<Xs, X<X< + 0 }
2
3 —_— 0 dvicwors o /p&Buios, {x€R /-0 <x<2} —
+ + X< X1, {XER [X< X< X }
T e s e U
- ot { 1=

+o

Enueioog. T& x,, X, elvon ikgpéoes ToU A kol petaPariovrer HeTa TOU Al

AZLKHEEIZ

330) N& Biepeuvnfolv of dxéhoufor Erodoels xal dvioooers, 6tav AeR :
) @A=3)x+2(6A—5)x+ 182 +25=0

2) (?\~5)x*——4?\x-§-?\—2=0, ) A+ Dx2—=3Ax+42>0
4) x* 42 (A —1)x + 32 =5>0, 5 (A+2)x2+12x+ 10—-6A < 0
x2- 5x+6

331) N& &moderx8ii T 16 KAGOWX — — 5 AcpuPdver TEOQY TPXYRATIKAY TIRAY,
étav x€ R.

332) ’Edv x mpaypaTtikds &pifuds, v& &iroBery®i 8Tt Té wAdoma (x?+ 2x —11)/
2 (x —3) biv duvatcn va AdPn Tipds Tou SiaoThpatos 12, 6]

FXEZEIEZ TYNTEAEITQN AYO B'/BAOMION EZIZOQZEQN

INA Al PIZAl TQN TTAHPOYN QPIZMENAZ ZYNOHKAZ
106. Aidovrar 800 t&romoeic @,(x) = o x* + pX + vy =0 kol @y(x) = 0,x* + Pox +
+ =0 (e #0, ay# 0) pi npaypatikodg ouvieheotog Kai pitag avtiotoiymg
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(X1,%;) xai (py, p.). Zntodvian ai oyéoelg petold 1@v ovvishestdv tov, iva ab-
tar Exovv pilag:
1. "Avaloyovg pi Léyov A.

"Exouev : %':E =A% = Apy kath Xp = Apy = X; + Xy = A(p; + py) Ktk

= 3‘_£: ___&_: 2 T n aa_ﬂ - () 1
WA — e (gl BT § 2 e B
| & _ B _ 7
= [ w g |
"Avnietpégas. *Eqv UpioTaTan ) ouvbrixn (1), ToTe ai thiocooeis Exouv pi-
Zos dvehbyous ué Adyov A, TTpdypartt, BéTovTes Tovs Adyous (1) Toov pé k Aappé-
VOUEY :
o =Ko, By =kB, v; = KkyA?, &méTe ) thowois gy(x) =0 yiveten Pi(x)=
=KX? + KBAX + Ky A2 =0 <= X2 + BAX + y,At = 0.
AUtn Ee pilos x; =A __EL\éf'*’ 4%y, § x, = Ap, = % =A
1

Oy

xz=7\:——ﬁ";’\/IB‘TE':T“}':!Tﬁ f Xa= Apy = %! =A,

2a,
61'rep§:=:i= A. "QoTe 1) owBrxn (1) elven ixovl) kel dvaykaica.
2. "AvniBétovg. "Exopev @ X; = —p; kol Xy = —p; =
_Bi_ B
X1+ Xe=—(p, + po) 3 u_:_—(_a_:) slem . B_n @
XXz = P1pPs [ Y Vs % P 7
| o oy

"Avniotpégag. "Edv UploTerten ouvbrikn (2), TéTe ai thiowaoeis Exouv pi-
Gos dvmiBéTous. Tlpdrypari, BérovTes Tous Adyous (2) foov ut K, Acupdvopey : o =
=Ky Pr=—kpy vy = KYs OTOTE (X) = KapX® — KBoX + Ky, = 0 <= cux3—
_527; + Vo= [)‘ ﬁTlS Exgl PigCIS x| = B + ‘\/gl’—“‘?‘f: Xo = B — '\/232’—_&&'

oy 3 %y

Alran elvon duriBeror Téwv piILev py, pp Ths 10, @u(X) = X2 + Px + Yy, =0.

Qote ) owdikn (2) elvon Tkavd) kad vorykaia.

Té dweotépr Slvarar v Becopndfi cog TOpIoPa THS TEPITTTWOERS Kab'
fiv of pifou elvon dvéhoyor i Adyov A=—1.

3. "Avniotpégovs. “Exousy : x, :.*Pi ked X, = % =
;
1 1
N+ x=—t—| x $x,=Pth oSl % . -
P1 P2 il 3 P1 P2 ﬁ a Y 1"‘] Y2 B: s
XXy = XK s H_ G 5 _ N
T o 2 o o Y Y:

i WYY

o e (3). ‘H oxtois (3) elvan {nToupévn.

"Avuietpégag. "Edv UpioTarran ) ouvbrikn (3), Té1e ai Ehiowaels Exouv pi-
fos dvTioTpdgous. Mpdypar, Bétovtes ToUs Adyous (3) foov ué x, AcuPdvopey :
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o =Kys Pr =Py Y1=KOy omoTe @y(X) = KyX® + KPaX + Ko = 0 4:‘7_2)‘_' +
—Bs + ‘\/ﬁs’——m Xg = —Ps _’\/Bz’ o 4“17:'

+ Bux + o, = 0, fimis Exer pilos X, =

2y, 2y,
—_ s — i = 4
Ai pilon B8 Tfis @o(x) =0 elven py = =V 25;: fan o =Pt Vzﬂ; Y
£l 3 s oW a_ 2 __ A 1 - . ) iy 1
EE anlrrdov Exopev X, py = &._.(’i:x’_;"ﬂ =l=>x= . Oupofoog 8t X, = i

“Qore: Al ikavai kol @vaykaiar cuvdiixal, tva ol EEedoeig ¢y(x) = 0 xai
0y(x) = 0, Exovv pilag 1) dvaroyovs pé Aoyov A, 2) avuiBétoug kai 3) dvriatpdgovg,
elvar avuetoiyos ai (1), (2), (3).

AZKHZIEIZ

333) Ak Tofas Tipds Tév A xal p ol Eodoes g0 = (A + 2) x* — B+1)x-3=0
xal gu(X)= (n— 1) x* + 4Ax + 2 = 0 Exow pilas ) GvaRdyous pé Adyov 2, B) dvmibéTous
kal y) dvTioTpdgous.

334) N& oynuatiodij Elowors B’ Paduol, Exousa pilas T& TeTphywva TGV piidv
Tfis X* + A% + 1 = 0. *Axoholfiws v eVpefiolv al mpayuorikal Tal T@Y A kal p S Tés
drolas al 8o Eiodaes Exow piles a) dvahdyous ué Adyov 2, B) dvmiBétous kal y) &vTi-
o TpOPOUS.

335) N& oynuatiodi élowas éxovoa gifas X, + xll xal X, +7]". &mou Xy, Xs pilan

Tfis ax? 4 Px + y = 0. *AxoloUBws v& eUpedfi f ouvbifkn, e ol Buo thiowoes Exouv pilas
&vaAdyous pé Adyov k.

107. ATIAAEI®OYEIA AYO TPIONYMON B° BAOMOY.

*Edv Sofolv SUo Tpicwupa ¢;(x) = ox* + PX + 71 kol Py(X) = X + Pax+
+ Yo U TporypaTIKOUS OUVTEAEOTGS, STrov o # 0, o # 0, xai pilas &vtioToi-
X5 (X1, Xp) ki (py, ps), TOTE 8& KoAOUpEy THY TPy HaTIKTY TXPEOTAOW
R = (ayy: — Y1) — (P2 — aBy) (Brye— Pay1)
anakeipovea TdV 800 TPLOVIROY.
‘H giéraois Téw 181oTATwy Ths dmodeigovons R 8o TpiwIpey B’ Po-
Buol Ponbel els Thy émilucw ToAAGY oTroudaiwv TpoPAnuéTLV.
a) Mopgai tijg arakeigodong R
Aobvreov TG dwwTpw TpiwUpwy, i dmcheipouca Buvartan va AdPn
T&s &xoAouBous HOpRAs :
In R = o? @ (X)2 (Xo) = %y (p1) @1 (p2)
Mp&ypaTl. Exnuatiloper TO ywdpevov
P(%1) Pa(Xz) = (GaXa® + PoXy + Ya) (GaXa® + PoXe + Yo =
= 02X, 2X,% + PBpXy X, (X + X2) + Y2 (% + Xo%) + Bo™XaXa +
+ Boye(X1 + X2) + ¥ = - d
= % [ Conys — cayn)?— (cuPe— Py) (Bry:— Beva )= G R
“Apar R = o2 g5 (X;) 9 (X;), Omolors 8¢ R = cu® @y (P1) u (P2
2a R = oy%,? (X, — p1) (Xe — P1) (x3—pz) (Xa— P2)
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1 ;
3n R = T[ (204 + 20y, — BiPa)® — A4, ],
Smou A = B2 — 4oy, Ay = B, — dayy,
Oi pafinTad SUvavton eUkdAcs v emrainBelioouy Tas popeds THs R 2a ko 3n.
B) “Idwotnreg tijg anaieipovong R
1. "Eqw f) &modeigovoa R = 0, Td1e &k s R = o, (py) ¢y (p) Exopey
%* 91 (P1) 1 (P2) = 0<>9, (p) =0 V @1 (p) =0, ométe & @, (p) =0 xai
gmeidn @, (py) = 0 (p, elven pifa ToU @, (x)), Emeton &1 4 py elven kown pila T&V
P (x) xai @(x). ‘Edv 8¢ 9,(p,) = 0 xai 91 (p2) = 0, ToTE T& @) (X) Kl Pu(X)
Exouv dugoTépas Tas pilas kowds. Eic TV TepiTTRow aUThY O Exwpev :

= P Y ; . ) .
q—;—:-pfzy—:, S16T1 X + Xy = py + ps KAl X, X, = pypy = —%:-.Et_: kad
el o S b %
oy Oy o P. Y-

"Avnietpopog. “Edv T Tpidvupa Exouv kownv fi kowds pilas, TéTE Tpo-
powdds R = 0.

“Qote: ‘H ikavi] kai avaykaia cuvBik, ive ta tprdvopa 0,(x) Kai @y(x)
Eyouv piav tovkayiotov kowvijy piCav, civar | dnaleigoven avidv va icobral
npog 0.

2. ’Edqv ) dmodeigouoa R =0 kai oyB, — P, # 0, TéTe eibopsy 811 T
TpLOVUMa ¢i(X) xai @, (X) Exouv picw TouAdyioTov Kowhy pifav, Sév SUvavTon
N B nh
oy B. Y
= afy — Py =0, 1O Smoiov elven &roTov, S18TI YTeTEBel B, — Py # 0.

Suws va Exouv dupoTipas T pilas kowds, &16T1 TOTE 8& Ao

"Avnietpogug. "Eqv T& Tpidvupa Eyouv piow pévow kowny pifav ThHy X,
Pws X

TOTE : GIX[E -+ ﬁlxn + Y11= 0 & Biys — viP: s _ V1% — oY
i Ryl 7= e ROL Xy = oy

X, + pzxu +ye = 0 P, — aup, @B, — ap,
€ v AapPdvouey Ei?%:_’;'g: - (zl'g :2—‘&)2 kol ePy — Py # 0 kad &pa
(1% — ayys)? — (B, — 6P Bry: — viP) =0 xad oyf, — ap, #0. ‘H Kot
altn pifa X, elval wpayuaTikd, 51671 &v fiTo wyadikn Tiis vopefis k -+ Ai, TéTE
T& TPIcowUMa B elyov kowdy pilaw kad THY ouluyfi k — Ai kol ouvedss & elyov
Blo kowds pifas, dmep &roTrov.

“Qote : 'H ikavi] kai dvoykaio ouvlilkn, iva ta tpudvepe @, (x) kai @y(x)
a P W | 5 5 : 5 _ 1% — 47, .
EXOUY piov Kol povny mpaypatikiyy kowiyv pilav, tiv x, = e i eivar 1

1Pz — Wy

anakeigovea adtiv R = 0 kai a,f, — a,f; # 0.

Inueimors. "AAAar id16TnTes Tis dmoAeipovons R, Aiav Gtidhoyol, 8& Efetaoboly
els &AMV T&Ew,

Mapaderypa : A& moios Tiuds o0 A ai étiocdaels
P)=2x~x—-3=0 xai Po=x2—(PA—3)x + 4 =0 Exouv piov kai pé-
VNV TPayUaTIKNY kKowhy pifay ked va elpedi) aiTn.
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Adog: Tlpémet R =0 wod ogfy — afy # 0
“Eyouey : cuy— Py = —2A—-3)—1(~1)=—M+7 £0=A% ¢

Py:—Payi=—1- 4+ (@A-3)(-3)=—10A+9
Ay, — ey, =2. 4A—1-(—=3)=8A+3
“Apg R=(E@A4+32—(—A+T7(— 10A+9)=0<12202 4+ 7TA=27=0, &

1 2
fis 7\1:T: AE:_T
A .
‘H xown pila 81 A, = % elvan X, = '_T(?X-:%}) =—1
kad B Ay = — % glvan: X, = %
ATXKHZIEIZ

336) Tlofa #) ouvBrkn petaly Tév a kal B, va T& Tprdvupa ¢;(x) = ax® + X + B xald
9u(X)=x?+ ax + P Eouv piav pévov kowhy pilav, fiTis v& eUpedij.

337) *Av al thowoas x* + px +x =0 xal x* 4+ kx + A =0 Exow plav pévov kowny
pifav, v& &modeaybi &1 : (x —A)? = (pA —x*) (x = p).

338) A1x Tolas Tipds TéV p kal v T& Tpdwupa ¢ (x) = ux!—(H—1)x—5 wad
Pa(X) = (v —2) x2 —3vx + 1 Eouv Tés abrds pifas;

339) "Edv X, elvea | kown pila Tév BUo Tprwvipwy ¢u(x) = aux* +Bix + v, kel @(X)=
= ax® + BeX + v2 kal R 7 &maheipovod Twv, va &mobeiy B
Pl (@B ; fi)? iy (=B —u af)? P2(x0)

1 2
340) N& &mobery8fj 6Tt T& Tprdovwpa ¢(x) = Ax*— (Au + 1) x + ¢ kald @,(x) = Apx?® +

+(A2—wWx —A=0 #&ow xowhy pilov, fiTis v& evpedi].

341) N& &mobeiydfj 611 al thicdooes x? + ax —3 =0 kal x* —2ax +3 =0 & Bu-
vovTan v& Exouv &upoTépas Tas pilas kowds. EUpate 8¢ Tds Tipds ToU @, fva abton Exowv plav
kowhv pilav.

6T :

TO TPIONYMON ¢(x) = ax* + 6x + y &g ZYNEXHZI ZYNAPTHZIZ TOY X
108. 1) BAXIKAI ENNOIAI EINI TON ZYNAPTHEEQN MIAZ METABAHTHE

1) Metapintai teivovoar npdg 10 0, e kai mpog otabepdv acR

Mia peraPAnTh ToU ouvdlou TéY TpaypaTikGy &pibudy Aéyouey @ ) &Ti
Telver pds T6 0, kai cupPoAilopey x — 0, &Tov peTaPodousin BuvorTal v& yivm
kai vé pefvn kot &méAuTov Ty pikpoTépa TrawTos dpifuoy >0, doovbnmoTe
pikpoU Kot Pouinow,
B) 611 Telver pds TO © (BeTikdy Ty &pynTikOY), Kal oupPoAilofiey X — oo, 6TaW
uetaPodopévn, Suvatan va yivn kod v peiv kot &méAuTor TipnY peyoAuTEpa
Toavtos &piBuol M >0, doovBriTroTe peyddou,
y) 671 Telver pds TOV oTadepdy &piBudy «, xal cupPoAilopey X — o, STaw peTa-
Pohopérn Buvaran 1) S1agopd X — o v& yivy ko vi pelvy kot &mOAUTOV TIpTY
HIkpoTépa TrawTos &piBuoy £>0, dooudriToTe pikpoU Kotk BoUAnaow.

2) Metafohai mig guvaptioEwg

Mia ouvépTnots y = @(x), Exouoa ouvohov Spiopol To Z< R, Aéyetan :
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a) aiiCovea eig 0 X, Stav es SUo olacdfimote dvicous Tipds THs peTaPAnTHS
X, X1, X,€Z &uTioTOIXOUY Opoiws &wicor Tiual Tiis ouvapThoews.

"Hrot, dv x,< X, <= 9(x;) <p(xy),
B) ¢Bivovoe &ig 10 I, Staw eis Tds &v Adyep Tiuds X,, X,€2 dvTioTorKoUv dvopoies
ai &uioor Tiwal Tiis ouvapThoews. “Htol, & X< X, <= (X)) >9(X,) Kad
Y) otabepa eig 10 X, Stav els Tds SUo dvioous Tiuds X, X,€2 dvTioToiyow foa
Tiwad Tfis ouvapTioews. Hol, &v X< X, <= (%) = 9(X,).

Tiv gopdw petoPolfis Tis dww ouvapTrcews y = ¢(x) xadopiler Tpo-
() —9 (xa)
X1 — Xa
dptnots elven alfouoe, & &pvnTikds gbivouca kol &v ioolren pt 0 1| ouvdp-

Tnois elvanr oTabepd.

pavéds TO onueiov ToU Adyou , & omoios &v elvon BeTikds 1) ouv-

‘H Evvowa tiig ovveygeiog mig cvvaptijceag.

Mie ouvdpTnos y = @(x), dpiopévn s & olvohov Z< R, Aéyeton ouve-
xis 8d v npdy x, €L, &, ToU X Telvovtos Trpds TO X,, 1) ouvdpTnols Teiver
PO THY Ty ¢(X,).

‘Ecw 88 i y = @(x) elvon ouvexhs Bick kébe Tiufw X €2, TéTe AdyeTon ouve-
NG &g 0 clvolov E.

109. 1) 1) H ZYNAPTHEIL o(x) = ax® + Bx + vy EINAI LYNEXHE EIZ TO R.

"EoTw xo€R pia mipd Tiis weToPAnTis x xai @(x,) =X 2+ BXo+ ¥y 1
dvtioToryos Tiuf Tfs ouvapThoews. *Edv AdBowpev kol THY TN X, + €, &mou
£>0 xai doov Béhouey wikpd ToodTns, TéTE H cvTioTolX0s TIuf THs ouvapTh-
oews B& elvar @(x, +€) = o (X, +€)2 + B(X, + &) + ¥- Zxnuatilopey Ty Bia-
Popdy @(Xp + &) — (xg) = (X + €)% + P(Xy + &) + ¥ — (a2 + Bxy + y) =
= 2ax, € + oe? + Pe.

"Emrei8n) & &piBuds doovBrmoTe pikpds, kéde Spos ToU Pou péhous Exel &mo-
AuTov Tify Soov Bélopey pikpdy kai cuveTrdds A Siapopd ¢ (X, +£) — (x,) BU-
vorral vax yivn kad vé peivy ko GTOAUTOY TIUMY pikpoTépa TTawTds &pibpoy )0,
SoovdnmoTe MikpoU kard PolAnow. *Apa (x, +£) — @ (X,). ‘Emeidh 8¢, X, +€
> Xo, 810T1 €0 SoovbrmoTe pikpds, EmeTon &T1 A owwdpTnols W = g(x) elven
owvexfis Bi& THY T X = X,. ‘H Tun Suws x, elvon Tuxoloa kal owverrdss
owdpTnols Y = @(x) elvar ouvexhs 81 kéBe Ty X eR ki dpa ouvexfs &ls
TO gUvodov TGV TpaypaTikédy &pifudv R.

2) MetaPorn tiig cvvaptijozmg @(x) = ax® + fx + y, 6tav xR
"EoTw x;, X, €R (X;<X,) 8Uo Tuad THis peTaPAnTiis x kal o(xy), o(x,) «ai
dvtioToryol Tipal Tis cuvapThoews. Zynuarifopey TV Adyov Pl —e(x)

X1 — Xe
= S F P Y- - Py a (' — %"+ P = xy)
X1 — Xa X3 — Xz

=a(x+x)+p=
=a(x1+x2-{-%).
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A Tov EAeyyov ToU ompelou altoU Siaxplvopey Tas TreEpLTTOOELS

o) 'Edv a>0 kai AdPouer X, <X, < —5%, TOTE EyopEy x1<ﬁ'2% Kol X, < —2—‘2 =

=Xy + Xy < —%wxgrxfrg <0 = oc(x1 + Xq +%)< 0} == &’;11),:%(’%)<
< 0 kal ouvetéds 1) owdépTtnols (x) = ox® + Px + ¥ elvan @bivovoa.
‘Ouoiws Suvdpefoa va &modeitwopey, 611 &v a > 0 kai —-% < %<X, TOTE T
p(x) elvan abEovea.

"Qote, 1] ouvaptnolg 61d a >0 gig 10 SrdoTnpe — o0 <X<— % elvar @Bivov-
ca kai &ig 10 Srdotnpa — 2%— < x < + o aiitovsa. Anhadn &AAGooEl gopa

ueTaPoAfis xai #meidn &md @bivousa yiveton alfouga, SifpxeTar S wds Eha-
xioTns Tpfis kohoupévns Ehdyietov (minimum) tfig cuvapticeng.

.

B) 'Eav o < 0, arodewkviopev @g mpomyovpivag, Bt 1 cuvaprnelg eig 10
Sdotnue — ® < X < — @% glval aiigovoa kai gig 10 5“"“"1"“—’2% <x<+ o
gBivousa. “Hrol méA dAA&oa gopdv ueTaPoldis kal émadh &mo alfouoa yive-
T pOivouoa, BiépyeTen Bik wds ueyloTns Twfs, kehovpévne nénatoy (maxi-
mum) tiig ¢(x).

3) Ménotov ij Ehayiotov 1ol tprwvipov @(x) = ax® + fx + ¥

EiSopev Tponyoupévws 8T1 TO Tpiavupoy, &v a0, els T olvolov dpiopou
Tou (R) AcpPdver Tipds Siepyoubvas 81 Evds hayloTou, TO dmoioy elvan :

2 =2

(] ( —£)=a( _Z_I?:) + B( —%)4—‘{:4“ P* i v a < 0, eis 1o ovohov

2a 4a

R AcpPduer Tipds Siepyoutvas 81 fvog peyioTtou, TO dmoiov elvan: @ (—z—i) =
— Jay=pt

T 4«

Thv &étacw Tiis peTaPolfis ToU Tpiwvimuoy @(x) = ax® 4 Px + y Suvd-

pebar v Kéuoopsy kad &Tod THY pop@fy ToU Tpiwviuou (x) = o [(x +2_Ex )2+

-}—4“:;‘3‘]- OUtw Biakpivoper T& EEfs :

Fn 0 S g ; B \2 L B \2
o) ’Edv a>0, 1éTe STav X—> £ ™, TO (x-i— E)—-)'-I-ODKCUTO(X-F z—u) -+
s o R U “Apa @(x) — + ® B x — + oo. "Ev ouvexeiq, ToU X

4a?
B B

2
avtavopévou &md — oo €ws TOU — e TO (x b —2—(;) Aaupdvel Tipds Betikds

pév AN EAarToupévas ouvexss, Bik x 8¢ Toov Tpos — 2% , TO (x — E%)a =0

kol ouveETTéds q:( - 2%) =a [O £ 4“2;; B 14 4“’;; B ’AkoAoUBews, ToU X
avfovopévou &TO — 2% gws ToU 4 00, TO (x -+ 2%)2 albdveTon ouvexds &Tro
ToU 0 Teivov els TO -+ oo kai f) Tiuf THs @(x) cldveTon ouveydis &mo Tfis TipfS
4] (—%) = %—ﬁs— Telvouoa els TO + 0.
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B) 'Edv o <0, crmodeikviopey duoiws, &Ti, Tou x avfcvoptvou &md — oo g

TOU — ﬁ— , T T Tis ouvapThoews avfdveTan CUVEXES &TTO — 00 Ews TS TIWS

Aopy = B’ p
T Kai, ToU X avfavopévou &mrod — e s ToU 4 oo, 1 Tun Tis TUVCPTT)-
e ~ 3 1 i~ ~ Y 2 v 3 i)
OEWS EAaTTOUTOL ouvexdds &mo THS Tipfs 4—%0( P Teivovoa i TO — oo,

Ta dvewtépew ouwvoyilovtan eis Tév drdAouiov Trivake: :

TTiva€ petaPolfis Tou Tpiwvipou @(x) = ax?+ Px+ y

' X J —® 2 B f% 7 ‘
Rl T (doy —P?) [ 4a e o
a>0 [ 9 (x) L N ENdy1oTOV ol e i
— @ (40:)"_5‘)![4“ Ny I
a< 0 ‘ 9 (x) o uéyi1oTov * e [
Hapadziypara : o) To tpicdvumov (x) = 3x* — 2x + 3 Exer &var EAdiyioTow
B %2_2—_@=%’Blé—na=3>0, T6 émroiov sfvcncp(%)=
_doy—p* _ 4-3-3-(=2r
4a iy B T T
P) To Tpcovupov f(x) = —x* — 2x + 2 Exel fvax pbyroTov Brdx = — £ — — 2

2a -1y
=—1,8161 a=—1 0. Tolro elven g = 3.

AZKHEZEIZ

342) N& eUpebii 1o péytoTov fi EAdyioTov TGV K&Twd ouvapTHoEWY ;
Da(x)=3—-2x+4, ex)=x—Tx—1, g(x)= x* — Tx, Pu(x) =5x2—4
1 3
2) o) =-x=3x+1, o(x)=3 — (x — 1)2, oy(x)= SR e (x + 2)2
343) N& eUpebii ) Tuf ToU A, Tvx T Tpichuupoy PO)=(A—-1)x2—Ax + A Exr] ué-
yioTtov Tév &pifudv — 1.
344) N& elpedi 1) uerall v a kal P oytos, fva 16 Tpravupoy o(x) = — x* + (a + P)x
— (@ —P) &xn uéywTov ToV &pidudr o + P.
345) Ak Trofcw Ty ToU x  TO ywopevor (2a —x) (2B + x) yiveran uéyloTov xal
Toiov TS péyioTov ToUTov (a, P € R).

FPA®IKH TAPAZTAZIZ TQON ZYNAPTHIEQN

Yy=oax + B wai y = ax® + Bx + y
110. "Opropds. Noapux mapdotaos 7) yem,u,srmm} 7 w:rxgaaratm'q HAUTVAY pLds
avmgn]o'smg y = g(x) xaketrae ¥ yoauu, TS omolag ta onueia Eyovy TETULE-
vag Tag Tipds tod ovvdiov dptopot abtiis xal Tetayudvac Tag avTiotolyovs Tipag
100 owvdlov Tipdy Tijs cvvagTiocws.
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1. Tpagikn napactacig tfig cvvapticeng Yy = ax + B, dtav (x, y)eR?
"Edw X, kai X, elvat 8Uo albaipetol Tipal Tou x, TéTe af dvrioToryor Tipal
Tiis ouvapThoews elval W, = ax; + P kal y, =
ax, + P. Kataokeudlopey t& onpeior A(Xy, ;)
kal B (X s), Gvagepduevor els 16 dpboycoviov
oUoTnua dtover x'0x, w'Oy. "As Bewpricwper
kai €v TpiTov onueiov
M( Xq, Wo = %o + B).
'Ek TGV Y, = ox, + P

Y =oax; + P

Yo =X, + P
B’ dpoupéoews kaTd WEAT) EXOUEV : Zy. 110.1
Yo — W1 = @ (X — Xy) } Yo — \y. Xo ol o MemW, M= Ws
Yo — Y2 = & (X — X) A A

Oi dpol Tiis dtucz?\oyio:s Ot elvan e ouvTeTaypévan TGV SlavuouaTwy MA(xo—x,,

— ) Ko MB (Xg — Xz, Yo —s) of 88 Adyot x—-—\"-‘ doo: ¥

s elvon oi ouv-
o — X1 Xo— Xe
Teheotal SevBivoews dvTioTolxws aUTdv.

*Apa T& SiovlopaTa £yxouv ouvteheoTds BieuBlvoews foous kal ouvetrés
elvan ouyypaupikd. “Hrot 16 onueiov M (x,, y,) KeiTan émri Ti)s ebBelas AB, émreidn
B¢ EANeln Tuyov, EmeTon 6T1 AW onueiov T elfelas AB elvon onueiov Tfis ypa-
QIKTis TTapacTdoews Tis ouvapThioews Y = aX + P.

“Qore, 1 ypagiki nepdotacig tiic ¥y = ax + P eivan e00eia ypoppi pé ovv-

teleatilv oievbBivoemg, tov ouvieheativ dievbivesmg 1@y haveopdrov MTL, -l\‘/I’B,
0 omofog eivan @, dra tobito kai keheltan 1| y = ax + B ypoppuikn) cvvaprnoic.

‘H ouvdpTtnois 81k x =0 8i8e1 w =P kal &1k y =0 8ider x = «--g—, T
&t onpela M (0, PB) xai A (-— %, 0) elvon T& onpeia Topfis THs eubsias y=ax+P

pt ToUs &fovas 'Oy kal x'0x dvtioToiyws. ‘H Tetarypévn B ToU onuelov I kad
P

i TeTUnUéVn — ToU A kodoUvtan dvtioTolyws tetaypévn Emi thv apyfv kol

tetpnpévn ni v apyiv, duedTepan 8¢ ouvietaypévan Emi Tijv @pyfv.

‘H ypagikf) TapdoTaois Tiis ouvepT. W =ax + P Sik p =0, fitor Tfig
ouvapToEws Wy = ax, elvon eUBeiae Siepyopérn i Tiis dpxiis 0 Tév &kdvaw v,
816m1 S x =0 elven kol =0

‘H ypogikf mapdoTtagis Tiis owopT. y = ax + B, étav a =0, fitor Tfis
otafepds ouvapT. W =P, elvon eUBeia TapdAAnios mpds Tov Giova x'Ox, BidTi
S1&x waw x elven f) TN THs W mTavToTe P

Katookson tijg ebBeiog v = ax + B
Mia edBela SpileTon Si1x SUo pdvov onpeiwv. Ta XoXpakTnpICTIKWOTEPS TPOPOVES,
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81 Ty koToaokeuny Tis eUeias W = ax + P, elvon Ta onueic Topfis altfis ué

Tous &Eovas. 'Apkel AoiTov va eUpwpev TAS
Y ouvTeTaypévas gl T &pyfv. OUtw, T& on-
neter A (= £, 0) ki B (0, B) dproiv Bicx va

Spioouv Thy elBelav AB, fiTis elvan ) ypagikd
Tap&oTaoIs TS ouvapTho. Y = ax + B.

\_ B(0,8)

|8

8 Inp. 'Edv 1) elBeia BitpyeTon S1&x Tiis
' B A9 x = ot Y | \
g 5 —= dpxfis T®v &kdvev (Y = ax), ToTE Bk THY
: KOTOOKEUTV TNs, &pkel év pévov onueiov.

sx. 110.2
2. Tpagikn mepdotacis tijg ovvapt. y = ax® + fx + 7
*ExovTes U’ Sy Tov Trivexa peTaolfis ToU Tpievipoy @(x) = ax? 4 Px 4
4y, Buvdpsha v& TropaoTHoWHEY YPAPIKES THY ouvdpTnow Y = ax® 4 Bx + v,
dvapepdpevor els TO dpBoyddviov oUoTnua &Eévev x'0x, ¢'0y. Olrw Biokpivo-
pev SUo TTEPITITWOEIS :

4 a) ’Eav a>0. ‘H ouvdptnois i x = — :%
AopPaver Ty EAayioTtny Tns Tpny Y =
__day—p*_ —A &t p
= e gy W NSRS g

O

Exe1 mediov TGV TO (-|— 0, :4?5) kol &-

TaW —%< X< + o Exel medlov TuGv TO

x 0 ; ©,00 HP,g : z f—A
w (F‘ + o )

I A(“z%’i%)

Karaokeu&lopey Aoitrov 16 onpeiov A

x. 1103 L ; : i
(_ o 7107) AxohouBews AapPavouey o
TIPNGS X, =— i% + & kal Xy = — % — b ouppetpikds s Tpds THY TipMy — é%

kal T&s dvTioTolxous Tipds y; Kal W, Tiis ouvapThoews. EdkdAws &mrobeikvio-
pev OTL Wy = Wy "Apa T& onueia B(x;, ) xei T (X, o) elven ouppeTpixd s
Tpds Ty elBeTav AT, fiTis kaheitan &Eowv ouppetpios Tis ypoauuis y = ¢(x),
kol oUveTr®s 1) Ypa@ikn TrapdoTaois THs ouvap. W= ax?®/4 Px + y &moTeAeiTcn
&mod Suo Tufjuara AIZA kai AHBE ouppetpika cos rpds Tov &fova ouppetpiag
AT. A& Ty kaTaokeuTiy AoITTov KaTd Trpoctyy1ow TS Ypaupdis y = ax? + Px+y
Béov va elpwpey Soov TO SuvaTov TEPICCOTEPA OT|UETX TUUPETPIKA 65 ‘mpds TOV
&fova ouppeTpios, 81671 elven | ypapuh kauTUAn Kol oUSEy Tufipa avThis elvan
ebBUypappov. ToUTo ouvéyeTan &k ToU &1, 1) elBeia y = Ax + B Tépver Ty ypau-
punv @ = oax? + Px + vy eis &Vo TO TOAU onueie, 81é6T1 TO ocUoTnua ToU &mro-
TeAoUv Exer TO TOAU BUo Avoeis.
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Trv xapmiAny TaUTny koAoupey mapaPoliv, TO onueiov A xopueRv ol-
THs kol Tov &tova AT @GEova tiic mapaforiic.

Hapatnpiiosig 1) T& XopoaxTnpIoTIKWTEPS ONUEIR TS KAPTTUANS W= ax34
Bx + y elvar @ f) xopuet clTfis A( 2‘30 fa) T& onueia Toufis This TTapaPolfis

pt Tov &fova Téw X Z(p,, 0) kai H (py, 0), &mrou py, p, pilar TOU Tprwvipov, kai
76 onueiov Toufis THs TapaPorfis ut Tov &kova T&V W A(D, ¥) xad TO oupuETpI-
3 ) . 5 A . , N
kov aUTtou E (—-%, y). 2) To onueiov A (—2‘1—, — —E) keiTal, &v oyéoel Tpods
ToV &fova X'0X, kdTwbey, fj émi, f| &vwbev alroU, ked® doov elven A0, 7| A =

=0, i A<O0. Tpéyuearr, 81611 TéTE dvTioToixws B& elvan :
A A A

ToUTo SekvUeTan eis T&x dxkoAouba oxruaTa.

a>o0
A>0

Tx. 110.4

B) Eav a<<0. Ty ypapiknv TapdoTacty Tijs ouvapTrioews Y = ax* + Px+ ¥y
Suvdpela V& KATOOKEUATWHEY OKETITOMEVOL Opoiws.
Thv tpyocicv Tautny d&efvopey Bid Tous uo-
fntds.

Hapaderypa : N& yivy 1) ypagikf| TapdoTa-
ol THs Yy =x2—5x+ 6

Kataokev: *Emeidn a = 1>0, § owédptois  °f
#Eye1 #AdyloTov. Euplokopey Tés ouvTeTaypévas TEV
XOpaKTNEIoTiKGY onuelwy Tfis kKapmwUAns. Kopu-

@

+

o1 : A(%—, — %) Znueiac Topfis pE Tov x'Ox : 3
I (2,0) kai B(3,0). Snueiov Toufis ué Tov YOy :  2p——l2
A (0, 6) kai TO cuppetpikoy avuTtou E (5,6).

Avo Erepa ouppetpika onueia @ Z (1,2) ki H(4,2).

o SRR

Mé T& onueia aUTd BuvdpeBa v& KaTookeudow- O \7({2-—5:) z
pev THY KoumUANY KoTX Trpactyylow. THy kato-
oKeunlv TaUTNY Belkviel TO oXfjHa. Sx. 110.5
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AZKHZEIZ
346) N&a yivn 7| ypagikn mapdoTtacis Tv K&Twb ouvapThgeEwy :

Z 1
q,,:?x-—Z, '.y=~2——2—x, X==£ WY Y =ox + 2, Y= Xl P
347) A& Troias Tipds TAv A kai pal ebfeion y = (A=1) x+2p kai y = —(24+N)x+5
2 20)

Téuvovtal els TO onueiov M (—-',.—, =

1
348) N& yivy % ypagikn map&oTacis Ty evfadv ¢ =2x+ 1, y=—x+43,
5
Y=x+—=. Ti mapaTnpeite ; Awkalohoyfioate THV Tapathpnoiv oos.

349) N& yivp A ypagikf TapdoTacts Tév k&Twh ouvapThoewy :

A X

LF:—T+2X—2, w:47+4, y=xt+x+1

y=2x?+x, y=xt—x—6, y=—x*4+x-2

350) Awx Troiav Tiufv ToU a TO péyloTov Tijs owvop. W= — l;- + 2x — 2a elven &

&p1Buds 1 ; ’AkoloUBws TapaoTricaTte aUTHY ypoQIKGs.
351) No ¢mAufBolv ypagikds T ouoTnuaTa kal vé ebpefouv ol dpiBunTixal Aboeis Twv :
{iy:—Zxﬁl {w:x*-—xle
y=x?—2x-—25, y=x+x
352) N& kartaokevagfolv al ypagikal mapaoTtdoes Tdv cuvapToewy Y = —x? +

x? 3
+2x+3 kol y=—75 -4 (X —T)‘ *AkohoUBuws vé eUpeBolv al drépanan Tiwal ToU «, iva

N elfeia ¢ =« Téuvn SugoTépas TS KauTTUAGs.

