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KE®PAAAIO 1

AKOAOYOIEZ fTPArMATIKQON APIOMON
I. BAZIKEZ ENNOIEZ — TTAPAAEITMATA

§1. 'H &vvoia Tiis dkolouBias. — Sty mponyoUpevn TEEN udBaue

a . .
&11: xdfe ovvdotnon a: N — E: » —» a(v)eE ué medlo dotouoi 16 abvolo N
oY guowdy doludv xal tués o éva pij xevé aivodo E, 8nAal1| 4 dmewxdvian,
mov dgilerar dnd iy dvriorouyia:

T Ty
Al T v
CI(I), a(2)l a(3): e CL(‘I?), = uta s

Aéyerar Gxodovbia otoryeiov tob cuvélov E.

Ztiv mapaméve &vmioToiyia T& TpdTuTa (&pyétumra), 8nA. ol guoikol
&piBuoi, Aéyovton kai deixres, &véd ol elkoves Tous, BnA. of Tiués Tiis dxoAoubiag
a: Nav — a(v) e E, Myovtar kai 6por Tfis dxoroudics. ‘H Ekppaon a(v) oup-
PohileTar ouvhABus ué a, kol AtyeTan & wviootég f) 6 yevikdg Bpog Tils dkohou-
Bias. "Eton Exoupe: -

(1)

g —a(V) , ¥ veN
opo

Zriv dvmotoryia (1) ouvhBes TapedeimeTon TPWOTN ypapur kal ypd-
povron pévo of eikdues. Mpdgoupe SnAadn: (=0 i+ Al lonat. b (2

Eldik& 6 oy Myeton mp@Tos Spos Ths drxohoubias (2),6a, BeUTe
pos dpos koxk.

ZuvtopdTepa T dxodouBia (2) & TH oupPorifoupe ds &Efs: a,, veN,
fla, v=1,2 ..., &éun ué: (a,), v e N kai dxdun mé olvropa pé: ().

ZTiv elduch) TepimTwon mou 16 E = R, 1) dxohouBic a: N — E AéyeTan
axolovbia moayuarxdv doludv. “Qoe:

‘Opropdc. "Ovoudlovpe dxolovlia mpaypatikdv aplBpdv xdfe (novooTua-
vTn) dmewdvion, toé cvvélov N 1w guowvedy dolfudv otd atvolo R raw npaypa-
Ty aplfudy.

Zrd Emdpevar 0& doyoAnBolue pove pé drohoubies TrparypaTIKEY &p1Budov.

7

WngiomoBnke amoé 1o votirouto EknmaiSeuTikrg MoAmkrg



"Eto1 oo £Efis ué Tév Spo:  wdxolovlian O& tvvoolpe @ «dxolovBia moayuatixdy
Golfpudyn, BnAadn: a: N - R: v - o, eR.

Mopadeiypota : 1. "H axosnflic tdv guowxdy dolBudv, SnA. f &xoloubia:
1,2,3,...,v, ... Tis émolas & yevikds (viooTds) 6pq5 elvan & &pibuds v, BnA. a, = v.

2. ‘H ékohoubia: 1, —‘,12— i % b WA % y -~ uE yevikd 8po: a,= —1—-
3. ‘H éxohoubia: —1, J— y - i IOREOE Gl 0 i ... ué yevikd Spo: a, =(—1)"l .
2 3 v v
4. "Av &meikoviooupe ToUs TepiTTOUS @uaikoUs &pibuous oTév EpiBud 0 kal Tols &p-
Tious QuaikoUs oTév &piBud 1, & mdpoupe ThAv dxkoAoubia: 0,1,0,1,...,0,1, ...

‘H &xohoubla alTh ouvhBos ovpPoAigeTon cs EEfs:

0, &v v TepiTTOS
N3v—> o=

1, & v &pTios.
5. ‘H é&kohouBia pé yevikd dpo o, =1 + (=1)¥, dnAadn | dxoroubia:
052 5052 wvaa 510 25 4 s

AUTH 1) drohoubia pé drpiPéoTepn SiaTUmwon ypdeeTai:
¢ { 2, & v=2k (k quoids)

ay =

0, & v=2k+1 (k dxépaios = 0).
2v
+3

a: N—-R: v->a,eER.

6. Gewpoupe Triv dxorovbia a, = ,v=1,2, ... ‘Opiletar Ero1 pla &mexdvion:

Alvovtas oTéd v BiaBoyik& Tis OeTikés &xépaies Tipds, malpvoupe ToUs Spous Tns. Thé
dvoduTikg #| Tapamdve &xodouBia oupPorileTan pé Tis Siaxboyikés Tiwés Tns:
2 4 6 8 2v
“EolBOS R s hG T SaLh i D TERSA
% [apatnpioes. 1) *Amd T& mponyolpeva mapadelypaTta PAémoups 811 pla dxoroubia
a,, v € N elvan tedefws dpropuévn, dtav Exouus pla ouvdptnon f: N — R, mou dkepdlel pnt&
Té yevikd Spo a, Tiis dxoAoubias, SnA. &tav SiaBéroupe TéV TUTo: a, = f(v), Sdmou [ 4
YVWOTH] ouvdpTnon TOU V.

2) Mia dxohoubia elvan tmrions yvwoTn, &Tav divovtan énapxeic TpddTol Spor Tiis dwo-
Aoubias  kal Evas avayoyikdg tomog (Gvadpopikf oxfon) mol EmiTpémer v& Pploxoupe Tév
twdpevo 8po a,y, x&Be Spou a, &mwd Tév TponyoUuevd Tou i yevikéTepa &md dpiouptvous
&md Tous Tponyouuevous Tou. “ETon Exouue dxohoubies Tiis mopefis o = a kal ayy, = I(a,)-
fi yevikdTepa THis wopefis: oy = «, o, = B kal a,y,; =1 (a,, ay-y).

*AiLer Suws 886G va Tovicoupe T& EEfis ¢ [id vd dploovue mhjpwe pia  dxolovBia
ay, V€N pé pla dvadgopxr) oyéon dév doxei pdvo d dvaywyixds times, dAdd elvar dnapairnro vd
Eépovue xal ixavd apilfud modrwv dpwv tms. Natl &v ol Tipués ~WUTGV TGV TpwTwy Spwv
Tiis &xoloublas &AA&Eouv, TéTe dAA&Ler kal # &kohoubla, 3v kal & &dvaywyikds Tns TUTOS
Tapapéver & 15105."Emrions mwoAhés gopés 8Ev elvan &pkeTd vd dplooupe &mAdds Ikavd &pibud &wd
TmproTous dpous wmds drorouBias. Elvan &vaykaio v Séooupe kal Tis ouvBiikes txeives ol 8&
pé&s tmiTpérouv vé& Pplokoupe, pé Ty dvabpopikn axéon xal Tis «&pyikés» guvBijkes, doous &
pous Tiis &xohoublas «,, v € N Bfhoupe (PA. oxeTik& kal &oxnen 2).

3) Mepixés gopés 16 Beiktn v ToU a, Tédv malpvoupe Etol, dote vh Séyeron Tis Tipds:
0,1,2, ..., dmére | dxoroubic yphgeTan: o, &, &, ..., Ay, ... £ aOTH TAV TepiTTROON
& viootds dpos Tiis dxoAoubias elvan & «,;.
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4) Té mhfifos TGv Spwv mids droroubias a,, v € N Bév elvan Temrepaopévo, Evéd to obvolo
v Spwv g elvan uvatd va elvan Temepaouévo. Té gUvodo alTd 1 oupPolilovpe pé a(N)
xal T dpilovue ds 16 avvolo TdY mpayuarixdy dolbudy x, ol dmoior elvar igor pé xdmowo
bpo Tijc dxodovfiag, BnAadn a(N) = {xeR : Umdpyer veN pé a, = x}.

276 mapdberypa 4 Tiis § 1, WX, T6 oUvolo Tév Spuwv Tiis dkoAouBias elven a(N)={0, 1},
tvid T6 TAfiBos TéV Spwv Tns slvan &meipo.

‘Ewlons o716 mapdberypa 5 elvan a(N) = (0, 2}, tvéd Td Afifos TéV Spwv Tng elvan
&rmreipo.

Inpaveiki napotipien. ~Omws §époupe &md Tis Tponyolpeves Téels, TO
oUvoro TGV pnTév (oUpueTpwv) kal &ppnTwv. (dolupetpwv) &piBudv AéyeTton
agbvoko R 1@V mpaypetikdv ambpdv. Té olvolo alTtd Adyeton kai ehbeia
v npaypankdv apBpdv, &v Bfloupe v& EkppoaoToUue pE T pAdooan
Ths [ewpetplas: ol mwpayp. &piBpoi Bewpolvton ToTE b5 onueia Tfis eUbsias,
YV aUTé y1& T& onueia Xpnotuototolpe Té& iSia oUpuBoAa pé T TOU YpNoIHo-
TOIOUPE YIX V& TapaoTfigoupe Tous Trpayd. &pifpols. AUTh f Tautomoinon
TGV Tpoyu. dpifuddv ué T onpeia fvds &ova Paciletan o Eva &lwpa, oUp-
pwva pé 1O dmolo: ueralt Tdw moayu. dolbudv xal Taw onpeiov fvig dfova -
ndoyet pla du@ipovoaijuavrty dvriotoryia. AnAadn of k&Be TpaypaTikd &-
p1Bud duTioToiyel Eva kai pdvo onueio ToU &fova kai dvTioTpdews. ‘H dugi-
povootiuavTn ot dvTioToiyia ToU R pé 14
onueia dvos &fova, pds EmiTpémel vé Becopolpe
ToUs Spous s dicohoubias s TeTunuéves TEY Chatindcty 9y - G
onuelwv dvds &ova (BA. Evavti oyfjua) kai
v& dvmipeTwmifoupe Etor Tis dkoloubies Tpoyp. dpiBudv s dxohoubies on-
pefcov ToU &Eova. ‘H yecopetpik alrhy EmomrTeia 8& pds SieukoAlvel TTOAY Tra-
poxdTw yi& vd KaTavorjooupe uepikés kouvoUpyles Ewvolss kai &modeifels Opi-
opéveov TpoTdoswy ToU B& SiaTumrddcoupe.

§ 2. Npateig peraki akorouBitiv.—"Eotw o7 16 olvoro SAwv Tév dko-
Aoutév mpayuaTik®y dpBpdv. ‘H facwa) iodryra o1d of OpileTon s EEfis:
¥ (o), (B) e, (a,)=(B.) a,= B, Y& xdBe veN.

MetafU Tév oToixeiwv ToU o7 pmopolpe v& dpiooupe 16 dfporoua, T
dtapopd, TS ywduevo kol Té Aniixo, s pla twions dxoloubia wparyp. &piBuddv,
BnA. & Eva oToixelo ToU . "Etor & (a,) xad (B,) elvon 5Uo drohoublies, TOTE:

*Ovopdoupe G0poropa Tév (a,) ki (B,) TAv droroubiar (o, +P.),

'81]30'.81'] ThHY: [+ P10 o SR 0 o S PR S o - IR

“Qoe: () + (B =(a,+PB.), veN.

’Ovouddoupe Sagopd Tiis (a,) peiov T (B,) Thv dxohoubia («, — B.),
SnAadn Thv: o —Py o —Py ..y &y — By

“Qoe: (av)_(ﬁv)=(av_ﬁv)v veN.

"Ovouddoupe yivopeve tvds mpayp. &pifpoU A &l thv (a,) Thv &koloubia
9
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(Aat,), SnA. THv: e R TS . e

“Qoe: Aa,) = (Ax,), v eN.
*Ovopdoupe yivépevo tév (o) xai (B,) v dxohouBia («, B,), SnAad
TV By GaBay oo 0GB s s
"QoTe: (a)-(By) = (oBy), v EN.
’Ovopdlovue nnhiko s (o) &1 Tis (B,) vé B, # 0 3 v eN, v &koA.
o a . a
—Y ), 8nA. ThV: = -
( .V) ‘3] Bz ﬂ,,
“CoTe: (a,): (By) = (a,:B.), veN.
‘Ovopdfoupe @rdivtn mip Ths (a,) TV dxoroubia (| «,|), dnAadn
Tﬁv: ‘al|' [az!l"'llale"‘
“Qoe:. | () | =(a,]) veN.

'Ovopddoupe tetpaymvikf pila wmds dkohoubios (a,) pé a, =0 ¥ veN,
THv dxoh. (Va,), 5nA. Thy:
‘ Va, Va,, ..., Va, ...

"Qore: J@) =@/a), veN.

*Avéhoya Opifoupe TN pifa k-Td€ews (k > 2) wds dxoloubias. "ETol

k k
Exoupe: Via) =a), veN (k> 2).

MNaparipnan. Ol Tapamwavw Spiopol pmopolv va yevikeuBouv kai yi& Tis TepimTacers,
xal pévo y1’ autés, wou Exoups Temepacuévo TATBos dxoAoubiddv.

§ 3. 'H é&vvoia Tiig ppaypévng akoAouBiag.— "EoTtw o, v €N piax &-
koAoutlia TrparypaTikGy &piBudy. Alvoupe TolUs Emduevous dpiopols:

‘Opiopie 1. Od Aue St ) dxolovlia a,,v € N elvar dvo gpaypévn, tore
xal pove tote, dv dmdoyer moaypatixds aoflucs s Térows, dore: a, =5 yid
xdfle » € N. .

‘O &pi1fuds s,xoBads kai k&fe &AAos Tpayu. &piBuds ou elvon  peyodUTepos
&md 16 s, Aéyeran TOTE Eva dvo @paypa Tiis dkoroubias o, v e N.

‘Opiopog 2. Od Aue &reqj dzolovlia a,, ve N elvar Katw @poaypévy, Tite
xal pdvo Tére, dv Vmdoyer moayuarixds dolfucs @ térows, dote : o=a, yid
xdfle veN.

‘0 dpifipds o, kaBods kai kafe GAAos Tparyp. dpiBuds ou elven pikpoTEPOS
&méd T o, MyeTan TOTE Eva xdtw gpaypa Tiis dxoAoubias a,, v e N.

‘Opropog 3. Oa Aéue St 1 dxodovbia a,,v € N elvar Qpaypévn, tote xai
udvo tdre, dv elvar dvw xal xdrw qoayuévy, Snhedh dv dmdoyovy moayp. doll-

-

pol a, s (o = s) térow, dote: ¢ < a, =s yud xdfe v € N.

AnA. plo droroubBia ay, v e N elvon gpoypévn, TOTE kai povo ToTE, v

10
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Umrdpyel kAewoTd SidoTnua [o, 8] oTd dmolo durikouv Aol ol Spot Tns. “Etol,

mx. fy dkorovbia o, = ;l , v € N elven @parypévn, Emedr| loyve:

050:,,:—‘1}—51 M veN — }

s hid A % N

BnAadn &hor ol &por Tns durikouv oTd kAeloTd Sidotnua [0, 1].
Opiopog 4. Od Aéue 6t 1) axolovlia a,, v € N elvar anolitog epaypévy,
Tdre xal pdvo tdre, dv dmdoyer (Oetixds) moayuatixos aolbuds 0 térowns, dave:
lay] = @ ¥ veN.
Té 6 Aéyeton TOTE Eva dnoluvto gpaypa Tfs «,, v e N. Elven gavepd 81,

&v 8 elvan Bva &mdAuTo @paypa, TOTE kol kdBe &AAos OeTikds &pifpds ¢ > 6
elvan emions éva &mdAuto @pdypa Tis «,, v € N.

ZuvoyilovTas T& TapaTTave EXOUME:
1. (a,) &vw @paypévn <=+ (IseR, ¥ veN, o, < s)
opa
2. (o) k&Tw @porypévn -(T» (3ceR, ¥veN, o= a)
3. (o)) gpoypévn <« (JoeR,IseR, vveN, o= a, =5s)
opo
4. (a,) &mol. ppaypévn <= (36 e R, M veN, |a,| < 6).
opa
loyxuer 1) &g ioobuvaplia:
(o)) ppoaypévn <= (a,) drnokibtag @paypévi.
MpéypaTy, &prel v& AdPoupe: 6 =max(|o|,|s]).

Hapatipnen: "E€aitias Tiis md mwavw ioobuvauias oté émwdueva of Spor gpaypévn xal

adrolibrwg @paypévn 8& ypnoipwomorolvran pé Thv Tﬁm onuaoia, xwpis Sidkpion.
MNapadeiypeta: 1, *H dkorovbia a, = m.} —, v=1, 2, .. .clvan gpaypévn, tmeidn:
Ky i

[uv:=—- é%gl ¥ veN.

2. ‘H dxorovbia a, = (—1)" - .7, veN elvarl ppaypévn, dmedn |uv|:_1=_ =1 wveN.
v

3. ‘H édxorovbia a, = skl , v=1,2... elvar gpaypévn, Ewedn:

v4-1
it e s ] YCvieN.
jv+1] v+1

& H daoNouble @, = L OOEV) BV TEY, L1 g
Sv2i]

"Apkel va &moBeifoupe & | @, v=1,2, ... elvon dmworlrws gpaypévn. Tpdyuars,
yi&k xéfe v € N Exoupe:

. elven gpaypévn.

& l_] viouv(3v) + Vvonuv | _ | viowv(3v) |+ | Vvinu |
e

V4V _vit v 2 2
Svi41 S5vi4+1

SFT =501 “5i 5

=

Il

SnAadd : | &l % ¥ vVEN.

11
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§ 4. "H &wvoia Tiig povéTovng axoAoudiag.— *Eorw a,, veN pla dxo-
Aoubla TporypoTikGy dpiBuddv. Afvoups ToUs Emduevous dpiopols:

‘Opropds 1. Od Aéue bt 1) axolovbia a,, v € N elvar ab&ovea, oupPol. (a,) 4,
Tdte xai pdvo véve, dv loyder: a,<a,,., yid xdbs v € N.

‘Opropdc 2. Od Adue Gre 4 dxodovbia a,,veN elvas yvnoing abovoa,
oupPoA. (a,) L, Tdre xal pdvo tdve, dv ioyier: a,<ay, yid xdbe v eN.

Opropdc 3. Od Adue v v axolovbia a,,v eN elvar @bivovea, cupBoA.
(e ¥, Tdte xal pdvo tdre, dv ioyder: a,=ay,, yid xdfe v € N.

‘Opiopic 4. Od Aéue Gve 4 dxoiovBia a,,v e N elva yvnoing @bivovea,
oupPol. (a,)7, tdre xal pdvo tdre, dv loyver: a,>a,., yid xdbe » € N.

‘Opropds 5. @d Aéue dri 4 dxodovhia a,, v € N elvar otabepi, tére xal ué-
vo 1dve, dv loyder: a,y = a, yud xde v € N.

Mia dxoroubic «,, v e N ol dvfiker of pla &md Tis TUPATTEVL KATNYO-
ples AéyeTan povétovn dxohovBia. EiSikéTepa, &v ) dxohoubic elvan yvnoiws ol-
fovoa fj yvnoiws gBivouoa, TéTe Abyetan yyneing povétovn éxolovdia.

Hapompiions. 1. K&l yvnolws povétovn drohoubia elvan kal povéTovn, &év loxue
Bums kaf T civ-r{c-rpo:po (yrari;).

. AV (a )T, Té-re a, = o Y1 kdbe v € N, 8nA. TéTe 1) drohoudia (a,) elvan kéTw ppa-
yuévn ué B k&Tw gpaynx TOV TpdTO Spo Tns. “Oucia, &v (a,)), ToTE a, = o, yi1& Kkébe
v EN, BnA. 1éTe f (@,) elvan &ve gpayubvn pé Bva &ve gpdyux Tév TpdTO dpo Tns.

3. Né& va quopiaouue 76 elos povoTtovias wds dxohoublas (a v, Tis ™d wolAés @opés,
tpyaldpaoTe pé pia &mwéd Tis Emdpeves neBdSous:

(o) ’E€etalouvpe 16 mpdonuo THs Sixgopds: A, = a,yy — .

(P) "Av of dpor Tiis (a,) BiaTnpolv Tpdanuo, TéTe, auvAws, uykpivoupe T Adyo

Svbr g Th povdba. *Amé T oUykpion alth E§dyoupe oupmepdouaTa yi& TH povoTovia

Tis dxoloubias.

(¥) -Bplokouue petagl 8o fi Tpidv wpdTwv Spwv THs dkohoublas TH oxéon, &wé Thv
dmola Exoupe ik Evdeafn HovoTovias kaf Ererta, pé T pébodo Tiis TéAIaS traywyfs, &mober-
kvUoupe TV &viooTikh oxéon, | émola 8& kaBoploer TeAikk Té elSos Tis povoToviag Tfis (ay)-

Hﬁpd&iwuw:. 1. *H dxorovbia a, = l, v=1,2,... elvan yvnoiws gBivovoa, twadr:
Ay} = V+l < T=G’v ¥ veN.

2. H drohouBia a, = v3, v =1, 2, ... elven yvnolws atifouoa, breidy:
Qypy = (v+l)’>v’ =a, ¥ vEN.

3. *H é&xohoubia a,= _:1 »v=1,2, ... elvar yvnolws alfovoa, tweadf &v oxnua-
Tloouue T Siagop& A, = @,y — a, Exoupe:
A Saas L e Vasgapn il Se oy N
AL B e b 6 i, oy 0 i il bl
BnAabf: - g > O, ¥ VEN.
* 4. NG therdoere g npbs T povotovia tiv dxokovdia mod dpifetar dnd thv Gvadpopuxh
oxéan : ty=a+a’ xei @ =a>0
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Abon: Tpdra—mpddta pe draywyn dwodewvioupe d11: a, > 0 ¥ veN. "E€&AAov
dpéows PAémoupe 8Ti: oy = a < a + o, BnA. o < . “Apa, &v fj drxoroubla («,) elvan
povéTovn, B& mpémer v& elven yvnolws abfovoa. "Eotw Acimév  ETii ak < @k, TOTE

"“: < &;‘:H. SméTe a—;—aﬁ < a4+ ui“. SnAadn aky; < akep Apa (a,) f

MNé& Tis povdToves drohoubles guoikédy dpiBpdv foyler §) &Efis xpnoiun
TpbdTUOT) .

* Ilpbtaon. “"Av k,, veN eivar pia yvnoiog aiifovea axolovbia guowkdv api-
Bpdv, tote ioyder : k, = v na xabe ve N.

’An;éSmE,n. (Mé Emayowyi). N& v=1 loyve, émwedn k, eN, &pa k, = 1.
"Eotw 67 loyver yid v=p (peN), 8nA. otz ky = p. Tore kuyy > k= i,
&pat kyi > p. "Amd ThHY TeEAeuTada dvicoTnTa, Emead of k,,, kai p elvan guoikol
&piBuoi, Emeton 6T kyiy = ptl.

Qote: ky = p = kyyy = utl. "Apax k, = v y1& x&be v eN.

¥ § 5. 'H &vvoia Tiig UmakoAouBias.— "Eotw a,, v e N pla dxoroubia
mwpayH. &pifudv. “EoTw dxdpn pia yvnoiws alfouca dxoloubia guoikdv &pi-
oucv (k,), SnAadn:
k1<k2< <kv<kv+l<

Téte dpiletan pla droroubic (B,) wé TUTO: B, =0k, W v €N, SnAadn 7
drohoubia: Qhyy Oy -- oy Oy oo ¢))

‘H dxohoubia (1) Aéyeton dmaxolovbia Tfis (o).

Mapadeiypota: "Eotw f) dxorovlia a, v=1,2, ... kal fj yvnoiws alfovoa &korou-
Ol &V &pTicv QuokdY &p1Budv k, = 2v, v =1, 2, ....TéTe dplleTan fy dxoloubia Ak, = Oy,
v=1,2, ..., 5nA. fj &koroubla: o, oy, A, - - ., Kyyy ..., 1) OOl &mwoTereiTan &mwd Exeivous
ToUs Spous Tiis a,, v=1, 2, ... oy &xouv &pTio Beiktn. ‘H dxoroudia alTr elvan ple Umraxo-
AoubBia Tfis (a,) xai AéyeTan Omaxorovdia thv dpniwv daktdv. “Opoiax opifeTon xai ) draxo-
AovBia tdv meprttdv daktdv Tis a, v =1, 2, ..., BnAadn 1) dxoAoubia:

Ay Ogs Xy Agy—1r - - -

*Etor, Y. & a, = (1) ,v=1,2, ..., ToTe f) Umraxohoubia TéV &pTiwv BTV

1o o bl
4’ 6
. 1y 1 1
kal TéV meprTTdV dakTdv elven Ay =1, — —, —— , ..., —— ...
¥ ' i el TR -1
’Emions pla &AAn Umraxoloubia Tiis a, = (—1)¥- 1_. v=1,2, ... elvar 1} &xoAouvbla:
v

elvan f:

§ v e e g ——

e -

1 1 1

Clk'=agv= 1_,v=1,2,...5n3\.1‘| é—. -—2T ’ Fr"'l—z—v—""

2\r
npbtpuvc’-')s pla dkolouBia  Exel, yevikd, &mweipes UrrakoAouBies.
"ABdhoyn mopotipnon. *Emabd, olupwva pé Ty mopamdvw mpoTACT,
foxtei: k, =v M veN 8& Eoupe: v > vy, = k, > v,

¥ § 6. "H &vvoia: axépaio pépog mpaypatikod api@pold. —"Eotw x
fvas TpaypaTikds &pibuds. Alvoupe Toév EEfis Spropd:
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Opropic. *Ovopdlovue dxépmo pépog 100 x xal vé cvufolriovue ué [z],
Tov el peydlo dxéoaio dolud mod 0év Smeofalver 16 .
"ETol Exoupe:

=1 5.
Té dxépaio pépos Evds Trpayp: &pifuol x dmrodeikuletan §T1 elvan povaBikd.
"AxpiPéaTepa droBeikvieTon oTd MadnuoTiké # EERs:

Hpétaon. (Geovnua 108 daxéoaion péoovs ). —Ta ke mpoypatiké apOpé x
Urapyer Evag kai povo Evag dképuiog o pé: a<x<a + 1.

‘H moparméve mpdTaon uds Aéyel 8Ti: pd xdfe v dnd 16 R drdoyet fva
xal pdvo fva dudotnua Tijs pooyis [a,a + 1) pé a dxéoao dolbud, ard émoio

anjxer 6 . Y f
3 ~ < 3 r ._6
Oplletan ouverrdds # dareidvion: | ‘
» [l ==t
S g e ] vdv vEx<v+1 |
[I: i md —v, v —v = x<—v 1, 2 o] 2 3 %
&Trou v Quoikds érpleﬁés Al 16 undév (BA. oy. 1). 1
Biid ® D 5l Al Zx. 1
ATd T& Trponyolueva Exoups, AoiTréy, &Ti:
v xeR, [x] = x < [x]+1 (D

“Aueces ouvémreies TRs (1) elvon ol EERs i816TnTes ToU dképaiou pépous:
o) x=[x]+68 YxeRkai 056 < 1. B [x+k]=[x]+k, +xeR, vkeZ.
Mpdoynam, &md thv (1) Exoupe: 0 < x—[x]<1 kai &v Béoouue x —[x]=0,
ToTE efvan: x =[x] + 6 pé 0 < 6 < 1. Ni& vé& &mobelfoupe T B) TopaTnpoUe
T1: Emeldn x =[x] + 6,0 =60 <1 &oupe: x + k=[x]+k+60<6 <1
kai ouveméds [x 4+ k] =[([x] + k) + 8] =[x] + k, &¢oU 16 ([x] + k) € Z.
Enpeioon. "Améd Tiv (1) #xoups: ¥ xe R, x—1 < [x] S x.

§ 7. "H &wvoia: i ouvBhikn p(v), veN ioxie Tehika yia kabe veN.—
"Eotew p(v) wia ouwvlrikn oté N Supgovolpe vé Aéue oTd Emdpever &T1:

H oty p(v),v e N ioyber tehikd y1d kabe ve N, rdre xal Hove Tdre,
dv dndoyel deirng vy € N, dnh. dv dmdoyer fvag ep‘uo‘mog dollpds vy Térotos, dote
7 owbhjen p(v) elvar pla ravrdryra ovd odvolo: N, ={reN: » = ).
olvropa: & yud xdle v = vy 1 onlijen p(v) elvar pla ainijc modraon.

Eifikotepa 04 Mpe 8T ) owwbikn A 1 1816 Ta p #roU &vagépeTtan of pio
drodoubia (). foxVer tedued pud Blovs Tovs deixres, loobUvopo: Tedued Blot
ol doov 7ijs axodovlias (a,) minoody wif cvbixny p, ToTE kod pdvo TOTE, &V
Urépyer Evas guoikds &piBuds vy TETOLOS, GOTE ) dkohoubic ety ;1\, v=0, 1,2, -
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SNAGDY 0 Oy, Cypigy - ° 0y Kygiws - - V& Exel TV iB1dTTR P "ETOon, &w mox.
1
By i 1,2, --- elven pla dxorouBic mpaypoTikédy &pBuddy kol p(v)

) ouvbikn: o, < o8 TOTE SiamioTwvoupe dudows 6T 1y ocuvBrkn p(v) loyxlel

redmd pud Glovg Tovs Oeixres, SnAaBN Tedmd GAoc oi doot Tijs axolovliag

1
ol = ;,v:—-l, 2, whnooty Tij ovvlijun: o, < ]%3 . Tpdyuo, &pkel véA&Poupe
65 vy = 501 (yiarti;), &mdTe Exoupe: yid kdfe v e N pé v = v, =501: o, = -41—
1 1 1 2 2 enq oz ; .
= 5 =500 < 556 = 000" — 10° H dxoloubic Aortidv sy, v=0,1,2,---
i, s g = - ; L 2 &
Exer v iBiéTnTa: Shot ol Spol TNS elvan pikpdTEPOL &TTO  TO i ZUVETTGOS
1
) dxorouvdia o, = oy = 1,2, --- &xer telixd Shous ToUs Opous TS MIKPO-

; iy = Lo et e R 2
Tepous &md TO o+ AUTS pé &AG Adyla onuaiver OTi: dv éfatéoovue Eva meme-
; — sl J /) Sler bk i .
paouévo mhijos Sowy Tijs dxolovlias a, = Pt 1,2, -amd tijy doyi), dnladn

2
TOUG: @y, Gy, . - . U0 @6 Exel kai mépu dAor oi Goot g elvar puxodteoot 4 TO ——.

10

'AEwanusionteg noparnpioeas. 1) "Av pia ouvBhkn p(v), v € N loyler TeAik& yi& xébe
v EN, ToTe UTépyel fva TeTepa o uévo oUvoho BewTdy, OTO OTOl0 A p(v), v €N 8év

loxUet. “ETo1 oTd Tponyouueve Topdbayua, &v v € {1, 2,3, sy D00}, ToTE 1
p@v) : oy =% < ..1%_3_ dév foyuen.

2) *Av pia cuvlikn p(v), v € N elven TautétnTa 016 N, BnA. loxle yi& k&fe v € N,
TéTe, TTpogavdds, foyUel kai TEAkd yi& ke v € N* 16 dvTioTpogo Sucos Sév elven &Anbés.

§ 8. ‘H &vvoia Tig mepioxiis fi yeitovids onueiou Tol R.— "EoTw
fvas TpaypaTikds dpiBuds o (aeR) xai Evas BeTikos Gpifuds e (e>0) ToOTE
dpiletan T6 duowTd BidoTnua  THs wopefis : (a—¢g, a+€), TO omoio AéyeTan
reproyi 7 yerrowia tod onueiov @ pé kévipo 16 a@ koi éxtiva £ (PA. Guéoows To-
pakdTw oxfua):

" R
a

o—
-E a+€

e B e

{=Fe

MevikéTepa: meproxi fj yertovid évog onueiov a dvoudletar xdle dvovetd dud-
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otnpa (y,9), ©6 dmoio meoiéyer 6 onueio a, SnAadh o e (v, 8). "Etor m.x. 16
Sidonua (1, 2) elvan mepiox ol V2, Emaidh V2 e (1, 2).

‘H meproxn ué kévtpo T onueio o kol pé dxriva £ B& oupPorileron pé
(o, €).

Qote: m(o,€) =(a—gate)={xeR: a—e<x <+

"Av a=0, Téte (0, €) = (¢, +£) = {xeR: — < x <e} kal Aéyeran
neproyf 7 yertovid 1o pndevoc,

Mia oAU xpriowun mpdraon elvar Efs: (¥x) X € n(a, £) é=| x—a | <e.

TMpdryport
(¥x) xemr(o, €) = x (0 —€ & +£) b dx—5 < X <Gt E4=d|X—a]| <&

Enp. Kévete dmohlTws xTiiua oas Tis Tapardve looBuvanless. ©& Tis xpnoipomToloUue
TOAU ouyvd &md 6@ kal mépa. Mé& vé PePaicobeite TpootfTe kol TV Emépevn TapdoTaon:

&ty T

(=4

£ ——

EiSiké& y1& a=0 Exoune® (3x) xem(0, €)= Xxe(—¢, +£)<=>—e<x<e <= [x| <t.

Inpoviki napatiipnorn. “Exovras tdpa méyn kad Thv TPOTyoUpeVn
Tapdypago, B& Aéue &Ti: teAkd Bhot of dpov pudg axodovias a,,v=1, 2,0
Boioxovrar  orijy  meproyy] nfa, &) évds onueiov a, tdre xal uovo tdre, dv
Ymdpyet deinrns vy € N rérowos, dore: yid xdfe v = v, ioyier: a, € n(a, £), dnl.
lay, —a|< e AUTS, oUupuwva pé Ty TPOTN Tapatipnon Tiis § 7, elvar mdh
looBuvapo pé: aindoyer va meme oaocpévo mljfos Spwv Tiis dxolovbiag
ay,v=1,2,- - -mo¥ Poloxovrar Extog vijc negoyijc (a, €), SnA. éktds ToU SiaoTh-
HaTOoS (a—s,c(+e)- ;

* Inpeioon. "Omws pdBoue xal orhv mwponyoluevn TéEn, &v x e R, Y ER, ToTe #
[X —y | wapoTéver tiv é@noetaon d Toy TpaypaTikoU &piBuol x &mé Tév mpayu. &pi-
fud y. ‘Opiletan £1o1 ) dxdhouin Gmeiévion :

d: R? > R: (x,5) -9 5 dex, y) = Ix—y|
‘pé Tl mapakdTw [B16TnTes:
d; 1 d(x,y) =0 ¥ (x,¥) € R? kai d(x, ¥) =0 <= x=y (5nA. 7 dndoraon até R
elvar poj dgrmri).
d, : d(x,y) =d(y,x) ¥ (x,¥)e€R? (6nA. 7 dndoraon oré R ehar TUUpETOLXT] ).
d; : d(x,y) = d(x,z) + d(z, y) ¥ x, Y.z €R (Bn). 9 andoracy ord R Exer vy Tt
yovx ibidtnra).
TS &7 # &meévion d: R* - R pé Tomo d(x, y) = [x =y | &xe Tis: Tpels 1816TNTES
d,, d,, d, Tfis dmooTdosws elven duéows pavepd, dprel vé Eavabupunoupe Tis yvwoTés 1816Tn-
Tes THs &moAuTns Tpfis. “Eton, T.X., YI& THv dy Exoupe:
dE Y =1x-y ==+ G-y IS|x-2]|+ |z2—y| = d(x, 2) + d(z, y).

"Exovras Tdpa tméyn THY Trapammdve onuefeon kai TAV TponyoUuevn
Tapatipnan Sietumdvoupe THv EEfis Xprioiun mpdTaon:
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Tpbtacn. a,€ n(a, &) <> d(a,,a) < & Nvé ke veN pé v = v,

‘H maparéve TpéTaon pé Adyia Sierumdveton d EEfis: Tedixd Ghor ol
Boou s dxolovbias a,, v € N Poloxovrar ovijy megoyy nfa, €) évdg anueiov a,
Tdve xai pdvo Téve, dv oi Spor g mod Exovv deintn v = vy dnéyovy dmd T xévrgo
a Grndoracy uxpdreon dmd Ty dxtiva e.

ALZKHEIEIEL

‘Opasa A" 1. N& ypéyete ToUs mévte TpdTous dpous T&v dkohoubidv:
1 2v+ 1 v

a) 1+T.V=|,2.---. B) _;’4”,=1,2““. Y) -—-m.\«‘=1.2,.--.
—1)w, v= cvt v = D ¥ a0
8 a4+ wv-Dw,v=12..., g aw B R S oT) % +2v+l'v_]'2""
- tyw v41 -t
) (D = =12 ..., M) —2v_l,v—1.2,...
2. N& yphyere ToUs Bixa mpdtous 3pous oy, &y, ..., Gs %10 &v Eyoups TV &va-
1 13
Spopikn oxéon: @y =1+ — xal & =—5 .
Ti mapaTnpeite;
3. Né& d&mobeifere 8T ol dwoloubies a,, v=1,2, ..., TwoU bpifovran &wéd ToUs Tapa-
kéTe TUTOUS, elvan povéToves kal gpotyuéves:
1 __u+1 - 2v _2v—1_
D a= TR 2) ay= e 3) ﬂ.——m: 4) Sy
¥ 'Opasa B. 4. Tlos &mwd Tis émdueves dwohoudles «,, v = 1,2, ..., wou épifovral
&mé ToUs TapakdTw TUTOUS, Elvan ppayuéves xal moiés Bev elva:
__venudv B vt e
1Y) &= D av=— 5 3 av= 4) a,=v.37Y
_2v45 - L _ nuv + ou?Sv
B = g e, = v+ owiy ) A= vy

5, Ty wponyoupsvn &oxnon ouls &wéd Tis dxoAoubles 1) —4) elvar povéToves xal
Toiés Bév elvan. Mé& Tis povéroves v& xadoploeTe T eloc Tijs povortovias Tous.

1 v
6. N& &mobeifete 611 1) dxooubia u,:(l-i-T) ,v=1,2,... elvan yvnoicws alfou-

1 vil
ca, tvid f) dxohouBia P, = (l+T) av= 1,2, ... elvan yvnoics gBivovoa.

‘YrobeiEn. N& &mobeifere T loxver a, > &, (GvrioTorya: B,y > B)) Y& kdBe
v=23, ..., &pol tpapuboete kaTéAAnAa kai TH yvooth &vigétnta ToU Bernoulli.

7. "Av o, PEZ pé ap:-*lxalx.:i;v_z +%,u:2,3, ... vé& &moBe.
Eete & loyUer:

%S %} yi& xbe v =5,

BnAcBh f dxohoubix Xy, v =2, 3, elvan telk@ @porypévn.
157

WniomoBnke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkrg



II. ZYTKAINOYZEEZ AKOAOY®OIEZ — H ENNOIA TOY OPIOY

§ 9. 'H évvoia Tol dpiou akoAouBiag.— As Becopricoupe TV &rkoloubia

a,v=1,2, ... pé yevixd dpo: «, = ! , dnAadn TV &xoAoubia:
3 4 5 v4-1
2, A 4 gy T e (1

MNé& v drohoubia alrrr TraparTnpoUpe &T1 ioxte Té iEfis
2

"Av u&s Sobel évas Betinds doluds, T.y. 6 0,2(: ==

et
S

kai Becoprioovpe THY

&mooTaon ToU o, &md 16 1, SnA. Y | a1 |= el

—1| = -‘1’—, TOTE EXOUME:

[a,—1] <0,2 &= —l—<£<—+u> 5;
v 10

Snhadn: f &méoTtaon d(a,, 1) =|a,—1| <0,2 yi& «éfe v=6,7,8, ...

A 2 2 )
1 &ANids: a, e‘(l ~ 15 1+ W) y1& k&be v = 6,
2 : 2 2 .
eiTe AKOunN: 1— 0 <a, <14+ o yi& kdabe v = 6.

100

"Av Todpar pds Sobel Evas &AAos BeTikds &pibuds, .. & 0,05 (— j—) kad
Becopriooupe kal waAL TV &mdoTaon Tou a, &mwd T 1, 8& Exoupe:

[a=1] <005 €= + < 2 = v> 20
5 5 e
BnAadn: I-gg<ov<1+ oo Y& xée v =21

2¢ dvddoyo oupépacua B& karoAfifoupe &v AdPoupe, wy. 0,75, f 2,25
kal yevikd Evav omoiobnimoTe BeTikd dpibud. ‘AxkpiPéoTepa: &v &vti ToU 0,2
Tou 0,05 xTA. Tépoupe évav drowedimore aolfud & > 0, T6TE 8& KaToAREoupe
ot dvdhoyo ouumépaoua, 8nA. foxver TO EEfis: «dmdoyer JSelxtng v, TéTot0g,
dote vd loyvet: | a, — 1| < e yud xdbe v = yyn.

/ g 1 1
Mp&ypaTy, Exouue: |a,—1| =g < E =V > bgot”
"Apkel Aoimov @ v, v A&Poupe Evav dtrolodnTroTe guoikd &piBud peya-

L St gl 7 P
AUTepo & TOV B (Tétolor guoikoi &piBuoi Utrdpyouv,

1) 1 1
Y. 6 l?] +1, {E—] o1 [T] + 3, kTA.).

* “YmevBupiZoupe 671 [x] TapioTéver TS dxépato pépog ToU x. ‘loyler: [x] S x < [x] + 1.
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IapaTnpoupe Topa 611 of kéle &khoyn ToU BetikoU &pifuol g, & Selkng
Vo, &6 TV brroio kad peté ol Spor Tiis dkoroubias (1) TAnpoUv TV | o, — 1 | <e
f| tooBlvopa THv: 1 —e < o, < 1 + ¢, EapTdTon yevik& &mod 1O g, ¥’ aUTod
o1& Emdpeva ouxvd 6& ypdgouue vy = vy(e). “ETol, yi1& £ = 0,2 Exoupe, Smws
eibape Topomdve vy = vy(e) =6, & yi& &=0,05 Exoupe: v, =vy(e) = 21.

*Amtéd T& TponyoUpeva PAéoupe s fi dkoroubia (1) Exer TV iBidTnTa:
Mé& kée € > 0 Ymrdpyer Beiktns vy = vo(e) (BnA. ol éSapTtdTon &mwd TV €) Té-
Tolos, GoTe: ) &méoTaon |a, — 1| ToU Spou a, &wd Tov &piBud 1 elvan pi-
kpdTepn &GS TO £ yi&k ke Belktn v = vy =vy(e), &nhadn TeAixkd& &lo
v+1

ol Goot tijg axodovBiag o, = , v=1,2, ... Poloxoviar of wGBc meproy]

Tod 1.
THv dxoroubia (1) oU #xel TV Tapamdvew iBiotnTa TH Aue ovykhivovoa
axohovlia kai Tév &pBud 1 oTdv dmoio alTh ouykhivel TO Aéue Gpro 1) dpraxi

npf T1fs  &rohovflios o, = v+l o n— U e

*Amd T& TponyoUpeve d8nyoUpaoTe TOpa oTO vé Bwooupe Tov EEfis ye-
viké plopd:

‘Opropde. Od léue dtv 9 dxoiovdia a,,v=1,2, ... cvykkiver otdy moay-
patixd doifpd a f) Gt teiver otdy moayp. dolud a A Gre 6 Gpro Tijs dxolovliag
(a,) elvar 6 moayp. dobuds a xoi abtd 6& TO oupPohifoupe pé a, — o f
lima, = @, dre zal pdvo vdre, dv yud xdle & > 0 dmdoyer deintng vg = vy(e)
(ToU #apTdTal, yevikd, &mo TO €) Térotog, Wote vd loyder :

la, —a| <& pud xdfe v = vy(e).
SupPorikd & TapaTduw Gpiouds SiaTutrdveTar s EEfs:

a,—>a > Ye>0 Jvy=ve): la,—a[<e ¥ v=y (€))
opo

‘0 dpiBpds o, &mws eiTope kal Tapamdvw, AtyeTan dpro ) opraxf Tipd
Tfis &koAoubias o, v = 1, 2, ... Enuecovoupe: opa, = a fi Mo ouyvc: lim*e,=a
# &mioloTepa o, — a kai SiaPdloupe &vtioTotka: doo o, foo pé o f) o, 7ei-
ver (ovyxAiver) oTO o )

Sty eldiy mepimTwon ol elvon @ =0, &nA. lima, = 0, 7 &xohoubic
a,v=1,2,... dvopdlerca pndevikf. ToTe & Topamdvw opiouds SiaTuTr-
VETO1 cUvTopa s £Efis:

uv—>0¢:;>va>0 Jvp=ve): |a,| <& M V=V (2
*Etor, w.X. 1) daxolovlia a, :TI, v=1,2, ... elva pndeviarj, ywarl &v e

* Té gupPoro «lim» elvon ouvtopoypagla Tfs AaTvixiis Aégews: limes (= épio) kal xpn-
cpotroriTan S1edvdds oTd MadnpaTikd.
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elvon Evas dmoloodfimoTe BeTikds &pifucs, ToOTE &v oupPoriocoups pé vy TO M-
xpdrepo &md Tous puaikols (BeTikols dwepaious) &piBuols wou elvan peyahu-

Tepor &mwd TO -i—, BnA. &v v, =[_le-]+1 = v,(€) Exoupe:
. 1 1 1
y1& kébe vgv,,-)v>—81->7—<s,5n2\. iﬂv|=T<E.

'Apd: a, = T - 0.
1
P
v
oTikf) ogalpa (Tém) Thve o Eva Erriwebo. Té Oyos o1éd dmoio gbdver ) opalpa xé&de pop&
Trou &vamrnba elvan pikpdTepo & T& TponyoUuEva xal teMxd | ogaipa looppotel Twhve
o6 brrimebo (Pyoc dvanndrjocws pndév).

Enp. *H éxoroubia o, = v=1,2, ...0upila Tis dvarndhoes ol kével piax Hha-

‘Opolws % dxodovlia a,=(—1)" —j—,v: 1,2, ... elvar undevixi.
ven ol o 1
TMpéryuaTt: luv]='(—1) 3y el S e VR

"Apa :

% 5503 vu=uo(e)=[%]+ I o] <€y v 2 ve).

SUVETTGS a, = 0.
Znp. ‘H &xorovbia a, = (—I)VL, v=12,..., dvadutix& #: -1, _12.., a5 '_.’15" ; 'Tl;_
v
Bupiler Tis alcproes tvds Ekxpepous, TGOV Sdmroleov Té TA&TOs ouvexds EAOTTOVETO péxpl
v& pnbevioBei.

*Emriongs # dxolovbia a, = —1—, v=1,2, ... elvar pndevixij.
Vv

TMp&yuar: |Gv|*—’-‘1[——v“<5 = V> %

1 1
wApu: -V-E>0 3V0=VD(E)=[-ET] + 1: ¢ V=V, > —E—z‘ lq-xﬁgl:

1

S —= <E&

v Vv
1

v

lay| =

e

T

“Qoe: o 0.

TMopaTnpoUue -ra'opa.é'n: &v lima, = o, TéTE &md TH OoUyKplon TEV Opi-
opdwv (1) xai (2) wpokUTTEl ST 9] dxolovbia 8, = (a,—a),v=1,2,.. .elva
pndevinr xai dvrioredpms. "QoTe:

lim a, = ¢ <= lim(a, — @) = 0:] 3)
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*Eto1, r.x. £xoupe: lim -—:?1:—1:3, Eraidn Iim(?’vu—_!r1 - 3)=lim % =0.

"Amd Thv (3) Emetan &1 & yevikds Spos wds drohoubics (o), 1| dwoia
ouykAiver Trpds Tév dpifud o pmopel TévToTE V& ypagel ds Efs: o, = a+5,,
Omou &, & yevikds Spos mds undevikiis drkohoubios.

HNoparnpiiosic. a). "Av y1& pia drodoubia (a,) foyve: a, = a, Y& kéBe v = v, €N, BnA.
A (@) elvan tedixa otabepf, TéTe ) (a,) ouyrhive kol Exel Spio Tév a. TMpogavds, &v a, = a,
M veEN, TéTe: lima, = a.

ElSwéTepa ) oralepry dxohoubla oy, =0 % veN elvar pnBeviky dxohoubia.

Mpostgze! “Av (a,) elvan undeviks) dxoloubia, 8¢ onuaivar 1 ol &por Tns elvan Toor pé
unbév. MdMoTa moAAés gopés cupPaiver: a, — 0 xal Spws @, # 0 3 veN. T.x., 1) édxoroudia

e e W Dt
v

B). Zexwovras &wd Tis icobuvaples:
Joy—a| <€ e= a—e<a,<a+e = a,€(ax—¢ a+ ) = m(a, €)

kal Exovras Uméyn ThY Tapatripnon Tis § 8 oupmepaivoupe & ThHY (1) 8Ti: of abe me-
o] Toil dplov a puds uyxlivoveas axolovbiac (a,) Poioxovrar tehixd Blor of dgor g, évd
nenegaopévor mhnfovs dgor Tne, EvBeyoptves kal xavévas, Poloxovrar éxrds Tijc megioyiic
nfa, g). ‘Emoptvess: & 7 dxodovfia (ay) ovyxdiver ordv meaypariné doibud a0, vére and
xdnoto delxtn xal mépa Shot ol dpor Tijc (a,) elvar dudgogor Toi undevéc (viati;).

). “Omws efmape kal oty &pxn aUTol Tol Kepahalou xatd Th fGewpnon wds dxo-
Aoublas woMAés gopés EmikaAoUpaoTe TH yewpeTpikf Emomtela. *ETor péxpr Tdpa TohAés
popts Bewpoloaue Tols Spous s dxohoublas dx TeTpnuéves TGV onueiwy tvés &fova xai pé
aUTé Tév TpdTo dvTipeTwifape Tis drodoubies TpaypaTIKGY &p1Budv s droAoubies onueicov
ToU &fova. Emedf) Speos Evas mpayp. dpibpds fubéyetan véd mapouci&leTan TEPITTOTEPES
&mé pla gopés ds Spos ds dxohoubias, Emetan 81 fua omueio ToU &ova EvkyeTan vk Tapou-
owéleTon TeproodTepes &S pla gopés. [ alTé T Abyo, ToAAés gopés TapakdTw yik TH
YewpeTpikf] mapboTaon Tis dxoroublas (a,), xprowomowolpe Evav &ho Tpémo &meikovi-
oews: dmeovilovpe, 016 xagreciavd énimedo Rx R, tév Ggo i a, 016 onueio Mv, a,).

‘H yewperpikn mapdotaon Tfs dxoAoublas elvon TéTe Eva olvoho &md ((pepovouévan
onueia ToU émmédou (PA. oy. 2).

8). *Eote pla pnBeviks) dxorovbia a,, v=1,2, ... TLy. f| dxohouBia ol SpileTen
&md Thv dmekdvion:

aN—->R:v - a,= (—l)"‘l-_il.,_.
et < ) i3 1 eyl
paTTpoUpE OT1: u(N)_[I,—v._z_,T.—-_._,..,( 1) }
L

“Exovras Tdpa UMéyn THv Tponyoluevn Tapatipnaon f yewpeTpIk Tap&otaon alTiis
Tfis éxoAouvblas &moTeAeitan &wo wpepovwudvan onuela ToU EmiméSou, S paiveTon oTd
oxfiux 2 Tiis Emopbvns geAibas.

0 épiouds (2) mou Bdoope yi1& TH pndevikA dxoAoubia tmbéxeran Topa TV EEfis
yewpeTpikn Epunuela: “Ag wépoupe Eva Betikd dmBpo £, .. Tév € =0,17 kol Tis e0Beies
ué Eocoes y == 0,17 kal y = —e = —0,17 1ol elvan 'n'cxpdc?\?\n?\es ué Tév &fova TRV x
kal dplfouv oo tmimebo wia «rawian (PA. Ex. 2).
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Mapatnpolpe oTd mapakdTw oxiua &1t T& onuela M, My, My, M, xal M, Pploxovrat
£ &b TV Towia, fvd T& onpsia woU Exouv Belktn v = vy = 6, SnA. T& onueia Mg, M,,

Mg My, ... Ppiokovtan Bhe péoa oThv Towic TGv Slo mapaAifrwy. AUTS onpalver o
y
M

Qo

Ex. 2

ol Terayptves TGV onueicov abTdv, Snh. ol dpot: oy, &, &g O, ... THS dxoloublias 1190 -

pope Pplokovtar o1 dvoiktd BidoTnua (—, +€), BnA. o & Teployd ToU pndevds. “QoTe:
—E<D:,<+§@=}id,,|<£¥\}2\!o=6 (e=0,17).

*Av Tdpa mhpoups Evav &AAo BeTikd &pifud € M6 pikpd &md TV Tpomyoluevo T.X.

Téy £ = 0,09 kaf twavar&Poupe T& Tapamdve, TéTe PAémoune TS T& onueia My, My, ...,

M., ... Bplokovtar péoa oy Tawia wol dpifouv ol elfeies y = ¢ = 0,09 kal y = —& = —0,09
kol aUTéd onuaiver wEAL 811 ol TeTarypéves TGV onuelwv alrdy, Snhadf ol dpor oy, g s s
&, ... Tis &kohoubics ToU TMpaye Ppiokovtan §hot oTéd BrdoTnpa (—, +€). “Apa foyUe:

— < Q< 4 e O <E M VZY=12 (e = 0,09).
16 1610 ouptrépaopa katedfyoupe kai &v mépouue s € ‘émoiobnmoTe BeTikd &p1Bud,
pévo ol yi&k x&Be & &AA&Eer & Befktns v, (Tapamdve elbaue 8T yi&k € = 0,17 Exoupe ds v,
16 6, tvd y1& €= 0,09, 16 12).
"Qote: of xdfe éxhoyi) toi ODerixoi Goluod e dmdoyer évag delxtns vy, & dmoiog éfaprd-
Tar and 1o &, dnlady vy = vofe).
1 Tapamdve oxfipa 2, Tapatnpolpe dkéun STi: kaBds TO v wadbdver dregidpioTan

16 Bidypappa Tév onpelwv M (1, 1), M, (2, - ; ), M3(3, r;—) , --. 6ho xal TepiogoTEpo

«ninoidlen xai TEAK& (Telver vd méoer wdve ordr dEova Oan. Tr alré Ty dkodoubia alrh

A Dl Ll agietrl it el ToU lkavotroll T& mapamdvew, T XapokTnpifoune s
v

pndevirt) dxodovdia.
*A o k1o N& Sdoete dvtioToxn yewperpikr punveia ToU épiopou (1) yi& 11 ovy-

KAivouoa dxolovbia: a,= vtl s M= by 25 i
v

NAPAAEITMATA

lo. Né dnodeifete 6t § axolovlic a, = ;:—l ,v=1,2,... Exer 6pro th povade.

Aven. Tpéyuar, yi& kabe € > O Exoupe:

1 1
a—1'|= PRI e
| | - Sy E = V>~

_"___[I__l_
v4-1 T v+l
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*Apa:

¥ Ee> Ogvozvn(e)=[l_]+1: 5 v%vﬂ:-lT:.p |lay—1]| <& ovvemwdis a, — 1.
E

20, "Eoto a, = 2_"3‘:‘_L, v=1,2,.. Na arodeitete bt : lim a, =%.
v
Adan. TTp&yuar:
2 2v—1 2 1 1 1
- — | = —_——— )= - =] = = > —.
o 3] Em 3| ’ 2] R i o B ~
YApa:
1 2 e e D
¥ex>03 vu=vn(e)=[3_ +1:| a— -5 <t ¥ v = vy(e), ouverrdds lim By = s
3
30. 'Eoto a, = vy s v=1,2,... Na anodeilere om: lim ay = 1.
vi+1
; . . | vE—v v+ 1 2v 2 2
Aton. TpdyuaTi: |ey—=1] —!‘mﬁ-q =V2—H <?: T<EHV>‘—E—-

Anhabr| yi&k omotoBrioTe BeTikd &pifpd & Umrdpyer Selkrng vy = vo(e) (&pkel s vy v& A&-

Boupe dmroiobnmoTe guoikd &piBpd peyehiTepo &mréd TS = kai TéToio1 guoikol &pifipof Umép-
€

Xouv, T.X., & [L] + 1, [i]-}- 2.[i]+ 3, xTA.) TéTol05, BOTE Y& Kdbe v=v,(e) >_§-
3 € £
foxve: |a,— 1| < ouvends lima, = 1.
40. Na anodeilete dm 1 dxorovdia a, = (/v + 1 —Vv),v=1,2, ... elvaa pndevikiy
Avon. TMpaypaTi:

o001 =l = |5 5| = WTET= VB) (VT 4¥D)
(Vv 14 V¥)

(+1)—v fs 1 . 1 sL
Vi T o Vol Vo] v v = o V2 e

YApa:
¥Ye>03 vu=v0(£):-[]_2] -+t e l<e ¥ vEv,> Le "QoTte a, - 0.
N €
O& Bdooupe Twpa kol Eva TapdBerypa dxohoubias Tou 8 ouykAivet oT6 R.
50. Na amodeiete 611 % dxohovlia a, = (—1), v = 1,2, ... 8¢ ovykhiver otd R.
"Andderdn. “As UmoBiooupe (&tomos &maywyf) 8T f) dkohoubix (a,) ouykhiver of
Kk&Tolo TpayuaTikd &pibpd x. Aniadh EoTw it lima, = x (xeR). Tote y1& x&fe e > 0,
Gpa kol y1& e = 1/2, Umépyar Belktng vy € N TéTtoios, daTe vk foxuer:
| (-D¥—x| < % ¥rE g
El8ikda:
[(=1)%—x| < _é_ M o | LI -;_

Emeidn vy = vy kal vy + 1 = v, TéTe Spcws Exoupe:

PED = et =] DX b S D o e < g Ly

AnAady: DY = (=) < 1 ()]
AN [ (=1)% — (=1)%e+!] =2 @
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*Amé Tls (1) kal (2) AapPévoupe 8112 < 1, wpdypa ol elvan &romo. "QaTe f UdBean ToU
xévape y1& Ty dxohoubla o= (—1), v=1,2, ... &m ouyxhiva of x&molo TpaypaTikd
&p1Bpd dBnyel of &romo. “Apa #) drohoublx (—1)Y,v=1,2, ... 8 ouyrhiver oTd R.

ALKHEIEIZ

‘Opdde A~ 8. Né& e> 0 v& mpoodioploeTe BelkTn vy = v, (€), DoTe y1& v == vy(e) vk
elvati |a, | <€ &mwov a,v=1,2, ... elvar:

2 3 nuv + ouvty 3
) ay=—2_, 2)a,= , B e g g :
) vy ) @ 4v2 — v uEs v ) Vvig 2
” _3v—5 s _ 3
9. "Eotw @, = 3 ,v=1,2, ... N& &moBeifete &1 : lim o, = =
v
10. T& € > 0 v& mpooBioploete BelkTn vy = vo(E), GoTe y1& v = vo(e) v& elvau:
vl
-1
] < E

11. N& &moBelfere 811 #) dxohoubla: o, =A/vE+ 2—4/VE + 1,v=1,2, ... elvor pn-
Beviki).

* ‘Opada B, 12. Tk € > 0, v& wpoobiopioete Belktn vy = vy(E), doTE yi& v = ve(e) v&

elvan: o | <6¥
&mov a,,v=1,2, ... elvar:
o . vl _ nuv + 20uvbv = ‘
1) Gv—m, 2) a,= ETo 3) o= ‘T- 4) o, =4 +v + -V viHv+2

’E@appoyt} yi& e = 10-5.
13. Né& e > 0 v& mpoobiopioete Belktn vy = vy(€), DoTe yi&k v = vy(e) v& elvan:

oy ——| <E,
&mou a,=Ve(Vv+ 1-vv)v=12 ...
14. N& d&moBelfete 811: &v f) dwohoubia a,, v=1,2, ... elven unBevikr), TéTe O&
elven pnBevikry kal #) dxoloubia: B, — Vie,, v=1,2
T S

I11. IAIOTHTEZ TIA TIZ ZYTKAINOYZES AKOAOYOIEZ

3¢ Ohes Tis ﬁcpaxd'rm i816TnTes of dwohoubies BecopolvTan TrporypaTiKs
kad T& Spi& Tous dpiBpot TparyuaTikol, ki STav dxdun Sév T6 Tovibouue iSiaiTepar.

§ 10. 1&6TnTa L(T6 povomijjiavro Tod Goiov).—Té Bpro ovykhiveveag &-
kohovliag a, v = 1,2, ... elvar povoenuaviwg opiopévo.

AnAadn : a.,-*u'} = a=a
a,—>a
*Anédertn. “Eotw (dmaywyn of &romwo) 6T «, - « kol a, - o, SOV
axal « &pifpol Tpayporikol pé o # o ToTe % > 0. "Apx yi&
| —a'| = i v ATl -
= 0 Umépyouv BeikTes vy, v, TETOIO1, GIOTE:
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|o—o|

[yl st T B ¢))

|uv-u‘|<'—“;—°".v\:gvo" 1))

Tote Spws y1& xkébe v = v, = max{v,’, v,""} loylouv guyypdves ol (1),
(2) kai ouverrds, TpooBéTovTas KoTd PEAT, Aappévoupe:
lay—a]| +|a,—a'| < |a—a'|.
"Qote yi& x&e v = v, Exoupe:
la—o |=|(@—a) = (0, ~a) | S o,—a| + a,—'| < |a—a'].
AUTS Sueos elven &romro, Emeidh) Bév umopel v& elvan |a— o' | < |a—ao |-

* § 11.'1616TnTa Il.—Kée dnaxohovbia ovykhivovoag dkolovBiag Exer 16
610 p” adtiy Bpro.

Anodq :

o > 0 = o >a

"Anddern. “Eotw pia dxorouBia (a,) Tou ouykAivel oTév TrporyuaTikd
dpifud o kal (o) pic Urakoroudia Tns. TéTe Exoupe: yi& kéle € > 0 Ymdpyet
Belkng vy = vy(e) TéToos, DoTE V& foxUEl: |a, —a| <& VM v = Vo (€))]

"EoTw Thdpa Evas guoikés &pifiuds v = v, TOTE, oUppwva pé Thv TpdTaom
Ths § 4, Exouue k, = v, 8mov k,v=1,2, ... elvan uic yvnoiws abfovoa
dxodoubio puoikdy &p1Budy kai ouvemdss k, = vy (BA. kai TapaTip. Tis § 5).

Téte Suws &mod Thv (1) Taipvoupe: ok, —a| <& ¥ v=v, "Qote
loxve: ¥ €> 0 3 vo=v,(e): ok, —a|<e ¥ v=v, kad y1& k& drorouBia
(k,) 1 quowév &piBudy. Suvemdds ok, —> Q.

HMupatnpfioss. @) T dvrioTpogo Tiis Tapamdvew TpoTdoews Bév loxler wavToTe, EnA.
v ax — a, 8év Emetan kot dvéyxn 8T kal a, — a, & tEdMAoy gaiveTan oTd Tapdbel-
yea: ay =D v=12 ..., o, =(-12*=1 -1 kal Spws # dxoroubia a, = -1y,
v=12, ... 8 ouykhiva (BA. Tap8. 5, oeA. 23).

B) "Av pla Umoaxohoubla wids dxoAoubias oty =Tl P

. 8¢ ouykvel, ToTE kal 1)
drohovbla a,, v=1,2, ... 5 ovykAlver (yiari;).

1) "Av Umdpyouv Bud Umraxkohoubles mds dxorouBias a,v=1,2, ... wol ouyxiivouv,
&AA& of BiagopeTiké Spic, TOTE 1) (at,) 8¢ ouykhiver (yieri;). “Evor, my., #§ d&xohoubia
Sv=(-1)%v=12 ... 8 ouyrhive, yiori | UmaxehouBia Tév Spwv Tns ué &pTio BelkTn
elvai: a3,=1 — 1 xal # Uraxohoudia Tév Spwv Tns ué TeprTTS BelkTn elvan: ayysy =—1 - —1.

* § 12. I616TnTa lll.— Ay peN xai aeR, tore ioyder :

G, > @ 4= a,,—> «

"Anbdeign. ‘H dxohoudia (a,4,) elvan Umraxoroubia Tis (a,). "Apa
o, —> O -y, > O
O& &mrobel§oupe Topa &Ti: dv &y, —> @, TéTE &, —> .
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Mpéynati, &@ol a.p — & y1& € > 0 Umdpyer Befktng vi: | Quip — | <g,
M v =y (1), Oftoue: ve=p+v,. Tote y1& kdle guoikd &piBud v = vo =
p-+v, Exouue: v —p = v, kai ouverrds &md v (1) Tadpyoupe: | (- p)+p—d | <e,
SnAadh | o, —a| < yi& ke v = v, "Apa: a, — a.

Znpeioon. *H sidrnta 11 Siarumdvetar pé Adyia mié yevikd s Efis: “H «Bwaypagip
i 1 «npocdikn» Bpov mob GviicTolody of nemspacpivo nhiifog deiktdv SEv Ennpedter M oiy-

Khon mig axokovBiog. AUTS oupPaivel, yiaTi f) iBidTnTa TS ouykhioews Wids dxoloublas
&viker oTls 1816TnTEs O oxUouv «Tehikdy. Edkoha kavels ptropel v& SiamioTdoe 811 &mo

mé T&EN kol perd, yi1& thy wpdTn dxohoubla, of dpot TV dkoloubidv (o) kad (@ + p) 8&
oupmimTTouV.

& 13. "1516TnTa IV.—Kabe svyklivovsa axorovbia elvar gpaypév.

Anhobdn: a, > a = o,, v=12... gpaypévn

*Anédeitn. "Eotw pia dkohoubic (a,) pé o, — « kai fvas =g, > 0.
Téte foyler: |, —a|<g Y& kdbe v = vy = vy(gy) Kai ouvetrds:
loay|=la—a+al S ja—al +]a <gt+lal, ¥ vzv (D)
Alaxpivoupe Topa ‘g TepimTcOoES:
(1) *Av elvar vo=1, ToTe |, | < ||+ € =¢, ¥ veN kai ouverddsd
(a,) elvan &mohUTeos gparypévn, dpa kal @porypévn.
(i) "Av vo>1, TOTE Bewpolue ToUs Spous: oy, &y, ..., &y —y Kol BéTOUME:
(PEmﬂX{IOI”,EC(z‘,...,IGVO_IE,EO+‘GI} (2)
Téte &md Tis (1) kai (2) AauPdvoupe:
la, | =9, ¥ vel.
"Apa ) dxorouBlior a,, v=1,2, ... elvar w1 gpaypévn.

Zyokio. Mk méd &wAf kai oUuvToun &mébafn elvon kai # EEfs: 'AgoU  a, - &
fwetan 8T yik e=1 > 0 Umépyet vy =v, (1): o, —a| <1, ¥ v =,

‘Omére: lav|=la—ata| = loy—a|+|al <l+|al, ¥ vZv,
*Eorte: B=|o |+ e+ -+ |a, I+ A+ ]al).
TéTe: lay| = 6, ¥ veN. "Apx &, v=1,2, ... elvon gpaypévn.

Toporpnotl. Té &vricrpopo Bév loxver wavToTe, BnAadh Umdpyouv @payuéves &xo-
Aoubies oU B¢ guykhivouv. TLY. # dkohoubia o, = (—=1)", v =1, 2, ..., & kal elvor gpayué-
v, &pol |, | =|(=1)'|=1=1, ¥ veN, & ouykhivar (BA. mpd. 5, § 9).

Elvan Emions gavepd &1 “Av pic dxohouBla (a,) Bév elvan gpoyuévn, TéTe A (x,) 6¢
auykhlver (yiari;).

§ 14. "1616TnTa V.— Té yivépevo pndevikiic dxolovliag &ni gpaypévn
elvar pndeviki) axolovbia.

a, - 0

Anhod:
WA (E)) epaypivn

}—)avﬂv—ro

*Anodeiln. "Agol ) (B.) elvan gpoypéun, Emeton &t elven kal &mwohUTws
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ppayuévn kai ouverrdss Umépyet 6 > 0: |B,| <6, ¥ veN. @y
‘E€&MAov, &gol 1 o, — 0, EmeTon &Ti yi&k ke e > 0, &pa kai yi1&
g— > 0, Umdpye Setxtns v, = v, (%) TETOIOS, IOTe V& foyUer:
[ot,,f<%,-vv2vo. @

Tére Suws, y1& xéle v = v, &md Tis (1) kot (2) ActpPBévoupe:

IavalzlavHBvl <ie=E

i}
"Apa: ap, — O.
neé 1o:
piopa 1o a, > 0 2 et 2%
keR
né :
piopa 20 a, > o L
keR

TS mwp&dto Tépioua elven ueon ouvémela TS TponyoUuevns i81éTnTas,
&v Becopricoupe s (B,) Th oTodepry drohoubic P, =k, 3 veN.
To mopiopa 2 elven dpeon ouvémeia Tol opicuaros 1, dgol (aty—ax) = 0.

Mapatpfiong. 1) "ATé 16 mépiopa 2 yi& k=—1 Eoupe: «, > a = —a, —» —a.
2) "Amo 16 oupTrépacpa ToU Toplopatos 2 ouvdyerar &Ti: lim(ka,)=k-lime,, keR

§ 15, '1&16TnTa VI.—"Av 1 (B,) sivar pndeviki axolovdio kai 1 (a,) dxo-
Aovbia tétowa, Gote: y1d kdbe v = v, eN va ioyvel :
iuvlgk'lﬂvln (k>ﬂ)
t6te 1 (@,) elvon Zriong pndevikn dxolovdia.

Ao & XM, ¥ vy

= a, >0
k>0, —>0 }

"Andderln. ‘Aol B, — 0 Emetan: yik ke € > 0, dpa kad yik —;— > 0,

Utrdpyer BeikTns v, = v, ({1_) TéTol05, o v& loyle: | B, | < —% Y& Kkdbe
v = v,
ToTe Sucs yi& kdbe v = v, = max{v,, v;} 8& foxUouv ouyypduews oi:
€
|ev| = k| By| xai IavI<T

kal ouverrds:
lay| Sk-|By] < k‘%=5 ¥ V=V
“Apa: a, = 0.
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néplapa.— Iavl g lﬁvl s M VEN

B 0 }#uv—>0.
vy = >

. - " npdv
Epappoyf,. N@ arodeifete on: a, = P =% 0.

Aben. "Exoupe :

nu3v
viifvt1

1 1 1

= e 0. "Apax a, — 0.
lovl vitv+l i vifv S i

=

§ 16. ‘I&16TnTa VIL( [didtyra téw ivoovyxdwovody dxrodovfidy ).— Teyber:

pp=a, =7, vZw

- a,-> a
p. > a xai y, > a }

*Anbbe1En. *Agol B, — o EmeTan: y1& kéde € > 0 Umrdpyet BelkTng vy = va(e)
TéTol05, GoTE v& foyver:
[By—a| <t b a—e <P, <a+E ¥ V=vye) €))
’Emions, &poU y, — o Emeton 6T Umdpxer Belktns vy = vy () TETOI05,
DOTE: .
|y, —a| <€ &= a—e <y, <ax+eg ¥ v=vy(e) 2)
*Etol, y1& kéfe v = v, = max{y,, v,, v5} 0 Exoupe:
a—e<P,=a, =y, <a+te
SnAadn: a—e<a,<a-+€ e |a—a|<g ¥ V=V
*Apa: o, — o
Iopatipnon. Mia eldikfy mepimwtwon Tiis Tapamwdve iBi6TnTas TOU TH
ouvavToUpe ouxvd elvan ) EEfs:
& B, >0 xal |, | < B, TOTE c(. - 0 (BA. kad Tlopiopa, § 15).
Mpéyuat® |a, | < B, = —P, < a, < P, kai &gol B, > 0 = —B, —0.
*Apa: a, — 0.

§ 17. "1616TnTa VIIl.— "Av 8o dxolovbics (a,) xai (B,) cvyxiivovv xai
ioyoer a,<p,, 3 veN, tote 0a Exovpe: lima, < lim p,.

AnAad: ':’v: :v” pl;_::N ] - a =P
*Andbertn. THv IBidtnTa abrfy T Sefxvoupe pé T peBodo Tiis dmarywyiis
ot &romo. "EoT® &1 elvon a>p. Ti 25 B,—~ P
UTr&pyouv vy, v,eN pé:
|u,——u|<a—;£,¥vgvl Kod (9 h]
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B.-Bl< 2By vz, @

"Apa, yi& kdBe v = v, = max {v;, v,} 8& loyUouv ouyypévws of (1) kai
(2) ol ouvemrds TpooBétovTas KaTd pPEAT AauPdvouye:
lay—a| +|B,—B| <a—p 3
‘ANG: B,—P—a,ta<|B—P-ata|< BB+ a—a| (4)
"Eron, yid kéfe v = vy &md Tis (3) kai (4) madpvoupe: '
Pyv—P—o, +a<a—PB, B8nhady: By<a,, ¥ v=uy,
AUTS Suws elvan &torro, yiati B, > a«,, V¥ veN.

