YNOYPFEION EONIKHE MAIAEIAL KAl ©@PHIKEYMATON

ZT' TYMNAZIOY

(OETIKHZ KATEY@YNZIENX)

TOMOI NPAQTOIX

B. ETAIKOY

OPFANIZIMOX EKAOIEQY AIAAKTIKQN BIBAIQN
AG@HNAI 1975

Wnepromotr|Bnke amé o votirouto ExkmaibeuTikng Momkrig



Wnepromotr|Onke amé To lvotirouto Eknmaibeutikng MoNmikrig



MAOGHMATIKA

| 76073
AQPEAN

Wnepromotr|Onke amé To lvotirouto EknmaiSeutikng MoNmikrig



Wnepromotr|Onke amé To lvotirouto EkmaiSeutikng MoNmikrig



YMNOYPFEION E©NIKHI MAIAEIAL KAl ©@PHIKEYMATON

MAOHMATIKA

IT" TYMNAZIOY
" (OETIKHZ KATEY@YNZIEQX)

TOMOI NPAQTOIX
BAIIAEIOY ITAIKOY

OPTANIZMOZL EKAOYEQL AIAAKTIKQN BIBAIQN

AOGHNAI 1975

Wnepromotr|Onke amé To lvotirouto EknmaiSeutikng MoNmikrig



Wnepromotr|Onke amé To lvotirouto EknmaiSeutikng MoMmikrig



MEPOE NPOTON

ZTOIXEIA ANQTEPAX AATEBPAZX

N. BAPOYXAKH — B. ITAIKOY

KEDAAAION |

MEPI ZYNOAQN
1. OPOAOITA - ZYM BOAIZMOI

1.1 ZopPora. Kd&be Aétis Tnv dmoiow peTaxsipilopeda, elvan 1O adufolor
m&s éwolas. Tas Siapdpous pabnuaTixds gvvoias TTapIoTaUEy 81 pévov ué Aéfeic
GAAG kod pE GAA odufola Y. pé &TAG ypduuoTa A EAAG YPOQIK& oTjuaTa
kol owduacuolus adTév, Mx.

«f) eUbeic AB», «5 &piBuds S5y, «K’B», «ax + B =0», « _\/?».

1.2 ‘lodtng. Avo oUpPora x kai Y BUvavTal va mapioTolv THY  adThY
fwolaw | kal fwolas, ai dmoic Becopouvton &mo piaw wpiopévny Emoyy  Tau-
Toanuot. Eis Ty mepimreocwy avThy YPAPOUEY X = ¥, XPTICIMOTTOIOUVTES TO OV~
Bohov = T1fis isdTnTog. ‘H &pvnois Tou x =y moolotaTon pt X #y (16 oUu-
Bohov # dvayryvaoxeTon «Bidpopov ToU » Y- Ty

5=5 5=2+3 mug =+ 2 =2

—2-: '-5- == 3—0-', 3 ?é 4
1.3 Ebvoha — Zroiyeia. Eig Qploptvers TEpITTOEs pio Ewola Sivoran

va vofiTol 6 gdvelov Gpiopévewy kol Sirokekpipéveoy ARy Ewwoidy TGV groc-

xelwy Tou. TLy. pla eBeic cos olvohov Taw onueiwr Tns, wia 1&g ds olvolov

TGV padnTév Tns k.o.k. *AAAK Kai &v oUvolov SUveTal va elvad aTolXeiov GAAou

ouvdhov. TTx. uio elBeia oToiyeTov s TPICUOTIKTS Emgaveias, pla T&Eis oTol-

Xefov &vds oxohelou Aempovudvon s olvohov TéEswy kAT, ‘AtioonusiwTa oUv-

oAa piBudv ué T& omoia #&n Exouev doyoAnbf elvar T& oUvoAe :

TGV QUTIKGY dp1Budiy

TGV drepodcov Tiis  &piBunTikis

TGV depoioy dpiBudy (oxeTikdy dxepaicov)

TGV pNTRV &p1Buddy

TV TPy MaTIKEY &p18udy

T@Y GeTiddv TporypaTikGy &piBudy

TGV un &pYnTIKEY TporyHaTIKGY &pIBucy

TV uryadikddy &piBuddv.

OFRAONZZ
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THv Ekppaow  «TO X eivan oToryeiov ToU E» ypdgopey xeE (j xai: Esx,
STéTe kol dvarylyviakopey «ik Tou ouvélou E To oToixeiov x») ypnoimomololv-
Tes TO oUpPoAoV € ToU dwijxew el atvodov. Thy dpvnow alTis 8& oupPoAileuey
pé X¢E () kad : E#x) kai yevikéds THv &pynow Tiis éwolas Ty dmolaw TaploTd
& oUpPodov B omusidveopey Sidt Biaypagiis ToUTou pé piow ypopumy.

IMapatipnoig. ’Avti ToU Spou oToiyeiov XpnowoTroieitar fooBuvédpws kad & dpos
onueiov kKai pdAioTa oUTos eiven Alav EmiTuxns eis THY TepiTTwow Tou owvdhou R T&v Tpa-
yHaTIK®Y &p1Bpdv kai Tou ouvdhou C Tdv miyadixgdy &piBudv, T& oToixEla T@Y Smoiwy,
&5 78N yvewpilopev, mapioTavter Sid Téw onueiwy mds ebBeiag i Evds émmiSou dvTioToiYws.

1.4 Tpotaciakdg timeg — Luvbikn. Eis 1&  pabnuaTikd xpnoipomoiouv-
Tou ouyxva ékppdoels s oi dxoloubol :
« X elvon Grépaios »
« X elvon ioookeAds Tpiywvov »
« x dicupel TOV &pibuov 10 »
«xeE»,
ol &moicn kai &modiSouv dpiouévas iBidTnTas tls TO X.
*Exgpéosis epiéyoucal év ouuPolov x, o ai dvwTépw, xepaktnpilovTa,
& elval yvooToy éx Tév pabnudTwy TéY Tponyouutvey Tétewy, Sid ToU Gpou
anoTactaxoc Times mepiéywy év abufoior X. "Av gis fva TPOTACIOKOY TUTTOV p(x),
mrepiéxovTa v oUpBoAov X, GUTIKOTROTACWHEY TO oUuBoRov X ué & ouyxexpiué-
vov oToIXEIOV & f), Co5 Abyopey, TO X A&Pn cos Ty TO o, TOTE, ¢t Opiouoy, & Tpo-
Taciakds TUTTOs kaBioTaTon TrpdTaois THy dmoiav cupPolilopey pé p(o). TT.x.

p(x) : ‘O x elvon quoikds G&pibuos
p(2) : ‘O 2 elven guoikos GpiBuos (&Ands)
p(%—) T @ % glvan puoikos Gpibucs (weudns)

TuvnBuws i éva TpoTaciakdy TUTov p(x) UmoTifeTon T TO X AcuPdver
s TINAS T& oToIEIa Evos ouykekpiuévou auvdhou E, fitor cs Aéyousv, T6 x dia-
roéyer 10 E. Tote 10 X kakelton perafinmj, & & mpoTaciokds TUTos auvvdijxn
eic o E. OUtws, 1) éliocwois

x2—x+2=0,

# &mola elvan TpoTaTiakos TUTos (Biati;) ypageTan pé THY TpoUTobeswy ot
16 X elvan G&piBuds. Elven Aoimov 1) fiowots alrn pia ouvBnkn els &v abvohov
épiBudoy Ty, 0 R § 10 C.

"Av p(x) iven pia owwlnkn els TO oUvohov E, ToTe B Adycopey ST1 &v oTor-
yeiov & Tod E adnooi vy ovvlijxny Tadyy TOTE xai pdvov TOTE, & 1) TpéTOACIS
p(a) eivon &Andris. "Av émi TAéov xkéfe oTorxeiov ToU E mAnpol Ty ouvbrkny
p(x), TOTE | ouvbnkn alTn kedeital Tavrdrys eis 7o E. OUtw :

« ‘O x elven -@uoikds &piBpds» elvenr TowTdTNs Eis TO N
«(x 4 1) =x*4+2x + 1» elvon Tautétns els TuxOy ouvolov &piBpdy
«x24+ 1 2 1» elvon TautdTns eis 76 R.
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"Emiong, &v p(x) xai q(x) elvon owbfikon els 1o oUvohov E, 8& Abycwpey
O11 7] aubijxn p(x) ovvemdyerar Ty ovdipeny q(x) kod 8& oupPolifwuey ToUTo
pe p(x) = q(x) TOTE xai pévov TéTE, &v kdBe oToryeiov ToU E TO &mroiov TAN-
poi Ty p(x), TAnpoi kol ThHY q(x).

Al owbfiken p(x) kai q(x) koroUvton igodivauor TOTE kol pévov TOTE,
&v p(x) = q(x) kad q(x) = p(x). Thy iooduvapiov Tév ouvBnréw p(x) kol q(x)
ovpPotifopey pé p(x) <>q(x) kol dvoyryvidokopey «f) ouvBrkn p(x) elvar i-
cobUvapos Tpds THY q(x)». "Av BéAwuev va -Bnidowpey 8Ti f loobuvapia
p(x) =q(x) BUo ouvbnkév UpioTaren ¢ Spiopol, TOHTE ypnoipoTrololpey TO
oUupohov . BnAadt) ypagouey p(x) = q(x).

1.5 "Alyeppa ovvolev. Kard Ty Emelepyaoiav évos pabnuatikol SépcTos,
KOT& kavéva, UTreloépyovTan &TokAeloTIKES T oTolyeia fvds ouvdlou , To
omroiov koAeiTon fagueoy atvolov. TIy. es pév Sidpopa TpoPAfiuaTa Tis GAyE-
Ppas Exouev fi5n Bewpnoer o5 Paoikdv olvohov To cUvorov R Té&Y TpaypaTikGy
ap1Bucdv, eis 8¢ Thy Emelepyaoiov dplopévey yewpeTpikdy TpoPAnudTwy &5 Pa-
oikov ouvohov Q Exopev Bewprioel TO olvodov 3Awv TEV EMITESWY oXNUETWY.

"EoTtwooav A xai B 8Uo clvoha pt oToixeia ik ToU Paoikol ouvéhou Q.
Qs yvwoTdv, Ayopew 8T1 76 otvolor A elvar dmoctvolor Tod B xai cupBori-
fouev ToUto pt A = B TOTe kaxd pévov TOTe, &v 4] ovlijxy XEA cuvemdystar Ty
xeB. Zuvtdpws :

A = B <= (xeA = xeB).
opo

Emions 1 lodrne 8o ouvdAwv kal 1 Bwoix ToU yimelov Ymoguviiov
(cvuBohifopévn pt <) SpilovTan, s yvwoTov, s kéTwh :
A=B <= AcB«kai BcA

opa

-AcB <= A c B kai A #B.

opo
Mia ouvbrikn p(x) els 16 Paoikdv cUvorov Q &pilel TO oUvohov S Shwv TEY
oToiyeiwy ToU Q, T& Omoix TAnpolv TaUTnv. ToUTto TopioTduey pE | xeQ:
p(x) }, fitort S={xeQ: p(x) }. TL.x. & Q=R, /| owdixn x2—1=20 &pi-
{10 olvohov S={xeR:x2—1=0}={—1,1}. *AAa d&fioonpeiwTa
Umogtvoda Tou R &pildpeva Umd ouvBnxdv eivon T& dxdhouba, yuwoTd s
SioothuataTou R : i

1. > Avowxtoy dudotypa pé dxoa o, B (a< p) :
(o, B) ={xeR: a<x< P}

2. Klewotov didotnpa pé dnpa o, p (o< B) :
[o,P]={xeR: a <x < P}

3. *Avouxtdv dooteod, xdewtov dekia didotnua pé dxea o, P (a< P) :
(e, B]l=1{xcR:a<x <P}

4. Kiewrtdr dowoteod, avouxtov debd ddotnua ué dxpa o, P (a< P) :
[, B) = {xeR: ax x < B}
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5. *Anéoavrov dowoteod, avouxerov defue dudotnpa pé dxpov P
(—o0,p)={xeR:x< P}
6. *Anéoavtov dosteod, xhewatov debia dudotnpa pé dxoov P
(—0,p]={xeR:x <P}
7. *Anépavrov defid, dvoutov dototeod Oudotnua pé dxoov o :
(o, +o)={xeR:a<x}
8. *Anépavrov defid, rleiaTov dowoTepa NudaTnua pé dxoov O :
[o, +0)={xePR: a <x}
*Emrions mapaTtnpouuey 871 kai ke UmooUvolov S Evds BaoikoU cuvdlou Q
BuvaTan vé TapaoTolf, ¢ dvwTépw, Sik wds ouvBrkns, Tis ouvrikng xeS.
OUtes Exopev S = { xeQ: xS }.

T olvohov Bhwv T@v UTroouvdAwy évds PacikoU cwvddou Q oupPoAilo-
pev pt 2(Q). Eis ToUTo opilovran, s yvwoTdy, ai wpdies U, N, — UTO TGV
TUTTOV :

AuB={xeQ: xeA f xeB}
ANnB = {xeQ : xeA kal xeB }
A—B= {xeQ : xeA xai x¢B}.

Mia EmomrTixd épunveic Tév Tpdewv ToUTwv BibeTan s Ta kaTwh oxn-

poTe

A
B A B
2y, 15 ‘AuB 2z A—B

v. 2 ANB Zy 3

Té kevdv clvodov @ elvan, &g yvwoTov, fi Blagopk A — A, émou A Tuyov
Umrootvohov Tou Q. Emrions 1o oupmAfipwua A &vds ouvdhou A, UtroguvoAou
ToU BaoikoU ouvdrou Q, SpileTan, &5 yvwoTdy, G5 fi Siapopd Q — A, fiTol

A=0Q—A={xeQ: x¢A }.

MeTafl v TpdEewy U, N, — UploTavtan of ké&Twd TUTOl (TOUTOTNTES

gls TO P(Q)), yvwoTol eis fiuds i TGV padnudTwy TV TpoTyoupEvwy TéEeov:

AuB =BuUA AnB=BnA
Au (Bul) =(AuB)url An(BnlN) =(AnB)nlC
Aug=A AnQ=A
Au(ANB) = A An(AUB)=A
(A-B)yuB=AuB (A—B)nB=¢

An(BUT) = (AnB)U(AND).

1.6 Zebyog - Kaptesravov yvopevov, “Ev otoiyeiov 518dpevov s modTov

Wnepromotr|Onke amé To lvotitouto EknmaiSeutikng Momikrig



kol &v oToyeTov B B18opevov s dedrenoy oxnuarilouw & véov aToixeiov, T dmrolov
ypageTan (o, B) kai kodeiton Cefpoc (SiateTaryuévov). T oToryela o ked B ToU
lebyous keholvtan modity wod devtépa, dvrioTolyws, ovvrerayuévy (R mpofo-
A1) Tou [eUyous.

"Ex ol dueotépeo dpionol ToU [eUyous ouvdyeton &Ti SUo leUyn elvan
ioa, &Tav Sy1 pévov oxnuaTtifwvtatdmd T& B otoryele, dAA& T& oToikeia
aUTa BiBeovTon kad pg THY adThy Siadoyry, Snhadn

(0, B)=(y,8) <= a=7y kai p=5.

Kaf® Suotov tpodmov dpiletan pia (BrareTaypévn) Tpids (o, O, o) T pia

nds (o, o, - . .,a).

Mopudeiypata :

1. "Ev kAdopa pé &piBunTiv a kal mapovopaoThy B SuvaTan vé TapacTaldij s lelyos

(e, B).
2. Eis wyadixes &pifpss o + Pi Stvaran v moapacTadii s ledyos («, P)-

3. Els dydw petall 0o dudbwv o kal P Slvara vk TapaoTadi s [elyos (o, B) A
(B, o) dvadyws ToU Edv BiekdyeTon eis Thy E8pav Tis « A THs P &vrioTolyes.

"EoTwoav Tdpa Slo olvoda A kai B. To olvohov Tév [euydv (a, B) pé
aEA kal PeB ypdoetar Ax B xai kedelTon xagprearaviv ywipevov tod A éni Tod
B. *Hror : )

AxB={(x,y): xeAxa €B}.

‘Ouoiws opileTar 1o ywodpevor A x Ay ... X A, G TO gUvolov TV vid-
Saow (o, o, . . .,0) LE oA, BId kéBE KE { 1,2,...v} (A, &5 Aéyouey, kol &AAws:
81 kdBe k = 1,2 .. .,v). Eifikcotepor 10 AxA oupPohiletan pi A2, 10 AxXAXA
ué A3 k.o.x.

To olvorov A 16w feuydv (o, &) pé aeA koheiton daydwiog Tou A2 TTpoe
pavids A = A2

Mopadeiypota :

1. A="1os By hiuB={1. 2%
AXB={{a, 1), (¢,2), (8. 1), (B.2), (¥, 1), (v, &)}
Bx A={(La) (LB (L) (2,9, (2B (2,¥)} # A x B.

2. "Av A elvar 10 olvohov Tév ToSoopapik@v SudBwv, ol dmoiat AapPdvouv ué-
pos els év mpwTdBAnua, TéTE TS oUvolov TV dydvwy.Tou TpwTalAfipaTos elvan Af - A, &’
boov T6 TpwTdbAnua SitdyeTon els SUo yUpous (Biacti;).

Iapatiipners. Mia ikgpaois mepiéyousa BUo oUpfora x kal y Blvaron vé Bew-
pnbii ds mepiéxovoa v oUpPorov, To [elyos (x, y). TLx. ol éxepdoers:

« To kA&oua % elvar dvdywyov »

«'0 x Bioupei TOV y»
Xt Iyt=12»

Wnepromotr|Onke amé To lvotirouto EkmaiSeuTikng MoNmkrig



KoAOUVTO mpoTadtaxol Timot mepiéyorres dbo abufloda x xai y kal Blvavtan vé Bewpnbouv
¢ TpoTagiakol TUTor TepiéxovTes v oUpPorov, TO [euyos (x,y ). Kot dvadoyiav dpilovren
xal TrpoTagiokel TUTTOl TepiExovTes Tpia oUpPola fi kal TepiogdTepa (TeTEpaopiva) TotaUTa,

2. ANTIZTOIXIAI — ZYNAPTHEEIZ

2.1 "Avnetoigia. Alo oToiyeia ToU aUTou 1| S10@opeTIkGY guvoiwy §U-
vavTal va ouvBéwuTan Aoyikds, va ouoxetifwvtal. TLY. éTav Aéywuey «1o Tpi-
yowvov ABI Exel éuPodov 100m?» ouoyetifouev &v tolywvor wé Evar dofiudy, f
&Taw Aéywupey «6 &piBuos 25 elvan TeTpdywvov ToU 5» ovoxetifopev BUo doi-
Ouods x.0k. KoTwTépw tletdlopev TolauTas ouoyeTioels oToixeicv Buo ouvd-
Awv, T& émola Biv elven dvearykaiws SiapopeTing.

"Eotwoav A kai B 8o pr kevé oUvola kai els ouykexpipévos Tpdmos (Tr.y.
els kavoow A pla SicBikaoia) pé Tov dmoiov elven Suvardv ToUAdyioToY & %A
v& cvoyetileTon pé &v ) TepigodTepa yEB. Oa Aéycopev TéTe T dopictn ula
dvrwotoyla T amexdmos o & ToU A es TO B. ©a onueicveopey 58

c:A—>B 8id T& olvola
x 2 y Bi& T cuoyeTi{Opeva oTOIYETA.
Mia émomrmikd Epunveic Tiis deikovicews Sidetan elg TO kdTwh oxfjpa :

Td olvohov A keeitan advodor dpernolas Ths o. To olvohov B xkodeitan

atvolov dpifewms THS o, ©) 8t Ekepaois x .2y () éwola elven 1 cuuBoAin popet
ToU Tpdmou, Pdoer ToU dmoiov keBopilovton T& dvTioTolKar oTOIKETR) KoAeiTal

Témos Tijc 0. ‘H Exepacis X 2y dvayryveooketan «T0 X dvmiotoryileten (ff &-
TekovileTon) Sk THs o s TO y» ) «70 y elven dvriocToiyor (f) eikdov) ToU x dik
Tiis o».

"Oha T& oToiyeix XA, T& dmola Eyouv (ToUhdyioTov &) dwTicToryov
yeB, &moteholv &v ouvorov Z(g) TO dmrolov kaAeiTal nedlov dpoped (domain)
Tfis dvrioToiyias o. Elven Aormov :

(o) = {xcA: 3 yeB pt x Sy} c A}

(1) «T..» onpziver «dmdpye. (Fodidyrotov ).,

10
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"OAa T& oTorgeia yeB, T& omoia efven dwtioToixa &vos (ToUAdyioTov)
xeA, &moTedolv &v olvolov #(o) TO dmolov kaAelTon mediov Tiudw (range)
Tfis dvtioToixias o. Elven Aormov.

(o) = {yeB: IxeA ut x %y }< B.

"EE dpiouol Tfis. dvmioToixias foxler Z(0) # J ki #(0) # & (Bari;).

"Oha T& febyn (X, y) 8i1& T& dmoia loyler x “-~ y &moTeholv & olvolov
Se, Umoolvohov ToU Z(0) X #(o) &pa kal Tou A x B, 170 &moiov kaheiTon
yodenua (graph) Tiis dvriotorkios o. Elven Aormdv :

Se={(x,y)eAxB: x 5y} #3.

“QoTe kdbe dvTioToyiax o : A— B Exel &v ypdonua S, = A X B, dAA&
kol dvTioTpdews k&Be uf kevdv ouvodov S, Uoouvohov ToU A X B &piler plav
&vmioToryiov oy pE TUTTOV :

x —y < (x,)ES
kal f) &mola Exer ypagnua 10 S, fitor 5o, =8 (Biai;).

Mopadsiypata :

1. A=B=R, x——iy 2= XV 2yr=1.
X2yt =1=1-x=2y220=>x*<1 = (o) = [—1,1]. "AN& xai [—1,1]

= o
< (o), 51611 &v xe[— 1,1], TéTe Umdpyer y, mX. ¥ = vl ;x’ ut x — y (Bari ;).
*Apa @(o) =[-1,1].
1
M=l loty=x 30 2 p< 5 = @ [- o0 o |

1 1
A& kal [—;/—12?, ‘715—] < #(o), Bdm &v ye[— \/_f_' \/’_f ], TéTe UTApXEl X,

VIS5 wix Sy (Bords) A gr()[ . 1]
mY. X = — 2y, ue x 1Tl ;). pa ‘U=—T“,T "
22
ZA=BER; x—a>y-=>(x’+1)y’—x’= s
X
*Ev wpddTois Taparnpouuey 611 S1x k&be xeR Umdpyer y, my. ¥y = _\—/;;_+—1, ue
a

x — ¥y (bwati;). "Apa g(c) =R.

2 -
OIS = 48 5 O g =;,i+—1 <12 #(5) < (-1, 1). "AN&xal (- 1, 1) S<@(0),

c
5161 & ye(—1,1), TéTe Umépyer X, mX. X = w x —y (Siatl;). *Apa

A(e) = (—1,1).

Bl i 3
YAy -
o
3 A=B=R, x >y <P+ 1)x2=y=0.
loxboww (o) = (—1, 1) xal #(c) =R (5iarl;).

11
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4 A=B=R, x5y < x+y<l.
“loxboww Z(o) =R kal #(c) =R (Biacri;).

Emeidny, Z(c)c A wxai #(c)< B peTayelpi{opela eiBikcdTepor Tdg Ek-
Ppaoels «duTioTolkia Tod A...» (Tl &x Tod), STow BéAcousy v SnAwowpey
&1 9(0) = A xal «dvmigToiyia. .. éni Tod B», drav fAwuer v SnAwowper
&1 #(o) = B. Olrws 1) dvrioToigia

Tou mapadelyparos 2 elvan 7od R eic 16 R
ToU mapadeiyporos 3 efvan éx 7ot R 21l 706 R
ToU TrapaBeiyporos 4 sivan Tod R éni tos R.

TFeopetpuen (| ypagixi) nopactacig avuotoigiog. Eis Ty mepimrooow,
omou TéGoV TO GUvoAov apetnpias wés dvrioToiyios o : A — B, doov kal TO
oUvodov dpitecos aTiis elvan UmoocUvoha ToU ouvdrou R Tév TPy HOCTIKGY
&piBuddv, TO ypdgnua S, alTiis dmwoTeAeiTon drd Ledyn mporypoTikédy dp1Budv
(x,¥), T& émoiy, & yvwoTdHy, TopioTavton 514 onpeiwy P ol emimiSou o5
Eupadveren eis T oy. 5. OUtw TO ypdenua S, TapioTara 81° fvds onueloou-
véAou ToU émimébou (PA. oy. 6), TO Smoiov kakeiTan yewuetou) () yoapuen)
nagdotacic Tiis dvmioToixios o A wdun kol dudyoauua s o.

& 0 —A20 — <

Zx. 9
dvriotoiyia Tod A eic 10 B avnioroiyia éx toi A éni tob B avriotoryia toii A énl tod B
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"Avtigtpogog avniotorygia. “Eotw 1) dvmioToryia o : A — B s démolas 1o
vedpnua elven
Se ={{x,y)eAx B: x5y } £
Av dvodhayfis Tiis SiaBoyfis TéY oToiyelwy ToU [eliyous (x, v) TrpokUTrTEL
TO &réhoubor Umoolvodov ToU kapTeoiavoU ywopévou B x A
S* = { (y, x)eB x A: (x,V¥)eS. },
TO dmolov mpogowds elvon émrions pf xevdy olvolov.
Qs eldopey dvwTépw 16 olvohov S* Spiler piov dvmoToixiow & ToU
B els 70 A p¢ Timov :

y Xx o Y X)ESE.

Emaidn 8¢ (y,x)eS ¥ <= (x,y)eS, = x Sy, 0& loyxin xai
< *
Y —i X = X —ch y
"Av Aorrdv Ev onpeiov x dvTioToryileTon Bi& THs o efs TO y, TOTE TO TeAeuTaiov
ToUTo Si1& Tijs Oge dwTioTOryileTon ™AW eis TO x. ‘H dvTicTorkia oy kaAeiTan
avrioTpogos dvtigtoryia THis o kol oupPorileton pi ol "Qoe
a gk
X >y e F=r %
"Apa 1y dvmioToryia o1 Exer mebiov SpiopoU TO medlov TIMGY THis o kal Tediov
TG 16 Treblov Spiopou THs o, dnAadn ioyUouv

2(c1) =4(c) xai A(c~ ") = 2(o).

Mapatfipnors. Suvidws, dtav mpdkertan v& peAeTndf pemovwpbvess A o -1, Evah-
Aaooopev T& X kal ¥ petatl Twv, Snhabhy Bewpoluev XEB kal yeA, doTte T6 X v& oupPoliln

-1
TdvToTE TUXOV oToIXETov ToU cuwvdhou dgetnplas. *Htot x — ¥ (xol iooduvépucos yv“—)v X):

Mapadeiypata :

1. 'H &vrioTpogos dvmiotoryia Tis dvrioroiyias ToU mapadelyuaros 1 bibeten Umd
ToU TUTTOU
o1
X—y < y42x=1
2. 'H dvrioTpogos dvtioToryie Tfis dvrioToiyias ToU Tapadeiyuaros 2 elven f &vri-
oToiyia ToU TapadeiyuaTos 3.

3. *H dvrioTpogos dvTioTorxia Tiis dvrioTorylas ToUu Tapadeiyparos 4 elvan # iSia.

’Emreidn), &L OpiopoU Tiis dwrioTpdpou dvtioToiyias, elvan Trpogowts 1)
iocoSuvapia
(x, Y)ESs <= (¥, X)ES51
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ad &meidr), Stav TpdkeiTen Tepi ypagnudToov els TO R?, 1 onueia P = (x,y)
kad P ¥ = (y, x) elven CUMMETPIKG 5 TTpdS THY
TpwTnY Siyotdpov d Tig yawvias TGV &dEdvwv
(BA. ox. 10), T& Sioypdupara TéY dvTioTol-
X1év o kai o1 B elven Emions ovuueroma o

mpos THY d.

Qs eibopev dvwTépw, Bix xkdbe duri-
oroyiaveo loylel

L] a1
X—y <>y — X

kai émopéveos B THY dvtioTpogov &vtioTol-
xlav o1 THis o 8& ioyun

B (o)t Zy. 10,
Yy—X <= x—0y,

omou (o)1 elven 1 dvTioTpogos Tis oI, "Apa loyver kai
o (o=t
Xy gy
8nhabn 1 dvrioTpopos Tiis QUTIoTPOPOU Lids dvmioToiyias o elvan 7 iBia # o,
ZuvTdpws ypdpouey
(oLy-l=0g
‘H i816ns bty EpumvedeTan YEWUETPIKGS Tfj BonBeia Tig ouppeTpiag G Tpds
Thv Bixotépov d (BA. oy. 10) & Bioy poupdToov T6v duTicToIKIGY O Kad 0!
(Brerri ;).

22 Zvvéptno. ‘H &woia T ouvapThoews elvon &md Tog OepedicoBerg
uabnuarikds évvoics. T Spilouey ¢ eidiknyv dvTioToryiov.

Mia dvriororgia f ToU A els 10 B keeitan auvdpTyos TOTE Kal pdvov TTE,
&v k&e xeA Exn & kol povadixoy dvtioToiyov yeB. O& Adywpey TéTe dTi i f
elvar ovvdpTnow ué medioy 00t0u0% 10 A xal Tiuag eic 7o B A9 [ elvar povoos-
pavrog dvtiotoryia (7 povosijuavros dnedvioic) toi A elg 16 B kad 8& Y PAPwpEy

[: A —B § Asx -—f;-yeB.

To y, dvrioToryov (eikdw) Tol x Sk Tiis I, Adyetan kod Ty ijg [ eic 7o
X, oupPoAileTan B¢ ko pt f(x). Mpdgopey TéTe :

y =1(x).
"Apa 1y Eppacis y = I(x) elven &AAN popen ToU x L Y, 8nAhadh & timoc
e f. To xeA Aeyeton  dveddprirog peraflyry s I, 16 8 yeB éénotnuévy
petaplnry Tis f.
"Av B=R, 16Te | [ Adyetau rpaypatien ovvdotnowg. “Av 8¢ Emi mwhdow
14
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foxin ki Ac R, ToTe altn AéyeTan moaypatien covdetnols pids moaypa-
Teijc petaPinriic (B1x TO Sikypoppa wids TolawTns ouvapThioews PA. ox. 11).
TL.x. 8i1&x Tou TUmou Rax Lx SpileTon pla TpayUaTIKT) CUVAPTNOIS MIGS TTPa-
yuaTikis peTaPAnTHs. ‘Opoiws kai 81k Tol TUmOU X L% AV T—x? SpileTan pic
TPOYHOTIKY CUVAPTNOls WIS TpayHaTikfs peTaPAnTiis ué wediov dpiouou To
Sidotnua [— 1,1 ] ’AvriféTews TopaTnpoUpey 8T &k TGV GUTIOTOIXIGV TGV
TapaderypdTwy Tiis Tponyoupéuns § 2.1 oUdepia elvan ouvapTtnois (Bioi;).
To oUvorov Tév Tiwéw Tis [ : A —> B, dnAadn 16 mediov Tiudv #(f)

avTiis oupPotileton kai pé [(A), Aror :

f(A) = {yeB: 3 xeA e y =1(x) }.
MevikedoTepoy, &v X <= A, ToTe pé [(X) oupPolilouer TO guvolov TGV Ty T |
els T& Si1&gopa oTorxeia Tou X (BA. kai oy. 12), fiTor :

f(X) = {yeB : IxeX pt y=1(x) }.

£
Iy 1 x—>y Xy 12

*Avtiotpogog ouvaptnolg. “Eotw pia ouvdptnois f: A — B. "Agou 1y |
elven dvmioToryic ToU A eis T B, Umdpyer 1| dvtioTpogos dvrigtoryia
f~1: B— A xal pdhioTa, &5 yvwoTéy, loylouww :

2(1-1) = 2(1) kel R(E-Y) = G(I) = A.
"Av f| dvmioTtoryia -1 : B — A elvan Emions ouvdptnois, ToTe alTn keAeTTan
dvtioTeopos auvdotnoig Tijs f, dmoTe B& Tpémel va loyUouw :

1) @(i-") =B, d&pa #(f) =B, 16 émolov onuaivel éT1 1 | Tpémer v&
elvon dvmioToiyia éni tod B,5nAadn kdBe yeB va elvan dvtioToryov Sk T |
tvog xeA.

2) Kdbe yeB va #xn B Tiis [~ & ked povadwdy dvricToiyov XA, &pa
éxeivo dxpIPéds ToU dmolou dutioToiov Sk Tfis | elvan TO v

“Qoe, & A dvmioTorkia {1 elven owwépTtnois, ToTe kdbe yeB elvan Swi-
aToryov B1& s [ &vos kal povadixod XEA, f) dmep 6 auTd (Biati;), T(A)= B kai

x,EA, X;€A
e e ) 1000
X; # Xy
Mix ouvéptnols { TAnpoUca THY cuvlrikny TaUTny koeiTal dugiuovo-

15
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aijpavros cvdoryo (7] ameriviag) Tot A i toid B. Toe, PePaicos, kad 7 [-!
elvon  &ugiuovoonparTos owdptnots ToU B i ToU A (Siceri i), loyvel puoikd
fi loobuvamio Tév Timwv (BA. oy. 13) :

y=1(x) = x=11(y).

Xy, 13
"AmeBeixfn Aoirdv dweotépw TO dxdhouBov Becopnpc.
2.2.1 @EQPHMA. /] auvdptyoc [ : A — B éxer dvtiorpogor guvdoTy-

ow, dnlady 1 dvtiotoryla (-1 1 B — A eiva éxiane awvdotners, Tote 2al pdvoy
Tote, dv atity (dniady i ) elva dugruovoaijuavros cuvdotyais ot A fai toi B.

Ty 14 Zy. 15

AUPLIOVOGTaYTS GUPAOTNOLE aTioToopos ouvdeTnos

Ziovdeoig ouvaptijecov. "Eotwoay 8Uo cuvapTrosis |,: A |— Bxkai f,: B —T.
Ak BraBoyxfis dmeikovicews &’ fvds v Evds oToixeiou XEA Bi& s fy, &9’
£

2. 16

16
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Etépou Bt THs elkdvos Tou [)(x)EB B Tfis f, dvmioToIKileTON els 10 XEA &v oTOI-
xeiov y = L([,())EM (PA. 0. 16). *H dvmioToixia h: A>T pt x5 LK)
glvon pla ouvdptnois (Bioeri;), # omola kohelTa atvleaic Taw cvvaptioewy iy
nai [, kad ouppohiletan pt f,ofy, firor h=fof;. ‘O TUmos Tfis h elven Acimov
y = h(x) = L,(1,(x))-

‘H mpakis Tis ouvbioecs ouvapThoewy elven moooeTaototi], SnAaBN
foyxuer

fo(foofy) = (fof) o fy

&g owvdyeTon gk ToU kdTwhl oyxmuaTos.

GFh

Dy 17

Mopadeiypata :

1. I,(x) = 2x + 3, xeR «xal fi(x) = nux, xeR. ‘H ocivbeos foof, aUTév Exer TUTTOV
291y
X ——» NH(2x + 3).
2 f()=x*+1, xeR xkal f(x) =4/ X, xeR,*. ‘H owveeois f,of, alrdv Exer TU-

fyof,
TOV X ——> "Ix2+1_

3. f,x) = x|, xeR xai f,(x) = \/?. x€R,*. ‘H ouvleois f,of, adrdy #xa Timov
foofy 4
X—>V|x]|-

3. ALKHZIEIZ

3.1 Aeifare 6T eis 1O 2(Q) loyUouv :
1) Ac B <> AuB=B 2) Ac B <= AnB=A.

3.2 Acitare ST el 10 #(Q) ioyvouv :
D =g )@ =0 3)(A°)X=A 4 AUA°=0Q 5) AnA° =0

3.3 Acitore émr els 16 2() loxVow (rimor Tol de Morgan) :
(AUB)® = ASNB® kal (ANB)® = AUB®

17
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3.4 Elpete 10 mebiov opiouou kai To ebiov TGy TV dvtioTor1év o : R — R,
al omoien Spifovtan U TV :

1) yr=ux 2) y=x' Ny=xt+1 4 3x+2y=1
5) x*+y'=1 6) x<y Dx4+yr<l 8) x*<y< x?+1

3.5 Tloion elven al durioTtpogor

dvmioTorgiar TGV dvTioToiidv THs Tponyouptung
&oxfioews 3.4 ;

3.6 Toicu ¢k Tév duTioToIYIGY TS dokfoews 3.4 elvon ouvapTrioers kal Toion Bév elvan;

3.7 A& &5 ouvapThoEs Bk TGW GumioToI 1BV TS dokfoews 3.4 ol Exouv dvTi-
oTpdPous owapThoes;
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KE®AAAION I

AATEBPIKAI ENNOIAI KAl AOMAI

1. AIMEAEIE IXEZEIZ EIZL ZYNOAON

1.1 ‘H Evvowa tfic oyxéoeme. Fis 7& pobnuoTikd mapouaidlouv iSiaiTepov
tvSiapépov dvTioTorxial, Tév dmoilwy T& clvoha &eeTnpics xai &opitews oupri-
mrow. ToiaUten dvtioToryion Yopoktnpilovranr s oyéoes. "Axpipéotepoy, pic
dvmioToigia o : E — E koeiton diueins oyéos ic w6 E f kai GwAds oyéois elg
6 'E. TLy. of dvmioToryion Tév Tapoaderyudrev Tiis § 2.1 ToU kep. | elven oxtoes
els T6 oUvolov R Tév Tporypamikedy &piBuddv.

Eis v mepimraow wds oxéoews o : E —~E & Timos alTfis ypdeeTon ov-
vibws p¢ xoy dvtl x .y, fiTor

X0y <> X5y
xal dvoryryvdokouey ToUTov «x eUpiokeTan eis THy oxfow o WE TO y».

Iopadeiypata :

E: tugdy pn xevév obvolov
1. Xoy <> X kal ¥ oupBoAifow Td alTd oToixeiov Tou E (OwvTdpws: x =y)

E=N

2. Xopy <> & x Biopel TOV y (OuvTdpws : x|y)

3. Xoy <> TO KAdopx X even dvaywyov
Y

4. xo,y <> i Siagop& x —y elvan ToAAamAdotov ToU 5 (owTduws : x =y mod 5)

E=R
5. Xo,y <> 6 x elvan peyoAUTepos ToU y (OUVTOHWLS @ X > Y)

6. Xo,y <> & x elven pmkpéTepos f) foos ToU y (owvTouws @ X < y)

E: 76 advoiov tav davlpdmwy

7. xo,y <> 6 X elvon TaThp ToU y

8. X0,y <= X kal y gortouv els Ty aUThy T&EW

19
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E: 70 odvodov taw edfeiiw toi dminédon
9. Xo,y <= f X elvan xéderos Tpds THY y (ouvTépms: x L1y)

10. xoyy <= x xal y Eow T aUThy SievBuvay (owrréucws: x || y)

E=2(Q)
11, xoy,y <= 70 x elvar Umocivorov Tol y (Guvtduws: x < y)

Maparnpotuey &1 &° Gpiopévas éx TéY dvwtipw oxboewy Exouv katepwdii elbikd
oUuBora. Olras :
i 9y, 0, 0, oy O Oy0s Opy
Ypdgouev dvtioToiyws : =, Y i B | -
Al oyéoeis =, > xai <, &5 oxéoes els 16 R, Exouv Bixypdppara, Té dmoia SiSovrtal
els T& xdTwh oxfuare :

Zy. 18 Zy. 19 - Zy. 20

1.2 Baowkai xatnyopimw oyészmv. “Eveko Tfis oToudcudTnTos HEPIKEY
iBlotTwv, ai émoicn dpopotv el oxéoeis, Siarpivopsy Tas kaTwTépw Paoikds
Karnyopias oyéoewy :

"Avaxhootikei oyfesic. Mia oxéols o els TO olvodov E keAeitar dra-
xAactue) () abromabh)s) TéTe ki pdvov ToTE, &V

(A) Xox ¥ xeE®,

ToUTo onuaiver 871 16 felyos (x, x) elvan oToiyeiov ToU ypagruaTos S,
kol pddioTa Bix kdbe xeE, SnAadh A Siaydovios A ToU E? efven UtrocUvoAoy
ToU Sq. AMG xad TO dvTioTpogov elva &AnBés, kab® Soov

AcS; = (x,x)€8: ¥ xeE = xox M xeE.
“Qoe
o elvae dvaxdaorie) <> Ac S,.
Al oxtoeis 0y, 0y, 0y, 0y, Oy Oy Kai Ou T&V TopaderyudTwy TS Tporn-
youuévns § 1.1 elven dvoxAaoTixai,

(1) @A onpaiver «3is xdbe...»
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Suppetpikoi oydonig. Mia oxtows o els 1O ouvohov E xoRelton ovpupe-

Towxn) TOTE Kol povov TOTE, G
= xoy = YOX.

TolTo cuverdyetan ThHy iooBuvapioav xoy <= yox (Swai;) kai Emeidn
xoy <> yolx, 8& ioxun yox <> yo lx, fitor o =01 AN kai QUTIOTPO-
Quws, 0 =0~ oueTdyetar 8TI Xoy <= Xo~ly <= yox. "QoTe loxUer

O elvat ouppeTpin <> =07k

"Ex Tév oxtoswy TGV TapaderypdTwv Tis mponyoupéins § 1.1, ai oy,

Oy Oy Oy, Og Kai oy elvan ouppeTpikod.

*Aviiouppetpikai oxéoeig. Mia oyéos o els To0 ocUvohov E xeeltan
drTiovppeTomy TOTE Kal povov TOTE, &

(A-2) X0y xai yOX = X =Y.

Olrws, & Té oyxéoswy TV TapaderyudTov Tis Tponyoupéins § 1.1, o
oxéoels gy, Oy, O kal oy, elvon GuTioUppeTpIKad,

Metofatikai oxioeig. Mid oxéois o els 10 ouvodov E kedeitau netafa-
Tixr) TOTE kol povov TOTE, Qv

M) Xoy xal yoz = XOz.

OUteos, &k TGV oxéoewy TGV TapaderyudTewy ThS mponyouuévns § 1.1,
al @y, Gy, Gy Of Og Oy Oy kal oy elvan peroPoTikod.

2. IEOAYNAMIAI - KAAEEIE IZOAYNAMIAE

2.1 ’Isoduvapie. Mia oxéois eis 7o otvohov E, fy émoia elven :
(A) dvexhaoTikf], (Z) ouppetpikn kal (M) petoParixd

koheiTal iloodvvauia (i oyféows igodvvauiac) eic o E.
Mict icoduvapia cupBoAileTon ouvfifeos pé ~ fj = fi kal =.

Mopadsiypata :
1. ‘H lodétrs elven pia igoduvapia.

2. *H buotéTns els &v olvohov Tprydwey elvan pia fooBuvauia, &16m :

(A) Tav Tpiywvov elvan Spotov Tpods EauTs.

(Z) "Av Tpiycwvov ABT elvan Spotov mpds & A'B'T', T6Te kol 16 A'BT" elvan Spotov
Tpos To ABT.

(M) "Av Tpiywvov ABI eivar Spotov pds ¢ A'B'T kal ToUTo elvan Spotov pods T
A"B T, To1e xal 10 ABI elven Sporov mpds 16 A"BT™.

3. *H mapatAniia u evpeiav onpaciav (|[), kabds kal af oyxtoes o,, og Ths § 1.1 elvat
icobuvapial. :
4. "Eotw 16 otworov E = N % N, “Opilopev eis 76 N x N Thv oxéow o 81& ToU TUTOU
V)o@, v) <> ntv =u+w
Tx. (3,5)0(7,9), 81t 34+9=17+5, &vd (6, 3)¢(5,4), Bom 6+ 4 # 54+ 3.
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‘H oxtors alrn elven pia loobuvaula, ka®® doov loyUowy :

(A) OlovefiroTe [elyos (u,v) ebploketan els THY oxéow o Tpds EauTd, Aitor (Kv)o(w,y),
SIOTI U v=p + v

(Z) "Av 16 (1, v) elpiokeTen eis THY oxéow's pt o (W, v'), TéTe kal TO (W', v) elpi-
oxetan el THv oxbow o pE TS (u, v). Mpéyuar

MV)oW'V) <> u+v =p' +v <>y tv=u+v < (W, v)a(p, v).