AZKHEZIEIZ ENANAAHYEQZX

353) Na& émAuBolv al &kdroubor tliowaoels :

D@ +p+y)x+2(a+p+y)x+3=0, @ P yeR
(x =2 —(P—x)

D k= r o =P % peR

3) (k= x)? + (x —A)* = (x = A)? xAeR

9 =+ 2P — (x—2a + B = (a+ P, % peR
(x—o) (x—y) (x=P)(x—Y)

VD E-D oy @B ! a#B#yeR

354) 'Eqv o, B, y € R, 0| B¢ tliowos f(x) = ax? + Px + y = 0 Exel pilov Tdv piyadi-
KOV W+ vi, v& dmoderxfij 6T 1y &AAn pila Tiis  (x) = 0 efvon & wyadikds p — vi.

355) Na eUpebij 10 eibos T@v pildv Tiis diodoews, o, B, Y €R, 3x2 —2 (a + B+ y) x +
+of + Py +ay=0.

356) 'Eav 1) ttiowors f(x) =x*+ ax + P =0 .#xn pilas wpaypaTikds xal dvioous,
v& &modeay8f 6T TO aUTe ovpPaiver kol Bia Tas pifas THs f(x) + A(2x +a) =03 AeR

357) N& mpoobiopiaff) o eibos T pilddv Tijs tEiowosws P2x? + (y?* + P? — a?) x + y?=0,
&v @, B, Yy TaploTouy WIiKn TGV TAELUPGV TUXOVTOS TPIYGWVOU.

358) ’Edv xy, X, eivan pilar Tfis x2 + ax + p= 0 va oxnpamiodi éfiowors P’ Paduol,
Exouoa pilas Tas X%, X, kal dxoroUBuws va eUpedi oyéors peTaly Tav a kal B, iva ) véa Ei-
cwais £xn SimAfjy pifav.

S ; : ” S5 X; + X

359) "Eav x,, X, elvan pifen ToU Tprwvipov f (x) = ax?+- Px + y kal S e
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S
v& &rroderx8f) 61 f(—z— + k) =f (752;- -k ), Smou k Tuxdw TpayuaTikds dpiBuds.

360) Ner mpooBiopioBoiv of k kol A, a af pila Tis 2Eiodoews x! 4 kx 4+ A = 0 elvan
ol &pifiuol k kai A.

361) ’Eqv x,, x, elvan pilon Tiis #io.- ox® + Bix + 1 + A (@x2 4 Pax + ¥2) =0,
va &moderx8f 611 Umdpyer oytors petatl TéY pildw X,, X, dvebdpTnTos ToU A kol v& eUped]
fi T ToU A, Bix Thy Smroiav ) tiowats Exer SimAfv pilaw.

362) Aibeten ) ttiowais ax? + Bx + y = 0, &xovoa pifas x;, xo. N& oxnuariodf) -
owats, Exouoa pilas X, + A, X, + A xal &koroUbws vi Tpoodiopobi) & A, fva alrn elvar THS
Hopefis 1) Ax?2+ =0 kai 2) Ax*+ Bx=0.

363) Na& opioflolv Tar k kad A doTe, &v x,, X, elvar o pifar Tfs &0, X2 + kx+ A =0,
Tote ol &pifpoi x, + 1, x, + 1 v& elvan al pilar Tis 210, X2 — k2X + kA = 0.

364) 'Eqv o, B, y € Q, 1 8t ttiowaos  (x) = ax? + Px + y = 0 &e pilav Tov dolp-
HETPOV K + 4/ A, v&x &moBeiydij &1 #) GAAN pila Tis f(x) =0 elven & &olppeTpos x —/ A,
"Evla x, A€ Q kol A pf TéAeov TeTpdywvor pnrel.

365) ’Eav T@v thiocoewy x2 4 2ax + P =0 kal x? +2Ax + B =0 al piton elven
duTioToiXws (X;, X;) kai (X, + K, X2 + k), va 8erydij 611: A2—B = qa? — B.

366) 'Eav al pilor x,, X, Tfis tho. ax? +Bx +P =0 ilvan dvahoyor TV Ep1Budv

u v EN xal Xy, X ERY, v& &moBaydii &mi VH -+ V:, -t Vg =D
v

367) No& ebpeb f) ikavn kol dvaykaia ouverkn tetaty Tév o, B, y € R, iva 1o TPIG-
vwpov @ (x) = a*x? + (a® + y? — B?) x + y? elvon TéAeiov TeTpdycovov.

368) N dmodery8ii 6T f wapdotacis (o + P)2x? 4 2 (o + P x + (a—P)2,
a,PeR kol a # 0, P # 0 &ivatan v& petacynuaTiodi els Siagopdv o TETPAY WVWVY Trpa-
YHaTIKOY TapacTaoewy kol dkoAoUBuws va duaAuBii els ywéuevor Tapaydvtov.

369) N& ebpefolv ol Tial Tolr b, Bi& Tés dmolas 1) TapdoTaots x* + by 4+ 2) x +
+ 2y + 3) (y— 1) dlvarar v GuaAudi] els ywduevov EUo pnTdY TpaypaTIKGY Tapaysd-
vTwv o [Bulcov s Tpods x xal . .

370) N& eUpedj f) Ikavi) kol dvayxaia ouwbikn, fva 1 TapaoTacts (ox + B)? +
+(yx+8)* elvan TéAerov TeTpdywvov.'Ev ouvexela va dmoday8i &T1, tav al TapacTaoes (o X+
B2 + (ax + Po)? kal (X + By)? + (agx + Py)? elven TéAeia TeTpdycova, TéTE Kai f Tap&-
oTacts (X + By)? (X + By)? elvan TéAerov TeTpdrywvov. Of G&piBpol oy, 4y 34 Prveva @ P, Y, &
UtroTifevTar TTpaypaTiKOi.

371) N& dmoderydi ém1 10 f(x) =2x2 —A(10x — 7) — | #xer pilas wpoypotikds dvi-
ogous % A € R.

372) N& Beiy6i) 6m A ttiowors @(x) = (x — &) (x — @) + (x — &) (x — o) + (x — ay)
(x —0y) = 0 Exer pilas TpaypaTikds dvicous, & o < oy < o
gto  ptay  oto
Xt T X—0 | X—0y

374) N& oxnuamio®f) iticwois p' Pabuol Exouca EimAfv pilav Thy kownv pilav Tév
dUo Tpivipwy X? —ax + B kal x? — 8x + a.

375) "Ywo woiav ouvBrikny T& Tpidvupa X2 4 axy + Pyt kal x2 + YXY + By? Exouv
fva Kowdy TapdyovTa TpwToy Paduol ;

376) Na amodeixffi 6T # A 7Tfs tho. ox? 4 PBix + Y1+ A (oux? 4+ Box + y,) =0
elvor TéAelov TeTphycovoy, &v al 1o, ax? + Pyx 4 y = O kal apx? + Bax+ vy, = 0 Exouv piav
kowny pilav. g

377) N& émAuBolv tv R al dxdhoubor dviodoers :

Dx*—GBa+P)x+2a(a+p)< 0,

a)? !+ 2
2)5:1—5;,<§r:'_—:;, v a>p >0

373) *Opoiws B1& ThHY =0, & o2 < ;2 < o,
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378) A& moles Tipnds ToU A f) mapdaTaoss (A —2) xt 4 4x +A 4+ 1 Siarnpel dpo-
ofjuous Tipds Sid THoAV TWPYROTIKNY Tiufhy TOU X ;

379) N& eUpedfi Td olvohov Spiouol Tiis TpaypaTikiis ouvapTnoews
Y=5/x*—4x+3—-24/—x*+6x+8

380) Né eUpedij S1& Tolas Tipds ToU x € R &AnBeel f) dviowois x* — 2ax + (B + ) * >0,
& a, P,y mapiotolv pfjkn TAeup&v Tpiywou ;

381) To Tprcovupor ¢ (x) =ox* + Px + ¥ 81 x = 5 &xa EA&yioTov Tov =3, 1 pia Tou
¢ pile elvan & ép1Buds 2. Edpate T& a, B, v-

382) N& eUpedij #) Ikovh) kol dvaykefa owdfxn, va ol edfeict y = ox + B ¥ =
=X + Py, ¥ =X + By Bifpyovron Six ToU oUToU ompeiou.
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KEDAAAION XIV

ESIZQIEIZ ANATOMENAI EIZ EEIZQEEIZ B’ BAOMOY
AITETPATQNOI EZIZQZIEIZ

111. “Opropds. Kadeitar direrpdywwvos Eklowais d¢ mods fva dyvwator, nioa Eti-
owas dov fabuod, megiéyovoa pdvoy dotiac dvvdueig Tod dyviorov.
"Hror Tfis popefis axt+ Px2+y =0, a # 0, B, YeR 1} kai mpayporixed To-
pPOOTACES W) TrEpiEXOUCTl TOV X.

To mpdstov péhos aUriis @ (x) = axt + Px2 +y kakeltar Suretpéywvov
TPLOVLpOV.

112. EITIAYZIZE.

EmiAvois altiis émiTuyydvetan i Tou HETUOXNUOTIONOU X2 =y, &mdTe
AcpBévopev TV éticwow oy? + Py +y =0, ATis koAeiton Emidbovea THg
BiteTpayavou Eliocoews.

‘H &mAvouoa Exer &v yéver BUo Aoeis W, kad Wy, Tparypamikds fi kedapds
uryodikds ouluyeis, dmdTe émavepyduevor els TOV peTaoynuaTiopdy X2 =y Exo-
lev X* =y kad X* = y,. AauPavoptvou 8t U’ Syw, 6T T &piBuds TRy aTI-
KOs fj wryadikds, Exer BUo pdvov TeTparywvikds pilas dvmiBéTous (§ 73), elpi-
oKOUEV &k TGV X* = y,; kod X® = y, Tas AUoers Tiis SiTeTporycovou Ehiodioews X =
=44/ Wy, Xx= £/, & v EXoHEY X3 = +1/ Yy, Xp= -V ¥, %=+ VY
%= =V s

"Note : Al tetpayovikal pila tév piév tiig émlvodong slvar pilar T i-
teTpayd@vov EElom@atng, ava dbo dvribetor.

Eldog tév pulidv tiig EEre. ax* + Bx2 + vy =0, a, B, yeR

To elbos Tév piidv Tiis SrreTpearycovou Eiodoews EapTdTon &k ToU eiSous
kal ToU Tpootpou TéY pilév Tiis EmAvolUons alTis.

OUras, Exovtes U’ Sy T& cupmepdopara Tol Tivakos Tiis (§ 93), Suva-
ueba v& oupmAnpwowper Tov drdAoubov Trivaka Siepeuvricews Tiis SiTeTporycd-
vou Efioccdhoecs :
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Aepedvnois s o, ox' +Px*+y=0, o, B, ye R,a # 0

A | P | S l Pifcn émiAvouans Eldos pildv BireTpaydvey
+ y, y.€RY X X2, X3, X, ER, X3 = — Xay X3 = —X,
- — | Yu ¥ €R" e mwel
= y;eR*, y, e R XuX:€R, X3, X, €1
it S v, e R+, y, € R- Xu X2 € R, Xg, x, €1
0 Yy, €ER* y,eR-, Wy =—Yo| X X:€R, X5, x, €1
__—T Eﬁ*.w,=0 X1 K5 X=X =0€R
2 — | v:€R, 41 =0 X5k € Lixp=%—=0
o thh Y =y, € R* Xx=%€R, xs=x,€R
0 - - v =y €R- Xi=%x€l,xs=x,€1
___7” 0 Y=y =0 —x,=x,=x,=x.=0
= Y, ¥:€(C—R) X1, X2s X3 X4 € (C—R)
Inp. | olvohov tév gavtacTikéy, C oclvohov T@v wryadikdv.

113. METAZXHMATIZMOE EIZ I'INOMENON ITAPATONTOQN TOY AITETPATQNOY
TPIQNYMOY o¢(x) = ax* + px* + 1, a7 0.

*Edwv @y, e elvan ai pilon Tfis EmiAvoUons ay?+ By + v, TOTe ay? + Py+y=
= oy —yp) (Y — o). Ex 8 Tis X =y<y =Xt
mpokUmTel ¢ ox! +PxI+y=a(xP—y) (X*—y.) = o o
o (x +v/ ) (x— 4/ ) (X V) (x— Vi) =

= a (X = X )(X — Xa) (X — Xg) (X — X,)

"Ek ToU peTaoynuaTIoNoU ToUTou EmeTal, &1 Suvdpeda v elpwpey 16 8i-
TeTpdywvoy Tpivupoy, dTov yvopilwuey Tas pifas Tou.

*Errions Suvéuedor v AdPeopev &AAas poppds ToU BITeTporyovou TpLwvUpoy,
Tas Otoias SiSopev g &oknoEs.

Mopadeiypoto: 1) N& émAvdi 1 2iowors 36x* + 11x*—=5=0
*Enilveig: ‘O petaoynuaTtiouds X2 =  8i8el v EmAvovoow 36y2 4 11y—5=0,

& 5 ¢ 1 5
fimis e pilas yi= 4 Yo =—5

Al pilon Tiis SiteTpaycovou ebpiokovTon &k Té Eliodoewv X* = %, ¢t fs

PRNE BEWERIRE SWF DY SR B Y a3 ot .

2) N ebpedij 10 elbos Tédv piidv Tijs o 2x* —5x2 -3 =0

Abowg : "Exouev B1d x* =y Thy émAlovoaw 2¢%—5y—3 =0, fimig Biber:
A=25424=4950, P=—><0, S=2>0

*Apa Ty EmAvouoa Exel pilas TpoypaTids, ETepooTipous pé GTTOAUTES pey -

184
WnpionoBnke amoé To lvotirouto EknaiSeuTikrg MoAmkrg




Tepow TN Bemikny. Kad ouvemdds ) Siretpdycovos éxer (B Tiis BeTikfis) Buo pilag
TporypaTikas dviBéTous kal (ék Tiis dpyvnTikfs) BUo pilas pavTacTikds dvTiBiTous,
3) N& petaoynuaricij els ywopevov maperydvtev To TpicovuLoy
X)) =x'—ax®*(a—1)—a3, a>0

Aberg : AapPdvopey Ty Emiivouoaw W — ayp(a — 1) —a?, fimis Exel pilas
W =a? g, =—a. Zuvemds ai pilon ToU @(x) elven : x*=a?, & fis X, = g,
Xa=—a kad x3=iVa, x,=—iVa

"Apa Exoper @(x) = x' —ax? (a—1) —o? = (x—a) (x+a) (x—i V&) (x +iVa) =
=sx—a) (x+a)(x2+ o)

AEZKHZIEIZ

383) Na& tmAuBolv aof dxdhoubor éfiodoers :

1) x* +12x2—64 =0, 9x! —5x* -4 =0

Ly x _x  2(x+2) -DE-2+6

x 'xt+2° 27 5 o x4 1
xi41 a 4

3) x* (ox? — 1) = ap?® (ax? — 1), xg—t—lz—ﬁ—(r—l)

384) Na epebij 16 eibos Tév prl@v ixdoTns Tév thighoewy :

1) 2x* —=5x2 -7 =0; 2) x4 13x24+2=0, 3) 2x* 4+ 192 4+9=0

385) N& davaAufoUv els ywopevov mapaydvtav T& TPIOVUL :

1) ¢ (x) =x* + 13x2 — 48, 2) @, (x)=36x*—13x* + 1, 3) ¢, (X)= o p? y2x* +

+ xe(q: A ﬁﬂ Yl) s 1
386) N& oynuamiodi} Bitetpaywvos tigwots, Exovoa pilas
1 = i s @

Do£% kg D /T L0 3t 4220 o, o 3P

387) N& 8igpeuvnbolv ai dxdAoufor éliowoers :

DA-Dx*—4x*+A+2=0, 2) W+ Dx-2@—-1Dx2+3@m—-1)=0

388) N& &modeaydij 611 1o Tpicovwpov ¢ (x) = ax' +Bx? + v, o, B, y € R, petaoynuo-
TileTon eis ywopevov SUo BeutepoPabpivv TapaydvTwy ToU X.

389) ‘Eav —Z-{ 0, v& amodeix8fj &1t TO Tpircovupoy ¢(x) = ax’ 4 Px! + ¥y peTOOXT-

patiletar els ywopevov 8Uo TpwToPabuioy Tapaydvtwy kol évds P'/Babuiov Tapdyovtos
@5 TTPoS X. f

114. MEEXHMATIEMOZ AIIAQN TINON PIZIKON EIE ATIAA

Al nopuctaceig tijs popeiic i\/.»\ +4/B, 6mov A, BEQ™, B pi) téherov te-
tpaywvov pntod koi A >1/B > A2 — B > 0, kaholviar Simhit tetpayovika pi-
Cika, T A kai B 8Uvarar va elven kal pntal mapacTdoeis.

TolauTton TapaoTdoels drovTédvTan els T&s AUcels Tis BiTeTporycvou ek
owoews, dtav 1} Biakpivouca A = P* — 4oy Tiis EmAuovons aUTfs &iv elvan
TEAEIOV TETPAY VOV PTHiS TapaoTdoEws TGV oUVTEAECTEY a, B, Y UtroTiBeuéveov
pnT@v. Tpdypatt els T&s AUoels Tfis diteTporycovou Eliocioews
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Xpe = =+ V—B+ y Xgu =+ v

EXOMEV X1y 2,5 4= £V/A £1/B.

Al SuokoMai, Tds dmolag Snpioupyolv T& BimA& pilikd, aipovtal els cpi-
opévas TEPITITWOES S1& ToU HETQOYNUATIOHOU afTédv el GmA&.

Mpds ToUTols, {nTolpey 8Uo pnTols BeTikoUs &pifuous X kal  Tol0UTOUS,
&oTe /A L4/B =4/X £ /W, & Tdv dmoiwv & el TouhdxioTo v elvan wh
TéAelov TeTpdrywvov pnTOU.

To SimrhoUv onpsiov SikaloAoyeitan s Etfis :

*Exonev & Tiis /A ++/B =4/X + 4/, 8" Uydoews es TO TeTpdrycovo,

A +4/B = x + y + 24/xy. *Emeib4/B xai4/xy &ppnror kai A kal X 4y pn-
Toi, &meton (§ 63)

A=x+4+vy o — = — —
/B= 2\/x— } >A—y/B=x+y—-24xy > A—4/B=(v/x—/V¥)
=1/A-vB =| V- VY]

“QoTe Eyxopev 81" dugoTépas T weprrrrometg X+ y=A, \/B =2 \/xw.
Ax+y=A d&xy=BAix+y=A xy= T' ai émoion oynuatilouv Ty -

P B
, tw Btowuey — 5— = =Aka =B,

cwoy @ — Aw + %: 0 pt pilas Tous &piBuols x kai w. Al pifon alTfs TS
thiowoews elval :
X = !’L\/é‘*’;ﬁ

, ¥ = ﬁA—_l/zA:AB. Ak vi elvon 8t of x kai g pnTol, Tpé-

mer A — B:r”, (rEQ), &fev X = A+2lri'\p=A_|rl

2
*Avniotpogpag. "Edv x, weQ+t kal x = A +21 L , ¥ ¥ _zl F_|, TOTE @
_ AT
WXLV =x+y+ 2\/xw__+u+"_2‘_l +2 Lri:
=A + \/B.

00w | VAL VI = VAZyE
*Apa: Awd va Dréapyovv pnroi Betikoi apBpoi x xaiy, pé Eva tovhdyiotov

i) TEherov TeTpaywvov prrod, towoltol, dotey/A - VB = /X + 1/, npiner
kai apxel va elvan A, BeQ+ A? — B = I%, (T'eQ).
‘O petaoynuaTiopds TéTe Told SimAoU pifikou

elvan Buvards kai yiveton BT AFIT] A=ILT
tVALvB== (V—z— + V—z—)

P&oer ToU TUTTOV

Hapadeiypata: N& petaoynuoamiodf fkaotov Tév droAoUfuy SimAdy pi-
Uikéow els 6mA& : /3 +2+4/2 , V2a+2¢/—p*
Abog: o) ’E1re181'] ‘\/3 +242 = 4/3+4/8 xai 3*—8=1=12, Eouev
Vara v =Vl 4 Yt =B/ i=ia |
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B) “Exouev /20 + 2 V@ —pt + V2& + Vi@ —py kol tmedh A = 2q,
B=4(a® —p?), Emetan A? — B =4do® — 4(c — P?) — 4p? = 2. "Ofev
VI ¥ Vap= 252 4 V=P = \/aF B+ Va—p. Ymedloope
a = p>0.

AZKHEZIEIZ
390) N& petaoynuatioBolv els &mAd& pilikd ol &xdhouBor TapaoTéoes :
HVI+VIE, Ve_vi5, Voravs Via—2v1,
2)\/u+2 *\/cl_—l., '\/u‘+3—2tx\/—§. ’\/q+ﬁ—y—-2‘\/(m

N V112430 + V-2 V0, V3+3\/7+4\/"3' a5
i V3 +8V1-av3
391) Né& elpefij ) Tiuf) ToU A, Wa f) maphoTtaoss, W x>4, y :‘\/x +AVx—4
Slvarar v Tpat) els &mA& pilixké.
392) N& dmwoBeixdii &mi 1) mapdoTac W ='\/x +3V2x—9— Vx—-3vV2x -9
looUran pt V2 (2x—-9), & 4,5 < x < 9 xal elvan &vefdprnTos ToU X, &v X > 9.

ANTIZTPO®OI EZIZQZEIZ *
115. "Opwopodc. *Eflowaws tis @ (X) = 0 xaleirar dvriotgopog, Srav, #yovoa dg
oilav Tov dgilbucy o # -+ 1, &y de Torabryy xal Tov dpludy % (o#0).

Bdoer ToU Tebévros Spiouol, pia dvticTogos tiowols Stv peTaPddieTan,
¢aw vt ToU X TeBf TO —)l(-, (x # 0).

M.yx. f &lowols ax® + Px® + Px + =0 elven &vrioTpogos 3ou Bafucl, BidT
&v &vtl ToU X Tebf) els alTiy % eUpiokopev:
o .%4—[3.—)};4»& .%+q=0© a+PBx +Px2+ax® =0, fiTis elvan 7 o
pé Ty ax® 4+ Px2 4+ Px + a=0.

'AmodeikvieTar 871 : "Avaykeio kai ixavi) covOikn, Tvae 1 #lcoong o(x)=

=0 glvar Gvriotpogog, elvar ol ovvicheotai 1dv Bpov adriig, ol istxkig tdv b-
kpwv anéyovies, va elvar Toov i avriBeton.

Eidikcotepov, &&v 1) dvtioTpogos oTepfiTal Téw pilddv + 1, elvan &priou
Pofuol kai ol guvteAeaTal Tév Spowv olThis, ol lodkis TV Ekpoov &mréyovTes,
elven foor.

2uppaves Tpods T dvwTépw ol dvtioTpogol Eiodoes P’ Ews kol & Pab-
poU elvan :

(*) "H ¥wowx g dvniotpbpou EEiodoewg bpeldetar elg tov De Moivre (1667—1754).
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ax® + px +a=0 ox® + Px2 4+ pPx +a=0

oax? 4+ Bx®+ yx*+Px+a=0 ax? + px:—Px —a=0
axt 4+ Bx* +Px +a=0 ox® + Pxt 4+ yx3 + yx* 4+ Px +a=0
ox! + Px*—pPx —a=0 axd +Px'+ yxP—yx2—pPx—a=0

‘H AUois tév dvmioTpdpwy tiowoewy 3ou, 4ou kal Sou Pabuol Blvaral
tv yéver v& o0 els THY AUow SeutepoPabuiou Eicwoecos

116. EIMIAYEIZ ANTIETPO®OQN EZIZQIEQN

1. ’Eriivoig avtiotpopov EElohoemy 3ov kai 4ov Pabpod pé £hieinovia
tov peaaiov Gpov.

To mwpdTtov pélos Tdv éhicwoewy aUTdy peTtaoynuaTileTan sUkdAws elg
YWOUEVOY TRy OVTGV.

a) ‘H avtistpogog ax® + x>+ PBx + a=0 (o, P e R)

"Exomev : ax®* +Px2+Px+a=0 <caxX+1D)+pPxx+1)=0<«
< (x+ 1) [ax®?+ (P —a)x +a] =0, fiTis elvan {ooblvapos wpos TO (euyos
TG ¢hio. X + 1 = 0 kad ax? + (B—a)x + o =0, ¢f ol éxopev x = — 1 xai &AAag
8uo pilas dvTioTpdpous ék Tis &vTioTpogov étiocooews ax? + (B —a)x + a =10

B) ‘H avtiotpogog ax® + px* —fpx —a = o (o, pcR)

Koat’ dvdhoyov Tpdmov Exopey (X — 1) [ax® + (o + B)x + ] =0, fiTis
8ide1 : x =1 kol &\Aas SUo pilas dvTioTpOPoOUs.

v) ‘H avtiotpogog ax* + px* —fx —a =0 (g, eR)

"Exomev : ax! +Bx? —Px —a=0<>a (x* = 1) + Px (x2 — 1) =0 <=
<>(x2— 1) [ax®+Px + a] =0, fiTis icoduvauel Tpods TO felyos TGV étio. x2—1 =0
kal ax? + Px+a =0, & oU éxopev X = -+ 1 xai 8Uo &AAas pilas dvTioTpdpous.

Enp. ‘H dvtiotpogos ox' + Bx® + Bx + a =0 Aletan, Omes 1) mANPNS
dou Pabuou axt 4 Px® + yx:+ Px + a =0 kaTwTépw.

2. ’Erikvoig avuiotpogov éElo. 4ov kai Sov Pabpob.

a) ‘H avrtictpogog ax! + px® + yx* + px + @ = 0 (o,B,yeR)

AlxipoUuev &ugoTepa TG WéAn Bik x2, (x # 0), omoTe Exoumev ax? + Px® +
PRt a=0sat +Br+ Y+ = + 5 =0 a (¢+ ) +

X
+ |3(x +-%-) + y = 0. ’ExTeAOUPEV TOV PETUTXTIMOTIONOV X + % = w, &Te

2
x? + % = (X i -%-) —2x- XL = w?—2, kai 81" dvTikaTaoTaoEWS AapPavo-
X

pev o (w? —2) + Pw + y = 0<= aw? + Ppw + ¥y — 2a =0, ATis kaAeiton Emiho-
ovea Tiis Sobelong Eliccooecws kai Exel év yével BUo pilas w,, w, “Emavepyopevor
A y ; 1 ' \ . 1
elg TOV HETQOXNUATIONOV X + —- = @, houPdvoper T&s ELiowaoErs : X +=w
kal X + —i =w, | X*—wXx+1=0 kai x2— X+ 1 =0, ai omoion &iSowv
&v yével dvd SUo pilas, kad ouvetrdds f dutioTpogos 4ou Poabuol Exer év yével
4 pifers.
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T eiBos Tév 4 ToUTwow pilddy EtapT&ran &k ToU efdous Tév piléw w,, 6, THs
émAvolons kai &rxohoUBuws ik Tiis Siokpolons A= w,* — 4 kol A, = w2 — 4
TGV EowoEwy X*—wX + 1 =0 ked x2— w,X + 1 =0 dvrioTolyes.

Mopaderype : N v | iowois 6x* — 3558 +62x*—35x +6=0
"Eriivoig : Alcnpolpey 81 x2 xad AopPovopey SiaBoyikds : 6x4 — 35x3 4 62x% —
=35k +6=0=6(x* + ;) =35 (x + ) + 62 =0, fns Btk x + +=w
= X2 - x—lz =w?—2 yiveton : 6w? — 350 + 50 = 0, & fis Exouey w, = %
Kol w, = % OUtws #yopev Tés Efiochoels :

o
3
2x*—5x+2=0, & fis Eyopev x; =2 kad M:%

B) 'H avtiotpogog ax® + fx! + yx* + ¥x* 4+ px + @ =0 (o,B,yeR)

Exomev o+ Px'+yx® + yx® 4+ Px + a =0

a(x*+ 1) +Px(x®+ D+ yx2(x + 1) = 0=
X+ D[ax—x+x2—x 4+ 1) +Bx (x2—x + 1) + yx2] =0, fitis elven loo-
Buvauos pds TO lelyos X + 1 =0, axt -+ (B —)x* 4+ (o = B +y)x2 + (B—c)x+
+a=0. *H mpwrrn &t x =—1. ‘H BeUtepn elven dutioTpogos 4ou Pabduol
kal EmAUETOL dos Tponyouuveos.

7) ‘H avtictpogog ax® + xt + yx? — yx® — px —a =0 (o,p,yeR)

Kat’ dvéhoyov tpdmov Exouey 10 lelyos Téw efiodascov:

3x2—10x +3=0, & s Exouey X, =3 kal x, =

X—1=0, & fis x=1 xai
ox! + (x+ P)x* + (@4 B + y)x2 + (a + B)x + a = 0, fimis wéAw elven Sori-
aTpopos 4ou Pabuol.

Cevikai rapatnpiosig. 1) Ai dvtioTpogotl eiowoels dvwTépou ToU Sou
PoduoU Bev Buvavton &v yével v EmiAubody &1’ cvarywy s Taov els SeutepoPaduious
thiowoels.

2) ‘O peTaoXnuoaTiouds X + ;1‘— = w UmoPiPaler &v yéver Tdv Poabudv s

dvtioTpdgou Eliohoews &pTiou Paduol els T& Huiov.

AZKHZIEIZ
393) Na& émAuvBolv ol dxéAouBor Eiodoers : 5
7 37

1) 3x*+ 13x* 4+ 13x + 3 =0, x3—'-1—2'x‘+—1-2—x—1=0
2) x'—6x*+6x—1=0, X +xP—4xt 4+ x+1=0
3) 2x' —5x*+ 7x*—5x +2=0,
4) x°®—4x* 4+ 3x*+ 3x*—4x + 1 =0, 2x5 —3x* —5x3 +5x2 4 3x—2=0

o 1 ELERE o L5 9 o e S i
) WL M=) TR aam x4+ x:—x+1" 1

394) N& EmiduBolv of dkéhoubor EEiodaeis (k1 dvTioTpogor) :
1) 6x* +25x* + 12x* —25x + 6 =0, 2) x0+2x* +2x*+1 =0
3) Sxt—16x* 4+ 2x* + 16x +5=0, 4) X'+ 2x3+3x* +4x4-4=0
395) N& &emAuBf xal Biepewvn®f A X+ Ax2+Ax+1=0 (AeR). 189

WnpionoBrke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkrg



AIQNYMOI KAl TPIQNYMOI EZIZQZEIZ

117. AIQNYMOI EZIZQEIEIEL.

‘Opropos. Kaleitar Sudwvpog éklowars, d¢ mpos dyvwator oy X, mioa 8E(-
owaic Tijc popgijs Ax* + Bx* =0, énov A xai B mpaypatixol Golpol i) mpa-
yuatinal mapactdoes pr) megéyovoar Tov dyvwatoy xal », AeN.

Al #ioooes: x4+ 8=0, x*—81=0, 27x'— 64x =0,

2x% — 3x2 =0 elvan Siovupor.
*Enidvorg tiig 260, Ax* + Bx* =0 (A~ 0 kalk > AeN).

*Exopev: Ax* + Bx* =0<=Ax* (;v("—1 + —2— =0<x* (x“—H— %-) =0,

fiig elvan igoBuvapos Tpds TO leUyos T EEITWTEWY x* =0, x**+ % = 0,

*Ex Tiis TpooTns x* = 0 Eyopev A pilas Toas mpds 0, xi=Xs = s = %0, =10).
Efver nAadf 0 0 pila A PoBuol moAAaTASTNTOS.
‘H Beutépa Elowons, & Béowpey k — A = veN Kol — “%_ = a, yp&eTa : X' = a.
Aroxplvopey Tas £EEfg TEPITITWOELS :
o) *Edv v &pmios, TéTe Exer BUo pilas TpaypaTikds dvTibétous, Stav a>0 kol
oUBeplow TrporypaTIKTy, STav a<0
B) *Edv v mepiTTds, TéTe Exel TévTOTE Miow udvny TparypaTikiy pilav, GeTikiy
utv dtow a>0, dpvmTikfy 8¢ étav a<0
Al Uméhormor pifen elvon xoBapai wyodikad, Thy eUpeow T&v dmrolwy B&
teTdowpey gl EAANY T&Ew. Ev TouTols kol AuEis Buvdpedo v elpoopey Tds Ko-
Bapds wiyadikds pifas, &Tav & v AdPn pikpas Tipds.
Hapadeiypata : N& émiubolv o ttichosrs :
1) x*+1=0, 2)x¢+16=0, 3) x*—=1=0, 4 x8—5x2=0
Eridvorg: 1) “Exopev : X3+ 1=0=x+1)E—x+1)= 0, fimis el-
vau looBuvapos wpds T [euyos x+1 = 0 kad x2 —x + 1 =0, ¢ oU Exopev X, =—1
Kal X, = % +1i 3_/21, Xy = %_i\,/z_S
2) “Exopev: x* 4+ 16=0<>x'+ 16 + 8x* — 8x* =0 (x* + 4)? — (24/2 x)2=0
= (x2+2¢/2x+4) (x*— 24/2x 4+ 4) =0, A elven icoBUvapos Tpods TO [eU-
yos X2 +24/2x +4=0 xai x2—24/27 x+4 =0, ¢ oU Eyopev TAs pilas
Xy Xgp Xgp Xy
3) T tEowow x8— 1 =0 Suvdueba v& EmAvowhey, tEmAUovTes plov &k TGV
icoduvduwv Tns :
o) X34+ 1) x3—1)=0, fiTis &ider i x8k1=0 x2—=1=0
B) (x2—1) (x*+x2+ 1) =0, fimg &ider : x* —1=0, xt4+x24+1=0
VEx-DE+x+x24+x2+x4+ 1= 0, fitis 5ider Tdg Ehiowoeis x — 1 =0,
X+ x4+ x3+x2+x+ 1 =0 (dwrioTpogos)
4) *Exopev : x° —5x% = 0<=>x2 (x* - 5) =0, fiTig elvon icoBlvapos Tpos TO [eU-
yos x2 =0 kol x3 —5=0. "Ex Tfjs x> =0 &ouev X3 =X, = 0. “H Beutépa ypa-
190

WnpionoBnke amd 1o ivotirouto EknmaibeuTikrg MoAmkrg



3 3 3 3
peran X¥ — (1/5)% = 0 <= (x —/5) (X*+4/5X +4/25) = 0, fimis loobuvael mpos

3 3 3 3
T Lelyos Tév Eliowo. x —4/5 =0, X2 +4/5% +4/25=0, ¢ ol Exouer X; =+/5,
3 3

=1 hiva), 6 =Y (- 1-iy3)

118. TPIQNYMOI EZIZQEEIZ

OPIEMOE. Kaleitar totdnvouog éilowac, dic mpos Eva dyvwatov, mica £E(-
owas Tijs pogpis Ax* + Bx* + I'e* = 0, émov A, B, I' mpayuarixol apifuol %
Toaypatial nagaotdoelg pn meotgovoal Tov dyvootoy xai %, A, w € N.

"Evralfa évBiogéper pévov ) mepimrwois, kad v EXouEy K—A=A—1,
Stav elvar kK>A>p, B1dT TéTE 1§y Emiduois Tfis Ak* 4+ Bx*+ M'x* =0 dvéyeran
els T émiduow THs iodoews Ax 4 BxY 4+ = 0, veN.

‘Enidvorg: 'EWk — A=A —p=v= A=p 4 v,k = p+ 2v, omdTe: Axptvy
+ Bx#+" 4 I'x# = 0 <>x* (Ax® + Bx* 4 N =0, fis elvon  looBUvapos Tpodg
TO felyos x* =0, Ax® +Bx*+T=0. ‘H x*=0 55 Xi=Xg= - -i—Xu=0
fiTol Exer 1O undtv pifav wuooTol Pabuol TOAACTTAS TN TOS.

Eis Thv Ax® + Bx' 4+ =0, t&v ixTeAiowuer Tov HETOOXTIHOTIO OV
XY =y, AopPcvopey Ay® + By + =0, fiTis kedeltan Emikbovea Tis &liow-
oews kol Exel v yével BUo AUoels y, ka ;. "Emravepyduevor els Tov peTaoynueTi-
ouOV X¥ =, AapPdvopey Tds Siwoviuous ttiotwoels X' =y, kol X' = y,.

To €los Téwv pilédv Tiis Tpiovipou Ax2 4 BxY 4T =0 topTdTon & TOU
eiBous Tév pildv THs EmAvovons aUTRs.