*Apa: x=p

Népiopa 1o0: a, —>a - a=s
e, <s, ¥ veN

MNépiopa 20: B, > B = o< P
o < ﬂv . M veN

"Anddertn. "Aneces ouvémees Tis TponyoUpevns iSi16TnTas, &pkel v& T&-
pouue Tf oTafepry dkohoubia (B,) ué B, = s, dvtioTorxa TH oTaBepr dxoAouBic
(«,) v a, =o0.

Enpsioen. MpootEre iSiaitepa Tis mepimrdioes s = 0 kal o = 0.

¥ § 18, "I61dTnTa IX.—INé xaBe axohovlia mpayp. apbpdv (a,) ioyoer :

a > a
OG> @

]Q—ra,-ra

"Andberin. “Eotw 81t o, > kaf o,y — o TéTe ¥ > 0 Umdpyouv Beixtes vy, v,eN pé:
|y —a| <e, ¥ vy, kal |op —a]| <eg ¥ vV,
©fToupe: vy = max{2v,, 2v, — I} kai Tapatnpoupe ST1: Kdbe rpualxo"s dp1Buds v B&
elvon v =2k (&pTi05) fi v = 2k — 1 (mepiTTds). ‘OmdTe:
(@) &v v elven &prios (v = 2K), TéTe y1& v = Vo EXoUpE: 2k = 2V, mup kK = V) map | dk—x | <,

SnAabn: |lay,—a| <€
(i) &v v elven meprTTés (v = 2k — 1), TéTE yi&k'v = Vobxoupe : 2k —1 = 2v,— |l mp k = v,
= | %k-—x| <& Bnhadi: lay—a] <e

“Qove: ¥ v = v, Emeton dmi: |, —a| < e kol ouveméds a, — a.
Té dvrioTpogo elvan duéows pavepd &md Thv IBidTnTa 1 Tiis § 11.

IV. TIPAZEIZ METAZY ZYTKAINOYZQON AKOAOYOIQN
H AATEBPA TQN OPIQN

"Av (a,) kad (B,) elvon droloubies TpayuaTikéy &piBudy, TOTE, STrws pdk-
Baue kol oty dpyny alToU ToU Kepohaiou, 16 &Bporoua, §) Siapopk, 16 ywéd-
pevo kai Té TmAiko Tous efvan dvTioToiyws of dkoAouBies:
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. a,
(o + B (a=p, (@) et (32)
dmov o1y TeAeuTada mepiTtToon UtoTiBetan 6mi: B, # 0, W veN.
‘H oUykhion Tév Teheutalwy dkoloubidv kol T& &pic Tous E§apTddvTan
&md T oUyxhion kai T& Spia T&V droroubidv (a,) xal (B,).
*AkpiPéoTepa foyUouv ol Emdpeves TpOT&OES:

§ 19. 'I&1é6TRTA X. (r})‘,m «lf'fgufrrf'_f.rm.;).—'AV lim a,=a xai limp, = B, tote
onapyer 16 lim (o, + B,) xai icolrar pé a + P.
AnAadn: r lim (o, + B,) = lima, + limp,
*AnodelEn. *Agou lim o, =« Emreton 8Ti: yid ke e 0, Gpax kad yick % >0,
Utrdpyer Selktng vy=v, (-;—) = v,(g) TéTolos, ddoTe v& foyver:
loy—al <=, ¥vzy )

*Etrions, dpou ]imﬁv‘= B, Umrépyet BeikTns vy = v,y(€) oTe vé oy er:

1B =Bl <5 ¥ V2 @

TéTe Buws, yi& kébe v = vy, = max{v,, v,} 8& loyxlouv ouyypévews ol (1)
kad (2) kai ouverrdds 8& Exoupe:

¥oe>0nal v vz ve = | +P)— (B =i(x—0) + B~ P)| =

E €
= |Gv—di i [BV_BW L =ik a6,
2 2
SnAadh: CMe>03v,=ve(e): | (o, + By) — (@+P) [<e, ¥ v=v,.
AUTS onuaiver é11 Umépyer 16 lim(a, + B,) kai &t loyve:
lim(a, + B,) =« + p=lima, + lim p,.
Enusimon. Mopolpe vé SiaTuTdooupe kol pé Adyta Ty TapaTave iBi1éTnTa s EEfis:
Té Gpro tob &Bpoicpatoc S0 svyklivousdy axolovbdv elvar oo pé 1o @bporopa oV
Opimv Tovg.
Maparnpioes, 1) ‘H mapaméve 1S iotnTa émektelveTan kai oty TepimTwon Evés me-
Trepacutvou TARBous ouykAvouadv dkohouBiddv. Aniadn ToTe foyvel:
lim(a, + B, + -+ + x,) = lime, + limB, + .- + limx, (€3]
2) Mpooitte! # (1) Btv loyUa &v T6 TAfBos Ty mpooBetéwov Bév elvan TMETTEPATUEVO.
AUTS gadvetar kal &méd TS dxdhoufo dvmimapdBeayua*: *EoTw Eva elfUypauuo Tufipa AB
pé piikos Too pé T povada, T6 dmolo Sianpolue of v Toa uépn (VEN). ToTe Exoupe:

1 1 1LY 2
ST G AR b 2
*Av &\iBeve 1) (1) yi1& dmoloBrimoTe TAfifos TpooBeTéwy & Talpvane &md T (2):
i 1 1 1 o o ) I ;
1+=1lim (T+—v—+ vt T):llm—;m-lr]lmT—]— o4 llmT =0 (pevdés).

* "Eva mapdBeiypa pé 76 dmoio &moBeikvlieTan T pia mpéTaon p elvan weubts, dvo-
ualetan dvunapaderypa Tiis p.
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3) Té dvriotpogo Tiis 1BidTnTas X v &Anbeler TdvToTe, nAadn &v 16 &Bporoua
Bud droroubiddv elvan ouykAiivouoa dxoroubia, auTd 5é guverrdyeTtan Kot dvdykn 6T1 kafe-
& &’ abTés elvon ouykAivouoo drohouBic. Elven Buvatd pdhioTa vk b ouykAiver olte 1
plor olTe §) &AAn. TLx. y1& Tis &xolouBies: a, =" v=12 ... kai By = (=1)v+1,
v=12,... loyva:

@+ By=(D"+ D" = (1)1 + (=1)] =0 — 0 xai ducs xapior 86 ouykAiver.
"Exovras Tdpa Uméwn kol ThAV Taparnipnon 1 Tiis § 14 ioyve:

§ 20. "1&16TnTa XI. (o0 dagopds ).—*Av lim @, = @ xai lim B.= B, ot
bmapyer t6 lim (a, — B,) kai icobrar pé a — f.

Aniadn: ' lim (o, — f,) = lima, — lim f,

"Anodei&n. “Exoupe:
a, > o, >
BB } = p.p
§ 21. Népiopa.—Ta kade & n e R ioyder:

] Ly 0, 0B) > 5B L) Bk Pl 0P,

a, > a

B, > B

‘H &mddeiln elvan dpeon ouvémaia Tis iBi6TnTas X kai ToU TopiopaTos 2
Ths § 14, Eldik& y1& € =1 kai = —1 Taipvovpe Thv iSidTnTa XI.

} = (Ea, + nB,) > &a + np.

§22. "1&éTnTa XN, (oo yopivor ). —"Av lim a,=a wai limp, = B, tote
brapyer 16 lim (a,-B,) xei icovrar pé ap.
AnAas: lim(a, - B,) = (lima,) - (limp,).

"Anodelgn. “Exoupe:

GVBV—' GB = C!‘.B,. P urp i d‘.ﬁ = GB = a\'(pv g p) c B(c‘v W 0)' (l)
Oi drohoubies (B, —PB) xai (o, — o) elvan undevikés kad # (a,) elvan pporypé-
v (yrari elvar ouykAivouoa). TéTe Sucos Eyoupe:

(§ 14, ’15. V): Pugh "’(,) } = a,B,—p) >0
(a0,) ppayuévn
o, —a =0

(14, Top. D S 7E ] — Bl —a) 0.
€
"Apa, &é v iBidtnTa X: o, (B,—B) +Pp(a, —) — 0. AnA. «p,—ap - 0
Kal ouvetrds: «pB, — of.
“QoTe: lim(a,-B,) = a-p = (lima,) - (limB,).

IZnueiwon: ME Adyrx f) mapaméve 1éTnTa Siatumdveton ds i6fs : Té dpro Tob -
vopivou 800 cuykhivouodv axolovtdv civar ioo pé t6 yivopevo tdv dpinv Toug.
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TMapomphoss. 1) ‘H wopamwéve 1816tnTa dmexteiveran kal oThv mepimTwon tvds Te-
mepaopévou mAfiBous ouyxkAvouadv dixohouBidv. AnAadf TéTe foyver:

lim(a, Py Yy - - - X,) = lima,-limp,-limy,. . .limx, 49}
ElsikéTepe, &v k dxohoubles elven Toes, TéTe loyver:
a, = a = lim(a)k = (lima,)k = ok (keN). @

2) Tpooikrel # (1) &v loyVe &v T wAfBos TEV TapaydvTwy bév elvon Temepaciévo.
*Errlons 16 &vrioTpogo Tiis mapamwéve [Bi1dTRTas Yevikd Gév ioyxle (map&beryuas;).

§ 23. "I&6TRTa Xl (o0 7niixov ) —~Av lime, = @ xai lim, = B 7 0 xai

axopn Gv B, £ 0, 3+ veN, tote dnapyer 16 llm( ) xai iooliton pé -

B. B
AnAadi: _ lim ‘;" = _%;L

*Anddartn. “Eotw 6T 0 # B, — P # 0. Tapoarnpolue TpdTa-TpddTa 871

%:av-—ﬁl—v . "Apa dp‘xﬁ v& dmodeifoupe 6T : ﬁlv — %, dnhadn OT :
1 1
——— = 0.
Biis +Pud) <
TMpédypaT, yi& kébe veN Exouue:
| = Term=re e e PP M
*E€&ANov, &goU B, > B #0 = ¢ £> 0, &pa kai y1&k e= —ﬂ—l > 0, u-
mépyer Seictns vy=vy(e) TéTol0s, DoTe v& loxve: | B, —P| < Lgl MoV =V,
"ANAG: IBl=IB.| = |BP—BvI=IB—BI
smére: 1B1—1P.1< 121, smaast: 18,1 > 1B1— 1BL=1BL v v 2,
kal ouverrds: Tll‘<T2-—,vavo
1 2
*Apa: —_— =—, = 2
e AR T &
‘Emropéveds, &md Tis (1) kol (2), Tehik& elvan:
> 1 2
0 T Rl v [ ¥ ; 3
B TP ﬂzIB Pl V2V, ®)
*AMG B, —P — 0 (ywari B, — B) xai ;2 =k > 0. Suvemrdds (PA. § 15)
1 1 1 1 1 1 1
—ﬂ—v-——p——-roﬂb pv Fna‘nl. hmF::_ﬁ_:W._.
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TéTe Sucws Eyoupe:

o, lim o,

lim 5* = lim (cxpl—) = (imat,)- (1im ﬁl_) - (lima,)-ﬁ - T

Hopampioeisa) Té dvrlotpogo Tiis Tapamdve mpotdoews yevikk Bév GAndever.

AnAadh f Umapfn ToU lim (“") 8¢ ouvemwdyeron TavtoTe THV UtrapEn kabevds &md T&

By ;
limay,, limp,. MNopaderype: "As wépoupe ds a, = (1), v=1,2, ... kai p,= (—1)*+',
v=l, 2, ..., TéTe [im(ﬂ) =1, v® xapia &’ abtés Tl dxohoubles B¢ ouyxAlver.

2) Mpoot&te! otis tpapuoyés yi& vé kdvoupe xprion THs Tapamdve [616TnTas Tpémel
TTpoTyouRtvws vk Exoupe éacpaiica Thv Urapn Tév dplwv TéV droloubidy ToU &piBunTi
kol TapovopaaTii kal dxdun &1 16 Spio Tiis dkohoublas Tol TapovouaoTi elvar Sidgpopo &md

T6 undév (BA. mpdTo Tapdderypa ot oeAiba 34).

3) Na& kdbe dréparo &p1Bud k loyier:

0#B, > B #0 = limPk=(limp,)k =pk  (keZ)
‘H mapamdve ouvemaywysd dmoTehel yevikevon Tiis (2) mol Siatumdvoupe oty Tpd-
™ Tapatipnon Tis § 22.

§ 24-1816TnTa XIV.— "Av lim a,=a, téte drapyer 6 lim | a, | kai icobtar
pé |a .

AnAadn : | ag>a = |a|->|a] |

‘Anédargn. Zfpoupe &md Ty TpomyoUmevn T&En &Ti: ¥ X, yeR loyle:

||x|—|yJI E|x—y]|, omoTe Exouue :
|| av!—|ot!| < |la,—al, ¥ veN kai (a,—a) =0, &poU a, - a.
"Apa (§ 15, Tlopiopa): (Ja, | — | a|) — 0 kai ouvendss | a, | — | «|.
"QoTe: lim| oy | = || = | lima, |
IZnpeioon. Mg Adyia # Tapamwave 516TnTa SiotutrdoveTan ds EEfs: To Gpro tiig émo-

Avtng tpfig magovykiivoveas axolovBiag elvan igo ué thv érodven tpf Tov dpiov Tne-
HNapotnpiicac. 1) Té dvtioTpogo Tfis Tapaméve wpotdoews Bév loyvel, éxtds &v
@ =0, dnAcbi &v lim| o, | = | a| # 0, Bév Emeton kai lima, = a, xai aiTé yioti elvan Suvatd
uia dxoroubia vé& quykAiver doldTws, ywpls Sucs 1 181x vé ouyxhivel, dmws &uéows gali-
vetanl &mé T6 dxdhouflo dvmimapdBerypa: *Eotw a, = (—1)", v=1,2, ... “Exoups:
lay|= (DY =1 =1 kal dpws o, =(=1),v=1,2,... 8 ouyxhlva.
2) Eidik& y1& @ = 0 loyler f) dxdhoudn loobuvaula :

l O > 0=y — 0, > 0 6= [0y| - 0.

‘H &méBefr Tns elvon duéows gavepr) dpel vh Bupnfolpe &t | oy |=] —a, |=1| ay ||

§ 25. 1&16TnTa XV (0w pifac)—Av lim @, = a, téte ioyge :
| limv|a,|= V[a| = Viim a, ’

*AnodeiEn. (i) "Av a=0, Intdue vé& Beifoupe STt V]a, | — 0. Tpdyuart,
&pol a, — 0 émetan 611: ¥ € >0, &pax kad yi& €2 > 0 F vy =vy(e): |, | < e
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M V2V ATS ThY: [a, | <€ = V]a,| <g ¥ vEv, "Apx Via,| = 0.
(ii) *Eotw Tdpa @ # 0. Aol a, — o Eyoupe: | a, | — | o, dmdTe:
e, | — || = 0.

’E€dANou loyler:

" _ eyl = el 15, v 5510 18 V14
|lvTeT—/Tal|= VT T (lewl—la) >0 14)

Tére Spews (§ 15) efvan: Ve, | — Vx| - 0 kad ouverdss Ve, | = V]l

Mapatmphosg. 1) *ATd THY Tapamdve IBi1éTnTa cupmepaivouue éTi: 1@ odpPola lim
kai V' imipénetan va Evalldooovrar dpiotepd and thv dxokovdic a,, v=1,2,...
2) Thé yevikdk foyler: &v a, =0, ¥ veN xal lima, = a, TéTe:

k K

lim Va, = 4/lime, (keN).
o Oi iBidTnTes TOU &moBeifope oTis TponyoUpeves Tapaypdgous pds émi-
Tpémowv vé& Pplokouue Tis Opiaxés Tiués dpioutvav dkoloubidy Sy1 Paocel TOU
Spiopoy, &AA& UTohoyromiké dvoAUovTas ‘16 yevikd Tous Spo, STrws paiveTan
o1& fméueva TTapaBeiypaTa:

) 2+ dv—T 2
TNapaderypae lo. Na arodeigerte bt lim e s
Abon. "Exoupe:
4 7 4 7!
2 gt | sy TR
4 4v—-T7 v (2+ v v"’) - b v vi
4+ 1 1 = 1
v’(3+ ﬁ) 3+ =
Of dmedoudin: Bus S imeipibion B don e b LS nomes v
v v vt v v
7’ el _1’_, v=1,2, elvan &hes unbevikés dxohoubies. Zuverrdds Exoupe :
v v

]im(2-§-% ——:T)ﬁ2+0—0=2 xaf !im(3+;l;)=3+0=3 # 0.

Tére Suws, cUupova pé v iBiétnTa XIII Tfis § 23, Eoupe:

4 7 - T
ot 2ty o Wm2E5 -55)
e e i o 1 E
Ti maparnpelte;
Iapés Né érobeitee fnu: Im X — V" T1 _ o
paderypa 2o. o3 .

Aven. “Exoupe:
1 1
w1l "3(1‘T+‘VT)_L_ b=tk
v -3 2 T

2
V»(1+—v~—T I+=
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| R
"AMAG: Tim L =0 gof lim — ¥S "V _ 2 s R
vi 1 3 14+0-0 1
=
Vv 41 1 . 1]: & v15
Apa: hmm = hmTz‘ . lim — 3 =0.1=0.
I P
" Vo
Inueioon.

'ATé T& BlUo mponyoupeva TapadelyuaTta maparnpolue k&t ToU oy et
Yevik& oTis ouykAivouoes dxoAouBies: “Orar 4 Babuds toi dolpnrii eivar ioo; ué 6 Pabud
Tl magovopaoti], tére T6 xidapa Exe Gpo Fvay dolpd  moi elvar 6 Adyos Tdv currelearav
@y peyotofdbuay dowr doluntii xai magovojaatij, &vid Grav 6 fabuds roi delbunTii eivas
puegdregos and ©d Pabud tov magovouanriy, rére 6 #hdopa Exec Gpo T4 pmdé.

§ 26 Mepikés aEloonpeiwtes kai xprioipes épappoyéc.—3' Ut T
TApaYpago MeAeTEME epikés drkohouBies TToU B& wds elvon TOAY Xpnoipss ot
Emopeve, y1I’ aUTéd oUVIGTOUME 0TSV dvaryviooTn vé Bdaer  {SiaiTepn TTpocox .

n. Na arodeifere bn 1 dxokovbia a,= ', v = 1,2,.

<., Omov @ apiBpog TPAYRATIKGG
pé || < 1, givan HNdEVIKA.

AnAadn: hwl <1= g, =0 -0

"Anodeign. a) "Av © =0, TéTE o, = @' = 0, % veN xai ouvenrds o, — 0.

P "Av @ #0, Té1e 0 < |w| < 1, dmédTe J:)I > 1, 8nAadn o] — 1> 0. ©ttoupe:
e 1 =0, &mou 6 > 0. Tére, &md T yvwaTh dvigéTnTa ToU Bernoulli, &xoupe:
|w]

T:W= 140 = Jula_l'=(l +0) = 14vB> 0 = | = | " <L:_;_ ; ‘1’

"Qoe: ]u,i:]w”]-(—al__-_:.,vvet‘i.

"Apa, tmedn % — 0, &wd v iBiétnTa VI wpokitrTer &T1 kal iy dxorovBia o= w",
v=12 ... (0 < |w| <1) cvar pndevikn.

Qote: ¢ weER pt —1 <w <1 foyUer: limwY= 0,
¥ 21 "Eoto pia dxorovdia a,, v =1,2,... pé a, £ 0 3 veN. Na amodeitete b :

av+1

lim =k <1 oy

v

"Arodergn. *Agou ll’il_l -k, 0=k <1) &metcn ém1 : ¥e>0, dpa kal yi& 0<e<1—k
oy

Umdpyer BelkTns v, = vy(e) : I I%

—kl <E ¥ Vv,

"Eto1 y1& x&Be v = v, Exoupe:
| &g | i | @iy |
[yl | ey |

“Apa: law|Sela] ¥vzv, @O0<w<l).

—k+k |§i ’L:l_

_k\—f—- k <et+k=w émov 0 <w <1
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“Av Tdpa oAV TeAeuTalx oyéon Btooupe v = vo, v+ 1, ..., votp — 1, pEN kal ToAAaTAa-
i&ooupe kot péAn Tis oxéoes Tou 8& TpokUyouy, Pploxoupe, UoTepa &mé Tis oyeTikés darho-
Troifoets, &T1:
| oy e | = wP|ay | (peN)

Emeidf 0 < w<1, elvar P — 0 (cUpgwva pé Tv Epappoy 1) kal ouvetrds :
Nimeor| a, |= 0. TéTe dpeos B elvan kal Ay ip > 0 = a, -0 (PA. § 12).

* 3. Na anodeitete bt: v o€ R kai | 0 [<1, 0te: a, = vE . 0¥ — 0, (keZ).

"AnodelEn. “Av o = 0, Téte vk.w* =0 — 0. "EoTw &1 @ #0, ToTe a, # 0 ¥ veN.

*E@apudtovTas Twpa TN 2 EYoupe:

L 1)k. ¥ k
] Oviy | (V—rlz (:;+ll=( vi1 ) ) EW‘:(I-I'—I—)]"LWW SLiseThet

o, vk. v v

*Apa a, — 0, nhadn: vk.w' = 0.

Inpeivon  T& k=0 Exoupe: o, = @' — 0 (PA. *E@apuoyn 1).

#* 4n. N kaBe x e R va arnodeilete dm: lim L: =0,
v!

Enpeioon. Té oUuPoro v! SiaPdletan v magayovtixd kal dplletan s E€s:
11=1 kal v! =1.2,3--.v (y23& v > 1). Tlpogavés w4+ 1! =vi(v+1).

*Anodaibn. “Av x=0, ToTE _x_‘;. =0 — 0."EoTw 611 X #0.0éToupe a,= ):—‘; xal &youpe §
v! |

e anlixlts=riziade = X
w+DI vl [x[Pe+DE T vl w0k

*Apa: o, — 0, nAabn x_‘; = 0.
vl

lavﬂﬂ:
e |

v
¥ 5. Na drodeitere ot v a€ R+, tote oy = Va - L
*AnddaiEn. Aloxplvoupe Tis meprrdoes: (i) a=1, @) a> 1 kaf (@) 0 <a <1

v
Ma=1, ére a,=VI=1->1

v v
() a> 1, 61 a, = Va> 1, ¥ veN. ©étoupe «, = vVa=1 + &, émou §, > 0,
¥ veN.

v
*Apkel Aoiov’ vé dmodeifoupe dTi: &, — 0, 6woTE &, = Ma =1,
TMp&yuari, Exoupe:

v

Va =148, = a=(1+8) = 1 +v8>v8 =5, <a-lT. ¥ veN,

"Qote: 0<b, <« L, v veN xal E&meidn a L — 0, &meton: 8, — 0.
v v

i) 0 <a<l1, Tére _l~ > 1 kal oUppeve pé v (i) Exouue:
@

v
3 1 N —

v__l._ - 1, 8nhadn —; — 1, éwéte kal V& — 1.
«

Va

- v—
Qoe: a,=va - 1, ¥ ea>0
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*6 Yy—
T"Né& dmodeifere sn:  limVy = 1.

2v 2v
"Anédertn. M kéde veN Eyoupe: v =1 = Vv =1, &px Vv—1 2 0.

2v
Oftoupe: §, = Vv—1, v=1, 2

i 12, o0 0éTEB, = 0, % veN kai

- vy 1

\/v=1+8\,_)\ -~(1+5) 14+ v.85,> v-8, =p B, <V—=T.,¥VEN.
v

1 : 1
“Qote: 0= 5, <?u, o vEN kal trwadn 77.‘ - 0, émeTan: &, — 0.

2y

v
*Exoupe Suws: Vv=1+ 8, = Vy = (1 + 8,)%

v
*Apa: Vv=(4+8) > (1 +02=1.

*QoTe: lxm‘fv =
AZLKHZIEIE

Opdda A 15. N& &roBelfete 811 ol &mwdueves droAoubles elven pndevikés:
D v =y 1+ Vv

LAl 4) V2 - Vil
Fivii )(v+1)=‘ 3) 7 , ) M3 Vil
16. Né& Ppeite, &v Umdpyouv, T& Spia T@v dxoloubidy pé yevikd Spo:
1y e VS o '=v A B0 e
)OS s T HmEy e I
3
1142 203 —3v 4 2 Bv: + 5
4) a,= — ) y=—, 6) ay= | —————.
Laci=h ) e 5+ 7 ) S Y oA T 5

17. N& &mobelfete d11:

: Oy2 v+v—1 1 : W2 o V3,
1 57 B v ol gl 2 0 Bl
A vii4 3 g 2Tve — 4 4viv+41 2
18. Né& &moBeiete 8Ti: &v f) dxoloubia a,, v =1, 2, ... elven gpaypévn, TéTE Kkal 1
1
drorovlia B, = > Gw V= 1,2

. elvon gpaypévn kai foyver:
1
limp, = lim (T'ﬂv) =0.

L vVi—dvi vt 6 1
19. N& dTl'OEEiEETE &m: hmm = T'
" N& &moBelfete 871 ol &koloubies pé yevikoUs Spous:
_ 2] _2v+3 _1/4v-3
“=3i7z P57 Y"_t9v+5’
Exouv T6 1610 8pro, T6 dmoio kal B& Ppeite.
21.

N& Ppeite wou petaPdMAetan & mwpaypaTtikds dpiBuds x, &v:

. vE4 3 V3
hmm—}x ‘<2 5

3
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22. "Av q, P € R+, vé& &mobeiSere éTi:

In(VET AT B -9 = T4
23. "Av X€R, x # —l v& pedetfioeTe dos Tpds T oUykMon Tfv droloubia av=§?;r'1—1'
v=1,2, ... xai kaTéTw v& K&VeTE TH YpoPiy Tap&oTaon TS ouvapThoews [ pé TU-
O f(x) = lima, = lim i:—‘;i

"Yrodetn. N& Biaxplvete Tis meprrrddoeis: () | x| < 1, () x=1 xaf (i) x| > 1.

#*'Opdada B'. 24, Né& &moBeifete 61 of dxohoubies, ué Tous Emrdpevous Yevikous Spous,
elval pnBevikés:

5 3 ¥ —
i &‘%;ﬂ"-i 2) v (VAT -, 3 SWET=vE 4 v (VFE W),
v
25. N& Umoloyioete T& Spra TGV &xohouBiéy pé ToUs ETrUEvOUs YevikoUs Gpous:
1424 :-+v 124224 ... 402 By
1) ea= :zﬁi‘ 2) pv:‘—_ua——'r 3) Yv=—
v(v+1)
‘YrodeEn. ‘YmwevBupifoupe Tolus TUmous: 1+2+4---Fv=—75 "1
2, 2
G Tt E L(Ll)(s(_zﬁ"ﬂ. 1=+23+...+.,3=L";"t1)__

26. N& Umohoyioere T& dpix TGV dxohoubiddv pé Tous Emwduevous YevikoUs Spous:

21 W2 2838 TR
1) L i v 5 2) e e Ut pr ) 3) ay=Il{v+2) (v+3)—v
4) u,=('lv-+-1 — V). v-{-_;-, 5) a,=‘\/v+ V- Vy—Vv7y .

‘Yrodedn. Ztis 3, 4 kol 5 ToAAamAacidloupe kai SicnpoUpe kaBéva &’ adrtols ToUs
yevikoUs dpous ué KaTGAANAN Tap&oTAoT).
27. N& &mobelfete 612
Iim[——l— —}-—,1:.: == i +__1_]=1
Vel Vg2 Vit ’
‘Yrodertn. N& mpooféoete katd pékn Tis Tpopavels dviodTnTes:
‘/1—— = 1— = : )
Vrvo Yepr k= Vil
xai vé& dpappéoeTe Ty 1B16TnTa VII, § 16,

k=12 ...,v

28. N& &mobeifete &1 ol dkohoubies, pé ToUs Eréuevous yevikous Spous, elvan pnBevixés:

2 vl 2.l
=R ) a,= el 3 u'__(?v)—"'

&mou 16 oUpPoto v! (v TapayovTikd) maptoTével T6 ywépevo: 1.2-3...v = v!
*YroderEn. Mmopeite vé otnpiyTeite kal o 2n épapuoyd Tiis § 26.

]) aO, =

1 v
29. *Av BewpnBel yvwoTd 0TI lim(l iz _v) = ¢, v& UmrohoyloeTe T& Splx TGV dno-

Aoubidv pé Tols Emdpevous yevikous Spous:
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D oa=(1+5)" 2 o= (1+2), 3 a=(-5)" 9 «=(S )

v
30. N& &mobeifete &Ti: lim V2 +v =1.

‘Ynodergn. BA. § 26, 5n xal 6n tgapuoyr) kal Emwimhéov utmopel vé& ypnoipeloer kai 1
iB1étnTa VI s § 16,
31. “Av yié& pla dkodoubBia a,, v =1, 2, ... loyue lima, = a, TéTe vék &mobelfete dT1:

Gutat: ta,
v

limp, =a, &mov P, = , v=12, ...

loyUet 16 &vtioTpogo;

€
‘Yrodewgn. "Exovke oy, > d e ¥ > 0 3 vop=vy(e): |y —a| < 5 VY VEv,
Katémv v& oxnpatioete T Siagopd: P, — o kal v&k &moBelfete ST TeA& loyler:

A v—y,+1 €
[Boml 2 ¥ = o o A= (=) + (=) + - - - + (&ty ;=) |. "Apa. ..

Mé& vé tetdoete &v loyla 16 &vtioTpoge va mhpete s o, = (1), v=1,2, ...

32, N& d&moBei§ere é71: &v lim(ot,—a,—,) = &, TéTe lim % =
“Yroderin. N& tpapudoete T6 ouumépaoua Tiis Tponyolpevns &okfaecs.
V. MONOTONEZ KAl ®PArCMENEZ AKOAOYOIEZ

§ 27. Té povéTovo kai i ouykAion akoAouBiag.—ZTriv dpxn cdTol Tol
Kepodadou (§ 4) opioaue Trv Evvoia T povdTovns drohoubics. Eravaioppé-
vovTas ¢ ouvtopia T Sox dvamrTUEape oty § 4 y1& Tis povéToves dxoAouBles
EyOUpE:

1. (=)t (aBgovoa) =+ (¥ veN, a,Saiy)
op

= (== Sa =0, <0 0)
2. (@)% (yvneing obéoven) <= (3 veN, a, <o)
opo

= (O << <X Ly < v v)
3. (a,) ) (pBivovoca) po s (3 veN, o,=a,4)
opo

= (2= A=)

4. (a,) ] (yvnoiong ¢livovsa) ? (¥ veN, o,>a,4,)

= (0> . > >y >l ).

“Ymevbuuifoupe (BA. Tapatipnon 2 Tfis § 4) 8T y1& w& alfovoa | yvn-
ofws abfouoa drodoubia ol Ekppéoels: ] droiovbia shvar poayuémy xoi (1)
dxodovlia elvar goayuévy dvwn elvan ioodlvopes' yiari BéBaic, &pol elven
alfouoa fj yvnoiws alfovoa elvor kdTw gpayuévn. "Eva k&Tw 9péyuns Tns
elven & mpdiTos Spos Tns. Avédoya Exouue Ti yi& wi& gBivousa # yvnoiws
9Bivovca drohoubia of Ekppdoeis: «f dxolovdia elvar poayuévmy ol ) daxo-
dovlia elvar goayuévy xdrwn elvon ioodUvapes.
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*EoTw Tdpa fi dkohouBia o, =vZ v=1,2, ..., dnhad” f: 1,4,9, ...

" . £ : ¢ e ¥ = o )
v%, ... ’Emions éoTw A dkoloubia B, e v=1,2,..., dnhadn f : -5
e e TMapornpolpe & { of BUo elvan alfouc i pd
S g e parnpoupe 8T1 kai of BUo elva €5 kol -

MoTa yvnolws abfouces droloubies. "Am alTés 1) -rrp.cb-rn 8év elvor ppoarypévn
oUTe kai cuykhiver of TrpaypaTikd &pBpd (PA. wapathp. Tiis § 13 ). "AvTifeTta

! : = s dai. O IS, gl

) BeuTepn elvon pporypévn, &gol | B, | = e o erm 1 y1i& xd&fe veN.
*Akdpn -n'cxpcx“rnpo\?pe 811 1) &roroubla B, v=1,2, ... ouyxhiver ki pdAioTa
elvan limP, =lim—— +1 = 1.

TS yeyovés 61 ) aUfovoa kal gpayuévn droloublia B, = veN ouy-

v
v1’
KMvel of TpaypoTikd &pibud Té SexdpaoTe 6T loyler yevikdTepar yik kéde ol-
Souoa kol gpayuévn droloubia.

*AkpipéoTepa BeyOpaoTe TO drdAoufio dElwpa:

§ 28. Afiwpo. —Kabe povérovn xai @paypivn drolovbic npaypatikdyv api-
Oudv cuykkiver of kdnowo mpaypatikd apibpo.

ELnpeinon. Té mapamdve &fiwua 16 cuvavtdue o1& AvdTepa MaBnupaTik s fec-
prue. ‘H &méBefn Tou Spws kel otnplleTon of k&moio &AAo dEiwpa.

Eyoha: @). T6 mapamwdve &lwpa, &v kal dpop& pévo Tis povéToves dxohoubies, Sivel
pla ixaviy ouvBfkn «indofewsy Splou dxolouBias. Quoikd, TAnpogoples yi& T olykAion
dxohouBlas kal yi& T6 8p1d Tns, &v Umdpye, uds Sivouv ToAMEs &mé Tls TpoTaoEls TOU dTo-
Seifope oTis wponyoUueves Tapaypdgous kal kuplws ol mpotdoes woU dvagépovtan oTHY
gvotnTa: “Adyefoa Taw dplwr. Taparnpoupe 6T1 T6 &fiwpa abtd tEaopariler Ty Umapfn
o016 R Tou dpiov mds dxohoubias pé dpioutves Utrobéoers, dAAG B¢ uds Siver kamé EvBealn yi1&
1 e Pplokoups T piot dmwobfoTe Suws elvan onuavTikd v& §époupe 8T pia drooubia
auykhivel oTé R, yioTi TéTe Sév dmorheieTon #) «ifmagény Tiis dprakdis Tng Tinfs va 6Bnyfioer
kol oThv wedgearin Tns. AUTS gaiveTan kahUTepa oTis Epapuoyés ToU SiampayHaTEVOHaTTE
oThv émwdpevn Tapdypago.

B). “Exovrtas Uméyn Té Tapamdve &flwpa kal Tis TpoTdoss o dmobeifaue oTls
TpOTYoUpEVEs Trapaypdpous, oupTrepaivoupe &péows &Ti:

"Av M = {(a,): (ay) povérovy drolovbla)}, @D = {(a,): (a,) poayuévy dxelovbia}
={(dy): (ay) ovyxdivovea dxolovlia} xal Xy =((ay): (ay) pndevixr) dxolovbia},
téte logdovy ol €Eijs oyéaeis éyxlietopoi
i) Z,CZCe, i)y MNPCZ.

® “Apeces Twpa ouvéTEles Tou Tapamdve &Eidpatos kal TGV TopioudTov 1
kad 2 Tfis § 17 elven ol &mdpeves BUo TrpoTdoEes:

a). "Av pla arolovbia a,, v=12,... ehvar abbovoa xal Exer ¢ &a dve
podypa Ty dpbud s, tdve elvar ovyrdivovoa xal iogver : lim a,=s.
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(a)t
AnAodn: =0, >0=Ss

a,<s
B). "Av pla dxolovbia a, v=12... elvar ghivovoa xai yer g éva xdro

podypa Tdv dgifud o, téte elvar ovyriivovoa xai ioyie @ o<lima,.
1

(@) 4
Aniabn: =S q>0=0c

a,>¢ . v
. . X . v—1 . — .
Etol, m.y., f| dkoroubia «, = v=12, ... | émola, émws elko-

Aa SiamioTdvoupe, elvan alfouoa kal el s Eva dvw gpdypa TéV ép1fud 1
v—1 i 7 . . ‘
(chrri: o, = — = 1 i <1, ¥ v EN) ouykhivet o’ évav &piBud ol

elvan pikpéTepos # ioos pé 16 1. I16 mapakdTw oxfiua Blvoupe Tous TrévTE TR

5 i g " v—1
Tous Spous Tiis dkohoubias &, = J =il 2
ul
l S
1 Syefdenre d £ PEEE PP At Y Yl | M,
a B . = My
[ | M,
’ e L et = =Sl R
FA D |
r o0 1 ¥ 3 Z ] [] 7 x x 0 1 H 3 5 6 7 x
1 4y
)
Ix. 3 . Zx. 4
o ; 1 : q ;
Emions fi dxorouBia: 1 + — v=1,2,... f| omola elvan Bivouoa kal
5 3

Pppaypévn pé fva kaTw @pdypa ToV dpifud I(ylcm’: l <1+ %, VveN)

ouykAiver o’ dvav &piBud Tou elven peyaAdTepos A foos wé TS 1. 3T oxfiue 4

Bivoupe Tols EpTd TrpdyTous Spous Tiis dkoAoubics a, =1+ %, =12

Inpavuki] mopatipnon. Zépoupe (PA. mapatipnon THs § 13) 5T pie dxo-
Aoudia a,, v=1,2, ... ToU Bév elveu gpaypéun, BE oUyKkAivel o TTpaypoTIKG
&p1Bud, yiati dANEs, nAadh &v alTh ouvékAve of TpaypaTikS &piBud, TOTE,
oUupwva pé v iB1éTnTa IV T&Y ouykAivouad dkoroubiGy, B4 fiTav gpa-
yuévn, mpdyua moU elvan &rotro. Tty mepimTeon, &wou 1§ A Qpayuévn dxo-
Aovbia a,, v=1,2, ... elven xai alifovoa, dmreos Ty fvE v=1,2 ... Mpe
811 ot wdmerpiletar DeTiedn f) SANGS «ovyxdiver oTd + oo fi &koun «redver
otd +oon (16 oUuPoro + oo 1O BiaPdloupe oty dreroon). T PAPOUME U~
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Pohik&: lima, = + o0 f mé &mA& a, — + o kai SiaPéloupe: Splo «, ioo
pé + oo | o, Telve oTO 00,

v mepimTwon, émwou fi pn ppaypévn dkohoudia o, v = 1,72, « o sl
kal gdivouca, &trews .. 1 SkohouBic: —v, v=1,2, ... Ape &T1 U «(dmetgi-
Ferar dovqrindn fi GANGS (ovyxAiver gt —oon f kdun wrefver ot —oon kal
yp&gpoupe oupPorika: lima, = —o© fi mé &amh& @, - —oo (16 ouuPoro —oo
16 SiaPddoupe sy dmeigon).

*A€iZer v& TrapaTtnpriooupe 886 &1 N avTifeTn dxohoubla Tiis o, = —Vv?,
v=l,2,... dpAadf f: —(—v®) =2, v=1, 2, ... &meplleTan BeTikd. AUTO Spaws
loxuer yi& kéde drolouBia wou dmepileron feTia f) dpunTikG. AkpiPéoTep
loyUer 7| looBuvapia:

[ lim ¢, = — o «= lim (—a,) = + ooJ

Tnpeioon. “Otav wia dkohoubia dmeplletan Betiké fi dpynTiké B Aéyetan ouyrhl-
vovoa. Ipocigre! pévo Stav %6 &pi1é s elven &piBuds TpayuaTikds, TOTE 1) dxohoubio Aé-
yetan ovykAivouoa.

Tty &AAn T&En 8& pdbouue s kal &AAes dxohoubies, EkTds &mwd Tis povoToves Kal
pf gpaypéves, &meapifovron BeTiké aurioTolyws dpynTikd Kai éxel 6& Buwooupe Eva YEVIKO
&pioud ouykhicews mpos T6 + ® | —o W &rohouBias TpayHoaTIKGY dpifpdv.

§ 29. 'E¢appoyég oTic povdéToves Kai dppaypéves akolouBies.

Egappoyi In: (° Eufaddy xixdov). "Eotw # dxodoubia:

Byt Bl Egtaasyt B %))

&mou E, elvan 6 EpPabév ToU Eyyeypauuévou of kikAo Kavovikol ToAuydvou ué v TTAeUpks.

Ekoha Siamotdvoupe &1t E; < By < Ej < -+ <E, <Euy < T.., BnAabh 8T f
dkoroubiar E,, v=13,4, ... elvan abfouoa (kai pdhoTa yvnoiws).

*EE&AAov 1) drohoubia adTr elven kad wpds TG &vw gpaypévn. "Eva &vw gpdyua Tns
elvar & &piBpds ou TaploTavel TS EuPabov fvos STroloudhTToTE TEPIYEY paupévoy oTOV KU-
xho kupTol Tohuydvov. ‘H dxoloubia Aormév E,, v = 3,4, ... elvar (yvnoiws) alfouvox
kai gpayuévn, Emoptves (§28) 1) droAoudia (1) ouyxkhiver o’ Evav TpayuaTikd &p1Buod.
“Omws elvan yvwoTtéd &mé Th MewopeTpia aiTdy Tov TrpayHaTIkG &p1Bud —BnAabn 16 Spio
Tfis dxohoubias E,, v =3, 4, ...— 76 Akpue Eupadov tod kbklov.

‘E@appoyi 21 "Egte f dxohovbic @, v = 1,2, ... 71a tiv éroia Exovpe:
o, =V2 kei a,,=V2+ae, né ke veN.

Na énodeifers 6m i (2,) lvar povotovn xai @paypévn kai 6 lima, = 2.

*Anodeitn. Tp@Ta-TpdTa yevwdTar T6 tpdTnua, &v f droroubia ol uds BoBnke opi-
oTnke koA, Bniadh &v yik kdfe puoikd dpiBud v elven 2 - a, = 0. AuTd Buws cupPalver,
yiarl, &mwews oAU efkoAa TPOKUTITEL pé Téheia Eroywyd, loxte: @, > 0 yi& xéde veN.
Mp&yupary: o = V2 = 0 xai & yi& ké&moro guaikd dpiBud v elvar o, > 0, ToTE Kal
Gy = V2 a,> V2> 0.

*E€erdloupe Thpa THV (&) @ Trpds TO povéTovo. MapaTtnpolue 6T1: o <. *Apa,
&v ) dxoloubia (x,) efvon povdTovn, 8& Tpémer vé& elvan yvnolws abfovoa. "EoTw Aoy
ET1: ok <Oy TOTE 24 Ok <24 iy, OWOTE VI F ok < V2 F oy SnAGET Ckiy < kg
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"Apa, oUnguwve pé T Beddpnpa Tis TéAElos traywyfis, 6& Exoune: a, <a,., yi& k&fe veN,
BnAabn # dxoouBia (a,) elvan atfousa kal péhioTa yvnoiws.

O Beffoupe Tapa 811 7y (a,) elvan gpaypéun. *Apkel PeBalws vék Beloupe 811 1) droAou-
bla (a,) elvar ppaypévn &vew, wd kal Smaws BelEape Tapamdve fy (a,) elvon yvnoiws alifouoa.
Mé& vé& mpoodiopicoupe Eva dve ppéypa Tiis drohoudias (&) kévoule Thv &§fis oxéyn: Aév
Eépoupe &md ThHY &pxn &v # (a,) elvar ouykAivouoa, &v Bpews efvar kal kohbooupe o Té Sp1o
™S, TOTe &md THv lodTnTa o,y = V2+a, ué tpappoyn Tév iBloThTwv TV dpiwy, Talp®
voupe: lima,:, =limV2+a, = V2+lima,. *AAAG limay,, =lime, =« (§12), *Apa:
o= V2 akaiowemds e —a—2 =04 (@a—2) (a+ 1) =0. *ETreidn Suws SAa & «, >0,
darokheleTon vé elvan dpvnTikd TO o "Apa a = 2. TéTe Spcws Té 2, &mews kal k&be &p1Buds
ueyaAUTepds Tou, 84 elvan Eva mBavd Gvw gpdypa THs dkooubiag (a,). ’EAéyxoupe Tdpa
&v foylel o, <2 yi& kéfe veN. AUTé Spes guuPaivel, yiati, émews ToAU elkoha TpokUTTTEL
pé Téeix Eaywyn, Exoupe: o = V2 < 2 xal &v Y& k&molo guaotkd &piBus v elvan a, <2,
To7E Kl @y = V2 a, < V4 =2,

‘H dxohouBla Aormév (a,) elvan (yvnofows) alfousa kal & ppaypévn. “Apx elvar
ovykAfvouoa kai &mws eidape Tapamdvw elvar: lima, = 2.

‘Eguppoyn 3n: "Eote W dkolovbia a,v=12,... pt a;, = 0 kai
20,44
Uy =7?§_ Ta kabe ve N.
Né anodeigete 6m i dxohouvbia (o) elvar cuvykhivovoa xai vi Bpeite 16 Spo g,

"Anddeign. "E€etddoupe uies f (a,) elven povéTovn. Maptrrnpolue &71: o) <0y
20,+4 4
(ym-ri: a, =0 <~'~%L i iy ) “Apa, &v i (a,) elvan povéTovn, B8& mpémer vk el-
var yvnolws abfovoa. *Eotw Aowmdv &T1: ak <agy,, Snhady kg — k>0, ToTE elvan kai
Qk+y < Qkig Y1OTL &V oxnuatiooupe T Siagopd ok, — okyy EXOUME:

Sy g 20Ky +4 20k 44 1) 2(uk413- ak) L%

3 3
"Apa o, <ayy; Y& k& v €N, SnAadi 1) dxoloubia (w,) elvan atfovoa kai pdAioTa
yvnolws.
O Beifoupe Thpa &T1 1y (o) elvan dvw gpaypévn. Eva mbavd &ve ppayna s (a,)
2x+4-4
T
oty émoia kaTohfEape kdvovTas oUAMoyious dvddoyo pé aUTév TolU Kkévaue oTHY Tpon-
youUuevn Epapuoyn), m.x. & 5. *EAéyyoupe Thpa &v foyUe: o, | < 5 y1& xéfe v e N. AuTd
Suws ouuPaivel, yiati, 8wws ToAU elkoAa TPOKUTITEl pé TéAe tmaywyr, Exoupe:
ey | =0 <5 xai &v yi1& k&mwolo guoikd &piBud v elven | o, | < 5, TdTe:
Vo= 12“§+4|§ ‘av;+—4 - 2 §+4 =%
‘H drohoubBia Aoimdv (a,) elvar (yvnaiws) alfousa kad &ve ppaypévn. "Apa, olppuva
Hé 76 &lwpa Tiis § 28, f) &koroudia (a,) ouykAiver of Evav TpaypaTIKG &p18ud, foTw a. B&
20,44
3

elvan k&be &piBuds ueyaAuTepos i Toos pé 8 4 (16 4 elven pila Tijs tE10d0oEWS: X =

£8;

loxve émopévars a, —» a kal o, -« TéTe &wd Thv loétTnTa @y, =

2044
&v petafolue oT6 Spio, o = % fi 3a = 2a 4 4, SnAadn o = 4.

TPOKUTITEL,

“Apa: lim a, =4.
Mapatiipnen. ' abth Thv tpoapuoyn wumopoUue v& dpyaoTolue xai d iEfjs: Abv E&-
pouue &v f (@,) ovykAiver of TpaypaTikd &piBud, &v Suws aiTéd oupPaivel kai kaAéooupe &
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20,14
16 Sp16 Tns, TOTE &md TV lodTnTal oy = d3+ pokUTrTer, &v  petaPolue oTéd Spio,
2a+-4
o = ZX% sraadh a=4.
Zxnuatioupe Tohpa T Sixpopd:
2a,+4 20, — 8 2
dvy—4=—3 —d == == (0—-9 (€))]
*Av oty (1) Béooupe v=1,2, ..., v kal moMamAacidooups katd péin Tis lodTnTes

ToU 8& mpokUyouv, Ppiokoupe, Uotepar &md Tis oxeTikés &mAomoifioels, éTi:
2 v 2 v
Sy —4= (’3‘) (o —4)=—4 (—3—) .
. 2\
A& (T) - 0 (PA. § 26, 1n teapuoyn). "Apa &,y — 4 kal ouvemds a, - 4.

2 v
Enucioon. ATS TH oxéon: oy —4=—4 (T) Aaupévoupe:

Sty =4—4 (—g-)v=4[1 —(‘i—)'] kol ouvemds a, =4 [1 —(—i—)hl] ikiv=2.3,. .

(loxUer kal y1& v = 1). Tlapatnpolue &1 oThv TehevTaia oxéon Exouue THv Ekgpaon ToU
yevikoU Spou Tiis drohouBias ol pds Sdbnke GUVapTHOEl TOU V.

‘Egappoyn 4n: NG peretiioete g npdg To povotove kai TH olykilon v dxolovlia (a,)
T4 v éroia elvor:

1 3
a, = T(0+T)’ dmov 0 > 0, kai

1 3
Oy = T(u-v = u—) 7@ kabe ve N,

Etf ovvéxsio va Ppeite, Gv Ondpyer, 10 opo g,

Aven: MpdTa—mpdTa Tpémer vé PePanwbolpe &T1 yi&k Shous Tols puotkols &piBuols v
elvan a, % 0. Tp&yuat, alté oupPaiver yiori, &mwws oAU elkohar wpokUTTel pé TéAEIX Emra-
ywyn elvan: a, > 0 yr& kde v e N.

X+y
2

= V/Xy, 8mou x, v>0, #oupe:

e 1 3 3 A V3 y
a _T(u‘_ﬁ%) 2V a = V3, Bmesh = V3, ¥ veN.

*E€etéloupe Tohpax pws 1) dxohoubla (&) elven povétovn. “Exoupe yi& x&fe v € N:

*EE&AAOV, oUpgove P T YvwoTh duiodTnTa:

- + 2)—a=202 =0 (roi: a1 23 e 3-ab=0
Sy — &y =75\ &v = i P — (ywri: a2 =3 &= 3—-ai=s0).

*Apa: Gy = &, yik kéfe v € N, SnAabi dxoroubia («,) elven @bivovoa xal émedn
ay = V3 yi1& kdBe v €N, fj drohoudia (a,) ppdooeTan k&Tw kal T6 V'3 elvan v kéTw gpé-
yHa Tns.

"Qore A dkohouBla (a,) elvan ¢bBivouoa kal gpaypévn kdTw. "Apa elvan ouykAivou-
oa. *Eote x 16 8p1d Tns. Tote a, — x wal oy — X (PA. §12, 18, I1D). O& elvanr x # 0,

yiarl Sha T& @, eva =3, twopbveos x = V3 > 0. Tére &md Ty lodrnras
Syi :‘;- (C!, e ui) ouvdyeton 8T
v

x=limuv+,=l(limu, 1 ﬁ) = _,.12_(,(+_i_)
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EnAabt): x2 = 3. "Emweidn Spcs Ao & a, > 0, dmokheferon vé elvan &pvnTiKd TS Spro. "Apa
x = V3, Zuverds: lim a, = V3.

‘Egappoyn 51 :Na anodeitete 1 1@ kade npaypaniko apBpé x ioyoer :
0, av | x |<1
+ o, dv x>1

& av x =1

A av x=—l.
Anédeign. ). “Av x| < 1, Té7e limx¥ =0 (PA. § 26, tgapuoyn 1n). 'EBE& umopol-

lim x¥=

ue v& EpyoaoTolpe kal ds &6fjs: 'Emedn | x| < 1 Eyoupe: |[x|“+'=|x|.|x[*'<S|x|" 5nA
# dxodoubia (|x [) elvan gBivovoa kai Tpopavds gpayuévn. *Apa elvar ouykhivousa. “Eotw
a 16 dpio Tns. Téte Exoume: lim [x ["+' =[x |-lim|x |*, qA. a=|x|.a f a(l = |x|) =0

kai émedn 1 — | x| # 0 elvon: a=0.

"Qote: lim|x |' =0, éwére kai limx¥ =0 (BA. § 24, mapatfpnon 2).

B). "Av x > 1, TéTe x"+! > x¥, ¥ v €N, &nAabn 7 drxoroubic (x¥) elven yvnolws al-
Sovoa. "Edv fitav kal gpaypévn, TéTe B& Umrfipxe 16 limx", éorw o (a=1). TéTe duws 6&
eiyape: limx**! = x.limx", SnA. a=x.a f§ a(l —x) =0, éwdte a=0 (yiari: x > 1).
AUTS Spaws elvan &romro, yiai o = 1. *Apa ) droAoubia (x¥) elvar (yvnoiws) alfousa kal
H) ppaypévn, OTOTE, CUNQWYE WE TAV TTRPXTAPNON THs TpoNyoUuerns Tapaypdeov, foxver:

limx¥ = 4 o0,

7). "Avx=1, 161e X’ =1 > 1.

8). Né& x = —1, Exovue TV drohoubia: X' = (1), v=1,2, ..., f émrola, &mews E&é-
povke (BA. mopad. 5, oed. 23) Bt ouykAiver

£). "Av x < —1 m&A A dxohoubia XY, v € N B¢ ouykAiver. Tlp&yuaT!, &gol x < —1
Exoupe |X|> 1 kafi x =—|x|. Oéroupe a,=x¥, v=1,2, ..., 1é%e EXOUME:

a, =xX'=(=1)".| x |[%. ’Emeidn | X [> 1, oVupwve pé Thv mepimrwon (B), foxve: | x [Y—>+ w0
Kal ouvemrds: | X | >+ o kal [x |21 - + 0. TlapaTnpoUpe Topa 6T1:

Gy = (1) x = [x|?¥ >+ 0 «kai Ogimy = (1)1, | X M-} = | x | > —c0.
Zuvemds 1) dxooubla a, =x', v=1,2, ... B ouykhive.
"QoTe: Gv x = —1, TéTe 76 limx” 8év Umdpyer
ALKHZIEIZ
‘Opdda A, 33, * "Eotw f dohouBia o, v=1,2, ... pé:
=1 xai o, =VI+ a, yi& k& veN.
Né& &modeifete 61 1) (a,) elven yvnoiws avfouoa, gpayuévn kal &ti: lima, = ins_

3. N& pehetricete s Tpds TS povdTovo kal TH oUykhion TAV dxorouBia (a,) Y&
THY omoia elvan: o, =1 kai oy, = V2a, yi& kdbe v e N. I14 ouvixela vé Ppeite, &v U=
Tapxe, T6 8p1d Tns.

“Yrodewtn. "Onoix épyacia W’ abtf wol dxohouBficape oTiv tpappoyd 2 Tis § 29.

35. N& peherrigere s wpods 1O povéTove kai T oUykAion THv dkcAoubia (o) yi&
TV ol elvan: o, =5 kat o,y = Vda,+ 3. “YoTepa vé Bpeite, dv UTrdpyxel, TO 6p16 TNS.

‘Yroderdn. 'EpyoléucoTte Smes oTrv mponyoupsvn doxnon. “lows TapoudiaaTel #
duéykn vé BlamoTdoouts 6T1: o, = \/:i_‘ylél k&be v € N.

36. "Eotw fi dxohoubia a«,, v=1,2, ... pé o, = 0 Kkai

3a,+41
Cyiy Z% Y& ke veN
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Né& &mobeifete 811 #) dxohoubix (&) elvan ouyxhivouoa kol vé Bpeite T6 8p16 Tns.ITH
ouvéyeia vé EkppaoeTe T6 viIooTd Spo NS oy GUVapPTTOFL TOU V.

“YrobeEn. "Opowx dpyaoia W auTh ol &xohoubiooue oThiv tpapuoyn 3 Tis § 29.
‘Opade B. 37. “Eotw fi dxoroubia ay, v = 1,2, ... pé o, =8> 0 xed

< S =—%—( oy + 2—:). Y veEN, émov 0 <A < 6.

Né& &mrobeifete 6T1 f) dkohouBia (o) elven ouykhivouoa kol v& Ppeite T6 6p16 TNS.

"Yrodeign. "Oupotx fpyacia p’ alth moU droloubfoaue othv tgoppoyd 4 Tiis § 29.

38. Né& pehetfioere s Tpds TO povéTovo kal T olykhion Ay dkohoudia (a,) y1&
Ty émoia elvan: oy =—3 kal Ay = &:r‘,s—_él yi& kéde veN. I ouvéxeia va Ppeite, &v
Umrépyet, T6 6pié Tngs.

“YrobeiEn. ‘Aol mpéidTa Beifete 811 ) (o)) elven abfouow, UoTepa va PpeiTe 16 &pro
Twou 8& Exer, &v oupPaivel v& elvan ouykhivouoa kal oTh ouvéxelx vé &modeifete 611 & dpt-
Buds ou Ppibnke odv mlavd Spid Tns elvon Gvw epayua TNS. “Apa ... KTA.

39, *Eotew # &xoroubia a,, v=1,2, ... ué yevixd po:

a,= VY (Vv +1-vv)
1

Né& &moBelfete 6T1 | (o)) elvan yvnaoics alfovoq, pporypévn kal éTi: lima, = -5

1
‘YrobarEn. Tpdta &m 8Aa va dmobeffete 6112, oy = V:-_l .
b +i1
40. N& &moBelfete &1 f droroubia a,, v=1,2, ... yr1& Ty émola elven:
gy =a+al kal o =a Smov 0 <cx§-l-,

elvar yvnolws abfouoa kal &1 ouyrhiver ot pikpdTepn pila Tiis tEodoews: (2—t+a=0.
‘Yrodertn. ‘Epyalépacte dmws kal othv &oknon 38 updvo mwol y1& vé &mrobeioupe
811 Ay (a,) elven dve gpayutvn, 8& TapougixoTel Tows f dvdykn v& BiamioTdooupe, pé Era-

yoyh, ém éAa T& @, dvar =5 -
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KE®AAAILIO II

EIAIKEEZ KATHIOPIEZ AKOAOYOIQN
NMPOOAOI

§ 30. Eiocaywy.— Z16 mponyolUuevo kepdAaio Opicape Thv Ewola THs
&rohoubias kai &mroBeiaue Tis kupidTepes 1816TNTEs TV dkohoutdv. 2’ aUTo
TO kepdAaio B& peAeTricovpe  TPElS  eibikés koTTyopies dkohoubidv Trou Tra-
poucialouvv iBiaitepo Evdiagépov oTd MafnpaTikg. € kaBepid &mwod Tis korn-
yoples alTés durikouv dkoAoubies ToU BUo Siadoyikol Tous Spor guvBéovTan
petafl Tous pé pia &dvaBpopikn oxéon, f) dmToia TEPIYpdPEl TH) XXPOKTNPITTIKT
iB16TnTa OV EYouv of Spor Tous. Avdhoya pé TR XopakTnpioTikh ouTr| i516-
TnTa Slaxpivoupe Tis dkoAoubles TToU dunkouv oTis kaTnyoples alTés o€: doub-
LNTIES, Gopovixis xai YEMUETOIES TMPOOHSOVG .

[. APIOMHTIKEZ TTPOOAOQI

§ 31. "Opiopoi.— "As Bewpriooupe Ty dxoloudia:

< PR A B O

TMapaTnpouus 8Tt k&Be 8pos Tns, &rd T6 Beltepo kal peTd, TrpokUTTEL &V
Tpoobéooups oTdY TponyoUpEvd Tou Eva oTabepd dpiBud ol oTAV TTPOKEIMEVT)
TepiTTwon elvar & dpiBuds 4.

*Emrions, &v Gewpricoupe THV dkoloubia:

10, 7, 4, 1, -2, -5,
TratpaTnpoUpe TEAL Tros kéBe Epog TNg —EKTOS QUOIKG & TOV TTPRTO— TpOKU-
el &v TpooBicoupe OTOV TTPOTYOUMEVO Tou TOv Gpifud: —3.

BAémroupe Aoimrov Trods Utrdpyouv dkohouBies pé Ty iBdtnTa: Kébe Spos
Tous, &md TS BelTepo Ko peTd, TrpokUTITEL &V TTPOCBECOUNE GTOV TTPOTYOUNEVO
Tou Eva oTabepd &pibud ToU TéV Abpe Adye kai TOV cuuPolifoupe cuviifios pé
T4 ypdupa . Tis dkoouBies pé abrn v iBi16TnTa Tis dvoudbouue dpiBpntikiég
npoddovg. Tho yevikd pmropoupe v& Troupe Twpa 6Ti: Mia dxolovlia:

o R T I TR )
0d Adue bt elvar pia apBpnrikf tpdodos, tdre xal pdvo Tote, dv dndoyer doll-
puis @ térowes, dote vd loydec: -

0y =0, + 0, naxide v=12,... @
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Oi 8por Tis dxohoubics (1) Aéyovran dadoyixol dgor Tiis  &pibunTikiis
TtpodBou kal & a, AéyeTat wootds Goos fi foog v-rdfews Tiis podbou.

Mia &piBunTik TpooSos AbyeTon émions kol npdodog katd Swwgopd, yroti
&md T (2) Exouue:

Uy O == U= Oy — Xy =+ + = Gy — &, = - - - = @ (aTcBepd) 3)

‘H (3) uds 65nysl v&k Swooupe yi& Thv dpiBunTikr mwpoodo kal Tév EEfs
loobUvopo Spioud:

*ApOuntiky npéodog (7| mpbodog katd Sragopd) slvar pia axolovlia dodd-
uiw, mob dvd dmotodiimore dadoyuxol Tng Boot dragégovy xard Tdv o dobud w,
6 omoiog Aéyerar Loyog tijc dofu. mooddov.

*Amd Tév Trapamdvew Spiopd oupTepaivoupe Tapa T& E6Rs:

a). "Av @ > 0, T6Te O,y —a, > 0, SnA. o,y > «,,  veN. Zuverd,
v w > 0 f &pifu. mpdodos (1) elven yvnoimg abfoven (Spx kai oalfousa).

B). "Av @ < 0, TéTe sy — &, < 0, 8nA. oy <a,, ¥ veN «xai guverdds
A (1) elven yvnoing gbivovea (&pa kal gdivouoc).

Y). “Av @ = 0, TéTe o,y = @, yi& ke veN, Snhadn f) &piBunTikn Tpdo-
8os elvan pic oTafepr) &kohoubia kai ouverrdss 7| (1) elven TéTe ouyypdveg Kai
aitovsa xai @Bivovea.

*Etal, .Y, 1| wpdodos: 3,7, 11, 15, 19, ... elven yvnoiws alfouoa, émedn
w=4> 0, tvid 7 Tpdodos: 10,7,4, 1, -2, -5, ... elvaa yvnoiws ¢bivovoq,
yiarl 866 elvan: w=-3 < 0.

IAIOTHTEZ THZ APIOMHTIKHZ TIPOOAQOY

§ 32.°1616TnTa L.—'0 viostég Gpog @, o pia apibpnuki npdodo, mod Exel
npéto Gpo 16 @, kai Aéyo ®, Ppicketar dv otov mpiito g Gpo mposBicovpe 6
Tivopevo tod Aéyov i tov apbpo, 6 dmoiog Ekppaler to mhijBog tdvV mponyoupé-
vov tou dpav.

AnAcdny: \* veN, a, =a, +(v— Do 6]

Anddertn. ‘Ao TAV duadpopikh oxfon (2) yid v=2,3,...,(v—1)
AopPdvoupe: oy =a; + W, Ag=04 + @, G=03 + W, ..., &, =y + @.

YAv Tdpa Tis oyfoeis alTés Tis TpooBéooupe kaTd péAn kal Siaypdyoupe
ToUs kotvols Spous TroU Eugavifovton oTd SUo péAn TpokutrTer 1) (1).

Inpeimon. Mia mé adornpd &mdbein yiveron pé ) pébobo Tiis TéAeas Emaywyis,
s E€fis: Ma v =11 (1) wpogavds loxUer. *Eotw 611 loyxte 1y (1) yi& v =k, SnA. Eotw 8Ty
foyver: ag =a, + (k—1)-w@

TMpooBéToupe kai oT& BUo péAn Tijs Teheutalas oxéoews TO w kal Exoupe:

ag +w=0 + (k—1Dw + w

*ANAG: Ak + W = Qkyqy

&wéTe Exoupe: Ok =0 + ko =0y + [(k+ 1) —1]w
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BnA. ) (1) foxle kad y1& v =1k 4 1. "Apa, oUpgwva pé T piBobo Tiis TéAeras braywyiis,
f (1) loxuer y1& kdbe v €N.
‘Egappoyn. Na Ppeite 16 150 dpo tiig apdp. mpoddov: 7, 154 23, 31, ...
Abon. “Exoupe: o, =7, w=15—-7=23—-15=31-23=8, v= 15, By =}
"Egappdiovras Tov TUTo (1) Pplokoupe:
=7+ (15—-1)-8=7 4 14.8 =119,

Hapatnpiosc. 1) "Awé thv BiétnTa 1 ounmepaivoups &11: pia &piBy. Trpdodos elven
Tehelwos Spropévn, dTav Bivovten & mpdTos Spos TNs o = a kal & Adyos TN w, yiati ToTE
ol &por Tng O& elvan:

los &pos, 205 8pos, 305 &pos, 4o5 Spos, 505 &pos,

o a4 w o+ 2w o+ 3w a 4 4o,

2) 'AT6 Tév TUMO: o, =0 + (v — 1w ouvdyetan Tii &v yvewplloupe ToUs Tpels
&méd Tols &piBuols «,, &, v kai w pwopolue vé Tpoodiopicoupe kai TOV TéTapTo, dpkel vk
tmiAUgoupe plav iicwon mphTou Paducl. “Etor Exoupe Tév TapakdTw Trivaka:

ay, v, 0 a, v, @ ‘ &y Gy v (- (o
| o, — o u.‘—;l + w
ay=a;+ (v-Dw| og=a,—@v-1Dw L L e IR
‘ 1
3) "Av y1& pia droroubia a,, v=1,2, ... loyvet: o, = a; + (v—1)w, 3 v eN, TéTe

i (o) elven pla &piBunTikh wpdoBos. MpdyuaTy, TéTe 8& Exoupe:
¥ VEN, a,y, = a + v

LI _
¥ vEN, & + w=a + vl => ¥ VEN: Oy =ata.

¥ veEN, a,=a 4+ (v—1Dw = [

4) "Exovras Umdyn TAv mapatfpnon 3, f iS1dtnTa | Batumdvetan mé yevikd g
E6fis: "Avayxala xai ixavij aevlijxy yud vd elvar dollpnrixg avdedos i idyo o pia dxolov-
Bla ay,v=1,2, ..., elvat 7j: ay = a,+(v— Do, ¥ véeN.

* § 33. Népiopa.—Av pia dxokovbia a,, v = 1,2, ... civar apOpnuixi npoo-
dog pé Loyo , tote yid xale v, pe N pé p<v ioyiovy:
) a.,=a + po
iil) a,=a._, + po
iii) a,_, = a, — po.

‘H &modeifn iis (i) wpoxdtrrel duéocos dmd T oxton a, = o + (v— Do,
&pkel v& Béooupe v =1 + p. MN& vé dmodeifoupe Tis (1) xai (iii) TopaTnpoUpe
611t Ay=0 + V—p—Dw=0o; + (v— 1w —pw = o, — pw,

SnAedn f (iii), kai ouvemds: o, = a,_, + pw, dnAadn 7 (ii).

§ 34. "1616TnTa Il.— "Av pia dxolovdia a,v=1,2, ... sivar aplpn ki

npdodog pé royo , tote Y1 kabe v, pe N pé p<v ioyoer :

Oy + 0y = + a,

"Arodertn. "Apeon ouvémeia T (i) kai (iii) ToU TapoTrévw TopiouaTos.
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Taparipnon. ‘H mapaméve Bi1dtnta Sietumdvetan ouyvd os i6fs: Z¢ memeoaoudvo
p n

adijoc dadoyixdy Spow uds dodunrizis mpoddon, Té dbgoropua Sio dowy ot «ioanégovy)

amd Tovs «dxgovsn dgovs elvar ico pé v6 d@lpotopa Tdv wdzpwvn dowv.

MpaypaTikd, &v wépoupe ToUs v TpdToUs Spoves ey, o= Wolagag o s f L i
Ayepy Aymy, Oy THg EprBUNTIKTS TPoGBOU (a1,) TOU Exer Adyo w, TéTe of Spot g, kai &, elvat
ol «é&kpow Spoy, #véd ol dpor oy, = Oyig Kb Qyy, YA k& p=1,2, ..., v—2 elvar alrof

ToU «loatéyouvs &Trd Tous «dkpousr Spous. AUTO gupPaiver, yiari &v dvopdooups Oy Kl o
Tous pous Tiis mpodBou (a,) ToU «loaméyouvs &md ToUs edxpousy Spous o Kai o, GvTi-
oToiyws, TOTe Té WAfifos TdY Spwv ol elvan peTd &md TV 8po a, elvat: v—x, #vd T
TAfifos Tév Spwv ToU TponyeiTar &wd TéV Spo oy, Elvan: p. "Apx B& TpETEL: vV —X =}
kal ouveTdds X =v—u. “QoTe ol &po1 mou loaméxouv &mé Tous dxpous dpous a, kal a,
elvon dvmioToiyws of: ay., Kaf a,_,. "ETot, T.X. ol Spor @, kai o, foaméyouv &wé Tous o
xai @, dvTioToixws. *Emions ol: oy xal oy, o kal o, K.o.K. ’loxuer Aormrdy:
o+ Oy =0 + Mg =0 + Ay = 4. =@ + &,

Mposigte! Té dvtioTpogo Tiis IGidtnTas 11 Sév loyver mavtote. "Evon, vl y1& TH Sio-
Soxn 2,7, 5, 10 foyler: 74+ 5=2 + 10, dpws ol dpifuoi: 2, 7, 5, 10 v elvan Gpor &p1Bun-
TIKfis Tpoddou.

Enpeioon. *Av 16 mAfifos Tév v TphTwY Spwv Tiis &piBunTikiis TpodBou elvan TEpITTS,
ToTe UTdpyer «pecaiog Bpogy, SnAadh Spos &mwd Tév moic Tponyeiten kol Emetar 16 1810
TAf80s Speov. I’ alTh) THY TepimTwon Té &Bpotoua TEY &rpowv Spwv loolTar ué 16 SirAdolo
ToU pecaiov Spov. “ETol, &v Bewpfiooupe ToUs mévTe Spous 3,5,7,9, 11 wds &piBunTikiis
mpodBou, Exoups: 3411 =5+ 9=2.7.

§ 35. "1616TnTa lIl.—"Avaykaia kai ikavi ovvdikn 116 vé sivon pia daxo-
Aovbia o, v=1,2, ... épOunuii npoodog civar 1 :

| 20.=a, +a., =23, ...)

*Anodaign. “Eotw 871 1 dxkoloubia (o) elven plee dpiBunTik TpdoSos pé
Aoyo w, TéTE ,clppuova pé Ty Spiopd ol Swoape oThY § 31, iad k&fe v = 2
f& Eyoupe:

e
oy — &y = 00} = Oy — =, — &,y = 20, = Qyy + Ayiq ¢

"Avtictpope, fotw ST ioyla fy (1), 8& GmoBeifoupe ST1 ) dkohoubla

(a,) elven pia dpBunTikn Tpdodos. Tlodypar, &md v (1) #youpe:

Oy — Qg =0y — &, YI& k&0 v=2,3, ...
Toéte Suws, oUnpwve pé 16 Belmepo Sproud ToU Bdoaue Yi& v &pifunTikn
mpéobo, ) drohoulia (a,) elven dpiBunTikn Tpoobos.

"Augon owvémeia THs ToapoTdve TPoTaoEws elvan TO Emdpevo TopIopa:

§ 36. Népiopa.— Avaykaia xai ikavi) ouvOikn, 1& va civar tpeic dpr-
Opoi a, B, v dradoyikoi Gpor pmidg appnukijs npoddov sivar 1 :

2’ ot TV TepimTwon o6 .B:Oﬂ Abyetan ambpnukég pésog TOV o

2
kol y.
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o yevikd: dv #xovpe v dolbuods ay, a,,: - -,a, dvoudlovus apmbunniké péco
T v abrdv Gollucy, zal v magotdvovue pé My, tdy mpaypuried dolud :

sl n ke
v

M, )

"Egappoyi. N& npocdiopisete tov apbpo k, dote oi tpeig apbpoi :
3k—7,k+2,12—2k
va elvar Sradoyixoi dpor dpbpnnikiis npoddov.
Aben. ZUpgwva pé 16 Tapatdvw Topiopa Tpémel vé& loyle:
2(k - 2)= Bk —=T7) 4+ (12 — 2k) &mwé v dmoia Ppiokoupe: k = 1.
Ma k =1 Ppiokovpe 611 Tpeis Spor Tiis wpoddou elvan: —4, 3, 10.

