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MEPOZ IIPQRTON

ITOIXEIA MAOHMATIKHI AOTIKHEZ KAl ©EQPIAT IYNOAON
KE®AAAION I

MAOHMATIKH ITPOTAZIAKH AOITKH KAI ZYNOAA
EINIANAAHYEIZ KAI ZTHMIIAHPQEEIZ

§ |. NMpéracig (amhij, kamyopiki) - Mporaciaxdg Timog.— ‘H Evwoia
Tfis GmAfis TpoTdoews *), dxpiPéoTepov THs «Aoyuxiic mpordoewsy, BewpeiTan els
T& pefnpaTikd @5 pla mpwtagyxr Evvowa, SnAadly s Evvoia uf Embeyouévn
Spioudy, s Evvola prf Suvapévn v dvaybii els &AAnv Ewvoiav. Els 10 ouvteakTi-
KoV, A.x., f| (&mAf]) mpdTacis opileTon &5 «Adyos ovvrouditaros (mpopopixds
1) yoantis) pé dvredids andoty mepegduevovy. 'EmeEnynpaTikes Suvdueba Tdhpx
v& eimmwpey OTi: Els T& pafnuoTikd kol yevikéds eis THv Aoyikfyv (KAaooikiv
Aoyiknv) dik ToU Spov «rpbtasigy (ATAf], kaTnyopikn) évvoolpey plav Exepa-
o pé TAfipss vonpa, 7 omoia EmbéyeTon Eva dkpIP@s &k TV XOpaKTNPITHEY
«@dnBio», «yevdijgr xai pé Ty oUThv TévToTE onuaciav, &xpiPéoTepov évvo-
obuey 1O mepieyduevor, To dmotoy Expodlousy dia uids moooTdoews ué iy Evvolay
108 ovvTaxTixod xal dut 16 Groioy dvrdueba xara éva dxpifdc Todmov va dmopay-
Oopey, dv elvar dAnbés 7) pevdés, dmoxldelovres didny mepinrwow. OUTw, Y., 1)
EKppaOIs :
«6 agtbucs 10 elvar dotiogy (1)

elven pia Aoyikf) mpéraos, ka®’ doov &,T1 alrn Ekepdder elvan dinbéc.
‘Opolws 7 #kepaots :

«6 agibuos 3 elvar drawpérne Tov 8» (2)

elvan pla Aoyikfy mpdTacis, ka®' doov 6,11 alTn Ekppdler elvan pevdés.

Ol yaparTnpiopol ainliés, yevdés kaholvTon tipai dindeiag xal TapioTav-
Tar ouvfifes pE o,  duTioTolxws. Tds Siapdpous (Aoyikds) mrpoTdoEs, @S
yvepifouev kai éx Tév poBnudTwy Tiis Tponyouuévns T&EEws, T&s TaploT-

* OepeAieoThs Tiis Aoyikfis Tév mpoThoswy UmfipEev & oTwikds prAdoogos Xpoounnog (281 -
208 m.X.). 'H vewTéipa dvdmrruis THs pobnuarikiis wpoTaoioxfs Aoyikiis dmrnoxéAnoey mhei-
aTovs HeydAous pricodgous kal pafnuaTikols, dx Tév Leibnitz, Boole, De Morgan, Schroder,
Frege, Russel, Hilbert, Ackermann, Tarski k.d.
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pEV YEVIKES M& MIkpd ypdppaTa TolU Aatwikel dAeapriTou kai kaTd mpoTi-
pnow pEp, q T, ...

‘Otav TO TepieySpevoy wds mpoTdoews p elvon dAndés, TOTe Abyopev OTi
| TpoTaois Exel mpnv dindeiag @ ol ypdgouev T(p) = o, &tav &¢ TO mEpIE-
youevov Tiis p elvon weudls, ToTe Aéyouev STL alTn Exer upfv dinlsiog v kal
ypégopev T(p) = y. “QoTe:

*
T(p) = {

opo

a, & p &Ands
Y, &v p \peudiis.

Els v Siatimwow T&V TPoTAOEWY Kol YEVIKWTEPOV TGV EKPPATEWY,
i8lcos 8¢ els T& pabnuaTikd, ouvavTdpey Spous kal cUpPoAa, Smws, T.X., Els
T&s dvwTépw mpoTdotls (1) kal (2) @ «dprios dolbludsy, «diawérner, «10», wai
Afifos &AAa Trapopol, T& omola Exouv piav kalwmpropéviy kei pévipov onpa-
ciav eig dhnv v Sudpkewav tiig inelepyasiag £vog Bépatog. Ta TolalTa oUu-
PoAa kai Spous KoholUpey, s yvwoTov, otabepis (&roukds fi karnyopikds).
Els T& pofnpaTikd Supcs ypnoipotrololvtal kol &AAo Ekgpdots, s, T.X., T :

«6 x elvar dpriog Goifuocy

&mou 16 cUpPolov x Btv Eyel kabwpioptvny ki pévipov onuaciav. Oltw, ).,
TO x SUvaTar v& UmodnAol Tov &piBudv 7 f Tov ]/Erﬁ Kai olovBnoTE &AAoV
&piBudv. To oUpPodov x, T dmoilov, G dvwTépw EAéxBn, B&v Exel uovipov on-
paciav, keAeiton peraPhnti. Eis Thy dvwtipw Ekppacty mapatnpoluev &T1 :
&v ls Thy Béow Tiis peTaPAnTiis x Géowuev piovkaTdAAndov oTabepdv, ..,
&va olovdrioTe Quotkdy &piBpdy, ToTE alTn kalioTaTan pla TpdTacls (GAnbhs
A yeustis).

Exppéatis, o5 ) dvwTépw, &ls Tas drolas TO cUuBolov x Bév Exel xabwpi-
gpévnv Kai povipov onuaciav, SnAadn TaploTd plav peTaPAnTiy, kai ai omoion
koBioTavTar wpoTdoels, STav 1) PETaPANTH X &vTiKaToaoTaff] &md TUXOV oUY-
Kekpluévov oToryeiov A Evds ur| kevol ouvdhou Q, koAolvTal, @ elvan yvwoTov
&k T&V pabnudrev Tiis Tponyoupdvns TéEews, wpotaciokoi tomor 7| dvoiktai
npotdcels, GAAwS TPOTACIOKAL CLVAPTRGEIS MISS METAPANTTS.

To ouyxekpipévov oToiyeiov A, To omolov dvTikabioTd ThHy METaPANTTY,
B1& v& TpokUyn TpoTaols, KaAeitanr TpR Tiis peTaPAnTiis. TO olvodov Q TV
TGV Tiis peTaPAnTHs Kaheiton abvohev @vagopic ToU U’ dyiv mpoTaciakol
TUTrOV.

*Avaddyws Topa opileTan kai 1) Evwoix ToU mpoTagiaxked TUTou &Uo 1
TEPICCOTEPWY METAPATTEV.

Xé&pw ouvTtoplas ovpPoAifopev ToUs TpoTaoiakoUs TUTTOUS pE uiaw pe-
TapAnTiY, X THY X, Six Tév: p(x), q(x), r(x),..., ue BUo peTaPAnTds
mX. Tas X,y 81k 1@V p(x,y), q(x,¥),... Kai yevikéds Bk v 1O mAfiflos peTa-

* T gUpPohov: <T onuaivel, &mrou ouvavtaTon 5@, «ioov EE Spiopoi.
)
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PANTSS : p(XyXg,. .., Xy) Kod Evvoolpev 8mi: 9 uerafints x diatgéyer &v oivo-
Aov avrixelpévaw, dvriotolyws 1o (edyos (x,y) tiw pevaflnrdv v obvoloy (ev-
yiv dvtixeypbvoy, tiorolyws &  obvoloy v - ddwy avruepévar i Ta dnoia
dvapéperar 1) Expoadis p,...

To &v Adyw oUvolov koAsitan ebvohov dvagopls ToU Um’ Sy mpoTta-
olaKoU TUTOU, TO 8t cUvoAov T&V TIpGY THs METaPANTHis ) TGV peTaPAn-
Tév, S Tds omolas & TpoTaciokds TUTTos koBioToaToan &Anbhs mpdTac:s,
kaAeiTal obvohov tpudv dinbeiag Tol mwpoTagiokol TUmou. Oltw, Y., T #k-
PPOOTIS :
p(zy): «y = 5z — 12, &ba 16 ebupotoy | mapiord vy Betixiy revpay. pilavy
elvoan  els wpoTaoiokds TUTos TV BUo peTaPAnTdv X,y pE  oUvolov
&vagopds TO Rt ¥ R, BnAcadn f) petaPAnT x SiaTpéyel TGO oUvoAov TV un
&pvnTikGY &p1Budv, ) B y TO oUvolov TGV TpaypaTikGY &piBudv. 'Edv fidn
&vTikaTaoTiowpEY €5 TOV p(X,y) fk&oTnv TGOV HETAPANTEV pé ouykekpipévny
Tighv TpokUTrTouy (&AnBels ) Wweubels) mwpoTdoes. OUtw 1) wpdTaols p(4, —2)
elven &Andns, &véd 1) p(3,2) elvan weudis.

§ 2. Mooodeikral.—Qs eAéxdn dvwTépw, 6Tav 1 ueTaPAnTH Evds TpoTa-
olakoU TUTou A&Pn ds Tipfv v dpiopévov oToixelov ToU ouvdiou dvagopds
Tou, TOTE & TpoTaciakds TUTTos kalioTaTal TpdTaocis. ExkTds duws TolU TpdTou
ToUToU Utrdpyouv kai &AAor TpdTol, Buvaper Tév dmolwv Buvdpsha va kaTa-
oThiocwuey v TrpoTaciakdy TUTTov Aoyl wpdTacv i KAeloTov TUTOoV (&An-
8] fi weudd). TTpds ToUTo &piel vé& TpoTaSwuey ToU TpoTaciakol TUTOU Blopo-
pous Ekppdoels, s ol: «indoyer (rodddyiorov) év..n, «did pepuedn, «did
wdflen, «OC Blan, «OC &v dxoifdcny, «OU &v 1o moldy, «Br oddévy K.&., oi dmoixi
koAolvTan mosodeixton 7| xPavnistai. 'Ex TéV dvwTépw TocodekTdy of :
wdmdoyer (todAdyiorov) évy wod «did xdfen, A5 yvewpifopsy kal & TRV pobn-
pédrewv Tiis Tponyouptuns TaEews, Exouv iBianTépav onuaoiav els T& palnuaTika
kol kahoUvTon drapElokds dvTioToixws kabBolikdg mesodeiktng, TapioTavTon 8¢
GvTioToixws S1x TGV oupPdiwv @ «dy, @yfr.

Oi TrooobeikTan, s EAéydn, mpoTdooovTal *) TPOTACIOKEGY TUTWV 0UTw:

o) «JIxp(x)» dvayryvookeTan @ «Umdpxel (ToUAdyioTOV) v X, DOTE V&
loyun p(x)», eite kai oUTw: «B1& pepikd x foyuer p(x)».

B) «\Axp(x)» dvaryryvidokeTon @ «di1x ke x foyuer p(x)», eite kad oUTwo
«B1’ Oha T& x foyver p(x)».

*Eoteo Q TO oUvodov dvagopds ToU mpoTaciokol TUmou p(x). Tolto
ywplberan els 8Uo alvola, fiTol els T oUvorov Qq, 81& T& oToIKElx ToU dTroiov
6 mpoTaciaxds TUTos p(x) yiveTon Aoy TpdTaols pE Tipny dAnfeias o kol
TO gUvohov Qy, Bik T& oTorxela ToU dmolou & p(x) yivetan Aoyikhy wpdTacis

* KarwTépw, X&pv edkohics, ol moooSeiktan Emovran tvioTe TEV TPOTATIOKGY TUTTWVY.,
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ut Tty &AnBeias w. Elvon govepdv Thpa 6T1 ai ékppdotls TGV popedv o) kai
B) €lven Aoyikal TpoTdotis pE Tipds dAndeics dvTioTolyws TS :

“@spo = |5 iy Tvxp(ryy = & 2 D=
W, Ev Qo= ¢ W, Eav Q=L ¢

TpoTdoels T@GV popeddv o) kai B) koholvran dmapfiaxal, dvrioToiyws
xaflodixal, ENAws mayxooutaxal TpoTaoels. 'Ek TGV dvwTépw ocuvdyopsy Tdpa
611 : Mia drapilokt) dvTioToiyws pia kabolki) npotacig sivol navrots pia lo-
ki) mpotacic ij khelotdg Tomog.

Oi ooobsikTan TpoTdogovTal Kal TpoTagiakéy TUTwv dUo fi mEplocoTE-
powv PeTaPAnTGY.

Enueinag. ‘H Ekepaois «bndgyet dxgific évy, ENAws «indoyes £v, xal pdvov évy mapi-
oTaTen oupPoAikas 81° tvos TGV oupPoAwv i i ly, «if's, «@ P

§ 3. Aoyikoi olvdeopol - ZOvOeTor mpotaoeig.— Eis iy pofnuaTikiy
Aoyixfly, &mres kal els TV kabBnuepwny dmAiav, tv YpnoipoTrololpey pdvov
ATAds poTdaoels. ZuviiBws Tas ATTAGS TpoTdoEls ouvdioper PeTall Twv Pt Sio-
popous AfEels Kai éxppdoels (ouvdeTikd), Tas oTroias KaAoUpey Aoyikodg ouvdE-
opoug kai oynpaTifopey xaT’ alTov Tov TpoTov véas (ouvBeTwTépas) TpoTdoEs.
Tas Toiaras TpoTdoels dvoudlousy ouvbitong mpotdseis. [evikéds els THy Aoyi-
kv T@V TpoTacEwy, @5 Aoyikol oUvdeouol BewpolvTar ai éEfjs éxppdoels :

«xeiy, «eltey, «ijp, «av. .., 161e», «totE, Koi pévov tote, Gy, Emions 1
Exppaots «oyr (88v)», Stav Tifeton Tpd wEs TpoTdoEws.

Ex TGV dvwTépw AoyikGv ouvbéouwy & pev «dye (dév)» elvan povopeiig
oUvBeopos, 8161 TpoTdooETan WSS TpoTaoews, of Umdhoirol Spws slvan Sipe-
Aelg, 8161 ouvBéouv Suo mpoTdoels. KoTwTépw B& pedeTiowpev KaTd Tolov
TpdTrov Emibpolv eis THY onuaciav TV mpoTdcEwy of Aoyikol cuvdecpol.

§ 4. MNpa&eig perald Aoyik@v mporaocewv.— Eis 11y pabnuorikiy mpo-
Taglakiy Aoyikiy Sexoueda 811 Utrdpyel v cUvoAov GTrAGY Aoy IKEY TTpoTdoEwY,
1o dmolov oupPoiifopev pe L, T& 8¢ oToiyeia, € dv 1o L ouvioTaran, SnA. Tas
TPOTATELS, oupPoAifopey, ds EAéxBn ol eis Tiv § 1, pd T& ypdppaTa p, q, 1,. . .
(Xwpis Befktas ) kai pé Beiktas, AX., P1, Par---» Qur Gar- - o5 Iy oo e )

Aeyopeba gml wAfov &1 gls EkdoTny TpdTaow p €k ToU L dvmioToiyel pia
kai povov Tipf dAnbeias, fi o 7 W, fiTor Seydpeba 611 Umdpyer pla ouvdpTnols T
pe mediov Opiopol Tns TO ouvorov L xai ediov Tiudv Tns TO SipeAis oUvolov
{a,y}, fiTor:

T: L—>{ay}: p— 1(p)e{ay}.

Tij Ponfeia T&v Aoyikév ouvbéopwv Epobdidfopey TO ovvolov L Té&w
AmAGY TpoTdotwy Ut «loyuxas medéeigy. Mio ToixUtn mpdgis ololaoTikGs
owvigTaTal £is Trv, g5 Bobeioav AmAfiy TpdTagiv T Lelyos ATAGY TpoTLoEWY
& ToU L, dvmioToixiow wés véas TpoTdoews, fiTis KoAeiTan edvletog mpétaotg
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npdns Padpidog. MdMoTa 8t gls THy mpdTny meplmTwow f &L KoAsiTan
povopsiis els 8¢ THy SeuTépav diuedis.

AV ixdotny oWvletov TpdTaow TpwTns Pabuidos SpileTan dxpiPdds pla
Tinf v {oyy). ‘H Tipny Tifs ouvbétou TpoTdosws fv {ay,} | omola koAsiTan
Kal Ty ddnbelas Tijs ovvbérov mgordosws, OpileTon TAMipws &K TEV TIPGY
dAndelas éxdoTns TV ATAGY mpoTdoEwy &k TGV Omoiwv ouvioTaTal Kol €K
Tol Tpomou cuvbicews aUT®V Tpds oXMUaTIoUdV TS cuvbéTou TpoTaoEws,
oUyl dpows &mwd TO mepeYduEvoy alTdy.

Oi Bikpopor TpdTrol ouvBéoews GTTAGY TTPOTUCEWY TPOS OXTUATIOHOV
ouvBéTou TolauTns, dmoTeAcUv TAs «hoyikdg mpaEeisy peTafU TGV TpoTdorwv.

Al BepehicoBeis Aoyikad mpdes xal al Tipal dAndelas TéY olTw oynua-
TiLoptvaov cuvBETwy TpoTdoewy, S Yyvwpifopey kal gk TV palnudTwv TS
Tponyovpévns T&Eews, elvar of &Efis :

1. Eoleviig. Kalotuey o0leviiy ddo npotdoewy p xai q vy apdracw «p xal
q», ovufolixis «pNg», Tip dnolay Seydpcha aAnlls] pévov drav ai ddo mpordoss
P Kai g elvae aAyleic xal yevdij el ndoay didny meolnrwon, fitor :

a, v T(p) =0 = T(q)
W, els m&oav &AANY TepiTTTROY

(1

T(phq) —— {

opa

2. "Eyxderenkt) hualeviic. Kadoiuer Eykhewetikiv Swalevbwv 7 xal dnlac
ualevbuv dvo moordoewy p xal q iy mpdracw «p it g», ovpPoluxds, «p\Qr,
T 6rotay deyducha wevdij udvov, drav xal al dbo mpordocis p xal g elvar wevdeic
wal @An07j els waoay dAAny mepintwow, fro :

T(pVq) ==

opo

{ g, twv T(p) =y = 1(q) @

o, els w&oav &AATY TEpiTTTWOW

3. Aroxiereniki dualevEic. Kaloduey anoxderonikiv saleviiv ddo mpord-
gewy p xal q Ty medtacw «p ij q», dAdws «ij povov p §j pévov g» ovuPolixds
«p N g» Tip 6moiay dexydpeha pevdij, drav xai ai 6o mpotdoeis p xai ¢ Eyovy Tiy ad-
iy Ty dAnbeias xal dAnbij, 6ray ai p xai q Eyovy dragpdpovs Tiudac dAnbeiag, Fjroc:

T(pVq)=—

opo

y, tav 1(p) = 1(q)
{u, b (p) #7(q) )

MNopaderypa. Eig ta Mafnpoanka 1| Exgpacis : «6 a elvar peyarvtepog ij ioog tob B» opi-
Leran dig £EfiG :
a =B iav, xai povov 2av, « P i a =p.
Katémv tod dvatépm dpiopod moia 1) tpf dAnbeiag tiig mpotdozmg : «4 = 3n;
Anavinoig. Auvdper Tol & dvew dpiopol 1) dvwTipw mpdTaots eivan looBUvapos Tpos
Ty : «4>3 § 4-=3». AUTn &moTehei piov &mrorAsioTikny Sralevbiv ut ipfy dAnbeias a, Biom,
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&v TapaoTiigwuey pE p THY TpdTaow : «4>3» kel ut q TV : «4=3», Hopev T(p) = o xal
(Q) =y, fro1 7(p) =4 (a).
Enpeioorg. "Ex ToU dvetépn mapaBelyparos oupmepaivouey 811 efvon dpBov v ypd-
PWHEV «X = X» B1& xd&Be XER (Giori;)
4. "Apwmorg. Kalovusy Gpvnow pidc mpotrdocws p iy modracw «dyr pr»
ovpfodixdic « ~ p», dAdwe Py, 1) dmola elvar ainbiis, drav 4 p elvar pevdis xal
yevdrjs, dray 1 p elvar adnbijc, ot :

T(~p) =

opo

{ o, v T(p) =y @

Y, &av T(p) =«

Ex Tév dvwTépw ouvdyopev 6T of Tiuad dAnbeias TéV p kel ~ p elven
Tmé&vtoTe &vtifeTol.

5. Zvvenayayi. Kaloduey svverayoyiv ddo mpordoewy p, ¢ tiv modracw
«k@v p, 1dte g», dlAws «p ouvenGyeton g», ovufolieds «p = q» iy dmolay deyd-
ueba yevdij pdvov, 6ray 4 p elvar ainlng xal 1j q pevdns xai Ginbij eis wdoay diiny
meplnrwow, froL:

{ y, &v T(p) = a xad T(q) =y )

T = —_
(® Y a, tls wdoav EAAnY TrepiTTwOIV

opo

IMapatnpiioeig ) "ANAor TpdTror SiaTumrwoews Tiis guveTraywyfis p = q elven xal ol

s :
1. «p elvar ixavy ovwbizm Sia gq»

2. «q elvar dvayxaia owwbixn éa p»
3. «iva q dpxei py.

B) ’Edv 1y wpbTaois p elven weudtys, TéTe f) ouvemraywyt : p => q elven TrdvroTe dAndns
Bi1& Tioav Tiuhv dAnbeias Tiis TpoTdoews q. "Edv 8¢ f) ouverraywyn: p = q elveu &Anbis, TéTe
d¢v Emeton dvorykaiws &1 ol mpoTdoeis p kal q elvoen dAnBeis.

1) ‘H ouvereywyn: q=>p koAeitar Gviiotpogog Tis: p => q, N 8¢ ouvewaywyr :.
~ p =» ~ q Kaheiton dvriBetog Tfis: p = q. Téhos 1) ouveTmaywyr|: ~ p = ~ p KaheiTan
avriotpogoavrifetog ThS: p = q.

8) ‘H wpdTaots p kaAeltar Td «agdrov pélocy 1) «if vmdleaicy kal 7y q TO «devregor uélogy
A «rd ovpmépacuay THS cuvemaywyfis: p = q, f| émola koAeiten Kal OmoBenikn npoTacis.

Hapaderype. “Eotw 1) ouvemoaywyn: p =3 q: «dav 1& Tplywva ABI, A'BT' elvan
foa, tote ol yavia Twv elvar foar plo wpods plavs.

‘H Umrdleors p ¢ «Tx Tpiywva ABT, A'B'T' elvan foom elvan ixaviy ouvliikn 81& 16 oupré-
poopa Tijs ioéTnTos TéV &vTioTolXwv yuvidv. To oupmépaoua q : «&i ywvian Tév Tprydvwy
elvar foan pla wpds wlavs elven dvaykaia guvdikn (ouvéreia) Sik Thy lodtnta T@Y TRy,
BnAabh Gtv SlvavTar T& Tpiywva vé efvan Toa xowpls al ywviar Twv v elven foa pia wpos piov.

Enueinog. ‘H Eppaois «ovunegaivetawy elvan Bidgopos Tiis dxppdoews wovvendyeray,
xa®” &1 Srav Abycopev &1 ) wpdTaais q elvan ouptrépaoya Tiis TpoTéTEWS P, tvvooluey &1 elvon
Buvardy v droBelfwpey THY &ANBeiav Tiis q oTnpiGéuevol els THY dAfBeiav Tiis TpoTdoEws p,
v N ouvemraywyn p = q loxver, &w A  elvan dAnbhs, dvebapTiiTws ToU taw 1 p elven &An-
Bhs A weubts.

14

WnionoBnke amod 1o ivotirouto EknmaiSeuTikrg MoAmkng



6. Aoyki ieoduvapia. Kaloduer (Aoyuxiy) icodovapiav ddo mpordacwy p,q
7y modraow «p thte, Kai povov tote, Gv g», dlAws «p ovvendystor ¢ Kol avri-
otpbpmgy, cvuflodueis «p<=-q», T dnolay deydpeba alnlij udvov, Grav xai al
dio mpordeeis p,q Egovy Tip adriy Ty dinlelos xal yevdij, drav al p xel q Egovy
drapdoovs Tiuas dinlelag, fror:

a, tav T(p) = T(q)

y, & T(p) =#1(q) ®

T(p <= ) o [

"Ex Tol épiopol THs (Acyikfis) loobuvapias évwooluev 6T loylow ol
g€fis 1B1dTNTES :

1.pesp 2 (pe>q)<=>(gep) 3. (p+>qhg<>r)= (p+=>T)

EInpsinog, "Otav SiAwpey vd SnAdowpey &71 ) fooduvapia p <= q 800 TpoTdaewy Upi-
atoTon €6 Spiopol XpnotporoioUuey TO oUMPoAOY <=%-, fiTO1 YpagouUEY D <=3 .
opc opo
*Avakepaloinows, Al Tipad dAnBeias TGV dvwTépw Aoyikév wpabewy (ouv-
Btoewv), dmopptovoan &k T&Y opiopdw (1) — (6), &modiSovTan ouyKeVTPLTI-
ks Umd ToU k&Twd mivaxeg Tipdv dlnbeiag:

ZolevElg |'Eyxh. Awal.| Ar. Awig. |Evvexayorh looduvapia TApvnotig
! ! PAD | PVA | pPVQ |pP=q|P<+=0d| ~Pp ~q
[+4 o [+ ¢ [+ 4 vy x [+ 4 ' W
o ¥ W o a ¥ Y L =
vy x v e [+ 4 x v [+ W
v | v y y y o a a o

§ 5. Taurohoyiali— rautoloyikai igoduvapiar kai avridoyiaL—Mia
cUvbeTos mpoTaols, f dmola popgdveton &mo &AAas mpoTdoEls p,q,r,. . ., TE-
Tepaouévou TATBous, ouvBeopévas pE Ta oUpBoAa (AoyikoUs auvBéapous) A, V,
V, ~, =, <= KoAeiTon, 05 yveoTdv, hoyikdg tomog. OUtew, m.x., ) Egpa-
oI5 : [(p=q) A~ q]l =~ p elvan €ls Aoyikds TUTros.

Aidopev Twpa Tous k&Twb dpiopous :

1. @a Aéywuey 61 &vag Aoywxds témos P elvar tavtohoyia tdre, xai pdvoy
Tdte, dv xabiorarar aAnbic modragic dud xdbe avvdvaoudy Tiudy dAnbelag @y mpo-
tdoewy, ai émoiar Tov cvvléTouvr.

Al TauTtohoylar cupPorifovtan ué mpéTafiv ToU oupfdhov: |-, fiTor:
&v P elvan pla TauTodoyla, TéTE yphoouev : — P.

‘Qpiopéven TauToAoyian, Adyw Tiis yevikils foyxUos Twv, kaAolvtan apyai
fi vopor. *ASidAoyor TauTohoylan elven al &Efis:
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1) Néuos tijc ravrdryrog : = p=p

2) Nduog 7ijs bundijs dowjoews : = p <=~ (~ p)
3) Néuog vijs tob wgitov dmoxdeiocews: |- p V. (~ p)
4) Nouos wije dvripdosws : =~ A (~p).

To &éT1 alrou elven TauToAoyial, TrpokUTrTel & Tol ké&Twd Tivakos

P{~P| ~(~p)| PA(~P) |[P=2D| P<=> ~(~pP) | PV~p ~[pA(~pP)]

ol y o 7 « o « o
ol v |y o a < a

"ANAD &E16Aoyos TauToroyia lven kai 7 £Efis -
[(p= DA (=)= (p=r1) (vduoc cvilopiouoi).
2. Od Mywpey dte Evag Aoyunde témos P elya Tavroloyikdg igodbvapoes moos
&va @hov doyixdy Témov Q xai 0c yodpouey P = Q tdre, xal povoy Tdte, dv Exovy
mavrote Ty adriy Ty dhnbelac, ond. éav 1) loodvvaula P <=+ (Q elvar tavrolo-
yta, fjTor:

PEQ:::I—(P*#Q)

HpoctEare: ‘O ocvuPoiiouds P = Q S&v elvan TauTdonuos pt TOV : P <= Q
(Brari;)
"A€idhoya TapadeiyuaTa loobuvaméy of dmoicn elvon TauToAoylen elval
ai :
~(PAQD =+ (~p)V (~q)
~ @V Qe (~p)A(~q),
al émoion elvan yveworad ds vduot ros  De Morgan xai &rmroBeikviiovTan elkdAws
B Tév mvdkeov dAndeios. Auvvdper Tév GvoTépw ol vépor ToU De Morgan
YpdeovTal kol olTew :
~PAD=CEPI VD, ~Ove)=(~p)A(~0q).
‘Opolws Exopsv (PA. MabnuoTikg A’ Tupvaoiou, oeAls 32 - 33) :
L= q=(~p)Vq
2. (p+=> ) =I(~p) VqlAlp V (~q)
3. (V) g =I(~p)Aql v [pA(~ Q)
Hapatipnows. "Ex tév tp16v dvwréown TaUTOAOY18V ouvdyousy 8T Btk TGV TpdEecov :
Tiis &pvfioews, Tfis ouledEecos kal THs Biabelfecos Buvdieta vi Eppdawper Tés &Mag TpdEers :
Tiis ouveTrarydoyfis (=), Tiis looduvaplas (+=) xal Tfis &worAeioTikiis SralevEecos (V) xkad

ouverrdds oloodfimote Aoyikds TUmos Slverran v Sioruebii povov Bk TV TG ouppé-
Awv: A, V, ~.
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*Emraidh 8¢, xard Tov véuov Tou De Morgan, Exouev: pAq = ~[(~p) v (~q)] ovu-
mrepadvopey 871 Buvdueba olovBfimoTe Aoyikov TUTOV Vi TOV EKQPATWHEY povoV B1&c T&v Aoy~
kév ouvbiouwy (TUVBETIKGY) @ V, ~.

3. Od Aéyouer dre Evag hoywos timog Q elvar dvndoyia, dllws dvtigacs,
76tE, xal pudvoy Tdve, dv 1 dgymoic Tov ~ Q elvar Tavtodoyia, fror dv xabiorarar
modTacts yevdic dua xdfe ovvdvacudy Ty dinelas Ty mgordaewy, ai dmoiat TOY
avviéTouy.

Mia dvTidoyla oupPolifeton pt wpoéTafw Tol ouuPoiou: ~ |—.

TMopadevype : Aciate 6m 6 hoyikdg timog: (p==>q) <= (pA ~ @) elvar dvudoyia.
Aborg. T &1 olros elvan dvmihoyia TrpokUrrer &k ToU kéTwh mlvaxos els Tov Gmolov
B(p,q) TapioT& TOV &v AOyw Aoyikdv TUtrov:

1 | |
B uie ) T i S e G R | B(p.q) |~B (p.q)
S—— ‘7 S | [ f,illg. s S
o a it | e w v «
o g o W a | v} i o
v | « L S Sl LA G o
W Al e A - LT O o

*Ex ToU &vetépes Trivakos TepartnpoUpey 8Tt f Tiph &nbeias ToU Aoyikol Timou B(p,q)
elvan mévtoTe W Bi1d kdBe ouvBuaoudy TRV &Anbeias TGV p kol q. 'Emiong & Tiis TehevTaios
orfiAns ToU &vertépw Trivaxos PAémopev 6111 ~ B(p,q) elven TauToAoyla. "Apa s ~ —B(p.q)-

Teviki) rapatipnois. T uéypr Tolde dvorrtuyBévTa mepi Aoyiopcl Tév
TrpoTaoEwy foyUouv kol &v els ToUs dvwTépw Trivakas T& oUpPoAa p, q, T,. ..
dvTikaTaoTafoly pé TpoTaoiakoUs TUTows (&voikTds TpoTdaELs), TV dmoicv
Sucos TO dAndEs 7 weudts 8& dvagépeTan es TO olvoAov TédV TS PETaPANTHS
f| TGV peTaPAnTV TGV &V Ady® TrPOTACIOKGY TUTIWV.

§ 6. Teyvikf mpayparomoinoig Tiig guledfews «A» kai Tijg EykAei-
omikijg Sraledfewg «Vn.— "EvTaifa Secopoluey oxdmiuov, Smws Bi1& pEPIKEV
XOpaKTNEIoTIKGY TrapadearypdTwy Epapuoyfis Tiis dAyEPpas TEV TPOTACEWY
Tpooptpwiey els Tov dvayvdeTny Thy IkavoToinoy, 871 TeAsicos &onpnpévar kat’
&pyiv uodnuariked wvolen SuvavTar v elpouv Mav onuovTIKES Kal TpaKTIKAS
tpapuoyds.

Els dmAcls Tpdrros Sick v Exwmev T&s BUo Tipds o kad @ Wwds TPOTATEWS
p elvan ¢ THY Borfaiav Evds Biaxédmrou (T.X. BiakoTrTOU peUparTos, SiaKOTTOU
UBaros k.T.A.). OUtas Exopev : T(p) = o, & & BiakdmTns elvon KAEIOTOS (xAs1-
oToV KUKAwua - BiépyeTan pelipa) kal T(p) = y, &v & BiokdmrTns elvan &VOIKTOS
(&vorTdy kUKhwua - kv BitpyeTan pelipa). Els 81akdmrTns oupPoiileTtan s EEfs :

EiooSos f/pl “Efobos
(BraxdrTns)
ol Abyouev 811 &moTehel: «z6 xixAwua Tijs mpoTdoews pr.
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“YmoBéTopev Tapo, &1 els AowmrThp A elvan ouvBeBeubvos uE plav YV
peduaTos kai 811 petaly s Ty s kKal Tol AaumrTiipos TapeuPdAiovTal, Ko
Siapdpous Tpdrous, BiokdTrTal p, q, T... Elvar gavepdy, &t td A elven elc
Aoyikds TUmos TGV p, q, T..., fitor: A = A(p,q.r,...). Zuppwvolpey &¢:
T(A) = «, &v & Acumrtip ewTiln Kai T(A) = g, & 6 haumrTip Btv guwTiln.
Obre 1) oUteulis p A q BUo TpoTdoewv p kal q &moBiSeran &Td TO «KUKAWHOD °

e
(MaxdmrTon v oe1p) A @

TAZIZ
Maparnpotuey 8T1 & Aapmrthp pooTilel, ftor T (A)=1(pAq)=a, pdvov

étav xai of 8o Biaxédmrron elvan ouyypdves kAeioTof, #Tol T(p) = @ Kai
T(q) = o, &vé® 8dv pwTiler eis TEoaY EAATY TEPITTWOLW,

«kUkAwpa Tiis pAg»

H 818eudis p V q BUo mpoTéoewy p kad q &mobideTan &rd TO «xikAwpas :
P
o

TAZIZ A
(AioxdmrTan v wapaAifiig)

-;— «KUKAwpa TS p\/ q» =

ToparrnpoUpey 611 & AapTrTip S8v puoTilel pévov &Tav kai of dlo SiaxdTrTon
elvan ouyypéves dvoiktol, fitol T(p) = y = T(q), tvéd peoTiZer &ls TEoaV EAANY
TEPITTWOW.

"Exovtes U’ Sy T& dvewTépw Kkai Tds TauTohoyias 1), 2) kai 3) Tis
oeAibos 16 Buvdpeba Twpa elkdAws v OXTNHOTIOWHEY TA «KUKAGUOTON TV
TPOTEOEY v

P=4q P<=q, pYq
&vba ) &pvnois ~ p Tiis p 8& TaploToTa pE BlakdTTTNY KAEIGTOV (&vT. dvokTéy),
&tav & p elven BioxdmrTns &voikTds (GvT. KAeloTOS).
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AZKHEEIEZ(*)

A -1, N& evpefolv of miped &inbelos Tév kérwd ouvlétwv TpoTéotwy
«) (9=3)A(@>5), P)@<3VE=7+1), y) (27 =3.8) ¥ (5% = 25)
5) 3 =4)= (5>7), ¢£) (2>5) 4= (5*=9), a1) (7T =4+ 3) +=(2=5).
A -2, Tlofon & TGV kéredt ouvBérev TpoTéoewy elvan TauTtoAoylal kal molon dvmihoylea;

o) [pAG=Dl=q B) (p¥d) A [(~PIA (D] ¥Y) PV(PAG) <= P
8) ~(pAq) <=+ ~[(~p)V (~D), e) [pv.(~m1 A [qV (~q)].

A -3, Acelforre 671
@) [pAqvD)I=[(AD VvV (PAD]L B) pv(pAaT)=p=pA(pVr)

NIp=> A C=>)=[(pVD=>ql 8) [(pY)V @PA)]= (VD
O [@ADVICP) A (~D]1]e[p <=+q] o7) [p=>ql=~{pA (~D] =[(~P)V q).
B-4. 'E&v, 5i& x&@e mpéracw q, evan T (~p) => q) = o, Beiforre S T(p) = .
B-5. Né& etpedfj ) Tiph &\ndelas &xdorns &V TpoTéoewy p kol (, yvwoTolU Svros &Ti:
) Hdp=>A@vpl=a B) TEVHA@=Pp)=y.
B- 5. "E&v T(p <= q) =y, v& eUpebii  Tuhy &nbelos T(P), Bvba P roapiotd pla T kéreb
TPOTATEWV :

) [p += (~ Q] Al(~p) <=ql. B) [p=> (@vPIA[qVp].
B-7. Adoare T& «kuiAdparan Tév K&Tw cuvBETwy TPOTETEWY 1

p=>q, pe=+q pY¥q [l@vpva)ATlvPAD.
B-8. N& eUpedii | Tiphy &hnbeias T(A) 1ol Aoyikol TUTTOY A, BB A elven :

[(FAG@vevDIvVe AD ] A[GAD VIEAG VTV ]
Tij Pondelg ToU kuKkAduaTos BioxoTrTdy Kal yvwaTolU dvtos &Ti: T(p) =y = S1oxémrTns &vol-
xtés, T(q) = a = Braxdmrrns Kheiotes (pg of &pviioels TGV P,q)-

*Andvinoie. T(A) = . EnueidoaTe pé PéAn i uE Eyxpowuov ypopida THY «BraBpoudivr
Ty émolav dwohoufel 1o peduax &md THY meyhv Ews Tov Acprrriipa (A).

§ 7. "H Evvoia Tol guvéhou.—Qs yvwoTdy pia ucBnuoriky Sewpla ouv-
foraton  &md doyuxods 7 modrovs Gpovs, dottoubvove  Bpovg, dbudpara xal
Oeworjpara. “H Bewpic TéY ouvoAwy elven pia peBnuaicd Gecopla Exovoa TOV
&pov ahvokov s &pyixdv Spov, &udd of yveoTol, & T mponyoupévey T&EEwY,
&por : «dmoovvolovy, «tous) owwdlwvy, «Evwow cvvdlwvy x.d. elvan dpifduevol
Spot.

*EmeEnynuoTikéys Suvépedoa v eimeopey 8T

Eig v pafnuaricd deyopeba dti émiroémerar oA avricelueva capds xabw-
otopéva xal diaxexpiuéva petasd Ty va Bewgnbody e & véov dvruxeipevoy, TO
dnotor xadoipey To odvohov Tdv Oewgovuévey dvruxeluévoy.

Té& &pyixdds Becopolueva &umikelpeva, &k TV omrolwv, ds Afyopev, AroTE-
AsiTon TO oUvohov, kohoUvTan etoyeia Tol ouvoAou.

*Ex TéW dvoTépw ouvdryopev 8T, grotrTikGs, TO ouUvohov elval Exppaois
«oUAAOYTis», SVTIKEINEV®WY, TP keBepiopéveoy Kol BIOKEKPIEVGY ueTaly Twv,
&moTteAoUvTwy oUTw plav TAfEn «OASTTTON,

*EvioTe, els cpiopéva Btpata — kuplas YEWUETPIKTS Quoews — &uTl TOU

* Al poTewdpevan &oxnoels SlexpivovTan els 8Uo Kkorrnyoplas onueioupévas Sicx TEY ypop-

pdrwv A kol B, Al &oxfioeis pé 1O SraxpiTikdy A elvan of &mhovcTepan, ol dmolat Korrde TO TrAET-
arov elven &ueoot ouvémeion Tis fewplas, ol 58 onpeloUpeven p 16 B elvan ouvBetdTepat.
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Spou «olUvorovy Xpnotpomoleitan lgoduvduws & Spos «yfpog» xal ToOTE, &uTi
oTolxEiov TolU ouvohou, Aéyousv «onpeiovy Tol XWpou.

“Ev oUvohov onusiobTan, ouvnifos, LE kepoaTov ypduua Tol &ApapriTov,
AX- ¢ A, B,T...,EZ X k1A, Td& 58 OTOIKEIX TOU PE UIKPY YpdupaTa o,
By

THv Ekppacv «v6 x elvar ovoryeiov Tov Ay Yedpopey x € A xproipotoioty-
TEs TO oUMBoAOY € 70T dwijrew elc ovvorow. “H &pvmois Tiis TpoTdoews x € A ypd-
petan: x€A. “Ofev, k& THY &pyhv Tiis ToU TpiTou dmorhioews, B Tuyoy
oTorygiov x Kol TUXOV oUvodov X 8 dAnBeun pévov pia Tév TPOTAOEWY 1 «X € Z»,
«X € Z».

‘H tvvoix Tol ouvbhou elven oevéss ouvBeBepvn e THY Evvolay WdS qoyé-
cews lodtnrosy Gpiopévns peTafy TV oToixeiwv Tou, 1) &mola oupBoAileTen
ME « = », kel Pdoer THs dmolag Becopoliney Talra, 2&v 8&v ouvblwvtan Sik Tfis
OXEOEWS =, G5 BlaKekpiubve peTaly Teov. "AxpiPéoTepov 1 Seydueba Gt dbe
odvoloy I orougelov magiotwubvay ué a,fy... e dpudiaoudvoy ué pia oyéow
lodenrog, djrou ve : dua ndbe Levyos a,f éx 105 X elva BéPaoy xai xara &va dxpr-
Pas Tedmov (povoonudvrag), v Te a xai B magioroiy Té adrd avouyeiov ot X,
dndte yodgouey @ = B, i) 61e vd a xai B ddv mapioToTy 6 adTo atotyeiov tod X,
émdre yodpousy a=k fi. Obrws els T ovvorov N Téy PUOIKEY &p1Budsy Exopey :

5=342, 7T=4+43, 35£2, 85+ 4.

Thv a5 &ve lodTnTa, 1 dmola Biomxpivel T& oToiyElx ToU ouvddou I ka-
Aclev Pacukily iodtnra pds Bidxpiow dmd Kkdéde ATy «looTnTon dpifoutvny
& Z. ‘H loéms ol mAnpoi 1ds &Efis XAPOKTNPIoTIKES 1816 TAS @

i) o =a 81k kébe €T (adromabis ididryg)

i) "Edv o = B, TéTe P = o (ovppetouns) idiiTng)

iii) ’Ev a =P koi P =y, TéTe o = Y (uevafarie) Bidoe).

"AgioonpeicoTa oUvoda &piBpdv pé T troia Exopev 1i8n &oyoAndd elvan
T& KT

N: 16 oclvolov Tév uokéy &pibpdv: 1, 2, 3,...v,...
No: T olvodov Tév dxepaiwv Tiis apilinmxies 00l 20 b -
Z : 16 oUvohov TéV dxepaicoy GRS sy Vst Z=Rua0,0 02500 3

Vi ats
Q: 16 olvolov T&V pnTéY &p1Bucy
R: 16 clvohov T&V TpayuaTiké &p1Budsv
C: 16 oUvolov TéV pryadikidy Gp1Budv.
"Emions 8& mapioTépey pé R, R} T olvohov Tév BeTikév, dvTioToly s
uh &punTIGY TrparyuaTIKGY &p1Bucy.

§ 8. Napaoraoig ouvérou.—Td kevdv odvoAov.—"Ev alivohov elven dopi-
opévov Eav BiSwvton SAa T oToryeia adTol f) é&v Sibeton i8i1dTns XapaxTnpi-
fouoa T& oToiyela Tou. “Ofev of ownfiels Tpémol TapacTdotws Evds cuvdhou,
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ds yveopilopev kai &k TGV pobnpaTwv TV Twponyouuévewy TéEewy, elvan: ¢
8¢ dvaypagijc @y avoigelwy Tov dvTds &ykloTpwy kol ¢ dd megueagils yage-
wrnototixiic iddTnTos T@v oroyyelwy Tov TR Ponleiq peTaPAnTiis kol &yki-
otpov. "Ev cUvohov SUvaran dviote v& ToapacTadf xal 81" dverypagfis, &vTos
&yxioTpwv, dpioutvey oTorgeiwy Tou &v ouvbuaoud peTd TEA21GV, Gmou ai
TeAeTan UroBnAclv T& pf &verypogopeve oToryeia, T& dmola évvoolvTal & ToU
Tpémrou BnAGTEWS TEY &vorypapopévey oTOIKEIWY Tol Bewpoupévou cuvoAou.
Oftw, T.X., T cUvohov TE&V QuUoIKaY &piBudy Slvaran va TapacTodi :
(s i

Suvohov pi &v pévov otoixeiov, 8mws, T.X., TO {a}, KoAeITCl povooTor-
yeraxdy T kel &NAs  povoueréis odvolov (7) povoabvoior). Tovilopev tvTaiifa
ThHv Biagopdy petafU a kai {o} : TO piv mwpdTOV &moTeAel oTolyElov ouvoAou
Twés, Td Bt Belrrepov elven ouvoAov pi povadikdy oroixeiov To a. OfTw o€ {a}
kal o = {a}.

‘Qs &AdyOn el THY Tponyouptvny Tap&ypapoV 1| #wvoia ToU ouvoAou
elvon XapoxTnpiaTik) Tis GAdTNTOS TEW duTikeipévooy, T& omola TO &mapTi-
Zouv, Eha B T& dvmikeipeve pids piopévng 116t ToS fecopoluey s v ovohov.
To yeyovds altd dmobider &g T& oTorEla Evds ouvdlou piav Kownv iBi1oTnTCa.
Kor& ouvémeiav els EkaoTov olvohov duTioToryel pla 110Tns, iy dmolav éxouv
S\a T& oToiyeia ToU ouvéAou kal povov aUTd. AvTioTpbgws, Els EkdoTnv 81
érnra p () dvmioToiyel &v dxpiBdis ouvolov, Tol dmoiov T& oToIygia Kol uovov
ot Eyouv THY iBidTTa p ().

TTpds &mopuyfiv Trapepunveldy kol SvTIVOHIGY Beyoueda &1 pla 1816™S
p () &vagépeTon els dvTikefpeve, T& dmola dumjkouv gls &v dpiopévov olvorov
Q. *E&v Tdpa &v &vTikelpevoy a€Q Tebfi v p (), fiTor &v ypdywpev p(a), TéTe
76 p(a) ounPohiler plov Aoyixiv mpéTaow, Sik v émoiav Buvdueda va dro-
povBidpey Ko Bva kal pévov Tpérov, v alTn elven &Andns 7 yeubtis. ToTe
Bi& ToU oupPdrou : {x€Q: p(x)}, €iTe dAAeos {x€Q / p(x)} i dcopn, dtav elven
yveortdy &t mpdkertan mepl ToU ouvodou L, GmAGs Sikx Tol ouuBohou :
{x:p(x)} épiferan dv Umooivorov A Tol Q, Tol émrolfou T& oToikEla Kal udvov
attd elvon SAa Exefva T& a€Q Sid T& dmoia 7 p(x), cs Aoyikn TEOTAOIS,
Aappdver THY TIEAY wadnfhijcr. "Qoe Bexouebar 6T1: Awd xdfe atvodor Q2 xal
play iidryra p( ) deilevar dud 70D ovufdiov {x€RQ : p(x)} ndvrote & otvolo,
106 émolov orowyela elvar Sha Exelva Ta X€Q, e Ta dmoia 1] modracis p(x)
elvar adnfric. “Ymd Thy s &vew onuaciov B Bewpdopey els T& trrépeva TO oUp-
Podov : {x€Q: p(x)}. ‘Emoutves, & A = {x€Q: p(x)}, ToTe 8% elvan :

(7 X) XEA <= p(x) SANBis
"As Becopficeopey i8N TOV TROTOCIAKOY TUTIOV |
p(x) : «6 x elvar dudgpogog 70 X»
TiBeton TéTE TO Epdytua Tofov elven T6 auvorov {x: p(x)};
"E8& mopatnpolpey &T1 TO oUvohov ToUTo Sdv Exer oTOIXE, kaf’ Soov

21

WnionoBrke amod To ivotirouto EknmaibeuTikrg MoAmkrg



x = X, 60ev p(x) yeudns wpoTaols Bik k&b x. ‘Opoiws, &v :
p(x): «xER ué x®+ 1 <0

TToiov elvanr 16 oUvolov {xER: p(x)}; Elvon méAv gavepdv &1 81’ oUbiv
x€R 1} p(x) xabioTaTan &Anbhs mpodTaois.

‘Ek 1@V dvwTépw TopaderypdTwv kabioTaTton pavepd f) &vayxn mapa-
Boyfis &vds ouvdhou — &veu oTorkeiwv — els Tpdmrov, doTe va dvTioToikfi TolTo
els ToUs TpoTagiakols TUTrous p(x), ol dmoiol BiBouv WeuBsis poTdoEls Bidkdde
x. OUrws dryoueda els 16 v BexBodpev Ty drapbw &vdg xal povadixots cuvvdlov,
T0 omoiov Oéy Exyer otoyyeia. TO olUvolov ToUTo KoAEITal, & YVwoTodY, «16
Kevoy gbvohovy kol mapioTaTtar: ¢ A { ).

Enueimoig. Aty mwpémat v ouyyéwpey ToUs oupPolriouols: (¢} kel ¢, kad Soov &
ouppoliopds: { ¢} onuaiver : TO povopehts guvodov, ToU dmrofouTd (Hovabikdv) aToiyeiov elven
TO Kevoy oUvoAov, Evid ¢ onpaivel : TO Kevdy oUvoAov.

§ 9. Tuvbfikn xai Tautémg eig olvolov.—Kd&be TrpoTaciakds TUToS
p(x) TolU omoiou 1) peToPANTY X AcuPdvel ds Tinds T& oToryela Evds ouvdiou
A xaheTtal cuvBikn eig 0 A. "Edv p(x) elvanr pla ouvlfkn els 1o olvorov A,
TOTE O Abywpev T & arougeiov @ Tod A mingol Ty owbiny TavTyy, ToTE
kad pdvov TéTE, &v 1) pdTaots pla) elven dAnd1s.

Zuvbnikn p(x), 1 omola wAnpoUTan Sk kéfe a€A kedeitan tavtotyg &g
t0 A, OUTws & mpoTaciakds TUTos p(x) : «x2 + 1 > 0» elvan TauTdTns &ls T
R, 8161 mAnpolran Six k&Be xER, &vdd & TpoT. TUMOS q(x): «x 4+ 1> O»
elven ouvBrixn &is o R, 81611 TAnpoUTan pévov Bk x > —1.

§ 10. "H &vvoia 1ol dTroouvéAou. lodtng 800 cuvdéAwv.—"Ectwoav A
kal B SUo py keva odvola. “Qs yvwoTov, Ayousy 8T1 «1o ovvodov A elvar dmo-
gbvohov Tod By, eite &AAws «r0 A mepéyetan (éyxdelerar) eic vo By kal oupPo-
Aifouev ToUro pé : «A C B» TéTe kKol pdvov ToTE, &v 7 owvbiixy x€A ovvemdye-
Tar Ty X€ B, ZuvTdpws :

ACB<+= (Vx: x€EA = x€B)
opo

"EvioTe Aéyouev els Ty mrepimTeoow Torny 871 TO olvohov B elven drep-
cbvodov Tol A f) 611 TO olvolov B membyger O A.

AeySueba dT1 TO Kevdv oUvolov elvan UmrooUvohov oloudfToTe cuvdhou,
fitor ¢ C B, 81& x&fe glvodov B, tvés elven Umepotvodov pévoy Tol EauTtol Tou,
firor ¢ C .

Emions 7 iodrns 0o ouwvddwv kol 7 Ewoia Tol ywpoiov dmoovwdlov
(ouupohlopévn pé C ) SpilovTan, s yvwoTtdy, olrw :

" A=B<+=>ACB«xa BCA

opo

AC B ACBxal AdeB.
opo
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Ex TV &vwTépw Splopdv Elvan Tpogaves &1 T& cUpPora « =» kal « T»
Umaxotouv &vTioTolyes &ls Tas kdTwh iBidTnTas :

a) A=A (adromabic)
) A=B=B=~A (ovppeTouxt))
Y)A=Brxad B=T=A=T (uerafavizn)

o) AC A (adromalbig)
BP)YACBr«kai BCA=A=B (duovuusctoxi)
Y)YACBxkad BCT = ACT (uerafarvaj).

Inueinog. Mia «oxéoisy fimis elvon  adronmabyls, ovpperowa) xal perafarix) xaheiton
isoduvapia (7 oxiowg icoduvepiag), dvdd pix oxtos, fims elven adromalbrs, drriovuperouxn wal
petafarixn xoheiton SudraBig (i oxforg Sardfeas).

IMepacnpioaig: 1) “Exaotov olvolov elvon Umoolvedov Tol foutol Tovu, oldémote &t
yvfioiov Urroouvodov Tol Eautol Tov. *Edv 52 A5EB, Téte 8 Umdpyn &v (TolMéyioTov) oTol-
yelov ToU fvds ouvdhov, TO &moiov Bty O& &viikn els TO &AAo alvohoy (&wetl; ).

2) Tlpémer v& yiveton Biréxpiols petafy TGV oupPodwy « €», T dmroiov KaheiTal cUuPoiov
Tol «avijrew eic...» kol «C », 16 dmolov keheltan oUuBoAov éyxieiouod, 5167t TO Wiy € ouoye-
TiZe1 gToryeiov mpds ivolov, Té B C olvolov Tpds auvohoy, els B Ty Bewplov TGV ouvéAwy
oTotyeiov kal aUvohov Traifouv BiagopeTikols péhous. TotouToTpémes EEnyeiTan Siatl wavroTe
foxler: {a} zka.

§ |1. Baowdv oGvolov ij oGvohov avadopiic.—Kara Tiv émegepyaoiov
Evds podnuaTikol Béuarros kabopifouey € &pyfis &v olvolov Q= ¢ ué T& oTol-
yElo kad T& UmogUvoha Tol dmofou Epyaldueda. T olvohov Q,Tol émoiou T&
oroiyela kal T& UmooUvord Tou EugavifovTon &rokAEioTIKES KaTd ThY EmeCep-
yaoiaw Tol U’ Sy Béparos, kaheiTan Pacukdv cbvodov T chvolov dvagoplc
(Emreidi) el alTd — kot THY. E§éTaow ToU Ut By Béuaros — dvapépovTan SAa
T& &Aa cUvoda). OUrw, m.Y., &ls &v mpdPAnua &hyéPpas ol peraPAnTal ToU
8& TapouciacBolv els ToUs &vTioTofyous TpoTaciakoUs TUTous 8& dvagé-
pwvToan el & yevikdv oUvohov, A.Y., els TO oUvodov R T&Y TWporyHoTIKEDY
&piBuév. ToUTo 8& elvan T¢ Paoikdv olUvodov &’ A Ta UmooUvola, T
Smoia 8& Tapouciacfolv els To U’ Sdyw TwpdPAnuC.

To Paoikdy clvohov Biagéper &md TpdPAnua el TpOPANua Kai péAioTa
ToAAdKIs TapaAsiTeETan & dxpiPhs kafBopiouds Tou, BIGTI GO TO TEPIEXOUEVOV
Toll TwpoPAfjuaTos kafoplleTon kai TO Biov.

§ 12. Auvapooivolov Evag ouvdhou.— As Bewpriowpey &v pi) kevov oU-
vohov Z, TéTe Suvdueda va dplowpey Ev olvodov, To dmoiov oupPohifopey e
P(E) xal Tob dmolou oToryeia elvon SAat T& UrooUvora ToU Z, fjTol:

c?(Z)o—T;{X: XC3Z}={X: & x€X=x€Z}.

Té oclUvohov Tolto koheiTal: 10 Svvaposivolov tob I eite: 16 obvolov
v droovvéhov Tob E.
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Mpopavéss : @ EP(Z) kal ZEFP(Z).
"AmoBevieTan ¥ 811 1 *Edy 16 avvodov X &y v 1o whijflog aroiysia, TdTe TO
dvrapoatvordy tov P(X) Eyer 2 w6 aibog atotyeia.

§ 13. "AhyeBpa TOV ouvéAwv.—"Ag Bewpriowopey v Bagixdv olvolov Q,
ToU Omolou T& UmooUvora &g oupPohricwpey pt A, B, T,.. ., ot &t P(Q)
TO oUvoAov TévTwY T&Y UTrocuvdhwy Tol Paoikol cuvdrou Q. ‘H #woia TS
lodTnTos petafl ouvdhewy, fiTol aToixeioy o0 F(Q), Thy émoiav dploapev &g
Ty § 10, Slvaran v Becpndii s Baoikd lodTns s Td P(Q). Auvdper Tiis i0d-
™TOs alrriis T& UmooUvoda Tol Q BewpolvTar Siaxekpipva petal Twv. MeTofU
oToixeiwy ToUP(Q) Suvépeda Thpa va dpicopey mpakers s £Efis : "EoTwoav
AEP(Q) xal BEP(Q), TéTe dpilovran :

§ 14. TopR 800 ouvéAwv.—KodsiTan Topt] TGV A kai B kail oupPolile-
Tar pE ANB 16 ovohov, TO dmoiov TEPIY PAPEL & TPOTATIaKSS TUTOS «z € A xai
Z€B». "QoTe:

ANB={xeQ: xcA A x¢B)

"Ex ToU dvwTépw Spiouocl ouvéyetal éT1: Ay Topn ANB &mapTifeton &mwd
TQ KOW& oTorKela TV ouvdheov Axal B. *Edw T& olvoha A kai B Sty E£xouv Kowd
oToiyeia, KoAcUvTon Eéva. "Qote: T& oUvoda A xai B elvan Etva petatd tov,
ToTE Kai pévov TéTE, &v ANB = @,

To kevov ovodov elven Eévov Tpods olovbriroTe olvohov A, BidT foytouy :

ANZ=0kd @NA=2.

§ 15. "H Toph ouvéAwv kai f} 0iZevEig.—Eav T& olvola A xal B 6pi-

fwvTtan Bi1& meprypagdis g KaTwTEpw :
A={x€Q: p(x)}, B= {xe€Q: q(x)},
TOTE TO oUvolov: {x€Q: P()Aq(x)}, fitor TS olvohov (OAwv) TéY TIuGY
THS METaPANTHs X, ai dmolan kabioToly &An0f mpdTac ToV mpoTaciaKdy TU-
mov p(x) Aq(x), ovumimrer ué Ty Topdv ANB, fror:
ANB = {x€Q: p(x)A q(x)}.
TMpdey o
(Vo) «a€ANB <=+ a€A AcEB <« P(@Ag(e) <=+ ae{x : p(x)Aq(x)}.

§ 16. "Evwoig 800 ouvéAwv.— Koeiton Evooig TGV ouvbhwv A kai B
xal ouvuPoriletan pi AUB 1O olvodov, To dmoiov TEPIYPAQEL & TPOTATICKYS
TUTOS «z€ A4 elre 2E€ By, “Qoe :

* "H &mdBeifis 8& 506 els To kep. XI.
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AUB={xeQ: xeA V x€B}

'Ex Tol dvawTépw Opiopol ouvdyetan éTi: 1) Evwols AUB &mapTifeTan
o OAa T& oTolxElx Tol ocuvdhou A kai SAa T& oToixeia Toll ouvdou B. TMpo-
avéxs TO kevov gUvoAov elvar T oUdétepov oToiyeiov Tiis mpdEecs U, fitor ik
k&Be olUvorov A loyler :

AU = @UA = A,

§ 17. "H Evwoig ouvéAwy kai 1) (Eykhetorikh) SiafevEig.—'Edv & oU-
voha A kai B opifewvTon 81 meprypagfis o KaTwTépw :
A={xeQ: p(x)}, B={xeQ: q(x)},
TOTE TO oUvolov, TO dmolov TEplypdgEl & TpoTaoiakds TUTos p(x)Vq(x), oup-
miTTel pE TNV Evwow AlLB, fitor:

AUB = {x€Q: p(x)V q(x)} (8iati;)
§ 18. Awadopa 530 cuvdAwv (ouvoroBewpnTikh Sradopd).—KohsiTan

dapopa Tol ouvddou B ék ToU A kol oupPoAileton pé A-B 1O oUvodrov, TS
otrolov ey pdeel & TpoTaoiokds TUTos «x €A xai x& By, “Qore :

A—-B={xeQ: xcA A x¢B}

"AmrapTileTon Aoimov f) Siagopd A - B &md xefva T& oToikeia ToU ouvd-
hou A, T& dmoia Bév dvrikouv gls TO olvodov B. Elvan mpogavés, éT1 81 Tuyov
olUvolov A loyUouy :

A-A=0, A-@=A xa O-A=0.

§ 19. Awadopa 800 ouvolwy Spilopévwv Sia meprypadfig.— ’Edv T&

ouvoha A kal B dpllevtar Six meprypagfis @s KaTwTépw !
Ai={zeQ: p(x)}, Bi={xe@: qx)});
TOTE TO gUvolov, TO dmoiov mepypdgel & MpoTaoiakds TUTOS p(X)A(~q(x)),
oupmitrTer pé ThHYy Biagopdv A - B, fiTor:
A-B = {x€Q: p()A(~q(x))}.

TMpéoypart :

(Fo)a€A-B 4= €A N B +=> p()A(~(q(x)) <= xE{x: p(x)A(~q(x))}.

§ 20. Awaleunikov GBpowopa fj ouppetpiki} Siadopa &G0 cuvéAwv.—
KoAgiton Sralevtikdy #Opowope T) ovpperpixi) Siogopd, ouvTOUwWS cuppetpo-
Sragopa oV A kail B ol oupPolifeTen pt A + B 16 glvodov, 1o dmolov Trepi-
ypéoer & TpoTaoiokos TUTOS «x € A xal x€ B elre X€B nai x€A». "Qoe
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AtB ={xeQ: (xcA AXxéB)V (xeBAXgA))

Elvai ouvenrds: A + B = (A-B) U (B-A).

Els 10 mapamielpws Sidypappa
Toll Venn mopioTaTon ) CUMMETPIKY
Siapopax A + B &md 1o Eoxicopévov
HEpos TGV ouvdhwv A xai B.

o
Elven rpogavs 611 : &v ANB = @, B

ToTe foxuer: A+ B = AUB.

Zx. 2

§ 21. Té &aleuTikdv EOpoiopa xal 1) amokAetorik S1afevEig.— *Edv
T& olvoha A xal B dplfwvral Bi1& meprypagfis ts kaTwTépe :

A={x€Q: p(x)}, B={x€Q: q(x)}
TOTE TO oUvoAov, TO Smolov Teplypdger & TpoTagIakds TUTOS p(x) Y q(X),ouk-
mitTel wE T oupueTpikiy Siagopdv A + B, fToi:
A+B = {xeQ: p(x)Vqx)}.
§ 22. TupmAjpwpa ouvéAou.—- Kodsitar ooprhipope tof covélov A

g mpds 10 Q xai ouuPoriletan pé AC TS glvodov, T6 dmrolov TEprypdeer & Trpo-
Taolakds TUTTos «x€ A», “QoTe:

At—=(xeQ:x¢A}=0—A.

To ouutrAfipwpa AS &rapTiZeTan Aormdv &md T& oToryeia ToU €, Té& dmoia
Bev dvfikouv els 1o olvolov A. ’loylUouv Tpopavids of Efs iodTnTes : @° = Q

\o

kad Q¢ = @. *Emrions elven mpogavés, &11 81& Tuydy olvohov A loyuow of ouv- -

emorywyal :
Vx, x€EA = x€AC xal Vx, x€ Ac = x€A.

§ 23. To oupmAfjpwpa kai fj dpvnoig.— "Edw 16 civohov A SpileTon 51

TEPLYpaQiis G§ KaTwTépw :
A={xeQ: p(x)},
TOTE TO ouutAfipwpa AC Tol cuvdiou A oupmimrel pd T& gUvorov :
{x€Q :~p(x)}, ATor:
: A = {x€Q: ~p(x)}.

Mpdypati: (Vo) a€AC <= a€EQAGEA 4= a€QA (~ p(a)) <=
a€{x€EQ: ~p(x)}

Fevikf neparipneig. ’AvakepoAoidvovTes T& &VoTépm TOPOTNPOUMEY
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&1 : Bk TuyévTa olvoha A, B UnrooUvoha Tol Paoikol owvédou Q, # Evwais
AUB, # Touh, ANB, f Siagop& A-B, fi ouppetpikf) Siagop A+ B xal 10
oupTAfipopa AC elven émions Umrootvoha Tol Paoikoll ouvdAou Q, fiTor, loyUer :
AUBEP(Q), ANBEP(Q), A - BELP(Q), A + BEP(Q), A€ P(Q).
*H &veoots, | Touq, 1) Siagopd, f ouppeTpIk: Slagopd Kai TO CUMTTAT)puapa
tvds ouvdhou xoholvTan mpateg els To S ().

§ 24. ‘1816mTEG TRV MPGZEwY TRV ouvdAwv.—MetafU TGV Tp&gewv
« 18y ouvdhay YploTavTal of k&Tw TUTor (TauTdTrTes £ls TOIARQ)), yvworTol
els fuds & TV padnuérwv TéY Trponyoupévey Tagewy |

a) tiig topfic: B) tiis Eéviozamg:

o) ANB =BNA B:) AUB = BUA

@) AN(BNT) = (ANB)NT B,) AU(BUI) = (AUB)UT
o) ANA = A B,) AUA = A

«) ANBC A, ANBC B B,) Ac AUB, B< AUB
o) ACBesANB=A | Bs) AcB<=>AUB=B.

*loyvouv i htov af k&Twd BUo émucptoTixai iS16TnTES

AN(BUI) = (ANB) U (ANI)
AUBNI) = (AUB) N (AUr).

Mepatipnoig : 'Ex Té&v &voTépw ol Timol (o) (Py) elven yvwoTol s vépol Tijs avtipe-
raBéoeme, ol (og), (Ba) & véuol Tic mpogeraipioTixdrnros kel of (etg), (By) o5 vépo1 TOT GV~
vdpov Tév TpdEeov N kot U. Téhos &k Tév Timaov (), (B,) TpokUTrTEl &T1 EKXOTOV TV OWVE-
Awv A,B elvan Umrepoivorov Tiis Topfis ANB Kal {rrootvohev THs Eveboews AUB, fitor:

ANBC AC AUB, ANBC BCS AUB.
y) tfig Sagopis: 3) tiig ovppctpikiic SraQopis :
y;:) A-B = ANBe l}ﬁl)A-!-B,:B-_I-A

ys) A-B = (AUB)-B=A-(ANB) |8) A+ B+ =(A+B)+T
vs) (A-B)NB =@, (A-B)UB = AUB | &) A + B = (AUB) - (ANB)
v) ACB<++A-B=0 !s,) AN(B + ) = (ANB) + (AND).

g) ol ovpminpdpates:

g) ANAc = @, &) AUAC = Q, &) (A°)" = A, g) Ac B<=Bcc Ac
"loyUouv Emi mAfov of ké&Twh BUo TUmor (vépor tob De Morgan) :

(&) (ANB)c = AcUBe, (es) (AUB)c = AcnBe,

§ 25. Kapreoiavov yivépevov GUVOAWY.— “As fewpriowpev &Uo pf
Kkevd gUvoha A Kol B Umootvora dvds Pacikol ouvéhou Q. °Amd T& BUo aUTa
oUvoha oxnuaTifeTal (6piLeTon) &v véov olvolov, TO &Troiov KoAeITal xagreota-
vy ywduevoy pé modTOV mMagdyovra 76 A nal dedregoy 70 B xod ouupodileTan pé
A x B To véiov ToUto ouvolov dplleTan s EEfs
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AxB={(a,p): x€EA xal PEB}

TS oroigeiov (o) EAXB kodeiten & daretayuéroy Ledyos &Bev TO xap-
TeClavoY yvopevov A X B dpileTan ds 1o olvohov mdvTwv TEV SiarteTarypéveoy
Cevydv (op) pE a€A kad PEB. Ta oToiyeia a kai B Tol Letyous koholvTan
dvmioTolyees mpdity kol devrépa ouvvterayuévy (R mpofols) Tol Lelyous.

‘H Paowr) lodtns épiletan dv A x B s Efis :

(@p) = (¢',p)<>a=a kal p =P’
'Eqv A = B, T6Te TO kapTEciovdy ywdpevov A X A TapioTaTar pé A2,
TO 88 olUvodov Tév Leuydv (o,a) pé c€A maploTaTal cuvTdpws pé A kol kohsi-
Tou duaydivios ToU A2 Tlpogavéss A C A2,

'EdvA = ¢ eiteB = ¢, TéTe Opllopev: A X p=¢p X B= ¢ x ¢ = ¢.

“YwevOupiZopev drdpn &mi: Eig 16 xagreciaviy yuwduevoy &o cvvéiwy dév
loyber % avryueralferi) ibidtns. Andabn, v yéve, elvan: AXB =& B A, &xtds
tw elvar A =B fj 6 els TolA&yioTov TGV TapaydvTtav slvon TO Kevdy olvo-
Aov.

Ka®” Suciov Tpémov opileton 1o kapTegiawdy yivdpevov pé TEpioooTE
pous &mo SUo mapdyovTas : OUTw, m.x., &v A, B, T elvan pé kevdk Urocivora
ToU Q, &pilopev &5 kapTeciavdy yivouevov A Eml B émi I kad oupPoAilopey pi
A x B x T, 10 x&rwbt olvodov ;

AXBXT={(apy): €A PEB kai yeT},
SnAadh TO oUvohov TGV «darerayuévor Touddwry (x, B, y) ut a€A, BEB kai
yer.
ALKHEEIZ

A-9. AfSeton 16 oUvodov A = {a,B,y}. Tloia &k Tév k&Twh oxéoswv elvar &Anis kad Troia
6x1; AwaicAoyfioare THY dmévTnolv, ;

D) («}eA,  2)acA, 3) (yIcA,  4) (aplEA,  5) {0, A (aB)}cA
A -10. TS Buvopooivorov Evds guvddou Exer 32 otoryela. TTéoa ororyeix Exe1 1O olvodov;
A-11. 'Edv a€R, BER v& épiofolv ol wpaypaTikol &pifpoi x,y olUTws, doTe v loyum :

(*=y%, x4y} € {op}.

B-12. ’Ecv A,B,I" UmroocUvoda Evds Bagikol ouvdhou Q, Beifare &1i:

1) AN(AUB) = A = AU(ANB), 2) A— (BUT) = (A-B) N (A-I)

3) (A-B) U (A—Bc) = A, 4) A+B = (ANBS) U (BNAc)
~5) (A-B)— (A-T) = ANINBe, 6) A-(B-I) = (A—B) U (BNT).
B-13. Asifore &1 B1& TuydvTa oUvoha A,B,I aroixeia ToUGA(Q), loxvouwy :

1) (ANB) N (ANMNe = AnBNTe, 2) A+ (ANB) =A-B

3) (A-B)UT = (AUT) N (BeUT), 4) A~ (A-B) =ANB

5) ACB<=>T_BC A, 6) A—(BNT) = (A-B) U (A-T).

B - 14. AibeTan dos Paoikdv ovvodov 1o Q = {1,2,3,4,5). N& épiofoiiv Té& Urootvord Tou A,B,I
(8" Epapuoyfis Tév vépwy Tou De Morgan) yvworoU Svrtos &Ti:
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ANB = {24}, AUB = {2,345}, ANl ={2,3}, AUl ={1,2,34).
*AkodoUBws va oproBolv kal T&: AN(AUB), TN(AUB).

A-15. "Eotw A = ({x€R: --3<x<3)} xal B = {x€ER: l<x<2}. AdPere &v &pboyc-
viov olotnua &Edvewv xOy kol mapaotiioare els 1o tmwimebov XOy t& KopTeciowd
ywopeva Ax B, BxA.

B-16. *E&v A,B,IA oroiyeia Tou P(Q), Beifare &n1 foylouv ol Timor:

1) ACl A BCA = AxBCIxA, 2) Ax (BNMN =(AxB)YN (AxI)
3) (AxB) N (FxA) = (ANM) x (BNA), 4) Ax (BUIN =(AxB) U (AxTI)
5) (A-B) x (T—A) = (AxT) N (Bex Ac), 6) (A—B) x I = (AxT)— (BxT).

B-17. ’E&v A,B Umoolvola tvds Pacikol guvdhou Q, Seifate &1i:

1) ACB<=>P(A)CP(B), 2) P(ANB)=P(A) NPB), 3) FP(A) UP(B)SP(AUB),

B-18. Aeifare, 11 S1& TuxdvTa olvoda A,B,IA foylouv ol kértwh Timor:

1) (FTxA)— (AxB) =[(I'-A) x AJU [l x (A-B)]
2) (AxB)e = (Acx Be) U (Aex B) U (AxBe).

A-19. ’E&v A,B,X,Y oroixeia Tou SP(Q), Beiforre Tés ouveTrorywyds :

1) BEXCBUAe = ANX =ANB, 2) AcnNBEYCc B = AUY = AUB.

B-20. 'Edv A,B,I efvan SeSopéva olvole, elpete Thv Ikoviiv kal dvorykaiav ouvlrikny, doTe vé
Umrépyouv ouvoha X pi Ty IBidtnTa: ANX =B xai AUX = I'. "Axohotficrs mpocbio-
ploate T& olvoda X ouvapThioer Tév A,B kai T.
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KE®AAAION II

AEIQMATA PEANO — MAGHMATIKH #§ TEAEIA EIATQIrH

§ 26. Eicaywyfl.—TIlplv f| BSiotumdowpey t& BewpruaTte, Ta omola
owioTolv Thv uéBoBov Tfis Emaywyikiis &modeifews, & Tapoaxoioubricwpey
T K&TWh EKQUVTTEIS

a: A xdfe puaxdy dobucy v ioyver: 14+ 2 -+ v = ; v(v+ 1)

B: Eav a elvar mpayuarizos Gollpds pé a = — 1, téve dua xdbe puoixoy
dolpoy v loygdee: (14 a)v = 1+ va.

¥ Al xdbe guodv dobudy v =4 loyde : (-g-) S

& : Aui xdOe guowdy dobudy v loyder : (3 +V5) + (3 —V5 )= nod. 2.

Ex 16V dvatépo EkQviioewv Tapatnpoluey &t UTdpYouv TPOTACIa-
ol TUTo1 pt olvorov dvagpopds To cuvohov N TéV guoikiv &pifpdv kal olvo-
Aov Tiuédv &inbeias T N fj &v yvriolov UmoolUvolov Tol N.

A& THy &mdBai€v poTtdotwy, ¢ af dvwTépw, épapudlopey eibikiy &mro-
Bewtikfiy  péfoSov yvwoThv s : ««Mabnpankn 7 teheie imayeyfy, dAAws
«pélodog tfig Erayoyikiig dnodeifewgy.

THv uéBobov THs Emarywyixiis &modeifews, fiTis dmoTedel pic Bepehicodn
Texvikiiy 81 8hous Tous KAGBous TGV pafinpaTikédy, petexepiotn TO TPGTOV
el T& podnuoTikd & EAAnVikfls kaTaywy s *ITadds F. Maurolyco (1494 - 1575),
dgefde1 B2 TO dvopd Tng els ToUs peydAous pabnuaTixols : J. Wallis (OUcAA1s)
(1656) xai De Morgan (1838).

Katwtépw & iBwucy els molav Paoikiy iSidTnTa Tév puoikdy &pibudsy
onpifeTan 1) &v Adyw &modeikTikn pébodos.

§ 27. "AEwpara TéV Puoik@v apiBpdiv kara Peano*'— O gucikol
&p1Buot, Tév dmolwv TO oUvohov TTaploTaUEY, s yvwoTdv pt N, elodyovTal Ti
PonBeic TV k1wl &EwopdTww :

*Atiwpa I "0 1 elvar guowxis dofuds, fitor 1€ N.

*Atiwpe 1. Aw xdfe puowor dobudy dndoyer els, xal pdvoy elg, «Enope-
vog» guods Goluds, fiTor Bik ke vEN = v + 1eN.

*Aiwpa I Ady Smdoyer guowos doluds v pé Emduevor wov I, fyTou
v+ 1= 1 (dxpiPéoTepov v + 1>1) Bix kédbe veN.

* (3. Peano (1858 - 1932). ’lrahds nobnuarixos kai grAdoogos.
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"AZiwpe V. Ado guowol dgibuol, ol Soioe Eyovy Tov adrov émdpuevor elvar
ioot, fiTol Bicr ke uEN kol S1&x kébe vEN, foxver: p+1 =v+1 = py=v.

"ABiwpa ¥V (apyn tiic pednpankiic §i teheiag traywyiic). “Eav S clvas &
avvodov guoxdy (dniady) S C N) rowiror, dote :

1€8 (a)
xal dic xdfle KEN,
KES = k 4 1€S, (b)
Tdte 16 odrodoy S cvuminrer pé 16 odvolov N tiw puowdy apludy, fror S = N,
Enpeioog : ZupPohifopsv, o YyvwoTov, ToV Emduevov ToU 1 pt 2, Tdv dmdpevov Tol ?
ut 3, Tov Emdpevov TolU 3 pi 4 koK. Taparnpotpey &m 25=1, ko’ doov &v fro 2=1, TéTe & 1
8a fiTo & Ewdpevos ToU 1, Tolto Spws GuTiphoket pds T6 dflcopa 1. ‘Opoiws elven 3552, ko’
Boov &v BexBiuev 8Tt 3=2, TéTe, otk TS &Eicopa IV, 8& Aito xal 2=1, Td émoiov Suws wéAw
elven weuBks. Mevikdds SuvépeBor v& &roBeifwuey &1 dAct ol &piBuoi, of émrolor AapPévovTan Srav
Taipvepey Tols Emopévous ToU | doaodnmoTe gopés elvan wavTes SiapopeTivel. ‘H &mwédeiis
Tfis TpoTdoews Tawrtns, AiTis Siv O Sobf E5d, ornpifeTan els 1o &ficopar V.
- "Exovtes U’ Sy ThH dveotépw onueioow &modeikviopey sixdAcs &1 :
Ne==31 2, 85 srvpitete Jued)

Mpdrypary, &v xaléowuey S T oUvolov f18203 i3, L3,
mapatnpoUpey éTi: S C N. 'EE &Adou 1€8S. 'Eqv 8¢ k€S, TOTE, CUUPLVWS
TPOs THY kaTaokeufv Tol cuvddov, kol k -+ 1€S. “Ofev, Suvduel Tfis &pxfis
THS MabnuaTikis éraywyds, 8& elvar N=§ = {12 Bk Lok

To k&rwh fecdpnpa BepeAicover THY &modeikTikny pébodov THs TeAeios
Eraywyds.

§ 28. ©@cpnua (riig TeAciag tmaywyfig).—'Eav p(v) sivax £ig npotacia-
koG 10nog pé olvolov avogopic t oivelov N thv Quotk®v apiBpdy torolitog,
Gote @

p(1) givar aindic npotaoic
Kol S0 kafe ke N,
p(k) = p(k-+1) (aAnbig)
Tote & mpoteciakdg tomog p(v) slvar dAndig (ioyber) e kabe vEN.

Té dveTépw Becopnua e xpfiow Tév cuuPdAcy THs Aoyikfis SraturoUTan

OoUVTOMWS OUTw :

{(p() A [VKeN:p(K)=> p(k 4 1)] } dhnbiig — p(v) @indic V veN

"Anbdéaific. Oewopolipey TO olvohov TGV dAnBeics  ToU TPOTATIOKOU
TUmou p(v) kal TO koAoUuev S, fitor: S = {VEN: p(V)}, dnAadn S elvan
Exelvo TO UrocUvolov T PUOIKEY &p1Budsy v, Bik Tols dmrolous & TrpoTaciaKds
TuTros p(v) kaBioraTar mpdTacs &Andis. To odvorov S Btv elven T KEVOV, B16T1
TO 1€8, & Soov p(l) &Anbns. *Errions Sik kdBe ke S foyer

keS = p(k) = plk + 1) =k + 1¢S (Brerri;)
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"Qote 1O S Exer T&s 1B1dTnTas (&) kai (b) ToU &iduaTos V, ouptritTel
&fev pt TO oUvorov N, fiTol To glvolov Tiudv &Anbeias ToU TrpoTaaiokol TUTOU
p(v) elven N.

Mopatipnoig : Zvppaiver ToAAdis évas mrpoToaolokds TUTos p(v) va Exn s olvoiov
&vagopds Ev yvfiolov Utroguvodov Tou cwvdrou N Tév quoikidv dpibudv. Els alriv 1rv mepi-
Treov 1o fedpnua Tiis TeAeias Eraywyfis loyxver (rpogavéds) Umo Thy Efs Suws SraTUTrwoy:

"Eav p(v) elvar eig mpotacwaxdg timog pé odvokov dvagopig 10 Ny, = {(VEN:v.Z v},
gvla v, €N, towoitog, dote :

plve) eivar adnbig npotacig
koi Sue kGBe KEN,
p(k) => p(k+1)  (&lndng)
1618 6 mpotacroKog Tomog p(v) ioxier S1a kKabe QueIKOY apBpPoY v pé v = vo.

‘H dvwTépw poTacis ué ypfio TéV cuppdiwv Tiis Aoyikis BiaTuTroUTar SUVTOMS OUTw |

{POVIA [ ke N (k2vp) : p(k)=>P(k +1) ] } ddnbiig=>p(V) dAndiisVveN : v,

Inpeinoig : Els 10 dvertépw Bedpnua omnpifeTon 4 pébodos Tiis Eraywyikfis &modeifees.
Ker’ alrriy, B1& v& &rodeifeopev THy dAnBetov mds mpoTdosws p(v), tpyaldpeda ds EEfis:

a) 'EralnBevois : *Amodeaikviopey Thy dAnbeaiav Tiis wpoTdoews Sik v=1 (¢’ Soov altn
B1& v=1 Exe1 vénua) A Si1& TOV EAd(10TOV QUOIKOY &p1Buoy v, B1a Tév STreiov alTn éxE1 vénua.

B) Bijpa 2k 100 k gig 10 k+1. “YrobétovTes &1 1) WpdTaois dAnfeva1 Biav =k, k€N, SnA.
p(k) &Anbrs, &mobeixviouev i) Pondelqx Tiis dAnbeias Tis p(k), mlovdds 8¢ kal ToU p(l),
v &Mierav Ths p(k+1).

v) Zvpripaope : SuvdudlovTtes T& o) kai B) ouumepaivopev, Suvdper ToU BewphaTos
Tiis TeAelas Ewaywyfis (§ 28), &t f) wpdraots p(v) &Anleler S1x k&de VEN f Sid k&be v=vo,
tp’ doov v, elvan & EAdyioTos puoikds dpiBuds, Bik Tov dmolov f) p(v) Exer vomua.

E®PAPMOTAI
In : A k@B Quowcdy apBpodv v ioyber :
14243+ 4+ v = Lv0+D @

*Anodailig : "As ovpPolriowpey 81k Tou 8 Té glvorov (VEN: p(v)}, &vBa p(v) elven &
TpoTaciakds TUmos (i). ©& Beiwpev TéTE S Tiis weBoou Tis TeAsias Eraywyfis 611 S = N.

Tpéyporr, B1&x v=1 Exopev: 1 = —é— 1(1+1), 16 dmoioy, Tpogavis, elvon &Andés, fiTor11€S.

“Yrolécwpey Tdpa 811 & dpiBuds k€S, TéTE & TpoTagiakds TUwos (i) lojuer ik v=k, fitor

elven I+2-+—3+---+k=—é—— k.(k+1).

Ak poobioews, els dupdTepa T& WA Tils TeAeutadas lodTnTos, ToU k-1 AcuPdvopev :
(14 2% 3 5 Dol FrEaii =—} k (k1) + (k+1).
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AN

3 kQek1) 4 (kD= 1) (- k1) = (b 1) - (k4-2) = -kt 1) - [GR+1) 411

Kal tropdveds: 1+ 2+ 3+ ...+ (k+1) = ;—(k+1)[(k+l)+l]. fiTo1 & wpoTaoiakds TU-

mos (i) loyUel xed 81 v = k+ 1, 66ev k+1€8. "Qore, dv k€S, Tére xat k+1€8. *Apx
Buvduer Tiis &pxis Tiis podnuomikis émaycoyfis 8 = N, dmep onpaiver dt1 fy (i) foyler Sk kéle
Quotkdy &pibucy v,
2a: "Edv o slver npaypatikde amipog pé o = —1, tote Sid KGOz guarkdv ambudv v ioyder :
(1+ay =1+ va (@vigbtng ol Bernoulli)

*Anodeibig : “Eotw p(v) & mpoTtaoiaxds Timoes: (l4-a)v=l4via kai S TO guvodov |
{vEN: p()}, fito1 8 = {vEN: (l+a)=1+va}. B& Selfwpev bid Tijs peddbou Tiis TeAeios
traywyfis &1 S =N.

Mpéryuart, B1& v=1 Eowev (14a)! = 1+1-a, fito1 1€S.
O& Beifoopev Toopax 611 & keS = (k+1)ES xai ToUTo Sk kébe kES.
TMp&yuaTt, &9’ doov Umetédn k€S, Eweten &1t p(k) dAnbrs, fitor foyver:
(I4+a)k = 1+k-«,

TOTE ToAAaTAcTIdGoVTES GupdTEpa Té MEAN TanrTns émi I+ o (10 14-o elvon ufy &pvnrikds &pi-
Ouds, S16m a=—1)" AapPdvopey :

(I+a)k+1 = (1+ka) (1+a).
AMG : (1+kea) (14 o) = 1+ a+ka+ka® = 14 (k+1)a, ko’ Sdoov ka*=0 xal Emwoptveos :

(I+o)k+1 = 1+ (k+1)o

Zuvetrdds, &v p(k) dAndrs, e al p(k+ 1) &Andris, fito1 &v k€S, TéTe kad k+1 € 8. "Apa;, Bu-
véper Tis &pyfis Tiis Tehelas Eraywyfis, S = N, &mep onuaive1 &1 f) dvicdtns (14+-a)v = 1+4va
foxver B1& xdbe guowdy vEN.

\_‘Egewdwcrre els molas mepiTadoes loxler T = els Thy dvicétnTa ToU Bernoulli.
3n : "Eav 0 elvan npaypankde apibpog pe 0>1, tote Sra xabe puorkoy amBpudv v ioyder:
e >v(@—1).

Asgi€ote GxodotBog 6 : 2¥ > v Sud kabe vEN.
"Arodergig ¢ 'Eqapudlovres v dvicdtnTa Tou Bernoulli Six a = 6—1>0>—1 Exopev :
o =(1+ @-1))»= 1+ v(@-1)>v(8-1)
fitor: v >v(@-1) & kdBe vEN.
Ak 8 =2 Exouev: 2v>v  Bik kébe vEN.

Mapornpiceig : a) TToAAdxis, Bi1& v& &modeifwpev 8 pla wpdTaois p(v) &Andeler Bik
kéfe puatkoy &p1Budy v, &rodeviouey THY dAfBeiov alriis &1° éva kavov &piBudv Siaboyixév
QUOIKEY TIHGV ToU v, A.x., Siav=1,2,3,...,v, kal dxorolbws ounmrepaivopey 6T aln B &An-
feln Si1x x&be vEN (dredns émaywyn). *H uéboBos alrn o8nyel worlduas els ¢opaApéva
oupmrep&ouaTe, 51°8 kel Trpémel vik THv &mogelywuev. "Ev KAoooikév ToapdSerypa ToladTns
mwAdvns elvon 1) £fis weubns mpodTaots Tou Euler :

« Eav v quowxds dplude, tére 6 dplbuie (v* + » + 41) elvar mpdrocy.
To Tpicovupov vitvi4l Brix v =1,2,3.. ., 39 8iser mpcyTous &piBuovs (uf Exovtas BnA. &AAov
SiapéTny ktds ToU fouTol Twv Kal THis povédos), Spws Bix v =40 5ider:
402 4 40 + 41 =412, BnA. &pifpov pn TpldToV.

‘Opoiws & ToU yeyovéros &11 1) Ekgpaais Z”v—!— 1 8iber Biax v = 1,2,3,4 wpdbTous &piBuovs

Btv Suvdpeda v oupmepdvwuey 8T alTn Bidel pdTous dpifpols Bik kabe puoikdy dpiBudy,
xa®’ Soov Bi&k v - 5 f) & Adyw Ekppuois BiBel oUvBeTov dpifudv.

34

WnionoBnke amod To ivotirouto EkmaiSeuTtikrg MoAmkng



‘H &redris, Ao, traywyr mapéxel Hévov mifovdtnTa, oUxi Suws PepaioTnTa, Sid THY
yevikiv &AfBeiav poTéoewy &vagepoptvav els guotkoUs &piBuous. Atk TolTo fi Aoyik Bewpel
&opohf pévov Th péBodov Tis TeAelas Emarywyiis, THv dmoiov frohoubfioapev &is T& &vwTépeo
TrapadelypaTa kol 1) dmofa ,&v kol &R, &roTeAel uiov ToAY foyupdv &robeikTikiy pébodov.
‘ P Efvan Suvardv Sik Tiva wpoTaoiakdy Tumrov p(v), Umobérovres &1ip(k) elven wpdTaois
&Anbs, va droBei€opev 811 p(k+1) elvon &Ands, xowpis f) p(v) véelvon dAnbris. TTpémer dmoo-
&nfmoTe v& &mobecviopey 6Tt | p(v), loxUer i v = 1 (fj, &v Sév &yn vonua Siax v = 1, é&mo-
Seikviopev 811 foyuer 81k v = v, Bva ve & EAGYIoTOS QUOIKdS dp1Buds, &1 &v Exe1 vénua f wpd-
. Taois). Tepl Tolrou Pepatolpeda &wd ThHy EEfis Wweubfi mwpdTacv :
pv): «Aia vEN loyver: v = v + 170,
“¥robégewopev é11 p(k): k = k17 elvar &Anfrs. Tore Exopev kai:
k+1=(k+17)+1 f k+1=(k+1)+ 17, firor @ p(k+1) elven &Anbes.
“Opaws ) p(v) Biv elven &Anbis Sk k&fe v EN, kab’ Goov Biv drebeiybn 1) difera airiis Biav=1.
§ 29. Mevikeloeig Tol Ocwpfjparog Tijg TeAeiag Emaywyijg.— 'Extds
Tfis popefis THs (AdmAfis) TeAelas Emaywydis, THv omolav &vemrTUEapev &veo-
Tépw, Umapyouv kal BUo &AAar popgai adTfis, af dmoicn TapéyovTan UTS TGOV
K&t Slo BewpnpdTtov Ta Smoia dvagépopev &vev drodeifecs.

§ 30. ©@zwpnpa L.—"Eav p(v) sivar £ig npotaciakog tomog pé odvolov ava-
@opiic 0 obvorov N dv guoikdyv apbpdv towodtog, dots :
5 p(1) sivon @hnbig npodTacig
koi S xdBe kEN,
OFXE{VEN: v<k}) p(x)—> pk) (ahnBirg)
t6te & mpotaciaxkdg tomog p(v) siven aknbig (loyder) da kabe vEN.

‘Egappoyf : Ava kale guowkdv apiBpov v ioxder: 219V > 10%.

"Anddaidig 1 Ak v =1 ) dvigdng loxlel, Sidmt 2°>10% "Eorw &1 alrn loylier ik
~KéBe puokdy &piBpov x<k (kal TolTo S1& Tuxov k € N ué k>1), émée loyvouv al dvicdrnres:
219510° kai 2100k-1)5103(k-1) | @ 1&v dmrofwy Bi& TOMGTAGCIAOHOU KaT& MEAT TEpOKUTTTE! :
_2‘°k>10“, fitor f) &v Ay dviodtns loxier xod 81 v = k. “Apa, Suvdper Tol dvwrtépw
Qewprinarros, f dvicdTns 219V=>10% loyler 51k ké&be vEN.

§ 31. ©ewpnua ll.— "Eav p(v) elvar eig npotaciaxdg tomog pé olhvolov
avagopic 10 civorov N 1dv gueikdv aplpdv torobrtog, Bote :
p(1) xai p(2) eivar édinbeic nporloeig
Kol 61 ks ke N pg k>2
pk-2) wai pk-1)=pk) (@inbic)
16tz 0 mpotacokdg thmog p(v) sivar alnbig (loyder) s kabe vEN.
‘Epappoyn : Awd ke guowkdv apibpov v ioyder :
3+ /5 + (B —/5) = mon. 2
"Anbdergig 1 Oéropev S, = (3 + I/S_)" + @3 —Vg)”- Ak v =1 xad v =2 Exopev dvri-
oTOlXwWs : o
8, =3+ V8 + 3-V5) =6 =3.21 = mon. 21
8, =G4+ V5r+ GV5r =28 =721 =mo. 22
fitor & mpoTagiakds TUos loxUer Hik v =1 kai v = 2.
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*Eotw 871 oUros loyver 81k v = k-2, k—1 (Bi& Tuydv k€N, k>2), fitor:

Spa =G+ Vo2t G-)/5)k2 —mor. 22 kal

Skt =G+ V514 35kt =mo. 2kt
Ok Seifwuev ToTE 811 olTos foyUer kad 51k v = k. Tpdypea, &s fewpricwopey Ty Elowov pé
pitas x; =3 + V5 Kal Xy = 3*1/5, fitor ThHv: x2—6x+ 4 =0.

EdkdAws Twpa SamigToUTon &71:

G+ VoK + B-V/5k =6:8ks — 4-5k2
Kol émopévess :
Sk = 6-or. 2k-1 — 4 o, 2k-2 = TwoA.2k,
To drolov onuadver Tt & Tpds dwéBeif TUTos loyxler kal ik v = k.
"Apct, Buvéper Tou BewpripaTos I, & mpds &mwddei§v Timros loyver Gk k&be v EN.

AZKHEIEIE (%)

A -21. A& Tijs ue8ddov Tiis Tehelas Erarywyfis, Beifare &T1 B1kk kéBe puotkdy &piBudy v loyouv:
bt 3ok 5o oo (L) vt
2) 2+ 4+ 64 -+ 2v=v(+1)

3) 104 204 B v = (1) QD)

HPL PP P =(1+2434 ... V) =‘51“ vi(v1)2,
A -22. ‘Opoiws Beifore 811 Bidr kéle guoixkdy &piBudy v foylowv :

1) 184 3 5 e @ 1) =g (851)

O 124 30 4 50 L.+ (w—1)® =vE (2v:-1)
3) 24 43+ 6 4 oo+ (V) =20 (v+1)

124234344 . +vG+D) =5 v GHD 642).
A-23. Aeifore &Ti: 1 kéBe Quoikdv GpiBudv v = 4 foxier: (—3 )“ >v+1.

B-24. Mi& Tiis pedoSou Tiis Tehelas Emaywyds, Seifare dTi: &v a€R w0 a=Il, TéTE Bid
k&Be Quotkdv &piBudy v ioyxlouv: &
1 =
g - —or Y, = X
1 (l—e)* = 1-ve, 2) (l—a)y = e
B-25. 'E&v a>1, v& &mwobeiydii 611 Six k&be puoikdy &piBudy v=2 loyver:
w0 1
0 < ya—1 < -—T{a—l).
E@ A& Tiis peBaBou s Terelas Emaywyiis, Seifore &T1 Bi& k&l v EN loyow :
1) 72¥ 4 16v—1 =oh. 64, 2) 10v4 3-4¥1%2 4 5 = moh. 9
3) 344 4 29943 — op, 17, 4) 22v+1_9.y? | 3y — 2 = o). 54.
A-27. 'E&v o0t . .,y Elvan BeTikol &piBuoi, Sidgpopor ToU 1, vé Berxffj &mi:

A4 a) (4 a1+ o) >2" oo ay .

* At TrpoTedpevan &okfoels SoxpivovTan els SUo karnyoplas onueioupévas Bik TGV ypau-
pérov A kal B, Al &oxfioeis pi 7o SroxpiTikdv A elvon of drhovoTepan, al Srroiat Kord TO TAEL-
arov elvan &uegot ouvémeiat Tiis Bewplas. al 8 onuetoUpeven pé 16 B efvoa ouvBeThTEp.
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B-28. 'Edv of,0,...,ayER+ kal 0y =& + o - - - - ++ @y, Beifore ET1:
L (Q4+ea) Q4 a)---(l+a)z=l+0, » VEN

2. (04+9) d4+a) --- A+a))< --I-—f—c—. &mou Spuws oy<l
v

il 1 1

B (e o % (7 e TR T S =23 :
@toat o) (Gt o=+t av) =v® g vEN.
B-29. N& 8eiyBoluv (Bi&x tfis uebéBou s Teheias Emorywyfis) ol kérwdh dvicdTnTes:

1) 29>v 4 v=I0, 2) l}f> l“/r ¥ v>3
3) 2% < 10— Bk xéfe p, v &v N pé p > —1:?—%

it VI+/ 243+ 4y o 2 )y Bt ke vEN.
- 3

A -30. ’AmoBeifare, 81" dpopuoyfis Ths &pxfis THs Tedelas Eraywyfis, éT1: *Edv 81 &v Umroov-
vohov K ToU guvéhou N T&V puoikidv &pifudv ioxvouv :
() 1K, (P) & vgK, 7éte kal (v+1)¢gK,
T6Te T6 glvodov K elvan 16 xevov olvodov, fitor: K = .
© B-31. Aclfore 611 6 TpoTaoiokds TUmos: p(v): 24224 .. . +2v = 2v+1 Bivelven &Anbis,
Tap& Td yeyovds &mi &k Tiis loyUos Tiis p(k) EmweTan fy loxUs Tis p(k+1). Aeiore dxo-
AoUBes 611 1) &pvnais Tol TpoTaciexol TUTou p(v) elven mpdTaois dAndhs S1d kéde v EN,
B-32. 'Edw 0 &p1Buds fetikds =£1, v& &modeiydij émi Bikk k&Be vEN, loyber A dviodns:
14624644 ... 6% v+1
6+6+ .. + o1 v
B-33. 'Edv o Pty =mol. 4, &vba o,B,y €EZ ut y=0, Tote Beifare S1&x Tijs uebdSov Tijs Te-
Aslag Eroarywyfis &1 Bid ké&be Quotkdv &p1Budv v loyUer :
8y = (a+BYY) + («=B}/y)’ =moA 2"
B-34. A& Tiis uebéBou Tiis TeAsias Emorywyiis, Seifore 11 & dpibuds :

s v_—; [(!+ZV§)L ('1____2]/_5- )]

elvon guotkds ik kéde vEN.
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MEPOZ AEYTEPON

AATEBPA KAI XTOiXElA MA©OHMATIKHZI ANAAYIEQX

KE®AAAION III
ATIOAYTOZ TIMH IIPATMATIKOY APIOMOY

I. OPIZMOI — |AIOTHTEZ

§ 32. "Opropbdg. —’Anbdivtog Tips) Evdg npaypanikod dpibuod xakeltar abd-
05 odrog & &pBpdg, 2av elvar Betidg fij pndév, 6 avribetog tov, 2av & apbpog elvan
apvytikds.

‘H dmrdAuTos Tiuf) dvds mparypaTikoU dpibuct o oupPoMisTan pt : |a| xal
QuayyvaokeTan : «dmdAvtogs Tiun Tob a» *) . Qs &peoov guvémsiav Tol dvwTépw
OPIOHOU EXOMEV :

la|=«a, tdv a=0
kal |a|=—a, v a<O.

et 190l x 3 % e
Otre: 12|=2, |0]=0, E_T _'(‘T)—T'

"Ex ToU dvwTépeo dpiopol pokUTrTEl 8T1
M aeR  elvav:  |a|=0.
*AvoduTiaTepoy Eyopev :
Joa| >0 -= az£0
kal || =0 <= a=0.
“Ofev 1) mapdoTaois |a| elven piy dpyntikds aprOuds.
"Evreuev Emetan & EEfis looBlvapos dpiouds Tiis dmoAUTou Tipfis TrporyucTikoU
G&p1Buoy :
*Anédlotog i) () pérpov) Evdg npayparikod dprBpod a xakeltar & pf dpvnnikde
apBpdc, 6 dmolog dpilerar ofitew :

| ___{ a, tav a=0
| —qa, v a<0

Inpeloong: ‘Eav a= 0, T6Te elvan |a|= a ei1e |a| = —a. "Apa, Poe xai ToU &pi-

ouel, loxbouv ol loobuvapie : a=0a|=a as=0=a|l=—a

L

* Té oUpPolov |a| s kad f) dvopaoia Tov, dpelhovTan els Tov Meppavéy pabnuaTikdy Karl
Weierstrass (1815 - 1897).
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IAIOTHTEZ TQN ATTOAYTQN TIMQN

§ 33. "156mg |. — Ol dvrifetor npayparixoi apBpol Exovv Voag dmodd-
toug Typds,

firor : M a€R =+ |—a|=|a]

'AnmdderEug: Alaxpivopey Tpels TEPITTTWAEIS ©

(). ’Ev @ >0, éméte —a <0, =+ |a|=a xal |—a|=—(a)=q
"Ofev : || =|—].

(ii). ‘E&v a=0, émétekal —a=0, = |a|=0 kal |—a|=0.
"Ofev : |a|={—al.

(iii). ’E&v @ <0, émére —a >0, = |a|=—a kol |—a|=-—c
“Ofev kal els ety THv meplmrwow : |a|=|—al.

“Qoe : A oeR = |—a|=al.

Mépiopa. —'Eav a, peR = [a —B|=|p—al.

§ 24. "1616mg Il. —Eav o mpeypatikds dpbpbs, téte :

—le|l=ae=|al.
'An6derErvg: Alakplvopev 8Uo TrepITrTaOOELS
(). ’Edv ¢ =0 = |a| =a xaiémoubvess: —|a|Sa =|al.

‘Ofev kal: —|a|=asS|al.

(ii). 'E&v e <0 == |a|=—a «al fmopéves: —|a|=a < ||
‘Ofev kal: —|a|Sa=|al.

Obdénote elvar: —|a|<a<|al.
"Qoe : Y acR = —|a|=a=a]

Napatfpnorg: 'Ex Tfs dverépw 1B16TnTos Emetan &pbos @
Y xeR = [x|+x=0 xai |[x|—x=0.

§ 35. “1516mg 111.—To terpaywvov tiig dmokbtov tpfig Evdg npaypankod
apiBpod {oobrar mpdg To TeTpdymvov Tob dpBpod tobrov, fiTol foyuer :

Y aeR = |a|2=a?

‘AnbéderErg: 'Edw a=0 = |o| =a kal dpa |a|f=at
Edv a < 0 — |a|=—a kol ouvemdds |a|?= (—a)i=cc
"Qore : o aeR = |af2=cad
Zrovduia rapathpnors. 'Eov o g B = |a® # o
OUrws, t&v aeC, BnAadh a= x4 iy, (y #0) = |a|? 5 o? (Bt ;).
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Katd tara ) lodtns | a|*= o® cuverndyetal 10 Tpory uaTikoy Tou o kol To
Bidgpopov | a|? # o ouvermrdyetar 6T & a elvon THS Hop@fis A - pi, cupPolikdis
(A, n), émou A, peR kal p # 0.

Mépiopa lov. — Fevikdrepov loygtovy ta katwb :
| x i!v = X2

2v+1 i
|x|2v+lz{ XL Eav x =0

_x2v+1, tav x<0.

3 x€R, véN =

2v
Mépiopa 2ov. — 'Eav a€R kai veN = Vo¥ = |a].
Kard totta elven :

x, tw x>0
Vx_2= —X, édvx(o
0, éwv x =0.

Eis Shas Tas mepimrTadgels Suvdpela &Bev va ypdpwpey : Vxt=|x|.

§ 36. "1516Tng 1V.— Awd npaypotikodg apbpois X, £ pi £ > 0 loydovy ai Lo-
Tikai igodvvapiar

[ X[ = e — =X =t = x? < g2

'Anoéderrg 1) "Eotw 6T loxla | x| Se Tote |x[2 < & §) katd THY
Biomra lll: x* == -2 = 0= (x—€)(x+e)<0— —e<x=<c.

2) "Eotw OTi loylel —e<x <ce = (x+&e)=0A(x—-t)=0=
(x+e)(x—e)<0=-x2—¢? < 0—> x> < ¢ ’Ex ToUTns (mépopa 1l §35)
EmeTon | x| <6 B16T1 > 0.

3) "Eorw, TéAos, 6T loyle ) x2 < ek Tére | x |2 < €2, fiTol | x| = e "Apa
kal —e = x <€ Qg &mebelydn els THY TpdTY TepitTwoiy. "QoTe:

VxeR kol e>0 loylen |x| Seémd —e =X <€ 6 x2 =< €2

Mapatipnorg: ‘Ouoiws dmodekviovtan af Aoyixai icoduvapic :

in. —E<X<E = |X|<g8s,

2a. (x<—2¢ ff x>¢) <= [x|>¢ brove> 0.
‘Egoappoyai. In: Na dnoderydf v (hoyiki) icoduvvapia:

2=Sx=8 <= |[x-5|=3.
Mpdyuar, & Tév 2=Sx=8 <=+ —3=x-5=3 <% |x-5|=3
2a: Na drnoderxfii 1 (hoyiki) loodvvapia:
[X—%, | <& 4= Xy=¢ < X< XK+ 8.

Mpdypam : [ X —%X,| <& <> —e<Cx—Xg <€ *+=F X,—e< X< Xo+ &
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*AméAutog T GBpoicparog fj Siadopdg
mpaypariidv apibpdv.
§ 37. "1616mg V.—H ardivtog tpi) tod dBpoioparog oo mpaypatikdv apr-
Opav civar pucpotépa ij Ton tob dbpoicpatog thv dnodirmv TpdVY 1OV npooletimv,

fyrot : le+ B =la|+[B|

‘AndderEig: Tpdypar, ék Tév yvwoTdy oytoewy (1616ts 1) :
—la|l=a=|al
—|pI=p=Ip|
Bi& wpooBioews kaTd pEAn, AapPdvopey :
—(al+IPD=Sat+p=(lal+1P1)
kol kT THY Tponyouptvny iBidTnTa, Exopsy :

fatpl=lal41p]. 6.1
Mopathpnotg: ‘H iodrms &nbeder Tére, kol pdvov ToTe, v : o =0
(&ari ;).
“Ofev plo TTOAU ¥pijoipos TrpdTaots elvar ) EEfS
lat+pl=]a|+|p| = ap=0. (5.2)

Tépopa lov.—H arélvrog tipdy tiig Sropopds Sbo mpaypatikdyv apbpdv
" givar pkpotépa ij Ton tob abpoiopareg thHv dnoldtav TIPdV TOV,

fitor : la—B|=|a|+I|BI (5.3)

Mpdryuar, t&v els Thv (5.1) Btowpuev dvti B 10 —B, B Eyoopev :
la—Bl=|al+|-Pl=lx| +IPI
T ioov loyue 18T, kol pdvov TéTe, &v: ofp =0 (Brati ;).
“Ofev foyver f) Aoyikh) looBuvanic :
le—Pl=|a|+|B| <> ap=0. (5.4)
Mépiopa 2ov.—’Eav a,, a,, . . ., Gy €R, tote S1a k@le veEN pe v =2 layder:

Loyt ayt ot o | S| ay |0+l |

*H &mébefis elkoos ik Tis podnpoikils (TeAeios) émorywydis, yvwoTou
Svrog 6T Bix v = 2 loyver (§ 37).

Eoapuoyh: Eavlal< 5 xi [Pl<z = [atBl<ec.
Tpdoyuar, 8t tpappoyfis Tév (5.1) kai (5.3) Exopev :

la £ BIS ||+l < 5+ 5=F¢.
"Apoat : latPl<e i

v"\,‘
o
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§ 38. "1816Tng VYI. —'H drdhutog tipd tiig Swagopic Svo mpaypatikdy dpr-
Opdv civar peyalutépa ij Ton tfig Sragopig tdV dnolitov PGV TéV apdpdy kad’
olavénrote tadiv,

fitor: | N o,BeR| => |a—P|=|a|—|B| xai [a—B|=|B|—|a|

'Andder&rg: 'Emady a=a+pP—P=Pp+ (a—p), Exouev KaTd THV
iBiotTnTa V

@l =B+ (@=B) IS Pl+|a—pl, € ob: |a—p|=|al—|p]. (6.1)

‘Ouoteos : B=Pp+a—a=a+ (P—-a). *Apa:
IBl=lat+ P-a)|=|a|+|BP—al=|a|+|a—Pp|, & ob:
la—B|=|B|—]| (6.2)

Mépiopa. —'H arolvtog Tipf tob dbpoioparog dbo npaypankdv apbpdv
eivar peyadvtépa §i lon tfig Suagopds 1@V dnolitwy Tipdy tév apdpdv kad oiav-
dfnote TGy,

fiTor : ’v‘a,ﬂeﬂl=*lﬂ+51%wl—lﬂlmiIu+ Bl=1Bl—|e| (6.3)

MpéryuaT, &pxel els Tds (6.1) kai (6.2) vé Tebf vl p 10 —P.
§ 39. "1816Tng VII. — Awa xaBs Lebyog mpaypanikdv apBudv ioyoe :

‘IGI—IBI S|a 4t fi

’Ané6dergrg ’Ex Tdv (6.1), (6.2) xad (6.3) Exouev:
&9’ tuss lal—1BIS o £ | @)
xai &9’ Erépou: |B|—|a|S|la Pl f —|atPIS|al—IP). (7.2)
Ek Tév (7.1) kal (7.2) ouvdyopsv THv SimAfjv dvisdTa :
—latpl=|x|—|pI=|x+ p!
f) omola, kard Th BidTTa IV, ypheetan :
[lal=1BI|=1a+ Bl (7.3)

Kot dxohoubiav, Pdoet kai Tfis i816TnTos V, 8& elvan :

\ a,peR | = |a|—|B| =|a+B|=|al+|B| (7.4)

Mapatfpnorc Ex tév idothtwy tédv dmodeyBeodv tis Tas mrpon-
Youuévas TTapaypaQous, METX TGV QVTIOTOIXWY TTOPIOH&TWY, OUVEYyOopey OTI :

N a,BeR| = |a|—|B|=|la|=|B||S|aLBIS|a|+IBl |(T5)

"A o x n o ESerdoorTe moTe is Tds oyéoeis (7.5) oyl T oov.
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*ATOAUTOG TIR YIVOHEVOU TIPAYHATIKEOV aptBpbv.

§ 40. "1616Tg VIII. — 'H andlvtog mipd) tob yiwvopévov Sbo mpaypatik®dv
ap\Opdv loobtar npdg 0 yivdpevov @V dnolitav TGV TdV Tapayéviov.

*Hot : la-B|=|a|-|B|

'AnoderErg Qs yvwotdv (§ 35, wopiopa 20v) foyuer :
Vxi=|x|. -
“Apa: ;
|ap|=V(eB)’ = Vo? - B2 = Va2 - VPE =|a|-|BI. (8.1)
Mépiopa lov.—Eav a;, @y, ..., 0y € R, tote 81 xGBe vEN pg v = 2 loyber ¢

Gy -Gy Ogee i@y -0y | =|ay| - |Og] - |ag]ece]Ova]|ay] 8.2)

‘H &mobeifis elikohos Biix Tiis peBdBou Tiis TeAelas Emarycoyis, yvwoToU Svtos
& B v = 2 loyue (§ 40).

Mépiopa 20v. —’Eav acR xai veN loyber mdvrote :

la¥|=|al

Tpopavéss, &pxel els Thy (B.2) vaTedfj: oy=H=0= ... =A% 1 =& =
"AméAuTtog Tipf) TmAikou 800 mpaypatik&v apiBpdv.

§41. "1816mg IX. —'H arndrvtog i) tol nnhixov 800 mpaypatik®dv api-
Opdv icodror npdg T TNhikov THY GroliTOY TUAY AVTGHY.

*Hror: —;— = %, Evla B # 0.
'An6derbrg TMpogavés, Exopev: o= —% -B  (Umotiferan P £ 0)
kad tropbveds kard THy iSi16TnTa VIII 6 elven
o o .. lal o
AN e R ] PR I W S ) (o
lal=|5 B/ = || 1Bl &ob: (5i=|p
a a

"Qoe : M a, feR, P~ 0 ““F —_—:—ﬁll

MNépiopa. — Ata x60e acR pé a # 0 xai keZ foydes:

|o¥]| = |afk.
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Mapadeiypara épappoyiic TGV dvwrépw iStoTATWY.

Mapadeiypa lov: "Eav a < B deilare 6m 1) napasracic :
A=|la—x|+|B-x]|

Swatnpel otabepav mpny, Gtav 10 x perapalleron perald @V a kai B, 8-
Aadn o <x <.
’An6dzi1&1g: Emadh a < x < P Eyopev:
a—x <0 lo—x|=x—«
=
p—x>0 [P—x|=P—x

BnA. 1) mapdoTaois A elval dve§dpTnTos Tou x, g’ Soov PePaiws o < x < P.

— A=|x—a+B-x|=|p—al=p-a,

Napatipnorg: To alrd loyel kel étav a=x =P. Tl oupPalver Sid x < a

A x>p;
Mapaderypa 20v: 'Eav a, PeR, va amoderydij v icodvvapia :
lla|~[Bl|=|a+B| <> apgo.
'’An6derErg: "Ex Tiis iodTnTos ||c|—|51!ﬁla+@| AopPévopey Ty,
C(llal=1BI2=Ca+BD? & (Ja|=1B* =(x +P)?
f o?—2|a||P|+Pi=0c+ 20+ B f| |cP|=—cP. "Apx:ap <O,
Avtictpogwg: Ewop <0 = |af|=—aoP f| [a||B|=—cP
A —2|a||p|=20p A o®—2|a||P|+PP=c*+ 2P+ P?
A |xP—2|a| |B|+|BE=(a+PB)* A (Jx|—|B[)*= (x+B)"
*OBev : [la|—1p)|=|a +B|

Mapadsrypa 3ov: ’Eav xeR pé: —2=x=3, dsifars dmu:
|x244x—2| =23
'Arn6derEug: “Eyounev (TTop. 2ov, § 37).
|x244x =2 |=|x2+4 x|+ 2
Thpate Tév 2=xS=3=— 3=SxS3 = [x|=3, #fs: x*=9.
ZuveTrdds |x2+4x—2|=9+4 124 2=23.

Mapaderypa dov: 'Eav ¢, feR xal a? £ B2, deifate 6m:
laj—1B] , [lal=1p1] | la+Bl _,
Tal=ipi] T Ta=81 * Tai+1p]

Aborg: Tpopaviss, f| af = P? Bider: |af # |B|, O0ev kal a5 P.

*Ex s (7.5) § 39 éxouev:
lal=1p1= el =181, [lal—1Bl|Sla—Pp| ol latBI=|al+|Pl

l_
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15 ] - ot | llal— 1B ja+B]
OBy : =1 i LR Rt I
[lal 1B la—PBl Jol+[B]
kal €€ alrTddv, 818 TpooBioews kaTd pEAT, AcuPavopey :
la1=1B1  [lal=1pl]  _Ja+Bl 5
llxl=ip1| =~ le—Pl e[+ |81,
Mapaderiypa Sov: ’Eav a, PeR, a-p(a+ 2p) +# 0, deifate 611 al avioé-
e ¢

I

1

+

|

| 2
| af 4+ 2a gy

|
20 B
it ik L 2 1 b IR
et 2B <b |Tep+2p
clvar hoyixdg loodOvapor, dnhadn 1 aifBeia tiig pds ovvendyetan v ainbeiay
1Gv droloinwv.

'’Anbdergig: i). “Eorw &Ti &AnBever fy wpwTn. TOTE Exopev :

| 2
,—ing- <1 A 4o+ 4ap+p* <o+ 40P+ 4p? 7 3nf=<3t32 Al of < P
$ol: |a] < |P| kol éradn [B| > 0, EweTon H3_l<1 i e |3 < 1, fitoy,

loxuoUons Tiis TpwTns, loxUer ke f Bevtépa.

*H8n, tk Tév 8lo TpTwy, Bik ToAaTAaoIcopoU ket péhn, AapuPdvopey :
|2a+B1 ol _ g 5 | 2a® P
la+2B| [P “op+2p* |

(li). *Eoteo &1 &hnbever 1 Seutépa. TéTe drohouBoluTes duTifeTov Tropeiay

¢B&vopev & THs SeuTépas els THY TpTnY. "AkpiPéaTepov Exopev SlaBoyIKGs :

‘<l

i
‘%i<1 A <Pt A 3aP<3P! B 4ot doP + PP < o2+ doP + 4p?
2
i Qa+PB< (a+20)* 9 eyl < 1, xai xatd THv § 35, Top. 20v,
a+ 2B
) i 20+ P |
ExopeV : |W‘ <=1z

’EvTelfev, &k TalTns kai TS

—g—‘ < 1, 8i& ToAAamAcoIaouol KaTd WEAT,

AapPévopev THY TpiTnv.
(iii). TéAos EoTeo &T1 &AnBever 1) TpiTn. ToTe Exouey :
a (B + 20) o 20+ P
P (a+28) P a+2p
’Ex Tfis TeAeuTadas dviodTnTos Emetan 8T B loyin f pia ToUAdyioTOV TGV
AVITOTATWV : a 24 P

p a+2p
*loyuovons 8t Tiis wds TV GvewTépw dvicoTnTwv, loxver, ds E8elxdn els
T TeepimrTcdoers (i) kal (i), xad f) &GAAN.

<1

<Lal

x

»

~adls
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O tEetdowpey KaTwTEpw Kal BUo elbikd Trapabelypoara, mpootfate ThH
&odaliv

2 TMa padeuvypa Gov: Aud 1ol cuppéiov max (e, B), @vristoiywe min (a, f),
oupPolilopsv tov péyiotov (maximum), dvrioroiywg tov Elayietov (minimum),
2k 800 npaypatikdv apiOudv a, B, rodg drolovg opilopev oltw :

o tav a=f
B, tav P> a

a tav a<§p

ming, pe= { B, tav P=«a

max (o, ) = [

Katomyv 1@v avotipo dpiopdv va edpedf 1 dvalvtki Exgpacig tédv max(a, f)
xai min (a, B) cuvaprijoel 1@V a kai p kai tfig drolitov tipfic tiic Sagopis adtdv.

Adborg: I. 'Eav a =P Exopev:
at+P+(a—B) _o+P+ix—Pl_ a+P+|B—al
2 < 2 E 2

max (o, p)=a=

min (o, py —p=2HB—@=P) _ a4 P=la-Pl_a+PlPol
II. 'E&v a < P Eyouev:
max (o, p) =P = u"”ﬂ*:?@—“) a ﬂ+5+2|B—c:i 1, u+5+2|u_p|

a+B—(B—o) _a+P—|p—a| _atP—|a—p|
2 2 2 :

min (o, B) = a=

Mapaderypa Tov: "Eav p, xai p, elvar al pifar 1od tprovipov x2 4 Ex + 1

xai loydouvy : |1El= 2q kad M >1,
1 1

va deiy0ij 6t : =2,
g DRSS

'Ano6derErg: ‘H Biakpivovoa Tou Tpiwvipou elvar :
§2—4n =4n?—4n =4n(n—1)>0, &iém n>1,
&pa TS TprcdOVUpOY Exel pifas TrporypaTids kal dvicous, Bic Tas dmrofas B Exwuey :

P1t+pPa=— 3 n
P1 Pz =1 (2
M Bronpéoecos Tév (1) kal (2) koard péAn AcuPévopey :
ol s e
P1 P2 Al &
"Ex Tijs (3), &v AdPwpev Tds &roAdTous Tids GUpOTEpwY TEV AV, Exouev:
] P11 ps 2 _.E_ _|pl+u=l§~l—=—|§—1, SivTt n > 0.
| P1P2 n [P1pel InL.sah
*Emeibe) 6 (robéoews | §|= 2n, B4 Eyoouev :
1 | B O )

1Pl - | pal n n
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AN, | pa | Pl =Pt Pa|, BOTL py-Pp=1N2> 0 &mére, Aoyw xad Tis (4),

i '|Pl|+lpg'I= | p1+ P2 =2
gy Teal Tl | dprll s,
1 1
SR L
A TARETY
ATKHZEIZ

35. 'Eav o, PER, v& &moBeiyBolv ol looBuvaniot :
1. lla|=1pll=]a=p| +* oB=0
2, alpl—plaj=0 == jla+Pl=|c—Pl.
36. Epere Tas dxepales Tipds ol x,B5i& Tés drolas stvan ¢
o |x]<32 2 |x|>18 xal [x|=3.
;';\7). v a<p<y <8 v& eupedf] TéTe ff TaphoTaTIS:
A=la—x|+|p-x|+|y—x|+]8-x]|
Srornpet oTadepdy TInV.
38. Aleton §) ouvpTnals f pt momov:
x+1|—-|x-1
1= T =TT

N& &modex8i) &vi:
x, v |x[<1

1

FE 1, w jxi>0

39. 'E&v a, B, yeR ut Py #0, v &rrobeiy8ij &1 :

ot + P By Yt
aTE1pT T TRTH 1T T TyT+ el B heHxt

40. A& Trolas Trpary HOTIKES TIRGS ToU X ExEl vonua TpayUaTIKOU &p1Bpol f) TapdoTAOTS !

v
= v
yEVl_:T_V_:i+ Y2—(x|+ 2x*—|xP, (v=q:umxbsdp16uc‘:s>l).

4. 'Edv o, Pe R, Belforre ot a|3i+ﬁ;a|._<_5uﬁ+1u[5|. Mére loyber 10 =
42, 'E&vx.yeRuéx«(Oxaly=15—3x1-—2}x|, v& &moBery®f &m: x| —| ¥ [==3.
43. 'Eav x, ye R — (0} xal loyle:

|xlyl+yixll _,
[xy| ;
vé dmoBeiyBij &mi ol &piBuol X kal y elvan dpdonuor.
, b B 13!
44 'Ev x, yeR, x# £V vé &rroberyfi &m : EEEA + [x=71 =11

45 Edv X, yeR xal 2Xx+ ¥y + 4 =0, vad&modaydijom: [x[+ lyl=2
46. 'Eav a < P <y < 5, vadamobeysi gmi: |P—y|<|la—=8l
47. "Edv ol ouvTeheaTal Tis E§iodoews ¥+yx+58=0 TAnpoUY TAS oytoes :
[1+y+8|=|1—y+8 x fy[>1+18}
Selfare &m1 1) v Adye EEiowans Exer pitas Trpay paTikds kal dvigous.
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48. 'Eav o, B, y, 65eR ut y #£ 0, va dmrobery87) &1 ol oytoes :
P-8|<la—yl (1) xad |y|[<[B| (2

<2

5 5 a
ouveTrdyovTal Tihv: r_'_.|_
p Y

49. 'Edv @, PeR xal || > 1, 8el€ore &v1 ) lodrng : B = I—G}HT
-l
ouvemdyeTal TS
Bl >1 kal a=l—_r5-r-
50. 'Eav x, y, zeR, B&eifore 6T
Ix+y-z|+|y+z-x|+lz+x-y|=|x|+|y|+]|z].
51. Aei§are 671 max (0,2x) — min (0,2x) = 2| x| .
52. Acsiare &1 ¢ ixdorng TEV oyéoewv

| 2x+4 3y y | 2xy+3y?
i3x+2y =L x| <l “Qx—),+_3,iz <1 (x, y€R, x(3x+2y) #0)
Emrovtan al &Akan &vo.
latB) o laf 1B

53. v «, PeR, v& dmoBey8i &mi: - =
o, PeR, va &mobeydij &t 1+|a+p|—-1+|u|+l+|?’|'

54. 'Edv ol @, B, v, X, y, 2z€eR, elvan Si1&gopot ToT pndevds kal TANpolUv s oyéoels:

uzl__ﬁﬁ_x—__k' p = ¥ Ve z
+ix[+|yl+]z] P4+ x]+ [y[+]z] 1+ x[+ [y[+ 2]
v& Umrohoytofolv ol x, y, z ouvapTioe Tév a, B, y.

55. 'Edv x€R kol [2x+9|=3|x+4 2|, va Utrodoyiodii ) | x |.

56. Awx mwav LeUyos Tiwdv T@v X, y loyve 1) lodns

[x*=3y+ 1|=|3y=-x*=1].
57. 'Edv x, yeR xad y VX —xVy* + x|xX|-y|y|=0, Belfarre 61z | x| = |y|.
58. 'Edv Py >0 xal 2|Pp + Y+ |y >6+ By, va Se1y 87 671 8 elven :
(lyl<2 [BI>3) ¥V (lvl>2 |BI<3).
59. 'Eav Ix|> |y, Selfare &é11:
x|

Iyl [x | Lyl
+ e = =2
7 B o7 B E el i [Py i
60. 'E&v y > 1, |B| = 2y, 8el€ore 611 ol pilan x,, X, Tiis todoews x*—Px+y=10
= 1 1
TANpOUV THY oxtow : m-ﬁ-m“ 2

61. "Edv a kol P elvan dpiBuol Oetikol, vk Beiy0ij &ri:
| Ya—¥B | S VTa=PT.
62. 'Eqv x # y, Belare 6m1:
T+ %= VT+y|<|x—-y|
63. "Edv o, B, yeR kol (B+ ¥) (v + o) (¢ + B) # 0, Belforre &1 :

|«

I By

] e A
tiyrar t v =T
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64. Metafy molwv épiwv petaPpddierar & Adyos — - &tav Biax ToUs TrpayuaTIKOUS
o+ 2p

&pibuols o, B loyin fi dviodTns i p|< L
65. 'Eav € elvan plga Tiis é€10cwoews ax? + Px + y = 0, a 0, v& daybij 67 :
lal+ BRI+ 1Y
|€ _—
poh & lal
e Eldt o y=d &1 =
66. 'Ecv ey R T b o vé& dmrobai0ij 611 ¢ xy == 0, (x, yeR).

67. Ocwpoupev T Elowow: x? —2ax + p =0 pt OUVTEAETTAS TTpayHaTIKOUS &p18uous
kal plZas pu pe "ESV | pa| = | pals v &modendfi 6mi: lal + Ve +[BI= (1 +¥2) . lpul
68. E&v y—9|<|x—ow| ka |w|< || v&&mobeydi dri:
5in
b ¢
69. Aiberon ) Eiowats ax? 4+ Pxy — yy? = 0. 'Edw perafl 16y piiév x,, X, kol TGV ouv-
TeAeaTOV aUTiis UploTavtan al oyéoeis:

%|<3, (omoTifeTan: @ 3 0).

_Ix+ x| = o i o
e i ek T A

va dmodery8i o y =4 94

70. *Edwv € elvon plia Tiis tEiodoews x4 + ax? + B = 0 kal elvan | §] < 1, vé Bergdiy omt
8 elvan TrdvroTe :

a0 | < e+ £l
-
| ESIZQSEIZ ME ATIOAYTOYE TIMAS TOY APNQETOY
\_____ ETIAYOMENAI ENTOZ TOY R.

D& txBlowpey kaTwTEpw TOV TpdTrov EmiAloews, tvtds ToU R, HEPIKGV HOPPGIV
Hrotoey, el Tas dmolas UeiotpyovTan dméAuTol Tiual TPAYHATIKGY &p1Buddv,
Q5 AYVOOTWY.

§ 42. 1. "EmiAuoig Tiig éElodocwg ax| + B=0, pt a, BeR kala = 0.

"EoTw X, TuxoUoa AUois Tis a| x| 4B = 0. Tlpopawéss kai # — x, evat
¢mions Avois alTis. Alakpivopey Tmpa Tés k&Twbl TEPIMTTOOES ©
o). ’Edv x,> 0, 16Te, maidn) | x| = x,, ) &§lowois yivetan:ax,+p =0,

g ol xy =— S + ‘H Moiws adrn & elven extr, &&v mAnpoil v x, > 0,
AnhoBr) Trpitrer: == Ba.r, 0
pémer: £ )

"Evtalfa, v af > 0, 8nA. v ol rparyparTikol dpiBuol o kal P elven dpdon-
uot, #) (1) Btv &Anfeler kol Emopbues 1) Bobeioa dElowars Bév Exel Alotv.
"Edw Spes ap < 0, 8nA. ol a kai B elven Erepdonpot, A (1) &Anbeter kal émo-

BEvws ) BobBeloa EGlowais Exel Alow, Thy x, = — B
o
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B). ‘Eav x,<0, ToTe | %l = — X, xau 1) Sofeloa Effocoais yiveran :

—oax+B=0, Eol: x= —E—.
*H Abois alitn 84 elven Bexrr), &&v wAnpol ThHv Xy < 0. AnAcd :
P <o @)

2
‘H (2), mpogavéss, dAndeler Sik of < 0.
“Qoe, 1) tflowats o| x|+ P = 0 elvon &ddvatog, i &AAws Eatepnpévn Aoscag
05 TTpds x, éTav of wporyparTikol &p1Buoi a kol P elven dpdonuo, Exe1 B¢ clTn AUoeis
X=- % Kkal x = %, &tav of o kal P elven Erepdonpot. Els Thv Seutépav mepl-
TTwow Atyopev 8T 7 Elowors x|+ P=0 elvar igoblvauos Tpds ThHY :
2
Xt — %.
7). Edv P=0, Eomev a|x|=0, xod ouvemds |x|=0, ¢ ol x=0.
Ta dvwTépw ouvoyifovtal els Tov k&Twb Tivoaxa :

IMivag Siepevvijoeng tiig: a|x |+ =0

af >0 |a|x|+Pp=0 adivarog

p

ap <0 |a|x|+B=0 = =t

=0 |a|x|[+p=0 — x=0.

Mapadeiypata: lov: Naimhvdj 1 éicwng: 2|x|—-3=0.
Avoig: "Exousy, &v mpokeinbve, a=2, P= —3 kal tme1dn ap=—6 < 0

1y &lowois 2|x|—3=0 #&ye Tds AUoeis : x=+ %

20v : Na Emlobij 1 thicooig: 4 |x|=—"7.
Aberg: H élowois ypagetan 4| x|+ 7= 0. Evraifa elvoan a= 4, p=7
kal Emaidf) ofp = 28 > 0, 1| Sobeioa tE{owois elvan adbvarog,

§ 43. 1. "Emidvoig E§1ovocwg Tiig popodiis : a|x |+ Px+y =0 (1),
Béa, B, yeER—{0).

"Eotw x4 TuyoUoa AVots THs (1), Téte : J

o). "Edv x> 0, Exopev &€ dpiopol | x| = x,kai f) Soleica tflowais ylveren:

ax 4 on+ y=0 f§ (a+ Plx=~—- (2)
Edv a+P#0, f (2) 8i6er: x,=— alﬂ‘
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‘H AUo1g alTn Bix v elvan Bexrny, Tpémer véx ikavoTrol T x,> 0.
AnAabf TrpéTrel :
el Y _ <0 4 y(a+p)<D0
a+p a+p

‘Eav o+ P=0, f) (2) yiveton Oxy=— y. 'Emaibn &t y# 0, almn elvan &&U-
varros. Tuvetrdds kal 7 (1) elven ddbvarog.
B). 'E&v x,< 0, ToTe |Xf=— x4 kal f) (1) yiveran:
—ox - Pxy=0 A B-)x=-y & @-P)xzy. )

'Edv a—PB # 0, # (3) Biber: x,= GIB.

‘H AVots alTn S1& v elvea Bextd, TpEmel v& ikavotrol THY X< 0.

AnhabH : urﬁ <0, €o00: y(@—p)<0.

Eav a— P =0, nA. a=p, f| (3) elvau &BUvaros, Ep’ Soov y 7 0. Kat’ dko-
Aoubiaw kad ) (1) elvon &dbvatos.

7). ‘Ev x= 0, Tote f| (1) yiveran y =0 kad &9 doov vy #= 0, 1 tEiocwols
elvan @ddvarog.

*Ex Tév dveoTépw ouvdyopey Tov drdAouBov Trivaka

IivaE Sicpevvijoeng tiig : o (x| +Bx+v=0

Y(a+Pp<0 |o|x|+px+y=0— xoﬁ_aj;ﬁ.

a4 p=0 | 2Eiocwoig (1) elvar ddivazog tv R

y(@—p)<0 17,|x|-i-|}x-iu~«(=i)-=>xﬂ:ﬂil3

a—p=0 1 #ioweg (1) civar Gdovarog dvRT

Enpeimoig: Ak p= 0 ¥opev thv popety | (§ 42).
"Agknoig: Eferdoate Tés kérwh 1BionTépos TEPITITCOENS @
® P=1 y=0 @) a=+1, p=1 y=0.
Mapadsiypara: lov: Naimlubf 1 icoog : 3|x 4+2x—4=0.
Abarg: NapPévovres Tds tkppaoels a+ P, y (a+PB), maparnpoluey 51
a4+ P=342=5%#0 kal y(a+P)=—4x5=-20<0.
TTAnpotvTal 88ev ol cuvdijken Tijs TepITTdOEWS ') kai ko’ dxolouBiav 1 obeioa

4
Tl é 5' € A' IV = Y —_
EElowars EmibiyeTan ts AUow TV X, 15 B
*E€ &AAov, tmaidn a—P=3—-2=130 kaoi y(u B)=—4x1=-4<0,
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7| bobeloa E€fowots EmbéyeTan dos (dpvnTiciv) pllav v ;

S .,
M= e 4,

2ov : Na tmhoB 1) Elowog : |x |+ x —2=0. (=)

Abourg: “Eotw x>0, Téte | X,[= x, xai 4 (€) ylveren :
X+ X—2=0 #4 2x=2, # o¥: Xo= 1.
"Emre1dn) Speos UmmeTéln x>0, 4 mpq x=1 elvon Bexrn,
"Eotws Tdpat X< 0, TéTe ixui = —x,kai 1) (g) 5ider : X x,~2=0, bnA.
—2=0 (&Bvaros).
M& x=0 7 (e) Bév émoAndederor.
"Apa 1) tEicwois x|+ x—2=0 Exa T Aow x,=1

§ 44. 111 "Emiduoig E8iodoewg Tiig popdfic : ax®+ B|x|+y=0 (1),
émou a, B, YER kai a # 0.

Emaid 81a ke x€R elvon: x?=| x[|% 1 Bobeioa Elowots ypdgeton :
a|x|24p x|+ y=0, f émola elven BeuTépou Pabuol dx Trpds Jx T
'Eav Btowpev |x| =y, 7 GveTépw EElowas elvan loodUvapos pds T cUoTnua :
oy*+Py+y=0
|x|= ¥
UTre TV Gpov 8Tt povev o (mparypaTikad) pfy dpvnTied piCon Tis tE1ocooEcos
&5 Tpds y s Trapéyouy Tds pilas THs Bobeions. “Emopéveos 1 (1) 6 Exn Avow,
tp’ doov Exer, ToUAGIoTOY, plav pilav TparyuaTikiy uf dpvnTikty ) Eiowors
oay*+ By +y=0. ()
"AvauTikdTepoy Blakpivopey Tds kéTob TEPITITCOCEIS :
In: "Edv P2 —day < 0, /) (2) e pilas myadixds ko ouvetrdss 1) (1) oU-
Beplav Ao Exer.
2a: "Eav p2—4ay =0, § (2) ixer Th SimAfiv pilav y = —_é% Kol oUVETTEYS :

P

(i). *Edv ;? >0, 8nA. of <0, T6Te ) (1) 8& Exn s pilas Tds :
x,:——%— Kal xzz%.
—p

(ii). ’Eav = 0, 8nA. of > 0, Té1e 1y (1) oliBepiav Ao EXEL
3n: Eqv B —day > 0, 1) (2) ée 8Uo pilas TPAYUATIKES, STTOTE
(i). 'Edw —?;f > 0 kil — —5-— > 0, dpgdtepan al plfen Tiis (2) elvan BeTixed

kal éav KoAéowpey almdg Y1 kai y,, ToTe A (1) 0 Exny dos Avoers, Tas AUCEIS TéWV
lowotav |x|=y, kal |X|=y, & Tv émolwy AapPdvopev x= + y, xal
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2=+ y, fiTor 1 (1) 8& éyn els THv Tepimrwow TadTnv 4 pilos, Tés:
L =Y X2=—Yp %=Ys X4,=—Ya

(ii). ’Eav %" > 0 kal —Tﬁx» < 0, &ugdTepan ai pifon Tiis (2) elven &pvnTi-
kal, 6moTe 1) (1) oUBeplav Alow Exer (v R).
(iii). ’Eav —Z- <0, 1 (2) &xar BUo pilas Etepoonuovs, EoTw Tas v, <0 < y,,

omote ) (1) B Exn dos Aoeis, tdg AVoeis THS | x| = y,, &K Tiis dmolas Eyouev:
5=Yu X=—Y»
ZuvoyifovTes T& dvwTépew Exouev TOV k&Twb Trivaka :

IMivag Swepevvijoswg tiig: ax? +B|x|+y=0 1)
p2—day < 0 7 éicmag (1) slvar addvatog Evrdg tob R.
_.,g_>0 ux”.{.ﬂlxl.*-y:ll&p-x:i__ﬂ_
g 77 2a
p2—4day=20
— % <0 1| éisweg (1) elvar @ddvaros.
%>0 —%‘;»0 Max®+PBlx|+7=0 Ega 4 pilac.
p:—day >0 %> 0 —% < 0| 1 &iowog (1) clvar @ddvaros.
L <o A oax? 4 Blx|4+y=0 Ex 2 pifoc.
Mepikn nepintaoig @ 'Eav y = 0, Exopev v Eicwow ;
alxP+pPlx|=0 f |x|-(x|jx|+P)=0omwdre:
il |x| =0, & Tijs dmolag x = 0
f alx |+ p=0, f omoix éxer {6 pereTndi els Thv § 42.
MMapadeiypara: lov: Na &miv0ij, dvidg tob R, 1) 2icwoig :
x2—-5|x|4+6=0.
Abvorg: ‘H Sobsioa Elowos ypagetan : |x[2—5|x|4+6=0. {13
Oftopev |x|=y (y>0) xal fj (1) ylveTau:
y2—5y+ 6=0.

Al plton atrfis elvar y; =2 kal yo=3. "Apa |x|=2 | |x|=3, ik TV
omoleov Eyopev: x= 42 f x= 4 3.
“Qote al plfen Tfis Bobelons Eiodaews elvan :
= 2 X2 Xy =3 vxy =3
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2ov : Na imAvbf 1 tEioworg: x2 —4|x|—12=0. (2)

Aborg: 'Emedn elven x2=|x|? @tovres |x|=y (y > 0) Eouev thHv
tiowov : y:—4y—12=0,
o Ty omolav AapPdvopey y=6 f y=—2. “Apa 8 elvai:

? [x|=6 (3) o |xj==2 @)

'Ex Tiis (3) Exomev: x= + 6.

‘H (4) elvan &Buvarros.

‘Emroptvaws ol plGon s (2) elvan : x, =6, x,= —6.

Hapatfipnoig: 'Avaddyws épyaloueda Bid thv &mfAuow, dvtds ToU
R, t§iowoewy Tiis wopefis : ax®+Px+y|x|+8=0.

Mapaderypa: Na émhvbf §| tioworg: x*—3x+2|x[—6=0. (1)

Aborg: Awx x=0 1 (1) elven &BUvaros.

Botw x>0, 76T |x|=1x kalf (1) yiveren:

x2—3x+2x—6 =0 @ x2—x—6=0, 1 dmola éxer plfes Tés :3, —2

*E§ alrrédv Bextr) elven pdvov 1) BeTikr. wis]

"Eotw tapa x <0, TéTE |X|=—x kaidf (1) ylveton:

x2—3x—-2x—-6=0 f4 x2—-5x—-6=0.

AUt Exer plfas Tés: 6, — L

"E€ clrév Bextd) elvan pévov 1y —I1, cog wAnpoloa THv ouvBrikny: x < 0.

“Qore o pifon Tfis (1) elven i x;= 3,/ x,=— 1.

§ 45. 1IY. "Emridvoig E§lodocws TG popdfig : |A(x)| +|B(x N+ ..+
[P(x)|+ @(x)=0 (1), émou A(x), B(x),..., P(x), Q(x) aképawa mo-
Audvupa 1ol x pE wpayparikodg ouvTeAEoTaG. — Ak THY elpeoty TV
TporyuaTikédy Aoty Tiis (1) deTdlouey T& Tpdonpa Tév A(x), B(x), . .., P(x),
fiTor Tév TapaoTéoewy, al moian eUplokovtan Evidg ToU cuMPBAou THs &TToAU-
Tou Tiufs, 81 Tds Srapdpous TparyuaTikds Tiuds Tol x kai BdoEl TGV TpooTuwy
ToUTwv Efodelpopey T& drdAuTa, SnAadh dvTikaBioTduey Tds TrapacTaoEls pi
&moAUTous Tipds, Si& TGV fowv Twy, KaTd TOHV oplopodv, &veu dmoAuTwy, eupi-
okovTes oUTws els ExaoTov SidoTnua TiuGY ToU X kai piav, &veu dToAUTwY Ti-
v, looBuvapov Elowaw mpds T (1). Al Aoeis Tév Efiodhoewy ToUTwy, tp’
daov eVplokovtan kdoTote els T dvtloToryov Si&oTnua weTaPoAfis Tob x, elvea
Bextad dog Auoels B v (1), &MAws dmroppitrrovTai.

TMopaBéTouer kaTwTépw pepikd TapabeiyuaTa Emihloews Eiodoewy s
Hopafis (IV) mpds mAfpn kaTavdnow Tol BéuaTos.

Mapaderypa lov: Naimdvdf, tvidg tob R, 1 tEicoeng :

—2x+4|x|—-3|x—-2|45|x+1|=-5 (1)
Aboig: 'H Bobeioa E§lowors ypdpetan :
Ix|-3[x—=2|+5|x+1|—2x+5=0. )

Al Tipal To0 X, of dmolat pnBeviZowv EkdoTny TapdoTacv elpiokopévny
EvTds ToU ouuBdiov Tiis &moAUTou Tiufis, elven otk oelpdv: x=0, x=2,
Xe= = 1.
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T&s Tipds Tauras ToU x TotroBeToUpey Eml &fovos kard TéEw alfovTos pe-
yéfous, & k&Twh ealveral :

o -1 0 2 +eo

Aiexpivopev fi8n Tds dxoloubous TIEPITITCOTEIS
o). Edv —o0 <x<—1, TéTe 6& elvan :

x+1<0 %x+l|=—x—1i"°”l (2) elven lgoBuvapos Tpods TO oUoTnua :
x<0|=> |x]|==x —x—3(—x+2) +5(—x—1)-2x+45=0 } =
x—-2<0 |[x =2|=—x+2 x<—1 »

‘H Eicweais ToU ovoTnuaTos 8(8e: x= —-% (BexTny), dos TAnpoUsa ThY: x < —1.
p) ‘E&v —1Sx<0, 6& elvan :

x+1=20 x+1]=x+1 | ked A (2) elven looBUvauos Tpos TO cUoTnua :
x<0|= |x]|=—x —x-3(—x+2)+5(x+1)-2x+45=0 ] G

x-2<0| |x=2|=—x+2 -1=sx<0. .
‘H éElowois ToU ouoThiuaTos 5ider: x=—% (BexTry), cs mAnpoUca THY :
-1=x<0.

¥v). 'Ev 0=x<2, TOTE:

x o tein [x4+1]=x+1 kai f) (2) elven looBUvapos wpds TO oloTnua:
x=0 = |x|=x x-3(-x+2)+5(x+1)—2x+4+5=0 ] )
x—2<0 [x=2|=—x+42 0sx<2

‘H #lowois ToU auoThueTos 5ider: x=—% (&moppltrreTen), s pf TWAN-
pouoa ThHv: 0=Sx <2
§). 'Eav 2=x <+ o, B&elvan:

24150 [x+1l=x+1 kal 1) (2) elvon looBivapos Tpds TO oUTTNMG
x> 0] = |x]=x x—-3(x—2)+5(x+1)—21+5=0](z‘).
x—2=0 [x—2|=x-2 2=x.

‘H Eiowais ToU guoThpaTos Bibet: x=— 16 (&mopplmTeTan), & uf) TATpOU-
oax ™Mv: 23 x <+ co.
“Qote al pllan Tis E§ocdoews (1) elven : x,= ——:- ' Xy = —%-

Mapatfpnorg: Tpds Taxutépav elpeotv TV TpaypaTikddy AUcewv
Tiis (1) oxnuarTiZouey Tov els THv &moptvny oeMBa Tivaka, els ToV &moiov on-
petoUpey T& mpdonua Tév Evtds ToU oupPéiou Tiis &oAUTou Tipfis TapaoTé-
oewov el T EkdoToTe SiaoTApaTa TEV TIMGY ToU X, kafids Erlons dvarypagousy
xai &g dvTioTolyous els cirrd looBuvdious pds Ty (1) oot :
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x |[x-2| x |x+1f[x|-3|x-2|+5|x+1|—2x+5=0 Zvpmephopata
—
- = | = |=x+3(x-2)-5(x+1)—2x4+5=0 #x:—-_g—e(—co,—l),ﬁamﬁ.
-1 0
— | = | + [ =x4+3(x-2)+5(x+1)—2x+5=0|==> x=—%e[—1, 0), Bexrn.
0 0
= |+ |+ [R5 (1) -2+ 5=0| = x=— £ £ [02), dmopprrr.
2f-0
e e ] x=3(x-2) +5(x+1)—2x4-5=0|== x =~ 16 € [ 2,4 ), &mropp.

Mapadervypa 2ov: Na edpebobv al mpaypanixai hbeeig tiig Ewhocng :
|x2—5x+6|—2|x—1|4+2x—3=0.
Adboig: Oftopev:

A= x2-5x 46 = (x—2) (x-3), Tére: ~H=——  SRES. i
kadB=x-—1 , TOTE: g{‘" — - =

"H8n oxnuaTtiZopev, s kal mponyoupévws, Tov dxdhouBov Trivamxa :

x | A | B | |x*5x+6|-2|x—1|+2x~3=0 ZupmepdopaTta

g b Xx2-5x4-6+42 (x—1) +2x—3=0 Pifon myadixal (&moppiwrovran),

_ X = Sigﬁ , Bextn pdvov 7 :
1 -F x2-5x+6-2 (x~1) 4 2x—3=0 et
X = 5_2]{5 €[1,2].
210
a — | + {—(x*=5x+6)—2(x—1)+2x—-3=0 Pidar wryadikal (&moppimrovran).
-0
= X= 5+15 , BexTh pdvov 1y :
+ | + | xX*-5x+6-2(x—1)+ 2x—3=0 2
+o0 x=i4é£€[3'+°°)'
"Ex Tou dvwTépmy ivaxos kaBioTaTar gavepdv &Ti- 1) Sobeioca Elowais dg
, =
povas TpaymaTikds pidos Exer Tés: _j;_Vi
Mapaderypa 3ov: Na Emdhvdij xai va Siepeovn0ij 1 #lowag ¢
[2x—|2x —1]| = —a%x. 1)

A © o 1g: "Emeidn 16 mpédtov péhos elvan BeTikdv 7y unbév, Bid vé toyim 1 (1)

8& mpérer v elvan x = 0. Tolrou Tebévros, Emeton &1 :
2x=0 ) 2x—1=-1 f} 2x—1<0, &pa |2x—1|=—2x+1 kai (1) ylvera :
[2x — (1-2x) |=—A% ) [4x—1|=—Ak, @)
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Emraidty x = 0, &metan 4x—1 <0, &pa |[4x—1|= 1 —4x kal fj (2) ylvero:
1—4x =—A%.
‘Emropéves 1 Soleioa efiowas elvan iooBuvauos pds T oUoTnpa :
1 —dx=—A% 4—-A)x=1
x=0 } gt . )xéo l &
Araxpivopey Twpa Tds EEfjs TEpITOOES
a’). E&v A= + 2, ) tflowois ToU cuoThuaTos (3) yivetan: 0.x=1, kai
elven &Buvaros, Bid réoav Tiuny Tou x. “Apa kal 1) élowais (1) elven @ddvaros.
B). Eqv A # + 2, 1y EElowois ToU ouoThuatos (3) &ider :
1

B

‘H 1ipfy altn mpémer va Anpol Ty x = 0. AnAcdn) Trpémel :

7 1h2~§0 A4—-N=S0RA2=4A2-4=209 A4+-2)QA-2)=0.
*Ek Taitns Emeton 811 AS —2 wad A = 2. 'Emeidfy &¢ Umetén A #£ L 2,
freTan 6T : A<—2 kat A>2.

“QoTe 1) Sobeioa tfiowaois (1) Exer Aoty pdvov, dtav :
A< <3 kad XA >12.

ANIZQZEIZ ME AMMOAYTOYZ TIMAZ TOY AINQETOY

§ }‘ Mg thv émiduow, dvtds ToU R, dvicdoewy ut &ToAUTOUS TINGS TOU
&yviooTou, Epyaldusba ikdoToTe kaTd TpdTov dvdAoyov Tpds TOV TpSTOV
EmAUoecos ESiocdoewv Tiis dvTioTolyou popefis, cos EfeTédnoav els TS TponyoUuE-
vas apaypagovs (§§ 42, 43, 44, 45).

"Omrews els Tas E§1oosis pé dmoAUTous Tinds Tou dyvaoTtovu, oltw Kal g
Tds dviodoels eUpiokopey el EkaoTov SidkoTnua peTaPolfis ToU dyvdoTou kal
pfav, &veu &moAlTwy Tiudy, looblvapov dvicwaov mpos THY Sobeioav. Al Topai
Tév BraoTnudTwy (Aboewv) ékdoTns looBuvdpou &viodoews UET& Tou &vTioToi-
Xou BiaoThuaTos TGV ToU dyvdoTou &moTehoUv Tas AUcels Tiis &obeions
AVITDOOEWS.

TTpds mAnpecTépay karavénoiv ToU Béuatos TrapabéToucy KATWTEPW HEPIKA
mrapaBelypaTa EmAUcEwS dvighoewy Siagopuv Hopeddv.
x|—-5_ x-—8

3 3 (8))
Aberg: ). 'Eaw x =0, 1é7e | x| = x kad ) (1) looBuvayel ut 10 cUornua:
x=3 x=8 4 % S el
3 4 —r oupPipacTal.
x=0 v

*Apat : x=0. (2)

Mapaderypa lov: Na tmlvdff 1 dvicwog:
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B). 'Edv x <0, 7éte |x|=—x xalfj (1) icoSuvopel ué 7o ovoTnpx :

—x—5 —Tx>—4 x<i
3 — — 7 % oupPiBacal.
x<0 x<0 x<0]
“Apa : x<0. 3)

"Ex v (2) kai (3) ouvdyopev 611 1) (1) &AnBelear 51k kébe x €R.
Mapaderypa 2ov: Aud nolag mpaypatikag tipdag tod X Exer vonpa npa-
ypatukod apibpod 1| mapdstacg : Vm (1)
Aborg: Ak va Exn vénua TpaydaTikoU dpifuol 1) TapdoTaals wpETEl :
3x2—-10[x|+3=0, | &wadhy x2=|x|?
3|x[2=10|x|+3=0. )
©tTovTes |x|=1y (y=0), &opev Td looBivapov pds THv (2) clornua :

1
3y’—10y+3§0 - 3(;9'—3)( _-3-)%0
y=0 y=0.

To ds &vw olornua mAnpoltar 8idk: y=3 kal 0SSy = -;—

Téte Ouws Exouev :
(x| =34 Lol |x|§i-.

3
‘H mpeotn ypdperon: x2=9 f x2—-9=0 4 (x—-3)&+3)=0
kal dAnfelea ik : xS-3 xad x=3.

