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KEDAAAIO 1
AMAPAITHTEZ ENNOIEZ AMO TA ZYNOAA
1. OPOAOTTA - EYMBOAIEMOI

1.1 ZopPoha. KdBe AéEn moU petoxeipifopooTe elvon TO olufolo mds
Evvoias. Tis Sidgpopes poBnpoTikés Evvolss Tis TaploTavoupe 8yl povo pé Adfers
ARG kol pé dAAa odufola K. pE &TA& ypdupaTa f pé Sikpopa Ypopikd oTi-

—>
pota fj ki pé cuvduaopous Tous. TT.y. «fy edBeicr AB», «& dpiBpds 5», «AB»,
«ax + B =0», «Va».

1.2 "Ieétnra. Aud oUpPola x kai y pmopoUv v& TapioTavouy Thv iBix
Ewvola fi kol Evwvoies, TToU GecopolvTan &wd WG OplouEvT) OKOTIX TOUTOOTIUES.
ZTv mepiTTwon oUTh yp&poupe X =y, XpnolpoTroiwvTes T oUuPolo = 7ij;
iodrnrag. *H &pvnon ToU x =y moploTaveTal PE X # ¥ (TO oUpPoro # Bia-
Bdletan «Bidpopo TOU»). AY.
iy 2720
BN BN

1.3 Zidvoka - Eroryeia. Z¢ pepixés TepITTOoEls W& Evvola propel v Beco-
peTTan o5 otvolo Oplouévev kol Siakekplpévwy &AAwy dvwoldv, TAV atoryelmy
Tov. Ty, m& edBeicr propei vé Bewpeiton dos olvoho TAV onueiwy Tns, Mk T&EN
s oUvoho T@v palnTdv Tns k.o.k. "ANAG kail Eva ouvolo prropel vé elvan oToi-
Xelo Evés &AAou ouvdou. TIy. ik edbela prropsl vé elven oTolyeio wds Tplopa-
TiIkfjs Emipdveias, pik T&EN oToixeio k&molou oxoleiou ot Bemositar G5 oUvo-
Ao TaEewv kTA. 'AfioonusicoTa oUvoda dpiBpdv, pé Té& dmoia Exoupe fibn doyo-
AnBe, elvanr T& olvola:

5=5 5=2+4+3 qn 3£ 4.

N TRV QUOIKGY &p1Buddv

Np TRV dkepaicov TRS &piBunTikis

Z T&Y dxepaicov &p1Buddy (oXeTIKGY dKepaiwv)
Q TRV pnTAY EPiBuddy

R TRV TPAYPATIKGY &p1Buddv

R+ 1dv BeTikdv mpaypaTik@dy &pifudv

R; TGOV pr) GpvnTIKQY TPaypaTIkGY &p1Buddy
[ TGV MIYadik@y apifudv.
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Thv Exppaon «16 x elvar oToiyeio Tod E» ypdgoupe xeE (ff E 3 x xal
SiaPaloupe «&md T6 glvoro E Té oToixsio x») xpnoipomoldvtas T oUpfolo €.
Tnv &pvnon adtiis 8& oupPolifouvpe pé x¢E (f: E#x) kai yevikd v &pvnon
Tiis Evvolas ToU TraploTdvel Eva oUpBolo & Th onusikvoupe SiaypdgovTas TS
cUpporo alTd pé pik ypouun.

nﬁpatl']p'qoq. 'AvTi Tou &pou oToixeio Xpnotpomoteital kal & Spos onueio ToU elven
udhioTa kal mé KaTéAAnhos oty mepimTwon ToU guvdhou R TEV TpaypaTiKy &piBudv

kai ToU guvdrou C Tév uryaBikédy épibudv, &mov, Sws Eépoupe, T& OTOIYEIR TOUS TTUPITTA-
vovTan wé T& onueia wds eUbelas fi Evds Emimébou dvrioTorya.

1.4 Ilpotaciaxds tomog - EovBikn. Ztd poabnuatikd ypnoipomoiolvral
oUXV& EkQpaoels STreos:

«x elvat dxépaiog»

«x elven ioookehés Tplywvor

«x Sroupel Tév &piBpd 10»

«x € E»,

ol omoles kai &mrodiSouv dpiouéves 1816TNTES 0TS X.

"Exgpdoels Tou Tepiéxouv Evet oUpPolo X, odv Tis TapOTAVL, XXPOKTT-
pifovtar, Omaws elven yvwoTtd &’ T padnuaTa TV Tpomnyouudvey TaEswv,
ME TOV &po mpotadiaxds Timog (@vowxti) modracy, fi ovvlijxy) moid meoéyer Eva
abuflolo x. "Av of Evav TpoTaciakd TUTo P(x) Tou mepiéxel éva oUuPoho x, &v-
TIKaTaOTAGOUNE TS oUuPodo x ué Bva ouykekpipévo aTolxeio o, 7 &v, OTres
Atpe, TO X A&Per dog Tip TS o, TéTE, &’ TV Oploud, & TpoTaciakds TUTOS Yi-
veTan pdTaon THY dmoia cupPorifoupe pé P(a). Ty.

P(x) : ‘O x elvar quoikds &piBuds

P(2) : "0 2 elvan guoikds &piBuds (&Andns)

P(—-i—) ;0 % elvat @uoikds dpiBuds (yeudns).

2Zuvnfus of éva mpotaoiokd TUmo P(x) UmoféToups &T1 TO X Taipvel
&5 Tiwés TG oTorkelx £vds ouykekpipévou ouvdrou E, Snhabr, Smews Afus, TO
x Biarpéxer 76 E. Tdte 16 x bvopddeton uerafiinrijkad & P(x) mooraciaxds Ti-
nog (dvourti) medraony f) owbijxn) ord E. "Etor 1) é€icwon

x2-x +2=0

oy elvan Evas TpoTaoiakds TUTros, ypdgeTan ué THY TpoUTddean &1 TO X elvan

cxpleuog Elvon Aoimév 1) Eflowon ot mé ouvBrixn of Eva glUvoro &piBuddv
mX- T R 1} 16 C.

"Av P(x) elvan md ouvbrkn oTé E, TéTe 0& Aépe 8T Hva ororgeio o tob
E txavomoel i) ovvbhjny adri), ) 1) ovvbijun P(x) loyder o1d a, TéHTE wad pdvo
TOTE, &v Ny TpdTacn P(a) elven dAndrs. Oi éxgpdosls:
«y1& k&de xeE loyve P(x)»
kol
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«imépyer xeE Tétolo doTe ) P(x) v loylen
Ypdgovtar dvTicToryo:
(¥ xeE) P(x) i P(x) ¥ xeE
kol
(3 xeE) P(x),

Smov T& oUpPora v kad J SiaPdlovron dvTioTorxa «yid kdBer kol «imdpyein
koi SvouddovTar dutioToiga xaflohxds kol dmapbiaxds mogedeirtns. TToAMs
gops oTis TapaTdvw ékppdoels T6 oUvoho E mapodeimeTan kai ToTE yphgoupe
QVTIOTOLY X

(v x) P(x) i P(x) ¥x

@0 P).
"Etrions, &v k&be oToixeio ToU E ikovorrowl T1 ouvlhxn P(x), SnAabq,
&v loyuer (Vx € E) P(x), Tote f| ouvbiikn P(x) dvopddetan ravréryra otd E.
"E1ol

xal

«'0O x elvon Quoikds &pifipds» elvon TauTéTnTa 0Té N.
«(x + 1)?=x% 4 2x + 1» elvan TautdéTnTa Of K&BE TUVOAo &piBuddv
«x% + 1 = I» elvar TautéTnTE 016 R.

"Av P(x) kai Q(x) elvan ouvbijkes 016 obvoro E, 8& ypdeoupe
P(x) = Q(x) yi1& k&fe xeE

kot 8¢ BiaPadoups «P(x) ouverrdyeton Q(x)» fi «&v P(x), TéTe foyxler Q(x)»,
TOTE Kai povo ToOTe, &v k&Bs oToixeio Tou E, mwou mAnpol Thv P(x), ikavorroiel
kol Y Q(x).

Oi ouvéiikes P(x) kai Q(x) dvopdlovtar icobuvapes, TTe kai poévo TOTE,
v f| pid ouvemrayetan TV GAAT. ©& ypdpoupe TOTE

P(x) < Q(x) yi&x xd&be xeE

kal B& SioPdfoupe «ioyUer P(x) ToTe kai pévo TdTe, &v 1 Q(x) loxUew.
“Av félovpe v BnAcooupe 611 ik fooduvapia UTrdpyxe €€ dpiopou, xpnoi-
potroloupe TO oupBolro . *Etol yi& Tis 8ud ouvlfikes P(x) kai Q(x) ol efvan

iooBUvapes E§ Splopou ypdpoups:
P(x) <= Q(x) vi1& k&be xeE.

opo

1.5 "Ahyeppa ovvorov. Katd tiv tmeepyacia fvds pabnuaTtixol Oéua-
Tos, Yevikd, UmelgépyovTal drokAeigTikG T& oToiyela fvds ouvdhou Q, Td droio
ovopddetan facixd ovvodo. TLy. ot Sidgopa TrpoPAfjuaTa Tiis &AyePpos Bew-
pricape &5 Pagiké guvodo TO gUvolo R T&v mpayuaTik®y &pibudv, &véd oThiv
tmeepyaoia dplopévwy yEWUETPIKGY TpofAnuéTwy s Paoikd olvolo Q2 Bew-
pricape T6 olvoho SAwv TEV EmMITESwY oynuaTwWY.

"EoTtw 871 A kai B elvan Bud oglvora pé otorxeia &’ 16 Pagikd oUvoho
"Otreos elvan yvwoTd, Aéue 8T 76 aivelo A elvar Smootvodo tod B kol TO oup-
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BoAifoupe ué A = B, ToTe kad povo ToTE, &v 1) avvbijxy xeA owvemdyerar Ty
xeB. Na& ouvTopia:

AcsB =r (xeA = xeB yi& k&fe xeQ).

*Errions f| lodryra Sud ocuvddwv kal f) Evwoix ToU ypwijowov dmocvrclov
(ou oupPoliletcn pé C), émoos Eépoune, OpilovTa:
A=B <« AcBrkaiBcA

opo

ACB < A =B xal A # B.
opo

Mi& ouvBnkn P(x) otd Pacikd cuvoro Q opiler TG oUvoro S SGAwv T@V
oToiyelwy Tou Q, Tou TV ikevorrololv. AUTSé mapigTdveTan Wé { xeQ: P(x)},
SnAadn S = {xeQ: P(x)}. Th.x. &v @ = R, | ouvbrixn x*~1 =0 &pifer 76 olvo-
Ao S = {xeR: x%1 = 0} = {-1,1}. "AMa &Eioonpeicotar UrogUvoha Tou R mou
SpilovTan &md ouvbfikes elvon T& drdAouba, yvwoTd s SiaoTiuaTa Tou R:

1. Avoixrd didotyua pé dxoa a, B (o< B) :
(o, ) ={xeR: a<x< P}
2. Kiewro Oodotyua pé dxpa a, P (a< P) :
Lo, f]={xeR: a <x < B}
3. *Avoixto  dpiotend, xiewtd dekia dudotnpa pé dxga o, P (a< P) :
(0, P]={xeR:a<x < B}
4. Khewoto doiotepd, avouetd. defi dudotnua pé dxpa o, B (a< B) :
[eB) = { xeR:ax x < B}
. *Améoavto  dowoteod, dvouto  deftd Oudotnua pE dxoo Bt
(-, B)={xeR:x <P}
6. > Améoavro. dotoTeod, #xhewoto. debid dudotnua pé dxoo P
(—w,p]={xeR:x <B}
7. >Anépavro  defid, dvoixté doroTepd OwdaTnua pé dxgo o :
(o, +0)={xeR:a<x}
8. *Axéoavro Oekid, xAetoro  dpoTeod dudoTnua uE dxpo &
[a,+o0)={xeR: @ g x},

*Etrions TapaTnpoUue 611 kol kdfe Uroouvolo S évds Bagikol ouvdiou Q
ptropel v& TapaoTalel, dmws Tapamdve, pé pid ouvlikn, TN ouvbnkn xeS
*Etot Eyouue S = {xeQ: xe8}.

Té otvoho EAwv TéY UTroouvdrwy Evds PacikoU ouvdiou Q cupPolileTon
W P(Q). Thvw o altd dpitovTan, émews yvopifouue, of mp&Eeas U, N,— &md
ToUs TUTTOUS:

=t

AuB={xeQ: xeA f| xeB}
AnB = {xeQ : xeA kai.xeB }
A—B= {xeQ: xeA xai x¢B }.
Mi& ¢momrTikd] Epunveia alTédv TEV Tp&Eewv pas Sivouv T& mapakdTw

oXnuaTa:
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A B A

Zy. 1 AuB Zy. 2 AnB Zy.3 A-B
Té kevd cuvoho o elvan, Omws Eépoups, ) Sixpopd A-A, &mou A elvan
SmroodfmoTe Umoguvoho ToU Q. ’Emions TO cupAnpwpa A° Evés guudhou A,
Urroouvéiou ToU Pacikol ouvdiou , dmws Eépoupe, opifeTar, v elvon fi Biopo-
p& Q- A, dniadn
A=Q—A={xeQ : x¢A }.
Meta€U Tév Tpdewov U, M, - &Anfelouv ol mopakdTw TUTol (TawTd-

TnTes oTd P(Q)), ToU pas elvar yvwoTol &’ T uebnuaTa TEY TPOTyoUNE WY
T&Eewv:

AuB =BUuA ANB =BnA
Au (Bul) = (AuB)ul An (BNl = (AnB)nT
Avg@=A AnQ=A
AU(ANB) = A An(AuB)=A
(A-B)uB=AuUB (A-B)nB=¢

AN(BUT) = (AnB)u (ANT).

1.6 Zebyog - Kaptreswavdé yivopevo. “Eva oToiyeio o oU  YooakTnoi-
et 65 modTo kol Eva oToixEio P oY XapakTnpifETan @f deiTess TXNUGTI-
Jouv &va vio oToiyeio, T6 moio ypageTan (a,p) kaxi dvopdletan (BlareTayuiva)
Ledyog. T& atoiyeia a kai B ToU LeUyous dvoudlovTon 7geti) kal dedresy), avTi-
oToa maoflols) ToU Leyous. “Av of poPohés ToU Lelyous eival &p1Bpol, dvo-
pdfovTan kai cuvTeTaypéves ToU CsUyous.

A Tov Taparduw Spioud ToU (elyous oupmzpaivoups ST Bud CeUyn
elvon foa, étav &1 pévo oxnuaTifovtan &md T& idix oTOIXE, A& kai 6Taw
Td oToIKEla QUTE TrapoUCIdLovTal HE THV Biax Biadoyn, dnAadn

(@B)=(y,B) © a=y kai p=235.

M¢ Buoio TpdTo OpieTan kol w& (Biatetaypévn) Tprada (o, @y o) N

wmé (SrareTaypévn) vidda (o, oy, - -,0)-
Mopadeiypata:

1. *Eva xhdopa pé &piBunTh & kai TapovopacTh) B uTopEl vé TapaoTabsl s Leuyos («,p).
2. "Evas pryodikés dpibpds o Bi pwopel v& TapaoTabel s Lelyos ().
3. "Evas dywvas peTafy duo SudBoov a xai B umopel v TapaoTalel Gs feuyos (a,B) 1) (Br)
tpdoov BiebdyeTan oThv Edpa Tiis « fi TS B opddas, GurioToa.

"Egte A kol B Bué ouvora. Té ouvodo Tév Gevydv (o,B) wé aeA rai peB
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yodoeton Ax B kai dvouddetanl xagreciavs yvopevo toi A éni toi B. Anhod :
A x B={(x,y): xeA xai yeB}.

TMopduoix opileTan T ywopevo A;xAyx . .. XA, va elvor 16 oUvolo TéV
Viddwv (o, oy, . . .,a,) béE ox € A, Y1& k&Be ke{ 1,2,...,v} (f), &meos kol &RAiGdS
Aépe: yix kéBe k= 1,2,...,v). "Av va TovAdxioTo &TO T& A, A,,. . LA, elvan
T6 kevd oUvolo, TOTe TrpokUTTTEL eUkoAd OT1 kad TO kopTegiavd  yivdpevo
A xAx ... XA, elvan TAAL TO kevd guvoAo.

MNé ouvvropio, 16 AXA ouuPolilercn pé A%, 16 AxAXA pé A’ k.ok.

Té alvoro A TV feuydv (o,a) pé aeA dvopdletar dtaydmvios o A kal
glvon gavepd 611 A &= A%

Mapadeiypata :

L A={a,p,yv} B={1,2}

AxB={(x1) (2, @ 1) @2 (. 1) (r.2))
BxA={(La (LB (L.y) (2., (2,B). (2,y)} # AxB.

2. *Av A elvon 16 olvoho Tév ToBoogaipikéy dudBwy ol malpvouv pépos o Eva
TpwTabAnua, TOTE, TG oUvodo TGV dydvwy Tol TpwTabAfuartos elvar A%-A, épdoov of kdbe
dycva cuppeTéxouv SiagopeTikés Opddes kai T6 TpwTdbAnua yiveton of Sud yupous.

nGPG‘FﬂPﬂG‘I’l- Mi& Ekgpaon ToU mepiéyer dud oupPora X kal y pTropel vé BecopnBel
&t mepibyer Eva oupPolo, SnAadn TS Leuyos (x,y). Thy. ol ékepdoseis:

« To khdoua % elvan dvdywyo »
«‘0 x Biuaxipei ToV ¥y »
«xt4+2yt=2»

Sdvopdlovral mpotaciaxol Timot (dvoixtés mpordoes fi ovvbijxes) Tou Trepigyouv Bud ouuPo-
A x kal y kal oupPorifovtar pé P(x,y), Q(x,y) k.A.w. Téroio mwpotaoiakol TUmwor pmopoiv
vé& Bewopnbouv ds mpoTaciaxei TUTOL ToU Teptyouv Eva alpPolo, TO feUyos (X,¥).
“Evoy, éxkppdoeis odv Tis

%y POy xaf @xy) PEY)
Exouv dvrticToixa THv ibix Evvoix pé Tis

EyY) PEY) xa @@y PEY).

'Avéhoya Opifovran kai Trpotaciaxoi TUTor TwoU mepiéxouv Tpla i kal mepioodTepa

(memepaouévov TANBous) cupPola.

2. EXEZEIZ (ANTIETOIXIEL) - EYNAPTHEEIZ

2.1 Zyéon. Aud oToixeia mou durikouv oTé 1810 ) of BiagopeTikd oUvo-
Aa pmopel va ouvBéovtan Aoyikk, BnAadn va ouoyetifovtan. TIyx. &Tav Aéue
«16 Tpiywvo ABI éxer éppadov 100 m?» ovoyetiloupe &va tolywvo ué évav dot-
Oud, i dTav Aéue «O &piBuds 25 elvan Té TeTpdywvo ToU &piBuol 5» cuoyeTifou-
pé dvd dpfpotc kT, TlopokdTw Efetdloupe TéToles ouoyeTioss oToryeicov Sud
owdhwy, T& omoia (oUvoda) Bév elvan dmrapaitnTo vé elvon SiagopeTikd.

"Eotw A xai B 8ud unf xevd olvola kal Evas ouykekpipévos Tpotos ().
Evas kavovas f) wié Siadikaoia) pé Tév drroio prropel TouddyioTov Eva xeA v&
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ouoyetiletan pé Bva fi TepioodTepar yeB. ©& Aépe TéTE 81 dpileTan ik oyéa
(avriarouyia, §| drendvon) o &mo 6 A oTé B kad 8& onpeicovoupe
xay f x 2>y yi& T& oToiyeia ol ouoxeTifovTan
Guédoya pé TO &v Ypnowomoiital, &vrioToixa, & 8pos gyéon fi dvriotouyia
— dmetronion),
Té mapaxdre oxfiue pds diver wid émorrmixd Eppnveia Tis dreikovioews.

Té ouvoho A dvopdleTan abvoio dpetnolag Tfis 0. Té oUvoho B dvopdde-
Ton civodo apiews THs o, fud ) Ekgpaon xoy fi X Iy y (mobelven fi cupPoliki
popgn ToU Tpdtoy, ué Tév étrolo kaBopifovTar T& oToIKElR Ekelvar ToU OUOYE-
tifovTan) dvoudletan timos Ths o. ‘H Ekppaon xoy SiaPdleTan «Té x PpiokeTa
oTh oyton o pé T y», VG f X >y BloPddeTan «T6 X duTigTolyieTan 1} drer-
xovileTan pé T o o6 y», | «1é y elvon T6 dvTioTorxo f elkéva ToU x pé TN o».

“Oha Té& Lebyn (x,¥) yi& T& dmoia loxie xoy &moTeAoUv Evax cUvoAo
S, (Umocivoro ToU AxB), Té dToio dvopddeTat yodpnua | graph) Tfis oxéoews o.
Elvea Aormov

S« ={(x,y)eAxB: xoy} # @.

“Qoe k&Be oxton o &md T6 A oTd B Exel va ypdonua S < AxB. AN
kai dutioTpopa: k&fe pr kevd oUvoho S, UTooguvoAo Tou AxB épiler & oxéon
gg Pé TUTTO:

xoy < (x,y) €S
kai ) &mola Exel ypdenua T6 S, fitot S, = S.

"Oha T& groieia XeA, ToU Pplokovton oTi| oxton o pé Eva (Touddy(1oTo)
veB, &moTeholv &va oUvoho Z(o) T6 dmoio SvoudieTa nedlo dowepod (domain)
THis oyéoews o. Elvan Aormov

P(c) = {xeA : 3yeB ué xoy} < A

“Oha T& oroiyela veB ol Ppiokovron oTh oxéon o pé fva (Touhdx1oTO)
xeA &mroTeholy Bva cUvoro R(o), TO droio SvopdleTan aedio Tiudw (range ) TS
oytosws o. Elven Aormov

R(c) = {yeB : 3 xeA pé xoy} = B.

11
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Mapadeiypata:
1. A=B=R, (x7) xoy < x¥4 2y%="1.
MNé& kédbe X,y o1é R, Exoupe
X0y = X4 2y =1 = 1x2=2y? > 0 = x? 1
o onuaiver 611 Do) = [-1,1]. ’ANA& xai [-1,1] € D(o), yiaTi y1& x&Be xe[-1,1], Uwépxe

X2
¥ ué xoy. Mpaypatikd yi& y = vl 2x , Exoupe

1—x2
X2 4 2y =x*+ 2 TX =x? 4 (1-x%) = 1.

“Apa D(o) =[-1,1]. Tapbuora yi& kébe x,y o1é R, Exoupe
x4 2y3=1= 1-2y*=x > 0= ¥ —%_

1 1 1 1

) A ki [ Lt 7:] S R(0), yia-
VT A2 ] VI V2

1 i ] £l S e A

—, —— | Umépxer x pé xoy. MpaypoTik& yi1& x = \/1—23"‘ , E-

V2 2

xoupe  x® 4 2y?=(1-2y%) + 2yt =1.

"Apa  R(o) = [ =

ToU onupaivel 11 R(9) = [—

Tl y1& k&b }'E[f

11 ]

VTR Vi

2, A=B=R, (¥xy) xoy < (x4 1)y*x*=0.

TMpdTa TopatnpoUpe 8T yi&k xé&fe x € R, Umdpyer y pé xoy. Tlpayupatikd yik
X

Vi1
xz

(* +Dy?-x* = (x* + 1)
X

£y oupe

y:'.
1 —x2=x'x*=0.
"Apa D(c) = R. ’Emiens y1& k&fe x,y o016 R Exoupe

x2
o
mou anpaiver 611 R(9) = (-1,1). "AMA& kai (-1,1) € R(0), yioTi yi&k kd@e y € (-1,1) Umép-

(X + Dy*—x*=0 <> y*= <1

X& X pé xay. Mpaypatik& y1& x= , Exouue

I—*
2 2 1 r2
2 L Yyt iyl — Y P A g =0,
& + Dy X ([_nyrl)) 1 —y? 1_}'2y 1 —y®
"Apa 16 medio Tpdv tlvan R(0) = (-1,1).
3. A=B=R, (¥xy) xoy < (y*+ I)x*-4y2=0.
MNé& kébe x,y o016 R Exoupe

4y?

(24 1)x24y* =0 = x® = _ < 4
s ol
Tou onuaivel é11 D(o) S (-2,2). "AMA& kai (-2,2) € D(o), yiaTl yi&k dmolobhmoTe x € (-2,2)
umdpyet y wé xoy. MpaypoTikd y1& y = — , Exoupe :
4—x?
2 2 4 2
P Dxidgyr= (X 1) Fadmt As e i maX o ¢
) % (4Mx2+ = e e 4 —x? B
"Apx 16 Teblo Opiopol THs o elvan
D(o) = (-2,2).

12
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*Emrions TapoTnpouue &T1 yi& kéfe y R Umépxet X pé xoy. TMpayueTikg yik

L — L Eyoupe:
Vy*+1 .
(* + D=4yt =(y* 4+ 1. ﬁ.4'1' it =gy =
yi
kal &pa
R(o) =R.

4, A=B=R, (¢/xy) xoy & x+y < L
MpdTa & 8Ad TapaTnpoUue 811 y1& x&fe XER Umépye y p¢ xoy. TpaypaTikd yia
y = -X, Exovue
x+y=x+()=0 <L

*Apa D(o) = R. ’Emions yi& kébe yeER Umépyer X ué xoy. TpayuaTikg yi& X = —y EXOUHE
X+y=EM+y=0<1

xal &pa R (o) = R.

Emeisy 2(c) < A xad R (o) = B perayeipifopaoTe eldikodTepa Tis EKpp&-
oeis «oydon oi A. . .» (dvtl dad 1), STav Béhoupe v SnAdOOUUE 6t 2(c) =A
xai «oyton. .. mdve ord By, dtaw Bhoupe v& Sndwooupe ST R(o) = B. "ETot
fi oxéon

Tou TrapodeiypaTos 2 elvon Tod R o016 R
1ol mapodeiypartos 3 elvan dnd 76 R mdvw ot R
ToU Tapadelyuatos 4 elvan Tod R adveo ord R

Tesopetpikl (1 ypogikf) maphotacn oyfcews. Sty mepimToon dtrou
T& oUvoAa deetnplas kal d@ifecs wds oyEoews o elvan UTrooUvola TOU oUuvOAoU
R Tév TpayuaTIkGY &piBuddy, Té ypdgnua S, Tis oxtoews auTiis &rroTeAeiTan
&1 Zeyn payuoTikéy dpibudv (x,y), T& dmoia, dmes §époune, TOPITTAVOV-
Ten oTd EmiTedo pé onpeia P, 8mws gaiveton oTé ox. 5. “ETor 16 ypéenua S,
TopioTéveTan pé v onueioocUvolo ToU émiméSou (BA. oX. 6) kal GvouddeTal
yewuetow] (7] yoaquxij) maodorasy Tiis oxéoews o, f kol Oudyoopua THS O.

b
J
o e L f’> (=)
1 H
|
2 [ ; T
Zy. 5
y}
B-ﬂ&i\»
0 gDy — x OI
Zx. 7 Zy. 8 Zy. 9
agéon o Toi A ord B oyéan o dné 16 A mdvw otd B oyzéony o tob A adrw oté B

15
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"Avtictpopn oyéon. “As fecwpficoups ik oxéon o : A — B Tfs dmolosg
T6 yp&enua elval

S¢ ={(x,y) eAxB : xoy} # 5.
Mé dvadhoryry- Tiis SiaBoxiis Tév oTorgeicov Tou eUyous (x,y) &youpe 76
dxdhoufo UTooUvodo ToU kapTesiavol yivopévou BxA.
5* ={(y,x) eB X A: (x,y) €S,}
ToU elvan, PéPaiet, oUvoro Emions uf kevd.
"Otres eidape Tapamdvw, Té gUvoo S* 6 piler m& oyton &mwd 76 B o1é A
ué TUTTO
yo«x = (¥,%) € 8%, y1& xdbe x,y.
‘Emadf (y,x) 5* < (x,y) €Ss = xoy, 8& &xoupe kai
YOsX < xoy, Yi& kdle Xx,y.
"Av hormdv Evar onpeio x PpiokeTon 0T oxéon o ué TS ¥, TOTE T6 y PpioxeTon
o) oxéon O TéAL pé T6 x. ‘H oyéon oy dvouddeTal avriotoopn oyéon Tis
o kai oupPorifeTon pé o1 ‘Qoe
xoy < yo~lx, yi& xdbe x,y.
"Apx | oxéon o~ Exer mebio dpiopel T meBio TINGwY Tiis o kel medio TI-
H&v T medio Opiouol Tfis o, Bnhadn ioyvouv
Z(o-") = R(0) kai R(o~Y) = (o),
TMaparnpolus Towpa &Ti:
1) "Av o elvon mi& oxéon dmd 76 A 016 B, TéTe kati ) o1 elven oybon dnd
76 B ord A.
2) "Av o elvon W& oxéon and 6 A mdve otd B, TéTe A o1 elvan oxéon
o8 B o7d A. !
3) "Av o elvar w& oxéon 7ol A o1é B, TéTe ) 0-1 elven oxton dnd w6 B
wdvew otd A.
4) "Av o elvon ik oxéon tod A mdve otd B, TéTe kai f o1 elvan oxéan
708 B mdvew ot A.
Mepatipnen. Zuxvé, &Taw wpdkeiTal vé& peAeTnBel wovn TNs 1 o, dAA&loupe T
x kal y peTadl Tous, Snhadt fewpolue xeB kal yeA, dote 16 X v& oupBoliler wavTa Eva
oToixeio ToU ouvéhov &petnplas. "Etor ypdgouue xo-ly (kai ooBlvapa yox).
Mopadeiypara:

1. *H &vtioTpogn oxéon Tiis oxéoews Tol Tapamdve mapabelypoaTos 1 Sifeton &’
TéV TUTO
(Vxy) xo-ly < y2+ 2x2=1,
2. "H é&vrioTpogn oxton Tiis oxéoews Tou Tapadelypatos 2 Sietan &m Tov TUTO
(V¥ xy) Xo7ly & (y* + Dxt-y* =0
3. *H dvrioTpogn oxéon Tfs oxéoews ToU Tapadsiypatos 4 elvan A iBix oxion.

14
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*Ereidn), &md 1ov Spiopd Tiis dvtioTpoens oxégews, Exouvpe 4TI
(x,y) €Ss = (¥,x) € Se-1

kol &weldn, dtav mpdkeTan yi& ypoagruata ot R2, 1d onueia P = (x,y) xal
P*=(y,x) elvon ouppeTpikd 65 PSS TNV TRW-
T Sixotépo d Tiis ywvias Tév &Edvav (BA.
ox. 10), & SirypdupaTa TGOV oxéoewy o kal
o1 & elvan Emrions cvppetotxd &g Ros TV d.

“OTreos eibope Tapamovw, yi& kébe oxé-
on o loyUel

(¥ xy) xoy < yooix
kal &pa yi1& v &utioTpogn oxéon o1 Tijs
o 8& ioyue
(% my) yoix = x(o~Yly,

&mou (1)~ 1 elvan fi dvtioTpogn oxéon Ths
o~1. "Apa ioyle kai

Zy. 10,

(¥ xy) xoy = x(c=1) Yy,
nAadn 1 GvtioTpogn Tfis dvTioTpopns was oxéoews o elvan 7 iSix 1 0. Na&
guvTopia yp&eoupe
(ot =0

‘H i8idtnTa ot yeoopeTpika fpunveleton pé T Ponfeia Tiis cuppeTpios 6
mpds A Sixotéwo d (BA. oy. 10) T&Y SiaypoupdTwy TV oyéoewy o kai ol

2.2 Zovaptnen. ‘H E&woia Tfis ocuvopTtiosws elvon & &’ Tis mod Bepe-
McoBeis pobnuaTixés Evvolss. AUt Triv Opiloupe o& mik elbikny oxéon.

Mi& oyéon [ &md 16 A o1é B dvopdletan ouvvdotnon TéTE Kol podvo TOTE,
&v k&fe xeZ(l) Ppioketanr o1h) oxéon | pé fva kai pdvo yeB.O& Aéue ToTe OT1 1)
[ elvar ovvdornony pé medio Gowopod Z(f) < A nal pé ripés o1d B, 1) 9 [ elvar po-
vooijuavty dvriatoryia (7 dmewxdvion) dnd v A otd B kal 8& ypdgpoupe

2t Yy yi& T& oToiXElx TOU GUOYETICOVTOL.

Té y, mol elvon dvtioToryo (f] elkdva) ToU x pé Thv f, Adpe 611 elven fy Tows]

tijs [ até x xoi oupPolrileton pé [(x). ToTe ypdgpoupe
y=10(x):f, wod = 4x].

"Apa 1) Ekppaon y=I{(x) elvan & &AAn poper} ToU xfy fj ToU x Lol y, 8nAadn
6 Tbmog 7ijg f. To x dvouddeton dvebdotnry perafiinri ths { kol 16 y éfaprnué-
vy perafinni) Tis 1.

"Av G(f) = A, 161e 84 ypdopoupe f: A — B kal 8& Aépe 871 1y { elvon ouvdp-
non tof A oté B A kai dAM&s, ouvapTtnon ué medio doiopot TO A xal pué Tiués
agru B.

15
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"Av D(f) = A kol R(f) =B, Té1e 8& ypdgoups f: A el kai 8&
Aéue 6T ) f elvan ouvdpTnon 7oi A mdre oré B.

“Av R(f) = R, 16T Adpe &1 A | elvan moaypari] avvdornary. Emions,
&v kel D(f) = R, T6Te Adps &1 ot elvon TYAY AT CVVIOTYON Jids Toayua-
Toedjs perafinriic (yi& 16 Bidypapua wds TéTolas ouvopTroEws PA. ox. 11).

T.x. pé Tév TUTmO R 3 X x? OpifeTan md TpaypaTikn ouvdpTnon wds Tpa.

yHaTikis petoPAnThs. Mapduoia kai pé Tév TUMTO X »—f—;- V' 1-x? Spiletan w&
TPAYUATIKY ouvdpTnon Wids TpaypaTIkfs MeTaBAnTAs wé TreBio Spropol Té
Sigotnua [-1,1]. "Avtifeta, Tapatnpolpe &Ti &md Tis OXETEls TV Tropadel-
YH&Twv Tiis Tponyoupens § 2.1 kapd Bév elvan ouvdpTnon.

Mé& wé& owdptnon f éwd 16 A o1é B, 16 glvolo Ty TGV Trg, SnAadn
70 Tebio Twdv Tns R(f) oupPoAileTen kai ué f(A). "Eto1 Eyoupe

f(A)={yeB: 3IxeA ué y=If(x)}.

=]
fl-===---

Rf--—r—

f
Zy. 11 x—>y Zy. 12

Fevikdrepa, &v X < A, TdTe ué f(X) ounpohifoupe 16 clvoro TGV TiuGY

Tiis f oT& Sidgopa oTokelr ToU X (PA. oy. 12), 8nAadn
f[(X)={yeB: 3IxeX ¢ f(x)= v}

"Avtiotpopn euvapnon. *As Becwpricoups ik ouvéptnon f &mwd 16 A
oté B. "Emeidn 4 { elvan oxéon &md 18 A o716 B, Umdpxer 1y dutioTpogn oxéon
{-1 &amé 16 B 016 A kad pédiora, Smes eidaue kai Tapamdve, {oyUouv

AN =) x«d RE-H= 2(h).
"Av 1| oxton -1 elvan émiong ouvdpTnom, TOTe aUTh SvoudleTon avriorpogn
ovvdotnon Tiis f. 2 alr) Thv TepimTwon, uehioTa, T x &reovileton pé TAY
Hévo oTo f(x) kai T8 f(x) pé TAv -1 pévo oTé x. *Eton Exoupe
(v xe2(f)) 1-1[f(x)]=x
kai &vdhoyox
(v yeR(D) M- ]=y.

Topa TapaTnpolue &1 &v f(x))=[(xy), ToTE Rxl 1= 1[f(x ) =1~ [f(x,) 8nAabn
X; = X,. "ETot PAémoupe &1, &v kad Ay {1 elvan i auvapTnom, TOTE Eyoupe

16
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(¥ xy, % 016 D(D) I(x) =(xp) = x,=1x,
7 locodlvopa
(¥ Xy, Xy 076 D(D)) x; # x5 = 1(x)) # (x2).
Mi&k cuvdpTnon f &md 16 A otd B ToU ikavotrolel Thv mrapamrédves ouvln-
KN dvoudleTan  aupipovosijuavry owdotnoy (| fva mods éva). ToTe, PéPang,
kad ) -1 elvar duguuovootipavtn ouvdpTtnon kol ioxUel 1) ioobuvapic

(¥ xy) y=Ix) = x=1"1().

*Eton Exer &moBeryfel TO TapoakdTw feopnua.

2.2.1 ®EQPHMA. I guvdgtnon { Eyxer davilotpogy ovvdotyan, dyiad 1
oyéon {-1 elvar €niang ovvdoTyon, Tdte xai udvov tote, dv adri) (Oniadi) 1 | ) elvan
AUPLLOVOTY Y TT].

Zy. M Zx. 15
dugupovoatuayvty avvdptian arrioTpopn cvvdotnon
Livbeon ouvaptijocov. Oewpolpe Sud ouvaptnoes f kal g. ‘O Timos
y =g [i(x)]

el Evvola yid éxelva T& X kad povo, yid Té& omola ioyver xeZ(f) kal [(x)eZ(g).
"Eto1, dv TS oUvoro

{x: xe2(D) kol [(x)e2(g)}

glvon un kevd, 6 Tapamduew TUTTos Opilel G cuvdpTnon ToU SvoudleTon oirle-
on taw govaothoewy [ xai g kol oupPolideTon pé gof. Elven elkolo vé BoUpe
o1l

D(gol) = {x : xeZ(f) xad [(x) €eZ(g)} = Z(I)
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ked
R(gol) = R (g
‘H olvBeon gol elven Aormdv md owdprnon &md 16 Z(N) o1é R(g) xal
gpunvelsTan TTOTTTIKE oT6 TOPOKATW OX e

9(f}ﬁf\ e SR

x =

i(x)y

e

gol
Xy 16

‘H mpdén Tfis ouvBéoews owvapThoewy elvar ROOTETAUOLOTIR], SNAGST

oy el fo(goh) = (feg)oh
Smreos mpokUTITEl &S TS TrapaKdTw oXfiua.
AT T
B e =~
,’/ A aoh “:‘ \\ ——
RS
P & W ‘ S
s E
(fog)oh
Zy. 17

Elvon elikodo vék Solpe &1 dv I: A — B kod g: B — I 161e 16 olvoro
{x: xe2(f) xai 1(x) e2(g)} =A xai &pa o 1) oUvbeon gol opileTen TwévToTE
&5 w& ouvdptnon Tou A oTd I, Snhadn
gof : A =T
Hopadeiypata:

1. *H olveon Tév ouvapThoewy [ kai g ué
f(x)=2x+3 kaf g(x)=nux
elvor #) ouvépTnon ol &pileTan &md TéV Tl
Yy=nu@x +3) fi gof (x) =nu2x + 3).
E8G Exoupe
D) = D(g) = D(gol) = R
RO =R, R(®) =[-11], K(gol) =[-1,1].
2. 'H ouvleon t&v ouvapTioewy [ kol g ué
fx)=x*+1 ko gx)= 1z
elvon f) ouvdpTnon ol &pileTan &mé TéY TUTO

18
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y=vVX+1 @ gof(x)=v¥+ L
'E&& Exoupe
DN =R, D@ =[0,+ «) Dgl=R
KM =[1, + «) RKE)=I[0, + ®), R(geh) =[1, + o).
3. *H ouvbeon TV ouvaptioewy f kal g ué
f(x) =|x| xaf g(x) =4/x
elven 7| ouvdpTnon mou dpifeTan &wd TéHV TUTO
y=vixi 4 gl =+ixl
'EB& Eyouue
D) =R, D) =[0, + «), D(gol) =R
RO =0, + ®), RE =10, + ®), R(go) =[0, + ).

2.3 Ilpagers. Bewpoipe Eva pny kevd olvodo E kai wié ouvéprtnon &md 16
E% o016 E. Mia Tétoia ouvapTnon dvouddeton mpdéy péoa 6rd olvoro E. "Av *
elvan pi& modén péoa otd ouvoro E, B& ypleoupe

X *Yy &vtl ToU *(x,y)
kol 0& 16 dvopdlovpe dmoréleoua Tiis Tp&fews * Tréww oT& X,¥.

EidikéTepa &v E = R, 1iTe yvwpifoupe éT1 ) mpdodeon + kal & mwohha-
TAaolaopds, Kabos kal 1) deaipeon — kai ) Siadpeon: elven mpdges o1é R, #,
pé &AAa Adyra, Tpagers poypoTikéy dpBudv. AT alUTés ) Tpdobeon kai O
ToMaTAao1opSs, elvan of PacikdTepes dpoU of &AAes Suo dpilovtan, Smws Eé-
pouue, &mo ToUs TUTToUs

x-y = X + (-y) xai x:y=x-ly,y¢0.

27l mEPITTTAOEIS aUTES TO ATmoTéAeTua TRjs TpdEecos + TAvw oTA X,y Ovoud-
Cetan kal dfgotoua taw x,y kai Tis - pwduevo tav x,y. Emions ol dpmbuoi x,y
dvopddovtar OTHV TPdTN MepiTTwon moosbetéor kol oTn SeuTepn magdyovres.
Mé& Tis Bud aUmés Paoikés TpdEels Eépoupe &T1 loyvouv of EEfis 18ioTnTes:

x4+ +D=E+y) +z , x(y2z)=(xy)z (TPOdETAIPICTIKN)
> S e i y Xy=yx (&vmipeToBeTikn)
x+0=x=0+x i Xl=x=1x
x+(x)=0=(x) +x . x—i—:l:%x,x;&o
x(y + z) =Xy + xz (émipepioTikN)

FevikdTepa, &v Xp,X,,. .., X, &var TpoayuaTikol dpibuoi, TéTe dpifoue
B A=
(x; +x34+...4+x,) +x, Gvv>1
kai T6 dvoudloupe yevxevuéro dfpotopa T@v Xy, X,,. .. X, Ko

X+ X+ ...+ X, = [

19
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Xy, GV v=1
Xy Xp...X, = "
(X; X3, . . X)Xy, &v v > 1
kai TS dvopddovue yervenuévo purdpevo TOV Xy, Xy, . . ., X,.MN& ouvtopia Té yevi-
v
KeUMEvo &Bpoloua TAV X,,X,,. .., X, TapioTaveTon pé EXk kol TO  yevikeupévo
k=1
v
ywopevo Ilxg, dnAadn
k=1
v v

Exk=x + x5 +-+ %, kal Isk =x, x5---x
k=1 k=1

Topa mapatnpolue &1 pi& yevikeuon Tijs TpooeTaipioTikds 1B1dTNTos Elvan

v

v P v v P Vv
Tt = X%k Xk ; Ixy =Hxe Hxg
k=1 k=1 k-p+1 k=1 k=1 k=p+41
yi& kafe p=1,2,...,v-1 &vd wm& yevikeuon s EmuepioTikfs iS1dTnTas elvan

X (Exk + nyx) = € Zxc + n Eyx
k=1 k=1 k=1

Smov & xai 1 elvan mpaypaTikel &pibuol.

Eisik& 16
ata+...+a YPpapETQal vt
v gopés
kai ovopdleTan vootd modlanmidow Tod a, Bvd
[ 5 Te (U yp&oeTan o
v gopés

xal dvoudteran woori) dévaun tod a. Té v oThv TphdTH TepiTTwon Svoudle-
Ton moddanlaciaotis Tod o kai oty SeUTepn éxféTng Tod a.

Elvan elkodo vé Bolue 611 loyvouv ol iBidTnTes

o a' =P, (aB) = o kal (af)' = a'pr.

Téos, maparnpolue 811 wi& &AAn iBi16TnTa TOU [7XUEl Y1& ToUs Tpaypa-

TikoUs apifpols elvan kai 7 ToapakdTw dredryra Tod Bernoulli :
(l4+a)=14+va & veN, kai a> -1

émou 7 lodtnTa foxlel pévo yi& a=0f v=0 v=1.

Mé& vé& v &modeifoupe & oTnpixbolue Tévw of pid &modeikTik péfoSo
ToU SvopddeTan Exaywyia) uéBodog kad wou Exel dx EEfs:

OewpoUpe Evav drépaio &p1Bud p kai fvav mpoTaoiakd TUTo P(x) o1 oUvoro
{xeZ:x > mov TEPIEXEL TO W kad SAous ToUs peyocdUTepous &’ aUTéy dice-
pafous. "Av f) mpéTaon P(u) eiven dAndis kai y1& xéde dxépaio k > p ioyuel

P(k) = Pk + 1)
TOTE f) TPSTaon P(v) elven dAndrs y1& dmoiodnmoTe dxépaio v > w.

20
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MapaTtnpolue Tipa émt yi& v=0, v=1ff a=0 fi dnicétnTa T0U Ber-
noullt ioyier &pol
(Q+a)0=1=1 4 0q, QA+a)l=1+a=1+lax
(l4+0)=1"=1=1 4 v0.
*Atropéver v’ &mroBeifoupe 611
(l+a)>14va $¥v=>2 xad a>-1 it ot 20,
OéToupe
PV :(l +a)>1+ve v=>2
kal Epapudlovpe THY Emaywyikf wébobo yia w = 2. "ETor Eouue
(I+a=14+2a+c*>1+2a«
SnAadn 1 mpéTaon P(2) elvan dAnbs.
*Errions yi& kéBe k > 2 Exouue
(14+a)kt! = (1 4+0)* (1 +e)=(1 +xa) (1 +a)=1 (k +Datxa? > 14+(k+Da
dnAadn
(l+a))t+t!>1+ (k + Do
kol Emoudveos N pdTaon P(v) elvon dAndrs yik kéfe dxépoio v = 2.

ALKHIEIZ

1. N& &mobeayfel 6T a16 2 (Q) loylou :
1) A= B <> AUB=B 2) A= B < AnB=A.
2. N& &mobeayfel 811 o716 P(Q) loyxbouv:
N =g )@= 3) (A=A 4 AUA°=Q 5) AnA°=gF,
3. N& &moBeiyfei &T1 16 P () loxlouv (tUmor Tou de Morgan):
(AUB)® = AcnB® kal (ANB)¢ = ASUBS
4. N& Ppebet 16 medio dprouou kai 16 mebio TIMGOV TV oxfoewy o amé 16 R oté R
Trou opifovran &md TOUS TUTTOUS:
By oy =x 2 Y= oy =x*+1 4)3x+2y=1
55 xt3-yr=1 -B)"xLHPT FPXIL YT B) xV<ye wEA1A
. Mo elven ol dutioTpoges oyéoers TV oxioewv Tis Tponyouuevns &okfosws 4 ;
. TMoiks &md Tis oxéoes Tiis doknoews 4 elven ouvapThioels kal Toiés Bév siven;
. TToiks &wéd Tis ouvapTnoels Tijs &oknosws 4 Exouv QVTICTPOPES CUVAPTTOEIS;
8%, Mi& mpdfn * péox o’ fva ouvoro E dvopddetan dhia) v D(¥)= E* kol peover

&v D(x) C E2 Tlows &mo is mp&lers +, —, . , : 0716 oUvoho R T&V TpayuaTik®y &pibudv
elvan OMikés kai Trolés PeEpIKES;

~N o
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KEQAAAIO i

MEAETH ZYNAPTHXIEQN
1. MONOTONEEL LYNAPTHEEIE

1.1 AiSovoes kai @Oivovosg ovvaptijeeis. Elvar elkoho vé Bolpe &1t 1)
ouvapTnon ¢ pé ¢(x) = x? Biatnpel T QuoIKn B1&-
Tagn TGV TpayuaTIKGY &piBudy, BnAadh yid kdde
Xp,X, foyUel
X < Xp= X < Xt = (X)) < 9(xy).