§ 37. "1&16TNTa IV.—Té dlpoopa £, = a,+ay+- -+, tdv v nphrov
bpov pidg apbpnukils npoddov pdg 16 diver 6 tomog:

, = El__'f_';i)_v_ ¢))
*Aroderln. N v &modeifoupe THY 1Bi1dTnTa aliTh, 8& oTnpiyTolUue oThv
I8iomnTa 11 (§ 34, mapatipnon).
lpdpoupe Tp@dTa: Z,=o; + &y + 0ty + -+ + &Xyop + Ay + @,
Kol EmerTac: D - R . P e e T
TpoobéTovTas Tis Suo alTés iodTnTes kaTd péAN AcpPdvoupe:
22\,: (ul = Gv) < (0‘2 +qv~1) S gy (qv—l +°"2) - (va+dl)
fi dmad oy +a, =, + oy = =y + G =a, + & (cUupwva pé THY
18167, II) kai ol TopevBéces elvan v, B& Exouus:

Qo) v
25, = (& +0,) v - I, = (_lf_zf)_.
“Aoknon. N& &mwobeifete Tév mapamdvew TUTo (1) wé TH wébodo THs TéAeias Emaywyiis.

Népropa.— To @bpowopa I, 1dv v tpdtov dpov pdg dpbuntikiis npoddov
ouvvaptijoel 1ol npdrtov dpov a; = a, tob Aéyov o kai tod mhfjBoug v TV Gpwv,
pic t6 diver 6 tomog:

_ Re+(v—1Do] v

z, - @

IMapatfipnen. Of &Vo Timor:

o + o)-v
ay=a, + v—1Dw xal I, = (—‘27)—
TepiExouy TEVTE &YVvWOTOUS, TOUS: o), &, @, v, Z,.

“Av, Aordv, uds Sofouv of Tpels & alToUs ToUs &piBuols, TéTe ol BUo Trapamdvw
TUTo1 &moTedoUv ovoTnua Buo tfiowoewy pé Suo &yvwoTtous. Alvovtas altéd Té oUoTnua
Pplokouue TolUs &AAous BUo &pifuols.

51

WniomoBnke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkrg



‘Eguppoyi. 'O mpdtog Bpog mlis dmBpnmixfic mpoddov elvar 2 xai & ivééxatog 92. Né
PpeBel 1 npdodog abth xai 16 GOporopa 1@V 20 rphrov Gpov e,

Aven. "Exoupe: o, =2, 0,; =92, w=;, Z,=;
AT Tédv TUTO @, = 0y (v—1)w Exoupe y1& v=11, 92=2410-, &md T &molo: w=9.
"Apa 1) wpbobos elvai: 2,111, 20, 29; 38, ...
2 -1
‘E€&AAou &md TéV TUmMO: I, = [-a—T—(Vz—)W] = yi& v =20 AapPdvoupe:
+ 19.9).
Sy ST L 55y

§ 38. MNapepBolr apiBunTik@v évdiapéowv. —a) ‘Opopoi. AlvovTten
8Uo &piBuol o kal B. O u dolbuol ,, zy,. . ., z, Ayovrar api@pnukol Evérape-
G0\ 1@y a xai f, Tore xal pdvo e, dv of dolfuol:

(o e R R
elvar duadoyixol Soor Golunrixiic mooddov.

Hapepforn p apbpnukdv Evdiopéoov peTafl TGV &pBudY o ko B dvo-
M&Zouue THY elpeon p &pIBU@V: Xy, X,, ..., X, TETOlV, C3O0TE Of: o)Xy, X,

-3 Xy, P v& elven Sradoyikol Epor &piBu. TpodSou.

B) To mpopinpa tfis apOpnrixiis mapepPoriic. Nd nagepfinlotv p dob-
pnrizol évduduecor petakd Taw Golducw a xai B.

*Enidven. Né& véd Ppolue ToUs p &p1funTikoUs évSiautoous elven pavepd 811
pkel vé& Umroloyiooupe 16 Adyo ' Tiis &piBu. TpodSov, oThY Smofa dviikouw
oi &pifpol: «a, x,, x,, ..., x,, P.

‘O P xaméxer v T&En v = + 2 kai ouvemdss (§ 32) 8& Exoupe:

A .
s G

P=a+(@+2-Do'=a+ @G+ Do’ = o

‘O timos (1) dvoudleton thmog mapepPorii aplpnukdv Evdapicov A
moé olvtopa thnog tijg amOpnukiic napepporiic.

"Agol, &mé Tév TUTro (1), bpioaue T6 «Adyo mageufoiiicn w', ol &p1Bpof
oy InTaue elvai:

B—«a
+1' T E w4+ 1

‘Egappoyfi. Na napepPadere 7 apibunukodg iviiepioovg petako todv apbudv 9 kai 41.
Abom. ‘O Timos (1) Tfs §38 wé P =41, a=9, u=7 Biver:

_41-9

S T

kal &ror ol &mbpol: 9, 13, 17, 21, 25, 29, 33, 37, 41 elvan SiaBoyikol Spor  &piBunTikijs
TpodBou.

n=a+4+ — th—cx—|—2‘3 =a + U

§ 39. Zuppertpiki mapdoTtaon évég memepacpévou MARBous Spwv

HiGis apIBunTikiis Mpoddou.—ri& vé Trepiopiooupe Tous dyvdoTous Tov Eupavifovta
ot Bidgopa TpoPArjuaTa &piBunTikéy Tpodswv, IBiadTepar STawv pds Siveton 16 &Bpoigpa T&Y
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&p1Budov ou elven Braboyikof Gpor mds dpifunTikis Tpodbou, elvar okdmiue v& Exoupe UTdyn
Tis EEfjs BUo mEpITITOOES:

Mepintman In: To alfiog t@v dyvoatwv dpov elvar repitod.

“Otav InTeitan vk PpoUpe éva meprTTéd TAfBos dpiBudv, éoTtw 2v - 1, (v € N) mou
vé elvon Siaboyikol Spor &pifunTikiis Tpoddou, TOTE gupgipel vé Tous oupPoliooupe ds EETs:
X—Ve, ..., X— 20, X — ), X, X + 0, X -+ 20, ..., X | v,

&mou X elvanr & «pecaiosr kal w & Adyos Tiis dpifp. Tpodbou.

Mepintwon 2n: To nhijbug thv dyvootov dpmv civar dprio.

"Otav fnTeitar va Ppoupe Eva GpTio mAfifos dpiBpdv, éoTw 2v, (v € N) ToU v& elven
SiabBoyikol dpor &piBunTixfis mpodbou, ToTE, Ewerdry Umépyouv BUo «pecaiom Spor Tous O-
Tofous TapioTdvoupe pé: X —A kal X + A, OméTe & Adyos w Tiis mpoddou elvan: w =
= (X + A)— (x —A) = 27, ouuPorifoupe Tous &piBpols s EETs:

X—(@Qu—DA .., x=3 X=X+ NANXx+3...,x + (2v— DA

Mpooigte! 27 altd THv mepimTwon 6 x dév elvan dpog Tiis &pi1BunTIKijs TpooTou.

‘Egoppoyn : Na@ Ppeite tpei apbpoids mod va eivar Sadoyikoi dpor apiBpunuikiic mpo-
6d0v, &v 10 &Bporopd tovg elvas 33 kai t6 ywopevo tovg clvan 1287,

Abon. "Av mapacTiigoupe pé X Té6 peoaio dpiBud xal pé @ Té Adyo Tiis mpodbou,
ToTe ol Tpeis dpiBuol B& elvan: x — w, X, X + . Zuverds B& Eyoupe:

(x—w)+x+ (x +w)=33 [ 3x =33 (N

(x—w) - x - (x4 w)=1287 ] | X(x*— w?) = 1287 2
‘H (1) diver &péows x = 11. Tdte, Abvovras M (2) s Tpds w, Exoupe: w=+2.
"Apa ol dpiBuoi ou InTaue elvar: 9,11,13 f 13,119,

§ 40. Mepiké afioonueiwTa kai xpricipa @Bpoiocpara.— =’ alth ThHY
Trapdrypogo UtoAoyifouus pepikd dfloonueinTa dbpoicpaTta kai ouykekpipéva
16 &bpoiopa TéV k Buvdpewv (keN) Tév v TpwmTwy Quoilkd@v dpifpdv. T&
&BpoiopaTa altd 8& pas elvar TOAU ¥prioia oTé émopsva, Y1’ alTd oUVIOTOU-
pe oToV dvaryvidaTn vé Soer iBiaiTepn Tpogoy.

OéTtoupe:

S [k L0k 3k L.k (keN).

opo

N& UmoloyioBolv t& Z,, 2, Z,.

a). ‘Yrokoywopog tob Z,. Elvanr : Z, =1 +4 2 4 3 + ... + v. TlapaTtnpoupe &uéows
8T1 16 Z; elvan - v &hporopa TOY v mpdTwy Spwv Tiis &pibu. wpoddou pé o, =1, w =1 kai
o=V

TApa: I, = (% -4—20(\.}\2 = (1 + vy - i(‘i %,,IL.

2 o 2
' 1
“Qare: E = 142434 v = "“’; 2 : m
B). "Yroloywpog tod E,. Eivan: X, = 124224+ 32 L ... L v2, BewopolUpe THY TAUTOTNTA ©
(x 1) = x4 3x2-3x04- 1, &md v bmrola y1d x =1, 2, 3,-- -, v Taipvoupe:
2=1% 4 3.1* + 3.1 41 *Av wpooBéooupe Tiy fodTnTes avTés kKatd péAn kal Sia-
322 3+2°  3.241 | ypdyoupe ToUs kewols Spous Trou épgavifovtan oTd dUo
4 =73% + 3.3¢ | 3.3 11} pédn, Ppioxovpe: (v+1)* = 3(1%+22 4+ ... tv?) +3(1+2+
........................... s V) (vt 1), dméTe:r (v 1) —(v+1)=3.%, + 3.3,
(1) =¥ L3.92 3wl
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*Amé THv Teheutala oxéon, & AdPoune méyn kal THY (1), Pploxouue éni:

1
2*=l=+2*+32+”'+v2=w3(&—)- @

¥). "Yroloyiopdg tod L,. Elvan: Z, = 1+ 23 L34 . . . v Oewpolpe THY TOUTSTATA:
(x+1) = X1+ 4x3 4+ 6x2+4x+1, &wéd THv dmola yi& x= 1,2, siqy ¥ TaipvounE:
21— 14 44.134+6.12+4.14+1 *Av Tpoodtooupe Tis lodTnTES autés katd pédn Ppi-

1 =2114.294-6.2244.2+1 OKOUHE :
W Lok et iy e v+ 1)¢ = 145, + 65, 45, +v, bméTe:

v )= vt - 4P 6. vE 4 vt v+ 1) — v+ 1) = 43,1+ 62, 4z,
(v+1) T
*Amd THv TeheuTala oyton, &v AdPouue méyn Tis (1) xal (2), Pploxoupe &mi:

E, =142 4344V = (——"“’:” ) = )

“Av EpyaoToUpe s kal TPOTYOUREV®S popoUpe vé Umrohoyigoupe 16 Z;, UoTepax

16 I; K.OK

Tmpeioon. Of tonor (1), (2) kai (3), propodv va dnoberytobyv pé T ptBodo tiig Eherag Emayoriic.
*Egappoyr. N@ dnoloyioete to GOpoiopa :
E = a*+(a+0)+@+200+ - - - +lat+v = Dol
Abon. "Exoupe:
S=vat+ 20l + 244 (= D] + T2+ .-+ (v— 1] ™

‘A NAG: 1+2+.._+(‘,_1)=_;_ viv—1)
12422400 4 (v-1) = _‘6_ wiv—1)(2v—1) (yeti;)

kai ouvetrdds f) (*) yiveran:

Z=va? 4+ v(v— Daw % v(v—1) 2v— Dw? “

ALKHIEIZL

‘Opasa A" 41. Né ypéyete ToUs dkrdd mpaatous Spous Tiis &piBunTikiis TpodBou, Tiis
Srolas & wp&Tos Spos kai & Adyos elvan piGes Tiis Eflocaews: x2—-5x +6=0.

42. Né& Ppeite 16 Adyo w Tiis &piBunTikiis wpodBoy, &v & =3 kal a, = 80.

43. Ity &pdunTiky mpdodo: 3,7,11, ..., a,, ... evar a, = 79. N& Ppeite 16 v
kai katdmv v& Umoloyloete T& Z,, kal T,

44. Né& &modelfere 611 T6 &fpolopa TGV v TpdTwy TEPITTOV &piBudy elvan Too ué
16 TeTpdywvo ToU TAfBous Tous.

45, Né& Ppeite ToUs mévTe TpddTous Spous Tiis &piBunTIKTs TpodBou, dv Eépoupe &T1:

oy =13 xal %4 = 165.

46. N& mpooBioploete 16 k &3Te ol Emdpevor &mbuol v &moTehouv BiraboyikoUs
&pous &pidunTixfis wpodbou: () 3k, k + 4, k — 1, (i) 4 — k,3 + 2k, 6 + Tk.

47. Né& &mobeifere 811z &v ol &piBuoi o, B, ¥ elvan BiaBoyikol dpor dpifu. mposkou,
167e kal ol &pibpol: x =a*—PBy, y=P*—ay, z=y*—ap e SiaBoy kol Gpot dpiBunTi-
Kijs TpodBov. Ti Adyo Exouv ol Adyor T&v BUo wpoddwy;
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48. N& &moBei€ete S11: &v ol &pifuoi 1 L5 L ; ) elvar BiaBoyikoi &-
La

atp Pty ¥
pot mds &piBunTikfis wpoddov, ToTE TS B0 oupPaiver kai y1& Tous &piBuous: P2, of, Y2

49. ’Avéueoa otous &piBuols 9 kol 34 vé mapeuPdAete  &AAous &pifuols GaTe vi
mpokuyouy 11 Biaboyikol Spor mds &piBunTIKTs TpodBou.

50. 3¢ pia &pibunTikg mpdcBo (a,) & 205 kai & 8og Spos Tns Siagipouv xatd 24,
tvd 16 dBporoua Tol dou kai ToU 120u Spou Tns elvan 70. N& Ppeite THY mwpdodo (a,), &v:
() (a,) - abovoa, (i) (a,) - pBivovga. “Yotepa vé Umoloylioete 16 &Bpoiopa TGV Spwv  Tng
Tou Ppiokovtan dvdpeca oTév SySoo xkai eikooTé TéuTTO Spo Tns.

51. "Av & Spos ToU xaréxer Thv k Ta&En of pia &piBu. Tpdobo elvan o, alTds ToU
katéxel TH A T&En elvan P kal alTds mou xatéyxe TH Ta€n elvanr y, va dmobeifete &Ti:
ad —u) + Pu—k) + y(k —A) =0.

52. ¢ pia &piBu. mpdoBo To &lpoiopa TV v TRhTWY Spwv Tns elvar A, TédV 2v
TPpWTWY dpwv Tns elvan B xai Tdv 3v wpdTwv Spwv s elvan . N& amoBeifete 611 loyver:

53. Té& ynela tvés TeTpayngiou &p1Buou elvan E}uﬁoxmoi Spor &p1BunTikfls TpodSou.
"Av To TeheuTaio yngio elvon TeTpamAdzio ToU TpwTou, Vi Ppebzi & &piBuds.

54. N& PpeBolv Téooepis &piBuol Tou v eivan BiaBoyikol &pot wids &p1BunTikiis Trpod-
Bou kai ouyxpdvws T6 &Bpoioud Tous vé& elvan 26 xal Té &Bpoioua TV TETPAY VWY TOUS
va elven 214.

55. N& PpeBet f) &p1Bp. mpdoBos Tiis dmolas & TétapTos kai & SySoos Spos £xouv &Bpoi-
oua 18, Evéd ol xiPor Tous Exouv Efporopa 3402

56. N& Ppeite mévte dpiBuols ol vé elvan BiaBoy kol Spor miEs &piBunTikis Tpodou
kal ouyypévuws T6 &lpoioud Tous vé elvan 30 kai T &Bpoigux TdV AVTIOTPOQWY Tous v
137
120
57. Méoous &piby. tvBiapéoous mpémer vé Twoapeufdhovpe dvdpeoa oTous &pibuovs |1
kai 19, GoTe & Adyos ToU Betepou vBidusoou Tpds Tév TeAeuTaio EvBidueco vé elvan

elvan —

fgos pé l?
~d. N& UmoAoyicete 16 TapakdTw &fpoiopa:
£2=1234+234+4 - +v(v+ 1@+ 2.
‘Yrodeien. N& waparnprigete 811z w(v + 1) (v + 2) = v + 3v2 - 2v  kTA.
¥ 'Op6da B'. 89, ¢ mroids Tipés Téw o kal B of &p1Buoi : o _1 _1 s 1 e
’ PP w

&moTehoUv Sraboyikous Spous &piBunTikiis Tpodbou; TToids & Adyos Tijs Tpodbou oé Kdbe
TepiTTwon;

60. T GBporoua T@V v TpdTwy dpwv s drkoAoubias (o) elven: 3v? + v. N& Bpeite
TS viooTé Spo Tns Kkai vé &mobelfete 611 f) drohoubia (a,) elvan &piBunTixs Tpoodos. “YoTtepa
vé Ppeite Ty T&En ToU dpou, ol efvan ioos pé 100. i

61. N& &mrobeifete 611 of kabe &p1Bu. mpdodo loyver: 5, =3, = Zarvi =0 (1 # V).

62, "Eorw pia &pi@u. mpdoBos pé TpdTo Spo TO « Kai Adyo 16 w. Av 16 &fpoiopa
I, T@v p wpwTwy Spwv Tns foolTon pé q kal T4 &Bpoigpa Zq TdY  TpdTWY Spwy TNS
looUTon pé p, vd dmoBeifete 61i:

® Zpq=—( + ) @ Da=@-0(1+3)
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63. N& dmobeifere 811 Tpeis dpifuoi a, B, Y Y& vé elvan Spor wmds &piBunTikfs Tpos-
Bou (xwpls dmapaiTnTa v elvan kai Biaboyixof), TpéTel Kai dpxel ) tElowon:

p-ax y-—p

X -w.d N |

vé& Exer dxépain kai BeTikf AVom s pds X, v, Bmou N elvan T mAffos TGV dpwv THs &piB-
HNTIKTs Tpoodov, of omoiol Pplokovtar dvapesa. oTd o kai P, Kaf v elven T TAfifos TV
Spwv ol Ppiokovtal dvdpeoa oTd B kal y.

64. N& éfevdoere &v ol dpiBuol: V2, V5, V7 dnotehoiv Spous omolxodimoTe T&-
§ews w&s &piBunTIKfs TpedSOU.

65, N& Umohoyicete 16 &Bpoioua TGV p &piBunTikGY EvBiauéowy TOU TapepPdi-
AovTar dvdpsca oTols &p1Buovs 1 kai e,

"Av ol épor mou katéyouv Tis T&EeIS b, (), 1 of pla &piBunTikg pdobo elvan duTi-
oToixws fgor ué 1, p, «, v& &moBeifete STi: pt ot L b = 3par.

67. N& dmoBeifere é1i: &v T& pfikn T@v TAeupdY tuds opBoydviou Tprywvou elvat
BraBoyikol Gpor wids &piBu. wpodBou, TOTE & Adyos Tiis Tpodbou iooUTan pé THY dkTiva ToU
tyyeypaupévou kikhou.

68. Aiveran f) dElowon: X! —ox - P = 0 pé piles py, py Kaxi 2 X2 — (5a— 4)x+p =0
Hé piCes py, py- N& Tpocbiopioete T& « kai P fto1, dote of PIGES Py P2 Py Pur B aUTH TR
gelpd, va elven Biaboyikoi Epot mds dpifu. Tpodbou,

69. TAv dxoroubia Tév Quokdy &pBudy TN Xwpifoupe oé dpddes s EEfs:

(1 (23,4, 5), 06,7, 8 ... 120, 013,14, 0..,22), (03,24 ...}, ...

N& Ppeite Tév Tp&dTo Spo Tis viooTiis dudbas Kai vé &mobeifete 611 16 &Bpolopa THV

Gp1Buddy ou mepiapPdvovtar o1 vicoTH dpdda elvan:

(3'}—2)-[(1;— 1) v 2, 1]'

70. Xeopifoups 4200 dvTikeipeva of (v - 1) duddes fro1, Gote f TpoTn SudSa vék
mephaupaver 5 dvTikefueva, f BevTepn 8, A Tpitn 11, Kok, N& Ppeite TS péyioTo mAffos
TGV Spddewv Tou uTTOpoUNE v& oxnuaTicouue kai 76 wAff0s TV dvTikelpveov TroU fows 84
Béhape y1& v& oxnuaTigoupe pia akopn Sudba.

7. "Av S ¢iven 16 &bpoiopa TEY v TpdTwWY dpwv wds &piBunTikiis TpodBou pé
Adyo w kai T 16 &fporopa T TETpaY VWY TOV v TpmTwY Spwv TS, vé &mwobeifete 6T
ioyer:

N2 1

b SRS
v 12

v(v? — w2

IT. -APMONIKEZ TTPOOAOI

§ 41. "Opiopoi.— "Ag Bewpriooupe THY dxohoubia:
1 1 1 1 1
T s R A e T
M’ alrr) v dxohoubia TapatnpoUps TO EEfs : &v Tdpoups, pé THY 18
T&€n, Tous dutioTpogous Tédv Spav Tng, & Exoups THY dkohoubia:
3 5, BN N LTy
f) dmoia elven pia &piBunTike mpdodos (ut Adyo w = 2).
"Emions, &v fewpriooupe Ty dxooufia: 6,3,2, ... mapaTnpoUue AL

5€
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; ; Ly <1 1 o AaE ; 1

Tws 1 dkoAoubia: E 3 g elvan pia dpifpnTicy rpdodos (us m:z—).

BAémrouue Aoimrév 8T Uapxouv droloudies dpibudy é THY iB1dTnTa:
“Av Tdpouue Tols dutloTpopous Tév Epov Tous, ué v i BéBonar TEEN, Trpo-
KUTTTEL plx véer dkoAoubier, 1 &mrofa elven &piBunTikn TpdoBos. Tis dxoAoubies
BE aUTA TV iB16TNTa Tis dvopdlouus appovixig mpoddovs. Thé avortnpd prmo-
polue v& TroUpe Twpa 811 @ Mia drolovdia anlipcw :

[ R0 T (PO (€))]
Od Aépe dre elvar pia appoviki mpoodos, tote xal pdvo tdre, dv loyver:
ay#A0 5t veN xal 7 dxolovlia:
1 1 1
A=

P R o b @)

v

’

’ * LY 4 ’ 3
elvar aoliunrin) mododog, BnAabn dy vrdoyer dodlipds o tétows, dore vd ioyier:

[
‘ 1 ]
w - =— 40 na kabe v=1,2,... | 3
Qyig a, |
Ot épor Tfis drohoubias (1) Aéyoutan duadoyixol Goor Ths Gpuovikiis Tpod-

Sou kai 6 a, AéyeTan voorde 600 1) dpog v-rdfewe Tiis TPo3Bou. ‘H dxohoubia (2
Myetan o) dvtiorougy dolpnrin] mododos THs dppovikis TpodSou (1).

"ATS TOV Tapamduw dpiopd THs dppoviks Tpoodou cupTepaivoupe &1
EnTApaTa ol dgopolv ufa &puovikh Tpdoso dvayovtan aé émidvon InTnud-
Twv Mol &gopolv TV dvricTorxn &piBunTikd TpdoSo. Mé T Adyo alTd B4
ueAeTigOUNE oTG Emdusva Tig KUp1OTEPEs 1810TNTES TGV ApHOVIK@Y TTPodBwov
s Epapuoyés TGV 1810TATWY T&Y &pIBunTIKGY Tpoddwy.

§ 42. EGpeon 1ol viooTol 8pou pidis dppovikig npodédou.— "Eotw

f| &puovikn TpdoBos: o, O, ..., &y, ... AV elvan & Adyos s dvtioTol-
XNs &pibunTikfis mpodSou: —1— ’ _l_' cee L 1+ v o0 TOTE, oUuPoova pé TéV TU-
o & a,
mo (1) Tfis § 70, 8& #xoupe:
1 1 a,
=mars I =1 o 1
Sy o L oy i 1+(v—Noa M

LZnpeinon. "Av Blo wp@dTol dpot wds dppovikiis TpodSou elvan yvworol, TéTe & Adyos
w =_l o ob xal ouvemdss & vioaTéds Spos Tiis dpuovikiis TpodSou elvan &:
oy aq

GV —1) —ayv—2) 42

a, =

Lyohio. Aév Umapyer TUTOS TOU V& Sivel T6 &Bporoua T, TGV v TpwTwy Spwv &puo-
vikfjs TpodBov.

=
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§43. Zuvenkn yia va eivai diadoxikoi dpoi pidg appovikiig mpodSou
oi apiBpoi a, B, y.— ’AgoU oi &piBuoi a, B, ¥ €lvan, pé T oep& Tou Bi-

- ; o : g ; I SRR S |
vovTan, SioBoyikol Gpor &ppovikfls Tpodbou, oi dvtioTpogol Tous: — , — , —
et

y
elvar BiaBoyixol Spor &p1BunTikfjs Tpoddou kal ouverrdds (§36):
1 1 1 2
20— =—4+— =»> B=—""— = 20
pre Yy TPTITTY - o
. a e L
A 2ay 2 1 1
A opws, &v ioyle 1) (1), TéTe p= — = 4
v tpopws, &v loyle 1y (1), TéTe B Y Kl GUVETTES B = - 5

dnAadn ol 21; ) -é— , % elvan Biaboyikol Spor dpifip. Tpoddou, dmdTE of &-
piBpol o, B, y elvon BiaBoyikol Spot &puovikiis Trpoddou.

“Qote: “Avayxaio zal ixavi) ovvlijxn yud v elvar toets dofuol a,fy (#0)
dtadoyixol door aopovizijs mooddov elvar 7 lodtyrae (1)

2’ ot TRV mepiTTwon & &pifuds P AéyeTan dppovikdg pécos TV o kai Y.

Fevikodtepa: dv &govue v doluovs ay, ay,. . . ,a,, dudpooovs Tof undevds, évo-
palovpe appovikd pégo alriw, xal tov ovufoiilovue ué My, v dollud:

v
My =
1351 @
By Lig dgp B )
2 V.

Maopatnpioas. o ‘H (1) Ypéupz'rm:%-:%_;_%i—) %_L:T=_}?—%
s=Pi P ap _ a—P LIS 3
op P'Y ﬁy_ﬂ—y‘-’ T =7 v

‘H fodétnTa (3) Aéyeran dppoviki) dvaloyia.

"Amé Thv (3) oupmepaivoupe 611 : Iid vd elvar of Sudpooor peraSd tovg dplfuol a,B,y
Hé i) oetpd oV divovrar, diadoyixol Goor dopovixils mpeddov mpéner xal doxei oi dpiBuol ad-
ol vd elvar didpooor Toi pnydevds xal vi foloxovrac o dopovi] dvaloyia.

B) "Exovrtas Umoyn Thv IGidtnTa 111 (§35) Tdv dpiBunTik@v Tpoddwy, f) Tpomyou-
pevn owBfikn (1) SiaTumdverar Mo yevik s i§fis 1 Avayxala xal ixavi) owbijxn yud vd
elvar pia dxolovfia a,,v=1,2,... (x, #0, \* veN) doporixij mododos elvar 1j:

Enoue py 4 wv=23...) @

a, a, @yiy

N& cuyxp;ivrre THv Tapamwavw oxéon (4) pé T yvwoTn &mwé T [lewpetpia oyxéon

Tou HéOOU &puovikoU : .___2.-__ = _; + ;.

AB r AA
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* § 44. NapepBorr dppovikGv évdiapéowv.—a) ‘Omopoi.Alvovtan 8o &-
pr8pol akai B (o, p#0).0i u dutﬂyac’ Iy, Ty, . o2y, AfyovTar Gppovikoi Eviiapecor
v a xai fi, Tdre xal pdvo tére, dv oi amﬂy.m @01, 2o, .oy Xy, f elvar dradoye-
%ol Gpot dopovixijc mpoddov.

HopepPori p appovikdyv évdiapiowv petafl TGV &p1Budv o kal P dvopd-
Loupe v elpeon u &piBuddv: X, X,, ..., X, TéTOlWY, Te: of a, X, X, .. .,
X,, P va elven Biaoyikol Spol &puovikiis TpodBou.

B) T6é mpoprnpa tiig appovikiis mapepfolriis. Na mavepfiinfody p dopovizol
évdudpeaor petaly Taw doludv a xal f.

"Enilvon. "Apkel v& mopspPddoups W &pibunTikoUs #uBiducoous peTafy

2 i e | i i ¢ ;
TV &p1Bpddy < Ko B omoTe ol dvTioTpogol Tous 8& elvar ol p &puovikod

tvBiduecol eV a kai B. Ao Tov TUTo Tiis &piBunTikiis TapsuPoAds (§ 76)
EXOUpE :

1 1|
_ B a_  a—P . . a—p
CEUFT T OO | @ = e M

‘O Timos (1) Aéyetan tomog tiig Gppovikiig mapepPolic.

Epuprorfl. Metakd tdv apbpdv —:— Kai lif va rapepfalete 5 appovikoig Eviiapeoovg.

Avon. "Apkel va TapepPdiovpe 5 &piBunTikolUs EvBidpegous petalu TGV &p1Budv _g

lcm»-lgl- ‘0 Tumos (1) & ﬁﬁli o= %, =275 biver: ' = % . Téte ol 5 &piBunTikol
2o g 11 7 13 8 19
Bk &p18) Rl AT PRSI (O - R R i &vri-
vBidpecor T&Y &piBuddv 5wl o elven ol : 0 = . 1 TéTE ©
5

oTpogol Tous 8& elvan ol 5 &ppovikol EvBidpegor TV &piBudy — o xal % Tou {nrdue. “E-

10

10 10 5
=gt S

Ta1 Exoupe: Xy ==, Xy =1, X =43

AZKHZIEIZ

1
EX)

‘Op@da A 72. N& Bpeite 1év 3lo 8po Tiis &pHovikiis TpodBov : Is . _411_,. 55

25
kal Tév 8yboo Spo s TpodBou : 1,_.2_ . 1_33, s

73, N& Ppeite 16 120 Spo s &ppovikiis wpodbou, Tis dmolas & TpiTos Spos elvar &

&p1fuds _;_ xal & &yBoos dpos Tng elvan & dplﬁués%.

74. N& mpoobiopioete Tév dpibud k, doTe ol &pifuoi : 1 + k, 3 + k, 9 + k v& elvan
Siaboy kol dpor dpuovikiis wpodSou.

75. Aivovran Tpeis dpiBpol o, B, y. N& Ppefel & dpifuds x, dote ol dpiBpol a + x,
59
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B+ X, ¥ + x v& elvan Siadoyikol dpor &ppovikiis Tpodbou. Ti ouuPalver &v of a, B, y elvan
SiaBoyikol &por &pibunTikis TpodSou;

76. N& wpoobiopioets Tols dpifuols a kai B, &v elvan yvwoTéd 671 of &piBuoi: o, 12, 3,
1 ._?_, B elvar BraBoyikol Spor &puovikiis mpodBou.
77. "Av ol «, B, y elvan BiaBoyikol Spor wids &ppovikiis TpodBou, v&k &mobeiete dTi:
N % 1 1
i) M|..ﬂ_.1=2, —_—t .
p—a = P—y p—o = P-vy
33

78. Té &fpoioua Tpiciv  BiaBoyikdy Spwv wids dppovikis TpodSou elvan " tvéd

i) 5=

T6 &Bpoicua TEV dvTioTpdgwy Tous elvan 15. N& Ppeite avTols Tous Spous.

79. N& dmodeiere 611 : &v ol &piBpoi: k;x = E i B F% elven BraBoyixol Spot &-
o — Py

pi8y. wpodBou, ToTE ol &piBpoi : «a, -é—, Y elvan SiaBoy kol 8pot dppovikis TpodGou.

80. Metafl Tév &piBudv 0,25 xai 0,025 vk mapepPAnfolv 18 &pibuol Erol, doTe
palbi pé ToUs dpibpolus 0,25 kaf 0,025 vé &mrotehoiv Braboykous Gpous &puovikfis mpodBov.
81. "Av ol &pifuoi a, B, ¥ elven Spor s &puovikiis Tpoddou Té&Eewv A, W, v &vTi-
oToiyws, v &mobeiere &T1:
(u—=v)By + (v =Nya + A —wop =0.
* ‘Opdda B'. 82, "Av ol dpibuol o, B, y elvan BiaBoyikol Spot wds &puovikiis TpodSov,
T6Te T 1810 ouuPaiver kal y1& ToUs d&piBuols:
o« ) P e 00
I Yy +a—p a+p—vy
83. "Av ol dudonuor &piBuci «, B, ¥ elven BiaBoyixol Spor s &puovikis TpodBov
v& &mobeifeTe &T1:
«+P , y+P

) Dacp To—p >4 G B =2Ay@-a)* + ey B

84. "Av ol Bidgopor peTafU Tous dvé Buo &piBuol &y, a, ..., a, elvar BiaBoyikol Spot
wds &ppovikils TpodBou, va &moBelete BTt yi& kdBe veN pé v=2 loyer:
v—Daoa, = o0, + oo + - 4+ o, ,q,.

85. ’Avdpeoa oToUs &pifpols 2 xal 3 va TapepPdrere 19 &piBunTikous EvBiduecous
kai 19 &puovikols tvBidpecous. “Av £ elven fvag dpifp. dvBiduecos kal n 6 GvrioTory o

dppovikds, vé &modelfere dTi: § L _6_ =g
i |

86. N& Ppeite Sud &mBuols X kal y, &v elvan yvworé &1 Siagpépouv Katd 3 xai &T1 :

3
Ma — My = jv-
87. "Av o, B, v, 8 elvan BiaBoyikol Gpor s dppovikiis Tpodou, vk &rrodeifete 6112
Sa—3p  y+38
aB T ys
88. N& &moBeifere dTi: &v T& pfkn a, B, y T&V TAeupy Evds Tprywvou elvan Sia-
Boyxof &por mds &piBunTIKfis TpodBov, TéTE of dxTives p,, P P3 TGOV &uTioTorwv Tapeyye-
Ypouuévewy oTé Tpiywvo kikAwy elvan BiaBoyikol Spor dpuovikiis TrpodSov.
89. Na Ppeite T ouvBikn yi1& v& elvon Tpeis dpiBuoi o, B, Y Spor &ppovikiis podSou,
&x1 &mwopaitnTa Siadoyikol. Koatémv ué Pdon Th ouvBrikn Tou Pprikate vé tfeTdoeTe Qv
1 1 1

ol &p1Buof : R elvan Spor &puovikfis Tpodbov kal Troids ;
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ITT. TEQMETPIKEZ TTPOOAOI

§ 45. "Opiopoi.— "As Bcwpfiocouus ThHv dxohoubia:
1 1 1 1

bo g aiog tgr s g e

Mapatnpoupe 611 kdBe Spos Tng, &md T6 BelTepo kol peTd, TrpoKUTTTEL
&v TOAAQTACCIGOOUME TOV TrpomyoUpevd Tou pé Eva oTafepd  &piBud, Trol

; y X 3 i ik
otfv Tpokeipévn TepiTTTon elval & dp1Buds 5

"Emrions, &v Becpricoupes Ty dkohoubia: 2,—4, 8,— 16, 32, — 64, ..., PAé-
TTovpe TTOAL TS kéBe Gpos Tns —EkTds QuoIkd &To TOV TPETO— TPOKUTITEL &V
TOAMATTAGCIGTOUNE TOV TTponyoUpevd Tou pé TO —2.

TMapaTnpoUpe Aoimdy Treds Umdpyouv dxohoubies pé ThAv 1Bi1dTnTa: KdB:
Spos Tous, &md TO BeUtepo kal petd, TpoxUmTel &v ToAAamhacidfoups TOV
TponyoUuevd Tou émi Eva oTaBepd dpiBpd ol TV Adpe hbyo kai TOV cupPoli-
loupe ouvniBus kal 886 pé T6 ypdppa w. Tis dxoAouBies pé alth Thv iBi14THTa
Tis dvopdfoupe yemperpikés mpoddovs. TN yevikd umopolpe vé Tolpe Tepa &T1:
Mia axolovlia dGobudw: Bysio O o il o g sis. oo s @))
0d Aéue v elvar pia yeopetprk mpoodos, tdte xai pdvo tote, dv tmdpyer dor-
Ouds w térows, date vd loyde:

a,; =a,0, yuakabe v=1,2, ... (2)

Ot dpor Tfis dxoroubics (1) Aéyovton diadoyixol Goor THis yewpeTpikiis
TpodBov kal & a, AéyeTan wwootds doos fy doog v-rdfems THs TpodBou.
Mia yewueTpikn Tpdodos pé Spous SiagopeTikols &d TS undév AdyeTtou Emi-
ons kol mpéodog katd mnkiko, yiori &wd TH (2) Exoupe:
b WL TR _ e _ _
?1*?2_?3_—'”— = =...=w (oT0b.) (3)
‘H (3) uds 6Bnysl v& Swooupe y1& T yewpetpikny Tpdobo kai Tév EEfis
Sproud:
Teopetpiki npoéodog (fi npdodog katd mmhio) elvar pila dxolovlia doludy,

Xysq

dagdpwy Tob undevds, Tijc dmoiag Td mnAixo o drotevdijmote diadoyi-

xaw Goew tng elvar oralepd. Té oTabepd altd TrnAiko elvan & hbyog Tfis yecope-
TPIKTS TTPodSou.

Aivoupe Tdpa kad Tév EEfis Spropd:

Mia yewuetpiks] Tpdodos kol yevikdTtepar ple dxoroubia a,,v=1,2, ...

Ayetan anolitwg abfovea, &v 1) dxoroufia | o, | ,v=1,2, ... elvar alfovoq,
OnA. &v foyuver: | g | > || s & vEN
kol arnolitwg @Oivovea, &v ioyler: lotyei| < laty| % veN.
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"ATé Tov Tapamdve dpiopd kal Thv (3) Exoupe mi:

o). "Av || > 1, 1éTe | yewy. TTpdobos (1) elven dnohitwg abovea.
B). "Av 0 < || < 1, TTe ) yeep. pdodos (1) elven arolhitmg @Bivovsa.
L .

2 4 8' "

el |w| = I < 1, &v® 1) yewp. mpdoBos: 2, —4, 8, —16, . .. elvon dmwoAUTess
2 24

"Etal, m.x. f) wpdodos: 1, elvan dmoAUTws ¢fivouoa, é-

alfovoq, émedn: |w|=|—-2|=2> 1.

Mapatfpnon. *Ay | w| =1, 5nhodh w = +1 Exoupe:

(i), Mé& o=1 f yewp. wpdabdos elvan pla oTabepr dxohoubia, Emeidh TéTe O& Exoupe:
Uiy =&, y1& ke v=1,2, ... ‘Qs orabepr) dxoroubia # yecp. -mrpdodos (1) elven ToTe
ouyxpdves kel alfouoa kal @divouoe.

(i). Mé& o= —1 # yewp. wpdobos elvon &moAiTes atalept, Ewadn TéTe B4 Eyoupe:
ey | = lavw|= o, [-lo|=|a,|-|=1|=|a,| =]l yi& k& veN. 2 abth TV
mepimTewon, A &v w = —1, f| yewp. Tpdodos elvan guyypbuws kai dmoAUTwS atfovoa kai
dmoAUTws @bivouoa.

IAIOTHTEZ THE FEQMETPIKHE TIPOOAOY

§46. "1&16TnTa L.— ‘O viootég Bpog @, of pia yeoperpiki mpéodo mob
Exer npdro Gpo 16 a; xai Aéyo 16 o # 0, Bpioxeton dv molhanlaciaoovpe tov
npdro g dpo (a,) Pé dovapn tob Léyov o, 1 dnoia Exer ExOitn tév apbpéd mov
pavepdvel 16 nhijfog t@v pov mod mponyolvianr 1od a,.

AnAodA : ¥ veN, e =a 0! J @

"Anoderln. "Amé T dvaBpouks) oxéon (2) Tis§ 45 ik v=1,2,.. ., v—1,
Acupdvoupe: Op =W, G3=04W, O=0GW, ..., G =0,

"Av Topa Tis oxtons adtés Tis ToAamAaTidooups kaTd péAn kai &mAo-
Tolfiooupue pé ToUs kowols TapdyovTes TroU tugavifovton oTéd SUo péln Tpo-
kumTer ) (1).

Inpsioon. Mia mé abornph &mébeifn yiveran pé 1 pédodo Tiis TéAewas ETaywyis
s &6fis:

Né& v=114 (1) wpopavds loyver.

"Eotw &mi loxler ) (1) yi& v =k (keN), 8nh. forew &mi loyler: ay = k-t

"ATS TV TeAeutala mpokUTTE!: k. = ;. wK-!.w = k. CAMNG - ag.w = agy,,
&wéTE EYOoUpE: Oksy = o . @K = a, . co(k+1)-1
Enh. ) (1) loyler kai y1& v =k + 1. Zuverrdss, oUppova pé T pfodo Tiis TéAeias frayw-

Yiis, i (1) loyxde y1& xé&Be veN.
. i 1
Egappoyés. 1n:  Na Bpetre tov 7o dpo tfi¢ yeop. npoddov : 5 L 2 4,...

)

1
Avom. “Exoupe: a= g, 0=2,v="7,&=;

*Egapudlovras Tév TUTO (1) ¥ atrrés Tls Tipds T oy, w kol v Pplokoupe;
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o, = o . =l,zﬂ:26=32,

2
21 5% pia TEOUETPIKN mpbdodo civar a; = 6, » = 2 Kai ay = 3072. Na Ppeite o v.
Avon. "Exovpe: a =86, w=2/a,=3072,'v.=:
"Egapudfovras Tév TUmo (1) ¥y’ almés Tis Tipés Tév ay, w kal o, Ppiokoupe:
3072 = 6.2"-1, Bnhadh: 2>-t =512.
'ANAG 512 = 2°, OwoTe 1) TeReuTada oxion ypdgpeTon:
21 =2% "Apa v—1 =9 xai ouverrdds v = 10.
Tapatnpioeis. 1) *Awé v mapamavw 116TnTa guuepaivoupe &1 pla yewy. Tpdo-

Bos elvan Terefeos Opiopéun, Stav Bivovtan & pddTos Tns Spos o, = o kal & Adyos Tns w. ToTe
ol dpor Tfis Tpoddou 8& elvan:

los &pos, 205 &pos, 305 8pos, 4os pos, 505 &pos,
o aw are® aw? aw?

2) Ao Tév TUTO: @, = ;. w'" ! ouvdyetan 811 &v Efpoune Tols Tpels &wd  Tols
&piBuo® a,, o, @ kal v pmwopolpe vé& TpooBioplooupe kal Tév TérapTo.

3) "Av yid wm& deohovbla a,,v=1,2,... loyle: a,=a.w", ¥ veN, Téte 1
érohoubia (a,) elvar pia yewuetpikh mpdodos. ModyuaT:, TéTE 8& Exoupe:

[¥ VEN, oy ="

¥ VEN, oy = @5 w Ly veEN, m-w:ulm“} N ¥ BNy Ry

4) "Exovras Uméyn Thv mopatipnon 3 A iSidtnTta 1 SiaTumdvetar Mo yevikd s
E€fis : “Avayxaia xai ixavi) ovvliian yid vd elvar yempetod] mododos pié idyo w pla dxsiov-
Ole ay, v=1, 2,... elvar % : @v=0,.@""', 3 veN.

* §47. Nopiopa.— Av pia dxokovbia a, v=1,2,... sivar yeopetpiki Tpoo-
bog pé Léyo w(740), tote 1@ kabe v, pe N pé p < v ioygbovv:
i) o, =0.0¢
i) a,=a,_,.0"
i) 0= d o7
*H &modefn Tiis (i) wpokutrTe dpéocs &wd TH oxéon «, = o, @', Spxel
v& Btooupe v=1 + p. M& vé &modeifoupe Tis (ii) kai (iii) Taparnpolpe &Ti:
Oy =0ty VWL = o =in0¥ =1 - G0 = e O TH,
SnAadn 7 (iil), kal ouverrds:
o, = a,_, " dnAadn 7 (ii).
» §48. "1&616TnTa IL—Av pia @xolovlia a,v=1,2, ... elvar yeoperpikn
npoodog pé hoyo © £ 0, tote Y1d ke v, pe N pé p<v ioyder:

@y = G- 4, (2)

‘H &mddeaign s (2) elven &ueon ouvémeia Tév (i) kai (iii) Tou Tponyoupe-
vou TropiopaTos.
Maparipnen. ‘H wapaméve IB16TnTa BiaTumdvetan ouxvéd ds iEfis: ¢ nmemegasuévo
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akijfos Siadoyuein doow pas yewperpixis mooddor, Té ywduevo dio Gowy mov «loanéyovvs drd
Tois «likpougn doors elvar Tou pé 16 ywdpevo Taw dxpwyy Gpow. “Eton Exoupe:

oy
Xy Oy = (0t) . W) o ) = sy

o
Oy &y = (&;00%) (-(:)-:-) = o, K.0.K.
ElBikdTepa oty mepimTeoon mou 16 mAffos TéV Spwv elvar meprTTd, doTE UTTdpyE
“peoaiogy 6pog, TOTE 6 Goos altds elvar péoos avdlioyos Tdw dxpwy dpaw (yrari;).
“Augon ouvveTaiax Tiis 1816TnTas 11 elven 16 Emdpevo Tdpioua:
§ 49. Nopiopa.— Té yvopevo 11, = 0, @y --- @, @V Vv mpO OV  Hpov
HLig yeopeTpikijs npoddov pig 16 diver 6 tHmog:

M= (a, -a) ¢))

Enueiwon. Tov tumo (1) pmopolpe vé& Tév ypdyoupe kal s EEfs:

viv—1)

O, =a].@ 2, &mou  evat & Adyos Tijs TpodBou (yiati;). @

§ 50, 1&etnTa ll.— "Avaykeie koi ikavi] ouv@ixn yid va sivar pia éxo-
hovbia (o) pé a, # 0, % ve N yeoperpikiy npoodog elvar 1) :

2
Gy = Oy Oyyy (=203 )

"Anodeign. "Eotw 6mi 1) droloufia (a,) elvan pia yecouetpik TpdoSos ué
Adyo w # 0, 16T, oUnpowva pé Tov Spiopd ToU BhIaue oTAY § 45, yik Kébe
v = 2 8& Exoupe:

(. 0 a,

— — =
av s |

; omoTer ol = oty g0y (€]

"Avtiotpopa, foTw ST ioxla i (1) kad 611 a, #0, 3 veN. Téte 8&
EyoupE:

a

a

v =2 ik kbBev =23, ...

v—1 a,

Kai oUnpova ue T6 BelTepo Opioud TroU Bwoape YI& TR YEWUETPIKT Tpoobo,
7 dkohoubia (a,) elvar yecopeTpikn TpdoSos.
"Aueon ouvémeala TRls Tapamdve TpoTdoiws elval TS EmduEvo TopITua
§ 51. Népropa.— Avaykaio xai ikavj covBikn, na va civar tpeig apid-
poi @, B, v, dadoyikoi 6por mig yeoperpikiis npoddov, eivan :
p*= ay (n

2’ o) THY TepiTTwon & P AéyeTan yeopetpikdg pégog f péoog avaloyog
TGOV o Kai .

o yevika: “Av Eyovue v doluods ay, ay, ..., a,, dvoudlovue yeopetpikd
négo avrav Tdv v dpludv.xai oy avpfoiilovue pé My, tdv dolud:
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Mr = o 5

§ 52, "I&qétnTa IV.— Té G0poropa I, = a;+ay+ - - +a, tdV v nPpOTOV
Spov mig yewperpikiis mpoddov pé héyo ® # 1 pag 16 diver 6 tomog :

LS o | @

"An6dern. TToAAamdasidoups kal & SUo péAn Tiis iodTnTos:

Zy=a + oy + - fa, (2)

¢l 16 Adyo w, &mwdTE Exoups:
WZ, =00 + 06w + ...+ a,m 3
"Av Tdpa dpouptoouus katd péAn &md ThY (3) TH (2) kel AdBoups Gmrdyn
Ol W =y, 00 =0y, ..., Ky @ =@, HeTE TAV Qvaywyd TévV Suoiwov

Spwv Pplokoupe:

oW

__lﬁl, (w = 1).

1. N& dmoBeifete Tév TUto (1) kaf pé TH péfobo Tiis TeAaixs Emorywyiis.

W2 =a,0—a = (w—DI =aqw—0aq =3, =

§ 53.

Népiopa.—Té dbporopa X, = a;+a,+---+a, tdv v nphrev dpov
milic yeopstpikiic mpoddov pé héyo @ #1 Siverar, ouvaprijest tob mphrov Bpov
a;, tob héyov o kai tol nhfifovg v 1@v Bpwv tov, dné TéV TOmO :

_ a(e'—1) i
B S o M

‘0 Timos (1) Siver T6 &Bpoioua TGV v phTwY Spwv Tiis yeww. TPodSov,
Xwpis v& elvon dvdyxn vé Ppolus 16 viosTd Tns &po.
Epappoyn. Na dnohoyioete 16 GOpoiopa thv okt6d mpdTov dpov tfig npooddov :
2, 6, 18, 54,
Aben. Ztév tUmo (1) (§53 ) Bétovras @ =2, w =3, v =8 #oupe:
2(3—1) 2(6561 — 1)
3—-1

= 7 = 6560.

Z,=

opatnpions: a). "Av ot pla yewpetpixf) Tpodo elvan w = 1, ol TUmor (1) Tédv § 52
kal 53 y1& 16 Z, bév pmwopolv v& épappooTtolv (yiati;). T aUth Thv Elbikd TepiTTwon,
8nA. &v w =1, #) Tpdobos Exer BAous ToUs Spous foous pé TéV TpéTo Spo TNS Kal cuvemds
T6 &Bpoiopa THV v TpwTwy Spwv Tng looUTan pé:

I, =ataot -+ =v.q, §nAadf I, = va,.
p). Of 8o TUmor:

a, ==, (1) xad Aot ey @)
TEpIEXoUY TévTe dyvdoTous (&pifuols), Tols: o, &, @, v, T,. *Av, Aormédy, uds Sobolv ol
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Tpels &’ adrols Tols &piBuols, TéTe prropoUue vé Ppoupe Tous UtrdAorrous BUo EmiAUovTasg
16 oloTnua TV E§lomoewy (1) kai (2). ‘H widvon adtol ToU ovoThipaTos &év elvon TévToTe
Suvath. Mepik& &md T& mpofAfjuaTa Tou Tapouci&bovTtan dmiAvovton pé Th Porfeia TéV
Aoyapibuwy, yi& Tols dmolous B& xévoupe Adyo o fva &mwd T& Emopeva kegdAoia,

‘Egappoyig: 1n. 'O dydoog 8pog mig yewperpikfig npoddov icobrar pé 384 xai & Adyog
g pé 2. Na Ppeite tov npdro Gpo tng xai 6 {bporopa tdv dxtd mpOTLV dpwv Tng.

Abon. "Eotw 871 elvan @, & TpdTos Spos, w & Adyos kal a, & vicoTds Spos Tiis Yewy.

TpodBou. "Amd Tols TUTTOUS a,= oy kal Z, = a:’:‘lul yi& o = 2, v =8, a,=384 Exoupe:
384.2—
W=, 2 (1) wal I =—py @
'Amd Thv (1) Pploxoupe a, = 3.
384.2 -3
*Av dvTikatacThooupe ot (2) T6 «, pé 76 foo Tou Pploxoupe: I = = =T765.

2n. It pia 'rmm.mxﬁ npbobo pé npihto Spo tH 5 & EPBopos Bpog tng icobron pé 3645.
Na Ppeite thv npdebo xai va Onoloyicete td GBporopn thv éntd npdrov dpov ng.

o, — o
Abon. "Awé ToUs Timous @, = aqwv! xal T, =——7—, w @ =5 v=7 xal
a, = 3645 AauPévoupe &vTioToixws:
3645w —5
5 =50 () wi E=—orT— @
*Aé Thv (1) Exoupe: w® = 729, &n’ dmou y1& weR Pplokoupe: w = +3.
Né& w =3 # wpbobos elvan: 5, 15, 45, 135, ... 3)
MNn& w=-3 f| mpdobos elvan: 5, —15, 45, —135, ... 4)

‘H mwpdtn elvan yvnolws alfouoa, tvd 1) Selrepn Bév elvon olte alfouoa olte @bi-
vouoa, elven Spws &mwoAlTws alfovoa xal pdhiota yvnolws.
*ATé Th (2) ué dvTikardoTaon Tou w pé Tis Tipés Tou +3 kal —3 Pploxoupe dvTioTol-
3645.3—5

: B b . 3645(—3)—5
X5 5= = 5465, I, =31 =273

Té mpdTo &bporoua &vagépetan oThiv wpdobo (3) kai TS BeUTepo oTAV Tpdobo (4).

§ 54. NapepBolri yewperpik@v évSiapéowv. — ). ‘Opiopoi. Alvovton
dUo &piBuoi @ kal P (&, Pp#0). Oi diapoperixol Tob undevds aobuol xy, Ty,. .., Ty
Aéyovrar yeoperpikoi Eviriapecor taw a xal B, tdre xai pdvo tore, dv ol dpifuol:

O 0Xy, Ry ey By P
elvar dadoyixol Booe yewpetouxijc mooddov.

IMapepforfy p yeopetpikdv Evdiapécov petall TéOV &p1Budv a kal B dvo-
pdZoupe THv elpeom u &pBUGV: X, X, ..., X,, DlaQopeTIKGY &S TS undév,
TéTOlWY, QOTE ol: «, X, Xy, ..., X, P v& elven Biadoyikol Opot yewpeTpikiis
TrpodBou.

B). Té mpépinpa tfic yeaperpkiis napepforfic. Nd mapepfinboiv p yew-
peroixol évdiduedor perald tav dolpav a xal f.

Enidven. MNé& v Ppolue ToUs p yewpetpikols EvSikpeoous elvan @avepd
8T &prel vé& UmoAoylooupe TO Adyo w Tijs yewp. wpodbou, oThv dmola dvi-
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xow ol dpifuof: & Xy, Xy, ..., X, B. O P karéyer THY T&En v=1u + 2 xai
ouvemrdys (§46) B& Exoupe:
P=a  o-1=gq. @, EnAadi: a-otl — B = 0 ¢))
"QoTe y1& v& TrpooBiopicoups T6 «Adyo napepfoliicn  dpxel vé EmiAUooups
™ Siovupn flowon (1). “H émwidvon Tiis (1) yiveron pé T4 Ponbax Tol TUTOU
Tou De Moivre.
"Av a, BeR — {0} kai ZnTaue pévo Tis wpayuaTikés AUz Ths (1), &nAadq
weR, ToTE ¢
i). "Av p Gpriog Quoikds &piBuds (SmdTe p + 1 mepiTTo5), 1y (1) SéyeTan
uic péve mpaypartiky Auon, TAV:
K/
o=y\/E @

kaf elvou: @ >0, v afp > 0 kal @ < 0, &v of < 0.
ii). "Av p mepreég Quoikds &piBuds (dmdTe p 4 1 &prio;) kol aff > 0,
N (1) BéxeTon &Uo mpaypaTikés Auges, Tis:
utl u+l

_1/8 s w0
Ll T Kai 0 =— A7 3)
ii). "Av p nepreeég kol af < 0, Sév Spilovran &md TV (1) weR.

Oi mapamdve Timor (2) xaf (3) ouvoyllovton oTdv Emdusvo TUTO:

utl

sy Nt @

Smou e =1, dtav u &pTios kal € = +1, &Tav TePITTSS, Yi&k weR.

‘0 TUros (4) dvoudletan tonog mapepPorfic yeopeTpIK@Y tviapiowyv i &A-
M tomog tiig yeopetpikiig napepfoiiic.

"AgoU &md Tév TUTo (4) dploape Té Adyo w, of &piBuoi Tou {nToloaue
elvai: X =0w, X,=oaw? ..., X,=aw:

‘Egappoyfi. Na napepfahete tpels npaypanixods yewp. EvBiducoovs petald tdv dpbpdv
3 xai 48.

Abon. 'Amé Tév TUmo (4) yid =3, B =48 xal p=3 AauBévoupe:
4
48 =
=gy q5.=2 V16 , BnAabf: w =42,
"Apa: X, =6, X = 12, X3 =24 xaf x'; = —6, x'y = 12, x'y; = —24.

§ 55. Xupperpiki mapdoTaon évég memepaocpévou mARBous Spwv
MGG YEWHETPIKIS MPOGEOU.—Ni& v& mepiopiooups Tols &yvdaTous mou tupavilovran
o€ Bidpopa TpoPAfiuaTa yewpeTpikdy Tpodbwy, [Bialtepa STav Eépoups TS ywdpevo &piBudv

67

WnpiomonBnke amoé 1o ivotirouto EknmaibeuTikrg MoAmkrg



ol &molor elvan Siadoyikoi Spor wids yewueTpikiis Tpodbou, elval okémipo v& TapaoThoouuE
ToUs &piBpovs albTols s EEfs:

Iepintmon In: To nhijfog tdv dyvostov Gpov elvar neprrto.

"Av 16 TAfifos Tév &yvwoTwv Spwv elvan TepiTT, fotw 2k 4 1, keN, TéTe Umrdpyet
pegaios) Spos, TOv &moio «oupgéper» v& TéV oupPolicoupe pé x, dméTe, &v & Adyos Tiis
mpoddou elvar w # 0, yp&goupe Tous Spous Trou LnTaue ds EEfis:

X X b
oK T @ @ B e, xw?,. .., xwk ()

Mepintwon 2n: To nififog tév dyvoetwv dpov elvar dprio.

"Av 16 TAfiflos TGV &yvwoTwv Spwv elvan dprio, éoTw 2k, k e N, TéTe Umdpyouv
BUo «peaaiorn Spor xai 16 ywduevd Tous elvan Too pé 16 ywouevo T@V Expwv dpwv. ITHY
mepimTwon alTh yi& v& TapaoThgoune Tous Spous Tou nTépe Siaxpivoupe Tis é€fis Buo
UTrOTEpITITCOTEIS :

2a). *Avalnrdue dv tmdpyory yewp. mpdodor pé Adyo Betikéd, oTis dmoies dvrikouv of
2k T6 wAiiBos &pifuol. Tote «ouugépe» v& oupBolicoupe Tous BUo «pecaious» Bpous pé:

%
iy kal xA, 6mOTe & Adyos w THs yewp. Wpodbou elvar: w = XA: = A® kai ouvemés
Exoupe:
. X x X
S TRy XK, xR, xAEL (2a)

2p). *Avalnripe dv Sadogory yewp. mododor pé Adyo apvntkd, otis &moles &vrikouv
ol 2k 16 mAfifos dpifuoi. TéTe «ouppéper» v& oupPohricoupe ToUs BUo «ueoaiouss Spous pé:

—— xal —xA, &moTe & Adyos w Tiis yewp. Tpoddou elvan: w =(—xA :-L = —A? kal guvetrds
X ¥ P A
Exoupe:
x x x
T W —xk, XA?, —xA5, ... (2p)-

Lyoho. "Otav mapioTdvoupe ToUs Spous mids yewi. TpodSou ué ToUs ouuPoAiools
(1), (20) xai (2B) elven avepd 811 orwmnpd Exoupe UTobéoer &T1 & Adyos w Tiis TPoode
elven Bidgopos &méd Té undév. *Av 16 &vtioToryo mpdPAnpa Exer kal Abon pé w =0, TéTe
elvan gavepd 8T Th Abon abTh B8& Tpémel v& THY dvalnTrhoouue IBiciTépows, kaBboov By yewy.
mpdoBos ToTE Elven: «, 0,0, ...

‘Egappoyic. 1n: Na Bpeite téooepig npaypanikois apifpoic nod va elvar Sradoyikoi Gpor
yewperpikfis mpoddov, dv elvar yvogrd dti: 16 yivopeve toug icobtar pé 729 xai & tétaprog
{oobrar pué t6 yivopeve thv 8o peoaimv.

Avon. Tlpdta &’ 6Aa Tapatnpolue 811 Bév Umdpyet Alon wé Adyo Tfis mpodbou T
unBév. Alaxplvoupe Twpa Blo mwepiTTdoEs:

i). "AvalnTape Gv Umdpyouv yewp. wpdobor pé Adyo w=0. Téte, oUpguwva pé THY
(20), TapioTdvoune Tous Téooepls &piBuoUs s EEfis:

X X
AF XA, XA? (x, AcR).

"Exoupe 16 oUoTnua:

x4 =729 xt =27 x= 1335 x=13V3 2= 3V3
XA? = x? H?@:x K=y A= :|:3‘\/3— A=+ V3

MNd x=3V3 kal A= V3 ol &piBpol ol Intaue elvan: 1, 3,9, 27,
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M& x =-3V3 kal A =—-V3 Ppiokoupe méht Tous 1Bious &p1Buovs.

ii). "AvafnTdpe Twpax &v Umdpxouv yewp. Tpdodor ué Adyo w < 0. Téte, olpguwva
ué v (2B), mapioTdvoupe ToUs Téooepis &piBuols EERs:

X X
—% 0 3 XA (x, AeR)

“Exovpe TéTE T6 oUoTnua:
xt =729 x1=127 x=+3V3 X=43V3 x=+14/3
XA = —x? - N=_—x H)\":—x M= 3.\/3T H?\::F\/?.
M& x =3V3 kad A=-V3 ol dp1Buol mwoU Cnrape elven: 1, -3, 9, —27.

Mé& x = —3V3 xai A=1/3 Pplokoune w&A1 Tols &piBuols: 1, -3, 9, 27,
"Apa ol &piBuol woU InTape elver of: 1,3, 9, 27 xai 1,-3,9, -27.

1. Né Bpeite yewpetpiki mpdodo mod vi Exe v idbtnta : 16 &dporopa tHV PGV mpd-
10V dpov g va igoltar pé 1 xai 16 Sinhéoro tod debtepov Bpov tng obv Eva va icobtar Ré Tov
npdto Gpo tng.

Abdan. ZUpguwva pé THY TpdTh TepimTWIN TapioTévoups Tols Tpels TpwTous Spous
THS Yewl. Tpodbou e EEfs: -, X, Xw,5mou UtrofToupe ot @ £ 0.
@

"Exouue TéTe TS oUoTnua:

Ll + x4 x0=1 X=-— %
w ) =
2x + 1= T w=-3.
"Apa pla Aon ToU wpoPAfiuaros elvar YewHeTpIKT TTpdodos:
1 3. 9 i |
T s _T £l T. saay T (—3)"‘1 p o
"Eetdloupe Tdpa prwws 16 TpdPAnpa Exer kaf Avon pé w = 0. TéTe mé TéToix yewp.
Tpéobos B8& fiTav Tiis wopefis: «,0,0, ..., émov a & Tp@Tos Spos Tns. ‘Autows Ppiokouue
& pia Térowx wpdoBos elvan #: 1, 0,0, ..., fi dmolar dmoTeAel pia Selrepn AUom ToU Trpo-

PAfiparos. “ANAD AUon Siv Umrdpyer (yrari;).

§ 56. T6 &Bpoiopa TV Gmeipwv Spwv amoAuTwg ¢Oivougag yew-
HeTPIKfS TPO6SoU.— "EoTw Ay yewpeTpikd) TpdoSos:

o =aw'! , v=1,2, ... (@h)

Hé TpdiTo Epo TV o #~ 0 kai Adyo o pé: 0 < P < 1

"Omeos eibaue kai aThv §45 f () elvon TOTE pia drokbrog eBivovsn yew-
uetpikny pdodos, kaBdoov elvan: [a | < Ja,| yi1&k kéB: v=1,2, ..., Stav:
O0<|lw| <.

"As oupBoliooupe pé X, T6 Bpo Juax TRV v TpTEY Spwv Ths (1), T
omoio, &mws elvan YvwoTo, pds T6 8f @ & TUmos:

A a(w’ — 1

‘"z% &
_— ggpen; SpEiE. g & o
O Tlmos (2) ypageron: I, = Wil e 1w @

Emadt |w| < 1 #meton mi: limw' =0 (PA. § 26, tpapu. 1) xai ouvenréss:
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lim X, = lim AL L QAN S TR
l—-w l1—-w 1—

"Qoe: IimE, = —— 3)

Té mapamdvw Spio, SnAadn tdv mpayuarixd dolbud l(j o OTdv dmoio ovy-
xAlver 16 d@powoua X, téw v modrow Spwy mds arodirws ghivovoag yewu. mpo-
ddov (a,), BnAabn yewueTpikfis TpodBou pé Adyo w: 0 < |w | < 1, 7d dvoud-
Lovue : «lifporopa TV dncpov Gpov tiig adrokitwg ¢Bivovsas yewperpikiig
npoddov (1)».

Té &Bpoiopa aUtd T6 oupPolifoupe pé 2, fj Mo &mA& pé Z. "Evol Exoupe:

) i " o4

T =Z=a + aw + aw?+ - - 4 aw ‘—|—---—°—p—5hm2v=l_m 4)

"Qore: 16 G0poropg I tdv dncipev dpov mig yeoperpikiis npoddov pé npd-
10 8po tév a kai Ldéyo © tétowo, Gote 0 < || < 1 icobton pé: T-'-I—m'

Imp. "Ava=1, T1éte: T=1+ w0+ wf 4 ..o ¥+ ... :—‘_l“l;'

g el bl o,
T.x. 1+7+F.|....T.§v_+..._i_—l_ !
2

Mapatiipnon. ‘0 Timwos (4) loyle xai y1& w =0, yati 1616 76 &poroua I 8& elvan
foo ut o kai 6tav v — -} o. *Emions & TUmos (4) loyue kai yi1& o =0.

‘Epappoyii: In: Na dnoloyicete 10 @Oporopa: 4+ _;_ + ;..- ooty _;T

s

4 4
S e iU

Abon: Ol &meipor wpoobetéon: 4, % F elvar SiaBoyikoi &por pds

YewpeTpikis Tpoddou ol Exer TpdiTo Spo a=4 kal Adyo w = _]3_ . ‘Emopévws 16 &bpoioua
ol InTépe pds 16 Sive & TUmos (4), dnAadn:
L = 4 4
4 R ML ST drils o e = =6.
e i M e
1— = 4

‘Eguppoyf 2n. Na Bpeite 16 xowvo xhaopa, ano to dmoio mapiyetar 6 dexadixd meprodi-
K0 xhdopa: 4,513513...

Avon. Té Bexadikd mepiobikéd kAdopa 4,513513. .. ypageTan:

513 513
4+000 * To00r T
513
Sk 513 SI™ 5ia, o TIPS By
s R 1 A e— ey
~ 71000
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"Apa: 4,513513... =

TMapatnpoupe Aoimdv 871 & BexaBikds dpiBuds 4,513513. .
Bikdv Tou ynelwv aufdver dmepiépioTa, Telvet oTé pnTd &piBuS

i )
7999 T T999
, 8tav 16 wAffos TGV Seka-
4509
999

“Avaxkegahlainon. Of {B16TnTes TGV &pBunTIKGY Kol YEWUETPIKEY TTPodBwY
ol &moppéouv dmé Tis mponyolueves Tapaypdgous ouvewilovtan oTéy Emd-

pevo Trivaxe:

APIOMHTIKH INNPOOAOZ
*Eotw pla dpiBunmikd mpdobos:
[- Y- 9 RPN S SEH. SN S (1)
pé wpddTo Spo T @, Kai Adyo w. Tore:
1.'O vicoTds &po;' @, Tijs (1) Biveron &méd Tédv
TUTTO:

a,=a,+ (v—1o l

2. "Av elvar @ # 0, ToTe TS &Bporopa I,
TéV v TpwTwv dpwv Ths (1) Sivetan &md
ToUs TUTTOUS:

o Eoe by,
(ii) > [2a,+ (\12— Delv
Inp. "Av elvar @ = 0, TéTe: I, = va,.
3. loybe:

a,+a,=a,+ &, =0+ ax,_,=...
=yt ey, (1 << V)

Eidwa: o)+ a;=2a, a, - o,=2ay,

oyt ay=20 ,. .., Gyt Qs =20,

Luvinewe :&v a, B, y elvan Biaboyikoi &pot
&pifu. podbov, ToTE loyUer :

Bp=a+7y
4. Mioog amBunrixig :
L = P R > T
M, = 2 LTS
5. Tyrog vl dpbunruikiis mapeppo’ i
e

TFEQMETPIKH ITPOOAOZ

*Eotw, pla yewpetpikh mpdobos:

[ 307, . MO

ué Tp&dTo Spo T a; Kaf Adyo w. Thre:

1. *O viootés 8pos «, Tiis (1) Sivetan &mé
Tév TUTO:

a, = ul.m"—l

2", "Av elvoan @ # 1, Té1e TS &Bporopa I,
TGV v pwTwy Spwv Tiis (17) Biveten
&wd Tous TUTTOUS:

an

B e T e e 2= S R

o, — &

O 5 SSEE g )
@y £=2"D o 4

Ine. "Av elvar @ =1, Té1e: T, = va,.
3. loyber:
O+ Oy =00y * Xy =0 " Ty g =5«

=iy Ayy 5 (B < V)

Eiba: ao=0}, o,0,=a]
2 2
Oyl = Y yee ey OOy =0,
Evvinowa: &v a, B, ¥ elvan BiaBoyikol Spor

Yewp. Tpoddou, ToTE loyialT
B =ary

4. Méigog Tempetpikig :
v
Mr="Yoa -
5. Timog tijz yeoperpikiic mapepPoliic :
uil

w',_.e.‘/ﬂ_ , (e= £1).
a

AZKHEEIEZ

‘Opada A" 90. Né& fetdoete &v elvan uovéToves ol Emdueves yewpeTpikés pdo-
§o1 kal vé& xafopicete 16 €lbos povoTtovias yi& Tis povdToves &’ alrés:
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1 1 . 8 16
S T I TR 3,-6,12, ..., 5) 4, —, — —,...
5 '3 v ) ~hors
91. Aiveren f) yewu. mpdobos: 1, 3,9, 27, 81, ... N& &mwobeifete &1 ol Siagopts TéV
Siaboyikddv Spwv Tns oxnuaTtijouv pia véa yewp. Tpdodo. MATws alth i IBidtnTa loxve
“yevik& yi& xéBe yewp. mpdobo;

o) 12,6,3,..., P)

92. Né& mpoobiopioeTe TéV TpaypaTikd dpibud x, dtav elven yvmcn’é 811 ol TapakdTw
&pifuol elvon SiaBoyikol dpor yewpeTpikils Tpoddou:
a) x—2,2x, 7x + 4, B) 2x —2,3x 4 6, 12x + 6.
93. N& mpoodiopioete Tév mpayuoaTikd &piud x, dote ol &pifuof: o+ x, B + X,
Y + x v& elvan Biadoyikol Spor yswp. mpoddou. Tl oupPaiver &v ol «, B, y elven Biaboyikol
Spor &piBunTikfjs Tpodbou;
94. N& Ppeite T6 mATfos v TGV Speov ol Tpémer vé Tépoups & pla yewp. wpdobo,
&v Eépoupe &Ti:
o) o, =4, w=4, Z,=5460, BY oy =13eg==k1T &; =9471,

¥) @ =4, a, = 972, I, = 1456, 8) «,=81, m_i 3, = 781

95, "Av ol &pibuol a, B, y elvon Sraboyikel dpor yewp. Tpoddov, vé &mobeiete STi:
1
arpey? (o@ Ea+~)=u’+ﬂ“+¥‘.
96. "Av «, B, v, B elven Bradoyixkol Spor pds yewy. mpoddou, v& &mobelfete &Ti:
D @+8)-@+n-@@+)-B+8=F0-7)"
2) B-YY+ -0+ (B-p)=(x—5)"

97. "Av a, p € R* kal Ma, Mr, My elvan dvtiotoixws & péoos &piBunTikds, péoos yew-
HeTpIKSs Kai péogos dppovikds TGV o kol B, vé &mobeiete dT1:

1) ML=Ma . Mu xad 2) MA= Mr = Mu.