‘H Beutépa, s yvwoTov (§ 36), elvon iooBlvapos Tpos ThHv: — _%_. =Sx= %—

“Ofev ) Tapdoraots V3xE— 10 |x|+ 3 éxe vénua mperypomikoU &pifuol
Si1& &g s Tipds ToU x ¢

LHeeELy *-;—Exéé, 3Sx <+ o
MHapadervypa 3ov: Na imdvdi, Evidg tob R, 1 dvicweng :

2x+4

|x4+1]—2/x]+|x—1|— > 0. (1)

A 0 o1 g "Epyaldpsfa katd Tpdov dwdd\oyov ué ToV EkTebévTa els THY TrpoN-
Youuévnv Trapdypagov :

Al Tipad ToU x, ol émoian pndevifouv Tés TapaoTdoes Tds EvTéds ToU oup-
BoAov Tijs &rohUTou Tiufs, elvan ket oepdy of EEfis: x=-—1, 0, 1.

- S

Ofropev: A =x+1 if"’ = 3
— i o o pom
=X _— E’ = T
kel .o Y
4] = 3
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KorapTifopev drxoholBuws Tov kaTwTépw Trivaka, els Tov dmolov onuelopey
T& Trpdonpa TéY vTds ToU cupPdou Tiis dmrohUTou Tipfis TTapaoTdoewy els T
tk&oToTE SlaoTANATA TEV TIPGY TOU X, ds TauTa kebBopifovTan Ud TéV els THy
mporyoupévny oeAida mivaricov, kel Emrions dvarypdgopey kol Tas dvTioTolyous,
gls T& ExdoToTE BrooTiHaTa TIMGY ToU X, igoBuvapous rpds Thy (1) dvicdaels.

x | Aifemofir Lx+1|—2|x[+|x—1|—2x;-4>0 PR rrpedudnn
—0 |l 2x+4-4 = x<—2. "Apa:
s o= S0l F X<O8 e
B 3
= x> -——. YApua:
2x+4
+ | = | = |+ 2x---ZF2 >0 ; 3
xe(—?.+w)n[—1.0)=(_z.o)
0 0 l
= x < —=-. "Apa:
+ |+ | - (x+1)-2x—(x—1)—-2£;—i>0 e ;
1 xe (—00.7) NI0,1) = [o, 7)
0
; 9 v &xkd = x < —2. "Apa:
e + |+ | + | (x+1)-2x+(x-1) 5 >0 xé (0, D) U1, A28 ot .

o). —(x+1) +2x—(x-1)—

-

5.

Avoeis Tiis (1) 8& elvan o Aboels TéY k&Twb ouoTnudTwy :

"Apa

(x+1)+2x - (x=1)—

"Apa

FApac:

(x41) =2 (1Y = 2";4>0]==>

"Qote 1) Sobeioa &viowais (1) dAnbedar 1k : x < —2 kad —

e fxob L it ) 2";“4>o]

7 4
x;- =0 =¢2x+4<0 =’_x<—2 oup1-
&1 x<—1 x < — 1 |BooTal.
-0 < X <—2.
2x+4 3
x;‘ >0 -:b-8x+6>0 =’_x>""z cuuB]-f
=1 55 aotal,
1Sz <0 ISx<0f o Lymymof
—-—4—<.X<0.

—
0sx<1

0=x< :

7

x=1

1
121(-'6 <0 e X< ? wpﬁ[-
IsSx<l1 0=x<1 PaoTai.

2x+4<0}=._x<-21&wuﬂi-

= x =1 | PagTer

. 1
4<x<2.
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Mapadervypa dov: Na imivdi f dvicoog :
lx[=5]>[|3x| -3]. ¢y
Aborg: “Yyoluey dupdtepa Ta péhn Tijs (1) el T TeTpdywvov kad Exopev :
{1zl =30 = lx|=30 i (lx|-9)-=G|x|=32=0
A (41x]-8)(=2|x1-2)>0 A 8(Ix|-2) (ix|+1) <0. (2
'AMAG x| 41 > 0, Biakdde x€R, kard ouvemsiav ik TR (2) Exouev :

x| -2<0 f) |x|<2 #$o0: —2<x<?
Hapaderypa Sov: Na seuydf 6 dua xabe mpaypenkiv tpfv tob x
ioy el 1 oyéos ¢ N
ix—2|+|2x—l\%7. (1)
Ava moiag Typag tod x ioygder 1 iootng ;

A b oig: Epyadduevol, dmws kal els 1O wapdBerypa 3, Exopev TOV kdTwd
mrlvoka PET& TGV OXETIKGY CUPTEPOOU&TWV &

x |x—2|2x-1 lx—2|+|2x-—ll§%— Zvpmépaocua
= -9 - @x-D =5 —0 LX< o
1 R 2
2 3 1
=l —(x=-)+Zx-DH=5 B Sx<2
2il=n.
e (x=2) + @~ =5 2Sx< +w.
+o0

"Ex Tol dvewTépw mrivaxos ouviyopev 811 1) oxéors (1) foyle Bk kéfe x eR.

H lodTng, dos elxdAws padveTan, foyver Sid x =ﬁ;—.

ZYZTHMATA ME ATIOAYTOYZ TIMAZ TON AFNQETON
EMAYOMENA ENTOZ TOY R.

§ 47. 1. "Emidvoig ouomipatog Tiig popéfig :
o|x|+Blyl =7 ]
o lx|+Byl=n |’
émou &, B, y, oy, By, Y1 TpaywparTikol dpifuol, dveEdpTnTol TGV X, v
OtTopev | x|=1x;, |yl=1y; kol 76 olornua (1) AopPdver THY poperv
ax; + By =¥ ] @
X+ Piyi= Y1

M
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Td ototnua (2), UmomiBepévou 611 ofy — oyPp # 0, Exer Avow Ty :
X _ YBi—viP Yi= oy — Y
T ap—op apy — o
Emaidt) 51" olawBfmote Tipfiv Tév x kal y elvar x| =0, |y|=0, 1o
ouotnua (1) 8& Exn Abowv TéTE, kol pdvov TOTE, Gv

Yﬁl Ylﬁ = 0 GYI %Y =0.

afy— oyp opy— P
Yo TH TrpoUTrdteatv TadTny ol Aoels ToU Sobévtos cuaThuaTos elvan ol AUces
ToU Zebyous TV E§iocoewy :

YBi—viP !Yl— =y
aBy—oyp C!Bl —of
Tds dmolas elplokopey, ds EEeTédn els THv § 42,
Mapaderypa lov: Na émlvdij 10 chotnpa:
3|x|-2|y| =10 ] o)
5|x|+3[y| =23
Abdborg: Ofropev |x|=1x,, |v|=7y; kol TO olVornua (1) AcuBéver Thv

HopenV :
3%, -2y, =10 } @
5x,+3y; =23 |
Avovtes ToUTo, Exouev:  x,=4, y;=1.
Téte ol AUges ToU Bobévros ouoTruaTos elven af Aboeis ToU Zelyous Tév
t§1odhoecov :

[x|=

|x|=4 }' il x= 4+ 4
i¥l=1 y==+1
"Qote ol pliean ToU ovoThparos (1) elven T& Zedyn ¢
(=4, y=1), (x=4, y=-1), x=—4, y=1), x=~4, y=-1).
Mopaderypa 2ov: Naimdobi to cootnpa @
x|+ [y|=1
x4 yi=1
Aborg: To Sobtv oloTnua ypdeetar kKol olTw :
x|+ [yl =1
X2+ [yt = 1.
ToUto elvan ooBuvapov Tpds 1O oloTnua :
x|+ [y|=1
|x-y] =0.
Ao T Sevtépav Elowow Exopev: x=0 f y=0.
Ak x=0 Exouev & Tiis TpdTnS EElocdoews Tol ouaThipaTos |y|=1, &€ ol
=41 kol 81k y=0 #xopev |x|=1, & 00: x= 4 1.
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"Qore ol Aoeis ToU Sobévros cuaThuaTos elvan :
(X'-'-'O, A l)l (x“"_"on y = l)r (X= ll Y=0)» (X=-— l! )'=0)-

§ 48. 11. "Ewilvoig ovoTfipaTtog Tiig popdfig :
a|x|+Bly|+yx +3y =k ] )
o|x|+ Py +rx+¥y=K
&mou ol ouvtedsoTal TéV dyvwoTwy kal ol oTaBepol dpor elvan TparypaTikol
dp1Bpof.
Maxplvopsv Tas EEfis Téooapas TEPITTOOEIS :
@) x=0, y=0, émdTe |x|=x, |y|=y xal 1O cvornua (1) even loobU-
VaHOV TIpOs TO:
(«+v) x+ (B +8 y =k } @
@+y)x+ (@' +8)y =k
Al pfy dpvnmikad AUoes ool elven AUoels Tou Bobévros cuaThipaTos.
ZuveylZopev THY EmiAvov BecopolvTes &rdpn TS TEPITTOOES :
B) x=0, y<0, ) x<0, y=0, )k x<0, vy<0
Mapaderypa: Na edpedobv al Adosig 100 ovotfipatos :
x|y|+ylx[=-6
x2—|x| (44 |y))+6=0.
Abarg: ’Ex Tiig wpoTns TaparnpoUpey émi: x #£ 0 kal y # 0.
Araxplvopev fidn Tas k&Twh TEpITTTOOES :
a').’Edv x>0, y >0, TéTe 1) mpwdTn TV E§1owoewy ylveTan :
xy+yx=-6 fi xy=- 3, ToUto Sucws elvan &uvatov, 1ot xy > 0.
B).’Edv x>0, y <0, Té1e ) pcdTn TAV Soberoddv Efiocdoewy yiveTal :
—Xy+xy=—-6 | 0=—6 (&bUvarrov).
¥). ’E&v x <0, y >0, 167e 1) wpoTn TV Bobeioddv Efiocaewov 5i5a Erions
xy—xy=—6 f§ 0=—6 (&BUvaTov).
§"). 'Edwv x< 0. v<0, TéTe & Tiis wpdTns THOV Sobeiodv Eflowoewy Aaufd-
vopev: xy=3 kai &k Ths SeuTépas
x*4 4x—xy+6=0
), Aoyw Tis xy =3,
x4 4x +3=0,
N &mola Exer pilos: x;,=—3 , x,=—1.
H xy=3,"6k x=x,=-—3 8idar y;=~—1, v@ Bix x = x,=~1
5i8e1 y,= — 3. "Ofev al [nToUpevon AUoeis elvan T& [elyn:
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§ 49. 111. ’EniAuoig ovomparwy eldikdv popdpdv.—Mapaditopey ka-
TooTépw Tapabelypora EmAvoews ouaTnudTwy ElBIKEGY TIVGY HOp@EY :

Mapaderypa lov: Na edpeBobv al tipal thv x xai y, al dnolmr ixavo-
rowolv td ohotnpa @

x+y-T+x—y=17 )
|x — 3y|=0. (2)
ADotg: Emadh oubémote elvan | x—3y | < 0, 8& Exwpev & Tiis (2)
|x=3y|=0 &= x = 3y. (3)
Auvdper TaUTns, N TpwTn YiveTan:
[y =T+ Bp~y=1 = |y=T7|42y=7 C)

Aroxpivopev fi8n dUo TrepITTOOCES:
a). ‘Eav 4y —7 =0, SnA. y = %, téte |4y —T|=4y—7 xai # (4)
: 7
Bidet : 4y—7+2y=74—;y=T. ’ .
‘H mipfy adm ToU y elven TapadexTr), Biom 5 g

A y= 1, A (3) bider x=1T7.

3
B). 'Eav 4y —7 <0, dnA. y< l, ToTe |4y —T|=T—4y, 61 | (4)
yiveran : T—4y+2y=T7 «=> y=0
Tiph TapadexTr, Bivmt 0 < v Ak y=0,1 (3) &ida x=0.

Al Aoeis &pot ToU OUCTHHOTOS elvon ai: i
(x=0,39=0, (x=1 ., y= §')
Mapaderypa 2o0v: Naémhobi, Evidg rob R, 10 chotnpa :
4lx—=2+|y—1/=5 )
4x —3y=6. (2)
ADag: Aoxplvopey Tés EE6fis Téooapas TEPITTTAOEIS
MepimTwors In:’Edv x—220, y—1=0, TéTe TO oUoTNU Yp&PETaL D
|4(x—2)+(y—l)=5 | 4x+y =14’ ¥5.008 |x=3
l 4x —3y=6 4x —3y= 6 | y=2.
Té Zebyos Tolto &moTehel Augw ToU ovoThuaTos, kad’ doov af Tiwal x=3
xal y=2 Ikavotrololv T&s ouvbrikas x —2 =0 kal y—1=0.

MeplmTwors 2a: 'Eav x—2=0, y—1 <0, Té7e 18 oUomnua ypbgetan :

4(x—2)—(g—1)=5 , | 4x—y =12 >

; B EEEE
4x —3y=26 4x —3y= 6 yond,
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Emeid ) Tipd) y = 3 kv lkavormotei Ty y — 1 < 0, ad Tipad x = —145—, Y=13
&tv &rroTeAoUv AUoty ToU ouoTHuGTOS.
Mepimrwors 3n: "E&v x—2 <0, y— 120, 1é1e 14 oUoTnua YpdgeTon :

-4 (x—-2)4 (y—1)=5 | 4x— y=2 5 ol : x=10
4x —3y=6 l 4x—3y=6’ E y=-2.
Emeidn i) y = — 2 kv ikavorotsi THv ouvBikny y—1=0, ai Tiped x =0,
y=—2 &tv &mmoTeAoUv AUCIV TOU OUOTHUGTOS.
MepimTwois 4n: "Edv x—~2 <0, y—1 <0, 1é1e 10 oVioTnua ypégeTon :
9
X o= —
| -4 (x—-2)-(y—1)=5 4x + y=4, &€ o : 8
| 4x —3y=6 4x —-3y=6 el
! g
To ZeUyos ToUto &moteel AUow Tol ouoThuaTos, ko’ Soov af Tipai
x= % Kol y=— -é— IkavoTroloUv Tas ouvlrikes x —2 < 0 kad y—1 < 0.
‘Ofev ai AUoeis ToU ouoThpaTos elvan & Celyn :
x=3 x=9/8
y=2 y=—172
AZKHZEIZ
71. Né& mAulolv, vtos ToU R, al dxdhoubor tEiaeoers :
X 3 ; i i i
i 2ix|-3=0, £ 5 lxl-==7, 4 oo

4 x*-7|x|+4+12=0, 5. ®®—3|x|+2x—-6=0, 6 x*—4x+2[x|-3=0,
T. |xP—5|x*—-17|x|+ 21 =0, 8 |x*|—|3x¢|+2=0, 9. |x|—|x—1]|=5-3x,
10 2x—-3|x+4+3|-5[x+1|+4|x~5|+6=0, 1L |2x=1|=3|x-1|=1,
12 |2x—1|+ x|+ |4x+1|=3!x=3|4+7=0, 13. [x=2|-3|x—1|4+2x-5=0,

14 |x-2|4+x*—4x+10=0, 15, [x*—3x+ 2|4 |x—4|-13=0,
1 2 1
16. ‘—X:—I—T-—Px—_zi-ui”}x—_s—!:U 17. [x*=3x24- 2x — 1 | = | x®—1 | + | 3x* - 2x|. .
72. N& tmiufolv kol vé& Biepeuvnfolv al dxdroubor EEiodoers :

L 2x+43|x|=2Ax+ 2 2. |x-—|x—1!]=?\x+1.
3 |x=3]=Ajx—=1|=2 4 Alx|+3x=-1,
5. [u—T|x+ (u=1|x|=w~-1
73. N& tmiduouv al dxdroubor dvicwoss :
Ao I3x|-2>1x|+8 £ 3|x|+4|x=1|>5 3 2|x|+x>10,

' x4t r4—x |2x2—5| _ |x|+1
4. DR = 5. |2x+ 1] 4 |6x| > 9, 6. 37%] = o
7. |xP—4x®*+ |x|+6>0, & |x—1|+|x-2]|-1<2x,
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9. |2x+ 1|—4|x-3|—|x-4|>3, 10. x|+ |x=114+|x=-2|>9,
1. |Ixl+x|=|Ixl-x|<|x=2], 190 1] + |x=2] #lx=3l<% + L
* 74. Na tmAduBolv xal va Swepeuvnfolv ol dviowaes :
1. A+ 2x>20-3, 2, |x=1|4+A|x-2|>1L
75. Né Be67j 6mi Bi&k ke wpayuaTikiy Tifv ToU x loxve f oxiors :

1
e

f(x)= 5

+5x—2|g%.

x+—%—‘+

A& Trolag Tipds ToU x loyler ) ladns ;
76. Awx molas TpayUaTIKAS Tiuds TOU X EXEl VOMUAQ TrpayHaTIKoU dpifuol ikdoTn TV
ké&rwbh TapacTdoewy ;
, A=YIxFF2Ixi-4, B=V¥78x-9-%
77. N& dmiuBolv T& kéreb guoTiuara:

x|+ 3ly|=11 3x=21¥]="5 4] |x|—2y =3
x| =Siy|=17 x|+ 30| = (% x4yl=
4 |2x-3y|=12 s \X-1{4|y=3]=4 . |xlkdyz1lemd
U Bxey =7 3 xt—y'=8 SRl ly=21 =4

78. "Ouofws T& xdrrwb :

1 PX=2yl+ix+y-11=2 e 2ilx = ol b ek iy = Y = 9

X+ 3y=2 2x + 3y =19.
79. ’Eav ag R,vé& ¢mAudf 16 alornua:
X[+ |y|=a
ay = x%
80. Nd eupeboiv al AUgers Tou guoThpaTos
Yy+ylx|=6
Iyl=i1x]=2.

81. Na elpeBouv Ta felyn Tdv dxepaicwv X, y, Té droia Ikavoroloty Tas oyéoels :

y=le=2x|+ 5= >0

y+lx-lj<2
82. N& elpeBolv ol dxépaiar AUoels ToU ouaTpaTos :
X*=yz

ly +z|>x14 1.
tvla ol z,y fxouv Tds EAayioras &wolyTous Tiuds
83. Na& tmAubf kel vé Biepeuvndij 16 oloTnua :

[Ax + y| = 2x
3x + 5y =2. ivba AER.

TENIKAI AZKHZEIZ EMI TQN AMOAYTQON

84. 'Edv «, P R,7l oupmepaivere ik Tis oxtoecws || + |P| # 0;
85. 'Eav a, B, x, yeR, ut ap = 0, loybouv B¢ al 8Uo oxtoes :
x=a{la|+[|P]) xal y=P{(|la|+[P[},
Té1e 64 loyUouv xal al :
x ) ok ¥
Yix[+1y) YixT+ Tyl
kal dvTioTpoews, al o TeAeuTaion guveTdyovTal Tas BUo TpdTas.
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86. 'Eqv af 7 0 kal o < 1602, v Bery0ij &1 :
p 15
—| w|<T

2

p
87. 'Eqv |a| > 1, Seifore é11:

1 1

IG+T —1<|<x|<|a+ =

88. Edw (x # y) €R xal 5i&gpopot Tol unbevés, Seifare 611 :

X% i Ty — v\? Xt vt
Yx'y + VE—-y) [Yx o ]:l.

Xy Xy, X y
89. "Edv & rporyparicds &piBuds o Ikavorrorfi TH oxtow |a| < Y2 - 1, vé &robeixdij &ti:
[1-a] o
= <VZ+ L
90. 'E&v o, B, v, X, ¥, z€ R, Beiforre 671 o Tés oxtos
z——x —— =ﬁ———y ' =———z
2R RN T S FI R AN FIEa I
trovtan al oyéors :
1 1 1 1
apy | = i ol e i 0
Ifriay Erhwrt
91. “lva 4 lodtns |a|x|+|5x|——-cx|x|+ﬁx elvan TauTdTng s Tpds x, Tpéer
kol &pei : a+P=0 kal a—P=0.

92. N& #erdonTe, &v ol oxtoas @ +P=0 kol a—B=0 elven al Ikaval kal dvayxaia
owbiikan, Tva fy lodmns |a| x| 4 Bx| =B | x| + ax evor Tavrérns ds mpds x.
93. 'E&v o, PeR kal x| = ax + Bx + 1, v& bmohoyio8fj & x, doTe v elven :
le+Bl<].
94. N& eUpeBolv T& BicoTipara peTaPolfis Tol X, els T& dmola # wapdoTaois:
Yy=|x=5|+[3x41|+|2x-3|
elven dvedpTnTos ToU x.
95. Aclfore Si1& paypaTikols &piBuols o, P &1 &mwd TV oyéow :
B+ |a])=1+a+|a
tmovrar af : [2P—1|<1 kel « (1= |2B—1|)=2p—1
kal &vTioTpdeos, &md Tds BUo TeAeuTalas Emeron f wpddT.
96. “lva 1) lodmng ‘ a|x|+ Bx ] = A| x|+ Bx elvan Tautdtng dx mpds X, rpémer
xal &pxel ;

_ le+B]| ja—P]| o ro] et B |c—B|
A= 3 + 5 kal B = 3 - 3 ;

97. 'Edvx,y, zeR xal |x+¥y|< crére: | x| =yl <1.

z
Al
98. N& elpefolv T& Sioorhuara peraPoliis Tol x kal al dvrioToikor Tipal ToU A, Tve
) maphoTagis: y = | A% + 1 | 4 | 2Ax + 3 | elven dvefdpTnTos ToU x.

99. AlSetan #) aphoTacs: y = + | x =2, v& ebpebolv :

i o
&

3
- X+ g 1 +
1). Al tkgpdoers alrriis &veu ToU oupPdov Tis &moAlTou Tiufis Bi& Tds Biapdpous Tipds Tol x.
2). Baoer Tolrawv vé eUpebf 1) EhayloTn Tipd alriis, Stov T x Siarrpéyn Thy elbelav TGV Tpdrypa-
TIKGV &p1Budv.

100. 'Edv al pifen Tiis tfiodoscs X2+ Ex +n = 0 elvon TpaypaTikal kal of auvTehe-
otai € kal n mAnpolv Thy oxéow £2—2n2 < €| n|, v& Berxdij & al pllat py, p, Tiis E§10C0-
oews Nx*+ §x 4+ 1 = 0 wAnpolv miv: [p,]| — | p,| < 2.
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101. 'Ex Tiis oyboeos : X, = T-_ryhﬁr tmovtan al oyboes:
1
I—|%|>0 kal y,= T:x—lim kal  vTioTpogus.
'Evéd & TOV oyéoewy
X, = Y ; Xy = Y2
T+ |y |+ [¥sl L N el ]
trovtan ol oyéoes :
X, X2

- =2 e e = —— __ xal v 3
1—|x|=1%]|>0 ¥ o e ¥a 1—|x:|—|xzixc 10 TpbPwS

102. 'Edv | A| <1, v& &mobeaydij dmi & dxdoTns TV oxtoewy

Ix+Ay|<|M4yl Ix|<lyl, x4+ Ay |<|Axy + ¥
#ovtan al &AAon U0 oytoes.

¥3 V3
103, 'Eov o BveZ xal ap=—1, v=5 x=5 +'2"(ETT)_'

2y

v& Beaybi omi: 401x|§]‘3.

104. AiSetan 1) Elowaig: x? + Bx + vy =0, &bx P <y <0. N& Seydij ém, &w

Pu P (p1 > pa) elvan of pllan abrfis, Bk elvan: |py [ <pa <1+ [P
105. N& eUpedij 1) oxéos peTatl Tédv ouvTedeoTéy Tiis Eiodoews :
alxP+px*+B|x|+a=0,

fva altn #n T dvdrepov BuvaTdy TAfiBos TparypaTikGY pridv.

106. 'E&v o, PeR — (0} xal || —|B | > 1, vé& Berx®ij & #) lowors x* 4+ ax+ P =10
Btv Blvaran va Exn dpgoTépas Tds pllas Tns dxepaias.

107. Aeifare 811 Bi1& TparypomikoUs &piBuols «, B, ¥, &md Tds oxéoes: 2|B|=a=Y,

teran dmi: a S % Vay — . Kardmv Tolrou Seiferre &1 dacépaior dpifuol a, B, y mhAnpodv-

Teg Tds &ve oytoeis elvan pdvovol a=1, p=0, y=1, &g doov ay= 14 Bt

108. “Eotw P mpayuaTikds &pifuds Sidpopos ToU undevds kal Tololros, dote |B|< 1
fortw bmions x mporyparTikds dpiBuds xeluevos dhyePpirdds perafu 0 xai B.

N& Berydij &ti: 1+x|<|ﬂ|

109. 'Edw &, €, slvai ol pifan Tiis #§iodoecos x? — 2ax + P = 0 pt porypamikoUs ouvTeAe-
ordskal loxim: 0<|&| <&l E

. p 1 2 .

vd Beiy8i &1 2«’—E—|—zﬁ < 1_ <2ct p.

110. 'Eéwv v >0 xal o B, YER, Selfare &1
v

a+p‘g|\’3v (1) xal >u+ﬁ+}’+v quiﬂﬁ_{):yya|é|VSv

a+ P+

(2

111. AfSovron T& Tpubwupa f(x) = ax? + Px + v, @(x) = a'x® + B'x + y' ué ouvrede-
ords v R kal pllas mperypamikas xal &vioous. "Eav Xy, X, (X, < Xy) al pilar 100 {(x) xal p,,
Pz (py < pg) @l pilen ToU @(x), v &moBeixdij # loobuvapia :

(@) = 9(x) | ¥ XER) = (X, =Py Xg=pg || >]a"|).
112. AlBer lowois :
ki X+ x+A|x|+1=0
Né& 8p1087j & A, Gae alrrn vé Exq Thooapas pllas TpaypaTikas kal &vigous.
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113. 'Edv x, y, 2 € R,v& Berx6ij & & Tiis oxéoews :

-y psd (1)
Emovran al oyéoes :

[IxI=1yl|=iz]l @ xa |z]s|x]+]|y] O
xal dvrioTpdews, & Tas BUo TeAeuTalag EmeTon 1 TpdoTy.
114. 'Edv x, y, ze R — { 0} kal loytow al oytoers :
Xyt + x'2t = yiz!  xal  x*+ 20> |xz| + |zy|,

v Beiydfj &mi: D Ix|<|yl<lzl
Sl i [x]|+ ¥
2) — < H :
115. Né& eUpedij 16 onueiov Tii TOPACTETEWS :
i ) B P—y Y-«

yivexi © fra=xr T YiB=xi

els Tds kdTwh MEprTThORS :
). Ad x<a<pP<y
2). Ak a>B>y>x
YéBaifig : Otoare Via—x| =k, Y[P=x|=A, V[y=x| = u ol txgpéoare THy
TmapdoTaciv y owvapTrioe Téwv k, A, p.
116. 'Eav |a| 4 |B| =1, &vba a, PR — {0}, v& Beiybfy o1
|u+—| + a+__| =
117. Aibeton 1y é€icwors ax® + Px + yo=i0, zveu a, B, yeR ut ay # 0 xal jp,| # | psl,
&a py, p, al pifar Tfis tEiodoews. 'Eav M = max{ l g’ ‘ : ::’ | } Beiforre 6712
2 1
| Be | ‘ pt |
1). ZII_W3_1<M<2|I_WE
pi
2 1 <F 1 ——-ﬁ'

3). TMAnpoupévev Tév Umrobioewy elva g 0.
118. N& tmAvlf 16 ovornpa:
2lx~1|{+|y+1|=7
[x=2|+|y|+x—y=4
119. ‘Opoics 16 oUornue :

z!
2|yz|—y*

C<XSsETyEr

120. N& ebpeBoiv al drépaion AUoers Tou SUOTAUGTOS :
(* + 4y") (22 + 4) = (xz + 4y}

16z'—56l~;—‘ +45<0

xt =

xt+yr 4+ | xy | < 64
121, AlBeren ) Hiowors: ajx P+ B X'+ Plx|+ a=0,

Aefore 671 alrn elvon loobivapos pds THv

alxP+P-a)|x]+a=0
* Axodoufuws, EmAvaoTe TauTny Ev R.
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122. ’Eav a, B, x e R, Belfore &mi:
(x —a) (x—PB) =0 <= min (a, P) = x = max (=, p).

123. 'Edqv B—. -%i, o _g_v_ elvon olaBriToTe KAGOPETE M TOpOVORADTAS Gjo-
s T i
ofjgous, v& dmobeixfij &Ti:
o, Ov\ - O+ O+ . +av< oy m)
e G = max e ) 1
2l {9 SRS ey B v
124. 'Edv o, P, Y € R kal loyiow ol crxécreug.
op
R =BT kal |a|>[P]>0,
v& &mobexfij 611 0& loyUouv kai al oxtoes :
Py oy
o e g Rl 2 1 Jatel, O
I =BT o Bror o ISR Y]

125, ’Eav ol x, y, w mpayuatikol &pifuol, va By o1 :

1
X+y

S 1
- pcuteag’ (o i Rud i e ol S Shadne T e
o o (1x|+m+|w|

|y+m|+‘w+x

126. N& Avbij 1O oloTnua:
x-5|y|=1

x|yl +ylx|=4
127. *Edw ol mpaypaTikol &piuol x, y, z TAnpolv Tas oxtoes :
X 4y + 22 > 3xyz
xyz <0 kol
2+ _y |y =0,
vé& &moBeryBj &1 ol x, y elven Getikol.
128. Edw of mpayparikol &pifuct a, B, y wAnpolv Thy oytow
a4 Bl+IB+yl+ly+a|=apy (la|+IBl+ 1Y)
v& &rrobexBij &1 & TAnpouv kal THY oxEow

afy = 2.
129. 'Eqv £ elvan pifa Tiis tiochoews: opxy + ouXv-l 4 ... 4+ av = 0, TowxUTn GoTE
|E1>1, elven 8t ¢l mAéov: || >max (ol lalo-.lav ()
Té1e Belbate 6T1:
1< |gi<2

130. *E&v ol ouvtehearal ToU Tplwvipou : x?— 2ax + B elvon mparyparikol dprfpol pé
P # 0 xal p,, py elvor of pifan Tov ué |p, | # |pal, Bécoopev BE:
1 |
MEmax(:—p#;. ng!) m = min | —pi-

| Pe
v& &mrodeix8i o

)Kcﬂ 7\=2l2i-=[3i.

«). Al plgor ToU Tpiovipou elven &piBuol TpaynaTikel kal Guioor

B). ’loxvow ol oxtoes :

1 1

1. A=-T<<MA 2. A2, 3T ST
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KE®AAAION IV

ZITOIXEIA EK THZ OEQPIAZ TQN AKEPAIQN IIOAYQNYMQN

I. AKEPAIA TIOAYQNYMA MIAZ METABAHTHZ

§ 50."Evvola 1ol moAuwvipou. —Eotw R 16 oUvolov TV TTpery HaTIKEY
&p1Buddv kal &v oUpPolov x, kahoUuevov «petafhntipy *), 1o dmolov kat’ dpymv
oUdéva TparyaTIKOY &pifudy TapioTd, HeTa ToU &mrofou Suos OTUEICULEY TIPG-
Eeig TGV oToryeiwv ToU R, s tdv fiTo kel 1O x €ls wpayuaTikds Gpifuds A yevi-
keytepov els pryadikos &piBuds. OUtws #) Tap&otaois xk, &mou k guoikds &pi-
Buds, B oupPoriln &mAds wlav popenv youtvou xx...x, 8mou To x 6& Tepi-
Aappdvetar s Trapdrywv k popés, dpofws Ay mapdoTaots axk, dmou aeR kai
k €N, 8 oupBoliln piav popehv ywopévou Tol TrparyuaTikoU dpifpol o i To
gUpPorov x*. ‘Opifopev &xrdun, 6Tt Td x%=1, émwdTe ax®=a ik k&b a€cR.
Karémv toltwy 8ibopev Tov kérwh dpiopdv :

Koeitan axépurov mohvdvopov ToU x, k&Be Ekppaols THs Hopgfis :

&y X 4 Gt XV e oy X o, (1)

SOV @, &, . . ., Gy—1, & OTaBepol dpifuol kai v puokds &piBuds i undév,  Of
&pifuci a, KkaAoUvTal ovvrehestai ** | Tol moAuwvipou. To o, Bewpeitan dx
ouvTeheaThs Tou X% Al éxppdoeis Tfis upopefis oy xk, #vla k Quoikds fi pndév
koAoUvTan dképara povdvope kol &oTeAoUv Tous povg ToU ToAUwVUHOU.,

‘H map&oTacis (1) elvan &v véov oupPolov**¥), EnA. Btv onuaivel TTpéadeoiv,
oUTe GAANY Tva TpGEE peTafy TéV TrparypaTikGy dpifudv oy (k=0,1,2,...,v)
kol TS peTaPAnTis x. ‘H onpacia 1fis mapaotéosws (1), SnA. ToU &xkepaiou To-
Auwvipou, B Tpokiyn kaTwTépw kaTdmiv dpiopévev (SioThTwy, Tas dmoias B&
Spiowpey &’ alTis.

Karwtépew, &vti dxépaiov TroAucvupov ToU X, B& Aéywpey &AGS kol TToAuwwU-
uov ToU X.

Ak té rohuddvupa Ths METOBANTHS X pE TTparypaTIKoUs ouvTEAESTAS B4 XpT)-
olpoTroIdpey Tous oupPoliopols : f(x), ¢(x), w(x), g(x),...

* Madx ToU Gpou «wpetafintin x tvvooluev Bv olpBolov, To drolov BivaTa va dvTiTpoow-
TeUn TS Tuydv oToixelov dvds ouvdrou dpiBudv, ‘Ymépyer Sragopd petaly Tiis peTaPAnTiis x kal
ToU dyvaoTou X, Tov drrolov ouvavtdyey els Tas i§iowaeas. ‘H pév petaPAnth x elven &midg dv
aUpPoiov kal Eopéveas Exer drpoabidpioTov Tiury, vd & &yvwaTos X Exel TpoobilopioTéav TV,
** TevikwoTepov, ol ouvteheoTal Buvavran v elven mopaoTdoes pf TEpiEovoat TO X.
*** T x kav& Thy TwapdoTtaoy (1) tvés wolvwwipov Talfer 1év péhov dvds dxabopi-
atov gupfoiov, GAAws Gxabopictov perafinriig.
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OUtw 64 ypapwyey
f()=a, x¥ +ax' 4 - oy X o, 2
EvBa TO oUpPolov «=» anpalvel 11 81& ToU f(x) wopioTaTal TO TOAUGVVPOY, TO
omolov dvarypdgeTa ls TO B’ uéAos.

Eqv a, # 0, 161 & EkBETns v TS peTaPAnTHiS X koAeiTan Pabpdg ToU Tro-
Avwvipou (2). "QoTe:

BaBpdg Evdg akepaiov molvovipov f(x)=a, x¥ + o, X" ... f+ax+ta
kaheltan 6 peyeahidtepos x0étng tijs petaPlneiic X, tilg Onoiag 6 ouviereotig elvan
dragopog tob pndevos.

OUtw ToU moAuwwipou f(x) = 5x3—2x2+43x—1, & Pabuds elvan 3,
i Tou Tohvwvipou (x) = 2x2—V3x+ 1, & Paduds elvan 2.

Edw v =0, ToTe Exopev TO orabepov molvdvupov, TO diroiov &moTeAsiTon
&md Tov oTodepdy pdvov Spov kal cuverrdds elven dvedprnTov ToU x. Els Thv
TepiTTWo aUThY, £’ Goov & oTaBepds Spos o 7 0, B& SuiAduey Tepi TTOAU-
vipou PaBpod pndév, SnAadh kdde oTabepds mpoayuaTikos &pifpos o BewpeiTan
¢ TTOAVGYUPOY ToU X, PaBpol pndéy, ép’ doov o # 0. OUtw, A.X., & &pifucs 4
Buvartan vax BecopnBfi cos &xépaiov TToAudvupoY TolU x Pabpol pundév, 510T1 Suvapeda
v& ypdywpey 4 = 4x°.

"E&v TrévTes ol cuvteheotal ToU (2) elven Sidgopor ToU undevds, TOTE TO
f(x) AyeTon mhfipes mohvdvupov ToU x, GAAws AéyeTan Edhmic.

To Tohvmvupov vieatol Pabucl, ds Tpds X, SuvaTan &mions va ypagf :

f(x) = oy + oy x +ogx2+ - - - + x4, x¥, a, #0 3)
BnA. kaTd TS dvioUoas BUVEHEIS TOU X.

KéBe Trohucvupov SUvatan v émektodfi kol tépav ToU Pabuou Tou, &pkel
Tpds ToUTo v& Emouvdywuey Spous i ouvTEAEoTas unBév.

007w T& ToAudvupov (3), Babuol v, Blvaton va ypagf :

[(x) = qp+ X 4 ++ » + & X¥ A+ 0y X H g 2x 24 - ot tE (4)
Mt oo, £ 0kl Qypi=0ypa= = =0 ¥ k=1,23..-

"Ek Téw dvetépeo ouvdyopey Topa 81 Buvdpela v ypdywuey SUo Tohud-
vupa pé TO aUTd TATfos Spuov, TpooBéTovTes els TO pikpoTéoou Babfpol ToAuc-
vupov &pous pE OUVTEAECTAS Undév.

*Edw Tréwres of guvTteheoTal Tol moAuwvipou (2) elven pnBév, toTe 1O f(x)
koAeiTan pundevikdy moivdvupov. “Qote: To dképarov modvdvupoy :

f(x) = ay x-v+uv-lxv_l e e +(11X+llo, exeR, k=01, 2; iyl

xuhelitor pndevikdy rohvdvopov fj tolvdvopov ix tavtdrytog ioov mpdg pnodév Ev
R tote, kai povov tote, dv navres ol suvtehestai tov elvar pndév.

Eis v mepimTwow abthy ypdeopey
f(x)=0

xai Qvayiyvaokopey : « f(x) éx tavtdryros loov mods pndév .
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Kerdmiv Tob dveoTépw oupPoiopol, & dpiouds TolU pndevikoU ToAuwvipou
Bi8eton ouvTdpws olTw :

BEv f(x) = 2+ oy X'+ ...+ oyx oy, o €R, k=0,1,2,...,v,
TéTE :

(X =0e=a=a_1= - =ag=0¢,=0.
opo

MoAucovupa &k TauTdTnTos Too pds undév oddéva BaBudv Eyouv.
"Eqv 18  (x) Btv elvan 16 pnBevikdv oAudvupov ypagopev : f (x) # 0.

§ 51. "AlyeBpa (Aoylopdg) TGV MoAuwvIpWY.— "As Sswpfiowpey T
ouvohov T&Y dkepalwv TTOAVWWINWY ToU x pE auvTeAeoTdS TPy aTikovs &pi-
Buous, 16 omroiov TaproTédpey ut R [x ] T& oToryeia £ Gv 1o R [x] owvloTarTan,
BnA. T drépata TToAvmvupa ToU X oupPorllopey, s EAéxdn els THY TpOTYyoU-
uévnv Tapéypagoy, ué : f (x), ¢ (x), ™ (x),...

Qs yvwoTtdv (§ 8),1 Ewvoix ToU ouvdhou elvar ouvBeBepévn pt Thv Evvoraw
wds oyéoews Paoikiis lodTnTos. ‘H Baoikd) fodrns dpiZeton &v R [x] olrw :

Eav f(x), ¢ (x) € R[x] xai elven :

@) =ax'toyag x4+ . foyx a

pX)=Pvx'+ Py x4 -0 +Byx 4By,
ToTE 8 Aéywpev 6T1: T dbo nohvdvopa 1(x), @ (x) elvar ioa, av kai povov 2av oi
ovvieheatai tdv dpofabpiov Gpov elvar ioon.

Eis Thv mepimrwoty oty ypdpopey :

f(x) = 9(x)
kal &vayryviokouev @ « f (z) éx tavtdinrog igov meds 16 @ (T) ».

Kerrémv ToU dvwTtépw oupBoliopol, i Paoikd) lodtns v R [x] &pileTon ouv-

TOMWS 0UTW :

f(xX)=o(x) <= o,=P; o kabe k=0,1,2,..., .
opo

TTpopavéds 8Uo undevikd ToAudvupa elvan &k TauTdTnToS Toa.

MeTafU T@v oToiyeiwv Tou ouvdhou R [x] Suvdpeba Thpa vé Opicwpev
mpdeis dog €75 : “EoTtwaav f (x), ¢ (x) € R [x], TéTe™) :

a). KahoUpev &8poropa TV ToAvwvUpwy | (X) = oy x¥ + oty xV 1 -+ 4
+oux+op kal @ (x) =By X" +BexT4 - +Bix+ By kel ocupporifopev
ToUTO ME: f(X)+ ¢ (x) TS TOAUCVUMOY : -

(av+ By ) X'+ (o + Bvm) X1+ - oo o (g + By) X+ (o +Bo)-

* Aeyoueba, &veu PA&RnS Tfis yevikéTnTos, 871 T& moAudvuua f(x) ked p(x) Exouv T al-
6 mAfiflog Spav. *Edv Té f(x) kal (x) Biv Exouv TO alTd ATibos Spwy, TpooBéTopey el TO TOAU-
vupov it SArywTépous Epous, Tols dmouTouuévous Spous pt gUvTEAET TS unBév.
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B). KoroUuev avtifetov ToU moduwvipou ¢ (x) =Py XV + By x¥=' 4 .. 4
+ Byx + P xai oupPorilopev ToUTo pE: — @(x) TO TOAVGVUOVY :

(B ) x¥ + (Po)xt 4 -0 + (Bo)x + (o)
Kol ypagouev :
“‘P(X)E"ﬂux"—ﬁv-l xvl—... _'BIX_BO'

¥). KchoUpev Sragopav Tou TroAvewvipou ¢ (x) = By x¥ + By X' + -+ - +
+ ByX + By &rd T morudvupoy f (x) = &y X¥ 4 S XN 4 - 4oy X A o kad
ouuPoAifopey ToUTo pé @ f(x) — ¢ (x), 1O ToAucvupoy f (x) + [— @ (x)]. "HTor
1) Bragopd f (x) — ¢ (x) SUo moAvwvipwy f (x), ¢ (x) dvdyetan els &lpoioua
ToU f (x) kai ToU dvTiBéTou ToU TroAuwvUpou @ (x).

Auvvépel Topa TéY &) kad P) 1) Siapopd | (x) — ¢ (x) elvan T6 TOAULOVUHOV :

(av—PBy) x4 (aa —PBoa ) x4 oo+ (o = By) X+ (et — Bo)-

*Ex T&V Sp1ouédy ToUTWY TIPOKUTITOUV GUETWS TX €S ¢

1. T otvorov Tév Tohvwvipwy R [x] elvan «edeotory dos Tpds THy Tpdo-
Becty, BnA. 16 &Bpoiopa SUo ToAuwviuwy &k ToU R [x] dvrike &is T RIxk

2. Té Tohudmvupov oupPolile &v &bpotopa Spwv This uopefis ok x* .

3. ‘H mpdobeois Tév ToAuwvipwy Exel THY peTafeTIKNY Kai TTPOCETAIPICTI-
ki 1B1dTnTa, fiTor : dav T, (x), Te(x), T3(x) € R[x], TéTe loyUouv :

(%) + (%) = me(x) + (X)), kabdos kad
™ (x) + [Wa(x) + Wy(x) ] = [y (x) + p(X)] + 5(x).

4, *Ymépyer oubkTepov oTorygiov G Tpds THY Tpoodeoiv kal elvan TO unde-

vikdv ToAucvupoy, fitor é&v @(x) = 0, TéTe loyuer :
f(xX)+ox)=f(x)+0=1M(x) Baxwdle f(x)eR[x]

NMapatipnorg: ‘O Pabuds Tou dbpoioparos f Tiis Sixgopds SUo ToAuw-
vipwy elven wikpdTepos fi foos ToU peyloTou ék TV Pafudv TéV BUo ToAvw-
vupwv. OUTw :

Eav k elvan & Pabuds ToU dbpoiopaTos fi Tis Siagopds Suo moAuwvipwy
f(x)xkai g (x) PaBuddv v kal p dvtioToiyws, Exouey

k =< max (v, p).
To &1 oUtos BlvaTan va elvan pikpdTepos padveton &md To EEfs TopdBerypa:
"Av f(x) =5x4 4+ 4x3 —3x+1 kal g(x)=—5x*+ 3x®—2x+ 2, TOTE

elvan f(x)+gx)=7x*-5x43.
8). KohoUpev yivépevov 8Uo povewvipewv ox kal Bx# 1O povivupov apx” ¥,
fiTot : (ox” )« ( Pxt ) = afx¥th

). KahoUpev yivépevov 8Uo drepaicov moAuwvipwy f (x), g (x) xai oup-
BoAiZopev ToUTo Pt f (x) - g (x), TO moAvcovupov TO dmolov oxmuaTifeTan &mo
Ta [ (x) kad g (x) Péoel ToU «émipepiotizod vopovy, fTol &v TOAGTACOIATWHEY
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SAous Tous Spous ToU f (x) & EkaoTov Spov Tou g (x) kal Tpogfécwpey SAx T
TPOKUTITOVTA MepIKE ywopeva : OUtws, éav
f(xX) =gt x+ -+ +oyx¥  kal
g(xX)=Bo+Prx+ -+ Puxk,
ToTE TO Ywdpevov adTdv elval TO ToAudvupoy :
(x) = f(x)-g(x) = oy + (coP1 + APo) X+ (XoPs + Py + APy) x*+
+ (2Bs+ %3Pa + 0Py + atP) XF 4 - - o P xVHRL

Maparnpotpey &11: 6 Pabpds tob yrvopivov icottar pé td Gdporopa tdv Po-
Oudv tdv rapaydviov.

’Ek &V dvewoTépw Spiopddv pokitrTouy Twpa T €T :

1. T& olvohov Tév roduwvipwy R [x] elvan xdewotdy g pods TOV TToAAC-
TAao1aoudY, BnA. TO yivdpevov Blo moAuwvipwy &k Tou R [x] dvikel évtoTe
els 10 R [x].

2. ’loxuer 7 gmpepioTikny 1816Tns ToU TroAAamAQolaopoU s Tpos ThHY
mpoobeoty, fitor dav T, (x), Ta(x), Ty(x) € R[x], ToTE ioyie

[ (%) + (%) ] w5(x) = my(x) ma(x) +- Ty (x)Tra(x).

3. ‘O moAAaTACOICopNOs TGV TTOAUWVUHWY EXEl TNV peTalBeTiknv kol Tpooe-

Taupio Tk i16tnTa, fiTor édw Ty (x), ma(x), my(x) € R[x], TéTe ioylouy :
(%) (%) = my(x) -y (%)
my(x) [a(x) my(x)] = [my(x) ma(x)]-m5(x).

4. “Ymépye oubttepov oToiyelov &5 Tpds TOV ToAAamAaoicoudy kal elva

T moAvvupov f (x) = 1, fitor loyler :
f(x)px)=1-9 (x) =0 (x) Bixk&be ¢ (x) € R[x].
o1’). KaAoUpev v—oatiy dOvapmy dvds drepaiou roduwvipou {(x) = o, x¥ +
+ ayg XV -+ o ked oupPBohiZopey TasTn pE [f(x) ]V, TO TOAUGVUMOVY ;
(1G] 555 1600 1(x) -+ 1x),
Smou of TrapdryovTes ToU BeuTtépou péhous elvan v 1O TATBOS.
ZuvéTrelan ToU &vwTépou dpiopol elval :

L &)Y - Ix)P= )]+
2. [HE)FY=0HEM
3. [x)-gx)=[x)T . [gx)].

Iapatipnorg: To olvorov R[x] TGV ToAUWVUNWY P& TTpory BOrTIKOUS
ouvTeENeTTAS Epobioopévoy pt BUo TpdEers ¢ THY Trpdadegiv kal TOV TOAaTTAQCIa-
opdy, &5 abTtal dpioinoav dvetépw kal af dmoicn TANpoUY Tas Tpoavagepfei-
cas iBi1dTnTos, dmoTeAel Bv YopaxTnploTikdy Toapdderyua wds BepehicoBous GA-
yeBpikiis éwvolas, Tfis tob daxtvliov, fvvolav THv dmolav 8& p&bwpey els THv ExTnv
T&Ewv.
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‘0 BaxTUAios 0UTos AbyeTa «rohvmvopikdg daktihiogy kol gupPohifeTon pi
R(x].
> ATroSeikvUopEy KaTwTEpw SUo BewopnuaTta :

§ 52. @cwpnpa L—Eav ¢ (x) # 0, téte dvaykaia kai ikaviy oovOnkn sua
vie elvan f(x) - @(x) =0 eivar 1(x) = 0.

‘Anodeitig 1 o). “H ouvBikn elvar dvaykoio. "EoTtw &1 f(x) - p(x)=0
xod f(x)Z0, ¢ (x) #0. E¢’ doov f(x) #0, umapxer ouvTeAEDTHS aUTOU
oy 7 0 (v Ppabuss ToU f (x)). "Emions &9’ doov ¢ (x) # 0, Umdpyel ouVTEAECTRS
atrol B, # 0 (1 Pobuds Tol @ (x) ). ToTe 16 ywopevov f (x) - ¢ (x) 8 mept-
Aoupdun s Spov TOV o By x¥TH pE o, By # 0 kol Emropéveos £ (x) - (x) #EDO,
&mep &romov. "Apa f (x) =0.

B). 'H auvBijkn eivar ikavij. Mpdypaty, &v @ (x) =Py x* + Pur x4
+Px 4Py kad f(x) =0, tote: f(x)-9(x) =0 (B AR it
4 Bt Bo) = (0-B, ) x4+ (0-But ) 0 .. 4 (0-B) x+(0 - B) =0 x*+
+0.x+' +...40x40=0.

§ 53. Oewpnpa IL—"Eav 1(x), g(x), o (x) eR [x] kai elvar @ (x) £ 0, 1618
S v elvar £ (x) - @ (x) = g (x) - @ (x), npéner kai apxel va glvar f (x) = g (%)

*Anédertag : Tpdypat, i 1(x) - @(x) = g(x) - @(x) eivan iooduvauos TPoOS THV:

{(Oe(x) —g(x) 9(x) =0
fl P(x)- [f(x) —g(x)] =0
ko Bmeidh @(x) ZE0, xard 1o fewpnua |, f| TeAeuTala oxéols elvan {coduva-
pos TTpods TV :
f(x)—g(x) =0, Bniadh: f(x)=g().

'’AEréhoyog enpeiootg: "EEEMwy TéY péxpr ToUSE OUPTTEPOCUATWV
ouvkyopev &Ti TO glUvoAov T@V dxkepaicv ToAvwvipwy R[x] ué oUVTEAECTOS
TparypaTikoUs &piBpous elvan xisworoy Gs PSS TAS TPES wpdEeis, THv Tpdobeow,
TH &ealpeoiv kal TOV oM aTTAacIaopudy, el Tov dmoiov pudAioTa ioyUel | peTa-
Betixd) 1516775, "EE &AAou (Becap. 1) ywdpevov Suo ToAvwwpwy elvan foov pé TO
undtv ToTe, Kol pévov TOTE, &v Ev ToUAAyIoTOV £§ alrTdoV elvan 1O pndevikov To-
Aucdovupiov. TTdvTa ToUTe YapokTnpifouy To atvorov R[x ] Tév dxepaiwy ToAu-
vl &S piav «akepaiav meproxivr. Tept T évvolas Tou BoxTuAipu kal Tiis
dkepadas Trepioyis 84 yvwplowuey TepioodTepa eis THY EkTNV T&Ew. r

§ 54. " Ap1BunTikd) TipR MoAuwvipou.— Qs EAExEN els ThHY § 50 els v Tro-
Audovupov f(x) onueodvrar Tpaeis, of émolal, &v TO x dvTikaTaoTadi pé TU-
¥évTa TpaypaTikoy &pifudy o, Slvavtan va tteheafoly, 6moTE TpoKUTITEL Elg
TporypaTikds &piBuds, Tov dtroiov auupoliGouey B1&x Tou f(a) kal kaAoUpev apr-
Ounnikiv TipRy Tou Tohvwwipou f(x) Bid x=a. 00T, tav

f(x) = 2x4 —5x3+3x2—x -5

B elvan : f(2) =2.2¢-5.294+3.22 -2 -5 =-3.
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‘O é&p1fuds —3 elvon Ay &piBunTike Tiud ToU TroAuvwvipou f(x) &1 TV TIpnV
x=2. To aird woAvcovupov 81& x =3 &ider: (3) = 46.

"Ex ToU dvwTépw dpiopol mpokUTrTel 8TI 1 &piBunTikA Tik TOU &Bpoi-
opaTos (yivopévou) Blo moAuwvipwy iooUtal pé o &bpoioua (ywodpevov) Tév
&PIBUNTIKGY TIMEY TGV ToAULVUHGWY,

"Ex Tou bplopol Tis iodTtnTos &Uo moAuwvipcoy TPokUTITEL OT1: do &k Tav-
totnrog ioa molvdvopa Exovy isag apBpntikag tipac. Mpdryperi, édw

fxX) = X+ x4 - Fax+
e(x)=Pv x* +Pvsx* "'+ .- +-Bix+ By

kad f(x) = (x), drec, =P, , oy =Py, + -+, O = Py, 0= By (PA. § 51)
B elvan kai @ f(a) = @(a) Bid kdBe TpaypaTIKOY &piBpdy o, B16TI :

f@=a o+ oyt +- -+ o+ o=
=Pva’ +Bvga '+ - - + By at By = @(a).
TéAos, Ek ToU Opiopol ToU undevikoU TroAuwvUpo, TpokUTTTEL 6T 1) &pifun-

TIKA TIpM) TavTds undevikol TToAvwvUpou elvan oTaBepd kai fon TavToTe Tpos TO
undév, Bic k&Be Tipnv Tiis peTaPANTRS X.

@ f(x)=a x¥ +ay x4 - fax+ oy, (x) eR[x] Sbvaton v& dvti-
kataoTabi) 81° oloudfmoTe TrpaypaTikol &pifuol, 817 & kal koAeiTan peTaPANTH
ToU ToAvwvipou. Atk Tiis ToloUTns QVTIKATACTAOEWS Elg EkaoToV TparypaTiKdY
dpi1Bpov x dvmioToryel el TparypaTikds dpiBpds Y=o, x¥ + o x4 .-
& X+ oy, fiTol 76 ToAuvdvupov f (x) = oy XV 4 otv— X 14 -+ - x4
opiger piov ouvdpTnow, Thv dmolav TopioTdpey émions ik Tol {(x), pt mediov
opiopoU TO aglUvorov R Tév mpaypaTik@y &piBudy kai Tiuds &v R, ut TUmov :

y=fX)=a, x¥ + x4 -+ Fox + a. 6h)

Al ouvapTroeis Tou TUTou (1) kaAoUvTal nolvmvopikai ovvaptijeelg i axé-
puial pntai cvvoptijeelg tob X.

‘Opifopev 611 Buo TroAuwvupikai cuvapTroes f (x) kai @ (x) Aéyovton
¢k TauToTnTos foon kai onpeloUpev {(x) = @(x) TOTE, kal povov TOTE, EQw
aUTan elvan ioon 81 doas T&s Tipds TS peTaPANTRS X EvTds Tou R.

’Eqv PBePaiws &Uo moAucvupa f (x) kal @ (X) P& TPIYUOTIKOUS CUVTEAE-
oTds elvan & TautdTnTos foa, Exouv SnAadh ToUs adTous ouvTeAesTds, TaUTa
Spitouv &utds Tou R kad foos TTOAUWVURIKAS oUVAPTTOEIS.

"Ev Tois Emopévors B yivetan xpfiows Tiis éxppaoews : «Bewpotpuey Ty dmer-
xdviow f:x —> o xXta x4 ... fogxtay
to0 R év 7 Ry, A& Tiis dvwtépw Exppdoews 8 tvvodpev 611 Becopoupey TNV ou-
vaptnow [ dpiopévny éml ToU R ué mipds év R, opilopévny Umod Tou TUTTOU !

f(x) =, x" + oy x* 4. .. +oy x4 Bix xeR.

( Maparfpnoig: EiSopev dvwtépw &T1 TO oluPolov x &v 16 ToAuww-
M
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§ 55. "Evvoia Tfig pilng Eévdg moAuwvipou. — *EoTw TO ur) pnBevikdv
TTOAVGWVUHOV :

()=, x*+ g X1+ - - . + x4 o, M

ToU &mrolou ol guvtedeotdl elvan mparypaTikol dpifuol. 'Edv &i& x =p 1| dpi-
BunTikd TIed ToU ToAuwvipou (1) elven fon pé undév, fitol [ (p) =0, TéTE O
p koAeiTal pifa ToU ToAvwvipou (1).

T.y. Tou moAuwvipoy f (x) = x® +4x* + x — 6 pifa elval of &pifpoi 1,
—2,-3, Bvnelvan: f(1) =0, £(-2) =0, £(3)=0.

Edw #v &xépaiov TTOAUWVUHOY gEiocowpey ué undév, TéTE Abyouey 8T1 Exo-
pev plov arlyepprkfy Eficoworuv.

Ofrress, Ex Tou Tohvawvipou (1),Exounsy T dAveBpiky lowa v Pabuoy :

vav+dq_1xv—’+"'+a1x+% =0. (2)

Al piZar Tol ToAvwwipou (1) elvan kal piZan Tiis Efiowoews (2). "Alla
v& TovioBij 871 elvan dvteAdds Sidgopos 1) Evvola Tis Efodoews f(x) =0 &mwd
v fvvorav f(x) = 0 ToU unBevikoU TroAvwovipov.

*Ev TroAucovupov Exel Evvolav &rdun kai tav TO oUuPorov x dvtikataoTali
pt myaBikoUs &piBuovs, ouverrds 1O TroAudvupov (1) Suvatdv vé Exn kal wrye-
Sikas pilas.

.. 76 woAudwupov f(x) = x3-+ 1 Exe d pilas Tous &piBuois :
1+iV3 1—-iV3

ko 2
Korémiv TouTeov 5iSopev Tov EEfs yevikdy dpiopdy Tiis pilns :
Kakeitan pila £vog axepaiov molvavipov I(x) $ 0 kdBe aprBpog mpaypatikog
fi pryadikég, Betig Tidépevog dvri tod X eig 10 molvdvupov 16 pndevilet.
Tuvtduws & dpiouds oltos BibeTan dos EEfs

‘0 p elvar pila tob 1(x) <= 1(p)=0.
opo

/

f *H pla &hyePpixiis Eiocooews ué prTous ouvTeAeaTas AéyeTal dhyefpikog

appbe. 'AxpiPéoTtepov i Els doBuds €€ Adyerar dhyePpixdg dmepdver tot Q

téte, xai pdvov téve, dv vmdoyn dxépaiov modvdwvuov f(x), ffroe f(z)eQ/x], ué

f(t)=0. Els &piBuds, dois Biv elvan &hyePpicds, xoheiton dmepPatinds. “Yep-

Potikds &piBuds elvar, A.x., & yvwoTds &piBuds = 3,14159... s kal & &pi-
Ouds e, mepl ToU dmofou ylvetan Adyos els Emdpevov kepdAaiov,

Ol &\ysPpixol &piBuol Blvavtal v elven pnrol §f &ppnTol, dAAL Bév Eme-

Tai &1 kdBe &ppryTos elvan dAyePpixds &piBuds. TTapdBerypa ol &piBpol  kal e.

T
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Els mv "Avwtépav "AhyeBpav kal ThHy Oewpiav TéY "AvaluTIKGY SuvapTh-
oewv &rodeikvieTal TO kéTwh fecopnua :

§ 56. ©cwpnpa Tol D’ Alembert. — IMav axépaiov tolvdvupov pi cuv-
teheotag mpaypatikolg (i pryodukods) apibpong, Bubpod v = 1, ¥xer évidg tob ov-
vohov C tdv myadikdv apilpdv piav todhayietov pilav.

To Becdpnua ToUTo dvoudleton fepshiddes Oecronua tic ' Adyéfoas. Touto
SietuTraon 6 mp@dToV UM ToU D’ Alembert katd To 1764, AN’ ) &mrdBeifig
U abTol Btv fiTo adoTnpd. ‘H wpdTn aloTnpd &mdbefis éyéveto TO 1799
mapa ToU Gauss. “Extote £868noav kai &AAat &moBeifers (Cauchy, k.&.).

To Bewpnua Tob D’ Alembert éExogahiZet pév Thy Urap€iv pilns (Trparyue-
TIKAs f} pryadikiis) Si1& ké&Be ToAvwvupoy Pabuol v= 1, v TopéyEl Spws péBodov
eUpéoews TaUTnS.

‘H dvaltnois pebddoov i Thy elpeotv piidv wds dhyeBpixis tiowotws v
Pabpol ouvioTarar els Ty eUpeaiv yevikédv TUTreov, Sid &Y dmrofwv af pigen g
Ef1ocoews ExppalovTal CUVaPTTICE! TGV OUVTEAETTEY adThs Bid TV mpaewv
Tis wpooboews, dpapéoews, ToAaTAxoIaopoY, Bianpéoews kol THs EEaywyfis
T&Y piGikédy. "AmroBeikvueTan &T1 Bk Tas Efiohoes péypl TeTdpTou Pabuou elvan
Buvatdy va elpebolv TowolTol TUTrol. ‘O Abel &médafev &1 Biv elvan SuvaTdv,
els k&Be TepimTwo, v elpeBoly yevikol TUTOL B1d Tés EEiGCoEIS PaBuol peya-
AuTépou ToU TeT&pTOU.

§ 57. "E¢appoyai émi 1@V ék TauTéTTOG I0WY TOAUWVIHWY — Mé-
B8080g TGV MpoadioploTéwy CUVTEAESTGV.

*H fodTns Tév ouvtereoTdv TGOV dpoPabuiwy dpwv Blo & TauTdTnTos focy
moAvwvipwy ((§ 51) uds émtpémal v TpooSiopiowpey Tous ouvTeAeoTas
&vos TToAuwvipou els TpéTov, GoTe v TAnpol TouTo dpiopévas ouvbikas. ‘H
peBobos olrn elvan yvwoth s pébodog @Y mPoodoploTimV cUVIEAEGTGV.
"As Bwuev s tpappdleTan f péBodos altn el ouykekpiéva TapadeiypaTa

‘Epappoyi In: Na& npocdiopiclobv ai apBpnrikai tipoi tév o, B, v
olitwg, dote va loxdy § tavtétng :

23 +ox?—13x+ B =2x*+(y — 2) x2— (y + 12) x — 67.

A b org: 'Emaldn T& mohvcvupa TaTa elven &k TautdtnTos iow, of cuvTe-

Aeotal TGV aUTév Suvduewv ToU X kol ol yvwoTol Spor B elvon foor BnAadn

8& elvau : Yy—2=a L Y—2=a
—(y+12)=—-13 | — y+12=13
—6y=p 6y=—p

AvovTes T6 gUoTnua ToUTo elplokopey :
a=-1, p=-—6, y=11%
'EQappoyi 2u: N edpedff dxépatov molvdvopov f(x) tpitov Padpod,
0 Omolov déyerar dg pilav tév apOpdv pndév xei Emaindeier Ty tavtétnta
f(x) -1(x—1) =x=
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*Axorov0mg, Paoer abtod, va DroloyisBi} 1o GOporocpa :
124224+ 34 ... 45, (veEN).

Aborg: TdInTovuevov Tohudvupoy & elvan Tis popefis f(x) = ax®+
px2+yx+ 8, BBx o, B, v, & mpoodiopioTéor ouvteAeoTal. ‘Emeaidn (0) = 0
& pémer &= 0 xal TO TOAVGVUpOY yivetan : f(x) = ax?+ Px?+ yx.

Aéyw Tiis UmroBéoews B& Eycouey

f(x) — f(x—1) = ax® + Px? + yx — a(x—1)* — B(x-1)% - y(x—1) =
=3ax?— Ba—2B)x+ (a—P+y) =x2
*EE alTiis, oupguvws Tpos TOV Spiopdy THs fodTnTos BUO TOAVVUNLY

(§ 51), TpoxUTITEL
3a=1 a=1/3
S30—2p=0 1, tfol: B=12
a—P+y=0 y=1/6.
‘Erroptveds TO {nToUpevoy ToAudvupov elven:
f(x)Eé—x“-l——é—x’-l-—é-—-x. @)

’Ex Tfis TautdtnTos f(x) —f (x—1) = x? ebpioxouev, BéTovTes BroBoy ks

x=1,x=2,...,Xx=v;
1Ay —-£(0) =12
T@y— ) =2
f(3_)"—'-f(2) =33

f(v) —f(v=1) =v2
TMpootétovTes Tds lodTnTas TauTas KaTd pEAn, eUplokopev
f0) =£(0) = 12420 30 e + 2, § treidh £(0) =0 Exouev TeAkdds:
LS T R +v2=f(v)=—;- Ve 5 v %v: v(v+ 1)6‘(2v-|- D

'Egappoyn 3n: ‘Hikevi kai dvaykaia ocuvlixn, Sud va elvar 10 khdopa:

axta_ X4 e Xt

N7, Sy B0
e s oy L

aveEaprnrov tob X, elvar iy : %:— e B, SeogE-
'An6derbrg: “Eorw 871 1O Khdoua elvon dveSapTnToy ToU X, fiTol 8T
looUTat, oloudfoTe duTos ToU X, Trpds &p1bucy k. ToTe B Eycopey :
ay XV ot =14 oy x4 bt )
Po X+ Py—1 X1 - Py x+ B
X o X+ taxt g = kP X+ kB x
+ kPyx+ kP
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"Emre1dn) T& 8o TaUta oAvchvupa elvar ik TauTdTnTos fow, B& Eywpey Tas loo-
™TOS : oy =kBv, ey =kPy—1, ..., a3 =kPy, 0y=kp,.

"Ex 1é@v fooTtrTwv ToUTwy AapPdvouey :
ol ke s )

&y OGy—g
P Prdgrov) ¢ By By
"Hror £8eixfn &1 1) ouvlikn elvan dveryxaia.
O Beifwuev o1 altn elvan kal tkavn. TTpdypar &v foyin A (2) kol kohéow-
uev k ToUs foous Adyous, B Exwpey :
a,=kPy, dhap=kPvs,..., oy=kB;, op=kp,
To Bobtv khdoua ToTE ypdoeTan :

O X+ X ety k(B X B x4 Bix +By) i

Bvx' +Bv—ix~'+. . +Bx+By P X P X FBX R
fitor elvan &veEdpTnTov Tol x Kkai loov wévToTE PSS ;" {

AZKHZIEIZ

131, N& mpoodiopigBolv ol mpaypaTikol &pifuol a, B, vy, Tva T& woludvupoy:
(24 D)x*+ (3P —1)x + 2y + P—«) elvar ik TautdTnTos undév.
132. “Ymépyouww Tinal T&v A kal u,Bid Tés dmolas TO TOAUVULOY ©
A=Dx* 4+ 2o+ 2)x + (A 4 p—3) elvon & ToutdrnTos undév ;
133 'BEv &+ P+ Yy =3Py wal a4+ P+ y #£0, Bvba ap, yeR, Beifore 611
TOIX) = (a—B)x* + (B—y)x + (y—a) elvan T pnBevikdy ToAucvupoy.
134. N& wpoobiopiofolv T& a, B, v, iva T TroAudvupoy 2x? + 4x -+ 5 looUtan ék TauTé-
T™Tos Mé: a(x + 2) (x + 3) + Bx(x—1) + y.
135. Né& mpoobiopiofolv ol mpaypaTikol &piBuol o, P, y, Tva T& moAudvuuov :
f(x) =x4—2x> 4+ ax? + Bx + 4 elvan TeTpdycavov Tod TprovipOU XP — X + Y.
136. TMofon &k T@v K&TWH TapaoTaoewy elvar dve&pTnTol ToU X ;

& 3x'—5xj—2 8) 4xt —5x — 1 )2x’ﬁ6x'+2§i
6xt — 10x + 4 ' Be—1x+1°' Y 3w fx=1 |

137. Tlpogdiopioate T& A, U, va T& kKAdouaT
A-Dx*4+ w4+ Dx+1 B X+ A—wx 4 Ap

i “x*+5x + 1 4% £ (A —)x - A=y

Exouv TiuRv &ve€dpTnTov TOU X.

138. Aéyouev 611 1O ToAubvupoy [(X) = ax® 4 Px? 4+ yx + & elvan Téheios kUPos, ToTE
xal uévov TéTe, bty TieTan Umd THY popenv : alx + k)%, keR. Kerdmv TolTou, Seifare &Ti
al ikavai kai dvaryxaiar ouvBiikal, Tva To [(x) elvar Téeios kuPos, elvar: p? = 27a%5, P! = 3ay.
"AxohoUBuws Bei§orre 611 TO ToAudvupov ;. Bx? + 36x? + 54x -+ 27 elvan TEAe105 KUPoS.

139. MpocSiopioare T& A, W, v, Tva f TapdoTacis

A-Dx*+ (w4 x4+ (v—=1Dx—15
33 —-6x2 4+ x—-5

elvar GvefdpTnTos Tod x.
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140. *Edw 16 ToAudvupoy [(x) = X4 4 ox® +- Px? + yx + 8 elven Téherov TeTpdywvoy,
vit Bery®7 &T1: y! = Ba® kal (4P —af)t = 645.
141. TpooBiopioaTe T& A, B, I Gote v UploTeran ) TauTdTns :
SRR I SO v A el o
x+F1DE-9  x+1 x+3 x—-3 '
“Yrodekrg : ‘ExreAtoare pées els To Selrepov péhos kal EfiodoaTe ToUg &piBpnTas TV
BUo pEAGY.
142. N& ebpedij dxépoov mohudvupov f(x) TeTépTou Padpol, 16 &molov Séyetan x5 pilav
Tov dp1Budv undiv kol EraAndede Thy TauTéTnTa: () — f(x — 1) = x* Bdoei ToUTww vé elpe-
07 1o &Bpoopa: 134 28 4 32+ ... V8, veN.

143. 'E&v a + B + y = 30, v& mrpcobiopiofouv ol perypaTikol dpifpol o, B, ¥, va 1O
(a—2)xt+ BP—4)x +y—6
x! 4+ 2x + 3

144. N& épioboiv ol a, B, y, & oUTws, QOTE:
avt + PV yvt 4 Bu=13 4 2 4 F 4 ... 40, veN,
145. N& dmobeiyb7 671, tav Té dxépaia TOAUDVUNG ¢
f(x) = Ax* + 2Bxy + y* + 2Ax + 2Ey + Z
o(x) = ax? + 2Pxy + yy* + 28x + 2ey + ¢
elvan &k TauTéTnTos foa, O& elvon:
A=q B=p l=y, A=58 E=g¢ Z=1

Eyn Ty dveEdpTnTov TOU X.

KAGO P

|- BraiperéTng GKepaiwv TOAUWVIPWY

§ 58. TeAeia Siaipeoig. —Eorwoav f(x) kal ¢(x) duo dxépaial TTOAVC-
wpa ToU TToAvwvupikol SaxTuiiou R[x]. ©& Aéywpey

To nolvhvopov §(x) Srarpeitarl (dxpipids) Sra tob molvwvipov ¢(x) * 0 tore,
Kai povov tote, dv Dnapyy axiporoy mokvdvupoy m(x) € R[x] towobtov, Gote :

f(x) = o(x) - n(x). ¢))

Eis THy TepimTooy auThy Abyouev émiong &t1: To f(x) elvon duageriv Bix
e(x), i 10 f(x) elvon moAlanddaov ToU ¢(x), fi f| Salpeois f(x) : @(x) elven
redela, §i dxdun 1o @(x) dawpei (Sxpipdds) To f(x) xad ypagouev e(x) | f(x).

Katomy ToU ouuPoliopol TouTou & QvwTépw Opiopds BiBeTal oUVTOMWS
G5 7S

ox)|1(x) <= d meR[x]: I(x) = @(x) n(x). @)
opa

"Eqw 16 trorudvupoy {(x) 8tv Siipfiton &1& ToU @(x) # 0, ToTe ypdgopev :
P(x) £ 1(x).
T& mohvdovupa f(x), p(x) kol m(x) xahoUvtan &vrioToiyws Swapetéog,
Srapétng ko nhikov Tfis TeAeias Sioipeoews Tou f(x) 81 ToU @(x).
“Apcoot ovvinewan tod Opropob.
a). 'E&wv v, u(v=4) kal A elvar dvmioTofyws of Baduoi Tév f(x), ¢(x) ki
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T(x), 0& Excopev (§51,) ut+A=v, 6Te A=v—y, fTo1: «6 Pabpdg 10D nn-
Aikov igoltar mpig iy Srdgopdv t@v Pubpdv Srupetéov kai Srarpitovn.

B). To undeviniv molvdwopov diawgeirar (dxpific) vmd mavrdg 1) pndevixoi
mokvwvipov p(x) xal dider anhixnov undév. Tpdyuomt foyue: 0= ¢(x)-0.

Y). dlav molvdwopoy diapeirar (dxpifiss) dno mavrég orabepos molvwvipov
# 0, (dmA. oralepic moodryros # 0). TpéypaT, tdv

) =avx' +o x4 . 4 ax+ oy kal e(x)=c*, ceR, ¢=0,

EXOMEV THV TrpoQavi) TOUTOTNHTA
o, XY -y Xl o b x g =6 {% XV +0(vc_1 e DRI _%1_ )

&tou TO £vTds Tiis dykUAns dxépoioy ToAudvupoy elven TO 'rrn?\ikov
"Ex ToU opigpol (2) kai ToU BecopfiuaTos § 52, TPOKUTITEL TO HOVOTT|LQVTOVY
ToU Tnhikou. "AxpiéoTepov loylel 1y mpéTaoIs :
Eav g(z)| f(z), 1dve Sndpye dnopiss &v molvdwopor a(z) €R[x] toiwotToy,
dare va loydy 1 Tavrdre :
f(z) = ¢(z)-a(z).

Tpdryuo, &w Umrfipye kad ETepov moAudvupoy T, (x) € R[x ] Tololtov, Goe :

f(x) = o(x) m(x),
ToTe B Toyue : p(x)[T(x) —m(x)] = 0, xai Eweidy o(x) # 0, ﬁc elvan, koTa
TO Becdpnua § 52, w(x) —m(x) =0, € oU: w(x) = m(x).
T} PonBeiq Tév dvertépeo dmroBeikviopey T k&TwB BecopriparTa :

§59. @cwpnpa. — 'Eav o(x) | 1(x) = ¢(x) [ 1(x) 6(x), 1z kaBz molvid-
vupov o(x) € R[x].
‘AnbderErg Emadh o(x) | f(x) &xouev: f(x)= o(x) m(x), &0ev kai :
f(x) o(x) = o(x) - [w(x) - 0 ()] = 9(x) - m(x),
& m(x)=m(x)-o(x), BnAadn: ¢(x)|f(x) o(x).
HMaoparipnos : A o(x) = ¢ loyle : ’Edv (x) [ f(x) = o(x) |cf(x), ceR.

§ 60. ©cwpnpa. —Eav ¢(x) | ,(x) kai o(x) | 1,(x) = o(x) | 1,(x) =+ f,(x).
'Anédzrgrg "Exouev: f(x) = m(x) ¢(x)
f3(x) = my(x) - 9(x).
Vv (%) & fy(x) = [m(x) £ m(x)] p(x),
fror () | 1,(x) £ fy(x).
"Ek ToU Becprjuartos ToUTou kai Tiis Tapatnphioems Tou fecwpripaTos § 59
TPOKUTITEl TO K&Twb :

* To ypaupa ¢ elvan 6 dpyikdv Tiis Aéfews constant — orafepd kal Biv Tpéme va
ouyxEnTal pé 7o oUpPorov € = oUvorov T&Y uryadikédv &pifudv (Complex numbers).
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s i,
L /
A’

§ 61. @cpnpa. — ‘Eav  ¢(x) | £(x), 0(x) | 1x(x), ..., x) | L (x), totE
o(x) | e, 0, + efe(®) +. . .+ £ (%), EvBa ¢y, ¢y ..., v TUYODOGL otadepadi.

§ 62. @edpnpa. — 'Eav  ox) | ,(x), o(x) [ f,(x), ..., () [ § (x), tote
o(x) | 1,(x)-By(x) - - - & (x).

‘H &mwodefis dog eUkoros TapadelmeTan.

MNépiopa. — "Eav o(x) | i(x) = ¢(x) | [I(x)]* * veN.

§ 63. Ocwpnpa. — Eav (x) | f(x) kol f(x)| o(x) = I(x) = ¢-9(x), c€R.

'An6derErg "Exopev f(x) = m(x) (x)
Kad p(x) = m(x) - f(x)
GUVETTEXS f(x) = m(x) wo(x) f(x) kaitmabhy f(x) £ 0
KoT& TO Becvpnua § 53 mpokdmrTer 1 My (x) me(x) = 1.

Tote Bpos EkaoTov THV ToAVwVUPGY T, (X), Ty(x) Tpémet v elvan Paduoy
undév, dniadn otabepal (Biai ;).

"Qote m(x)=c; Ty(X)=c, O ¢y, c; ER—{0].

"Apx {(x) = e;9(x) i 9(x) = cof (x), omoTe {(x) = —(}— @(x), Bnhadn ye-
2

VIKEDS @ f(x) =c-p(x).
Enpeiworg 'Ex ToU BecopripaTos TouTou TrpokUTrTEl &uéows OTL:
’Edv o(x) | f(x) = co(x) | f(x), ceR—{0}.

Ol Srenptron 9(x) xai cp(x) ToU f(x) xaholvran isodivapor Saipétal. :EE
Shwv TéV loobuvdpwy SicnpeTddy Evos Tohvawvipou f(x) Ekeivos, doTis Exel @S
cuvTeEAeoTHY THis peycuTépas Buvduews ToU x THY povéda, KaAelTal KbpLog duar-

pétng./”

ﬁ'—a:rémg Tiig hyopiBpikiig Srarpéoewg. — 'Ev ytve fi Biaipeois
U6 TUXVT@Y dxepaicov TToAvwvUpwy Bty elvan TeAela. Els Tpémros, Bix vd EAty-
ywuey, &v Ev roAudvupov Bicnpfj &v &AAo,elven & &xdhoubos :

*EoTwoay, T.X., T& Tohudvupa 2x2—T7x+6 ked 3x+ 1. “lvae 16 BelTe-
pov Bicupfj dxpiPéds TO TpddToV, TpéTel V& UTrdpyn &képoiov oA vUpoV Tr(X)
ToloUTOV, COTE !

2xt—Tx+6= Bx+1) - w(x). (1)
*Ere1ds, cos EAExOn § 58, & Padipds Tou trmhikou looUTa Trpds T Biagopdy T&V
" BoBuddv SiaupeTiov kad BronptTou, Emetan T Td (x) TpéTE va elvar TrpcdTOU
PaBuol, fiTot Tis popefis ax + P. Téte i) (1) yiveron :
2x2—Tx +6 = 3x+ 1) (ax +p) = 3ax2 4 («+3p) x+ B,
&réTe, KaTd TOV dpiopdy Tis igdTnTos SUo ToAVwWVULWY, B Exoopev ouyXpoves :

2 g
Ja=2 ‘H mpcdTn TOUTWY 5[5e|c:=—,23-. Bk a= - wal p=6
a+3p=—7 | f| Beutépa Btv GAnbever, 10T :
=6 | L M SVIG G Y
p | 5 +3:6 3+13 183;#7
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Zuvetrédds Btv Urrdpyer ToAuvupoy T(x) TANpoOUY THY (1), &px 16 2x2—Tx+ 6
bév Braupeitan dkpiPéds Sik ToU 3x + 1. *Ex ToUTeov oupmepaivouey 811 xar’ &ai-
geoty pdvov 1) Biaipeais 8Uo dxepaicov ToAUwYINwY elven TeAela,

Eis Thv yeviknv mepimroow &vti Tis TauTtdTnTos (1) Tfis § 58 ioxve 1
kahoupevn TAUTOTNS THis &Ayop1Ouikis Sraipégews, 1 omola Sia-
HopgoUTal kai &modeikvUeTal &Tod T K&Two! Becopnpa :

Oewpnpa. —Aobéviov dbo axepaicy rolvovipov I(x) kai @(x), Pubpiv v
kei p dvuotoixng (p = 0), dnapyovy rnavrote dvo HOVOGNUAVTOG OPLopéva mo-
hvévopa n(x) kai v(x) &x tob Rix] p2 Paduog u(x) < Pabpod ¢(x), Gote :

1(x) = o(x) - n(x) + u(x) . (2)

‘H elpeois tév (x) kai u(x) kodeitan aAyopi1Buikn 7 EdkAcideiog Siai-
peoig ToU f(x) Bix @(x).

To w(x) koheitan axépatov mnAixov § adyopiBuixdy andixov (Guvtduws an-
Aixov) kal 16 U(x) keAeiTen vadlowzor THis Siaiptoews ol f(x) 81k ToU (x), f
8¢ TautdTns (2) | ouvbtouoa Siapetéov, Biaipétny, TnAikov kel UmdAorrov
KoAeITal TavTdTys TS (dAyopiluxiic) Staéoewc.

'Ané6de18rs. "Eotwoav T& ToAudwupa : ‘

f(xX)=a, x'+ay_g x4 ... + oy x +a,, (o, # 0
P(x) = Bux*+ By x*—1 ... 4 Bix + By, (B, 5 0).

Oa& d&mobeifwpey :

a). Ty Grap&iv té@v n(x) kai v(x). TMpos TouTois Siaxpivouey Svo TEPITITWOEIS :

MepiwmTwors In: Eav v< U, -TOTE TO Becopripa foyUel, dpkel v AdPeo-
vev (x) =0 xad’ u(x) = f(x), &1 (2) loyvel, 816711 Exopev :

f(x) = o(x)-0+ f(x).

MepimTwors 2a: "Eav v =y, TOTE BiaipouvTes TOV TP&TOV Spov &, xV

Tou BiaipeTéou Bi& ToT TpoTou Spou B, x¥ ToU Bicnpétou AapBdvopey ¢y TnAikov

' Q. s = " :
T drépaiov povdvupoy 5"— XYt , 16 omolov & kahéowpey Try(x), fiTor:
mn

m(x) = 2 xvn,
o
MoAAamAaoi&lovTes Tov SiaiptTnv @(x) i 1O M (%) AauPdvopev ds yivduevov
TO ToAVGVUHOY

o(x) my(x) = @, xV + %B,._, x4 % iy Rt~ ezt ; Box¥ 4,
u

7o dmoiov Exel peTd ToU f(x) kowdy Tév Tp&dTOV Bpov a, x¥ .
Zxnuotifouey THY Siagopdy :

f(x)—p(x)m (x) = (a,,_l _q_: pu_l) g (Gvfz ) ,;: puhz)xv--z YUz

"Edv kodéacopey v, (x) T8 ToAudovupoy Tou Beutépou péhous, Exopev :

f(x) —e(x) m(x) = vy (x)
A () = 9(x)my(x) + uy(x), w PaBudy vy (x) =< v 1. (3)
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Tore: (1). 'Eav v—1 <y, 1§ (3) dmodekvier T Becopnua.
(11). ’Eav v —1 =y, Epyaldpsvor dpoiws émi Tév v (x) ds Bianpetéov
kai @(x) o5 SiopéTny, AauPdvopsy :
Ui(x) = 9(x) - my(x) + up(x), uE PoBudy vy(x) < Baduod vy (x).

Eqv Topa elvan v Paduds u,(x) = u (= Pabuds ¢(x) ), ouvexilouev Thv
authv épyaciav &l T&Y u,(x) kai ¢(x), fiTor & Umapyn wEAW &v TrnAikov ,(x)
kai BV ToAUwvUpoV Uy(x), oTe va elvat

Up(x) = @(x) - y(x) + uy(x), uE PaBuov vy(x) < Padu. vy(x).

Ol Babuoi Tév U (x), vy(x), uz(x) Paivouoiv SiaBoyixdds EAaTTouuevol, dpa
8¢ pbdowuey TeAkdds el Bv TroAucvupoy BoBuol pikpoTépou Tou PaBuou p Tou
@(x), 6Te 6& AMEN 1) ¢pyaoia alTn. OUTw B& Excopev Tas looTnTas ¢

[(x) = ()T, (x) + vy(x)
vy (x) = @(x)ma(x) + ua(x) (4
vp(x) = @(x)my(x) + uy(x)
v (x) = @)1 (X) + vk a1 (x),
émmou TO Uy (%) elvan ToAvcvupov PaBuol pikpoTépou Tou Pabuou p Tou ¢(x).
*ABpolfovTes Tas lodTnTas (4) koTd péAN AauPAavopsy META TAS ATMAOTIOINTES :
1(x) = @(x) { (%) + ma(x) + -+ + Ms1(x) } + Vi 41(x).

Otrovtss: y(0) + T + -+ M () = T Kal e (x)=u(x),
pbavopev eis THY &modeikTéav TaUTOTNTA !

[(x) = @(x) w(x) +u(x), u& Podu. u(x) < p (= Pabuos ¢(x)).

B). To povosijpavtov t@v m(x) kai v(x) elg v (2).

To Letyos Tév oAvwvipwy T(x) kai u(x) elval 16 pdvov, Bia 16 dmoiov
foye fy (2), 816, tav elvan kad :

f(x) = @(x)-'(x) + V'(x), ut Baduov v'(x) <u,
ToTe: (X)) = m(x) kai v (x) = v(x).
TMpdyuat, émadn :
(x) (x) + u(x) = (%) (x) + V' (x),
ExOouEY [m(x) — 7' (x) Je(x) = V' (x) — u(x). 5)

‘H tautdTns (5) Btv Suvatar va loyxunm, eipf pévov &v m(x) — ' (x) =0

kai v'(x)—vu(x) =0, B8niadn:
m(x) = w(x) kai u(x)=v'(x),
Bi1oT1 &AAws TO TpdTov pEAos TS (5) elvan TroAuvupov BaBuol = M, Eve TO Beu-
Tepov pEAos elvan TroAucvupov PBabuou << .
[ To Gecpnua 8Bev dmedeiydn AT pews.
(_ Maparnphocis £ni tig tavTdTNTOS ngpéﬁ:(HJE(Z).

1). 'Eqv u(x) = 0, TéTe & Tiis (2) mpoxUtrTel i TautoTng (1) Tiis TeAelas

Sionpéoecos.

85

WnionoBrke amod To ivotirouto EknmaiSeuTikrg MoAmkrg



2). "Ex Tiis (2) EmeTon @ o(x) | f(x) —u(x), 8nAodd) 1) Siogopd ToU Sixipetiov
Helov TS UréAoitrov elvan Sicupeth 1k ToU SraipéTov.

3). O BaBuos ToU drepaiou TnAikou ioolTal Tpos T Siapopdw TV PaBudsv
Slonpetéou kal SicupéTou.

4). 'Edv ¢ (x) # 0, ) TauTédTns (2) ypdoeton :

Hx)en u(x)
e R e S

e Podudv u(x) < Babuol ¢(x).
! : o Fyehly Vo V() sl i
To moAvdvupoy T (x) keAeitar «rd dxéparoy péoocy kal T o0 «T6  ymjciov
xAaopatixdy pépogy ToU i(zc)_
¢(x)

5). H péBoBos, Thv dmofav froAoudfioamey, Sid v amoBeifwopev TO dveoTépw
Becopnuat, uds 8iber fvav  ddydoluor, Bi1&x Tol Smrolou Suvdieba va eUpiokewpey
T& Tohudvupa T (x) ki u(x).

Mapadeiypa. Eav I(x) = x°—1, @(x) = x + 1* eiipere 1a povoonuavimg Gpiopiva mo-
Avavope n(x) xei v(x), Gote va elvar :

1(x) = o(x) - n(x) + v(x), p¢ Paby. v(x) < Padp. o(x) = 1.
Abolg, “Exopev:

u(X) = (x) —m(x) - @(x) = (P = 1) —x' (x+ D) == —1,  m(x) = x?

VUp(X) = uy(X) — Tp(x) - @(X) =— x2—1 — CERE+HD=x-1, mx)=-x

Us(X) = v (X) — me(x) o(x) = (x—=1)— 1 (x + )=-2, (X)) = 1
"Apa :

(X)) = m(X) + W(X) + Ty(x) = Xp— X+ 1
U(X) = Uy(x) =~ 2.

Mépiopa . — To Hrédorov tiis Sumpéocwg Evig axepaiov molvavipov § (x)
S1a ol Srwvipov x—a icodrar npig Ty aplunTkiy tpdv 1o molvavipov Sid

X—=a; fizor:

Mevikdotepov, foyler 8T1: Té drohowmov tijc Swapéocmg tob f(x) Sua tod
ax+PB, a,peR, a #= 0 elvar :

Ex ToU Opiopol Tfis pilns Evds dkepaiov moAuvcwvipou kal ToU v Tépod
TropiouaTos gupTEpaivousy :

Mépiopa Il —’Eav p elvan pila o0 f(x) <= x — p|i(x), fitor:

fp)=0 <= 1(x)=(x—p) nXx) f

EvBa n(x) axéparov molvdvopov tob X, fitor n(x) € R[x].
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"1516TTeg TOV dKkepaiwv ToAuWVIpWY

§ 65. ©@cwpnpa. —'Eav éxéparov molvdvopov 1(x) Srapfitar &’ £veg Ekaotov
TV SLvipaV : (X—py), (X—po), -« .y (x—p,), EvBa pyspoy ...y py apibpoi dago-
por &AAArov dva dbe, téte B Sunpfirar (Gxprpdc) kai Sua tob yivopévou :

(x—py) (x—py) - . . (x—p,)
xai avniotpboag.

*AnbderErg. 'Ex ol mop. Il Tfis § 64 xod T Umobéoews, Aaupévopev:

f(p)=0, f(p:) =0,..., i(p.) =0. (1)
*EE &hov, Emeidny (x —py) [1(x), 8& elven :
f(x) = (x—py) * f1(x) @

‘H (2), B x = p, yivetan: {(py) = (pa— 1) - fi(po), fiTis, Adyw Tiis P’ T&V

(1) xal BeBoptvou 8T p; = p,, Biber f,(ps) = 0. "Apa, xard T6 aUTd Top. I

Tiis § 64, Exouev f,(x) = (x — py) fo(x) ovvertelg THs omolas 1 (2) yiverau :
f(x) = (x—p) (x—pa(x) )

‘Opolass, ) (3) Bi& x = p; Yyiveran: f(ps) = (Ps — 1) (Ps—p2) fa(ps). fiTIS
Aoyw Tévi(py) = 0, Py # P1, P2 7 P Bi8e1 f,(pg) = 0. "Apa fy(x) = (x —pa) f5(x)
kal ) (3) ylveron:

H) = (x—p) (x—pa) (x—ps) Ta(X):
*Epyalouevor dpolws kol perd v-3 Priucra AopPdvopey TeAlkds:
fx)=@x—-p) x—ps)---(x—py ) £y (x).
"Apat (X —py) (x—pg)..-(X—py) [F(x) & pupy. . ..py Brapdpous dva Blo.
To dvriotpogov elven TrpOPaVES.

“Agknois.  AmoBeifare TO duwTépw Bedpnua kal &id THs TeAelas Emraywyfs.

§ 66. Ockpnpa. —IIav Gxépatov TOAVOVUROV V padpod
((x)=a X'+ X+ ..+ 0
Exer v 10 nifjBog pilag pys Pore s Py xai dinbeder :
1 =a (x—p) (X—p) o (X— )

An6derkrg. Mt v=1, xard 10 fecopnua ToU D’Alembert, 16 1(x)
Eyer ulav pifav p,€C. “Apa f(p,) = 0 7 loobuvdnaws

f(x) = (x—py) 1:(x) pt f,(x) PoBpol v-1 1

Me v-1 = 1, 7o f,(x) Exer wiav pilav p.€C xai Emopéves
1,(x) = (x — p) a(x) it f3(x) Poduol v-2 2
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ZuveyilovTes Spoiws, AapPdvopey :
fa(x) = (x = py) f3(x) ut f3(x) Paduod v-3 3

B0 s (g M b pasnst s /g, )
TToA /lovTes Tds TadTéTnTAS (1)(2),(3),...,(v) xerr& péan, AapPévopev :
f(X)-f:(-‘i)'fz(x)'"fv-:(X)E(X—Px)(X—Pa)"-(x—Pv)fl(-\')'fz(x)“'fw:(x)'fv. (@)
“ANAG, elvan [(x) fy(x)-f,.y (x)5£0 s Exov Pabusdv (v-D)+(v-2)+... +1.
"Apa &k THs (o) ke ToU Becopriuarros § 53, cuvdryouev :
)=t (x—py) (x—py)(x~p,)
els 10 B’ péos T omoias & ouvtedeoThs ToU x* elven £, Ma‘ , OTe

/ I(x) =a (x—p,) (x=po)--(x—p, ).
) Mapatipnorg Edv el T TeAeutadav TouTédTnTa (2) elven py=p,,
T6TE T ywdpevoy (x —py) (x = py) yivetan (x — P1)* kol Aéyopev 8T A pila
p1 elvan umddy, A elvan BaBpod moddhariétnrog Svo. ‘Opolws v elvan P1=py=
= Pa TOTE TO ywbpevov (x — p,) (x —py) (x —pj) yiveran (x — P1)? xal Aé-
Youev 6T1 1) pila p, elven punhdy, 1) elven BaBuob nolianhétnrog tpia.

B v elpeda TEPICTOTEPOV dkp1Peis SiSopey ToV kdTwb YeEvikov dpiaudv :

Mia pia p évdg molvavipou f(x), drapépov tob undevikod, 8 LEywpev bt el-
vat molhanmhij tatews k, i elvas Pabpod moidkaniérnrog k (k axépatog = 1), téte
Kai pévov tore, by :

K—p*[Hx) wai (x—p)k+1fH(x).

Edv k=1, 1é1e 7 pifa p Aéyetan anhfl, dav k=2 Sinhf], x.0.x.

Elvar pavepdv 61, dav gy dképaiov ToAudbvupoy f(x) &n wlov plav p
PoBuol moMamAdTnTos k, TéTe & Babuds v ool elvan = k.

"Ex 1ol dvwtépw Oplouoy TpokUTTTEL Twpa 1) Efis ooudala TpdTacs :

‘H dvaykeia kai ixavi] ouvlikn, fva &l apiBuds p elvan pila, Pabuotd nodia-
nhdétnrog k, évog moivovipov f(x), elvar : va Unapyy axépatov rolvdvopov g(x)
tolobtov, Mote :

(1) M) =(x—pk-o(x) xai (2 9(p) # 0.

'ArnoderEig: H ovvlikn eivar avaykaia. Mpdypari, 16 &T1 Umrépyer
drépaiov TToAvcovupoy @(x), TpokUmTel &md TS yevovds, 611 1o f(x) elvar Sicu-
PETOV Biax (x — p)k, Gpa Exopey :

(%) = (x = p)* - p(x).
"E§ &ov, tdv ATo 9(p) =0, Té1e x—p [@(x), BnA. @(x) = (x—p) -m(x)
Kai droptves B Toyue :
f(x) = (x —p)c+t.m(x), 5mA. (x —p)*+1 | f(x), mep &romov.
'H ouv0ikn elvan ikavi). TTpdypo, UtroBéowpey é11 ;
f(x)= (x-p)k p(x) (1
i o(p) # 0. 2)
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‘H (1) Bewvler, 811 wpéypaTt T f(x), elven BiopeTov Bid (x —p)k, fiTor
(x—p)* | 1(x).

Edw kol (x —p)kt! | f(x), TéTe Buvineba va elpoopey AKEPCIOV TTOAUGIVUHOV

g(x), woTe:
f(x) = (x—p)t! - g(x)
A f(x) = (x—p)k- (x—p) g(x)- 3)
Suykplvovtes Tés (1) xal (3) AauPdvopey :
o(x) = (x —p)-g(x). )
‘H (4), Bix x=p, ylvetca:
e(p) =0-g(p)
A olp) =0,

gmep &romov, 81671 &vrikerton els THY (2). ‘H mpdroois &Bev &medelybn.

*Ex 16w dveTépw ouvéyouev &Ti: Els xéfe pifav Tohveovipou f(x) # 0
&vmioToIyel povoonudyrws €ls péy1oTos dKEPOIOS k= 1. *Edv ouveméds TO TroAu-
vugov f(x), PaBpol v, Exn @5 pitas Tous &p1Bpols Py, Pay - - 1 Pk kal tk&oTnv
pt Paduov TTOMSTAGTNTOS Ag, Agy . - -, Ak GUTIOTOIX WS, B¢ Eyoopey :

f(x) = av (x—p)t- x—pa)te - (x—p)*k,
fvla elven MAA 4 A=y, (k=)

‘H mrapdoTacts altn, ATIS elven povoonudvTes dpiopévn Bid kéde oAV~
vupov, &v Btv AopPdvetcn U’ Sy 1y Béois T@V TraporydvTev #v aUTH, KAEITOL:
« avdvaig ToB moAveviuov f(x) el ywduevoy nmpwrofalulwy mapaydvrwv .

‘Epappoyn: Td morudvupov f(x) = x84 3x5—4x46x3 + x2+43x 42
dvohUeTan els ywopevov rpwToPadulcwy TrapayéuTooy 6 karwb §

f(x) = (x— 10+ 1)+ 2),
fito Exel Tés pidas 1, —1, =2 els PoaBpovs TOAACTTASTNTOS &vmoTofyws 2, 3, 1.
§ 67. ©@ckipnpa. — 'Eav td dxéporov TOAVOVUHOY
(=0 x +o X+ +ax+a
pndeviletan S1a v+1 Tipag tob X, Stapdpovs petabd tov, tote Tobro elvar 10
pndevikdY mOAVAOVUHOV.,
‘A 66 e kg "AgUmobiowpey 611 al v+ 1 Biégopor &AMAAwY Tipal ToU X:

P1r Pas -« s Pv s Pyv+1
pn8eviZouv Td mohudovupoy f (x). ToTe, ouuQLIVs Trpds TO Tponyolpevoy fec-

pnuo, 9 Exwpey :
f(x)= o (x—p) (X—p2) - (X—pv)- )}

‘H tautdrns (1), Bi& x = poy1, yiveTan:
[(py 1) = & (pvs1—p1) (Put1—P) - - - (Pv1—Pyv ) = 0, xa® 8oov f(pv41)=0. (2)
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"Emeidf 8é: pypy £ py £ pp# - 7 py, 8 elvan :
(Pv+1=p1) (Pus1—p2) -+ (Pys1—pv ) #0,
&te &k Tfis (2), Emreron &1 o, = 0. TéTe Bucws T TOAUGVUMOY f(x) ylverou :

f(x) = a1 21 o XV 24 - oo f o X + 3
"Epyaddpevor duoiws kai els T TroAudvupoy (3) drrodeikviopey, 611 oy = 0.
“Ouoicos TpoywpolvTes eplokopey 8T1: oy =0, oy =0, ...,0;=0, etz=0.
"Qore dmedeiybn 6T1: ==+ =, =ay=0. 4)

‘H (4) &modekvier T6 Becoprpa.

’E@oappoyn: Asitare 1 16 nodvdvopov :

1) = x—)* B—1) + ) (1—a) + (x—)? (@—B) + (@) (B—7) (1—0)
elvar Zk tavtdTnTog pndév.

Averg: Edxdhws Siamorolpey dmi: f(a) = f(B) =f(y)=0.

Emaidn 10 f(x) elvat Seutépou Pabpol kai undevileTon Bid Tipds ToU x
TEpicooTEpas Tol Babuol Tou Emetan, &11 o f (x) elvan & TauTéTnTOS WStV

Mépiopa . —Tav axépaiov moAvévopov Babpod v, Exer v o mohd Sla;époug
pilag.

MNépiopa I1. —’Eav td axéparov tolvdvupoy :

W= x'+ay x 1+ - . fax+ @,

pndeviletan v’ dneipovg Tipdg tol X, THTE TOTTO Elvan Ex TavtdTnTrog pndév.

Moépiopa lil.—Eav §bo axépama roivdvopa {(x) xai @(x), BaBpdv v, hap-
pavovv tag abrdg tipag Sia v+ 1 Slapdpovg Tipdg tod X, TOTE TR mOAvAVUpa Tabta
elvar £k tavténtog Toa.

§ 68. Ochpnpa. —Eav 1d dképma rolvdvupa :

IW=ax+aax!+ ... +axta, o %0
fa(x)Eﬂvh"’+ﬂu-1 xv_:+"'+ﬂ1x+50! B.,;’:O
Eyouv tag abrig v Sragopoug dhiihov PILOs Pis Pos oo o5 Pvs TOTE:
B oot iy ot Pio e

g ay ay.] o, a,
kai davuietpépoc,

JAnéderbig: Kard 1 yvword (§ 66), 6 Exwpey

h() = (x—p;) (x—pg) ... (x—py) ¢))
fo(x) =By (XTPI) (x—pg) ... (x—py). (@)
‘H oxtois (2) ypéoeran :
K= w op o e =R )
"Edw 8¢ e 5" =k, & Tiis (3) Aaupdvopev :

f,(x) =k - £,(x), 5nAady):
By X"+ Byy XV o o+ Bix 4 Bo = ko x¥ + ket xV1 4 - -« 4 koyx + ko,
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Kot &k TOU dpiopol Tiis lodTnTos BUo ToAUwVUNLY, EXOUEY TS OYETES :

Pv=koy, Pruai=koyi, ..., Pi=koy, Py=keg “4)
B OBsiins = Gl
A @ O T om )

'Aviiotpboog: "Eotw 81 dAndele 4 (5). Oftouev Tous foous Aé-
yous (5) foov ut k, &te Exopev :

Bo=ka,, Pi—i=kan_, ..., By=ko,, Be=ka,

TéTe:
f,(x) = ka, x¥+ koy_y x4+ - o ko = k(o x¥ Sy XV -0 ap),
fiTot: f.(x) = kf(x).

"E€ adriis rpokmrTer &T1 ké@e pifo ToU f;(x) elvan xad pifa ToU ToAuwvinoy

f,(x).

Mapatipno : Al lodtnTes (4) 8tv dvrikadioravtar Umd TéY loothTwv (5), Stav els TéV
ouvTeAeo eV Bj , j =0, 1, 2, ..., v, X & Bv-n, elvan pnBév. 'Ex Tiis (4), 1) oxtors Pv-a = k-av-a
uds Bidet kol ay-a = 0, e T woAudwupa f,(x), f,(x) Stv & Exouv Tév Spov pi To xv-* kal &wd
Tés lgdrnTas (5) B& Aelry & Adyos 5" Edv AW TS av.p, elven pndtv, & Adyos ——— E" LI
Exe1 vénua paypaTikoU dpiBpol kal guvenrds kal TéAw peTall TéV Adywv TGV lco-rﬁ'mw 5)

Stv B tmrdpyn & Adyos 2:
-+

§ 69 ©cipnpa. — *Eav 1d dxépatov modvdvopov I(x) = ay X¥ + oyv—q X' +
+...4+ 0, X +ag ay 7 0, pé TpaypatIKoDs CUVIELESTEG @y, Gy_1,. - .5 Oy O OF-
retm @g pilav tov myadikov apibpdv « +ip (o, BER, P 5= 0), to1e Ba SéxeTar dg
pilav xai tov ovluyii adtod a —if.

“Yrrotifeton 811 & Pabuds Tol rodveovipou f(x) elvan peyaditepos f foos Tou 2.
'’An6derEig: "Eotw ¢(x) 10 ToAudvupov Seutépou Pabuol, Té dtroiov
Exe1 a5 pllas Tous dpiBpous o+ ip xal a —ip, fiTor:
9 () = [x— (@+iB)] [x — (a—iP)] = x*— 2ox + (a? + P).

To f(x) BionpoUpevov Bi1&x ToU @(x) & Bedom, kard T& yvwoTtx (§ 64), Tn-
Alkov dxépaiov TToAudwpoY, foTw TO T(x) kal TrpwToPdbuov UmdAoimov pE
TpaypaTikoUs ouvTeAeoTds, EoTw TO yx + 8. ToTe, kaTa THY 'ramé'rn-rcx Bicu-
ptoecds dxepaiwv TToAvcvUpwY, B Exwpey

f(x) = 9(x)-w(x) + (yx+8). (1
Emaidfy f(a+ip)=0 kal p(ax+ip) =0, &k T (1) Emwercn :
y(a+ip)+8=0

A e ntipy=0, g o {0 @

21

WnionoiBrke amod To ivotirouto EknmaiSeuTikrg MoAmkng



*Emreidi) Spws P #£ 0, Emeton, k Ts Seutépas Tév (2), ¥ =0. Tote, &k Tiis mTpd- |
s T&V (2), TpokUmrTer §=0.

Aixy =8 =014 (1) ylveran :

f(x) = ¢(x)-m(x). 3)
*Ex Tis (3) mpoxitrTer :
f(a—iP) = g(a—ip) m(a—ip)

kal émedh) e(a—ip) =0, 0& elvan: f(a—ip) =0, fiTor 1o f(x) Béyeron dos pi-
Cav kai Tov myadikdy dpifpov o — ip.

MevikeoTepov loyler TO kéTwd Gecopnua :

§ 70. ©copnpa.—Edv dxépatov molvdvopoy, pé Tpoypartikols cuvIELecTas,
déyxetar Gg pilav tov pryadixov apBudv a + ip (o, BeR, B # 0) eig Pabpdv morha-
nAdtnrog k, Oa déyetan Eniong GOg pilav kai tov ovluyii tov o —if keai paliota pé
tov adtov Pabpov morlamhotnrog k.

*H &modeis 81 Tijs eis &romov dmarywys.

Mépiopa I.—"Eav dxépamov nodvdvopov f(x), pé mpaypatikods suvrelestac,
Exn myedukag pilag, 1o nhijbog tdv pryadikdv pidv eiven tipriog ambpac.

MNoépiopa Il.— *Axéparov nrodvdvopov nepirtod fabpol pé npaypatikods cvv-
teheotag £yel tovhayiotov pioy wpaypatikiv pilav, aptiav 82 fabpod ddvatar va
Eyn xai naoag tag pilag Tov myadikac.

§71. @clpnpa. —'Eav dxéparov molvdvopov pé prrodg cvvieheotds §é-
yeta pilav iy @ -+ VB (@eQ, BeQt, P 5= 02 6rov 0 € Q) Bi déxeron Eniong kol
v a— VB xai paliota BE TV abtov Pabupdv nollanhéTnroc.

‘H &mobeafis elvan &vddoyos Tiis ToU mwponyouptvou fewprjuatos kol s ik
ToUToV £magieTan &5 &oknaois.

‘Egappoyn. Na chpebij molvdvopov tetaprov Pabpod pi dxepaiovg ovvieheotdas, 1o
onolov va Srapfitan Srd ol @ x* — (Vf+ {905 % U S

A b o g TapoarnpoUpey &t :

x'— (V2 i) x4+ iV2= (x= V2) (x=1)-
"Edwv {(x) elven 16 InroUpevov TroAudovupov, TéTe, Emaidd Sipeitan B1& x — V2, Suvd-

per Tol dveotépw fecwpfipartos, 8& Sipfiton kad &1 x + V2, dpofws, Emeiby Sipeitan Sk
X —i, Suvape Tol Becopriparros § 69, B& BraupfiTan kal S1& x - i, 88ev, Buvéper ToU Oewpriua-
Tos § 65, 6% SiipfiTar kel ik TOU ywopevov aUT@v. Suverdds O& Exwuev :

) =GE=V2) G+ ¥2)x—D(Ex+)=("-2)(x*+ 1) =xt—x - 2,
§ 72. "E¢appoyal inl téiv iSlotATwy THV Akepaiwy TOAVWVIHWY.
’E@oappoyn In: Ipocdopicare todg mpayparikods apbpois a, B, Tva
0 molvdvopov f(x) = x3—2ax?+ x| 6 Swmpijtor Sua tob yivopévov (x—2)(x—3).
Aborg Emeadr) 8hopev T moludvupov f(x) = x? —2ax?4Px 46 v
Sraipfiton (Gxpipdds) Bix Tou ywoptvou (x —2) (x — 3), Emetan 6T Gpkel V&
BronpfiTon dxpiPdes Six x — 2 kal S1x x — 3.
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Mpos ToUTo Trpémel kal &pkel

[(2)=—8a+2Bp+14=0, fitor da—P= T ¢))
f(3)=—18a+3p+33=0, fro1 Ga—p=1I (2)
AUovTes T oUaTnua T&Y tfiodaewv (1) kai (2) eUpiokopey :
=2, p = 1.

Inueiweog : Tols TpayuaTikous dpiBuols o kal B Tfis dvwTipw tgapuoyfis Suvapeba v
poobiopiowpey Kol B1" GARwv TpdTrwv. ‘Egopudoarte fva € autdv Bk THY eOpeov TGV
a kal B.

‘Egpappoyf 2a: ’Axipatov molvdvopov f(x) Swmpovpevov da x+1
Sider Omérownov 2, Sraipodpevoy Sia x—2 dider Ondlovrov 11 kai da x+3 dider
tnohowmov 6. N edpedij ©o drorownov tiig Srapiocwg tod I(x) da 1ol YIVOREVOD

(x+1) (x—2) (x+3).
Abourg: 'EE UmoBioews elvau :
f(-1)=2, f(2)y=11; f(-3)=6. (D
Té Trohucvupov [(x) BicnpoUpevoy Bi& ToU yivopévou :
(x4 1) (x—2) (x+3),
16 drolov elvon Tpltou BaBuol, B Bwor &v Tnhikov mw(x) kol &v UrréhorTrov TO
oAU BeuTépou Paduol, éoTw TO ax® + Px + y.
Katd Thy TautéTnTa Tis Sioupéosws 8& Exwouey :

f(x)= (x+1) (x—2) (x+ 3) -m(x) - ax?*+ Px + 7. (2)
OttovTes els THY (2) BiaBoyikéds x =—1, x=2, x=-3 kai EovTes o’
Sy Tas (1), AapPavouev TO oUuoTRUA
a—P+y= 2

=) ! 4dat+2p+y=11
9a —3p+y= 6.
AvovTes 16 cUoTnua (Z) evpiokopev: a=1,p=2, y=3.
"Qore 16 {nToUuevoy Urdhoirov B elvan 1 x24 2x + 3.

§ 73. Ixéocig perald TGV piidv Kal TGOV guvreheaTdv Evog dake-
paiou oAuwvipou. — “EoTw TO drépaiov TTOAUGWUMEY
f(x) =a, x" + oy X" 1+ - Fax4a, (o #0)
HE pilas Py, Pas Par- - o0 Pv—t s Py -
‘Qs yvwoTov (§ 66), laye

o Xty X b X = a (x—py) (x=pg)- o (x—pv ) (1)

Avaipoivres dugdTepa T pEAn Tis (1) Bia ToU a, # 0 kol ExTEAOUVTES

T&s paEeis eis TO Belrepov péhos, TO drroiov xal BiaTdaoopey KOTa TAS KATIOUTOS
Buvdpels Tou x, EXOMEV :

X'+ Qy—y xv—1 Ay.2

v v

+pv ) Xt 4 (pypet PrPat < PP )X = (= 1) PPy P

x“—2+---+%‘— x+ %Ex“—(PL+P2+ R

3
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"E§ioolvTes ToUs ouvteheoTds Tav iooPabpiwv épwv AapPdvopev Tds oyé-
oEls :

) Uy

Si=ptPtpt Pt P i
a,_

e T R L R R R M
v

@,

S3 = P1PoPs+ P1PoPs+ - -+ PaPePy + o A Pu—z Pt P = _u_a_
Ly L
S8y =piPaPs.-. Pt Py =(-1) =

Al oyéoels alTon PeTagU TGV pii&dv kal TV cuvTEAEoTGY Evds TToAUWVUHOU
elvan yvwoTal d oyéoers ToU Vieta.

A 1@ oytoewy ToUTwy Suvdpeda va elpwuev ToAudvupoy, Tou &trolou
Exouv Bobfj ai pila.

/ " E@appoyf 1n: Aidetar 10 moludvopoy :
f(x) = 2x® — 3x2 4 4x — 8.
Eav py, po, Py lvon ai pilon 1o £(x), va ebpedij § upi tiig nupustaseong :
il Sl 8
Avog : ‘loyUer wpogavdds ) lodTng :

P+ P3+ 3= (Pt Pa-t Pa)* =2 (PiPa+ PiPs+ PoPs)- )
s =33
ANAG : P1+ pat Py= = (2)
4
el PiPat+ PiPa+ PPy = =2. 3)

‘H (1), Buvduer tév (2) kad (3), yiveTa :
5 ik 9 ¥i
P+ pi+ p3= (—g—) oy et T
'Egapp 0 Y1 20: Na ebpebif molvdvopov tpitov Pabpod, tob dmoiov vo

pilon elvan of apiBpoi p; =5 xei py=i.

Avorg: "Eortw ax®4 Px%-+4 yx+ 8, a7 0 710 {nToUuevov TroAucvupov
TpiTou Pabpol.
Tpogavds 1 TpiTn pifa ToU &v Adyw mohuwvipou elvar : py=—1, (Sial;)

94

WnionoiBrke amoé To ivotirouto EknmaiSeuTikrg MoAmkig



ToTe, ouppavws Tpds Tas oxtaels ToU Vieta, & Exwpev :

p1t Pt Ps=—£. fitor S5=—

P =
s o Lk
el 2Uey Jac
P1P2 T P1Ps T PP = o fitot 1 el o r=e
3 5
PiPaPs =— — fitor 5= = 8§ =—5a.

“Ofev T ZnToUpevov TroAucvupov elvan :
f(x) = a(x®—-5x*+x —5).

* Awaiperédmg Gkepaiov ToAuwvipou 81a Tol Swwvipou (x—a)'.

§ 74. ©edpnpa. — *Axéparov nolvdvopov i(x) dunpeitar Sia tod (x—a),

veEN, tote, kal povov tote, Ev @
f(@)=0, t(e)=0, 1,(0)=0, ..., 1 (a)=0,
EvBa 1,(x), 1,(x), ..., I,.1(x) elvar Gvnioroiymg ta mnhika tév Siapiocoy :
1) : (x—a), 1i(X) :(x—0)s. .., B2(X) : (x—0).

'AndderErg: "Eotw @(x) TO mnAlkov Tiis Bioupéoews Tou f(x) Sik
ToU (x —a), ToTe Exopev: f(x) = (x —a)* - @(x). ¢))]

Ak x=a fj (1) 8i8a f(a) =0. Tolro onpaiver &11 10 f(x) Bicnpeiton S1
x—a 'Eqv f;(x) elven 10 mnAikov Tiis Bicuptosws ol f(x) Bid x — a, TOTE,
Siapolvres &updtepa T& péAn Tiis (1) 8id x — o, AcpPdvopey THY ToUTOTNTA :

f;(x) = (x — a)"!.9(x). (2)

A x=a 1) (2) 8i8a f,(a)=0. ToUTto onualver 11 T ToAudvupov f;(x)
Sicupeitan S1x x —a. "Eqv f,(x) elvan 16 mnAixov Tiis Sipéoecos f,(x) i x —q,
TéTe, BraupolvTes dupdTepa Ta péAN THs ( 2) Sid x — o, AauPdvousy THY TOUTE-
™mra: fo(x) = (x — 9)*2-9(x). &)

Ak x=a ) (3) 8181 f,(c) =0, 16 émoiov onualvel &T1 1O f(x) BronpeiTan
Sid x —a

TMpoxepolvTes, ko’ Spotov Tpdrov, ebploxouey &1 T& TAlkov Tiis v—1 T&-
Eecos elven fra(x)=x—a) - p(x). Q)

A& x=a 1) oxbois alrn yivetan f,.1(c) =0, BnAadhy TO MTOAUGVUHOVY
fy.1(x) Broupeiton Bix x — a.

'Aviiotpég g 'E¢’ doov f(a)=0, f,(x)=0, ..., f—(x)=0, 8&
Iy wpey

f(x) = (x—a) f,(x) ' A& TroAAaTTACO IO HOU TOUTWV KT PEAT, Adh-
f,(x) = (x — ) f,(x) | Pbvopev THv TauTdTnTR @
fo(x) = (x — ) f3(x) f(x)=x-a) 1 (x),

..................... 1) émola gavepdver &1 Td TroAuwvupov f(x) Sioupel-
fiy (X)) =(x—a)f, (x) | Ton 8k (x —a@)’. /

95

WnionoBrke amod To ivotirouto EknmaiSeuTikrg MoAmkrg



L\
\,/I'[ apatfpnorg Ak vk Selfwpev 811 dicépatov ToAUCVUpOY BiaipeiTal
81& Tvos Buvdpews Tol x — a, Epyaldusda ToAAdKs s EETS :

MéBodog tfig avuikataotaoems. “Eotw &1 1O TroAudvupoy (x) SioapeiTon
B (x — a)? ToTe & Eywpev THY TouTéTHTS :

f(x) = (x—a)? - p(x). M
OewpoUpey TOV PETAOYTPOTIONOV :
X—a=y <> X=y+4a (2)
kal 1) (1) ylveron :
Iy +a) =y o(y + ), 3

dmou f(y + o) ked @(y + o) drépaiar TOAVDYUBK TOU y.

"Ex 1 (3) mpokUmrrer &1 16 f(y+ &) Braipeiton dxpiBéss ik ToU yi
Tpos Tolto dpel 16 f(y + a) v& oTepfitan oTaepol kad TpwToPalufov épov,
fiTo1 vé elvan Tfis popofis

fy+ o) =a 5y +os 31+ - - - + ay®+ oy,

“Ouoleos, tvax 76 f(x) Sienpfitan Si&x (x—a)?, pémer kal dprel 1o f(y + «) v&
Siaipfitan 1 y3, fitor v& elven THs popofis : I+ = 3+ oy +
+ e oyt oy ¥, 816T1 81k ToU peTaoynuaTiopod (2) TPOKUTITEL &T1 ;

f(D=Gx—-a)? m(x) <= IF+a) =y n(y+ ).

’Epappoyd In: Eav v guoikdg apbuds, vé de1yBi) 671 16 moAvdvopov:

IN=vxtl —(v4-1x 41
Sunpeitar i tob (x — 1)2

Aderg Ak x=1 #yopev:

f()=v—(@w+1)+1=0.

"Apa 16 {(x) Bicupeitan Sik x — 1. ’ExteAolvres Thv Sixipeov ebplokopey
TV TauTédTHTA

I(x)=(x~1) [vx' — (x4 224 ... + x4+ 1)]. (¢D)

"Edv Béowpen fi(x) =vx¥ — (x4 x—2 4 .., + x4 1), meparnpotpey &1
LD)=v—(1+14+...4+141)=v—v=0. Tolto &nAol &T1 TS TroAUGVU-
pov f,(x) Srcnpeiten Bk x — 1, dmwdre O Exycopev :

f,(x) = (x—1) m(x). (2}

“Evexa TadTns, f (1) yiveran

Hx)= (x =1 -7 (z),
7 ool pavepdover 871 16 {(x) Sicupeiton S1&k (x—1)2

‘Egappoys 2a: Na darnodaydij 611 10 modvdvopoy :

f(x) = x* — 9x3 - 25x2 — 24x |- 4
Swpeitar (axpifig) i tod (x — 2)2.
'AnbéderEig: Exteholpev Ty dumikardoTaoty
: X=2=y<+>x=y-2
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kol Exomev: f(y+2)=(y+2) —9(y+2)*+25(y+2)*—24(y+2) + 4.
MeTd v xtédeov Ty Tpdewov elipioxopey ;
fy+2)=y'—y* - S5yt =y¥y*—y-5)
fi 81 Tfis dvTikaTaOTaORWS Yy =X — 2 EyOpev :
i(x) =(x-2)*-[(x—2)*— (x—2)-5],
fy émolar pavepcover &11 16 f(x) Siepeiten B ToU (x — 2)2.
* Oewpfjpara émi 1OV Omoloimwy.

§ 75. ©ewpnpa lov. —’Eav v,(x) xai v,(x) elvas 1@ tnohoina 1@V Sronpé-
oeov 1,(x) :8(x) xai f(x):8(x), 8(x) =0, avuiotoiyng, tote oyder 1 Loyikn
loodvvapia :

3(0) [ 14(x) — L(x) <= vy(X) = vy(x).

"Ar6derlis : "Eotw 5(x)| f,(x)—f,(x), Té7e f,(x)—f,(x) =5(x) - m(x). (€D)]

'E§ &AAou Exopev :

[0 =8() m(x) +vi(x),  Pabdu. v (x) < Babdu. 5(x) (2)
f2(X) = 8(x) my(x) + u(x),  Podu. uy(x) < Bady. 5(x). ©)

‘Ex T@v (2) xai (3) AauPdvopey : '

f1(x) — f,(x) = 8(x) [m,(x) — my(x) ]+ vy (x) — Uy(x).

"ANAG, Buvauer THis (1), 1) Biadpeois [f,(x) — fo(x)]:8(x) elvan TeAela kai
Eropéves : Vvi(x) —v(x) =0, Eol: v (x) = u,(x).

AVTIoTp69oc: "EoTw 8T U (X) = uy(x) kal &11:

B(x) = 8(x) m(x) + vy (x) kel £(x) = B(x) my(x) -+ vy (x).
Téte B& Exwpey X
() = 1,(x) = 8(x)- [my(x) = my(x)] = 8(x)|f,(x) —fy(x). T
el )

§76. ©@chpnpa 2ov. —Eav v,(x), Vy(x), ..., v, (x) elvar advrisroiywg ta
bnélona tdv Swnpiosov 1(x) : 8(x), fy(x) : 8(x), ..., 1, (x) : 8(x), tote W Sraipe-
g [(ll()x)+ L)+ - 1, (x)]:8(x) Exer dréLowmov v(x) = vy (xX) 4 vz (x) +

4oy (X).

'’Anb6devEig: "Exopev, & oupPorlowpey T& ToAudvupa &TTAGS pé

f,8 m v dvrl {(x), 8(x), ™(x), v(x), Tds oytoes:

f=06m+y, Alrtar rpooTiBéuevan kKata péAn Sidouv :
©) fa=8my+tvu, | 1414 41, =80+ my+ - )+ (V- Vy + W)
fy=08m+ v, ’E€ alrrfis AauPdvopey

fo=0m+vu, | (44 L)t v+ - 4v) =8(m 4o+ - 4-my).

‘H tedeutala TauTtédTns Snoi 611 T & Sicupei THv Siagopay TdY TOAVWVUHWY

fi4fp+ -+ kad Uy + U+ - - - 4, , Emopéueos, Suvdper ToU Trponyoupvoy

Becwopfiuaros, ExaoTov ToUTwy BiaupoUpevov Sid Tou 8(x) Bi8a TO alUrd Umd-

Aoirov, ‘AMAG T rméhorrov THs Sicupéoecds (U + Uy 44 v, )1 6 elven T
Wi+ uy +o4 v, ) (Brorl;). "Apa u(x) = uy(x) + Ua(x) ++ u, (X).
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§ 77. Oedpnpa 36v. — Ai droBiosrg tob Bempipatog 2, tote ai Srapéoeg
[£0x) - £,(x) - -« o (X)) ¢ 8(X) Kal [u(X) - vu(X) -+ - vy (X)] : 8(x) didovy 10 avTd Omo-
Ahotrov.

’Anéderfig: Tas oxéors (o) Tfis mpornyouuévns Toapaypdeou TroAAa-
TAcoIdfopeY KaTa péAn kol Exopev : |

fif . =04y, ..o w), (l)‘
Evla T dképariov TTOAUGVUHOY TOU X.
"Ex Tiis (1) AauPévopev Thy oyéow :
[Asifq s eyl =l Vs s 53V =10 s,
i omola kai &mrodeikviel TO Becdpnua.

Mapatipnorg: Ta fewpnuata 2 xai 3 foyvouy, kad &v dxbdpn Biv.
dvTikaraoTaBoly SAa T& ToAvdvupa | (x), f(x),. . ., I, (x) &1k TéY Yohoimeov,
SAAG povov pepika EE alTdov., |

Moépiopa.—'Eav v(x) elvar o Oméhowmov tiig Sropéseng 1(x) : 8(x), tote
ai Sunpéserg [1(x)]" : 8(x) xai [v(x)]" : 6(x) didovv 10 abtd Drodloimov. |

'Egapporf : ’Eav a, B, v, § elvan axépaior pun dpvnuixkoi, va deixdij 6T o morvdvopoy: |
xP3 4 x#01+2 4 x4l L 8 Siapettan akmpiodg dia tob : ‘

X4+ xt+ x+ L ‘

'Anoderfig: ‘O Bieuperéos yphoeTon ; |

(xl)u x® 4 (KQ)B x? (xl)y x4 (xq)s :

'Eqv EkTehéowpey THy Swxdpecv x¢: x® 4 x? + x + 1, eUplokopev Umdhormrov 1. "Apa T&
ywépeva (x40 . x3 kal 1o - x* SicpoUpeva Bik ToU X2 4 x? 4+ x4+ 1 Bibouwv TO aUtd Umréd-
Aormov (PA. Becop. 3ov kal wopiopa). ‘Opoiws T& ywoueva (x4)P - x? ked 1P - x? SiipoUpeva
Six ToU X + x* 4 X + 1 BiSowv TO alTd UmrdAormov. T T foyUowv kal ik Ta (x4)Y X kal
1y - x &’ tvds kal (x*)3 xai 18 &g érépou. ‘Emoufves T& ToAudvupa :

xS P2 4t L ¥ il 103 1Pl Y P =B kP x40
Srpovpeva Bid ToU X*+ x* 4+ x4+ 1 Sibouv TO aUTd UmdAoimov. 'AAAG TO UTrdAoiTOV
Tiis Sinpéosws (X* + X2+ x4+ D) (3 4+ x® 4 x + 1) elvar pndév, "O8ev 1 Bialpeois
(xfortd g x4P+2 4 41 Fl L o8y (58 L x2 4 x4 1) elvan Tehelo

**YmoéAowmmov Tijg Siaipiéoewg dkepaiou moAuwvipou f(x) dia
Tol Siwvopou X' —a, EvBa velN.
"EoTw &0 drépatov oducvupov f(x), PabBuou k, kai els puoikos apifuds v,
uIkpdTEPOS ) foos ToU PoBuoU k Tol moAvwwvipou f(x), fitor: v = k.
Téte loyler 1) kdTeb TpdTaos :
To modvdwouov f(x) ddvarar v telfj dnd iy poppiy :
f(2) = 2t fra( @)+ s )+ - - + 2hi( @)+ o @), )
drov foa(®*), fr-o(2), -+, fu(2), fo(") dréoara modvdwoua tob 2 .
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MpéypaTr of ékbéToan TV Spwv ToU f(x) 8& elvan fj ToAAamAdolx ToU v 1
moAamAdola ToU v nifnuiva katd 1 A moA.v+2 i moA.v+- 3, x.o.x. Of 6po,
T@dv omolwv of éxBétan elven ToAAamAdolx ToU v, 8& Bidouv 16 f,(x¥). Of dpoy,
16w dmoiwv ol éxbéTan elvan moA.v + 1,8& BiBouv 1o xf,(x¥). Ol Spoi,Tédv dmroiwv
of &kBétan elven ToA.v + 2,0& 8iBouv 1O x%f,(x¥) k.0.K.

Enpeioworg: Thv s dvw pdtaciv Suvdpeda va &odeifwuey aloTnpd-
Tepov Bi&x Tfis ueBdBou Tiis TeAelas Eraywyis.

'’Egappoy: "Eorw f(x) =3x"—5x%+ 8x5 — 3x* +2x*—4x2+ 7x + 3
kol foTw 6T1 v=3.

Auvéuer Tiis dvwTépw TpoTdoews TO [(x) BUvatal va ypagf Umd Thv pop-
PRV : f(x) = x*(8x3—4) + x(3x* — 3x*+ 7) — (5x% — 2x%— 3).

§ 78. O@cwpnpa. — To dndhornov tijg Sraipiceng dxepaiov molvavipov f(x)

1e0évtog Do v popenv :
f(x) = x* fa(x") + X2 fa(x) + - - 4 xB(x) + 1(xY)
dia tod Srovopov XY —a glvan :
v(x) = x"! fy1(0) + X2 (@) + - - - + xBy(a) + (@)
’Anb6derEug: "Ex ToU Bewpriuaros § 76 mpokUmrTer &1 TO UtrdAoiTov Tijs

Biaipéoeos f(x) @ (x¥ —a) elvan: u(x) = Uy (x) +up2(x) +- - (%) + Yy (%),
émou vy (x), vealx), ..., Ui(x), Yp(x) elvan durioTolyws T Umdhorma TV
Bioupéoecov @ xv-1 f, 1 (x¥): (x¥ — @), 2 2H,(xY): (x¥ —a), ..., x[{(x¥): (x¥ —q),
fo(x¥) : (x¥ — ). To Umbhormmov Suews i Siapéoews ToU f.j(x¥) Bix ToU
X' —a elvar 10 f,.1(x), 5191, v Tebf] x¥ =1y, TOTE, b5 yvwoTov (§ 64, TopI-
opa 1), 1o UmdAorrov Tiis Sranpéoews f,.1(y) : (v — a) elvan v=f,. (). EE &\~
Aou T UmrdAortrov Tiis Srapéorws ToU x¥! Bik ToU x¥ — a elvan otd ToUTo TO
x¥1, 86T elven pikpotépou PBabuoU & Sicpetéos &md TOV Biaipétny. “Apa T
ywopevov xV-I.f,.(x¥) kai 16 xV1.f,.;(a) Sicupolpeva Bik ToU x¥ — a Bidouv T&
aUT& Urrdhorra. AMG TO Umdhormrov THs Siaipéoecs x¥1 £ (@) (x¥ — ) €l-
var 10 x¥! fi.y (). "08ev v,y (x) = x¥1 fu ().

‘Ouoics vya(x) = x*2 fya(a), ..., vy(x) = xfy(a), yp(x) = fy(a). “Apa:

u(x) = xvHa(a) + xv2 fia(a) + - - - + xf(e) + 1 (a).
Mépiopa. — Aia va Swnpijtar 10 dxépatov molvdvopoy :
1(x) = x ! fo(xY) + xV 2 Ba(x) + - - - 4 xB(xY) 4 fo(x¥)

Sid tob x¥ — @, mpéner kai apkel va elvan :
bafa)=0, £,9@)=0, ..., {;(a) =0, 1;(a)=0.
'‘Epappoyai: In: Na ehpedij 1o dnokownov tiig Sratpéoewms 1ol dxepaiov molvmvi-
Hov f(x) = 2x% — 3x* 4 4x? —2x? + 3x — 4 Sk 100 Srovipov x4 2.
Aborg: To [(x) ypéoeran: f(X) =x3(2x?—2)— x(3x3—3) 4 (4x*—4). 'Eav el
ToUTo Bégwpev Smou X = — 2, AauPévopsv TS {nToupevov UmdAoiTrov :

v(x)=—6x*+ 9x —12,
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20 : 'Eav q, B, v Oetikoi dxépaor, v edpedff 16 dnolowmov tfig Swaipioemg tol dxepaion
rohvovipov I(x) = x> 4+ x*P+! 4 35 fia 100 x*—2.
Avorg: To [(x) ypagperan:
100 = xt () 4 x () 4 (x)°.
'Edv els ToUTto Béowpev dmou x3 =2, AauPhvopey Td Umrdhoirov.
u(xyss2ttl.o 4 2P L x4 2%,

AZKHZEIZ AIA®OPOI ET TQN MTOAYQNYMQ

1%. Né& mrpogBiopiofoly of wpayuarikol &pbuol a, B, y oltws, HGoTe v& TANPOUY THY oyé-
ow o® + P + y* = 3aPy, 16 8¢ ToAvwvupov [(x) = X* + ox? + PxX + y v& AauPéun Thy TI-
phv 7 ik x = 1.

“7. 'Eqv v g N, va &mroBeryfij o1 1o ToAucvupoy :

) f(x)=(@x+ 1)2v—xv—-2x—1
Biaipeltan S1& ToU ¢ 2x? 4 3x% + x.
148. N& mpooSiopiofoly ol mpaypaTikel dpiuol a kal B, va T6 ToAudvupoy :
I(x)=2x"4+ ax?—13x + P
elven Branpetdv Brax Tod:  (x —3) (x + 2).
<149: N& mpooSiopioouv T& k kel A kal vé evpeBoiv al pilal p,, Pz Pa TOU TOAUVUHOU:
f(x) =% —8x*— 8hx + k, & yvewpifwpey 611: py = py = — P,

450. N& &moBerydfj 611 1o moAudwwpov: f(x) = x* + 3x* —3x2—Tx + 6 Binpeirat
Six Tou (x — 1)

151. N& mpoobiopigBoliv ol mpaypotikol &pifuol & kal B, va 16 moAudvupov :
{(x)=xv+! + ax + B BxpfiTen 81&x ToU (x — 1)2 kal vé eUpebfj T TrnAlkov.

152. 'Axépatov TroAvcavupoy f{x) Sioipoupevov Bia x — 2 5ider Umrdhormrov 12, Siaipoupevov
5¢ B1& x — 3 BiSer Utrdhorrov 17. Né& elpebij 1o UmdAormov Tfis Biapéoecs f(x) : (x —2) (x — 3).

153. 'Edv 16 moAucovupov x? + ax + P elvan SicupeTov S1& Tou (x — k)?, Selfate dT1 peTall

3 z
Tév a kal B UploTaran 1) oxtos (%) 4= (%) = 0.

154, 'Edv Bi& Tpels Biagpdpous Tipds ToU X T& TRIGVUMG :

(a—2)x2+ (P—-1Dx+y xal x*4+5x+a+1
AopPdvouv foas &pi1BunTikds Tipds, va rpoobiopigfolv ol wpaypaTikoi &pifpoi o, B, Y.

155. 'Eav dxépaiov mohudwvupov f(x) Sicapfitan Sik ToU x — 3, v& Seixbi 6T TO TroAu-
vupov [(4x —5) Bwapeiten Bk 10U x — 2.

156. 'Eav 1o moAucovupov : f(x) =x" + Ey¥ + nz¥, (veN, v = 2) elvan BrenpeTdv Bk
TOU TroAvwwvipou ¢(x) = x* — (ay + Pz)x + aPyz, TéTe Ba foyun 4 oxéos :

£ n o
e + B +1=0.

(‘Ynodeikrg : *Avaitoarte T (x) els yvopevov TapaydvTwv KTA.).

157. N& Beiyij &1, tav a # P, ToTe TO Umdhormov Tiis Siaipéoews ToU TroAuwwipov f(x)
Bi&x ToU ywopévou (x — a) (x — B) elvan :

f(e) —1CR) + PI(e) — ot (B)
a—p p—«a

u(x) =

Mofov 16 UmdAoimrov &v @ = B ;

158. Elpete Thv Ikaviy kal dvayxalow ouvbrikny, Tva # Elowois: x* —3ex + 28 =0
Exn SiAfv pidav.
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159. MpooBiopioaTe T& o kal B, dore f) Hlowars x? — 24x — 72 = 0 v& Tiferan Gmwd ThHY
HopefV (;‘%g)’ = —g—. 'AxoholBuws va Aubi) 1) tlowais alTn.

160. 'Eav To UmoAormov Tiis Sioupioews ToU ToAuvwwipou f(x) = ax* 4 Px® — 18x? +
+ 15x — 5 B1& ToU @(x) = x*—3x + 2 elvan u(x) =4x — 7, v& Bey®i 611 a =1 xal P = 4.

161. Aceifare &1 TS UmdAorrov Tiis Sicpéoews dxepalou oAvwwipou f(x) Si& ToU x? — a?

f(a) — f(—a) f(a) + f(—a
TR 3 1y

162. Arx molas Tipds Tév k kal A TO moAudwupov: f(x) = 3x* —kx?® + 5x*—9x + A
Bionpelran S1& xt —1

163. 'Eav (a—P) (B —7v¥) (y — a) # 0, v& tmiAvbdij 16 oVornua :

4o tay+z=1
PP+Px+Py+z=1
Y+yx+yy+z=1

('Ynodergig : TaparnpfioaTe dT1 76 moAudvupov f(t) =t + xt* + yt + (z—1) Ea pi-
Los T& a, B, Y)-

164. 'Axépaiov ToAvwvupov f(x) Siaipolpevov Bid x2 4+ x + 1 6(8e1 UmdAormov x — 1,
Gioipotpevoy 5¢ Bi1a x? — x + 1 8i8er UréAorrov 2x 4 1. Né& eUpedij 1o UmrdAorov Tiis Sicupéoeas
f1(x): (x*+ x4+ 1).

(‘Ynoder§ig : Moapornprigore 6i: x* + x4+ 1= (x?+x+ 1) (x2=x + 1)).

165. "Eotw f) tflowais x* + ax? + Px + y = 0, Tiis dmolas ) pla Té@v pildv elven Ton
e 1O &Bporopa TAV SUo EAAwy. Na eupedi) mola ouvlirikn Umdpyer peTafl T&Y ouvTereo T TS
tEiodoews kal v eUpebouv al pilar Tns.

166. 'E&v k, A, p e N, v& Beyij 11 70 ohudvupov x3k+2 4 x3+1 4 x3u Sicupelton Sick
x4 x 4+ 1.

167. MNvwoTol dvTos 811 TO ToAuvupoy {(x) = x® + ax? + Px + y ut dxepalous ouvte-
AeoTas Siaipeitan Bi&k ToU X2 —2x + 1, v& SeyBfj dmi: |a| 4 ||+ | Y= 3.

168. 'Eav —4 kal —164 elven T& Umdhormra Tév Biaptorwv f(x): (x + 1) xal £(x):
(x — 3) dvmioTolyws, TéTe v& elpedfj TO UmrdAorrov Tiis Bropboecos f(x) 1 (x?—2x — 3). "E&v
TO ToAucovupov f(x) elvan Tetdprou PaBuol ué pilas 0, 2, —2, woia f &\An pifa Tou;

169. 'E&v veN, v& d&mobey®i & o mohvdwwpov: xVT2— (2v 4 x4
(v + !)_x:z" — 1 Sraupeitan S ToU (x— 1)%

Q‘L()_.}EGQETE Thv petaU TéV o, B, ¥, & oxtow, va al pifer py, py, Py TOU TrOAVGVULOVY :
ax? 4 Bx? 4+ yx + & wAnpoUv THv oxfow: p, + py = 2p,.

171. N& dpiofoiv ol mpaypatikol dpifpol a xal P olTws, doTe TO TOAVWVUHOV
X'+ (a— P)x® + 2ax? —5x + 4 va Bapfitan B1&r THs peyaAutépas Suvarils Buvduews ToU
x-—1

172. 'Edv T& morvcwvpa f(x) =x* 4+ ax —P kal e(x)=pPx*—ax—1 pt o, PeR”
Eyouv piav TporypaTikiy pilav kowrdy, TéTe loxuour al oxéoeis :

D pid = =20 2) [pul 4 el + ol > o B8 py pa oy chvan pibon 703 1(X).

173. Aciare 11 B1d& kéde pifav p ToU ToAvwwvipou (X)) =xv 4 a,_xv-1 + -0 + ayx +
+ @ i TpaypaTiKoUs ouvTereoTds, foyver fy dvigdTns :

11 <1+ lavt |+ |ava| 4+ oo+ ey ] + o)

174. AiBetcn 1o moAudvupoy f(x) = x?! + ax + B, (a, BeR) kal & mwpayuaTikos &pi-

Buds n wé n = 2. 'Eav m xaréowpev Tov max { | £(0) |, |f(n) |, |f(=n) |}, TOTe Beiforte ST1:
m = max { | {(0) |, [f(n) |, i f(-m) |} =n.

elvar 16 : u(x) =
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175. Edpere THv peraly 16w a, B, v, 8 oxtow, va al pifet py, Py Par Py TOU TOAV@VIHOU
X¢ 4 ax? + Px* + yx + & ouvbéwvTan Si Tiis oxfoEws @ Py + P2 = Pa T Pu-
176. 'Edv 16 Tohudvupov f(X) = x*+ ax? + Px + v, Bvla o, B, y € R, Exn SimAfiv pifav
&p1Bpdy p kol elvan p =0 A p= 1+ }'2_, vé &modery8fj &ti:
le|+ [Bl+|yI=e*+ 2.
177. N& &mobeidj 611 Td Umdhormov Tiis Biaupéoews dxepaiov moAvwvipcy [(x) Bik Tou
—2px + p* elven 16: m(p)x + 1(p) — pw(p), Gmou m(x) elven TS TAiKoV T Bionpégews
L1 — 1)) (x—p)-
178. *Axépaiov Tohudvupoy Sicapolevoy Bid X + 2 5ider Urdhorov 7, Sicnpovpevov B
x — 3 &iber Uméhormov 17. Ti Umdhormow Bé Basan,&v TouTo Bionpedi Bix ol x* — x — 6 ; Tlpoabio-
pioare v To0TTov ToAVVupoy. YroBioaTe drohoUBws 8T TO ToAubvUkoY TouTo elvan TpiTou
BaBuol kal Sicapeitan ( dxpiPéds ) B Tou 2x2 + X — 3. Tlelov elvan TdTe TOUTO
179. Eav o, B, YyeR, y # 0 xal af pifa py, py ps TOU TOAVGVUPOY ©
f(x) = x® + ax? + Px+ y
TANpoUV Tas OxigEs: |py| = 2|py| =3 |psls TOTE Befbare omi: jap | <1l |y |.
180. AlSetan To dxépaiov TTOAVGVUHOY ki TipayuaTikoUs guvTEAEDTAS :

t(x) =a, x* +o:v_lx"‘l 4 oo X + .
Ofropev | x | = 6, Umobbrovres 6 £ 1, xal m =max { |gls [0l [esleey fo,_g b e, ] de
N& &modeaydij &mi:
v+l_1
T e
) | =m - =5

Il. AKEPAIA TIOAYQNYMA TIOAAQN METABAHTQN

‘Opoyevij kKai ouppeTpika moAuwvupa.

§ 79. Eicaywyikai #vvoial — ‘Optopoi. — Qs els v § 50 dpiotn f
Evvola Tou dxepalou TToAVGVULOU UGS peTaPANTRS WE OUVTEAEGTAS TTPOry HOTIKOUS
&piBuous, kaTd TOV adTdV dKkpIBRS TpoToV elodryeTal Kai ) Evvola TOU TroAUWVULOUY
v TO TARBos HeTaPANTEY X, ¥, Z,. .., L.

"Emeidh eis GAas oxedov TAs Epapuoyds, TToU oUVaVT@uEY els TO TTapoV Ke-
pdhaiov, ai peTaPAnTal Stv elvon mepioodTEpa TRV TPIGY, 51& TOUTO KATWTEPW
8& ‘meploplofidpey els TOAUVULX TEIGY HETAPANTOV X, ¥, 2° ai 8¢ mTpoTdotls
of émrotan 8& SiaruTreofoly, yevikeUovTal, Bv yével, kad 81 TToAuvupa TEPITTOTE-
pwv PeTAPANTEV.

KaTdmriv ToUtou Bibouev ToUs kdrwdt oprouols :

a’). Alcspmov povévopov TGV X, ¥ ,z KaAeiTon TEOC EKPPATIS THs HOPPTS

arxk yh z¢ (@9
émou a (oTabepds) TparypaTikds dpibuos kai k, A, u qwamoi &piBpol A undév.
‘O &piBuds a KaAeiTal ouVTEAESTIG TOU HOVGVUHOU (1), T& 8¢ oUuPora x, ¥,
xohoUvtal petafhnrai. To &bporopa k -+ A+ u 1oV exdeTddy, tp’ Soov a # 0,
kaAeiTon Pabpog Tou poveoviuou (1). Edv k= A= p=0xal a %% 0, Td poviovupov
(1) évéyetan eis Tov oTadepdy &piBudy o kal Aéyopev s TV TV TepiTTGY
811 16 povdvupov (1) elven padpod pndév. "Eav o= 0, TTe TO HOVEOVUHOV KO-
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AciTon pmdevikdy kal v dpiAoUpey S1& Tov Padudv Tou. TéAos édv o # 0, Aéyouey
&1 1O poveovupov (1) elvan o5 pods x Paduol k, ds mpds y Babuou A, ds wpods
z PaBuol p, ds mpos x kai y Pabfipol k + A, k.o.k. OUrw, T.%., TO HovdvuoY :
—3x2%yz? elvat Gou PaBuol, vd ds Tpds x kal z elvan Babpol Sou.

B). Avo povedrvupa kehoUvTar dpota (s pds Tas PeTaPAnTds Twv), &v &v TH
TapaoTdoel Twv EXouv Tas aUTAs HeTaPANTAS kol éx&oTny pE TOV abTdv éxBéTny,
Siagépouv Bt (&Gv Srapépouv) povov katd Tous ouvteAeoTds Twv, OlTtw, ).,
T poveovupa :  —3x%yz?, 2x%yz® elven Spola. '

T& pf SpoIa HOVGOVUMS KOAOUVTOL Gvipoia.

T& povarvupa TS Bopfis : axk y* z¢ kal —axk y* z¢ koAoUvten édvribera.

Avo uf) undevika poveovupa axk y* z¢4 kol BxY yP z° koAoUvron &k tavtdtn-
tog Too kal yp&gopev axk y* z¢ = Px¥ yP z° TOTE, kol povov TOTE, &v :

=P, k= A=p; =5

7). To fporopa TV dxepaiwv poveovipewy @ oyxkiybizh,  apx¥eyhzis, |,
a, x y’“‘ 2"V apioTaron olTew :

cqxkiyhiz 4 apxkeghagn 4 o oo XV YR R

*Edv B T& 65 & povdvupa elvan Spoia, o &fpoiopa altdv elval povavupoy
Spolov Trpods aUTd, Exov ouvTeAEoTHV TO &Bpoiopua TGV CUVTEAESTAV TEOV poveo-
wpwy, fiTol:

ayxEyr b apxkyr i o o xEyh b= (oo - o) xRk yhar .
‘H elpeois ToU &Bpoloparos TéY dpoiwy poveviuwy kodeliTar avayoyl oUTdv.

‘H drapopi SUo poveovipwy dudyetal els THY Tpdodeatv ToU dvTibéTou ToU
GQUIPETEOY HOVEOVULOU.

I'wopevoy T drepaiwv povevipwy apxkiyhiziy, ayxkayhghs L, o x*v g gy

Babkat o obky Rttty it iy

KOAEITAl TO HOVGOVUMOV | ;0,. . .G X y

"Ex THs dvwTépw Ekppdoews ouvdyopey 611 & BaBuds Tou yivouévou BUo 1
TepIoCOTEPWY | PNBEVIKGY povwviuwy s Tpds ékdoTtny petaPAnTnv igouta
Tpds TO &Bpolopa TEY PaBudy TGV povavipwy ¢S TTpos THY v Adye ueTaPAnTnv.

*Axépaiov povvupoy Aédyopev &T1 elvon Sapetov 81° &Adou, uiy undevikoy,
drepadou povavipou, TéTE, kal povov TOTE, &v UTdpyT GKEPQOV HOVGVUHOY, TO
&troiov TroAAaTTACoIadouEvoy €l TO BevTepov BiBel TO TpddTov, fiTol dTav TO
TAikov TV BUo povwwipwy elvan &xépaiov povdovupov. Ty, TO &répaiov pove-
vupov 12x3y2z5 elvan Sicnpetdy 81 ToU dkepaiou povevipou 4x*yz?, B16T1 TO TM)-
Aikov elvon T &képaiov povevupov 3xyzi.

8°). *Aképaiov molvdvupov TGV X, ¥, 2 koAsiTan kébe &Bpolopa drepaiwy po-
vaovUpwy eV X, v, z, &k Tév dmoiwy SUo TolAdyloTov elvan dvouola, fiToi Ev
Gképaiov TIOAVGVUPOY TV X, ¥, z elval pia TTapaoTaois TTis Hopefs :

1 " i i K s
ayxkiyhizi | opxkayhazi - o oty x eyt 2 &)
émou ay, o, . . ., &, (orodepol) wparypaTirol dpibuot ked ki, Ay, Wy 1=1,2, .., v
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drépanol pn dpvnTikol. Of &piBuol «y, ay,. . ., a, kaholUvTal evviehestai ToU To-
Avavipou (2). Ta povavupa, £§ dv oUykertan 1O TToAu@vupov (2), kodoUvTal
Bpov aTou. OlTw, T.X., 1) TapdoTaois :

5x%y?z — 3xy%z + 2x%yz® — Txy
elvan v dicépanov TToOAUGVUPOY TGV X, ¥, 2 ME Spous T& HOVWVUNA :

5x3y?z, —3xy%z, 2x%yz3, —Txy.

Al T& TTOAVOWUA v HETAPANTEV X, ¥, Z,..., t B& YpnoigoTroiddusy Tols
ouppoAiopols :

XY %0s e cab) D) 0K Y Zoie b)) N T{E N2 o o00) T BOEY.2 500 b) KNS

OUtw, m.X., TO ToAuvupoy (2) TGV METAPANTEV X, ¥, Z YP&QeTal :

1(x,5,2) = o x™ yv 2 4. - gpxkayhizis 4 apxEiyhigi, 3)

KotolUpev « arnypévoy » v dxépaiov ToAucovupoy, els TO dtroiov £youv EkTe-
Aeof) ai onueiwdeioat Tpddeis kai 1) dvarycyn TéV dpoiwv Spuv.

Katwtépw AbyovTtes «modvdrvpors 8 dvvoddpev «dxéparoy dynyuévov motvd-
POUOYY .

’Eqv mévTes o ouvtedeoTad &vds moAvwvipov f(X,y,z,...),v TO TrAfifos
peTaPANTOVY, elvan undév, TOTE ToUTO KoAeiTan TEAIY pndevikdv molvdvopov 1
noivd@vopov £k tavtotntog loov npog pundév.

Eis v mepimTwow althv yphoopev émions: f(x,y,z,...) = 0. Eis iy
autifeTov 8¢ mepimTwow ypdgouev :  f(x,y,z,...) 0.

Bafpog évos, pn undevikou, dxepadou ToAvwvipou kodeital & péyioTos Pao-
Buos TGV povwvupwy aiTtou. OUTw, T.%., TO TOAUVUHOY :

f(x,y,2) = 3xy® — 6x° 4 3x%y%2% — 524, elvon ¢P&Suov Pabpol.

BaBuds éves moAuwvipou s Tpods piav peTaPAnThy KoAelTan & ueycAUTepos
éBETns TR peTaPAnTiis TalTns. OUTw TO dvwTépw ToAvwvumov [(x,y,z) ds Tpds
ThHv MeTaPAnTHV X elvan Sov Pabuoy, ds pos v 3ou kal dxs wpds z 4ou Pabuou.

€). "Ev d&xépaiov molvawvupov f(x,y,z,...), ToU émolou TavTes of Spol
(&1 Spotot) elvan povdovupa ToU aToU Paduol s Tpds TAs HETAPANTSS X,Y,Z,. . .
koAeiTan dpoyevés. ‘O xolvds Pabuds Tédv Spwv Tou kaAeitan Pabpog dpoyeveiag
Tou TToAuwVULoU.

K&Be un) pndevikov woAvwvupov {(x,y,z,...), v PoBuold Slvara va ypag
Ko Eva axpiPdds TpdTrov UTrd THY HopenV :

f(xiyiz. ) =i vz Y i@y, ) spf (kg ), | (4]
&vla fy (x,y,2,...), k=0,1, 2,...,v elvar dpoyevés roAucovupov k Pabuou dpo-
yeveias f| TO undevikov moAudvupov kai f, (x,y,%,...) 0.

Eis mepimrrwoty, ko’ fjv 10 oAumvupov f(x, v, z,...) Exe ypagd Umd Thy
vopenv (4), Aeyouev 6T1 TouTo Exel Srataybij eis duoyeveic duddag.
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Kardémyv ToUTwv &v drépaiov TroAuovupoy TpIdV peTaPAnT®VY X, y, z Suva-
o1 v Birarayfij els Opoyevels oudBas dg kaTwbh :
f(x,7,2) = %+ [X + %Y + gz ] +[ &yx? - a5y + g2+ x;xy + cpxz+ ayyz] 4

+ otyox? 4 oty y? + x1p2% + Xy + o X%z + OygyPX -,
Bha o, &y, Oy O Oy Us,. . . Ol CUVTEAETTAL TOU TTOAVWWVUHOU.

ot’). Td &Bpoioua, f) Siagopd kal TO yivopevov TToAvwvUpwY TEIGY Kal ye-
VIKESS v UeTaPANTEY SpileTon cs drpiPdds kad i1 ToAucovupa wds peTaPAnTis.
Kotd ouvémelay kal T& TroAvcvupa v To TATBos PETAPANTOV pé TpaypaTikoUs
guvTEAESTSS &TroTeAoUv daxtiliov, & droios oupPolifercn pé: R[x,y,z,...].