Napadevypo : N& dmAvli 1) lowois x10 — 26x7 — 27x4 = 0
"Enilvorg: “Exouev 10 —7 =7 — 4, dpa # iowors YpépeTat : x* (x® — 26x3 —
—27) =0, fiis efven icoBlvapos pds TO feUyos Téw x4 =0, (( =X =X, =
X, =0) xai x®—26x% — 27 = 0, fiTis &1& x® =  5i8e1 Ty EmAvovo Wi — 26y —
—27=0, Tfis omoias ai pifan elvon y, = 27, y, = — 1. Suveméss Exopev Tpos ETri-
Avow Tas Bicovipous Eiodoes :

=27 (-3 +3x+9)=0. Pilar x,=3, %y, =2+ 3T
M=—le@+ D@ -x+1)=0. Plla xg=—1, X3 =4 + 2
AILKHZIEIZ
396) Né& 2midubolv ol dxdroulor Eiodoeis :
1) x*—8=0, 8x® + 27 = 0, 64x® — x3 = 0, X —8lx=0
2) x*—-32=0, x8 — 256 =0, x® 4 729 =0, x2—1=0
3) x4 1=0, x84 1=0, 3x7—2x' =0, X —xf4+x4—1=0
397) Né& tmduvbolv al dxédhoubor Eiiodoers :
1) x8 —5%x* —24 =0, X8 — B80x*—81 =0, X190 4 31x*—-32=0
3
2) x1*—33x"+32x*=0, (x—-1)-9(x-1+8=0, 2x'+‘xf;-=5
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EZIZQZEIZ ME PIZIKA AEYTEPAZ KAl ANQTEPAZ TAZEQZ

119. OPIEMOE. Kajeita 2lowag pé ollixa 7 doontos éblowois, g mpoe Eva
dyvworoy, ndoa Elomag Tijs dmoiag T0 & rovAdyiovor péhoc elvar dpontos dAye-
Bowt) mapdoTtaoig dg meos TOY AyraoTov. Al Avoeis wds &ppriTou Eligwoews
Séov v& dwhkouy els TO Tediov dpiopol SAwv TV dpphiTLV TOPOCTEOEWY TS
g iooews. Eis Té éroueva cog Tebiov Opiopol B¢ AapPdveTa éxelvo, TO dTroToV &
KePIoTE TpoypaTIKGS TAS TAPAOTATES THs tEiodoews fiTol, 7 EmiAucis Tév &p-
pfiTev Ehichoewy & yiveran &v T& ouwwdrw R.

Kotd Thy émidvow wds dppntou éligwoews tmiSicokopey THY duarywynv
aUTiis el piv Elowow, fiTis Bév elvan & ytve icobUvatuos Tiis dppfiTou Eiow-
oews. Tlpds TouTo, Béov vér EXOMEV U’ Syer Tas dxohoUBous TPOTHOEIS :

1) *Edw T& péAn wids tliowoews @ (X) = 9, (x) Oyowper el dpTiov 5U-
vauw, 1 mpokUmTovow Eowols Exer pifas TAs TperyparTIkaS piles Ths apyi-
kfis ki T&s TpayuoTikds pilos THs @ (X) = — ¢z (X).

2) ’Edv T& péAn wds Eodoews ¢ (X) = ¢, (%) Ipcdowpey els TEPITTAHY
SUvapy, f) TpokUTTTousa &tiowals Exel TPoryMOTIKGS pilag pdvov TGS TROyUO-
TiKGs pilos Ths &pyikfs.

Al TpoTdoels auTal uds Umoypecvouy, &treos, peTd THY elpeov TGV pILcv
THs Eiohoews, eis Ay dyousda katdmw SiaBoyikdy Tywoewy &1’ Edhenpv TGV
pilikéy, ylveton émodnevais fi, Smep wed TO ueBobikeTepov, Yyivetan EAEYXOS,
#w of pilan ikavorroloUv ToUs TeBévTas TeplopioLovs, oi émoior ttaopaiilouy
TO bdudonuov TEY peAdV Tiis Ebighoews kol koBioTolv TdS TopAOTAOEIS QUTTS
TPOY MOTIKGS.

120. EZIZQIEIZ ME PIZIKA AEYTEPAE TAEEQEL

@) Tiic popoiis (1) \/A(x) = B(x), &v R, (A(x), B(x)EQ).

Mpémer vax elven A(x) 2 0 = VA(X) 2 0. "Apa Biax v Umdpyn Ao,
mpémer B(x) > 0, dméTe 81" Uyoews s TO TeTpdrywvoy TV peAGY Aappavo-
pev (2) A(x) =[B(x) P<=[B(x)]*—( \/A_(x) =0, fimis elven ioodlvapos
Tpds T [elyos B(x) = v/A(X) kal B (x)'=—1+/A(). "Apa i v& EmiAUow-
pev Ty (1) &pxel v& EmAvowpey THY (2) kad &k TGV AUgewy va &rroxAeioBoly
txeiven, al dmolan Biv ikavotroloUv Tov Tepiopiopdy B (x) > 0. Tlpogawéds dro-
Kelovran oi AUoeis Tfis B(x) = — /A (x), 516T1 xebioTolv 6 B(x) < O. ’Ex
Tév dvwtépw ouvdyoper 81 ) tfowars (1) kol TO oloTnue B(x) > 0, A(x) =
=[B (x) ]® &ouv T&s clTds AUoEs.

Tapadevypo. N& ¢mAuei & R ) lowois 2Xx —3 =4/x*—2x + 6

‘Enihvoig. To Umdppilov, dos Exov pilas kaBapds uryadikds elvon povipws
Betidy. TTpémrer véx Exopey Aormov 2x — 3>0 <= x>% (Trepropiopds). “YyouvTes

T& péhn Ths o, els TO 1ETpdycovov AauPdvopey:
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(@x—3)=x1—2x + 63— 10k +3=0, & o0 x, =3, X =5 ‘H Av-
oig . x? = —%— &morAeleTan, s pf) TANpoUCa TOV TEPIOPITHOY.

B) Tic popeiis (1) 1/Ax) ++/B(x) =TI'(z), v R.

Ai A, B, T pntai ouvapTfioes ToU X.

Tpémel v elvan A > 0, B > 0, I > 0.°YyoUvTes eis 16 TeTpdrywvov AauPdvopey:
A4+B+24/A B=0% 2 v/AB=T2—A—B (2) dxolobuws mpémer [ —
—A — B> 0 kal 81” yooews &k véou Tév peAdy Tiis (2) els 1o TeTpdryovor AauPé-
vopey THy pnThy éicwow 4AB = ([ — A — B)? (3). ’Ex T&v mpaypomikéy Au-
oewv Tfjs 3 doc TANpolv Tous Trepropioous A >0, B>0,M>0,M—-A-B>
> 0, elven Aoeis T (1).

Al oytoes A > 0 xai B > 0 elvan dAnfeis ép’ Soov elven dAnBeis ai dAAcu.
Mpdypoty, 1) (3) ypdgeron : 4AB=T*—2" (A+B)+ (A+B)2<=>T 4 (A—
—B)2=2I?(A+ B). To o péhos Tijs iodTnTos alriis elven ) dpvnTikdy. "Apa
kol TO B’ péhos Tpémel vé efvon ph dpynTikév. "Hro1 22 (A+B) > 0, ¢EfisA+ B >
>0. ’Emeidn 8¢, & tiis (3) &meran 611 AB > 0, &pa A >0 kai B > 0.

"Ex TGV dveoTépw ouvdyopev 6T 1) éowais (1) kai TO ovoTnua
r=o0
rF—A-B >0 Exouv Tas aUTdas AUgEls
4AB = (' — A —B)?

Mapaderypa : N& émAvlij é&v R 1) éhio. /X =8 4Vx—=5=3.

*Enilvoig: TTpémet x —8>0, x — 50, 2 &v x>8, x>5. “Yyolvres els 1O
TeTpdywvor AcapPdvopev : X —8 4 x —5 4 2 V(?L—B—)(X—-S_) =9 <=
<+ V(x—8) (x—5) = 11 —x, dworoubus mpémer 11 —x>0 <= x<11
kod 81’ Uyeooews ék véou eis TO TeTpdywvov AcuPévopev THv pnThv Eliowoi
(x=8) (x=5) = (11—x)% == 9x =281 f| x =9. Oi mepiopiopoi ouvainfetouv
Bix 8<x < 11. "Apa 1) Aois x = 9 elvan Aois Tiis Sofelons éiowoews.

1) Tiig popofis (1) VAR + VB(X) = VIRX), tv R (4, B, T Q).

A Tés pnTds ouvapThoes ToU x, A(x), B(x) kai [(x) Sioxpivouey Tas EEfs

TEPITITWOEL : )
)’Eav A>0, B>0, T >0, té1e 81" Oyosws els 1O TeTpdrywvov 7y (1) ypd-
petan A+ B+2VAB=T < 2VAB =TI —(A+B). ’AxorotBuws &w I —
— (A 4 B) >0, TéTe GyolvTes &k véou els TO TeTpdrycovo, éyxopev Thy pnThv Eti-
owaw 4AB=[—(A+B)]* (2).

’Ex T&V TporypaTikédy Aoewy Tiis (2), éocn mAnpoly ToUs Teploplouous

A>0,B>0, >0 xai = (A +B) >0, clvan Aoeis Tiis o, (1)
A>0, B>0, I'>0

) & r-(A+B)>0
4AB=[F—=(A+B)]?

2) ’Eav A<0, B<0, I'<0, t61e —A>0, -B>0, - >0, 7| &8¢ tliowaors (1)

"Apa ai AUoEls ToU ouoThpa-
Tos elvon kad AUoeis s (1)
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ypégetanr i V=AX) +iV-BE) =i VT(x) <> v/—A+V-B=v-T (3.
“Youvtes & péAn Tijs (3) els 1O TeTpdywvov Exopev —A — B 4 24/AB =T
«— 2VAB= A+ B—T. 'Axoholfws ¢v A+ B—T>0, TéTs Uyolvres &

véou els TO TeTpd&ywvov, Exouev Thv pnThy éicwow 4AB= (A4 B -1 §
AAB=[T—(A+B) ]2 (4).

’Ex Tév TrporypaTik@dy AUcewv Tiis (4), doar TAnpoly ToUs TrepioplopoUs
A<0, B<O0, I'<0 kai A + B—T>0, elvon AVoeis Tiis &io. (1).

*Apa ai AUoeis ToU ouoThuoTos | A<0,B<0, I'<0
. | ' | ALB_T>0

4AB=[T—(A+B)]

*Ek T dvwTpw ouvdleton 61 1) Elowois (1) Exe v R 1ds AUoeis ToU ou-
oTnuaTos X, kai Tds AUoEls ToU oUuoTAMOTOS Z, kol Wévov ards, 516T1 &AAan

elven kal AVoeis Tfis &ho. (1)

TepirTadoels ik & A, B, I elven &Bdverror.

Mapaderypo : N& ¢mAus & R 1) tElowoisy/ X — 8 +4/ X — 5 =4/ 3x — 21
"Erilvoig : Zupgoves Tpos Ta dvwTépw af AUceis Tis Sobelons eiocosws Tapé-
xovral &md TO ouoThua

{x——S)O,x—S}O, 3x—2120,3x-2l—-(x—-8+4x-5)>20 )
4(x—8)(x—-5)=[3x—-2l —-(x—8+x-5)]?
chld—rrc‘)-rb{x—8<0,x—5<0, 3x—21<0, x—84x-5-3x—-21)>0 @
oUTTTUC 4(x8)x—5=[3x—-21—-(x—8+4+x—-5) ]

’EmriAvols Tou ovoThuaTtos (1) :
“Exopev x 28, x>5, x>7, x>8
‘H étiowois ToU cuoTAuaTos ueTa Ty ékTéAeow TEdY Tpdlewy yivetan :
x2—12x+4+32=0, & fis x, =8«kai x, =4
Al Aoeis Tou ouoThuaTos AaupdvovTal &k ToU dxoAouBou Trivakos

x |x—8|x=5] 9% —31 |3 21~ (x— B4 x=5)| xs—12x 4 72| Piows 700
: CUOTHUATOS
— 0
- = - o h
4 = — — — 0
Gl B 0 o Z -
=, + = = ax
Foiforasw] wop 0 . i
T 2 i 0 0 x=8
i 7 F 5
+ o

*EmiAuois ToU oveTtfuaros (2) :
Emedfx—8 4+ x—5—(3x—21)>0<>3x -2l — (x — 8+ x —5)<0, ai
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GAAan 8¢ duniodTnTes kel 1) Elowots elucn af odrrad, Suvdusba ik ToU &vwTépw
Trivakos vé AdPewpev Tas Aoeis ToU ovoTruaTos (2). Oltw al AUoeis Tol ouoT-
paros (2) elvar < x = 4

:E-rrpuévw; ai Aoeis Tiis Sobelons &iocoews elvca x; =8, X, = 4 Kal ud-
vov auTal.

6) Iepintmorg yeviki

"Edw 1 Eiowais Exn meproodepa TV Suo pi{ikédv Pos TéEews, TéTe Eml TH
Pacer mrepiopiopddv, 81’ dAAemaAAMAwy pdoewv els TO TeTpéywvo, AauBdvo-
pev pnTiyv Elowow, 1 dmoia B& Tepiéyn EAas Tag Alces T apyIxfis kol &AAas
ddun, &vBexopéves, ai émoicn Séov v drrokAeioBolv, s A TAnpoUcal TOUs
TIEPIOPITHOUS.

121. ESIZQIEIL ME PIZIKA ANQTEPAL THE Bag TAZEQE

Al thicwoeis pé pilik dveotépas THs Poas TéEews Tapousidlowy TroikiAia
Hop@dv. Atv Umdpyer B¢ évicios Tpdmos EmiAUcews. Zuvfifs drolouBeiTon 1 pé-
BoBog Tiis Uycoaews TGV peAd THs dppriTov EEiodaews els kaTdAATAov SUvauy,
doTe 1) mpokUTrTovow EEicwols v Tepiéxn SArydTepa pilid.

3
Hapadeiypata : o) N& mAvef & R # &i0.4/x® + 9x¥ =3 4+ x
"Enilvoig : “Yyouvtes els TOv kUBov T péAn TS SoBeiomns thiowoews AauPdvouey:
X34 9x2 = (3 + x)P<=>x3 + 9x? = 27 4 27x + 9%% + x3 <= x= —1, ATis elven AU-
o15 Tfis Sobelons Eicdoews.

i
P) Na #mAuefi & R 1) gfiowois 4/ 8xE—1 = 2x.
"Enihverg: “YyoUvres efs Thy Tetdptny Svauw T& uéAn s iodotes Acppa-
vousy : 8x2— 1 = 16x4<=>16x* — 8x? 41 =0, fiTis Exer pilas X, = X3 =

0| = 0|

Xp =X, =—%_ "Emeidhy 8¢ mpéma 2x 2 0<=>x 2 0, dpa i Aol X = —

Séov va rrokAeioBi.

3 3 3
y) N& &mAveij # &lowois VA +v/ B +V T =0, émou A, B, I pnTal ouvap-
TNoEls ToU &yvidoTou X
’Eridveg : Eis 10 kepddaiov «tautdTnTesy EpdBopey &1 :
Ve, B yeR:a4+P+y=0Va=B=y<o®+ B+ y® =3By
3 __\3 3 _\38 3 .__\3 £ B ho
"Apa &k Tijs Sobelons EmeTan A (\/A ) - (\/ B) +(\/ F) = 34/ABl <A +

s
+ B+ I'=34/ ABI kal 8 ydoews els Tov kUBov 1 (A + B + I3 = 27ABT.
"Apa Exopev :

’Edv xeR : \3/W+\3/F+ {"/F= 0<>(A + B + )3 = 27ABT

3 3 3
OUras ) ttiowois &v R 1/ x—2 +4/x— 3 +4/x—4=0 elvon icoBuvapos Tiis
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(X—24x=34+x=4=21x-2)(x-3) (x—9<=0Cx—-9°>=
=27 (x®—9x2 4+ 26X —24) <> (x — 3* = x> — 9x® + 26x — 24 <>x =3, AT
elvon Alois Tiis Sobeions &lioddoews.
AZKHZXZEIZ
398) N& émAuBouv &v R al &kdroubor thichoes :
1) Sy x—3=v/x+9 VE+V/x+32=16
2) =3+ —2%xF6 V2+/x-5=yT3-x,
DV SEFD vV XF1I=y/x+6 A/ XFI+/X—8=4/28+9 q B
DY X—15—/x—10=A/X+6—/X+ 17, K+3)/X+2=E+2/ X+5

5y 4=V X _v/4x+20 VvVx-=3 Vx+1 \/x”_s _%
2 d44/x A x+3 x-=27 VX

399) Né& émidubolv tv R al dxdAouBor thiodoers :

Bomee Lecpy s e 3 3

Dy x+49 -4/ x-49=2, VX+3+y/4—x=1

¢ e - g A e - st By ot AL S oo
2)-\/x+2+\/2x+2+\/3x+2=0, V= Vx+l—/x-1=
3vx+2 v =3 _ 5 (mx;t) 2x + 1 I 20 _
V¥ z—=3 x+2 - 7' \lox+1 T ;=

Ve

400) N& ¢mAubf &v R 4 &tiowas Vatv/x+vVa/x=v/x%x

ATIAA ZYZTHMATA BAOMOY ANQTEPOY TOY TIPQTOY

122. OPIEMOZ. Kaleirar dvwtépov tof modtov faluot év ciotnua ddo 1
nepoooréowy EEiodaeay, éav pia Tovldyioroy T odoewy adtod elvar fabpod
avwtépov Tod modtov. TaUTa Trapoucidfour peydAny ToikiAiov popeddy xai ¢
£k ToUTOV Bev UTrdpyel Eviaios TpOTTos ETIAUCEWS Twv.

EvtaUfa dvapépovtan pepikal &mrAal poppal ovoTtnpdTowv, T& dmoia ou-
Xv& TapouoidfovTen kal gls Ty Emidvow TGV Omoicwv dvdyovTtar BuokoAwTepal
popgai ouaTnuaTwY.

M Ty Emiduow, évds TOIOUTOU CUOTIUOTOS XPTOIHOTTOIOUMEY EKTOS “TEW
peBOBwv EmAUTEWS YpouuikoU ocuoThpaTos kal &AAous eldikous Tpdtrous (Texvé-
opaTa), iy Utrayopévous eis dplouévous kavovas, EmidicokovTes oUTw ThY elpeatv
&mrAovoTépwy EElodaewy.

123. ZYZTHMATA AYO EEIZOZEQN ME AYO ATNQEITOYE.
a) 1fic popoilc ax + Py =7y, A2+ Bxy + Ty +Ax +Ey +Z =10
*H &miluois ool elvon elkoAos, 51671 &k Tiis TTpdTNS Aaupdvopey X = Y—;&P'
omodTe 81’ QuTiKaTaoTAoEwWS eis TNV SeuTépav dvorydueba els BeutepoPdduiov EEi-
cwow ws mpos Y (*).
" (*) Tb abomnua rolto xedeitar obornue Pov Babuod, Sibre Exer &v yéver Blo Aboeig
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HNepodeiypara : 1) N& EmAvBi 16 ovotnua x +y = o, xy = p
"Enilveig : "Exousv[x+k|.!=c( ﬁ{x:u—uy {x:u—\y
Xy =P (& — =9 —ay+p=0,
T Sroiov elven ioodUvapoy Tpds T6 [eUyos TGV cuoTHUdTWY.
{ X=a—y ’ { X=a—y ' o0 { X=a—p > { X=a—p,
MNi=ipy Y =P ¥ =P ¥ =t
émou p;, Py pien Tiis o Wi—ap +B =0
2) N& &mAvbf] 10 oUomnua x + y =q, x% 4 gt = p2
"Erihvoig : log tpémog. “Eyopev { X+y=«a [x =a—y
<= >
X2+\Pz:[32 (a—y)?+ y2 = p?
X=a—y
29— 209 + a?— B2 =0, 16 dmoiov EMIAUETXL G5 TTPOTYOULEVGS
X4+y=a X+yYy=ua X +y=ao
20¢ tpbmog {X2+W2=|32 4:)-{ (x+\|1)2—~2xw=[32*="{u2— 2xy = B2<=>-

[ X+y=«a
l R~ p: , TO dmolov eivan Tiis Lopfis ToU Tapad. (1).
fa o STy 3P —dxy+y:—2x+yw+ 1=0
3) N& émiudij 16 oloTnua { o By
Enilveoig : "Exopev :
3(7T =39 — 4 (7T - 39)y+y? — 2(7 — 3y)+y+1=0 40y —147w+134=0
Xx=7—3y X=71—-3y
TO 6moiov elvan icoduvauov y=2 gy = 67/40
Tpos TO (eUyos TGV cuoTnudTwy | X = 1 x = 79/40

= GX® + By + iy + 8x + ey + 5 =0
~ 0
R peevi [ %XE + BoXY + Yoy +8X + ey + (=0
‘H énidvois ToU ouoTthiuaros altol EaptdTar &v yéver &mwd Ty émiduow
s tliowoews dvwTépou ToU PBou Pabpol, Thv émoiav Biv Suvdueda mdvToTe
v EmiTUyopev. Els eibikds Spws mepimrTdoss Suvdpeda va EmiAUowpey TO oU-
oTnue, s Touto kobioTaTan pavepdv dk TGV k&Twd TapaBerypdTwy

2 e
Mepadeiypora: 1) N& dmAvlij T olotnua : [ el g

xip=12
"Erilvoig :
i X%+ 4y? =52 x2+(2w)2=52 (x4 2¢)* =100
Exouev { R <> { dxy = 48 { Xy =12+
%{ Xk ZWX‘P + 113 , TO omoiov elvan iooBivapov Trpos TO [eUyos TGV
X+ 2\p X429 =— e =
OUCTNUETWV { 2 (1) { b 12 (2). Al Moeis ToU
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cuoTthuaros (1) el (x, ¢) = (4, 3) fi (x, y) = (6, 2) xal Tou
ovoThparos (2) elvan (x, ¥) =(—4,—=3) A (W) =(-6,—2)
“Apx of AUoelg Tou Bo- X | —4] 4 e =
Blvros ouoThuatos elvan: 1 —3‘ 3 ]—2 2 |
3x2 4 3y —11x— 7y +10=0
x24yt—4x—3py+4 5=0

2) N& EmAubf) 16 guoTnua {

*Erilvoig : “Eyxouev:

32432 —1lx =Ty +10=0| 1] [ 3x243y—11x—Ty+10=0
| =
{ X4y — 4x—3y+ 5=0|-3| —3x2—3y?412x+ 99 —15=0
X+2¢y—5=0 x=5—-2y
<>
é{ x?4y?—4x -3y +5=0 - { (5—-2y) 2y *—4(5-2y)-3y+5=0
{x=5—2\p a{x=5—2\y ﬁ{x:S—Z\pm‘lx=5—2\p
5¢2—15y + 10 =0 y:=3y+2=0 y=2 y=1
& v Exouev s Avoess (x, y) =(1,2) xai (x,9) =G, 1)
) tic nopofic { ax® + By + ya¥E =8 (8,# 0)
% q apx? + Py + Vo¥? =8, (6, # 0)

T& wp&dTa péAn TV tiohoewy TOU oUOTHHATOS elvon TroAucvUpa Opo-
yevii Bou Pabuol, T& Bt BeUTepax wéAn oTaBepol &pifiuol Sidgopor TOU undevos
TouTa koAoUvTon Opoyevij cvethpota.

A& Thy &midvow adTéd ExTEAOUpEY TOV HETQOYTHOTIOHOV
x=Ay (y #0). OUtw AcpPdvouev :

{ aAq? + By AYE + yiy? =8, { W (At 4+ BA+ Y1) =5
aARE + B AyE syt =By | R (At + BA+Y) =8,
drohotBuws SiaupolUpey Tds Efiodoels kara WeAn, &Te Exopev

A2 4+ BA 5,
PRI _ B (o, — BN + (BB — BB+ (i — ¥4B) =0,

fiTis 8i8et A =2A; VA=A, ’Emavepyduevor els Tov HETOOXUOTIONOV, EXOMEV
Tpds Emidvov T& ouoThuaTa !
{ X =My { X =AYy

X + Bxy + vy = 8 o x?+Bxy + vy’ =38,
Avois elvan yvwoTr.

, Tév otrofcov 1y &mi-

sl % ! x2—3xy 4 292 =2
Mapaderypa: N& émAvl 10 oloTnux {2){2 g
OfTopey X = Ay Kol Exopev :

{ Ay? — BAg? 4 292 =2 {\pzo\z_aA+2)=2
=4

2)\%[;3 +Api—yt = 20 gt (212 AT 20’ dixoAoUfag
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A*—3A 42

SroupoUpev T Eiocoels kot pgAn), Ete Exopey g v i 1_10" <8\ — 31A 4
+21=0, 8 fis =3, =
OUres Exouev mpds EmiAvow T& ouoThuara:
{x=3y X=%w
{ {x2—3xy +2y2=2 @ 2 i @
X2—3xy 4+ 2¢2=2

Al Noeis ToU ovethuaros (1) elven (x, )= (3, 1), (x, W)=(=3, —1) kad
ToU ouaThiuatos (2) elvon (X, W) = (1%—2- ?LBZ_ ),(x, W) :(_-"‘/Tz, = i"rgz)

3) Zvotipate cuppetpikd.

"Ev ohotnpa keheitar ooppetpikdy, dg npdg tobg dyvdotovg Tov, tav Hhar
al éEwodoeig abtob elvon ovppetpikai dg mpdg tolg GyvheoTovs.
X+y=a X4yl=a | X2+ 4+xty=a
xy=p xy =P X+y+xy=p

A& Ty Emiduow alrédv Bdv Umrdpyer éviaios TpdTros.

2uvnBus ypnoiuoTroloUper PonbnTikoUs &yvaoTous, ds palvetan g TO K&
Tl TapdSerypa.

Hapaderypa: 1) N& EmAuvli 10 oclotnua

T.X. T& OUCTHMATS

elvan ouppeTpIkd

X4+ xty=a

"Enilvog : Oftopey Smoux + ¢ = kol xy =w, | X TY XY =P
oméTe TO olotnua (1) ypéeetan ¢*—2w+ 9=«
Ptw=p
ToUro émAUeTan dos T& ovoTnuaTa Tis popefis (&) kol 5i8a Tds Aloeg
= — X —+— =1
2 = 7\; Kad z: 7\22 *Apa mpokUtrTouy Trpds EmiAucy T& cuoThuaTa Xy =\P7\1 '
s X+ Y=k
Kol Xy :7\2 1 16 Smolwy 7 AUois elvar yvwoT.

124. LYETHMATA TEPIZZOTEPON TON AYO ESIZOQEEQN.

@) "Orav 1 pia povov éEicweig elvar devtepoPadpros kai Shar ai Gl mpo-
tofaOporn.

Eis hv mepimTwow oty émidloper T6 oloTnua Té&Y mpwToPobuicov
ghiodoewy, Becpolvtes Evar TGV &yvaidoTwy s yrwoTdy kal dkoloubews &vTika-
Oiordoper els TNy SeutepoPdBuiov Efowow, Ty Smoicw EmiAlouev.

Hapaderypa : N EmAUBT 16 [ 2x2 + 2 — 4xw — 2y + 3x —4y—13=0

ovomnua Z: I5x—y—w=2
X—3y+w=—6
"Enilvoig : OswpolvTes TOV w @ yvwoTdy EmAUopsy TO oUoTnua Tijs Beu-

Tépas kod TpiTng Eliowoews. OUTews Exouer Ty Abow (X, W) -—--(3 -;m ) i _; 3“)-

Tés Tipuds T X kod @ dvTikeBioTdper els THv mpdTny Elowow kol Exouev
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( +m‘) (11+3m) 4_3;w.m_2_!l—;—3m il b 3+w ‘l1-2|-3m_

13=0<>%0? + 8w —17=0, & fis w0, = 1, 0y =—
‘Etrouéveds @ Bk w = 1 Eyopev (X, y) = (2, 7) xad
\ 17 5 5 8
S w=— = EXOuEY x,y) = (T i T)
(x v, m) :(2, 1y
*Apa ai Mioeis Tol ouoThuaTos Z elvaa : 5 8 17
(%, y, w) =(—9— A ik —-9—)

B) "Otav neprocotepan tiig mig iEicdoeg avar deutepofdbpron (i xai dhar)
koi oi dhlo mpwrofabprorn.
Eis v mepimTwow ouTthy Stv Udpyel éviados TpoTros EMIAUCEWS.

Mapadeiypora: 1) Na hvbij 16 chotnpa : [ x+yt+w=a (1)
XYt et =P )
Averg: ‘H (1) ypageTon L = e (3
X+ @ =a—w. YyoUper T& péAn Tns els TO TeTpdywvov kai AauPdvovtes U’
Syw Tés (2) koi (3) Exomev BraBoyikdds x* 4 w4+ 2xy = of 4 w? — 20w,
B2 — w? 4 2y* = & + w? — 20w <202 — 20w + o — B — 2y? =0, Tfis dmolas
ai pilon EoTw oy kai 0, OUTws, of tiodoes (1) kol (3) 8iGow T& ovoThpaTe :

(erqJ:ct—ml [x-l—xp:o:—coz
Xy =y » SXY=Y*
[Feo=Ta |{i6s =redy

T& drroia Audueve uds 5iSouv Tas AUcels ToU &pYIKOU.

2) Na 28ij 10 cbemqpe (1) | x(x+y+w) +yw=a
o, B, yeR* @ { yx+ g+ o)+ ox=p
B3 | o@x+y+w)txy=y?
Aboig : TO oUoTNUC YPAQETAL :
G+ E+w)=c, Y+ @+x)=Pp (@+X) (@+y)=y4.
TToA/Touev kord péAn kad Exopev (X + W)? (w0 + ¢)? (w + x)* = o*PPy? =
= (X+y) (@ +y) (@ +x) = £ opy. Almpof}uev T éicwow adthy Siabo-

X1Kkéds S1x TGv (4) kol Exopev: X +yw = + ~—, Y+ o=+ ﬂy. @+ Xx= =+ Og

OUTaws Exoupev Tpos émiluow Ta c'uc"muorrot

G) {x+y=aBfy, v+ o=py/a, w+x=ay/p
6) {x+y=—aly, y+w==Ppyle, »+x=—oay/p.

Inueioows. T Eeractivra dvetépw TapabelynoTa Tapéyouv uévov piav &mAfiv iBéav
Tév elbkdv peBdbowv, al dmolat YpnopomoloUvrtal Bt Thv EmiAugw cuoTnpéTev dvwTépoy
Tol TpdTou Paduol kal kat’ dxoroubiov ol paBnral TpEmTel V& K&poUY pakpdv EE&oxnow els
ueydhov &piBudy dokfoewy, Si1& v BuvnBolv vé &mokToow K&TTOlaY eUyEperav.
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AZKHZIEIZ

“Opikg o
401) N& tmiduboiv T& dxdhouba ouoThuaTa :
1)‘x+\p=2 2) | x242xy —y2 4+ 4x—6y+T7=0,
4xy =3 x4+y=4
| x5+y5=1 4) | x24+yr=157 5)| x*—xy=14
Tx® + 5xy — 392 —2x—27 =10 Xy = 66 | xg—y2=10
6) | x4y +x+y=062 | 3x243¢p2—1lx—-Ty+10=0
-y x+y+1)=50 X2t yt—4x -3y +5=0
8) | x+w)2-3x+wy)=10 92) ‘X‘+2w—w’=l
| 9% —5x — Ty =25 3x?—3xy + Sy =17
10) | x*+xy—y2=—4
(Bx —y) (x +2y) =—36
‘Opag f
402) N& émAubolv T& dxdAouba ovoTripara :
D|Ix+y—2w0=6 2) | x+y+w=6
2Xx—y=-1 x* 4 ¢ =20 —13
2x* + xy + w? — 4w = 10 xy =2

D[R+ =4+¢ |+ +e'=8 5)|xE+y+e)t+ye=2l
X+y—z=14 [ x+y+w=14 (x4 y+w) +ox=18
x2=9 Xw = y? @ X+ y+w)+xy=42

6) | x(x+y+w)=a? N xy+w)=a
Y&+t w)=p v (x+ w) =p?
®X+y+w) =y wx+y)=y"

Opag v’

403) Né& émAvbolv T& &xdrovfa cuoThpaTa :

D] vx+4/y=1 2 | xr+yr=19
X+ y=65 x+y=1

3) | x*—yr =37 [ x+y-2/39=vx-vVV¥ 9 "‘4’=°§=

- Tk pre s

X2+ xy + y? =37 | Vx+/y=5 oy

6) | xwz=6  zwx=12 7) | x+y) (x*+ ) =432
| yzo =8  wxy =24 | Xt y=20

TTPOBAHMATA AYOMENA Al' EZIZQZEQN B°Y BAOMOY KAl
IYETHMATQN ANQTEPOY TOY TIPQTOY BAGMOY

125. OPIEMOE. “Ev modfinua Oa xalijrar modfinpa avoréoov tod mpdvov fal-
(ot v 1 Moc Tov dvdyerar gig Ty Fnldvew puds Efodoswg pé Eva dyvoatoy
Bov faluot, ) els Ty énlivow évdg cvotruares éwdoswy dvwtégov Tl mEdTOV
Babuod. Ak THy Aow Evds ToloUTou TrpoPAnucTos, Bfov vé Exwper U dyw T
els THY Tpomnyouudimy TéEw dvagepbévta Si1& T& TpoPAfuaTa aov Babuol.
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"Hrori: o) ’ExAéyoper Tov &yvwoTov fj ToUs dyvidoTtous Tou TpoPAfBaTos.
() Karaotpwvopey thy tEicwow f) Tds tfichdoris ToU TpoPATMATOS.
(y) ©éropev ToUs Trepiopiopols TV &yvdoTwy, ToUs Tnyd&lovTas
&To TV QUOW TOU TrPOoPATIHaTOS.
(8) ’EmAvUopev Ty éticwow f) TO oUoTnua TGV EEio0cdoEWY.
(e) ’ExtehoUpev Ty Biepedvnov ToU TwpoPAfjuaTos.

A&k 1O TedeuTaiov oTdBlov THs Siepeuviioews &manTelTan pey&An Tpoco-
¥, 18lws éTov Ta Bedopéva ToU TpoPAfjuaTos TopioTavTar i ypoapudTwy,
B16T1 of AUoels Tpétrel v elven TperypaTikad (ouvBhkn TporypaTikéTnTOS), BETI-
kai f) &pvnTikai (onpeiov Té&Y AUoecov) kol peyodUTtepan T wikpdTepan &pibuocl
Twos € (Béois &piBuol s Tpds Tas pilas Tpicovipou).

126. TIPOBAHMATA AYOMENA Al EEIZOEEQON Bov BAGMOY

o) Ipopinpa. N& edpedf] dxépoios dpibuds, ToU émrofou TO TeTpdrycovov
abavdpevor kord TO 5/mAdoiov alToU yivetan 50.

Aveig: "Eqv x elvan & InToUpevos &piBuds, ToTe TO TeTpdywvov ool elven
X% TO 8 5/mAdoiov ToU &pifuol 5x.

OlUtws Exouev THy Etowow x2 4 5x = 50.

Mepropiopods @ ‘O x éov va elvan dxépaios (xeZ)
’EmiAuois Tiis x2 + 5x — 50 = 0. “Exopev x, =5, X, = — 10.

Aiepetvmots ¢ Al ebpeBeicon Tl x; =5, X, =— 10 mAnpolv Tov TebévTa
TEPIOPITHOY kol oUveTréds TO TpdPAnua Exel SUo Aucels.

P) Hpopinpa: N& peprobij & &pibuds 15 els BUo pépn Tololra, doTe TO

TeTpdrycovoy ToU TrpcaTou #AacTToUpevoy ket 41 vé keBloTaTen foov pds T 5/
TAdoIoV TOU TeTporycovou ToU &AAou.

Avorg : "Eqw x elvan TO &v pépos, TO &Ao 8& efvon 15-x. ‘Emropévess Exopev
Ty étiowow x2—41 =5 (15 —x)?

Tepropiouds : Tlpémer va elvar 0<x<15.
"Emiduois Tiis x*—41 =5 (15 —x)2. °H ioodlvapos adrriis elvan 4x2 — 150x +

+1166 =0, & fis x. =2, x=1L.
Aiepelvnois : *H pila x1=5—23- dmoppitTeTan, 8161 -5:,!3— > 15. T& InTolpeva
Aormrov pépn elven 11 ked 4.

y) Hpéfinpa. “Eumopos mwAdy aias mpds 22 Spy. 16 XiAdypauuoy,
kepBilel i Tols ExaTov TO fljuiou ToU kdoToUs EkdoTou YiAloypdppou. Tléoov
kooTilel TO XIAMOypaupoy ;

Aboig: 'Edw 1O y1Aidypappov kooTiln X Bpx., 8& kepbiln %% kal Emo-
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X x?

100 — 200°
Zuvetréds, Exouev TNV Eticwow x + ZXTIO =22

pévors &mrod x Spy. 0& xepdiln %

Tepropiopds @ Tpémar v elvan 0<x<22.