98. N& oynuatioere pia yewp. mpbodo,  dmoia Exer ds pddTo dpo Tns TH HikpdTEPT
pita Tiis tiomoews: X3 — 2x2 — 25x + 50 = 0 xaf s Adyo TH upeyoAUTtepn pila. “YoTepax
v& Ppeite TS &Bpotopa TGV v TpwTwY Spwv Tns, &v ds v Tdpoupes TS TpiTAdalo Tis TpiTns
pifas Tfis wmapamdvw E§iodoews.

99. N& Ppeite Tév wp@To Spo Kal Té Adyo wmds yewp. wpodbou &v elvar yvwoTd &Ti:
16 &fpoiopa TRV 4 TpwTwy Spwv Tns elven 40, dvd Té &bpoioua TV 8 TpdTwv Spwv TNS
elvan 3280.

100. N& Ppeite Tis SiaoTéoes tvés dpfoywviou TapaAiniemimébou &v elvan yvwoTd
811 alTés elvon SraBoyikol &por yewu. wpoddou xai éT1 TS &lpoicua SAwv TV &xkuddv Toy
elvan 168 xai & &ykos Tou elven: 512.

101. Tpels &piBuoi x, y, z Exouv &bpoopa 147. "Av ol X, ¥,z elvar BiaBoyikel &pot

&p1Bu. mwpodbou kai ol x, z, ¥y yewu. mwpoddou, va Ppeite abTous ToUs &p1Bueds.

102. "Av ol Bi&gopor Tou undevds &pifuol «, B, ¥ elvan Spor mq; Yewp. mpodbou Té-
Eews A, p kal v dvmioToiyws, v& 6-rroﬁs(§s're T foyve:

-, pug). o Ylfu =1.

103. ’'Avépeca otis pifes Tfis E610woews: 2x%2 —5x — 3 = 0 v& mapeuPéiete 4 yewpe-
TpiKous EvBiduecous.

104, 3¢ pia &dmohUTws gbivovoa yewy. Tpdobo & mpdTos Gpos Tns elvan Té wod ToU
dBpoiopartos TGV &mepwy Spwv, tvd TO &Bporopa Tdv Blo TpdTwy dpwy Tng elven 20. N&
PpeiTe TV Tpdobo.
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105. Té &bpotopa Tdv 4 mpdrwv Spwv mdEs &mohitws ¢bivouosas yewp. mpodbou
elvar 65 xai 16 &bpoloua Tév &mepwy dpwv Tns elven 8l. Né& Ppeite Thv mpdobo.
106. N& Umrohoyioete T& TapardTw «&Bpoloparan:

V241 1

1
S et et RN LR R L L s P
)ttt ) 5 -

Sy) a4+ p+%+%+... (a> P> 0).

107. "Av 8,,8,, S, ..., 8, tlvan dvTioTolxws T &poiopara TGV &mepwy Spwv TEY
yewp. mpdobuwv, kabewd &wd Tis dmoles Exer ds TpdTo dpo dvmioTolyws Tév: 1, 2,3, ..., v

kal Adyo dvTioTolyws ToV : 1 1 1 !
2 v+ 1

L=l ] '

3 4
sl+sz+s,+...+sv=i(l_‘2tﬂ.

, v& drodelfeTe &t

¥ "Opade B 108, "Av x,y,z € R+ xal Ma, Mr, My elvar dvmioToixws & &pibpnTi-
KOs, YEWHETPIKSS Kai dppovikds pégos Tous, va &mobeifete 611 loyle: E

Ma = Mr=Mu (dvicotnta tov Cauchy)
109, "Av x = 0, y = 0, v& &rmoBei§ere &m1:
MéTe f) oxéon aUth loxte pé T foov;
110. "Av ol o, B, y elvan SiaBoyikol Spor mds yewy. Tpoddou kai ioxle fy oxéon:
af = [30 =y,
v& &mobeifete 611 ol dpiBpol p, o, T elvan BroBoyikol Spor wids &puovikiis TpodBou.
111. N& &moBeifete 611 &v ol mwheupés Evds Tprydvou elvan BraSoyikof dpot wds yewyl.

s i3
Tpdobou pé Adyo w, ToTe loyler: Y 52_1 < G is_zt_l_
3
112, "Av o + of + B? =0 kaf o® - B® = y3, vk &moBeifere 811 ol &piBuoi: «, y, PV 4
elvan Biaboyikol dpor was yewueTpikils TpodSou.

113. N& Ppsite T6 y10076 Spo kal 16 &fpoioua Tév v TpdTwy &pwv Tiis dkohoublas:
2,3, 5,917 s

‘Yrodeign. N& mwapete Tis ‘5mcpopég: 3—-2,5-3,9-5,17-9, ... Tl waparnpeiTe;
114, "Av ol o, B, v, X, ¥, z elvan BzTikol &piBuol kal & a elven pioos &p1BunTiKds TV P
kal y, tv@d & X elvan péoos &puovikds TGV y kal z, v &modelete 8T1: & ax elvan péoos

y_ .z _B_ ¥,
z+y Y+ﬂ

115. Né& &etdoete &v ol &piBuoi: V2, V5, VT elvan 8por (&x1 dvaykaoTikk Siaboyi-
kol) wds yewueTpikils TpooSou.

yewpeTpikds Tév Py kal yz, TéTE Kal pévo ToHTE, GV :

116. To &Bpoiopa Tdv &mepwv Spwv mEs dmoAUTws @bivovoas yewp. mpoddou elvan
12 kai 16 &poropa TGOV TeETpaydvwy TV &reipwv dpwv Tns elven 48, N& Ppeite THV Tpdodo.

117. "Av o, PeR pf {a| <1 kal [B| < 1 xai dvopdooupe:
A=1l+a+at oo a4 o.. kel B=14+P+ P2+ ... + P4 ..

va &mobeilfete 611
AB
=1 al a?p? Vi avp¥ N — i S
+ off + o?p® + +avpr + Av el

13
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118. Aiveton fodmAeupo Tpiywvo ABIM pé mheupd a. Zuvdfoupe T& péoa T&Y TAeupldY
Tou Ay, B, M kai oynuarifovpe fva véo loémheupo Tpiywvo. T& péoa TGV mAeupdv Tou
A.B,I" 1& ouvBtoupe kal Taipvouue Eva véo lodmAeupo Tpiywve. 'ETavaiapPavoupe i’ dmeipo
THv fpyacia abrf. N& Umoloyicete T¢ &Bpolopa Tdv mepiéTpwy kai Td &fpoiopa TV Eu-
Paddv TV &mepwy loomAeUpwy Tpiydwvwy Tou axnuatifovral.

119. “Eotw 1) dxohoubia (a,) pé oy = % kai aty4; = 3"'“5—+4 ¥ veN. Na& &mo-
Beifete 6T1 1) dkohouBia (P,) ué yevikd Spo: P, = a, — 2 elvan pla yewp. mwpdoBos pé Adyo

W= % "Yotepa vé Ppelte Tous vicoTous Spous B, kal a, Tdv dkohoubiv (B,) kal (a,)

&vtioTolyws ouvapThoer Tou v, kabds kai 16 dpio Tijs dxohoubias (x.).
120. "Eotw 1) dxohoubia a,,v=1,2, ... ué:

oy =.;_ (X + Aimp) kel o =&, 0, = B,
N& &modeifere 671 #) dkoroubia B, v=1,2, ... pé yevikd épo: P, = a, —a,, evar pia
Yewy. mpdodos ué Adyo w = — % It ouvéxeia vé ExppdoeTe TO o, ouvapThoel TGV a, P

xai v. TTo1é elvan 16 lima, »

121. "EoTtw f) dxkodouBia: a,,v=1,2, ... yi& Tiv dmoia elva:

oy =ty e, ¥ veN (§, n €R).
N& &mobei€ete &T1:
“Av & Noyos 2, &mou o, # 0, elven pifa Tiis Eiodoecws:
&
—&x—-n=0,

TéTE ) droroubia a, elvon piar yewpeTpikr wpdodos.

122. "Av S, elvar 16 &Bpoiopa TGV v TpwTWY Spwv YewpeTpikijs Tpodbov, Tiis dmrolas
& mpdTos Spos elven @ = —5 kai & Adyos w = —3/4, v& {moEsiEE'rs 871t

( E>0Kdi¥VENu£V)3( 1))

o6 elvan 16 lim S,;

< &
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KE®AAAIO III
AOrAPIOMOI — EKOETIKEZ KAl AOTAPIOMIKEZ EZIZQZIEIZ
I. AOTAPIGMOI. OPIZMOI — IAIOTHTEZ

+§ 57. Eigaywyikég &vvoies.— ZTrv Tponyoupevny T&En pébope yi&
Tis Suvduels pé Pdon SmolodfmoTe BeTikd dpiBud kai ExkBitn pnTd &pidud kai
&rrodeifaue Tis kuptdTepss 1816TNTE TOUS.

“YrrevBupilovpe £86 pé ouvtopia Tis 1816TNTES aUTES:

MNd kébe o, PeR~ kai x, yeQ (Q: T cUvoro TGV pnTéY dpiBuddv) loyUouv:

1). at o=ty 2). (¢ - B)*=a* - p*
3. atow=at? 4). () = a
5). a*=1 = x=0 (a#l) 6). af = a 4= x=y (a#l)
x x x ¥y A
7. a>p—>{a>ﬁ‘&Vx>0,3).x>y4—>[u>°"av a1
a =Pt & T <0 ; ot <o, &v 0<a<l.

Eibikd yid a=1 loyba: a=1 A x #y = «*=a=1.

“Qore: y1& o > 0 f Slvoun oF elvan TeAeicos dplopéun otrv mepimTwan
mou & kfétns x elvan Evas SdmolosBrimoTe prTds &pi1Buds.

Mevwiétan Bpes T Epeotnua: T Evvooupe dTav ypdpoupe «l?, aeR* kal
mé yevik& a*, oTy TepimTwon moU & ékBéTns x elven &ppnTos dpiBuds; An-
Aadr) e OpileTon ysvik& ﬁ Evvola: adtvauny pé fdan (daowdnzote) Gz
dollud a xal &Déry (dmowdijmore) mpayparie dplfud on ;. O& Opigoupe dipi-
Bés Twpa ThHY Evvola alTh.

*ATmroBeikveTon ¥ otd Mafnuatiké 1) s TpdTaoN:

Npoétaon.—Ia kabe o > 0 kai kale axokovdia p,, v = 1, 2,...pn1dV ap1B-
udv pué p, — x** xeR, 1j dkorovdia a*y, v= 1,2, ... cvykkivet ¢ Eva Octikd
apbpé, 6 omolog dév éapratar amé tiv axorovdia (p,) (&pkel wdvo p, — X).

Aiveton Twpa & Emrduevos Opiopds:

“Opiopos. “O apayparids dpillpds, drzpiféotepa 6 Detixds apduds, mob ooi-

* ‘H &mwobeifn 64 BoBel oty &AAn T&En.

*k Yrrépyel TéTola dkohouBia, yiati &mobsikvietan dTi: Y a«, PER pé o < P 3 peQ) :
a<p<p.
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Lerar povooijparta, oUuguwve pé Ty Toapomdve TpdTaon, xai med elar 7 doa-
0] Ty Tijg dxotorliag (af), dmov (o) dmowadimore dxolovlia onraw aollpiv ué
0y —> I, ovopdlerac: §Ovapn pé Paon 16 Oetiké apifpé o kai éxbitn 16V npay-
ponkd apibpd X xal copflodilerar pé: ax.

& . x — h ey,
Qoe: a* = lim a*

Elvan avepd meds 6 mid mhvw opiouds TepikAElEl TO yvwITd of pdEs &mo
TV TponyoUuevn T&EN Sploud Tis Suvdpecs pé pnTS ExkGéTn. “ETor EE&AAou
SikanoAoyeitan kai & ouuBohicuds Tol lima® pé 16 oF, Emadn &v xeQ, TéTe
pic dxoouBic pnTéY dpifudy ouykAivousa oTé x elven 1) oTalepr) droloubia
ry=X, ik xébe v=1,2, ... Torte dpeos ExOUpE:

av=o* — g

ZUupwva Guws pé TV TponyoUuEwn TPOTaON Yi&k kd&fe dxoroubia (=%
v=12 ... pnrddv &piBudv pé p, — x 1) droloubic o, v=1,2, ... ouy-
KAvel 0 Eva BeTikd &piBud,oU Bév tEapTaTon dmd TV dkoroubia (p,) xai Etro-
uéveos réhn 04 oy e ?

a™ — o,

Zuvoyifovtas Aoimdy T& TrponyoUpeva oup@uwvoUpe &Ti:

5 a* = limafv
émov p,, v=1,2, ... dxohouBix pNTOV Spifudv ué p, — x, dveldprnTar dv
6 x glvon pnTdg 1 &ppnTos dpiBuds, BnAadn yi& kaf: xeR.

Ot yvwoTés 1816TnTes TGV Suvdpecov Mé pnToUs fkBétes, Tis Soies Guagpé-
paue oTiv dpxn auTfis Tfis Tapaypdgou, dmoSsikvleTon ST ioxUowv kai oTAV
TepITTWAN Buvduewv pé éxBéTes &ppnTous &piBpols kol ouveTrdds ué EkOETeg
(6TrolouodriToTe) TporypaTikoUs &piBuous.

Inpcivon. *Amwéd Tdv Spioud Tis Buvduews of pé o > 0 kal XER TpokUTITEl &T1 Spife-
Tot pix ouvdptnon [: R — R+ pé Tomo: f(x) = a¥,

‘H ouvéptnon alTh évopddetan ‘txlinikn) ovvaptnen pé Paon 16 a.

Eika Thv EkBeTixf) ouvdptnon mTou Exel Paon TV &piBud o — Iim([ +L) v:2,7182__‘

v
8nA. T ouvdpTnon [ pé TUmo: f(x) = e¥, TN Adpe GmAdys ixeTikn ovvaptnan.

§ 58. "H &vvoia Toi AoyapiBuou BeTikod ap1Bpod.— Eidape oty
TpoTyoUuevn Tapdypago &Ti: & a > 0, TéTe o* > 0 yi& kdBe xeR. AnAab)
) SUvaun of iooUrtan pé GeTikd &piBud, éTav o > 0, queEdpTnTa Mo TS Gv
6 tkBetns x elvon Bemixds, dpvnTikds # undév. Eidikd yi& a=1 ol Suvépeig 1*
elvan foes pé 1 y1& kdde xeR.

Ol Buvépers Spws o, émou 0 < a # 1 kal xeR Sx1 povo elvan BeTikés y1&
kabe xeR, AN STav TS x HETOBEAAE T q-ré SidoTnua : —0 < X < + 00, TOTE
f ouvéptnon [ pé TUmo I(x) = o Taipvel cos Tipés Aous ToUs BeTikols &pif-
uovs. "AxpiPéoTepa, dmodeikvieTan oTd MafnuaTiké 1y £fis TpdTaon:
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Npétaon.— MNé kade Betikd npaypatiké apifpé a diapopo tijg povadag,
SNA. yi& kéfe aeR pé 0 < o # 1, kai wabe mpaypankd appo 0 > 0 Smap-
ye1 Gxpipdds Evag mpaypatikdg apipog x (pnTés fi &ppnTos) pé thv ididtnra:

a*=0 M

‘At Th Tapamdve TpdTaon O8nyoUuaoTe THPX oTO V& Sdooupe TéV
tEfis Oproud:

‘Opropos. Td povadexd, olugouva ué Ty Tapamdvw TpdTaoT, moayuatixd
dofud x, yud Tov dmoeio loyle 1j ayéon:

=0, 800 a >0 a#lxal >0
0¥ Svopdiovue hoyapiBpo tob B dg mpdg Paon @ xai Tdv masiordvovue ué hoy,d.

“Qoe: X = Aoy 0 (2)

EiBik& y1& a=10 ypdgoupe : Aoy® dvri Aoy o8 Kai Tov dvopdZoupe dexa-
dik6 royamOpo. :

*Auean ouvémelx ToU o Tavw opiouol elvar ) (Aoyikn) igoSuvauia:

270 = X & o =0 3)

*Amd v (3) ouvdyeTton Twpa & EEfs kavovas:

YAy Edoovue 6 Foydodpo fvds Uetizol dollunt 0, Tdre 6 doluds airds elvae
looc pé ddwaun mob ézec ds fdoy i) fdoy w tow Foyasiluow xal éxléty o lo-
ydalBuo 1ot dolflpod airol.

*Emreid) x = Aoy,0, 7| oxéon (1) ypdoeran: Prad _ g | kof Aéye-
Tan Paciki AoyapiOpiki tavtétnra.
*Eto1 Exovue Tis icoduvapies:
O<a#1l)
ol ¥ pmeo Loy 0 =
170 =x & a 0 = a 0 ® = 0).
Mapodeiypnata :
1) Aoy, 100=2,  madf 102=100 || 5) Aoy,y 0,001 =—3, émadn 10-*=0,001
2) Aoy,8 =3, » 22=8 ' 18 _}_)‘fL
" i 6) Aoy.,=(l_6) 4, » ( ) =1
o 1 s 10
3) Roy,V2 =— » 213=V\2 7) Aoy, 1=0, WA etV e )
3 | ) 1 ) Ilr 4 (‘\ 2)
= L= l R el /T
H oy 9=-2 2 (F) =9 || B rwNIs o @F=VE

Ievikf nopatipnorn. TavtoU, oTd émépeva, 8& Umohoyifoupe pévo Aoyapifiuous Oe-
Tikév &piBudv. AoyoapiBuous &pvnTikédv &pibBudy, dkpiPéoTepa pry BeTikddv &pibuddv olTe
dplloupe ofite petayeipifdpaoTe. YoTepa &md aUTd O AoyaX Exel vémua Tpay paTikou apif-
pou, TOTe kal pdvo TOTE, Gv:

x>0 kai O0<az#l1l

T
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*Eton, my., & Aoy,(3x —2) Exe vénua wpayuatikoU &piduod, &v: 3x —2 > 0 kal
0 <x % 1. Anhodh & : xe(% q l)U(l. WL

§ 59. Baon AoyapiBuwv - Aoyapi®uiké cuotipara.— ‘O mwpayua-
Tikds &piBuds o, ol elvon BeTikds kal Sikgopos Tiis povdBas, SnA. 0 < a # 1,
Atyeton Paon 1édv AoyopiBuwv.’ATd Tév dpiopd ToU AoyopiBuou BetikoU &pib-
poU TrpokUTTTEL 6T1 pTopoUue v& oxnuaTicoupe &meipa ouoThuata Aoyapifucy,
&goU s Pdon pmwopoupe v AdPoupe Tov dtroiodriTroTe BeTikd TpayuaTikG &pif-
uéd mou elven Sidpopos Tiis wovabas. Z1d MaBnuarik& kupiws xpnoiwomololue
T& £Efis SUo AoyapiBuik& cuoThuaTa:

lo: Té6 Sexadiké AoyapiBpuixé cdstnua. 2’ alTd Talpvouge s Pdon «
Tov &piBud 10. ‘O AoydpiBuos vds (BeTikoU) &pifuol 6 oTd oUoTnua alTd
SvopddeTan, Smeds elmape kal MO wavw, dexadikdg hoyapOpog kai cupPoAileTan
&mAdds pé: Aoy® &vtl Aoy,,0. "Etol Exoupe: hoyl = x <= 10* = 0.

Ot Bexabikoi AoydpiBuol Aéyovtan kai w«xowol Aoydofiuorn xai ypnoipo-
ToloUvTan eUpUTaTa OTE® OTOIXEIDST padnuaTikG yi& TrpakTikoUs kupics oko-
TTOUS.

20: Té Nemépero royapibpixd odotnpa. I’ aitd 16 oloTnua Talpvoups
s Paon TOV &piBud e = 2,7182. . ., & dmroios dpileTan s TO Spio Tijs dxoAoubiag

(1 -+ -3'—) »v=1,2,..."H &kohoubia alrr dmodeikvieTon &1 elvan alifouvoa
(PA. dox. 6) xai &vew gpaypévn, Eropéves (§ 28) ouykhiver oTé R. 'Ovopd-
foupe e = ]im( 1+ %ﬁ) . ‘O &piBuds e raiZer ooudalo pdho oty "Avdiuan

kal yevikd o1& MabnuoaTikg, duikel o6 Sidotnua: (2, 3), SnA. 2 < e < 3,
&év elvan Aormrdv & &piBpds e dxépaios, Sév elvan Sucws oUTe kal pnTés, didun olTe
&AyePpikds &pibuds - elven Evas UmepPaTikds &pibuds . Mia mpostyyion ToU &pif-
poU e pé 20 Sexadikd wnoia elvan: e ~ 2,71828182845904523536. “O AoydpiBuos
tvos GpifuoU O oTd oloTnpa alTd AdyeTon vemépelog AoyapiBpos* ToU 8 kol
oupPoliferar pé log @ f Inb (&vi: Aoy.8). *Etor Eyoupe:
logh=x = e*=8. (Inf=x &= e*=9).

Oi vemépeior Aoy GpiBuot AéyovTan kai «gvawol loydoldpon xal ouvavT@uTan
kupiws oTd "AvaTtepa MabnuaTikd.

* "Afoonueinteg rapatnpiong. 1) AT Tév dpioud Tol Aoy,.X ToU dplleTan yik kdfe
X > 0 mpokUmTel 6T yid xéBe 0 < o # 1 dpileTon pic ouvdptnom [: R* — R pé TOmo:
f(x) = Aoya(x) = hoy.X. Anhadf Spiletar 1) ouvépTnom:

f: R* = R: x = [(x) = Aoy.x O<a#l)

* Mpds Tipn Tou "Ayylou MabnuaTikol John Napier (1550 - 1617) wpdTou EmvonTi
Tév AoyapiBuwv. MpdTos & Napier EAaPe dbs Pdon Tov &piBpd ¢ = 2,7182... ‘O oupPohi-
ouds «ln» wpopyeTan o TS dpyikd ypapua (1) Tiis Aé€ewos: logarithm kai 16 pikpd ypauua
(n) Tou dpyikoU Tiis Aéecs Napier.
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AU 1 cmvc'&p'rqan Svopddetan hoyapiBpuikiy ouvvaprnon pé Paon a.
*ATéd Tév dpropd albTiis THs ouvapTioews TpokUTTEl duéows &Ti:

Y =A0YeX fump O =X (xeRY)
xal ouvemrds:
y=logx &= ¢’=x (xeR")
2) ZTupgova pé T Paoikn AoyapiBuikn TautéTnTa loyver: %
a?.o'r.x =X LY GE(G, ]) U(I- o oo)
kai eldik& y1& a=e¢ loyle:
Ulogx =x
—
dmédTe ouvdyoups ETi: of = (1989 )% = * 1980 FrAaBY g

3) 'H AoyepiBuikfy ouvdptnon, ToU Omws eidaue Mo mavw Exel Tebio Spiopou TO
(0, + ) xai medio Twdv T6 R, elvan, &mes 84 pdBoupe oThv &AAN T&EN, «h) derinToopr
awvdptnan Tijs ExBeTixi)s arvapTijoems x = o'y .

3’ tva dpbokavovikd cuoTnua &fdvwv Ty ypagikn TapdaTaan Tiis AoyapiBuikiis ouvap-
THOEWS: ¥ = Aoy,X Bivetan, pé mwpdyeipn oxebiagn, amé T& dpégws ETopeva oxnMaTa:

d

1

]

x- 0 x* x
ajl
3x. 5
AEKHEEIZ
‘Opada A'. 123, N& wpoobiopioete Tév X & Tis TapakdTw iodTnTes:
1 o
1) hoy,x =3, 2) Aoy x =-3, 3) Aoy,(—f) =X, 4) Aoy ; 3(9 V3)=x,
5) A £L bx,0 gy L 7) Aoya 20 8) A 1)
- =X, X=—"—7% s =X, i ) =X

) °Y1/9 8 ) Aoy 3 ) Aoy, L ) Aoy, V2 X

124. Né& Ppeite Tv dyvwoTn Pdon xeR ', x » 1, &wd Tis mapakdTw iodrnTes:

2 1 81

1) Aoy, 25 =2, 2) doy,l6= =, 3) Aoy,5 = N 4) ?\oy.(l—G) =4,

125. N& Umoloyioete ToUs Aoyapibuous Tiv dapiBpddv:

1 = 1 £
81, 64, 33, ‘2. i75 20 4vZ;; 1090
ué Péon dvmioToixws Tous &piBuous:
1
3 5 2 4, M 3, 2 0,01.
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126. Mé& moiés Tipés ToU XER Exerl vénua TPy HaTKoD &p1Buod kabemd &md Tis Emré-
ueves Ekgpdosis:

1) Roy(l — |x|), 2) Aoy, (3 —2x), 3) Aoya(xt—x + 1). .
* ‘Opade B, 127."Av aeR’, « # 1 kai évoudooups: x:?\cyﬁu, ¥ = Aoy,a?,
2 = Aoy, o, v& &mobeifete &1 loyer: Xye=X+4y+z+ 2.
128. N& drrobeifete 8Ti: y1& ke o, PER* kai X, YER loyve:
1) atalf=arT; 2) o = o*Y, 3 («-B)* =a*.p*

"YrbdeiEn. "Eotw &m elvan (p,), (r,) Elo 6ToleoBimoTe droroudies ué pnTOUS Spous
TETOIES, DOTE: py — X, 'y — y. Téte, obupuva pé th TpdTaon THs § 57, 0 Exoupe: aPves o
Kol arv — of, 6méTE KTA.

129. Ay g, B, YER' — {1} kai dvopdooupe: x = Aoya(By), y=Moyu(ya), z=Aoy,(ap),
v& &mobeifete 811: X + y + 2z + 2 =xyz xai o Flal a8

130. N& &mobeifete 611 6 Aoy3 even &ppnTos (= QoUHHETPOS) dpi1fpds.

BAZIKEZ IAIOTHTEZ TQN AOTAPIOMON *

§ 60. 'i&iéTnTa h— Abo Betikoi apiBpoi civon icol, t6te kai povo T0TE,
v oi hoyapOpoi toug, dg mpog v b Paon, sivar ool

3-0;, 0,eR+ '
0 <a=1

Anhodr: f 207, 0, = doy, 0,= 0,=0, '

"Anédeikn. ZUupaova pé T Baokn Aoyapifuixs TautéTnTa EXOupE:
6, =0, e oford, = fonl, mp Aoy.8; = oy, 8,.
§ 61. 1&i6TnTa Il. — Té kabe LoyapiOuko ovotnua 6 Loyapibpog tiig
novadag sivar 16 pundév kai 6 Loyambpog tiic Paceos sivar 1§ povada.

r——

AnAodn: I ove 1 =0 | kai roy,a =1 l ¥ aeR+*—{1}.

"An6dein. Otroos elbape Trapaméve (§ 58) loyUer: Aoyed = x = a*=8,
OméTE: AoYal =X = a* =1 4= x =0

ae(0, 1 1, + o0).
Kai Aoymzy(—-rcx’:cx(—by:l} AR )

§ 62. ‘l&i6ThTa Nl — O LoyapBuog 1o yvopévov G0 Betikdy amo-
rév, i mpog faon a (0<a + 1), icovta HE 6 GOporopa tdv LoyapiOpwy adtdy
@V apiBpdv  (oi Aoydpifuot AcuPévovtan ds pds THY Bia pdon ).

04, 0,eR+

AnAodn: 0 < gt

2074(0,-0,) = Loy,0, + roy,0,

"Anodeiln. As dvopdooupe x=Aoy,8, xai y=lo?uﬁg.TéTe o' =0, xal a¥=8,,.

* dxpiBéoTepa IB1dTTES THiS AoyapiBuikiis ouvapTrioews Aoy, O <a#l).
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OmoTs: oY = oo = 8,8, = Aoy.(8,8,) =x +y= Aoyl + Aoy.8,.

Inpeivon. ‘H mopamdve 1816t dmobekvisTon kai ds EEfs:

Loy 0. +2ov 6
o erp ety = Moy.(8,-8,) =Noy.8, + Aoy,0,.

rov, 0. loy.0
aknvﬂ(ﬂlﬂz) == oY, 1o PTals
Hapatipnon. "Av X, y elvar dpdonpor mpayuatike! dpibuoi, Téte loyle:
hovu(xy) = hova | x [+ hova| ¥ | ¥ a0 1) U (1, + ).
Mpdrypart, ToTe éxovpe: Xy > 0 = Xy =[Xy|=|x ||y o T

Népiopua.—"Av 0,0, ---,0, (v = 2) givme Oetikol apiBpoi, tote ioybeL :
l 20Ya(0; 0, - -0,) = hoy0, + Koyaby + - - + koyuﬁvT

Mé& ouvToula ypdgoupe:

A0Ye (IT 8) = £ hoyade
k=1 k=1

‘H &modeifn yivetan ekoda pé Tr péboSo Tiis TéAeios Eaywyfs, &pou
elvon yvwoTé &mi yid v =2 loxlel, oUupwva pé Ty Tponyoluevn iBidTnTa.

“Augon ouvemela Tfs Tpenyouuevns 1816t Tas elvan kal ) EEfs: ‘

§ 63, ‘ldiéTnTa IV.—0O Loyapifpog tob mnhikov &vo Betikdiv apripdy,
ag nphg faon a (0 <a #1), icolitar pé 16 hoyapiOpo 10d Srpetéov peiov 6 hoya-
pBpo zod Srarpétn (oi Aoydpifuol AapBévovTan ¢ Teds THY 1B B&on o). 3

0,,0,eR* 0
AnAadn: l:;(“ﬁ 2: : 10V (é-l) = hoy,0, — hoy,0,

"Anéderdn. TVugwva pé THY TponyoUusvn iSi1dTnTa ExoupE:
Aoye8, = Aoy, (gl -62) = Aoy, % + Aoy .0,
2 2

Kol oUveTréds:

Aoy, g—l = Aoyef; — Aoy 6,.
2

HMapucipnon. “Av X, y even dpdonpor mpaypaTikol &pi@poi, TéTe foyle:
X
Aoya—— = Roya! x | —Aoya| ¥ | Cyrari)
Népiopa.—O0i avtictpopor Betikoi apilpoi Exovv avrifetovg hoyapifpovg.
Mpdypars &md Tis ii1oTnTes [V kel 11 Eouue:

Aoyq (%) = Aoyyl — Aoy = 0 — Aoy.8 = —RAoy,.8.

"AEwhoyn rapatipnen. Tpéme vé Exoupe TévToTe UTdYn pas &Ti:
Aoyu(®) + 8,) # Aoy 0, + Aoy.fs
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Aoya(0; — 6,) # Aoydf, —Aoydf,
Aoy, -Aoye8; # Aoya(B;-0,) = Aoy, + Aoy.f,

6
Aoyad; : Aoydd, # Royu(ei) = Aoyaf;, — Aoyab,.
2
§ B4, 1s16TnTa V.— 0 hoyapiBpos dmoracdimote Suvapcwg Evég Betikoed
apBpod Gg mpog faon a (0 <a #1) icobrar pé 16 yivépeve tob ixBitn tiig duvapemg
ini 16 hoyapBpo tijg Pactog tiig duvapemg (ol AoydpiBuor AcuPdvovtar dog
mpds ThY iBia Pdon a).

: |
AnAadi: ek ek 1

0 <a#1

i
| 107,08 =p-hoy.0
i

*Anddeign. "As dvoudooups X = Aoy 0P (BeR) kal y=MAoy.8. Tote Exoupe:
a*= 6P (1) kal ¥ =8 (2). ‘H (1), pé pdon ™ (2), ypdgeTtar: o* = (a¥)P «ai
graidh), 6mws eiTaus oTAv &pyn aUTOU ToU kepaAaiov, of 1816TnTEs TGV Suvd-
-pewv pé TpaypaTikoUs éxbétes elvan dudhoyes Tév dvtioTorywv iSioThTwv upé
tBéTes pnToUs &pibuols, B& Exoupe: of = afY. ‘H Tedevtaia lodtnTa, Emeidn
0 < a # 1, loobuvapei pé THv: x = By, dnAadn:

Aoy 08 = B-Aoy.8 % PeR.
Inpeioon. ‘H wopamdvw i816TnTa &dmobekvieTan mé oUvTopa s EEfs:

rov, 0" 018 B-rov,0
! 07,0 Uy [ulov. ] =°:B oY, = Aoy 0°=P-Ao0y.H, O<axl)

Mapatnpnen. *Ay x evan fvas dmoloodfToTe TpaydaTikés &pibpds (x # 0) xal k

dmoloobrimroTe dxépanos &pibuds, TOTE foyUer:
hoyax2k = 2k-hoy| x | (ywati;)

Mpooigte! 6& elvon opdlpa vé yphyoupe: Aoy,x2k = 2k-Aoy,x, mpdrta yiari yi&
x < 0 & AoydpiBuos Tou P’ pépous alTiis Tiis lodTnTas Bév dpileTon xal Emerta yiarl katd
TH AUon rdoyaplbpuxdvy Eohoswy, yik Tis dmoies k&voupe Adyo mopakdTw, Ppiokoupe
Emrels Aoets, 8w gaivetal kal &wd T Emdpevo Tapddearyua:

Na Bpeite 1@ xeR — {0} dote: loyx:=12 (63}

Abon. *H (1) elven looBUveun ué: 2. hoy| x |=2¢=mphoy| X |=lée=p| X |[=10=px=+10.

“fw Sucws ypayoupe (topadpéva BéPora) Trv (1) ds: 2hoyx = 2&=phoyx = le=mpx=10,
TéTe Ydvoupe TN pifa x = —10. '

Eidikés mepimrradoes Ths iBiotnTas V elvar 1é& Emdpeva moplopara:

Mépiopa 1o.— O hoyapiBpog dmoracdfinote pilag pé Betiké vroppilo Ppi-
oketal v Swmpéoovpe t6 hoyapiBpo tob Omoppilov pé 16 deiktn tijg pilag (ol
AoydpiBuot AapPBdvovTar s Tpods ThHY iBix Pdon o, 0 < o # 1).

\2 BeRt, veN

oy VO = . -Aoy,0
0<a#1 v

AnAadn:

‘H &modan elvan Gueon ouvémeia Tiis Tponyoupevns iB16TNTAS, &pKel v&
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v _ - 1
TapaTnpfigoupe &TL: ?\oya\/ﬁ= Aoy, 8" = T‘AOYEG(SQAGSﬁ:_B;%,VEN)

Népiopa 20.—Ia kabe acRt — {1} kai xeR ioyer: hoy,a* = x.
TMp&ypaTi, xoups: AoyaX = X Aoy a=x-1 =x.
YAugon CUVETTELX TTis TrpoTyoUuevns i8idtnTas elvon kai 1) EEfis:

§ 65. 'l&ornra VI (dliays) fdoeiz Aopanilucoy).— Av ol &piBpoi a, B, 0
glvar Oetikoi kai ol a xai P civar Sragopor tob 1, tote ioyder:
hoy,0 p 5 i

hoyph = );:ZB (timos dliayijc fdoews) (1)

*AnodeiEn. A T Paoik) Aoyapifuikn TauTdTnTa Exoupe: Prored =8 (1)
*Av Thpa Tépouue ToUs AoyapiBuous ds Tpds Bdon a kad Tév 8Uo peAdy Tijs (1),
oUugova pé Thv 1Si1dTnTa 1, 8& Exoupe: Aoya(P*1s?) = Aoy.8 kal &v Ad-
Poupe UTéyn kai TV Tponyoupevn iBidTnTa Ppiokouue:

Aoygh-Aoy.p = Aoy, omdTe: Aoy = ;\%l?g (&pou Aoy.p # 0).

EiSikés mrepimrTcdoels T mapamdve iBioTnTas elven Té Tropiouara:

Népiopa 1o.—INa kabe a, feR+—{1} ioyder : oy pxhoypa=1

TMpéyuam, &md Tév TUMOo &AAcryfis Pdoews yik 6 = a Ppiokoupe:

_havee 1 1) xai ouvemdds : Aoyqp-A =
] (0 S N : B -Aoypa=1.
roypa PR Y | (¢)) Y Y

¥ Mopatipnon. “Exovras Uméyn T oxton (1) Tou Tapamavw Topigparos, & TUTos (T)
ypdopeTan:

[ oy, = loyau'loy,,u (t)

‘O &pidpds M = Aoy, il Tév dmoio &v ToAAamAaciaoTel & Aoy,B uds Sivel T6 Ao-
yépiBuo ToU &pifuoU 6 s Tpds TA wvéan Péon P dvopdletai: otafepd tiig dAlayfic Pa-
oLwg f| molhanhaciaotig ToU cuoThpaTtos Pdotws a &5 mpds TS oUsTnua Paoews P.

‘O TUmos (1) yi1& B = 10 kal o = e (e: Paon T vemépeiwv Aoyapifuwy) ypdgeTa:

Aoy, o8 = Aoy, e AoyeB, 1] dxpipéoTepa: Loy® = Loye-logh H

‘H Teheutala fodTnTa pas Siver T oyton perald dekadikdv kai verépsiwv hoyapibpwv.
*Etor £xoups, ouppwva xai pé TO TPOTYOULEVO TTOPITHG:

1
Aoyf = logd xal logh= 5% -hoy® @

1
logl0-
‘H otobep& Tiis dMAayfis Pdosws elvar: M = Aoye = Aoy2,7182... = 0,43429.. .,
omédTe améd TN BevTepn lodTnTa Ths (2) Exoupe:

log = 1 ‘Aoyf o

M Aoy a 2,30298- Aoy®

1
0,43429
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"Qote: y1& kébe 6 > 0 loyva:
logh ~ 2,30258»1010' ki | hoyd ~ 0,43429-!054_

’Amé Tév Tp@TO TUTO Ppiokoupe TO vetépeio AoydpiBuo Evds &pifpol 8 > 0, &v ¢
poupe 76 Bekadikd Tou AoydpiBuo xai dird T6 BelTepo TUTO Ppioroupe Té Bekabikd AoydpiBuo
tvos &piBuou, Gv Eépoupe TO vemrépeio AoydpiBuo alTou ToU &pifpol.

‘Egoppoyfi: -"Av Aoy3 = 0,47712, té1e log3 ~ 2,30258.0,47712 = 1,09861.

Mépiopa. 20.— INa kade a, feRY, a#1 kal peR—{0} ioydet :

1
M’Tupp i ? royqp

MpdryuaTy, &mwd Tov TUTO GAAaryfis Paoecs yid 6=P kal B = o Eyoupe:

Aoy Aoy.p i}
Mov =Y _ 2V _ 1 oyp.
oYa®®  p-Aoy.x  p
Enpeioon. NMd p = —1 Exoupe: ?\oylh[i =— AoyaP, BnAadn: Aoya-1 =—Aoya (BA. kai
2% 6 ) e
‘Egappoyi. Na arodeifere n: dv a, x € R* kai a1, tote ioyoer :

lo-fux-lo'ru,x=% (Aoyax)?
“AmbdeiEn. ZUppwva pé Té Toapamdvw moplopa Exoupe:

Aoy.X-Aoyex = 7\0)‘.:)2'—21— Aok = % (Aoy.x)?.

® O& ocupTAnpwooupe T& CUPTTEPGOUATE TGV TTPONYOUNEV®Y Trapaypapuv.
B pepikes Giopn &EloomueicoTes kad xprioipes i816TnTes TToU Exouv of Aoydpifuot.
"As Bewpricoupe TV dviodTNTA: AoY.8, > Aoy, Smou 8,8, dmbuol fe-
Tikol xai ae(0, 1) U (1, +0). "As dvopdooupe X = Aoy.0; kai y = Aoy,h,.
Tote of = 0, kal o = 6,. ZuykpivovTtas Twpa Tis Buvdpels o kal of kai ExovTas
Uroyn ThAv iBidtnTa 8 Tfis § 57, 1) émoix ioyxlel xai yi1& X, yeR, Toparnpou-
pe 6T Y1k o> 1 elvan of > o (BmeiB x > ¥) kad 14 0 <a <1 elvan
o < of. Zupmepaivoupe Aoiméy &1 1) dvicdTnTa Aoy, B > Aoy, ouvemdyeTan
TV 8 > 6, ida> 1 kai v 8, <8, y1& 0 < a < | xal dvTioTpdgos.
Ao T& Tapaduw d8nyolpooTe Thpa oTd vé SiaTutdooupe T EEfs
i8ioTnTa: -

§ 66. “1&16TnTa VIIL— "Av a,0,0,eR+ pé a1, tote ioyder:
1 3 2

(i) Tha a > 1 givar: hoy,0; > Loy 0, &> 0, > 0,

(ii) Thaa < 1 civon: Loy 0, > hoy0, «= 0, < 0,

Zyoho._ "Ormws péBope waxf oThv A’ T&En plax owvdprnon f: A -~ R wé A S R
ToU SlaTnpel Th Quoikn BidTagn Tév TpaypaTikidy dpiBpdy, SnAadn yi& TAv dmoia loyver:
Xy > X, = () > [(x,) v évopdgoups yvnoing abtovea, fvéd &v oupBaiver:
(v Xy, X,€A): Xy > Xg e L0 )l JOXY;
THv dvouddoupe yynoing gbivovsa. “Etor m.y. 1 éxbetiki cuvaptnon y=a*, xeR clvar yvnoiog
abfovoa vk a > 1 kai yvnoing glivovsa na 0 < a < 1 (BA. Zx. 7).
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y=a* [ y=a*
a<1 a>1

e

e

0

2

'Emions Exovras Uméyn ToUs Tapamavw opiopols kai Thy mponyoupevn iBi16TnTa
oupmepaivoupe 8T1: 1| hoyaplbpikil suvapnen y = koyaX, xR civan yvnoiog aifovea ia

a>1 kai yvneing @divovea 1 0 < a < 1 (BA. Zx. 8).
EiSikd, Ewadn e > 1, f| ouvdptnon [ pé TUmo f(x)

Mia &ueon ouvémaia Tfis iBidtnTas VII eiver o émdpevo modpiopa:

Zx. 8

lhux elvar yunoiws aUfouoa.

Népiopa.— Av a, 0eR* pé a +# 1, tote loyier :
07,0 >0 ,av 0 >1

hoy,0 < 0 ,dv 0 <1
1
1

(i) aa > 1 givar : {

hoy 0 << 0 ,dv 0
hoy 0 >0 ,av0

=
<3

(i) Nd a << 1 givar: {

'Edpappoyés oTig i610TnTES TV AoyapiBpwv.

v hoy2 = 0,301 xai LoyS = 0,698, va Ppeite t6 Loy250 xai to Rhoy,250.

In.
Aban. o) Aoy250 = Aoy(2-5%) = Aoy2 + 3hoy5= 0,301 | 3.0,698 = 0,301 | 2,094 =
= 2,395.
Aoy250 2,395
Aoy 250 = L onll o T .
B) Aoy, Aoy?2 0,301 7,936
2. "Av @, B, yeR ", vi ikgpasete pé popen akyePpikot abpoiopatog hoyepibpov 1o:

30
T
56V
Avon. "Exoupe:

2 4
Aoy, (3—3) = hoyy(3a®) — Aoy, (5B v3) =Aoy,3 + Aoy,a® — (Roy,5 + Aoy,p +
BVY
4 1
+ Aoy, Vy) =1 + 2hey,a — Aoy,5 — Aoy,B — T?\oy,,y.

3. Na tgappdoete 6heg tic Suvatig idwotnteg tdv hoyapibpwv oto:

3a*-
hoy =

5p> Vet B -

f _, omov u, B, YER".

Abomn. “Exoupe:
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4 4 3
Roy 22 VB Y doy(3at VBT y) Aoy (5B VE B yT) =
5p% - Vo Boy?
=[ Xoy3 + 3hoya + -‘1;—(27\07? + ROYY)] - [ Aoy5 + 2ZhoyP + —;- (2Aoya + Aoyp +
7

1

- 2?«oyy)} = hoy3 —Aoy5 + hoya — i Aoy P — %P\oy Y.
J

37 6
Rt =
in.  TAv hovel = — = 4+ Aoyel, totei=1.e L.
Abon. ‘H oyéon mou uds 5ébnke ypapeTan:
Aoyei—Roye I = — % fi Aoye + = a%.

ZUpgoova pé TéV dpropd ToU AoyaplBuou Exouus &md Thv Teheutaia lodTnTa:

i R _ Rt

e I = xai owvemdss : i=l.e L

oy
50 "Av a>P>0 xai oi+ P2 = 1laP, va arodeifere 6tz

2o 258 = 7 @ora + 20y,

'Anodergn. “Exoupe:

ot 4+ Pt=1lop =+ oF & P?—2aP =9ap = ( “;5 )’= af “_;_5= Vap,
tradh a—p > 0.

ToTe Suws O& Exovpe Kkai:

I ( e B ) oy g % (oya + hoyP).

61. Na dmohoyicetre tiv amBunuki tpf tfic napustioeng:
k = 01,5 + 207,5)-hoveS
Aoy,5 Loy,5.
Abon. Zupgewva pé 6 mwopopa 1 Tiis § 65 Exoupe:

1 1 1
o ( oy,2 T Kyb_a) " Fovsb _ Doyi2+hoyi3 _Aoy@3) _

! Aoy;6 Aoy,;6
Aoys2-Aoys3
. "Av g, BeR, af > 0 xai o® + p® = 6aP(a + P), va arodeifere dtu:
roy LLFBI_ 1 @orial +2orp).
'Anodeailn. "Emadn: o + B3 = (a + B)* — 3op(a + P) Exouvpe:
(o + B)* — 3aP(a + B) = 6aP(x + B) = (o + P)* = 9ap.
Téte duws, cUupwva kai pé Tis Taparnphoes THY Tapayphewy 64 kai 62, 8«
Exoupe:
2-doy| @ + P | =Aoy(9ap) = Aoy + Aoy(ap) = Aoy3* + Aoy|a| + Aoy| P, omoTe:
2hoy| @ + B|~2hoy3=Doy| a|{-Aoy| B| = oy [a + B |~ Aoy3 = -(hoy| a| + Royi B )

kal ouverds:
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Aoy .'“J;ﬂ 5 _%_ oyl | + Aoyl BI).
81, Né arodeifete thv @hndaa tiig iodtnrag:

_1?6—101'(3 +2V2) —dhoy (V2 +1)= 275107 V2 —1.
Avon. Taparnpoupe &11: 3 + 2VZ = (\/2_—{- 1)2,
“Apa: 2AoY(+ 2VD) —dhoy (VZ 4 1) = LMoY (VZ 4 1) — oy (VZ + 1) =

=-;— Aoy (VZ + 1) —4hoy(VZ + i):—%5 Aoy (VZ+ 1) (1)

"ANAG, oUpgwva pé TO Topiopa Tis § 63, Exoupe:

= 1 =
—doy (V2 + )= ?\ov( _ ):?\o VZ -1
7 ) 2 @

‘H (1), Adyw Tiis (2), yiveTon:
—107(3 +2v2) — oy (VT + 1) = 2 2oy WZ-1).

«& 67. ZuAloyapiBuog évég apiBpol.—Zvhhoyapbpo évds Oetinod dodb-
pod 0 ¢ mods Pdon a (cupPohiouds: oulAoy. 8), droudlovue T Aoydobuo Tod

3

£ 11
dvriorgopov Tot 0, B\, TOU ——, dig mods iy idia ﬁao’n

e 2
“Qoe: ovlhoy, 0 = Aoy, ; €))
JANAG: ?\oyu(%) = AoYul — Aoyad = 0 — Aoy 0 = —Aoyab.
*Apa: oviloy0= Loy, -é— = —)oy, 0 (2)

‘H eloaywyf Tév ouMoyapiBuwy pds émTpémel v& durikofioTolpe pia
Biagpopd Aoyapibucwy pé T &Bpoioud Tous. "Eton Exouue:

7\0%x 9_ = AoYqf; — Aoy«B; = hoyeB; + ouAroyaf,.
*ATd -rﬁ (2) Exoupe Omi:
| %070 + ovkhoy0 = 0 3

+ § 68. Mepikég afloonpeiwTeg kai xprioipes épappoyés. — =’ auth
Ty Trapdypago 0& cupTATpdooUpE TE CUMTEPAOUATX TRV TTPONYOUUEVLV
Tapayphpwv pé Tis TapokdTw dloanueiwTes [Bi1oTnTes THS EKBeTIKS kal Ao-
yopiBuikiis ouvapThoews:

1. "Av Ocopndel yvootd Sz lim (l+%)v = e* yia ke acR, va anodeifete dnu

ioyoes :
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). et =14+ a e kile aeR

1
(ii). 1— = =loge = a—1 1o kabe a>0.

«
© Anoderln. (i) Na kée aeR loybe: o 0, 6moTe yi1& € = | Umdpyea BeikTng v,EN

a o4
réTolos, MOTE: I = ‘ < 1, 8nAadn: —1 < o 1 y1& xébe v = v,
o
"Qote y1& k&he aeR tehka {oyle: 1+T > 0, owdTe, oUpguva pé T duiodTnTa

Tou Bernoulli €xoupe:

(1+1)"z PR Pl e
v v
s 4 v
kal ouverds (woépioua 20, § 17): lim (1+T) =e* =14 a, ¥ acR.

(i) "Eotw o > 0, ToTe OpifeTon & vermépeios Aoydpiduos loge kad &mess Etpoupe (BA.
Tapathpnon 2, § 59) loxle: cloge = o. *H &vicdtnta ce = 1 + o ol &model€ape Tpon-
Youpéves foyUel yid k&Be aER, &pa 6& loxuel kal &v oTh 8éon Tou o Bicoups TéV TPy PaATIKG
&piBps loge, oméTe 0& Exouue: close = a = 1 + loga. “Apa: loga = a— 1 (@)

1
Améd Ty (1), tmeidn yi& a > 0 evar kaf = = 0, Aaupdvoupe:

1

1 1 1
log—= 1 &= -lcgcxé—a—fl — logazlﬁT @)

"Ad Tis (1) kad (2) Tehik& Exoupe &Ti:

¥a>0 1 o Shge=sa—1 3

21. Né amodeifete 6t : yia kabe dxorovdia (ay) Oetikdv dpov pé a, —a, 6mov a>0, loyoer:
loga, — loga.
Amddegn. "ATS THv dvicéTtnTa (3) Tiis TponyoUuMevns tpappoyfis £xoupe:

oy
o

-1

o oy
l-— =g =
X [

«, a
*AM& e 1, — — 1, éméTe, oUpgava pé TV iBidTnTa TV icoguykAvouodv

oy
drohoutdv (§ 16), & Exoupe: logc: =54,
> Xy
ANAG: log o= loga, — loga. "Apa:

ay
log — —+ 0 &= loga, —loga — 0 = loga, — loga.
‘Avakepalaiwon Ol dpiouoi kai ol kupidTepss i816TnTEs TV AoyaplBuwy

moU &rroppéouy &rd Tis TrponYyoUueves Trapary pdpous cuvoyifovton oTdy Emwd-
UEVO TTivaKa:
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AOTAPIOMOI Q3 TIPOZ BAZH o (0 < a#l AEKAAIKOI AOTAPIBMOI ‘

a) opopds . BeR+ loyve: o) Opopog: 3 BeR* loyve:
AOY B =X 4=p * =0 hoy® =X &= 10" =6
bpileTon E1on 1) dxoAoun ouvdpTnam: opigeTan ETor f) drkdhoubn ouvdpTnon:
. Aoye: (0, + ) = R: X — Aoy.x roy: (0, }~ @) - R: X — Aoyx.

drofe elvan yvnoiws alifovoa yid a > 1 xafl| /) émola elvan ndvrote yvnoiws alifovoa.
‘ ¥
| yvnolews givovoa y1& 0 < a < 1.

p) ‘Ihotnegr ¥ 6, 8, 6,eR* foylen: p) TIootnreg: ¥ 8, 6, 6,eRY loyve:
I
a7 = 1. 100" =s
2. Aoy.B, = Aoy, &= 6, =6, 2. hoy® =Aoyh, = 8 =6,
3. Aoy.l =0, Aoy.x=1 3. Aoyl=0, Aoyl0o=1
4. Noy.(8,-8,) = Aoyad;+ Aoylb, 4. Aoy(8,-8,) = AoyB, + hoyh,
e1 g el . ;
5. Aoy, g1 = Aoy, 8, — hoy.8, _ 5% ?\oy(g; = hoy8, — Aoy8, i
6. Aoyt =P-Aoy.f  (BeR) 6. Aoy8® = p-Aoyf (BeR)
v i 1 e _— 1
7. Aoy.Vé =-—Roy.d (veN) 7. Koy V& = S Moy (veN)
8. Aoy.d, > Moy 4= 0, > 8, y1& o > 1||8". INpooifre! tweaidn a = 10 > 1 loyven:
| Aoyed > hoyds &= 8 <8, 0 <a <1 Aoy8, > Aoyf, emp 0, > 0,
v) Tonog drhayiig Pacews : v') Tonog @rhayiig Paocong :
Aoy.0 Aoyb
Aoy = Aoyf =
e Aoy.p L hroyP
&) Lvvineieg tdv idothtov 4, 5,6: §) Evvéneigg i idwthrov 47, 5,67
“Av xy > 0, TéTe: *Av xy > 0, ToTe:

1. hoyl(xy)= Aova [X| + Aove [¥]
2. Aoy (x:y) = Aoy. x| — Aoy lyl 2. Roy(x:y) = Aoy |x| — Aoy |y|
3. Roy.xtk =2k-hoy. x|,  (keZ) Aoyx2k = 2k-Aoy |x| (KEZ).

Aoy(xy) = Aoy [x| + Aoy [y

L

Znueiwon. Eidkd& y1& a=c¢=2718--. = 1, f§ mphTn oTHAn TOU Tapamhvw
Tivaka pds Sivel Tis [BidTnTes TEY vemépeiwy AoyapiBpwv. ‘O vemrépeios Aoydpifuos Tou L]
(8 > 0) ouvbtetan pé T6 BexaBikd AoydpiBuo Tou 8 ué Th oxton:

log® ~ 2,30258 - hoy$.
*Emlong yi& T6 vemrépelo Aoydpifpo tvés dpifuou 8 = 0 foylel xai 6 TUmos:

1— - Slg=<0—1<9
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AZLKHELEIX
‘Opdda A’. 131. N& &moBeifete 871 elvar &Anbeis ol TapakdTw lodTnTes:
a) Aoy2l =Aoy3 + Aoy7, B) Aoy2 -;— =Aoy7 —hoy3, ¥) Aoy8l = 4.hoy3,
8) Aoy3 + 2 Aoy4 —Aoyl2 = 2roy2, €) 3hoy2 + Aoy5 —Aoyd =1,
oT) —é—- Aoy25 + % Aoy8 + —;- Aoy32 =1 -+ Aoy2.

132. "Av x, y, 2€R* v& tpappdoeTe Shes Tis Buvatés 1B16TnTEs TV Aoyapifuwv oTous:

3 % 1 g 4

X x3/y V5 -v/2 5x3/y%
1) Aoy 3x—mr. 2) hoy——="—, 3) Aoy 54—, 4) doy——————
FomeiE s Dws e (B My R T

133, "Av o, BER*, v& &mobelfete i P 3““
134, 2¢ mo1d AoyaoBuiké oUoTnua pé Péon ueyaAUrepn &md 16 1 loyen:

3
1
a) 2 (Aoy, 8)* + Aoy, 64 + Aoy, 8 =9, P) Moy, /625 —hoy, V125 + < =0
135. N& &moBeigere 8T1: y1& k&fe o, B, yER* — {1} loxUer: Aoy.p.Aoygy.Aoy,a = 1.
136. "Av a > 1, P > | xai o + P* = 7aP, v& &mobelfete &T1:

a4 1 e
307—32 = 5 (hoya + hoyp) = VAoya - Aoyp.

137. "Av Aoy (x%y?) = « xai Aoyx —Aoyy = B v& #kgpdoeTe T6 Aoyx xad Aoyy ouvap-
Thoel TOV o xai P.

138. *Av Aoy2-Aoy5 = 8, v Exgpéoete 16 Aoy2 xal 16 Aoy5 ouvepthon ToU 8. Mé&
moifs Tipés ToU 6 T6 WPSPANua Exer AUom;

139."Av a > 1, B > 1 v& UmoAoyioTel 4 T Tiis TapaoThosws:
¥y =Roy(a® — 1) + Aoy(p* — 1) — Aoy[(ap + 1) — (a + P)?].
140, "Av Aoy2 = 0,30103, v& UmoloyioeTe TV T THs TapacTéoews:

l 1 e e m————
=5 Roy2+ & toy(2+ v2) + %?\oy@-}- Vaoy %)) +%Aoy(2—\/2+\/2_)

A
141. *Av o, B, YER* ué B # 1 xai ap # 1, v& &mwobBelere &11: AOYpyY = T -:I;:,a'

142, Né& &moBeiere &11: Aoy,3-Aoy,4-Aoy,5 - -- Aoy,8 = 3.

143. "Av o, B, v, 8eR* — {1} xai ol a, B, y elvan BiaBoy kol Spor yewpeTpifs Tpoddou,
vé &mroBeifete 811 ol &piBuoi: Aoy,8, Aoysf, Aoy,B elvar BiaBoy kol dpor &puovikiis TpodSov.

144, “Av y1& ToUs BiagopeTikous perafy Tous BeTikoUs &piBuols «, B, ¥ foyer:

A A A
ﬂozc;« = yozi = :I;, v& &mrobBeifere dTi: o pPyT = 1.

. 1—-x 4 x4
145. *Av @(x) = log e ToTe loxUe: (o) + 9(B) = ? (I__-I%)
146, "Av 0 < a # | kal P = % (o*—a~*), v& &mobelfete S1i: x=Aoy.(p + \/m
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147. "Av o, B, xeR+ pt ¢ # 1, p # 1 xai ap # 1, v& &moBeifete &T1:
Aoy.X + Aoypx = Aoy.B- (1 + Aoypx)? AoYasX.
148. Né& &mobeifere 6T1: T6 &fporopa I, TdV v TpdTwy Spwv wds &p1BunTixiis mpodBou
pé mpdTo Spo T Aoya xal Beitepo Spo T Aoyp elvau:

Wl pva—l)
I,=g A o) -

149. *Av of Siagopetikol perakl Tous BeTikoi dpiBuol o, B, y kaTéxouv &vmioToixws Tis
Té&eis u, v, p of pia yeoueTpixn kal of pia dppovikfy Tpdobo, véa &mobeifete OTI:
a(p — Y)hoya + Bly — hoyB + y(x — P)royy = 0.
* ‘Opade B. 150, “Eotw f) owaprnon [ ué timo: f(x) = Aoy {Aoyx|.
Né& Ppeite: (i) & woués Tipés Tou X f| ouvdpTnon elvan dpiopévn.
(i) & moits Tiés ToU X H ouvdpTnon undevileTan.
151, "Avx,yeR, 0 <a £ 1,0 <P /1 kaia =p, x*P=y", va &modeifete &TI:

(i?i.—ﬁ). i (Xo{r,a)n

1
152. "Av o, B, xeR* — {1} xal loxve: Aoypa-hoyip =, dmou p=Pp, A=x3
vé &moBeifete 6T & X Bév E€apTdTan &md TS P.
“Yrodaitn. Né& AdPete Umdyn T6 mopiopa 20 Tiis § 65.

153. "Av X, ¥y, zeR* kai elvai Bidgopor &md Tév o, dmou 0 < a # 1, v& &mobeifete
1 1 1

&mi: ( y =al =M A g = al—hen ) = x=a ',

1 1
154. *Av o, x, yER* xal y < X, v& &mobeifete &I:Tlog(l +af) < Tlog(l-i—a’).
“YrodeiEn. N& Siakpivete Tis meprrrdaoes: (i) o = 1, (ii) 0 < & <1l a1
155. N& &mobeiete 6712 yi&k kéfe a > 0 f dxohoubia (y.) wé yevikd Spo:
Yo (f o) (el (L iat)

1—a”

a
elvan yvnolws abfouoa kai ikavotrolel THoyton: 0 <y, <e I—e¢ ¢ veN.
Elik& y1& 0 < a < 1, v& dmobeifete 811 Umépyouv &pibuol M ol tEapTdvTOon Gmod

16 @, GoTe v loxue: y, < M ¥ veN. Téhos, v& &moBeifere dTi: Y1k 0 < @< 1 loxla:
a

pd i, e
“VaobriEn. Tk xéfe x> 0 loxle ex>1+x (PA. In tpapuort, § 68)."Eriomg layei
&m: % vEN, 1+ oy &Yy dmov oy=a+ o'+ EER

g 11. AEKAAIKOI AOTAPI©MOI
§ 69. "Opigpol —I616TNTES.— “Omres pddape xai oty § 58 ol Ao-

yépiBuol dos TTpds Pdon 10 dvopddovTon dekadikoi hoyapiBpor kal TAPITTAVOVTEI
ué Aoy &vti Aoy, "ETon Exoupe:

2070 = X 4= 10* = (¢))

ATé ThHv wgpa‘rro':vm icobuvapia cupmepaivoupe &Ti:
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Aexadiwiog hoyapibpos frdg Oerixod Golbuod 0 elvar 6 moayparixds doluds x
otdv omolo mpémer va Sywlei 1) Bdoy 10 wid vd daoer vdv aotfud 0.
*ETol, Tr.X., EXOUNE:
Aoy 100 = 2, #maibry 102 = 100 Aoy 1000=3, imads 103 = 1000

5 5
Aoy 0,01=-2, &maidf 10-2=0,01 || Aoy \/W*:%, éraidn 10:= V105,

Zré Emopeva & doyoAnBolue povo pé BekaBixols Aoyapifuous. *Etor oTé.
E€fis ué TOv Spo: wdoydaluon B& Euvoolue: wdexadixd Aoydolfipen.

Ol i8161nTes T&V BexaBikédv Aoyapifuwy Exouv kataypapsi oTh BevUTepn
oTHAN ToU Trivaka Tiis oeAiSag 89. "EmirAéov, oluguva kol ué T TopIoud
Tiis § 66, Eyoupe:

0>1 0010 >0 xa 0<0<1 = hoyd <0.
*Emrions elvau: .

- __log® g - oaip. .1 _]oge_ e
7\0)’ 0= AOYme—](_}g—IG =M ]Og 9, oo M = m— l'og—lo—?\o'}’ﬁﬁo,43429. .

Eididrepa y1& Tols BexaBikous Aoyapifuous ioyUouv:

@) ‘0 Joydoipog puds dvvduews tod 10 ué ExOérny onrd doud elvar loog ué
10 ontd ExféT.

AnAadn: & peQ, ToTe Aoy 10° = p. )

ZThv €lbikd) TepimToon TroU PEZ, o AoydpiBuos ToU 10Pelven & dxépaios
SpiBuds p. “Etor m.x. Aoy 100 = Aoy 102 = 2, Aoy 0,01 = Aoy 102 = —2.

Elvar ¥prioipo v& Eépoune drd HVAuNS Tous AoyopiBuovs pepikddy dpiBudv:

x |...|0,0001 10,001/ 0,01 0,1! 1 , 10 1100(1000{10000] . . .

poyx...| 4 |3 | 2|-1fof1]2]3] 4

B) Oi ‘oydopor taw doduiv mob Odv el dvvapers tov 10 ué Exbéry
otd dolud elvar doonror doduot.

Mpdypari, & Bewpricoupe Evav (BeTikd) &p1Bud B ué 8 £ 109, émou peqQ,

Kai & UmoBéooupe éTi Aoyf :1, Omov peZ kai veN. ToTe, oUupuwva pé THY
v

I
loobuvania (1), 8 Exouus: 8 = 107 = 107, &1rov peQ. AUt Suws elvan &ToTro,
Adyw Tiis Umoféoecos Trou K&vope yi& T 6.

"ATS T& Tapamdvew ouumepaivoupe 81 O Loydollpor Slew tév Oetieiy
dolucv, éxtds dad Tic dvduez Tos 10 ué onrd ExlléTy, elvar dooyror dolBuol
xal xard govéneia Oév dmoloyiorral dxoifivs, aAkd ward moogéyyion ds dexa-
Ouxije povadag (ouvhBuws Umoloyilovtan katd mpootyyion 0,00001).

Y) "Av oi Oevixol avluol 0; xai 0, Fyovw ankixo axéoary dStvaun tod 10,
tote G (loyly, — loyl,) elvar dxépatog apludc.
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Mpéypam, émadh 6, = 10%-8, ué keZ, Exoupe: Aoy 8 =Aoy 10% 4
+ Aoy 8, =k + Aoy 8,. "Apa: Aoy 6, —hoy B, =k (keZ).

§ 70. XapaktnpioTiké kai Sekadikd pépog évog Aoyapi@pou.—
*Eoteo &1 BéAoupe v& Ppolpe TS Aoy 557.

Emretdy 102 < 557 < 103, Aoyopifpifovtas kai T& Tpla péhn @& Eyoupe:

2 < Aoy by < 3.
*Apa: Xoy 557.=2, v

‘Etropéveds: Aoy 557 =2 + d, 8mou d elvon &vas BeTikds apiBuds wikpoTe-
pos &md TN povdada.

Té dxépaio pépos ToU Aoyapifpou (oTé moapamdve Tapddeypa O
&piBuds 2) AéyeTon «qapaKtnpioTikG» ToU Aoycpifuou kai & fetikds kol -
KpoTeEpos &md T povéda Bexadikds &pifuds d AfyeTan «dexadikd pépog» ToU
AoyaplBuou. T yapokTnpioTiké ToU Aoyapifuou évds &pibuou 8, (8 > 0) 16
TapioTdvoups pé [Aoyd].

AT T6 Tapoéue Tapddsiypa kol TV Opiopd ToU XXPAKTNPIOTIKOU
fvds Aoyapifuou TapoTnpoupe ST s XapakTNPIoTIKG Evds Aoyapifuou opi-
Loupe 76 wuxpdtepo dnd ddo dadoyixods dxeoaiovs perad Taw Gmoiwy foloxera
6 Aoydolfuog avrds. "ETon Exoupe:

*Av Aoy a= 5,03426, TéTe [Aoy a] =5 ki d =0,03426.

*Av Aoy Y =—2,32715, Té1e [Aoy y]=—3, Emabn —3 < —2,32715 < 2.

Té Bexadikd pépos ToU Aoyapifuou elven undév puévo yid Tis dxépoues Suvd-
pets ToU 10 xad BeTikd of kdbe &AAN TepimTwON.

"Qote: Té dexadikd pépog £vdg loyepiBpov siver pf apvnukdg ambuods.

*Av d elvan Té SekaBikd pépos ToU Aoy 8 kal [Aoy 8] TO XapaKTnPIOTIKO

Tou, TOTE &md T oxéon: Aoy 8 = [Aoy 8] + d mpoxuTrTer: |d = Loy 6—Jhoy 0]

“Eton Eyouue: &v Aoy 0 = —3,45217, Tét1e [Aoy 8] = —4 xal d =-3,45217
—(—4) =0,54783.

* TMaparnpions: @) Thd yevikd: dg yopaxtmpienikd roi Aoyal pé o, 0ERT xala # I d-
vopdLovue T6 dxéoaio pégos (§ 6) Toi mpayparixod dgifipoi Aoyal, Bnhabdn Td peyaAvtepo a-
xépato dpbud k yud tév dmolo loyier:

k<loys0<k+1 1)

*Amé Tév TopaTdve dpioud ouptepaivoupe 8TL TS XapakTnpiaTikd ToU Aoyaf elven
TévToTe Evas diépanos &pBuds (BeTikds, dpynTikds fi T pnBév). "EEAhoy, teidn Aoyaax =1,
A (1) ypépeten:

k-Aoyas = Aoyad < (k + 1)Aoyax => Aoya(ak) = Aoyed < Aoyasak:! ()

Arakpivouue Tdpa Tis TEpITTTOIES:

@) "Av a > 1, 1éTe &wd T (2) Exoupe: ak =0 < okt 3)
BnAadn ol &pibpol 6 Tou &viikouv oTé BikoTnpx [ak, akt1), kal pévo avrol, Exouv Aoyopid-
pous &g pds Pdan o pé XapakTnpIoTIKG TOV dxépaio dpBud k.
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Ithv elbikf meplmrwon mou elvan a = 10, ff (3) ypéoetan: 10k = 6 < 10k+1 (4

*Aéd v (4) ovumepalvoupe Tdpa &1 i of Betixol dobuol 6 mov Exovy dexadixovs Ao-
yaplBuovs pé yagaxtngiorixd k elvar adroi mod Exoww k + 1 axépaua ynpia (keN,). *Emions
&md Thv (4) oupmepaivoupe 611 : T yagaxtnoloTixd Toi dexadixod AoyaplBuov &vdc Betixod
dgibuoi 6 elvac ¢ éxbétns Tijs peyaliregns dxépains dvvduews toi 10, 1) rmoia dév vmepfaiver
oy apbpud aird.

(i) "Av 0 < a < 1, Téte &mwd T (2) Exoupe: ok = 8§ > ak+l )
BnAadn ol &piBuol mol dvfikouv oTd BrdoTnua (ak+l, ak] Exouv Aoyapifuous ué XapaxTnpi-
oTikd k.

P). ElSaue mwponyouptvaws &ti: &v [Aoy8] = k, keZ, Té1e logle:

10k =6 < 10k« (6)

"Avniotpdpug, &v loxUer f (6), ToTe [Aoy8] = k. Tpdypati, &mwd Tiv (6) Exoupe :
Aoyl0k = doy® < AoylOk+1, BnA. k = hoy® < k + 1. "Apa [Aoy®] =k, tmadfy & k elvar
O peyadUTepos dxépaios ou Bév UmepPaiver 16 Aoy6.

Y) "Omws Eépoupe (§ 6, a) y1& k&be x€eR loyle : x =[x]+ d, dmov 0=d < 1.
“Apa: Aoy® =[hoyB] + d pt 0 =d < 1. Alrdv 76 uf &pvnmikd &p1Bud d Tév dvopdlouue
Sexadixd pépog Tou Acy®.

§ 71. Tpomi apvnrmikol Aoyapi@uou oé AupiapvnTikd.—EiTaps mwo-
paméve 811 16 BexaBikd ‘népos Evds AoyapiBuou elvan uf &pynTixds dpibuds'
twedn Spws of Aoydpifuol Tév BeTikdv &piBudy Tou elvan wikpdTepor &mé TH
novdda elven dpvnTixof, xai Tétolor AoydpiBpor 8év elvon elkoAor ot yprion
YV aUrd Tous dpvnTikoUs Aoyopifuous ToUs peTaTpémoupe of «ijapynrikoicn,
SnAadt) of Aoyopifiuous ToU Exouv péve TO dxépaio pépos Tous (XapaxTnPIOTI-
k6) dpvnTikd, tvéd TS Bekabikd Tous pépos elven BeTikd.

‘H petoarpomn) ot} yiveron dog &Efis:

"Eotw —2,54327 fi —2 —0,54327 & AoydpiBuos xé&molou &pifpols &v o’ alTé Tpoohi-
goupe T6 —1 kal +1 (kaf Eror & &pBuds Bév dAA&ger) AauPévoupe:

—2—1+ 1-0,54327 = -3 + (1 —0,54327) = —3 + 0,45673.

"Qore elvan: —2,54327 = -3 + 0,45673.

Zupgpuvolpe v& yphooupe Tév &piBud —3 + 0,45673 s EEfs: 3,45673 BnAadr yp&-
povpe T6 — Tavw &d Té drépato pépos yi1& va Belfoupe 6T1 pévo aUTé elven dpvnTikd. “Eton
gaiveTal, 6T1 TO YapokTnpioTikd ToU Aoyapifuou elvan 16 dxépaio pépos —3, Emady
—3<-2,54327 <-2, xal Bexabiké pépos Tou Aoyapifiuou elvar Té Bekadikd pépos o elvan
Ypamuuévo, Emeidt aiTé elvan ) Biagopk ol mpokUTTal &v &md TS Aoydpibuo —3+0,45673
dpaipégoupes TO XOpaKTNEIoTIKG Tou —3,

AT T& Tapadve Exoupe Tév EEfis TpaxTIKG Kavdva:

Kovovaes: I'd vd perarpéyovpe &vav dovnrid doydoibuo of fuapynrind,
adbdvovpe iy dndlvry Tyw] Toi dxeosiov xard 1, avdv dollud mob mgoxdmrer
yodgovue and mdve 6 —, xal debid an’ adrdy yodpovue ¢ dexadued ynpia
ToUs douovs mov Boioxovue, dv dpatpéoovue xdfe ynplo Tov dexadixod péoovs
t0 Aoyapifuov mov pds ddlnxe and 16 9 xai Toi redevraiov dmd td 10.