S| — Fevikd wd mpaypatikiy ouwvédptnon f wids
! TparyparTikils ueTaPAnTiis ToU Siatnpei, Smos kai

o e . N @, T guokn Bidman TGV TpaypaTiKGY « Gpi-
/ T 5% F Qudv ovopddeTen  ywnoiwg adéovoa. AxpiPéoTepa,
y1é& wic ouvdprnon f: A — R pé A = R 5iSoupe
5’/ TOV TTapakdTw OpIopd:

‘H ouvéptnon | dvopdleran prnoing alifovoa
TOTE Ko pdvo TOTE, dv y1& kébe x,,x, 0T A foyUel
1 X < Xp = f(x)) < f(x,).
TMapduora, # ouvdptnon | dvopdletan yyioiws gbivovea TéTE Kol pdvo
TOTE, &v y1& k&b X, X, 0TS A loyuel

Zy. 18 9:y=x?

; @  x<x =~ ) > ().
! Tl.x. | ouvdptnon y pé W(x)=-x &lvon yvn-
bx . oiws gbivovoca ocuvépTnon.
w')r__l i x *Av of (1) kal (2) dvTikatooTofolv &vTi-
: oToixx &mod Tis
i S (1) x <x = i(x) < 1(x)

@9 X, <X = f(x) = f(xy),

ToTE Abpe oy TrepiTwon Tis (1') 6T ) ouvdpTn-
on { elvan adfovoa xal oty Tepimrwon THs (27) 8T A [ elven gbivovoa, Bn-
AaBi):

‘H ouvépTnon f dvouddetan atfovoa TéTe kai pévo TOTE &v Y1k kébe x,, X,
o1é A loyUel

Ty 19 y:y=-x

X <X = T(‘x,‘) < f(xy).
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‘H ouvdptnon f dvopdletan gfilvovoa TOTE Kai povo ToTe, &v yi&k kabe
X;, Xy 010 A {oyUel
X; < Xy = 1(x)) =1(xa).

*Errions Aéue 6T wi& ouvépTnon f elvar pwnaios povdrory ToTE kai povo
TéTE, &v aUTh elvan yvnoiws alfouca | yvnoiws efivousa. *AvtioToiyo Atpe
&m A f elven povdrovn, &v abtn elven adfouoa fi gBivousa. MMd va BnAdoouue
16 elBog THis povoTovias WIdS OUVAPTHCEWS YPTMOIMOTIOIOUHE T& TTAPAKATW
oUppoia:

f A <> [ elvar yvnoiws abtouca
[y <> f elvan ywnolws gdivouca
f A < f elvan altouvoca

fny <= [ elven gBivouca.

— ey e

“— —> 4< >
. L T

*Av 1) ouvdpTnon f elvan oTabepr), BnAadt kéBe xeA dmeovifetan pé Ty {
oTév 1510 TvToTE TrparynaTikG &pifpd, fi ué AR Adyia, Té Tedio Twmdv R(f)
elven #var povoperés olvoro, TéTe i T elvan TauTdypova alfovoa kai gbivouca.
AN kad dvTioTpoga, &v ) [ elven TauTdypova alfouoa kai givouoa B& Eyou-
pe yi& dmoiaBfToTE X1,X, 0TO A (x; #X,) &m f(x,) = f(xy), SnAadn &1 4§ f
elven oTadepr) ouvapTtnom. TpaypaTikd yi& X; < X, EXOUME
i(x,) < f(x,) (norif1) xal f(x;) = {(xp) (i f})
SnAadn f(x,) = f(xy). Tapduoia, yi& x, < X, EYouue
f(x) < f(xy) (et 1) xod f(x5) = f(x) (yarl £ )
Snaadn méh f(x,) = f(x,). "QoTe &modeifape ST
1.1.1. “H ovrdotnon {: A — R (ASR) elvar grafem] tdte xai pdvo tdte,
dv 1) { elvar Tavtdygova adifovoa xai ghivovoa.
*As PEAETTIOOUUE TWOPQ S TTPOS T1
povoTovia TRV TpaypaTiKh ouvdpTnom
@ pE w(x)= Lx’ oU #yer medio opi-
opoU 16 oUvoho R-{0}.
*Av BeyBoUpe éT1 f) ouvdpTnon w
elven gbivouon, BnAadn Tt yi& kdbe
Xy Xg

X < Xp = @(X;) = @(x,),
T6TE Y14 X, = -1, X, =1 kaTaAfyouue
o1d &romo -1 =w(-1) = w(l) = 1.
’Emions, &v SexBolpe &T1 1) w el-
- ;- - 1
vair alfouoa, BnAabn &1 yid kabe x;,x, Ty 20 @ y=-
x; < Xy = (X)) = @(Xy),
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i 1
ToTE Y1& x;, = 1, X, = 2 kaTaAnyoupe oto &tomo | = w(l) < w(2) = 5"
"Qoe 1) ouvdpTnon w dév elven povdTovn. TapaTnpolpe dpws o611, &v Tre-
plopiofoupe y1& x,,X, 016 (-20,0), loyua
1

© BT - ) = > 1 = )

&nAadn o716 (-0,0) PAtmouns ST f) ouvlinkn va elvan | w yvnoiws gbivouoa
TANPOUTAL. ZTNV TEpITTWOn aUTh Aéue OT1 1) ouvdpTnon w elvar yvnaiws ¢bi-
vouoa oTd (-c0,0).

Mapdpoia xad Y1k x,,%, 010 (0, + @) {oxver 1 (3) xal dvdAoya Adue &T1 1)
w elvan yvnoiws gbivouca o1éd (0, + 0).

Mevikg, &v y1& ) ouvdpTnon f ioyxle ) (2) yi& k&be x,,x, 016 B, (Smov
B elven fva pf xevd UmooUvolo ToU Tediou Spiopol Tns A) ToTe Adue 61 1) f
elvan ymoiwg plivovoa oré B xai oupPolifoupe oitd pé f ] B.

’Avédoya Aéue ST 1) f elvan yrmoiws adfovoa o16 B, &v ) (1) loyle yia
k&Be x,, X, 0TS B kaBeos mions kad 611 A f elvan adbovoa o1d B i ghivovsa ard
B, av 1) (1") f (2) dvtioToxa loxUer yi& k&be x,, X, 016 B. Mé& v& SnAwoouue
avtioToixa 61 1) f elvan yvnolws alfouca o1d B, alifouoa o6 B kai ¢bivouosa
o1o B, xpnoipotmrooUpe Tolus oupPoriopots f £ B, f 4+ B kad f | B.

T.x. 1 ouvdpTnon fluitovo, Tou &mws yvwpiloupe TapioTavetan kol pé

2 2

. 7 = ’ o ; ;
T6 oupPoro nu, elvan yvnoiws alfouoa mo{ —— -m] kai yvnoiws e¢fivovoca

oTd [%. 37."} levikoTepa, &v k elven &xépaios, loyve

nu I[Zx-n' —;; 21(11'-}—;] Kai nu ¥ [2K1T+ %,(2x+l)w+%]

1.2 "H povertovia kai 1| obvleon svvaptijsswv. ‘H mwpayuamiky ouvédptn-
on o pt o(x) = ax, émwov «
elvan Evas oTabepds Tpaypa-
TiKds &p1Buds Bidgopos ToOU
0, elven yvnolws povédTovn
kai pdAiora &v a > 0, elven
yvnoiws atfovoa, dgou yid
KGOE X, X5 X, <X, =

ax; < ax, = o(x;) < o(x,)
tvd &v a<0, elvar yvnoiws
phivouoa &eoU yik kadex,, X,

y=ax, a>0 y=ax, a<0
Ly 21 Zx. 22

X; < Xy = QX; > Xy = o(X;) > g(xy).

£>0'3‘UI a< 0 =0}

AnAadn:
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MecoueTpIKG 1) OUVEPTNOT O TIAPITTAVETA! pé md elBeia, dmws gaiveTan
oTd oxnuaTa 21 kai 22

Yy

*As Becopricoupe émriong kal THY TPAYUOTIKN
owéptnon T Wé T(x) =X + B, émou P elvan gTa-
Bepds TpaypaTikés &piduds. ‘H ouvéptnon T elvan
yvnoiws abfouoa, tmeidf yi& kdfe xy, X,

<X =X +P<x+p= 1(x) < T(Xp)-

Té Sidypapua Ths ouvapThoews T elval f
eBela ToU oxmfuaTos 23 Tou SifpyeTan Gd T& on- y=x+p (p >0
peia (-B,0) kai (0,B). Zy. 23

"Av Tdhpa @ = Too elvan f) olvleon TGV ouvapTAoEwy O kad T, BnAadh
f) ouvdpTnon Tou dpileTan &mo TOV TUTTO

w(x) = T(a(X)) = ox + B,

&mou a, P TpayuaTikol dpifuot
pta # 0, TOTE TOPATNPOUE

471 ioyUowy :

a<0=>w]

[u)O»m'ﬁ!l

L

& w:y=ox+p,a>0 w:y:ux+ﬁ.'u<0
Zy. 24 (B>0) Zx. 25 (p>0)

Ereidf yid kde x,,X, kal y1& a > 0 Exoune
X <X = a+P <ax,+P = w(y) < w(x),
v yid a <0
X, <Xy = ax;+ P> ax,+B = () > w(xy).
Té Bidypauua Tis ocuvBtoews w TV ouvapThgewy o kai T elvan 1) eUfeia

Tév oxnuérey 24 xai 25, ToU BifpyeTon &md T& onueix (— %, O)chl(O,B).

*ATTd SAa T& TTOPATAVE TTOpUOUME TP &T1 oty TepiTTwen « >0,
&mou ol o kai T elvan yvnoicws abfouoes ouvapThoEs, N cuvBeot) Tous w elval
yvnoiws alfovoa ouvapTnom, &v&d oty TepitTwen o < 0, &mwov fi o elvan
yvnoicws gbivouca kad i T yvnoiws adfouoa ouvdpTnom, N oUvBeot| Tous w El-
vai yvnoiws gbivouoa ouvdpTnam.

Mevikg, & f: A =B, g: B —R elvan mpayuoTikés ouwvapTtioes (A,B
Umroouvoha ToU R), ToTE dpifeTan, Strws EEpoue, ouvBeon) Tous gef : A =R
xkai loyUe T6 TapokdTe fedpnua.

1.2.1 ®EQPHMA. ‘Yrnoférovue Gt ol ovvaprijoes f zal g elva yynoing
povéroves. Tore, dv xai oi dvé elvaw Toi v idovs povoroviag, % oivlear) Tovs
gof elvar yoiwg atbovaa ovvdotnon, évi dv elvar dtagpogetizod €ldovs povoTo-
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viag, 1 otvlesr] vovs gof elvar ywjolws glivovoa ovvdornan. *Axpiféoreoa ioyi-
oV Td TA0axdT® ;

=

a) f2 “ i by 1Y = gol ¥
gl gl

C) rI = of‘ (I} fI } o 3
gY ] 2 A gy = gof

"Anddety. “Eotw xy, X, Bud dmoiadfiToTe oToixeia Tou A.
a) "Av x; < x,, TéTe gmaidn f 1 Exoupe f(x,) < f(x;) xal &pa, Emeidn
kol g 1, maipvoupe g[f(x,)] < g[l’(xz)] *Erdi
Xp <Xy = gof(xy) < gof(x,)
ToU onuaiver &Ti gof 1.
b) "Av x; < x,, Té1e Emabn f ¥ Eyoupe [(x,) > f(x,) xai &pa, &mweidn
xai g+ malpvoupe g[f(x,)] > g[f(x,)]). “Eto
X; < Xp = gof (x;) > gof(xy)
ToU onuaiver 11 gof 7.
€) "AV x; < x,, TOTE ¢medn f A Exoupe f(x,) < f(x,) woi gmeibh g v
gli(x)] > gli(xy)]. “Eton
Xp < Xp = gol (x3) > gol(xy)
oU onuaiver &1 gof ¥

d) "Av x; < x,, TOTe Emeidbn I Y #xouue f(x)) > (xp) ol tedh g 7
loyber glf(x)] < g[l(x.)]. "Eton

Xy <Xy = gof (x;) < gof(xy)
ToU onuaiver 8T gof .
1.2.2 O& epappdoouus Tdper T6 Tapamdve Becdpnua 1.2.1 Yi& v& pehe-
THOOUUE G5 PGS TH HOVOTOVia THY TPaYMaTIK ouvdpTnon W ué
ox +p
w(x) = vy %
émou o,,y,8 elvan orabepol mpayparTioi &pibpof pé y 3£ 0. TpdTa TaparTn-
S A — o 0 8 Mty .
poVUE OT1 TO Tredio dplopou Tfis w elvar Té oUvoho R— {— v Kai &xopn &mi

loy Vel

w(x) = (o T ol (x+hﬁ) +B ab — By

(R ] o 50 Yok s 2 ot i
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dnAadn

@ y=w)= &+ —
Kk =
Y
o« P
Stou Becarpe - cz—as;?1=— —l?-f-ﬁl—

Elvon gavepd &rrd Tév TUTro (4), 871 y1& ¢ = 0 (BnAcdn | % E \: 0) A w
Y

elven oTafepry ouvdpTnon, SnAadn
[1a B
N

Mé& ¢ # 0 TapetnpoUpe 611 1) W elven olvBeon pepikddy &TAGY GUVOPTT-
oEwV gy, ga 8w a HE

‘: 0 = w o‘ro:ﬂeéﬁ

& 1 o
B =x -+, L= 3 B =cxwd g = +x,
dnAadn

W = gyo[g:0(82081)]-

*AMG ol ouvapToels g, kol gy elvan povéToves kad ETol 1) povoTovia Tiis W
trrnpeddeTan &md T wovoTovia THis gyeg;. “Emadn 1) g, elven povoTovn oTd Sia-
orhpaTa (—0,0) kai (0,4 o0) 8& Twpémel v& E€eTdooupe TH povoTovia Tiis Za0g;
o ixeivel T& SiaoThpara ToU R, 8mou 1) gy walpval Tipés oTé TopaTTave SiaoTi)-
pata (-0,0) kai (0,4 ). Elvon govepd 811 & SiaoTrhuoTa aUTd elval T&

(_oo, — %) rod (— —%, +oo). *Eto1 &md 16 Oecopnpa 1.2.1 madpvoupe :
aeplnrwey ¢ > 0

&l i .
g3 (=0, 0) } > g1 4 (—oo,—-;)

B 83 (—co 1 E‘l’)} = g (gog) 3 (—°° v %)

g X
" ]
i) - o)
B2 : Tl
nepintwan ¢ < 0:
gl

gai(—oo,o)} N g*°g':(‘°°'_%)

A

=
g3 i } = g (Zeg)? (— 00,—

)

~| o
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8o (R0 g) 2 (—o0,— > }
g1 ( Y) - ”(““"'“%)
"ETor Pprikaps &1

| e ﬁ ’ 8
<0 b - — = 8y |
[75 ::-w+( 0, ')’) !Yg'b-()::’wz(—no,__.)
TMopduoria uTTopoUME v& PBpouue kod &Ti:
ap &
>0 - =
'y&{ =>wx( 'r'+m)
' T& wa;?o:"nérvm OUUTIEPAOUOTS OXETIKG pé TH povoTovia HTTOpOUV vk Trpo-
Kuyouwv kaif dpéows &md Toug SpiopoUs Tfs povoTovias CUVapTHOEwWS.
Avéypappa tiig ovvaprijesng w. "Av Btgoupe
X=x+ %, Y=y- %.
T6TE & TUmOos (4) Sivel

<o vi(-4e)

s |58l
Y — Y' C=— );l
Oi &foves x,y petabitovtan TapdAAnAa aToUs X, Y pé &pxf TS onueio

. ) a ; . A
C= (~— 7- 7—) Té 8i&ypaupa Ths W 8iletan ot TAPOKATW oxnuaT :

by ¢

P
i

I
'3

L=l

==+p GP‘
y=— <0 =3_+_p ap n__+ .
Yx+8 |ys N T yﬁjb'o y=yx+g' :g!=°
Zy. 26 Zy. 27 Zy. 28
MNapadeiypata :
Bonfiyrixol dmoroyiouol
1. w(x):ix_:-aa 2x+8 2 c
3 xFT" 1T Ty
Yy=wx)=2 +x+ x+T
8
=(-32) x=0: T=2+-;—=>8=6+c=>c=2
28
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e propey S A~

A 2x+ 8
Ty 29 We }'=;_';‘§

w3l (—o0,—3) xal wY (-3, + o).

_ 5x+3 I Bonbrytixol dmoloyiopol

Bl i 2x +3 5x+3_5+ c
bl BFY, 8 fir O
4 L)

-
T ——

&
L]
1

5x+3
Zy. 30 Wiy

wt (-w,-—%) xal w‘,':(——--;—,-i-oo)-

1.3. “H povotovia xai 1| @vrictpogn cvvapimoen. "Eotw f: A ﬂdw) B

(A, B UrooUvora ToU R) mid yvnaiws povétovn ouvapTnon Tou A Tdvw oTd B.

Téte aUTh elven kad &ugiuovooruavTn, Snhadt yi& k&de x;, X, o1d A loyuouv
G)) x, # X, = (x;) # f(x5)

Mpayparikd: pmopolpe vé& Umobéooupe, Xwpis PAGRn Tiis yevikdTnTas, OT!
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X; << Xy (0TAv dvTifetn TepimTwon, Snhadn x; > x, dAAGouue TS pdho TV
Xy, Xp). "AMNAG TéTE B84 foyve
f(x)) <i(xp), v F1 & (x> f(xy), & f7.

"Apa mévtoTe foxUe f (5) xai Eror A [ elvan dpgipovostipavTn ouvdpTnon Tou
A émi ToU B.

Zupguwva pé 16 Becopnua 2.2.1 Tob kep. | Umdpyer kad 7 avTioTpopn THs
yvnoiws povéTouns ouvapTroews f. *AkpiPéoTepa foyUer 6 TapoxdTw fecopnua.

1.3.1. @EQPHMA. "Av [: A — B el uid ywnolws povitovy ouvvdo-
0 Tob A éni vob B, vdve dndoyer 1 dvriorpogn ovvdornon -1 adriic xai udiiora
toyvovy.

1

=112 | | [y = -1

v
-

s

Anddeky. ‘H Umapn s dvtiotpogns cuvapTriosws Exer &rroderyOei
Tapamave. NN& v’ &dmodeifoupe kad T& YmdAoITTa oupTTEpdUUaTa ToU Becopriua-
Tos Slokpivoupe Tis TEpITTGOEIS

a) I'Lwod f=1 &1 L. 'Emeidny f) -1 8év elvan yvnoicws aifouce, Ut ép-
Xowv X;, X, 01O Teblo dplopoU THs B ué

n<x x 7Yx) = Fi(x).
TAMAG
4

-16x,) > 1F(xg) } = 1((x) 2 1(f4(xy) = %, > x,,

mou elvar &totro, yiotl x; < X,

"QoTe &modeifape & f L = -1 1

b) 17 xai f-1 dy 7. Tapduowa, mws kai oty Tponyoupevn Trepi-
TTwon, &medn f {1 Bév elvar yvnoiws @bivouoa Umdpxouwv x,, X, otd B ut

; 6 <X, xal [7(x) < F(x,).
"ANAG
- () > 10-4x)
= X X =X, 2X

00 < 1) o o bl
moU elvan Emions &roTro .

‘QoTe &mwodeifaue &1 X b by

Mapadsiypora:

1. "H mwpoayuoTixn ouwéptnon ¢ pé ¢(x) = x® (PA. Ix. 18) elva, Smeos yvawpiloupe,
)/v'r]mc.os abfovoa, &pa kai fi &vTioTpopn alTiis ouvdpTtnon ¢~ Tis &molas & TUmos elvan
y = 3VYx, elvaa #miong yvnoiws abfouoa kal udAiota 16 Bidypappa aUTis (PA. Zx. 31) &-
VOl GURUETPIKS, G5 TTpds TH B1XoTduo Tijs TRdTNS ywvias Tév &Ebvev, Tol SiaypaupaTos TS @.

2. Tevikdtepe, | ouvdptnon [ ué f(x) = x»+1 (v guoikds &piBpds) elvor yvnaiws
atfouaa, yiati y1& éworadhmoTe x,,X,

X< Xp = XML < x ™V = f(xy) < f(%,). seik

, vt
Mapduota kai ) dvrioTpogn -1 avtdis, Tiis dmolas & TUmos efvan - I(x) =Vx, elvar #miong
yvnoiws abfovoa. T SiayppuaTa Tév ouvapthoewy [ kal [-1 gvar BéPaia ouppeTpikd s
mpds T BixoTouo Tiis TpdTNS ywvias TGY &féveov (PA. Zx. 32").
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2. AKPOTATA ZYNAPTHIEQE

2.1 Miyioto ki Ehayioto ovvapticsws. & 1) ouvdpTtnon ¢ pé
o(x) = l1-x* maparnpotue &t ioyUel
p(x)=1-x2 =<1 =0¢(0) \+ xeR, Yt
8nhadn ol Tipés THs ¢ ToTé Bév Eemepvouv THV
Tipn s 076 0, dnAadn Tév &pifud @(0). ZThv 1
TeplTrTEOT, CUTH Adue 6TL 7} @ Trapoucidler uéyt- /
oto at1d onpeio 0, &vd TAV T Tns ¢(0) TV ] A
dvouddoupe péyioTn Tiw THs @. Axdun Topo- / 0 o
el )

TnpoUue 61 1) @ elvor yvnoiws adfouoa dpioTepd
&md 16 0 kal dkpipéotepa 016 (- 0,0], yiati yi&
kabe x,, x, loyUe

Ly. 33 ¢@i:y=1-x?

X <X =<0 = 1-x2 < 1-x,? = ¢(x,) < o(x), @ nagovedler péyioro ard 0.
kol dxdun 811 alrr elvan yvnoiws gBivouoa Be§id &md 16 0, yrori yik kdfe x,, X,
0<x, <x = 1% > 1-%.% = 9(x;) > (%)

Té Bidypopua Tis ocuvapThioews ¢ Sivetan oTo
oy. 33. A

‘Avédoya, yi& TR ouvdpTnon o uE
Y(x) = (x-1)* TropaTtnpoUpe &TL

w(x) = (x-1)2 =2 0=y(l) ¥ xeR,

SnAadt) Shes of Tipés TS ouvapThoews y Eemepvoly 3 X
v T s w(l).

Stiv mepimTwon abTh Afge 8TIL f) ouvapTn- Zy. 34 y:y=(x-1)
on y mopouoiddel EAdxioTo oTd onueio 1, Bvd TNV Y magovowdle éldyioto oré 1
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T s W(1) TV dvopdloupe BAGyioTn Td Tns. *Akdun TaparTnpolue 811
y elven yvnoiws gBivouoa o6 (- oo,1], nAadr dpioTepd &’ 16 1 ko Yvnoiws
albfouga oT6 [1, 4 o0) Bnhadn Be€ik &md 16 1.TS Sidypoupa Tis ouVapTNoE-
ws y pds 16 Sivel 16 oy. 34.

levikg, yi& wi& cuvc:p-rncm f: A =R (A =R) My 811 Topouaidle
péyoro (i ddued péyioro) o Bva onpeio x, € A, TéTe ked pévo TTE, & oy el

f(x) < f(xy) ¥ xeA.

Thv T [(xo) v voudZoupe, TéTe, ueyiory vyr] () 6dexd péyiaro) s 1.
Mopduoia, Aéue & A f mopousidder é Ehayioro () Ghund éldyioro) o Bva
onueio x, € A, TOTE ka! pdvo ToTE, &v ioxvel

f(x) = 1(x,) ¥ xeA.
Trav T 1(x,) v ovoudZouue, Téte, EAdpory Ty} (§ 6 8Adyioro) THs f.

"Egappoyic :
1. 'H owéptnon f pé I(x) = ax® (aeR—{0}). Araxpivoupe Tis TapokdTw Sud TEPITTMOES:
negintwon o >0 agolarwon o < 0
‘H I mapouaikler #AdyioTo o1d 0, Emeadn ‘H  mapousidder péyioto o1é 0, Emeldn
i(x) =ax® = 0=1{(0) ¥ xeR I(x)=ax? < 0=1(0) ¥ xeR
I} (0,0 tmad yi& xée x,, X, { 4 (-, 0], madn y1& kéde x,, X,
X <% <0 =ax® >ax? =1(x) > (X)) | X <% <0=ax? < ox,? = f(x;) < f(x,)
I 2 [0, + o), tmerf) y1& wébe x4, X, [y [0, + ), tmadn yia ke x,,x,

0<% <% =ax® <ax® = I(x)<f(x)) | 0 X; <Xy ax,? > ax,t = f(x,) > 1(X2)

y y
0

Zy. 35 Liy=axt, a>0 Ly. 36 1 y=ax? a< 0.

HMapatfipnon. ‘H mapaméve owdprnon 1 Bév elvar dugiuovoofucyT n, dmedn yi&
k&fe TpayuaTikd &p1Bud x foylel

f(x) = ex® = a(-x)?* = [(-x).

'Avtifeta, ol cuvaptioss @: [0, + @) - R kal y : [, 0] - R, mou &pifovran &md
Tov 610 TUTTO

¥ = ax?
elvar yvnolws povéToves kai émopévers dpgipovoohpavTes ouvapThoes. "Apa ol guvapTiioeis
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autés Exouv duTloTpoges ouvapTHoES TTOU TAPIOTEVOVTEI YEWHETPIKE 0T TOPAKAET® TXTHATS,

W

15% “
y7 sy

2.

a, B, ¥ el agayuparizol dpfpoi xai o 0.

4
Y
o X
=3
N
\
AY
\
\
\
1
1
1
a<0 ] s*
Zy. 39

I rowhvegey avrdetion OerTéooy

Mp&dTa Tapatnpouue OTI

kol Eropéves, Gv Béoouvpe

a>0

Zy. 38

4
Y /-’
0L/ =
// s
s‘u-l .r&’
i
/ o
I
i
Sy
a<0
s 40

Babpoi T pé f(x) =ax?4 Px + vy, dnov

oeamiyms(erla)trma(xe £ (- 8):

day Pt

kel Y=y~ e
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6& Exoupe
L) Y = aX,
kal ol &Eoves x,y 0& ueTagepfolv TapdAAnAa oTols XY ué dpx1 T onpeio

c=(~ f e

) (BA. mapaxdTew ax. 41 kal 42),

Tope, xpnoipomoimvtes 16 Tponyolpevo Tap&Belyus, oupTEpaivoupE elkoAa oT1;

negintwon o >0 neolnrwany o < 0
B

‘H I wapoumidla EAdyioTe o1é =ioa ‘H { wapouai&ler péyloto otd ——E

2a
f:(—m.——zg;—-] xal £ 3 [_2%’ +0°) [I(*w.—-zﬂ;] xc(lfz[—"zﬁa , +m).

y ty |
1 0 f&
\ i /sf i'_é x
AN - b e
! .‘
M_M ,,,,,, X |
wias R
il fiy=atiprty, 0z Ix. 42 f:y=ox*+Px+y, a<0.

3. H dererpdyovy roubvun cuvdoryon 1 ué f(x) =ax* +-Px2+ y, fz00 « P, ¥
elvar oaypatixzol dolipof »al o + 0. *H HeheTn Tiis BiTeTpdywung Tpidvupns ouvapThaews 1
Pacifeton o1 yeyovds &1 alth elvan ouvleon Tis ouvapTtAcews h wé h(x) = x* kel Tfis
TPIOVULNS ouvapTAoEws g pé g(x) = ax? - Bx ++ v, "Exovras Oméym uas T yeyovds ai-
9, SnAadh Té 4T f = goh, of cuwbBuacpd pé T Becdpnua 1.2.1, pmopoipe vé HeAETHTOVME TT
uetaPoAd Tiis f kai vé yapdEouus T Bidypappd Tng, Srws QuiveTon oTd TAPAKETW TTapa-
Selypara:
Hapddeypa 1. f(x) =2x* —4x2 -1
h(x) = x?
B(x)=2x*—4x —1=2(x—1) -3,

AT T& oupmepdouaTa TGV TapaTdve tpappoyév | xkaf 2, § petaPodn TéGv guvap-
Toewy h kel g Bidetar &wd Tous mivakes:
|
L heo | N N g |
Emeidn f(x) = glh(x)] xai ) g Exer SiagopeTind €lbos povoTovias oTd BiaoTiuaTa
(o0, 1] kai [1, + o), Tpémer vé& pedeTrooupe T ouvdpTnen f, s Tpds T povoTovia, o E-
xelva T& UrobixoThuaTa TGV (-, 0] kai [0, + o) émov 1) h TANpol ik &mwd Tis ouvBijkes
h(x) =x* << 1 kai h(x)=x* > 1
BnAadn oT& SiaoThuaTa (-, ~1], [-1,0], [0,1] «ai {1, + o).

e

* ‘

—o—|—o—

— g — ——

B0
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(i) ZTé Bikornue (-, -1], dos gaifveran &méd Tév wpdTo Tivaxa, fi owdpTnon h

elvan yvnolws gblvouoa, &pa
hx)=x% = 1)P=1 MV XE(ow, 1]

snhabn ol &vtigToxes Tipés Tis h dvfikouv oTo BidoTnua [1, + ), émou, émwes TPOKUTITEL
&md TéV BeUtepo Tivake, f g elvon yvnoiws alifouoa. "Ape, cUpgwva pé 16 Becopnua 1.2.1
#) ouvBeon geh, &nAadn f) ouvapTnon f, elven yofwg gbivovou ord (—o, 1]

(ii) 216 Bidornua [-1,0], émws aiveTon &mo TV Tp@To Tivaka, f| ouvdpTnon h
elvan yvnolws gbivouca, &pa

h(x) =x¥ =1 xEl=-1,0%
5nAadt ol dvrioTorxes Tipés Tiis h &vrkouv oTé BidoTnea (—w, 1], &mou, &mes gafveran &
16 BedTepo Tivaka, f g elvan drions yvnoiws gblvousa. *Apc, oUpguwva pé T6 Bedpnua 1.2.1,
# auvleon { = goh elven pwyoivs aifovoa otd [-1,0].
(iii) Tapéuoia, 016 Bidernua [0,1], émes gaiveTan &wd ToV TpéTo Tivaka f| guvép-
Tnon h evan yvnolews abfovoa, &pa
hx) =x* < 1*=1 % x€[01l],
Bniadt ol dvtioToes Tiés Ths h dvijkouv oTé BidoTnua (-, 1], &mou i g elvan yvnoiws
gBivovoa. “Apa # ouvleon [ = goh even yimuiws ghivovoa ord [0,1).
(iv) Téhos, o1 Bidornua [1, +e), N ouvaptnon h eivan yvnoiws abfovos, &pa
hix)—=x¥ =8 ST [, o= )
BnAabh ol dvtioToiges s Ths h dvkouv oT6 BideTnux [1, 4 o), Smov, omws QaiveTan
&md 16 Beutepo mivaka, | g eivan Emions yvnoiws alfousa. “Apa 7 olvbeon [ = goh eivat
yvnoiws alfouvoa 016 [1, 4 ).
‘AT T& Topamave TpokUTTe Tdpx & EEfis mivakas netaPodfs Tis I.

{ X \ -1 {:} {
l 1) I‘ ooy A —11 Ay wil =

nepintwon of <0

yh

e

=3

Ix. 43 1: y=2x"—4x*—1.
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Hapdderypa 2. f(x) = 2x* + 4x* —3
h(x) = x*
g(x)=2x*+4x -3 =2(x + 1)* 5.

Ol mivaxes petaPoAfis Tév ouvapTtioewr h xal g elven s

X (ll X —|1

| |
| |
h(x 0 (x) =5
(x) \A | _/1 4 _\l i ./'
At Tols Tapamdve Tivakes weTaBoliis TGy ouvapThcewy h kal g PAémroupe ST kal
oT& Bué BoTipara (-, 0] xal [0, + «) f ouvdptnon h Taipvet Tiwés otd [0, + ),

dmou i g elvan yvnoiws alfovoa. “Apa tpapudlovtas Té Becopnua 1.2.1 maipvoupe Tév Ta-
pokdTw Trivaxka weTaPolfis Tijs BiTeTpdywyns TpLGVULNS ouvapTioews f =goh.

S
r(x)l‘\—% P

nepinrman of > 0

¥
B s
<
-3

Zy. 44 f: y=2x%4+4x*-3.

2.2 Tomké Gxkpbérata covaptijems. 316 map&deiypa 1 Tfis Tapomdve
Epapuoyfis 3 eidaue 81 # BireTpdywyn Tpicovupn ouvdpTnon | pé f(x) = 2xi-
4x*-1 (BA. ox. 43) mopouoiddel Téoo o1 anueio -1 doo kai o016 1 (GAIkS) EA-
XloTo pE EAGy1oTn T T6 3. "AvTifeTar ) ouvdpTnan aUTH) Bév Trapoucialel
(6A1kd) uéyroTo. "Av Suws Teplopicfolpe 0TS AVoIKTS Sidornua (-1,1), Té1E
TAPATNPOUNE ST1 foy et

I(x) 21(0)=-1 ¥ xe(-1,1)

BnAadt) of Tipés THis I 0TS SidoTnua (~1,1) v Eemrepvolv TV Tiun NS oT6 On-
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pefo 0. Tty TrepimTwon adTh Aéue 811 | ouvdptnon [ Tapouoiddel oTo onueio
0 rou=s péyoro.

Mevikd, Aéue 811 wid ouvéptnon f: A — R (A = R) Tapovaiadel tomixoi
péyioro o fva ompeio X, € A, TOTe kol udvo TOTE, Gv Umdpyel Eva dvouxrd Bt
otnua (a, b) Tou Trepiéxel TO x, kai TepiyeTan oTd medio dpropou A THis [, 8n-
Aadr) x, € (a, b) = A, TéTolo GoTe v& loyvel

f(x) = f(x,) ¥ xe(a,b)

Trv T 1(x,) dvoudloupe TéTE tomued uéyiory Ty () Tomizd péyioTo)
s £

Topdpola, Aépe 611 1 owdptnon [ mopouciddel Tomixd fdyoto o Bvel
onuelo x, € A, TéTe kai pévo TéTe, v Umdpyer Eva drowxto Bidotnua (a, b) € A
ToU v& Tepléyel TO X, Kai TETOlo hoTE vé& oY Uel

[(x) = I(x,) % xe(ab).

Thv Tiwf I(x,) Tnv dvouddoupe ToTE Tomixd EidyreTy Tiyw] (i Tomuxd
Edyioro) Tis I

“Otav W& cuvdptnon [ mapoucidlel o’ v onpeio X, TOTIKS WéyioTo f
ToTKG EA&Y10TO, TOTE Afue &T1 o) TTapoudIdlel OTO oTUEIo X, TOMIHG AX00~
rato. Ay. | Bitetphywvn Tpubvupn ouvdptnon f pé f(x) = 2x'- 4x2-1
(BA. oy. 43) Trapovoiddea oTd onueia —1, 0, 1 Tomiké dxpoTOT. *AkpiPécTepa
aut Tapouoidle ot onpeia —1,1 (SAikd) EAdyioTo Kkai 0TS onuelo 0 TOTIKS
pEY1OTO.

3. MEAETH LYNAPTHEZEQE KAI FEQMETPIKH THE IMAPAZTAIH

3.1 ‘H peAétn wmds TrparyuaTIkfs oUVaPTNOEWS UGS TPAYUATIKAS METO-
BANTRs &moTekeiTan &md THY THnMaTK (kaTd SlaoTARAT) WEAETN Tiis povo-
Tovias Tns, TOV kaBopiopd TéV onuelwy dmou alTr TTpoUT1alel TOTrIKE &KpoO-
TaTa kal TOV UToAoyioud TEV AKPOTATWY TIMGV TNS, dnAadn TV TOTIKGDY
peyioTev kai Tomkédy EAayioTwov Tipdy Tng. Mé 17 Porifeia TEV TrapaTdve
oToiyelwv, T& oToix TpokUTITOUY &Trd TN MEAETN WSS OUVOPTTNOEWS, UTTOPOULE
V& TUPOCTHOOUNE YEWHETPIKE QUTh T ouvdpTnon, dnAadn vé yoapdSoupe TO
Bidypauud Trs. ST x&pafn ToU SixypduuaTos wdls ouvapThoEs BleukoAuvo-
pooTe oM &v kaBopicoupe, TpdTA, Spiouévar onuela TOU By paupaTOs TTou
T4 EMéyoups, ovfaipeTar kad koTd TéTolov TPSTO, dOTE 0TS v& YopakTnpi-
Zowv Té Sikypoupa, &v elvan Suvatd, ot OAn TV #KTOOT] TOV.

3.2 “H ouvvdotnon [ ué f(x)=y\/a¢Tx?, daov @,y elvar moayparvizol
antlpoi zai o > 0. Té medio Spiouou autfis elvan 76 KAsloTd S1doTnpe [—o .
*Akoun yi& y = 0 1 owvdpTnon [ elvan yvnaicos alifovoa o1 BidoTnua [-a,0],
yiori yi& dmoladfToTe X;, X, 076 [-a,0] loxUel

<Xy = X2> X >al—X?<at—x? = Ye—x2< Val—x} =
f(x)=yVe@—x2<yVo®—x?=1(x),
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tvd ol elvar yvnolws gblvousa oté Sidornua [0, o], yiori yi& otroladnro-
Te X;, X, 070 [0,a] foylet .
<X X<t sal—xi>at—xt=>Val—x2 > Vai—x? =

Mapépoia, yi1& y < 0 Exoupe f 7 [-o,0] kad £ 4 [0,a].
"Etot, f) pstaPoin Tiis ouvopTrosws | &ietan &md Tols Trivakes:

X — {) a X — + L §
i | o A y:« q O 0 | 04 y:a A0
y>0 y<0

"Atd Tous Trivakes adTols BAémoupe &T1 ) ouvdpTnon f Tapousidle oTd
onuelo 0 péyi1oTo pé péyilorn Tipn ya &v y > 0 kol #AdyioTo pé EA&yioTn Tipn
yx av y < 0.

TS Sikypoppa Tiis ouvapTroews [ 8i8eton o7& TapokdTe oxAuaTa:

Zy. 45 Ly=yYa—x* y >0 Zy. 46 f:y =yYoP—x?,y< 0
MNa &kpipéoTepn xdpoafn ToU Biaypduuatos wss ouvapThoews oxebia-
fouue TpdTa dploptva onusia ToU Siaypupatos, T& mroix T6 XopoxTnpilouv
ot OAn T E&Taen Tou. "ETor .. oTHy Toapamdve meplmTwon yid o =4,
3 ; feimg o ; ; Ty
i Xopdfoupe 16 Bidypopua Tis owvapTiosws | pé f(x)= —2— V16-x2 pé

T Ponfeix Tou Tivoka petaBoAfis Tns

x —4 (Ig 4

() | 0735 0

kai ToU TapaxdTe Triveka ToU Biver Tis ouvTeTaypéves dproptveov onueiwy Tou
SiaypdppaTos.

X -4 =3 =2 | -1 0 1 2 3 4

fx) | 0 | 1,9 260 2% | 3 |29 |260 |19 | 0
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P mm =

=5 =

i sl L0
Ly 47 tig=—=Y16-x.

Eidikég nepint@oels:

3.2.1 y=l, dplady {(x) = Vorx® Tty meplmwTwon aUTh Exouns &S
Bidypopua Ths I 16 mévw fuikixAio mrou Eyer kévtpo 0 kal dwtiva o Tlpayua-
Tikde &mod 16 TuBarydpelo Depnpa, k&de onueio P = (x,y) ToU BiatypapuaTos
tfis { TAnpol T oxéon OP® = x% + y2=x* + (VaaxH? = x? + (a-x3) = &,
&po Ay &mdoTaon kébe onuelov ToU Siaypéuparos Tis f &md AV &pxn Tév &Eo-
veov elvan oTafepry kad fon pé o. *Axoun, k&fe onpeio P = (x,y) ToU mdvew fui-
kukhiou (&pa y = 0) elvon onueio ToU Bierypduuaros TS f, &pol &M &mod TO
TuBaydpeto Becopnue EXOUHE

=0Pt=x24y = yl=al-x* = y=+v @ —x*={(x).

Zy. 48 Liy=+/a—x* Zy 49 —f:y=—+at-x* Zy. 50 xt4y*=at
Efvot gavepd éTi 16 Sidypaupe Tis cuvapThoees —f elvan TO K&TR Nui-
KUKAIo Trou Exel kévTpo TO 0 kai dxtiva o (PA. o) 49). "Apa & kUxAOs UE KEVTPO
0 xaf dkriva o elvon Ay Evcoon TGV Bicy pRUHETV T6v ouvapthioswy [ kai —f.
Kéfe onusic P = (x,y) ToU kUkAoy ué kévtpo 0 kai dxTiva « traindzta TR oxéon
©) X yr=at
&Tres, eUKoAG, WITOPET V& TIPOKUWEL, &méd TO mubaydpsio Becopnua. AAASG kad
&umioTpdges: k&Be anueio P = (x,y), mou émwoAnBeva THY (6) PplokeTcn Ve
otév kUKAG Lé kévtpo O kat ArTiva @, &Tres TaAL EUKOAS TrpokUTTTEl AT TO TTU-
Boydpeio fecopnpe.
“Qoe 1 oxton (6) xapoxTnpiGel 16 gUvore T@V omueiy Tou émiTedoy,
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TToU PplokovTal Téve oTéy kUKAO pé kévtpo 0 kol drrive o, xed SvopdleTan
EElawany ToU kUkAou aUTou.

MevikéTepar i oxéon

) (x=Xp)* + (y-¥o)* = o,
omou x,,¥, elven oTeBepol Tpayuartikol &pifuo,
HE TV dvTikardoTaon X = x - x, kal Y = y- Yo
ypdpeTan kai ETol:
b B 7 R
oy elven 1) E€iowon Tol kUxkAou ut kévtpo THV &p-
i €= (Y", Vo) TOV vEwv &foveov X, Y kol dkTiva o Zy. 61 (x=Xa)H(y—yo)i=o?

(BA. ox. 51). *H moapaméve oxtan (7) dvoudletan
éigman ToU kUkhou pé kévtpo C = (x4, Vo) kai dxTive o

3.2.2 y=g, ondadsy (x) = g\/&é——ﬁ drov o xal B elvar Oetinol d-

olbpol. Tty TepitTwon adTh & wivakas peteBoAfis Ths [ elvan

X - [+

|
0
|
1) o/;ia\o

Té& Biorypdppara Tis [ kad s ~I iovrar o1& TrapaxdTw oxfuaTa:

¥
¥
S =-a ) a =
]
-0 'I a =z
2062 tiy= Pys—= > B
x f:y= 5 Yo=x! x- 53 “f-)’~—“&ﬁt’—x‘

Ty &vwon Tév Topomdve SiaypoppdTey TGV ouvapthcewy | kal —f
TV Svopddovue ey ué xévroo O xai juudoves o,p.
K&be onueio P = (x,y) Tfis é?\?\eiq.-ecos aUTis émainBever 1A oyion

yl
® T

¢me1dn), &v 16 P durikel oTd Slaypomuot Tis [ (ToU dvoudleTtan kol mdver 4jueéd-
Aewymy pé wévrpo 0 wal fuedéoves o,B), Exoupe

y=LyaTm 2 p=B@-1= @)
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kol &v 16 P dvikel oTé Bidypapna Tfis ~f
(ou dvoudleTan kai xdrom nueéddenpn pé xév-
ro0 0 =ai fuagoves o,p), &AL Exoupe

y=—L Ve o sy=LE@- =@
*AMAG kal dvTioTpoguws @ &v yid Eva on-

ueio P=(x, v) 7 (8) #mwonBeleTon, TéTE TS P
eival onueio Ths EMAelwews, yiori

8) AN Zy. 64 __X_' i
520} :'YZ%\/a?—x” = pz
N Eewpyy ué wévrgo 0
P dvriker oTd Bidypauua ThS ~f xal HudEoves a, B
®) g
y<0f| 7 ViaF o Siip &umkel ot Bidypopps Tis ~f

‘H oyton (B) xapokTnpilel T& onuea THs EAAeipews pé kévtpo O xad G-
Eoves &P kai dvopdletan Efiomon THs EMAelpews alTfs.

3.3 "H ocuvaptnen [ pé f(x) =y Vxe?, dmov o,y elva moayuaTixol
aolipoi =ai a > 0. To mredio opm'p.ou THis ouvapTnoews aUTiis elval 1 Evmcm
+&v BraoTnudTwy (- oo, —a] kad [a, + ). “Omress kad oThv TponyoUpevn § 3.2
TPOKUTITEL kol 886 611 & Trivakas us'rcxﬁo?\ns Tfis ouvapTroews | elvan:

X ‘I —-or!\o: | X —cx1cx

l5-0—7—L | A 00\

\
i
|
|

Iy 56 Ly=yYx—ot,y <0

Ep. 55 t:y=y¥x—at y >0
MNé& T xdpagn TV By poupdTwy TV TrapaTéve oxnudrey 55 kai 56
SisukoAUvouy ko ol eUbeies ué Eflowoes y =YX Kai ¥ = —YX, yiati, T.X. 9TV

mepimTwon y > 0, Exovue

i(x)=y Vxi—c® =y|x| VI—:—:<y|x]
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&por ko f(x) < —yx 3 x€(—0 , —a]
f(x) <yx v x€[q, 4w).
EiBik&, Tpa, & Bewpricovpe T& Siaypdppara Té&V ouVOpThoEwY, T&

P

omoia &meikoviZovton oTls Tipés ] = ko

y]

361'"/ Y= —E—, &trov, ExTds &md T o, Kal TS P el-
R o

vau feTinds dpiBuds, TéTE ) Eveoon THV Six-
ypoupdTwv auTév (PA. ox. 57) dvopddeTo

dmeofloly).
‘H oxton
x5 2
(9 = +—g? =

I Smeos prropel v& Tpoklyer elkoda, &v Epya-

oTolue s kad otV TEpiTTTWON THs EAAEi-

\yews, Xopoktnpiler T¢ onueia Tfs UepPoAfis
Bmeoffol]. kod dvopdletan éélowany THs vmepfolic.

Oi elbeies pe oo v = 'g_ X kol y=-— % X TroU BieukoAUvouy T1) Yd-
pakn s UmepPolfis wé Eiowon Ty (9) évopddovtan dodumTwres THs UTrep-
Bohis.

AZKHZIEIZ

9. @) N& perernfioUv ds mwpds T4 poveTovia ol ouvapTross ol Spilovtar &md Tous
TUTTOUS :

D ) =x41 2) f(x)=—x"—1
) 1 =x"+1,x20 %) f(X):ﬁ.xzo.