*Enidvoig: x + %—B = 22 <> x® 4 200x — 4400 = 0, #E fis &xopev x, = 20,
X, =—220

Aigpetvnots : ‘H x, = — 220 &moppitrreTon.

“Qore, 1O Y1MSypappov kooTiler 20 Spy.

5) Mpopinpa. *Edv ai mAsupai TeTpoarydovou alinfolv katd p povédas pri-
Kous, TO EuPadov Tou & yivy pu— 3 gopds ToU &Aov. Tlolov TO pfikos Tijs TAsU-
pds ool ;

Aborg : "Edv T pfikos Tiis Asupds ToU TeTporydovou elvan X, TOTE 1) TAEU-
p& ToU véou TeTpaycovou B elvan X + p povdSas urikous kad T& éupada auTdv
dvmioTolyes x? kad (x+u)2 ‘Emopévess Exopev iy Eiowow (x + W) = (u—3)x2

TMepropiopds : TTpémet x>0 kad x + p>0

Enidvorg: (X+w)2=u—3)x* <= (4—Wx®+ 2xu+p2=0, fims 5i-

, _ Vi —3) _—u=Vii@=—73
Be1 Svo pilas x,= For a0tk

Aepetvnols : To elbos Tév pildv kol 16 mpdonuov alTdv, GF yvwoTOY
tlopTdTon &md TO onueiov Tév A, P, S.

Iynuectilovtes Tov Tivaka Siepevrmioecs SiamioToUpey T Sid >4 Eyo-
uev AUow els TO TPOPANUa.

Ofrw, Bix u=7 Exopey X, = — —;ﬁ, fiTis &moppiTTeTan kKad X, =7, fiTIS

elvon Bexrr).

127. TIPOBAHMATA AYOMENA AIA EYETHMATON ANQTEPOY TOY IIPQTOY BA®-
MOY

«) Mpofrnpa. Ta ynela Siynglou &piBuol Exouv ywduevov 35. "Eav yi-
v &uripetddeots TGV yneiwy, mpokUTTel &piBuds ueyaUTepos TOU youEvou
6 ynoiwy kord 40. Tofos elvan & &piBuds ;

Abog: *Edv 6 &pifuds Exn x BexdBas kad y &TAGs pwovddas, ToTe B Exco-
pev : Xy =35 kai 10y + x = xy + 40
Tepiopiopds : Tlpémer v elven 0<x<10, 0<y<10 kol x,yeZ
xyp =35 {(’75_1&4;)\,,:35 {2\|J"—15\y+7:0
< = ,
x+10w=75 x=T75— 10y x=75—10y

Td &rroiov elvan icoBlvapor Tpds To (elyos TGV ouoTnudTwy

*Enilvog : {
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L2z

| Y= "Apa Exopev Tas AUoELs :
x=75-10¢" |

=T5-10 (x¢)=(7 )= (70, 5)

Awepeivnais : To (eUyos (x,y) = (70, %) TPOPOVEIS &TTOPPITITETAL.
“Qote 6 {nroupevos &pibuds elvon & 57.

B) Mpoprnpa. ‘H mepiuetpos dpboy. Tprywvou efven 60 cm xal T émi Ty
UtroTeivougaw Uyos 12cm. Tloia T& prjkn Tév TAEUp&Y Tou ;

Avboig : 'Eqv X, y, z elven T& prkn TG kaBéTwy TAeUpdY Kai THs UToTEL-
vouong, ToTe 8& elvon x2 4 W2 =22 kad X 4+ +z =60
"EE &Whou 76 EuPaBoy ol Tpiydwou elvan E =¥ =1 - xy —122. To ov-
oTnua Actmov elvar :

xXt4yr=z2% x+y4+z=60, xw=12z

Tepropionds : TMpémer x>0, >0, z>0 kad pikpdTepor ToU 60. *EmiAvov-
Tes TO ovuoTnua éxopsy x =20, w =15, z = 25.

y) Hpoprnpa. Avo Epydmon éxteholv v épyov els A dpas. ‘O mpddTos pé-
vos TO ékTeAel els o ddpas SArywTépas ToU Seutépou. Eis mooas ddpas EkacTos
povos ékTeAel TO fpyov; a >0, A >0

Abag: "Edw 6 ' ypeiddeTan x dpas kad & B’y dpas, TéTe felven X 4 o = .

. ~ , o 3 | ~ u Ty | TR ~
O mpéyTos eis 1 copav exTeAei TO + ToU épyov, 6 B TO - "ol dugoTepor Suou

TO —)1; + %: el A B¢ copas ékteAolv TO GAov Epyov. “HTor & Eywopev :
1 1
AT L
Mepropiopds : Tlpemer v elven x >0, ¢ >0, Xx > A ¢y > A
Enidvorg: [y =+ x y=a+X W= X
1 1 <71 1 =
( + =17 (5 +am)*=1" P~@r-ax—or=0

TO Omoiov &ibel :

A —a+y/ 4N+ o 2+ a+4/4AF  of
(X:W)=( 2 : 2

‘H &\An Alois &moppimTreTan émadn x < 0, y < 0, @5 ToUTo paivetanr ék ToU
ywopgvou T&Y pilédv XX, = — oA < 0

) fiTis elvan Bekr).

MMPOBAHMATA

‘O s at

404) To Tetpdywvov Tiis HAkias Tandos AarTwdéy kaTd T SimAdodv Tng, ylbeTon
foov mpds 1o BimAdotdy Tns. N& eUpebfy | HAkia alTn.

405) N& eUpeBf) dxéparos apibuds, 6 6troios SicpoUpevos Sik 25 yiveton foos mpds ToV
dvtioTpogov ToU TrnAikou.

406) Na eupedi] &piBuds, & Otroios avlavduevos katd TO 7/mAdoiov Tiis TETpaY WVIKTS
pilns Tou yiveran 44,
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407) N& epebouv 5Uo &xépaior Siaboyikol TepiTTol &p1Bpol ToroUTol, doTe TO &bpoiopa
TV TeTpaywvey Twy va elvon 74.

408) "Eutropos mwAGY TG dumdpeupd Tou dvti 39 Spay. xepbiler Téoov Tols txaTdv,
Soov TO elyev dyopdoer. [Méogov TO fyydpaogev.

409) Mathp 40 &rdv Exer viov 3 érdv. Met& mdoov xpdvov 1y fidikia ToU maTpds &
elvan katé 5 TN wikpoTépa ToU TeTpaywvou Tiis fAkias Tou ulou ;

410) TooéTns 630 kA& Tpoginwy Empdkerto v Broveundfi els dproutvas mTTwyds
olkoyevelas. ‘Emeidn 15 éx Tév olkoyeveidv Stv mpoofidov, ékdoTn Tév UmohoiTwy EAapey
1 k1Aov Tpogipwy émi mAéov. Toiov Td TATBos TGV oikoyeveldv ;

411) Tprywvov ai Tpeis TAeupai elvon 3 em, 6 cm, 8 cm. Katd moiov Tpfjua mpéme
v& avinBouv ol mAsvpai, va SuvaTan v& oynuaTiodf & aliTdv Tpiywvov SpBoydviov ;

‘OQuas p':

412) Na eUpebf) Biyrnipios GpiBuds ToloUTos, doTe TO yneiov Tév Sexdbwv v& elvan
katd 1 peyodUrepov Tou SirAaciov ToU yngiov Tév povdduwv, Sraipoluevos 8¢ Sid Tou yivo-
uévou TV ywneiwv Tou vé 8idn wAnAikov 3 kal UmdéAormov 10.

413) Kepdhanov tE 27.000 Spay. TokileTon mpds 6% xwpiléuevov eis o pépn. To mpdiTov
troxiofn &ml 5 pfivas TepiocdTepov kal £8woe Tokov 1500 Bpay., TO Bt P’ EBwoe Tékov 900
Spaypds. N& eUpeBouv Ta SUo pépn ToU kepaAaiou.

414) N& eUpefolv i SraoTaoers opfoywviou, To omoiov £xer Siaydwviov 20 cm kai
tuBadov 192 cmd.

415) Avo modnAdTan dvaywpouv cuyxpévws ik Twos TéTrou Sik v& Siavloouv &wd-
otacw 90 km. Té fljuou Tfis TaxiTnTos Tou mpdTou kai TO TpiTov Tis TaxuTtnTos Tou P’

gxouv GBpoiopa 16 km. N& ebpeflouv ai TaxuTnTes, &v & o Ereppdrioe % Tiis dpas Eveopite-
pov Tou P’

416) Tpeis &pibuol elvan Gudhoyor Tév &piBpdv 2, 3, 4. T Tetpbywvor ToU peyaiu-
Tépou elven peyodUTepov Tou SimAaciou yivoutvou TV &AAwv katd 36. N& elpeBolv ol dpifpol
oUTol.

417) ‘O &pifuds 3 kai Tpeis &AAor ouvioToUv dvedoyiow, Tiis Omolas ol fyyoupevor
Exouwv &Bpoiopa 9, ol émdpevor 12 kai TO &lpolopa TGV TETpaydvwy TéVTWY TV Spwv eivar
125. Toia # duedoyla ;

418) N& UmohoyioBolv al mheupal dpioy. Tpiydwov, &v al k&fetor TAeupad Sragépouy
kat& 5m kol 1) Umoteivovoo pt TO Em abthy Uyos Biber d&Bporopa 37 m.

AZKHZIEIZ ENANAAHYEQZ

419) N& EmAuvbi) f) etiowors x' — 2 (a + P)x* + (e —P)* =0, o, Be R, kaiva Teboly
al pifer abrfis UTd popefiv &mAdv pirlikdv.

420) A& Tolas Tiuds TV a xal P # Eiocwos (a 4+ PIx! + (2o~ P — 10) x? + 2x2 —
—(a—P—7)x+ 6 —a=0 elven Sirrerpdywvos xai Sicx woias SeutepoPdbos. Eis &ugpotépas
Tas MEPITTOOES v eUpedi] Td elbos T@Y prfdov.

421) Ymwd moiav ouvdrikny TO Tpidvwpoy ¢ (X)=ax' +Px2+ Yy, o B, Y €Q, Exa
pilas Tiis popefis A/A £ 4/u, émou A, pe Q+

422) N& peraoynuaticfolv eis &mAd piliké ol dxéhouBor TapacTdoss :

—_— 5 2
) Vet l+4/x+x 1 (xeR), 2) v;"Jr;’f v_if_;s_ﬁ

22
423) N& d&modeaxff) 6T 7 mapdotacts Yo, peR*
A=+a+2By/a—P* + V a—2B+/a— PP icolron pi 2B, &v P < a < 2P
kal pé 2 4/ a— B2 & o >2p
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424) Né& Emidvfolv of dxddoubor Etigdoes !
1 1
1)x‘+;i=6(x+7). D x+x+xt+kx+k*=0 (keR)

425) N& epeBouv ol ouvfiken, Umo Tas Smolas 1 tmilovoa Tiis thio.
X® 4 ax® + Pxt + yx* +Px*t+ox + 1 =0 el dvtioTpogos Etiowors.

1\¢ i \#
426) N& émiubi 4 tliowos ( X+ _;) -9 ( X+ T) +8=0
427) Né& gmivbowv &v R ai &xdroubor Ehicdaoels

4 3 3 6
1) 5% /X —3 4/ =296, 2)4/x+1—yx—1=4/x2—1
428) N& &midudij kal va Biepeuvndij f Bo. 4/ x*—4x = x—1A Bi&x mpaypaTikds
Tipds Tou A kal x.

429) N& tmAufolv T& dxdAouba ouaThuaTa :
1) x® + ¢ + w® = 2la? 2) 22 +x2=1 Xy +zw=0

yw + wx — xy = 6a? Y4 wi=1 @x+y)(2z+w)=2

3% + ¢ — 2w = 3a
430) N& ebpedfi f &modelpovoa ToU ouoTHUGTOS.
X!+ y? + @ = o, Xy = pt, yw = y?, wx = 5
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MEPOZ TPITON

KEOAAAION XV

ITOIXEIA IIEPITPA®IKHE ZEITATIETIKHZ

128. TKOMOX THE EZTATIZTIKHE.

‘H orarioTikn gs Ty Emoxnv pos, vé THy SAws iSicntépow oTroudaIdTN T
Ty molav &méktnoe Bik THY dvbpwtdTnTe, dvemrTuxn els picw EKTETOUEVTV
¢moThuny pt TToAhols KAGSous.

*H omoudandTns Tis ZTaTioTikfs Eykerton eig TO ST alTn EMITUY X QVEL
TpoPAéyels Tiis ounTrepigopds Evds «mAnBuauol» Xwpis va efvan dwéryxn (A Stav
Sty elvan Suvartdv) v TrpoPAegij ) oupTEepIgopd TGV &TdPwY aUToU. YO -
Thy B¢ THy Ewolav Exer épapuoyds Syt wévov eis Ty Olxovoplav f) v Kowvew-
vichoylav yevikéss, cAA& xal els Ty vewTépay Quaikny.

‘H Ltanouki, o5 kA&Bos Tév « Egnpuooutvev MabnuaTik@yy, Exel (S
Epyov Thy culoyfv oToiyeiwv, Thy Takwdpnoiv Twv kol THY Tapovcicov oU-
6w els karTEAANAoY popenyy, Buvapévev va dvaduBolv kol ¢punveuBolv Bid TH
gutrnpénow Siapdpwv okotdy. T1.x. 8i1& Thy Tapakoiolinow T SuarrTutecs
kol 2EeMEecos ToU «kTmvoTpo@IkoU TANBuoucly Tis Xdpas pas TO “Yroupyeiov
lecopylas ouvexévtpwoe oToixei, T& dmola petd THY Takwounow Tapovaiaoe
Bi1& Tou &xoAoUBou Trivexos :

*EEtnitis KtnvoTpogikoy TrAnBucuou

ﬁ Els yiAi&Bas kepoAddv

Elgos {dov 1989, |#oi 4961 5 o] - 1963 1964
Bées 1045,7 1108,9 1160,0 1140,3
BoUpahor 72,6 67,2 63,5 60,8
TpéPaTa 9333,9 9593,5 9720,0 9450,0
Alyes 5066,1 4979,0 4700,0 4570,0
Xoipot 638,1 621,6 632,0 646,8
Trrnva 15146,3 16341,9 18000,0 18426,3

Eis Thv Tponyoupémy Té&Ew Eyveplooaper dpioutvas Paoikds éwolas THs
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ZTaTIOTIKS, TOUS TPSTIOUS CUYKEVTPAOEWwS TEW oTaTioTIKGY Sedopévey, e
tepyaoios kol Topoudidoens alTéY Sid TGV dp1BuNTIKGY TwdkwY Kol Biaypop-
péToov.

KoatwTtépw émavehapBdvopey ToUs TpdTous Tapoucidoews TGV oTATIOTI-
k& Sedouéveov, Adyw Ths iBiouTépas onuacias adTéw.

129. MAPOYEZIAZIE ETATIETIKON AEAOMENQN — ITINAKEE

T& oTaTioTiKE oToIKEiR, TX 6ol TpokUTTTOVY &Td ThHY Biohoyfy kai
gmetepyooiav, TopousialovTon katd ToloUTov TpdTOV, oTe vk elven elyeps
| ueAéTn Tov kol i ouvaywyn cupmepaoudTwy. ‘H Tapousiaols aiTn yiveto
surnBws kotd BUo TpdTous.

o) ‘Yo upopeiy &piBunTikol oTaTIoTIKOU Trivemos
B) ‘YO poppfv YpagikoU CTATIOTIKOU Trivekos.

‘ApiBpnrikoi nmivakeg Ofror Slvavton vi £ouv popefy Evdg
Kelpévou Ekéces TGV TANpogopldy pE ooy SuvaThy AetrTopépeiav. Zuvrifics
Suws elvar ovykevipotikol ué oTAdes ked ypoupds, &mhol els THy dwdyveo
kol efs THY petaty TGV oToielwy oUykpiow.

Zuygvotng — mivag ovyvortev. “Ymobétopey 6T of Tipod wids peToPAnTiis
X, el plav oTomioTikiy Epeuvaw &k N TapoTnpriosey elval: X;, Xy, X, - . - X Kod
61 8 oUTév TGV TG vy elvan Toan pds Xy, v, Toat PSS X, . . .V, TooL PSS Xy

Olre, oxnuarifopey Tdv W 05 Ao | O e
Tivaxka TGOV SYo oelipdiv. 8 S or
“EkcoTos TEV GpIBuiv vy, vs,. . v, KoAETTOL GrOAVTOS GLEVOTHG T rrAddS

ovyvotng Tiis dvTioTolyoU Tiufis X kal cupPolileTar pé 1o ypduua f. TTpopawéss
even v +v, + ... vy =N. ‘O N elven 6 wAnB&piBuos ToU TTANBUTHOU (oUvo-
Aov TrapaTnproEwy) kod keAeiTar dAikT) cvyvétng, cuuPohileTon B¢ koi pé f.

- y v Va vV -~ - s
Oi Aéyor NL’ Twe o T\J& KoAOUVTO OYETIKAL GVYVOTITES TAW Xp, Xy, - - ., X

duTioToiyws Kal TO ywduevov adTév i 100 ékgpdle THv Exatostiaia (%) oye-
nkiy ovxvornie. Ta dBpoicuara Sy =, Z,=v, + v, Zy=v 4 v+ v, ...,
Zp=v 4 v+ ... 4y f bmep T abTS, T& dfpoicpara T=1,, T, =f,+f,. ..,
Zy=f 4L+ ... +f, xkoholvton @bporotikai cvyvérnrec.
To @bpoopa Grov @V oxenkdy ovgvotiitey mis otonioTikiic Epebvig
ioobton pé tiv povado. '
Mpdypar, Exopey : %4«1- IR S| 1 —r‘—-{—£+ B +r—"=l
N N zf zf zf

‘0 mivat (1), éorig Blvarar v& ypagi] ko eis o oTHACS, &mroTeAel TOV
nivoka cuyvotitov T TV Katavopmyv cuyvotijtovy.
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Iepadeiypate ovykevipoTKdY dpiBp. mvakov.

1) Kard 16 oxol. £tos 1967 - 68 éveypapnoav els Ti Tupvéoiov 764 pobn-
Tad, TévV drofwy T& oToIyEia kaTeypagnoav &g & BiPAiov, «td MafnToAdyiovs.
Tolrto &moTtehel fva yevikdy Trivaka AemrTopepf| Gweu Tatwounoews, &mo STTov
Suvépebar v Exwpey oTATIOTIKES TANPOgopias OXETIKAS uE TOV TAnBuopoy TGV
paBnTéY ToU oyoAelou TouTtou. ‘H ouptAipwols Tou kdTwb OUYKEVTPWTIKOU
Trivaxos Eywev i i) Pdoer Tiis woloTikfs 1B16TTOS €TéEls By ypagiisy

Karovou, Tév pafnTév ToU TNupvaoiou katd Takes

Take ‘ *Ap1Buds pofinTdv | IEK:;Z-?E;\,‘G *ABpoigTikt|
% *ATTOAUTOS TUXVO- gyl qUXVETNS tkarooTiafa
tyypagfis s £ ouxvéTns lOOer OXETIKT oUXVOTTS
A’ f, =245 I, =245 32,1 32
z f, = 160 3, = 405 21 53
r fy = 134 3, =539 17,5 70,5
A’ f,= 90 Fi=19529 11,8 82,3
E fi= 10 Z, =699 9,1 91,5
T fi= 65 | 3, = 764 8,5 100
If =764 | 100,0

‘H ouptAfipwots Tiis B oThAns elvar Tpogavhs. ‘H TpiTn oTNAN «&bpot-
oTIKR oUXYOTNS» TuveTTAnpddn s EEffs @ A kéde Téw dvmioToryiGeTon TO &Bpor-
opa THs &moAUToU ouxvdTNTOS THs T&Eewos kal SAcov TGV Tponyouptvey aUTiis.
‘H oupmAMipwais Tiis &' oTAAns Eyive Pdael Tou TUTTOU 100 - f/=f, fi 8¢ oupTAf-
pwats Tiis & oThANs Eywe s kal THs ¥ oTANS & s &' oTnANS.

‘O TrivaE oUtos elven &mrAous, T& 8¢ oupmepdouoTa ik THs PEAETNS aUToU
TPOPaVT.

2) Els picv Zpeuvay ToU Uyous TGV 764 nobntdv Tou lMupvaeiou ToU Tpo-
nyoupévou TrapadelyuoTds pas kaTeypdenoov els Tpoyeipous KOTOOTAOELS T
Oyn oGy, TS dTroTa EvEQAVIoTY TIUAS peTaty ToU 135cm koi 185¢cm. *H mooo-
TiK) 18181 «Uyos ponTol» elvan pic ouvexhs peToPANTH (BecopnTIKEIS) WE TIRGS
els T B1&oTnue [ 135em, 185 cm ], ToU dmoiov f Biagopd Tév BUo &kpeov TGV,
SnAabh TO edpog THs peTaPAnTiis, Omws Aéyetan, elvar 185 - 135 = 50cm.

Té olvorov T TIpEY ThHs MeTaPAnTis TaUtns Ywpiletan €l 5 Tdkes
(6pdéBas) ToU ovTou elpous 50/5 = 10 cm.

‘H ¢pyaoia altn koheitan dpadonoinoic Tév TOPXTTPNOEWY.

‘0 k&b ouykevTpwTiKOs Trivat Eyvev ¢l T} Pdoer T TOOOTIKRS i516-
Tos «Uyos pafnToU» KATOTW TS dvwTépw SPaBOTIOITEWS.
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Katavopn 764 wobntév évos Mupvaciou xard Oyn

p *Api1f v |, i 10TIK:

i R ol vl I gty

f % SUXVETNS
In 135-145 140 94 94 12,3 12,3
2a 145-155 150 176 270 23 35.3
3n 155-165 160 278 548 36,4 717
4n 165-175 170 180 728 23,6 95,3

5n 175-185 180 36 764 4,7 100
2f = 764 100,0

Eis Ty o omhAny al Tékeis elvon SiaoTrpara THs ueTaPAnTiis X ToU Uyous
KAEloTA &pioTepd kol dvoikTd Bebid, ANV THs 5ng TdEews, ATis elvan SidoTnua
KAEIOTOV ExorTépaobev.

To HudBpoiopa TéV &xpwv TIUGY ékdoTns Tdlews kaheiTan péon tpd kal
ME Tds péoas Tiwgs oupmAnpolUTan 1) B’ oTHAN.

‘H ouumhfpwots Tév Umoloitwv oTnAdy Eywey 6 kol TPOTYOUREVEs.

Kad 6 ivat o¥tos elven dmmhoUs xaid | dvéyvawaots alrmoU e0koAos.

M. &md T y* oTAAny gaivetan, 8T 36 pabnral Exouv péoov Uyos 180 cm,
&ved &md Th &' oAy paiveton, 811 548 pabnTal Eyouv dvdoTnua kéTe ToU 165¢m.
"Ex Tiis €' oTAns oupmepadvouey, 811 T 12,39, Tév pabnTév elvon dvaoThpaTos
k&t TGV 145 cm, & ik Tis TeAeuTtalas oThAns ST TO 71, 7%, elven Unpous
k&Tw T&V 165 cm.

Inpeioog. Eis xdde mivaxka mpémer va Utrdpyn els 10 dvw pépos Evas tithog, Tows kal
fvas bromthog. "Akdun Stv dmrokAeleTan vé ypagolv kal Utroonueidoes. TévTta TaiTa pé Tév
oxoTdY v& TANpopopolv ourTéuws kal capdss Tl mepéyer & Tiva, wt Tolav koréTafw ouve-
Téybn xal els wolav xpovikiv TepioBov kal els wolov Témwov dvagéperar.

F'pagixoi nivaxeg (haypappara)

‘H mapouciaois Tév oTaTioTikGy SeSopévev Bi& ouykevTpwTIKGY dpi-
BunTiKGY TIvdkewv, TTapouoidlel pepikds SuokoAias dg Tpods THY Epunvelav, S1dT1
dmrauTeiTon &mrd Tols TrepioooTépous dvlpdTrous peydAn TrpooTrdBela KoTawo-
Noews Tiis dxpiPols onuacias Towv.

TeAelws Sucs Biapopos elval 1) Arrimaais, THy dmoiav Sokipdlopey, &tav f
Tapousiaols TEV oTaTIoTIKGY SeBoutvey yivn UTO popely YewpeTpikoU oy
HaTos, ypaikfis TapacTaoews. ‘Emi wAéov 8¢ ) Evrimwois alm elven Jeonpo-
Tépat kat peyoduTépas Siapkeias.

Al ypagkai mapacthcaig 7| &mAGS Swaypappara elvon of eikdves TV
&p1Budv xal Topéyow uéows kal ouvoTrTikGs Siapdpous Xpnoiuous TAnpopo-
plas.

‘H mowihiar Tév ypagikdv TapacTdoewy, Tds dmolas XpnoipoToiEl 1)
ZTamioTik, elven peyddn. O& dvapépwpey Tas BUo kuplwTépas kaTnyopics
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a) Tds ypappxds mapooTaoels f ypaupika SiarypdpucTa kal B) Tas 81 émga-
VEIGY Ypopikds TrapaoTéoEs. Zuviifins dvapepbpeda els 1O yvwoTov oUoTnua

T&Y SpBoywvicv &Edvev.

1) Ho,byovov ovyvétnroes. “Otov
1) peTaPAnTT X &g piav oTamioTik v Epeu-
vav elven ouveyfis, TOTe T& Lelyn (%, ),
dmeikovifdpeva els TO oUoTnua TGV Op-
Boy. &tdvawv x0y, BiBouv ouvexd TeBAa-

opévny ypouury, TO koAoUpevov Ilodd—

yovov cvyvotntos. ‘H moapoamielpos
ypouuikn Tap&oTaols 5181 THY yewue-
TPk elkdva Tiis kaTwley alTiis kaTo-
voufis 68 épyoTdv &vos EpyooTaciov
kot Papn.

TToAAGkis els v ZTamoTikiy elvan
Xpriowos 1 ypagikf) TapdoTacls Tiis

Bapog tic Hg

Zy. 129.1

Katavouf) 68 fpyardv xard Pdpn els kg
Mé f *ABporoTi *Afp. OYETIK
Tt "y f 3 il e Sy
55- 65 60 3 4.4 3 4,4
65— 75 70 11 16,2 14 20,6
75— 85 80 24 35,3 38 55,9
85— 95 90 15 22,1 53 78
95-105 100 13 19,1 66 97,1
105-115 110 0 0,0 66 97,1
115-125 120 2 2,9 68 100
if =68 100

&BpoloTikiis ouxvéTnTos, OMOTE TO O~
AUycvoy Tou AcuPévopev kaefTar mo-
Mryovov dBporwstikiic ouyvétnres. ‘H
TapaxeIpévn ypauuIkl TapdoTaois elvan
Td ToAUywvov &BpoloTIkfis ouXVOTNTOS
Tiis xoTavopfis T&Y 68 EpyoTdv KaTA
Bépn. *E&w &x ToU omueiov A @épuopev
AB ] Oy xal dxoroUBes Bl | Ox, oup-
Tepadvopey 81 35 dpydTen Exouv Pdpos
Shrydepov Tév 78 Kg (16 78 elven
f Tetunpévn ToU ).

foAUpwror ddoorSTixiG OUTVOTIITOG
Zy. 129.2
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2) ‘Totbypappov cvyvotntog

To ioToypapuov ouyvéTnTos elval & ouvnbéoTepos TGOS TrapoUTIECEwS
Iy OTaTIOTIKGY SeBopévaov. M THY kora-
okeutiy alrrol karraokeudlopey dpboyds-
via ug Péoeis T foa TpfpaTe ToU &fo-
vos 0x, &ls T& dmoia &vtioToiyel TO el-
pos EkdoTns TéEews Tiis duaSotoinuévns
xaravopdis, kod Uyn Tés dvTioToiyous
/ CUXVOTNTOS OUTTS.

| To éupadov tkdotou Spboywviou
If ameikovilel Ty dvrioToixov mpos THY
"i Al Yt Péow abrol ouxvémnTa To fordypoy-

Yordypauuay Fuzvormmos Hov ouyvoTNTOS ToU oxfpeards pos Bi-
Be1 TNV yewpeTpikny elkdva THs kaTo-
vopfis TGV 68 EpyaTdv Kkotd Phpn pE
TefAaopévny &8 ypauuny TapicToaTanr TO ToAywvor ouyréTnTOoS.

3) To popdoypappov.

TouTo dmoTeAeiTen &mod piov oepdw dpboywvicw, TéV dmoiwv of Pdoeis
elvan Toon kad otnpilovran els Tov adrév &Eova () Tov Ox A Tov Ow). T& wrikn
Twv elvon dvdhoya Tpds Tds dwTioToiyous Tiuds Tou TapioTouv. Els T Svo

25)

o
e

Sx. 1293

200 400 600 80O 1g00 /200 tum 8
T T - v T

I Kogag (214 kt) 4

| /eidat077kE) “

| J%d (78kt)
(] Tupdg (/o2 At) "

2 i g 1963 191 1967
K Y] noolovTa €roug /9
Elat00gand ey e Eéaympat &r.wrrz TpoiovTEy

LS

Y

Sy. 129.4 Sy. 1295

Tapakeipever oxfuaTa Sibouer Slo poPSoypdppara. To mpdTov dvagpépeTal
els THY Taparycyny Tiis ‘EAAGSos kaTd TO Eros 1964 TGV KupITEPWY KTMVO-
TPOPIKGY TrpoidvTwy kal TO BEt'JTepov el Tas Elarywyds Tév Propnyoavikédv Trpoi-
SvTwv Tfis XWpas M kaTa THY Tetpoetiov 1964 - 1967, To Pov porBSoypomuot
koAeiTOl Kol gpovediaypoppa.

4) Téo wvkhkov Saypappa
ToUTo elven xUkAos oniBeupétou dkrivos Siapepiopévos els KukAikoUs Topels,
ol émoior éxowv éuPada dvédoya Tpods Tés dvTioTolyous Tipds TS peTAPANTHS
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kail Tév dmolwy ouvemdys T& Toka Exouv péTpa dvdhoye Tpds TS aUTas GvTl-
orolyous Tiuds Tiis peTaPAnTiis. *Evraifa SiSopev &v ToloUTov Sibypoappa el
kovilov Thy YpnuaToBéTnow Biagdpwy kKAGBwY Tiis olkovopxiis {wfis THs xhpas

Xpnuatobétnols 5 xA&bwv
els ékarop. Bpayudv (AlyouoTtos 1968)

Kd&Bor | Tooev A Moipa
1. Toupiouds '
Sevoboyeia 3.900 19,5 700 10
2. "HhAextpixh :
vépyaia 3.300 16,5 | 59° 24
3. Meragopal
Emikowwvion 5.000 25 S0°
4. "Epya xowiis p
Swsdielos 6.600 33 118° 50
SR 1.200 6 | 21036
oxkoTrol
*ABpoiopa 20.000 100 3600

) 9 ¢ F 360°
uas koerde Tov Alryouotov 1968. To 194, dvmioToiyileton els TéEov Too = 3,69 =

=336', tmopéveos T& 16,5%, els Tokov 3,6
X 16,5=59224",

Extds TOV QvewTépw YPAPIKGY Tra-
pacTéoewy TGV oTaTioTIKGY SeSopbveov U-
Tépyouv dkdpn T& yaproypappata, Ta 6-
moia elvon yewypoagikol Yd&pTal Wé TrOIKI-
Mowv ypwudTowv, &mions Umdpxour T& &i-
Soypagipata | cidoypappara, Ta SToia el-
von Trivakes oyedicov kal eikdveov TpooTav
7| mparypdTwy kai T& Omola YXpnoIUOTTOL-
oUvtar pt Toikidas popeds els Tas Siagn-
pioess.

sx. 1296

130. KENTPIKAI TIMAI

Els T& mponyolueve eiopev TPOTOUS TAPOUCIGTEWS TV OTOTIOTIKGY
Sebopévawy &1° ap1BunTikGy Tivdkwy Kal ypagikdy mapaoTdoewy. ‘H gdois almn
Tijs Tapovoidoews dmoTehel Evaw olowwdn Topéa Tiis TEPIYpaIKils ZTATICTIKTS,
816T1 pds dmoAAdooel &md TOv KéTOV €K THS TapaTnprioews peydhou ATBous
&p1Budov.

Tifeton Spoos TO épldTnua @ pfTws elvan Suvardy fj Teprypagt wds oelpds
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oTaTIoTIKGY oToIyElwy v& yivn pé EayioTas yapaxTnploTikds Tipds, ol dmroia
vd Seikvlouv Thy Téow ToU Efetalouévou govoutvou kai vé SiornpddvTan edko-
AcTepov els Ty wruny ; m.y. ‘H dvrimwois, f| édmola Snuioupyeiton dk Tiis te-
Té&oEwWs TOU Trivaxos PoBuoroyias dvds palnTol els ExaoTov pédnua kexwplouéves,
elvon PePaicos dogahrs, Sucws elvan keeré oAU dmAovotépe, cageotépa kal Biap-
KNS els THy pviuny, &v iSwuev Tov yevikdv Pabudv Emddoews, Tov péoov Spov
O1reos Aéyopuey.

Eis v ZraTioTiky ouvnfics dvalnToUpey uepIkds XaXpaKTnploTikds Tiuds,
ai omoicn dvTikedioToUv fva oUvohov &piBuddv ouykerTpoupéveoy s i TO TrhAci-
oTov mépit alTév kal of dmwoian va 8iBouv piav ikavotoinTikfv 8o ToU cuvdAou
16V tEetalouévaov &pi1Budiv.

Al yapaxtnpioTiked adrad Tipned Aéyovran kevipukel tipai Ay pécol, Siaxpi-
vovTan 8¢ ouvfilas els péoovg kevepikiis taoeng kai els péoovg B2eewg.Of TpdiTol
elvan & dpBpntikés, 6 yeoperpikdg kai & dppovikdg péoog kai of Seltepor 7 Sid-
pecog kai 1) Emkpatodoa npf. 'Ex T&Y mphTww 8& yivn 7 EEéTaois pbvov Tou
&p1BunTikOU pécou.

"ApOpnuikdg pécog (i péom mpd)

«) "ApiBunTikds péoos Emri &ratwoprTwy oToyelcov.

"Edw Xy, Xy, . . . Xn elvan af rapatnpnfeioan Tipal, TéTe TO TNAiKOV ToU &Bpoi-
ouaTos SAwy TGV TipGv Sik ToU TAfBous N adrédv 8iBer Tov dpifunTikdy péoov,
doTis mopioTaTen Si1& TOU X.

"Hror: x=TatX+... +Xn +N"' XN A ;=% (D

B) 'ApbunTikds uégos éml TalwopnBévrwy oToixeiwy.

Edv af xy, X,, ...,Xn TOpoaTnpn- [
Xy

fefoocnr Tipal TolwopnBouv els Tivaka Xa *u
KaTavoufis ouyvoTnTwy, TéTE TO TrnAi- f, 1 £

kov ToU dfpoiouaTtos TGV ywopévwy - =

SAwv TV TIUGW Xy, Xyy. . . Xy T TS GvTioTOlYOUS ouxvéTNTSS Towov fy, fy. - ., £

Si& Tfis dAfis ouxvétnTos N = Zf 8iBet Tov &piBunTikdy péoov x.

. e Xt Xet ootan X ot ..o Bxg  Six
Hror: x= N — 5 Y= @

Iepaderypa : 1) N& ebpefi) 6 dpiBunTikds péoos ToU dvaothuatos 12 pa-
nTév. Ta dvaoThuara airdv &roafwdéunTa elvan :
151, 152, 152, 156, 156, 156, 162, 162, 162, 162, 168, 168 cm

(*)'Ex wév 7ipdv X, Xa,...Xy ai [, elvan Toxe mpdg X, al fy loar mpbs X,,..., alf) low
=pds Xy xxl ouvends Eopev X, + X3 + ... + Xn=0X + 0% + ... + fux,.
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Mégov dvéoTnua !
—  1514152+41524+156-+1564-156+162 +162+162+1624168-+168 1907

X = 3 =T = 158,92 cm
‘O rivod orravopfis ouyvoTATwy elven @ [ 151 | 152 | 156 | 162 | 168
kol ouverrdds kot Tov TUTov (2) O e e

Exomey : gl 1-151 +2'152-%-3'1;56+4- 162 +2-168 158,9cm

2) N& ebpebfj 1O péoov Pdpos &V 68 épyaTdv éx ToU Trivakos kaTavopiis
ouyvoThTwy ToU Tapadelyparos Tis oeA. 211.

‘O Umooyionds évtaufoa ToU &pifunTikoU pécou yiveTon KATX TPOCEY-
yiow, 51611 Bewopoupey s TIMGs TS X Tas péoas Tiuds Ths P’ oThANS.

OUTes Exomev :
—  3-60+11-70+24-80+15-90+13-1004-0-11042-120
Xi= @ = 84,7
*Apa T péoov Papos TV 68 Epyartdv elven 84, 7 Kg.