(M) "Av 16 (uv) eVpioketan els Th oxéow o pE Té (W, v') kel ToUTo Pt To (W),

TOTe kal 1o (uv) elplokeran el ThY oxéow o ut Tov (", v'). Mpdypari-

() o(', v) } <~ { adout 2 } V) + W+ ) =) + (W) =

W' v)a(u”, v B+ =y
H+v" =" +v 4= (i, v)o (0", v'"). "Qore
(wv)a(u',v)

W v)a(u” v } i o

2.2 Kidoag igoduvapiag — Tovolov mhikov. "Eotw ~ pid loobuvopia
els 0 oUvohov E. KéBe aroiyeiov aeE efvan iooBivamov Tpds Eautd (o ~ o) kai
&vBexouéves pds &AM oroiyeia ToU E. To ouvolov Tév oroiyelwy ToU E, T&
Smoia elven iooBuvapa Tpds T o KeheiTan xddotg  loodvvaulac tot o. AU-
™ ouuPohiletan ownifws wt [a] f A f KA(«) (pds dmopuymy oUyyUoEwS
&mouteital, évioTe, &meog Yp&pwuey, dvTioTolyws, kel [a]_f A_H KA _ (@),
fva BnAdowpey Ty icoSurapiay ~ s mpds ThHY dmofav BewpeiTan N KA&as
icoduvauias ToU a).

Mapornpolpey 871 ;

1. Ai xidoeg isodvvaulac elya uY xeva oitvola.
TMpdypar & ToU dpiouol T KA&oews Evds oToiyeiou g, TPOKUTTTEL &T1
altn mepiéyer ToUAGy10TOY TO Q.

2. Ai xldosig dbo igodvvduwy otouyeioy tavtilovrar.

TpdypoT & a ~ B, T6Te XEA <> x ~ a, dmou A elvon 7 kAdois ioo-
Buvapias ToU a. ‘Emopéves, Adyw Tiis ueTaPoTikéTnTos s ~, (x ~ a kal
a~pB) = x ~PB <> xeB, émou B elva i kAo ioobuvapias Tol B. "Qoe
A< B. "Ouoiws &moSexvieton ked B< A (6iati;). "Apa A =B,

3. Ai xhdoris ddo un loodvvduwy arovgelon obdéy xowdy atotyeiov Eyowy,
firot, dg Aéyouey abrar elvar Eéva.

MpdypaT &v o A B, T6Te i xAdoeis icoBuvapias AB oréw elven tévau,
81671 &MAaos 0& Umhipxe XEANB, dméTe PePaicos XEA <> & ~ x kol xeB <
X ~B. CANNG, Aoy g HeTaPaTIKETNTOS THS ~, (& ~ X kal X ~ B)a=
o ~ B, émep &roTov.

Zuptrepadvopey Aotdy 811 of kAdaels icoBuvapias elvon M1 kevd Utroou-
voAa Tou E, Bvax petafy Toow dvd 5o xai il mrhdoy kafe oToiyeiov Tol E elven
KaTaTeTaypévoy els plav kAdow. "Apx 1y looBuvauia Opiler piav diaudotow ToU E.
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Té oUvohov TEW KA&oewv ioobuvaploas kodeiTon otvodoy mmAixoy tob E dia
iic ~ koi oupPolileTcn pt E[~.

ﬂapﬁﬁet‘ypu. *Egtwooy E TO olvohov, Tév pabnTév Evds yuuvcwiou kal # foo-
Buvapia ~ els T E, # dpilopévn Umd Tol TUTOU
X ~y <> ol pabnral X xal y gorTolv els ThY adThy ThEw.
‘H kAdots loobuvapias Tou padnTou o elvan & oUvohov, TO omolov Eyer oTorxela Tov a kal
ToUs ouppadnTés Tou, BnAabh elvar 1 Té&Eis. padn T els THY 6moiaw portd. Fo E BrapepileTan
Aorov els Takels padnTdy, Snhadh TO oUvolov mnAikoy Ef~ elven £6& 1o ouvolov TV T&-
fewv ToU yupvaciou.

3. AIATAZIZ EIZ Z¥NOAON

3.1 ‘H Evvow tijg Sataleos. Mia oxéois els 1o olvorov E, Smrola elvan:
(A) &vaxhaoTik, (A-—Z) GvTioUppeTpIKd koi (M) petaPorikh
koAeiton dudratic (A oxéos dardfews) eis 16 E.

Mia Si&ratis oupPolileton ouviifeos pé —=< . “Av &v oToiyeiov a Tou E eUpi-
oxeTon gis THY oyéow X i oToixeiov P aUTol, SnAadh a= P, TOTe Adyousv i
«a Tponyeitan Tou By fi looBuvduws «B EmeTan TOU a».

To ouvohov E eis 1o omoiov Exer opiodi) pia Sidralis < kodeiTon ToTE
Siaterayuévov avvolov (&5 Tpds THY = ). *AxpiPéoTepoy  TO BiarTeTarypévoy
ovohov TapioTatan Six ToU Lebyous (E, =).

Iopadeiyparta :

1. ‘H oytois < elven pia Sidrakis els 16 R, 5i16m loylouwy :
(A) a<a B a=a
(A-Z) "Av @ < P xad B < @, ToTE elven kal a=p
(M) "Ava<pPxal B <y, 1ot elvan kal a <y
*Qare 16 ouvohov R elvan Siatetaypévov ds Tpds THY oxtow <.

2. “Opolws # oytois < elvon pic Sidrakis els 1o () (Braxeti;).

3. “H oytois g, () Tiis § 1.1 elven pia Bi&rakis els T N, 5i16m {oylow :
(A) ala
(A-3) "Av alp xad Blo, TéTe Umdpyow guoikol &pifpol k xal A pi p = xa kol
a=2AB, &pa P =k (AP) = (xA)P kal Emopéves kA =1, SnAadn k =A=1,
fitor a =P
(M) “Av a|p kol Ply, TéTe UTrdpyouv guaikol dpiBuol k kol A pt B = kakal y = AR,
&pa y = A (ko) = (A)a, SnAadn aly.

Hepatipnois. Mia pereBariky oxéors = * els 1o guvohov E xahsitan yvnola Sia-
Takis els 70 E ToTe kal pévov TéTE, &v X ~*y = xzky. OUtw my. f oxfois < els 70 R
elven pla pwnota dudrabis €s 10 R, v altn  Siv elvan Siaralis els 70 R (Braerl;). To adTo
loyUe kad Bi1& Ty oxéow ToU yvnaiou Umoouvolou C &g 10 #(Q) (Srori;).

"Av -2 elven pia Biarakis els 1o E, TéTE, Suvdua TauTns, opileTon pic oxéors < * gls TO
E Umd Tou TUTOU

X2ty <> xyradx#y,

# dmola Biv glvan Bérakis eis T6 E, &MA& pia yvnola Bi&rakis els auTo (Srarl;).
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3.2 "OMkn, pepixi dratadig. "Eotw —< pia Sidradis els 10 E. Ao oTol-
Xela o, B ToU E korolvral ovyxgioia (B1& Tiis < ), TéTE Kad uévov ToTE, &V
loxin a=< B A = o O¥Ttw T.X. of mparyuaTikol &piBuol 1, V2 elven oUyKpi-
owot (Bix Tfis < ), i loyve 1 < V2. levikéss TopaTnpoUpey 8T TUXGVTES
TpayaTIkol  dpifuoi a, B elvon ouykpiool, nhadh loyle o < PAP<a
Mia Sidrokis els To E, ds myx. | < &g 10 R, 8i1& v Smolav oiadijmore oTOI-
Xela ToU E elvon ouyrplope kedeiton Odun) B yoaupve) Suitatic els 6 E. Mia
Sidradis eic 16 E, A dmola 5iv elven OAik) Sidrakis, koAeiTa pepuey dudtabic elg
76 E. Els v mepitrroog Hepixis Siorrddecos eis 1o E Umrdpyour BeParicws ororyeia
ToU E, T dmoia Stv efvan ouykpioiua s Tpods THY U’ Syw Bidraki.

Napadeiypata :

1. Els &v oUvorov E SUOKEVTPWY KUKAWY tvds EmiméSou SpileTan pic oxtois SiaTdtews

=< UTo ToU TUTou < ¥ <= ékTis ToU x MIKpOTEPT fi Ton Tis dkTivos ToU vy,
AUTn eivon pia oxéors OAikiis Siardtecss els T E (Braxti ;).

2. *H &idrakis = €ls 1o 2(Q) (Srov 15 Q Exq ToUAdy1oTov SUo oroixeia) elven pior pe-
pikn Sidrakis els 1o P(), 81611 &v A efvan uf) kevdw kad yvoiov Ymootvoroy Tod Q, 161e T&
A xal A® Biv elven ouykpicipe (Sioeri;).

3. 'H oxéois Siardtews oy (1) To0 mapadeiyuaros 3 THis § 3.1 elvon Tpopavdds pic pe-
pikf) Si&kratis efs 6 N.

4. NIPAZEIZ EIZ £YNOAON

4.1 "Ecotepiky npaic. Ao T& TPATA ¥pdvia Tiig oxoAikfs [wfis, &
pednThs EokelcoveTan BE TAS KeAoupévas Tpdtels, Gmas Ty, A Tpdobeois, 7
doaipeais, 6 ToMaTAaciaouds kai 1 Sicipeots &piBpcov. "ApydTepov elven &g
Bt va ydvy &piBusy els SUvapy, v eUpiokn Thy Eveow # TNV Topn 8vo ou-
voAwy kA, Kowdw XOPAKTNPIOTIKOY SAwv oiTddv Ty «mpdlecovy elvan &
ExKIVOUEY &Ttd difo OToIXEIx &vds ouvdlou Bid v kaToAnEwper Sid wmds Siodi-
xaotas (1) dmola Spileton &mrod TIY OUykekpipévny Tpa&Ew) €5 & Toizor oToIXeioV
(16 keAoUpsvoy dmoTéAeopa T Tp&Eews) ToU ool ouvdou. OlTe Y. &mo
ToUs &piBuols 3 kel 5 Bix v Ths Siobikaoias THg TpooBigews kaTaAfyopey
els TOV &pifudv 8, 8ia 8¢ s Siabikaoias Toy ToAAaTAxT ool s Tov 15, E-
medh els dpiopdvas Tpdters dAAdooer TS dmoTéAeoua STav &GS Kol pdvov
evadAdEcousy THY BiaBoyfy T oToryeiwy, T& Smoix TO Snuioupyoiv, &mess
T.X. €5 Ty deaipeoy Gpfuddy, 81k TolTo B Becopolpey 811 els picw mp&tiv
Exkvolpey &rd Cevyos oToryeicov eis T dmroioy xai dvtioToifoper & TpiTov
oToIXelov, TO dmroTéheopa TS Tpdtecos.

"Ex Téwv dvwTépw 68Nyolpedy els TO v& Sdocopey Tov &koAouBor yevikdy
Opiopdy :

Mia povooruavros &meikéions ék ToU E x E — E2 gls T0 E koAeitan 2ocy-
Tepixt) moakic T &rAdds npdfic els 1o E. "Av 851 wds mpdkews * els 16 E o (eu-
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Tos (a, P)eE? dwrioToixileTon els TO oToiyeiov yeE, Téte ToUTo elvon PeParia
povoonuévTws piopévor kol KoAeiTon  dmoréiecua TS npdfews * Eni TV
o, B cupPolileron B¢ pt o * B, fto1 y =« % B. Eis iy mepimrwow ToiTny,
&mou Utrdpyel TO &moTéAeoua THS Tpdlecos  Emi TGV a, P Aéyouev icoduvdpes
kal &T1 4] mpdkic & * P elvar émiToenTy].

Mpds oupPoMopdy Siagopuwy mpdtecoy xpnotpomololvten kei gUpBoAa
s X T& 4, ,0m8,4, A KA

A Tag Tpdtels Tpboleois (4 ) ol &opaipeots (—) es 1O oUvohov N
Tév QuoIkEY &piBudy TrapatnpoUuey 8T Bid pév Tiis TpooBéoews kébe [elyos
(o, B) puokév &piBudv dvrioToryileTon eis fva kol povadixkdv puoikdy &piBudy,
16 &Bpoioua Tév « kad B, Y. 3+5=8, 7+ 9 — 16 k.0.x., dnAadn f TpdO-
Beois elvon pla poveofipavtos dreikduiars Tou N s 70 N. "AvTifTos 1) dgai-
pecis dév elven plar povootiucwTos &mreikéviols Tou N2 els o N, 51671 elg 1O feU-
yos (7, 10) v dvmoToixileton S1&x THs dpaupeoends Quoikds Spibuds, SnAadn
(7 —10) ¢ N. Tlpds Biéxpiow T@Y GveoTEPW TEPITTO0EWY Abyopey &g’ Evods Wiy
dm1 A wpbodeois elvan plac pdkis &l ToU N, &g’ ETépou &t 611 1y dopaipeois elvan
pia pepixny wpdkis eis T N.

Mevikéss ple povoorjuavTtos &meikovials Tou E? els 76 E kedeiton (fowTepi-
k) Tpdkis éxi ToU E, & pia (fowTepikf)) mpdtis els 1o E, 1) omola dév elve
mpakis éni ToU E kodeiTon peon) modéig els 10 E.

apadeiypata :

1. ‘O moMamhaciacuds (- ) elven mp&kis éxi ToU N, &i1dm i k&Be {elyos (o, P)eN?
Umépyel & xal povadikdv ywduevoy o- PeN. *AvmiBétes f) Bialpeats (¢) elven pegua) mpdkis els
TN, Bidm (3:5)¢N.

2. ‘H «Oywois els Buvapws, Bix Ty Smolav &vrl ax P yphpopev of elven pdhis émi
10U N, 51671 81 kée (o, P)EN? elvan kol aPeN. *Avmifttws alTn elven pepicd mpdkis els TO
alvorov Q Tév pnTdv &pidpdv ds tmions kal els 16 oUvodov R Tév TpaypaTikGy &pibudy,

1

oM ) wpabs (— 2)T &tv elvan EmiTpeTrTi.
3. *H &vwois kal ) Touh ouvdAwy elven pdtes il ToU 2(Q).

4. "Av F 5 elvan T olvolov SAcv TV ouvapThoewy pt Tediov dpiopol T A xal Tipds
elg Td A, TéTE R oUvbeois ouvapThoewy (TrpPA. §2.2 ToU keg. |) elvon wpdkis i TOU F 4,
B16m B kébe {euyos ouwvapTnoewv (f, g)eF ?A A olvleors fegEF A.

IMopatfpnols. ‘H mpdkis Tou ToMamAcoiaouou €is 16 R &xer Ty [BidmnTa :
1& ywépevov BUo Quotkdy &piBudy elvan Emlons quaoikds pibues. ‘H iBidTng abrn Biv Ugi-
oraTdl Si1& THY TpdEkw Tiis Sienptoews els TO R, 5161 To TwnAikov 3:5 Biv efven guoikds &pi-
Buds. Ta dvewTépe Exppalopey AbyovTes &g’ tvds piv 6T1 1) wpakis ToU ToMAamAaoiaxouoy lvan
xAeword) els T ouvohov N T&v guokdy dpibpdv, &g’ éTépou Bt 6T ) wpalis Tiis Braupioews
Sév elven KAeioT els & N. Mevikdds pia wpdkis * els 1o oUvohov E kadeiton »Aeiay) el &v Uto-
ctvohov A ToU E TéTE kal pévov TéTe, &v H1ix ké&e (elyos (o, P) oroiyeiwov Tol A TO &moté-
Aeoue Tis Tpdiews ok B dvfker Emions els TO A.
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"Avipetafenikai npateg. Mia Tpdtis * &ml ToU E woeiton arripetale-
Tixy TOTE kol pdvov TOTE, &V ioyun :

(A) a*x P=P % a ¥V aeE kai BeE.

OUrw : :

1. "H mpéobeois kai & ToAAaTTAaciaouds ¢l ToU R elven Tpéies &vri-
HeTadeTIked.

2. "H &vwois ked 1) Topd) 21l Tol 2(Q) elven duoics dvriueTadeTikal Tp&tes.

3. "AvmifETes 1) «ywais els Blvapvy &m ToU N Siv elvan dvTipeTaBeTiky
Tp&lis, B16T Wy, 23 £ 32,

Mpocetaprotikai npagec. Mic mpdtis % émi ToU E keheiton ToooETAL-
oot TOTE kel pdvov TéTE, &v loyun :

(1) (@xP)xy=axPBxy W acE, BeE kai yeE.

Olrew m.x. | mpdabeois kai & ToAamAaoiaouss i Tou R dg ¢mrions
fvwois ked 1) Toun i Tol 2(Q) elven wpdtes TPOTETAIpIoTIKAL, 8vE dwTIBéTeg
| «Iypeois els Slvauws &l Tol N &&v elvau, Bi16m1

1]
@xDx3=2P=8 xai 2% 1x3=2""_>
dnAadn (2*])*3#2*(1*3).

I'evikai TOPOTNPAGELS. M: o+, %, ovuPorilopey 1O (o * @) ko, fTor
O * 0 * 0y = (o * @) * @, “Opoias Opiloper o * oy % oy x @, = (og * o, ¥ o) * @, kad yeni-
KOS ay ko, , . * Oy * &, = (0 RO kL ok Uyy) * Qe

L "Av ) wpakis * elvon ‘TPOoETaIpIoTIKY Buvdueda T.x. els TO Oy * Ol * Oty % O, % 0y
VX QUTIKATAOTATwEY boabdfiote duadoyurad oToixela e 1o &moréAeoua Tiis Tphlews i
aiT@v. Oftw my. a H O KOk ko = (o Koy k) ke, ko = oy * (0 ko) ko ko =
oy k(o % 0y * @) * .

2. "Av 7y mpais * elvan dvTiueTaBeTikd Kai TPOCETAIPIOTIKA, ToTe Buvdueda Tr.y.
eis T O ¥ ko ka, a, :

o) N& dvripetabécwpey Suo oiadijote oToryeia. T.x. T& Biadoyikd o kad oy, B16T1
cxl*fx,*a,*cu*us:altu,*(ua*eg) * Oy = o k0 k(o ko) * 0 = q * O ¥ Oy % Oy % Ol
T& uf BraBoyixé a, xal o 51 EmavnAeippévns GvTipeTaBéoEcs SiraBoy kv d éEfis:

c,_*uz*dstc‘i*uﬁmdl*uatdztca*(n Oy K G KO K Oy %O, = Oy O K O KO

B) N& QUTIKATEOTH T opeD oiadimors oToEict pE TO &roTéAeopa Tiis mwpblews Emi
abTtdv, SidT Suvdueba TPETOV V& TS KOTATTHOWUEY SraBoyikd.

3. Toaxax ... xa YP&POUEY TUVTOMWS * Vo Elfikds & +Vea kal Vo Tapi-
v Qopig
OTOUEY dvTioToiyws ué va kai o, fiTol +¥a = va kel Vo = o,

Ovéétepov atoryciov mpatens. "Eotw x pia wpdkis els T6 ovvorov E. “Ev
oTotxeiov wek kadeiTan oddéregor oToLyEion Tic * TOTE Kal pdvov ToTe, &v loyxim :
(0) W a=ax w=a ¥ acE.
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OUrw : :
OubéTepov oToiyeiov Tis -+ &mi Tou R €lven 16 0

» » ToU -+ éml Tou R elven TO 1
» » THs u émi ToU #(Q) elven 1O J
» » Ths N &ml 10U 2(Q) elven T Q.

To oUbkrepov oToiyelov wds pdlews elven  povoonudviog dpiopévor.
MpéyuaTr &v f mpdktis » Exn SUo oUdtTepa oToIXET T& w Kol @', TOTE &’ fvds
ulv @ * @ =@, BiéTl T w elven oUBETepov oToixeiov THs *, &¢’ Etépou BE
@ x 0 = w, 5167 kod 1 ' elven oUBETepOV oTOIYETOV THS *. "Apa W = w'.

Tuppetpikd otougeia Gg mpo mpddiy. "EoTw # pia pdtis eis T E, 1) émoix
Eyer oUBéTepov oToiyeiov TO w. Ao oToryeia o, P ToU E xaholUvTon guuuetoixd
e modg Tiw % TOTE Kol povoV TOTE, &v loyin

(=) axP=Ppx a=ow.
To a Myeton TéTe ovppeTouxdy Tob P s mds Ty % al looblivauws TO B MéyeTan
ovupETooY ToG & s mpos Ty *. OUTw :

1. Suppetpikdy ToU aER o Tpds THy Trpocleow elven & SvrifeTds TOU
—aeR.

2. "Av aeR — {0}, TéTe TO ouppeTpikdy aUToU &5 Tpds TOV TOAAC-

TAaolaoudy elven & &vtioTpopds Tou %ER —{0}

3. Suppetpikdv dvds ui) kevol owvdlou AEP(Q) dos mpos ThY Evwow Bev
Umrdpyer. ‘Ouoiws Btv Umépyer kol ouppeTpikdy &vds yvnaiou Utroouvéhou Tou
Q dos pds THY Topty (Srati;).

‘Opakév ctovysiov dg mpds mpddiv. "Eoter » pia mp&is émi ToU E. "Ev
oToiyeiov o keheitar duadov A drdomovjowuoy dg meoc Ty * ToTE Kal pdvov
TéTe, &v Bix kdPe xeE xal yeE loyvow :

Q¥ X=a%y => X=y kal X* a=y* a = X=Y.

OUTes G pods ptv THY Tpdodeaw kabe oToixeiov aeR slvon  dpahdv, G
mpds Bt Tov ToMaTAaoiaoudy kéde oToixeiov aER — {0} elven Spoov, Evdd
dvmiBéteos O 0 Sév elvon Spaddy, BIOTL Y.

0-3=0-5#3=5.

Empeproniki mpabig @g mpdg drknv. "EoTwoow SUo Tpdtes » ko m gl
ol attol ouvdou E. ‘H Trpd&Eis x KoAeiTon EmuueotoTixn s mods Ty w TOTE
Kol povov ToTe, &v Bidx kdbe acE, BEE xai yeE ioytouw :

(B) a* @ay)=(c*p) s(axy) xai B uy)rxa=@xcx) = (y*.

Mopatipnow. "Av | mp&lis * elven dvTipetadeTikn, TOTE Tpopaviys ioyUel
ax@Pay)=(@xPe(@rxy) = Bay)xa=@x* = (y*d
kol Emropéves piar dvmipeTodeTicd pdkis * &l Tou E elven EmipepioTikd ds wpos

hy p&kw = (ki ToU E) ToTE Kol povov TéTE, GV
ax Buy) =(*p)=(a*y) ¥V ack, PeE xai yeE.
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Olrw :

1. ’Emi Tou R & moAamhaoiaopds efven EmipepioTik Tpakls s Tpds
Thy Tpdodecty, Bi16T1 &g’ Evds piv olos elvon duTipeTaBeTIKd TrPELS, &g’ ETépou
5t loyUel

aB+y)=ap+ay ¥ «eR, BeR kai yeR.

"AvTiféTes T pdoeots Siv elvan ETIUEPIOTIKT €35 Trpds TOV TOAAXTTAGOIZOUSY,
Si6m 24 (3-5) # (2+3)- (24 9).

2. "Emi tou 2(Q) 1) fvwois elvon EmipepioTicd s TPOs THY Touny, B16TL
alrn elven dvripetodeTiky kal ioyver

AuBAN) = (AuB)N(AUT) ¥ As(Q), Bez() kal Mez(Q).
‘Ouolods kai 1) Topn elvon EmipeploTiky dog Tpds THY Eveow, 816 altn elven
emions dvTiueToBeTikn kod ioyUel

AnBuUl) =(AnNB)U(ANT) ¥ Ac2(Q), BeZ(Q) xai Mez(Q).

4.2 "EEotepiki npadig. Eis moAAds mepimTddoes EXOMEV oUVOVTNIOE! «TTPd-
teis» ol omoian EktedoUvTon émrl oToyelwy dvnkdvTeov i BloQopeTIKG oUVOAd
pE SroTéAcopa dufikov els TO v &k TV ouvdAwy ToUTwY. I.x. ToUTo oupPaivel
€ls TOV TroAAaTACCIOOUOY Evds TroAVGWIMOU &l Eva &p1Budv, émou TO &TroTé-
Aeopa eivan Emions &v roAudovupoy. Tdg mpates alTds, Tpos Sidkpiow &md T
TolauTas Tiis Tponyoupérns Tapaypdgov, Svopdlouer Efmreorxic Tpateis.
"AxpiBéoTepov 1) Evvora THs EEcoTepixiis Trpdleens opileTon dos EEfjg :

"Eotwoav &Uo pny kevd olvora A kol E. Mia MOVOOTIHOVTOS &TTEIKOVIOIS
(ouvapTnols) Tou A X E eis 0 E KoAeiTon  Emrtepin) ngd&ig éni 1ot E xad
oupPoriletan ouvrifiws ué-. OUtw &1& wds Ewrepixiis mpdfecos - Kkdde lebyos
(AX)EAXE dvmororyileran els & kol povadikdv oroiyeiov yeE, 16 dmroiov ko-
Aeiton &moTéAecpa Tiis (BfwTepixdis) TpdEecos gml Téw oToixelwv A, x kai
oupPohileTcn pE A- X, fiTol

y= AoaiX
ZurmBos To oUpPolov - TTapoeiTeTal, BnAadn) ypagopey Ax kai évvooluev A - x,
ws oupPaivel Six kdde Tpdtw cupBoAilopévny i -

Hapodeiypara :

1. ‘O moMAamhagiaopds SiaviopaTos Tou Xwpou éml TpaypaTikey &piBudy elven pla
EtoTepikn) TpdEkis els THY mepimTwow, &mou A = R kai E elvon 16 otvorov SAv TéW Siowu-
ouaTwY ToU XWpou.

2. A=R, E= F(A, R) 10 olvohov SAwv TGV TpayUaTIKGY ouvapTAoEwY pt ebiov
oplouol., TO un kevov oUvorov A. ‘H Tpétis ToU ToAAaTAQGIAOHOU CuVapTHOEwS ETTi &p18pdy,
f émoia B1&x (A, f)eR X #(A, R) dpilerar Umd ToU TUTOU

y g=Af <> g(x)=ME) V¥ xeA
elvan Tpogawds ple EwTepikd mpEkig Al ToU F(A, R).
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"As Becopricwpey #mi ToU E Ektds Tiis ElwTepixfis mpdtews - kai piav éoco-
Tepikiy TpdEw * . O& Aywuev 8T 1) Ebwrepu) mpdakig - elvar EmipeploTing g
mpds Ty (fowtepuniy) modfw % TOTE kol povov TOTE, &v loxin

A(x % y) = (Ax) * (Ay) ¥ AeA, xeE xai yeE.

TT.x. &mi ToU ouvdhou E Tév BravuoudTwv ToU ywpou dpilovtal, s yve-
otdy, BUo Tpdters, pla EwTepikn, & ToMamAaciaouds () Brawboparos i
TpayuaTikoy &pifudy kai pla dowTepikn, f Tpoobeos (+) BravvopdTwy,
B Tas Omroias ioyUet

—_ = —_ —> = —>
A(V,+Vy) =AV, + AV, ¥ AeR, VieE kai V,eE
O0Tes & TolhamAaoiaouds SiovlopaTos &l TpaypoTikoy dpifpov elvon &mi-
peploTIKA Tp&EIs das Tpds THY Tpdadesv BiavuopdTwy ToU Xpou.

5. IEOMOP®IEMOE.

5.1 "H ¥vvowa 100 icopopoiopob. Eiouev els iy § 2.2 ToU xeg. | 6T pix
SpQILOVOTTIHAVTOS GITEIKOVITIS (ouvdpTtnots) f Evds pf) kevol ouvdhou A &l Euds
&\hou Errions uf Kevol ouvdhou A’ Trapéxel THY eUxépeiow &@’ EVOS EV V& «pETO-
Baiveopevy &md & otoiyeiov XeA &ls &v dxpipds crro1xe1ov x'eA’, &g’ Etépou Bt
B1&x s dvTioTpdgou -1 v& «EmioTpépwpery &md TO X' &g TO X. ToUTto Exel &Eio-
Tond7i keTaAAfAcs, OTav T& ouvoha A kal A’ elven épwdicopévar pe pites.

"Ag Becwoprowpey Topa 8T1 * elvan pla (BowTepixn) wpdlis émi ToU A. Tote
dpileTen ol &mi Tou A’ plo TpdEis = G KOTWTEP® :

o [ ] ﬁ' oo:u Y'

{f‘l i } f
o * P = ¥

Bnhadt ik TuxdvTa o, P’ Ev A’ BewpoUuey T& dvticTorya o, B alTdv & A Sik

Tis dvmioTpdgou -1, omdTe TO &moTéAeoua y Ths Tpdiews * Eml TGV «, P dv-

TigToIKileTen Siax Tiis [ els 1O y'EA’, TO dmoiov OpileTan g TO dmoTEAETUX

Tijs wpatews = &mi TAV o, P

TToA\ékis cupPaiver | Tp&lis » v& elvan &mAouoTépa Tiis * Kai ExpeToh
AEUOUEVOL TOUTO v EKTEAOUMEY THV * Eupéows S1& Ths » 5 KATWTEPG !

g s
[ ok b grronlips
T .
a = p =Y,

BnAadt) eUplokouey mp&dTov T& &vtioToixa oToiyeia o, P’ dv A’ @V o, B Sk
THis [ kai dxoAoUfuws TO &mroTéAeoua y' Tiis = éml ToUTwy, dmédTe TO dvticToryov
ToU ¥’ 81 Tiis dvTioTpdgou [~ elvan TO &motéheoua y THs * &l Téw «, P.
v undevixa
O¥rw .. v A elven TO oUvoov T&v &pifuddv Tiis popefis 1 00... 0 ué
patw Tov ToARamAcoiaoudv ko A' =N, ToTE
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5 pundevika 4 pndevika 9 pndevika
——

1000000 10000 = 1 000000000

J I I i
) 4 4 = 9

"Ex TGy dwooTépeo dydueda els TO v Schowoper Tov OpIopoY :

"EcTtwoav 8Uo pn kevd olvoda E kai E' émi tév émoicov Bewpoipey dvti-
oToixws Tas (BowTepikds) Tpdles * kol =, Mia dupipovooniuavTos &eikdviois
f toU E &l o0 E' xoAeitan ioopoppuopos os meds Tas mpdfeic % xal w TOTE
kod pdvov TéTe, &v loyin

f(x * y) =1(x) = f(y) ¥ xeE xai yeE.

"Av Urépyn) els ioopopeiouds ol E émi tou E, dx dvwTépw, TOTE T gU-

voAa E xal E' kehoUvren ioduooga dic mpds tic modéeis % xai .

Moepudeiypata :

1. E=R* 16 olvohov Té&v Betikiv Gpidpdv ué mpdtw -
"=R T olvohov TéV TpaypaTIKGY ap1Budv pt wpatw +,

f=Roy (& Bexabikds Aoydpifuos) : R+ax —L AoyxeR.
‘H f = Aoy elvai, e YVwoTov, dUpiuoveoTiavTos dmeikdviots Tou R+ éml Tou R kel . 7A8
oTa ioyue
Aoy (xy) = Aoyx + Aoyy,
SnAadn & Aoy elvon elg ‘oonoppiouds cs wpos Tas Tpdles - kal + .
Obtew Bia Tév Urohoyioudy Tol ywopévou of BUo BeTikév dp18uddy tpyaldpeda dg EEfs:
a p = af
A& ypricews AoyoapiBuikdy ivékwy — — *-)-,L == ——>¢ - - -
Aoya + Doy = Aoy (ap),
SnAadh & ywépevov elpioxetoan &1 &mAfis Tpoobéoews.
‘Opoiaws, tmadh & Aoy elven gmions el ioopopeiopsds s mpds Tas Tpdlers @ kad -
(Brari; ); & TnAikov sUpiokercn &t &mAfls dpaipéoews.
T& dvwtépw EEnyolv Thy edputérny Xpfiow els Thy TpokTIKAY TGV AoyapiBuikdy -
véxwy kol Tou AoyapifuikoU kavévos.
2. E=C 70 olvohov Té&v pryabikév &p1BuGy pE Tpdtv 4,
E': 10 olvolov 1év Siowvopdrev Tou tEmméSou TGV ExdvTwv dpyiv ™Y dpxnv
O 7tédv dtévev pt mpstw +,
f:C—E &ix g oTroiag dvtioTor oy ToUu wyadikou Gp1Bpol o + Bi eivanr T4 Bid-

—
vuoua OV pé ouvretaypéves a, P.

Xy 21 Ny, 92
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‘H f elven els loopoppionds s mpds Tas wpdkers T Tpoobéoews wyabikdv dpbpdv Kal
Tijs Tpooléoews BravuopdTwy (Brari; ).

5.2 Bacwka Ocopipata ini tdv icopoppropdyv. "Av f elvan els ioopopgiouds
10U E &mi ToU E' dg mpods Tas mpdlers x koi w, TOTE loyUouv T& dxéhouba
fecopfipoTa :

52.1. “H -1, davriorpopos tijc f, elvau el ioopoppiguds tod E' émi 7od
E d¢ moos tag modfeic w xal % .
Tpéoypatt: f -1, dos dvrioTpogos APQIHOVOTTIHAVTOU  &TTEIKOVITES, elvan
pier &ugiuovoomuovTos &mekévials (owédpTnots) Tou E' e Tou E (ppA. § 2.2
ToU Ke@. 1). "Av Tdpa x' ko y' elven TuxdvTa oroixeia Tou E, TOTE TAUTA Si1x
Tfis ouvapThosws -1 dvmioToryilovran dvTtioToixws els T& oTOIElX X kal y
Tou E, fiTot
x ={1(x") kel y=f1y") A looduvdpos : x'=f(x) xkai y' = i(y).
“‘Emropévess, &meidhy A f elvan els loopopiopos s Tpds Tds Tpdlels * kal n,0&
EXWUEY
X wy =1(x) = f(y) =1(x * y),
&pa ko
FI(x' wy') = 1(I(x * Y)) =% % y = [3(x) * 1),
fiTot
[-1(x’ wy)=11(x") % f-1(y) ¥ x'eE’ xal y'el’,
&nAabt) 1) £ elven els ioopopgiopss ToU E’ émi ToU E cog Trpos Tds Tpatels w kad ¥ .

522 “H npakic * éni toi E elvar dvriperaberon) tote xai povov tdte, dv
1) npakig w éni tod B elvar dvripetabetvn.

Tpdoypart: &pkel v Seifwpey 811 1) GuTipeToBeTIKOTNS TiiS * OUVETTCYETOL
v &urigetadeTikéTnTa THis =, 10T TO &vTicTpOPOV TpoKUTITEl TOTE &K TOU-
Tou xal ToU yeyovdTos &Ti, Buvdper Tol Trpomyouuivoy fewpfipactos 5.2.1, 1)
-1 elven #mions icopopiopos.

*Eotwoay Aormov BUo TuxévTa oToixeia x' kai y’ Tou E'. TaUTta Si&x Tiis
-1 &mioToiyifovran dvtioToixws els T& oToXEIA X kal y ToU E, fiTol

x=fYx) ki y = -1(y") i looduvdpws : x' = (x) kel v = (y),
&mroTe, Ewerdn fy { elven €ls ioouoppionds dos Tpds Tés Tpakers * kaiw, B Ey opev

X' wy =1(x) = I(y) =1(x *y).
*AMAG, Aoyo kod Ths dvriperafeTikdTnTos T * , ioxUel
f(x % V) =10y » ) =I@) = i(x) =y = x.

"Apx Xy =g W xR EE Kot yER,

SnAadh kai f) mpatis = elven dvTieTadeTin.

5.2.3 “H nodakic » énl tof E  elvar mposetaipiotixy ToTe xai pdvoy Tdte,
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dy 9 moai; m éni tod E' elvar mpooeraipiotia).

Mpdyuar® ik Tov alrév Adyov, ds kol els TO mpomyoUuevor Becpnpc,
&pkel vor &modeiteopey 81 ) TpooETANPIGTIKOTNS TS * ouveTdyeTal THY TTPOTE-
TAPICTIKOTNTA Tiis .

"EoTtwoav Aoimdy Tuyxdvtat oTorkeia x', ¥ ked z' ToUu E'. TaUTa Si1&r Tiis
=1 dvmioToryifovran dwtioTolyws els T& oTorxeia X, y kal z ToU E, fiTol

x=iYx"), y={-4y") kai z = f-1(z")
1) looBuvdpes :
X' =1ix), ¥ =1i(y) xod 2z’ = {(2),

omoTe, Emeidn 1 I efven s loopoppiouds dx Tpds TS Tpdles * kai m, B Excouey

(" e y) w2 =((x) w {(y)) = f(z) = f(x * y) = 1(z) = {((x * y) * z).
"ANNG, AoYw kal Tiis TpoceTaipioTIKéTNTOS THiS * , foyUel
(o y) % ) =1(x % (y * 2) =1(x) = I(y % 2) =1(x) = ({(y) = 1(2)) =
=x" = (y = 2'). "Apx

(x'wy) wz'=x"u(y nz) ¥ xeE, yeE kol z'cE,

SnAadn xal f) wpdtis = elven wpooETCupIoTIKY.

5.2.4 "Av 7 mpdkig * éni toi E Eyer oddérepov orouysiov 16 w, tdve xal
1] moaic w énl tod E' Eyer oddérepov ororyeiov 1o f(w) = w'eE’.

Mpéypor fotw x’ Tuydy oToieiov Tol E' kai EoTw x TO &vtioToiyov
adTou Six s 1, fitor x = f-1(x") ) looBuvdpes x' = f(x). ‘Emeidn 16 w elvan
oUBeTepov oToIxgiov Tiis # 8& loyxUouww

Wxx=x kol Xx =5,

oméTe, Adyw ToU 8T 1y f elvon €lg icouoppiopds ds Trpds Tas Tpddes # kol w,
O Exeousv &g’ fvdg piy

X' = 1(x) = (e % x) = f(w) = 1(x) = () = X,
&g’ étépou B

X =1(x) = f(x ¥ @) =1(x) = f(w) =x"= f(w),
fiTor

f(@ex'=x" xal x's f(w)=x" ¥ x'cE,
SnAadh 10 w' = f(w) elven oUBkTepov oTokeiov Tiis TpdEews u.

6. OMAEL,

6.1 "H Evvoia tijg opadog. i'lotpsmpﬁcrausv fi8n 6T mpdkers dpifdueven els
SrapopeTikd oUvola Exouv Kowds 816t Tos Y. ) Tpdodeois eis TO R kad 1
Touh s 1O P(Q) elvon Tpdlers dvTipeTaBeTIKa, TpogeTAIpIoTIKA, EYouv oUBE-
Tepov groreiov kKA. T @aivduevov ToUTo elven olvnBes els Ta HadnpoTiké
kal @Bfynoey els THY kardratv TololTwy GuvdAcy (els T& oMot SpilovTan
pdlels pe kowds 1816TnTas) s karnyoplos p iBicitépar Svopaciay.
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"Ectwoa v pf) kevdv atvodov E kol x pia (BowTepikn) wpdkis &l TouTou.
T E xodelton duas ds mods vy mpdbww % TOTE kai pdvov ToTE, &v

(T) %) apdks % elvar mpooeTatotaTins)

(O) 1 nodkic * Eyer oddérepor ororyeiov wEE

(2)  =ale aroyeiov Toi E Exer ovppetomoy i mpos iy * .

"Av 1) Trp&is x elvon émi TAfov kel dvTipeTadeTikn, TOTE 1) Opds E xadeiTan,
eldikeoTepov, drtiuetafetie duag G5 Tpds THY TPEEW .

Hapatnpioeig :
1. To oidérepov oroiyeiov w Tijc* elvar povadixov (wpPA. § 4.1).

2. To ovpperpixdy toydvrog orogeion o€k dic mooc iy * elvar énlome povaduedy. Tlp&-
yuatt: & P kai y eivar oupueTpikd ToU o @5 pods THV *, TOTE B& Excopev
axP=P*a=w Kai A*ry=yrax=0,
bmoTe, tmeid f) # elvan poceTaipioTIK, B& Exwper kai
P=Brw=Bx(axy) =(Bra)sy=wxry=Y.

To upovadikdv cuppeTpikdy ToU a @5 Tpds THY * TapioTduer curfifews pé a.

Haepadeiypare :

1. To olvorov Z Tév dkepaicwov elvon dpds s mpos ThHy Tpdobeaw, didT :

Ma+@+yY)=(x+P)+y ¥ ceZ, PeZ kai yeZ (WpooeTaIpIoTIKSTNS),

©a+0=0+a=a ¥/ acZ, dnradn 10 0 (0eZ) elven oUbétepov oToryeiov Tiis
Tpoobéoews.

(B) a4+ (—a) =0 % oeZ, dnhodh k&be dxépoios o Exel oUBPETPIKOY X TTpds ThHY
Tpéofeow Tov émions dxépaiov — a.

"AvTiféTws TO olUvolov Z Bév elven dpds s Trpds Tov -rroh?\uw?tcxmcmuéu, 51611, &v kai
o moAAamAaciaopss elvan TpogeTapioTikds kal Exer oUdETepov oToryeiov 16 1 (1€Z), dv Tol-
ToIs KéBe drépanog, Bidpopos TAV — 1 kai 1, Bév Exel CUBHETPIKOY €05 wpds ToV TTOAAaTTAGOIO-
oudv &v Z (Siati;).

2. To olvohov A Tév &pricw dxepaicov elven duds ds pds ThHY Tpdobeaw, Si16Ti # wpdo-
Bears elven TpooeTouploTikn, Exel oUdétepov oToixeiov 1o DU (OeA) kai kdde &prioy o Exer
OUMHETPIKOY G5 Tpds TRV Trpdclegv Tov émions &pTiov — a.

*AvTiBéTes TO gUvolov A T&v GpTiwv Bty elven duds ds Tpods TOV ToAAaTAaTIcO PV,
B16m1 Stv Umdpye oUBétepov aToiyelov Tou ToMAatAaciaopol &v A (Biati;).

3. Té ouvorov Q TV pnTddy &piBudv eivan ouds s Tpos THv Tpdodeotv, BTt ) mpd-
ofeois elvan mpooeTanpioTike, Exer oUbérepov otoixeiov 1o 0 (0eQ) «xai k&be pnTds o Exer
ouppeTpIKOY s Trpds ThHY Tpdofecw Tov Emions pnTdv — a.

Errions 16 oUvorov Q* =Q — {0} Té&v pnTdv &pi1Budv Tév Biragdpwy Tou 0 eiven
Spds s pods Tov ToAAamAaciacpdy, 8101 & ToAAamAaciaouds elvan TpooeTaIpIoTIKGS,
Eye1 oUBETepov oTorxeTov 10 1 (1€Q *) kal k&Be pnTds a # 0 Exer ouppeTpikdy s Tpds TOV TToA-

1
AamAaciaouov Tov Emwions pnTév — # 0.

4. T ovohov R Tév TrpaypaTikGy &pBuddv elvan duds dx mpos Thy wpdadeow. ‘Opoicg
76 ouvorow R* =R - { 0 } elven opds s mpos Tov moAAamAaciaoudy.
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5. "Eotwoav E={0,1,2 } kal * pla mwpatis dpifouévn Ud ToU Trivaxos :

" 0|1‘2

0 Oll 2 0%x0=0, 1x0=1, 2%x0=2
_7!_.._ BnAadh 0% l=1, 1l %1=2,,.2%1=0

1 1.1,] 200 0x2=2 1%2=0, 2%2=1

EUxoAws mpokUmrTer &m1 1) wpabis * elvon TwpooeTaupioTikr, Exer oUdétepov oTorxelov Td 0
kai 611 Ta oroixeia | kal 2 elvon ouppeTpika s Tpods THY * , SnAadn 871 TO gUvolov E elvan
buds s mpds THY Tpakv *

Téhos Tapatnpoupey 6Tt Sha T& &vwTépw Tapabelypota Su&bwv &mwoTeAolv dvTi-
peTabeTikds Sudbas (diari;).

6.2 Bacika Ocopijpata Eni td@v dpadov. "Av E elvan pia dpds pé mpdtw
* , TOTe loxUouww T& droAouba BecopriuoTa :

6.2.1 Kdfle aroryeiov ocE elvar amdomouijowuor (duaiiv).

A

Mp&ypor® &v o * X =a % y, TOTE, Emeidn) UMEPYEl TO OUUUETPIKOY & TOU

o G5 Tpods THY *, B Excopev
ax (o * X)=(; * (axy)
kai Aoy Tiis émipepioTikdTnTos Tiis Tp&lews x,
(&* o) * x=(c;* )*x»y | wxx=wxy f§ x=y.

“Qote &Beixbn 6T ax x=ax%y =>x=y. ‘Opoiws &moBeikvieTan kai &t
X% a=y* a=x=y. "Apa 1O oToixeiov a elvon &mAomoifcipov.