B) "Av Ay I elvan wi& povérovn | yvnolws HovéTOUN OUVAPTNOT], Ti oUpTEpaivETE Ye-
vikét y1& 11 ouvdpTnon I oyeTikd pé TH povoTovia ns; "Av kai atTr, SnAadh f —f elvar po-
voTovTn), TS ouoyeTifeTan TS elSog TS HovoTovias alTiis pé TS elSos Tiis wovoTovias Tis 1;

Y) N& etaohe 16 180 dpdtnpe, émws kai 616 B), yi& T ouvdptnon |, Smou &
86 UmobéToupe, PéPaie, 6T [(x) # 0 yi& k&Be x oT6 Tebio opiopou Ths I

10. Ocwpolue Bud TpayuaTikés ouvapTroes ué kowd mebio OpITHOU.

1) N& d&mobeixfei &mi

a) v i 4 kalg b, 7016 [+ g ¢+ Y)év !t | xalg |, 1ot [+ g |
B) &v it kalgt,rérel +g 2t 5)&vaxcxig:,ﬂ'é-ref—-—g;
£) &v [ xai g elvon povdroves ouvapTioes, GAAG pé SiopopeTikd €iSos povoTovias,
Tl ouumepaiveTe yi& T povorovia Tiis | - g;
2) "Av I[(x) >0 kai g(x) > 0 y1& kéde x, v’ &modeifete &m
a) &v!TKuEgT,TéTzl'gT Y) &v [ | kol g |, TéTE g |
B) &vf?xqigi,-ré-:srgj &) &uf;xaigl,-réwel'g:f
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£) &v f xal g elvon povodToves guvapThoes, dAA& BiagopeTikoU elBous povoT ovias,
i ouumepaivete y1& T povoTovia TR I

3) "Av f(x) > 0 kai g(x) < 0 yi& xk&be x, v’ &mobeiete 6T1
@) vt wal g ), ToTE fg | 5) &v f | xal g ¢, ToTElg 1
B) &v f 1 kol ;.{‘fnrén g 3 €) Gv i | kai g %,7oTelg §
y) &v [ 4 xal g |, ToTElR 3 ot) &v [ 7 xkal g 4, TOTE fg t

) &v [ xai g elven povoToves ouvapTiosss ké To iBio eiSos povoTovias i oupTrepaiveTe
yi& Tf povotovia THs fg;
4) "Av [(x) < 0 kai g(x) < 0 yi1& x&fe X; v &mrodeifeTe OT1
o) &v I | wai g |, 7OTE g 1 y) & £+ kol g b, ToTE fg |
B) &v I | xai g 3, ToTelg & §) &v [t xai g &, 7oTe g 3
£) &v [ xkai g elvan povoToves ouvapThoets, AN BlapopeTikoU EIBOUS pwovoTovlas,
1l oupmepaivete y1& T povoTovia Tfis fg;
11. N& pehernBouv kal vé TapagTaboly yewHETpIKG of ouVapTHgEl Tou Spifovran

&mo ToUs TUTTOUS:

_3x+l i) x+2

D "")—ETJS DI =517 N = Fi1
2 T 2

H 10 =557 5) 10 = 22 6) 100 = sx T

12%. N& pehetnfolv kai va TapaogTalolv yewpeTpika ol guvapTfioes mou Spilovra
&md ToUs TUTTOUS:
1) 1) = 3x¥+2 2) f(x) =—4x*+1 3) f(x) = 2x*—1
4) f(x) =x>—3x + 2 5 f(x) ==2x*+3x +5 6) I(x) =3x*—-2x -5
DI =x"4+2x"-3 8) f(x) = —2x* + 3x* 45

13. Né& yopayfoiv of \Aeiyers pé thooes:

x? 2 v Xt
1)T+%=1 D=1 D5 ty=1
2 2 2 2 2

14. N& yapax8ouv ol UmepPohés pé EGlowoes:

yl x?

x? yl b,

1) i 1 2) x* — %=1 3)E_y:__1
x2 yl y‘z_ Xt A

4) T_?_—-s 5)x=+.~—9_4 G)Tg_y =4
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KEOGAAAIO Il
AKOAOY®OIEE
1. AKOAOYOIEEZ TPATMATIKQN APIOMOQN

1.1 "H Evvowa tiig Gxolovbiog. Zépoupe 18n (keg. |, § 2.2) THv Avwoia Tfis
ouvapToews (&meovioews) [ A — B ut medio Spiopou fva olvoro A kol pé
Tgs o Eva olvoro B (A,B UmoBétoups &1 elval un kev&). 'EE &Ahou yi& T&

OTOIXEIX X,y TOU ovoyeTifovtal pé thv | Y péepoups
Asx s y=1{(x)eB.

"Ero1, yi& mé ouvdptnon o pé medio épiopou 16 olvolo N Tév guoikdy dpi-
Buddv xad ué Tipés o1 B Ypdgpoupe

a: N—B f xail Nav e o(v) eB.

Kdbe ouvéprnon, Smeos  ToapoaTdvew o, SvoudleTan ped dxokovlia orocyeiow
vo¥ ovrdiov B. Eiikd, &v B < R 1) droloubic o Svopdletan dxolovlia moay-
patidy aoludy.

“Qote : drolovlia roaypatizay dofluin elvar xdfle auvdoTney ué medio doi-
opod 76 aivolo N wéw guowin dolud xal uE Tipés 016 afvodo R taw avayuari-
x®v doludw, dniadij uud drmexdriony 106 N o1é R,

2TV mepimTwon wds dkoroublos o ouvnBiGoune v& ouuBohifouue Trv
TN s a(v) pé o, ypdgovtas T6 PuUOIKS &piBud v s k&Tw SeikTn Tol a. Tis
Tipés wids droroubias o Tis Svouddoupe Spous TN Ko uTTopoUUE V& ToUs KaTa-
Xwpnooupe of Evav Triveka pé Tév E€fs TpoTTO:
1 g tradc] nlin . wal

1

L2 - ds"--lqv|

Zuvnfaws Ay TpddTn YPOBUT TOU Trivake TapodeimeTen Kad Ypd@ovTar pdvo
ol &por Tfis droAoubias, SnAabdn:

@) oy, Oy, Ay, s oy Xy

‘0 &pos o, dvopdleTon TrpédTOoS épos Tiis dxoroudias, & o, BeUTepos Spos kai ye-
VK& 6 o, viooTds Bpos Tis dxoAoubias.

"Exer émkpotioe wmd dkoloudla o v TOPITTAVETAL LE TOUS Opous Tng
Smes oty (1). Tére Aéue «y dwodovbia o, ay ay,. . .0, . .» 1 kal &AM ()
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arotovlia o, Gy O . . .». ZUVTOUDTEPa f droAoudic (1) TopioTéveTon Kol &g
&fis:
x, veN fi kai o,v=12,...
Mopadsiypata :

1. f) dxohovbia TéV QuUoKGY &p1BudY, SnAadh fi droloudia
1,253 00 Mo
Tfis &mrolag vioaTos dpos eivan & &p1Buds v, Snhabn oy =v.

2. fi dxohoubia

1 1 1
| T T
2 3 , ’ v '
Tis &molas & vieoTds dpos elvan & &p1Buds iu_ , SnAadh @y = . g
v
3. 1 dxoroubia
1, 4,9, V5.
4. f &rohovbia
SR b
.2 3 v
1.1.1 Tewuetos} napdatacy dxolovbiag. "Av &, v = 1,2,..: elven p&

&xohouBia TrporypoTiKGY Ep1BudY, TéTE TO &dtypauu& s Se elvan T6 oUvolo

101,60, (20000 1 v (RO, -
‘H yewustpik TapaoTtaon (T6 Bidypaupa) auTol Tol ouvddou A, TS
xod &AM Mue, Ths dkohouBics o, v=1,2,... &roTeAelTal &TT6 TTOUOVUOHEVT
onueia Tou EmiméSoy, Gmes paiveTa oTé TapekdTw oxfiue 59.

y
L P 1
i
Yb == s e ks S Ak SR s S e s -+
N T |
o e e — :
i i 1 : i
1 2 L. 4 5 ¢ i
....................................................... i '
H H
| i
4 fiE L i
% TG O e T O T BT O i
Zy. 58

112 Goayuéw dxodovbia. & thy dxoloudia a,= = Al
mraparnpoupe 6T {oyUer C 1
0<a =<1 ¥ veN ) R O T

Zy. 59

BnAadry SAor ol Spot Tiis dxohouBias alTfis PpiokovTal oTo KAEIOTS BidoTnua
[0,1] kai TOTe Aéue 611 i drohoudicx aUTh elven goayuévy.
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Fevikde: pued arolovbia moayparieiy dolucw o, v-— 1,2,... dvoudlerar
Foaypuévy, Tote xai pdvo tove, dv Smdoyovy moayuarixol dolipol y xal & térowo
dore va iayiet.

(2) Y=o, =8 ¥ veN

Tote ol &pifpoi Y kai & dvopdlovTal, dvrioTolxe, wdrwm kol dra godypa TS
dxohoubias o, v=1,2,....

"Av Twpa 8 elvon dpifuds peyalUTepos 1) foos &’ Tols &p1fuols |y | kai
[8], ToTE &TrS TH (2) TpokUTrTEl &T1:

a, <8 <8 €8 ¥ veN
kal dxdun
a =2y 2—|y|>2-0 ¥ veN.

“Apa, loyer TéTe

3 -0 <a, <68 ¥V eN
1 {ooblvaua
€)) la,| <6 % veN.

"AMG kol dvTioTpoga, &v loxver 1) (4), TéTe 7 dxohoubla o, v=1,2,... elvet
ppayuévn, &polU fi (4) efvon icoSUvaun pé Thv (3). 'AmcBei€ape Aoy, &Ti:
Mid dxolovlin mpayuariedy doludv o, v=1,2.. . .elvar goayuévy téte xal
udvo tote, dv dadpyer moayparixds doifucs 8 rérows, dare vd ioyia
o, | <8 A veN,

2Ty mepimTwon ol & dpiBuds 8 dvouddeta podypa Tis &xohoubias a,,
g=12 ..

e ; . VeTuv , 2ouwy
Dparypéves drodoulies elvan, m.y., of —:n—u—, v=12_.. g ——,
v 41 v3
v=12... ytl ioyUouy
I (T I T v
VTl =vErSv3T §1 ¥ veN
Kai
2o0uw 2 |ouwy 2
| 25| =2l < 2 <o v seN.

"AvTifeTa, of drohoubies v3, v — L2, .. kol w2 v, v=1,2,... & elvar
Pparyueves, yiari yik kdfe TpayuaTicd &pibud 1) TpdTn Exel Spous peyohUTe-
pous &md alTdv kal 1) BeUTepn WikpdTEpOUS.

1.1.3 Movétovn axorovdia. *Egdoov A dkohoubia elven ik EiBIkn Trepi-
TTWON  ouvopThoews, of éwolss povdrowy kol ywmoioc povetovyy  axoiovfia
TRAYHaTIKEY Sp1fuddy elvan Trpogavels, oUugova pé Tols dvTioTorous &pi-

ouovUs o Séfnkav oThv § 1.1 Tou keg. Il, y1& mpayuatikés ouvapthoeis wds
TPy paTIKfS peTaPANTHS.
"AxpiBéoTepa i dxohouBla TporypaTIKGY apbudv a, v=1,2,... v

atbovea T6T: kai pédvo TéTE, dv
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V< Y= O, < O

TMopduoi, f o, v=1,2,... even glivovea TéTe K&l pdvo TéTE, &V
V< B A, =g

*Emrions, 7 dxorovbia a,, v =1,2,... elven pmjoing affovea &v
Vs e <oy

kai yryoime glivovoa, &v

=l S R S

T.y. 7 dxohouia v%, v=1,2,... elvan yvnolws abfouca, yiarti

v<p= vl

g S . 2 y S
Evéd 1) O:KO?\OUBIO:T, v=12,... elvan yvnoiws ¢bivouca, yioti
v < : = L
0 - ]
Teope, slvan elikoro vé SiamoTdooupe &1 mi& dxoloubia o, v = 1,2,... elvan

abfouca, TOTE Kai poévo TOTE, &V o, = Oy W veN
¢fivouca, TOTE kai povo ToTE, &V @, = oy ¥ VEN
yvnoiws alfousa, TéTe ki pévo TOTE, &v o, < @,y ¥ vEN
yvnoiws givouce, TéTe ko pévo TéTE, &v @, > o,y i VEN

1.2 “H ¥vvowr tic drakolovliag. *Av o, v = 1,2,... elvar md& dxoroulia
kol Oecopricoupe Ty drohoubia TéY dpTicw guokddy dpiBudv 2v, v=12,...,
Té1e pé T BiaSoyikn &vTioToixion

Vo 2V e o,

bpileTan W véa droroubia oy, v =1,2,..., SnAadn f dkohoubia

Oy gy priowy. Doyt e
ol &moteheitan &mrd Exefvous ToUs Gpous THs o, v =1,2,... o éxouv BeikTn
&pmio. “H véa alTr) dkoloubia dvouddeTan draxoiovlia THS o, v = 1200 = ket

pdAioTa vraxolovdia Ty dotwwv deieTam.
TMapduoix, 1 &roAoubia

O, O, Oy s 40—ty Teieie
pTropet vé Sp1odel & 1) draxoiovfia THY meorTTdY detkTdy ThHs &, v=1,2,...
" 1 s o
Ax. &v o, = (1) Fal =1,2,..., TéTe 1) Umaxoroubia TéV &pTiwv Bel-

kTéV elvan 1)
1
2
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xad fi Umoxkohoubiar TéV TrepiTTEY SeikTddy elvan 1
1 1 1
e
it gt 2v-1

Mevixd, &v &vti yi& Ty drohoubiar Té doTIRV 1) TEPITTEY QUTIKEY api-
Budsv Becopriooupe m& yvnoics alfovoa drohoubia guaikéy Sp1Budsv k,, v =1,
2) o LS == Ky+1) TOTE pé T1) BiaBoyixn &vTioTolyion

s

VK e O
Opiletar m& véx dxohouBia Gy V=12,... () clvBeon cox TGV dkohouBiciv
(owvopTthiceww) « kai o), SnAadn 1 dxoroubia
Ay Gy gy ooy
oV dvoudleTon dmaxolovfia s, =2
1.3 Mndevikéc axolovdicg. Oewpolue THY dxohoubla o, v=12,.., ué
a, = (-1)" —i—, EnAadn v dkoroubia

I | ,1
“Ligy =g vl

"As Bswpricoupe TP TO Sidypaupa aUTiis THs dxoAouBias (PA. oy. 60),
Evar BeTikd &piBud & Ty, Tov e=0,4 kai Tis eUBeles pé E€10c0es ¥ = ¢ Ka v =-%
ol dmoies elven TapdAAnAes Tpds ToV &fovar TGV x Kai Spilouv Tdvw oTé Errle
eSO W& Taia.

R
FEOMSLE i -_.i}y
a i i}
g < E -
7 ST 7 4 C e L4
B L L SRR Tl s 1, o
Lt T, : i
|
|
b PR S :1.;
Ly. 60

276 mapamévew oxfiux 60, TapaTnpoUue 8Ti T& onuela P, kai P, Bpioxov-
Ta1 €6 &md TV Tawicr, Bvd Sha T& dutioToixa omueic, pé Seiktn v > 3 dnAadn
i onueTer Py P Pav Belokovtan péoa o alt. Mé &Aha Adyia, ol TeTa-
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yuéves Tév onueiwv alrddv, SnAadh of Spot oy, oy, o, . .. THS é&xohoubics pos,
BplokovTan oTé dvoikTd BidoTnua (-g€), dniadn
= <as<e! v =v=3 (=04)
] ioobuvapa
Je, | <€ "V"Uzvn=3-
*Av Tépa Tépoupe Evav EMo BeTikd &piBud g, .y, Tov € = 0,16 (ukpd-
Tepo TOU Trponyouuevou) kal fravaAdBouds T& TapRTAVE, TOTE KOTOATYOUUE
016 ouuTrépaoux T T& onueia Py, Py, Py, Py, P kai Py Ppiokovtan E€e &md Thv
GutioToxn Towvie, dvéd T& onueia Py, Py, Py,. .. Bploxovtan péoa o abtr. Mé
&\ha Aoy, ol Tetorypéves TGV ormueicov alTdy, dnAabh ol dpor oy, &g, Oy, . - .
Tiis dxohouBias pos, Bpiokovton oTd dwoikTd Bidotnua (). "Apa loylel
s <a, <t Mv=2y=17 (=016
1] looBlvapa
lay| <& g vZvy=T

16 (810 ouutépoopa koTaAfyoupe xai &v T&pouus dg € OTOLOBHTOTE
BeTikd G&p1Bud, pdévo ol yid kdde & dAA&Ea & SeikTng v, (TrapamTdve eiboue 411
yi& £ = 0,4 &ouue @5 v, T 3, & yi&k £ = 0,16, 16 7).

THv dxohoubia alth, a, v=12,... pé a, = (-1)" 5 TV ikavoTrotel T&
Tapamdvw, TN YapaxTnpifoupe s undevix) dxzeiovdia.

*AvTifeTa, ol &rohoubies B, = (-1)¥, v=1,2,... dnAadn

= PO (U D

kol y,= 1__(2_1)v, v=1,2,:.. dnAabf
Dipiy, B, L

Btv TAnpoly T& apaméve (PA. ox. 61 kad 62) kai ETol alTés Bév wmopolv vé
yapokTnpiofouv cg pndevikés.

T R (i i 1
e=09 | |
[T
o o G R S TR ry
1 ————tm P B BT L - R R o
-1 Tl b S T 02 2B Ri
Zy. 61 Zy. 62

"Amé Té TapoTdue 68nyoluacTe oTéd vék Sdoouue Tév EETs Opiouo:
Mid dxoiovlia moayparveiw Golpiv o, v =12, .. voudlerar undevixi]
anodovfia xal adTd 0& TO cupPorifoupe pé

o, 0 # xai lim o, =0
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T6TE xal pdvo Tdve, v yid xdfe £=-0 Yrdpyer deinrng vy = v, () (w0t dkaordra:
dnd v €) Térotos dore vd ioyver.
i qv: <e ¥V v = V.
I quvropla

a >0 <= Ve> 03 v, =y e): |a, | <€ ¥v =y,
opo

Hapadeiypora:
1. “H axoiovbia o, = l_, v=12,... elvar pndevires, yrori Yi& kéBe BeTixd &pBud
v
€ Umapyer Beiktns v, = vy(e), (éBcI: HTropel v& AngBel Evas guoikds &piBuds peyaAUTEpos Tou

1 . -
_), TETO10§ DoTe
E

&
\ﬂ
|
¥
l
A

"Apa loxUel |ay ] <& M > v, "Qote dmwobeifope &mi

1
Ye > 0, gv, = v,(e) ( dprel vé& AngBel v, > e ): lav| <& vy,
BnAadn

1
2. "H dxelovbia o, = —1“,;', v=12... e pndeviz, yiati y1& dwoodfmoTe e-
v

TIKS dp1Bud € Umdpyer Sefktng vy = vy(E), (éﬁc’b uTropel v& Anglel fvas quoikds &piBuds pe-
YaAUTEPOS TOU 17 ) TETO10S doTE
€

1 1

V2= lay| =

—_— e =
Vv Vv,
kal, &méd TV EAoyd Tou Vo
1 1
Vo > ? = _'V‘T <6
0

"Apa loxUet oy | <& v > Vg
*AmoBeifae, Aormréy, dTi:
Ye>0 3 v,= Vo(s)(dtpKET vé AngBel v, >—12.): low| <& v=w,
E

BnAash
= 1_ -
Yv

1.3.1 ‘Isbtnteg tdwv undevik@dv dkorovhidv. E5& dvagépovtal of Pa-

a, 0.
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o1kéTEpEs 1810TNTES TGOV Pndevikddv dxorouidy Tov udlape ot TponyoUuEVn
T4E1.

: o, —+0 < |a,| -0
"ATd o) Pplokoupe elkoha kai &Ti
a, -0 < -a, +0.
2. a, >0 = o -0,
gmou o, v=12,... elvon omoiabnmoTe Uraxkoroubia Tis o, v=12,....
AUTS onuaivel 8T xdfle dmaxotovlia undevixijc axolovlias elva énions pndeve-
i) diolovlia.
3: a, 0= a,v=12,... ehvat poayuév;.
Té dvtioTpopo, Bucs, Bév loylel, Smws umopel vé &moderxfel pé 10 Tapddel-
yha o, = (=1)".
MpaypaTikd: auTr elvan @poyuévn yiori
la, | =1 =1 y1& x&be veN
&AG Bév elvan pndeviki.
4. a,—0

ﬁvéol = a,+p, >0.

5. a, >0 ]
Bnv=12,... goayuév

AUTH pé v iBidTnTe 3 pds Sivouv TV

= uvﬁv -0,

0] - ap
& fxER—>O} = ta, =»0.

AUTH pé v iBidTnTa 4 Sivouwv Thv

teR, «, >0

neR, B =i ) } - E“v"'ﬂﬁv-*o

EiSik& yi& € =1 kai n = -1, maipvoupe

a, =0
ﬁ\,—>0] = a,—p, >0
7 |a,| < |B,| ¥ veN o -0
p,—0 v d
8. a, >0 = v/ [a,| =0, xorabepds guoixds &piBuds.
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"Egappoyi :

1. "H dxolorBia o, = ﬁ—:-:,_—zl v=L12... evar pmdevinri. Tparypori.
v v 1
lovl= v Sigr =5 W

v

kal émreidd vi =0 d&mdé Ty ididTnTa 7 Taipvoure 71 kal Fivrd ™ 0.

2. "H dxodovbia ay,=VVW +2-Yv 41, v= L 2... elvar pmdevoes, MpaypaTikg:
1 1 1 1
— < == — — N
YV +24+YVE]l  Yo4ve 2y S v U

xaf tredn L1 0, oluguva ué Ty iS1éTnTe 7, kal # dxohoubla o = Yvit 2 — Y9 + 1
v

ey s Ve YA

v=12,... evar pnBevik|.

3. "H arodovbin @, = o', v=1.2,... ut o otraleod mpayparied dolps wal | w| < 1
elvar umdevia]. TpayuaTié.

AV =0, ToTE oy =0 Mg N, xed ff aov =0, v=1,2,... elven BnBeviKT.

"Av @ #£ 0, Eoups 0 < |w| < ] = !_.> 1. *Apa 1 =1+ 8 6> 0 kai ¢

|| ||
Topéveos

3) oyl =]w|" = % veN.

=N
"AMAG tmreaiBn) 1 4 6 > 0, oUnpwva pé T yvwoTd dvicdtnTa Tol Bernouwlli 23
TOU Keg. | )
(1 +6)>1+v8
Exoupe
(1 +8)¥ > ve % veN,
kot ToTe ) (5) yiveren
1 1 1

o 17 e P U . veN.
e vo [:] v v

"Apa, tmeid 1L — 0, &mwé Tis i516TnTes 6 katl 7, oupTepaivoupe 611 kai ) dxoAoubia
v

=y u=12,... (0 <|w| < 1) sve unBevik.
T.x. of dxoAouBies 2_1", =12 s ?lv—, v=1,2,... xal _110—“' v=12. elven &hes un-

Bevikés &koAoubies.
. . o¥ o s ' Wizt
1.4 Zvykhivovess axorovbicc. M TNV droloubic o,= LR L2:0

TapaTnpoUpe 6T foxlel o—1 = -é, 8nAadn fi dxoroubicr -1, v =1,2,.. .¢l-

v+1
v

vau undeviki) dkohoubia. AUTS 16 Ekppdloue AtyovTos &Ti 1) dkohouBic )
v=12,... ouykhiver Tpds Tév &piBps 1.

levikd, Aépe 8Tt wued dxoiovfia moaypariiw  doludv o, v=12,...
ovyzAlvel mods Tiv mpaypatid aotlud I» f ked &ANIGS relver 7005 TV mpayua-
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Tied dolfud ) kal oUTd T6 cuuPoAifouvpe pé lima, =1 f o, -1, TOTE xai
povo ToTE, &v 1) dxolovlia o, v=12,... dnlad) 7 axolovlia
O - Pt AR G S

elvar pmdevier]. Ti& ouvtopia ypdepoupe :

lima,=1 = o~ -0
opo

‘O &pi1buds I elven povadixds kod Svopdleton doto ) dptaxi] Tiwj Ths &ro-
Aoubios o, v=1,2,...

Té povootjuavTo Tiis dpradis Tipfis elvan pavepd yid Tis oTabepés drkohou-
Bies, Evéd yevik& TpokUTTEl &To TV {816TNTA

}» L=l

Mpaypatika:  émedn lima, =1 kai lima, =1, 8& Eyoupe o, -1[, >0 xai
a,~1,—0 kai ETo1, &d THY iB16TNTA 6 TEVY unBevikddy droroubidv (o, —l,)-(a,—l)=
= I~ — 0 moU onuaiver 11 I, =1, =0, 7§ I, = 1,, dpoU Tpokerton y1& oralepn
drohoutia.

1.4.1. GEQPHMA. Ay «,, v=1,2,... elvar wd axolovlia mpayuaruedy
aolfudv, tdre ol mapaxdrw mpordoes elvar looddvaucs.

(i) dim o= I

(i1) I'd xdfe € >0 dndoyst deinrns vy = vy (€) (mod &kaprdarar dnd 10 &)
TéTotog, @ote vd loyder.

lim o, =1,
lima, =1,

|o~l| < € yd xdfe v > v,
*Anodedn. (1) = (ii). TTpaypatiké lima, =1 = lim (a~l) =0 xai &1ou
amd Tov Opropd Tis pndevikiis dxoAovBias Taipvoupe
Me>0,Fvg=vy(e): |a-l| <e ¥v=v,
(1) = (1). MpaypaTikd: &mwd TéV dpioud Ts undevikiis dkoloubias f Tpd-
Taon (i) onuaiver éTi 1| drodoubia a~/, v=1,2,... elven pndevikr kol altd
ouvetrayetar Ty (i).

IMapatipnon. “Av Gewprooupe Thv dxohoubia v_-t..l, v=1,2..., woU Smwos EE-
v

BnAadn 1 dxoAroubia

—
5]
—
w
—
L

|
t

.-.__
—
—
(o]
—
w

# éwola mpokUmTe &mé ThY ¥ by » v=1,2,... pé Braypagh TGV Sika TphTwy Spwy Tng
v

trlons ouykilver kal pdhiota mwpods Tév &pibud, I, yrari

v |- 11 1 1
A S e — = 0.
T e
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Mevixé, dmwd Tév Sproud Tiis auykhivouoas xoAoubics WTTopoUpe v& oupTEpGVoUME EUKoAQ
Sm1 1) iB1dTnTa v& eivan pid droloudia ouykhivovoa BiatnpeiTon kol peTd &id TH Siaypagpn
tvés menegaonévoy wANBos Speov TNs kol ndhioTa 1) dptakt T TNs Tapapével  AueTAPANTN.

“Av a,, v=12,... elvar md &kohoubia kai M Eva &mépavto UmrogUvolo ToU guvéhou
N 16y guokdv dpbudv, y1& fvav TpaypaTikéd &pidpd | 8& ypégoups

lim a, =1
veM
TéTE Kal pdvo TOHTE, &v
Vex>0, 3 v=uve): -l <& % vEM pé v =y,
"Etot elvan gavepd 8T1 yid dmoiobrioeTe TéTolo alvoho M loyuel
(6) lime, =1 = limea, =1
veM

kai dxdun ém
limo, =1 & limay, =1
veN
‘Emions, &mé Thv mapamwdve wapatipnen, yid dmowodfmorte memepaouévo UTrogU-
voho T ToU ouvéhou N foyuet
lima,=1 = lim a,=1 kol lima, =1
veM veMUT veM-T
Téhos, &v AM elvan dmépavra olvoha UmocUvoha Tou N, TéTe

lim o, =1
V_E i = lim o, = 1.
lim o, =1 ve MUA
veA
Mpaypatikd: &v & elvan fvas BeTikds &piuds, TéTe Emweiby lim o, = 1
veM

Ivp=vE): |a-ll<e ¥ veM pgv>y
kal &mweadn lim o, = {, wdh
veA

I ve=v(e): |a~l| <e MveA ut v >v,
"Etor y1& v, = max{v,, v,} Exoupe
v=>v, kal veéM
v =y kad ve AUM = {1"1 }» Jow—=l| < ¢
v =>v, kal veA
Enhabn
Vex>0, Jv=v: la-l] <e W veAUM utv>y,
ToU onuaivel 811 lim o, = L
veAUM
1.4.2 "Iaétnreg téhv svyklvovedy axolovbdv. Améd Tis i8i1dTnTes TV
pnBevikddv dkohoubiddy TrpokUTrTOUY &uéows kai ol Trapa kKT (Bi1dTNTES TV
guykAouady dxkoAoutidy, ol elvon dAAwoTe yvwoTés kad & T& podfuaTa
Trponyouuévwy T&Eecov.
1. lima,=! = lim |a,|= |{|
2. limea, =1 = lim o, =1
otrou ok, v=12,... elvoa wé& Imroxoroubic Tfs o, v=1,2,..., SnAad xdls
dmaxolovlia avyxdivovaas axolovliag elvar énions avyxiivovaa dxolovlia pé iy
ida dpeser] T
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3 lima, =1 = a,v=12... elvar goayuém.
Té dvtioTpogo Bév foyUel, BnAadn Umdpyouv ppayuéves drohoulies ol Bév elvon

ouyKAivouges (/\.X. A a=(-1) + %— v=1.2... )

4. Iim e, =1, )

lim B, =1, } = lim (a, + ) =1 + &
5. limg, =1, )

lim ﬁv Al lz } = lim (O:V B\) — ]1 "2'

AUt ouvemdyeton Trv

¥

EeR )
lim &, = } lim(§ a,) =& 1.

f omoia padi pé THv 4 cuvemdyeTton THY
€eR, lima, =1,
neR, limpB, =1, J

EiSik&, y1& € =1 xai n =-1, maipvoupe

= lim (§a, + nP,) = & + 1l

lima, =1, ) .
Tl e
6. limctv=l7£0} . 1
= lim — =—-
a, # 0 % veN el
AU uwell pé TV Tponyoupevn iBidTnTa 5 guvemdyovTan kai TAYV
]!II] o=z == s I,
llmB\.:fz = l]ma =/
a, # 0 ¥ veN Y .
T Himog, =1
lim B, =1, - I =1,
a, < B, ¥ veN
8. lim B, =1
limy, =1 = lima,=1

Bh=avz y, ¥ veN

k 13
9. lima,=1! = limV |o, | =V [l], koTaBepds puaoikds dpiBuds.

]'Iuparfgpqc'q. Ol mapamwdvw (816TnTEs BraTuTdvovTal dvTioTolye kai pé 16 oupPo-

Ao lim o1 8éom ToU lim, &mou M elvan fva &mépavro Umoouvoho Tou N. "Etor m.x. ) &v-
veM
TioToixn pé THV Tapamrdve {BidTnTa 1 evan 4

lima,=1 = lim la,| = ||
veM Ve
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dvtioToixn pé v BidtnTa 2 elvan fi (6), dvrioToixn mé v 3 elven §

limo,=1l= 38>0: |oy|<0 % veM

veM
k.0.K. OAes ol UméAormes &m’ Tis Topamdve i516TnTes loxUouv dvdhoya v &VTIKATOTTT -
ogoupe TS oUvoho N pé 16 M.

"Eqappoyic :
v 4345 1

1. lim T T A"

,,s(1+,3,+i) 1+3+2
vi43v+5 v v v ve
MpaypoTikg: e i =
i "’(4+‘u"z 4=
Ol éxkohoubles duws ._3_ =3 . l, V=125 =5 i = L . i v=12... kal
v v v v v

2 =5. _1?, v=12,... elvar dAes unBevikés dxoAoubies. "Apa
v

v?

" . 1
1:m(1+%+%)=1+0+0=1ml lim (4+F)=4+0=4'

“Eto1, &md v 1Bi1dTnTa 6 T&V ouyxAwousdv dkohoutidv Eyxouue

3 5
1 EY Fn
vl+3v+5=|im +v+v‘=L-

lim 4 1 1 o i 4
vl

v
2. lim Ya =1, dnov « elvar arablepd; Oetizds apbuds.
Alakpivoupe Tis TapakdTw TEPITTOTES:
i) a=1. Elven pavepd.

v
ii) a > 1. Géroupe 5, = \"a_—l, v=12,... kol TéTe &pxel v& Beifoupe &11 5, —0.
v
MpayuaTtikd: Exouvpe Ya = 1 + &, SnAady
@) a= (1l + &)
‘Emetdn) 8, > 0 VW veN, &’ v dvigdtnra ToU Bernoulli, 8& Exouue xad (1 +8,)* >
1 4 v, kal Eror /| (7) Siver
a > 1+ v8, > v,
"Apa
0<5, < % =510

TO OToio, ouppmva ké THv IB1dTnTa 8 TdV ouykAvousdv drohoubidy, ouverdyeran 11 8, —» 0,

iii) @ < 1. ZTiv mwepimrwon alth Exoupe - > | kai Eror, oUppwva pé THv Tpon-
«

Ya

v
i 1
yoUuevn TepimrTwon, Exoupe VL - 1, 8nhadf —— - 1, 70 omoio, pali pé AV I-
o

v
1
Bi6TnTa 6 TéV ouyxkAvouady drkohoubidy, ouverdyetan &Tt Yo — T =L
3. Elven edxoho vé Bolpe &11 ) dxohoubla o, = (-1 dy ,v=12, ... Biv elvan
ovyxhivouoax. MmopoUpe Suws vi Ppolue & s Imakohoudia ax, v = 1,2,... kal péhioTa
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tketum W ko= 2v, v =1,2,... BAadH THV o = (-1)%) + %..,v: 159, 1 Vet R
v

Ymrakchoubia Tév &pTiwv Spwv, yi& THv dmola TapaTnpouue ST

o= (D + o =1+ o > 14 0=1,

dnAadn &T1 ouykAiven

*Eo1 BAETTOULE ET1 &0 pud dxolovbio pmooel vd iy elvar ovyxlivovoa, pmo-
el vad Eyer urd ovyxiivovoa dmaxoiovlia Ts.
0 Iz i

1.4.3 "H povotovia kai 1 coykhion dxolovbiog — O apibudg e. "Ag Bew-

priooupe TpéTa THY drohoubic 1%1, v =5 2. . dmAasn e
1 2 3 v-1
0; 7 ' _3 ’ Z 1 E e T pio s
kod et TV dxoloubic v v =1,2,..., dnAadn TV drohoubia

1: 4 9,716 a0 Wa = on
Maporrnpolpe 8T xai of Bud elven alfouoes kai péhoTa yvnolws alfou-

A b S D BT y 10 ooov=1
oes dxohouBies. AT alrés Sucs pévo 1) TpedTn, SnAadh ) droloubia VT ;

v=12... elvar ¢poryuévn, &eouU ‘% <1 3 veN. ’Axdpn TropoTnpoUue
&1 1) dkodouBla oty ouykAivel kad pdhioTa lim ‘—}_V—l =1, & dvTifeta 1) V2,

v=1.2,... woU 8ty elvan gparypéun, 8¢ ouykhiver Tpds TparypaTikd &piBud.
Té yeyovds é11 # alifouca kai @parypévn drohoubia V—_E, w=Ay2 ;55
v
cuyKAver Trpds mpayuaTikd &piBud TO BexopaoTe ST loxUa yevik& yid ke
at€ovoa kal gpaypévn drohoubia. *AxpiPéoTepa BexopaoTe TO drdAoubo &Eicua:
‘Afiope. "Av o, v=12,... el ud povdrovy zal goayuévy dxolovdia
moaypatizin dolbudv, Téte abt cvyxAver meds xdmoloy moaypaTIXG dofud.
‘0 apiOpog e. OswpoUpe Tis droroudies o, v = 12 uinuabBiiv=l2, 0 ..
&tmouv

o= (1+7) xa p=1 +)

y1& Tis &motes mpddTar 64 &rodeifoupe ST lven yvnoiws povéToves kad udAioTa
A o, v=12,... (yvnoiws) aifovoa kai | B, v=12,... (yvnolws) ebivouoa.

Mé& v drolouBlier a, v=12,... Exoupe &T
Ay i1 (H-ﬁ)v“ 1+\% fr 1 v(v42)\v+1 1
2, (1+T)=((v+1)2) '(1“'7):

ety T\l
- (1——(“7'%1)2)”1(1+%) > (1—@+D (vi’l)z)(” %):1
&7
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Smou ypnotporrotnke f dvigdtnTa ol Bernoulli

\ —1
(4"t > 1H+ Do, b =gl -
"Apa
o, < Oy M veN
ol onuaiver §Ti fy dxohoubio o, v =1,2,... elvea yvnoics aUfovoa. *Emiong
E£xoupe

g (ielo e :
Sl ___1"'___ :(H_V“ 5-2v) vr (l+(u+1) ) ' %{—2

= (1+ *xu2:V1| 1).E=1
émou xpnoipoTrofifinke AL 1) dvicdTnTa Tou Bernoulli.
"Apa

But1 < By  MueN
“Yorepar &’ aUTé elven owepd 81 yik kéBe puoikd &piBud v loyver
2= Z2a, <B, =p,=4

kad Eropévas, &md T povoTtovia TV drodoubidy o, v =1,2,... kai B =11,
2,... kai 16 Tapamdve &flwua, oupTrepaivoupe &1 kal of Sud alrrés droAoudies

ouykAivouv. “Apa 8& loylel kad 2 < lima, < limp, < 4
AN Exouss [m By _ nmﬁfﬂ_v =tm (14+2) = 141m L 14 0=
dnAabn
lima, = limp, .
Thv kown Oprokr| Tiuf TGV drohoubidv o, v =1,2,. .. kai Bl =120
TV TapioTdvoupe pé e, SnAadn
e=lim (14 )" =lim (1+ 1)
'EE &M\ov gaivetan elkoda &T1 yik kéfe guoikd GpiBud v ioye
(1+ -l—)" <e< (1 + l)wri
v v .
‘O &pi1buds alrds e efvan Evas &ppriTos &pifuds kai f Tapamdve dvicdTn-
T p&s EmiTpEmel v& TOV Trpooeyyicouus doo BfAoupe. *Etor wié TPOCEYYIoT
ToU dpifpol abrol ué Tpler BexoBik& ynola elvar 1
e~ 2,718
fi &moia TpokUTrTel & ThHY TapoTTdve dvicdTnTa Yik v = 4837, °H ékTiunon
ToU &pibpol e pé T Porifeia THis SimARs alTiis duiootnTas elven TpaKTIkG dri-
movn kai Bév poogépeTon. M alrd Exouv Bofel TayUTepol TpdTTol TpogeyYyi-

oews ToU &pifiuol e. Etor A.x. Ppioketan f) mwpootyyion
e~ 2,71828182845904523536

vii

HE 20 BexaBik& ynoic.
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2. TA TYMBOAA + % kai — . IIPAZEIZ ENITPETITEZ KAI MH EINITPEITEZ

2.1. Ta ooppora + o kai —co. Mi& pn) @poyuévn dxohouBia TpaypaTi-
kv &piBpdv o, v=12,... B¢ ouyxhive Tpos TpaypaTikd &pibpd, yioi
&ANIGs, BnAadh v oUTh ouvEKAvE TIRoS TparypaTikd &pifud, TOTE, CUHPWVX
pé THY iB16TnTa 3 TéV ouykAwouody dkoloubiddy, Bk fiTav QporypévT), TPy Ha
&rtomo. TV mepimTwon ToU f uf gpaypévn drohoudia o, v = 1,2,... elvan
xad ati€ovoa, e . ) V2, v =1,2,... Mye & auTn wamewoilerar Oerindn 1)
wovyxdiver mods T -+ co» | &koun «reiver mods T6 -+ ¥ (76 oUpporo-+ w0 Sia-
B&leTon «otw dmetoon).

Sthv mepiTTwon wids dkoloubics o, v = 1,2,... mwou elvan ali§ovoa ke
pf @porypévn, SnAabn Trou &meipileTon BeTiké, &v e elvan Evos feTikds &piBuds,
TéTe Umdpyel SelkTns vy = vg(€) TéTolos, GoTE V& ioyuer

(N Gy >
TMporypaTiké: &v TouTto 88v fitaw 0woTd, ToTE B eiyape
o, < % ¥ veN

v

xad gwadn B a, v=1,2,... elvar altouga,

1
u<as— ¥ veN,

mpéyua ToU onuaiver 8T ) o, v=12,... 8& Aav gpaypévn, SAN aUTo elvan
&toTro.
Tohpe, tmadf f o, v=12,... glvan alifouoa, Exoupe
vy, =, =,
kol ETol
vy, = o> %— ;

“Qoe dmoBeiyfnxe 671 y1& Thv «Ufouon kai w1 pporypévn dxoloubia a,
v=12,... loxia &1i:

Mé& &molodfmoTe BeTikd &piBud g, Snhadi yi& k&Pe € > 0, Umdpyer Sel-
KTNS Vo = Vo(€) TéTo05, CdoTE V& foyUel

1 ;
@y =p —a i K Ve

"Yorepa &md Té& Taparrdve elvon & Quaiké vé Bdooupe ToV EETiS yeviké
dpiopd yi& TH oUyrhion dxolouias TpaypaTik®y &pifuddy Tpds TO + co.

©& Abue &T1: 7 dkoroubla TTpayPaTIKEY &pOpdv o, v=12,... «dme:-
oiCerar Betiedn fi GAMES wovyxAivet meds T0 + 00» ) &xoun (relver mpds T -+ 0O»
kol airTé 0& T6 oupPoAifoupe wé lim o, = + o0 ) o, — + o0, TOTE Kal pévo TOTE,
&v yud xdle € > 0 tmdgyer delutns vo = vo(e) (7ol ékagrizar dmd T6 €) TéTotog,

ey 1 . ¢
dore va loyder o, > ?ytd xdfe v = v,. Na ouvTtopia:

lim a, =+ <> ¥ ¢> 0,3 Yar— VylE): a,>—l‘— Yz v,
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Mopadeiypata:

1. “H dxolovbia t@v guody doluav v, v=12,... drewpllerar  Oeried, Bnhadn
V= 4 o,

2. “H dxolovfia v + 1, v=1,2,... ondadnj 7 dxedovlia
EA T L NS o o
drewpilerar Beried. Mparyparikg: yi1& dwoiobrimote feTiké &p1Bud € > 0 dpkel v& A&Poupe s

1
Vo = Vg (€) Evav @uaikd &pifud peyohiTepo &md T 7 kol T87Te, &gol v¥ + [ > v, 0k Exoupe

1
V"‘+1>V2Ua>? v =,
“Qore: yi& k&e € > 0 Umdpyer BeikTns Vo = vo(e) (&pxel v& A&Povpe s TéTolo Belktn dva

puoikd dpiBud peyoUTepo &md ToOV -I?), TETOlOS CdOTE
v’+1>i ¥ ov =,
€
Sniabn v+ 1>+,
‘H dxohoubia —v?, v=1,2,..., 8nhadd A &xoroubic
-1, —4, —=9,..., —v2,. ..

elven pfivouoa kal pr gporypévn. Avédoya Teds Té Tapamavew B& utropoloaue
v& ToUpe 811 b &meipiletan dpunTixd. ‘Afilar vé TapaTnpnoovpe 86 611

f &vTifeTn droloubie, BnAadn ) —(—vB) =2, v=1,2,... amelpifeTon  BeTikd.
Fevikd 6& Adpe 6T1: 1 dkohoubia TpoyUaTIKGY &pifpdv «,, v=1,2,...
amepilerar dovriedn f SN «ovyriiver mods 6 — oo» 7 dxkdun  «relver
7005 16 —oo» kol adTd 64 TS oupPoAifoupe pé lim o, =-00fl a, --00 (16 gUp-
Polo —co BioPddetanr «adijy dneipon) TéTE kod pévo TOTE, &v A dvtiflery axo-
Aovlia —a,, v=1,2,... anewgilerar Berind. & ouvtopia:
LIim o, =—® <= lim (—a,) = 4o

“loxUowv T& TapokdTw fecophuaTa:

2.1.1. @EQPHMA. "H dxolovlia moaypariciv doluiv o, v—=12,. ..
s A B i ; S o P
GREQICETAL GoVTIRd, TOTE xai udvo Tdve, dv yud xdfle & >0 dmdoyer delxrng
Vo = Vy(€) (mod faprarar and 76 &) térows, dorte vd loyde

a,<—-—]E- ol R
“Anddeikn. lim o, =—o <> lim (~a)=+w <(¥ ¢>0,3 =
=w(E): — cxv>—i—‘v‘v = Vn)<=>(VE >013 vo=v,,(s):o:,,<—-—1—- iy vo)'

2.1.2 @EQPHMA. O:wwootue dvd dxoiovlieg o,V =12, . wel Py,
v=12,... pé o, <P, pudxdle veN. Tdrelaydoor

lim o, = 40 = 1lim B, = 40 xal | limP,=—w = lima, =-—w
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*Andderkn. *Eradn) lim a, = -+ o0, Exouue
1

M e>0, Jvy=vE): a>— ¥ vy,

kal alTd padi pé Ty dvicdtTnTa a, < B, ¥ veN ouvemrdyovtan &Ti
¥ e>0, 3 vo=vy(e): Bv>'é' Vv =y
TOU oTnpaivel OTL
lim B, = + 0.
“Qote &mrobeifope &T1
lim &, = + o0 = lim B, = + 0.
AT alTd mpokUTrTel Kol OTL
limp, =-w = lima, =-o
dooU loyuet —f, < —a, ¥ veN xai émopéveos
lim B, =-w = lim(-B,) = + o = lim(-o,) = + o = lim a, =-0o.

"Omrws eidoaus Topamdvw oTd Tapddeatyua 2, fi dkoloubia v+ 1, v=1,
2,... &mepiletan GeTikd. AUTO prropoUpe v& TS oupmepdvouus Gpows pé 'r'r']
Ponfeia ToU mapamdvew GewprjuaTos, yioati ioxuer v < v+ 1, A\ veN kal
lim v=- o. Tlapdpoia, &mwd T6 Tapamdve Becopnua mpokimTouy eUkoAa kol
611 lim (v3~v + 1) = + o0, lim(—v*) = -0  kai m(-v? + 2v-2) = —c0.

2.1.3 Ta obpPoro —co, + oo xal 7 Odudraly Tdv mpayuaricdy aoludy.
“Omws elvon yvwoTo, yi& Tis ouykAivouoes drohoudies TrpayuaTik@dy dp18udv
foxUer (§ 1.4.2 iBidoTnTa 7).

lima, =1, LeR
lim B, = L, LER =1 < I,
o, € B, ¥ veN

Tpdypa Twou Trailer oroudaio pého oThv TeXVIKT TGV dmodeifecov TOAAGY Bewo-
prpdToov Tis podnuaTikfis dvahloews. M& 16 Adyo abtéd 64 dplooupe Sidraln
o1 guvoho RU {~o, -+ oo} katd TéTolov TPOTTO, COTE V& ioyUel TO TapaTTdve
kai otls TepiTTdoEs, Srov ) pio # kol of Bud dpakés Tipks I, I, elvan Evar &
T& oUpPora —oo kal + co. Tlpayuarikd: &v dexfoupe alTd, 8& Exoupe

lima, =1, leER

lim B, = +w» =1 € 4o

a, € B, ¥ veN
kai &maidn), &wd TOv oplopd, TO + o Bév elvan TporypaTikds &piBuds B Trpémel
v& Spiooupe

|
E l < 4o ¥ lER
| |

TMoapdpola, 85nyouuacTe ki o160 v& dpicouue
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—o <l ¥ leR

kad —i0. =i ‘

Té olvoro R Tédv mporyuaTtikédv &pibuddy, mou, &mws Eépoupe, T& oTol-
XEIO TOU YEWUETPIKE TrapioTdvovTal pé T& onueia wds edfeias, dvouddeton kad
etleia Tiv mpayparixdy dpludv f) moayuarixs eileia. To elpltepo olvoro
RU {~00, + o0} moU Becopeiton Epodiaopévo pé 1y BidTatn ou Opicaue TTapa-
Tave SvopddeTon Emexterauévy edlela T@v mpayparoedy doldudv T émexrerapé-
vy moaypatixy) ofeia kai TopioTaveTon pé R*, nAab

_ R*= Ry {~o0, + w0}

2.2 'Emtpenic kai pi Emrpentic npatag perald tdv oopPorov —w, - w0
Kai tdv mpaypankdv apBpdv. 216 oUvoro R* prmopel vé dpiofioly, ds pepikés
Tpdéers, 1) mpdofeon kal & TToAAaTAaTIaouds (kabeds Emions kai ) deaipeon kad
i Bixipeon) kot TETOlOV TPOTIO, MOTE V& priv d8nyolpaoTe of duTipdatls oTis
MEXP! TP YVvwaoTe 1816TnTes T dprarddv Tipcdv.Of wpdgeis altés dpifovTan ds
EmreTdoels 1@V dvTioToiywy Tpdgewv oTd R. Tlpiv wpoywprioovpe oTdv dpioud
TGV Tpdlewy aUTdy B& dmodelfoupe Tis TapakdTw iBi1dTnTES:

15 lima, = 4+ o

= lim (a, + B,) = 4 .
]im[a‘:x,xeRJ ( fp =

MTpédTa TapaTnpoUpe 6T1, &wd ThHv iBidTnTa 3 Tiis § 1.4.2, 1) dxoloubia B,
elvon gparypéun, SnAadr) Umdpyel TpayuaTikds &piBpds 6 Tétolos cote [P, <6
Yi& k&be veN, BnAad

(8) _GSBV <0 ¥ veN.
“Eotw Todpa Evas (btrotoodnmroTe) OeTikds dpifipds £ kai EoTw e*=1—_:§.
*Apa TdTE

lima, =+ =(3 Vo= V(e cx;;-% M vzvo)‘

‘Emropévas, &md v (8) 8& Exouue xad

ltee—ez—i "VL VEVU_

o, + B, > ;’;—é =
"Qote &mroBeifape 611
M oe> 0, 3 v, (Tov éopTaTan dmd TO ¥, Spa kol &md TO €): «, + P, = %
MV = v, SnAcdh émi lim (o, + B,) = + 0.
% e ]: lim (o + B,) = ~oo.
lim B, = x, xeR

Moparnpolpe &T1, &v lim o, = - oo, TéTE lim(~o,)= + o0 kai, &v lim B,=x,
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xeR, Téte kad lim (-B,) = —x, —xeR. "Etor &papudfoupe Ty iBidmnTa 1 wal
EYOUUE
lim &, = —o0 lim(-a,) = + o0
lim B, = x, xeR }”{ lim(-B,) = -x, -xeR } i
= lim(~(a, -+ B)) = im((-a) + (-B) = + 0 = lim (&, + B,) =—o.
2. lima, = +

}=—Hm<av+ﬁv>=+oo-

lim B, = +
Mparypamikd: yi& Evay (6molodnmoTe) € > 0 Gétoupe e = 2& kai  TOTE,

S c , ; " 1

&poU lim &, = + oo, Umdpyer Beiktns v, = v,(e*) Térolos, GLoTE A, > =

vy, Emions ,&poU limP, =+ co, Utrdpyer Belktng v, = v, (£%) TéTol05, GdoTE
1 ” " : : f D PR

P> = ¥ vV Etol, &v v, elvan & peyadUTepos &mo Tous Bud BeikTes vy

kad vy, Y& ke @uoikd &piud v > vy B Exouus TOTE

1 2 1

1
€* +-§’_ e e

o, + By >
dnAadn o, + B, > IT W v > v, mphyux Tou onuaiver &t lim(a, 4 )=

=4+ ow
4, limotvzwoo]:nm(a e s
lim B, =-o v v
Mé ) Bofifeix Tfis iBi1dTnTas 3 Taipvoupe

lim e, = -0 :_lim(—cxv)=+co e 4 - = o
- e~ % }= timcn oy = limC ) + (p0) =+

= lim(a,+ B)) =-

lim B, = -0

5. l‘ — o0 "
i o, =k - lim (&, B,) = + .
limp,=x,x>0
Mé& v& 16 &modeifoupe altd Siroxpivoupe Tis EEfjs Bud TepimTdTEls:
(i) meoinrmon x = + 0. TéTe, yr& dmorodfmote € > 0, BéToupe e% = Ve
kol &pa

lima,= 4+ = J v,=w(¥: o> %; MYv=y

kal Im B, = +oo = J vy=v(eF): [3">5L*V V= Wy

*ETol y1& vy = max {v;, vy} (oU tapTtdTan &mo 16 £*, &pa kai &mwo T
€), Exoupe

1 '
vV = &> — ka B, >

8nAadn
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Yeog =0, Qryg=vyleylo, Bu> % ¥ov =y
oV onuaiver 811
lim («, B,) = + o.