‘Ihdtnreg tod apbpnrikod pécov

1) "EoTwd Xy, Xy - - Xy + .-, Xy o Toparnpnleioon Tiped kai X & &pif.
uboos aUTév. ‘Edw Thy Siagopdw X, — X koMowuey dnéxhiow Tis TuxoUons
Tipfis X, &md ToU péoou X, TéTE TO &Bpoioua TEW &moxAicewy ToU ouvdAou TEV
SeBopbveov &md ToU X elvan pndév.

Mpdyuom, (X—X) +K—X) 4+ ... +EN—=X) =X+ X+ ... + XN—
—Nx=Nx—Nx=0.

2) “O péoos x iooTTen pt Td &Bpoiopa TEY Ywoudveoy TEV TIHEY Xy, Xay . - - Xu
trrl TaS OXETIKAS OUXVOTNTAS QUTEY.

Tpéyuarty, &k ToU TUToU (2) Exopev :

x—zrf x1+zfx,+ +Zf—;-x,. =F x, +Fx;, + ... + Fux, = ZFx, émou
Fy, Fs ..., Fu elvon al oxetiked ouyvédTnTes

Avapeoog (x5 )

E&v Xg, X, - - - Xn elvon al N aparnpnleioan Tipad kad ypdyouer oclras
kot TéEw aEavopdvou peyéBous, TéTE &v pév Udpyn uecaios dpos Tis oeipds
&Y &piBuddy aiTév, olTds elven ) Bikuecos TG EpIBUGY Xy,X; . . . Xy , &v BE Bty
Urépyn Heoaios 8pos, AauPdveTon o Sikueoos T fiudBporopa T Slo peoadicwv
Spaov.

Eis &ugoTépas Tdg 1TEPI1'!'l’d)CI’EI.§ 1) Sidpecos elvon dpiBuds, & dmolos Ywpller
T oUvohov TEV TIUEW Xy, Xg. . - Xn Els BU0 Té&Ees pt Tov adrov wAnB&piBuoy. ‘O

L. + L 5i5e v TéEw Tis Siopéoou els THY oeipdw TGV &piBudv. TTy.
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7| Siduecos Tév &piBuddv 3, 10, 13, 19, 20, 30, 32 elvan & &pibuds 19, éois
karéxe Ty TéEw L —dos. “Ev tdv &pibuév 12, 15, 15, 15, 19, 40,
40, 41 elvon & &piBuods Dl 17. ’Emeidny 8¢ elvan 2.

j 2 2
Xet TN Snv TéEw kol ouvewdys keiton petoky Tév dpifpddv 15 kai 19.

=45 &pa korré-

‘0O UmoAoyiopds Tiis Siapécou SpaBoTroimuéveoy TTOPaTTPTIOEWY TTapOU-
o16er Buokoiow Twd kai kémrolaw dopioTiow B THY Tipfy aUTiis, 816T1 BEv yve-
pilouev Tas SkpiPels Tinds Ths petoPAnTis. Tlpods TolUto, Bik ToV Umohoyioudv
Ths Siopéoou TGV TIMGY ToU Trivakos karavoufis TGV 68 épyaTév Tiis oeA. 211
oketrTOPeB o EEfis :

N+4lr: 6841
2 T W
keiTon peTakl Tiis 34ns kai 3515 &k Tév 68 BiomeTarypévey kot TG peyéBous
TIpGY Tis ueTaPAnTis X kol ouvedds dvnkel els THY T&Ew 75 - 85, dis ToUTo Qai-

vetar €k ThS oTNANS (&BpoloTikn) ouxvodTns).

TTpo Tfis Srauéoou TouTns Tipfls Umdpyouv 34 Tipad, 28 Gv af 14 dvrikour
els v T&lw 55 — 75 kad ai UméAormor 20 dvfikouv eis THY TéEw 75 — 85. "QoTe
7 T&lis 75 — 85, elpous 10 povdSeov, epihapPdver eis Tas 24 Tipds oUTis THY TI-
piw Tis Siapéoou ked 20 Tipag RS alrTfis. “Emreidd) 88 24 Tipad kehUTouy elipos

"Exouev N =68 kai

=34,5. "Apa 1) Bidpecos T

10 povédowv, of 20 Tiped B& kehUmTTow elpos 10 - % pov.
‘Emropéveos ) Siqpegos Tiuf kata Tpootyyiow elvon :
Xs=75+10-2)=75483=83,3xg

Enpeinaic. ‘O &pibunTikds péoos ToU mapabeiypards pos Umedoyiodn els T wponyou-
peva kal elpédn 811 elvan x = 84,7. ‘H Tipf abrn SAlyov Brapéper Tis Siapéoou Tipfis x5 =83,3.

Tevikdig, &av x, elvan 1) &pyixny Tipn Ths Tékews, eis fiv dvnker 1 Sid(uecros
TIn Xs , 2f f) OAikd) ouyvdTns, f; 1) ouxvdTns THs TéEews el v dvfike A X; ,
1 &BpoioTikn ouxvdTns Shwv T&Y TaEewv Tpd This T&ews THs X5 Kol £ TO Eupog
Ts T&Eews Tiis X5 , TOTE, Spolws oreTrTSpEVOL eUpiokoyper TOV TUTTOV :

—.Ef | 3
fs

Xs=2X) +€-

I'pagixdc mpoodropiopds tijg Srapéoov. OUtos elvon oAU elkolos, SAA&
Stv Trapéyel ueydAnv &kpiPeic.

Karrookeudloper 1o moAUywvor &BpoloTikfis ouxvdTnTos Kod pépouey THY
k&feTov Tpds Tov &fovar Oy els 1O onueiov, T6 dmroiov ywpiler els 8o ioomAn-
Bets Spddas Ty Shikh cuyvdTnTa. ‘H kéBetos alrn Téuwer TO TroAUywvoy els &y
onueiov, 7 8t k&BeTog &mod clrTd TPds Tov &bova Ox dpiler omueiov &l ToU &fovos
Ox, Tou émoiov 1) TeTpnuévn elven 1) Sidpecos Tir. Eis 1o ToAUywvov &BpoloTi-
Kfjs ouyvéTnTos Tfis oeh. 211 f Bikueoos elvan 1) TeTpnuévn ToU onueiou I
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‘Emxpatotoa tpn) (Xe )

‘O péoos otds elvan ) Tiud Tiis peToPAnTiis, fiTis TapouoidleTan ouyvo-
Tepoy, fiTol dvrietonyel eig tiv peyionv evyvitnte, kai ouverdx Exel Ewolaw
6tov T Bedouéva Eugavifovton els koravopnv ocuyvothTwv. Tly. ’Edv éx Tév
EpyaTdov tvds EpyooTaciou ol AapPdvovTes fiuepopictiov 200 Spy. elvan of ToAva-
p1BudTepol, TéTE Abyopsy 811 TO EmikpaTéoTepov TiuepopioBiov (EmikpoToUoa Ti-
un) s TO EpyooTtdoiov elven 200 Bpy. .

‘O mpoodiopiopds pt dxpiPeiav Tiis EmikparTovons Tipfis TpoUTobéTer ThHy
yvidow SAwv Tév oTorxeicov Tfis KaTavopfis kal éropéves elvon Buayepns, Stav
T& oToiyeia elvon TOAUTANGT kad &kavdvioTa.

Eis piov xavovikfy koravoury ouyvotnTwy & Tpoodiopiouds Tiis Emikpa-
ToUons Tiufis kard Tpootyyiow ornpileten i ToU épmaipiol TUTTOU !

Xc—XS=2(x5 = I)

Inpeinowg: Kotdmv mapoarnpfioews Tpotkuyey 8T1, v 1) KOXTQVOWT guyvo-
ThTwv elvon kémews kawovikh, 1) Sidpecos x5 TrepiéyeTon peTolU THs EmikpaToUons
Tiufis X, kal ToU &p1bpnTiol péoou X. *Edv 1) karavopd) elven ouppetpikhy (loéd-
YPOUHOV gUXVOTNTOS OUMMETPIKOY), TOTE elvan X; = X5 =X,

Cpagikds Buvépefa va Tpoodiopicwye THY émikpoaToUoay Tiphy &mwd TO
ioTdypauuoy ouyvdTnTos s EEfjs 1 ZuvBéopev 81’ eUBuypduuwy TuNUETWY TAS
&vew kopugds ToU dpboywviou THs peycuTépas oUXVOTNTOS P TAS YEITOVIKAS
Kopugds TGV 8Uo tkatépwley altol dpboywviwy kal &md To onueiov Toufis TEY
TuNUETEY ToUTWY pépopey k&beTov Trpds Tov &fover OX, 1) émola piler THv &m-

" kpaToUoow TIUAY. .X. Eis 10 ioTéypapuov ouyvétnTos Tiis oeA. 212 fy émikpa-
Touoa Tiuf elven ) TeTunuévn ToU onueiou A.

’Eqw tpapudowpey Tov TUTOV Tiis EmikpoTovons Tiufs &l THY koravouny

TGV 68 Epyortédv els oed. 211 AcapPdvopey :
Xe—83,3=2(83,3-84,7) = x, =80,5 kg.

IMapatnpiioeig ni tdv kevipikdv TIpGV

‘O &pifunTikds péoos UTohoyileTon elkdAws kad Exel kaBwpioudimy Tiphy,
fiTis Suws EmnpeddeTan &mod Tds dxpodos Tiuds, Si& ToUTo elven BuvarTov va whv
elven Emrapkéds duTimpoowmeuTikn KevTpikd Tiwf. “Ev ToUTols, elvan & mAfov elb-
XpnoTos, & mhéov KoTawonTos kol & AoV yvwoTds pécos els THY ZTATICTIKNWY
Tp&Ew.

‘H Bi&pecos UmohoyileTen oyeTikés edkdAws kol ) Tin TN émnpedleTan
pévov &md TO TAfifos Téw BeBoptveov Tipddy (Btv ErnpedleTon &Trd Tas dxpaias
Tiuds), Sik ToUTo elvan TepioodTEpOY KeVTPIKT TIUT) Kod gUVETT@YS Mds TTATpOgOpET
TAnpéoTeEpoy ToU &pifp. péoov.

‘H tmikparoloa T, TéAos, UroAoyileTan udvov kaTd TPOCEYYITIY OXETI-
k&3 eUyepdds () elpeois Tfis &AnboUs Tufis elvon SUokoAos kai Bév émnpedleTan
&rd Tas dxpalas TIpGS.

T& TTALOVEKTNMOTE Kl UEIOVEKTTMOTS TEW KEVTPIKGW TG Eugovifovre
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KOTA TrepITTTROW Katl ouveTréds els Tdg OTOTIOTIKGS Epapuoyds 1) TpoTiunois Twv
Yivetan kard TepimTRoiy.

131. ATAZIMTOPA —TYMKH AMNOKAIZIE — AIATPAMMA AIAETIOPAZ

EiSouev els T& mponyolueve, 8T1 ol Tpeis kevpikad Tipad (é&p1funT. péoos,
Bicuecos, Emikpatoloa Tipd) Trapéyouy TTOAAGKIS udvoy evBeiteis S1& Ty Tdow
TG BeBopéveov wmds koravoudis. Elven quoikov Aoy, &1 elven dwemropwels v
TEPLYpayowy pé kémrolaw &kpiPeicw ThHy puoloyvwploy Tiis KaTavouds.

TT.x. Eis &var Epowov of 12 UmdAAnAor wds Urrnpecios Tpooépepov T Ekfis oo :
10, 15, 15, 20, 20, 20, 20, 25, 30, 30, 45, 50. (1). Al wkevtpiked Tipad s
oelpds oUTiis elvoa : x = 25, x5 = 20, xe = 20. ’Edw &mmd ToUs i8fous UmraAAfAous
f| capd Tév elopopiv fTo :

5, 10, 10, 10, 20, 20, 20, 20, 20, 30, 35, 100 ¥))

ToTe ai kevTpiked Tiped TwdAw elvon : X — 25, x5 =20, X, =20 Ai oepai (1)
kal (2) Toap® dhov ém1 EXOoUV TAs aUTds KeVTPIKSS TINAS &v ToUTolS Siagépour pe-
TakY Ty mépa oA, Eis Ty oeipdw (1) of Tipa Siaomeipovran &md 10 £ws 50
kad 16 elpos Tfis karavopds efvon 50 — 10 = 40, & els Ty (2) &md 5 s 100
ué eUpos 100 - 5 = 95, 81& TolUTo Afyopev, 6T1 ) xarrowopdy Tfis cepds (2) Exe
ueyoAuTepay BlaoTopdy &S THY KEVTPIKAY TIHAY. :

‘H Zromomixd Epeuve, s & ToUTov, elvan Utroypewuévn, &g tEetdom)
kal &AAas Tiuds TS peTaPoAfis TEV oTaTIoTIKGY BeSopévcov.

Tiy ouyxértpoow # dmopdkpuvow TéY oTATIOTIKGY SeBoptvev mépIE ds
KevTpIkfis Tipfis Svopdloper Srasmophy.

To elpos THs karavoufis S&v elvou KaTéAAnAov Bi& THY Teptypagny Tiis
Siaomopds Tév SeSopdveov, BidTi gtapTdTan pédvov &md Tds dxpatas Tipds. O&
Hiduvdpeda v& Urodoylowpey Ty Sixoopdy pi Thv elpeow ToU péoou Spou Téw
&moxAloecow TGV TIuGY &mrd ToU ubgou X UTGY, Spws, &Tuyds, TO &Bporopa
Tév dmokAloewy ToUTew elvon pndiv (oeA. 215, In i8iétns ToU Spifp. péoov).
Té reTpérycove Spcos Té@v &mokAioewy, fTor T& (X2 —x)?, elven GeTixol &pifuol

kol ouvemdds & &piBunTikds péoos alTdy \zw Si1&popos ToU undevds.

Ty moodtnTa ey oupPolilopey pé 1o o Kal kahoUpey péonv tetpay@vikiy
anékiow A Saxdpavewy tijg Katavopdig, TNy 8¢ BeTikiy TeTparywvikiy pilov
auThis o Tumikfv Grékhiouy.

Hem upues. 2 04— % Tn—n
A=12...N | = O xdo=|/ZBTF (5

"AvamrTiocovTes TO &Bpoioua T (X) — X)? AcuPAvopey :
(0 =00 = (X~ X+ (X =X+ ... + (=K =

218
WnoionoBrke amd To lvotirouto EknmaibeuTtikrg MoAmkrg



=t LX) - Kt Xt A X )+ Nx2=
= (%2 X2 o 4 X)) — 2K Nx 4+ Nx® = 3x; — Nx?

kai &pa of TUTOL sx2
- A
(1) kad (2) ypagovrai: e

T
=~ 429

—%x2 (1) kd o=

Mopadsiypara. 1) Al Siokupdvoels ToU Trponyoupévou  Tapadely aTos
ToU pdvou Tév 12 UmeAfiAcwv elvan els Tas BUo TEPITTWOELS :

03t = [(10-25)* + (15-25) + . .. +(50-25)*] = (15100 . 4258 =
400
=7
ot = 1 [ (5-25)* + (10-25)2+ . .. + (100-25)] = QOIS+ 759 =
3475
=

Ai 8¢ Tumixal &mroxkMoeis elver oy = v400 — 29-}3/—3, oy =‘/¥El

2) Né& Umohoyiobij f) Sioxipavois Tév &pibudv 6, 8, 11, 12. *Exouev X = -E% =

=9,25. XpnoIHoTTOI0UVTES TOV TUTTOV (1) &xouev :

o= % [(6=9,25)2 +. ..+ (12-9,25)*] = %— (3,25241,252 + 1,7524-2,75%) =5,7

Xpnotpotolotvtes Tov TUToV (1°) Exous"u :

ot=t(6r 4824112+ 122)-(%)2=%(36+64+ 121 4 144)— 22 =~ 57
‘0 TUmos (17) #vraUba pds-dmodAdooer Gmd  TOAUTIAGKOUS wo?k?\cx‘rr?\a—

ol1eopHoUs.

Edw of Tipad THs uetoPAnTiis Exouv Tofwoundii els Evew Trivoka KaTovo-

X o
f X;’ ‘_:'T;L_ f1+f2+-..+fa_::N=zf’ TC')TE Td TETP&Y(OUQ T(’:’V

&rroxhloecoy, ToMamAaoialopeve &l Tés dvTioToiyous ouyvéTnTas, &iSouv pé-

Zfl (xl B x)n (3)

o1V TETPAYOVIKTV andklioly o = kal  tomkfy  anéxhory

e Zf) (% —x)®
% v—zr ®
*Edw B¢ oxegBidpey O kal ponyountves, TéTe of TUor (3) kai (4) ypagovTal :

FENE fin R i v by 2 4
ot =22t —X (3") kai 0 = L —X 4"

Eis Thy TepimTwow Tiis duaBomoimnpéins karavopds al &mokAioels UtToAo-
yilovron pé Tds pEcOs Tipds TV TAEEWY.

Inueinoig: ‘H Tumikd &mérhiols o elvan Td- pétpov THs Sioxomopds kal
EkppdleTon Bi TEY &pyYIKEY MovEBoY peTprioEws TGV SeBopévaov.
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Mapadevypa : N& Umohoyiolii ) Tumikh &mwékAiols Tiis duabotoinuévns
KoarTavopdis Tév 68 Epyatdv Tis oeAidos 211.

Zxnuortilopey OV Trivoke @ "ApiBpnTikos péoos x=284,7 kg

Tf:;: fy X2 L% X —x | G —x): f G —x)2 |
60 3 3600 10800 | —24,7 610,09 1830,27
70 11 4900 53900 | — 14,7 216,09 2376,99
80 24 6400 | 153600 | — 4,7 22,09 530,16
90 15 8100 | 121500 5.3 28,09 421,35
100 13 10000 | 130000 | 153 234,09 |  3043,17
110 0 12100 . 25,3 640,09 O
120 3 14400 28800 353 | 1246,09 2492,18 |
"Abpoiopa 68 o I::IVSV‘EEOOii 7 B ; Taﬁf_ﬁ:‘

Apa, ouugaves T Tome (4) V@?ﬁ?’.@ 8472~ 12,6 kg

Exoue : 68
ouppovws 8¢ TG TUme (4) __1/106%4,12 _
Kb o=|—F—= 12,6 kg

Inposia tiig tumkijs anokilisemg

‘H yv@dois Tfis uéons Tiufis x kai THs Tumikfs dmrokAicews o Topéyer dve-
ktiunTov ouuBoAfy 81k TOV TrpocBiopioudy TS pop@fis THis kaTavopfis ouyvo-
TNTWV KaTd TpdTrov ikavoTroinTikdy, eis THY TepimTwow kol fiv T& SeBopéva
Biaomeipovtan kavovikds kal ouupeTpikéds Tept Tov péoov X. "OTav fi TuTikd
&mroxMiots elvon wikpd, Td Bedopéva Teivour vi ouccwpeuBoly TépIE ToU péoov,
kai 6Taw elven peydn, Telvouv va Siaoapolv. Al oTaTioTikad peAéTon Seikviouy
&1 el uiow kavovikily kol oULETPIKY koTavouny T& SiaoThuaTa EKaTépuobey
ToU péoou X els &méoTacw iony Tpds o, 20, 3o meptAauBévowy T& 68%, 95%,
99,7% mepiou dvtioTolxws Tiis OAkiis cuyvdTnTos TGV SeSoutveo.

‘O dxdAoubos Tival SiSer ouvoTrTikGs THY SiaoTopdy TEW TINGY THS ue-
TaPAnThs Ekarépwley Tfs péons TIMAs x els EkaTooTiaia TogooTd TS GAIKTS

TR ¥ Fe e W Tae
L [_ee% |
X7
2ot Se
Flat]
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ouyvdTnToS, EYEl Bt okomdv vk Béon kaTwTepa dpia dopadsias kol vd Ponbrion
ouvetr@ds els Ty SiamioTwow Tuxdy AaB@y els Tous Uoloyiopols.

Eis 7o Tponyoupevor mapdBerypa elpopev o = 12,6 kg kol x =84, 7kg.
"Apaels TO BidoTnua dmo x — o = 84,7 — 12,6 = 72,1 s x + 0 =84, 7 4 12,6=
= 97, 3 SiamoToUpey, Katomy EleTdoews ToU TroAvydvou &BpoloTikiis ouyvo-
TnTOos, &T1 dufjkowv ai 46 ék Tédv 68 Tiudv, fitol TO 67, 6%. Tpdypati, i Tiuf
72, 1 dvmioToixel mepimou els Thy &bpoioTikiy cuxvéTnTa 19 kai f Tipn 97,3
dvmioToiyel el TO 65 kal ouvemdds 65 — 19 = 46.

*Etrions, es 10 Sidotnpa &mod x — 20 = 84, 7—2 - 12,6=59, 5 £ x+20—=
= 109,9 dvrijxouv 63 éx TV 68 Twdy, fiTor TO 92, 6%. TpdyuaTt, f Tiwn 59,5
&vTioTolyel Tepitou els THY &BpoloTikiv ouxvéTnTa 3 kai A Tiun 109, 9 eis ThHy
66 kol ouveTtéd 66 — 3 = 63.

To Svdypappa tij diacropic

EiSouev, 611 k&Be kaTavopn ouyvornTwy dUvatal vd TapacTtadii ypael-
kés pé Ev ioToypappov fi ToAUywvov ouxvdTnTos. ‘H elkdov alrn elvan Tumike
ToU étetalopévou TAnBuopol. "Av Spws pavTacBidpey &1 & TANOUOOS LeTaPAA-
Aetan ouvexdis, &vd TauToypdvws TO eUpos TGV Thiewy pikpaivel, TOTE TO igTo-
Ypoupov fi TO ToAUycvov dpiakéds B TauTioBi ué piav kepmiAny ( TO Sidypop-
pa Tiis Siaoopds), f omoia kabopileTan TATpws &To TOV péoov X kal THY Tu-
kN &mokAiow o. ‘O péoos X &moTeAel TO pétpov Béaews &mri ToU &fovos OX kad
N TUTIKY) &oKAiols TO péTpov Siaomopds. “Edv f) Tiuf o elvon pikpd, TéTE 1) Ko-
WTTUAT Tropouatdlel peydAnY kupTOTNTe, E&v 88 peyddn, ToTe f) kaumUAn elvan
&rAwpévn. KarwTépw 5idopey To Bidypapua Siaomopds Tiis kerravopdis Tév 68
¢pyatdyv & ToU ioToypdupou cuyvéTnTos Ths oeA. 212.

“Exopev X =84,7 xai o =12,6. Eis T Sikotnua (;— o, X+ o) dvnikouv
46 & 6V 68 TGV, HTol TO 67, 6%. Eis T6 Sidotnua (x — 20, X + 20) dvrikouy
63 & Tév 68 Tipddv, fitol TS 92, 69%.
OUtw oupmepaivopey, éT1 1 Sicomopd Btv
elvon peyddn.

Avo | kai TepioodTEpOl  TTANGUCTLOI
glvan Buvardv : 1) vi Exouv TOV alrrov pé- ¥
oov kal v Biagépouv s pds TV SioTo- s

pdw, 2) va Exouv TNy i8icy Sixomopdy kai M K
S1dpopov péoov kal 3) v Siapépouv s
Tpds ThHy SiaxoTopdy kad TéV péoov. g e
T& dxdhovba SioypbupaTa  SiacTo- j i
= C o ™| 80| %0 |00 jig @0 T
pas dvagépovrton els Tas dvwTépw Tepl- ] | |
TTWOES &UTIoTOIY0S. ipsions il 1;,31,7“.,;46-109.9
‘O ivak ToU oy. 131.1, 6 6molos 5i- i
Be1 TNV Siaoropdw els ékaTooTiaia TOCOTTY, Zy. 131.2
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6,=62

¢ >0z 6<6z

1 2 3
0 a
0 2 1 : i = i

| %1%, | X g %, 2

Sx. 131.3

foyver &moAUTws, &Tav ) KATOWOWT) CUYVOTNTWY elvon kovovikf) kol OUPHE-
Tpikd) Trepi TOV péoov X. T drdAoubov oTikTdy Sidrypapua 5ider ThHy elkéva wids
TOIGUTNS KXTOVOMTS.

Y
g P
o )
o o -
° o
15 | o [} ° o
° o o °
e o ° °
° o ° °
° o o o
o ° o o
9. ] e ° e ) o
° o o o ° o
© ° ° o o o
° o ° ° o °
° ° o ° ° °
41 o o © ° ° ° o o
o ° ° ° ° o ° o
2 o ° © ° o o ° o o °
o ° ° o
0 i 1 1 . 1 1 K 1 1 5 | 1 ! N s % ! 2 ' 1 2
X-36 X260 X6 X X+6 X+26 X+36
Zx. 131.4

132. H ENNOIA THEZ EYEXETIZEQZ

‘H oUykpiois Tév oToTioTikéy SeBopéveov &moTedel THY TeAIKNY Qaow
W& oTaTioTikis Epeivns kol &mookomel els THY dvelpeow vopou Twds, O0TIS
va Bitmn Tds oyéoels SUo f) TepioooTépwy Umd éféTaow @owvoutvwv. Ak TS
ouykpioews TGV oTaTIoTIKGY oelpdy Slvartonr & EpeuvnThs va elpn Tas Opoio-
TnTas | Tds Biagopds, oi dmolal yapakTnpilouw Slo pouvdpeva kai vér dvoxahy-
W1, CUVETI®S, ToUs Beopous ) Tas oxéoels ElapTroeds Toov.

‘H olUykpiols TGV oTaTioTikG SeSoutvav, £’ Goov AcuPdver ywpav Emi
TporypdTey  EmBekTIKGY ouykpioews, Trapouoiéler Suokohias, 86T T oxois
&MnAcetapTiioews Tév Siapdpwy pawoptvwy (puoikdy fi olkovouikdw) elven
TroAvaUvBeTos, 18iws GTav TrpokelrTan TEPl oikovouiKGY.
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Al duoikal émioTiipcn, T& Mafnuoamiké, 1y ‘AcTpovopia, f Biodoyia ma-
péxowv mAeioTa Soa TapadelypaTa ouykplosws Siapdpwy ooy kol EKppd-
fouv Tds oytoels dAANAcetopTroews Uty Bi1d TUTTwWY (VouwY) &TOAUTWS oTa-
Bepév kol dvoAoicoTwov.

Al oyéoeis aUTon 8tv UpioTavTan Trpokelpévou Tepl OIKOVOUIKGV Qoivoué-
veov. *Ev ToUTols 1) ZToTioTikh mapéxel ikavotroinTikds évbeiters &l Tiis Topeias
TGV Qawoptvewy ToUTwy, KaiTol T& oToiyelar alTdv elvan dos éml 1O TrAsioTov
ETepoyeviy.

2uyva ovpPaivel of petaPolai eis piow peTaPAnThy v& ouveBelwvtan &ToO
TrapadAnAous peTaPolds, eis plav SAANY peToPAnTAv Kol va Utrdpyn peTaty Twv
oxtais Tis, 7| OTws Aéyopev oi peTaPAnTal va elvon eveyxetiopévar. TT.x. 1O Uyos
kol TO Bépos dvpwtraw, 16 Uyos kai 1) HAixia dvbpwmav, 1) Bepuokpacio ked
7] B1Q0TOAT METGAAWY K.A.TT.

“Otav 8Uo petoPAnTal X kal W peTaPdAAwvral TapohAniws KaTd Tpo-
oV, MoTe els peyddas f pIKPAS TIPGS TS X v& QUTIOTOIKOUY KaTd TO TAsioTOV
peydhar A pikpad Tipal THs W dvtioTolyws, xwpls Spws va Urépyxn MabnuaTi-
ki) Tis oxéois (oTaBepds vouos) peTalU TGV ueTaPANTGV ToUTwy, TOTE Aéyouey
o1 Umdpyer Betiki ovoyitiong petafl TGV petaPAnTdv X kal y. TLy. O Uyos
kai TO Pdpos dvlpimwy elpiokovTal gis BeTikdv cuoyeTiopdy.

"OTow 8¢ el peydhas Tiuds Tiis X &vTioToryoUv kot TS TAeioToV pikped Ti-
poi Tipad Tfis @ kal dvTioTpdpws, TOTE Afyousy &Ti UTApXEl dpvnTik cveyé-
nog T.x. & &piBuds TéY QuT@Y dvd povdBa émipaveias kai f) drddoois ékdoTou
TGV QUTGV.

TéAos, 8tow ai Tipad Tfs wds peTaPAnTiis B&v aivovtan va émrnpedfouv
Ta&s TIpds Ths &AANS, SnA. Stav ai SUo petaPAnTal elven &uekdpTnTol, TéTE Adyo-
pev 871 elvan @oveyéniotor. TT.x. TO Uyos kai T ETNolov eloddnua &vbpaav.

‘H ypogikt) Tap&oTacis UmoPonlel gls Ty mpoomdleiav &ueupéoewos wds
oyéoews etapTnioews petalyu Blo @awopéveov.

OUtws, & Umolécwpey 811 Exouey Tpos éléTac &v cUvolov SiaTeTary péveoy
leuydv dvmioTolywv Tipév 8Uo peToPAnTév X kol . "Htor 10 T = { ( X1, y1)
(X2 Wadyo ooy (Xay W )y - (XN WN) }

Eis & ocUoTnua épboy. &Edvwr xOy kataokeudlouey Tas eikovas Tév feu-
y&v ToUTov. ToTe elvan Suvardy va AdPuwpev T& Efis oTikTd SicrypduuaTe, T&
dmoia elvon fkavd v xaradeitou, &v Umdpyn oxéols Tis EopThoews PeTOEY
TGV BUo peTaPAnTdv feTikf) i dpynTixi.
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Inueinorg. "Extos 1AV oTkTOY BiaypapudTv yivetal ¥pfiols xal TGOV ypopuIKGY
SraypoappdTey (xapmUAwy) KaTa ToloUTov TpdTev, @oTe N pla kapmUAn va Ty ém TS
&AAns kal va kafioTaTan Tpogavis & cuoyeTiopds fi pn Tév SUo pETAPANTGV.

Ta dvwtépw Siaypdupara eivan pév dvaykaio, @ TPOTAPATKEUXTTIKT
epyaocia, Ox1 Ouws kai Emapkf]. Ak va émiTUxwuey ocageoTépas, évBeiters kol v
EPUMVEUCWHEY TAS TUXOV OUoIOTNTas Kol Siagopds, eivar dudykn vd KEppev
GpifunTikas cuykpigels.

OUtws, éav x kal W elvan ol péoor TéY oelpddv ToU Trivaxos TéV dvTioTol-

Xip Xap - evp Xn g oo oy XN

KWV TIUGY 6, o i i * TéTE Ev TIP@TOV KpITHPIOV B1& THY
13 2y = siay o B

Utrapt ouoyetioses upetafy TGV X kod \, Trapéxel TO _&dpoiopa :

Gi= ) =)+ e —X) (=) + ... + (tx —X) (yn —9) (1),
otroiov &&v elvan BeTikdy, BrAol 6T1 L ) ouoyéTions eiven BeTikn, B16T1 TOTE T TME-
proodTepa ywopeva (X, — X) (y,. — ) elvan GeTiké, ToU onuaivel T1 T& MEPIO-
cotepa [eUyn (X, Wi ) BiBouv &mrokAicers ¢k TEV pécwv X Kai q} SuooTiuous.
"Edv 16 d@Bpoioua (1) elvan dpunriké, TéTe Snhoi 6T1 | ouoybTiols elvan dpvn-
TiKN. *Edw, TéAos, elvan &yylUs Tou undevds, ToTE Seikvlel TO &OUOYKETIOTOV TOV
X Kal .

‘O Pabuos Tiis ouoxetioews ueTall SUo peTaPANTGY ueTpeiTal UTTS TOU
KaAOUUEVOU cuvielesTol ousyetictmg I, & &Toios opileTon &md TO TMAiKov
ToU uéoou &pov ToU &bpoiopaTos (1) Sik ToU YWwouévou TV TUTTIKGY &TToKAi-
OEwV Oy Kal Oy TGV PETOPANTOV X Kol .

"Hrot Exopev : r = x k¥ =R M@ -
V z (?‘1 —x)* V,z,(‘f* w)’ VZ (%, — ) Z (y;, — 9)?
N

‘O ouvrtedeoTtns 1 elvon duefdpTnTos TEY HovdBwy peTproEws, &Trobeikvi-
et 88 OT1 mepiExeTon petoty —1 ked +1. "Htot —1 <r < 4+ 1. "Otow >0,
ToTe Exouev BeTikfly ouoyériow, 7 émoia kaBicTaTtan loyupoTépa, Kkabds & r
mAno1&der mpos T + 1. “Otav r <0, ToTE Exopey dpynTikny ouoxéTiow, 1) dmola
kaBioTaron loyupoTépa, kabs 6 r mAnoL&lel Tpds T6 — 1. “OTtaw TO 1 elven Ey-
yUs ToU pnBevds, TOTe §| ovoyéTions elvan Alav &ofeviis 7 oUSepia OUOXETITIS
Umrdpyer. Téhos, édw r=+ 1 f r = — 1, TéTe Exoper dmdAuTov BeTikfy 7 &pvn-
TIKNW GUOXETIOW, OTOTE peTafU TGV PETOPANTOV X Kod W UTTEpYEl ModnUaTIKT
YPaupIKT oxéols TS Hopefls W = ax + B. ‘O ouvteheoThs ouoyeTioews T xpn-
gwoToieitar 81 Thv Elaxpifwow Tol Umrdpyovtos BeouoU ttapTroews peToky
BUo eauvoutvev eis TAsioTas doas mEpiTTATELS, 1BlcuTépeos B¢ el THY MeTewpo-
Aoyiaw, BioAoyiaw, ’latpikiy, Mewpyixny épeuvav kai els Thy Olkovopiav.

Kora Thv épapuoymv Sucs Béov 6 EpeuvnTiis v& évepyf] METE TTOAAfis mepi-
okéyews, 510TI TTOAGKIS edpiokopey loyupdy curTeeoThv ouoyeTioews B Qal-
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vopeva T& Oroia Aoyikéds oubévar Seaudy ElapTrioecs SUvavTol v Exouv.

To 6phov elvan v EEetddeopey Aoyikdds TO TROPAN M TPGTOV kal dkoloy-
Boos v Biepewvddpey TO dmoTéAsoua.

‘0O 8idonuos oratioTikoAdyos Tschuprow dvagéper, &t els plav oTaTioTi-
ki Epewva €l ToU peytBous TEW [nuiddy ik Tupkaiddv kai TR Tapousias 1 uf
TUPOoPeaTIKGY SWTAIGY & ouvTeEAeoTns ouoyeTioews &médeitev, 611 of TAbov
evdlapépovoan {nuict oupTiTTOoUY YeviKds pé THY Tapoudiov TEW dvTAgw. TTpé-
TEL AOITIOV V& Kawowpey Tas &vTAlas ;

IMopaderypa: Of PaBpoi 12 poBntddv els & ‘EAAnvikd, MebnuaTikd, Du-
okt elva.

“EXAmik | x| 1| 2/ 4| 5| ¢ 7] 10| 12] 13 15 16| 19| 92=x
MoBnuaricg v| 2|10 4| 12| 12| 16| 16| 18| 18 16 18/ 19| 134=y
Guand) z | 1] o410 16| 12 14| 16| 14] 16 18' B s aE

N& Umoloyiodf] & ouvtedeoThs ouoyeTioews TGV EmSooecoy TEY uadnTéw €lg
T& 1) ‘EAAnuik& ked Mafnparikd, 2) MofnpaTtikd ked Quoikd).
EUpiokopeéy Tdas &mokAioers kai Epapudloper TOV TUTTOV 2.

Xx |-82|-72| 52 | 42| -32|-22|08 ﬂﬂ_EILI_E_
OUrw: v, —v |-11,4|-34 -94|-141-;4 2,6 | 2,6 46|46 26| 46|56
B |38 B3 |28 | kiRl LT B 17{37{58 58

2 (0 =) (o — Y)=(-8,2) (~11,4) + (-7.2) (-3,4) + .. . +(9,8) (5,6)=305,16
2 (yr— ) (@ —)=(-11,4) (-11,3) + (-3,4) (-3,3)+. . .4 (5,6) (5,8) = 313,36

(0 —x)2= (8224 (—7,2)%+ ... + (68)* + (9,8)* = 377,68
Syp—y)i=(-11,424 (-3 4)= .+ (4,6) + (5, 6)* = 348,92
S(a—2)=(—11,3)2 + (3,32 + + (5, 8)* + (5, 8)* = 326, 98
" 305,16 305,16 _
A E & = — e
e L V/377,68.348,92 363,01 =
313,36 _ 313,36 _
#9e \/348 92.326,98 331,77 S

"Ex Tév ebpebévteov ouvTeheoTéV ouoyeTioews oupmepaivouey :
1) 6T dupdTtepan ol cuoystioeis elven Betikal kai Alaw loyupal
2) 611 1) ovoyéTiows TGy EmBooewy TGV podnTdv els T& MadnuaTikd — Ouoikd)
elvon ioyupoTépa Tiis Toletns el T& ‘EAANVIKG — MabnuaTikd.