*Eton, m.x.:  "Av Aoy®=—3,85732, 6& Eyoupe: Aoy 8 = 4,14268.
“Av Aoy 6 = —2,35724, 6& Exoupe: Aoy 8 = 3,64276.
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§ 72. 'l&i6TnTeg TV Sexadik@v AoyapiBuwv.— a) To yapextnpion-
k6 tob Aoyapifpov Evog apBpod O elvar & ExBitng tiig peyahdtepng dxépuing
Suvapeng tob 10, 1 onoia Sév brepPaiver tov apbpd abro.

*An6deiEn. “As mépoupe fva dpBunTikd mopdSeaypa. "EoTw ST HEAoupe
vé& Ppolue T6 xopaxtnpeioTikd Tou: Aoy 257. '

*Ereidn: 102 =100 < 257 < 1000 = 10? (¢))
&v A&Poupe ToUs Aoyapifuous TGV &pibudv mou Ppickovtal oT& Tpia weAn
Tiis (1), 8& Exoupe: 2 < Aoy 257 < 3.

Anhadn: Aoy 257 =2 + d, &mov 0 <d < 1, kai ouvemrdds [Aoy 257] = 2.
*EoTeo Tdopa 871 BEAoupe vé Ppolpe T [AoyB]. "Av 10% elven f peyedTepn
&xépoun Suvayn Tou 10 wou Bév UmepPadiver T6 (BeTikS) &pifuo B, ToTe B Exoupe:
10k <6 < 10k+!, keZ.
omoTE: k=<Aoyf® <k + 1.
Téte Buws & Aoyd 8& elven foos fj ué k 1 pé k +d, dmou 0 <d < 1.
“Apa TO XapakTnpioTikG ToU Aoy® elvan igo ué k.
B) Té yapaxtnpioniké toll royapibpov £vég apbBpod 6 > 1 glvar pikporepo
xaté pia povada ané to mhiifog tdv yneiov tod dxépaiov pépovg tob 0.
Anhodiy: dv k elvar 7d whijflos Téw yypiov Tod dxéoatov pégovs Tod 0, TiTe
76 yapaxrnootixs tod loyl Od elvar (k—1).
*ArodaiEn. "As apoupe a1 Eva dpiBunTikd Tap&Berypa. “EoTtw 8 = 23,5.

*Etre1idn 10: 2235 < 100 NEANT 10235 <710%
BnA. 102-1'< 23,5'< 107,
B& Eyoupe: (2—1) <Aoy235 < 2.

*Apa: [Aoy 23,5]=1=2-1.

“Eorw Tdpa &T1 BEhoupe vk BpoUpe T [Aoy®], &mou 8 > 1. "Av 16 dképaio
uépos Tou © Exer k ynoic, TéTe & O O& TepixeTa petafU TéY 10k kai 10K,
BnA. 8& Exoupe:

10k-1 <8 < 10k = (k—1) < Aoy d < k.

*Apx Té YopaxTnploTike ToU Aoy elvan ioo pé (k—1).

“Exo1, .. Exoupe: Aoy 5378,4=3, ..., Aoy 3,748 =0, ...

v) T6 yapaxtnpiotikd tob hoyapiBpov £vog Betikol apiBpod 8 < 1, 6 6molog
glvon ypappévog pé dexadikf) popei, Exer téosg dpvnrikég povadeg don elvan 1
taEn tob mpdTov onpavrikod yneiov tov petd tijv drodagtoli.

*AnédeiEn. “Eotw, my. 6m 6=0,025 Tore: 1072 < 6 =0,025 < 10!

(yroeri: ﬁ = 13—30 < _116" = ﬁ < Tlo‘ < _11(? =10 <40 <100)
SmdTe: Aoy 10-2 < Aoy 0,025 < Aoy 101
i —2 < Aoy 0,025 < -1,
&pa: [Aoy 0,025] = —2.
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*Eotw Twpa 611 Oéhovpe v Ppolpe TS [AoyB], &mou 0 < 8 < 1. *Av k
elvor ) T&EN ToU TpcdbTOU onpavTIKOU Yngiou peT& Ty UmoBlacToAy ot Se-
kaBikf popen Tou 8, 8& elvar:

10k < & = 10-k+1,

&moTe: Aoy 107k < Aoy 8 < Aoy 10-k+1,
BnA. —k =hoy® < -k + 1.
"Apa: [Aoy 8 ]=—k.
*Etol, T.X. Exouue: Aoy 0,00729 =3, ..., Aoy 0,27508 = il

Moparipnon. *Egapudtovtas Tis mopamdve 18idTnTes pmopoune v& Pplokoups &méd
uvfiuns T YapakTnploTikd Tou Aoyapibuou tvéds dpifuou.

‘Avuetpdpag : dmd Tis 10T Tes Pkl y Eyouue:

8) "Av 10 yapaktnprotiké tol hoyapilpov Evog apiOpod (Oetikod) x sivar
apibpog Oetikdg i pndév, tote 6 aplbpos x Exer toow dxépua yyoia, oeg po-
vadeg Exer 16 yupuxtploTiko Kai Eva dxopn. “Av 6 Loyappog tob x sival -
apvnrikde, tote 16 drépato pépog tol x givor 16 pndév, kai 16 npidTo CNRAVILKD
yneio tob X petd thv Oxodiactorn katéyer tain iom pé 16 mhijfog tdv pova-
dov tiig andlutng tipfic Tol yopaxtnpioTiKoD,

"Evol, dv 16 yapoxTnpioTikd TolU Aoyapifuou évds dpifucl elvon 3, T6
drégono pépos aUTou Tou GpiBuol Exer Téooepa ynelar dv TO YapakTnploTIKG
elven 0, 16 drépaio pépos Tol &piBuol Exel Eva ynglor &v T XOPAKTTPIGTIKO
elven 2, & &piBpds elvon Bekadikos Tiis wopyfis 0, 0y,y,y5ys. - ., dmou 1 < yi < 9.

€) "Av molharmlacidoovps (i Swapéoovpe) Evav appr.o pé 10%, veN, 16 de-
Kadiké pépog 1ol hoyapibpov 8% peraPaiietan, 16 yepaktnpoTike Bpmg avga-
veta (i} Ehattdveral) Katd v povadeg.

"Aréderln. “Eotw o feTikds dpibpds 6 ué Aoy 8 = y,, V,VaVs. - -

TToAAamAaoidovTas Tov &pibud 8 pé 10Y, veN EXOUpE:

Aoy (10V-8) =20y 10* + Aoy 8 =v + Aoy 8 =v + ¥, V1Vo¥s... =
=(¥o + V) ¥1¥a¥s- - - M
*Emrions &v Sicupéooupe 16 8 pé 10Y, veN X oupE:

o (_%) =Aoy 8 —2oy 10¥=~v + Aoy 8 = —v + Yo, ¥1¥a¥s. - - =

=(Yo— V) Y1YaYs- - - @

Ol ioéTnTes (1) kad (2) Seixvouy &T1 dvéd T6 BekaBikd uépos ToU Aoy (8- 10K),

keZ, elven 16 1810 pé 16 Sexadikd UEPOS TOU AoyB, TO XOpPOaKTNPIGTIKG Suws TOU

Aoy (8-10%) aUEdveton of oyéof| pé TO XOPOKTNEIOTIKS TOU Aoyf kot k

&répones povades, &v k elvon pf dpunTikds Gxéponos f EAaTTowveTon katd k
dxépoies povddes, &v k elvan dpunTikds drépaios Gp1fuds.

Zhupwva pé ThY mMé Thvee iB16TnTa of &pifuoi, m.x., 5,50, 500, 5000, ... Exowv T6
1610 Bekabikd pépos aTé AoydpiBué Tous. 'Emions of &pibuoi: 0,5, 0,05, 0,005, 0,0005, . ..
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Népioua.— "Av dbo apBpoi ypappévor of dexadikn popeR Exovv ta (S
yneie kai pé iy ide 14En Sragépovv Buwg dg npbg i Bien tiis drodiasrolii,
ol hoyapBpoi tovg Ba Srapipovy pove Gg mpig 6 yapukrpoTIKG ToVS.

"Av elvan, T.x., Aoy 312,865 = 2,49536, TéTe 04 elvon:

Aoy 31,2865 = 1,49536 Aoy 31286,5 = 4,49536
Aoy 0,312865 = 1,49536 Aoy 3,12865 = 0,49536.

§ 73. Npakeig otolg Sekadikolg Aoyapi®pous.—Oi Tp&Eels oToUs
BexabikoUs Aoyapifipous yivovton &mws kai oTols Sexadikols dpiBuols, pé pe-
pikts TTapadiayts, Stav of Aoydpifiuot Exouv dpynTikG YoapakTnpioTikd. *Exouus
Tis &€fjs Tpders:

a’) IlpbéeBeon LoyapiBpov. M& va wpooBioouue Sexctﬁmoﬁg Aoycapifuous
TpooBEToupe Té& Bexadikd pépn (ol elvan SAa BeTikd) kal TS drépono pépos Tol
&bpoiopards Tous TO TpooBéToupe dAyePpik& 0TS (&AyePpikd) &Bpoioua TéV
dxépaicov pepidv TRV Aoyapifiuwy.

T.x. Na yiver | npooOeon : 2,85643 + 2,24482 + 3,42105 + 1,24207. "Exoupe:

2,85643

2,24482

3,42105 'EB® 16 &bporoua TGV BekaBikdv pepddv Exer pla dxépann povaba
1,24207 xal guveTds Té drépaic pépos ToU &bpoiopaTos elvan:

3,76437 1+ D4 (3D +24 (-2)=-3=3,

B) "Agaipeon loyapiBpowv. Nd& va dgaupéooupe Sexabikols AoyapiBuous
&paipoupe T Sexadikd pépn: &v &md ot TV dpaipeon TpokUyel TEAIKE Kpa-
ToUpevo (cUTé elvon BeTikd), TO TrpooBéToupe (dAyePpik&) 0TS YXOPAKTTPIGTIKG
ToU dponpetéou kai T &Bpotopa ToU TpokTrTEl TO dpoupolUpe GO TO Yapa-
KTTPIOTIKO TOU HEIWTEOU.

T.x. 1) Na yiver 1| doaipeon : 2,83754 — 5,32452. "Exoupe:

2,83754
5,32452 'E8& Bév Umdpyer kpatolpevo kaf T YapakTnpioTikd looUTon ué:
3,51302 —-2—(-5)=3.

2) Na yiver §| doaipeon : 3,48765 — 2,75603. “Exoupe:
3,48765
2,75603 'E8& T Tehikd xpaToUpevo elven 1 kad Té yapokTnpioTikd looUTan
2,73162 pE: 3 (24+D=-3-(-1)=-2=2,

Hepatfipnon: Elvan yvwoté (§ 67) &mi: Aoya — AoyP = Aoya + oulhoyP, Snhady
1) dpaipeon Evés Aoyapibuou dvéyetan othv mpdobeon TolU cuAhoyaplBuou Tou.

I'id vd dmodoyloovpe 16 gviioydpiBuo évés (Betixoi) dobpoi, drav elvar pvwards 6 Ao-
ydgifuds rov, mpoabétovue o1d yapaxrnowoTixd Tob Aoyapiuov 16 + 1 xal aiddlovue té anueio
oté dbgoiopa, xai atij evvégeia 16 dexadixd pégos Tov Aoyapluov 6 dpatpeius dnd Tij povdda.

T.x. 1) *Av Aoy =2,54675. Téte 8& £xoume: oulhoyp = —hoyp = —2,54675 (¢))
‘Emeidfy (§ 71) —2,54675 = 3,45325, 1) (1) yivetau: oulhoyp = 3,45325.
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2) "Av  Aoya :-].,3726?_, TéTE oulhoya = 0,62740.

3) *Av Aoy 0,06543 = 2,81578, Té1e ouAhoy 0,06543 = 1,18422.

v’) Molharhacraopds Evog hoyapiBpov pé dxéparo apiOud.

Aroxpivoupe 8Uo TepITTTCOOEIS:

i) "Av 0 éaxéparog elvan Ogtikdg, TOTe TOAMaTACOI&LoUNE TO BekaBIKS é-
pos Tou Aoyapifuou émi Té feTikd dxépaio kal ypdgoupe pévo T& Skadikd
yneic ToU ywopévour T diépaio pépos aUTOU ToU yiwopbvou TO TrpocBétoups
dAyePpikd oTé ywopevo: ToU YopaxTnpiaTikoU &mi TO OeTikd &pibud.

TLy. Né yiver 6 nolharlaciaopds : 2,65843 < 4. "Exovpe :

2,65843 "ES& 16 Tehikd kpaTouuevo elvar 2 kal Té yapakTnploTikd ToU yivo-
4 vou looutan pé:
6,63372 ()AL 2——6—%

ii) "Av 6 dxéparog eivar apvnrtikog, TOTE TOAAaTAaoIdfouus TO GUANOY G-
pibuo Tou dpiBpou émi TOv duTifeTo ToU dkepaiou. *AAAG TOTE dvayduaoTe
OTHV TPLTN TEPiTTTWOT).

M.x. Na yiver 6 noilanhaciacpos: 3,67942 x (—4).

*Ectw Aoyx = 3,67942, Téte ouAdoyx = 2,32058
kol ouvemréds: 3,67942 x (—4) = 2,32058 x 4 = 9,28232.

8") Awipeon &vog hoyapiBpov pé axéporo apiOpé.

1) N& v& Bicupégoupe 16 Aoy pé Betikd drépaio  (Quoikd) &piBud k,
épdoov Aoy® > 0 épyalducoTe Smos kol oToUs Sekadikols &p1Buous: &v  Suws
6 Aoy elvan AuapvnTikds, épyaldpacTe s EERs:

1a) "Av 6 k Sicupet (dkpiPéds) T yopoakTnploTikd Tou AoyB, TéTE Bioupou-
e XwpIloTS TO Sekabikd pépos kai XwpIoTd TO XaApakTNpIoTikd kai TposdéToupe
T& TnAike.

1B) "Av 6 k 8¢ Bicpel T YapoakTnpIoTIKG, TéTE 0° AUTS TO YXXPaKTNPI-
oTIKO TrpooBéToupe TO uikpdTEpO GpYnTIKG dépaio —p ETol, GOOTE: & &pifuds
ToU 6& mpoxipel vé efvan Sicupetds Si1& ToU k. Metd mpooBétoups TS -u
0TS Bekadikd pépos ToU Aoyapifuou kal Ppiokoups, XWpPIoTE, T& Trr]?\n(ct TGV
8Uo aiTdv pepdv (Bik Tou k) kad TeAik& T& TrpooBéToue.

M.x. Na yivovv oi Sunpéosig: 1) (6,54782) 13 Kkai 2) {5,62891) A

1 6,54782 3 12) 562891 3
6 24018260 = 1 54T+ 14 062891 | 2+ 0,54297 =
0+ 0,522:782 = 2,18260 [ 6 + 1,62891 —7,54297
6
. f 0 + 1,62891
18 &

02 ‘ 2

. 29
21
0

2) N& vé& Biapéooupe 16 Aoy® Bk ToU dpvnTikoU dkepaiou k, Bioupolpe
T6 oUAAoy® 8i& ToU —k > 0.
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Tl.x. Né yiver 1| dwaipeon : (5,92158) : (—2). “Exoupe:
*Av hoyx = 5,92158, Té1e oulhoyx = 6,07842, &méTe:
(5,92158) : (—2) = (6,07842) : 2 = 3,03921.
AZKHIEIZ
‘Opasa A'. 156, N& yivouv fimapynTikoi of Aoydpifuor:
1) —2,32254 2) —0,69834 3) —1,27218 4) —3,54642
5) —0,41203 6) —5,78952 7) —0,00208 8) —2,05024.
157, N& ypayete 16 xapokTnpioTikd Tédv Aoyapifuwy 1édv &piBpdsv:

1) 135 2) 2050 3) 8.5 4) 0,003 5) 382,27
6) 475 1_37 8 1225 9) 056  10) 3041,7.
158, Moo xépona yngia Exer Evas apiBuds, Tol dmolou & AoydpiBuos Exer xapakTnpt-
aTIKS: 35,051,754, 2;
159, ‘O AoydpiBuos évds &piBuoU Exel YapaktnpioTiké: —1, -2, =3, —4, -5, —7.

TMoi& elvar 1) T&En Tou TrpddTov onuavTikoU yneiou ToU &piBuoy petd THv UobiacTolr;

160. "Av Aoya = 1,63819 kai Aoy4347 = 3,63819, TéTe vé Umohoyloete Té .

161. *Av elvar Aoy7283 = 3,86231, v& Umoloyioete ToUs Aoyapifiuous T&v dpifudv:
0,7283, 7,283, 0,007283, 728300, 728,3.

162, N& Ppefouv T& Efaydueva:

Aoy724 — Aoy7,24, Aoy0,65 —Aoy6,5, Aoyl7,62 —Aoyl,762.
163.”Av Aoyo = 2,29814 xai Aoyp = 2,84212, v& Umoloyloete Té:
1. hoya + Aoyp, 2. Aoya—AoyB, 3. 3hoya + S5Aoyp,

3 i 3
4. 2xoyp — A Aoyaq, 5 5 (Aoya + AoyPB) v (Aoya — AoyP).

164. N& Umoloyioete T& &bpoiopaTa:

1. 527124 + 3,4751 + 1,81523 + 0,47214

2. 4,67471 + 2,14523 + 0,67215 - 3,04703.
165. N& tkteAéoete Tis mwpdées:

1. 3,24518 + 1,41307 — 2,47503

2. 0,03182 — 4,2751% + 3,82504 — 1,08507.
166. N& Umoloyioete T& yivopeva:

1£ 380307 % '5, 2. 0,24507 x (-2), 3. T,24513 x 4.
167. N& éxtehéoete Tis Siaipéoers:

1. 7,89524:3, 2. 5,60106:(~3), 3. E,57424 : (_ %)

4, 1,42118:4, 5. "6,27508:(—2), 6. 8,32403:4.

#*'Opada B. 168, N& Ppeite dhous ToUs guoikoUs &piBuoUs v yid Tous dmoious &
]\oya(_i_) EXEl XOPOKTNPIOTIKG: —2.
169. N& &mobeifete &T1: &v Eépoupe Tous Aoyapifpous ds Tpds Pdon a, o > 1, SAwv

Tév &p1BudY ToU TepityovTal wetafl Tou 1 kai ToU a, TéTe uopoUpe v& Ppolpe TS Aoydpi-
fuo Tou OmoroubfimoTe BeTikoU &piBpoU O ds Tpos Paon o
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170. *Av K elvan 16 TAfiBos Téw duépaicov &pibudv ol ol Aoydpiuol Tous Exouv ya-
paxtnpioTiké k kaf & A elvar 16 TAfibos Tév dxepaicov Tou ol dvtioTpogoi Tous Exouv Ao-
yopibpous pé YapoaktnpiaTiké —A (A >0), vé dmobeifere  dTi: AoyK — MoyA=k—-r+ 1.

NoyapiBuikoi lMivakeg

*Omws eibape, tktds &mwd Tis pnTés Suvdpers tou 10, dAor ol &AAo1 (Betikol) dpifpol
Eyouv AoyapiBuous &ppnTous &piBuous (y1” auTd Exouv Emeipa Bekadikd yneia pn mepioBiké).
M’ avrd, Tous Aoyaplbuous alTols TolUs Pplokoupe xatd mpostyyion (gvvndws 0,00001).

"E€&ANov, émaidn Aoy }T — — Aoya, STav Eépoupe Tols AoyapifBuous TGV dpibpdv
TV > 1, propolpe v& Utrodoyigoupe Tous Aoyapifuous Tév (BeTikdiv) &piBudv ToU elvan < 1.

*Errlons eldape, 611 & Aoydpibpos évéds &piBpol &moTedeiTan dmo SUo pépn: &md TO
FopaKtnplonikd Tou kol &mwod TS Sekadikd Tou pEépos.

Tthv § 71 Beifope s TO XapakTNpIoTIKG Tou UmooyifeTan &mo pvhums.

Té BekaBikd Tou pépos Umoloyifetan kot Tpootyylon ué peBédous Tou dvamTio-
covtal oTd AvdTepa MabnuoTikd. Mé Tis pe@dBous adtés UmoloyloTnke TO Sexabikd uépos
(€5 A 74 11 4 15 Bexadixd ynoloa) Shwv TéY drépaiwy &piBudv &md 16 1 uéxpr 16 10.000
kol elvan ypappbvo of Tivakes mou Aéyovrtar hoyepiBpikoi mivakeg f «mivakeg 1o dckadikod
pépovgr. ZuviBexs yi& Tis Epapuoyés xpnopotoloUpe ToV 5-yifiglo mivaxka katd T6 oUoTnux
Dupuis, y1& Tév émoio Umépyouv kal ikBéoeis EAAnviks: oTd Emdueva B& Teprypdyoune Wi
ouvTopia Tév Tivaka altd kai 8& tkBicoupe Tév TpdTO Yprigeds Tou.

§ 74. Nepiypadn ToOV Aoyapi®uikdv mvakwv Dupuis. — Oi hoya-
pfuikoi Tivaxkes Dupuis Tepiéxouv 16 Sekadikd pépos Tédv Aoyopibuwy TéV dxépaiwv &pib-
péwv &mé 1 péxpr 10.000. *O mapakdTe «mivakas» elvar fve Tufjua &mo ToUs AoyapiBuikous
Tivakes Tis yoAMikis &Booews ToU J. Dupuis.

N 0 1 2 3 4 5 6 7 8 9

500 69897 906 914 923 932 940 949 958 966 975

1 984 992 [ *001 | *010 | *018 || *027 | *036 | *044 | *053 | *062
2 70070 079 088 096 105 114 122 131 140 148
3 157 165 174 183 191 200 209 217 226 236
4 243 252 260 269 278 286 295 303 312 321
5 329 338 346 355 364 372 381 389 398 406
6 415 424 432 441 449 458 467 475 484 492
7 501 509 518 526 535 544 552 561 569 578
8 586 595 603 612 621 629 638 646 655 663
9 672 680 689 697 706 714 723 731 740 749
510 757 766 774 783 791 800 808 817 825 834
é 842 851 859 868 876 885 893 902 910 919

927 935 944 952 961 969 978 986 995 | *003

549 | 73057 | 95| 973 | 981 | 989 || 997 | %005 | *0i3 | %020 | *028

N 0 1 2 <} 4 5 6 T 8 9

Tty &pioTepd oTAAN —8Trou oTHY Kopugn Utrdpxel T6 ypduua N (Nombres = &pifuol),
otis ‘EAAnvikés ExBooels T6 ypduua A (&pibuol)— elvan ypoapuéves xataxdpugpa ol BexdBes
TéV &pBudv xal oty B SpilévTia ypapph pé T6 N, of povéBes Tous. Zris &AAes oTii-

100
WnpiomoBnke amé 1o votirouto EknmaibeuTikrg MoAmkrg



Aes elvon ypappéva T& Bexabikd pépn Tdv Aoyapifuwy. T& Blo wpdta ynela ol EEéyouv
oTr) BeUrepn oTfiAn, twwoeltan STt EmavahapPhvovtar Té& tia péxpt v’ dAA&Eouv xai TolTo,
yiari mwoAhol Ege€fis Aoydpifuor Exouv 1Bia T& BUo TpdTa ynela.

‘O AoydpiBuos xdBe &p1Buol PpioxeTon Ekel ol BiaoTaupdvetan f KaTakdpugn oThAn
TV povdbwy pé Ty Spifévria oThAn TéV BexdBwv ToU &p1Buol.

‘O doTepiokos (*¥) woU Tév PAémoune pwpooTd oTd Tpla TeAeuTaiar Bekadikd wnela
uepikév Aoyapifpcwv Belyver 6Tt T& &lo TpddTa yneix oy TapoadelTovton EAAafav kal
wpémel v& Tépoupe T& duéows Emdpeva.

TUpgwva pé Ta Tapamdve kal pé Phon Tév «mwlvakay Tis oeAidas 231 Exoupe &Ti:

Aoy 500 = 2,69897, Aoy 5047 = 3,70303, Aoy 5084 = 3,70621
Aoy 503 = 2,70157, Aoy 5128 = 3,70995, Aoy 5017 = 3,70044.

§ 75. Xprion TV AcyapiOuik@v mvakwv.— ToUs AoyapiBuikols
Trivakes ToUs YXPTOIHOTIOIOUME:

1) ya va Poiorovue t¢ loydobuo évdg dolbuod,
kal 2) yud vd Poioxovue tov dplud, drav Eépovue td Aoydolbud Tov.

§ 76. MNpéBAnpa I.— Na Ppebei & hoyapiBpog Evég apiBpob.

MNé vé Aoovpe altd 16 TpoPAnua UobBéToupe 611 & dpiBuds ToU p&s Bdbnke elvon
TwavToTe ypoppévos pé Bexadikh) poper kai &1 ypnoipotroloUue Tevtayfglous Tivaxes. To
XepakTnpeoTikd Tou Aoyapibuou ToU &piBuoU 8& 16 PpoUpe &md pvhuns (§ 72), Eved 16
Sexabikd Tou upépos Gmd ToUs Tivakes' yi&k v& Ppoupe TO BexaBikd pépos, Tpémer v Eyoupe
Utroyn &Ti:

Té Bexadikd pépos ToU Aoyaplfuou tvds &pifBpol EaptdToan pévo &md Thv dxoroubia
TV onuavTikGY Tou yneiwy ToUu TpokUmTel &v ToapaAelyoupe Thv UmoBiaoToAn kol T
unBevik& woU TuXOv ptropel v& Utrdpyouv oThv &pxh fi 0TS Téhos TolU &piBuou. AlTé, Smaws
eibope (§ 72, €) 8¢ peraPdAher T fnToUpevo Bekadikd pépos. TI.x. ol &pifpol:

50,87 0,05087 508,70 5087000 5,0870
Exyouv 16 1810 Bexabikd uépos pé Tév &piBud 5087.

Mé vé& Mooupe 16 TpoPAnpa Sioxpivoupe 8Uo TepITTTWOES:

Iepintwon a”.— "0 douds sxsc g 4-onuavrid ynpla (dniad) meoéyeTar
arods mivaxes).

2 abrry v TepimTwon Ppiokoups TP@TA TO YAPAKTHPIOTIKS TOU Ao-
yopifuou (&md pviuns) kad petd Té Sexabikd Tou uépos &md ToUs Trivaes,
Smreog eiraue of Tponyoupevn Tapdypago (§ 74).

Mopaderypo : Na Ppebel 6 Loyapbpog tob 56,82.

Adon. Té yxapaktnpioTiké Tou Aoyapifuou elvar 1, kal Té Sexabikd Tou pépos Té iBio
(§72, €) ué 16 Bexabikd pépos ToU Aoyapibuou ToU 5682 ol elvan (&é ToUs ﬂlvcmss) 75450.

*Apa: Aoy 56,82 = 1,75450.

‘Ouoless Pplokoupe &7i: Aoy 568,2 = 2,75450, Aoy 0,8703 =1,93967.

Mepintwon p.— ‘O dofuds xer mepioodrega and 4 onuavvixd ynmpla
(OnAadj dév meoréyerar orovs mivaxes).

Té yapoxtnpioTiké ToU Aoyapifuou 16 Ppiokovue &mes kad oThv TPWTN
mepimTwon. MN& vk Ppoupe T6 Bekadikd Tou pépos, ywpifoupe T& 4 TpidTX
yneia Tou &pifpoU ué UroBiaoToAr, kai ETol &mws elvon ypauutvos & &piBuds
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PpioreTon petafU BUo SioBoyikdy dkepafov pé 4 ynela. Mé& vé Ppolue Tdpa
16 BekaBikd Tou pépos, Trpémrel vé Exoupe UTown pos THY iSidTnTa:
a <<y = doya<ldoyf < doyy, yid xdfe a,f, yeR+

kad vé BeyToupe &Ti: )i

Id pxpés perafolés taw aolbudv, oi peraflolés To0 Sexadixot péoovs taw
Aoyagifuwr tovs elvar, ward moooéyyion, dvdioyes ué vic perafolés viw doldudy
adr@w, drav ol perafolréc tav dolfudv elvar pixodteoeg dmd Ti) povdda xal dvri-
TP,

‘H mapamdve mapaBoyxr Gév elvon «TeAefws» dAnbrs, SnAodn of petofo-
Aés TGV Aoyapifuwy Sév elvan &vdhoyes ué Tis petaPolés TV &pifudv.

Mp&yua, & Gewprioouvpe SUo Siadoyikols dxepaiovs o kad a + 1, a >0
kai & dvoudoouue & T Sragopk: Aoy(x + 1) — Aoya, SnAobdn:

St

8 =Aoy(a + I)-Aoy a = &=Dhoy GT = §=DNoy (1 +%)

- , 1
TMopatnpolpe 671 @ y1& a — + oo, oToTe s 0, Exoupe:

Aoy (1 +—é) 5.0, Bokash 5 =0

"Qote | Siagopd T@Y Aoyapibuwv BUo Siadoyik&v dxepodcov B¢ péver
TwévtoTe ) 1Bia, GAAG EAaTTwveTan kofdoov of dpifpol aUfdvouv kal ocuvetdds
5tv dAnbeler 6T ) alfnon TGV AoyapifBpwy elvan dvdhoyn pé THv alfnon Tdv
Sp1Budov.

Emaidf) Suws fy Siapopd alrry péver yi& woAhoUs dpiBpols dpeTdPAnTN,
UTTOpoUME, KaT& Trpootyyion, v& Bewprjooupe THV alfnon T&v Aoyopifucwv
Guédoyn pé TV afnon T&Y dpi1Budv.

“Yotepa &md aUTd, y1& v& Ppolue T6 BexaBikd pépos ToU Aoyapifiuov,
tpyadoucoTe Smas (paivetar) oTd TapakdTw TapadelypaTa:

IMapadeirype 1o : Na Ppebel 6 hoyapiBpog tob 17424,

Abon. Té yopakTnpioTikd Tou AoyapiBuou elvanr 4. Xwpifoupe T& 4 wpdTa ynelx
ToU dpifuol ué UodiacToAr kai Eto1 Exoupe TéV &piBpd 1742,4, ToU dmoiou dpkel vé Ppolme
16 Bexadikd pépos Tou AoyaplBuou Tou.

‘EpyalducoTe s &€fis: *Emedn 1742 < 1742,4 < 1743,

EmeTan 6mi: Aoy 1742 < Aoy 1742,4 < Aoy 1743.
"ATS ToUs Trivakes elvan: Aoy 1742 = 3,24105 xai Aoy 1743 = 3,24130.
“Apa: 3,24105 < Aoy 1742,4 < 3,24130,

woU onualver &1 & AoydpiBucs ToU InTéue PplokeTon petafy Tév dpiBudv 3,24105 kal
3,24130, moU Biagépouv kaTd 25 povddes méutrTns Bexabikfs Tdfews (W.e'.5.T.).

'ATé ToUs Tivakes PAémoupe Emions 811, &Tav & &piBuds avfdveton katd 2, 3, 4,5, ...
dxépanes povades, TéTE & AoydpiBuds Tou aufdvetan dvmigTolyws katd 50, 75, 99, 125, ...
we'.8.1. "Ymodoyifoupe Tdpa wdoo wpémer vé aUfnbel & Aoy1742 = 3,24105 yi& vé TrpokU-
yer & Aoy 1742,4 kal &md abtév & Aoy 17424. "0 Umohoyiopds ylvetan dos &Efis:
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3t abfnon ToU &piBuol xatd 1 GvmioToikel alf. ToU Aoy. kard 25 we'.B.T.

» » » » 04 » » » » ¥ XD
"Apa: x=25-0,4 = 10 p.e'.6.1.
TéTe Eyoupe: Aoy 1742,4 = 3,24105 + 0,00010 = 3,24115
xal ouverdds: Aoy 17424 = 4,24115.
Ol mapamévw Tpafers Biatdooovtar s Efis:
Aoy 1742 = 3,24105 AUEnon &piBpudv 1 alfnon Aoyopibupwv 25 pe'.5.1.
Aoy 1743 = 3,24130 » » 04 » » Xy »
A= 25 x=25.0,4=10 p.e'.b.7.
*Apa: Aoy 17424 = 4,24105 + 0,00010 = 4,24115.
*Agou Aoy 17424 = 4,24115 Exoupe:
Aoy 17,424 = 1,24115, Aoy 0,0017424 = 3,24115,
Aoy 1,7424 = 0,24115, Aoy 174,24 = 2,24115.

IMopadevypa 20 : Na Ppedel 6 hoyambpog tod ambpod 24,3527,

Aven. Té yapaxTnpioTikd ToU Aoyapifuou ol fnTdue elvan 1. "Av modAamAaocid-
ooupe TV &p1Bud émi 100, 16 Bekadikd pépos ToU Aoyapifiuou Bév GAA&Lel *Apkel Aormov va
BpoUue Té Bexadikéd pépos ToU Acyapibuou ToU &mBpol 2435,27.

’EpyalduacTte 8Toos kai oTd Tponyoupevo Tapdderypa:

Aoy 2435 = 3,38650 AUEnon &piBudv 1  abfnon Aoyopifudv 18 p.e'.B.T.

Aoy 2436 = 3,38668 » » 027 » » X; »
A= 18 Xx=18-0,27T=4,86~5 pe' 5.1

*Apa: Aoy 24,3527 = 1,38650 + 0,00005 = 1,38655.

Znpsioon. Ztods AoyapiBuikols mivakes xal £ &md T& TAaioix Umdpyouv mivokibix
pé tmikepohida T Biagopd TdV AoyapiBuwv BUo BiaBoydv dpifudy. Td mwokidie aUT&
fyouv BUo oTfikes: f| WpeTn oTHAN ExEl Tous guoikous &pibuous 1, 2, ..., 9, mwou Belyvouv
Séxata Tiis dxépains povdBas kai ) &AAT oTAAN Exe Tis alffoes T&GY Aoyapifpwy o¢ pova-
Ses Tiis TeAeuTalas Bexadikfis T&Eews.

*Av dvopdaoupe A Tis Bragopés TEY &p1Budv, TéTE TG mvaxidia Bivouv Tis Tipés:

/o i M \E s Ax9
107 * e N T

*Etor & Umoloyiopds ToU Aoyapifpou ToU Tapadelypatos 2 yivetan 18
ué T Pofifeia Tou mvakidiou, wol Exer EmkepaAiba TH Sagopa A = 18.

316 mivakisio auTé &mbvavtt &md 16 2 (oThAn «) elven 3,6 kol &mé- | 18
vavTt émd 16 7 elvan 12,60 &AAG émadn 16 ynelo 7 mwapioTave ikatooTthoTév | 2 | 3,6
&piBud 2435,27, BnA. povédes 10 gopés pikpdTepes, Tpémel va mdpoupe 1,26. | 3 5,4
"Qote of atfnon Tol &pBuol katé 0,27 povébes dvtioTorxel atfnon ToU Ao- | 4 7,2
yapifpou kar& 3,6 + 1,26 = 4,86 ~ 5 p.e'.b.1. 5 9,0

MéTaln Tdv mpdecov. ? }g'z

Aoy 2435 = 3,38650 A=18 8| 144

Z¢ alfnon 0,2 alfnon Aoy 3,6 9| 16,2
» » 0,07 » » 1,26
&pa Aoy 2435,27 = 3,3865486

kal Emeidh) 16 60 wnelo ToU Bex. pépous elvan peyoadUTepo &mo TO 5, aUf&voupe katd pix
povéba T6 50 ynpio. "Apa 8& elvar Aoy2435,27=3,38655 xal ouvends Aoy24,3527 =1,38655.
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*§ 77. NpéBAnpa Il.(dvrioroogo)—Na Ppelel 6 apOuég mod avuietolyet’

of opwopive AoyapiBpo.
' Mé& vé Aoouus arrd 16 TpdPAnua dvadnTolue T6 Sekadikd Mépos Tou
Aoyopifipou o uds 8éfnke oTols AoyapiBuikous Tivakes. Alakpivoups Sto
TEPITTTAOEIS KaBdTov Té Sekabid abTd pépos ypdgeTan f &1 oToUs AoyapiBui-
xous Trivakes. Té xoapaxTnpioTikd ToU AoyapiBuou udls émitpéme v kofopicoupe,
oUpguwva pé Ty 18i1dtnTa & Tiis § 72, T MAfifos TGV wneiwv Tol drépaiou
pépous ToU InToUpevou &piBuou. :

"AxpiBéoTepa EpyaldpaoTe s EETs:

Hepintwon ¢'.— 716 dexadixd pépoc 106 Ioyaoiluov Polonerur orovs TiVaxes.

"Eotw 6T1 B8houue v Ppolpe TO feTikd pibpd x, yi& Tév broio elvan:

Aoyx = 2,62716.

Aven. Xwpis v& AdPoupe Umdyn nas TS xapakTnpIoTIK 2, dvalnTdue ot oTAAn 0
T AoyapiBuikdy mvaxwy Tév &p1Bud 62, ToU dmoTedolv Té BUo TpdTa yneia ToU Be-
kaBikou pépous ToU AoyapifBuou kai kaTomv dvalnTaue oTév Tivaka T& &AAa Tpia ynola
716 ToU BexadikoU pépous. BAtmwoupe T autd  dvikouv aThv 423n opildvTia ypappn kai
oty 8n oTAAN' & {nToluevos &piBuds Exel, oTr oepd, T& onuavTIKG yneia 4, 2, 3, 8, nAa-
&1 Exer 423 BexdBes kal 8 povades. "Emeidr & AoydpiBuds Tou EXEl XapakTnpIoTIkd 2, & &pif-
ués Ba Exe Tpla dxépana ynoia, xal & elven:

) X = 423,8.

Znpzioon. "Av 8houue v& Ppolue Tév dpiBud x y1& Tév drroio efvan Aoyx = 2,63022
tpyalbuaoTe s EEfs:

MapaTtnpolpe &1 atis oeipés Tou 63 Bév Umdpyer 16 022, &AA& T6 dvainToUpe kai T6
Pplokoupe oTis oeipés ToU 62 ué Evav doTeploko (*) umpooTd Tou. AUTS oupPaiver, yiari
T6 022 pt &oveploko (*) Pploketan o1y TeAeuTaia cepd TolU 62. Suverds & {nTolpevos
dp1buds x elvan & 426,8.

Mepintwon B.— 76 dexadixd péoog vod Aoyaoiluov 8 Poloxsrar orote mi-
Yaxeg.

lo: "EoTo 811 Bhoupe v& BpoUpe T6 BeTikd &piBud x, yi& Tév mroio elvan:

Aoyx = 1,25357.

Aben. TapatnpoUpe 811 16 Sekabixd pépos Tol Aoyapifuou PpiokeTan oTous Trivakes
petafls Tév 0,25334 kai 0,25358, oTous omolous dvtioToixolv ol d&pifuol 1792 kai 1793
dvTioToiyws. AnAabn Exoupe: 1,25334 < 1,25357 < 1,25358
kaf ouverréss: 17,92 =ix ‘< 17893,

MapaTnpolue Twpa &Ti:

A =1,25358—1,25334 = 24 pe".5.1.
& =1,25357—1,25334 = 23 p.e".5.7.
"ExovTas Uméywn TAv mapadoyn mwoU kévaue oTAV § 76, oUpgwva pé THv dmoia 1 abfnon
(HeTaPoAn)) Tdv Aoyapifuwy elvar, katd mpootyylon, &védoyn Tpds THv alfnon Tév &pib-
MGV, kaTapTifoupe TV dkdAoudn Bi&tatn: :
AUEnon Aoyapifiuou katd 24 pe'.S.T. pépver alnon Tou &pifuou kot 1

,» » »ABA2R5L & » » » » oy

B3y
y=1-55= 53 =0.9%8.
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TMpogBitovtas Tdpa 16 0,958 otdév &pibus 1792 Ppioxoupe 1792,958. ‘O &piBuds Spcog avTds
Exer Tpopavdds T& ibia wnela pé Tév x kol pé Ty o oelp&, ARV Spws 1) Bfon Tis Umobia-
oToMfis oTé x kavovileton &méd T6 yapakTnpioTIKG ToU Aoyx, Trou €86& elvon 1.

©4& elvar Aormrdv: x = 17,92958.

Enpeioon. ‘H Siagopd A Tdv dkpaiwy AoyapiBuwy, dvéducon aTols dmolous TEpLéyeTan
6 Aoyx, dvoupdletar «peydhny Sagopd, tvés N Siogopk & ToU HIKpSTEPOU Aoy aplfuou
dmd 16 Aoyx dvopdleTan «ukpip Srapopd.

20: Né Bpeite 16 x, &v hoyx = 3,47647.

Aven. 'Amé Tols AoyapiBuikous Trivokes ExoupE:

3,47640 < 3,47647 < 3,47654 -

kal &pa 0,002995 < x* < 0,002996.

"Av tpyaoTolpe, Smws oTé TponyoUuevo TapdBerypa, Exoupe THY dkéAoun oUvToun
SidTatn:

347647 347654 dvmioToixel 6: 2996 14
3,47640  3,47640 » 1 2995 7 ¥i
Aiagopés: §=17 A=14 1 y=1 x%=0,5

*Etor T& onuavTiké wnela ToU x kaTd oeip& elvan: 2, 9,9,5,5 "Apa & InToUuevos
&pifuds x elven & 0,0029955, YiaTi TO YapaKTnpIoTIKG ToU AoyapiBuou Tou elvar 3.

‘E@appoyés T@v Sexadikiv Aoyapi@uwy

§ 78. ’Egopudlovtas Tis iB1671Tes TGOV Aoyapifiuwy kol Ypnouomoicy-
Tas ToUs Aoyapifuikols Trivakes UTTOPOUPE V& &TTAOUCTEUTOUWE TTOAAOUS &pif-
unTikoUs UtroAoyiopols kal vé kévoupe &Ahous UmrohoyiopoUs Tou B& FTav
Tapa oA BUokohol Yewpis Tous Aoyapifuous. Ta mapokdTw TapadelyuaTe
kol iBiaitepa T6 SedTepo, 84 pas Teicouv Y& T onuacia Tév Aoyapifuwy
oTis TpakTikés Epappoyés.
7,56 x 4667 x 567

Tapaderypa lo: Néa Bpeite 16 x, Gv civar: x = 8991 x 0,00337 x 2305 )

Aben. AoyapiBuifovras Thv (1) Exoupe:
Aoy x = Aoy 7,56 + Aoy 4667 + Aoy 567 — (Aoy 899,1 + Aoy 0,00337 + Aoy 23435).
'ATé ToUs Tivakes Ppiokoupe:

Aoy 7,56 = 0,87852 Aoy 899,1 = 2,95381
Aoy 4667 = 3,66904 Aoy 0,00337 = 3,52763
Aoy 567 = 2,75358 3 Aoy 23435 = 4,36986

7,30114 4,85130.

Metd Thv &gpaipeon mpokimrrer:

Aoy x = 2,44984
"Apa: x = 281,73.

[Mupaderypo 20 © Na droloyioets, kata nposEyyian, tiy apipunniky npn tijg nopactacceg

5
27,32 x (1,04)*° x V0,003
X=

4 @
V10,0042 x (345,6)
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Avan. AappévovTas _'roO; Aoyapifuous T&V peAdv THs (2) Exovpe:
Aoyx = (hoy 27,32 + 20-Aoy 1,04 %;\oy 0,003) — (ugrmoy 0,0042 -+ 2 Aoy 345.6)

*ATéd ToUs Tivakes Ppiokoupe Tous AoyapiBuous kal ikteholpe Tis mpdEes oUnpwva pé
v imwdpevn Bidraln:

BonOntikég npaferg | Talt.m':c npagerg
Aoy (1,04) =0,01703 Aoy 27,32 = 1,43648
20 20-A0y (1,04) = 0,34060
0,34060 ._é_-huy (0,003) = T,49542
Aoy 0,003 = 547712_ *ABpoioua = 1,27250
%77\0)/0,003—3475712 ‘e i—i?s,iﬂ?m: I .............. A=
- iy —_ Aoy(0,0042) = 1,40581
=1 + 0,49542 =T,49542 4
........................................... 2-hoy 345,6 = 5,07714
Aoy 0,0042 = 3,62325 *ABpoiopa = 4,48295
1 3,62325 4+ 1,62325
T]\oy 0,0042= 3 = 4 =
=T + 0,40581 = T,40581 "o hiar:
......................................... Aoy x = 1,27250 — 4.18295 ==
Aoy 345 6 =2,53857 = —3,21045 = 4,78955.
2 :
5,07714
'ATté ToUs mivakes Ppioxoupe: x = 0,000615957.
ALZKHEEIZXZ
"Opdde A" 171. N& Bpefel & Aoydpifuos Tédv dpiBudv:
1. "0,2507 5. 6,8372 9. 85,007
2. 45,72 6. 5278,37 10. 0,0004124
3. 0,003817 7. 63,347 11. 326,537
4. 107,3 5 8. " 25234 12. 14,1606
172, N& PpeBei & BeTikds &piBuds x, &v:
1. Aoyx= 2,48001' 5. Aoy x = 4,87622 9. Aoy x = 0,70020
2. Aoy x = 1,96895 6. Moy x =2,99348 10. Aoy x = 1,66325
3. Aoyx= :i_,97534 7. Aoyx= }_,79100 11. Aoy x = 4,15050
4. Aoy x = 3,69636 8. Aoy x = 2,78000 12. Aoy x = 5,25865.

173. N& Bpeite 10y, &v: y — T Aoy(4 + VT) + — doy(4 — V7).

174. ){pncrluonmcbwu; TéV TUTrO:
E=ViG-9G-B G -7
v& UmohoyioeTe T6 ¢uPabov E Evés Tprydvou o Exer TrAsupés:

0,=:202.5 N\ &B= 180.2.m,  xedisyi=ik5:3 m (1: %‘ TEpILETPOY )
175. 'N& Umohoyioete Thv &pifunTiki Tipn ToU X Tou dpifeTan &mwd T oxéon:

x2 p

—_— —_

o2 Y
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&mou a=0,27355, B =29,534, y = 44,340.
176. N& mpoodioploete 16 y, &v Efpoupe &11:

Aoy y =doy (7 + 5V2) + 8hoy (VZ + 1) 4+ Thoy (V2—1) + 2hoy 3 — 2V2).
177. Tpels dpibpol o, x, y ouvBéovran pé TH oyéon:

3
oyt = vx.

lo) N& Umohoyloete 16 y, &v elvan a=0,3 xai x = 1,8215.

20) Né& Umoloyloete Té X, &v elvan a =10 xal y = 0,5242.

178. 2t pia yewpetpiks wpéodo elvon: o =3, w =8 kal v =13. N& Ppebei & 1305
Spos kai 16 &Bporopa TéV 13 mpdTwy Spwv Tns.

179. Né& tmahnBeloete Tis lodTnTes (xpnotwoToidvTas AoyapiBuikoUs Trivexes):

577,8 X 69 3
Lo o5 x3107 = oL 2.V 8.5073 x ¥5T3588 = 5,62962

3

3
“/ 4,632 X (2,96) 312,415 X ¥ 3,5781*
3. BI3X324l = 0,225855, 4. 0 = 14,1606.
17,1826 X ¥ 0,002987*

II1. EKGETIKEZ E=IZQZEIZ

§ 79. 'Opiopoi.—"Exbenixh) &&icwen droudlovue xdbe ékiowon tije poopiis:

E(x) = F(z) M

dnov E(x), F(z) elvar ovvagrijoe o z, 6rav o fa tovddyiore and td pédy

s Eupavilerar 6 dyvworos x eite xdmowa cuvdoTnon Tod dyvdorov of éxbétn
dvvduews pé faon BeTikd dofud.

“ETol, m.X. ol &iodoses:

3 =81, 5*-3=625 7uri=], x:I12 ] (x> 0)
xr—x t—3 L3t (x5 0), .(3x L I)é'-3=l pé: x> *—%-
elvon ExfeTikés.

Enihvon tijs éxlerinijs bwoddaemg (1) Adyerar 1) efipean Toi owwdlov Tdw
Moewy adtijg, dnlady] Tod ovwdlov Tdv Tiudy Tod dyvdotov THG Mol Tijy ixavo-
moLody.

Oi md ouvnbiopéves éxBetikés Ei1ocioels Exouv ﬁ MTTOpoUV V& Tdpouv pla
& Tis Emoueves popgés:

«’) "Exbenikég Efwoaoeig il poppiic

ormov a, peR' xai o 1. :

Mé& vé émAtooupe ol Ty EkBeTin E€iowon Sioxpivoupe SUo mepiTdoEs:
Nepintwon I— O f elvaw dvaun ot a 7 pmopel vd perarpanet oé dbvaun
T0U a.
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Téte, &v p = ok B& Exoupe: of = ok xal ouvemdds x = k.
Topaderypa 1 Na ¢mivel 1 tEiocwon : 3% = 729.
Aban. 'Emeibfy 729 = 3¢, 1 #lowon ypagetar: 3% = 3° kod Biver x = 6.
Hepintwon IL— "0 f 6év pmopei vd peraroanmel of dvaun Tod a.
3’ oty THY TrepiTTTwoT AcpPdvovTtas Tous Aoyapifpous kol Tév 8Uo pe-
A Tiis (o) Exoupe:

x-Aoya = AoyP xai ouvemdys 6& elvon x = AL

Aoya

Mapdbyue . N EnvkoBel ) iowon : 2° — %.
Aben. AapPévoups ToUs AoyapiBuous kal Tdv BUo peAdv Tfis tEiodoews kol Exoupe:

Aoy 5 —Aoy6  — 0,07918
: = —Aoy6 = = —r = — 0,26303.
x-Aoy2 =Aoy5 —hoy6 fi x hoy 2 0,30103

§) Exfenxéc iEwomoeig tiig popofic:
afl(*) = B B)

Brov f(x) elvar mpayp. cuvvlptnon tod dyvdotov kai a, peR* pé a # 1.

Tpopavéds y1é& f(x) = x &xouue exbetixn éicwon Tiis TponyoUuevns Lopfis.

Mé& v& tmAvooupe tEiooers’ Tiis popefis (B) Siokpivoupe kal At &Uo
TepiTToels, &pou of &pifuol o kai B pmropel v elven i va pry elvon Buvdpers
Tou iBiov &pifuol.

Mopaderypa 101 N& dmhvlel i EElowon : 3:°-5:+1 = 243, m

Abon. Emeidn 243 = 3%, f) &iowon (1) ypdgetan:

R =3 s x2—5X + 11 =5 ¢ump X*—5x+6=0.

Ol plZes Tfs TeheuTalas tfiowoews elvan x; =2, X, =3, ol 6toies elvan kol pites
This tGowaews (1)

Mopaderypa 20: NG &mAvBel % #iomon : 7213 = 1.

Avon. "Exoupe:

T 270 b 2 |3x|=0 = Ixl=% > x=22.
IMepaderype 30: Na Emdvdel W tﬁm: 5-1 — 437, (1)
Aven. Tadpvovtas Tous AoyapiBuous kal Tév BUo ueAdv Tiis Eiomoews (1) Exovme:

Aoy 437 2,64048

3x —2)-Aoy 5 = Aoy 437 3—2_7’_ PR e o izl

ProZpaoyseany A Kol = e 0,69897

fi 3x —2=3,77767 kail &wé alrh: x=1,92589.

Mapéderype 40 Na SmdvBel, # Eiowon : o = v, )]

Bmov o, P, yeR* wai @ # 1, p# 1.
Abon. AapPévovtas ToUs AoyopiBuous kai T@v BUo peAdv Tfis (1) Exovue:

)\oy Y @

IR _ X
pr-Aoya=3Aroyy fi P*= ?mya

‘ATd T (2) Aoyapi@uifovras Pploxoupe:
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Aoy ¥
x-Aoy P = Aoy (m

A
Mé& vé Exer véomua 16 Belrepo péhos Tiis (3) mpémer va elven ?«:;Z > 0. AUTé Sucws

loyver &tav ol Aoyy kaf Aoya elven dpbonpor, SnA. Stav of &pifpol « kal y elven > 1 i tav
xaf ol Bud Tous elvan <1.

v) "Exfenikég Eiohonig tiig popeiis :

N By |
| af® = qsto ] )

fnov f(x), g(x) elvan (rpayponikéc) cvvaprioes tod x xai acR+ pé a = 1.
‘H &Betikn) Eiowon (y) elvan iooBivaun pé Thv: f(x) = g(x). Tpkyuear,
&v x, elven pia pida Tiis (y), ToTE, y1& 0 < o 3£ 1, Exoupe:
aftx) = o) = f(x0) Aoy o= g(x,)-Aoy & = (x,) = g(x,)-
5
Tlapaderypn : Né émlvBel f 2giowon: 100-10* = 100 * 1)
10
Avon. 'Emeidn 100 = 10% ) &iowon (1) ypheerar: 102+ = 0%, ‘H Tedevtala -
10
Elowon elvan looBUvapn pé TAv: 2 + x = > - x4 2x — 10 =0. Of plles Tiis Teheu-

Talas ticwoews elvar: x; = 3, x, = —5, ol &moles elven kal piles THs (1).

5) 'ExBenikég Eiodoeg tiig popeiis:

aft) = fst (&)

Brov f(x), g(x) elvar (npaypotikéc) ovvaprtiieeig tob x kai a, feR* — {1}

Maparnpolue 611 yi&k g(x) =1 Exoupe &xBeTikn) tiowon Tiis popefis (B),
tv@® &v 6 P elvan dxépoin BUvaun ToU o, TéTe Eyoupe ExBeTikny £§lowon Tis
TponyoUpevns popefis. “EoTw, Aormdy, Tpa &Ti & P Bév elvan drépaun SUvaun
ToU a, TéTe 1) éxBeTikr] E§lowon (8) elven looBUvaun pé TAv: f(x) = g(x)-Aoy.p.

TMpdrypaT, &v x, elvon pla pila Tiis (8), TéT1e Y1& o, PeR+ — {1} Exoupe:

aft) = P80 4= f(x) - Aoyaa = g(Xo) ‘AoYaP €= [(xo) = g(x) Aoyap.

Tupaderype : Na émlvbsl § é§iowon : 2‘“.—5 = 32:( (1))

Aven. Madpvovtas Tols AoyapiBuous ds wpds Paon 2 kal Tév 8Uo ueAddv Tiis (1) Exoupe:
Ro)’:(zx'_’) =7‘°Y=(32") = Xi-5 = 2X70Y,3 =y X2 — (2hoy,3)x —5 =0 xai ouvemds:

7 Xyp = Aoy,3 i:\/(?\0h3)‘-l-_5-

<) "ExBenikég EErohoeis tiic popofic :

f(a*) = g(a®) (&)
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Srov acR+ — {1}.
ElSik& 84 pedetricoupe 'rrctpdkérrw tEiocoEls TGV popPpddv:
g: Ac* 4 Ba* + =0,
Ep: Alc!‘*"""" -4 A,.C("i""' Vo o it Aka"k"+"k m0’
dmou w, vieZ, i=1,2, ..., k.
Ol thiocoers alrés dvéyovtan o popen (@) pé T dvTikaTdoTaON:

Mopadevypa lo: Né ¢mhvBel 1§ igiowon: 4 —7.2* —8 = 0. m
Abon. ‘H tElowon (1) ypéoetan: 2% —7.2* —B =0 xal &v Tebel: 2* =y, Exoupe:
y:—T7y-8=0

Ol piles alriis Tiis thiodoews elvar: y, = 8 kal y, = —L.
"Apa 8& elveu:

2=8 @ ki 2=-1 (3.
‘H &lowon (2) ypageran 2* = 2* kai Siver: x = 3.
‘H #fiocwon (3) elven &Buvgrn, Emeidn 2° > 0 y1& kdde xeR.
*H (1) Aormdv Exa pia povadik AUgn, Th: x = 3.

Mapaderypa 20 : Na ¢mdvBel 4 Licwon: 3°2 +5.3° + 3*-1 — 32 = 128, )
3 3
Abon. ‘H (1) ypégeron: 3%-32+ 5.3* Taotlig 128.
Ottoupe 3* =y kai Exoupe Trv Sicwan:
9y+§y+—§— = % =128 wp 128y =1152 = y=9.
Téte Exoupe: F=9=3px=2
Mapaderypa 3o NG ¢mdvlel q giowon : 5-' + 3.5°+' = 80. (1))
Avon. ‘H (1) ypaperan:
G
==+3-5.5-80=0
fi (5%)* 4- 75.5° — 400 = 0. @

Oftoupe 5* =y xal Exoupe Thv EEiowon:
yE4+T75.y—400=0 =» y, =5, y, = —80.
"Apa | (2) Bixow&Tron otis Erocoes:
RSB g FSY EB
‘H mwpotn &iver: =
‘H 8eltepn elvan &Buvarn, twedh 5* > 0 yi& xébe xeR.

') "ExBsnikég £iocotig tijc popefis :

f(a*) = g(p*) ®

dnov a, peR+ — {1} kai a # B.
SuvhiBels TEpITTTCOES TR TapaTdves popefis elven ol EEfs:
§: A-at=B-p* (A#0)
cz: A.qu+B.ux.px + I"B2"=0 (A?(O)
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Ol t§okoels altés dudyovton oTh) poper (o) ué Trv &vmikardoTaom:

(5 = 6

Mp&ypoaTy, ) &, pé THv Tapamévw &vtikatdoTaon dvéyetan oty Efiowon:
yi= (—g—)’ = %, @ 1) £, v Branpéooupe kal T& 0o péAn s wé 16 P, yive-

R (-;L)z +B (—;) 4 =0

kal pé v dvtikardoToon (% )‘:-_-y dvéyetan othjv §iowon: Ay?+By+I=0.

Ta1

"Av topa B2 —4AT = 0, 1) Tedevtala £iowon Siver 8o mpayuaTikés pi-
Ges yu ¥ N Tls Tipgs y=y,, y=y, 1 (1) dlva Tis é&xberikés E§iocdoes:

(% )x =¥ ( %)‘= ¥a, ol &mroies AUvovTon koT& T& yvwoTd.

TMopaderype lo: Na tmivdel 1) EEiowon :

3.204 201 = 552 _6.53 1)
Avon. ‘H &fowon (1) ypheetan:
grol HE ht
F ok B e
’ (%~ 7) 5'-(2—‘5—1%5)
f ( 5 )x &
. Coile o)
"Apa elvan: x =4,

Mapaderype 20 : Na émAv@el § iEiooon: 3.9 —5.6% 4 291 = 0. m
Abon. ‘H éiowon (1) ypapetan: 2-2%*—5.2%.3* 4 3.3% =0.
Aripdvras kal T& BUo péAn Bik 3%, AaupPdvoune Thv looblivaun tElowan:

2\ 2 \X
2(7) .-5(7) T @
271
“Av Thpa Béooupe: (-§-) =y, T61e f) (2) yphgetan: 2y2—5y + 3 =0 3)

i 3 ’ : 4
‘H () & plles: yi=—75" Y2= 1."Apa i (2), ouvewdss’ kal 1y (1), Sieom&ren oTis
tEiowaes Tis popefis (a):

G-+ G-

"Qote 16 oUvoro T&V pibddv Tiis (1) elvan: { -1,0 }
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* 1) Exfenixég EEwodoeig tiic popofis :

| Aa+Bp=T | )

bmov o, peR+ — {1} pé af = 1.
Oi &iocioeis aTés pé Ty dvTikatdoTaon: @* = y dvdyovTtan oTH popen ().
Mpéyuot, meidn of = 1 Egoupe: o*p* = 1 kad ouvemdss p* = LY = i, OToTE

ax
) (n) yp&geran:

B
Ay +— =T = Ay'—Ty +B=0 )

"Av Tdpa [ —4AB = 0 ) Tehevtaia &iowon Siver Svo mporyparikés pi-
Zes Y1, Yo OTTE Ay (n') BroomdTon oTis oo THig Hopefis (a):

ot = ¥y, ot = ¥,
¢ ¥ \ 3\ 2.\
iberyio : N& EmvBel § & ) 2Vas
! ['] 1(: el N iicwon (2)-1-2(3) 5 a)
Avon. Sétoupe (%)' =y xal | (1) ypaeeTan: 3y + % =5 @

‘H (2) &xer piles: y, = % , ¥2 =1 xal ouvewdss Exoupe:

Sig 2 F\=t Ay 5 I o
() =-5-(z) + () -=(2)
“Apa 16 olUvolo Alcewv Tfis E§iodorws (1) elva : { —1,0 }

tooi. Mia mé yevikn popen Tiis (n) elven # xBetixy ficwon THs popefis:
Aa*+B-p =Ty pt afp =¥* kai q, B, yER*, &AA& «, P # 1.
Mé& y = 1 waipvoupe Ty tkBetik Eiowon (n). Mé& y #1 A tlowon A o + B.p*=rl.y*

Yp&gpeTon: A(L)' +B (..’_3_)l = I’ kai Adveton kKat& T& yvwoTd.
T T
) "Exenikég tEicmseis tijg popoiic:

( {f(;:)}l<“’ = 17 7 )

drov f(x), g(x) sivar ouvaprijoeig tob x pé tév meproplopd: f(x) = 0.

Oi tiowoes Tis popefis oUTfis Exouv Tpopavdids AvUcels Tis AUcels TGV
tliowoewy:

@ fx)=1
(i) g(x)=0 A f(x) # 0 (dxpipéoTepa f(x) > 0).
Hopairvme - Né AvBel § dGiowon : (x? — 3x + 2)° -5 = 1, 0}

Avon. 'E8& Exoupe f(x) =x*—3x4+2=(x—1)-(x—2) xai 16 clvoho AUgewv Tiis
{(x)>0 elvan : {xeR: —w<x<l, 2<x<4m }
“Yorepa &mwd alrd Exoupe:

@) Ol piles s X2—3x+2 = 1 4= x3—3x41 =0 = x, — >+

elvan wpogavéds Avcers Tiis (1).
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(i) Ol Aboeis Tou ocuoThuaros:
xt_2x=0 x(x—2)=0
A g = x =
x=_3x+2>0} {(x—l)(x—2)>0] S
elvan ¢rlons Avon Tis (1).

3—VE  34VF
20 e
" Iyoho. Teprrrdaoess odv THv: x°—3x+42 =—1 A x*— 2x = 2k, keZ Bbv Eetéloupe
E6& (PA. oxeTikdds dpioud ExBetikfis éfiocgews § 79).
lapotipnen. *H lowon {f(x)}'(*) =B, &mou I(x) elvan yvwoTn ouvdp-
Tnon ToU x pé f(x)>0 Abveton &v 16 P Exer f| prropel v& Tépea T popen:
p=a® (x> 0). Tote 6& éxoupe: {f(x)}7(* = a® kol ouverrds 8& elvan f(x) = a.
Topodeiyperte : Na émivBoby oi iEromoag :
0 x*=4 , P 2—7Tx+ 157715 =27,
Avon. a) “"Exoupe: x* =4 = 2® kal ouverrdds x = 2,
B) "Exoupe:
(X2 —Tx + 15)-T415= 27 = 39 4mp x?_Tx + 15=3 €= x2_7xL12=0 = x,=3, x,—4.

"Apa T6 ouvolo AUoewv Tiis E§iodoews (1) elvan: [0,

ALKHEEIEL

‘Opade A% 180, N& EmAvoerte Tis Eiochoers:

Vx . .
1. 5 =625, 2. 3=y 07 3 2r-E_gu=3
ﬁ 3 ax-7 4 7x-3
4 F =81+, 5. 272 —3m ! (__) g __,) '
s il (=

181. N& EmAvoete Tis dxdAoubes ExBeTikés Eiowasis:
L 29734 3=0, 2 F-4yFEL3-0 " % "By ; b
4. 2.4 4 3.9*=5.6", 5. o + 6* = 4%, 6. =it

182. Té 1810 v&k kbvete yik Tis $§1000eis:
1. 3:+l _2! = 3!-1 + 2!43' 2. 73“—3 + 4!4—2 — 73”—‘ + 414—3' 3. 21! = 3l+1r

4  5-2_3.20-3=]2.53_2x 5 (x*—5x+4 6" =1 6 x‘/’_:(\/f)-
A Opdde B, 183, N& tmdoete Tis tEiodTas:
1. 2'=512, 2. 18-¢ =54V 3. (x2—1)elo8(""? — Joger+t,

4 5o gps K grligein —§~' 6. 3+t 91— 1458,

184, N& tmiAvoete Tis dxdAoubes ExBeTikés E§iocdoes:

1 1 4 1
. 43 ToaT gm0 73 e (747 1 gua)

1 x
K+T T-i-l
3. e™—3e"+2=0, 4, 2¥-1 4 3t 4 4 -9 =,
185.T¢6 1810 v& kévete y1& Tis Efiowoes:

i 15 21
1. x*—x—*=3(1+ x), 2. 31"W+BI—T+‘_=O’
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4 «/2“_-“ — 33(x-2) — ‘/82-_-3_33x-s' 4, x2.20+l . ix-3142 — x3,2)x-3144 D1
‘YroderEn. Emiv (4) vé Sioxplvete Tis meprrraoeas: (@) x = 3, (i) x < 3.
186. "Av «, B, y elven & prikn T&v TAsupdY Evds dpBoycoviou Tprydvou ABI (A = 909),
vé &mobeifete 611 ) ExfeTixn Efiowon:
- Pty =er
Exer &kp1Pdds pia Aon oTd glvolo TGV TpaypaTik®dy &pifiudv.
‘Egapuoyry: Pp=3, y=4 a=05.
‘Yrodeibn. Apol Ppeite Thv (mpogavi) AMen X(= ;) v& ouvexloete pé 1t pédodo Tijs
«el; dromov» &maywyds mwalpvovras Tis wepimrrwoes: (i) X > X, xal (i) x < x,.

187. "Av «, PeR* Tétoio, Gote (a—P) (a—1) 2a—1) # 0 kai & P elven pida T
thiohoews: x*— ax —of = 0, v& wpooBiopiogete T& a, P kal x &v Eipoupe éT1 ikavomolouv
Tis oxéoes:

qlz—lx_lb — ﬁ:!”d-hnE 3 X 4 ﬁ +2¢=0.

IV. EKOETIKA ZYZTHMATA

~ § 80. ‘Opiopoi.— Ovoudlovus cbotpa éxBenkdv élioc@oov ué do 7
neétaao‘regovg ayvirotovg, xdle olornua éadocwy, and tic dmoiss 1) pia Tovid- -
yioto elvar xfetin).

Of Tipés Tév &yvdoTwy, yi& Tis &moies guvainfedouv oi &§lodaels ToU
ovoTApoTos, Aéue 8T &rotehoUv TH) Aben ToU ouoTAuaTOS.

‘H éwfdvon Tév EkBeTik®v ouoTnpdTwyv oTnpifeTon otis 1816TNTES TGW
Suvdpewv kol oTis 1816TNTEs TGV Aoyapibuwv.

Mopodeiypata : lo. Na Emivdel 10 obotnpa:

.22 =32 ()]
32,304 =27, @
Abon. Of (1) xal (2) ypégovren:
22x 9y-2 — 95 2224y -2 — 25 2% + y=7
3-+=_3,-|=3a] 3.”,2:33} X4+ y=5 J = (x,¥)=(23).

“Apa T6 gUvolo Aoewv: (X, ¥) ToU ouotfuaTtos €elvar Té povooivoho : {(2, 3)}.
20. Na ¢mivBel 16 edotnua:
3.4 = 3981312 (@))
27.5% = 400000. @)
Abon. AoyopiBuilovras kai T& BUo péAn Tév E§iodoewy (1) xai (2) Ppiokoups 16 loo-
Suvapo ouoTnua: :
x-Aoy 3 + y-Aoy 4 = Aoy 3981312 (1)
y-hoy 2 + x-Aoy 5 = Aoy 4000000 )
©ttovtas Aoy 4 = Aoy 22 = 2hoy 2 kol moMamAacidovtas T& pedn Tiis (27) Ewl 2,
Bploxoupe:
x Aoy 3 + 2y-hoy 2 = Aoy 3981312 (1%
2x Aoy 5 + 2y-Aoy 2 = 2Aoy 400000 2
Abvovtas Té cUoTtnua Tév Eowaewy (1) kai (2') Pplokoupe:
2hoy 400000—Aoy 3981312  2-Aoy(2*-10%)—Aoy(2"-35)
ey 2M\oy 5 — Aoy 3 = . 2noy5-—Moy3 =

10— 10Aoy 2 —5h0y 3 _s

T 2—2xoy2—Roy3
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*AvtikaBioTdvTas TV Tip adTh ToU X oTh (2) Bplokoupe:
_ 400000 _ 4.10° _ 22.28.28 o7

2 56 56 58

&wd Ty omola Exoupe: y =T.
“Apa 16 oUvolo Aloewv: (X, ¥) ToU ouoThuaTos Tou pds 568nke elven T6: { (g, 7 }
30. Na tmivBel t6 obotnpa:
RE=yE €Y
xl —_ y! (2)
Abon. Mia wpogavris AUon ToU ouoThuaros elvar Té Zedyos: (X, y) = (1, 1). “Ywo-
Bétovras Topa &1 X > 0,y > 0 pé x # 1 kal y # 1 kal Aoyapiuifovtas * kal T& 5o
péAn Tév Eowoewy (1) xal (2) Pplokouns T6 looBuvapo cUoTnua:

y-Aoy x =x-Aoy y 1)
3. Aoy x =2.hoyy. @9

. ; : Y. X 3x
Aaipavras katd péAn Tis (17) xal (2°) Exoupe: oy Y e 3)

©étovtas TV T ol TOU ¥ ot (2) Exoupe:
3x\* 9
T sie
X _( 5 ) fiix2— 2 x?
9

[ 9
f x’lx—- A ] =0, xai Emweidf) Umobéoape x > 0 fmeton: x = =T

©Ottovtas TV Tw alTh ToU x othv (3) AcuPdvoupe:
SN L 1]
=T ET
‘Emropéveos ol piles ToU ovoTruartos elven T& Zedyn:

a=1y=1 , (x=%, y=%).

AZKHELEIZ

‘Opade A~ 188. N& EmAvoete T& dkdAovba cuoThuara:

234y =32 2 2* =3y 3 F—-243=15
e e | 3 3:=2y Cr_3E-3_3
189. N& wpoodiopicete T& X, yER* y1& Td omoia loyUouv:
253 =54 4 3 = ] X =y*
2 =24 " yr—x=0 Ty=ax, O <a#1)
*'Opada B 190. N& ¢mAvoete T& dkdAovba ovoThpaTa:
Xyt ey
3% 34 =% X = y3 XEH g
' 2 3 , VEN,
xhy  xhy
2 3 _26 =2 y‘+’=x‘ y'”,,tx"'-y"

* ‘H Aoyaplbuion tmitpémeran, dmwadf x # 1 kal y # 1, yiarl &Ahids 16 oloTnua
mou 8& mpoxiyer Bév elvan fooblvapo pé T6 &pxikd.
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191. Né& dmiAvoeTe kol vé& SiepeuviijoeTe T& Tapak&Tw ovoThupoTa:
ar =p’ o =P x* =y?P
1. x’ = y—l 2. X' = yﬂ 3. X' =y*

192. Né& Ppefolv ol dképanes kai BeTikés AUcels ToU ouoTrpaTos:
{X’ =y A x*= yl+2y}.
193, N& Ppefolv ol mpaypaTtikés AUceis ToU cuoThuaTos:
{r=y* A P1=# Ax+y+2=16}-

V. AOTAPIOMIKEZ EZIZQZEIZ KAl ZYZTHMATA

§ 81. ‘Opiopol.—a’) AoyopOuikn EEicwon dvoudlovue xdfe ésiowan Tijg
Ho0pTs !

E(x) = F(z) (1)
bnov E(x), F(z) ebvar (moayuatixés) ovvagtijoes tob , drav o éva Tovidye-
oto dmd td pédn s éugavilerar 6 Aoydofiuos Tod dyvidatov eite ¢ Aoydobuog
quvapTioewy ol dyvdeTov.

*Eto1, Tr.X. ol &fiocosis:
3Moyx — 17 Aoy(2x + 1) =AoyV2x—1 +2, x*’ %= _ 00, AoY;X -Aoy,ex =2,
elvan AoyapiBuixés.