5 ‘ L& : ‘ XEg
(ii) meolnrwoy x € R. Téte, y1& dmoiodnmore >0, Bétoupe &% = o

Emreidn lim o, = 400 kai lim B, = x, x > 0 Umépyer Seixtng v, (ol tEapTa-
Ton &wéd 1O %, dpa kad &mwd TS €) TéTOI08, ChoTE
1 = 3 i X ~
o> = Yuvzy kad Po-x|< 5 MvSy

€ 2
&nAadn 1 ) . i
o, > = ka g = ¥ Vg
"Apa, TOTE, Y1& k&Be v > v, EXoupe
1 X 1
Hpy>m -5 =5

*Etor &modeifape &Tt

e 0, A v=v @)% opi> —:—%} v =y
dnAadn &1 lim («, B,) = + 0.
6. lima, =-c0
lim B,==x, x>0
Mé 17 PoriBeix Tiis iB1dTnTAS 5 Tadproupe

}:— lime, B, =~

; BTy li 2 = *
J?m o, = -0 } = [ a (~x)= +x }:> e, ) R e Pl = o
limp, =x,x > 0 lim [:}V =X =l
= lim &, B, = —c0o.
T limo, = + o

lim B, =x,x <0

Mé 11 Ponbeix Tfis 1816TnTos 6 Taiprouue
lima,= + o ol lim (~a,) = -0

lim'B, = x; % =0 } {lim (-p.) =-x, -x>0

8. lim e, = -co

} = lim a, B, = — 0.

} = lim o,p,=lim(-a,)(-B,)=-0

j } = lim a, B, = + o0.
lish By=2%, x> 0

Mé 1 Borifeix Tiis iS16TnTas 5 Traipvouue
linyot, = —co } { lim (~a,) = +
lim Bi=x, %<0 lim (-B,) = -x, -=x >0

} = lim o,B,=lim(-a,)(-B,)=+ o

9. limia, = =, xER
lim B, = + oo = Tim e
B, #0, ¥ veN By

MpayuaTiké: Taparnpolpe 6Ti
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limB, = + o

},, (v £>0, Tumvy(D: B> = Vv =vp) =

By #0, 3 veN
= (vs>0,3v0:vo(s):_g—<e VvaU)»llmp——O
*Etol oUpgwve pé Thv iBidtnTa 5 Tis § 1.4.2 Eyoupe:
lim &, = x, xeR lim &, = x, xeR
lim B, = + - C“'=1imc:‘,-—--::10—0
Bv % 0 -\74 N lim rﬁ-;— 0 [vav ﬂu
10. lim a, = x, xeR
lim B, = - g =0.
B, #0, 3 veN g
Mporypaikde &md Ty iBiéTnTe 9 Exouue
lim &, = x, xeR lim (-o,) = -x, —xeR
Imp, == = {lim (-B,) = +© = lim Ia— =lim ;" =0
B, #0 3 veN B, #0 ¥ veN - v

Mé T Ponbec, 'roopot Tév TopaTdve (BloThTwy prropolue va Opicouue

xad SurioToiyes émiroentég modfer oTd ouvoho R¥.

Suykekpipéva ol Trpdgels

alTés, TToU TpofpyovTal &md Tis 816N TEs TTOU MOAIs Seifope, TapoféTovTan

oT6V TTOpoKaTw Trivoka:
*IddTyres

lfm &=ih= } = lim («,+B,)=+ =
lim B, = x, xeR
mey==© 1 Jim o+ )=~
lim B, =%, xeR

)
Lz;:i: } ~ lim (&, +B.) = +®
|-

e =lim (&, + p,) =-©
lim B, = ~o0

lim o, = —o0 = lim (-a,) = 0

lim o, = + 00 = lim (-a,) =-co
ll.mOt,,:—i—oo }:]imc(vﬂv:+oo
lim p=x,x> 0

lim o, = -0 .
. = lima, p,=-o0
limp, =x,x>0

*Emiroentés mpdels

400 +x=x+(4+0) =400 ¥xeR

(—0)+x=x+(—0)=—0o ¥xeR

o + (+0) =+

-0+ (—0 ) =—©

—(—0)=+0

(+0)x =x(+o0 ) =+® ¥ x >0,
&pat (+o0) (+o0) = +o0

(—oo)x=x(—w)m-—oo L X>0,
&pat (—o0 )(+00 ) =(+00 )(—® )=—c0
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(Ho0)x =x(4+0) = -0 ¥ x <0,

li = :
im &, = + ] = limea, B, =~ &pet (400 )(—a0 )= (—00)(+0 )=—c0

lim B, =%, x<0

(o)X =x(—w0)=+4w ¥ x <0,

lim a, = -0 i
}:- lim o, B, = + Gpat (—o0) (—0) = 4o

lim B, = x, x<0

lim &, = x, xeR

1 20 S i S T

alm?fvo lvjr;zN lim B 0 7= =0 ¥ xeR
lim &, = x, xeR

lim B, = -0 = lim ;":0 —= =0 ¥ xeR.
B. #0 v veN '

Ao Tis mopamdvw EmiTpemrTés mpd€els TpokUTTTEl dudows &TI Kol A
mpagn + co— (- @), BnAadH N + © + (- (- ©)) evon EmTpeTrTh, yiari
—(-®) = + oo kai Emoutvers + o0 —(-w0) = + @ + (+00) = - w. "QoTe
+ co—~(~0)=-F c0. Tlapdpoia, TpoxUTTel Korf ET1 —00 — (+ 0)=-00+(—(+ o))
=— 0 + (-®) =~00, SnAadf} —o0 — (+ ©) = —ow.

"Avtifeta ) pdEn + 00 — (4 ) Bév SplleTen cog gmiTpetrT), yiorl &v
lima, = + o0 kai Iim P, = + o0, Té1e | &rohoubic oy=Po v="1.2, , 5
ouykhAivel TévToTe Tpds TO wndév fi &M\Ao povoonudvtws Spiouévo Gpi1Bud, 7
diopn mpds Evat &d T& oluBora — oo, -+ 0. Mparyuariké: &prel vé& AdPoune s
o, =v+v > +0 kal B,=v2 - + o0 ki TETE o, -B,=v - 4o kal
o5 @, =v¥ 4 “]F — 400 kaf B, =v? — + o0 kai TéTE uv—ﬁv:ﬁ:— —0. ’A-
védoya épyalduaoTe yik vé Solpe &Ti xked i —o0 + (+ ) Bév elven EmiTpe-
T TpdEn.

1

‘Emions 1 wp&fn O(+ ) Sév elven dmitperTs, &pou &v o, = e
v=1,2,... xai B, =v,v=12,..., Téte

lima,=0, limp, =+ kai lime,By=lm1l=1

WG & ay= 4, v=12,... kad B,=v, v=12,..., Tée

lima, =0, limB,=-+w «xai Jimo,p,=1lim - 0.

"Avédoya TpokUTrTel Kai T1 of TpdEais O(-0), (+ )0 wai (—0)0 &év
elvean &miTpetrrés.

+ . o
+: Sev elvon EmTpemTh, ol & «, =P, =v,

"Akoun N pd&éEn

Pl 2 S P TOTE

lima, =+, limB,= 4w o lim—%’-:liml:l
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iy &v o, =v, v=12,... xol B,=v2, v=12,..., 1T

lim o, = +oo, limp,= 4+ «kal lim-g-"—=lirn % =0.
TMopdpola mpoxkUTrTer 611 kad ol Tp&ées :Z ) i: » :: ) +5°
kod _Ow &év elvon EmiTpeTrTés.
‘H wpaén %_, e, Sév elven EmTpemTd, yiorl &v o, =B, = %,
=1y 200 TOTE
limo,=0, limpP,=0 xoi lim %1 =liml=1
tvdd &v a, =—i—, v=1,2,... xal P;= ;1;, v=:1,2,.. ., TOTE
lima,=0, limp,=0 kai ]im%i =limv= +oo.
TéAos kai 1) wp&En %— , aeR 8tv elvan émrpemrn. Tpayuatikg, yi&k a =0
16 elSape TapaTdve, &véd yid o = 0 Exouue éTi &y B, = % ,v=1,2,..., ToTe
limp, =0 koi lim ;‘ = lim av = a(+ )
s & By=— 4, v=12,..., T

i
Bv
AME o (+ ) # al-0) dtav a #= 0.

*Etor SiamioTdoape Tis TapakdTe wi émTpemtés mpdels of oxéon ué
Tls yvwoTés iB16TNTES TGOV OPIOKEY TIMGV.

limB, =0 kai lim — = lim a(-v) = a(- ).

My, émirpenvés modfewg

+ 0 = (+ ), —oo+(+ o), 0(+ ), 0(-0), (+ )0, (-«)0,

+o0 —00 +0 —o0 +o0 —o0 0 TGRS
+go,—oo’»-ao’+uo’0’0’_6kal O,GER.
2.3. Tevikfy mapatiipnon. ‘H mwapdoTaon ”;1 , 6mou u kal v elvan gu-
aikol dpifuot, yi& p oTafepd Epiler pi& droAoubia TV o, = u:;I e [ S
dnAadn TNV
b+l p+l p4l B+l
u ’ u r 3“ ¢ T s ) vu TS )

fi omola ouykAlver kal péAioTa lim a‘,:]imi;%l—=0.
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"Av Spws Bewpricoupe T6 v oTofepd, ToTE 1 TapdaToon u:;l opiler

W& &AAn drohoubia, THY P, = u:;I » u=12,..., dnAadnf v

ut1
o)

23 4
T ARRE
i

Tou émions ouyrkhivel kad pédioTe lim Bu=1lim % =—

Mé va Biaxpivoupe ok érrd Tis dkoroubies oy, v = 1,2,... 4 B n=12,..
Oecopolpe oTd lim “:—V], Yp&poupe lim % Yi& TV TpWTN TEPITTwOT, &1-
v

u-1
uv

Aadn yi& Thv dxodoubix «,, v=1,2,... kai lim yi& v wepimTwon Tijs
n

drooubias By, u=12,... "QoTe Eyxoupe

M2l =0 wol LEmttl-l
v W ] v
[pépoupe Emions fooblvapa kol
G AR 0 4t I 0
woov LT TR

"Avti yi& T& oluPoAa lim f — > XpnoiotoloUvron émwions kol Té oUp-
v

poAa lim ﬁv—_::. ‘Eropéveos umropolpe v ypé&youpe loodlUvapa

V—oo
im Y2 1g jmutl_1
v WY . v
f dwdun
me1 u+1 1
W v T u-pml v’
AZLKHZEIXZ
15. Tlois &md Tis dwohoudles &, v=1, 2,... oy Spilovrar &mwd Tols TapakdTe
TUTOoUs elvan ppayutves kal oiés Sév elvan ;
Iy ay= Y+ 100 2) gy P20 _ sy
S I e ) =
v+ nuv v v?
4 e e e
) ay - 5) ay v 6) ay v+ ot

16. Tlows &md Tis dxoloubies Tiis mponyouuévné &okfosws elvar povdroves kol Tolés
Bév elvar ; Mé& Tis povdToves vk kafoprofel xai Té elBos povoTovias.

17. Né& 8ooete Tpeis BixgopeTikés UTakohoulies yi& kéfe w& &méd Tils &koAoubles
Tis dokfoews 15.
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18. N’ &mobelfete 8T1 ol droroubies o, v=1, 2,..

) . Tovu opileTon &md ToUs Trapakd-
Tw TUTTOUs elvon SAes pndevikés :

v e ma
Dev=51572 Da=VvFs-vv Pa=E
9 amy (772D Da=EZD g o (T W),

19. N& Umohoyloete Tis dpiaxés Tipés TGV dxoroutddv ay, v=I1, 2,... Trou dpilovTan
&rd ToUs TAPOKAT® TUTTOUS @

1)¢v=V1+%.neR+ 2)ﬂv=_1_+_2%'_+.."
9 —3v 42 e eR*
3) ﬂv'—"m 4) ay= V(I-'+ a)y(v+b) — v, :ER‘

5) ¢,=u(1—V1+%). aeR*+ 6) av=:—\;. aeR*

20. *Av BecopnBel yveoTd T 1 dxohoubia (1.|_ }_)vu' v=l, 2,... elvan yvnoics

pbivousa, v& &moBerydel &1 4 droroubia (1—1- _) 2,... elvar yvnolws abfovoa.
21. N& umohoyloete Tis dprakés Tipés TGV dkohovtdy o, v=1,2,... mwou pilov—
Tan drd ToUs TPAK&T TUTTOUS :
v+ = 47 i1 5.1 1 1
) av= v+ 2v+5 2) ay=— 2 (U+1)’ 3)Gvf1+—2-+...+-;

22. N& umohoyigeTe Tis TAPAKETW Sprokés Tipés :

= pvt . [ ; uvt
1 llll:n e 2) !:\r’n | )] ll:'n v+ Vit

; vt 24 v 20t
4) hsn g 5) llm T 6) hm =i
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KEQAAAIO IV
IYTKAIZH ZYNAPTHZIEQN

1. ZYTKAIEZEH EYNAPTHIEQE I'TA x—+ +

1.1 316 mponyolpevo kepdhaio doyoAnbrikape pé T olykhion éxolou-
616V TrpaypaTikGy dpiBpdv oy, G eidape, &moTeAolv & oAy &) Trepi-
TTWON TPAYUATIKEY ouvapTroewy. 216 kepddaio ToUTo 8& EmexTeivoups Tis
Evvoies Tis ovyrMoews kal Tis Opiaxfis Tipfis Y& TPy UOTIKES GUVOPTHTEIS
wids TpacypaTikiis peTaPAnTis. AUTS 8& yivel TpdiTa Y& TpayuaTikés ouvap-
TNoEls Opiopéves TouhdyloTov of fva drmepavTo BidoTnua THs popefis (a, - w),
Smov a elvon oTabepds TporyuoTikds &pifuds, BnAodh yi& ouvapThoess | pé
(o, +0) < 2(f).

1.2 Mndevikég ouvaptiiosig yid x — -+ o0. “Omreos elven yvwoTd, ioytouv
v — + o0 kol %— — 0 xod pédioTa 1y Sedtepn &’ aurés efven ouvétreia This TpCD-

™s. "ANAwoTe kal yevikdTepa yid SmolodnmoTe dkohoubic x,, v=1,2,... ué
x, > 0 y veN loyia

) limxv=+oo:xiv 51
gmeldn), &mwd Ty lim x, = + oo, Eyoupe
¥e>0 3 voy=v(e: x, > —:w ¥ ov >,
kai &eoU x, > 0 ¥ veN
Me> 0, vy =vy(e):
Ty iBidmra (1) v kgpddoupe Aéyovtas &1t owdptnon f ué

11 o
II:I <e ¥ vZv, Snhabi 0.

i(x)= -;:m, xe(0, + o0) elven umdevinrj yid x4 o0 (Té oUpPolo X —+ oo Blafd-

Geton «x Telvel pds T + co») kai ypdpoupe - ——>»0% lim Lt
SR e X—+--00
Fevikd, v f elvar wé owvdprnon opiopévn TouhdyioTo o’ Eva Si&oTnua
Tis wopefis (o, + o), B& Aéue 811 «wrj ovvdorney | elva undevoa] yid X — + con
kal oUtd Ba 1O oupBoAilouvpe pé f(x) »0 17 lim f(x)=0, T61e kai pévo

X-r-4oo

X—4 o0
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TOTE, &V pud xdfle dxolovfia x,, v=1,2,... pé x, o+ o) 3,veN xai lim x,=} o
loyder 1(x,) — 0.

Anhadn
i(x) =0 Mé& xk&fe &roroubio x,v=1,2,...pé x . e(ct, -+ 0) yveN
X400 opo i . o .
oy Vel limx,= +o0 = limf(x,) =0

Hoepodsiypota:

1. “H ovvdornon £ ué f(x)= x::—-i{—_filx , X€(0, + w0) elvar undevirj pd x — + o,
MpaypaTikd &v x,, v=1,2,... elvar md dworadrioTe dicohoudicr pé BeTikols Bpous, TéToIx
&ote lim X, = + o0, TéTE 1| dvTioToxn drohoubia Tdv f(x,) = _x;’%l_, v=12,... d-

Xy - 3Xy
van pnBevikty, yrori &md thv (1), Exoupe L -0, -0 kai Lz — 0 xal Emopévos

%, Xy T

1 1

e 0+0

[(xv) = = 3x e 1%0 =0.

Lo A

Xy
“Qote &mobelfape 611 y1& k&Be dxohouBia pé Betikols Spous X, v=1,2,... xal pé

lim xy = + o f dvrioToixn dkohoubia Tipdv Tis ouvaprioews f, nAadn 1 dkohoubie f(x,),
v=12,... elven pndevikn.

1
2. “H owdgtnon § ué f(x)= ]—‘,}:(-, x€(0,+c0) elvar undeviaj yid X -+ . TlporypoTikg:
dpkel v’ &mobeifoupe &T1 &v x,, v=1,2,... elven m& SmoradfmoTe droAoubic pé GeTikols

1
Spous kad pé lim xy= -+ w0, | dkohoubla TéV TnGY f(Xy)= '_'f—_-, v=l1,2,... eivai pndevi-
Xy
«f). Tpds TouTo, Becopolpe Evav dmrotobAmoTe BeTikd &p1Bud e TéTe &md TV lim Xy = + o B -
xoupe 8Tt Y& TS €*

J Vo = V(%) : Xy > 1 M vy,

52
kal Eradn xy, > 0 % veN, Exouue
1 <& ¥ vy, Snhady 1_ = e e
Xv Vx

5
“Qoe &modeifape 11 yid dmorodfmoTe BeTikd &piBud g, Bnhad yi& kée € > 0 Udp-
xe1 Sefxrns v, (ol EapTdTon &mé T €) TéTolos, (oTe v& loyve
1

Xy

<eN vy

BnAads STt —— - 0.

Xy

1.3 Zuyklivovoeg cvvaptiicels Y& x — +oo. Mé& T ouvdptnon f ué

f(x)= 3"1'1 Taparnpoupe 611 f(x)-3 = % kai Emopévws ) ouvdptnon -3 ei-

vai pndevikn yi& x — + 0. "Avdhoya mpds THv mepimTwon T&V dixoloubiidv
Abue kal €565 6T 1) ouvdpTnon f ouykhivel yi& x — - o Trpds TOV &piBud 3.
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Feviké, Aéue &11 & ouvdptnon f dpioptvn TouAdyioTo 0" Eva BidoTnua
Tfis popefis (&, + o) «wavyxdiver pid X — + oo mods Tov dolbud . ) dAMGdS «rel-

ver yud X — + o0 mwods Tov dpfud I» xad TouTto TS ouuPorifoupe pé lim f(x) =1
X=>too

I(‘() o> L, TOTe kad pévo ToTe, &v 7 owvdgrnon -l elvar pydevenr] yud

X — -+ o0. l"lo: ouvTopia:

lim f()=1 = f(x)~1 30

x—>400

©4& &rrodeifoupe Thpa 8T1 yid wm& ouvdpTtnon { dpiouévn o fva Toudd-
¥ioTo Bidotnua Tis popefls (o, + ) ioxve T6 EEfs:

1.3.1 @EQPHMA. “H gwdotyon [ ovyxdivet yud x — -+ oo mode dv d-
otflud | vdte xai pdvo tote, dy pid xdle dxolovbia x,, v=1,2,... ué x, e(a, + )
- veN ioyver

limx,= 4+ = lim f(x,) =L
*Anddedn. Ao Tév Spiopd Exoupe &mi lim f(x) =1 < lim (f(x)-]) =0
X—>+4 00 X—>+4-o0
"Ouws, lim (f(x)-l) =0 onpaiver éT1 y1& k&fe &rolovbia x, v=12,... pé

X—=>-+o0
Opous 010 (&, + o0) kai TéTolx GoTe lim x, = + oo, loyle lim (f(x,)-I) =0,
dnAadn lim f(x,) =1.

*Emreid7 16 Gplo wmds dxoroubios elven povadikd, &md T6 Tapamdve Bed-
prua TrpokuTrTeEl &1 & Gp1Buds [ elvan rrions povoonudvTaws dpiouévos. Tov dpi-
Buo alrd Tév dvopdloupe dpto T dptaxr] Ty Tiis ouvapTrosws f yi& x — + oo

Mapadeiypoata :

*4 8 5
1. ‘H owvdornon [ pé 1(x) ikl

e x€(0, +0) ovyxdlver y1& x—>+00

1
npds Téy dpibud: 5 - Mpayuarikd:

t el x48x 45 1 x4l
®) =5 = 5o i5x 5 x'43x
N i x+41
*ANAG, &mres elBape oTé Tapddaypa 1 Tis Tponyouuévns § 1.2, loyia b x___+—»+-¢o 0.
x*4+8x+5 _ 1
*Apx lim = oEr T &
s ¥ 5 F15x 5
— 3
= =

R
2¥x + 5

v dpifud % . Mpayuatikd: &v x,, v=1,2,. . .elvon émoradrioTe drohoubia pé Betixols Spous

2. "H ovvdpiyon { pé {(x)= -, x€(0, + @) ovpxdiver yid X > + oo mpds

3
¥, + —
kaf pé lim x, = + oo, T6TE A} dcohovBia f(xy) = —— =¥ v=1, 2,... ouykhiva pds
2V X + 5

TOV &p1Bpd iz, yori Exoupe
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5] 3
16?,4.? e

X
{(x =r———-=_v._E
& 2¥x, + 5 242 .
¥x,
kal dméun% -0, 1 -0, > — 0. "Apx

v ¥z, Vx,
lim f(xy) = 2 +0.0 _ 1

2+0 2
“Qote Gmobelfaue STt y1& kdbe dwohouBlar pé Betikous Spous kal pé lim x, = + 0,
# dvtioToiyn dxohoudia TiwdYV Tiis ouvapTrioews f, SnAabf ) drkoAoubia f(xy), v = 1,2,...

: . g
ouykhiver mpés Tov &piBud a5 *Apa, &méd Té mopeardves fedpnua 1.3.1, loxve

1.3.2 Zuvvaptijoeig mod arewpilovror Ogtikd fj dpvnuikd 11é x — - o0,

M& ) owdptnon [ pé f(x) = x? TapatnpoUpe 611, &v x,, v =1,2,... elvan p&
brroiadrmoTe dxohoubic TparyuaTikGy Gpifuddy pe lim x, = -+ <o, TOTE Kad 1)
dvtioToyn dxohoubia Tinédv f(x,) =x.% v= 1,2,... &mepiletan fetikd, yiori

f(x,) =x2=x%,%x, = (+0) (+ 0) =+ .

Sty meplmTwon aUth Aédue &1 f) owvdpTnon | pé i(x) = x2? &mepileTon
feTik& Y1& X — 00,

Mevikd, Ape 8T1 wd ouvdpTnon | mou elven dpiouévn ToukdyioTo o Evax
Bikornua Tiis popefis (o, + o0) «amewilerar feried yid x — +oo» 1) &AMds
wovyrdives yid X — + 0 mods T + co» T Gropn (Teivel yid X — o0 meds T4
+ ooy kai ToUto TS oupPohifoupe pé lim f(x)=+o f f(x)m)- + o0,

X— +o0
TéTe kol povo TOTE, &v pud xdfe dxolovbia X, v= 1,2,... ué x,e(e,+c0)
s veN  Egovue
limx, = + o = limf (x,) = + 0.
*Avédoya Tpds Trv TepiTTwon TGOV dkoroudiddy 8& Aépe 8TL | ouvdpTn-
on [ wamewpilerar dovnrind yid X — + o» 1 GAAIG «ovyrdiver yid X — +©
7ods 6 —oo» f dkoun crelver yud X— + 0 mods 76 —oo» xad oaUTd B& TO

oupPolifoupe pé lim f(x) =— o § f(x) g™ % TéTe Kkoi povo
X—> |00

TéTe, &v foyve lim (—I(x)) = + 0. Nd& ouvoula
X=» 400

lim f(x) = —0 <= lim (— {(x)) = +o
x++00 0PC x40

—xx

T xe(0, 4 ) &mepifeTon &pvnTikd

My # owdprnon { ¢ {(x)=

yi& x — + o0, TMperypormikd:
TE]
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=X :‘1, xe(0, +o0)

kol yi& omolabrimoTe drodoudia x,, v=1,2,...p¢ BeTikoUs Spous kad pé lim x,=+ o
loy et

Xy _xv’_l o0 —1 pa,
~ )t =By gy AR
x ’+
&pa hm (— f(x)) = 40 kai Emopéves hinoo _3§+ 1", =

"ATrd T& TapaTdve TPokUTTTEL Twpa elkoAa 8T1 TO fewpnua 1.3.1 loyler
kal oty mepimTwon, ToU f éplaxh Tipn [ elvon fva &md T& olUpuPora + oo,
—co. Thé ouykekpiptva ioyler 16 dxdhouBo Becopnpa:

1.3.3 eEQPHMA. “H owdotnon f ovyxdiver yid x — + o moeds 16l
(leR*=R U {~w, + o)) tdre xai pdvo vdre, dv yid xdfe dxoiovdia x,, v=1,2,.
pé x,e(e, + o) 3¢ veN Eyovue:

limx, = +o = limf(x,)=1

*Anddesy. ‘H meplmrowon moU ! e R mwpokUmrTel &md T Bevpnua 1.3.1,
tvéd 1) mepimTwon [ = 4 o0 &wéd Tév dpiopd Tis cuvapToews ol &melpileTan
BeTikE Y1& X — + 0. ‘H TepitrTwon ol &mopéver elvan | = —oo kad TpokUTTTEL
Katd TéV drdAoufio TpoTO:

’ATe TOV Oplopd Exoupe lim f(x) = -0 <= lim (-f(x)) = + 0. ANAG

X+ X+ oo
lim (—f(x)) = + o onuaivet éT1 yi1& kd&le drohoubia x,, v=12,... pé
x——)--l-oo
x, € (0,+ ) 3 veN Térowx, dote lim x, = + o0, ifoyVe lim (-(x,)) = + o
dnAadn lim f(x,) = —c0.

2, ZYIT'KAIZH ZYNAPTHEEQE I'TA x> —o

2.1 *Ag Bewpriooupe TH ouvdptnon | pé =" +1 ——, x&(-0,0) yi&
Ty &moia TapaTnpoUpe 8T1 Y& OmoradnToTE cxKo?\ouB{o: Xy, V=12 ... pé
x, <0 % veN kai lim x, = -0 loyUe
f i on +?l" 1+0 1
Xy) = ¥ = ¥ —_
(x) 3,~2," 3_2 Bl
x,
_|_1

AUTS TS Ekgpdlouue Afyovtas éTi 7 owdpTnon [ pé (xX)=%—.

xe (- 0,0) ouyxhivel yik x — —oo Tpds TéV apiBud % kai TO ypdgouue

: x41 1
lim =5 .

X—+—xR
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Mevikd, Ape 6T1 pd& ouvépTnon f mou elven dproptvn TouddyioTo o éva
SidoTnua THs popeiis (—oo, &), CovyxAiver yud X ——o0 meds Tov dolud Iy
# GAAIES (Telver pid X — —o0 mods Tdv dolud Iy xai aiTd 16 oupPolifoupe uE
lim f(x) =1 f f(x) ——> [, T6te kad pévo T6TE, v yud xdbe dxolovlia
) Rop=—0 L
x, v=12,... pé x,e(-0,a) 3 veN E&yovue

lim x, = -0 = lim f(x,) = 1.

*Atrd Tév TapaTdue Splopd mpokUTrTEL 6T1 6 dpifuds | slvon Hovoanudv-
o dpiopévos. Tév &pibud alrd Tév dvoudloupe dowo fi dorar) Tywj TS [ yi&
X —> —00.

‘H #woia THs ouvapThoews mou dmeipileten BeTiké fj dpunTik& Y&
x——00, OpileTon dvdroya Tpds THY TepiTTLON X — + 0. Thé ouykekpluéve,
&v felvon w& ouvdprnon Spiopévn  TouhdyioTo o Eva BidoTnpar THs Kopefis
(=00, &), TOTE Opifoupe:

{ Mé& kébe dxorhoudia x,, v=1,2,...pé X, (—0,a) velN

lim f(x)=+ co<=>

X—+—20 ora | foyler limx,=-c00 = limi(x,) =+
wad
lim f(x) = —00 <= lim (— {(x)) = +©
X000 %9 x—»—00

"Eta1, &vdhoya Trpds T Becdpnua 1.3.3, Exoupe kad TO TapakdTw Becpiiuar

2.1.1 @EQPHMA. “H ocvvdornon f ovyxliver yid X — -0 mods 76 I, I1eR¥,
téte xai pévo tore, dv pd wdfe axolovbia x,, v=12,... ué x,&(-o, o)
v veN Exoupe

lim x, = —-c0 = lim f(x,) =1

Hapudeiypata:

3x2 4+ 1

1. “H ovvdornon { pé 1(x) ::Tj;—x—, xe(-o, 1) ovyxdiver yud X—>—c0 agd; Ty

doifud 3. Mpaypamkd & X,, v=12,... elvon m& omorabrmorTe dxohovbla TpaypaTiKdV

&pBudov pé x, < -1 % veN kad lim x, = -, T¢.€
1

& D gyl 15 Abig o ¥

(XV)"“ xvl+xv = 1 =N

1+ —

xV

1
. — = 0.0=0. "QoTe &mwobeifape 511

Xy Xy

1 1
yati = 0 mlﬁ =

3xy2 41 ey

lim x,—>—0 = lim =
kS X! + Xy

3,

15
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SnAadn &m lim ——— =3.
X0 X' T X
2. “H govdgryoy £ pé 1(x) = VXi—x, Xe(-,0) dmewglleTar Oerind y1d X — —co,
Mporyuariké: &v X, v=1,2,... elvar m& dmoiadnmore dkoroubia pé dpvnTixoUs Spovs kai
pé lim xy = -, TéTE

= Vidroe Vaa TN v_;_l_=_ i
f(xy) = VX0 —%y = VXV(I_TC) Ix, 1V 1 = v 1-—

v

> —(—0)¥VI-0= —(—w) 1 =+w,
SnAadr

limxy,=-o = lim+vx2-x,= -+ .

kai émopéves lim 4/x%x = + 0.
X =00

3. “H ovvdotnoy § pé I(X)=X X*—x, x&(-, 0) dnewoileral dovyrizd Y& X-—»—o0.

TMpayuatikg: &v xy, v = 1,2,... elvar mé& dmoiadfioTe drohoubiar pé GpvnTikovs Spovs
kal pé limx, = -w, TéTE
g Wl ¢

f(xy) = Xy VXX, - (-©) (+ o) = -0,
nAadn

limx, =-0 = limx,v/Xx2-x,=-w
kol émoptvaas lim x4/X%X = —co.

X—>—00

3. EYTKAIZH LYNAPTHEEQE I'TA x—x,

3.1 Zoykhion ovvaptiioeng 1ié x —x, + 0. & 19 ouwdptnon g ué
g(x) = x + +/x-1, xe(l, + o) Taparnpolue 8Tt yi1& SmoladnToTE &KOAOU-
Bl x,,v=12,... wé x, > 1 y veN kol lim x, = 1, loye

@ gx)=x, + VX1 > 1 +4/1-1=1

Mopdpoie, yi& T ouvdptnon h pé h(x) =xi—5 , x€(5, + o) Toapa-
Tnpoupe OT1 yi& Omoiadfimote dkodoubio x,v=12,... pé x,> 5 yveN
kol lim x, = 5 loyuel

3) h(x,) =—5 - +

yioeri, &md Th x, > 5 3 veN kal T limx, = 5 wpokUrrter §T1, yikkdbee > 0
Umdpxer BeikTng vy = v, () TéTolos dhoTe vé& loxUel 0 < x,-5 <& y vy,
kol &pa
h(xv)=vaT5> ~:— MV,
BnAadn &xovpe éTi lim h(x,) = + co.
Tv iBidTnTa (2) Thv ekppdlouue Aéyovtos OTi f ouvdptnon g pé

g()=x+v x-1, xe(l, 4+ ) ouykhivel yi& x — 1 +0 mpds Tév &p1Oud 1 kad
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ypc’xcpouue lim (x + vx-1) =1, #v& Thv iBidtnTa (3) Thv ékgpdloupe Aeyov-

Tos 6T 1 cuvdzp'rncrn h pé h(x)= , xe(5, + ) &mepileton BeTikd Y1&
x =5+ 0, f| ouykhiver y1& X =5 + 0 Tpds TO + oo Kol yppoupe

lim —5 + 0.
x50

Mevikd, &v | elven wd ocuvdprnon Spiopévn TouldyioTo o fva BidoTnua
1Hs popefis (Xq P), OToU X,€R, 0& Aépe &T1 Ut wovyxhiver yud X — Xy + 0
mode 1d I» 7 AN «reiver yid X —> % + 0 modg 6 I», dmou leR* kal almd 8&

16 oupPorifoupe pé lim f(x) =1 A I(X) 75> b T6Te Ko povo TOTE,
X=Xy 0 -0

&v yud xdlfe dxolovlia x,, v=12,... ué x,e(x,p) y veN Exoupe
lim x, = %, = lim f(x,) =1

Té 1, ToU elven PéPaia povoonudvtws dpiouévo, TO dvopdlouue doto f
Sotaxr] Ty} Tfis ouvapTthicews f yi& x — x, + 0.

*Av 1 =0, T6te f) owvdpTnon [ évopdleten pndevixif yid X —Xp + 0.
"Emions othv mepitTeoT, ol | = —oo Afue kai &1 fy ouvdpTnon f anewllerar
dowrind yi& x — X, + 0, & oty meplmwToon, mou L= + o Atue &m aUTh
anetpllevar Oetind pud X — %, + 0.

Hoepadeiypata:

1. “H owvdptnon [ pé 1(x) = (x-1)* +vx1x

npde Tév dobud 1 (40 ypégetar &vti Tou 0 4 0). Tpayuarikd: &v x,, v =1,2,... dvar ma&
SmoiadfimoTe undevikd dxolouBie pé BeTikoUs Spous, Exouue

- (0_])'+VF2;= 1.

i xe(0, 4 o) ovyxdivet yid x—+-+0

I(x,) = (x,—I)*
» : 4 e 1T
B J‘-’ﬂo(("“ I Vm) it

> 3
2. “H avvdprnon { pé 1(x) = 3 xe(l, + ®) drepilerar dpymrind Yi& X — 1 + 0

MpayuaTikd: &v X,, v = 1,2,... elvon dmorabnmoTe &xohoubia ué Bpous peyaAuTépous TolU |
Tétoix, woTe lim x, = 1, TéTE EXoUME
1x,2 <0 % veN xai lim (1-xy*) =0

xal &pa lim = -o0. "ETon

1
1-x%

- l(-w)=-o

1
i(xy) = 53] 5= e ——
(xs) 1-x,2 o 1—xy?

81’1)\::5{1 lim = :
—1+40 1%

3.2 Eiykhon ovvaptijorw; @ x — x,—0. N& ™ ouvdprnon g ué
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g(x)=x+ V1-=x, xe(-o,1), moaparnpolue, dmows kai ot (2), &Ti Yi& émora-
SnmoTe dxohoubia x,, v=12,... ué x, <1 3 veN foye
limx,=1 = g(x,)=%, ++1x, &1 +yICI=1.
TMapopoia, yi& 1) ouvdpTtnon h pé h(x):x_Ls, x&(-o0, 5) TrapoTnpolye
&1 y1& omoladriroTe dkohoudiat x,, v=1,2,... pé x, <5 i veN foylel

limx, =5 - g(x,)=

- —> — 00,
Xy—>5 L

Mperynamikée dmwé 16 yeyovds 61 lim x,=5 kad x, <5 A veN mpokUTrTal &T1
Y& kdle € > 0 Umrdpyer v, = vy(e) TéTolos GoTE vk foxle 0 <5-x,<e ¢ v>v,.
“Apa loyUel kai

1
i MV =y,

5—x, £
i i 1 4 . 1
SnAadn lim in i + o0 kal Eror lim ==

T& mapaméve T&  Ekgpdloups AéyovTas ST 1 ouvapTnon g ué
g()=x+V1-x, xe(~ w,1) ovyriver yic x->1-0 1rpés Tév &p1Bud 1 kai yphgoups
lim (x + /1) = 1, xaf ém 4 ouvdprnon h ué h(x) = —o, xe(-,5)
x—1—0 FE
dmeipiGeTan &punTikG Y14 X — 5-0 | ouykhivel y1& x — 5-0 TPOs TO -0 Kad
Ypdgoupe lim —15 =-o.
x+5—0 *—
Fevik, &  elvan W& ouvdpTnon dpiouévn ToUAdyioTo 0 v BrdoTnua
Tiis wopefis (g, x,), 6oy x, eR, 8& Aéue &1 odrrhy ovyxdiver yid X = x-0 mods
76 Iy fj EAMGS «telver yid X — x~0 mode 16 I», mou leR* xad aird 8& T6 oup-

PoAiZouue pé lim f(x) =1 fi f(x) ———> I, ToTe xad pdvo TOTE, &V Yud
X—>X,—0 x>X—0

xdfle axolovlia x,, v=1,2,... pé x.e(, X5) V¢ veN Eyoupe

lim x, = xy = lim f(x,) =1.

T I mwou elven, BéPencr, povoonuévtes Opropévo, T6 dvopddouus dowo fi doua-
1] Ty TS ouwvapThoews f yi&k x — x, + 0.

"Av 1 =0, téTe ) cuvdpTnon f dvouddeTan pndevier) yid X — x,~0. 'Emlong
oTAv mepimTon, o I = — oo Aéue kol &T1 ) ouvdpTnon f dmewpileron apyyTied
yid X — x,-0, dvd oty mepimTwon, moY I = + o Afpe i aUTh ameplleral
Oetid yd x — x,~-0.

Iapadeiypara:

1. “H owdornon { ué 1(x) = (x + 2)* + \/ X, x&(-1,0) ovyxdive yid x > -0

x2-1
Tpos Tov &piBud 4 (-0 ypdgeran vl Tob 0-0). Mpaypariké & x,, v = 1,2,. . . lvan dmoto-
SfimoTe undevix] dxooubia ué xve (=1,0) 3 veN, Eyoupe
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()=t 2+ Y 22~ 04204 Y 2=

(spa tim (420 +)/ X )=
Wi Soec ML RO x‘_1) 4.

2. “H ovvdptnon [ pé [(x):—lv , Xe(-,0) anepllerar dovyried pd x — -0
X

Mparyparikd: &v Xy, v =1,2,... elvon dmoraedfimoTe pndevikr] dkohoubia ué &pvnTikous O-
pous, TOTE, Y1& k&Be'e > 0 UTdpyer v, = v,(e) TéTotos, GaTe vk loyle 0 < Xy <e ¥V =V
Téte Spws

£ Shgp %
= % veN

1
— =—o.
X

1 1
BnAadn lim ( = T) = 4+ oo kai Eror lim = = “Apa lim
v v x>

0
4
3. "H owvdgrnon 1 pé 1(x) =77 xe(-1,1) amepiferan GeTika yi& x — 1-0.
MpaypaTikd &v Xy, v =1,2,... even SmorabfiroTe dxohoudia ué Spous o1 HBidotnua (-1,1)
xal Tétowx doTe limxy = 1, ToTE ExOUNE
1-x2 > 0 % veN kaf lim(1-xy%) =0

&’ dmov Taipvoupe lim = 4 . "Eton

1-x,2
X 1
I(xv) = 1—;(,,’ =y l_xvl — 1(+w) =+w.

X —
g1 —x*

kai &pa lim +oo.
x—+1—
3.3 Toykhion oLVapTioems y1d X — X,. “Av fecopficovpe md& ouvapTnon
[ propévn ToudyioTo o Eva oUvoho Tiis Lopeiis (&, Xo) U (x,p), TOTE YV aUTr)
elvan Buvard vé dpicBei # Ewola Tiis ouykhioews Té00 yik X — X, + 0 doo Kkai
yi& x — x4-0.

My yi& {(x) = [:—‘, xe(-0,0) U (0, + ), &xouue

lim =~ =1lm = =liml=1
x»-H)]xi X-++40 % x—4-0
kad
lim = = lim = = lim (-1)=-1.
x—wo"" G e —D)
*Axoun, yi& f(x) = ’::11 , xe(-o0, 1) U (1, 4 o) Exoupe
hm 2=l gim DD gim 4 =1+ 1=2
10" = X0l o x=>140
kel
fim 2 = fim EDEFD_ jm D =1+1=2
x—=1—0 x—1 x—=1—0 x—1 x=+1—0
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ZThv Tedevtada aUTh TepimTwoon TapaTnpoupe 6T

li xt2—1 ) x2—1
im =2= lim I
x=>140 Al x0T

kal altd 16 ékgpdloupe Aéyovtos 8T ) ouvdpTnon f pé f(x) =—x;—__—ll~ "
xe(—-00,1) U (1, + o) ouyrhiver yi& x —1 mpds Tév &pifud 2.

Mevid, &v [ elvan wé ouvdptnon dpiopévn Touldyioto o” Eva oUvolo Tfis
uopefis (&, x,) U (x,B) &mou x,€ R, 6& Mue 11 ol wovyxdiver yid X — X,
mods 1o I» i GANids «Tefver yud X > X, mods T4 Iy, dmou leR* kad cdTd 84 TO
oupPoriZoupe pé lim f(x) =1 f f(x) —x_b—xn> l TéTe kad pdvo ToTE, &V

X=X,
lim f(x)=I= lim f(x).
X-»Xo+0 X~>x,—0

"Ovouddoune 16 | dpto 1) dpraxif Tyuy) Tiis ouwvapthoews f yi& x — x,.

"Emeidn oi opiaxés Tipés This f y1d x — x-0 xad x — x; + 0 elven pova-
Sikés, &md T& Tapamdve TpokUTrTel 8T1 kad 1) dprokn T TS Y& x — %,
elven &mions povaBikn.

"Av 1 =0, Té1e f) ouvdpTnon [ dvopdderon pndevier yid x — x,. *Axdun
otV TepiTTWeT, ToU [ = — oo Abpe kal &1 1) ouwdptnon [ dmewilerar dovyrind
yid X — X,, 0@ oty meplmTwon, dmwou ! = + o Afpe 8Tt oUTh dnepilera
Oetind yid X — X,

Iopadeiypata:

1. "H owdotnon § pé 1(x) = , Xe(-o0, 2)UJ(2,+ o) ovyxdlvee yid X2

x2-5x+ 6
x-2
mpds tov dpifud —1. TpaypaTiké:

x'—5x+ 6 A x-2)(x-3) =x-3 ¥ xeR — {2}.

x=2 x—2
'AMAG ToTe elkoha mpokUmTel dm lim (x—3)=—1= lim (x —3), 5nhadh
X—>240 x—>2—0
lim X=5%+6 _ | _ [ X-5x46 L gy i
x>it0 X2 I=lim, —5—5— xal&a Im Z5E° )

2. "H owdgrnon { ué {(x)= x—l, » XE(—2,0) U0, + ) drapilerar Oerixd y1&
x —+ 0. MpaypaTikd: yi& kéfe undevikr) dxoroubia xy, v=1,2,... pé Betikols dpous, Exoupe
1
lim T + @
xad &pa ,=—1--L - (4 ®) (+ ®) = + ©, 5nAabr lim —Iz=+w-
Xy Xy Xy x_*_i_ox
"Emrions, yi& kéfe pnBevikr) dxooubia xy, v=1,2,... pé dpvnTikoUs dpous, Exoupe

li !
im » =-w®
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1 1 1
kal &pa T TR T (=) (o) = + ©,5nAadf lim

X -

= = 4 o0,

1
"Erot &mobeifape &11 lim 3 = + .
x—>0%

3. "H ovvdprnon f pé 1(x) =’;;21, xe(-0,0) U (0, + o) drepllerar doyqrixd pud

x — 0. Tlpaypatikd: yi1& k&Be undevikn &koloubia Xy, v = 1,2,... wé BeTikoUs Spovs,
Eyouue

2y ke apl (:_KL)»(+oo)(1wc+m))zc+m>(—m>=—w

2
Xy Xv v

x x—1
xaf &pa lim =—c0,

x—>+0  X*

’Emrions, yi& k&fe unBevikn) dxohoubia Xy, v =1,2,... upé &pvntikols Spous, Exoupe

XLl 1 1
= (1-5) ~ C o)t = @) = (—)(h)=—o
1 x—1
Kaf doa oS e
ox—1
*Etot &modeifape &1 lim —5— = -0,
x0T

ZXeTiIk& pé TH OUYKAMON Yi& X — X, XeR ioylUer 16 mapakdrw Pacikd fewpnud,
woU elvan &védoyo pé 16 Gedpnua 1.3.3 woU &vagépetar ot olykhion yi&k X — + 0.