‘H lodtns peTabl Suo drepaiwy ToAuwVUPWY, TIEPIEXOVTWY TS QUTAS PETX-
pAnTas, GpileTan s kai S T& TOAUdVUHA WSS peTaPANTHS. "AxpiPéoTepov Aé-
youev 811 :

Abo dxépara molvdvopa f(X,¥,Z,...) kai @(X,Y,%,...) slvar loa §j éx tav-
t6tnrog ioa, kai ypapopev [(X,Y.%,...) = @(X,y,Z,...), to1, xai povov tote, Gv
clyketvrar anod isa povivopa #i,6mep o abtd, dv 1j Sagopd twv elvar 0 pndevi-
kov molvdvopov. “Htor :

fLY,Z,. . ) = 0(NY5...) = [(XY,2,...)—e(xyz...) =0
opa

O¥Ttw, T.X., T& TOAVWVUMA :
f(x,y) = ax?+ Bxy + yy2—8x + ey +0 woi o(x,y) =2x*—3xy+y*+5x+4
84 elvan ik TauTéTNTOS foe, TOTE, Kal pdvov TOTE, &v :
a=2, p==3, y=1, 6==5, ¢e=0, 8=4.

£). KadoUpev apBpntikfiyv tipfv ToU rodvewvupou f(x, v, z,...) 8ix x=«,
y=p, z=vY,..., fvBax aPB,y,... &piBuol mporyuaTikol fi pryadikoi, TOV d&pi-
Buov f(o,B,Y,- . .), © Omoios TpokUTrTEL, Gv els TO TTOAUvupov f(X,y,Z,...) dv-
TIKATAOTHOWHEY TAS PETAPANTAS X,V,Z,... B1& TGV o,f,y,... &vTioToiyws.

"Ex ToU dpiopouU Tiis 106 TnTos BUo ToAuwvUHWY v LETaBANT@®Y Kai Tou dpi-
GHOU TOU UnBeviKoU "TOAUWVUHOU TTPOKUTITEL OT! :

Eav 1(x,7,2,- - -) = o(x,¥,2,. . -) => [(«,B,y,...)=9(xB,Y,...) xal éav
[(x,y,2,...) =0 = f(¢,B,Y,...)=0 8i&x k&Be v—ada TIWdV a,B,y,... TOV
X, ¥, Z,... QUTIOTOIX0S.

Mapatipnors Mid Ty &wdbafv pordoewy, al dmoim dvagépovtan els oAV La
TOAGY peTaPANTRY, Siatdooopsy ouvifws alTa o5 Trpods wicw peTaPAnThv. "AxpiBioTepov ioyUel
1 Efjs wpdTaos :

Kafe pi pmdevikov molvdvopov f(x,y,z), v Pabpod g mpog thv perafiiniy X, ddvara
v Statay0ff kata tag Katobous Suvapets thg petafintils X Katd povadiKov (Lovosijjavtoy)
Tpomov Hro TV popeRY :

15Y,2) = tv (1D X" + h-t (R X' '+ -+ L(y,2) X+ L5, (4)
ivla 1y (v,2), fv—1 (¥,2),. . . 1,(¥,2) Gxipara molvavepa tév petafintév y,z kai fv (y,z) # 0.
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Tpogavdss ) Bidrabis adTn yiveron dos 4Efs :

ZulAéyopev TpddTov Tous Spous,ol dtrofor Exouv TO x els THY peyouTépay Bivapw v, kal petafy
aUTév Edryopey kowdy TrapdyovTa TO XY , &Te Exopev (s GUVTEAEDTHY TOU XY bV yével TTOAUGWULOY
Tév y Kol z, 15 bmolov kaholuev fv (y,z). "Axcholbuws ouhhéyopey Tols Spous,ol dmoior Exou T
X els Ty Slvauw v— 1, kol petafl alrdv EEdyopev kowdy Trapdyovta Tov xv—1 kel Exopev olTw
s ouvTeheaTHY ToU XV—! &v yével Tohudvupov Tév y kol z, TO dmolov kaAoUpev fy_1 (y.z). Tpo-
YwpouvTes kB’ Spotov TpodTrov oUAAEyouEy TEAos Tous Bpous, ol dmroior Bkv Exouv ThHY ueTaPATTHY
x kal of &tmolor &wapTifouv Tov TeAeuTaiov Tpoadetéov f,(y,z) ToU dvarrTiyyatos (4).

TS alrd wohudvupov {(xX,y,2), v elven PaBuol p s pds plav EAANY peTaPAnThY Y.
ThY y, Blvaron vk Siarekdff kard Tds kamiodoos Suvdpes ToU y, BnA. v& AGPny THY poperv

fy2) =fu (x2) y# + fu—a(xz) o=t + ...+ Li(x2) y + fo(x,2), (4)
tvBa 1y (x,2), fu—i1(x,2),..., fo(x,2) Sxépona TOAVGWUpa TGV X,z kad Ty (x,z) #= 0.
‘Egpappoyf. Té mwoludvupov :
I(x,y,2) = 5x%y*2® — 3x%yz® + 2x%2 — x'y + 4yx — Txy*z + 3z —2y
BiardooeTan kaTtd Tas KoTiovoas Suvaiess Tis pueTaPANTHS X s kKéTwh :
{(x,y,2)=0y2® —y) x* + (2z — 3yz8) x* + (4y — Ty2z) x + (3z—2y).

1'). "Avéhoyor TpoTéoels Tpods Ta fewpripaTa | kaid 1l Tév §§ 52, 53 Siaru-
ToUvTan Kal 81& ToAudvupa TrepiocoTépwv Tis &S peTaPAnTGY, fiTo!l

lov : ’Eav 10 nivopevov 8o dxepaiov rolvavipov f(x,y,z,...) kai ¢ (X,y,Z,...)
elvar Ek tavtéTnTog pndév, Evd 10 Ev E§ abtdv 88v elvar 10 pndevikov molvdvu
pov, tote to dhdo elvan 2k tavtétnrog pndév. AnAadn :

Eav 1(X,Y,2,. . .) - 9(X,),Z,. . . )=0 xai ¢ (X,¥,2,. . .) E0 —= [ (x,y,2,...)=0.
20v: Eav 1(X,¥,2,...) - @(X,)3%. . . ) = B(X,)5Zs. . .) - @(X,¥,5,...) xai
Q(X,y,2,...) £0, zote: 1(X,¥,%...) = g(X¥>%...).

AwaipeToTng dKEpaiwv TOAUWVIPWY TTOAARDVY peTaBAnTiv.

§ 80. TeAcia Sraipeoig. — ‘H TeAela Sixdpeois dxepaiwy ToAV@YUMWY Tre-
piocoTépwov Ths Wds peTaPAnT@Y OpifeTanr ds kal S1d T& ToOAUWVUPX WIds pe-
TaPpAnTis. OUtw 8& Adywpsy 6T1:

Tod pi) pndevikov nohvdvopov @ (X,¥,2,. . .) dwarpel 10 £(x,y,2,...) xal ypago-
pev @ (XY,%,. . .) | 1(x,y,Z,. . .), T01e, kai povov to1e, v dndpyn dxéparov Tolvdvo-
pov m(X,y,Z,...) towodtov, dete v ioydy 1 tavtdtyg @

1(X.¥.Z,.: . )= @(XL,}:E)...) : R, ¥, 8. .. )s (¢))]

Eis Thv mepimTwov abThv Aéyopev Emions 611 1O meAuwvupov {(x,y,z,. . .
deatpetrar (SxpIPdds) 7 elvar diaperdr B1&x ToU ToAvwwipou ¢ (X,¥,Z,...)
dxdun 611 1) Siaipeots {(x,y,2,...) : ¢(x,¥,%,...) elven redela.

To mohudvupov T(X,¥,%,...) koAeiton éwions andixor Tiis Tedelas Sionpé-
oews 1(x,y,%,...) : 9(X,¥,%,. ..). OUtw, .., TO MoAUGVUPOV (x,y) = x3+ y?
Bronpeitan (Sxpipdds) ik ToU o(x,y) = x* — xy + y? xal 8i6ar TnAikov TO ducé-
paiov ToAucvupov T(X,y) = x+¥.

)
f
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Elvon pavepdv 61 70 mmlixoy tijs Tedeiag dargéoewg Flz ) e (%)
ffrot T6 moAvdwopov A (2Y,5,- - . ) dollerar povoonudvrws” TpdypaTl, Eav UTfjpye
kai &AAo ToAudovupov T, (X,¥,Z,. . . ) TOIOUTOV, GOTE :

(Y5 - ) = o325 .. ) - M(XY 2% ) (2)
ToTE, Suvdpel Téw (1) ko (2), 8& eiyouev:

R, 2y <o) ~ TO(X, Y, 25000 )= (X, ¥,%,- .- ) T (X, 72, . .)
Kol ETTOMEVCDS ¢

‘P(X.Y:Z.- . ) ;i ['n'(x,y,z,. 3. ) "'ﬂ'x(X-erv- . )] =0 (3)
AME @(x,¥,2%,...) F£0, 68v (§79,n) 0a elvan :
(X, Vo2 - ) — MKz, ) =0 A wxyz. . ) =Emxyg,. . )

AnAadt) Ev pévov TnAikov UTapyEr.

Inpeiworg Els Thy mepimreow moAvwvipwy TepioocoTépwy Tiis WEs peTaPAnTdY Btv
loy e Bv &véhoyov Bedprpa Tpds T THs § 64. Kard TalTa
Aobtvrev Buo Tohuwvipwy A(x,y) xal B(x,y) 8iv Umépyouv mévrote SUo oAUV
Q(x,y) kal R(x,y) (utBadudv ToU R(x,y) wixpéTepoy ToU Padyot Tol B(x,y) ) TooUTwv,GoTE :
A(xy) = B(xy) - Q(xy) + R(x.y)-
Mapaderypa: AxRy)=x*+ 2xy'—x+1, By)=x+y-L

* ATTOBEIKVUOPEY KOTWTEPW Meplk& Paoikd BecoprjpaTa BiapeTdTNTOS.

§ 81. @cwprpa.— *Aképarov nokvdvopov 1(x.y,z) Sunpeita d1a Tol Srwvi-
pov X —y TOTE, Kai pdvov tote, @v: f(y,y,2) =0, SnA. xabioTaTon & TauTéTN-
Tos undtv, &Tav els aUTd TeB dvTi x TO y.

‘Anédaitic. “EoTtw &m x — vy | [(x,y,2), TOTE, t&v koAéowpey T(X,¥,z) TO
TrnAikov THs TeAeias Bianpéoews (x,y,2) ¢ (x — ), 8 Exoouev THY TOUTOTNTA :

f(xry-z) - (X_Y) i ﬂ-(lerz) (€)]
' AvtikedioTévTes s Thy (1) 1o x 51& ToU y AapBdvopey :
f(y,y,2) =0. @)

*Avriotpogos. “Eotew 8T loyue 1y (2) xai 611 v elvon & Pabuds Tou f(x,y,z)
s Trpds THY peTaPANTHY x. TéTE 6 f(x,¥,2) TibeTon UTTd TV Hop@Tiv :

f(x,y.Z) = fv(y'z)x" =1 f\'——l(y-z) > S =l B o fl(Y!z) x+ fﬁ(le)'

*Edw exteMbowpey THY Sialpea Tou (x,y,z) Bi1& x —y, O& elpwpev &v -
Alkov T (x,y,z) kal &v UmdAortrov undevikoU Padpol s Tpds THY WeTaPANTAV X,
BnA. v dxépaiov TIOAUMVULOY i) TIEPIEXOV 10 X, GAAG pdvov Tas PeTaPANTAS
y kal z.

"B u(y,z) xahéowpev 16 &v Adyep UmdAormoy, B Exwpey TV TOUTOTN T :

f(x,y.2) = (x —y) - w(x,y,2) + v(y.2). €)]

*AvtikeBioTévTes el THY (3) TO x upE 1O y kal ExovTes U Sy ThHy (2)
AauPévopey :

u(y,z) = i(y.y,2) =0,
SnAodn 1o u(y,z) elvar TO pnBevikdy ToAUGVULOY, &Te 7 (3) yivetan :

i(x,v,2) = (x=y) - w(x,y,z), Bnhadn (x—y)|f(x,y,2).
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§ 82. ©ewpnpa. —Eav axépatov molvévopov f (X,y,z) Sunpiitar 8 Evac
£kaotov T@Y Srovipwv: X —y, y—2, 2—X, 161 Ot Srapfitar kai 51a Tob yivopévo ;
B Mty G=PG-2)@-x)£0
Kol avTietpogos.

'Anoder&rg 'Eg’ Soov, £ Umobtoews, T6 1(x,y,z) Bionpeiton ik x — Y 8& Excopev, dav
™ (x,y,2) xahéowpey 6 TTRAiKoY THs Bixipéoews TAUTNS ¢

ey = (x~y) - m@xyz). M
'Edw els thv (1) Tedf Smou y 16 z AauPévopey ;
1(x,2,2,) = (x—12) - m(x,2,2). @

"Emeidh) peos 10 1(x,y,2z) Sicnpeiton Bié Yy —z, 8&elven (§ 81) f(x,2,2) =0.
Tére dpeos éx Tifs (2) TpoximTTen ™ (%,2,2) =0, 51611 x—z2 350,

"Ex Tfis m,(x,2,2) =0 mpoxumTel 8T1 Td TOAUGWULOY ™(X,y,z) Sicupeitan (dxp1Péss) B
y—z, 88w 8& Exwuey, tdv T,(x,y,2) kohbowpev Td TrrAlkov Tiis Sicupéoecos TadTng :

A Trl.(x!YIZ) = (Y g z) Tf:(xn}':z)- (3)
H (1), Aéyw s (3), ylveran :
fxyz) = (x— ¥)(y—z) (X, y,2). 4)
"Edw els Ty (4) Tebij dmou z TO X, Aappévopev :
I(xy.x) = (x—y) (y —x) - my(x,¥,%x). ()

‘Emeidn Spws 16 {(x,y,2) Sioupeiton S1&k ToU z — x, B elven f(x,y.x) =0.
Tée Sucos & s (5) wpokUmrTer 1 y(x, ¥, x)=0, &ivn (x—y) (y—x)==0.

"AMGE Ty(X,y,x) =0 Bniol ém TO ToAudVUMOV To(X,y,2) Binpeltan (&kpiPéss) ik
ToU z—x. *Apa:

m(x%,y.2) = (2 —X) - w(x,y,2), (6)

BBa m(x,y,2) elvan 16 TrAfKov THs Siaiptoews (x,y,2) : (z —x).

*H (4), duwvdpear tiis (6), ylveren :

fuyz) =(x-y) (y=2z) (z—x) - 7(x,y.2).
Zuvemrds 1O 1(x,y,z) Srcupeitan dxpiPds kal Bi& ToU ywoutvou (X —y) (y —2) (z —x).
To &vrioTpogov elvar mpopavés.

Ar dvoddyou Tpdmou dmobeikvieTar kad TO KdTeob :

§ 83. @cwpnpa.— Eav axéparov rolvdvopoy f(x,y,z) dwpijran :
() e x4y, y+z, z4+Xx - Sumpettar kai dua (x-y) (y +2) 2+ x)
(ii) dwa % ¥ 2, <= » » » X-y-Z
(iii) & X+ y—z, y+2—X, 24+X—y <= » » » (X+y-2) (y+z—x)
(Z -+ x—y).

Znpeivworg Ta mponyoUpeva Becoprierrea loybouv yevikdss &i& xéfe moAudvupoy
f(x,¥,2,. .., 1), v 10 TwARfBos peTaPAnTéy, of && amobeifers elvon TavopoidTuTrol TéHV dveoTépw
@5 kel B1& TOAUGUUNA TEIGY peTAPANTGRV.

'Epappoyi. 'Eav v guoikog apibpog, va oe1x0f 011 0 molvdvopov :
!(x,y,z] o (x oy z)2v$1 b x2v+l £ y2v+l i z2w+l
Srapeivan 1 Tod yivopivou: (X + ¥) (v + 2) (z + x).
Aborg "AvTikaBioT@OuTe TO X 1 TO —y €lg T 1(x,y.2) ebploxopev :
I-yy2)=(oy + ¥+ )2 F - ()Pl y2vbl vt vty yR Ly vt
"Apa 1o f(x,¥,z) Bienpetten (GrpiBads) S x ¥. “Ouofes dmoBeikvieTon 11 Sionpelten S1r y + 2

kal z + x. ToTe dpws, oupguvws pos Té Teheutaiov Sewopnua, 1o 1(x,y,2) & Sropfitan kai Bid
ToU ywouévou (x + y¥) (¥ + z) (z + x).
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‘Opoyevi] ToAuwvupa

§ 84. "Opiopoi.— Eis tv mapkypagov 79 eibousy 5Ti: “Ev axépawoy mo-
Judwopoy 8o 1) meptocotégwy ueTafilnTdy xaleital opoyevis TdTe, xai pdvoy
réte, dv Ghou of Ggou Tov, dnAady) Ta povdwvua (i) pndevied), EE v elyxeitar,
elvar Tob abrod Pabuot ds moos o abvolov Tdw werafinTav.

‘O kowds PaBuods TéV dpwv Tou kaAeiTal fabudg opoyeveiag TOU TTOAUWVUHOU.
Ofrrw, T.X., TO TWoAudvupov : [(x,y,2) = 2x* —y®+ 32° + x%y + y%z — z®x +
+3xyz elven dpoyevés, Tpitou Pobuol. Emions To ToAvcvupoy @ (X,¥) =
= x%y — 2x2y2-+ 3xy?® elvan OpoyevEs TETAPTOV PaBuol opoyeveics, Evg TO To-
Avcovupov : g(x,y) = x2+ y2+ xy + x 4y Bév elvon Spoyeves.

"Eotw Thpa &v dpoyevis ToAucvuuov [(x,y,2), BabBuol dpoyeveias v, TOTE &
Tuycov Bpos aUToU O& elvan Tiis opefis : axk y 7, évBa o (oTabepos) Tpaypo-
TIKOS &p1Busds kol k,p,u quoikol dpifuol undév ToloUTol, GOTE va elvan
k+p+ u = v. "0 8pos olros, éav T& X,y,2 dutikaraoTafolv &vTioTolxws UTO
T&V ywouévawv : AX, Ay, Az, Bvba A TU)COV TIpary BaTIKOS &p1Buds, A 7 0, yiveton :

a(Ax)E (Ay)P (Az)H = - Aktetu xkye g = Qv . axkyP z#,
fito1 ToMamAaaideTan i A . *E@’ Soov & Tuycov Spos Tou ToAvwwiuov [(x,y,z)
ToMaTmAaoiddeTar Eml A, EmeTan 8T1 kad TO TOAUGVUHOY f(x,y,z) ToAAamAa-
orddeton gl AY . *Evtelfev Emretan & EEfis iooBUvapos Spiopds ToU OpoYEVOUs Tro-
Avwvipov :

*Axépatov moivdvupov f(x,y,z, ...) Kakeital opoyevis, v pabpod, tote, kai povov
tote, v Dpictatar 1| ToVTOTNG ¢

10X,Ay,AZ, . . ) =N - 1(XYZ, .. 0)
S kade AeR, L #£0 xai  (XN,YZ,...) # (0,00,...).

Mapaderypa: To mohvdvupov: f(x,y.2) = x>+ y* + 2°— 3xyz elvan Suoyevés Tpi-
Tou PaBuolU, SidTi Exouev:
fAx Ay Az) = (Ax)* QAy)*+ (Az)*=3(Ax) QAy) (Az) =7° - (x3+y2+23-3xyz) = A - {(x.y.2).
"Acknots. ‘Amodeiate ThHv loobuvapiav TV dveoTipw BUo Opropddv
ToU SpoyevoUs TToAuwvUHoU.

"1516TTEG TGV ‘Opoyeviv TOAUWVIHWY

§ 85. '1516Tng .- To yvpcvov 8o dpoyevdv nolvavipov elvar ériong
opoyevic molvdvupov, padpod opoyeveiag ioov mpog 10 #0porcpa 1@V Pabpdv 1@V
800 molvavipwv.

'AnéderErg "Eotwoav Té& dpoyevii Tolvdvupa 1(x,y,2), @(x,y,2) Po-
Buciv dpoyevelas v kad p dvTioToiXWS. TéTe O Excopev :

f(Ax,AyAz) = A - {(x,y,2) (DO
o(Ax,Ay,Az) =M - 9(x,y,2). (2
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Ex tév (1) kai (2) Aaupdvopsv THY TauTdTHTA
[(Ax,Ay,Az) - ¢ (AxAy,Az) = A+ - f(x,y,2) - 9(x,Y,2) 3)
‘H (3) pds PePoncover 611 10 ywopevov {(x,y,z) - o(x,y,z) T@v &lo Spo-
yevédy TroAvwvipwy elvar Emions duoyeves ToAUGVUHOY v + | Pabuocl duoyeveias.
Hapatfipnorg To ywdpevov fvds dpoyevoUs kol Evds pf) Ouoyevous
TroAuwvUpoy, kabds kai TO yivopevov SUo pr) Spoyevddv TroAvwvupwy, elvat TroAu-
wvupov p1 opoyeves (Biai;)

§ 86. 1616™Tg Il.— To nnhikov tiig teheiag Srarptocmg dbo dpoysviv mo-
Avovipoy slvar rolvdvopov poyevig, Pabpod dpoyeveiag ioov mpdg tiiv Sragopav
@V fabudv tdv 00 nolvwvipmy.

'’AnéderErg. ‘Eotwoav f(x,y,z), ¢(x,y,z), m(xy,z) dvrioToixws &
Biaipetds, & Biaupérns kai TO TrnAikov m&s TeAelas Siapéoecos kal v, w (v > 1)
&vTioTolyws ol Pabpol duoyevelas T@V f(x,y,2) xad @(x,y,z). ToTe 8& Exoouev :

f(x,y,2) = (x,y,2) - w(x,y,2) )]
f(x Ay Az) =N - f(x,5,2) 2
o(Ax,Ay,Az) =M - 9(x,y,2). 3

‘H TautdTns (1), v Ta x,¥,2 dvTikaraoTaBolv dvTigTolyws Ud TGV Ax,
Ay, Az, ylveton :
f(Ax,Ay,Az) = e(Ax,Ay,Az) - w(Ax,Ay,Az)
f) Buvdper Téwv (2) xai (3):
A - i(xy,z) =M - e(x,y,2) - T(Ax,Ay,Az). (C))]
DMicnpolvTes Tés (4) ke (1) kord wéAn AcuPdvopey petd Tas Tpdgers :
w(hx Ay, Az) = N+ - (X,Y,2),
f émola BnAoi éT1 TO TnAikov elvan duoyeves TOAULVUOY PoBpol Suoyeveias
V= L
Enpeimotrg ‘Hididtns Il dmobewvietan cuvToucTepov Bk Tijs els &romov dmaywyiis.
ExovTes Spws U Syiv Kal THY TapaThpnow T TPOTYOUpEVT)S TTEPATY PAPOU.
Mapatipnots To&powopa fi i Srapopd BUo dpoyeviv TOAUWVIHLY Stv elven mévToTE
duoyevis ToAudvupo. Tepl TouTou PePatotpslo ik TV kéTwob TapaBery paTwy :
Eav.  T(x,y.z) = x® + y* + 2* - 3xyz (buoyevis Tohumwupov TpiTou Badol)
kol  p(xy.z)=x*+ y*+ 2* + Xy + yz + zX (" T» » Seutépou  » )
Té7e T6 &Bpoiopd Toov, fiTol TO TOAUGVUOY ¢
oy, =1xyz) + exyp) =x>+y + 2+ x* + y* + 2 + xy + yz + zx — 3xyz
8tv elven duoyeves Gg TPOS TA X, Y, 2.
*AvmiBéTas, tav Bewprhowiey T& TOAUGUUNG !
f(x,y,2) = x* + y* + 23 — 3xyz (Suoyevis Tohudvupov TpiTou Pabuol)
g(x.y.z) = x% + y*z + 2'x + 5xyz (Spoyevis ToAudwupov TpiTou Pabuol)
TéTE Kl TO :
wlny2) = l(xyz) + glyiz) =x" .y -+ 2+ x%y =+ ¥y + 23 + 2xyz
elvon dpoyevis ToAudvupov Kol pdhioTa Tou abrod Poduoy duoyeveias.
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levikdds: To GBporopa d0o fij nepocotipov Opoyeviy molvovipmv Bda elvar dpoyevig
roludvupoy, £av 1a mokuvdvupa, ta dmoia mpootibevral, elvar tob adtod Pabpol dpoyeveiag.

ASKHIEIZ

181. Acifare 811 1O TOAUGVUpoY ¢ [(X,y) = x4 y?—8xy elven opoyevés Beutépou Pabuou
Spoyeveias.

182. Aei€ore &T1 TO ToAvwwvupev: f(x,y) == 8x¥y —5x?y?+3xy? elvan dpoyevés TeTép-
Tou PBafuol dupoyeveias,

183. Aelfare &T1 TS ToArdwupov: [(X,y,z) = 5%® — y2+4 223 + x?y 4 y?z — 2°X + 3xyz
elven dpoyevés TpiTou Pabuol Spoyevelos.

184. Acifore &m 1O ToAucvupov: f(x,y) = Ox%y? + 3xiyt— l4xy? elvan Spoyevés, &-
y8oou Pabuol Spoyeveias,

(N& yivn €ls Tés dvwTépw &oxnotls xpficls Tou Seutépou dSpiopol).

185. ‘Ouoiws, T1j Poneiq Tol SeuTépou dprouol, Beiforre 611 TO TOAUGVUNOY

I(x,y) = x®— 5xty + 6x%? — 5x%y°® + xy*— y*

elvan dpoyevis Sou Pabuol duoyeveias.

186. AfBovran Tét moAvwwupe: f(X,y) = x*+2xy*+ xy+xy+x+y,

o(x,y,2) == 3x2y*? — 2xy?z?+4 ybz — Txtyz.

Elvan duoyevi; ’Ev katapaTiki] mepimTdoer vd eUpebfj & Paduds Tiis dpoyevelos Towv.

ZUMHETPIKA TTOAUWVUpG

§ 87. BonBnrikai €vvolal — ‘Opiopoi. — o). “Eotwoav v 1O TAfifos
Biagopa GAAAWY BIGTETOYMEVE OTOIXEIX Xy, Xy, - . ., Xy , TG STrola BewpolvTan
s oToryeia vos ouvdou E, fitor E={x;, x5, ..., X }.

Kokeitms petabzeorg t@v v abtdv ctoiysiov kabe apgipovosipavrog
angikoviolg 1od euvokov E &ni 1ol £avtod tov.

Ofrw, m.X., t&v E={x,y, z} kal fecwpficwpey THv &mreikdviow :

X4y, Yy > X, 74> Z,
ToTe aUrn elven pia peTdBeots Ty oToiyelwv ToU TpipeAols ocuvdAou E.
Thv dvwtépw &mekéviow (PeTdBeciv) TroploTdpey oUPPOAIKES oUTw :

X z
( t i t ) fi &mhoUoTepov (x ¥ z)‘)
y x 1z Vo xe g
MeTabéoeis ToU TpiuehoUs ouvdAou {x, y, z} elven kal of Efs :
X L (2 T nyolE b Lz Sl > T BT X ¥y =z
(x y z),(x z y),(y z x),(z X y),(z y x).
“Qoe &k TOU TpipeAoUs ouvdrou {x,y,z ) AapPdvopey 6= 1.2.3 petabioeis.

*) Els Thy mpoTny ypappdv yphgovton T& mrpéTumra Kal el THv Bevtépov kérwbev ikboTou
TrpoTiTTov 1) elkdov alrrol.
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Els &v émduevov kepdhaiov 8 droBeifwpev 811 : To mdiflog tdv peralbéoewmv
évdg ovvdlov éx v orouyelwy elvar ioov mods Té ywduevoy 1-2-3-- v,

Mia eiSikf) mepiTTwols peta®éoecws elvan Ekeivn, ka®® fiv ExaoTov oToiyeiov
ToU ouvddou E &mekoviletan els T mdpevdv Tou, TO 8¢ TeAeuTaiov oTolyeiov x,
els 6 pddToV X,. AnAadn ) petdBeos

(xl Kg- o w4 Ry xv)
Xg Xy, o on TRy X,
Mia ToioUTn peTdBeois koeitan @ kKvkhki petadeos.
a5, ‘H évopacia alrn &Enyeitan dpéows, dav T& v
[v \ SiaTeTaypéva OTOIXEIX X4, Xy, - . -y Xy POVTaOBHUEY
X2 &mi elvon TomoBeTnuévar &l wids Tepigepeias kUkhou
Kkai Becopriowpey Bv kKivnTOV, TO dTroiov Slary pdger THv
Tepigépeiay (o). 5) KaTd THY popdv, Tou Seikviouv
¥3 T& PEAN, TOTE TO KWNTOV peTd TO X, B& ouvavThon
TO Xp, METX TO X, TO Xj. .. kal TéAos peTd TO X, B
\ / OUVQVTHOT TIEAV TO X,.
Kukdikad petabéoeis ¢k BUo oToiyeicwov kaholv-
Tat eidikddTepov dvripetabioeis.
B). "As Bewpriowpev fi8n TO moAudvupov f(x,y) = x2+4 y2—3x+ 2y + 1
Tév peTaPAnT&V x Kkad y. "Eqv dvTipeTabéowpey Tas peToPAnTds x kal y, SnA.
gqv Btowuey qutl x TO y kal dvtl y TS x, 6& Tpoklyn TO ToAudvupoy
i(y,x) = y2 4 x2 -3y +2x + 1, 16 dmolov Tpopavéss elvon Sidpopov Tou f(x,y),
fitor Egomev : f(y,x) & f(x,y).
AvTiBéTeos, Edv Bewpricuey TS TTOAUGVULOY :
fxy)=x*+y*—2xy + 3(x+y) -5
kol qvripetaBéowopey Tas PeTAPANTSS TOU, TTPOKUTITEL TTOAUVUNOY &K TQUTOTN-
Tos ioov Tpds TO Sobév, fitol v Tpokeptvey loxler @ (y,x) = i(x,y)-
‘Opolws, tav Bewpriowpey TO TOAUGYULOY TPIV METAPANTEV :
f(x,y,2) = x*+ y3+ z* — 3xyz
Kol Epapudowuey Emrl TGV peTaPAnTV Tou X, v, z uiav olavBAmoTe peTdBeoty,

Ly

2. 5

X Z ; g e . . 5
AX. TV ( 4 ), fiTo,&v Béowpey Gvti x TO z, dvTi ¥y TO x kai dwTl Z
A

T0 y, 8& Tpokbyn TS ToAUVUMOY :
f(z,x,y) =23+ x3+ y3 — 3axy.

Elven 8¢ : f(z,x,y) = [(x,y,2).

T roAvdvupa Tév BUo TeAeuTatwy TapaBelyudTov KaAOUVTAL : CUPPETPIKG.

Karémv ToUTtwv 8i8opev Tov E6fis dpioudv ToU GUMHETPIKOU TTOAUWVILOU.

’Axéparov, pi pndevikdv, rolvdvopov d00 i nepiecotépov petafintdv ka-
Aeltan ovppetpikdv t61E, Kai povov tote, Gv 81’ olacdfnote perabiccwg td@v peta-
BAnt@dv Tov mpoxbnty moluvdvopov ik tavtétnTeg icov mpds TO GpyiKoV.
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Obrws, gav f(x,y,z) elval ouppeTpikdy TToAudvupoV G5 TTpdS X,¥,z, B Ex-

eV :
f(y,z,x) = f(z,x,y) = {(y,x,2) = {(z,y,x) = [(x,2,¥) = [(x,y,2).

7). "As Bewpriowpey 118N TO TTOAUGVUHOY :

f(y,2) = x*(y—2) + y*(z—x) + 2(x—y). e))

EUkoAws SiamioToUpey &T1 TO &v Adyw TroAudvupov dtv elval ouppeTpikdy,
KaTa TOV Sobfévta dpioudy, 5161, Edv AdPwpev THY petdleotv ( R vy ) Kol

z ¥ x
T épapudowpey &l T@Y peTaPAnTdv Tou, 8& TpokUyn ToAudvupov f(z,y,x)
Biapopov Tou SobévTos.
"AvTiBETs, Eav Erl TGV PETOPANTEV TOU X,Y,Z EQUPUOCWHEY THV KUKAIKAY
petdleov, fiTol &v Béocouey &vTti x TO y, &vTl y T z kol &uTi 2z TS X, O Eycopev :
f(y,z,x) = y¥(z — x) + 22(x — y) + x*(y — 2). (2)
ZuykpivovTes Tas (1) kol (2) Acupdvopev :
f(y,z,x) = f(x,y,2).

Els v mepimTwov alriv Adyopev 6T1 TO ToAucdovupov (1) elvar kukhikdg
ooppeTpikov. "Qoe :

'Aképarov, pfj pndevikov, mohlvdvopov dbo fi nepiocotépov petafinrdv ka-
Aeltol KVKALK®G CUpPPETPLKOV totE, Kai povov tote, Gv & olasdinote
xvkAikiis petabiocwg t@v petaflnrdy tov npokinty molvdvupov Ek tavtdtntog
loov npdg 10 apyikov.

Elvar gavepdy Topa 811 kéBe ouppeTpikdv TroAucvupoy elvan kal kukAikéds
ouppeTpikéy, TO &uTioTpogov Suws Btv &Anbeder (Biai; ).

KarwTtépw eis mepimrredoets, kol &s 1O ToAumvupov elvat KUKAIKES CUMUETPIKOY,
8& Tovileouev ToUTo {BicuTépws.

Haepatfpnere. Els v meplmrwow mwoAuwvipou BUo peTaPAnTdv ol
Evvolal : «wovpueToxoy moAvdvopory Kal «xuxixds ovuuEToXOY modudyuuory El-
val TauTéonuol.

"1516TNTEG TOV CUHHETPIKDV TTOAUWVIHWY

§ 88. "1516Tng |.—To Gbporopa, N Srogopa kai T yivopevov §00 cuppETPL-
k@v molvavopwy elval naviote gcuppeTpikdv toluvd@vopov.

‘H &mdBeibis, dos eUkoAos, mapadeimeTan.

§ 89. "1816Tng | 1.—To nyhikov tijs teheing Siarpiocms 600 ouppETpLK@OY To-
hoovopov (tév avtdv petafintdv) elvor coppetpikov moludvopov.,

’An6dervirg "Eotwoav f(x,y,z), ¢(x,y,2) kal m(x,y,z) dvTioTolyws
6 SiaupeTéos, SiaipéTns kal TO TrMAikov Tiis TeAelas Sianpéoews TV OUMMETPIKEV
mohuwwipwy f(x,y,z) kol @(x,y,2z) £ 0, ToTE 8& Eyewpey :

f(x,y,2) = @(x,y,2) - T(x,y,2). (¢))
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Ak wmds TuyoUoTs peTabéoews TV X,Y,z0 T.X. TS ( . a ), LENEY)
Y =% oV

yiveTon :
i(z,%,y) = 9(zx,y) - m(2,%,y)

ﬁ f(x!YIz) = ?(X,Y,Z) ) TY(Z:X:Y)' (2)
B16m T& ToAvvupa f(x,y,z) kal @(x,y,z) UmeTédnoav ouppeTpikd.

D& ovykploews Tév (1) kal (2) AauPdvouey :

m(z,x,y) = 7(X,¥,2)-

‘Opolws PePatovpeba 811 1) oladfimoTe &AAN petdbeots T@v x,y,z kabloTd
T6 TrAikov (x,y,2z) & TauToTnTOS igoV Trpos tauTd: 8Bev TO T(X,y,z) elval oup-
HETPIKOV TTOAVVUHOV.

Mapetfpnore 'Edv t& mohvdwwpa {(x,y,z) kol ¢(x,y,z) elven xukAi-
KES OUPPETPIKG, TOTE TO TMAikov T(X,y,2) elvon KUKAIKGS CUUUETPIKOV TTOAUG-
vuuov.

§ 90. ‘1816mg |11.—"Eav axéparov morvdvopov I(x,y,z) elvar suppetpikodv
g npog tas peraPintag X,y,z kai Simpiizon ( axpifdc ) 1a ol dkepaiov molvo-
vopov @(X,y,z) Z 0 (obyl xat’ avayknv coppetpikod), tote O drarpijtar dia ravrog
nolve@vopov, 10 dnolov mpoxbnTer £k o0 @(X,y,z) & olasdiinote petabicewg TdV
petaflniév tov.

’AnéderErg. "Eotw m(x,y,z) TO TnAikov Tfis Tehelas Sicpéoecs
f(x,y,2) : 9(x,y,2), TOTE 8& Eywopev THY TauTOTNTC !

f(x,y:2) = o(x,y:2) - w(x,y,2). ey
*Edw els dppdTepa T& péAn Tiis TautdTnTos (1) ExTeAéocopey piav olavdfro-

Te perddeov TV x,y,2° T, THYV ( il R ), TO TpdToY MEAos Bev PAGTITE-

Yot
Tou, 816m1 16 {(x,y,2) elvon ouppeTpikdy TToAudvupoy, évl TO BelTepov péAos yive-
Tau: @(y,x,z) - w(y,x,z), kai &mopbves fy (1) ypdeeTon :

f(x,y.2) = o(y,x,2) - "(YJX!Z)' @)

‘H (2) dewvier T 1o f(x,y,2) Sroupeiton (dxpipdds) Sik ToU ¢(y,x,z).

‘Opoics PeParoUpeda 611 T (x,y,2) Sicupeitan 81 avTds &GAAoU TroAuc-
vOpou, TO omolov TpokUTTTEl ¢k ToU ¢(x,y,z) B1° olaodfmote &AANS peTaBéoews
TRV X,¥,2.

Enpeioorg 'Eav 1o mohucmvupov f(x,y,z) elven kukikdss ovupetpikov, ) 181étns I
loyuer Utrd Th EEfis Spws BlaTUTrwoiw :

Eav axéporov nolvidvopov I(x,y,2) elvar kokkikdg ovppetpikov @ npdg tig peraPin-
106 X,¥,Z Koi Simpfitar Sud tod dxepaiov molvevipov o(X,¥,z) # 0 (obyxi kat’ avayknv ovp-
petpikod), tote 0a Swpfitar kai ia v rolvovipev @(y,z,X) kai @(z,x,y), ta@ dmoia mpo-
kintovv éx 1ol @(X,y,2z) S kvkhikiic petabicewg tdv perafintdv tov.

114

WnionoBrke amod 1o ivotirouto EknmaiSeuTikrg MoAmkrg



Mépropa. — Kvkhikdg ovppetpiedv mohvdvopov 1(x,y,z) Sraipetov da x —y
0a slvar Swarperov kai d1a tob ywvopévov (x —Y) (y —2) (z —Xx), Swupetov da
x 4y 0a elvar Suarpetdv kai dia tob ywopévov (x -+ y) (v + 2) (z + x), Sumpetov
82 dua x + y — z 0d elvan Sranpetov kai dua tob yivopévou :

x+y—-2@F+z—-x)@Z+x-y)

§ 91. "1816™g IV.— Eav v axéparov mohvdvopov f(x,y) cvppetpikdv dg
npdg tag petaPhnras X,y elvar Swmpetov dua X — y, Oa elvar Sraipetdv kai dua
(R=~FF-

'’AnoderErg Emadn o x —y Siapel 10 {(x,y),Umdpyel ToAU@vUMOY
m(x,y) TolouToV, QOTE :

fx,y) = (x—y) - m(xy). €Y
Tée: ((y:x) = (y —x) - w(y,x). 2
*Ex 1év (1) kol (2), maidn 1o {(x,y) UmeTédn ouppeTpikov, EmeTal
x—y) m(xy) = (y—x) - ™(y,x)
fi (x—y) [(v(xy) +w(y,x)]=0. (€))
Emreidny x —y £0, & s (3) EmeTan:
w(x,y) + w(y,x) =0,
fi dvTikaBioTdVTES TO X 814 TOU ¥ ExOuev :
m(y,y)+7(yy) =0, 8A. w(yy) =0,
ouvettéds To m(x,y) elvan SicpeTdv Bid x —y. Kord Tabta Umdpyel ToAuwvu-
pov @(x,y) ToloUTOV, COOTE:
m(xy) = (x—y) - e(xy).
Téte fy (1) yiveton :
fxy) = (@x=y)* - e(xy),
¢k Tis dmolag ouvdyeten 6T TO f(x,y) elvan Siaipetdv kol &1 ToUu (x—y)*%.

§ 92. Mopdai TGOV KUKMKEDG OCUMHETPIKGV aKepaiwy TOAUWVG-
pwv.— ‘H yevikd) uopeh Tév kUkAIKES CUPUETPIKGY drepaicov TTOAV@VUHWY pEXPI
TpiTou Pofpol elvan :

a’). Ava §0o perefinrag x xai y.

1). Iowtofdbura : a(x+y)+PB, o peR, az#0.

2). Aevregofdbura 1 a(x2+4+y2) 4 Pxy-+y (x+y)+8 <o B v,8eR kai

a0 § Pp#0
3). ToofdOpia : alx®+y®) + P(x2y + v2x) +yxy +8(x +y) +& «p,.....€R
Kai o= 0000 - B0,
B). Ara tpeig petafinrag Xx,y,z.

1). Hpwrofdfua : a(x+y+2)+p, opPeR, «7#0.

2). Aevregofdfua @ (X4 y2+22) + P(xy+ yz + 2x) + y(x+y+z)+ &
By, 8€R kai o fj P #O.
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3). Toropdfuwa : a(x®+y®+ 23) + P(xy + X%z + y2x -+ yPz + 22x + z2y) +
+yxyz +8(x* +y° +2%) +e(xy +yz +2x) +8(x +y +2) +n, bba
a,B,7,8,568, neR kal &v TolAdyloTov TGV By 40
“As drroBeifwpey TO o, TV dvaTépe :
TMpdrypar® kéBe ToAudvupoy Beutépou PaBuod dx pos X kai y elvon Tiis popefis :
f(x,y) = Ax* +By* + I'xy + OAx + Ey + © (¢5)]
fvda A, B, T, A E, © (oradepol) mpayparixol dpifiol, 61 Aot UmoypecoTikés # 0.
Ak v& elvon ToUTo KUKAKESS TUUPETPIKOY TTOAUWVULOV, TrpéTrel v Trapapévn ék TAUTETNTOS
foov Tpos tautd, &t olaobyroTe kukAikfis peTalioews Tév X, y (Gvmperadéoews).
Av &vmipetabéoews Ty x Kal ¥ TTPOKUTITEL TO TOAUOVULOV :
I(y,x) = Ay* + Bx? 4 Fyx + Ay + Ex + @, @)
TO &roiov dgeider vi elven ik TauTéTnTOS Toov mpos Té Tohuwvupov (1), fiter :
Ay'+Bx’+Fyx+Ay+ExTBEAx’+By'+ Mxy + Ax + Ey + ©.
AauBdvovres I’ Sy OV Sproudy THs IodTnTos (§ 79) BUo ToAvwwipcv TOAAGY pETaPAn-
T Exopev 1 Ay? = By?, Bx!=Ax?, lyx =TIlxy, Ay =Ey, Ex=Ax, ©=0, { dGv:
A =B, A=E
Ottovts A=B=a, T'=B, A=E= Y xal © = & elploxouev éT1 T moAudvupoy (1), Tpémer
vé elvan ket Guéryxkny Tiis popgiis :
a(x*+ y") + Pxy + y(x + y) + 6.

Kot* dvéhoyov Tpémov elpioxovron kad ol yevikal popgal TV KUKAIKE CUPLETPIKEY Tro-
Aveovipeov, Tas dtolas dvey payauey dvewTépe.

§ 93. Ta oToiewddn oupperpika moAudvupa.— “As Bewpricwpsy v
HETOPANTAS X;, Xg ..., Xy, TOTE T &TAOUOTEPX OCUUHETPIKE TTOAVGVUNX €5
Twpds avTds elvan Té& kdTwbi ;

S;=x+ x4+ - +x,

Se = XX+ XX+ -+ ¢+ XXy + XXy + XXy A o X1 Xy
S; = X XeXg+ X XpXy + ¢+ + XXX, + XoX Xy | v Xy aXicg Xy
Sy = x;x,%, Xy

T& dveaTép ToAUGVUNG KaAOUVTAL ot er®ddn CURPETPIKG TOAVDVLPA TGV
PETaPATITEOV Xy, Xg, v vy Ty s
Olre, .., T& oToIKEIOEN CUHMETPIKE TroAvwUpa SUo weTaPAnTGY X, y
elven T : S;=x+y kai §,=xy,
TPIGOV PeTaPANTOV X, X, 7 elvan :
1=X+y+z, 8;= xy + yz + zx, Sy=mxy.
"AmoBeixvieTon &T1: [ldy dxépaow CUMUETOL20Y TTodvdwvopoy ddvatal va &x-
peadlii wdvrote xatd éva xal pdvov Todzov cvvaotiioer Tdw OTOILELWODY Ve
TPy Tolvwviumy, :
OUte, Y., TS ouppeTpixdy TTOAVLOVULOY
f(x,y) = x® — 252y — 2xy2 4 y3 (@))]
YpdpeTal :
Iy) = (x+ ¥ = 3xy(x+y) - 2xy(x + y) =
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A &v: S;=x+y «kal 5= XYy

TETE : f(x,y) =S} —58,8,,
fiTo1 1O oupueTpIkOY TroAUGWUpoY (1) Exer Ekppaodii cuvapThce TG OTOIYEIOS GV
CUMHETPIKGV TTOAUWVUNWY TRV PeTaPANTEY Tou.

§ 94. "Opoyevij kai KUKAIKGG CUPHETPIKA TTOAUDVUPa.— Elvan Porve-
pov émi &v drépatov TToAucvupoy BvaTon va elvan dpoyeves ds Tpds Tds peTaPAn-
Tés Tou Xwpls ouyxpoves va elvar kel KUKAIKGS CUUMETPIKOY 65 TTpds aliTds kal
GuTIoTPOPwWS, BUvaTan vt elvan KUKAIKGYS GUUHETPIKOY, Ywpls vé lvan kai OpoyevEs
ouyxpovws. “Ymrépyouv Suws TepiTidoes, ka® &s Ev diépaiov TToAUGIULOY Exel
aUYyXpovews &upoTipas Tas i810TnTas Tis Spoyevelas kad Tiis KUKAIKTS ovppeTpias.
"Ev ToloUTov ToAucvupov Suvarar v& TpokUyn &md v KUKAIKGS OULHETPIKOV
ToAUCVUHOY, £av Trapaheipboly of Gpot alTol of kaTraoTpépovTes THY ouoyéveiav.
Olrws ebpiokopey, Tr.x., 6T1 T& péva duoyevij kal TUYXPOVWS KUKAIKESS GUUHETPI-
K& TTOAVGWULG TPIGY peTaPANTOV X,¥,z elvan Tév k&Twh HOpQ&V :

1). Tlpcotou Pabpol : a(x+y42z), aeR, «#0.

2). Aevtépou PoBuol : a(x?+ y?+ 22) + B(xy + yz + zx), «, PeR.

3). Tpitou Poduol : a(x®+y*+2%)+ B(x2y+ x%2+ y2x+ y2z+ 22x + 22y) +

+ yxyz, o,B,yeR.

“Oha T& oTOIKEIOBT) TUBPETPIKS TroAud Ve THis § 93 elvan oUYXpoves Kai
Spoyeviy.

TMpogavdds {oxUer f TpdTaols :

To mnhizov tijs tedelag drapéosme Sbo duoyevin xal xvrdinds cvupuetoxdy
modvavipwy elvar modvdvopor Suoyevis xal xvxdixis ovuuetpuoy (duat ;).

§ 95. "E¢appoyai émi TGOV SpOYEVOV Kal CUMPETPIKGV akepaiwy
moAUWVOPWY.— Al uéypl ToUSE TpoTdoels &l TGV SuoyevdV Kal CUUPETPIKEY
TOAUWVUHWY XpNoinelouy TToAAGKIS, 81 vd peTorTpémoopey Taxéws els yiwdusva
TapaySvTwy Sidpopa SpoyevT) kol GUUBETPIKE TroAudvUNY, STrws YivETal gave-
pov &md T& k&Twh TapadsiypaTa

Mapaderypa lov. Na tpari) elg yivopevov napayovrov 1o tolvdvopov :

H(x,¥,2) = (X = ¥) (X> + ¥®) + (¥ — 2) (¥ + 2%) + (2 —X) (2° -+ x?).

Abdorg: Maparnpolpey 6T 81k x = y elvan 1(y, y, 2) =0, &pa T woAudwupov f(x,y,2)
BrapeiTon (&xp1pds) Bicx ToU X — y kol dmeidn elvan kukAkéds ouppeTpikdy B& SranpfiTen (§ 90, Té-
piopa) kai 1 ToU yweptvou (x —y) (y —z) (z — x). "Emeids) 82 ol 6 Sicnpetéos xai & Sicupérns
elvan Trohvwvupa Spoyev] kol kUKAIKGS CUMHETPIKY, S1& ToUTo T TrnAlkov THis Biaipéoews TalTns B
elva dpoyEvis Kai KUKAKES GUUHETPIKOY TToAUGWIHOY TrpdiTou Pabuod, dpou O f(x,y,2) elven Te-
TapTou PBabuou kai & Biapétns TpiTou. O& elvar FnAadd) ToUTo Ts Hepefis: alx 4 y + z), Bba
o oTalepds dp1Bpos.

Karémiv ToUTwy B Exwpev Thy TautéTnTa

(x=y) Py + (y—2) (P +29) + (2—x) (2°+x?) = alx+y+2) (x—y) (y—2) z—=x) (1)

‘H (1) eivar dAnbns 1 maoav Tipfv TV X,¥,z. AfSopev els 1& X,y,2 pla Tpidba avbaipérav
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Tiuddy, al omolar Suws Btv undevifoww Tév Bipébrmy (x—y) (y—z) (z—x) myx. x=1, y=2/
2z =0 «xal & 7fis (1) AapPdvopsy o = 1.

‘Etropéveos :

(x—y) (x*+y*) + (y—2) (y*+2%) + (@—x) (2*+x*) = (x+y+2) (x=y) (y—z) (z—x).

Mapaderypa 2ov. Na de1xffj 6 10 molvdvopov I(x,y,2) =(x 4y + 2)°—x°—y*—2°
elvar dwaipetov S (x + y) (Y + 2) (z + x) xai va edpebij 16 mnhikov dvev éxktediccmg Tfig
Sumpitocws.

Abarg: ’Eqv els To (x,y,2) Tebfj dvtl x 76 —y, elplowopev f(—y,y,z) =0. “Apa 1o
f(x,y,z) Srnpeitan 1 Tou x + y kal émeidn elvan ouppetpikdv 8& Bicipfiton kal Sik Tol ywo-
pévou (x + ¥) (v + 2z) (z + x). 'Emeiby Spexs 10 f(x,y,2) elven dpoyevis kai kukhikdds guppe-
Tpikov TrépTrTou Pabuol, & Bt Biapétns (x + ¥) (¥ + 2) (z + x) elven TroAudvupov Spoyevis
Kai KUKAIKGS ouppetpikdy Tpitou Pabpol, Emetan &1t Td Trnhikov 8& elvan TmroAudvupov dpoyevis
kal kukhikéds ouppetpikov Beutépou Babuol, fitol Tiis popefis :

alx? + y* + z?) + B(xy + yz + zx), &vba o, P TpayuaTixol dpiBuoi.

“Apa B& Excopev THY TaUTOTHTA !

(x+y+z)—xi-ys—zt= (x+y) (v+2) +x)-[a(x?+y?+2) + P(xy+yz-+zx)] (1)

‘H (1) elvan &Andis S1d &oav Tiphv TV X, ¥, Z.

Oftovtes els Thv (1), mx., x =y = z = | eUploxopev:

a+ p=10. (2)
OtrovTes Bt droAoubuws els v (1) x =10, y =2, z = —1. eUploxopev :
5a —2p = 15. 3)
NUcvtes 1O glUoTnua Tév tEiodoewy (2) kal (3) elploxopev: a =5, p = 5 kal 16 {nToU-
pevov TAikov elvan : S(x + y*+ 2* + xy + yz + zx).

§ 96. Zovropog ypadi) abpoioparwv kal yivopévwv.— EvioTte ma-
povoiatovtal dpoiopaTta TS popfs :

at+P+y, ap+py+vye «*B-y)+ Py —a)+ v (x—P), kTA

Té& dfpoiopora altd TapioTavouey oupBolikds s EEfis (dvTioTolxws) :

Za, Zap, Za* (P —v).

‘Opoiws xpnotuotroloipey 1O ouuporov TT &1k THv oupPoAikiv ypagnyv yivo-
péveov. OUTw, .., TO ywdpevov: (B—vy) (y —«) (a— B) mapioTdvouev gup-
PoAKkadS uE : me-vy).

AZKHZIEIZ

187. N& ypagouy mAfjpws ol drkdhoulior Ekppdoers :
(B -vy), E(B-y) (P —v*) (cr-BY).
188. Na& dmobeix8ij &T1:
Za*(P + ¥) + 3Py = () (EPY)-
189. N& &mwobex®ij émi:
Py (B + ¥) + 2eBy =TI(B + y).
190. ‘Ouoiws &T1: apy(Za)® — (ZPy)? = aPyZa® — IP¥y? = TI(c* —Py).
191. N& eUpeBolv al Tipai TGV :
(B —Y) PR —-y)?
P-v>r’ mpe-vy)
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192. N& &modeydij omi:
(a+ P+ y)* = Zod + 3Za2(P+y) + 6aPy.

193. ‘Opolws &1 : (Za)® = Za® 4 2 Zap.
194. N& Umoloytofolv al tkepdoers :
DR ST S ks ANEW A
D Eemen P iemen Y Tehen

4 2 . 4at — 1
195. Na& Berydij &1 1o z m 8tv E6apTdTon Bk TSV o,B,y.
Moia # Tif Tol dbpoloparos;
196. 'Eav a + P+ y =0, «xal Sidgopor dAAfAwY, va Urohoyiodij T6 :

2 N\ (zR=v
( ? P—y ) ( =% )
197. N& &mobeixdf 6Ti:
Z(ap —y?*) (ay —P*) = (3Py) (ZPy — Zo?).

AZKHZEIZ ETIl TQN OMOTENQN KAl ZYMMETPIKQN TTOAYQNYMQN

198. "Eqv {(0,y,2) =0 kol f(—x,y,2) = 1(X,y,2), TéTe TO &xépaiov ToAudwuuov {(x,y,z)
Braipeiton i x?. "Edav 8¢ &l mAkov 1O [(x,y,2) elvan kal ouppeTpikdy ToAudvupoy, ToTE B Bion-
piiTan &1 x2y2z2,

199. TlpooBiopioarte Tols TparypaTikoUs &p1Buols o xai P, Tva To ToAUGVULOY §

f(x,y) = 4x* + 12x3% + ax?y? + Pxy® + y* elven TéAerov TeTpérywovov dxepaiou oAUV,

200. "Eav 70 ouppeTpikdy oAuvumov {(x,y) Bienpfitan S1& (x — y)2k+1, Té1e 8& Sraipfi-
Ton kal S (x—y)2k+2, ke N.

201. Na& dvaduBolv els ywopeva rapaydvtwv al kdTwh TapasTéoes :
a) x*(y—z) + y*(z—x) + z*(x—y), B)Y x(y—z)*+ y(z—x)*+ z(x—y)'+ 8xyz,
Y) X+t x+y)+2xyz, 8) x(y-zt) + y(a—x*) + 2(x*—y*),
€) (x—y) (x+y)+ (y—2) (y+2)* + (z—x) (z+x)*.
202. 'Opoiws al ké&Twb @
@) (x+y+o) — (F+2-x)° — @+ x=y) — (x+y-2)®
B) (=) (y+1-2x) + (2—X)* (2+x-2y) + (x—y)* (x+y—22).
203. N& &mhomoinfouv al pntal TapacTthoes :
& X (y—2)* + y*(z—x)* + 2} (x—y)® B) x'(y—z) + y*(z—x) + z2(x—y)
(x=y) (y—2) (z—x) X x*(y-z) + y*(z—x) + 22 (x—y)
204. N& Bery67 &t 10 moAvdvupov f(x,y,2) = x"(y—2z) + y"'(z—x) + 2" (x—y) elvoa Sian-

peTdv Bi1& ol @(x,y,2) = (x—y) (y—2) (z—x) Bi& k&be puoikdy &piBudy v = 2. N& supsﬁn 16
TnAikov Bid v = 3 &vev Ekrehéoews Tis Branpéoews.

205. Né& Berxbij ém1 10 ouppeTpikdy ToAudVUNOY 1 f(X;,X,, X4 X,) =xi+ x4+ x4+ x?2,
AauPéver Thy popefv: f =S — 38,8, + 38,, Bba S, S, Sy T& OTOIKEOEN CUNPETPIKG TrO-
Avivupa &vTioToixws TpdToy, Beutépou kal TpiTou PaBuol TEV METGPANTEV X,, X4, X X,.

206. “lva 16 ToAuwvupoy f(X,y,2) = ax + By + yz + & elvon ouppeTpidy ToAudvupoy,
mpétrer kol dpxel va elvar a =P =y # 0.

207. N& &vaduloiv els ywdpeva rapaydvtwv ol :
a) Zyz(y’-z?), B) Z(y+1z)*—23x? + 6xyz,
y) Zx(y+z)*—4xyz, 8) (x+y+2)t—(y+z)'—(z+x)—(x+y)* + x4yt 2t
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208. N& mpoobiopiofi mohudwvupov f(x,y,z) Suoyevis kal kUkAlkds ouppeTpikdy 20u
PaBuol ToroUtov, dote: {(0,1,1) =5 xal £(0,0,1) = 6.
209. MNvwoTol dvtos 8T1 TO ToAUDVUMOY :
3x? + 12y* + 102* + 26yz + 17zx + 13xy
elvon ywdpevov 8o Spoyevidv molvwwipwy lou Pabuol duoyevelas, v elpefolv T& ToAudvupa

aUTé.
210. N& Bex®ij 1 TS Tohumvupoy :

Iy 2)=x" [22(x—y)? = y*(z—x)] + " [X*(y—2)*— 2*(x—¥)*] + 2* [y*(z—xy'—x*(y—2)?],
veEN, elvon Sicupetov S Tol ywopbvou P = (x—y) (y—z) (z—x). Tofov 7& mrnhikov;
211. Né& dmroBery8f 671 TO ToAudvupov :

f(xy) = a +P(x+y) + v(x2+y?) + 8xy + e(x®+y?) + Alx?y+xy?)
AcpPéver THy popenv :
FX.Y)=a+BX + (6-2y)Y + yX:+(A-3)XY + X3,
Smov X=x+y xal Y = xy.
212. N& Bery®ij o611 7o TOAUDVULOY :
txyz) =12 [(x+y+2)% — G+ — 7+ 2)% — @G+x)¥ + xP+y?+12], veN, v=2
elven SiaipeTdv B ToU ToAvwwipou :
e(xy.2) = (x+y+z) — (x+y) — (y+2)' — (z+x)* + x* + y* + z4.
('YroderZig : Taparrprigare 811 16 (x,¥,2) xal (xX,y,z) undevifovtan B1& x=0, y=0,
2=0 xal &7t x + y + z | {(x,y.2)).

lIl. ANAAYZIZ PHTOY KAAZMATOZ EIZ AGPOIZMA ATTAQN KAAZMATON

§ 97. "Opiopdg.— KahoUpev pnrov khaopa s mwpods x 1o Trnhikov qf’(()-())—
X

BUo dxepadeov TOAUVULGWY s PSS X, SnAadn kdBe TapdoTacty Tis popefis
f(x) o x4 x4 - agx o

k = =
) e(x) TR X"+ P x4 -+ Byix+ By o
i=101, .00 1 i - st
émov «, By, b i TpayuaTikol &pifuoi, B Kai v dxépaior BeTikol*) kai
ap :/: Op Bv ?l: 0'

T PonBela TGV &k TauTdTnTos fowv drepaiwv ToAvewipwy Suvdueda v
dvadUowpey TO pnTov kAdopa (1) els &Bpoiopa &AAwY &AGY KAaoU&TwWY.
TMpos émiTeugiv Sucs Tiis dvoAboews TauTng, Tpémer & dpibunThs Tiis (1), SnA. T
moAucvupoy f(x), v& elvon PaBpol pikpoTtépou dmrd Tov Pabudy Tol Tapovopa-
oToU. 'Ev dvavTig mepiTTcdoEl, SnA. &av & PadBuds ToU dpiBunTol elven peyou-
Tepos ) fgog ToU Paduol Tou TapovouaoTol (B = v), f| dvdAuots Tou kKAdopaTos

f(x)
e(x)

Tou BabuoU Tou TrapovopacTou.

GuéyeTan els ThHy dvdAuow kAdouatos pé Poabudv &pifunTol HIKPOTEPOY

* Map=v=0 10 k(x) yiveran -

%o, firor elvan ploa oTodepd, Bix v = 0, = 1 16 k(x)

Bo

yiveTal év TroAucowupov.
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Mpéyuari, v w(x) kahéowpey T TMAfkov kol u(x) T& Umohortrov Tiis
Binptoews 1(x) : @(x), &xouwev : f(x) = @(x) - w(x) +v(x), &more:
f(x) _ v(x)
= —— 2
?® = PR -
TMpogavéds T& T(x) elven p—v PaBuol kol T u(x) Paduol pikpoTépou ToU V.
f(x)

*Ex Tiis (2) elvon Tdpa gavepdy &T1 fy dvdduaors ToU kKA&ouaTos ey qvd-

yetar elg THY &vdAuoy Tou KAGoHaTOS ;g; , els TO drroiov duws & Pabucs Tou

&piBunToU elvan wikpdTepos ToU Babuol Tou TAPOVOUAGTOU.

§ 98. "Avaiuoig Tol xAhaoparog ;:‘—:;:ig d8poiopa AA&V kAa-
oparwy, dmou & Padudg Tol f(x) elvar pikpdTEpOg Tol BaBpol Tod
$(x)-

Aroxplvopey Tas k&TwO TEPITITWOELS :

Hepintoorg I ’Eav 10 ¢(x) Exn pévov anhig npaypatikag pilag
O1s Par « - -1 Py, TITOL £V elval THis popeiis p(x) = (x—p;) (X—p2) - - - (X—=pv )*7,

T6Te Buvduefa v TTpooBiopicwpey v TparypaTikoUs apiBucus Ay, A,,. .., A, ToI-
oUTous, oTe v& GANBeUn 1| TouTOTTS !
f(x) f(x) A Ay A
i = o AP LER 1Y
p(x) ~ (x—pp) (x—p2) ... (x—pv ) X—P1  X—Py X—py

*Ex THs (3), &maAAaooopvng TGV TOPOVOUNTTRY, TPOKUTITEL ) TouTOTNS
f(x) = Ay (x—pp) (X—P3) - -+ (X—py ) 4=+ A, (x—pp) (X—p2) - - (X—Pw1)- (4)
*Ex TaUTns®) 51& X = Py, Pasr- - -1 Pv s AoHPévopey &vTioToiyws :

f(py)
f(py) = Ay (py—P2) (Pr—P3)- - - (Py—Pv ) = A= (Pr—p2) (Pl_(::) ey
......................................... EV
o) =A, (B =Py =P - (v —put) = A= s e
Mapatfpnorg T& A, A, ..., Ay TpooBiopilovtar kol Ek Tijs TautdTnTos (4) Gpkel

vé tkTereoBoly al Trpdkers els T BeuTepov péAos kal EEi0wBolv of cuvTeheoTal TV looPabuiwy Gpwov
T&HY peAGY Tiis (4), AuBij Bt drohoubws TO oUoTnUa, Td drolov B& TpOKUWT.

*) Al EEAXEN B1& X #py, Par- - oPv . APXTO TroAudvupoy Tiis Siapopds TV HEADY
s undevileTan 51° GAas Tas GANGS TIUAS TOU X. *Etropévas éxer &melpous pilas, fitor TepigaoTépas
ToU PabuoU Tou. *Apa elvan unBevikdv (§ 67). Zuvemrdss unBevileran xal Si1&x X = py, Pgy- PV ¢
*AAnOeder Aormov adTn kol Sid X = Py Pase Py -

**) Aexopeda, wpds eVkoAlav T@v Umohoyioudv, dm & ouvtekeoThs Py ToU @(x) elven
loos ut Thy Wovddar ToUTo Siv Tepiopilel THy yevikéTnTa, xod Soov :&v Bipedi) & dpiBunTis
xal Tapovopao s ToU kKAdouartos (1) &ia Py , Smep UmeTédn #£ 0, T kKAdopa év peTaPdiieTal,
v EmTuy x&vetan, Smres & auvTeheaTis ToU XV yivn foos Tpos THv povdBa.
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a f(x) i o e
’E@ a ppoyf Nadvalvdfj to xhaopa : a%ﬂ = U_—WT.S) eig @Bporepa anlaov

KAGOPAaTmVv.
A oG Tuppovws Tpds T GvwTépw Exopey THY &uiAvoy :
x4+ x+1 AL A, A,y 1
DG D=~ xoT Fgop iRy m

'Ex s (1) AauPévopey :

X+ x+1=AGE=-2)E=-ND+AE-DE-3)+A x—-1)(x-2). (2)
‘H Tautérng (2) 81& x = 1, 2, 3 8iber dvmoToixws: A= ——3— s Ap==T1, A= 173

"Ofev :
x24+ x4+ 1 3 7 13

T S TS et T R Y ) TP

Mepintoworg IL "Edv 10 @(x) Exn mpaypatikas kai rorharris pilos §
TEVIKOTEPOV anhig kai mollanddg mpaypoatikdg pibag, fitor &v elvan, Ty, TAS
HopeTs

PR)=(x—p) (x—ps) (x—p)k ... (x=pu P, 1+ 14+ k+- . 4A=v,

TOTE TO KAGoUa %g;— SUvaTal va ypagij koTd Eva kai povov Tpémov UTd
TAY Hopgriv:
fix)" Ay A, B, By By M,
il b s A8 it [ N . il
e(x) " x—p;  x—p, X_Pa+ (x—p3)*® - i (x—py)¥ i X—Pu
M, M,,
R A =

dmou A, A, B, By, ..., By, ..., M, My, L., M, TpaypaTikol dpifuol kaTa-
AfAcs Trpoodiopifopevol.
"As EpyacBiuey Sik TO &Aoo Tepov étri TapadayudTwov.

il
'Eoaoppoyqn In: Na avaivdi 10 khaopa i(ﬂ— i e i 80

o(x) T (x + 2)(x + 3)F eig G0poropa

anldv Khaopazmv.
Abolg Zuppdvws TPos T dvwTépw Exoue
X34 dx 4 7 A B, B,

RIDGF X+Z T GFD T @I M
‘Ex TauTns, 61" dmodoigpfis T@Y TapovopaoTdy, AcuBdvousy THy TauTdTnTa :
¥4 4x +T=A(x+ 3)! + B,(x + 2) (x + 3) + B,(x + 2). 2)
"ExterolvTes Tés pdEers els To Belrepov péos THs (2) elpiokouev s
x?+4x 4+ 7= (A + B,) x* 4 (6A + 5B, + B,) + (9A + 6B, + 2B,). 3)

"E§1000vTes ToUs ouvTeAeoTds Tdv Towy Buvdpewy Tol X T@Y UEAGY THS (3) Aaupévopev
TO ovUoTnua :
A4 B, =1, 6A + 5B, + B, = 4, 9A + 6B, + 2B, = 1.
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AUovTes TS oUoTnua ToUTo eUplokopev :

A=aT 2 pea s ey
o~ e T L0 A hoaBe il
A x+2E+3)p  x+2 (x+3) x+ 37
Eoappoyn 2a: Na dvaludf to xhdopa : 60 o et o i = 3 VR, W ogs

ox) x—2P (x + 3)*
iOporopa Gridv Khaopdrov.

Aborg: Zupgdves Tpos T dveTépw 1 &véduais BiBeTan Ummd ToU TUToU
I —9x*+4x*—34x 41 A $ A, % Ay iy B,
(x—2)° . (x+ 3 T X2 (x—2) (x—2)* x+3
"Epyaléuevor fibn, d1mws kai els Thv Tponyouptvny Epapuoy v, eUplokopev :

Ai=1 A,=0 A,=-3, B,=2, By=-5

wal fropévas Ay GnToupévn dvéduais elvan :

3x4—9x? 4 4x*—=3x+1 _ 1 3 3 s ek 5
(x—2)" (x+ 3) T x-2 (x—2) x+3 (x+3)2*

B,
43T

-+

Mepintoorg L 'E&v 15 pnrédv kA&oua elvea Tfis wopefis
f(x)
(2 +px+y) '
&mou & PaBuds Tou f(x) elvon pikpdTepos ToU 2v, v drépatos = 1 kal B, y wpayua-
Tixol &piBuol ut BE—4y < 0, TéTE Umrdpyouv TparypaTikol dpifiuol Ay, By, Ay B,
.., A, , B, ToloUTol, daTe va loxum:
f(x) _ Ax+4B, Ax + B, A, x+ B,
CIipx Ty © Pty T @Bty | T @ty
“lva KaTAOTHTWEY CaptaTepoy TO TpayHa, &s Epyaciuey &’ Evds Trapa-
BelypaTros.

(6 P Tt

Egappoyf. Na dvaivdi 6 xhdopa m)—: i 1r

elg GOporopa AnddOV Kha-
ORATOV.
Aborg: Maperneoipey 6T 16 X2 — X + 1 &xer wyabas pidas, trrl mhdov Bt TO KAdoua
%tJfT)_i- wAnpol dAas Tds UTrobéoes Tis TEPITTAOECS I, &pox B Exeopev THY dudhuoty :
x4l Ax+ B, 3y Ax + B, Ax + B, )
W exdlP | X—x41 3 —-x+ 1) (x*—x+ 1)
Ex ToUTng Acupdvopey
¥+ 1l=(Ax+B) (x—x+ 1P+ (Ax+B) (x*—x+ 1) + Ax + B,.
*ExTedolvTes Tas TpdEeis els 10 BeUTepov. pédos xal EE1000vTes ToUs GUVTEAETTS TV fowv
Buvdpewy Tou X TGV 8Uo peAdv, AauPdvouey Ev TrpwTtoPdduiov aUaTnua ds Tpds Tous &y vwaTous
A, By, Ay Ba Ay, By, 1O Omroov Audpevov Bider
A,=1 B, =2 Ay=1, By=-3, Aij=—1, By=2.
*AvrikadioTdvTes els THY (1) Tés Tipds avTds AauPdvouey Ty GudAucy
xt 41 =t x4 2 + x—3 o~ x—2
(xX—x+ 1) x—x+1 x*—x + 1) x*—x+ 1)

-+ )
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Depintoorg IV. Eav 10 (x) #xn piles npaypanikis kai Pryadikig
arlag A mohhamhdg, TOTE loyUouv ouyypévws ai TeprrTaroes |l kad 111

» . o X+ 2

Epappoyf. Na dvaivlij o xhaopa ﬁm eig @Bporopa xhaoparmv.

Aboig: O TapovopaoThs el KAGouaTos ypdpetan (x —1) (x + 1) (x® 4 1)2, firo1 Exer
pifas mpaypaTikds dmAds kol pryadikds ToAAaTAGS (BrmAds), 88ev, oupglves Tpods Tas TepI-

wros H kal lll, 8& Exwpey THY kdTwd dvdiuoty :
x+2 A + A, i Bix+ I, B,x + I, Wy
G- E+D) 1) ~ x—1 x+1 x4+ 1 (x2+ 1)2°

L& oM amAao ool TéY ueAdY THs (1) (x2—1) (x* + 1) mpoxtrTe: :
X+2= A1) (1P A (x—1) (1) (Byax+Ty) (x=1) (x*+ 1)+ Bax+Ty) (x*=1),
SBev TeEAIKES :
x+ 2= (A + A+ By)x® + (A —A, + x4 + (2A; + 2A, + By)x® + (2A,—2A, + M)x? +
+ (Ar+ Ay — By —B)x + (A= A, =T, —T,).

A& ouyrpioes TEY ouvTeReaTdY THY Slo Towy TOAVGVIUWY TROKUTITEL TO kdTwh ypau-
WIKSV oUoTnua ;

Ay4+ A, +B, =0

Al— A+ T, =0

2A, +2A,+B, =0

2A,-2A, 4+ T, =0

A+ A,— B,—B, =1
Al— A— T -, =2,

AbovTes T oo TnUa TOUTO elpioKopEy :

3 1 1 1 1

Al=?r Az="?' B1=—T- B’=_T' rxz"T- Fp==1

rkad Eroutvas ) Enroupévn dvéhuos elvan :
1 1 1
x 42 0 S TS e N ki e e
LR 8T 25 R T 0 gt x4 1)
E®APMOTAI

In. Na &valvdf 10 khéopa dx 4 1

m &ig dbporepa aniév Kiacparmv.

Avoig: Taparnpoluey 8T 1) Siaxpivovoa ToU TpIWVUHOU X?

+ x + | elven &pvnmiks,
"Apa 16 KAdopa BéxeTal THY dvdAugty

a2 T __Ak+ Bx+ T i
GFrDEFxFD x+T T o ixT T @
"Ex 7iis (1) Acupdvopev ;
2+ 1 =AX + x + 1) + Bx+ ) (x + 1) @
) 2x+vIE(A+B)x*+(A+B+r)x+(A+r). 3)
TUVETTEdS ©
A+ B=0, A+B+T=2, AF=,
"Ex Tfis tmihUoews Tol ouaThpaTos ToUTou eplokoyev : A=—1, B=1, =2,
"Obev :
e PR b b el o B e Kbl
S D Ity e S et B - B [ T e
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Enp. Taxela efpemg thv A, B, I,
*Ex Tiis TautdtnTos (2) B1d x =—1 => A=—1.
» » » » » =0 => A4+T=1, &€fs: N=2
*E€icolvTes Tols ouvTeheaTds ToU X! els &updtepa T& péAn Tiis (3) eUploxopey :
0=A+4B == B=1.
2a. Na avalvdiy 10 xhaopa T l)l(x' = elg GOporopa xhaopatov Exdéviov dg
rapovopastas todg mapiyovtag tod napovopactod tob Sobivrog.
Aborg: ‘O mapovopaoThs TOU KAGOUATOS Yp&pETal &
E+xX)E+ D=x(x+1)2+1)
kol ouppdvas Tpds T& TponyoUpeva B Exwuey :
1 A B Mx + A
wEIDEFD —x Tx+1 T x'il' M
*Ex Tis (1) Aaupdvouev, t&v txtehéowper Tas mpdEes els & P’ péhos :
l=(A+B+Dx*+ (A+T+ A2+ (A+B+ A)x+ A (2)
’Ex Tiis (2) mwpokitrTer T K&Twh oUoTnpa:
A+B+r=0, A4+T+4=0 A+B+A=0 A=1

AYovTes TO ouoTnua ToUto eUploxopev: A=1, B=— - r= _.}2_, A= __;_,
* AvtikaBioTidvTes els Thy (1) Tds Tipds odTds AauPdvouey Thy dvdduow :
1 1 1 -zl
X)) +1) - x 2x+1)  2x*+ 1)
x*—2x—13

3n. Na dvalodf 0 xhdopa o
Adorg: Mopernpoluey 11 & &p1BunThs elven ToAvdwupov peychuTépoy PaBuol &mrd Tév
pafpsy ToU mapovopaoTol. AtxipolvTes Tov &pfunThv Biad Tol TapovouaoTol Kal TpérovTes
oV TrapovopaaThy els ywdpevoy Exouey, oupgves TTpes Tov TuToV (2) T § 97.
x2—-2x—13 5x -7
3 = &+ 2)4+ e a e

X —2x—
5x -7

*Epyaiopevor fidn els 10 KAGOHQ G &rras els ThY Teplrrewow |, edploko-

3 elg G0poropa anidv xhaopdrmv.

pev &1 ToUTo looUTan ué:

2 3
x—3 + x+1
HpR B s _2x—13 2 3
x*—2x—13 o e« i i
x:2—2x—3 =iz + &) x—3 +x+l'
1

4n. Na avahodij o xhaopa m elg GOporopa 0o khaopdrov xal tff

pondziq tfig dvalboewg tadtng va eopedil o Hbpowopa :
1 1 1 1
atastsrat " tTapernd:
ADorg: "Exouey katd T& Tponyoupeva :
1 L & = B
v-1)@v+1) — 2v-—1 2v+1°

*Ex TaTns AcuPavopey

1=A(v + 1)+ B2v—1)
) 1=2(A+ B+ (A—B)
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‘OméTe :
A+B=0

A— B=1.

Abovtes 1O oUoTnua ToUTo elpiokopey : A = —:12—. B=-— 5

“OBfev :
1 1 1 1

GEDTD. 2\=1 ZHFi/} M

'Ex Tiis (1) AauPdvopsv :

A v=1]: 1—%j=%(l—%)
Al v=2 %=_;‘(%_%_)
Ak v=173: 5—?_‘;:%(_;__7_}

i 1] 1 1 1
A — “ P e ey (S b SN W el e,
T B DEED T D (2v—1 (2v+1))'
MpootétovTes Tés s dvew lodTnTas KT péAM, eUpiokopey
1 1

1 1 1 1
i3ta s+5—ﬁ+"'+(m—_f7<‘m:'r5:“f(l“m)~
AZKHZEIZ
213. Na& dvouBolv els &3porope dAd kKAaoudTwy T& K&TwH prTd KA&GpaTa @
1 3x—1 8x?—19x + 2 1
D) oooror—<, 2 B = - . o
dEmnern Pe-mre Yarvea-ne=d D irvars
5) x5+ 2 6) x!—x-41 7) 3x* 4 Tx + 2 8 10x? + 32
CrxFrD’ P @IDE- D GEDEFxTH DT o
214. "Oupoiws :
3x + 4 3x?2—-5x—6 X+ 2 x*
Vgt P e rin—g ) (x2—1) (x + 1)*' 4 x*—2x + 5)*
2x% 4 Tx3—2x -2 5x*—4 %3 7x—10
N —pwrr-s * Vv-swra Vw=nTr Vmmmaon
215. N& dvoubij els GOpotopa kKAaoudTwy TO KAGOH 252—;;—_1{1_._—2
“Ouol . x+1
216. “Opolws T6: Ry P N
217. To xA&opa ! vé& dvadudij els &Bporoa o Khaoudtwy kal i Pon-

v+1)v+2)
Oelg Tis dvaAloews TaUTns vd eUpedij To &lpolopa:
1 1 1
e e oy e N DS sty Py
I R v SR = o e
kal Tf PonBeiq Tiis dvadUoews TatTtng va el

a .1 1 1 1
pedij 1o &bporope : 1—3+2—4+ﬁ+...+m.

TS 1
218. Té oltd Bk 76 kAdopa -‘—J—(m-ju
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1 1 1 1 v
A e e T ey R 1y
3 g 1
220. Na& dvoAuli} 10 kKAGoua TCESCES))

oTas durioTtofyws v(v + 1) kal (v + 1) (v+ 2) kal Tf) PonBelg THs dvadloews TadTns vé el-
pedij TO &bpoiopa:

219. AcifaTe émi: 2—%54-

els &Bporopa BUo kKAaopdTwy pE Tapovoua-

1 1 1
rza3trsat  toEnery

. ’ 2 & 1 -
221. 'AvalUoaTe TO KAGOUX FFDOFD . 050 els &Bpoiopa SUo KhaoudTwy,

¢k T@V Omoiwy TO Ev va Exn TapovopaoTiv 16 (v 4+ 1) (v+2) ... (v + k—1) xal T ETepov
O V+D@+3I)... v+ k=1)(v+ k)

IV. AIQNYMOI EZIZQZEIZ
§ 99. "Opropdg.— KahoUpev Sudvopov Elicooy pé éva  &yvwoTov, kébe

drepaiav tEiowatv Tiis popefis : " b
wB(Ax T
A3k Bx*=0 (1)

8tmou x & &yvwoTos, A xai B TrpayuaTikol &piBpoi (ouvteeoTad), un SapTi-
pevol &k ToU x, pé A - B 7 0 kal k, u dxépaiol pf) &pvnTikof, Sidgopol dAAARAwWY
kal oUyi dugdTepor pndév.

§ 100. "EmiAvoig Tijg Siwvipou EElowoewg (1).— O Bei§wpev evbis
&péows OT1: mdoa dudvvuos éElowois Tig poppiis (1) avdyerar eig oy énidvow
Tijs Stoviduov éfwedoews Y + 1= 0, dmov v @uowcos doBuds.

Mp&ypat: dav UmoTeld), &vev PA&Pns Tfis yevikdTnTos, 811 k> u=0 1

(1) yivera:
x* (Axk—+ 4+ B)=0

kai elvan looBUvauos ut 6 Lelyos T@v E§iowoEewy
=0 (2) Kadl Axt—+4+B=0. (3)
*H (2) &xer pitav x=0 ¢is Pafiudv moAAamAdTNTOS K.

‘H (3) elvan loodUvapos pe THV @ xk*+=— -2—, 1) &mrola, v Tebf) v=k —p,
veN, kal — i o, Yylvetan:
A
X=a “4)

To whAfifos T&v piidv Tis (4), mpayuaTikéy kal wyadikdv, elvar v, al
viooTal pifar ToU o, kal ebpiokovral, Smews B iBcopev els plow TGV Emouévay Tapa-
Ypdowy, &1k Tol TUTrou ToU De Moivre.

*Ev ToUTois Guws Suvdpeba va elpwpev Tas plloas Tiis (4) kal dos 6fs ¢

*EoTe y 1) mpwTeovoa viooTh plfa ToU |al, fitory = V|a|, £§ o0: y¥=|q|.
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Téte: tdv a>0 = |a|=a kol | (4) ypdoeTan: xV=1y" 7 (

tv a <0 = |a|=—a kai ) (4) ypheeran: x¥=—y" f (;)v=-l.

Oktopey $ =y kal ol 8o TeAeutaian E€locaels ypdgovTal dvTioTolyws :

yv—1=0 (5) «kai y'+1=0 (6)

‘Etropévads 1) Emidvois Tfis Siwovipou é§iodaews Tiis popefis (1) &véryeton
els TAV EmiAvow Tijs Siwvipou Eiocoews TS popeiis (5) 7y (6).

TMpds émidvow ToUTwy Srakpivopey BUo TepITTWOEIS :

Mepintoworg I: ’Edv v=2p-+ 1, SnA. v mep1TTds, TOTE :

‘H (5) yivetan: (y—1) (y*+y* '+ ... +y+1)=0 kai elvan icodlva-
pos pé TO LeUyos TGV Eflocoewv i y— 1 =0 kai y?P -y~ 1+ ... 4y 4+ 1=0,
ik TAV Stolwv i TeAevtaia elven dvTioTpogos.

‘Opoieos 1) (6) yivetan: (y+1) (y*—y* '+ .- —y+1) =0 kai elvea {oo-
BUvanos WE 1O feuyos TG Eflowoewv: y+1=0kal y??—y¥—1 4 ... —y41=0.

Nepintwergll: '’Eav v=2p, &nA. v &pTios, TOTE :

Hy+1=0 yiveton : y* +1=0 § y'u‘—%: 0, 1) émoia B1&x ToU peto-

OXNHUATIOHOU ¥ + %: z dvkyeTtan els €§lowov p Pabuol.

Tédos B v=2p | (5) yivetan: y*» -1 =0 §} (y»—-1)(F*+1)=0
kai elvan looBUvapos pt 10 feUyos Tév £§iodioewv: y?P—1=0 kal y¢ +1=0
ExaTépa TGV Omolwv dvdryeTan els piav TEV Tponyouuévwy uopgdiv.

§ 10l. "Edappoyai émi TV Suwvipwv EElowoewy :

Mapaderypa lov: Na imivdf 1 éEiocwag :
2x5 + 3x2 = 0.
Aboig: Altn ypdostal x? (2x2 + 3) = 0 xai elven fooBUvapos pé Té felyos T Efiow-
oewv x* = O kal 2x* + 3 = 0.
*H mrpcoTn éxer THY BimmAfiv pidav x, = x, = 0.

‘H Seutépa elvon loobUvapos pt Ty @ x* + -g— = 0. eé-rousl X=y- --; kal 1) TeAeu-
3 3 oy
Tala ylvetal: oy + =00 y¥+1=0 § G+ @E'cy+1)=0.
"Ex ToiTns Exouev y = — 1 kal y*—y + 1 = 0, # dmola Avopévn 8iBer: y = —1-:—%11‘?

3
; ! 5 : Ly =T A i ;
Otrovtes T1as Tiuds TalTas Els THY X = _vl —, Exouev &5 pilas Tiis Sobeiong :
3 3

3 + i V3 3 1— £
Xy == xzzo, X = -2 ,‘—:___ 1]" V ' 173 3 _g_..
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Mapadeiypa 20v: Na imivdf f Eicwog:

x4 - 81 = 0. M
Avorg: AUt yphoeton: x'-+-34=0 1§ (—%—)' +:11 = 0. (2)
Otropey ; 33‘. =y (3) kal ) (2) yiveran y* + 1 = 0.

Altn ypégetan: (y*+ 1)2—2y2=0 & (y*+V2Zy+1) (y2— Y2y +1)=0 xai
elvon looBUvanios Tpds 6 Lelyos Tév Eiodoecy :
Y+ V2Zy4+1=0 «xal y=V2Zy+1=0.
_Y2iivz Y2 L yE

AUton Audpevon 8ibouv dvrioToixws: y = e, M= ——

OtTovTes Tas Tinds TauTas els T (3) Exousv s pilas Tiis Sobeions :

S 1 0 3 R € e 0 D YN T4 2 %0 73 RN 1 4 20 3,
- = 2 » S 7 1 Xy = 7 -xa—‘T“

Mapaderypa 3ov: Na ebpeBolv ai xoPikai pilm tijg povasog.
Adorg: "Eorw x f) xuPikd pila Tiis povédos. Tére B& Excopey :

x*=1 § x-1=0 § @-1)(x*+x+1)=0.
'Ex Tortns Exouev x =1 kal x*+ x + 1 =0, 1 éwoia Avopévn Bibe: ;
X = —1:1:_21]’3 ‘Emropévess ol InToupevan pifen elvan:
-1+iY3 —1-i}3
pm b e e LD P 1)

EUkdAws d&moBencviopey &1 :
P+ P+ py=0, PPy =1, Ps'—“P:r ps=p:.

AZKHZEIZ

222. N& tmiduBolv al kdTwh tbigdoes ;

1) x*=5=0, 2) x*+2=0, 3) x*+16=0, 4) 3x*+7=0,

3) 8x*—27T=0, 6) 8x*4125=0, 7) 32x*+1=0, 8) x2—1=0.

223. ’Ecw p, kal p, elvar af wryoaBixed kupikad pifon Tfis povéSes, Seifate &t :

1) (14 et = pu, 2) A+ pi=p)*—(1—p,+ p)*=0,

3) (A+2p:+3p)(L+3p+2p)=3 4) (l—pi+p) (1 +p—pa) = 4
TRZE. N& elipebolv al kuPikal pifan Tiis &pvnTikis povédos.

225. Na ebpefiolv al TeTparywvikal pilen Tév &pibudy i kol —i.
Tprywvoperpikiy popdi) pryadikod apiBpod.
Tomog Ttol De Moivre.
§ 102. "Opiopa pryadikol apiBpol z # 0.—"Eotw & pryodixds &pi-
Buds z= x + iy ut z # O xal x, yeR* Eouv TéTe Evvolaw &v R ai TopaoTdoers:
X b
Vory ' Vaity
2= x+iy=VxTL e - (

kal & z SUvaran va ypagf] Ud Ty popehy :

X i y
v—+y—+'m) 6
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*Emreibe) : Ly alafa QT8 tpal ol 8 - XY
Jre ﬁ |/X=+ y! ]/X’-{— ya
Kai = ’-I- y l—l
( Vx2+ y* ) ( S s ) i

23 SO e
Vet yr ' Vxity?
7O fjuiTovov kaTaAAfjhov yawvias ¢, fiTol :

BuvavTan va elvan dvioTolyws 1O ouvnuitovov kal

ouvg = = nHe = Y @

Qs yveoTdv, Udpyouv &eipol TO TAfifos ywvie, of dmroict wAnpolv Tas
oyéoels (2), T& 5¢ pérpa abTdv els dxtivia Biagépouv kaTd drépaiov TTOAACTTAG-
giov ToU 2. ’Ex ToUTwv Utrdpyer dkp1P & s pla, A dmola mAnpol Tds (2)
kad &l mAéov THY ouvBhknv: —m < @ = . TodTny kohoUpev : 6 Pacikdv
(mpwtedov) dpropa tob pryadikod apBpod z = x + iy (£ 0) xai cupPorilopev pé :
Argz (Argument = épiouq).

Mapaderypa: Ak Tov pyadikév pibpov z =1+ i fB_ Exouev T oloTnua :

auvg = % nue = J;i Tl o=,

m
TI

MecopeTpikdys TO Spropa pryadikol &pibuol z TapioTd THvV kupThv yaviav,
TNV omolav oxnuatifer & BeTikds fudEwv Ox petd Tiis SicvuopaTixiis &xTivos
OM, Tfis TapioTdans Tov uryadikdv &pibudv z, s tugalveTan els Tés TepiTrTdd>-
oels TGV kéTwh oxnudTwy (PA. Zx. 6).

& ol: 9= doTe: Arg(l+iﬁ)=%‘

9
M, Livs y
Myi
3 MM s
o x [e) i H x [e) x
Arg (W1VT) =8 ArgizArg2=0 Argi=§
bl y
el M ‘J
N Wan
[e) T M O x [¢] ,;;r! x
Arg eu)=31 Arg(-1)=n S P (TR
Zx. 6

§ 103. Tpiywvoperpiki popdn pryadikod apiBpod.— “Eorw els prya-
Bikds &piBuos z = x + iy # 0. ‘Oplletar Té1e fj &mwdAuTos Tiuf A pérpov alrrou,
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A

A )W b ik

p“a VRN -[‘.
] )

|z|=Vx2+ y?=p xkai T Spiopk Tou Argz= ¢ xal loyvouv, s eiSopev dvew-

Tépw : cuvq:r—-*x————=i, nu¢=4f=l. n
Yoty e Vity P [
'Ex s (1) Exopev: A R
X = pouve, Y= pnue =/
kad & pryodikds dpifuds z=x 4 iy AcuPdvel THY poperv: /f'
X +iy=p (ovve + inpg) 2

‘H popet els 1. 20v uédos Tiis (2) kekeitan : Tpryovopetpiki popef tob pi-
yadikod apdpod z = x 4 iy.

O¥rws elvar, m.x., (BA. kol oyfipa 6, § 102) :
=1 (ow0+ inu0), —1=1 (ouwm+ inum),
; LI | 4 ™ . ™
i=l(auv—2-+1np7), —1=1(crw(-?‘)+mu(—T)),

z TR : 3m 3
1+1V§-2(wv-§-+1qu—3—). -1—1=V§(crw( o )+ u( > )
o 3w 3w e e ] 2m 27 )

—l+1mﬁ(wv ) +inu g ). _?+1771( 3 +inu—— 3
Kdfe lownov piyadixds doifuds z=x + iy # 0 Eyer droific piav torywvoue-
Touny magdotaow z =g (owy + inup), énov o elvar 1) dndivros Ty tob z (7)
didwc T0 pétoov Tod z) xal @ 16 Pacixdv Spiopd Tov (—n < p =),
"AvTioTpégws 1 A xdfe Satetayuévov Llevyoc (o, ¢) pé 0> 0 xai
—n <@ =5 dndpyer dxgifiss el pryadinos doibuds z = x + iy # 0 ué torywvo-
petouey pop@riv : o (guvp + inup): olros elven & pryadixes dpifpds pt x = p ouve

kal y=pnue.
Katémv ToUTwy Exouev ThHv Aoyixiyv iooduvauiay :

X= povve ] l =Vx2+
. )

+y
y=pnne ‘“’"’P——’ o=y

Hapathpnorg: ‘Emadl) ouvp = ow (k™ + ¢) xal nue = nu(2kT + @), rou
k=0, 1, £2,-.., f maporacis (2) ypeeTar Umrd THv yevikwTépav popefiv :

z =X+ Iy = p [ovv(p+ 2kr)+ inp (9 + 2km)] 3)

EUxdAws dmrobeikvieTan Tdhpa Td k&Twbh ;

§ 104. Ocopnpa.— Avo myadixoi apBpoi yeypappévor md TPLYYOVOpPETPL-
KMV popeiy elvar foor 161, xai povov 161e, dv Exovv loa pétpa xai dpiopata Srogé-
povia kata adxépaiov modlamAidciov mepipepeiac.
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'Arn6derErg Tpdyuar, é&v Exwuey :

' PL(OVVP; + i nbgy) = py(ouve, + i Nug,),
B elvan :

P10UVP; = p,ouvg, = plouvie, = piouvip, } — pi(ouvie, + nuie,) =
PLIHP, = Py NHP, = P NP, = p3 NP, =py(owvie, + nute,),
(€ ol: pl=p kaléwadn p, >0, p, >0, Emeran: = s,
omodTE B elvan :
qUVP; = TUVQ,
NUPy = NUP,
‘Aviictipéoos. 'Eav p=p, kal ¢, —p,= 2km, B& xcopev :
) OUVR; = OUVR,, THP; = NKP,
Kai kat' dxoAouBiav : = T
P1(oWve; +inue,) = py(ouve, + inug,).

Xpfjoig 1fig TprywvopeTpikfig popdiig pryadikdsv apiBpdv eig Tag
mpa&erg.— ‘H TprycovoueTpikn popet TGV uryadikidy dpi1Budy uss ETITPETEl V&
&Tehéowouey GmAoloTepov TOV ToAAaTAaoiaopdy, ThHy Sixipeov ki THY £€a-
ywyhv Tév piiév Tév myadikdy &pibudv.

"AxpipéoTepov foylouv T kéTwh GewphuaTa :

=+ @;=@p+ 2km, €€ 0¥: @, — ¢@,= 2kn.

§ 105. ©@ewpnpua.—To yvopevov dbo pryodikdv aplpdy efvar £ig pyadikog
aplpog Exov pétpov pév 1o yvépevov tdv pétpov @Y piyadov, dplopa 88 to
dfpoiopa @OV Opropdtev adtdv. “Htol, £dv

z, = py(ovve, + i npo,)
By = P00V, + i MHY,)

'Andde1Eig: "Eqv moMamAaoidowpey kaTd péhn Tas Sofisicas, & EXWUEY

12y == P1P2 (OWWOy + 1 Mb@,) (OUVE, + i NUP,) = pyp, [ (CUVe, TUVG, — b, NHG,) -+
+ 1 (ouve; NHE; + by OUVY,) 1= pp, [OUV(P, + @2) + i NH(P; + P2) ]

§ 106. Népropa.—Eav z, — p,(ovve, + i np,), 2, = plovve, +inug,)...

co o2y = Py (OUVQ, +iMpe. ),

} = %2, — PPy [ o0v(Q; + @) + inuie, + ¢@,) |

TOTE :

ZyZy « ooy = PPy Py [OOV(Q @t @ ) Finp(e, + @4 ...+ 0, ) ] (1)
*H amdBeibis va 8087j 81 Tiis pebdBou Tiis pabnuaTiis Emaywyts.
'EQappoyi Na edpebfy 10 Eayopevoy :

[ 2(ouv 300 + i nu 309 |- [ Y2 (ouv 40° -+ i 40%) | - [ 13 (auv 500 & § e 509) |-
Abarg: "Exopev Braboyixkés :
[2(oww 30° + i nu30° ) ][ 12 (ouv 400 + i nu40) |-[ I3 (ouv 500 + i nu500) | =
= 2§27 Y3 [ouw(30° + 40° + 50°) + i nu(30° + 40° 4 500] —

= 216 (guv 120° + inu 120°) = 2]’3(—%4- i--z-ﬁ-):—ﬁﬂ:f 3i§2.
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§ 107. ©@cwpnpa.— 'O dvrictpogog Evig pryadikoed apiBpod z (£ 0) Exer pé-
Tpov piv 10 Gvtiotpogov tod pétpov tov, Bpiopa 62 1o dvriletov Tod bpiopatog tou.
‘Arodderfug Tpdypem, &v z=p (ouvg + i nue) Exopev SiaBoy ks :
. 1 1(ouwve — i nug)
ouv = - = - : =
Levie + inea)] plowe +inug)  p(ouve +inug) (cwe —inug)

BN Tt 1L SRR g preineenle .
~ p(ouvie + nuip) p (ouve —inug) p [ow (=) +inu (—9) 1.

Kata Tabra:
: 1 :
[ plovve +inug) 1= 2 [oW(—) +inuC-9)]
TH Ponbeiq Tdpa TGV Becopnuéreov Tév § § 105, 107, Emeton dpéocos TS
k&Teobh
§ 108. ©@ewpnpa.— Td nnhixev Sbo piyadikdv apbpdv clvan pryadikog apr-

Ouog Exov pétpov 1o tnhikov tdv pétpov Tav Kai Spiopa iy dagopav tGv dpr-
opatav tov. “Hrol, &v:

Sl P — 2= P (ouv(g, — ¢) + i nn(e, —9) I
Zy = Py(ovve, + i nue,) #= 0 Iy P
¢ o % 1 4
Yrnéder&rg “Eyopev: Z:z,--i—:zl-zz TN
2
-2

Mapaderypa. Na edpeBfi to mnhixov : =i

Abdborg: "Eyouev:

—2 -2+ 0i 2 (ouv 180° + i nu 1800 ) 2 :
—_— = —= =— 180° — 45°) +
1+i 1+i Y2 (owv 450+ inu4se ) ﬁ[m( %)

+ i mu (1800 — 450)] — % (owv 135° 4+ i nu 1350) — iﬁ (ﬁ—‘ﬁ S Lﬁ) -

:ﬁ(__%+i_;—2_.)=—l+i.
e =

§ 109. @cwipnua (De Moivre). "H viooti divamg pryaducod dpuod civan
nryadikog apBpog Exmv pétpov tiv vieativ dbvapiv 1o pétpov tol pyadog kai
popa 16 v—nhaciov tof dpicpatog avrod. “Hrol, &&v :

z=p (owWe +inue) = 2= p* [ow (v@) +inu (vo )]

fi [p (cuvg + i nue)|* = p¥ [ovv(ve) + i nu(ve)] (@)

‘0 TUmos (7),6 érotos 5i8er THY viooTHY Buvauty dvds pryoBikod &p1Bpot, el-
val yveoTds Ud 1o Svopa: TUTos ToU De Moivre®

* De Moivre (1667-1754). MdAAos paBnuaTikés.
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AndderErg: 'Edv els Tov TUmov (1) Tfis apaypagou 106 Béowuey
Z,=2y= -+ = z,= p (owvg + i nue), TéTe TpokUTTEl b (T).

Mapatfpnorgl: Tod Becopnua ToU De Moivre SUvartar va dmoberydij kai Sia Tfis
ueddBou Tiis TeAelas Erorywyiis.

‘YroderErg: ‘H mpdraocis loyie 8id v = 2. ‘YmobéooTe 6T loxUel 81& v = k kai Bei-
Sorre &1 loyUe1 ik v = k + 1.

MapatfpnoigIl: O Timos Tou De Moivre loxUe kai dtav 6 v elvan dxépaios &pvn-
Tikds. Tpdypari, Exouev :

[ (ovwe + inug) 1% = ([ p(owe + inu) I ={p ' - [ow (=) + inu () I} =
=p % [ow (—ke) + inu (—ke)], keN.
PiTai piyadik&v aplbpdv
§ 110. "Opropdg.— Aobévros évdg pryadxod dpibpoi a # (o,0) xaloduey

vootiy eilav adrod, (ovufolouds : Va), xdbe uyaduxov doibudv z towiton,
dote: z¥ = a, fitoL:

v

Va=2z < z=a (€))

opc

O& Seifwpev Tpa 6T UTdpyouv uryadikoi &pifupoi mAnpouvtes Trv (1).
Tpds ToUto B &modei§wpey TO k&Twd Bewdpnua :

§ 11l. ©ewpnpa (OmapEewg viooTiig pilng pryadog).—
’Eav a= p(cuv@+ inpd), a < 0, elvar toydv myadixdg apBpoc, Lrapyovv
axpiLpdg v dagopor ahiflov viostai pilar adrod, Snradi 1 ticweig :
2 =a (1
Exer axpripddg v Suapdpovg drdnrov pilag, ai drolar didovrar £x Tod TOmoUL :

i ow(58) (432
Evoa k=0,1,2,...,(v—1).

'Anoderfic "Eotw 6T & wryaBikos &pifuds :
z=T (oW + inug)
EroAnBever Thv éfiocwow (1). TéTe, ouppdvws Tpds Tov TUTTov ToUu De Moivre,
£y OuEY :
' [ow(ve) +inu(ve) J=p - (ouv+inue). 2
‘H (2) Sucws &Anbevsr ToTE, xal pdvov TOTE, &v :
r=p «kai vp=0+42km, keZ.
EE alTév AcpPdvopey :
r=VYp* kal o= g keZ.

v == |

*) Vp elvon f) BeTikh) viooTh pifa ToU BeTikol &piBuod p.
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“Qoe ;

v

z:ﬁ-[maifif—r-é—inuw], keZ. 3)

"EBeixfn Aoirov &1 Umépyouv uryadikol dpifuof, dpifduevor Gmd Tiis (3)
Bia Tas Siapdpous drepaias Tiuds Tou k, oiTives EmradnBevouy v (1).

O& Beifwpev Tdpa 11 v pbvov &md adTols elven Bidpopor peTaly Twv, Bk
T&s Siapdpous drepaiag Tipds ToU k. "AxpiPéoTepov B Beicopev &T1

"E&v 6 drépaios piBpods k AGPn Tas Twas 0, 1, 2, ..., , SO U T P T |
&mo v (3) TpokUTrTouy &vTioTolyws v &pibuoi : Bor Zan Baner va Dhpe vvp Epppioce g Daey
Biapopol GAARAwY kai éT1 &v k A&Bn Ty Sidgopov Tév 0, 1,2,.. ., v— 1, BnA.
@ k=v i k<0, Téte & TpokUTTRY &Trd TV (3) wyadixds dpiBuds z B

ouuTriTrTy TPOS Bvar TGV 2y, 24, 2y, .. ., Zy_ .
Tpdrynam, & Showpey kar’ dpyds els 16 k Tag v BiaBoyikds Tipds: 0, 1, 2,
<oy (v=1), ToTE & THis (3) AapPavopev v &piBuois Ty Bin Tppevisg Tay oo < B
< +1 Zu—1, of &mroiol Exouv TS T pétpov Vp, dpiouata 8¢ dvTioTolyws T4 :
i 8+ 21 ‘QLTKL-'T 8 4+ 2Am 8+ 2pm 04 2(v—1)m
V' v ’ v Py v Py v { R ) v .
Ot v oUtor &pifipoi z,, Zur Ly ey Toy ooy By, .., 2y €lvon Bi&popotl GAAAAWY, .

81011, &v BUo TUYSVTES EE TGV floav foo1, foTw ol z, xai Z,, &vla A, uEZ, A£
kel 0= A, p < v, 0& émwperre
8+ 2Am 0+ 2w
v v

AnAabdh A==k, KeZ

Efvon 8pas 0 < |[A —u| < v kad mropévess 0 < [k'vi<v f 0<|k'| <1
&rotrov, 51611 81" oUbty k'e Z elven 0 < [T

Qote: mo#z N Mue[0,v—=1], A#u kai A peZ.

"As Bawpev Thpa Ti ouuBaiver, &v & k AdPn drepalas Tipas EkTds ToU SiaoTr-
watos [0, v—1], 8nAadd) Ti oupPaiver Bid k = v 1] B2 0.

'E¢’ doov ke[0,v—1), éav kohéowiey A Td TnAikov Ko ky; 16 UmdArormov

s Srcupéoecos k : v Bd elvan: k= Av + k,, dmou A xai k, dxepaior g 0=k, <w
SnA. k[0, v—11.

"Exopev 82 ToTE

2 =Vo - [m e+2(3\:+ LN 20\‘;+k1)ﬁ]:

=5 [ow (SEZAT) i (22T | 20,12,
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"Hto1, &v k £ 0,1,2,...,v—=1, dnA. &v k=v f| k < 0, T6Te & TrpoxUTTTWVY
& Tiis (3) HryaBikds &piBuds z oupTriTrTel TTPOS BV TGV 2y, Zy, Zgy - - ) Zu—1-
“Qore, wpdyuaTl, Udpyouv dxkpifds v Sidgopor dAANAwY &pifuoi, of -
Troiot raAnBebouv ThHv E§iowaov ;
z¥ = a= p(ouvd 4 i nub).

OUto1 &idovTon Umd TOU TUTTOU :

o () ()] e

v

omwov k=0, 1,2, ...v—1.
Napatfipnorg 'Ex 7ol dvwripw BewphuoaTos mpoxumrer 811 ke pryadikes dpi-

v

Buds a # 0 Exer xpiPids v viooTds pllas, 5nA. & oUpPorov Ya Exel v Biapdpous Tipds (Tds (4)),
elvan BnAabdh, ds &Aws Aéyousv, v—ofjucvtov xal Tpémer var kaBopileTan tkdoToTe 1) onuacia
Tou. 3

Ofrw, my., Y8= 42, V25=4+5 V2= 4 Y2, &mou ¢ cUpPorov ¥ Tiis Te-
Tpaywvikfs pigns Exer THy yvwoTthv Sid TpayuaTikoUs dpifuols Evwoiav.

Kard TaUta:

Els T meproxfiv T@v uiyabikidv dpibudv (dxoun kal &v & &pifuds a elvon mporyporTikds dpibuds,
Bnhadh yphgetan oirw a = a + i0 ut aeR) els 7o oUpBorov ¥ bibopsv STty omuaciav,
fito1 dxpiPéoTepov :

Mé Ya, &mou aeC, SpigovTan kal al Buo pigar Tiis t§iowoEws 2t = a° altan oupTiTTouy
T6TE, Kal pévov TéTe, &v a = 0.

TH PonBelg Tiis dvawTépw onuacias Tou cupPérov ¥ &v €, Suvduba v tkppdowpey Tas
AUoeis Tjs SeutepoPabuiov tEiocoews: ax? + bx + ¢ = 0 pt @ #£ 0, a, b, ce €, Bi& ToU TUTIOU :

_ —b+ ¥Yb*—4ac
1 2a :

'Egappoyai: In Na copefolv al Vi,

Alerg: “Exopev: 8i = B(U\N%Jr :nu%) kal & TUtros (4) Tiis § 111 &ider :
- ™ ™

a - — + 2km —,.F+2k'rr

18i= VS(O'U’\J%+ inu%)= YB(MZT-b- inu——g—— =

™ 2k ! ™ 2k 2
=2[O’U’V(?+-3—)+l!}u —6-+ )], k=01, 2
Ax k=0: 2(aw1+inu~g—)=]r3_+i

Ad k=1: 2(wv5—:+inu-?61)=—f3_+i
)

136

WnionoiBrke amod To ivotirouto EknmaiSeuTikrg MoAmkig



4 —_—
2a : Na cdpeBobv al V—2_+ 21 /3.
Adorvg: "Exouev: 2 +21]r3-:4(0'w% - inp—g-) kal & TUmos (4) Tiis § 111 Bk

137- 5iBer -

Tt [ (e

“ﬁ'[ 1T“'“)*”“‘(12 kzl)]

*Ex ToU TUTou TouTou Biad k = 0, 1, 2, 3 eUpioxouev dvrioToiyws :

v=4 p=4 6=

= : ™ 7 : 7
%42("”"11%*'““‘15)' =12 (ow iz +inugz).
13w ; 13w 197 g 19w
ﬁ!(o’uv—-é- ﬂuT ' zs=’2(mT§—+1quTZ_),

§ 112. Tewperpix) mapaoTacig T@GV vicoTlv pildv pryadikol
ap1Bpol.— "Eotw & pryadikds &piBuds a=p(ouvd + inud), wt vioortds pllas
Tas K&Twh :

L= ]’b_
n=Tp
=1p

zv,.=;'p—[ ( +(—1>—\+mu(3+(v—1)27“)].

Mapatnpoupey 611 &ow al viooTtal pifen ToU a Exouv TO alrd wétpov,
fiTol |2z, | = ]vfa k=0,1,...,(v—1), kal éplopara TolaUTa, doTe &wd TIvos
dpykfis Tiufis % aUdvouv Biapkds KaTd 27“ ToUto onuaiver &T1, &v AdPuwpev
Tds eikdvas aUT@v My, My, M,,. .., M,_; €ls TO pryaBikov Emimebov, adron O kelv-

v
Ton & kUkAou kévTpou O xai dxtivos Vp, 8& elvan 8¢ kopugai kavovikol v—TroAu-
ywovou éyyeypappévou el TOV kUkXkov ToUTov.

137

WnionoiBrke amod 1o ivotirouto EknmaiSeuTikrg MoAmkrg



§ 113. "Edappoyai TOvV dvwrépw elg THv Aoy Stwvipwy 'h‘;t-
oWOEWV.

Mapadaiypa lov: Na émiveq  tiowog: x' —1=0. (1)
Aboig: Al ypdeetan x¥ = 1. 'Emeibny 1 = 1 (oww0 + inu0), & Timos (4) s § 111
5i8e1 &uéows Six v=v, p=1, 6=0:

2l:ﬂ+inu2§-‘r—, k:0,1,2,...,v—1. (2)

Xy = ouv

Ar' BkdoTny TV Tiudv aiTédv Tou k mpoxUTrTer éx THs (2) kel pla pifa Tis Erodorws (1).
"Apa 7 (1) éxer v pilas, al dmoion kaholvTan viostai pifar tfi povados.
Ax k = 0 #xopev & Tiis (2) Tv pllav x, = 1. Kal tmadh xatd TV TUTOV Tou De

Moivre elvar :
k
mgkl+irlu2k—ﬂ=(m421+inuzl). keN,
v v v v

al v viooral pifen Tfis povéBos elven al Buvdpers :
e A R T
21

2w A
&tov ¢ m=o'wT+1nuT_

Znu. Kdabe pida x, Tfis povddos, f dmola Exer Thy IB16TTa va 5i8n T &AAas pllas cx
Buvdpers auTiis, kaAeiTen Gpyikn v—oat pita tfig povadog. M.x. 4 x, = ouv i:—r— + inu%}isa w
elvar &pyik?) v—oaTh pifa Tiis wovédos, idT :

s 1 1 3 v—I1
X, = Xp X, =Xy X, =Xy X, =Xp ..., X =Xy -

Mapaderypa 2ov : Na Emivdf 1) tiicoong : x* + 64i = 0.
Aborg: "Exopev:

Xt = —64i = 64 (—i) = M(aw(—l;—)+ inu(—%)).

"Apa ) TuxoUoa kT pila 8 elvan kard Tdv TUTTOV (4) TiiS Mopiis -

: —%-{—21{11 —%-1—2!(11
x, = Y64 | ow — - /+tim\————/]. k=012345

™

Ad k=0 elvo: xa=2(<rw—-—inu—&—):ﬁ+1’§—iv2—}'§_.

12

4 4
Mapaderypa 3ov: Na imivBf 1 &Eiowog: 22 =1+1 3.

Aborg Oftopsv mpdTov TéV 1 + i I3 Umd Tprywvopetpikiy poperv. Els Thv trpoxer-
uévnv TrEpiTTTWOIY EXOMEV :

p=)T+3=2 xat 0=Arg(1+i)3) =1

Ad k=1 elvan: x, =2 (crw1 + inu 1) =Y2 (1+ i). KA

5
&pa : l+i]'-§=p(crw8+inuﬁ)=2-(m%+inu%).
Suvenéss & TUTros (4) Tiis § 111 Bidx v=3, p =2, e=% 818¢1 :
T m
T+ 2km T+ 2k
3 3 )
g ﬁi"""“"”g : _]:.’:2_[M(ék-;l)w+inu(6k+i)1r],
5
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'Ex Tou TUtrov TouTou Bid k = 0, 1, 2 eUploxopev Tas InTovpévas pilas, fiTor :

=T (o gt imeE). 5o 1 (o E e TE),

9

. 13 " 13
Z, = ﬁ(uwT"+ir1pTﬂ).

AZKHZEIZ
226. N& TefBouv Umrd TpryovoueTpixfy wopefv ol kérwd pryadikol dpifuol :
a) _L_Ei, p) ~3 + 4k, Y 13 =3 &) 242981, € 3153 +3i,
1 1+i)3 3
oT ——M+Al 5 — i —,8) 1 + t ts
) 5 130 3+i n)- ﬁ+ : ) ouvt + inu

227. Na eUpedij T pérpov kal 16 Sproua Tou :
[l +i+ f’_(l—l)]
L+
228. Acifare Bid TV wyabikdv dpBuddv 811 2x (—3) = — 6 xal (=2) x (=3) = + 6.
229. 'E&v v puoikds &pifuds, va &mobaybi &mi:
(). (owd — i nud)" = oguv (V8) —inu (v0)
(P) Bl BT aul ™ Sow GAl). -l e e-ve).
230. 'Eav z = owv® + i nud xal v € N, va &mobeydij &mi:
¥ + 27" = 20uv (v0)
Y — vV = 2inu (v9).
231. N& &modeybfy omi:
@ (L4+i)y=—64, B) (1+i)-6=(2i)">% y) (1+i)e =32,
iz13 1 17
8) (f3+ipwo=—210, ¢ (-f-_-"—;‘—') - _—ﬁ; L oom) (-H +;_) =
e f L (——_H;_'ﬁ)m= I W keZ

232, N& ékgpacdij T nu38 ouvapTthoe ToU nud kal Td oww38 ouvapThoel Tol ouv &1
tpappoyfis ToU Timou Tou De Moivre.

233. N& eUpefouv T& tEarydueva :
s 3 .
@) (%HTﬁ)". B) (;1_-1-2:_1’?) £, y) (owl2 +inu 120)“—9?.
236 N& tmAuBodv al kérwb: Eiodaes :

a). x*=1-if3, Pp) x®+64=0, y) 4x74+1=0, &) x*+8i=0,
)., xM4+1=0, or) x*=—8-8)3i, & x*=—1341i n) 3x5+ 24x?= 0.

235. Na& ebpefoiv al Extan pllar 1ol : -;—- (f3=i).

236. Na epeBolv al Téraptan plfan ToU: —8 + 8i f3.
237. Né& eVpedf) 1o pérpov xal 16 dpiopa ToU &pibuol (_1 + ouv @ + inud)i

238. AlBeran: E= (1 4+iY3) + (1 —i[3)%. Aecifore &n1: E = —28
(Yroder§ig : Na yivn xpfiois Tis TprywvopeTpikiis popefis Tdv wiyadikdv dpifudv).
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239. Aeifore 6116 pryadids dpibuos z — ouvB + i NEb Blvaran va TEBT UTrd ThHy popety :
1+ ir
z = ﬁ%—, Smou A kaTEAANACS TTpaypaTikds dpiBuds. N opiabij & A.

240. No& &mobeiydij éi:

v+42

+

[y d 0 o B O S A e vm;v:-:‘, veN
vi2
B) (4D’ —(-i)'=i27 .mu—2 , veN.

241. 'Eav wx, k=0,1,2,.. ., v—1 elven ol v — oorad plfan Tiis povddos, v dmoBey b i
a) l+ot+w+--+w_,=0
B) Wy Wy Wy w, =1
242. pénpare ToV miyadikov &pibudy 1 + i |3 TprywvoueTpikhv popehv kal Bel§a-
Te &Ti:
(+iYf3)y=-8-8i|3.
243. Na &varubi) o pntdv kAdoua els &Bpoiopa &TAdY KAaopdTw :
1
x¢ + 4
"Yrodergig : MapatnpioaTe 6110 x4 + 4= (x*—2x + 2) (x* + 2x + 2).
244, Aceifoarte 611
(ow 70° +inu70%* 1 ;
(ow 40° + inu 40~ 2 =+,
245. Na tmadij (Tprywvouetpikds) ) Elowars x* + 64 = 0. N& onuaiwboiv Ta& Spl-
guaTa Tiv 6 pridv. Mas mapiotdvovTan yewperpikds al plla Tis tEiodoews Talms ;
246. N& mpoodiopioBolv T& A, p, Tva & uryaBixds &piuds: f2 (ouv 45° + i np 450) ¢l-

vat pifa Tfis Eiowaews : X'+ 2x2 4+ 3xt 4+ Ax + u = 0. Tloiau al Aovmral pilan alriis ;
247. Na& evpefouv al plfan Tiis Eiowoews :
(_iﬁ ) Lo,
1—x

248. Acifare 6T al pilon Tiis tiomorws :
(1+2)Y+ (1 —2)» =0 wapéyovran Umrd Tiis oxéoews : z=iep 21;: : T, &mou 16 k Aau-
Péver Tés Tiwds: 0,1,2, ..., 2v-1.
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KE®AAAION V

ITEPI AKOAOYOIQN IIPATMATIKQN APIOMOQN

OPIZMOI — I1AIOTHTEZ

§ 114. Eicaywyikai évvolal—a). Awotipaete. “Ectwoav o kol P pa-
yuaTikol dpifuol ¥ u¢ a << B TéTE KoAoUpey :

lov. « Avowxtéy didotnua dnd a fws B» kol oupPolilopev ToUto wt (a, P)
T kéTwh UmrooUvorov ToU R :
@p)={xeR: a<x<B}.
T& onueia (BnAadh ol mpaypaTikol &pifpol) a xad B xaholvton kad «dxpa

a+p
2
Tou SiaoThpertos. Taparnpoluey &1t el TO dvoikTdv SidoTnua (o, B) 8tv oupTre-
praiauPévovtar Té& dxpa o kal P ToU SiaoThpaTos, fiTol a€ (o, P) ol P € (o, B).
Mopdberypa : (3,.8)={xcR: 3<x<8)
20v. «Klewtoy dudotnua pé dxoa a, f» xai oupPoAifouev TouTo w (o, P
TO K&Twh UrooUvorov ToU R :
[o,pl={xe€R: a=x=p}.
Els ToUTto oupmepidappdvovTanr ked & BUo dxpar o kai B, fiTor o, PE [, B].
Mopdderypa: [-1,+1]={xeR: —-1=x=+1}.

tod dwaomijuarocy (a, B), TO 8¢ onueiov « péoov » i EANWS  « xévrooy »

3ov. «Kleworov dototeod, avouxtov defia didotnua pé dxpa a, f» xal cupPo-
MZopev ToUTo ut [a, B) T k&TwWh UrooUvorov Tou R :
[0,B)={xeR: a=x<P}.
Eis 76 [o,B) ouumepidauBévetar povov Té &pioTepdy dxpov a, oUyi Spws kal
T B, fitor a€[a,p), &AA& BE[a,p).

* Qg yvwoTdv 16 olvolov T pnTdv (ouupéTpwv) kal dpphiTwy (GouppéTpwy) kadeital
aivodov TGV npaypanikdv apifudv. To oivolov ToUTo kaAoUuey kal «sdfsiay Tdvy moaypatixdy
dpBudvy (bav BéAwuey va txppacdidpey pi T yAdooav Tiis Mewpetpias): ol wpayparikol dpifuol
Bewpolvrar TéTe s anueia tijs edfelas. Md T& onusia XpnopoToloUpey T& aUTd cUuPola pi
Tous mpaypaTikols dpiBuols. *H TauTomolnois altn Téw mpaypoTikdy &piBudv pi Té onpela
mias ebfeias Pagiletan els 16 &€lwpa Tiis dvmioTorylas THs "AvaAvTikiis Mewperpias. Kard 16 d€lw-
Ha ToUTo peTafl TaV TpaypaTikdy dpiBudy kal TGV onuefwy dvds &Eovos UpfoToran pia dugr-
HovoofipavTos dvmigToixia, SnAadh els EkaoTov TpaypaTikdy dpiBudy dvmigToryel Ev dpiopévor
onueiov Tou &fovos kal dvmioTpbgus.
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dov. « Avouxtov dgiotepd, xAewatov dekia Sudotnua pé dxga a, f» kol oupPo-
AZopev ToUTo pt (o, P] 16 k&Twh UmrooUvorov ToU R :

(o, Bl={xeR: a<x=p}.
Els ToUTo ouumepiAauPaveTrar povov To Be§iov dxpov B, olyi Spws kal T dproTe-
pov, fltor aé(a,P], &AA& Pe(a, Bl
Mep&Berypa : 0, 1]={xeR: 0<x=1}.
"Emri Tfis elfeias TéV mparypoTikéy &piBuddv T ds &vew SiaoTrpaTa Tapl-
oTavTal pt elfUypappa THHHOT &5 K&TWH :

(2:B)s - [ B): *

[oB]: . (o, B1: o
Kat’ émékTtaov Tév dvwTépw SiaoTnudTwv, Exouey kai Ta dxdrouba Sia-
oTTHaTA !

(-0, x)={xeR: s Go 4! - = a

(—o,a]l={xeR: x=a}:

2=

(B +o)={xeR: p<x}:

[B,+)={xeR: P=x}:

Ta omoia kahoUvTan «dnépavtar (&pioTepd, ws T& dUo mpdTa, dvTioTolyws
Beid, dos T BUo TeAsuTaia), &v &uTiBéoel Trpds T& TrponyoUpeva, T& dTola Ka-
AoUvTtan «mencoaouévay.
Ta BiaoThuara TaUTa TapioTavTar dvTioTolxws Umd TV Be§id oxnudTav.
Yrdpyouv &v SAe dwéa TUTTOL SiaoTnpdTwy. EvioTe 8& ypdowpey :
R = (-0, +0). Els T& éwdpeva 8& oupPoriZwpev ouyvd T& Siaotiuara év R
p¢ TO ypdupx A.
Inp. Ta oUpPora — o (adny drewov) kal + oo (odv dneor) v napiotavouv mpaypa-
nkods apiBpois. TaUta ypnoipomoloUvTan dvwTépw pévov mpds elkoAlav els TOV quuPoriopdy.
B). Meproyn onueiov &v R. “Eorw &v onueiov ae R kal e els feTikds dpibuds
(e > 0). Kéde dvoikTdv BidoTnua Tis popefis (o —¢, o + &) koheitan wrepoy)
T0U onuelov a pé xévtpov 16 a xai dxtiva £n.

5 R

bl
-€ a+é

———

2.0

Fevikaotepov @ «lleptoyn &vos onuelov En rkoheiton k&Be &voiktdv Bidonua
(c,p) 16 dmrolov Trepiéyer TO onpeiov §, fitor €€ (o, B).
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00T, Ay., T6 Bidornua (1,2) elven mepioxd Tou V2, 816 V2 € (1,2).

¥'). ’Andoracic npaypatikod apiBpod dnd Ghlov. "Eotwoav x€R kail yeR
KahoUpev «amdotasy tof & dno Tod y» 1OV pf) &pvnTikdv &piBudv |x — y|, oup-
BoAiZouev 8¢ TaUTnv pe d(x, 7). "QoTe elven :

d(x,y) = |x—y| % xeR «xai 3 yeR.

opo

AUtn Exer Tas £6fjs 1816 TOS ¢
dy: d(x, ) =0 xal d(x,y)=0 «=> x=y
dgy =z, ) =d(y,; x) (ovpuetowa) ididtnc)
dy:  d(x,y) =d(x, 2) +d(z ¥) (Totywvien idioTng).
'AndderEre Al d; xal d, elvan popavels, ik ToU dpropou THs d(x, y)
kol TV yveoTdv 1810TTwy TV dmoAUtwy TGy, B& dmodeifwpev 1MV d,.
*ATd Ty yvwoThy (516TnTa (ToU dbpoiouaTos) T &moAUTwy TINGY EYOMEY :

d(x, y) = [x—y| = |(x=2) + (z—y)| = [x—z| + |z—y| = d(x, 2) + d(z, ).

Enpeioncic Td olvorov R TV TpaypaTik®v &pifuddv, ué Tnv dmdota-
ow d, cs aUTn dpichn dvwTépw, Aéyouev 611 elvan els «petpikdg yopoc» kal ypd-
pouev (R,d). Mevikéds 8& Abywpev &T1: & advodov E elvar els petoinos yipog Tote,
xai pdvov tdte, dv eis »dfe Cebyos (x,y) orougelwv adtod dvriotouys el mpa-
ypatxos aolfuds d(xy), 6 dmolos xaleitar andotacis taw € E, y € E kal doTig
mAnpol T&s dvawTépw Tpeis iBidTnTes dy, d,y, dj.

*Aoknots 'Eav d(x,y) TapioTtd Thv &dmdoTaow Tou x ER &md ol y €R

d(x, y)
1+d(x, y)

fitor é71 kad ) d*(x, y) elvan émions pia dmwéoTagis émi Tou R.

Bel€arre 61 kal 1§, d*(x,y) = fxer TS dvwTépw iBidTnTas dy, dy, dj,

§). Miikog dwetfipatos. “Eotw A v Sidotnua (Bv R) pé &rpa a, P«
andoraci |a — | xaleitar 0 pixoc Tov dactijuaros A» xal ocupPolifeTon pE
u(h). "Qoe elven :

#(A) o= |a —B|= d(a, p).

OUrw Bi& THv Teproxnv (o — €, o - €) Exouev s piikos Tns T 2e.

Mia ypijowpog napatipnowg elvar 1 £&fig : "Eotw x,€R kal (xp—€, X, +€) A
TEPIOXT) TOU X, Wé &xkTiva €. ToTe loyUer

XE(Xg—€ Xo+€) = |x—xy| <t

Mpds émpePalwaoty TaparnpnoaTe kai THY kaTwd eikova :

Vol )
X,-E X X, JX+E

—— &
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H ENNOIA THZ AKOAQOYOIAZ

§ 115. "Opropoi.— MNiwpiZopev 87, &md T& pabrpata TéV Tponyoupévey
T4y, THY Evvolav TS cuvapThosws &S gravodaPwpey évtaufa Tov dpi-
opoV TNG:

KeAoUpev ouvdpTnow upé mediov dpiopol éva oUvohov A kai mediov Tipddv
Eva gUvohov B (T& A, B UmoTiBevtoan #£ @) xdfe povootipavTov &meikdviow f
Tou A els 1O B. Mp&oouev 8¢ :

f: A—— B 1 kai &Ahws A3x —> f(x)€B.

"EoTw Tlpa pia guvdpTtnols o pé mediov 6piopuol TO gUvohov N TEVY guol-
K@V &p1Buddy kal Tiuds év B, altn 8& oupPoricdi oUTw :

a: N—> B fjxai &MAws N3v—> a(v)eB.

Kd&fe guvapTtnaois s 1) dveTépw o kadeital 1 «pia akolovdia otoiyeiov tod
cuvolov By, EiSikds, &v B € R 1) dkohoubia o kodeitan : «ixolovBia mpaypa-
K@Y apipdvy.

"Qoe : axodovlia moaypariiv doplbludy clvar xdfle qovdotnow pé mediov dou-
opo? 16 aivolov N tiw guotxdy apludy xail Tiuas eis 16 awolov R 1dy mpayparidy
dofludv, BnAadh) ula povoorjuavros damewxdviorg Toi N eic 76 R.

Thv Ty a(v) wés dkorouBias a cuvnBifouev vd THv oupPolifwpev ué
ay , Yp&povTes SnAadn Tév puoikdy &piBudy v s k&Tw BeikTny Tou a. Al Tipai
Hids droroublias o koAoUvTan «dpory aUTiis kad Suvdpeba v KoTaywpiowpey aU-
Tous els Eva Trivaka 65 kdTwb :

Bi8l kogiont] wdia| LN - (g 0l

‘.l
0‘1‘0‘2|%""|u"1‘

gl TOV Omoiov TapaeiTeTon guvnBus 1) TROTN ypaupn kai ypdpovtan pdvov of
Gpot Tis dxohoubias, fiTor:

s Sl e T e S )]
‘O Opos o, kaAeiton TRETOs Spos THS Ev Adyw dxoloubias, & a, BeuTepos
Opos kol yevikdds 6 @y wmooTos T yevixds Opos THs droAoubias (1).
Eis Ta émoueva B& xpnowomoidpey moAAGkis THY dxdAoubov Ekgpacy
«f} drohouBia oy, @y, Agy. .., Gv ... P
Av aUTiis évvoolUuev, 671 BewpolUpey THY dxohouBiav a: N—— R opifo-
pévny olTw :
a(v) =a, Bi& k&b veN.
ZuvToudTepov pia dkohouBia TapioTaTan kol oUTw :
ay, v=1,2 3, ... f xoil &MNa¥s‘ax,, veEN.
Od Boaowuey Twpa uepikd ToapabeiypaTa dxoAouBidy TpaypaTikdy &pi-
Budov.
144

WnionoBrke ammod 1o ivotirouto EknmaiSeuTikrg MoAmkrg



1. "H drohoubia TGV puoikdv dpiBudv, fitotl f) drxoloudia:
(e e TS T
Tfis dToias viooTds Spos elvan & &piBuds v, fiTol o, = v.
2. ‘H dkroAoubia :

1'11 1

7! Tr . L | v ¢ I
= i S X ; 1 & 1
Tfis omolas viooTods Spos elvanr & &piduos = o b =—
3 iH Exokoubian: 4. Lrlh il 5
4. H GacohouBici: 6,08, B v iy By s (evba ceR).

‘H &xohoubiic ToU Tapodelypatos 4 koheitan: «ff orafepd dxolovbia a, =,
v=1,2 ... "08v 1 dxoloubia ToU Tapadelyuaros 3 elven fi oTaBepd dro-
Aol ay =1, v=1,2, ...

1 1 v
g D

5. ‘H dxoAoubia: —1,

6. 'Eqv drreixoviowypey ToUs TEpITTOUS puotkols &pifuols els tov &pibuov 0
kai ToUs &pTious puaikoUs ls Tov &piBpov 1, 8& mwpokuyn 1 dxoAoubia :
Oicl: 0, 1 e eaoli s
Suvfifcs 1) s Gvw dxolouBia cupPohifeTan cos EETis
1, & v &pTios

o Gl 0, & v TepITTSS.

1 ) i 0.2y v .
7. ‘H dxodoubia: a,= i = 1, 2, . . ., yp&geTon ExTevdds :
Each 28 il 99
4- 5: 6 7!---r v+3,...

Mapatipnois. 'EvioTe & Seixtns v Tol av AauPéveton olrtws, doTe v SiaTpéxn Tas -rm&s

0,1,2,3,... bwoTe ) dxoAoubia yp&eeTan :
5 Qi v i Ly,

& Bt dpos av—1 elvon TOTE & wriogTds dgog» Tiis droroublas.

§ 116. Fpa¢ikiy mapaoraocig dkohouBiag. —"Eorw av, v=1, 2,...
ule drolouBia TrporypaTikéy dpiBpdv. To Bidypopua oUTfs elvon TéTE TO
oUvoAov :

{(Lea) @2a) ...o@a), ...} =2
T6 bmoiov elvan UtrooUvolov ToU KapTECIaVOU ywouévou N xR xai oyl Tou
guvdhou TGV TpdyuaTikéy &pifuddv. Ta oToryela ToU ouvérou X elvar (Trpoga-
véds) Sidgopax METAEU Twv kol TroploTavTon Si1& «pepoveopéveovs onueiy ToU
kapTeoiavoy émimébou R x R. To oUvolov alT@dv TV HEMOVWUEVV onueiwv €l-
val f| ypagikf) Tap&oTacis Tiis dxohoubias av , v =1, 2,
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Els 70 k&Twh oxfiua TapicTavta évvéa Spor mids drooubias a, ,v=1,2,. ..

y

Qs v .

Zx. 8

'Eqv fewpriowuev poévov Tés TeTaypévas TGV onusicov Tou tmimrédov, &1
Qv apioTaTon ypoagikds fi dkooubic oy, v=1, 2,.. ., &ouev THv ouvnfn émi
Evds udvov Govos TapdoTacty Tiis droroubias o, , v =1, 2,. . .

OlTes ik Tou dveoTépw oyfipaTos Exopey :

y Q; G Gy O 0 o5 Qy Oy oy Ay g
AZKHZE|Z
. , / " @ ’ 2v+ 1

249. MpayaTe ToUs TévTe TpdTOUs Bpous THs drohouBias @ ay — =y = 1,02,

250. TMpayare ToUs &kt TTPEITOUs Bpous Tis dxoAoubdias : Bv = v—i—z—, v=12...

251. Tpdnporte ThH drodoubiaw Tév &pTicv QUOIKEY Gpifudiv : 2, 4, 6, 8, ... Ud THV pop-
phvay,v=1,2,...

252, Mpdwyare ThHv dkoAouBiav ToV TEPITTEY QUOIKGY &pibudv: 1, 3, 5, 7, ... Umd Thv
Hopgiiv. Peg v = 15 2500

253. Tpayate Tobs Emré mpdaTeus Spous Tiis droAoubias :

L LY v
v = 5 PR v=1,2..

254. ‘Ouoics ypdyare Tous dvvéa TpTous Spous T dxorouBias :
L e D B Y
255. ‘Ouoiws ypdwate ToUs TrévTe TpTOoUs Spous Tiis drkoAoubias :

- jyv—1
e SR s e 12,27
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§ 117. ®paypévn dxoroubia.—a"). "EoTw fi dxoroudia ay = %, v=12,...
Bl e LI

Ny R e
Ak v &veotépe dxorouBiav TapaTnpoupey &T1 oyl :

av-——%{I Sikkdbe v=1,2,...

txTevds 1) :

fro1 &hot of Spot THs dxoroubias TauTns elven uikpdTepol fi iool ToU TpaypaTI-
kol &piBpol 1+ Aéyousv &t 8T 1) dxohoudia ol elvon «ppaypévn mpdg T@ Gven
&md Tov &pibudy 1.

Fevikids : Mia axoioviia mpayparixdw dobpdy ay, v=1, 2,... xalsital
opaypévn mpdg ta Gve &v R tdte, xal pdvov tdve, dv Smdpyn moaypatixog dot-
fBuds s Towivos, dote va loyipy :

ay=8 3 velN

‘O &piBuds s kaeiTan «dve podypua Tijs axolovblag av , v= 120 .5 00

tes & &pifuds 1 elvan dvw gpdyua Tiis dkohoubias cxv=%, vl 2,

TMpogavéss, &v 8 elvon &v dvw ppdypa wds dxohoubias, TéTE kal k&Be &AAoS Tpa-
yuaTios &pifuds peyouTepos Tou s elven Emrioms &ve oppdyua Tis dxohoubics.

B). ’Ev dvmibtoe Tpds TS &wohoublas, of &troicn elven pparyuéven Tpos T&
&ve &v R, Umrépyouv dxohoubia, Tév &trofwv Shor o Spor elvon peycduTepor fy
foor tvds TparymarTikoU &pifpoUs Ax. f dkohoubia ay=2v, v = 1, 2,. ., heres
véds : 23456, vBRRS v £
A Thv dxoouBiav TaUTny TapaTnpoUpey &1 foyuer :

2=q,=2v Sk xdle v=12,...,
Abyopev B¢ 8T1 1) dxohoubiax almn elven «ppoypév mpds Ta wate» &WO TOV
&piBudy 2. Tevikéds : Mia dxolovbia mpaypatixdy dolfudv a,,v=1,2... xa-
detrar gpaypévn mpds ta wate Ev R tdre, xai pdvov tote, dv dmdoyy meaypati-
%0c Gpifuds & TolodTos, dote va loxvy:
c=a XN VveN
‘0 &piBuds o koelTan «xdrow godyua TS axodovblag a,, v =1, 2,.. . ».
7). Téhos Uépyouv dxohoudiai, ol dmoic elven kol Tpods T& &vw kol TPOS

T& k&t gpayubvon &v Rt Ay, fi dxohoubia ay = %, v=1,2...780m
loyuer :
0§m=%§1 \# veN L ; ‘

fitor &Aot of Bpor TN dwrikou els & KAeloTov BidoTnpa [0, 1], Aéyopev Bt els TV
TreplrTwo adthv, 8T1 dxoroubia alrn elvan «ppaypévnn.
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Fevikéds : Mia axodovdia mpaypariziv dolbudv a,, v=1, 2,... xadeital
gpaypévn iv R vdre, xal udvov tdte, dy 7 drodovlia afry elvar xai moos Ta dve
xal mpdg Td xdtw goayuévy év R, fitor &v s elvan Bv dve gpdypa THs dkolou-
Bios oy, v =1, 2, ... xai o 16 dvTioToryov kéTw @péyua, TéTE loyle :

o=y =8 Bxkdbe v=1,2 ... (D

"Av Tdpa ¢ elvon &piBuds peyahiTepos f loos T@v |o| kal |s|, TéTe 7y (1)

OUVeTTGryeTa, &g’ Evos pév

a=s=s|=¢  VveN
&o' étépou B :

a,=0=—|0|=—9 % veN.
"Apa ioyuel TOTE

=, =S¢ 3 veN 2
i icoBuvducs :

low| = ¢ 3 veN. 3

AN kai GuTioTpdguws, &v loxun 1) (3), TOTE Tpogavéds 1 dkohouBia o
v=1,2,... elvon pporypévn, BiéTi 1 (3) elvan ioobivauos mpds Thy (2). *E8eiyfn
Aorrov 61 :

Mia dxolovbia moaypatixiw dpbpdv a, , v=1,2 ... eha poayuévy év R
(7] xal dAAws «drolitws poayuévy év Ry ) 1dte, xal pdvov tére, dv Sadoyn npaypa-
Tixog dofuds ¢ towoitog, dote va ioydy ;

|| =@ Bakdle v=1,2, ...

‘O &piBuds ¢ koheltan godyua, dkpiBéotepov «dndivtoy godyuar THs dxo-

Aovblas oy , v=1,2,. .. 7% R.

Oparyuevn droroubia elvar .y, 1) 2::“}, v=1,2,..., 8idn {oyve :
’@:ﬁ‘:ﬁ";‘—”'g%;z B kde v=1,2, ...

v v v

‘Opoiws 1) dkoroubia :
o, = 401”3”-, v=1, 2, sl BIeT:
5v
_|4ow3v| 4jowdv| _4 1 _4 _. "

[y = =5 = £l g = Simikalev=:1,2 . ..
'AvTiBiTws of dxohoubia

1 bar ‘G pOT LB U vt

kai 10, 108, 108 . 3 d 0 0T

Sév elvan ppaypévan (Siar ;).
§ 118. "Eorw pia dxoroubia mporyp. pibudv a, , v=1,2,..., my. f) &xo-

houvBia o, = %. v=12,. .. xal pyfc ouvfikn m.x. fy: a, < —9.;_3  TOPOTNPOUHEY
6m, & v=1,2,3,...,998 fito, &v ve{1, 2,3, ..., 998}, { cuvBixn & < —9;1;;
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Stv TAnpoUTal, dvmiféTws &v v = 999, 1000, 1001, . . ., fiTor &v koAéowpev
vo = 999, ToTe Bick K4BE BelkTy v = vo= 999 H ouvlHKn : ay = % P “g%g

poUTal Trapd ToU Spou ay, Adyopev Bt els TH mepimTwow alThv 8T wredixddg

TAN-

. : 1 T d
Ghot of dpot Tijg dxodovfiiag oy TR e 1,2,... alyoody )y d¢ dvew ovvbijxnwy.
Fevikdds : &v oy, v = 1, 2,... elvon pia dxohouBia TpayuaTikédy &piBudv,
B Mycuey 1 «reduxidg Glot oi Soou Tije dxodovlias a, , v=1, 2, ... nhneodv ulav

anlijxy 7 ibdtyray ToTe, xai pdvov ToTe, dv ) ovvbiixn 4] 4 bty mAnpodTal
napa Tod Boov ay, dia xdbe Selxty vEN Efawéoer Evég memepacuévow
owdiov Sewetdv, BNAadY TdTe, xal udvoy Téte, v Sndoyy els delxtns vy €N Torod-
05, Bote i »dle deltyy v = vy, 6 Gpog ay wAnpot Ty ovvbijxny 7] ididTnTa TadTyy.

§ 119. “Ectwoav &Uo &xohoublan: ay,v=1,2,... kaip,,v=1, Pl s
ExTEVEXS ai :
R e

B B PBaoos Pusenn

MeTafU alréov opilovran T& kéTwh :

Tedtne Al a,, v=1,2,... kai By, v=1, 2,... xoholvtan focn TéTE,
kad pévov TéTE, &v loyin : av= Py Bia kdbe veN.

*AOporvopa tig @y, v=1,2,... kai By, v=1,2,. .. kadeiTan fj GroAou-
B (o 4Py ), v=1,2,...,5nAaBM f: & + By, Xg+Pa G+ Bay- - s +Puye e

Aragopa tiga,, v=12,... peiov B,, v=12,. .. kadheitan f) éxohoubia
a, —Py,v=12..., BnAaBf A : &y — By, G — Paye -y B —Puye

Cwopevov Evae npaypatikod amBpoed & iri tiv axokovbiov a,, v=—12,...
kaheital #) dohoudia : €, , v=1, 2,.. ., tkTevéds fj dioroubia :

By, Sap DGay e

Twopevov tiiga, , v=1,2,... éni thv b, v=1,2, ... xohelTan dxohoubia

a Py, v=1,2,..., Bnhadf) f: 4Py, Py WPy ..

Mnhikov tiic @y, v=1,2,... &a By, v=1,2,... p2 B, #0 % veN,
koeitan Ay &xohoudia, 1) dmola Exer pous T& TNAlKa TGV dvTioToixwy Spwv TGV

&v Adyw drohouiddv, Bnhadn ) drodoubia g" S LW RS T S
v
b W 1S
Buo-Pais i o

Tetpayovikil pila dxorovliag a,,v=1,2,... p¢ a, =0 >/ veN, kodeitar
1] dxoAoubia : Voo, v=1,2,... ékTevéds 7 :

Va:l VE; ey Va. e
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MHAENIKAI AKOAQY®IAI TIPATMATIKOQN APIOMQN
§ 120. "Opiopég.—"EoTw ) dxodoubia @, , v=1,2,... pé yevikov &pov

a, = (=1)*1. .%, fiTor ) dxohoubia :

1 1 1 1
el S e T =

AUTn TapioTaTan ypagikés, dx els T6 kaTwTépw oxfiva EupaiveTar.

"As Bewpricwpey Topa fva BeTikov &pifuov g, m.x. Tov e= 0,17, s Emwiong
kod Tos eUbefas pt Ewowoes y=¢e=0,17 kai y=—e=—0,17, ai dmoic
elvan TapdAAnior Tpods Tov &ova T&Y x kai dpifouv Emi ToU EmimESou TGV &ES-
voov plav «rawior (BA. Zx. 9).

d

T

M;

=017

=017

Y 2. 9

Maparrnpoluey gis TO dvwTtépw oxfjua, 6T1 T& onueia M,, My, M3, M, kad M,
kelvTon £kTOS THis Tawvias, v Ta &md ToU Belktou v= 6 kai «mépavy dvticTora
onueia, fitol T& Mg, M, M,,. .. eipiokovtan Bha évtds Tis Towvias TV SUo
TrapodAfAwy eUdaddy y =€ kal y = —€e. ToUTo onuaiver &T1 of TeTorypévan Tév
M,, M,, My, M, xai M;, fiTot ol &pot ay, oy, a5, &y, o Tiis v Adyq &roloubias
Kefvtan €kTOs ToU &voikTou SiaoTthuotos (—¢,+€), #v@ of &mwod ToU BeixTou
v =6 kol Tépav dutioToryol &pol, fiTol ol i g, &, O,. .. KevTol Ghot els TO
&uoikTov Bidotnua (—¢, +¢€ ), SnAadn els piav Tepioyfiv Tou pnBevos,kab’ doov-
16 (—¢, +¢&) ypdgeTan kal oUtw @ (0 —¢, 0+4€).

"Qoe : —t<a,<+e N v=y=6 (£=0,17)

i looBuvapews :
o] <& N  v=v,=6.

*Edv Teopar AdPoopev Eva &AAov BeTikov dpiBudv €, WikpGTEpOV TOU TTpoTyou-
pévou, T.x. Tov £= 0,09, xai éravaAdPwuey T dvwoTépw, TOTE KATGATYOUEV
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els 1O ouptrépaoua &T1 T& onpeia My, M,,. .. ked My; xeivtan Extds Tfis Tawias
16V SUo TaparAilwy elBeidy y=e= 0,09 kal y= —e=—0,09, fv& T& &md
ToU BelkTov v= 12 kai mépav dvtioTorya onueia, fiTol T& My, My,,..., My, ..
eUpioxovtal dvtds THs év Adyw Tawias, SnAabh al Tetaypévar Tév onpelcov ToU-
Ty, fiTol of 8pot: Cyg Cygy. . .y v ,. .. THS &v Adyw dxoAoubics keivran els TO
dvoikTdv Bidotnua (— ¢, + € ), fitor loye :
—e<a < +E Muv=y,=12 (e=0,09)
A iooduvdapws :
lay| < e M=y = 12.

*Ex Tév dvwTépw TrapaTtnpoUuey &T1 els fkdoTny EkAoytfv ToU BeTikou &pi-
BuoU & Umdpyer els Beiktng vy, & Gmolos ESapTéTan &mo TOV €, fiTol vy= v, (g).
OUtw B1&/e= 0,17 Exouev, dos EAéXBN dveoTépw, \vo = Vg (£) = 6, &vd &i1& €=0,09
EYOUEV V, é’mé)”:' 12. o E=

Thv &v Adye drohoubiav ay , v = 1,2,... ptoy= (=1)1- —‘1’, 1 omoia

mAnpol T& dvwTépw XapoaxTnpifouey o5 «pndevikilv dxokovBiavy.

Fevikdds : Mia dxolovlia mpayuatwdy aolbudy o, , v=1, 2,... =alelrar
pndevikd dxolovlia xal Oa ovufolilwuey Toiro ué a, = 0 TdTe, 2ai pdvov Tdte,
Gy d wdBe e > 0 dmdpyy delntng vo= vy (&) ((ExpTouevos, &v yével, éx ToU €)
Townitos, date va loydy -

la, | < e oa xdbe »=w,(e).

TuvTéuws, pE Xpfioly TGV yvwoTdv pas cupPoiwy, & opiouds oUtos Bi-

BeTan Gos EETS ¢

a >0 <= Me>0 Tv=vE):|a <z ¥ vy

opo

§ 121. Mapadeiypara pndevik@dv akoAoubibv.

lov. “H orafepa axolovlia a, =0, v=1, 2, ... elvar pundevixy) dxolovhia.

1
2o0v. “H dxolovlia a, = S 1, 2,... elvar undevixrj, Brom Brx TUYOVTA

BeTicov &piBudv e Umrdpyer SefkTns vy = v, (€) kad ds TolouTos SuvaTtar vi Angdi

Ve oA i : ! S o 1
€865 els puoikds &p1Buos pey cAUTEPOS TOU - E—*’ ToloUTOS, oTE Bid k&BE v = v, > =

1 1 : i3
— = ! = < g 516T1 &k TS v0>i:>-—1—<s.
v Vo 3

I
ioyuel : = sl
e o fp) 5 Te

"Qoe £5eiybn o™i :

5 = 1 1]
Me>0 3 vy=v, (g) (dpxeiucxi\ncpenvo: T): | et |=l7‘<e M ov=v,.
* ToUTo oupmepaivouey, 16T loyue: |a, | = %— <E <= V> %
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- T ol
Apa : av—T-—>0.

Enptiwoirg: ‘H dxorovdia a, = ‘vl' v=1,2, ... UmevBupiler Tds dmooPewwupbvas

dvarmBnioes wds AaoTikiis ogalpas tml dvds EmiméBou. Té yos, els 1o dmoiov dvépyeTon 1)
opaipa els iboTtny dvamidnow, Elvar uikpdTepov T@V Tponyouptvey Kai tEhkdg f agaipa
looppomel &l Tol EmimréBou alTol (Uyos dvamrndfioews undév).

3ov. “H dxolovlia a,= (-1)" —:— =0, 81T 3£ e > 0 Umdpyer v, (€), kai

= ; : o fudoy . ; =fel
cs ToloUTos Buvaran drrlons va Angdij els puoikss dpiBuss HEYCAUTEPOS TOU =
(Braxti ;) ToloUTOS, daTe va foyin ¢
ey |=| (=1)" - —‘1; -_—:—‘lT < & B1cx kdBe v = v, (€).

Enpeioocig: ‘H dxohoubla Tol Tapabeiyparros (3) UmevBuplZa Tas &mrooPevvupbvas
alwpnioes dvos Ekkpepols f Evds Earnpiou Trepl Thy Béoiv lgoppoTrias adrol.

| dows "H axolovlia a, = Vi v=1, 2, ... elvar umdevinsj, B16m B TUdVTa
v

[\
Gs'rm&v"épteubv € Utrdpyel Beixtng vy = v, (€), kai s ToloUTos Buvaran v Anogbi

= 7 i ; A | - =
€86 els puoikds &p1Buos HEYAUTEPOS TOU - TOIOUTOS, WOTE: Bia k&Be v= v, > E—l,

1 1 1 1 1
foyver: |a, =—S— <k vV > — = = ___ ¢,
| Vv Vv, i Vv Vv,

"Qoe E8eiyfn 611 :
1
Me>03vy=v, () (dpxsi va Anedf) vy > —EIT):| o[ = ’_V?‘ <e N v=y,.
1
"Apa : ay=——=>0.
p Vo
IAIOTHTEZ TQN MHAENIKQN AKOAOY®IQN

§ 122. "I166mg I. — Aw piav dxodovBiav a,, v =1,2, ... TPAYUATIKDY
aprBpdv toyoer :

'Eav a, > 0 <= —a, > 0 d¢ xai |a, | >0

‘AroderEig: Tp&ypar: 81671, &v | o | < €, TéTe O elven kad :
|—ov|=|a | <e, xabos tmwions kel i|u.,|'=|a,|<e.

’Aviictpbowg: &v: —a, > 0, ToTE | —otv | < € BnAadn | oy | < €, &pa
ay, =0, 6mdTE Kai | o, [—0. '
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§ 123. "1&10mg . —’Eav 1 dxodovdia a,, v=1,2, ... elvar pndevikiy,
tote kai 1] npoxdnTovca £k tabTng Sra mpoodijkng §ij Sraypaefic Evog nenepacpivovn
nhnBoug dpav elvan Eniong pndevikn dxolovdia.

1 i

NMaepaderypa: 'Ha, = e 0, Téte kal #) drorovbia: B, = m,v: 1,2
2 I 1 1

EKTEVGDS f) T; *6—; T;----

# émola TpokUTrTEl B Biarypagfis TGV Tegodpwy TpoTwy Spwv TS @, = —:-, v=12,...

elvan Emriong pnBevixd) dxoAoubia, <

§ 124. "1516mg 11l.— Kabe pndevixn dxorovbia sivar gpaypévn.

*Htor : 'Eav a,—> 0, t6te a,,v=1,2, ... elvar gpaypévn.

'Anodetire "As dpopudowuey TOV Oplopdy Tiis pndevikiis droioubios
B1x e= 1> 0, TéTe Umdpyer Seikns vy = v, (€) ToroUToS, MoTE vax foxun :

lav | <1 3 v>v, 1)
*EoTw Twpa A= max (|, [og), - -0 o] )
TéTe 6 Excopev :
o |[SEA<A+T ¥ v=12,..,w, (2)

’Ex téov (1) kad (2) TrpokUTrTEl
lov | <A+1=¢ XN VEN.

"O0ev ) a,,v=12,... elvar ppaypévn.

Hapatfpnors ‘H dvwrépw iSi16Tns Stv &vTioTpégeTal, fiTol k&be
ppayuévn drotoudia Biv elvan TévToTe pundevikr. Tlepi ToUTou PePanovueda &mo
70 EEfis Tapddeiypa

*EoTew 1) dkohoubia : a, = (—1)Y, v = 1,2,... éxTevéds f) dkohoubia :

=1, 1, =5l -

AUTn elvan gparypdvn, S16T1: oy | = |(=1) | =1=1 & v=1,23,...,
v ToUToIs Buws aUTn Stv elven pndevikd (Biorri ;). A €9

*AvTiBéTws ) dxorouvBia oy = (—1)¥ - %—, =1,2,... elvan gparypévn, B16T1

loyer :
| et |=)(_1)v -%—{:1751 ¢ vEN xal ouyypoves a, = 0.