Ot pabnrol els dugotépas Tas cuoyetiosls Blvavton vd kaTaokeudoouy
TO WKTOV Sidypoupa.

AZKHEZIEIZ

431) ’Ex Tév karwTtépw iSloTiTwv ol elven moloTikad kol Tofon mogoTikai ; 'Ek
8t TG peTaPAnTdv Tolon elven ouveyels kal olon &ouvexels. *AvdoTnua — HAkia — Erdyyelua
— elodBnuo — Bpnokeia — yAdooa — olkoyevelakt) kaTdoTaols — &piBpos &ydpwy — YEQPYIKOS
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KAfipos — Bepuokpacia dépos — BepamreuTripia kot yewy pagixdy Siapépiopa — Pépos — tlaycoyn)
oTagibos els Téwous — dmroucial pabnTéwv.

432) Eis fva mpéyeipov Sioywviopdy ol 42 padnral Tiis Téiews pas EAaPov Tols dxo-
Aoufous Pabuovs :
12, @, 15 17, 10, ‘11, 6, 10, 12, 14, 11, 19, 16, 12
16, 10, 20, W 12 11, 10, 13: 5, 9. 17, 18, 14, 2
13, 17, 18, 10, 14, 6, 11, 12, 14, 10, 13, 15 13, 12
Né& oxnuaTiodi Tivat katavoufis ouxvotiTwy pé oThAas &moAUToy, oxeTikfis kal &BpotoTikiis
oUXVOTNTOS.
) 433) To Eros 1965 of petavéoren £ “EAA&Sog &uijABov eis 117 yiiaBas mepimou, ¢E
v 65 yih. &vBpes kol 52 YiA. yuvaikes HAikias &md 0 — 75 Erév, dos & dxdhoubios Trivak :
(Mny" : ZramieTikd “Emernpls 1966)

‘Hhxia | 0-5]6-10[11-15]16-20{21-25(26-30|31-35|36-40|41-45|46-50|51-55/56-60|61-65|66-70|71-75| Zivohov

“Avbpes | 1,8 16|13 53 |102]17 (11,9 [86 |38 |15 (09 |05 (03|02 |0, 65 -

Muvaixes | 1,8 | 1,6 | 1,4 | 8 11 10,31 7,1 | 47 |2 1 1,1 |08 |06 |04 |02 52

N& oynuatiodi mival xatavopfis ué othAas s Tiis wpony. dokfoews.
434) Al aoiters els ‘EAAGSa mepinynT@v €k Tou "EtwTepikol &md ToU Etous 19591965
Exowv ¢ drodoubws : (ZtaTioTikh 'EmeTnpls 1966)

“ETos { 1959 1960 1961 1962 1963 1964 1965
'Aq:iEets‘ 340,0 399,4 494,2 597,9 741,2 757,5 976,1 |Eig x1A1dBas

Na& oynuorodij mival katavoufis ué othhas s Tiis mpony. &okfoews.

435) N& xaraokevaodi] 1o oAlUywvov ouyvéTnTos TGV dokfoewy 432, 433 xal 434
6x xal Td ToAUywvov &potoTiki] ouyvdTnToS.

436) N& xataoxevactfi To loTdypappov ouxvétnTos kal &BpotoTikiis ouyvéTnTos
16V doxfoswy 432 kal 433.

437) Né& xataokevaodfi paPdoypaupov Bik T& oTorxeia Tfis dok. 434.

438) Ta yevika Efoba wids émiyelpnoews elvoa :

Mictiol Spaypai 300.000, tvoixia Spay. 200.000, dogpdAeicn kal gbpor Bpay. 100.000,
Bixgrimos 150.000, Sikpopa py. 50.000. N& karaoxevastij kukhikdy Sidypappa abTiis Ts
KOTAVOUT]S.

439) To Evos 1966 ) Extaois Tiis “EAAGSos Tapouaiaoey THy EEfis kaTavopry : Tewpyikh
Extaois 30%, Aaowh &Taois 20,3%, “Extacis Pooxiis 38,2%, OlxoSopnuévn iktaots 3,5%,
&upwdns éktaots 4,8%, EkTaois keAumTopévn UTd BT 3,2%. N& kataoxevaodi] kukhikdy
Bidypaupa aUTiis Tiis KaTavoufs.

440) N& eUpebij ¢ &piBu. péoos kai 1) Bidpecos els T SeSopéva THV doxroewv 432,
433 kal 434.

441) N& eUpebij 1) tmikpaToloa Tipn els T& SeBopéva Tis doxrfioews 433 keywpiopéveos
Bi1& ToUs &vBpas kal yuvalkas kal dxoAhoUfuws Bid TO oUvolov TGV pPETAVAOTEV.

442) To wpoowmikdy wds Emixeprioews kaTavipetal &vakdyws TV TGV Utrnpeoias
s kérreoh :

i) 1-5 | 5-10 | 10-15 | 15-20 ’ 20-25 ’ 25-30 | 30-35 | 35-40 | 40-45
utrnpecias
*Ap1Buds
W e B S IO e S \ 11 ’ 5 5 3 2
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N& yivy 6 Tivat koaTavoufis ouyvothiTwy &TOAUTOY, OXETIKTS kol &BporaTikfis kal vé
eUpeBolv ol kevtpiked Tl X, X5, Xe

443) ‘O &piBu. péoos TV &PIBUEY Xy Xay -..s Xy VE N, elvon x.
Né& eUpeBfj & &piBp. péoos TGV &piBpdY ) X; + K, X2+ K, -y Xy + K, B) X;— K, Xa —K,
X X X
veoy Xy =K, Y WKy, WRay o vy KEyy D) —KL, T’, e Tv, k# 0, xal €) k%, +A, Xz +A, ...,
KXy + A

444) AiSovron T EEfis Bépn eis kg : 3, 6, 6, 12, 9, 12, 10, 9, 12, 14, 17. N& Umo-
Aoyiofij & &mbu. péoos kal 1) TUTIKG &TréKAIOTS.
445) T& Hpepopichia 500 Epyordv tvds épyooTtaciou kaTavépovTan s ks :

 Tokas l ...-55 ‘ 5565 | 65-75 | 75-85 | 85-95 | 95-105 } 105-. ..
fiuepopad. :

bk i w0 | 1o | 120 0 | s | 2 10
tpyoTdov | | |

N& e9pedi] & dpibp. péoos, 1) TuTrikh) &mokhiois kal & &piBuds Tdv tpyaTdv, o 1 dmolor
£xowv fuepopicBiov o) &md x — o fws X + o kal P) &mwd X — 20 fw5 X + 20. N& ylvn 8t kal T
Sidypapua Siaomopds.

446) T& dvaothuata kol T& Pdpn 346 &tépcv kaTavipovton G tEfjs :

Bépos elskg | 50-55|55-60 60-65]55-70.70-75 75-80 80—85]85—90 90-95 95-100
> AptBuds 2 3 { 12 ‘ 38 . 88 ‘ 70 | 55 | 39 | 26 | 13
&rduwy

st
& \ - =
Avéornia |54 155 l55—160'160-165‘165—170‘170—175 175—180’ 180—185’185—190
*Ap1Buds '
P . 1 } 2 ‘ 9 ’ 48 ) 131 102’ 40 } 13

Né& ebpeBolv ol péoor, al Biakupdvoes, of Tutiked &morAoes els ikdoTny oapdy kal va
getaoBii els mwolav elvon peyahutépa fi  Siaomopd.

447) Avo Tuyaicn peTaPAnTal tvepaviobnoav els Jeiyn dvmioTolywy TIMGY s &Ko~
Aovbws .

X 1 2 4
5

! Fiborhuka bl %ol Ho:]
y | 4 B 5 5

[i4:5
2] 5 | 45 b A |
N& Umrohoyio8ij & owvteAeoThs ovoyetioews kal va yivy 76 omikTov Sidypauua TGV
10 ToUTwv feuydw.

448) Ta& ypnowomomBivta UTd wds Erapeias kepdhona dmrl 10 SiaBoyika Ern g kal
T& dutioTorya képdn BiSovrar s dxorolbus :

Kapheen 10 20|30 | 4 |50 |6 | 70 |8 | o | 10
els ékatop. Bpy-

iekphos T M 1 I T [ e e g ey g i I
els txarop. Spy.

Né& elpedij & ouvreheoThs ouoyetioews kel v& yivn 1o omiktov Sibypauua.
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MEPOX TETAPTON

KEDAAAION XVI

TPITQNOMETPIA

133. TO FEQMETPIKON TOZEON KYKAOY KAI H I'QNIA. MONAAEE METPHIEQZ
"Emri £vds kUkhou kévtpou O (Zyx. 133.1) &s Bewpriowpey 800 onueia A Kixi\B.
A
T& onueia A kai B xwpilouv Thy Trepigépeiav els 8Uo Téka, 7O AMB ki 10 BM'A.
Al fuievbeion O ki OP épilouv Blo Emikévrpous ywvias, Tas < (Oa, OP) kai
_—
X (0B, Oc). ‘H < (Oa, OP) dvtioToiyel els 16 Tétov AMB xad 1) <L (OB, Oa) eis

——— . i
16 Tétov BM'A. "Edv @avTactBidpey &1 TO émiTeBov ToU KU- 86
khou oTpépetan mepl TO O kot THY GeTikV Qopdv TrEPI-
oTpogfis, 6Tav TO onueiov A KwoUpevov Bioypdyn) TO TOEOV @ M
P
AMB, 1 dxTis Oa, &l Tfis Omolas keitTan TO onueiov A, 8&

. - \ ne . 3 : A
Sixypayn TO éowTepikdy Tiis dvTioToiXou EmikévTpou yo- 2

vias (Oa, OB) Sx. 133.1

‘H anélvtog mpn &vds Totou () wds ywvias) elvon 6
Adyos Tou Totou (f) T ywvias) mpds THY povdda TéY Tétwy (f TGV ywnddv).

‘H yewperpia 818&oker &ti Adyos 8Uo Télwv Tiis alrtiis dxtivos icoUTan
TPOs TOV Adyov TGW QUTIoTOIXwV EMIKEVTPWY ywviddy kol Emopéves @ Ev toEov
£xer Ty avtiv anélutov Tyunv pé v avtictolyév tov imikevipov yoviav, dav
Bepaiong dg povag perpiocmg tdV t0&wv Aapfavetar 10 To6Zov 10 dvricToryoilv
gig thv povada TGV yovidv.

’Ex ToUTou Emetan, 611 Téka dwrikovTa el KUkAous ué SiaopeTikds &kTi-
vas Exouv THY aUThy &moAuTov Tiury, fi &wws GAAws Aéyopey, Ekppdlovrar pé
TOV aUTov &oAuToV GpiBudy, STav dvTioToixouv s THY avUTthv f| loos Emikév-
TpOUS Yyawvias.

To péyebos évos Totou éxppddeTan katd ‘SUo, TpdTrous :

1) p¢ 1o pfikos Tou, &tav elvan yvwoTh 1) &kTis Tou kad

2) p¢ Ty &mwéAuTov TPy Tov, T PonBeia wds dpiouévns povdSos TOEwY,
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) omola &mwdAuTos Tipf Stv EapTdTan &md THY dxTiva ToU kUKAou.

Baowki} povag peTprioews T&GY yoviddv efvon 1) dpbt) ywvia. *H dvrioToiyos
povds Tétwv elvon TO %— ToU kUkAou. ‘H 8pffy ywvia Umobicpeitan els 90 foag
yovias EkdoTn &k TGOV OToiwv Adyeton pia poipa, oupPorikés 19 ‘H yoviax
mds poipas Utrodioupeital els 60 foos ywvias EkdoTn €k TGV Omoiwv AfyeTau
&v Lemtov, ouuPohikds 1°. ‘H ywvia ToU 1’ Umobioupeiton els 60 foa pépn, Eko-
oTov €k TGV OToiwv AéyeTton Ev dedrepov Lemtov, oupPoiikés 1.

AvTioToixws TO 1/4 TolU xikhou Umobicupeitan eis 90 ioa Tota ExaoTov
tx 16w drrolewv Myetan pia poipa kUkAou kal cupPorileTan dpoiws 1°. To Totov
wds poipas Umodicpeiton eis 60 ioo pépn ExooTov ék TG Omolwv Adyetan Ev
Aemrtov (1) wikhou k.T.A.

‘H Bcopnruiki) povag 165mv 7| ywwiddv elven 16 dktiviov (rad). To axtiviov
elvon Tokov Tou drolou T ufjkos elvan Toov Trpds TO ufikos THs dKTivos TOU kKUkAoU
els Tov Omolov dvrikel TO Tékov. *Emrions ywovie &veg dxtviov Aéyeten f dvri-
OTOIXOS ETTIKEVTPOS Ywvia ToU Totou évds dxTwiov (Ty. 133.2).

‘H &mdAuTos Tipn Emouéves évds Totou eis dxTivia elvan
6 Adyos ToU unkous ToU Totou TouTou Trpds THY dxtiva. To
ufjkos § Evos TOEOU KUKAOU GKTivos p ouvBéeTan pé Ty &ToAu-
TOV TNV & ToU TOLov ToUTou &l dxtivia Bick THs iodTnToS:

S
o= —<=8§ =0
5 P

’Edwv G5 Hovas WeTPTOEwS TOU prikous Angdf 1 dkTis p,
TOTE TO Wijkos ToU Télou dkppddeton pé Tov alTov dpifuov

PR pt Tov Omofov EkppddeTan kal f) dméAuTos TIuf ToU Tofou
ToUTOV eis dxTivic.
. \ ~ P , — 2
“Ofev 1) &rdAUTos TiuT ToU kUkAou SAokAnpov els dxTiviar elven % = 2

‘O &p1Buds airos 21 Ekepdder Eions TO ufikos kKUkAou diTivos fons pé THY pova-
Ba. ‘H &mdAuTos Tipd) ToU AuikukAiou eival T kel ToU ~i— TOU KUKAoU eivat ;;—-
*Avagépousy #86 kal piow povéda, ThHy Omoiaw éoydTas XpNoiuoTolouy lg

‘ 5 v TS T s S et ) =
T&S OTPATIWTIKGS épappoyds, TO mil*, 10 &moiov igouTan ué To Zagp TOU KU-

Khou. TolUTo kot peydAnv Trpoctyylow icouTtal ué -1-%) rad.

’Edw B1& Téw o kal p TapaoTicwpey TdS ATOAUTOUS TINGS ToU aUTtol Té-
Eou pt povddas dvtioToiyws TO dxTiviov kad THY woipav, édv TO TOLov TouTo S
UmrepPadvn TOv KUKMoV, 8 foxun fi iodTns :

o |y
== (133, o)

(*) wrhooTowr xatd Thy EAdgvily otpatiwTixly dporoyiay.
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Mpéoyuat, SUo Téta & perpnbolv BiaSoyikés wé povddas T dxTiviov kal
Ty poipav. "Eotwoav 82 o kai p af dwéAuTor Tipal ToU TpdTov TéEou el &KTi-
via kol poipags kai o ked p' ToU Beutépou TéEou duTioTolyws els dxTivia Kai poi-
pas. ‘H yewuetpia 818&oker 811 & Adyos Slo Tokwv Stv ttapTdTon &md THY po-

‘ ’ v ow 3 ' o K
véBa peTpricEws Twv kad &1 ioxuer 1 — = i
A €, ' ‘ ~ v oa ' . e 3 o H 1
"Edw cos Belrrepov Tétov Angbi| 1o fipiou kUkAou TéTE 1 igdTrs o i 2
o
T =180

‘H ioétns Aormdv (133, o) uds émiTpéme va ebpiokwpey Thy &mdAuTov Ti-
uny Evds Tokou s TTpods THY plav 2k TGV povdBov, dTav yvopilopey THY &ré-
TOV TIUAY Tou 5 Tpds THY EGAANY.

134. MPOZANATOAIZMENOEZ KYKAOE KAI TPOZANATOAIZMENON TOZON.

"Edw &v xwnTov onueiov dvaywprion & Twos onueiou A Evds kikAou (Zx.
134), Bivaron v Biorypdyn adrdv kiwolpevoy &’ adTol koTd Yo gopds. *Ex
TGV Qopddv ToUTwy 1 duTifeTos Tpods THY opdw TS Kiwroe-

s TGV BekT@Y TOU Gpoloyiou opileTon s Oemikh gopi 8
kai ) oupgwvoUoa g THv THS Kivoews TEY SEIKTGOV ToU \
@pohoylou ds dpvnuiki] @opd. “Otav émi évds kUxkhow, Exn 8

Spiobi) N BeTikn), Emopéveos kad 1) GpynTikY gopd, & KUKAOS
Abyetan mposavatoriopévog. Ty Betiky popdw oupPoAilopey >
els TO oxfina ut & Pélos ouvodeudpevor pt TO oUuBorov +. Sy 134

Edv Tdpar Emi vds TpoocavaTohiouévou, kUkAou Exwuev BUo onueic A
kal B, TéTe &ml ToU xUkhou ToUTou bpilovron Téooopa ToEx TPOTAVATOAITUE-

va, T@v Otroiwv TO pfikos elvan pikpdTepor ToU kikAou B1dTi v Tofov AB elvan
BuvaTov va Siarypagi] Umd kwnTol onueiou eite ik ToU A 1rpos T& B eite k ToU
B mpos 16 A. ‘Opilovten Aorméy SUo TéEx AB : & Aeydpevov Betikov t0&ov AB,

oupBoAilSuevov pg PTB”r, kol & Gpvntikov toZov AB, oupPoiildusvov ut /(‘B~, kaf®
Soov T v Eyer TV BeTikfY popdv ToU TpogavaToMauévou kUKAOU kod TO &AAo
Thy &pvnTiki. Fevikéds &v Téfov mpooavatoAiopévoy cupPohiletan pi Aﬁé

‘Opilovtan gmrions duo Téka lﬁ\, TO &v BeTikdw é_;\+ Kol TO &Ado &pymTixdv
Eﬁr. A va pf) yiveton oUyyxuols Suvdpeba vi Siatnpriowuer TO Svopct yeope-
pkov 16Eov AB, cupPoiikés A-é, B1& TO pikpdTepov BeTiKOV TOEOV ﬁ%Jr.

ToU TrpocavaTolicuévou TéEou A\B, TO onpeiov A Adyetcn : 1) dpyn ToU
K\é kol 1O B : 10 mépag ToU ,&E

T& kard Tév dveoTépw Tpétrov dprodévrear Ték elvon pepikad TrEpiTTTdOGOELS
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YEVIKWOTEPWY TrpocavaToAtopévewy TéEwy, Téy émolwy TO ufikos SUvaTon v el-
val peyaAUTepov ToUu prikous ToU kUkAou.

Mpéoypari, &v pavtacBduey v kiwnTov onueiov émri Tou kUkAou (Zy. 134),
ToUTO BUvartan duarywpolv ék Tou A v& éktedéon piow fy meploooTépas TepioTpo-
@as SiaTpéxov TOV KUKAov Kal v& oTapation &ls 10 B.To kxwntdv Touto onpeiov
Slvartal péAioTa va kwnbij kara Ty BeTikfy i THY dpunTikAv gopdw Emi ToU
KUKAOU.

Ta olrows Spifoueva Toka Aéyovtar tprywvopetpike Tola, kai cupPoli-

Jovtan &mions Bix ToU oupPodiou /(é
' A va elvan Sucos év TprywvopeTpikdy Tétov TeAelws copiopbvov, Tpémel
va yveopifcopev 1) Thv dpxnv Tou, 2) 1O Trépas Tou, 3) TV popdw Tou Kol 4)
TOV &pifpov TG GAokAfpwy TEpIoTPOP@Y, Tds OTrolas TO KwnTov onueiov Sié-
YPOWe HEXPIS OTOU oTOMXTNON s TO Tépas ToU Tékou. "Qoe :

Tpryovopetpikov to6Eov A,??. Aéyoviar 6ho ta tofw, ta Omoia Swaypagpoviar
Umo KivnTod onpciov, 0 onolov dvaympodv £k ol A Kai KivoDpevoy mavtots Kotd
v abtiv gopav, Betikv §i dpvnriknv, ctapatd gig 0 B npiv 1 dwatpiln oho-
KAnpov tov kOKkLov ij ol dratpétn nponyovpéveg Eva axépatov apibpov kKdkhov.

OUTws évvoouper OT1 UTrdpyouv &Telpdpifua TPIYwVOPETPIKY Tota Exov-
Ta THY aUThy &pxNv kol TO altd Tépas, BeTikd kai &pvnTiké.

135. AATEBPIKH TIMH TPIFQNOMETPIKOY TOZOY,

“Ev TprywvopeTpikov Totov, 8mws Ev yewpeTpikov ToEov, SUvaTan v& pe-
Ten6f) ué plav &k T&V povdduwv Totwv. ‘O dpiBuds, 6 dtoios B& TrpokUyn Kot
aUToy TOV TpoTov elven 7 &mwdAuTos Tiur, T dmola xopakTnpiler TO uéyedos,
SAN’ Syl kal THY @opdw ToU Totou. "Edv Twpa els THv &mwdAuTov Tipfv TpoTé-
Eoper TO +, fav TO TOkov elvan BeTikov kai TO —, &dv aUTo efvan &punTikdy, Exo-
pev TNy Aeyopévny alyeppikily Tpufy Tou TrpocavaToAlopévou ToLou.

Abo npocavatohopiva t6Za tob abtob kikhov i lowv kiklaov clvar
foa, Srav Exouv tiv adtiv dhyefpuciiv tpiv. Elvan dvtifera, éav of dAyePpixal
Tiliai TV elvor &piBuol dvibeTor. |

Té mpocavaTodiouévoy ToEov, TO dmrolov Exer dpyfy kol Tépas TauTI{O-
Heva Tpd Tréons mepioTpoiis, elvan &v guuPaTikov Tokov, Aeyduevov pRdevikdv
t6Eov. ToUTou d&AyePpikn) Tiphy elvan & &piBpos 0.

’Ex TévV dvawTépw ylveTon gavepdy 8T1 TO TpocavaToAlouévoy Tétov Suva-
To v BecopnBij dos pia peTaPAnTh, 1 omoia SUvaral va A&Pn SAas TS ROy M-
Tik& Tiuds, 1) dmola BnA. BiaTpéyer TO oUvolov R, v Bewpriowpey Thy &hye-
Bpikfy Tipty Tév Tékwv dos Evar &AAo oUuBohov Bix TO ToLov.

136. TOEA EXONTA KOINHN APXHN KAI KOINON IIEPAE.

*EoTw TpocavaTohigpévos kUkAos kévtpou O (2x.136), A 1j dpyn Tév TéEw
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kal M Tuyxov onpeiov ToU kUkAcu. "EaTw T i dAyePpikd Tipn TolU mpddTov BeTi-

&)
kou Totou AM. Edw ¢ elvon ) dhyePpikn Tiun) ToU BeTikoU kUkAou (1) dmrdAuTos
TIun Tév Tokwv ebpiokeTan évToTe els THY aUThHY povdda: els poipas A els dxi-

(@)
vier), ToTe 1O Belrepov Betikdv Tokov AM Ba Exn dAyePpikiy Tipfy ¢ + T TO Tpi-
Tov 2¢ + T, TO TéTapTov 3¢ + T kad yevikdds 1| dAyePpikn T ToU TUydVTOS
()
BeTikou TOtou AM, O& Bidetan UTd TOU TUTOU KC + T, Otrou Kk elven feTikog
dxépaios §j 6 0.
)
‘H &AyePpikn Tiun ToU TrpdTou SpvnTikou Tétou AM B& elven —c+ T,

- ] 3 ik I3 & kY =
Tou BevTépou &pvnTikou Totou AM 8& elvar — 2¢ + T, TOU

TpiTou — 3¢ + T, ToU TeTdpTOoU —4C + T Kal Yevikéds 7 SA- e
-~ r v 1 I3

YEBPIKT Tiuf TOU TuyovTos &pvnTikou Totou AM Oa BideTon N

Umd Tou TUTou k¢ + T, &TToU K k&molos GpunTikds Gké- A

paios.

"Edw Aowwdv 81& Tou XATI’C(pdcTﬁO'OOU.EU THv dAyePpr-
Y
KNV Tfy ToU TuyovTos Totou AM  (BeTikoU 1§ dpymTikou), Zy. 136
adTn 8& SideTon UTrd TOU TUTTOU
X=%xc+T, «KeZ
Edv dos povds Exn Anebf To dxtiviov & TUTos yiveTan :

X = 2w+ T, , KEZL  (0)

"Edw dos povas Exn Anebi 1 uotpc: 6 TUTTOS yws-rou
f X0 = 3600 K-l—'r° 1‘ , keZ (o)

‘H iodtns (o), kai émions § (o), Bév peToPdhietan, &v dvti THs T AdPoo-
Wev Thy &GAyePpikfy Tiphy &vodg drroloudnmoTe &AAou, GAN dpicuévou, TéEou
AM. Mp&yparTi, &aw eis Tov dvwTépw TUTTOV (o) QUTIKOTACTTCWHEY TO K jE K&-
Trolov &pifudy ToU ouvdou Z, Y. TOV K;, & elpwpev THY CAyEPpikiy TRV T
~,
gvog &k TV TéEwv AM. B& elvon Aormdy :
X=2km+T
T, = 2T+ T
kai &k ToUTwy 81’ dpoupéosws KaTd PEAM
x—n=2(K—-x)m, SnA. x=2Amw+4T
&mou NeZ kol T, elvar 1 AyePpixd) Tiph ToU TUXOVTOS GAA mplcp.évou ToEoU AM
‘O TUmos Aoirdv () pds Bibet THY &AyePpixfv TiuMy ToU TUXSVTOS TTPOC-
o LY A\
avaTohioutvou Téfou AM, tav yvepilwiey THy dAyePpikiyy Tiphy dvds TUXSv-
el
Tos GAA’ dpiopévou Totou AM.
‘O altds TUTos (@) ypageTal :
x—T=2kmw 7| x°—1°=360%, «xeZ
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AnAaBn: Avo tpryevopetpika to&a, ta Omoia Exouv TRV abtiv apyfv kal
0 abtd népag Swagipovv katd aképarov apBpov kixhov.

"AvTioTpogws 1 &s Oecwpricwpey Ev Tokov AM pE SAYePpikny TIpfY
T, =2k + T
kal & &AAo Tolov pé Thv idiow dpxnv A kai &AyePpikny TiwAY T, Siapépovoay
Tfs T, KaTd dképaiov ToAAamAdcoiov Tiis dAyePpikfis Tipfis GAokAfpou kUkAou
€0Tw KT K, 211, ToOTE, ouuPVws Tpds doa dvwTépw eitropey, B elvan :
T, =T+ K 2T =2k + T+ 21T = 2(K + k)T + T
kol emedn) k,€Z, KeZ B& elven kal (K, + K)EZ kai Eopéveos
T, =2AT + T, AeZ
"Ex Tfis TeAeuTadas TaTns iodTnTos ouvdyouer 6T1 TO Totov ué dAyePpr-
KNV Tiuny T, 8& Exn Tépas TO onueiov M.
"Qote: "Aveykaio Kai inavn ouvBfikn Tva dbo npocavatoriopiva tota toi
abtod KoKAOU Exovia Kowviy GpyRv ExOuv Kai Kowvov mépac eiva ai ahyepprxai
Tpai Tov va Staeipovy xatd 2xkn (360%%), drov keZ.

. e

137. MPOZANATOAIZMENH TI'QNIA. AATEBPIKH TIMH AYTHE.

‘H &wola Tfis TpooavaToAlouévns ywvias kol Tis &AyePpixkiis Tiufis Tns
uds elvor yvwoTh &md THY ¥ T&EwW. f

‘H dvmioTorgie, 1 omola Umdpyer peTofy Téfou kai Emikévtpou ywvios
Tou pds £miTpéTel V& ouuBéowpey THY Evwolay ToU TrpocavaToAlouévou Tokou
HE ThY Ewolaw THs TpocavaToAiguévns ywvias (Ex. 137).

Tpdrypart dTow TO KWNTOV onpeiov dvaywpoly &k ToU A Biaypden To To-

tov Af%, ToTe ) fluevleia Oa Bioypdger TO EowTepikdy THs TPOTAVATOMTHE-
vng yovias (Oc, OB), v émoiow gupPohilopey i <L (Oo, OB), &v elven feTixn
A ué L (Oa, OB), &v elvan &pynTikn. “H Tehixn) wAeupd OB Tfis TrpocavaToiil-
ouéins ywvias, piv fi APy THY TEAk Béow alriis OB Suvaren va &kTeAéon
piow fj mepiocoTépas TrepioTpopds Tept TO O kai va Sierypd-

6 yn oUtw Eva dxépoiov &piBudv BeTikdv T dpynTikGV TTAT-
*\ pwv younidv. “Yrrdpyouv émouévws drelpdpifuol Tpogoivato-
gMopval yovin Exouscn THY ety dpyikiy kal ThY ad-
THY TEAIkY TAsupdy. ‘Exdotn & TGV ywwnidv ToUTwy Aé-
YETOL @ tpryovopsTpikl] ywvic. Ketd taUTta Umdpyst pia

(@
AupipoveoTipavTos dvTioTory i peTall Tév Tékwy AB kai TéY
TpocavaToMapévey ywvidy (Oa, OP)
H uikpoTépa BeTikn ywvia L (Oa, OB), f) dmoia dvTioTolkel el TO TO-

X-

<

tov AB » TiBTOpel vt SvoucoBi yeopetpikn ywvie, f dmoia oupPohileTan
% (Ox, OP).

‘H &\yePpikn Tiph x Tis TuxoUons TprywvoueTpikiis yeovias pd dpyixhy
mAeupdy O kad TeAkfyy TAeupdy OP 8ibetan mpogowdds UTd ToU TiTou :
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X! = 360% 4 1 f) x = 2kw + T, &mou keZ kal T elvan T dAyePpict) TR WS
OmolaeBNTTOTE €K TGV ywwiddv ToUTtwy, GAN dpiopévns, es poipas i drrivia.

Auvvépeba 8¢ v& SiaTuntdowuer T £6fis TTpdTaCY :

"Aveykeio xkai ikavi) ouvBikm, ive dbo Tpryovopsipikai yoviam Epovoar
KOV apyiknv xovv kol Kowvijv telkiv mhevpav, sivar ai dhyeppikoi tipai
Tov vi Swegépovy kata 2krn (360°), Smov K. Z,

Auvapeba Emopéves va petoPaiveoper dBiapdpws &md Td Tt els Tdg du-
TioToiYous yovias kal dvTioTpdpws kai va Epappdlwpey els EkaoTov &k TGV pe-
yeB&v ToUTwy TS peTpIkGs 1816TNTas ToU &AAov, Bi16TI Ev TrpocavaToAlouévoy
Tokov kad ) dvTioToiyos TpocavaToAlopévn ywvia Exouv mévToTe THY oUThY
popiw.

AVo TprywvoueTpikal yowvion Aéyovron dvrifetol, STav of dAyePpikai
Tipad Tov elven &piBpol dvriBeTor.

138. AOPOIZIMA AYO H IIEPIZEZOTEPQN TPOEANATOAIEMENQN TOEZQN

"ABpolopa TrpocavaTodicpivey TéEwy Evds KkAou Svoudfoper TO TTpoCO-
vaToAiopévov TOkov, TO dmrofov Exer s dhyeBpikiy TiwAv TO &Bpoioua TGV dAye-
PpikGv Tipdv TGV SobévTwv TdEwv.

"Ex ToU dpiopol TolTou koBioTaran gavepdy 611 ik 1o &Bpoiopa TV Tpo-
cavatoMopévey Tékwy foylouw af £Efs iS16TnTes.

1) Auvvapeba eis &v dfpoiopa TpocavaToliouévey ToEwy va GAA&EwWUEY
TNV Celpdv T&V TrpoadeTéwy.

2) Auvvdugba va dvTikaTaoThowpey dooucdrToTe TpooheTéous B1° Evds,
Tou &fpoiouaTods Twv. g S

A v& eUpwuey 16 &Bpolopa TpooavaToMopéveor Totwy AB, TA, AE,.. .
koboTduey altd Sioboyikd. AauPdvopey, .., &md ToU onuelov B &v TdEov
(g v, B
BZ &AyePpixiis Tipfs fons pé Ty ol A koi &mod ToU onueiov Z &v Totov ZO

e
dAyePpikfis Tipfis fons mwpos THY ToU AE k.o.k. TO Tdtov, 1O dmoiov Eyer &pymyv
TV &pxfv Tou TpwTou A kal Trépas TO Trépas Tou TeheuTtadou, B& Exn dAyePpi-
KN Ty ionyv wpds TO &Bpoiopa TGV SAyEPpikédY TIMEY TEY SobévTwv Tétwy,
BnA. 8& elvon 1O &Bpoiopa alTddv.

Obrw, w.X., &v A, B, I (Zx. 134, oeA. 231)eluai Tpia onueia i kUKAOU Trpooa-
vorro?\wuévou kol Becopriowpey T& TOk AB Kal é} ToTE dBporoud Twv elvon TO TO-
tov AI'". Eav « elvan 1) &modAuTos Tip ToU yewpeTpikoU TdEou AB, B 1 &moAu-

~
TOS TIUT) TOU YEWUETPIKOU ToEou BI, TéTe 8 Exeopev :
e ~
&Ay. TR ToU AB = a4 2xm, dAy. Tiun ToU Bl = B + 2«'m, Emopéveos 1) &A-

N
yeBpikn Tiuf ToU &bpolopartos Al = a + P + 2Am, Smou AEZ.
T dvwTépw émextelvovtan eUkéAws els Tas TpocavaToAouévas ywvias.
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139. MPOZANATOAIZMENH I'ONIA EIZ KANONIKHN OEZIN.

Aéyopev 6T pio TpooavaTrohiouévn ywvia edpiokeTan el kavovikiy Oéoy
s wpods & oUoTnua dpfoywvicy dEévwy x'Ox, 'Oy, &v 1) kopugn Tfis ywvias
eUploketan els Ty dpytv O Té &Edvaw kal 1) dpyikf TAsup& alrtfis TauTileTon
pE Tov fetikov Huidtova Ox, 6Tow 1) yewvia TomTolerndi] émi ToU EmiméSou TéV
&toveov.

A1k v TomoBeTfiocoper, .., ywviav 240° els ka-
voviktyy Béow pavralépeda 811 A fpieubeic OX oTpépe-
Tal kaTd T BeTikfy popdw kard 2400 (Zx 139), omoTe
SpileTon 1) TeAik TAeupd THs yowvias. OUrtes 1 ywvia p
Exer AyePpiky TipRy 240°. ToUTo oupPolilopey yp&-
govtes P =240° ‘Opoics els TO oUro oxfipa elvan
o =—60° kai & = 30°.

. 139

’Edw pé xévtpov Thv dpyhv T&Y &Edveov kai dxTiva THY HovdSa ToU urikous
ypdapwpey kUkAov (Zx. 139), TéTe el EkdoTnY TGV TPOTVATOAITHEVCY YWVIG,
T.X., 8, B, o dvmioToixei & mpocavaTohiopévov Télov, TO &mroiov, STws yvw-
pilopev, Exer Thv althy dAyePpikiiv Tipfv pi THY dvtioTorkov alTou ymulqu

Avadtd duvapela adragopng va omidpev mepl yoviag a ij nepi 16Zov AP 10
omofov dvopalopev Eriong t6Eov a. Emions Exopsy ThHy yooviow & f) 16 Tékov 6

£t
(=AP ).

‘O dvwTépw kUkAos, SoTis ypdeeTon pé kévtpov THY Gpxhv TdV &Eoveov
kol dTive Ty povdSea, Adyetan tpryovopetpikdg kokhog. To omueiov A (1,0)
AéyeTon @pyn téHV kMY TOU TpiywvopeTpikoU kUkhou. Elven TO empeiov, eis TO
&moiov & TprywvopeTpikds kUkAos Tépvel TOV &fova Ox. To OA elven Emopdvcos
15 povadiaiov Sidwuopa Tou &fovos x'OX.

‘H &xis ToU TprywvopeTpikoU kUkhou, f| dmola SitpyeTan i1 ToU Trépa-

Tos £vds Tokou ToU kUkAou, AéyeTan tehki) @xtig Tou Téfou ToUTOU.

/ AXKHZIEIZ

449) N& Tpéyete &v dxtiviov els poipas.
450) N& Tpéyete plav poipav els dkrivie
451) N& Tpéyere 45° els &xrivie.
: 452) N& Tpéyete % dxcrivia el vuoipug.
S 453) ME Thv Ponfeiav polpoyvwpoviou v& kaTaokeudoeTe els kavovikiy Béow ywvias
é)(ol)ca:; AhyePpikds Tipds :
:x) 750 g). 125° y) 210° &) —150° e) 330°
) —330°_[) 385° n) —370° @) 930° 1) —955°
45 ) Né& dvapépete TévTe yoovlas, al dmoian els kavovikiv Béaw Egouv Thy alThy Tehikhy
TAeupdv pt ThHv 6 = 1000
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455) Al yovicn § = 125" kal ¢ = — 955" &5 kavovikiy Béow Exouy Thv alThy TeAkTv
mheupdy. Né& EEnyfoete 16 Sai.