3.3.1 @EQPHMA. Oszwpoiue pud ovvdornon [ dpopérm Tovddypoto of &rva
otvodo tijs poppiic (o, Xo) U(xg,P), x,eR. “H ovvdotnon [ ovyxliver yid x — x,
ands 16 1 (leR*), vdve xai pdvo tdre, dv yud xdle drolovbia x,, v=1,2,... ué
x,6(a, x) U (%0, B) 3 veN Eyovue.

lim X, = x5~ hm i{x) =1
*Anddedn. A) “Ymobétouue 8mi lim f(x) =1 xai Oecwpolue pi& omoradt-
XX,
mote drohoubia x,, v=1,2,... pé x,e(q, X )U(xy,P) WVeEN kai lim x, = x;.
Aiaxpivoupe, Tpa, Tis TapokdTw TPEIS TEPITTTWOEIS:

1. loyder x, < % p1d &va nemepasuévo mAijfos dewxrav. ZThv  Trepl-
TTworn alTh, Sicypégovtas Tous dpous THs x,, v=1,2,... ToU ikavomoiotv
Th oxéon X, < X, Exoupe & dxoroubia y,, v=1,2,... yi& v émoic, PePoney,
loyuel v, €(%o,P) ¥ veN kal &kéun, olupwva pé Thv Tapatipnon Tis § 1.4 ToU

keg. lll, & limy, = x,. "Ape, &gol lim f(x) =1, ¥ouue lim f(y,) =1, oy,
© X=»Xg

oUpgwva Al pé TV 1B TapaTipnon, onuaiver 6t lim f(x,) =1

2. ’loytber x, > X, yud &a menegacuévo miijfos dewxrdv. "Omes kal oThv
Tpdotn TepimTwon, #ror kal 68 ouumepalvoupe pé dvédoyo Tpdmo Sm
lim f(x,)=1L

3. Aév ioyder noud an’ tis mepunrdoeg 1 xal 2. Tote, Bixyphpovras
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Tous Spous T x,, v=1,2,... moy Ikavormoiolv 1A oxéon x, < X, EXOUME HI&
UtrakoAoubia X, v=12,... 1fs x,v=12,... yi& v émola loyle
X, €( X0,B) 3 veN kai dképn lim x, = x, (ClBiétnTa 2, § 1.4.2 10U xeg. ).
"AMNG &ooU lim f(x) =1, Exoupe

X=X,
(4) lim f(x, ) = 1.
Topduora, Sraypdgovras ToUs Spovs Tis x,, v=1,2,... moU ikavomoiolv TH
oxéon x, > X, &oupe wé Umaxodoubia x,, v=12,... 1fis x,, v=12,...
yi& Ty émola ioyUer x, e(o, Xo) 3 veN kai lim x, = x, ‘AN, &9oU
limf(x) =1, #xoupe

XX,

(5) lim f(x, ) =L
Mapamdve Siaomdoape THY dkoroubia x,, v=1,2,... ot 5ud Umaxohoubiss
s, Tls x,, v=12,... xa X., v=12,..., y1& Tig dmoies ioyvouv &vri-

oToiya oi (4) kai (5).’Amd Tis oxéoes altés pokiTrTel 871 ioyver kad lim f(x,)=/.
Mpayparikée Gétovtas A=A, Ay,...} ked M= {u, u,,.. .} ool (4) kai (5)
pTopouv v& ypagolUv dvtioTolya
limf(x)=1 o hmix)=L
VEA veM
"ANAG, Smress eibape oty Trapdypago 1.4 ToU kep. I, loyus
lim f(x,) =1
vel : ;
; Im fx)=1="1limf(x)=1
lim f(x,) =1 l veAUM=N

veM
"Qoe kal oTis Tpeis Tapamdvw TepirTdoes dmoSeifape 671 lim 1(x,) = L
B. *Ymwobétouue, Thpa, T y1& kéBe dxoroubia x,, v=12,... pé
x,6(a, X )U(x,B) 3 veN ioyler
(6) Fmax, =¥ = (x)l=1

Elvon gavepd 81 adréd foyUs kad y1& éxeives Tis dxoroubies x,, v=1,2,...
Y& Tis omoles x.e(c,x,) ¥ veN ol onpaivet ém lim f(x) =1. *Axdun
x—>x-0
N (6) foxver xai yi& éxelves Tis drorouBies x,, v=1,2,... pé x, € (x,P) & veN,
o onuaiver 11 lim {(x) =1. “Etor Eoupe lim f(x) =1.
XX+ 0 : XX,

4. JATOTHTEEZ TON EYTKAINOYEZION LYNAPTHIEQN

4.1 "Eotw oe R* =R U {-0, o0} xai | & ouvdptnon Spiopévn Tourd-
XioTo o’ fva ouvoro U(o) ol Exer T popen

(al G')U(O’, ﬁ). &v oeR
(a, +w)p & 0=+oo
(o0, @), & 0= —.
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Moparméve Eoupe dploet Thv Bwoix ToU lim f(x) =1 xaf péhiora of
X—=0

Bhes Tis meprrTooEs, dmou I € R*. *Axdun 16 I T dvoudoaue dowo 1) dowan] Ty
rijc owaprijoens [ y1& x — 0.

“Ormreos eldape, 1) oUykhion wds cuvapThoews yi& X — o YapokTnpileTan
TévToTe &d Tis ouyrAivouoes pds T6 o &kohoubies kai ToUTo &ANOTE &S TOV
Spropd (BA. - § 1.2) kol dAhoTe &md Bewpriuata (PA. .. Bewopriparta 1.3.3
kol 3.3.1). Tié& &hes Sucos Tis TeprmrTadgets loyUel, 16 dwdroufo Beddpnua.

4.1.1 ®EQPHMA. ‘H guvdotnon f ovyxdiver yid x—0 mods 16 1, 1 € R¥,
Tdte wal pdvo tove, @v yid xdfe dxodovlia x,,v=12,... ué x, € U(o) ¥ veN
loydet

limx, =0 = lim f(z,) =1

*Anddeién. Nk o= + o0, Td Bedpnua alrd oupTtriTTer pé TO feopnua
1.3.3. Mapduoie, ko y1& o = —o0, TS Beddpnua T loyler (PA. § 2.1). Téhos y1&
oeR, 16 Becopnua cupTritrTel pé TO Gedpnua 3.3.1.

Mé 77 Porfeia ToU Trapamdve Bewpriuctos &odekviovtar elkoda kal y1&
tis ouyxhivouoss ouvapThoels iBi1dTnTes dvéhoyes pé Tis i816TnTEs TGV dicohou-
B, Tpiv 8uws Biarutrdcoupe Tis B16TNTEs TGV OUYKMVOUTGRY CUVPTNOEWY
8& opiooupe TpdTa T Ewvoia T goayuévns owvagtiosws, i omola ouvbée-
Ten pé THY Evvola Tiis oUykAigews ouvapThoews, STos dkpifdds cupPaiver kal pé
Tis drohoudies (BA. iBi1dTnTes 3 kad 5 Tis § 1.3.1, kal i81éTnTa 3 Tiis § 1.4.2 Tou
keg. 11).

Mi& ouvdprnon f, dvouddetan @oayuévy oty yerrowd tod o, TOTE Kol
pdvo TéTe, &v Umdpyel TporypaTikds &pifuds O kai oUvoro THs wopeiis U(o)
TéTOl0, COOTE V& ioyUel

| f(x)| < & » xeU(o).
Té © dvoudderan TéTE godyua tijs f adve o1 U (0).
M.x. fj ouvdprnon f pé f(x) = -%- elvon @parypéun o yerton& ToU -+ o0

kal ToU —co, yiari ioyle
1%]@1 ¥ xe(l, 4+ o),
kol
|%is & yelw, =1
Mapduoia, ot elvan gparypévn kal oTh yaTtowid Tou 2, yiari ioxUer
|%‘s 1 ¥ xe(1,2) U2, +o).

'Avtifeta, oy Sév elven ppaypévn ot yertomd Tou 0, yiori &v Umobéooupe
ST Urrépyer 6 > 0 kal oUvoro Tiis popeiis U(0) pé
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W=

TéTe i x6e xe[ (- 5, 0) U (0, )

<o ¥ xeU(0)
- ]

(R (Oj Exoupe ‘%l > 8, mpdypa Tou
elvon &totro.

4.1.2. Mé v porifeia 1ot Bemorjuaros 4.1.1. mpowdmrovy of mapaxdrwm
ididrres vaw ovyxdwovedn cvvagTiioewy ué iy mpoinddeon, féfwa, dri ol mod-
Eeig oV onpedvovtar otic doaxés Tipés elvar émirpenréc.

“Ymobéroupe 6T f kai g elvan ouvapThoels dpiopéves TouhdxioTo Téuw
ot Eva ouykekpiuévo guvoro U(o), Tiis wopgfis ol kafopionke maparmévew.

1. | poayuédr o yerrowd vod o
8(x) s> 0 ] = IR > 0

MporyuaTikd: Becpolpe var gpéyua 6 Tijs f wévw o1é U(o) kad mié dmroiadfmro-
Te drohoubio x,, v=1,2,... pé limx, = 0. ’ANA& Té1e Eyoupe 611 x, € U (0)
Y& Shous ToUs BeikTes v ExTds &mod Eva Tremepaopévo mAfBos kad Etol Y& ToUs
iBlous Beites TpokUtrTel 81 [f(x,) | < 8. *Am’ alTd TpoxUTrTal duéows ET1 1
droroubic f(x,), v=12,... elvan gpaypévn. Topa oparnpolue 11 ioyve
ked g(x,) -0, &pol &md ThHv Umdfeon Egoupe 6T g(x) » 0. "Apa
oUppova ué Thv ididtnta s, § 1.3.1 TéGqu>. I, poxUtrTer &1 kai f(x,)g(x,)—0,
Snhadn f(x)g(x) e o 0.

2. f(x)

X—0

Mpaypariké & x,, v=1,2 ... elvon m& dmoiadAmoTe drorovdic pé limx, = o,
TOTe olppoova ué Thv iBi1dtnTa 1, § 1.3.1 ToU keg. I, Exoupe

fx)) =0« |i(x)] -0 -i(x,) -0
kol &pa loyler 1) 2.

o o BB 3 O } el e
[i(x) | < lgx)| ¥ xeU(o) g o]
Mpayuamiké: &v x,, v =1,2,... elven mé& dmoradrmoTe dxoroudia pé lim x, = o,

Xwpls PAGPn THis yevikdTnTas Umobétoune 6T x,e U(o) ¢ veN. "Etol #youue
g(x,) — 0 xaf [f(x,) | < [g(x,)| ¥ veN xai &pa, olupwva pé Ty iSidtnTta 7,

§ 1.3.1 ToU kep. lll, ioyier kai f(x,) =0, moU onpaiver 871 f(x) e 0.
4. limi(x)=1= lim [i()| ={”" it

X—0 X—0 -+ o0, &vl:—i—ooﬁ-oo.
MperyuoTiké: &v I e R, TéTe Exoupe f(x)-I o> 0. "AMNAG loxle
[ ) | =[] < |f(x)-1| ¥ xeU(o) xai &pa, &md TV Tapamdve iBidtnTa 3,
TpokUTTel 61 kai | [f(x) | = |I]] o> 0 nhadq lim [I(x) | =1

X—=>0
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*Avl = + o0, §§ —c0, Becopolipe & dmowadfimoTe &rohoubia x,, v=1,2,... pé
lim x, = 0. "AM& loxte - |f(x,) | < I(x,) < [f(x,) | kai ETo1 EYouue
lim(- [f(x,) ) < lim f(x,) < lim |i(x,) |

*Apa, &v I = -+ oo, ToTE koi lim | f(x,) | = + o0, & & lim {(x,) = - o0, TOTE
kod lim (= [f(x,) ) ==~ ked &pa lim | {(x,) | = -+ 0. "Evor mévToTe EXouue
lim [f(x,) | = + oo woU onpaivel éT1 lim | {(x) | = + 0.

X—+0

5. limfx)=1I leR = { elva goayuévy ovij yarond 7od o.
X0

*Av UmoTefel 61 1y | Bév elven gporypévn, Exoupe:

1) &v oe R, ToéTe of kdde cUvolo THs Lopiis (cr— j\;—, c) U (cr, o+ -:7)
Umépye x, pé f(x,) = v ¥ velN.

2) &v o =-o0, TéTs of k&fe cUvoho Tiis popefis (—oo, —v) Umdpyer X,
pé f(x,) = v ¢ velN.

3) &v o = 40, TéTe of k&Be clvolo Tiis uopefis (v, + o0) Umdpxa x,
pé f(x,) =v ¥ velN.
TMaparrnpolpe 6T kol otls Tpels Tapaméuee TepiTTdoes fi dkoloubia Tou Spi-
Leton elvan TéTO1 QOTTE

limx, =0 xkad f(x,) >v % veN

*Apa lim f (x,) = I kol dxdun lim (x,) = lim v,8nAadf) I > + oo, Tpdypa woU
elven &toTro.

6. Iimix)=1

X—+ag

lim g(x) =1, ] = li_lzlu(f(x) +gx))=hL+1

Mparypomiké: & x,, v=12,... ever w& dmoradnmoTe dkoAovbia pé lim x, = o,
Tée Eyoupe kad lim f(x,) = I, lim g(x,) = 1, xai Eto1, olugwva pé Tv i8ioTnTa
4, § 1.4.2 Tou keg. lll, TpoxUmTel
lim [i(x,) + g(x)1 =4 + L
ou onuadver éTi lim [f(x) + gx)I=4 + L.
X—0

7. limix) =1

X=c

lim g(x) =1,
X=0

‘ = lim f(x)g(x) = b L.

MpaypoTiké: &v x,, v=1,2,... elven & dmoradnmoTe &xohoubia pé lim x, = o,
Té7e Exoupe kai lim f(x,) =1, lim g(x,) = I, xai €701, oUppave pé ThHY 515~
Ta 5, § 1.4.2 ToU xeg. lll, wpokimTel
lim f(x,) g (x,) =41
ToU onuaiver 6T lim f(x) g(x) =1, 1.
X0
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AUTH padi pé v Tponyolpevn i8idtnTa 6 ouvemdyovton kol TAYV
EeR, lim {(x) =1,
<M = iy (HIGE) + MgCx)) = &y + by,

neR, lim g(x) =1,

X=0
EiSiké&, yi&k §=1 xai n =-1, mpoximrTal
lim f(x) = 1,

X—o
limg(x) =1,
X—+o

= lim (I(x) — g(x)) = &, — b,

8 limf(x)=1#0 ..
X0 } = ]imf— =
f(x) # 0% xel(o) x»e [ 1

Mpaypatixd: &v x,, v=1,2,... evar m& omroadfiroTe dxohoubia pé lim x,=o,
ToTe lim f(x,) = [ Xeopls BA&GPn Tiis yevikétnTas Umobitoupe 6T x, eU(o)
yi& ke veN. Tote Sucs éxoupe lim (x,) =l kai f(x,) # 0 3 veN kol Etou
& Thy iBidtnTa 6, § 1.4.2 ToU keq. |l Taipvoupe

lim e

fixy) ~— T

ToU onuaiver 811 kod lim 8 S
x> [X) !

AUTH podi pé Ty mponyolpevn i8i16TnTa 7 ouvemdyovtan kad THY

lim f(x) =1, # 0

X—+ao

lim g(x) = I T L
amE = n im ST

I(x)# 0 ¥ xeU(o)
9. i 0y =1

X=c
lim g(x) = I, A4
X=0o
f(x) < g(x) ¥ xelU(o)
Mpayporiké: &v x,, v=1,2,... elvan m& dmoradfimoTe dxoroubia pé lim x,=o
kol x, € U (o) % veN, 8& mpémer v’ &moBeifoupe THv mopokdTw iBi16TnTar
hm t(x,) =1
lim g(xv) = l2
f(x) < #(x,) ¥ veN
AUTT Suws TrpokUTTTEL &S TV Oplopd Tiis Siardews oTd oUvoho R¥
Tou Sofnke oty § 2.1.3 ToU keg. III.
10. I(x) < h(x) < ¢g(x) ¥ xeU(o)
limy I(x) =17, lim'g(x)=1
X=0 A=0
Mpaypearika: &v x,, v=1,2,... elvon pi& dmoladnmoTe drolovbla pé lim x, = @
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8& Eyoupe lim f(x,) = I kad lim g(x,) = I. Xepls, Sucos, BAGPn Tijs yevikoTnTOS
UtrobéToupe 611 x,€ U(o)  veN kal &pa

f(x,) < h(x,) < g(x,) ¥ veN
AUTS, olugowva pé v iBidTnTa 8, § 1.4.2 ToU xeq. lll, pd&s Biver ST xal

lim h (x,) =1 moU onuaiver émi lim h(x) =1
X—)‘O’

11, lim f(x) ={= I|m VT'—I = {m. &v leR

r-ro 40, &vl=+4c fi—00.

Mparypariké: Umobétoupe 71 leR kai Becopoupe pio émowabfmoTe dkohoubia
x,v=12... p¢ lim x, = 0. Téte Spcos lim f(x,) = { xai &mwd Ty iBidnTar 9,
§ 1.4.2 10U keg. Il Exoupe

L3 L3
lim Vif(x,)l = V[ ] »
moU onuadver &T1 lim V| I(x) |= V|!] .
X—+0

Av | = + o0, fj —o0, ToTE, &md THY Topomdve 1BidTnTa 4 Exouus kol

lim | f(x) | = + . “Apg, yi& omowedfmote dkohoubia x,v=12, ... pé
=0
lim x, = o, &oupe lim | f(x,) | = 4. “Eto1 y1& kébe € >0, BéToupe e* = €=

kad T6Te Umdpyer Seiktns v, (moU EfapTdTan &wd TS ek, &pa kol &wd TS €) TE-

TOIO§ WOTE 1
Hx)| == ¥ v
*ANAG TéTE Exoupe kad

K
Vlf(xv)l>‘1 :x;=‘i— VVEVD

Yo Ve
K K
BnAady lim V] I(x,) | =+ oo, mou onuaiver 6T lim V[ I(x) | = + oo.
X—>0o
AZKHEEIE
23. N& UmoloyioBolv ol TrapokdTw piakés Tipés:
; 1 .
1y him =t 2 Npx ; nuSx
) x>+ X543 ) xl—l-n:w x 3 xl—‘..“.}.w x4 7
4 lim Xnex 5y lim X*+1 im X+l
) x=-00 X? 41 ) xﬂl-Tm x—1 0) xlﬂlm x' =1

24. Né& Umoloyiofouv ol TapokdTw Opiakés Tiués:

IO s 7 lim (VxxFo)—x) 3 lim_ (Vax* $5x + 2 — 2x)
x>+ x—>

x—>+00 X' —Xx?+4 2

‘ Xt + 7x A X —x? & I xt—x*
D :—lE-Teo 3xr 41 %) :1'»'1:«: 5x* 4 1 ) oo X BT £ 7
x4t —x7 : x? —x* X =—X¥
8) lim 9) lim
D leTw x4 7 ) x—l>+°0 x1.-:2 ) x>0 T+ 2

87

WnepromoirBnke ané to lvatirouto Exmaibeutikng MoArmiknig



25. Né& Umroloyiofov of mapaxéTe bprokés Tipés:
D lim WX oy oy X2 g o (YO FI4x)

x—»—00 X341 x—>—0 —X*+4 8 X-»—00
26. N& Utrohoyiofouv of TOPaKATw dprakés Tipés:
im X'+1 i x ji XL gy o KR
R allrrﬂno 2x+ 4 2 x-liTuo x+7 » xEEoo xt 42 ) x—>— X'+ 3x 4 4
27. Né& Umoloyioolv of mapaxdTew Spiaés Tiuds:
1) lim X*—2x+4 2) lim X'=2x+4
X-»1+0 x—1 X—+1—0 x—1
3 lim Ix=2[4+x*—3x+2 4) lim |x—2| +x2—3x 42
x—>2+0 x—2 x—>2—0 x—2
5) lim X+2 6) lim X 12
>+0  [x[x -0 |x]|x

28. Tlapduoia, vk UmohoytoBolv ol dpiaxés Tius:

Dim  X—1 5y P+2x-3 8y hms Xk 3n=d
x>yim X -2 x—>1 x—1 =1 2x*—-5x 13
X -

4) lim X 1 (Ap guowol &pifucl) 5) lim 5x* -3 V2x*—4x
x—>1 xt—] Xy x3—2

& lim. 2 +1 I _ 3x*46x A x*—1

P M=) Pl Ty e
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KE®PAAAIO V

IYNEXEIA ZYNAPTHIEQN
1. H ENNOIA THE LYNEXOYE EYNAPTHEEQEL

1.1 "Oles of auvapThosls pé Tis dmroies doxohoUpaoTe 0TO KepdAaio aUTo
elvon TporypaTikés wdls TpotypaTixils peTaPANTHS.
xt—1
Md& T owvdpTnon g wé g(x) = {“;—T' it

TapaTnpoUue 611
0 yhvxi=1

X*—1

lim g(x) =1lim = =2 # 0=g(l).

x?—-1

*Avtifeta, yi1& TH ouvdptnon h pé h(x) = {—“ i wx#l

TOPATTPOULE
- 2 ,dvx=1
&1

lim h(x) = lim ~—% = 2 = h(1).
x—1 X — 1

x—>1

- N
i

=]

i

Zy. 63 Zy. 64

g elvar dovveyrjs otd 1 h elvar ovweyijc oo

STf BeUTepn TeplrTeoon Aéue 6T f) ouvdptnon h elven cuvexrs oTd onueio 1
(ox. 64), dvé oThy TpdTn TepiTTwon Aéue 6T fy ouvdpTnon g elvon douvexns
o1 onueio 1 (ox. 63).

‘Emrions yi& Tis ouvopTnoels @ kol g pé

_ |kl &vx<0 ; % xl, &v x<0
3 x+1,& x>0 w(x) = 3 Bl
X
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Tapertnpotue &T1 elvan douvexes oté onueio 0, Smws godvetan kel oTis Topaxd-
TW YEWUETPIKES TTAPOCTACES TOUS:
i A

S S \

Sy

Fevikd, y1& & ouvéptnon f pé medio dpiopol fva Bikornua A Adue 871
elvon guvepjs 0t6 onueio X, € A, TéTE kai pdvo TéTE, v
lim f(x) = f(x,)
X—>X,
HMopatpion. Ztév mapamdvew opioud  ypégovtas lim f(x), &v 16 x,
XX,
elvan 16 dp1oTepd dipo ToU SaoThpaTos A, évvoolpe TO lim f(x), véd &v 16
X—>Xy4-0
X, elvan 16 8ef16 &xpo, Evvoolpe TS lim f(x).
X—>X,-0
"Av 1) ouvdptnan f elven cuvexns of k&Be onueio ToU SiaoTApaTos A, TéTe
Aepe 0T elvar owveyijc otd A, fi kad, &mAd, cvveyic.
1.1.1 OEQPHMA. “H qudornon f elvar ovveyijs oté onueio Xo €A dTe
xal pudvo tore, dv yud xdfe dxolovbia x,v=12,... ué x, el 3 veN &yovue

lim x, = x, = lim f(x,) = f(x,).

*Anddeidy. *Até Tév Spiopd, TS 811 ) | elven ouvexss oTd Xy €A onualver

émi lim [(x) = f(xo). “Etol, oty mepimrwon mwo¥ T x, 8év elvon dkpo ToU
X=X,

SiaoThuaTos A, T6 Becdpnua TpokUTTEL &rd TS Becdpnuax 3.3.1 Tol kep. IV,
&véd oV mepiTTwon ToU TS x, sivon dkpo ToU SiaoThuatos A T6 fewpnua
TpOKUTITEL &Trd TOUs Spiopols mou 8é8nkav oAy § 3.1 kai § 3.2 Tol keg. IV.

Inpeioon. Occopolpe w& ouvdprnon f épiopévn o fva Bidotnua A, 7
Smoie elvan ouvexns of var onueio x,eA. TéTe yi& dmoiadrmoTe drohoulia o

v=12... pé x,€A ¥ veN kai y1& éva &mépavTo clvode MEN ué lim X, =X,
veM
BéToupe

o { x,, &v veM
f Xo &v v¢M
kal TapornpoUpe 6T
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lim x, = x, = limy, = x, = lim f(y,) = {(xg) = lim f(x,) = ()
veM veM
SnAadn 611
lim x, = x, = lLm f(x,) = f(x;)-
veM veM
Mupadeiypota:
1. Kdfe araleor] ovvdornon eivar avveyiis.
2. “H owdornon | ué 1(x) = x elvar owegis. Tpayparikd yi& kée dxoloulia xy,
v=12,... pélim xy = x, Eoupe
lim f(x,) = lim xv = %y = {(x,).

*Apa lim f(x) = f(x,) xal TolTo Y& Kéfe X,
XX,

3. “H oovdotnon T pé 1(x) = ax® (x guomds aobpds) elvar ovveyrjc. TlpaypaTikd:
yi& kdbe droroubia x,, v=1,2,... pé lim Xy = X, Exoupe

lim £(x,) = lim ox® = lim oxy Xy. . . Xy = aXgX,. - . Xy = X
el sia Skl

¥ @opés K Qopés
&tou yprowomooape SiaBoyikk THV 1BiwdtnTa 5 Tfs § 1.4.2 ToU kep. lil. “Evor
lim f(x) = f (x,) xai ToUTO y1& K& X,
X=Xy
4. ‘H owdotnon [ pé 1(x) =|x| elvae owvepic. Tpaypatkd &v Xy, v=12,...
elven wi& dkohoubla pé lim xy = X,, TOTE &wd THY iSidtnTa 1, § 1.4.2 Tou xeq. |l Exoupe
lim f(xy) =lim | Xy | =] %5 | = ().
*Apa lim f(x) = 1(x,) kol ToUTo y1& kdfe X,.
XX,

K

5. “H ovvdprnon [ pé f(x) = Yx , x = 0 elvar ovvepije. Tpaypomixd &v Xy, v=1,2,...
elven mé drohoubio pt xy=0 % vEN xai lim xy = x,, émov X, =0, &mwd Thv iBidTnTa 9,
§ 1.4.2 Tou xeg. lll, Exouue

K L
lim f(xy) = lim Yxy = VX, = 1(xo)
*Apa lim f(x) = 1(x,) kol ToUTo y1& kd&fe X,
X —+Xg

1.2 ’ISwotneg @V ovvexdv cuveprijceay. ZTd TapokdTw BewprjuoTa
&vapipovTtal pepikés Pooikés 1810TNTEs TGOV oUVEXEY TUVAPTICECV.

1.2.1. OEQPHMA. ‘Ynolérovue &t £ xal g elvar ovvaomijoes pé medlo
dotopod &va dudotiua D, “Av oi f xal g elvan avveyeis ovvaprioes, ToTe xai T6
dpowopd rovs f+g xai T ywduevd Tovs {g elvar quvegels ovvagmijoes. Ay dxdun

; oy, . £il iy , .
g(x) # 0 ¥ xel, vdve xal 6 anlixo Tovg 5 b oveylc auvdeTnon.

> Andden. "Emeidn ol cuvaptnoes | kol g elven ouveyeis o Eva omoiodr-
ToTe onueio X, ToU SiaoThuaTos A, & foyUer

Timn fi) = 1(x5)" eal 2 Jimig(n) = glxp)-

XX, X—>Xg
*Etol kad y1& wi& dmoiadfmoTe dkodoubia x,, v=1,2,... ué x,eA 3y veN xai
lim x, = x, 8& ioyde
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€V lim f(x,) =1(xg) xai lim g(x,) = g(xy)-
"Apa

lim [f(x,) + g(x,)] = 1(xo) + g(x,) xai lim f(x,) g(x,) = f(xo) g (x)
Snhadny &mroBelope ST

limx, =x, =

lim (f + g) (x) =lim [f(x,) + g(x.)] = (%) + g(xp) = ( + &) (Xo)
kal &kdun

limx,=x, =

lim (f g) (x,) =lim f (x,) g (x,) = f(x,) g (xo) = (fg) (xy).
"Eto1, ué T Porierar Tob BewpriparTos 1.1.1, TrpoximrTer &Ti of owvapTrices | + g
xai fg elvan ouvexels oTd x, kal Tolto y1& K& X, € A.

"Av Tdpa Umobiooupe &1 loxle kad g(x)#0 ¢ xed, TéTe &md T (1)
kol &mo TS yeyovds 611 g(x,) # 0 3 veN TpoxdmrTa dmi

Ix,) _ f(x)
glx,) T g(xw)’

lim

BnAadn

limx, =% = (L)@)=20 Mo Ly

“Apa, pé Tr PofBeix ToU Bewpriuaros 1.1.1, TpokimTer 8T kal ) ouvdpTnon
% elvan ouvexns oTo x, kal ToUTo yi&k kébe x4 € A.

‘Eguppoyn. Qs & &A1Y Epappoyn) alTtolU ToU fecoprjuaTos TTPOKUTITEL
ST kéfe ToAuwvuiKr ouvdpTnon slvan ouvexrys, dgol elvar &Bpolopa poveovu-
HIKGV ouvapTiioewy, oy, &Trews eiSoaue oTd Tapdderyua 3, elvon ouveyels ouvap-
Thoels. 'Akopa kai of pnTés ouvapTioels elven ouveyels, yierl m& pnTh ouvdp-
Tnon lvar TnAiko ToAVWVUIKEGY ouvapTroewy, SnAadn) cuvex&Y ouvapTioEwY.

1.2.2 ®EQPHMA. “Vrolférovue 61e [: A — A xal g: A - R ehvar dvd
ovragrijoes, dmov A xal A elvar diaotijuara. Tdre, dnws Eégovue, 1) ovvBeor] Tovg
h = gof doilerar pé vov Timo h(x) = g[f(x)], xeA xai pdliora loyde

f  ovvepis
g ovveps

*Anddesn. “EoTw onueio xeA kol x, v=12,... wm& &moiadAmote
drohoubic pé x,€A 3 veN kai lim x,=x,. Téte, tmadn # owdptnon [ evan
ouvexns, Exouue lim I (x,) = f(x,) kol &gol xad ) g elven ouvexris 8& Eyoupe

lim g [f (x,)] = g{f (x,)].
"QoTe &mobeifope &1 &v f kal g elvon ouveyels ouvapTrioes, TéTE
lim x, = x4, lim h(x,) = h(xy),

BnAadi) 611 f| ovvleon h = gof TGV f kal g elvan ouvexris oTé onueio x, kal ToU-
To yi& kdbe x,€l.

} = gof awveyic.
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Inpeioon. *H olvbeon h = gof prropel vé elvan ouveyrs, xwpls of ouvap-
Thoes f xal g v& elvon ouveyeis. "Etor yik

() = { ¥ kel g(x) = {

x+1, &v x=0
gxouue h(x) = g[f(x)]=x + 1, 8nAadn | olvbeon h = gof T&V &ouveyxdsv
ouvapTiioewy  kai g elvan ouvexrs ouvdpTtnon.

§ 5 L st
-
1 ) )
0 / "/ 0 .
x [] x x
5/ /

1. ‘H guvdgtnon h pé h(x) = V/o®—x2 (a ferieds dpibuds) elvar ouveyrc. AUTé Tpo-
wotrrel elkoda &md Té mapamwdvw Bewmpnpe 1.2.2, yiati f§j ouvdprnon h pmopel vé Bewpnbel
s atvBeon Bub ouvapTioewy f kol g pé f(X) = o?-x?, ~a SxSakad gX)=vx%, 0<x <+ o,
mou elvan ouveyels.

dGv x<0 x+1, & x<0

X; av x>0

54
Iapadeiypata:

3

T
2. ‘H owdgtgon h pé h(x) = VHI elvar ovveyrs. TlpaypaTik&: f| ouvapTnon

h umropel va Bewpnbel dg olveon Bud ouvaptroewy [ kai g pé [(x) = ;%mxi g(x) =:/;
ToU elvan ouveyels.

3. ‘“H owdprnon h pé h(x) =%, x > 0, dwov p enrde, elvar ovveyris. TpayuaTikd:
&v p= % 8mou AeZ kai keN, TéTe f) cuvdprnon h pmopel vé BewpnBel ds olvleon Tév ouv-
aprhoeov f kad g pé 1(x) =x% x> 0 xaf g(x) = *\K/x._ X > 0 mou elvan ouveyels.

1.2.3 @EQPHMA. "Av f elvar wud ovvdornon Sowouévy xai ovveyijs o éva
dudorue A xal yid Eva onueio xeD logier [(x,) # 0, vdre dmdpyer avourd
dudorua (a,b) zérow, dore va loyde

f(x) #0 ¥ xeAn (a,b)
xal pdlora:
i) dv f(xy) > 0, wore =ai {(x) > 0 y xeAn (a, b)
i) & f(xy) <0, tdre xaf f(x) <0 3 xeA0 (ab).

> Anddeién. 1) *Av UmroBéooupe &1 Bév ioyUel 1) i), TOTE of k&Be oGvolo Tiis
Hoppiis Aﬂ(xo— —:— » Xo + —:—) ptropolpe vé Ppolue fva x, pé f(x,) < 0. Na&
THv drohoubia x,, v = 1,2,... Exoupe &mi
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xve(xu %, Xg »i—) SnAadn [x,-%,| < %
y1& xéfe veN. "Apat lim x,=x, kai, &md 1 ouvéyeia Tijs [ kad Th oxéon 1(x,)<0
¥ veN, maipvoupe
i) =lm i) <0
ToU elvan &toTro.
ii) AUTH TpokUTTEl dvTEAG)S dvahoya pé THV i).

2. OI TPIFQNOMETPIKEEL ZYNAPTHEEIZ

2.1 "H ovvépinon fpitovo sivor ovveyng. "Omws elvan yvwoTtd &md Thv
TprywvoueTpia, yid Tis ouvapThoes N kal ouv () Srws &AALGS TTapioT&uovTal
pé & Siebvr) oUpPola, sin kai cos dvrloToiya) loyUouv ol TapaxkdTw TUTOL:

UK — Xy = 2 =52 ouy X5 %0

Kol
[nut] < |t] wed |owt]| <1 ¥ teR.
‘Emropéues 8& Exoupe

@ [nux—nux,| =2 [nuEF| fowXEXe| <o lxoxely —jx_x)
*Av topa x,, v=1,2,... elvan m& édmoiodnmoTe droAoubia TpaypaTI-
pay

KGOV &piBpddv pé lim x, = x,, 8mov x, R, 161 1) (2) Biver

| nux, —nuxy | < [ X%, | = 0
SnAadn lim (nux,~npx,) =0, A limnux, = nux,.
"QoTe dmodei§ape 6T lim x, = x, = limnux, = nux, kal ToUTOo Y1& K&BE X,
kai omoloBfmoTe droAoubia x,,v=1,2,..., BnAadn 7 ocuvdptnon nu elvan
CUVEXTS.

"As peheTrioovpe Twpa TN ouvdpTnon fuiTovo. AT THY TprywvopeTpia

elvon yvwoTo &1 elven meptodu] pé mepiodo 21, dnhadn ioyve

nu(x 4+ 2m) =nux ¢+ xeR.
*Apkel Aorréy vé 1) peAetfiooupe o fva SidkoTnua pé pfikos 21, K. oTd Sik-
otnua [—m,m]. ‘H petaBoln Tiis ouvexols cuvapTrosws Nu oT6 SidoTnua [—r,T]
TEPIYPAPETAL OTOV TAPAKATW TrvoKa.

Ao B s o

—TT *_f_ (I) _f b

DG EPEPARK

X

: . 3 o o . = e ) s I3
*Amd TV Trivaka aUTd ¢alvetan 8T 0TS onueio - 5 I owdpTnon nu Tapou-

¥

o1élel EAdyioTo oo pé -1, &véd oTé onueio 3

Topouaialer péyloTto oo pé 1.
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levikd 1) ouvdprnon abTh Topovoiddel oTé onueia 2kT— —, k =0, 4+ 1, 4+ 2,. ..
p 2

EAayioTo oo pé -1 xal oT& onueia 2k + —211, k=0,4+1,42,... péyioro

foo pé 1.

Ly, 65 y = nux.

2.2 ‘H ovvaptnoen cvvnpitovo elvar ovveyxic. “Omreos Eépoupe &md TAv
TprywvoueTpiar ioyuer

3 ouv X = U (;—x) ¥ xeR
kaf Eropéveds 1) cuvdptnon ouvnuitovo utopel v Becopnbel s oUvBeon TV
ouvex@v ouvapThoewy | pé f(x) = g-x kad nu, kal #ro1 &rd T6 Becopnpa 1.2.2

TROKUTITEL OTL 1) ouvdpTnon ouv elven ouvexns.
‘H ouvdpTnon ouvnuitovo sivon TepioBikn ué meplodo 21, Smrws gadveTan
kol &mwd Tov TUTo (3), &1’ éTrou TrpokUTTTEL Kad & TrapaKdTw Trivakas peTaPo-

<}
Ais Tls ouvapThoews auTiis 0Td BidoTnux [— 32— E 2’—]

2
| | |
i T ™ 311'
X ——2- 0 —2—“ ™ "'2‘
| AT
! ] | I
|ovuvx 0]}\? ~I1/‘0
b

‘H ouvdpTtnon cuvnuiTove mapouaidlel otod onueio 0 péyioto ioo pé 1,
tvéd oTd onpeio T Trapouotdiel EAdyioTo foo pé —1. lMevikd, ot& onuela 2k,
k=0, +1, +2,... Tapouci&ler péyioTo oo pé 1 kai o1& onueia (2x + 1),
k=0, + 1, +2,... mapovoiale éAdxioTo igo pé ~l.

2.3 "H ovvaptnon tgantopivn sivar ovveyxig. ‘H ouvdptnon ep (f kal
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tg | tan) &mes Eépoupe, dpiletan, &md Tév TUTO EPX = ﬂ—-Kot[ gxel medio &pi-
ouol T glvolo TGV TrperypaTikédy &piBudv ékTds &mrd Tis pit;ss Tiis ouvapTHoEws
ouvnuitovo, 8nAadn ToUs piBuolUs KT —2—'”, k=0, +1,42,... °‘H ouvép-
TNOT £p &5 TNAiKC guvexdv cuvapThoewy elval, oluguwva pé 1o Bewpnua 1.2.1,
ouveyns of kdde SikoTnua THs popefis (KTr+ %, x+ D+ JTQ—») v k=0,
il 2, .

Mé 11 owdptnon o loyve, &mws elvan yvwoTtd:

e (x + ) =epx x;‘:x-rr—i—%, k=041, +2,...

ros P’ 3 F. y ’ y ™ a
kai émouéveds dpkel vé TH) peAeTr)ooupE OTO Slcxo-rnuo:( T ——24)

“H ovvdotnon e@ elvarywolog aifovoa atd (— T ) TMporyporikd:

amd Tis oxéoeis 611 nu 1 (0, —;—) kal ouv T [0, T) Exoupe

0 < nux; < nux,

Qcx X e
W g = 0 < owx, < ouvx, =Bt

SnAcdn &Tiep X [0 —) "ANAG 1) eg elvan TepiTTH ouvdpTnon, SnAadn loyva
epx = —@(—x) kol &pa Eyxoupe
il % Ex<x sl s0g=n<—x< % = ep(—Xy) < ep(—X,)
=EQX; < epx, OnAadn ep % (-—%, 0 J .
"Emions y1& T ouvdptnon e ioyvouv

lim epx =+ 00 kai lim epx = — o0 1

n n
x-a-—z-—o X+— T+° I

Mparyparikd: Twaparnpolue &T1 y1& dmoiedfmoTe dkodovbic x, v=1,2,...

pé —g— = Xy = 21 (&pa xad ouwv x, > 0 3 veN)

. iy z ™
limx,=— = limowx,=ow % =0 =

2 % 2
(>0, Fvy=vy(e): 0 <owvx, <& ¥ v>y) =
1 1
(v e> 0, 3 vyp=vy(e): e TNy T —oee ponreaatanle o

"QoTe loyvel
. ™
¢ b lim npx, = nu Briae L
hin & = e N 1 =
lim m =100
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= lim ep x, = lim npx o5 AR (+ ) =+ o0, dnAadh) lim epx = + 0,

v
TUVXy x_*_;i_o
*ArroBel€ape Aoréy 8T lim  egx = + oo, Tlapdpolar popolue vé &modeifoupe
x—»lz —0
kai &11 lim  epx = —o0.
X—> = —;-+0

Enpeioon. *Amd THY TEPIOBIKSTNTA THs CUVAPTATEWS EQ TTPOKUTITEL, TWPL,
elkodat &T1 loyuouv
lim epx= 4o xal lim epx=-c0
XK 12—0 x—+KT—— 40

yid& wébe dxépaio &p1Bud K.

Zy. 67 y = e9X.

2.4 "H gvvapten ovveparntopévy elval cuveric. ‘H ouvdptnon o9 (f

kal &G ctg f) ctan) &mas §époupe, SplleTan, &md 1oV TUTTO mpx:%

kad
Eyer ebio Opiopol TO guvoro TRV TPy uaTIKGY dpiBudy &kTos &md Tis piles
Tfis guvapTnoEws Ny, SnAadn Tous &pifpols k, k =0, 41, +2,...'"H owéptn-
on og &5 TMAiko ouvex@v ouvapTioewy elval, oUpgava pé Té Becopnua1.2.1,
ouvexts of ke BidoTnua Tis wopefis (x, (x+1)m), k= 0, £1,4+£2,...N& ™™
cuvédpTnon aUTr Gmes Eépoupe, loxUel,
op(x + ) =opx ¥ x Fkm, k=0, +1, +2,...

koi Etol &pkel v& TT) pEAeTTIgoUpE OTO S1doTNua (0,m). Elven dxdpn YvwoTé &tmo
ThHv TprywvopeTpia 611 loxlel 6 TUTos

™
O'CPX = ELP(-E_—X)
& &moios pds Ponb& oTd va HEAETTiOOURE T1) 0P XPNOIHOTIOIOVTOS T& oupTrEe-
pbopara oU Exoupe Yi&k Thv 9. “ETon Y. f| 0@, s oUvBeon Tiis yvnoiws:
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divoucas ouvapTrosws f ﬁé i(x) = —;-r-x, xe(0,1) kai Tis yvnolws alfouoas

# ™ ™ ’ . I r ’, ~
aTd ("_2”'7) ouvapTroews e, elvan, oUpgoova pé Té Beddpnua 1.2.1 Tol

kep. ll, yvnoics ebivouca oté (0,m). *Axdun Tapornpolpe &1

limopx =+ «xai lim gPX = —00
X—>+0 X—*n—0

TMpaypatiké mopatnpolue &1 yi& dmoiabrmote dkohoubia x,, v=1,2,...
s

e 0 <x, <m™ 3 veN (&pcx Kal —12T— < 5 <-—12'i Y UEN) Eyoupe
. hig Tar
x, -0 = lim (—zm—xy) =g
Kai dkdun
li (l_ il
im (5 ) =
lim epx = 4 w0
x»%—-(]

"Qoe ioye

= limeg (—;——xv) =+ = lim opx, = 4 c0.

x, >0 = limogpx, = + .

"Atrobeifape Aormév 81 lim o@x =+ oo. Tapdpoia pmropolue vé &mobeifoupe
x—= 40
kal &1 lim ogpx = —oo.
x—-m—0
Inpeioon. "Améd v TepoBikdTnTa Tiis ouvapTrioews O@ TTPOKUTITEL,
Topa, eUkoha 811 foylouy
lim opx= 4o kai lim opx=-w

x—>km+4-0 x—xm—0
Yi& kébe drépaio &piBud k. Yy
: : s
[ ' 1
| | ‘.
: i (& !
IR . |\ 1
1 \ 'l \ ll
oA | !
% o ;
£ R b oo
x NF o Z _x \¥E bn

¥ N\ t 4
1
p \\ } \\ ' X
I \ i LN
] Ay I \ :
I b1 1 \

\ 1 L
: \ | \i

|
I ] \
[ ] i H
s ‘ . i
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3. H EKOETIKH KAI H AOTAPIOM IKH EYNAPTHEH

3.1 'H #x0ztikfy ovvaprnen. "Omows Eépoupe, wdde TpayuaTikds  apifpds

x Eyel wié Sexadik) TOPAOTAON X = Yo, WiWa: - - We- v s Stou , elvan &xépatos
&p1Buds Kol Wy, Yy - - Wy - - - ElVEL YNQIC, Bnhadt dképaiot &pibpol pé 0=y, =9
3 veN. ‘H dxolouBict Ty =WYo; Ya- - Wu V= 1,2,... elvar pi& abfouox

&xohoudic pnTdv &piBudy, Tou ovyihivel Tpds TOV TpayuaTIkd &pifud x.
"Otrws, TéA, Eépoupe

(4) Wo =TS+ 1 ¥ veN.

*Av Bewpriooups, TOPY, kal Eva BeTikd &piBud a > 1, ToTE, graidn ) Ev-
volx Tfjs Buvdieds Tou ut Ekbetn fva pnTo &piBud elvan yvewatd, opileTan 1 dko-
Aoubia

al, a’..., i iy
oy, pdiioTa, elvan yvnoiws alfouvoa xai EmimAéov pporyutvn, yiori &mwd Ty
(4) ioyue

v T . +1
a’<a‘'=<a’ ¥ veN

“Eto1, oUpgave pé 16 &fiwpa Tis § 1.4.3 ToU Keg. lII, 1 dxohoudia a
v=1,2,... ouykhiver Tpds mparypaTikd &pifpd, Tév ooio TapioTévoype pé
a** dnAadn opilouvpe

a* =lima".
THv Toapamdve Evvoia Tis Suvdpecs tvds &piBpol a > 1 pé idétn Tpa-
yuoTikd &pifud émexteivoupe kai yia 0 <a = 1 dpitovTas, t& &S :
Nn&d a=1: =1
! - 2 12
Nn&ao<a<l: a—l/(T).

*Exferins (exponential) ovvdgrnon ué fdon 6 Oetixd Gpfud a Gvopa-
Zoupe, Tpa, T ouvapTnoT ol dpifeTan &md TéV TUTTO ¥ = a*. AUTH T oul-
BohiZovpe Wé exp,, BnAadn expa(x) = a*. Trv T expa(x) yp&gpoupe &rrAou-
orepa kal exp,x. EiSwé Thv tfeTix?) ouvdpTnon ué Paon Tov &piBud e (§ 1.4.3,
keg. 1), 8nAadn 77 ouvdpTnon expe, Tf oupPohiloupe &mAoloTepa pé exD
kod THY Gvopdlouue GmAG éxfleTia) cvvdeTnor).

AT TOV Spiopd Tiis EkOETIKTS TUVAPTNOEWS eXPa TrpokUTTTEl EUKOACt OT1
auTh Exet medio Spiopol Té olvodo R Tdv TpayuaTikiV ap1fudsy kal Taipvel
Tiués 016 alvodo R+ Tév Getikédv &pidpddv dnAadn ioxvel

a* >0 & xeR.
‘H &PeTik oUVEPTNOT exp, Exel Tis TapoxdTe iS1dTnTES !

1. “H owdotnon exp, elvar povorovn xai pdiwra yd a > 1 poiwg ad-
tovaa, dv@ md 0< a < 1 ymoiws ghivevaa.
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*Andderén. Td a =1 7| cuvdptnon exp, ouptrinTe pé v oTadepr ouv-
&ptnon 1, f émola, BéPonc, elven povdTovn. Mé a + 1 Bewpolye Sud dolovo-
BrjoTe mpaypaTikoUs dpifpols X, y é x < y. "Etol &md Tév Spiopd Tis exp,
€youpe

a* =lima" «oi a’ =lima"™
émov u,, v=12,... kof v, v=1.2,... elvon dkohoubies pnTédv &p1BuGY ué
limu,=x ko limu,=y. |
"ExAéyoupe Tpa Bud pnTols &pifuols z, w ué
X< wLy
kad TOTe eUkoAa TpokUTrTal &T1 UTrdpyel SefkTns n TéTolos, hoTe v& loyUe |
u, <z<w<v, M v=nn-+1,... |

"Apa, Emeldn T& u,, z, W, v, glvon pntol dpiBuoi, dmws §époune, 0& ioxUel

au”<az<aw<au', & a>1
kol
a¥>af>a >a” &0 <g<l
Yid kéBe v=n, n + 1,... "“Qote y1& a > 1 ¥Eyoupe

a*=lima™ £ a® < a¥ <lima™=24a"

kal y1&d 0 <a <1
a*=lima"™ > a®> a* > lima*=a’.
2. "Av 2, v=12,... elvas dmotadiimore undevier] dnolovlia, vdre
lim a* = 1.