§ 125. "1616mg IV.— To G0poiopa /i ) Sragopa dbo pndevikdy dxokovbdv
elvar pndevikn) axolovbia.

*Hton : ’Eav : ;v:::: ’ = o+ p—>0
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'’An6devErg ‘Emeadh kara v Umdbeowv af o kai By, v =1,2,...
elvar unBevikal dxoloubian, 8& Exwuev, cupgdvws Tpods Tov dploudy pndevikis

doAoubias : Al kdfe € > 0, &pa kai Sk %— >0, Umépyer Seikrng v, (-;_—)

kal vy (-—;«—), QoTe v& loyun :

o[ <5 B Kéde v%vb(%)zv; )
1B < i e ugu;;(%)zv;, @

‘Eav koMéowuev vy (E) TOV péyioTov TRV vo(—;—) kai v (%), fitor &v

vo(e) = max(vy, v,), ToTe 81k kdbe v = vy(e) oi dvigdTnTes (1) xai (2) wAn-
pouvTal ouyxpévws kai émouéves Ba Excouev :
lav £ Bv =S| [+ |Bv | < %‘-‘r-—;—:f Bid kdBe v = y,y(e),

fitor: |av+Py|<e xkai |oy—PBv| <e BrxxdBe v > vy(e).
Al Tedsutaion dvicdTnTes Was TAnpogopouv 6T ai dkohovlion @ a, + By,
kol oy — By, v=1, 2,... elvon punBevikai.

§ 126. "1816Tg V.—To yvopevov pndevikiic dxolovBiag Emi gpaypivyy
elvar pndevikt axolovbia.

a,—> 0
“Hron: 'Eav = apf—>0

By,v=012 ... epaypévy

'’AndéderErg: "Eotw ¢ &v ¢pdyua Tiis dxoroubias By, v=1,2,... TéTe
Exopev : |By |=9 Six k&be v =12,... (1)

’EE &\Aov, tmedn oy = 0 = \f e> 0, &pa kai 81&—% > 0, Umépyer Selktng

€ )
Vo= Vo( ?) TolouTos, woTe va foyum :

[gegl e %- Bi kdfe v=v,. (2)
TéTe Suws, Bik k&be v = v, Eyopev Buvduer TV (1) kai (2) 6Ti:
{3
lovBy | =|av| ‘|th<?"? =E

"Qorte £5eixfn 671 :
A e >0 3 Vozvo(“%) D ape | <E N v,
“Apa: o By = 0.
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§ 127. "1516mg VI.— To ywvépevov oo, fi yevikbrepov Evig TEREPAOPEVOL
nhfibovs, undevik®v dxolovdv elvan pndevixi) axolovbia.

a,—>0

"Hton : 'Eav
gy —>0

]-—+ a, B, > 0

'AnederErg. ‘H P, ,v=1,2,. .. dsundevikn dkoroubic elvan (1&15Tns IIT)
epayuévn, &pa f o By, v=1,2,..., &5 ywopevov undevikiis &rmi ppaypévny
elvan (1816Tns V) pnBevikt) dxoAoubia.

1 1 1
Mapaderypa: uv=-v——-—>0, ﬂv=-v--_.0 = “v5v=ﬁ ) i

Ao knois: ‘Amobelfare THv dvewTépw IBi1éTNTa dveapThiTeos TGV Trpon-
youpévwv 1B10ThTev, A pdvov T Bonbelg ToU dpiopol pndevikils droAoubias.
*Ex Tév 1810tTeov IV kad V EmovTton &péows ol kdrwd &lo 1B i1oTnTes :

§ 128. "1616mg VIl.—'Eav a, —> 0, té1e Ea, - 0 &a xabe EeR.

OUrews &k Tiis L—»O = -3—=3-—]--—>0.
v v v

§ 129. "1816™g VIII.— Aa xabe En R, Eav ;" e g] — Ea, +np. = 0.
. —>
§ 130. 1516 g IX.— 'Eav p, > 0 xai 5ua piav dxorovbiav a, ,v=1,2,...
iogon: |ov |=| P, | Sraxabe v=1,2,..., tote 4 axolovbia a,,v=1,2...
elvar pndevixi.

"Hto1; 'Eav = a,—>0

@ |=|B| \ veN l
B,—>0

'Ané6devErg: 'Ex Tou &1t Py 0 Emeron: Ak ké@e £> 0 Umépye
Vo == Vo(€) ToloUTos, doTe va loyim :
|By | <& Bixkdbe v=vy(e).
ToTe Opws ExOMeV :

o |[S|B|<e fror o | <e i kée v =vy(e)-

“Apa : a, = 0.
£ LA i . —— 1 i
Egappoyf: Aciate dn: mv_v2+v+l—>0.
Mp&ypa: : " y .
= g = Pre A kol kot Thy dveTépe 1B16-

T (Rmeidi) % ->0) elvar o —>0.
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\§Jll.'!|. Mapadeiypara épappoyfic TGV dvwrépw IStoThTwy.

Mapaderypa lov. Acilare 6n 1) dxolovbia e, =0, v=12,... p¢ o otade-
pov mpaypankdv apbudv kai || << 1 elven pndevixn.
'Anbbefig. a). A w = 0< 1 elven wpopavés.

B). A& w #0, Exopev: 0<lw| <1 => |%|>1' 'Apu_|—i3|-: 146 6>0
kal Eropéves :
1!
|m|=|wvl=|w|v=—~—(l+a)v M veN. (1)

‘AN &mrd THY yvewoTiv dvigdtnTa Tol Bernoulli (§ 28, waps. 2), Aol THv dvigdTnTa:
(A+8)y=1-4 v
Eyopev : (14+8)y>v8 ¥ vEN,
Tére 4 (1) &ider:
1 1 1

fd\*?z‘m"'i<w=T-T ¥ veN.

"Emeidy —vl-- — 0, Buvdper Tév iSotiTev VII xal IX efvan kal o, =w' —0.

"Qore 1 dxoroubia :
L4 P T S
W o|w| <1l evar pndevikn.
" L. 1 Y

Olrw, m.)., al dxohoubla : V- | T ) L2050 Fwiv= 1, 2.
elvan w&oa pnBevikal dxoAoubia.

Mepéaderypa 20v. ‘H dxorovdia: av=awv,v=0,1,2,... pi |lo| <1 xaiae R,
fitor : @, ao, aw?, awd,. .., a0V ,.. ., cver pndevikd.

Tp&ypari* Buvdper Tol dvwtépw TapadelypaTos kal s 1§16tnTos VII.

Mapaderypa 3ov. AeiEate 1§ dwokovdia av = [Vi+2—JviF1, v=1,2,...
elvar pndevif.

*Anbédakrg. Elvan yvwotov dmi: x—y = %’; "Edv Blowpev x=Vvir2, y=Jvi+1,
Eyopev : -

| (2 - (viEl) 1 1 1

av | = | V2 -1l | = = = =

' | | | V42 + v+1 V42 + Jvitl <I'u'+1 ¥

“Apa, Emreidt —‘1’-——» 0, Buvdper THs 1B1éTnTos IX, TpokUTTel 671 kad %) dxoAoubla :
av = P21, v=1,2,... elvar pnBevikh.

AZKHZEIZ

256. Aciforre &1 al xéTwd droloudiar elven pnSevikal :

— i)y 1+1v
S s SCORE = E) BEss R s B s B

257. 'Opolws ol dxoloubiai :
3 3
D M 2) V(i) 3) BEI=fr D v (rrd-v).
v

258. Aix € > 0, v& mrpooBiopiodi Belktng v, = vo(e), DoTe B v == v,(e), v elvon
l ay | < E
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Smou:  cy,ves= 1, 2,0, Evon:

3 nuv + guviv 3
1 LN = A ittt bt ial A Bk ¢ -l
) = D e =ga— 3) av = . 4) oy ek
259. ’Edv ) dxohoubia av , v = 1, 2,... eiven pnBevikn, & elven pnBevikn kai ) V]av | -

TYTKAINOYZAI AKOAOY®OIAI TIPATMATIKQN APIOMQN
ENNOIA TOY OPIOY.
§ Ib/ ‘Opiopdg.— "Eotw 1) dxoroubia :
3v+1

(o e s BE S VI R S IO
v

g AL . ~ ST Logsas <
A THY &5 dvw dxorouBiav TapaTnpoUpev 6Tt foxUel: oy — 3= —-+ fitor #

dxohouBia oy, — 3, v = 1, 2,. .. elvan unBevikn &xodoubia. Eis Thv mepimrwow
; : o ;o Jvkl A Pt
TaUTnv Adyouev 811 i dxoloubica T v=1,2,... «ovykiiver mpog tOV GpL-
Opov 3».
Mevikéds 0 Aéyowpsy @« arodovliu ay ,v=1, 2,... apayparxdy aollpdy

cuykhiver mpdg TOV mpaypankov appov a fi &GAAws teiver mpods TOV mpaypuTi~
kov apipdy o kal 8& cupPoAilwuev ToUTo ué: o, > & TOTE, xai udvoy TOTE,
dv 3 drotovbia (a, —a),r=1, 2, ..., SnAadn f dxoroubia :
Oy — @ Oy — & Og— ...y Oy — e

elvar undevixr).

Tov &p1Budv a keAoUuey «dprovn fi «oprakiv Tipfy» Tiis dxohoubias ay , v =
=1, 2,... kai ypdgopsv: dpa,=a 7 &A\Aws lima, =a.

TS hm elvon ouykomd Tiis AaTwikils Aéfecws limes = OplO‘U kal ypnoipo-
ToieiTan Siebvdds.

*Ex ToU dvwTépw Spiouol ouvayetal OTI
fay, v=12.. . cvan pla undevikn droroudia <=y —>» 0 <= lima, = 0.

"Ofev 6 dpiouds THis ouyxAlvouans &xoAoubiag SiaTutroUTan ouvTduws oUTW :

lima,=a <= lim(a, —a)=0
opa

OUrw Bi1d 16 TopdBeryud uas Exouev :

3"“: 9 . el (~3"+1

\ lim

§ 133. Npéraocig.—H dpruki) Tipi pas ovykhivobeng axolovdiag sivar po-

voonpuaviog Gplopéviy, dnk. ke cvykhivovsa dakohovlia Exer axpipdg Eva Gprov.

'An6detErg Edv ouviPalve o, - o Kol ouyxpoves oy = o pE o # o,

ToTe O Empeme ol : v —a, v =1, 2,... kai oy —o, v=1,2,... vi& elvan pn-
Bevikal &kohouBica, ouverrdds kal 1 Siagopd Twv, fiTol fi drohoubio :

By= (o, —@) = (o —) =a'—a, v=1L12...

—3):lim . How
v
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elvan undevikn: aldrrn Spess elvan oralepd, fitor Bv_ o'—a Sk kdfe v=1,2,.
elvon 88ev unBevikd) ToTe, kad udvov TéTE, v o'— @ = 0 (Siari ;). J=
A Tés ouyxAwouoas dxoroubias foylel TO ké&Twb :

o

§ 134. ©cdpnpa.— (locdivanor dpiopol ouyxAwolans dkohoubias).
‘Eoto @, ,v=12,... pia dxolovdia npaypatikdv apbpdv: ai kdrwb mpo-
taosrg elvan toodovapor :

(i). "H dxolovbia @, ,v=1,2,... ovykhiver mpdg 1oV mpaypatikdv apbpdv a,
fjtor lima, = a, acR.

(ii). Ava xabe £ > 0 drapyer deiktng vy = v,(2) (REaprdpevoc #x 100 £) torofitog,
date va loyxoy :
[oy —a| <& 61a kdbe v=v,
"H bnep 6 adto :
e—e<a, <+ & da xabe v=v,
'Arédergug (i) == (ii). Mpaypar limo, = o = lim(a, —a)=0
TO omoiov, Buvdpel Tol dpiouol Tfis undevikiis dxohoubias, onualver &1 :
W £ > 03 vy=vy(e) Toolros, doTe Bid kdBe v = v, loyler :
|av—a|<e <= a—e<a <ate
(ii) = (i). Mp&yuarr Buvdper ToU Spiouol Tfs undevikfis dxohoudias #
wpSTaois (ii) Snhol &7 f) dkodoubia &, —a, v=1,2,... elvar pndeviks, TéTe
Bucos, kot TOV dpiopdv THs ouykAvoUons dkohoublas, Emetcn &T1: lima, = a.
Mapadeiypata ovykiivove®v xai pf ovykiivovedy dxoiovbidy :
lov: ‘H éxodovbiaay = 1,v =1, 2,..., BnAadf f) dxodoubia: 1, 1, 1,..., 1,... ouyKkAivel
Tpds Tov dpiudy 1, B16T1 ) dxodoubia av — 1, v =1, 2,.. . elven punBevixy dxoroudia.

Tevikdds k&be «orabegd dxodovbias : ¢, ¢, ¢,..., ¢, ... Bi& c€ R, ouykhive Tpds Tov dpi-

Buodv c.
2v—1

2ov: Acifare 6t f| dxodovbia ay = Sy oo P 1.2,.

suykhives xpds sdv dpidpdv T' firor limay, = lim 21 _ 2

Bty B
"Anédeigrg. "Exopev :

2v—1 2 1 1 1

T, B o A e el
Kal Emeidn :

—L--l_-—-»O EmeTon: li 2v—l_i

T ; . e

. . i ; Wi—=57 TS )
Ouoiws elvan : lim e (Breeri;).

AiBopev kaTwTépw kai 8Uo Tapabelyuata dxooutid, al dmoic Giv ouykhivouv &v R-
mpootfare THy &médSeaifw :

3ov : AciGate 61 1 éxoiovlia e, =(-1)" v=1,2, ... 8&v ouyxhiver &v R.
"Ardderlic. ‘Ymodtowuey &1 f) drodovbia a,= (—1)", v=1,2, ... ouyxkAlver Tpds Tiva

bpiBudy xe R. Tote Bik kébe €>0, &pa kal S1& e= %. Umrépyer Sefktns voe N Toro0Tos,

@oTe va loyin :
(D -xi<5 . ¥ vaw
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EiSixéds :
len-xl<y x| -x| <,
16T vo= v, kal vy + 1 = v, Tore Suws Exopev :
| 1% 1| = [t — 1) S 1= x| () < 4 =1
firor : [ (=hYe— =1t <1 )
"ANAG : | (1o = (vt [ =2, @
*Ex tév (1) xad (2) ovpmepadvopev &T1 2 < 1, &romov. ‘Emeidh # Umdleois ST 1) dwo-

AouBla (=1)¥, v=1,2, ... ouykhivet &v R &Bnyel els &romov, gupmepaivopev 611 adtn dév
ouyxAlver &v R.

4ov. Acifate 6m 1) dxodovlic @, = v, v=1,2, ... b&v ouvykhiver &v R.
*Anbbertig. Ymobtowpey 6T ) droroubla: 1,2, ..., v, ... ouykAlve Tpés Twa &p1Budy

1
e R. Tére Sobévros € = 5 Utrdpyer Beiktns voe N TotouTos, GOOTE :

v-yl<g ¥ vz

El8kéds :
o-yl<5 %@ lvdl-yI<
S16m : vp=v, kal v+ 1l=v, Toéte Suws Exouev :
L= [t D=ve | S[ve+1=7 |+ Iy =vel < 5+ 5
fiTor : l<—§_.
*Emeidiy §) Umdeors &m 1) dxodoubia @, = v, v=1,2, ... ouyxhiver tv R o68nyel els

&rotrov, oupmepaivopey 811 alTh ) dkoroubla ddv ouyrhiver &v R.

AAIOTHTEZ TQN ZYTKAINOYZQN AKOAOQYOIQN
§ I\JYI'Iﬁlérl]g l. — "Eoto 1 dxolovlia a,, v=1,2,... Tote ioyder:

Eav o, > a =—> —-q.v—>—u4l

’Ané6dertErg TMpdyporr dmadh a, - o == (o — o) = 0, ToTe Spws
(§122, 8. Dkad ff = (y =)=~y + o, v=1.2,... eva undevikn &xoAou-
Bic, fipr : —a,— (—) > 0. "Apx: —o,—>—a.

-§ I‘Jﬁf/'lﬁlé'n]g Il.—"Eoto 1 dxolovlia a,,v=1,2,... Tote ioyder:

I’E(w o >g - iml—*lﬂll

To avtictpogov B2v dAndeder mavtote, dnhady to yeyovds, du % axohov-
Bias oy, v = 1, 2, . . ovykhiver npdg 1o |@| d2v ovvemayetan ot a, > a.

‘AndderEie Mphypar &md a, > o = (ay—a) =0, TéTE Spoos
(§ 122, 15. 1) ked | &y —a| = 0.
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AMG | oy |~ || S| ov —a| >0, &pa kai (| ay |~ |af) = 0 (§ 130, 15. IX)

TéTe dpeos : lim|a |[=|a|.

T &1 16 dvrioTpogov Btv loxUel TavToTe Bekviel 1O EEfs Toapdberypa :

b 3 (8o o7, 011 1oy ey (R L (=1)v+1,. .. 8tv ouyxAiver (Biati ;) xal
Sueos Ay dworoubia: (1], |—1], [1], [=1],...,[(=1)"+!|,... cuykhiver els 16 1.

Napatnpficerg: 1). Els Ty mepimrwow, ka’ v 1} dxoroubia av , v = 1,2,. .. eivan
HnBevikn, TéTe f) 1816 I, cos EBelyBn § 122, dvmioTpéperan, fitor, &v | ay | — 0 = ay —> 0.
2). ’Ex ToU oupmepdopaTos Tiis dvewtépw 1818TnTos |l ouvdyetal 611 miTpéETal VA YPA-
QUEY :
lim|av| = |limav |
fitor: To dprov tiig amokitov Tipiic pidg axohovBiag mpaypatikdv apOpdv, icobral pé v
arélutov Ty tod dpiov abvrtiic. mb

§ 137. "156mg III. — "Ectwcay ai éxolovliay a,v=12 ... kai
B.,v=12,... Tote loyier:
a, —>a
*Eav it e P
B>«

'Anb6dergrg Tpdyuar, Emedly o —a ko Bv—a, v =12,... elvau
undevikai dioAoubicn kol 1) Blagopd alTédv :
(v—a)—(Bv—a) =av—PB,, v=12,...
elvan pia unBevikry éroAoubiar.

§ 138. "I1816™Tg 1Y. — Kabe ouykhivovea v R axorovlia civar ppaypévn,

"Htor : ‘Eav a, > a = a,, v=1,2,. .. elvas Qpaypivn

‘Anéderbrg Tpdyuort &md o, = o => (o, —«) = 0, T6TE Spows
Cle. 1, §124) 4 ay—a, v=1,2,... elvan Ppayuévn, fiTor UTdpyEl TpaypaTI-
kos &piBuds 6 > 0 ToloUTos, doTe v foyxun :

oy —a|=0 Biakdde v=1,2,...

TANAG lav|—|a| = la—al
&pat kata peifova Adyov Exopev
oy |—|a|=0 Bixkdbe v=12,...
nAady : lay | =|a|[+8 B xdbe v=1,2,...
A il ho g Bix kdbe v=12,...

omov o= |a|+6.
"Apa ) drodoubia o, v = 1,2,. . elvon pparyuéun.

Mapatmpiioes : a’). ‘H 18idtns IV loyupiletan &1 pia &rohoubia, fi dmoia ouykAiver &v
R, elven gpayutvn. T dvriorpogov Siv dAnfever TévtoTe, Bniabn kéde ppaypévn dxoAoulia
Gév elvon wévTote guykhivouoa. Tlepl Toutey PePaictpeda &md 16 EEfis Tapaderype @ ‘H dxo-
Aoubia (—=1)Y, v=1,2, ..., &v kal elven ppayutvn, Stv ouykAiver (PA. wpb. 3, § 134).
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B). ‘H 1&idns IV elvan trrlong ypfiopos, mpokeipévou vix droBeiwpey &1 dpiopévan dxo-
AouBian Btv ouyriivouv &v R. OUrws 1) dxodovBia 1,2, ...,v, ... Btv ouyrhiver &v R, Biéni
aUtn Stv elvan gpaypbvn (Siacri ;).

§ 139. “I1616Tg V.— To GOporopa #j 1 Sragopd 30 cvyklivovedv dxolov-
By suykhiver dviietoiymg mpods 1o GOporopa fi Tiv Swagopdy TV dpinov adtdv.

"Hron: ’Eav ::; } = a, +ph>at+p

’AndderEig O& &moBeifwuev THY 1BidTnTa pévov Sk 16 &Bpoioua,
dvadoyws ¢pyaldueda kai Six Thv Siagopdv .o, — B, , v = 1,2. ..

Mpdyuar Emeadf) a, —akal By — B, v=1,2,... elvar unSevikai dxoroudicn
kol 7O &Bpolgud Twv :

(av—a)+PBv—B) =(xv+PB)—(c+PB), v=12,...
elvan pndevikn) dxoloubia.
“Apa: o+ By = a+ P.

Mapatnphoerg: 1) 'Hdvoripw I8i1dtns ypdeerar ouvnbus dx s :
lim(ay & Pv ) = limay £ lim By .

"Htor: Té dpov dBpoiopatos (dvriotoixwg Sagopls) &b cuyxlivoved®v dxorovh@v loobran
npd; 10 Gdpovopa (Gvtiotoixwe Siagopav) thv dpimv adrdv.

2). ‘H dvwTépw IB10Tng loyle xal Six menepaoudvac 1o nAijflog ouyxhvoloas dxoAoubias,
fitor : lim(av + Bv + -+ + xv ) =limay + limPy + - -- + limxy .

3). 'H dvatépw IBi16tns Stv loyxler S ouyxAwoloas drohoublas dneipov miffovs. Tepl
ToUTou Teddpeda b Tol EEfs Tapadelyuarros.

*Eorew elBUypapuov Tefjpa AB prfikous foou mpds THY povéda, T dmoiov SicnpoUpev els
v loa pépn, BvBa v e N. Tére 16 &Bpoiopa :

1 1 1
v s G <

tav &xn v mpoodetéous, B elven Toov Tpds : % cv=1, Biaxdde veN.

'E&v tpapudowpey THY dvewTépw ISidTnTa Sk 7o b5 dvew &bpoioua Exopev :

. 1 1 3 5 :
hm(—v-+Lv+ +T):hm%+l|m++'--+llm+=0+0+-.-+0=0.

fiTor weudés, kad® doov Td elBlypappov Tufijpa AB EAfeln ut ufikos Toov mpds THY povéda.

§ 140. '1516mg VI.— "Eoto f| éxokovbia a,,v=12,... Téte loyier :

’Eav. @y, —>a = Aia,—>ra 3/ LreR

AroderErc Tpdypatr 816T ) droroubia :
Aoy —Aa =A(oy—a), v =12, ..
elven unSevin, kad’ doov iy drkohovbla o, —a, v = 1,2,... elvan pndeviky.
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Mapatfpnotig: 'Ex 1ol oupmepbopatos Tiis dvetépw 1Bi16TnTos ouvdyeran én ém-
TPEMETAI V& YPAPWHEY
lim(A-oy ) = A-limay , &daxéfe AER ut A= orabepdv.
Olrw : lim-z-=5-limL=5-0=0.
v v
*Ek Tév 1BiothTeov V kad VI Emweton ekdAws 1 :

§ 141. "1816mg VYIl.—"Eotocay ai dxolovbiay a,,B,,v=1,2,... Tote
ioyoen @

By “"‘*“} — Eo, +nb>Ea+nb  EnecR
B, > B

§ 142. "1516mg VIII.— Td ywvopevov dbo svyxivovsdv dxolovbidy ovy-
kAiver mpdg 1o yivopevov Tdv dpimv adrdv.

a, —>a

B.—>B

"Hto : "Eav } = o, b > af

'AnoderErg Tlpdypar fy dxoroubia :
o By — o= o By — By x+ (B a —up) =By (o — ) +.a(fu = B), v=1.2,...
elvan pnBevikn, 516T1 &’ dvds piv | o, —a—> 0 xad By, v=12,... s ouy-
KAivousa elven pparymévn, &pa By (o — o) = 0, &9’ Eépou 88 By —P - 0 xai
o oTaBepd, &pa (B, — B) = 0. ‘Emopéves /| o By —af, v=12,... elvan un-
Bevikd dxohoubia, ds &fpotopa pndevikidyv droAouthédv, &Bev : o Py > of.

Mapatnpiocerg: 1). Té ouumépaopa Tis dvwTépw 1816TNTOS YpdeeTan ouvniBus s
tERs ¢ lim(ay - Bv ) = limay « limPy .
*Htot: To 6prov tod ywvopévov dbo cvykhivove®v axorovhdy ioodtar npog 1O Yivopevov
iy Opiwv tOV napaydviov.

2). ‘H dvetipw 1161 loyUer yevikdTepov 51 epiogoTéPOUS Tap&yovTas, GAAG TETEPA-
cuévov Td TARBos, fitor: lim(ay - Pv ¢ yv -+ Xy ) = limay - limBy - limy, ---limxy .

To 67 # dvwtépw I1BidTns Biv loxUel, &tav To mAfifos TéV TapaydvTwy Bty elvan meme-
pacpévoy, TeBdusda tk Tol EEfis TapabelyuaTos : “EoTew 1) dxohoubia :

e s o L
Keeréx Ty IB16tnTar VIII 6 Excopev :
lim(l++)v=lim(l+%)-lim(l-{-%) o |im(1++),

dAA&  lim ( bhafk Tl’,) =1+ lim —‘1’— =14 0= 1 kai Td ywouevov SAwv TEV TAPAYOVTWY

elvan foov Tpds THy povada, Gpa lim ( 14 %)V =1, 6mep &rotov, BidT, G B& TBeopey K-

rerépe, lim ( 1 —i-)VE e — 2,7182818. ..
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. ‘/
§143.°1616Tg IX.—’Edv B, > B#0 xai By =0 YveN, téte 4 dxo-
1
hovBia B v=12, ... ovyxiivaer eig 1o —;—, ﬂmﬁ-;—_y% ;

’ < l..oola iB=By 1
Anb8Bls ¢ TTpdypar, ) dxoovbia —— —="—""=— (B, —P),v=1,2,...
pdypertt, 1) dxo. uﬁv T BB ®—Plv=1.2

elvar undevikr), Biomt f) P, —P—»0 kal #

1

= Srie= L2, .. elven -
BB, PP
yuévn &v R, cupPaiver 8¢ Tolrro, 816T1 Exouev Siaboyikdds :

B, —+B=s/ €0, dpax Kol ik e=]—g—|> 0, 3% =v,(®) :| m-pm‘%‘v .

206, BB = 181~ 1B. . 0omel B 1> 81~ B L= B> 0vtvzv,kal dpa
| 1 1 2 2

|
| — | = & = -—V% v=vy, =v, (g), OTe tav Tebij,
P& | 1BIIB| T IBIM P
pmmee (L L L 2
- |BB.| " IBRal " " PBNt] P
Bt elven ’ -{E— = ¢ ¥ veEN, fitaa 1 dxoroubic l 5 V== 1.2, o elvan
1 1 1 1 1
L AR R R L 5 A ek )
Ppary uévT) pu(ﬁv Ei) » U HTor: lim B, B lim B,

§ Ié. ’l&lé'rqg X.—’Eav a, > a, B, > P # 0 xai clvar B, £ 0 &ia xabe
v=1,2,.7., téte layder :

Yréder&rg ‘H amédeis dmhovotdrn, &v Anglolv Um Syw af 1810-
nTes VIII kad 1X.

§ 145. '1516Tng XI.—Eav &bo dxorovbiar @, xai B,,v=1,2,... ovy-
khivowv Kai ioxiy @, =P, v=1,2,..., totc 0a Exopev: lima, = limp, .

'Andderfig "Eotwoav a kal B T Spra TéV o, v = 1,2,. .. xkai B, ,
v=12,... dvtiotoixws, fitor lima,=a «xai limp, = B. ©& Seifwpev &mi
a= B

"Ev mpcoTois Exopev By — oy = 0 S1& k&be v=1,2,... 'EE€ &Adou 1) dkohou-

Bia Py —a, = P—a. TolTo onuaiver &1 &1& xébe € > 0 B& Eycopev:
B-a)—c<P—o<(B-)t+e N vEv,=vye).
"Eav fito a> B, 16Te a—P > 0 xai 1) dvewTépw dviodtns Sid e=a—p >0

yiveTon 2(B—a) < Py—ay < 0 8i1& kébe v = v, (),
SnAadh Py < a, TeAkdds 61° Shous Tous BelkTas, Orep duTikeiTan eis THY Urdbeov.
"Apa: a=p.
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GewpolvTes TV By, v=1,2,... v a,,v=1.2,... ds otabepdv dkoAou-
eich Exopev dvmioTolyws T ké&Twh TopiouarTa:
{ _Mépiopa I.—’Eav oi dpor éxodrovliag a, , v=1,2,... elvar ané tivog deixtov
kai tépav puxpotepor fi toor aprBpod B, tote ioyder : lim a, = B.

> a —>a
Hroi: *Eav - = a=8.
a, SB A v=y,

Mépiopa Il. —"Eoto 1 dxolovbia B, , v=1.2,... Tote ioyder :

BB

’Eav
a =B, vy,

= oa=f=Iimp,

§ 146. "1616mg XIl. — "Estweav al axorovdiar a,,PBy, yv,v=12,...
Tote loyoer :

pp—>a, 1 —>a
b SeSysv=1L2...

’Eav } = a, > a

’Anb6derErg "Amo By, = o EmeTan: Sik kébe € > 0 Umdpyer Seiktng vy (€)
TolouTos, doTe vaioyin : a—e < By < at e Biakdbe v =v,(e).
‘Ouofeos &rd yy = o Emeron 61 Urdpyer Selktng vy(e) TotoUTos, doTe va ioxun :
a—e<Yyy<ate Bixkdbe v=v,(e).
Téte duws, t&v vy = max [v,(€), vy(E) ], O Excopev Bid kéBe v = v,
a—e<B =Sy, < a+trs,

fiTol a—e<a, <a+te
f looBuvdncs lay —a| <& B kdbe v=v,
"Apa : lim o, = a.

§ 147. Napadeiypara Eépappoyfig TGOV avwrépw idioriiTwy.

Mapaderypa lov: Acifate 6 :

. 24T 2
L 3v24-1 T
Aborg Awpolpey &pbunThv kal TapovouaoThv ToU kKA&ouaTos Sk TS
peyalvrépas Suvdpews ToU v, BnA. Si1& v? kai f) dxodoubia ypdgeTan :

& 1
SARAT L TR B
3w 41 1 .
va - 3+;2_
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4 1 1 7 1

Al dxodoubian Spws —=4-—,v =12..., —,v=12,... kal -—-_7 S
v v vi Ve
v=12,... elvon m&om undevikai dxohoublci. ‘Etropéveos EXOMEV KaTd oelpdy
4 1 - 7
i VAL Ay T . 2+v T llm(2+_ﬁ_d\.ﬁ)
lim L1 =Hm i = =
3+ lim (3 + —-2-)
v
.4 T
- 2—§—hm—u—llm?= 240-0 *_2_
34 lim LT
2 -
"QoTe: lim —21—_1_ﬂ—7=-1 = pé TOV Adyov T&V OUVTEAECTRV TV

v 1 3
ueytorofabulwy Spwv &p1BunToU Kai TapovouaoToU.

Fevikéds : “Orav 6 faluds Toi dofunrod elvar ivoc ué vov Babudy tov mago-
vopaotod, 16 xAdopa Exer oty Tov Adyov Tdv ovvteleotdv T@Y peytorofalbuloy
dowy aofuntoid xal magovouastod.

Mapadecrypa 2ov: Acifore 61 1) dxodovlia a,, v=1,2,... , f| énoia

opiletan Omo Tol tomov :
_vi—vii1
&= I3

elvar pndevikn.

Aberg Acupoupev &pifunTiv kai TapovopcoThv Tol kAdouaTos i Tiis
ueycAuTépas Suvdpews Tol v, BnA. ik v, Te AauPdvopev 16 looSuvapov KAGopa:

1 1 1
VB TE
ST AL B
1_|____$

AN lim(iz—%—f— 15)—llm-—1-—llm—+llm—_0 04+0=0

kal (1+—_-v3—)_1+2hm—-3hmi—1+20 3.0= 1.
Tére, Buvdper Tiis 1816TnTOs X TV oUyKAIvouo&v &kohoubiddy, Exopev :
1 1 1 ; 1 1 1
I e o F-ﬁ+w_“m(ﬁ‘ﬁ+$)quo
T P e T TN SRy ST S W Sy
T ( v ——;5—)

levikéds : "Orav 6 Pabuds tod dpbunrod elvar pixpdregos tot Pabpod tod
Tagovouaatod, 1o xAdoua Exer Sowov T undév.
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Mapaderypa 3ov. Na ehpedij 10 dprov tiig dkohovbiag a, ,v=1,2,...pé

a,=Va, ¥ba a>0.
Aborg (). Oewpricwpey Thy mepimTwoty, ke’ fiv o > 1, TéTE elvan xal

Va>1. Otrovtes Va=1+4¢,, &mou g >0, Eyouev : a= (14 )"
fi, katd THy dvigoTtnTa Tou Bernoulli (PA. épapuoyt) 2a, § 28),
a=(1+e) =1+ ve > v

fd 1

OTroTE 0<EV<G—T.
AMa lim o - %: 0 xai kot dxohoubBiav (§146) lim e, = 0.
‘O8ev lim VYa=lim (1 4+&)=1+lime,= 1.

(i), "Eotw 6Tt o < 1, ToTE Elvan Kai Va < 1.

: o= 1 z )
Ottovtes Va= T g, > 0, Eyopev:
1 1 1 1 1
| = e -
i (1+e) ~ 14w - Ve by g e (&%)
g Tim - e im0 xol Emontveos lim e, = 0.
a v a v

‘Ofev  lim Va= 1.

@ii). Mix a=1, té1e Va=Vi=1, &a lim Va=limVI=1.
Mapadervypa dov. Acifate dn:

lim Yv=1.
‘An6derbrg 'Ev mpdrols maparnpoluey 8T foxver Vv > 1 Bik kéde
v=2,3, ... 80ev Buvapeba v& Béowpey :
an Vv=(1+5,)? &émou &, >0 Bidkdde v=2,3, ...
"Ex Tiis (1) &xopev = Vv= (1 +8,)" A kara Tv dvicdtnTa Tou Bernoulli
(@ Yv=(1+58,)" =14 v5, > vb,
Vv _ 1
f . Uil =
n 5 VV
TANAG lim L 0 (PA. p5. 4, § 121) kai ouvendds lim &, = 0.

Vv
Tote dpexs 1+8, > 14+0=1 xai (14+8)¥—>1-1=1

"Ofev &k Tfis (1) Exomev: lim Vv=1.
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Hapaderypa Sov.
’Eav. lima,=a, a0, >0, a #0 == lim Va, = Va.

’ArnoderErg. Tlpopavéds foyver :
1 1

TR o

- 1
VQ_‘,—V-& =_Lav—g_|__<_. ay, — a|.
| | Voo +Va ~ Va | |

ANG oy —a—>0 (816T1 o, > a), kal ouvenrdds Vo, — Va— 0.
“Ofev : lim Voo = Va.

Mapatnpioeg :
1). "Ex ToU guumepdouaros ToU TapadelypaTos 5 ouvdyetan 8TI EmTpémeTon v YP&PuwpEy:

lim fa, = Jlimay
fitor: 1@ gopPora lim xai | Emrpémetar va Evadldocwmvim amotepd tiig GxolovBiag
ay'y ¥o= 20 E
2). Mt Tas Umobéoeis ToU apadelypnoros 5 loyuel yevikdTepov :

0<

‘ETropéveos :

k k
lim Yay = Jlimay , &8a keN (Biori;).

AZKHZEIZ
260. N& elpeBolv, tav Umrdipyouv, Té Spia T6v dkohoufidsy kit yevikoUs Spous :
B vi4 3 e ].i 4 N v
1) Qy = m. 2) Qv = 1+ ?, 3) Ay = ‘m,
3
1\2 L vi—3ve2 L 8v: + 5
4) ay = (2 + \T) ' 5) Ay = '**'Svﬁ-[—. 6) Ay = 6—4"a—m
261. Awx & > 0, v& mpoobiopiobij Selktns vy = v,(e), doTe Bidx v = v,(e) v elvan :
vi4 1
<

262. Aeifare o1 f) dwohoubia o, = (=1)".v, v=1,2, ... Biv ouyKhiva &v R.
263. ‘Ouolws 1) droroubia «, =vi, v=1,2, ...
2v?

265 'Eqv 7 dwohouBic a,, v=1,2, ... elven ppayutvn, Belore &1t kol ) dxohou-

264. Eivan f) drodovdia «, = v=1,2, ... gpayutvn ;

v=12 ... elvar ppaypévn kol loyve :

fia T o
v
sl
hmTuv=O.
b Ww—4v L v+ 6 el
=08, AsiSare Sut b Mo S g

267. 'Eqv 1) deoroubic «,, v=1,2, ... ovykhivn v R, Beffare dmi kal 7 dxohou-

bia p,,v=1,2 ..., &mov B, =a,,.; ¥ veN, ovykhive &v R xal foyve :
flimcxH_I =lima, |
v
268. Acifate 611 lim fv* Fv=1.
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MONOTONOI AKOAQY®IAI
§148.'Opiopoi.— ‘H dkorovbia o, =2", v=1,2,..., &nhadf | drohou-
Bic: 208008 TvapaiTl
Biarnpsl pogavéds THY SibTafv TGV Quoikdv &piBudy, SnAadh ioylel
VS - ey <=2,
Mevikéds pio &rohoubia TpaypaTik@y dpifudv Siatnpouca, @5 kal f

ay=2",v=12,... ™y Sidtafiv 16V puoikidy &piBpdy kodeital «yvyneing ai-
Eovea». *AxpiPéoTepov Bix plav dxorouBiav o, , v=1,2,... Opilouev :
‘H axolovlia a,, v=1,2,... xakeirar yvnoiwg abgovea tdre, xai udvov

TéTe, dv loydy @ o < ayyp Od xdfe v=1,2,. ..

Kot dvadoyiav dpifopev :

‘H axodovbia a, ,v=1, 2, ... xakeirar yvnoing ¢bivovea tdre, xai udvov
Tdre, dv loydn : @, > ayyy Ota xale v=1,2,...

1
OUtws 7 drorovbia a,= St v=1,2, ... elvan yvnolws ¢bivovoa, 81oT
1 % 1

v v+1

"As Bewpriowpev fi8n TNV dxoroubiav : 1,1,2,2,3,3,.. ,v,v,... Aa T év
Adyw dxohouBiov TapoTtnpoluev 6T ioyle :

vy = oS0y

Six av v elven : &y =

= Qy+1-

Aéyouev 8t eis ThHy mepimTwolv oty 11 1) dxorovbia a, , v= 1,2, ... elver ai-
Eovoa.

*AxpiPéoTepov : Oa Adywuer dte 1) drodovlia @, , v=1, 2, ... elvar atibovou
Tdte, xai pudvov Tdre, dv loydy : a, S a4y Sa xdle v=1,2,...

‘Ouolws: “H dxodovlia a, , v=1,2,... elvar @Bivovea tdze, xal udvov tore,

dvloydy : @ = ayyq Saxdbe v=1,2,...
2 1 1 1 1 1 1

OUtw, A.Y., f) droroubia —-, Al AP SRR ol
(uh) abfovoa). Katd TaUta Aéyopev 611 pia dxohovBia o, v=1,2,... elvan
yvnoing povotoveg TOTE, kal pévov ToTe, &v aln elvan yvnoiws alifovoa f yvn-
oiws gbivovoa.

’AvTioToiyws 8¢ Aéyopev 6T ) oy, v= 1,2, ... elvau povétoveg, &v olTn
elvar abfovoa Ay glivouoa. Tlpopavis k&be yvnoiws povéToves droloubia elven
kai povédTovos, Stv loyUel dpws TO dvtioTpogov (Siati ;)

Ardx v&x Bndcooopev To £l8os Tiis povoTtovias wds dxorovlias xpnoipomroloUpey
T& k&Twh cUppola :

ay, I <~ o, tlvar ypmoing atéovoa

elven gbivovox

oy l <= a, elvar ymoiws plivovoa
o 4 <= o elvar  adbovoa
o ¥ <= a, elvar @hivovoa.
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‘H dxohovbia: o, o, o, ..., o ... ut SAous Tous Spous Tns Toous ui o fuo-
pel v&x BecopnBij cos #) ( povaBid) ) TeplTTwats dkoloubias, f) drrola elven aUYXpo-
vas atfovoa kai gBivousa. Aniad loyder :

‘Ha, ,v=1,2,...c¢clvan otabepd <= fa,,v=1,2,...clvm Tavtoypovig
abEovoa xai @bivovoa.

Elvar mpopavis 11 kébe atifouoa droroubla elvan TéVTOTE Pparypévn k-
Twlev ué kéTw ppdypa ToV TpdiTov Spov Tns, Evéd Kéde phlvouoe dxoroubia el-
val @paryuevn GuawBev wt dvew ppéypa Tév TpdTOV Spov avrTiis. "Ofev, dodxis
KaTwTépew Aéyouev &1 pla povértovos dxoroudia elven ppayuévn, & tvvooUuev
TavToTE ¢ &v piv elven alifovoa A yvnoluws abfouvoa &1 alrn Exel kal dv Gve
pp&yua, &v 5t elvau pbivouoa f yvnotws pBivouoa 611 : alrrn Exer kal v xbGto
Pp&YHQ.

§ 149. Td povérovov kal | oGyxMoig dkoAouBiag.—As Becopriow-
Hev TTp@TOV THY dkoAoublay v2, v = L, 2,..., fitoi v :

1,4,9,16, . . . ,v2 . . .

kal Selrrepov THY droloubiay =

T v=1,2,..., fitoi v :
o v
21 3' _4‘-,..., m,...

Ar' dugotépas TraperTnpolpey 811 elven atfovoan kal pddioTa yvnolws afouoa
dxorouBlan. "Ex ToUTwv f) TpdoTn Sdv elven pparyuévn (rpPA. § 117), ofrre i ouy-
kAlvel Tpds Tremepacpévoy GpiBudv. *AvTiBéTes 1) Beutépa, BnAadh ) dxorouBia

v
=v—+~—l§ 1 81& xébe
v=12,... 'Eml mAdov TapaTnpoumey 611 1) drohoubia alrrn ovyxAlver kal pd-

; v ;
AMoTta lim R 3
TS yeyovds &1 f) aouca kal gporyuévn  dxohouBia

v v
e 1, 2,... elvan gpayuévn, &iémi: ‘v—-{—_l

v
v+ 1
ovykAlvel mpds TpaypaTikoy dpiBudy Sexdpeda STi loyver yevikéds Bid kdbe
alfovoav kai gpaypévny dxorovBiay. "AxpipéoTtepov Bexbuefa To dxdAoubov:

v=ik 2. .,

§ 150. "AZiwpa.— Kabe povétoves xai opaypévn dxodovbia @, , v=1,2,...
tlvar ovyklivovoa v R.

Mapoarnpoluey 811 16 dveoTépw &lwpa Eaopariler Thv TmapEiv ToU dplou
els 10 otvorov R wids dxorovBlas o, , v = 1,2, ... md opiopbvas Utrobéoers. Adv
Tapexer PePaics obbepiav EvBer§iv Trepl Tol réss B& Umohoyiobi] cagdys T Spiov,
drwabnmoTe Suws elvan omouSaiov v& Yvwpifwuev els woAAds mepimrrcioels dT1
Hia drolouBic ouykAiver v R, 81671 TéTe elpeba meploodTepov els Btow vd Urro-
Aoyiowpev THy dprakty Tiudy Tis dkodoublas. Ta GuwTépw &iwpa dmavraTal
eis T "AvedTepa Mafinuamikg s Becdpnpa, &modeifis ToU dmolou oTnpileTon
els Erepov &Elwua.
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*Ex ToU &vetépw &Eidparos Emovtan al elfikdTepon mpoTéoEs :

). "Eav ula dxolovdia ay , v=1,2, ... elvar abéovoa xai &gy & dvw pedypa
0¥ dpbudy s, TéTe elvar ovyxdivovoa xal loyder : lima, = s.

B). 'Edw pla dxodovdla a, ,v=1,2, . . . elvar pblvovoa xai &y & xdre pedypa
Tov dpibudy o, Tdre elvar ovyxhlvovoa xal loyder: o =lima, .

MHapadesiypa lov: ‘H dxkoroubia v%l, v=1,2,... elvar mrpogavdss
atifouoa kal pparypévn (81611: A : L % = 1), &Bev auyrAfvel Tpds &pi-
Budv pikpéTepov 7 Toov Tol 1. AfSouev els To kaTwTEpw axfiua ToUs WEvTE TPLTOUS

v—1

Spous Tijs dxoroubias sk V= gl o 4
y
1 Y=t
L]
as | ':‘5 °
ag [ ’ :
a,
M, o
x o i ] 3 4 5 6 7 x
Y sx. 10

Mapaderypa 20v: ‘H dxohouvbia 1+%, v=12,... elvan Tpoga-

vé% gblvouoa kal gpaypévn, WE Ev k&t QpdyHa ToV &pifpdv 1 (8|61'1:
Y

¥ Iy 11
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L< l+% S k&le v=1,2,... ), gopévas ouyrhivel rpds &p1Budv peyohy-

Tepov ) foov ToU 1.
Eis 10 oyfipa (11) Tiis EvavTi oehibos BiSouev ToUs EmTd TpdyTous Spous

Tiis dkoAoubias o, =1+ —\l;-, v = 1,2,.:.

Mapatfpnorg. Els iy mepimrwow Tiis alfolons kai pf pporyuévns
drohoubios o, =v3 v=1,2,..., f| dmola Biv ouyxhiver Tpds TporypaTIKOY
&p1Budy, Aeyouev 6Ti altn drepiletar Oetinds. "AMNG kal yevikdTepov Si& piav
abfovoav kal pn @payuévny dkorouBiov o, , v =1, 2,... 8& Adywpev 6T
alTn «drepllerar Berindsy, | dAAwS «ovyxiiver mpog 16 + co» 7 dxdun «relver
meos 16 + o » (16 oUuPohov + 00 AVayIyVAOKETAL : «ovy dmeigovy ).

Kat® dvodoylav Bi& plav @bivousav kai un gporyuévnv éxoroubiav mpa-
yuaTikév &pibudv ay , v=1,2,.. ., 8& Mywpev &Ti abtn «dnepiletar dovnri-
xagr T GANWS «ovyxdiver mpog T6 — co» T &kdun «reiver modg 6 — 0o (TO GUu-
PoAov — oo dvaryryviokeTan ¢ «mAny dmewpovs). i

-_‘—.——v—-'.'l‘.&
§ 151, 'Edappoyai émi T@v povordévwy dxoAouBiliv

Mapaderypa lov. "Eotw 1) dkohoubia T&V EuPadidv Tév els Sobévta

KUKAOV &y yeypappéveov Kavovikév TToAvydvwy, fiTol f dkohoudia :
EsiEs EsveniBasa

émou E, 1O £uPaBov ToU Eyyeypapmévou KavovikolU TOAUYWIOU ué v TAEUpGs.

EUkdAws BiamoToUpey 8T :

By EpeBo s naBi < Bayivean. .,

fitol ) dxodoubia E, , v=3,4,... elvan yvnolws abfovoa. *Emri mAbov adirn elvan
PO T& Gvw pparyuévn ué v ppérypa ToV &piBud, BoTis ToploTE TS EuPabdy
tvos olouBfoTe TEpryey pappévou els Ty kiKAOV KUpTOU TrOAUYdovou. “Ofev, Suvd-
HeL TOU dvwTépw &E1dpaTos, ouvdyopey 8T1 1) &v Adye dxooudia E, , v=34,. ..
ouyxAiver Tpos Evar Tporypamikdy &pifudy. Tov TpaypaTikdy alrdv &piBudy, Bna.
76 dpiov Tiis dioroubias E,, v =3, 4, ..., kahoUuev, o5 yvwoTtov & THs Mecope-
Tpias, Eupadov Tou kUkAou.

Hapadervypa 20v: Mehetioote Ty dxolovBiay :
@=V2, 0,=V2+V2, 0= V25a,= )24+ V24 V2,....,a, = V2 gyt

@G mpodg 10 povdTovov xai TV ohykhiowy.

Avorg: Tlpogavids Exouev: op < ap. “EoTw &Ti: oy < ogqg, TOTE
24t <2+touyr i V2+ow < V24 o, Bnhodh oyyr < opya “Apa,
Buvder ToU Becop. Tijs TeAsias Emarywydis (§ 28), B Exwpey : o, < oy B kdde
v=12,..., fitor §§ dxohovbia a,= V2 F a,_,, v= 2,3,... elvan yvnoicws al-
fouoa (povéTovos).
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*Efetdlopev Tpa THY dxohoubiov &v elvan gparyuévn &vebev, Tlpdrypartt:
o =V2 <2, totwdmikal ayy < 2,761 2+ oy < 4 E0U: VZF iy <2
SNA. ay < 2. "Apa, kard TH &pxnyv TS Tehelas Emarywyfis, loyler : a, < 2 8ia
k& v=1,2,..., fitor | dxohoubia o, = V2 + oyt v=2,3,. . .t o =V¥2 elvan
porypévn Gvwbev.

*Erropdvess, Buvdpuer Tou &Eidparos § 150, ) ds dve dxorouBia ouyrhiver Tpds
TpayHaTiKOY &p1Bpoy, SoTiS 8& elvan pikpdTepos i Toog Tol 2 (Siari ;).

"Eoreo hoiTrdv a= limay , TéTe AauPdvovTes T& Opia GupoTépwy TRV pe-
Ao Ths o, = V2+ ay_ Exouev (bmeidf lim o, = limay 41 = 3 R

lima, = lim V2 + ay_ = V2 +lima,_,
A a=V24+a ] at—a—2 =0, & Tiis omolas eUpioxkopev :

a=2 «kai a=-L
‘H pila a = —1 &moppimreTan, 51611 16 Sprov o TpéTEl va elvan BeTikog
&pi1Buds, ko’ daov &hot of Spot THs atifovuans dxoroubias oy, v=1,2,... elven
BeTikol &piBpoi.

“Ofev : lim a, = 2.
Mapéaderypa 3ov. Asitate dn 0 axolovlia @,, v=1,2,... pé:
a\,+.=2—-""'3—_|'—‘1 xai a,=10

suyxhiver ¢v R. IMoiov 10 dprov tiig &v Adye axohovbiag;

3 =
“EoTe 8T1 oy < O 41 OMA. Ogy1 — ok > 0, ToTE elvar kel a1 < Q2 BIOTL:

2 4 244+4 2 -
Q42 — Ok+1 = u”;-{- o C’k3+ 2! (C‘k+13 Gk)>0'

'AndderErg Tpopavdds o < &y (81611: o= < e i 4)_

"Apa a, < ayig Did ke v=1,2,..., fitor ) dxoroubic oy , v=1,2,. .. elven al-
fouca. AUt elvan kal gpayuévn pé Bv dvw gpdyna TOV &pibudv 5, fito
la, | =5 3 v=1,2,...Tlp&yuom oy [=0= 5. “Eote & loyver : |og |5,

B Sef€copev 6T Kai : | agr1] = 5. Tpdrypertr Exouev :
_|20x+4| 2|4 2514 M
N e R 1k A i IRA | ia o

*Apax a, , v=1,2,... gporypévn &vwbey, Emeidh 5¢ elvan kai alfovoa, koTd TO
&Eicoua Tiis § 150, ovyxhiva &v R Trpds ap1Budy pikpdTepov i foov ToU TrEvTE.
*Eotw X =lim a,, TOTE EXOMEV:

; . 2a,+4 2x+44
x = lim oy 41 = lim 3+ B
A 3x = 2x | 4, & THs omolas Aaupdvopev: x = 4.

“Ofevfy av, v=12,... ouykhivel Trpos ToV &pibudv 4, SnA. lim a, = 4.
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Mapadziypa dov: Mekerfoate iy dxokovbiav: av,v=1,2,... pé

| 3 1 3
a,,+,_—2-(uv+av) xal “‘27(3"’_0')' Evba 0> 0,
g mpdg 6 povdtovov kal TRy shyxliory. Iolov td Sprov tiig &v Abye dxolovbiag;

Aberg TlaparnpoUpev kot dpxhy 8mi: o, >0 Bk kéde v=1,2,...
’E€ &Ahou Eyopev, &mrd Th yvwoTthy dvicdTnTa f—:g—y = Vxy, #vba x,y > 0:

= V3, fitora, =¥3 Bi& kébe v=1.2..

(ot o)

e —| — = e
o 5| l+0lv—| Cy—1
*Emlons Exousv

gy — Oy = —7— (Clv - ) cxv—

firo1; oy g Cyqq B1& KéBe v= 1,2,. s 81]3\(:51\ fj dxorovbia &, , v=1,2,...
elven gbivouca. 'Emeidhy & elvan xal gpaypévn & Tdv kéTw, Bid

a=V3 M v=1.2,..., 8&ouyhivy v R.
"Eotw x 76 lima, , Té7e elven kaf ¢

Qy—1

§ 0 (Biém: o2 =3 +=3-a2=0),

x:]imu,+1=—;— (lima.,—f— T )_—3'2— (x+—§:—)

i x*=3, & Tiis dmolas Aaupdvopev : x=V3 kai x= — V3 (&moppimretan).
“Ofev : lima, = V3.
FENIKAI AZKHZEIZ EM TOQN AKOAOQYSIQN

269. Mpényorre ToUs évTe TrpwTOUS Spous TAY K&Twb dxoAoubidy :

1 v
W Epvmll.., Bato-bupeli... Hoee—mr=12..
s 1 — v+l o v—l Yv + 1 B
&) v(v+1)'v‘1'2'“" e )" e, v=1,2,..., N)T,v_irzﬂ‘_

270. Tlolen & Tév dxodovbrdv av, v = 1,2,..., al dmolm &pllovran Umd TEV ké&rwh
TUTrwv elven gporypévan kad Troiar Sév elven :

_ . vnudv _ v+l
1) “"’_v:+1' 2)“""",+1- 3) GV—T-

bl ™ £ = _ MUV + ow?S5u
)€ oy m = 5) avy=v.3—, 6) uv_———v.. = -

271. Tlolan #&x TGV dxohoubhidv Tiis Tponyouvuévns &oxfioews elvon povéTovor kal Troicn

8tv elvan ; Kefoploarre T eldos povoTovias S Tés povoTtévous & aréov. ToTan elven ouywAivou-
. oot kad Trolan ol dproxat Tipal Twv ;

272. “YmohoyloaTe Tés dpromdrs Tipds T@v dicohovbi@v ay , v = 1,2,... ut yevixols Spous :

v+ 2 326 2vt—
EEa N PR (L » o= (5557)"

’) ay =
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15 3v + 2 V-1 v+ 1
SeVororn, 9 osgmmyp i

7 uv=(]fv-{-1—'|";)~\/v+-—é—. 8) av=Vv+1v-Vv—1v.

273. ‘Opoless :

w43 w4 vl M2 23
) T, (T ey R
4) ay = vifv—v, 5) av = 1—-—+2+'”+V. G)uv=-————1.+2’+"'+v'.

vﬂ
274. 'Edv limav = « xal p €N, Seffare &mi: lim(a)) = o, EnA. lim(af) = (limav)?
275. A& £ > 0, v rpooBiopioti Selktns v, = vo(€), DoTe Bid v = v,(e) v&elvar

vl

lav | <e
dmov ay,v=1,2,. elvan ¢
B atel v—1 _ nuv 4 2ouwwsv
S 2 % PR S 8 Wb o - et o

*Epopuoyh 81& &= 107",
276. N& &modery8ij émi:

3
: ‘/ SUE Rl ; ],n‘v'+v—l_ 1
1) lim m—fﬁ. 2) lim Tisd = 3

" 277. Né& &moBey8ij &m al dxoroudic :

w1 o BB _]/“““4\;_3 A o
ﬂv—3——u'+2| V= Y= 9v+5. = 1,4Z...

elven ouyxAivovoar kal Exouv kowdv Spiov.
278. AfSovran al dxoloubien :
ay = Vi, Bv=v, ye=w, v=1;2,:5.

Né& &mobey8ij &ri:
(i) lim ay = lim By = limyy = 4
" ¥ [o ¢ 5 H
(ii) hmT:=+oo. llm%=+m. lim z: =4+
ahy 7 i 2 T B P
v v

279. Mvworod &vros, & lim (1 i %)“ — e, v& elpeBolv T Spiar TEV dxoAouBidw
ay,v=1,2,..., o émwola dpifovran Umrd Tév TUTWV :
1 \v 1 v—I1 1\~
D oa=(1+5)" D aw=(+;=) + P a=(1-5)"
280. N& drobery8ij &1 :

1 1 1
li Jrebmr el =]
|m[ vi41 vi4 2 o vi4v ]
(‘'Yroder§rg: ﬂpwﬂkmxm&uéhnw&swpomkdww&mm:

1 1 |
= = k=1, 2,...,v xal tpappboare T IBidmTa Xil, § 146).
Jvitv — vk fvit1
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281. Na AvBi ) dviodns :

vi4 3 I3

: 3
limsmg+x| <7~

282. Acelfarte 611 al kéTwb drolovtion elvan povédTovor kal pparypéven :

1 1 4 1
1) oty=vt, 2y Oy = o 3 m:v,:_l, 4) uv=%.

283. Aciforre 611 ) dkohovbla oy, v=1,2,... ué:
ay+1= J1+ ay xad o = 1
14+ 15
5

elvar yvnoicws abfovoa, ppaypévn kai 6T1:  lim ay =

284. Aietcn f) dkohouBia ay, v=1,2,..., pt ayt1 = J4ay + 3 kal a = 5.
N& Bery 8 6T elvan ouyxAivovoa kal vé elpedfi 16 Sprdv Tns.
("YméBegis : Aeifarre 511 elven gBivouoa kal pparyptvn kéTwley Umd Tou |3 kTA.).

285. Aideren f) drodovBia oy, v=1,2,..., el THv émolav elva :

1 2
aQ=90>0 xkal ayf1= S (ﬂv+'2—), D= A8, v=11, 200
N& ey i) 611 elvan ouyrAivouoa kal vé ebpebfj 16 dp1dv Tngs.

2 : |
(Ymoddefis : ZTnpix8iiTe &l Tiis yvwors dvicdTnTos # = xy kal Selfare &n
A & Adyw dxohoubia elvan ppaypbun kal pbivouoa).

286. Aeifare 6T ) dxodovia oy, v=1,2,... pé: ayt1 = y""l—""i kal o, =0 -

van abfovoa kal pparyutvn Tpos T& dvw Ud Tiis novéBos. Tlolov T6 Sprov Tiis v Adye dxoou-
Blas ;

(“Yébeakis : TlpoywphioaTe s els 6 Tapdbarypa 3, § 151).

287. Acifore 11 f dxohoudic oy, v=1,2,... pt: ayt1 = Y20y kal o= 1 elvar od-
fouoga kal ppayuévn. Moiov 16 Spiov Tijs v Adyw dxoroublas ;

288. Mehetrioame dos pds TO povéTovoy kal THY olykAiow Thy dxorouBlav: By ,v=1,2,...
3By —4
pé:  Pu+1 = ——‘3"5—— Bikkdle v=1,2,... xad p, = —3.
TMofov TO &prov Tiis &v Adyw dxorovbias ;
289. Aeiare 611 1) drohovBia: oy ,v=1,2,... pué:

av+[=a+03 kal @, =a &mwov 0<u§%~

eivan yvnoiws alfouoa kal &T1 ouyxhlver els ThHv wikpoTépav pllav Tiis Eiowoews : t—t + a = 0.
290. Aeifare 61 ) drohoulia :
m:(l +-‘1’L o Tpss e =
elvan yvneiws alfovoa.
291. N& ebpeBouv, tav imépyouv, al dpraxal Tipal Tév dxohoudiddy pé yevikols dpous :
1 uv=1'+2'+"'+"', 2vi(v — 3 4 4v?) )
v 5(v—1)*.Gv+4)
292. MvwoTol dvtos éTi: lim (l + %)v: e, va eUpeBolv T& Spia TEV dkoloubidov

2) o=

oy, v=1,2,..., al dmoial dpifovran Umd Tév xéTwh TUTWV :

) o= (;._+)’, 2) ay= (l + —f-)" A% pBre (1 + %)'
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293, Aciforre &m # dxohovdia :

Qy = (l + +)‘+l, v=12,...
elvan yvnolas ebivovoa.
294. N& &mobery8ij &mi:
i L +
1) hm(l+ v) =es, o ER]
yvworoU &vros, T !im(l + —:—)‘ = e.
295, 'E&v o, PeR* Belare o1i:
im (VG F DG FB-» = 252

2
296. Acifare &1 ol dxohoubicn ay , v= 1,2, ..., ol dmolc dpifovran Umd TGV Kérwb
oy, elvar waoon undevikal :
i vl 2¥.v!
1 e r— 2 = =—— 3 o, = ¥
) vl E A 3w’

&mou T& cUuBohov v! (v TapoyovTIKSY) TaApIOTE TO ywépsvov : 1.2.3 ... v=v!
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KEPAAAION VI

NEPI MIPOOAQN

OPIZMOI — IAIOTHTEZ

§ 152. Eicaywyf. — Els 76 mwponyouuevov kepédaiov dpioapey Thy Ev-
voiav Tfis dkohouBias kail &meBeifapev Tds kuptwTépas 1816TNTas T&HV dxorouBidv.
Eis 76 wropov kepdhaiov 8& peAeTowuey Tpels elBikds kaTnyoplas dxohoubidv,
EkaoTn T&v bmoicv Exer kal piav yapaxTnpioTikiy 1816TnTa. "Avaddyws Tis Ya-
paxkTnploTIKAS TaUTns 18167 TOS Blakpivopey Tas dxoroubias alrds, Tas &molas
xahoUpey npobdovg, cs : a) ’ApBunukas npaddovs, PB) "Appovikdg mpoddoug
kal y) Feoperpikag npoddous.

I. APIOMHTIKAI TTPOOAOQI

§ 153. "Opiopoi.—"Eorw a,, v =1, 2,. .. pia dxoroudia &pibudv. O
Aéyoouev &T1 «1) dxodovlia :

;R O T SR ()
elvar puia apBpmuiki npéodog f| npdodog kata Swagopav tore, xai udvov Tote,
dv éxaotog dpog tng (EkTOS TOU TPWTOV ) mpoxvmty éx Tov mponyovudvey  dud
npoohéoews Evog xal Tot adrod orabepoi doibuot ».

‘O oTabepos altds apiBuds, doTis TpooTiBeTan els k&Be Spov T TRodSOU,
S1& vé& Bcoon TOV Emduevov, kodeitan «hbyogy Tis &piBp. TTpodBou kal TapicTaTa
ouvnBuws pt 1o ypduua w. Of dpor Tiis dkoroubias (1) xodoUvtan Spor tiig d@pi-
Opnrikiic npoddov.
OUtew, T.X., f| d&kohoubia :

SET94M, 13215,94 7,4 (2)

elvan pla &piBunTikd Tpdodos ut Adyov w = 2.
‘Opoiws 1) droloubia :
19, 16, 13, 10, 7, 4, 1, =2, =5, ... (3)
elvan pia dp1BunTIKA TTPdOBOS uE Adyov w = —3.
"Ex ToU dpropol Tiis &pibunTikiis wpoddou, Tév dmoiov SieTuTdoapey dve-
Tépw, ouvdyopev 6T dav o, kal o,y elvan &Uo SiaBoyikol Spor &piBunTikiis
Tpodbou ut Adyov w, TOHTE B Eyxwpev :

G =a, 4o, v=12, .. 4)

"Ex Tiis (4) wpokumrTel : A4 — o= w Kal ToUto Bidkdde v=1,2,...
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"Evretfev Emetan & E6fis looBUvanos dpiopds Tii Gp1bunTixiis podSou :

"Apbuntik mpbodog elvar ula dxodovbla dotbudv, Tii¢ dmoiag &do olodij-
mote duadoyixol Sgot Tng Exovw diagopdy, 7 dmola lootras Hé Tov adrév mdvrote
doufudv, dotic xadeirar Moyog tijc dobuntiniic mpoddov.

"Ex ol dvwrépw dpiouol ouvdryopey Topa Té 8ERs:

a’). "E&wv & Adyos w elven BeTikds &pibuds, TéTe aypy—a, > 0 Al a1 > a, Sik
kdBev=1, 2,..., BnA. A} mwpdobos @, , v=1, 2,... elva Tvnoiag abovea (&pa
kal alfouoa).

B). 'Edv w <0, 16T ayq1 < @, Bk kéBe v=1, 2,.. ., ONA. 1) Tpdobos
a,,v=1,2... elvan yvnoing edivovea. Odres 7 &piBunTikd Tpdodos (2) elven
yvnoiws abfouoa, v # (3) elvan yynolws pivouoa.

Hapatfipners. Els v terpiupévmy mepimrwow, ko’ fiv w =0, 1 &p1Bun-
Tikfy wpdoBos elvan pla dxohovbia Towv &piBudsv (oTadepd dxoroubia) xal dog

TolaUTn elven TéTE, Kal ubvov TéTE ouyypdvws alifouon kal pbivouoa, s EAéyon
kai els 7O Twponyolpevov kepddaiov.

156mreg Tfig dp1OunTiKiig MpobSou

§ 154. 1816 g I.— "0 wviootds Spog a, aprbpnmixdic npoddov pi npdrov Bpov
@, xai hoyov o ebpioxetas, dv elg tov npdrov Spov adrfig npootedf] td yivépevov tod
Aéyov &ri 1o nAfiBog tdV nporpyovpévov adrod dpav.

*Hot : a=a+Fv—1o @)

’Arbdeilic. Aidv = 11 (1) mpopavéss dAndever.
Aeydpeda &1 dAnbeler Six v = k, fitor &11 loyver: oy =a; + (k—1) .
"E€ o5, S1&x rpoobéoecss els dppdTepa T wiAn Tol Adyou w, Eyopev :
o+ w=0o+ (k—~1) w+ w. A& ay+ w= Sx+1 (Spropds &piBu. wpodSou).
Apa: agri=a+ (k—Dw+w i o=+ ko=ao;+ [(k+1)—1]w,
fitor /| 18167ns | dAnbever kal Sid v=k + 1, &mwopbves, xard v dpxnv TS Te-
Aefas Emorywyfis, dAnbevel Bik kdbe v=1, 2,...

’E@apporfi: Na cipedff & 1505 Spog ti dpbunnixii npoddov 7, 15, 23, 31,...
Abog : "Evralfa Eyopsv: o= 7, w =8, v = 15, oy = ;
Av’ tpapuoyfis Tol Timov o, = &, + (v—1) w evploope :
ayy =7+ (15—-1).8=7+14.8=119,
Napatnphees: a’). Ex Tiis dvwTépw 1816105 cupmepalvopey 811 pia &piBunTikd) Tpdo-
Sos elvan TeAelws dopropévn, dtav 508F & Tp@dTos Spos TS @, Kal & Adyos Tng w, 516 TéTe ol
Spor Tns B4 elvan dvmioTolycs :

log &pos, 205 &pos, 305 &pos, 405 &pos, 505 &pos, ...
oy, o + w, a, + 2w, a, + 3w, x5 + 4w, ... (2)
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). ‘O mimos (1) elvan pla Elowats peral Tév Teoodpwv peTaBAnTév a, o, v, @, Qs
wpds tk&orny peTaPAnmiyv ) tflowois elvan wpdrTou Pabuol: &pa v Bobolv al Tipnal TpiGv & TV
Teoodpwy peTaPAnTdv, Suvapedba v& mpoobiopl-
owpev kal THY TetdpTny, EmAvovTes ulav tlowow
mwpwTov Pabuod. |”

7). 'Ex s dveoripw mapamphicews (B) dys- M R R
ueda els plav «yewperoixny napdoracwy Thv Spwv o
Tiis dp1BunTikis TpodBou pi wpdTov Spov THV a, ohf -t ht BeOR)
kal Adyov w. Tphypar & Bewpriowpev dpboyviov ‘[

w

QJ

Ay

&

oUornua &Edvawv Ox, Oy xal & AdPwpev Ewl Tol
&Eovos Ox Tds Biaboyikds Tiuds ToG v, SnA. a,
v=1,2...

Inueiolpev dxoholBuws T& onuela:

" <

A, W ouvtetaypévas 1 kal  a,.
Ay » » 2 kal gy =@, + @
A, » » 3 kal a3=0o;, + 2w

a
0
............................ é

(| BT TR - &
I B S . L

[ SERREwRR—

X

Ix. 12

T& pepovwuéva aird onuela 5ldouv plav yewpetpikiv TapkoTaciv Tdv Spwv Tis dpr-
BunTikiis Tpodbou pt mpdTov Spov TS a; kal Adyov w. Ak vé Excwpev- THv flowow Tiis

yeappfis (eifeles), f omola Bifpyeran &md Td onuela A, A, ..., Av,..., &pxel els TV TO-
mov (1) v& dvTikarragTrhgwpey TO v pt TO X kad TO o, pt TO y, TéTE:
y=a+ -1 ®

§ 155. "I1816mg Il. — Eig nenepaopévov nifibog Sradoyikdv Spov apbunty-
xfis mpoddov, 1d GOporspa dio Spov loakig dreydviov (loanexdviov) tdv lxpov
elvar foov npdg 16 Gbporopa tdv «likpovy Spav.

*Anbdeibrg : “Eotw pla &pibunTikh wpdobos a, , v = 1,2, ...ut Adyov w.
Oewpoluev ToUs v TrpwToUs Spous aUTiis oy, Oy, .y Gyy, Gy . TOTE ol &po1 o
kal o, elvan ol Gxpot DpOl Avo 5t &k TGV Bewpoupévwr Spwv ThS Trpod;Sou Aé-
yovtai «loanéyxovresy T&Y &xpwv, v 6 els Exn Tooous Spous Trpd altou, Soous
& &Ahos pet’ atrrou. O, A.x., ol dpot o, kal o, elvan loonméyovTes.

‘Opofws ol : ag, oty—2.
Maparnpoupey Topa &T1:
ay + Ayy = (o + @) + a1 = a3 4 (qv-—l'f'w): oy + Oy
O+ dy—2= (G + @) + G2 = At + (v—2+ W) = G+ Ay =03 + A&
a4+ A3 = (a3 + @) + ay_3= a3+ (®—3+ @) = 03+ X—2=03 + A K.O.K.

“Qore (@t a1)= (G +x2)="=a+a.
OGww, Tr.X., of &kt &pibuot : 3,5, 7,9, 11, 13, 15, 17 &moTerolvTes BiaBoy1xous
&pous &pifp. TrpodBov, TAnpolv ThHy dvwTipw IBiGTNTY, B16m elvan :

3417=20, 5+15=20, 7+13=20, 9+ 11=20.
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Mapathpneg : "Eqv Umrdpyxn «peoaiog dpogy, fiTol Spos TponyoUuevos kal
Emdpevos ToU anrroU TARBous Spwv ( kal ToUTo B ovuBaivn, dodxis 6  Beco-
pouuevov mAfifos Tév Spuwv Tiis TrpodBou elvan TepITTY), TéTE TO SiTTAdoiov ToU
Heoadou dpou loolran Tpos T& Epoioua TéV Sxpowv Spwv. TT.y., & Bewpricwpuey
T dp1BunTikAv TpdoBov Ek TGV TrévTe Spaov :

35717911, 16te 3+11=549=2.7.

§ 156. Népiopa.— *Avayxaia xai ixavi oovBixn, Tva tpeic apulpoi a, B, ¥

elvar Suadoyixoi Gpor apiBunTixiic npoddov, xad’ fiv takiv ypagovral, elvan :

0

Els thv mepimrwow autiy & p = q-; Y vadeitan apiluntikdg péoog THV

akal y.
Mevikéds éav Eywuey v dpifuods ay, ay,. . ., a,,xalotpey aplunTIKdY pécov Ty
v abtdy Goilbudv xal nagiordpey tovtoy ué My Tov nmgaypatixoy dapibudy :

ﬂ1+ﬂ.=+-..+ﬂv (2)

M, = :

§ I57. “1516mg I1l.— To &Oporopa L, = a, + @, +... +a, t@v v npOTOV
Spav apiBuntikiis npoddov didetar Dnd tod TimoL :

(a,+a,)v
gt (1)

e

"Andderfig. Auvdpeba var droBeifwpey ToV dvaTépw TUTTOV B1d TS peBdSou
Tis pabnuaTikiis Emaywyds, f &médatis Spws o, o eUkolos, EmagieTan el
TOV GuayvoTny. & Bdowpey piav AAny dmoBeiv, # dmola ornpileran eis
TV Tponyoupévny IBi16TNT

Fpagouev &g’ Evds: I, =0 foy +a;+ -t + & +a,
kol G’ Erépou : L, =a to it a2t -4 a +a, + a.
TMpoobéTovtes Tds BUo Taras lodTnTas Kard MEAT AcuPdvopey :

Zy= (ot o )+ (4 o)+ - + (@i + @) + (@ + o)

fl tmedh g+ A=+ o= -+ = Qv+ = a + oy (Adye Tis 18161, II)
kai ai TapevBéoes elvan v T4 TATiBos, B Excopev :

Z,=(q+a)-v 7 zvz(“_l"‘;’)_"’.

Moépiopa.— Té Gbporepa I, 1év v npdrev dpav apiBpntixiic npoddov suvap-
tijoel 100 npdTov Hpov a; = a, tol Adyov @ Kai toi nhiBoug v t@v Gpav, diderar
nd tod tohrov :

£, B Dy o
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Mapatipnorg. Ol Bluo Timor:
a, + « (Y
a=q+W-1)w xd I = -(—'—-zﬁi——
mrepibyouv TrévTe dryvaoTous, ToUs ay, @, , @, v, I .

*Eé&v Aormrov pds Sobouv ol TpScTs € aUrdov, TéTe ol dvwTipw SUo TUTror dmoTeAoUY cUoTnRa
Buo t§1ocoewy pt o dyvdaTous, AlovTes 5t ToUTo elplokouev Tols Umrohoimous Blo.

*Eguppoyf. 'Apibunnxfic npoddov & npidtog dpog tivar 2 xai 6 tvdixatog 92, Na edpe-
08 ) npoodog xai 16 &bporopa v 20 nphtwv dpwv abdrfig.

Aberg: "Exopev a; = 2, a;,;, =92, w=;, I, = ;
’Ex ToU TUmov @, =& + (v—1)w Exouev Brd v=11, 92=2+ 10w, & o0: w=09,
“Apa ) TrpdoBos elvan : 2,11,20,29, 38, . ..
EE &\ov &k ToU TimOU: I, = TMO’Z—__"__M AapPavopev Sia v = 20
0 = (4_'*'1929#0 = 1750.

§ 158. MapepPolf api@unrikdv Evdiapéowv. — ‘Opiapol : Of &pibuoi
Xy, Xgy. . ., Xy KoAOUVTON piBpnTikoi Evdiapcoo Bobivtwy &piBudv o, T TéTE, Kai
pévov TéTe, &v ol &pibuol :

e 70 AR SRk

elvan SiaBoyixol Spot dpifu. TTpoddou.

AcBivToov lo &pibudv a, T kahoUuev tapepforiy p dprlunnikdy Lv v
THy elpeov P &p1BPdV Xy, Xa,. . ., X, TOlOUTWY, GoTe of dpifuof :

Q, Xy, Xp,. ., Xe, T v& elvon BraBoyikol Spor dpiu. Trpoddov.

A& ThHv elpeov TV s &vw &p1BunTikév dvBiaptowy dpkel va UroAoylowpey
Tév Adyov Tiis &piBunTikiis Tpoddov, els fiv olrTor dvrikouv.

*E4v TrapacThowiey pt w’ Tov Adyov Tiis mpoddou alTiis, TOTE, Eraidn TO

mAfiBos TV Bewpouptvwy Spowv elvan p+ 2, & T B elvan 6 Spos 6 kaTEwV THY
p+ 2 T&Ew kai ouverrds B& looUTan pé: o+ (U+2—-Dw'=a+ w+ 1) w.

"Qoe : T=a+ (b+1) @’
e ..
Apa: o= % M

‘O TUmos oUTos kaAsital timog napepodrfic apibpnrikdv Lviaptowv f
ouvTopws tomog tiig apBunuxiis napeppolfic.
‘Opio®ivTos, ik Tou TUmou (1), ToU «Adyov magepfolijsr w', ol {nToUpevor
&pifuoi elvan of :
—a T—a T—a

-
x‘:a+T+T' x,=a+2wmu,---,x,,—u+u ok 01
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'Egapporfi : Metald tdv dmbudv 9 xal 41 va rapepPinBody 7 dpiBunnixol Evirdgcaor.
Abeg ¢ O TUmos (1) vfis § 158 661 i T=4l,a=9, p=7
4] -9

Ww=———=4

731
kal fy {nTouptvn Tpdobos elvan 1 :
SRSy 2T ) SR TR R0 reTiag . SagTiangy)

§ 159. Zupperpuci) mapéoraocig TGV Spwv apiBunTiiig rpoddou!
Emeidty el Siapopa mpoPAfiuara GpBunTIkGY Tpodbwy  elapyovTal
Tpels §} meploodTEPOL &yvewaTol, Sid ToUTo Trpds Treploplopdy TR &yvaTwy,
18la dTav SideTen Td &poloua TGV &piBudv, ol dtoior elvea SiaBoyikol Spor
&piBunTikijs mpodbou, orémipov elvan v Excopev O’ Sy Tés Efis  Buo mepi-
T TWOEIS :
Mepintwog In: Té nhfifog tdv ayvdetov dpov elva TEPLTTOV.
"Edw ol &yvworor &por elven mAfBous (2v + 1), +Tére Umapyer peoaios,
Tov dmoiov TaploTauey ud v ypapua Ay ué x kol dav & Adyos Tiis TpodBou
elval @, yp&opev ToUs [nToupévous Spous cos EERs :
X—Vvw,..., X=20, X -, X, X+, X+ 20,. .., X+ ve.
Mepinrwoig 2a : T nhfifog tdv ayvaotov Spov elvar Gpriov Fotw 2v).
Els Ty mrepimrrawoiv alrriv imrdpyouv Yo « peoaion » &poi,Tous &rrofous Tapi-
oTdpey pE: x —A kal x4 A, &Te & Adyos w Tis Tpodbou elvan :
@w=(x+A)—(x—A)=2\. Téreol {nroupevor dpot YPS&povTal cx
Efs: x—(Qv—1)A...,x =3\, x—A, x+A, x+3A, ..., x4+ (2v — .
TMpémer v& onueicodij 811 els Ty mepimTwo ol 6 x 8év slvan bpog Tiis &p1By.
mwpoddou.
'Epapporfi : Na cdpeBobv tpeic apibuoi, ol dmolor clvar Swdoyixol Spor dpBpnTIKilg
xpobdov, tdv dmoiwv 16 piv GOporopa clvar 33, té 52 yivopevov 1287,
Abow; : "Edv i x wapaoThowuey Tév peoalov T@v [nToupévy kol pt @ Tov Adyov, ol
Tpels &piBuol B elven :  x —w, x, X + . Kard Thy Expdvnomw 8 Eycopey :
(x—-w)+x+(x+w)=33} A 3r—i33 o
(x—w) - -x: (x+ w)= 1287 x (x* — w?) = 1287 (2)
‘H (1) 8i8e1 duéowrs x = 11. Tére fy (2) Avoubvn s wpds w Biber:  w = 4 2.
"Apa ol InToUpevor dpifuol elven: 9, 11,13 4 13, 11, 9.

ATKHZIEIZ
297. lpéyare Tobs dkre TpddTous Spous Tils &pBunTikils TpodBou, Tiis dmolas & TpdTOS
Spos kal & Adyos E!vm pllan 15 Eioboews :  x? —5x + 6 = 0.
298. N& eUpedij & Adyos dpiBunTiciis mpodbou,bdv ay = 3 kel o,y = 80.
2997 Néx eUpedi] 16 &Bpoigua TGV v TpdTwy puaIKdY dpiBpdiv.

300. N& &moBei8ij &1 16 &Bpoioua TéY v TpdTwy TEPITTGY ApiBudy loodTen wpds TS
TeTphywvov Tol TAfBous alrrédv.

301, Né& eVpebi] 10 &Bporoua Tév TeTpaydvey THY v mpdrTwy pUaKGY dp1Bpdv.
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(' Yroderkig : XpnopomorioaTe v TautémTa: (x + 1) = x* + 3x? 4+ 3x + 1 kal 6t
oate BraBoyxds X = 1, 2,.. ., v, il whtov AéPoe i Sy T &mroTéheapa Tiis dox fioews 299).

302 'Eéwv Z, =12 4 22 3 f .- +vxad L, =14+2+4+3+---+W umohoylooTe
& Z, dvaywpouvTes £ THS TaurémTos: (x + 1)4=x'+ 4x3 4 6x* 4 4x + 1 kal dxohoU-
Bws Beifore &1t I, = (T

303. N elpeBi 1o &Bporopa Tév 25 TphTLVY mohamAaciov Tol &pifuol 11.

304. Els &piBunTixijv mpdobov 5iSovTon x TGV TévTe oToielwy @, @, v, O, I, Tpla
olaBfote. Méoa Bikpopa TpoPAfuaTa, Suvaueda v& oxnuatiowpey kal woia; Els ixaoTov Tpd-
pAnua v& UmohoyioBolv T& dyvewoTa auvapThce TéV EkdoToTe yvwaTdy Kal va ylvn, &mou &-
rartelTan, | oxeTixhy Siepeuvnais.

305. ‘OploaTe Tov k olrws, &oe ol k&Twd dpiduol &mroTehoUv BiaboyikoUs Spous &pibun-
Tifis TpodBou : (1) 3k, k+ 4 k-1, (@) 3k-7, k42 12— 2k.

306. Aci€are 311, Eav ol &pBuol o, B, ¥ elvan BiaBoyxol &pot &pibu. TpodBov, TéTE Kal ol
apbpol : x=co—Py, ¥y=Pp—ar z=7y'—ap
elvan BraBoyixkol Spor dpiBunTikiis mpooBou. Toios & Adyos Tév Adywv Tév BUo alTév mpodbuwv;

307. N& ebpeBii & mpésTos dpos xai & Aéyos dpifip. TTpobBou yvwaTou Svros &1 T &bpor-
opa THV v TpdTwY Spwv QTS §1& v TipRv Tou v loolTan wpds @ v + v

308; N& Umrohoy108j 1o xérwb &Bpoioua ik v Spuwv :

T il et 2 A 3 Ak s

("Ynobaikig : Maparmprioare &n: a,=v{+1) (v + 2) = v* + 3v* + 2v).

309. N& mapeupAnBolv petaly T&dv &piBudv 9 kal 34 &Ahor &pBpol olTws, GoTe v&
mpokiyouy 11 SiaBoyixol dpor &pibu. TTpodBou.

310. Acifare &71 1) Ikavh) kal dvayxaia quvBfikn, Tva ol &pibuol o, B, v, ke’ fiv T&Ew &i5ov-
Tan, dvijkouv els &piBunTikhv Tpoodov (xwpls kat' Gvaykny va elvan BiaBoywol), elvan @ # €l
owals

p—a _y-—B
L Y+1

ixer dxepaiav kat feTikiy Ao s Tpds X, ¥, fvla x elvon T TAfiBos Tév Spwv Tiis dpiBunTikdis
TpobBou THEV EUPITKOPEVEOY perafy a xal B xal y 16V eUpioxopéveov peTaly P xal y.

311. ’Efetdoare &v ol &pibuol : 12, 15. 17 &moreholv dpovs (claodfmore ThEews) wds
xal s aduTiis apdunTikiis mpodbov.

312. Tléoous &pidy. vBiaptoous Tpémel vé Trapeppéwpey petally TV &pibpéov 1 xal 19,
BoTe & Betrepos tvBikuecos va EX Tpds TOV —ehevTaiov EvBidpecov Adyov Toov ué 1/6.

313. Na eipedoiiv Téoaapes &pidpof, ol Srroior elvan BiaBoy kol &por dpiBunTIKis mwpodbov,
<6y broiwy T &lpoiopa lootTar Tpds 26, 6 Bt &Bpolopa TEV TETPAYWVWY TWVY Tpds 214.

314. ‘O TérapTos kal & &yboos Spos &p1By. TpodBou Exouv &Bporopa 18, of Bt kupor Twv
fxouv &dporoua 3402, Na eUped) ) Tpdobos.

315, N ebpedodv mrévTe dpiduol, &rroTehouvTes Sraboyikols dpovs &piBunTikis TpodBov, tav
yveopifeouey 811 1O &Bporopd Tewv elvan 45 xal 1O &Bpoioua TGV &vrioTpdguwy Tev elvan 137/ 180.

316. Elg plav dpibunTikhy wpéodov T &8poioua Ty 16V v TpdrTwv Spwv auTis 514 m&oav
Ty ToU veN BiBeTan Umo —00 TUmou 1 Ty = 8v? —v. N& elpebi Té&Eis ToU Spov, & dmroios
#yer TRy 263.

v+ 2
317. T& dBpoiopata TEY v TPWTWY &pwv BUo &p1BunTIKOY mpodBuwv Exouv Adyov %_—r

16 Taoay Tiphy Tou v € N N& eUpedij & Abyos Tév TEuTITRV Spv Tév BUo Tpodbwv.
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318. "Edw ol BeTixol &pifpol a, B, v, & dmoTedolv BiaBoyikeus Spous &piBp. Trpoddou, vk
roBeixBij 511 dhnbever 1y oytos :

4
5
u-: > fapys.

319. Mpoodioploate T& o Kal P olrras, dore al pigan Pu Pe TS E§10c0E0s X! —ax + P =0
kol al piZan p;, pg Tiis X' — (5a — 4)x 4 B = 0, ypapdusven katd v 16w p,, Pz, P, Py Elven
SraBoy kol Spot dpiBunTikis TpodSou,

320. Né& EmiAuBi f) tElowons x?— 3x2 — 13x + 15 = 0, t&w yvwpifeuev &1 al plZan Tns &mro-
Teholv Siaboyikols Spous &pify. TpodBou,

321. N& eUpedij ) oxéois uetall T6v o, By, doTe ol pifen Tijs BiteTpaycvov Ei0doEews
axt + Px? 4 y = 0, vé elvan SiaBoyikol Spor dpiBunTikiis TTpodSou,

Il. APMONIKAI TTPOOAOI
§ 160. "Opiopds. — Mia arolovbia mpayuarixdy dpibudv

Ay Ggyevvy By yenn (1)
elvar appovikn npbéodog tdre, xail povoy Tdte, dv loydy a, # 0 % veN xai
1 1 1
e SR (2)

e A T
elvar dplbunriey mpdodoc.
Olbras ) dxohouBia TGV &piBudy :

Ml v »pl
TEEFLFw)
elvon dppovikny Tpdodos, SidTi ol dvticTpogol Twv, KaTd THY alrriy T,
L YOS TR A0 e

&moTeAoUv &piBunTikAY TPSoSov (ué Adyov w = 2).

"Ex ToU dvwTépw dpiouol THs &puovikfis wpodSou guvéryouev, 8T1 {nTruaTa
dpop@vTa dpuovikiy Tpbodov dvéyovtan els EmiAucty InTnudTwv THs dvTi-
oToiyou dpiBunTikiis mpodBou. "Eveka ToUTou 84 HEAETHOWHEY KOTWTépw Tdg
KuplwTépas I516TNTas TEY dppovik@dv TrpodBuwv (rd HopeTv épappoydy TGV 1810-
TNTWV TGV &p1BunTIKGY TTPodSeov,

§ 16l. EGpeoig Tol vioaTol Spou pidg appovixiig mpoddou Tijg
émoiag Sidovral ol 500 wpliror Spor. — *Eorew N &puovikh TpdoBos :

ary oot s oy g : : €9)
ToTe, kard ToV dpropdy TauTns, | dxoAoudla : — ey s s (2)
ot doy ay
elvan &piBunTike Tpdodos i Adyov w = S —l-
oy o

"ANAG & viooTds é.pos Tis (2) 3iBeran Umd 1ol TUoU (1) TS § 154, fiTol .

1 1 1 1

- SR E R
: L:ag-{—(V—-l)(ul—u,)=u1(v—l)-a,(v—2)
St aya, aya,
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"Apa & vicoTos Spos a, Tiis dpuovikiis TpodSou (1) elven TéTE & :

= o,a,
@ (G-D-0(0=-2)

&)

§ 162. Zuvefikn, Iva ol apiBpoi a, B, y elval, kard Tyv Sobcloav
1451, Siadoyixol Epol dppovikijg mpoddou.

"E@’ doov ol dpifuol a, B, ¥ elvan, xard THyv Sofeloav T&Ev, SiaBoyikol Spot

L, L, koTd Tov Sobbvta Spi-
Piu¥

auov (§ 160), elvan Siadoyikol dpor dpiBunTikiis mpodBou xal ouverrds (§ 156) 6
EYwOpEY :

apuovikiis Tpoddov, cl &vtioTpogol Twv %,

1 1 1 2
P F=?+? R D 1 i
5 . 2oy
Apa : p= T (&)

AN kal dvTioTpdgas, tv dAnlelm ) (1), TéTe of Tpels &pifuol o, B, ¥
elvan SraBoyixol dpor dppovikiis Tpoddou (Biarri;).

“Ofev : “Ixavi xai dvayxaia cvvBixn, iva ol apibpoi a, B, 7 clvay, xatd tiv do-
feloav tagiv, Sriadoyixoi dpor dppovixfic npoddov elven 1 tabrng (1).

Els v meplmroow alriv & P kasitan dppovikdg pégog TV a kal Y.

Fevikéds : Aobévrwr » dolbudvy ay, a,,...,a, xalofuer dppovikdv péoov
abtdv xai 1oy ovufolllouer dia My , tov dgibBudy :

v
Ko dosger, ol @
i

a a,

Muy=

Mapatipnas : ‘H oxtois (1) Slvaran va AdPn THY popeny :
<] a—Pp
—_— = Siari; 3
=gy () ®)
Kora TaUTa, fi dvayxaia xai ixavi covixn, Iva of apiBpoi a, B,y sivar, xata

v dobcioav takiv, Swadoyixol Spor dppovixfi npoddov, tlvar ol apbpol a, B, v
va drotcholv dppovikfy dvaroyiaw

§ 163. NapepPorn dppovikiv Evdiapéowv.— O1 &piBuol x,, x,,. ..,
X, xaAoUvTan dppovixoi dviiapsoor Sobévtwy &piBudv a, T ToTE, Kail udvov TOTE,
&v ol dpifuol @, x;, X,,..., X,, T elvon Siaoyikoi Epol &puov. TpodSov.
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AobivTav TGY &piBuddv a, T kahoUpev napepfoliv p dppovikdy Eviiapéswy,
Thv elpeaw u &piBudv x,, X,,. .., X, ToloUTwy, GoTe of dpiduol «, x,, Xy vy
x,, T elvon SiaBoyikol Spor &ppov. Tpodbou.

Tifeton Tdpa 1O EEfis mpoPAnpa :

Metald t@v apBudv a xai t va tapeupindoiv p dppovixoi Evéiapcaor.

TMpds ToUTo dpkel v& TapeuPAnBolv p &piBunTikol Evbiduecor peTaU TGV

p1Buddv % kal u_lr— "Ek ToU TUmrou (1) (§ 158) Tiis &p1BunTixiis apeuPoifs ev-

piokouev &v Trpokeipévey
i 1
T T e
u+1l = (w+Deor
‘0 Timos (1) xaheiton tomog tiijg dppovikiig napepPol fic.
‘OpiodévTos &k ToU TUTrou (1) ToU Adyou w' eUpiokouev ToUs u &p1BunTiKoUs

€Y

tvBiaptoous TEV cl:_ Kol %, omoTe of dvrloTpogpol Twv 8 elvan of EnToUpevol

H Gpuovikol dvBidueool TGV a kal T, fiTol B& Excopev :

14 1 1
R B e o BN ) ) o Vv TeYe Ul
« Tt Dar a ‘Ut Dar « PurDar

'E@appoyn Metald t@v dpbudyv % xal 1—51- va rapepfinboly 5 Gppovixol Evira-

HEGOL,
Adbaig. Mpds Tolro wapeuPdAtouey Tévte &piBunTikoUs EvBiopéoous petatl Ty &vTioTps-

pwv TdV Sobtvrwy ,fiTor peratl % xal l—l

5
e - e - e —
O Timros (1), Si1& Yy S im p=2>5 6dar: w =00
4 e 1] doid, 13,8, 19
Téte ol mévre &piBunTixol tvBi&usoor Tdv 5 xal = elven ol : 15 1, 10 5 10

xard ouvémaay of dnToUpevor dpuovikol EvBiduesor elvan ol dvtioTpogol Twv, fitor of :

10110 5 .10

B R S T
xal peTd TG SobévTwy of : %, 1—70, ¥, %,'—gu, %, 1T
AZKHIEIZ
322. N& eVpedij & 3los 8pos Tiis dpuovikiis TpodSou 21—5, 53 %,. .. kal & Bos &pos Tijs
mpodbou: 1, %' [3—3,. L

323. N& mpoobiopiodi] & k ofrws, dare ol Gpuol: 1 + k, 3 4 k, 9 4 k, xa®” fiv 1é&Ewv
Si8ovTan, elvon SiaBoyixol Spor &ppovikiis TpodSou.
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324. 'Edv «, B, y, B elvon BiaBoyixkol Spot dppovikiis wpodbov, v drobeiybij &Ti:
Sa—3p y+ 8
B %

elvar BiaBoyikoi &po1 &pibu. mpodbov, TéTE of «, - ;.' v

atp p e s
L=iap 7l =By
elvan BraBox kol Spot dppovikiis Tpodbou.

326. N& rapeuPinfolv 19 &piBunTikol dvBiduecor kal 19 dppovikoi évBikpegol petaly Tév
&p1Bucv 2 xal 3. *Edw B¢ € elven els &piBunTikos EvBiduecos kal ) & &vrioToiyxos dppovikds 6 elvan:
6

325, ’Eav

e o 5.
327. ’Eév ol &piuol o, B, v, elven BiaBoy kol Spo1 &puovikiis podSou, TéTe kal of &piBuoi:
o P Y

Pfy-o vy+ea—Bp' at+P-v
ouvioToUv trions &puovikfy Tpdodov.
328. ‘Edw ol dpdamuot dpifuoi a, B, y elven BiaBoyikel po1 &ppov. TpodBou, vé Beiyij &ri:
L +B . Y-+P

20—P 1 2y —B Pk
2) Prla—y=2 [y* (B—a)?+ a2 (y=P)
329. 'E&v ol g, B, y elven Si1aBoyikol dpor &puovikiis wpodbou, v Beiybij &t
Peal By 5

L
p-—a PB-vy
330. 'Ed&v ol &pibuoi oy, oy, ..., a, elven BriaBoyixkoi dpo1 dppovikiis Tpodbov, va &mober-
x6ff &mi: o0t + Oty + - v A Sy @y = (v — Dega,.

331. To &bporopa Tpidv SraBoyikév Spwv was dpuovikiis Tpoddou elven % T6 5t &-

Bpotopa @V &vTioTpdpwy Twv elvan 15. N& UmoAoyioBouv ol Tpeis &pifuoi.

332. N& #mAvdi] 1) Elowals 15x® — 46x2 4 36x — 8 = 0, yvwoToU &vros &m1 al pilat Tns
elven BiaBoyikel Spor dppovikiis TpodSou.

333. 'Edv @y, oy, O, o, o5 elvan Spo1 &piBunTikiis rpodSou kal By, Pg, Bar Pas Ps elven Spot
&ppovikfis TpodSou kal foxlouv: & =B, = a kal o5 = P; = P, v& eUpedii TO yivduevov oyB,.

334. 'Eav # wapdoraois: apf — y)x® + P(y — a)xy + y(a— B)y? elven Téherov TeTpd-
ywvov of &piBuci a, B, y elvan SiaBoyikoi dpo1 dpuovikiis Tpodbou.

335. 'E&v ol &mbuol a, B, y elvan 8pot dppovikfis podBou TéEews A, W, v &vmioToiyws, vé
Bey8ij 1) lodTng:

(=v) By + W—2A) ya+ (A—1) o =0.

336. EUpeTe Thv ouvBrikny, Tva Tpeis &piBuol a, B, y elvan 8po1 &puovikiis rpodBou, ouxi ket
dvérykny SiaSoyikol kal &l Ti) Péoer Tiis eUpedeions ouvbrikns eTdoaTe Ev ol &piBuol % 1—15, ;—2
dviikouv els dppovikhy TrpdoSov xal Toiav.

337. 'Edv ol pidan x;, Xy, X5 T EE10oews: x3 + 3ax? + 3px + y =0, p 5£0, elven
SiaBoyixkol Spor &ppovikfis TpodBou, 8 elvan:

3apy — y* = 2p%
1. TEQMETPIKAI TTPOOAOI

§ 164. "Opiopoi.— “Eotwd ay, =1, 2,... pia dxodoubia &piBpddv, Bia-
Pépwv ToU undevéds. O& Aéywuev 8T1 «rf dxodovlia :

@y, ey AVigites (1)
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elvar pia yeopetpixi npdodos 7 npdodog xatda mnhixov Tdre, xal udvov tdre, Av
&nagvog Bpog Tng, dno Tol Sevrépov xai pelijs, mpoxvnry éx ToD mponyovuévov
dud moddandaoiaouot éni Eva xal ov adtov orabepdy doludvy.
‘O oraBepds airds dpiBuds koAeiTan Adyog TR YEWHETPIKAS TpodSou kal
TapioTaTal ouviBuws kal alTds pt TO yplupa w.
Ol &por Tijs dxorouBias (1) kahoUvTar kai Gpor Tfis yewueTpIKTis TpodBou.
Olres fy dxorouBia :
2, —4, 8, —16, 32, —64,. .. (2)
elvan pla yewpeTpikd) pdodos ut Adyov w= — 2.
‘Opolws ) dxoroudia :
1 1 1 1
G U S AN DI ()
elvan pio yewpetpikny mpdobos pt Adyov w = %—
"Ex ToU Sobévtos Spiouol TS yewpeTpikiis TpodSou ouvdyousy &Ti: kav
a, kad ayyy elvan 0o BiaBoyixol Spol yewpeTpikiis TpodBou pt Adyov w, 8 E-
XOOMEV

Q= a, -, V=1,2,. s (4)

Ex Tfis (4) mpoxUmTel: oy, : & =w Kei ToUTto Sik kéBe v=:1,2,...
"Evretfey Emeran 6 E6fis looBuvanos dplopds Tis yewpeTpikis TpodSoU

TCeopetpicny npbodog clvar pla axolovlia dplfudv, tijg 6molag T6 mniixov
avi1: ay 8o olwvdrinote dradoyixdv Spwy Tng lcotras ué Tov adtov mdvrote dot-
Oudv, 6 6motog xaleirar LoY0G Tiis yewueTpueils mpoddov.

"Ex ToU dvewTépw dpiopol ouvdryouev Topa Ta 6T |

(®). 'Eqv || > 1, TéTe |oypq| > |ay | Bi&k kéBe v=1,2,..., Snhadi 1) yecw-
HETPIKT Tpdodos a,, v=1,2,... elvan @noritwg aidfovoa.
Olrws ) Tpdodos (2) elvan droAUTws atifovoa.

(ii). 'Eqv |o| < 1, TéTe |a 41| < |oo | Bi& kdBe v=1,2,.. ., BnA. ) yewpe-
TPIKN Tpdodos a,, v=1, 2,... elvar dnoritawg @bdivovoa.

Obrws f) wpdobos (3) elven dmrodiTws gbivousa, B16T1 |w)| :%— ok

Mapatipnog. ‘Edv [w| = 1, Snhabf) w = 4 1, Exopev :

M. Ak @ = 1 # yewp. wpbobas elvan pia drohoudia Towv dpiBuddv (oTabepd dxoroubdia
av =0, Vv=12...) xal ds Toixir elven quyypévws abfouoa kal ¢bivouoc:.

(i), A w = —1 ) yecouerpikh) pdobos elvan &moAiTws oTadepd, 16T :
lav+l| =|av : @|=|av|=|a| kal &5 Towim elven ouyypévws &moAlrws alfovoa kal
¢fivouca.
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"IBiomTeg Tiig YewpeTpikfig mpoddou

§ 165. 1516 g |.— Eig nécav yeopctpixijy npoodov Exaarog Spog tng lood-
T pé 16 Ywvopevov tod npdrov dpov avrfig Exi Sovapiy 1ol Léyov, Exoveay ixbétny
tov apibpuodv, Botig pavepdvel 16 thijBog tdv mponyovpiveyv abrod Gpv.

"Hro: e, =a;-0"!, v=12,... ¢))

*AnéderElg : ‘H 1816Tns Tpogavéss loyle Bid v= 1.

Aeyduefa 611 dAnBevel Bidx v=k, fito1 &m loyler: op=a; - wkl
'EE aUTfis TpokUTITEL Oy - w= & - @¥. ANAK oy - w=ay41 (Spiouds yewy.
Tpodbouv).

“Apa: Q1= Oy - Wk =q - @+
fitol, 1) 1816Tns &AnBelel kai Bid v=k + 1, &mopbves, kard TV &pxnv Tiis wabn-
poTikfis Emoaywyfis, dAnBever S1& kdBe uaikov dpiBudy v.

1
'Egappoyai. In: Nacdpedf d Tog dpog tiig remperpixfic npoddov : 3 1, 2, 4 0ne

Adorg. “Exopev o, =%, 0= 2= Ty s

Av tpapuoyifis ToU dvwTépw TUmou (1) eUpiowouev i a, = % 28 =32,

2a: Na ebpedf) 10 nhfifog v thv Spov mds yeopetpikiis npoddov 1 dmoia Exer:

a,=6 =2, a, =23072

Avorg Elgtov Tumov av = o, - wv-1 Bétopev dvrl Tév &, @, av T foa Twv kol
Eyopev : 72 =621 § ovl=3512

Emeidn 512 = 2¢ f) TeAevtala loéTns ypdeeTan

2l —20, £ ol: v—1=9 & v=10

Mapatipnois : 'Ex Tiis dvwTépw 1B16TTos oupmepalvopev &1 pla yewperpikd mpdobos
elven Tehelews dpioubun, dtav 5o & TpdiTos Spos TNs o, kal & Adyos Tns w, 16T TéTE ol Spot Tng
6& elvan dvmoToiyws :

los 8pos 205 Spos 305 pos 405 dpos So05 Spos . . .
(-7 a,w, o w?, o, w?, oy, L. KoK

§ 166. "1516™ 5 Il.— Eig nenepaopévov nifiog Sradoykdv Spwv yemp. tpoddon
td yivépevov Sbo Bpav lodxig anexdviav tdv dxpov, icoltar mpdg to yivépevoy
t@v Gxpov Spov. "Eav b nhfilog tdv Spov elvar neprrtoy, tote & pecalog Spog
elvar pigog avaloyog tdv dxpuv dpmv.

*Anodeibic. a’). Otewpolpev ToUs v TpwTous Spous: Oy, Ugye -y Tv-1y v
mds yewp. Tpoddou ut Adyov w. Taparnpoipev &1 loyve :

oy - o= (o) ( d

)=«
N

g + G2 = (oy0?) (ﬂ):a1 . Qy
PRe)

189

WnionoiBrke amé To ivotirouto EknmaiSeuTikrg MoAmkrg



kal yevikdy, tav & els &xn k Spous Tpd alrol, B elven foos pé @ o, - wk, ToTE
Exwv k dpous et alrov Ba elvan oog pé : %;— OUVETIGS TO yIvolevov TGV SUo
aTédv Spowv elvan : ((oywok ) - (%) Srents .

B'). "Eotw &mi 1O mAfifos TV Bewpoupévwov Spwv elven mepiTTédY, TOTE U-

Tépyer peoaios Spos, EoTw & oy ’EE dpiopoy elvar oy = oy - @ Kol @y = L
w
E€ aUTév AcuPdvopey :
e
o= (41 * @) - (lT“):Gx—l CO4 =0y,

fitol & peoaios &pos elven péoos dvdhoyos Tav dxpwv Spwv.

§ 167. Népiopa 1.— ’Avayxaia xal ixavi) evv0ixy, Tva tpeig apbyoi a, B, v,
xal’ fiv taEwv ypagoviar, elvar Sradoyikol Spor yeoperpikiis npoddov elvar :

B = ay (1)

Els thv mepimrwo almiv & P koAsitan yeopetpikds pioog f) péoog dvidloyog
TéV a kal y.

Fevikéds : Kalotuey yeopetpwdv ptoov v 70 minbfos dofudr a,a,,. . . ,a,
xai avuBolilopey Totror ué My, tov dplBudy, Sotis dplletat oftw:

v

Mr= Ya, ...a, 2

§ 168. Mépiopa Il.— Td yivépevoy I, =a, a;... a, 1@V v npdTeY dpov
yeopetpikiic npoddov didetar Omd tob thmov :

I = (e,-a,)" ¢))

Enpeimowg. ‘O dvwripw Timros Slvaral vé ypaed) xal ds iEs :
v(v—1)

M=a-w 2 ,&movwdAdyos Tijs mpoddov. (Aiarl;). (¢3)

§ 169. "I1816mg l1l.— Td &0poropa L, =a,+a;, - +a, 1@v v npdrov
Spov yeopctpixfic npoddov pé Loyov @ £ 1 diderar Ond tod tomov :

e, 0—a
e O)
*Anéddertig : TloAAamAaoi&lovtes dupdTepa T& weAn Tiis lodrnTos :
. zv=ﬂ1+as+"'+av 2
&l Tov Adyov w elploxopev :
WZy = 00 + G + -+ - 4 W 3)
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*AgoupouvTes kaTa WA Tés (3) kal (2) kal AapPdvovTes U’ Sywiv 311 :

- s TR AT, R L
eUplokopey :

Wi, —Ly=ow—a, f (w—1)-Z%=aw—a,.
*Ex Tfis TeAevTaias lodTnTos, ik w # 1, TpokirTE :
5 - HR—%
w—1
"Aoxnois. Na dmobeydi] 6 Timos (1) Tou &Bpoiopares Six Tijs pebdBou
Tiis padnuaTikiis émaywyis.

§ 170. Népropa.— To Gdpowopa L, =a,+ay+ ...+ a, 1V v npdrav
dpov yeopetpikfic npoddov pi Aéyov o £ 1 Siderar suvapriiser tob npdrov dpov
a;, tol Aéyov o Kai tod thfBoug v tdv Spwv tov Hrd tob thmov :

a, (0¥ —1)

L=—1-— (D

‘O Timros (1) Bider 10 &fpoioua TGV v TpwTwY Spwv THS Yewy. Tpoddov,
xwpls v& TapioTaTon &vénykn v& elpwpev TV viooTdv Spov alUTiis.
'EQoappoyf: Na tnokoniedff 10 Glpoiopa thv dxtdd npdrov dpov tfig npoddov :
2,6 18,54, ...
Abeng : Els tov Timov (1) (§ 170) Bérovres oy = 2, w = 3, v= 8 AapPdvopev:

_ 23 —1)  2(6561—-1)
By = 5 = 6560.

Mapatmpiioeis: a’). "Eqv els plov yewpetpikhy mpéoBov elven @ = 1, ol Timor (1) Tév
§ 169, 170 5i& & Iy Btv SUvavtal va EpapuooBouv (Biorri; ). Els Thv eldixfiv alriiv meplrrreo-
ow, BnA. kv w = 1, f) TpdoBos Exer Shous Tous Spous Tns foous ut Tov TpddTov Kal ouvetrdis TO
&Bpoiopa TéY v pwTwY Spwv loolTan pé: Ey =+ o+ ... o=V

B"). O1 &lo Timor :

@, — oy
o, = ﬂ;mv_‘ 1) xkad Iy = :DT )

Tepiéyouv TévTe dryvidoTous, Tous ay, o, @, v, Zy . "Edwv Aoimov pds SoBolv ol Tpels tE olTdov, TOTE
Suvdpeda va edpwyev Tous Uroholmous 8o EmAUovTes TO oUoTnua T Efiowaewy (1) kal (2). ‘*H
tridvois ToU dv Adyw ovoThuaTos elvan, v yével, elkoAdos TAY T@v E§fis SUo TepITTTCTEWY :

(i). "E&w InTolvrat ol o, xad w. Téte 16 ovornua Tév (1) kal (2) 5ider Ty tlcwaow :

(E,—a) wv—va"_l +a,=0. 3)
(ii). 'Edv gnrouvtan ol o, Kal w. Tote 16 ovoTnua tév (1) xal (2) 8ide Thv lowow :
ow —Zw+ (E,—a)=0. (4)

Al tEiodaes (3) kal (4) elvan v PaBuol kol dav piv & v =< 4 olran midovTal, tdv Spaws
& v > 4, wp&yua ouvnBéoTepov, ToTe Biv kadloTaran Buverrd ) ErfAuois adrTdy pk T oTOIXEID-
Beis yvooes Tiis 'AAyEPpas.

Mepikd &md 1d Tapovsialdueva TpoPAfuaTa dmAvovTan pt THy Bofifeiav TéV ?\oyapieunw
v Bewplav Tév dmolwv dvamrriooouev els Ev Tév Eropbvev kepadalwy.
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‘Egapporn) 1n : l'eopetpikfic npoddov 6 Sydoog Bpog iooltar npdg 384 xai & Adyoc
igoftan mpdg 2. Na eipedij 6 npdrog Spog tng xai 1o HOporopa @V dktd mpdTOV dpov TNG.

Abeg : "Egtwoav a, & Tp&Tos 8pos, w & Adyos kal a, 6 vioords Spos TS yewp. Tpodbou.

aw—a
'Ex Tév Timew @, = aw' ! kal I, = -"7:-l—l Sik w =2, v=28, o, = 384 AcuPdvousv
avTioToiyxws :
3B =q-20 (1) xkad I, = 3‘342'—_217& @

’Ex Tijs mpdTNs Exouey a, = 3.
'AvtikabioTddvres els Ty (2) T6 a, i 16 Teov Tou eUploxopey :

'Egappori 2a : Eig yeopstpixiiy npbodov ué npitov Spov 1o 5 6 EBSopog Bpog tng loob-
tar mpog 3645, Na £0pei) 1) npoodog xai va bxokoniodf 10 GOpoiona tdv inta npdtov dpwv e
@, W—oy

=] v

Abog : CEx TGV T &, = o,w’ xkal Iy = T Bid o, =05 v=7, xal
a, = 3645 AapPévopsy dvmioTolyews :
A5 =5t (1) xad :,=—36-%;_‘—"-l:3 @
'Ex Tfis (1) Exopev ot = 729, #£fs: w = 4 3.
Md w = 3 1) mpdodos elvan: 5, 15, 45, 135,... 3
A& @ = — 3 | wpbodos elvan 5, —15,-45, —135, ... )

‘H mpdotn elvan yvnolws alfouaa, f Seutépa Biv elvar olre alifovoa olTe ¢Bivouca, elvan
Suws dmoAUTws aifovoa kal péAoTa yvnoiws.

"Ex Tiis (2) &1° dvTikarrac réoews ToU w pé Tas Tipds Tou + 3 kal —3 eUplokopey dvrioToiyws :

3, = 3_64;;_:_31__5 — 5465, Y Ei‘is:%___}l)i = 2735.

Té mpdTov &dpoioua dvagéperai els Thy TpdoBov (3), Td Berrepov els THY TpdoBov (4).

§ 171. NapepPoll yewperpikiv tvdiapéowv.— ‘Oprapoi. Of &pibuoi
Xy, Xg,. - ., X, kKOAOUVTQN Ye@peTpixoi Eviiapeon SobbvTwv dpifpdv o kal B, ToTe
kal pévov TéTe, &v of &piBuof :
(- 5% STk ST SR (L)
elven Siaboyixoi Spot yewu. TrpodBou.
AoBtvTwv BUo dpiudv a kal P xohoUpev napepforiy p yeoperpikdv dv-
Siapéowv THV eUpeatv p &p1BUGY X,, X,, . . ., X, TOlOUTWV, OoTe o &pifpoi :
Q, Xy, Xgye ..y X, P v& elvan SraBoyixol Spot yewp. TpodSou.
A Ty elpegiv T@v o5 Evw yewpeTpikddy tvBiautowy dpkel va elipwpey ToV
Adyov T yewpeTpixfis podBov, els fiv olror dvfikouv. *Edv TapaoThicwuey pi
@ Tov Abyov Tis TpodBou aUriis TéTe, Ereidh TO wATIBos SAwv Tév Spaov (1)
elvan p+2, 6 P Oakaréxn Ty u+ 2 Béow xai ouveréss B Excopey :
p=u 3 w(ll+3)-'l A ﬂ=ﬂ : wll'H
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"Apa : ] B (¢)

émou € = |, &Tav u &pTios kad £ == 4 |, dtav TepITTOS, S1d we R. "Edv dva-
InTéduey wER, TéTe fx elpwpev alTov ik THs EmiUoEws THis Sicovipou éEiowoecos
awst! — B = Q.

‘0 Tumros (1) koAeiTen Throg napepfoliic yeoperpikdv Evrapéonv f ouvTod-
Hws tinog tig yeoperpkiig napepfoiiic..

‘Opiofévtos e Tol TUmou (1) Tou Adyou w, ol {nToUpevor dpiBuoi elvan :

X; = 0w, Xo=0w? ..., X, = cw*,

’E@appoyn. Metalo t6v apilpdy 3 xai 48 va mapeppinbodv TpEig mpaypanixoi yEmp.
Evdiapeoor.
Abarg : "Ex ToU Timov (1) B1&d a = 3, B = 48 kal u = 3, AauPévopey :

4
x 4
w:tvgz = 16, tol: w=%2
Zuvenrdds ol {nToUuevor yewpetpikol vBiduecor elvan ol : 6, 12, 24 # ol: —6, 12, —24.

§ IT2. Zupperpicd) mapaoraocig Tév dpwv Hidg YEwpEeTpIKijg Trpo-
680u.— Tpds Tepiopiopdy TGy ayvaoTwy els Siapopa TpoPAfiuaTa yecwpe-
Tpik&y Tpoddwv, 18ig dTav &idetar To yivouevov Tév &pifudv, of dmroiot elven
SiaBoxikol pol yewpeTpikiis TpodBou, kaAdy eyl v Exoopey U Syiv Tds

€fis BUo mepimToEs:
Mepintworg 1n : To nhiifoc t@v dyvdeorav Spav elvar teprrév.

"Eqv of &yvwoTor 8por elvan mAnRfous (2v+ 1), TéTe Umdpyer HETATOS,
Tov émoiov oupBoAifopey wé x kai,idv & Adyos s Tpoddov elvar w, ypdgpo-
eV ToUs InToupévous Spous dos EEfs

X X X

2R EE X, X0, XW% 05 xY .

HNepintwoig 20: To nififog t@v dyviotwv dpov clva Gpriov (Eotom 2v).
Es abrfv mv mepimrwow utrapyouv Slo «peaaiows Spoi loaméyovTtes TGOV &xpwv,

: P = s x " % ; & :
Tous omroious TraploT@UEY pé : 5 Kal xA, 61e & Adyos w Tis YEWU. TTPCO-

Bou elvan: w=xA: —;—i—-z A? kaiof {nToUpevor Spor yphgovrar s EETs:

X X X

AT e R XALXAS. .., AL

Atov va onueiwddj éT1 els Thv TEpiTTwOW aUTY & X Siv elvan Bpog Tiis yeco-
HeTpIKkTis TTpodBov kai & Adyos Tiis TpodBou, s EAéxlN, elvan AZ.
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'Epoappoyfi. Na chpeBolv téooupes mpayp. dpibpoi, ol dnolor elvar Sradoxikoi dpor
Yewp, npoddov, tav to yivopevov tov icobta mpog 729 ki & tétaprog looltar mpog T0 Yivo-
pevov thv dbo peoaimv.

Abang : Katd T& dvwTépw, mepimTwois 2a, mapiotduev Tous fnToupévous dpifipous ot € :

L s
TN XA, XA%
"Emreidn) 10 ywopevdv Twv loolTan mpds 729, 8 Exwpey :
X X _
S XA XA = 729
7 x4 =729 =272, ¢&ol: x= 4 3|3

"EE &\hou, kotd ThY Ekpdovnotw, Exopev 1 XA? = (%) () =%x* f M=x, &
Tfis émolas elpfokopev: A = + |3.

Ay x =33 kaiA = |3 ol {nTovpevor &pduol elven: 1, 3,9, 27.
Axx = =3 I3 xadA = — |3 eVpiokouev méAw Tols 1ious &p18uos.

§ 173. "ABpoiopa amcipwv 6pwv amoAiTwg $Bivolong yewperpr-
kijg Mpoddou.— “Eotw pia yewpeTpikh) Tpdodos ué TpdTov Spov TO o kai AS-
yov w, fiTol éoTew 1 Tpdodos :

a, aw, aw?,, .., aw'l, . .. {1)
"As cupBoliowpey pt Z, Td &potopa TéV v pdTwy Spwv Tiis (1), T6 dmoiov, g
yvwoTdy, Bibetan Umd TolU TUTTOU :

3, @ =1)
w—1

"EoTw Topa &1 & Adyos w T (1) wAnpol ThHv ouvbikny: 0 < |w | < 1, SnAadn
N (1) elvon &moAUTws @Bivouca yewpeTpikf) TpdoBos, TéTe loyUer TO k&Twh
fecpnua :

§ 174. @cpnpa.— Aid x@Be Oeticov apiBpdv ¢ (boovdfinote pikpov) dnapyer
deiktng vy = vy(e) tosoitog, dote va loyiy :

e ; =
|Ev—l_mr<£ Sud k@be v = v,
¥ gt Al o s
H dmep 1O ard : iim&—l_m.
’Andderbis. TMpaypati: Z,=a+aw—+ --- + aw'!
. o’ —a TR 4
e A e e Lof Tt

‘H drohoubia Suws w¥ , v=1, 2,... pt |w| < 1 elvar undevid) (BA. Kegp. V
§ 131, Tapd&Berypa lov).

"Ofev : Iim 2, =

5 , 010 lim —— . a¥=0.
l—w l—w
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’Ex ToU dvwTépw BewprinaTos &8nyolueda els TO va Sdowuey ToOV EERS
Opropdv :
Kalotuey G8poropa 1d@v dneipov dpwv tijg drolitng plvoiang yeoperpikiig

. \ o . \ a
npoddov ue mpdTov Goov Tov a xal Adyov w Tov mpayuatTixov Godudy i 700G
gt 2

it

oy Gmoioy ovyxAlver To dfpotoua X, T@v v npdtwy Gpwy Tijg yewuetouxis moo-
ddov. Tpagouev B¢ cupPolikéds :
a

=i R Z=cx+uco+ucoa+---+aco"‘“l+---;l_w.

a

“Qoe: Eav |o| <l — L.=E=y—

¢))

Aéyouev 8¢ ToTe 1 «Td GBpowspa @V dncipov Spov veopspukiis Tpoddov pi

npdHtov dpov 1ov a kai Adyov o pé 0 < |o| < 1 igobrtaw pé : l_f?)»' (7

Eqp. Ev a=11ére: EZ=1+ ot ¥+ .ot ol oo =m

‘Epappoyfy 1n : Na dnoloynodij 16 &0poropa : 4 + % + % R >

Abarg : Ol &rreipor TrpooBeTéon ToU dfpoiopaTos ouvicTouv yewy. Trpdobov ut TpédTov Spov

o = 4 kal Adyov w = % ‘Emropéveos T {nToupevov &dpotopa 8idetan Umrd Tou TUmov (1),

3 4, 4 4 4
firor: 3151 sbhekeitaien s

’Egappoyn) 2a: Na chpedfi 10 xowvov xhéopa, dnd 10 dnoiov napayerar 16 Sexadixdv
neprodikov xhaopa 4,513513, ..

Abog : To Sexabikdy meprobikdy khdopa 4, 513513, . . yp&eetan :

513 , 513
*+ 7000 T To00®
513
; i 513 513 513 1000 513
v 1000 * 7000+ T 1003 T T 7T 1~ 99
1000
» : o S13™ " 4509
ApC(. 4.5135!3... =4+ —99-’5 —“§§§—.
TMapatnpoupev Aoirdv 811 & Bexabikds &pi1Buds 4,513513, .., drav 1O mARBos Tév Bekabixédy
Tou ynelwv alfdver dmepropioTws, Telver TTpds ToV prTdw dpiBudy —495909—9
AZKHZEIZ
338. XapaktnpigaTe Tés kéTwb mpadBous s wpds T6 povéTovov kal T6 elios HovoTovias :
I 8 16
a) 12,6,3,..., B) 5 g Lodiow, ) 3 =6, 12005 &) -4, T
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339. "Eorw 1) yewp. pdobos 1, 3, 9, 27, 81,. .. Aclfare 5T1 ol Biagopal peTafl Buo Srabo-
Xk Spwv oxnuarifouv ploav véav yewp. mpdobov. ‘H 1816Tns alrn Blvaron vi yevikeudij &1
olavBfiroTe yewn. Trpdobov;

340. TMpooBiopioaTe Tov TpaypaTikdy dpiBudy x olrws, doTe ol k&Twdh &pi1buol &rroTeAoly
BraBoykovs dpous yewp. podBou: 1) x—2,2x, Tx + 4, 2) 2x—2, 3x + 6, 12x + 6.

341. Né& elpebij 10 TAfBos TGV Spoov yewueTpIkfis Tpoodbov, &ls Tas k&Twh TEpITTOOES :

a=4 w=4, I, =540, P)a,=13, @ =117, «, =9477,

Y) =4, o =972, I, =145, 6)« =8l, w= %, =, = 781,

342. N& oxnuamodij yewp. wpbobos, f) dtrola Exer é wpdiTov pov Thy wkpoTépav pifav Tiig
tiocoews x® — 2x2 — 25x + 50 = 0 kal s Adyov Thy peyahuTépav pifav. "Emi mhéov v elpe-
07 16 &Bporopa Tédv Spwv albThs, TV dtrolwv Td TATB0s elvan TpiTAdoiov TR TplTns pilns TS
dvoTipw E§iodoews.

343. N& mrapeupAnbolv 4 yewuerpikol dvBidueoor petall Ths mikpoTépas kal THs peyaiu-
Tépas pidns Tiis EE10cdoews 2x? — 5x — 3 = 0.

344. Na& Bex®ij 811 10 &Bpoiopa v yewpetpikéy EvBiapéowy TapepPoiiopéviov petaly 1
kal o looUTen wpds :

Ve LYat) i L Vo)

345. lewpeTtpikiis TpodBou 16 &Bpoioua Tév 4 TpwTwv dpwv elven 40, Tév BE Teoodpwy
émopéveov TO &Bporopa elvan 3240. Né elpedf] & Adyos kal & wpéTos dpos Tiis TpodBou.

346. To &fpoiopa Tév Teookpwy TpcTwY Spwv ¢Bivolomns yewp. Trpoddou elven 65, Td
&t &Bporopa eV &melpwv épwv Tns 81, Né evpedfi f) wpbobos.

347. *AmoliTws pfivolons yewi. Tpodbou & TpddTos Spos Tns elvan To 1 /2 ToU ddpoiopaTos
TV &meipav Spwv Tns, T B &Bpoiopa TGV BUo TpiTwy Spwv Tns elvan 20. Né ebpedi] 1) wpdodos.

348. Na eUpeBouv Tpeis &pifuoi SiaBoyixoi pot yewp. podbov, t&v yvwpilwpey 16 &por-
opd Twv 52 kal 1O &Bpoloua TGOV TETpaywvwy Twv 1456,

349. To &fporopa T@V &meipwv Spwv droAlTws plivolans YewpeTpikiis Tpoddou elvan 12,
T 5t &Bporopa TV TeTperydvwy TEV &ireipwv pwv Tns elvon 48. N& elpebfj A pdodos.

350. N& eUpefolv Td ké&Twd ddpoiouerra:

12 +1 1 1 1 11
W= 1 Tttt iRl gk yogyt
z 3
netp+ B+ B @>p>0

2 1\4
351. TTpds mroiov &piBudy Teiver T rnAlkov ToU dBpolouaros: 1 + (%) + (-2—) e

1\2v A 1 1 1yv s
+(_2_) +-.-BI&TGU&Bpoiu'utx‘ros.l-I-T—i-T-l'-”"!'(T) 4 ovr, BTOVTOV > 0.

352. N& elpeBolv T& kowd kh&opara,tk TV dmrolwy Tapdyovrar T& k&Twh Bexabikd Tre-
prodik& KAdouora :

1):10,:17651651 7., 2) . 2,341702702. .., 3) 27,327575. ., 4) . 3,7292929. ..

353. Els lodmAeupov Tpiywvov TAeupds o ouvbtopey T& péoo TéV TAsupddy Tou Kal elpl-
owxopev véov rotouTov. Td alrd ErravadapPdvopey els 6 véov ToUTto Kol olUTw kadebfis. Na elpebp
T6 &Bporopa TéV EuPadiv kal THY TEpIéTprV TGOV dTrelpwy ToUTwY Tprydveov.

354. 'Edv q, B, v, 5 elvan S1aBoyikol Spot yewp. rpodBou vt Berydij :
) (@48 - B+y)—(a+y): B+ 8= B-—y)
2) B-vr+ -+ (E-pr=_(-5"
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355. N& Utrohoy1o6i) ﬁ‘r‘rupdmums:Vuﬁ afiVagEens T étav 1O TAffos TV
pioik@dy elvan direpidpioTov.
356. 'Eav af mAeupal Tprydivou evan SiaBoymol por yewp. TpodSou va Beixbi, 1 & Adyos

i 1
)’5”21<W<f5_2+ _

w Tfis Tpodbov ErainBele THY oxéow :

357. Tpeis &pfuol x, y, z Exouv &Bpoioua 147, tav ol x, ¥y, z elvan BiaBoyikoi Spor &pifu.
mpodBou kai ol x, 2, ¥ yewpeTpikis podBou, vé elipeBolv ol Tpeis alrol &pifuoi.

358. 'Edv a, B, v, 5 elvan BeTikol paypaTikol dpiBuol kai loyer :

P—ay =0, y*'—ps5=0, TétEB&elvanu: |a—B8|=3|B—vy|
359. 'E4v ol &pifuol o, B, ¥ elvan 5:u50x|xol &por yewy. Tpoddou, vé &rrobeyBij 611 :
1
ot Bt (—+ +r) =B
p*y* Fr e B*+ vy
3

360. "Edv o + of + P* =0 xal o® 4 PP = y?, v& &mobeiyd7 671 ol &piBuol : o, v, PV 4

elvan BiaBoyixkol Gpot yewp. TpodBov.

FENIKAI AZKHZEIZ EM TOQN MPOOAGN

361. 'Eavx, y, ze R* kad M, , M, M, elvan duTioToiyws & péoos dpibunTikds, péoos yew-
HETPIKOS Kal pégos dpuovikds alTdy, vé drobeydij 611 :
M,=M.=M, . (dwigéTns Tou Cauchy).
362, 'Edv x =0, y=0 &eifare bT1:

1x+ yéxl yl"’.

MoTe loyer 1 Toov;
363. Tnv dxkohouBiav TGV guotkdv &piBuddy ywpilopev els duddas g droroUBas :
L 102::3,4..5), o6 T08i:00,12) (I3 04000022, (23, 24;. vi)yoe
N& elpedij & mpddtos Epos This v—oaTiis duaBos cuvaptrioea ToU v kal va Sexdij éni 10 &bpor-
opa T&Y dp1Budv Tév mrephapPavopévwy els THv v—ooTiv dpudba loolTa mpds :

Gv-2)- -1+ T

364. 'Eav 3, eivan 10 &Bpoioua T@dv v Spwv &piBunTikiis mpodBou, Tis dmolas & Adyos
elvat w kal 8, T0 &poropa TGV TeTpaydvwy TGV alTdv Spwv, vi drobeiy8ij &T1:
1

S“_TS:= 3 ve? (vi—1).
i, B X' 5x 4+ 6 X! —5x + 6 x2—5x + 6
I F(")=vx=—6x+s "V o—ex+8 'Vx=-6x+8
va Bery 6 811 : F(:—;)=%

366. "Eotwoav a, oy, ay,... ol wpdTol Spor &pmbp. TpodBwv ut Adyous 1,2, 3,...
dvTigtoiyws. "Eqv 16 &Bpoiopa Ty v mpdiTwy Spwy EkdaTns elvan v8, Beifate 81 ol @y, o, &y, . .
elvan BiaBoyikol Spor &pibp. TpodBou, fiTis kad v Spioi.

367. N& eUpebij 1y ouvBrkn, Tve ol pifon Tiis tiowoecs : x? + ax? + Px + y =0 elvar SixSo-
Xixol Spor: a). *ApiBunTikiis TpodBov, P). Mewuetpikils mpodBou.

368. Na 6p1odij & k olres, doe af plfon Tis Eiochoews x* —Bx2 —6x —k = 0 va elva
SiaBoyixol Spor podBou dpiBunTIKAS A YEWUETPIKTS Kail v Aubfj 1) tlowors almm
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(" Yrodertig. NdPete U’ Sy Té gupTrep&opaTa Tijs PO YOUNEVNs GOKNOEWS).
369. Xwpifouev 4200 dvrikelpevaels v + 1 dudBas oUTws, MoTe f) TpwTn dpds vé TEpIAGp-
Bdvn 5 &vrikelpeva, f) Seutépa 8, f) Tpitn 11, ko.x. Né& elpebj 16 TAfifos TGV dpdSwy, Tas
dmolas Buvdpeba va oxnuaTticwpey kol Td A fos TV UtroherTopéveoy dvTikepévaov.
370. 'E&v ol o, B, ¥, X, ¥, 2 £lvon BeTikol &piBuoi kal & pév « elvan péoos &pibunTikds Tév B
Kol y, & B¢ x péogos dppovikds TGV y, z,va &mroBerxBf 811: & ax elvan péoos yewueTpikds TGV By kal
hé

5 Yot o B
z TOTE, Kal pdvov TéTE, v : B ot A
¥ IO SN

371. 'Edv ol Sidgopot dAAAAwy BeTikol &piBuol a, B, y elvan Biadoy kol dpor apiBunTikiis
yewpeTpikiis 7| &puovikfis mpoddou, va &mebayfi éT1 Bix xdbe guowdv dpiBudy v =2 loyue
f| dvicdTns :

of ok oy > P
("Yrodeikig. 'EpapudoaTe Ty péBodov Tiis TeAelas trraywyfis).
372. Eotw ) drohoudia: av, v = 1,2,... (1), 1& v dmoiav elvan :
a ;=80 +n-a V¥ veN (§ neR).
Né& &mobeixbij &1 :
'E&v & Adyos %, émou a, # 0, elvan plla THs t§100Ecws ¢
i x*—8x—-n=0,
ToTE 1) drohovbla (1) elvan yewpeTpixd Tpdodos.

373. "Ed&v Sy elvan 16 &Bporoua T&Y v TpdTwv Gpwv YeEwpeTpikiis TpodBou, Tiis omofas &

Tp@dTOS Spos elvar a = —5 kal & Adyos w = —3/,, v &robeiybi) &T1:

(v €>0 xal % veN, p v>3(%%—l)) —
Tlotov & lim Sy ;

< &.

il 0

7
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KE®AAAION VII
ZEIPAI IIPATMATIKQN APIOMQN

§ 175. ZupPoAiopdg aBpolopartwv.— Emeaids) ouyvéTara guvavTapey
&fpoiopara Tiis popefis :
0'-1+ C!g-’r C!3+ Te = Oy
XPnoiuoToloUusy, 81& THv ouvTopwTépav Kai dmAouoTépav ypagny, TO EAANVIKOY
ypéupa E mpods oupPorioudy TGV Ev Adyw &Bpowuérrmv OUtw ypagousv :

oy + oty -+ o+ +av=£‘.uk

To BeUrepov péhos Tiis iodTnTos, SnAadn f cupPolikn ékppacis E ay &vayryve-
k=1

oketan : «dlpotopa taw (dobudv) ay dnd k=1 Ewg k= . ‘O ouppoAiouds
k=1 k&rwdev ToU oupPdiou I onuaivet 611 1 elvan f) wpdTn Tipn, THv otrolav
AapPaver 6 Beiktns k, &véd 6 oupPoriopos k= v &vwlev ToU cupfdlou E onuaivel
611 & Beiktns k 0& BiaTpéfn ToUs puaoikols &pibuols péxpr kal Tol uotkoU &pi-
BuoU v. Télos TO oUpPolov I onualvel &T1 pémel va rpooéowuey SAous Tous &-
pous, Trou EA&Popev, BéTovTes 81u80xu<c'bs ke Lik=2sk =3 .5, k=».
ZUuPaTIKGS KaTwTEpw O& BéToopev : E uk = q.

iy
Auvduer TGV dvwTépw Exouev Twpa :

10
«). 1+24+34+44+5+64+7+8+9410=ZEk

k=

1
B): P+ 30pdht 554 64 PG B 00 Eks

12
Y). X+ X4+ X5+ Xg+ Xg+ Xg + Xg+ XyoF Xy + Xpo Ekixk
8). oyt g+ o oy = (o + 0+ o o)+ (Ag+ o+ g+ %) =
5 9
— Euk-}-}.“ak
k=1 k=6
9 5 9
fiTor: E a=2X o+ E .
k=1 k=1 k=6
FevikcrTepov f-fxouev‘

Z‘. cxk—E ag + E cxk, pENkai p < v.
k=1 k=1 k=p+4 é

AfSopev kaTwTépw pepikd dxopun TapadelyuaTa Tpds TANPETTEpAY KATAVONOW
ToU oupPoiou K.
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Mapadevypa lov : Els Thv mapdypagov 28 £xopev dmodeifel, 61 :

1+2+3+...+v=”("—;1)_

Ty oxtow TaTny ypdgouey, Tij Ponbeiq Tol cupBouiou I, cuvTduns oUTw
yg=2+1)
k=1 2 ;
INapatipnows. "ANa &foonuelwTa dBpolopaTa, T& dmoia ouvavT& Kaveis
els Tas Epappoyds, elvan kai T EERs

0:). ]2+ 22+ 32+ ; + v:i= ﬁ k2= v_(vil_)g(%{tl,}
k=1

B). 134234 33 4.. .43

il

I M< | M<

2 2 v vooTe
k3= (Ui-l—)——, fitot foxter: E k3= [ zk]
4 k=1 k=1
s v(v+1) Qv+ 1) (3vi4+3v—1)
= 0 ;

=

Y) 144244 34 4.8

11

=

Ao kmnois: "Amodeifate Ty dAnBaiav &V (), (B), (¥) Si& Tiis pebddou
Ths TeAslas Emaywyis.

IMapadevypa 20v: Eis thv § 50 dpioapev, &1 GépaIoV  TTOAUVUMOY oS
mpos X, Pafuou v, elven pia dAyePpixd) TapdoTaois Tg HopPPTs :
[(x) = ap+ oyx + px® 4 -+« 4 o, x¥. (1)
"HBn Buvdueba va ypdpowuey 16 ToAudvupov (1) cuvtdpws olTw :

f(x) = Cogxt, el k0 1 B0 fubialot 0,
k=0

§ 176. Baoikai id16Treg 100 oupPérou X.— Al dkdhoubor iB1dTrTES
emTpémouy Eva &vetov Aoyloudv T Ponleia Tol ovpPdirov E.

v
i). 'Eav o= Sk k&b k=1, 2,. .. v, TOTE foxuer : E ox= va.
k=1

v v
Eidikds, éav a=1, fxouev: Loy =X 1=v.
k=1 k=1

ii). “loyver i mooaletinn ididtne, fitor:
v v v v v v
E(nt+P)=Za+ LB xai E(ax—Px)=ZLo—LIp.
k=1 k=1 k=1 k=1 k=1 k=1
iii). "Eqv A oTafepos wperypaTicds dpibuds (uh iEapTdopevos &k Tol BelkTou
k), ToTe loyle :
ZAhoy=2A I a (ididtne duoyeveiag).
k=1 k=1
iv). ’loyue :
v v v
LEI(AGR + uBx ) =A 'k£l0k+ M- 2151 . % MuekR.
= e o
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v). 'loyue :
v
kE l(uk —og_1) =0y — 0y  (ididtne ovunriéeeg).

"Acoxknoig: 'Amodeifare Tas dvwTépw TévTe 1816TNTAs TOU ouuPdiou E.

Mapatipnoig. Méxpr Tdpa typnoipcomoapey d Selkrny T ypépua k. TouTo elven atbai-
peTov kal oUdtva pohov Tailer, Suvaueba EnAadh va YpnowoTofowpey Bid To alTéd &ipoiopa
kal &hho ypaupa, ds Selktny. Orws Exopey :

o + g4 e 4 Euk_zap Ea
=1 p=1 v=l

*Emions ol Tiwed, T&s dmolas AapPdver & Belkrng, Slvavton va peTaBdAAwvTal, TOTE Suws
B peraBdhAeTan ouyypévws kal & Urd 16 oupPolov E Beiktns, olTw A.x. Exouev :

5 4 15
o + e+ -+ u;u 2 ukkaoakﬂ = E lukgm'

8nAadh : uvapela va abifisopev (f va tlattdoopey) tov Seiktny Omo o oopuPolov L, dpkei
va thattdoopey (i va abffioopey) xata tov advtov ambpdv ta dpra (tag dxpag mpdg) tob
ovpfolov I,

'Eoappoyf In: "Yroloyicate 10 EBpoispa tdv v npdrov nepritdv apbudv,
Abourg “Exopev:

E(2k—l)-22k Plw2Bk-Epae ¥t o
k=1 k=1 k=1 k=1 2

“Qore : E@k—1) =2,
k=1

Z (JV‘ + 5v)
'Epappoyn 2a: Na ariomowmdf t0 xiaopa: L
E (3v¢ — 3v)
Avorg. "Exopsv: .
§|(3V-+5u) 3Ev'+ siv 3 "("+1)6(2”+1) +5"(";'1)
v=

}:'.(3\1’—3\:) 3.‘2v'—32v 3v(v+1)6(2v+1)_3v(v-2}-l)
v=I1 v=l1 v=l1

gt viv+ 1) (v+ 3) o v+ 3

Twv+ D=1  v—-1°

AZKHZEIZ
~374. ‘YmoloyloaTe T& ké&Twb dbpolouara:
v v l v
E k(k + 1), 'é‘l‘,——, E (k* + 5k + 3),
52 it Tl kG D) Pt o2

v
B B+ TR 12K), 0 kxvik(kv}- 2) (k +4), or) E (k¢ + 3k + 4k?).
= = k=1

D'i%Tdt ké&rwh dpolopaTa vé ypagolv Bid Xprioews ToU oupPdiou I kal dxorolBuws vi
UroAoyiofouv :
a) 1.44254+36+ .- v (v+3), B) 2x 4 4x* 4 8x? + 16x¢ + 32x8,
Y) 14 gk Gu—2), ) 143454 oo+ Qvo D
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2 v
@%. Né& &moBery8ij 611 ¥ kel g e

k=1 4 2 4
377. N& amdomroinfolv T& kAdopoTa :
k K K
E (v¢ + 6v* + 5v2) Z(2v*—v) I (v 4+ 3v2 4 2v)
&) v=1 B) v=1 Y) v=1
e, e _—
I (v 4 200 4 v?) I (v*—v) k* 45k + 6
v=l =

378. 'Eav oy, oy, .., 0, Kal By, By, .., B, elvan mpaypaTikol &pifuof, v &moBery8i
dvicdTng T@v Cauchy — Schwarz.

RN e AN 7

379. 'Edv ve N 8eifore &1 elvan :

4] = b

5&]. N& &moBery 8] Si1& Tis ueBdBou Tijs Teheias Emarywyfis 611, Sid v = 1, elven :
oY v+ 1)y vl
ot 2 = e el
@ F<Ele<tpL, B). {kfnk}<zv'
§. 177. "H &Evvoua Tijg oelpdg.— “Ymobéowpev 6T uds Exer Sobff pia dko-
Aovbia a, ,v=1, 2,... Tfis dmoias ol &por :

o 0> 8- R S (D
elvan TparypoTikol dpiBuoi. Aia k&8s veN, Spilopev 16 &bpolopa:
Ov=0; + 0+ --- +0qy Zki:lak (2)

TéVY TpwTwv v Spwv T (1). OUtws Exopev :
01 =0y, OCp=0+a O3=0;+ -+ Q...
Kat” aftév Tov TpdTOV popgvouey pla véav dkohoubiav o, , v=1, 2,... pt
Spovs Oty Ty Ty 0o ng Oy e 3)
of émoiol elvan &Bpolopara TéY dpwv Tis (1).
T dxoloubiav (3) cupgwvolpey v& THv cuuPorifwpey olUTew :
O+ S+ - ot - oWTOMWS oyt apf -

i ouvTouwTepa Kot dkpiPéoTepa : = & 4)
v=|

To qvufolizdy dbpotoua ay+ ay+ -+ +ay+ -+ 4 ¥ ay ®uAeiTaL GEWPA THOVY

v=1
rrpa-irpnnx(év apOpdv a,, veN. Kdabfe Spos 7fis (3), SnA. kdbe &bpoiopa
Oy =0+ G+ -+ - 4 a KoAeTTan «pepikdv dOporiopa» f| kal «ipfjpa tiig oapicy
(4). Oi dpor Tfis droAoubias (1), BnAadh) of oy, ay, ..., & ,... KCACUVTCL «Bpor
tfig oeiplic», 6 8¢ a, eiBikwTepov KoAEITal «yevikdg Bpogy Tiis oeIpds.
’Ex Tév dvwTépw ouvdyousv Topa &Ti: Bid ToU Spou oeipa EvvooUuev Ev
pafnuaTikov oupPolov, TO dtoiov TaploTq THY dxoAoubiay T&V pepikddy &bpoi-

oudTwv Tis (1).
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Enueinoig : Aév mpémel va ylveton avyyxuots Tiis évvolas Tfis drodoubias a, , v = 1,2,...
o
T@Y TpayHaTIKGDY dpiBudv a, uE Thv dpiofeicay dvwTépw Evvoiav Tis oepds E a, TGV aU-
v=1
T TpaypaTiK®Y GpiBudy. AUTa, KaiTol oxnuaTiGovTan pé ToUs adTols Spous,elvon Buo Ev-
valan éviehddg Sidgopor.

IMapadeiypata oeipdyv :
lov. "Eotw 1) oeipax §VEI+2+3+ B 2 e
vzl

A& Thv s &vw oElpav ExouEy

gr=il o= 03:6,...,01%-':—12-,..,
2ov. "EoTtw 1) dxoroubia a, = w¥—!, v=1, 2,.. ., tkTevdds 7 :
1, w, w? 0%, ey GV s ¢D)]

Tf)s Omroias of Spol &moTeAoUV TPOOBOV YEWHETPIKNY U TTp&Tov dpov T 1 ki

Adyov 10 w. Trv dxoAouliav TGV pepik@v &bpoiopdTwv Tiis (1), fiTot Thv :
on=14+wt+w4- .- F+wl, v=1,2,...

KOAOUHEV «YEWPETPIKTV GELPAV» Kal TRV oupPoAifopev, kard Ta AexBévTta, oUTw :

el
va—lE1+m+m2+_,,+mvml+_,, (2)
v=1 .
Inueiwag : "EvioTe f) dpiBunois Tédv Spwv mds oeipds &pyetar pt Seiktnv v = 0, TéTe ypd-
QOUEY : ?:av"ﬁuo—!—al+u,+---—|—av+---
v=0

Olrews 1) yewueTpikf oeipd (2) SuvaTan vé ypagi) kal s EEfis :

%m“El+m+w'+---+m"+
v=0

3ov. ‘H oeip& : Eisl+i+i+---+ ; + -, (YEWUETPIKN OFl-
g 2" 2 - 2

p& pE Adyov w= %) pt pepikov &Bpolopa :
1 1 1 1
i e e i
dov. ‘H oeipd : fv(u+l):_—"1-2+2-3+3~4+---+v(v+l)+-n-
v=I
HE pepikov Gfpoloua :
o0o=1242.34... +v-(v+1)=Ek(k+1)=Zk?+ Lk =
k=1 k=1 k=1

ki 2 1)6(2v+ 1) 4 v(v;- 1) =-;—v(v+ D (v+2).

Mapatipnoig : ‘H Evvoia Tiis dxodoubias, Thv dmolav elSopev els TponyoUuevov kepd-
Aaioy, &vtioToikel els Thv Evvolav Tiis cuvapTroews kal ) Evvoia Tiis oepds dvmioToyel els THY Ev-
volav Tou dAokAnpwuaros, fvworav THy dmrolav 8¢ pd@ewpev els THv ExTny Takv.
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§ 178. ZoyxAioig oeipig. — Oewprjowpey THv gelpav Tou Tapabelyparos
3 s 'rrponyouuévng Tapayp&eov, fiTol THY Celpdv :
toy s o 1 0 = 1
vﬂu v = 1 t5 + + o k! p¢ pepikov &bpoloua o, =2 — i
‘H drohouBia T&V pepik@y &BpoiopdTwy :
0,:2—2#'_,—, v=1,20 5%

eUkOAws BlamrioToupey, 8T1 ouykAivel gls Tov &piBudv 2, fitol lim o, = 2 kaf’ Soov

lim Wflvﬁ = 0. Eis v mepimrTwoiv alrhiv Aéyopev 611 f U‘élpcx E

Tpds TOV &pibudy 2 kai ypdgouey : ‘E

2v ouyKAivel

?—2
1

‘Ouoiws €oTw 1) gepd 2 ué pepkov Gbpoioua (§ 98)

@v—-1)@2v+ 1)
oy = i(1 - Z\J]—M) ‘H droloubia Tév pepikidv &BpoioudTwy :

1 1
szi(l—'zv—-{'—l), V=l,2,...

PAtropev 611 ouykAiver els Tov &piBudv 1/2, fitor elven lim o, = 1 /2, kb’ Soov
4 1 ‘
lim 5——— DT =0. "Apa 1) ceapu £
1/2 xai kat” dxoAoubiav

§ . nalel st b il:

v=t (2v—=1)(2v+1) ~ 2°

"Ex Tév dvwtépw Tapaderypdrwv d8nyolpeda els TO va Bdowuev Tov £Efis

YEVIKOV OpIoudy :

@”:‘i")j(m ouykAivel els Tdv dp1Budv

©a Aéywpev 6T1 : 1) ceipa £ a, ovykhiver npég tov mpaypatikdv apibuodv o
v=I|

kal 0 ypdowpey b3 a, = o, t0te, Kai pbvov tote, dv 1| GxolovBia tdv pepixdv
=

abporopatov oy, =a,+ay+ - +a,, v=1,2, 3,. .. cvykhivy npds 10v npa-
TRatkdy apbpov o.
ZuvTdpws :

Euv:c <= limo,=lim(e; +a,+ - - - + a,) = lim ;.‘o.k=
k=1

v=| opo

‘O mpayuaTikds dpiBuds o, Tpds TV dmroiov guykAiver 1| dwohouvbia oy ,
v=l1, 2,... kodeitan «&Ebporvepa tiig ot:l.pﬁ.g Ea, ». AnAabn kehoupev &Bpolopa

TS oelpds ay, , TO &piov Tou &lpoiopaTos TV v TTpdTWY pwv aUTTS.

v=1
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“Ofev, bodis YpAPOUEY :
o+t -yt =g ] Ea\,:c,

v=Il

tvvooUpev 6T1 1) oelpd £ a, evon ovykAMvouoa kai Td &Bpoioud s elvan o.
v=1

’Edwv 8hot ol &pol Tiis oelpds 5 a, elven BeTikof, 1) dxoroubia o, , v=1,2,...
v=I

elvan atifouoa kai,B1& va guyxhivy, B mpémer va elvan gpoarypivn, &AAws ) oy,
v=1,2,... dxs abfoucakal uf) pparyuévn (BA. § 150, apar.) &meipileTcn BeTindds.

o
Eis Thv mepimTwow aUThv Abyouev 8T «if cewpd I o, ansipifetar Betikdden kal
v=1

ypapouey gUPPOAIKES : £ a, =+ 0.
v=1

"QoTe:

E a, = + o <= limo, = lim(a, 4 a,+ ---+a,)E]im£uk=+m
v=1 opo k=1

OUTws 1) YEWUETPIKT] TEIPK :
sl ity g ey o1 e
v=0
pt pepikdv &fpotopa :
o=1+4+24+224 ... 42 1=2v-1

&rreipileton GeTikéds, 81671 lim oy = lim (2¥ — 1 ) = + 00, kaf’ éoov 1 dxohoubia
gy, v=1,2,... elven abfouoa Kkai pi} pparypévn.
Kat’ &vdhoyov Tpémov Opilopey :

z v
@, = — 0 <= limo, =lim (& + 03+ --- +a,)=limEay =—c0
k=1

v=1 opo

Eis T&g 5Uo TeheuTaias TepITTTOTES Abyopey 8T1 «7] oetpa s ay ovyxAives xat’ éx-
w=|
doyrvn.

Téhos Umépyouv oeipai, ol étolen 8tv ouykAivouv, oUTe TPds TPAYUATIKOY
&p1Bpov, obre Tpds v TGV oUpBSAwy + o i — oo, Mia ToiaUTn oeipd koRelTal
camokiivovea» 7| «kvpawvopévip. OUrws, tav o= (1)t v=1,2,..., 1oTE )
oeipd, 1) dmola poppdveTan €k TS &xoAoubias o, , v=1, 2,... &mokAivel. TIpa-
yuartt, 1) dxodoubia a, , v=1, 2,. .. Slvata va& ypagij :

1, =1, 1, —=1,...
kai €€ aUTiis Aaupdvopey :
o,=1,0,=14+(=1)=0, 3= 1+ (-1)41=1, 0,=0,. ..,
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fiTot 1) dxoAoubia TéV pepikésv dbpoiopdreov elven :
1,0 1,0,
AUTn Suws &mokAiver (= 8t ouyrhivel Tpods TpaypaTikdy EpiBpsy mpods
v TGV guUPOAWY + @, — o). Katd ouvémeiav kai f oelp&, f) OToia TrpokUTrTEL
&k Ths dkoAoubias o, = (—1)*+!, v=1,2,. .. &mokAiver.
"Ex Tév dvwTépw Spiopddv ouvdryopey Tdpa 61 ;
o
L& ke oeipdv I o, mparynaTikéy dpiBudv toyvel SxpIP&s pla ik TAV kéTwh
v=]
TPOTAOEWV :
a). “H oewa Eyer dpoopa <= avyxhivy mpos fva mpayuatixoy aoludy.
B). “H oewa dnepilerar Oeriniss eite doynrinds <= 7 oriod avyxilvy xar’
Exdo . £
21 o ™I ==
y). "H oewa amoxliver (xvualverar).