Enidvon weds Aoyaplfuxiic éfwodioems Adyerar 1) efoeon tob ovvdlov Tdw
Moewy adrijs, SnAadn Tod ovvdlov T TYudY TOT dyvioTov TS, ol Omoleg TIY
ixavomotodv.

‘H &mwidvon Tév AoyapiBuikdv éiodoewy otnpifeTon oTis i8i16TnTES TGV
Aoyapifuwy, y1’ altd ouvioToUpe oTdv dvaryvioaTn vé &vaTpeel yid uid &xopn
@op& oTév Trivaxa Tiis oeAiSas 89.

Ztis TrepioocdTepes gopés ) EmiAuon wds AoyapiBuikiis Eiodoews dudyeTan
ot dmrfhvon E6iocdoewy Trou Exouv Tis dxdAouBes popgés:

(i) Aoyx =y, (i) Aoy x = Aoy g, (ii1) Aoy f(x) = Aoy g,
(iv) Aoys f(x) =Aoyse(x),
&mou a elvon yvwoTds OeTikds &pifuds, f(x) kai g(x) yvwaoTés ouvapThoes Tou
&yveoTou pé Tov mepiopiopd f(x), g(x) > 0 kai P elver 7 Baon ToU Aoyapib-
pikoU ovoTthpatos (0 < B # 1).
*Amd Tév Opropd ToU Aoyapifuou kai &md Ty Trpco'rn !Slo'm'rcx TGV Ao-
" yopiBpwy TTpokUTTEL Twpa &T1:
() ‘H éCiowon Aoy x =7y elvan looBlvaun pé THv: x =107
(i) ‘H » Aoy x = Aoy a » pé 16 ovotnue: x=oa,a>0
(i) ‘H » Aoy [(x) =Aoya » » » » v iE)=0a>0
(iv) ‘H » Aoypf(x) = Moypg(x) » » » o f(x)=g(x), g(x)>0-
- Inpeimon. “Av ot pia AoyapiBuikt Efowon of AoydpiBuor elvan ué BrapopeTiés Paets,
Twpémel v& ToUs peTaTpémoupe, oTe SAol v elven pé Trv iBix Paon.
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Hopadeiypare : To. Na ¢mAvBel # Loyapiuxi tLiomon :

Loy(dx —1) = 2hoy 2 + hoy(x2 —1) m
Aben. ‘H (1) elven iooBUvaun né 16 olornua: f
[4x—1>0 A x*—1>0 A Aoy (4x — 1) = Roy4(x*— 1 } @

*H tiowon ToU ovoThuaTos (2) elven looBuveun ué T

4x—1=4(x2-1) (._;' 4x*—4x—3=0 =mp X; = %. Xg=—% .

AT’ abTés pévo 1) TpddTn Tkavoromnl kai Tls 8Uo dvichoes Tou guoThuaros (2).
3

"Apa f) Elowon (1) &xa pla pévo plla, THY: x= =2

20. Na tmlvBsl 1 LoyapBuikh Eicwon :

1 PN AL
5 hoy(x + 2) + oyvV/x—3 =14 hoyy/3 ()]

Abon. ’Emaidn %J\oy(x +2)=AoyVXx + 2 kel 1 = Aoyl0 4 (1) elven fooBiva-
un pé 16 oloTnua:

[x+2>0Ax-3> OAaoy(x/?Tz.\/m)=Aoy(lo-\/:T)} @
Ol 8o mwpites oxtoeis ToU (2) ouvahnelouv yid: x >3 3
‘H &iowon ToU ouoThuaTos elvan looSivaun pé THv:

VE+2)(x—3)=10- V3 fmp (X + 2) (x—3) = 300 ¢ump X*—X—306=0,

"ATé v TeAeuTala Elowon Ppioxoupe: x, = 18, X, =—17.
AT alrés udvo f wpdTn ikavomolel T (3).
Zuvewdds 7 (1) Exer dos (povadikA) AUon TAv: x = 18.

3o. N& tmhel f iowon: V x*7VE g, &)
Abdon. ‘H (1) elvar looduvaun pé 16 ovoTnua: i
Esoa 27YES 100} @

‘H #icwon ToU ovothuatos (2) elvan looBuvapn pé Thv:

1
Aoy VX-Aoy x = Aoy 100 ¢ump 5 (oY X)* =2 fup (Aoy X)? =4
"Apa TS oUoTnua (2) BiaomdTal oT& cuoThpaTa:
{x> 0A?\oyx=2}. kal {x> DAAoyx=72},

A Thv Elowon Aoy X =2 Exoupe: Aoy X =2 = Aoy 100, &pa x = 100.
"Amé v Effowon Aoy x =—2 Eyoupe: Aoy X = —2 = Aoy 0,01, &pa x =0,01.
“Qote 16 glvoro Moewv Tiis Eiohosws (1) elvon: {10*’. 102}-

40. Na tmivBel 1 #Eicwon : Aoy, X-hoy, x =2 m
1 :
Abon. ’Emeidn) Aoy, x = Aoy, x = 5 Aoyax, # (1) elven looBlven pé 16 ovoTnua:
1
{ x= 07 A 5 (Royx)?=2 } @

‘H #lowon ToU ouothuatos (2) elvan looBlvapn pé TAV: (Aoy,x)? = 4.
*Apa 16 oUoTnpa (2) SlaomdTa oT& ouoThMAaTA:
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{x> Ol\hoyax=2} kal {x> Ol\hoyzx=-—2}.
’EmiddvovTas T& mapaméve ovoThuaTte, 8mTws xal oTéd TponYyoUpEvo Tapdderypa,
Bpiokoupe &T1 16 oUvodo Aloewy Tiis (1) elvea: {3-3. 3’}-

¥ B) AoyopiBuikéd cdotnpa dvopdlovue xdle ovoTnua Tod dmolov uia tovid-
xtoto and tic EEwodaeic Tov elvar AoyapiBuix).

"Etol, m.x. T& ovoThuara:

Aoy x + Aoy y =2Aoy 14] Aoy, x + Aoyx y =2| xPom+l — yhorx+2

3x—y=1 } x24+y=12 T yViR = xy—2 }
elvan Aoyapifuixd.

"Enilven &vdc Aoyagluixos ovoTipatog Adyerar 7 edpeon tod ovvdlov Taw
Aaeaw adrod, EnAadn 1o ovvdion Taw T TOY AyvdoTwy Tov, of dmoies ixavo-
ooty Sleg tic ébwodioels Tov CUETHUaToG.

‘H &miduon 1év AoyapiBuxey ouoTNUaTWY oTnpileTar oTis i816TnTes
Té&v Aoyapibucv kai ot Becopice EmAUoEws AoyapiBuikiv 2EiochIzwy TToU Ex-
féoaue Topamdyee.

HMapadeiypata: lo. N& mAivOel 16 cboTnpa :

{rorx+rory =doy1s, 3x—y-1) O

Aben. TpdTta-mpéTa of x kal Y Sgeidouv v& elvan Betikoi. *H mpwoTn Elowon Tob
oueThHpaToS YpdgeTan: Aoy (x-y) = Aoy 14 &= X-y = 14, éwédre 16 (1) loobuvapei pé 16
oUoTnua:

{3x—y=l/\xy=l4} @
74
Abvoupe 16 cloTnua (2) ko, eémeidr) wpémer x> 0, y> 0, Pplokoue: x,y) =( T‘G)

"Apa Té olvolo AUcewv (x, y) T00 (1) eivar 16 povoouvoro:

()}

20. Né& ¢mdvbel 16 ovotnpa:

{Mov, x +dov,y =2 Axt4y= 12}. m
Aben. Mpdra-mpdTa of x Kai Y ogefhouv vé& elvon Betixof kai Bikgoporl &mwd T 1.
"Qoe: 0<x, 5y I..

1
‘Emeidfy Aoy, y = Aoy (BA. Tlépiopa 1, § 65), N mpwTn tElowon Tol ouoTh-
¥
HaTos ypdeeTar:

1
Aoy’x-}_;\oy,x =2 = Moy, x—2hoy,x + 1 =0 = oy, x—1)2=0

"ATS Thy TeAeuTada Elowan Exoupe: Aoy, x =1, émére: x =y : (2)
"ETo1 Exoune Tdpa vé& Emadoouue T6 loobivapo ovoTnua:
{x*+y=12/\x=y} 3

Nivoupe 16 oloTtnue (3) kel fmeidn wpémer x > 0, y > 0, Pplokoupe: & Y)=033).
" "Apa 16 (1) Exer, (novaBikf) Abon, Thv: (x,y) = (3, 3).
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30. Né& tmlvlel 16 obotnpa :

xloyy-l—l — ykoyx+2 (l)
Vx$2 y—2
= @

Abon. TpdTa-mpdiTa of X xal y dgelouv vé elven Betikol (yiari;). Mia Tpogaviis AVon
ToU ouoTfparos elven #: (x, y) = (1, 1). "Eorw Aorméy 611 x # 1 kal y # 1.
AT v (1) AoyapiBpifovras AauPévoups:
(Royy + 1)-hoy x = (Aoy x + 2)- Aoy y

1 Aoy x Aoy y + Aoy x = Aoy x Aoy y + 2Aoy y
fi Aoy x = Aoy y?
kal ouverrdds: =yt 3)

"E€autias Tfis (3) | Belrepn EEiowon ToU ouoThpaTtos ypdgetan: y VY2 — yZ(’_z),
'ATd Ty TeAevTaia ficwon, Emeidh y # 1, walpvoupe: VY +2=2>y-2).

Novoupe  THv Teheutada Efowon kai, e wpémar y > 2, Bplokoupe: y =M§ -

3

dwére § (3) biver: x=w.

*Eto1 16 oVoTnua mol uds Sébnke Exer Tis Aloes:

O (x=86+16\/22l y=s+\/22).
9 3
ALXKHIEIZ

‘Opada A'. 194. N& &midboete Tis dxdAoubes EEiochoers:

L. Aoy (x —2) + Aoy(x — 1) =Aoy(2x + 8), 2. doy(x + 1) + 2-hoyV/5x =2,

1 1 1 :
3. 7?\0)#(3): -1+ —2—?\0?!;8)( —2)=Aoy(4x—1), 4. 3 Aoy(x — 1) =hoyx —Aoy2

¥ 11
5. Aoy(2x —5) + Aoy(3x + T) = 4-Aoy2, 6. 2:Moyx = Aoy(x+-m) i
195, N& &midUoete Tis dxdAoubes AoyapiBuikés Eiodoes:
L. Aoy[Aoy(2x2+x—11)] =0, 2. doy(x + 1) —Aoy3 =Aoy(2x — 3) + Aoy7,
A 2 5
8, jpreTE o oS hoTx 5. 4, ?\oy—;- + ?\oy(% +2) = 2hoy(x—1),
5. (4x)ror2thoy vr_ 100, 6. 2Aoy(2x—1)—hoy(3x—2x%)=Aoy(4x—3)—Aoyx
196. Té 1810 v& kévete yi& Tis Eiodoes:
1. Aoy(3* + 2) = 2xAoy3, 2. Aoy(2*+-2-3%)+Aoy81 = x-Aoy3+Aoyl78,
1
3, xhorx _ m.x‘\/x-, 4, Aoy, X0y X Aoy, o X-Aoy,X =54,

1 1 2no0y x + 1
5 9(x) + ¢ (7) N Tl o il T I

197. Né& woiks Tipés Tou @ 1) tEfowon: x* — xAoy® + 3Aoy® — 8 = 0 Exer piGes mpaypa-

Tikés kai Toes; Katédmv vé mpoodiopicete THv Tun Tiis mapapétpou 8, doTe f) Tapamave
telowon v& Exer pla BimAf pifa oTéd Sidotnua (0, 4).
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198, N& EmiAdvoete T& &kdhouda Aoyapifuik& ouoThuaTa:
X+ y=65 Aoyx -+ Aoy y = % x24 y?~ 425

Aoyx + Aoyy =3 Aoyx —Aoyy = Aoyx + Aoyy = 2.

w[ =

199. N& émAvoete T& dkdrovba ouoThuaTa:

Aoy3x -+ Aoy?y = 10 xAoyy - yhorx = 20 24 =12
2 3,
Aoyx —hoyy =2 Aoy Vxy =1 Aoy (2x-+2)-Roy(3+y) =0.
200. To ibio v& kdvete y1& T& ouoThHuaTa:
4(hoy.y + Aoy,x) =17 (3x)rovd = (5y)hovs Xy =ao :
2. 3. (xeRY)
Xy =243 Shorx = 3hoyy Aoy?x +Aoyly= % Aoy?a
*'Opade B 201. N& &mik Uoete Tis EEiodmoes:
g3E
1 A0Y,10 4 6:A0Y10:10 — 8,4- A0y 40,10 = 0, 9. 10— 9. (3x)ror9xe,
3! Aoy‘/z_(2-?\oy‘x-?\oyzx B ?\oyﬁx):s ; 4. Aoy, (Aoy,X) = Aoy, (Aoy,x),

© 5 [Moyu(16x—5—x?) + A0y, 2] - Aoy, gX - Aoy.x = 2.
202."Eotw T6 moludvupo : f(x) = x2 — 2(1 + AoydA)x + 5 — ?\uyi A, 6mowr A elvan
ula (wpaypaTiki) etk Tapduetpos kai 0 < a < 1.
(i) N& Ppeite y1& moids (TpaydaTikés) Tiwés Tis TapapETpou A:
o) 1 tEicwon f(x) =0 Exer piles wpayuaTikés kal &vioes,
B) T I(x) elvan BeTikd y1d& kafe xR,
Y) f tficwon f(x) = 0 e pia BimAf pila oTé BidoTnua (-2, 2).
(i) "Av x,, x, elven of piles Tfis E§10oews [(x) = 0, vé& oxnuaTioete t€icwon B’ Pabuod,
Tiis dmoias piges elven ol: p; = x; + 3x,, pp = 3%, + X,.
(iii) Né& ppeite 1) uéyrorn kai TAv EA&y10Tn Buvarr Tipf kalewds &mé Tis TapaoTéoss:
y,=x‘l"+ x%-{— 6%, yﬂ:xf + xi,
étav peTaPdietar 6 A kal x;, X,eC—R.
203. N& mpoodiopioete T& X, ye(0, —Foo) Y& T& dmoia ioyxUouv:

*(1 + y*)=10100 xhovy 4 yhoyx = 200 2x)rovy | yhov(2x) = 8x?

y 9 ¥y (2x) y

1. 2. 3]

1 :

Xay 2y hay/ % =3 {Qoyxy Qoyyy}x = 1024 ;= 4xt.yhovizn)
204. N& tmiAvoete T& drdAovla ouoThuaTa: '
AoyyX —Aoy,(x + y) =—1 Aoy.x - Aoypy = Aoy.p

1. 2. © <o, ptl).

Aoy sx—Aoy,(y —x) =0, ot = vy
205. N& wos Tpés ToU B, BER™, ol piles Tis tEio0CoEws:
y Aoy[hoy(x® + xhoy® + 110)] =0

&moteAoUv AYon ToU ouoThuaTos:
{y“’"’z + 22 =20 A hoyvyz =l }
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KE®AAAIO IV
ANATOKIIMOZI-IZEXZ KATAGEZEIZ-XPEQAYZIIA

I. ANATOKIZMOZ

§ 82. Eiocaywyikég &vvoies-"Opiopoi.— Mwpifoupe &md v &piBunTi-
kA 671 tokog (TikTw) elvon Té EmmAdov Tood ToU Taipvoupe &S K&TolOV,
&tav ToU Saveifoups ypripaTa yik fva Xpovikd Sidotnua. T mogd Tou da-
velloupe Abyetan ke@dhao. ETé olkovouikd pabnuarikd xai yevikdtepa oTHv
olkovopia, dvoudlovue kepahao xdfe mood mod éxer magaywyw ixavornra. To
dnotrédeopa Tijs magaywywxdTyTas Tod xepaiaiov T4 Aduc TOKO xai Ti) didgrea
Tiic mapaywywdtyras To xegadaiov Tij Aéue ypévo. Qs xpovikr povéda AappPd-
voupe ouviiBuws TO £Tos, TO iEdunvo, TO Tpiunvo, Té uhva, THY fuépa.

"Av 16 kegdhauio pével otaBepd o’ SAn Th Bidpkeix ToU BSavelouou, TOTE
& Toxkos AbysTan @mhog. “Av Spws oTd TEhos kde Ypovikis povdSas & ToKos
bvowpaTdvetal oTd kepdhoo kol droTeAel ETor T6 véo xkepdhaio yik Thv Emo-
pevn xpovikf) povéda, TOTe & Tékos Adyetan ehvBetos. AUTH ) EvowpdTwan ToU
Tékou 0TS KepdAacno, BnAadn 7 xegalawomoinon ol Toxov, AéyeTal @varo-
Kiopbe.

SThv TepimTwon ToU &mAou Toékou, & Tokos Tév 100 Spayudv ot &
Xpovikf) povdBa (ouvhBuws Eva Etos fi Eva E&unvo) Aéyetar Emitdkio (&) kad
yodoeTan: €%, ETév dvaTokioud émirduion elvan & TOKOS Tiis 1 Spayufis of
wmé& ypoviks) povdBa. Zuvemds T EmTékio oTév duatokioud elvan oo pé 16
1/100 ToU #miTokiou ToU Exouue oTOV &TAS TékO. AUTS TO TapIoT&VOULE UE
16 T, dmwdTe Exoupe: T =¢/100=0,0le.

Ttév dvartokioud Siakpivoups TO dpyiké &mé TS tedkd (fi obvlero) we-
oalaro.

Tehko Adue 16 doynd xepdiato pali pé tols Téxovs ds td Télog TOB yod-
vov, ytd Tév 6molo Toxiletar T doyixd xepalato.

Té& TpoPAfjuoaTa ToU dvoTokiopol T& AUVOUME ué TUTTOUS, Tous &trolous
Ppiokoupe &md TAv trriAuon Tol Emdpevou yevikoU TrpoPAfiuaros.

§ 83. Npo6BAnua.— Apyiké xepahmo k, dpaypés avatokiletar na v Em
pé Emoxio t. Na Ppebei 16 tehiké keedlaro k..
Aben. Mé& Th Avon alTtol ToU TrpoPAfjuaTos TapaTnpoUpe &TL: &pol 1
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1 Spoxuf) 0TS TéAos TOU ETous gépvel Téko T, of k, Spoyués 0& gépouv, otd
TéNos ToU TpwTou Etous, Téko k, T Bpyx. “ETol oTd TéAos ToU TPWTOU éToug
T6 KepdAaio pé Tous Tokous B4 elven: ky + kot =k, (1 + 7).

AnAoBn 1 76 doyixd xepddaio ky moldandamidierar pé vd (arafeod) ocvvrede-
otij (1 + ) yud vd ddboer 6 (tehind) xepdrao ot Tédos i mpdrne yoow-
x7jc meouddov.

2ty &pxn Tiis SelTepns Xpovikiis TepidSou T dpyikd kepdhaio elvan Tpa
T6: ko(l 47), 16 bmoio &A1 petd &mwd Eva Eros, BnA. 0TS TACS Tfis SeUTepns
Xpovikfis Tepiddou, 8& yiver pé Tols Tdkous Tou:

[ke(1 + DI + 1) =k (1 + 1)2

"Ouoia, o6 TéAos This TpiTns Xpovikiis TepidBou 8& yiver: ko(l 4+ 1)

Tehike, ouvexifovtas pé Tév 810 ouMAoyloud, Ppiokouue &t of k, Spy.
oT6 TéNos ToU viooTou Etous B& yivouv: ky(l + T)v.

“QoTe 16 TeEAkO ke@dAaio k, pds T6 Sivel & TUTros:

| k,=k, - (1 + 1) ] ')

‘0O T0mos (1) Méyeton tdmog tob Gvatokiopod kol cuvdéer Tols Téooepis
dpifpols: ko, T, v, k,. "Av pds Scooouv Tols Tpeis &m alTols, &mrapaiTnTa
Suws T6 v, pmopolUpe vé Tpoodiopicouus, pé TH Porifeia TV Aoyapifucwv
(SxpiBdds ) xatd Tpootyyion), kal TéV TéTapTo. "Av Sucs uds Sdooww T&:
ky, k, kai T xad {nreiton f) xpovis Bidpxeia v kot ThY Strofa T KepdAauo k,
avaTokifouevo yiveton k,, TéTe &vti yi& Tév TUmo (1) Zpopudloupe TéV TU-
o (2) oU 8& Ppolue TapokdTw.

"Eotw 6T & duarokiouds yivetan yik v Etn kol n fuépes (n < 360).
ToTe y18& vé Urohoyigouus T6 TeAkd kepdAao k okemTOUaOTE o5 EETS: Yo Tepa
&mé v & oi k, Spayués 8% yivouv: k(1 + T)¥. Té mood alTd Eusve &kdun 1
fNuépes, &pa TpéTal o° alTd V& TpooTedouv Kai of Téxol yi& 1 fiuépss. Emaidn
OTOV &mAS Toko T6 EmiTékio elven £ = 1007, EmeTon &mi of ky(l + T) ¥ Spayuss
ot 1 fuépss 04 @épouv TOKO:

Eo(k )" 100x e ;. ool ok D% Te),
36000 0 360
‘Emropéveos 16 TeAikd kepdhano ustd &md v Ern xal 1 Auépss 84 yiver:

ko(l +1)V -7
k = k(1 rr)v+L76—3 T

"Qoe :

k=k (1+ 1" (l+%) (n < 360) @

Enp. Zriv mpdén &vti yi&k Tév TUmo (2) Xpnoiuomoiolpe (ouvfifes) Tév TUTo:
n
Vib——=
k= k(1" H P @9
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'O Tomos (27) Biver oxebdv 16 1Bio Eaydpevo pé Tév Timo (2) kal elvar mé elkolos
gToUs UoloyiouoUs.

-HapatipoN-Elyen gavepd 71, yi&k v& Umrohoyigoupe &méd Tols mé wévew TUmous (1)
kal (2) T& Moo ky, T, k, kad v, elvan dmrapaltnTn wpdTa ) Aoyapibunon Tév peAdv Téw (1)
xal (2) xal Emerta §) xphion T&V AoyapiBuikdy mvékwv. ITHv wp&En Suws Umdpyouv elbi-
ol Trivaxes ,ol dmoiot Bivouv Tis Tipés TéV Blagdpwv TapaoTdoewy, Smws .X. TéV (1 4+ T)Y,

n
1+ 1) % k1A, y1& Bidgopes Tipés EmiTokiou kal ypdvou.
( P X

* § 84. r|gos0vapa émTékia.— AUo EmTékia Mpe ST elvar isodivopa
&v &umigToyoUv of BlaQopeTixés Ypovikés Tep1oBous kol &v pé altd Eva dpyi-
6 xepdhano k, dvatokfduevo otév 1810 ouvohiké xpdvo AauPdver Thv iBix
Tehikny &Ela. *ETon, &v & dvaTokiouds yiveton kdbe tEdunvo 1 Tpiunvo, T6 ico-
SUvapo Tou T EEaunvicio f) Tpinviaio gmiTokio 8év elvon TO wod i TO TE-
TapTo &uTioToiXws TOU T, &GAAK BiapopeTikd, TOU UmoAoyifeTan s EEfis:

*Av T, elvan 16 looBlvapo E§aunviaio tmrdkio, ToTe 1) 1 Spayxpr oTd TE-
Aog ToU TpdTou E€aprvou & yiver (1 + Ty) xal 0TS Télos ToU BeUTepou E€a-
prvou 8& yiver (1 + T,)% ’Emlong ) pict Bpayun oTd TéAos Tou ETous, &vaTo-
aldpevn pé dmTékio T, 8& yiver (1 + 7). "Emaidn 7 pla Spayun, omws kal vé
TokioTel, Tpémrel vé Sivel 0TS Téhos ToU Etous T 1810 TTogd, Exoupe:
(1 +1)2=( + 1) xal cuvemds elvea:

,=¥Vl1+1—1 ; (€)]

‘0 Timos (3) ouvdéer 16 tEapmwiato kal 6 Ztfowo gmITOKIO.
*Emrions, &v T, elvan 16 looBlvauo Tpunviaio &miTdkio ToU T, Emaldf TO
Eros Eyer 4 Tpnvies, pé dvddoyo ouhroyious kaTaAfyoupe oTn oxéon:
(1 +71)t=1+ T kai ouvertdds 8& elvan:

oglieg e @

‘0 TUTos (4) ouvdte 16 tpmviaio kaf 16 Etiole EmTéxio.

LN Sy wpdEn ToMAés gopks Epapudletan dvadoyia perafl Tep168wy Kai EmiTokicwv,
SnAadf & T6 Erficio Emrékio elven 8%, Té Efaumviaio elvar 49, xal 16 Tpwnwuiaio elvan
29%,. T& émiTdkia aUTé AédyovTon ToTE dvdhoya.

E®PAPMOTEEZL

1N AgveiCoupe 5.000 Spy. pé dvatoxiopd npdg 6% Etnoing. IMooeg Spayués 06 mdpovus
otepa Gnd 8 Ewn;
Adon. “Exoupe: ko =5000, T=0,06, v=8, 1+ 1= 1,06.
‘Omére & TUmos (1) Tis § 83 uas Biver: kg = 5000-(1,06)°.
*Av AoyapiBuicoupe Ty Teheutala oxéon maipvoue:
Aoy kg = Aoy 5000 + 8-Aoy (1,06)
=3,69897 + 8.0,02531 = 3,90145.
‘Omédre: kg = 7969,83.
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Inpsinon. "Amd Tols Tivaxes TGV Buvduewv Tou 1,06 Pplokoupe &uéows &Ti:
(1,06)* = 1,593848, omére: ky = 5000.1,593848 = 7969,24,
‘H pixpt) Biapopd 1@V BUo &moTeAeoudTwov SpeideTan oTédY UmoAoyioud Tdv Aoyapi6-
MoV xat& Twpootyyion.
IMaparipnon. *Av & &varokiouds ywéTav yi& 8 Etn kal pepixés fiuépes, .. y1& 8 Erq

xaf 72 fudpes, TTE 0OV TUTO (2), Té M ko(l + T)* elven 7969,83, 6 8 1 + T ciuon:

360
72 x 0,06

360
21 : Tlbocg Spaypéc npéner va karabéoe Evag natépag tiv fpépa Tig YeEvviloswg tfig k6-
Mg Tov, pé avatokiond npog 6% Etnoing 14 va umopécer va tfig dyophoet Eva abtokivite &-
Glag 300.000 py., 6rav abtii 0G cvprinphos 16 200 Etog tiig Mhakiag g;

Avon. "Exoupe v = 20, k, = 300.000, T=0,06, 1 + T = 1,06.

AT Tév TUTO (1) ToU dvarokiquol Exoupe:

1+ = 1,012 xai ouverds: k = 7969,83 x 1,012 = 8065,46.

k,
=TT “
Noyapbuifovras Thv (a) Exoupe: Aoy ky =Aoy k,—v- Aoy (1 4 71)
. = Aoy 300000 — 20 - Aoy (1,06)
=5,47712—-20-0,02531 = 4,97092
'ATé auTéd Pploxkoupe: ko =93524.

3n : "Avarokiler kamorog 80.000 dpaynig npoc 6% Erneing. IMoca yphnata Oa naper Gotepa
and 9 Etn, Gv 6 avatokiopdg yiverar kile ESopnvia;
Avon. Té looblvapo EEapnviaio émiékio T, Sivetan &md Tév TUTO (3) kol elvan:
T,=VI+ 1—1=V106—1=0,029
"E€&AAou Exoupe: k, = 80.000, v =9 x 2 = 18,
bméTe & TUmos (1) was Slver: k,, = 80000 (1,0295)'8,
*Amé Thv Teheutada oyéon, &v tpyaoTolpe Smaws kol otV TpwTh Epapuoyr, Exouue:
ks = 135140,6.
Z1é& mpoPAfuara ToU dvaTokigpod Umédyovtan kal T& TpoPAfuaTta ol Exouv oyéon
ué Thv abfnon fi EA&TTwon Tol TANBUOHOT s mwoAews | xeopas, ETws WX, Té M KATW:
4n : Tpofinua. "0 =AnBuopds piag mokeng elvar IT kdroikor kai abgaver kabe xpovo xard

16 L o0 mAnBuopod tob mponyodpevov Erovg. Iécog B& eivar 6 nAnBuopdg tng petd v Ern;
I
Avon. Z16 Téhos ToU TpdTou Erous & TAnBuouds Bk elvar:
1 1
; FTTF ONL S, ( 1 __)
2 R 5
Met& &mo Eva dwdpn Etos, BnA. oTd TEAos Tol SeUrrepov Etous B4 elven:
1 1 1 1:\8
m —) IT(I —)-—SA.H-(I ——)
(l Tl T TR iy

kal oTé Téhos ToU vicoToU ETous & TANBUoNds Tiis mwéAews 8& elven:

1 v
n‘=n.(1+__)
"

Enpsimon : *Av & mAnbuoués T Ehatt@veran kotd 76 1/u ToU wAnBuspol ToU mpo-
nyoupevoy Etous, TéTe UoTepar &mé v Ern & ylver:
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nen (- )

ALZKHIEIEL

‘Opéda A, 206. Aavelfoupe 150.000 Spy. ué &vaTtoxiopd Tpds 4% Ernoiws. Tlooes
Bpayués 8& wépoupe UoTepa &md 6 ETn;

207. Ti wood mpbmel vé& Toklooupe wé &vaTokioud Tpds 4% THY tEaunvia, doTe v&
ylver pet& 18 Ern 200.000 Spx.

208, Mé Tor6 Erfoio Emitdkio ol 24850 Bpy. pet& 12 Ern wad pe dvaTokiopd yivovtan
50.000 &p¥.;

209, Né& #etéoete Tl ouugépar of ké&molov: vé& Tokloet ué éuarokioud 60.000 Spy.
Tpds 5% y1é& 10 xpévia fi vé T& Bwoer ue &mAG TéKo Trpds 7% yik T6 1810 Xpovikd BidaTnHa;

210. Né& Ppeite 76 toobivauo Tpiunviaio émiToxio, & T6 &vtloToixo Erfioio elvan 8%.

211. N& Ppeite 16 loobivapo EThgio tmtékio, &v T6 dvtioToiyo tEaunviaio elvan 2%.

212. Meté& Tboo ypévo of 12589 Bpy., &v &vaTokioToly Tpds 5% Ernoiws 8& yivouv
45818 Bpy ;

213. ‘O wAnBuopds tvés kpaTous albdver kade Xpévo xatd Té ?10. Tou TAnfuouoU ToU

Tponyoupevou ETOUS. Meték mooa BT 8& SimAaciaoTel fi 8& TpiTAaoIOOTEL;

‘Opasde B'. 214. Kémoios katabérer oté Tax. Taweuthpio 7200 Bpy. ué &vaTokioud
kéde tEapnvia mpds 4,5% trnofws. MMoox YprinaTa 8& Taper peTd 15 Etn;

215. Ké&motos karéfeoe o1d Toy. TapeuTiiplo k&wolo mood oy, &vatokiZéuevo kdbe
tEaunvia Tpds 6% TO xpdvo, HETE 5 #rn Eywe 26.000 Bpy. Ti mood xaTtéfeae;

216. "Eva kegpdhaio dvatokifduevo yivera petd 3 Ern 5625 Bpy. xai petd &Aax SUo
Ern 6084 Bpy. Mé moid tmitdkio Eywe & &VaTOKIoHOS;

217. "Eva xepéhaio, moU dvatokileTan kébe tEaunvia wpds 6% Ernaies, peT& OO
xpévo 8& TPITACCIOTTE;

218. "Eva xep&heo 5.000 Bpy. dvarokiZetar wpss 59, trnolws kol &Ao 8.000 Spx.
pds 3%, ttnolws. Met& mwdoo ¥povo T& BUo ouvleTa KeQGAX 84 tEigwbolv;

219. Mia mwéAn Tou Exer wAnBuoué 8.000 xavoikous BarTdInks oTév TpHTO Ypd-
vo xatd 160 &ropa. "Av EEaxohouBhioer f EA&TTwIN ué THYV B &votoyla, petd woéoa Ern
f| wéAn 8& Exer 5.000 xavoikous;

220. T¢ m& TOAR 1) BvnowdTnTa TOV katofkwv elvar T _41_2 Tol wAnBuouoU kal

yevnTikéTnTe elvan T6 _jlg‘-roﬁ wAnBuopol. “Av BexTOUHE &T1 | mé mwhved &varoyla 8&

Tapapelver f) Bia kal yi1& T& Emdpeva 1, petd &mwd méoo ypdvo & TAnBuouds Tis ToAEwS
8& SimAaoiaoTel;

I1. IZEZ KATAGEZEIZ

Suyvé of &vlpwtror &md Tis olkovoules Tous karraBétouv Eva dpiopévo Xpn-
parTikG Tood eite oThv dpxn kdBe Etous (fi was Spiopévns XpoviKTis wovébas)
pé oxotd vé oynuatioou Eva kepdAaio, EITE o1d Téhos k& ETous (1} mds ¥po-
Vikfis MovaBas oy £xouv oupwvHoEr) pé oxotrd vé EgopAnigouy k&molo Xpéos
Tous. Té XpnuaTikd ord Tood Té Adue katadeon.
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Oi foes karabéoets yivovron, ouvifuws, Kk&de £ros, E€&pnvo, 1 kad Tpiunvo
kal y1& &vav Spiopévo xpivo. X >

21& EnmipaTa fowy katabéoewy Siokpivoupe &Uo TepirTdoEIs:

@) oi xavabéoeis yivovrar orijy apxf xdfe Frove, kal

B) of xarabéoeis yivovrar oré téhog xdle Frove.

Oi xarabéoes Tis B’ TepimrTcdosws, Emedn & efmaps yivovtan Y& vk
&EopAficoupe k&molo ypéos, Aéyovtan kal gpewiviikég kotaficeis.

Ztis ioes, Aoy, kaTabéoels éxoupe T& Emdpeva Suo TpoPAfuaTa:

§ 85. nMpéBAnua I.—KataBétovpe otijy dpyi kabe §tovg a Bpy. pé Gvo-
ToKiop6 kai pé Moo toxo T Y14 Kkabe dpaypn. Ti mosd 06 mapovpe petd v Ern;

Aben. ‘H mpdtn xarddeon 6& uelver v ETn oTév dvartoxioud kal érouéveog
8& yiver fon pé: «(1 + 7). ‘H BeUTepn kardBzon & psiva (v—1) & otdv
dvaTtokioud kol ouverés H& yiver : ol + 1)1, § TpiTn 8& yiver: ol + G P e
koK. ‘H Tedeutaia koardfeon 84 peiver pdvo Eva XPovo oTdv dvaroxkioud, dpa
B yiver fon pé: afl + 7).

Elvar govepd topa &1 1d KepdAano X roU 04 oynuaTioTel & oUTés Tis
karabeoers elvan foo pé: o(l + 1)* + o(l + D s ol + 1), "Qore:
Z=a(l +7) +a(l +1)2 + --- 4ol + 1) ol + 1)

"ANAG TS BelTepo péhos THs mId v JodtnTos elven 16 &fpoioua TEY v
TPWTWY Spwv MIdS YewueTpikiis TpodBou, 1 émola Exel TpédTo Spo 16 o1 +-7)
kol Adyo (1 + T). "Apa, oUupwva pé Tév o (1) Tfis § 53, 8¢ Exoupe:

ad+)—1
T

I=a-(1+9): )

‘H oxéon (1) Méyetan xai timog tév fowv katadigemy.

Znp. Of Suvdpes (1 4 7)Y y1& T = 0.03, 0.04, 0.045, .. 006 kal yidv=1,2,...,50
Bivovton &mé elikous mivaxes kai Eror Ppiokoupe elkoha 16 £ &mé Tév TUTO (1).

TMupaderypo. Tefv apyfi wade xpovov xatabiter xarowg otiv tpanslo pé dvatoxiopnd
2.500 dpy. xai pé Ethowo Emroxio 5%. Mooa xpipata 0 LaPer pera 10 Em;

Avon. "Exoupe: o = 2500, T =0,05, v = 10, &mwére &mwéd Tév TUTO (1) AcpPdvoupe:
e~ 1

= = 2500 x 1,05 x _(1.05)"
2 5 5 % 0.05

"Amé Tols Trivaxes fi pé Aoyapifuous Pploxoupe: (1,05)10 = |,628.
"Apa (1,05)1° — ] = 0,628 xai Emopéveos:

0,628
= 2500% 050 st T i
X X 0,05 32.970 8py

§ 86. MpéBAnua Il.—Katabitoupe ot6 téhog kGBe xpdvov a dpy. pé dva-
TOKIoNO Kai pé étioio toko T yid kabe dpaypi. Ti nood BG Exovpe oynpaticer
at6 téhog Tob viostol Etoug, onhadi pé th viootn katdbeon;

Aben. Of a Bpy. oU katabéTouue oTé Téhos ToU TpTOV ETous B pefvouv
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oTév dvaTokioud v — 1 &t xal ouvemdds 6& yivouv: «(l 4 T)'-L Oi a Spy.
TroU karaféToupe oTd TEAos ToU Seltepou ETous B4 peivouv oTév dvaToxiopd
v —2 &1 kal guvemds B& yivouv: a(l + T)¥?, ko ‘H mwpoTaheuTaio koTa-
“Peon B& peiver pévo Eva Eros kai émouéves B4 yiver: a(l + 7). ‘H Tehevraia
koréPeon, dgoU yiveton oTd Téhos ToU ViooTOU ETOUs, BE pével kaBdAou yi& TOko
(3&v tokiletar) kol émopéves 8& elvon povo a.

*Eto1l oTé Téhos ToU viooTou ETous, BnAadnh upé Th viosTh karddion, 64
Eyoupe oxnuaTioel TO TO0S:

T=o(l + )" '+l +1) 24 - + ol +7) +«
A (§ 53, Timos 1):

(141" —1
e )

‘O TUTros (2) dvopddeTon tomog TV ypewlvtikdy Ketabicewv K ouvbéel
T¢ Téooepa TTOOA Z, Q, T, V.
Tapadeiype. "Evag xanviotig odeder nid tovydpa 18 8py. thv fpépo xatd péco Gpo.

"Av ﬁpiwa vé kanvilel ané ta 20 tov ypovia, vé droloyicete ndoe ypiipata 0a Enmpve drav -
vorav 60 étdv, Gv t6 ypfipata mod Sodever Ma tovydpa, ta katédete ot6 téhog kade Erovg, of
wa Tpanela pé avatoxiopd npog 6% Emmoing.

Abon. ‘O xomvioThs Eobevel y1& Torydpa Té xpévo: 365-18 = 6570 Spy.

*Apa Eyouue: o= 6570, T=0,06 v=40.

Téte & TUmos (2) yphegeTan:
0. (1,06)1 — 1

’

Z = 657

*Amd Tous Trivaxes fi pé Aoyapifuous Pplokoupe: (1,06)% = 10,2895.
*Apa: (1,06)% —1 =9,2895 xai ouvermds:

¥ g7 o 228 a1 T000.25!

0,06
"Qote & kamvioTds 8& Emapve: 1.017.200,25 dpaxués (1)
AZKHXIEIZ

‘Opdde A" 221. “Evas katabére pé dvarokioud 8.050 Spayués wpds 4,5 % oThiv &pxh
k&e Etous. TTooa yphuarta 8& mwéper UoTepax &mwé 18 &n;
222. Tlowd Twood Tpémer v& kaTaBéTel k&Tolos pé dvaTokioud Tpds 6%, oThv &pyn x&de
Frous of m& Tp&mela, Gote autéd UoTepa &mwd 20 Ern vk yiver 250.000 Spergues;
223. K&moios katafétel othv &pyxf x&Be Erous 10.000 Spy. ué &uaTokiopd Tpds 5%.
Meté& mwéoa Ern 8& mhper 150.000 Spayués; i
224. "Evas Tatépas kataétel of kéde yevéBhia Tiis kdpns Tou o16 Tay. Taweuthplo
5.000 Bpy. wé &varoxkiopd wpds 7,5%. Ti wood 8& oxnuaTioTel, &tav ) K6pn ToU YiopTAOEL
Thv 21n Emételo T@Y yevebAiwv Tns;
‘Opdda B'. 225. Kémolos kartadéter pé dvartokioud oThv &pyh xé&de Etous 2050 Gpyx.
Tpds 4,5%. “Yorepa &méd 15 Xpovia ETaye va kaTabéTel, ARG TS Togd oy oxnuaTioTnke
T6 &gnoe pé dvaTtokiopd wpés 5%. Ti kepdhoto 84 Exer oxnuaTioa 24 xpovia PET& THY TP~
™ kardfeon;
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226. N& d&mobeifete 811 &v Tis foes karabioes ou yivovtar o6 Téhos kde Erous,
Tis dvaTokiooupe yi& Eva &xéun Etos, TéHTE Ppiokoupe Tis Toes katabéoeis mo¥ yivovton oThv
&px1 kéBe ETous.

227. *AcgahiZe k&motos TH L Tou Y& Sidornua 35 ETdv wpds 6%, kal mAnpdver
dopdhioTpa oTHY &pxn k&b: Etous 8.400 Bpayués. Tldoa ypruata Tpéma vk .Tol Sdoe 1 -
dogohioTix étonpeia GoTepa &mé 35 Ern;

ITI. XPEQAYZIA

§ 87. "Opiopoi.— Xpewhveia Aépe Ty &mdoPeon fvis xpéous pé Toes
8daoeis, ol Omoies kaTaPdAhovton ot foo xpoviké SiaoThuare, m.X. OTO TéAoS
ToU Etous fj ToU éaurivov k.T.A. T Tood kafemds &mo Tis ioes Sdoes Tou
xataféAeTon oTé TéAos ToU Ypovikol SiaoThpctos AtyeTon ypewhisio koi
Xpnopelel Eva uépos Tou yi& THY TANPWUT TEY TOKWY TOU Xpéous kai Té Urd-
Moo yi& T PoBuaia &mréoPeon ToU péous.

Elvar gavepd 611 v ypéos E€opAciTal, STow Td &Bpoiopa Ghwv TéY Ypseo-
Avoiwy pali pé Tols oUvBetous Tékous Tous yivel igo pé Thv Tehikn) &l TolU
dvarrokiZduevou &pxikoU kepahaiou (ypéoug).

217 xpewAuoia Exouue, ouverdds, v 7\00'0‘qu TS mapak&Tw TpdBANua:

§ 88. MpoBAnua.— “Evog daveiotnke a dpaypéc pé avatokiopd pé Ty
brnoypéwen va tig Eopifoer pé v ioeg ddoeig, tig omoieg Oa TAnpoOVEL 6T6 Téhog
ka0 Eroug. Na Ppelei 16 mood xabe dboswg (rpewlioro), v o irorog 6K0G Y14
kale dpaypn siven t.

Aben. ‘O dpeidéTns Tpéner peté &md v Ern vd TANpwoel Té Tood: a(l 1),
yiori of o Bpoyués ol SaveloTnke dvarokioTnkav yik v .

"EoTtw x Bpy. T6 Tood kébe Bdoews (XpewAUoio) ol TAnpdvEl 0TS Té-
Aos xabe érous, TOTE & dpeihétng B4 kaToPdAel oTd BaveloTh) Tou cuvolikd
v 86oeis Toes pé x Sporgués 1 kademid. ‘H ouvolikr] &fic odTédv TGV Sdoewv
(M€ Tols Tkous Tov) B¢ elven, oUWV pé TéV TUTTO TGV XPEWAUTIKGY KaTX-
. 0 v s

Béoewv, fon mpds:
T

Téte Suws, olupuwva pué T& mé e, B& Exoups:

o a+ro—-1
T

=a(l+qy @

‘H (1) Myetan EEiowon tijg xpeoivsiag. "Amo v (1) Ppiokoupe 16 In-
ToUpevo XpewAlato. “Av AUgoupe Thv (1) cos pds x f a madpvoupe dvtioTorya
ToUs TUTrous:

_oar(l + 1)y A _ x4+ —1 H
& gt Bkl 118 e dyagre 1 sojeble?
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ZToUs TrpaKTikoUs UtroAoyiopoUs of ikgpdoeis (1 + T)Y ked [(14-T)¥—1]:T
Bivovton &d elBikoUs Tivakes kal étol Ppiokoups elkoAa T& Toodk x kad o &md
Tous TUTous (1) kai (1').

Znp. Mepixés gopés f| kataPolrd) Tiis mpdTns Sdoews (xpewhuoiov) yivetan petd p étn
dmwd ToTe woU oupgwinfinke 16 Baveio. ToTe 1) tgiswon tiig ypewhvaiug clvou:

x- (]_+-r)t—u+l—-._1 =a(l + 1) (yati ;)

E®PAPMOTEZ

11 : Mia xowatnta daveiotnxe 300.000 8py. pé dvatoxiopd 5% kai 0iher va EEoghiost t6
aptog pé Ethoieg gpeorvnukic dooeg of 50 yzpovia. Na Ppefel 16 mood kbe Sbocmg (xpew-
Aboro).

Abon. ‘O TOmos (17) Biver:

s ol 300000 - (0,05) - (1,05)%
o (1,05)%0 — 1 )
ATt ToUs mivaxes i pé AoyopiBuous Ppiokouvue: (1,05)5 = 11,4674.
“Apx: (1,05)% —1 10,4674 xal ouverds:
300000 x 0,05 x 11,4674
X= — % 5 SRR 16.433,02 &py.

1 :"Evag Onarlinhog propel v Siabicer yid itioio xpewivcio 5.000 Spy. Ti mocd pmopel
vé daverotel pé émroxio 4%, Gote va 16 EEopliost of 20 étRoieg dboeig;

Aven. “Exoupe: x = 5000, t=0,04, v=20 xai f| (1") yivera:

_5000[(1,04)* —1]
- 0,04-(1,04)% ’

PATd Ty mé whvw oyéon pé wivakss fi pé AoyapiBuous Pploxkouus: o = 67953 Bpayués.

N "Evag Saveilerar 120,000 8py. pé dvatoxiopé npo 8%. Méoeg étioieg xpemlvnikés
dboe1g 1@V 15.000 dpy. npéner va nhinphoer e va EEoghiioer 6 xpiog;

I

Adan. 'Amd Thv éSiowon (1) Eyxoupe:
x(1 + D¥'—x=at(l + 1),

: 1 A P
dmréTe (+7 e (¢))
Tére Spes elven: v - Aoy (1 + 1) = Aoy x — Aoy (X —aT)
= . _. hoyx—RAoy (x—ar)
Apa: v T (E)

’Eweidn) efven x = 15000, o = 120000, T = 0,08 xal ouvewds x — ot = 5400, & TU-
mos (3) Slver:
_ Aoy 15000 — Aoy 5400 )
Aoy 1,08
’Amé v TeAevTala, Emeibh Aoy15000 = 4,17609, Aoy5400 = 3,73239 kol Aoyl,08 =

0,44370
= H =—t1____ = W 7 " .
0,03342, Aappavoupe v 0.03382 13,276481 &tn, BnAadn 13 <v < 14

Té taydpevo onuaiver s wpémwer vd TAnpwbolv 13 Erfioies 8béoes Tédv 15000 Bpy.
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kal pla wikpdTepn Béom: 0,276481 x 15000 = 4.147,215 bpy. ot (ouvTtoudTepo) BidoTnua: |
0,276481 % 360 = 99,53316 ~ 100 #uep&v per& T 13n Béon. ‘

Znp. Mé& v Ppolpe Th 14n 8éon ol elvon pikpdTepn TV 15.000 8py. umopoupe vé
tpyooToUpe kai ds iEfis: Bpiokoupe mégo yiveran Té ¥péos TGV 120.000 &pyx. ot 14 &tn, bn-
AaBh Té: K = 120.000-(1,08)!. Katémiv Ppiokoupe &Ti ol Sdors Tév 15.000 Bpy. i kaBepia
o016 TéAos Tou ldou ETous yivovTan:

15000[(1,08)"* — 1]
T=_—— g .
0,08 L

‘H Biagop&k K —Z Bivet Thv TeheuTaia 8dn.

Lyoho. TUpgova pé Thy Elowon (2) Tiis TeheuTaias Epapuoyfis yi&k vé& Exer TS Tpo-
BAnua AUon Tpiwer v& elvar X > at, Snhadn Tpimeat TO XpEwAUTIo v& Elvon psyaAUTepo
&1é Tov ETAGI0 ToKO ToU dpyikoU kepahalou, it BiapopeTiké ToTE Bév TpdKeTon v
EEopAnfel T6 Xpéos. "Av elvar X = aT, TéTE | Eiowan (2) §év Exa Abon, yatl & Toapovoua-
o1hs undevifetan, woU onueiver was T6 v Telva oTd &mapo. T ayth TAV TeaimTwon Afue
i 16 Bhveio ylveten méywo, yiati woté Bév  EfogAeiTan kai T6 kaTapaAiduevo Tood X
Ypnoipevel yi& v& TAnphvovTar pévo ol ETHoIol ToKoL ToU &pyIKoU KspaAaiou.

AZKHZIEIZX

‘Dpade A'. 228. Mig kowédtnTta BSaveiotnke 120.000 Spy. wé &vaTokiopd Tpods 69,
kal Biher vé& EEogAioel TO Xpkos pé ETfioies XpewAuTikés Booes of 25 ypdvia. N& Ppeite 16
XpewAuaio woU 8& TAnpver.

229. "Evas Eutropos UmoAoyilel s pmropel v mAnpdve EThoio ypewAvoio 8.650 Bpy.
yi& 20 ypévia. Ti wogd pmopel v& SaveioTel ué EmiTékio 69 ttnoiws;

230, Mé mooes Etfioies xpewhuTikés Béoes Ty 3.000 Bpx. pwopolue va tEopAnooupe
Sdveio 25.000 Bpy., dTav Té EmTdkio elvan 6%, ETnoiws;

231. Mia ttanpsia prropel vé Siadéter &wé T& xépbn Tns 100.000 Spy. yi& ETriono Ypew-
Avato. Ti Toogé pmopel v& BaveloTel pé Emirdxio 5%, ®oTe v& TS tEopAfiger ot 20 ETnioues
Sdoers;

‘Opada B, 232. K&molos Saveiornke 250.000 &py. mwpds 7 o/ pé THv Utroxpéwaon v& TO
tEogAfonl pé B ETotes XpewhuTixés Bboeis. Tpels Spcos wijves uet& THY kardBeon Tiis Sns 8O-
gews Béher va EEogphnoer Bho TS Tood. MMooa wpémer vé kaTaPdher;

233. Kamolos Baveleton o Spy. ué dvatokiopd kal pé éTigio TéKo T THis WS Spayufs.
N& Ppeite T6 #Tfiol0 XepwAUoio moU Tpémel v& TAnpcover, GGTE PeT& v ETn. TS Xpéos v&
pefver 16 piod. ;

(Egapupoyn: a = 40000, T = 0,05, v = 12).

234. M Tooes EEaunviaies xpewAuTikés Booers wé EToupeia 8& Eoph joel Sveio 2.000.000
8py., &v & dvaTokiouds yiverar Tpds 39, xd&e éEaunvia xai Té xpewAloio elvan 130.000
Bpayués;

235. "H #€épAnon évés xpious Tpémer va yiver oé 20 ETn ypecoAuTIKGS. Ké&Be Etnowx
5601 elvon 46.130 Bpy. kol &pyiler f kaTaPolm werd T6 So Evos Tou Saveiou. *Av TO EmiTé-
Kio elvan 4,5%, vé& Bpeite méoo elvan TS &pyikd mood;

236. Kémolos ouugwvel v& TAnpwoel of Evav &o@oMIoTIKG ’Opyavioud v ETnoieg
Booes Tév o Bpy. Thv kafemé, wé Ty Umoypéwon & *Opyavigpds va Tou tfaopahioe y1&
T& tropeva 2v Ern, ETAoI0 elodBnua ol vé dvipyeTon of P Spayuts. ‘O "Opyaviouds &
kataPdhel YI& mpkTn gopd T6 wood TV P Spx., petéd &méd T TehevTala kartdbeon Tou
&ogohopévou. O1 Tdkor elvan olvBeTol kal T6 Erfioio tmiTéxio THs mas Spayufis elvan T. 1) N&

Umohoyloete Td Adyo % kai 2) vé& Ppeite THY T TOU v, &v elvan B = 2a kai T =0,05.
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KE®AAAIO 1

TPITQNOMETPIKOI APIBMOI AOPOIZMATOZ
KAl AIA®OPAZ AYO TOZQN

e 1. [TPOBAHMA. *Aznd vods vpuywvouetpuods dolbuods tiw mpooava-
tolwopévarw Tékwv a xai f vd vmoloyiofody of Totywvoperpueol dofpol Taw Td-

bwv a— B xai a+ f. ; Y

A) ‘Yrohoyiopds tob cvv(a — B).
“Exouue Tév TpIywVOPETPIKG KUKAO
(0) kai ToUs TpwTedovtes &oves
X'OX kad Y'OY Tév cuvnuitédvav kai
fmTévwy, dvTioTolyws.

*As Tr&poupe Al xod AB 800 T6Eax
foa pds T& o kal P, drou A 1) kon
&pxt) Tous. Of ouvtetayuéves Tév I
kai B ds 1mpds Tous &foves X'X wadi
Y'Y elvan, dvmioToiyes:

x=0M=0owa
y=Nl =nua }

kai x'=O__El=ow|5}
Yy =BB=nup

Oépvoupe T BA kébetn mpds T I "Amé 16 dpboydvio Tplywvo BAT
Exoupe: :
BM?=BA? + Al =(x—x")? 4+ (y—y')?

fi Bl = (ow a—owv B)? + (nu x—nu B)?
= ow’a + ouv*p —20uv aow B + nula + NuP —2nuanu P
=2—-2(owaowp + nuanup) (a")
‘H Twun Tou TéEou Bl elvau: a—p + 2k kkez

®épvoupe Ty edBela X',0BX; kai, tmévew o’ i, THV k&feto Y',0Y,,

Tis Omoies Bewpolue s TpwTedovTes &Eoves yi& T6 TS (é-l\") =a—p. Amd
76 I pépvoupe Tv kéfern T, mwpds 11 X' X kal TéTe of ouvTeTay péves TGV B
kal [ 8& elven, dvtioToiyes:
x.1=OB= 1 ] wd X
y1=0

Ol = ow(a—B)
Lol = nu(a—B)
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*Amd T dpboycvio Tplywvo Bl 84 Exoupe:
B2 =B+ MP=(x—-1)* + ({7 —0?
=[ow(a—PB) —IT* + nu¥(a—P)
= owi(a—B) + 1 —2ouv(a—p) + nu¥(a—B)
=2 — 2ouv(a—P) (")
*ATd Tig cxéoens (o) xad (&), TP, EXOUHE:
2 — 20w (a—P) =2 —2 (ouva ouvP + npanup). Apa

Yo,PER: I:uv(u — B) = ovva ovvp + npa anI (@))]
% Aebtepog tpénog Kar& 10 Bsmpnua TOU Chas]es elvan:
v (OF, OB) = yav (O, OB) — yeov (0K, OD) + k-2m, kez
Stou ol Tipks TV yevidy aUTdy tkgpdlovtar of dxtivia. "Apa:
ymv(aFOB)—ﬁ—chrk?rr kez

FUppoova pé Tév Opioud ToU towTepikoU yivouévou §Uo S1ovuoudTov OF xod
OB elvou: *
oF.08 =|or | . |oB| ow (O, OB)
*Emre1br] Speos elvon kal
|oF| =|0B|=1
— >
ow (OF OB) = ow(p — &) = ow(a—P) }
#| ponyouuevn ST ylvean:

. ==
Or - OB = ovv(a — ). (o)

T16 dpBokavoviké Suws cUoTnpa &Eévav elvan:
of - OB=xx' + yy' = ouva ouvp + nuanup (o)
*Amd Tis oxtoeis (o) kad (o) oupmepadvoupe &Ti:

va, pf eRr: [ ovv(a — B) = ouva ouvf + nMpa nnU

SnAadt mpokUTrTel TTéAL & TUTOS (1).
B) ‘Yroloyiopés tod ovv(a + B). ‘Emedn & TUmos (1) loyue y1& xébe 1680
o xkad P, 8& loyver ol dtov oTh) Béon ToU B PaAouue 76 —B. Anhadn:
ow(a + B) = owaouv(—B) + nuanu(—p)
= guva ouvP — nua nup,
yiati ouv(—p) = owp kai nu(—p) = —nup. "Apa:

va, B € R: [c\n{a+ B) = ovva ouvp — nua npp | @)
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I) “Yroloyiopds tob mp(a + B). “Av otév TUmo (1), &mou « PéAoupe
™
- — @, 8& Exoupe:

2
M[(;—u)—ﬁ]zwv(—g——a)wvﬁ +nu(%—u)nu5 (¢))]

ow (F-a=p) =ow| 7~ +B)|=nuta +p)
"ANG
ouv (%—u); nua kal np (—g——q) =ouwa.

oméTe M) lodtnra (1) ylveton:

Va,p eRr: I ni(a + B) = npa svvp + npp ovva 3)

A) ‘Ymoloyiopdg tod nu(a —B). "Av otdv TUmo (3), &mou P Pdhoups —B,
B8& Eyoupe:
nu(ex—P) = npaow(—P) + nu(—p) owva
= nua ouwvP — nup ouva.
"Apa:

Va, B eR: | (@ —P) = nua oovp— nup ovva. | @

E) “Yrohoyiopdg tfig ep(a + B). "Av UmroBéooupe 611: ouv(a + B) # 0, Tou
loyvel yid a + B # —; + k-mkez, 8& Exoupe

ne (@ + B) _ nuaxowp + nup ouva

srp(o:+B)=m(a+ﬁ)— ouva ouvp — nua nup M
“Av ouvaouvp # 0, Tou loyier yi&:
u#%%»k,'rr kad p:,élzr—-f-k,-rr, ki, k;ez
TéTe 1) lodtnTa (1) ypdgeTon BiaBoyixé:
) nua ouvp nup ouva
_ nuaowp + nupowa _ ouvaouvp ouvaouvp
sl B owaowp—nuanup ~ owaowp  nuanup
ouva ouvP ouva ouvpP
e nup.
_owa  owp  epa -+ epP
| Ha nup 1 —epaegp °
ouva oguvp
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“Apa :

£ +E
cola+ B = g :’:ﬂ

Er) "Yroloyiopds tiis ep(a— f). “Av oTév TUTO (5) Pé&Aouue &trou B 16 —
kol UtroBéooupe &TL a—P # % + km, k ez, toTe:
_ epatep(—P) _  epa—eoP
@B = _uep(—B) 1+ cpxegP
yiari ep(—B) = —epp. '
» epu —e¢f
Apa: ep(a—P) = ol

. Z) “Yrohoniopés tiis og(a + B). "Av UmroBécoupe ém:

nu(a + ) # 0, Tou loxler yi& a + P # km,

kez
kol nuanup # 0, moU loxve yik o # k; m xad P # ko, k), k€ Z,
84 Exoupe BraBoyixd:
_ow(x +B)_ ouvaoup —nua np
oy R mi(x +B) neaowp +nupowa
owaowp  nuanup
_ _nuanup nuanup _ opxogp—1
nua ouvp nup ouva opa + opp
nua nup Nua nup
SR _ cgaopp—1
Apcc: ap@+ B = ™

H) ‘Yrokoyiopos tfis 0@ (@ — ). "Av ordv TUTO (7) péroupe &mrou B 16 —P,
0& Eyoupe:

£ opxop(—PB)—1 —ogaocgp—1  opxopp + 1
0P =P = Goa - op(—P) | opa—ogp  ogP—o9a

"Apa:

o9 (@—P) = st S S

8
opp — opa ®

& a—P #km, kEZ wxad a # kyw xad P # Ky, ky, k; € Z.
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)

P




Mepikég nepintdoes. "Av p = 75 TOTE £ T =1 kal y1&

kg i
a#-4—+k'rr T o €4 +epa el age
¢ +a)= = i k,k;ez
- 4 ™ 1 —ega
u¢7—+—k11r 1—E‘P—4—'E‘PG
kal y1&
= + Ky e €9 4 —€9x F—"
= EQ (T—G)z = = 1 +E?u' k,,k,ez
o ;-i—kan 1+5‘PT'E'~PG i
. ) . _1+ega n _ 1—zga
Qoe: 89( 4 +ﬂ)—m, EQ(*‘fﬂ—ﬂ)—- 1+ coa (9)
ué TOUS TapaTrdve TrEPIOPITHOUS.
E®APMOTEZ
oL M0<a<i, I <f<n xai aw—"l ﬁ—ivdd A
2,2 1”‘ _5:’”‘_41: TLOAO=

yioboiv oi mapacrdoeg:
nu(a—B), ovfa+ f), ep(a—B), opfa+ ).

Abon. 'Emeidn elvar 0 < a < % Kai % <P < 68& Exoupe:

omédTe O& elvan:
med b= (- ) oven b=
kad, drropéves:
nu (o — B) = nua ouvp — nup ouva =
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ow (a + P) = ouva ouvp —nua NP =

4] 55 gl o 0205
3 _(__9 L)
_ ega—epp _ 4 40/ _ 4 40 _ 156
PP =T cpuegp = 3.0\ ,_ 21 ¥
g\” %0 160
i.(_io)_l
__oga-opp—1 3 9 _ 187
@+ P)="atoep 4 ( ) 8"
=g

VN
|
|8
|
| w
o
|

=
A

@ 2. Nd dmodoyiatody of toiywvouetpixol doibpol taw téfwy 15° wai 75°.

Abon. Eftaidn 15° + 75° = 90°, 8& Exouue:

nul5° = ouw75° = ouv(45° + 30°) = ouv45* owv30° — nu4d5° nu30° =

N VT NZ ol VE-VE
LS

2 2 2 2
owl5° = qu75° = nu(45° + 30°) = nud5° ouv30°® + nu30° ouvd>® =

VZ V3 1 VZ _V6+V2
2 2 2 2 1y 4 i

o5 Al OIS A V6 VB | (fE-YD

2 = —Y3.
nu7s® Ve + V2 6—2
w7 Ve+V2Z _(Vé+V2)? 3
152 = 5 750 =" 7 A Y D VA S NS
oP Y = Y S W T V6-V2 6—2
*Avakepolainon.
nu 15° =ovv 75° = V—G;ﬁ epl5° =0 75° =2— V3
ouv 15° = nu 75° = 5-[-6—+\—[2 op 150 =gp75° =2+ V3

® 3. Nd anodeylet &vi:

Va,peR: (@ + Pp(a — ) = np’a — np’p = ouv’p —ovviae.
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"Anddegn. "Exoupe SiaBoyikd:
nu(a + B) ni(a— B) = (nuaowwB + nuB owwar) (Nkc v — nup ouva)
= nula ow?p — nu?p owvla
= nue(l — nu*B) —nu*p(l — nula)
= o — npfa P — PP + nulanulp
= nufa—nu*p
=l —owla— (1 —ow?p) = ow?p — cuvia.
® 4. X¢ xalle rolywvo ABI' vd dmodecylei bre:
L =oanu(B—T) + pnpu(l’ — A) + ynu(A — B) = 0.
"Anéderln. 'Emadn o = 2RnpA = 2Rnu(B + I), & Exoupe:
anu(B — ) = 2Rnu(B + Mnu(B — N = 2R(nu?B — nul)
xad pé kurhikn ‘dvedday) T@Y ypoaupdTwv o, B, y kad A, B, I 8& Exoupe:
2 = 2R(nu?B — ) + 2R(np?l —nu2A) + 2R(nu*A —nu®B) =
= 2R(Mu2B — nu*l" + nul —nu*A + np2A —nu®B) =2R- 0=0.

TAYTOTHTEX YIIO ZYNOHKEX

2

® 5."Ava+ f+ y=m, xai athkn+ —27!—77 ﬂ#k1n+—gﬁ ¥ #Fham —|—% , ¥d d-
nodeiylet 1 oyxéon:
£pa + £9p + £oy = £9a £of £oy.
"Anéderln. 'Amo Th oxéon a4+ P+ y=7T = a+P=mw—y kai érmo-
Héves:
EQa + eqP Mg
I—cpaepp V™

epa + epP + epy = epa egP egy.

ep(a +P)=ep(T—y) =—cepy=

"Avnigtpopng:
® 6. "Av oi ywvieg a, B, y ixavomoroiv Ty iodtyra:
(1) epa + e@Pf + 9y = coa cof ey (12)

ué mowd oyéon ovvdéovrar adrés of ywwvies;

Aben. Amd T oxéon (1) Exoupe:

epax + epP = —e@y(l — epa epp) @
"Av elvar | —epaepP =0 <> egaepp = 1, TéTE dMd TH (2) =
£pa + epPp = 0 <> epa = —egpP,
7| omolax fgoTnTa B¢ oupPiPdleran pé v epaepP = 1. *Apa:
1 —epaegp # 0,
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&mdTe &md T oxéon (2) Exoupe:
epa + epp o pilh e
T R ep (x + P) =—epy =@ (T—Y) =
at+p=(@m—y)+tvrea+pty=m +vr=@W+ )w=km utv, kez
*Amd Té& Taporéve PAémoupe 6Ti of ywvies o, B, y ouvbeovtan pé TN oxé-
on a + p + y =km, dmwou kez.
@ 7. “Av oi yawies a,f,y ixavomowdy Ty lodryra a + B+ y= =, wdte:
cuvia + ovvip + cuviy + 2ovva cuvp ouvy =1 (13)
*AnodeiEn. “Exovus @« + B +y=T e a+P=m—Y kai tropéveos:
ou(a + P) = ouv(T —y) =—owy < owa ouvp —nuax nup = —ouvy=<=
guva ouvP + ouvy = nua nup
“Yydvovtas kal T& Buo pEAn TS TeheuTaias lodtnTas oTd TETpAywvO,
ExoupE:
ouvia ow®P + ouvly + 2ouva ouvp ouvy = nufanup =
=(l —ow2a) (1 —ow?p) =1 — owvia—ouvP + ouvia owip <
owla + ow?p + ouwty + 2ouvaowPouvy = 1.
*AvTioTpbemg:
¥ @ 8. “Av ioydet 6 Timos (13), maxg ovvdéovrar ol ywvies a, B, y;
Aben: ‘O TUmos (13) ypheeTan:
aw?y + 2ouva ouvp owy + owia +owp—-1=0 ¢))
xai prropel vé& BewpnBel T TP&TO pEAOS o BeuTtepoPdduio Tpicvupo G5 TIRSS
ouvy. "Av A elven f Siakpivousd Tov, Bc £y oupE:

%—- = owla ouv?P — ouwla — 3w + 1 = (1 —ow?a) (1 — ow?p) = nuia nu’p,
kol Emopévess of piles ToU Tprovipou B elven:

oguvy = —ouva ouvp + nua nup = —ouw(a + B,
&médTe B& ExoupE:
atPp=+(m—y) +k2re axpty=0Ck+Dm w kez.
SHM. T& SimAd onueia elvon dveaptnTa T6 dvar &mo 15 &\ho.
Mé Spoia épyaoia Pplokouus &Ti:
X Ay ol yavies a, B,y énainledovy iy lodtnra:

ouvia + cuvip + cuviy —2cuva cuvfouvy =1 (14)

vére oi yaviss a, B,y cvvdéovrar ué Tis ayfoeis:
at+pty=k.2n drou kE Z
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® 9. "Av pevald vav xvolaw aroryeiwy évds Torydwov ABT dmdgpye: 7 axéon:
a=2BouvT, (1)
Tdte 16 Tolywvo adrd Ba clvar iooaxelés.
‘Anédertn. ‘H oyéon (1) ypdeetan:
2RnuA = 2-2RnuB owl <> nuA = 2nuB ouwl (2)
kof émed) A + B +T=m = nuA=nu(B + I xal § (2) yiveran:
nu(B + IN) = 2nuB owl <> nuB ouvl" + nulM ouvB = 2nuB owl™ <
MmuBowl —nqurowB=0<nu(B—N =0 <«
B—T=k:mw, o&mov k €Z.
"Emeidn) Sucos B xad M elven yeovies Tprycovou, mrpémra k = 0.

"Apa B—T =0, éwéte B=T. AnAabn 16 Tplywvo ABT elvan icookehés.

AZKHZIEIZ

Tpérin dpdda
1. N& Umoloyiofouv ol Tprywvopetpikof &piBuol Tfs ywvias 105°.

2. "Av0 < a <%.D<B<.; kal nu a= .g_.crwa %, v& UmoAoyioBouv ol

TapaoTaoEs:
nu(@—PB), ow (a + B), e9 (x—P), op(a+ B).

3. "Av % <a< -rr,’%" <P < 2w xaf nua:i_;, ouv 5=%. vé Umroloyiofouv ol
TapacThoes:
M (x+ P), ow (a—B), e (x+B), op (x—B).
4500 0 <ol T B <1rxcx[crwa=L, ouv P =—_§__, v& UtroAoyiofolv
2 2 V2 5

ol mwapaoTéoes:
i (s + B), ow (a—B), e (a—B), 0@ (x + P).
5. N& &mobeiryfouv ol dxdAoubes TauTdTnTes:
nu(a — P)ouvP + nup ouv(a—B) = nua.
ouv(a—PB) ouv(a + B) —nu(a—P) nu(a + B) = owv2a.
Nu(60° — a) auv(30° + a) + Mu(30° + ) ouv(60° —a) = 1.
aguv(a + B) ouv(a —P) = ouvia—nuip = ouvP — nuia.
- B—Y) +ep(y —a) + ¢ (a—B) = ep(B —¥) ey — @) ep(a — B).
N& moiés Tnés Tév a, B, y Bév Exouv Ewora T& péAn Tis 5;
6. N& &mwoberyfel 6mi:
1. wE—P)  nw@-y)  wy—a) _
owaouwp ouwPowy ouvy ouva
2. ME-y)  muly—a) , nu@e—P) _,
nup nuy Uy N nua nup
3. 2nu(a + B)
owv(a + B) + oww(a—P)
4 9*2a — epia
T 1—e¢*2aeq’a

U W N e

= epa + e@p.

= ep3aeqa.
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7. N& &mroberyfel &mi:
1. owv?x + ouwv?(120° 4 x) 4 ouv?(120° —x) E%.
2. "Av a4 p=45° Tote: (1 + epa) (1 + e@P) = 2.
3.  owla+ ow?(60° + a) 4 ouv?(60° —a) E%.
« Agotepn opada
8. "Av a+ P+ y =, v& &woBaxfel &ti:
B

13 00T+0¢p +opt-=0p 09 op L.

2.  ogaoep + ogp oy + opy oga = 1.
3. owa ouvp & Vovwy' L5
nup nuy  nuy nue nua nup
4.  nuta + nup + nudy — 2ouva ouvp ouvy = 2.
5. e92a +,e92P + e@y = e@2a 2P eq2y.

. Z¢ x&Be Tplywvo ABI v& &mwoBeyfel 6ti:
|, oMu(B—D) _ PMu(T—A) . ynu(A—B) _
nuB + nul  qul + nuA nuA + nuB
2. omw(B-N ., Pmu(C—A) , y'nu(A—B) _
neA nuB nul
3. B+yY)owA+(y+)owB+ (a+Plowl=a+p+y.
4. nuAnuB-)+ nuBnu(C—A) + nulf nu(A—B) =0.
10. "Av a+ B + y =, v& &mobeyBel &Ti:
1. o¢*a+ o¢®p + ap’y 2 1.

2 _+e¢—B—+eq> =1

3. TAv a+ﬂ+y=—2-, TOTE: EQix + P + e@?y = 1.

ep(a—p) | ety
Epa nuia

4. "Av =1, 1é1e: €@’y =eqaepp.

¥ e 10. /IPOBAHMA. ’And tods towywvouetpuxoic dolbpods tdv mpoocava-
Tolwopévar tékwv a, B,y vd dmoloyiofotv of tortywvouetouol doibuol Tot afpoi-
ouarog a + f + y.
A) “Yrnoloyropdg tob np(a + B + v). “Exoupe BiaBoyikda:
(e + P+ y) = nul(a + B) + vl =nu(x + Powy + nuy ouv(a + B) =
= (nuaowp + nup ouva)ouwvy + nuy(cuva ouvp — nua nup)
= nua ouwP ouvy + NuP ouva ouvy + MUy ouva ouvp — nua nupnpy
"QoTe, Va,p, v R, elvau:
np(a + B + y) = nua cuvp svvy + npp cvvy ovva + npy cvva cuvp — npa pp npy

kai mé oUvropa:

(@ + B + v) = Inpa ovvp svvy — nua nup npy (15)
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B) "Yroloyiopdg tod ouv(a + B -+ ). "Exoupe Siadoyixkd:

ouw(a+B+y) = ow[(a+p) +y] = ow(a+PB)owy — nu(a+P)nuy =
= (owa owp — nua nuB)owy — (N ouvP +nuP ouva)nuy
= ouvaowpouvy — nuanupouvy — nuanuyouwp — nupnuyouva.