6.2.2 "Av a, B elvar Tvydvra aroyeia év E, tdte doov 1j élomaic x x P=q,
doov xal 1) éElomog P xx = a &ye plav povadueny Aow év E.
3 A A A
Mpdyuor (1) x* P=a <> (xx P)* P=a=x P, 5idéT1 0 P koTd TO
TponyoUuevoy Beopnua G.2.1 elven amAotomiaipor. "AAAGE, Adyw Tiis TpooeTwi-
A A
ploTikédTnTos TS *, (X * P)* P=xx Bx B)=x» w=x. "Apax
- A
X*Pp=a <=x=axp.
A ~ A A
(ii) ‘Ouoiws: Prxx=a <= Px Pxx)=Prxa <> (P xP) x x=Px «a
A A

<>wxX=Pxa <= x=Px a

6.2.3 "Av a, P elvar Togdvra atoryeia év E, tote 16 ovupetoinor toi o x P
elvar 10 é\ * t;, fjTot 0(:‘3 =B* a.

Mpdryuatt: Adyw Tiis TPOCETAIPIOTIKGTNTOS Tiis *, loxUel &g’ vds uev
(@xP)x Bx)=ax Bx Bra)=ax (BxPh)*a)=ax (@ a)=
= Ok a=w, &g’ Etépou B§,
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A

Bro)x (anP)=Px (@x (axP)=p *(@* )% B) =Px (@x p) =

*
§*|3=m. "Apa

~~ A A
okp =P * a
MevikeoTepov, &v o, O, . . .0y elvan TUXOVTA o-rmxela &v E, TéTe TO oruuus—

A
TPIKOV TOU O % O % ... % Oy_y % Oy ElVGL TO av* cx,_l* RS . A ul

Auvéusfa Topa, Tf Bonbela ToU BewpripaTos 6.2.2, vé dpiowpey Eml ToU

E kai piov wp&tv * «ouppeTpIkAY» THs % Bi& Tiis dmolas els kébe (eUryos (o, B)
dv’rta‘ronxigﬁm 1) povadikt N’Jcns Tijs &Eiooews x * P = a, dnhadh TO oTOI-

xelov o * BTou‘réO‘rw ul 'rrch:s * éﬂi ToU E 6pi§e-rm Umrd TOU TUTIOU
ax P=a * ﬁ
Thv Tp&tw » wds duddos E ouyvd oupPolilopey pé + xad ThHY kooUuev
nodofeay | p&  xol THY koAoUuev moilanmiaciacudy. TéTe ouuPolilouev dvmi-
oToiyes 3
TO oUbéTepov oToOIXETOV P& 0 (undév) 7 1 (uovag)

70 CUupETPIKOV TOU & Pt — a (dvrifetor toda) f -:T kai a1 (drriorpopov oD &)
THY ouppeTpIkiY TPEEW * pé  — (dpalpeaic) A : (bralpeoig).

6.2.4 Eis play dudda E pé nmpakw + 7 - loyvovr, dvriotoiywe, da xdfe
acE, PeE xai yeE 1a xdrwhe :

L{c+P)+y=a+(@+Y) L’ (aP)y = «(By)

22 0a+0=04+a=a 2 al=la=a

3. a+(—a)=0 3alt=

4 —(—)=a 4’1+ =a

5. -0=0 5 =1

6. a—P=a+(—P) 6.'q:f_‘s=a--é—

1 —@+B=CP+D=-P-c T =g =5

8 ~@-P=-[a+CPHl=  Sgp=—p=T g=Pg=ps
==(-PF =P+ (-9=p-4 i s

9.y +@—B)=y+la+PI= 9 y(a:P)=yag)= ()5 =
=r+)+-P=C+0P =) :P
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0. y—(@+P)=y+[-(@@+B]= 10" y: (B) =Y 31.@:

=Y +[EP+ o= =v(+ =)

=y +EPl+HE=0-B-a  =(y5)e=0:P:a
y—(a—p=y+@-a= W y:(@:B)=y(B:a)= (B

=(y+B) -«

7* AAKTYAIOZ

7.1 'H Evvowe tob duktvriov. "Ectwoov E Ev pf) kevdv olvohov kol #, =
8Uo mpdteis &l ToUTou. T olvodov E kedeiton daxridhiog dic mode Tas modées *
xal = TOTE Kal pdvov TOTe, &v TO E elvan dvriperaletins duas d¢ moog oy mpdtw
* kal éml TAfov 1) TpaEs = elvon mpogetapioTie kol EmpepioTixg dis mpos
™y *.
"As oupPolicwpey, ds ouviBles, Tas Tpdkels ¥ kol m pi 4 kal - dwTioTol-
Xws, OToTe eis Evar SaxTUAlov E (dos Tpos Tas mpdkels 4+ kad - ) Bik kdbe o, P kol
Y loxUou :
#)  «+p=p+a e
M  @+B+y=c+@+Y) | a@y)=/(B)y
(0) a+0=04+a=a«a £ 0d udiaem
® etEd=(Cd+a=0 | ——
aB+vy)=of +ar
B+ y)a=Ppa+ya
"Av f| mpdlis . elvon Emiong dvTipetaBeTixn, TéTe 6 BakTihos E kaieTTan
avriperaletinog daxtidog Qs Tpos Tas Trpdlels + kai . . ‘O Spiopds ToU da-
kTUMou 8év drrauTel Ty Umraplv oudetépou oroiyelou Tiis Tpdtews. (povdSos),
el Tas TepiTTAOTEIS Spcos, Grov ToUTo UTrépyel Aéyopev 8T 6 daxtiiog E Exe
povdda.

INapadeiypata :

1. To oUvohov A Téw &pTiwv dxepaicwv elvan dvTipeTadeTikds SakTUAios dos Tpds ThHY
mpooleow kol Tov ToAAaTAaTiacudy (Ywpls povdda), BidTi &’ tvds pév, ds eiSouev Els TO
Tapabaiypa 2 Tiis § 6.1, 10 A elvan pla dvmipeToBeTikn duds ds Tpds THY mpdobeot,
4o’ ttépou Bt & moAhamAaciaopds elven, s yvwoTow, dvTipeTofeTikds, TPOCETAIPIOTIKSS
kol Eml Afov EmipepioTiKOS s Trpds TNV Tpdodecv.

2. T6 olvorov Z Tév drepaicyv &pifpdv elvon dvripeTabeTikds SakTUAlos s pods THY
Tpoofeow kol Tév ToAAaTAaoiaopdy kel pdhioTa ut povdda, HidT &g’ Evds pév, ds eiSouer
els TO mapdbaryna 1 Tiis § 6.1 TO Z elvan dvmipetabeTikhy dpds ds wpds THY Tpdodeo, &g’
itépou Bt & moMamAaoiaouds, & dmrolos Exer oUBETEpo oTorxElov TOV &piBudy 1 (leZ), eivan,
@5 yvwoTéy, dvTiueTaBeTikSs, TPOCETAIPIOTIKOS Kal £ TAtov £TIMEPIOTIKGS o5 mEds THY
Tpdcheov.
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3. "Ouolws T& olvora Q T@&v pnT@Y Kad R 7@V TpaypaTikédy &piBudy elver &vTipe-
TabeTikol SaxkTUAion dos Trpds Tds mpdles Tis wpooBéoews kal TolU ToAAaTAGCIGOUOU Kal Hé&-
MoTa &uedTepor Exouv povdda.

7.2 Bacwkd Beopiipata Eni t@v Saktukiov. "Av E elvan els Soaxtihios s
Tpds Tas Tpdtels + kai -, TOTE, dkTOS TGV fewpnudrwv Tis § 6.2 TGV dgopcav-
Twv els TV ngdofeow, loyUouwv xkai T& kdTwh :

1. of) =00:=0;
Biom: aP+0)=cp +al <> ap=cP+ad = a0=0
B+ 0a=pa+0a <> pa=Pa+ 0a = 0a=0.
2. (= P) = ()P =—(af),
Siwmi: O=odl=a[B+(-P)] = 0=ap+a(—P) = a(—B)=—(af)
0=0B=[c+(-)]p <=0=cp+(-x)p = (—a)p=—(cB).
3. af-y)=ap—ay za (B-y)a=pPa—yg,
Gim: Afp-y)=c[P+(=y)]=B+a-y)=af + (—ay) =P —ay
P-vea=[P+ (-7)]a=Ba+ (- y)a=Ppa+ (- yo) = pa— ya.
4 (a+o+ ... +a)Bi+pP+ ... +P)=
=G|B1+G1BE+~--+q1ax+azal+qeﬁz+--'+a2ax+---+
+ Py + aBy + ...+ P

5. "Av ¢ daxtdhos E elvar avriperabetinds, tdre loyler xal & timoc Tod
deevdpov, fror :

@+pr=

= + ( ‘1" )d"’lﬁ i (; )qv—zlaz ST (‘:2)“23\.—2 2L (V_"I)O:Bv-l +pr=

=o' +va'1p + 1(12;3 a2t o4 ‘ﬁ’;)uﬂﬁv-* + vapy-1 4 pv.

8* ZOMA

8.1. 'H tvvowa 100 odpates. “Eotw E els drmiperalfetinis daxriioc dx
mpos Tas Tpdiers 4+ kai -. ‘O SakTUAios E keheltan odua e meog Tag mpdfeis
+ xai - TOTe Kol pévov TOTE, &v TO oUvohov E¥ =E — {0} elven (dwTipeTaBeTikr)
Suds g pds T pdkw -, dmdTe els & odpa E Bid kéle «, P xal y loxvow :

(A) ao+Pp=P+a ap = o
M @+P+y=a+@+7) | (@B)y=ay)
© a+0=04+a=« al=la=a

@ at+(=(Ca)+a=0| acal=ala=1, « #0
aB +y) = +ay.

“Oha T& dvewTépo elvon &pecor ouvttreion Tol Spiopol ToU oduaTos ARV
s al = la=«, f| émola katd Tov Spiopdy ToU oduaTos foyUer pévov ik
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acE*, dnhadn &1 o # 0. AmodeikvieTon Spws 6T loyer ked 0-1 =1-0=0,
816 Bk o # 0 (m.y. @5 o Suvdueda va AdPowper T 1 kab’ Soov 1eE¥, Aol
1 #0) &ouev :
=(a—o)l =al—al=a—a=0

1

IMapadeiypara :

1.To olvorov Q T&v pnTév &piBuddy elven odua ds Tpds Ty Tpdobeow kal Tév Tol-
Aarhaciaopoy, 516 &’ Evds uév kaTd TO Tapdberyua 3 T § 7.1 elvan dvTipeToBeTiKOS St
KTUAlOg s Tpds ThHY Tpdabeoy kal Tov ToAAamAaciaoudy, &’ ETépou Bt kaTd TO Tapdbel-
yua 3 Tiis § 6.1 16 oUvohov Q* = Q — { 0 } elvon dpds dxs mpds TéV TroAAamAagiaouby.

2. 'Opoiws T6 gUvodov R T&V mpaypaTikéy dpiBpcv elvon odpa s Tpos THY Tpdo-
Beow xal Tov worAamAaciaopdy (SiaTi;).

3. To glvohov Z Tév brepafev &piBpdv Stv elvan odua (dbs mpds ThHy Tpdodeow kal
Tév mohAamhaciaoudy), SiéTi, &v kol 16 Z efven &vmiperabetikds BakTUhios (Tapddeypa
2 Tiis § 7.1), 70 Z*=Z — {0} &iv elvon dpdg s mpds Tév ToAAamAaciaoudy kad’ Soov
Btv utrdpye, &v yéver, & dvtioTpogos Evds dkepaiou &v Z m.y. ToU 2.

8.2 Baowka Bcopipota ini tdv copatov. "Av E elvan &v odpa ds mpds
Tas Tpdlels + kal -, TOTE loxUouw T& kdTeob :

1. "Olda ta Bewpripara tod daxtvdiov g mpds tag medées + xai - (§7.2).

2. "Oka 1a Bewpijpata Tijs 6pddos - g mods Ty mpdtw - (§6.2) ué iy mpoi-
nofleowy i Ta oToiyeia dvijxovy eig o E¥ = E — {0}, dndady elvar 0.

3ap=0 <= a=07p=0.
Mpdypar: () ap=0 = a=0 7 p=0, Sidm &g’ &vds pév

(@@=0xaia#0) = —(f)=0 = (5«)p=0=1p=0 = p=0,

&g’ étépou & (aPp =0 kai P #0) = a=0 (Biai;).
(i) (=04 p=0) =ap=0,
8idTi: a=0=op=0p=0
B=0=>0f=a0=0.

8.3 Awrctaypévov odpe. "EoTwoav 1o odpa R TV mpayuaTikéy &pl
Buddsv (s mpds Tas mpdlers Tis Tpocbéoews kai-ToU moAAamAaciaopoy) kai
10 UmooUvoAdy Tou R+ Tdv feTikdv TpayuoTik@dy dpifudv. Qs yvwoTdy
foyxuow :
(1) Ak xé&Be xeR ioyxUe &xpiPdds pia &k AV kdTwh ouvBnkdy :
x=0 f4 xeR+* { —xeR*
(ii) xeR+ :
JeR® } = (x +y)eR* kai (xy)eR™,
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5nAad? To R+ elvan KAeloTow dos Tpds ThHY Trpdofeow kai Tov ToAAaTAGTIATHOY.

Sopora pi Tés dvwTépm (816N Tas ToU owuaTos R TGy mpoarypaTikéy &pi-
Bucv xapaxTnpilovtan Si1& ToU Spou duatetayuéva odpara. "AxpiPéoTepov Ev
gasua E (s pds Tas mpdtels + kad *) kaAeTten dhixdc datetayuévov T kal
&TAGS draTeTayuivor TOTe kol pévov TOTE, &v Umdpyn &v UmooUvohov E+ ToU-
Tou ToloUTOV, GoTE v& foyUouwv :

(1) A kéBe xeE foyler drpipdds pia ék TGV k&Twh cuvlnkdv :

x=0 fi xeE+ A4 —xeE*
(it) xeE+
yeE+

T& oToreia Tou E+ kohoUvtan fetixd oroiyeia ToU BiateTarypévou oG-

potos E & 8% dutifeta ToUTwov  doviTixa.

} = (x +y)eE* xai (xy)eE+

IMapaderype : *Exrds ToU odpatos R Tév mpaypoTikdy &piBudv kal 16 odux
Q v pnTdv &piBpdv eiven Sratetaypévor, 81T S TO UTooUvordy Tou QF TGV BeTikdv
pnTév foylou :

(i) g kéBe pnTov dpiBudy x loxUer dxpiPdds pia &k TGV kdTwh ouvlnkdv :

x=0 f xeQ* § -xeQ*
1 ¥
@ e e

Avataig kai Swotetaypévov odpa: "Av &v odpa E elven Siaretorypévor pe
olvohov BeTikév oToiyeiwy TO E+, TéTe Spileten elg 1o E xad pic GAix) Sidratis
- 81& TOU TUTTOU :

x= y < (y—x)eE,+=E*u{0}.
MpdrypaTt
(A) x = x, 86T (x —x) =0eE,".
(A=X2) "Av x =y kai y < X, TOTE X =Y,

Bi6Ti, & x £y, T [(y—x)eE* ki (x—y)eE,t] = [(y —x)eE* kad
(x —y)eE* ], 16 bmoiov &vtikeiton el THy ouvBikny (i) ToU SiaTeTaypévou ow-
HaTOS.

(M) "Av x = y kai y = z, TOTE kai X =% %,
B16T1 &g’ fvds pév Bik x =y 7y ¥ = z ToUTo elvan Trpogavés, &g’ ETépou B Bidk
X #y Kkal y # z EXopev

(x =y kaiy= z) = [(y—x)eEt xal (z—y)eE*],

16 émoiov, Adyw Tiis ouvBnkns (ii) ToU SiaTeTayuévou oWUATOS, CUVETTyETO
& (y —x) + (z —y) = (z — x)eE~, &pa kai (z —x)eE,*, dnAadi x = z.

Eis To SiareTaypuivor odpa R Tév mpaypaTikéy dpiBudv m.y., N Sidratis
< OpileTon UTO TOU TUTTOU :

x €V <= (y—x)eR,*".

9*, TYMITAHPQIMATIKAI ENNOIAI KAl EPAPMOTIAIL
9.1 'O daktdhiog TV mpaypanikdv ocvvaptijgeov. "Eotw F = F(A, R)
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TO olvohov SAwv TGV TPayUATIKGY CUVapPTACEWY WE kowdy Webiov dpiouou
Ev pn kevov ouvohov A, "Av a elvan els rpaypaTikds &pifuds, TéTe THY ouvdpTn-
ow, f émoia dmekoviler kdBe xEA els ToV dp1Budy @, oupBohiloper TEAW pE o
kol Aéyopey, Tpds Bidkpioy o ToU &piuol o, ¥ orabepd civdetnorg o (8
ToU A). Obtw .X. yp&govtes 5€# tvwoolpey &T1 1) oTabepd ouvdpTnols 5 (Erri
ToU A) dunker gls TO olvodov F.
Oa opiowper koTwTépw Emi ToU F Blo (RowTepikds) mpdtels, Ty wpdo-
feow kai TOV TOAAaTAGCIGOHSY.
[pooBearg. "Av [ xad g elven SUo TuydvTa oToryeia ToU 7, BnAadh &uo
ouvapThoEls, TOTE Sid ToU TUTToV :
s(x) = 1(x) + g(x)
OpileTon pia véa mpayparTikh ouwdpTnois s pE mebiov dpiopol TO A, Snhadh
s€F. Thv owdpTnow aiThy kohoUuey dlooioua Tév | kel ¢ kai THY cupPoA-
lopev w¢ 4 g, Arot s =f+ g ’
‘H olrws opiobeioa émi ToU # mpatis + Tfjs Tpochioews TANpPOT T& Ké-
Twh :
1. Etvar avripetrafletin, B16m, &v 8" =g 4+, 1é7e 84 elven
s(x) = f(x) + g(x) = g(x) + i(x) = ¢(x) ¥ xcA.
"Apa s =s', Bnhadn
(A F+g=g+I
2. Elvar moogeraipiotin, 816, &vs=(f + g) 4+ h xai " = [+ (¢ + h),
ToTe B elven
s(x) = (I+ g)(x) + h(x) = (I(x) + g(x)) + h(x) = I(x) + (&(x) -+ h(x))
=1(x) + (g + h)(x) =s'(x) ¥ xeA.
"Apa s =s', SnAadi
(M (f+g +h=1+(g+h)
3. Yadoyew obdérepor atouyeiov Tijs mpoolévews xal elvar TodTo 1 orabeod
ovvdptnows 0 (éai toi A), Biomi
F4+0(x) =1(x) +0=1f(x) ¥ xeA,
Gpa, ASyw kal Tiis dvTieroBeTikéTnTOS TS TPOTEaEws,
(0) FHO0=04f=1 ¥ fcF.
4. Mi xdle [€F dndoyec aviiferos owvdotnow -1 (uppetoudr atotyeioy
Tijs [ &g mods Ty medoleorr) xai elvar abry 7 svvdoryou, i drola o XEA dvri-
ototyiler elg o —i(x), dyiady
(=NDE)=—I(x) ¥ xeA.
Mpdypar:
I(x) + (= NE) = 1(x) + (= 1(x) ) = I(x) = [(x) =0 ¥ xeA,
apa, Adyw kai Tiis dvmipeTadeTikdTNTOS THS TpooBioews,
) [+ =D=(=ND+T=0 ¥ fe#.
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"Ex Tév dvwTépw ouvdyeTtal Aottrdv &1 (pPA. § 6.1): 16 advolor F GAwy
T@Y TpayuaTIRGY oVvapTYoEwY pE xowoy mediov piouod Ev ovvolov A elvar pia
dvriperaletiey dpas g meos Ty mpdbw + s mpoalicens.

Mo)llanlacraopds. ‘Opoicws Opilopev TO ywvduevor Tis ouvapThoews feF
¢l Ty owvdpTnow gEF, bs Ty cuvdpTtnow p ThHv dpifopévny Umd ToU TUTrOU:

p(x) = 1(x) - g(x).
Tautny oupPorilopey pé [. g, fiTor p=1f-g.
‘H oUtws dpiobeioa &l ToU F Tpdtis - Tou moddanAaciacuod elvea, o
eUkdAws ouvayeTal, dvripuctaletix, mpocetatptoTien Kol émpeototixg s mpds
v mpdabfeowy, Bnhadi ioylouv :

(A) g =gf
am (fg)h = f(gh)
(B) f(g + h) = fg + Th.

"QoTe Aormov (wpPA. § 7.1) 16 avvodor F Slow Tiw mpayuaridy ovvagTij-
gewv ué wowov mediov dotopot &v atvolov A elvar dvriperabetinds Saxridiog g
mpog tag mpdfeis + xai -,

MMapatnpiosis :

1. ’Emeidn 10 F elven dpds dog mpds THY mpdobecv, dplleTon Emoptves kal f) wpdkig
1fis dpapéoewc il ToU F s ouvnbws Sid ToU TUTTOU

f-g=Ff+(—g)

2, ‘O daxrihwo; F Exet povida, nhabfy Umdpyer olbétepov oToixeiov ToU ToAAaTA-
olaopou kal péhiota TouTto elvan f) otaBepd cuvdptnoig 1, Bidmi Bid TuxoUoav ouvdpTnow
feF loyua

f(x)1 = 1f(x) = f(x) ¥ xeA.
“Apa
fl=If=f % feF. :

3. "Av f elvan pla ouvéptnois els 16 F*= F — {0}, ToTe pé TR oupPohilopey THY

ouvdpTnow ThHy Spilopévny Umd ToOU TUTOU
1

1
Rl (i

i
‘H owvépTtnois £ St dvnikel tv yéver elg TO F ¥, Bidm alrn Exer meblov dpiopou TO glvolov
B= {xeA : f(x)#0 }, 76 émoiov elvan UtrooUvorov Tou A. "Av Suws B =A, SnAabt) f(x) #0,
1
W xeA, Téte 7 owdptnos *'.—E-F * kal elvon 16 ovppeTpikdy aToixeiov Tiis f ds wpds

Thv wp&kw ToU ToMAamAaoiaouol, S16T1 &g’ Evds upiv

+00 0 = r(ix)-r(x):l \ xeA,
SnAadt

I'=F

-q! —
Il
=

1
&
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&9’ Etépou Bt &v g elvan tmriong OUBHETPIKOY oToIXEiov Tiis f, ToTE fg = 1, EnAabh
f) g(x) =1 W xeA xal Emoutvess g(x) = r(l_x) W xeA.
" 1
Apa g=—.
4. ‘0 daxtilios F bév slvar adpa (s Tpds Tds mpdles + kaf - ) Bidm Td F* =
F - {0} 5tv elven duds dos Tpds TéV moAAaTmAaciaopdy, kab’ Sdaov Siv Umrdpyer &v yéver cuppe-

TPIKOV oTOIYEiOV €5 TPds TOV ToAAaTAGTIaTUdY, m.X. 81& Thy ouvdprnow fe F*, ) dmola s
&v dpiouévoy x,€A AapPdver THy Tipfv 0, fd B1d kéBe XEA Brapopov ToU X, AauPéver THY T 5.

9.2 'O daxtohiog @V MOLVOVLPIKGY ovvaptijcewyv. Mia TrpaypaTikn
oWapTNOIS p WSS TpaypaTIKTs MeTaPANTHS 8i18ouévn 81" dvos Tirou TS Hopefs
P(X) = avx¥ + oy X1+ .+ X + a,

&mou oy, oy, . .,ay elven TpaypaTikol &piBuoi, keeiTcu molvenvvpxy)  ovvdp-
o WA TPXYHaTIKTs peTaPAnTHs.

To ouvohov F#, BAwv TV TrOAUWIULIKGY OUVaPTAOEWY WSS TPy uaTI-
kfis ueTaPAnTis elver Tpogavds UmooUvodov Tou ouvblou F — F (R, R) 8Acv
TGV TPaYUOTIKEY owvapTricewy ué Tediov dpiopol TO oUvohov R Téw Tpa-
yuaTik@y &piBpdv. ‘H mpdabeois kai & ToAAaTAaTIaouds el ToU F elven Tpd-
teis kAeioTai el 1O Umoolvoov F, Téw TOAVWVULIKEY GuvapThoswy, S514TI,
o elvan yvwoTodv, Téoov TO &Bpoicua doov Kkai TO YWOUEVOY SUO TOAVWVUHIKEY
owapThoewy elvan émions ToAucwvupikh owdpTnaoIs.

To oudétepov oToryeiov Tfis Tpoobigews, SnAabt 7 oTaBepd ouvdpTnois
0, cos émions kai T6 0UBéTepOY oToiyeiov ToU ToAAaTAGCIGGHOU, SNAGSH 1) oTa-
fepa ouvapTnois 1, elva TroAvwvupIkal ouvapThoes, fitol 0% kol 1%, . *Erri-
ons, N dvrifetos ouvdptnols — p wds ToAuwwupIkis cuvapThicews p elven kad
0T TTOAUWVULIKT oUVAPTTOIS.

Ex Tév dveoTépew poxUTrTel &T1 els TO UmrooUvoloy F x TGV TTOAVLOVUUI-
K@ ouvapTAcewy TANpoUvTan SAan i iBi6TnTes THs TpooBécews + kai Tou
ToAATTACGIOCHOU - THs Tponyouuévns § 9.1. ‘Emopéveds: 76 otvolor Fx Siww
TAY TOAvewvpxdy GovaeTiicewy pidg mroaypatings uerafintic elvar eic dvriue-
talietinos daxtiiiog s mpds Ty medobeawy xai Tov aoliandaciaguoy xal pdiora
6 daxtvlios oitog Fyer povida. TO oupmépacua ToUTo exppclopey Aéyovtes éTi
TO oUvOAoV F, TGV TTOAUWVULIKGY cwvapTnoewy drroTeAsl Eva duTipeTadeTi-
KoV dmodaxtihiov ToU SoxTuhiou F TGV TrperyparTIKGY ouvapTficewy, & &moi-
05 Exel povdda,

9.3 Té cdpa 1@V pnrév cvvepticcov. Mix TPAYHUATIKT oUVEPTNOIS T
Wids TporyuaTikiis peTaPAnTiis SiBoudvn &1’ évds TUTTOU TS wopefis
' _ Pp(X)
P(X) = m)' '
Sdmov p kai q elvon TroAucovupikad OUVOPTNOEIS W8S TpayHaTIKTS HETAPANTHS
HE TV q Bikpopov Tiis oTaBepds ouvapThioews 0, koAeiton oyt ovvdprnog
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wds TrparyMorTikfis peTaPAnTis, cuuPohileTal B¢ ko e —g—, ATOI = %

Al Tohucvupiked cuvapTroels efvon kai pnTal, 81671, G5 TTPOKUTITEL Gipé-
ows & Tou dvwTépw Opicpol TR pnTiis ouvapThoEws, 1] TTOAUGVUHIKT GUvap-

TNoI§ P OUNTITTTEl WE THY PNTNHV CUVEPTNOW —Ill “QoTe TO cUvohov F, TV

TTOAVGVURIKGY ouvapTicgewy elvat Uoouvohov ToU ouvdhou F, TG prT&V
CUVOPTTOEWY.
"As fewpniowpey TP TaS PNTAS CUPTNTEIS Ty, Ty, T3 TS S16ouévas G-
TIoTOlXws UTO TéV TUTWY :
3

rl(x) =i 2’_'_714*! PZ(X) == x* — x' ra(x) e )%
Té& media Spiopol TGV owwapThoewy aUTéy elver GvTioToiXws

Z(r)=R, @(r)=R-{01}, Z()=R-{1}
A& Tds oUVEPTNOEIS Iy KOl Ty TapatnpoUpey 6T1 &g THY Topny 2(r) NZ(ry) =
=R —{0,1} Tév medicwov opiopol Twv cupTriTTouy, BnAadn loyUel

2= L —nx) ¥ xeR—{0,1}

x x-—1

ry(x) =

| iooduvapws :

x!

x(x—1)=1(x*—x) ¥ xeR.
TolTo tkppélouey Aéyovtes 6Ti ai pnTal CUVAPTNOES Ty kai ry elven loodivauor

fi ioat. Tevikéds, &v r=L xar=2L ehu oUcQl PNTAlL TUVHPTTOES,
q q TVX P pPTT

86 Abycpey 8T olman elvan foar kod B ypagupey r =1’ TOTE kel pévov TOTE,
&v loxun pq’ =p'q, fitor:
P A el Pqd =P4Y.

OUTte .., 6 eidouey dvwTépw, Iy =Ty, & dvmibéTas, g eUKOAWS SimioTou=-
Tau, Ty # Ty Koti Iy # Ty

*AveoTépeo eiopev 6Tt T& Tebia OpiouoU TGV pnTEY GUVOPTNOEWY TIy,Ty
kai r, elven BiagopeTiké, SnAadn ai prrad ouvapThoels Sty Exouv kowodv Tediov
6p:ouo€r, dos oupPaiver 1t TAS TOAVGVUHIKAS owvapTnosss. ‘Emopéveos Sév Buvde
peba vé Becopriowpey TO oUvohov F, TGV PNTEY CUVEPTNOEWY & UtrogUvoAov
ToU ouvbhou F TV TIPAYHATIKEY OUVAPTNTEWY W& KATOI0 (OUYKEKPILEVOY)
xowdy Tebiov Splouol kal kaTd ouvémeiav Stv Suvdueda v dpicwuey THY TPOo-
Beow kod TOV TOAAGTAGTIoPSY & ToU F,, s dploapey alTds gl Ty § 9.1
i Tou ouvdou F. Al mpdters alran dpilovran Emi Tol F, G EEfis :

Ipéodeors. “Abpotoua 800 pnTGY CUVAPTNHOEWY %—mi%— koAsiTOl 1§
1

pnTh #mions owapTNOIS PaGe + LEL T R

092
Py Pr _ PiGa Pty
L qz 012
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H olrws dprodeioa mpakis Tiis mooofévews & ToU F, p TANPOT T& k&Twh :

1. Ebva dvriperalferin, 516m, dvr, = —EL kai ry = % elvar  TuyoUoa
1

2
pnTal ouvapThoes, B Excopey

P sl + Pa@ _ Peli+ Pags —‘-—“Pi'i-&’
T CE 01 CEL Y q qQy

fiTol
n+r=r+rn.

2. Ebvar mpooetauprorin, B1ém, & ry = -PL | Ty = —234 Kol ry = —3?— elvan
2 3

q
TuxoUoon pnTal ouvapThces, O& Excopey '

Pr  Pe Ny Pa . PifatPals , Ps_  (PiGe+ PaGu)9s + Poqidls
( q, ki gz )+ s T + s R FU PL Y
P13 + (Pads + Pa2)qy Py P2ds + Ps9: _ P1 P2 p_s)
91929s q; i 925 9 + (Clz + qs /’
fiTol

(1) + =14+ (r, + Ty).

3. "Yndgyei 16 0ddéregov ororyeior tiic mpoobésewe xai ehvar ToiTo i ora-
Bega ovvdprnos 0 (0eF,, ds ToAVwIULIKT owdpTnots), Si16T1, Sik TUYoUTaY

pNTHY owdpTnow T =%, foyue

Pryge Boo O _pilg " 'p
Eto=L+3

ql q
dpo, Adyw kel THs dvTipeToBeTIKGTNTOS Tfis Tpoohioews,
©) r4+0=0+r=r ¥ re#,.
4. dwa xdbe gy ovvdetnow t = % bndpyer avrifieros oyt ovvdotnag

— T xai elvar afftn 1 _—_-{Tp' 81611

opymeePe R SpgEE P B0
Sl e q ¢ =0
&pa, Aoy kol Tiis dvTiueTaBeTikdTnTOS THS TrpooBicEws,
() r+(=n=(-r)+r=0 ¥ re&,.

"Ex Tév dvewtépw ouvdyeTan Aoimov &1 (mpPA. § 6.1) 16 advotor F, Taw
oNTaY cVvagTioewy wids Toayuaruds perafintic elva pla dveiperalbetin) duag
Mg mpos Ty mpdfw + Tilc mpoohicews.

Mok )ardacwaopds. IMvauevor 8o pnTév ouvapTroswy 2—' Kai z—* KoAeTTON
1 2
A pnTh éwions ouvdpTnois E—*—gi, fiTot
. 192
Pr Pz _Pabs,

q Qs Q1T
‘H oltws Spioeion Emi Tol F, TP&Lls + TOU MOAAXTTAGTICE PO elvau, g
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eUkdAws ouvdyeTal, @miuetaletixy, MEOCETAIOWOTIXNG KOL EMUEQLOTING @S TOOS
T npdoleow, BnAadh Bi& Tuxoloas PNTAS CUVOPTNOEIS Iy, Ty, Ty ioxgouy :

A) IyTp = Ty
am (ryr)ry = ry(Tary)
() ry(ry + 1r,) =1y + 1yl

“Qote ooy (mpPA. § 7.1) 1o adveror F, Taw ont@dv ocvvaoTioewy udg
noayparxic petapintic elvar dvtipetaletingg daxtidiog g mods Tag mpdfewg + xal -

Emi wAfov Trapartnpouuey OTI :

1. “Yndoyer 16 oddérepov otoryeiov Tod norlanraciacuod (povis) xai elvar
t0it0 1] otabepd owvdotnois 1 (1€F,, s Tohuwvupikh ouvdpTtnois), 816t Six

TUXOUCQV PNTHY TUVEPTNOW T z% , loyuer

o pl p

['1:—.—-: :-»--:r.

gl ql q
&pa, Adyw kai THs dvTipeTafeTikdTTOs TOU TOAAaTAGCITuUOT,
rl=I1r=r ¥ re#,.

2. M =dlle onriy ovvdotnow r = -% owdgopoy  Tijg  orablepds ovvapTij-
4 z P ¢ 4 \ & 1o \
agews 0, dnlady reF * = F,— {0} dadoyet ovupetouy otolyeiov + 06 7mpog

. ' y L | : ¢ ;
tov moAdanlaciacudy xal elvar TobTo 1] onTY OVVAOTHOWG FI , 81611

ke P aBe PR G P . Lo g
r q 25p Q@ Pq 1 ’
&pa, Adyw kai Ths dvTipeTaBeTIkOTNTOS TOU TTOAAXTTAQCIOOHOU,
1

rl=lr=1 ¥V re#F*=%,-{0}

“Qote Aoy 10 otvodov Fp* = F, — {0} elvar duag g meds Tov moAda-
ahadiacuoy xai Emoptvers (TpPA. § 8.1) 76 adwoldov F . GAwy Taw onrav cvvaptij-
gemy uids mpayuatixis uetafiintic dmoteAel odua ¢ mpos tag modbec Tic
apochéoems xai tob molilamlaciacpob.

9.4 Awvvopankos ydpos. Qs eiSouev, Téoov els THY TepimTwow ToOU
Saktuhiou doov kal ToU ohpaTos, dpilovtan Suo mpdtels 4 kai - dupdTepan fow-
tepxal. Eis T&  padnpaTikd Spews mapovoialovtal ouxva kai oUvola épwdic-
optva pé piav domtepuay Tpakw + kol plav éfwteowy Tpatw - . TLy. &l ToU ou-
voAou SAwv Tdv davvoudtov Toi yaoov Exouv Oplodi ) éowTepikn Tpalis TS
apoabiéoens kai 7 ElwTepikn ToU mollaniactacuod éni dolipoy (rpPA. Tapdbel-
yoa 1, § 4.2). Qs elvon yvwoTdv &k TV palnudTev Tponyoupévey TéEewy i

-

S R B,
TuxdvTa Sraviopata V, Vy, V,, V,y kal Tuxdvtas mpayuaTtikoUs &pifuous A,u,
ioydouwv :
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nodabeaig ‘ nodlandaciacuis éni dolucy

—_— — —_—  — | — i — —

Vi+ Vo=V, 4V, | AV + Vo) =AV, 4+ AV,

- —  — — — — o 7] — —

Vit (Va+V)=MVi+ V) + Vs | A+ wV=AV+uV
—_— — — = —> | —_— —
V4+0=04+V=V L AWV) =wv
- — — - e ‘ —_—  —
V4+(=V)=(=V)+V=0 | IV=V.

(vmipeToBeTIKT Spds)

*Evrions &mi ToU ouvdhou F, TOV TOAVWVULIKEY CUVOpTHOoEWY, EkTds TS
(fowTepikiis) mpdlews Tiis mpodhégems Blvatan va Spiodf kaoi pic EEcoTepikn
wpalis, 6 moldamiaciacuos éxi dpludy, s Eifs : & p elvar pla TOAVWIUMIK
owdpTnols  pé p(x) = aX¥ 4o XV + ... 4 oyX + kel AER, ToTE puvi-
pevoy Tijs p éni Tov dpipoy A koAeiTon f) TToOAVwVUMKT ouvdpTnols q T) BiBopév
Umoe Tou TUmou q(x) = (Aay)x¥ + (A )x"' + ... + (Agy,), Aol q = Ap.

TMapaTtnpolpev kai eis THv TepimTwow TaUTnY TOU cuvdou F, 611, Bik

TUXOUCQS TTOAUGVUMIKGS CUVOPTNTES P, Py, P Ps K&l TUXOVTAS TrporyHOTIKOUS
dpiBpovs A,u ioyUouww :

apdofeais rorharmdaciacuss émi dotludy
Pr+P:=P:+ P ’ A(p1 + P2) = Apy + Ap:
Prt(P:+p)=(i+p)+ps | A+ wp=»~Ap+up
p+0=0+p=p A(up) = (A)p
P+(=p)=(p)+p=0 lp=p

Al pév 1816t Tes Tiis Tpoobéoews elvan &pegos cuvEtraia ToU 81, €5 eidopey
gl Ty § 9.2, 16 F, elvan dvmipeTaBeTikd Suds s mpds ThHY Tpdodeow, ai GE
1516TnTes ToU TroAAaTTAGTICOUOU 1l &p1Budy ouvdyovTan edkdAws &k ToU Spiopou
Tfis &lcwTepikiis TaUTNS Tpdtecos.

Ta dvwTépw cUvoha, TGV SlavuoudTwy TOU YWEou Kai TGV TOAVWYUML-
K&V ouvapTnoewy Wds TpayuaTikis MeTaPAnTis, eis T& omoia, ds eiSoper, ol
Tpdtes Tfs mpooBioews kol ToU MoAAamAcaciacuol émi &pifpdy Exour kowds
iBioTnTas G5 dvwTépw, dvoudlovtan diavvauarixoi ydeor. 'Emions TopaTtnpou-
uev 611 &v T& A,p TrepiopioBolv els TO oddua Q TéV pnTeY dp1Buddy, ToTE ai dvco-
Tépw 1810TNTEs TOU TOAATTAGGIopoU ETi &p1Bpdy BiatnpolyTal. Tlpds Sidkpiow
ToU &v T& A,u Becopolvtan els 1O odpa Q TéV pnTéY &piBudv A els TO odua R
TRV TPy PaTIKGY &p1Bucdy, Aéyouey .. OTI TO GUVOAOY o¥; TGV TTOAUWVUMIKE

- owvapThoewy elvan els dcavvouatixdc ydooc tmeodvo Tod aparo; Q | 10 Fy
elven el diarvoparios ydpos dmepdve Toi odpatos R.

Fevikéds, &v A elvan &v oddua (ds mpods Tas Tpdles Tiis Tpoobécews kai TOU
ToAMaTAaciaopoy) kai E elvan Ev pfy kevdv olvohov tpwdiaopivov pt Slo Tmpd-
Eers, wiow EowTepikiiy TV medofleony xal piav EEwTepikiv TOV mollanlaciacudy
éni arowyeiov totv N\, 8& Aéywpey 6T 16 E elvar elc Stavvopatinis ydoos dmep-
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dvw 0T odparog A TOTE kad pévov TéTE, & 1O E elven dvripetaleTing Spag
@c meog Ty medodeow kol Bick kéfe X,y &v E xai Au v A loylow :
AMx+y)=Ax+Ay
(A + wx =Ax + px
Aux) = (W)x
Ix=x.

10. AZKHZIEIZ

10.1 Elpete Tds AvakAGOTIKES, CURHETPIKGS, QUTIOUHUETPIKAS kal petoPaTikas oxé-
oeis o ¢ R — R, al dmoian opilovron Umd 1w @

I x*—y*=0 ) x2+yr=1 3)x+ys=<0

4) x* — y*=ToA. 10 5) xy =0 6) x2—xy < 0.

TMoicn &k Tév dvwTépw oxéoewv elvan looduvapiar;

10.2 Acifare 811 1) iodTngs e & ouvorov E elven 1) pévn oxéors, 1) dmola efven TauToxpd-
ves &uakAQOTIKY, OUPPETPIKY Kal QuTIoUpueTpikT.

10.3 “Eotwoav pic eveia D kol & onueiov P aUTfis. "EE dptopol Aéyopev 6T 1O on-
peiov AeD-{ P } eUpioxeten els THv oxéow o ué 1O onueiov BeD—{ P } ToTe kai pdvov TOTE,
&v 16 P 5tv xeftan &l ToU edBuypéppou Tufuatos AB, fiTor

AcB <> ABN{P}=@.
Acifae 611 ) oyéos o elven pia ioobuvapia kal elpete TO olvorov mhikov (D—{ P Dle.

10.4 "Eotwoav #mimeSov E xal elBeia D avTol. *EE Spiopol Aéyopev &1 TO omueiov
AcE-D evpioketon efs THv oxéow o ué T6 onusiov BEE—D TéTe xal pdvov ToTe, &v 1O €0OU-
ypappov Tufipa AB Biv Téwver Thv ebfeiov D, fitor

AcB < ABNnD=g.
Aeifarte 811 1) oxéois o elvon pia fooBuvapia kal glpete TO oUvolov Tnhlkor (E-D)fe.

10.5 "Eotwoav E, kai E, 8Uo Tepvdpeva imimeda. 'EE dpiopol Aéyopev STi 1o omueiov
Ae(E,UE,)¢ eVpioxetan els Thy oxtow o pt T onueiov Be(E,UE,)® ToTE kal pévov ToTE, & TO
eUB0ypapuoy Tpfipa AB Biv Téuver T& émimeda E, xai E,, fiTor

AocB << ABn (E,UE;)) = @.
Aeitate 811 1) oxtors o elvan pia looBuvapia kal elpeTe TO oUvolov TnAikov (EyVE,)%/e.

10.6 *EcTtwoav tmimedov E kal onpeiov P aytou. "EE épiowol Aéyopey &T1 TO onpeiov
AeE—{ P } eUpiokeTen eis Ty oxéow o pé TO onueiov BeE—{ P} TéTe kal pdvov TOTE, &v T
onueia P, A, B keivran éml edfeias.

Acifare 811 1) oxéors o elvan pla looBuvapia kol edpete T& ouvoov Tnhikov (E—{ Pi})/e.

10.7 *Eorw eBeia D. "EE Spiopol Aéyopev 811 Tuxdv onueiov uf keluevov ¢l 1fis D
eUploxeTan eis THv oxéow o pé onueiov B pf keipevov Emiong i Tiis D TéTE xal pévov TOTE,
&v i eUBeia D kal T& onpeia A, B xelvran ml ToU aUToU Emimébou.

Aeifarre 811 f) oxtois o elvan pia looBuvania kal eUpete To gUvohov TrnAikov D¢/o.

10.8 *Eore €ls 16 ovohov ZX(Z—{ 0 }) # oxtois o, /i dmola dpileTon Umd Tob TUTTOU
(«p)o(a’,p) <= op’ =a'p.
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Aeltate 611 4 oxéors o elvan pla fooduvania kol elpete Tas kAdoels loobuvapias &Y
oroixefwv (1,3), (0,7), (-5, 8), (2,4) xal (3,—2).

10.9 Aeltorre &mi:

1) % oxéors = els 76 R elven pio SAikfy Sidrakis,

2) # oxéois 2 Tol Umepouvbhou els T Z(Q) (Stav 16 Q Exn TolAdyioTov Blo oTor-
Xela) elvan pla pepikdy Sidratis.

10.10 Asifoare &1, &v -2 elvan pfa Si&ratis els v ovvoloy E, Té1e S1& Tol TUTrOU
Xy < y2x
Spileren mions pia Sikrakis >~ els 70 E kohoupévn duixg) Sudrakic T <2 .
"Eml mAéov Beffare 811, &v piv 4 2 elvon Shikd) Bidrakss, TéTe Kal 1) BuikfTng == elven
trrions dAwd Sidrakis, dv 5¢ N -2 elvon pepikny Sidrokis, TéTe Kol M > elven &mions pepixh
Sidralis. A1’ Epappoyiis ToUTwy &mrobeifate ik viou THY Tponyoupivny doknoty.

10.11 Eis 76 oUvorov C Téwv pryabixév &p1Budsv dpilouey iy oxéow -2 s #s :
"EoTwoav BUo pryadikoi &pifuol o + Bi xad y + 5i. Tote, &v ptva< vy, Yp&Qousy
a+Pi2y+8i, &v 8 a=1y kal P < 5, ypdpouev mions o + Bi =2 Y + Bi. Zuvtdpws :
C+PIiRy+8i<>a<yq (a=1y xal p < B).