Mapatipnawg 1In : "Ex Tév wponyoupévev elvar pavepdy &11 4 Evvora : Oepa Tpaypatixiy
dpiBudy &roTehel yevikeuow Tiis &hyePpikiis vvoias 1 dfgoioua apayuatixav dplucy (pt Buo,
Tpels, kTA. Spous). Ak ToUTo ) cripd dvoudletan bvioTe kal «dfigowoua i dmelpovs dpovey. Dt
TpETrEl SUeos v yiveTan oUyyuos peTaly TdY 5o tvwoiiv (&8poioia TpayUaTIKEY Gpifuddv kel
TEIpS TIRAYUATIKGY &piBudV), BIéTi TO piv &Bpoioua meTEpaTydvoy TARBous TPXYUaTIKEV &pi-
Buddy elvar els povoonudvTws dpiouivos TpaypaTIKSS &p1Buds, Evd B piav oeipav Biv
Umrdipyer TvToTe TO GBpotoua, kaB® ST1 f Orip& HuTopel v ovyKAlvy Tpds 1O + a0 fi Tpds TO
—o0 7| éxépn kai va un  ouykhive. "AAAG kal éTav oEIpd ouyKAivy Tpos TTpay paTikdy dpifudy,
76 &poroua alTiis Btv Spiletan dhyeBpixdds, GAAG uéow Tiis bvvolas Ths ouykhiosws dkolouBias,
8nhabn T &Bpoioua wds ouykAvouons oeipds Biv AapPdvopev pt Thy ouvnBiopéivny Tpéoleoty,
A& &5 T Gpiov Tifs dxolovlias Taw peoxiv dfpoiopdray KaTd ToUTa f Ak «dfipotauan
XPnoipoToteiTan 5% pé piav moAY eldikiv onuaciav. Emions &EiZe va TovioBi 86 &1 1o oUpe
PoAov El &, Bi& piav ovykhivouoav oeipdy onuaiver kel THY cepdy ol T dgotoud Tns, Gv kal

=
al Bud abrat Evwoicn elvan , s EAéxn, Bidgopor.

MNapatiipnowg 2a: 'Ex ToU Spiopol ouykhicews oipds, ouvdyousy &T1: TTPOKEINEVOY Vé
teTdowyey tav pia oepd ouyxAivy f Syt kal sis THY TpdTNY TepiTTwo, Bt v elpwyev TO &=
Bporoud Tng, tpyaldueda ds Efjs : Edploxousy ovvagriieet tod v 16 dfgowopa o, Tiv v mpdTaw
Gowy T (pegixdy dfpmiapa) — tav ToUTo Buvatan v eUpeli — xal dxodotfwc edploxopey 16
lim o, . "Eav 706 lim o, elvan & wparypaTikds dpiBuds o, 16TE ) oeipd ouykAiver kai £xer &Bporoua
T 0, tv T limo, = + o | — oo, TOTE f cepa dmeipifeTon BeTikdds fi &pvnTikdds (&vTi-
oToiyws) kal Téhos kv 16 lim o, Biv Umdpyn, TéTE 1) oepd &rokAiver,

"As 18wpev més B tpapudopey T& dvwTépw els ouykekplpéva TapaBely paTa.

§ 179. Napadeiypara oeipiv guykAivoualiv kai pA.

Mapaderypa lov: Na drodeiy0f 6t 1 «Sexadiky oeipin

o 3 3 3 3
T e L T

ovykhivet Kai palrgta ioyde :

3 3 3 1
P ELEE T T A e
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Mpéyuar, Exopev :

3 3 3 1 1 1 1 1 1 yv
°v="m+%+'”+'ﬁ=76(1 T fo‘+7ﬁ+“'+'foﬁ)=‘§'— 5 (157"
"Ofev :
lim o, =—k— Biém lim—1 =
vy e 10¥
Mapaderypa 20v : Na peretn0ff 1 oepd :
at+(@+ o+ @+20)+ - +let—lolt+ - (@F0,

tfic onofag ol Bpor dmotedobv amBuntikiv npbodov.

Abog. ‘Qs yvwoTdy (§ 157) Exopev :
2a4+ (v=-1) @
2

L

o,=a+ (@+ @)+ (a4 2w) + -+ + [a+ (v—1w] =

*Apa :

4 o0, tav w >0
lime, =
— o0, v 0 < 0.

"O8ev : Kabe oeipa, tiic onoiag ol Gpor dmotehobv apBunmikiv mpoodov, ovykiiver wat’
txdoyfv, dxpiPéoTepov : aneipileran Bemikdd pév, fav i dvrictoirog npoodog elvar alfoveoa
(0 > 0), Gpvuikdg &€, Eav 1) mpoodog clvar @Bivovca (@ < 0).

Mapaderypa 3ov: Na peretndff d@g npde THv ocOYKIGWY 1) YE@PETPIKT cEPG &

atao+taet4 - fa' 4. (@0 M
Sia tag Sragdpovg mpaypatikag tipdg tob Loyov o.
Abog : To &poiopa TéY v mpdTwy Spev Tiis (1) elvan :
1 W' =1 a va

= s Y= = . — = — .
avha+um+nm‘+ + aw o o BT e

Avaxpivopev fi8n Tas kéTwb mEpITTTOOES
o). 'Eav |@]| < 1, Sk —1 < @ < 1, TéTe, Cog £Belyfn els THy § 174, evan lim o, ﬂl%m

Kal Eropéveos f) yewpeTpikh oeipd ovykhivel (dv R).
B"). 'Eav ® > 1, ToTe 1) drorovbia W, v=12 ... elvan alfouoa kal ufy ppayutvn,

v
&pa lim w¥ = + o0, émwdTe €k TOU TITOU O, = 3%_—1& = w_u;_l - (w¥ —1), Exopev:
+ o, kv a>0
limo, =
— o, bv a<0,

¥'). 'Edv © = 1, Té7e ) oapd elvan : o 4 o 4 a + - - - kal twedh o, = va, Exopt :
limo, =+ oo § —oo, koB'éoov a>0 f§ a<<0 (&vnoToixws).
§'). 'Eav @ = — 1, 1é1e A} oepa elvan: a—a+a—a+ ---, OméTE :
o,=9a 0o,=a+ (—a) =10, u,=q+(—a)+u=q, a'=0,
Kl yevikds :

9y

o, tav v TepiTTdS
{ 0, &&v v &pTios.

“Htor f) dxohoubla Tév pepikédv ddpoiopdraov elvan: @, 0,a0,...
AlrTn Suws Biv ouyrhiver "08ev 81& @ = — 1, # oeip& (1) &rorhlver.
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€). 'Edv @ < — 1, 147 f) orp& (1) yhetar: a—aw + aw? — @+ - .- 4 gk F ...
'Emeib o< -1, 8méte |w|> 1, Emeton lim o — + o i — o0, k@ boov & v elven

&prios 7 meprtTds &vTioTolyes, 88ev T o= L.TE_I (@ 1), v=1,2,.. olbtv Spiov Exe

xal kard ouvérreiay 1y (1) dmorAiver. Zuvoyifovtes Té& dveTépes Exopey :
a
s, tav |m| < 1
b o’ =ateot e+ . faw’ 4 ... ={ + o0, tavo=1kda>0
= — o0, v =1xkaia < 0
aroxhiver, tav o < —1.

= %_ + % + o + e, oVyKAlvel TTpos ToV TpaypaTikdy dpi-

OUrws f) oeipd : £ 57

LI
v=13"

1

1
a . = —_ = —_ s Ko
uév. 5 5161 |w| 3 <=1

"AvTiBéTeos 1) oeipd
B W= L )+ 1 (1) i, dmorhiver, 81671 @ = —I.
v=0
"As T8copey Tdpa kal B Tap&Seryua oeipds, Tfis dmolas &év Suvdueda vi elpeopey 16 &potoua
TGV v TpdTwy dpeov Tns.
Mapaderypa dov, ‘H oELPG :
1 1 1
f—sl+~+_+---+7+--- (¢))
kahelton Gppoviki, &om Exaotog 8pog g (ixtdg tol mpddtov) elvan péoog dppovindg
ixeivov, nod tov nepExouy,
O dmoBelfwper 11 7 s Gvw oeipd arewpileta Betixdig.
‘Eorw By=1 + %_ + ..+ %, v=12,.. A dxohoubla T&v pepikésv dBpoioudraov Tiig

(1). Etxéhuxs Siaemiorotpey &1 A8y, v =12, . evai yvnoles afovoa dxohoudia BeTik@v Spaov,
fito1 loyue : Sv < Sv41  BrakdBev=1,2,. ..
"As Umobécwyey &1 f8v,v=12... elvas ppoypévn tv R. Téte, ouppdovas mpds 1o dffwpa
(§150), 48v,v=12,...d abfovox kal ppayuévn dxohoubla guyihlver &ore 5 &1 -
lim Sy = 8.

‘Emeidh) Sy 3 S Eweran 871 Bk xdle ¢ >0 (6ptx xal 51k e = —;—) Umdpyer  Selkrng

Vo € N Tol0UTO0S5, dhore :
!&—S[g% 81 kdfe v = v,

“Ofev, tdv m = v, «al v = v, Eopev:

1
[Sn =8| = | (Sm—8) + (S8 ) |5 |Sn -5+ 8~ 8|5 4+ 4 =L
EiBixéss tdv v = v, kal m = 2v Exouev :
S0 | S + @
'E§ &\ov, tav v > 1 Exopev :
: 1 1 1 1 1 1
SZV—SV—(1+-2—+"'+—v‘"+m+"-+‘27)—(1+T .“+_VH)=

1 1
bt T ey AR
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R 1 1 1 1 1 1
AMAG : o Cate O P AR Bia xédev > 1.

"Ofev :
1 1 1 1 1 1 1 1
et R e B, TR A e e

Sav — 8y =
v
bmoTe ouvdyetan 871

1
‘SZV_S\*‘:SZV_SV>T' @)

16 dtrolov dvTiphoke Tpds THY (2). ‘Erropévess # UTrdBeois & ) dxooubia Sy, v = 1,2,. .. elven
ppaypévn 88nyel els &romov. Tuverds, # dxoloubla TGV pepikédy &BporoudTwy Tis &puovikiig
geipds, dx abfousa kal uh pparyuévn, &mepiferon BeTikdds, fitot lim Sv = + o0, déTE, KaTd TOV

bpiopdy ouykhioews oeipds, EXOuE : i
1=

1
— = + oo
v

i ™48

1

v

§ 180. MéBodor edpéoewg Tol 4Bpoioparog T@V v MpLTWY Spwv
ae1pdg.— Ymapyouv Bidgopor uéBodol eUptoeas Tou &BpolouaTos TEV v TphTwv
Spwv oepds Tivos dvadyws Tis HOPPTis ToU yevikoU Spou aUTfis. “Ymépyouv
Suws kal oepal, &V dmolwv Btv Suvapeda v edpwusy TO &Bpolopa TGV v Tpw-

Toov Spewv, Ax. i &pupovikn oelpX 5 —‘1}— TMapadetypora dBpoioews oeipdv, SnA.
v=1

eUptoews ToU dBpoiouaTos TV v TPHOTWY Spwy TwV, CUVEPTTCEL ToU v, EXOuEV
#5n yvwotd T& dBpolouaTa TGV v TphTwY Spoov &p1BpnTIKGY Kol YEWUETPIKEY
TpodBov. Atv UTrapyEl Spws yevikt| péBobos i Tov UtroAoytoudv ToU &bpoicpa-
o5 0, TéV v TpHTWY Spwv olasdniroTe oepds. Eis Thy Tapoloav Tapdypapov
B EEeTAOWHEY POVOV GPITHEVS TrepITTToEs, els T&s dmolas elvan SuvarTh ) eU-
peois Tou &Bpolaparos oy TGV v TrphTeoy dpwv CEIPGY it YevikdY Spov oy elBikfis
Hopfis.

Mepintoworg L ’Eav o yevikdg Bpog a, tiig oipas £ a, dovata va
v=1

1£0f] Ond iy popenv : a, = @ (V) — o (V+ 1) (1), Brov @ (v) ouvaprneis tod Pual-
kol apLBpod v (dxolovbia), tote 10 GOporopa OV v nphrav dpov abtiig o, elvar :

o, =M —e(+1 2

TMpéryuar, tav Béocopey €s Ty av=¢ (V) — @ (v+1), v=1,2,...v, Eouev :
u=9 () -9 @)
=9 () —9 ()
a=¢ V)—9¢ (+1).
TMpogBérovTes ko péAn Tas looTnTas TaUTAS, EXOUEY :
qtat o ta=e)—e+1)
A a=9 ()= @+1)
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Hepatipnow. 'Edv Umdpyn 76 lim (v) xai elvon k, TéTe &k THis (2) Exopev :
foa=lmo,—¢()—k
v=I1

"Egappoyii In : Na £bpedff 10 G0poropa tdv v npdtav dpav tiig oaplc :
g v+ 1
Bt Ry YU
kabag xai 10 GOpovopa adriig.

S peha 2v+4 1
Abog : "0 yevikds Spos aliis elvan @ @, = P OFD
Emaidh) 2v + 1 = (v - 1) —v* B& Eoopev :
(1p—v ] 1 1
vE Iy v rir o ? e -9+ D), brov ¢ (V) = —
TOTE Spws, oUpPwVS Tpds THY (2), & elvean :
/1
o, =9 )—e(v+1)= 1_‘6*_-'_—1);
® v+ 1 " . 1
kal z FTOET =limo, =1, &én lim (v+—l)1 =0.
"Egappoyf) 2a : Na edpebfi 16 GOporopa 1fig oniplc :
4 2 5 2 \2 6 3 2 \v
1-2'3+'2_-§'(_3_)+3-4'( )+ v(v+l) (T)““"' @
) i 4 : i i 2\
Abmg : "0 yevikds Spos Tiis oeipds (Z) elvan: o, = e (?) Y
MMpds peTaoynuaTiondy ToU yevikou Spov, dvailopey mpéTov 76 KAGoua T\JV-:-—BI-T els &Bpor-
oua §uo &rAdv KAaoudTwy. Tpos TouTo BéTopey :
v+43 _A B
viv+ 1) _*T+ v+ 1°
"E§ arlrris, dpyadduevor kotd T& yvwotd (§ 98), edplowopey A = 3, B = —2, &te Eyopev :
Lanch 3y o 3 ler i
v (v I i S Ao
ToTe & yevikds Spos Tiis oeipds yiveran :
e e T S 2!
Voovv+ D) 3 Vo3V LT BV Leed w+1).3v

fiTor 6 o, rébn Umd THY poppTiv e, = @ (V) — ¢ (v + 1), drou @ (V) = o= £
v-

TéTe, kard TOV TUTTOV (2), B €lven :

2v+l
o, = D—e(v+1)=2————, &ém 1)=2.
v=9)—9( TR e (1)
"Ofev
; : 2l 4 2 . 27RV
Ilmu‘,—z—hmm=2—llmm-hm (-3—) =2-0=2

"Hrot ) cepa (Z) ovyrAiver mpds Tov &pibuody 2.
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Mepintoworg I *Eav & yevikdg dpog a, Tiig oeipls 5 a, dovatar va
v==1
t£0f) Ord TV popeRy :

=AW +Bo(v+1)+Te(v42),éno0 A+ B T=0 (3)

tote 10 GOpowopa o, TOV v npdtov dpov avrfig elvar:

o,—Ae() ~To@ A9+ D+To(v+2) (4)

Mpdyuari, EXopey :
v v v v
o, = L& =E (Ag(k) + Bock + 1) + Motk + 2)) = ﬁ].tzlq;(k)+ BEg(k+ 1)+
= e = k=1
v—2 —1 v
4T Eo(k+D=A L oqk+2)+B Eok+2D+lN Eok+2=
k=l k= —1 k=0 k=1
v—2 v—2
A G w4 8 <t By Q)4+ BL o + D+ Bl 1)
v—2
+Fklllq>(k+2) + Mo+ D+ +2))=Ae(D+(A+B)e @)+

+ B+ + 1) +To(+2)+4 <A+B+r):§:¢(k+2).

‘Ereibh) A+ B+ =0, e A+ B=—T, B+ T=—A, Exopev:
o, = Ap(l) —T9(2) — Ag(v + 1) + le(v + 2).

‘Epappoyti : N copedii 10 G0poropa v v nphrev dpov tfig cepds :

5 8 Iv42
123 z34 P winern T ©)
v+ 2

Abog 1 "AvaiUopev TOV YEVIKOV Spov o, = ‘-’(“+—1)("+T) els &Bpogua TPV &TAGV

kAaoudTwv. MMpds ToUTo BéTOVTES :

v+ 2 7__A+_B_+_L
veFD 2y v v+ 1T v42
eUpioKopEY, KT T& YVWOTE, A=B=1 xai =-=2

Maparrnpoduey 371: A + B + T = 0 xal & yevikds Spos Tiis oeipds (5) EréBn Umrd TV popenv
1

o, =A¢(¥W)+Belv+ 1)+ Fe(v+ 2) émou cp(v):—v—

Av toapuoyfis Tou TUTou (4) eUpioxopev :
1 1 1 1 2
&, =1k 2s 2__va1u_2v+2ﬁ2_v+l_v+2'
Napathpnog. Tevikads, v o, = Ap(v) + Be(v+ k) + Fe(v + M) it A+ B+ T =0,

Té1e TO 0, UrohoyiGeTal.

Nepintworg IIL "Eqv & yevikos Spos a, Tfis oepds fn.‘.oc:\, elvan Tfis opefis:
wax|

a = f(v) + o) +gW),
smou f(v), e(v), g(v) elvan ol yevikol 8poi ceipdv, Tév dmolwv elven YVWoTT 1)
elpeais Tou &HpolopaTos T@V v TpWTWY Spwv, T6TE TO &fpoioua TGV v TPWTWV
dpwv aUTiis UroAoyileTal.
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Tapaderypa. Na edpedfj 10 GOporopa t@v v nphrov dpov tiic caipis pi yevikdv Gpov
v
a, = -22—1::;-, xabdg xai 10 GOporopa abrfic (= @bporopa dncipov dpav mg).
Aboig @ ‘O yevikds Spos ypdgeTan :
2V -1 i 1 4 4

a, = v—2 - =2 oiv—2 3?_47'

; 4 4
fitor & «, &rébn Umd ThHY pepenv: a, = f(v) + ¢(v), dmou @(v) = = kal p(v) = =
SnAadn & o, &veAibn els Bragopdv BUo Spwv, ékaoTos TGV Srolwy &moTEAEl ToV viooTow Spov
¢hvolons yewpeTpikiis TpodBou.

Tée : ik v=1 Exopev: c,=4---2——4-T
A 1 1
B1 va=2 » u’=4..§.‘__4_$
Sid wv=vy » a, =4 .__4__.1_.
Ihd 4v
“Ofev
1 1 1 1 1 1
d’vsdl"f"ug'i""'+“\,:4(‘2—+—2”,*+"'+'2—\,)—4(T+—4-,—+"'+?-)=
1 1 1 jt=ail
2V+1_m2_ 4 +1 F 3 1 4 1 8 1 1
o on e e At (ol et G L

2 4
kal 16 &bporcua Tiis oeipds gcrv elvan :
=1

v

Mepintooig IV: *Edv & yevikds Spos o, Tiis oeipds £, elvon Tiis popgfis:
v=I
o= f(v) - x¥, dmov f(v) é&képaxiov ToAucwupov ToU v,
TéTE TO &fporopa TEV v TpwTw Spwv alTiis UroAoyileTan.
Mapaderypa lov. Na dmodoyioBfj o &dpoopa tdv v nphrov dpuv tiic oeipds :

BEvi'—l=142x+3x 44004 .. +ux* 4 ...

v=1
Abog. "Eotw :
Ey =14 2x +3x24 ... 4 wx* L, ()]
TMoAAamAaci&bovTes T& péAn tiis (1) &l x AapPévopey :
XEy=x+4+ 2x*+3x*+ .- 4+ vx¥. @)

Ar doaipéoews Tédv (1) kal (2) mpokUTTE :
(I-x)Ev=14+x+x2+4 ... + xv—1=px¥.

v
AGTn, bt elvan 1+ x +xt+ .- +x 1= % __l y ylveran:
v
A SPE, __ll Zvx”
A T 1 —x" vx"
v

T -xr 1-x
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Mapaderype 20v. Na aroderydi n o Ghpowopa 1@v v nphrov dpov tfig oepds :

2 3 4 v+ 1
—3-+—3~,-+~§,—+--'+ Y S Rt (¢))]
5 245
elvas @ e .
4 4.3
Aborg. 'O yevikds dpos Tiis (1), BnA. s ;—v l elvon ywdpevov Tol vicoTou Spou wids dpi-
funTikiis TpodSou (TS : 2,30 ow W Lns s ) kel ol viooToU Spou W8S YEWUETPIKTS
1 1
(-rﬁ; : _,_l,’-, Fr et ), fitor elven & viootds dpos Wwds piktiig mpoddou *)-
OtTopsv : " ,
4 v+ 1
Bim b gr byt o @
ToAAamhacidlovTes T& péan Tis (2) Eml Tov Abyov Tiis YewueTpikiis TTpodBou AapPévopev i
1 2 3 4 v+ 1
Fh=gtxtxt ot HE ®
At dpoptoeas TaV (2) kal (3) TpoxlTrTer :
11
2 2 1 1 1 v+l 1 e 3% Oy wel
—é—zv=T+—37+—3—,+ +—37—*3T+1—T+ T_ v+
3
kal TEAIKES :
£ = _5__ v+ 5 .
4 4.3

Mepintoorg Vi Eqv & yevikds Spos wds oepds elvon duepaia pnTh
ouvépTNals ToU V, SnAadh oy = ¢(v), vEN, Suvdipeda v elpaopev 1O &Bpolopa
TV v TROTWY Spwy aUTHS.

Mapéberypo lov. Na £0pedfi 6 GBporopa t@v v nphtov dpov tig oepds, tfig dnoiag
& yevikdg Opog elvan: @, = 12v* — 6v + 1.

v v
Abog: "Eotw o, = + o+ -+ Oy =uf‘_;lav _=_v}=:l(12u'—6v + 1), T CnToupe-

vov &fpoioua.
Aoy TGV YVwoTidY 15101 Tewv Tou oupPéiou E (BA. § 176) Exouev :

v v v v
o, = E(12vt—6v+ 1) = El2v*—EZ6v + E1
=1 v=I v=I v=1

v
V=

A o, =12Bw-6Ev+ B1=12.20E DvtD g WD yy= v+ 3).
v=1 v=l v=1l

Mapaderypa 2ov. Na eopedfj 0 GOporopa OV vV TPHTOV dpov tfic oepdg :
153 -851-3 78 Ty S TG, (%)

* Mixt npbodog xoAeitan pla dxohoubia &piBpddv, EkaoTos Opos TS &trolas TTPOKUTITEN
&d ToV TOMaTAGTIaopdy TéV duTigTolycy (Spotatinv) Spwv BUo TTpodbuwv, wGs Gp1BunTikis
kal pids YEWRETPIKTS.
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Abors. 'Ev mpdtols eUplokopev Tév yevikdv Spov Tiis cepds (Z). TMaparnpoliuey 411 ol
mpédTol TapdyovTes TGV ywopbvewv Tis Bobelons cepds elvan ol &piBuol 1,3,5,.. ., ol dwolor
&rmroTeholv &piBunTikAy TpdoBov Adyou 2, guverrdss & pdTos dpos Tel ywopbvou Tol YEVIKOU
Spou Tijs oeipds Bk elvan &: 1 + (v—1)-2 =2v—1.

‘Ouoles : 6 yevikds Bpos Tiis &p1BunTikiis wpodSou 3, 5, 7,... elvon 2v + 1

»  » » » » » 5, 19, ¥ 208
‘O yevikds 8Bev Spos Tiis Bobelons oeipds elvan: (2v—1) (2v + 1) (2v + 3).
Téte 16 EnTolbpevov &dporoua T&Y v TphTwr Spwy Tiis () elven :

g = 1354 305 T b o (VS Qv+ 1) (20 4 3) = i1':1(2.;_1>(2u+ 1) i(2v 3 i

v
— E B+ 12vi— 2u—3)—axu=+ 12Ev—2Fv—3E1 =
v=1

v=I1 v=1 v=l1

—8.
kal TEAKES :

vi(v + 1) viv+1)(@2v+1) v(iv+1)
3 3 -2 3 < —3v

+ 12

o, = v(2v® 4 Bv?  Tv—2),

AZKHZEIZ
381" N& ypagolv ol émrtd mpddTor dpor Tév droroUBwv cepdv :
@ v @ | o l4+v ' v
2 — B)- — . : Ny . ——.
G) v£|”’+1' m vil VU T) VEI 1+V‘ & r. ( ) V(V-l—])
"382. Na elpedij 16 &dporoua Tév dxohouBwv oeipdv :
1E0EN @ [ 2)\Vv @ [ 3\v
W g B E (%), z (—) ;
A B) I ( 3 ) v k(3
383. N& epedf) pla opd,iis dmolas 4 dxohoudia Tév uepikidv &fpotopdewy elvan :
|v=132!-15) I-V—lz
384. Acifore 6m1 1) oe1pd : VEI v(v_:-Z)— elvan ouyriivouoa Exovoa &fpoiopa %

1
Sl fis cpls E a,, Smova, = m—r o
388, Ne eUpedj T &Bporowa Tiis ceipds oy Sy B = S T

a w2 el 1 1
WIS s ey T e rnnE gt

387. Né& eUpefij 1o &Bporoua Tév v wpdTeov Spawv Tiis oripds pk yevikdv Spov :

w42 Ly .
a, = e (—2—) , koo kal 6 &Bporopd Tng.

388. N& elpebi 16 &Bpoioua Tév v TpdTwv Spwv Tiis oeipds pi yevikdy Spov :
= : I ® 1
a, = et kai dkohoUBeos vér Bery 07 & ¢ v;—"] o %
389. Na ebpedij 10 &Bpoioua TéY v mpdTwv Spwy TEV cripdv, TéV dmolwy ol yeviol
dpor elvan :
a) 3vi-v, PB) 8v—1, y) 82—3, B§) vi4 3v 42,
890. Na edpeBolv ol yevikol Spot Tév kérwh oeipdy kal dkohotBus T& &bpolouaTa Téw
v mpwTwv dpwv alTév.

1 1
a1 g S B sl 30V 2-l5+5-3+s-|1 Py
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p’;{}‘)\‘& eUpeBolv T dfpolopara TEY v TpdhTwyY Spwv TV dkoloUBwy TEIpV.
ST« 8ot BB B, vl o S0 e B o

1 1 1 1
p)"n+(1+ S R (R R — ) R
o+ 502 4+ 6a® 4 o 4 (v 3) « + -
292, N& dmoBeryfj 611 16 &porona Tév v TpwTwy Speov Tiis oEIpds
v

1 2 3
Tttt ot

SR

1 v
Tl T v

\ i . 2 3 v 5v+l—4v_.5
@a&e;xﬁq én: 14 ?+? + oo+ ;vj: e
39%. N& &mroBeiy i) &mi:

1 1 \* 1 \v—1
l+2(1+7)+3(1+ _v_)+ ...+v(1+7) ey

o= 1 el
395. N Berygdij &1 vﬁl TR Y T

elvan :

5 B3 v+4 2
‘E+"'+ P HZ*?:r.

396. N& Bery8ij 6T —i- + —} -

1816 TeEg oUYKAioEWg OEIplV

‘Els Thv Topypagov TaUTtny 8& &mroBel§wuey upepikds Paoikds 18i16TnTas
ouyxAvouadv oeipdv, &l Tf Pdoe Tév dmoiwy SUvaral Tis va ouvbudon cuy-
KAvouoas oelpds kaTd Towidous Tpétous. Oa dvagépwpey Errions plav ToAU
&mAfv ouvBfkny, f) émola elvan dvaykaia 81& TV oUyxAiow, &l mwhidov B¢
KoT&AANAOS, €l TTOAAGS TEPITTTWOEIS, Trpokelpévou v &rrodey b dm uia oEIpA

82v ouykAiver &v R.

ﬁ*lﬂﬁ&l&mg |.— *Eav pia ssypa o, + @y + . ..+ oy + ... (1) elvar ovykhi-
vovea pi 0poropa a € R, tote xai A} 6e1pdt @ Gy + A2+ - - (2), 1 dnoia mpo-
konter ano v dobeicav Sia mapaleiyeng t@v k nphrov bpov g, elvan Eniong
cvyKkhivovoa.

'Ar6deirg ¢ “Eotwoav oy, v=1,2,... kal by, v= 1,2,... ai &xohoubian
TéY pepikédv dfpoloudTawy TV gElpdv (1) kad (2) dvmioTofyws, fiTor :

oy=oy+apt - + 0 a)

ty = 1+ Ozt <0+ Gy (4)

Té (memepaouévov) &bporoua oy + ay+ -+ 4o elven €ls mparypaTikds &pi-

Buds, Tov dmrofov &s kaAéowiey 8, fiTol: s = o+ O + oo o
Obtopey: Oxpv=0G+ G+ -+ + ok + g1+ -+ + oy, OTE EYOUEV:
Okpv =8+ k1 + gz + =« + + Ak
fl Opqv— 6= Ot1+ 2+ + - - + Sty 5)
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‘H (5), duvdper Tiis (4), ylvetan:
(o s SACE) vl Ve
Ek TaiTns Eyouev : lim oy —s=Ilimt, . 6)
"Etre1dn €€ UmroBioecs elvan lim oy, = a, &pa kal lim oy 4y = q, # lodTns (6) 5ide :
lim t, = a— s.v+m

"Ex Tadtns Toparnpoluev 8Tt ) drohoulio TGV pepikédv dBpoiopdTwv Tis oel-
pds (2) ovyxhive, &g, Ko TOv Oplopdy ovykAioews oeipds, kol 1 ceipd (2) ouy-
kAlver
Maparipnog. Maparnpolpey &1t apaeiTovTes ToUs k TrpdxTous Spous wids ouykAvouons
oe1pds El a,, To &fporopa aUTfis a EAaTToUTal Katd TO &fpoioua s TEV TapalerTopévay
ve=
Speov. TMpogavds éav fy (1) Bév ovyxhivy v R, TéTe kai f) (2) Emions Biv ovyrhiver, Ofrws of
oeipal (1) xal (2) elven wévrote Tiic adriic gplocwe, Enhadh fj xal al 8lo cvykhivoucar &v R
(&oyérws tav Btv Exouv T alUrtd &fporoua) fi kal al BUo phy ouyxAlvougal. 'AvrioTpégovTes
ToUs pdAous Tév (1) xad (2) oupmepaivopev 811 ) olyrhios fi un wids oepdas Siv PAdTrTsTON, $dV
els ThHy &pxfv aTiis Tpoodéowpev Bv memepaocuévov TAfBos Spwv. OUtws f delpd :

1 1 1 1
Eiv=m TRt Rl

1
s TpokUTrToUTa £k TTis &ppoviKiis oElpds i‘.u T Bk mapoadeipews TV Béka TphTwv Spwv
v=1
s, &mepileTon GeTikdds.

§_,l32 ‘I1516T g |Il.— "Estwcay Elu,: a xoai E:B"= B

800 ovykhivovoar oerpai. Tote @

1). ’Eav L cR, 1) cepd 5 (ha,) elvan Entong ovyxhivovsa Exovea &0powopa ra,
v=I1

fiToi: E(lm):ka:l- Euu.
v=I1

v=]
SnAadn i Tds ovyxAivouoas oelpds, STrws kal ik T& ouvifn dlpolopaTa, loyel
& mipeptoTindg vouos.

2). "H serpa E (a, + B,) elvan svykdivovoa Exovoa GOporopa tov apibpodv a B,
v=I
fron : E@+py=Ea+Ep.
*AnéderEig : “Eotwoav 8, , v=1,2,... xal ty,, v=1,2, ... al &xoAouBic
TGV pepik@v dBporgpdrwv TGV oelpldv b3 o kal 3 By dvmioTolyws, ToTE
v=I v=]

By=0o;+ag+ - +ay

. =2 ..
e B e gl . i o gAY
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1). *Edw s, elven 16 &Bpolopa TéY v TpdTwv Spwov Tiig El (Aay), Exopey :
sv=Acy+Actg+ -+ +Aay=A (o + S+ - F+a)=A -8, .
"Ex Tains Exopev: lims,=lim (A - 8,)=A:lims, = Aq, 81611 lim 8, =a.
’Ex TaTns ouvdyopev 871 1) oeipd §| (Acty) ouykAiver kol pdhioTa Tpds TO A-a.
2 o Eoon Gynylas 132, st eiv: N dxohoubia TGV upepikddv &BpoioudTeov
TS El(cx, + Byv), 8& elvan :

ov= (o +P)+ (+Pd)+ -+ (v+P)=(+ o+ - + o)+
+ B +PBet - FP)=8t+ty, N v=12 ...
"Ote: limoy=lim (s, + t, ) =lims,+lim t,=a+p, 6T € Umobboecs
lim s, = a, lim t,= p.
ToTe, oupgovws TPOs TOV Oploudy ouykAicews oelpds, ) oelpd £ (o + Bv)
ouykAive gis 70 a4 P. -
"Ex T&v oupmrepacudTwv (1) xai (2) Tfis iBidtnTos Il EmeTon ) yevikwTépa
i516Tns &
§.183. "1816mg 11l.—’Eav ¥ o,—a xai T By =P pt o, PeR, 2ni rhéov 62
v=1 v=1|
€ xai 1 toydvieg npaypatnikoi apbpoi, tote loyder :
£ (o, + np) = Ea+ np.
EiSikéys 81x §=1, n=—1 Exopev:
L@-p)=a—p=Ea,—Tp,.
1 v=1

v=]

v=
: ouykAivel, 816t ; sl -1—, &l oy
3 9v 3.9v 3 v

'Epappoyf: 'H oapa E
v=0

1 1
5t 1) ) 2—, ovykhiver xai pahioTa, g E8eixdn els 1O mapdderyua 1 § 178, loyue E .2_" = 2,
v=0 v=0

@ 1 l o 1 1 2
Sbev : = — —_— .= .
4 =N Ve 3 | S
A1
§ 184. "1816™ g 1V.— ’Eav 1} oeipi £ a, ocvykhivy (iv R), tote: o
v=1

a’). 1 dxohovbic o, , v=1,2,... 1@v pepikdv @Oporcpatav clvar gpaypévn,
B). N éaxodrovbia a,, v=1,2,... elvar pndevikn.

’An6dergis. a’). 'Eqv = ay = a, T61e lim o, = a kai f| dkooubia o, ,v=1,2,...

v=1
s ouykhivouoa elvar pparypévn (PA. § 138).
B). Ak va &moBeifwuev TO SeUTepov ouuTépacpa, TAPATTPOUMEY OTI ¢
oy = Oy —Oy—i O kdle v=273, ..
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’Ex TaTns Exopev:  lim o, = lim (oy —oy—)=lim oy, —limo,_; = a — a=0.
Al owbfikar (o) kal (B) Tfis dveTépew 1B16TnTOS elvan avaykaiar, &N’ olyl xal
ikevai. OUTws Umdpyouv pfy ouykhivouoon aeipai, 81k Tas dmolas 1) (o) i f (B)

foxuer : TLy. f) oeip& : £ (—1) &mroxAiver (PA. § 178), &v ToUTols Spws f dxoAou-
v=0
Ola TGV pepikédv dBpolopdTov Tng elval ppaypévn.

’Emrions f) &puovikn oelp& b -‘1,- areipifeTan BeTikdds, v ToUTOIs ) dxoAoubia
v=1

o, = -%—, v=12,... elvea pndevikn.

Mépiopa.— "Eote a,, v=12,. .. pia dkokovBia npaypotikdv apidpdv pé
lim a, # 0, tote 1 cepa E a, 62v ouykhiver &v R.
v=I

Mapadevypa : ‘H oepa ¥ % Stv ouykAiver Tpds TpoaypaTikdy &pi-
v=1
Quov, 81011 :
siaddurt-1.5) 2
Lk s

Zupnépacpa : O& mwpoywpddpey gis THY EAETNV mids oeipds s Tpds THY ovy-
KMo, povov €9’ doov & yevikds Tns Spos ouykAiver els TO pndév.

§ 185. "I1516Tg VY.— Eav 1 uetpt‘:éluv ovykhivy xai ﬁélﬁ, d¢v euyklhivy
tv R, téte 1) cal.pt‘zél( a, + B, ) 8¢v cuykhiver &v R.

*An6deibrs : 'Emaidh Pu= (o, + Py ) —a, kai ﬁvglcxv ovykAivel, koTd THY
ididotnTa Il fy olyxkhiows -rr"-'.;vljit (av + Bv ) ouverdyetan TV oUyKAIoW 'rﬁgé P., .
‘AmrokAeleTan ouvetrdds 1) oUykhigls TS .,E 1( oy + Bv ), &9’ Soov £€ Umobéoews

f 5 By 8tv ouykAiver év R.
v=1

Mapadevypa : ‘H oeip& o} (—‘1)——}——%—) 8tv ouykAiver (&v R), 816T1 1) oel-
v=1
pa g —‘1’- dmeipieTan OeTivdds Kal 1) oe1pX z 7217 ouyrAivel
v=1 v=1

Mapatiipnows : 'Edv al oeipai £ a, Kol f Bv &pedTepan Bev ouykiivouv tv R,
L5 | v=1
TOTE 1) oEpd 5 (o + Py ) Buvardv v& ouykhivy, BuvaTdv Spws kal va phv
=]
auykAivyy &v R.
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Mapadevypa : 'Edv oy, =Py=1 3 veN, ToTE 1) £ (av+Pv) =+ o,
v=1

B Buos oy = 1 kal Py=—1 3 vEN, 'ré're-r‘]“f‘. ( av+ Py ) ouyrhiver
v=1

AZKHZEIZ
397. Tlolan gepal pt yevikoUs Spous Tols kérawd elvan ouyrhivougan kal ol &x1 :
I == 1 Y e
1).uv=(i+T) . .o, = -, 3)'6"5%&‘
W

398.’Edva,, v=1,2,... kad B, , v=1,2,... elvan Blio dxoloubian ToralTan, chae :
&= PBy—Byy ¥ v=12...,
TéTE 1) OEIpd £ a, ouyxhlve, v, kal pévov kv, 1) dxorovBia B, , v = 1,2,... ouyxAlvn. Els
THv 'lTEpiTI'l’OJ:I:V‘ alrriv Exopev :

£ « = py—1, éwou [ = lim B, .

(‘Ynoderfig: o Eﬁak= ::"‘ (ﬁk—ﬁk+ll=51—5v+1K-T-A-)-

399. Aci€are 6T1:

b g

2
S T ks

. 1
G ks il K ko e m e Y I A T o e Sl

Kal &rohoUBus AdPeTe U Syiv TO oupTrépacud THis Tponyouuévns &dokrjoews). S

§ 186. Zeipai pi BeTikoug Bpoug.— Eis Ty mapdypagov TaiTnv 6& Beco-
priowuey oelpds pi Spous BeTikoUs, BnA. oripds,ai drolen TpoKUTITOUY &€ dxohou-
oW oy, v=1,2,..., émou a, = 0 Bk k&fe v=1,2,... To7e f &rohoubia Té&v
HepIKEY &BpOIoPETWY Oy = 04+ G+ -+ v, V= 1,2,... elven wévToTe ol-
fouoa kol Emouves 1) oelpd : @) uykhiver pds TparypaTikoy &pifudy ToTe, Kal
uévov ToTE, &v f| dkohoubia oy, v=1,2,... elvar ppaypévn, B’) anewpileran Beti-
kg TOTE, Kal poévov TéTE, &v 1) dioroubia oy, v=1,2,... d2v elvon pporypévn.

*AtroSeikviopey kaTwTépw piav Paoikfhy mpéTaoiy, Buvdpel Tiis dmolas Su-
véueBa vé EEaxpiPaveopey els TTOAAAS TTEPITTITACEIS, tav pla oeipd pé BeTikoUs Spous
ouykAivy f &mepiZeton BeTikdds ovykpivovieg aUThv Tpds plav EAANV yvwoThy
oepdy, 81”6 kal f) TpoTacis aUTn KaAEITON «KPITHPLOY CUYKPICEWS CEPDVH.

§ 187. Kpitfjpiov ouykpiocews.— "Eav ¥ a, kai & B, slvan 800 oeipai
v=1 v=1
rowadtan, Hote : 0=qa,=p,, &a xabe v=1.2,...

Tote : (1) *Eav P p. ovykhivy, tote kai 1) £ a, ovykAiivel
v=1 1

=

(2) ’Eav £ a, anepilerar Bemikds, tote xal 1 ) B, anerpilerar Betikde,
ya=1 va=1
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*An6derlyg tijg (1). "Eorwoav s, v=1,2,... kad t,, v=1,2, ... aif dxo-

AouBlon T pepik@v &dBpoloudTwy TGV = o kol B B,, &vTioTolyws.
v=1 v=1

Adyw Tijs Umrobéoews o, = By SixkdBe v=1,2,... Exopev, &T1:
Sv=0+ G+ -+ WSEP+Rt B =t (D
E@’ doov 1) ceipd > Bv ouykAivel, 1) drodoubia t,, v=1,2, ... elvar ppaypévn
v=1

(PA. § 184), téTe Sucos, s eUkdAws qaivetar &k Tis (1), kai /i 5,, v=1,2,...
elvan gpaypévn &vewlev kal émaldh o, =0 3 v=1,2, ..., f§ dxohoudia gy,
v=1,2, ... elvar alfovoa kai ppayuévn, &pa ouykhiver dv R. TéTe, ouupdves

Tpos TOV dpioudv ouykAiosws oeipds, kal f Elcv oUyKAivel,

Els Tryv mepimTwotv adThv Exopev : E:cxv = gﬁv .

*Anodarlig tfig (2). "As Utrobéowpev &T1 1) vgﬂv ouykAivel. ToTe, oupgoves
mpds v (1), cupo‘tvgm ovykAlvel, &tomov, 81611 E§ Umobtoews ﬁE lotv &-

meipifeTan BeTikéds. “Apa f) 3 By s oepd BeTik@v Spwv kai pf) ouykAivouoa
v=1
tv R dmeiplletan Beikdds.

v 1
b ‘H e —— fver, b1 —MM < —
Eoappoyn In: u‘tp&E Z(v-i-l) ouykhivel, PONEY)

v=12, ... xal f cep& E -2—‘, ouyrAlver, dos EBeiyBn els 16 opdderypa 1 Tiis § 178.
v=l

1
'‘Egapporf 2a: 'H oepa £ — Gnewpiferan Betikidg S1d pe R p2 p=1.
v=1V

Mpéyuary, &&v p=<1, Té1e v =v ¥ veN. "Ofev —l—g—lp-. i BASHELS v 1K )
v

v
1
&puovixh) oelpd £ —‘l,- &mreiplZeTan BeTikéds kal KaTd ouvéTaiav Kal f) oep& El'-\;s-, p=1 d&mepi-
v=1 V=
Zeron BeTikdds, oupgvws Tpds Té Belrepov gupTrépaoua ToU kpiTnpiov guykploews oeipdv.
Olnw &k p=i<1 Eyouev &T1:

l’—f v

1
'Epapporh In: ‘H 0‘£lpﬂ £ 7 ovykhiver Sia pe R pg p > 1.

E

Mpdyuar:, alrn ypdgeTa :
1 1 1 1 1 1 1 1 1 1 )
Semfigron ooy F*?»*?o*?o)*(a?*s?* T
1 1
F-rofe= 1
+(16"+17" 31°)+ M
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"Emre1bn elven :

Ty BT WY A DR,
1 1 1 1 1 1 8 1 1
(oL oy < Tl & e e T IS =
g et Tt <gtEt -t B Ve liinahsl e gWRRadilsd

EmeTan 611 ol 8por 15 oeipds (1), (ftor al TapevBéoeis) elvan mikpoTeEpor TGV dvTioTolxwv Spwv
Tiis oelpds :

1 1 1 1
VT e e “
% 1
H oep& (2), tmasn elven o < 1, ouyxAiver (Bioriy). ToTe dpws, ouppovws pds
Té TpdTOV oupTEpacua ToU kprtplou ouykploews, & cuykAivy kal A (1).

R 1
Qore, 51k peR, p > 1 1 oupd £ —5 ovykAiver (tv R).
v=1V

1
Mapatipnog : ‘H tmpér !: , 8ToU p TuxGV TrpayuaTikds &piBpds, KaAeiTon dppoviky
oEIpd p—taGemg Kail,ds £5£ix6r| e[g -rdls tpapuoyds 2 kal 3,loyue :

Ei— + oo, v p=1
v=1v° ouyxhivey, dv p > 1.

a1
Ak p = 1 Exouev THv &puovikiv ceipav 2]-;— (PA. rpt. 4, § 179).
v=

AZKHZIEIZ

‘H{N—& eUpelf) olan &k TGV KaTwTépw Telpdv elvan ouykhivouseon kai Tolon Sy :
v 1 790 v+ 1 o vi—-3y4 2
'/i vzl il : El dae é vfl v x
i 2 v—'l' 5. E1fu+1 g =l
v=1 v 4 v=1 T ov=2 y 4 Y_

401. 'Amobeifore 611 ‘Edv E a, kal E Ea elvan BUo oepal BeTiédv Spwv xal
=1

llm——=A

Py
&mou A > 0, Té1e A kal al BUo cepal elvar guykAlvouoo | kal al SUo &xi.

("Yroder§ag : Aci€are &m1:

e §-—~3- A Teh ks Bi&x k&fe v e N).
By 2
402. Ztnpifdpevor els 10 oupTrépacua Tiis dvwTépw doknoews tetdoaTe ds Tpds THY oUy-
KAV Tds drkoAouBous oeipds :

o0

1 i . 1
1) VEI T (meb&:lﬁlq: Ocwprioare G5 P, = T)

® v+ 3 2v+ 2 3v—1
) L aw-1 e 9 £ ot
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§ 188. Zeipai amoAiTwg ouykAivovoal.—Oa Aywpey &Ti:
‘H oeipa % a, ovykiiver arolitog tote, kai pdvov tote, Bv 1| osipa ¥ | ay |
v=1 v=1

1OV aroibtov Tpdv tdv dpov tng, dnladn N :

| a4 | o |4 o] o i+ <00
ovykhivy mpdg memepacpivov apiBpov.

Elvar qavepdv 871, 8&v o, =0 Mv=1, 2,..., 16T | a, |=a, kal f| oepd
£ o ouyKAivel, ¢&v, kai povov &y, ouykAvn &mohUTws. ‘Edv Gpcs pepixol
v=1

& T&V Spwv ay elvan BeTikol kal pepikol &pynTikol, TéTe &TAR oUyxAios kal &md-
AuTos oUykAlols Btv elvar O alTd.
*AxpiptoTepov foyler TO k&Twb Bewpnua :

§ 189. @cpnpa : ’Eav pia oeipa E uv auykAiivy arolitag, tote alitn ovy-
khiver xai anhdc. To avriotpogov dév quﬁsa naviote.
*Anédekig : "Eotw 671 1) A o, ouykAlver droAuTws.
v=1

OéTopev : Bv=|ov|—a, BikxdBe v=12,...
Téte Exopev :

O=p=|oy|—a=|ay|+|a|=2:|a| Nv=12... i)
*Exouev Bexbfj 611 1) oeip& | oy | ouyrAiver. TéTe Sucos ix Tiis (1) mpokimTe,
v=1
SUpPVWS TIpds TO yvwoTdV KpiThipiov ouykpioecws, 811 xal 1) £ By ouyxAivel
v=1

Kord ouvEmeiov kal 1 £ a ovykAiver, 8101 & Tiis By =| @, | — @, Exopev :
v=1

o=|a|=By, v=12,... «kai aioepa £ [neciils £ B, , ouyxAlvouv.
v=1 v=1
7 s (—1)y _ 1 1 1 1
Mapadevypa : Hoatpaf v =_1+?-?+7"_—? o
ovykhiver.
o — (e
PAYHOTL, EXOUEV ! —n | E e v=1,z,...

AN T) i —;1-{ ouykhiver, 88ev kal 1 3 = :) ouykAiver &TOAUTWS, OTMETE, KaTA
==l v=1
TO dvwTépw Bewpnpa, altn ouyrAlve kal &mAds.
Mapatnpiioes: a’). Edv 1 £ a ouykAMvn &moAUTws, ToTE aUTn ouyrAivel
v=1

kal toyer :
| £
v=1

o
=% |c1,,|.
v=1
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B). To &vtioTpogov ToU dvwTépw BecpripaTos Stv dAnBeler TavToTe. AnAa-
81 Buvatov ula oeipd va ouykAlvy, & 1) oeipd TV &ToAUTWY TIpGY TGV dpuwv
™S v& pfy  ouykAfvg.

Zuprépacpa. ‘H Evvora &0ev Tfis &molUTov ouykAioews elvan «ioyvporépar»
75 évvolas Tis &mAfis ouyrhicews.

IMapadevypa 20v : Acifate 6t 1| oepa st cuykAiver.

v=1 2
Mpdryuartt, Exouey :
‘% é-%; \ vEN.
*ANAG, Gos EBelyfn els TO Tapd. 1 § 178, ) ceipa £ % ouykAfver, O8ev kol 1)
v=1
5 l T]; £ ouykAivel, SnAabdn 1) E ﬂ;‘; ouyrhiver &moAUTews. TéTe duos ol
v=1 v=1

B ouykAivy kal dmAds.

AZKHZEIZ

403. Toian &k T drorolBwv Teipddv elvon droAlrrws ouyxilvouoar; Tlofau efvan ouyrAlvou-
oar; TMoian 8tv ovyxAivouv tv R;

) 1y V—2 o= ANV ., ___1_ ] __V__
3 in( D = ey (BN vE: G (2v)r’ 2 VEI I+
3
4. £ 1Y @ 2), 5 B (). 01- 6. L —“(v)'-
v=1 il vik =1 oo

404. "Edv B | &, | ouyrAivn, Bei€ate &mi kal ) oepd £ cz3 ouyrAlver, Adoare dxohoUBus
v=1 v=1
#v ap&Seryua &k Tou dmolov v Epupalvntan 811 Btv loye TévTtoTe 16 &vrtioTpogov.
405.Erw £ |o =« kol E @ =P, a >0 v=12,.., Belfare dni:
ve=l v=1
o > P

§ 190. Napéaovaocig mpayparik&v apidpdv pt dexadikag oelpag.
“Eore #) dxorovdia a, = _‘g%, v=0,1,2,...,&Tevidsf :

1
< T i 0 .1
o107 1OV 108 En ATl g
&trou y, elvon &répaios &p1Buds kal Wy, Wa, War- - -, Wy, - - - Elvat yneia, SnAabi)
dxépaiol &piBuol pé: 0=y, =9 MvelN

Gewpricwuev TNV &vTioToiov oeipdv £ o , fiTor TAV :
[}

ve=

E&=W0+%+%+“‘+ quv+..., (1)
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Ty Smolav xohoUpev «dexaduxny oewpavy i kel &AAws «dexadixoy dpfucy» e
&répaiov pEPOs W, Kol &melpa Sexadikd ynela yy, Wy, . . .. Talrnv oupPoAilopey
ouvTopws kal s s :
Yo Y1WaWs:--- Yv-..
"As peheTioWUEY TP, s TPds THY oUykAiow, TH Sexabikiv cepdv (1).
To &bporopa o, TV v -rrpdrrmv Spowv (uepikov &Bpoioua) elvan :
UV*Wu*‘ + 102 oy 1"8::: v=12,.., @
GoAUTIKGOTEPOY EYOMEY !

T1=WYo: T2= Yo+ —‘il%'- Wo+ + 102 » xal yevids

v =Wot 4 oot 1‘3::‘ IR,
TMapornpoluey &T1:
‘Po-—q-’o'i‘ ]0_W0+ +102="'

10"

SnAadny loyuer :
Oy = Ovi1 kol Touro-Sikikae v—1, 2. 3. ...
fitor ) droAoubia (2) elvanr alfouvoa. "Eml mAtov, Emeibn

+ < 1 3fveN (Biatl;)

v+ 1ov
1) drohovbia (2) efvm ppaymévn Tpds TA dvw pi &vw epdyua Tov dxéparov dpi-
Budv o+ 1. ‘Emopéves, kard 16 dEiwua Tiis § 150, Kep. V, 1) dxoroubia (2),
s afouoa kal gpaypévn ouykilver Tpods Ever TporypaTikdy &piBudv § < w4+ 1,
fitor: lim o, = §. Téte Sucws kai f Bexadikh oepd (1) ouyrhive, € dpiopod,
kal foyuer :
= limo,=§.
"EBelxbn &6ev TO EEFs:

§ 191. ©cpnpa.— Mia dekadixi) cmpu E ;v(;* =V Wi Wa oWy s

ovykhiivesr navrote xai opiler axpypdic Eva n:pa-matmﬂv apiBpov E.
AiSopev Tdpa TOV K&TWh dpropdy

§ 192 'Opwpégf— Oa Léiyopev bt 6 npaypatikdg apbpdg & napiotatm
g pio dexaduki) oeipd fi Exer Sexadikov avantoypae Yo, Wy Wy ... Y, . . . TOTE, Kai

Yo, toadtn, dote va ioxoy :

povov tote, dv Onapyy pie dexadikn oeipa f‘: 100

= ‘l’
E=Vo W1V, ... Wy ... =W+ ’+102+ +T.T+
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Enp. To y, kakeiTon 10 «dnépaiov uépogn, T& B Wy, W, . . T& «dexadixa yy-
gia» ToU &vamrTUyuaTos.
"AmroBeikvieTan els T& poBnuaTikd T6 ké&Twh Pagikdy Becpnpa

§ 193. ©@ewpnpa mapaoTacewg mpayparikol apiBpol Sia Sexa-
Sikfig oeipldg.— Awd kdbe npaypatikdv apbpdv & brapyer axpifds pie napé-
otaoig abrod dia dexadixiic oeipdg, fitor :

E=VoWiVy Y. 'Evfo _;vo‘vT
&ig thv dnoiav ta dexadika ynoia dév elvar 6Aa Evvéa, and tivog BEccwg kai népav.
Olrw, T.X. l
1

- =033... —=0,5000. ..

3,27 = 3,27000. . . V2 = 1,414213564. . .

29 2 5 0
T=7+W+W+W+ ~oie ==l 25005

Mapatipneig : Ak 10 3,27 dvmioTolyws 16 1 /2 Umrdpyouv kai af Tapaoté-
oElg 3,27 = 3,269999. .. &vmioTolyws 1/2=0,4999. ..

Altan Suws d&oxkAeiovTan, 516m1 EavaiauPdvetan &dmd Twes Oéoews kai
Tépav TO wneiov 9.

'EQappoyf: Na edpefff 160 Sexadikdv dvartuypa to0 apbpod 7/11.
Y1 i Y2

10 Fiet (1

Abog : "Eortw 611 elven : —7- =y, + 107

11
‘H (1) yphoeran kal olrw:

W
Tttt F ot @

‘Ex Tiis (2) mpoximTer :
70
T

Yv
lov-—l

= Ak ST, | TR
=y + 10'|"‘10,+ + F

IR, 1O 8
A 6+‘ﬁ-‘l’:+ﬁ+m,+"-
Gpa w, = 6 xal émouéves :

T T or T e 7

Ex Tis (3) mwpoxUtrTe! :

7
A 34qr =Wt Tt e+
&pa y; = 3 koK.
OUrw TeAikéds O Exeopev :

T
TR Yo WiWals ... = 0,6363 ...
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* § 194. Mvépeva mpaypatik@v aplOpGv pE memepagpivoug 10
mAfjfog mapayovrag.— TloAAdkis TrapougidlovTal ywopeva Tiis Lopiis
O Oy Qg =+ - Qy

A TV ouvTopwTEpav ypaelv XpnolpoTroloUpey TO EAATVIKOV ypduua TT ik
TOV oupPoligpOV TGV ywoutvav ToUTtwy. Mpdpouey :

j(TTI Ol = O+ Oy Qg+ + =Ty

To mpd&Tov péhos qvaryryvaoketar : I'wduevoy tiw (dplbudy) ay dno k=1
&wg k= v. T oUuPorov TT onuaiver, 611 wpémer va TToAAaTTAGTI&CWUEY TOUS &pi-

Buous, Tous dtrolous Aaupdvopev, Bétovtes Bradoyikds k=1, k=2,..., k=v.
’Ex ToU &piopol TouTou, EmeTan OTI:
v v41 v v
a) Mk=1.2.3...v, B Tl o = oxpiey s ho,  “ 40 Tloa=aY.
k=1 k=1 k=1 k=1

EUxdAws dmrobeikviovTtan ai ké&tewd 1810TnTes yivopévoy :
By,0 ] (ukpk):'( T qk) ( npk)
k=1 k=1 k=1

2). ﬁ e ) =T o
= k=1

Ay

3). |'|' =— ax*0 E=101.2
) k=1 qk—1 Ay K V
Mapaderypa: Acifate 6 : l!l(l—L)=1
P Tpa: .knz k v
TMpéyuartt elvan :
v 1 1 2 v—=1 1
k‘jz(l_ ) (1— ) "(I_T)=7'T"' v v

AZKHZIEIZX

» 1 v+ 1
406. N& &moberyffj &1 : L (l - k') =

v l 1
407. N& &rmobe®i &1 lim (kij2 (1 4y k_,))=7,
408. 'E&av x s 1, Beifote 611
k—1 12

m 2 o
k=1 (ltox ) 1—x

Mofa elven ) Tiuf) ToU ywouévou avroy,dtav x = 1;

w1

409. No& elpedij 10 lim 22 ST

. Ya
0. N& dmobexdi #) dvigdrns: MM (14 55— ) > Qv+ 3) "2
41 & &moberdi 7 dviodTns 'k.—()( 5k 1 )
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* § 195. "Ameipoyivépeva.— "Eorw a, , v=1, 2,. .. pla dxoouBia Tpa-
yuoTikédy &piBuddv. KahoUpev aneipoyivépevov pi dpous (EITE &AAws mapdyovrag)
ToUs dpiBuols ay, oy, . . . THV TapdoTacty :

O« Uge o= Qy » -+,
&nAadf) ywopevov u¢ &melpous TapdryovTas.

“Ev ToioUtov ywduevov oupBolifopsy Si& Tol oupBéiou : fi Oy, fiTOn :
va=]

vﬁlquql.q’...uv... 1)
“Exaortov ywduevov
Yv= Oy Qg+ - -y Ekﬁl o, v=1,2,..
KOAEITCN peEpKdV YIVOpEVOY TOU dm'apoyl;ouévou €1):

Ta mpdra &mepoywdueva E868noav Umd TGV peydAwv pobnpaTikGy
Viéte (1646) xai Wallis (OudAAs).
"Ex ToU bpiouou vds &rreipoyivoutvou, Ereton 871 :

f+a)=N0+a)- T (+a)
k=1 k=1 k=v+1
* § 196. Z0yxAhioig ¢vog ameipoyivopévou (mpaypar. &piBpdiv).
O& Aywpev : 10 dnsipoyivopevov i a, péa, #0,v=1,2,... ovyxhiver npdg
v=1
Eva apiBpdv v xai Oa ypagopev 1 a, =7 161€, Kai povov tote, Gv ¥£0, Y4 + oo
va=1
kai &ni nAfov foydy : lim ﬁ ag= 1.
k=1

ZuvTduws :

Ha =y +=> llmHuk='r. Y#0, + o

v=1 opo k=1

= 2
Mapaderypa lov : Na dmoloyniodf 1o vl':lz [1 = w] .
Abag : “Exopev :
e HiT b werau vy
k(k+1) = k(k+1)
Katd Tauta:
B [1- iy | = D2 1425 0032
W Rt A | ) 3 3.4 N CE S
_123...(v=1) 456+ 1)@+2) v42
BRI TR 345---v-(v+1) Jnd B
“OBev :
v AN | 2 ) R
im 1, [1 - eay] = 30 st oveenss 1 [1 s ] = 3
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1
i ) Stvovyxiivouy

Mapaderypa 2ov : Ta dnerpoyivopeva ﬁ (l+ —l-) xal ﬁ (1 —
v=1 i v+

v=I1

npog mEREPpacpivoy apiludv.

Mpaypaty, 81& 16 TpddTov Exopev :
v 1 :
YVEH1 1+ _l?):v-l- 1, épa limy, = + o,
k=
v Bi&d T BeUTepov :

¥ 1 1 . '
Lt (1-t37) = v fe= imy =0

A1 1o wpddTov B& Abywpev ST ouykhiver xat' ixdoxfy mpdg 10 0.
Arx 10 Beltepov Ba Abywpev 6T1 ouykhiver xar’ Exdoxnv npdg 16 0.

AZKHIELE
) N @ 2 0
411. N& &mobaybij ém .vl;lz(l - W) =
412. Na peretnfouv dos rpds THY oUykAiow Td k&Twé &Telpoyvdpeva :

I Y Yt

FENIKAI AZKHZEIZ ETTI TOY KEQAAAIOY TQN ZEIPQN

413. N& dmodeayhn om:

E (k4 3k =k 4 1) = - (# + 6t 4 5v + 4),
k=t

1 3
414. Na dmodery8ij 6T ) oeipa £ T ouyxhiver Tpds Tov dpiBudv il
v=2 i

415. Aeifare &m1:
® 1 2

R (S V) N CE T N CE T/ B
416. N& eUpeij 6 &Bporoua TGV v pddTwY Spov Tiis oepds
1 1 1

it t s et

v v—-1
417 'BEav T o, =3v® + 4v, v ebpebij 1O E o, kal drohouBuws vé elpeBi & a, .
k=1 k=1

418. N& eUpedfj 16 &Bporopa Tiis oapas: 1 + % - % + —;?—

419. Na elpedij 16 &Bporopa Téhv v mrplTwy Spwv Tiis TeIpds :
3 LS

CERE i e

e

Ze bl
420. NvwoTou Svros &T1:

o | 1 o 1
= — 7t va 67 : e ey
f ?, va BeiyBij 6T vi;l PO

17 5 #10-—-17'.

v
421 Aci€are 6T f) oepd T % guyrAiver (v R), &vd Btv oupPalver 16 alrd kal ik
v=l ¥

'
o i

TV oeIpdy :
vel Yo 1
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422. N& t8eTaodi), g pds Thv olyrhiow, f) oeipd pt yevikdv dpov o, = S‘L;ll p
1

*423.'Eov o ,ByeR’ WY k=12,....vkalp,geR" ut —ll]-—q-T =1,
v& dmoberyff 6mi:

v

v 1 v 1
Eo b (kgl o ); : (ki‘:I Bl );. CAviobrns Tob Holder).

* 424 Aeifore Om:

v 1 v
Moy m-—% oy, o 0, k=12...."
k=t X s k> ’
425. Aei§orre &1
v—I1 v
M op- M (- +1
u:luu=2(u T )_ 2 vid w41
v+1 v—I = 9 y 3 .
0T G gy )
u=3 u=1
426. Acifare &1
n 1 n+m m
i L L
v=t] 4. m v=m-+1 “’+C)
v+ ¢
427. Acelore 811
v v
M (k—=1)- T (k+1
k:‘z( )kzz( )_v+1
v it =2
m ke &
k=2
428. No& perendij, ds pds THY oUyKAIOIY, TO &TTEIPOYIVOPEVOY :
e (v+ 1)
v VOV +2)°

429. AfSetan T6 ToAudvupov f(x) = x* + Px — y ué pifas p, < ps, ToU dmrolov ol ouv-
Teheotal elven TparypaTikol &piBuol kal wAnpouv ThHv oxéow 1 4 2B < 4y. N& &mobe®ij dmi:

) <
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KE®AAAION VI

AOTAPIOMOI — EKOETIKAI KAI AOTAPIOMIKAI EZIZQZEIZ

I. AOTAPIOMOIl. OPIZMOI — IAIOTHTEZ

Elocaywyikai €vvoial

§ 197. Auvapeig p2 Ek8émyv dppnrov ap1Bpdv.—Eis THy wponyouptvny
T&Ew dploapey Suvdpels pt &kBETny dxépatov fi KhaouoTikéy, fitor pé éxberny
pnTdV &p1Budy kai dmedeifapey Tas kuplwTépas 1B16TNTAs aUTY, TS dTrofag Kai
UmrevBupilopev tvtaufa :

Edv o, BeR* kai x, YEQ, (Q T ouvohov Té&v pnTé&v &piBuddv), TOTE
loyvouv af KkdTwb iBioTnTeEs :

1) o .o¥ =arty 3 (asPy=10a>: P>
2) oo =Y 4)  (o* ) =av,
*Eri TrAfov :
5) 'E&v x <y, ToTE loyuer :
<o Six a>1
kg = o Bidewifigr (a=ul
>o¥  Bid 0= a <.

“Qoe : A a > 0716 oUpPorov o elvan TeAelcos dopiouevoy elis THY TepiTrTwo,
kol fiv & &kféTns x elven Tuydov pnTos &piBuds.

Eis THv Tapoloav Tapdypapov Yevikeuopev, EoTw kal oTOIYEIwSES, THV
fvvolav Tiis Suvdpews pE ExBETny TuydvTa TpayuaTikdy &pifudv. MMpds ToUTO
Spilopev THY Evwvolav ToU oupPoiou o, Stav 6 éxBéTns x elvon &ppnTos &p1buds.
TMpds TAnpeoTépay kaTavénow Tou Bépatos, & Bewprowpey kat’ dpxnv T EEfs
OUYKEKPIPEVOY TTOpGBELypa :

“Eotw 671 BfAousv v Opiowpev TV Buvau avi_, aeR*. Tlpds ToUTO
Oecopoupey _uiorv atfoucav dxorouBiav pnTév &pBudv py, v=1, 2,... ut
lim p, = V2, m.x. THv &rohouBiav :

) 1, 1.4, 1.41, 1414, 1.4142, 1.41421,..., )
# &mola ouyxAiver pods Tov &ppnTov V2.

Txnuotifopev dxohoubews ThY dkohoubiav o, v=1,2,... T@V Buvduewv

ué pnrols #kBétas, ExTevés THY dxoloubiav
Cll s al.4' ql.iﬂ. 01.41‘, al.tﬂtﬂ.' u|.41421 S (2)
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Eqv o > 1, 1éTe koTd THY 1516TNTO 5, B Eyoopev
o <old <ol a2 L <l = 2

fitor 1 dxohoubia (2) elvan alifouoa kal pparyutvn, ouverréss ouykAlver (§ 150).

Edv wédv 0 < @ < 1 1) droroubiar (2) elvan @Bivovoa kad pporypévn kai
s ToIaUTH AW oUyKAiver.

To Sprov Tiis dxodoubias (2), Té dmolov, dos EAéyn, Urdpyer MaeR*, épi-
Louev s T Buvapw ol?

"EoTw Twpa x Tuxdw &ppnTos &pifuds, Exeov, Suvduer Tol BecopriucrTos
(§ 193), BekaBikdv dvémruypa :

X= Yo WiWe oo Syttt g TN

kal o els GeTikds TpaypaTIkds dp1Buds.
Aexdueda, Gvev PAGPns Tiis yevikdTnTos, &Ti & > 1 kad x > 0. Oéropey :

Xv=VYp %+TWO%+'.+_1\'8’T' V=0, 102:'- (3)

MapatnpoUpey Topa 811 ) dkohoubia (3) elven pla olifouoar drohoubia prTdv
&p1Bucdv, &l whdov Bt pporypévn Trpds Té dves pé &veo ppéyua Tov &répaiov w4 1
(Brori; ). "Emreidd) ExaoTos Spos Tis dxohoubios x, , v= 1 12,. .. elvan pnTds &pi-
Buds, 1) Buvaps o™ Exel plav Evrerdss koBwpiouévny Evvoiav. *EE &AAou, Emeidn)
o > 1, Exopev :

o:"<q'"'+%<av'+:—5+%<...<cr"+l, @
fiTol. ) drohouBia TV Suvdpewv pé prTols ExBéTas o, v— 0,1,2,. .. elvan -
Sovoa kal udhioTa yvnolws, &ml whéov 5t pparypévn Tpods T& & &md ToV avet!,
&pa B& ouyrAivy Tpds TparypaTiKdY &piBudY ikpSTEpov f| Ioov Tol a¥s+! (§150).
Edv médw 0 < a1 ) droroudia o™, v=0, 1, 2,. .. elvan gbivouoa kal
Ppayrévh Tpds T& kéTe kad dos TolaUTn elven AW GuyKAivouoa.
"Qore Braxdde aeR* Umépyer T Sprov Tijs dxohoudias o™, v=0,1,2,. ..
"E€ Spiouol Béropev Todpar :

a* = lim a™
opo

"Hror: “Optloper ¢ dtvauy o5 a eis tov dopnyrov xbérny x, Tov Tpaypa-
Tuxdy doifpuow, ngog Tov Smolov Telver 1 dxodovBla Tiv dvvduswv pé pyrods éxbértag

a"o, a¥eV: I aVeV¥i¥a Won, aVeViVs. . .v, P

* Enpeioog. "Ev wpokeiptvey &mobekviovTan Té& EE7s :
1). ’Eav 5Uo dxoAouBion X, o x: yv=12,... pnrédv &pBudiv ouykilvouv &updTepon el

Tov &ppnTov X, TéTe al dxohouliar aXv , a*v, v =1,2,... ouyKAlvouv brrions els ToV almrdv
dp1Budv, Tov dmrolov TapioTidpey pt o kol Kaolpey Blvauv Tob o el TV &ppnTov txbErmy x.
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2). Al yvworal 1BiéTnTes TV Suvdnewy pé pnTous ikdétas, Tas dmolas dveptpapev els THY
&pyhv Tiis Tapolons Tapaypdgoy, loxuouy kal s Thv mepimTwow Suvduewv pé ExBiras &p-
phiTous &piBuous, katd ouvkmeiay pt EkbéTas TUxOVTaS TpaypaTiKoUs &piBuols.

Ev Tf Tpdde, fi Blvas aX, &mov x &ppnTos, dvtikaBioTaTran Bix Tiis
Tpooeyyloeis Tns o, &dmou p pnTds Emopkds Tpogeyyilwy TOV &ppnTov
&p1Budv x.

“Evvola toli AoyapiBpou

§ 198. AoyapiOpog p¢ Baoiv Tuxévra BeTikdv apifpov a # 1.—
*AmroBeikvueTan els T& podnuormixd 811 Awd xdfe Betindy mpaypatiniy dgilfudy a,
Budpopov Tiig povddos (0 < a # 1) =ai xdfe moayparxoy aptfucy 0 > 0, dndoyet
axpifds el mpayparinds debucs x (enros 4 dopnrog), els Tov dmoiov yoduevos
6 a 8lder Tov 0,

fiTor : a*=1 (H

‘O povoonuavTws GpILOpEVOs TTPaTYUaTIKDS &p1Buods x, SoTis TAnpol TV
(1), kodeitar «hoyapiBpog tod 8 @ npdg pacwv g» xal oupPolileran olTeo :

X=hoy, 8 (@)

Koréx & dveotépe Exopev Thv Aoyixfy loobuvaniav :

20y, 0=x <>0a* =18 3)

AfSopev Tepa ToV k&Twh dpioudy ToU Aoyapifuou ué Péow TuxévTa BeTiKOV
&piBpdv o # 1.

Aoyapifpog £vog Betikob apibpod 6, i npog Paowv e (0 < a # 1), xakeltar o
2k0ETng, lg TOV dmofov npéner va Dywbij 1| Paorg a,51a va ddoy tov 0.

‘H (1), Myw s (2), 5ibe :

i (4)
TNapadeiypara :
1) Aoyy100=2, &iém 107 = 100 5) Aoyw 0,001 = — 3, Biém 10— = 0,001
2)  ey,8=3 » 2= 6) royy, (%) 4 3 (%)‘ - %
3 oy 2= % s Py Ty Doy Vom0 s (—rlz:)": 1
4) noy,, 9=-2, > (—;—)“ =9 8) roys 13 = % » @ =13

Tevikn napatiipnors. Mavrou kaTwTépw, of dpiBuol, Tév dmofwy Acupdvouey
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Tous Aoyapifuous, B Becopolvtar Betikoi. Noyapifuous dpvnTikédv &piBudv ode
Opilouev, olUte petoryelpiioueda.

§ 199. Baoig AoyapiBuwv — AoyapiBpika cuotipara.— ‘O wparypo-
TiKOs &p1Buds o, SoTis elven BeTikds kal Bi&popos TTis povédos, kakeiTan Baorg Tév
Aoyapibuwy. "Emeadh s Paois a Suvarar v Angdij oloobtoTe BeTikds Tparypa-
TiKOs &p1Buds Bidgopos Tis povddos, Sid TouTe SUvavTan v oxnuaTiofoUy Bik-
popa Aoyapifuika ouothpara. Té ypnaipwotololpeva Spews elven T EEfs :

lov. To dexadikdv LoyaprOuikov cootnpo. OUtw kadeital 1O oUoTN UG kel-
vo, els 16 dmoiov fy Pdots o elven & dpiBuds 10. ‘O AoydpiBuos tvds dpiBuol 6 elg
T6 oUoTnua ToUTo kaAeital dexadikds hoyapBpog kol cuuPoriletan dmrAdis
Aoy® dvti Aoy,.0.

Oi Bexadikol AoydpiBuot xahouvTan ke «xowoi AoydpiBuoy | «Briggs Ao-
ydglipor® kal xpnowomololvrar elptws els T& oToiyeddn poBnuoTikg Bik
TPAKTIKOUS KUpiws oxoTtrous.

2ov. Td Neréprov hoyapibpxdv obotnpa**, Olrw kaheital 16 oUoTNua Ekel-
vo, els O dmrolov 1) Pdots o elvan & &ppnTos dpiBuds e = 2,71828. . ., dais, s O

iBwuev els Emduevoy kepdAaiov, elvan Td Spiov This droAroubiag ( 14 %) )t

‘0 AoydipiBuos tvos dpibuol 8 els 16 oloTnua odTd KadeiTan «venéprog Aoydpr-
Buogr**) 1| «puorkds LoyapBpoc» ToU B kal ovpPohMleTan Siebudss pé «logh» eite
«Inf» TapcheiTopdvou ToU BelkTou e, fTol kal e TO oUoTnua aUtd &vri
y=loged ypdoouev y=1logh i y = Inf. Of vemrépior AoydpiBuor XPNoipoTTOoI00v-
Tan kupleos els BecopnTikds pedéTas kat dos ik ToUToU TO ds Eveo oUoTnua Seordler
T&Y &Mwv guoTnudTey kupicos els T& GvddTepa daBnuoTIKG.

Hapatfipnows. "Ex ol dpiopol ToU AoyaplBuou pé Péov TUXOVTA BETIKOV
&p1Bpodv a # 1 TpokUtrTel 611 els k&Be BeTikov TparypaTikdy &pifudv x dvTioTol
Xl &xp1Bdds els TpayuaTikds &pibuds v, doTis ikavorroisi v E§lowow :

¥ = x.
TotouTtoTpdmess dpifeTan pia ouvdptnots, 7 ¥y = f(x) = Aoy, x, ut mediov Spi-
guoU To ouvorov R 1év BeTikédv &pifucdv kal Trediov Tiuév 16 ouvolov R Ttév
TPy paTIkGY &pifuddv, fiTor :
R'3x —— y={(x) = Aoy, xeR.

‘H ds dvw ouvdptnois {: R*—> R dvouddetan AoyapiBuiky) cuvapry-
615 kad, 81es 8 udbwuev els Thy Ektny TéEw, alrn elvan «) avriorpogos ouvdp-
o tis éxletinijs ovvaptiorws x = a¥ ».
* Tlpds Tpfy 100 “"Ayydou Madnuatikol Henry Briggs (1556—-1630), &otis wpdTos
EAaPev s Phov Té@v AoyapiBuwy Tév &piBudv 10.
** Mpds v 100 John Napier (1550-1617), &orig Emevdnoe TpdTos Tols AoyapiBuous
kal EAaPev s Pdowv Tov dpiBudv e = 2,7182. ..
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Eis dpBokavovikdy ouoTnua &fbvewv f ypagiki) TapdoTacs Tis Aoyapifui-
Kf{s oUVapTHoEwS ¥ = Aoy, X BiBeTan, kard Trpdyeipov oxedlaow, els T& kérwh
oxnuaTa.

Y Y

—|
R
|
i
|
|
|
i
|
i ke

axl

y ¥i
x. 13 Iyx. 14

"Ex TV upéxpt Toude AexBivrwv xad T Ponbeiq Tév dvwTépw ypagikddv
TrapacTéoewy Evvoolpey eUkOAws T &Efs ¢

1). "ExaoTos TpaypaTikos &pifuds elvan AoydpiBuos Evos kal pdvov BeTikou
&p1Buocu.

2). “ExcoTos BeTikds &piBuds Exer AoydpiBuov Eva kol uovov POy BaTIKOV
&p1fpdv.

3). “Orav # Péois ouaThuaTos Tvos AoyapiBuwy elvan > 1, of peyciTepol TS
povéBos &pifuol Exouv AoyaplBuous Beikols, Evé ol pikpdTepor aUrTiis Exouv
AoyapiBuous &pvnTikols, TO dvTifeTov 8t oupPaiver, dtav f| Pdois elvanr < 1.

4). "Orav 1) pdois a elvan > 1, cEavoptvou ToU &piBuol, aufdveTan kai &
AoydpiBuos aUTol kol &vTioTpdgus Eav Bt a < 1, a€avopévou Tou dpiBuoy,
BarTouTtan & Aoydpibuos.

Enusioeag. Els Ty &y 1éfwv B& &mrobeifopey 811 loyUowv T& xéTwb:

a>1 lim Aoy, Xx=—0 xai lm hoy, x =+ o
x—+0 X—> 40

0<<a<1 lim Aoy, x =+ xai lim oy, X =—®

x—+0 X—» -+

Tpds tmpePalwaw waparnphioaTe Kal T& &veotépe oyfuara (Ex. 13 xal Zx. 14).

AZKHZEIZ

430. TpooBioploaTe ToV X &k TGV kéTwh looThTww :
1 -
Dhoy,x=3 2) doyx=-3, 3 Aoy,(-f) —x 4%y, _(913) - x,

7 -
5) AoYy, gﬁ-{ =x, 6)hoysXx =—73 7) Aoyy, Y2a =x, 8) oy, (’—l_ai =X.
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431. Elpete Thv &yvwoTtov Phow xe R*, x # 1, & 16V k&Twh looThTwy :

2 1 8l
1) Moy, 25= 2, 2) Moy, 16= -, 3) hoy, 5 = -, 4) hoy, (W) —
432. “Ymoloyloote Tous AoyapiBuous Tév &piBpdv
1 1
8l, 64, -—, V2, i 27, 4 ¢ 1
G5 Tpos Poels dvTioTolyws TS :
1
3, 5 2, 4, 5, 3, 7.4 0,01.
433. “Ymoloyigate Tés kdTwh TapaoTdo; :
y Aoy, 81 — Aoy, 64
1 =
AOYa,s 64 + Aoy, 55 T Aovad 12
B) Aoy, 9 ﬁ tAoy 7
1 1
Aoy, 5 — Aoy, 57 - ?\oy,ZT-Aoy.j!GQ

=5 -+ Aoy; (Aoyy,2a) —4 hoy, Y=
V) ReyiZT T T Roye,10 T hey 0,001

434 'Eqv aeR’', o # 1 kal kahéowpev : x = Aoy ya @ ¥ = Roy, @ z = Aoy, vé
&rroBeixdij &ti:
Xyz =X+ y+z2+ 2.

435. N& &mobeiyfij 611 6 AoyB eivan &piBuds &ppnros (= doUupetpos).

‘1616TNTEG TOV AoyapiBpwy

§ 200. "1516Tg |.— Eig ndv sietnpa hoyapiBpmv 6 hoyapi@pog tiig povadog
elvar to pndév, 6 8¢ hoyapBpog tijs pacewg elvar 1) povag, fitor ¢

2oy, 1=10 kol Loy, a=1 M aeR*—{l1}.

TpyuaTi, &k ToU oplouou Tou AoyapiBuou ds ékbétou, Exopey
o=1=+A0y,1=0 «xai ol=a=Rroysa=1 YaeR*—{1}

§ 201. "18161ng Il.— "O LoyapiBpog tob yivopévov dbo (Betikdv) apiBpudv g
npog Pacwy a (0 < a # 1), looltar npog 10 GOporopa tdv hoyapiBpuwy tév apbpudy
avt@v, g npdg Ty abvTiv Paciv.

'Anddeibig. "Eotwoav 8, kal 8, 8o (BeTikol) &piBuoi kai x, y dvTioToixws
of AoydpiBpol Twv, G5 Tpds Paov a. Katd Tov dpiouov Tév Aoyapifuwy Exouev
Tds Aoyikas igoBuvaulas :

a¥ =8, <= x=Moy. 8 kal a¥=8,<=> y = hoy.B, (0
’EE alTddv AcuPavouey :
af.a¥=06,-8, A axtr=8.0,.
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AN ) TereuTala looTns Bewvier &1
Aoye (8 - 0,) = x + y = Aoya 8, + Aoya 8

N 0,0,eR*
0<a#1

“Qoe : = Loy, (8, - 0,)) = Aoy, 0; + hoy, 6,

MNépiopa.—'Eav 0;, 0,,..., 0, elvar Betikoi npaypatikoi apibpoi, tote ioyder :

A0Ya (0;-0, ¢ - - 0,) = Aoy, 0, + Aoya B+ - - - - hoy. Oy

fi &mep TO aUTO :

roye (I16;) = E oy, B
k=1 k=1

‘H &mdBeiis elxohos Bi& Tiis peBdBou TS Tehelag ETaywy s
Mapadevypa “Exopev mx. Aoy (7.5-4-3) = MoyT + Aoy5 + Aoy4 + Aoy3
kol &uTioTpdPLs Aoy5 + Aoy3 + Aoy6 + Aoy2 = Aoy (5:3-6-2) = Aoyl180.

§ 202. "1616mg 111.-"0 LoyapiBpog mnhikou dbo apBpdy (BeTikdv) Gg Tpdg
paowv a (0 < a # 1), icobtar npog 1ov hoyapiBpov tob drarpetéov peiov Tov hoyad-
pilpov tod Sraipéton, dg mpdg v adrijv Paowv.

*Anédeirg. “Ectwoav 8, kai 6, 8o &piBpol (BeTixol) xai x, y duTioTolycos
oi AoyépiBuoi Twv, s Tpds Paow a. Kot Tdv bpiropdy TV Aoyapibuwy Exouey
Tds Aoyikds igoduvapfos

a¥ =8, <= X = Aoy, 0, kai o= 6, <=+ y = AoYq 0,
’EE otV Acppdvouev
“ 9,
oXlav=10;10s TR0 @Y ===l
9,
*AMG 7y TeheuTala lodTng Beikvier &T1

AoYa (g—:) = x—y = A0Ya 8; — AoYa O

: . N 0, 8, eR” 9 oy, 0,— 2oy, 0
Qoe : 0<ﬂ.751 = h0Ya 92 0Ya Yy 0Yq Uy

OUtws Exopev .. AoY —2—: Aoy 3 —hoy 5

kai &vTioTpOPu : Aoy 7 — oy 13= Aoy 7/13.
Mépiopa I — Oi avtiotpogor apBpoi Exovv avubitovg Loyapifpove.
TpdyuaTi
AOYa (—;-) — AoYa | —Aoya 8= 0—Noy, 8= —Roy, 6.
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Mépiopa Il.— Ado Betikoi apiBpoi slvas toor o€, kai povov tote, v of Loyap-
Bpor avtdv, Gg npog Ty adtiv Pacty, elvan iool, fiTor :

207, 0; = hoy, 0, <= 6, =0,

‘H &mwddeibis etikoAos.

'ABi6hoyog mapatfipnows. Adov v Exwpey TT&uToTE U Sy &1 :
Aoya (8;+ 8,) # Aoy, §; + Aoya 8,
Aoy (8; — 8,) 5 Aoy, 6; — Aoy, 6,
AoYu 8- A0Ya 8y # Aoya (6;-0,) = Aoy, 6, + Aoy, 6,

Aoy, B : Aoyq 8, # Aoy, (%i) = Aoy 8; — Aoy, 8,.
2

§ 203. '1516™g IY.— O LoyapiBpog olasdfirote duvapsng Evog Betikod api-
Opod looltar npog 10 yivépevov tob éxBitov tfig duvapemg ini tov Aoyapbuov tijc
Paozag tijg duvapens.

'Arodeilrs. "Eotw &1 elvan Aoy, 8=x, tvBa 6eR* kal 0 < o £ 1. ’Eav
9%, keR, elvan pia SYvapis ToU BeTikol &p1fuol 8, ToTE, émaidh 8= oF, Exopev
Bk — (ax)k.___ qu'

Ex Toitns, kotd Tdv oplopov TRV AoyapiBucwy, TTpokiTrTer :

Aoy, 0= k-x = k-Aoy, 8.

\# 0€R*, keR |
0<az#1l |

"Qoe: ;‘ = Loy, 0=k -hoy, 0
l

§ 204. "1816™g V. — 'O XoyapiBuog olacdfnors pilng, pé dndppilov Benixdv,
toobrar mpog 10 nnhixov tofl oyapifpov tof onoppifov da tob deixtov tijg pilng.
’Ardderlic. ‘H dverépw 1816Tns &dmoTehel wopiopa THs Tponyoupévns 1816-
os. Mpbyupory, &pkel els Thy &modeiybeicav lodTnTa Aoy, Bk = k-Aoy. 8, v&

Tebf] . k=%.
AauPdvopev TTE :

I v
Aoy. 8Y = Aoy, VB = % - Aoy, 8.

 0eR*, veN

Yoo
ok h — A0v. V8= - doy, 0

“Qore:

3
Olrrws éxopev .x. Aoy V205 = % Aoy 205
s
kel dvTioTpdpos : vl Aoy 1014 = Aoy V1014,

D
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§ 205. "1816Tg Y1.—’Eav 1| Paci a tév Loyapifpov elvar >1, ol dpdpoi
ol peyarvtepor tob 1 Exovv Betikoidg AoyapiBpovg, tvid ol Betikol kai pikpodtepor
tob 1 Eyovv dpvnrikoilg AoyapiBpovg, fiTol:

LY 0 >0 <= 0>1

’Ea 1
S MY 0 <0 <= 0<0<1

*Anéderkrg. "Eotew 611 Aoy, 8 > 0 &k Tfis a > 1 mpokuTtrTer :
al.oyuﬂ > llo'fue
'EE ol: 8>1.
'Aviiotpbpac. "EoTtw 8 > 1 f &mwep 16 alrrd o e > 1% °EE s, Ermrer-
51 o> 1, pokUmrTel: Aoy, 6 > 0.
‘Ouolws &mobeikvieTan kal 1y SevTépa loobuvapica.

Mépropa.—Tiis pacewg a tdv Loyapibpwv obong >1, 6 peyalirepog ik Sbo
Betikdv dpOpdv Exer peyahibtepov AoyamBpov kai dvniotpboug, fitor :

’Eav a > 1, 1612 : Aoy, 0; > Xoy, 0, <= 0, > 0,

§ 206. "1616mg VII.—'Eav 7| paoig a tdv hoyapibpov elvar : 0 < a < 1,0l
apBpoi of peyalbtepor 100 1 Exovv dpvntikovg hoyapifpovg, Evd of Betixol kai p-
kpotepor tob 1 Exovv Betikoig hoyapiBpovg, fiTol :

My, 0 <0 <= 0>1

-
g RS e e B g (Al

“Yroderkrs. MapaTtnprioaTe 6T1 @ Aoy, 8 = — Aoy .8 kai épapudoaTe drolou-
6ws THY Tponyouuevny iSi1oTNTC.

Moépiopa.—Tiis Pacews a t@v hoyapiBpov oliong Betikiis Kai pikpotépag tiig
povadog, 6 peychitepog £k 800 Bctik®v apBpdv Exer pkpotepov hoyapiBpov kai
avaotpopug, fjTol :

Eav 0 <a < 1, 16te: hoya 0, > doy, 0, <= 0, <8,

Mapatipnaig. 'Ex 1édv &vwTépw ISlotATwY TdY Aoyopifuwy xabioTaTo
pavepdy, 811t ThY BotiBeiav dvds «AoyagiBuixod mivaxogy, Trept Tév dmolwy B8
Sufiowper kaTwTépw, Buvdueda vd dmAotoifowuey éva &pibunTikdv UoAoyi-
oudv kal ToUTo, Bi1dT1 Suvdpeba va dvTikaTaoThiowpey Eva ywouevov pé fva &
Bpoioua, fva nAikov p¢ piav Siagopdv, wlav taywyny pilns ué plav Siadpeaiv
KT

238

WnionoiBrke amod To ivotirouto EknmaibeuTikrg MoAmkrg



Els mv TeAeuTaiav pddioTa TepiTTwov & AoyapiBuikds Urohoyiouds elvat
GquatrdgeukTos, 6tav & BeikTns ToU pifikoU elvan peyahUTepos Tou 3.

‘Edappoyai TV iSotiTwy TOV Aoyapifpwv
In. N kppacdi 6 Loy, (

: ) Ono popenyv dhyepprkod GOpoiopartog Aoyapifuwmy.
5B v

Aborg. "Exopev :

Aoy,( 2 ) = Aoy, (3a%) = Aoy, (5B« J57 )= Aoy 3 + Aoy, o — (Aoy, 5 + Aoy, -+
5B Yy

‘ 1

tAovs gy ) =1+ 2hoys a=2oy; 5oy, B— Doy, 1.
2a. Na 2gupposBoly ndom al duvatal idiotnteg 1®V hoyapiBpov ixi tob
3a® - "‘Bs )
s Jar By

Aoy , EvBa o, B,ve R".

Avog. “Exopev :
;\oyai_‘___ Ry Aoy (Bad - vlgn TY) — Aoy (5p* - }'.u_’ By =
5p% - for-B -y
[J\oy3 + 3doya + % (2MoyP + loyy)} - [?\oy5 + 27oyB + % (2roya + Aoyp +

+ 2hoYY) ] = Aoy3 —Aoy5 + —-3“— Aoya — j6l hoyp — % Aoy y.

Rt
Jn.’Edvlo'yel=—%+we] = f=1.e I‘,
Abog : "H Sobeloa ypdgeTan ;
3 Rt i Rt
?\oyel—?\oyel=— L A ?\oyeT=...T_
Kord Tov dpioudv ToU AoyaplBuou Exouev ik Tiis TeAeuTalas fodTnTos :
P _ Rt
e L =, ob: i=1l-e L.

I
4n.’Eava > B >0 xai a4 p* = 11af, Scibare 6n:

a—§

1
Aoy —5— = ——(Aoya + hoy).

‘Anodergig : "Exopev :
o+ P -2P=9P f (a—-P)P=9%P A a-p=3Yop
A = -gE = Yap.
TéTe Suws B Exwopev kad :

— - 1
roy (23%) = noy faB = - Ghoya + hoyP).
5n. Na dex0{) ) dinbeia tfig lootntog :

:—6107(3+ 21D —ddor (J2 + 1) = %m (z2—.
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Abowg. Tapatnpoipey 611: 34 22 = (Y24 1)
7 A st
"Apa: 1Moy (3 + 212) — 4oy (JZ+ 1) = —= hoy (12 + 1) —4doy (JZ+ 1) =

= L roy (Z+ =420y (17 + 1) = — Zaey 2+ 1) w
8 8
"AMAG kaTd TO Tépioua | § 202 Exopev

=doy (fZ+ 1) = hoy (3—) =ney (Z-1) @

*H (1), Ay Tiis (2), yiveta :
T%—?«oy G+21D—4roy (J2+ 1) = -25'?-?\07 az-1.

§ 207. MevaBaoig £§ tvog AoyapiBuikol ouoTfiparog elg Erepov
(aAAayh) Paocewg AoyapiBuwv).— Al dvwtépw 1B16TTes @Y AoyapiBucov
dvapépovTar G Tpds THY alThv Phow. TToAAdkis Suws Tapouaidlovtal, el &v
xai 1O aUTd TpdPAnua, AoydpiBuol s Tpods SiagopeTikds Pdoes, &Te & Aoyt-
ouds, &v &y1 &divaros, 5év elvan elikoAos kail Bi& ToUTo Ekeivo, Td dmrolov EmiBic-
xouev, eUbis £€ dpxfis, elvan : wavTes of AoydpiBuor va dvapepbolv dx Tpds
THY auThv RBdow.

ToUTo émTuyydveran &1’ tpappoyfis ToU k&Twh BecopriuaTos :

Oewpnpa.— 'Eav yvopilopcy tov hoyapiBpov Evig apibpod, dg npdg Pamv
uva a, chpiokopev tov Aoyapilpév tov, g npog véav Paowy P, Eav Siapéowpey tov
Yvootov hoyapBpov (g npog Baciy a) Sia tod Aoyapifpov tiig véag Paocwg B, dg
npdg tiv nalaidv, fjTol:

ﬁ +
N ek _ oy, 8
0<a#1l = hoyp 0= 2ore B ()
0<Pp#1 3

"Anddeifig. "Eotw x 6 AoydpiBuos Tol 8, d mpds THY véav Paov B, fitor

£oTew 611 : Aoys 6= x. )
TéTe, kaTd TOV Spiopdy TGV Aoyapifucwy, 8& Excouey ;
px=8. (2)

NappavovTes ToUs AoyopiBuous Tév peAédv Tiis lodTnTos (2), ws mpds Paowv
o, EUpiokopev :

5 e _ Aoy.®
X Aoya P= Aoy, 0, ¢ oU: x—w-
H Tehevtaia iootns, &v Angdfj U’ dyw f (1), ypéeeTan :
_ hoy.B
Aoyp 6= D 6.8.5.

Nopatipyois. ‘O TUTos (T) Tapéyer ToV kavova edpiotws TV Aoyapifuwy
@5 Tpos TO Aoyapifuikdv oUuoTnua pi Pdow B, tdv uoikd yvwpifwyev Tols Ao-
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Yapifipous ds Tpos T6 gUoTnua pé Phov T a. AauPavopévou 8¢ U’ Sy &t
Utrépyouv AoyapiBuikol Tivakes dx wpds Pdow 10, Buvapeda, 17 Ponbelq Tol TU-
mou (), Xwpis THY oUvTadv véwy Tivdkewv, v elpwpey Tov AoyépiBuov oloust)-
ToTe BeTikoU &p1Bpol dos Trpds olavBrmoTe Péotv BEhopey.

‘0 Tlmos (1), tv Angdij a= 10, &i1dT1 do mpds Péow 10 Umrépyouv Tiva-
KES, YPAPETQ :

Aoyp 6= e ()

Mépiopa.—To yivépevov 1dV hoyapifpov oo (Betikdv) aprBpdy Swapopav
tfic povadog Exarépov Exovrog faowv tov Erepov elvan 1 povag.
Mpéoypot, 81d 6= a & Timos (T) 5iber :

Aoy, a 1

A — = i A
oyp @ *oYep T ke’ Soov Aoy, a= I.
"Ofev : Lova P X hoypa=1

*Afwoonpeintog icdtng.
‘0 TUmos (), T Ponleiq ToU dvwTépw ToplouaTes, YpapeTan :

Loy B=DXhoy, 0x hoyp a

(-]
o
'‘Epappoyai: In. 'Eav Aoy2 = 0,301 xal ioy5 = 0,698, va c0pedff & Loy250 xai &
107,250.
Abaig 1 a) Aoy250 = Aoy (2:57) = Aoy2 + 3Aoy5 = 0,301 + 3.0,698 = 0,301 + 2,004 —

Enp. Munuovikds kavdw : ~;— = X %.

==2.365.
_ Aoy250 _ 2,395
B) Aoy,250 = hoy2 — 0301 = 7,956.

2a. Na drokoyioffi § amBpnukd pd s napastaosng :

K — B01s5 + hov,5) - hovS
107,5 - hoY,5 )

Abeg : “Exouev, Buvdpel ToU opiopaTos Tiis § 207 :

1 1 1
X (Aoy,Z * ?\oy.3) " Noysb Aoys2 + Aoy,3 Aoy;(2-3)
= F -= =,

1 Aoy 6 Aoy ;6

Aoys2- Aoys3
§ 208. TuhhoyapiBpog Evdg apiBpoil.— Kohsitan oviloyapiBpog évds
BeTikoU &p1Buol B s pds Paot a, & AoydpifBuos ToU dvTioTpdgou Tol 6, fitol

TOU % s pos TV [Blav o kal onueiolTon oUTew :

ouAAoy, 6.
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"EXOMEV KOTA TaUTa :

ouAhoy, 8= Aoy,

61 = AoYa 1| — Aoy, 8= — Aoy, 6.

’EvteUfev EmeTon ) TPOTAOIS :

'O ovidoyapiBpog Betikod Tivog apBpod O isobtar nmpdg tov avtiberov tod
LoyapiBpov tob 6.

"QoTe :

1
ovhhoy, 0 =hoy, g hoy, 0 (n

*H eloarywyn Tév oulhoyapifucwy émTpéme va dvTikabioTdpey wiav Siago-
pdv Aoyopifuwy Si1& ToU dBpoiouaros Twv. OUTws Exouev :

AOYa g‘ = A0y, 8 — Aoy, 8, = Aoy 8; + cUAAOY.E,.
2
Znp. "Ex THs (1) Exouev &m1:
*ov, 8+ ovikoy, 6 =0 @)
AZKHZEIZ

436. N& tpappoofoliv éoa al Buvaral 1816 Tes TGV Aoyapifuwy twl Tév :

1) oy3x Ix 2) Aoy 2T, 3) toyL1Z,
f2x 4fx - y? Yis 2
4) Aoy M‘ 5) Aoy _ox*lyz
'.‘xl Fy 7yl. ﬁ:yzl

437. Elpete THv Ty Tou : Aoy, v32 -¥Yis. 'ff_.
438. N& AmoBeaydij ) &ififaa Tév k&Twh looThToww :
1. Aoy3+ 2hoy4—Royl12=22roy2

2. 3%oy2+ Aoy5—Royd=1

3; %—Roy25+ ;—Aoy8+—;—?\oy32=2?\oy2+}\oy5

4. doyy -;—Y = Aoy @ + ouNAoYRy — 1, &mwov o, B, yeR*,Bp#1.
439. 'Edv Aoy2 = 0,30103,vé Umrohoyio8i) f Tiun Tfis TapaoTaoews :
y= %?\oy2+ 2i roy 2+ ¥2)+ % Aoy (2 S Vz—-i-—ﬁ)+ % 10‘!(2 —m)
440. Aclfare dmi: XMV = yhorx,

441. 'E&v o, P TpaypaTikol &pifpol peyahiTepor Tiis povados, vé oo} f wapd-
TS !
y = Aoy (o — 1) + Aoy (B* — 1) —Roy [(af + 1)* — (a + B)*].

242

WnionoiBrke amé To ivotirouto EknmaiSeuTikrg MoAmkig



442. "Edv Doy2 = 0,301 ol Aoyl4 = 1,146, elpeTe Tols Ewopévous AoyapiBuous :

3 3
- Aoy28, Aoy8, Aoy5, Aoy56, Aoy32, Aoy —:}, Aoy V64, Aoy35, Aoy 170.000 -

443. Aelfore &T1: Aoy, P - Aoypy - Aoy, a=18kkdbea, B, yeR*— (1} .

444 "Edv loyun : Aoy, ¥y = Aoyy 2 - Aoy, x, Térebdelvan: x =y @ x=—-§r—.

445. Tvwpllovtes, &T1 Aoy 2 = a kal Aoy 15 = B, vé& UmohoyioBoiv ouvapThoe Tév a

kol B al mapacTéoes : .
1) Aoy, 172, 2) 2oy /3 % -
) Aoy, I7 ) ror Y296

446. "Edv Doy (x'y?) = a xal Aoyx — hoyy = B, vé Ekppacfoiv of Aoyx kal Aoyy ouvap-
TMoe TéV a Kal B.

447.’Edv «, B, ye R' — (1} xal Blowpev: x = Aoy, (By), v = Aoyg(ya), z = Aoy, (aB),
v &moberyij &1 : Xyz=x-+y+ z+ 2.
448. 'Edw elvan Aoya —Aoyp > 0, Tl owvédyera Sik Tous &p1Buols akal B ;
449, No eUpedi] 1) Péots ToU AoyapiBuikol ouoThparos, els T drroiov elvan dAndns 1) lodns:
2 (hoy, 8)® + Aoy, 64 + Noy, 8 = 9.
450. “Ouofcs :

3
Aoy, Y625 — Aoy, V125 + % =0.

451. 'Edv o, B,y e R*, Bidgopot &AAfAwvY kal Aoy o = ] P s , vé &roBey 67
P-y y-a a—p
ém - pPyr =1
452. 'Eqv ol «, B, y elvan Betixol xal karéxouv dvTioTolyws Tds TéEeis u, v, p els plav
yewueTpikhv kal ulav dpuovikiv pdobov, Belfate &11:
a(B-y)roya+ P (y—a)royP + y(a—B)roy y = 0.
453. N eUpedij 1o &fpoioua Tév v mpdTwy Spwv Tiis celpds :
b a,, utyevikov Spov: a, = Aoy a5
v=1
454. 'Edv ol &pifpol «, P, y elvan SiaBoyikol Spor yewpetpikis mpodBou, v dmroBeiyfi
&71 ol AoydpiBuot tvds &p1Buol (BeTixol) ds Tpds Péoers dvioTolyws a, B, ¥ elvar BiaBoyixol &por
Gppovikiis TpodBou.
455. 'Edv x, y,ze R*, B1&gopor Tou a, &mou 0 << a # 1, kal elvan :
1 1
y = ui—'ioya X 7z = al™*Ya ¥

ToTe B¢k elvan :
1

x=qa' "M%

456. "ApiBunTixiis Tpodbou & mpdiTos Spos elvan & Aoya kal & SeTepos Spos Tns & Aoyp.
N& Beixdfj &t 16 &fpoiopa I, Téwv v mpdTwv Spwv Tns elvan :

1 v (v—1)
E = i, Aoy
457. 'Edv x, ye R*, Bel§are &m loyler :
o et .
458. 'Edv ae R* xal p, v € N Tow0UT01, BOTE P > v, v &obeiy8ij &1 :

Moy (L4 @) < Ny (1 +a'),

o (v--3)
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Aexadikoi AoyéapiBpor

§ 209. ‘Opiopdg.— Kaheitan dexadikog hoyapbpog &pibpou mvos 6 > 0,
& Aoy,ef, fitor & AcydpiBuos auToU s pods Baoiv 10.

FuvhBws Tov BekaBikov AoydpiBuov &p1fpol § > 0 koAouUpev kail &rAdds Ao-
yépiBuov ToU 8 kai vl ToU oupPdhou Aoy xpnoiuomoloUpev TS : Aoyd
(&veu BefxTou).

’Ex ToU opiopoU ToU BexaBikoU Aoyapifuou kal ToU cupPoAiopou Exopev
TV Aoyiknv looduvapiav :

Aoyd=x +=> 10°=19 )

OUtws Exopev .X.
Aoy100 = Aoyl02= 2, Aoyl000= Aoyl0®=3, Aoy0,0l =RAoyl0%2=-2,
<
5
Mevikés : Maoa dbvaus tot 10 pé éxbérny dplbudy ontov (aduuetpov) Exer Aoyd-

5 3
Aoy Y103 = Aoy 10 i

otBuov Tov pnTév ToiTov éxbBéTny, fiTol :
Aoy 10°=p, Y peQ.
Eis Thv eldiknv mepimrwo, kaf® fiv peZ, & Aoydpifuos ToU 10° elven
0 dxépaios &piBuds p. OUTws Exopev TOV droAoubov Trivaka :

x ... /00001 0,001 001[01] 1 |10]100 |1000|10000]...
avxl...| 4 | = -2 lalela) 2. i3] ¢ ...

0i doydpbpor Tav dobludv, oi dnoior dév elvar aduuetpor dvvdueis Tod 10,
elvar doBpol aodpuetoor. Tpdyuat, &v 8§ elvan els Toro0Tos &p1Buds kai Umobéow-

pev &m1 oUTos Exel Aoydpifuov oUppeTpov &pifudv .y, ToV —u—, fvBa MEZ,
v

M
VEN, 8nA. 6T elvan Aoyf = %—, TéTe 10¥ =8, &Tomov, Adyw Tiis yevouéuns
Utroféoews Bid TdHv 6.

OUtew m.x. 6 Aoy35 elvan &piBuods doUppeTpos, 81611 &v fito : Aoy 35= %- .

1
Smmou WEZ, veN, ToTE B& eiyopev : 10v=35% 2u.85u=5".7v.
‘H TedevTaia dpws iodTns elvan &duvaros (Siai;).
"Apa 6 hoy35 elvan &piBuds doUppeTpos.
"Qoe: Of AoydoBuor GAww tdv (Oetindv) dobudy, éxtoc Tdv ovuuétrpaw dv-
vapewy Tov 10, dév ddvavtar va dmoldoyealotv dxpifdc, dalla xara mpooéyyiow
peac dexadixiic povadog (ouvmBuws Umohoylfovral katd mpootyyiow 0,00001).
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Fevikiy rapatipnowg. ’Ev Tois émropévors ylvetan Adyos pévov Tepi Bekadi-
k&v Aoyapifucov. 'Emeidn 8t f Pdois a= 10 > 1, wpokUTrTEl &K TS iBiéTnToS
VI (§ 205) 671: of &pi1fuoi of ueyaAUTEpOl THS povaBos Exouv BeTikous Bekadikous
Aoyapifiuous, ol &8¢ OeTikol kai HIKpOTEPO1 TTis HovdBog Exouv &pvnTikoUs Aoya-
pifBuous.

§ 210. XapakTnpioTikdov kai Sexadikdv pépog évdg Aoyapibuou.

"EaTw 11 BEhomev va elpeopev Tov Aoy 557.

’Etre1dn 102557 <= 108,

Bc Exoouev, &v A&Puwouev Tous AoyapiBuous Tév TEIGV HEAGV :
2 < Aoy:557 <3.

*Hror: RayBSTa=2,... .

AnAadn @ Aoy 557 =2+ d, émou d BeTikds dpiBuds wikpdTepos Tiis povdbos.

To dxépaiov pépos (els 16 dvwTépw TapdBerypa & dpiBuos 2) koAeiTal «qa-
PUKTNPLOTIKOVY TOU Aoyapifuou, & 88 OeTikds kal uikpdTEPOS TTis povddos Sexa-
Bikos &p1Buds d xoheiton «dexadikov pépoc» ToU Aoyapifiuou.

To xapaktnpioTikéy &vds Aoyapiuou, .. ToU Aoy®, mapioTtaTan ouppo-
Akéds oltew : [AoyB].

‘Ex ToU dvewtépw TrapaBeiypatos kal toU piouol ToU XSPAKTNPIOTIKOU
guds Aoyapifuou, kebloTarar pavepdy ET1 dx XGPakTnpIoTIKOY Evds Aoyapifuou
OpiCopev oy puxpdregov éx Sdo diadoyixdy dxepaiwy, petaby Tiv dmolwy mepié-
xetar 6 Aoydpifuos adrds.

OUTteos  Eyopev :

‘Edv Aoya = 5,03426, Té7e [Aoya] =5 kald = 0,03426.

‘Eqv AoyP = 0,63752, Téme [AoyB] = 0 kad d = 0,63752.

‘Eav Aoyy = —2,32715, Téte [Aoyy]=—=3, &16m1: =3 < —2,32715 < —2.

To Bexadikov upépos elvar pndiv pévov i Tos drepaias Supdpers Tou 10.
Els maoas tas &AAas mepimTddoes TO Sexabikov pépos AapPdvetcn s BeTikdv.
"Qoe :

To dexadikov pépog Evog AoyapiBpov elvar pn apvnrikog apibpoc.

'Edv d elvan 10 Sexadikdy pépos TolU Aoy kai [AoyB] 10 YapoxTnpioTiKdY,
TOTE €k Tiis oyéoews :

Aoyf = [Aoy® |+ d
TTPOKUTTTEI :

d = hoy® — [hoy0)

OUTws Exopev :
‘Eqv Aoy 0= —3,45217, 1é1e [Aoy 8]= — 4 xai d— — 3,45217 — (—4)=
0,54783.

§ 211. Tpomi apvnrikod AoyapiBuou eig fuapvnTikév.— "EAéyon
QvwTepw ST TO SexaBixov wépos Evos Aoyapifuou elvan ut) &punTikes &piBuds.
"Emreidn Suews of AoydpiBuct TGy BeTikéw Spi1Budy TéV pikpoTépwy THs povéBos
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elval dpunTixol, of 52 ToloUTo1 AoydpiBuot Bév elvan elypnoTol els TOV Aoyioudy,
B1& ToUTo Tpéopey ToUs dpunTikoUs Aoyapifuous els «ipmapvnrikoigy, BnAabn
els AoyapiBuous Tév bmoiwv povov TO dképaiov pépos (XapokTnpioTikov) elval
&pvnTikdy, TO BE Bekabikov BeTikdv.

‘H tpomn alTn ylveto s EEfjs :

*Eotw Tr.x. & (8Ahws) &pvnTikds Aoydpibuos &pibuou Tivos

6 —2,54327 fjtor  6: —2-0,54327.
*Edw els v TpooBéowpey —1 kai 41, &1rep Gév TOV peTaPdAiel, AauPdvouey:
—2—-141-0,54327=—3+ (1 —0,54327) = — 3 4 0,45673.

"Qote elvan : - 2,54327 = —3 + 0,45673.

*ANAG T &Bpolopa ToU dkepadou dpunTikel pépous —3 Kal ToU SexabikoU
0,45673 cuppwvoUpey v& TO ypdpwyey, s £6fis : 3,45673- Bnhadt) ypagopev TO
AR Umrepdue Tol dkepaiou pépous, fva BnAwowiey, &Ti ToUTo pdvov elver &pvn-
TIKéV. ‘YTO THY popehv aUTHY padverar, 8T1 XopakTnploTikéy ToU Aoyapifuou
elvan 16 épaiov pépos —3, 8161 & hoydpiBuos TepiauPdveTon peTafy TGV Bia-
Boy kv repafwv —3 ki —2 kai Sexabikdv pépos ToU Aoyopifiuou, TO dvaypa-
pduevov Bekadikdv pépos, 51611 TolUTo eiven f Biapopd, f dmola TwpokUTrTel, &v
&md TdHV Aoydpifuov —3 4 0,45673 deaipedii TO XapoxkTnpioTikoy aUTou —3.

‘Opolws Exopev :

—3,75632 = -3 —0,75632=—3 — 141 —0,75632 = — 4+ (1 — 0,75632) =
— — 44 0,24368 = 4,24368.

’Ex 16V dvwTépw TapaBeryudTrv ouvdyopey Tov kémwht kavdva :

Kavav. A va toéypouer dovyrixor Aoydoifuov els djuapvyuixdy, adédvouey
i dndlvtoy Ty ot dregalov xard 1 xai ypdpouey T6 — vmspdver TOT €bpL-
oxopdvov dfpolopatog, debua 62 TodTov ypdpouey A¢ dexadued ympla Tag drago-
ol TdY Sexadix@y ynpiwv tod Jolévros, Tod pér tedevraivv (onuavtixed) amé
tov 10, Tdv 6é dAdwv amo 1o 9.

Oftews Exopev Tr.X.

*Edw Aoy 8= —3,85732, 6& Eycopev : Aoy 6 = 4,14268.

"Edv Aoy 8= —2,35724, 8& Exwuev : Aoy 8= 3,64276.

§ 212. "1816TnTEG TV Sekadikdv AoyapiBpwv.— a’). To yapaktnpr-
otikov £vdg hoyapifpov elvar 6 Ex0itng tiis peyalvtépag dxepaiag dvvapewg Tob
10, ) drnoia d&v OnepPaiver tov apiBpov.

*Anodargrg. Tpdoyparr édv 10F elven ) peyoAuTépa drepaia Slvas Tou 10,
A uf) UmepPadvouca Tov (BeTikdv) dpiBudv 8, ToTe B Exwopev :

10k=8 < 10k+!, keZ.

2EE od: k=Myd<k+ 1

“Apa & Aoy® fj 8& elvon foos pt k fj pe k+d, dmov 0 < d < 1.

"Ofev TO apakTnpioTIkOV Tou AoyapiBuou 8 elvan igov Tpds k.

246

WnionoiBrke amod To ivotirouto EknmaiSeuTikrg MoAmkng



B). To yapaxtnpiotikov tod hoyapifpov évog apBuod peyalvtépov tfig pova-
dog igoltar npdg t0 mAijog @V yneinv o dxepaiov pépovg adtod, fhattwbiv
Katd povada.

"Anéderfic. "Eotw 811 & dpiBuds © elvan HEycAUTEpOS TTis povdaSos. ‘Eav To
dxépaiov pépos Tou B Exn k yneia, TéTe & 6 B mepiéyeTan peTalyU 105! kai 10k,
fiTol B Eycopev :

10k =8 < 10k,

"EE o0 : (k—1)=2roy 8 < k.
"Ofev 16 yapaxTnpioTikév TolU Aoy® elvan Toov Tpds (k — 1).
Ofrw .. Aoy 235 =2 . ...

Aoy 5378,4=3,.....
Aoy 3,748=0,.....

1'). Td yapoxtnpietikév o0 hoyapifpov évog Betikod apibpod, pikpotépov tiijg
novadog, yeypappévov dnd dexadikiv popeiyy, Exer téoag dpvnrikag povadag, don
elvar 1) 1GE15 Tob mp@Tov oNpavTikeD YN@iov Tov petd TV dnodiactolrijv.

*Anédeariic. “Eotw 6T & Bemikdg &pibuds 8 elvan pikpdTepos THs povabos
(0 <8 < 1). ’Edv k elvan 1) Béais ToU TpcdTou onuavTikoy yneiov petd ThHv Umo-
BiaoToA el THY SexaBikiv popehy Tol 8, B elvan

{1 gt~ WP T
"EE 00 Aoy 107 = Aoy 8 < Aoy 107!
A -k =ty 8 < —k-+1.
"Ofev 16 xopaxTnpioTikdy ToU Aoyf elvan fgov mpds —k.
Olreo .. Aoy 0,00729 =3,.. ..\
Aoy 0,27508 =1,.. ...
Aoy 0,08473 =2,.....

Napatipnos. TH Ponbeia Tév dvewtépw iBioThTwy Buvdpeda va eupioxwpey voepGys (o
WVAUNS) TO XapaxTnPIoTIKOY ToU Aoyapifuou tvds dpiBuoy.

"AvTioTpopws Topa i TEY [SlothTwy B kad Y’ Emetan &Ti:

&). ’Eav 10 yepaxtnprotikdy tod Aoyapibupov &vog apifpod (Betikod) x elvar
GpiBpog Betikdg 1 pndév, tote 6 apBpdc x Exer téoa axépaa ynoeia,doag povadag
Exer 10 yopaxtnproTikdy kai Ev axopn. 'Eav 6 Loyapifpog tod x slvan fpapvntikoc,
tote 10 dxéparov pépog Toi X elvar 1o pndév, 16 82 npdtov enpavrikdv yneiov tod x
petd iy Urodractor v xatéxer takiv ionv pé 6 nifjbog TdV povadov tiig drokiton
Tpfig tob yapaxtnpiotikod.

OUtws, tav Td YapakTnploTikév ToU Aoyapifuou dpiBuot Tivos elven 3,
TO dképaniov pépos ToU dpiBuol Exel Téooapa wnpiar Ev TO YapoakTnpioTikdy elvan
0, T6 dxtpaiov pépos ToU dpiBuoy Exer Bv ynpiov: Eaw T yapaxTnpioTikdy elvar 2, &
&p1Bpos elvon Sexadikds THis wopefis 0,0y,y5y,v,. - ., fva 1 Sy, <09

247

WniomnoiBrke amoé To ivotirouto EknmaiSeuTtikrg MoAmkig



£). '"Eav noAlaniacidocopey (fi Sunptompev) Eva aplpov Eni 10V, veN,
Sexadikov pépog Tob LoyapiBpov div peraPaidietar, T0 yapaxtipioTikoy Sptog adrold
avEaverar (ff Ehattobtan) katd v povadag.

’Anédertrg. "EoTw & fBeTikds &pifuds 8 pt Aoy® = y,, ¥1Vs¥s- - -
TToAAamAaoiddovtes Tov &pifudy € &l 10v, v eN Exouev TéTE :
hoy (10¥ - 8)=2noy 10"+ Aoy 6=v+ Aoy 6=v 4y, ¥i¥Ve¥s-.- =

= Yo+ V)s ¥1¥o¥s--- (¢))
‘Opolews, SiaipoUvTes ToV 8 Bict Tou 10¥, v EN Exopev :

6 :
Aoy( Tov ) =Aoy 8 — Aoy 10¥=—v+ Aoy 0= —v 4y, V1¥e¥s- - =

= (Yo— V) Y1¥eYs--- (2)
Al foétnTes (1) xad (2) Bekviouv &T1 TO BexaBikov uépos Tou -Aoyapifuou
ToU &p1BuoU 8- 10k, k € Z, elvon 16 orrd pt 16 SexaBikov pépos ToU Aoy, 1o yapa-
KTNPIoTIKOV Spcws ToU Aoy (8 - 10k) adEéveron (fi EAarToUTat, &v k &pvnTids
dxépaios) kot k povédos &v oytoel Tpds TO YapakTnpioTikdv ToU Aoyd.
Auvéper Tiis dvwTépw 1B16TnTOS 0f dPi1Buot Tr.x. 5, 50, 500, 5000,. .. éxouv
TO oTd BexaBikdv pépos els TdV AoydpiBudv Tous. *Errions ol &pibuot :
0,5+ 0,05 0,005 0,0005...

Méptopa. —’Eiav d0o dmBpoi Exovv 1@ adta ynoie xai xata tiv abdtiiv ta-
Ew, Swagipovv 82 povov g mpdg Tv Bécwy tfig Dmodractoliig, ol hoyapiBpoi tav
Swagépouy povov Katd 0 YUPAKTNPLOTIKOV TOV.
Olrews, tav elvan mx. Aoy 312,865 = 2,49536,
TéTe 6& elven : . Aoy 31,2865 = 1,49536
Aoy 0,312865= 1,49536
Aoy 31286,5 = 4,49536
Aoy 3,12865 = 0,49536.

§ 213. Npaéeig i TGV Sexadikiv AoyapiOpwv.— Al mpd€es émi
TV BekaBikédy AoyapiBuwy yivovtar, kaBos kal ol mwpdfers il Tév SexaBikddv
oXeTIKEY &pifuddv, pt TapaAAayds Tvas, dtav of AoydpiBuotl Exouv dpvnTixdy
XapoxTnploTikov. 'ExtevéoTtepov Exouev T EEfs :

a’). Ilpéobeorg AoyapiBpov. Ak va mpoobBécwpey SexaBikous Aoyapifipous,
TpooBéTouey T& Sekadikd pépn, T& drroia elvan GAa BeTikd kal TO dképaiov pépos
ToU dfpoiopaTos aUTddv TO TrpocBiTouey dAyePpikdds els TO GhyePpikov dlpolopa
6V &repadcov pepddv TGV Aoyapifpcv.

M.y. 1) Na yivy /| npéoleng : 5,57834 + 3,67641. “Exopev :

557834
3,67641 MpooBéTopey T& Bekabika uépn Twv, s ouvhBaws, kal EXouey TeAkov
7,25475 kpatoUpevov 1, 81e T diépatov pépos ToU dBpoioparos elvar :

14 (=) + (-5)==7=T.
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2) Na yivn 1 npooBeorg : 2,85643 - 2,24482 -+ 3,42105 -+ 1,24207. “Exopev :

2,85643

2,24482

?_,42105 ‘Evraifa 16 &bpoioua Tév Sexabikdv uepdov Exer plav depaiov
1,24207 HovéBa kal ouvemrds Té dwépaiov pépos ToU &bBpoiopaTos elva :
3,76437 I+ D)+ E3)+24(-2)=-3=3,

B). *Agaipeors hoyapifpwv. ‘H dpaipeois Aoyapibuwy yivetal, Smews kal 7
&oaipeois TéV cuvniBuwy BekaBikdv dpiBudv, 1) B¢ Biapopd TGV Bexabikév HepSV
elvan Betikds dpiBuds. "Eav k Tis dpoupboecos T@V Sexadikddv pepdv Trpokuyn
TEAIKESS KpaToUuEvoy, TouTo elvar Betikdv kal mrpoaTiferan (SAyePpixdds) pé 1o
XapaKTNpIoTikoy Tou &paipeTéoy, dxohoUBuws 8¢ T& &bpoloua ToUTo deanpeiten
&d TO XapaKTNPIoTIKOY TOU pElwTEOU.

TM.x. 1) Na yivy 1 dpaipeorg : 2,83754 — 5,32452. “Exopev :

2,83754
5,32452 "Evratba Btv Umrdpyel kpaToUpevov, TO 8t yapakTnpioTikey lootuTan
3,51302 Tpds 1 —2 — (—5) = 3.

2) Na yivy 4 deaipeog :  3,48765 — 2,75603. “Exopev :
3,48765
2,75603 _ "Evralfa 16 TeAikdv kpatoUpevov elvon 1, To BE yapaxTnpioTikov
2,73162 loobrar mpés: —3—(—2+ 1)=-3—(=1)=—-2=2,

3) ‘Oupoiws Exopev :
2,95842 5,67835 0,35893 2,72125
5,76923 085632 344972 528582
3,18919,  6,82203, 290921,  3,43543,
Hapatipnois. ‘Qs yvwoTtov (§208) elvan :
Aoya — AoyP = Aoya + cuhdoyp,
fiTo1 ) daipeois dvds Aoyapifuou dvdyeta els THv Tpdobestv ToU ouloyapiBuou
Tou.
“Ynohoyiopodg 100 ovhhoyapifpov évog apibpod, yvwetod Svtog tob Aoyapifpov
ToUL.
"EoTw 611 elvon AoyP = 2,54675. Tore B Eyoopev :
oUAAoYR = — AoyP = — 2,54675. (1)

’Emeidn (§ 211)
— 2,54675 = 3,45325, # lodtns (1) ylveton
ouAhoyP = 3,45325.

’EvreUfev EmeTon O &Efis:

Kavov. Awr va elpwpuer tov ovidoydofuoy évis dpibuot, Toi dmelov yrwpoilo-
uev wov AoydptBuov, mpooférousy els 10 yapaxtnpioTixdv tov Aoyaplbuov 1o + 1
xai Tod dfpoloparos dAddogouey 10 onueiov, dxodotbws dpatgoiuey Ta ynpila To
dexadixod ufpovs amo tod 9, dxtdc tedevralov onuavrixod, 16 dmoiov dpaipoduey
dno tot 10.
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KoTtd TaUTa Exopev :

’Edv Aoy « = 1,37260 = ouloya = 0,62740

’Eav Aoy 0,06543 = 2,81578 == oulhoy 0,06543 = 1,18422.

v). Mollarhacraspds £vog hoyapibpov Eni dxéparov apOpov.

Aroxpivopsy 8Uo TEPITITCOTELS :

i). *Eav 6 axéparog elvar Betikdg, TOTE TTOMCTACOIELOMEY T0 Bexabikov pépos
ToU AoyoapiBuou i Tov BeTikdv dxépatov kald yphopey pévov T& Sekabika wneia
ToU ywouévou, T Bt dxéponov pépos ToU yivopEvou TO TrpoodETopey &AyePpixés
els TO ywdpevov ToU YapaxTnpioTikoU &l Tov BeTikdv dxéponov.

Tl.x. Na yivy 6 rollanlaciaopds : 2,65843 x 4. “Exopev :

2,65843
4 'Evraifa 16 TEAIKOV xpaToupsvov elvon 2, TO Bt yapakTnpioTikoy
6,63372 o0 ywopbvou looUten mpds: (=2) - 4+ 2= —6=6.

ii). 'Eav 6 axéparog elvar apvnnikog, TTe ToMaTAaGIGLOUEY TOV ouAAoy&-
pifuov ToU &piBuol i Tov dvTifeTov ToU dxepadou xai olTws Gyouebo eis THY
TPOTNY TEpiTTWOIV.

M.x. Na yivy 6 rolianhaoiaopos : 3,67942 x (—4).

Eav Aoyx = 3,67942 == oulhoyx = 2,32058 xai ouvemdds :

3,67942 x (-4) = 2,32058 x 4 = 9,28232.

§). Awipeoig £vég hoyapifpov 81’ dxepaiov aprBpod.

1). A& vax Bicnptocpey Tov Aoy Si& BeTiol dxepatou (uatkol) &piBuou k,
g’ Soov pév Aoyd > 0,¢pyalousda, Strag els ToUs BexaBikoUs &piBuoUs: &av Ouws
& hoy® elvan fjmapynTikds, Epyaoueda ds €75 :

1a). *Eaw & k Bioupi (dxpiPéds) T& xapaxtnpioTikoy ToU Aoy8, TéTe SiaipoU-
eV YwploTd TO Bekadikdy pépos kal XwploTa TO XSPAKTTPIOTIKOV Kai TrpoodéTo-
pev T& TrnAika.

1B). 'E&v & k Stv Sicupf] TO YOpOKTNPIOTIKOV, TOTE TrpocBéTopev els alTd
Tov wikpdTepov &pynTiKOY diépaiov —p oUTws, GoTe va kaTaoTi) SiipeTov Sia
ToU k, dxohoufuws mpooBeTopev 1oV 4 els TO dxépoiov pépos (To dmolov elvan
T pndiv) Tol BexaBikol uépous kal eUpiokopev XwploTd Ta TMAiKe TGV Buo
alrréy pepddv S1& Tou k, T drrola kal TTpooBETopEy TEAIKES.

TL.y. Na yivouvv ai dwmpéoerg : 1) (6,54782) : 3 «ai 2) (5,62891) : 3 :

AlTen yivovran cog s :

n 6,54782 3 2) 562891 3
gL 2 + 0,18260 = 541414062891 | 7 4 0,54297 =
0+ 054782 | 718260 g+1-62891 — 2,54297
24
0+1,62891
s 12
08
02 29
2 b
0
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2. Ak v& Brapéowopev Tov Aoyf Bid ToU dpunTikol dkepadou k, SicipolUuey

TOv ovAhoyf® Sk ol —k > 0.

M.x. Na yivy ) dwaipeong : (5,92158) : ( —2). “Exopev :
'Edv  Aoyx = 5,92158 == ovAhoyx = 6,07842, &te O& Exeopev :
(5,92158) : (=2) = (6,07842) : 2 = 3,03921.

AZKHZIEIZ

459. N& yivouv fuapvnTikoi ol Aoydpifuor :
1) =2,32254 2) —0,69834 3) -l1,27218 4) —3,54642
5) —0,41203 6) —5,78952 7) -0,00208 8) —2,05024.
460. Mpdyate TO yapaxTneioTikGy ToV Aoyapibuwy Tdv k&Twh dpiBudv @
1) 135 2) 2050 3) 95 4) 0,003 5) 38221

6) 47,5 7 131 8) 12,25 9) 0,56 10) 3041,7.
461. Tooa dxépona ynela éxer &piBuds, Tou dmoiou & Aoydpifiuos Exel YapaxTnpIoTIKOY

3,501,7,42;
462. Toia elven 1) Tafis ToU TpwToV onuavTiKoU yngiou peTd THv UodiaatoAiv Tou dpi-

Buol, Tou érrofou & AoyapBuos Exel YapaxTnpioTikdy @ —1, -2, -3, -4, -5, -7 ;

463. 'Edv Aoya = 1,63819 xal Aoy 4347 = 3,63819, vé elpedij ¢ a.
464. AobBévros d11 Aoy 7 = 0,84510, eUpete ToUs AoyapiBuous Tdv &dpfudy :
Lot e
100 * 108 °
465. "Edv hoy 7283 = 3,86231, va elpebij & AoyépiBpos Tédv &piBudov :
0,7283, 7,283, 0,007283, 728300, 728,3.
466. N& ebpefolv T& E§aydpeva :
Aoy 724 — oy 7,24, Aoy 0,65 — Aoy 6,5, Aoy 17,62 — hoy 1,762.

7-10, 7-104,

467. Na& eUpeBolv ol oulhoydpifuor Tév &piBudy pt Tous x&twd Aoyapibuous :
1. 3,27284 2. 0,07257 3, 1,71824,
4. 5,27203 5. 4,75304 6. 1,03275.
468. 'Edv Aoyo — 2,29814 «xod  AoyPp — 2,84212, Umohoyloare T4 :
1. Aoya + AoypB, 2. Aoya — Aoyp, 3) 3loya + 5 AoyB,
4. 2Moyp ——2—- Aoya, 5. —;'— (Aoya + Aoyp) — —2- (Aoya — Aoyp).
469. N& elpebolv ta kdtwh &bpoiouara:
1. 527214 + 34751 + 181523 + 0,47214
2. 4,67471 + 2,14523 + 0,67215 + 3,04703.
470. Né& elpebij 16 taryduevov Tév kbTwd Tpdfecov :
1. 3,24518 + 1,41307 — 2,47503
2. 0,03182 —4,27513 4 3,82504 — 1,08507.
471. Né& UtroAoyiofouv Ta kéTwb ywdpeva :
1. 3,82307 5, 2. 0,24507 x (=2), 3. 1,24513 x 4.
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472, N& dxrterecfoiv ol k&rwd Bionploers :
1. 489524:3, 2. 5,60106:(=3), 3. 4,57424: (.-

4, 1,42118:4, 5. 627508 : (-2), 6. B8,32403: 4.

473, "Edv K elvan & mAfiBos Tév dxepaiwv &pi8udy, Tév dofwy ol Aoydpiuor Exouv xapa-
xrnpoTikdy k kal A elven 16 TAT80s Tév dxepaieov, TV &trolwv ol dutioTpogor Exouv Aoyapl-
Buous pé xapakTnpioTikoy —A (A > 0), v& Bery i} &1 ¢

AoyK —AoyA = k—A + L.

<

Mepi AoyapiBpik@v mMvakwv

§ 214.—Eibopev els Ty § 209 &7, EkTds TGV ouupéTpwy Suvdpewy Tou 10,
ThyvTwv TEHY &AAwy BeTikédv &piBuddv ol AoydpiBuor elvon doluuetpor dpifuoi
kol Exouv 81& ToUTo &mepa BexaBika yneia pf meplodikd. “Evexa ToUTou ebpi-
oxopev Tous Aoyapifuous TV &piBudv ToUTwy KaTd mpookyyiow (cuvifs

0,00001). ’Eweidt) ¢ &Arou Aoy -?lx- =—Aoyq, émeTan 611, &v yvwpifwuey ToUs

AoyapiBuous TéV &piBuddv Tév > 1, Buvauela va Umohoyiowpey kad Tos Aoyapi-
Buous TV BeTikGY &piBudy TGV < 1.

*EE &Ahou eibopev 811 & hoydpiBpos Evods dpibuol &roTeheitan &rd SUo upépn :
*ATTO TO FapoxTNPLoTIKOV ToU Kal &Trd TO Sekadikdv Tou uEpos.

To yopaxTnpioTikéy Tou EBeifapev els Thy § 212, wés UmoAoyifeTan &md
uvn TS,

To Bexabikdv pépos ToU AoyaplBuou Buvaral va Umohoyiodij els olovBrmoTe
gmiBupnTdv Pabudy Tpooeyyloews ut Bexabika ymela, TH Ponbeix peddboov al
&molan &varmrTucoovTtar els T& dveortepa pabnuaTiké. Tij Ponbelg Tév peBobuwv
ToUTwy TO Bexadikdv pépos TdY AoyapiBuwy SAwv TdY dxepaiwy &pifudv drd
ToU 1 kai éeEfis, ouvnfics uéypr ToU 10.000, eUpébn xai kaTeypaen els mivokas,
ol &moiol Aéyovtan hoyapiBpixoi mivakes T «rivakeg tol dexadikol pépovgr.

TotouTor Trivakes Urépyouv Siapdpuwv eibiv. Els mepiéxer Tols Aoyapibuous
16V dxepadwov &piBudy &md ToU 1 Ews 10.000 pé 7 Sexabid wnepla. "AAAos pe
11 Bexadikd ynela. *AMos pé 14 Sekadikd ynela kai &AAos pe 5 Bexadike ynelar.
Ard Tés ouviBels Buws épapuoyds dprel & Trevtayngios Tiva, Tou dmofou Urép-
youv kai ‘EAAnvikad #k8ooeis katd 1o olornua Dupuis.

ToUTov 8& Tepry péuyeopey guvTouws els T Erdpeva kal 8 éxBécwey kal TOV
TpdToV THs Yphoews aUTou.

§ 215. Neprypadn T&OV AoyapiBpik@Dv mvakwv Dupuis.— O Ao-
yapiBuixol Tivakes Dupuis Tepiéxouv Tous AoyapiBuous Tév depaicov &piBudov
&md 1 s 10.000. ‘H Sidtakis Tév Aoyapi@pikdy mivakwy eaiveton els TV Evav-
71 «rmrivakas, oTis Exel Anebf éx Tiis yoaAhixiis tkBogews Tou J. Dupuis.
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B8 Ll R feaoa o L oal Tl 8, 1 8

|

500 | 69897 | 906 | 914 | 923 | 932 || 940 | 949 | 958 | 966 | 975
984 | 992 (*001 [*010 [*018 [*027 [*036 [*044 *053 |*062
70070 | 079 [ 088 | 096 | 105 || 114 | 122 | 131 i 140 | 148
157 | 165 | 174 | 183 | 191 || 200 | 209 | 217 226 | 236
243 | 252 | 260 | 269 | 278 || 286 | 295 | 303 | 312 | 321
329 | 338 | 346 | 355 | 364 || 372 | 381 | 389 | 398 | 406
415 | 424 | 432 | 441 | 449 || 458 | 467 | 475 | 484 | 492
509 | 518 | 526 | 535 || 544 | 552 | 561 | 569 | 578
586 | 595 | 603 | 612 | 621 || 629 | 638 | 646 | 655 | 663
672 | 680 | 689 | 697 | 706 || 714 | 723 | 731 | 740 ‘ 749
757 | 766 | 774 | 783 | 791 || 800 | 808 | 817 | 825 | 834
842 | 851 | 859 | 868 | 876 || 885 | 893 | 902 | 910 | 919
927 | 935 | 944 | 952 | 961 || 969 | 978 | 986 | 995 [*003

w
. —
=0 OO0 ~GU B Wh —
w
o

549 | 73957 | 965 | 973 | 981 | 989 || 997 [%005 [*013 |*020 [*028
Nl S bidebad ol Da v I 8 | o

Eis thv mpds T& &pioTepd oThAny, &vwdev Tiis dmolas Udpya TS ypdupa N
(Nombres = &piBuol), els 8¢ Tas EAAnuikds éxBooeis 10 ypdupa A (&pibuot),
elvan ypapuévan al exddes TGV &p1Bpésv, of Bt povddes altdy elvan el THY abThy
OpiGovTiav ypapuny petd ToU N. Els Tds &AAas oThas elvan ypaupbva Té& Sexa-
Bik& utpn TévV Aoyoplfpwy. Ta Suo yneia, T& dmoia el THy Seutépav oTAANY
BAtmopev &1 &Eéxouv, voolvTan ETavalauBavoueva, néxpis ou &AA&Eouv. Kai
ToUTo, 81671 TOAAC! £geEfis AoydpiBuor Exouv T& SUo TpdTa ynelx kowd.

‘O Aoydpifuos EkdoTou dpiBpol elpiokeTan ékel &mou, SiaoTaupolvtal al
8Uo vonTal ypopual, ) &k ToU ynoeiou TéV povdBewv dyoubvn KaTakdpUos Kal
1) &k ToU ouvddou TV SexkdBwv ToU ap1Bpol dyoptvn SpilovTia,

‘O &oTepioros, Tov dmroiov PAémopey va TTpoTaOTETAN TGV TRIGY TeAEUTalwV
Bexadikédv wneicov eis Twvas Aoyapifipous, pavepdvel 8T1 T& BUo TapadelToueva
TpdTa yneia fAAaav kai pémer va AdPwper T& dpéows Emdpeva.

Zuppaves mpos T& dvwTépw EkTedivTa kal Pdoel ToU dvwTépw «irivakosy,
Exopev OTI:

Aoy 500 = 2,69897, Aoy 5047 = 3,70303, Aoy 5084 = 3,70621

Aoy 503 = 2,70157, Aoy 5128 = 3,70995, Aoy 5017 = 3,70044

Aoy 512 = 2,70927, Aoy 5129 = 3,71003, Aoy 5060 = 3,70415.

§ 216. Xpfioig TGV AoyaptBuikGv mvaxwv.— Tous AoyapiBuikoUs ri-
vaKas XpnoipoToloUuey pds dmiAvo Tédv drkoloUBwy TpoPAnudTwv
1) N& eUpebij 6 AoydpiBuos Sobévtos &pifuol, kal
2) No& ebpedij © &piBuds, & dmolos dvTioToiyel els Sobbvta AoydpiBpov.
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§ 217. NpéPAnpa l.— Na ebpedff 6 LoyapBpog doBtvtog apBpod.

A T émidvow ToU TpoPAfuaTos ToUTou UtroBéTouev TpddTov, &Ti & Bo-
Bels ap1fuds elvan TévToTE yeypappévos Ut Bekabikny uopefiv. kal BeuTepov, &1
XPNo1poToloUpey TrevTayneious Trivonas. Of rivakes oUrol B uds dwaouy TO dexa-
Bikov pépos Tou Aoyapifuou, 8161 TO XopakTnpioTikdy aUTou B To elpwpey &mod
HVAUNS, Supgoves Trpds Tas 1816TnTas B kal y' Tiis § 212, Ak Thv elpeoiv ToU
BexaSikoU pépous, Béov v Exeopev Ut Sy OT1 ¢

TS Bexabixov pépos ToU Aoyapifuou tvds &piBuou E§aprdTan povov &mod
THv droAouBiav TEV kahoupévwv onpavTik®y ynelwv, 1 dmola émTuyydveTan
TrapaielrovTes THY TUXdY UTrdpyovoay UTroBiaoToAMv kai Ta undevikd, Ta dmola
TUYOV UTrdpyouv els TV &pxnv A els TO TEAoS Tou dv Adyw &pifuou.

Zuvetréds katd THY eUpeaitv ToU BexaBikoU pépous Tou Aoyapifuou O& kabioTd-
pev TOV BoBévta &pibudv dxépaiov, fiTor 6& TrapodeiTreopey THY UmroBiaoToAfv.
ToUto, ds eibopev (§ 212, 15.¢"), Btv petaPdAie Td {nToUuevov Sexabikdv uépos.
Katd TaUta Exouey, 6T1 T SekaBikd pépn 1oV &piBuddv :

50,87 0,05087 508,70 5087000 5,0870
elvan T alTd pé TO Sexadikdy uépos Tou &piBuou 5087.

"H8n Trpds tmriAvciv ToU TeBévTos TrpoPAnpaTos Siaxpivopey Tas kéTwbt Slo
TEPITITAITELS .:

MepimTtwois o. "0 appog nepréyetar £ig tovg nivakag, fitor 6 apbpog
8¢y Exe neprocdtepa AV TECCAPWV ONPAVIIKDV Ynoiov.

Eis trjv Trepimrreooiv alTthv, &polU elpwiev kaT’ &pyxMy TO XAPAKTTPITTIKOV
ToU Aoyapifiuou Tou &v Adyw &pibuol, eUpiokopey drkoAoubws kal TO SexaBikov
uépos ToU Aoyapifuou Tou dpéows k TEV TIvakwy, dprel va elpopey Tov v Adyw
&p1Budv els Tos Trivakas, ds i€eTéfn els Tponyoupévny Trapdypagov (§ 215).

Mapadeiypa : Na ebpedi) 6 LoyapBuog tod 56,82,

Abog : To xapaxTnpeioTikdv Tou {nTouptvou Aoyapifuou elvar 1. To Sekabikov pépos elvan
T aUTo (§212) pt T Bexadikdv pépos ToU Aoyapifucu Tol &piBpol 5682. "AAAG TO Sexabikdv

uépos ToU Aoy 5682, ds els ToUs mivakas ealvera, elven 16 75450. "Apa Aoy 56,82 = 1,75450.
‘Ouoiws eUplokopev-&1i :

hoy 568,2 = 2,75450 (i Aoy 0,8703 = 1,93967
Aoy 0,000507 = 4,70501 | Aoy 3,74 = 0,57287.

MepimTwois P'.—0 apbpog div neméyetar £ig Tovg nivakag, fitor obrog
Exel neplocdtepa 1@y tecodpov Yyneiov.

EUpiokopev Trpddtov, s kai els THv mepimTwo a', TO XGpOAKTNPITTIKOV
ToU {nToupévou Aoyapifiuou. Katdmiv, Bid Thv eUpeaiv Tou Sekadikou pépous Tou
AoyopiBuou, xwplfopey 81’ UroBiacToAfis Té Téooapa TpddTa Wiia ToU SobévTtos
&p1fpol. Kat' abtov tov Tpdtrov yeypappévos TAtov & &pifuds, mepiéxeTan peTabl
BUo BiaBoyikédv dxepaiwv pi Téoogapa ynela. ‘H elpeais v ouvexelq Tou Sexabi-
KoU pépous EmiTUy ) &veTal ExovTes UTT Sy, & &vds pév Ty yvwaThy i816TnTa,
ko' fjv :
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Eav a, f, y€ER* xai elvar a < f < y <= doya < loyfi < doyy
kal &’ Erépou THY TapaBoyfv, ke’ fv

Ava puixpas peraflodac Tdv doludv, ai uerafolal Tot dexadixot péoove elvar
dvdioyor T@v perafordv t@v dpludv (xata moocéyyww, Stav ai petafolial Taw
dolfudv elvat puxodrepar Tijg povddos) xal dvrieTedpws.

‘H dvwtépw Tapadoyn Bév elvan TeAeiws &AndYs, drpiBéoTepov ai petaPo-
Aal &V Aoyapifuwy Stv elvan dvdoyor Tpds Tas peTaPods T&Y &piBudv.

MpayuaT, Bewpfiowpey SUo SiadoyikoUs drepaious o kai a+ 1, a>0
kol kaAeowpev & T Biagopdv : Aoy (a 4 1) — Aoy g, fitor :

8 =Aoy (a+1)—Aoyax A B :7\0)/0%1

1
= —_—
A 5 oy( L+ )
TMapaTnpoUuey Twpa 6Ti: 8id a —> oo, &Te e 0, &xopev :

1
)\oy(l A — )—)-0.
fiTol 85— 0.
"Qote 1) dlapopd Té@v AoyopiBuwy buo Biaboy kv drepaiwy v uével TTEVTOTE
f abrr, dAA& EAarTToUTan, kel Soov of &pifuol alfdvouv kai kot dxoAoublav
Bty &Anbever 6T 1) alifnois TGV AoyapiBuwy elvan dvdAoyos Tis avffioews TEW
G&p1Buddv.

"Emain Suws N Siapopd alTn péver émi moAAous dpiBuols GpeT&PAnTOS,
Suvéueba va Bewpniowiey, s EyyioTa, Thy alifnow Tév Aoyopifuwy dvédoyov
Tpos THY ali§now TGV dp1Budv.

Katémv ToUtwy, 8i1& THV elpeoiv ToU Sexabikou pépous Tou AoyapiBpou
ToU dp1Buoy, épyadopeda, ds s Ta kaTwTépw TapadeiypoTa éupaiveTanl.

Mapaderypa lov : Na e0pedf 6 LoyamBuog tod 17424,

Abog : Té xapaxTnpioTikov Tou {nTounévou Aoyapifipou elvan 4. Xwpifopev ToU Sobévros
&p1Bpol 51’ UmodiaoToAfis T& Téooapa TPGTH wnela kal olrws Exopev Tov &piBudy 1742,4. ‘O
BoBels dpiBuds kal 6 1742,4 Exouv (§212) T aUTd Sexadikdv pépos Tel Aoyapifuou Twv. *Ap-
Kel Aormrodv vé elipwpey TO Sexadikdy pépos ToU Aoyapifuou ToU &piBuol 1742,4.

Mpds ToUTo tpyaddueda ds EEfis : 'Emaidn, wpopavéds, elvan :

1742 < 1742,4 < 1743,

Aoy 1742 < Aoy 1742,4 < Aoy 1743.
"Ex Tfis dvigdmnTos Tans, Eraidr, ds &k TV mwdkwy gaiveta, elvan : )
hoy 1742 = 3,24105 «al Aoy 1743 = 3,24130, wpoxUmre :
3,24105 < Aoy 1742,4 < 3,24130.
"Hto1 & LnTolpevos AoydpiBuos mepiéyeTar peTall Tév dpiBpdv 3,24105 kai 3,24130, of
otroior Siapépouv katd 25 povdbas Tépmrns Sexabikfis Téews (w.e.5.T)
"Ex T@v mivdkwv PAérropev Emiong 811 Tou &piBuol abavoptvou katd 2, 3, 4, 5, ... dke-
padas povaBas & AoydpiBuos avTol avfbveTan dvTioTolyws kord 50, 75, 99, 125,... we.5.71.

EmeTon 6T ;
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Avvépeda dBev vér Bewpriowpey THY alfnow ToU AoyapiBuou dx EyyioTta dvdhoyov Tpds ThHY
atEnaw Tou &piBuol kal v Utrohoylowuey Téoov Tpbme vd alfndR & Aoyl742 = 3,24105 Bk
vé& Tpokinyn & Aoy1742,4 xal £ altol & Aoy17424. ‘O Umohoyiopds yiverar ds E6fs
Els acli€now 10U &p1fuol kord 1 dvrioroiyel alf. Tou Aoy. kora 25 we'.8. T
» » » 0,4 » » » > X; ¥
*Apa : x=25-04=10 pe.5r.
Ko’ droAoubiav :

Aoy 1742,4 = 3,24105 + 0,00010 = 3,24115

kal ouvemds Aoy 17424 = 4,24115,
Al dvwTépw TpaEers BiaTdooovTon Kal s E6s ¢
Aoy 1742 = 3,24105 ‘ AuEncns &pibuddv 1 abfnois Aoyapibuwv 25 w.e'.5.1.
Aoy 1743 = 3,24130 24130 ‘ » 0,4 » » » S
A= x=25-04=10 pe'.bT.
“Apa : J\oy 17424 = 4,24105 + 0,00010 = 4,24115.
EUpebévros &11 Aoy 17424 = 4,24115 Exopev :
Aoy 17,424 = 1,24115, Aoy 0,0017424 = 3,24115,
Aoy 1,7424 = 0,24115, Aoy 174,24 = 2,24115.

Mapaderypa 2ov. Na e0pedij 6 LoyapOpog 100 apbpod 24,3527,

Aboig : T yapaxtnpioTikéy ToU Inrouptvou Aoyapifuou elvan wpopavéss 1. *Edv 5& ToA-
AamAaoidowpey Tov Bobévta dpiBudv fml 100, 16 Bexabikdv pépos Tou Aoyapifuou péver (§ 212)
auet&PAnTov. 'Apkel AorTrdv v elpowpev TO SekaBikdv wépos ToU Aoyapifuou ToU &pibuou 2435,27.

Tpds TouTo Epyalbdpeda s kal els T Tponyoluevov Tapdderypa, fitol:

Aoy 2435 = 3,38650 || AUEnois &piBudv 1 alfnois Aoycpifuwy 18 pe'.boT.

Aoy 2436 = 3,38668 [ Gigy w0 0200 o » X} »
A= 18 | x— 180,27 — 4,86 = 5 we.br.

"Apa: Aoy 24,3527 = 1,38650 -+ 0,00005 = 1,38655.

Inueimotg : Els Tous Aoyapibukols mivakas Umépyouv ktds ToU TAciofou mivexiBia, Exa-
oTov TGV dmolwv épet s EmikepoAida piav THV dv TH alTi) geAid1 Siagopdv petagl TéV Aoya-
piBucwv BUo Biaboyikidv &pifudv. "Exaotov mivakibiov Sicipeitan &1’ elbelag

ypaupfs els 8Uo othAas. TolTwy f) TpwTn Péper Tous puoikous &mbuovs 1,2, ..., 9, 18
ol émoior pavepcvouy Btkara Tijs drepaias povddos, 1) B8 GAAN Tas dvTigToiyous
TV Aoyapifuwy alfoes els povédas Tis TeAeuTalas Sekadikis Tagews. TT) Pon- 1 1,8
Belx ToUTwV UtroAoyifopey dptows Tas aubroes T Acyapibuwy, al dmrolar dgei- 2 36
Aovtan els SoBeloas Bragopds (A) Tév &piBudv kal ToUTo, BiéT TaUTa Gidouv 3 5,4
&’ ebBeias, Si1& Tds Bragdpous Siagopds A, Tas Tipds : 4 1.2
A x1 Ax2 Ax9 5 9,0
0 Fs pnaat LM 6 | 10,8
Olrewo & Umrohoyiouds ToU Aoyapifuou ToU Trapabelyuatos 2 yiveron 7 12,6
ut Thy PofiBerav ToU mvakibiov, T6 dmolov gépel EmikepoAida THY Siagopav 8 14:;
A= 18. 9 6,

Els & mivakiBiov ToUTo &mévavTi Tou 2 (oThiAn o) elvan 3,6 kal &mé-
vavTi ToU 7 elvan 12,6, ARG tmreidfy 16 wnelov 7 mapiotd els tov &pibudv 2435,27 ixarootd,
fitor povédas 10 gopds pikpoTépas, Tpémer v& AdBwpev 1,26. "Qote els atfnow ToU dpbuol
kat& 0,27 dvriotoixel aUfnais Tol Aoyaplfuou kara 3,6 + 1,26 = 4,86 ~ 5 pe'b.1.
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Ardralis TdY Tpdecov.,

Aoy 2435 = 3,38650 A=18
Els alEnow 0.2 olnos Aoy 3,6
» » 0,07 » » 1,26
&pa Aoy 2435,27 = 3,3865486

kal tweidh 1o 6ov ynelov Tod Bex. uépous elven peyairepov Tol 5, aUfdvopey xoTd povdba T
Sov ynelov. “Apa Bé elvan Aoy 2435,27 = 3,38655 kal ko’ dxorovdiay Aoy 24,3527 = 1,38655,

§ 218. MpopAnpua Il. (avtiotgopor ).— Na ebpedij 6 apiBpéc, 6 dmofog dvni-
otouyel elg Sobivra LoyapiBpov.

Awx Ty émfdvow Tol mpoPAfuertos ToUToy dvalnrolpey Tpditov el Tous
AoyapiBuikols Trivakes TO SekaSixdy HEPOS ToU Bobévrog Aoyapifuou. “Evexa Tou-
Tou Sioxkpivouev Blo TepimTddaEs, kaf’ doov T Sexadikov ToUTo pépos Gvaypd-
peTan Ay wn els ToUs AoyapiBuikous mivakes. TO yapaxtnpioTidy Tod Sobévros
AoyopiBuou EmiTpérer Tov kaBopigudy, oupgdveos Tpos THY IBi1éTnTa 8’ THig §212,
ToU TrAnfous Tév Ynelwy ToU drepaiou HEpous ToU {nrovuévou GpiBuol,

"AxpiBéoTepov épyaldusta dx kdred :

MeplmTwois a'.— Té sexadixdy népog ol AoyapiBpov ebpioxetan eig
tobg mivaxag.
"EoTeo 671 OfAopey v eUpwopey TOV BeTikdy &pi1Budy x, Bik Tov Stroiov elven:

Aoyx = 2,62716.

Abog @ Xeopls vé AdBeopev U’ Sy & yapaxTnpioTiKdY 2, dvalnolypey Tpdtoy elg ™v
oTAANY O T&v AoyopiBuikéy mivékwy Téy &p1Budy 62, mou dmoteholv Ta BUo mpéTa ynefa
ToU Bexadikol pépous ToU Aoyapifuou, dxorotBus dvalnTovpey els Tov Trivaxa T Erepa Tpla yn-
el 716, OUre> PAémropev &1 Taira kelvton els Thy 423nv dpifovriov Yeappiv xal oThAnY 8- T&
Yngia Aormdy, pt T dmola yphperan & EnToupevos &piBuds kal 1 Biaboxh elrrév elvar ) dxdhou-
6os 4, 2, 3, 8. ‘O InTolpevos &p1Bpds Aoimov B4 elvan & Excov 423 Bexdbos kol 8 povddas, fitor &
4238. "Emeid?) 5¢ & AoydpiBuds Tou #xe1 YapoakTnpioTIKGY 2, EmeTan (§212, 8) &m1 & InTolpevos
dpiBuds 8 EBxn Tpia dxépaia ynela. *Apa Eyopev :

X = 423,8,

Kab® Spotov Tpémov elplokopev, &1 els Tov Aoydpifiuor Tr.y. 3,75343 dvmioTolyel & &pibude
0.005668. Té yapaxpioTikéy Tou 3 — —3 gavepover St Umdpyouv Tplar unBevikk mpd TOU
TpWTOY anuavTiKol wnelou 5 ToU 5668 (BA. § 212, 5.