‘Qore, va,B,y eR, elvan:

ovv(a + P + v) = ovva ovvp cuvy — npa Npp cuvy — nup Npy cvve — nuy npa cuvp
kal ouvtopdTepa:

ovv(a + B + ) = cuva cuvp ovvy — Enpa nup ouvy (16)

I') “Yroloyopdg tijg 20 (a + B + ¥). "Exovue SiaBoyixd:

nu(e@+P+y) _ Znuaowp ouy —nuanup nuy 1
ow(a+p+vy) ouva ouvP ouvy — Z nua nup ouvy ' 0

ep(a+P+7y)=

Srav elvan ouv (a + B + y) 5 0, ol foxler yi& a+B+y # ;i +km, kez.
"Av Suws elvan xad owva o ouvy # 0, Tou loyler yid:
L L ™

a # 5 +km B # g kym, y # 5 T kym olryypova (ky, ky, k3 € Z2)

Biopidvtas kai Tols SUo Spous Tol kAdoparTos (1) TolU BeUtepou pérous pé
ouva ouvP auvy, Exoups:

E 1t
cota+p+7)= Eovconsobor an

spa + £@f + @y — ega eP eoy
£Q (a + = = WL
i e £pa epf —eoP £9y — @y ega

s

A) "Yrohoyiopds 1fig 69 (a + B + 7). “Av nu(x + p + Y) # 0, mou loyder
Y& a + B + vy # km, &mou k ez, Exoupe BiaBoyikd:
ow (a+ B+y) ouva ouvf ouvy — Znpa nup cov
o9(a+ B + Y= e 1o TV FUVLOUVY 4 ey
P+ (e +P+y)  Znuaouwp ouvy —nuanup nuy S
"Av Spews elvon kad nua npP nuy # 0, Tou toye Y& o # k,w okad B~ kyrr
kad y # kgm, Smou ky, ky, ks €2, Sicnpdovras ToUs Spous ToU KA&ouaTos (@)}
K€ Nua NP nuy, Pplokouue TéV TUTO:

o¢a opf ooy — Zoga

op(atpty) = Tovboey—1 18

_ 992 09p 09y — opa — opp — opy

o il o9B 59y + o9y o9atopa opf — 1
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Mapadarypa. “Av epa = 1—12, epf = —iw, epy = %, vd dmodeyfei 1 diijfea
Tfjc iodrnrag:
a+ll+v=%+lm, kez
"AnddeEn. Etév TUTo (17) dvTikabioTwvTas Tis Bedopéves Tipds, Ppiokoupe
peTd TAV EKTEAEDT) TV OXETIKGY Tp&ecov:

m

ep(a+P+y)=1l=¢ e *Apa: a+B+y=m/4+km kez.

AZKHZEIZ
Ilphn opada
11. N& UmohoyioBouv ol mapacTéoeis:
L. nu@+y-—a), nu(y + a—B), nu(a + p—v).
2. owP+y-a, ow(y + a—B), ouv(a + B—v).
2 QOW(aeRotTh ow(P—a—y) ow(y —a—B).

3 8 5 =
12. 1. "Av 0 < o, B,y < —;— xal epar = —-, epp =15 &Y =13 v& UtroAoyiofiouv ol

TprywvopeTpikol &pifuoi Tdv dbpoiopdTwv a + B + .
3 12 7
2. "Av 0< o, B, y<% kal nua= £ nup =73 MY =35, v& UmoAoyioBouv ol Tpi-
ywvopetpikol &piBuol nu(a + B + v), ep(a + B + v), op(a + P— ).

TPITQNOMETPIKOI APIOMOI
AKEPAIQN IIOAAATIAAZION TOEQN

o 11. [TPOBAHMA. *And vods torywvopetpixovs doiflpods évdg tdbov a vd
dmoloyisloty oi toywvouetpixol dolbuol Taw Tdkwy:

b S S L vei
A) “Yroloyiopds tob nu2a. “Av oTd yvwoTd TUTO:
nu(e + P) = nuaowP + nup owa
P&Aoupe &vti B TO «, B& Exoupe:
nu(e + o) = nua ouva + Nua ouva

8| N 20 = 2npa ovva J ‘ 19

B) ‘Yrnoloyiopég to¥ ovv2a. “Av oTd yvwoTd TUTO:

ouv(a + P) = ouva owp — nua nup,
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Pdhoupe Smou B Té «, B& Exoupe SioBoyikd:
ow2a = owvia —nula = 1 — nua—nula = 1 — 2npla
kol ow2a = owla — nuia = owia — (1 — owla) = 2ouvia— 1.

"Qoe:

ovv2a = 1 —2np’e = 2ovvia — 1 = ovvia — npla (20)

I) "Yrodlomiopég tiig £¢ 20. "Amd 16 yvwotd TUTO:

e (a+ )= % &v Péoupe Smrov P TS @, Exoupe:

ecpu +epa _ 2epu _ 2¢9a
l—epa-epa 1 —e@ia A P 2 h

£ (ax + a) = =

‘0O Tmos (21) loyue yid:

u;ﬁ7+k1'r ch u#i—%ka]--rr, émov k, k,, e Z.

A) “Yrohoyiopds tiig o9 2a. "Amd 16 yvwoTd TUTO:

ofi [
op (a + ﬁ)_—,%, 8tav P=ua, Exoupe:

ogx-opa—1 opla—1 ﬁ wza_cqﬁl—l

R ) = opa + opx  209a T 209a

(22)

‘0 Timos (22) loxVe yi& a # k kaf « 5 w/2' + k,-m, émov k, k, € Z.

® 12. Oi rowywvouergurol dpilpol Toi Téfov 3a. “Exoupe SiaBoy ik

nu3a = nu(2a + a) = nu2a ouva + nua ouv2a =
= 2nua ouwa owa + nua(l — 2npla) =
= 2nua ow?a + nua—2npda =
= 2nua(l — nuia) + nua— 2nula =
= 2nua — 2nwda + nua — 2nuda = 3nua — 4nuda.
ouv3a = ow(2a + a) = ouv2a ouve — nu2a nua =
= (2ow’a — 1)owa — 2npla ouva = 2ouvda — ouva — 2(1 — ouvia)ouva =
= 20w’ — ouva — 2ouva + 2ouvia = 4ouvia — 3ouva.

3£q>or — @’ el _ o¢a—3opa
ep3a=ep (2x + o) = —Tagle! P =opdta)= “Seyla—1
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"Qoe, TEAIKG, B& Eyoupe:

3cga — £9’a
e = 3npa — 4np’a ey T
. (23) Kai (24)
ovv3a = dovvie — 3ovva o9’a — 3o9a
' oy = 3o —1 J

SHM. Of TUmor (23) xai (24) TpokUTrTouy &md ToUs TUTTOUS 15-18, &v
tei Pédoupe Strou P =y =« Kal tktehéooupe Tis Tpders.
‘0 mpésTos &md Tols TUToUs (24) Exer Ewoid, Stav

3u¢l2r-+k1'r=>cx:ﬁ%-+k-% kel @ # g +km, Gmou kK eZ.

‘O Sedrepos &rd ToUs TUTrous (24) Exer Ewvolg, Srav:
3 # kyw = a # kz.—} xed o # i% 4 kg, &mov kg, Ky €Z.

% ® 13. Tinot 100 S i‘mpson. Mpogavéds elvar:
nu(a + P) + nu(x—B) = 2nuaouvp
ow(a + B) + ow(a—P) = 2ouva ouvP |,
‘Etropéves:
ne (& + B) = 2npaowp —nu (a—B)
ow (x + P) = 2ouva ouvp —ouwv (x— B) ]

kal &v PdAoupe dtrou o 16 pa kal &mou P TS g, Ppioxoupe ToUS TUTTOUS:

(e + Da = 2np(pa) svve — qpp — Da 25

suv(p + 1)a = 2ovv(pa)ovva — cov(p — Da (26)

*Amrd Tous TUtous (25), (26) yi& w=1, 2,3,4,5,6, ... Pplokoupe GvTi-
orolyws Tous TUTTOUS:

np 2e = 2Znpo ovva ouv2a = 2ovvia—1
1p 3e = 3npa—dnp’a ouwvida = 4ovvia —3ouvva
nit 4o = (dnpo — Snpa)ouva cuvda = Bovvia — 8ovvia + 1

nusSe = Snpoe — 20mpla + 16np’e suvSa = 16ovvia — 200vvia + Sovva
nuéa = (bnpe—32npla+ 32np’e)ovva| cvvba = 320vvia — 48ovvia + 18cuvia —I1

@« 8 % 8 8 s s s 8 s » .. . e T i TR TSI R T TR W S N L R Y R IS

e 14. EGAPMOI'H. Nd dmodoyialodv oi Torywvopstouoi ool Tdw
yawiiv 18°, 36°, 547, i
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Abon. "Exoupe Siaboyikd: 36° + 54° = 90° < 36° =90°—54° <«
Nu36° = Nu(90° — 54°) = ouv54° < Nu(2-18°%) = own(3-18°) <
2npl8° owvl8® = 4ouv? 18° — 3owl8® <«
2nul8® = 4o0uv?18° — 3 « 4nu218° + 2nul8’ =1 <«

4nu18° + 2nulg® + £ E%-ﬁ-( 2nuls + _; )*E %e

4
l ) L . o R Vi S |
2 . =
*Apa ouv?18° = | — e 18°=1_(,v-i__1) _—_Mﬁ»
4 16
o l P
owi8 =—2-110 + 25
, ._ nulg  }Y25-10y5
oméTe £@l8° = ouvis = 5 :

"ATéd Tév TUTO owv2a = ] — 2nuta, yid o = 18°, Exoupe:
T 2
o-w36°=1—2nu218°=1—2(v_5h4_1) :ﬁjl

= ) e
kal Nu*36° =1 — ouv?36° = | —(V54+ 1) = 10-2y5 fi nu36 = %\/‘10—21’3

16
o o__ TMH36° & _ouE.
ked &pa: £p36° = pepe V5-2v5
Kai &meid 18° + 72° = 90° kad 36° + 54° — 90°, ouumepaivoupe:
nu72° = guv18° Nu54° = ouv36°
ouv72° =nul8° ouv54° = nu36°

£972° = 0gl8° Kok

o@72° =epl8°

"Avarepadcucovovtas Exoupse:

£¢534° = o36°
o9p54° = ep36°

Npi8® = ouv72° = v%_—-—l

NM36° = ouvsd® = —:VIO—NST

o o I R
ouvl8® = qu72° = & VIO +2y5

ovv36° = nus4° = [5:'—1

wlsn=mnﬂ=%]/zs—1o\[s

op18°=272° = |/54 25

€936° = 0954° = |/5 25
0p36° = £954° = —l
Vs—2vs
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AZKHZIEIZ

Ipatn dpade
13. “Av nua = 0,4 xaf 90° < a < 180°, v& UmoloyioBolv ol TprywvoueTpikol &pifuof:
nu2a, owla, e@2a, oPx
1. 1
14. “Av nua =, mup =5 xal 0 < B < —2“;, v& UmohoyioBel 16 nu(2a + B).

15. “Av 4nux — 2(1 + ¥3) nux +713=0, v& UmohoyioBolv ol &pibuoi:
nu2x, ouv2x, e@2X.

1
16. "Av ouva = -, v& UmohoyioBel T6 ouv3a.
3
17. "Av nua= = vé Urohoyiafel T6 nula.

18. "Av epa = 3, v& UmoloyioBel f e@3a.
19. N& &modeiyfouv ol dxbhoubes lodTnTes:

nu2a 1+ og*x

1 Tiowza =% 3: T Zoga T
nu2a op’a + 1

2. 1”owZa= o ogla—1 — et

ouv2
% owla—nula = ow2a, 7. e(45°—a)= I_Wu;& ;

4. opa —epa = 20¢2a.
20. Né& dmobeiryBolv ol dxdAoubes looTnTes:

a( 2 2 ( i =
L. orw(—;—a)—nu T—a):mﬂa.
2. @(45° + a) —ep(45° — a) = 2eq2a.

3. guva + nua _ _owa-—nux _ 25¢.2u.
ouva — TjHa ouva + npa

4 1 —ow2a 4 nu2a _ epe.

"1+ ow2a + nu2a
¥ Agbrepn opdda
21. N& &mobearyfolv ol &xdhoubes looTnTes:

I nu3ax i ouvda _ 2. 9 3 owva 4 ouv3a _ og'a,
nua ouva ' 3nua—nu3a

3. nuda 4+ nuda _ 594 o7 ouvia — ouv3a s nuda + nuda _ 3,
ouwia — ouv3a ouva nHa

5. - 4nwdaouw3a + 4ouvia nulda = 3nuda.

6. 4nuanp(60° 4+ o) nu(60° — o) = nu3a.

7. epla—eg2a—epa = e@3x ep2a et

8 opa eQa

=1
opx —op3a ¥ epa — ep3a
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e 15. [TPOBAHMA. > And vipy epa évds vékov a vd vmoloyiolody ol toryawo-
petowxol aplfpol tijc yaviag 2a.

Adon. 'Amd Tls lodTnTes:

2
owvia = s kai nula=- e 2hcs

k1d
1 4 eq*a lj—?q@' W & ?‘:7 Kt kez

Exoupe BraBoyixd:
1 2
1+ epPa 1 + eqad’

nH2x = 2nua ouva = 2epa-ouvia = 2eqa-

el 1 —egx

1
T ey T g PN 2 =
ouw2a = ouvia — nula TTepla THegia 17 egic’

2 2
£@2a = ;10‘:2(; =T—E:;:u’ &v a #% + kl-% kal a # i—} + kg
s
cq)2a=l—2—£%%3, &v a #= (2ky + l)—g— kal o #% + k,,
omov oi ky, ky, ks, k, € Z.
*AvaxepahoncovovTas EXoUpE:
_ 2&9a _ 2eqa
en 1+ z9%a b 1— z¢%a
1 7 1 ‘a o
_1—co% _1—eq
canu—l T iv'e . wh———uw

ZToUs TUmous (29) maparnpolue 8T ol TprywvopeTpikol dpiBpol nu2a,
ouv2a, e@2a, o2a elvan pnTés ouvapThoEs Tiis epa.
¥e 16. F'sopetpikn Eppnveia tdv tomev (29). “As Umobéooupe 11 O elvan 16
KEVTpo TOU TprywvoueTpikoU kUkhou, A f) &pxr Té&v T6-
§wv kai AZ 6 &fovas T&V EpamrTopévwy. Z

*Av t = e = AT elvan % Tipg Tfis épamrTopéuns,
omoia &vTioTolyel oTd SUo &vTiSiapeTpikd onueiac M kad
M, ToU Tprywvopetpikol kUkAou (0), TéTe T& TOEQ, T&
dmola Exouv E#parmrropévn t = AT, Tepatdvovtan oTd
onueio M | 16 M,.

“Apa ol Tipés Tous 8& elvan :

x=a+ k-w, Sémoukez.
T& BimAdoia T66a 8& Exouv Tipés:
2x=2(ax + k') =2a + k27

151

WnpiomoOnke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkrg



kol 84 Tepardvovtal oT6 onueio P f Py *Av, Aorrdy, yvwpiloupe Té onueio
T, elvar dpéows yvewoTd kai T6 anueio P. "Apa of Tprywvopetpikol &pifpof

ToU Téou AP elven Teheicos dpiopévor.
*AvmioTpdews, &v elvon yvwotd Té onpeio P, elvou duéows yvwaTd Kal
16 onueio T, dmwéTe elvan yvwoTr| xaf tpamrTopévn Tou TéEOU AM. Anhadt

&md ToUs TprycvoueTpikoUs &piBuols ToU Téfou 2o elvan yvwoTn 1) epa.
*Eton elvaa:
l—ow2a  2npia _ nu2a
m2a  2npacuva =T+ ow2a

e 17. IIPOBAHMA. *Ané vip ep % vé Smoloyiaboin oi Torywvouetoukol
dotbuoi Tot toov a.

Abon. *Av oTols yvwaTous TUTous (29) dvTiKaTaoTHOOUME ™ yovia «
pé T yovia %—, 8& PpolUue ToUs dkdAouBous TUTToUS:

.

Zetpu—;— 2&:@—%
nwae = ————— spa =
2 e
1+ e¢? 3 1—e9 3
(30)
a a
1—ep® 2 l—c(p"T
P iR =
2 il
14 &¢f 2 20 2

StoUs Turous (30) Tapatnpolpe i ol TprywvopeT pixof &pifuol Tis yow-
vias « txppddovton s pnTés oUVOPTNOES THS EQ %—.

Oi TUmol Tis TpdTns oTHANS Exouv Evvor, &v
o #= +m + 2kmw, kez.

‘0 mpéTos Tiis Seutepns oThAns Exer Evvoia, &v

a¢(2k,+l)% xad u#:i:%+2kz'rr, ky, k, € Z.
‘0 Beurepos THis Bedrepns oTnAns Exer Evvola, &v

a % (kg + 1w wed a # w4 2kgm, kg kyezZ.
o 18. ITPOBAHMA. *Ané ©6 owla vd dmoloyioloiv ol rotywvopetgixol

apibuol tije ywviag a.
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Aben. "Amd Tols yvwoTols TiTrous:

ow2ae= 1 — 2npla kol ouv2a = 2ouvia — 1,
Exoupe dvTioTolyws:

A 1—ow2a 1 —ow2a
nuq:——z—alnuc(': S I et

2
e mzq=1+_gW£5¢,mu|=VH;;\w2g

AnAad, dvTioTolyes:

pu—ivﬂ Kadi owa = 4+ V_j'f}'vﬁ
O4 elvon dxdpe:

1 —ow2a

o= & | epa | = I—_WU2°‘ pé cx:,é:t——i—k'rr
I + ow2a ¢ ouw2a’

ol ik 1 TOWRE oy
¥ =T owaa
kal o # 2kgm, &mou k, ky, k, € Z.

1 + ow2a
= |oga| = Ty ué ok

"Avarepadcicovovtas Eyoups:

-4 l—;vl{q aw=iV1—.-m}v2¢:

1 + ouv2a
— — @31
owm i [IEGE | g [ Trote

Amé Tols TUmrous (31) ealvetan &1 T TpoPAnua Exer Tis EEfs AUoeis

Rk V I —ow2a

- 1 —mm2ci
T MRSy <
1 3.
owvar= 4 |/ L o2 e = Vﬁéﬂ?{r
(31a)
I —ow2a 1 —ow2a
nua = + T [ MU = — —-_T
2. 4,
ouvg = — Vl—+au_02£ ouva = + L+ ouv2a

2
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X o 19. Fsoperpcd) Eppnveia t@v hboswv abtdv. To BimAd mpdonuo TGV
mapaméve TUTwv EEnyeiTan dx EEfs:

“As BexBoupe &Ti: ow2a == OP (ox.3) Kol AM =8 16 E\&yioTo Be-
TIkd T6EO, TOU OTolou TGO cuvmpiTovo elvan w.

*Av M, elvan 16 ouppeTpikd Tou M dos pds Tév &fovar A'OA, ToTe kal T6
TE0 AJT\-'\M1 Exel TO 810 cuvnuiTovo W= OP. ‘H T k&Be &Ahou ToéGov, Té
dmolo Exel dpyn T6 A kai Téhog TG omnpeio M f§ M,, 8& elvan:

20= +8 + k-2m, k ez

*Apa: a= i—g +kmw (1)
“Av k=2v, VvEeEEZ, TOTE
a= + 8 + 2v-Tr
2
kai T& &utioTorya TOEa TrEpOTCO-
vovtan oté onpeia N kai N;, émou
N xkai N; T& péoo TGV 16wV
AM ko AT‘T:MP
*Av k=2v+1, vez, TOTE 7
oxton (1) yiveran : Ix. 3 Z,

o= —; SOyt D=L —Z S - @

xai T& &vtioToixa Tofa mepoardvovTan oTd onueiac Ny kol Ny, dvmiBiouetpixd
Tév N kad N; dvnoToiyws. T& fuitova TéV T6§wv Aﬁ, Al(l:, Aﬁ;, 1“«’1\-1\1 Eyouv
ioes &mdéAuTes Tipés. TO 1810 oupPaivel kad pé T& ouvnpiTova Tous.

T& Téax A,ﬁ, Kf:lz kofieds kad T& ;@3, A'Nl Exouv Tooa fjuitova kai &vri-
B¢t ouvnpiTova.

T& 168 AN xaod A’r\ls Exouv Tv 181 EpamrTopévn AT, xad THY 181 ouvepa-
srropévn BZ,, dvé T& TéEa A-Blz kad Kﬁl Eyouv TV 181a éparrTopévn AT, (&pvn-
Tikf) kol TAY 181 ouveparTTouEVN BZ, (&pvnTikn).

> - —> —>

Té& Sioviouoara AT, kai AT, elven &vtippotra, kafdx xal T& B2, kai B,
ué dAyePpikés Tipgs dvifeTes dvmioToiyws.

@ 20. ITPOBAHMA. ’And t6 ovva vd Smoloyiofoiv oi toywvouetourol dot-
Buol Tijc ywviag %.

Aben. *Av oTols TUous (31) Pérovpe dvtl yi& Th yevia o T ywvia ]

—2_1

Eyoupe ToUs TUTTOUS:
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11— =
'Illl;“‘—"i:V zmwu z¢~1=:|:vl ovva

(32)

LI 1 + ovva a 1+ouwva
wv—z——-iviz— o9k V_

"ATé ToUs TUTrous altols galvetan TEAI T T TpOPAnua Exer Téooepis
AUoes, Tis £Efis:

a Vl—crwcx a 1 —owa
o ekl S T TR ar V‘—_z
1 3.
O w1 ) e mi__l/“r_wvg
2 : 2 G 2
a 1 —ouwa a 1 —ouwa
bl s VT waT V—T
2 4.
1 + owa | a 1 + owa
_Vj_ | GWT:—’-Vf

‘H yewuetpik Epunvela Tév SimAGY onuelwv TGV TUTTwY aiTév yiveten
uE Tov Tpdmo ToU Eywe kad oTh TponyoUpevn Tap&ypago kad pé TS 1610
oxfjua.

Tapédevypa L. Nd dmodoyiolioty ol towyawopetpurol dobuol tod tékov 22°,6.

Aben. "Emaidn) 0° < 22°, 5 < 90°, oupmepaivoupe 311 Aot ol Tprycovope-
Tpikof &pifpof ToU T6§ou 22°5 elvan Betixol. “Apa:

nu22°,5=V1_°;"45° _ Vl—(\gfﬂ) =V 2-\4f§ =%V2—T

M22°5_V1+aw45°_]/1+(\[_2) V2+\F éV2+V2

PPl vame- 5 _VIEVD

2205 = e
* s . 2HVE | Dha tugapl = VZ-1l,
o922 5= — e WY
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% TNapaderypa 1L Nd smaloyiafel 1 ep 7° 30'.

Abon. "Emabf elven:

a _ nue _l-owa Kk
o &5 Tt =Tt
. 1—owl5®
08& Eyxoups: e@7°30'= e i (¢))

nul5®
. i B

*AMG owl5° = T (V6 +V2) xu{nu15°=—i Ve —vV2)
kal f oxton (1) ylveran:

oy TEVEAVD e v DWE + VD
T L we-vD V& -V2)VE+V2)

_ 46 +4V2I-4V3I -8 .~ x5
= N6 + . =\6 —V3 +V2-2

“Qoe: s.q)'7°30'=\/—6_—v—3_+\/_2_——2

N& Ppeite pévor oos Todpa Tols &AAoUs TprywvopeTpikoUs &piBuous Tiis
yovias 7° 30"

X Tapaderypa IIL.  Nd dmolopiofoiv ol Torywvopetouol dopol Tije yw-
viag 165°.

Abon. *Emaidf 270° < 330° < 360°, ouumepadvoupe & 135° < 165° < 180°
xed &pa 16 T6Eo 165° Exer TS TéAog Tou 0TS BeUTepo TETAPTNUOpIO. O4& Exel
&xdun BeTikd fuiTovo kal &pvnTiké ouvnuiTovo.

“Etol 0& Eyoupe:

1—ow330° (T Ve S T I
nul65°= +V1’°‘;’—33° = +V4(—2V—)= - V2-v3,

14 i 3:2 e —
VAT S BT

0. TUIES® | oo o (2 3,
€Ql65°=_ e =V3-2 xad 09l65° =—(2 +V3)
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Inpstaon. 'Emadd 165° 4 15° = 180°, 0& Exoupe BioBoyiké:

nul65° = nul5° = Ve "— \"2 V3
o & 6+ V2 i
owl65° = —guvl5 _-—V——‘;C-:_T\/'z_}.v'j

ep165° =—£9l5° =— (2—\V3)=\3-2
xed 09l165° =—0pl5° =~ (2 +V3)
¥ Mapadevypa IV. Nd dnods;xﬁsi 7 ddrjbea Tijc lodryrag:

Sn = 3
SR sy o) S me
A= mx8+mn +mts+tu=s 2 - ()]
> 7 T 31 Smo
"AnédeiEn. Em&’]—s- kil i~8—+8 =T,
TPOKUTITEL &T1:
T L 5w 3
u—g-="u 5~ kaf MK g~ =N—o-
owoTe ) (1) pés Siver BraBoyikd: ‘
3 )2
1—-o'wT
—_— 2 ey
A =2nu 8 +2nu 2 3 =
2

l__z e _p VTP, @evER _
2 T 16 ) 16 o

_ \f 2 pApaVeEL2 1308

o 8 gD

¥ Hopaderypa V. Nd dmodeiyliet b 7 nmapdoraoy) :
B = ovv’a + ovv¥(a + 120°)+ cuvi(a — 120°). (1)

elvar avebdprnry and vd tdko a.
"An6dergn. “Exoupe SiaBoyixé:
1 +ow2a | 1+ ouw(2a+240°) 1+ ouv(2a — 240°)
e 2 - 2 =

B=
% +%[ ow2a + ouv(2x + 240°) + ouv(2a — 240°) ] o
= % +%[wv2a+2aw2uo‘w240°] = % +—;[aw2a+20‘0v2a(—mﬂ’60°)
3 1 1 3 1 3
&y +T{ wv2a-2-Tuuv2u] = T+ b 0——2—
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® 21. I[TPOBAHMA. *And tots totyawvopetoixods dofpovs tijs ywviag %
vd Smoloywoboiy ol Totywvopetowxol dopol Tiis ywviag a.

Aben. *Amd ToUs yvwoTous TUTrous:

nuZa = 2nua ouva,
ouw2a = owla — nula = 1 — 2nula = 2owla — |,
2epa 1 —eq?x

I—epa kal o@2a = e

ep2a =

a ’ ,
&v Stmou o P&Aoupe 16—2— , B& Exoupe ToUs TUTOUS:

i & «
RO = 2N —-00V— 2e9 ey
spa =
a
cova= cnw’%— nu’% 1 —f—le—z-
(33)
a-s
=toig 1—sg*-
a e a
—t 2 ————— —
= 2ovv 2 1 251._2_

TéTe T& péAn TéV TUTTWV Tiis BeUTepns oTNANs Sév Exouv Ewoix;

EOAPMOIEZ
1. Nd dmodeyfei 7 dhifea tijc lodrnrag:
_14+npd—ocvvd 0
= T+mpd+ovv® P72 °

*Anodeibn. “Exoupe SiaBoyikd:

i 2 8 ) g v oy
1+ 2qu—2-sw—— (l — 2nu - _an.To'uv—i—-i- 2nu >

A= 2 =
B 8 . ® SR N E R A
1+ 2nuTch +(2crw T—l) 21]1.170\1\; 5 +20uv 5
SRR et By 3
- Pikergsl g nH— = Mgeal o 0
_uuv—e.( s +owj—) cn.:rvi k2
7\ g 2 2
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2. Nd amodeybei 7 adrfea tijs iodryrag:
o % 1) = 1+ nuo
""( st )i
"Anéderln. “Exoupe SiaBoyikd :

)* (”w?)z

| (E - te : )2 (1 8
2(__TL e)_ 5t oo L]
5+ )= ¢ S owy
4 2 s 8 \* i 2
(l—e‘i’TE‘P‘Z ) (l_evT) ( ﬂu7)z
1—
R
2
(cw_e_ +r|u_)’ a4 T
2 2 A 2 e 3 1'IIJTC'\N 5 1k
(:] ;) )’ , 8 s 8 8 8 Tsa
(cruv n —- Wt 20U oW
AZKHZEIZ
Mpetn dpada
22. Né& &moBeixBouv ol dxéAouBes lodTnTes:
8
op_+ 1
2 ouvl )
ks m,p%-] e 2. Tepa —epa =@ (45 ;%)'

l+n-umu:xﬁ-m.nr%I

3. EW+TEHG=0¢(45°—%) . Fremmn—— Y | Y

a

nua + np < 4
2
5. nu 2a ‘l—cwa=w£ 6 nu 2a guva
I—ow 2a ouva 2 " 1+4+ow2a 1+ ouwa

7. 092 —ep L = 209a, 8. (45° ) l+nucx

ey s * Hie e T—nua '

23. N& &mobeixfouv ol mapaxérw lodTnTes:

1. (ouwva + ouwB)? + (Mua—nuB)? = 4ouvz & L; P 3
2. (owvor+ owB)! - (nua + nupy? = downt 2P,

3. (owva — oup)? + (nua—nup)? = 4nu? “;5 .

4. "Il-l'(% 2)—nu'(8 —)_Iz—znnu-

WnpiomoBnke amd 1o ivotirouto EkmaibeuTikrig Mohm

Lyls

0]

=4
=5 .
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- M AgbOrtepn opada
2@; Né& &moberybouv ol dxdAouBes lodTnTes:

g T 43'“' 3 o T 4 3w _ 3
1. WV_S+UWT=T' 2.!'|ua+r|u? T
3. ouv! %7‘-0’\)\!“%—!—0‘\1\!" ST“ =+ u’uv’%: %
4, (1+cw£) (1+cuu3") (l+cruv.5'_'f) (lJrava")—_—l..
8 8 8 8 8
B "Av ouvx = ____G_, ouvy = ,P,,,, aUVW = 34 , TOTE:
B+y Yy+a-. a+p
sqﬁ; + Elp’% + ¢t ‘;: i
25. N& &mobeixfouv ol dxdAoubes fooTnTes:
m ™ ™ -
L. E¢(G—B +-§-) +eg (ﬁéy +?) - eg (y a *T) -
e 1o m™ I LS 4 S
“a(ap e 3) o (v ) (- s3)
2. Zog(y +a—-PB)dgla+B-y)=1 &va+pP+y=0
3. Zopa + P—3y)o@(2p + y—3a) = 1.
4. Ix(1—y?) (]l —w?) =4xyw, &v Xy+ yw + @x = 1.
5. mu(a+P+y) <nua+ nup+nuy, &v 0 <apB,y <%
6. Né& &moberyel &i:
1 + nula + NP > nua + nup + nuanup.
Y © 22. [IPOBAHMA *And vy e@ a vd dmokoytofel 1 eg i;ﬁ
Aben. 'ATo T yvwoTr ioéTnTa:
o
B a o
gpot = ———— EXOUHE TNV: €@ e«pz—z— + ZE(PT —epa=0 ()
1—ep? -
&méd Trv ool Pplokoupe:
a —1 +V 1+ e’
gy =— T2 39
£Qa

Awepedvnon. "Amd Tév TUo (34) gaiveton &1 TO TPdPAnUa Exer Yo AU-
oeis. 2 md& Tipn THs epa, ToU &vTioToikel oTO Bidvuoua ﬁ::r’, woU Exer ufikos AT,
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dvtioToiyouv 8Uo TéEa AM Kad A"_R/II, OUPMETPIKG cog

mpds T6 kévTpo O Tol TpiywvopeTpikod KUKAou (ox-4), 21
TéV dmolwv of Tiués elvan:
a=60 + km (1) kez ru
dmou AM = 8 16 E\drx1oTo BeTikd TEo. *Apa
a 8 ™
B T Rkl 2 @

Aroxpivoupe BUo mepimTdioes.
A) "Av k=2v,veZ, iy (2) ypdgeTou:
a ;]

& == +vm 3)

xed Té& dvioToika TéEa Exouv T TéAos Tous otk on-
peia N kol N; kol &xouv Thv 181a éparTopévn, Trou
TapioTéveTal &md T6 Tufjua AT,.

B) "Avk=2v+1, vez, 1 (2) yphperan: Zx. 4
a 8 T
2 g g T @

kal T& dvtioTolya TéEa Exouv TS TéAos Tous oT& onueia M, xai M; kal Eouv

tpamrropbvn T pfjkos AT,
"Emaibn) 16 Tpiywvo T,0T, elven pfoydvio o1 O, 6& ExOUpE:

AT..AT. AT AT
AT, AT, = —OA2 = — OB? B e | 5
i OB ‘OB ®)
To ywoépevo Tév piZdv x', x'' Ths 2Ei0doews () elvau:
x'x"' =— _Spax =—
epa

kad &md €86 gaiveton &1 dAnbevs 1§ (5).
"Av, Guti yi& Thv epa, Bobel T6 Téfo o, TéTE | TapdoTaon V1 +egla
elvon peyodUTepn &mwd T povdda, &tav epor + 0. *Apa:

epa >0

R e IR B EX's )
2 &9 >0 2 o
epa <0 ~
2. "Av I <a<m Tére: { PRI SO —1— V1 + eg%
2 qufé >0 352 EQa
epa > 0 o
3. "Av T < a <3—“, TéTe: | & —ep & _—1 =V1 +ep?a
£ 95 <0 2 Epa
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S et «  —14+V1 {eqa
4. ~Av7<cc<21'r, TOTE: { 9‘P%<0=°E(P?= =

* Hapaderypo. *Amd v e94800° = —4/3, v& UmohoyroBel ) £¢2400°.
Aben. MN& vé Ppolpe 16 Téhos ToU T6Eou 2400°, ypdgpoupe:
2400° = 360° .6 + 240°.
*Apa Té Té€o 2400° Exer TO TEAos Tou oTO TpiTO TETaPTNUOPIO.
‘H &parmrropévn Tou elvan Betikry. AnAadt:

—1=¥1T+3_-1-2 ,3  go

-V3 V3 V3
MTropoUpe, Spas, vé épyocoTolue kai dx &Efis:
ep 2400° = ep (360°-6 + 240°) = e¢ 240° = eg (180° + 60%) = e 60° = V3
kai Eropéveos:

ep 2400° =

auv 2400° =* ,71..___ =

1
—V1 +e922400° —V1+3 2"
nu 2400° = 8(9424000 = V:?_ = E :
—V1 +e922400° —V1+3 2
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KE®AAAIO II

METAZXHMATIZMOI TPI'QNOMETPIKQN ZYNAPTHZIEQN

® 23. Meraoynpariouds _dﬂgoia',uato; 7| diapopds dbo Judvvpwy Torywvo-
pETQURdY ovvagtijoewy oé ypwdpevo 7 mnlixo.

a) *Amd Tis yvwoTés TouTOTNTES:
nu(a + B) = nuaoup + nup ouve, | ouv(a + P) = ouva ouvp — nuanup,
nu(a — B) =nuaxouvp — nup ouva, | ouv(a — B) = owaowwp + nuanup,
TrpoaféTovTas kol dpanpdvTas katd péhn, Pplokoupe:

nu(a + B) + nu(a—PB) = 2nuxowp, m
nu(a + B) — nu(a—Pp) =2nup owva, 2
ow(a + B) + ouv(a—P) = 2ouva ouvp, 3)
O'UV(U + ﬁ) = OUV((I—p) = 21']““ n'-‘ﬁ: 2“““ ﬂu(—ﬁ) (4)
kal &v Pdoupe:
J_A+B
“‘f’=5}¢2ﬂ=A-B S T R iy
P=—
of (1), (2), (3), (4) yivovten:
B A—B
ﬂnA+muB=2-...A;f oo A3 "
ouv A + ouv B EZW\’A—;-—BJUVA:B a7
owA—vaEqu,A';Bnp¥ (38)
B) “Exoupe SiaBoyixé:
_ nwA | nuB _nuAowB + nuBowA _ nu(A +B)
i Ll R ouvA ouvB ~ owAowB'’
depou 0& elven A % 4 ki ked B l2f_ +1 pé k ke Z.
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nwA  nuB _ nuAowB—nuBowA  nu(A—B)

Bpi—qE= ouwA owB ouvA ouvB ouvA ouvB

ouvA owB _ nuBowA +nuAowB _ nu(A + B)

wA T B T nuA nuB T nAnuB

&polU 8& elvar A # (ky + 1) kai B # (kg + 1), ué ky, ky € Z,

owA owB _ nuBouwA-—nuAowB _ nu(B-A)
nuA  nuB nuA nuB ~ nuAnuB

' AvakepohancovovTas ExOoupE:

opA + opB =

kal opA —opB =

_ nwA + B) _ nuA +B)
np(A—B) ne(B—A)
(40) i o ouvAouvB ok Hae neAnuB 42)
® 24. Eidwkég nepintdrosig. "Exoupe Siadoyixkd:
a) nuA + owA = npA + nu(90° — A) = 2np45° ouv(A — 45°) (D
kel  Emeidn) 2nud5° = 2 @ =V2 «ai:
ouv(A — 45°) = ouv(45° — A) = nu(45° + A), 1| (1) yiveton:
A + oovA=\ 2 cuv(45°—A) =\ 2 np(d5° + A) 43)

B) nuA —owA =nuA —np(90° — A) = 2np(A —45°)ouvd5® =
=V 2nuA — 45°) = -V 2 qu(45° — A) = -V Zow(45° + A).

“Qore 0& elvan:

NHA —ouvA = —\ 2 np (45°— A) = —\/ 2 ouv(d5° + A) (44)

A
) 1 + nuA =nu90° 4+ nuA = 2nu(45 °—§-?)cw(45°-i)

2
kai Emweadn elvon:

nu(45° ) (45"—— 0& Eyoupe:

14+mmA = 2 ( +z) 201)\!’(45‘—%) “5)
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&) ’Emrions 8& elvan kad:
1 —npA = np90° —nuA =2np (45"— %)uw(‘lS" +%) =

= 2nu’( 45°—--‘-f'2‘-) = 2cw=(45° + g)

BnAadn:

2

1—npA zzmaﬂ(w—i)z 20vv? (45° +—‘;-)

€) "Emiongs elvau:

1 + owA = ouw0° +ouwA _=_2crw0 :,; i o'u'.'DZ—A = 2o0uv? %,
1 —owA = o)’ —ouwA = 2nu el nuf\_—o- = 2np? o
2 2 2
"Apa :
1 4+ ouvA EMV’%— 1 —ouvA = 2np? %
ot) "Av A ;&% + km, pé k ez, 8& Exoupe:
— epd5° — @ +A)
1 + epA = e45° + A = — e
_V2nu@é5 + A V2ou(45° — A)
T T owA ik owvA, ;
. o _ nu4s°=A) .
kol 1- E?A = EMS —E@A = m
_ V2nu@5°—A)  _ V2ou(45 + A)
i ouvA ouvA
*AvoKeQoAciwVoVTas EXOUHE:
_ V2nus5° +A)  _ V2ouv(45°—A)
S ouvA OuvA
| —spa = YIWUS --4)  _ VZouwdS® + A)
GUVA OUVA

£ "Av A # (k + D, pé k € Z kai pé Spoia dpyacia Ppiokoupe :

_ V25 +4) _ V2owvds'—A)

1 A
e npA npA
V 2np(d5° — A) V 260v(45° + A)
1—opA= = —
npA neA
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(48)

49)

(50)

(51)
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E®APMOIEZ
a) Nd dndomonlci 7) mapdaraon:

A = (ovve—ovvda)(nusa + nu2a)
~ (nuSa — npa)(ovvda — cuvéa)’

Aven. "Exoupe SiaBoyixa:

” a + 3a 3a—«a 8a + 2« 8a — 2a
dny ] . 2nu ouv
A= 2 2 2 \ 3 g
:2 Sa—a = 5u—+_—a 2 _4ﬂ+6d ) éﬁi—h =
fiM 2 F - nu 5 nu 5
_ 2np 20 nua-2npbaow 3a_ T
= 2nu2a.owla-2nuSa - nua 1, &v foxUouv:
a#km a#k, . 1;’ o # ky -%, a # 2k + 1) %, k, k,, ks, k€ Z.

B) Nd amdomonfei 1 xAdoua:

_ _nmpa—npSa + qpde —nplda
~ ovva — ovvSa — ovvda +ovvl3a

Aben. "Eyoupe Siaboyika:

B (M 9a + nua) — (Mel3a + npSa)  2nuSaouvda — 2np9a ouvda
= (owa —owbSa)—(ouv9a —owl3a)  2nu 3anu2a—2nu llanu2a

o owsanue—Tide) e dnulaouile g o
T nu2a(nuda—nulle) —  nu2a-2npda-ouvla foss
&v Umrdpyouv ol oytosis:
nu2a # 0 < 2a # ki < a;f:k.%_‘—, ut kez,
nuda # 0 < da # k<« #kl.%—, pé k, ez,
owla # 0 < Ta # k,m + lzau ;’:k,.—;—Jr% ué k, € Z.

y) Nd yiver ywdpevo 1) mapdaraon:
A =nux + npy + npo —px +y + o).
Aven. “Exouvue Siaboyikd :

A =2nu XTHMX;X-{— Znuw

—X=y—® WX+ ¥y 4w
2 R 2 -
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Eznux—;—ymx;y_znux—zl—ymflmgx-ky

=2nu x—;x crwx;y—cwzng—!_y

i 2 7. .
E2nux;21—+.2nux y+4m+x+y i m+x~i;y X +y
= 4nu—J2r—y c m@Hzlm -num;y- "Apa:

nux+npy +npo—mp(x+y + o) = dnp ";Ly np—!ﬂzhg “’;’ X (52)

Inpeioon. "Av ol ywvies X, y, @ elvar, dvtioToixws, of ywvies A, B, I évés
Tprycovou ABI, ToTe 8& Exoupe &md Tov TUmo (52):
NUA + nuB + nur —nu(A + B + N = nuA + nuB + nul —nul8o° =

A+B B+l T +A

=nuA + nuB + nul = 4nu e 5 -
o r A B
A+B bi A8 I =
yiorri —a—— + 7_90", &pa - oW, Apa

¥ xdle tolyovo ABT loyvei:

npA + qpB + qul’ = deuv %WV%GIW-% (52a)

8) Nd yiver ywduevo 1) magdoraon:
B = ouvx + ouvy + ovve + oov(x+y+o).

Avben. "Exoupe SiaBoyixd:

x+ysw X—y +2mw+x+y+mmw—x—y—w

B = 20w ) 5 5 3

2¢:|'wx +yo‘w i

+y_  x+y+2o
2 2 auv

2 2

+20wx

{f
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=2mx+y[cwx—y +cw_—x+y+2co
2 [ 2 2

g +vy .zuwx—y+x+y +2coawx—y—x—y—2m
2 4 4

L i e ' y+w W+ X

= 4ouv 5 oW — oW —s—.

"Apa :

ovvX + ouvy + cuve +ouv(x +y + o) =4ovv x2+y oV y-{z-m oLV w-;—x (53)

Inpeioon. “Av ol ywvies X, y, w elvar, dvmiotoiyws, ol ywvies A, B, T
tvés Tprycvou ABI, ToTe:
ow(x +y + @) =ow(A + B + N =owl80° = -1
x + y_o_WA + B
2 2
Tplywvo ABI:

xal ouv =nu—£—,. ..okal & TUmos (53) ylveten yi& kdéde

.

A
ouvA 4 ouvB + ouvl =1 + 4np 5 nu% 1]’!% - (53a)

M» &) Nd yivee ywvopevo magaydvrov 1) napdoraasy):
I' = ovvia + ouv’p + ouvdy + owve + B+ v) — 2

Aban. "Exoups SiaBoyixkd:

owla + ow?p = 1+2c-w2c:+ l+c21uv& =1 i—; ow2a + ouw2p | =
=1 +% .2ow(a + B)ow (a—B) =1 + ouw(a + B) ouv (a—P).
’Emrions elvau:
owty +owi(a + B+ y) = | TrowHatPEY) o
=1 +% ow2y + ow2(a + B +y) [=1 + ow(a + B) ow(x + B + 2y).
*Apa 8& elvan:

I = ow(a + B) ouv(a—B) + ow(a + B)ouwv(a + B + 2y) =
= ow(a + B) [ow(x—PB) + owv(a + B + 2y)] =
= ouv(a + B)-2ouv(a + y) ow(p +v) =
= 2ouv(a + B) ow(p + v) oww(y + ).
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"Qoe:

ovv'a+ovvif+ovviy+ovvia+pty) —2 = 2ovv(a+Blovv(B+y)ovv(y+a) | (54)

Inueimon. "Av ol ywvies o, B, y , dvmioTolyws, elvan of yovies dvds Tpi-
ywvou ABT, téte ¢ TUmos (54) ylvetan:

va’A + ouv?B + ouvi = 1 — 26uvA ouvB quvl’ (54a)

‘O TUmos (54a) ypageTai ouvTopdTepa kai dx Efis:

EZouv’A = 1 — 2llouvA M |A+B4T =180°

AZKHZEIZ
Mpion dpada

26. Na yivouv ywépeva ol rrachrrdo'a;:

ks nuda + nua, 2. nu7a — nuSa,

3. ouwvSa — auva, 4, ouv3a — ouvSa.

27. N& dmobeayBei 1 dAnbeaia Tov looThTov:

3a - ouvSa u2a + nuda a
[, " SRas oo etn Fon e TEeOS NHIAE — enS
nuda — nu3a Y ow2a — ouv3a % 2
2. ouwv2a - guvda =43, 2 ouvda — ouva =ip E‘i_
nuda — nu2a nua — nuda 2
28. N& yivouv ywéusva mapaydévrwy ol TapacTéoes:
. nua—nu2a + nuia, 4. ow3a + owSa + guwia + ouvlSa,
2. nuda + nula + nulOe, 5. nuTa— nuSa — nu3a + nua,
3. owTa-owSa + ow3a—ouva, 6. cuva + 2o0w2a + guv3a.
29. N& &modeixBel 1) dAffaia T&v looThTewv:
1; nu2a + auda — nua’ _ ep2a
ow2a + owba + cuva ¢
2. nua + nuda + nuSa 4 nula v
ouva + oguwv3a + ouvsa + owla
3 ouvla + ouwv3a — ouvSa — guva = 092

nu7a — nu3a — nuSa + nua
4. nuA — nuB o A—B‘

owA + owB 2
TéTe Bév Exouv Evwoia T& péAn Téw Tapamwdvw leoThTwy;

X Acgitepn dpada
30. N& yivouv ywépeva ol mapacréoes:
@+ Pty + nu@—B—y) + nu(a + P—y) + nu(a—p + y),
ow(P + y—a)—ouw(y + a—p) + ouw(a + B —y) —ouv(a + B+ v).
nu2a + Mu2pB + nu2y —nu2(a + B + y),
nua + nup — nula + p) = 4nu % nu % nu
W\;’B + ouvi26 + ouv?36 + ouvidd — 2.

a+ B
5

Vs WA e
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e 25. Meraoynpatopis yiwvopivov of abpoiopara i Siapopic.
'ATéd Tis yvwoTés TouTSTNTES:

nuA ouvB + nuB cuwA = nr(A + B),
kad nuA ouvB — nuB owA = nu(A —B),

ué mwpéobeon kai deaipeon kard péAn Pplokoupe, dvTioTolyws:

2npA ovvB = nu(A + B) + nu(A —B)

Kai 2nuB ouvA = np(A + B) — nu(A —B)

*Emions &mwd Tis yvwoTés TauTdTnTES:
: ouwvA owB — nuA nuB = ow(A + B),
kai owA ouvB + nuA nuB = ouwv(A —B),
pé mpdobeon kal dpaipeon xatd péAn Ppiokoupe, dvTioTolyws:

2ouvA ouvB = ouv(A + B) + cuv(A — B)

Kadi 2npA nuB = ovv(A — B) —ouvv(A + B)

E®APMOTEZ
a) Nd ardomoumbei 16 xAdoua:

np8a ovva — npéa cvvia

g ovv2acuvva — np3a npda

Abon. "Exouvue SiaBoyika:

P 2nuBa owa —2nubaowda  (nu9a+nu7a) — (nuda +nuda)
T 2ow2aouwva—2nuda npda  (ow3a + owa) — (ouva — owTa)

_ _mula—nu3a 2nu2aouwba B
~ ow3a + owTa “2crw5(::::11.r'w2-:1:_,‘P !

&v o # @2k +1) % xad & # (2k, + 1)1;_, k, k, €z. Mori;

B N &maaxa;a Fre:

P hm)vhtmv“ Sn 6n Tn 1
15 T Wb AT Al T P T il T Y T I
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(55)

(56)

(57)



*Anodeitn. Améd Té6 yvwoTo TUTO!:

- - _ __ mu2x
Nu2x = 2nuX ouvx, EXOUME: OUVX = X
kal Emropévas:
L AR G AR RS T
A:nu 5 ™ 15 M- MWy Moy Moy W g g

™ 3 4 5t 6m i =~ 27
b5 2"“? 2’“‘ 15 2“” Tl Ll

g 141 3m 12m 10m a0 51
yrort D oMM 15 =N, M5 =N MW 5 =Nl g

*ly) Nd amoderybei 1 divfea tijs iodtnrag :

o o o 3
A = p20° qpd0°. np60° . nu80 =36 (@)
"AnédeiEn. ‘H lodtnTa (1) ypbgeTan:
2-2np20° nud0° - 20uv30° owv10° = % = ()]

*Av &vopdooupe B 16 mpdTo pedos Tiis (2), B& Exouvue:
B = 2(owv20° — ouv60°) (ouv20°® + ouvd(®) =
= 2(ow?20° — ouv20° ouv60® + ouv20° ouvd0” — ouvd0® ow60°) =
= 20uv?20° — 20uv20° ouV60° + 20uv20° cwvd0® — 20uv40° ouve0® =
= 1 +ouw40° — (ow80° +auwd0®) + (ouv60° +ow20°) — (ouv100° +ow20°) =
= 1—(ouvB0° + ouwv100°) + ouwb0® =

o 5 S i

= 1— 20uw90° owl0 +—2—.41_0+ 5= g
{ & A B
kal &pa =

X @ 26. Nd peracynpariobei of ywipevo vé dgowapa tdv furdvor v T4-
Eww, mod dmotedodv dolbunTixy) mododo.

Aben. “Ag UmroBéooupe STi B8houpe v Ppolpe 16 &Bpoioua:
S = nua + nu(a + @) + nu(a + 2w) + ... +aufat@—Dw] (1)

*Av oAamAacidooupe kai T& BUo péAn Tiis (1) pé 2np , Eyoupe:

WCO
2
2w -5 = 2npanu—g—+ 2nu(ex + @i+ et Do L
7 : S @ @
ANAG: Znuanu 3 —cw(c: 2 ) o-uv(cx + ) ).
211“(0' + w)nu zi = guwv ((! +—2cn—)—o'uv(q +‘3Tm)'
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- 2v—1
2nu[a+(u—1)m]nu 27=Wv[a+2v_23_m ]—o'w[u+ V2 co]

MpooBéTovtas kard péAn Tis iodTnTes alTés ExOUuE:
25nu —c2°~=crw(cx— c;—)— cruv[ot f- 2v; : w ]= 2nu [a-+v——2l—-m ]nuv;).

&m’ &mou, TeAikd, Ppioxoupe:

v—1 Vo
'llll[ll 2 2 @ 'll'f—2
S =— (58)
Y
ne 2

Mé¢ duéroyo TpoTo Epyalopevor Bpiokoupe 611 T6 &fpoiopa:
S = owa + ow(a & w) + ow(a + 2w) + ... + owla + (v— 1)w]

v—1 Ve
cmv[a+ 2 m]qp 2

elvan: S =
®
ne 2

(59)

Té édmotéAeopa alrd Pyaiver &mwd Tév TUTTO (58), &v &VTIKATAOTTCOUME

L ey
TO o pf - —a kol TO @ pPé —w.

2
*Av w = q, ol TUmor (58) kai (59) yivovTeu:

v+1) va
: ] ne 2 a "lll—z—
S, = nua+nu2e+npda+t...+ap(ve) = & (60)
"
(v+1) va
oV —a- N,
kal  S,=ovva+ovv2a+ovvdat ... +ovv(va)=" —%q (61)
e
"Av Suws Péhoupe w = 20, EXoupe Tous TUTTOUS:
S; = nua+np3a+npSe+ ... +p2v—Da = "_':;(';%“l (62)
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Kol S,;=ovva+ovvda+ovvSa+ ... +oov(2Zv— Ih—% (63)
* Hapadervypa. Nd dnodeyfei 7 ddrbea s lodrnrac:
n 3n 15r 1
S—tmvﬁ+m)v”+ +WVT=‘—2—.
" T 31 157
AnodaiEn. T 16€a 7 17 17 &mroTeAoUV &pifunTikn Tpdodo ué

Adyo 217 Té mAfifos TéV Spwv Tns TpokUTTTel &Td TOV TUTTO:

T=a+ vV—-1w = \J:T;‘I 4+ 1=8,

Mé 1A porifeia Twpa Tou TUTOU (59), Pplokoupe:
8 8t

T +8—l ) 2w 8m ™
. "”"(Tf T W)““"ﬁ' o
nH 17 N ﬁ
G B o e il
BT 17 i 1
— pes E— == — 2—-'
20 17 Ci ‘
T 16m

161 i1 &
il - n S S, SpeUntra o Sy teeie

Mé dud]\oyo TpoTo Ppiokoupe OTI:
S— e 3 5t 21w 1
=0ouv - 23 t:uv-23 +cw2—3+...+wvf_T.

X e 27. Nd dnoloyialei td dbpotopa :
Sa = nple + qp¥a + ©) + p¥a 4 20) + ...

Aben. "Av oT1] yvwoTn pas TouToTNTa
nula = % (1 — ow2a)

+ e + (v— Dol

dvTikaTaoTiooups T a pé TO & + w, B& Exoupe Biadoyikd

nuia =- : (1 —ow2a),

2
nu2(a +m)=—;— 1 —ow2(a + w)|,

WnpiomonOnke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkrg
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nu(a + 2w) =-—l—[l — ow2(a+2w) ],

nu”[ a+ (v—1Dw ] = —;— [ 1 —ow2[a+(v—1)w] ]
kal pé mwpdobeon kaTd péAn:
Se= —; ——;[crw2u+cw2(a+w)+cmv2(a+2m)+. a5 +wv2[ u—i—(v—l)co] =

v ow[2a + (v — Dwnu(ve)
2 2npw

"Qoe :
Sa = np’a + np¥@ + 0) + e + 20) +...+ e + (v— Do) =

v__ ovv2a + (v—Delnp(ve)

= 2npo (64)
"Av oTév TUTro (64) Pdhoune w = «a, Exoupe:
S, = nulfa+qp2a+np23a+t ... +npi(ve) = _;_ a— %}:Jm@a) (65)

Kai &v Pdroupe w = 2a, Pplokoupe &Ti:
oy = o ¥ ouv2(va)np2(va)
S. = np’a+npSBa+npSe4+npi2v— e = 2 S~ aan (66)

Mé Tév 810 TpdTo EpyalbuacTe kai Stov dvti yi&k fpiTovo Exoupe ouv-
nuiTovo.

AZKHZEIZ
Mpérrn dpdda
31. N& peraoynuatiofouv ot &bpoioua fi Siagopd ol TapaoTéoes:
1. 2np2aouve, 4. 2npanula,
2. 2npaouvda, 5. 2owbaowTa,
3. 2nudaouvBa, 6. 2nu3anuba.
32. N& Ppefel f) &piBunTikn) Tipf TGV TapaoTéoewy:
1. 20uv60° nu30°, 1 20uv150° ouv30°,
2. nud5° ouw75°, 4. 2nu36° ouv54°,
33. N& &moberyBel &mi:
1. ow2aouva —nuda nua = ouv3a ouvla,
2. ouvSa ouv2a — ouvda ouvda = —nu2a nua,
3.  nudaouwva—nudaounva = nHa owv2a.
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34. N& d&moberyfel dmi:
ou(36° — a) ow(36° + a) + ouv(54° + o) ouv(54° — o) = ow?2a,
guvanu(B — y) + ouvB nu(y — ) + owy nu(@—p) =0,
nuanu( —y) + nup nu(y —a) + nuy nu(e—p) =0,
nua nu2a + nula nuéa + nuda nulda

nua ouv2a + nula ouvba + nuda ouvl3a

Acghtepn Opada
35. N& &moberyel omi:

1. ouv20° ouvd0® ouv60® ouv80® =

B W N e

= e@9a.

£l

16’
2. eg20° epd0° ep60° epB0° = 3,
2 41 61 1
3. £ i M=,
ouv 7 -+ ouv 7 + ouv B 3
4. T AL, U,
nd w5 e e €t ™= 3

36. N& Umohoyiofolv T& dxdhouba ddpoiouata, mou 16 xabéva Tous Exet v Tpoode-

TéoUs: 2
1. nu2a+ npda + nuéa + ...
2. ow2a + ouvda + ouvba + ...
3. nua — nu2a + nuda—. ..

4. ouwa—owla + owda—.7.

37. N& &mobayfel dmi:

™ 3 5t 17w _ 1

L jy S re ok (8 g e O S QR g =
2 4 6T : 20m _ 1

2 Ok DRy T O g e SRS

3 nul+ﬂuzl+nu3—fr-+...=cq:l,b1rou 6 TAfifos TGV Spwv
9 v v 2v

elvan v — 1.

4. cuv1+aw3l'_+awsir-+...=—wv%, &mou TO TAfifos TV

v v v

Spwv elvan 2v — 1.
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¥ KEO®PAAAIO 111

TAYTOTHTEZ YIIO ZYNOHKEZ

® 28. Towywvouergueés ayfoes avdpeoa ati yawies &vis torydwov ABT.
3¢ k&be Tpiywvo ABT elvan:
2 A B r ™
A+B+F—TTKG[ apa *27 +T +T —‘-—2-—
"Apa 8& £xoupe Tis dkdhoubes oytoes:

A + B) =nul nu(B + I =nuA nu(C + A) =nuB
AvB_ T Bl _ oA r+A_ B
Y=g =g | IR =, AT iy

.

ouw(A + B) =—owrl ow(B + N =—owA ow(l" + A) =ouwB

A+B_ F | B+T__ A [ T+A__ B
MR TR v 2. W3 a2 e

Mé ) Ponfaia TV TauToTATLY aTéV kel pé TH Yprion TEY Tpiywvo
HETPIKEY PETOOXNUOTIOUEY &modeikviovtan Sidgopes Xpfioipes Tpiywvouetpi-
Kés oytoels Gvapega oTis yowvies A, B, I' To0 Tprydwvou ABI kol oTd piod alrésv
TV ywwiddv. Of kupidTepes elvén oi &xdAoubes:

® 29. X¥¢ xdafle Tolywvo ABI" vd dmodeiyfei fru :

NuA + nuB 4 qpull =4cmv%cuv2£cuv2L
"Andédeifn. “"Exouvpe Siadoyikd :
A+B A—B r
nuA + nuB + null =2nu _21- ouv 5 + 2nu2— cuu?r- =
r A—B r [ r A—B r
= 2cuv2— L S 2nuT oW 5= 2cw—2—-[cw Tt =
r A—B A4-B] r A B
= 20w 5—[ow —5— + ow 3 ]_Zcmu 5 20w 5 oW =
A B r : )
= 4ovv!2— oW-5— oW Apa :
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A B r
A+B+T'=n = qu+an+on=4cva¢ov—2va 6N

‘0O TiTros (67) Ppénke kad oThv Tapdypago (y) oeAiba 37 pé &AAo Tpdo.
Mapatipnon. “Av a + B+ v = 2vr, ué vEZ*, vdre :

a
npa + npp + npy = (—D""-‘mtTthp %

*Andderln. 'Amo T oyton:

u+p+y=2m=_721.=m_“;fﬁ mla-zlrﬁ - 72
"ANAG: nua +Tl|-lﬂ=2nu u;gmi—ép _2nu(m ; )O'UV a;a 1)
@ e fefemfe(nit) o

Eweidny & v prropel vé& elvan &pTios f) mepiTTds, B& Exoupe:
= . Wiy ORI el
nu(\m 2—)-— + nu 2 Kai cw(v*rr 2 )—icw 5
“Apa of OAes Tis TepiTTdors 84 elvan:
nu w—X )= (=) 'nu Y vof owf ve—21F +.p =—(—1)"ow
2 2 2
"Apa ol lodtnTes (1) xai (2) yivovrou:

nua + nuﬁ:(—-l)"'Znu%ow cx2— P kal nuy = (—1)"- 1{—2n|.1 2 Y onZ TF ﬂ]

a+p
20

kai pé wpoodeon auTdv TGV looTTwy KaTd péAn Ppiokoupe:
=P g ; ﬂ] &

nua + nup + nuy = (=1)"* . 2nu-—7 2[0W

= (=) Znu— Znu—nui-(—l)' Lodne o nug nu%-

"Qoe :

a
|e+B+y=2vr = npa + npup + npy =(—1)""4nuTnu%nu—§~ (67a)

*Av Spws elvan:

|i+ﬂ+7=(2v—1)1: = npa+npﬂ+np7=(—l)‘.4cov;~cw~g—wv% (678)
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‘H &médeifn Tou TUmou (67P) yivetan pé Tov 8o TpdTro TOU Eywve kad 1
&mddeifn Tou TUTTOU (670).

® 30. X¢ xabe toiywvo ABI vd dmodeiyfei dre :

ouvA + ouvB 4+ ouvll =1 + dqp % 'lll% ﬂﬂ%-

*Arnodertn. "Exouvpe BiaBoyikd :

owA + owB + MF:ZM%%-&- 1 —2np ; =

r A—B A7 F[ A—B A

r A—B A+B r A B
=1+42nu - 5 auv—i——crw-;—]=1 +2nu7-2nu7nu7 =

A B r
=1+4dnu 5 w5 U

"Apa 8& foyUer ) buverraywy:

A+B+TI'=n = uva+cuvB+va=l+4nu%lm%np% (68)

‘O TUTros (68) Ppébnke kai pé &GAAo Tpdo oThv Tapdypago (8) oeAlida 38.
Mapatipnen. “Av ainfevec 5 lodryra :

ouvva + ouvvp + ovvy =1 + dnp A;_ _g_ llll;—

va Poeive midg ovwdéovrar oi ywvies a, f xal y.
Aven. ‘H Bedopévn iootnTa ypheetan s £Efjs:

Bt nBoy il Pty
1—2nu2—+20’w oW — 1+2nu7[ch— —2]—

2
UMYl WL ] § ﬂ+¥ « Pty
nuz[nu2+mr- ] [nu2+m~ 7 ]-»

{"1“ ;""WEZ—Z] [nu7+mﬂ]_ ‘

‘H loétnTa ol EmonBedeTon:

5. T _Bty
« B4y T Py Rt T M
io Ménuz—ow——z— nu 5 9 )=
5=y + D7+ IBJ”’(z)
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B—y
- _2k27r— + €)]
20 : Mé nu2 —cruvﬁ; *nu(ﬁ; 5 ):‘ ? - 2
= L s
=@k +Dm 75— (@)

Ao Tis (1), (2), (3), (4) Pploxoupe elkoAa Tis oxtoers:

atPpty=@r+Dn

; émou k, ky, ky, ky, AEZ.
atpPty=@dr—1Dr

*Av Suws elvan:

a+B+y=2vr = | ovva+ouvp+ouvy=—I1+(—1)".40uv truvfg S ; (68)

‘H &mdBeifn yiveton dmes xad oAy Tapdypago (29).
“Av, Téhos, elvaa:

a+B+y=Q2v+Dn = | ouva+ovvp+ouvy = I+(—1)”-41||at':2l np g np ; (68B)

® 31. X¢ xafe pij dpfloyavio tolywvo ABI ioyie 7 iodtyra ;
EQA + e¢B + £¢l’ = £9A £¢B goT .

"Anédeign. "Exoupe: A + B + M=, dmdTe:
A+B=m—T xai ep(A + B) =ep(r— ) = —egl" =
£9A + 9B ey By
Gl €l <> epA +-e¢B + egl = epAcpBegl.

"Qore, pé A;e;_’ B Bi-g- AT ; kel A + B+ =, foyve:

£QA + £9B + £9I’ = £9A £¢B eI’ (69) -

"Avniotpéas 1 “Av Tpels yowvies A, B, I S;GCPOPETlKéS amrd 1o ;, ikavo-
ToloUV 'rr']v. ioéTnTa (69), TéTE B4 €Elvan:
€pA + 9B = £9A epB el" — epl" = —egl(1 — epA epB) <=

epA + epB B
1 —cpAce £<|>B —epl =ep(m—T) < ep(A + B)= ep(r—T) =

A+B=vitr+71—-T <« A+B+T'=(wv+Ir , vez
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® 32. X¥ xdOe volywvo ABI loybe 7 lodryra:
oQA 09B + o9B oo’ + o9l oA = 1.
"Anéderln. 'Amd T oxton A + B + =1 E&xoupe:
A+B=7m—T = o9p(A + B)=c¢(mr—IN) = —ogll =
opAcpB—1
ogA + ogpB

[ 0pAcgB+09Bogl +ogTogA = 1 |

=—o¢l. ’Amd E8& mpokimTel 611 :

(70)

"Avniotpépag.  “Av Tpels yowvies A, B, I ikavorroiolv Thv lodtnTa (70),

TéTe B4 Eyoupe:
o@A 0gB — 1 = —o¢l(opA + o9B) <«
o9A apB—1 i i
= =—0¢l <> op(A + B)=—0¢l =op(m—T) =
A+B=vr+ (w-T), pé vezZ. "Apa: A+B4+I'=(v+1I)n

® 33."Av ol ywvieg &vds rorydwvov ABIT émotedotv dofuntier) mododo xai

avyyedvaws loyder 1j ladrnra:
A + nu’B + qp'T = 2,

O]

vd dmodeiyfei Ste oi nlevpés adroi Tod Touydvov elvar dvdioyes pé Tovs doibuodc

2, V3 xai 1.
"Axdderin. ‘H BeSoptvn oxton (1) ypdgeran:

l-ow!A+1l-owB+1-onwl=2 «
ouw?A 4 ou’B + ow =1
'Agou elvon A 4+ B + M=, kot 1év 1Mo (13), 8& Exoupe:
ouw?A + ouv®B + ouw?l + 2o0uwA cuwBowl =1
'Amd Tis (2) xal (3) pplokoupe TH oxton:

ouwA =0 =>A_-1I-
4 2"
owAowBowl=0 = | 4 crwB_0=-B._%
f cuvr—0=>r-—g
"As Utrobéooupe dTi:
Ao 5 ST B+I'.—2
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"Eme1d) &mwd v Umdbeon of ywvies A, B, I' &roteholv &pifiunTixi mpdodo,
0& loyler 1y oyxéon:

28=F+A=r+—g aZB——F:l; (5)

'Améd Tis oyéoes (4) kai (5) Ppioxoupe:
B+T=2B—T « B=2I kol | (4) yivetau:

E1s T T T
20 +- r—fz—— @ 3= - r=? kol &pa B=—3--.
- : B i e I
Qote elvan : A_2,B—3,F 6

"Av a, B, v elvan, dvTioTofxews, f) UoTeivouoa kai of kéBeTes TAeupts ToU
Tprywvou ABI, Téte, Emadn:

= — =

= e B Py 2 & 3¢
I"_6==-y_2 kai Gpa Pi=o?—yi=« 4 3

_GV-:T: <] 5 ] Py LI
e V3 2 e ‘B e N

AZKHZEIZ
Ipén dpada

38. 2t kdbe Tpiywvo ABI v& dmrobeixfouv ol fodTnTes:

1. quA+nuB—nuF=4quinu£ ouv _r_,

2 2 2
2. wvA+va—va"=——l-ﬁ-'4wv% cruv%nu %,
3. nu2A + nu2B f np2l = 4npA nuB nul,
4. ouw2A + ouv2B + ouw2l = —1 — 4ouvA guvB owl,
5.  e@2A + 2e92B + e@2l = e2A ep2B eq2rl,
A B B IF r A

3 bl Ees S . = 1.

B Mo M5 tw W e

39, 3¢ xdbfe Tplywvo ABI loylouv ol lodrnTes:

1. n?A 4 nu?B + nul =2 + 20uvA ouvB owrl,

2. nuA + nu?B — nul = 2npA nuB owrl,

3. ouw?A 4 ouv!B—ow?l =1—2nuAnuBowl,

4. nuB+T—A)+ nu(M+ A—B) + nu(A + B—T) =4npA nuB nul.
40. ¢ xdfe Tpiywvo ABIM va dmrodeiyfel &1t

1. nudA + nudB + npdl = —4nu2A nu2B nu2l,

2. ouvdA + ouvdB + ouvdl = —1 + 4ouv2A ou2B ouv2l,
A B I A B r
3. g N Uikl 2 =] —=Tnu Y 2 ,
nu2+nu2+ﬂu21nu2nu2nu2

nu2A + nu2B + nu2l 8 A B I3
bl i SO ol S R o ol i
neA + nuB + nulC u 2 4 2 it 2
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A B I
epA + epB + eql fE‘P_2€vT ® 3

(MuA + nuB + nuln)? 2ouvA ouvB owl

41. "Av A 4 B + ' =180°, v& yivouv ywéueva ol mapasTdoes:
1. nu3A + nu3B + nu3rl,
2.  nu6A 4 nuéB + nueér,
3.  ep(kA) + eqp(kB) + ep(kl), &v k e N.

42. 3¢ xdBe Tpiywvo ABI v& &mobeyfel fi dAfbeaa kabeubs &mwod Tis wapoxdTw lod-
TNTES:

A B r T—A m—B w—r
1 = e =1+ 4nqu— " nu — — T
ﬂu2+nu2+nu2 +nu4ﬂu4nu4
2 WV%+crw%+cruv,,l;7=4va:rwvr_':_Awuﬁ::B,
3. nu? ‘: + nu? _Eﬁ + nu? ,I;, =3 — 2ouv :'T,; A ouv “’;E ouv 11_; r.
A B r 3 T—A w—B w—T
2 i il 2 = = A b i
4. ouv 5 aw‘;-r-cn.m4 2+2crw 4 o= — O
2 Acgirepn épada
43. Z¢ xdBe 1plywvo ABI v &mobeiyel dTi:
1.  ZnuA ouvB ouwl = nuA nuB nul,
2. ZouvA nuB null = 1 4 ouvA ouvB ouvl,
3. ZEInuAow(B—T)=4nuAnuBnul,
4. ZowAouw(B-T) =1+ 4ouwA ouvB owrl,
5. ZEInu*Anu(B-—-N)=0,
6. EnuwAouw(B—TI)—3nuAnuBnul=0,
7. ZInu3Aow(B-I)=0,
8. Znu3Anu¥(B-I)=0.
44. Z¢ xéBe xupTéd TeTpamAeupo ABIA vé dmobeyfel STi:
1. nuA + neB + nul’ + nud = 4nu !\—’2'" 5 ne B nu L;ZA.
2. mA+wuB+wvr+o’uvﬂ=4wvA;Bwv?_;_rwvr"z"\.
45. "Av ot x&moto Tplywvo ABI &AnBeler kaBemid &moé Tis fodTnTes:
B nuA + nul nuB + nul
1. = AN o B i 1L Sy ety
S 2 nuB n# ouvB + ouwvl
> 3. nul = ouwA + ouvB,
vé &mobeiyBel 611 T Tplywvo auTd elven dpBoywvio kal dvTioTpdews.
46. “Av of k&moio Tplywvo ABI loxter kabemic &mwo Tis fodTnTes:
1. Zeq)_%_+cq3%etp%5q:%=2, 2. ZowtA=1,
3.  nNu2A + nu2l = nu2B, 4, InudA =0,

v& &moderyfel 811 Té Tplywvo alTd elvan dpBoywvio kal &vTioTpdguws.
47. “Av of Tplywvo ABI loyle 1 loétnTa
nu3A + nu3B + nu3r =0,
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v& &mobeyfei &1 uwia ywvia ToU Tprydvou elven 60°.
B B

48 "Av nu '; ouv? i =nu 5 ouv? .;_, TéTe T6 Tplywvo alTd elvan loooxehés.