456) N& éfetdoete &v ol yowvion x = 930° ki A = —870° Exouv, els xavowikny Béow,
Thy adThv Tehiknv TrAsUpdv.

140. TPIFrQNOMETPIKAI ILYNAPTHEEIZ TONIQN.

"EgTowo 8 plo pueToPAnTi, 1 émola Aappdvel Tiuds &md 1o obvodov M Shwv

TV TPLIYWVOUETPIKGY Yywvid. Ta oTorxeia Aortrov Tou ouvddou T elven ywvial,
Sy &pibpoi.

Ak ké&Pe yoviaw 8 Tou ouvshou T pavrtaloueda &t Tifletcn els kawovikiy

y ; ) e
Py W) PTY)
z Z
z z
Zy. 140.1

Btow s Tpos Ev dpbokavovikdy oUoTnua didvav (Zx. 140.1).

"Eotw P (X, W) Tuxov onpeiov &mri Ths TeAikfis mwAeupds Tiis yoovias 8 Sia-
gopov THs &pxfis O.

1) *Ovouddouev Tfjpitovov Tis ywvias 6, oupPoAikids nub, Tov Adyov TS
TeTarypéuns ToU TuydvTos onpeiou P mrpds TO pfjkos p TS SrovuopaTIkTs GKTIVOS
OP. "Qoe civan & Splopou :

hd

g =X
nu =

"As MdPaopsv EAho, Emions Tuyd, onueiov P (x',y) &l THg TeAkTis TAeUPGS
s ywvias 8, Sidgopov Tiis &pxis. Zuugdves Tpods Tov BoBévta Spiouoy Bx efvan

nue = -'-z,—. dmou p' TS pRKos THs BlawuouoTikis dktivos ToU onpeiov P Tla-

pPOTTPOUMEY Buws OTI 6!5 — AOP kai Eroptveos B Exopey X' = Ax ki @' = Ay,

2 2 ¥
i Téw Omolwv EmeTal 8T - = - = ﬁ’g—i—_———i,- “Ofey ¥ =X,
X ¥ VXEyE P P
X_ % ek,
(AN /
TMapaTnpolper Aormov OT1 icrx(;et—:i = ':— TouTo onuaivel 811 1) Tiuf ToU
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Adyou % Stv ElapT&Ton ik Tiis Bfoews ToU onueiou P & s TeAikiis Aeupds THs

ywvias, GANAG povov ék Tiis Béoecws aUThis TalTns Tiis TeAikdis TAeupds, SnAadi
¢k ToU peyéBous Tiis ywvios 6.

"Qoe : els kéBe yowviaw 8 (8ell) dvtioToixel els kol pdvov mporyporTikds
&p1fuds 1 A Tpn TOU Adyou T"P-

‘OpileTon Aormov €86 pia ouvdpTnols pé medlov dpiouol 1O olvodov [,
SAv TGV ywviddv, kal Tediov TiudGv Ev olvohov TrporypaTikédy &piBuddy, f ouvd-
pTnois 8 —>nul.

2) *Ovopdfopev ovvnpitovov Tiis ywvias 8, ouvpPolikds ouvl, Tov Adyov
Tiis TETPNRéVNS ToU TUyOvTos onueiov P Tiis Tehikfis TAeupds Tiis ywvias Tpos
TO pijkos p, This SravuopaTikiis dktivos Tou P. “QoTe elven 8 Spiopol :

owh = >
P

"As ABwuey dAAo, trions Tuxdy, onueiov P’ (x' @) &mi Tiis TeAikiis TAeu-
pas TS ywvtag 8, Bikgopov Tiis dpxfis. Zupgves 'rrpos Tov SobévTar Spiopdy
elven npd == — - TloporrnpoUpey Sucos AW 611 loyUel T = —: » OTEp onuaivel
8T1 ] Tpt) TOU Aoyou : Bev tlapTaTan £k Tfis Béoews ToU onueiow p i ThS Te-
Aikfis TAeupds, SAA' & Tfs Déoecws aUTfis TaUTNs THS TEAIKTs TAevpds, BnAadi
€k TOU peyéBous Tiis ywvias 6.

“Qote : es kaBe Tipny Tis peTaPAnTs 8 (0€l) dvTioTowyel els kad pévov
TporyBaTikOs &pifpds @ 1) Tipn Tou Adyou %-

‘Opiletan Aormov pio ouvdpTnols pt Tediov Spiopol To olvohov I, SAwv
TV yundy, kai mediov Tiudv év gUvohov TpayuaTIKGY &piBuddy, T ouvapTNOIS
8 — owb.

3) ‘Ovoupdlouev &pantopivnv wmds ywvias 8 (6el), cupPorikds epb, TOV
Adyov Ths TeTaryuévns ToU TuyovTos onueiou P fis TeAikfs TAsupds Tiis ywvios
TpOs THY TeTUNUéVNY ToU onpeiou ToUTou. "QoTe elven &€ dpiopol :

scpﬂ=% x# 0

"Av A&Boopev &AAo, Etrions Tuydv, onueiov P’ (X', @) &l Tfis TeAikis Aeu-
pas Tfis ywvias 6, Bidpopov Tiis dpxiis, 8& elvan oupgdves TTpods Tov Bobivta
3 i

Splopdv eph = \:’— TANN, G eidoper dvwTépw, loyUel % =7 TO OTroiov on-

Hadvel 61 7y EparrTopévn wdls ywvias, Btv #opTaTon & Tiis Béoews ToU P émi
Tis TEAKT}s TAeupds TRs ywvias, AN & Tiis Bicews avTis TaUTNs -n"]g_ TEAIKTS
TAeupds, dnAadn éx ToU peyébous, Tiis ywviag €.

Inpeioog, "Otav x = 0, & Adyos yfx Bitv Exe fwoiav TpaypaTikoU dpifuoy kai émo-
uéveas Bev Opiletan TéTe Eparropévn Tiis ywvias 8. ToiTo ouuPaiver, m.x., Bik Tés yovias, al
omoien Exouv dhyePpikiy Tipdy 90°,— 90°, 270°,— 2709, 450° kTA., STws B Buopey KaTwWTEPW.
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“Qoe : el kéde TNV Tiis peTaPAnThs & dvrioToikel els ki pdvov Tparypa-
TiKds &pibuds, 1| Tipn ToU Adyou %

‘OpileTon Aormov kai €86 upia ouvdpTtnols pt mediov dpiopol T olvohov T,
SAwv TGV ywvidy, kal Tedlov Tiudv &v olvohov TrporypoTikév dpiBudd, 1) ouvdp-
T™ois & — epb.

4) *Ovopddousy cvvepantopévny mds yowvias 8 (8l), cuuPohikdds oeh,
TOV Adyov Tiis TeTUMRéVNS TOU TuxdvTws onueiov P, Tiis Tehikfis mAsupds Tiis
ywvias, Tpds THY TeTaypévny ToU onuelou TolTou. "Qoe elvan ¢E dpiopol :

mpﬂ:% w#0

Inueioog. TMapatnpoUper kai éAw &1 Btv opileTon ouvepamrropévn S1d yeovias, TGOV
bdtrolwv 16 TUXdY onpelov Tiis TeAikfls TAeupds Twv Exel Tetaypévny 0. TolaUTan ywvian elvan,
Y., al Exougen &hyePprkfv Tipfv @ 0°, 180°, — 180°, 360° krA. Smws 8 1Bwpey xaTwTépw.

EUxdAws PAéopey kai £86 811 1) cmvscpo:ﬁouévn wids ywvias Sév ElapTd-
Tou ék Ths Béoecs ToU onueiov P &l Tiis TeAikiis wAsupds Tiis ywvias, AN &k
ToU peyébous Tiis ywvias.

"Qoe: els k&Be TNV THis peTaPAnTis 6 (8 €l) dvrioToixel els TporypoTIKOS
&p1Buds, 1 T ToU Adyou 5— kal opileTar oUtw pla ouvdptnols ué medlov

opiopou Tng TO ouvodov I, kal medlov TGV TPV TS v oUvoAov TrporyHaTIKEY
ap1fuddy, 1 owdéptnois § — oob.
5) ’Ovopddouey tépvoveav Tuyouons ywvias € (8 €lM), cupBolikds Teud,
Tov Adyov Tou prikous p Tiis SlavuopaTikiis dktivos ToU TuXSvTOs onueiou P(x,y)
Ths TeAkfis TAeupds Ths ywvias 8, Trpds THY TeTunuévny ToU onueiou ToUTou.
"Hro1 elven €& Sprouol :
Tepd = % x#0

MapaTnpoUuey kai 56 611 Btv SpileTon Tépvouoa Sid ywvias, Tév dmoiwy
TO Tuxdv onusiov Emi Tfis Tehikfls mAeupds Toov Exer TeTunuévny 0. ToweUTon
yovian efvon, X, ai ywvio, of dmoic &xouv dhyePpikiy Tiphv 90°,— 90°, 270°,
— 2700, k.T.A &mres 6 iBwpev el T Eropeva.

Kai wéAw &modeikwieTon edkdAws &1 1) Téuvouoa pids ywvias 8 Sév peta-
BéAAeTan, &v AdPeopev &ANo, Bidgopov Tiis &pxiis, onueiov &l Tiis Tehkfis TAeupS&s
Tiis yovias. "Qoe: els kéBe Tiunw Tis peTaPAnTiis 8 (8l dvmioToiye els wpory-
poTikds Gpifpds, f) Tiuf ToU Adyou % kai OpileTar oUTw pia ouvépTnols ué Tre-

iov dpiopol To otwodov [, SAwv TV ywvidy, kai medlov Téy Tiudy Tng & oU-
volov TrpaypaTikidy &piBudv, T ouvdpTnols § — Tepd.

B) ’Ovopdlopev ouviépvovsav TuyolUons ywvias 6 (8el’), ouuPoiikds
oTeud, TOV Adyov ToU prikous p THs BiovuopaTikiis dkTivos TOU TUXOVTOS OT)-
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pefou P (x, W), This Tehikfis Aeupds Ths yowvias 8, Tpds THY TeTaypévny TOU om-
peiou P. *Htotr elvon 28 Spropot :

P
mue_q} y#0

Kéuvopev kod 81 Tov Adyov % dvaddyous TapoTtnpfioels ué ékeivas, Tas

omrolas ékdpopey Bid ToUs OpiobévTas duwTépw Adyous.

‘Opileron kol éAw pla ouvdptnois ué mediov dpiouol TO clvorov I, SAwv
TV yoviddy, kai Tedlov TGy Tipév Tns v olvolov mpaypaTikdy &pibuddv, 1
owdpTtnols & — oTepd.

* AvakepadaicovovTes Tous dvaTépw Sofévtas Opiopols Eyxousy &T1, Bi1d Tu-
XoUoav TprywvopeTpikhy ywviav 8 s kavovikfy Béow s pds &v ovoTnua oplo-
kawovikdy kol Six P(X, @) Tuydv onueiov &mi Tiis TeAikfis mwAeupds Tiis ywvias,
ToU o&Tolov TO pfikos THs SiavuopuaTikiis AkTivos 6?5 elvou p, Exopev (Zx. 140.2)

gt |

o =

oud =2

P

.

e =—

. r (1)

¢ v
Tepd =% Ty. 140.2

P

oTepf= v

Ai opiofeica &vm‘répu; & owvapTthoes : 0 — nud, 6 — ouB, H— cgb,
8 — ogf, 6 — Tepd, & — oTEpd, AéyovTal TPIY@VORETPIKAL CUVCPTNOEIS THS Yw-
vias 9.

Ai& piow SeBopévny TprywvopeTpikiy ywviay dpilovran katd Tov dvwTipw
tcrebivra Tpdrov of & dpioptvor Adyor (T), oi dmoiol Aéyovtal Tpry@vopsTpikei
apBpoi Tiis BeBouévns yeovias.

ETvan govepdv éT1 tprymvopetpikai yoviar eig kavovikiy 0£av, Exovee Kot-
vijv telikfly hevpiy, Exovy ioong Todg dpmvipovs tpry@vopstpikods apBpois tmv.
OUTw, Tr.X., émeidn ai yovicr pé dhyePpikds Tipas 30° kai — 330° Egouv Ty -
THy TeAlkAy TTAeUpdw Bk Exouv Tous aliTols SpwVUHoUS TPIY WVOMETPIKOUS &pifpous.

Tapaderypo : N& ebpeBolv ol Tprywvouetpikoi &pi-
Buol wds yovias 6, & 1 Tehixn) aUThs TAeupd, els kavo-
vk Béow, BifpyeTon Si1d ToU omuelov P(3, - 4).

Abews : Mia Toiotny ywviov 8 PAémeTe els 10 Ta-
pamAedpws oxfiua. 'Ex ToU &pboywviou Tprydvou OTP
Exopey p?=x*4 Yi<>p = VX2 4 g2 Emopveos
p=+/3 F (-4 = v/ 25 = 5. Elven TéTE  oupgves
mpds ToUs Spiopols (T):

Ex. 140.3
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oo n 58
nd = e
S

=X ==

o g B 3
W = ==y

X 3
o=y =7

g b
s Wit o

ot
c'reuﬁ——w-ﬁ i

Hapatiipnorg In. Ao ToUs dpiopols (1) PAémopev duéows & foylouv
ai tEfis iodTnTes aitives elvan TautdTnTEs (B16T1 efven dAnBels mpoTdoels Sk
kabe Tipny THs ywvias 8, Sik Ty omoilav dupdTepan al ouvapTroErs s ékdoTnv
ioéTnTa elven dpiopévar) :

1 1

o _—r
Tepd = TRV =5

1

T egb

Mapatiipnois 2a. "Amd ToUs dvwTépw Spiopols (1) PAémouey émions 611
EUKOAwS eUpiokoper T& TPOOTIUG TAV TPIywVOMETpik&Y dp1fuddv mds ywvics,
S6tav yvwpilopev els rolav yuwviov T@v &ldvwv eipiokeTar f) TeAik) TAsupa T
Sobeions ywvias.

o) nue = —:’i *Emre1dt) y elvon Betikds &piBuds els v | kad 1l kad &pvmmi-

kos els THY Il xad IV yeoviav Tév &Edveov xal 6 p réwToTe BeTikds dpi1Buds, Bid
ToUTo TO MO elvon BeTikdy Si1& yowvias pé Tedikfiy mAeupaw els T | kad 1 yoviav
T&Y &Edvwy kai &pvnTikoy Bid ywvias pé TeAkny mAevpay els Thv Il kad IV yoo-
view Tév &Edveov.

B) owd = % *Emreidn) X elva GeTikdv els Thv | kad IV yoviav Tév &Edvaov

kal &pvnTikdv eis T 1l kal lll, Six ToUTo 1O owvd elvon BeTikdvy Sid yowviag pé
TeAkN v TAeupdw els Tas | kad IV ywvias Tév &Edvewv kal &dpymTikov S1& Tés yoo-
vias pé TeAikty Aevpdw eis Tas |l kai Il yoovias &y &Edveov.

Y) 98 = —;':— ’Emedn x kal @ Eyoww T& aUTd mpdonpa els Thy | xad I

yoviav Tév &Edvev kal dvtifeTa wpdonua els Ty Il kal IV ywviav Tév dbdveov,
B1& ToUTo ) €98 £lven BeTikd Bi& yoovias pé TeAikny TAeupaw eis ThHY | kad Il yowvicw
Tév &Edvewv kal dpvnTikh Si1d ywvias pt TeAikiy mAeupdw els Tés I kal IV yoo-
vias TV &Edveov.

’Avaibyous Trapartnpfioels Suvdpefa v k&pwpey kal 81k ToUs &AAous Tpi-
ywvoueTpikoUs &pifpovs Tijs ywvias €.
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AZKHEEIZE

457) Na elpete Tous Tpiyewvoperpikols &piBpols Tiis wikpoTépas BeTixiis ywvias O
el xavovikny Béow, tdv P elvon onuelov Tiis TeAikfis TAeupds Tis ywvias 8 kal al ouvteTaypévan
ToUu Pelvan: a) P (3,4) B) P (—=5,12) y) P (—1,-3)

458) Eis molav yoviav Tév &Edveov eupiokeTon 1) TeAikd TAeupd s yowvias B epioko-
uévns els kavoviknv féow, v :

o) nud kai owd elven duedTepa &pvnTiKG.

B) nud kal epd elvan dppdTepa BeTikd.

¥) e elvan Betikdy ked Tepd elven dpynTikd.

8) Teud elvon dpunTikd kel egf elvan dpunTikd.

) epd elvon Bemikny kol Tepd elven &punTikd.

oT) nud elvan BeTikov kol ouvd eivan dpvnTikd.

459) Eis molaw yeviav Tév &Eéveov elpioketon 1) Tehikd) TAeupd ywvias 8, els kavovikiy
Btow, &4v :

o) nub >0 B) owb < 0 y) 98 < 0 8) Teud >0
8
460) MvwoTol dvtos &T1 Nubd = 17 kal 611 ) TEAIKY TAeupd Tiis 0, el kavovikiy Béory
eUpiokopévns, eVpioketan el THY | ywviav Tédv &Edvaw, vd ehpeBolv T& ouv kal egb.

5

461) Edv ouvd = —, v&x elpete T& Mud Kol egf.
3

462) ’Eqv egb = =y va eUpete T& nud kal ouvl.

("YmwdBeitis : Emweidn) egb = % elvon &punrik, 1) 8 elven . yovia pé Tehikiy ThAeupdy el
v Il yoviav Tév dEdvev, &w AdBwper x=—4, y = 3 f| ywvia pt Tehikiv mAsupdv els Ty 1V
yoviov Tév &fdvew, & AdPwpey x =4, w=—3. Els dugotépas Tds TEpITTROERS p =
=VEI (3E=VvH=5).
4
463) N& elpete 1o nud, Sobévtos &T1 owvd = — 5 kal 611 £00 > 0.

464) N& elpete ToUs TprywvopeTpikous &pifpous pds ywvias 8, Six Thy dmolav yve-
3,
pilopev &1t nud = it kal ouvl =5

465) Els Tolav ywviow Tév &Edveov ebpiokovran of Tehikal mhevpal kal Tola elvan T&
TpéoTHa TOU fuiTévoy, ToU ouvnuiTévou kad Tiis EdpaTrTopdvns ikdoTns Ek T yendy pi
dAyePpiknv TIpfY :

o) 125° B) 75° Y) —320° §) 2100 €) 460° oT) —250° ). — 1000°

466) No& elpere ToUs TprywvopeTpikoUs &piBpols ywvias 0, 2dw yvwpilete &1t

7 3
o) nud =3¢ B) e96 = & kal 180° < 6 < 270"

141. TPIFQNOMETPIKOI APIGMOI TON T'ONIQN 0°, 900, 1800, 270°, 3600,

A) ’Ev mpddTois cuppeovoluey TO EEfis 1 B ypdpwpey, T.X., nu 187 kai B
éuvooUpey TO fuiTovov yeovias, 7 omoia Exer dAyePpixny Ty 18° *Emions eis
ToUs oupPBoAigpols nub, ouvl, epf kTA. TO 8 8& TO vooluey s dAyePpikiy Tiuhy
yowvias. ToUto mpdTTopey, 51471 1) TprywvopeTpikn ywvia TpoodiopileTan &kpi-
Péss, oTav yvewpilwpey THy SAyePpikiy TipAv TnS.

"Emeita &md Ty oupoviow oty ) 6 SUvorran v Becopnfij &1 elven pic
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peTaPAnTH, fi oTroia BUvaTan va SiaTpéyn TO cuvohov R, TéY mporypaTikddy &pi-
Budw, ol oémoiol elvon &hyePpikai Tipai yoowdv, ai omolon Eyouv peTpndii ué

povddo THY poipav.

B) ©& [nthowyer Tdpa vd lpwpey ToUs TPIYWVOLETPIKOUS dpifuols Tév

yowidde 00, 90°, 180°, 270°, 360°.

"EoTw P Tuydv onueiov (&1 1) dpxn) &ml Tiis TeAifis wAeupds Ths yovias §

o) “Otav 8 =0° ToTe x =p, ¢ =0 kal Emwopévaws :

(T, J (I o =
Wl =
0 = i —
owQ? = 5 - 1
e b
ep0? = e 0
o0l = % = % (Bév opileTan) *
R R
Tep0? = ey =}
oTep00= % = % (Btv SpileTan)
B) "Otav 6§ =90° tote x =0, y = p xai Emopéveds :
900 =+ =P
nu - =-£
owd0 =2=2 -0
P P
£g90° = % = ‘(PT (8tv opileTan)
L T S
op20 S 5 0
Tep90® = % = % (Btv OpileTon)
oTep900 = BB
¥y e

v) “Otov 8 =180°, Téte x =—p, W

Il
0 ey =

ke Erropéveos :

1800 =¥ =90 _
o P 3
ow.180°%= = = £ =_
P P
— ¥ O
09.1800 = % =5 (Btv épiferon)
Tepl800 = 2 =2 — _
X —p
oTepl800= % = %— (B&v SplileTan)

(*) 3nA. Btv Exer Ewvowv mpaypatizel dpubuod.

y‘
P P(pO)
0 x
Iy 141.1
Y
P(.P)
p
%,
0 I
Sy. 141.2
y
pep.0)
P x
Zy. 141.3
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8) "Otav 8 = 270°, TéTe x =0, Yy = —p Kkai Emopévess :

TR O b £
nu270° = " . 1
AT il ey S 0
P P
- 2700 = % T)E (5&v SpileTan)
2100=%X =L 9
k- ¥ R
Tep270° = Tl:" % (Bev opileTan)
Zx. 1414
¥ oTen270'= P = P —_|
vy P

€) "Otav 6 = 360° TdTe f| TeAikn) TAeup& THis 8 TauTileTon pe OV Glova
Ox kal of TprywvopeTpikol &pifpol Tfis ywvias 360° elvan ool pg Tous dpeovipous
TPIYWVOPETpIKOUs &pifpous Tiis yowvias 0°.
142. OI TPIFONIMETPIKOI APIOMOI TON FONION 45°, 600, 300,

) "Omreos EudBopev els Ty y' Télw elven :

nu45° :\/2_2 5 ourd5® =\%?-, epd5 = 1.
Y EdxkdAws eUpiokopey 611 elvan :
B(1.1) v
& ! Tepds? = % = —12 =V2
= cn'su45°=%=\£l—='\/2
1
0pd50 =X=_— =1
Sy, 142.1 A
B) ’Epdbopev els Thy y' T&kw &1 :
nuel? = \/3 crw60°——, ep60° = V3
“v3) EUxbhws eUploxkopey Topa 6T @
s p—
R e e ‘/_3_
20 ¥ VE 3
Tep60? = %: —f— =32
or 1 A 7 r ey
2 2V 3
0"T'El.l..60°_ £'= ==t T
Sy, 142.2 L 3
Y) ’EpdBopev els thv y' T&Ew &Ti:
1 ? N6 A3
nu30° = = ow30® = —, ep30° SoE =
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EUkdhws ebpiokopey &T1 @

X ] o
a9.30° = == V3
IR ) 2 2v3
Tep30" = = 4
2
Ty 1423 oTep30° = u‘% =+ = 2

143. TEQMETPIKH TMAPALTAZIE TON TPIFTQNOMETPIKOQON EYNAPTHEIEQN.

"EoTtw § Bofeioca ywvia eis kavovikny Béaw (Zy. 143).
Mé kévtpov Thy dpymn kai SKTIva THY povdBa Xopdooopey kikAov, TOV YVwoTdy

[ n x x

E

)

i

Y, T
-——— 3 "
3
Kr

=

Sy, 143

HOS TPLYGWVOUETPIKOV KUKAOY, TéuvovTar Tov &fova Tdv X es To onueiov A(1,0),
Tov &fovar TGV W els T B (0,1), Ty &t TehikAv mAeupdy This ywvias 8 eis 1o P.

Dépopev TN TP k&BeTov mpds Tov &tova OX kal Tés épamTopévas els TG
onueia A kai B, aitives Téuvouv Thv TeAikny TAeupaw Tiis € fj THv TpoékTaoiv
aUThis kor’ duTiBeTov gopav els T& T kai Z dvTioTolywWs.

"Omrws elvon elkohov v Twapatnpriowuey els T dveTépw oxfuaTa 143,
T& Opfoydmia Tpiywva OTTP, OAT koi OBZ elvon Suolx petody Twv dvi Svo.
“Exopev Aoimrdv :

P _ =% on _ BE _ &

e oP i P OB

ouv =-O_—n:0ﬂ Tepuh = O_—P=g—=‘ff'
OP on OA

epf =£‘=‘A__,T'=ﬁ crrsuﬁ:g:o—_z-=ﬁ
on OA TP OB
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. . > => —> > -5 —>
T Biavvopara TIP, OTT, AT, BZ, OT, OZ clvan &vTicToiyws ai yemperpi-
Kol Tapaostasels TGV ouvapTrioswy Nud, ouvd, B, oo, Teud, oTeud Ths yowvias
~ : s . P 5 3. i~ . . . e
(Tou Tétou AP =)8, ai 8¢ dhysfpikei tpei tév Savvepatov sivar ai Tipai tdv
- -—
AvToToifmv  TPLYOVORETPIKGY suvaptijcemv tiig 0. Awd ta O kai OT AapPé-
veTan 1 popd Tow Betikt|, dtav alTn cuupuvel pé THY Popdw Tfis TeAkTis TAeuU-
pds Tis ywvias, dAAws 1| popd Twv Bewpeital s dpynTIkD.

Ex Tév dveoTépw Evwoolpey 61 Buvdpeba, dodkis TouTo pds EEuTrnpeTEd,
o5 TUYOV onueiov emi THs TeAikfis TAepds Tfis TprywvopeTpikfis yoovias vd AapPd-
veouey EkeTvo TO ampeiov, gis TO OToToV & TPIYWVOPETPIKSS KUKAOS TEUVEl TNV TeAL-
kv TAevpav. ToTe  émeadn p =1 B elven (Zy. 143) :

= 7 —4 i v e 4 ~ 1

1) fjuitovov ToU tétou 6 (AP = 8)=TIP, 8nAadn f Tetoyuéun ToU TrépaTos
ToU Tolou 6.

2) ounuiTovov ToU Tétou 8 = OT, BnAadn f TeTunuévn ToU TréparTos ToU
Tolov 6.

3) ¢porropévn ToU Tofou 6 = AT, Bnhadn f dAyePpikn Tiuh ToU Siawl-

—
opartos AT, T6 &molov &pileTon &mi Tfis EparrTopéuns els ThHy &pyfv A TGV TOEwv
&md T A kal 16 onpeiov T, els 16 dmolov f| TpotkTaois THs TeAkTis dxTivos ToU
Totou § Tépvel THY els TO A éparrTouévnv TOU TprywvoueTpikoU kUkAou (&fova TGy
EQUUTITOPEV®V).

4) ouveparmToptvn Tou Tofou 8 = BE, Snhadn fi dhyePpikh Tiud ToU Sia-
wopatos BE, T dmoiov opileTon émi Ths épomrrouévns eis o B(0,1) &md 16 B
kol TO onueiov Z, els TO Omolov f| TpoékTaols ThHS TeEAKTjs dkTivos Tou Totou 8
Téuvel ThHY gls TO B dpatrTouévny Tou TprywvopeTpikoU kUkAou (&iova TGV ouve-
POTTTOUEVEOV).

"Avoddyws opileTan 1) Tépvovoa kai ) ouvTéuvouca ToU Tétou B(*)

144. METABOAH TOQN TPIFQNOMETPIKON EYNAPTHEIEQN,

"As UmroBtowpey 611 TO onueiov P (Zyx. 143) dvaywpouv &k ToU A kivelTan
kaTd THy OeTiknV Qopav Silorypdgov TOV TPIywvopeTpikdv kUkAov. TéTe elvan

G B N : e g ek g s e 3
pavepoy 611 ) ywvia 8 (16 TéEov 6 = AP ) ueTaPdAAeTon ouveydds &mo 0° Ecos
360°.

Efven mions @avepdy &Ti Eyopev S1& TS TPIYWVOUETPIKES TUVRPTTTELS
ToV K&TWO Tivake, doTis BeikvUel Tas peTaPoAds TGV TIMGY Twy, S1d Tas &vTi-

oTolyous peToPolds TV TIMGV This METaPANTHS ©.
(Eis Tov Trivaxa 16 /' = alfdvel kol TO “u= EAaTToUTan)

(*) Ot dprouol v& 3oboly amd Todg pebntag wt thy fonleiay 7ol S18donovroc.
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Miva petafoldv @V TPyOvopsTpKiY cLVEpTAGEMOY

2 T ™ S A 3.
8 atbéaver &mo 0 Ees 03 Tgms ™ T B To” 5 Ews 2
(0° oo 90%) | (900 Ecos 1B0v) | (180° Ews 270%) | (270° Eews 360°)
nué /1 amo 0 Bas 1|y &me 1 s 0 [>ydmo 0 Ews—1| Adme —1 s 0
ow 8 [ S &mmo 1 Ews 0 |~ &mo 0 Ews—1 | A &md —1 Ews 0| 7 dmwd 0 oog 1
ep 6 /{g:m U:ﬁTEp:io- Aldmd &pynTikés /"dm'b i d'rrspz- Jémd &punTids
FERIE duﬂ' " | Tinds doovbnTo- | CPIOTWS. Aappes Tiuds 6oovdriTo-
vouoa Goovdn- y » | vouoa ooovbr- ,
rore peydhas 8 Te peydhas xat S TE pEYSAQs KOT
et € | &méhuTor miphy | TOTE HEYARaS .| dméAuTov TiufY
TIKGS Tipds, Kb o o0 TIKGS Tiuds, Kab s 5 0
6oov 16 8 Thn- ' Soov TANo1&lEt '
o1&ler Tas 90° T4 0 Tds 270°
(0 Ews + ) (—o fws 0) (0 Bws + ) | (—oo s 0)
1 i &mo 0 &mepi- &mo 0 &rmrepr-
opd 4 Gmo BeTikas \. Ep,‘ Ny Gmrd BeTikds \, e ol
it : opioTews AouPé- : oploTws Aoppé-
Tipds doovdrro- | Tipds doovdnTo- {
3 e Kenc 0, | 1OUOS &pvnTikds s b vouoo Tipds d&p-
S IHEY CUNaS S0 ¥ TIpds KaT dre- | (o HEYGACS EQS vnTikds Kot &rd-
AuTtov Tipmy  6- AuTov TiufHYy &=
CoVBTTTOTE peyd- ooVB|TTOTE PEY&-
Ao ko Soov Td Aas ko’ doov TO
6 TAnoi&ler Tés 8 mAnoialar TS
180° 3600
(+ o Ews 0) (0 Ews — o) (+ o £ws 0) (0 ws —o0)
. i wame —1 ame
* &md 1 dme-
s glopic'rcos Aa- | /&S GpvnTikds ploploTes Aait- |, &mo Gerixs
.| Tinés doovdro- | Pdvouaa &pvnTi- | 1 doovbiTo-
Pévouga Tiuds & S b s e 1
SoorSHTOTE e TE L.IEYOIRGQ kat' | | hoker i Te pey dhas Eoos 1.
yéhas, ot Sy | ETONTOY Ty | ETEAVTOM T
S : o —1. COVBNTIOTE pe-
16 8 TAno1ale Y 88
& OO0 YéAas, kab' daov
TS 76 6 TAno1&ler
r B Tas 270° .
(1 Ews +o0) (o s 1) | (—] fws —o0) (+ 0 fos 1)
oTep 0 Sy GTd peyddas | A &mo 1 Ews Be- | Mdmd dpunTirds | N &rd —1 &mepi-
feTikas Tipds | Tikds Tipds doov- | Tipds peyddas oploTas.
£ws 1 SnmoTe peydhas | ket &mwdAuTov
Tipfy Ews —1.
(+ o #ws 1) (1l fws +0) (—oo fws —1) | (—1 Ews —o0)

Zqp. Eig v § 9 éndlousy S1&x molag Tipds Tiis 0 Sév dpilovran al ouvapTiioeis § —egb,
60— 090, 8> Tepd xai 6 — oTend.

(*) “H petofoly thic tepd xal orepd Sdvatar va 8:8uy07 # vo moparetphf watd thv »pl-
ow Tob duldaxovTos.
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145. TPA®IKH TIAPALTAZIE TON TPITQNOMETPIKON EYNAPTHEIEQN.

A) ’Efecoprioapey £ws TP TAS TPIYWVOHETPIKAS TUVAPTTOES, G5 CUVApP-
Thoels Tiis veTaPANTHs 8, f) dmola AapPdvel Tipds &md 16 oUvorov I, SAwv TGV
TPIYWVOUETPIKGY yooviddv. Eidouey 88 61 Suvduela va AdPwper, dvtl TGV ywviddy
€, Tas &hyePpikds Twv Tipds els poipas, 6moTe ) peTaPAnTh € SioTpéyel TO oU-
vohov R, Tév mrpaypaTikéy &pibuddv. "Av ai ywvien ToU ocuvéhou I petpnboiv
pE povdda T dktiviov, TéTE Suvdpeda v Becopldpev THY TR wids yovias X
els Gxrivia ds Eva &AAo gUpPorov Bid Ty ywviaw kal v& dvagepopela els TV pe-
TaPANTHY X, &5 picv peTaPAnTry, 7 omoix SiaTpéxer TO R.

ToTe els k&be mpny Tiis vetaPAnTiis XER, dvtioToixel pia Tiun éxdoTng
TGV TPIYWVOUETPIKGY ouvapThioewy dufikouoa els v oUvolov TrparydaTikGy &pi-
Buddv, oTav, vwoeiTan, ) ouvapTnols OpileTan Six THY TPV TOUTNY TS HeTo-
PAnTiis X. Eis Ty mreplmrreoov altiy af dvwTtipw dpioleioccn ouvapThioes Aéyov-
TQL: MPGYRGTIKEL Tpry@vopstpikal cuvaptioes. OUTws of ouvapTthoeis, ai ool
Spilovtan &md TS Y = NPX, Y = OUVX, Y = €9X, Y = OPX K.T.A. els Tas omoias
) peTaPAnTn X voeiton SiaTpéyouca TO ouvorov R kal 1 W dplopéva ouvoha
TpoyHaTIkGY &pifud, elvon TprywvopeTpikal oUVAPTICES TGV TRCYUXTIKGY
&p1Budv,

K&Be TprywvoueTpikty ouvdpTtnois el dos mediov dpiopol Tns TO gUvoAov
R, T&v mparypoaTikéy dpiBuddy, éaipoupéviov TGV TIWGY, al émoia EppaivovTan
gls TOV kéTwh Trivoxa *

ouwdpTnols meblov Spiopcl TeBlov TipGY

Y = nx R {yeR|-1 <y <1}
Gty iR {yeR|-1<y< 1}

Y = epx R—{T+x-rr},xez R

Y = ogx R — {km}, xeZ R

™

Y = Tepx RH[TK+ 'rr} ,KEZ {yeR |y < -1}, {yeR |y > 1}
y = oTenx R— {xm}, keZ {yeR |y <—1}, {yeR [y >1}

B) Al Tipal TGV TPIrywVopeTpIK&Y CUVOPTNOEWY TGOV TPYMOTIKGY &pi-
Bucv BiSovtan els Trivakas, elpiokovran 88 ai Tipad oTen ué peBddous, Tas dmoias
XpnoipoTroloUy T& duaTepa: pofnuoTtiké. (BAéme Trivaxas els Tds TeAevTalas oe-
ABos ToU PipAiov).