Agitare 811 ) oxéors adTn elven pia SAikd) Bidrakis els TO ouvodov C Téw Hryabikédv
&p1Budsy, fi dtola keAeitan ownbws Aebucoypapua) didrakic els 70 C.

10.12 "Ecrwoav of mpdtes *, u, A, [] xad 4 el T glvodov N 1év Quoikiv &p1-
8udy, ol Spilépevan UTd TGV TUT :

X*y=2x+y, xmy=x+4+y, xAy=xy xOy=x—2y, xay=;,_:1----
Moion éx TGv dvwTépw mpdtecw elvan wpdkers Eml Tol N kad molan elven uepikal Tpd-
terg els To N ; E

10.13 "Eotwoov of wpéters # ,m, A, [ xala el 7 R, of dp1fduevan Umd 16w Uy *
XY=y xdy =iy, XAy =4xy, x[Jy=x%y, XAy = X%

TMoten &k Tév dvwTépw Tpéewy eivan KheioTal els 76 oUvohov A Téw dpTicw dkepaicov;

10.14 Toien &k T&v mpdlewv Tis mponyovuévns &okfoews eivar
1) dwvmperaBerikai; 2) mwpooeToupioTikai; 3) tmpepioTikal cog Tpds THY Tpdodeawv;
4) tmpepioTikad g wpds TOV ToMaTAaciacudy;

10.15 TloTan &k Tév pdkewv Tis doxroews 10.13 Exouv oUBtTepov oToiyeiov; EUpeTe
T& CUPUETPIKE oToIxelal ¢bs Tpds Tas Tpdlers TaUTas,

10.16 Acifate 611 T& olvoda R kai C, Tév Hiyadikév &pibudv Tis popefis a + Oi
elvon [odpopga Téoov dis Tpds T Tpdtels Tis Tpoobécews TrparyuaTiKGY &p1Budsv kol Tiig
Tpoobicews wyadikdr &piBuév, Soov kal Tpos Tés wpdkers ToU ToAamTAaciaoyol mpa-
YHOTIKGY &p1Budy kal ToAAaTAaciaouol uryaBikév &piBudsv.

“Ouoicos Beltate 671 kad & olvoda R ked C° Tésw PaVTaOTIKGDY &p1Bpddv, Snhably Tdy
HryaBikev &piBudv Tiis wopefis 0 + ai, elven loduoppa ds Twpes Tas mpdters THs Tpocbécews
TPy aTIKGY &p1Budy kol THs Tpoobioews HryoBikéy &pibudv.

10.17 Acitoare &1t f) wpdobeois Eml Tol Ny (Ng=NuU{0)}) elven TPOCETAIPIOTIKT,
Exer oUbéTepov oToiyeiov 16 0, dAAK TO N, Btv elvon Spds s mpds ThHY mpdobeoiv.
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10.18 Acitare 811 @

1) To olvohoy C Tdv pryabkdv &piBudy elvon dvTipeTaBeTikd duds o mpds THY
mpdobeov,

2) Té C*=C—{0} elven &uriperabericty dpds g wpds TOV TToAAaTAATIacudY.,

3)% Té C elven dvmiperadeTikes BoakTUAios s mpds Tas mpdtes THs wpoobésews kal
ToU TOAGTTAQCIATHOU.

4)* To C elvon o®pa o mpods Tas wpaters Tis mpoodécews Kal Tod TOAAGTTAGCIAOUOU.

10.19* Acitore 61 10 odpa C 1év wyabikéy &pibuév Bév elven Biareraypévov odpa.

10.20 ’Emi ToU ouvdhou Z(Q) (Q # @) Becopoupey Ty mpatw + Thv dpilopévny Umrd
ToU TUTOU A
A+ B=(A-B)u(B-A), B
N omola koAelTon oupuetpuer diapopd.
Acitare 611 :
1) To2(Q) elven dvmipetaleTikn Suds s mpds THY
ouppeTpIknv Sragopdv, fiTor

(A) A+B=B+A

M  A+@B D=(A+B)+r .
() At B GrA=3 LB
@ AtA=g.

2)* To #(Q) elvar dvmipetaBetikds SokTUAios s Tpds Tds Tpdters +xkal M.
3)* "Av 16 Q E&xn ToUA&y1oTov SUo oToIyEld, TETE TS P(Q) Btv elvan odpa s Tpds
Tag mpdieas + kal .

10.21* "Eotwoav 16 glvodov F = F(A, R) TGV TpayuaTikév ouvapThoewy i Kot-
vov mebiov dpiopol T ouvohov A xal al mpdters Tiis Tpooicews (BowTepikn) Erl Tol F xad
ToU moMamAaoiacpol Eml TpayuoTikéy dpiBudy (EEwTepikd), ds alTo Gplofnoav dvri-
oToiyws elg Thy § 9.1 kai efs 6 mapdSeaypua 2 Tis § 4.2. Asifore 511 16 olvodov F (dos Tpds
Tas mpdtas TalTas) elvan els BrovuopaTikds y&pos Umepdvw Tou gdparos R Téw TPAYHa-
TIKGY &p1Bpddv.

"Etetdoare iBiautépeos Tas mepimrddoes, dmou A={1,2}, A={1,2,3} kal A=
={1,2,...v}
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MEPOZXE AEYTEPON

ZTOIXEIA MAGHMATIKHZ ANAAYZIEQZE
B. EITAIKOY

KE®DAAAION 1

MEAETH ZYNAPTHZIEQN

1. MONOTONOI EYNAPTHEEIZ

1.1 AiiEovom kai @Bivovea ovvaprijoss. ‘H ouvdpTnois @ pé ¢(x) =x° Bio-
Tnpel Tpogavds THY puaikny Sidtakiv T&Y Tpaypa-
TGV &piBudiv, nAadny ioyUer
X < Xp =X < X% = (%)) < @(xy).
Fevikéds pia mpaypaTiksy ouvdptnois [ wids
TpaypaTikfis peTaPAnTfis Siatnpovoa, s kal | @,
THY Quaikfy Siataliv TGV TpaypaTikédy &p1Buddv
kaAeiTon prnoims atéovoa. *AxpipéoTepov Bix piav
owdéptnow : A= R ut A = R épilopey :
‘H ouwdptnois { kadeitan ywnolwg adéovaa
TOTe kai pdvov TOTE, &v Bk ke x4, X, v A loyin.
Zx- 23 @:y=x° €)) 6 <x, = I(x) <{(x).
‘Opoiws 7| owvdptnols [ kakelton pinolwg
@livovoa TéTE kal pévov TOTE, & Bid ke x;, X, &v A foyim
@) TyriEpone=alin) S i6xs).
¥ TL.x. | owapTtnos ¥ pt W(x) = —x elvan yvnoicws
ebivovca ouvdpTnos.
"Av ai (1), (2) dvTikaTacTaBoly dvTioTolyws
0 xy Iz Utrd Tév
B, 5 S O 1 7 e Wt B T T
i (@) X <X, = (x;) > f(xs),
Yoo |- ——- . Té1e Aéyouev els pév THY mepimTwow THs (17) 611
owdpTtnois f elven adfovaa, es && THy TepimTwow
g 24 y:y=-—x Tis (2°) én1 ) [ elvan gbhivovoa, Aol :
‘H owdptnois [ kodelton adfovea ToTE Kai
Hovor ToTE, &v Bix kdbe Xy, X, &0 A loyin
%< X = [(x) < I(xp).
‘H owépTnois { kadeiton pbivovea TéTE Kai uévov TéTE, dv Bix kdbe Xy,
X, &v A foyin

=X = x) 2 ix).
50

Wnepromotr|Onke amé To lvotirouto EknmaiSeutikng MoNmikrig



*Emrions Aéyouev &1 pia owvdptnois f elvan pwmolws povdrovos ToTE kal
udvov ToTe, &v alTn elven yvnolws alfousa f yinoiws ebivouoa. *AvtioTolyes
5t Aéyouev 6T 1y | elvon wowdrovog, &v altn elven alfouca fi gbivousa. Al v
dnAwowuey TO eldos Tiis povoTovias Pids -CUVAPTNOEWS XPTTIHOTIOIOUMEY TQ KA-
Toft oUpPola :

f2 8 I A <= [ evan yimoiws ablovoa
Y A [ < felva yvnolws gbivousa
f+ /4 f A < [ elvar adfouoa
fl A [y < [ela gbivovoa.

"Av /) owdpTnois | elvon oTabepd, SnAad kdbe xeA dmeikovileTan Sk Tfig
f elg TOV aTdY  TrparypaTikoy &pifpdy fi Ta alTo TO mediov TGy #(f) oUThs
elvan v povopeAts oUvorov, TOTE, Tpogavdss, i  elvan TauToxpdves altovoa xai
pBivouca. AMG kol dvtioTpdgws, &v f ouvdpTnois [ elvon TauToypduews al-
touoa kai @Bivouoa B Excouey B Xy, X, & A (¥, # X)) 6T f(x) = f(xy), &n-
AaBf 6T ) f elvon oToBepd ouvdpTnais. Mpdyuart Si1& X; < X,, Exopey &g’ évds
wv  f(x) < f(xy) (Gémift), & érépou B8 f(x,) = (x;) (BéTif]), fHron
f(x,) =1(x,). “Ouoicas 81 X, < Xy, Exomev f(x,) < (x;) (Brom 1) wad f(x,) > ()
(&iémi {)), fitor wéAw f(x;) = f(x,). "Qoe eBeiyhn om :

1.1.1 “H owdotnowc f: A 1> R (A< R) elvar otaflepa tdte xai pdvov tote,
dv 9 { elvar Tavroyodvws alifovaa xal ghivovoa.

"As HEAETNIOWHEY TWpa S TTPOS TNV povoToviay THY TPOYUaTIKNY ouvap-
™mow o pé w(x)= %, | omoia Tpo-
pavdds Exer medlov Opiopol TO cUvolov
R—{0}.

"Av .Bexfidper éTi 1) ouvdpTnols w
elvan gBivouoa, Bniabn éTi

X <Xy = o(x) = w(x,),
ToTE B1a X, = — 1, X, = | kaTaAf)yopev &is
To&ToTrov —1 =w(—1) 2 w(l) =1.

‘Opoiws, &v BexBdpev 611 1) w el-
van oUtovoa, SnAadn oT1

X <X = X)) < w(xy,
ToTE BI1&d X, = 1, X, = 2 kaToAfyopsy

ds 1o &romov 1 = w(l) < w(2) =~

“Qote 1) ouvdptnols w Btv elven
uovdTovos. TTapaTnpouuey Suws &1, &v TeploploBduey Bid X, X, &v (—=,0), loye
1 1
3) <X = X)) =-> - =o(x),
fitor TAnpouTar 1 owvBrkn yvnoiws ebwovons ouvapTiioews & (—o,0) Aéyo-
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pev 8¢ efs THY mepimTow TaUTny &T1 f) ouvdpTnols w elvan yvnoiws ebivouoa
tv (—»,0).

‘Ouofws kel 81& Xy, X, & (0, 40 ) loye 7y (3) xal Aéyopev dveddyws oT1 1
w elven yvnoiws gfivouca &v (0, +e).

Fevixéys, &v 81& THy ouvdptnow f loyim 7 (2) Si1x kébe x;, x, &v B, &rou B
elvor Ev pf) kevov UmrooUvodov ToU Treblov dpropou A aUTfis, TOTE Aéyopev 611 7
f elvan  ywnoiwg ghivovea év B kal ocupPolifopev Touto ué f ¥ B.

‘Oupoiws Aéyouev 611 1) [ elvon pwmolws adéovea év B, v f) (1) loyin Six
kéBe x,, X, &v B, s Emwions kai &m1 7 f elvan adéovoa év B f) glhivovea év B, &v 1
(1) 9 (2) dwnioTofyws loyun Bik kdbe x,, X, &v B. XpnowwomoioUuev & Tous oup-
Poriouous f4 B, f1B kai f| B, fva &nAdowuev dvrioTofxws ém # f elven
yvnoiws altovca &v B, aliovoa é&v B kai gbivouca é&v B.

T.x. f ouwvdptnois fuitovoy, ouvtopws nu, elvenr yvnoiws allouoa
gv [ — 12'_ : —}] kai yvnoios gfivovoa év [ ; : f%f ] MevikcoTepov, &v K dxépanos,
foye

L) 8 [2K'rr —; s 2k 4+ ;] Kol M Y [2|<1r -+ % ,(2K+I)Tr+r;] .

1.2 To povortovov xai 1 odvleog cuveprioemv. ‘H mpaypaTiks ouvdpTn-
ols o pt o(x) = ax, dmou a oTabepds TpaypaTikds &p1Buds Sidpopos Tou 0 efvan
yvnoiws povéTovos Kai Ha-
Alota S piv x > 0 elven
yvnoiws ablouvoa, 51611
Xy X, = OXy oy =

o(xy) < o(xy),
S1x 6t a < 0 elven yvnoiws
¢bivouoa, BioTi
Mt Xy = OO O g £

y=ax, a>0 y=ax, a<0 o(x,) > o(x,).
Zy. 26 Ty. 27 SEdEy

*Hron :

MecwpeTpikés 1) ouvdpTnols o TapioTaTa S
¥y wds evBelas s els Ta oxfpaTa 26 kai 27.
%’“ "Ag Bewpricwpey éions kal THY TpaypaTIKAY
A cwdéptnow T pé T(x) =x + B, émou B oTadepds
TpaypaTikos dpiBuds. ‘H ouvdptnois T elvan yvnoics
attouoa, 8id6T1
/‘ﬂ ! <X = 534PB<x+pP = T(x) < 7(xy).

> To Bikypappa Tiis ouvapThoews T elvar 1) €U-
Y=Xx4+B B >0) Oeia Tou oxfjuaTos 28, 1) Siepyoptvn Bix TV on-
Zy. 28 peicv (— B, 0) kai (0, B).
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"Av Topa @ = Too elven | oUvfeois TEY ouvapThoEWY O Kol T, SnAadn
1 owdpTtnois 1| Siopévn Umd TOU TUTTOU
w(x) = 7(0(1)) = ax + B,
omou o, P mpayuaTikol dpifuoi
pt o # 0, TOTE TOpaTnpolper y ¥
611 ioyUouy :

a>0=cw? L S NG
: X 0 [)
810m1 81 wév o > 0, -5 ‘D = | b
X <Xy = 0X;+B < ax,+p =
w(_\*]) <w(x2). w:y=ax + p, a>0 w:y=ox+p,a<0
i 8t a < 0 Iy 29 (p>0) Zy. 30 (p>0)

X <Xy = ag+P>ax, 4P o= X)) > w(x,).
To &icrypaupa Tfis ouvbéoews w T&Y ouvapThcewy o Kol T elven 7 edBeio

TEV oxnuaTwy 29 kai 30, 1 Siepyouévn Bk Tév onueicov (— %,0) kai (0, B).

"EE SAcov T8V dveTépw ouvdyopsy &Ti els uiv THY TepirTeoow o > C f odv-
Bea1s w Tfis yvnoiws altolons cuvepTioews o kad THis Emions yynoiws adfouons
owapThoews T elvar duciws yvnoiws alfousa ouvdpTnais, &is 5& T TepiTTRoWw
¢ < 07 olbeois w Tfis yvnoiws ebwovons cuvapThoews o kal T ywnaoiws ab-
tovons ouvapTioews T elvan yvnoiws ¢bivovoa cuvdpTnats.

Mevikds, &v g : A 1> B, [: B > R elvea mpayparikal cuvaptioes (A,
B UmoouvoAa ToU R), TéTe SpileTan, dos yvwotdy, 1) olvlecis ol fo g: Al—>R,
foyUel 88 TO k&Twh Becopnua.

1.2.1 @EQPHMA. "ot 61t ai owvapmijoeis g xal | elvau yolws  povo-
tovor. Tote, @v pév duydreom elvar Tob abrod eldove poveroviag, i) avvbeais fog
abtdy elvar yvolws atéovoa ovvdptyow, dv 0 adtar elvar dtagopetixo® eidove
movotoviag, 1) obvleas Tog adriw elvar ywolus gbivovea cuvdprnowc. *Axpifié-
ategov loytovy ta wdrwle :

| T I’y

a) :}.—,fog: ib) :]bfogi

1 g I gA

! Iy i f4

C) : }3 fﬁg: id) % }f} fﬂg :
LIRS | g+

EX £2 "
‘Anddetbic: a) X; < X, = g(x) < g(x) =% I(g(x) < f(g(x), fvor
X <X = fog(x) < fog(xy). Apot fog 2.
g2
b) x,<x, = g(x) < g(xz) = fg(xp) > f(g(x.)), fTon
X, <Xy = feg(x) > [og(x). qu fog J.
g
D m<x L g > g0) o 1)< gl fro

v
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X <Xy = feg(x) < fog(x,). "Apa fog®.
g% 3 A
d) x,<x, 25 g(x)>g(xs) =5 f(g(xy) > f(g(x)), firor
X; <X, = fog(x;) > fop(x,). "Apa fog I.

1.2.2. ©d& époppdowusy TOpa TO dvwTépw Bewpnua 1.2.1. 81k v& peheTn-
owpEy G5 TrPOS THY povoToviaw THY TPOyHATIKAY ouvdpTnow w uE w(x) =
Y<+5 ' g
TPWTOIS TTaPOTnpoUpey 8T1 TO Tediov dpiouou Tiis w eival 16 olvodov R —{— ?}

émou a, B, ¥, & elvan oraBepoi TpaypaTikoi dpifuoi e y # 0. 'Ev

kad &1 émri TAfov foyuer

w(x) = —=*+P___ G(H%)__.GVSN el e SR
TR . i A T
fiTol
_ _ s c
C)) y=wx)= =+ L %-
a p
dmouéTédn ¢ = — °‘5_;El= . _IYy_as_l__ 5

Elvan mrpopavés, & ToU TUtou (4), &1 Six ¢ =0 (EnAadn i:g‘ =0)

7| .w elvan oTafepd ouvapTnois, fitot

T
Y 8|

0 = woTalep&

Alx ¢ # 0 TapornpoUuer T f) w elvon oUvegis &mAGY TV ouvapTi-

; 5 1 \
OOV g1, £ £ 8 MWE g(x)=x+ enll g(x) = 70 gs(x) = ex kai gy(x) =
= %+ X, fiTot w = g0 (g (g:0g,)). ‘Emopévess, Suvdper ToU Becopniporos 1.2.1:

neolntwaig ¢ > 0 :
g Dgog"(—oo _i)
g3 (—0,0) i Ay

§z° fl : (—oo Ko EY)} = g (Gog) (-°° = 57)
3 A

gs0(g:0 81) i(-—oo,-—%)} = W I(—ao,—f-
g X g
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aepinrwog ¢ < 0 :

gk o v(_ 8
g% (—e0,0) 8281 + oo,—-Y)

geﬂglx(—w'-%)} = ga"(gz"gl)z(— m’—i)

g3 ¥
5
g:;(gzo gl)t(—eo-— 7)} e w:(_w,_ %)
*Hrot :
|
“;g’<0 = w‘;(—w,—%) !;g’>0 :»w:(—oo,-%) ’

‘Ouolws &modetkovtan kai :

B0 vi3re)] o= )

T& dvwTépw oupmepdouaTa oxeTIKGS Ut THY povoToviay Suvaron v Ea-
XBoUv kad &’ elbelas k TGV Spiopddy yvnoiuws av§olons kai yynoiws eBwovons
TUVOPTTOEWS.
Avaypappa tilc cuvapticeng w. "Av Bécwpey
8 a
X=x-4 = Y=y—- =
TOTE & TUTrOS (4) 5iBer

o l Y g [
Y = =
= ==, = N
Oi &toves x, y uetartiBevron TapaAAfies els Tous X, Y ui &pxnv TO onueiov

G= (— 2 E). TS Bidypoppea s w 8iSeton elc T KéTwb oXNUaTA

¥="'%
W g
bz e
E i
! 0 x 0 I
|
1
L aB. _ax+p ’aBJ _u+ﬁ,’aﬂ]_
‘V—-Yx+5'|‘f5<0 s ol >0 y—yx_'_a YS--O
Zy. 31 Zyx. 32 Zy. 33
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IMapadeiypata :

Bonbnrixoel dmosoyiopol

—=x+8 2%+8 2 c
ST e
) =2 4o Aoy
y=w(x) = + ——
x+3 8 c -
C=(-32) x=0 —3—=2+§-:>8=6+c=>c-—2
Y ¥
!
!
ci b X
--------------- E_“ﬁﬁz ——
N\
\1'3 x
Iy 3w y=2x"_:'38
wl(—0,—3) xai wi (=3 + »)
_ %3 Bonbyrixol vmoloyopol
Sl e 5x+3 _5 . ¢
e =x+3 2 L3
5 4 Xy
Y=W(X)=7+ 3
X+ 3 5, ¢ 5 2
2 —_— — e —_—— — — T —
gfsuo dg iy psllipeahoy b gt S
"(—?’ "2‘) 2
T
|
|
o R X
_____________ :
1
1
i
= ST =
!
5x+3
Zy. 35 w:y=—2:—+3
3 ; 3
wf\(-w,—?)xuz w:(—f,—km)-
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1.3 To povérovov xai 1) avtictpopog euvapiners.’Eotw {: A |-» B(A< R,
B< R) uia yvnolws povérovos auvdptnols ToU A éml 1ol B. AUrn elven ToTe
xai dpgipovoofipavtos, SnAadf Sik kéle x,, X, v A foyle

€) Xy # Xy = (%) # 1(xp).
Mpéynar Buvdpebo vk Utrobéowpey, xopls PAGPTY Tiis yevikdTnTos, 8Tt Xy < X,
(els Thy dwtiBeTov TepimTeoow, BnAadt x; > x,, vaAAdooouey TdV pdAov TEW
Xy, Xp), OmdTe 8& loyim
() <f(xp), & 12/ f(x)) > f(x,), & f .

"Apa réwToTe loyler ) (5) kai Emoudves ) { elvon dupiuovooTipavTos cuvdpTnois
Tou A #mwl ToU B.

Kara 16 fedpnpa 2.2.1 Tol xeg. | Urrdpyet kai 1) &vtioTpogos Tiis yvnotews
uovoTévou ouvapTroews f. ’AxpiPéoTepov loxler TO drdAouBov Becpnua.

1.3.1. @EQPHMA. "4y f : A — B ebvar pia ywoiwe povétovos avvdotnotg
o0 A éni Toi B, tdte dndoyer 4 avrioroopos ovvdotnog £ abrijc xal udhiota
ioyvovy :

S E S ol SN N B L

"Anddetig. *H Umaplis Tfis dvTioTpdgou ouvapThoews -1 Exer 1i8n &ro-
Berxfi] dvwtépw. Tlpds &mdbeitv kai 16V Aormddy cupepaoudTwy ToU Becopt-
HOTOS BIOKPIVOUEY TAS TrEPITTTOOELS :

a) 1'% xal 1= Gy % . ’Emeidn f) {1 8t elven ywnoios adouoa, Umdpyouy
X;, Xy €l TO Tedlov Spiopou B odThs pé

X <X, wad 7(x) = 71(x,).
*ANG
13
=1(x) 2 M(xy)
o1rep &rotrov, 51T X; < X,.
"QoTe t8eiyBn &M f 4 = [-1 £,
b) 13 xai =1 Gy 3. ‘Opolws, s xai el THY Tponyouuévny mepiTroooy,
gmeidn 1) f-1 Biv elven yvnolws elvouca Umrépyouv x,, x, &v B ué
Xy < Xy Kol F0RY = Y

} = 1) 2 1) = x> e

*AN
v 5 x5 =
oy < Py | 7 1D 3 ) = 5 5

TO oTroiov elven émions &romov.
"Qote E8eixbn 6T f L = 17,

Hapadeiypata :
1. "H wpaypartik) ouwdprnais ¢ ué o(x) = x* (PA. o). 23) elvar ds yvwoTdv yvnoiws
1 -
alfouoa, &pa kol fi dvtioTpogos aUTiis ouvapTnols @~ Tiis dmolas & TUTos elven y-t=4/x
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elven 2wions yvnoiws alfouoa kal péhioTa 1O Sidypaupa abtiis (PA. ox. 36) elvan ouppe-
TpIkdY, 5 Tpos THY SixoTdpov Ths TpwTns ywvias Tdv &ldvwy, ToU SrayphppaTos Tiis @.

: §
Y
S .
-
1 LFEIL 7,
)
0" ) - N
A x =
i
P Pl 1
#reg | vl
8= J 2v+1_
¢:y=x® ; oL }’=\/X- P:y=xtvt ; [Ly= +/x.
Xy. 36 Zy. 37

2*, Mevikeotepov, ) owvdpTnois f pé f(x) = x*¥+! (v quoikds &piBuds) elvan yvnoiows
abiovoa, 8161 X; < X == X2V <X,V = f(x,) <f(x;). ‘Opoiws kol ) dvrioTpogos f-?

2wl
aUTiis, This omwolas & TUmos elven f-i(x) =  4/X, elvan Emions yvnoiws ablouca. Tk Sia-
Ypdupata TV guvapThoewy f kai £~ elvon BePaiws guppeTpika ds pods THv BixoTdpov Tiis
mpdTns ywvias TéY &Edvev (BA. ox. 37).

2. AKPOTATA LYNAPTHEIEQZ

2.1 Méyotov xkai éhayiotov cuvapticewns. Ak Thy ouvdptnow ¢ pt ¢(x) =
= 1 —x® mapatnpouuey 611 ioyUel

M ) =1—x < 1=0(0) ¥ xeR,

SnAadn al Tipai THs @ oUdémoTe UmepPaivouv

1 Ty TNy TN els T 0, fiTor Tov &pi1Budy ¢(0).
Eis Thv mepimTewow Tattny Aéyopev 8T1 1) ¢ To-

A 0 N pouoi&lel uéyioTov els TO onueiov 0, ThHv 8¢ TI-

/ 0 x w5 ¢(0) kehoUpev peyioTn Tiuny Tis ¢. 'E-

6 [

Tions TapaTnpoupey &T1 fy ¢ elven yvnolows
aUtouca dpioTepd Tou 0 kai  dxpiPéoTepov év
(—o,0], 8161 ioyue

Zy. 38 piy=1—x <% <0 = l-x2<l-x? >
¢ magovoudler péyioror eic 1o 0. o(x,) < 9(xy),

s Emions ked 811 aln eiven yvnoiws gbivovoa detix Tou 0, Siom
0 < X, <X, = I _-“12 >1—x2 = (P(xl) e (p(xz)
Té Bi&ypaupa Tis ouvapTrioews ¢ Sideton elg 1O ay. 38.
"Avaddyws Bid Thy ouvdpTnow  pé Ww(x) = (x — 1)* moapornpoUuey 6T

w(x)=(x—1)* 2 0=y(l) v xeR,
SnAabty ai Tipal Tis ouvapTrioews y UmepPaivouy ThHY Ty (1) adTis. Eig
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THY TepiTrTwow TalTny Aéyousy 8T 1) ouvdpTnos W Tapovoidlel EhdyioTov eis
TO onueiov 1, Thy 8¢ Tipny tns W(1) koAolper éAo-
xiomnv Tphy abTfis. Emions mopatnpotpev 811 1
y elvanyvnoics gbivovca &v (—o0, 1], BnAadn &-
proTepd Tou 1 kel yvnolws allovoa &v [ 1, 4 o ),
BnAadn Betik Tou 1. To Bibypopua Tis cuvepTi|-
cews y SibeTan eis TO ox. 39.

Tevikéds 14 plaw ouvdptnow f: A | R (A<R)
Meyopey 611 Tapoucti&ler uéyiator (R GAwov uéyi-
otov) eis €v omueiov X,EA TOTE kai pévov TOTE, Gv Ny 39 w: y = (x—1)?

loyun W nagovadler éddyiatov gic o 1
f(x) < f(xg) ¥ x€A.
Thv Tipfy 1(x,) kohoUpev T6Te peyiorny Tyuny (R 6hov péyworov) Tiis f.
‘Ouoiws Aéyopev &Ti 1) f Tapovoidlel éldyworor (R dAuov éddyiotor) els Ev
onueiov x,€A TOTE Kal pdvov TOTE, dv ioyun
f(x) = 1(x,) » x€A.
Trv Ty f(x,) koAoUuev ToTe éAaylotny Ty (7 6lixov Eldyiorov) Ths [

'Egappoyai :
1. "H ovvdprnow; | pé 1(x) = ax? (eeR—{ 0 }). Awaxpivouev Tds éffis SUo meprrrdoeis:
mepinTwoi; a >0 agpintwo o < 0
‘H [ mopovaialer éidyiorov els 16 0, 8i1ém H [ mopovai&ler uéyoror els 6 0, 816m
f(x) =ax® =z 0 =((0) % xeR. f(x) = ax? < 0=f(0) % xeR.
[y (=,0] &6m f 2 (—,0], 8i16m
X; <X < 0= axi® > ax? = (X)) > [(Xy). | X, < X, € 0= 0x,* < ax? = [(x;) < 1(x).
I X100 +w), 5161 I3[0 +w) 5o

0 € x; <Xp= ax;? <ok = 1(X,) <I(X,). | 0 €%, < Xp= ax,® > ax,? = (%)) > {(x,)-

y ; ¥
s g
5;0 z
0 2 f
Zx. 40 f:y=ox®, a >0 Zx. 41 f: y=ax? a< 0.

Mapatipnos. 'H dvwtépw ouvdpmois f Siv elvan dugipovooriuavtos, S16T1 Sik kébe
TpayuaTikov &pibpov x foyler
f(x) = ax? = af—x)? = f(—x).
*AvriBéTws, al ouvapTrosss ¢: [0,+0 ) = R kal ¢ :(-,0]+ R, ol émwolat épifovran Umd
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TOU aUTou TUTTOUV

y = ox?
elves yvnolews uovéTovor kol Emoubvess dugipovosriuavror ouvapTrcels. “Apa alTar Exouv
&uTioTpdpous ouvapTroets, of dmroia TaploTavTal yewopeTpikds ws els T& kdTwdh oxrpaTa.

o \ y;

|5Q
i

'.
;

a>0

S¢! d yf
7 %
0 / '// 2 x
N ‘;— sg™! .rl/'
/ \\\\ ] ;1
/|
S

St a<0

2. "H tpudvopos avvdgtnows devrépov fabuet f pt f(x) = ax? + Bx + vy, 6mov o, B, ¥

mpayparixoi douol xai o # 0.

"Ev mpadtois loyue
_ — o fxh P _ Bt B*
y-ax‘+ﬂx+yuc(x=+-q-x)+Y—-cﬁ(x+ é'u") + (Y-*E):
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oméTe, v Tebfy
= p - Say — Pt
X_x-{-ﬁ— Kal Yuy——zg—.
Tt &9’ fvos piv B loyin

Y = aX?,
&@” Etépou Bt ol &foves x, y 6& vetagepbolv Taparfiws els Tous X, Y i &pxfv TO onueiov

(=P -8
C= (_ ot X ) (BA. xaTwtépw oy. 42 kal 43).

AapBévovtes Tdpa U Sy T TponyoUpevor TapdBetyua, oupmepaivouey eUkéAcws

&1 2
nepintwoie o >0 neplnrwor; o <0

1 I mapovcidle EAdyioTov els 16 — % N [ Tapovaidle uéyioTov els TO __2%

f‘;(—w,——%] kal £ [— 2%, +co) fI(—m.—%-] xal f1[~ fa +w)-

y YI
d A

| X
I
C

QPR ge A A tus s, Madnie e et b e i@ b B ok s

. oy : X
£ X s

! | :
Ix. 42 fry=ax?+Px+vy,a>0 IX. 43 1 y=ax®+Px+vy, a< 0.

3. "H diregdyawos toudvupos ovvdgtnoe 1 pé I(x) = ax* 4 Bx? + v, dmova, B, y moa-
ypaticol dgifuoi xal a # 0. “H pehérn Tfis Biretpaydovou Tp1wviuoy ouvapThoews f Baoiletan
emi Tis Becwpricews TaUTns s ouvBoews Tiis ouvapThoews h pt h(x) = x? xai Tfis Tprevipoy
owapTthoews g ué g(X) = ax? + Bx + y. Xpnouomorodvres ToUTo, BnAadf 16 ém1 f =goh,
& ouvbuaoud uetd ToU BecpruaTos 1.2.1, Suvdusba vi HeAeTNiOwpey THY peTaPorfv Ths {
Kkal v yoapdtwpey TO Bidypappa alTs, dg eugalverar els T& k&Twh Tapadelypora :

Hagdberypa 1. f(x) = 2x* —4x2 — 1
h(x) = x*
B =2x"—dx—1=2(x—1)2—3.
Auvdper 16V oupTrepaoudTwY TGHY Tpenyouptvay Epapuoydv 1 kal 2, f| petaPoldd Tév
ouvapThcewy h kal g 8ibetan Umd TEY KT TwdKewy

x| 0 % %
3

Ec;\c‘)/v ijﬁ’f”\‘__:

R

CA

"Emeidh 1(x) = g(h(x)), wptmer v ueAeThowhEy THY ouvdpTnow f, &5 Tpds THY po-
votoviav, els T& UmoBiaoThpaTa TV (—,0], xad [0, + w0 ) els T& émola | h TAnpol Tds

ouvlrikas
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h(x)=x? < 1 xad h(x) =x* = 1,

ATor els T& SraoThpara (—oo, — 11, [—1,0], [0,1] kad [ 1, + ).

(i) Eis & Bidotnua (— o, — 1], &5 wpokuTTe €k ToU TpdToU Tivakes, i ouwépTnos

h elvan yvnoiws gbivousa, Gpa

h()=xt= (-1)*=1 ¥ xe(-,-1],

&nAadh ol dvrioToryor Tipad Tiis h dviikou els T6 BirdoTnua [1, 4+ ), &mou, s TrpokUTTTEL
& ToU Beutépou Trivakos, 1y g elvan yvnoiws alfouoa. "Apa, xatd To Bedpnua 1.2.1, fi alv-
8eais go h, BnAadh 1 owéptnos f, elvan yunolws pbivovoa év (—oo, — 1]

(ii) Eis 7o Bidornua [—1,0], ds mpoximTel éx TOU TpdToUu Trivakos, 7 owdpTnois

h elvan yvnoiws ¢bivouoa, &pa

hx)=x* < (—1)*=1 % xe[—10],

SnAadh ol dvriaToryol Tipal Tiis h dvrkow &ls TO SidoTUa (— o, 1], dmou, dx TpokUTITE K
ToU Beutépou Tivaxos, # g elvan émions yvnoiws eivousa. “Apa, katd To Bedpnua 1.2.1, 1
owvleais f'= geh, elvan poiws abéovea & [—1, 0]

(iii) ‘Opoles els 16 Srdornua [0,1] s TpokUTTEl €k TOU TPWTOU Trivakos, | ouvdp-

Tnois h glvan yvnoiws alitovoa, &pa

h(x)=x'< 1*=1 ¥ xe[0, 1],

SnAadh ol dvtioToryor Tiwal Tiis h dufikouv els To BidoTnua (—, 1], émou f g elven yvn-
olws ¢fivouoa. “Apa 1 ouvBeois { = goh elvan ywmoiws pbivovea év [0,1].

(iv) Téhos, els 16 Brdotnpa [1, +) f owéptnois h elvon yvnoiws altovoa, &pa
h(x)=x*z12=1 W xe[l, +»),

SnAadh ol &vrioTogor Tal Tfis h dvAkouv els T BidoTnua [1, + ), &mov, s mpoky-
el ik ToU Seutépou Trivakos, 7| g elven Emions yvnolws abfouca. "Apa 1) oUvleors f = geh
elvon ywnoilwe abbovoa év [ 1, + o).
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Ex Tév dvwTépw TpokUTTEl & k&Twh mival petaPohiis Tiis .

| |

X -1 0 1 ‘
) | |
I |

f(x);\—IB_/_l\—:"-/l

neplnrwog ap < 0

yi

L i

ST

=5

Dy 44 [:y=2x"—4x2—1.
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Magdderypa 2. 1(x) = 2x* 4 4x% — 3
h(x) = x*
gx) =2x*4+4x -3 =2(x+ 1)*—5.

Ol mrivaxes petaPorfis Tév owapthoewy h kol g elvon ol kéTaob :

|
X X -1

|
h |\ P 0 | o

"Ek TG dvewTipw mivdkwy uetaPoAfis TGv ouvapThoewy h xal g, Suvépe kal ToU Bec-
priparos 1.2.1, ouvdyeton elkdAws & ké&rwdh Tivat ueTaPorfis Tiis SiTeTparyvou Tprwripoy
owapTroews f = goh.

|
0
|
|
0
|

X

r(x){\— Wl

nepinrwos of > 0

— A —

Yy

L

#3
Zy. 46 I: y=2x444x3-3,

2.2 Tomka axpétate cvveptijezms. Els Td mapdbeaypa 1 Tfis dveorépw
épappoyfis 3 eidopev &1 BiteTpéywvos Tpiwupos owdpTnols out f(x) =
2x'—4x* — 1 (BA. ox. 44) Tapouaidlel Téoov el TS anpeiov — 1 oo kai els To 1
(Shkov) EhdyioTov ué EaxioTny Tty TO — 3. *AvmiféTws | owdpTnols adtn
8ty Tapouaidler (GAikdv) péyioTov. "Av Suws TeploploBduey els TO dvolkTov
Sidornua (—1,1), TéTe Taparnpolpey &I foyuer

f(x) < 1(0) =—1 ¥ xe(—1,1),
SnAadn ai Tad Ths  els T BidoTnua (= 1,1) &tv YmepPaivouy THY Tty cdrTs
els 7O onueiov 0. Eis v mepimrwow Talttny Aéyopey 611 1| ocuwvdptnols | ma-
pouciddel eis 10 onueiov 0 Tomuxoy uéyiorov:

Mevikéds Aéyopev 611 pla ouvdptnois f: A >R (A < R) mapovoidle
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Tomuxov péyiotov eis Ev onueiov X,€A TOTE kal pdvov TéTe, &v Umdpyn &v avor-
xtov Sidornua (a, b) mepifyov TO X, kal Tepieyopevor els T6 Treblov dpiopol A
Tfis f, fiTor x4e(a, b) = A, ToloUTov, doTe va foyin

f(x) < I(x,) ¥ xe(a, b).
T v (x,) koholpev TOTe Tomxdg ueyiorny Tyuny () Tomxdy péyiorov)
Tis f.

‘Ouoics Afyopev 611 ) owdptnols { Tapouoidle tomxor EAdyiorov els &v
onueiov X,eA TOTe kel pdvov TOTE, &v UTtdpyn &v drowerdy Sikotnua (a, b)s A
TEpLéOV TO X, kal ToloUTov, doTe va ioyin

f(x) = i(x,) ¥ xe(a, b).

Thv T f(x,) xoholuey TOTe Tomxds Elayioyy wyufy () Tomxov éld-
yiotov) Tiis f.

"Otav pia ouvapTnois f mapoucidln els &v onpeiov x, Tomikdv péyioTov
| Tomikdv EAdyioTov, TéTE Abyopey &1 altn Tapousidlel els TO onueiov x, To-
mxoy axpdtarov. TLY. f) SiteTphywvos Tpidvupos cuvdptnots f ut (x) =
=2x*—4x2— 1 (PA. o). 44) mapovoidder es T& onueia — 1,0,1 Tomkd dkpd-
Tata. ‘AxpiPéoTepov altn Toapoucidle els & onuela — 1,1 (SAikdv) EAdyioTov
kai gis 10 onueiov 0 Tomikdy péyioTov.

3. MEAETH IYNAPTHIEQZL KAl IFEQMETPIKH ITAPAETAZIE AYTHE

3.1 ‘H uehétn wds TpaypoTIks cUvapTHOEWS WSS TPXYHOTIKTS HETO-
PAnTfis ouvioTarean els Ty Tomky (kaTd BiaoTNpaTa) pEAETNY TR povoTovias
abTfis, Tov kaBopiopdy TAY onpeiwv s Ta Smoia alTn TapoucidlEl TOIKX
dxpdTaTa Kal ToV UTrohoy1oudy TEY drpoTdTwWY TILGY alUTiis, iTol TGV TOTIKES
veyloTwv ked Tomikds Aoy ioTeov TinéY Tns. TH Ponbeia Tév dvwTépw oToryeiwv,
T& omola TpokUTTTOWY &k THis peAéTns WSS cuvapThoews, Suvdpela v& Trapa-
OTNCWVEY YEWUETPIKGS THY UTT Sy cuvdpTnow, fiTol vé Yapdtwuer T Sidypop-
ua aUTfis. Eis Ty xdpativ ToU Sioypduparos midls ouvapTroews SieukoAUvel
ToAU & éx TEV TpoTépwy kafopiopds dplopévey onpeiwy ToU SiaypduuaTos
éxheyopvwy albboupétas pédv, SAA els TpdTrov, doTe vk Xapaktnpilowy To Sik-
Ypoupa ka® SAny, el Suvatdy, Ty EkTaciv Tou.

3.2 "H ovwvapmoig [ pé f(x) = chI—-“i'z: 6mov o, y mpaypatikoi dapi-
Opoi kai o > 0. To mediov dpropol auTiis elvon TPOPavdds TO KAEICTOY BidoTnua
[—o a]. *Ewions 8i& y > 0 /) ouwvdpTnais | elven yvnolws alfousa els 16 Bi1&-
otnua [—«, 0], 16T B1& xy, x, & [—, 0] loyla
<X = X>x >al—xt<al-x?=> Vl—x2< Var—x} =
(x) =y Voar—x? <yVa?—x?=f(xy),
&v® alrn elven yvnoiws hivouoa s 6 Sdornua [0, o ] 8161 Sk x,, X, &v [ 0, « ]
oy el 1
<X =X <l > —x2=>VaP—x2 > Val—x,? =
fx) =y Ver—x? >y Vo —x2=I(x,).
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‘Ouofcos 81 y < 0 #xopev Y [— o, 0] koid £ 4 [0,a]
"Ofev 1) petaPorn Tiis ouwvapTioews f SiSeton Umd TEW Tivdmkewy -

X —Q (") o X - + x
i) | 0 A ya N0 i) | 0% Y:“ < ¥
Y0 Yy <0

Tpogawdss fi ouwvdptnois | mapouaidler eis To onueiov 0 els pév ThY Tepi-
TTwow y > 0 péyiotov wé peyiotny Twfy yo, els 8 THy TrepitTwo y<0
E\dyioTov pe EhayioTny Tiwhy yo

To Bikypanpe Tfis ouvapThicees f Sibetan els T& k&Twh oxAuoTa:

JI
s ua\ | q z
4 T M
]

Zy. 46 ny=yYa—x? y >0 Zy 47 f:y =yVai—x!,y< 0

Tpds dxpiPeotépav yépaliv ToU Siarypdupeartos wds ouVapTioEws o)X EB18-
fouev TpddTOV Gpiopévar onpela ToU SiaypdupoTos, T& Smoia xapaxtnpilouv
aUTd ke’ EAnv ThY Ektaciv Tou. OUtw .y, s THY QuwTépe mepimTwsow Sik

a=4, y=—2— Xapaooopey TO Sikypappa Tis ouwvapThoews [ pi f(x) =

%V 16 —x? Tfj Ponbeiq &g’ tvds uiv ToU Tivaxos peTaPoAfs alThis

x ’—4 é‘) 4
() | 0 3% o

&9’ érépou B¢ ToU koTwoTépw Trivakos, & mroios SiSer Tag OUVTETCrYéVas Copi-
ouéveov omuefeov ToU Siarypépuartos.

oo bl Lagd o -1|o 1 2 3 4

(o | o | 3T[33 [ WD
4 2 4

Kara mpocéyyiow
f(x) 0 | 1,98 | 2,60 ‘ 29 | 3 |29 | 260 | 1,98 0

3 |3B[3v3 [3v7 | ,
4 2
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et Bt s

o e

—4 =

{1 S
\
o

Iy 48 1 y=2VE=x.