Enpeinog: “Eorw 811 8hopey vk elpaopey ToV &p1Budy X, Bid Tdv dmoiov elven Aoyx=2,63022.
"Epyagépevor d dvwTépe, Taparnpolpey ST1 16 022 Siv elploxeran els Tas oeipds ToU 63, Tére
dvadnToluey alrd els Tag gEIpas ToU 62 pépov Enrpocéy Tou doepioxov (» ). Mpdypoart TovTe
ovpBaivel, 16T 16 022 per’ &oTepiokou elpioketar elg THY TeAeutalav oeipdv Tod 62. ‘O ZnToy-
Hevos dpiBuds x elvan ouverrdis & 426,8. ‘Opoics sUploxopey :

"Edw Aoy x = 2,63003, Tére x = 426,9
» Aoy x = 2,63002, » X = 426,6.

MepimTtwolrsg B'.— To dexadikov pépoc tod LoyapiBpov 8iv evpiokstar
&g tobg mivaxac.

lov : "EoTw 671 6¢Aopey v eUpoopey TOV BeTikby Sp1Budv x, Sik TéV drroiov
elvan : Noyx"="1,25357,
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Aboig : Maparrnpoupey &t To BexaBikdy uépos Tol Bobévros AoyaplBuou &valnToUpevov,
s Tponyouutves, els Toug Trivaxas eUploxeTal peraty Tol 0,25334 xai ToU 0,25358, &ls Tous &-
molous &vrioToryolv ol &piBuot 1792 kol 1793 &vmoToiyws. “Hrot Exopev :
1,25334 < 1,25357 < 1,25358
kal kar' drohoublav : :
17,92 < x <2 1193,
*H&n maparnpoluey 671 :
= 1,25358 — 1,25334 = 24 p.e'b.7.
kal § = 1,25357 — 1,25334 = 23 pe'.b.T.
Aaupavopbvou Bt U’ &yw T koTd TPOTEyYIowW f atfnais Tév AoyepiBucv elvan dvd-
Aoyos Tiis aUffoews TV &piBudv kal xarapTiZovTes Thy drkéhoulov Bidraly, Exopev:

AGEnais AoyapiBuou katd 24 we 5.1, géper alfnow ToU &piBuol xard 1

» » » 23 » » » » » I

bl (- e

$7 ST

TpoaBéToves els Tév 1792 Tov 0,958 eUploxopey 1792,958, BnAabh O 958 Td TpocapTOHEY

elg Tdv &piBudy 1792, ‘O mpokimTv &piBuds 1792,958 Exer mpogawids T& abTd pE TOV X ynola

kal kot THY aUTHV oeipdv, TARY Suws fi Btas Tjs UTroSiacToAfis &v TE x kavoviZetar &mwd T
yapakTnpioTikdv ToU AoyX, &mep tv Trpokelptvey elven 1.

= 0,958,

B4 elvanr Aormdv @ x = 17,92958.
SuvToudsTepov 1) dpyacia alm Biardooetar g E6fs :
1,25357 1,25358, ===t 1793 24 1
1,25334 1,25334 "1 = 1792 23 y:
H = A=
Awagopal: § =23 24 1 “ o 1"3—3 — 0,958,
“Apa : x = 17,92958.

Enpeioag : ‘H Siapopd A T8V &xpeov 1@V AoyaplBucwv, petaty TEV Srolcov TepéyeTal &
Sofels AoydpiBuos, koeiTal peyhn Sagopd f Bt Biagopd & Tol pikpoTépoV ToUTwY &Td 10U
Softvros KOAEITal pIKpd Sagopa.

2ov: Albetan St :  hovx = 3,47647 xai {nreitar v £bpedfj 6 x.
Abog : 'Ex TdV TIVEKWY  TTOpaTTpOUUEY &1

3,47640 <~ 3,47647 < 3,47654

kal &pa 0,002995 < x < 0,002996.
*HBn, Tpds EUPECIV TOU X, KGUVOUEV THy &xdhoubov Bidraliv
347647 347654 =—> 2996 | 14 1
347640 347640 == 2995 7 i
Atcwopu[:ﬁ:? A=14 1 y=lx—7-=0,5.

I 1
OvTa T& onuavTikd ynela Tou x elvar katd oapav 2, 9, 9, 5, 5. "Apa & InToUpeves &pr-
Buds x elvan & 0,0029955, 16T TO KEPAKTNPITTIKOY TOU SoBévros Aoyapifpou elvan 3. “‘Opolws

B Eycopev :
'Edwv Aoy x = 0,47647, TéTE X 2,9955

» Aoy x = 5,47647, » x = 299550,

I
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"Ex Tév dveotépw EEdyetan Twpa & dxdAoudos :

Kavov. A va elgwper tov doubudy éx toi doyagifuov adrod, elc nepi-
arwaw xal’ iy & Aoydpuog (évv. 16 Sexadidy Tov Hépog) dév evploxetar elc Tode
nivaxas, wapabétousy defid roi pixgoTégov dpibuod, Sotic dvrioTouyel el Tow -
xpdregoy tdv Aoyaplpwy tov nivaxos, perafd 1@ dmolwy 6 dobeic Aoydpibuoc
megtéyetat, mdvra ta dexadied ynela 108 anhixov tijc diapboswe & A4, &vba 8 1
pxpa xal A 1) peydin dwapopd. Metd vabra xakogllopev Ty Béow 1iic vmodia-
otoddjs, Aaufdvovres vn’ Sy o 1@QAXTNPLOTIHOY ToT dofévToc AoyaplBuov.

"Edappoyal 1Gv AoyapiBuwv

§ 219. M Ty orBeiay Tév 1BioTTov T8V AoyapiBuwy kal Tév Aoyopifui-
K&V Tivékwv Suvdpsba va &vdrywpey T mp&Eers Eml THV Gp1Bucdv els Ao
&mAovaTépas, fiTor Tév TToAAarAGTIaT UGy els pdodeotv, Ty Bicdpeov els doai-
peow, Thy Uwewow els Suvdperg els TOAAaTTACCIOPGY Kad v aywynv Tév pi-
Cav els Sidpeow. OUteo pt Xpfiow Té@v Aoyopifuwy EktehoUvral TmpdEets, of
émoicn dAAws B Aoaw HakpSTaTo Kol Buoryepels, &v uf) Suverrad,

Ta émépeve mapadelyuoTta 84 KOTAOTATOW TEpIcoéTEpOY Tagls Trdaov
ueydhws &mAomolel THY EkTéhegty Biopdpwv Tpdéecov 1 tpappoyt ToU AoyiouoU
81 Tév Aoyapifucov.

IMapaderypa lov : Na brolonieBf fia t@v Aoyapibuwy 1o Tivbpevoy :

X = 180,2 x 35,32 x 0,724.
Abaig : “Exopev :
Aoy x = Aoy 180,2 + Aoy 35,32 + Aoy 0,724.
"Ex Tév mvékwv ebploxouey &1 :
Aoy 180,2 = 2,25575
Aoy 35,32 =_1.54802
Aoy 0,724 = 1,85974
Aoy x = 3,66351
*Apa: x = 4608.
7,56 x 4667 x 567
899,1 x 0,00337 x 23435 °
Abg : AapPévovTes Tols Aoyapifuous dugoTépuwy TV peAGY Tfis Sobelons TapacTdoews
Exopev :
‘ Aoy X = Aoy 7,56 + Aoy 4667 + Aoy 567 — (Aoy 899,1 + Aoy 0,00337 + Aoy 23435),
"Ex T@v mvékwv edploxopey :

Mapaderypa 20v: Na edpedii 6 X, éavelvmm x=

Aoy 7,56 = 0,87852 Aoy 899,1 = 2,95381
Aoy 4667 = 3,66904 Aoy 0,00337 = 3,52763
Aoy 567 = 2,75358 Aoy 23435 = 4,36986
7,30114 4,85130.
Merd thy &paipeaw Trpoxirre: :
Aoy x = 2,44984
*Apa : x = 281,73 .

259

WnionoBrke amod To ivotirouto EknmaiSeuTikrg MoAmkrg



Mapaderypa 3ov @ Na £0pef) 10 mAfiBog v yneioy 10b GapBpol 8@,
Avorg : ©OéTovTss X = 88" xal y = 8% etploxopev &1:
— 8 «kal Aoyx =y -Aoy8.
*Emreibhy B¢ Aoyy = 8 AoyB8 = 7,22472, Emetan &y = 16777300 mepimou kol
Noyx = 16777300 Aoy 8 = 15151412.
*Ex ToUTou Phémouev 6T & X 8& Exn meplmou 15151413 éxépoia wnoia.

Inp. “Aveu Tfis xpfioews TéV Aoyup(@umv Erpeme wpPO§ EUpecIV ToU ¥ v& KEHWHEV 7 Toh-
AahaoiaouoUs Kal Teds eUpesiv ToU X &AAeus 16777300 Treplmou TOAAGTTAGTIGTHOUS.

Mapaderype 4ov : Na onokoyiadiy, katd npociyyiow, ) apBpntikh nipn tfig NAPaCTACENS *

27,32 % (1,09 x 10,003

. .
10,0042 % (345,6)
Aboig : AappdavovTes Aoyapifpous &pgoTépey TéV weAdv Ths Sobelons lodtnTos Exouev
TUPPVLS TIPoS TAS {B16TnTas T@Y AoyapiBucy
Aoy x = (hoy 27,32 + 20-Roy 1,04 + —Aoy0003)—(~ Aoy 0,0042 + 2 Moy 345, 6)

Ex Tév mvakwy eUploxopey :

Bonénrikal mpageis Tehikal mp&Eers
oy (1,04) = 0,01703 ‘ oy 27,32 = 1,43648
A | 20 - Aoy (1,04) = 0,34060

0,34060 !

.......................................... | % . Aoy (0,003) = T,49542

Aoy 0,003 = 3,47712 ST
*ABporopx = 1,27250

% Aoy 0,003 = 75’475”2 e 25"”“2 s hage dop b T D ol N
=T 4 0,49542 = 1,49542 Tl{ oy (0,0042) = 1,40581
........... Roy00042 =362325 ST 2. hoy 3456 = 0TI
_‘li oy 0,0042 = 3.si32_5_ _ 4+ 1;62325 el | *Afpoiopa = 4,48295
“Qoe elvan :

=1 + 0,40581 = 1,40581
.......................................... Aoy x = 1,27250 — 4,48295 =
Aoy 345,6 = 2,53857 = —3,21045 = 4,78955

2
5,07714
"Ex Tév mvékwv eUpioxopey x = 0,000615957.
AZKHZIEIZ
474, N& eUpedij & AoydpiBuos éx&oTou &k T&V kéreob dpidudsv :
1... 02507 5. .1,6,8372 9. 85,007
2,005 T2 6. .5218,37 10.  0,0004124
3. 0,003817 7. ,.63,347 11. 326,537
4, 107,3 8. 25234 12., 14,1606
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13.  0,00643598 15, 31,2865 17 524 .g_

14.  0,0682947 16.  5378,92 18. 4.72+%.

475. N& eUpedij & Bemikds dpifuds x, YvwaTou &vros 811 ;
1. Moy x = 2,48001 5. Moy x = 487622 9. Aoy x = 0,70020
Moy x = 1,96895 6. Aoy x = 2,99348 10. Aoy x = 1,66325
. Roy x = 4,97534 7. Aoy x = 1,79100 11, Aoy x = 4,15050
4. Doy x = 3.69636 8. Aoy x = 2,78000 12, Aoy x = 5,25865.

476. N& Umroroyiofoly Bi Téw hoyapifucwv al kéTwh TapacTdoss :

1. 82,75 x 0,3974 2. 25200 x 3,1416 3. 437 x 0,5223
. 4,25 x 308 x 0,295 5, 372 x 78 x 9312 6. 3,14 x 25,2 x 395
7. 56314:9 8. 0,8276: 25,2 9. 10025: 4,35
10. 4,362 11. 0,895s 12. 10,25+ 13. 3,021
14. i@.,@s’i‘&' 15. ]fz l6. 1414 17. fw
18. 9,352 x 3,1416 19. 18,22 % 1,33 20. 0,45* x 2,25 x ﬁ
2. |[Z3X009 5 (/1EX0BH /% x 0,312
4,5 2,5 0,85 >
477. 'EmiUooTe Tas xdTwh tiohoes :
1. x4¢=58326 2. x* = 0,0247,

478. XpnoiyomoiotvTes TdV TUTIOL
E=1rG-aG-B -7
Umrohoyioare 16 tuPabév E v Tpryovey, ol ol Tpels TAeupai elvan :
a=2025m, P=1802m xal Yy=173m (= —; TEpIpETpOU).
479. “Ymodoyloare THy &piBunt WNY TIAY ToU X, SoTis dpileTan Urrd Tis oyéoews :
Arigo \/F :
at Y
Srmrou a = 0,27355, B = 29,534, Y = 44,340.
480. Tpeis &pibuol a, x, y ouvblovtan i Tiis oxéoecws :

axyt = Ix.
lov. *Ymohoyioare 76 y, &v evan a = 0,3 kad x = 1,8215
2ov. “YmoloyloaTe T4 X, &v elvar o = 10 kai y = 0,5242.

481. lewueTpikiis TpodSou Sisovra o =3, @ = 8 kal v =13. N& elipedij & 1305 Spos TN
Kai 16 &poioua I,, Tédv dpwv aUThs.

482. "EmaAnfBeloare Bi Tiis yprioeas iy AoyapiBuikdv mivéakwy Tds dxoAotBous lodtnTas:

1. ‘/ STI8 X 69 _ g 43 2. V85273 » ") 51,3388 — 5,62962
0,75 x 3,107
: -l 3 o
3. ) 632X (296) . 0,005855, ¢ 4, . 25 x[IFW/E 14,1606
81,3 x 32,41 " 17,1826 x Y 0,002987* g
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483. Né& Umrohoyio®ij Si& Tév AoyapiBuikdy mvékwy 1) dpBunTIKA TIR TS TAPUOTEOEWS:
3

5
yat S0 x 10,0004975 +1 [ 217* x {595
‘Y0312 137 % "J0,03

('Yrod. ‘YmohoyioaTe xwpioTa ExaoTov Spov Tis TapaoTdoews kal TpoodioaTe droroUBuws
T& Efaydpeva).

1. EKOETIKAI KAl AOTAPIOMIKAI ESIZQZEIZ KAl ZYZTHMATA

"ExBerikai Eé51000E1G

§ 220. *Opiopoi— Kaheital #xPetikd) dEiowog Taoa Eflowas, f dmoia
Trepiéyel plav ToUAGyIoTOV SUvauv pé tkbérny TOV dyvwaoTov f ouvapTnaiv Tiva
ToU GryveoTou.

M.x. ol té§iocoes :

Jribg Sl s ik pgon, SRS
elvon ExBetikal Egowots.

‘Eridbvorg EkBeTikiis EEiodoecws kaheiTon ) elpeais TGV TINGY TAV &y vhoTwv
atrfs, ol dmoicn ThHY EmainBedouv.

Al cuvnfioTepan ExBeTixad tEiomoeis Exouow i Bivavral va AéPwor plav
T&HV &KoAoUBwWY HOPEDV :

o). 'Exfenikai éEwodoeig tfig popofic :

ax =8 €9)]

¥v0a o, PeR* xai a # 1.
TTpos émiAugv Tiig &veoTépw ExBeTIKs E§10C0EWS Sioxpivopey BUo TIEPITTTWOEIS:

MepimTwois L.—0pelvar sovapig tob a fi dovata va peratpand elg &0-
vapw tob a. ToTe, dav elvan P = ok, B Exeopev @ o = ok kai ouverrds x= k.

Mapaderypa : Na tmivdi i thiowog : 3* — 729,
‘Eridvoig : 'Emaibhy 729 = 3¢, | Bobeioa fiswais ypageTa :
3* =3¢ xal B5ida x=6.

MepimTwoisll.—"0 p div ddvarar va petatpani g Sovepy tob a. Eis Ty
mepiTTTow aUTHY AcuPdvovTes ToUs Aoyapifuous GugoTipwv TV UEARV TS
(1) Exomev :

- _ Moy P
x - Aoy a= Aoy P kol ouverrds B elvar x = Pt
S

Mapadarypa : Na Emavdf 1 Eiowog : 2¥ = <

‘Enilverg : AauPévopev ToUs AoyapiBpous &ugoTépwy TEOV WEADY Tiig Sobeions t§lowoews

Kai Eyouev :
(- Aoy Seadeibs = OIS _ o ohea0n,

x:Moy2=Roy3-doy6 A x 7oy 2 030103
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§). "Exfetikai EErodoeig g popefic :

as) = B (2)

EvBa g(x) elvar dedopévn ouvaptnoig tob dyvaotov kaia, BeER* pia + 1.
TMpogavéds Bi1a g(x) = x Exopev &BeTiknv Efiowov Tiis Tponyouuéung popofis.
TTpds Emiduoww Tév E§i0daew Tiis popeiis (2) Braxpivopey, dx kai wponyoupd-

vexs, 8o mepimrTadoes, xaf’ doov of douol a xal B elvar i pyy Sovduec évog

xal tod adtod douod.

Mapaderypa lov : Na Emivdf # tticwng 345X+ 243,

'Eridvog : "Emeidh 243 = 3¢, #) Sobeiva ficwors Yp&eTan :

AL gt ol Bl AL SR (T B 5% G (1)

Al pidan Tis Er1odoecs (1) elvon X=2, X =3, ql dmrolat elven kal plian Tiis Bobeions
thiowoews.

MNapadevypa 2ov : Na Emivdf 1 iowag : | 33— =i

"Enidvorg : ‘'H Scbeioa tlowas ypaeetan :

3D _ 30 kol Biser (x — 1) (x2—9) = 0 i x-1DE=3)(x+3)=0.

Al pifan s E10doews alriis elvan xX= 1, x,= 3, xy= —3. AUran 8¢ elveu kal pigen Tfis So-

Beions E€iodoecws.

Mapaderypa 3ov: Na émAvdf 4 iEicoas 57X—2 — 437,

"Enilvetg : AauPévopey Tols Aoyapiduous dugpoTépawv TEY pEADV THis Sobelons EEiodaecs
kal  Eyouev :

_ Aoy 437 _ 2,64048
(3x—2) Aoy5=120y437 § 3x— o ] 3x—2_0_,6989—7
i 3x —2=3,77767 «xal aUTiis x = 1,92589,
Mapaderypa dov : Na Emivdf thicong :
o =y, ¢

Evia a,B,7eR’' xai @~ 1, p=1.
*Erilvoig : AapBévovtes Tols AoyapiBuous dupotépwy TV PEAGY TS (1) Exopev :

Aoy ¥
x e X A00)
P* doya=Ddoyy 4 Pp*= v e @)
‘Ex Tfis (2), AauPévovTes ¢k véou Tous Aoyap(Buous, eUploxopey :
h4 Aoy ¥y
X - Aoy B = Aoy (loyu
1 oy y )
= . K = 3
A = Tovp T ( oy @ 2
Ao

Atk va Exn vénua 1o Belrrépov péhos T (3) mpéwer va elven =

Tay,81av ol Aoyy kal Aoya elven dpdonpor, SnA. A dugpéTepor of akal y v elven > 1 # dugs-
Tepor < I

:: > 0. Toto Uplo ra-
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¥). ’Exbenixai tEiowoeig tiic pop@fis :

f(e*)—g(a*) | 3

tvba acR+ —{1)
EiBikés kaTwTépw B& peAeTrOwOHEY EE10ch0Els TAV HOPPRV !
Wil Ac?* + Bax 4+ T=0
Yo Bjeettvi oA Rt o g ot k=10,
B W, vieZ, i=12,... k.
Ai é€10coers alTan GuéryovTal els Thy popenv (1) &k Tfis AVTIKATAOTACEWS :

ar=y

Mapadeiypa lov : Na émivdi ) ifiocwoig 4§ —7.-2*—8=0.
*Eridveng : ‘H Bofeica Eiowas ypageTal 22 _7.92% 8 = 0xaltavTedii: 2 =y,
EXOHEV : yi—Ty—8=0.

Al pifon Tiis E100oEws aUTiis dvai: y, =8 xal y,=-—L
“Apa Ba elvan :

22 —8 (1) xal 2*=-1 (2).
‘H tEiowos (1) ypagetan 2% = 2* kal e : x = 3.
‘H tEiowos (2) elvan d8Uvartos, BioT 2% > 0 5 kdBe x € R.
"Qoe 1 pila Ts Sobelons thiodoews tfhvan x=3.
Tapadeiypa 2ov : Na émdvlf 1) fiowog :

3*+2 L 5.3% 43 3% =128
‘Eriivong : AUTn ypdgeTan :

3X 3!

3‘-3'+5-3x+—3‘——9"=!28.

Ofropev 3* = y xal Exouev Thy Elowow :
9y + 5y + _~‘3'_m.!1_= 128

9
A 128y = 1152,
&€ fis: ¥ = 9.
TéTe Eyopev : PF=9 § 3F=3' ka &pa x=2.

Mapaberypa 3ov : N tmivdi A Giowog : g2x—1 4 3. 5%+ . g0,
'Exilvong : AUTN ypdgeTan :

x 3
£E5~)—+3-5=“5—30=o

Y (5%) + 75 55—400=0. '8))
Oétopev 5% = y xal Eouev Thy Efiowow
y* 4+ 75 -y — 400 = 0.
AUTn Avouévn Biber : yi=5 yi=—280
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"Ofev ) (1) elvan loobivapos ud

5 =5 & 5%~ _8g0.
*H mwpdrn 6iber : x =1
'H Bevtépa elvan &BUvaros, BiI6TI 5% > 0 Bidk xéBe x €R.
). ’Exfenikai tEwohoeig tiig popefig :

f(a*) =g(p*) 4

Evla a, peR*— {1} xai a
ZuvnBers TrepITTTOOES THS QuwTépw uopefis elvan ol kérewb :
B, % A.a*=B.px
8,0 A-a® 4 B.ar.pr4.p2x=0.
Al Eiowoeis altoan dvéyovtan el THY wopetiy (1) Bi& Tiis dvTikaraoTdosws :

(;)-

TMpdrypam, 8i1& Sicupboews dupoTépoov Tav pEAGY Tiis t61ocoecs B, Bid P2x
aUTn peTaoynuaTileTan elg THY :

a5 ()

kal Bid Tiis dvTikaTaoTdoews (;—) =y (1),  &lowois 8, yiverou :

Ay*+By+T=0.
Avoptvn olrn xai 89’ Soov B2—4Al >0, 84 Swaom 8o TpayuaTikds pilas
Yikal yy Mid tés Tuds y=y, , y= Y2 1 (1) Bider Tas exdetinds 1ot :
a X a X
(—B) =¥ |, ( p—) = ¥, al oTolan AlovTan kaTd T& yvwoTé.
Mapéaderypa lov : Na émivdf 1 t§lowag :
VR e MR <) [ 2 __¢. §x—3

'Erilvong : 'H Bobeloa iiowats yphpetai :

2 x 5 5%
Yoo Sarteay
: #- (4= (- 1%)
. () =
’ =)= (3)
"Apa  elvan : X =4,

Mapéderyna 2ov : Na émlvBfy ) eSiowag: 3 - 9% — 5. 6% 4 22X+ _ g,
"Enikvang : "H Sobeloa lowars ypdperan: 2. 22X _ 5 . 9% | 3x +3.3% = 0,
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ArcipolvTes &updTepa T& pédn aUThs s 3%, AapPévouev Thy loobivauov tElowow :

LRy
Okropev (_23_)" — y xal 4 (1) ypboetan : 2y* — 5y + 3 = 0.
ATTn Exe pifas: ¥, = —;—, yo = 1 kol #moubvas # (1) elvan looblvauos pé
Gy-3 0 @y
*Hror :
B =" * -
omrdTe © x=-1 i x=0

¢). 'Exfenixai EErohoeig tig popofis :

1@FE =1 (5)

Eva 1 (x), g (%) mokvovopixai cuvaptioeis 10d X.
Al EE1ocoeis Tiis dvawTEpo pop@fis Exouv Tpogavids AUgEls TS AUoe:s TV E§1-
OCITEWV : G 1(x)=1
(g(x) =0 A f(x)#0.
(i) f(x)=—1A g(x) = 2k, keZ.
Mapaderypa : N tmvbf fi $hioweig:  (x*—3x + - .

*Enidvoig : (i). Al pllen THS x2—3x 4+ 2 = 1 elven Tpogavids Avcers Ths Bodelons.
AGTn ypbgetan X* —3X + 1 =0 kal Auvoptvr Bibei :

34105 3—15
X, = —z—rr— xal X,=—%

(IN). Al Aboeis ToU ouoTHUATOS :

X—2x=0

x?—3x+2#0

Tpogavéds lkavotrooty THY BoBeioav.

Elven 5t x(x—2)=0 xa x-1)(x—-2)#0.
*Apa: x =0

‘Eroptveas ) Bobeioa Eflowars Exer Tas pllas :
3+ 15 g2 5
2 k 2

X=0, X=
(idd). Ne& tEeTaodij M) meplmToors X2 —3x + 2 = —1 A x2—2x = 2k, kE€Z.
Mapatipnog : ‘H Eglowais {f(x)} =8, Evda f (x) TOAVGVUHIKT oUVap-
Tnais ToU X, triAveTan, dTav TO P BlvaTtan v& Tebfy UTrd T poppfiv: p=a".
O Eywpey ToTe : {T(x)} 10 — o Kad ouverréss & elvan [ (x) = a.
Mapadeiypa : Na tmivBolv al i5rohoes @
@ xE = G F=—1 Gk &-Tx+ 15t -Tx S = 27,
(i) “Eyouev 4 = 2* xai guvends B& elven x* = 2% "Ex TaUTng poxymrrer X = 2.

(i) "Exonev —1 = (=1)7* xal cuvenéds & evan x* = -~ 8 x=-1L
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(iii). "Exouev 27 = 3* xai auvemdss 84 elven (x* —7x + 15)¥~T%+15 — 32 Agrn ey
loodUvauos pé Tv: x2—Tx + 15=3 § x?*—Tx + 12 = 0, /) dwola Avoptvn 5ibe :
=3 Xj=d,

"Ex8eTika Zuothpara

§ 221. 'Opropoi.— Kakeitar sbotnpa EkBetikdy tiodaoswy, ut SUo f Tepia-
ooTépous &yvwoTous, TV oUoTnua t€iomaewy, ik TGOV dTrolwy pia ToUA&yioTOV
elvar ExBeTikr.

Al Tipai Tév dyvdoTwy, Si1d Tds dtrolag ouvaAnfevouv ai Efiomaeis Tou auoTT-
HaTOS, CUVITTOUV Doy oUTou.

‘H émikuots 1év EkBeTikddv ovoTnpdTwv otnpiletar i T&v iBioTHTROV
T@Y Buvduewv kad TV AoyapiBuwy kai T els THY Tponyoupévny Tapdypapov
éxTeBeions Bewplas EmAUoews TGy EkBeTikGY tElowoewy.

MNopadeiypara : lov. Na émivdf) 16 chotnpa :

£.29 2.2
At ay=4 iy

’Erilveng : To Sobtv oUoTnua elvar loobivapoy pé 16 :

22X+y—2 _ 2s

L G
ToUto &Anbeler, Stav : { 2: I i : ;

AUovTes 16 oo Tnua ToUTo elplokopey THVAUoIV: x =2, y=23.
2ov: Na tmivd§ 16 ocVotnua:
3% 4¥ = 3981312 0
2¥ . 5% — 400000, (2)
"Enilvorg : AauPavovres ToUs Aoyapifuous &upoTépwy @y peAGv Tév tiomoewv (1) kal
(2) elpiokopev T loobivapow Tpds 16 Softv cUoTnua
x-Aoy 3 4+ y-Aoy 4 = Aoy 3981312 a1
y-Aoy 2 + x-Aoy 5 = Aoy 400000. 2"
OttovTes Aoy 4 = Aoy 22 = 2 Aoy 2 xal woAAamAaoidfovTes T& péAn THs (2') i 2, ebpi-
OKOUEV :
x Aoy 3 4 2y-Aoy 2 = Aoy 3981312 )
2x Aoy 5 + 2y-Aoy 2 = Aoy 400000. @)
AlovTes T6 oUoTUa TV Efiohaewy (1) kal (2"") ebpioxopey :
2 Aoy 400000 — Aoy 3981312 2. Aoy (2t 10%) — Aoy (2!4-3%)
== 2oy 5— Aoy 3 F 2hoy 5— Aoy 3 x
10— 10 Aoy 2 — 5 Aoy 3
2—-2hoy 2—2oy 3
‘AvtikaboTédvTes T Tiwfv TalTny ToU x els THY Beutépav TV Bobelody Efiodwaewy elpl-
OKOMEV :

= 5.

oy _ 400000 _ 4loe . Zi2%5t -2
5% 3% e ;

& Tfis émoiag Exouev y = 7.
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"Apa al plfai ToU oveThuatos elvan: x =5, y=17.
3ov : Na ¢émivdf t0 gbotnpa :

x¥ =y (n
x* =y* (2
’Enilvaig : TTpogavis AUois ToU cuothparos elven: x =y = 1. *YmoBéTovTes Tdhpa &1 :

x>0, y >0 xal x # | # y eplokopev, & AdPwpev Tous AoyopiBuous dugoTipwy TGOV pe-
Addv T Eiomoewv (1) kad (2), 611 1o Bobiv cvoTnua elvon loobuvauoy pEé 16

y-Aoy x = X-Aoy y i)
320y x = 2-Doy y. @
ArcipolvTes kard péAn Tas (1) kal (2') Exopev : %— = ; P
3
ik Tfis omolas AauPlvopsy ¥y = Tx 3)

Oérovres Thy Tiuv TauTny Tou ¥ els Ty BeuTépav TGV Sobeiody EiooEwy Exopev :
3x \?* 9
Pige { It
X ( 3 ) i x 7 X

] x‘[x-—%]=0, xal Eweidd) UmeTédn x > 0, fmeTan: x = Z
OtrovTes Ty Tiphv TaTny ToU X els Ty (3) AauPbvopev :
3 9 27

‘Emropbvess, kord Té dvwTépo EkTedévTa, al pilar Tol ouoThpaTos elvan T Zevyn :

x=153=1) (:z%, y=3§7-).

AoyapiBpikai E§100oelg kai AoyapiBuika ouothpara

§ 222. "Opiopoi. —a’). KohelTal royapBpiky Eiocwag maoa Eiowols, 1
Smola Trepiéyer TdV Aoydpifov yvoTou fi &yvioTwv adTiis fi kal ouvapTn
oecov adtédv. TI. x. ol kérwb oot elvar AdoyapiBuikai :

3?\oyx—% Moy (2x+1)=Roy V2x—1+2
Aoy x+3royy=7
Aoy, (3x + 1) — Aoy x = Aoyx (2x — 3).

‘H Erriduois Tév AoyapiBuikéy ifiocoewy oTnpileton Emi TGV iSoTh TRV
T&v Aoyapifuwy. TToAAdxis Sues 1 tidvols wds AoyapiBuixiis eiowoecs &vd-
yetau elg émidvow EGiotoewy T@Y K&TwH Hopedwv :

(i) Moyx—y, (i) Aoyx=RAoya, (iii) Aoyf(x)= Aoy,
(iv) Aoy [(x) = Aoyp g(x),
vl o yveoTos BeTikos &p1Buds, 1(x) 5t kal g(x) yvwoTal cuvapTrioels ToU &yved-
oo, af &moian UmékewTan elg TOV TrEplopopdy f(x), g(x) > 0 xai P 1) Paois
7ol Aoyapi@uikou cvaTthuatos (0 < P # 1).
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"Ex ToU dp1ouol Tob Aoyapiucu kal Tol roploparos I, 18. 1l T#s § 202 Tpo-
KUTrTEl Topa 8T1
(i) 'H tElowais Aoy x = y elvan looBUvapos pt TAv :  x = 107
(i) ‘H » Aoy x = Aay a » ut 1O oloTnua: x=a, a> 0
(iii) ‘*H » Aoy f(x)=Aoya » » » » Pt —0; a >0
(iv) ‘H »  Aoypf(x)=DRAoysg(x) » » » 2 f(x)=g(x), g(x)>0.

Enusimoig : Els meplmroow, ke’ fiv ol AoydpiBuor Exouv Anedd ds mpés Biagdpous Péoes,
Ba peterTpéraovTan TévTes dg Tpds THY aUThHY Péoiv.

B). Kahsiton obotnpa hoyapibuxdv iEiohosav mav ovoTnpa E§1ootwy,
£k TGV dmoiwv pla TolAdyioTov elvan AoyapiBuiks.

Al Tipal Tév &yvooTtwy, Sid Tds dmolas cuvaAnBelouy ai tE1owoels ToU
OUOTAUATOS, CUVITTOUV AUCIY alTou.

H tmikuois Tév AoyapiBuikév ouotnudTwy otnplletan &mi Tév iBioThTeov
TV Aoyoapifuwy kol Tfis dvwTépw dxtebeions Bewplas miAUoews AoyapiBuikGy
tiooewov.

Qs mapadelypaTta fotwoav Ta dxdAouba :

Mapaderypa lov: Naémivdf 1 2Elcwng :
301+ D+ oy [X=3 = 1+ doy |3,
"Enidlveg : "Ev mwpoTors mptma va elvan x + 2> 0, x—3 > 0, &re x > 3.
‘Emaidn 1 = Aoy 10, f Bobeica tflowos ypdgeTan :
Aoy Vx + 2 + Aoy fx — 3 = roy 10 + Aoy |3
Aoy (fx+2- Yx—=3) =2roy . 103
G+ x=3)=10713
(x+2) - (x—3)= 300
X* —x —306 = 0.
"E§ aurriis eUpiowopey : = 18 0= 17
‘Hxy= — 17 &moppimrreran, o puh mAnpoloa Tov Tepiopioudy X > 3.
Mapaderypa 2ov : Na ¢mivdf) 1) tElowaig :
Vxhor¥x _ o, m
"Exidvong : [Tegiogiouds - mpémer vé elvan x > 0.
Yywvouev dupdTepa & pEAn Tiis (1) €ls T6 TeTpaywvov kal Exopev :

& e e

x*r /X _ 10p, @
Aappdvopev ToUs AoyapiBuous &ugoTépwov TV uEAGY Tis (2) kal Exopev :
Aoy Ix - Aoy x = Aoy 100

1
A — Qoyx)* =2
A (oy x)t = 4
xal &pa : Aoy x = 4+ 2.
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*Edv AdPwyev Aoy x = 2,Exouev Aoy X = Aoy 100, &pa: x = 100.
*Edv AdPawpev Aoy X = — 2,Exouev Aoy x = Aoy 0,01, &pa:  x = 0,0l
TNapaderypa 3ov : Na ¢mivd{ 1 tEicong :
miz—(va.x-MT,x—}—lW]{z—I)zG )
'Erilvog : ‘H Sobeloa tiowais elvar looBUvauos pe Thv :
2oy, x - hoy, x + hoyyr x = (J2)* =8 @
Qs yvwatdv (§207) elven :

A0y, X = 7;0: X fvba ol Aoyx kal Aoya elvan &g pds Pow 10.

Aéyw atrol Eyouev:
_Moyx _ Aoyx i _ Aoyx  2Royx
MY X = ™ Ty T Y= gy, MY royl2 | Aoy Z.
Auvéper adTédv B (2) ylverar:
Aoy x Aoy x 20ayx S
3 2hoy2 Aoy 2 i Aoy 2 e
Aoy x Aoy x
A (?\oy2) Aoy 2) e
'EE aUTis eUplokouev :
Aoy x wal Aoy x
hoy2 Aoy2
'Ex Tfis wpawTns Exouev :
Moyx=2Aoy2=DRnoy4, Gpa x=4
kal & Ths Beutépas dpolws Exopey :

Moy x = —4hoy 2 = Aoy 2% = hoy
Mapadevypa dov : Na Emdvlij 10 cbotnpa :

doy x + hoy y = hoy 14
3x—y=1.

1
BTL &pa x=

*Erilveng : Hegrogiauds: x >0, y > 0. ‘H wpaotn Eicwois Tol guatfiuaros ypaeerar:

Aoy (xy) = Aoy 14 «xal Bider: xy = 14.
“Exouev olrw v& EmAUowuev TO lgobUvapov guoTnua :
x—y=1
xy = 14.
Adopev 16 oUoTnua ToUTo Kal,breidn Tpémer x > 0, y > 0, elpiokopev :
x=7/3 xal y=6.
TMapaderypa Sov : Na ¢mdvdf o obotnpa @

xko'ry+1 = y101x+2

y]rfri e xy—z .
'Eriloong : _ﬂpo-pavhs Aois ToU ouoThuatos elvat: X =y = 1. ‘Ymwoféropev Thpa &mi:
x >0, y > O,xafcos kad x # 1 # y.
'Ex Tfis TpwTns, AoyapiBuifovTes, AauPdvouey :
(Qoyy + 1)-Aoy x = (Aoy x + 2)-Aoy ¥y
A Aoy x Aoy ¥y + Aoy x = Aoy x Aoy y + 2 Aoy y

| Aoy x = Aoy y?
kal ouvemrds : x =y )
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Adye Tains 1) Seutépa tElowois ToU cuoThuaTos YpdgeTa :
y o g2
"Ex Tairns, dmeidny y £ 1, AauPévopey : Vy2+ 2 = 2(y —2), A5 Avopévn kard T yvw-
ot& 5iBer mapabexthv Tipfy ¥ = 8__-i_2—2.

3
"Apa 16 Sobtv oUoTnua Exer Tds Auoers :

_ - _86+16122 8+ V22
(x=1, y=1) (’__“9—’”“—3‘)_

AZKHZIEIZ

484, Nd dmiuBolv al x&rwbh Eiodoss :
x—2

1. 5% — g2s, 2 N Loy 3 PP gt

3 \3x—7 4 \7x—3 —
i (T) =(T) ) 8 2.9%5-7.3F33=0, & F-a4TFir3=0,

1 1
7. 5 o4 3 8 4T T o3Il g 24xy 3080560,

5x-2
10, (x*—5x 4+ 6) %72 = |, g1, 3! g% _ 3x—1 %43 pp yXx-26x0425_
485. ‘Ouolws : x+1
3
1 18%4% = (54)7) 2 ‘/ B0 05 7 X _ =% =
5 a= (] b i = ?-§=2-f51, I F—xF=3(+xX),

x
3\x—1 -‘,/4 R i e o i 15 21
4. (-‘-;') ’ 7—5(]‘3) i 5.3 - e +3I_W=O'

6. 5172_3 L2X—3 _ 12.5%X—3_ox . 26x—I13 _ 32(x—2) _ "BZX—] — 32x—3

486. N& ¢mAuBolv Td xkédTwb ouoThuara :

x4y _ 39 x¥ = 243 42X 23—2_ 1024
2 v S 2 -y 3. )
31:(—)! = “02 = (? X ) 3)&*2 3)—3=3~1 ’
F_tIo s Lk (| 2¥ =3y
4 5. 6.
Y323 yi-x=0 3% = 2y.
487. "Opolws :
’ x¥ = y* g xX+Y — ¥ 3 Xty — y"f:
x =y yiHY = xa Y =

488. N& tmiAuBolv kal va Biepeuvnfolv Ta k&Twd ouoThuaTa (Bboes Betikal) :

X _ pY of = pY =
g 7o Aam b 7, P i
x¥ = y* %% = yﬂ x¥i=
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489, N& EmiavBolv ol kédrwh tiodoers :
S 3 —
1. doy (x+ 1) +2no0y I5x =2, 2. ;- Aoy (x—2) + Aoy féx+3 = %

: ?«oy%--{-}\oy (——+2)=210y(x—1), 4. Aoy [Roy (2x* + x—11)] = 0,

s, xhoviz—horiz _go1, 6 (@xeritioriE o g0, 7, 27X 4 Pdero
_Moyx | hoyx +3 11

8. oy x + 2 a7 Moy x — 1 == 9. Aoy, (Roysx) = Aoy, (hoyx).
490. ‘Opolws :
1. Aoy (2% + 2. 3%) + Aoy 8l = x - Aoy 3 + Aoy 178
2. (hoy,x)t — TS HRTINT _ oy, (x4) — gronl3 3. 10.x*"* = x2.x,
3x
2. xlovl—o- = 9. (Bx)orxt, 5. ?«oyﬁx Aoy, x ?\oy’ﬁx Aoy, x = 54.

491. A Trolas Tipds ToU 0 1) Elowos: x2—2 (1 + Aoy®) x + 1 — (Qoyd)! = 0 Exe
plfas TporyuaTikds kal foas ;
492, N& tmiufoiv Té xé&Twb ovoThpaTa :

hoyx —Aoyy = 1 X+ Aoyy =1 (i)hﬁ Iy ('y_)lmﬂ
1 2 ) 2. x %) e B 7

Aoyx? + Aoyy? = Aoy Tyf+ 10 = 11Yy 7MoVK _ shory
xherY y1.071: = 20 5 XLOTY 4 ylo-{x = 200 A (3)01013 = (Sy)’“"‘"’
Aoy Txy = 1 TV oY L yRerX _ " ghovx _ ghory

493. ‘Opoleos -

hovy.
xhory o yxovx = 200 V 54% _ 95 y" a+ y“) — 10100
L x 2. xX+2 3. s ';

(hoyx)Y - (hoyy)¥=1024 m — 10.000 roylxy — )\oyv? =3,

(2’()‘.\.07? & y;\.cw(!x) — 8x* (3)()’““3 = (5y)l‘°75

y = 4x*. },101(270 : rors yM”

494. N& eUpefolv al mpayuarikal Aoes ToU OUOTAUOTOS :
Xy, 27 =g, xtytaz=1l6
495, 'Eav o, PeR* — (1}, va& tmAubij 16 oloTnua:
Aoy, X - hoyg ¥y = hoy, B, &MYe¥ = Yx.
496. N& ¢mAvbij 1 Elowois:
Aoy (21%°7%F! _ 42) 4+ Aoy 4 = Aoy 21 -Aoyx + hoy T6.

497. ‘Opolws :
[Roy (16x —5—x) + Moy, 2] Aoy, ¢ X - Roy,x = 2.
498 Né& eUpedolv of Tipal, Tés dolas AapBavel & 08,0eR*, av al pifar Tis t§rocoews :
Aoy [Aoy (x* + x Aoy® + 110)] =0,
&roTEAOUV AUCIY TOU OUTTHUATOS :
yrovt -+ ghory = 20, roy fyz = 1.
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KE®AAAION IX
ANATOKIZMOZ — IZAI KATAGEZEIZ — XPEQAYEIA

I. "Avarokiopdg

§ 223. Eicaywyikai évvoiar —Opiopoi.— Mvwpilopey ik Tfis *ApiBunTi-
Kkfis 6T T6K0g AbyeTon TO Toody, T drroiov AopPaver Tis SavelZwv els &AAov XpN-
Hara, éml mAéov TolU Saveilopévou Trogou. To Togov, O otroiov Saveller Tig,
AbyeTan xepadarov, & 5 Tékos elvan 7 &uotpty, Ty bmrolav kaTaPdAAel & Saveald-
Hevos 81 THv ¥pfiow ToU kepodaiou. “Otav To KepdAaiov pévy 1O alTd ko’
SAnv Thy Bikpkeiav ToU Bavelou, & Tékos Abyetan dmhode: Aéyopev 8¢ TéTe ST T
XpfipaTa Tokifovtan &ni dnhd tokw,, & 5% Tékos TGV 100 8px. €ls uiav ypovikhv
mepioBov koeiton Emirdxiov. TToAAGkIS Spws 6 TOKOS EKATTNS Y POVIKiS TeEp16SoU
mpooTifeTan els TO kepdAaov xal droTehel poly pt oUTod TS kepdAaiov THis Emwo-
uévms xpovikfis Tep16Sou. OTeos & TéKos KepoanomoleiTar Kad TokileTon &v guve-
Xelg kard TOV alrréw Tpémrov. *H Trpdodesis altn Tol Tékou s & Kep&Aatov, fiTol
i KepaAaioTroinois Tou Tdkou Aeyetan dvaTokiopds, & B¢ Tékos, & Smoios
AcpPdveTan &md TOV dvaToxiopdy, Aéyetan oivletoc.

Eis Tov &varokiopdv koheitan «Emitékiovy & Tokos Tiis Wds Spayufis els
ulav xpovikfv mrepioBov. Kard ouvémeiav 16 mitékiov els Tév dvaroxioudy sven
igov mpds 10 1/100 Tol émiToxiou ToU dmrAoU Tékou. TolTo TapioTaTal KaTwTE-
pw pE T (T = TO EkaTOoTOV TOU émiTokiou ToU &mrAol TéKO).

Kepdhaudv 11 Aéyopev 671 évatoxiletar, Stav & Baveiopds Tou yiveron Emi
QVOTOKITHED.

SuviBus 1) xpovikn TepioSos, katd THY émrolay dvaTokiZeTal &v kepdAaiov,
elvan T& Erog A 1) ESaunvia.

Eis Tov dvarokiopdv Siakpivopey apyikdv kai telikody 7| obvBetov Kepdiatov.
T& Tehikov kepdhaiov elvan T6 dpyikdv NUENUEvOY Ko ToUs ToKOUS ToU Saveifo-
Hévou (&pyikol) kepodaiou KaTd TO YPoviKdY Bi1aoTnua, KaTd TO dTroiov Bifjpkece
O Bavelopds.

T& mpoPAfuara ToU &uarokiopol AUousv Bi& Ty, Tous trolous eupi-
oxkopev 81 TTs AUoews ToU dxohoufou YeVIKOU TrpoPAnjuaTos.

§ 224. NpoPApa.— Keparawov k, Spaxpdv dvatokilerar S1a v Bty pé Emité-
Klov t dpaypdv. Znreitar va e0pedij 1o tedikov kepakaov k., .

Abers. “H pia Spayun 8& pépn peta v Eros Toxov T, &pa af k, Spayual 8&
Ptpouv eis TO Téhos ToU TpwTou Etous kT Bpy. Kal cuvemds TO kepdAaiov k,
8py. els TO TéAos ToU TpdTOU ETOUS B YivT) -

ke +ket=k, (1 +7)

e,
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Aol : 70 xeqdAaiov ko moddandacidlerar éni Tov (oralegdv) ovvtedeotny (1+1),
Iva 8dhan 0 Lyroduevov moody eis To Tédog Tov mpdTov ETovs.

A’ duofou cuAhoytopol ebplokouey, &1t ai ky (1 + 1) Spoyuai e 10 Té-
Aos ToU ETous B& yivouv (ué ToUs TOKOUS Twov) : ke (14+1) « (1 +71), fiTor
ko (1 + T)2 Spayual. OUTw peta o ETn TO KepdAaiov K, B &vendT) els :

ko (1+ 1)%
‘Opoiws tpyalduevor evpiokouey &1 ai k, Spayua els 1O TEAOS Tou TpiTou ETous
6& yivouv : ko (14 1)3.

Téhos, TpoywpolvTes ko’ Suotov TPoTIOV, ebpiowouey 61 o k, Spayuai &g
6 TéAos ToU vieoToU ETous B& yivouv 1 ko (1 +T).
“Apa T TEAkOV kepdhanov k, Bibetan ék Tou TUTOU ©

Ky = Ko - (147 (1)

‘0 TUmos (1) kokeiten thnog Tob Gvatokiopod kol guvbiel TG Téooapa TTOoX
Kor T, v, ky . "Av Bibcovtan T& Tpia €§ v, TéTe AUopev Aoyapifuikéds TouTov,
G35 Trpds TOV rropévovTa Sy v aTov.

*EvioTe Sucs & dvaTokiouds ylveran Sid v rn kad fluépas Twes A 1 fuépas,
(n < 360), TéTe Tpds UTroAOY10UOV TOU TEAIKOU kegaAaiou k okemrTopeba dos £E7s:

Metd Trapéhevow v ETédv al k, Spayual B& yivouv : ko(1+7)*. TS mogdv
ToUTo B& pelv dxdun i &AG Tk N fluépas (n << 360) kal TouTo, 816T1 al
fluépan Btv ouvioTolv plav xpovikiy mreploBov, fiTol &v Etos. "Emeaidi els Tov &mhotv
oKy T Emitékiovelvan 1 e= 100.1, To Togdy k, (1 + 7)Y 8& Scwor els n futpas
TOKOV :

ky (147) - 1007 - D vy ky (14+T1)¥ - ™ !
36000 360
‘Etroptves TO TeAkOV KepdAanov peTd v BT kai 1) fluépas B elvan :
ko (14+T1) - 11 .

k=k,(1+ 1)
oI+ T+ %60

“Ofev :

k=ko(1+t)"-(1+%) (n<360) (2

Enp. Els Thv patw vl Tol TUTrou (2) XpnaipoToloUuey (ouvhBws) THY KaTd Tpogéy Y101V
loétnTa (TUTTOV) :

k = ko (1 +T)“% @9

‘0 (2) 5ie1 oxebov TO aUTd Earyduevoy pE Tov (2) kad elvan hov ebypnoTos Si& Tous Umo-
Aoy1THOUs.

Hapatipneic. 'Edv & &varokiouos v ylveton kot ETos, dAAa kaT ioa
Xpovﬁ«i BlaoThpara, fitol ke Eaunviav fj kard TPiwnviay f KOTa pfjva KATT.
Suvdueda v YproldoTomowpey TOV eUpeBivTa Tumov k, = ko (1 4 7)Y povov
gls v TepimTwow, ka® fiy TO T TaploT& Tov Tokov TR | Spoypfis eis Ev
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& TGV BiaoTnudTwy ToUTwy Kai TO v TO TARBos T XPOVIKGV ToUTwv Sia-
oTnu&TwY,

"Eav & dvarokiopds ylvetan ko Efapnviav i kord Tpwnviav A kaTd pijve,
TSTe T dmitdkiov Biv efvan T fjpiou | TO TétapTov f TO SwdékaTov dvTioTofyws
ToU érnaiov émiToxiov, A& &Aho, T6 droiov UtrohoylLeTen dxs EEfs : )

"EoTewo Ty TS Emitokiov pd ypovikfy TepioBov THv aunviay ked T TS EmiTd-
KIoV pé Ypovikfy mreploBov T Eros. TkemTduevor dxs dvwtépw (§ 224), eVploxopev
ém f) 1 Spayun els Td TéAos Tfis TpbTns Efapnuics B Yivp (14 7,;) xai s 1o
TeAos Tfis BeuTépas Efaunvias 8% yivn (1 + T,)2. ’Emions f pla Spayun els 16
TéEAos ToU Erous dvarokifopévn 8 yivy (14 T). ’Emedn N wla Spaypn, eite
xa®’ Eapnviav dvatokiodi eite kot Etos, mpémer v 818N TO aTd ToodY XPTH&-
Teov, 8& Exoopev: (1 4 1,)2= (1 4+ 1) xai ouverrds elven :

u=Vife—1 3)

‘0 tUmos (3) ouvdée 1o EEapnviaiov kai to EtRelov EmiToKIOY.
"Av & duaTokiopds yivetan katd Tpnviav, dmedn To Eros Exe 4 TPIUN-
vias, & T, elven TO Tpunviadov EmiTéKioy, B ExwUEY OKETTTOUEVOL 6 veoTépeo ¢
(I4+71)t= 147 «kal ouveréds 8 elven :

t=VIFr—1 (4)

‘O TUTToS (4) cuvster 16 tpViaiov kal 1o ETRciov EmiTdKIoV.

MNapadeiypara émi Tol avaroxiopod

Mapaderypa lov : Aaveifer nig 5.000 5px. pé dvatoxiondv npdg 6 %, xat’ Erog. Mocag Spaypig
Ba Lafny &v 6w pera 8 En;
Aborg : "Exopev : k,=5000, T=1006, v=8, 1+ 1v=1,06.
“Ofv 6 timos (1) s § 224 yiveran :
ky = 5000 - (1,06)®.
AaupdvovTes ToUs AoyapiBuous Tév Towv peAdv Exopev :
Aoy kg = Aoy 5000 + 8 - Aoy (1,06).
"E§ alrrol, tmeib elvan Aoy 5000 = 3,69897 xal Aoy (1,06) = 0,02531, AapPévopev :
Aoy kg = 3,90145.
"EE o¥: k, = 7969,83.
"Hor & Tokioas Tas 5000 pt dvaToxioudy kot Etos wpds 6%, Bk AdPn petd 8 Ern bv SAw
7969,83 Spgxpdg.
Enu. 'Edv 6 dvaTokiouds Eyivero il 8 Ern xad Auépas Tivds, forw m.y. 72, TéTE Els ToV TUTTOV

k=ke (1 + 0" - (14 357)
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75 piv ko (1 4 T)Y elven 7969,83, o &t

L bk | glven: L 1§£,'Q§= 1,012.
“Apa : k = 7969,83 x 1,012 = 8065,46.
TMapadarypa 2ov : Tooag dpaxpag npirel va avatokion Tic xatd thv Apépay tiig YEVVHOENG
i Buyatpdg Tov mpdg 6 Y, kat’ Erog, Sud va Exq npoika t° adtiv 300.000 dpy. dpa ovpninphon
16 200v Etog;
Abag : "Exopev v = 20, k, = 300000, T = 0,06, 1 + 7= 1,06.

‘0 Timros (1) Tol Gvarokiopol Auduevos 6 Trpos k, yiveran :

k %
L T T)v_. ()
‘H (o) AoyapiBmiopévn &iber :
Aoy ko = Aoy k, —v - Aoy (1 + T) (2))
i) Aoy k, = Aoy 300000 — 20 - Aoy (1,06).

*Ex Tfs lodtnTos TaUTns, Emwaidn elvar Aoy300000 = 5,47712 xal Aoy(1,06) = 0,02531,
Aappdvopey :
Aoy ko = 4,97092.

'EE oU: ko = 93524.
Mapaderypa 3ov : *Avatokifel Tig 80.000 dpaynag npas 6 °/, Erneing. IMooca Lpfpata Ba Lapy
peta 9 Etn, Gv 6 dvatoxiopds vivetar xad’ ESapnviav;
Aborg : To €apnviciov EmTékiov T, elpioképevov ik ToU TUTOU
,=TF7—1 dva: 7= ¥1,06 — 1 = 0,0295.
“Exopev Bt tv TrpoxEipéve :
k, = 80000, T, =0,0295, v=9x2=18.
"Ofev & TUmos (1) ylveran:
k,, = 80000 (1,0295)e.
*EE adrrol, Epyalépevor s kal elg 1o Tapddeayua 1, eplokouey :
k = 135140,6 Bporyuds.
Mapaderypa 4ov : Meta nogov xpovov 12589 Spaypai dvaroxiiopevar kat' Erog npog 5 9, yi-
vovtas 45818 bpx.;
Abaig : ‘O Tumos (1) ToU dvaToxigpol Aubuevos g Tpos v 5iber :

hovk, — hovk,

o T T g
“Exouev : ke = 45818, k, = 12589, T = 0,05, 1 + T = 1,05.
"EE &Ahou ik TQOV TvaKwWY EXOUEV
Aoy kv = Aoy 45818 = 4,66104 1‘
Aoy k, = Aoy 12589 = 4,09999 ‘
Biagops = 0,56105 ‘| Aoy (1 + T) = Aoy (1,05) = 0,02119.
kol &k Tis (1) AauPdvopev :
, _ Moy 45818 — hoy 12589 _ 0,56105 _ 56105 @

oy 1,05 ~ Q02109 2119
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"ExTedoUvres Thy Biaipeov TaUTny eUplokopev TAikov 26 kal UmréAormov 0,01011. Todto
onuaiver 871, Bix v aupBij T4 InToluevoy, Tpémer T6 Baveiov va Biapkéon 26 Ern xad Aubpas Tivds,
forw .

Ard v ebpoopev Tés fluépas abTas Epyaiopeda s LEfs :

Mvepilopey, 811 & TUmos ToU dvaToxiopol, Stav & Xpovos doTeAfiTan &mo Ern kal Auépas

elvan : k=k (14+71)" - ( L 'EEOﬁ)

"Edv els Tov TUTOV arliTdv Bkocopev :
k = 45818, k, = 12589, T = 0,05, v = 26,

45818 = 12589 . (1,05) . ( 162 —0'03566 1

eUploxopev :

"Edw MBuwpev Tous AoyaplBuous 1év Towv ToUTwy, Exopey :

Aoy 45818 = hoy 12589 -+ 26 - hoy (1,05) + hoy ( 1 + 20
0,05 -
A Aoy 45818 — Aoy 12589 — 26 - Aoy (1,05) = Aoy ( + ) 3

"Exouev £ &\ou #x Tiis (2) &mi:
Aoy 45818 — Aoy 12589 — 26 - Aoy (1,05) = 0,01011.
TMapapdAiovTes Torrny mpds Thy (3) oupTepaivopey &1 :

Aoy( 1+ 0220“ = 0,01011
. O
A Aoy( Py W) = 0,01011.

"Ex Tiis lodTnTos TaTns eVploxopsv SiaBoxixdds 81 :
= . -
= 1,02355 @ 7500 — 0,02355.

n
)
‘G ol : n=1695 # n =170 fuépar.
“QoTe & {nToUpevos ypévos elvan 26 ETn kal 170 Auépa, Tol Etous AoyiLoptvou pt 360 fpépas.

Mapatipnors. Mevikdds elvan :
__ Aoy ky — Aoy k,
T dey (IFT)
"Av Bt v elven 1o UrdAortrov Tiis Siaipéoews T, KaTa v Evvolav ToU
&GvwTépw TapadelyuaTos, B elvon :

v = Aoy (l+ —%)

"Ex Tfis E§10woews TauTns elplokopey 16 1 + 3 60 kal ouveTrds TO 1.

Els t& mpoPAfuaTa ToU &uarokiouol iméyovtar kal TpoPAfuoTa Tivé
oxtow Exovra mpds THV alfnow fi EAdTTwo Tol TANBuouoU TdAews A Xwpas,
olov 16 xkdrei:
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TMapaderypa Sov : 'O nhnbuvopdg mbc néieng elvar IT xGrowkor napetnpidn 8¢ 6t oltog
avgaver xat’ Erog katd to —:‘ oD nponyovpévov Etovg. Znteltar va ebpedff nooog Ba elvan 6 nin-
Buopdg tng peta v Etn ;

Abong : Metd &v Etos & TAnBuouds Tis mdAews B elvon :

1 1
g, L8 n.(; -).
+ 5 A B i
Met& &v &kdpn Eros, Sn. els 1O Téhos Tou Seutépou ETous & TrAnBuopds Tiis ToAews B elven :
1 1 1 R
7 T'l(l )— n-(1 =Y.
{ A aer) ) A =

Kab' dpotov Tpétrov mrpoywpouvTes eupiokopey, &1 els T TéAOS ToU viooTou ETous & TAN-

Buouds Ths TéAews B elvan :

n\,=n.(1+%)v

Znp. 'Edv & mAnbuopds T Ehattobrar xatd 10 1/p ToU Tponyovpévou Erous, ToTe &
dvwTépw TUTOS YiveTan

AZKHZIEIZ

499. KoraBérer Tis el 16 Toayubpoukov Tapmevtipov 7200 Spayuds, al émola dvaToxi-
Lovran xaf’ EEaunviav wpés 4,5 %, ttnoiws. Méoa ypripara 8 AdPn tv SAw pera 15 & ;

500. TTéoov Togdv Tpémer vé Toxkigwpev pué dvatokiopdv kad’ Eaunviav pos 4 %, Tva petd
18 Ern yivy 200.000 &py.; \

501. MMpds Toiov émTdkiov 24850 Spy. dvartokifépeven kat” Etos ylvovten ueta 12 £rn 50000
Spaypal;

502. MeTd éoov Ypdvov 40000 Spy. dvaTokiLopevan kat’ ETos pds 5%, ylvovTan 68524 Bpy.;

503. KaréBeot Tis els 16 Tayubpopikdy TapieuTfipiov ooy XpnudTwy, To dmoiov dvaTo-
kiZeTan ko’ Eapnviav wpos 6%, Ernoiws. Metd 5 Etn EAapPe 26000 Bpy. Moo ypfiuaTa elxe kaTa-
Otoe;

504. Kepddandv 1 dvarokildpevoy kat” Etos yiveron petd 3 Etn 5625 Bpy., weT’ &AAa Bt Buo
dxdpun ylverar 6084 Spy. Tipds Tolov miTékiov Eyve & dvaToxiouds;

505. Metd wéoov ¥pdvov kepdhandy Tt TprAadidleTan dvaToki{opevoy kab’ tapunviav Tpds
6% trnoics;

506. Avo kepdhana T& v &k 5000 Spy. kal o Erepov € 8000 Spoyuédv dvaroxifovTar dvTi-
oToixws pé mTékia 5% wai 3% Ernoiws. Metd méoov ypévov T Buo kepdAcia Ba kaTagToUV
foa;

507. N& t€etaodij Tl elvan oupgpepdTepov vér dvarokion Tis 60.000 Bpy. i 10 &rn wpds 5 9%
trnoiws i va Bavelon 1o aiTd Toody ut &wAolv Tékov Tpds 7 %, kal els Tév alTdv xpdvov;

508. Toodv T a Bparyuddv dvaroxiletan i 1 ypovikdy Bidotnua. "Edv &vetoxileto TouTO
p &t SAiydiTepov, TéTE TO TEAKdV kepdhatov B& fiTo kaTd P Bpayuds SArywTepoy, tdv Sugs dve-
TokileTo p Ern TepioaéTepov, ToTE TO TEAKdY Kepdhaiov 8& fiTo kaTd y Bpayuds WepioodTEpOV.
Na epebij T Emirdxiov kai f) Bidpkeia ToU dvaTokiouou.
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509. ‘O wAnBuopds tvds kpdrous avfbveran kat' Etos katd 16 dyBonkooTdy Tou Trponyou-
uévou Erous. Metd mdoa En B BimAaciactii | 8& TprmAaciaedii & TAnbuouds alTou;

510. Mia A Exer 8.000 katoikous kail & TANBuopds alTiis EAatToUTan érnoiws ket 160
karoikous. 'Edw 1) EA&TTwots EEakorouBfion kard THY alTiv dvaroylav, peTd wooa ETn 1) woAlS
aUrn B &xn 5.000 xaroikous;

1
511. Els plav mwoAwv £ BvnopdTns elvan 1o —4% Tou TAnBuopou Tns, ol 5 yevwnoes T 35

TOoU TAnBuopol. Eml Tf wapaboxdi 8T ) &vehoyla altn & elven fy aiTn els T& dmdueva én,
vér eUpeBi] peTd Téoov xpdvov Bd BimAaciacdi] & TAnBuouds TNs.

2. "loar karaBéoeig

§ 225.— Zuyxv& of &vbpwTor &d Tds oikovopias Twv kaTabéTouv dva oTofe-
pdv YpnuaTikdy Toodv elTe els TN &pyfv fkdoTou ETous (| cupTepuovnuévns X po-
vikTjs povddos) Tpds oxnuaTiopdy tvds kepaAadou, eiTe els TO TéAos ExdoTou ETous
(A ouutrepaovnuévns Xpovikiis povddos) Tpds EEdpAnTIv Evds X péous.

To oTafepdy alTd YXpnuaTIKOV TTogov KoAeiTal Katddeais.

Els InTrpara fowv katabéoswv Siaxpivopev ékdoToTe BUo TEPITTTOOES :

o). Al karadéoes yivovton els Ty @ p v EkdoTou Etous, xai
B). Al katabéoes yivovtan els 10 1§ A og EkaoTou ErTous.

Al Toon kaTabtoss SUvavtar va yivevtar ko’ tapnviav fi kard Tpipnviav
kal &l éva dpiopévov xpdvov.

T& mpoPAnuaTa Tév iowv kaTabéoewy AUopev S1& SUo TUTwY, Tous dtrofous
eUplokopey Bik Tiis AUoews T&V droAoUBwy SUo TpoPAnuaTwY.

§ 226. MpoPAnpa I.— Katabiter tig eig v apynyv éxastov Eroug a dpy.
pé dvatoxkiopdv kai pé toxov t tijg puds Spayufis el Ev Erog. Znteitan ti wooov Ba
oynpatioy da 1dv katabicewv todtwv peta v Etn;

Adeg : ‘H TrpadTn korddeols TV a Spayuddv 8a pelvy els Tov dvaTokioudv
v &1 kKal ouvemdds dvartokifopévn B& yivn @ o (1 + 1) .

*H BeuTépa katdBeas, dos dvaTokifouévn el &v Etog dArywTepov, B& yivy Tomn
mpods o (1 + 1)1, ) Tpitn 8& yivn : a (1 + T)¥ 2 kox.

Kat’ airdv TV TpdTrov TrpoywpouvTes eUpiokopey, 0T1 1) TeAeuTaia kaTdbeats
o Spayudsv B peivn els Tov dvatokiopdv &v Etos kail ouvemds & yivy fon mpds :

a(l4+T)=a(l +T1).

’Eqv guvemdds TapacTnowpey Sik T TO Trocdv, dmep Sid TV kaTabéoewv
ToUTwWV B& oynuaTiot els TG TéAos ToU viooToU ETous, B Excopev

E=a(l4t)+a(l+1)"+ -4+ a(l+T)
i E=a(l+T)+al+12+ - +a(l4+T)"'+a(l+T)
To SeUrepov péhos Tiis TehevTalas iodTnTos elvan &fpoiopa Spwv yewpeTpi-
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kfis wpoddou, ut Adyov (14 T), &pa kard Tov TUToV (1), § 169 8 looUTan pé:

a(l+7)(Q4T1)—a(l+T)
L | i

“QoTe: E=a-(141)- ﬂ.t‘?_v__l 1)

‘O 1Umos (1) xoheiton timog tdv iowv karabéscov, tkdoTns karaPoiio-
pévns el tRv apyfy Tiis EkdoToTe X povikiis Tep1dBou.
Enp. Al Suvdpes (1 4 7)¥ 51k T = 0.03, 0.04,..., 0.06 kal 81& v = 1,2,.. ., 50 wapéxov-
Tan &md elSikols ivaxas kal olTw BievkoAlvetan & Umohoyiopds Tou Z.
Mapabaiypa : Katabéter ng eig v Tpanelav pi dvatokiondv xat’ Erog 5 9 mogdv 2.500
Spx. elg thv &pxAv éxaotov Etovs. IMboa phpara Ba Lapy petd 10 Etn;
Adorg : "Exopev a = 2500, T = 0,05, v = 10 xal ) élowor; (1) yiveron :
(1,05)1*=1
0,05 5
‘H Tapdoragis (1,05)% Umodoyifouévn xwpiotd elven ton mpds : 1,628,
"Apa (1,05)* — 1 = 0,628 xal émwopéves :
0,628

Z = 2500 x 1,05 x 0,05
"Ex TS, Bidk Tév Aoyapibucwv ) B’ &n’ elbelas berehboews Tév wp&fewy, ebploxouey :
Z = 33016,97 8py.

§ 227. Mpo6Pfinpa Il.— Karabiter nig £ig 1o tédhog éxdotov Etovg a Spy. pi

dvatoxiopdv xai pi toéxov t tiig i dpaypufic elg Ev £roc. Znrelran, i noodv Ba
oynpancdij eig 16 tthog tod vioatod Etoug, fitor dpa tff viooti] katabios ;

I =2500 x 1,05 x

Aborg : Al a Spayual, al émolan kararriBevrar els TO TEA 05 Tou TpwTOU
grous O& psivouv Emi dvaTokiopd Emi (v —1) Ern kal ouvewds 8& yivouv :
a(l4+T1)—L Al aBpaypai af droic karaTibevton els TO TéAos ToU BeuTépou ETous
8 peivouv &l dvaTokiopdd &l (v — 2) Ernxal ouvenréss 8& yivouv : o (1 4 1)

Av’ Suoiov Adyov ai a Bpayual,Tis TpiTns karaBéoews 8 yivouv: a (1 4 1)

TpoywpoUvTes dpolws eUpiokopey 6Tt al a Spayual Tfis wpoTeAeuralas kata-
Béoews, al dmolon 8& peivouv &’ &varokioudd pdvov ev Etos, 8a yivouv: a (14 7).
Téhos 1) TeheuTaia kaTdfeots dév tokilerar, ko’ Soov B& yivn els TO TéAos TOU
TeAsuTalou ETous kad ouvetréds 84 elvan o OlTw 16 &Bpoioua T@V kaTaTeBévTwy
ooty (METa TEV Tékwv Twv) B elvan :

=il oyt (e )=t o eentaith ) e
fi (§ 170, Timos 1) :

g Sy bbby 4 @)

T

‘O TUmos (2) xoeitan tomog tdv ypewlvtik@v katatabiceov kai ouvdie
T& Téooopa Moo X, a, T, V.
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Mapaderypa Elg xanviotig 5odever fid 10 xérviopd tov 12 dpyx. fucpnoing xata
ptcov Spov. Na droloyioBi ti moadv Ba eloénparrev cig 1d 60ov Erog tfig fihikiag tov, av xaréfete
&g 10 tEhog txdaron Erovg td xpfipata, nod Sitbete Sia iy dyopav vyepétiov cig piav Tpanelav
éni dvatomopd npog 6 9, Yvwatod Svtog b obtog fipxios xanvifwv dnd tob 2000 Etoug tfig Ak
xiag tov ;

Aborg : Ta trfioia E§oda ToU kamvioTol dvépyovtan els 12 - 365 = 4.380 Spy.

"Exouev TéTE . o = 4380, T = 0,06, v = 40.

“OBev & TUTros (2) yiveran :

(1,06)% — 1
L

I = 4380 - ()]

‘Ymohoyilopev v Tprtois Thy Blvapiv (1,06)%. TMpds ToUto Bétopev: y = (1,06) xai

Eyopev :
Aoy y = 40 - hoy (1,06) = 1,0124.

*Ex tanirrns ebploxopey : y = 10,2895.
“Apx (1,06)* — 1 = 9,2895 xal ouvemds
9,2895
Z = 4380 - 0,06

"Ex Tadrrns AoyapiBuifovres elploxopey
Aoy Z = Aoy 4380 + Aoy 9,2895 — Aoy 0,06.
_ ‘Hlodtng alrn, tredn elvan : Aoy4380 = 3,64147, Aoy9,2895 = 0,96800 xal Aoy0,00 =
=2,71815 ylveren : Aoy £ = 5,83132.
*Ex talrrns ebploxopev : I = 678142,86.
"Qoe 6& eloérparTey 678142,86 Spayuds (!).

AZKHZIEIZ

512. Karafire mig éml dvaTokiond woody 8050 Bpayuddv mpds 4,5 %, els Thy dpyhv kd-
oTou Etous. Téoa ypriuata 8& AdPn uetd wépoBov 18 trdv;

513. Marfip 15 &droxTioas képnyv BAer va kaTabéTn kat” £Tos TToogdy T1 dpiopévov &1 al~
Ty, Tva ToUTo dvaTtoxiféuevov kat’ Etos Tpds 59, yivy petd 21 Ern 250.000 Bpy. Méon mpéme
v& elvar ) Ernoia katédeos;

514. Karabtre Tis els v dpyiiv txdorou Erous 10.000 Spayuds &l dvaToxiond mpds 5%
tTnoics. Metd wéoa Ern 6& AdPn 150.000 Spayuds;

515. Karaftrer Tis émrl dvaroxiopd moodv 2050 Bpaypddv Tpos 4,5 % els ThHv dpyfv tké-
oTov Tous. Metd wépoBov BexamevtaeTias Emauoe v& karaléry, EAA’ dpfike Td oynpaTiobiv ke
pdhatov ¢ml dvarokioud mpds 5%, Ernoiws. Téoa 8& AdPn els TO TéAos Tév 24 Erdv &mé Tiis
TpTNS KataBoews;

516. KatoabBéter 115 kard Thy fuépav Tév yevebriwv Tfis kdpns Tou els TO TaweuThplov THis
"Edvixiis Tpamélns 5000 8py. i dvarokioud mpds 4,5 % . ZnTeitan, Tl Toody 0& Exn oxnueTiobi
xard THy elkooThy TpwTNY EmréTetov TV yevebhicov Tiis képns Tou;

3. XpewlAvoia

§ 228. 'Opiopoi.— Xpeolveia kaAeiton 1) dvrds dpioutvou xpdvou &rdoPe-
ai1s xptous &1’ fowv Sooewy, ai dmoion kaTaPdAlovtal els TO TéAos ékdoTns Xpovi-
Kkijs mep1oBov, Tr.Y. ls TS TéAos ToU ETous f) ToU Efaprvou KATT.

To mogov ékdaTns Tév fowv 8boewy, To dmoiov kaTafdAAetan els TO Téhos
Ek&oTng Ypovikils Tep1dBoy, Bid THv dréoPeov Tol xplous, koeiTal LpemAbaIoV.
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Elven pavepdy &T1 pépos utv ToU XpewAuciou xpnoiuelel Bi& THy TANpw@UNY
6V BeSouheupbueoy TéKwY ToU Yptous, Td Utréhottrov 8¢ ouvTehe els Ty Padpiadav
&mréoPeciv Tou xpEous.

*AmoaPévvuTar 8¢ To Yptos, STav TO &Bpotopa SAwv TéV YXpewAuoicy PETa
TESV guvliTwy TéKwY aUTéY &rroTehel TToody igov Tpods THY TeAwkn &lav ToU
&vaTokifopévou &pyikou kepaAaiou.

T& ouvnbioTepa TpoPAfinaTa THs xpewAuaias Alopev Sia Tou TUTOU, TOV
dmolov eUpiokopey &k Tis AUgews ToU dxoAoufou yevikou TpoPAfiuaTos.

§ 229. NpépAnpa.—Edaveichn tig a dpaypads ini avatoxiopd pi iV copQ-
viav vé £Eophfioy T yxpEog Tov drd v icwv itnsiny doocwv kataPalioptvay eig 10
téhog Ekdotov Etovg. Zyteitar v edpedii 10 moodv éxdotng ddoewg (xpewhisciov),
yvoetod Gvtog 6t Ekaotn dpaypn @éper eig Ev Erog ToKOV T dpaypdc.

Aberg : TS SaveioBiv Troodv o, dvatokifdpevoy, peta v ETn B Exn dverbe
els: o (14 T), Smep kol 6geier va TAnpcoon & BaveioTrs.

Odtos Buws TANpovel els 16 TéAos EkdoTou ETous Eva xpewAUaiov, toTw
B¢ ToUTo x Bpy. AkauoUTtan Aoimdv vé {nThon kal alTds Tous Tékous T@V ETN-
oleov Séoewv, Tous &mrolous &AAws Te B EAdpPave, tav &uetorile ExdoTny Boow.
Al Bboeis alran (ué Tous Tokous Twv) § &moTedéoouy, kaTd ToV TUTOV (2) TV
XpewAuTIRGY KaTaBéoswy (§ 227), Toodv foov Twpds :

A+7yr-1

s

X -

*ANAE TO Troody aUTd Tpémel v elvan Toov ud To dpethdpevov: o (1 4+ T)V.
’EvTelfev Exopev Thv EEicweowv tfig yxpewiveiag :

1 v —1
PR ) it SPRPH) B m

’Ex THs tEi0magews TauTns Tpoodiopilopey TO LnToUuevov YpewAudiov X.
AUTn Avopévn cs Tpds x T @ 8ider ToUs TUTTOUS :

ik at (1+ 1)
Tty —1

W S L5 h) iat]

1) T a”

*EvioTe f) pdtn keraPol) ToU ¥pewhvolou yivetan ETn Tvd peta THY ou-
vayw Tou Savelou, A.x. wetd p Etn. Els Thy mepimrwaow abthv f dvTioToixos
tElocwog tiis ypewlvoiag elvan :

gAMbl k]

- =a(l+1) (Brerri;)
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Mapadeiypara imi Tiig ypewAuvoiag

Mapaderypa lov. Na £hpedf) td xpewhdorov, 1o drolov npéner va minpdvy pia kowvétng, L]
dnoia tdaveiohn iri dvatoxiond moodv 300.000 Spaxudv npog 5°/, pé Ty cupgoviav va 2Eophf-
on 16 yxpiog tobro 81’ Ltnoinv peoivnik®v d6acwv Evidg 50 Lthv.

Abog : Kara tév Timov (1°) elven
300.000 - (1,05)% - 0,05
(1,05)% — 1
"Eweish (1,05)% = 11,4674 (Siati;), A dvewTépw lodTns ypdeeTa
S 300.000 x 11,4674 x 0,05
10,4674
A Aoy x = (Aoy 300.000 + Aoy 11,4674 + Aoy 0,05) — Aoy 10,4674.
‘H loétng abm, twadh even: Aoy 300.000 = 5,47712, Aoy 11,4674 = 1,05946,
Aoy 0,05 = 2,69897 kol Aoy10,4674 = 1,01984, yiveton :
hoy x = 4,21571.
EE ol : x = 16432,69.
Mapaderypa 2ov : IMolov noadv divata va daverodf tig, av 08y va EEoplhay 16 xpéog adrod
£ig 20 Etn &’ £tnoiov xpewhvoiov 5000 dpy., Srav 16 tmréxioy elvar 4 °/;

Abog : "Exopev dvtatba x = 5000, T = 0,04, v = 20 kol ) Elowas (17) ylveran :
5000 [(1,04)» — 1]
0,04 . (1,04)*
“Ymohoyifouev &v mpTors ThY Slvapv (1,04)% kal drohoUBuws elplokopey Bid Tév Aoyapi-
Bucov : a = 67953 Spaypds.
Mapaderypa 3ov : Aaveiletai nig moodv 120000 Spaxpdv in’ dvatokiopd npog 8 °/,. Mocag
ttnoiag xpewlvnkag Sooerg 1OV 15000 dpaypdv npéner va rAnpdon, did va tEogiion 16 daveov;

Abog : 'Ex Tiis Eiomoews (1) AapPévopey :
x(Q4+1W—x=ar(l + 1)

X

v = 2
&0ev a4+ ] @)
i€ oU: v - Aoy (1 + 1) = Aoy X — Aoy (x — aT)
xed v = MOYX—Aoy (x —aT) 3)

Moy (1 +71)
*Emeidh elven x = 15000, & = 120000, T = 0,08 kal ouvemés x — at = 5400, & TUmos (3)
5ider :
Aoy 15000 — Aoy 5400
Aoy 1,08
"EE oaUTfis, tmeidn Aoy 15000 = 4,17609, Aoy 5400 = 3,73239 xal Aoyl,08 = 0,03342,
Aaupdvopey :

0,44370
v-wf 13 8. o113 S < 14
To tEayduevov TouTo Bemviel, &T1 Tpémel v& TAnpwon 13 8éoes Tédv 15000 Spy. kal picv
dxdun, f dmola 8 elven pikpotépa Tév 15000 Spy., fTis UrohoyifeTan ds EEfs :
‘Ymrohoyifouev mooov ylverar Td Sdverov Tdv 120000 els T TéAoS TV 14 Erdv, fiTol UTo-
Aoyifouev T6: K = 120000 - (1,08). Mer& TauTta Umoloyifopev TO Toodv, TO dmolov
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Exer mAnpoer pt tés 13 Bdoes T&v 15000 EkdoTn els T TEAos TdV aUTdv Erdv, fito1Té:
__ 15000 [(1,08) —1]

it 0,08 ot i

&1e ) Bragopd K — Z &8i8er Ty Teheutalav Séow. OUtws elpioxopey d11 4 Sbos alrn dvépyeTten
els 4252 Spayuds.

Mapariipnos. Kard thy E€iswaw (2) Tol waps. 3, va 16 mpdPAnux elvan Buvardy, mpémer
va elvar x > aT, SnAabh T YpewAiaiov Tpéer vk UtrepPaivn Tov Erfioiov Tékov ToU &pyikou Ke-
paralov, dmep kol Tpogavés, BioTt &AAws Btv O& tyivero otk 1) EdpAnais ToU ypéous. "Av
X = oT, TOTe ) E§lowais (2) div Exa Aow, 8161 & TapovouaaThs ToU P’ péhous unSevileTan.
Els THyv mepiTtTwo aUthv 10 Sdveiov Aéyeton mayrov, 516Ti oUdémoTe EfopAeiTan, TO BE kaTa-
PaAAdpevov roody X ¥pnoipeve ik THv TAnpwpny T&V érnoiwy ToKwY Tou Kepahalou.

z

AZIKHZEIZ

517, Kowdtng aveioBn 861" dvéyepow oxohikou xtnpiou 120.000 Bpaypds mpds 69,
trnoicws EéfopAnTéas xpewAuTikds els 25 frnoias Béoes. TMooov ypewAlaiov B& Anpeovn ETnoiws ;

518. “Enmopos Umohoyifer &1 Suvaran vé Biabétn Errgiov xpewhiaiov 8.650 Spayudv Emri
20 &rn. Mégov Bavelov Sivaral vé ouvdyn Bid THy Tpoaywyhv TGV Eumopikdy Tou miyepoEwy
pds 69 Ernolws;

519. Aavelletal Tis xpewAuTikés TToody a Spayudv Eml dvaTokiopd ué Tékov T THS WS
Bparypiis. Na elpedf) 10 ko’ ETos XpewAUaiov, va peté v ETn T Y péos Tou EAarTTwb Kormd T fiuiou.

(Egappoyn : a = 40000, T = 0,05, v = 12).

520. “H tEpAnois xpéous mpbmer va yivy els 20 Ern ypewAuTikés. ‘ExdoTn 8éois (Ernoia)
Ba elvan 46130 Bpy., 8& dpylon B¢ ) TAnpwpd peTd T6 Sov ETos &rd Tou Savelou. Mégov elven &
&pykdds Saveioliv Troody, &v T EmiTdkiov elvar 4,59 ;

521. Zuvfjye Tis Bdverov ypewAuTikév 250.000 Spy. mpds 79, tlopAnTéov EvTds 8 ETdv.
Tpels pfvas petd Thv katéBeoiv Tiis TéuTTns XpecwAuTikiis Sdoews BéAer v& EfogAfion ToUTo L€
SAoxAnpov. Méoa Trpérer vé kaTaPdin;

522. Awx moowv ypewAuTikGy Sdoewy EEopheitar Bdveiov 25.000 &px., 6Tav TO EmiTéKIOV
elvan 6 9, Brarriferon 8¢ Ernoiws xpewhUoiov 3000 Spayudv.

523. Zuugwvel Tis va TAnpdoY els Bva dogaioTikdy dpyavioudv v Ernaias éoeis Tpds &
Bpy. EkboTn UTo TV Spov, &T1 & dpyaviouds B ToU Efaopaiion Bk T& Emoueva 2v En Erfigiov
elodbnua tx P Spayuddv. Té mpdTov eladbnua Té@v P Spayudy 8& xaTaPAndi) perd THv TEAevTaiav
karddeav alTol. Ol Tékor elven oUvletor kal T& Emitdkiov elvan T 51 plav Spayuhv els &v Etos.
Znreiton :

lov: N& Umohoyiodfi & Adyos ; Kal

2ov : N& bp1o8i) /) Tiph) ToU v, dav elvan P = 2a kol T = 0,05.

524. Tlpds molov émiTékiov mpémer v EogAndij Sdveiov 20.000 Spayuév Si& 16 trnoiwy
Bogecov €k 1780,30 Bpy. ExdoTnyv ;
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KE®AAAION X

AITPOZAIOPIZTOZ ANAAYZIZ AEYTEPOY BAOMOY

§ 230. Eicaywyf.— Eis Thv mponyoupévny T&Ew (BA. Madnuartika A’ MNu-
wvaaiou, Tépos A, kep. IX) efbouev s EmAlovtan TpoPAfipaTa &mpoodiopl-
oTou dvoAUoews TpwTou PaBuoy, dxpiPéaTepov floyornBnuey ut TH EmiAucty,
vTds ToU Z, Eiodoewv Tiis popefis :

ax+Py=vy, Omouaq,pP,ydvZ.

Eis 70 mapdv kepdhaiov B doyoAnbiduey ut THY peAéTny elBikév Tvev Tepi-
TToewy ToU kaTwhl yevikoU TpoPAfjucaTos dmrpocdiopioTou dvoAloews P
PobBiuol, Tis yevikfis TepiTTGEwWS ufy UTreryouéuns Evtds TV dpicv Tol TaPOVTOS
BipAiov.

§ 231. NpéPAnpa.— Na Emhvbij, Eviég tob Z, 1 tiicweg :

Yy ) =0, €))]
6rov 1 (x, y,...) axéparov moAvdvopov @g mpds X, ¥,. .., devtépov Padpob, Exov
mavtag Tobg ouviehestdg Tov dkepaiovs.

To mpoPAnua Tolro Btv EmAlerar TévToTe. KartwTépew 8& etdowpey 8i-
K&s Tvas TEPITTTWOELS, kad’ &s EmiTuyydvetan 1) rlAvois ToU TTpoPAnMaTos, doyo-
Aoupevor kupieos ué émiAuoiv eldik@v Tvwv tfiodoewy, Seutépou Paduol, i Suo
&yvaoTous.

*H yevikd) (mAfipns) woper) s £61ocioews Seutépou Babuol ds Trpds x Kal y
elvan 1) k&Toob :

ax?+ Bxy + yy2+8x +ey+n=0. (2)

Aeydueda, xewpls ToUTo va Trepiopiln THv yevikéTnTe, 6T1 ol cuvTteAeoTal
a, B, v, 8, € xad n elvan ducépanor kal wpéTol Tpds dAAGAoUs” Ev EvavTig TEPITTTAIOE
ToUs kabioTduey ToloUTous (Tréds; ).

"H8n 6 doyoAnbipev pt THv Eriducy TGV kKETWH PEPIKGY TTEPITTTGTEWY
s (2):

Mepintoorg L "Eav elvar y=10, p £ 0. (An\. édeinee w6 y?). ToTe
f| (2) dvdyeron els T EEloway

ax?+ Bxy + 8x +- ey +n=0. (3)
AUt elvan looBUvapos Trpds THY :
(BPx+e) y=—oax?—8x —n. “4)

Aiaxpivopey fidn Blo TepimrTadoels :
285

WniomnoiBrke amoé 1o ivotirouto EknmaiSeuTikrg MoAmkig



Ia. 'Eav Px+ €/ —ax?—8x —1, 1é1e: —0x?—8x—n=(Px+¢€) (kx+A)
kai 1) (4) ylvetan :
(Bx+e)y—(Bx+e) (kx+A) =0 A (Px+e)-(y—kx—-A)=0
Al elven iooBUvapos Tpds To Lelyos TGV E§1ocdoewy :
{Bx+e=0 (), y—kx—a=0 (i)}

‘H (i) &xer drepaiav AVow TéTe, Kal pdvov toTe, &v P, BnA. &v % €Z. To-

Te Spws 1) (3) Exer dmefpous TO TAffos AUgels TAs ¢
X=— %, y=h, (&8a h Tuycw dxépatos).

*H (i), TpwTopddpios s Tpds x kai y, Avopévn kaTd T& yvwoTtd (&rpood.
dvédvois rpwTou Pabuol) Bider delpous dxepaias AUoes, of dtroiat 8idovTen Urd
TRV TUTTGV :

x=2Xo+h, y=y,+kh,
tvla heZ xal (%, yo) Hia dxepaia AUois Tis (ii).

Ip. ’Eav Bx + e f — ax?—8x —1), ToTE, &v kx + A elven 10 TrnAikov kad v 1O
UméAoirov Tiis Siaxipboews (—ax?—5x—n): (Bx +€), 1) &lowois (4) elvan ioo-
Suvapos Tpds THV :

y= Gt N+ 50 ®)
kal &av ol &piBuol k, A kal v 8tv elven mavTes drépaiol, dAAG KAaouaTikol, EoTw
ut EAdy10TOV KOWdY TTOAAGTTAGTIOV TGV TTAPOVOUGOTEV alTédY TOV p, TOASTTAG-
o1&lopev GugdTtepa T& pEAN Tiis (5) i p kai éxouev Trpods EriAvow T :

=(kx+A)+ 22— ;ax + o ")
&vba ol p, k; = kp, A, = Ap, v; = up elvan TévTes dxépaior.

*H8n mrapatnpoupey T& £€fjs @ Aix va Exn dxepadav AUow 1) (5'), wpémel kai
dpkel va Utrdpyn dképatos x ToloUTos, daTe & Px + & va elvan Bicipérng ToU vy,
*E€1coUpev Aorrdv Tév Px + & pé Shous ToUs BioapéTtas 8y, B,,. .. TOU v; kal &k
TGV TrpokuTrTouc®dV 6100wy Px +e=8,, Px+e=35,,... cUpiokopev (&v
Umrdpyouv) Tas drepalas Tipas ToU x. -AkohouBws Tds eUpebeicas dxepaics Ti-
pas ToU x dvTtikabioTduey els Ty (5) kal tetélouev Sid Tolas E§ alTdV Acu-
Pdvopev drepaias Tiuas ToU y. Kotd TauTta Siatnpouuey TeAikds pdvov éxelvag
(&v Umrdipyouv), al étoio kaBioTolv T6 B’ péhos Tis (5) TToAdamrAdaoiov ToU p.

HMapatiipnorg. ‘Opoiws egeTdleTon kai 1y wepimTwais a= 0, f = 0.

‘Eoappoyai: In: Na émlvdf, tviog t0d Z, 7| tEicwog :

2y —Txy — 3x+ 14y —2 = 0.
ADorg: AUty elvan looBlvapos Tpds THv Eflowoy :
(Mx—14)y = 2x* —3x — 2.
To Tx—14/2x*—3x—2 xal 76 mnAikov Tfis Siapéoews (2x’ 3x —2): (Tx—14)

sTvab—g—x+T, G0ev: 2x?—3x—2= (Tx—14) . (—-x+ ) (x—-2)-(2x + 1).
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Tée ) Bobeloa Effowars ylveran :
x—-2)2x+1DN)—-Ty(x—-2)=04 x—2)(2x—-Ty+ 1)=0.
AUTn elvan looBivapos pds 16 Lelyos Tév E§iodaewy :
{x—2=0 () 2x-Ty+1=0 (i) }.
Al dxéponan Abgeis Tiis (i) elvan al x = 2, y = h, &vBa h Tuycv dxépaios.
‘H (ii), Avopévn kaTd T& yvwoTd, 8ide Tds Avoers :
x=34Th, y=1+2h, heZ.
2a: Na iémivdf, iviog 100 Z, 1 &§iconng:
Ix*+ 2xy+ x+y+1=0.
Aborg: Al elvon looBUvauos mpds Thv Elowoy :
2x+ 1)y=-3x*—x-1 (a")
Té 2x+ 1/f—3x*—x— 1. ’Exteholvres ThHv Badpeow (—3x*—x—1): (2x 4+ 1)

eUploxopev TrmAikov — % X+ —‘11- kal UréhorTrov v = — -Z——, xad 1) (a) elven looBuvapos Trpds
v Elowav : % \ 5/4
SR s TR T ®

TMoAhamAacidlovres dupdrepa T péAn s (B') &l 4 (BnA. tmrl 16 E.K.TN. 7év apovouactdv TdV
Khaopdtwv 3/2, 1/4, 5/4) hapPévopev v loodivauov tElowow :

4y=—6x+1—W':_—l. "
Ol Biaupérat ToU S elvatol + 1, 4+ 5.
*E€io0UvTes T6 2x 4 | wpds ToUs Siaipéras atrrols AapPdvouev 1és oo :
2x+1=1, x4+ 1=-1, 2x+ 1=35, 2x 4+ 1=-5.
’EE alUrdv happévopev dvtioTolyws: x =0, x=-1, x=2, x=-3.
Al Tipal alron ToU x TiBépevan Braboyikds els THv (y") 8ibouv dvrioTolyws :
y=-1, y =73, y=-=3, y = 5.
“Apa 1) dobeloa E§lowors Exer 4 dxepalas Aboeig Tds :
x=0,y=-1), E==Ly=3), @E=2y=-3), @@=-3y=75).
Mepintoorg I ’Eav elvar p=7y=0. (AnA. éAdeinee 10 y* xal 16
zy). Tote 7 (2) dvéryetan els v Elowow :
ax?+ 6x+ey+n=0. (6)
Altn Avoptvn s Tpds y Biber :
_ax*+5x+r|. %)
€
*Hén d&moBeikviopev Tas k&Twd TpoTdoEls

In: ’Eav 7 (6) Séyetan axepalay tva Mow (x,, y,), Oa déxetar d¢ dxepalag
Aoeig xal tds :

T =29+ €h 8

y=Yyo— (2azy+06) h—ach? ®

fHba helZ.
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Mpcoyuom, &v eis T (7) éowyuev &trou x = x4+ ¢h, he Z, &xouev :

o (Xg+¢h)*+8 (xy+eh)+n axi+ 8x,+ 1
€ €

y=-— ~(2axy+ 8)h—aeh?.

CANAG :
ax2+ 8xy+h

T e e

"Ofev : y= y,— (2axy+ 8)h — ach?, SnA. dxépaios &pi1Buds.

"Ex Tiis dvetépw mpoTdoews cuvédyousv Tdpa To &fis 1 &v 1) lowais (6)
Exn duepaias AUoets, dpxel vd edpwpev piav Tuyoloav 8§ aiTédv kal dkolovbeus
& Tdv TUTV (8) B Exwiev &eipous To TATfos depaias AVoels. To mpdPAnua
ouvetrdss Gudyetan els THy avadhTnow wds dkepaias Aosws Tiis (6). TTpds TolTto
&robeikwiopey THv kéTwh mpdTacw :

2a: 'Eav 1j élowo (6) Séyerar dxepalag Aaeis, téte Sadoye dnepala Av-
o altijs (2'g, yy) Towabry, dove va ioyiy:

0=2s <|el. *

Mpdypar, Eotw (x4, yy) wia dxepaia Avots Tfis (6). TéTe, & & x, TAnpol
ThHY (9) N) TpdTaais E8elydn, Gv &1, &mra1di, s £8eiyBn eis THV Tponyouubvny RS-
Tagw, & Xo+ eh, heZ, Tibépevos els Ty (6) &vri ToU x Biber Hik T y drepaiay
Tiuny, &pkel va Seieopev &1 Urépyer dxépaios h, dhoTe vé elvan :

0=x,+¢h < |e|

fitor :
—%’—__‘gh< 1—x€—° dvtioTolyews —%‘Lg h> - —%,
xaf” Soov elvan € > 0 dvTioTolyws € < 0.
"QoTe dprel va SearyBij &1 Urépyer dxépatos h TololTos, dote :
b o S ST .}
he [ T s ) dvTioTolyws he( o ]

TouTo Spes oupPaivel, §16T1 TS pfikos ToU SiaoThucTos (§ 114,5")
o e LopeZel . For
[ =2 s)dv*nc*roixcos(l St e]
elvan 1. OUreos E8elybn &1 Umrdpyer dxepada Tipd) ToU x, GeTikh) A undiv kad pi-
KpoTepa ToU | € |, BiBouaa, &k Tiis (7), Si1& TO y &xepaiav Tipfv.

Kardmw tobtou Bix Thy elpeowv dxepaias AUoews Tfis (6) Epyaldusda ds
£6fis « AlSopev els 16 x SraBoyikdss Tas drepalas Tipds: 0, 1,2, 3,.. ., (le|=1),
8te, tav 1) (6) Exn drepaias Avaers, & Timos (7) 8& 5o, Bi plav TolAdyioTov
TGV TIPGY aTédY ToU X, dxepalav Tipf Sik 1o y. "Edwv 81° oUbepfav Tév dvewtépw
TGV 10U x & TUmos (7) Btv ddan dxepxiov Tipmy Si&k 1O y, ToUTo 8& onuaivy
o111y (6) Sév EmibéyeTon drepadas AUoers.

Inpeioong : "Eqv elpoopey §i& 16 x Tinds Tol Siaothparos [0, [€]) .y, Tés : X, Xy, Xgo. - -y
x, @oTe 81" altas dk s (7) v AauPdveouey dxepalas Tipds ToU ¥ T8 Y Ya Yars Y Gy
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oTolyes, TéTe B& Exwpey Bia Thy (6) Tds dxepadas AUoers : (Xq, Yol (X1 ¥i)r- - o) (x,, ¥, ). Epop-
uéLovTes B1° ExdoTny TGV AUoewv ToUTwy Tols TUMOUS (8) elploxopev dxepaias AUoers Tis $1-
ocaews (6), al dmolan Spws Btv elvan kat’ dvéykny Taom al Avoes auTiis.

HNapatipnois. ‘Opofws Eetdleton kal ) mepiTrwois a= p= 0.
'E@pappoyfn: Na copefody al axépmar Looeg tiig tiochoeng @

3x*+ 2x—~5y—1=0. (a")

Advorg: Alovres Thy (a') ds Trpds y AauBdvopey :
x4 2x — 1 ;
y=" ®)

"EvroUfa elvan £ = —5. Ak va elipeopev dxepaiav Alow Tiis (a'), iBouev els To x T duce-
pafas Tiugs ToU SiaoThuaTos [0, |€]) = [0, 5), iTo1 Tés Tpds: 0, 1, 2, 3, 4 kal AapPavopey
tx Tiis (B') dvrioToiyxws Tés Tipds

1 4 32
Fe=moo D=k s T o Yy 1

Olraws Eyopev Tds drepaias AUoers :
(x=2y=3) xal (x=4,y=11).
Tére Spas 1) (a') 8& BéxeTen drmelpous dxepaias Aboes, al dmroion 5iBovran dord ToUs TUTTOUS
(8). Ofrrw B1& THY Avow (x = 2, ¥ = 3) ol Timror (8) 5iouv :
X = 2 —5h, yYy=3-—14h + 15h?, heZ
xal Bi& v Abow (x = 4, ¥ = 11) ol arol mirro1 8iSouy :
X = 4 —5h, y = 11 —26h + 15h¢, heZ.

INMepintworg IIL "Eav eivar a # 0, y # 0 xai BE—day =k keZ. (AnA.
7] moadye B? — day elvar téherov tetpiymvov dxepalov apibuod ).

Eis v mpokeipévny TepiTTwow Suvdpeda va EmAUcwuey, tvTds Tou Z, Ty
glowow (1): ax®+ Pxy+ yy®+ 6x + ey +n=0, Exovtes U’ Sy TS K&-
Twh Blo mpoTéoes :

In: ’Edav a # 0, y # 0 xai p— day igovtar mpds TO TeTpdywvoy dxepaiov
twog k £ 0, tére 7 (1) tllerar vmo Ty pop@ry

(pzt+qyt+r)- (pPz+qy+r)=d, (10)
brov p,q,r, p',q', r' xal d axéoator doibuot.

Mpdryparry, 8 Belfwuev 811 elvan Suvarév TrpoodétovTes els T& WA Tiis
(1) xaréAAnAov &p1Budy A véx pépuwpey atrriyy (mrd THy uopetv (10).

"EoTtw Aoimdv 1) EElowois

ax®+ Pxy + yy*+ 8x + ey + n+A=A. 1)
‘H (11) ypdoeTan s Tpicdvupov TolU x olTew
ax®+ (By+8) x+ (yy*+ey+n+A)=A. (12)

A vé pépoopiev Thpa TO TpETOV péRos Tiis (12) els Ty HOPPTNV TOU TpidTOU
wedous Tiis (10), &pkel va mpoodiopiodij & A,doTe ) Biakpivousa A(y) ToU Tpico-
vyou :

ax®+ (By 4 8) x+ (yy2+ey+n+42) (13)
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va elvan TeTpdywvov mpwToPabdulou ToAuwvipou ¢ Tpds ¥ pE ouvTeAeoTas
ouppéTpous &pifpols. Touto elvan Buvatdv —kal pdAioTa TO TpwToPdduiov
ToAuvupov 8 elvan THs popefis ky + o, &mou o oUupeTpos &piBuos — 8ot
EYOuEY :
A()= By +8)*—4a(yy’+ey+n+A)
= (B*—doy) y* — 2 (20e — PB) y + (B2 —4dan —4ad)  (14)
kal 16 Tpiovupov (14), @’ oov elvan &§ UmroBéoews P2 — 4oy = k2 (k dxépanos
# 0), Suvaron va TeBT, o5 yvwoTéy, Ud THY popenv (ky + o)%, &vBa o olu-
peTPOS &p1Bpds.
M vax elvan 10 A(y) TéAeiov TeTpdywvoy, dpkel va Trpoobiopiofi & A, daTe
7 Sioxpivouca A Tou A(y) va elvan pundév (Biarri; ), 8nA. va elvan :
(2ce — P8)% — k? (B — 4an — 4o) = 0. (15)
"Ex Tfis (15) &pws mpooBiopifeTan 16 A, 81411 Exouev :

k2 (8% — 4am) — (2a — BB)?
= o : (16)

OUtes, dpifoptvou ToU A, 1) (12) AauPaver THY poperiv :
_ =@y +8)+ky+o) ] [X_ —@y+8)—(y+) | _,
2a 2a
A [2ax+@-ky+G—0)] [2ax+ B+ k)y+ (B+0) =4 (17)
"Qote mpdypaTt f) (1) TiBeran, Uwd Tés TeBeloas Umrobéoes, Ud THY popev
(10). *Amodeikviopev Twpa kol ThHv £Efjs TpdTaow :

A

a|x

2a: 'Eav 6 axéoatos d # 0 &y v Oetixods drapérag : 1=48y, 8y, ... 0= [d I
tdte 1) dlowos : (px+gqy+r)(pPz+qgy+r)=d (10)

xai ta 2v gvoTijuara :
d
Prqy+ r=slyy, PBFgyPr =g g (18)

dmov e=1 % —1 xal i=12,..., v, Eyour tag adrdg dxepalag Avoecs.

Mpéypati, & (%4 ¥o) elvon dxepaia AUois Tis (10°), TéTE: PXo+ qye+
+r=kkal p'xg+ q'yo+r' =2, dmouk, A€Z kai k-A=d. "Apax k|d kaiA|d,
tmopéveos k=5, , move= + 1 kal §; ,i=1, 2,..., v elvan ol guoikol &piBuoi,
ol émoior Sicupouv Tov d kal A= % = % = E% =s %, Biom e2= 1, fyrol
) TuyoUoa drepaia AUots (X4, o) T (107) elvar kal AUoig évds &k T&V ouoTn-
pdrawv (18).

*AvTioTpdews, &v (Xq, o) Elvon dxepale Aats Evos ik Tév ouoTnudTwy (18),

Eyopev :
; - ; d
PXo+qYot+r=¢e8 kol pPXotqYot+T =€
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ToTe Suws E8 alTdv TpokUTTTEL
: ; . d d

(PXo+ qY¥o+T) - (P'Xo+ q'yo+1)= (5 ) - (E_BT) = 52518—,= d,
fiTo1 1) (Xo, ¥o) elven Abois kai Tfis (10°). *H mpdraos &0ev &medelydn.

"H8n, EyovTes U’ Syiv Tds dveoTépw TpoTdosis 1 kol 2, Suvdpeda v Emi-
AMowpev tvtos Tou Z thv (1) els THv mepimTwow, kad® fv elvon : « % 0, ¥y #0,
P? — 4oy = k* # 0, k €Z,Epyagéuevor dx €75 : Dépopev &v TrpcoTors THY (1) Gmd
ThHy popenyv (10) kal dxoAoubews tpapudlopev THy TpdTacw 2.

'‘E@appoyai: In: Na edpebobv al dxéparar Aeeg tfig EEohoeng @ vt = 9xt — 11,

Aborg: 'Hbobeioa tfiowors ypageran :  9x* — yt = 11, («)
‘Evrolfa Exopev: a=9,B =0,y = —1, Pt — 4ay = 36 = 6.
H (a) elven looBuvapos pds Thv:  (3x + y) - (3x — y) =11, B
Ol Sicupéron o 11 elvan : + 1, + 11. "Apa 1) Sobeioa tElowais kal & TECOOpPa CUOTHUOTA :
{3x+y= 1 {3x+y=11 xX+y=-—1 {3x+y=—ll

3x —y =11, Ix—y= 1, 3x —y=-11, x—y=-1,

Eyouv Tds alTds dxepalas AUoes. ‘H trriAvois ToUuTw elven ToAY &TAf.

2a: Na émhvbf), tviég 100 Z, 1) Elowog :

2x' + 6xy + 4y* + S5x+ y + 2=0. ")

’Erilvoig: 'Emadh Pl—day = 6'—4.4.2 =4 =28 pooBiopifopev kaT&AAnAov
&p1Budy A, dote 1O mpdTov péhos Tiig tiohoews : 2x* + 6xy + 4y' + 5x+y+2+A=2
va TifeTon Umd popehy yivoptvou Suo mpeToBabpiwy ToAUWWILGY s pds x kal y.

"Ex Tou TOmou (16) Exopev:
4(25-4-2.2)—(2:2.1-6.5)* 20

4.2.4 T

‘0O —20 elvan Aorrédv & xaréAAnAos dpiBuds, & dmolog Tpémer va TpooTedi els T& péAn Tiis

("), oTe 16 TpdiTov péos alTis va TiBeTan Urd Thv popenv (10). Tpéyparm, & +is (y') Exopev:

A=

2x* 4 (6y + 5)x + 4y* + y — 18 = —20, (8")
SmwéTe TS wpddTov wihos Tiis (5') Bewpolpevor TpIhvupov & Tpds X Exe pllas Tovs dpiBols :
P (6y +5) + V(6y + 5 —8 (4y* + y—18) _ —(6y +5) + 2y + 13)
= 4 o 4 ——g
9
Aror: Pr=-y+2 Pr= =2y — =5~

2
TéTe uws A tlowas (8') AapPéver Thy wopptiv :
a(c=p) =P =2(x+y-2) - (x + 2y + o) = -20

| (x+y—=2)- (2x + 4y + 9) = —20. (e")
Ol BeTixol Srcupéran ToU —20 elven ol : 1, 2, 4, 5, 10, 20.
Téte Ay (¢') elvan looBivapos Tpds T& 2 - 6 = 12 ovoThuaTa :

Ix+y—2=s§l, 2x+4y+9=e:§9]
i
dmou e= + 1 f—1 kal 8 €(l, 2 4,5, 10, 20).
Obrw, my., ik e=1, 8 = 4 Eopev 16 ovoTtnua:
X+y—-2=4 . x+y=6
2x + 4y + 9 = -5, } o x+2y=-7]J
76 dmoiov SéxeTan THY AVow (x = 19, Y = —13), f) émola elvan kad Abois Tiis Sobelomns.

291
WnionoBrke amoé To ivotirouto EknmaiSeuTikrg MoAmkrg



Mepintworg IV. ’Eav elvar a= y= 0 xai éen = 0. TéTe 1) (2) dvé- |

yetan els THv Elowov : Pxy + 8x + ey +n=0.
AUTn ypheetar Siaboyikds :

p*xy + Pdx + Pey + Pn=0

A Prxy + Bx + Pey + be= 8 — P
fl (By +8) (Bx + €)= & — pn. (19)
Al dxépaian Aoeis This (19) elvan al dxépaian AVoeis TV ouoTnudTwy :
St
ﬁx_+5=k' iay_ﬂi_si__f#kjng 4

émov k| &e — Pn.
‘E@apporyfi: Na tmivdfy, tvidg 100 Z, W tEicmng :

2xy—3x+y+1=0. (9

’Exilvorg: "Exopev a =y =0, Pben = —6 # 0.

‘H BoBeioa elvan loobuvaucs mpds Thy Eiocwaw @ 4xy — 6x + 2y + 2 = 0 kol alrd) pds

™v: (2x + 1) (2y—3) = -5.
Ol GeTikol Braupéran ToU —5 elvan ol : 1 kal 5. *H twlhuais ouvends Tiis (§') véryeten elg
v ErfAvow TV Teoodpwy auaTnpdTwy :

{2x+1=1 2x+1=-5 {2x+1=—1 {2x+1=5
2y —3 = -5, 2y—3=+1, 2y —-3=25, 2y —3=—1

Al Aoers Tév ovotnpdTwy abtédv evar dvrioTolyws :

(x= 0, p==1)~ (L==Fy=2)% uUx==l,y=4)@=2y=1)%

AlUtan elven ol dxépanan Aboers Tiis Sobeions EEiodoecos.

MDepintoarg V. (Mevikny mepimrwois). 'Eav elvar a # 0, ¥y 7 0 xai
B2 —day # k% keZ (énd 10 f2—day dév elvar Terpdywror dxepalov). ToTe )
tEiowais (2) (oeAis 285) Avoubvn dos Tpds x Bider :

(= @y +8) & V=) Y2 QP Y T4, p
o
“lva ) (1) &mAdeTan dvtds ToU Z,8& ptmrel v& ovpPaivouv T& i : TpddTov
va elvan: A= (P2 —4ay) y2—2 (206 —B8) y + (B2 —4an) = k?, &vba y, k
&v Z xai SeUrepov mpémer : 2a | — (By + 8) 4 k. ZnToupev Aoimrdv kaTa Tp&TOV
molan Tipad ToU y katoTolv TO Umdppifov Betikdv. 'Edv els 1O Beutepopdbuiov
s Tpods y Tpicovupov A, & cuvTtedeoThs P — day ToU y? elvan dpvnTikds kai ai
pilar py, py TporyHoTIKad, TOTE TrpéTrel & y va kelTan peTay TGV pitdv, Sid va
kaBioTaTal ToUTo BeTikdvy. ‘Emouévess els THY mepiTTwow alThv meptopilducha elg
Tag dxepalag Tipds y Tag mAnpodoas Tiy:
PI=Y =P
"Ex Tév drepadwv ToUTwy Tipddv ToU y EkAéyousv povov tkelvas, al dmoial
kaBioTolv TO Umdppilov A TéAeiov TeTphywvov dkepadou kad TEAos EE alTdov
Exefvas, af droian TiBéuevan eis Thv (20) kabioTolv T x &répatov.
E@appoyf: Na imhobf), Eviég 1o Z, % ificwarg:
2x 4 2xy + 2y' - 2x — Ty —9 =0 (o)
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'Exfdvong. AlTn ypégetan:  2xP+ 2(y—1)x + (2y* =Ty —9) = 0.
AUovTes TaUTnV €5 wpds X Exopey |

ke —O=DEVG-D'-2@y"-7y-9  —y+14+ -3y +12y+19 _,
- ; = a ®)
"Ev Trpdytorg pérer :

=3y + 12y + 1920, Bl -1 =y=5 xaléwadh yeZ, #xouev:
y=-1,0,1,2 3 4,5 "Ex 1év Tiudv aUtédv AauPdvopev pdvov xelvas ol dmolcn xabiorolv T

Utroppifov Tékeov TeTpdywvov. Altai elvai al y = —1 kal y = 5.
Awd v Ty y = —1 f (B') BiBar: x=2,x=0.
A tivTiphiy y =5 f (B') 5(Ber: Xx=-1,x=-3

"Apa ) Bobeioa tfiowos Exel Téooapas dxepalag AUoels Tés

(x=2y=-1), (x=0y=-1), (x=-lLy=35), (x =3 y=5)

§ 232, "Axépaial Aooeig Tiig E5loboewg:

x*+ ky*=12% kel (D

"Aveu PAGPns Tis yevikdTnTos Buvdueta va Becopidpey ToV dképonov k Trév-
Tote BeTikdv, BioTi EAAws 1) (1) B& ABUvaTo vi ypagfi Umd ThHY popefy :
2% 4 (—k)y?= x?, els fiv 6 (—k) 6& fjTo AW BeTiKds.

‘H (1) dmbéyetan mpogavéds Ty Abotv : x=y=z=0. Emions Sid y=0
Exopev: x= 4z, 8te i (1) EmbéyeTan Tds dxepalas AUoeig: x = z, y=0 kai
x==—1z, y=0. B& {nTowuev Tdpa dxepaias AUoeis Tfis (1) ué y # 0. Aixi-
poUvTes GupdTepa Ta MEAN THis (1) i1 y2, AauPdvouev Thy Eficway :

2
Ttk=1r @

Oftopev —; = % — % (3), &vBa of m, n dxépaior TPGTOL TP GAAHAOUS.
Ex 15 (3) ?\aixﬂdwousv:

'*y—,':—yj‘l"—m;+~m—y—~ 4
"Ex Tév (2) ki (4) Exouev :
n?  2nx
k= =gt ™y 3)
kai €§ aUTfis AapPdvopey :
x _ kml-n? 6
yow a2 (6)

Elvar Tmpopavis &m1 # (6) dAnbele, v elvan x= (km*—n?)h xai
y=2mnh, évBa he€Z. 'Ex Tfis (3) AauPdvouev, &v dvTikataoTriowey TS Tipds
abTas TV x kad y 1z = (km?+ n?) h. "Apa ol dxépaian Aboeis Tiis (1) SiSovran
U TéV TUTTWVY

x=(km?—n?)h ¥ = 2mnh z= (km?+ n?)h )

&vfa ol m, n, h elvan &réponor &pifuod.
‘Ouoiws tmAvetal ) $lowors kx? + yi=z2
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Enpeiong. ‘H (1) Six k = 1 &véyeton els Thy Eigwow : x* + y* = 2%, f) dmoia xaheiTon
kai mubayoperog Eiisweg, 516 BuvaTan va Bewpnbi &11 ouvbéel Tdg TAEUpds dpboywviou Tpry-
vou. Al dxépaian Aoers adTiis B BiScovran Umd TéV TUTwv (7), &v Btowpev k = 1, fTon:

x = (m*—n?h, y=2mnh, z= (m*+ n’)h, heZ (8)

Ol BeTikol dxépanon,ol dmoior braAnbedouv Thy X* + y* = 2*, kahoUvtan muBayéperon api-
Bpoi. *H &mhouoTépa Tpids Trudaryopeiwy &piBpdv elven : 3, 4, 5.

Mdn = h =1 ol Timer (8) yivovran :

x=m*—1, y=2m, z=m?+ 1 (meN, msz1)
xai kahoUvran nubayoperor THmo, &v kal ds Tulaydpeior TUTO1 pépovTar ol yvwoTol els Tous TTu-
Baryopeiovs :
m?*—1 )
2 2 E

fvla m TUY GV TEpITTOS QuaIKdS GpiBuos # 1.

X =

'E@appoyn NaedpeBodv ai dxéparar Aboeaig tiig tirohoeng :

Xt + 4y = 2%
A borg: AU Tpopavéis EmbéyxeTan THY AUow : X = y = z = 0, kafx Emions kal Tas
Avoeis: x =z, y = O kel x = —z, y = 0. Al Aol dxépanan Avoers ebplokovtan &k Tév TUTwWY

(7) Bix k = 4 xal elvan al k&Teobh
x = (4m? —n?)h, y = 2mnh, z = (4m*+ n*)h, &6a m, n, heZ.

AIKHZEIZ

525. Na ebpeBolv al dxépaicn Aageis Tév Efioharwy :
1. 2x*—2xy—5x—-y—-3=0, 2. 3xy—2y*+ 2x—-3y +4=0,
3. 3yt —2y-5x—-1=0, 4. 5xy —2x —3y—18 = 0.
526. N& tmAubolv, bvtds Tou Z, al tfiowoes :
1.2x*—xy—3y'—13x+ 17y + 6=0, 2. (x +7)(y + 8) = 5xy,
3. 2x® + S5xy —12y*—28 = 0, 4. 2x* + Txy + 3y*—5y—-2= 0.
527. 'Ouolws al t§iowons:
13x* + 4xy + 2y'—6x—4y +2=0, 2. x'—2xy+2y'-3x+3y—-4=0,
3. 3x*—6xy + 4x—5y—31=0, 4. x*+ 2xy + y'—x+y—4=0,
5. x*—3y* = 2%, 6. 5x* 4 y* =z, 7. 22—y = 2x%
528, N& ebpeBolv al drépaicn Auoes Tiis E§iowoews
x(3-|yD+yB=|x])+|xy|=6.
529. N& eUpebii Suyrigios &pibuds, & dmoios ToAAamAacialséuevos dml 1o Glpoigua T@V
ynolwy Tou 5iBer yvduevov Toov Trpés To &poioua Tdv kiBwv TéY yneiwy Tou.
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KE®AAAION XI

ZTOIXEIA ZYNAYAZITIKHZ ANAAYZIEQZ

§ 233. Eioaywykai Evvolal — cupPoAopoi—H ZuvbuaoTixd *Avdiu-
o1s EupaviteTar 1O wpddTov katd Tov 17ov aldva €ls Epyacias Tév Fermal xai Pa-
scal 81& Ty ouoTnuaTikiy &miAucy TGV TpoPAnudTwY, T& dmroia Tapovsiddov-
Tan els T& «rvymed maryvidiar. "Extote f) dvdduois alrn edpe TAeioTas Epapuoyds.
‘H tpapuoyn Tns eis THv Gewpiav Tédv MbavoTthTwy, Tepl Tfis dmolas yiveran
Abyos els 1o Erdpevov kepdhaiov, elvar 8yt pdvov 1| dpyaioTépa, dAAK kal pla &md
Tas TAfov onuavTIKAS.

Ak Thv ouvTopwTépav kal aloTnpotipav BiaTimwav TGV &v TG TapdvTi
kepaAaie SiampoaypaTevoptveov Bepudraov, opifopev Ta kéTwb

o). KahoUuev tpfipa T, TGV Quoikdv dpiBuddv uéxpr kal ToU uaoikol v T

UrrooUvohov : T.={keN:ptk=v}Tol N.
To T, ovpPolileran, ouvhbes, ki pé: T, ={1,2,3,...,v}.
TMapdderyua : Ts={1,234,5}

B'). To ywdpevov Tédv BeTikddv drepaicwov (puoikdv) &mo 1 Ews v B& T Tapi-
oTdpev ouvTouws pi v! (TO oUpPorov v! GuarylyvdokeTal «» mapayovrixdw»).
To oupPorov v! dpileTan dog kéTwh :

1i=1, 2!={ID2=1:2, 3!={21)3=1:2-3 ka1 Ewecycyixiic

Vi=(v—Dlv=1.2.3...(v—=2)- (v—1) - v ()]

A& v TANpdTHTA TOU oupPdrou v! Beyxdueba dTi: 0!= 1.
Aix 16 gupPodrov v! foyUer 1y 181dTns :
vi=-I)lv-k+ 1) (v-k+2)... v-1)v, k=S
Olre : 10!1=7!8-9-10.
‘H ypnopotoinois Tou fauvpacTikoU (1) eis Tov oupPoriopov Tév TTaparyov-
TIKGV oXeTifeTon pé THY KaTomANKTIKNY aUnow auTtdv. Touto gaivetan &mod
ToV k&Twh Tivaka

=21 4!1=24 7! = 5040 10! = 3628800
21=72 o1=:120 8!= 40320 11!= 39916800
31=6 6!=720 9!= 362880 12! = 479001600.
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. METAGEZEIZ

§ 234. “‘Amhal pera®éoeig.— “Eorw 16 TMEMEpacuévov oUvodoy :
E={o,0,. ..o}
KohoUpev petabeaiy Tév oToiyeicv ToU ouvddou E ke dupiuovoanuavTov
drekdvicv ToU E &l ToU EauTou Tou, fiTol:
M: E+«——E
KehoUpev arapibpnoty ToU cuvdrou E kéfe dugipovoonpavrtov &meikéviow
ToU TpRuaTos TGV guoikédy apibudv T, = ({1, 2, 3,..., v} &l 100 E, fiTor:
Tyoke—— o € E, 1€T,.
‘ExdoTn d&mapiBunais, ds kai 1) perddeots, maploTatan oupPohidds (§ 87)
51" tvds dploywviou oyfjuaTos (Trivakos) &k Buo ypapudv, T.X. ( ula c2:5: :v).
Eis ThHv mpwTny ypaupiy Tol Tivakos ypdeovtal T& TPOTUTIa Kai els THY
Beutépav k&Twlev ixdoTou TpoTUTrou i eikdv adTtou. ZuvhBuws Spws ) TpTn
ypauuh TapoAeieTan kal ypapovTal (TrapaTdooovTal) povov al elkdves kaTd pfi-
kos wids ebbelas, Y. s k&Twb :

»
oy O ay

gls TpoTIOV GOTE TO TPEiTOV gToIxEo THs TapaTagecs va elvon elkcov ToU 1, TO
SeuTepov elkdov ToU 2, TO TpiTow eikdov ToT 3, k.0.k. "Evexa ToUTou kal Six Touda-
ywyikoUs kuplws okotroUs oMol ouyypagels dpifouv dx petdfeow v Tparypa-
Twv (oTorgsiwv) xdde katdTabiv alTédv els ulav oepdy. Elven pavepdv &t dlo
petadioes v TpayudTwv elven Sidgopor peTall Twv, &v kal uévov, &v Ev (Erous-
veos ToUAGyloTov BUo) ik TéV v TrpayndTwy eUploketal TomoBeTnuévov els Sia-
gopeTiknv o vTds aUTGOv.

*Emeidh) 1o T, xai 76 E Exouv 16 altd mAfifos oToixeiwy, elvar gavepdv 811 1O
TAfiBos Tév peTtabéorwv ToU E looUtan mpds 10 TAfifos TV dapiBurfioewy al-
ToU. Elvan ¢mions gavepov 811 16 mATiBos ToUTo Btv EapTdTar &mo THY ot TEY
aroixeiwv ToU E, A& pdvov &md To TAfBos TéV oTorxelwy aUTol. "Apa
ToUTo looUTan Tpds TO TAfBos TéV petaBéoewy Tou T, . Ala Tov Adyov TouTov
ToANGKIs v Siakekplpéva Tpdyparta, Bid Ta dmoia Sév uds EvBiapépel 1) @Uols,
T& onueovopey pé Tous dpifpols 1, 2,. . ., v. Katémy TouTou ai évvoia &rrapi-
funois kal peTédeots B& YprolpoToIdyTal KaTwTépw &BiokpiTes.

"As Umodoyiowpey 1181 1O TAffog SAwv TV peTabtoewov TV v Bla@opwv
peTafy Twv oToiyeiwv. Elval pavepdy 811 16 wAfifos TouTo iooUTan mpds TO TAT-
Bos Shwov TEV Buvatédv TapaTdfewv T@Y v oToryelwy (TpayudTwvy) s piav
oeipdv.. To AfiBos ToUTo T@dv wetabéoewy T@V v oTorxeiwy & TapioTduey ué
T oUuPoiov M, .

Elvan pavepdv 6mi 81" Bv mpd&ypa Umdpyer pia pévov perddeois, fitol:

M= 1= 1!
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Al Buvaral petabéoes SUo TpaypdTwy, LY. TGV qy, &y, elval BUo, of
Qo Kol oa,
B16T1 TO o fi B elvan TpddTov f) 6 elvan BeUTepov. Zuvemdds Eyopev :
M= 2=1+2=21
Al petaBéoris TpiG oToikelwy a,,a,,a, Elval al &kdhoulor £ :
030y, OO0y,  OyX Oy, OO0,  CalQy,  Oly0d.
Anhad : Mg=6=1.2.3=3!
Mevikdds loyuer 1) dxdAoubos :

Mpoétaocig—To nhijfog M, tdv petabicewv v storyciov elvar Toov npig
10 ywvopevov 1-2-3. ..y, fitor :

Mv:.1-2-3~-v=v!=l:lk (1)

k=1

"Andderfig. A Thv &mddafv Tiis (1) 8& xpnoipomoiowpey THY &mode-
kT péBodov Tiis TeAelas Emarywyis.

‘H mpdTaos ioyue 8id v=1 (&rions, ds dvwtépw EAéxdn, loxlel kai Bix
v=2,"3)

"EoTw &1 alrn loyUe S1q v =k, fiTon :

Mi=1-2.."k=k! (k=1) (2
O& &mobei§eopev 811 foyle kai Bid v=k+ 1, fjTor:
Mcpi=1-2--- k (k+ 1) = (k+ 1)! 3)

MpdypaT, &s Bewpriowuey dAas Tas petaBéoes Tév (k+ 1) oToiyelwv kol
xwplowuey aUTds els dpdbag BEtovTes els THY Tpw TNV dudda SAas Tds peTabéoes,
al dmolan &pylifouv Tr.x. &d TO oToixElov qy, els piav BeuTépav dpdda SAas Tas.
petaBtoeis, al dmoian dpyilouv &md TO oToixEiov oy, K.0.K. Kal TéAos els plav k + 1
Tageoos oudda Tas peTabéoes, al dmoian &pyifouv &md TS oToIXEIOV Gy §-

Elvan pavepov 611 al Sidgopot dAANAwy petabéosls EkdoTns duddos elvan k!,
81671 alTen AcpPdavovTtal &v peTd TO Tp&TOV oToIXEIoV, uE TO droiov dpyilouy,
yYpéywuev Shas Tas petaféoeis TV Aormédv k oToixeiwv, af &moial, Adyw Tiis
Yevouévns Umrobloews (2) Tiis Tehelas émaywyfis, evar: My =1.2... k= k!
‘Etropéves 16 TAfBos T@v peTabéoswy Tédv (k + 1) oToryeicov elven

Mipi=(k+1)M=1.2.3... k(k+ 1)= (k4 1)!
8nA. f) mpdTaois (1) loxie kal 81&d v=k + 1, &pa loxie ik kébe puoikdv dpi-
Buov v.

’Egoappoyai: In: Katd néoovg tpémovg Sbvaviar va napataybobv £¢’ £vég [uyod 10

nadnrai ;

Aborg: T wAfifos GAwv T@v Buvardv Tapatafewv B& elvar dxpipéds, doen ol &mAal
ueToBéoers Tév 10 payudrtwy, fitor :

M,, = 10! = 3 628 800.

297

WnionoiBrke amo To lvotirouto EknmaiSeuTikrg MoAmkrg



2a : Na e0pedij 16 mhiiBog Shawv thv apipdv tdv peyakvtépov 1od 1000, ol omoion oxnpari-
Covtan pi 5ha 1@ ymeia 5, 3, 0, 9 i Emrperopivng tiig inavarfyens yneiov Tvbg.

Adoig: Kébe &pibuds peyohirepos Tou 1000 dvrioToryel els kémowav perdbeav Tév yn-
glwv 5, 3, 0, 9 Umd Thy TpoUTdleav duws 61 Té ynglov O Biv KaTéXEl THY TTPWTNY TTRoS T& &pi-
otepdr Béaw. Of &piBpol Buws,els Tous dmrcious mponyeiTan TO unbév (.. 0395, 0539,...),elvan
Tool Té TARBos, Soai xai al petabioas iV TGV yneiwy 5,3, 9, fitor M; = 3! = 6. Ol TeTpa-
whpio1 dpifuol elvar M, = 4! = 24. "Apa T fnToupevov wAfBos elven :

M, —M, = 4! —31=18.

§ 235. KukAikai peraBéoeig.— Mia eldikh) mepimrwois peTaBéoews elval
txefvn, ka®® fv EkaoTov oToryeiov ToU ouvorou E &mreovileTan els TO Emouevdv
Tou,Td 8¢ «TeAeuTodovy oTOIXEIOV ay Els TO «TrpdTOVY &y AnAcdt 1) peTébeos :

Sy Ogias Cysy Gy
(c:2 Og...Q O )

Mia Towairn petéBeots kaheitan kurkuen (§ 87).

‘H dvopaoia alrn Enyeiton dpéows, &v T& v Bi&gopa oToIXEla O, Cy, . - -4 Oy
pavTacBiduey 6T elven TomofeTnuiva &l Evds kikhou, ds BeikvUel kol TO KkéTwh
oxfua (Zx. 15). Kot Tebta pia kukhikn petabeois elvan 1) rapdTagis Tév v oTol-
yelwv kara pfikos dvos kikAou. OUTw fewpoupévn pia kU=
a a KAikh) peTéeois v oToryetwov Btv Exer olte dpyhv oUTe -

pas, duvapeba 60ev vé&: Becopédpey olovBfiTroTe €k TGV v oToI-

5 Xeloov do wpddTov kard THY &v Adyw perddeow. Elvar Te-
pa pavepdv &1 @ 76 zdijflog Shew Ty nvxdindv perabéocewr
v arougelwy, 10 dnoiov ovuPolilevar pé k, elvar loov
mpde : (v — 1)}, fitor:

wv—I
Iy 13 k=@—-1)!=1.2... (v=2) (v-1)= l'llk.
k=

ay,

TpéypaTt, & pavtacBduey SAas T&s kUKAKSs peTabéoels TGOV v oTolyelwy
oy, Oy, . ., Oy QUOYEYPCHIBEVOS gls &va Trivaka. Elven gavepdv OT1 € EkdoTns Ku-
KAIKis peToBboews TGV v gToryelcov, .. THY &050y. . ., TTPOKUTITOUV v &TTAC
peTabéoeis, ol kaTwh :

gl . . Gy Oy, Ogly. .. Oy Gyly, - ooy Gpllp. . .Cy—iCy .

Kotdmiv TouTou, émeidt &mo kabe kukAikfv peTaBectv TGV v oTotyeicov Tpo-
KUTFTOUY ¥ &TAGd peTaBécels Tédv v oToiyelov, EmeTen &T1 i€ OAov TGV KUKAIKGV
peTaBéoecov, ai omola elvan k, TO TWATfos, 8& TpokUyouv v - k, &mAal petabéoeis,
ol &mroian B& looUvTtan pé Tov auvohikoy &piBudy T@Y &TA&v petadéoewy v oTOl-
xetoov SnA. v “Apa B& Exwpey

‘ v k=M,=y!

*EE o0 : S Mv S 1)
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'E@appoyn Kard nocovs tpoémovg ta pékn mas Entapchods olkoyeveiag Sovavrar va
kabnoouvv nipl mig kukhikiis tpaniing; :

Avog: Kabe évas &mo Tous Tpétrous abtols elvan pice kukAikn petdBeais Tév 7 drdpcov.
"Apa: &, =612 T720,

§ 236. "EmavaAnnikai pera@éocig.— "Eotw v mAfifos v wpayudrawv
o, i Qy  PrBise i Byes o 085 .0 5 8;
ky k, k,
omou Ta k; elvan oo pE o, Tk, we B,. .., T& k, ué 8, déTe puoikd & elvan
O RS T

KoAoUuey éravelnnukiy perabeory TV v altdv mparyudreov uplav drer-

Kkéviow ToU turpatos Ty = {1, 2,..., v} &ml 1ol ouwvbrou E={q, B,..., 8}, T
bmolov Exel ds oToixeia T& Sidgopa dAAHAwY TphyuaTa q, B,.. ., 8, TolxiTny
woe af k; elkoves v&  elvan foon it a, ai k, elxdves va elvan foan e B,.. ., af

k, elxdves va elven foon  ué 8.

"Eqv p 10 mAfifos T@v oToixeiwv Tou E, TéTE: p v

Ofrw m.x. al émavednmrixal perabéoes Tév TpiGY TpayudTwy o, o, P
elval af : acP, aPa, Paa.

'Edv TrapacTiiowuev pt 16 oluPorov M; TO TAfifos SAwv TéHv tmavan-

TTIKGY peTabioewy v mpaypdTwy, E§ v k; 16 mAfiBos elvon foov pé 1o «, k,

TO AfiBos Toov pETOB,.. ., k, TO wAfOos Toov uéTo 6, ToTE loyuer :
5 v! 7(k1+kz++k0)!
M O T SRR W I W RS T M

'Arbber§g "As Umobiowpey Tpds oTiypdy, 8T T& v mpdyuaTa elvan Bidgopa peTa-
€U Twv kal 811 oxnuaTifopey Tas v! peTabéoes Tev. Secwpoupey Tas v Adyw petadioes ywpioué-
vas els Sudbag s EEfs : Oétopey els THY alThv dudda pioav petddeov pall pé Shas, S0 TpokUTTTOUY
& alTiy, dtav Biatnprigwpey THY TG SAwv T@Y oToixEwy, T& dmola &py ks Biépepov ToU
a, katard§wuey B8 T& Aorrd (SnA. T& TauTifdpeva dpyikds ut TO a) kad' SAous Tous BuvaTols
Tpomovs. Elvon gavepdv 8T peta 16 Tépas Tis ToralTns Siabikaoias 8& Tpoxiyouy k, | petadéaers,
al dtroian 8& TapioTolv (f&v travabBiowpey a; = @ = .- . = @, = o) Thy aUTiy éravaAnTrT-
Kkfv perddeaiv. "Apa Té wAfBos TV ueTaBioewy v TpaypdTv, Smou petall Twv Urépyouv pévov
k, 76 mAfifos foa  ui 16 a, T B &AAa Siagépouv peTafU Twv kad &1rd T a, elvon ,:—:l- ‘

"Av Twpa els T&  péxpr Toube s Bidpopa BecopnBévta v — Kk, Aot Tphyuata Eflodowpey
k, To whAfiflos ut T B, TéTE, KaTd TOV aUiTdY guAhoyiouo, k,! 1o mAfifos Siapépovoan mplv peTa-
Béoeis B& mapioToly THY alThY EravaAnmmikiv petéfeow kal Emoptves T mAffos T@V peTa-
Béoecwov v wpayudTwy, STav petall Twv Umdpyoww k, T4 mAfBos foo pé T6 a kad ky T TARBos
foa pt To P (a # P), T& B¢ Aoitrd Brapépouv petall Teov, ko brrloms kal &rd T& o Kkai P elvon ;
v!
Kk !
Kard Tov alirdv Tpdmov oxetrtdpevor, petd p Prinara, pBhvopuev els Thy (1).
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'‘Egappoyai: In: INboag Likeg* (avaypappanopoids) oxnparilopev perabitovieg td
ypappata tfig Mlemg « 'EL L Ggn;

Adeorg: Els mhy Ativ «'EAAGs» TO ypdupa A Eravedappéveten 2 popds. Kard Té dveoTépw
Eyopev : :
M; = %- = 60 AéEeis.

2a : Mooag AiLerg duvapcda va oxnuatioopsy perabitoveeg ta ypappata 1fig Akcwg «IMa-
VERLOGTARLOV M

Aborg: ‘H At «Tlavemorruiovs mepiéxer 13 ypéppata, & Tédv dmoiwv 2 elven m, 2
elvan v kol 2 elven 1, &pa pékertar mepl petaBéoewv 13 ypapudtwy per’ Eravaiiyews Gpiopt-
vov tf alTd@dv, Zuvemds TO nToUpevov TAfifos loolTon wpds :

. 13
" 2raran

Inpsiong : Ak va 1Bwpev Téoa ypaupata B& xpeicololy, S1& va ypagolv al Aékeis aliren,
8& ToAAaAacidowuey ToV eUpeBbvTta dp1Budy i 13, fiTor :

778 377 600 x 13 = 10 118 908 800 ypdupaTa.

"Edv BéAwpev v dmokTriowpey plav 18éav mepl ToU peyBous Tol dp1Buol Tourrou, yveopl-
Lopev T& E8fis: Mia oeMis dvds xavovikoU PiPAiov xpeidletan meplmou 2000 ypéppeara. Mé Té
dvwTépw ypduuora Bé TuTwloluv :

10 118 908 800 : 2 000 = 5.059.454 oeAiGes.

"Av AdPopev Téuous Tév 300 oehiBwy, 8& yivouv : 5059454 : 300 = 16865 Tépon.

Téhos, &v el plav xavovikhiv BipAiotfikny Sivavtan va TorofernBodv 100 Tépot, 8& drran-
TnBouv 16865 : 100 ~ 169 PipAiotiikan, 51& v TomoBeTnBouv ol tv Adyw TéUOL

= 778377 600 AéEes.

AZKHZEIZ

530. N& &mhomoinfouv T& kéTwh kAdopaTa:
7! 51 v! v+ 2)! v+ 1)! v—1)!
grar P g M : tz ) %))“I 4 "((7+“2))T

531. N& amAomoindij f mapdoTaos :

(Cho i DL,

532. N& d&mroSeayfolv ol fodTnTes :

a) v+ DI+ @+ 1)+ vi=vI(v+2)
By vi4+2@—-Dl=(@w-1!{w+2).

y) (v—-D!I—(@v-2)!=@w=2)!(v=-2).
B) 2My—(v—1) My_1 = My + My—y.

533. "Av Umdpyouv 3 Spdpor &md Thy TéAw A Tpds THY oA B xai 4 Spduor &rd ThHy B
Tpos Ty [, kard mboous TpéTous Buvapeba va peTaPddpey Ex Tfis A elg Ty [ B1& péoou Tiis B;
TMéoa elvon al-Suverral BiaBpopal Bi& Taelbiov pet” bmoTpopfis &k Tis Aels Thv T ;

534. Kara wéoous Tpétrous 6 pabntal Sivavtar va Taparayfolv b’ tvds fuyol; 'Edv &
k&oTn Tapdrafis dranTi xpévov 15 sec, Tréoos elvan & dmonTolpevos xpévos &1° SAas Tas Suva-
Tas TapeTabes.

535. TMooor dvaypauuatiouol Tfis Aéfews « y pageiov s Umbpyouv; Tléoor €€ autiv
apyiZowv pt @; Mooor dpyibouv pé a kal TeAeiovouv pt o;

a)

* Al AéEeis Biv elvar drapaltnTtov v& #xouv vénpea.
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536. Moo BiagopeTikal Aéers BUvavTan va oxnuatiofolv pt Sha T& ypdupara THs Aé-
gewos «Mississippis».

537. Moéoor &pBuoi peyadirepor Tou 10 000 ypégovrar pt & ynola 8, 5, 8, 0, 8.

538. Koara mdoous Tpédmous 15 PifAla BUvavtan va Siavepnfouv els 3 pobnrds, doTe &

TwpddTos (a) va AdPn 4 PiPAla, & Seltepos (B) va AdPn 5 PiPAia kal & Tpitos (y) v AdPn 6 Pi-
PAla;

Il. AIATAZEIZ

§ 237. "AmAail Swatafelg.— “EoTtwoav v 10 mAfifos Bikpopa ueTafl Twv
oToixeia (MpdypaTa) a;,0y,. . .Gy, . .,8 TG Omoia Bewpolvtal oTolysia évds
ouvdiou E.

KoAeitan Suatadig Tév v altdv aToixeiwv dva u, émov 1 < p < v, kéde &ugr-
povooTipavtos dmekdviois ToU Tufuatos T, ={1,2,..., u} & 1§ ouwdre
E = {a,%,...,a }. OUtw pia Siatagis Tév v mpaypdTwy dva u elven pia Tapd-
Tafis els oepdv p TpaypdTwy &mo Ta SobévTta v. ‘Emropévws SUo SiardEers Téwv
v oToixeiwv dva p Bewpolvtan Bidgopol,étav fi Stv &dmoTtedoUvtan &md T alta
dxpIPdds oToryEia fi &dmoTeAoUvTal pév &Trd T& aUTd oToixEia, SAAG Siagépouv g
wpds THY oelpdv TGV oToyeiwv. KaTta Tov dpropov Tfis &wAfis Siardgecs EkaoTov
Tpdypa mepiéxeTon els abThy &maf. Ewi mAéov el ékdotny Sidratv, G5 dve-
Tépowo ENéxBn, Tailer pdhov &1 pédvov Troia w wpdypara B AdPwpey i TOV v,
SAAG kai s 8& T& Tomoberrowpev els oeipav Eml &voikTiis ypaupfis (T.y.
eUfelas). OUreos ddv Becopriocopey T 5 oToryela oy, o, O, O, Op,T) HETGBETIS Caa,a
elven pia Bigradis T@v 5 ToUTwy TpayudTwy &udk 3, # 8¢ petdleols aga,ay elvan
pla & A A n Bidradis TéV auTdv 5 Tparypdrwv dva 3. Elven gompdv Twpa 81 al
BiardEeis elvan kal abtal petabéoels, &AAG Sx1 ouyxpovws SAwy TGV TrparyudTwy,

O& Umroloylowuev fidn TO TAffos TGV Brapopwv peTadU Twv BiaTdecov
TV v TparypdTwy dva p. To mARfos TouTo 8& TO TrapioTduey uE TO oupBolov
A}, 16 bmoiov &uoryryvaoketon «datdéeg tdv v ava p». Tlpds TouTo &model-
kviopev THV &xdhoufov TpdTaov :

Ilpo61taocic—To nhijfog tdv datdaEewv tdv v npaypdrov dva p didetar
ond tob tOmov :

Ar=v(v=1(v=2)-- (v—p+1. (D

'Anbderllg. "Ags Urobéowuey 6T éoxnuaTicapev Thoas Tas Biatdels TGV v
TRy U&TWY © @y, Oy, .., & &v& (u—1), Tév émolwy TO mAfBos elvan: Al .
"Av Bewpfiowuey TuxoUoav (€ altdy, Y. THY ooy, . .o, altn O& mepityxn
(u—1) & 1AV TPoyHETWV &, Oy,. .., O Ka. ouvemdds Umdpyouv v—(u—1)=
=(v—u+ 1) &xdun oTorgeia (TpdypaTa) uf) dvikovTa els TV v Aoy Siaraiv.
Edv 8t els 1O TéAos TS v Adyw Siatdgews émiouvdpwpey &v olovbnmoTe &md T&
(v—up + 1) bméhorra oToixela, & mpoxiyn uia Siatafls TéGv v dva u. OdTtws
drds Ty Sidra€w a,q,. - - au—1 0& Tpokiyouy al (v—p+-1) Siatdes TV v dva p:

[« 1= FURPINT« PR (PN = PRINIPR e R [ IR PRI S1e CRIRIRES (TR e (TR PRSI $ (o RIS TS Lo (0
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"Emeidy 6t &mwd ékdotny Sidtalv TéV v TpaypdTwv dvd (u—1) Trpoximrrouv
(v —u+ 1) Biard€es Tév v dvd y, Emeton 811 &md Tas ALy Siardeis 6 wpokd-
youv (v —p+1)- AL Siardbes v v dvd p. Altan 8¢ elvan m&o o1 al
Biaraers Tév v mpayudTwv dvd pkal 1 & @opot petafl Twv (Siatl;).
Kord tabta loyler & dvarywyixkds TiTos :
A= (v—u+1)-AL, @
"Epapuoctovtes Thv (2) &ix u=2, 3,..., u kal Exovtes U’ Sy 611 ol Sio-
TaEels TGOV v TparypdTwv dvd Ev elvat, mpopavdss, v AauPdvopey Tds p iodTtnTas:

Al=v
A;::(V—l) 'A:
A= (v—2) - A} €))

Al=(v—n+1)-A0 .

ToAAermhagidgovTes Tas lodTnTas TaUTas KaTd AN Kal TapaAelTovTes ToUs

KOWoUs TrapdyovTas eUpiokouey :
Ai=v(v—1)(w—2)- (v—p+1).

"Hrot : 10 nhijfog v datatewv tdv v npaypdtov dva p elvar icov npdg 1o
yivopevov p Sradoik®v Quotk®dv apiBpdv fhattovpévav Kata povada pé npdrov
napayovia 1o v.

Kot TaUTta elvan:  Aj=7-6-5=210.

EUkoAws Twpa SiamioToupev &T1:
viv=1)(v=2)--(v—u+1)= vv=1) (V—z)('v" (:)I—IJ+ D (v=m)! =

v!
T (v —w)!
Mé &AAas Aéers :
MMopropa I.—To nrijfog t@v dwaralewv v npayparwv ava p didetar Omo
tob thmnov :

i v!
S )

C))

Eis Thv eldiknv mepimTooy, kof’ fiv p = v, Exopev :
Al=viv—=1) (v =2)... 3:2. 1 =¥l
Me &AAas AéEels :
MMopropa IL—To nhijfog t@v dwatalewv v npaypatov ava v icoltar npog
10 niijfog 1@V perabiccwv tév v mpaypatwv, fiTol:

Al=v=M, 5)

'Eoappoyai: In: 'Eav cig pabnmg Exn 9 prflia xai BEky va tonoBurioy 5 tuxdvra i€
avt@v eig Eva pagr, katd récovg Tpomovg duvatm va mpagn todto;
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A baig: Ol Bidgopor Tpomot elvan Téoo1, Soan kal al BiardEers Tév 9 dvd 5, fiTor :
A, =9.8.7-6-5=15120.

2a : MMooor neviayfigion apiBpoi drapyovv, Exovieg navia ta yneia Siapopa petald tov;

A bo1g: "Exaoros mevraytfigios dpifuds (m.y. & 38906, 72925,...) evar plaBidrabis
Tév 10 ynelewv: 0, 1, 2, 3,...,8, 9 dva 5, pt pévnv Ty Biagopdv T6 ynelov 0 &tv wptme va
Koy THY TpdTnv Tpds T& dpioTepd Btow (m.y. 05382, 03948,...). 'ANAa al SiatdEes al
Eyouoan ds TpddTov aToryeiov T6 0 elvan,doan kal al BiardEeis Tov 9 ywnelwv 1,2, 3,...,9 dva 4.
*Apa 18 {nToUuevov mAfifos x elvan :

x= A —A,=10.9.8.7.6-9.8.7-6 = 9-8.7.6 (10— 1) = 92.8.7.6 = 27216.

§ 238. "EmavaAnnmikai SiaraEeig.—"Eotwoav v 1o mAfiflos Bidgopa
peTall Twv TpdypoTa oy, oy, . - -,y Ta oTroia fewpouvTon oToysia vds ouvdhou E.

KoAoUpev Enavalnaukiy dwatabiv TV v aUTdv mpoaypdTtwy dvd p, piav
TuxoUoav &meikéviow ToU Tufparos T, ={1, 2, ..., u} els 10 olvorov E.
OUrw pia tmavadnmrikd Sidrafis TGV v TpaypdTwv dva p elvar pia aparais
KoTd pfikos ds edfeias p wpaypdTwy AngdéivTwy &k TéV v ,&AAG els T& dmoia
fxaoTov mpdypa SuvaTtdv va EmavadauPavetar TO TOAU p gopds. Elvan gavepdy
&T1 &v Trpokelpévey Suvdpeda v Exopev i pSV | p> v,

©a Umoloyicwpey Tdpa TO AT Bos TéV EravadnmrTikdy Siatdgewv TGV v
TporypdTwv dva p. Ak To TAfifos TouTo, Smep TapioTépey Bid Tou oupPdiou
5, loxue 7 dxdAoubos :

I pobtaocig—To nhijfog tdv inavalnrukdy dwtalewy 1@V v npayparov
ava p didetar dnd tod tOmouL :

=V (1

'AROSeErg. Ak p = 1 loyve, Biém ol tmavadnmrikal Swardfes Tdv v wpaypdTwy dva
tv elvan doan kal T& wpdyuata, fitor & = v = v\

"Eotw 6T loyie Bid p = k, fitor foTw & 8;: vk kol foTeo pia TUYOoUoa éTravaAn-
ikl Bi&rabis TéY v TpaypdTwy &va k, T.X. f @6, . @, . "E&v els TO TéAog Tiis dv Adyw tma-
voAnTrTikis Siatdews Emouvdywpey Ev olovBriToTe dk TV v TpaypdTwy, B& wpokiyn pia
travadnrikd SidTabis TévV v mpayudTwy dva (k + 1). OlTws dmd Ty BidTafiv aja,. ..oy
8& mpokiyouv v Eravahnmrikal Siordges ToOv v dva k + 1 al Efig:

. . Oy Oy, OGOy, . O Oy ey Oy, O Oy T Oy O

*Emreidty 8¢ &mo ixdornv Bidtabv (BraveAnmrTikiy) TGV v wpaypdTwy dva k mwpokimTeuy
v tmavanmrikal Siaréfes Tév v dva k + 1, EweTon 6T &mo Tas 8y EmavaAnmrTikas Siatagers
8& mpoxinyouy v-8) tmavadnTrrikal Biatdfeas T@v v dva k + 1.

Kara Taita & Exwpev: 8 = v-8; xal Adyw Tis Umobéoecos Tiis Teheias Emayc-
yiis, ka®” fiv & = vk, Exopev: B} = vovk = VKL Ao ) péTacis loye xal B v =k + 1,
&pa foyUe 5ia kdbe puoikdy dpiBudv v.

'‘E@oappoyn 1n: Ilécor neviayfgior ambpoi dmapyovv Exoviegs dg yneia todg api-
Opoig 2, 5, 7;

A b o1 g: "EkaoTos Tév dpiBpdv alTdv (.. 52752, 77522, 55555, . . . ) elvan pic Emavadn-
mrrikd) Biarafig T@v 3 wnelwy 2, 5, 7 dva 5.
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“Apa Té gnToluevov TATBos elvai foov Trpds :
8 =3 = 243,

'EQappoydn 2a: (To ngdfinua toi HPO-TTO). Na ebpedij noca dchtia tdv dvo atn-
A@v tod MPO-IO npiney vi cupninpaey elg raiking, dua va Emtiyn va 13—ap ;

Aborg: 'Eav & dydw fito povabixds, A& Urrfipxov Tpia mpoyvwoTikg, T& dmoia onue-
oUvtan ué T& oTorxeia: 1, 2, x xal Eroptvas B4 frpemev & waikTns va oupTAnpdon 3 oThAas.
"Edv ol &ydves fioav Suo, B Erpemrey v oupTAnpwon 9 oTnAas, es Tds dmolag Ok dvaypayn
T& E6fis oToiyeia

Illl2|22x|xx
Ill2xl|2xl|2x

M

Al &g dvew 9 orfidai elvan el Eravainmrikal Siarébers TGV TpIGV oToyeiwy 1,2, x
&va Buo, BnA. elvar: &y = 3t = 9.

"E&wv ol dydves fioav Tpels, & Empemev & raikTng var aupTAnpaan 27 oriAas, s Tés dmolas
B& dvaypayn Té& 75 oToryeia:

L, L2y (L hx) (L21), 0 fxx0).

Al 27 orijAcn TpokUTrTOUY &TTd T 9 gTorgeia Tou mivakos (1), tav Tapamielpuws ExdoTns
Budbos Tou Tivakos Bégwpey Tas tubeifeis : 1, 2, x. Elven 6¢ trrions al 27 orfidan, ai émavadnrrikal
Siaragers 1@y TpIdY oToKEIWY (tvBeiecov) 1, 2, x dwa 3, fitor elven: &) = 39 — 27. ‘Etroué-
veos, Bid va tmirlyn & waikTns fva 13—&pr, Tpémer v oupTTAnpLon Toéoas oThAas, doar kai al
eravaAnmrikal SiaTébers Tdv Tpidv oToxelwy 1, 2, x v 13, fior:

i, =319 = 1594323 orhas.
"Apa: 1594323:2 = 797162 &eAtia TTPO-MO.

AZKHZIEIZ

e

539. ‘Ymwohoyloore Tés: ar. A AL kal Seifare 6m1: A, = M,.
540. N& elpedfi 6 v els Tds k&Twh TEPITTCOTEL

a) Al =12.4, B) - AF=2.AY

y) AY=18.A'"1, 8) 3aY = AVL
541. N& &mobeiydij 611 : A;"’l = A: + u-A:_l .
542. Na damiomomndij # mapdoTacs:

A —2. A =1y v=2).

543. N& e0pedfi f Twh) ToU: AL+ Ay + A+ Al + AL,

544. [Téoor tetpayigior &pibuol Utrdpyouv Exovtes BiagopeTikd yngia xad ph TepixovTES
16 0 kal 16 9;

545. AvUo méAeis A kal B ouvbéovtan pi 6 4pafooToryias. Kard méoous Tpérous Buvdueda
va Tafi8elowpey & Tiis A Tpds Thy B kal QUTIOTPOPWS, XPTTIHOTTOIOUVTES KOrTex ThHv fmoTpogrv ;

a) SiapopeTikiv dpafoaToryiav, P) toraw kal Ty albmiy duaooToryiav.
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. ZYNAYAZMOI

§ 239. “AmAol ouvduaogpoi.—"Eotw E &v oUvolov pé v aToryeia: oy, dy,..., Q.
MpomiBiueda ve dpiowuey T6 TAffos Tév Siapdpwy peTagl Twv UToouvdiwy
ToU E, els Té dmroia dvfjkouv k oToiyeia, Bvfa k < v. "As éfeTdowuey kot dpynv
pepikd TapaBeiyuara. 'Edv v= 1, TéTe TO oUvohov E éxel BUo Umoouvoha : &
kol E. "Eqv v = 2, T6Te TO olvorov E = {ay, a, } Exel Téooapa Umoovola :

k=0 k=1 k=2
] {on} (o} {ay w}=E
*Edv v =3, T6Te 16 ovorov E = {ay, o, o3} Exel OkT UTrooUvola :
k=0 k=1 k=2 k=3
z {on} { o o) {opopo ) =E
{ou} {on g}
{o] {00 o)

OUre .. &mwd TO oUvohov ut Tpia oToryela Buvdueda va AdPuwpev Tpla
UooUvora ué BUo oToiyeia. “ExkaoTov 8t Tév Uoguvdhwy abTdv koheiTan kal
«elg suvdvaopog t@v TpdY ctoryeiov ( mpaypdrwv) dva dvor.