*Anddedn. "Améd Tév Spiopd yik 0 < a < 1 Exoupe

azv=1 /(-1—)“, ooy —1 2 |
a a

ToU onuaivel 8T dpkel v’ dmroBeiyfel f mopaméve 18i16TnTa oTAY TeplmTTwon
Smou a = 1. “YmoBétoupe Aormév &1 a > 1 xai Bewpolpe &vav BeTikd &p1Bud

e> 0. Tote, Emadn lim+/ a =1 (dpopuoyr| 2 Tiis § 1.4, kep. III), Umépyer pu-
aikes apifuds k Tétolos, doTe vé loyva
1 : 1
a'x —l= ;‘T{—l <ekal a7 K -] = —1_ —1 >—¢.
a
*Axdpn, tradn lim z, = 0, Uwdpye guoikds &piBuds n Tétolos, GoTE Y&
k& Seiktn v pé v > n v loyle

1 1
i g
K K

kad Emoptves, émadh | ouvdptnon exp, elvan yvnoiews alfousd, éxovpe kal
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_.1 1
a % <aboa K.

"Apa y1& kdfe puokd &pifud v pé v > n ioyue
1
—E<a K — l<a®™ — l<a *,l(" — 1<t

BnAadn
w |a® —1 | <e
TO omoio onuaivel 611 lima*= |,
3. Tid »dfe mpayparued doldud X xal érowadinore dxodovdia pyrdv doudy
u, v=12,... pé limu, = x iogve
a® = lim a® .
*Anddeity. Tty mepimTwon &mou a = 1, fi iBidTnTa AT elval goavepn.
Mé& a > 1 Bewpovue kal ThHY dxohouBia 1, v=1,2,... ToU dpiopol Tfis Buvé-
pecos a*. BéPanx T& u,, r, elven pnToi &pibpol kai loyUel
a“v — a“v_rv
&mou lim (u, - r,) = lim u, = lim r, = x-x = 0. "Apa, oUugwva pé Thv Tpon-
youpevn ididtnTa 2, ioyva

. a'

lim aW—v= ]
&md Smou Traipvouue

lima® = (limaw—™) (lima™)=1ax=ax.
Téhos y1& 0< a< 1, Exope i >1 xai Eropéveos
a

) 1 1
uy— — X
lim aWv= I - i = a¥,

4 uv X
lim M) —
a a
4. Td énotovadrimote moayparixovs dofpods X xal y ioyve
a* - a¥ = a*+7,

> Amddekn. Oswpolpe Bud dkoloubies pnTév dpifpdv u,, v = 12 ol
il At L6
hma, =% kel Hm v, ="y

*AMG TOTE Eyouue

2 g%

¥ veN
kal E1o1, &md TV Tponyoupevn iBidTnTa 3, Taipvoupe

a* a¥ = (lim a™ ) (lim 2" ) = lim (a% a") = lim a™""™ = a*+7,
¢gwedn lim (u, 4 v,) =limu, + limv, =x +y.

5. “H ovrdornon exp, ebvar ovveyrs.
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"Anddeidn. Oewpolpe Evav  dmolobAmoTe TpaypaTIKG &pifud  x, kal
omroladfimoTe drohoubia x,, v=1,2,... pé lim X, = Xj. ZUpQwva pé TV Tpon-
youuevn i8idtnTar 4, Exoupe

axv =g (Xv—‘°)+lo = axv—‘n axo v UEN
xad &rol, émadn lim (x,-x,) =0, &mwd ThHY iB1oTnTa 2 Tadpvoups
lim a™ = (lim a™ %) 8% = 1 .ax0 = gxo
oy onuaivel 811 | ouvdptnon exp, elval ouvEXTS 0TS X, kal ToUTo foyUel yik
K&Be onpeio x,.
6. I'd émowvedimore moayuatizoic doiBuots x xal y ioyier.
(@* )Y = a%v,

*Anodety. Oewpolpe 5ud dkohoubies pNTGY &piBpdv u, v=1,2,... kai

e T [ R
limu,=x kaf limu,=7y.

“Av 1 elven Evas dmolooBfiTroTe pnTds dpibucds, TéTe & Eyoupe

(@' =a" y veN
kol 701, &GO T ouvéyeix TGV ouvepThHoEwY exp, kol [(x) = xr, waipvoupe

(@) = (lim a™)" = lim (a™)" = lim a"" = a ™D — g%
dnAab
(ax)r = a*r,

"Apa loyle kal

(@) =a™ y veN
kol Eropvess, xpnoipotroivtas AL TH ouvéyela THs exp, , TeEAkE, Tadpvoups

(a¥)7 = lim(a®)™ = lim a™" = @™ @) — gxv,

7. "Av a > 1, vdre ioyver.
lim a*= 4w xal lim a* =0.
x—>+oo X—>— 0
*Andderty. Oecopolpe dmoladhmoTe drohoudia x,, v=1,2,.. . pélimx =+ oo
kai Eva BeTikd GpiBpd e. "Emraidh) fi dkooubic a¥, v =1,2,... Bév elvon gporypé-
vn, Umdpyel Belktng K ué
1
a% s o
*Emrions, &md 16 &1 lim x, = + oo, TpokutrTel &T1 Umdpyel SeikTtns n
TéTOlOS, QOTE V& foyUer
Xy 287 My V=it 1
“Evol, tmweidn 1y ouvdptnon exp, elvar yvnoiws alfousa, 8& Exoupe ko
a’v > ax > —:~ ¥ we=nph Lo
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"Eme1bn 16 € elven dmoloabnmoTe BeTikds &pifuds, 8 loyver
lim a™ = +

kal &poa, &meldn kal 1) x,, v=12,... elvan p& édmoiodfmoTe droloubia pé
limx, = + oo, 6& loyler kol

lim a* = + oo.

X—>4 00
Mé v’ &modeifoupe v lim a* = 0, Bswpolpe W& omoiadrmoTe dkolou-
X—+—m0
bia x,, v=1,2,... pé lim x, = —o0. ToTe Exoupe
lim x,=—e =lim (—&,)=-+% =lim a==4 o
Kol ETOl 1 1 1
lim a*¥=lim e B 0.
a—w lim a—* 4 oo

“QoTe y1& drolaBnToTE &kohouBia x,, v=1,2,... pélimx, =-w loy e

lima*y = 0, ol onuaiver 811
lim a*=0.
X—p—m

8. "Av 0<a< |, vdre ioyie

lima*=0 xal lima*=+4 co.
X—>+w X—»—x

*Anddeién. “Exoupe —;— > 1 xad, Emedn) &wéd TV Opiopd

X
ax=1 / (i)
a
ué T Pondeia Tiis Topamdvw iBiotTnTas 7 Exouue
1 1

lima*= — = =
X—>+wm llm (‘l) +w
X—+ow a
MNé v’ &mwodelfoupe Thv lim a* = + oo, Gewpolpe pik otroladroTte dKo-
X—>—o0o0
MouvBia x,, v=1,2,... pé lim x, = —oo kai Evax OeTIKG Gpi1Bud €. ’Emraidn) | dxo-

Aoubla a¥, v=1,2,... elvan pndevikny (Bpapuoyn 3 Tfis §1.3, keq. ), Umdp-
xer BelkTng K pé

ati< g
*Axdpn, Emeadn lim x, = -oo, Umdpyer deiktng n TETOlos, WoTe vé loyUel
X, ==Kk Mvy=nnF+l...
kal &pa, &poU f) ouvdpTnon exp, evar (yvnoiws) @divouoq,

a‘v>a—x=-l_> A AT, CROHE Bty
= e E

’Emrei8n) TS e elvan dmoiobnmoTe, 8& ioyver
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lima™ = + oo
kal &to1, Emadn kol 1) x, v=1,2,. . .clven omoiadnmoTe dkoAoubic pé limx,=— oo,
6& Eyoupe
lim a* = 4+ .
X—+—00
‘H ueAérn Tfis ouvexols ouvapTicews exp, meprypdgeral, Bagikd, oty
TepoakdTw Tivake kol fi yewpeTpiky Epunveic TN o oxfuara 69, 70.

a>1 exp, 2, lim a*=4 o xal lim ax=0
X400

X=p — 00
a=1 exp, orafeorj ion ué 1
O<a<l|epay, lima*=0 xai lima*=+o
X4 {00 X~ ~- 0O

Eidig, émaidfi e > 1, f ixBeTikny ouvdptnon exp elvar yvnoiws alfovoa
ouvapTnon ué
lim e*=+4 o0 kai Jim e*=0 Gy T1)i
X=>+a X—»—wm

|
4
1 1
o x 0 x x
Zy. 69 y=a% a>1 Iz 70 y=a*, 0<a< 1 Zy. 71 y=¢€

"ATS T& Trapamdve oxAMaTE Kai Té GUVOTTTIKG Trivoka TiiS ouuTEpIgO-
pds Tfis ouveyols ouvapTAcEws exp, TapaoTaTIKE TpokUTTTEL 6T1 TS Tebio TI-
MGV THis ouvapTroews aUTs elvan OAéKANpo T6 olvoho R+ T&v Betikdv &pi-
Buddv, dnAadn

& (eXPa )=R*%

3.2 'H hoyapOuiki ouvaptnon. “Omes eibope Tapamavew, 1| EkbeTikn
ouVEPTNON exp, Y1d a # 1 elvan yvnolws povérovn,. ‘Etropéveos (Becopnua 1.3.1
ToU keg. 1) Umdpyer f dvrioTpogr Tns, ToU Svopddeten Aoydpiipos dc mode
Bdon 1oy dofud a kal cupPohrlleran pé log, . ‘H owvéprnen log, e Tedio
SpiouoU TS Tebio TGV THis CUVapTNOEWS exp, , SNAadn Té olvorlo R+ Tév Be-
TIkGV ap1Budv, kol Tedio TIpGY T6 TESio bpiopol Tis exp, , dnAadn Té ovvoro
R 16v mpayuaTikédv &piBudv. Suykexpipéva oy el

2 (logs ) =R+ «xai & (log,)=R.
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Thv Tipf loga(x) Th ypégoupe md &mAd kol pé log,x. "Amd Tév dpioud
Tfis AoyapiBuikiis ouvapTroews TpokUTTTEL dpégws ST

y=log,x < a¥=x.

Erreidf) a® = 1 kad al = a, Exoupe Tis EEfjs &GloonueicTes TIpEs TTis ouv-
apTioews log,:

@) log, 1 =0 wxal log, a=1 (a3 1).

Eidix&k # ouvdprnon log. dvopddeten guowds Aoydpifpos wal ouuPohri-
Zeton Mo &mA& pé log ) xad In.

‘H owvéptnon log,, ds &vrioTpogn yvnolws povéTovns ouvapTrioews,
elvan Errions yvnoiws povéTovn kai pdhioTa yik a > 1 elven yma:’wc attovoa,
td y1& 0 < a < 1 elven pimoiog ghivovea (Bedpnua 1.3.1 10U keg. I). *Erions
16 Bikypaupa Tis ouvapThoews log, elvan ouppeTpikd ToU BiaypduuaTos Tfis
exp, & Tpds TH SrxoTépo THs wpdTng ywvias TV &Eévav. °H YEGUETPIKT
tpunuela Tiis AoyapiBuikils ouvapTiioews TapExETa OT& TUPOKATW TYNUaT
72, 73 xal 74 (&mwou maplotaveran 1 log).

41

=)

Ey. 72 y=logax, a >1 Zy. 73 y=logax, 0< a<t Ey. 74 y=logx

*ATTd Td Traporéve TTpokUTTEl eUkoAa kal & &kdhoufos ouvoTrrikos Tri-
vaxas Pacikdy iBiothTwv Tis AoyapiBuikiis cuvapThoews.

a>1 log, 1, limlog.x =+ w0 xai lim log.x =—c
x4 x++0

0<a<l| log. ¥, llmlog,x._—m xai hmo]og.x-—+eo
x4

Eidikg, &medn e > 1, & guoikds Aoydpibuos elvan yvnoiws abfovoa ouv
aptnon ué

limlogx = 4+ «xai limlogx=-0.
X—>-+o0 x—++0

A Ty dpiopd THs AoyapiBuikiis ouvapThioews log, , cs &vrloTpogns
Tis exp. , TpokUTTTOWV duéows Kol ol TuTrOL:
a%* = x xal loga®=x
kol el
elosr = x «xal loge® = x.
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'Errions ) AoyopiBuiks) ouvdptnon Exer Tis mapoxdTe 1816TnTES:
1. I'd érowvadimore Petinots doifluods x,y loyder.

log, xy = log, x + log,y.
*Andden. "Exouue
al"la“!" =xy= alogak alazay e alusax-i-]og‘y .

"ANG& dgolb a # 1, ) &BeTikr) ouvdpTnon exp, ds yvnoiws povdTovn elven kal
dpgipovootipavtn cuvdptnon. “Etor Traipvoups

log,xy = log,x + log,y.
2. I'd émoovadijmore Oetixods aolpods x,y iloyiet
leg,% = log, x —log,y.
*Anddertn. ZUpgwva pé THY Trponyolpevn iBi1dTnTa Eyouue
log,x = loga—;u .y =log,% + log.y
kal &pa
loga% = log,x-log,y.
3. T'd émowvadinore mpaypatizols doplbuods x,y pé x > 0 loyde
log, x¥Y=y log, x
*Andderén. "Eyouue

a ga¥¥ — yy — [a 'aX] ¥ = av logax
kai ETol

logax¥=y log,x.
4. *Toyver ¢ timog

(6) a¥ — exloga.
"Anddeiky. "Exoupe
a¥= (eloga)x —exloga
5. loydet 6 Timog
€))] logs x= logx

*Anddety. "Amo Ty Tapamdve 15i16TnTa 3 Egoupe.

log x=1log a'¢a* = (log,x) (loga)
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Kai £tol

3.3 "Afwonpeioteg ihotntes. 'ES& 6& oupmAnpdooupe T& oupTepd-
ouaTa TGV Tponyountvey Tapaypdewy 3.1 kai 3.2 pé Tis TapaxdTw &Eoon-
peicoTes i8160TNTES TGV CUVOpTRHoEWY exp, kal log,.

1. I xdfe mpayparied dplud x ioyver

(8) e > 1+ x
Kol YEVIKOTEPX

a* > 1 4 xloga (a #1).

*Anddeén *ES& 6& ypnoipomoiiooupe T yvwoTh &vicdTnTa Tou Ber-
noullt (1 +w¥>14vw
émou v elvon un &pynTikds dxéponos kad w > —1.

Mé& v’ &mwodeifoupe Tév TUmo (8), Bewpolue Evav dmroiodfiToTe pnTd Gpi-
Buo u ko drodun Bud dxepaious v ué u = %, veN. "Erol Siakpivoupe Tis opa-
k&Tw Bud TEpITT™OES:

(1) u >0, dniady p > 0. Ottoupe

K= {I( : % eN].
To K elven éva &mrépavTo (un) memepaopévo) UtrooUvoho ToU ouvdrou N Tdv gu-
ok@v &pifpdv kad pdhioTa yi1& kébe keK ioyie

KU=K Bt B p o SnAadn  xueN,.
v v

"Apa
1\ I
(1+—) 214+ (ku) — =1+4u
K K

kai gmreidn f) ouvdpTnon f pé f(x) = x¢ elven ouveyrs, maipvoupe

. 1o\ER " 1 \¥]u 1 \*]u
lim (1+—) :llm[(1+-—-)] :[lim (1+—)] — et
KeK K KeK K KeK K

kal ETol
el'>14u.
(i) u<0, oniadi] p<0. Ofroupe

A= a0 xat 20 g
v

Té A elven Evar drrépavto UtrogUvoro Tol cuvohou N 1@V puoikdy &pibudv kal
uéAioTa yik k&fe Ael loyuel
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‘ X
u(;\+1)u=_..()\+1).%=“1_ - (—u) Bnradh —(A+1) ueN.
"Apa
1 \ru 1 1 —hu A \—Au 1 \—wu
1+-)= g —( ) =(m) =(1—*
A e 1 A1 A1
fier { e
[ Ly
= ) 1 —(l+l)u>1 A+l 1 1 +
g ey LS e T vy B

kal émeidn, dmws oThv mepitTwon (i), Exoupe
) 1 \ru
lim (1 - —) =,
reA A

er > 1+ u.
"Qote &modeifaue 611 y1& dmolodiToTe pnTd EpiBpd u ioyxuel

et >14u
kai €101, &v y1& dmolobfoTe TpayuaTikd &p1fud x fewpriooupe uik dxoloubia
pnT&V &piBuddv u,, v=1,2,... pé limu, = x, TOTe &md TH ouvéxeix Tiis éxbe-
TIKfjs ouvapThoews B& Exoupe

ef=lime™ >lim(l +u)=1+lmu,=1+ x (BA. ox. 71)
Téhos, &mwd ToUs TUous (6) xad (8) Exoupe
a* =e*loea > 1 | xloga.

Taipyvoupe

2. INa xafle Oetind aolbud X ioyie

© log x < x-1
; ; =1 .
xal yevixoreoa log, x < T v a>1
xai ]og,xzx;, dr 0 <a<l. \

loga |
*Anddeisy. Oftovtas y = logx Exoupe e¥ = x. "Apa &md Tév TUTO (B),
EXOUME
x=e>1+4y=14logx
kai éTol
logx < x-1 (BA. kai oy. 74)
Téhos, &rd Tév TUTO (7), Todpvoupe
logx » x-1

loga — loga’ Ba d

log,x =

&oou loga > 0 kad
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logx x-1

—— > wl<a<l
loga loga

log.x =

&oolU TéTe loga < 0.

3. “H joyaolfuuxi] ovvdgrnon log, elvar ovveyis.

> Amddetn. ZUugoova pé TOv TUTTO (7) EYoume

logx
loga
xaf Ero1 &prel v’ &rrobel€oupe TH ouvéxela ToU guoikold Aoyapifuou log. Md 16
oKoTd aUTS Becopolpe Evav SmrolobhToTe BeTikd &piBud X, kai & dxohoubia
BeTikéov dpiBudy x,, v=1,2,... pé lim x, = x,. *Ad Tis 1816TnTes 1 kel 2 TR
Tponyoupevns § 3.2 kad ToU TUou (9), yi& kde guoikd EpiBud v, Exoune

IOgaX =

logx, = log (xe lr-)ziogx,nLlog X < logx, + 2 =1

Ko Xo o :
X X
]ogx‘,=]og(xu/ ):]c»gxo —log =2
Xy Xy
Xo Xa
> logx, — (——— 1)=108xo+ 1— =
v XV

*Apa yi& ke uoikd &pifud v ioyUel
log xo+ 1 - B log x, < log x, + Bk

v xu
"ANA&
A Xo Xo
hm(logxo-}- 1 — g)=logxu +1— —= =logx.
v xO
Kad

lim (log Xo + 2y 1) = log x, + o PO | = log Xo.
Xo Xo

"QoTe loyle kal
lim log x, = log x,
16 &roio, Fmedn f Xy, v = 1,2,. .. efven dmoiadnmoTe dxohoubic BeTikGy &p1fuddv
pé lim x, = Xp,0nuadver 871 & Quotkds AoydpiBuos elvon ouvexfis ouvapTNon
oTd X, y1& OmoodnmoTe BeTikG GpIBPd X,
4. loyve:
e*-1
7

= 1.

(10 lim
x—0 |
> Anddeién. Tipéota §° &rodei§oupe ST loyUel

et —1 ;
1o —-——— g & e (D, o+i00)
X
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kol %,
ex =

A
|
|

< 1 A XE (— o0, 0)

MparypaTikd: y1& xe(0, + o), &wd Tév TUmo (9), Exouue

N R R PR D e
X
kaf
er — 1 X
it =1 —e* < I-[l+ (—x) J=x, bmdTe Lot < ex
X
Né& xe(-00,0), &xoupe —xe (0, + ) kai Eror Taipvouys
—X ___ —X
B e_l_ < e %, én‘é—ree"sexf homm: = 1.
= ==X
*ANAK
= b X =i b
e"cx | R v i sl : Kuiéwouéuwsc"s—e-—l—él-
—X —X 5 4 X

T ¢ : g gy BEEY ; . s
©& d&modelfoupe, Twpa, &1 lim ——= 1. TpoypaTikd: Gewpolpe W& dtrot-
x—> 40 X
obfrote  droloubia x,, v=1,2,... pé x,> 0 3 veN kai x, = 0. *AAA&
TOTE, oUNQuVa pé T& Tropadvw, loylel

P s

eV o veN

xv

kal Erol
exv—]

Xy

lim =],

&gol, &md T ouvéxeix THs deTixfis ouvapThoews, Exoupe lim e™ = = 1.
*AtroBeifape Aoimév 8T
e™-1

x, >0 = lim =1
v

; Stk e*—1
ToU onuaivel 811 lim —
x>4+0 X

; T { ey 0TS ; - Sinis

Mopdpota foyUer kad lim — 1. TMparypaTikd: Gewpoupe pi& &trola-
x-»—0

&nmote dkohoublar x,,v=12,... ué x, <0 ¥ veN kad x, 0. AN T6-

TE, oUMQwva ué T& Tapamdvw, loyUel

Xv

e g

< 1y ueN
” Xy
kal ETal
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e‘m _1
Xy
dool, &md T ouvéxeia Tiis EkBeTikf|s ouvapThioews, Exoupe lim ev=e"=1
*Atrodei€ape Aormrdv 6T1

lim == o

e™-1
x, -0 = lim =1
X o s e (@]
oU onuadver &t lim =]
x+—0 X
% > O _
Qore loyUe b L b e 1
X=-+0 X X——0 X
BnAadh
R e
‘X=»0 X
5. *loydet
; log x
lim =1.
(11) x=+1  x—1

*Anddedn. Tp&Ta 8& &modeifoupe dT1 loyUel
1 log x

— ¢ —— <1 yxe(l,+eo)
X x—1
Kal
logx 1
1< < —wyxe (0,1).
x—1 X

1
Mparyuarikg: yik xe(l, + o), ouppwva pé Tév Tumo (9): Exoupe

log x € x—1, émoTe e "<l |

x.—
kad
logx X X X 1
-1 x—1 7 x—1 T x—1 " x
Né& xe(0,1) Exoupe —IJE e (1, 4+ ) kai &ro1 Taipvoupe
1
i log — log 2
Lol = <1, &’ émou | g .l.—x‘_l_
_l- .l_ —1 X __l__ L X
X X X

*ANG
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log —
& x 1 —dogx  —logx _ logx
2 L - 1 % == l—x x—1
X X
kal Etot P 1
x—1 X
g ; : m log x , " ,
©& damodeifouue, Twpa, &t lim = 1. MpaypaTikd Becopolue wik
x=>14+0 X-1
bdmoladrimoTe  dxohouBia x,,v=1,2,... pé x,> 1 % veN koi limx, = 1.
"AMG T6TE oUnpuwva ué T& Tapoméve loyUel
1 log x,
=< B g1 weN
X5 Xy —1
kai £Tol
lim 18 Xv _ |
x, —1
2 1 1 : e
&poU lim S 1. *AmoBei§ape, Aoimdy, &Ti
il %= < Hm B,
kel &pa  lim ez I
x=>1.0 X-1
: o . log x , " .
Mopdpoia foyxer kai lim —2— = 1. TlpaypaTikéd: Becopolpe pid dmoix-
x->1—0 X-1

&rimoTe dxoroudia x,, v=1,2,... pf 0 < x, <1 + veN kaf lim x, = 1. *AAA&
TOTe, oUuuvV pé T& Taparéve, loyUe

I‘ IOng 1

€ — v
% - . W veN
kal Etol
x, =1
. 1 1 X . s
Gpou lim =k 1. *AmoBeifape, Aoirdy, 8Ti
lmx, =1 ~ lim 8%
X~
kel oo T 2198 i

x—1—g X-1

“Qote loyvel
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T LS R |
%140 X —1 x—»1—0 X —1
SnAadn ;
lim —28% =,
x=+1 x -1
AZKHZIEIZX

29. Né& peretnfouv s mpos T1 ouvéyxeia of ocuvapThoes Tou dpilovtan &md Tous Ta-
pakdTw TUTrous kal v& TapacTaBolv yewpeTpik& ol Tpels Tp&iTeS:

x,&vxe[o.—%] —i" G x #£0
1 I(x)= i 2) I(x) =
T«}-x,&vxe(-i—:l] 0, 6vx=0
1 1
Tt dwx#0 nu—/—* & x>0
N = o ={ X
0, x=0 X, &vx <0
x'nu-!--&vx;éo -I--nu—'l—-&vx;éo
5y 1(x)= % o= * X
0, &vx=0 0, &Zvx=0

30. N& &mwoBeryfet 811 ol ouvapTfioas ol Spifovtar &mwd ToUs TapaxkdTw TUTOUS
elvan ouveyels:

1) £(x) = owv(x?® + 3x) 2) (x)=ow¥1I—x* 3) (x) = nu(ow3x)
4) f(x) = nu i:—;i 5) f(x) = -2";_—*;3% 6) 1(x) = ouu(x* + ¢3x)

T) f(x) = 28%+M8% (] + egx) 8) f(x) = log(l + x* nuix) 9) f(x) = 3% +1)

31%. N& pehetnel dos mpds TH ouvéyeix f) ouvpTnon f pé

—lnu—l, & x #£0 xal |x| < 1
X

x
HE - 0, & x=0
nux, &v lxi>1
32%. Né& pehetnfel ds mpds Th ouvéxeia kol v&k TapaoTadel YewpeTpik& ) ouvépTnon
f ué
logx, Gvx>2
f(x) =1 x—2+1logx, &v l<x<2
1—x, avx g1
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KEDAAAIO VI
MAPArQrox IYNAPTHIEQX
1. H ENNOIA THE MAPAIQI'OY EYNAPTHEIEQE

1.1 Oi cuvopTnoes Tis omoles 8 Bewopolpe oTd kepdhaio TolUTo elven
ONes TTPOYUTTIKES OUVRPTTOES WIS TpaypaTikfis peToPAnTiis. ‘H Ewwoix Tijs
Tapaywyou wds ouvapThioews elvan, dtows kol A &wvoia THs ouvéxelas ouvap-
Thoews, Gueoa Sepévn pé TV Evvola THis ouykAioses.

"Eotw I wé owvdpTnon ué medio piouol Eva Sikotnua A kai fotw x4eA.
Tére pé Tév TUTTO

g, = f(xi_:)l{'(xi), xelA - {x,}

SpifeTan w& ouvdptnon g,,, 7 émoia dvouddeTal mnhizo dagopdw tijs  ard
anueio Xy “Av Umépxer 16 lim g, (x), 8nAadn T
X=X,

f(x) - 1(x,)

X-X,

Iim

X —=>Xp
kod ToUTo €fvon TporypaTikds Gpibuds, TéTe Adpe ST1 «f owvvdoryon | magaywyi-
lerar o6 onueio xp» 1) GANGS «ndoyer 7 maodywyos (GxpiBéoTtepa 9 modTy
mapdywyoc) tijs § ord onueio xp». Thv dpraxn ot Tiph THv dvouddoupe TéTE
magdywyo (dxpiPéoTepa modty magdywyo) Tiis f 016 onueio x, kad péhioTa T
ovpPoliloupe ué

UORROBNRIE

INé& ouvropia

(%) = lim 1)~ (o),
XX, A=Xp
Hapamnpiioaic. 1) "Av 16 x, elvar 76 &pioTepd dkpo ToU SiaoThuaTos A,
TOTE oTéV Tapambve Gpioud évwoolue THV Splakn T Yid X — X, + 0, &véd
&v 16 X, elvan 16 5e§16 dxpo ToU SiaoThpaTos A, Thv dpiok T TV évvoolpe
yi& x —x,-0.
2) Mmopel v& dmodeixfel 61 # Umapn Tiis Tapaydyou was ouvapTh-
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o£ws ¢ EVQ ONPEIO CUVETTAYETON TT) OUVEXEID TTS OUVapPTTOEws aUTiis 0TO anueio
Touto (PA. TrapoxédTe iSidtnTa 1.5.1).

Iopadeiypata:
1. Zrip mepinrwon erabeoils cvvavrijoens ¢, Bnhadh [(x) = ¢, Exoupe
f(x) — f(x c—C :
(c)' = lim o) — 1000 im y—5-= lm0=0,
, X=Xp x—wx, —Xo X—>xg 0 X—*Xg
B5nAabn
() =0

x=xXg

‘0 TUmos alTés loxUe y1& k&fe TpaypaTikd &p18ud X, kel pdhioTa ypdgovpe
fe) =.0.
2. Zrijy meolarwon dmov (X) = X, Exoupe

X —X
)y =lim *=1lim1=1,
0 xoaxgX X0 oy,
SnAabn
() gz, = 1
‘0O TUmos alTds loyuer yi& kéfe TpayuaTikd &p1bud X, kai pdMoTa ypaeoupe
®' =1

3. Zrjpy meoinrwon émov {(X) = X?, Exouue

XX,
—x = lim (x 4 x,) =X, + X¢ = 2x,,
o X—*Xg

(x’)'xEln :x]jL[:
0

BnAadn ("' _x, = 2%,
kal péhioTa & TUTOS aUTds foyvea yid kdfe wpaypaTikd &piBud x,. ToTe yphgoupe
(x%) =2x
kad Aue 871 /| ouvdpTnon f pé 1(x) = x? Tapaywyifetat o1 eblo dpiouol Tns kol péhioTe,
oty TepimTwon aUTh, TH ouvdptnon g pé g(x) = 2x TV Svoudloupe Tapdywyo Tiis f.
Mevik, &v yi& mi& ouvéprnon | pé medlo dpiouol Eve SidoTnua A, Umdp-
¥el ) (mpeTn) Tapdywyds Tns yi& kéfe xel, téTe & TUTOS

y=If'

Spllet mé& ouvdptnen I°, ol Exel mebio Opiopol Emions 16 Sidotnua A. THv
owéptnon ' Thv Svopddoupe mapdywyo (GkpiPéoTepa modTy rapdywyo)
Tiis f o6 A | &TA& (modity) magdywyo Ths f. AUt T oupPolifoupe ko pé
%. Sty mepiTTeoon ToU dpidetan i (mwpwTn) Trap&ywyos f Tiis ouvapTh-
oees f, Mue 11 «f ovvdoryan | magaywyilerar 0d Ay 1) &A& «) gvvdprnon | ma-
paywyileTam.

“Av f) owdéptnon | Topaywyifeton, TéTe wropsl vé TapaywyileTal kol
# owéptnon ' ¢ Eva onueio xeA kal oty TepiTTeon abT, TAY Tapaywyo
(F'(X)) x=x, Ty Svopdoupe Selrepn Tapdywyo Tis f oTé onueio x, xai L

" M . , [ » . .
oupPorifoupe pé £'(xy) 1 (f(x))" x=x, fi dxdpat KCﬂ[ dg) ]xmx. . "Av Topa U-
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Thpyer 1) SelTepn Tapdywyos Tiis f of k&be onuelo xeA, ToTe & TUTOS
y=1"(

Opiler md ouvdprnomn ' pé medio dpiopou Emions T SidoTnux A, ) dmola dvo-
pdleton dedreon mapdywyos tig | ord A 1) &mA& devreony maodaywyos Tijs f.

AUTH) T oupPolilouvue kol pé -g;- .x.
() "x=x, =(@X)'x=x, =2,

(2x).x¢x =lim 2_;__21!' =1lim2=2.

XX o X-+Xq

yiati

“Apa Utrdpyxel 1) SelTepn Trapdywyos THs cuvapTioews [ pé [(x) = x2 kol aUTh
elvan f) otafepr) ouvdpTnon 2.

*Avéhoya Spifoupe THY TpiTn Tapdywyo wids ouvapthoews f va elvar f
Tapdywyos Tis deUTepns Tapaywyoy Tns Kol ETaywy KA T VIO TT| Tapdywyo
fv 1fs f pé Ttév TUTO

v —fOL u=Z 30,
Smou pé f oupPoAifovue T piooTr Tapaywyo Tis f. Axdpa yi& v vicoTn

: f . el priniBake,
Tapdywyo xpnooroteiton kad TS oUuPoro 5o

1.2 I'sopetpiki enposia i napaydyov. “Eotw oémi f elvan md ouvdp-
Tnon pé Tedio SpiopolU Eva SidoTtnua A kai
Py=(x,, 1(x,)) Evax onueio ToU Sicrypapparros TS
ouvapTioews oUThs. “Av Bewpficoups kal Evax
&\\o onueio P, = (%, + 1 {(X + 1)) ToU Siax-
ypépuaTos kofos kai Ty edfela ol Biépye-
Ton &mé T& onuela Py, Py, (1 eVfeia ol dvo-
péletan Tégvovoa ToU SixypdupaTos oTo Py),
TéTe & cuvTeAeoTRs kaTevBUvoeds Tng, SnAadn 7
tpamrTopévn T yowvics o, Sideton &mwd ToV
TUTTO

= Q0 _ fy4m) — () |

o P,Q n
tvd 1) Elowon yi1& TV Téuvousa elvaa
© y - ixg) = D00 (),

“Av topa UmroBéooupe STi Umdpyer T6 lim
n=+0

, BnAadt) éTi Umrép-

f(xo+ n) — 1(x,)
m

X&) mopdywyos '(x,) Tiis ouvapTioews f 016 onueio x, TéTE SpileTan Cos
opiokd| Eicwon Tis (T) yi& n — 0 1) &iowon THs edbeics

® y-I(xg) = f'(x) (x—%)
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Tou Bifpyetar &rd 16 onpeio Py=(x,, [(x,)) kal &g ouvteAeoTr| koTeuBlvoecos
v I'(x,), BnAadn (BA. ox. 75)
ep o =" (x,).

‘Opitoupe Thv elfeiac abrn va elvon 9 épamropévn edbela vob dayodu-
paros Tijs [ oté onusio P,

1.3 Kwnpanxij enpocio tijg napaydyov. “Eotw 611 1) Oéon x Evds UAI-
koU orueiou ol xivelTon Tévew of wid elBelo EkppdleTon dos wik cuvdprnon Tol
¥xpovou t. Aniadn

x =f(t), ted =[t,, t,] (Bvax xpovikd Si&oTnua).

f() f()

Té TnAike Biagopdiv ————= oTh Xpovikn oTiyph Te[t,, t,] txepdder )

plarn rayiryra Tod YAxot anueiov xard T4 yoovixd Sidornua peTold TEY oTiyudy
T 2ai t. Ty Oplaxn) Tiwn THs péons aUTiis TayUTnTas yik t —T THV Spifous
&5 T (oreymale) rayirnra u(T) Tob dlukod onusiov xavd Ti) yoovie| oTiypi) T
dnAadn opifovpe
W) = lim 7 BII0L . pex).
t>
"Av Topa fi oTrywaia TaxutnTa u(t) opiletan yik kdBe ypovik oTiypn
te[ty, t,], TOTE TS TNAiKo Siagpopdiv ‘@ Exppdle T péon émrdyvvan Tob HAi-

#ot onuelov xard 6 yoovixd didornua perafd Ta@v oriypdv T xal t. THY Opiokn
aUT) Tipn Tfis péons EmTayivosws yik t — T Ty 6pifoupe dx T (oTiyueain)
Emrdyvvon y(T) xatrd T3] yoovia] oryw] T, Snhadn
y(@ =1lim Y020 _ ey = ().
t->T e
1.4% Awgopikdé cuvvaptijoews. “Eotw 6T f elvan m& ouvépthon molU
Tapaywyifetan o fva Bikotnua A. "Av x, elven fva dtolodnToTe onueio ToU
SiooThiuaTos A, ToTe pé Tév TUTo Y = f'(X,) X épifeTon & (ypoumikn) ouvdp-
Tomn, 1) omoia dvouddeTan dwagogxd Tijc cvvagrioews [ ord onueio x, kol
oupPolileTan pé df(xy), dnAadn
Xy y = f'(xy) X.
Eidik&, &v Bewpriooupe THv TauToTikY ouvdpTnoT, SnAadn T ouvépTnon
T pé T(x) = X, TOTE T Sragopikd dT(x) = dx aUTfs Tfis ouvapTHoEws 0TS OT)-
ueio x, opileTan, oUngoova pé T& Tapamdvw, ds i ouvdpTnan Tou SideTon &wod
Tév oo ¥ =1 (D)X =1-X =X, 8n7\a8'r’]
X2 Y=X
kad &pa f) ouvdptnon I'(xy)dx Exer Tumo Y = '(x)X, dnAadn oupmimre pé
16 Siagopikd di(x,). "Apa loxUer & TUmos

[ diCx) =1(x) dx |
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dt(x,)

6 omoios kai Bikaohoyel TO cupPohiond f'(x,) = 3,

Tfi§ Tapaywyou oav

TnAlko Siapopikddv.
‘H yewpetpikr| Epunueia ToU Sia- ¥ Y ¢

gopikoU df(x,) Tfis ovvapThoews f oTd 47

X,, 8i8eTon o716 BimmAavd oy. 75, &mou f pT 4 EE e

&px 1) Tév &Eovev X, Y elvan 16 onueio

Py = (xy, 1(x))-

“Omreos eiSaue Trapamdve, of kdle E g X X
onuelo x,el bpileTan 16 Bragopikd df(x,) i
Tfs f 016 x, dnAadn OpileTon w& po- b X
voonuavTn &Tmeikdvion pé TUTTO /]

As x v di(x),

Zx. T5a.

f) émolax 016 onueio xeA dmewoviler wd ocuvdpTnomn, T6 Siagopikd df(x) THs f
o1 onueio x. ThAv &mewdvion ot ThHY Svopdlouus dagood Tic ovvapTi-
oews | kol Ty oupPolifouue pé df, Bnhodd:

As x> dico).

1.5 "Iawotnteg tdv nepaydywv. Ocwpolpe Bud ouvapthoes [ kol g ué
kowo Tedio épiouou Eva SikoTtnua A. Téte foylouv T& EEfs:

1.5.1. "Av 7j ovvdgrnon f mapaywyilerar ord A, tdre adri elvar avveyis
auvdpTnon.

*Anddeién. "EoTtw X, tva onueio Tou A. ToTe &youpe

() — f(xp) = =D (x —x) ¥ xeA—{x}
kol dpo

lim (160 ~ () = lllim(x—xo)=f(xu) 0=0,
X=Xy X=Xy
SnAadn lim f(x) = i(x,), 16 émoio onuaiver &Ti f| ouvdprnon [ elvar ouve-
XX,

¥fs 0T onueio x, ToU SixoThuaTos A.

Hagarijonon. Té dvriotpogo Tis 1B16TnTos adTiis Bév loyler, BnAadH wé ouvépTnon
umopel vk efvan ouvexfis, &AA& vé v Tapaywyifeter. AlTé pmopel v’ &modeiyfel pé TS Tapd-
Beryua Tiis ouvapTroews f pé f(x) = | x |, oy, mrws eidape 016 Tapdberypa 4 THs § 1.1 ToU
kep. V, elvar ouveyns. AuTr Suws Bév mapaywyifetar o1é onueio 0, yiori

fx)—10) _ Ix|—10] _ ixl { Lavx >0
x—0 x—0 x -l,avx < 0
Bt 100 —1(0) 1(x) — 1(0)
lim ) e o ud e ]
x—>+0 x=10 x—>—0 x—0
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“Apa Bév Umrdpyer TS ]imo%@), 8nAadn ) ouvdpTnon [ Bév TapaywylleTon oTd
x— =

anpeio 0.

1.5.2. "Av oi owaprijoeis £ xal g aapaywyilovtar 616 A, tdre mavaywyi-
Covrar zai of ovvaorijoeas f4g xal f—g xai pdliora ioydovy

T+ =1+g =i (-g)=10-¢.

*Amdden. "Av x, elvan éva dmroiodriroTe onpeio ToU SiaoTrpaTtos A, Té-

Te EXOUpE

(1) + 2(x) —(1(xo) + g(x0)) _ 0 —1(x.) 4 B~k

X — X, X —Xy X — Xy
kol &por
: f 5(x)) — U(xy 0 T (Rt i)
() + 80 -, = lim ) +B(¥)z)c—x(.,(X)+ et g =

Hm@%%ﬁﬂmwﬂm

X
s e T A

SnAadn (f(x) +2(x)) xex = I'(Xg) +8" (X,) xai ToUto y1& kéfe x,€8, Tp&yux
16 émofo onuaiver ot (f + g)' =1 + g'.
Mapopora ptropei vé dmodeyBel kai & &vrioToryos TUmos yi& TH Biagopd.

Eidik&, &v g elvan ) oTabepr) ouvdpTtnon e, ToTe foyue

(f+c)y=tf.

1.5.3. "Av ol ovwaorijoeic f xai g mapaywyilovrar o1d A, rite mapayw-

yilevar xal 16 ywipevo fg xal pudhiora ioyder.
(fg) = I'g + fg".

*Ancdeién. “Av x, elvan dmolo8fjroTe onueio ToU SixoTnuaTos A, TOTE

£y oupe

((x)g(x) — f(xa)g(xe) _ _[1Cx) g(x) — 1(x) (O] + [1(xo)(x) — (%) B(Xa)] _
X —X, A=
f(x))‘ _—xf(xa) (X) g f(x ) S(x) = g(xo)

*Emre1dn) Suws f) g mopaywyiletan o6 A, oupgwva pé Ty 1.5.1, alTn evar ou-
vexnis kad &pa lim g(x) = g(x,). *ETor maipvoupe

X—>Xg

(f(x)gx), -,, = lim E%(—xﬁ- lim g(x) + f(x,)lim E(xj)(_— 8(Xa) _
xX=> x, S ™ X>Xg

= I"(xe)8(xo) + I(x,) 8'(x0)
kal ToUTo Yi&k kéfe x,€l, Tpdyua moU onpaiver &Ti
(fg) =f'g + fg".
119

Wnepiomotr|Onke amé 1o lvotirouto Eknmaibeutikng MoMmikrig



Eidikd, dv g elven f) orafepr) ouvdptnon ¢, ToTe loxvel
(cf)' =-ef’.
1.5.4. "Av oi owagmijosic f xal g mapaywyiloviar ord A xal loyie

;o o f ;
g(x)#0 yxel, vdre mapaywypilerar zai 1d mniixo = xai pdliora loyded

(_f)’ = fa—tg
g g

Eidied, av £ elvae 1) oralep) ovvdornon 1, loyde
Ly, i
M (E =T
*Andderty. ©& &mobeifoue mpdTa TAV (1). "Av T8 x, elvan &va dmolo-
SfoTe onuelo ToU SixotnuaTos A, Exoupe
St i
gx) glxe) _ 1 1 g(x)—g(x)
X — X g(xa) g(X)  x—%o °
*Emeidn) Suws 1) g mapaywyileton 016 A, olppwva pé v 1.5.1 ot elvan ou-
1

vexns kal &pa | = o T B T :
s & 1Ln3°g(x) ) s ijn‘ 500 glxy ¢

0 RO W RN L (e AR [T R

( g(x) )’L“lu il 2(xy) :l—pnx‘l.. &(x) 11-[2. X —Xy .3 g(x0) g(Xa) g (Xn) -
sl 8'(xa)
g*(xa)

TouTo Suws ioyuer yi& kdBe x,eA ToU onuaiver 6T {oyle 1 (1).

Topa, &wo v (1) xed v 1.5.3 Exoupe

_t_': _L '_'i ‘—1_;—‘1 gr __.r'g—fg'

(g) (fg)“f g T f(g) =g & f(_?)— g

1.6 Oi napayoyor pepxdv ctoyei0ddY cvvapticeoy.

1061 (x) ' =vx=t (=23
Né& v=2 &xouue idn Umohoyloer 871 (x2)" = 2x = 2x2-1, SnAadh & TUToOS
ioyUer. ‘H &moddeifn Tol Timou olitol o1 yevik TepitToon yiveron pé THv
Emarywyikn péBodo dos EEfs:

"Eote 6T foxler (x%)' = kx*-1 Td1e, &mwd TV 1.5.3 8& ioyxla

=)' = (x-x%)" = (x)" x* + x(x%)' =1 x* + xKx*-! = (k + )z~
"QoTe, ué 16 va BexBoUpe T & TUmos 1.6.1 foylel yi&k T guoikd &piBud
k(x>2),8elfape 611 alrds ioyue kal yi& Tév Emdpevd Tou Quoikd &p1fud k+1.
"Apa & TUTos 1.6.1 loylel kad yi1d kéfe Quoikd &piBud v > 2.

1.6.1 (xl) =— T‘;’T, x # 0 (v guowds aopifiude)
M& v=1 6 Timos crds ioyle, yrari &méd thv (1) Exouue
(_1_)'__ L TR B

X x® L xi+l °
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Mé& v > 2, &md v (1) kal Tév Um0 1.6.1, Exoupe

( 1 )’ HE R ooys yxt=t v
) ST apT T Tz T T

1.6.2 (nux)’ = ouvx.

Mpésta 8& &mobeifoupe Tév TUTo lim ™= 1. *Amé v Tpiycvopetpla

elvar yvwot) | dvicdTnTa (e

nuy <y <egy  ¥ye(0,5)
7] émola yp&eetan foodlvopa kal cbg Efis:

owy < B | vye(O 323)

‘H Tedsutaia alth dvicdTnTa Icr)(\’.:sl kal y1& x € ( e ,0), Yot

2
ye(——,O)»—ye(O ):cuu(y)<ﬂu( y}<1=»c:rwy<1'%y<1.
"QoTe dmodeifope OT1

) owy <% <1 v ye( -5, 0)u(0, 3 )
’ETre181) 6 ouvnuiTovo Elvou guvexns ouvapTnon, Exoupe lim ouwwy =ouw 0=1

y-+0
kad & TUmos (2) Siver lim ¥ = 1.
y—>0
Mé& vk &mobeifoupe Topa Tév TUTo 1.6.2 Becopolue Evav omoloBrmoTe
TporyuoTiké &pifud x, TOTE Exoupe

X=X X+X X —%X
LT + X o

2
NUX =Ty, . 0 Q 2 g X+ X,
== = auv
X —X, X — X, X —Xq 2
2
X—X,
kai &medf), Smes mapomdve Seifoape, lim ———— = 1 kal (&md 11 ouvé-
X-=>Xq L
-~ n . XTX l, M
¥Ela ToU ouvnuitovou) lim ouv —J;—“— =ouw x—"_gi = guv X, B& Exoupe

X=X
(MUX) sz, = 1+ OUVE, = 0W X,
kol alTéd yi1& kdde parypaTikd &piBpd x,, moU onuaiver &t (nux)’ = ow X.
1.6.3 (owx)' = -mux.
*Avédoya pé TV Tponyoudevn TrepiTrTwon Exoupe

—2nu ..x_ﬁi" i X '; *o
= lim —

X—#Xg X —Xo

WX — GUVX,
X —Xg

(owx) = lim
® X=+Xg
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X —X,

Xo+Xo

nu
= S

. 4 2 < X + X, -
_—]lmT]lmnu'—f'—-— l.ﬂlJ.

X—+Xg 9 x=xg
2

164, (s9x)' = —— =l 4epix, xfkmw+ 5 (k=0,+1,4+2...)

‘H &modean ToU TUTOU adTol yiveton ué Epoapuoyt Tis i8i6TnTos 1.5.4

__ owxouvx — npx (— nuxl o

o nex) _ (nux)ouvx — nux(ouvx)’
(o)’ = (Fox) = - = e
_ouwx 4+ nux 1
i ouvix T owix’
1.65. (ogx)' =— m‘;x =—(1+o09%), x£km(k=0,+ 1, +2,...).
s fouwx\’ _ (owx) nux —owx (nux)’ _ (— MpX) NUX — OuVXouwwX
(epElir "IU-X) = nuix B nuIx =
MW + owix 1
T T x| T i

1.6.6. (¢¥)" = e*.
“Exoupe

ex — eXo e(X~Xp)*Xg — eXo ok ex—xg— |
XXy XXy X =X,

gmeidn) oclpguwva pé tév TUTo (10) THs § 3.3 ToU kegp. V loyuer

Kai Erouévas,

. ex ~xg — ] . L .
lim T 1, 6& E&xoupe kai

x> x,

. eX — gXo
(e, _, =lim —— =¢%.1= g%
X="% x—= xy X —Xqo

kal aUtd loyle yik kdfe TpoypaTikd &pifud x,, TroU onuadver 81 (¢¥)" = e,

167 (logx)' =— x€(0, + o).