Eidikoi mepirt@oels @

32.1. y =1, éniad) [(x) =1/ o —x% Eis Thv mepimreoow TalTny EXouey
és Brdypappa Tiis | TO dvw fHukikhiov xkévtpou 0 kel drTivos a. Mp&ypatt &g’
fvos péy, Buvduel Tou Tubaryopeiou BewpfjuaTos, Tuxov anueiov P =(x,.y) Tou
Bioypéuparos THs [ mwAnpol TAv oxow OP?= x* +y*=x*+ (v ®—x?)?
=x?4 (a? —x%) =a?, &pax fi &mogTaols TUYOVTOs onpeiou  ToU Biaypdp-
patos THs [ &mod Thy dpyny Tédv &Edvewv elvan otabepd fon ué a. A’ ETépou B¢
Tuydy onueiov P = (x, y) Tou &ww fuikuxhiou (&pay > () Eelven onueiov TOU
Biaypéupatos Tiis | ko doov, Buvéuer TéMw ToU Truberyopeiov BecopnpaTos,

2=0P=x2+4y? = y?=o—-x! = y:x/?x?:ng(x).

y
o

Ty 49 ry=v@—x* Iy 50 —fiy=—+c*-Xx Xy 61 xt+y*=at

Mpogavéds & Bidypaupa Tfs ouvapthoews — f elvat TO K&TW TRIKUKALOV
kévtpou 0 kai dxtivos o (PA. o'X. 50). "Apa dkikAos kévTpou 0 kad &xtivos aelven
| &veois TéY SiarypappdTav TédY ouvapThoewy | ked —f. Tuydv onpeiov P =
= (x, y) Tou xUkhou kévtpou 0 ked dtivos & ixowvotrowEl Thv oxtow

© Xty =ol,
G eUkdAws ouvdyetan 4k ToU Tudaryopeiou Becopriparros. 'AMG ked &VTIOTPO-
@us Tuydy onpeiov P = (x, y), Té &mroiov ixavotroil Thv (6) eiTon &1l ToU KUKAOU
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kévtpou 0 kai dxkTivog @, g elkdAws ouvdyetan TéAw Ek ToU TubBaryopeiou
BecopripaTos.

‘Qote 1) oxéos (6) xapoxtnpiler T oUvohov Tév onpeiwy ToU Emimédov,
T& &moia kelvton émi ToU kUkAou kévtpou 0 kai dkTivos o kai kaheiton 8lomaig
ToU év Adyw kUkAou.

levikcoTepov ) oyéols

M E—x)+ -y =a,
8mou X, ¥, elvan oTabepol TpayuaTikoi &pifioi, Hik
TS duTikaTooTdoEws X =x—x%, kai Y=y—1y,
YpogeTan kol oUTtw
X2 Y — &2’

| omoia elvan 7y Etiowols ToU kUkAou pé kévtpov THY
dpxnw C = (xq, ¥,) TGOV véwv &fdveov X, Y kol dkrivos
a (PA. ox. 52). ‘H dvwTépw oxéois (7) kaheiten £Ei-
owots ToU kUkAou kévtpou C = (X,, ¥,) ko dxTives a.

Ty 52 (X=Xo) +(y—yo)'=a?

322 y= %, dnlady 1(x) =% Va2 — x2,6n0v éxtog Toi o xai 10 P elva

Oetixos apBuds. Els Ty mepimraow Tadtny & Trivet vetaPoAfis Tiis f elven

|
X Iﬁa 0 o

|
.o/'ié\o

Ta& Sierypbuuora Tfis f xai Tis — f 8iSovten s T& k&b oxHparTe :

1)

y[

Y

s -a ] a 3
-a nJ a ot £

Ty 58 sy = %y;z‘:ﬁ 2 5t ~tiy=—Lya—g

Tt Evewow 16V dvwTépw SiaypapudToy TEY ouvapThoewy [ kad —f koAoU-
Hev Eddewpy ué xévrpor 0 xai rjuudéovas o, P.

Tuxdv onuetov P = (x,y) Tiis & Adyw EAAelypecss ixaworowsi Ty oxEaw

® e tE=1

ate
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81671, & pdv O P durikn) eis 1O Sidrypopua Tiis | (kohoUpevov kal dver Hjuédder-

yig ué xévrpoy O =ai fuuibovag o, B), Exopev
2

y=L o - yp=L@- =,

&v B¢ 1o P dunkn el TO Bidypampa ThHs — I

(xohoUpevov kai xdtw Huéddenpig pé xivrpov

0 xal judbovag o, B), Exouev TAw

et st 2
y :—%VQ’S—XZ = %(cz—xz)::‘(S). =
*ANAG kol dvTioTpdguws, dv B v on-
peiov P = (x,y) ikavotroiitan 7 (8), ToTe TO
P elvanr onueiov Tiis EAAelyews, 81611
- 2 2
® B Ty 55 =1
v =0 "’)‘_F’\/C@—Xz = o p*
¢ Elenpis pé xévrgoy 0
P dvnker eis 16 Sidypappa Tiis | xal fudfovas a, B
®) i b
v<0f =V =—-g\/c<2—xz = P dvnke eis 10 Sidypoppa Tis — £

‘H oyxéois (8) xapaxTnpilel T& onpeia s EAAeiyews pt kévtpov 0 kol fud-
tovasg o, B kol kaAelton éflomorg THis &v Aoy EAAeiyecos.

3.3 'H ovvapnowg [ pi [(x) =y 4/ x2 — a?, 6mov o, y mpuypotikoi apibpoi
kai o > 0. To mebiov opiopou arthis elven Tpogavids 1 fvwois TGV S1oTNUETWV
(—w, a] kal [a, + o ). Kat® dvedoylav mpds Thv Trponyoupémy § 3.2 ou-
véyeTon eUkOAws &T1 & nivak peTaPolfis Tiis cuvapThoews [ Exer s kd&Twb :

X I — ij x i X l —G%G {
@ | oo Al | 200 N
Y >0 y<0

Zy. 56 1:y=yV¥x*—a% y >0 Xy 57 iy=yVx*—at, y <0
Eis THv x&patw Tév SicrypappdTey Té duwTépw oxnpdTwy 56 kai 57 5i-
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eukoAvouv kol ai efeicn pt &fiocoers Yy =vx kol y = —yx, 8§16m, mw.y. es THY
mepimTwow y > 0 Eyouev

f(x)=y Vx*—a2 =y|x| Vl——;:— <y |%|
&pa kai
f(x) <—yx @ x€(—0 ,—a] dx émions kol f(x) < yx 3 x€[q, 00 ).
Eldikés Todpar &v Becophioeopey T Siary pdpuare: TEY ouvapTioewy, T dmola

% L
_ Omou &Tds ToU a kol TO p eiven BeTikds &piBuds,

TéTe ThHY EBvwwov adTédv (PA. oy 58) kohoUuey o-

mepfolny.

‘H oytois
2 2

T (9) % — % = ]-:
a5 eUkdAws ouvdyeTal, kat' dvedoyioy kai Trpds
ThY TepiTTwow Ths EAAeipews, xapakTnpile T
~_ onueia Ths UmepPoAfis kad kaheiton  flpwoic

w

&yTioToI OV els TAg Tipds Y=

%

| aUTfis.
T ol i Tag ebfelag ué hiodaoes y =% X Kol y=
._.x. ? m— _l =
tmegfois) =— %x, ai dmoian SievkoAUvour Ty  Yépafw

s OmepPoAfis ué Eticwow Ty (9) xoholuev dovumrdTovs aUTH.

4. AZKHEZEIZ

4.1 o) MehetooTe dx pds THY povotoviaw Tds ouvapTioess, of émolean épifovrar Umd
TV TUT@Y :
1) fx)=x*+1 2) Ix)=-—x3-—1
. 1
3) f(x)=x*+1,x>0 4) f(x)=xl+in,x>0
B) "Av i  elvan pic povdroves § yvnoiws povéTovos ouvdpTnols, Ti oupmepaiveTan
Yevikés B1& THy ouvépTnow —f oyeTikéds i T WovoToview edTfis ; “Av kai altn, Snhadn
| —1 elven povéTovoes, TS ouoyeTileTon 16 elbos Tfis povoTovias TaTns ud T elSos Tis po-
voToviag s f ;

Y) 'EfetdooTe 10 alTd Epdotnue, s v B), & v ouwvdprnow 'fl" Strov E6& UTtro-

Tiferon PePaicos &1 f(x) # 0 &1& kdbe x ToU TMediov Spropot s f.

42 "Av [ xal g elvor povétovor ouvapThoess pi kowdy Tebiov Spropou, Tl oupmepai-
VETau, cog Tpds THY povoToviav, Sk To &bporopa f + g kal o ywdpevov fg adrdv;

4.3 Mehetrioarre kol TapooThoaTe YEWHETPIKES Tas ouvapThoes, al dmrolat dpilovTa
U Té@v Ty :

69

Wnepromotr|Onke amé To lvotirouto EknmaiSeutikng MoNmikrig



3x41 1 + 2

‘)“>—zx+5 NI =537 19 = gepr
H 10 =575 5) 1(x) :3‘:—2 6) 1x) = %’;‘(I—?

4.4 MehetrioaTe Kol TOPACTNOGTE YEWUETPIKES Tds ouvapThoes, al dmolo Spilovtan

Umd TéY TUTTWV:

70

1) f(x) = 3x* + 2 2) f(x) = —4x3 + 1 3) f(x) = 2xi—1
HIE)=xt—3x+2 SHI)=—2x2+3x+5 6) f(x) =3x*—2x—5
7)I(x) =x' +2x*—3  8)f(x) = —2x* +3x*+5

4.5 Xapdtate Tds EAAelyeis pé Ehiocoes:
2 2 2
1)%+§=1 2 xt+=1 3) 5 +yt =1

: 3 2 xs 2
@m+y 5)xt+ 4 =4 & +15=3

4.6 Xupéziu—re Tds UmepPords pé Ehiowoes:

P v AL

1)9 Te=1 Hx—5=1 3) =1

nE Y3 5y xb — =4 P e
8 5 3
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KEQAAAION |V

AKOAOY®@IAI KAl ZYTKAIZIZ AYTQN

1. AKOAOYOIAI MPATMATIKON APIOMON

1.1 "H gvvow tfig dxokovbiag. Mveopilouey fi5n (kep. I, § 2.2) ThHy Eworaw
TS ouvapThoews ds wds povoonudwrTou dmeikovicews [ &vos ouvdhou A el Eva
owolov B (A,B UmotiBevton u kevd). Mpégopev 5t

f:A 1> B fj xai &\Aws Asx — [(x)eB
xai Aéyopev émi 1) I elvon picc ouvépTnots pé mediov dpiopol TO cUvorov A kal
Tipas eis 1O B.

Kora TaUTa uia owdpTnois o pt mediov dpiopol 16 otvorov N Tév guai-

K&V Gp1Budv kol Tipds efs T B B& oupPoriod olrw :

a:Ni—> B fj xal &Aws Nav — a(v)eB.
Kéfe ouvdpTnois & # dvwTépw o kaheitan pla dxolovbia atotyelwy ToT guvd-
4ov B. EiBixés, & B = R f; dkohouBia o kodeitan axodovfia TOAY PATIREDY
doBudv.

"QoTe : dxolovlila moayuatixdy doldudv elvar xdfe ovvdpTnolg pé medlov
dotapod o oivoror N 1iw puady aplpudv xal Tiuas el T atvodor R tdv mpa-
vuatizdy dplfludr, ondady ula povesijuayroc dmexdviorc tov N eic 76 R.

Eis Ty mepinTwow wmds dxooubios o ouvnBilouev Otres THY Tpny o (v)
auTiis ouuBoMifouey ué o, ypdpovtes TOV Quoikdy &piBudY v dx Kk&Tw SelkTny
Tou a. Al Tipad mids dxohouBios o keAoUvTan Spor aUThis kol Buvdpeba v ToUs
kot wpicwpey eis Eva Tivake s k&Twd :

Bt 8 il Seide s U]
SO e s o i
els Tov dmolov TrapodeimeTan ouvhBus | TPdTH Ypouuh Kal ypdpovtan uévov
oi &por Tiis drooubics, fiTor :
(D (o SR o ST, SRNPENNES . BASRIEL
‘O 8pos o kaeiTon TpdTOs Spos Tiis &v Adyw dkoloubias, & o BeUTepos Gpos
kol yevikéds & o, viooTds Gpos alTiis.

"Exer émikpatrioa 6mras els THY mEpiTTwOW W& droloubios o TapioTaTal
altn Si& TGV Spwv Tng s &v (1). Aéyoper 8¢ ToTe @ axolovlila o, 0y, o, . . .,
Q..o T ked ENAWS @] dxodovBin o, o, o, . . .». SUvTopdTepoy i dkohouBin
(1) mapioTaran xad ol :

o, veN fj ki &AAws o, v=12,...
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apadsiypata :

1. 7 dxoloubla TGV Quoik@y &p1Budy, fiTol N dkoloubia
152 3ien Vi
Tfs 6Troias viooTds Spos efvan & &pifuds v, fitol &, = v.

2. 1| dxkohroubia

Tfis dmolas & vieoTds Spos elvanr & dp1Bpds L , fiTol o, = L s
v v

3. i dxohoubia
1 409,000 90
4. 1y dxohoubia
1 1 1
S PP EPRL ISR (3 &) (i
2 3 = v
1.1.1 lewpetownn) mapdorasts dxolovbias. "Eotw a,, v= 1,2,. .. pla dxo-

AovBic TparypaTikéy &piBpddv. Té ypdenua S, alTiis elven ToTE TO oUvohoy
{ (1,01), (2'%)l Lt |(v'cv)= coT }
‘H yewpetpikh TapdoTaots (16 Sidrypapus) abtol fi cs &AAws Abyouev
THs dxoloublas a,, v=1,2,... &moTeheiton &mwod upepoveopéva omueia TOU Emi-
médou g Euaiveton els TO k&Twh oyfiua 59.

i
\
Zy. 59 !
\
1.1.2 Dpayuévy axolovbia. & Thv dxoloubicw a, = —lv- =12 1.8
TapaTtnpoupey &1 ioyUel C }
Osa,:%sl’v‘ueN oLy § & »

fTo1 &hot of Bpor THis droroubias TaTns Gufikowv els TO KAeloTOV BidoTnpa [0,1], |
Aéyopev 8¢ 6T 1) dkohoubia altn elven poayuévy.

Mevikéds : pia axolovfin mpaypatixdy dgtﬂﬂcﬁv ol v==il 2, .0 patebzon |
poayuév Tdte xal pdvov tote, dv Smdpyovy moayuatixol aotfluol y xai 8 towtror,
dote va loyiy |

72

Wnepromotr|Onke amé To lvotirouto Eknmaibeutikng MoMmikrig



@) y <a,£8 ¥ veN
"Av Topa O elvan dpiBuds peyohitepos # ioos v [y xed | & ], Té7e
(2) ouverrdyeton o’ fvods pév
a, <8< |8 <6 W veN
&’ itépou 6t
a2y 2—|y|2—-06 ¥ veN
*Apa, loyvet ToTe

3 —6<a, <8 ¥ veN
1 iooBuvdpcs
(4) |e,] €8 ¥ veN.

AN kel duTioTpOpes, Bv foxin 1 (4), TéTe Tpopawds § dxoAouBia a, V=
=L2... elvar ppayuévn, 16T 1) (4) elvon looBuvapos Tpos Thv (3). *ESeixbn
Aoirov & ¢
Mia dxolovbia noayparixiv dolbudy a,, v=12... eha goayuévy Tote
#al pdvov Tdre, dv Ymdoyy moaypatiedc aofiuos 8 totoiitos, diote va ioyiy
e | €6 % veN.
‘O piBuds & xadeiton TéTE godyua THs dxolouBics iy w=il;2,. .

. . 4 vnuv s . 2ouw
Dpaypévar  drxoroubion elven . al TETVS 1,2,... kai =

v=12,..., Biomt loyvow

L [ I TP v

[v-#-l =v+1 s S S L e
Kai

2ouw | 2 [ouw| 2

—v“—-.=Ts;-\<\2 ¥ veN.
‘AvTiBéTws af dxolouBion v3, v = 1,2,... kal —v24v, v=1,2,... Biv elvean

pporyuévan (Biai;).

L1.3 Movitovas dxoiovhia. *E@’ doov #x ToU dpiouoU Tns 1 &xohoubia
lvan pia elBikn mepimTwos owapTHoews, of fwoilal  povdrovoc xal yynoiweg
wovaTovos dxodouBia TporyuaTikGy &piBudy efvaa TPOPAVETS TULPMVWS Trpds
rous GvTioToixous Splopous Tous SobévTag els v § 1.1 ToU keg. lIl, Bk TPy ha-
(KA TUVAPTNOELS piss TEXYHOTIKTS peTaPANTHS.

"AxpiéoTepov pia dxoroudia TPOyHaTIKGY &p1Budv a,, v =1,2,... elven
Wkovaa TOTE kal pdvov TOTE, &V

V< = o, <o
Ouoiws A ay, v=1,2,. .. elven glivovoa ToTE kel poévov ToTE, &v
LR -2 TR S S
aT’ dvadoyiav, 1) dkoAoubic o, v=12... elvot pdv yupoiws adtovoa, &v
Vil = o 0,
van 8¢ ywnolos ghivovea, &v
Vsl B e Gy S
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TLy. f droloubicr v3, v=1,2,... elvan yvnoiws abtovoa, 516TI
v g v
e 1) dxohoubla -l?, v=1,2. . elven yvnolws ¢bivovoa, BidTi
1

1

1.2 ‘H Evvowa tijg Onaxohovliag. "EoTw f dxodoubia a,,v=12,... "Av
Becopfiowpey kal Thy dxohoubiav Tév dpTicy Quoikdy &pibudv 2v, v =1.2,...,
ToTe Bidx BraBoyikfis dvTioToiyioews G5 KOTWTEPW

v —>2v —>ay,
SpileTan pla véa dxoroubia a,, v =1,2,..., Snhadn 1) dkohoubia
Ol 1 O O < gyl
1 dmrolar &roTeAeiTan &rd Exeivous Tous dpous Tis o, v = 1,2,. . ., of drroiot Exouy
&priov Sefrny. ‘H véa alrn drohoubia koeiTon vmaxodovfia Tfis «,, v=12,...
kal pdhioTa dmaxodovdia T@v dotiwy detxTdv.

‘Ouofcos Suvarral v Sp1oBi ko ) dmaxodovfla Ty megurTdw dexTin TiS

a, v=12,..., & 7 dxoroubia
Oy, Oy, gy op gy - -
My &va,=(—1)" IT ,v=1,2,..., Tote | ptv Umoxoroubia TGV &pTicov
Bewktdov elvan f
. 1
I s R e
A 88 UmaxkolouBic TV TeprTTdY SeikTGV elven T
1 1 1

Tl e O e U

Mevikdds, &v utl Tis dxooubias TG dpTicov fi TEPITTGY QuoikdY dpi-
Bucv Becopriowiey upiav yvnolws obfousav dxorouBiow QuUoIKGY GpiBudv K.,
v=12,... (&pa x, < K,:;), TOTe B1&x BraBoyixkfis &vTioToryiTEWS G KATWTEPW

v > K, —> O,
opileTan pia véa dxohoubia ax, , v=12,... (1} olvbeois ask TGV drxohouthdv |
(ouvapThioewy) x koi ), BnAadh 7 dxohoubia
Ol gy Oy b g ey . s »

| &mola’ kekeltan draxodovbia THs «,, v=12...

1.3. Mndevikai éxolovbiar. “Eotw f) dxodouvlia ay, v= V2oso: BE Q=

= (1) %, fiTol 1 dkoAouBia

1 1 1
% ll e _'-T!"" (_'_ 1)vT’
"As Bewophiowpey Topa 1o Biéypaupa autiis (BA. ay. 60), fva BeTikéV dpi-
Budv & .y, Tov £ = 0,4 kai Tas eUBelag ut thiocooels y =€ ko y = —¢, ai dmoim

glven TrapdAAnAol Tpds Tov &ova TéY X kai Spifouw Ei Tou EmiTEBOY piow rawiar.

74
Wnepromotr|Onke amé To lvotirouto EknmaibeuTtikng MoNmikrig



__________________ v )
Q c-a‘ T L
G- -~ & 2
% (',' 3 : ',&.' %
l -
7 T Edl 3 77
f - ML Gl et S 4%
S
s i L b i L s LR i o/ 4,
I~ 3 '
|
1
- i
_'-“’ ________ LP}

Zy. 60

Maparnpoluey eis T dvwTépw o). 60 8TL T& onpeia P; xai P, xeivron éxrog
Ths Tonvias, &vd T& &wd Tou SelkTou v = 3 kai népay dvtioToxa onpeix, fTol
T& onueia Py, Py, Py, .. eUpioxovton SAa &vtds Tiis Tewias TV Svo TpOAAT}-
Awv. TouTo onuaiver &T1 ai Tetaryuévon ToUTwv, fiTol of Spot oy, oy, o, ... THS
v Aoy dxohoubias keivton s 1o dvoikTdv SidoTnua (—¢, £), fitor

—e<a,<e ¥ yvzy=3 (e=0,4)
7 {ooBuvducs
[a,| <& ¥ v >y =3.

"Av Tapa AdBwuey Eva dAhov BeTikov &piBudy € my. Tov e=0,16 (-
KPOTEPOY ToU Trpot)youuévoy) kol émavoddPoouer T& dveTépw TOTE KATAAyOuEy
els TO oupépaopa 6TL TG onpeia Py, Py, Py, Py, P, kai Py kelvron ékrds This dvTi-
oToiyou Tawies, &vd T& onueia P, Py, P,,. .. ebpioxovtan dvtds THs &v Adyw
Toawios, SnAadn ai Tetoypéven TGV onueicov ToUTWY, fiTol of &por oy, o, Q. . .
TS &v A0y d&kolouBias keivron eis TO dvoiktov Sidotnua (— ¢, €), fiTor ioyUel

—ega,<e ¥ ra2wu=T (=016
7 looBuvduws
low| <e ¥ vvy=T

Eis 10 altd cupmépacua kaToAfyousy kei v AdPoopey s & ofovbrimoTe
BeTikov &piBudy, udvov ou B1’ EkaoTov £ dAAGooE & BeikTns v, (Gvwtépw eiboper
&1 81 € = 0,4 Exouev s v, TO 3, vl Bidk £ = 0,16, 6 7).

Thv & Aoy droroubicw, a,, v=1,2,. .. ut = (—=1y VL, 7| ool TrAN-
pol T& dwwTépw, YoapoakTnpilopey s undeviny dxoiovliar.

"AvmiféToos of dxohoubicu B, = (— 1)%, v=1,2,. .. kai T E— L_%X, v =

1,2,... 8&v mAnpolv T& dveotépew (BA. o). 61 Ko 62) woi Erouéveos Biv SUvaral
v YapakTtnpioBolv ¢ undeviked &xohoubian.

5
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Zy. 61 Zy. 62

’Ex T dvwTépw d8nyoupsha els TO vi Sddowpey Tov EEfis dpropdv :

Mia dxolovbia moaypatiedv dolfludv &, v=12,.. . =alettar pndevix
axolovlia xal Ba evufoliiwuey Todro pé o, =0 4 xzai dliws lim o, =0 7dre
xal udvoy tove, dv dwa xdfe € > 0 dadoyy Oelxtne vy = vo(e) (éaotciuer . ix

To¥ £) Totobrog, dote va loyvy
e, | <e ¥ vz,
Zvrtdpmg :

|
a, >0 <= Ve>03T vy=w): |a, | <& Vv |

opa

Hopadeiypota :

1. “H axolovbia o, = _l_ , v=12... elvar pndevizer, BrdT Brdx TUXSVTA BeTIKOY dpI-
v
Budv & Umdpyer SefkTns v, = v,o(€), kol ds TolouTos BlvaTan €86 v Angbij eis guoikds &pi-

) . 1 = i
Ouds peyahiTepos ToU — ToloUTos, doTe &g’ tvds piv
1 1

v=v, => [a\,[:—vr sv—“,
&o’ Etépou B¢, Adyw Tiis Ekhoyifis ToU vy,
63 x: = 4 <&
€ Vo
*Apa loxlel |ay|< e ¥ vz v, "QoTe EBeixbn Sm ) |

Me>0 3 v,=vw(e) (dpxsi v Angdij v, > i_) |ay|< e % v = v, fiTora, =_t =0

1
——, v=1,2, ... elvar undevixij, 81611 Brx TuxdvTa BeTikdv dpi-

Yv

Buov e Umdpyer Belktns v, = v,(e), kol dos ToloUTos BUvatoan va Angdij els guokos dpiBuds

2. "H dxolovlia o, =

! sy A P T
peyoAUTepos  TOU g TowoUTOS, MoTE &P Evos MEV

1 1
= ! = e e
R 0, g Yo '
&o’ Erépou B, Aoy Tiis ékAoyfis ToU v, ‘
Vo> —1— =% 1_ <& |

£ 2
Vo ‘
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“Apa foxier |a,| <& M v = v,
“Qote tbelybn oM

Me>0 3 ve) (d:pxei va  Angdi v°>_:‘i): |ay| <& N v = v, fiTo1a,= L

v
1.3.1. *Idudtnyres Tiw pndevindv dxolovfudv. Tvepllopey fidn &k TéV ua-
Bnudreov THg Tponyouudins TaEews Ts k&Twh 1B10TNTas TEY pPndevikdv dko-
Aouthéov :
1. o, >0 < |a,| =0
AUTn ouvemdyeTon Kol THY
a, >0 <= —a, >0 (bori;)

2 a, >0 = a, >0,
&mov ax, , v=1,2,... elven Tuyoloa Umakohoudia Tfis «,v=12,..., dnAadn
udfle Smaxolovbla undevixiic axolovlias evar énlomg pndevier) drolovbia.

3 a, >0 = a, v=12,... el goayuévy.
To dvurioTpogov Stv loyuer cs &modeikvleTon Bk ToU TrapadeiyuaTos «, =
= (= 1)¥ (&rorri;).

4. a,—=0

B _).0] = av+Bw —0.

s, a, =0
B.,v=12,... poayuévm
AUTn petd Ths iBi1oTnTos 3 cuvemdyovTon THY

} -~ ap, ->0.

g" :g ] = a,p, >0 (&ari;).
- iER_>O } = ta, =0.

AUt petd THis 1816TnTOs 4 cuvemdyovTal THY

teR, a, >0 :

nER,_ﬁv PRy } = Eﬂv -+ nBv 0 (5[0:1{,)_
Eidikéds 51 E=1 kal n=—1, TpokimTel

o, = 0

ﬁv"*o} = a,—p, =0.

7. Lai&olﬂJ Y veN } &
8. a, >0 = 4/ [a,] =0

17
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"Egappoyai :
1. “H dxodovbla «, = ;’T_i_—:-;hz-', v=12,... elvac undevinj. Tpéypart
v

v 1
qul:msFi—T Y veN

kol Emedn -:— —> 0 EmeTen, Suvdper T iB1dTnTos 7, 611 kal 0.

oy s
vity42
2. “H dxodovbla ay=V V¥ +2—V v+ 1, v=1,2... ebvar pndevrij. TplypoTr
1 1 1 1
- < — = —— & — X EN
Y +2+Vv+1 LA T v ¥

|ay|= V¥ +2-Vvit+1=

v=1,2,... pndevikn.

3. "H axolovbia oy = Y, v=1,2... ué w orabepiy mpayparidy dpilpdy xai | w|< 1
elvar pndevi]. TpdypaTt
Md w=0 _'elum Tpogavés.
M w # 0, Exopev 0 < || <1 = “10—|> 1. "Apa T‘fﬂ =146, 0 >0 kai éTopéves
1
i 3 veN.
*ANAG Emeidhy 1460 katd Tnv yvwoThv dvigdtnTa ToU Bernoulli

A+8)Y=1+4v8

®) lav|=]ew"=

Eyopev
(146> v8 % veN,
omdTe 1y (5) 5ider \
1 | [ |
| &y |< i W veN [

*Apa, Etre1bh l — 0, Buvédper TéV iBroThTwv 6 kol 7, TpokUTTEl &T1 Kad 1) drohoubia
v
a=wY, v=12,... (0<|w|< 1) elver pnBevikr|. ;
1 1 1
M.x. ai &kohouBica v V= | e A0 o Fei V= 1,2,.. . usl Tov: V= 1, 2,... elven ‘

SAat pndevikal dxohoubiat. ‘

1.4 Tuykhivovear dxokovdion. A Thv dkolovBiav a, = =l

2,... TapaTnpoupey 6Ti ioxUetay — 1 = vi , o1 A &kohovbica, —1,v=1,2,...
elvon unBevikr) dxohoubic. ToUto ékppdlopev Aéyovtes 611 1) drolouBia H;l

v=12,... ouyKkhiver Trpds Tov &piBudv 1.

Tevikass Aéyouev 8T «ula dxolovlia mpayuatuedy doluiv oy, v =1,2,. ..
auyxdiver mpoc Tov mpayuatixdy dpldudv Iy ) EAAwS ¢ Telver mpds Tov moayuati-
xov aplfuocy Iy kal ocupPolifopey ToUTo pt oy —1 f) lim o, =1 ToTe xai podvov
TéTE, &v %) drodovbia o, — 1, v=1,2,..., dnlady 7 dxolovlia

o= =1, gg—1,..., av—1, ...
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elvar pmdevin). Tov &piBpdv | kaholUpev dptov fy dpraxny Tyusp Tiis dwohoubias
oty =12 . ZUPTORES

lima,=l < ay—0l—0 |
ope

Mveopilopev 51 &k TV pedrudrev Tiis Tponyoupévns Takecos 61 1) dpiakd

Tipf drohoudias elvon povoonudvTws dpiopévn, Snhadh loyve
{:2 :=2 } = L =1, (Biorl;).

1.4.1 @EQPHMA. "Av a,,v= 12, ... ebar pla dxolovfia mpaypatixdy
aplBudy, Tote ai xdrwle mpotdoes elvar igodvvauor.

@ limea,=I

(i) Awa xdfe € > 0 dmdoyer delxtns vy = vo(e) (éEaprdduevos éx Toi &)
Towoirog, dote va loyiy | o, — 1| < € dua xdfe v > v,

*Anddeibic* (i) = (ii). Tpdyperr lim a,=! = lim (a, =) =0,
&trofov, Suvdpel Tou SpiopoU THs pndevikiis dxohoubias, onuciver ST

Yex>0 3 vy=vw(e): |a,—1l]|<e ¥ v 2=,

(ii) = (i). Tpdyparr Buvéper ToU Spiopol Tijs unBevikiis dxoloudias
mpéTaois (i) onuedver &1 f drohoubic a, —1, v=1,2,... el pnBevikn Kol
ToUTo ouverrdyeren THY (i).

5 1
TMopatipnois. "Av Sewpricwper Thy dxoAouliav e

s ¥=1, 2, cusy ) Smrole, G
. % v+11
yveoTdy, ouyKAiver Tpds ToV &p1Budy 1, TéTe TapaTnpoluey 8T kal 1) dxohoubic Eoprvm T
1, 2,..., 5nAabf A &xohroubic

12 13 14

TEAPI L (R

1 &dmola wpokUTITE €K TTiS Vb l, v=12,... Bi& Sixypapfis TV Béka TpedTwY Spwov aUTHs,
v

tmions ouykhiver kal pdhiota Tpods Tov Gpifudv 1, Biom
v+ 11 1 1
ot Rk hadeow 1 R e

evikéds &k ToU OpiopoU Tfs ouykAwouons &xohoubias ouvdyeta elkdAws &1 [B10Tns TOU v&
elvor pia droroubia ouykhivouoa BiaTnpeiTan xal petd THY Sixypaghy Evds TEMEDAOEVOV
TAfBous Bpwv alThis kol péAioTa f) Optokh T Tapapéver dueT&PAnTos.

1.4.2 *Idibtyrec tav  ovyrdovedy axolovbidy. Tvewpilouey ABn & TGw
paBnuéTov THs Tponyoupéims Tatews Tas kaTwh iioTnTas TGV ouyrAvougw
droAoubidv :

1. o > = |a,| =]’
; o, 1 = ax, >,
érrov ay,, v=1,2,... elven pia Umoxohoubia Tfis a, v = 1,2,. .., dnAadn xdfe

Smaxodovfia ovyxiwodons dxodovbias elvar Enlomg ovyxdivovoa dxodovbia pé
)y adTy doteseny Ty,
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3 - eyl = w@,v=12,... el poayudm.
Ti oupmepaivere mept ToU dwTioTpdPOU ;
4.
gv j? } > &, +B, >h+h
v 2
5. o, =1l
B, —>1,
AUTn ouverrdyetan Thy
teR

a, =1

} = avpv _:"ll lz-

} = ta, >E (Siel;),

' ) omola, Suvdper Tfis (4), ouvemdyeTon kod THY

teR, o, =1 } = Ea, +np, =& + ni.

neR, B, =1,
EiBikéd, 81k € =1 kol = — 1, mpokUmral
a,—h

{3—”2} > a,—p, >L—1l,
6. o, —=> l?& 0 1 1

x, #0%veN [T 5 = T

Al uetd Tfis Tponyoupéins 1816TnTos 5 cuveTrdyovTan kod TV

a, =L #0

B‘, "}'lz - %! i,

a, #0 ¥ veN 4 h

T o, >4
B, =1, : e
a, < B, V¥veN

8. B, —>1 |
Y, =1
B.<a, <y, ¥ veN ]

9. a, >l =/[a,[ >4 ]1].

= a, >

’Eqappoyai :

. vi4 345 1 E Y
1. lim SApar] TMpdypaTt

(14343) 14343
v’+3v+5_u(1+_v_+v’ ___1+v+v‘
Thr T 1 pive 1

v’(4+75) 4+_\ﬁ
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Al dxoAouBiar Suws i=3i, v=l.2...._1—=l.l, v=12,... xal _=51_
v v vi v v i it

v=1,2... elvan 8Aen pndeviked dcoroubicn. ‘Emropéveos
lim(l FRE P 2) =14040=1xal lim (4 +l)=4+u=4.
v vt Ve

"Apa, Buvdper Tiis 1816TNTOS 6 TAV ouykhwouody dkoloubidy, Eyouey

3,5
14345
L U - T +v+v’ 1
e R
A

v
2. lim v a=1, dnov o oralepds Oetixds dolfuds. Aaxplvopev Tds EEfis TeprmTddaers :
i) a= 1. Elven mpogpavés.

v
ii) o> 1. Gtrouey 5y, =Va—1, v=1,2,..., éméte &pxel v Selfcopev &1t 5, — 0.

v
Mpéyuart Eopev Ya = 14 8, fitot
©) a=(1+5,)"
Emeidny 8y > 0 % veN, Buvéper Tis dvicdtnTos ToU Bernoulli, 8& Exwpey kat (1 + 8,)Y =
14 vb,, omdTe f} (6) Bida
a =148, > vb,.
"Apa o
0< 8y < == 0,
16 dwofov, katd THY IB19TNTa 8 TV GuykAwouody dxolovbidy, ouverdyetan &t &, — 0.
iii) a < 1. Els Ty mepimTwow TalTny Exopey _[_ > 1 xal émopévas, kord THY Tpon-
p o

v

T 1
youpévny TepiTrToov _1_ — 1, it ;— - 1, 1b bmolov, Buvdper T iB1éTNTOS 6 TV
3 =
Ya
WS 1
guykAwouodv dkohouthdv, ouvemdyeton 611 Yo —> TR L

14.3 T6 povérovov xai + abyxiowg dxodovbias — O dolbuds e. "As Bewph-

owpey TpddTov THY drohoubiow "%l, v=12,..., fito1 Ty
IR Y v—1
OPTITITI"'P G el
kad BeUTepov THy dworouBiow v2, v=1,2,..., fiTo1 THv dxohoubiov
1,4 Orel6: i % o

AY Gugotépas TraparnpolUpey 611 elvon alifouoon kol péhioTa yvnoiws
alfouoar dxoloubBian. Ex ToUTwv Spws pdvov f) mpddTn, SnAadh f) dkoloubia
v—1

= v=1L12,... elvan gpayuévn (Siati;). Emi whéov mapartnpoluev i 1)
dxohouBia alrn ovyrAiver kal péhioTa lim v%l =1, & dvmibtws f v?

v=12,..., f| émola &év elvan pperypévn, Btv ouyxhlver Tpds TporypoTikdY ipi-
Buov (Srecri;).
To yeyovds ém1 i alfovoa kal gparypévn droloubia v:l' v=12. ..

6 81

Wnepromotr|Onke amé To lvotirouto Eknmaibeutikng MoNmikrig



ouyKhuel Tpds TpaypaTikoy &pifudy Bexoueda &T1 ioxUel yevikds Bik kdbe al-

fouvoav kai ppayuévny drohoubiay. *AxpiPéaTepov Beyoueba To drdrouboy dlicwpa.
“Abiopa. Ay oy, v=1,2, ... elvar pia povitovog xal ppayuév dxolovlia moa-

yuarixdy dobudy, Tote aity cuyxAlver mpog xdmotoy moaypatixedy dolpcy.

‘O apiBpog e. Oewopoupey Tas droroubias a,, v=1, 2, ... kai B,, v=1, 2, ...
émrou :

= (1 +—i—)v kal P,= (1 - i)wl

B1& Tas Omolag kard TpddTov B &moBelfwuey &T1 elven yvnoiws povéTovor kai
péAoTa 1) pév o, v=1, 2,. . .(yvnoiws) alfouoa, 1 & B, v=1, 2,. .. (yvnoiws)
¢Bivovoa.

Awx thv dxohoubBiav B, v=I1, 2,... éxouev

By =(1+T) (1+:) 1 _((v+1)2)v+1_yi._1__
Buit (1+v+i])‘“ 45 gl DOERL LS

1 vl -1 v+1 v+1 v
=(ltmms) =™ (lﬂfﬁ'}ﬁ =x b (BN R B
dmou Bi& THY TpTNY dnodTnTa EXpnoipoTomfn 1 &vioédtns ToU Bernoulli
(14+w)*t > 14+ 1.

"Apa Bust < By veN

TO omoiov onuaivel &Ti Ay dxoroulia B, v=1, 2,... elvan yvnoiws gfivouca.
*Axoroufos, Aaupavovtes Ut Syiv kal Thv povoToviav Tiis B, v=I, 2,.. -
oupmepaivouev 6T1 1) drohoubia oy, v=1, 2,. .. elvan yvnoiws alfovoa, kabdoov
B1a TuxovTa QUOotkoV &piBudy v Exouev

v4-1 v+i

am:( 55 (1 +v+l) o (v(v+2)
ay (1+T) 1+T (1+v)_ (v+1)

! 1 (1+5)™ }— B, r
—_— =) = = 1
(1 +v(usz)) ¥ i (1 2 v) (1 +m)“"”>“ Puv+2) =

dnAabt
R Sl YveN
Katémiv Tév dvwTépw elvan mpogavis 6T1 51d k&Be puoikdv &pibudv v ioylel
2=a] < oy < Bv < [31:4
kal Emopévess, Adve Tiis povoTovias T&v dkxodoutiddv a,, v=1, 2,... kai B,
v=1, 2,..., Buvue kai ToU dvwtépw &fidpartos, AauPdvouey 6T1 &ugdTepal
al dxkoAoubicn alran elvanr ouykAivouoal, dméte 8& foyun
2 € lima, < limp, < 4.
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’Emrl mAfov Exopev

im B . B . 1 i
e (1"‘7)"_“1“‘”‘7:1'

SnAadn
limer, = limp,.
Thv xowiiv dpraxiiv Tipfv Tév drodovbiddv oy, v=1, 2,... xai p,, v=1, 2,..
TOPIOTAMEY PE €, TjTOl

N 1 \v g 1\ v+i
e=1lim (14 ) =tim (1+4)""
Tpogavéds Bik k&fe quoikov &piBudy v loyle

1% v
(1+5) <e< (1+)™
Hepatipners. *Amodeikvietan 611 & &piBuds e elvan &ppntos. Mia rpocéyyi-
o15 aUToU pé Tpia Sexkadikd wnela Sideton Ud ToU &pifpol 2,718, fiTor

e=~2718
2. TA EYMBOAA + o koi —oco. EMITPENTAI KAI MH TIPAZEIL

2.1 Ta cbppora + oo kei —oo. Mia un epoypévn dxoloubia Tporypa-
TGV &pBudy o, v= 1,2,... Btv ouykAiver Tpods mporyuaTikoy &pifudy, SioT
&AAws, SnAadh &v oalTn cuvékAive Tpods TrpaypaTikoy dpifudy, TOTE, KOTd THY
816t 3 TéV ouykAwouadv dxohoubiddy, 8& fiTo epoayuévn, Smep dTomov.
Els thv mepimTwow, émou 1) ph epayuévn dkoloubix «,, v=1,2,... elvai kai
alfouoga, g T.x. N v3, v=1,2,..., Aéyopev &T1 alTtn «dmewilerar Betixdicy T
«ovyrhiver mpog TO + co» ) &kdun «telver mpds 10 + o » (TO gupPoiov + oo
QUOCY TYVOOOKETO &gty dmetpovy).

Eis Ty mepimTwow alfovons kai pn ppaypéins dxooubics a,, v=1,2, .. .,
SnAadh &meipifopévns BeTikéds drohoublas, &v e elvon els BeTikds &pibpds, TOTE
Umdpyer Seikrng v, = v,(e) ToloUTos, daoTe va loxun

1
)] Gy s

Mpdyuam® & TouTto &&v foyue, TéTe O& fiToO

o é% Y veN

v
kol dmeidf 1) o, v=1,2,... elvan allouoa,

1
[+ - S =
6 dmoiov onuaivel 11 f) o, v=1,2,... 8& fito pporypévn, Smep &roTrov.
Thpa, Adyw ToU &1t 1) «, v=1,2,... elvor allouoa, Exopev
vV =2y, = o, 2 Oy

v weN,

ke Suvéper Tiis (7),

P

vy, = Q P
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"QoTe E8eixfn &1 Hid Ty alfovoav kal pfy eparypévny dkodoublav «,
v=1,2,... loyven :

A& TuydvTa BeTidy dpiBudy &, BnAodh Bid kéle £ > 0, Gmépyer SelkTng
vy = Vy(€) TotoUTos, doTe v&k ioyun

a, >?1- MoV 2.

Karémv 1év dvertépw elvon mhéov puoikdy v Bhowpey Tov k&Twd ye-
vikdv Spiopdy mepl Tiis ouyrkAicecos dxohouias Trpory uaTIKEY EpIBUGY TTPoS TE 00 .

Od Mywuev 611 : 1) droloubia TpaypaTikéy &pBudy a, v=1,2,...
wanepiletar Oetindcr N &ANws «ovyrdlver mpde 16 + 0 » § dxdpn «relver oG
76+ », kai 6& cupPoAilwpey ToUTo Pt a, — 4 f lim «, = +o, TdTe
kol povov TOTe, &v dud xdfe & > 0 Smdpyn deintng vy = vy(e) (dlaprdiuevos éx

” ” v e 1 .
70l €) TooiTog, dote va loyin oy > — 0wt xdfe v > v, TuvTOpes :

lima, =400 <> ¥ >0 3 v, = v,(e): qv>is Yvz v,

Iepodeiypara :

1. *H dxodovlia tdv guowd doibudvv, v =1, 2,. .. daewpilerar Betids, ATor v —+ o
(Braeri;). :

2. *H dxolovbia v* + 1, v=1,2,..., dnlads % dxolovbia
2,:5, 10,5 v 4 Lio
drewpilerar BeTinde. Tpbypatr Bid Tuydvra BeTikdv &piBudy & dprel va Angbij s vy = vo(e)

els puoikds &piBuds peyadUTepos Tol i, oméTe, Emadn v+ 1> v, B Exwpev
3

v=+l>v;\-.,>L ¥ ov =,
€
"Qote 1 ik k&b € > 0 Umdpyer Belkrns v, = vy(e) (dpkel v& Angbii s TowoUTos ls

Quoikds Gpifuds peyahUTepos ToU -i_) TotoiiTos, GoTe

S FCL M T
-1

fitot v+ 1 > + 0.

‘H dxoloubia — 12, v=1,2,..., SnAab 1| dxoloubia
-1, —4, =9,..., —2,. ..

elvan TTpopavdds gbivovoa kai uf gpearyuévn. Kot' dvedoyior mpods Td dvwoTépw,
8 NBuvaueba v elmwuey 811 ol dmepileTon &punTirés. CAtilel va TopaTn-
pnowper 866 61 1) dvTifetos dkoroubia, SnAadh f— (—vH)v =1,2,... &me-
pileTon Betixdss.

Fevikéds 8 Méycpey 811: 1) dxoroubia TrpaypaTikédv &pibudv o, v=1,2,. ..
«anewllerar apynrindsy 1| &AAwSs «ovyxdiver mpdg 16 —00» T &kdun «relver
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mpog 10 —0» Kol 8& oupPorilwuev ToUTo ME «, —>—o0 fj lim a, = —0 (T
cUuPohov —0  QUarylyVGOKETOU «aAny dmewpovy ) TOTE kol pdvov TOTE, &w
79 dvribetog dmodovbla —a,, v=12, ... anewllerar Oetindec. Zuvtdpws :

lima,=—© <= lim(—a,) = 4w

loyUour T& xérwh BewpfipaTa :

2.1.1 OEQPHMA. "H dxolovbla mpaypatixdy dolfudv ay, v=1,2,...
dmewiletar Gowmrinds tdte xal pdvov téte, dv dua xdfe ¢ > 0 dmdpyy delnrns
v = V() (baprdpevoc éx Tol €) Toodros, dare va loyly

ct,,<—LE ¥ v =,
‘Anddeibi. lim a,=—w <> lim (—a,)=4o0 <> ¥ ¢>03 yy=

=vy(e): — av>—1—‘v’v Z2y <>V ex>013 vozv(,(e):av<—% Y ou 2=,

2.1.2 @EQPHMA. "Eotwoay al gxolovlflatay, v=1,2,.. . xaip,v=1,2,...
ué oy < Py dea xdbe veN. Tdre loydovr:

lima,=+4cw =1lmp,=+w xai | limpB,=—w = lima,=—cw

*Anddeitic. lima, =40 =% >0 3 v, =y (e): o, >% Yoz,
kai ToUTo peTd Tfis o, < B, V¥ veEN owerrdyovtan &mi
Voo 0.3 v=v(e): |3v>—:— Vv 2y =limpy=+w.