'Emions, &v ouv? J;: nuB nurl.

49. "Av ouv3A + ouwv3B 4 ow3l = 1, Té1e pla ywvia Tou Tprydvou ABI elvan 120°.
50. It xdbe Tpiywvo ABI va dmobeiyfel omi:

1+ Inurva = (o9A + o¢B + ogl)*.

nuA nuB
51. "Av X + y + @ =Xyw, v& &mwobeiyBel dmi:
T - S TS
1 —x? 1—x? 1—y* 1—wt
9 3x—x* _ 3x—x? 3y—y* 3Bw-—-ow?

J=3x  1-3x? " 1-3yt ' T-3w*
3. Zx(1 —y?») (1 — w?) = 4xyw.
52. "Av A + B+ = 180° xal veZ, v& &modeixfel di:
nu(2vA) + Mu(2vB) + nu(2vl) = 4(=1) v—'nu(vA) nu(vB) nu(vl).
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KE®AAAIO IV

ZXEZEIZ ANAMEZA ILTA KYPIA EITOIXEIA TPITQNOY

® 34. TYITOI TOY MOLLWEIDE. 5¢ ndfe toiywvo ABI loydovy oi dxd-

Aovles oyéoeic:

B—vy A BT "By AL BT
g T W e T S
p—vy A B-T

"Améderin. “Av B > y, 8& Exouue Siadoyika:

ﬂ‘_ Ym__A = ___f2HnuB —2Rnurcuv 2% = __—nuB—nur auv—A

L 2 | 2RnuA 2 T muA 2
2 —B_rva—+r Bl VB+I’
N nu ] 2 e A iy T'IU—Z -gyu 5 y 'B-—l‘ (1)
B 2 oL oy A o A s
it 2 ) H 2
Ei_l _A, _ 2RnuB + ZRT]IJ{_' A nuB + mul A
a i 23 5 2RnuA A 2 nuA MM 2
2 —-B+rcrw5~_—r 8T BT
I3 iy 2 5 A nu 2 wv—z - ot
A A UL =T A =ow 5 2
2nu—2—-0'wA2 ow _
Mé Bicipeon Tdpa kaTd piAn TV (1) xai (2), Ppioxoupe :
p—y _ A B-T 3

Pry P2 T% 4

xad pé kukAixf) vaddayn) Tév a, B, y, (o > P > y) xai A, B, I' Bpioxoupe Tous
TUtrous Tou Mollweide.

(71)

a—p I A—B B+y A__B-—T
g g W ol F A e
B—y A B—T t+e B T—A (72)
I Thak, o i T p W3z T
a—y B _ AT a+p r A—B
s A o I T
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u—]!u L—e A—B B—yo A-a B—T
atp T2 "™ 3 FFrr™1 "™
1—avA_SF—A
y+a"2—° 2

(73)

e 35. [IPOBAHMA. ’And tis nlevoés évdg rorydwov ABI vd dmoloyialoty

ol TorywvoueTpixol doifpol TdY wody yovidy tov.

Adon. “As UmoBéogoupe 6T a, B, ¥ elven of TrAeupés ToU Tprywvou ABI xai

21 1) TeplueTpds Tou. ToTe B Exoupe:

P+y—a=21—2a=2(t—a),
Y +a—Pp=21-2B=2(1—p),
a+Pp—y=21—2y=2(r—v).

*Atrd T vduo TGV ouvnuITévwy EYouue TOV TUTTO:

a+pP+y=2tr =

2 2 2
«*=P? + y?— 2Py oWA < owA= Ug’py“ )
Elven &pes kai
A A
ZO'UV”T =1+owA (2) kal  2nu? = — 1 —ouwA 3)
‘Emropéveos pé TH Pofifeia Tév (1) kai (2) 8& Exoupe:
A ﬁ2+y2_uﬁ 52 +Y2+2ﬁy_u2
2 — = — =
2guv 5 =1+4+owA=1 + 2By By
_ @)=t _ Bty + )P +y—) 2721 —a) _21(+—a)
2Py 2Py 2Py By
’Emreidny  Suws 2 2 ;Tfa-cuv A— > 0 xaf 8& Exoupe:

o V-r(-r—cx)

=V(T——3)(T‘*Y)

By

(75)

Mé &poio TpdTre &mrd Tis (1) kai (3) Ppiokoupe: nu —;—
Téhos, pé kurkhixny vadAoyn Tév «, B, ¥ kai A, B, I' Ppiokoupe:
aguv L =Vt(t_u) ne - V(t-—p) (“—7)
: Br
Ese r’(r—m v i et TR ST
2 ya
<A r(r—n v (r—n)(t—li)
5 T o V
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Aicapovrag Emarta katd péAn, dvtioTolyws, Tous TUTTous (75) ué ToUs TU-
mous (74) Ppiokoupe Tols TUTTOUS:

A \/(r—ﬁ)(t—v) A _ t—a)
73 T tHr—a) 2 T—Pp(—y)

B R B e, B AT e
(76) =2 = 1= —a) L (zt—B) M
3 w—Ph) | Wig C—NG—0)
T _\/G—oG—H L Al
3 V w— 2 Ct—D)G—P

* Awpedvon: N va Umdpyouv ol );mviss A, B, T, wpémer:
(=B (r=)
T(T—0a)
Né v& elvan Spos (T—a) (T—B) (T —y) >0, mpémar fi BAor of Tapk-
yovTes v& elvan feTixol fi Edas BeTikds xad of &Ahor BUo &pvnTikol. *Av BUo Tapd-
yovtes elvar &pvnTikof, .. ol
T—-p <0
T—y <0
Apa: T—a>0eT>aw2r>2aw2a <21 a <P +y. ‘Opolws (1)
T-P>0«P<y+a (2 kd T—y>0=y<a+p @3
"Amé Tis oyxéoas (2) kai (3) Ppioxoupe:
=& < ¥=p
Y—P <«
Mt Suoio TpéTo Pploxouns:  |je—y | <P<a+y xoi |a—B| <y<a+P
"Av Suws a elvea f) peyahUTepn TAeupd, TOTe dpxel @ < B + .
Mapatipnen. "Av épyaorolpe pé Tév idio Tpédmo oTous TUTous (74) ) (75),

>0fi (r=a)(r—P)(r—Yy) >0, égol T >0

} = 21-P—y <0 <= a <0, wp&yuax mov elven &ToTo.

} = —a<y—-p<a< [y—PB| <a<Pty

0& Exoupe:
0< (BY b & Sl R RO T(";;“) kad T(;Y_“) <1
fi (r—a)> 0 kal T(T—a) <Py,
i TR » B+y+)@+y—a) <4y,
fi T>a » B—y)r—at <0,
i a<p+y » B-y+a)PB-vy—-x)<0 @

Té mpddTo péhos Tiis (4) elvan BeurtepoPdbuio TpicHwupo s mpds P. M
va elvan 16 Tpicovupo aiTd dpunTikd, BnAadt) vé Exer onueio &vtifeto &md T
onuelo ToU ouvTeheoTol ToU B2, mrpémer kal &pkel & P vé PplokeTon dvéueoa otis
plles ToU Tprwvipou. AnAadt) mpémer: -
Y—a<P<y-+q &n'dmov: y<a+Pp ko Pp<a-+ty.
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‘Emropévars 8& Eyoupe:

a<P+7, |p—y| <a<B+Y
p<y+a { = |y—a|l <P<y +g
Yy <a+p |la—B| <y <a +B.

@ 36. 'Eppadé tpryvev. *As Umobéooupe 8T a, B, v elven ol mAeupés Tou
tprywvou ABI xal E 16 &uPadd Tou. Oépvoupe
& Oyn Tou AA kai BZ.

*Amé 16 oxfina 5 Exoupe:
AA = Bnul, AA =ynuB kai BZ = ynuA.
Té tupabd ToU Tprydvou ABT elvou:

1 1 1
= B-BZ =70AA=2— By nuA

m{.—

1
ap nul’ = - ay nuB.

1 1 1
"Qoe : E= —5 BynpA = i nuB = 5 ap nul’ (78)

Oi oytoes (78) Selxvouv démi: T¢ spﬂaﬁn xdfe torydwov elvar loo pé 0
uad Tod ywo,uévov dbo mAevedv Tov éni T fuitove Tig ywviag, 1) dmoia megiéye-
rar o adtéc Tic mhevpés.

Tuvinawa : Emadh elvan npr=kz’fﬁ, 84 Eyoupe:

_ 1 el Y . apy -

e 37. [IPOBAHMA. *Ané vic mievoés évds torydwov ABI" vd dmodoyrafel
16 édufads Tov.

Abon. “Exoupes Siadoyixkd:

1 1 A__A A A
E=—5- By nuA= 5Py -2nugowy-= Pynugow, =

¥ V@—ﬂ)(wr) VT(T Y T Y e .y Y )

“Qote: E=Vit—a) c—P c—17) (80)

‘O TUTTos aUTds kaAeiTan TUTTOS Tou “Hpwves.
® 38. [TPOBAHMA. *And tic mhevoés évds vorydwov ABI, v dmodoyalel
¥ dxtiva To meptyeypauuérov xbxlov.
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Aben, "ATd ToUs yvwoToUs TUTrous:

Py =4ER vl E=V1(r-x)(T=B) (*—7Y)
ué &rrooigr) ToU E Pplokoupe:

apy
V (z—a) =—B) (=—y)

® 39. ITPOBAHMA. ’And vd rjuivova 1év yowdy &vds tovydwov ABI nai
Ty dxriva R voi megiyeyoauuévov xixdov, vd smoloyiallei 16 uPadd toi Torydwov.
Aben. "Amd Tis yvworés oyboes:
a = 2RnuA, p =2RnuB, y = 2Rnul’
kal Tov TUmo: afy = 4ER, £xouue BiaBoyikd:
E— afy  2RnuA-2RnuB-2Rnulr

@

"Qoe: E = 2 R? npA nuB qpIC (82)

E®APMOTEZ

) Nd dmodoyiofodv oi ywvies B xai I’ évdc torydwov ABI' énd vd yvward
oTotyeia Tov:

A=60° xai a=(p—y) V3,
Aban. "Amé 16 SeUepo TUTro ToU Mollweide Exoupe:

B—TI p—y. A e i 60° 1 .
=t—Laow—=—L_ " g = ——ow30°=
s % 2 (B-yW3 2 V3
1 W3 1
= s T = — = 300.
V3 2 Tk
"Apa & elvan B—;—£=30°==-B—-r=60° m
"Emeibf) Spes: B + M= 180° — A = 180° — 60° = 120° ¢))

&md Tls oxéoes (1) kad (2) mwpokirrrer: B = 90° xai I = 30°.
Zuumrépaopa: Té Tpiywvo ABT Exa: A =60°, B =90°, I = 30°, SnAadh
elvan 6pBoydovio oTHv kopugn B.
B) Zé xdfe rolywvo ABI" dinfeder 4 ayéon:
Bnu2l + y*nu2B = 4E
"Anédergn. "Exoupe SiaBoyikd:
Pnu2l + ynu2B = 2B%nul owl + 2y2nuB owB =
= 2p*null owl + 2y -Pnul owB = 2Bnul" (Bowl + youwB) =
= 2Pnul-a = 2apnul = 4E,
&poU Eépoupe &md Ty TponyoUpevn T&En &1 elvon:
a = Powl + youvB, ynuB = pPnul, anul’ = ynuA.

188

WnpiomoBnke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkrg



¥) “Av of ndevoés a, B,y xai 1 yovia B &vds towpdvov ABIT ixavomowoty trjy
iootnra: :

u+7=lhrv% )

vd PoeBetl 6 eldos Tob ToLydvoL.

Aben. ‘H lodmnTta (1) ypdeeTon:

2RnuA + 2Rnul = 2RnuBog -2- < npA + nulf =nuB og -
—_
2 A+l UA_—E—Z imi _‘?__QG'WA;F_ B 2
oW 5= =2MkH 0w —p g =0ty @
g
“Apa B elvon: %:A—;—F¢B+F=A9‘A=9O°

= —r_AeB-«—A:Fc- r= 90°.

h i

2 2
“Apa 16 Tplywvo ABI 8& elvan dpfoycvio fi oTfiv xopugn A fi oty

kopuen I
Ao T oxton (2) 8& popoUoe vd TpokUyel 8T foyUouv ol oxtoeis:
B PR s %=u+k-360°. kez,

2 2 2
ol &troies Suws &mroppimrovTan, yiari:
7B— < 90° «kal LAZ_—” < 90°. “Apa k=0.

8) X¢ xdbe tolywvo ABI" alnfever 7 oyéon:
A B r
(@+B+7) ('""’7“"?) =209 5.

*Anodeitn. “Exoupe SioBoyikd:
A+ B

2 —

A B
(a+p+7) (E¢T+E¢T)=2R(nuA+nuB+nul') g =
oW oW

r

ouv ——
— A B r 2 . el
=2R WTMTGW—z— A B =8Row? — =
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ouv? 4 ouv £
r 2 r r 20
=8Rm 5. ——=8Rm ow5 . —p— =
TIIJ_2" I 5
r Iy i r r |
=2R-2-2nu TUWT.crcpT_Z-ZBnuF Ofo = 2-;(91])T :
€) "Av ol mhevoés évds towyawov ABI ixavomoioty Ty lodtnra:
; A r B
a+y =2p, tdre cq)7+mp—2-=2o(p7

xal avTioTedpws.
'Anéderln. "ATd T oyton:
A+y=28 < 21—(a+y)=2r—2p < (T—a) + (r—yY)=2(r-p)
Biaipcovtas T& pEAn Tns pé TAV TrapdoTaon

V(T—G)(T—.B) (T'—¥)

T

Ppiokoupe T oyéon: )
T(T—a) Latr s y) ey —'r(‘r—B)
B V(T—a_) G V(T—y)c?—a)
&méd Trv dmoia, pé Péon Tols TUTous (77), Ppioxoupe:

A r B
9+ 5 =20¢T.

‘H dvrioTpogn mpéTaon dmoSeikvieTan ebkola, &epou SAes of TponyoUpeves |
mpddeis elvon dvtioTpemTés.

AZKHZEIZ

Mpirtn opada
53. "Av o' bva Tpiywvo ABF elven = 120° xal 2a = B(J3—1), v& Umohoyiafolv
ol ywvies altou ToU Tpiydvou.
54. "Av o’ fva Tplycwvo ABF elvar 3a = (B + ¥) V3 xai A = 60°, v UmoAoyiafolv of
&AAes ywvies aliToU Tol Tprydvou.
55. "Av o' tva Tplywvo ABT elvar p =2y kal A = 60°, vk UmoAoyiofoliv ol &Aes
ywvies alTou ToU Tpiydvou.
56. "Av o’ tva Tplywvo ABP evan B=a( 13— 1) xal I = 30°, v& Umohoyiolodv ol
&hAes ywvies alToU ToU Tprydovou.
57. "Av o’ Eva Tpiywvo ABT elvan a = 2, Y= ]'f, B = 15° v& UmoloyioBolv ol &Aes
ywvies altol ToU Tprydvou.
58. Zt kdle Tplywvo ABI loyiouv ol &xéAoubes lodTnTes:
1. a(Bowl — youvB) = p? — y2,
2. a(ouwwB + owl) = 2(B + y) nu’%.
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B A
3. ﬂ+'y—c Uwﬁ-}—c'Q). = 2a00

4. P oo+ P ot P aor=o.

of p? Y
.M Acgitepn dpada
59. Tt xéfe Tpiywvo ABI loxUouv ol lodTnTes:

1. ewB-N)_paud—4) _ ynu(h—E8)

pz—y? y:—a? of — p?, *
2. I@-voes =0, 3. I@-y)ovA=0,
A+ B B
4. % - = =0, T I ;
@+ Bets 5.3 £ =209
6. Zaww\:E, T IM: 1_,
R af 4R?
8. o‘Z(u—B)Eq:A;B:O, 9. Zo:nuB_;_l_-cr'rEu?i=0.
60. Tt x&fe Tpiywvo ABI v& &mobeiyBel éTi:
1. o*=p*+ y*—4Eo9A, 2. 2E (o¢B—ogA) =a?—p?,
3. a?+pt4+y*=4EIogA, 4. 1~£spisq)!izl.
2 2 T
61. “Av ot Tplywvo ABI loylouv ol oxtoes:
1. a=2pnu %, 2. nuA=2nuBowl,
. r B
3. a=2BowT, 4. (1—P)o9 7 =T 5
5. 2uq=umpi. 6. 4E:aza¢f‘..
2 2
2 “’+ﬂi"i=c¢f;— +3£q:.2_.8. atg A+ Beg Pp=(a+ ﬁ)apA;LB

2E
v& &mwobeyfel 31 16 Tplywvo aUTé elvan Igookehts.
62. "Av of Tpiywvo ABI elvan:
nul (ouvA + 2ouvl) = nuB (owvA + 20uvB),
vé &mobeiyfei &1 Té Tplywvo aliTéd elven loookehés f dpBoywvio.

63. T tva Tpiywvo ABI elvan: (1 —ogl) [l + o¢(45° — B)] = 2. N& &moberyfei én
abtd elvan dpboywvio.

64. "Av ot Tplycwvo ABI elvan A = 90° xal 4E = a?, 76 Tpiywvo alTé B elvan [dooxehés.

65. "Av o’ iva Tplywvo ABI elvan:

PP+ y*—a?=cf (P + y—o) kal 4nuBnul =3,
16 Tplywvo aUtéd elven fodmheupo.
66. "Av o’ tva Tplywvo ABI elvan A = 120°, v& d&moBeyfel omi:
Y (o —y?) =P (a*—P?).

67. "Av ol Theupts vds Tprydvou &roteholv &pidunTikn Tpoobo, v& &mobaiyfel 6T T&
fuftova T&v ywwidv mou PplokovTan dmévavTi &md Tig TAeupés auTés &moTeAouv &piBun-
TIKf) Tpdobo.

68. "Av o’ fva Tpiywvo ABT elvar of + y? = 2B, v& &mwobeyfel di:

opA + ool =20¢B
xaf &vmioTpdeus.
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69. I’ tva Tpiywvo ABI elvan a + y =2B. N& dmoBeiyfel &Ti:

1. a'wAcq)%+awruv%=2vauq)%,

25 uwv‘g-g-ycuul%: S_B,

2
A 5 B
3. o = il
crrp2+acp2 204;2
A r 1
4. Do = .,
mZEq’ 2 3

loxbouv T& dvtioTpogd Twv;

70. “Av ol mheupés o, B, ¥ Tprydovou ABI &moteholv dpuovikr Tpdobo, vé dmroBeryfel
&1 xal ol &piBuoi

nu? i, nu? 2. nut %
d&moTehouv &puovikr Tpdodo.
71. ¥’ tva Tpiywvo ABF elven a+ y=2P kal A—T =90° N& &mobeiyfel &71:

BB e, £ 9
171 T =1
72, "Av o’ Eva -rply‘mvo ABl elvar ' = 60°, v& &mobeix@ei &1i:
1 1 3

¥y Bty a+B+y

kal &vTioTpdPws.
73. "Av owA = ouva nup, ouvB = ouvP nuy, ouvl = ouvy Nua kel A + B + [ =,
v& &moberylei dT1:
epaepP ey = 1.
74. "Av owA = egP epy, ouvB = egy ega, oul = epaegp kol A+ B+ M=, v&
&moberyfel dTi:
npfa + nup + nuty = 1.
75. 2t xdBe Tplywvo ABI vé& &mobeiyBel 81i:
apA + o¢B + ol > |3.
76. "Av o’ iva Tpiywvo ABIT &Anfeler ) lodTnTa:
Nu 4A + nu4B + nudr =0,
v& dmoberyfel &1 aUTé elven dphoydovio.
77. *Agol &moberxfel §) TautdTnTa:
EPX = opX — 209 2x,
va dmrodeiyfel dkoAoUfws STi:
1 1 X 1 X 1

= X AL X
i 2 i 2 2 & 22 2y ” 2v 2r 2 2% il
drrov 0 <x < %

78. N& &moberxfei &1 Umépyouv 5Uo &pifpol x xal y, Tétolor doTe:
a"reuc:xxaq:% + Yoo a,
bmotoBrimoTe kal &v elvan Té a. *AxoloUBs Beifte &Ti:

Sv = oTepn & + oTep 2a + orepda + ... + oTep 2% :crq:§—erp addl &
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KE®AAAIO V

TPITQNOMETPIKOI IIINAKEZ

e 40. ‘Avayxn t@v tpiyevopeTpikdyv mvakov. O Tprywvopetpikoi dpifuoi
TV yoviddy XpnoipoTrolouvTal Yi& Thv éxtrAfipwan ToU gkomolU Tiis Tprywvo-
pepias. Md& v yive cdméd dvmiAnmTd &md Topa, AUvoups TS dxdAouBo Trpd-
PANpa.

e 41. [IPOBAHMA. "Eva doloydwo toiyave ABI éyec a = 20m xai
g = 12m. Na vmoloypioliei 7 ywvia tov B.

Aben. MEé kévtpo T6 B kai dxtiva BA =1 ypé-
goupe kUkAo, TroU kéPet THv UmoTeivouca Bl oTéd A
kai TNy ké&betn TAeupd AB oTd E. ®épvoupe T AZ x&-
fetn otfiv AB. ATé T& Supoia Tpiywva BZA kai BAT
EXOVPE :

Bl 0% g e B B
Fhotd [rihieaibick BB o a e
T e

'ATé Th oxéon aUTh ¢alvetan &Ti yvwpifoupe T MuB, Sy Spws kai T
ywvia B. :

MNé& Tév Umoloyiopd Tiis ywvias B EpyaldpaoTe s Efis:

Maipvoupe ToUs Aoyapifuous kal T@v SUo peAdv Tfs lodtnTas (1) kai
Exoupe:

Aoy nuB = oy 0,6 = 1,77815.

"Av, Aormrov, Exoupe Trivaka, TToU vk Trepiéyel Tous Aoyapifuous TV Tpi-
YWVOUETPIKGY &pifudy TGV ywwidv, utropoUue va PpoUpe T1) ywvia B, Tijs
drrolas T6 fuiTovo Exerl AoydpiBuo Tév &pifud 1,77815. Tétoror Tivaxes Udpyouv
Siagdpwv eibéov.

"Evas mrepiéyel Tous Aoyapifuous TGOV TprywvoueTpik@dy apiBudv, fuiTo-
vou, ouvnuiTovou, EpaTrTopéuns ko ouveparrTopfvns pé 7 Bekadikd ynela,
GAAos pé 11 Bexabikd ynela, &AAos pé 20 Bexadikd yneia kai &AAos pé 5 Be-
kaBik& yneia.

Mé& Tis ouvnBiopéves duws Epapuoyés dpkel & TevToyn@ios Trivakas, ToU
dmrofou Utrdpyouv kad EAAnVikés EkBdoels katd T oUoTnpa Dupuis.

“Evav Tétolo mivaxka 8& meprypéyoupe pé ouvtopia kad 8& ékBéooupe kal
Tév TpdTO THS Yprioews Tou.
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o 42. Ileprypagpi tdHv LoyapiBpixdv mvaxov Dupuis.

Oi Tivaxes Tou Dupuis Tmepiéyouv Tous AoyapiBuous ToU futévou, Tiis
tpatrTopévns, TS ouvepaTTopévns kal ToU ouvnuiTévou TAV TOfwv &md 0°
péxpis 90°, T& dmoia ai§dvouy katd 1.

‘O &pifuds TV poipdv dvayphgetal é§w &md TS TAaicio Tou Tivaka.
MNé 1& T6fax TOU EYOUV AryoTepes Ao 45°, & dpifuds TGV poipdv ypageTal
oT6 tmdvew pépos Ths oeAibas. MN& T& dAAa TéEx & dpiBuds T@V polpdv ypdpeTal
oTO KATW pépos Tiis oeAibos.

O1 &pifpol TGV TpwTwWY AeTTTé@V oT& Toa T& WikpoTEpa & 45° dvary p&-
povTal oTHY TPWTN oTHAN &ploTepd, T dmrola Exel s Emikepoiba m& deia ('),
tv®d o1& GAAa TOEa ypdgETOn OTNV TTPWTN OTNAN &mo T& Befid.

ZThv dploTepn) oTHAN T& Tp®dTa AerTd afdvovTan &md Thvw Tpds T
k&Tw, v ot Befid alfavovTal &d k&Tw TPds TE TTAV.

Mé Ty mapatrévew Sidtagn of dpifuol TGV TpdTwy AeTrTéY SUo oupTAN-
pwpaTik®dy TéEwv Ppioxovtal oThv i8ia dpildvTia ypapun. Of AoydpiBuor Tou
kafevos & Tous TpiywvopeTpikoUs dpifpous évos Tofou, Trou elvan pikpoTepo
&d 45°, kai Sév mepiéxer SelUTepa AeTrTd, PpiokeTan ot SiaoTalpwon T dvTi-
oToixns OpildvTias ypappfs TOV TpdTwY AsTTdv kai T oThAns, f omola
Exel 5 EMKEQOAISa TOV TPpIywvoueTpikd &pifuo.

“Av Suws T6 TOEo TepiéxeTan petaby 45° kai 90° kal Bév Exer SeUTepa AeTrTY,
© & Aoydpifpos kabfevds TprywvoueTpikoU dpifuou PpiokeTan oTn SiaoTavpwan
Tfis dvtioToIXns ypaupfis TGOV TpwTwy AeTtT@v kai Tfis oTAANS, 1| dmoix oTd
Kare pépos Tns Exel TNV dvopaoia TOU TprywvopeTpikou dptfuod.

TTAPAAEITMATA

Aoy nu (18°25") = 1,49958
Aoy nu (39° 56°) = 1,80746

Aoy nu (67°16") = 1,96488
Aoy nu (78°33") =1,99127

Aoy ouv (24° 12") = 1,96005
Aoy ouv (43°52') = 1,85791

Aoy owv (62° 10") = 1,66922
Aoy owv (56°53") = 1,73747

Aoy ep (30°14") =1,76551
Aoyep (39°27")=1,91533

Aoy ep (61°58") =0,27372
Aoy ep (48°19) =0,05039.

Aoy op (29°39") = 0,24471
Aoy og (44°51") =0,00227

Aoy og (52°117) = 1,88994
Aoy o (77°38") = 1,34095

“Otav ol Aoydpifuor &xouv kowd T& SUo Tp&OTA Yneix Tous, aUTa ypa-
govTal udvo oTdv TpdTo Kai oTév TeAeuTtaio Aoydpifuo. M Tous EvBidpegous

Aoyapifiuous T& BUo alTd ynela 8¢ ypdeovtal, &AA& vvoolvTal.
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*Av ol AoydpiBuor altol PpickovTan of TepioodTepes oeAiBes, T& Slo Spoia
ynela dvaypdgovtal kal oTiv dpyxf kai oTé TéAos aUTdv TV ceAibwv.

"Av 016 peTalU petaPAnbel TO Eva &md TG BUo mpdTa ynela, & Aoydpi-
Buos dvaypdeetar OAdKANpos, &trws kal & TrponyoUpsvds Tou.

Metd &md Tis oTfides Tév Aoyapifuwy TV fuiTédvwy kai TGV ouvnuiTéd-
vy, UTdpyouv oThiAes pé émikepaAida 16 ypaupa A (Siagopd). Z1d dvricToixa
TeTpaywvibia dvaypagpovtal of povddes TéutrTns Sexadikfis Tagews (M.e'.5.7) ol
Biagopés TGV Aoyapifuwv TGV fuTdvey kai guvnuiTovwy SUo Siadoyikév
ToEwv.

"Emiong Supoia othAn Umdpyer kal dvépeoa otis oTfides Eg xal Zg ol
TEPIEXOUY Tis kolvEs Sragopés TGV Aoyapifucy TGy éparTopévwy kal ouvepaTTTo-
pévewy dUo Biaboyik@v Téwv.

*ATd Tis,dodTnTes!:

1 ; 1
epp=

Epat = P Kkai Ty

EYOUpE:
Aoy ega=— Aoy op a kai Aoy ep p = — Aoy op P

Kal ETTopéveds:
Aoy ep @ — Aoy €@ P = Aoy 0@ P — Aoy g9 «

21d 81 TGV ouvnmiTovwy Bév Utrdpyel oTnAn Siagopdv yia Ta Tofa
ou elvar pikpdTepa o 187 i peyodUTepa &md 717, yiari ol Biagopés auTés
elvon pikpoTepes &mo 16 5 kai Ppiokovran edkoAa &md pviipns.

Ztis oehides TV TO§wv &md 6° fws 83° kad E§w &mo T TAadolo, Umapyouy
pepik& Tivakidia. Kaféva &md 1& mvokidia adTtd Exel s EmkepoAiba md &md
Tis Biapopés TroU eiTape mo Tavw kai Sianpeital of BUo oTfjAgs. ‘H wpwTn oTh-
An Trepiéyel ToUs povoyrigious &piBuols (1 -9), ol dmolol gavepcvouv BelTepa
AeTrTd, Kai 1) &AAN Tis &uTioToixes peTaPolrés TV Aoyapifuwy TV Tprywvo-
HETPIKGY &p1Budy. Té mvoxidio m.x. pé EmkepoAido 23 Beiyver 61, v ) Bia-
popd TGV Aoyapibuwy TprywvoueTpikol dpifiuol &Uo Bigdoxikdv Towv elvan
23 p.g'.8.1., of alfnon Tou Tofou kaTd

1§28 38 ... f 9"

dvmigToiyel avfnon f EAdTTwon ToU Aoyapifipou ToU iSiou TprywvoueTpikoU
Ap1Bpol KaTd:
0,38-H-0,77-5-1;15 - —==-f-3;45  els b
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o 43. Xpfon tdv LoyapOukdv tpry. mvakov. Tous AoyapiBuikous Tprywvo-
peTpikoUs Trivakes ToUs XpMolpoTToloUpe yi& Thv émidvon Tév dxdAouBuwv Trpo-
PANu&TOOV.

® 44. [IPOBAHMA 1. Nd Boelci 6 Aoydobpog dptopévor torymvouetotxot
aolpot évdg dedopévov Tokov.

Abvon. a) “Av TS Bedopévo ToEo Bév Exel BelTepa AemrTd, O LmToUpevos Ao-
yépiBpos PpiokeTon o oeAiSa Tdv poipdv ToU TéEou kai oTh) SixoTaUpwan
THis 6pILoVTIaS YPOppTis TV TP Twy AeTTT&Y Kai TTis oThAns ol éxer Trv dvo-
pacia ToU TprywvopeTpikou &pifuol. "ETol Ppiokoue:

Aoy nu (19°38") = 1,52634 Aoy ouv (65° 51'):1,6]186
Aoy g¢ (26°17") = 1,69361 Aoy o (56°23") =1,82270 xATr.

B) *Av 16 T8%o mepityel kai BelTepa AemTd, EpyaldpacTe s EEfis (Yo
ol Trivakes 8év Trepityouv BeUTepa AeTrTd):
1o. ‘O Aoy nu (29° 15" 18") 8év Umrdpyer oTous Trivames. MN& va Tév Ppoupe

TAPTTPOUME OTL:
29° 15" < 29°15" 18" < 29° 16’

kai Gpa: nu (29° 15") < nu(29° 15° 18"") < nu (29° 16")
kad Aoy nu (29°15") < Aoy (29° 15° 18"") < Aoy (29° 16"),
f 1,68897 < Aoy (29° 15" 18") < 1,68920.

AnAoBn 6 InToUpevos AoydpiBuos TepiéxeTon peTalU TGV dpifudv 1,68897
kad 1,68920, of dmoiot Siapépouy katd 23 pe'.B.T.

*ATd Tév Trivoka PAéToupe s of alfnon Tou Tofou xatd 1 dvTioToiyel
f) 1Bl cinon ToU AoyapiBuou ToU furtdvou Tou, dpkel TO TéEo v& un Siagépe
oM &rd T (29° 15"). MtropoUue, Aoy, va Bewpricoups TNy abfnon mepimou
dvédoyn upé Thv alfnon Tdv Tofwv kai v&k Umoloyicouue Trégo TpETEl v&
aUEnBel & Aoy mu (29° 15) = 1,68897, yi& vé& mpokUyer & InToUpevos Aoyd-
p1Buos.

‘O Umohoyiouds yiveton dos £&fis:
*Av al€nfei 16 TéGo kard 1'= 60", 6& Exoupe alifnon ToU Aoy. kard 23 pe'.S.T.

» » » » 18", » » » » WG x e
, i 18 414 " 4

Apai] b= 23% & e =69 f 7ue.5.1. ué Umepoyr).
‘Etropévas:

Aoy nu (29° 15° 18) = 1,68897 + 0,00007 = 1,68904.
Oi mropamave Tpagels ypagovTal kal s &Efs:
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Aoy nu (297 16") = 1,68920 60" 23 ue.5.T.

Aoy nu (29° 15°) = 1,68897 182 ¥
B o 18 =
A= 23 x=23. 2= =69 Tue b
" *Apa: Aoy nu (29° 15’ 18'") = 1,68897 + 0,00007 = 1,68904.

20. Kat& Tév 1810 TpdTTO épyuﬁéuacﬁ's yi& v& Ppoupe kai T6 Aoydpifuo
Tiis Epamrropduns Sebopévou ToEou. “ETal, yi&k THv elpean ToU Aoy e (60° 45" 23"")
YP&POUpE:

Aoy eg (60° 46") = 0,25209 60" 30 pe'.B.T.
Aoy &g (60° 45") = 0,25179 23" " x:
A = 30 x—30.23 2_ 11,5 412 ue' 8.1,
60
*Apa: Aoy eg (60° 45° 23") =0,25179 + 0,00012 = 0,25191.

30. "Ag Umobéoouue &T1 BEAoupe va PpoUpe TO Aoy ouv (60° 48" 28'7).

Mvepifoupe 6T, 6Tav aufavetar 16 1680 dmd 0 Ews 90°, 16 ouvnuitovo
kai 7 ouvepamTopévn EhatTwvovTtan. “ETol of alfnon Tou Tofou duTicTOIXEl
Ad&TTwon TAY Aoyapifuwy TV TprywvopeTpikdy &piBpdv.

2TV TEPITTWON pas:

*Etre1dn 60" 48" < 60° 48" 28" < 60 49’
84 elvan ouv(60° 48") > ouv (60° 48’ 28"") = ouv (60 49")
&pa kai Aoy ouv (60°48") > Aoy ouv (60° 48 28"") > Aoy ouv (60° 49")
il 1,68829 > Aoy ouv (60° 48" 28"") > 1,68807.

MaparnpoUue, Aormdy, 6Tt & LnToUuevos Aoydpifuos TrepiExeTon dvdpeox
aTous &pifipovs 1,68829 kai 1,68807, of &moiol Siagépouv katd 22 pe'.5.T.

Fpdgoupe THv Tpdan ds EEfs:

Aoy ouv (60° 48") = 1,68829 60" 22 pe' BT
Aoy ouv (60° 49") = 1,68807 2B e, -
e 29 x=22. —23_1026 ﬁ IOue AT

“Apa: Aoy ouv (60° 48' 28"") = 1,68829 — 0,00010 = 1,68819.
do. "As UmrobBtooupe 611 BEAoupe v& Ppolpe T Aoy og (36° 54° 38'")
Mpdgoupe ThHv Tpa€n s &Efs:

Aoy og (36°54") = 0,12446 60" 26 pe'B.T.
Aoy o9 (36°55) = 0,12420 3B" " x';

A 2% X =26-%: 16,46 f| 16 p.e'.5.T.
"Apa: Aoy og (36° 54" 38"") = 0,12446 — 0,00016 = 0,12430.
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AZKHZEIZ
79. N& Ppefouv ol AoydpiBuor Tdv drdAovbwy TprywvopeTpik&dy &pibudv:

1. nu(5°27), 5. e (20°16), 9. nu(25°10'18"),
2.  auw(36°12), 6. e (53°6), 10.  nu(55°26'39"),
3.  ouwv (58°10), 7. o (14°36"), 11.. ouw (33217 25",
4. nu(65°25' ) 8. o (70°14"), 12, ouv (66° 14’ 52"),
ep (18°56° 10", 16. og (24°19°10"),
14 €p (48° 10' 50", 17. o9 (70°34'15"),
15.  o@(29°33'48"), 18. nu(123°56' 10").
80. ’Emions Tév TprywvopeTpikdv &pibudiv:
3 3
1. 2y 3. S
W D
2. oowis, 4. o9 25
17 17

@ 45. [IPOBAHMA II. Na Boebei ©d éAdyioro Oerind tdfo, dv Soblei o
Aoydofuos évdg Totywvouetoixod dplBuod Tov.

lo. "As Umroféooupe 61 OAoupe va Ppoupe TO EAdyioTO Ge*nxo 1660 X,
Y& 16 omoio elven:

Aoy nu x = 1,73940.
Aven. Bpiokoupe Tp&dTa oTév Tivoaxka &TI:
Aoy nu 45° = 1,84949.
Kai &meidm: 1,73940 < 1,84949, 8& #xoupe:
U x < nud5° kai &pa x < 45°.

Tpémrer, Aorrdy, vé& dvalntriooupe Tov &piBud 1,73940 ois oTfjhes, TV
Huitévev. Tov Ppiokoupe ot oeAida Tdv 33° kal oThv dpildvTia ypapun T&V
17°. Elven, Aovmrov:

Aoy nu x = 1,73940° = Aoy nu (33° 17")
kol &pa: ¥=350 17",
*Av 8pws elvaa: Aoy nu x = 1,68129, mraparnpolpe &T1:
1,68121 < 1,68129 < 1,68144
kol Erouévess:
28°41' < x < 28° 42
*Emrions maparnpoupe &Ti:
A=1,68144—1,68121 =23 pe' 5.1,
5=1,68129 —1,68121 =8 p.e'.5.7.
kai karapTifoupe T Sidtaln s EEfs:
AUEnon Aoyapifuou katd 23 ¢épver alfnon ToU ToéEou katd 60
» » 8 3 » » » y;
‘Emropéveos:
8 480"

= —— = 20", 88.

VAR
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©4& elvan Aormdv: . x = 28°41' 20”,88.
ZuvtopdTepa 1) TpdEn ypdgeTan s EEfs:

1,68129 1,68144  28°42' 23 60"
1,68121  1,68121  28°41 8 Vi
Avagopés: 8 23 1'=60" || y=60". % = 20",88.
"Apa: x = 28° 41" 20"",88.

20. "Av Aoy ep x = 1,85360, v& UmohoyioBel & x.
Aidrabn v TphEewv: '

1,8530  1,85380 3532 26 60"
1,85354  1,85354  35°41' 6 i
Diagopts: 6 26 1'=60" | y=60". o =13"84.
“Apa: x=35°31"13",84.

30. "Av Aoy ouv x =1,85842, v& Ppefiel 1O EAdyloTo feTikd TOEo x.

ZToUs Trivaxes TapaTnpoupe OTI:
1,85851 > 1,85842 > 1,85839

kai &pa 43°47 < x < 43°48".
‘Emropévads, y1& va Ppolpe 16 160 x kdvoupe Ty dxohoudn Sidtabn:
1,85842  1,85851  43°47 12 60"
1,85839 1,85839 43° 48’ ) 3 Y
Alagopés: 3 12 1'=60" || y= 60“-%: L5

Emreidn) Bucs, éTav alfdvetan 16 TéEo EAarTwoveTon TO ouvnuitovo, B&
Bpoupe 16 Téo x g EEfs:
x = (43°48") — 15" = (43°47' 60'") — 15" = 43° 47" 45"".

Kard Tév i8io TpoTo EpyaldpacTe kal dtav Sofel & AoydpiBuos Tfis ouvepa-
TTopévns &vés Tofou X.

*eInpeioan. Oi AoydpiBuor oTous TevTaytfpious Trivakes Exouv ypogel pé
Trpootyyion 0,00005. ‘Emopéves T& TéEa oU UmohoyilovTan pé aTous Tols
Trivakes Bév elvan pafnuaTikd dxpipry. Xpeidleton, Aormoy, va Gépoupe of oIk
TrepiTTwon Pplokoupe THY dkpiPéoTepn Tipr ToU TéEou.

Mé& ToUTto okemrTopacTe ¢ EEfis: “As Umrofégoupe 811 TO pérpo évos &mrd
Té& ToEa ToU elvan ypoppéva oTols Trivakes elvon a. TéTe 16 pétpo ToU duéows
peyadUtepoU Tou elvar a + 1'=a + 60".
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Ao Tis oxtoeis:

iy (e + 60") M
S A e e

TpokUTTToUY of oyéoels:
Aoy e (x+60"") = Aoy nu (a+60"") — Aoy owv (a+60'")

kadl Aoy gp o= Aoy np a— Aoy ouv a.
M’ altd kai:
Aoy eg (a + 60") — Aoy ep a =[Aoy nu (& + 60") — Aoy nu ] +
+ [Aoy ouv @ — Aoy owv (a + 60'")] ¢))

"Av TrapacTriooups:
Moyep (o + 60") —Aoyepa=25
Aoy nu (a + 60") — Aoy nua =75,
Aoy ow a—2Aoy ouv (a + 60°) =5,
N (1) yivercu: > 5=5, 15,
Kai ETrouéveds 5>8, (2 kai 5 > 8, (3)

Elvan govepd &11 of &piBuoi §, 8, kal 8, &gol dvagépovtan of mevTaywn-
@rous Aoyapifipous, TapioTdvouv EkatovTdkis XIAlooT& (E.X.).

“Evo1, oluguwva pé Té& ponyoUpeva, &v répouue &vTi yid Té Aoy e (o 60")
TG Aoy €9 @, k&voupe Adfos oo pé:

Aoy ep (x + 60"") —Aoyepa =358 &Ex.

AN TéTE vl y1& TS T6E0 @ + 60", Bd.Trépoupe 16 a. “ETol T6 dvtioTol-
X0 Adfos oTd TSHEo B elvan ioo ué 60°.

AnAabfy, Adfos B £.x. moU cuuPaiver oTé Aoydpifiuo Tis épatrTopévng, Tpo-
koAel oTO TOEO AdBos. 60" .

"ATé aTé ouumepaivoupe 611 AdBos k £.x. 0T AoydpiBuo Tiis tparrTopé-
vns, 8& Trpokaiéoer oTd :rc‘>§o- AdBos 60" . %-"Oumu OKeTTTOUEVOL Ppiokoupe
611 Adbos k E.x. oT1d Aoydpifuo Tol flTédvou fi ToU guvnuiTdvou Evds T6E0V,
TrpokaAel 0Té T6fo dvTicToixo Adbos

o, KL -

60" . 5, A 60" . 5,
"Exovtas Spws Umodwn pas kad Tis (2), (3) ouvdyoups &Ti:
stk B Bk i
60M —g Sh00. ? kai 60" . ‘S; s 6 ks T

"ATS alTd TrpokUTrTEl &1 kdrrolo T6§o TpoodiopieTan dkpiPéaTepa &md
T6 AoydpiBuo Tiis épamTopbyns Tapd &méd TS AoydpiBuo ToU AuiTévou Tou
TOU OUVNUITOVOU TOu.
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AZKHZEIZ

81. N& Umohoyiofioiv ol perafy 0° kai 90° Tués ToU Toou X, ol dmoies Ikavomoiouv
Tis E§1omaers:

1. Aoynux=1,84439, 4. hoyogx=1,59183,
2. Moyowx = 1,65190, 5. Aoyogx =0,21251,
3. Aoyepx = 1,26035, 6. Moy epx = 1,18954,

7. Aoy e x = 0,02830.

@ 46. [IPOBAHMA III. Ni foeOci 16 &hdyioro Derind tééo x dnd éxeiva
mot Eyovy dedopdvo toryovouetpxo oo,

Abon. “Ag Umrobégoupe &1 BEhoupe va Ppolue TO EAdyioTo BeTikd Too X,
ToU ikavotrolel wd &mwd Tis éflooels:
nmx=a, ovowx=_4§ epx=7
émou a > 0,p > 0, y > 0. ©d& elvan:
Loy mu x = hoya, hoyouvx = hoyf, hoyegx = hoyy.

Amd Thv “AlyePpa yvwpifoupe 6T, &v BUo Betikol dpifpoi elven oo,
T6Te kai ol Aoydpifuoi Tous B& elvan foor.

*Av Suws Evas &d Tous a, B, ¥ elven dpunTikds, TOTE aUTos Bév Exel Aoyd-
pifuo. Ty mapimTwon auth épyadduacTe o 6fs:

«) "Av a < 0, TéTe &mo TNV MU X = «, TaipvouuE:
nu(x — 180°) = —a > 0.

'ATrd ot Topa Opiletan TO Téo x — 180°, &pa kai TS X.

Mopadeiypa lo. “Ag UmoBégoupe &Ti: nux = — g— :

Abon. To EAdyioTo BeTikd Too TToU Afjyel oTd ¥’ TETAPTNUOPIO U'rrep[.’ao:wsl
T4 BeTIkG fuikUKkAI0 kaTd k&roio ToéEo y, SnAadn & elvau:

x= 180" + y. "Apa: nuy =-—"nux = _g, =

Aoy np y = Aoy —g— = Aoy3 — hoy5 = 0,47712 — 0,69897 = 1,77815,
&1’ 8TTOU KAT& TA yVwoTd: .
y =136°52'10",58 kai &pa x = 180° + y =216° 52" 10",58.
B *Av y <0, TéTE dmod TNV
epx =y <0 < —epx=—y >0 <« ep(180°—x) =—y > 0.

Iopaderype 20. “As Seybolpe 611 £ x = —3.
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Aboen. "Exoupe Sradoyikd:
Epx =—3 = —epx =3 < ep(180°—x) =3 =
Aoy g¢ (180° — x) = Aoy3 = 0,47712
kal katd T& yvwoTd:
180° — x =71°31' 54" <> x = 108° 26’ 6".
Y) "Av B < 0, T16Te &S TN:
owx=p <0< —owx=—Pp >0 « ouw(l80°—x)=—p > 0.

Mapaderype 3o. "As deybolpe émi: gov x = —0,6.

Abon. "Exoupe SiaBoyixd:

—ow x = 0,6 < ow(180° — x) =16_0 = J;L L
Aoy ouv(180° — x) = Aoy 3 — Aoy 5 = 0,47712 — 0,69897 = 1,77815,

kal katd T& yvwoTtd Bpioxoupe &rd £6@ &mi:
180° +~ x =53°7'49" 42 « x = 126° 52' 10",58.

AZKHZIEIZ
82. Né& UmohoyiaBolv ol perafy 0° kal 90° piges Tév Tapaxéte Eiodotwy:
1. nux =—§5_ 4. opx=ouv42°, 7. ouwv ;A:scp 1507,
2. owx==0,7, 5. Teux=-1,8, ) 8. nu2x=0,58,
4 X 17
3. =-3, 6. =—ud 9: 5° 4+ ) =—_
EP X OTEY X 3 EQ ( + 3 ) 5

¥ @ 47. Xpijon 16V hoyapiBuikdv tpryovopstpkdy mvakov id t6Ea pi-
Kpbtepa and 4° kai peyorirtepa dano 85°.

Hapaderypa lo. Na Boelei 6 Aoy nu (12 407 ).

Abon. ZTols Trivakes Pplokoupe 611:

Aoy nu 12" = 3,54291.

"E€erddoves Tis Siagopés oTrv oikela oTiiAn, PAémoupe 81 of k&Be alfnon
fj EAdrTwon ToU Téfou kord 1 Bév Exoupe TévToTe Kkai THY 1Bia odEnon A
Thv 81 peiwon ToU dvtioToixou Aoyopifuou: of Biapopis elvan Suoavédoyes.

Aty Urépyer Aoimédv olTe katd Tpootyyion dvaloyia dvdpeoa oTHY oliEn-
on T&v Téfwv kai oThv alfnon ToU AoyapiBuov. AUTS oupPaiver yi& Tols
Aoyapifiuous ToU fmTdvou, Tiis EparmrTopéuns kai Tiis ouvepaTTopéuns TV Té-
v Exeiveov ou elvon pikpdTepa &mré 4° kal y1& ToUs AoyapiBuous Tol ouvnui-
Tovou, Tiis éparrTouévns kol Tiis ouvepamTopivns TGV TéEwv Ekefveov ToU elven
peyadUrepa &mmd 85°. M’ alrrd 16 Adyo Sév pmopolpe vé Epapudooupe oTis e-
pITTTOElS aUTés TV Gvodoyikh péBoSo, THv dmola Epopudoaue oT& TTponyoU-
pEva TrpoPAtipaTa.
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Stis mepirTcdoes altés 1) Alom TV oXeTIkGY TpoPAnudTwy ylvetan pé
v dxdAoubn eibikn péBobo.
TMapaTnpoUue 671
e
X

NMUX=X- m:(x Kal EQ X = X .
Kai ETropéves:

’“°7"""="°7"+1W"—’:‘ (1) xai lws¢x=1oyx+1oyf¥ @

*Av x TraploTdvel Selrepa AemrTtd, & Aoy x Ppiowetcn &méd Tous Trivokes

nu x
X

kol

Tév AoyapiBuwy TéY &p1Budv.’EEGAAou & AoydpiBuos T@Y Adywv

sq:{_x &varypépeTan 0Td Tévw pépos Ths o oeAibas kai 0TS kdTw Kai Ew dmd

16 Thaiolo kadewmds &md Tis &AAes oeAiBes TEWV AoyapiBuik@dy TIvakwy TV

&piBuddv kai Ew &md T6 TAaic1d Tous. MNé& didkpiomn, 6 Aoy Tll; z OTUEICOVETON
put 6 S, dvd & Aoy 5q;x onueacveTon pé 16 T. Anhadiy:
Aoy n:x =85 kai Aoy eq:cx i

“Av Aormév Epapudooups ThY loétnTa (1) oTé Té§o 12° 40" = 760" Ppi-
okoupe OTI:

Aoy nu(12' 40”) = Aoy 760 + S =2,88081 + 6,68557 = 3,56638.

Hapaderypa 20. Nd foelei 6 loy ep (1° 5" 327).

Aben. "Emadn evan 1°5° 32" = 3932", olupwva pé Ty iBidtnTa (2) 6&

EyoupeE:
Aoy ep(1° 5 32") = Aoy €9(3932") =

— Aoy 3932 + T =3,5941 + 6,68563= 2,28024.
Mapaderypa 3o. Nd Poelet & Aoy ap (157 207).
Abon. ‘Emeidn elvan :
’ N 1 ' oy o ’ ,
op(15' 20 )_——eq1(15‘ 207 < Aoy og(15' 20") = — Aoy ep(15° 20™).
"ANAG: N
Aoy eg (15" 20"") = Aoy 920 + T =2,96379 + 6,68558 = 3,64937.
*Apa Aoy o@(15' 20") = — (3,64937) = —3,64937 = 2,35063.
apaderypa do. N Poebei 6 Aoy ovv (88° 40" 257 ).
Avon. Emedn evan:
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90° — (88°40' 25'") = 1° 19" 35" = 4775",
0& Eyoupe:
Aoy ouv (88° 40° 25'") = Aoy nu (4775") = 2,36451.
Hopaderypa So. Nd foefei 6 Aoy eq (89° 3' 40" ).
Aben. ’Emeidr| elvan: 90° — (89° 3' 40™) = 56 20", 8& elvan kai:
AR e 1
ep(89° 3" 40") = op(56' 20'") = (56" 207
xal &pa: Aoy ep(89° 3'40™) = Aoy ep(56' 20"") = — (2,21453) = 1,78547.
Hapaderypa 60. Na foedei 6 Aoy op (88° 50" 257 ).
Abon. 'Emedn elvan:
90° — (88° 50" 25') = 1° 9’ 35"
f& elvon kad:
Aoy o¢(88° 50" 25") = Aoy ep(1° 9’ 35'") = 2,30629.

Mapaderypa 70 Nd foebet vé éddyioro Oerind tofo x, yid ©6 dmoio elvay :
Loy np x = 3,72960.
Aben. "Av &dvalnTriooupe T6 BeSoptvo Aoyupaeuo oty &vtioToixn oThAn
TGV Aoyapifuikdy mvdkwy, TopatnpoUue 8Ti aUTés TrepiéyeTan peTafU TéSV
3,71900 ko 3,74248. Elvan SnAadt:

3,71900 < 3,72960 < 3,74248
i Aoy nu(18") < Aoy nux < Aoy nu(19”)
f 18" <x< 19" & 1080 <x < 11407,
kal Emoutves 8 = 6,68557. " aUrd &méd v (1) 0& Eyoupe:
3,72960 = Aoy x + 6,68557 <=
Aoy x = 3,04403 = Aoy (1106, 69) <
x = 1106",69 = 18’ 28",69.
NMapaderypa Bo. Nd foehet vd ddyioro Oetixd téko x, yid vd dmoio elvar :
Loy ep x = 2,45777.
Abon. 'Amé ToUs mrivokes Exoupe:
2,45507 < 2,45777 < 2,45958 <>
138" < x <17 39 <«
5880" < x < 5940”
xal tropbvars: T =6,68569 kai dpa &md TH (2):
2,45777 = Aoy x + 6,68569 <>
Aoy x = 3,77208 = Aoy (5916",7) < x =1°38'36",7.
Hapdderypa 0. Nd foclei v éAdyiaro Oerind téko x, yid vd Smoio elvar:
Aoy ouv X = 2,16833,
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Aden. *Amd Tols Trivakes Pplokoupe: ;
2,17128 > 2,16833 > 2,16268 <
89°9 < x <89°10" <
90° — (89°9") > 90° —x > 90° — (89° 10") <=
51" > 90° —x > 50" <=
3060 > 90° — x > 3000
"Apa, y1& T6 T6E0 90° — x elvon: S = 6,68556 al
Aoy nu(90° — x) = Aoy ouv x = 2,16833.
*Eto1 fy (1) yiverou:
2,16833 = Aoy nu(90° — x) + 6,68556 <>
Aoy nu(90° — x) = 3,48277 = Aoy nu(3039",29) <=
90° — x = 3039",29 = 50" 39",29 <«
%= 8O0 07,
Mapaderypa 100. Nd foelel 16 éAdyioro Oerixd tdbo z, yid vd Goio elvae:
Loy og x = 3,92888.
Aben. *Atd ToUs Trivakes TapaTnpoUME OT1 :
3,94086 > 3,92888 > 3,92619 <
89°30" < x < 89° 3l =
30" > 90° — x > 29 <
1800" < 90° — x < 1740" xoi &pax T = 6,68558.
’EE&ANoV: Aoy e (90° —x) = Aoy o x = 3,92888,
omoTe 1 (2) ylvetan:
3,92888 = Aoy (90° — x)" + 6,68558 <

(90° —x)"'= 1751" =29’ 11’ <
x = 89° 30" 49"".
AZKHZIEIZ
83. N& Ppeel 16 tAdyioTo BeTikd T80 X, yi& TO dmoio elvan:
1. Aoymnux =__§,72835, 4. Aoyouvx =2,69231,
2. Aoyepx=2,77213, 5. Aoyepx=2,48739,
3. Aoyogx=1,53421, 6. Aoyogx=253298.

84, Né& Ppedel 16 EAdyioTo BeTikéd TéE0 X, Y1& 16 dmoio elvai:

3_
1 a.ouwA
nu5A.cpB

dmou a=—0,08562, A=131°49'25", B =36"43"26".

opX =
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KE®AAAIO VI
ACPAPIOMIZIMES MAPASTASEIS

® 48. Xpnowétnra petatponfi napucthcctmv of d@ileg hoyapBpiopec.

"As Utrobéooupe 81 BAoups v& UTrodoyiooupe TV Tiuf Tiis TapaoTdoes
1l +ouwx

io OV X —24%3G"
l—owx

y —
1+ ouw(24° 36")
Y =T —ow (24°36) M

TMaparnpolue 871 y1& v& Ppolpe Tév y Tpémer vé Ppolpe Té ouv(24° 36")
xal vé EkTehéooupe Tis TpéEers 0TS SeUTepo pEAos Tii (L).
"Attd Tous Tivexes Ppiokoupe &t elvon:

Moy ouv (24°36") = 1,95868. "Apa  ouwv (24° 36") = 0,90922
kal Emropéves:

0& Eyoupe:

_ 14090922  1,90922
Y= 1-0,90922 = ~0,09078
1 + ouvx
l'— ouvx

y = 0¢*(12° 18") <> Aoy y = 2hoy o@(12° 18") = 2-0,66147 = 1,32394
&md Smrou Eyoupe: ¥y = 21,031.

"ATd T& Tapordvw SiammioTdvouys 8T pé Té BeuTepo TpdO TS LnTOUpEVO
Ppébnke eUxoAdTepa kad pé Arydrepes Trpéfers. AUTd ogelheTon 016 811 1) Bebo-
pévn mopdoTtaon dvTikaTaoTddnke pé TrY loobUvapn Tns o@?(12° 18"), Tiis
émofas 16 AoydpiBuo PBpiokoune &v Epapudooups T yvwoTt {816TnTar TOU
Aoyopifuou mds Buvduews. Mé& 16 Adyo autd fi TeheuTala Ut Tap&oTac
SvoudleTar AoyapiBuioiun.

Ao Té TapdBerypa alrd kal &md &AM Suoia PAémoupe 611 elvan TTOAY
Xpfiolo vé& Eépoupe Tds v& upeTaTpémoupe TPIYWVOUETPIKES TrapacTdaels of
&MAes looBUvaues kol Aoyapibuicipes.

2T& TponyoUpeva kepdAana eidope 61 pepikés TOPATTATEIS PETATPETTOVTOL
ot &Mhes fooBuvanes pé popery ywoutvou fi Tniikou. *Etar eidape 611 ol Tapa-
oTA&OEIS:

=21,031.

*Emre1d1) Speos = mpz—x—, B Exoupe y = crcp’Tx kai &pa :

NHa ouvP -+ nup ouva } neA + nuB } epA + egB ]
ouva ouvp + nua nup owA + owB opA + o¢B Tk

HETATPETTOVTAL OF poveovupe.
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*EravodapPdvoupe pepikés yvwoTés TapoaoTdoels mou elven &mapaiTnTo
va Tis §époupe.

grvass e poT-S A ey

1 + ouva=2cuv? %f ¢ 1 + nua = 2cruv3(45°— ,2“,) @
1 = 2nu? i = of 450 _ &

—~ ouva = 204t - @ | 1 - nua= 2nu (45 ”T) )
1+ cpa = \[2’1}‘#@ ®) | 1+ opa =&l1:*§:ﬂ) 0
1 —ow?a = nuia @) i — e = owia ®
1 5 — EQa 5
a0 | [T —ees-e (0

’,
I+ epla=— R a2
1+ ouva a 1 —owa a
Pt AT U i (14)

e 49. Xpion Pondnukiis yoviag. TToAlés gopés SieukoAuvduaoTe o) peTa-
Tpotrf) W&s TapaoTdoews o GAAN AoyioTn ué ToUs Aoyopifuous, v xpnoipo-
Troifjooupe KaTEAANAT PonénTiky ywvia. *ETon:

o) "Av k e R*, ToTe Umrdpyel ywvia dfela @, TéTola ddoTe:

epp =k fj op’p =k 1] ep’p =k ) opp =k.
*Av 0 < k < 1, T61e prropoupe v& BdAoupe:
k=nup fi k=o9¢ fi k=nulp fj k =ouw?e.
B) "Av k eR, TéTe pmopoUpe v PBdAoupe:
k =epp i k =ogp.
*Av | k| < 1, TéTe pmropoUue v PoAoupe: -
k =nue fi k =ouwg.

y) AioAéyoupe TévToTe s Tiuf Tiis ywvias ¢ Thv EAdyioTn feTikf) Tiis
tEiodoews o B8Bnke s mpds ¢. "Av k > 0, ToTE 1} ywvia ¢ elvan deia.

Ot ouvnbéoTepes TpoTéoels oTis omoies yivetan xprion Tijs ueBodou (Pon-
Inmifis yovias) auriis &xouv Tis drdhouBes popeés.

® 50. [TIPOBAHMA 1. Nd yivovr Aoyapifpigiues oi mapasrdoes:

i=0+PB xai y,=a—p

Aboy. 'E8& Umotifetan Tt a >0, P > 0 kal ol Aoy&piBuol Tous elvan
yvwaoTof.
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lo. "Ag SexfoUue &T1 Aoy > Aoy PB. “Apa a > P. “ETol ypdgoupe:
. B
a+pPp=«a (1 + = )
o) *Emedn }%] < 1, propoUpe va PéAoupe:

%=¢w¢ fi %=ﬂp’¢ fi %=E¢«p,

&mdTe 0& Exoupe &vTioTolXWS :
yi=a + B=a(l 4 ouwe) = 2a ou? %,

a
ye=a+p=all + ') = e
_ _ _oV2nu(45°+¢)
= ?‘}'?'—0‘(1 +€‘P‘I’)——w—w—
B “Av Pdhoupe: _
%:crwq’ fi —g—=nu2? fi %=E'P'P

kol  Umoféooupe T l% ’ < ] oot 0 % < 1, Té1e B& Eyoupe, &vTi- -

oTolyws :
Yo=a—B=a(l —owg) = 2anu-¥-
Yo =a—PB = ao(l —nuip) = aowy,
oV 2 nu(45° — g)
ouvg
20. "Av Aoy a < Aoy B, TéTE a < B. "ETol ypdpouue:
u+ﬁ=u(l+%) rod u—B:cx( —L)

x

Ye=0o—P=a(l + epp) =

ol EpyalduaoTe Smws TapaTéve.
Mapatipnon. N& v& kévouue AoyopiBuiopn Thv Tapdoraon:
x=a—P+vy—35,

P&loupe a—pPp=A, B=A +y xal T=B-—35, xa épyalducore Smws xal
TTPOT Y OoUREVws.

® 51. TIPOBAHMA II. Na yiver AoyagilBuiowun 1) magdoraan:

a¥p’ | R,

X
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Aben. “Ag Umrobéooupe 81 a > B. "Av PdAouue <'m-ou% = £QQ,
TéTe B& EyoupeE :

_ a—aepe 1 —eqg

x_ot-i-rxscpcp =1 +eqgp —air =g,

kal &v ’%‘ < 1, umopolue v& PéAoupe 6'rrou—ET = ouv ¢, OTToTE:

_ a—oouwe 1—ouwep gt
T a+ aowe 1+ owg il o

*Av a < B, TéTe Umodoyifovpe TV TapdoTaon y = _ETC;

% o 52. [TIPOBAHMA III. Nd yivowv Aoyapibuioyec ol magaotdosis:
x=V&+p xa y=\ a2—p-
Abon. ‘H Belrepn mapdoTaom, Tpogavds, Exer Ewola, dtav o > P.

a’) "Av B&houpe £ = e@@, 1) TpwTN Tap&oTacn ylvetal:

o
x"“-Vo:z-Jr-[Sz—aVlJr( —chl-i—ecp(p = =

p") "Av Pd&houpe %— = nug, TOTE 1) BeUTepn TapdoTaon YyiveTran:

7= T = amsoi

-® 53. [IPOBAHMA IV. Nd yiver Aoyapibuiown 1) megdotaon:

y = a 6uvx + P npx. (¢))]
Abon. ’E8& UmotifBeton &1 of #0 xal x # k. 7, kez.
"Av ﬁ— P = nuq: , ) Tap&oTaon (1) ypdgeran:

y= “(UWX + % ﬂl-lx) = c(crwx+ Ll d nux ) — ct_*aw(xq:q))

ouve

__aowy (x F o)
T ouvg

“Qo1e:
1) émola elvon AoyapiBuloipn.
Iapatipnon. O& umopoloape v& PdAoups g =o¢pp fi &v Pyel koi-
vés mwapdyovtas & B, vé Pdloupe :

§=ew fi 3= 9.
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Hapaderypa 1o “H nagdoraoy y = 3ovvx +. dnux vd yoagel ué v popgi) :
¥y = Acvv(x — ¢).
Abon. “H 8eboptvn TrapdoTaon ypheeto:

3 4
y=5(T0‘wx +Tnux) ')
"Av Suws 0 < ¢ <2 téte ouve =£—, nue =-i. "Apa epg L
2 5 5 3
kai &ropéveos:
¥ = 5(owg ouvx + nue nux) = Souv(x — @) )

‘H mapdoraon (2) elvan Tiis LnroUpevns HOPQTis ué
A=5 kal ¢=>53"7 48" 4,

yieri &md Ty epp = %— Tadpvoupe:
Aoy epp = Aoy 4 — Aoy 3 = 0,60206 — 0,47712 = 0,12494 = hoy ep(53° 7' 48",4).
* Hepaderypa 20.Nd yive Aoyaplbpioun 4 naodoraoy :
¥y =V +y°—2py ovvA Q)

Aton. Oewpolpe ToUs dpibpous B kal y BeTikols pé B >y kai &m:
S 0° < A < 180°.
To Umdppilo ypdgeron BiaBoyix:

P+ = 2Py wA=(E + y)(owt g + mut5) ~ 2By (owt it A )=

A —
=@yt Boypowi g =@+ yonet {1 +(5 Y)ov s

P+y
y=(B +y)nu i]/i +(BY Y o A @
*Av ypéupoupe 2—3 @ % =ep@, 1 (2) yivetou:
3 i _B+y __A_
y=@+7n Vl +eglp = e L
- : Bty A
n . - — —
e y cuvq:'"‘ 2

% e 54. [IPOBAHMA V. Nd yivowy Aoyagibuiowues ol oilec Tijc devregofd-
Ouas éfiodbocwe :
ax? + px + y = 0.

Aben. ‘H xavovikr) popen wds SeutepoPdbinas tEiochoecs elvan 1)
ax? 4+ Bx +y =0 (€))
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‘Av p=0 1 y=0, ol un undevixés piles Tijs tE1ocboexs —&v adrr) Embéye-
Tan TéToles— elvan Aoyopifipioues.

"Av trrions P2 — 4oy = 0, & ol piles Tiis E§ioaews elvar AoyapiBuioipes.

TMapoeiovrtas Tis Teprrrddoes alirés, péver vé getdooupe Ty TeplmTwon
moU 1) éflowon elvon mAMpns kol EmBéxeTon piles Tporyuamikés kod SiaxgopeTi-
kés &mwd TS pndév.

“YroTifetan mévTa a > 0. "Apa fi (1) pmopel v& Exer Tls drdAoubes popeés:

ax’—px—y=0 (@) ax? +px—y=10 (C)
ax’*—px+y=0 3 ax*+ Px+y=0 5)
TMpogavdés, ol piles Tév &iowoewv (4) kai (5) elvan dvmioToiyws &vTibeTes
pé Tis piles T@v tGiowoewy (2) xal (3).
*Apxel, Aorrdv, va Bewpriooupe pove Tis Efiowaers (2) kal (3).
a) 'H &iocwon ax>— px—y =0. Ztv &iocwon bt elvan ay < 0 kal
tropéves of piles Tns elvar:

NN 1 o LTS, . |
: 2 2 2a
*Av BdAoupe 4;? = ep2p, ©) TapdoTaon\ PiHday ypdgetan BiaBoyixd :
4
V92+4ay =5]/1 + %:a% + eplo =m_5¢

1 p B B g ©)

*Apx: xy= E(B—wv(p ): Cr (owe— )= S

2 ?

il Bk B upe Mz @

ke xé_ 2(3:(ﬂ " ouvg ) ~ 2aouvg (v, dxld Ta  owg

"ATé THY 4;?’ —eqp < P= 2‘!;? , mrée of (6) xad (7) ylvovran

__1/1 L3 : ik 1 I, §
X = « 25 kai X, Vampz

dnAod1n TapaoTdoes AoyapiBuloipes.

P) ‘H &icwon ax?*—Px +y=0. "Av elvar:

p?*—day > 0 < P*> day,
TéTe kol 1) £§lowon EmbéxeTan piles fBetikés, Emweidny TO ywduevd Tous elven Oe-
TiKS, &mws kol T6 &Bpoiopd Tous elven BeTikd. AuTtés elvon:

oL BN oy % BV Ay
i 2a X 2a
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*Emeid) P2 > 4ay, 0& elven 0 < 4;)(

2V ay
nHe

i‘;‘% =nu'e = P=

"Apa ) TapdoTaon VPP —4day ypégeran SiaBoyikd:

V —4ay = BVI—— —BVl—nu”q’ p ouve

Kal Emropéves:

1
%= 55 (B—Powg) =2 (1 —owg) = B nue 2 ®
2a o 2
xad x ='l (B+ Pouv )=£(1 + ouvg) = 4 AL o )
-] 2(1 P 2:! o 2
’Emra18r) Speos P = 2‘{::, ol (8) kai (9) yivovrau:
X = {_sqb % Kai Xy= ]/-z_ o0 %

SnAadn TapaoToels AoyapiBuiciyes.
‘E@appoyi. Nc‘i dmoloyiaboiv ol gilec g éEtodiaews:
x% — 25,7x + 35,549 = 0.
Abvon.'H &lowon adrh slvm This Mopefis ax?—Px + y =0.

“Av ypdn.pouus nule = ‘32 » B Exoupe Bradoyind:
Aoy nup = -5 (Aoy4 + Aoya + Aoy y) + ovhoy B =

= _2 (0,60206 + 0,60206 + 1,55083) -+ 2,59007 = 1,96755,
dméte 9 =68736" al mg— =34°3' 48"

Ol pies Tiis tfiowoews mpokUmTouy &méd Tls oyboers (8), (9), dnAodn:

xl_i nui—2 ;P

-

Aoy x; =Aoy B + ovdoy a + 2hoy nu (34°3' 48") =
= 1,40993 + 1,39794 4 1,49654 =0,30441 =

x; = 2,0156,
xad x,=% ouv? % =
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Aoy x, = Aoy P + ovloy a + 2Aoy ouv (34° 3" 48") =
=1,40993 -+ 1,39794 + 1,83650 =0,64437 =
x, = 4,4093,

AZKHZEIZ
Ipon opada

85. Mé T yprion kaTdAAnAns BondnTikiis ywvias, vé ylvouv AoyapiBuloipes ol dxd-
Aoubes TTapaoTdoes:

1 x=12—_1’ 4. x=1—1§‘

2. x=2+12, 5. x=13+1712,

3. =273, 6. x=3-73,

T x=2+vg, 8. x=3_]’§ 9. x=13__+1.
2—92 3+ 73 13-1

86. N& ylvouv Aoyapibpicipes ol mapaoTéoes:

1. x=1+ 2nua, 4, x=20wa—]3,

2. x=1-2o0uvg, 5. x=1—Y30oga,

3. x=14 VZ_nuu, 6. x=nux+ nu2a + nu3a,

7. x=ouwa+ |3 N, 8. xzr—i-%-

* Acgihtepn dpada

87. *Av elvar yvwoTol ol Aoya kal AoyP ut Aoya > AoyP, va yivouv AoyapiBuloiues
ol TapaoTdoes:

= Yo —p? : _1/c—P a+p
1. x=Ja® P, . 3 x_Vm_g_ V]T__B'
2. x=Ja+p+Ja=p, 4 x=%@—P)VaB

(«+ B
5. x= T Py,
&v y1& Shes elven: a= 1375, ﬂ_.i“— 8602, y = 1215.
88. "Av a=108,7, p= 73,45, v& UmroAoyiofel ) X = fm A
89. "Av a=71,29, P = 32,57, v& Umohoyiofsi f| x = Ja? —P*.
90. "Av & = 4258, P = 3672 kaf Pep 3x = a + Jo? + P*, v& Umohoyiofel & x Evoy,
wote 0° < x < 180°.
91. "Av a=4625,5, p=3944,6, 6 =51°57" 44", 6, =63°18' 27" xal
a nub; — P nué '
anué, + P nud
v& Umohoyiofel & x, y1&k v& elven: 0° < x < 180°.
92. N& &midubel 1) éElowon:

€ 2x =

8x?—36,75x — 25,628 = 0.

93. ’Emions ol tfiocoes:
1. x*—148,7x + 1385=0, 3. x2 4 16,75x — 64,53 =0,
2. x*—245,7x - 12476 =0, 4. x* 4 75,23x —433,7=0.
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