*Exoupe
x X
logx — logx, __ log _x'.',' ol log ;.'._
X L B R E
'x—; -1

koi Erol, émaildn oUpewva pé Tov TUTo (12) Tis § 3.3 ToU kep. V ioyUe

. degmr
lim — =1, 84 Exoupe kol
X—=>=x;, — —1]
Xa
: i logx=logx, 1 . 1
oBkls e B T e =
x Xy
xad aUTd loxve yi& kd@e BeTikd EpiBd xo, ToU onpaiver 1t (log x)' =
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Emeidn, olpgwva pé Tév Timo (7) Tfis § 3.2 TolU kep. V ioyler
log.x = h’% (a # l), 0& #youue

1 1 1

(logax)’ ﬁl oga Gogx)’ = loga x _ xloga

“Qote loyUel, yevikdTepa, 6 TapakdTw TUTOS

1.6.7 (log.x)’ = ,{]%Ed, x€(0, + ) (a # 1).

1.7 Mopayoryen obvbeing ovvaptioswg. ‘O Umoloylouds Tfs Tropayc-
you Li&s ouvapThoews ué 1) Porifeia Tou dplopoU Tng elval Yevikd koUpooTIKGS
xai TToAAés gopés TpoxTIkG &BUvatos. Of i816TnTes TAY Trapaydywy kal ol TU-
ol ToU 8d8nkav oTis Tponyoupeves Trapaypdgous 1.5 kai 1.6 pmopolv va
épappooolv kKaTdAANAa Yid TOv UTTOAOY1oMS TGV Trapayywv Kai &AAwY oTol-
XEIWBHY ouvapThoewy, OTws ..

(log x + epx)' = (log x)" + (e9x) = — +——= Uwzx xeR* xai x #Kkw + —o-
(k=0+1+2,...).
'ANG aUTd of TTOAAES TIEPITTITWOEIS OTOIXEIWBEMY ouvapTioewy Bév elval
Buvatd &Gmos . Y& T ouvdptnon ToU &piletar &md  Tév  TUTO
y =ouw (2x + 3), Tiis dmolas Suws pmopoUus oyETIKE eUkoAa v& UtroAoyi-
oovpe TV Tapdywyo pé &’ elfelas Epappoyr ToUu Opiopou, s EEfis :
(ow(2x +3))’ = ],,T, aw (2x + 3})‘ _::v (2x,+3) _ ilm_?nu (x—:;.,)_n:“(x +xo+3) _

= —2 lim n”(x—x") lim nu(x + x, + 3) =

X+ X X=Xq

=-2-1 nu(xo+xn+3)——2nu (2x, + 3)
kad ot foyvel yik ké&le mparyuaTikd &pibpd x,. "Apa
(owv (2x 4+ 3))' =-2np (2x + 3).

‘H mropaméve ouvdpTnon, Tis &moias Umoloyioaue THv Tapdywyo,
ptropel vé& Becopnfel s olUvbeon Bud ouvapThoewy, TS cuvapTfoews f pé
f(x)=2x+3 xai ToU cuvnuiTévou, ol TTaphywyol Té&Y émoiwv UmoloyifovTan el-
koha pé T Pondeia Tév TUTwv kai iBoThTWY TGV Trapaypdpwy 1.5 kai 1.6.
Elvon Aormév guoikd vé dvalntnlel kdmola oxéorn petafl Tiis Tapaydyou Tiis
oUvBeTns ouvapThoews kal TGV Tapaydywy T@Y ouvapTfigewy, ol ool Trv
ouvbétouv. ‘H oyfon alth ibeton oTéd Emoduevo fecopnpa.

1.7.1 eEQPHMA. "Eotw &re f: A — A xai g: A—R ebvar dvd owvvagrij-
oetg, dmov A xal A elvar daotijpara, yid tic dmoies vmolérovue drv magaywyilov-

at. Tore 1) owbearj rovg h = gof (7 dmola, dnws Eépovue, dpileTar dmd Tov To-
7o h(x) = g[f(x)], xed) mapaywyilerar énione xal udliora loyde
h'(x) = g'ICOI (%)
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*Anddein. ¥, "Eoteo x,eA. "As Oswprigoupe pid dmoladnmote dkohoudia
x,v=12,... pé x, e A—{x,} ¥ veN kai x, = x;, Y1& TNV Omoia Siaxpivou-
pe Tis TropoK&Te TPES TEPITITWOEIS

1. {(x,) = {(x,) yd éva memepaouévo miifos dewxrdaw. ZTry TepiTTROT
abTr), pé Sixypoagn TV Spwv TAs X, v=1,2,... moU TAnpouv TN oxéon
f(x,) = f(x,) TpokUmTer W& dkoroubia y,, v=12,... yi& Tfv omola ioxlel
vy —> X5 (BA. Topatfipnon Tiis § 1.4 ToU keg. |||) wod

f(y,) # f(xy) » veN.
TéTe 8& Eyoupe

h(y,) - h(xy) _ h(y,)-h(x)  f(y,) - f(x)

YV_XU - l'(y )—f(xo) ) Yv—xu
_ 2] - glf(xe)]  £(v.) ~f(xq)
fy)-1(xe) =~ yo-%

"Emreidn) &mwd Thv Umdleon Umdpyouv ol mapdywyor £ (g(x,)) xal g’ (x,), ekoAx
SiamoToverar &1t loylouv kai

elf(y)] - el1Cx)] _ i) -Ixy) _
i ) —Tory B LK), Hm=g = = (x,).

‘Emropéveds lim W () — g [f(xg)]F'(Xo) ke, &S THY TapaThpnon THis
§ 1.4. 10U keg. I, loyle émions
3) lim “("v)‘h""’) = g'lI(x)]"(x0) .
2. 1(x,) # I(xy) yid &va memeoacuévo mwhiflog dewrdv. Ztv Trepimrooon

U, wéBrory popr) TéV Spewv Tiis X, v=1,2,. . .ol mAnpolv T oxéon f(x,) #I(x,)
TrpokUTTTEl pi& drohoubia y,, v=1,2,... y1& Ty omola ioxve y, — x, kai

, 19) =1(se) ¥ veN.
TéTe 8& Exoupe

f (X ) = lim f(.Vv) f(xo) 0 s 0'
kai &mwions Yv— %o yv - X
o DO -G _ o glf)] — iG] _ g el -elie)] _
Yv— X% Yv— X% Yv— Xy
kai éropévess, oUppwva pé Ty Toapathpnon Tiis § 1.4 ToU xeg. llI, loyle émrions

Jim M) —h&a) _

X, —Xo
"Apa kai oty mepiTTwon abTr loylea & Titos (3), yioTl TéTE BramioTdveETn
&ri ['(xg) = 0.

3. Kowd and vig mepuvrdoes 1 4 2 88y loyider. ME Sioypagn Tév Speov
Tfis %, v=12,... ol TAnpolv T oxton I(x,) = f(x,) mpoximTel m& U-
mokoAoubia X, v=12,... Tfis x,, v=1,2,... y1& v émrolx loxUel Xx, —>Xg
(ionTa 2, § 1.4.2 ToU keg. II) wod f(x ) # f(x,) ¥ veN.
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Mé& Thv Umoakohoudla aTh, dkpiPéds dtras kai oTry mepimTwon 1, mpokUTTel
omi
. h(xe)—h(xo) , !
©) lim = = g TG (xo)-

Xk —X
K‘V 0

Tapdpoia, pé Biaypogr) TV Spwv Tis x,, v=1,2,... ol TANPOUV T

oxéon f(x,) # I(x,), TpoxUTTel W& UmaxoAoubia x, , v = 1200008 &

v=12,..., y1& Thv omoix loxle x, —> X, kai f(x,) =f{(xe) ¥ veN. &

THY Uakohoubia ol dkpiPdys, mws kal oThv TepimTwon 2, TpoKUTTTEL &TI
) lim IL"::)—_I-:‘J = g'[1(x) 1" (%o)-

Maparréve Siaoméoaue THv dxohouBic x,, v=1,2,... o& Sud Umake-

Aoubies Tns Tis Xy, V= 1,2, wedix,, w=132,. .. yi& Tis droies ioylouv ol

(4) xai (5). *Amd Tis oxéoers autés &modeikvieran &1 foxuer & TUToS (3).

"Qoe kod oTis Tpels TapaTdve TepiTdcErs &modeifape ST loyle & TU-
Tros (3), SnAadn émi &v x,, v=1,2,... elvon dmowadfmoTe drodoutiar pé
x,e0-{x,} ¢ veN Téte

lim x, = x, = lim =0 — g ()] £(xo),
SnAadn
. hi h ¥ ‘ ' ' ‘
lim "D _ )G A bY(xe) = gTICK] - (ko)
X—>X, °
kad oUd loyver y1& émolodfmoTe X, € A, ToU onpaive 6T
h'(x) = g'[f(x)] f'(x) & xeA.

Maperipnon. Sthv Teheutala meplmTeoon, &mou joylouy TauTdypova ol

Tumor (4) xod (5), Exoupe, &moos kal ot SeUtepn mepitrTwon, ' (X)) = 0.

"Egoppoyég:

1. (ow(2x + 3)) = [-nu2x + D] (2x + 3) =-nu@x + 3)-2 =-2np(2x + 3).
S16 dmotéheopa auTd eiyoue karadffa kai wponyouptvews ué &’ elfeias Epappoyn Tol Spi-
ouol Tijs Topaywyoy.

2. (a*)" = a*loga.
SUpgwve pé Tév TUTO (8) Ths § 3.3 ToU kep. V Exoupe a* = exloga kai Emouéveos

(a%)’ = (e"1°82)’ = ¢Xlo8a (x Joga)’ = €%1°8% Joga = a™loga.

3. (xa) = axa—1, xeg(0, + ).

TMapdpoia, Exoupe Xa = ealogx xai Emoptvas

1
(xa), = (enloxx): = eaiozx (a 10g x)r — ealogx a(logx)' = x? aT = axa—l_

1
Eldik& y1& a=

25 )
( ) =-;—x 5, Aot (V)'= e

aipvoupe
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— X
4. “”x’ﬁ'l) = Ym

el oo G ) 1 B
TTpary HaTiKd V4 1)' = m x4+ 1) = Wil 2x = o

MevikdTrepa foyUer & TUTOS

— _ I'(x)

Smrws elkoha TpokuTTel & TS fecdpnuax 1.7.1.

Iivaxag tév mapaydywy 1@y xvpiwtépwy ototyeimddy ovvaptrioewy

f(x) '(x) f(x) f'(x)
x¥ vx¥-1 x* axa-1
ex ex a* a* loga

1 1
logx = loga x )

THX oux ouvx — NUX

1 1

EQX m opX — —n—u'—x

2. O POAOZ THE TTAPArQroy LTH MEAETH EYNAPTHIEQL

2.1 “H &woia Tfis Tapaydyou pds éEutnpetei of peydio Palud oTh pehé-
TN Wds ouvapThcews, 81 udvo yioti pmopolue v& katapTiooupe TaKUTepa TV
mrivoka peTaPoAfis Tns, &AAG kad yiori pé T Pordeix Tiis Tapayddyou umopou-
e vé& Eyoups T AerTopepr) oTolXEid yi& TT) oUNTIEPIPOPE TOU SixypEHHOTOS
Tiis ouvapThoews of SAn THY EkTaoh Tns. T& Bewpruara moU dkoAouBolv
gpunvedouy Té pdho THis Tapayddyou oTh| UEAETT) GUVOPTTIOEWS.

2.1.1 ®EQPHMA. “Av 5j owvdornoy f magaywyiletar of &va onueio X, xai

napovcdler Tomxd Gxodtato ovd onueio aitd, téte ioyder £'(x,) = 0.

> Anddeitn. "As Grobéooupe 811 ) ouvdpTtnon | Tapouoidle TOTIKS pPéyl-
oTo oTS onueio x, (oTHY TepiTTTEOT ToTIKOU EAGY10TOU EpyalOuaaTE Gvahoy ).
Tére 6& Umdpye Eva dvoikTd Sidotnua (a,b) pé x.e(a,b) = Z(f) Tétoo, doTe
v& ioyuer

f(x) < f(xy) ¥ xe(a,b).

“Etot

E(x)_'—mg 0 ¥ xe(xy,b) xai fg;)—_—?—"z >0 ¥ xe(a,x,)
]

X—X,
kol &pa, Emeaidn 7 [ mapaywyileTon oTé onueio x,, B& Exoupe
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FOw) = lim M0 <0 4o f(x)= fim [OHED - g
X=X+ 0 o X—Xy—0 0

BnAodh £'(x,) = 0.

Té évTioTpogo ToU TapaTéves BecpfiuarTos Sév toxUer. ‘H ioédtnTa '(x,)=0
wtropel vér loyer, ywpls | cuvdptnon f vé Tapouoidlel Eva TomikG SKpd-
TOTO 0TS onpeio X, AUTé .. oupBalvel oThy
mepimTwon  mou  f(x) =x%, x,=0, dgol, &vdd
F'(0) = Bxy—0=0, y1& &P x> 0 Eyoupe
f(—x)= —x3< 0<x®=f(x). (BA. xai o¥x- 18 keq. 1I). P,

FecopeTpikd /) Umapén &vds TomkoU &rpoT&-
TOU Tfi§ oUVOPTTIgENS 0TS onueio X, onuaivel (othv VA
TepiTTwon woU f| ouvdpTnon TapaywyileTon oTé
Xg) 611 1) &pomrTopéun ToU Sioypduparos Tiis f
o6 onuelo P, = (x,, f(x,)) elvar rapddAnin Tpds
Tov &fovar T@v x (PA. oy. 76).

soff ot
S~

Zy. 16

2.1.2. @EQPHMA 00 Rolle. "Eorw { ud ovvdptnon pé medio dptopod
&va xlewotd dudornua [a, b], 4 dmola ehvau ovveyrjs xal dmmdéov mapaywyilerar
otd avouxtd ddornua (a, b). Tdre, dv f(a) = i(b), drdoyee x,e(a,b) térowo,
dote '(x) = 0.
Té Bedbpnpa airé Epunuetetan yewpeTpixd (BA. oyx. TTa) s E6fs: &v
Y

fa-f &

Zx. Tl Zy. 778.

& xopmUAn (BnAadr 1O Bidypaupa wss OUVEXOUS OUVOPTTOE®WS), TroU Exel
EpatrTouéun ot ke omusio Tng, TéUeTan &S W& elBeia Tap&AANAT Trpds TV
&€ova TGV x of Bud TouldyioTo onueia, TOTE of fva ToUA&YIoTO oTjueio 1) épo-
TCTOREVN THiS kKapTrUANS adTiis elven TapdAAnAn Tpos Tév &fova TédV x. Eibikék
oty TepimToon mwoU f(a) = f(b) = 0, f) yewueTpiks| Epunveic Tou Bewpriparos
aUTou BibeTon oTd o). T7P.

To fecopnua oU drohoudel &mroTehel ik yevikeuon ToU BecopriuaTos ToU
Rolle kol elvon yvwotsd dx Bedonua Tijs péans Tudic Tob Stagogueod Aoyiouod
fj kol s Oedbonua vév memepasuévay adéfoswy.

2.1.3. @EQPHMA. "Eorw 8t [ elvar pud ovvdgrnon pé medio dowopo éva
®Aewrd didornua [a, b), 4 émola elvar ovveyrs xai émmiéor magaywyilerar ovd
dvoutd dudornuae (a, b). Tére dndoye x, € (a,b) tévow, dote
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f(x 0) s f(b) f(a)

> Anddeitn. T Bedpnpa adTd TrpokUTTel Speoa &mo 16 fecopnua ToU Rolle
&v EpappooBel yi& T ouvdpTnon g ué

g(x) = f(a) - I(x) + (x-a) f(b:, i(a)

‘H ouvéprnon g ikavorouel, wpoaypoTikd, Tis Umobéoss ToU Becopripatos TOU
Rolle, yori abtr elvon ouvexris, mapaywyiletor o1é (a, b) kal péhioTa

g =) + 0@

b—a '
dvéd, tmiomns, elven gla) = 0 = g(b). ‘Emopéves Umdpyer x,e(a,b) TéToro, dote
v loyUel
f(b)—f(a)

g'(xy) = -f'(x0) + TR 0,
Badh) 1'(xp) = @

‘H yewopeTpiks onpooica ToU BewpruaTtos av-
ToU (BA. o). 78) elven 1) &fs: dv wic kapmUAn Exel
tpamrTopévn ot ke onueio Tns, TOTE ot gva ToOU-
AéyioTo onpeio 1 dpotrTopévn Ths KAUTTUANS aUTHs
5y 78 elvon TapdAANAn Tpds TV Tépvousa eddela Trou
BibpyeTon &md Té kpa Tiis KopTUANS.

2.1.4. nOPIEMA. “Av wd owvdotnony [ magaywyiletar aé fva Oudornua
A xai pdhora yud xdfe xelb loyie £'(x) = 0, Tore 1 ovvdornon adri] naigver od
dudornua A orafleor] Tuyu].
*Anddein. "Eote x* Bva otabepd onueio ToU SlO0THMOTOS A kol x Eva
&\ Ao STrolobiTToTE onuEio ToU SlaoTHuaTos aUTou. ZUpgava i Té Becdpnua
THs uéons Tiufis ToU SicgopikoU AoylouoU Umdpxel onueio X, TETOlo, WOTE V&
foyuer
f(x)—f(x*)
X—X*

=f'(x,) =0, dpx f(x) =1(x*) V¥ xeA.

2.1.5. OPIEMA. “Av of cwagrijoes | xai g masaywylloviar o010 Oud-
oryua A xal pdlore pa xdfe xel loyde f'(x) = g'(x), vdre ol avvagtijoes f
xal g Owapéoovy xard ud oraflepr ovvdornom, dnAad yud xdle xel ioyiet
f(x) = g(x) + c.

*Anddety. Td 1 owdptnon h = f-g maparnpoupe dTi foyUel
hE)=f(x)-g'(x)=0 ¥ xeA
kad Eroptvess, oUpgwva pé T6 Topiopa 2.1.4, 4 h maipvel oTd SrdoTnua A oTa-
Bepry T, Eotw . Apa f(x) =pg(x) + ¢ ¥ xel.
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2.1.6. @EQPHMA. “Av 1j ovvdprnon { magaywyilerar ovd idornua A,
Tdre loydovy Td magaxdrm

X)) >0 ¥xeA =12 A|(x) <0 ¥xeA = 1 A

F(x) 20 ¥ xeh =T 1A | I'(x) <0 VxeA =1} A

*Anddekn. “Ag elvan f'(x) > 0 y1& kdBe xeA. Tote, &v x,, x, €lvan Bud
SmolabnmoTe onueia Tou SiaoThparos A pé X, < x,, 8& Exoupe, &rd TS Bedpn-
por Tfis péons Tipfis ToU Siapopikol AoyiopoU, &1 Umdpyel xEe(xX,X,) S A Té-
TOl0, QIOTE

£ (x,) = f(xg)—f(x,) .

X3—X,
&pa f(xp) — 1(x) = f'(xy) (X—x;) > 0, Snhodn f(x,) < {(x,), ™oU onuaiver
om ) { elven yvnriws alifovoa o016 A. “Qote &model§ape 611
F(x)>0 3 xeA = 14 A,
Té& UméAorra oupmepdopara ToU fewprjuartos E§dyovtan pé dvédoyo Tpéro.
2.1.7. eEQPHMA. “Eorw { uid ovvdornon yud iy omola dmdoyer 7 Sed-
Tepn mapdywyos ovd dudornua (a,b) mod elvar xai ovveyrjs. Tote, dv x4e(a,b) ué
f'(xg) =0, loydovy:
I"(xg) <0 = 9 f magovordler Tomxd ufyioro o1d X,
I"(xg) > 0 = 9 f magovordlee Tomnd Eldyoro avd x,.
*Anddetn. ‘H ouvéxeie Tfis Seltepns mapaydyou f kai ) dvicdTnTa
" (x4) < 0 ovverrdyovran &mwd 16 Bevpnua 1.2.3 ToU kep. V 871 Umdpyer Side-
otnua (a;, by) vé x,e{a;, b)) = (a, b) xad " (x) <0 ¥ xe(ay, by)."Apax &mwd
16 Becopnua 2.1.6 waipvoupe 811 ' T (ay, by) xai Emopéveos
i el }= 10 > Mx) =0 ¥ xe(auxl = 1 1 a0, xd
f + (alrxo]
= f(x) < f(x,) ¥ x€(ay, X,].
TMopduoia
f'(x,) =0
,(v") ] = '(x) € F'(Xy) = 0 ¥ xefxy, b)) = | [x,, by)
' % [%0, by)
= 1(x0) 2 I(x) ¥ x€fx,, by).
"QoTe &moBeifape (PA. ox. 79) &1 loyve
f(x) <1(xp) ¥ xe(ay,by),
5nAadn 6T 1) [ mapouoi&lel ToTikd péyioTo 0T
onpeio X,.

"Av 1(xg) > 0, TéTe pé Epopuoyn ToU )
TOPATAVE CUPTEPETUOTOS YI& T} oUvapTnoT
—f (y1& THv omola foxvea () (xg)=—1"(x)=0
kal  (=0)"(xy) = - (%) < 0) mpokdmrTer STl Zy. 79
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aith (i —f) Tapouoidler Tomiké péyioTo oTé onueio x,, Tp&yua ToU onuaiver
&1 1) [ mapouoidder Tomriké Eéy10To 0TS X,

"Egappoyil. Nd mé dpopuoyr Tév moapaméve, & ueEAETiTOVLE Topa TH
Bitetpdywvn Tpidvupn owdptnon [ pé f(x) = 2xt - 4x2— 1, Ty Smola pehe-
Thoaue kai oty § 2.1 (dpapuoyh 3, Tapdd. 1) Tob ke. Il (BA. oy. 43).

TMpéTa Gmohoyifouue Thy mpdotn kal Selrepn Topéywyo Tiis f. *Evor
Exoupe

F'(x) = (2x")" - (4x%)" - 0 = 8x3 - 8x = 8x (x2-1)
["(x) = (8x%)' - (8x) = 24x®-8.
Ol piZes Tfis wpdotns Traparydyou f' elver -1,0,1 yi& Tis dmoles foybouv
f"(-1)=248=16>0, {"(0)=-8 <0 kal '(1)=16>0
Kai émopévess, oUupova pé 6 Bedpnua 2.1.7, A f Trapouoidlel Tomikd EAdyloTO
o1& onueia -1 xal 1 kad TomKd véyioTo oTé onueio 0.
’Emrions, eUkoda mwpokUmTour kal T& TOPOKETW :
F(x) <0 ¥ xe(-o, -1) kel ¥ xe(0,1)
f'(x) > 0 ¥ xe(-1,0) ki ¥ xe(l, + o),
T& dmole, &md 16 Becdpnua 2.1.6, ouverdyovtan T& EEs:
£3 (-o0,-1), £ 1 (-1,0), £ 7 (0,1) v £ £ (1, +0),
8nhad? T& ouumepdouaTa ToU Trivaka petoBohfis Tis f THs § 2.1 ToU xeq. Il.
2.2 Koprig xai xoiheg ovvapriioaic. "Eorw [ ouvépTnon pé medlo Spi-
ouoU fva BidoTnua A, f émola Tapaywyiletan oTd A.
Tote, dmows Eépoupe, Tmépye f EpatrTopévn of k&be on-
peio ToU Biorypduuatds Tns. “As Bewpficovus Tohpa THY
TepimTwon Smov T Sidypapua Tis ouvapThioews [ Ppi-

H, OKETOL TGV &S TV éparmTouévn oTd drrolodAmoTe on-
ueio Tou Py (BA. oy. 80).
Zy. 80 "Emre18y, &meos eldape oy § 1.2 altoU ToU kega-

Acdov, 1) &iowon Tiis Epamropbvns TolU SiorypduuoTos
Tfis f o716 onuelo Py = (x,, (%)) elvan §
y=1(x0) + f' (x5) (x-xy),
16 Sidypauua Tiis { Pploxeton mévew & Thv éparrTouévn Tou oTd onpeio P,
TéTE kol povo TéTE, &v foyver

1(x) = £0x0) = F'(xg) (x-%0) > 0 ¥ xel = {x,}.
STy apamdve TepitTwon, &mou A TeAeuTada oxton
P, foxUer yi1&k dmoiodfirote x,ed, Aéue 8 f ouvdprnon f
elvanr xvgmj o16 A, # ked A& vori).
"Avéhoya, &v BexBolue &1 TS Bidrypomua Tijs f Ppi-
oKeTaL KATW &md TV EparTopévn Tou of Eva onusio Tou

k. 81 P, (BA. ox. 81), 6& kaToAfiEoups, Tapduoia, oTé oupré-
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pagpa 6T1 aUTd oupPaivel, TOTe kad pévo TOTE, &v yi&k OmolodrfiToTe ompeio
XA loyUel

f(x) = f(xg) = I'(xg) (x—xg) <0 % xeh —{x,}.
Ty mepimTwon ot Adpe &t A | elven xoldn oTé A fi SA& xoidy.

"QoTe

‘ g ot B <= 100 ~1(y) = () (x=-y) > 0 ¥ xyoréAubx #y ‘

‘ f xoldn o1d A o () -IP-I'ME-y) <0 ¢ x,yoroAputx #y ’

IMopadeiypata:
1. ‘H owvdgenon { pé (x) = x* elvar xvprr). Tpayparikd: Exouue

16) — 1) —IMx —y) = x*—y* = 2y(x —y) =x*—y* -2y + 2y* = x* Ay + y* =
=(x-y)*>0 % x #y (PA.oy. 82).

Ry

of

Xy. 82 Yy=x* Zy. 83 y=—x+2x—2

2. “H ovvdornon  pé {(x) = —x* + 2x-2 elvar =othy. TpayuaTikd: Exoupe
1)1 () (x-y) = —x* + 2%-2-(-y* + 2y-2)-(-2y + 2) (x-Y) =
= —x? +2x-2 + y2-2y + 2 + 2yx-2x-2y? + 2y = —x® 4+ 2xy-y* =-(x-y)* <0
¥ X #y (B oy. 83).
3. “H owdgrnon { pé f(x) =x* elvar xoiln ovd Yy
(~0,0) xai xvprsj oré (0, + ). TpayuaTikd: £xouue
1-I-'Y) (x-y) = xB-y*-3y? (x-y) =

=(x-y) (x* + xy + y*) 3y*(x-y) = (x-y) (x*+xy-2y%) = 7
= (x-)* (x + 27) /l

xal Eropéveos

1) -Iy) -1'(¥) (x-y) <0 ¥x,y o716 (-0,0) pé¢ x #y

wed Zy. 84 y=x

1) -1 - 1'(Y) (x-¥) > 0 ¥ X,y 016 (0, +-0) pex #y.
216 TeAeuTolo &md T& Tapoamdve TapadelypaTta TapatnpoUue 8T 1)
ouvdprnan [ pé f(x) = x® elvan kolAn &pioTepd ToU 0 xad kupTh Se€id ToU 0
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(BA. 0. 84). AUTO 1O ékgpdloupe AéyovTtoas &Ti 1) ouvdpTnon  mwagevoidlet
xapmy) ozd 0.

levikd, Adpe 611wk ouvdptnon f mou elven Trapaywyioun of fva dvoikTd
Sikotnua (a,b) magovardler
wapmi ord onueio X,(a,b) Y
TOTE Kaid pdvo ToTE, &v alTh
elven kofAn otéd (a, x,) ol i
kupTh o016 (X,,b) 1 dv elven il
kypTh oTd (a,x,) kai kofAn | ER

(7| I
»,

1
1
i
1
)
1
X,

0 0
o16 (x4,b) (BA. ox. 85 xai .
86). Té &vrioTorxo onpeio Zy. 85 Zy. 86

Py = (xq, 1(xy)) TOU Sixypduuaros Tiis ouvaptioews ovoudletar TéTE onueio
xaumijs ToU Blaypduparos abtou. ZTAv mepimTwen o Té onueio P, elven
onueio kapTfis, A épamrTopévn ToU ypogriuaros Tiis [ oTd onueio aUTd Bix-
Tepvd TS ypdonua, Smws gaiveton koi oTé oyfuoata 85 kal 86.
2.2.1. @EQPHMA. "Eotw f ud owwdornon yiud tijy dmola dmdoyer 7 ded-
Teon mapaywyos ord didornpa (a,b). Tdre iogbovw :
f'(x) > 0 % xe(a,b) = f »vorij o1d (a,b)
f"(x) <0 & xe(a,b) = f xoiln o1d (a,b).
> Anddertn. *Av x,y elvoan Bud dToladnoTe onueia ToU SiaoTrhuaTos (a,b)
pé x # y, TOTE, oUppoova pé TO Beddpnua Tiis péons Tiufis ToU Siagopikou Aoyi-
opoU Utrdpyet onuelo X, peTall TOV X kol y Tétolo, doTe
G0 - 1(y) = I (x) (x-7)-
*Apa loyuel kai
f(x) - 1(y) - I'(y) (x-y) = [I'(xo) - F'(1)] (==Y,
16 &molo, ué Epapuoyn AL Tol Becopfiparos THs péons Twufis ToU BiagopikoU
Aoyiopol yix thv f, uds Siver
(6) f(x) = £(y) = F'(¥) (=y) =" (¥o) (xo-¥) (x-¥),
Smou T ¥, PplokeTtar petafl T@V x4 kol y.
"Erreidf 16 x, Ppioketon petall tév x kol y, loyve (xp-y) (x-y) > 0. ‘Emous-
ves 1) oxéon (6) oty TpwTn TepiTTTwon mov {'(x) >0 A xe(a,b), ovvemd-
yeTan 6T1
f(x) - 1(y) - F'(y) (x-y) > 0
SnAadn 611 1) T elvan kupTn o6 (a,b), &véd o BedTepn TepiTrTeoon Smou f(x) <0
¥ xe(a,b), ouvemrdyetan OTi
1(x) - 1) - (¥) (x-y) <O,
dnAadn 6T Ay f elvan koiAn oTé (a,b).
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‘Eqappoyig:

1. "H ovvdgrnoy I pé 1(x) = y Va@—x?, a> 0 ehar xolig pd y > 0 xal vt pid
y < 0. Mparyuarikg: Exoupe

) 1 i 1 X
i § = e S 2 __x?) = S S i S LD S s ol L
(€9 szaﬂ—xf (e*—x?)" =y Tt (—2x) Y T

xal
(—2x)
ey e = Yor - —x ===
£ st ) Va —xaz—_—zl(l"tx —x2) o Gg_i]\’a —xt _
ul

7Y @) Ve
'E1m_uévws yi& y > 0, Exoupe
"(x) <0 ¥ xe(—a, a), Gpa I kofAn o716 (— g, a),
&vip Y1& y < 0, Exoupe
["(x) > 0 % xe(—aq, a), &pa f xupti 016 (- a, &)
(PA. oy. 45 xal 46, § 3.2 ToU Keg. ).
2. “H owdotnon | pé 1(x) =y V/X%ad a>0, yd y >0 elvaw xolky ovd daoripara
(- 0,—0) xai (o, + ®), &d pd y < 0 elvar xvory) otd (-, ) xal (o, + o), (PA. ox. 55
kal 56, § 3.3 ToU keq. Il). TpayuaTiké: Exoupe
(x* —at)’ 2x > 4

=Y Vo Y 2vx-a  To-o

Kol

(x) ﬁ‘—a’:x(?x‘—a‘)' o vaz_al ¥ X — ot

x? — o xl,__u-l

)=y

o
‘Emrouévars yr1&k y > 0, Exoupe

"(x) <0 ¥ xe(-o, -a) kol ¥ xe(g, + ©)
kaf y1& y < 0, Exoupe

f"(x) > 0 ¥ xe(-w, -a) kai ¥ x&(a, + ).

==y

2.3. "Acipntortes. “As Becwopficouus & ouvdpTtnon { Spiouévn o Eva Bid-
oTnua Tis popefis (o, + o0). Mid ebfeia pe
i€lowon y = ax | B dvopdleTal doduarwTy
100 Srayeduparos tijs [(PA. ox.87), &vioyle

lim [f(x)-ax-p]=0.
X—> -4 ©

*Amd T oyéon aUTh TPOKUTITOUV oi TUTTOoL:

a= lim ' woi p= lim [i(x) - ax].
X—+ao X X—+4 0
Mpaypariké: & TUmos B = lim [f(x) - ax]
X—’-—i—oo Zx. 87
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glvon powepds, dvéd & &Ahos TrpokuTrTel G EETis:

lim ( f(x)—ax)
X~ 00

: I‘(x)__ T f(x) —ox vl 1
il-.“loo( B q) :__..IHS x . Jim x e T
dnAadn lim R3] = q,
X=++00 X

*Améd & TropoTréve gafveton 811 & EGovas TV X, SnAadn A eueloa pé EEi-
owon y=0 (a=p =0), elvar dotpmTeTn ToU SiarypduuaTos STolaodnToTe
undevikils ouvapThoEws Yi&k X — +oo. Tl.x. TouTto g@aivetan ot& oy. 88 wkal

89 yi& Tis ouvapThioes oU dpifovtal & ToUs TUTTOUS ¥ = % kai y =— mux,
ol otoies, émws yvwpiloupe, elvon pndevikés yi&k x — -+ oo.

Yy

1
Iy 88 y= Zy. 89 y= X

MI-—-

Mapdpoix, oThv TepimTwon moU Taipvoupe Th ouvdpTtnon { dpiopévn
o’ fva BidoTrnua Tis Hopefis (-0, ), Adpe &T1 ) evBeiax pé Eiowon y =oax + B
elvau Godunrory tob duaypdupatos zhs £, &v loyuel
lim [f(x)-eax-p]=0.
X—>—a

Mapduorla TéTe, Eyoupe
P=B+0=p + lim [f(x)-ax-P]= lim [f(x)- ax]
X—»—a0 X——

[= 2]
Kal
, 1x) W ) e
lim (__x___d)=hm x lim x ek
x->—00 SR x——00 ik
SnAadn

a= lim ® wof p= lim [f(x)-ax]
X—>—0a0 % X—+—00

Elvon Aormrév govepd 8T1 & &Eovas Tév x elvor dolprmrTeTn ToU SioypduuaTos
omolacdnmoTe pndevikiis ouvapTroews yik x — —oco. AUTS, T.X., @uiveTal oT&
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ox. 88 xai 89, &mou ol dvrioToiyes ouvapTroes elvan pndevikés yik X —> —o0.

Téhos, &v yi& Tn ouvdpTnon [ UmoBéooupe &1 elvon Spioutvn o’ Eve Tou-
AéyioTo dvoiktéd Sikotnua (a,b) (a,b mpoayuatikol &pifuoi), ToTE Adpe ST A
eUBeia pé EGiowon x =a elvon  (katakdpugn) dedumrmry TOD dayoduuares

zijg f, &v foyver lim f(x) = + oo fj —oo (BA. ox. 90 kai 91), &vés Afpe &1 §
x-»a+0

eUbela pé Eflowon x = b elvan (korakdpuen) dodumrmTy Tod dayoduparos Tig
f &v foxver lim f(x) = + o0 # —o0 (BA. ox. 93 kai 94).

x-»b-0
e i ] y
al L a}/ x » x \ b X
Zy. 90 Zy. 91 Zy. 92 Zy. 93

TT.x. oTd oy. 88 & &fovas T&v y elvan ebfeia dolpmrTeTn TOU Siorypdupa-
Tos, &vdd, dvTifeTa, oTO oy. 89 Bév cuuPaiver alTo.

2.4 'Egoppoyéc ot pehétn cvvaptiicems. T& oupmepdopoara ToU Byd-
Acpe TTapaTréved pds EmITPETOUV v& peAETHioOVUE Wi ouvdpTnon pé T Ponfeix
Tiis TpwTNS kol SeUTepns Tapaydyou Tns E§eTdgovTas udvo T1 METaPOAT ToU
Tpoofiyou Tous. “Etol, &x1 pdvo pmopolpe vék kabopiooupe Tomikd (katd Sic-
oTthpoTa) T lBos Tfis povoTtovios (&md TS TpdOTUO TR TPWTNS TAPAY WY OV,
oUppwva pé T Bewpnua 2.1.6), A& kal T6 &v ) ouvdpTnon elvar kupTn 1 KoiAn
(&md 16 Tpdonuo THs Beltepns Tapaywyov, cuugwva ué Té Beddpnua 2.2.1).
*Etrions & koBopiopds Tév onusicov, &mou f| ouvdpTnon Tapouciddel TOTIKE
dkpodTaTa 1) ko, elvan ebyeprs, &vid & kaflopiopds TGV doupmToTWy Sisuko-
AUvel 0T Ypabn ToU ypaghuards Tns. ZTd mopadelypata moU dxoloulouv
yivetan oagns 1 Texvikn Tiis PEAETTS WBS CUVAPTTOEWS .

2.4.1 "H owdotnon I ué f(x) = _%.

I(x) = 5 x*(x-3)" piges 7iis I : 03

x? (x-3). "Exoupe

I'(x) = % x (x2). - plles afis-f'- 10,2
£ (x) = 3(x-1) pltor ehis A'F 7 1.

SxnuaTioupe TéV TapokdTw Tivaka Siardooovras Tis piles Téw f, ff,
évw o fvav &fova xal onueidvoups Tdvw oTd dvTioToixa BiaoThuaTa TO
Tpdonuo Tév ouvapThoewy [, [ kai . Téhos, &wd T& oToryeia alrd e§dyouue,
oThAYV TEAeUTaia ypopun Tou Trivake, T& cupmep&ouaTd pas yi& TM povoTovia
THs f kad y1& 16 &v o elven kupTH ) KofAn. *Akdun, onueicvovpe kol T onpeie,
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&trov ) ouvdpTnon | wapouoiddel kapt) (), Tomiké péyioTo (T.u.) ki TOTIKS
E\&yoTo (T.6). KaTw drpifdds &md Tév mivoka alTd Yapdfoupe TO Sidypapua
Tfis ouvapThoews (PA. ox. 94).

- I‘} 4o
o + 0 - - + +
f’(’) = - + +~
i - i .
w S~ J( \ 1€ S
Hoifin {J Koifin | Kuprri | Kuprr Kuorh
y i !
0 |E 2‘
H ! “x
- ---A-----: ;
= e e B M T, ;
—
Zy. 94 y—TX(x—B‘)

2ty TepimTooon THs opamdve ouvapThoews, elval elkolo vé Bolue &Ti
Bév. Umdpyouv douptrTwTss, yiorl lim L SO lim -;—x(x—B) = + oo.
X—> 4w X X—> 4o

1
2.4.2 “H guvdornon f ué f(x) =e *. “Exoupe
1

L

f'(x) = < x," xed ["(x)=—"—e¢ *
5 1
Emions - . T
: X . e x x> +oo A
lim = = lim = o X T 0 xed
X"+ w X=> + oo X 4 o

lim (f(x)—0-x)= lime * =1.
X—* + o

X =
"Apa 1) elBeia pé Eiowon y =0x + 1 =1 elven (dp1gdvTio) dovumtwtn (yid
x ——o0, PBplokouue TEAL T 8o doluTrTwoTn).
"Emeidn) f) ouvdptnon [ &év elvon dpiopévn ot1é onueio 0, 1 eUpean Tév

OPIOKGY TIUGY Iim_of(x) kad lim (x) p&s SieukoAlvel o1 X&pagn ToU Siery-
X—> x—+40

pdupaTos. STy TTpOKEIéVT) TrEpiTITROT UToAoyileTan &Ti
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1
lim e *=4+ow xaf lim e
x—>—0 x40

kol &pa & &Sovas T ¥ elvan (xaToxdpuen) dovptrretn (PA. oy. 95).

ol
x

=0

—ao 0 ‘;- +oo
oo ” i
") + + L
; (x) + +
Faprr gl Fioiiin
s
1
i
i
i
1 :
I :’
i
i
Cy W
of i1 3
L
Zy. 95 y=e x
2.4.3 "H ovvdornon  ué i(x) —_-x+—,l?. *Exoupe:
' 1 "oy
fi(x)= lu—x—a-' piles Ths ' : -1,1
" 2
r'x)= 5.
’Emrions
lim 0= tim (145 ) =1 xaf lim (i()-1-x) = lim Lo
X—4 © X+ X X—+4 © X—+4

*Apa, 1) elBela pé &flowon y=1-x + 0= x elvan &olpmrwTn (yi1& x — -
Bpioxoupe TdA T 181 doUprrtwTn). “Emaidn fi ouvdpTnon f Sev elven dpropévn
o16 0, Uohoyifoupe Tis Oplaxés Tipés
lim f(x) = lim (x—}—%) =0+ (-0) =-
x—>—0 x—+—0
kal
lim f(x) = lim (x + L) =0 4 ()= 4.
x—++4-0 x—+ 40 %
"Apa kal & &Bovas TéV y elven (kaTaxdpuen) AoUNTITWTN.
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flon + -] -0 +

f"{-’t} ] E T X I

f - - = + +
rL . \;z —

Ly. 96 y=x+ %

3. O POAOZ THE TIAPATQI'OY ETON YIIOAOI'TEMO OPIAKQN TIMON
ATTPOZAIOPIETEE MOP®EL

3.1 "Anpocdhiopriotes poppig tob timov -—% . N& T owdéptnon h pé

h(x) = log(H‘x) Tapotnpoupe 6T loyUer lim log (1 + x) =1log 1 =0 «xai
x>0

lim (e* —1) =¢'-1 =0 kai Emopévws yi& va Umohoyiooupe THv Spiakn Tipm

x—-0

tom 108(1-&-]!)

Bty prropoupe v& EQappdToupE TOV TUTTO
x—0

gy o e

xs0 8() ~ Tim g(x)
x=0

(h mp&én % , 61ras Eépoupe, Bv elvan EmiTperrtn).“Opcws, pmopoUpe vé UtroAo-

yiooupe Ty Oplaxn) aUTn Tiur s 6fis:
Jop(ltn clog!
log (1 +x) _ log(l +x)—logl X
e — 1 = P I i"—eﬂ
X

Vx>—1pux#£0

kal Emoptvas

lim Jos( + x) — logl 1
lim Jog(L+%) _ x-0 X _ Qog(l+x))ypy _ TFO
= - e - 0} o o R 1
x»’o - Ilm T :.—0 :
x=+0
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‘Optokés Tipés Smeos 1) Tapamdvw, dnhadh opiakés Tiués Tfis popefis:

lim 19 &mou lim f(x) =0 =1lim g(x)
XX g(x) X—+Xg X+ Xq
SdvopddovTtal dmooadidoiores poogés Tod rmov— ’AkoroubBovTas Thv B Tey-
ViKR, 8Treos Traparéves yid Tév Utrodoyloud Tijs Opiakiis -nur]s lim l%c—li'i)— pTro-
-0

polUpe v& &rmrobeifoupe T EEfis Becopmua:

3.1.1. @eEQPHMA. “Eorw dr f xal g elva ovwaprijoers pé zowd  medio
dotopot dva atvolo Tijs poogiic (a, xg] A [x0b) A (&, X] LU [x, b) = (ab) oi
émolec mapaywyilovrar ovd onuelo X, w=al pdhwore g'(x,) # 0. Tdre, dv
f(xg)=0 = g(x,), loyde

lim f(x) _ I'(xa)

—1¢ 9] ED)

*Anddeln. “Exoupe

1(x) — 1(x)
) _ 10—1x) _ X%
B B0 -8k RO —gGy 7@
X —X,

kal &pa loxler kal

o 100 — 1(x,)

fee) :ﬁ,,“-mx—xn o)

xrxo BX)  lim 8D —8(X0) T g'(xa)
X-+Xg X —Xp

Znueiwon. Tapaméve, oty mepimtwon mou T6 kowd medio dpiopol

1év | xad g elven s popeiis (a, o], ué T6 ouuPoro lim évvoolpe T6 lim .

X—>Xg x—=>x,—0

TMopduoia, oy TepitrTewan Tou T6 kovd Tedio dpiopol T&@v f kai g elvan Tfi
uopgfis [Xq,b), né 16 lim évwooUpe 16 lim

X—Xg X=X+ 0
'Eqappoyéc:
1. lim ]x = 1. TlapornpoUpe 6Tt abTd efvan pi& &mpoobidptaTn popen ToU TU-
x—01-¢

oy % . "Exoupe ()’ = | xai (1-e=%)" = 0-e~* (—x)’ =-e~* (-1)=e¢~*, «ai &pa &mwé 16 Topa-

Twéve Becoprpa Talpvoupe

x (X0 oL 1

L e P e el B

= 0. Tapatnpolue 611 aUTéd elvonr md &mpoobidpioTn popen ToU

TUTTOU % . "Exoupe (1 + ouvx)’ = 0 + (-nux) = -nux kol (x-m)’ =1-0 = 1. "Apa, &md T
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Tapaméve Becdpnpa Talproups

X1 X—m (X —m)y=n 1

1 +ouvx (1 + ouvx)'y—n -nur -0 0
TR

"Extés &md 16 Bewvpnua 3.1.1, ol elvan yvwoTd oty PipMoypagia s
xavoves ToU de I Hospital, loyxUa ked 16 eapokédTe Bedpnuct.

3.1.2. @EQPHMA. “Eotw du | xal g elvar owvapmijoes pé xo.wo' medlo

doiopot Eva ovvolo Tis woopic (a, xo) 7 (x,b) 7 (a,x0) U (x,,b), ol dmoiec ma-

paywyilovrar. Tore, dv lim f(x) = 0 = lim g(x), loyde
X=X, X=Xy
. ') )
lim = =1[ = lim —-' =1
x—>x,8 {x) x—-}xug(x)

276 Bevdpnua cdTéd TO X, prropel vé& elvon kal Evar dmd T& oUpPora + o
fi —o kal &pa, TéTE, TO KOWO TEBio Opiouol TV [ kol g 8& elven Tfis wopefis
(a, + o) 1) (—~o0,b) dvrioToixe, & | TplTn TeplmTwon Quokd droxAeleTar.

‘Egappoyig:
1: x]im0 ;:“—-la-[zxti = 2. TlapaTnpoupe 611 aiTéd elvon &mrpoobidpioTn wopern Tol TU-
o

Tou % "Exoupe (x3)"'=2x, (e + x-1) =e*(=x) + 1-0=e"*(-1) + 1 = 1-8~* kad

~ i e . Jiis =% gl 2K, - am x
waparnpolpe 611 f) Oplokd| Tipfy lim 227 = lim =2 lim elven &-
x-»0 (* + x-1) x—0 l-e~* 1-e—*

Tions wé dmwpoodidploTn poper ToU TUMTOU _g_ AUTH pdhoTa Umrohoyiofnke oty Ta-

pamdve Epopuoyn 1 kai dpa, &méd TO Tapaméve Bedpnua 3.1.2, loyver

ol R AR SRR I
x>0 e~ %+ x =1 x>0 (C"-i—)(—]) 2xll|':|o T =2-1=2.
2. him E=0ME_p, Mapatnpolue &1t alté elven wé &mpooBidpioTn poped Tou TU-

x—0 x*

Tou ._% "Exoupe (x-nux)’ = l-ouvx, (x?)' =2x xaf wapatnpolue 8T f dplakd Tiuf

lim (Kfnz"nf)‘ = lim 1-ouvx elvar émrions wd &mpoodidpioTn poper Tol TUTOU 2 AU-
x>0 (%) x—0 0
T, &mwd 16 Bewpnua 3.3.1, Umohoyileten & elven fon pé U__% =0 00 0
=, 2 2
SnAadn oyl 111110 (x(—'r];lx) =0. "Apa, olUupwva pé Té fedpnux 3.1.2 malpvoupe kai
lim XXX _
x-—0 X
x-1
log = 1 1
3. lim = -1. Mapatnpolpe &ti loyxver lim log 2 =log( lim *= ) =
X—++4o00 1 X—>+ x X-++4 o0 X
x
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x-1

log —
=logl =0 xal tmions lim Y = 0, 8nAabn &T1 | Spiokn T lim elvat
X—>+4o X x>+ 1
X
0
wé &mpoobidpioTn popen ToU TUTOU T“E'rrouévcos, pé T Ponfera ToU BewpripaTos 3.1.2
Exoupe
-1 x—1y' x x—-1\ X 1
log X (lug o s ___) e
lim — % = lim M X/ _ fim X=IVNX gy X1 X
x—>+400 1 x—>+00 1y x=>+00 __l_ x—>+00 ___1__
= =) 5 =
= lim _i__ilim 1 =_}..._=—l
>+ 1—x x>t 1 0-—
—-—1
x
0o . % as
3.2 "Anpoadioproteg popoic tod thmov T Opiokés Tipés Tiis Hop@fis
fim 1 . )
im —-=, &mou lim f(x) =4 0 = lim g(x)
—>xg g(x) XX, X*Xg
-+ oo

dvopdlovtal drpoodidplotes poppés ol TimOV

. Tis &mpocBidpioTes pop-
oo 1S ST PIoTES HOP

ks ToU TUTOU alToU pmopoUpe vé Tis Umohoylooupe pé Th Porifeia ToU
TapakdTw BewprjuaTos, Tou eiven dvddoyo Tpds Té Becopnpa 3.1.2.