"Qote &Beixfn 611 : limay =+ = lim B, =+, & TOU dmolou eUxdAws
&dryeron (méds; ) kad 6T lim P, =—c0 =lima,=—w.

Qs eiBopev dvwTépw eis TO TapdBeryua 2, 1) dkorouvBiavi41,v=1.2,...
&meipileTon BeTikdds. ToUto Buvdueba mAfov vd oupmepdvwpey duéows, Buvdper
ToU dvwTépw Becopnpartos, Tiis oyéoews v < v2 + 1 % veN kad ToU 8T v — +oo .
‘Opolews &k ToU dvwTépw BewptipaTos ouvdyovtal eUkdAs &Tivi—v 4+ 1 —> 4o,
- >—00 kKol =24 20—2 5> —00.

213 Ta ovpufola —oo, +oo xai 1 ddrabis Tdv mpayuarixdy doludv.

‘Qs yvwaoTov S1d ouykAivouoas dkohoubias rpoarypaTikéy &pifpdv loye (§ 1.4.2,
iBidTnTos 7)

lima, =1, LeR

imP, =l LER § =k <h,

a, < B, ¥ veN
TO &moiov Tailer omoudaiov pbhov els TNV Texvikfy TéV dmodeitecov TOAAGV
Becopnudraov Tfis  pednpaTikiis dvadUcews. Aid Tov Adyov aUTov B Spiowopey
Bidrov els 16 olvorov Ru{ —o0, +oo } els Tpdmov, doTe va loxin TO dweo-
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Tépw ai eic T&s mepiTT@OELS, dTov f) pia A kai af BYo dprakal Tiwad 1y, I, elvan
& TEV oupPoAwy —o kol oo . Tlpdyporrr &v SeyBiduev ToUTo, B& Eycouev
lim a, =1{, leER
limp, =+4w =1 < 4o
a, < P, ¥ veN

Kai Emwedn, € dplopol, TO +oo Biv elven TparypaTikds &p1Bpsds O& Tpétrel vk Spi- :

TWHEV

| 1< 4o ¥ IR
|

‘Ouolcos 68nyoUpeba els Td vd Spicwpey

‘ 1
| =0 €IV IR | wat | —w <to |

2.2* "Emtpental kai pi npagerg petald tév ovpPérov —wo, +wo  Kai
v npaypenkdv apbpdyv. Eis 10 olvohov Ru{—co, 4} Slvarter vi
opiofolv, s pepikal Tpdlels, 1) Tpdobeois kai & TOAAATTAGTICGUOS (¢os gmrioms
7 &paipeois kol fy Siaipeois) eis Tpdmov, doTe v pfy GBnyolusba els dvTipdoers
els Tag fidn yvwotds iBidTnTOs TV Oprok@dy TiwdY. Al Tpdas abTan opi-
Covrar s EmexTaoels TOV &vmioToixwy wpdfewv s 1o R. Tlpiv Trpoycpr-

cwpev els TOV Opropdy TéY Tpdfewv ToUTwy B& &modeifwpey TNV dxdhoubov |

is1éTnTa: oy — +oo
B, —x, xeR } = o, +p, > + .

"Ev mpddTols Tapartnpolpey 611, Buvéuer Tis i81éTnTos 3 THis § 142, 9
diohoubiar B, elvan pparyudun, SnAadt) Umrdpyel TparyuoTikes &piBuds O TololTos,
wote [P, | < 8 Six k&de veN, fjtot

® —8 <P, <8 ¥ veN.

"EoTw Topa Tuxov BeTikds dpifuds £ kal EoTw £F = omdTe

Eavile
146’

o, =t =rAvy=vED o, > *:T. Moy =
‘Emopéveos, Suvéper Tiis (8), 8o Exwuev kai

o, + B, > "E]?:—e=]*j_;e—5—9=—i Y vz,
“QoTe &8eiyxfn 61
¥ e >0 3 v, (BEapTopevov & ToU e*, dpa kai &k ToU €): o, + P, > —l— Vo2,
fito1 611 o, + B, =>4

Tij Ponbeix THs dvwTépw dmoderybelons iBi1dTnTos Suvdpeda v Sikano-
Aoynowuey G5 EmTpeTThY THY TP&EW o0 + x s Emions kai THY X + (4-00)
@G o, + P, >+ < B,+a, >+ow) kol péhioTa va Spicwuey

| 4o +x=Xx+ (4ow)=+400.

Kot” dvahoyiaw mpos T& dvwTépw oTnpifdpevor éml  iSioTATww TéW

droAouddy Suvdueba v Spicwuey Tds Srapdpous EmiTpemTds wpdlels s ko-

86

Wnepromotr|Onke amé To lvotirouto Ekmaibeutikng MoNmikrig




TWTEP®
>Ididtnreg *Emroental mpakes

a, —> +oo

ﬁw —X,xeR :"'dv+pv —> 400 +0 +X=X+(+°°)=+oo ¥xeR

B,—>x, xeR o, +p,—~>—o (Bari;) | (—0) +x=x+4(—0)=—00 ¥xeR
o, —> 400

Bv — 400 =>da, +Bv_>+°° (SEG'I'{;) +00 4+ (+oo) = 40

|
.
}

o, —>—00
| = ot By () | ot (o) =0

a,—>—0 = (—a,) =+ (Eopiopol) | — (—0) =+
a, >+ = (—a,) >—w —(+0)=—®
o, =>4 ©

(+oo)x_=x(+m)=+co x>0,

Bv—>x,x>0} il AR i &pa (40 ) (40) =+

o, —>—o©

B,—>x x>0} & oy et iy~ | SOl ¥ X

&pat (—o0 )(+00 ) =(+00 )(— 0 )=—00

o, > +w i@ ) (—|-oo)x=x(+co)=—co Y x <0,
b e <0] = s > ) | (L S o
G B % A | Fe)x=%x(-0)=+n0 ¥ x<0(
B, —>X,X <0] Sl e R e ) (t0) e s

o, —x,XxeR

B, >+ o =2 50 (5eri; ) X _ 0V xR
B, #0 Y veN v +o

o, ->X,XeER

P, = -0 = 50 (Soeti;) -x: =0 ¥ xeR.
B, # 0% veN N

Ex Tév dvetépw Emitpertév mpdfewv owdyetan &1 kail fi Trpdtis
+o0 — (=00 ), SNAadH | 4o + (—(—0)) elvan EmTpemwTh, Sidmt — (o) =
= Joo kol Eropévess 4o — (—w ) = +w + (+2) =+ ."Qote 40— (0 ) =
= 4. ‘Opolws ouvdyeton ki —0 — () =—%

*AvTiféTwos T Tpdtis 4w — (4o ) BEv 6p[_(,e*rm g é'rn'rpe-rr-n‘] &16m &v
a,—>+wo ki B, =+, ToTE f§ drohovbix o, — P, V= 1,2,:-- btv O’U‘YK?\!—
Vel TévToTE TPdS TO undév A &AAov uouocrnué:v‘rms cpioptvoy  &pibudy f
xdun Tpds & TéV ouuBdAwy —w, +oo. TMpdyuarr dpkel v AdPoopey Y
fvos piv o, =vE+v >4 kol B, =1 >+w, omoTe o, — P, =V > +®,
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&o’ éTépou 5t a, = v? —i—»;‘l- — 4o ki B, =v? > 400, OMoTE &, —P, = —:’— —0.

Kot® dvodoylav, 8tv opilovrar ds Emtpemrral kel ai kérewd mwpdies
(Broeri;).

My émirpenval mpdées

+o —(+®), —o +(H®), 0(+Hw), 0(-w), (+x)0, (—»)0, i:,
—®0 4o —0 4w -0 0 o
= '-% ‘gm0 5y gk

2.3 Tevixn] napatipneis. ‘H mopdoTaocts %ﬂl »Omov B kal v guoikol
&pifuot, Si& pdv p oTabepdy dpiler piaw droroubicy Ty a, = u:— 1, v=1,2,.
fiTor THY

p+1 u+l p+41 p+1
mn » 2!-" 3u:---| Vi LA

7 Omoia ouykAiver kol pédioTe lim a, = lim ”—+—1 =0.

"Av Sucs Bewpricwuey TO v oTaBepdy, TéTE 1 ToapdoTacs B
picy SAAY dxoloubiav Thy B, = "u%l, b=1,2,..%; frouTiv
2. -3 e b1

—v-, Ty’ ?\l—" ”’_W' ge ey

1) oTroia érrions cuykAivel kad péhioTa lim B, = lim lii-tv_l = %

éph;et

TMpos Siaxpiow Tou molaw dxoAouvbiov &k Téw a,, v=1,2,. ﬁ Bircit =
5 + 1, yp&pouev &’ Evds utv hm L s kuil
'rrpdrmv mpl’n"rwcrw, dnAadn ik 'n‘w drohovbiav a,, v=1,2,---, &q! ETépou

=1,2,... Becopolpev els T lim

5¢ lim Y u_ Bi& v mepiTrTooow Tis drohoubias By, = 1,2, - - -. “QoTe Exouev
]

bt Lisg et imBtlot
w W v

lIim
v

Mp&popev #mions iocoBuvduews xai
gl o vt L

W WV
*Avti TGV oupPéiwy hm i —> XpnowoTmoolvron érions kol T& cUpPoAa lim
Voo

»

Nl [ Emopévas Swdueea v& yphywpey icodurducs

lim &£1—0, im trl_1
vsoo WV pro WY i
7| dropn
1
S R, e han
HY vy 00 By H=+on V
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3. AZKHELEIZ

3.1 Toten &x TGV dxoroubidv ay, v=1,2---, al dmwoian pilovran UTd T&Y KéTwW
TUTrev elvan ppaypévan xal Toion Siv elven ;
1 =¥t 100 9 = 20 3 _ vnusv
) W= T0 ) S Gt ) =
_ V4 nw v LK v
4) ay= ——— 5 ay=5y L6 ay= g ey

3.2 Moien &k Tév &roloutdsv Tfis Tponyoupévns &okfoews elvarl povéTovor kal ol
8tv elvan ; KaBopioaTs kol 1o €l8os povorovias Si& Tds povotdvous EE olTév.

3.3 Adoare Tpels Srapdpous Utrakoroubias 81’ dxkoTny éx Téw els THY &oxnow 3.1
dxohouthddv,

3.4 Acltare é11 ol dxoroublen e, v=1,2,..., ol dmwoim épilovren Umd TGV KéTwh
T0mv elven SAan pndevikal

: v —— P 14+ Vv
1)) “vzm ) ay=Yv+5—Vv 3 av= v’v
23 7 et
PORPRIIRY ¢ - g, O L. uv=l‘ﬂ’~%21-"- 6) oy =vr(VFFZ —1)
v

3.5 *Ymohoyloarte Tds Spiakds Tipds TEY dxoAoubrdv ay, v = 1,2,..., al dwoic &pi-
lovron Umd TOV k&Twbh TUTWY:

1) uv=v1+%,aER+ 2) av__-w
oW —3v42 SRR SN aeR*
3) G e 4) ay=VYWV+a)v+Db)—v, beR*

5) c:v=v(l—v1+-:—), aeR+ 6) uv=:—r. aeR*

3.6 ‘YmohoyioaTe Tds Spiakds Tipds Téw dxoAoubitv ay, v=1,2,..., al &mwolam
Spifovron Umd TV K&TW TUTWY:
v+ Ty 5 v+7 hid 1 1
1) ﬂv—m 2)Gv——2vm B)Gvﬁl+7+---+7

3.7 *Ymohoyloate Tds k&rwb Sprakds Tipds :

: wv? s uv? . uiv?
1) llll‘:n e | 2) ll"r'n Al 3) ll:n e T

2 udvt el o AL HE
4) ll\l;n Wt + vt 5) h'l;n w vt 6) hln W+ vE
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KE®AAAION V

IYFKAIZIZ ZYNAPTHZIEQN

1. ZYTKAIZIZ EYNAPTHIEQE AIA x — 4o

1.1 Eis 16 Trpornyoupevov kepdhaiov fioyorfibnuer pé Ty oUyxiiow &xo-
Aoubhddy TrpaypaTikéy &piBudv, ai dmolal, ds eiSopev, &roTehoUv piav &mAou-
oTdrny TepiTTTwow TpaypoTikGy owapTtioewy. Eis TO Topov kepdhauiov B&
ErreTeiveopey Tas Evwoias TS ouykAioews kal Tiis Opiakfis Tipfis Bik TpoaypaTi-
K& OUVOPTHOES WES TPYHaTIKTS PETGPANTRS kal KaTd TpidTov & Tpdtouey |
TOUTO B1& TrparypaTIkas ouvapThoels dplopévas ToUAdyloTov els &v &mrépoavTov
Sikornua Tis popefis (o, +w ), &mou o oTabepds TpoyuaTikds &pifuds, &n-
Aadn) 1 owvapThoes f pE (o, +ewo) E Z(f).

1.2 Mndevikai ovvaprijeeig 01d X — +oo0 . Q5 yvwoTtov {oylow v — +eo
Kad —:— —0 kol pédioTa 1) Seutépa ToUTwy elvan ouvétela Tiis TpWTNS, G5 EA-

AwoTe Kol yevikaTEpov ioyUel

X, =+ 1
M X, 0= vEN} 7 .y -0,

BIoTI Xy > 400 = ¥ >0 3F v, =v,(e): x >—Elﬁ ¥ v 2 v, kal ToUto Bebo-
pévov 6T Xy > 0 ¥ veN, ouvemrdyetan 61

Yex>043 vo=v0(e):|—-]——,=~L<s ATy, 1'11'01-1——>-0.
Xy Xy X

Tt iBiomTa (1) ékppdlouev Aéyovtes émi 1) owdptnois | ué f(x) =—’1c—'
x€ (0, +o0) elvon umdeviren) dra X —>—+o00 (10 oUuPorov x — 4o duaryryvaaokeTal
«X TEivOY mPos TO 400 ») Kal ypdopey < Y- of lim L8

X x—»=+40c0 x—> -}-00 2t

levikdss, &v f elvan pia owvdpTnots dplopén ToUldyioTov els &v SidoTnpa
Tiis uopefis (o, +0), O& Aébywpev &1 «if owvdotnowc | elvar umbevien dua
X —>+4o0o» kai 8& oupPolilwpev ToUTto pé f(x) —=+0 A limf(x) = 0 Téte

x>+ x++c0
kai pévov Téjl*s. &v ua xdfe dxodovBior x,, v=12,... ué x € (a, +0) ¥ veN
xal X, -4 loydy f(x,) - 0. Zuvtdpws :
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X, — +00
i(x) :;0 opo ( x:e (o:_,!_+oo) WV veN } e )
apadeiypota:
1. H owdgrno T pé 1(x) = X :“ 3‘1‘, X€ (0, +0) elvar pndevshy 8id X — +oo.
Mpdypatt® &v Xy, v =1, 2,... elver Tuyouoa éxoroubia DeTikddv Spowv Pt X, —> 400, TOTE )
dvtioToryos dxoloubia Tipdv f(xy) = 73;5314 ,v=12,... elvar pndevikn), &1dm &o’ &

1 1
_+:‘__v.

Xy 1 3
vos piv f(x,) = —1+—3 , &9’ ttépou B¢, Adye Tiis (1), = 0, omédTe xal ;;—»0 i

Xy
1
i 0 xai Emroupéves

0+0
f(x,) =135 =0-

“Qore £BeiyOn 811 B1&x kéBe dxohouBiay BeTikév Spwv Xy,v=1,2,. .. ptx, — +, {) GvrioTor-
05 dxoroubla Tiuddv Tiis ouvapTrioews I, SnAadh f dkodoudia f(x,), v = 1,2,. . . elven unBevixg.

1
2. ‘H owdgtnow 1 ué 1(x) =;7;. x€ (0, +o) elvar pndeviser; dua X —> + oo . Mpaypa-
T1* &pkel v& Belfoopev 81 & X,,v = 1,2. . .elvan Tuyoloa dxohoubia BeTikév dpuov uéx, —+00,

1
TéTe 1) dxohouBia Tpéw I(x,) = *—}E——, v=12,... elvan pndevikn). Tlpds TolTo foTw
v

TUydv BeTikds GpiBuos €, OoTe B Exwoper

1
Xy> 4o = Bk Tov & T v, =vo(e?) : Xy > Mov= v,

16 &moiov, tmedh x,>0 % veN, owvemdyetan 61'1
1
. <e® X v 2 v, dnAadn \/.ﬁ <e M v =,
"Qoe E5eixn 611 Sidx TuxdvTa Betikdv &piBudv g, SnAadn Bix xébe £ > 0 Umwdpyer Gei-

kTS v, (EEapTopevos ik ToU €) ToloUTos, GoTe va loyin

1
1Tx__‘, <Ee X v,

- 1
fitor 611 — — 0
Xy

1.3 Zuykhivoveor ovvaptiosig S x —>+oo. Aix THv owdptnow f

pt f(x) = 3X:1 TapaTnpoUpey OTL f(x)—3=% kai fmropéves 1) owvdpTn-
ois f —3 elvon undevikn 81& x — 400 . Kat® dvodoyiav Tpos Thv mepimrewav
T&Y droAoubiddv Aéyopev kai £8& 8T Ty ouvapTnols | ouykAiver Bid x — 400
mpds TOv &pifudv 3.

Mevikéds Adyopev 611 pla ouvdpTnots f dpiopévn TolAdyioTov &g &v Sid-
otnua Tis Hopefis (a, +00) wovyxdiver dta X — + 00 mpoc Tov dolludy I» f
% 15 gUpPodov = xpnowpomowtrar TavtoU teeEfis Ud THV Evvorav f dmrola GibeTan els Ty

§1.4 Tou kep. | (oeAls 7).
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&S «Telver 1d X —> 4-co0 7o 'tov dpiludy | » xol cupPolilouey TolUTo ud

f(x) i LA lim f(x) =1 tére kad udvov TéTe, &v 4 ovvdoryows | — 1 ebva Jan)-
X X_»+00

devban) dud X —> 400 . ZuvTdpcss :

Jim [ =1 <= () —1 20

Tov SpBudv | xaholuev dptov 7 dptamiy Tipsy Ths ouvapThosws | Bidk
X —>+oc0.

"AmoBenwvieTon Topa 811 B1d plow ouvdpTnow f dpiopdvny TOUAGY1GTOV
els & BidoTnua Tis wopefis (o, 4o ) foxUer T& kéTeob

1.3.1 @EQPHMA. “H ovvdgtnow [ ovyxdiver did x — 400 mods Tov dpt-

Ouov L vdte xal pdvov vdze, dv d1a xdbe dxolovbiorx,v=1,2,... ué x . e(a, +00)
V' veN xal x, >4 iogdy Hm f(xy) =i .
Zwtduws :
lim f(x) = | <> ("v e > limf(x,) = l)
x—>400 X € (a, +00 ) ¥ veN
A ; ] . Wy, o X,—> 400
Andbeis; lim [(x)=1 <> lim (1()~D)=0<> (x,e o AR } "

(X, >+

= lim (f(x,)-D =0 ) i \XE g, +o0 ) Y veN

} o Tim f(x) =1 )

Iapadeiypata :

xt 4 8 5
1. ‘H owdptnow 1 pé f(x)=%,+%, x€(0, +0) ovyxilver Bi1& X—>+c0

1
7pos Tov dpifucy 5 Mpéypart”
NCC SIS 5 I e <
L s A N i
; o oxel
"ANAG, s elBopev els TO Tapdbaryua 1 Tiis Tponyoupévns § 1.2, icrx:.rs! 1% x_b—“vo 0
“Aoc lim x*+8x45 _ 1
pa i e e
i 5x® + 15x 5

= 3

Yx +
2. “H owdgrna fuéf(x)= — % | x€(0, + ) ovprdiver fia x > + o0 mpog ToV
2¥x 45 ]
apiBudy % TMpéoypart: &v x,, v = 1,2,. . . elven TuxoUoa dxohoubia Betikév Spuv pt x,—>+o0,
=olal
Y X+ ;v-

1
ﬁ »v=12,. .. ouyKhAlver Tpds Tov dp1Budy 5 BT &g’
Xy

TOTe 1) drohoubia f(x,) =
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|

& Sl
tvos piv 1(xy) —#"— &o” ttépou B -xi- -0, %- — 0 kal v:-»o kal &mo-
24— W 4 Xy
¥x,

140-0 1
uéuwg f(xv)»—i—_‘_Tz-z- .

"Qore EBelxfn 1 S1d kdde dxohovBiaw BeTikédv Spwv X, v=1,2,... ¢ Xy—>+o0,
dvrioToixos dkolovbla Tiwév Ths ouvapthoews f, SnAadh # dxoroubla f(x,),v=12,...
1
ouyxAiver pds Tdv &piBudv . “Apa, Buvéper ToU dvwTtépew Bewpriparos 1.3.1., loyler

V4 2
X 1

o e

1.3.2% *Arepillducvar Oetindds 7 dpwmrinds ovvaptioelc die X — 0.
A& Ty owdpTtnow f pt f(x) = x? maparnpolper éT1 &v x,, v=1,2,... elvan
TUxoUoa dxolouBia TparyuaTikéy dpiBudv pé x, —> 4o, TOTE kai ) dvrioTol-
yos dxohoubia Twdv f(x,) =x.2, v=1.2,... &mepileTon GeTikdds, Siom

H(x,) =x,2 =X, X, > (40) (+®) = +o
Myoper 8¢ €ls Ty TepimTwow Taltny &1 i ouwvdptnois f ut f(x) = x? &mepi-
leron GeTikdds Bid x —+oo.

Mevikéds Aéyousv &mi pic ouvépTtnols f dpiopévn ToUAdyioTov gs &v Bid-
omnua Tis wopefis (o, +o0) «dmewilerar Oetinids da x —+oo» i EAAws
«ovyxdiver dia X — +o0 @pds 16 oo » T Sxkdun «relver dia X —+o0 mpog
70 +oo» kal oupPorilopev ToUTo ué f(x) nerrey +o00 1y x_1’1-"mm f(x) = 40 TOTE

kol pévov TéTE, &v dia xdbe dxodovbiay x,, v=1,2,... ué x..(a, 4o ) ¥ veN
%al X, >+ loyin lim f(x,) = 40 . Zuvtdpcws :

. . xv _>+w H —_—
l_l::_nw Hx)=tw T ( x,€(a, +) VVEN} =i 4Cx,) = 4w )

Koat’ dvaoyiav mrpds Thv mepiTTwow Tév dkoloubidv 8& Aéywuer 811 1
owdpTtnols { «dnewiletar dpwmuinde da X —+oo T &AAWS «ovyxdiver dia
X —> 400 mpos 16 —o» T Gxéun «reiver dia X —> -+ 0 7oog TO —00» Kol O&
cupBoAilwusy ToUTo pt f(X) —=—c0 A lim f(x) = —co TéTe Kad puévdy TéTE,

x40 x—++00

&v foydn lim (—f(x)) = 40 ZuvTdpws :

lim f(x) = —0 3 lim (— f(x)) = 4o
x-++00

—X*4X

Mx. fi owdpmors { pd f(x) = =TI x€(0, +o0) dmepileTon dpvnTidds
81 x — +o0. TMpdyuarr
X —x

—l'(x)—-3 A XG(O +w)
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Wnepromotr|Onke amé To lvotirouto Eknmaibeutikng MoNmikrig



kal 81& TuyoUoow dxooubiay x,, v = 1,2, ... BeTikéy Opoov pé x, —> oo ioyler

. IR — -—
—tx) =5y =" > 25l = 4w, \

T R | 350
xV
—x3
&pa lim  (— f(x)) = 40 kol émoptvess lim —otX — _eo.
x—>+400 x—>400 3Xx+1 ‘

"Ex Tév dvetépw ourdyetan Tdhpa elkdAws &Ti Td Becdpnua 1.3.1 foyter
kad el THY TepiTrTeoow, Strou ) dplakd Tiud [ elvan v 6 oupPoAwY 00, —o0 .
"AxpiPtoTepoy loyuer TO dxdhoubior Becoprua.

1.3.3 @EQPHMA. “H owdptnow [ ouvyxdiver dud x —> -+ mpéc 16 |
(leRu{ -0, +00}) vdre ai udvov tére, dv S1d xdbe dxolovbiay Xav=sl2 0.
ué x,€(a, +0 ) V¥ veN xal x, >+ logiy lim f(x,) =L Zovrduwg :

lim f(2) = 1,
o } i (;{“EE: -'-i_-:: ) W veN] o L l)
leRU {0, +0 } il

"Anddeis. *H mepimraois IER elvan mpogavis &k Tou BewphuaTos 1.3.1,
s Errions kai 1) TepimTwors I = 4o & ToU Spiopol Tis &mraipilopévns BeTidds
S1&d x — o0 ouwvapTioews. ‘H dmropévovoa mepimTwols | = —o0 ouv&yeTal
eUKOAwS o EEfjs :
X, >+
lim (0 =0 <> lim (~ 1) =+ = (e o 1om) wven |

X—>400

lim ( — f (x,)) = 4o ) - (;‘E_(;*”fw )VUEN} =T (5, = ~ca )

2. EYTKAIZIEZ LYNAPTHIEQE AlIA x—>—c0

2.1 A. TAg Bewpricwpey Ty ouvdpTnow f pé f(x) =%{::I§ , XE(—c0, 0)
B Ty omolav TapaTnpoUpey ET1
1
14—
X,—>—o0 e e e X 1+D_i
x, <0 ¥ veN} =5 = 52 © F=aTE
X

ToUTo &xgpdlouev Aéyovtes 61 1 ouvdpTnois f pé f(x) =-%§-'-:21h, x€(—o0, 0)
x+1 _ 1,
3x-2 "~ 3

levikéss Aéyouev 8 pia ouvdpTnois | dpiouévn TolAdyioToy es & Sid-

oTnHa Ths MopPfis (—oo, @) «ovyxdiver Sua X —>—00 mpog Tov Golbudy b A

&MAeos «relver dud X — —co pdg Tov dotBudy Iy ked cuuPoMlopey ToUTo p f(:i)——ﬂ

—>__00

ouyrAivel B1& x —>—co  Tpds TOV &piBudY -:1;- kol yp&opev limm
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A lim f(x) =1 7T kol pdvov TéTe, &v i xdfe dxotovlioy X, V= 1,24 00 ped

x—>—0
x,&(— o0, @) VW veN xai x, ——00 loydy lim f(x,) = . Zuvtdpws :

lim f(x) = | <= ("" P
x=>—00 opo

= lim fi =i
x €(—00 , o) ¥ veN ] e )

Tov &piBudv | kahoUuev ptov §| doaipy Ty THs CUVAPTHOEWS f &i1x
X—>—00 .

B* Al #wolcn Tiis GeTikéds kal &pynTixéds ameipifopévns CUVOPTAOEWS B
x —>—00 &pllovtan kot dvedoylay Tpods THY TepiTTWOW X —>+00. *Axpi-
BéoTepov, &v I elven pia ouvdpTnols dpiouan ToUAdyioTov el &v BikoTnpa Tfis
poppiis (—eo0, «), TéTe Opilopev :

lim f(x) = +oo <= (T ] lim f(x,) = w)
Jim f(x) = +o0 <= (xve(_m, e (x,) =+
Kol
] lim f(x) = —0 <= lim (—{(x)) =+
Xx——00 opT  x—»—00

dmoTe, kot dvodoylow pds TO Beddpnua 1.3.3, &mobevieTon &I

x—>—00

lim f(x) =1, o
=l
leRu{—o0, 4o }

}; lim f(x,) = 1)

x € (—00 ) W veN

Iapodeiypata :

x4 1
mpde Tov aplbudy 3. TlpdypaTtr &v X, v = 1,2... elvan TuyoUoa dxoAouBia mpaypaTikGy &pi-
Budv pt x, < — 13 veN kol Xy—>—o, TOTE

1. “H owdptnows f pé f(x) = xe (—oo,— 1) ovyrdiver dd X -—>—c0

o Bgal 2FEE 3o,
Xyt Xy i _1_ 14+0
&idm i — 0 kal .,L -0 (Bari;). "Qote éBeixGn ém
" ::::rv e | = lim =,
fiTor 6-r|xir2w 3—;5:—_:% =3I

2.% “H gwdgrnow | pé 1(x) = VX* —x, xe (—00,0) drnegilerar fevieds did X — — oo,
Mp&ypoTt & Xy, v=1,2,... elvar Tuyoloa droroudia &pynTIKGY Spwv pE Xy —= — 0, rére
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f(xy) = ¥Yx, —x, = vxv l— |x\,|V1_——=-—X V1__1..%,

. - (—oo)Yl—O—-(—m)l_+uo,
T|TO1

Xy—> — 00 WG SR
Xy <0 ¥/ veN} = lim ¥x* —x, = +w,

SnAabn lim  Yxi—x= 4o
x>—00

3% ‘H owdprnowc { pé 1(x) =x YxX*—x, xe(—w, 0) dnewpilerar dgryrinis &1
X — —oo. TMpdypar® &v x,, v=1,2,... elven Tuxouoa dkohoubia &punTikédv Spwv pt X, —>—o0 ,
TTE

() =%y VX2 =Xy - (—®) (@)= —0,
fiTor

Xy—>—00 , v L
Xy <0 W veN}:]lmvaxv‘—x\,:——uor
BnAadh lim xVx*—x = —o0

x—>-C0

3. ZYTKAIZIE LYNAPTHIEQE AIA X — X,

3.1. Zoyxhog ovvaptijosmg Sd x —x, + 0. Ak Ty cuvapTnow g ué
g(x) =x+Vx—T, xe(l, +o) maparnpoiuey émt loyler

o x,—>1 . s
@ x> 1 VveN} = g(x,) =x,+Vx, —1—>1+VI—1=1.
‘Opofws Six Thy owdpTnow h ut h(x) = 5, x€(5, +o0 ) TapoaTnpoU-
pev &1 ioyler
x, >5
® x,>5 ¥ uEN} = BE)=c
&6t x, =>5
Xv>5VVEN}:’ Ye>013 v,,=v‘,(s):0<xv—5<£ Vv,
:>Vs>03uo=uo(e):h(xv)=)% Y vy,

fito1 &1 limh(x,) =400,

"Ex Tév dvwrtépw, Thy udv iBidtnTa (2) xppddouey Aéyovres 811 7 ouvdp-
o g ué g(x) =x+1/ x— 1, xe (], +00) ouyrhivel Bi& x —> 140 mpds ToV
G&p1fudv 1 kal ypdq;ousu }im (x +4/x= 1) =1, T 8¢ BT (3) Ekppdlopey
Atyovtes 6T 1) ouvdpTnols h e h(x) = —, x&(5, fo0) dmepifgran Bemivids
Sk x =5 + 0 A ouyrhAlve Bi& x —> 540 wpbs TO 00 kol ypdrq:ouev lim :';1_5 =

540
=400,

Fevikéds, &v f elven pia owdpTnals dpiopévn TouddyioTov el &v SidoTnua
9%
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fis popefis (x,, P), Sou X,€R, 8& Méycouev 8Tt almn «ovyxdlver dud x — x4 + 0
7pog 70 b 7} EAAws «relver fia X —x, + 0 mpog 70 1», éou leERU {—00, +oo}
kal 0& ovuPoMlwpev ToUTo ué f(x);x—H») I A lim f(x)=1 Téte kai pdvov

x—>xo+0
167, & dia xdfe dxolovbiav x,, v=12,... ué x,€(x, B) V¥ veN xai x,—>X,
loydy lim f(x,) = 1. Zuvtdpes :

lim f(x) =1, |
x—>xn+0( ) } <> (X, Ty }::- lim f(x,) = l) I
leRU {—0, 40 } b X,E (%, B) V' veN

|

To 1 xohoUpsv dptov i doianspy Tyury s ouvapThoews f 81k x —x, + 0.

"Av 1 =0, TéTe ) owdpTnos f koeiTon undevier) dia x —x, + 0. *Emriong
els TNy mepimTwow, dmou [ = —0  Aéyouev xal dmi 1) owdptnais | dmewpilerar
apmTinds dua X —>X, + 0, 8@ els Ty TepiTrTow, mou [ = +o0 Adyopev 6T
altn anepiletar Betinds dia x —x, + 0.

Hapadeiypata:

;3 X€(0, 40 ) ovyxilver ébia

1. ‘H owdgrnow { pt f(x) = (x—1)* + v ’X i
X

X — 4 0 mpde v dpibucy 1 (4 0 Tiberon ouvhiBes &vrl Tou 0 + 0). Mpé&ypar® & x,, v=1,2,...
elven Tuyoloa unBevikd dkoAoubic BeTikév Spuwv, Exopev

f(x) = (x, — 1)* + V—-— = (0—1)‘+V0.+1
*Apa hm ((x ~ D+ v

=

i+1

. . x
2. "H owdgrnag f ué f(x) = T ot XE (1, +0) dnreilerar dovyrindc dud
X— 1+ 0. Tlp&ypar
X, —>1

3 1
A U } = lim 7 (Braeri;)

X |
kal éropfveas f(x,) = 1—;\;’ =x"'l——xv’ - l:(—0)=—0. *Apa lim e

x—>1+0 1—x?

3.2 Zbyxhog ovveprijoems S1d x —x, — 0. Aix THy ouvdptnow g ue
gx)=x + VI—-x xe (—0,1) mapatnpolpey, xat’ &vodoyiow Tpds THY
(2), 611 loyler

x, >1 B s Al B

I VveN} = gx)=x,+V1—-x —>14VI-1=L
‘Ouofews Bix THy owdptnow h pe h(x) = x—i—-, xe(—0,5) TapaTnpolpey
dt1 oyve

X, =>5
x,,<5\:‘veN]
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161

x, =>5 3 ; yale s
Xy <5%veN| 7 e>0F vy=w(E): 05—, <eVVv2y
=¥ e>03m=w@): sog > ¥ v
snAadh lim < = +o, &pa lim s = .

Té& dvwTépw txpplouey AbyovTes &g’ tvods piv 81 f) ouvdpTnols g pé g(x) =
=x+V1—x, xe(-, 1) ouyrhiver Si&k x —1—0 mpds Tov &pibpov 1 xad
ypdoouey lim (x +V1—x) =1, &¢ trépov Bt ém1 fi ouvdptnois h pe h(x) =

x—>1—0

i (—c0, 5) &mepileTar dpymTikéds Bix x —>5—0 f ouykhiver Bid

x—5

x >5—0 mpds 16 —oo Kai yphoousv lim = Y
x—>5—0 X — 5
Mevikéss, &v [ elvan pla ouvdpTnos dpiopévn ToUA&yioToV Els &v Bi&oTnua
Tiis nopefis (a, X,), 6Tmou X,ER, 8& Aéywpey 11 alTn «ovyxdiver dia X —x, —0
moog 76 I» T EAAws «reiver dua X —x, — 0 mpdg 7o I», émou lERU {—ow,+ o}

kad 8& oupBoAilwuev TouTo e f(x) J:-;l i lim f(x) = [ TéTe kai pévov ToTE,
{ g X—+Xo—0

&v dua #dfe dxorovblay x,, v=1,2,... pé x,€(0,x) ¥V veN xal x, =X, loyiy
lim f(x,) = 1. Zuvtdpws :

lim f(x) =1 X, > X, ‘ -
EEEGO{— 0,40 } } :: (XVE(u, x,) ¥ veN ] = lim f(x,) _l)

To 1 xehoUpev dpiov f) dpraxsy Tyuwpy Tis owvapThoews f &1k x —x — 0.

“Av | =0, téTe f) ouvdprnois | koAeiTon pndevien dua X — X, — 0. *Emriong
gls T TepiTTwow, dmou [ = — o Aéyopev kal 6T1 1) owdpTnolS f anepilerar
donTixds dta X —>X, — 0, v eis THv mepimTwo, émou | =+ oo Afyouev o1l
oUTn dneiletar Oetinds dia X —>Xo — 0.

Ilapodeiypatae :

1. ‘H ovvdotnoig 1 pé f(x) = (x + 2)* + VTX__I, xe(—1,0) ovyxdivec da x ——0
X —

7o ov dobudy 4 (— 0 tiberen ouviBes dvtl ToU 0 — 0). Tpdypar® &v Xy, v=12,... elvat
TuyoUoa pndevikh dxolouliar ut x,€(— 1,0) % veN, Exousv

f(x,) = (x, + 2)* + V ’;v’-» (0+2)=+v

I —
% ; x 4)
e ,31{“0( ot +V;;T1) e

. 1
2. "H owdgrnoig f pé 1(x) =—, X€(— 0, 0) drepilerar doynrixds da x — — 0. Tlp&-

0
1-0*

= 4.

yooT
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xy—0
xy < 0 % veN

1 1 ” 1 ol
We>013 vu:un(s):-x—v>*e—->qlv = vy, SnAadn llm(—x—v):+w, &pallm;v-r:r—oo.

"Qoe EBelyfn oT1

Xy =0 o e
x, <0 % veN[ = lim xv=—m,'ﬁ1'c>1x_1’1'£10x =—0

} = M e>0 3 vp=v(e): 0 <—xy <& ¥ vy, =>

3. "H owdgrois T pé 1(x) =~y , Xe(~ 1,1) dretgiterar Bernios a x > 1 —0.

Mpdrypom® &’ dvds pév

x, — 1 1 )
x&(—1L1) ¥ veN} il 7= + o (Biari;),

4o’ Etépou BE
Xy 1
T—xj =xv1_—_xv3 - 1(+w)=+w.

“Apa lim = +0o0.

x+1—0 I —x2

3.3. Ziykhowg cvvaptiiceng Sua X —>X,. "Av fewpriowper plav ouvdp-
mow [ dpiopbvny TolAdyioTov eis v ouvorov Tiis popefis (o, x,) U (X P)s
Tote &' aUThY SUvaTar Tpopavdxs va Spiobf) Téoov 7 Ewoia THs ouykAiloews
8id x X%y + 0 boov kai Sk x —x,—0.

M. B 1(x) = 7, X€(=w, U0, +o0), Exouey

lim i =1k lim —=—1 (diori;)
x—++0 | x+—0 [x]
’Emions &k f(x) = ’_1 , X€(—00 ,1)U (1, +oo) Exouey,

Hm, =2 % i et 2 (Bicrrl;)
w0 X—1 xs1—0 X—1

Eis Ty Tedeutadav TaUTny mepimTwow Tmapatnpoluey 8T

xt—1 . x¥—1

‘i-—_—‘=2= lim =557

lim i
x+1—0

x=+1+0
kol ékppdlouev ToUTo Aéyovtes &1 ) owdpTnois f ué (x) -—% ;
xe( -0, DU(], +o0) ovyrAive: 8i& x — 1 Tpds Tov &pibuoy 2.
Mevikéss, &v f elvon pla ouvdpTnols dpiopévn ToUAdyioTov els &v oUvolov
Tiis poppfis (&, Xp) U (X, B) émou x,eR, 8& Aébywpev émi alrn «ovyxdiver did
X =X, mpoc 10 I» ) &AAws «Telver dud X — X, mpodg o Iy, dmov lERU {—c0 , 40 }
kal 8& cupPolrilwpey ToUTto pg f(x) ——*l i Im f(x) =1 TéTe wai pdvov

X—Pxn

TéTE, &V
lim f(x)= ! = lim f(x).
x—+xp+0 x-rx“——o
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Zuvtdpws :

lim f(x) =1,
xl-glo x) < lim f(x)=10= lim f(x)
leRu { —00, +oo } opa x-+Xg+0 X+Xg—0

T I kohoUpev dptov Ay Gptarny Tuuny Tiis ouvapTioews [ Bik x — X,.

"Av | =0, 161 1) ouwdptnois { koAelTal undevixny dua x —x,. "Emionseis
Ty TepimTwo, émou I =—w Aéyopev kai 611 ) cuvdptnois  dmepilera
dovnTieds Sk X —>X%,, v els THy mepimTwow, &mou I = 4o Aéyopev OTi
alrtn dreilerar Oetinds da X —X,.

IMapadeiyparto :

1. *H owdprnaic 1 pé 1(x) = %—6‘- xe(—o, 2) U (2, +00) ovyxilver Sid

X — 2 mpds tov dgipudy — 1. Tpayuart:
x—5x48 . (x=2P=-3)

e e x—3 % xeR — {2}.
'ANAG ToTE TpokUTrTEl EUkdAws 1 lim (x—3)=—1= lim (x— 3), 5nhads
x—>2+0 x—>2-0
im X=9%+6 __ 1 fim E-9EA6 poniim ETOXES g
x—>2+0 X—2 X—>2—0 xX—2 x—>2 x—2

2.'H ovvdptnows f pé 1(X) = }lz , Xe(—o0, 0)u(0, +00) drepilerar Oetinds dua
x — 0. Tlp&ypat® &v TpdTors Exopev

i‘::OOVvEN} = Xiv -+ (Sati;)
xaléwouévmgj%:%v. -x!:—‘-(-+—oo)(+m)'=+oo, Aot xLiEI+o-):_':+m'
‘Opolews Exouev
10 ] = et
ol tmoubvos 1o =L . L () ()=, v dm L= oo,

» - 1
A 1 —_—=
pa lim o = oo

3R gt il 100 e A

, xe(—o0, 0)u(0, +o0 ) drepilerar doynTixds

Sua X — 0. Tp&ypoaTtr &v TpddTOIs EXOMEV

x,—0 Kye=dl o ewl i 1— = i e
e VEN}:. e (1 XV) (+00)(1 — (+0)) = (+®)(~®) = —»
x-1

Kol Eropévios  lim
x—>+0 X2

=—00.
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‘Opolws Exouey
v—bo v—l ]. ]
x }:.1_= (1—K)—a-(—ao)(l—(—00))=(—°ﬂ)(+°°)=_°°

x, <0 3% veN x4 Xy
: x—1 5 Y
kel Eropévess xLlTn G =—® . "Apa )lcl—n;lo —— =—7.

ZxeTik@ds pe THY oUykAow 81X X —> X, X,ER loyUs 16 dxéhovBor Bagikdv
Becopnue, TO dmolov elvan dvddoyov ToU BewpriuaTtos 1.3.3 ToU &popdovTos Eis
v oUykALow S1& X —> 4 0.

3.3.1 @EQPHMA. "Eotew [ ula ovvdptnow doiouévy odidyotoy eig & ovr-
odov tijc poogisc (6,Xo)U (X0,B), X,ER. “H owvdotnowg [ cvyxdive. dta x— X,
7006 6 L (lERU{ — o0, + 0'}) w16 xal wdvov tdre, dv dua xdbe dxolov-

Biay x,,v=12,... uéx (o, X )u (X,P) V¥ vEN xal x, — X, loydp lim f(x,) =
= 1. Zvvrdumg :
lim f(x) =1,
X=X, ] i (xv ——)‘xﬂ } =y lim r(xv)z l)
leRU{—co0, +w} | X,€(a, XU (X9,B) ¥ vEN

*Anddefs. A) "Eotw lim f(x) = 1. "Ag Bewpriowpey TuyoUcow dxoAou-

x=+Xp
flav x, v=1,2,... & x,6(qx)U(X,p) ¥ veN kal x, >x, Bi& Thy omolav
Biokpivopey Tas k&Twb TPEls TEPITTTWOEIS :

1. *loyder x, < X, 80 v memepaguévor mhijflog dewxrdv. Eis Ty meplmTwow
TOUTNY Slcilﬁlo:ypaqaﬁs TGV Spow Tiis X, v=1,2,. . ., ol &molo1 TAnpoOUY THY oxETW
X, << X, TpokUTTEl pia drorouBia y,, v=1,2,... 8ix THv Omolaw Tpogavdds
ioxUel yv& (X, B) ¥ vEN kad &mi Aoy, Buvdper Tfis mopaTnprioews Tiis § 1.4
ToU kep. IV, yy —x,. "Apq, madn Umerédn lim {(x) = I, loyver lim f(y,) =1,

XXy

10 &moiov, Suvduel Tis alTiis s dvwTépw TapaTnprioews, cuvemdysTal OTI
lim (=) =1L

2. logder x, > X, 60 & memepacuévor miiflog dewwtdv. "Evieddds dvoo-
Yws Tpos THY TTponyovpévny TepiTTwoy ouvdyeTtan kai 86 811 loyver lim f(x,) =
=/ (&mddeilis;).