Mevikéds 1 KohoUpev suvdvaspov Tév v mpayudtwy dva k, fvla k = v, ke
UtrocUvoov Tou E pt k oToiysia.

"Ex Tou dpiopol ToUTou elvan gavepdv &Ti els Eva ouvBuaopdv TéV v Trpa-
yudTwy v k EvBiagepdpeda w6 v o v Bid Thy euow TV AneBéivtwv mparyud-
Twv, oUxi 8¢ kai Si1& Thv Béow, ThHv dmolav Exouv petafy Twv, dTraws els Tas Sia-
TéEers. Tuvetrdds BUo ouvBuaopol TGV v TpayudTwv dvd k elvan BiagopeTiol
udvov, dtav &tv &moTeAoUvTon &TTd Ta QUT TPy UaTC.

O& Utroroyiowpey i8N TO TAfifos TV BIGPOPETIKEY CUVBUGOUEY TV v
mpaypdTwv dva k. Aid 1o mAfiflos ToUTo, &mrep TapioT@uEy Bi1& ToU oupBoroy
(;’{) A =y loxver # GrkdAouos :

Mpétaocic—To nhijfog 1@y cuvdvaopdv v mpaypdtov dva k didetar Umod
tob tomov :

v viv=1)---(v=k+1)
(x)= i M

"AnéderEr; @ "As koAéowpey x TO TAfifos TV guvduaoudov THVY v dva k.
*Edwv els Bva TuxévTa cuvbuaopdy Tév v dva k, BnA. Eav els Bv Tuxov Utroouvolov
p¢ k otoiyeia Tou E ékTeAéowpey TTaoas Tas SuvaTas peTabosis TGV oToIxEiwv
Tou, al émoial, s yvwoTdy, elvan k!, 8& mpokinouv k! Biardgeis TV v dva k
(81671 tkboTn t TOV peTabéoewy aUT@V TepiExel k oToiyeia ¢k TGV v). 'Eav
TouTo yivn els SAous Tols guvBuaopous Tév v v k, dv o TAffos Ekahécapev
x, 8& mpoxiyouv i x - k! Biaraers TV v dva k.
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Elvan 8¢ alran méoo af Siarders Tév v dva k, 81611 1) Tuyovoa € alTddv
Trpokkuyey &mo TOV ouvBuaoudv Tév Exovta T& B mpdypara. Al Siatdes
aUran $§ &AAou elvan Bidpopor petay Twv, 81411, Socu piv Trpotkuyav ék TOU
alToU ouvBuacpoy, Biagépouv kaTd THY T&Ew TV TpaypdTwy aUTou, docn &E
Tpotkuyav tk Birapdpwv ouvBuagudv, Biagépouv kaTd Ev ToUAGYIoTOV Tpdyua.

Suveméds EXOMEV x - k!=A;

AR (8 3T B = e 1) b=k 1),

” Ay I G O T | |

Apa : x=k—'!‘= ( ) k(! ) 2)

fi &v Tebfj x =( ; ),Trpoxfrn-rEl 6 TuTros (1).

Kotd Tauta elvan :

5 543 T\ & 76:5-4
(3)=m*‘°' (4)*2**?277*35-

'EE opiopol Bexduela 611 :

(4)- (V) ®

‘Eqv TroMAamAacidowpey dpiunTiv kai mapovopaoTthy Tiis (2) &mi Tov
GpiBpov: (v—k) (v—k—1)---3-2.1, éomis ypageran kai: (v —k)! Exopev
Sradoy1kéds :

o vv—=1)---(v=k+1) v(v-1)---(v=k+ 1) (v-k) (v—k-1).-.3.2.1
a k! a k! v—k) v—-k-1)-..3.2.1
v!

T klwv=k)!’

Mé &AAas AéEeis :

Mépropa—Tod nhijBog t@v ovvbvaspdv v npaypatov ava k didetar Onod
ol tomov :

(%)= @

'’Egappoyai: In:Aidovia nta onpeia pn keipeva ava tpia &ni cvbeiag. MNMooa tpiyova
elvar duvatdv va xataokcvacBobv, dv éviowpey tabta 81° enfeidv.

Avoug: Mpopavés karaokevdfovtan Téoa Tpiywva, &oor elven ol ouvbuaouol Tév 7
mpaypatwy dva 3. OUrtcws Exopev :
( ; ) e Y—% = 35 Tpiywva.
2a : Mia éxraidevtiki) nepeépera npoxeitar va cuppetaay gic piav fopracnuxny Ekdiionv
Sua mevrapelols avunposoneiag. "Encléiynoav dppikde 4 padiitpuon xai 7 pabnrai. "Ex tov 11
abt@v atopov nooag Sapopenikag neviapeheis opadog duvapeba va oxnpaticwpcy, dote vi nEpL-
iyoviar @ a) 2 padfrpua, B) toddayiotov doo paldijtprar, v) 16 moid dbo padntpiar;
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Aborg: o). Al Blo pabiTpian Blvavtan vé AngBolv &md Tés 4 EkAeyeloas kaTa ( ; )
Tpbmous, i of 3 padnTal, ol dmolor B& oupTAnpLCOUY 1Hy dudba, SuvavTan va Anglolv &
ToUs T EkAeyévTas Komd ( ; ) Tpémous. *Edv EaoTos TGV TRDOTWY ouvBuaopdv ouvbuaodi] pi
ixaoTov TV BeuTépuwv, B Excopev :

2 (G1{3 ) =T gy =t
B). Els Ty Beutépav epiroaay f) duds 8& Tepityn A 2 paBnTpios kal 3 podnTas
: 210), fi 3 padnTpias kol 2 pabnTds

o
B

(é-rs ol TpéTol axnuaTiouod elvan : ( . ) .

(6'1-: ol TpéTror oxnuaTioRol elven : ) = 4), # 4 podnTpios ked 1 padnTiv

4
(5)
= 4
(615 ol Tpdror oxnuaTiouoU elvan : ( 4 )

“Apa:
- 7 4 7 4 T
"=(2)(3)+(3)(2 #il g ) g Ym0 48 4 =L
v). Els Ty mepiTTwow aUThv tx&oTn Ouds B& Tepityn A 0 pabnrpias xal 5 padnTés, fi 1
pabTpiay kod 4 paBnTas f 2 peBnTpics kol 3 padnTés. ZxemTéUEVOL s kal els THy TepiTeoTv B)
ExOMev :

x:(g)(;)+(?)(Z)+(‘2‘)(§)=1.21+4-35+210:371.

§ 240. "AGoonpeiwTol i1516mTeg TGOV AMAGV ouvduaopdv.— "Edv els
&y Umroouvorov A Tou E dvrxouwv k oToiyeia, e 16 oupTTAnpwpaTIKOY Tou A’
B& &urjouv v — k oToryEla. ‘Etrouévess els tkdony EkAoynv Evos UtroguvdAou ué
k ororxeiar dvTioToiyel kal pia &xhoyh TOU OUPTIATPOHCTIKOU TOU GUvGAou W
(v — k) oToryeia kal &VTIaTPOPLS. Kot drohouBiau & &piBuds Tév Uroouvoiwy
ut k oToiyeia vtos ToU E elvan oo wpos Tov &p1BudY Tév UtroouvdAwy pE v —k
oToiyeia. ToUTo 8¢ SiaruTrouTan kel s 67 ¢

(
%
(
:

Nd161ng L—To nhijfog tdv cuvdvacudy 1@y v tpaypatov ava k elvar toov
npodg 10 hfifog tdV cLVELATRBY tov v ava v — k.

"Htor: (l:)= (vik) 1)

‘H &AyePpixh &mdBeifis elvat trrions eUxohos.
TMpéyuaTt :

(vik)z V=K' [:!——(UM}()]! ™ (u—vk!)!klz(‘l)()'

n f : a’). "Ex Tou T WA ¥ k= 02,000
ppompnene T 1Tw(k)ﬁ(vfk)' v—k=v...,1,0

Eyouey Tpogawds 1 (v —k) + k = v 51& x&e v kal ik k&Be k. M &AAas Aéers tav o + =y,
TOTE ( v ) e ( ¥ )
o Usr AP e

¥ = 20 20
Olrws &k TS ( k)_ (k+‘2 , Ereran. k= 9.
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B’). Els v mpa§iv ) I516Tns | u&g 8lber v BuvaTdTnTa v TrEpropioBdipey €l Tov Utrohoyt-
T (g = i & ( 4 )
audv ToU ( " ) wévov Bid k 2 , Bibm, &v k > 5 TéTe Ummohoyilcpev 1O AR
&vtl Tou ( ‘;{ ), kaf'doov elven TéTe: v—k < %

( ) (50)_ 50 - 49 . 48 - 47

2 by = 230 300.

Olfrw ..

1816105 IL—To nhfifog t@dv ovvdvaopdv tdv v npaypdrov ava k icodrar
pt 10 mhijbog t@v cvvdvaopdv 1dv v — 1 mpaypatov ava k, niEnuévov kata 1o
nAfibog t@v ovvdvaopdy tdv v— 1 npaypatov ava k — 1.

. vy _ [ v-—1 v—1
Hron: (k)_( k )+(k-—l) (¢3)
*Anddertis. "Avaywpolvtes &md To Belrepov ukhos Tis (2) Exomev :
v—1 v—1 (v—1)! v—-1)!
( k )+(k—l)= T Pl Y s
. (v=D! 1 1 B
T E=DIG—k=1) (_k‘+ — )‘

= (r=1Ljt i . v! v ~
= E=DIOoEChT T T TeenT=(y ) 48

T8v6tng IIL—’Ioyder:

v TR v—k 3
(k+1)_(k)'k+l ¥
Mpéypom :

( v )= v —1)-- @kt DO (V)Ml
i1 e g k/ k+1
AZKHZEIZ
546. ‘Ymohoyloare Tols : (172) (155)- (1sl )' (193) (g)

547. Aelfore 811 (15?) ( ) (166)'
548. 'E&v ( ) (k+2) vueupe&ouvol(l;)-

549. 'Eav (23") ( ) 44:3, v&eUpedfi & puokds dpiBuds v.

550. Edv A} = 3024 xal (;) = 126, v& eUpedii & k.

551. Téoa Gmrootvora ut k oToiyela, £ dv 2 ororyeia elvon dpiopéva, Utrdpyouv els Eva
oUvodov ut v oTorgsia (v = 5); ‘Ouolws pi 3 dpropéva ororyeia; ‘Opoles pé 4;

552. Mégan 5—abes xapTidy &méd plav Stopny 52 maryvioxdpTwv Bivavtar vi TepiExouy
4 &ooous;

('Yrodergrg : AdPete U’ Syiv T Tponyoupbvny &oxnow).
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§ 241. 'EravaAnmrikol ouvduaopoi.— "Ectwoav v SlagopeTika Tpd-
YHOTO ¢y, O, . - ., Oy, T& OTola BecopolivTon oTorysia tvos ouvdhou E.

KoAoUpev imavainnrikdv cuvdvacpdv TV v oUT&dV mpoyudTwy dva k
ké&Be ouvBuaoudy, els Tov dmrolov ExaoTov oTolytiov (Tpdypa) Suvatal va éma-
voAopPéveral 1O oAU k gopds.

Efvar gavepdv &1 Tdpa Suvépeba va Exwpey fi k=v | k > v.

"OTres els Tous drAols ouvBuaouoUs,oUTtw kal els Tous Emavadnmrikous év-
Biagepdpeda pévov B1& ThHy guowv TévV AngbévTawy oToiyeiwy e EkaoTov ouvdua-
oudy, oUyl 8t Si& Tds Béoers, &s Exouv TaUTe peTafU Twv. ‘Emoutves Buo rava-
AnTrTikol cuvBuaopol 8& BewpouvTan BlagopeTikol, 9’ Goov Blapépouv KaTd THY
QUaW Evds ToUAdyloTov oTorkeiou o Trepiéxouv. OUTws of EmavaAnTrTikol
ouvBuaoyol TEV a,, a,, &y dva SUo elvan ol E6fis:

&%y, &y Oy, Gy
Gy, AgQlg
(- 7.1

‘Opoiws, ol draveAnmTikoi guvBuaouol T&V oy, o, dva Tpia elven of &&fis :
ST &, X Xy SSEPES T A0y,

BnA. kdbe ouvBuaopos (BaveAnTmrTikds) dmoTeAsital amd 3 oToixelw, &k TGV
drrofcov T& BUo f kai Té& Tpia BlvavTan va elven T& adTa.

©& Yohoylowpev fidn TO TAffos TGV ETaVaANTTIKGY ouvBuagudy TV v
TpaypdTov dva k. Ak T6 TAfifos ToUTo, Omep TapioTéduEy Bia Tou cuuPolou
&, loyue fy drdiouos :

Mpotaocig—To nhijfos t@v Enavainatikdv cuvdvacpdy tdv v dapdbpov

petald tov mpaypdtov ava k, icobrar pé to mhfifog tdv ankdv cvvdvaopdv
v v 4+ k — 1 npaypdtov ava k.

v v — k.—l
"Hro : P N =(V+k ) 1)

*Anodertig. Elvan pavepdv 81 ol davaknmrikol ouvbuaopol T@v v dva v elvan,éoa kol &
Tpdyuara, fitor: &) = v.

‘YrroBéowuev SAovs Tous EmavaAnmTikous ouvbuaopols Tév v dva k, yeypauuéveus els fva
Trivaxa. Els adrév 8& elpwpe, katd SUo Tpétrous, Tdoas gopds tupavifeTan To &v Ek TG BobévTwov
TPaYRETWY, K. TO o).

a'). "ExaoTos EravaAnmrTikds ouvbuaapos epiéxel k mpaypaTa, SAct ol U’ Sy ouvbua-
apoi B mepiégouv k - &) Tpdypara. Aobévtos Bt 611 Ta v BiagopeTikd Trpdy paTa EugavifovTat
todas els Tov Tivaka, EkaaTov 8§ alTév, dpa kal T6 &, EupavileTar :

k- &t
f_i — X 61 qopis. @)

). Tous guvBuacpous ToU Trivakos Siaxpivouey els BUo kaTnyoplas: els Tous TepiéxovTas T6
aToieiov a, kai els ToUs uf TepiExovTas auTé. Ok elpwuey Twpa kal kaT' &AAov TpéTTOV Tooas
gopds TO a, TepiéyeTal els ToV Tivaka TGV EmavaAnTTikdy ouvduaoudy. Bewpolpey Tous dra-
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voAnmrTikols ouvBuaouols,ol dtrolor Tepitxouv T «,. 'Edv dpaipéowpev & alToUs Eva pdvov
&md Té oy, T& dmola Tepiéyouy, TéTE auTol B& mepibgouv k — 1 Tpdypora kel B elven Shor ol
travednTrrikel ouvBuaoyol T&Y v mpoyudTwy &dva k — I, fiTor 8& elvar TAfBous & xal ouvetdss

katd THv a') T oTorxeiov a, & tupavileTan : _k_‘JTLg:_' popds. 'Eqv Twpa els 1O TAfibos
# &y TévV a, TpooBlowpev TS TATifos TdY deaipebévTwov o, TO dmrolov elvan Ex_1 (Brom
txdoTn doaipeais ToU a, EBwoe Eva dmavadnTrTikey ouvBuaopdv Tév v dvda k — 1), eUplokopev
méoas popas tupaviletan TO a, els Tov Tivaxa, fitor émaveupiokopey Tov dpibudv, SoTis Ta-
péxeTan Umd THS Ekpphoews (2).

'E§icolvTes Tds BUo Ekppdoeis Exopey :

k k—1 ’
S8y =——— 8+t 8y
"Ex ToU dmrolou mrpokiTrTel & dvarywyikds TUTToS !
v+ k-1
Er=——g 8 3)

‘Eapudlovtes alrov 81d k = 2,3,..., k xal moAAamAacidklovres Tds TpOKUTITOUT O

lodTnTas Kard péAn, peTd Tas drAomoioeis elplokopey :
v_ v+ DW+2)--(v+k=1)
6x= 1.2.3...k ' ®

‘Edv elg Tv (4) Bdowpev: v+ k—1 =y, Steelven v=p—k + 1, eUpiokopEY :

&' = pe-=1)----k+1) _
k 1.2.3.. .k
= v+ k=1

A gi=xt ="t

‘H mpdTaois 68ev &reBeiyfn.

KaTta Tauta elvan :

S )f 6L LM
é, 3 ( 3 1.2.3 )

'Egappoyi: [ocovs dpovg Exer Ev mifipeg dpoyevig mokvdvupov népntov Pabuod ag
npds X, ¥, Z;

Aborg: Of épor ToU oAvwwipou B& elvar Tiis popefis : xX y1 2, Bba k+A+pu=5.
"AMAG ExaoTos Spos flvan els EravanTTikds ouvBuaopds TaY TpIdY Ypaupdiwy X, ¥,z &va 5
(X XyZ = Xy¥yz, X%yt = xXXXy¥Y,...)

“Apa TO {nTouuevov TAfifos looUTan Trpds Té TATfos TGV ETaVeANTTTIKGY CUVSUaTHGY TGV
3 mparypaTwv dva 5, fitor :

&= 7)-()-()- 15 m
AZKHZIEIZ

s®,

553. Téoa &xépaia povdvupa Tis popeds of Bl " TeTdpToU Pabuol ds Tpds EAa buol
T& ypbupata o, B, y Suvdpeda va oxnuarticwpev;

554. 'Eav A; = 840, v& UmohoyioB & &pibuds: &Y.

885, Mvaorod dvros om (19 ) = (18 ,). v ctpeboiv ot 33 xat &Y.

556. N& dmobeay8ij, 5ia Tijs Bewplas TéV ouvbuaapdv, 811 16 yivduevov v S1adoyIkdv de-
pajwv elvan TavtoTe SionpeTov B Tou ywvoubvou: 1.2.3.. .y,
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B57. Né& elpedij Td mAfifos Tév Srarywvicw ToAuydvou EXovTos v Kopugds.
558. Né& dmodeyfn om:

) (;)"-Z(kil)+(k12)=(ut2)' o (-G = (k)
559. AcifaTe omi: e
1+x£1(k)=2.'
560. N& &mobeiyd7j 611 :
v+ D! (v—
i (p:-l)_(pil)= (p(+_};)!)(v(—upip)l)!'
o (3)+2(,0)(22)- ("3 %)

§242. To Swwvupikdv Bepnpa.— ‘H émoutvn Trpdracis pépovsa T Svopa
10U Newton ™ &moTelei T Siwovupikdy Bedpnpe, TO dmoiov 8(8el Thy yevikiyy -

Ppaov ToU dvamTuypaTos (X + o) .
IIp 6 ta 01— Al kaBe [ebyog mpaypanikdy apiBpdv X, a xai did xdbe veN,
ioyoer 6 thnog (tod Siwvipov tob Nedrwvog) :

(x +a) = (;)X"+(:)x"—*u+(;)x"“’n’+---+(;)x"“u“+---

()

'Anddaikig. ‘Qs yvwoTdy, f TpaTn TauTéTns Tou Newton ypdgeTa:

(1

v v-1
(@) K+ ) (X +ov ) SX+ @+ Tt o)X + (0 + oot -
w-2 v-k
+qy-g Oy )X 4 e (@0 -k 4+ )x 4+ odaQye -0y .

Té TAfiflos Tév TpooBeTéwy ToU o + oy + -+ + & elven TS WATfog ( ‘1’ ) Tév ouvbua-
oY TGOV v TPaYPATWY & O,..., Oy Gud Ev.

To TAffos T&V TPoTPETéwy TOU OG0, + 00 + -« + + Cy-1&y  €lvar T TAfifos (; )
Tév ouvBuaopddy TEY v TpaypdTwy &vd BUo K.o.K.

Té TAfiBos TGV TPooBeTéwy TOU o0y - - -Gk + *++ Elvon TO TAfifos ( ; ) KA,

OftovTes Gpa oy = @y =---= Gy = x &lg Tﬁv(])‘,xcd Adyeo ToU 611 ( ; ) =] = ( : ),

AapPavopev Thy (1)

“Acknaoig Adcare dmédabiv Tiis (1) Si& THs TeAelas Emaryewyfis xpnoomoloUvTes
kal Thy IBi6TTa 1l TS § 240.

* Jsaak Newton (1642 - 1727) Bidonuos "AyyAos pafinuarikds, guoikds kal giAdoogos.
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‘O TUmos (1) Tou Brovipou ypdgeTar ouvTopws s EE7s

(x-+ u)"=ké0 ( : ) gk 2)

’Emreidty) 8¢ (§ 239) elvan: (‘I):v, (;): vgv__?!—)—,...,
(;):v(v—l])-ﬂz-‘(v—k-ﬁ—l)'

Tk

o TUmos (1) SuvaTar va ypagf] kal olTw:

(x+a) = x"+ vt g+ 2 "(v l) X2 u*+—L; 1)2(v3 Dysap..ta |3
Kord TaUta elvan :
(x + a)t = x* + 6xta + T gx‘ of + ?Z; x¥a? + ?; xtat 4 6xaf + af =

= x¢ + 6x®a + 15x%a® + 20x%® + 15x%at + 6xa® + af.

Iapatnpiicerg ini tod dvantbypatog tod Swvipov: a). 76 dvdntvyua tod
(z+ a)’ elvar & mhijoes Suoyevés molvdwopoy, v Babuod, datetayuévov xard tag
xatwoveas dvvduets Tol T xal tag dvioboac tod a. Eig &xaoctov dpov TovTov TO
dfpotopa tav éxferdv Tod x xal a elvar orabepov xal loov mpdg ».

B). 76 ndifos tav dpww 100 dvantiyuaros elvar v+ 1, Bidm Umdpyouv
waoal af Suvduels ToU x &md Tiis pndevikiis péxpr Tfs v—ooTTis.

Y)- Ol Ggot toi dvantiyparog toi (z+ a)¥ , of lodxig dnéyovres T@v dxpw,
Exovv Toovg gvvtedeards. ToUto mpokUmrer &ubows &md Tov TUmov (1) Tiis § 240,
BeSoutvou &T1 ol ouvTedeoTal TGV Speov Tol dvamTUypaTos elval kaTd celpdy :

(o) (3)(z) (6) (L) (L) (2 (V)

8’). ‘O dgog rdéews A Tob dvantdyuaros 106 (z+ a) elvar 6 ;

% e
i

ToUto mpokimrTer &mmo Ty Sidralv Té&Y ouvTEAeoTEY ToU dvamrTiyparos, Ko’

fiv PAémropev 611 & los Spos Exer wwa?\so*'rf]v( ‘6 ), & 20s5: ( ‘; ), é 30{: ( ; )

v

kal & A% Eyel ouvTeAeoTHY (7\ 1
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). 'Eav v dptiog, oos meos 2u, téte 10 mAijboc v+ 1 tdv Spwv elvar megit-
Tov xal cuvendc dmdpyer Bpos ué péyiorov owvredeotiy. ‘0 dpog oftos xaleiral

pecaiog 6pog xai elvar talewg % +1=p+1, elvar 8¢ d: ( ;) .0t

ot’). 'Edav v mepirtds xal loog mpds 2p+ 1, tdve 10 mhijfos v+ 1 tdv Spow
100 dvamriyparos (z + a)¥ elvar dptiov xal ovvends dnapyovy dbo «pecaiow por
(oi Eyovies peylorovs ovvreleardg). Obror elvac ol :

( :‘)Iu+lau il (# :_ J)xuau+l

xai Eyovy loovg ovrTedeards.

'Eguppoyai:ln: Naedpedf 6 peoaiog dpog tod avantoyparos (2x — x*)*.
Aborg: To mAfifos Tédv dpwv Tol dvamTiyparos elvan : 12 4 1 = 13, #wopévas O

ueoaios dpos elven & —‘21— + 1 = Tos, & émolos B elvan :
( 5 ) @x)s - (i) = 59136 x
20 : Na edpedil, tav Onapyn, 6 aveEapintog tob x bpog eig 1o dvantoypa :

(2 + L)

Aborg: ‘O yevikds Spos ToU G &vw GuaTmiyuaTos elvan :
(1)@t - (2 = ([$) 220 xo

X
M v elvan dveEdpTnTos ToU x, 84 Trpéme: : 48 — 4k = 0, € oU: k = 12
"Apa & &veE&pTnTos Tou X Spos ToU &varmrriyparos elvar & 1305, doTig elvon :

16 (16 L 16:15.14:13 o) oy ke
(12)'2"3"—(4)'2"3“—'77.—3.4 e A

3n : Na edpebi) 6 ouvtedeotiig tod x* elg td dvantuypa : (2x? 4 a)*".
Abarg: ‘O yevikds Spos Tou QuamrTUypaTos efvant ¢

( 113 ) @x) KL X — ( ll: ) olT—k  (3017—k) | gk

“lva & x elploxerar Upwptvos els Thy 120, mpémer : 3 (17 — k)=128k = 13.
"Apa & ouvTehea TS Tou XM elvou :

(1;).2‘3 (1:),21121_'713_'.135__'#,,16=38080.

§ 243. ‘1816 T1EG TOV SLIVUHIKEGY ouvTEAEOTOV.— @), "Edv €is Tov
Tumrov (1) ToU dvarrTiyparos ToU Siwvipou § 242 Btowpey x = 1, a=1, Aappé-

VoLV : (;)+(:)+(;)+.,,+(:)=zv e}

‘0 Timros (1) ypdpeTan ouvTduws cos EERs
i v ¥ v
z =2 §§ E =2"—1, 2
k:o(k) e k=l(k) @
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Mépropa.— And kabe oivolov, td dmolov mepiéyer v otoiyela, oynparti-
Covtar 2" axpifd, Orocidvola.

MpdypaTi, Umépyouv ( ; ) UtrooUvora ut 0 oToiyeia, ( ‘1) ) UtrooUvora

ué¢ &v oToiyeiov, ( ;) UtrooUvoda pé SUo oToixela, k.o.k. To SdAikdy TAfifos
TGV UmoouvdAwy alTdv elvar, Adyw kai Tiig 1 :

()+(1)+(3)++(2)-=

B°). "Edw els tov Timrov (1) Tfis § 242 Ofowopey x= 1, a= —1, AopPévopey :

(‘1’)+(;)+(‘5’)+...=(;)+(;)+(;)+.._=rn -

1) BEdv v tautémTa s (14 x)¥ = (1 + x) . (x4 1) ypbywuev Umd
THY Hoptiv :

(3 (1) (5 oo ()
ONUR OO R WO
VX2 v
1IN e SOk |
ked E§lodowopey Tols ouvTEAeoTaS TAV XY els T& Blo HEAT, AcuPévopev :
v\?2 v\? v\2 v\2 2v
SRR e e T ®
‘H (4) ypdopeton cuvtduws dos &€fis :
Vo N2 2v
.
* § 244. Mia a&6Aoyog Epappoyh Tol Swvupikol TOMOUL.

"Eotw ) dxodovBla a, — (1 + —é—)v v=12,...

AUTY, &5 8& Belwpev, elven yvnolws obfousa kal ppayuévn, OmoTe kata TO &flwpa
(§ 150) ovykAiver bv R.

TMpdrypary, v els Tév TUmov (1) Tiis § 242 Blowpey x = 1, o = -;1’—, TOTE Exopey :
Vi VT ¥ -1 v(iv—1) 1 v(v—1) (v=2). . . (v—k+1) 1
““‘(1+v)"+TT+ JoS e i 25 B e
1
+o

v
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O yevikds Spos ToU &vwTépw dvmrrﬁypcr"ros YPageTan
v(v—1)- (v=2)- - - (v—k+1) 1 ( ) k—1
== (1= (e i I
3 [l I R ) ( ( v )

| =<1+%>“=n+%+_2%<1-%)+3.(1——)(1——>+

B0 (15 (-3 (- 3) (-5

Kal
Gt = (I”Lv-u)wrl 1+ g7+ 27(t = sET)t “317(] +1)( S
+"E1T(1’W1')( v+1)+ (v+1)*(‘_v+1)(1"vii)“'

(t-v51)

&mou ol dpot elg To dvamTuypa ToU o elvan koTd povada TeprocdTepor Ekelveov ToU a,
"Av ouykpiveopev els Té dvaTTUypoTa TEY o, &, 4y &md Tis &pyfis ToUs BUo TpdTous Spous,
Ererta Tos BUo BeuTépous K.0.x.,BATopey, 611 Bid 2 S k = v ol Spor ToU SeuTépou elvon peyahi-
TEpOL, 51611
1 1 k-1

ar(-3) (-2 )<wr(-w51) - 0557

EE &\hou & TeAeuTaios Spos ToU GvaTrTUyHoTOS ToU @,y & &mroios Btv Exer dvTioToryov

1
els 16 &vdmrTuypa Tou a,, SnA. & - (T—T)‘”_l elvan > 0.
“Qoe elvan :
a, <&, i v=1273,...

1 dxorovbla «,, v=12,... elvan yvnoicws alfovoa.
=12... evas

AT elvan kal pparypbvn. “Ev &vw gpdyna 8id THV dxoroubiav a,
& &piBuds 3, &idmi:
+—(1——)(1—_)---(1 :1)51 -

=l +2l(1—7)
+ 1.+ : +'--+W-

fiTon :

=27
*loyver Spews :
1 1 1 1
= e G k=34...
k! T2 K <1222 o=t
SBev
1 1 1 1 1 1
uv§1+ﬁ+ﬁ+#‘+---+ﬁ<l+(l+?+—27+~-+zv_l)=
1+ 22 <1t — =3
1-— -

*EE &AAou &mrd Thy dvicéTnTa ToU Bernoulli Exopev :
1yv 1
_(1+7) Zltv o =1+1=2 ¥ v=12.
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"Hrol Tehkéds : 1
v
2w, =(1 +T) <3
(B1671 1o 2 elven & mpddToy Spos Tiis alifovons droroubias a, , fiTor o, = 2).
‘Ha, ,v=12... clven &bev yvnoiws alfouoa kal ppayuévn dxoroubia, ouverds ouyxrAi-
vel. KoAoUpev :
¢ = lim a, = lim (1 + l)v
opa L
‘0 dvwTépw dpiodels &piBuds ¢ Talle omoudaiov péhov els THY *AvdAuoiy kal YevIKGS T&
MafnuaTicg, ooubaidTepov dxdun kal alrol ToU &piBuol T (oTaBepol Adyou ToU KUkAou Tpds
Thv Bidpetpov almoU), ouvBtovTan Bt ueTafl Twv Bidr oxéoews, doTe, &v dploBi & els,vé dpileTan,
kal & &AAos & ouuPorionds pé TO AaTivikdy yphupa «e» elofixbn TO TpdTov UM Tou Euler
(1707 — 1783) 76 1736.
AlBopev xaTwTépw Ta 20 TpdTa Sekabikd ywnela ToU e kaTd THY TapdoTaciv ToUTou s

Bexadikiis  oepds :
e = 2, 71828 1828 4590 4523 536. . .

‘0 &p1Buods e dév elvar prdc: elvan Bt els dmepfarixic &piBuds (§ 55).

AZKHZIEIZ

561. "AvamrTtifate THV TapdoTaow (x 4 3y)* xal b1 fpapuoyfis Tol dvamrriypaTos
UmrodoytoaTe 16 (1,03)¢ pé dxpiPeiav 5 SexaBikdv yngiwy.
562. AcifaTe &T1:

4 4 4 4 4
(0) + (1) +(2)+(3)+(5) ==
8
563. Edpete Tov Spov els TO &védmTuypa ToU (Zx’ - —;—- y’) . & &moiog TepiEyel 16 X
564. Na elpedf) & qveapTnTos ToU X Spos T@V K&Twb dvamrTuypdToy :
1 \12 9x3 — 219
o (24 7). B (Z)
565. No& eUpeij & ouvTeeoThs ToU Spou X8 els T& dvdmrruypa: (x + 2x?),
3x?

9
566. ‘Yrépyer els 1o dvdmTuypa —2——ﬁ3;—) Spos &veE&pTnTos ToU X kai Toios;

567. Na &moberyfolv al kéTwth TautéTnTes :
o (3)12(1)+2(3)s (Y -
o (1) +2(3) 4 3(3) o+ 0(3) = v

¥ 14 2(} )+3(;)+ +(v+1)(:)=2“+ v- 2%t
XL

14 (D)5 (3) + 4 o () =y @t
568. 'E&v ve N xulv)l,ﬁeagms o712
v
(Yoo

('YnoderGug : "Epapudoare THy uébobov Tijs Tehelag Emarywyis).
569 ‘Eav veN, v # 1, va &mobeyfij 671 :

C*‘)>w>@+n2
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IV: MINAKEZ

§ 245. Eicaywyikai "Evvolal — "Opilopoi.— Oewpolpey 16 oloTnua
Tév Eilowoewy :

%Xy + Xy = Py

gy Xy + CgeXy = Py,

&trou of ouvTteheoTal o T&V dyvdoTwy X; , 65 kal ol yvewoTol Spot B , elvat Tu-

¥ovTes TparyuaTikol &piuol (i, j= 1, 2). "As pavTachduev Topa ToUs ouvTEAE-

oTds TV dyvaoTwy dvayeypappévous els dpboydviov apatadiv Tfis wop@fis

oy e o e [y Tk
( 11 m) A [ 11 12]_ )
O L D91 Y4y

THv épboycoviov Tatny TapaTtafiv kahoUuey mivaka tav ouvteleotdv TV

dyvdhataw. ‘Eqv els v dploywviov Taparafv (1) oupmepid&Bwpey kal ToUs
orafiepous Spous, TOTe B Excouey TOV Trivaka :

(C‘u Oyp 51) A [O‘u‘ Sy ﬂ:] ) @)
g1 T P. Cgy Cgp Ps
ToV drroiov kahoUuey mivaxa dAwy T@y ovvtedeotiv T énnulnuévor nivaxa.

‘0O Trivag (2) Exet BUo ppaupas kol 3 omjlag, elvan, G Aéyouev, es 2 x 3
mivag.

Katémiv Tfis &vopaTikiis Toimns eloaywyfis els Thv évwoiav Tou Trivakos,
BiBopev Tov EEfs yevikdy Spiopodv :

Kalotuev nivaxe fi pijtpa (matrix) ué u yoapuas xal v otijlas xai vov ovufo-
Alouer ué Auxv 7 amdic pé A, uiav dpfoyamov (elre Tetpaywvixny) magdralw
dolbudy ay (i= 1,2, ...,u4, ] =12, ...,7), aj€R f yevixdrregov a;€C, fitor:

)

Ay Xyp -0 e Ay
[ Q. . Q2

A= | %o %2 v 3)
Qi Gz Ay

‘0 &vewTépw miva§ oupPoliletan dmrions kad dos [ oy ], i=1,2,...,1, j= 1,2,
couv B [ oy Juy B GmAGS [ oy ]
Al p opildvTicn v—&Bes :
(ullr ygs- - -9 Sqv )v (“:1- QAggy - - oy gy )r ceay (unlr Ap2,-0 -y Guv)

elven af ypappual ToU Tivakos kal al v kaTaxdpugol p—&des :

A1 2 iy
Clyy Qg A2y
a S ;
Qlyt 2 Qyy

elvar ol orfjAar clToU.
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Ol &piBuol u kal v kaholvran Staordoes Tod mivaxos xal eldikcoTepov & pév
&p1Buds b, SoTis pavepcovel TO TATiBos BAwv TAV Ypappdy, ket «Byog» TOU
mivakos, & 8¢ &p1Buds v, SoTis pavepcovel TO TAfBos Shwv TGV oTNAGY, Kahei-
Tal «uijzog» outou. Els mivag pé p ypoaupds kol v othAas kedeiton els p éni v
miva€ A Tivaf SiaoTtdoswy px v. OUtws, & Tivag (1) elvan Siaordoewy 2 X 2,
tv@ & miva€ (2) elven Biaotdoewv 2 x 3. Of &pibuol oy xoAolvTen ororyeia
ToU Trivaxes. T oToieiov oy keAeiton 1) «ij—ovrtetayuémp kol tppaviletar elg
Y i—ypopuny ked j—otiAnv. ‘O TpddTos Belktns i ToU oToiyelov o, Emel-
81 pavepovel THY ypopuny, els THY dmolav &vfikel TO oToiyeiov, koheiTan del-
%Tng yoauuts, © 8¢ SeUtepos Belktng j, Emadn pavepvel THV oTHANY, kaAeiTan
delntng orrjing. Edv elvan u= 1, 8nAadn &v & wiva§ (3) Exn plav pdvov ypau-
By, TOTE Myetan «mivai—ypaupury, tvi, tdw elvan v=1, &nA. &v 6 mwiva€ Exn
plov puévov oThdny, ToTe Abyeton «mivat—ariidy». Els ToloUtous Tivakas ypdgo-
Hev T& oTorxela Twv ouvifeos pé Eva Belktny, doTis SnAoi dvtioTolyws THy oTh-
Anv 7| THv ypauuny, fiTol ypdeopev : B

1

s
B

Eqv elvan p= v, BnAabn étav TO mAfifos Tév YPOHRGY gupTritTrTy pé T
TAffos TéV oTnAdY tvds Trivakos, TOTe oUTos KoAeiTan tETpay@VIKOS TivaE Sia-
CTAGEMS V.

A=(o, a,..., ) i B=

4)

Ta oToysia : 0y, Gy, . - -4 vy TOU TETPOYWVIKOU VKOS
Oy Clagiaivis 1 Olgy
Qg Clgg ouie! Oy
ARs g1 Clgg (5)
Qyy Cy2 vy

Aeyouev 811 drrotelolv THv mpwredovoay diaydmior alTol kal T& oToryeia :
iy, Cgpvety - - . Gy, TNV devtepedovoay Staydwioy olTol.

E&v p=v = 1, BnAadh &v & wiva§ Exn &v pévov oToixEiov, TETE Ypa-
geTan (0y,) fi dmholoTepov ay,, €9’ doov Btv Udpyer péPos ouyyUoEws.

Els TeTporywvikds mivag, ToU dmolou SAa T& oToixeia T kelpevar ExTds THg
TpwTEVOUaTS Siaywviov, elval undév kodeitan Swaydviog.

‘Otav &ls &va Biorycdviov Tivaxa dAa T& oToixela Tis TpwTeuoUons Siayco-
viou igoUvTen pé 1, TéTe oltos kaheiton povadiaiog 7| nivet povag kol TaploTaTal
ouwnws pé & ypdppora E f I OUtws Ex 16V k&Twd mivdkoy

2 oDj 0 L 40210
) () 0 (1. 0
..60] 5 0 k0o 1

& mpdiTos elvan Biarywovios kal & Seltepos povadiaios.
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Els miva€, Tou émolou SAa T& oroiyeia elvan undév, keelta pndevixdg wivag,
kad aploTaTar ¢ 0, fitor :

05055440
0= 0.0:..10 6)
(L1 oo

*Edv els Tetporyeovikds Triva€ Exn T& ouMpETpikd Tpds THY TrpwWTElOUTQY
Biorycoviov oTorysia ioq, BnA. &v oy = o, KOAEITAl CUPPETPIKOG.

*Edv T& oToiyEia dvds TETPOywVIKOU Trivaxos, T& CUPHETPIKG Trpds THY Trpw-
Tedovoav Siaydviov, elvan dvTifeTa, fitor &v oy = — oy, OMOTE oy = 0, 161 KO-
AsiTan dvrisoppeTprkos.

OUreos &k TGV kdTwd TVaKWY :

3 0 -1 0-3 5
0 4522 30 4
=142 {54 0

& TpddTos elvan OUPPETPIKOS Kad & BeUTepos &VTIOUBHETPIKSS.

Oi rivaxes & onuaivouv Tpaiv Tva peTal TGV oToixElwy aUTEY, TOUTO
Sucos Biv Eumodifer v& Eyouv oUtor piav podnuoTikny Evwolav. OUtw, X &
miva€ (o, B), éou q, PER, elval & BiaTeTarypévov Leuyos &piBuddy ko ToploT,
g yvoopilopev, Bva pryadikov &piBudv. Ol mivaxes Stv dmoTeAolv pdvov vea pa-
BnuaTikd cUuPola, elodyovTan kal & vea otorygia, il Tév drolwv BideTon 6 pi-
ouods THs lodTnTos kai dpifovTan Tpdkets, &5 ) mp&is Tiis Tpoobioews kal Tou
TOAASTTAQT 1T HOU.

To gUvohov BAcv TV TvdK®Y, ué 1 ypauuds kai v oThias, 8& TapioTaTa
pé .—9’( HXVe

Meta€U Tév oToryelwv To0 Muxy Opilouev Té s :

§ 246. "lobmg mvakwv.— Alo mivaxes A = [oi;] ke B=[Bi] Tév
alTédv SraoTdoewy 8& Aéywuey 8T elvan foor kal 8% ypdpwpey : A= B, ToTE, o
pbvov ToTE, & T& dvTioToixa oTorxela aUT@v elven Toa, fiTol

152 R
Auv=Byx, <> ay =Py ¥ ]:2:... v L

‘H oxtois abrn evan Tpopavéds adromabis, ouupeTgixy Kol perafati)
(8ieeri ;). “Ex Tis (1) mpoxTrTel &T1 ) lodTng SUo uxv mivékwv elvan looBuvanos
Tpos tv oUoTNUA W -V igoThToov, plav &’ ExaoTov LeUyos aroiyelwov. ‘O opiouods Tiis
lodTnTOs TIvéKWY, HeTall &AAwY TAcovekTudTWY, p&s Trapéxel kai plav Blevkod-
Awvaw gls THY cUvTopov Ypaghy Biagdpwv oxégewy, €S T.X. 81& THv guvTopoV
tppacty ouoTnudTwy. Katd TauTa fi Ekppaois :
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N& AuBfy 7 éElowars : (x+y 2z+m):(3 5) elvan {gobuvapos,
X—y 7 — W 1 4

oUpQVWS TPds ToV Spiopdy (1), ué To k&Twh ouoTnue :
x+y=3 x-y=1, 2z4w=5 z—w=4.

‘H Aois ToU ouoThjuaros ToUtov elvan : x=2, y=1, z=3, w=-1,

§ 247. NpbéoBeoig mvaxkwv kal apidunrikdg moAAlamAaciaopdg.—
A vax Opiowper TO &Bpoiopa SUo mivdkewv, Bewpoluev &varykaiov, dTws of Suo
Trivakes Exouv TOV aUTov dp1Budy ypauudv kal otnAdv. Katémiv Toltou, &v ol
mivakes A =[] kai B =[Bj;] elvan tédv arddv SicoTdoswv pxv, TéTE O
dBporopa cUTdY OpiCeTtan & uxv mivaf = [vy;;], ToU dmolov Tuxdv oToiyeiov
elven &dpoloua TéY dvTioTolywy aToryeiwy TéV Tvdxwy A Kkai B, fiTor :

1—=02 . vy
F=A+B += yy=a;+By M j=1 2,_”’5 M

*AvaduTikaTepov, EGv :

Oyy Gy .oe By Pu Pz --- Piv
A Qxyy oo ... My kol B= ﬁﬁl ﬁza Pav ;
Ay Gz ... Oy BM' ﬂ;ﬂ ilaty ﬁl‘“

TOTE G5 GBpolopa avTddv OpileTtan & Tival :

O+ P %+ Pz - - - v+ Prv
A+B = Oy + Bay Oap+ Baa ... v+ Pay

St + Pt 2+ Bz - .. v+ By

Qs yivopevov Evag apibpod A e R &ni rivaxa A Spileton els mivaE, doTis on-
peioUTon pé A-A i &rAdds AA, kai mpoxUmrTel &k ToU A,&v SAa T& oToiyeia Tou
ToAatAaciacBolv émi A, fiTor:

Ay Adyy ... Aagy
Ay, Ady, ... Ay

A =

7\31" huuz 508 Aﬂuv

TMaparnpoUpev &1 & AA elvan érrions els uxv Trivag.
Emrions Spilopev :
~A=(=1)A kai A—B=A + (-B).
‘0O mivaf —A,ToU dmrofou oToiyeia elvar Ta duTifeTa TV oToixelcv ToU A,
koAeiTon @vrifetog Tou A.
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*Egoppoyfi. “Eotw 2(‘11 —§ _g) xala=(_3 cln g) N
a+B=(3r7 BTV 2TR)=(58%" 32
- (34 35292)- (3 % )

anes0 (2] 3§ o) of L coul— (s

*§ 248. "Evvoia 1ol Sravuopatikol ywpou.—To olvorov Myuxy TV
Tivdkwy pé i ypapuds kal v oThias Exel dpwdiactii pt Slo wpddels @ ThHv mpdobe-
ow mvdkwv kal ToOv ToAAaTAaoiagudy tvds Trivakos Eml TpaypaTikoy &pifudv.
Al mrpd€eis alTan Exouv Tas dkoloUBous Paoikds 1Bi1dTnTas, ds Suvatal Tis va
&robei€n ebkdAws :

A& TuydvTas Tivakas A, B, e Muxy kai TuxdvTas TpayuaTikous &pifuols
k, A ioxUouv :

pdolsaig ITollandaciacudc éni doludv
(i) A+B=B+A k (A+B)=kA+ kB
(i) A+ B+N=A+B)4+T (k+2A) A=KkA+AA
(ili) A+O0=0+A=A k (AA) = (kA) A
(iv) A+(A)=(A)+A=0 I1A=A

ZUvoha, s TO gUvolov T&V mivékwy Muxy HE B Ypauuds kol v oThAas,
tpwdiaopéva ué SUo mpdEes THY Tpdobeciv kad ToV ToAAaTAactaouoy émi dpi-
Buov (ouvTteheoTnv) kal Bik Tds dolas foylouv ai dvwTépw 1816TNTES, KaAoUvTaL
dravuopatikoi ydpor.

Eis v TrepimTwov alTiiv & oToiysia ToU M.xv KoACUVTal Stavdouara, T&
5t oToixeia ToU R koholvran Babuwta (R éxtedearal). Of mrivakes Aormov elvan
T& SlaviopaTa dvds SiovuopaTikoU ywpou. Tlepi Tis Gepehicadous évvoias Tou
SravvopaTikoU Ywpou 88 yvwplowpey TeploocdTepa gl TNV ExTnv TSI,

§ 249. MoAAarmrAaociaopdg mvakwv.—Eotw I 16 glvodlov dAwv TéV
Tvdkwy: TOTE PeTalV dpiopévev feuydv € adtdv dpiletan pic palis kaAoupévn
rolhanhacracpds dos £Efs :

@). Mollamlaciacpds «ypappi) ini etidnvy : "Eortwoov A = (o) kal

= [B;] BUo mivokes, i v & TpédTos elvan el Tiva—ypopun pé v oThAcs kal 6
SeUrepos Trivag - oTfiAn wE v ypoauuds ToTe dpilopev s ywdpevov abtév A-B
gva Tivaka pt Eva oToryeiov olTw :

P
_A'B= (ot Ogy - -y ) - [ﬁﬁ]_ (oyPy + Py +- - - + o Bv) ¢))
By

). Morlarhacracpds mvaxov : “Eotwoav Tdhpa Svo mivakes A, =[ «ij]€ N
kel By, = [Bjr] €M, oi dmoiot mAnpoUv Thy owvikny : T miflos tdv ornidv
106 (mpditov) A loovrar ué 16 miijflos Tdv poauudy Tot (devrépov) B. ToTe Opi-
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Lopev cos ywopevov A,,-B,, Tév mwékwv Toltwy, &va mivaka Iy, =[yi], ToU
dmrolou T TUYOV oToryEioV Yix TpoépyETal K ToU ToMaTAaciaouol THS i ypap-
ufis ToU Trivaxos A ¢l T k oThAnw ToU B, elven SnAadn :

Oy Sy - - - Sy Pix Piz--- Pip Y Yz --Yip
o N B ol R o il el
At 2 v Bui Bvz - - -Pvo Yur Yu2 Yue

&mou  yik= oy Bix + G2 Pax + -+ + v Puk = _El a5 Bk
j=

Tpogavéss & miva€ I Exer u ypauuds (doas & A) xad p oTiras (Socs & B),
BnA. Bk Exoopev Ay Big— B

Tovifopev b1 : TO ywdpevov AB &tv opiletal, &v 6 A elven els pxk Tiva kal
& B elvan €ls Axp mivag, émou k # A.

Mapaderypa lov:
1 2 2810 il 1.(=2)+ 2-1 1.04 2.3 1.442.(-6)\ _ 06 —8
(_1 3)( 1,3 -6) (—1-(—2)+3-1 -1.0+ 3-3 —1'4+3-(—6)) (5 9 ——22)

2o0v :

(63)(3E)=(01T23 o027 2:3)=(

*Ex ToU Seutépou Trapadelyuartos cuptepadvopey, 8T1 f) 1810Tns Ths GvTipe-
Tabboews &v TG ToMamAaoiaopd Stv loyxUel yevikés éml Tév mivdkev.

‘OmrwodfToTe Suws & TOAaTAaTIaopuds mMvdkwy ikavotrolel Tas droAol-
Bous 1816TTas, &9’ doov PePaiws al onueoUpeven karobey TpdEers elvan éxTede-
otal, fiTol ¢p° doov katd TOV ToAMamAaciacpdy Suo mwdkwy AB TS TAffos
Té&V oTNAGY Tou A cupgwvel pE TO TATifos TV ypappddv ToU B :

1) A@BMN=(AB)I ( mgooeTarpioting iddTng)

2) AB+TM)=AB+ Al (émpspiotie idiitne €& dporepiv)

3) (B+TMA=BA+TA (émiucoiorinn ididtne éx dekuiv)

4) k(AB)= (kA)B= A(kB), émov keR.

MaparnpoUuey 811 OA= AO = 0, &mou O elvon & pndevikos Tivat.

§ 250. ‘O avaotpodog svbg mwivakog.— AoBévrtos vds Trivakos Ay =
[ ] xoAolUuev avastpogov aitol kal Tov ouuPoAifopev ué A", Tov Trivaka, doTis
TrpokUTITEl £k TOU Ay, &v of ypaupad Tou ypagolv, katd Thy alThv Té&Ew, dg
oTijAcn (kad af oTfidcn Tou dog ypo:uua() fiTor :
%11 Syg - Oy Cgy -+« Mt
Oy Ogg - Qyp Clgg - - - 2

o AT = 71 Ay Xy - . Oy

TMaparnpotuev 611 & dvdc'rpoqws ToU Ay elvan els vxu mivag,
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;
1 2 5\t
Tapader H =(2 -4
v (340 ( 5 0 ) :
A1 ToUs &vaoTpdpous Trivakas dmoSeikviovtar elkdAws ol dkdAoubor 1516~
TNTES :
1) (AtYt=A, 2) 0'=0, 3) (-A)t=-At, 4) (A4+B)t=At}Bt,

5) (A—B)t=At—Bt, 6) (kA)'=kAt, \fkeR, 7) (AB)t— Bt.At.

§251. "0 avriorpodog TeTpaywvikod mivakog.— “Eotwoav SUo TeTpa-
yovikol Trivaxes A, = A kai B, = B. TéTe, ds yvwoTév, dpifetan & mivat A-B s
kol 6 mivag B-A. "Av oupBfj: A.B= B-A=E, &ba E elvan & povadiaios Trivat,
TOTE Aéyopev 81 & mivaf B efvan dvriotpogog ToU Trivakos A kol ypdpousy :
B = A-l. Adyw Tfis ounpetpias kai 6 Tivag A elvan & &vrioTpogpos ToU Trivakos
B, fito1: A=B-L

Mapaderypa. "Eorwo :

“Exopev :
( 3 -5 25Y_( 6-5 -15
-1 2)\13)5\-2+2 —5+6
“Ofev ol A kal B elven dvtioTpogor.

§ 252. Mivakeg kai ouoTApara ypapuikidv iéE100oewv.— To k&Twh
t:rucrrnua YPaupikGY E1owmoewy :

2x+ 3y —4z=7
Xx—2y—5z=3 M
elvan toodUvapov Tpds T «éblowow mivaxocy:
2 3 4\ X ) y
(1 2 _5)(y):(3)ncrw-roum§ AX=B, (2)
Z
X o B R s g2 /T
omou A:(I 1, _5). X=(Z) kad B=(3).

"Htor méoa Abois ToU ouoTthpeatos (1) elven pla Abois Tfis £§ocoews (2)
kai dvTioTpdpws. Maparnpoluey 611 16 dvtioToixov dpoyeves ouotnua Tou (1)
elven TéTE looBUvauov Tpds Thv éficwo mivoxos: AX = 0. ‘O miva€ A tév ouv-
TeAeO TV keheiTon mivaé Tdv ovvredectdv Tol avetiuarog, 8véd & ivag :

200030407
( 1 -2 -5 3)
kaAeitan émnulnuévog mivaé ToU (1). Tapartnpolpev &Ti 16 oloTnua (1) dpi-
Ceran Apws &k ToU EmrnuEnuévou Trivomxos.
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AZKHZIEIZ

570. ‘YmoAoyioaTte T& kéTwh :

VI Y0 o fe o B e B G ¥

By (b 2eonadiof). n) (L 2 e
571. AibovTon:

=33 d) (3D 043D
Elpere: 1) 3A+4B—2r, 2) A+ 2B—4l, 3) At + BE—TY, 4) AAL, 5) AtA
572. Epere 1& X, Yy, %, w é&av:
vofFoimd Y= (oo g 4T,

573. Aidetan : A-=(‘ll _g)

EGpete : 1) A, 2) A, 3) I(A), émov f(x)=2x"—4x + .
574. Ael€are 811 & mwivaE A Tiis dveotépo doknoews efvan pila TOU TrOAV@WWIHOV :
gx)=x'+4 2x—11.
575. N& &modery8ij 6Ti:

[i‘:lvl; mc]'[a—:lvuc; mu]:[i:‘:g:! Tcy\fg&x]'

576. Na &moderydij 61 :
( a 1 )"= (c("' vy )
0 « 0 o :

577. TpooBioploaTe Tous Trivakas X, Y€ M2, yvwoTtou SvTos &T1 :

3X+4Y=[3, 3]
S NERY = [_g jg]

578. 'Eav X = [f 5], v& épiotom of k xa A els Ty Eicwow

Xt — kX 4+ AE = O, (E = povadigios wiva, O = undevikds mivat).
579. AlBeton & TeTparycovikds Trivag : -

o 1

Né& ebpefolv ol ouvdfikan UmépEews ToU dvTioTpbpou Tivoxoes kal vi UmroAoy1o8i) olros.
580. N& epebdij & dvtioTpogos ToU Trivaxos.

581. N& ?\Ue‘[.] 1'] (églﬁ‘&)ﬂ'ls):

A 2 3ol X 0
(1 D))
-3 2 -1 z 7.
582, Acifare 811 : & &véoTpogos ToU dvTioTpdpoy tvds mrivakos A fooUton pé Tov &vTi-
oTpogov ToU dvaoTpdgou Tou A, fiTor: (At = (A
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MEPOZ TPITON

KE®AAAION XII
ZTOIXEIA EK THZ OEQPIAZ TQN IIIOANOTHTQN

I. ENOPATIKH EIZAFQrH EIZ TAZ TIIOANOTHTAZ

§ 253. 'lcrroputﬁ Eichu‘\(ﬁ-—'H Oewpla Tév MbavothTov dgelhel Thy yéveoiv Tng
els T& Tuxnpd Tanyvibia kal ouykekpipéveos els T maryvidia Tév kiPwv (Lépra). TTpd Tpiakoaicoy
mepimou étdv & MéAAos irméTns Chevalier de Méré (1654), 1éonuos TaixTns, vBiepépeto Bik Tds
TeprTTaTEs EmTuyias els Eva Tuxnpdv TatyviSiov oAb SiaBebepbvov katd Tov 17ov aléve, *E-
medh elye Ty évtimwow &Ti ol imohoyiopol Tou ficav AavBaoptvor, ouvePoudelfn Tov Blaise
Pascal (1623 - 1662), ToU émolou #) ueychoguia kareyfveTo pt THy Geohoyiav, Té& pabnuaTikd kal
Tés puokas EmioTras. "Ev elpyddeto trrl Tol TpoPAfiuaTos ToU de Méré, & Pascal &vTipET G-
mioe kol GAA tuBragépovTa EpeoThuaTa dml TV mbavorfiTwv. Td dpwThuaTa clrd EScoay &gop-
piy Si& piav kapmogdpov dAAnAoypapiav perafy Pascal kol Fermat (1608 - 1665), &vds &Ahou
tmriong peydiov podnuaTikod. ‘O Fermat tueAéTnoey Téoov T& v Ady TpoPAfuaTa, doov kal
Tds Aboeis Tas Sofsicas UTrd Tol Pascal, ToAAGs TGV dTrolwv kal Eyevikeuoey, ToloutoTpdmrws, els
Thv dAAnAoypapiav T@Y Bl alTdy copdy ETéncav olalaoTikGS af TpdTor Paaeis Tis Oewplag
T6v MBavoriTawy, Si1& Thy dmolav & Pasecal ErpdTevey To Svoua « lewpetpla Tijc Tdymey.

‘H Gewpla Té@v MbavoTrTwy &mnoyoAnoev &v ouveyela TAeioTous uey&hous pafnuaTikous,
s tév J. Bernoulli, Tév Leibnitz, 16v De Moivre, tov Euler, Tov Lagrange, Tov Gauss.
"EmepuAdooeTo Suws els Tov Laplace (1749 - 1827) # Tl v& ovotnuaTotoifan SAas Tés Héxpt
aUTol yvmoes, va ErrexTelvn alrds, XPnoipoTolddy Tas TAov Tponyuévas ueBdSous Tis "Avedi-
oews kel v Bedam els Ty Becoplav alrhy Thy Khaoowiy Tns ueBnpaTikhv pepery, Umd THy dmolav
uds elven yvwoTh) ofjuepov.

"Emrl épSoprkovta kal Aoy Etn ol 18t ToU Laplace &upibpynoay kai 5éopsucay v
Sewplav v MbavethTewv. Tepl T& TéAn Tol TapeAdovTos alGvos Buo peydiol pabfinuetikol &
J. Bertrand kol & H. Poincaré tonpeiwoay véay gmoynv. OUTto1 pé THv aloTnpdv KpITIKAY TwY
Karré 100 piouol Tiis mbavéTnTos Tol uloBernBévTos Umd ToU Laplace édnmolpynoav mepioSov
xpioecss Bi& ThHv Oewplav T@v MbavotdiTewv, Tepiodov fitis Kot THY Srappevcacav TEVTNKOVTOE-
Tiow UmrfipSev ESaipeTiké ydvipos &md méong &ToWEws.

‘H vewTépa dvamTugis Tiis Bewplas Tév Mbavorhteoy XapoxTnplleTan Téoov &Trd tvBiagépov
Tpos alThv TalTny 1 v Bewplav Soov kad Tpds TNV kaelBuvoy Bieuplvaes TéY Epapuoy @y al-
THs. InpovTikd elvar f ovpPoid Tis MafinuaTikév ToU TpéyovTos alévos Lindeberg, S. Bern-
stein, A. Kolmogorov, P, Lévy kail Emile Borel.

“H Bewpla é%v MbavethTowov, Snuovpynleioa dpyixds, ds EnéxOn dvwTépw, B1& vé fkavo-
ooy &mopias, of émolan Tpotkuyav &Td TH TUXNp& Taryvidia, katéoTn ofjuepov Téoov on-
HaVTIKT), DOTE v &TroTedf] Baoikiv oupPoAiy els 6 Epyov Tév Ko wvikdy kel PUOIKGV ETIoTTHGY
kal els ™V dvTipeTdmiow TV TPOKTIKGY TpoPAnudTwy Tiis Slokfoews Kal THs Bropnyavias.
TorouTtoTpdmes, s Thy Bewpiav Tév MbavoThTwy TpooTpéxouv ol Duoikol Bi& v Emextelvouv
& Spia Tis KAaooikfis Quoikiis. Av alTis ol BioAdyot kaTopfvouv va dvtipeTwmifouv Tous
TOoOTIKOUS vdpous TTis KAnpovouikéTnTos. Of MeTewpoddyor, of *AaTpovduor 51" alris émefepyd-
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Lovran Tés TapnTnphioes Twv kal el Thy Bewplav alThy Baoifouv utyew &piBudy TV TpoPAéyedny
Tev, Ol Olkovopordyor 81’ aliis Trpoorafoly v& AvoxaUouv Tous vouous T&v olkovopikv
gowopévev. Els thv Bounyaviav #) &v oeipq Trapaywyt) Umékerte elg ToUs vépous Tév Thbavo-
Ty, “OAar &AAws Te al TapaTnpfioers, Shen o peTpfioes Tév BeTikdv *EmioTnudy Sgelhouv
TENIKGSs v UrooTolv Emefepyaaiav Bk Tav ueBéBwv Tijs Oecopias TGV ThbavorhiTwv. Téhos f ZTa-
TioTikn, Tis &molas f) onuacia &modekvieTan Biapkds peyahuTipa els SAag Tds TEpIOYAS TTS
dvBpaTrivns yvdoews, GroTeAel THY omoubaiotépav Epappoyiy Tiis Oecopias Tév MavoThTwv.

Té& dvewTépo TapabelyuaTa tpapuoydv Bevicuv Thy elpUTnTX @Y dpapuoy®dv Tiis Oew-
plas Tév ThfavothTewy, Kal ouverds Thy ¥enowdTnTa TaUTns, dveSapThTes Tou EvBiagépovTos
kod Tiis GpoudTnTos Ty dmolav Tapouciéler aiTn g KAGBos Tiis MafnuaTixfis 'EmoTtiung pé
18ias peddBous kal wpoPAfipara.

§ 254. "Apyuxai Evvolal Tfig Ocwpiag TGOV MBavoTiTwv.— (5 yvw-
oTdv, k&Be KA&Bos 16V Mabnuamikéy BepehiouTan ¢l Aoy loTv &Adv Evvoiddy,
ol drroicn elvan Eugirron els Tov dvBpdomivov volv kai of dmrolcn Biv SuvavTa v
SpioBolv 7 PonBeia &AAwv Evvordv, 51’ 8 kad kehoUvTon apyikai Evvorar. 00w,
Tr.. €5 T& BUo Tp&Ta KepdAia TOU TApPOVTOS PipAiou &yvwploauey TolouTas
tuvolas, &5 THY Evvolav Tiis «Aoyikiis TPOTACEWS, TV Evwolav ToU «ouvOAou»
k.&. *Errions eis Thv MecopeTpiov Exopev ThHv Evvolav ToU onuefov, Tijs edBeias, ToU
XOpou kAT dos &pyixds Evvolas.

Eis THv Oecoplaw Tév ThavothiTewy dxs &pyixal Evvolan elvan al Efis Suo :

a') “H #wola Tou «nsipdpatog TOANS», Kai
B') *H Evvoix Tou «@mhod cuppavrog A &vdeyopevoun, f| &AAws TOU
«oToLYEIOO0VG YEYOVOTOG

O& képwuey plav T Ty yvwpiulov pé Tés tvvolas cUTds pé pePIKG TTapo-
Selypora :

Hapaderypa lov : "Ohot yvwpifopey 511 k&Be peTcAAIkdY vopioua (képua) Exet
BUo dyels, &k TEOV dtoiwv ThHY piaw kathoUpey ouvniBus «kopdve» kal Ty GAANY
«ypappotar. "As Umobiowyey, 6T piTrTopey els TOV &épa v képpa kol droAoUBos
& kaTeudUveopey THY Tpocoyfy uas els Thv Evdead, fiTis pépetan émi T dportiis
Byewas ToU képpoTos, ETaV TOUTO KOTXTEST) &¢mi ToU &8deous kol fpeunon (‘H
plyis 5v Acppdveron U’ Sy &v TO képpa oTad] Spbov). *H piyirs Tou képuaTtos
eis Tov &épa &rmoTehel Eva «melpapan. Aéyouev Bt els ThHY TeplTTTWOW a¥THYV &T1
tcrehoUpey Bva «rsipapa TOYMG» dxpiPéoTepov Ev  «amholv meipapa TOYNG».
Té vépioua TriTrTov & Tou 8&gous 8& dugavion (& Tiis dpatfis Syecos) ThHY Ev-
Berfv «xopcovan | Thy dvdagiv «ypbupaTan. To dmoTéAeoua SnAadt) ToU dvarTtépw
TEipdpaTos elvan 1) Eupdviols &l TS &ve Syews Tou voplopaTos drpipdds wds TGwW
BUo tvBelfecov : «xopdvan, «ypdpparen. Kébe & ToiauTn tpgpdviors koeiTon Eva
«amhobv ouppavy, f| &AAws Eva «atoryei®ddeg yeyovoo».

"“Qore, els T6 Telpapa «xopdva—ypduparay Exopev o GTAK oupp&vTa

lov). Té &mholv ouupdy : « To vduuopa Sewxvier Ty Sypw xopdway (CUUPOA.
«K»).

20v). Té &mholv cupPdy : « T6 vduiopa dexvier Ty dpw yodpuparar (GUUPOA.
«M»).
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"Exopev Aormov év mpokeipévey Eva melpapa TUYnS Kol Blo &mA& oupPdvta
ouvnpTnuéva pt To Telpaua.

IMopadevypa 2o0v : (Ieipapa ué xdfov).

“Ohotr yvoopilopev Emians Tov kiPov (L&pr), & dmoios XpnoluoToleiTal els T&
TUYNp& Traryvidia. Obros elvan pikpos kUPos, katd T6 SuvaTdy cupueTpikds, émi
TV 6 Syewv (E8pddv) Tou dmofou elvan dvaryeypaupévor (ouvhiBuws ut kokkiBeas)
Gva els TGV dmBpddv: 1, 2, 3, 4, 5, 6. Al évﬁeiﬁi—:lg aUten elvan SioTeTorypéven ol-
Tews @oTe TO &Bpotopa TGV dvBeifewy SUo TapadAfiwy Syewv elvon TévToTe 7.

Pimrrouev Tdpa Eva ToloUTov kUPov el Tév &épa kal kKaTeubuvopey THv Tpoco-
XN pos els Tov &pi1Budv, doTis pépetan Emi Tiis &veo ESpas, STav & kUPos fpeunaT).
Kai oo elven Eva melpapa TUyns. To &moTéAeopa ToU Teipéuaros TouTou elvet
1) tupdanais émi Tfis &ve ESpag Tol kUPou, Evds &k Tév dpiBudv: 1, 2, 3, 4, 5, 6.

K&fe ToiauTn Eugdviots kaheitan, €5 kal Tponyoupévas EAéxdn, &v &mAouv
ouuPdy. Qavepdv elven &1 els 16 TeElpopa pé kUPov Exousy T EEfs 6 &TAE oup-
pévra :

lov) «°O xifog devvier eig Ty dvew Epay 76 1x.
20v) «"O %¥Pos dewxvber el Ty dvaw Edpay 16 2.
6ov) «'0 xbfog dewevier elg Ty dvewr Ebgav 0 6.

"Exomev Aoimrov els 16 Seltepov Tapdderypa Eva Teipapa TUNS Kol 6 GTA&
oupBdvTa.

"Edv piywuev Si1& Sevtépav popdv Tév kUPov els Tov dépa ExTeAoUvTes THY
abThv Biadikaoiay, ToTe Abyouey 611 Eravahappdvopey TO Teipapa TUXNS. Kard
Ty émavelAnupévny éktéAeov ToU 18iou TreipduaTos B& TpokUywy pia «drolou-
Bion &mAGY ouppdvtwv. AUTn SUvaTtanr va TrapacTaBfi &mod piav dxoAouBiav
ynelwv eidnppéveov &k ToU cuvdlou TéY dvBeifecov ToU kUPou, BnA. &k ToU ouvs-
Aov {1,2,3,4,5,6) kal SiaBexopévev drdrTtws AAnAa. OUTws, dravehapBd-
vovTes TO Tefpapa pé kUPov eikoot gopds Stv dmorkAeleTon va Excopev THY «TreTe-
pacuévnv dxolouBiaus :

350252, 6, 1,6, 3,4,4,4,2, 1,5, 3,5,6,4.2:5.

Ex TéV dvwTépw ouvédyousy STI T apakInpoTike £veg melpapatog thyxng
elvan

a). To anotédeoud Tov dév Stvarar pué xavévav tpdmov va mpofieqli].

B). To meipapa ddvarar vi énavainglij modidsxig vnd Tag avrdg ovwbijxag (dni.
Teovuévne Tie adtis dadixaciac ).

§ 255. AcrypaTikdg x@pog —Aeiypa.— Eis 10 melpapa Tfis piyews évog
vouiouaTos Utrdpyouv Vo Suvard dmotshéopaTta Ta dmoia oupPolilopev dos
Kyl ¢9)]
Smou K onuaiver «kopwvay kad I «ypduparar.
‘Eqv piywuev &va Zépt Umdpyouv 6 Suvatd &moTedéopara, T& dmoia SU-
vowTan va rapacTalouv ué Tous dpifpous T@v E5pHv
1,2, 3, 4.5, 6.
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*AvarypdgovTss SAa T& Buvard &moTeMfouaTa EvOs TEIPGUOTOS, AéyOMEV
6T oxnuaTiZopey fva derypatikdv L@ pov. Kotk TaUTa:

Azvypatikog y@pog elvar 1o chvolov tév anhdv cuppaviov, fitol 1dv duvatdv
anoteheopdrov, 1a dnoia dbvavrar va EpgavicBoiv cig Eva neipapa toyNe.

“EkacTov 5t &rrholv oupPdv, fitor &ropkdv (&BiaipeTov) dmoTéAsopa, Ka-
Asiton deiypa.

O¥re, m.x. s 1o TpdTOV TapdBerypna, & SerypaTikos x&pos elvar T oU-
vohov Q = {K, I'}, &vé eis 10 SedTepov TapdBerypa & BerypaTikos ¥épos elvat 1o
oUvorov: Q={1,2 34,56}

Mpds TAnpeoTépav koaTavénow Tis tvvoias ToU SerypaTikoU ywpou &vo-
pépopev kai T& £Ef|s TapadelypaTa :

a'). Aipes agawodlov (Bdrov) 8¢ fvog odxxov. 'Evtos adwkou Utrdpyer &pi-
Buds opaupiSicov dpoiwy &md Téons dmdyews EkTds ToU YphpaTos. “EoTw T
pepikd elvon kuovd& (k), dAAa Asukd (M) kad &AAa gpuBpa (g). AawPdvouey «Tu-
yaimey (BnA. pé THY yvwoThv Siadikaoiav dvaxaTeduaros T&Y opapidiceov K.T.A.)
gva opaupiSiov kal ywpls v& T EmavaToTofeTriowyey duTdS TOU TdKkou duacy-
pouev kai BeUTepov, TpootyovTes Tolou YpwuaTos apaipibilov EErxbn TpdTov Kal
Trolou BeUTepov. Abyopev ToTe 811 ExTeAoUpey fvar elpoapa TUYNS, drpiPéoTepov
Zva obvBztov meipapa toyng, TO Bt Ecrydpevov ToU Teip&paTos TOUTOU Elval Ev
SiareTarypévov Geuyos Evdeiecov . (A, €).

"Ag 18copev Tdpa Toios elvan & SerypaTikds ¥Gpos alTol ToU «ouvbiTou TEl-
pauaTosy. ‘Emeidhy af pévar Buvaral kPhoes (&moTeAtopara), Tas Omolas
BUvaran va Trapouaidot 1) Afiyis &vds oponpiBiou &k ToU odkkou elval 1) Eupaviols
gvos Bk TGV TPV ypouudTwy K, A, & f) Tuxaia Eaywyr ékboTou opaipiBiou
Keywplopéves Exel ¢s BerypaTikdy y&dpov TO cuvohov Z = {k, A, £]. ‘Emouéveds
oi Sikpopot &Pdoeis THs Afyews TdY Blo opoupidiov &vTioTorxoUv dp@i-
povoonuévTws s T& didpopa SiaTeTaypéva Ledyn (x, y) BE XEZ Kkai
yEZ. "0O08v katdAAnhos SerypoTikds ¥&pos ToU dvwTépw ouvBéTou TrelpduarTos
TUYXNS elvan TO oUvolow :

(<x), (<A), (<€)
Q=3Zx3={(x.7): X€Z, yeZ} = Ax), AA), (M) -
(Ex), EA), (58)

K&fe oToiyeiov Tou Q, BnA. ké&Be Sioretorypévov felyos évBeifecov elvan &v
andotv coppav.

B"). Plyic 8o #6fwr. *Eotw &T1 pimropev els Tov &épa SUo xipous (Lapia),
fvar Aeukdy kal Eva EpuBpdy kad &T1 onpeidvopey Tous dpiBuols TEY &vw EB5pdsv.
‘O Aeukds kUPos Exel €€ (6) Buvard &moteAéopara: 1, 2, 3, 4, 5, 6. “‘Opoles
kol & ZpuBipds. “As oupPolicwpey pé A THv EvBafiv Tis dvw ESpas, ThHv omolav
8& mapouoidon & Aeukds kUPos kad ué & THY dvtioToixov Sik TOv Epubpov, TOTE
16 &moTéAeopa THs ouvBuaopéuns piyews TGV dlo kiPwv TaploTaTal ik Tou
SiareTarypévou Lelyous (A, £). Tidoa TolaUta BiareTarypéva Ledyn Umdpyouv;
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AnAodh méoa elvon Ta &MAZ ovpPdvTta ToU TEpduaTos i Pilyis o xifuw ;
EvkoAws SicrmioToupey 811 T& &mA& oupBdvta ToU meipduaTos elvar 36 SiateTo-
yuéva Lebyn :
(1,13, (1,2, (2,12, (1,3), (2:2), (3,1),.., (5:6), (65). (6,6).

(6o &nA. kai ai EmaveAnTrrikal Siarders TéY 6 oToryeiwv 1, 2, 3,..., 6 dva
duo, § 238).

Elven moMAdis yprigipov vé ypdnpwpey T& Siometarypéva fedyn dpiBudv els
gva mivaka SimrAfis elodBou Gos kaTwb :

! ‘AToTéAeopa Epubpol kUPou

3| X 1 2 3 i 4 5 | 6

2

.g 1 (1 I 2y a3y et dy [Na cR S 2 ¢1.6)
5 2 2l 08 62.2) i (230 e (2 A (25) 1] AL2i6)
E 3 L0 a@2) L B3 | B4 | (3.5)-14318)
% 4 @G| 42| 43)| 49| @5 | 46
E 5 G | O2) B3] (54155 |L5.6)
25 6 ®1)| 62)| 63| 64| (6,5 | (6,6)

‘O wivag olros mapéyel T6 cUvolov SAwv TGV SuvaTdv &roTeheoudToov
(&mAdv oupPdvTev) ToU mEpduaTos THs plyews Yo kUPwv. Td cUvolov ToliTo
elvan & Berypomikds yédpos Q Tol TelpdpaTos. Mpagopev 8¢ cuvTduws &v Trpokel-
Méve

Q=3I xZ={(\e): A€Z, e€3},
émou X 1o olvorov {1,2,3,4,5,6)

Ta Biaretaypdva Zedyn (Ae) elvon T& oToixeia ToU SerypaTikoU ycpov,
BnA. T& &TAE oupPdvTa.

MeviketovTes Twpa Soa Eetédnoay els T& dvwTépw TapabeiyuaTa Suvéueda
V& Sdawpey ToV k&Twh Sp1oudy ToU BerypaTiKoU Xpou

Azvypatikdg xdpog Q £vdg meipapatog toxng elvar Ev slivolov, tol droiov ta
otovgela copiokoviar sig apgipovoshipaviov dvristovgiov mpdg td otovyeia tob
SuVOhov TV Exﬂ&uzmv (Gnoteheopdrwv) tod nepdpatos.

"Eme1d1) x&fe ororyeiov &vds ouvdhou koAelTan kad onueiov ToU guvdiovu, Bik
ToUTo T& &mA& ouuPdvTa kohoUvTon kol devypatike onpeio 7 &TAds onpeia
(onueia — Befyuara). ‘O Burypatikds yépos koAeital kai Pacikdv edvorov (§
cOvolov dvagopdc) &1 &v Teipauar.

Enpeimong. To Paoikdv advolov, és eiSouev kal els 76 Selrepov kepdhaiov, S1& kabBapdss tro-
TTIKOUs Adyous, TropioTaTon pt #v dploydviov, olTw kol & BeryparTikds ydpos mopioTaTal
Spofws, SnA. pt Sdpboycoviov Evtds ToU dmofou T& &TAG oupP&vTa onueloUvTal Bé OTIY PGS,
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Tevikd) maparipnows. Els 16 mopdv kepdhatov G doyohnB&ueEy PE TrETIEPO-
opévous BeErypoTikoUs Xdpous, SnA. TO TAfiBos Tév &TAGY ouppdvTtwy & elvat
Tremepacuévos GpiBuos.

Mo Tou KaTwTépw pé TO ypaupua 2 cupPoAifopev TOV Beryparmikdy X Epov ToU
txdoToTE TrEIP&PATOS TUXMS.

§ 256. Zuppav.— *Exteholpey 1O Telpapa THs piyecs Buo kUPaov. €25 EAE-
¥0n els T Tponyouutvny TTapdypagov T& GTAZ oupPdvTa TOU TrEIp&pATOS El-
var T& 36 SioreTorypéva Zelyn TolU mivakos TS Tponyouuévns oeAibos. *Eav
Tdopa tuBiagepdopsda Bi& Ta&s TepITTTAOEIS Ekeivas, ko &g ). 10 #bporopa TGV
Evdeiteov TdV 00 kOBov isobtar pé 7 6& TptTer v& Bewpniowuey TO UTTOoUVOAOY :

A ={(1,6), (2,5), (34), (43), (3.2), (6,1)}

ToU SerypoTikoU ¥wpou Q. To Umoouvohov A xaheitar svpfav fi yeyovds.
Tevikéss: TopPav fj yeyovog kakeitor kaBe droodvorov 10D devypatikod ydpov.
‘Edw 16 A elvon povopehis oUvohov, SnA. Exel &v pévov oToixeiov, TO oubpav

KoAgiTar Grhobyv.

"Oraw. &v oupPdv xn SUo f| mepioodTepa oToryeln, BnA. oUykeITal & Buo
f| TepiocoTEpwY ATAGY oUPROVTWVY, TéTe KeAeiTon TMOAAdKIS, TTPOs Biakpioly,
dhkdv ouvppav.

KatwTépeo 51& ToU Spou oupPav 8 dvvodpey TO SAikdy ouppdv.

O& Mywusy 61 &v ouppdv A TrpaypaTtotroitar (f &\Aws tpgaviletan) &is
#va melpapa TUXNS TOTE, Kal pévov ToTE, &v 1) ExTéhels ToU Telp&uaTos 5ide1 &ro-
Téheoua TO &molov &vTioToyel Tpds &v oToixgiov ToU Utroouvohou A.

Suykekpipéves : CEdw 8y, 8y, 85 ..., & elvanr &Aa T& &mA& oupPvTa, T
Sroia SUvavtan v EugovioBolv els Eva Tefpapar TUXNS Kad &md T& v aUTa GTAL
auppévTa Bewpricwpey k dpioptve, EoTw Té 8, 8,,. . ., O (k = v), T6TE TO UTMO-
oUvorov A = {8, 8,,...,0x} ToU BerypaTikoU Xopov Q=18,8;....9 L&
TrpoowmelEl &v ouuPdv, TO dmoiov EykeiTa els THv Epdviow eite Tou &, eiTe
ToU ..., eiTe TOU 8 ko povov TV,

Emeisty {0, 3u{0p)v...u{8c} ={0 s ...k} Abyouev 811 10 oupPav A
elvan Evoor; anhdv copfavioy i GAAws 6 A wdvatderaw els k &TA& ouppdvTa.
Té A TrporypacToTroteiTan ke popdy TToU Trapouaiddetal v TGV GTAGY oUpP&VTWY
8,, 8. .., 0 kal &vTIoTPOPWS, TTPCCY WOTOTTOIOUNEVOU TOU A TIpay HOTOTrOIEITaN

QvarykaoTIKES &V TGV QA& ouppdavtwv 8, 0,,. . ., O .
T& &mA& ouppdvta 8y, 6,,. . ., Ok (k =v) Aéyouev 6T1 &roTeEAOUY TS «ED-
voikdg mepirtdogigy ToU ouuPavTos A, & T& 0y, 8,,...,0,, SnNA. T& oTOXEIX

ToU BerypaTikoU wpou Q Atyoupev 8T &mroTeAoUv TS «Buvatdg TEPIMTMOCEIS)
ToU TElp&UaTOS TUXMS-

Téhos, Emeidh &€ Spiopot elven: Q © Q kol @ € Q EmeTon 611 O BerypaTi-
Ko YG&pos ko TO Kevdy cUvohov elvan cuupavTa.

Td oupfdv T &uTioToixoUv els TOV BerypaTikov XEpov Abyopev 6T1 elvan
«péporov coppav» T «péparov yeyovosy, &y T6 ouuPdw TO &vTioToryouv €els 1O
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KEVOV gUvolov, Aéyopev 871 elvan «adbvartoy Evdeyopevovy 1) «kevov cupfavs kal
oupPoAileTon pé g,

Mepadeiypara:

1). *ExTtedodpev 1o welpape S1mrAfis plyecos tvds képparos kal tvbiapepdpeda i Tog EvBelEers
Tov. *O kaTdAAnAos Beryportikds X&pos 8 elven T oUvorov :

Q= {(KK). (KI.), (FK), (D) 4 dmhotoTepov Q = {KK, KT, TK, [T},
&mov K (= kopdva) kal I (= Ypdupoarra).
Té Umoatvorov A = {KK, KT, K} épiZer 16 ovupé :
A: «Td véuoua eig tac ddo olyets magovawdler TodAdyioror play @ogdy xopdwan.
EE &\hou 76 Umrootvorov B = {KK, T} épiler 16 auppév.
B: «Té véuiopa xal el vac dvo olpers magovordler iy abriy Evdewy.

2ov. "EoTe 671 els 16 dverrépw TapdBerypa 1 tvBiapepdueda ik T TATBos Tév tupavictév-
Teov K (kad els Tés SUo plyes). Al Suvarad TeptTTaTEs elvan 0, 1, 2.
"Apox B Exwpev Tdpa véov SeryparTikdy XGpov: Q= {0, 172
To mootvohov A = { 1, 2 } 8piler 18 oupPév :
A: « Eupdviow tobAdyotor udc K.

'AGioloyog naparipnog. 'Ex Tév dvewoTtépw BUo Tapadery pdTev yiveran KaTagavs 811 ;
els Eva melpapa TUxNs Buvdpeta va qvTioToyiowyey, dvoddyws ToU okomrou THis HEAETNS poas,
mAsiovas ToU tvds BerypaTikols ydpous, dpilovTes EkoToTe BropopeTikd &TA& oupPdvTa. Xopo-
KTNPIoTIKOV elvan Suws 811 : 7d ndhd cupavre elvar ta uovoohvora tol Sevypankod ydpov.

Jov. Els &v xutiov £xopev Téooapa opaupiBic : Kuavolv, Aeukdv, Epulipdy kal Tp&oivov.
"Exouev koré quvémeiay T& EEfis 4 &mAE ouppdvTa :

6, :  «Kvavoiv opapidovy
8,1  «Aevxdy opaipidiovy
8. :  « EpuvBpdv ogpaiglSiovn
8, : «llgdowor opagidiovy.
*Ev Trpokeipévey & Seryportikds X@pes elvan:  Q ={6,6,6,06, I3
TS Uroovohov altol E = §0p: 8., 9, } Spiler TO oupPav :
E:  « Etdyerar Eyyowpor opaigidiovn.
To E mpayparomroital, pévov &tav Bv olovbfimoTe &k T&V TPIGY GTo1KElwWY TOU 8.6, ,8
TpaypaToTomn@ kal dvTioTpdgws, &v Tis dvayyelhy &1 &Enxon Eyxpewpov opaipidiov, guvdyo-

uev 8ti'kdmoio €k TGV TPIGY &TAGY oupPpdvreov - 6, Exel wparyuaTomoIndH.
§ 257. O@epeMkderg dpropoi kai mpakeig perafl ouppavrwy.

@). Avo oupBdvta B Aédywvtan Edva npdg Grinha 7| adporBaing droxhers-
neva, &AAws dovpPipacta téTe, kai udvov TOTE, &V 1) TparypaToTOingls TOU Evds
&mokAein THY TpaypaTomoinow Tol &AAou. Kardmiv ToUtou Ta Etva oup-
PavTea dvmioToryolv €ls Umoctvoda Tol Q u ExovTa kowd &mA& ouuBdvTa.

Tpogavéss SUo &mA& ouuBdvTa elven TévroTe Ebva HeTalU Toov,
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Mapadesrypa Ta oupPévra:
A:  «O xifog devevier doriov dolbudvy
B: «"O xtfos dewxvier 3»
elvan Eéva pods E&AANAa, B16T1 TO Ev &okAeiel TO &Aho.

AL 5 B

4

Ix. 16

TobvavTiov T& ouppavTa:
E: «"O wvfog devovier dotiov > 2».
F: « 0 xbfoc Sewevier dpriov < du.
Btv elven Sévar petadl Toov.
TMapatipnog : Eis Thv mepimrwow Blo favav oupPdvTev f uf TpayuaToTolnals Tou tvdg
Btv cuverdyetan dvarykaiws THY TpaypaToToing ToU &hhou. OUTws, ely TO TpddTOV TrAp&BETY MK,
t&v & kOPos Biv pépn &pTiov &piBudy, Bkv EmeTan dvaykaiws 511 oUTtos 8& ¢épn 3, kabooov BuvaTan
v& gépn TdV &pifuov 5§ Tov 1.

). E&v A xai B elvon 8Uo pfy §éva oupPdvrta évos Trep&paTos TUXNS, TOTE
B& Abywopev 611 TO A mepéyetan eig o B (f) 671 10 B mepiéyer 10 A) dAAws TO
A ovverayetan ©0 B kai 8& ypdowuey A S B () B2 A) ToTE, kal pévov TOTE,
&v TporyparToTroloupévou Tou A Trpaypartotoifitan kai 10 B. 'Edw A C B, TéTE
TpayuaTomoingis Tol B Stv ouvemrdyetal UTIOXpETIKESS THY TPy RaTOTTOIN TV
o0 A. ‘H Trpayuaromoinais Tol B xwpls Thy mrparypaTomoinow ToU A dmoTe-
Al 6 oupPdv B — A, T6 molov kakeiton dagopa Tév oupPavTeov B kol A.

A E Mapaderypa Owphowpey T& ouppdvTa :
A:  « O xbfoc Sevevier dpldpdy = 3»

N B: « O xidfloc dewewier dpibpdv = 5.

TMpogavéss AcB. ‘H Siapopd B — A TapioTd T6

b oupPav :
B 4 Q E: «O xbfog Sevevies 4 7] 6.
Zy. 18
¥). “Evaeig ovppaviev. Kohedrtar Evaog oupBdvtev A;, A, .., Ag,

Utraryopévaov el TO almd Treipapa TUXNS, v véov oupPdv A, TO dtroiov Tpayua-
ToTrolsiTan TOTE, Kal pévov TéTE, &v TpaypaTomoindi] todhdyiotov Ev T&V Ay,
A A

Tp&gopev TOTE :

k
A= A]_UAzu ce U A EiU A;,
=1
Edv Té Becopnévra oupPévta Ay, A,,. .., Ay elvon Ebva petafl Twv vt
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8uo, TOTE TO A AéyeTan «iifporopar altdy kol els THY TepiTTooy Ty 8& ypd-
POOMEY :
k
A= A1+A2+ sl Ak=l§1Ai .

Els v Tedeutadav mepimrwow ) Bupdviots (TpoayuaTomoinagls) Tou A ouve-
T&yETal THY EUPAVIOIY £vOg Kai pévov 2k TEV A, Az, e A
Mapoadeiypata:
lov. To oupBdv At « O xifoc mapoverdler dptiov dplbudy» elvan Eveoais Tév éuu[séVva:
Ay «'O xdfos mapovordler dpriov dolbudy < 5.
Ag:  « O xifos magovoudler dotiov dolbudy > 3u.

2ov. TooupBav : «"O wiflos magovordler dplfiudy peyalitegoy Tot 3» elvan &poiopa TéY
TPIGY &TAGY oupPdvTav : « O xdfoc Sewvier 41, «6 xupos devtvder §», «d xifoc devevier 61,

8"). Topd ij ywopevov cupfaviev. Kadeitar tops) oupPdvtav Ay, A, ..., Ay
Umreryoptvev els TO aUTd Telpaua TUXNS, & véov ouuPdy A, To &roiov Tparyua-
ToTrolElTaN TOTE, Kal pdvov TOTE, &V TpoyuaTOTOlOUVTAl GAa cuyyxpbveg TX
oupPavTa Ay, A,,. . ., Ax. [pdeopsy 8¢ TéTs \

A= AR M nAk=]r': A
Elven -rrpocpcxvt-:s oT1, éau 800 ouppdvta A, A, elvan Efva Trpds EAANAx, ToTE
AAnA =
Mapaderypa. TO oupPav:

A:  « O xifoc magovodler 4 7 5»
elvar Topn) TéV oupPdvToov :

Ay« O x¥foc mapovordler dplbucy = 50

Ag: | « O widfos mapovowdler dpilfludy > 3n.

). Evpminpopetkov £vog cupPavrog. Avo cupPdvta Ebva Trpods EAANAG,
Exovta &lpolopa TO «PéPatov yeyovdsy koholUvTtan cupmhipopatikd 7 avti-
feta ouppavTa.

To cupmAnpowpaTikov évos ouuPdvtos A TaploTartal pt A" (f Ac).

Q25 ouuTAnpwuaTikdy ToU «PBePaiov ouuBdvTosr AauPdveTal TO «KeVoV Gul-
Pav» kal dvTtioTpdews. Elval gavepov &1, éav 8Uo oupPdvTa elvon ouptrAnpoopo-
Tik&, TOTE f) TpaypaToTroinols ToU fvds dmokheisr THY TrporypoTomoinow ToU
&AAou kol ) uf) TporypoToToingls ToU évds cuveT dyeTal dvaykalws
THv TpayuaTotoinow Tou &AAov. Zuvendds Taoa ebvoik epiTTwols Sid TO Ev
elven «dvopevier (pn edvoikh) 81& To Erepov kal Tdoa Suopevn)s TepiTTwoIs Bk
TO & elvon edvoik) 81 TO ETepov.

Kard TaUta 10 A’ onuaivel 61 16 oupPav A 8tv oupPalvaer (88v Tpaypa-
TOTrOlETTON).

Mapadeiypata:

lov. T& ouppdavra:

A: &0 xbfloc dexvider dpriov doiludvy
At «"O zdfloc Sevavier mepurTov dolpdvy
elvan oUPTTATIPWHATIKA.
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20v. Els & yvwoTdy melpapa Tiis plyews BUo vopioudTewv, 1o ouppay A = { KK}, fito1
A: «Td 8do voplopara Seveviowy xogdwar elvan oupmAnpnpwuaTikdy ToU ouuP&vTOS
A'= { K[, TK, [T }, fio1 ToU oupPévros :

A «ITagoverdlovrar Todddyiotov pia gopa yeduparay, f &Ahws
A':  «dév nagovaudlerar xopdva xal Tdg do plyes.

§ 258. Zroixeddng opiopdg Tig mMOavémTog.— ‘O Sprouds auTds,
10U &mofou f &pyt eUpiokeTan els T& TUXNPd Taryvidia, elven & eloayBels Yo
T6v BepehicoTév THs Oecoplas T&V TheavoTthiTew kad SioTuTreobels cagls Uod
Tou Laplace cs £Efis :

MiBavétng évig oupfavrog kaheito 0 Loyog tob apBpod tdv edvoikdv
5 abtd mepnthocmy Tpdg Tov apiBpdy Brwv tdv Suvatdv mepinthocov, ¢’
Boov A al nepintdonig slvar € Toov duvarai.

*Hro1, 2w A elvaa &v oupPdv Umrarydpevov els Bv melpapa TOyng kol mape-
othowpey Bi& Tou P(A)® Ty mbavéTnTa TpayuaToToloews ToU A, B& Exw-
MEV :

*Aplpdc t@v edvoikdy nepintdotmy Tob A )
"Apbpog Hhov v duvardv nepint@ocoy Tob mewpdpatog

P(A)=

Els Tov dplopdv ToUTtov Umovoeiton 1) drdBecig tob isambavov Tév Tepi-
TTOoEWY fj &TAGY oupPdvTwy.

*Ex ToU Bobévros dpiopoU EmovTtan quéows al mpoTdoErs

@'). “H mibavdrne ovpfdvros A elvar dpilfluds un downrinos xal uixgdtepos i)
loog mpds Ty povdda, fiTol:

0=PA)=1

p). “H mlavérns toi - fefaiov ovufdvrog iootrar mpog THy povdda, fiTol:

P(Q)=1

Y). 'Edv ©6 nififog tiw dmdv cvuPdvrov &g mewduaros Tiyms elvat v,

e

, 1
Téte 7§ mbavdrns Exdorov dmlod ovufdytog elvar ——.
v

TMpéeyuary, v Q@ ={6,, 8,,..., 8, } elvan & Berypomikds x&pos ToU Telpa-
porros, TéTE elvoikad TepITTOELs Bk O &mAoUv oupPav | §; PHESHI QT N
elvon pévov pie, radh 6 {8 } kard Eva kal uévov Tpdrov Blvaran v Eupoviodi.
*EE &\\ou TO TAfifos TGV BuvarTédV TIEPITITCICEWY TOU TEIPAUOTOS elvaa, &6 opi-
ouol (PA. §256), Toov Tpds 1o TAfifos TéV &mAdv ouupévToov, SnA. v. "Apax 6
TUmos (1) Bider :

P({Gi})=%-. Wi=12..., V.

* To P elvon 16 dpyixdv yp&upa Tiis Aéfecs Probability (&yyA.) — Probabilité (yeh.) =
MéovdTns.
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). To dbgoropa tdv mbavoriiraw 8o cvuminowpardy ovpBdvrey looi-
Tor pé 1.

Tpéryuar, é&v k elvan 1o wAffos Tév edvoikdv TEPITTTOOEWY 1t TO A kai v
TV Buvatdy, TéTe TO TATifos TEV edvoikdv TepiTTTdoEwY Bid TO A’ 8 elvan
v—k, 81011 (§ 257) mw&oa edvoikr) meplmTwoots ik TO A elvan Suouevis Sid To A’
kol woa Suopevis Sk To A elvon edvoikhy S1& T A’ "Edwv ouverrés P (A) xal
P (A") elven &vTioToiyws al mBavéTnTes 6V oupPdvTiv A xkod A’ 8& ExUEY :

P(A):% ke P(A')=v;k.

"E§ alrrév 81 mpoobices AcuBdvouey :

P(A)+P(A)=1

"Apa fi miavdTns ToU ouptAnpwpaTikod oupB&vTos elvon :

P(A)=1—P(A)

§ 259. "Edappoyai émi TGV avwrépw mporacewv.

In : Els 70 manyviBiov «xoplva — ypéppatan, T& &mAE oupBdvTa elven 8o, al 8Uo Swyeis:

«KOpOVay, «yplppaTar, Tds dmroias &g oupPBoricepey, s kal TpdTepov K, I &vmioTofyws. Zuppd-
vas pds Thy TpdTaow (y') o mBavétnTes v Elvan ; P(K) = %, P )= %
AUTS Btv onuaiver BePaiws 811, 8w piycopey Suo opds kot EravdAnyv Td vémopa, THy plov
Popéw B& tupavion «xopdvanr kal THy EAATY «ypéunoror, OUTe &1 s 10 plyeis 8 Excopev 5
“opcvasy kad 5 «ypé&uparon. ‘H oTorxeiodns miavéTns ThH dmrolav Umehoyioauey foyber 81’ &v
wAfBos plyecov, SnAadn 81” Eva oAU ueydahov dpifpdv piyewv.

"E§ &\hou Eyopev : P(K) + P(IN) = -%— + ~;— =i,
Totto Tpopavdds TO dvepévapey, 81611 T& SUo oupp&vTa elvon ocupTAnpwuoTIKE.

2a.: Eis 1o manyviBiov tig piyewg Evog kdPou, T& &TAG oupBavTa elven bv 8Ae 6, ol £ Swerg
(E8pet) Tol kUPov. 'Edw oToixnuaTiowpey Bk T Eupdviow wds ouykekpipéung Evdeiecs, f) oror-
Xeodns mlavédTns elvan % ,» &@oU 1o mAfifos TéV Suvatdv TEpITTWOEwV elvar 6, 1y B¢ ed-
voikh) TepimTwots elvar pévov pla, “Qoe :

P(1) = P2) = P(3) = P(4) = P(5) = P(6) = .,

émou P(x) = miBavérns ToU dmhol ouupavTos : «'O kUBos Tapouatle Tov dpiBudy X».

"Edw vl tvds ypnoipomeificwpey v Spofous kUPous, T& oupPdvTa B elven ol travaAnmTikad
Biaréers Tasv 6 EvBeifecov dvé v. ‘O dpiBuds Tév SiardEewy alTddv elvar :

6V
‘H ortoiyeiddng mlavdTns wds ocuykekpipéuns Sraréews, SnA. tvds dpropévou gupPdvTos,

O elven : il

Tk
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OUTess, ls THY TepimTwoW piyews o kiPwv (§255), f mBavéTns TOU oupPvTos @ «d

1
Jevxoc xvfoc va gdon 2 xai & Egpvlgdc 3» elva _61—' = 35 firor:
1

l & —

P(23) = 3¢+ N @mholoTepov P(2,3) = ¢

3n: Els T& monyvidix thv naryvioyaprov ypnoipototolvran &AhoTe 4 X 13 = 52 Trau-

ywbyapTa kel d\hote 4 X 8 = 32 (mptex). Eis T Taryvidia Tév 52 TaryvioydpTtav, UTdpyouy

51" ExagTov TGV TEoodpwY «yowudtwyy («orabin, «xagedy, «xolran, «pmagrovy ), dva 10
&pBpol (1 — 10) xai 3 gryolpan.

‘H mifavéns v& dvacupn Tis ik wEs Séouns, Ko Gvapeprypévns &v Gpiopévov Taryvio-

1
XopTov elven KaTa TaUTa —51?, 1 mlavétng v& dvaolpn Bv dpiopévov Xpdpa elva T f m-

2
BavoTng vé dvaclpn pryoupav (yevidds) elvon ;—2, A mBavéTns v &vaoUpn Eva dpioutvov

&p1Bpdy, Tr.y. &ogov, GveEapTATou XpodpaTos slval % (Umépyouv 4 &ooo, fitor 4 ebvoikad Tre-
prirTeooes ked 52 TayvidyxapTe, fitor 52 Suvaral TEPITTATEIS).

4n : ’Ex déopng 52 naryvioyaprov Eayoviar cuyxpoves 800 taryvioyaprta. INoia /) mbavotng
vi elvon xai ta 800 Gooor ;

Aborc: "Eote A TO oupPdv: « Aupdtega va elvar daoous.
Al Suveial meprrTdgels elvan (522 ) Al elvoikal elven Té4oan, doo1 kai ol Sikgopor Tpd-
o1, K’ ol Buvépela vi AdPuwpev &d Tous 4 &ogous Tous 2, BnA. ( g )

4
) Fagi) _
“f-‘ir(”" (2)-t2.25_ 43 _ Ly,
2

5 : Moia § mBavoérng v pi) napovcrasdi o 3 ,6rav pivepey Eva kbfov gig tov aépa;
Aborg: To oupdv «vd péen 6 xifos 3» elvan CUNTANPWUATIKOY ToU SUUB&VTOS «vd pur)

*Apa: P(A)=

@éon 6 xdfos 3». ‘H mBavéTns ToU wpdyTou ouNBdvTos elvan L, &pa 1) mBavéTng TOU BeuTé-

6
pov elvan : i_% = _2.,
AZKHZEIZ

583. Plmropev els Tov &épa SUo kUPous kol pds EvBiapéper TO oupPav A: «1d &Bpoioua
TéY &piBucdy Em TéY &ve E8p&Y tlvar = T» kal 16 oupPav B: «1d &bpoiopa TéV &p1fpdov &mi
Tév &vw EBpdv elvan &pTios &piBudsy. ZnTodvTan @

K o) Né& oynuamiodi] & kardAAnAos Serypartikds ¥&pos kal va kaBopiofouv tv ol T&
xal B.

B) N& épioiolv & A', B', AUB, ANB, A'UB’, A'MB’, (AUBHNA'.
y) Toia # wiBavéTns ToU cuppdvTos : «To &dpoioua Tdy &piBuddy trrl TV G ESpdov
elvon dxpipdds 7;».
584. Pimrropev 8Uo kUBous els Tov &épar. Mofa | miBavéTns tkdoTou TéY K&Twh oupPévTwy :
a) Né& gépopev 6,6.
B) “O el kUPos vé pépn 3 kal 6 &Ahos 5
¥) Oi 8Uo kiPo1 vé pépouv Bradoyikels &piBuols.
) O xUPo1 v pépouv &Bpoioux pikpdTepov Tou 9.
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585. Pimer Tis SUo kUPous xal péper &poiopa 9. Tlola fi mbavdTtns Tva & oupmaikTns Tou
Pépn) ueyaAUTepov &bpolopa ;

586. Eis &v Soyeiov Umépyouv 5 opaipon Aeukal, 7 kuavad kol 4 épulpal. To melpapa ouvi-
orartar eis THY Tuyaiav Afiyv 3 cgaipdv. Tofa f) mifovdTns v elvat kal ol Tpels opaipat Aeukal:

587. "Ex Béoung 52 maryvioxdpTwv E§éyopev Tuxaiws 5 xapTid. ZnTouvTa @

o) Tola /| mifiavéTns v E§ayfolv pévov kdxke; (Té 26 Exouv Xpdua kokKivo kol Td
Aoimrdx 26 paipo).
B) Moia # mbavéTns vé tEayBolv 3 palpa kal 2 koKkKIVY;

588. Els piav T&Eiv 43 podnTdv elven 24 &ydpix kai 19 kopitoia. "Av AdPowpev Tuyaios
TrévTe KAfjpous Tiis TéEews @ o) Moia f) mlavdTns va kAnBolv povov &ydpia. B) Mola ) mbavétng
v& kAnfolv 3 &ydpia kai 2 xopiToig;

589. Pimrropev Tpeis kUPous, mola 1 mbavéTns vé tupaviadij els ToUAdyioTov &dooos;

590. Pimrropev 8o kUPous els Tov dépa. TTola ) miBavéTns ékdoTou TGV KaTwh ocupPdvTwy :

) To &Bporopa Tédv Evdeifewv elvon wikpdTepov TolU 5.
B) Té &Bpolopa TidV Evdeifewv elvon ioov pt 8.

Y) » » » » elvat peyolTepov Tou 9.
) » » » elvan S1&popov Tol 4.

591. “Yrroféowyev &T1 okoTEUOHEY vé k&uwpey piov peAérny &l Tév olkoyeveibov, al dmoiat
Eyouv Tpla TaiBid kal &1 BéAouev va KaTory pdiyeopey TO pUAOY EkdoTou Trandiol KaTd osipdy yev-
viioews. [pdayoTe TOV Kan&AAnAov SerypaTikdv ydpov. “YrrobétovTes dxololBuws &T1 kéde oTor-
xefov ToU BerypaTikoU Xdpov Exet Ty althv mbavérnTe, vé elpedi :

a) ‘H meavéTns Iva pla olkoyévea ut Tpla ranBik T& Blo wpdTa elvan dydpia kal To
TpiTo KopiTon

B) ‘H mBavérns Tva Eyn Eva ToUAdyioTov dydpr.

¥) ‘H mbavérns fva &xn pévov Eva xopiTot.

8) ‘H mbavéTns Tva Exn SUo xopiToix kal Eva &ydpt.

592. “Exopev piav Séopny maryvioxdptev Tév 52 guAAwv. ZnTeitan f) mbavorns Tov EEfis
ouppdvTav :

a) Aaupdvovres Tuyaiws Eva yapTi, ToUTo va elven &ooos pragTouv.
B) AaupévovTes Tuaiws éva xapTi, ToUTo v elvan &ooos.
v) AcupdvovTes 6 xapTid ouyXpovas, va TrepiExwvTa els aUtd ol 4 &oool.

593. Tola f mBavéTns pimTovTes Tpeis KUPous, v& pépwpev &Bporopa peyaiiTepov Tou 15;

594. 'Ex Stouns 52 woryvioxdptwv AauPdvopev katd cepdv i Tév &vw T& Taryvid-
xopTa, Ews &Tov elpwpev Si& mphdTnYy gopav &ogov. TMoia f mbavéTns va 1O TétapTov xapTl
elvon &Gooos;

Il. AIAMOP®QMENH TIPOZMEAAZIZ EIZ TAZ TIOANOTHTAZ

§ 260. ‘O 6piouds Tiis mbovdTnToS, TOV dTrolov SieTuTrddoapey eis ThHy § 258
Trapouoiddel BUo PaCIKG HEIOVEKTIHOTA

lov) Atv elven edyepris, &v uf Suvatds, & dxrpiPns kabopiopos &g’ Evos TGV
SuvaTdy kal &’ ETépou TGV edvoikddy TepITTTGOoEwY, 18iws dTav & SerypaTikos
X&pos btv elvanr mETEPATUEVOS.

20v) ‘H mepikotr) altoU «. .. 8¢ ooy dlar al mepimrdoes elvar €E loov
dvvarai» elvon Tautdonpos pt Ty «dp’ doov Glar ai mepuntdiosis elvar £ loov
mbavaiy , ToouTOTPATICS Spews ) mlavdTns dpileTan ik véou i1 Tfis mbavédTnTos,
BiampérTeTan SnAcdh pavos kUKAoS.
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‘H Toixirn Gecopnois THs évvolas Tiis TBavdTNTOS, HOAOVETL YPNOIHWTETN
els THv épapuoyny, Tapouoidle Buoyepelas dmd Aoyikfis TAeupds, &1° & kal 1
vewTépa Oewpla TéY ThlavothTwy dvamTiooeTan KATQ TpOTOV TomKdg dEiw-
patikoy, Si& ToU kaBopiopol dvds TTATpous ouoThaTos TpoTéoewv (dSiwudTv)
17 Ponfelq T&V dmolwv EEdyovTar, Bid Tiis Tapaywyikiis TAtov 680U SAci ai
tvvolcn kol TrpoTdosis Tiis fewplas alTs.

Karémiv ToUTwy, 8& dpxlowpey Thy ouoTnuaTikwTépav éétacv Tév mba-
voTfiTeov ué THv fidn yvwotiv Ewolav ToU SerypaTikol xwpoy Evos TelpdpoTos.

§261. MBavérg AMAGV ouppavrwv.— "Eote & BerypaTikds x®pos
Q={8,,8,,...,8,} Elséaorov &mAolv cuupav (& ), k= 1,2,...,v &ywpoUuev
fva parypaTikdy dpiBudy P ({0 }), Tov omoiov Svopdlouev mBavétnta TolU
ouppdvTos {8 }.

Od Mywpey &1 pla Ekydpnois mlavoThTwY TPds Ta &TA& oupPdvTa ToU
BerypoTikoU ywpov Q, dnAadh mpods T& {6, ), {8;),..., {6 } elven Bext), faw
ikavoTroif] T&s 8o ouvlrikas :

P,: “H mbavdrns éxdorov dnlot ovufdrrog elvae ) Gewnrixog dpfuds, fiTol
Bi({8e)) =0, Jom L2 cic:i¥s
Py: T dfpoiopa v mbavoritwy tdw Exywpovuévay el Sla ta anld
gvufdvta toi Setypatixod ydoov 2 iootrar mpds Ty uovdda, fiTol:
P({®})) +P((&D+ - +P({& D=1,
TUVTONWS :
3P ({8 ))=1.
k=1

“Eva oUotnpa ToloUTtwy dpibudv P ({8 }) mAnpolvTwv Tas P, ko Py elven 16:
1
PL{GD=P.({%)})=P ({9.))= - =P ({0 ))=—.

Eis Thv eldixfjy oy mepimTooow Afyopev &T1 T& &TA& ovpPdvta elven iooni-
Bava.

§ 262. MBavé™g oupPavrog (6Akoil).— Kdabe oupPav A # & elvay,
s EAéxOn, Bvewots, dkpiPéoTepov &Bpoloua &TAGY ouppavtwv, fiTol :
A={8]+ {8} + - + {8} (k=W).
‘Opifouev s mBavotnta tod A, A+ &, 1ov apbpov P (A), Getig elvar dBpor-
opa tév mBavotijrov t@v {6}, {6,],..., {0}, fiTor:

PA)=P({0,)+P (0, )+ +P{0)=ZP (0}

"Edv A elven 16 kevov oupPdy, fitor &v A= &, TéTe Sexopeda €§ Opiopol oTi:

P(g)=10
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*Ex Tév dvewTéped EovTan Twpa ai k&rwh mpoTdoes

). “H miflavdtys voi «fefaiov cvpfdvrocy elvar povdg, ffror P(R2)= 1.

TMpdrypa, Exopev :

P (D=2 P ({8}) = (Mye s ouvlricns Py, § 261) = 1.
B). 'Eav A »ai B elvar ovufdvra £éva mpds dAinka, tdve :
P(A+B)=P(A)+ P(B).

Mpéypoart, v A={0y, 8,...,0c}, B={¢g, €,...,5} ki ANB= g,
TOTE : A+B=1{6,,6s...9,6,6...,6}
“Exouev Suows : .

PAY=P (8D +P (&) + -+ +P (8D =2P{0))

PB)=P({a)+P{aD+ - +P((&D=2P(s )
PA+B) =P (1) +P ({8 + - +PUBD +P (D) + (D) +
+o PN =P (OD+ZP (5 )) =P (A) +P (B).

Fevikeotepov foyver f) k&Twh TpdTaos !
¥). 'Eav Ay, As,. . ., Ay elvas ovpfdvra dva ddo Eéva mpos dAlnia xai elvar :
A=A+ 4,4+ -+ + 4,
Tdte : P(A)=P(A,)+P(Ay)+ ---+P(4, ).
‘YroderEurg: ‘H wpdtaos loyue 8id v=2. “YmobBéoare &t loyle ik
v=k kai Seifare 671 loyle Bix v=k+ 1.

Enusioog : ‘H dvoTépw mpdTacis kaheitan : *ABpoistikdv Bsdpnpa tdv mbavotiitov,
BiarutroUTan 88 ouvTéuws, oUTw :

v v
P(Z Ai)= Z P(A))
i=1 i=1

8). A olovdrimote cvufav A, loyde: O=P(A)=1.

Mpéypar, Emadn P (A) =0 51k kdbe ouuPav A, dprel vé &mobexdij omi
P (A) = 1. Tolto Suws loxUe, 51611, &v Bewwpriceopey kol TO TUUTTANPWUATIKOV
A’ 10U A, 8t AUA' = Q kad ANA'= @, 6& Exoouev, Suvapel T&Y TpoTdaEwy
B kol &', 611 :

P(AUA)=P(A)+P(A)=P ()= L
‘Ofev: P (A)=1—P (A") =1, 8i1dm, do5 dveTépw EAéxtn, P (A") = 0.
£). 'Eaw A xal B elvar 9o oladijmote cvufdvra, tdte:
P(A-B)=P(A)—P(ANB).
'H dnep 1o adtd:

P(ANB)=P(A)—P(ANB).
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Mpéypor, éradh A= (A—B) U (ANB) kal (A-B)N (ANB)=2 6&
Exwopev, duvduel Tfis dvwTépw TpoTdoews B, 6T1:
P(A)=P(A-B)+P(AUB),
&6 ol : P(A—B) =P (A)—P (ANB).

‘Edappoyai
1n : "Edv T& v A& oupPévta ToU SerypoTikol xwpou Q = { 8, 8,,. . ., Ov } elvan {ooTrifa-
va, TOTE:

P(lxv::](an)iélpc{em:v-P({en). )

AN P =P (él( 8i)) = 1. @

*Ex 1év (1) xad (2) ouvéryopev 11 P ({6 }) = %, oi=1,2 00,0

AnhabBi) Eraveuplokopey Thy Tpdractv (y') Tiis § 258.
2a : "Edv & k &mA& oupPévra fvds yeyovdtos A = {8,,0,,...,0k } elven loomiBova mia-

voTNTOS —:-, TOTE @

\ ' i .
PAY=P(Z (81)) = EPC(81) )=k-P((81) )=k~ = L SIS SN Tepmraomay
= Z

AnhaBty T Ponbela TéV &vwTépw TpoThoewy Kal dpiouddy elpiokopey d ouviTeiay ToV
oToIXEIDBN dproudy Tiis mavédTnTos katd Laplace (BA. § 258).
3n: ’Eav E xai E glvar 00 copninpopankd oopfavra évog derypanikod yxdpov 2 kai
elvar P(E) =p, tote P(E)=1—p.
*Anobaiic. A¢’oU E + E' = Q, TéTe, ouppidvws mpds ThHy mpéTacv P, & Excousv:
P(E 4+ E') = P(E) + P(E') = P(Q), & P(Q) =1,
&par p+PE)=1,
&€ ol: P(E)=1—p.
4n : "Eav A xai B ouppavra xei AC B, tote P(A) < P(B).
’Anddeigig : "Eotw A 6 oupmAfipowua Tol A &g pds B, fitor A = CgA = B-A.
TTpogavdys Exopev :
AUA=B xad ANA= g.
‘OmdTe :
P(AUA) = P(A + A) = P(A) + P(a) = P(B).
YApa : P(A) < P(B), xabdoov P(A) > 0.
5n: Moia f, mBavotng iva eig kOPog prrtopevog eig Tov afpa @ipy dptiov aprbpov;
Aborg: To ouuPav A: «'O xbfos va pépp dotiov dolbudvy elvan &bporopa Tév E8fs
TpIGY duoPaics &rokAstoptvwy oupBavTwy
A i «O xdfog va géon 2».
Ay « O xfog va péppn 4r.
Ay:  « O xifloc va péon 6.
fyTor & A=A+ A+ A,
"Apa: P(A) = P(Art Ayt A) = PAA) 4 P(A) + POA) = 4+ + = o= .
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6n: Pintopev 300 xiPovg. IMoia 1 mBavotns dote 10 Gbporopa thv tvieibeov tdy 5bo kbfov
va elvan 3 §§ 7;

Aborg: s yvootdv (§255) & &mA& oupPdvTa ToU TEipdpaTos elvan 36 BiaTeTorypéva
Gebyn: (L1), (1,2), (2,1),. .., (6,6) €ls ExaoTov TdHV dmolwv tkxwpoluev mbavéTnTa 3

Tooupav A: «To dbgoiopa tiw dvdeifewv tiw Sbo xiBuwv elvar 3 7j 7», elvan &Bpor-
oua Tév EEfjs o Eévawv dAAfAwY oupBavTowv
Ay: «Té dbgotoua tdv évd (fewy Tdv o xifwv elvar 3u.
Ay: «To dfgotopa 1dv vdeifewy tav dto #ifwv elvar 7r.

Té ouppav A, elven 10 ovodov { (1,2), (2,1)}, ut P(A,) = =
To ouupdy Ay dven ( (16), 2,5), B4) 43), (5.2, (61)), W P(A) = =
- 2 6 2
Apa:  P(A) = P(Ay + Ad) = P(A) + P(A) = s + o = o5 = =
1

n: "Ectocav A kai B 800 cvpPavia pé P(B) = —;- kai P(A(MB) = G Na ebpedi 7

P(BMA").
Aborg: "Exopev, Suvdpel Tfis TpoTdoews € :

PBNIA) = P(B) ~ P(ANB) = -

|

1
E3
AZKHZIEIZ

595. “Ev Soyeiov mepiéyer 3 Aeukd opaupibia, 4 kuavd kal 6 patpa. To elpapa cuvioTeraiels
v Tuxaiav Ay 2 opaipiBicv &k tév 13. Tola ) mbavéTns véx elvar dugdTepa Tol 18iou Xpoo-
HarTos;
596. "Ev xutiov mepityer Aeuxd kol palpa cpaipibia, & 5t dpiBuds TGY Aeukév elvan Sexa-
TA&T105 ToU &p1fiuou Tév palpwv. Mola f mBavéTns va Angdij &v Aeuxdv opaipidiov;
597. 'Eqv ) mBavéTns v Eupavicdi &v oupBév elven TpimAacica Tis mlavdTnTos V& phv
tppaviodi, ola # mlavéTns vi tppaviodij TouTo;
598. Pimrrer Tis 800 kUPous. Moia ) mibavoTns vé Beifouv dupdtepor Ty iSiav dyw;
599. Els piav ypamriv éétaow els 7o pddnpa tiis loroplas Si6ovran Tpia loTopikd yeyovéra
(T Ty, Ty) Kad Tpets xpovooylan (x;, X,, X;), EnTeiTen 82 Smreos EkaoTos padnThs ouoyeTion T& Tpia
yeyovéTa Tpds Tds Tpels ypovoAoylas. “As UtroBécwper 811 els pafnThs Stv katéyer TO Bépo kal
KG&pver Tuxmc(v ouoxETIoW, els Tpdrov doTe Shen ol Suvartal cuoyetioes v& elven £ foou mibaval.
o) Exnuoticore Tov SeryuaTtikéy xdpov Bid T& Suvatd dmoTeAéouaTa
) ot f) mBavédTns va pnv Urépyouv Tpeis dpbal ouoyetiaes els THy &mrdvTnow Tou
pafnTou.
y) TMola 1) mibavétns va Umépyouv drpiPds Buo dpbal ouoyetioes;
8) TMola f) mbavérng vé elvan SAan of ouoyeTioes dpbad;
g) Toia ) mBowdTng vé Umépyouv mepriocdTepat Tiis wds dpbai ouoyeTioes;
o) 'H mBavéTng va mepiéxn 1) drrdvTnos Tpels dpids ovoyetioes elvar peyohuTépa Tiis
mbavéTnTos v& TrEpIEYT Kovov Suo;
60). Pimrropev Tpels kUPous ouyypévws. Tlola f) mbavédTns ToU oupPduTos : «Al vBeiers
TG TpIGY KUPBwY elvan BiaBoyikol &p1Buoin.
601. Aoyelov Trepiéyer 6 Aeuxds, 8 EpuBpds kal 10 povpas opaipas, duofas &md Twéeng dmd-
\ews EkTOS TOU YpwpaTos. TO meipapa Eykerran els Ty Tuxaiav Eaywyfv 8o ik TV 24 cpaipidv:
Moia f) mbavédTns va elvan dugédTepon al Saryduevan opaipar ToU adrol XpouaTos;
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602. 'Ex Btouns 52 Taryviox&pTwv AapBvopey Tuxaics kT XapTi&.
a) Tola # mBavéTns vé elvan ToU avTol Ypdparos; (Ymapyouv 26 «xdkxvor Kal
26 «papan).
p) Tola f) mBavéTns vé& phv elpiokeTon «booosy peTay auTddy;
y) Tola f) mBavéTns va Umépyouv Blo ToUAdy1oTov &aool;

§ 263. MBavovnTeg Omd ouvBAKNV.— "EoTwoay A kai B BUo ouppavta
ToU aTol Treipdpiartos TUXNs kad &T1 P (A) > 0. ToTe: ‘H mBavétng tob B Hmd
covOfikny A, i &\Acws 1} Do cuvBikny mbavotng tobd B 800évrog bt 10 A suvifn
# 611 0& cuppfi; ouuPoMlopévn Bi& Tou P (B|A), dpitetar Do tiic oxfoewg:

P(ANB)

PEIA="Fa

*Hror : IBavétng tob B bnd cuvBiknv A kakeltar & Aoyog tijc mBavotn-
10¢ T00 A kai B npog tiv mbavérnra tob A.

Mapaderypa: AoBivrog o &g piav olkoyévarav pié 600 téxve t Ev elvan ayopt,
roia 1 mBavotng iva duedtepa 1@ tEKva elvan dyopa;
A boug: “Exouev v mpdTois Tov BerypaTikdy x@pov :
Q = { aq, oK, K&, KK },
&rou «a» onuaiver drydpt Kal «x» kopiTot.
BOcwpolpey T& oUPPavTa !
A: « H oixoyéveia Exer & todhdyioroy dydger, fitor A = { aq, ax, xa }.
B: « H olxopévera &xer xai Ta 8o Ténva dydpiar, fitot B= { aa }.
Tée 16 oupPdv B|A: « Aupdrega Ta téxva elvaw dydpia dofévroc bt 1o &v elvar dydoy
Exer mbavoTnTa:

P(ANB) P [xpipiss 8uo &ydpia] 4 1
P(A) P [&vToUh&yiomov &ydpt] 3 3

P(B|A) =

Enpeioog. ‘H P(B|A) évopdletan kal Seopeopévn mbavorng v dvTiBiaoTo-
Afj wpds T P(B), fiTis koeiTan kai adéopevtog 1) dvev ovvBijxng mbavorns.

OUres, els Td TponyoUpevoy TrapdBerypa 1 &btopeuTos mBovdTns elval :
P (B)=1/4

§ 264. MBavéT™g Topiig 500 oupPavrwv (vépog TGOV ouvBiTwy
mOavotiiTwv).— ‘O Umrohoyiopds Tiis mlavoTnTos Tfis Topfis BUo oupPdvTwov
A xai B 8Uvaran va ylvn Six Tiis XPTTIHOTIOIoEWS ToU TUTTOV s Umd ouvln-

knv mlavoTnToS.
Medyuam, & is oxtosws P(B|A)= Lgs{g)—AZ, (dmou P (A) > 0)

mpokUmrter: P (BN A)=P (A)-P (B|A). E&v 8¢ kad P (B) > 0, téTe & dv-
TipeTaBoews TGV ypapudTwy A kal B Exopev
P(ANB)=P (B)-P (A|B).
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‘AMG ANB)=BNA kal tmwopéves :

P(ANB)=P(A) - P(B|A)=P (B) - P(A|B) 1)

“Hroi: 'H mibavétng npaypatonofjcemng ovyypéives dbo cvpPaviov icobram
pé iy mBavérnre npaypatonorijocng tob £vog, ixi tiiv mBavétnra npaypatonori-
ceng oD Etépov Do v cuvBiikny dpwg Gt cuvéfn 16 npdtov.

Mapaderypa: "Evkutiov nepiéyer 15 hevka kai 10 npaoiva ogarpidia. To neipapa ouvi-

gratar eig v Eayoriyv dbo commdiov dlinkodiadéyms, xupis 16 tEayopevov copmpidiov va
tnavariBeton. Mol | mBavotng va EayBi} nplta hevkov kai katdmv npaoivov cpmpidiov;

Aberg: 'E&v A onuaivn Aeukdv opaipibiov kal TT wpdowey, B Exeopey :
P(ANITT) = P(A)-P(TT|A).

B aridda 3 Ay ¥ 45

ANA& P(A) = o Fanta xal P(TT|A) = T Sed ] (816m T EEayBiv Btv ErrawvarifeTon).
3 5 1

"Apa: P(ANT) = R

§ 265. Zuppavra avefapmra aAAMAwv.—*Ectwoay Slo oupPdvta A
xal B, pfy kevd, dvagepdpeva els Evar reipapa TUyns. G& Abywpey 6Tt TO cupPav
B elvan otamionikde 1 otoyuctikde dvebaptnrov, ouvtopws aveEaprntov Tou
A T6TE, kal pbvov ToTE, & loyin 1) oxtos :

P(B|A)=P(B)

*H oytois ol Exer dos duecov ouvémreiav Eva onuavTIKOY Kavdve TroAAarAa-
giaopol mifavoThTeov dvefapThiTev oupPdvTtwv. ‘O kavdy oltos &iSeton Sik ToU
KaTwTépw OewpriuaTos :

§ 266. ©cpnpa.— 'Eav td cupPav B sivar aveEaprnrov toi A, t61e 1) mba-
vétng tiig Topfig t@v icobtar npdg 6 Yivépsvoy @V mbavoritay Tov.

*Hroi: P(AN B)=P(A) - P(B) R

’Anodergrg: Tpkyuary, duvbper ToU dpiopol TV dvefapTthiTav oup-
Bévreov kai THis oyéoews (1) Ths § 264, Exopev :

P(ANB) = P(A)-P(B|A) = P(A)-P(B).

IMapatiipnow. "Eav évaAAdwuev Tous pdhous Tédv A kai B Tdoov els Thy
Uméeorv oov ko els TO oupTépaoua ToU GeoTépw BewpriuaTos, Exouey TEAW
Ty (1). Auvépeba Aortrov v eltreouey 81, &v &v & TV oupPdvTwv elven dve-
§&pTnTov ToU Ao, ToTE foyuer :

P(ANB) = P(A)-P(B).

‘Orav ioyin 1 oxtois alrn Adyopev 811 T& BUo ouuPdvta elvan avebaprnra
@A flov.

"Eav 8Uo oupPbvta Bév elvon &dve€dpTnTa, 8& Adywpey 6T elven EEnprnuéva.
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Mapaderypa: Pintopev eig tov dépa Eva xiPov kai Ev vopropa. IMoia 1 mbavétng tod
ovvlétov oupfavrog : «b kOPog va @épn 5 1i 6 kai to vopopa Kophvay;

Aborg: "Eotw A 1O oupBav : « O xtifos péoer § 7 6» kal B 16 oupPév: « T6 vduoua
péper xopdva (K)»

‘O BerypaTikds X®dpos Tou ouvléTou TeipduaTos elvan :

0 = 11,2,3,4,5,6) X (K[} =
= {(1,K), (2,K), (3iK).. (4,K), (5.K), (6,K),.(1,F). (2.7 3.0)i (4. L), (5.1, (6,1 ).
Elvon : A= { (5K), (6,K) (5.}, (6, }
= { (LK), (2K) (B.K), (4K), (5.K),. (6K))
AMB = ((5,K), (6,K)}.

Emions  P(A) = {% P(B) = 1—62 P(ANB) = 1_22 s %
LE il
12 12 6

“Apa P(ANB) = P(A)-P(B) = i-.

Maparnpoupey &t1: P(A)-P(B) = % .

kad P(AMB) = %

ToUTo 10 dvepévauev, 51611 T &oTéAeopa T6 dmoiov 8& uds Bdon & Kuﬂo; elven &veE&pTnTov
ToU drroTeAéopaos TO dmrolov B pds Son TO vopIoHa.

§ 267. "1516™TTEG AvEEapTATWY CUPPavTWY.

1n: ’Eav A xai B aveEaptnta cupPavta, 0a eivar dveEaprnrta cvppavia kai ta
A xai B,

’Andderlrs. “Qs yvwotov (§ 262, ¢') P(ANB')=P(A) — P(ANB),
kol Emeidty €6 Umobéoews P (ANB) = P(A)-P(B), 8& Eycwopev:

P(ANB")=P(A) — P(A)-P(B)=P(A) [1 —P(B)]=P(A)-P(B’),

&t P(B)+P(B)=1.

20 : ’Eav A xai B avelaptnta cvppavra, 8a elvar aveEaprnra kai té A’ kai B.

*Hrol : P(A"NB)= P(A")- P(B). .

‘Yréderbw. TMaparnpfioate 611 (ANB)U(A'NB) =B kal épyacdiite ds kal
TTPOT)Y OUHEVES.

31 : ’Eav A xai B aveEaptnra oopfavra, 0a elvar aveEaprnra copfavra kai ta
A’ xai B

“Hron : P(A'NB’)= P(A")-P(B).

*AnédeiEig. "Emeidh (A'MB) U (A'NB’) = A’ kai (A'NB) N (A'NB) = &,
Exouev : P(A'NB)+ P (A'NB") = P(A")
A P(A'NB’)=P(A) —P(A'NB)= (Ayw fis 2as)

= P(A") — P(A")-P(B) =
= P(A")-[1 — P(B)]= P(A")-P(B").
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’Egappoyi: 'H mBavotng va Lvbfj v npéPrnpa dnd tva pabntiv x slvar % xal 1)

mBavotng va Lo dnd Eva Gilov pabntiv y slvan -% Tloia 1| mBavétng va Lubfi 1o npéfinpa
ard tov Eva kai va pi Aob{j ano tov dldhov;
Abdorg: "Edv kaéowpey A 10 oupfév : « O palbnric = Mer 6 mpdfAnuan ke B 16 oup-
Bav : « O pabyric y Mer 16 medfinuar, TéTE
AMB’ onuaiver: ‘0 z 6a Aoy 10 medfAnua, dAL’ Gy ¢ y.
A'MBonuaiver: "0 z dév Ba Moy 16 modPAnua, dild 6 y Ba 76 Aday.
(ANBHU(A'MB) onuadver : Na Avbfj dd tov éva xal va psp Ml dnd tov didoy.
"Apa, 1 {nToupévn mbavdTns elvan, &v Aneldi Um’ Sywv &Ti AMB’ kal A'MB elvan Eva
ouppdvTa
PL(ANB)U(A'MB)] = P(AMB') + P(A'MB) = P(A)-P(B") + P(A")-P(B) =

20-3)+0-3) -3 3+ 3%

AZKHZEIZ

603. “H mbavdrns AUgews tvds TpoPAfjuaTos &d Tov pabnThv o elven % kai &md Tédv oup-

uabnTv Tou P elvan % Tola f) mbovdTns va AubT) TO TPOPANUE &mrd &upoTépous ;

604. AeifoTe 611
«) P(A|B) + P(A’|B) =1
B) P(A|B) = %, yvwoTtou dvrtos Tt ACB kal P(B) > 0.

605. Kara hv plyiv #vds kUPou, mola elvar ) mibavéTns va Tapoudicodf To «6» Bidk wpdo-
TV gopdv KaT& THY TeTdpTnv piyv;

606. 'Ex mas xAnpwTidos mepieyolons 30 kAfpous, fip1Bunuévous &md 1 £ws 30 &vacUpopev
«Tuyaiws» Eva kAfjpov. Toix elvan 1) mbavédTns 6 dvacupbels kKATipos vé épn &pi1Budy TeprTTov Kal
SiraipeTov Si1& ToU Evvéa

607. 'Eav A xal B oupPdvra Ebva mpds EAAnAa pt P(AUB) > 0, v Beixdij &1 :

P(A)

P(A) + P(B) °

608. Pimropev Buo xuPous els Tov &fpa. MNvwoTolU dvtos &T1 & 105 kUPos Epepe TOV &p1Budy
5, mola f) mBavdTns ToU cupPVTOS @ «Td &Bpoiopa TV BvBeifewv elvan = 10» ;

609. 'Ex déouns 52 manyvioxdprtwv AapPdvouev Tpia marywidxepta. Tlola f) mlavéTns
ToU oupPdvTos : «QUbty &k TV TP1GY TanyvioydpTwv elvan pryolpan.

610. "ExAéyopev Tuyalws Buo guoikols &piBuols &k ToU TumfuaTos Ty = {1,2,3... 9,10}.
Mofa 1) mBavéTns vé elven & els &pTiog kal & Erepos TeprTTés;

611. Pimrouev 8Uo xUPous. Moia ) mBavdTns va pépwpev SirAouv EE ; Tola 8¢ f) mBavdTns
va pépwpev ToUddyioTov Eva EE ;

612. Tlooas popds mpémel va plywpey Eva kiPov, dae fi Eppdviors tvds ToUA&yioTov E§ va
Exn mbavéTnTax 0,5 ;

§ 268. MBavéTg Topijg TpIdV cuppé\rruv. ’Eqv A, B, T ouppdvta
ToU SerypaTikou xwpov Q, TéTe loyle :

P(A|AUB) =

P(ANBNT) = P(A)-P(B|A)-P(T'|ANB) |, (P (ANB) > 0)
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*Anddeilrg : Edv ANB=E, &youev :
P(ANBNT) = P(ENT) = P(E) P(T|E) = P(ANB)-P("'|[ANB)=
= P(A)-P(B|A)-P("'| ANB), 6.£.5.
‘Opolws &modeikvieTan, OTL:
P(ANBNINA)=P(A)-P(B|A)-P(T |ANB)-P(A|ANBAI).
[evikéds :

P(A,N AN NA)=P(A) P(A,A))- P(A5|A;NAy) - - - P(A,A;N AN - NA—)

Mapaderypa: Evdoxelov nepiéyer 3 hevkd sparpidra, 4 kvavd kai 6 padpa. To neipopa
ovvietata eig thv EEay@yny tpLdV cpmprdiny, 1o Ev katémv tob dhhov, Lopic 0 tEayopevov opar-
pidrov va iravarifetar. Moia f mBavotng i Eaydpeve coarpidia va elvan katd celpay : 1) AEuKoOV,
2) xvavobv, 3) pabpov.

Abdorg: *Eav A onualvn Asuxdv opoapiiov, K kuavolv kal M paUpov, 8é Exwuev :

P(AN KM M) = P(A)-P(K|A)-P(M|ANK).

A& P(A) = %. P(K|A) = %= % (Brém 1O Eaxbiv Biv Emovoriferon) kol
P(M|ANK) = % (516m & EoyBévTa Bév EmavaTibevta).
"Ofev :

PANKNM) = & . 4+ == 5=

§ 269. "AveEaprnoia v ouppavrwv. — Tpix fj mepioodTepa ouppavTa
ALAs,. . ., A, kaholvtal dporfaiong f) teheing avelaprnra TOTE, kal pdvov TOTE
&v f UTrd ouvbnkn (Seopeupévn) mlavdTns oloudhmoTe TouTwY, SobévTwv ofwv-
BrmoTe TéV Aormédv, looUTar mpds ThHy ouvhn (&8éoueutov) mifavoTnTa.

‘0 dvwTépw dpiopds elvan iooblvapos pé Tas EEfjs oytoels :
P(AINA)=P(A)-P(A ) i#],1,]=1, 2,...,v (dvefdpTnTCx &vd Levyn).
P(ANA NA)=P (A)P (A )P (Ay), (GveldpTnTa dvex Tpiax), K.0K.

P(AlnAln e MA)=P (Al) “PAA )T P(A)).
OUrew, .., Tpia cuuPévta ToU BerypaTikoU Xdpou Q, éoTw T& A, B, r
B& AéywovTan TeAetcos &veEdpTnTar v, Kod pévov Edw, loxUouv ol dxdAoubor oxtaels:
1. AR BY=P(A)- - Pi(B)
2., PAAAGDE) =Bi(A)eP (L) )
3. P(BaE)=F B).P(@)
4 P(ANBNM=P(A)-P(B)-P () (n
Atov v& onpeiwdij éT 1) dveapTnoia Tp&V cuuPdvTwy dua Sbo Aaupavo-
péveov Bt EEacpaliler Ty TeAelav dveSapTnoiav alTddv. ‘Erropéves Si& véx elval
Tpla oupBGyTa TeAeloos dveSdpTnTa kel vé foyUouv ouyypdves ai (1) kal (I1)-
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Hapatiipnos. "Otav Eywuey v dveEdpTnTa oupPdvTa, TéTE :

P(ANA;N--NA)=P(A)-P(A,) - P(A) (1

‘H oxtois Spws (1) 82v elvan ixavi) ovvBikn 51 v Tehelav dveaprnoiav
T8V AL A, ..., AL

Mapadeiypata:lov. Kard tpoénovg dvetapriitong, pintopev Eva vopopa, AapPavopsy
Eva raryvibyaprov dnd piav Séounv kol pintopev Eva xoPov. INoia 1 mbavétng va éppavicovv 1o
vopopa «kopdver, 16 taryvidxaptov «liccovy kai 6 koflog «6»;
Abarg: 'Eav A onpaivn @ « T véuoua devevder xopdwan, B : «To natyndyaprov elvar
dooog» kal [: «"O xdflog péper 62, B& Exwpev :
P(AMB M) = P(A)-P(B)-P(),
816m T& oupPdvTa elven dvefdpTnTa

; iacl road ca.l 1
AN PAY=5 PE)=m=qr PN =
» 1 1 1
Rpss Bi(¥A 'r)=T'T§'%=m-

O& Sdowuey Twpa kal iv yapaxkTnpIoTIKSY TTapdderypa, 51 ol tpepaiveran &1 f) &veEapTn-
ola TPV ouuPdvTwy v SUo AauPavopévev Biv Eacparile THy AP &ve§apTnoiav alTdv.

2ov: AiEdpar xavovikoD tetpaidpov elvan xpoponopivar dg éEfic: Mabpn, Levk, £pubpa
kai 1) tetépn Edpa Exe kai 1@ tpia xpodpara. Pintopey 16 tetpasdpov kai napatntoduey 10 xpdpa
ig £dpag Eni tiig dnolag otnpilerar. Kakobpey :

A 10 ovpPav : «'O xoPog omnpilerar Eni Edpag, 1| dnoia slvan rpopanicpévn padpny

B 10 ovpPav: «O » » » » » » » » AEVKT
I 10 ovpPav: « O » » » » » » » » £pulpa».
o veuldiyd AT 3 % € o uG2r 1ag)
Tew: PA)=7=7 P@=3=7 PO=—4=.
1 1 1
P(ANB) = T gy ()P
AT e o e O
St g oo ) B,
pErirs oo Lo dels By
= A o EE R

‘Etropéves T& A, B, T elvan dveEdptnTa vk Suo.
"ANA P(ANBNAT) = % # P(A)-P(B)-P(I) = %.
§ 270. MpooBeTikdv Bepnpa TGOV mOavoTATWy.— Edv A kad B 800

SUuBauTa fuds BerypaTixol ywpou Q, TéTe loyUe :

P(AUB)=P(A)+P(B)—P (AN B)

“Hror: 4 hﬂavétqg bt oupPaivel Ev tobrayiotov ik 1@V A kai B ebpicketar i
s npocbicewg tiig mBavétnTog 611 cupfaiver to A pi tiiv mbavornra Bt ovpfai-
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vel 10 B kai dxohoiBog Sia tijc dparpésewng tijc mbavornrtog 11 supfaivovy dped-
TEpa.
*Arodertic. "As apaTnpriowpey T KaTwTépw Sidypoappua Tou Venn (Zx. 19).

Zx. 19
A U B elvan 16 cUvolov TéGv oTorysiwv Ta otroia dvnkouv €ite els 1O A, eiTe
els T B, eite els dugpdrepa. ThbavdTns adTou elvon 7o &Bpoiopa Té@v mifavoThTwv
T&V oTotyelcov Tou (BnA. TV &TAGY oupPavTtwy). 'Etreidn P (A) + P (B) elvan
T0 &bporoua TéV mbavoThTwy TGV oTolXEiwv ToU A kai TGV oToiyeiwy Tou B,
gmeTan 611 af mbavéTnTES TGV oToXElwv THis Topdis A M B Exouv Angbij Slo popds.
*Edv Aormrdv dpatpéowuer Thy P (AN B), 8& Exwuev 16 &Bportopa 6V TifavoThTwv
SAwv TGV oToixeicov Tou A N B, étrou EkaoTov Exer Angbii piav popdv. "QoTe :
P(A) +P(B)—P (AnB)=P (AU B). 8.£.5.
Od& Swowpev Suws piav aloTnpoTépay &ddaifiv ToU dvwTépw BecopriuarTos :
EdkdAws SiamioToupey 611 10 oupPav AUB SUvatal va apaoTali) ¢ fve-
ois (&Bpolopa) TGV duoiPaicws &mokAelopévwv ouppdvTwy A — B kai B,
fitor : AUB=(A-B)UB, &ba (A—B) NnB=g@.
TéTe Suws, Suvdpel T&V TpoTdoewy P’ kal € Tiis § 262, Exouev :
P(AuUuB)=P(A—-B)+P(B)=P(A)—P(ANB)+P(B)=
=P (A)+P(B)—P(ANB).
Mépiopa I. — Eav A kai B glvar dporfaiong aroxieopeva (Séve petatd tav)

ovpBavra, 0a eivar : P(AUB)=P(A) +P(B). (PA. ki § 262, P)
Mépiopa Il. —’Eav A xai A’ eivar 800 suprinpopankd copfavia £vog dery-
patikod ydpov £ Ba elvar : P(A+PA)=1. (PA. kai § 258, 8)

Moépiopa lll. — P (A U B) = P(A) + P (B) (dnonpoaletixy iddtne tiic P).

‘Egpappoyi In: "Ex déoung 32 naynoyaprov (npiga) happavopev tuyaing dbo £§ abd-
v suyypovec. Moia | mbavotng va elvar o Ev todhaxiotov £§ abtdy dooog;

Aborg: 'Ovoudlouev A 16 oupPév : «To &v va elvar dococy kol B 16 oupPdw : « T &re-

4 1 4 1

i R Gk )
A AN,
32 31 248"
Téme f) mBavdTns ToU oupPdvtos AUB : «To & todddyiorov é6 adrav va elvar dococ»

elvoar:  P(AUB) = P(A) + P(B) — P(AMB) =: Tl;- e % “2% = “254%

gov va elvar dooosy. Téte P(A) = kal 1) mbavédTns va elven

&ppdTepa &ooos elvar : P(AMB) = P(A) - P(B| A) =
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3

’E@appoyn 20: "Eortwoav 8Uo oupPdvta A kal B p¢ P(AUB) = T P(A") =

wln

xai P(AﬂB):—}f. N& eUpebij: (i) P(A), (i) P(B).

Abderg: (i). Qs yvaordv (§258, 8') Exopev:
S
P(A) = 1-P(A) = 1 -5 = 5.
(ii). 'Ek Tfis oxéoews P(AUB) = P(A) + P(B) — P(AMB) AapPévopev :
3 1 1 2
Z =75 +tP@B) -7 & fis: PB)= 3
§ 271. ’Eav A,B,I" cuppavra to0 abtod deiypartikod yxdpov Q, 0a elvar :

P(AUBUT)=P(A)+ P(B)+ P(T)—P(AN B)-P(ANT)—P(BNI)+P(ANBAI)

’Anédeillc. "Eotewo A=BUT. Tétetyopev ANA=AN(BUN=
=(ANB)UANT) kd P(ANA)=P(ANB)+PANMN-=P(ANBAD),
ko &oov AnB Nn(AnN=AAnBNT).

“Obsv :

P(AUBUI) = P(AUA) = P(A) + P(A) —P(ANA) =
= P(A) +P(B)+P(N—-P(BNM—[P(ANB)+P(ANT)-P(ANBNI)]
= P(A) +P(B) + P(N—P(BNM)-P(ANB)—P(ANT) +P(ANBNT).

Mépiopa. —Eav A, B, I elvar ovpPavie dpofaiong anoxreadpeva (Eéva
petald tov) ava ddo, tote ioyder :

PAUBUID=P(A)+PB)+P(D).

‘Edappoyai
In: 'H mBavotng v {ff karowog peta 20 Etn elvon % kai | mBavétng va Cfi 1 otluydg

0V petd 20 Etn elvan 19—0 . Ioia | mBavotng va {fj toddaxiatov lg todtov peta 20

Adorg: "Eotw A T oupPav : «°O evlvyos i pera 20 Etyy xal B 16 oupPdv: « H
oilvyos (i pera 20 Erny. Tére:
P(AUB) = P(A) + P(B) — P(AMB)

P(AUB):%wi- 9 3 9 29

10 4 10 40
2a : 'H mBavotng va Lfj kanolog peta 40 Etn elvan -l—su— kai f| mBavotng va {fi ©) o0luyds Tov

A 7 . :
neta 40 £tn elvn o Ioie f| mBavotng va {ij povov 6 odlvyog peta 40 ¥tn;

Abo1g: "Edv kaAéowpev A 16 ouppdv 1 « O ovlvyos va Lffj peta 40 Ern» kol B 6 oup-
Pév: «Na Lfj 1 adlvyos pera 40 Erny, Tére &prel v& elpeopsy Ty P(AMB').
TANAG P(AMB’) = P(A)-P(B') = P(A)-[1—P(B)],

S PANB) = PA)-T1—PE)] = 15 - (1-15) =T b = 1

B —
0 10 100"
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AZKHZEIZ

613. 'E&v AcCB, ToTeSef€aredmi: P (B|A) = 1.

614. Acifare ypnopotololvTes Tév véuov Tou De Morgan A'MB’' = (AUB)’, ém1 t&v 1&
A kol B elvan &veEdptnTa oupPévTa, & elvan dvebdpTnTa Kad T& A’ kal B'.

615. Els dxépouos TepihapPévetan kot TUXNY peTalU TV mpdTewv 200 BeTikév dxepaiwv.
TMola # m8avéTns 11 & AauPavépevas &pibucs elvon BroapeTos eiTe Siax 6 ele Bk 8; 7

616. "H mbavéTns va Lfj ké&molos petd 20 En elven "2_ kal 4 mBavdTns vé& Lf A oUluyds

Tou petd 20 Ern elvan r:— Toia fj mbavdTns :
a) Né& Zolv &ugdTepor, B) N& Zij pévov & alfuyos,
y) Né& &fj udvov # ouluyos, 8) N& fj Toudéyioov els ToUTeov.
617. 'Eav A xai B elvar ouppévra pt P(A) = %’ P(AUB) = ~g— xkal P(B') = %, v&
eVpedolv ol :  P(AMB), P(A'MB’), P(A'UB") xal P(BMA').
618. 'E&v A kal B elven oupPévta pt P(A) = é—-, P(B) = ~—§- kal P(AMB) = %. v
etpefolv al: P(A|B), P(B|A), P(AUB), P(A'|B"), P(B'|A").
619. N& &mobeiybi) &T1:
P[(AUA")|B] = P(A|B) + P(A’| B).
620. AobBévtos &T1 P(A) = %, P(B) = % kol P(AUB) = %—, vé ebpebolv ol mbavo-
mtes: P(A|B) xal P(B|A).
621. ’Edv E kol F &vefdprnTa ouppdvra, 8& elvon :
P(E'|F)=1—P(E|F), (P(F)>D0).
622. Eéw E xai F elvan cuppdvra 1ol alTol SeryuaTikol Ywpov Q, TOTE :

1) O=PE/F)=1
2) P(Q|F) =1
3) P(E) = P(F)-P(E|F) + P (F')-P (E| F').

623. 'E&v A xal B elval oupPévTta &uoiPaieos &mrokheidpeva, ToTe ©
P(AUB|E) = P(A|E) + P(B|E), (P (E)>0).
624. Aeifare 8mi: 'Eav ACB=B,UB,U: - UBv, &fax Bi N Bj =, i+#]j Tote
loyuer :
P(A) =P(B,) - P(A|B,) + P(B;) - P(A|By) +---+ P(Byv)-P(A|Bv).
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ZTOIXEIA
EK TOY AIANYZIMATIKOY AOFIZMOY
KAl THX ANAAYTIKHEI TFEQMETPIAX

‘Yo

IQANNOY @, TTANAKH

KEPAAAION I
FENIKOTRHTES *

§ 1. AZQN. OPIZMOZ. "Atwv sivar 1 ebbela, &ni tfig omoiug ¥xer oprobi
1 etk popd, 1y dpy) tob GEovoe kai 1o povadiaiov Stdvndua: 0 dmoiov gopa
givar 1) etk

Eis 16 (ox. 1) elkovileton & &Ewv x'Ox, ut &pxMv TO onueiov O, BeTikfv
popav THY Ox kol pé povédda - o m "

- \ s s
kous: | 1| = L. Eis 1o oyfjua ToU- o e el
2 1
To, &&v TO AB kelton &mi ToU &fo- b3
: I AE R : AL G EHS
vos x'Ox, & Adyos —— = AB elvar | &hyePpikty Tiuf Tou AB. Apat :
1

— TTIRE — i -
AB = AB. 1 f| |AB| = |ABl. |1| = AB.1 — AB,
TO omolov, €S YVwoTdY, TapIoTE THY Tiunv ToU prjkous Tol AB.

§ 2. GEQPHMA. "O JLéyog 860 SUYYPapIKGY Sravvepatov icolitar npog tov
Loyov 1@V dhyeppikdy Tpdv

adtdv. X B A Ho Ly il
e 235 P
Emrl ToU &Eovos x'Ox 1
(ox. 2) Bewopolpev T& Bia- Sx. 2

= - = -
viouata AB kol TA, pt TA o£ O. Kotd v Tponyounévny § 6 elvon :

* BewpolvTal yvwoTd T Tepl SravuoudTwy & TV SUo Tponyouutvey Té&Eewv : "O-
propol - TlpdEeis &mi 7@y SrcvuopdTov kKA. Alvarar & 515&okwy va traveddpn ouvTduws
T&S BvdTnTas Ekelvas kal kaTdmy v eloéhdn els Tas xuplws BvéTnTas TS &vTicTor oUgas
els Ty E' T&Ew tml ToU mopdvTos BiPAiov.
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ABEL A e PR Ly e B
ra a4 A A TA

T
ko oi Abyor 94 elvon Oetikoi pév &v T AB, TA elvon dpdppona kai dpvmrikol
8¢, &v TaUTa slvan avtippona.

Mopatnpiioeg. Aév Trpémel v& ouyyéwvtal T ouuPoAa AB, AB, AB.
To ouppoiov AB f AB ToploTd TO WijKos ToU AB. Tolto elva TPy HaTI-
KOs &piBuds, Betikds 7 pndév. TO oUuPoiov AB ToploT& Thv GAyERpIKAY TIUTVY
ToU KB, elvar BnAabn TpoaypaTikes &piduds, Betikdg apvnnikdg T pmdEv.

Téhos 16 ouppohov AB TeploTd Bidvuoua, fTol YEWUETPIKOV uEyebos.

Al arysppikai Tipai TGV AB xai BA elvan avrifertot. Mp&ouev B¢ TOTE
BA = — AB kal &pa: BA + AB = 0. Aéyousv B¢ TOTe OTL T& OUYYpOaHMIK&

=¥ —-
BiavUopaTa AB kai BA elvon a@vrifera.

§ 3. EKOPALIZ THE AATEBPIKHE TIMHE AIANYEMATOZ KEIME-
NOY EIII AZONOZ. ’Emi to0 &Eovos x'Ox (oy. 3) Gecopoluev 1o Bidvuoio

AB. O ¢lva : OA = X Kai

OB = xy. Kotd 8¢ 16 8ecd- - O A r B X
pnua Tou ‘Chasles : e

— o= o 1

AB=A0O + OB =0B + x. 3

AO = OB-0A
AB=x;—x, (1) = AB=|xz—x,| (2

*Ex Ths (1) Emeton 671 ‘H dhyeppkiy mph Saviopatos wepévov Emi
@Zovog isolton mpog v tetpmpévny tod wépatog pelov Ty tiig dpyiic.

MAPAAEITMA. "Edv x5 = +3 kod X = —5, T67e: AB = (-5)— (+3)=-5-3 = -8
kol AB = |-8| =8.
§ 4. TETMHMENH TOY MEZOY AIANYEMATOZ. "E&v [ elven 1O pé-
gov TOU BioviopaTos AB (ox. 3), B Eywuev:
FA +TB— O<=(OA—0rF) +(OB—0T) =0<=20T = OA + OB <+
Xa thXp
2

Anhadh : ‘H tetumpévn tob pécov Saviopartog, xepévov Emi GEovog
icobtar mpog to Mmabporopa tdv teETpNPiveOV TV HKkpoOV TOL.

2Xp = X5 + Xp <=+ Xp = -

IMAPAAEITMA. ’E&v x, = 46 Kkai X, = —10, Té1e # TeTunuévn x, ToU upéoou T
A B AL o

ToU Sravlouaros AB 8 elver : x r= —;——{+6 -10) =-2.
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AZKHZEIZ

1.— ’Eml &Eoves x'Ox Bewpolpey T& onueia A,B,I u¢ dvrioolyous TeTunpéves +6, —2,
+8. lov) N& GmohoyioBolv of &pibuoi AB, BT, TA. 20v) NauPdvouey s dpyfv 16 onueiov O
To1oUToV, toTe 00’ = —3. Toiot elven al véan TeTpunuéven TGV onueiwy AB,I kad oot o ITipad
AB, BT, TA.

2.— "Eotwoov A,B 8o onpeia évos GEovos x'Ox pi TETENUEVES —2 kad 4 dvTioTolyws. N&
bp1o8ij onueiov M 1ol &Eovos TololTov, GoTe: MA — 2.MB.