3.2.1. @EQPHMA. "Forw 6t [ xai g elvar ovvaorijoeis ué xowd medio
dptauoi &va obvolo Tiis wopgiis (a, Xo) 7 (xo,b) 7 (a,xy) U (x4,b), »ai éve maga-
ywyilovtar. Tore dv im f(x) = + o0 = lim g(x), ioyde

XX, X—+ @
. T X . f(x)
by 0] : ,3520 6

16 Becpnpa alTd pmropei, dmions, T X, v& elven fva &md T oUpPola
+ oo fj —c0.

‘Egappoyég:
1. lim logx .5, Maparnpolpe 8T abté elven w& &mwpoobidpioTn uopef ToU
X4 0 X
TUTTOV +_°°, yiori lim  logx = + o = lim x. "Apx, &mwd T Gecdpnua 3.2.1 Exoupe
+ @ x>+ @ X+ 0
L
N, 1ORE ey OORXY o X i odia
x40 X x—>4+0 (X) x—>+00 1 x—++00 X
JE 1 1
2. lim » =—w. TMoparnpoipe 8t lim ek Dl gLt Da®)
x—>+0 logx x>+0 10X x-—>t0 —Iogx kal
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1
x

Gxépax &1 1) Sploksy Tipy lim — elvon wid &mrpooBidpioTn wo| TOU TV
o logx P pIOTN Hopet) P

Ana §
RS o () §F -y .

o T |+, Ll T G SRR O AT T e I
x—>+0 — logx x>+0 (— logx)’ x—=+0 1 x>0 X

1.
lim L. lim &7 = (+w)(+w0)=+w

x—>40 X x> 40

I

kai Eropéves 1 1
lim = i —% — L he)=—w
x—>+0 logx x>0 —logx

3.3 "Anposdioproteg popeég tdvV tom@v | o - (+ o0) kel 0( 4 o).
3.3.1 *Amgocdidoiates poogés Tod timow + o= (+ ) elvonr Oploxés Ti-
ués Tfis HopeTis:
lim [1(x) - g(x)], émov lim [(x) = + o0 = lim g(x).

X—>Xg X—Xq XXy

O1 &mpoodidpioTes popgés ToU TUToU aUtol dwéyovTtal of &dmpocdidpiaTes

, FR— 0 i 1 . 1 y
popges ToU TUTroU - Tpaypatiké: &v F = — kal G = — ¢ TOTE TmapaTn-
poupe &T1 .
g : 1 . G(x) —F(x)
1 i(x) — =lim — =1
o [ ™ g(x)] ,i,u[ [Z63) G(x)] o TFOOGM)
“Apa, Ereidn 1
' 1 1 1
1 == =T = : ==
*_I‘TDF(X) ,‘E.T][(x) T =0 kal ‘1_11:10 =G(x) = ,‘l_lf:“g(x) i 0,
S ; L GE)-F(X) ] )
oupmepaivoupe 611 1) Splakr) Tipn lim e glvar W& &mpoobidpioTn
9 x-ax, ) G
popen ToU TUTOU —5-.
ol 1 e 01 ,
Tapaderypa : xl:::) (m— - ")‘c;)'— 5. TpayuaTxd

. 1 : x? —log (1 +x?) >
1 S TN (| B TX)  al fa adr
xl-Te ( log(l + x?) xt* ) ,]Lno x?log (1 +x?) kel o msaaid ﬁ

ey 0
dpraxd T elven wék &mpooBidpioTn popen ToU TUTOU o yrarl

lim G jog @l + x‘)) =0 =,|‘i_"10 6‘ log (1 +x'))_ *Apa

x>0

2x
_— e
lim ._| 10%1(14::()’) =1 (’E;-_n?gcflfx’.‘»» =i = L
0 X0 i - o o (x4 (1 +x®log (1 +x2))
X'

,Lo T+ A Tx)log(d+x9 ( PoEpT dded o)
== (l) = lim ‘—-—25-——-—-— = lim —1——=

x—»o (x*+ (1 +x?)log (1 +x2)) x—0 2x(2 + log(l + x*)) x—>02+log (1 +x2)

1 1

e
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3.3.2 ’Ampocdidorotes poppés toi timov 0 (4 c0) elvan dpiakés  Tipés
Tfis popeiis:
lim f(x) g(x), émou lim f(x) =0 kai lim g(x) = + 0.

XX, X->Xq X—>Xp
Ol &rmrpootiépioTes vopgés Tol TUTroU aToU dudyovTal oé émpochtépw'reg pop-
s ToU TUTTOU % kol pepikés gopés o ékelves ToU TUTTOU I— TTpory parTike:

TapaTnpoUpe &TL

_ fx)y s
1(x) () = 755 = T/

&trov
. : 1
lim f(x) = 0 = lim — — kad lim g(x) = + o0 = lim 5 RCH
XX, X~#X; elx) X—Xg (=)
apoadeiypata: 1. lim xlogx = 0. Mpaypatikd lim  xlogx = lim logx _
x40 x—++40 x—->+40 i
x
=- lim —-lolgx. Sdmou ) TeAevtaia dpraxn T elven g &mpooBidpioTn popet| Tou TUTOU
x—>+4+ 0
X
1
© . —logx _ (— log x)" S Lo i
kol Eropév lim = lim = lim = limx =0.
+@ e P x—>+0 ) x=+0 1 x—>+0
x ( x3
— logx
“Apaxai lim xlogx = —lim =0
pa x> +0 L x—>+0 L
X
2. lim =xo¢x = 1. TpaypaTik&: lim xogx = lim X, &mou #) TeAevTala &-
x>+ 0 x—+0 x>0 €pX
plokf Tipn elven i &mposBidplaTn Wopet ToU TUTTOU ..%_ kal Emopéveog
: (x)’ 1 .
lim = lim ~= lim ———m—=-—=1."Apakal lim xopx=1.
x—>+0 e x40 fagx) x—+0 I-eehx : x—++0

3.4 "Anposdiopioteg popoic td@v tinmwv, 0°, (4 o0)" kai 1.
3.4.1 *Anpoadidoiores poogés Tot Timov 0° elvan Opiakés Tiués This Lopefis
lim [f(x)]e® , 6&mwou limf(x) = 0 = lim g(x).

XX X—>Xg X=Xy
3.4.2 *Ampoodidoiores poopés Tod Timov (4 c0)? elven Opiakés Tipgs TS

Hopfis:

lim [f(x)]e® , &mou lim {(x) =+ o kai lim g(x) =0
X>Xy XX, X%y

3.4.3 *Anpoodidpiores poppés Tot Timov 11 elvon Splokés Tipés TS
Hopfis:
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lim [f(x)]#® , &mou lim f(x) = 1 kol lim g(x) = 4 co.
XX, XX, XX,

“Oles of Tapamévw &mpocdidpioTes popeés dvdyovTon of &mpocbidpioTn
Hopefi ToU TUmou O(+ ). Tlpayuarikd, Smaws Eépoune (BA. Tumo (6), § 3.2
ToU kep. V), foyler

[f(x)]8® = es®losi(x)

xad &md T ouvéxeia Tis ExBeTikfls ouvapTroEws Epapudleton & TUTOS

lim [f(x)]g(x) = lim eg(x)iogf(x) I ex‘&'}“x.i(x)losf(x)

X—+X, X%,
kol Emopévess dpkel vé Umohoyiooupe THv dplakr Tiwd lim g(x) log f(x), mou

X—>X,

ot Shes Tis Tapamdve TepiTwaoes elvan () dvdyetan elkoda of ) pio d&mpoadis-
p1oTn woper ToU TUTou O( - o).

Hopadeiypara:
1. lim x*=1. Maparnpolpe 611 alTd elvon wd &mpoobidpiorn Hoper ToU TUTrou
x—+40
oe. 'Exouus lim xlogx
lim x*=Iim exlogx = ¢x>+0 = =1,

X x>+0

yiari, dmes Umoloyloape othv § 3.3.2, lim xlogx = 0.
X+
A&
2. lim x*
X—+
mou (+ )% “Exouue

= L. Maparrnpotue 11 alTéd elven pik &mwpooBiépioTn Hopen TOU TU-

1 1 toge lim l.oxgx
Iim x* =lim ex * —gX*+® = =1,
X +00 X~++00
. : logx
yiari, &mwws Yohoyloape oty §92, Mm === _ig
X—>+00 X

1
3. lim (ouwx)* = L. TlaparnpoUue &71 alté elvan & dmpooBidpioTn uopgt
x—>+0
ToU TUmou 1+ “Exouue

1
1 1 Hm e log guyx
— log guvx x40

lim (wvx)T =lim ¢ * =e == ],
x—>+0 x> +0
yioTi
1 '
1 1 1 ; Tz %)
lim — logowx = lim 9BOWX _ i, (ogowx) . owx =
x>0 X >4+0 X =>+0  (Xx) x—>+0 1
=— lim epx = —ep0 = 0.
x==10
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ALKHEIEIEZ

33. N& Umohoyiofolv of (TpddTes) Tapdywyol TV ouvapTioewy wou OpifovTal
&mwd Tols mapaxdTwy TUTTOUS.

1) f(x) =x*+2x + 3 2) f(x) =x(x+ 1) 3) fx) =(ﬁ)‘a
3x+2 _ XM4-2x+45 e

4) 1(x) = 5) 1(x) = = 6) f(x) = ouvx + logx

7 Ix) = %I— 8) f(x) =x*epx + -)l‘— 9) f(x) = 3owx + ;’_}f

34. Tapduoix, vé Umoloyigholv ol mapdywyer Tév ouvapThoewy ol dpifovtal
&md ToUs TTaApaKATW TUTTOVS:

D 1@ =Vx=1 2 1= ———
e Yx +1
3) I(x)=¥Yx*£3xt 1 4 1) =Vx+1+Vx=-1
5 fy=—21_ _ 1 |
ol Yx+1 ¥x-1 6) K= v:l_+i
7 1(x) = ow(3x + 2) 8) 1) = nuix + 2)
_ Xl x—1

9) f(x)= m 10) I(x) = :Tq;':ﬁ
11) f(x) = 3nu'x + 2ouvx + 1 12) I(x)= Vep'x +1
1% 1) = ﬁg‘ﬁ) 14) 1(x) = log nux +x*
15) f(x) = (x*+x)*+ log (x* + 1) 16) f(x) = (nux)logx
17) t) =x+142"% 18) f(x) = egx™.

35. Né& Ppefolv T& Tomik& dxpdtaTa TEV guvapThoewy moU SpifovToan &mwo Tols
TapakdTw TUTOoUS.

1
DIfx)=nu@x+3) 2)f)=x"-2x*+5 3)I(x)=nu -
36*. N’ &mobeixfei 6T1 petafy SAwv Tév dpBoywviwy pé otabepr| TepiueTpo, TS
TeTphywvo elvon Ekelvo ToU Exel Té ueyedutepo EuPabs.

37%, N’ &moBeryel 871 peTafl Shav T@V Tprydvwy pé oTabepr mepiuetpo kal oTade-
pfi Péom, Té lgookehés Tplywvo elvan dkeivo Tou Exer TO peyahiTepo EuPaBo.

38%. N’ &mobeiyfei 611 peTaly SAwv T Tprydvwy ué aTtabeph Tepipetpo, T6 lodmheu-
po Tpiywvo slvar éxeivo oU Exel TO peyoAUTepo EpPadd.

39, N’ &moBeiyBel 611
f kupTi) 016 A <> —f xofAn oTd A.

a

x 2
40. N’ &mobeiyfel 811 of &oUumTwTes Ths UmepPoAfis wé Eficcon T3 —% =1

(BA. § 3.3 ToU kep. I1) elven kel doUpmTootes T ouvaptigewy fy, f; ol dpifovron amo ToUS

Timous f,(x) = %\/if&s kal fy(x) =— % V/xiak.
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41. Né& perernBolv kal vd mapacTofolv yewpeTpikd ol guvapTiiges mou 6plfovrat
&wd Tols mopoxdrw TlOTOUS:

1) f(x)=3x*-2x2+3 2) {(x) =x(x*—4)
1
3) f(x)=2x*+43x*+2 4 Ix)=x+—73%
42, Né& UmrohoyioBolv ol TapakdTw &mpoobidpioTes Hopeés:

Dim 2=l 2 iy logx 3) lim _HeX.
x>l Xx—1 x=>1 x?—1 x+0 THPX

BB B iy SO R im X kX
x»0 EQPX ) x=0 X = nux © 1‘-% e

43, Né& UmohoyioBolv ol wapoxdTw dmwpoobidpioTes popets:

By By =otle) 2) lim £
x++e0 X+ logx Tob=rig

s log (x—1) : log(x? — 8)
31 gx—J 4) lim 98" —9%)
)xl-!P! x*4-x—10 )xT} x*4+x-12

44*%. N& UmoloyioBouv ol mapokdTw &mwpoabidpioTes popets:
D Jim vzioge D dim (Fox)ex 3 im (e — 1)
x=+0 8 R 2 A ) x»14+0 \ logx x—1

45*%. N& Umoloyigfolv ol mopakérw &mpoobidpioTes popoés:

1) lim x nex 2) lim (log x)2-* : x4+ 1 \x
x++0 )x-’+m( € %) 3 ,_I:Tm (—x'—)
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KEDAAAIO VII

OAOKAHPOMA
1. TO AOPIZTO OAOKAHPOQMA

1.1 ’Apyikf ovvaptnen kai aGépieto dhokifpopa. "Eotw 611 [ kai F
elvan ouvopTiiosls ué kowd Tedio dpiopol Bva BikoTnua A. O& Aéfue ém1 fy F el-
van mé doye) (| magdyovea) cuvapTtnaon, fj &AAGs &va ddowoto dloxiijowua
Tis { o7d A TOTE kai pévo TéTE, v f) F Trapaywyileton kai ioyle

F'(x) =(x) & xeA.
“Av F elvea & dpyikn ouvdptnon Tiis f otéd A, 161e it T6 oupPorifoupe
YpdgpovTos

Ji(x) dx = F(x), xeA
(16 oUpPoro [I(x)dx BraxPdleton «ShokAfpwpa f(x)dx»).
“QoTte, Aormrdv

Jix)dx = F(x) W xelA = F'(x) =f(x) ¥ xeA.

T.x. f) ouvdpTnon ouv Exel &pyikh cuvdptnon THV Ny, yiari, émows evan fi8n
yvwoTo, (nux)’ = ouvx. "Apa fouvx dx = nux, xabas émrions kal
Jouvx dx = nux + ¢, émou ¢ oTofepds &piBuds, yiami ki i Np + ¢ elvar &
&pyikn ouvdpTnon Tiis ouvapThicews ouv, &pou (c)' = 0. Oi ouvapTtnoes Tiis
popefis Nux + ¢ elvon kai ol povaSikés &pyikés ouvapThoes Tfis ouv, yiati io-
XUel 16 dxdAoufo Becopnpa.

1.1.1. @EQPHMA., “Av F xal G elvar 0vd aoyixés ovvaotijoeis tijs owag-
wjoews £ o1d A, 1dre airés diaplpovy xard orabeor] ovvdornon.
> AnddeEn. Zoppwva Tpods TOV Oplopd TS GPXIKTS CUVOPTTOEwS EXOUME
F'(x) =1(x) ¥ xel xai G'(x) =1(x) v xeA.
*Apa F'(x)=G'(x) ¥ xel xal &ro1, &mwd 10 mwépiopa 2.1.5 ToU kep. VI, loxvel
F=G+ec¢.
Mopaedeiypara:
M¢ dpappoyn TéY TUTTwY TV Tapaydywy mTaipvoule ToUs TapokdTm TUTTOUS:
1. fodx = c. TpayuaTik&: ToUTo E€ dpropol elvan looBlvaue pé 16 (€)' =0, oy,

Smws yvwpifouue, loyvel.
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2. [adx = ax. TlpaypoTiké: ToUTo ¢ dpiopol lvan looblvapo wé Té yvwotd TUTO
(ax)’ = a.

v . v

3 [xvdx = vx-{—nl (v=12,--). TMpayparid ( : ) = %‘:_’%—— g%l‘)'f{ = x%

Vil A
*Qore &rrobelfape &n (:‘__’jl)=xv woU EE dpiopol elven looBivano péf xVdx = “x:;l
1 '
N f =~ g=hyEe ©= 23 Mpayuemntr (= o) =

=__(“ = o L T A WL ] =

T | xv-: T =1 (_' (xy=2)2 ) i (v — Dx2v-D . xs(v-l) -1 — xv°

dx
’ f? =logx (x > 0).Mpaypariké- (logx)' = %

. xﬂ+]
6 [ xidx = g (a # —1). TpaypaTtik&:

(xan o ) (xan)' o (B.+ ])xa —x'
a+ 1) a4+l - a+1 ~ °

7. [ ovxdx = nux (76 ‘&moBelfape Tapamdvew),

8. [ nuxdx = — owx. Tporynarriké: (— ouvx)’ = — (— nux) = nux.

owix = 29X Tlparypamikd: (e9X) = —or

10 f_d’ﬁ - : ; O R |
© | quEx = T 9% MpaypaTikd: (— opx)’ = — (—nu——,;) = k-

11 fexdx = e‘.ﬂpayuot'rm&-(e")‘ S

(a%)' _ a*loga

12, faxdx —m (@ # 1). Tpayuarikd: ioga) = Toga ~  loga

Hivaxas éddoiorew Sloxinpoudrav v xvpLdteowy orotyelwddy ouvaptiioewy

f(x) [ f(x)dx f(x) [ i(x)dx
’ xV+1 1 1

x e ¥ 2| — g

xa (a%-1) Tt —i— (x>0) log x
TUX — ouvX oUvX Nux

1 1
X —opx T o

£l ex a¥ I:;a
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1.2 Tevikoi timor dloxhnpdeoswg. ‘YmoféTtoupe, Smou Ypeaidderan, OTi
ol owapTroes ToU BewpolvTon oTy Tapdypago aUTh Exouv Tapdywyo.
1.2.1 J[i(x) + g(x)]dx = fi(x)dx + fg(x)dx.
TMparyparrikde &md Tév dpiopd ToU ddpiotou dAoKATpLaTos EXOUlE
(I + gGMdR)’ = 1(x) + g(x) = (JIx)dx)’ + (fe(x)dx),
&’ &Trou TPOKUTITEL & TTAPUTIAVE) TUTIOS.
Tapaderypa :
Sx+e0dx = [ xdx + Jexdx =

122 Jaf(x)dx = aff(x)dx.
Mpayuard ( faf(x)dx)’ = af(x) = a(ff(x)dx)’ = (aff(x)dx)".

Ilapadeiypato :

x1+1

2
l,___- l.
l+1+e-—2+¢a

1. fax¥dx = afx'dx = a % = vi g X

2. (of ouvbuaopd ué Tév Tumo 1.2.1) S, +a;x + .. +axxx)dx =

Ak yk+1,

= [a,dx + Jaxdx + ... +fa.<x'=dx=a,x+32.5_x’+.., ety

1.2.3. O tdmoc Sloxinpdocwe xard mapdyovres:
Ji() g'(x)dx = {(x) g(x) - SI'(x) g(x)dx.

Mparymariné (JI(0g'(Ddx)’ = 1(x) g'(x) = [()g'(x) + I'(x) g®] - F(X)eg(x)
= (I(x) g (x))' - (JI'(x) g(x)dx)".

Eidik& y1& g(x) = x Exoupe Tév TUTO

1.2.3 [i(x)dx =xf(x) - [x {'(x) dx.

Mapadeiypata :

1. [logxdx = xlogx — [ x(logx)'dx = xlogx — [ x —i—dx = xlogx —[dx = xlogx —x=
= x(logx — 1).

2. [ xlogxdx = f(%’)logxdx =X7'logx —f—);: (logx)'dx = x72"11:@3( - XT‘ %dx =

_xt 1 x? L x% _ x* x? :
=i logk— 7fde =5 logx — R T (2logx—1) = T(]ogx’ — 1), dnAadn

xl
JSxlogxdx = = (logx® —1).

3. [e*nuxdx = I(e")'nuxdx = e*nux — fe"(nux)'dx = e*nux — fe"awxdx -
= e*nux — J(e¥)'owxdx = e*nux — [ eowwx — [e*(owx)'dx ] = e*nux — e*auvx +
+ JeX(— nux)dx = e* (nux — owvx) — [e*nuxdx. "QoTe dmobeifape &1
Se*nuxdx = eX(nux — ouvx) — fe"r\uxdx,
&md émou wpokUmTer eUkoAa &Ti:
it
1.2.4. "0 1imog dloxdnooews ué dvrixardoraoy:
Je )] 1" (x) dx = [Jg(¥)dyly=rm
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Strou oTo Be§1d péhos ToU TUTrou évwooupe 6T UoTepar &md TOV UTTOAOYIopd ToU
Je(y)dy ogeirovue vé dvtikataoTiicoupe TO § pé T (x).

Mé& v &moBeifoupe  TOV TUMO oS, BbToune F(y) = [g(y)dy (&pa
F'(y) = g(3)) xai ToTe dprel vé& Beifoupe &1

F[i(x)] = [elf())f'(x) dx.
AUTS Tparyporikd foxUer, ywari oUugwva pé 16 Bedprua 1.7.1 ToU kep. VI
(Tapaywyion ocUVBETNS cuvapToEews) EXOUE
(FIIGD" = FI@ (x) = g[f(x)]f" (x).
TMopadeiypara:
1.  Souw(ax + p)dx = rr:x— Jouwv(ax + ) - adx = '1? Sow(ax+p)-(ax+p)dx =

— _i.[ [owydy ]y:uxm — % [0 L eagap = _.1;* mu(ax + B), (x# 0).

2. rde =log | x|, &wes Eépoupe loyve f_qi: logx, xe (0, + ®). MNé& xe(—,0),
2 X
T4 SAokAfpwpa autéd Umoloyiletan dg EEfs :

_."_=f._l_x(—1)dx=f:1_x (—x)'dx:[f_;_dy]y__x = [logy),—_y =

= log (—x), x&(—o0 , 0).
Ol 8o TUTol SAoKANpwoEwS

2 logx, xe€(0, + o) kol f'd_x. = log (—x), x€(—,0)
X X

dx
tvotrolouvTal oToV f = log | x|

1
= | :____ﬁ,l 7)'dx =
sfl+xl 2] (Zx)dx 2J1+x Lo Eex
1
2

1 T,
= U'T dy ]y:i et 7,2_[Ingly | dympixe = —5- log (1 4 x%) = log Y1+ xt

dx o 1E B
E—IpEx—2) x-1

aUTd BéToupe

+ log i: — ﬂ M& vé& Umoloyicoupe 16 SAoKATpwua

1 o b
GGy —x-T 1 (x—ﬂl}’ tiz
xal Umohoylfoupe T& op,y s EEfis:
Mé mroMdamAagiaopd kai T@v Sud peAdv Tns bl (x-1)% (x-2) Pploxoupe
I =a(x-1) (x-2) + B(x-2) + y(x-1)?
kaf perd Tis wpdEes
1= (a+ V)% + (Ba+ B-29)x + (2028 + v)
kol abrd loxie yi& kdde xeR, mphyupa mwou enpalver &1
(a+y=0 -3a+ p-2y=0, 22+ y=1).
*Amd Ty EmlAvon ToU ovoTfuaros aUtou Ppiokovpe (a=-1, p=-1, y = 1) kai Emopéveos
loyUet )
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1 1 1 1

) G- Gx=2 :mx—l_(x—l)’.l_xkz'
Apa
d -
(x_—l)_’x(x——3= x——l f(x—L)=+f
AR
fxdfl =f;*_l**1* (x—=1) dx=[f d%]y,—:x,,= [ log |y | ]y: _y —logx—1]|
(x-1)= f(\ Ty (= Didx= Ui{;]y:m 2{“%]3‘_. :_x—l—i

L., N S8 O , dy ;
x—3 “fx =g ey dx = U TL et [ loglyll yna= log [x-2
O& Exoupe Aormév

1 1
f(x__l):(,( S log |xs—1|+ —7 +log|x—2|=+ 1+|0g

‘O apaméve TUTos loxUe of kaBbva &mod T& SrxoTriuaTa (-=,1), (1,2) xaf (2, 4+ @).

f_+ = J V'_ (x + 2)'dx :[ -%yz] pmty = U y T dy L=x+z=

- [277]
o I —l2vy
“__1+| =Y = 2V EHE
e y=x+2
X 1 ) dy ==
6. [epxdx = o dx = — fm (owx)'dx = — [f -y—]y: for=
=—[log |y 1] s = — loglows|.
1 2 1 ouv2;
7. [owixdx = fi%udx = f-é-dx—i— f 5 Zdx =

1 1 1 1 1 1 1
= %t —2-J'cuv2xdx = 3 x+5° f[_fo‘u\?}'dy]y=2: = 5 x4 7 Iwly=2=

x +nu2xu j_-l-numwx
=g T TIARGR
8. ferdx=-Je*(-Ddx=~[e* (x) dx=—f @dyly=s=-]Ohy=r=-""

X x2 x¥
9. ferxdx=-v!e™” (1 4+ 37 4 7+t _vT) (v=012,...). T &ho-
KMipwpa altd Té Umohoylfovpe pé THv Gvaywyixy péboBo, ds E§fs:
Mé& k > 0 &xoupe:
l(x) = fe*x*dx = — [x%(e)dx = —x¥ e * + e ® (x%)'dx = — x¥e-* + kfexx-1dx =

= —x%e~* 4 Kl (%),
Bniadn
le(x) = —x* e + Kk I (x),

*Eto1 yi&k k= 1,2,...,v Exouue
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1

(o1) Iy (x) = —xe™* + 1,(x) Ti
1

(o2) Iy (X) = — x%e~* + 2,(x) =
1

(o9) l(x) = — x3e~* + 3ly(x) T
1

(o) I(X) = —x*e~* + K l—1(X) el
(s) (X)) =—xYe* +vl,; (x) '-l-l

"Av mwolhamAaoidooupe kal T& Sud péAn TAY Tapanuvw oxéoswv pé TSy &vrioTorxe

1
&p18ud rov elvon ypauptvos Bebik ( X Ths oxéoews ox Emwi Tov ?)in wpoobiooupe UoTepa
xavd péAn wpokUtrTer (&gol yivouv ol kardAAnAes duaywyés) STt
1 X x? : xY
o 1y(x) = lo(x) — T e~% — 5T e R— . — T ¢ =X

*Etot breidry, Ses Umrohoyloape oTé wponyoupeve ap&dearyua, [(x) = Je-rdx = —e=*
8& Exoupe

v

2
I,(x) = fe-*xVdx =ﬁu!e-"(1 +1i|+ ;T + ...+ %T

ACLKHZIEIZ
46. N& Umohoyiofolv 1& mapaxdrtew &dpiota SAokAnpwpaTa:

dx X2—x +4 X34+ 2x2 -3 1
L f(x‘2)<x+3) 2 Jwmmerne 3 [ (x—B(xf:;r) a5

47. N& Umoloyicfolv T& mapokdTw &dpioTa dAokAnpopara:
—SPRar dx x
) J ) I Va1 —vacd Y) gl &
48*%. N& Umoloyiofolv 1& mapak&rw &dprora dAokAnpouara:

x? 3x+1 SRR
S I S, PY R R R o
B B N s e ) | x-)Vx' =3 +2 dx
49. N& Umohoyiofolv Td TapaxdTw &dpioTa dSAoKkAnpouaTa:
1) [ooxdx 2) [e-5*dx 3) [xe-s*dx
4) [erouwxdx 5) [nutxdx 6) ,reqs‘xdx

50%. N& UmohoyioBolv T& TapoakdTw &dpioTa dAoKAnpduaTa:

1) [ nuxx nuvxdx 2) [ nukx ouwxdx
&mou kv guoikol &piBuol.

(N& ypnowomoinouv &vtloToixa of TUmor:

3) [ ouvkx ouwvxdx
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THKX TRVX = % [ ouv(k — v)x — ouv(k 4 ¥)x ],
TIHKX OUVVX = —%— [nu(c +v)x + nu(k —v)x ],
OUUKX OUWX = % [ ouv(k + v)x + ouw(x —v)x ] ).

51%. N& UmohoyioBolv T& TapokdTe &bpioTa dAokAnpopaTa:

D f(auvx T T A % f(l+cuvx)2dx 3 f(xﬂu’;(u:v:wx)‘ dx

Y f(l ;r'];s;x)’ %) f(fﬁ;;;l—(k uuvx)de'

52%. N& Bpeflolv &vaywyikol TUmol y1& TG SAokAnpdpaTa:

1) [nuvxdx 2) Jouwxdx (v puoikds &piBuds).

Mé 71 Pofifeia alTddv TéY TUTWY v& UoAoyioBolv T& SAokAnpopaTa Snutxdx kol
Jouvixdx.

53%, N& Ppebel dvaywyikds TUTOS Yik Té GAokAfpwpe Slog'xdx (v=0,1,2,...)
kal pé T Pofifad Tou v& UmoloyioBel TS shoxAfpopa [logixdx.

2. TO OPIZMENO OAOKAHPQMA

2.1 “Opiopdg kai idiotntes. “As Bewpriooupe wé ouvédptnon [ Spiopévn
o &va SidoTnua A, f omoia elven ouvexs kai, éres Exer droderyOel ot Mabn-
perricd “Avéiuon, Exe dpyiks ouvdptnon oTd A. "Av op elvan dud Smrorabryro-
Te onueia Tou A, ToTE ) Sropopd

F (B) - F(a),
&mrou F elven wié &pyiks ouvdpTnon Tijs f, elven dve§dptnTn &md v Ekhoyt Tiis
F. Tparypatiké: oUugwve pé T6 eecopnucx 1.1.1, émroiadnTroTe dpyikn ouvdpTnom
G tfis f Sixptper &rd Ty F kard Eva oradepd &p1Bud, dnAadh G = F + ¢. ‘Emo-
péves
G(B) - G(a) = (F(B) + ¢) = (F(a) + ¢) = F(B) - F().
TH Sagopd F(B) - F(a) Tfv Svopdlouue doropévo dloxbijowpa tijs 1

B
and o péyor P kai 16 TapioTévoupe pé [ f(x)dx, SnAadh
a
B
{ f(x)dx = F(B) — F(o)

p
(16 oupPoro [ I (x)dx BioPdleron «dAokAfipropa f(x)dx &méd o uexpr P»)-

*Atd Téy TropaTréve Splopd ToU Spiapévou SAOKATPOUXTOS TTPOKUTTTOUV
dutows T& EEfs: a
Si(x)dx=0

Kai
f f(x)dx = — J'B f(x)dx.
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Th Siagopd F(B) - Fa) v Trapiordvoupe ouviifeos kol pé [F(x)]P,
Snhad1 [F(x)]ﬁ— F(B) - F(a)). *Eton
Ju"r(x)dx = [F)) = [ [i(x)dx It
TapartnpoUpe &kduo 871 16 SAokApwpa ij‘f(x)dx E€apT8TOon TéTO &d
T owvdpTnon f, 8oo kal &mwé Tols &p1Buols 0.',];, ol émoiol dvopddovtal dxoa
dhoxlnodioems. *AvtiBeta T6 OAOKAT peopa ?'f(‘c)dx Bév ESapTaTon &md TH pe-

ToPANT X, SnAadn Sév dAA&Ie &v &uTIKaTaoTNoOUME TN METGPANTA x d&mrd
ui& &AAN. “Etor ioyvel
B B
[ f(x)dx = [ f(t)dt.
Hepadciypara :
B
1. [ adx = a(f — ).

B
Mpaypariké: [adx =[ [adx ]: =[ax ]i =aP —ac=a(p — ).

: 1
2. =i
{xdx >
1
1
Mpoty poerid fxdx:[fxdx ]:) = [%'] =_2Lf_%=.%
0
1
e
1
Mpayuamd fxsgy — [ fxtdx] = [L’]’_ll_ﬂ_L
i! Dbt e - £ SRR S
L7EY
4. fr.uxdx:l.
w/q
Mpayuariké: fnuxdx_[_fnuxdx ]0 -—{—uuvx]o_—crw-H+wv0=—-0+l=l

H ar
f ouvixdx = o
19

2

5.

Mparynarikd: &méd 16 mopéderyua 7 Ths § 1.2.4 Exoupe:

3 T T gt T
™

[ owsdx=][ [ quv xdx] [x+n|.mo'uvx] = — o

n

F3

2

L B0 T
2 ———

2
6. [ logxdx = log 4—1.
1
Mpayuatikg &wé 16 wapdbeaypa 1 Tiis § 1.2.3, Exoups
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2
[logxdx=[ [log xdx]? =[x(log x—l)]zi =2(log 2—1)—1(log 1—1)=
1

—2log2-2+1 =log 4-1.
1
¥ =
7. [—— dx=1logVZ .
J;H—x*

TMpaynarikg: &mwéd 16 mapdBeaypa 3 Tiis § 1,2.4 Eyoupe:

1
X Ho LR TF=) = Tt —log/1 + O = logV/2.
IEs: sa={[rfe ax |, = [togv/ T+ ]y = logV/ T+ ogV/ 1+ ogV/

2.1.1. *And vdv dptoud ot dotopévov dhoxdnpdparos spoxvmTowy ol ma-
paxdrm TimoL:

F L0 + 8001 ax = ficodx + facax
Fal’(x)dx =a fnf(x)dx.

Tparyparikd: &v F kol G elvan Bud &pxixés ouvapThcels Tév f xal g dvrl-
OTOIXC, TOTE EXOVHE

B
0+ e]dx = [fife0) + geonjax]e = [[eoax 4 [ g(x)dx]g =

a

B B
— [F®)+G]% = () — F(e) + G(B) — G(@) = [ 1(dx + [g(x)dx.
a a

2.1.2. "Av oB,y elvar onueia voi dacriuaroc A, wdre loyler 6 rimog
14 B B
Si(x)dx + [ i(x)dx = [ f(x)dx.
a i § a

Mpayparikd' &v F elven wd &pyikf) ouvdptnon Tfis f, TéTe Exoupe
[F(Y) - F()] + [F(B) - F(N] = F(®) - F()
BnAadr) TéV Tapaéve TUTTO.
2.1.3. *loybe 6 timog (Tijs péons Tiuis Tod dAoxingwrixod Aoyiopod)

B
J 1()dx = (%) (B — o),

Brov X, elvar &va xardiinlo onuelo Tl dvowxtod daotijuaros (& B).

Mpayperikd: &v F elvan mé dpyikn ouwvéprnon Tis f (Sniadn F'(x) =i(x)

3 xel), ToTE, dmd T Becwpnua THs péons Tipfs TOU BlagopikoU Aoyiopol (Bec-
prpa 2.1.3 ToU kep. V1), Umépxer xqe(a,p) Tétoio, dote v&k ioxver

F(B) - F(e) = F'(xp) (B~o) = I(xp) (B,
SnAadt)

‘ff(x)dx = {(x,)(p — ).
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"Av papudoovue vév mapandvew iro Tijs péons Tuudje Eyovue td Eic:
x<p B
i(x) > 0 ¥ xe[ o, B] } = Hmdx s 0
=P B B
f(x) > g(x) ¥ x¢[ op] J »{l‘(x)dx = cjl‘g(x)dx.

Mporyparikd: Emeds f(x) >0 xe[o,p] kal y1& 16 x, TOU TUTMOU TS
wéong Twfis, 8& Eouue kai f(x,) = 0. "Apa.

T 102) dx = £(x) (B-o) = 0(Bt) = 0.

*Emions, tmeidh {(x) > g(x) ¥ xe[op], Exoune f(x)-g(x) >0 ¥ xe[a,p]
"Apa

;‘ f(x)dx = _jf[f(x) -g(x)]dx + _fg(x)dx >0+ fg(x)dx = }g(x)dx.

2.1.4. loyver émions wal 6 timoc
[ wiB)
Sty ydx = [ fiyydy.
- w(a)
Mparyuamikd: &v F elvon ud dpxixh owvéprnon s f, TéTe, olpguove pé
Tév TUTO T GAoKANPOEWS Pé GvTIKATAOTAOT, Taipvoupe

Bff(q)(x))qa'(x)dx = [ty x)ax]8 = [ [ty)dy], -y 18 =

w(B)
= [[F(y-)],=w,]3 - [F[W(X)]]g = F[y(B)] — Fly(«)] :f i(y)dy.
yla)
y - ! S ™
Eqapporh : :flvh “Tax =%,
TMpaypatikd: wpdTa wapaTnpolue ST
=y oy /s
f ourxdx = f owxauwxdx = f V1T —npix (nux)'dx =
= ®f " - 7g
nu(7) ’ -
t f Yl—y’dyr—JYl—y’dy:fVl —x* dx.
i -1 X
w(-7)

"Eto1, dvarpéyovrtas oTé Topddaypa 5 Tiis § 2.1, Talpvoupe
1
S T
f VT —x?dx = 5
-1
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2.2 To opropévo dhoxiipope g éppadov. *Eortw f mé ouwvéprnon opio-
Hévn xod ouvexns oTd KAeloTd BidoTnua [oB] pé f(x) >0 3 xelo,p]. “EoTw,
dropa, E 16 ywpio ToU émméSou moU SpileTon &’
T6 Srxypoupa Tiis f, Tov &fova TGV x kol TGV elbe1GIV Y
ué EGlowoels x = o kal x = P (BA. oy. 97) Sniadn -

E = 8ibypoppa {(x,7) :a<x < B, 0 <y < {(x)}- \/{

"As Bewpricoups TpdTA THYV TEPiTTTROT, TOU 1
f elven ypapuiks) ouvdptnon, SnAadn f(x) = yx +85.
Tote 716 xwplo E elven Eva Tpaméfio  (PA. oy. 98) ué [ P x
Péoeis (rapddAAnAes wpds Tov &fova TGV ¥ kad) ToU i
€xouv prkn f(a) kai [(B) kai pé Uyos ol Exer pfikos £y 97
B-a. *Eton 1) mipry (E) ToU EuPadol ToU Tpomeliov E
elven

f f
.(“)Jz”_ﬂ@_ B - a).
’E &Ahou Eyoupe

faf(x)dx zfzyx + 8)dx = [%_ i i ]: "

P

= 5 ¥B + 8B — (et +8) = =
= Y(B' =) + 8B =) = (7 ¥(B -+ %) +8 )(B-a) = TR (o)~
=(_ya+8)-2k(yﬁ+_5)(p_a) o E&%ﬁ(p_q), SnAadh

jgf(x)dx =(E)

‘O TUmos adtds loyler yevikdrepa kal oty mepiTrTwon émou i f elven
wé& modvywyinr] ovvdotnon, Bnhadn m& ouv-

bpTnomn Tis omolas TO Sidypapua elvor wd& n
ToAvywvikf] ypoupn T.X. 7| AjAAA; Tou
ox. 99. Tére Exovue % )
(B) = (&) + (&) + (&) Aq '
kal 5 2
a ay B B P LT %
JI)dx + [ [(x)dx + [ I(x)dx = [ [(x)dx, g 2 1 S
Bnhadn e 4 ds o A o
&F f(x)dx = (E). Sy. 99

‘O Tirros altds toyUer BéPaia kal yid TOAUYwVIKES ypapués pé doeadnmo-
Te TrAEUPES.
*As Eavayupiooupe Tdpa oty TeplmTeoon Ths SmoiacdToTe CUVaPTH-
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y oeas f. "Av Siopepicoupe T8 KAeioTd SidoTn-
po [o,B] of v foa pépn bpileton md TOAVY -
Sg vikfi ouvépTnon f, mol mpooeyyiler Thy f,
Smas gaivetan 16 ox. 100 yi& v=4. *Ay
dvoudooupe E, 16 &vtiotoiyo ywplo Tou -

[
: ! é ; é 3 mimédou ol Spiler | f, (SrAodh E, = Bidk-
[iApaih | ae ypouua {(x,y): a<x < B, 0 <y <f, (),
e ; i : TéTe dvopdfoupe Tiph ToU éuPadol ToU X -
e e x  plov E 16 lim(E,) (&v, BéBouc, ToUTo Umdpyer
s kel elven mparyuamikds dpiBuds), Snad
Zx. 10

8
(E)y=lim (E,)= lim [Lx)d%.
27 padnuarik &véduon dmobexvietan &1, k&Tw &mo Tis Utroféoeis oalTég
ol kavape, oyel p y
lim [ f,(x)dx = [ f(x)dx.

"QoTe kal 0T yevikd) mepimTooon ioylel

p

J 1t0)dx = (E).

Haparijoneoy. *H mapaméve péodos ornpileran othv  18kx Tis Tpooeyyioews Tol
Eupabol, o mepixAeier wid kapUAN, &S TS BuPaBS ToU TepiAeier Wk tyyeypauuévn o’ au-
T moAuycvikd ypoup. ‘H i aUTd SgeileTon oTdv "ApxunBn, & éroios THY Epdpuooe
Y& Tov Umohoyioud Tiis Tfis ToU uPabol TapaBoiikod Xwpiou.

TMapodeiypara:

1. I(x) = x* x€[0,0]. Zriv mepimToen avth 16 &vricToixo Xwplo E TolU émimédou
elvan Ekelvo ol mepiéyeTan ueta€l Tou Sxyphuuatos Tijs I, ToU &fova TRV X Kad Tiis elBelas
ué tficwon x =« (PA. ox. 101). “Exoupe

a o x? Ju a? 0 o
(E) = dexﬁ[fx’(lx] =[— = e——— —— =
I el b Mok e e
2. 1(x) = nux, xe[0,7). Sty mepimTwon adTh 16 &vtioTorxo Xwplo E 1ol ¢mmébov
elvan a6 moU TepikAeieTan &wd ThY furTovoadn kaumiAn kal TS Sigornua [0,1] (PA. o). 102).
“Exoupe

(E) = g'nuxdx =[-owx]§ = —owm + owd = —(=1)+1=2.

3. "Epfads Eowreqixob évds windov pé dxtiva o. "Ag Bewpricovpe 16 Emimebo ywplo E

mou mepikAeieTan &md TS Sidypoupa Tis { pé f(x) = Vorx?, —a <x < o kal T6V &Eova TéV
x (PA. ox. 103). “Exouue

(E) =+£VF:;3 dx :fcxl/l_n(gdx = q:;f VTT(%._)' (_:_) dx —

a I
= ot STy — ot fy T30
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Zy. 101 3y, 102 Iy, 103

1
kal tmwadd, Swews UmohoyloBnke othv § 2.1.4 (étpcxpuoyﬁ\f V1=xTdx = _211'_ , 8& Eyoupe

—1

To? o 2 -
&)= 5 ‘Etropéveos 1) Tipr} ToU EuPaboU ToU éowTepikol kUkAou pé Gktiva a 8& elven
2z
2(B) =25 =ma.

4. Eufador éomrepxoi pds Erlelpems. “As Oewpriooupe Thv EAAeiyn pé EElowon
x!
of
ves o,B. "Eotw E 16 xwplo Tou Emimédou oU TrepikAeieTan

2
=2 % =1, nAadn Thv EAAenyn pé kévrpo 0 kol fuido-

&md 16 Brdypappe Tis { pé 1(x) = %- Veext, —asSx=a
kad &md Tév &fovar Tév x (PA. ox. 104). TdTe Exoupe

(6 = f%v‘x—h—{tdx =p jVI— (%)’dx:

:uﬁf Y1 (%)!(gﬂ)‘dx=uﬂ F/l_qﬁdy=

—a/a

ap f V1 -xtdx
=

kol Eweidr, Smews UmohoyioBnke oy § 2.1.4 (Ypappoy), f‘\/ﬁzdx = -; , 0& Exoupe
L3y

mop | ~ " - o
(E) = —5-. "Emopéveos i Tiuf) ToU éuPabol Tol towtepikol Tfis EMAeiypews pé kévtpo 0 xad
fimdEoves o, elvar map.

"As Bswprioovpe Twpa Bud auvapThoss | kal g moU elvon dpiopéves kal
ouvexels oto [o,B] pé f(x) = g(x) ¥ xe[o,p].”Av E mapioTével 16 ywplo ToU
t¢mméSou (PA. oyx. 105), wou mepikAeieTan &md T& SiaypdupaTa TGOV ouvapTh-
oewv f kad g kol Tis e0Beles pé Elomaoes x = a kad x = B, 1T TS EPPadd TOU
xwplou altoU elvan 7| Siagopd @V EuPadidv Tév Ywpiwv Er kol Eg (PA. o).
106 kai 107). "QoTe éxoupe BnAadn
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Zy. 105 Zy. 106 Zy. 107

(B) = (E:) —(E) = f tx)dx — [ gtxyix,
EAabh : :

(E)= f [f(x) — g(x) ] dx.

IMapadeiypata :
1. f(x) = x xal g(x) = x* Té tuPadé ToU ywpiov E Tou Emmébou (PA. ox. 108) elvay

(E)=6[l'(x—x’)dx = [f(x—x')dx];=[}2‘—"£3’_]l=%* 5 (-92__%)2=

o - T
=lll_a
—2 " B =6
y W2
Wi
: ot _y;;”;i\
)
1
i
\\ (] \¢
. : ‘%
Rl 1 3 T *
, - 22
Zy. 108

2. f(x) = owx xal g(x) = nux. Té tuPadsd Tol ywplov E wou mepikAeieTan &m” TH
oUUNUITOVOEISY KapmrUAn, THv fuTovoadh kapmUAn kal Tév &Eova TV Y (BA. ox. 109) elven
n/q

()= .{ (owx — nux)dx = [f(awx — nux )dx ] :h-—“ [ nux + mx]u: =
=nu g tow —('\“0+°W°):Tﬁ % g—--«u H=v2-1,
5nAaBH
(B)=¥2=1
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ALKHZIEIZ

54. N &moSeixfel &1
x n

1) [ nukx nuexdx = 0 = [ ouwkx ouwxdx (x,v puoikoi, k # v)
-1 -K

T
2) [ nukx ouwwwxdx = 0 (x, v guoikoi)
-n

n n
3) J nuxdx = = [ owikxdx (k quaikss)
-n -ft

55%. N’ &moBery8el &6T1 yi& kdbe uokd &p1bud v loyvouv :
M 1-3...(v—1) = nls 2. 44 (20)

1. 2v = 25 R oV 1 = 0 .
)r,]rflu xdx 2o 4... (@) 2 2) {ﬂl—' x‘1\73.5...(2v+1)'

56*. N& UmoAoyioBouv T& dpiopéva dAokAnpouara:
n/q niy
1) J owr¥xdx 2) [ owvilxdx,
0 0
&tou v elvar guoikds &piBuds
57. N& Umohoyiofei f) Tiwn ToU EpPadol Tou ywplou E Tol Emimédou, mol mepikAeie-

2 2
Tou &md THY EAAeyn pé EGiocwon x_g = %ﬁ = 1, Tév kUKo pé kévtpo O xai dxTiva T (r < o kai
o

r < P) kal Tous Betikols fudEoves (BA. ox. 110).

Ly. 111 Zy. 112

Zy. 110
58. N& Umoloyiofel f Tipf ToU Eupadol ToU xwpiov E Tou EmiméSou, mol mepikhele-

3
T &md T& Biayphupata TéY ouvapThoewv { kail g pé [(x) = Vikalgx)=x2 0<x K1

(BA. oyx. 111).
59. N& UmoAoyioBel 1) Tiur) ToU éuPabol ToU Ywpiov E ToU émimédou moU mepikAele-
Tat &mé 6 Srdypoppa Tiis f pé f(x) = x*/2 kad Tis eUBeies pé EEiooasy = 1, x =2 (PA. ox.112)
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