3. Odbeula tav mepprdocwy 1 7 2 loyder. M Biaypagfis Té&v Spawv Tiis
x,v=1,2,...0lémrolor TAnpolv THy oyxéow X, < X, TpokUTrTe it UroxoAouBia
X, v=1,2,... Thsx,, v=1,2,... 81& T émoiav Tpogawdds ioxler X« ,E(Xo,P)
Y veN kal &l héov Xy, —> X, (1816Tns 2, § 1.4.2 ToU keg. V). "Apa, Eweardi) Ure-
T¢6n lim f(x) =1, ioyve

(4) lim f(x.,) = 1.

‘Opofews S1& Srory pagiis Tév Spwv Tfis X, v= 1,2, . ., ol doiol wAnpolv THY oxETY
X, > x, TwpokUTrTel pla Umakoroublar x,,, v=1,2,. .. Tfis Xy, v=1,2,... Bi&
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Thy omolav ioyve x,.E(q, x,) ¥ veN kol X, 5%, “Apa, Emwadf Umetédn
lim f(x)=1, loxUer xai

K%XD

%) lim f(x, ) =1L
*Avetépw Sieodoopey THY dkohoubiow xy, v = 1,2,... €l &Uo UmaxohouBias
™S T&S Xey, v =1,2,. .. kai X, v=1,2,. .. Bicx 1&g bmoiag ioyUouv &vTioTolyws

al (4) xai (5). *Ex 6w oyéoewv TouTwy &robekvieTan 61 loy el kad lim ix)y=1L
"Qote kol els Tas Tpeis dvwTépw TEpITTTAOELS EBelyfn OT1 lim f(x,) =1,
SnAadh 671 f oyxtois lim f(x) =1 ouvemdyeton TV
x~s-x°

X, —>Xg

© x, (0, Xo)u (X0, B) ¥ veN } = limf(x,)=1

B) *Eorw &1 loyUer 1) (6). Téte alrrn mpogavdds ouveméryeTal &g’ tvos pév

X, %, LW = ' -
XVE(XO, ﬁ) W veN } lim f(x") — l' ﬁTOl xllx:rlj(x) = Ir

d&¢’ Etépou B¢
X, —?Xu . B i i I
x.€(a, xp) ¥ ueN} = limf(x,) =1, fito xlii?ﬁof(") =1

“Apa 1 (6) ouvemdyetan ThY lim {(x) =L

4*, JAIOTHTEE TQN IYTKAINOYEZON ZYNAPTHIEQN

4.1 *Eotwooy 0eRU { —o0, 400 } xai [ pla owwdpTnois dpiouévn TouA&y-
oTov &l v olvorov U(o) Tiis popefis:
(o, o) u(o, B), &v oeR
(o, 40 ), &v o= +o0
(—c0, @), &G 0 =—00.
Elg & Trponyoupeva i8&qiax Exer dpiodi eis Shos Tas TEPITTTAOCELS 1) Evvola
lim f(x) =1, &mou lER U{—o0, +o0 }. To | kehefran ToTE doeov ) Sovaxn) T

Xx—>g
i ovvapricews I Bl&d X — 0.

Q¢ eiBoper #51 7 ouykAiols mds ouvapThgews Bik X —o yapaxkTnpileTat
TévtoTE tk TGV ouykAivoucdy &kohoubidv Tpds TO o kol ToUTO EAAOTE uév E§
dpiouoU (rpPA. .. § 1.2), &\hote Bt Uro Becopnudraov (TrpPA. T.x. Secopfipara
1.3.3 kad 3.3.1).ZxeTikéds loygUer 51’ 8Aas TS TEPITTTAOEIS TO GioAoubov Becopnpa.

4.1.1 OEQPHMA. “H owdotqorg | ovyxdive e X o mpos To |
(leRu { —0 , +o0 }) ToTE *ai pdvoy ToTe, dv bk wdfe axolovfiavx, v=12,...
ut x,€U(o) ¥ veN kol x, — o logip lim f(xy) = . Zwvrdpws :
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lim f(x) =1, e . l
l;ﬁu {—0, 4w }} (xvég(c') W veN } = lim f(x,) = Z) !

*Anddeitic. Bk 0 =+ o, TO Becddpnua ToUTO oupTritTTEl pE TO fecoprpa
1.3.3. "Opoiws koi 81 0 = — o0, T Becdpnuor wéAw loyter (rpPA. § 2.1). Té-
Aos, 81 0eR, 16 Becdpnua oupTriTrTEl PE TO Becdprpa 3.3.1.

Tij Bonbela Tol Becopriuaros TouTou dmobeikviovton elkdAws Kol S1& TS
SUYKAwoUgas cuwapThoels dvdAoyol 1818TnTes Tpds éxelvas Téw dxohoubidv.
Tlpiv Spoos Brarumdocpey kerwTépw Tds B16TNTAS TGV oUYKAIWOUGEY cuvap-
Thoewy Ba dpigwper TpddTov THY Ewolav TS peayuéms owapriscws, T dTola
ouvbeeTan pE THY Ewolav THs ouykhicews ouvapTroews, O Sip1Pdds oupPaiver
kol pé Tas drohouBias (rrpPA. 1816 Tes 3 xad 5 T § 1.3.1., cos Emions kal i816-
™Ta 3 Tiis § 1.4.2 ToU kep. IV).

Mia owéptnois f, ds dvewTépw, kodeitor goayuévy el Ty neptoyty Tob ©
TOTe kal povov TéTE, &v Umdpyn TpeyuaTikds &piBuds 8 ToiolTos, doTe v
foyxun

[f(x) ] <8 ¥ xeU(o).
To 6 xahelten 1T podyua i f els Ty meproylpy ToU o.

TL.x. 7 owdéptnois f pé f(x) =% elvan pparypévn Tooov els THY Teproyfv
ToU +oo, doov kal ToU —co, B16T1 loyUer &g’ &vds piv
[—Hs_l ¥ xe(l, + o),
&¢’ Etépou &t

<1 ¥ xe(—0,—1).

'L
X
“Ouoless alirn elvon pparyubvn kai eis THY meproxfv ToU 2, Sidmi foyver
|%|s 1 ¥ xe(1,2) U2, +).
"AviBETeos aln Bév elvan gporypéi) <l Thy mepioyv Tou 0 (Siarri;).
4.1.2 Avvdper tod Bewpijparos 4.1.1 dmodeveviovrar ai xdrawbe didtyrec

Ty ovyxAivovedy auvagtioewy dmo Ty mpoimdfeaw dmwg af onueoduevar éxi
T@Y dgtaxdy Tipdv modes elvar émrpental.

1. [ goayuévm eic tiy mepioyiy 106 o
lim g(x) =0

X—>0

} - lim f(x)g(x) = 0.

2. lim f(x)=0 <> lim[i(x)| =0 <> lim (- f(x)) =0.
X-—»0O X—»0

X0
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3. limgkx)=0 fs
X—=q = im x) = 0-
HE) < | g | VKEU(U)} S
4. limfix)=1[ = lim|{ s | L1, av leR
;_rfl (X) :?xlfcl (X)I {+CO,&UE=+OO‘F]—CD.
S, lim f(x) =1, leR = I elvar poayuév els vy meoogy Tov o.
X=0c
6. ' Em'ie) =1
X=0 -
lim g(x) =1, l = _I"fu(f(x)Jrg(X)):leg
X=0

7. limi(x) =1,

Pyt ‘ o R = his

AUTn petd Tiis Tpomyoupéins 1816TnTOS 6 CUVETTGyoVTAN Kol TTY
teR, lim i(x) =1,
X=c

neR, lim g(x) =1, ] s Ixii‘:(ff(x) + ng(x)) = &, + Al

EiSikéds Six E =1 kal = — 1, wpokimTal
lim f(x) = |,
X=G .
oy — 1 [ = im0 — e ==k
X=ag
8. limf{(x)=1=+0 Lk, )1 1
Rind] } = ]lm"TG-)—‘ =
I(x) # 0% xelU(o) X3¢

AUTn petd Tiis Tponyouptvns iB16TnTos 7 cuvemdyovTan ked THY
limi(x) =14 #0

X—=+0o

lim g(x) = 4 Bt . b
ek g =& : l“_ﬂ o L

f(x)# 0 ¥ xel/(o)
9. hmilzs)=1

X—+0o
Lifpae) a=d; = hEl
f(x) < g(x) ¥ xeU(o)

10. 1) < h(x) < g(x) ¥ xel(o) :
1\1_1:1 [(x) =1, ]En g(x) =1 } = lim h(x) =1

V1], &v leR

1L lim f(x) ={= lim Vx| = {+°° S it

X=0
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5. AZKHXIEIZ
5.1 "YmohoyioaTte Tas xéTwbh dpraxds Tiuds :

" 1 : X . nu5x

1 | i 2 1 — 1
) sy D Jim B3 g
4)  lim XX $) lm Xtl g gim X+1
x—>-00 X* 4] x—>400 X—1 x>0 X¥—1

5.2 “Ymoloyicate Tds kéTwb oplakds Tipds :

2%t 4 3xe 4 7 . — : o en—
1 1 el v g ol = 2 _
) e 7 2) ,li'fuo (VxxFa—-x) 3 x—ll-Tuo (Y4x* ¥ 5x + 2 — 2x)

4* lim X +7x 5% lim X=X * lim _ XX
) x—>4+00 3x%4 ] ) rﬂw 5xt 41 £ x-ir-rq-lco x4 4+ Bx3 47
* lim 2% 8* Iim X-X 9* lim X=X

x—>+00 X0+ 7 x—>+00 X2 4 2 x—>+00 X+ 2

5.3 "Ymoloyloote Tas ké&TwB Spiakds Tiuds :

1) lim XIMEX im X t2x li 1
) A,y (VR e i 9 s R T )

54 * “Ymodoyloate Tés k&Tebi opraxds Tipds :

D lim X+l o pp ¥ o3 oy X 4 fim XX
) x-]-rEoo 2x+ 4 ) xﬂﬂnx+? ) xﬁ-'fao X442 ) ,ll..me-+3x+4

5.5 ‘YmoloyloaTe Tds k&Twh Oprakds Tipds ;

1) lim X —-2x+4 2) lim X =2x+4
x—>1+40 x—1 x—>1—0 x—1

3) lim 1X-2+x'-3x+42 4) lim |X=2+x*-3x+2
X240 x—-2 x—>2—0 Xx—-2

5 lim X*t2 6) lim X+2
x—>+0  [x|x =0 |x|x

5.6 ‘Opolws UmohoyloaTte Tds dprakds Tipds :

Dim X—% oy pp XHE-3 3) lim X' +3x-4
)x—-v,— X?*—2 ) xl—Tx x-—1 ) xll:ll 2x*—5x+ 3
A =,
4 Jim X =1 oy ouomol dpiBuol) 5) lim 5x*—3 VZx'—4x
=1 xt—1 x>yi X1 —2
& i x* 41 7 . 3x? 4 6x li x?—1
) xino x! ) xl—‘bull x*4+2x 41 % xl—To |)(I
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KEDAAAION VI

ZYNEXEIA ZYNAPTHZEQN
1. H ENNOIA THE EYNEXOYE EYNAPTHIEQE

1.1. Al Becopolpeven kol el TO Trapdy kepdhaiov cuvapTricess elvar GAca

TpayuaTikal ouvapThioels WS TpayuaTikiis peTaPAnTHS.
xt—-1 .
——, & x # 1 orr e
x—1 TapaTnpoUMer OT1

A& Thy owdptnow g pE g(x) ={
0 ,évx=1

lim g(x) =lim S =2 #0=g()

x—%1 x—>1
xq—1. » 1
*AvTiBéTeos B THy ouvdpTnow h pé h(x) = {_x = e Traperrnpol-
2", dxazl
yev 611
lim h(x) = lim X~ =2 = h(1).
x=>1 =1 X—1
y

—

/ 0
Zy. 64

Xy. 63
h elvar ovveync eig 0 1

g elvar aovveyrs eig 1o 1
Elg THv Seutépav TepimTwow Aéyopev &Ti 1) ouvdpTnois h elver ouvexhs els TO
onueiov 1 (ox. 64), &vd es Thy TpdTnY TepiTwow Aéyouey ST 1) owEpTNOIS

g elvon dowvexns sis TO omueiov 1 (ox. 63).

*Emrions, 81 Tés OUVAPTNCES @ kol y WE
x, &vx<0
= | x<0 g vmy= 1
o) = x4+ 1, & x>0 i —, &vx>0
X
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TaparnpoUpey &1 elvon douveyeis eis TO onpeiov 0, dos EugaiveTan elg TaS KOTWTE-.
PUW YEWUETPIKAS TTOPATTAOES QUTEV.

y 4

Sy

Mevikéds Bi& piaw ouvdptnow [ pé mediov Opiouou v BidoTnua A Aéyouey
811 alrn elvon guveysis el 10 onueiov X,ED, TOTE kai pdvov TOTE, &v
lim f(x) = [(x,).
X—+Xg
[apatipnois. “Av TO X, elvan 76 &pioTepdy dkpov ToU SiaoThpaTos A, To-
Te €is ToV dvewTépew dpioudy Bik ToU lim (x) dvwooluev T lim f(x), &G &

X—*Xg x—>xp+0
T4 x, elvan T Bebidv &xpov Tol BiaoTthpearos A, éwoolpey 10 lim Df(x).
o

"Av | ouvdpTnois | elven ouvexhs els kéBe onueiov ToU BiaoThuaTos A,
TdTe Abyopev 8TL altn elvar ovveync eis o A fi &mAds, elvar avvers.

1.1.1 @EQPHMA. ‘H cwvdotnois  elvar ovveyiic eic 0 onueiov X0 zdte
xal udvov Téte, dv da xdbe dxodovdiar x,, v =1,2,. . . pé x,€0 W veN xal Xy—=>X,
ioydee im f(x,) = f(x,). Zwrdpws :

Xy—>X,

f ovveyric el 10 X,EA <= (
o ! x, A ¥ veN

} = Tim f(x.,):f(xo))

> Anddeific. "EE dpiopol, T 611 ) [ elven ouveys els T x,€A onuaive &T1
lim f(x) = f(x,) ToUTo &AW, & T x, slven &kpov ToU SiaoTrparos A, on-
X_"X.o

uadver, & dpropol, &1 (pPA. § 3.1 kai § 3.2 ToU kep. V).
X =X
1 ! ¥ = i =
¢Y) EEL ueN} lim f(x,) = f(x,)-

Eis v Teplmwroo, mou Té onpeiov x,eA Sév elven dxpov TolU SraoTnpotos A,
Tée f) looBuvauia Tiis oxéoews lim f(x) = f(x,) xad THs (1) ouvéyetan & ToU
X_“Xn ’

Becwpriparos 3.3.1 ToU keg. V.
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Iopadeiypota :

1. Kdfle orafega ovvdotnow elvar avveyns (Siarl;),

2. "H ovvdprnows { pd {(x) = x elvar ovveyijs. Tpdypatt
x,>X%s > [(xy) =%, = xp=1(x,).
"Apa lim f(x) = f(x,) kal ToUTo Bi1&x k&Be X,
X=X,
3. “H avvdprnow 1 pé [(x) = ax® (x puowxds dobuds) elvar avveyrc. TphypaTt
X, —+Xo = I(x,) = ax,* = ax,* = f(x,) (Breri;)

"Apa lim f(x) = f(x,) xal ToUTO Bi1x Kdbe X,.

X+ Xo

4. “H awvagrnow [ pé [(x) = | x | elvar oovegns. Tlphypor kard v 18161 1 TéW
ouykAivougdv Groloubitv (§1.4.2 ToU kep. IV) Exopev
X, =X, = | X, |—=|%,] = f(x,)—1(x,).

“Apa lim f(x) = [(x,) kal ToUTo Bidx Kdbe X,.
X-+Xg

1.2. "Idwdtnteg tdv ovveydv ocuvaptiicewv. Els T& kaTwTépw BewpriuaTa
SiSovren pepikal Paocikal 1816TnTEs TV ouvexdy cuvapThioew.

1.2.1 @EQPHMA “Eotwoay | xal g owapmijoec ué xowdy medlov dpi-
ouod & ddotnua A. "Av ai [ xai g elvar ovveyeic ovvaptijaeis, Tdre téoov 16 dpor-
opa [+ g Soov xai 16 ywduevoy Ig avtan elvar ovveyeis ovwaptijoes. "Av 8¢ il
midov g(x) = 0 V' x€A, 1dre xal 10 mnlixov % elvar ovveyns ovvdpTnas.

"Anoddeiig. "Emreidn oi ouvapTnoes | xal g elven ouveyeis €is 1o TUoY on-
ueiov x, ToU SiaoTruaros A, 8& ioyin

lim f(x) = [(x,) xai lim g(x) = g(x,)-

X-+Xj x—>Xq
‘Emoptves 81 iy Tuyoloav dxohoubiav x,, v=1,2,... ut x,A W veN kol
X, >X, & foyin

@ lim £x,) = f(x,) xod lim g(x,) = g(x,),
&pat
Iim (f(x,) 4+ g(x.)) = f(x,) + g(x,) xad lim f(x )g(x,) = f(x,)g(x,).
"QoTe &Beiyfn o1

o en] = ) = 1) R > 1050+ x)= (O
X,
Ceh v e = (D00 = 18 > Hx0)ECxe) = (B)x)
&pa, Suvduer Tou Bewptiparos 1.1.1, mpokUmTel éT1 «f ouvaptioes  + g kai

fg elven ouveyeis eis 16 x, kai ToUTo Bik K&de XEA.
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"Av Thpa Umodiowuey kai g(x) # 0 ¥ xeA, ToTe, & Tiis (2) xai ToU &mi
mpopawéys g(x,) # 0 ¥ veN, mpokUmTer &Ti

f(x,) _ _1(x0)

e gx,) ~ g’

fitot 611

Xy =Xy A _ fxy) fxo) _ (L

x €A vveN} () @) =53 > 300 = (7)o
oméTe, Buvdpel Tou Bewpripatos 1.1.1, mwpokiTrTel 11 kel 1 cruvdrp'rnms — elvet
ouveynis eis TO x, ko TouTo B1x kdBe x,EA.

"Egappor. “Qs pia &mAn Epappoyty ToU BewpriuaTos ToUTou TpokiTTEl 71
k&be ToAUoVUHIKT ourdpTn OIS Elvan ouvey s, dis dBpolopa poveovipwy cUVapTHGEWY,
ai omoian, s eidopev eis TO Tapdderypa 3, elvan ouvexels ouvapTtroes. Erions
xkai af pnral ouvapTicers elvan ouvexeis ouvapTicess, 5161 pia pnTH ouvdpTnals
elvar TTAiKov TTOAVWVULIKGY ouvapThoewy, BnAadn CuvEXEY oUVPTHOEWY.

1.2.2 @EQPHMA. “Eorwoay al ovvagtijoes g : Al—> A xai {: A |—>R,

drov A xal A elva draotijuara. Tére, dg yvwotdy, dplletar ) otvlieog h = ’g
avt@v e Tod Timov h(x) = (g(x)), xEA xai pdiiora ioyve

[ ovveyns

i } = fog ovveypjc.
g ovveyng

*Anddeikig. "Eotwoay onueiov X,e4A kai x,, v = 1,2,. .. TuxoUoa dkohoubia
uEx €A WV veN kal x, —>x,: Tdte, dmadn 1 owdptnois g elvan ouvexns, EXopey
lim g(x,) = g(x,). ’Emions, Adyw Tfis ouvexelas Tiis f, Exouev 6T

lim g(x,) = g(x,) = lim f(g(x,)) = 1(g(x,))-

"Qoe 8eiybn 61 & f kol g elven ouveyeis ocuvapThoers, TOTE

X, > X,
x .60 ¥ veN

dnAadn 61 f) olvbeois h = fog Tév g xal f elvon ouvexs els TO onueiov x, Kad
ToUTo B1&f KB Xx,EA.

= lim h(x,) = h(x,),

Znuelwois. “H ouvBeois h=fog Suvarov va elvan ouveyns, Xwpis ai ouvap-
Thoes g kai f vé elven ouvexels. OlTw Sic:

x+1, & x<0
X, v x>0

&v x<0

g()—{

Eyopev h(x)=f (g(x))=x+ 1, (Brari;) SnAadn 1) oUvbeois h=fog Tév douvex®dv
ocuvaptnoewy g kol f elvan ouvexfs ouvdpTnois.

Kkai f(x) = {

x+1, & x>0
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% A ‘/sn
s I
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Mepadeiypara :

1. “H owvdgtnow h pé h(x) = Ya? —x? (a Oerexds apifuds) elvar ovveyric. ToUTto Trpo™
KUTTTEL EUKGAWS ¢k ToU dvaTépw Bewphiuaros 1.2.2, ka® doov 1) owépTnois h SivaTta v Beco-
pnei] s oUvBeois BUo ouvapTroewy g kal f pt g(x) = — X!, —a < X < « kal I(x)=vx,
0 < x< 4o, o dmolen elven ouveyels (Biati;).

8 . -——
2. “H ovvdgrnowc h pé h(x) = V:_::i : elvar guveys. Tipdypam 1) owépTnois h 50-

3 B
vatan v& BewpnBij s olvBeais SUo ouvaptiioewy g kal f pé g(x) = ;—ii kal f(x) = Vx,

al omolar elvar ouvexeis (Biai;).

2. Al TPITQNOMETPIKAI EYNAPTHEZEIZ

2.1 "H ovvaptnoig fpitovev slvar ouverhs. Qs YvwoTov €k Tiis Tprywvo-
uetplas foyver &’ &vds piv & TUTOS

MUK — Nux, = 2 qp 25X ouy X X0

&o’ Erépou B¢
[nut] < |t|fwal |owt| <1 % teR.

‘Emrouévars 8& Exwpuev
—x,

3 Iﬂu!C—nuXuE=2|nu =

X + X,
IU‘UV 3

"Av Tdpa x,, v=1,2,... elvan Tuxoloa dxoAouBia TrperyparTikdY apibudv pé
X, —>X,, To1e f) (3) Bi8a
| nux, —nuxy | < | x, —x, |0,

fitor nux, —nux, -0, SnAadh lim nux, = nux,.

“Qoe EBeixdn Om1 x, —>x, = lim nux, = nux, kod TolTo Bk Kéde X,, fiTO!L
&1 f) owdptnois nu elvon cuveyts.

"As ueAeTHOWEY TOPA THY cuvpTnow fuiTovov. Al adthv elvon YVwoTdy
& Tfis TprywvopeTplas 611 elvan megiodixn ué ngpiodoy 21, Snhabdny ioyuel

nuEx 4 2m) =nux ¥ xeR.

"Aprel Emopéveos v peheThicwpey TadTny els & Sidotnua pfkous 21 Y. &ls TO
Sidornpa [ -, ). *H peraPord) T ouvEXOUs ouvapToews MU els TO SidoTnua
[—, ] 8ibeTon els TOV kéTwh Trivaxe

ez IEsRl h o,
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|

=

|
uwlﬂ_

g s

—o—|— o—

\
G
2
|
1

=

nux‘{o\‘— A A

Ex Tou Trivakos TouTou épgaiveTan 6T els TO omnupeiov — % 1 ouvapTnols MK

3 3T
2
otov foov pé 1. Mevikéds alrn apouoidler els Ta onpeia 2kT — ZE’ k=0,4+1,4-2,...

Trapovoidlel EAayioTov foov pg — 1, &vdd els TO onpeiov TapOVTIalel  HEYI-

E\ayroTov foov pt —1 kai els T& onpeia 2k +12—T, k=0,+1, 42,... péyroTov i-
cov pé 1.

Zy. 65 y = nux.
2.2 ‘H ouvaptnoig ovvmpitovov eivar ocuvvexnc. ‘Qs yvwoTtdv & Tiis Tpi-
ywvopeTpioas ioyUel
@ ouvx = nu(% - x) Y xeR
kol Emopéveos fy ouvdpTnotls ouvnuitovor dlvatar va Becopnbi s olvBedis Tév
oure&v ouvapTnoewy g uE g(x) = % — X ki Ny, T doiov, Suvdpel ToU Beco-

phuaros 1.2.2, ouvemdyeton THY ocuvéyxelay Tis CUVOPTNOEWS OUV.
‘H ouvdpTnaois ouvnuitovor elval epiodikn pt epioBov 21 g ToUTo oUVS-
yetau & ToU TUTTOU (4) &k ToU dtrolou TrpokUTrTel ked 6 k&Toob Tival peTaPoAfis

aUTis £ls 16 SidoTnua [-— ‘;, 37“]

| | |
X —% 0 lzT‘ kis 3—;
| | \
| | | |
auv 0 1 0 -1 0
P A, ) o o
y
A, A I B g
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‘H ouvdptnois ouvnpitovov Tapoucialer gis TO onueiov 0 puéyioTov ioov
pg 1, &v® els 1O onueicn T EAdyioTov foov pé — 1. Mevikéds altn Tapoucidder is
T onueio 2k, k =0, 4 1, 4 2,... péyioTov Toov pé 1 xai el T& onueia
(Cx+ I)w, k=0, 4+ 1, 4+ 2,... #&yoTov foov pt — 1.

2.3 'H ovvapinoig Zgantopévn eivan ovveyig. ‘H owdptnois ep dpileTan,
neX
auvx

66 yvwaToy, UTO ToU TUTTOU X = kai Exer mebiov SpiopolU TO oUvolov
TV TpaypaTIKGY &pifudy Etaipéoel TédY pilédv TTis cuvapTioews ouv, SnAadh
TGOV &p1Buddv k-t %, k=0, + 1,4+ 2,... ‘H owdptnois ep s TnAikov
ouvex & cuvapThoewy eivar, Suvdpe TolU Becopriuaros 1.2.1, cuvexns els kdBe Bi&-
oTnua Tfis popeiis (K‘IT + %, (x + D+ %), k=0,4+ 1,4+ 2,... Ak Ty
owdpTnow TaUtny ioxlel dx yvwoTdv

ep(x + ) = epx V¥ X # KT + %, k=041, 4+2,...
kal éropéveos dpkel va THY pedeTniowpey els T SidoTnua (— —721, %)

B s i o e attovsa gy (-5, X Mod
av C!QT?]O'[C q) Eval Yynoiwg avgovoa Ey “2-, ? . pO{YHQT1 C’((‘P

. ¢ 4 ™ i 5 kg S L o«
&vos pév Exoupsv T X O,ﬁf— kaiowv Y | O, -5~ )» T& OToia ouveTdyovTan 61

0 < nux
ng1<x2<i2r-::’[ THX; < MUX,

0 < owx, < cruvxl} e

fiTor 611 ep X [0, %) , &g ETépou 8¢, Emreibh) 1) e elvon TepITTR oUVdpTNOIS,
SnAadn loxUst epx = —ep(—x), Exouev

—% <5< 020 —x,<-x < % = e9(—X,) < ep(—x,) =
EPX; < EQX, TfiToL £¢ 1 (-—%, 0 J s

‘Emions 8k Ty owdptnow ep loylouv

lim epx =+ kal lim epx = — 0 l

n n
X+ —0 X<p— —2—+0 ‘

MpdryuaTr &v mpcoTols Exopey

Xv—»—; cuvx.,»o*uv%:O
™ ™ o =
—-2-<xv<7‘v’ueN owx, > 0% veN

(’v’&>03v9=vo(£):0<wvxv<e Mow 2\).,)::-
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1 -

e 2 —_ 1
(v >0 3 v=v@: o > Y3 v(,) £ D
“Qore Aormdy ioyler
™ ™
X, >3 X, *>-n|.1?:1
™ ™ MveN i 1 .
= <X, <? ve W“‘) + o0
1 » o .
X, =Muxy - — >1-(+ @)=+, fito én lim epx = +ow.
2 X+ 7; —= 1)
‘Opolws &moBeikvleTan kol T é11 lim EPX = — O .
X=p— 12',4.()
| | .y‘ 1 I
i | ! 1
! Iy H It
| |t 1 i
| I ! I
i w :
: fi i i j’ 1
: g I /
i / i /I
an! . 7 n | / 37T
Ty i) 0 I8 s 2
| L T
" ’ 7 &

I
|
'
1
|
]
I
I
I
7 1
1
I
I
1
I
|
1

Zy. 67 y = egx.

2.4 "H cvvaptneig cuvvegantopivy elvar ovvexfg. ‘H owapTnols o Opi-
{eTon, ¢ yvwoTédy, Umd TolU TUTMOU OPX = % kai Exel Tebiov Spiopol TO
oUvohov TGV TporypaTIKGY &piBudv Eaupéoel TGV pIlév THs ouvapThoews nu,
&nAadn TV &piBudv km, k=0, + 1, +2,... H ouvdpTnaols o@ s TrnAikoy
ouvexdv ouvapThioewy elval, Suvduer ToU BewpfipoTos 1.2.1, ouvexfs els wdde
SiaoTnua Tis popeils (xkm, (k+ 1)m), k=0, + 1, + 2,... Ak Thv guvapTN-
ow TauTny ioxUer ds yvwoTdy

op(xX+ M) =opx ¥ x #km, k=0,+ 1,4+ 2,...
Kai Eropéveos dpkel v pedetnOf) alTn els TO BidoTnua (0, ). Elven &mrions yvew-
oTov &k Tiis TprywvopeTpias &t foylel & TUmos

opX = ECP(%£ -—X),

& émolos pas emiTpémer v& peAeTiowpey THY o oTnpilduevor &l Téw TUPTTEPO-
oudTwv Tiis Tponyoupéns Topaypdpou. OUTw Y. | o, s oUWdeals s

yvnoiws ebwolons ouvaptrioews g pé g(x) = -g—‘—x, xe(0, ™) kol THs yvn-

8
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oiws avtovons év —%, -121) ouvapTnoews e, €fvan, kaTd TO fecopnpa 1.2.1

Tou keg. lll, yvnoiws gbivovoa &v (0, ). ‘Emions mapaTnpoluer 611

lim opx =+ 0
X—>+0

kal lim opx = —o0
X~>n—0

MpdyuaTy &g’ tvds pév

x,—>0

0 < Xy <-me WV veEN

4@’ ETégou B¢

™ ™

- R g
™

™ m
o <7—Xv<~2-\7‘"EN } = Tim &

lim epx = +oo
x..,.;i —0

“QoTe Beixfn oM

xy—>0
0<x,<m™ ¥ veN
‘Ouoiws &moBeikvieTan kal 811 lim 0px = —e0.
X=>n—0
Yy

i

q)(; —X,) =400 = lim opx, = +00.

} = lim ogx, = +o0, fiTol 671 lim 0px = 0.

X-++0

Zy. 68 y=o9x

3. H EKOETIKH KAI H AOTAPI®MIKH LYNAPTHEIE

3.1 "H &xBenikf) ovvapnows. Qs yvwotdy kdbe mpayuaTikds dpiBuds x Exel
ulaw BekaBikfy TapAoTATIV X=\,, Y1 Yy - . Y.

114
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BuOs Kal Wy, Wa,... Wy, . . elvon ynola, 5nAabt drépaior &pifpol pt 0<y, <S W veN.
H dxohoubiar r, =y, Wy Wy - - Wy, =1, 2,. . . elven pier atiovoa dxohoubia prytév
&pi1Bucdv, 1) dtroia ouykAivel Tpods TOV TparyuarTikdY SpiBudy x, 81611 elvan pporypé-
vn. ‘s yvwoTodv, foyle
®) Yo vgWot+l % veN.
"Av Bewpricwpey Twpa kol Eva BeTikov &pibudy a1, ToTe, Emadn 1§ Evvolx
T Buvdpecs alTol ut ékBeTny prTdv &prBudy elvan yvwoTr, dpileTan i dxorouBia
Bt date Lo B o o
f) émoia pdhioTa elvan yvnolws abfouoca kai émi TAtov paryuéun, BiéTI, Adyw
kai Tfis (5), loyuel
a% < a'v g awt! ¥ veN.
‘Emropéveos katd 16 &Elwpa Tiis§ 1.4.3 Tou ke. 1V, ) dxohoubia a” , v=I, 2,
... OUYKAivel TTpos TrpaypaTikov &piBpdy, Tév bmoiov TapioTduey Pt a¥, fiTot
opilopev
a* = lim a™.
Thv dvwTépw Evvoiav Tfis Suvduews &piBuol a>1 pt BTNy TpaypaTIKOY
&p1Bpdy émexTeivopev ki Sid O<a<l épilovres g xkdTwh:
Ma a=1:  1x=]

1 X
Ak O<a<l: ax=1/(—)
a

"Exfeviny (exponential) ovvdotnow ué Pdon tov Ostiedy dolfudy a xa-
Aouuev Tapa ThHY ouvdptnow Thv épifoptvny UTd ToU TUmou y=a¥. TaUTny
ouupolifopev ut exp,, fitol exps (x)=a*. THv Tfv exp, (X) ypdgouev &mAovU-
oTepov kai exp, X. EiSikdds v kBeTikfiv ouvdprnow ut Paov Tov &pifpdy e
(§ 1.4.3, keq. 1V), BnAadn THv ouvdpTnaoty expe oupPolilopev &mhoUsTepov ué
exp kal kahoupey TaUTny &mAGS &xdetueny ouvvdprnow.

"Ex ToU dpiopol Tfis &kBeTikfis ouvapTroEws expy TPOKUTITEL EUKOAWS ET1
abTn £xet Tediov dpiouol Té cUvodov R TéY TpaypaTIkGY &piBuddv Kai AapPéver
Tipds eis TO oUvorov R+ TGV BeTikédv apiBudd, omoTe foyver

a*>0 » xeR.

‘H ékBeticd) ouvdpTnols exp, Exa Tds k&Twb iBi1dTnTAS:

L. "H ovvdprnow; exp, clvaw povérovos xai pdiora b a>1 pwmoiws ab-
fovoa, év@ da 0 <a < | ymaios ghivovoa.

*Anddeidic. Mk a=1 f) ouvpTnOIS €Xp, CURTITITE Ut THY oTaBepdy cuvdpTn-
1 kai elvan mpogavdss wovéTovos. Aik a-£1 Bewpolpev Tuxdvras TPy HOTIKOUS
&piBuovs x, y ut x<y, dmdte, € dpiopol Tiis exp,, Eyopev

a¥*=lim a%" xai a¥=1lim a»
émou u,, v=I, 2,... xkai v, v=I, 2,... elvon &xohoubian pnTdV &pifBuddv pe
limu,=x xai limv,=y.
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’ExAéyouev Topa SUo pnToUs &pifuols z, w e
X< T WY
OmoTe eUkdAws guvdyeTal OT1 UTdpyel SelkTng n ToloUTos, GoTe v& {oyun
W<Z< W<V, ¢ v=n n+l,...
*Apa, tmeldn T4 u, z, w, v, elven pnToi apibuol, ds yvwoTov, B loyin
a<al<aV<a%, &v a>1
f
av>at>a“>a%, d&v O<a<l
Si1x k&Pe v=n, n-+1,... ‘Emopéves S1& pév a>1 Exouev
a*=limaV g a* < a¥ < lima“’=aYy
i 8¢ O<a<l
a*=lima™w > a*>a“ > lima®=a",
2. "Av z,, v=1, 2,... elvar wvyotoa undevixy dxoiovlia, tdre
lim a*=1.
*Anddesérs. 'EE Opiopou Bix O<a<l Eyopev

av=1 /(i)zv, &1rou —1— =
a o

To dtroiov anuaivel 61 &pkel va Beix8ij A wpos &wodeifiv i8i1éTns eis THv mepiTTeo-
ow, émou a = 1. “Ymobéropey dorrov 611 a > 1 xai fecopouney TuyovTa BeTikdY
dp1fudv g, émoTe, Ereidny lim Ya =1 (CEqopuoyn 2 Tfis § 1.4, kep. IV), Umrdpye
Quaikos &piBuds k ToloUTOs, GoTE va foyun:

1

by (2l nE i Y oa— A—l>—e
ax —l= Vs —1] <e kai a7 ¥ ] ?3
"Emiong, &mweidn lim z,= 0, Umdpyer puoikds &piBuds n ToloUTos, doTe Sk
k&be SelxTny v pé v>n va foxin
1

1
—_—— LZ,< —
K K

kai émopévess, Adyw ToU &Ti f) ouvdpTnals exp, elvar (yvnoiws) abfovod, ba
foxun xkai
1 1
a~ K <at<a K,
"Apa Biax k&Be Quoikdv dpifudv v pt v>n loyue
1 1
—eg<a kK —l<a® —l<a ® —l<e

Kai ETopéves

|az —1 | <e
16 omoiov onuaiver éi lima®= 1.
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3. A ndfe mpayparindy dplbucy X xai rvyovoay dxolovliay pyrdv dpbudv
u,, v=1, 2,... ué limu,=x ioydet
a¥*= limav,
*Anddeitic. Eis Thy mepimTwo a= 1 1) dvwTtépw i816Tns elvon pogawvs.
D& a>1 Becopoupev kai THv dkorouBiav r,, v=1, 2,... ToU 6piopuol Tijs Buvduews
aX. Tlpogavéss, Emwelbfh Ta u,, r, elvar pntol &piBuol,” loyiel
alv— gv—Iv.grv
dmou lim (u, — r,)=limu, — lim r,=x — x=0. "Apa, Buvauer Tfis TponyoUpé-
vns iB1dTnTos 2, . loyvel
lim auw—rv=]
Kol émrouéveos
lima® = (lima™™) (lima™)=1 ax=ax,

Téhos Bix 0< a< 1, Exouev —1— >1 kai émwopéves
a

1 1

lim a= e =i
lim (—)
a

4. Awa moydvras mpayparmods dpfuods X, ¥ ioyie
%, av=g*t¥,

*Anddeibig. Gewpoluev BUo dxoloubias pnTédv &piBpdv u, v=I, 2,...
kal v, v=I1, 2,... p¢
limu,=x kai limu,=y.
“Exouev ToTE
al a% —awitw g ye N
kol Emougvews Suvduer Tiis Trponyoupéuns iBiéTnTos 3, AauPdvopey
a* a¥= (lima") (lima®")=Ilim (a% a")=lima®‘" = ax1y
&1om lim (u, +v,)=limu, +limv,=x+}y.

5. “H ovvdgrnow expa elvar avveyijs.

*Anddeiéis. OewpoUpey TUXOVTA TTPaY BXTIKOY &p1Bpov X kal Tuyouoay dko-
Aoubiav x,, v=I1, 2,... ¢ lim x,=x,. Auvduer Tfis Tponyouuévns iSidéTnTos 4,
ExOMEY ¥

a¥v=—ga (—Xo)+Xo — g¥v—Xu g% ¥ pe N
ko dropéveos, emeldn lim (x, — x,) =0, Suvduer Tiis iSi16TnTOS 2, AauPdvope
lim a*= (lim a*—%¢) a%=1]1.a% =3a%
TO dmrolov onpaivel 8T fi ouvdpTNaIS exp, elval ouveyRs s TOV TuXdVTA TRy LOa-
TiKOv Gpi1Bpdv X,
6. Awa Tvybvrac mpayparixots Gplfuovs X, y loydet
(a*)¥=axy,
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"Amddeitic. Oewpolper SUo dxooubias pPNTGY apBpdY u, v=I1, 2,... kai

W =l 2 ve B
limu,=x kai limu,=y,
"Av r elvar Tuxov pnTods dpifuds, TéTE & Excopey
(au\«)rzauvr V VE.N
kol Emopéves, Adye Tiis ouvexeias TGV OUVXPTACE®Y exp, kad f pé f(x)=xr,
Aappévopev
(ax)r= (Hm a“‘)‘: lim (auv)rz lim auvr = g lim (uvr) — gxr
fiTol
(a%)r = axr,
"Apa ioyver kal
(ax)""z a'.(u\. V UEN
OmoTE, XpNoluoToIOUVTES TTEAIY TNV CUVEXEIQY TiiS €XpPa, TEAIKGS ActuPdvopev
(a*)¥=Ilim (a¥)’»=lim a*“y= alim (X — gxy
7. "Av a> 1, tdre loybe
lim a*=+4o00 xai lim ax=0.
X—+®m X——wx

" Anddeitis. Oewpolpev Tuxoucav dkohoubiav x,, v=1, 2,. .. ut lim Xy=-+ oo
kol TUXOvTa BeTikdv &piBudy e. "Emedn 1) dxohoubia av, v=1, 2,. . . 5tv elvau Ppo-
yuHévn, Umdpyer Seiktng K ué 1

a*> —.
€

"Emions, & Tfis lim x,=+ o TpokUrrTer 811 Umdpyer Seiktng n ToloUTos,

doTte v& ioyin
e 2k ¥v=n n+l, ...
Kai Eroptves, Emeidn 1) ouvdpTnaois exp, elvan (yvnoiws) adfousa B elve:
a“;a“>—l W v=n n+1, ...
3
"Emerdf) 16 ¢ elven Tuydv, 8% foxun Aormov

lim a*¥= 4 o0

kai Emoutvess, Emeldh kol f x,, v=1, 2,... elvau TuxoUoa dkohoubia pé lim x,
=+, B8& loyun
lim a¥=+4o0.
X=4+xm
TTpos &mréderiv Tiis lim ax=0, Becwpolpev TuxoUoav droroubiav x,, v=1,2,..
X—»—w
ME lim xy=—o0, OméTE ExOUEV
lim x,=—o0 =>lim (—x,)=+49 = lim a="=1} o
Kol ETropéveas 1 1
lim a*¥=lim X jao - = = 0.
i lim a=* | oo
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"Qote Bi1& TuyoUcav dkolouBiav x,, v=I1, 2,... p¢ lim X,= — 00 ioyla
lim a»¥=0, 76 émoiov onuaiver &Ti
lim a*=0.

X=p—a
8. "Av 0 <a< 1, rdre loyde

lima*=0 xal lima*=-| 0.
X—>+w® X—+—xn

*Anddeckic. "Exopev l > 1 kai &mweidn ¢€ dpropou
a

= /()

Suvaper Tfis mponyoupévns iBidTnTos 7, AapPdvopev

lima*= - = = 1 = 0.
X=> 4 1on i + o0
X=>+wm a
Tpds &mdBeifiv Tfis lim a*= oo, Bewopoluev TuyoUcav dxoloubiav x,,
X —>—00
v=1, 2,... pelim x, = — oo kai TUXOVTA BeTikOV &pi1BpdY €. "Emreidhy # dxoAou-

Bl a¥, v=1, 2,... elvan pndevikn) (fpopuoyn 2 Tiis § 1.3, kep. IV), Umépye
BelkTng k  pé

S

‘Emiong, & Tfis lim x,= — o0 TpokUmTel 811 Umdpyel SeikTng n TololTos
doTe va foyun
X, £—K % v=n, n+1,...
kai émopéveag, Emeidn f) ocuvdpTnols expa elvar (yvnoiws) efivouod,
axv > er":—1 > __lk W v=mn, n+1, ..
€

aK

Emeidf 1o & elvan Tuydw, B& ioyxUn Aormodv
lima¥ = 4 oo
kol Emopévess, émadn kal ) x,, v=1,2,... elvan Tuyouox dxoloulia pé
lim x, = — o0, 8& ioyUn
lima* = 4 oo,
X=»—x
‘H ueAéTn Tiis ouvexols ouvapTrioews exp, TTaPEXETA Pagikdds eis TOV K&Too-
01 mivaxe, f) 88 yewperpicn Eppnvela Tns els T& kaTwTEpWw oyxfuaTa 69,70

e | exp, ¥, lim a*=+ 0 xai lim a*=0
X400 x——00

a=1 exp, otafega lom ué 1

O<a<l1|exps 3, lima*=20 xai lima*=+o0
X § GO x— - 00
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Eifixdds, émeibn e>1, f tkBeixd) ouvdpTnois elvan yinoiws abifouoa ouvdp-
TNOIS ME

lim eX*=+ oo kai Jim e*=0. (ox. 71)
X=>}® X——m
d
9
1 1
0 * 0 % W x
Zx. 69 y=a% a>1 Zy. 70 y=a% 0<a<l D Tl y=¢

"Ex v dvwTépw oynudTov kal ToU ouvotrTiked Trivakos Tis cupTepipopds
TTi§ TUVEXOUS OUVOPTNOEWS €XPa TTAPAOTATIKGS TROKUTTEL OT1 TO Teblov TIpGdv
TauTns elvai GASkANpov TO cUvorov R+ T&V Betikév &piBpddv, SnAadh
R (expa) = R+,

3.2 "H royapiOuiki) suvaprnoig. "Qs eidopey dvawépw 1 EkBeTikn ouvdpTnals
expa 81& a1 elven yvnoiws povéTovos kal Emopéveas (Bewpnua 1.3.1 ToU keg. lIl)
Utépyer i dvtioTpogos TaUTns fi dmoia kaAeitan Aoypdolfuoc de mpds Pdoww
Tov dpibuoy a kol oupPoriletan pé logs. “H ouvdpTnals log, Exer meblov dpiouol
TO mebiov TIpGV Tis ouvdpTHoEWS exp,, SnAadf TO ouvodov R+ THV BeTikéddv
ap1Buddy, kai mediov Tiudy TS Tediov SpiopoU Tiis exp,, SnAadh TO cUvoAov
R 1év mpoaypaTik®dy &pibuddv. Zuykekpipévws loyUel

@ (logy) = R+ kai 4 (logy) = R.