3.— 'E&v AB elvan 8Uo onuela ToU &fovos x'Ox pé TETUNRéVDS dvTioToiXws —1 kal 2,5,
v 6p1067] anueiov M Tol &fovos TotoUTov, dore: MA 4 3. MB= AB kai va &p1oBif & Adyos
MA : MB.

4.— 'Eqv X, Xp slvar dvmioToiyws of Tetpnpéven Tédv onHeicV A,B i ToU &_g‘ovng x'0x,
v& oprofiouv ol TeTpnuéven TGV onueiwv MA adtol, doTe vé elver: Al — A — AB.

5.— Al TeTunuévon Tév ompeiov A,B,IT, &vds &Eovos x'Ox elvan dvtioroixws —2, +-8, +3.
“Ymépyer onueiov M 1ol &Eovos kal Tolov, doTe:

MA + MB + Ml =0;

6.— Tdv onueiwv A,B,IA édmrwodfimore kepéveov &l &Eovos x'Ox, v &mobeiybh &11:

lov: AA.BF + AB.TA + AT.AB =0,

2ov: AA®BT + AB®.TA + Ar*.AB + BF-TA-AB =0,

3ov: BT-TA- AB—TA-AA- AT + AA-AB.BA— AB. Bl TA =0.

7.— Emwl &fovos x'Ox SiSovran T onueiax A,B,I. Aeifore 811 Urdpyet &l Toy &Eovos Tou-
Tou &v povadikov enuelov | TotolTov, doTe:

1A + B34 1P —3.1A- 1B - TF =0.
"Eqv 8¢ M elvan Tuydv omueiov Tol &v Adye &Eovos, TéTe:
MA? 4 MB? + MI®—3.MA.MB. MI= % MI (AB? 4 BI2 -+ [A2).
kel MA3.BI 4 MB*.TA + MI®.AB + 3.MI.AB.Bl-[A =0 (Buler).

§5. ANAAYZIIE ATANYEMATOX EIZ AYO AIEY®OYNEEIE. Eti &mi-
médou (IT) Becopolpev TO Siéwuoue OM kad Blo Sroxexprpévas Sieublivaes Ox
kol Oy (ox. 4) wxaBétous (f mAaylas). Al & Y
ToU M &yduevon mwapddAndot Tpds Tas Oy
kol Ox Tépvouv v Ox &is TO onueiov A
kai TNy Oy &g 10 B. O& elven :

OM = OA + AM <= OM —= OA 4 OB

Maparnpoluev 611 TO oM aveAudn  eis O]

- —
T& Sraviouara OA kai OB katd Tds Sieudiv-

B

Zx. 4

— =
oeis Ox kai Oy. Ta 8bo Swviopata OA kai OB  kahobviar Stevuopanikai
—
suvictdear tob dwaviopatog OM éni tdv afovov Ox kai Oy.
> -*
‘AvTioTpdws, es Blo SiavuopaTikds owioctwoas OA kal OB, So-

58
feioas, avTioToIYEl TO EpapuooTdy Sidvucua OM kai povov TouTo.
353

WnionoBrke amé To ivotirouto EknmaiSeuTikrg MoAmkig



§ 6. KAPTEZIANAI LYNTETAIMENAL Orcopolpey Spbokavovikdoy ou-
ornpa ouvTeTaypévey x'Ox kad y'Oy kad &l y 4
Tou &mméSou ToUTwv TO Bidvuopa OM.

— —»
’E&v OA kol OB elvan af SiavuopaTikal ouvi-

B

>

oTdoar ToU O?ﬂ, & Adyos —O_,A- = x elvea 1 J
1 O

5

AyePpikny TIPn TOU Siaviopatos . OA kol

koheiTal tetpnpévny ToU onpeiou M. ‘O Ao-
—

OB sy \ g IO N
yos —, =y elven fi GhyePpixf Tiun ToU SiowuouoTos OB kol kaheital teta-
1
yuévn ToU onueiou M. ‘H Tetpnuéun kod # Tetaypévn ToU onueiov M xa-
AoUvTan uuvrﬁtuypt:vm TOU O'T']U.ElOU M kai o‘nuawvou&u M(x ¥).
O xmusv OA = xi kai OB = y] *AN& OM = OA + OB xai &vOM = u,

e
TOTE: u=x1I + y l kol 6& Aéycuev 6T1 TO Bluwcua u ave?\uﬁn el SUo Bia-

wopaTa, Tév omolwy of Sieubivoes elvar ol TéV 1 kai j

O& Sef€couev &T1 7 dvwTipw dvéuots elvan povadikf. AdTi, v efyopev
cruyxpovcos
=X 1 + ¥ ]

} = (x—x])1_ (v, — y)], kol &v X 3£ X, TOTE:
=X11 +Y1]

el ey

1= . J
EEE
A émola oytols exppdldet OTI TX SIGVUO'U-C\’TQ—I’KO:iTj’ elval ouyypoppikg, &mep
&romov. “Apa X = x; kai y = y;. 'EvreUfev EmeTon Smi:
Ilav tguppoctov Siavuopa u tob imnidov t@V atovov yapaxtnpiletar Omd
800 mpaypoTikdy GpOPdY X kol y (TEV CUVTETXYMEVGV TOV).

§ 7. LYNTETATMENAI EAEY@EPOY ATANYEMATOZE. ’Ewi Tou émi-
mtSou eV &Eévev x'Ox kal y'Oy (ovoTn-

po Spfokavovikov)  Bewpolpev TO  EAelBe- &

e T [P T (0 R | S BECE S E RS
pov Bidvuoua V, ToU émoiov ai ouvioTROOL Vg
i Tév &Eévev Ox kai Oy elvar T& Browvu- v

> —
ouata V, kai V, dvTioToiyws. OewpoUuev M

-1

Bt kal TOV dvTiTrpdo OV TOU \_/!, TO Bidvuopa
O-i\”l. ’Edwv SA ked SB elvar af SiovuopaTi-

-
kai ouvioTédoor Tou OM &mi Tédv &fdvav

Of ¢

-1

Ox xad Oy &vTioTolyws, ds yvwoTov, 8 el- 5x. 6
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1: V; = OA xal V, —OR xal - v +v (1). "E&v 8¢ X xai Y elven

uicrwrs'rcryuévm ol OM, 'ré-rs OA X1 kai OB = Y] ko kT’ &kodoubiav ;
| - Y] (2)

Ol &pifuoi X Kcu Y koAoUvtanr euvietaypévon mpofohai Tol Siaviouertos
‘_/" Kol OTUEIGVOpEY V (X Y.

‘AvTioTpde s, | Bofeiodv TéY guvTeTayutveoy TpoPoAdiv X kol Y &vdg
EAeuBépou BiaviopaTos V Utrdipyer &l ToU a‘g'ovog Ox Sdwvuopa V1 ToloUTOV,
Gote V, = X, kol é'rn 'rou &§ovos Oy Bidvuopa V2 ToloUTov, doTe V, = Y.
TMav 8t Sidvuoua = V -{—V2 Exel ouvTeTaypévas Bl TGV &Edvev ToUTeov
foas mpos X kad Y.

‘QoTe: Els m&v Sidvuopa ToU EmiméSou x0y d&vtioToyel povoonudy-
Tws &V SiateTaypévov Lelyos mpaypaTikéy &piBudv : 1o LeUyos 1@V ouvTe-
Tayuévey Tou, kai &uTioTpéews @ Tlav Siatetayuévov Lelyos (X, Y) Tpeyua-
TiKGV &pifudv elvan dutioToryov fvds kad povov SiaviopaTos gis To ErimeSov
HE OUVTETOYUévas Tous &v Adyw Gpifuovs.

Inpsioois. Al ouvtetayuévar Tol undevikol Siaviouoros O elven (0, 0).

“Apa: To dwaretaypévov Ledyog (X, Y) 6p1§sl éni 1od Emnédov 16V GEdvav
Ox kai Oy &v xai povov £v élauﬁspov davuopa V

l'[upatnp'qoetg Eow V = O ToTE X =Y = 0 kad QVTITTPOPGS.

’E&v 16 V elvar TapdAAnAov wpds Tov &fova x'Ox, ToTE Y = O kol dvTi-
oTPOPWS.

"Eaw 16 V elven Tap&AAniov Tpds Tov &Eova ¥ 0y, TéTe X = O kai dvTi-
CTPOPLS.

Al xapteowavai cvvretaypévar I:vog onueiov M sivon ai dhysppikoi npai
1OV ouvictwcdv Tod Sevicpatog oM (O 1y dpxn 1@V &Edveov).

EUkéAcs dmoBeikvietan é1: "Edv 8Uo Eelfepa Siaviouata V Kai V
gml ToU émméSou TGV &Eévewv (Ox, Oy) keiueva, Exouv foog T SlavuopaTikds
aUTéV ouvioThoos &l va &goveov x'Ox kad y'Oy, & elven foa Trpos T& alrd

tpappooTov Bidwuoua OM xai ko’ dxohouBicy foa petall Todv.

§ 8. ZYNOHKH ITAPAAAHAIAZ AYO EAEYOEPON AIANYIMATQON.,
Emri ToU &miméSou Tév &Eovawv Ox, Oy (cucr'n']ua Spbokavovikov) Bewpoupev
8uo 'n‘upo:}\?\n?\or SraviopaTa \7’1 Xy YD) Km V2 (Xa Y,) EAelbepa. *Agol T&
V1 Kad V2 elven Trapcx?\hnha, EmETOL OTL : V = k.V,, émov keR, fitor:
X T +Y1] = k(Xgl —l—Y,a.])=;)(1 = k: X, kel Y, =k:Yy, &ndre:

X Y
X, Yg = k-X,Y; kol X, Yy =k - Xg¥,. "Apa XY, = X,Y; <= x' = Y’- m
2 2
» v =2 N Y
AvTioTpbdows, #avV,% O kal Tef w7 = Y‘ AeR, TOTE:
2
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- -
il X = Mk x T i =aeaT D 8 = 4%

2 £ Y = Mg
kol kot dkohouBiav T& SaviopoTa V, Kad {;? elven mapdAAnia. "QoTe :

‘H dveykaie xei ikavi ouvlfxn, iva 300 £heoepa Sraviopara elvar mapdd-

inho slvar 1 :
gz ciyrta| X F _Y [
- a | 1 1| _p A PO
X, =X Y, 17 ixz Y, | =01 % Ya|

‘Ea V, = Vy 1é7e k = 1 kol ko’ dxohoudiov V, = V, 4=t ¥y = ¥, wci
Y, =Y, t¢’ doov elvan foa pds TO ¢papucoTov Biavuopa oM (o). 6)."QoTe:

“Iva 800 #hetbepa Sravioparta ivar iow, Tpémer Koi apkel ol dopdvopol guv-
tetaypévar mpoPolai tav va elvar iouL.

§ 9. GEQPHMA 1. Ai auvretaypéval npofohai tod ddpoicpatog £levbéporv
Sevuopdrov icoiviar aviietoixng npog ta abpoiopara @V OpOVOPMV CLVIETU-
ypévov mpofordv adtdv.

Anhad, tav -f(X,Y) elvan T &Bporopa TGV \71 XY, Vv Xy, Yv),
Tome X=X, +Xo + -+ +Xv kai Y=Y, +Yy + -+ 4+ Yy. 'H &mwobe-
£15 elkohos.

§ 10. OEQPHMA II. Ai cuvtetaypévor npofoiai tiig Srapopic d00 £revbi-
pav Savvopdtov elval avnistoiymg iom npdg tag dragopds OV dpLeOVOp®Y cuv-
tetaypivov npofordv adTdV.

Anhadn, & _\71(X1, Y,) xai ?20(2, Y,) elven T& EAeUbepa BlavuopoTy,
167 4 Siagopd Tev WX, Y) 0 ués Son: X=X, —X, xad ¥ =Y, — ¥,
Mapatipnos. 'Edv AR, TOTE B& Eycopev THY CUVETTYWYNV

— - — —r — —
V=Xi+Yj=rV=2Xi+AYi

§ 11. ZYNIZTQZIAI AIANYEMATOE, OPIZOMENOY AIA TON LYNTE-
TATMENQN TON AKPON TOY. “Eoto AB Si1&vuoia, &pyfis A(xy, ¥,) Kad
méparos B(X,, ¥a). Katd T& yvwoTd
adsslpa s nAB = OB — OA. (1) K¢ A (X,.0)

Tre1dn) OTB =, x;: - y{f ral Ol s 4

X1 + yoj A (1) yivetoa :

AB=(327+Y25_(X1T ‘**}HJ‘S:* e B (X2.Yp )

AB=@—x)T+@=¥) @ g v
Eqv 8¢ X kal Y elven ai ouv- & X

TeTarypévan TpoPolai ToU AB, ToTe

AB = X1 - YT kai 1) (2) ylveron: i B
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== - - X =x,— |
XU 4Yj] = @=x)1 + @a—y) ] = [ e

Y=yp—y | @

AnAodn @ Al ovvtetaypévar mpoPodrai Savbopateg isobviar avriotoiymg
npds tdg Sagopis tdv dpovipmy ouvietaypEvov t@v dxpov tov (ToU Tréportos
pelov Tiis &pyis).

§ 12. LYNGOHKH, INA TPIA EHMEIA KEINTAI EIT’ EY®EIAEL. "EcTtw

M, (xlr i) Mg (x,, Yo)» My (X3 ¥a) Tpia ¥ M3
onuele (ox. 8). ‘H dvaykalia xai ikawn
owbnkn, va T& Tpic TalTa onuela keivTon M2
&’ edfelcs, elvon T& SiavlopaTa v = M;Ni; Mi
Kol V' = Ml-ﬁiu, uf unBevikd 26 Urobéoews, J
v& kelvton & elBelos. AR : —
: Zx. 8

— — = = — -+ =
MM, = (x;—x)) 1 + (Ya—¥y1) J kel MMy = (x, - )+ (s —¥) b
OToTe Katd T § 8, 8& Tpére: :

(%2 — X1) (Y3 — ¥p) — (x3 — X) (Y2 —y) =0,

‘H ouvbikn altn ypdoetar xai ds EEfs :

| B

unl|
(%1 Y2 — ¥1 %) + (X2 ¥3 — ¥y X3) + (%, i—¥x)=0ftor: [x,y,1 | =0
X3 ¥y 1
| % ¥y 1]
"Qote: My, M,, M, ovvevbeioki < | %y, 1| =0.
| X3 ¥3 1

§ 13. IIPOBAHMA. AiSovtar té onpeia A(xy, y,) kai B(x,, y,) rakexpipéva
arinlov. "Eni tob tpfpatog AB vi £bpedij onueiov M, dote :

MA

— =—k=% —1, &mou keR )!ﬂ
MB A
AYEIL. *Ex s Sobefons iodrnTos &me- M
TS
MA = — k - MB = OA — OM — — k (3B — OM1) " B
— OM (k +1) = k.OB + OA ol = X
A Gy DR+ =k Gt +y)+ 0yt +y, 55 5. B

=(k X, +%,) T +(kya+y:)j =
= kxz -+ xl_

== (1) kad y =

ky, + v,
k+1 k- @)

k+1
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LHM. Ak k = 1, of tUmor (1) kai (2) ylvovtar: x = l‘%ﬁﬁ xad

= 2 ;ﬁ kol Ekppddouv &Ti: Al cuvtetaypévar tol pécov ivdg Swaviopa-

to¢ icobvrar @viiotoiywg mpdg to fpabpoiopa TV HPOVOP®V GUVTETOYREVE
v dKpoOV TOV.

AZKHZEIZ

8.— N& 6p1offj & o, doTe T& BrowiopaTa u,(c: 4) kad u2(3 ugi) vé elven Tap&hAnia.

9,— A1 Trolag Tipds TéV A Kol B T SiaviouaTa u(?\—4 p—4) Ko:l vi3A+ 8, 4p—1) elven
foa;

10.— AiSovran T& onueia A(—1,2), B(3,—1) kai I(5,1) xai InToUvtan of gUVTETAYpévan
Tfis kopugfis A Tou -rrapa?ﬂ\r}]\oypé:uuou ABTA.

11.— AiSovran A(3,2) xai AB(S —3) els 1O SpBoKavovikéy CUGTHHG CUVTETGYHEVEV. N&
Urohoytofolv al ouvTeTaypévan ToU B. N& yivy f ypagikd TapdoTacts.

12.— AiSovrton T& onuela A(x,y1), B(xz¥2), [(xsys). N& Umohoyioouv al ouvTETa-
yuéven Tol péoou M Tol Bl kol dxoholBuws al ouvTeTayhéver Tol wévtpou Pépous ToU Tpryc-
vou ABT.
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KE®AAAION II

EIQTEPIKON FINOMENON AYO AIANYIMATQON

FAVTOTHTEZ

>
§ 14. TONIA AYO EAEYOEPON AIANYEMATON.— *Ectwoav V, xal _\72

Blo EAeUfepa Siaviopata (o)., 9).
"Ex ToU TuydvTos anuefou O ToU ydpou &yopev Slo Auieudeias Ox kol Oy

—> -
TapaAAiAous kai dpoppdTrous Tpds T& SrewdouaTa V; kai V,. *H mpokttrrovca

ywvia xOy elven : =
Vi

a) *AveEaptnrog Tis Béoews ToU omueiou O, ——
ke’ Sooval yevien pd mAeupds TapaAAfAous kal
Suoppdtous elvan foa. - y

F AN > > V2

B) Elvan pndév, &v 14 Sioviouata V, kal V,
elvan TapddAnAa kal dudppoTar fon 6¢ mpdg 2 op- K *
8, &v T& SiaviopaTa TaUTa elvon TapddnAa o =»

Zx. 9

kal &vTippoma,
Y) "Avedaprnrog tiig tafemg TGV SiavuoudTwv i/"l Kad _\?,.

"Qote : AoBévrov dbo Savvophrav _V: Kai ﬁ, avnietorygilopev el avra
v yoviav 80 < 0 <2 4pBdv), 1| dnoia kareitar yovie t@v dbo Ehevdipov
—>
Savvopdrov _Vﬁ kai V,.
Mapatfipnoig : Mia Toiaitn yowvia 8 8év elvar npocavatolepév).
§ I5. EZQTEPIKON fi APIOMHTIKON I'INOMENON AYO AIANYIMA-
TON.— Kalopev (cwtepikdv §j dpdpnrikov Ywopevov 8o Savvopdrev tov npa-

yranxdv apBpdv, 6 drolog elvar Toog npdg 1o Tivépevov tdv pnkdv t@v 6o dia-
wopdrtov i 1o ovvuitovov tiig yoviag adtdv.

"Eotwoav 8o BiaviouaTa Vl kal \?; (o%- 9) xal 8 1) yowvia alrév. *Edv
-4
|\—{:| kal |V, elven 1d& pikn 1&v Sicvuopudrawv ToUTWY, T6TE TS ywdpevoy :
o >
[ Vil | Vel owd e R
elvar 16 dowtepikdv yvopevov T&v  Siovuoudrwv Vx Kal \_/?2 kal onueichvetan
dog EEfs :
o e o ol = — —
Vi Vo = |V,| |V,] ouvd = |V,| |V, ouvB €R (n
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>

Tovirein @ lov. “Eotw 0 < & < m, 1) yovia T&v {/’1 = 6’, Vi f)’, OToTE :
o™ e e
a) 'Edv 0B < e 8 — owb >0, kal & e Y

&pa V,. V, Betikodv
y - —> —> —>
'AvTioTpoguws : Eav V-V, >0, ToTe |

Vil | Vylow® >0 f owd >0,

€ ol fmeTan 61 0B < %
Ean d
B) ’Eav

5 << ™= ouwd < 0 xai Vl-\_f’-2 apvnrikov.
” b o=y > = , o =
AvrioTpdgws : "Eav V,V, < 0, té1e | V|| V,ylowl <0 fi owd <0, &

an
— < m
2 ==
y) Eav 8 =

> —>
s = ocuvd =0 kal Gpa V,

V; =0

" > > x & o 4 = o
Av V,V,=0, T6Te TouTo onpaivel OT1 T V, kad V, elvar xéfera (7 evde-
— e > -> > =0 o - = < > — -
xoméves V; =0 kai V, 0 f V, # 0 kd V, =0 |V, =
—>

=0 kai V,= 0).

¥

= -> % ==
, = 0, Téte V,V, =0.

> - = — >
§) Eew V; =0 A V, =0 4 V,=0 «al

-

Bk Tév duwTépw ETETaL OTL:

‘H avayxaia kai (kavi covdikn,iva 800 saviopara elval kabeta &n’ Grinia,
Y 5 p n
#x@paletar S1a tod pndeviopod tod Eowtepikod YIVOpEvoL adTdY.

Avo Tolaita SiaviopaTa 8a kahoUvTal dpboydvia.

-

2ov: 'Emadn 1

To pndevikov duavvopa elva kG0etov npog mav dravvopa (un) E§arpovpivou tod £avtod tov).
=¥ oy
=1ka[j] =1 = 1.] =oub
3ov : 'Emaidf A yowvia 8 elvan dve§dpTnTos Tfis T&Eews TV SiavuoudTwy
= = o o
V, kai V,, EmeTal OT1:
> - o g = =% =% > o=
V1'V — V] ivzl ouwf = !\"2| \\fll ouwld = V‘_"Vl g ‘l'\"t R ‘2'v1'
"Qore : Elg 10 oorepikov yivopevov dvo dravvepdtov ioyber 6 vopog tilg
avupetabioewg.

i
dov : “Eotw Tuxdv Sidvuoua V. ToUTo ué Tov touTdv Tou axnuaTiGel yew-

view 8 = 0. *Apa ouvf =1 kai kat' dxohoubia :
—_ — -y i — —
ViV =| V|- V| ow= V{2 1"'=[V|2
—r —»
fiTol : V2 =|V|2

_ g i - - . e -

Sov : Oswpoupev SUo SraviouaTta u # 0 kai v 0 ypauuikds eEnpTn-
—> -

uéva‘f Ottopev u = k- -

- -
* Alo Staviopara U kel u Adyovtal ypauukds iEnptnuéva, Stav Utrdpxouv Buo mpa-

yuarikol &pi8uoi Ay, A, 8X1 unBiv kal ol &Uo olTews, GoTe valoxin: A 'L_l’-{- Az v=0.
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— —»
‘Eav k > 0, 8Uo dvmimpéowtrol AB kai A;B, T&v SiavwopdTeov TouTwv
elvan TS aUTiis opds. “Apa :
—_ = = - > > -
ywv (u, v) =0 kai u-v=|ul |v|.
> -
"Eav Becwpriowpey &ova rapaiinhov Twpos TO u f) wpds To v, elvan TpopavEs
- — = 3 L b o
Stiijul=ufiul = —u ‘Opoiws ke S1& T6 u. *Apa :

e L.
Uu-v=mu-v-

" " — = g -
‘Bav k < 0, 7oTe yov (u,v) = kai owv (u,v) = —1. "Apa:
- > > >
u-v=—|ul |vl

"Epyaddpevor 8¢,6moos mponyoupéves, elpiokouey &Ti :
i o A S
u-v=u-v-
“Qote: To towtepkov yivopevov 8o ouyypappikdv Swavvopatov looitay
npdg TO Yivopevoy TV arhyeppikdv Tipdv adtdv.
Inupeiooig : "Edv dAAGEwuey THv gopav tvds Tév BiavuopdTwy, TO éowTepl-
KOV yvopevov dAA&ooEl Tpdonuov.

§ 16. OEQPHMA 1.—To tomrepikdy yivopevov Sbo Savvopatov icobrar npog 1o
ywopeEvoy t@v ahyefpik®dy tipdv tod £vog 25 abdtdv Eni tiv dploydviov npoforiv
tob dhlov daviepatog ini dZova tiig abriic
devBioveewg kai gopis pé to npdrov.

» -+ = » -+ g [ 2
Eotwoav OA = u kai OB = v oi &vTi-

= =)

TpéowTrol TV BlavuoudTwv u kal v (ox.10).
"Eotw B’ 1) 6pfn) mpoPoiny Tou B ¢l Thv v ao
efeiav OA. "Emri ToU &Sovos, ToU dmoiou go- L
—
peus elvan 1y ebBeiar OA ko gopd elven 1) ToU SiavUopartos OA, Exousv :
OB’ = OB ow® = v ouvd

Evfa B 1) yowvia 1év Uo BiavuopdTwy. “Apa :

— == > = - >
OA . OB’ = . = 1 =ML
“QoTe :

"Ecv dhAaEwpev T popdw ToU &fovos x'Ox, TO ywopevov OA - OB’ péver
GpeTEPANTOV. “Apa, olabiTroTe kal &v elvan Popc ToU &Eovos x'Ox, B Eycopey :

=y i SRR TR S —

u-v=0A- OB = OB . OA"
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§ 17. IOPIXMA L.—To EowTEPIKOV yIVopE VOV dbo Slavvopatmy div petaparhetal,
tav Ev 1@V dlavuopatoy aviikatactadij Ono tijg 6pBiic npofoiiic tov imi TOvV Qopia
B ol dihov.

/ OUTess, eis 16 (oy. 11) Exouev :

s e A
5 ro ., AB.OF =AB, OF =AB,OF.
T A, GEAT Eqv 16 A (7| B) petariferon émi &mime-

Iy 11 ar
X: Sou kaBéTou Trpos TO Sidvuopa OF, 16 Eow-

—> =
Tepikoy ywopevov AB - OF péver duet&PanTov, 16T T& A, kai B, pévouv
oTabepa.

§ 18. [MOPIZMA II.— "H akyeppixn) T tijg 0pOijg mpoPoliis Evog draviopatog
#mi GEova elvar 1o EomTepikov yLvopevov Tob Sraviopatoeg 1o0Tov kai tol povadiaiov
Sravoopatog tod GEovog TovToL.

—_—p
OUTws, kv gis 1o (ox. 11) elven | OF | = 1, ToTE :
A R RS R S
AB . O = A B, - OI' = AB,

§ 19. IIOPIEZMA III.—"Eav 10 £v 1@V Slavuopdtov Ecoteptkod YLVOpEVOL oA~
raniacracdii ini tov npaypanikdv ambpov K, tote €0 20WTEPIKOV YIVOREVOY TOV
800 Srayvepatov rorierhacialetar ni k.

- > - -
Anhadry:  (k-wyv=k(u-v) (TMpooeTaupioTIkh s Tpos Tov k).
‘H &médBafis ik ToU dpiguou.

§ 20. IOPIEZMA IV.—'Eav k;, k; € R, va anodery6i dm :
(ky - 1) - (kg ©) = Ky - Ky (U - V)
‘H &méddafis éx ToU dpiopou.

- —-
u-

=5
§21. OEQPHMA.— Na drobeugdfi 61 : 1 (4, + v) =

= - =
V; + Uy

- = .
*Anodertrg : "Eotwoav OA = u, OB = v,

v

= -3

kel OF = v, oi dvmimrpdowTrol TéY Siavuoud-
72, ] = 2 ! > o

Twv u, v; kai v, GvTioToiyws. "EoTw 611 :

> o —
0z =0B +0r
"Eav A, E, Z elvan o 6pBai rpoPoiai Tév
B, [ kai = &mi Thv edfeiav OA, Tiis omolag
gopd elvar i pop& Tou SiavlopaTos CTA, fa
EXWOUEY :

- — - - = — i
2, +v) =0A -0 =0A.0Z -(1)
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"Emeidn) 8t elvor OZ = OA + O, 4 (1) yiveton Bdoa kai THs EmipepioTikis
ISLOTnTog TOU TrQ?\ [ouwol G5 pos THY Tpdobectv peTaly 'r'rpa’yuu'nkcov &p1Bpdov :
(v, +u,) —OA - (O& +OE) =OA.OBR +OA-OE=u-v; +1u v,
- > > > >
fiTor : u- (ul+u,,_)_u v +1a-u,-
*H 1816705 alrn xc:)\srrou tmpeprotixi.
L S - > -> >
[Cevikevog : Elven : u Fu=u-y+ua-v+---4u-u,.
1
FevikcoTepov &mrodeikvieToan 611 :
> - - - - > - =
Bavu =u; tup + - 4uy kalu=vu fu, 4. - - +u,
TOTE : :'L’_Zu, vi,Bai=1,2,3,..  ,uxalj=123,. ., v
lov : ‘Ouolws tpyalduevol, elpiokouey &T1 :
-+ > > > - > e e R S S
Utvtv) =u- [+ Utv)l=u-v+u- (Y+u)=
> > > > > >
=Up Uyt U - U0y
2ov : Awk v eUpoopev TO yivdpevov : P — (,__,:+ ‘;:) : (:.: He G:+ J;)’

-> > -3
Bétousv u = u; + u, kal Exousv 510(80)("«7:5
— > > > >
P=ws (\J1 +u,+u,,) = u u1+u Vg + U - uy=
== (“1 43 “z) v+ (ux 7 i “2) Uz+ (ul‘l" us) V=

> > > > > > > > > 3 3
=Up -Vt Ut U+ Uyt Vg Uy - Uy, v,

3ov : EUxdAws dmobeikviovtan al lodrnTes :

s - > > > >
@+ vP={u]®4 v+ 20-.0v
e = =y — — —-> >
(u—-v)’:\uﬁ—{-}u;,’—Zu‘v
> e > -
(ﬂ+°) @—-v)=|uff-|v

FEQMETPIKAI EGAPMOTAI

. — Tpiywvov elvar dploydviov, Gtav, xal pévov Brav, 1d tetphyavov g
rlevpds tov looltar mpdg 1o i0potopa 1@V tetpayd@vov 1@y 5bo EALomv Thevpdy Tov.
Tp&rynoaTt, fotw 16 Tplywvov ABI (oy. 13). O elvea

- o > e o
AB + Bl = AT = Bl = Al" — AB.

—> o — — - >
"Apa : (BM)2= (AT — AB)2= (AT)? - (AB):— 2 AT - AB
—» =
A Br2— Ar? 4 AB? — 2 AT . AB. (1)
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— -
: Al-AB=0

a) ’Edv To Tpiywvov ABI elvan opBoycoviov eis 10 A, TOTE

kol 1y (1) yiveton : BM2= Az AB2

B) ’E&v 1o ABT eivan ToioUToy, ate BIE= A2+ AB?, 1 (1) ypagetan

> — > >

2AT - AB==0 f§ AT - AB=0 = Al L AB.
HB . HI (efs v &molav H elvon & woUs ToU

I1.—"'H oytowg AH?
Uyous AH Tprycwvou ABI) yapaktnpiler 10 tpiyovov opBoydviov tig 1o A.
TMp&ypaT, olovdnmoTe kai &v elvan 0 Tpiycwvov ABT, émeidn AHLHI elvat

e —
AH -HC( =0

A
— > I
kai BH-HF=(8A+AH) HI
—_ - —_ —_> —>
—BA.HF+AH . HF —BA - HF
— > > > = == —>
B " =BA.(HA+AT)=BA.HA+BA . AT
— > > > > =
ftor: BH.-HI =BA.HA+BA- AT (1)

Zy.4d3
o) "Edv A= 90, téte BA - Al =0 xai # (1) yiveren
BH . HF = BA - HA— (BH + HA) - HA = BH - HA + (HA)?

AM& BH L HA, &paBH - HA = 0, émoTe
BH - HI = (HA)

kal &meldn Ta a-’{ kad l:I: elval ovyypapuikd, ETETan
HA:=BH-HI # HA*=— HB.HI
BH - HT. *H loo-

B) Oewpoluev Tpiycwvov ABT, es 1o dmoiov elven HA?= BH - HI

Tns aUrn looBuvapsl wpds ThY
"HA=BA HA (2)

— — ) —
BH . HF — (HA)2 = BH - HA + (HA)?= (BH + HA)

SuykpivovTes Tas (1) xai (2) Exouev
BA.AT=0 =+ AB L AT.

AZKHZIEIZ
13. Els dpbokavovikdv ouoTnux &Edvwy elvan
- - - R
u (4,3) u (=3,5) u (3.7) N& UmohoyioBouv al ouvtetaypivar Tou d&bpol-
— — - - > =
v (1,—4) v (—4,-2)| v (-2,-T) opatos W = u + v

364
WneionoiBrke amod 1o ivotirouto EknmaiSeuTikrg MoAmkrg



14. Els SpBokavovikdy avoTnua &fdvwv Bidovtan :

> e >

u (5,~2) u (2,6) u (-7,4) kal nTeitan v UmohoyicBouv al ouvteTaypéva.
- - > > > >

v (—1,4) v (1,8) v (=5.4) Tiis Biagopads W = u — w.

15. Els tetpdebpov ABIA va dmobery8i &t :

—_— — =3 — — — — — —
lov: Br-AA+TA.-BA+4+ AB.TA =0 (8cate AB= Al+ 'B)

20v: 'Edv al dxpal B, AA elvan dpBoydovior kal TA dpBoydvics rpds Thv BA, TéTe kal 1y
AB 8a elvan pBoydovios Tpos Thv A,

16. Tpiywvov elvan dpboydoviov, dtav, kal pévov &tav, pla Bidueads Tou elvan 1o fuiov Tiis
dvmigToixou TAevpds.

17. 'Eav AH elven T Oyos Tprydovou ABT, ai oyéoes :
Br-BH=BA" 4 TB.TH=TA
xapaxtnpifouv 16 Tpiywvov épBoydviov els 1O A.
18. Els wév dpboydoviov Tpiywvov ABIM (BvBa AH Uwos) va dmoBeixdf éi:

HB AB? 1 1 1
lov: AB . AT = Bl . AH, 2°""ﬁ.'—‘=—Tr_=' 3OU'W+W’T=KH—‘ (al &mo-

Bei€ers va yivouv BiavuouaTikés).
19, ’Eév AM elvan Bi&uegos Tou Tprywvou ABI, ToTe !

lov: AB? 4 Al = 2AM* 4 B; (BrovuouaTiKGs).

20v: AB?— Al'* = 2BF - MH (AH Oyos).
20. Eis mav Tpiywvov ABI va dmobex8f] Biavvouarikids éti:
a') o = P? 4 yt— 2PyowA, p') P* =y?+ a’ =~ 2yaouwB xal
Y") y'= a4+ p*— 2apowl.
21. ’Edv H elvan 1o dpBixevrpov dvds Tprycovou ABI kal AA', BB', I'T" t& Iym adrrob
e —h = Sy s
lov) Mofa # mph ToU BH-ATl; 20v) N& Bexdfj émi:  A'A-A'H = —A'B-ATT,
dov) N& Beiy8ij &T1:
il e e 22 by et ad idve s pfyspe wass
HA.HB = HA.-AA’ = HB-HB’ «al HA-HA’ = HB-HB’ = HI-HI™".
22. ’Emrl méas ebBeias Bibovron Ta onueia A,B,I" kal M &\Ao Tuydv onpueiov, Tou dmolov EoTw
H # mpoPoAd trrl Thv evleiav AB. N& dmobey8ij émi:
MA3 . BF + MB2.TA + M. AB+ BF- FA . AB=0 (Stewart).

=5 —> T T b < s
23. ’Eav |u| = u, |v| = v kal (u, v) = 6, v& UTmoAoy196] TO ywduevov u - v el Tas &-
koAoufous TEPITITLOEIS

u=7>5 u=12 u=15 u= |17
lov: v=T 20v: v=18 3ov: u:—; dov: u=T712
6 = 30° 6 = 60° 8= 1500 & =1350
— — —_ = —
24. Elg 8pBokavovikdy auaTnua (O, 1, j) vé& KaTaokevaoBolv T& SiaviopaTa u = 14 i kal

- = — : ) —
u=1—j. "Axohoubws va eUpeBij TO yivouevov u

«\? Moiav iB16TnTa TdV BiyoTduwy ywvias
traAnBevopev dvroauda ;

365

WnionoiBrke amod To ivotirouto EknmaiSeuTikrg MoAmkrg



§ 22*. EEQTEPIKON I'INOMENON AYO ATANYEIMATQN.— Kahopev &-
- - ;
Ewtepikdv yivépevov dbo Siavuopdtov u kai v (tpocavatoliepivev) 1o dphoydviov
— - —
Suavvopa w ntpos tag SievBiveerg T@V S0Bivimy, towoltoy, date 1) tpiedpos (u, v, ;)

- —
va Exq tov Oetikdv nposavartoliopdv, £’ baov (u, v) = Betikd], 1OV dpvnuikdy 8E

— — - —_— - =
v (u, v) = dpvnrikn wai pétpov |W| = |u| |v| nuo (1), Evla 0 1 yovie tGv u, v

5 kai 0 <0 <.
3 e "Edw 0=07 8=, Té1e nud= 0 xai & TUmos (1)
W T
Tw \ 5ider ;:8
o) ZUpgwva pt Tov dpiopdy elvar : 1 o= —:_l;

AnAadty eis TO EwTepikdy yiwopevov BUo SiavuoudTwy
dev foyber & vopos Tiis dvTipeTadéoews.

B) E&w 6 =0 1} & =, 16Te nué =0 kai &pa

ST — — -  — - —
w=0 kai &vrioTpdgws.”Avu # 0, v # 0 kal w=0,
ToTe MuO=0 kol &pa =0 A 6=m. “Qore:

Iy 14

“Iva 800 pi pndevikd draviopara elvar ovyypapr-
k@, npirer xai apxel 10 {{mTepuxov yvopevov abtdv va elvar 1o pndevikov Sa-
vuopa. s

y) 'Edv 8= %, T6TE MO = 1 kad &pa: |w|

AnAaBh: “H d@hyeppixi] npty tob Emtepikod yivopévov dbo xabérov diave-
oparov ioobtar mpdg to yivopevov tdv dhyefpikdv tpdv td@v dobiviav Siave-
opdrov.

— PR e - - —

§) 'Eevu =0fvu =07 nud =0, téte w = 0 kal &pax [w|=0.

*Apa: To tEmtepukdv yivopevov dbo Sravvepdtwv elval pndiy, §tav xai povoy
dtav, Bv tobhayiotov 1oV Savuopdrov elval 10 pndevikov diavuopa i drav ta dbo
Swaviopata elvar ouyypoppikd.

€) Elg o wtepikdv ywépevov SiavuopdTwv loyler & EmpepioTikds vouos

s Tpds THV Tpdabegiv SiavuopdTwy. ’Atrobeixviopevy ToOV véuov TouTov Sid
—_— — —
Tpla TUXdVTa BraviopaTa V;, V,, V.
Xeopls v& korraoTpagd] f) yevikéTns, Suvépela va Umrobiowuev 8T T Siavi-

— —
=|u| [v].

— — — X £ ) —
ouara Vy, V,, V;, Exouv kowhv dpxiv O, kal 671 16 Sidvuoua 'V, elvat 16 povadi-
aiov.

Ottopey S = Vy + Vg kel W = V;- (V3 + Va), (0. 15).

Bcwpolpey T Emimedov (P) x&BeTov émi 1o .\7: els 76 O kai EoTwoav \_;,. Us,
5 d 8pBal mpoPohal Errl o (P) T Vy, Vi S dvTioToixws.

* *Edv & ypbvos Bev Emapkei, Bivatal & Bib&okwy va T Tapaheiyn.
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— - b
lov : Kataokeudlopev 10 Bidvuopa W, = V;-V,. ToUTo &xel, G5 yvwaToy,
—
W,

V.
8

’ Y A e
elvon kdfetov pos Ta V,

—— -

BietBuvov ké&deTov Tpos T& V, kal V,. "Apa To
—

kal v, Kat” drooubiav : A
w—rp —y —— xR ]
|Wyl=]Vy| | Va| nu (Vi Vo)

— s
AMAG | V;| = 1 kai vy elven /) SpBo-

yovios TpoPoAf] ToU V; émmi 16 (P).

— —_ —
Tuvendds: | Wy |=|vy| xad 16 W,

-
TpokUTTEL £k TOU U, B1& OTpogiis

meph 6 O xaTd yoviay —
€p KOTQX YWVIa o E

2o0v : Kard Tov adrrdv Tpdmov kaTa-

: ; W—V.V £x. 15
oxeuédopev TO Bidwwopa Wy=V,-V, X
MbATT ; xS = ; ; ; L
kad 1O W, TpokUTrTe £k ToU vy 81 oTpogiis mepl 10 O kal katd ywviav 5

3 e ol Ly = B
3ov: Kataokeuddopev 1o Sidvuopa W=V, - § kard Tov Trpomnyoupéves

— —
txTedévta TpdTov. Té W mpokiTrTer & Tol s Bik oTpogfis mepl 16 O ko

ot
yoviay -
- — — —_ — . — — — — —
AME TO s =Wy + Wy "Apa W=wy+wy=V,; - V,+V, - V3
. —_ — — —_ — —_— —
n Vi-(Va+ V)=V, -V, +V, -V,

‘H dvwtépw 1816Tns yevikeletan : OlTw, B elven :
—_ —5 — — —> _— —3 — — — —p —% —s —F — — —
(Va4 V) (Va+V+Ve) = V- Vot Vi - V-V, - VstV - VitV Vh¥y ~ ¥

Xpfiols ToU wTepikol ywopévou ylvetar els Thv Guaikry, kai &7 eis 1O Ke-
pdAciov « Tepi porriis Suvduecov ».

Inueimoig: To EowTepikov yiwoéuevov Buo BiavuoudTwv elvan Tpary paTIKOS
&p1Buds. “Evdd 1o tEwTepikov elvan Sidvuoua.

"Erre1dn) |_u'\ E:bi nud elvar T éuPadov Tol mapaAAnioypdupov, STep

- = —_—
txel Theupds u, U Kol Tepiexouévny yeviav 8, Emetar 811 1O | W | elven 10 éupa-

Bov ToU TapaAANACYPEUUOU TOUTOU.

§23. ANAAYTIKH EK®PALIE TOY EZQTEPIKOY TI'INOMENOY AYO
AIANYIMATON.— “Eotw xOy (oy. 16) dpBokavovikdy oUOTNUA OUVTETOY Pé-

— -
veov. AnAaBh T& povaSiaia BiavUouata 1 kal j Tév &Eévev Ox kai Oy Exouv

16 aUTO pfkos 1 kai elvon xdfeTa.
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Kotd & yvwoTd
- e e
11l ji=1 wal e =0
“Eotwoav X, Y kai X, Y, ai cuvteTayuévon mpofolal Tév SiavuopdTav

) Sl - i .
OM = u kail OM; = v ToU t¢mmedou xOy els T Bewpnbiv oloTnpa.

Mveopilopev 611 :
Y

- — - — — -

u=X14+Yj) kal uv=X;1 +Y,].
"Apa :

= = — — — —

U= (X1 4YD) (X + Y =

B,

— — — —
B = XX, 4 (XY, 4YX,) (- §)4YY,
i ¢ oU:
J P e A
5 * 0e =Xk T i)
Zx. 16 AnAadn : To Eowtepikov yivope-

vov d0o Sravvopdrmv icobtar npog 1o
GBporopa TV yivopévav tdvV dpevipwy cuvietaypévov tpofordv albtdv.

Zovérewm : "Exk T&OV dvwotépw EmeTon 611 :

lov: [uP=XX 4+YY =Xt +Y2, £ ob: |u]=VEFY (2
2ov : ‘Emaidn ; i J-r_;i im owvl, EmeTon 8T :
—_ -
Pt St QY oY = (Al BV 3

g “r s ¥y

§ 24. ZYNOHKH KAOGETOTHTOZ AYO ATANYIMATON.—'Edv T& Sia-
vuopaTta elven kéleta, ToOTE -1_1' gt 0 kai iy (1) Tfis (§ 23) yiveron :
XX, + YY; = 0.
‘AvTioTpdguws, gav XX;+ YY; =0, TéTE, &v u # 0 kai v #0
— — ™
u~v=0 A u-veu®=0 H ouwl =0, ol 0 =i
"Qoe : Eig 10 dpBokavovikdv chetnpa cvvtetaypévay, 1| dvaykaia kai ikaviy

— -
ouvOikn, iva §0o pi pndevika Sraviopata u (X,Y) xai v (X,Y,) elvar kaDera,el-

vat 1: XX, + YY, =0

368

WnoionoiBrke amod To ivotirouto EknmaibeuTikrg MoAmkrg




§ 25. ATIOLTAZIZ AYO IHMEIQN.— Eis fva ¢pBoxavovikov oloTnua auv-
Tetaypévev xOy (ox. 17) Bewpolpev BUo onueia A (x4, y,) xai B (x5 ¥,). Al
guvTeTaypévar TpoPoAai Tou Biavigpa-

1
TOS A_[; elven ¥
X=x—% kai ¥ =y,—¥;. e et
’Emre1dn 8¢ : [HOL9) o jom L5 C
ABt= Bt = X2+ Y= (xm 1)+ (- 11)* -4 | :
EreTan OT1: XN e =MKs) ¢l ’
[} . : x b
1AB|*V(X2“X1)2+ (Y2 — Y1) o) [ o == =
’Edv Tebfy |AB| - AB=d, ToTe : Ix. 17

d = Vix; —x)* + (y2 — ¥o)*
‘H &méoTaas tvds anueiou M (x, y) &mo Ty dpxnv O (0, 0) elven

OM = Vx4 y2
§ 26. HMITGNON THE I'QNIAE (mpocavatoliopévns) AYO ATANYIMA-
TOQN.— “YrroBéTopev T oUoTnua TéV &Ebvwv dpbokavovikdy Kol Tou Trpogava-

TOAOUOU : (T, T) =+ -1—;— *Eotwoav a, B, 8 al dhyePpixal Tl TV ywovidy

— = — = - =
(0x, u), (0x,v) xai (u, v). B&elvan (ox. 16)
® =P —a xai nud = nup ouva — nua ouvp n
AMG: X =O0OMowa X, = OM, owv P éméTe ) (1) ylverou :
Y=0OMnua Y,=O0M; nup
= XY, — XY % g XY, -X,Y
OM<OM, Veery: . Vxi+ Y}

ElxdAws Tpa &mobeikvieTtal 671

Ky YYD 4 (XY = X Y)R (X34 Y3) (Xi+ Y1)

)

nu2 8+ ow?f=

KErYD) O3+YD O+ YR) X+ YD)
, XY, —-X,Y
Kai epl = __XK1+ Y,

- —
“lva B¢ T& SlawlopaTa u kal v elven TopdAAnAa, dpkel TO MU 6 va el-
var pnBév. AnAadn
X s
XY; = XY =0 <= —Xl—:Tl

TouTo bucws dreBeiydn kad els THv (§ 8)-
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ALK HZIELE

=
25. Els dpfokavovikdv ovotnua guvrteTaypéveov xOy §iBovtan & Siavbouara u (X, Y)

kad ? (X Y1), N& UmodoyioBi] 16 éowTepikdv yivdpevov alTdy, To ouvnuitovov, Té fjultovoy
kal 1 yovia Twv els Tas drooufous TepiTTWOES

&) “u.f53) %l v (6,10 5) W (24) xkad v (=3)Z~1D)
By W2 xa v (-3 &), u(ep) K Y (=B, ka)
¥Y) 5@ kv (_% Tﬁ) } o) U (34) xal v (5.13).

26. Els épBoxavovikdv aUoTnua ouvtetayuévev BiSovten T& onueia A(0,-2), B(=2,-1),
1(2,2). Elvan époydviov 16 Tpiywvov ABT ;

27. To aimd B T& onuela A(4,0), B(=1,0) I(0,2).

28. Na &moberydi) 611 7& onueia A(4,0), B(7,8), I'(0,10) xal A(—3,2) elvarkopugal Tapeah
uov (oUoTnua dpbokavovikédv).

29. Na& dmobey8ij &1 t& onuela A(8,0), B(6,6), '(=3.3) xal A(—1,—3) elvan kopugal &p-
Boywviov. Toia T& unkn Té&v Theupdv alrol ; (oUoTnua dplokavoviké).

30. N& &moderxbij 6T T& onueia A(10,8), B(—3,9), M(—4,—4). xal A(9,~5) elvai kopugai
TeTpaycvou. N& Umodoyiofolv Té ufikn T&Y TAEUp&Y Tou, T&V Biaywvicy Tou, al cuvteTaypé-
van Tfis Toufis Tdv Siaywvicv Tou kal va Seixbi 6T al Biaydvion SixoTopoiv Tds yewvias Tou
(ovoTnua SpbBokavovikéy).

31. Na dmobefij ém1 t& onueia A(=3,~7), B(0,—2), I'(6,8) xkeivrean br’ elBelas (cuoTnua
SpBokavovikdv).

32. N& &moberx87j &1 T& onuela A(—1,—3), B(8,3), I'(3,4), A(0,2) elven xopugal loooke-
AoUs Tpameliou (oUoTnua dpbokavovikdv).

33. Na ép1ofij & x, dote T& onueia A(x,—3), B(1,1), M'(—4,3) v& xeivran b’ elelas (oU-
oTnua dpfokavovikdy).

34. Els dpboxavovikdv ovuoTnua owvtetaypévwy xOy SiSovran T& onpeia A(3,8) kal B(2,—3).

—_— —
“lva onueiov M ketrar ¢l ToU kUKkAou Biapétpou AB, mpémer kal dpkei: MA . MB = 0.
35. Els dploxavovikév oUoTnua ouvtetaypévwy SiSovtan T& onuela A(0,3), B(5,2) xal [
—
(=3,7). “lva onueiov M keitan £l o Oyous AH,, Tpémel kal dpxei AM . -B_I'. =0,
36. Aiovton T& onueia A(—2,—2), B(2,1), (0,2). N& amodeixfi 61t TO Tplywvov elvan

SpBoydviov, v Umoroy1o8i] T wijkos Tiis UoTevolons, kaBdx Kal TO ouvnuiTovov s GEeias
ywvias altoU.

AAAATH AZONQN

§ 27. TIAPAAAHAOL METATOIIIZIE TOY LYLTHMATOL TQON AZO-
NQN.— GewpoUuey dUo ouoTiuata TapaAifiiwy &évev xOy kai x,0, v, kai
UtroBéTopey 61 T& povabiaia SiavUouaTa Tdv ddvev Ox kai O;x, elvar loobu-
vapa, kabds kal & TGV &Eévwv Oy kai Oyy;.

“YrroBéTopey émions yvwoTds Tas ouvTeTaypévos (X, ¥o) ToU O;.
O& Eywuev TOTE :
— — -
Q0= X095 (n
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"EcTtwoav (X, y) ai ouvtetaypbvon Evds anueiou M ToU émiméSou g Tpos
&€ovas Ox, Oy kai (X, Y) ol ouvretaryptvat Tou M dos Tpos &€ovas Ox, kad Oy,.

O& elvan : y
— = - Sl -
BM= %y T O oM Ty T M e
—_ XY
"AN& OM = 00, + O,M 4) M |xy
‘H (4), pdoa &V (1), (2) kal (3) yiue-rcn

-

A
xl+y]*x01+y°]+X1+Y]— "1“
O

0 &
:(x0+X)1+(yu+Y)l TS e
ol x=x4X xkal y=y,+Y, i
€ oU méAw : : =
ol 1

X=x-Xx, X=X+ X
Y=y-y, Y=Y +Y Zyx. 18

§28. L-TPO®H TOY OPOOKANONIKOY ELYETHMATOZ ITEPI THN
APXHN O.—"Eotw xQy opfokavovikdv cloTnua cuvtetaypévwy (ox.19) kol
M (x, y) Tuxov onueiov Tou émiméSou.

Té glotnua xOy otpépetran Tepi 10 O
kaTa ywviav 8 kai Aappavel Ty Béow x,0y,.
“Eotwoav (X, Y) of ouvTeTaypéven Tol M ds
Tpos TO ouoTnpa X,0y,;.

"Ayouev ThHv BA k&Betov mpds ThHY Ox
kal THv Bl kdfetov mrpods ThHv MA. O elvan

I"/I‘\ZB=6 Kai
i:ﬁ:@—ﬂ:@ﬁ-ﬁ': Ix. 19
:OBGWB—BMnuG:che—-'YnuB
Kai y=m=ﬁ+r_ﬁ=lﬁ+r_M=(ﬁ-nue+mwv6:XnuG+Ycrwﬂ
X=Xouw0—-Ynuo } o
y=Xnpo+ Youv0

“Apa :

AUovTes TO oUoTnua TouTo s Tpds X kal Y elplokopev :
X=xouv04ynuo @
Y=—xnpu04youvl

Mopaderypa : A 6 =%. oi Tumor (1) &iSouv

xz—}g—_g— (X =Y) kai y:%(X—#Y)
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kal of (2) &iGouv: X =TV2_ (x+y) xai Y=——V2£_ (—x+y)

Enueioog : XPHEIMOTHE THE AAAATHE TON AZONQN,.— lMvwpifopev omi, els év
oUoTnua ouvTetaypévey xOy, & yewueTpikds Tomos TGV onuelov M (x,y), ToloUTwy doTe
f(x,y) =0 elvan, yevikéds, pia xapmidn (), kedoupévn ypaonue Tis E§1owoews f(xy) = 0.
‘H tElowors altn dvoudletar éEicmog tiig kaproing ().

M Tiis dMAayfis Tév &Eéveav 1) Eficwats alTn ueTaoxnHaTieTan els piav EAAnv f, (X, Y)=0.

*Edwv 1) tigwots alrn elvon &mhovoTépa Tiis TPWTNS, ) KaTaokeur) kal f) ooudt alTiis TS
kautUAns (M) B& elven edkoAwTépe.

Mopaderypa.— "Eorw x2+ 2xy + y2+ V2 (x —y) = 0 1 #lowas wds kapmins ()
els TO dpBokavovikéy ouoTnpa cuvTeTarypéveor. Na oxnuariodi f éicwais Tijs (I) eis T ovo-

£
pa x,0y,, duoAdyou ToU TpwTov, S1& oTpogiis mEpl TO O, kaTd ywviay 3

‘H Bobeioa fiowots ypégetar: (x + ¥): + V2 (x—y) =0.

AUTn Pdoer oV X = -V-zg- (x+y)xa Y= Vg (—x + y), uetaoynuaTileTan el THv Ei-

cwow Y = X? gig TO véov oUOTNHG, Kal TOPIOTE, G§ YVwaTdy, TapaPoirv.

AZKHZIEIZ

— — — —
37. Afsetan Tdo oVotnua (O, 1, j ) kol 76 (@, 1, j ), Tou dmolov al ouvreTayupéven
ToU w elvan (X,,¥,). Na& Urohoyiobolv al ouvtetayuéven (x,y) évéds anueiov M, ds mpés 16 dp-
¥1kOV oUoTnua, cuapThoa TdY viwv ouvTtetaypbvwy (X,Y), els Tds droAoUbous mepimrTdoes :

: X =Yi=10 2. Xpg=Yo= 3 xy=2,57,=0
— - — - o - = 1 — - = = =
I=24 3=23j I=-4,, d=5} I=1, J=]j

4 Xo=Yo=10 5 X=0,y,=3 6 Xp=1,yo=-2
- - - - - - = -

I =14 I=1 I=1-2j
- — — — - — — — —
J=1-j J=21-3]j J=21-5]j.

38. 'Opfoxavovikdy cUoTnua owvtetaypévewy xOy oTpépetar kata ThHy &pbhv popdv xai
katd ywviav 8 mepl 16 O. N& UmoloyroBolv al ouvtetaypbvan (X,y) dvéds onuelou els Td Tarandy
oUgTnua ouvapThgel TV véwv (X,Y), els Tas droAoubous TepiTTaoEs :

b= e e=3¢¥

1 ﬂ=% 2 e=_231 3 ef.,i;'.
T ™ S5
D il Gl v
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KE®AAAION III
H EY©EIA EIZ TO EMINEAON

ESIZNZIZ EYGEIAZ

§29. Eis 10 kepdhaiov ToUTo O dvalnThowuey ThHv dvaykafay kal ikaviv
ouvBfkny, THv omolav Tpémel v ikevotololv ol cuvTeTorypéval HETQPANTOU
onueiou Tou EmmESou ¥Oy, Tva Td Zdvohov TV onuelwy TolTwy elvon eddela.

‘H ouvlnikn alrn dvopddeton Eiicwag tiig ebBeiag &ig 10 Kapreawavdv tolto
¢ninedov,

Mia ebfeia elvan dpiopévn B1° tvds TéV onuelwv Tng xal dvds SiaviouaTos
rapaikihov wpds THY edfeiav (Sievbivov Suavoopa) fi ki Six Sbo Sroxexpipé-
vov onueiwv Tns.

§ 30* AIANYEIMATIKH EZIEQEIZ EYOEIAL.—Aocbévtos otalepou onueiov O, ToU xeo-
pou, T6 &moiov kaAeiTon a@pyi, els w&v onueiov M Tou xwpou Buvapeba vd &vTioToryiowpev:
lov: To EAelbepov S1d:vucruu:l>, Tou émrolou els dvmirpoowros elven To EpappoaTov Sidvu-

=l —» =
oua OM (OM =u) (ox. 20).

=5
= 2ov: To Sidvuopa OM Tpds TOV touTdv Tou.
U
/ J *AvTioTpégws: Els mdv tAeubepov Sirdvuoua G: 7| els mav
-
onueiov M, dvtioToixel &v tpapucoTov Bidvuopa, OM, xai &v
0 povov. OUTws Opilopev :
lov: Miov d&ugipovoonuavToy &melkévioly ToUu ZuvdAou
TGV gnueiwv Tou Ywpou &l Tou Zuvddou TRV EAeuBipwyv Sia-
0, VUOHATWY TOU,
Zy. 20
2ov: Miav &TEIKOVITIV GUPINOVOCTIHOVTOVY TOU ZuvoAou TGV onueiwy Tou ywpou émi Tou
Suvéhou TéV EpapuooTidv SiavuoudTay, dpxis O.
—
To tgappooTov Srdvuopa OM xadeitan Swavoopatikn axtig Tou onueiou M.
*Alhayn tiig apyiis. “Eotw O, uia véa dpyn (ox. 20), dpriopévn, dx pods T O, Umd Tiig
=
BiovuopaTIKTS TNS QKTIVOS 6’01. ‘H véa SravuopaTikh dxtis O;M Tol onueiov M ouvbéeTan peta

—
THs Tohads SiavuouaTikfis dxtivos OM Bid Tiis oyéoews:

> - — — - o

O,M = 0,0 + OM | oM =OM—00,

* 'Edv & ypdvos Biv Emrapkei, Slvatar & Sifdokwv va TS Tapakeiym.
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Awevvopaniki Egicwoig eddeiag (8).— MapioTduev 51k Tol O THY &pyhv TV Siavuopdeov
kal Siakpivopev SUo mep1TTOOES:

Hpérn nepintoog: *H elbela (5) elven dpiopévn B1° fvds onueiov A kal ToU SieubivovTos
-
SiaviopaTos u.

‘H elfeia (8) elven 16 Zvoov Tév onueicov M, To10UTWY, MoTe T& SlavouaTa f?M chl_;
va elvar ouyypappikd, AnAadh TolaUTa, doTe:

— — ey
AM=2Au (AER) u
—_—
— g — -
i OA + AM =0A + Au {
— — - ™M
OM=0A+ru (l) (A€R)
'H tfiowois (1) xaheitar Siavvoparikn
rnopapetpikn EEicwoig tiig evleiag ().
0]

A B (6)

’E&v T onueiov A oupTtrriTtty ué 16 O,

A (1) yiveran: Zx. 21
- -
OM=1xu (1)

* Aevtépa nepintwoig.—Eddeia épiiopévn dno Sbo onpeiov: ‘H edfeia (8) elven dpropévn
Six 8uo onuelwv, A kal B (oyx. 21).

Té Sidvuopa AB = 68 - SA elvan 16 SieuBuvoy Sidvuoua Tiis (8). "Apa Exel BiavuouaTiky
ticwov:

— — — . = - —
OM=0A +A(OB—-0A) A OM=(1-%) OA+ 1 OB (2) (AER).

‘H (2) Blvarar va ypaof] UTTd oupHETpIKWTEPWY HOP@TV:

— — —
(2) OM=0aOA +BOB, it a+ pg=1.

"Ex ToU Beutépou pihous This (2), Emweidn elvon ypappikl ouvépTnols ToU A, TpokyTrTel
Gpecws 611 TO ZUvodov Tév onueicov M Tol Tufiuatos AB dvtioToiyel els Tipds ToU A, ToiadTas,
wote: OKA ToUto Ekppddopev kod dos Efs:

M € AB<=-2A€[0, + 1].

§ 31. MAPAMETPIKAI ESIZQEEIE EYOEIAL. — A’) ‘H elfcia (5) dpiletan

&md 1o onuelov M, (X, ¥,) kal ToU Sieubivovtos SiaviopaTos u (o, B).
“Ev onpeiov M (x,y) ToU &miméSou B Kei-

Tou &l Tijs (B), 6Taw, kai povov Stav, Exwpey y
*szﬁ; snmsfl o L% g
(x=x)t+(—Yo)] =A(ar+Pj) My '
s X=X, +ak e i Mo(xals)
(1) [y=y0+“ (AeR) y ci . \1

Ix. 22

* 'Edv & ypévos Btv tmrapkel, Slvoaron & Bibdokwy va& TO Tapoheiym.
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Al Eocosis (1) kohoUvTon napapetpikai EEohoeig tijg eifziag (5).

Mepikai nepintdoeis : "Edv a=0, 1é1e x = X,, kai 1) eUfeia (8) elvon mor-
pédAnAos mpds Tov &fova Oy (ox. 23a).

"Edv P=0, TéTe y= ¥, Kai f} elbeia (8) elvan moapddAnAos mpos Tov &fova
Ox (ox. 23).

%

Of &piBuot o kai P kaBopilouv THy SiedBuvaw Tfis elBeias kad 10 u (o, P)

elval TO gaetBepov Brévucpa.

Y
M o B (xbgi)
u M(x.y)
Mo A (X0,Y0)
X : -
(o) Po )
Zx. 23 Zx. 23a Ix. 23p (8)

Mapadevypa : ‘H evfeia (8) 1 Siepyopévn Si& ToU onueiov My (—4, +7 )

kol dpilopévn Umrd ToU SievBivovTos SioviouaTos :I (=2, 3) Exel TaPAPETPIKAS
tE1000ES
x=—4—-2N xal y=7+43A
B') ‘H eVfeia (8) opileTon &mwd SUo onueia A (X, ¥o) xai B (X3, ¥1)-
To onueiov M (x, y), (ox. 23P) 84 keiton &mi s elfeias (8) T@v A, B,Stav
kol povov STav :

—_— —3y - - — —
MA+AMB=0, # OA—-OM4A(OB-OM)=0,
é€ o0 : I —
— OA4+AOB
7 1+2A
‘H oytos aUrn fooBuvauel pé 1o Zdvorov Té@v BUo tC1cwoEwV ¢
_ X+ A%
=t
(11) i M 7 W B
_ Yot
i

Mapaderype : ‘H edfeia (8) N Biepyopévn S Tév onueicv A (—2,5) kai
B (3,—10) #xer Topauetpikas E§1000EIS
=243 il v 5 — 10A
(S Ty YT
Mapatiipnors : Avvdaueba va Bewpriowpey ST 10 Sidvuoua :
— -
u = AB(x; — Xo ¥1— Yo)
elvan T Sieublvov Sidvuopa Tis (8) Kal v& XPNOILOTOINMTWHEY TNV TAPOHETPL-
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kfv TapdoTactv Tiis eubelas (8), Biepyoptuns Bik ToU A(X,,¥,) kal BieuBivoews

=
u. AapPdavopev TéTE :

an | x=x+p—%) | y=%+mn—vw |

évla p peToPAnTh mopduetpos. Els THv mepimrwow Tadtny 8tv 8 Exwpev
E_i =—A, &G i__l‘i =],
MB AB
*Edw els ToUs TUmous (1II) 10 1 petaPdMAeTon &od —oo Ews + o0, TO anueiov
M(x,y) Biaypdeer dASKANpov THY evBeiav AB.
'ANN STav TO W petaPdMetan &mo 0 Ews 1, ToTE TO M ypdoe pdvov Td
Tpfjpa AB.

KAPTEZIANH EZIZQZIZ THZ EYOEIAZ

§ 32. OEQPHMA.—Zivolov onpsiov drotehel eiciav, dtav, xai povov Srav,
ai ovvietaypévar (X,y) t@Ov onpeiov toitov ixavorowdv tiv iiicwoiv:
Ax + By +T' =0, EvBa ol ovvieheorai A xai B 8év elvar ovyypoveg pndiv
(AB,I' &veaptnTor TV X,Y¥).

Mpéypaty, &v petall Tédv ticwoewv (1) Tis (§ 31, A).

X=Xy + aA &maelyowpev TOV A, eUploxopev :

Y= Yo+ PA l P(x—x,) —a(y —y,) =0 ¢))

Px — ay + oy, —Pxo=0.
"Av Bt Teffj: A =B, B=—qa [ =ay,—px, Acupdvopev:
AX +By+T =0. )

Avuetpéoug 1 "Ag UToBéowpey &t A # 0, T dmoiov elven Suvady, deol
ol A kai B 8év SUvavtan v elven ouyypéveos undév. *Edv Tebfj y = k, TéTe bk Tiis

(2) Aaupévopev X =— Bl I'.

=

A
*Apa, TO onueiov ( — Bk: r,k ) dvriker els Td ZUvorov.

"EoTw Aoimwév P(x,,¥,) &v onueiov ToU Zuvddou : *Apa :

Axy + By, +T=0. 3
"ApcipolvTes katd péAn Tds (2) kal (3), AapBdvopev :
A(x —x) + B(y —yo) =0. C))

‘H (4), ouykpivopévn p¢ Thy (1), tkepdler 5T1 T& onueia M(x,y) xeivtan
grri Tfjs eUbelas, Tfis Siepyouévns 81 ToU P kai Tiis dmolas &v SievBlvoy Sidvuopa

évat 10 u (— B, A).

‘H tSiowois (2) xaheitan ypappiki) ke elvon mpwTov Pabpol d Tpods x
kai y.
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Mapatnpioeis* : 'Agolu i eUbeia (B), t§iooews Ax + By + =0, Béxe-
Tal &5 SievBuvov Bidvuopa 651, 16 £xov ouvTeTarypévas TTpoPoAas — B (Errl Tob
&Eovos TV TeTUNMéva) kai A (&1l ToU &Eovos Tév TeTayuévay), (o). 24), Eme-
Ton 6T :

o) Maca ebbelo, tLichoeng
Ax + By +T'=0, elvax rnapalinlog
npog tov GEova OX, btav, kai povov

drav, (ox. 24a), dmdTe kot
dvéyxknv B #0, &idTi T A,B Btv 50-
vavTan va elvan ouyypovews unbév. ‘H
(8) Téuver tov &fova Oy els 16 on-

peiov E( 0, - %)

B) Maca cibeia, trwhocmg Ax + By + T =0, elvar mapahiniog mpdg Tov
iEova Oy, tav, kai povov drav, (ox. 25), kai f) dmola Tépver ToV &§o-
va Ox els 10 onueiov A (—- %, 0).

v') Maca ebbeia, iEodocng Ax + By + I'= 0, sitpyerar S tiig apyfis O

@y aEdvoy, dtav, kai povov drav, , (ox. 26), B10T1 ai ouvTeTaypévan
(0,0) ToU O ikavomololv Ty Ax 4 By + =0, &mep icobuvapei ut I'=0.

Y, y (8) J
2
E(07s) ) (8)
X L
[6) = ) A % ,0) =0 &
< 3. 25 Iy, 26

Els To (oyx. 24) £xomev Thv ebfeiay (8) £6iocdoews Ax + By + M= 0, 1 -
ola Tépver Tous &Eovas eis TA onpeix A(- —;—, 0) Ko E(O,——g—), Td &
moia TrpokUTrTowy, Stav eis Thv Eflowow Ax 4 By =0 Béowuev y=0,
x = 0 dvrioTolyews kai ¢§ dpyfis UmoTedj A.-B £ 0.

‘H TeTunuévn (— %) ToU A kodsiton tetpmpévn Eni iy dpyijv Tfis eubeias

(8), kol ) TeTarypévn (— I—E;-) Tou E kodsiTon teraypévn Eni tiv apyfv Tiis el-

Belas (8). *AugdTepan Bt ouvtetaypévar Eni Ty apyiv Tiis eubeias TauTns.
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Mepaberypa lov: ‘H tElowos 2x + 10 = 0 wapioTd ebdelav TapdAAniov mpds Tév &fova

Oy u¢ Tetpnuévny &l T dpxiiv x = —1—20- =-—35.

Mapaderypa 2ov: ‘H Elowois 4y — 24 = 0 wapioTi elfelav mapdAAnhov Tpds Tov &fo-
va Ox pt Tetayptvny dml v &pxfiv y = -241 = 6.
Mapaderypa 3ov: ‘H lowos 2x 4 3y = 0 mapiord ebfeiav Siepyopbvny Bid Tis &pxiis
0 Tév &Edvewv, ka®'boov 2.0 43.0=0 4 0=0.
Mapaberypa 4ov: “H Elowors 4x + 3y — 12 = 0 mopioTd edbelav Tap&AAniov mpds To
—
Sidwwopa u (—3,4) xal Exovoav ouvTeTarypévas Eml TH dpyhv

3 12 r 12
I=——-A—=T=3 kad y——'—‘-B—#T':‘L

"Ex Tév &vewtép Aex@ivteov mpokUtrTel &Ti: Ald vi Kataokevdowopey piav
ebBetav (8), t&wwhoewg Ax + By +I' =0, dpxel va elpopev tag cvvtetaypévag
Eni v Gpynv adriig x= — -%— Kal y = — —:;— xai va yopaEopev Tiv edbeiav,
v Siepyopévny did Tdv enpeinv tobtov.

AZKHZEIZ
39. N& oynuariodi 1 tlowois Tiis elfelas, 1) dmola SifpyeTan &mwd T4 onueiov M kal apa-

Afhou Tpds TO Sidvuoua ?, &v:

1) ME=22) V@3) 5  M©0-5) V(.1
2)  M(=23) VO 6)  M(=30) V(0.2)
3) M@0 VE0) 7 M@-5) V(L)
8 MO0 V@5 8) M2 V(@-3)

kal dxorolfuws vd karaoxevaoolv al elfelan els txdony mepimrwov.
40. N& xoarackevaofouv T& SievBivovta Broviopara TV eUfeidv :

1) x+2y=1 3) 4x-3y+8=0 5) 5x+4+ 10y=0
2) 2x—y=3 4) 2x+4+Ty-5=0 6) 2x-8y=0,
41. N& eUpeBolv al ouvtetaypéven &ml Thy dpxfiv Tdv elfaidv:

1) Gx-dy—-12=0 3) 2x—6ym-—3
2) 3 x-y+5=0 1 4) 4x + 6y 4+ 3 = 0.
§ 33. ANHIT'MENH EEIZQZIZ EYOEIAL.— Ocswpoupev Thv edbelav (8), t6i1-
owoews Ax + By + T =0, uf mopddAniov mpos Tov &Eova Oy(B +# 0).
‘H 8obeloa t§lowots ypdeeTan :

A §
, B e
2 A I
kol &v Tl A= ——, ﬁ:——B-, TéTE : y=2A+p (€1
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‘H #iowois (1) kodeiton avnypévn popoi tiig Elodozng tiig ebbeiag (3).
‘H (8) Téuver Tov &Gova Oy eis 10 onueiov A(0,p) xal elvan mapdAinios

vy @ Tpds T Bidvuopa OP(1,A), kalbaov (1)
R (4) Ypapsios
ix_Yop
o) 1 A
Me A( e ; (1’)‘) - N >
| X ’EE opiopol, & ouvTeAeoTns P Kohel-
15 &> —> 1o tetaypévy Eni T apyiv xod & ouv-
/E(—‘ird | TeAeoThs A elven & ouvieleotiig* dievbiv-

ozog tiig (8).

Nia Exqpaoig tol ovvieleotod devhov-
oeog e00siag (8).— "EoTwoov SUo onueia A;(X,,v;) kol A(Xy,Ys), HE (X 7 X;),
Tijs evbelas (8), é§1ooews y=Ax 4 B. O elvon :

Yi=Ax;+P
Vs = AXp+ P

Ix. 27

} —_ Ya—V1=ME— %) = 7-=x—2:—i‘1
2 — X1

§ 34. IPOBAHMA. — Na 0pedfj 1) éionoig tiig £00elag, 1 drola Siépyeror and
0 onueiov M, (x,, ¥;) xai Exgr cuviehestilv SrievBiveswg doBévia apbpov (L eR).

’Eqv M(x,y) elvar Tuyov onueiov Tfis EnTouuévns ebbeias, TOTE TO Bidwuopa
—
M;M(x — x;, 57 — ¥,) 6& &xn ouvTteAeoThv Bieubuvoecws

A=Y=V e o ¥ — ¥ = Mx—x,) )]
X —X,

‘H &Elowots (1) elvan 1 EnTovuévn.

E&v 1d M, xeiten ml ToU &Eovos Oy, T6Te x, =0 xod y; =P kal 6 (1)
AopPdver THv popenv: y=Ax + P.

MeTaPaAAopévou ToU A, 1) (1) opiler THv oikoyéverav TV evfeddv, Tév Biep-
Xoutveov Bi&x ol M, (xy, v1,), EEarpovpévg tii eBeiag tiic mapadiijhov mpdg TOV
iZova Oy.

Mapaberypa : *H Eiowos Tiis edfelas (8),Tfis Siepxomévns Si& Tou onuelov M(3,5) kal Exol-
ons ovvteAeoThv SieuBlvosws A = —%—,dvm:

y—-5=-——2—(xu3) <> 3x+4y—29=0.

#* KaloDpev ouvieheariiv Sievbivoemg edBeiag tov cuviedestiv Sievbivoeng Swavioparog (uh undevikod),
rapaidfilov npdg thy edBelav.

=
Zuvreheothig S1evBivoeng A kriowg Evdg pf undevikod dwaviopatog U (a, B) kakeitar 1d mniixov -g—= A,
snov o # 0.
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§ 35. EEILQZLIZ EYOEIAZ ATEPXOMENHE AIA AYO ZHMEIQN A, (x,,y,)
KAI A,(x,;,¥,).— Eis mv (§ 31, B) elpopev 611 oi Tapauetpikai E§iowoss Tis eb-
Belas AA,, &v (X5 7~ X,), Elvar:

._x1+7\_—‘1_2
T £ X—x1=l(x2—x)} X—X _ Xp—X
ce Y3 A¥y Yy—Vi=AG:—¥) Y—¥1 Y2—¥
i T

7] omola, Paos TV {BioThTwy TV dvadoyidy, ypgeTal :

X—X;  X,—X

— o8 1
¥—h Ye—¥1 S
A A |
kal UTo popenv dpifovons : Xz, ¥ 1{=0. (2)
X ¥, 1

Mapaderypa: ‘H tElowors Tiis eleias (8), 1) dmola Sipyeran &md T& onueia A, (3, —2) xai
A,(0, =1) eiven:

b 4 y 1
3 -2 11|=0 —_— x+3y+3=0.
0 -1 1

§36. H EYOEIA OPIZETAI AIIO TA IHMEIA A/(a,0), A0, ) TQN
AZONQN Ox KAI Oy ANTIETOIXQI.—"Av eis Thv &€icwov (1) Tfis pon-
youuévns mapaypagou ftowpey x;=a, y;=0, x,=0, y,= B, AapPdvopev:

x—a 0—a

y—-0 p-0

Emeidn elven SuvaTov va Umobéowpey aff 7= 0 (8101 &AAws T& onueix Keiv-

Ton &l Tou a¥ToU &fovos, kal i éiowois Ths AA, 8& fito ff x=0 f y=0),
7 (1) yp&oeTan :

> Px+oay=ap. )

X Xy 2 .
T+T~l 1)

Napadeiypa: ‘H ebbeia,f) Omoia SitpyeTan Sik Tév onueiwv A,(5,0) xal A,(0,3), Exer EEi-
WO :

T+ =1 <> 3x45-15=0

§ 37. TYNOHKH ITAPAAAHAIAL AYO EYOEIQN (8,) KAI (5,).
"EoTtwoav (8,) xal (8,) BUo elbelar, dv ai KapTeoiaval E€iooss, s 16
aUTSd ouoTnua &fdvwv, elvan &vTioTolyws :

(@))] Ax+By+Tl =0 ué fA1|+IB1\>0}
(2) Agx+ By + T, =0 ut |Az|+ By >0

5
*H &Giowaois (1) mapioTé elfeiav TapdhAniov mpds TO Sidvuoua u (—B;,A))
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kol 7y (2) mapioTd elfeiov TrapdAAniov Tpds TO Sldvuauu“J(-Bz, A,). "lva
al edeicn (1) kal (2) elven TapddinAol, Trpémer kai dpkel :

(=B1)-Ar—(A): (-By) =0 <= FM'BQ — A;B, =0 I 3)

“Qore: “Iva 860 ebeian, tErohocov Ax+By+I;=0 kai A;x+By-+I,=0
elvar napéhinhor (Umo v elpeiav onpaciav), mpéner kai dpkel va loyxdy 1
tedtng (3).

‘H (3) yp&oeTan xal Umd THv popetiv : %:%‘— (3)
2 2

IMapatijpnots : ‘H ouvlnxn rapadiniics Suo elBeaddv, Tédv dmofwv af Kap-
Tegiaval E§iowaoels els TO aiTd oUoTnua &Edvewv elvean :

Ax+By+T =0, |As| +|By[ >0
xod Agx+Byy+ T, =0, |Az| + [Be| >0,
Slvaton v& ypagf :
M Bl o, ao uio ToUAGY1oTOV TEV h, 51 ' 8
A, B : Ay T |" | By Ty

v& elvan Si&popos ToU pndevds.
Mepikn} nepintooig @ Edw ol edfelon (5,) wkal (8,) Exouv &iocoes dvti-
aTolyws :
y=Mhx+p
Y=2Ax+Be
1) &mrola #kppdler &1 ¢

“Iva 800 ebBeiat, pi) taparinior npdg tov Gova Oy, elvar napdrinloy, npénel
kai dpkel ol ovvrereotai Sievbivoewg abtdv va elvar toor.

] f owbnkn (3) ylvetan: Aj—A,=0 == Ay =23y

Moapaderypa lov: Al elbeicn (5,) kol (5,), &iowoewy 3x—4y+1=0
kal 9x — 12y + 7= 0 &vtioToiyews, elvar mapddAniol, 8i16Ti:

A.B, — A;B; = 3(—12)—(-4). 9 =—36+36=0.

MHapaderypa 2ov: Al tiodoes y = 5x — 3 xal y = 5x + 7 mwapiotavouv elelas mrapak-
Afjhous kal Tpds TH elbeiav, Efiototws ¥ = 5x, Biepyoutvny Bi& Tiis dpxfis 0(0,0).

§38. EYOEIA AIEPXOMENH AIA AOGENTOX IHMEIOY M, (x ¥,)
KAI ITAPAAAHAOE ITPOX AOGEIZAN EYGEIAN.— "Eotw (8) evfeic, &61-
otoews Ax4 By 4T =0, kal (8;) ebbeia Siepyopbvn 81 1ol My(x4,¥,) xal
TapdAAnios mpds THv (8).

2
*Etreibfy ) (8) elvan mrapddAnios mpos 1o Sidvuoua u (—B,A), tav M(x,y)
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o

elven Tuydv anueiov Tis (§,), TO Bidwuoua MoM(x—x,, y—y,) 8& elvan wapd-
—

Anhov Tpds TO u. "Apa

X—Xg ¥—Yo
—B A
Mapaserypa ¢ “H ebfela (8) 1 Siepyoubvn S1& ToU onuelou M,(3,—-2) kal mapdAAnhos mpds
THy elBeiav (5,), towoews 2x — 3y — 4 = 0, &xel tfiowow :
2(x=3)4+(-3) +2)=0 <= 2x-3y-12=0.

=0 < [ Ax—x)+BG—y) =0 |

AZKHZEIZ

42. N& popewti f) tElowas Tiis elbelas, ) dmola BilpxeTon Si& ToU onueiov (3,—4) xal Exer
ouvteheoThY BievBUvoews @

1) A=-=2 | 3) A=—% 5) A=425
SR VORI I S VRN ) S Y. 1

43. N& oxnuamadi f tlowas Tiis elbelas, Tiis Siepyoubvns Sik Tév onuelwv Ay, A,, els Tas
drohoufous TEPITITWOEIS :

D A(L2),  A(=23), 5)  A(=32), A,(5.:2).
2) A(-1,-2), A,(-3,-6), 6) A0, A1),
3)  ABGO).  A04), 7 A45), A,
4 A5, AGT), 8)  A(-12), A(3.2).

44 N& eUpeBolv ol tiohoes TdY TAeupdy Tol Tpiydvou, Tol dmolov kopugal elvan T&
onueia (—3,2), (3,-2) xal (0,1).
45. ToU mponyoupévou Tprywvou vd ebpeolv al fiodaes Tév Siapéowy Tou.
46. Na& ebpefoiv al tfiowaeis TOV TAEUp®Y ToU TETpaTrAeUpou, Srep Exel KOpugds Ta onueia
(10,8), (-3.9), (-4.—4), (9,-5).
47. Na &mobex8f 6T T& onpela (—3,~7), (0,-2), (6,8) kelvtan &m” elfelas.
48. Na op1o6} 6 ¥, els Tpomoy, daTe T& onueia (x,—3), (1,1) xal (—4,3) va kelvron &’ ed-
Geias.
49. N& eUpedij 1y EEiowors Ths ebBeias, Tis dmolas al ouvretayutven Eml Thv dpyiv elvan :
1) 4 kal 5 3) -5 kal =3
2) —6 kal 8 4) 7 kal — 2.

50. Tloion ol owvteTaypéven bl Thy dpyhv Ekdotns Tdv elBadv :

1) 2x+45y-10=0 I 3) Sx—4y—20=0
2) 3x-—4y+24=0 4  x-3y+9=0.

§ 39. EYOEIAl TYMIIIITOYEAL — *Eorewoav of elfeion (5,) ko (8,), €6i-
owoEwv GuTioTolyws :

Ax+By+T=0 «kai Ax+4By+ =0,
pf TapdAAnAor mpods Tov &fova Oy.
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Ol ouvteheotai SievBivoews aiTdv elvor dvTioToiyws A, = — —gi kai
1
Ao i ; e i, o ;
Ap=— B Al 8¢ ouvTeTarypévan Emi THv dpy v elven dvTioTolyes:
2

Bi=- _B]._ Kail By=-— _B;

*AgoU ai (8,) kal (8,) ouumitTouy, EmeTon &1 :

2 A A ) r E
A=A xad By=Py H _B_i:-ﬁ kol __B_‘l;:—_B;:'
&v AouPdvopey 2148 udy
£€ v AauPdvopev 3 B, T, (€]

Mapatipnowg : “H ouwvbrikn (1) Suvaren va ypogdi kai ¢ Efs :

A B Ay iy B, I,

= r = — 0,
A, B, il B, [,]

To dvtioTpogov &roBeikvieTon edkdAws. "QaoTe :
“Iva 800 £00ciar ovpnintovy, npénel kal dpkel ol dpdvupor ouviedestai tdv
tEwwhoeny abt®v va elvar avaloyor.
Mopadevypa lov: Al elfeicn (8,) xal (§,), tiodoewy dvmioTolxws 3x + 5y —12 = 0 kal
6x + 10y — 24 = 0 oupminrouv, kaf'boov elva :
2 bk e B8
6 10 —24°
HMapaderypa 20v: No& dpiobouv ol @ kal B, iva ol tiocdoers 2ax + 2y —5=0 xal
4x—=3y + 7p = 0 wapioTavouv THY aUThv elBeiav. Mpds TouTo mpémer kol dpkel :

e B bl nd® o) Sl sl peas
4 -3 1 4 5 3 R
. . .- 4 ‘ -1
L€ Gv mpokUTrTe : AT Kal - 1Lt

§ 40. EYOEIAI TEMNOMENAL— "Eotwoav of elfeian (5,) kad (5,), £61-
OWOEWY QVTIOTOIXWS : :
Ax+By+Tl, =0 4 9)

: Asx+By+T, =0 @)
'Edv aUron 8tv elvan mopdAAnhol, & Exouv Siapdpous ouvtedeoTds Sieu-
BUvoews. AnAadi :
Ay Ag
—B 7T, > | AB—AB 0
kal 8& Téuvevton els onueiov M(x,y), Tou dmolou al ouvteToypéven 6 ika-
votrotoUv ékdoTny Tév Efiowoewy (1), (2).
*Apa Td BiareTorypévov CeUyos (x,y) 8& elvan ) kot AVois ToU cuvomiua-
To§ TGV E§1oboEwy TOUTWV.
EUxdAws drroBeikwietan kal 16 dvtioTpogov. “Qoe:
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“Iva 800 e00eian tépvavtay, npéney kai apkel ol suvteheotai dievBivoewg abtdv
v elvar Sragopor (va TAnpoUTen 1y ouvbikn A B, — A;B, 3 0).

Mopaderypa: Al ebfeion (8,) kal (8,), thiowoewy &vriotolyws 2x+ 4y —26 =0 kal
4x — 3y + 3 = 0, Ttpvovtan els TS anueiov M, Tol émolou al ouvtetaypbvar (x, y) elvan Adoig
TOU OUOTApaToS

2x +4y—-26 =0
4x—-3y+ 3=0

xal ka®'boov elvan AB,—A,B, =2(-3)—4-4=—-6-16=-22#0.

} = x=3 kal y=5

AZKHZEIZ

51. Na elpefouv al ouvtetaypévar ToU onuefov Toufis M(x,y) tk&otns Tdv elfadv (§,)

kal (8), towaewy dvTioTolyws :
1) x=-y=1, x+y=1L
2) 6x—2y—-8=0, 3x+y=14.
3) 4x -5y +20=0, 12x—15y + 6=0.
4)2x +3y—-6=0, 4x+6y+9=0.
5)2-3x =y, 6x + 2y = 4.

52. N& eUpefoiv al ouvteTaypévar TGV Kopugdy Tprydvou ABT, ol dmofou al tiodaers Tév
mAeupdv Tov elvan: 2x+3y=0, x+3y+3=0, x+y+1=0.

53. ToU mwponyoupévou Tpiycvou v& evpefoluv T& prkn T&vV TAevpdv Tov, al Eiodoels TGV
Siapéowv Tov kal al guvteTaypbvan ToU xévtpou P&pous atrol.

54. Né& ebpeBolv al E§iocdoes T elBady, T&Y Tapalhiiwy Trpds Tés TAeupds Tol Tprydvou
ABT, ToU &mofou al Eiooers Tév TAeuplv elvan 2x+3y = 0, x+3y4+3 =0, x4+ y+1=0,
T&V dyoutvewv i TGV KOpUP@EY TOU TPIYWVoU ToUToV,

55. N dmwobery8ij 611 al evbelar (8,), (8,), (8,), (8,), tEiodaewy dvtioTolyws 2x—3y+5=0,
6x + 10y + 15=0, 6x—9y—20=0, 3x + 5y —20 = 0, oxnuatifjouv TapcAAnAdypau-
pov. N& elpefolv al guvTteTaypévar Ty kopugdv Tou.

56. Na &moBeiy 87 611 1) eblelar (8,), E§iodoecws 3x+4y — 2 = 0, elvan apdAAnAos pds Thy
eVfeiav (8,) E§iocboews 9x + 12y + 7 = 0, xal oupminTa perd Tis eblelas (8,), E§iocoews
15x + 20y — 10 = 0.

§ 41. ZYNOHKH INA TPEIL EYOEIAI EXOYN KOINON IHMEION.—
*Eotwoav ai evfeicn (8;), (8,), (8;), &iocaewy dvnioTolyws:
Ax+By+T=0 (1), Ax+Byy+ =0 (2) xad Ajx+Byy+M=0 (3).
“lva alran Exouv kowov onueiov My(xy,v,), Tpémel af ouvteTarypévan :

= B_lrz — Byl e A=A,
S= A B AR Y =g E R g U0
Tiis Toufis Tév (1) kai (2) v& EmaAnbetouv v (3). "Hror:
By =Byl A=A, A
Po'AB—AB, T % AB—AB T =0
f Ag(B, Iy — Baly) + By(Agly — Arlp) + T3(A B, — AB)) =0 (ky)
kal UTd popenv Spifovons :
Ay oBo L,
A=|A, B, T,[=0. @
deils Fe
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'Edv kehéowpey yépw ouvTopfas.

B, T, My A A; B
A = | 5 o o e
LG LS e & v O B
Tas E\dogovas dpilovaas THs A, TéTe 1) A ypdgeTon :
A=AA +BA, + ra, (5)

Kol Biaxpivopey Tpels TepimTdoes,

a) Al tpelg Ehdoooveg elvan pndéy. TodTo onualver 811 ol ouvtedeorad Ay By, Ty elven &vd-
Aoyor wpds ToUs A,, By, I, kal al ebfeian (2) xal (3) TavuTifovTar. O1 Ay By, T, Bivavrar vé elven
fi ol dvddoyor mpds Tols A,, By, Ty Els Ty mpcstny mepimrwoy o Tpels eUlelan ToauTiZovTan,
els Thv Seutépav, ) TpdiTn EXEl KOWdY onpelov peTd TGV Yo TeAeuTalwy, al dmola TavTiZovTan.

Els dAas Tés mepimrdboens Exopev: A= AA, + BA, + M4, =0.

B) ’Ex 1@V tpév dmioveiv A, A,, A, 4 pig, Eotw ) A, # 0. Téte al (2) kal (3) txow
uiav kowhv AUaw x,, y,, memepacuivny, ThY (k). "Apa & Exeopey T oxtow (k,).

Y) ’Ex 1@v tpiév  dpovady Ay Ay Ay al 800, Eote A, 0, Ay =0

Tém da=0 8 D™ g (2), (3) elvan wapdAAnAOL.

B, B
Els Ty mepimrway TalTny, Bid vk Exouv ol Tpels eUBelon kowdy onpeiov (10 ), B TpéTEl
vé elvan TapdAinier.
B AL _ A A
e B T Rp Bl

"Orav dpess oupPalvy Toio, f A elvar A undév,

‘H ouwbikn A = 0 elvan, émopéves : dvayxeia, iva elg Shag tag nepintdonig al  edbeion (5,),
(85), (8;) Exovv kowov enpeiov.

"AmrodeikvieTan eUkdAws &1 elvan Kad trapkis.

Mapaderypa : Al ebfetar (8,), (8,), (5,), iodaecy dvmiorolyews

3x-5y-10=0, x+y+1=0, 2lx-1ly-31=0,

Exouv Kooy anpelov, 5161 1) dpifovoa :

J 3 -5-10

1 1 1

11 11 .
A =3|—11_3|“(‘53121_31'+H°)lzl~n!—°

§ 42. AELZMH EYOEIQN.— Oewpoipey 8vo ebfeias (8,) kol (5,) &ioco-
oewv &vTioToly s :
Ax+By+T =0 (1) kad Ax+By+T, =0, (2)
Tewvopévas s T1 onueiov M(x,,y,). T&oa ebfela (5,) Siepyouévn 81 Tiis Touds
v (1) xad (2) 8& Exn Elowaw :

(&) : Ax + By +T; + k(Ax + Byy +T,) =0, 3
8161, &poU TO M(x,,y,) elvan Touny 1év (1) xai (2), Emeron &11:
(4) Asxy+ Byyy + Ty = 0 xad Agx, + Byy, + M= 0 5)
’Edv k # 0, 1ote k(Ayx, + By, + ) =0, (6)
omoTe, Bix mpoodioews Tév (4) xai (6), AapPdvopey :
AiXy + Byyy + T+ k(A + Byy, +Tp) =0 )
‘H (7) ixppéler 611 10 onpeiov M(x,,y,) keiton &l THis edbelag :
AX FBY + T+ k(Ax+ By +T) =0 (8)
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Mapathpners : 'Eav ol (5;) xad (5y) elven TapdAAnrot, ToTE By (8) Tapi-
oTd ouoTnua TapadAiwy elbadv Tpds Tas (5,) kal (8y). Aot TéTE O elvan :
A_ By [ S s e Al L

7 Vol : M = U |- WaLlaE B,
fy dmola aytos Exppdder 6T ol (8,) xai (8s) elvan TrapdAAniol.

Mapaderypa lov: N& evpedij f Elowos Tiis etBelas, fimis BibpyeTan &md Td anpeiov M, (2,1)
xal THis Topfis TéV ebBadv (8,), (5,), thodatwy dvmoTolyws: 3x — 5y — 10=0xal x+y+1 =0.
Aboig : “H InToupévn Elowors 8 elvan Tiig Hopefis :

Ix—5y—-10+k(x+y+1)=0 ©)
*Emeibdy & M, (2, 1) xefron b’ elrrdis, frreTan ¢ .
3.2-51=104+k@2+14+1)=0 =+ k=T,6Teﬁ(9)y[v5'rm:

21x = 1ly =31 =0.
Mapéderypa 2ov: N& ebpedd # lowas Ffis etBelas, Tis Siepyounbvng Bid Tijs Toufis TGV
eBaddv (8,), (5,), tiokoewy:
2X+y+1=0kalx—-2y+1=0
xal TapahAfiou Tpds THy elbeiav (5,), tfiodhotws 4x — 3y—7=0.
Abog : ‘H Inrountvn 6& Exn Elowow :
2x+y+1+k(x=2y+1)=0

f R+Kx+(1-22&k)y+(Q+k)=0 (10)
*Edw atrrn elven rapdAAnhos pds Th (8y), B Exconev ©
22k 1=K, o
kal 4 (10) ylveran: 4x—3y+3=0
AZKHZEIZ

57. N& etpedij #) EElowars Tiis ebBelas, §) dmola SitpyeTar B1& Tiis Toufis TV elbadv (5,),
(8,), tErodaewv dvrioTolyws 2x —3y + 2 =0, 3x — 4y — 2 = 0 xal ToU onuelov O (0, 0).

58. N& ebpeloiv al tEicdoes Tov ebady, Tév Siepyoutvev Bid T&vV Kopugdy ToU TpIywvou
o0 oynueTiiopévou e Tév edadv (8,), (81), (8a): tigooewy dvtioTolyws 2x —3y +1=0,
x—y=0, 3x+ 4y—2 =0 xal mapoArfrwy Tpds Tés dmrévavTi TAEUpdS Tou.

59. Né& elpebij 1) tElowois TS eUfelas, # Omoia Bibpyeran Bid Tiis Toufs TV evbeardv
2x 4+ 5y—3=0, 3x-2y—1=0 xal fjs Toufis TGV elfadv x—y =0, x+3y—6= 0.

E®APMOTAI

§ 43. TPA®IKH ENIAYZIEZ TOY EYETHMATOL AYO NPQTOBAOGMIQN
ESIZQIEQN ME AYO ATNQEITOYE. — Oewpoluev T oloTnpa Tév Eiow-
OEWV.

0 [ ox + Py =Y @

X + By =71 @
“Eotwoaw (B) kol (8,) al edfeim, Eiowoecy (1) kal (2), els Tuxov ovaTnua
ouvTeTarypévev, Té onuelov M(x,y), kv Umépxn, kowodv Tév BUo eUBearbv, Exel
ouvteTaypéves, ol dwoim elvai Aol ToU avoThuaTos (1). "AvTioTpogws, Tioa
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Auais (x,y) ToU ouoThuaros (1) 5iSer anuelov, 16 dmoiov elvan 1) Toph TéHY el-
Baiddov (8) kal (5,).

lov : "Edv afy —a)f # 0, af eVfelan (5) kal (8,) Bév Exouv ThHy alrriv Bied-
Buvav. ©& Exouv Bv kowdv onueiov, M, kal &v pévov. To oUoTtnua (1) Emdéye-
Tat ploav povadikiy Aloty, ) dmofa Tapéyetan UTrd T@Y TUTTWY ToU Gramer :

YBi —v.P Y1 — Yy
X=————"" kol y=—1 _17.
apy — a,p 7 ap, —ayf
20v: 'Ev 2 = £¢ L, al edfeicn (8) kal (8;) elven Tapddinior trd
@ BT

TV aTevily onuaciav, BnAadf &tv Exouv kowdv onueiov. To ovoTnua elvan
adovarov,

DR TR e el RS LU
o B o7
otnua tmbyetan &melpous Aoeis. Elven aoéprotov.

Mapdderypa Tov: Al edfelcn (8) xal (8y), Ewodhaewv dvmioTolyws: 2x—y =5 kal
3x 4 4y = 24, Téwvovtan els 16 onueiov M, Tol dtrolov al guvTeTary pévat elven Abots Tol ouote-

HOTOS ;@ 2x—y=>5
{ I+ dy=24 —> X=4y=3

S y Al ouvTerayptvan Eml THy dpyiv Tiis uév(6)
elven % kal =5, s 5t (5,) elvan «l 8 kai 6,

s Beikvier 16 (o). 28 ).

M(x,y)

[€D)
Ix. 28
> Zx. 29

TMapabevpa 2oy : Al elfelon (8) kal (8,), iodoewy 2x + 3y—6 = Okal 4x + 6y —24 = 0,
elvan rapddAnior, E1ém %— = —g— # —2%, al Bt oyetikal béoers oGy TapéxovTtanl UTrd TolU
dvatépw (oy. 29).

] 2x + 3y =6
To alornua Aorméy dx + 6y = 24

Mapdderypa 3ov : Al elfelcn (5,) xal (5,) tEiodoecwy 3x -+ 4y — 24 = 0 xal 6x + 8y = 48
dvTioToiyws, ouptritrouy, ds Seikvier & (o). 29).
“Apa w&v onueiov M (x, y) Tiis mds Exer ouvteTayubvas, al dmoia tadnfedouv dugotépas

Tés E10daEls ToU ouoTHuaTos
. i { 3x+4y—-24=0 (¢5)]
6x + 8y—48 =0 (2)

] elvan  &Blvorrov.
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Aiéi, Bi& TuyoUoay TRy Tou y &k Tiis (1), EoTw y =0, eUploxopev x = 8, To LeUyos
(x =8, y=0) #moinbeter xal v (2). "Hror 6-8+8.0-48=0 f 48-48=0.

‘Opoles, 81 y = 3, ) (1) 5ier x = 4. To Letyos TolTo (x = 4, y = 3) twaAnBeler kal
v (2), fitor: 6.4 +8.3-48 =244 24-48= 0.

AZKHZEIZ

60. Né& tmiAufolv ypagikéds T& ouoThuata TéY dkoholbwy Efiohaecy :

n { 2x—-y =-1 3) { 4x — 10y = — 27 5) { 6x—3y =-—26
x+3y=-17 2x — 14y = - 36 15x + 2y = —27
3x-2y=11 { 2x+ 3y =1 2x 4+ 3y =1

%) { 53 3y w11 Y g e = qr { ok — 2 =l

61. N 6p1o8ij  k, Tva al ebbeian ol mapiordueven U Tév Efiodoewy: 3x — 4y + 15=0,
5 +2y—1=0, kx—(Zk— 1)y + 9k — 13 = 0 Eyouv kotvdv onpeiov.

62. Né& &moberyij 8Tt S1&x wégav Tiphv ToU 1 al elBelcn ol dpiféuevan Uwd TGV dohovBwv
tEiohoewy SitpyovTal B1& oradepol onpelou, ToU dtrofov v dprofolv al ouvTETaypéva :

1) 3x—-2y4+5+u(x—2y+4)=0,

2) @u-3x+T-2wy+4=0,

3) wx+ Gu=3)y+9-3u=0,

4) (I-l'—l)x+(3u’—-2u+l)y—5u2+4u—3=0.

§ 44. Eis T&s Tponyoupévas Tapaypdgous énTaoouey T elbeiav ko TaS
{B16TnTas aUTHs, dvagepopévas els dpBokavovikous &Eovas ouvTeTayEVaLV. Mépa
5t kelveov loyUouv kai Tg droAouba:

§ 45. GEQPHMA.—Eig dpoxavovixdv cbotnpua ovvietaypévay, 1 ebBela (3),

tErohoews Ax+By-+T = 0, elvor k@letog Eni 10 Sravuopa 61.’ (A, B).
1 *AndderErg : Els 1o dpboxavovikov oU-

Y
w otnua &€évwv xOy (oy. 30) Becopolpev ThHy
(5)\ & y . euBeiav (8), E6rocoEws :
5y Ax 4By +F =0 (1)
H *Eotwoav M (Xe,\W,) oTafepov onueiov

s (8) xai M(x,y) peTaPAnTov onueiov
Mo (%0,Yo)  aUTiis. O& elvan:

il % Axy + By, +T =0 (2)
0 N ‘Ex 1@v (1) kai (2) &weton:

A(x—x%) +B(y—yo)=0.  (3)
Bewpoupev TO Brdwopa Bb(A,B). Emeidn x — %, kol y —y, elvar ai ouv-

lr P(a,8)

 J

L}

Zx. 30

St
Tetaryptvan TpoPolal ToU SiavUopatos MM kal 1o TrpddTov PéROS TS (3) elven
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1) &AyePpik) Tipd Tol dowTepikoU yivopévou (—)-F'-M_.,’M, EmeTan 8T :

— —
OP.-MyM = 0.
s A S, 3 3 i e
Apa 16 Bidwopa MM kol 4 edfeicc (8) elvan k&Betar Tpds Td Sidwuapa OP.
TMopébevypa 1ov: “H eldeia (8), tfiodoecs 5x 48y — 10 = 0, elvan ké&detos pds TO Bidwu-

—
opx OP (5, 8).
Hapdberypa 2o0v: ‘Edv 1) (8) éxn tfiowow y = Ax 4 P, TéTe:

() L OF @, —1).

§ 46. GEQPHMA ANTIZETPO®ON.— IMaca ebBeia kGbetog &ni 1o Siavvopa

—
OP (A, B) Exar tLicwav tiig popefic : Ax-By-I'=0,
"Anbdeilg : "EoTwo My(x,,¥,) Tuxdv onueiov Tis elBelas (8). “lva onueidv T

M(x,y) ToU tmmédou weiten éml Tiis (8), mpémer xal dpkel C_)f’-MTM =0,
firon A(x —%0)+B(y — o) =0
A Ax 4 By — (Ax, + By,) =0 )

'Eqv 1ebfj I = — (Axy+ By,), A (1) ylveton: Ax+4By+T =0.

"Evreufev wpokimrrer émi: wdoa Eflowois Tiis popefis Ax -+ By+ k=0,
(keR) elvan ké&Betos pds 1o Sidwuoua 6_|;(A,B) kal ko’ drohoubiav Tapdh-
Anhos mpds THv edbeiav (8), tEiocoews Ax 4 By + MF=0.

Hapatipners : ‘H mwapdoTaols E= Ax 4 By elvar 16 ZowTepikdv yivd-
uevov TGV SiavwopdTawy EI;(A,B) kad a_ﬁ(x,y). ‘H tElowais Tijs edBelas (8) yps-
QETA :

— —
Ax + By =—T <= OP.OM =-T.
"Eqv H elvea ) Topdy tév (8) xal OP, TéTe :

_— — S e | |
OP-OM=0OP-OH = I'=— OP-OH

Mapaderypa : N& edpedii f) Eflowans Tiis ueookabérou elBuypdupov TpfucTos.
Abag : "Eotwoav A (x5, i), A (X, ¥a) o ouvteToypbvan Té&v &xpwv ToU TyrpoTos

—
AAy H peookddetos alrol elvan kéBetos bl Té Bidvuoua A,A,; (X; —X;, Y2 — ¥,) Kal Siépye-
Ta S1& ToU péoou M, (x._-;-x!_' -y—‘—z—*i) ToU TuruaTos AA,.

"Apa 1) tiowais Tiis pecoxabéTou Tol TufpaTos A,A, glvar :

% — xx)(x—x—‘-;ﬁ) +(y.—¥.)(r—-y—'1'i)=°~

§ 47. ZYNOHKH KAGETOTHTOXL AYO EYOEIQN, — I vowpilopev &Ti
al ebfeicn (8,) xal (5,), &iocoewv dvtiotolyws A;x+ By 4+ =0 kol
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Agx + Byy + I, =0, elvon dvriorolyes kébetor wpds Té& Biaviouara EPI(AI,BI)
kad 652(;\2,32). “lva ol (8,) kel (8y) elvon kédetor, wpétret el &prel T& Sia-

viopaTa &”1 Ko (i’; v elvan kéBeta. “Apa (§ 24).

—

OP,-OP, =0 <= | AA,+BB=0 )

Mapadeiypa @ Al evelon (5,) kal (8,), tiodoewy dvmioTolyws 4x + 8y —7 =0 xal
6x — 3y + 11 = 0, elvan xdberor, HidT :
AA, +BB,=4.6+8(-3)=24-24=0.

‘H ouvbnkn: A,A,+B,B,=0 ypdgeTan : (—%‘—) (—-%3-) =—1,&v BB, #0.
1 2

’Emre1dn B¢ —% =7, elvar & ouvredeoThs BeuBlvoews THs (3,), kal

1
A
—?2 =1, elvan & ouvteheoths BieuBuvaews This (8,), EmeTan:
2

A dy=—1 @

’Ex ToUTwv Emweten &T1:

“Iva 500 £00ciar elvar k@deror, npémet kai dpxei (sis dpfoxavovikdy oUoTnu)
o ywvopevoy TdY ouvisheotdy Sievbivesmg adtdy va elvar Toov npdg —1.

Mapabeiypa : Al elfeicn (5,) kol (§,), H§iodoewy dvmoTolyws: y = 7x + 4 xal
y = — —17— x + 15 elven k&beror, 16T @

J\,?\,=7-(——.1!—)=—1.

§ 48. ESIZQIIC EYOEIAL ATEPXOMENHE ATA AO®ENTOL IHMEIOY
M, (X, ¥,) KAI KA®ETOY IIPOX TO MH MHAENIKON AIANYEMA

:(A, B).— 'Edv M(x,y) elven Tuydv onueiov Tfis {nToupévns eUfelas, TéTE:

T-MM=0 <> | AG—x)+BGE—y)=0 )

AUTn elver ) InTouptvn Eiowaors.

§49. EEILQLIEZ EYGEIAL AIEPXOMENHE AIA TOY EIHMEIOY

M, (X, ¥o) KAI KAOETOY IIPOL THN EYOEIAN (5) EZIZQIEQL :
Ax +By+4+TI=0.

"Av M(x,y) elven Tuxdv onuelov Tiis InToupévns edelas (8;), Té1e TS Bidk-

vuopa M_o'l':'l(x — Xo, ¥ — Yo) 8 elvan k&BeTov 1rpds Thv evbeiav (8), f dmola elvan
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k&eTos Trpos TO 5|dwucua—u'(A,B). "Apa T& SiaviouaTa M-,,_I’VI xad u 8 elven -
péAANAa. Ko’ dxohoublav :

e T I et ]

A B i B(X—X)— Ay —y)=0 1)

AU elvan ) InToupévn EElocwans.

Mepbdervypa: *H Eiowos Tiis evbelas (5,) Tis Siepxouévns Sk ToU anpsiov M, (3.,5) xal
xabéTou pds ThH elbeiav (8), Eiodoews 4x — 9y + 7= 0, elvan :
x—3 y-5

AZKHZEIZ

63. Na &mobery8fi &m # elfela 3x + 4y —2 = 0 elven ké&Beros mpods THY elBelav
8x—6y + 5=0.
64. N& &mroBeiyBij 611 al dxéhoubor Eiodoes :
x=3y+2=0, 12x4+4y+31=0, 2x—6y—7=0, 9%+ 3y-40=0
elvar ol Erohoers Tév TAEUpGY dvds dpboywviou. N& kaTacxevaohij ToUro,
65. Né elpedij 1) Elocwas ebbelas, A dmrola BiépyeTan &md T onpelov :
1) (=1, 2) kal elvan kéBetos Tpds THY elbelay 3x —4y+1=0
2) (=7, 2) xai elven k&eTos Tpds THY elBelay X — 3y+4=0.
66. Tpiycvov ABT &xe kopugds T& onuela A (—3, 2), B (3, =2) xal T (0, —1). N& etpeBoiv
ol trodoers 1Y Uy aimol kal v dmrodexdi 3 T Oyn Tolra Siépyovren B1& ToU alrrol on-
uelov.
67. Né& ebpebolv ol tiodoes Tév pecokadbrwy Tév TAeupdy Told TPIyvou ToU Trponyou-
pévou TrpoPAfiuaTos kal vé &moberyBi &1 adran Bitpyovtan S1 ToU alrrol onuelou, Td dmrolov
dréxer lodas TV Kopuedv ToU Tprydvou.

§50. 'QNIA AYO EYOEIQN.— Els 16 épfokavovikéy ovoTnua &Ebvaov
xOy (ox. 31) Bewpolpev Slo elfelas (8,) kol (8,) EEiodoecy dvmioTolyews :
Ax+By+r,=0 (€D
Kkai Ax+ Byy+ =0 2
"Av afran Tépvwvtal, o yovia d
Tas omoias oynparifouwv elvan fomt
PO TaS ywvias TGV & olT@v Ko-
—_—
Bétaov BiavuopdTwv N, (A,B,) kol

'I:J_;(AZ,B,) fi TapamAnpwpaTikal ToU-

Twv. A
“Eotew 6 ) yovia 1év Biavuoud- J

TWV TOUTWY, TolaTn doaTe 0 < B < .
Kora thv (§ 23) 04 elvan :

A1 4 A‘2+Bl % BS (3) Ix. 31
VAl +B:. VAL 1+ B

[©]

ouvl =
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E&v @ elvan 1) &&eia ywvia Tév (8;) kal (5;), TéTe 6+ o= T kail &pa
ouvp = -+ ouvB. ’Emeldl Umetibn ¢ < 1. Emetan ouvg > 0. Kal &pa:

|A;y - A, + B, - By |
Vai+ B -YA] + B

ouove =

@

Mapatnpioes : A) "Edv (8,) L (8,), Té1e owvg =0, kal & Timos (4) 5i5e :
A - A;+B, - B, =0,
oxtois evpebeioa kal els thy (§47).

B) Mvwpifopev &T1:

1 o _ (A1+B}) (A3+B2) — (AA;+ B,B,)?
URARCT RS AT Ay + BB
€ oU: d | j | |
_|A -By— A -By| _ [ M—Dy 5
¥ =A, K, FBpeh, T Tk} 2

ko’ Soov ep ¢ > 0, 51671 ¢ < 90° kad Ay, A, al ouvTedeoTal Sievbivoews Tév -
Beidov (8;) kal (5,).
"Av al (5,) kal (8,) elven TapdAAniol, TéTE :
=0 += A -B,—A,-B=0 ©
oxtois eUpebeloa kal els THv (§ 46).

M) ’Edqv & Timos (5) tpapuoodij els Thy mepimrwow Tfis ywvias Tév -
Oeiiv (Ox), iowoews (y = 0), kal Tis ebbelas (8), E§iodoews y=Ax 4 B, TOTE :
tpo=|1|

’Eav A > 0, 1) ofeia ywvia ¢ elven ) oxnuamifopévn Umrd Tou &fovos Ox kal
Tou pépous This (8), ToU Gvawbey ToU &fovos Ox keipévou.

’Eqv A < 0, 1) 8Eeix yoovia ¢ elven ) oxnuaTifopévn md Tol &fovos Ox kai
ToU pépous Tijs evBelas (8), ToU kdrwbev ToU &Eovos Ox keipévou.

’Eri mhéov A elvan 1) éparrropévn Tijs yowvias, fiTis oxnuaTifeTon Umd TOU
&Eovos Ox kal ToU pépous Tijs eVBelas (8), Tou lvmbev ToU &fovos Ox keipévou.

"Ex Tdv &vwTépe EmeTan &Ti:

Eig dploxavovikdv ghotnpa cvvietaypévov 6 ovvisheotiis dievBiveswg pidg
ebBeiag (8), pf) rapaliniov npog tov GEova Oy, icodrar npdg Tiv pantoptvyv Tiig
yoviag, 1| oroie exynpariletar drd 1ol GEoveg Ox kai tob pépovg tfig edbeiag (8)
tol kewpévov eig 10 fmerninedov y = 0.

Téte & ouvteheotns BieuBivoews Tiis (8) xodeiton khiowg adTis.

Mapaderypa: ‘H yovia tév elBadv (§,), (5,), tiowoewy dvtioTtolyws 7x—3y + 6 =0
kal 2x — 5y —4 = 0, elvan :

I A S=dis 8g iy aiiiergie ape ol v X200
Ep Y IA|'A1+BI'B|| ll] 1 L4 4 il ¢ 4
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AZKHZEIZ
68. N& Umodoyioi f) ywvia (86ela) Ta@v elBadv (5,) Kkl (8,), trodboewy dvmioToixes
Tx+ 3y + 6 =0 kal 2x + S5y —4=0.
69. N& eipeBolv al ywvicn ToU TeTpamAeipou ABTA, Smep Exer kopugds T& onpela A(10,8),
B(-3.9), (—4,—4), A(9,~5) kal & €lBos Tol TeTparmAepoy ToUTOU.
70. Na& evpeboiv al ywvicn Tév ebBeddv, Eiodaewy dvmioTolyes :
1) 2x-5y+1=0 xal x-2y4+3=0
2) x+y+1! =0 kal x—y+4+1 =0
3) 6x—3y+3=0 kal x=6.
71. N& ebpedij ) Elowos Tiis edbeias (5,), Tiis Siepyopévns ik Tol onuelou A(3,5) kal oxn-
uamifovons ywviav 13'— petd Tfis evbeias (8,), Efiodoews X—y 4 6 = 0.
2. Té abro 814 Thv ebfeiav THY Biepyoptvny Bid Tol A(1,—3) xal Tépvougav Thy (8,), EEi-
OWoEWS X + 2y + 4 = 0 Umd ywviav 1359,
73. Na Umohoyrofolv al ywvial ToU Tpiydvou ABT, &mep Exel kopugds A(0,0), B(—4,4)
xal M(2¥3-2, 2Y3+ ¥2).

§51. AATEBPIKH ANOLTALIZ TOY IHMEIOY M, (x, y;) ATIO THN
EY®EIAN (3), ESIZQLEQL : Ax+ By+T =0, dv |A|+ |B| > 0.

*Eorw OZ & &Ewv & dyduevos éx Tol O xabBéTeos Tpds THY elBeiav (8) kai
TpocavaToAlTuévOs KaTd THY opdv ToU 51uu\frcucrro;:EA,B) kal oty H(x,,y,)
f) mpoPoAn ToU M, émi Tv ().

O& Exwuev : (8) Mo (Xo: Yo)
u-HM, = u.FM,= VAT £ B2 . FiM,,
dnAad :

A(xo—x,)+ B(yo—y,) = VAT T B. AM,

¢€ oU: 3
ri _ Al — X))+ B(yo—y1) 1 =
HM — 0 1 -0 1 1 ]
1 T ) 1
*Emeidt) 16 H keiton & s (5), 8& o \
Zx. 32

elvar Ax, + By, =—T kai 1) (1) yiverou:
FM, _Axe+ Byﬂi— &
“Vairee

"Apa f) dmdoTaois ToU M, (kard T dvriBeTov gopdv) dmd Thv elfeiay
(8) 8iBeton Umd TOU TUTOU :

, (HM, petpeitan i Tou &Eovos O—Z’)

Ax, + By, + T
d=|MH|= |_0___;u* 2
b @
‘H &méoraos OK Tiis dpyfis O Tédv &Ebvev &md THy (8) elven :
|T|

OK = o 3

VA B? ©)
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Mapéderypa lov: ‘H dwéoTaois Tol onueiou Mo(2,5) &md Thy ebbeiav (), thiodoews
3x + 4y — 10 = 0 elvan:
|3-244-5-10] _

|64+20-10] _

3.2

et e L -

V314 40 Y9 + 16 5

Mapaderypa 20v: ‘H dméoraos s apyiis 0(0,0) tév &Ebveov &md THY eVbeiav (B), -
odoews 6x + 8y —9 = 0 sivan :

AZKHZEIZ

T&. AiSovran T& onpeia A(1,5), B(—=3,3) xai ['(6,2). N& Utrohoyiadolv T& Uyn ToU TPy @-
vou ABI.

75. T aUTd Sk 10 Tpiywvov, dTep Exe kopupds T& onueia 1) A(2,3), B(-4,0), r-1,-4)
kad 2) A(3,5), B(1,-2), I'(6,-5).

76. AibeTan T onueiov A(4,6) xal al elBeian (8), fiowoEwy ;
(u—1) x—(2u—3) y—4u + 1 = 0 xal fnreiton va Sprodi] & u, els TpdTroV, GoTe 1) awdoTACIS
ToU A &md ThHv (8) v& elven 3.

77. Né eUpedfy # EElocwas Tiis ebBelas (B), i &mola &méyer lodris T&v ety (8,) kal (5,),
tEiodoewv &vmioTolyws : 3x +4y—5=0ckal 3x+ 4y +7=0.

78. Né& Urohoyiofolv al d&moardoess Tiis dpyfis O(0,0) &mwd tév eubadv (8) kal (8,) £61-
glotwy dvTioToixws X + 2y —1 =0, Y3x + fz_y — 1 = 0. Mofov gupmépaopa EdyeTon Ev-
Teubev ;

B

§ 52. KANONIKH EEZILQLIL EYOEIAL.— *Eotw Ol (oww, nuw) uovo-
—

Siodov Sidvuopa k&detov i THY elBeiav (8), OZ & &Ewv ToU povaBiaiou ToU-

——
Tou SravuopaTos Ol kai H 10 onueiov To-

(8)

o
uiis Tiis (8) xad ToU OZ.
©ttopev OH = p. ‘H elfeia (8) elven
16 TUvohov T&V onueiwv M(X,y), Sia T&
otrola :

—_ -
Ol - HM =0 § (§ 55 wapatiipnois)

— ey —_— —
Ol-OM=0l.-0OH=p 1

X oUVO - ¥ Np® = P ey

‘H (1) elven /| kavovixyy 2icmoig Tfis (8) kal ogelheTan els TOV Hesse.

TMpogpavés, fi Béois THs ebfelas (8) EapTdTan éx Tiis dooTaoEws OH=p,
Becopoupévng TrévToTE BETIKTS, Kad THis ywvias w, Gewpoupévns kal TauTns SeTikis,
els Tpétoy, dote: 0 < @ < 2.

Mapaderypa : "'Eqv w = % xal OH= -3-—, 1) &Efowois Tis (8) elvan :
™ ™ 5 x L -
Rpow g by eg = W Ry o g =0 4 24 VEg-S=0
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§53. ANAI'QI'H THE Ax 4 By + I'=0 EIZ THN KANONIKHN MOP-
®HN AYTHE.— "Apkei v& dplgewpey T ywviav w kai 1o p, els Tpdmrov, doTe of
tEiooels :

(1) xoww+tynuw—p=0 «ai Ax+By+T=0 (2
V& TrapioTéuouy THY aithy edBeiav. TTpds ToiTo TpéTel ko &pkei :
ouv w M @ —p

A ~TB T ~PTrowow=pA muw=pB, —p=pl
1
“Oftev : A2+ B =onwio 4+ nulo=1 — p=— - 3
vi  pHAT+ BY) = owie + nute e (3
kai kot dxoAouBiav :
“4) owoe= o e, 0= o )
+ VA® 1 B? W I Vair
"Apa ) (1) ypdoeTan :
A B r
—_——X — — =0 6
+ VA 1 B? +iﬁ2+nzy+:!:m+52 ©

Inpeiveoig: "Edv p > 0, & Tfis oytoecws —p=pl Emeten 611 0f p xai [
B elval Erepoenpor dpiBuoi, éktos dav M= 0.

'Eav =0, 7161 p=0 kai kat’ &xoloubicv o < r. "Apa nuw > 0,
SmoTE, ik Tfis oyéoews MU w = p B, EmeTan 671 ol p kai B elvar opdenpor dpibuoi.

"Ex 16v dvatépw EmeTar & ypijoipes kavév.

KANQN : Awd va avayayopev tiv Ax + By + I'=0 &ig v xav. popoiy :
lov : Ebpioxopev tiv nipiv : VA% + B2,

20v: Aidopev gig tv ipnv VAZ £ B? avrifetov npoonuov tob I, # av
=0, 10 adtd npéonpov pé 1o tob B, Kai:

Jov : Awaipodpev apgdtepa ta piln tijg Ax By +T'=0 &a tod amotehé-
opatog toi 2ov i

MpokUmrTer oUTws #) {nTouptvn Eficwars :

MNapadevypa : “Eotw 1) ticwors 4x — 3y + 15 =0. Elven :

p=—YA 4+ B2=—Y16+ 9 =—5, Bi6m mpémer pl << 0. ArcipoivTes 51k —5, AauPévopsy

4
Thy EElowow @ — —:» X + -;’— y—3 =0, fitis elven 1) {nToupévn, ué ouvw =— =5 nbw =
= kai p=3
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AZ KIH:ZEILZ

79. N& popewdolv al E§iodoes kal vi xacraoxkevacfouv al evfeian, Sia Tas émoias elvar

ko auh P 5. w=—3- B=10
ZoesmT BT l 6, mimll, B2
3 m={_' P ! r m='n,3 P =5
4. m=—-§"—. p=4 , 8. wmj;:—. p= L

80. N& &vayBolv Umd THv kavovikiy popefiv al éfwodaes

3. x+y+8=0
4 Yi-y=0.

l. 3x+ 4y-10=0
2. 5x—12y+39=0

§54. ATIOLTAZIE EHMEIOY M, (Xq, ¥o) AIIO EYQEIAXL (3) EZIZQ-
ZEQL xowwow+ynpo—p=>0
Eis THv mepimToow TadTtny (o). 32) elvan u = VA2 + B2 = Vouvtw + np2w =1
kai & TUTos (2) Tiis (§ 51) ylveron :

d=|x,00v o+ yonu o —p| M
*Eqw 16 M, Exn Thv Béow O (0, 0) T&v &Edveov, Té7e 1) (1) yiveTen :
d=|p|. (2)

§ 55. EEIZQIIZ TQN AIXOTOMOQN TON TONION AYO EYOEIQN.—
*Eotwoav (§;) kal (&,) Buo ev-
Beicn E§loTEwY :

Ax+By+T =0 ¢1)
kai  Ayx+By+T,=0 (2)

Od InTowuey V& Ekppacw-
pev 611 TO onueiov M (x, v )
kelTal Emi Tis wmds 7 Tis &AAng
T@v BryoTducwv Tijs ywvias Ay TGV
evBadv (8,) kai (8,). "Avayxaia
kai ikavt) ouvlnkn elvan @ ai &mwo-
otdoeis ToU M (x, y ) &mo Tas
(8,) xai (8,) va elvan foca : AnAa-
6n: MH, = MH,

(61) R [ '

Q

A | Ay X +B,y+r,|=|A,x + B,y + T,
VAl + B VAS+ B
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Kat’ drohoubBiav 1) pla Tév SiyoTtduwy éxe tficway :
A x +B1y-}-l'1__A2x +B,y +T, L% 3
Val+ Bt Va? + B}

kai 1) &AAn SiyoTduos 8& Exn Efiowoty :

Ax +By +T, A x + By + 1,
2 p? * Va2 n?
Vai+ B A} + B

=0. (4)

Enpeiomg : Aid va elpwpey Toia tk Tév Eiodaewy (3) kal (4) Tapiotd Thy EowTepikiy
kol Tola THY ESwTepiknv BixoTduov Tjs ywvias A,, tpyaldusda s Efs :
Bewpoipev Tas Eiodaes Tav (8,) kal (5,) UTS THY KavoviKiY popehv clTév :
(8,): Xowew, + ynue, —p; =0 kal (8,): X ouvw, 4+ y Nuw, — p, = 0.
‘O Aoyos Tdv drooTdoewy aUTdY dd anuciov Tis elfias :
(8): X ouvw, + ynuw, — P, + k(Xouvw, + y nuw, —p,) = 0
elvar —k, (keR).

Mpdyuar, éoTw Mo(x,,y,) Tuxov onueiov Tfs (8). O& Exopev
Xo UV, + ¥, NBw, — py + k (X, 0w, + o Nuew, — p,) = 0,

. __ Xo OOV, + ¥, UG, — P,
sk ~ K= X owe, F Yoo, p, t

‘0 dpBunThs Tis (5) elven 1) &mdoTacis s (8,) &mé 1o M, kol & TapovopaoTis | &mé-
aracis Tis (8,) &mo 16 M,. Kat’ dxoAoubiav, —k el-
vai & Adyos Tév dmooTdoewy TéV (5,) kal (5,) &wd
T M, Tiis elfeias (5).

‘Eav k = 41, ) (8) elvar pia fj 4 &An 1@V 81-
XoTéuwy Tiis ywvias Tév (5,) xal (8,).

‘H yovia 1év (8,) kai (8,), bvrds Tijs dmoias eu-
plokerar f) dpxfy O Tév &Edveov, § ) KaTaKopughv 115,
elvan ) owtepikn ywvia Tédv (6,) kal (8,). Al &@ra
eivan EEwtepixai TGV eUBe1ddy ToUTwY,

Kaa tov kavéva iis (§ 64) Emeren &1 ) (5) xei- 8,) o[t/
Tt els 16 lowTepikdv Tis yowvias T (8,) xal (8,), (81 :
étav k < 0 xai els 15 Ewtepikdy, Stav k > 0. /(8) (62)

‘Eav # &pxh O xetton Eml Tiis (8,) & s (8,), 6a Ix. 35
TpéTe v& kaTaokevaoBouv of elfeicn (5,) kal (8;) xal

al yovia, els Tés dmolas k> 0 dvioToixouv al SiyoTdpo (tocwTepikh — E§wTepiky ) kaTd
T0 oxfiua.

AZKHZIZ

B1. N& popowbolv al tEiodoes ToV BixoTouwy Tov towTEpIKGY YwVIdy ToU TpIyovou
ABT, ToU émofou al Eiodoes Tiw TAeup&V elven :

4x—3y—12=0, 5x—12y—4 =0, 12x -5y —13=10
xal v& Beix6ij 6T Biépyovran Eid ToU altol onuelou.
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§ 56. THMEION TOY TPIQNYMOY ax + By + y.— T onpeiov Tfis mapa-
oTdotws E= ax+ Py + y &aptdTan &mwd

T8 ‘dplﬂurl'rmds TIHAS ;rd'w x kal y, &n- y M(Xay)
AaBf) ik Tiis Béoews ToU onupelov M (x, y)
Tou KapTeoiavol émimédou xOy (oy. 36). (8)
“lva fy mapdoTaois E elvan pndév, mpé- @ P (K i)
el kai dprel TO M (X, y) va keiton el Tfis l
eUBeias (8), éEiowoews : L : x
A
ox + Py +y =0. 1o K(X,0)
"Qote: E=0 <= ME (). @ v g 4
X-

'Eav M ¢ (8), maptotdduey Bik ToU P
Thv Topfy Tiis (8) petd Tiis &k ToU M To-
poaAAfidou Mu mpos Tov &Eova Oy. Té p Exel ouvteTarypévas, Tpopavés, (X,¥,).

"Apa ax + Py, +y =0 ¢))

A 10 onueiov M (x, y) & Exeopev

E=ax +PBy +vy = (ax +By +v)— (ax +Pyo +7¥) =By —PB¥o
| E=B(y—y)=8-PM. @

"Ex Tfis (2) paiveton 811 fy rapdoTaois E Exer T6 onpeiov ToU B, v 16 PM > 0,
SnAadf) tav TO M keltan els TO fuietrimeSov (1), keipevov dvwbev Tfis (8). B& ixn
8¢ onueiov dvTiBetov ToU B, v 16 PM < 0, nAadh o M xeitan els T Auerrime-
Bov (2), 1o xelpevov kdTwlev Tijs ebfelag ().

Qote: To tprdvupoy ax + By + v elvar Betikdv Sia niav onpeiov tod fvdg
@v quemnidov 1@V opilopivov bno tiig evdeiag, Erohotng ox + Py + 1 =0,
Kai apynrikdv dia nav onpeiov tod dikov fuemnidov.

Aa va Biaywpiowpey & Blo TaUTa dvorktd fuetiTeda, dvalnToUpey
To poonuov Tis E, 1o dvTioToixolv es ThHv &pynv O(0,0) Té&v &Edvev, s

TV TepiTrTooty, ka®’ fjv y 7% 0. Eis ToUTo €l-
v val E = y. "Apa :

To onuelov tijg E = ax + Py + v elvor 10
tob v eig 10 fueninedov, £lg & xeitar 1 apyn
0(0,0) T@v ovvtetaypévov.

Mapaderypa: Td Tprovupov 2x + 3y — 6 elvan
GpvnTikdv els TO &voikTodv fjuiemrimedov, TO TrEpiExov
ThHv &pxhv 0(0,0), eis T drroiov ywpileTan T Erimedov
Umo Tiis eVBelas (8), é§1owoews 2x + 3y — 6 =0 (ox.
37) kai BeTikov els 10 &AAo &voikTov fHwetriteSov. TTpos
Bidxpiow TomobeToUpev TO onueiov + kal T6 onueiov —

4
\ obeTc
txarépwbev Tiis eUBeias (B8), Bi1& va Beifwpev TO Be-
2X+3y-6 < 0 = ﬂ.p. ks ; (). ng ;
KoV T'| TO dPV'ITT'IKUV 'ITPDU'T"J.DV TOV TP]WVUHDU

Zy. 37 ax + By + v.
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§ 57. TPA®IKH EINIAYZIZ THE ANIZQZEQE : ax + By +y > 0.- Apkel
va elpoopey 1O ZUvorov TéV onpelwv Tou Emmédov, TV &molwy al ocuvreTa-
yHévat x kol y EmenBelouv Ty dvicwow

ax+ Py+y > 0.

Kataokeudiouev THv eVbeiav (8), é1oc-
oews ax + By + y=0 kal wpoodiopifouey
T onueiov Tis TopaoTdoEws ax -+ Py 4 ¥
els EkaoTov TGV dvoikTdv fuemmédwy, els
T& Odmola Xwplleton 16 émimedov xOy Umrd
Tijs eBelas (8). KaAumTopey &roloUbws Bi&
TapoAATAwY yYpapudv (ypoaupookiaopa)
TO pépos ToU Emimédou, 16 Smroiov Btv Gp-
udlar els TNV Ao ToU TpoPAnHaToS.

OUtw, Bix v& AdPopey T& onpeia Tol
emmedou (o). 38), TV Omolwv al ouvTeTayuévoan Emadndelouv THY dvicwoty
2x + 3y — 6 > 0, ypappookidlopev 1O dpvnTikdy pépos Tou EmiméSov, T étroiov
mepiéyet THY &pynv 0(0,0) TV ouvTeTarypéveov.

‘H ebfeia (8) mapioTatar 81" éoTryuévns ypauuds, Sid va Seifwpev 811 ol
ouVTETCry dévar TéV onueicov adTiis pndevifouv TO Tpicowupov 2x + 3y — 6, EkTds
v eiouev mpos AUaw Ty 2x+ 3y — 6 = 0, émoTe 1y (B8) O émpetre vax ypogi
OUVEXTS YpouuT.

Ix. 38

§ 58. EOAPMOT AL — Bdoe Té&v mponyouuévws EktebévTwy, Suvdueda v émi-
AUgcopev oUoTnpa dvigwoswy ToU TpwTou Padipol A v elpeopey T Trpdomnuov Tou
ywouévou (Eriduois dviowoews) TpwToPaduiwy TapaydvTwy s Tpos X, V.

Mapddeiypa lov: Awd rofag Tipdg tv X, ¥ ovvainBedovy al dviohoerg;
2+ y=1l0:(1) . x—y 4 1>0(2)
y+1>0 (3).

KaTtaoxeudgopev (ox.39) Tas edbeias
(8,) (8y): (8,), tEr10choecoy :

I+y—l=0, x—y+l=0,
y+1=0.

*E&v ypappookidawpey EkagTov fiue-
wimwedov, els & al ouvTeTarypévon TéV on-
peicov Tou Bév EraAnfeiouv THy dvtioTol-
xov dviocwaiy, kaTaAryopey els TO gup-
Tépacpa &1t pdvov T& towTepikd onueia
ToU Tprywvou ABI Exouv ouvTeTayuévas
traAnfevoloas ouyxpdvews kal Tas Tpels
dviooers.

Mapadevypa 2ov : Na Emivdf 1 dvioworg :
(x=y) (x+2y) 2x+y—3)<0, (1)
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KoraokevdZopey (oy. 40) Tds ed-
oelas (8,), (5,), (B,), tEwoboecov dvTi-
oTolyws :

X—-y=0 x+4+2y=0,
2x4+y—-3=0.

Al elfelon alren ywpifouw 76 Eml-
mebov Tév &Ebveov xOy el drrrd brrime-
8a xwpla. Els fxaotov Tév Yepiwv
TOUTWY Td yivdpevov TV TapaydvTwy
ToU TpdTov pédous Tis (1) AcuPdver
tva dpiopévov mpdanuov. TTpoodiopifo-
uev T onueiov ToUTo Kal Trapaheimo-
Hev TO yewplov Exeivo, els To dmroioy TO
Ywouevov ToUTo yiveran fetikév. Mapa-
TnpoUkEy eUkdAws ST 7 dvicwais (1)
dAnfeder S1& Tds ouvreTaypévas TGV
onuesicov T&V kepéveov el T& Ermimeda
xwpia 1, 3, 5 kad 7, E€cipoupéveoy TéV
onueiwy TGOV Kepévav &l TV eUBaidy

(), (5) xal (5).

82. N& yivn ypagikd tmiduois Tév ovoTnudmeov :

1) b (30500
2) 2x -3y 4+ 6>0,
3) 2x— y+ 5<0,

Y
3& O /(S!]
A 3 B
\1’;( B y &/
@ 2 \\\o\\ﬁ *//
‘ P
s{) \O/
Xe ™ 3 Qe
"‘2&;\\ //I\ @
v \}( A\ 2 3 4 X
< " g ¥ T Al o
o~ \
® 7 PO\
7 Siiesees
- @" K>y
\ ‘\\
Zy. 40 \\\-‘C @
(5
AZKHZIEIZ
x—y+ 4<0, x—4>0
4x —y — 4<C0, 4x+3y+12>0
x4+ y+ 7<0, 3 —y>0
Tx—2y 4+ 14>0, x4+ y-5<0.

4)  5x—2y+10<0,
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KE®AAAION 1V

MOAIKAI ZYNTETAMMENAI

§ 59. IIOAIKAT LYNTETATMENAI IHMEIOY EIZ TO EIIINEAON.—

Eis Ty mrapoloav Tapéypagov 8& Bewpricwpey véav péboSov Tpoabiopiouol
Tfis Béoews TGV onuelwv Emmédov, Tij Ponlela Suo TPAYUTIKGY &piBuddv. Y-
ToféTtopey SeBopéva TO onueiov O, TO drroiov
koAoUpev méhov, kol plav oTabepdv elfeiav OA,
koAoupévnv moiwkdv &ova (oy. 41).

Yo Tds ouvBrikas TadTas, Tuxdy onusiov P
ToU émmédov elven dpiopévov, &v Bobfi TO pijkos b A
OP =p kal ) ywvia AOP = 6. Oi &pifuol p kai 6 o~ -
koAoUvTal molikai cuvtetaypévar ToU onueiou P. \
TS p xoheitar Sravvopatiki dxtig kol 1 yovia 6 s
KoAeiTal mohiki] yovia. N

‘H mohikf) yovix 6 elvor Ostikf fi dpvnri- R
Kkf, S kal els THv Tprywvouetpiav. ‘H Siawvu- Iy. 41
opaTikhy &ktis p elvon BeTikn, d&v 1O P keitou émi
THs TeAixds TAeupds Tfis yowvias 8, kal dpynTikg, STov T P kel Eml Tfis mpo-
ekT&oEWS Tijs TeAIKT)s TAeupds Tiis ywvias 6.

OUrws, €ls 10 (o). 41) # SiavuopaTikh &kTis p Tou P elvan BeTik, &v ) ToU
P; elvan &punTike.

Enpeiooig : Eis mdv onueiov 1ol tmméSou (Sidpopov ToU O) &vtioToryel
tv dpropvov Siatetarypévov Lelyos (p, 0) TpayuaTikGY  &piBuddy, Kol &vTioTpd -
pws : TT&v TowoUTov Biaretarypévov Lebyos elvon dvtioToigov dvds kai pdvov
onueiov ToU &miméSou, ToU OTroiov ai TroAikal ouvTeTaypévar elvanr O Soblv
LeUyos.

Elvan mpogavis §1: 8Uo TuydvTes TporymaTikol &piBuol (p, 8) nposdiopilovy
Ev povov onpueioy, 1O dmroiov KoTaokevdleTal Ko TOV dkdAouBoy Kavova.

KANQN.— Aia va dpisopev thv Biov évdg onuciov, tod droiov disovia
ai mohikai ouveetaypévar (p, 0) :

p

lov : Kataskevalopev tiv tehikijv nhevpav tiic yoviag 0, 6nog kai sig v
Tpryovopetpiav.

20v : ’Eav 1 Swavoopatikn dxrtig p elvar Betik, hapfavopev iri tiig telikiig
rlevpig tiig ywviag 0 10 tpfjpe OP = p. *Eav 8¢ 1| Sravvopaniki axtig clvar dap-
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vitikh, mpoexteivopev v telkiv mhevpav tiig yovieg 0 kal Aapfavopev &ni tijg
npoektaoeng, £k Tod ndkov, tpfipa OP foov mpdg tiv apbunuikiy tipiy (f and-

Avtov) oD p. Td onpeiov P Oa elvar tote 10 {nrodpevov.

LS
2 o
3. %_
6 )
-3
n olfi 2 )45 |70 A
6 - J! 6 j|
x [}
8 )
3 o Jj
/ o
o )
l’ 4
5 Y,
5TL %
e N
T A 3 e Te
i W 3
3T
2
Zy. 42

Eis 10 (ox. 42) Exouev mpooBiopioer Ty Séow T@v onuelwv, TV dmolwy

al oMkl ouvTeTarypévar elval :
™ 5t 5m 21 i1
(6, T)’ (3, T)' (-3, T)‘ (6,15 (7, _T) el (s, ‘T)

"Ex Tév dveoTépeo exTeBévToov EmeTon 611 :
Mav onpeiov P opiler anawpiav Satetaypévov Levydv (p,0).
AZKHZEIZ

83. N& épiofolv Ta onuela, Tév dmolwy al ouvtetaypévon elvan :
2m 27 ™ 4
) (25 (43 (+5) o

R
84. ‘Opofws T& onueia:
(6, g -}) (—2, i -;) G, ), (4,7, (6, 0), (=6 0)

85. Na &mobeayffi ém & onueia (p,0) kal (p,—0) elvan ovpperpikd s Tpds Tdv TOAIKdY

&Eovar.
86. N& dmodeyfi 61 T& onpeia (p,0) kol (—p,0) elvan cuppeTpikd s Tpds TOV ToAOV.
87. N& &mobeyd7j 6T T& onueia (—p, T™—8) kad (p,0) elvar cuppETPIK G5 TTPSS TOV TTOAL-

kov &fova,
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§ 60. METAZXHMATIEMOZ TON OPOOI'QNIQN LYNTETATMENOQN
LHMEIOY EIEX IIOAIKAX EZYNTETATMENAEL.— *Ectwoav Ox kal Oy ol
&Eoves TGV dpBoravovikédv ouvTeTaypéveov, O & TéAos, kal Ox & ToMkods &Ewv
£vos CUOTNNATOS TTOAIKGV oUVTETaYEVCV (ox. 43).

"Eotwoav (x, y) al &pBoydvior ouvteTarypévar kai (p, 8) al ToAikat Toial-
Tan tvds onpelou P. Alaxpivouey BUo mrepimrToes, ko doov elvan p > 0 kad p < 0.
lov: "Edv p > 0 (o). 43—1), & ToU Tprydvou OAP 8& Exwouey :
X=poovd «xal y=pnud, (1)
els olovBnmoTe TeTapTNUOPIOY Kal &v evpiokeTan TS onpefov P.

AY

-y! 3
® e
x. 43 Rl
20v: "Edv p < 0 (ox. 43-2), Becopoluey 16 ouppetpikdy onpelov P, ToU P
s Tpds ToV TéAov O, ToU Smolov ai opfBoywvior ouvTeTaypébvan 0 elven
(=x,—y) xal of ohiked (—p, 8). ‘H SiavvouaTixhy dktis ToU Py, (—p) elvar Be-
Tk}, 516T1 p < 0 #§ Umobéosws. Auvdpueda, koTd cuviTeEiay, v XpnoipgoTtrojow-
uev Tas e§ioaers (1). A T Py 8& Excopev Aortrdv :
—X = — pouvl
—Yy=—pnné
"Evredfev mpoximTe 1O dcdAoubiov Becdpnpa :

], dméTe Bix O P B elvea: P sow }

¥ =pnpo

§ 61. OEQPHMA : ’Eav 6 mokog cuprinty pé v apyiv O tév svvietaypé-
vov Kai 6 molkdg GEov pé tov Betikov fpuiatova Ox, 0a Exopey :
X = p ouvd

y=puub } ®
tvBa (x,y) ai dpBoydvior cuvietaypévar tob Toxéviog onpeiov P 1ob Eminédov kai
(p,8) ai molikai cvvieraypévar adrod.
Al ESiocdoeis (1) pépouv 1O Svopa EErcdosig petasynpetiopod tdv dpboyw-
viwv ovvistaypévov el molkdg towadtag.
"Ex Tév éQiewoewv (1) Aappdvopev edxkdAws Tds

p2=x2+y2 kal 0=10€5(P("3£—)1 X #=0

nuo = it 4 573 kol ouvl = . e
TVxi 4y Vx* 4yt

Inpeioog: ‘H ywvia 8 imodoyileton &md Tols Slo TeAeuTalous TUmTous pali.
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§ 62* TIOAIKH EZIZQELILZ EYOEIAL.— lov: 'Edv f) elfeia (8) &xn tlowow Tijs
popofis Ax + By + M= 0, Té7e Bid Té@v Tomav (1) adrn peraoynuotiferon els v :

p(Aovvd+ Bnud) + ' =0 (€))]

20v: 'Edv ) elBeia (8) Exn &Elowow Tiis popefis:

\ X oww + y NHw = p,
Té1e aUtn Sk Tév (1) yivetan:

powb ouvew 4 pnu@ nuw = p, & ol: povv®—w)=p 2
Mapampiong : Ak w = 0° ) (2) ylvetan: poovB=p }
Ak w = 180° A (2) ylvetau: poovl =—p
Els dupoTépas Tas mepimrTdaes TauTas 1) ebela (5) elvan ké&beTos dml Tév ToAkdv &ova Ox.
Ak @ = 90° ) (2) ylveren: pnpd =p
kal Bk w = 270° §y (2) ylvetan: pnpd = —p

Els dugoTépas Tds meprmrdas TaUTas f) (8) elven mapdAAnAos mpds Tév Tohikdy &-
Eova Ox.

Maoa cbfela Siepxopévn Sd tod ndlov Exer ifomowv: 0=k,
&mov k dpiopbvos TpayuaTikds &pibuds.

§ 63. EDAPMOI'H.— Na cbpebfi 1| dnbotacis thv onusiay A(p, 8) xal Ay (P, ;).

Aboig : Mvewplfopey 811 ) dmdoTacis Tév onuelwv A,, A, s KapTeoiavds ouvTeTaryptvas
elvan :

= (x3—x,)* + (y.— ¥ ) 1)
" X, = p, ouvd; } Xy = py ouv, 2
AN 1 3 i dméTe 1) yt :
Yi= panf, U =, J, T gt i e

d? = (p, ouvd, — p, oww8,)? + (p.nub, — p, NUG,)?
kal perd Tés kaTaAAfrous Tp&Eers AapPdvouev TOV TUTTOV ¢

d? = p + p}—2p,py o0V (8, — B;) e

Qi 6, = 6, Exouev THv inféxtacv tod [MuBayopsiov Bzwphpatog.

AZKHZEIZ
88. Al dxéhouBor EEiocoes va peTaoynuaTioBolv els ToAmds :
1) x-3y=0 4) x*+4 y*—ax=20
2) y+5=0 5) xt-yt=gct &Eoves dpBokavovikol
3) x24+y:=16 6) 2xy=1

89. Al dxbAoudor tEiochoeis va peTaoynuaTiobolv els Kapreoiavas xal dpBoywvious ouvTe-
Taypévas kal kavovikds.

1) p=10 5) plowv?28 = ot )] p = a(l—owvd)
2) p = 16 ouvb 6) p = anu2d 10) pnu26 = 16

3) pnué =4 7) p = aouvd 11) p! = 16 nu26
4) p=anul 8)  powd = anud 12) p = anu3é.
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90. Né& eUpefouv al dpBoydvior guvteTaypbven TV omueiwy :

(3 (+3) om

91. N& UmooyoBij 6 EuPaov Tprydvou ABI ouvapTiioer Tév ouvTeTaypbvev TéV Ko-
pupdv Tou els dpBokavovikols &fovas, TpéTov els KapTeoiavés ouvTeTarypévas kal Seltepov els
TToAIKES.

92. N& dmoBeayfij dn1 & onuela (4, %), (12-—4 13 _;;)' (12, %) keivron &’

eUfelas.
93. N& UmrohoytoBij 76 EuBabdv Tou Tprydvou ABI, Tol dmolov kopugal elvon Té& onpeia:

b AeF) o6 ) ()
A(12, ). B(s, -"?-) r(s,ﬂ.
94. N& UmohoyroBf f) &méoTacis Tév onuelwy A(S —~—) ( )

95. Na& &modery8i mi al E§iodoers TGV BixoTéuwv ywvias 5o Teuvopéveov elBeaidv Umd
TAV KaVoVIKNV popeny elvan :

x(owew; + owew,) + B(nue; + Muw,) — (py + pa) =0

xal x(owe; — auve,) + y (e, —nuw,) + (pa—pi) =0

96. Els pboxavovikdv oUoTtnua ouvtevTaypévev Bewpoluev T& onuela A(l,6), B(—4.2),
F(3,~1). N& Umrohoyiod :

1) Td ufixos BT.

2) Té Oyos AH ToU Tprydovou ABI.

3) Al tgowoes Tav towTepikév BixoTduwv ToU Tprywvou ABT.

4) Al tiowaeis kal T& pfikn Tév Siapfowy Tou Kal TV EEwTepik@Y BryoTOMWY TOU.

5) Al tEiohoeis TGV pegokadéTwv TV TAEUPGV TOU.

6) Al Eiodoeis TV elBadv al dmolal ouvbéouv Ta ploa TdHY TTAEUpdY Tov.

FENIKAI AZKHZEIZ TIPOZ EMANAAHYIN.

97. N&eUpefolv ol ouveTarypévan ToU onuelou Tijs elfelas (8), ¢6iowoews 3x — 5y + 6 =0,
T drroiov &rréyer Toov Tév onpelwv (3,-4), (2,1).

98. N& eupedij 7 Elowars Ths evbeias, # dmola SifpxeTen Bid ToU onuelov (2,5) xkal Torl-
TNs,0oTe 76 petady Tév d&Eéveov TEfipa alTiis va SicapeiTon Urd Tou onuelou ToUTov el Slo foa
uépn.

99. N& dmoderxdij 811 of edfelan y = Ax + B, Swou A = P, BiépyovTan Bk ToU cTou on-
uelou. Tlolen al ouvTeTaypévan ToU onuelou TolTou ;

100. N& &mobeix8f &1 | waphoraois E = ax + Py elven 16 towTepikdy yvdpevov Tdv

Siavuoudrewv E;B"(G.E) kal O—I?‘I(x.y).

101. M&oan of evfeicn Ax + By + F = 0, &1& Tds dmwolas A + B + I = 0, Bipyovran
Bi&k ToU alrroU onuelov, ToU dmolfov {nTouvTan al cuvTeTaypéval.

102. N& etpebij & Adyos, els 1ov dmolov # elfeia x + 3y — 6 = 0 Braupel T Tufjua, T Exov
ouvTtetaypbvas Tév &kpwv (—3,2), (6,1).

103. N& dpiodij & pu olrws,doTe 1) svlela y = px — 7 vé Biaipf] 16 Tufjua A,(3,2), A.(1,4)

3

els Adyov -5

104. N& eUpeBolv al Eiodoes Tév BixoTéuwy TéY yownidy Tév elfadv 4x —3y —1=10
kol 3x — 4y 4 2 = 0 xal v& &mroBeydij ‘6T alran elven kéberon,
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105. N& eUpedi] & yewn. Tédmos Tév onuelwy, dv & Adyos Tév &rroothoewy &wd Tds elbelas,

tliomoewv: 4x—3y + 4 =0 kal 5x 4+ 12y —8=10 ermL:—.

106. Al mheupal tvis Tprycovou ABI Exouv E§ioworrs :
3x +4y—12=0, 3x—4y =0, 4x+3y+24=0.

N& dmoBeix8ij &11 #) BixoTduos Tfis A kal al twrepikal Bixordpor Tév ywwiddv B,I" Sitpyov-
Tan 81& ToU alrrou onuelov, Tou dtrolov [nTolvrar al cuvteTaypévar.

107. Né& ebpeddi §) tlowas Tis elBelag (8), ouvTereoTol SievBivoews A =
molas ) &wéoTacis &wd T onuelov (2,4) elvan 2.

108. N& eUpeBolv al ywviat ToU Tprydwvou ABI, ToU émolou al mAeupal Exowv tfiowaers
3x4+2y-4=0, x-3y4+6=0, 4x—-3y—-10=0, xal va &mwobaybi éni:

epA + epB + ol = e9A + epB + €9, xal A + B+ [ = 180°.

109. AlSeren dmimebov (P), wla ebfela (5) éml ToU émméSou kal &v onuelov A tkTds ToU Emi-
médou. "Eotw H 1) wpePoAn) Tol A dml T EmrimeSov (P) kal K | wpoPohf Tou H érmrl thv (5). N&
drrobelfnTe 71 Td K elvar mpoPoAd) Tou A Errl Thv (8).

110. 'Ewl ToU tmimédou Tév &Eévwv (Ox,0y) BiBovran T& onuela A(-2, 1), B(4,-1),
r(7,2). N& dprofoiv al ouvreraypbven THs kopugfis A ToU TapadAnioypdbuuou ABIA.

111. 'Emi Tou émiméSou Tév &fdvwv (Ox,0y) Becopoluev Thv elbelav (8), towoews:
ax + By + ¥ = 0 kol T& onuela M, (x,,¥:), Mo(x,.¥2) bf kelpeva bl 1iis (6). "Edv | elvan 1

3

S kal Tfs o&-

—_— —
Tophy Tis (8) xal ToU tufpartos MM, va dpiofi) & Adyos IM, @ IM,.

112. AfBeton Tplywvov ABI kal & onuela M, N, P &l Tédv wheupdv BT, FA, AB &vmiool-
xws. Aelare 11 T& onuela M,N,P 8& kelvran &’ elfelay, dtav, kal pdvov Stav, Exwuev :

113. AlSovran Té& onuela A(2,1) kal (B(6,4). N& dpiofouv al ouvTeTaypévar Tév Kopupidv
A 100 TeTpaydvou ABFA T dmolov Exer mAeupdv Thv AB.
114. AlSovran T& onueia A(1,0) xal B(3,6). N& dpiofolv al ouvtetaypbvar TGV kopugdy

— — 2m
I kal & ToU pduPouv ABMA olrws, dore (AB, AbL) = ——
115. Nd& Umoroyio8ij f) ywvia (;: ;3 Tév SravuaudTwy :
NZ-V3) xal vG-VZ V34 VE).
- — &
116. AlSovran T& Biavbouara u(4V3—3, 3Y3 + 4), v(4,3) xal {nrobvran Té&:
- — S A —_ =
owv(u, v) kal nu(u, v) xal (u, v).
— —
117. BGewpolpev T& Sravbopara: u(-0,5, 6), v(2,5, -1).

N& Umoroyio8ij f) ywvia Tév SiavwopdTwv { T;_{__J' -;_7

118. ‘EmAloare ypapik®ds Tés &VIOWOEIS :
x=1 -1,
x+y-—3
119. AiSerar ) eVfela (5), #io0woews x ouvw + ynuw = p.
Aci€are 811 #) &mwdoTaois ToU onuelov M,(x,y,) &mwd Thy (§) elvon :
d = x, oww + y, nuw — p.
‘Epapuoyn (8): Tx+y—10=0 xal M,(3,4).

=
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