TTpokelpévoy V& KOATOOKEUGOWHEY THY YPAQIKNY TOp&oTACW, T.X., TOV
TPIYWVOHETPIKGY CUVAPTHCEWY Y = NUX, Y = oUvX Y = eqX, SiBopev &g Thv
HETEBANTHY X Tiuds &mo 0 Ews 27 kai ebpiokoper Tas dvTioToixous Tipds THs
METGPANTTS ¥ &mo ToUs Tivaxas. Ké&be [eUyos dvtioTolyev Tiudy &meikovileTon
ué &v onueiov ToU émimédov, is TO droiov Exopev A&Pet Ev oUoTnua dEdvwy dpbio-

(*) Aev elvon drapattyrov ol walntal v dropvnpovedoowy tov mivaxe. Advavtar va cup-
Bovedwvron adtdy bodurg tov yperdlovrar.
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kewovikdy. OUTe, .. eUpickopey Bik Tas dwwTépew CUVXPTNCTELS TS GVTIoTOlYOUS
Tiuds, ai omoic épgaivovTan s Tov kaTwh Trivaka :

X ]\y=nux| Yy =owx Y =EpX
0 0 1 0
F =052 | 050 0,87 0,58
=019 071 0,71 1
5= 105 087 0,50 1,73
-;— i lieg 1 0 By SpileTan (*)
3;—1: 2,09 | 0,87 0,50 =173
3‘41 ~236| 071 0,71 =
5’61 ~ 2,62 0,50 -0,87 -0,58
T~ 3,14 0 -1 0
7
?“ ~ 3,66 | -0,50 -0,87 0,58
5
T=392 | o7 | 071 1
4
S 419 | 087 0,50 1,73
3
TTF ~ 4,71 -1 0 Bév dpileTon
5
=523 | 087 0,50 e
7
T =549 | 071 0,71 21
11
=576 | 05 0,87 -0,58
Ir~628| 0 1 0
Edol ¥ y
Uplokopey T& dvtioToixa on-
peia els 1O émimedov xOy kol €- 1 ‘-;‘,‘.?1—-\.\
"

vcovopey aUTd B1& pids Spadfis kap-
TUAns. TTpokdTrTour TéTe of K&- 'L

Mofgpe-- -
L
)
=%y
L
.\‘\
H
=

Tl ypagikal TapooTdoEls, Ex
Tév &molwv f) TpddTn Aéyeton §- !
ptovoeldig kapnihn kal 1) SeuTé-
POl CLVIILTOVOEIBTIS Kapmhn. Ix. 145

(*) 3nh. B2v Eyev Bwvoury mpaypotinol &pibiod,
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. e
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0 [] _}L_i T r ¥§ O ; @x
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2t [ /

y= o

Iy, 145

146. MEPIOAIKOTHE TON TPIFQNOMETPIKQN IYNAPTHEIEQN. THMAEIA THE
IIEPIOAOY.

"Eotw f ula ouvdptnois mds petaPAnTiis ué mediov Splopou &v olvolov Z,
TpaypaTikéy &pifudy, foTw 8¢ &1 Umrdpyel els TporyporTikds &pifuds p Siépopos
Tob 0 ToloUros, doTe v ioxum :

fx+p) =) (@
Si& ke Tipnw THs peTaPANTHS, Si& THY dmolav A f ¢ ¢pileTon. Aéyouev elg Thy Tre-
pimTwow abty &1 & p elver pia nepiodog THs ouvapTroews f, 1 8¢ f AEYETm
neprodikty ouvdpTtnots. Koara T& dvewTépw B elven :

FLG+p) +pl=F(x+p) =)

SnA. f(x + 2p) = f (x), émep onuaiver 6T 2p elvan Emiong pia Tepiodos Tiis f.
‘Ouoiws 3p, 4p, .. ., kp, 6mou keN, elvan mepioBos Tiis f. *Edw 1) f elvon mrepioBiks
6 uikpoTEPOS BeTikGs dpifuds p, & Omoios elven mepioBos Tfis f, Aéyetan @ mpo-
tebovou mepiodog T f.

"Edw s Ty dverTtépw iodtnTa (o) Séowpey STou X TO X - P, Acupdvouev

fl(x-p) + pl =f(x-p), firor

WxeZ: f(x)=f(x—p)
SnAadh kol & —p elven pia mepiodos Tijs f kel tmopéveos kel & —2p, —3p, ... Te-
vikéds Aormdv piac ouwdpnois f 8& Aéyeton mepiodind, dv Bk k&b Tty THs
veTaPAnTiis &md TO medlov Spiopol Tns, loyun :
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f(x) =f(x +xp), dmou keZ— {0} kol p elven oTabepds dopiopévos
Tpary poTikos &p1fpds.

‘H #hayiorn Oetikd Tipd) ToU kp Aéyeton : ) wpwTelouoa mepiodog Tiis
cuvapThioews f.

OUrw, T.x., Emeadh ai ywovicn 8(*) ked 84 21 - k Egouv Thy oThy TeAkAy
TAeupdy, 84 foylouv ai lodTnTes :

nux = N (X + 2¢m),  ouvx = ow (x + 2km)
B1& kdBe mpfy TR ywvias x. ‘Emopbves ol cuvapThces W = nMPX, Y = ouvx
elven eproBikad. Kad, #meidf) 81 k = 1 f) mopduetpos 2k AauPdver Thy Ercyi-
orny BeTikiy Ty, Si1& ToUTo af cuvapThicels alton Exouv TpwTelovoav Trepi-
oBov 6 21r. ‘H auépTnois y = epx Exel ds TeploBov TO 21, B1oT1 e@(x + 2m) =
= e@X, AN’ &1 o TTpwTeUousaw TepioBov, Srug 08¢ 18cwpev els T Erdpeva.

‘H xaraokeun) THs ypagikils TapacTdoews wds Tepiodikis ouvapTioews,
Smos 1) W = nux, kaBioTaTar edkoAwTépe, BI1OTI &pkel VX KATXOKEUAOWHEY &V
Tofua adTis. Tpdyuor, madn nux = nu(x + 2m) = nu (x 4 4m) k1A, ai T1-
el TR cuvapThoews, ai dToicn dvTioTorov els Tas Tinds THs X &mo 0 fws 2m
oupTtiTrTour pé #kelvas, of dmroict &uTioToloUY Els T&s TIRGS THS X &mo 2T Ewg
41, &md 4t s 61 KT T gis Tos TIpGs THS X &mo —27r £o0g 0, —4r Ewg —27 K. T.A.
Edw Aoimrdv kaTaokeudawper & Tufipa T ypagikfis TapaoTaoews TS Y = NUX,
.. TO Tufjua, TO dmoiov dvTioToryKel els Tas Tipds Tis X &md 0 &g 2, dpuel
freita pla TapddAnhos peTédbeots Tpds Tov &kova OX xatd Bidwuopa dhyePpi-
Kils Tiufis 2 7| —21r Sid v Excopev TO &uéaces Emdpevoy 7 T &péows TTPOTYOU-
pevov TUfiua THS TopaoTaTks KapTTUANS, TOU GUTIOTOIKET gls Tas Tiwds THS X
&mod 21 #ws 4 f) &wd —2w €ws 0.

‘H owdptnols y= epx Exel TpwTelouoaw TepioBov TO T, &mrws B Buopev
els T& Emdueva.

147. ®EMEAIQAEIEZ TAYTOTHTEE METAZY TON TPIFQNOMETPIKOQN IYNAPTH-
LEQN THE AYTHE I'QNIAE (TOY AYTOY TOZEOY).

*Euddopev els T& Trponyouueva (§ 140, maparfipnais 1n) 61 peTall Tév TpI-
YWUOPETPIKEY CUVAPTHCEQY THS oUTTS ywvias € foyUouwr al TouTdTnTES :

()

*EoTw Twpa TUXoUoa ywvia 8, els kowovikhy Béow, Ths dmolas 1 TeAKN
mheupd Btv oupmitTer & Humdkova (Zx. 147). Toéte, ug Thy TpouUméleow &T1
X # 0 kai fmopbves ouvd # 0 (BnA. O # km + /2, keZ), B Exoouey :

1 1
' o-rsuB:W , ccpﬁ—e—

1
= ouvl 29

(*) *Ewvoobpey yaviay dyefeuic Tupfi 0, tig émolag yovixe ) dréiutog T Exe ebpebi
elg dutlvea.
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e
W=t = o o
)

0 =120 | (B)

X

_-_x__ T 1 G\Ne,
oph = vy e SnA.
p

Sy. 147

ouvd

b (y) émou UmroTi-

ogf =

Beton 871 1 6 elven yovia Six Thy dmofav nue # 0 (BnA. 8 # km, keZ).
"EE &\hou, & Tol dpBoywviou Tprydvou OTIP, Exopev :
X2t yi=p* ()
Aracipolivres T pédn Tiis (8) 81k p? elplokopey :

L = e (2) (L) =1,

7 omola, meidn x/p = ouvd xai y/p = N, yiveran
[ovw®t+ne=1]
Arcupolvres T& wéAn THs (8) Bix x2, UmoTifepdvou x # 0, eUpiokopey
4 (2)'= (2, ometh
Ll + €0% = Tep® I 19

AianpolvTes T wéAn Tiis (8) Sid w2 (y # 0) ebplokopey (%)z—l— l= (%)2,
SnAad) :

[ l + o9 =oreu20 | (n)

Al TautédtnTes (o), (B), (), (8), (&), (1), (n) elvan af BepehichBers oxéoelg
veTalU TGV TprywvoueTpIKGY owvapThcewy i abtiig ywvias (Tol aUToU Té-
fov).

148. E®APMOTAI
1) N& éxppaodi) éxdorn Tév TprywvoueTpikéy ouvapThcewy THs yevias
6 & ToU nud.
Aberg: Exk ToU TUTOU oLV nu“é =1 Exopev :
ow? =1 —nu¥ = | owb | = /1 —nu, &pc
W\?ﬂ:\/i-—']fzgkdim:—\/l‘:-m
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SupPoAikds ToUs SUo TUTIOUS YPaQOEY :

1 +V 1"t e
£ 6 nu b

TEQ ———:i\/——l_n“ae, OTeU _ﬂl-le

To wpécmudv Tiis TeTpay. pilns keBopileTon, tw yvwpilouev els Toiav yeo-
viow Tév &Ebvev eupiokeTan ) TeAikn) TAeupd Tiis ywvias 8. Olrw, m.x., & el-
ploxetan eis Ty SeuTépav yovicw TéV &Evwy, B& AdPuopev Tpokeiptvou Vi elpoo-
pEv TO ouv® Tov TUTroy ouv® = — /1 — nu2e, Biém pia TolaUTn yevia Exer s
cuvnpiTovov &pvnTikov &piBuodv.

2) N& éxgpooBolv i TpiywvopeTpikai ouvapTroels Tis ywvios 8 & Tis
e,

i Aberg : ‘O Tumos ({) Tiis wponyountvns § 147 8ider :

Tep20 = 1 + 9™ < cu:,e:-.1+eq>"6¢>

| 1
ouv — ! | oW = —————
’eil-i-sq;’e <> | :{:\/1+Wla (C()

’Ex 8¢ Tou TUTTOU ;1%63 = epf eUploxouev :
L = £¢f <= nué = oubegb <

ouv ©

0 < nue = — s 2

1
6:——_—— r—
tig i\/l-tnsep'ﬁ e +/1T+epi® ®

1 ; o _:l:\/1+eq:’6
Téhos elvar ogf i Kol oTepd = = iy S
Kai 256 T mpdomuov THs Tetpay. pilns kodopiletar, Stav yvepilwmey
elg Trofow yooviaw Tév &Ebvev ebpiokeTon fi TeAikh TAsupd Tii yoovias 6.
3) XpnowomotoUvtes Tas Bepshicabels TaUTOTNTAS Suvdueba v eUpuopey
TS TIMAS TGV EAAWY TPIYWVOUETPIKEY guvapThoewy, 6tav §obf 1 TN pids
£E adrréov.
*EoTw, m.X., 6Tl elvon nub = % kol —360° < 6 < —270°.
Bk ToU TUTOU ouv® - nue =1, eiplokopev ouwv® =1—nu¥, ey
o T 9 16 _ 4 ; - ;
ouvd = +4/1 —nu*e = + VI —mr =t V=123 Emeidfy 1) TeAIK)
mAeupd Tiis yoovias B eVpioxeTan els THY | yooviaw Tév GEoveov B AdPwuev TO
Trpbonuov +, B16TL ple ToliTn yoovia Exet curnuiTovoy feTikdy. ‘Opolws el-
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3

piokopev Tl : epf = nu‘; —i—.: —2-- oph = ; » TEUD :%- oTeENd = —g—-
5
Qs Belrepov Tapdderyua éoTw epf = — % Emeidn 1) €¢f elvan &pvmmikn, 1
6 B elvon ywvia pé Tehikiy TAeupdw eis T 1l ) IV yoovicw Tév &Edveov. Evpiokouey:
1 12
O'q)e — -EE e —5—
ouvd : = 1 =4 12
£/ Tteg V 169 13
1+ 124 144 14
T L A
TR St =k
5
epf T2 2
uﬁ = —— = = —
g = Pt
12
oTepd = —5 = -i_:
"Edw 1) 8 &g -rs?\ucnv Tr?\sup&v "Edw ) 8 Eyn TeAikfy TAsupdy
gls T 1 yeoviow Té&v &Edveov. els T IV yoviav Tév &Edvewv
QR ETE 5
€Q = i F.q>9 =
opf =— isz— opf =— 1_52
13 13
T = 5
12 12
e it = oy
oTepd = 1—53- oTepf = — -?
9 5
e = K] ne =-— =

4) Mt Péow a5 BepehicddBers TprycovopeTpikds TauTdTNTas Suvdpela v
dmrodeitwpey SAAGS TPIYWVOUETPIKAS TAUTETNTAS.
Hapaderypa lov: N& &moBeiydij o1 :

Nu?e + nuBouw®® = nud

Aberg ;- nu + nubouv®® = nud (Mu + cu) =nus - 1 =nud
Iapaderypa 20v: N& &mobderydij 611 :
EPX -+ OPX L-U;rjrxx
A . —ax owx _ nuX +ouwix 1 )
Avoig : srpx+crq>x—;v-;+ TS ol = chan
1 1 1 OTEY X
—_—— = OTEPX = ——
auv X TR X oyv X ouv X
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Mopadeiypa 3ov: N& &mobeiy8i 6Tt

l+owx _  nux
nux  l—owx
Aveng : 'Ev rpcdTols pémel : nux # Oxai 1 —ouvx # 0.
l14+owx_(l+owx)(d—owx) l—ouvtx e x iy ALK
mx mux(—owx)  nux{—owx) nux(l—owx) l—owx

Mepadciypa dov: N& &moSeydii o1 :
nH X 1+ owx
1+ owx e X
e nu X 14owx _ nux+ (1 + owx)*
Ades: 1 +owx mx  nux(+owx)
_nwx+1+2owx+owrx _ (mulx4ow!x)+1420ux
"k nux (1 + owx) i nux (1 + ouvx) ‘
_1+14+20wx _ 2+20wx _  2(1towx) _ !|_.
mx(l+owx) nex(l+owx) nux(l+owx) V\J4

20TEU X =

=—2~:2-l—=20-reux
X nux \

’Ex Tév dvwTépw TapaderyudTwv yiveron gavepov 611, Sid va drmodeifoo-
pev 6T pia iodTns TrEpIEyOUCT TPIYWVOUETPIKSS ouvapThoels, elvan TauTéTns,
Trpémel kol Gpkel v AdPwpey TO & péhos artiis (To TpdTov | TO SelTepov) kol
B1& kKoTaAAT iAWY PETAOYTUOTIONGY va KaToArEwpey els 1O &AAo péAos. Els omo-
viag TepimTIoEls peTaoynuarifopey kol Ta 500 péAn, Six va SuvnBddpev v 8o~
pev &v TrpdKelTal TMEpl TOUTOTNTOS.

AZKHZEIEZ

467) ’Eav nu0=—§— kal 0° < 8 < 90°, v& elpete ToUs &GAAOUS TpPIywVOUETPIKOUS
dpidpous Tiis €.

468) 'Edv owb = — % kal 90° < & < 180° v& elpere Tous GAAOUS TPIYWVOUETPI~
KoUS &pi1Bpous Tiis ywvias 0.

469) ’Edv £¢6 = —% kal 90°< 8 < 180° va <cUpere ToUs &GAAOUS TPIYWVOMETPI-
koUs &pifuols Tiis yovias 6.

470) ’E&v e9f = ——% kal 270° < 8 < 360° v& elpere THY &pibunTikfy Tiuhy ToU

nud + ouvd — epb
Teud + oTepd — ogh
471) N& &modexff o :

KAdoHaTos

o) nuo ogpb Tepd =1 B) Tep® — Tepd nu2d = ouvl
472) N& &moberybij 611 :
a) nue (1 +o9) =1 B) nu® Teu® — Tep? 6 = — 1

473) N& dmrodaybij ém :
(nué + owd)? + (nub — owl)? =
474) N& &moberydf o1 :
€90 ouv?0 + o0 Nue = 1
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475) N& &moberydi} &1 :

A
ouvl E‘ff <
Wi+ e =S sy b |

476) ‘Oupolws 811 :

1— nuﬂ auvh
o) owd = 1+ nud B) nu® — ouvtd = 2nue — 1
477) N& &modeybij &1 :
€98 —mux  Teux
wx 14 ouwx
478) N& &modeyfij émi :
OUVX O@X — NHX EPX

oTEUX — Tepx | = 1 T MK OWX
479) N& &mobeixfij o1 :
NHX — ouvx
EPX OTEUK — TEUX o9 SR E
480) Na &mobeiydij &m : e \
o iR o Bt T
1+eq>'x 1+nux_nwf)
481) N& &moBerydij 6T : ————
1 1 2

OTEUX — OQX  OTEPX + OQX  EQX
482) N& doroBeryBij 811 :
nuta (1 + o9%a) + owia (1 4 egla) =2
483) Né& &moBeiy8ij &1 :
(repa + epa — 1) (Tepa — epax + 1) = 2eqa
484) N& &mobeix8f &1 :
(1 —nua + owe)* = 2 (1 — nua) (1 + owva)
485) N& &mobeydi ém :
epa+opP _ epox |
oot epp ~ epp |
486) N& dmwoderxfj &mi :
nua owp — ouvia nut p = nuta — nuip
487) N& &mroBeixfij &1 :
(nua owp + ouva nuP)? + (ouva oup — nua NUP)? =
488) N& d&modeixfij &t ) mapdoTacs :

Exer plav orafepdv Tipfy dvetdpTnTov TOU a.
489) Na& d&moderx8ij &t | mapdoTaots

—““——"M‘l;ﬂ\r’u)’ |
Exer wloav orafepdy Tipfv dvelpTnTov TOU &
490) N& &mobery8i ém1  TapdoTacis ‘
nuta (3 — 2nuta) 4+ owa (3 — 2 owvia)

Exer Tty oTtabepdy dvetdpTnTov TOU o

491) N& dmoberydij &1 :

2ouvix — 2npex + 3nptx — Souvtx + 3ouvix = nux
492) N& &mobex8ij 671 1) mapdoTaos
nuex + 3nuix ouvix + ouvlx

Exer Tipfv oTtabepdv duetdpTnTov TOU X.
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ANATFQrH EIZ ZYNAPTHZIEIZ ©@ETIKQON OZEIQN FQNION

149. TONIAI ME KOINHN TEAIKHN TIAEYPAN

"EudBopev els Ty § 140 611 yoovian ué kowhy Tehikny TAeupdw Exouv ToUs al-
TOUs TpLywvopeTpikoUs &piBuous kai els THv § 137 &1, dTav 8Uo ywvicn (BvwoeiTon
TavToTE : €ls kavovikny Béaw) Biagépouv kata 2k (360%), ToTE Exouv kowdy
TEAIKTV TTAEUPAY.

‘Etropévads Exopev Tas kaTwd TauTtdTnTas, dmou keZ.

nu (8° 4 360°%) = nud* o (8° + 360%) = oph®
ouv (8° + 360%) = ouvd® Tep (8° 4 360%) = Tepd®
ep (89 + 360%) = e¢B° oTep (8° + 360%) = oTeud’

OUrw, Tr.%., elvaa :

Nu410° = nu (50° + 360°) = nu50°

owv 870° = ouv(150° + 2 - 360°) = guv 150°
ep (— 1000") = e (80° — 3 - 360%) = ep 80°

150. TQNIAI ANTIOETOI (TOSA ANTI®ETA)

"EoTtwoav 8Uo ywvicn § kad —8 el kawoviktyy Béow. *Emri T TeAikiis mwAeu-
pa&s Tiis 6 AouPdwopev Tuyov onpeiov P (X, \p) kad émrl s TeAikiis n?\sup&s Tiis —0
?\cxu?auoueu 10 onueiov P’ oltws, doTe v& eiven (OP") = (OP), 8nA. p’' =p (Zx.
150

Emea1dn) 1o Tpiywvov OPP’ elvan ioookehes kai 1) Ox SixoTopel THY yowviaw
Tfis kopugfis Tou, B elvan PP’ | Ox xai AP = AP’. To onueiov Aormdv P’ elven
CUMMETPIKOY TOU P cog pos Tov &kova x'Ox, &pa elvan P'(x, — q}).

¥ f"’y) Pu,w 19 p(zy) 5’ P(z,
.P y ' b L_# : S J\u
Py Py Py
*Exopev Aormov &t :
A =
- feny - : nud
e K
ow (—8) = R ouvl
@ - ="F=—F=_co0
- % (150,00
c@(—B):T:—V:—c¢8 f
Tep (—9) —%=£-Tsuﬁ
mu(-ﬂ):;% _"=—o-rsu9
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“Qote 1 £av 800 yovial civar avtifztor, 1o1e Exovy 10 abtd cvvnpitovov Kai
™y avtiv tépvoveay, aviiBitovg 8¢ Tolg dhhOUG OHOVOPOLS TPLYIVORLTPLKOUG
tov apibpoig.

OUrew, mx., nW(—20") =—nu20" '
ow (— 20") = ouv 20"
£p (— 20%) = — 920" k. T.A. k. T.A.

auv (= 30°) =owv 30° ::\/ %w

151. IONIAI EXOYIAI AOPOIEMA MIAN TMAHPH FONIAN. (TOZA EXONTA AGPOI-
IMA MIAN TIEPI®EPEIAN)

“Eotwoav, el kavovikny Béow, SUo ywvian 8 kai 360° — 6. [vewpilouev
(§ 137) ém1 ai ywvien —6 koi 360°—8 £xouv xowny TeAiciy TAeupdy kol Emoué-
Vs EYouv Tous aUToUs TPLYGVOUETpIKOUS Gpifipous. ‘Etropéveds 8 Excopev :

2y,

nu (360°—6) =nu (—8) = —nud
owv (360" — 8) = ow (— &) = ouvd ‘

e (360°—8) =ep (—6)=—¢epb

op (360°—8) =09 (—8)=—op8 T (151,0)
Tep (3600 — 6) = Tep (—6) = Teud
oTed (360—8) = oTep (—0) = — oTepd

“Qote: 2av dbo yoviar Exouv d@bporopa piav miipn yoviav (360°), tote
Eyxouv to adTo cuvnpitovov Kai thv abtiv tépvoveav, avnibitovg 6¢ Bhovg Tolg
iihhovg opmvipovs tpry@vopctpikolg apibpoic.

Olbreo, T.X., elven :

nu. 3300 = —nu30® = _\_/?3_
@300 =—sp600 =—V/3
our 3159 =guv 45° = \/2_2 KT,
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152. TONIAI TIAPAITAHPQMATIKAI (TOEA EXONTA AGPOIZMA HMIMNEPI®EPEIAN)

"Eotwoav &ls kavovikiy Béow BUo yevicn § kol 180° — 6. (Aid v& oyebid-
gwper T 180° — 6 karaokeud{wpey THY -6 kol TpoekTElvopey EmerTa TV TeAL-
kN alTfis TAeupdy Kot GuTiBeTov gopdy BnA. oTpépopev THY TeEAKY TAeupcw
auTis kaTa yoview 180%). AauBévouer Tuxdv onueiov P(x, y) &l Tfs TeAikiis
TAeUpSs THs 6 kai émri THis TeAkfis TAeupds TS ywvias 180° — & AauBdvoper on-
wetov P cdoe va efvon OP' = OP, éméme B elven p' = p (2x. 152).

Y ;
vl Pxy) Exy)
PExy) p(xy)
: - y
e 80°3 P t 8 g
x X . 2 180%8
n o**- ¥ ¥x n ,!g!}ﬁ LR
Yy i
Y J
/
\\ /
\\ ' 4
~ . 8 #wf
n x  PENY n' 7 xn
1808 x 0 X
i
b —& > Els y
Plxy) (-xy)
Pxy)
p-xy)
Sy. 152

Aoy Tiis iodTnTos Tév Tpiydwey OTTP kad OTT'P’ elvan : (QIM) = (O11")
xai (TTP) =TT'P"). *Etrougves oi ouvTeTorypéval ol P’ efvan —x ko , SnA. P(—x,y).
©& elvon Aormdw :

nu (1800 — ) :_:’, = -‘:—=nue

ow (180° — 6) =‘?"=__; = —ouvd

ep (180°—6) = _ix:—%:—scpe I—
op (180° — 6) =‘?"=—%=—cq>e

Tew (180°—6) =L = _ B —_rqp

otep (180° —8) =—%= %:c’r&ue
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“Qote : 'Edv 800 yovim sivar napaninpopenxei, tote Exovv 10 adtd fpi-
tovov Kai TV adtijv cuvtépvoveav xai dvniBitovg tobg éAloug dpmvipovs Tpi-
yovopeTpikols 1V apbpois.

Olre, .. émedn 150° 4- 30° = 180° fc& elvan :

nu 1500 = nu30® =
N B

ouv 150°%= —ouwv 30°= — e Kere

1
153. rONIAI EYMITAHPQMATIKAI (TOZEA EXONTA AGPOIEMAT TMNEPI®EPEIAL)

*Ectwoay els kavovikiy Béow, BUo ywviocn 8 kai 90° — 8. (Aik va kaTaokeud-
ooopey THY 90° — 8 karaokeudlouey THy —8 kai oTpépouey ETEITAl THY TEAIKNY TIAEU-
pdw alrris kaTd THY BeTikiy gopdw karrd 90). AauPavopey Tuxdv onpeiov P (x,4)
gl TeAkijs TAeupds Tiis yoovias 8 kai &l T TeAixfis TAsUpSs TS 90 - 6° Acp-
Pdvouev onusiov P’ oUTws, coTe vé elver OP' = OP, &nA. p' = p (Zx. 153).

sy. 153
Néye Tiis iodtnTos Téw Tprydvewy OTTP kai OTT'P’ Exouev (OTT7) = (TTP)

xed (TT'P") = (OIT). ‘Emopéveos 1o P’ Exer Tetunuévy  xai TeTerypévny X. “Exo-
pev AoiTrov :

nu (90° — 6) = pi =% = ouvd

T Ay NS G
owv (90° — §) 2 5 nué
gp (90°—6) = -f;- = oof

b (153,4)

op (900—6) = ¥ —eqf

(= = —P-—- = i —
Tep (90° — ) - q’ oTepd
oTen(90°— 6) = f;— — % = Tepd
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“Qote: Eav do yoviam civar SUUTANpOpETIKE], TOTE 10 Tjpitovoy EKaoTNg
€ aUt@v icoltar pé 1o cvvnpitovov tiig diing, Epantopévn pé TRV cvvepanto-
pévny Kai 1) tépvovea pi TRV cuviépvousav.

OlUtw, Y., émadn 200 4 70° = 90", 6& EY opEy

nu 70° = guv 20°
ouv 70° = nu 20°
ep 70° = o 20° K.T.A.

154. IONIAI AIAGEPOYZAI KATA MIAN OPOHN (TOZA AIAGEPONTA KATA TETAP-
TON TMEPI®EPEIAL)
"EoTw &T1 Exopey, s kavovikiy Béow, Tds ywvias 6 ked 900 + 0. Othopev
v& 1Bwpev wéds oxetilovTon of TprywvopeTpixol Twv dpiBpoi. Emraidty (90° + 6)
+ (90" — 6) = 180°, &ix TolTo O& Eyeopev (§152) :
(90" +6) = nu (90°—8) = ouwd
owv (90° + 6) = — ow (90° — 6) = — nub
€ (90" + 6) = — ep (90" —6) = —ooh
o9 (90°+ 8) = —op (90" —6) = —eph
Tew (90° + 6) = — Tep (90° — 6) = — orepd
oTen (90° + 6) = oTep. (900 — 6) = Tepd
Olre, m.y., tmeidf 110° = 90° + 20", &1& ToUTo O elven :
nu 110 = ouv 20°
ow 110° = —nu 200
g 110°=—og 20° K.T.A.

(154,0)

155. TQNIAI AIAGEPOYEZAI KATA EYOEIAN - FQNIAN (TOZA AIA®OPENTA KATA
HMITIEPI®EPEIAN)

"EoTwoav ai yowvicn 8 kol 180040, of dmoion Biapépouy katd 1809, *Errer-
&7 180" + 6 = 90" 4 (90° + 6), &ix ToUTo B gy oopey :

nu (180° + ) = nu [ 90° + (90° + 8) ] = owv (90° + 8) = — nud

ow (180° + 6) = oww [90° + (90° + 8) ] = — nu (90° + 8) = — cuvd

ep (180° +- 6) = e [ 90" + (90° + 6) ] = — g (90° + 6) = eqf

o9 (180" + 8) = op [ 90° 4 (90" + 6) ] = —£p (90° + 8) = oob

Tew (180° 4 8) = Tep [90° 4- (90° + 0)] = — oTep (90° + 0) = — Tepd

oten (180° + 6) = orep [90° + (90° + ) | = Teu (90° + 6) = — orepd

Auvéuebo, vax Epyactdpey kad s eEfig : émraidh (1800 4 6) + (180°—9) =
=360°, &1 ToUTo (§ 151) B Exeoney :

nu (180° 4 8) = —nu (180" — 8) = — nud

our (180°+6) = ouv (180° —8) = — ouvd

ep (180°+0) =—ep (180" —8) =¢eqb

op (180" + 6) = — op (180" — 6) = ogb

Ten (180°+ 8) = Tep (180° — ©) = — Tepd

oTep (180° + 8) = — oTen (180 — 6) = — oTend
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“Qoe : iy B0 yovial dragépovy kata 180°, tote Exovy v adtiv épanto-
pévny Koi Ty abtiv cuvepontopévy, avubétoug 8% tovg @hhovg dpmvipovg TPL-
yovopetpikovg TtV Gpifpoic.

OUTw, T.X., tmeidn 225° = 180° + 45°, &i& ToUTo O& elvan :
nu225° = —nu 45° = _'\/_22_

ep 2250 =ep 45° =1
ouv 225° = —guv 45° = — —27 KT,

Snueiwot. Topatnpoluey 611 ep (m + 8) = 8 kol o@ (w+ 8) =08 ’Emions
€ (2 + 8) = €9 B xai 09 (2m + 8) = 09 8, Smws yvewpilouev. ‘Opoiws elven ep (3 + 8) =
—ep[2m + (T + )] =ep (m+0) =98 xTA. *Hrot ol ouvapTtfioes y =ep X xal Yy =09X
Eyouv Trepiobov Tov TI.

156. ANAIQIrH TPIFQNOMETPIKOY APIOMOY TYXOYEHE T'QNIAEZ (TYXONTOE
TOZ0Y) EIE TPITQNOMMETPIKON APIOMON MH APNHTIKHE TQNIAE (MH
APNHTIKOY TOZ0Y) MIKPOTEPAL TQN 45°.

*EpopuodlovTes TOUs Trous, Tous Omoious Eudopev el Tas Tapoy paeoys
149 £aos 155, Buvépeda v dvarydyoouey THy lpeotv &vdg TPLYWVOUETPIKOU  &pI-
Buol TuyoUons yovias § (BeTikfis f &pynTikis) eis THY edpeaiv TPLY WVOPETPIKOU
&piBuol yovias W GpYNTIKTS xal wikpoTépas TGV 45°.

*Eotw, X, 6T [nreitan f) ep (—1250%). *Ev mpdoTois yvwpilopey OT1
ep (— 1250%) = —ep 1250° (§ 150).

Arcpolpev Tohpa Tov 1250 Bi&x 360 xai etpioxopey TnAikov 3 kod UroAol-
mov 170, &pa elvan 1250 = 1700 + 3 - 360°. "Exousv Emopéveds :

ep (— 12500) = — e 12500 = —eq (170° + 3 - 360%)

= —¢q 170° (§ 149)
=4 ge 10° (§ 152)
‘Opolws eUpioxopey 6Tt :

nu (— 1385%) = —nu 1385° (§ 150)

= — nu (305° + 3 - 360%)
=—nu 305° (§ 149)
= 55" (§ 151)
= owv 35° (§ 153)

Fevikéys Suvdpedar v& drohouBidpuey Tov Ekfis kawova : *Avarydpeba TpédTOY
els yoovicw BeTikfv kol pikpoTEPQ v 3600, “Emerta ddw 1) ywvia altn elven pe-
yoAuTépa Tév 270" THy cuvbuddouey ut Ty 360°. "Av elvon petaty 1800 kad 2700,
eUpiokopev ooV Bragéper &rd 180° kal THY ouvBuddopev ¢ THy iagopdy aUTHY.
*Edw elven peyouTépa Tév 90° kal pikpoTépor TGV 180° thy ouvbudlopev ué THY
TraporAnpeopaTiKy TN Kkal TéAos Eqw gfvon peyoduTépar Tév 45° kad LIKPOTEPX
T&v 90° ThHy ouvdudlouer pE THY GUUTTATPWRATIKAY TTS.
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Hapadeciypata :

nu 290° = — nu 700 = — ouy 20°
ow 260° = —ouy 80° = — nu 10°
ep 140° = — eg 40°

¢ 85" =g 59

AZKHZIEIZ

493) N& dvayBolv els TprycwvopeTpikols dpiBuous ph dpynTikds ywvias pikpoTépas

TV 45" ol k&Twh TprywvoueTpikol &piBuol :

a) nu 1350 B) ouv 315° Y) ep 2000 8) og 400° €£) Teu 3250
o) ow (—760%) {) ep (—1385% 1) nu 2880° 8) oTen 825° 1) oTep 610°
494) N& elpete Tas Tipds (dxpiPels) Téwv TPIYWVOUETPIKEY CUVAPTHOEWY @ MM, ouv,

D, 0@ TRV YwVIGY :
a) 150° B)2250 y) —330° §) — 1200 g) —210°

o) — 3150

495) N& éxppaobolv of x&rwbr Tprywvopetpikol dpifipol pi TPIY WVOUETPIKOUS &p1Buovs

s yowvias 6.
a) ow (8 — 909), B) e (270° —0), Y) owv (8 + 540
8) nu (8 — 2709 £) nu (6 — 180 oT) auv (270° + 6)
) nu (8 — 7200 n) e (— 540° 4 6) 8) ouv (8 — 180%)

496) 'Edv 9 25° = a, v& supedfi | Tipn THY KAaopdToy
ep 155 — ¢ 115° ep 205° — e 115°
O [Fep55ep 115 P g 7450 F cq 3350

B
497) "Edw A+ B + T = 180°, v& Bery8ij 61 nu(B + ) =nuAkal ou

+
2

———
=nup.

498) ’Edv 8 elvan yovia pé T TeMknv T TAsUpdw eis T Beutépan ywviav Tév &Edvav
(8nA. 90° < B < 180%) B Ty Omolaw efven @ ep & = — 2/3, v &moBeyfij 811 TéTE 1

N (90° — 8) — oww (1809 ) 2

0 QR T Top 360 —8) ~~ g3
€ (90°+6)+ow(180°+8)  2+44/13
R Y e () B Y ) R S

499) N& &modayxbij 671 :

o) ouv 0® nu? 270* — 2 guv 180° ¢p 45° = 3

B) 3 nu 0* tep 180° + 2 orep 90° — guv 360° = |

3 ™
Y) 2tept ow0+43 np? 7Ot 5 =—6
3 3

8) e@m guwv o5 el 21T-U'TE|J._2“ =2

SbO) N& amAomomnfouv T& kdTwh kAdopara :
ouv (90° +.a) Ten (— ) eg (180° — «)

% Tew (360° + &) nu (180° + @) o (270° — )

nu (180° — o) op (270° — &) owv (o — 3609
B e (180° + a) ep (90° + a) ouv (270° + a)
501) "Opolws T& k&Twh KAdopora :

crw(% +tx)'rsu(—u)eep(-rr—u)

a)
Tep (2 4+ o) nu (T + «) op (—121- —ct)
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nu(%ﬂ—a)i@(ﬂ—ﬁ) mp(-}+cx)nu(v—-g—)
D w@m-powm—o &  ow@m-yeCod

cp (m—8) op (e + 6) e (— ©) e (5~ —0)
Y) “ep (w + 8) og (m—6) o Bep (2™ —6)

157. NOMOE TN HMITONQN.
Eis Thv ¥ T&Ew 2udBopev éds oxetilovtan petaky Twov Ta kUpia oToyeia
tvods dpboywviou Tprydvoy. “YmevBupilouey E8& Tous OXETIKOUS TUTIOUS :
I
p=onu B=aow r
y=anul=aowB
P=yep B=yop I }
y=Ppep=poe B
BL—F7—54
Zx. 157.1 a? =p? |yt

O& [nThHowpey Thdpa v& eUpwuey TUTOUS ouvBeovTas T& gTOIXElX TUYOVTOS
ufy GpBoywviou Tprydvou.
“Egrew ABT Tuxdv pfy dpoydviov tpiycwvov (Zx. 157.2).

Zx. 157.2

Eis 16 oy. 157-2,(c) Exomev &va dEuyddviov Tpiycvov. Eis 16 oy. 157-2, (B)
Eyouev &va Tplycovoy &upAuydviov. Oépopey ThHy TA k&BeTov Tpds THv AB xad
dvoudlouey (FA) = A. *Amd Td dpboydwiov Tpiycvov ATA & dugdTepa TX oXN-
pota Exopev A =pnu A. H

*Amd Td dpBoycoviov Tplywvov FAB Tol ox. (o) Exouev A= anuB*  (2)

*Amd 8¢ T dpBoydwiov Tpiywvov MBA ToU ox. (B) Exowev
A = anup = anuB (Bi1éT1 B + ¢ = 1807), Exouev SnA. meAw Thy (2). ‘Emoué-
ves &k v (1) xai (2) Exouev :

A=BnuA

nu B
Oépopey Thpa THY K&BeTov Ek Tou B ¢l v Al 