Thv Twnv loga (x) ypdgouev amholoTepov kal logs x. 'Ex ToU &piopoU

Tfis Aoyoapiofuixiis cuvapTroews TPOKUTTTEL &uéows &T1
y = logx <> a¥=x.

‘Eme1dn) a’=1 kai al = a, éxopev T&s EEfjs dEl0omUEICITOUS TINGS THS CUVAPTT)-
oews loga:

(6) loga 1=0 kail loga a=1 (a#1)

Eidikéds N ouvdpTtnots loge xaeitan guoixic Aoydofuos kai oupPorileTan
amAovoTepov pE log.

‘H ouvdpTtnois log,, ds dvrtioTpogos yunoiws povoTdvou ouvapTrhoews,
elvan émlons yvnoiws povéTtovos kol pdhioTa &1 a > 1 elvan ymoiwe atéovoa,
tv®d Bix 0<a<l elvan pwmoios ghivovoa (Becdpnua 1.3.1 ToU keg. HI). *Emrions,
T0 Bidypapua Tiis ouvapTiioews log, elvar ouppeTpikdy, ds Tpds THY BixoToUOV
Tfs TPATNS yewvias TGV &févwv, ToU BiaydppaTos Tig expa. H yEwuETpIKN
tpunveic Tfis AoyapiBuikfis cuvapThoews TopéxeTon eis TA kdTwh oyfuaTa
72, 73 kai 74 (6mou mapioTatan ) logx).
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Zy. 72 y=logax, a >1 Zy. 73 y=logax, 0<a<1 Zy. 74 y=logx

, oy : ; S : i e,
Ex T&v dvwrépw pokimTel elkdAws kai & k&Twh cuvotrTikds Tivaf Pa-
owk&@y iBloThTwy THs &kBeTikfis ouvapToews.

a>al l log, *, limlog,x =+ 0 ®ai lim log,x =—
x4 x—++0

0<a< 1| log, ¥,limlog.x =—c xal lim log.x =+ o
X=¢ -+ x=+40

EiBikdds, émeldn) ex1, & quoikds .Aoydpifuos elvan yvnoiws abfovoa ocuvap-

TNOIS ME ) .
lim logx =+ «kai limlogx = — co.
X=p+w X=—++0

’Ex ToU épiouol THis AoyapiBuikiis ocuvapTrigews log,, s dvTioTpogou Tiis
exp,, TrpokUTrTOUV &pécws kal of TuToL:
g 198 =X kal logaa*=x
elBikdds B¢,
elosr — x kol logeX=x.
’Emrions f AoyapiBuikny ouvdpTnais Exel kal Tas kdTw iS16TnTOS:
1. A Toydvras Betizodc dpbuods X, y ioyie

log, xy = logax + log,y
*Anddeéic. "Exopev g 5 *

a l0gXY — xy—a 198a% 3 108y — 3 logyx + loggy
kai SeSoptvou 8T1 aFEl, 7 ExBeTikf) ouvdpTnols exp, elval yvnoiws povdéTovos,
&pa &ugipovooniuavrtos, OTOTE AcuPavouev
logaxy = logax +loguy .
2. A roydvrac Oevixovs dpbuots X,y ioyve
log, %:Aoyax —log, y.
*Anddekic. Auvdper Tijs TTponyoupévns iBioTnTos 1, Exouev
loga x =logy =~ y = loga — + log,y.
Kol - éropévos
logy — = loga x —loga .
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3. Aid roydvras meaypatixove dpifuotc X, y ué x >0 loydes
log, x¥=y log, x
*Anddebiz. “Eyouev
Y a logax¥— yy — [a logax] ¥ — ay logax
Kol Emropévas
logax¥=1y log,x.
4. ’loyder 6 témog
(7) aX — exloga.
*Amnddeikis. “Exopev
a¥s— (eloga)x.:exluga
5. *loyder 6 Timoc
(8) log, x = i,
loga
Andderbic. Auvdper s dvwTépw i816TnTOS 3, ExOuEv
log x=log al®a* = (log,x) (log a)
Kol ETTOUEVES

3.3 "ALwonpeintor idbtntes. O& cupTAnpwowuer ErTaUfa T CUUTTEPG-
ouarta Tév ponyouutvwy §§ 3.1 kai 3.2 S1& TGV k&Twh &€loonueicdtwv i81oTn-
TWV TV OUVAPTHOEWY exp, kal log,.

L. Awr xdBe mpayparinéy apudy x loyve

) e&>14x
rat yevixdregoy
a¥ > l+xloga (a%l),

"Anddeibic. ©& ypnowomoiowuey dvTalfa THY yvwoTHy &viodTnTa Tou

Bernoullt

(l4+w)y2 14 v
émou v elven pf) &pynTikos diépaios kod @ > — 1 (1 amdderfis TavTns cuvd-
YeTan eUkdAws Bik THis Emaywyikfis ueBdSou).

TMpds &mddeiiv Tob TUTou (9) Bewpoluey TuxdvTa prTodY &p1Buody u, drdTe

Utrdpyouv Gképaiol, B, v P u = ook ki veN, kai Siakpivapev Tas EEfs Buo Te-
v
PITITWOTEIS:
(i) u=0, dplady u=0. Ottouev

K={x: X eN}
v
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omoTe mpogavés To K elvan Ev dmépavtov (un Temepacuévov) UmrooUvolov Tou
guvérou N T&v Quoikddv &piBudv kai pahiota S1& kdbe ke K ioyvel

K
T N b kai Emopéveds KUEN,.
v v

“Apat

[ \xu 1
(1+f) &R Ot s
K K

kad Emweldn f) ouvdpTnos £ pé f(x)=x" elvan ouvexns, AapPdvousy

. 1 Ku . 1 Klu* 1 *
lim (1+_) =]1m[(l+—)] :[Iim (1+_)
KeK K KeK K XeK K

Kol ETTOpEvws

u
— gl

ev>= 11 u.
(i) u<0, dpiady u<0. Ofrouev
A= {A:A>0 xai Lioee ] €N},
v

omréTe Tpogavds TO A elvan v &mépavTov Uroguvolov Tou ouvdhou N TdY gu-
owéy &pifudy kal pdhoTa ik k&fe Ae A loyue

—A+Du=—@A+1) LN st (—u) xai émwopéves —(A+1) ueN.
v v

“Apa
1 \u 1 1 —Au A —iu 1 —au
I —) = — = ( = [=2-) = (1 =
A Ty™ 1 L) (7\+1 ) A+l
(1+ 7\) + 5

' 1 -o.+nn> 14 (A 1)) 1 { o
>(1——— 214 [— i l—ar =L +a
( 7\+1) ( A+l )

kel Emweidn, s eis THv mepimTwow (i) &modevieTtar OT1

I, au
lim (1 —+ —) = el,
reA A

Aapp&vopey
el>1+4u.
“QoTe &5eiyfn 671 B1&x TuXSVTA pTOV &pPiBudY U foyuer
et>=14u

K
* ‘H &xorovbia 1+ "L elvan Tpogavéss pla Umrakoroubia Tiis ( 1+ R Srres kai
K POF) v

1) dxohouBia k = VA, v =1, 2,... pia Umakohroubia Tis v, v=1,2,...
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Kal Emopéves, &v Si& TUXSVTa TTparypaTikOY dpiBpdy X fewpniowpey piav dxo-
Aoubiav prTé@v &piBudv u,, v=1, 2,... pt lim u,=x, T0TE, AOYyw Tii§ ouveyeias
Ths ExBeTikfis ouvapTroews, 0& Exwuey
ex=lime™w > lim (1 +u,)=1+limu,= 1 +x (i8¢ kol oy. 71).
TéAros, Buvdper TGV TUTTRY (7) xai (9), Exopev
a*=exloed > ] 1 xJoga.

Znpeiwais. "Av | elven €ls mparyuaTikds &pifpds, o, v=1,2, ... Tuxoloxa
dxolouBia TpaypaTikdy &piBudy kai M Tuxov &mépavtov UmooUvolov Tol
ouvdrou N TGV puoik&v &p1Buddv, TéTe Spilopev

liﬂ.a"=l > NVe>03v=v,(e): [, —1| <ezveM pi v v,

TTpogavéss toyue

lim a,=1=lim o,=I.
vEM

2. Aid xdfe OeTinoy dpibucy x loyde
(10) logx < x—1
%ol yévirndTepoy

log, x < = (a=1l).
log a

"Anddeitic. Ottopev y=Ilog x, &moTe e¥=x kai Suvdper ToU TUmou (9),
Exouey
x=e"2>14+y=1-+4logx

Kai ETTopéves
logx < x—1 (id¢ xai oy. 74).
Téhos, Buvéper ToU TUTOU (8), AapBdvopey

Bkl log x & x—1

loga £ loga
3. “H loyagibuuxy) ovvdprnow log, elvar cvveyrjc.
"Andoerfis. Auvauer ToU TUTou (8) Exopev

1
log, x = L

loga
ai Emouéves &pkel v Befcopev THY ouvéxeiav ToU guoikoU Aoyapifuou log.
Tpds ToUTo Bewpolper TuySVTa BeTikdy &piBudY X, Kal TuyoUoay dxolouBiav
BeTikddv dpiBuddy x,, v=12,... p¢ lim x,= x,. Auvépe T&V idothTewv 1 kai 2
Tfis ponyoupévns §3.2 kad ToU TUou (10), Sick kébe PuUTIKdY &piBudy v, Exopey

log x, = log (xu E"—) =logx,+log o < logx, + o —1
X

xo 0 xO
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Kai
log x, = log (xo /ff'—) =logx, —log 2o
x9 XV

> logx,— (&— 1) =logx,+ I — .
Xy

v

"Apa Bik kéBe Quaikdy &piBudy v {oyUer

lopxe+ 1 — 2  log %, & logx,+ = —= 1.

*ANA&
. Xo Xo
lnm(lng.,Jrl—— )=logx,,+l— ~ = logXe
X, Xy
kol
: Xy Xo
lim (]og Xo + — 1) = log x. + — — 1= log Xo.
Xo X;

"Erouéveos ioyver kol
lim log x, = logx,

Td &moiov, Emedh f x,, v=I1, 2,. .. elvan TuxoUoa dkohoubia BeTikdv &p1BpddY
pt limx,=x,, onuaiver 611 & Quoikds AoydpiBuos elvon ouveyxfs cuvdpTnois
elg TOV TuydvTa BeTikOV &p1Budy X,.

4. *loyve
e 1

lim
(11) X—0 X
> Anddeitic. Kotd mwpédTov 8& Sel§wopev 611 ioyuer

ex — 1 < e* ¢ XE (O,Jroc)

1l € —
X
Kol
) ex — 1
e g —— < 1 yxe (— o, 0).
X
Mpdyuart: 81 xe(0, + o0), Buvauer Tou TUToU (9), Exomev
s —1
s —1 3 (1+x)—1=x, omwdre & > 1
X
Kad
E 1 —ex < 11+ (—x) ]=x, omoTe ol £e"
ex X
A& xe(—,0), Exopev —xe (0, + o) ko Emopeves
s =K
i < e ¥, 6w615exsexi——l "

; g i T
= Ly —x
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e —1 1 —e* ex — ; 7 ex —I
ex = = Kai tropéves eX < <l
—X. — ¥ X X
v ; g . ex—1] ;
O& Beifwuev Twpa 611 lim ——— = 1. Tlp&yparr-
X—=+0 X
XV ___ l
% 220 fith ———
Xy > 0 % veN X,
B10T1 kaTa TG dvwTépw ioyUel
exv | !
1< <e™ y veN

v
kad, Adye Tiis ouvexeias Tfis éxBeTixfis ouvapThoews, limeX = e'= 1, dmwére Tpo-
KUTTTEL Kai

i ]

=1.

Xy
‘Ouoicos foylel kel  lim el S 1. Mpéyuarr
X—a—0 X

x, >0 . oexwv—]
= lim ==
X, < 0%/ veN Xy
8161 kaT& T& dveTépw ioyUel
exv __
e¥ < < 1 yrueN
Xy

kal, Aoy THis ouveyeias THs EkBeTikiig ouvapTroews, limex=e%=1, 6méTe wpO-
KUTTTEl Kad

XY
x-\l
"QoTe loyve
il el s i ]
X=+-+0 X X—=—10 X
SnAadh
lim el i
X=0 X
5. ’Ioyve
(12) . L

"Anddeidic. Koard. mpdstov 8¢ Seifcopev 6T loyle
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LR W x€ (1,4 00)

X x—I1
kal
log x 1
lg < —wyxe (0,1).
x—1 X

I
Mpéyuarr 81 xe (1,4 o0), duvdper Tou TUTou (10), Exopev

log x £ x—1, omdTe _lng < 1

x_
Kai
logx L X _ox 1
=1 - x=1 7 x—I T x=1 x’
A xe (0,1), Exopev - € (1,+0) kai Emoupcvws
X
log - log —1-
1 3 , 1 g
=t €1, émwodre 1 € — < —
1 1 x 1 X
- — —1 — —1
X X X
AN
1
log —
X 1 —logx —logx _ logx
x_i_l—x =" 1= x—1
3 X
Kol Eropéveos
T L N
x—1 X
Oa Beffwpev Topa 611 lim g E 1. TpdypaTy:
x—>1+0  x—I
X, 1 }:lim log x, -1,
X, > 1 3/ veN Xy —
81671 kaTd TG dvwTépw ioyUel
X x, —1
gl 1 1 ; ;
kai lim — = T = 1, émdTe TpOKUTITEL Kl
Xy
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log x,

lim —— = 1.
x, —1
‘Opolws foyver kai  lim B = 1. Tlp&ypati:
x—=+1—0 xX—1
i an ]:n‘mL““:L
O<x, <1y veN Xy —

8161 kKaTd T& &vwTépw loyUel

1 u

P LR
X, — Xy
L | 1 ; . :
kai lim — = T =1, émédTe TpokUTTTEL Kal
Xy
lim l__og L
x, —1
“Qote loye
B EE oL g SEE
=140 X —1 x—=1—0 x—1

SnAadn

i EE =

=1 xX—1

4. AZKHZIEIZ

4.1 MelethooaTe ds Tpds THY ouvéxsiay Tés ouvapThoes Tas Spifouévas UTd TEV ké-
Twh TUTwY Kal TopdoThoaTe YEWUETPIKGS T&S Tpels TpwTas

1
X, &vxe[O.T] —1" wx#0
1) f(x) = 2) I(X) o X
1 ; ] 0, &vx=0
T+x,uvxe(T:1] : QUX=
1 il
T vx#0 o x>0
3) Kx) = 4)*(x) =
0, &wx=0 X, &vx <0
x‘nu—l-' G x#0 L11;:—1-6:\;:(;'&0
5)*1(x)= 2 e*tx)=1 * 2
0, &3vx=0 4 0, & x=0

4.2 Aeitate 61 o owapThioes ol Spilépevar UTd TEY k&Twl TUmLY elven ouveyels :

1) f(x) = ouw(x? + 3x) 2) I(x)=ow V1 _—x* 3) f(x) = nu(ow3x)
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= 143
4 100 = e 5 5) 1) = s 6) 1(x) = ow(x? +e93x)

7) 1(x) = 25%+7% (1 + egx) 8) f(x) = log(l + x* nuix) 9) f(x) = 3xe0(x* +1)

4.3 Mehetfioore ds Tpds THY oupéxelay Thy ouvdptnow f pt

1 nH l, v x #0xad x| <1
x

x
) = 0, & x=0
X, G ixi>1

4.4 Mehetioare &5 Tpds THY ouvieiay Kal TUPAOTACOTE YEWUETPIKES THY oUvdp-
Tnowv f pé

logx, &vx>2
f(x) =} x—2+logx, & l<x<2
—X, Gvx <l
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KEDAAAION VIl

MAPATQrOoZ ZIYNAPTHIEQEZ

1. H ENNOIA THE MMAPATQIrOY TYNAPTHEZEQZ

1.1 Al Becopolpevan €ls TO Trapdy kepdhaiov ouvapThoels elven SAan Tpo-
yuaTikal ouvapThoEs Wds TpoypaTIkis petaPAnTiis. *H Evwole T TPy WYoU
wmds owapTioews elval, &mes kol 1) &wora Tiig ouvexeias ouvapThoews, cuvBe-
Beuévn ué THy Ewolaw Tis ouyrAioews.

"Eotw [ pia owdptnois pt mediov Spiopol & BidoTnua A kal foTw
xo€l. ToTe Bi& ToU TUTrou

gulay= I | e £3)
0

SpileTan pia ouvdpTnols gy, 7 émola keheiTan anlixov Sragopdv Tijs § el 10

onueiov Xo. "Av UTTapyn TOlIm gx,(x), EnAadh TS limw kai elvenr ToUTo
o

X——>x0 X=+Xg 2
TpayuaTikos &piBuds, ToTe Aéyousy 8Ti «f owdprnows f napaywyilerar ele 16
onueiov Xo» f| GAAws «indpyer 1 mapdywyos (éxpiPéoTepov 1 modity mapd-
ywyos) vijs { eis 0 onueiov xp». Thy Spioxiy Taltny Tipfy  kaholpey T6TE ma-
odyawyor (&kpiPéoTepov modtny magdywyor) Ths f els T& onueiov Xo Kot péAL-
, f ' : '
oTa oupPoAilopey TalTny pé [id(xxi] xex N H®))'x=x, A dxdpn f'(x,).
ZurTopws :
' 1 f(x) — 1(xq)
F(x) =lim 102100,
Hapatnpiieers. 1) "Av 16 x, elvon 10 &pioTepdv dxpov Tol SraoThuaTos A,
TéTe ey TOV dwwTépw Spiopdy Ewooluer THY Spiakiy TRy Bix x —Xx,+0,
&véd &v TO X, elven TO Belidv dixpov ToU SiaoThApaTos A EvwooTuey THY Oplakny Tiuny
B x —>x, — 0.
2) ’AmoBevieton 81 f) Umaplis Tiis Tapaydyou mas ouvapThoews elg
& onpelov ouveTrdyeTon ThY ouvéyeiav TalTng els T onueiov ToUTo (TpPA. ka-
TwTépw iGiotnTa 1.5.1).

IMopodeiypara : _
1. Eic miy nmegintwow tiic orabepds owaptioems ¢, ftor f(x) = ¢, Exopev
1(x) — f(x,) c—¢
© A=y, x—-‘-r;lu X —%o x—]bn:u X=Xy x—u}:u !
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Aot (¢ =0.

X=xXq
kal pdhioTa & TUTOS olTos loylel Tpopavds B1d kébe TpaypaTikdy dpiBudv X,, ypdpouey &i
(c) =0.
2. Eig iy neplnrwew, dmov 1(X) =X, Exopev

() x—y, = lim I—:XJ =liml=1,

XX X —X, X—>Xg
fiTo1
(x).!(mxu =1
kal péhioTa & TUTos olros loyUer Bi& kéBe TparypaTikdy &p1Budy X, ypdpouey BE Emriong
(x) =1.
3. Eis vip negintmow, dnov 1(x) =x?, Eyouev
e e A
(x’)’x:xo =lim X _xn =lim (x + x,) = X, + X, = 2X,,
X>Xg o X—*Xg
fiTot

(x‘).g::ﬂ = 2x,
kol pdhiota & TUTOS olTos foyUer Bi& k&Be TpaypaTikoY &pifudy X,, ypdoouey 5¢ duoiews
x)' =2x
kal Abyopev 671 ) owédptnois I pé f(x) = x* Tapaywyiletan els 16 meSiov dpiopol Tns Kal
peMoTa ey THY Tpokeipévny TepimTwow THY owdprnow g u g(x) = 2x kaholpev Trapd-
ywyov Tiis f.
levikéds, &v B1ax piaw ouvépTnow | pé eblov dpiouol &v SidoTnua A Umépxn
A (wpe>Tn) Tapdywyos auThs Bk kébe xeh, TéTe & TUTOS
, y =)
piler piav ouvdpTnow f', § dmola Exer mebiov dpiopol miong Té SidoTnua A
kel ThHy &moiaw kohoUuev magdywyor (&kpiPéatepov modeny nmagdywyor) Tis f
v A f) &mAds (medtny) magdywyor Tig f. Taurny oupPoMilopey ked pd -dqi—
Eis v mepimrTewow, &mou dpiletan f) (wpdTn) Tapdywyos I Tiis ouvapTrioecs
Abyopev 8T «f owvdgrnow [ manaywyilerar v A» ) &TAGS «f owdotnow f na-
oaywyileTa.

"Av 1) owépTnois | Tapaywyiletar, TéTe elven Suvatdv v Tapaywyiletan
kal 1) owdpTtnois [' els & onueiov x,€4, dméTe, &v ToUTo cupBalvy, THY Toapd-
Yywyov (f’(x))’xﬂ“ xehoUpev Beutépow Tapdywyov Tiis f els TO onueiov x,
xal oupPoAifouer TalTny pé f(x,) f [d;i(:( ) 1l dxéun pt (F(x))"'x=x,

X=Xg .
"Av Tapa Umépyn f Sevtépa Tapdywyos Tis f el k&Be onueiov xeA, TéTe &
TUTTOS

y=1"(x)
Opiler wiow owdpTnow ' pt mediov dpiopol émiongs 1o Sidonua A, f émola ka-
Aeitan devrépa magdywyos Tije [ v A §) &mAdss devrépa mapdywyos Tic f. Tairny
oupPorilopey kad pé g'—xf;. .x.

(%) x=xy = (@X) 5x, =2,
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816 @y, =lmZ=2%_jimp—o

X=+Xg o X=Xg

"Apa Umépyer 1) SevTépa apdrywyos T ouvapTioews [ pt f(x) =x? xal elven
alrn fi oTafepd owdpTnols 2.

Kot dvodoyiav &pilopey Thy Tpitny Tapdywyov mds ouvapThoews [ d
Ty Tapdywyov Tiis Beutépas Tapaydyou alTiis ked Emorywyikds THY vio-
oty map&ywyov {V alris Si1& ToU TUMTOU

f) = (fo-D)’, v=2.3,...,

dmou u¢ f® oupBoAilouey THY wooThy moapdywyov Tis f. ’Emlons Six Ty

dvf

v
Voo Tapdywyov ¥ ypnoipomoeiTan kol TO oupPoiov -

1.2 Teoperpikd] onpacia tfic mapaydyov. “Eortw f pia ouvapTnols pi
meBiov Spiopuol &v Sidotnua A kel ZoTw Py = (%0, f(xy)) & onueiov 1ol Siax-
Yp&upaTos cliTis. “Av fewpricwper kai & &Ahov
onuetov Py =(%, + n, (¥, + 1)) ToU Brerypp-
HaTos s kal ThY Bk Tév onpelcov P,, P, Siep-
Xouevny eUfeiaw, f) dmolar kakelTon Téuvouoa Sid
ToU P, edbeia 1o Sicypappa Ths f, TOTE & guv-
TeheoTRs kaTeuBivoews Tiis Tepvolons, SnAadn 1
épamrTopévn TS yowvias «,, 5iBeton UTS ToU
TUTTOU

P 1(x, — f(x,
o= Fa_ MEt-tC0

| 8¢ &lowais Tis Tepvouons elven
() v — {(x,) =—K)£n%ﬂ =)

"Av Tpa UTroBéowopey &1 Umdpyer 16 lim e+ 1) —(xy) SnAadn ém Umdp-

n—-+o n
Xet 1) mapdywyos f'(x,) Tis owapTioews  els 16 onpeiov x,, TéTe OpileTon dg
Spraxt| tiowas THs (T) &1k N =0 uplx Elowos elBelos
® % ¥ = (%) = f'(x)(x — x,)
Biepyopévns &k Tol onuelou P, — (%0,f(x,)) kol ExoUons ourreheoThy  korreuBUv-
oes T £'(x,), fitor (BA. oy. 75)
: , epo = '(x,).

Thv edfelow Ternv Spiloper dos Thv épantouédviy edbeiar Tod draypdpuparog

wijc [ elg ©6 onueiov P,

1.3 Kwnpatkd onposio tiig mapaydyov. “Eotw &1 1) Béois x UAolU on-
Hefou kvoupdvou émri edBefog ExppdleTan owapTrioer Tol pévou t, fTor
x=1{(t), teA =[t,, t,] (&v xpovixdy SikoTnue).

To TrnAikov Sicgopdy %ﬂ— els T Xpovikiy oTiyuiv  TE[t,, ty]
Eppdler THY péony Taydtyra Tob Siixod onueiov xava 10 ypovixéy dudornua pera-
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&) Taw otiyudy T xai t. THy oplaxty Ty TS péoms TaUTns TOXUTNTOS Sick
t > dpllopev &5 T (oTyualay) Taydryra U(T) TOb VAixob onpuelov xata Ty
yoovuey otiyuny T, fitor opilouev

u(®) =lim 010 _ ().

tat T

*Av Topa f) oTiymala TayUtns u(t) Spileton B ke xpovikiy oTIYRNY
te[ty, ty ], TOTE TO TMAiKOV Slogopddv U—(tt)_;:m txppdlel TV péomy Emird-

ywvew o0 Slixod onuelov xard T6 yoovuxdy didoTnua petald TMY oTiypdy T xal
t. Ty Spiafyv Tipfy Tiis péons TaUTng EMITOXUVOEWS 51t t — T Spilopev cog THY
(oreymalay) émvdywwow y(T) =xava Ty yoovuvap, oviypiy T, fiTol Spllouev

y(® =lim Q=K = v =1"(D).

1.4* Awgopikdv cuvaptigens. "Eotw f pla ouvdprnois, 7 &mola TTopa-
yowyileton els &v Sidotnue A. "Av x,, elvar Tuxdv onueiov ToUu SiooThuaTos A,
téTe Bid ToU TUmou Y = ['(x,)X &pileTcn pia (ypapuikn) ouvdpTnars, fi dmola
xoAeiTan diagogixdv Tijc owvagtijoews I els T onueiov X, xoi oupPorileTon pé
df(x,), fitor :

X 250 ¥ = F(x)X.

ElSwxéss, &v Becopficwpey THy TauToTikiy owdptnow, SnAabh Ty ouwép-
mow T @ T(x) =x, TéTe TO Siagopikdy dr(x) = dx avUrfis els T& onueiov X,
opileTan, kord T& &vewtépw, G5 1 ouvdpTnols 1 Bi5opévn Umd ToU TUTTOU Y =
=TEX=1- X=X, fito1

X 2> Y=X
xai Emopdvas | owdptnois £'(x,)dx et Tutrov Y = ['(Xg)X, dnAadi ol oup-
TinTa wt 1O Sagopikdy df(x,). "Apa loyxler 6 TUmos

| ditx,) = F'(xp)dx,
& &moios kal Sikanohoyei Tov oupPohopov f'(x,) = ﬁ%’l Tii§ Toparycdyyou
@s TrnAikov Siopopikdv.
‘H yecopetpixd) ppnvela Tou Siapopikol df(x,) Tiis owvapTroews f €is T0
x, 5i8etau els TO Evavmt o). T5q, émov Ay
¥ &y Tév &Edvewv X, Y elvan TO onpeiov
R | 3¢ =
47 Py =(xq, 1(x0))-
- IS bl - Tl "Qs eibopev dvwTépw el TUXOV ON-
peiov x,€A dpileTon 16 Sraxpopikov df(x,)
Tiis f el TO x,, SnAadh opileTar pia po-
A P voonpavTos &melkdviols pé TUTToV ¢
X X Asx —df(x),
E 7| omola el T Tuydy xeA d&meikoviler
AT 1 At MR T plov owvdpTnow, 1O Sagopikdy di(x)
Zy. 7ha. s f els TO onueiov x. THy &mewdviow

Tiph 100 df ()
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TauTny KeAoUpey diagopuxdy il ovvagtijoems | ki oupPoAilopey pt df, fytor :
Bsx —=5 df(x).

L5 "Ihbtteg t@v napaydyov. “Eotwooav SYo ouvapthoes | kal g pé
xowov mediov dpiopol &v Sidotnua A. Téte foylouw T& kéTwb:

L5.1 "4y 4} owdptnows | magaywypilerar &v B, tdéte adty chvar owvepe
CVVAOTN TG,

*Amddetfig. "Eote Tuxdv onueiov x,eA. “Exopev TéTe

Fx) = f(x) = 1180 (¢ 0y W xeA—{x,}

]
Kol Eropéveos

lim ()~ 1(x)) = lim 9 =09 Jim (x — x,) = I'(x) -0 = 0,

X+ Xy X=+Xq g0 X—+Xg

fitor lim f(x) = f(x,), T& émwoiov onpaiver 611 # owdptnois | elven oUVEXTIS
X=p X
gls TO onuelov x, ToU BiaoThuaTos A.

Hagavijonas, Ts dvtioTpogov Tiis 1816TnTOS TAUTNS BEv foxlel, BrAadd pia cuvép-

Tnots Slvaten vé elvan ouvexfls, A& v& ph Tapaywyilerar. TouTo &mobekvieTan Bik Tol

TapabelypaTtos Tis ouvapThoews f wi f(x) = | x|, | dmoia, ds elbopey el TO Tapdberypa 4

Tis § 1.1 ToU keg. VI, elvon owveynis. Alrn Spews Sév Tapaywyileton els T6 anuefov 0, Sidmi
Iy — 10y — "] = o) x| { Lavx >0

x—0 x=0 X -l,&vx< 0
kal émopéves :
lim 1) -1(0) =1, lim 010 _ 1.
x—0 x— 0
X—>+0 X=>—0

"Apa 8év Urdpyel 16 lim _f(_x};{)@' 8nhadh fi ouvdptnots [ Biv Tapaywyiletan
Xx—>( x—

els TO onuelov 0,

1.52 "y ai owvagrijoes | xai g nagaywyitovrar év A, tére napaywyilov-
Tae xal ai ovvagrijoeig [+ g xal f—g xai pdiora ioydovy
f+e'='+g xal ((—gy=1-g.
"Andoeitis. "Av x, elvan Tuydy onpefov ToU SiaoThuaTos A, TéTE Eyouey
(1) + 80D — (1) + ) _ £0x) — 1(x.) Okt (€D)

X=X, X—Xg X—Xy

kal Emopéveds
(1) + 80), _, = lim (00 +800) = (10x) + 80 _ 160 ~fxg)

X —X,

X7 Xg X=Xy X=X,

+lim BN — re) 4 g,

Aror (f(x) + 8(x)) xxy = (%) + g'(xy) kad ToUto Bidr kde x,€A, TS dmoiov
onuaiver 6t (4 g) =1 4 g'.
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‘Opoics dmodekvieTan kai & dvrtioToryos TUmos Bid ThHy Siagopdy.
Eigikdys, &v g elven 1) otabepd ouvdpTnols ¢, loyUel
(f+e) =1 (bari;).
153 "Av ai ovvaptijoes | xal g mapaywyiloviar év A, tdre mapaywyl-
Cetar xal 16 ywduevoy fg xai pdhiota ioyde
(fg)y =1'g + fg".
> Anddeks. "Av x, elvon Tuyov onueiov ToU SiaoThpaTos A, TOTe Exopev

fx)g(x) — fixa)g(xa)  _ _[I0) g(x) — (%) g(O] + [1(x0)g(x) — f(xa) g(x)] _
X —X, X —Xp
L — I(x, 0
(xi - (%0) (X) + f(x,) E(J;)_ i(x )

'Etre1dn) Spws 1) g wupaycoylgf'rm tv A, Myw Tiis 1.5.1, altn elvan ouvexts
kol Emopfveos lim g(x) = g(x,), O6moTe AcpPdvopev

X=Xy

(g, _,, = lim O =IC) 4y gty 4 fx) lim &0~ B&)

= "(%0)8(%,) + 1(x,) g'(xo)
kal ToUTo Bi1&x kébe x,EA, TO dmolov onuaivel &Ti
(fg)' =Fg+1g'.
EiBikéds, &v g elvon f) oTofepd owvdpTnots ¢, loyUe
(ef) =cf’ (Biati;).
1.54. "Av ai owaotijoes [ xai g mapaywylloviar dv A xai ioydy g(x)
- iy ; f $H. 5. 8
# 0 ¥ xel, tdre ravayoyiletar xal 1o 7nldixov z o pdkota logie
(Ly= fe-te
g g
Eidixing, dv [ elvar 1) oralepa ovvdornows 1, loyde

2 IOy

> Anddeikig. O& &mobdeltwuey mpdTov THY (1). "Av X, elvon Tuydv onueiov

ToU SixoTnhpaTos A, Exouev
1 1

2(x) i ?—x’(—xn—) o 1 1 g(x) — g(xa)
X —Xy o g(xo) g(x) X —Xq ’

*Emre1dt) Spoos 1) g Tapaywyileton &v A, Adye Ths 1.5.1, cx\'z-rn elven ouvexts kol

1 1 . :
Emrouévoos hm g(x) = g(x,), &pa lim 7 omdTe AauPdvopey

X=FXy

1 ! " 1 i g(x) —g(xw) __ 1
(g(x))wn =—SGg m g( y T g(x)g(x») g'(x) =
9T Pk
g2(%,)
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kol ToUTo 818 kdfe x,€A, T6 dmoiov onuaiver émi loyxver 7 (1).
Topa, Suvaper Tis (1) kad Ths 1.5.3, Exopev

()=(13)=r g + ) =r+ oK)= a5
1.6 Al napaywyor otoEidBV TIVOV GULVAPTHCE®YV.

1.6.1 () =wx*X (=23, %)
A&k v=2 Exopev fidn Umooyloer & (x2)' = 2x = 2x2-1, Bnhadn) & & Adyw
TUuTos loyvel. ‘H &modeitis ToU Timmou ToUTou €ls THY yevikfyy TepimTeoow Emi-
TUy)aveTan Bia Tfis émorywyikis peBdbou dos EEfs :

“Eotw éT1 loyuer (x°)' = kx*-1, &wdTe, Suvdper THs 1.5.3, 8& loyim

(x5 = (x - x%)' = (x)'x* + x(x*)' = 1 - x* 4 xKx*~1 = (k 4 1)x*.
“Qoe Beyoduevor di & TUTros 1.6.1 toyler Bid Tév puoikdy dpifudv k (k > 2) &Bei-
Eapev 811 oUTos loyver kal 81 Tov Emdpevor alrrou puoikdy &piBudy k + 1. *Apa
6 Tumos 1.6.1. loyver ik k&Be Quoikdy &pibudv v > 2.

16.1° (;lv)lz e X #0 (v guowds doiBuce).

xv+
Mav=1 6 Timos olUTos ic’xust, 8161, Suvduer Tiis (1), Exopev

(L) =gt L

A v > 2, Buvdper Téoov Tiis (1) Soov kai ToU TUToU 1.6.1, Exopev

(L) e (x") L S v

x" (xv)a T xtv T xvaLc

1.6.2 (nux)" = owx.
Katé mpédtov droBeikviopey Tév Tutrow lim 1Y
b i |

Tplag elvon yvwotd) 1) dwiodTns nuy <y < epy ¥ ye (0, %), 1] émola ypbge-
Tau iooBuvduws kol olTw :

awy<y<l\7’ye( )

= 1. ’Ex Tfis Tprywvope-

‘H Tedevtaia alrn dvicdtns loyler kai ik ye(— 5% 0), 51611
ye(-7:0) = —ye(o, 1) = ow(—y) <-’J«‘-‘£;y@< l=>owy < B,

“Qorte E8elybn 6T

™
) owy < ™ o] v ye(—-— 5 )U(O. —2—)

"Emeidn) 16 ouvmpiTovoy elvcu ouvexfis ouvdpTnols Exouey lim owy = owl = 1
¥~ 0

kai & TUTos (2) 5ider TOTE lim"-—-;y= 1

320

Tpds &médeitw Thdpa ToU TUTOU 1.6.2. Bewpoliey TUXOVTA TPy HOTIKSY
Gpifudy x,, omoTe Exouev
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X —X, X 4+ X, X —X,

MUX — NHX, _zml Tr o D _T]I-l‘z X + X,
X—X, X —X, T ox-—X, 2
2
- X =X,
kel EmeiSh &9’ bios v, &s dveripw Gmebeixtn, lim — > =1, &g’ éné-
Xxy 0
pou 8¢ lim ouv X ;rx“ = crwﬁ;ﬁ = owx, (Adyw Tijs ouvexelos ToU ouvn-

X—$Xg
miTdvou), B& Exeouev
(MMX) x—xy = 1 oU¥x, = OWVX,
kai ToUTo S1& kéBe Tpary uaTIkdY &p1Budy X,, TS Sroiov onuaivel 81 (nux)" = ouvx.

1.6.3 (ouwvx)' = — nux.
Kat’ dvadoylav mpds Thv mponyouptymy mepimrwow Exopev

=i x;—x,qu x-|2—x|,

owx). = lim = lim =
( o X—+Xg X=X X=Xg X=Xy
- X —X,
=—lim lim qu Xt = wErXe — nux,
X—+Xg 9 x—=+xy

1.64. (epx)' = ﬁ{ =14 ep2x, x# kw4 % (k=0 4+1,4+2,..).
“H &médeitis ToU Timou ToUTou dmiTuyydveTan 81’ Epapoyis T 1516TnTos 1.5.4.

o (mx ' _ (nex)'owx —nux(owx)' _ ouwxouvx — nux (— nux) P
(egx)” = (crwx) N ouvix T ourix ¥
_owx+nux 1
T ewkx  ow'x’
1.6.5. (opx)’ =_“—:,x- =—(l4o0¢%x), x£kmw(k=0,+1, 4 2,...).
(opx)’ = UWX)' _ (owx) nux — owvx (Mux)’ (= NKX) X — owwxowx
=) = nuix S nex e
___ MEX 4 owtx 1
T T T e
566, (55wt
“Exopev
eX — eXo _ e(X—Xg)tXg — gXg ey ex—xg— ]
X—Xq X=X, ST.g T
oméTe, dmeidn kata Tov TUov (11) Tfis § 3.3. ToU kep. VI loyUel
lim % =1, 8& Excwpey kol
(cx)'x: % = llm s : Liz) = ¢¥%o . 1 = p%o

X = Xq

xal ToUto 81 kéfe mparyuaTikdy &piBudy X, TO dmolov onpadvar &T1 (¢¥)" = ¢,
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1.6.7 (logx) = %- xe(0, + ).

"Exouev
x
logx — logx, __ log o | log £
O TG e s A N
Tn- -1

O6mwoTE, Emre1dn kard Tov TUTToV (12) Tiis § 3.3 ToU keq. VI ioyier

og —

lim I = 1, 8& Exwpev xal
x>
0
' . logx —log x, 1 1
(logx)’, _, = lim 22 —_"8% — ~ .| —_—
BN 5 X — X, Xo Xy
kol TouTo Sik kéBe BeTikdv dpiBpdv x,, T6 dmoiov onuaiver 611 (logx)' = %—
‘Emeidn kotd 7hv TUmov (8) Tiis § 3.2 ToU kep. VI loyue
log.x = logx (a # 1), 68 Exwpsv

loga

1 1 1

Ll TN e
(logax) = loga (logx)" = loga x ~ xloga

"QoTe loyuel, yevikadTepov, & k&Twll TUTTOS

1.6.7 (log.x)' = xe(0, + ) (a # 1).

8L
xloga’

1.7. Hepaydyiog cuvbitov ovvapticeng. ‘O Umohoylopds Ths Tapoy-
Yov uds ouvapTrioews T7) Ponbeia ToU dpiouol alTis elvan &v yéver Aiav EmriTrovos
kol TpakTIkS el TOAAGs TrepirToEls dSUvatos. Al 1Bi1dTnTes TV Trapayywy
kad of TUTror of BobévTes els Tas Tponyoupvas Trapaypdgous 1.5 kai 1.650vavTat
va épappoofouv kaTaAAfAws 81& TOV UTToAoyIgpoy TGV Tapaywywy Kai GAAwv
OTOIXEIWBRDY CUVaPTHOEWY, G5 T.X.

(logx + epx)’ = (logx)’ + (egx)’ = _i_ o

\ m™
= xeR* kal x # xmw + 7
k=0,+1,+2,.:..).

’Ev ToUTols, ToUTo els TTOAAGS TEpITTTCOCEIS TTOIXEIWSGY ouvapTrioewy St
elvan Buvardy, dos mx. Bk THY owvdpTnow THY Spifopbvny Umd ToU TUTrOU
y=ow (2x 4 3), Tfis Omoics Spws Buvdpeba va UTrohoyiowpev (oxeTiKES
ekOAws) Thv Trapdywyov &1’ & elfelas épappoyfis Tou dplopou s EEfs :

(o-up(zx £ 3))' = lim ow (2x + 3) —ow (2%, + 3) ALy ]im_z"lu (X—Xo) AU (X +Xo43)
X==Xqg s

XX X =X X—+Xo X — X,

%‘yl limnu(x+xﬂ+3)='—2'1 ﬂl-l(xo +xu+3)=

X=+Xq

= —2nu (2%, + 3) kai ToUTo Bk kéde TpaypaTikov apifudv x,. "Apa.
(ow(2x + 3))' = — 2nu(2x + 3).

=—2lim

XXg
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‘H dweotépw ouvdprnols Tiis dmolas UmreAoyioapey Ty Topdywyov SU-
varan va Becopnfij dos 1) olvBeais Slo ouvapTicewy, THs cuvapThoEs g ue g(x) =
=2x + 3 xal ToU ouwnuiTévoy, ai Tapdywyol TéV dmoicv Umohoyilovran ed-
kOAws Buvdpel TGV 1BloTATwY Kal TEY TUTwLY TEW Topaypdewy 1.5 kel 1.6.
Elven Aoimmov guoikdy vé dvednTndij kémoia oxtols petaty Tfi§ Tapaywyou Tis
ouvBEToU ouvapTHoEWS Kal TGV Tapaydywy TEY owapThoewy, of droia cuy-
B¢Touy TauTny. “H oxéors altn Sideton els TO dxdAoudov Becoprpa.

1.7.1 @EQPHMA. *Estwoay ai owvaptijoeic g: A |—> A xaif: A |- R, dnov
A xal A ebvar Buaotijpara, ai droia Smoléropey éri rapaywyilovrar. Tdre 1) giv-
beaws h = feog adraw (1) dmola d¢ prwarov dollevar Smo Tod TimoV h(x) = f(g(x)),
x€l) nagaywyilerar énilons xai pdhora loyie
h'(x) = F'(g(x))g ().
"Anddedic. * *Eotw x,€A. "Ag Becopriowpey TUXOUCOY droroubiav x,, v =
=L2... pEx,eA— (X} ¥ veNkal X, — X, &i1& THv érroiav Biakpivopey Tas
KATWO TPES TEPITTTWOELS
L g(x,) =g(xy) O & memepaouévoy mhifflog dexriw. Els Ty mepimraow
TaUTnY Sicx Sy poofis T@v Spuw Tiis x,, v=1, 2,. .., oi émoiot TAnpoly THy
oxéow g(x,) = g(x,) mpokUTTel pic dkoroubia y,, v=1,2,... &i& ThHy &Toiav
Tpogawdds loxlel v, —x, (TpPA. wapatipnow § 1.4. ToU kep. IV) kad
8(y.) # g(%) ¥ veN,
OmoTE ExopEy

h(y) —h(xe) _ hy)—Nh(xs) _ g(y,) —B(X0)

Yy —Xo gly,) — &(xo) Yy — Xo-
_ @) — () gk —g(x)
g(y,) —g(xo) Yo—X%Xo

"Emeidn & UmobBloecos Umdpxowr ai mapdywyor '(g(x,)) kad g'(x,), eUxdAws
SiamoTouTan &1 {oyUouy kol
_8(yv) —8(xo)

- fg(y)) —1(8(xs)) _ o . oy,
im — —exw ml (Endh o im =S g(x)
“Enciibie %ﬂ = 1'(2(x,))g'(%,) xed, Suvdper s Toparnpfioews

Tiis § 1.4. ToU keg. IV, ioyUe émions
. h — h(x,, ' '
©) lim 2O =0 o ))g ().

2. g(x,) # g(x,) 0C év memepaouévov mhijog derxrav. Els Thy Tepimroow
ToTnY Sikk By pagiis TéY Spwv Tis X, v=1,2,..., oi &woiol TANPOUY THV
oxéow g(x,) 7= g(x,) mpokUTTEl wia &koroubia y,, v = 1,2,... Bi& Thv dmolav
Tpopawéys ioxUeEl y, —>X, Kai

8(y.) =8(xs) ¥ veN,
OmdTe Exopev &’ Evds pév

=lim

g'(x,) = lim -_59;3,,_‘_%(3‘112_
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&’ étépou Bt
h(y,,) —h(x,) __ =lim f(g(yy) —I(@(xa)) =1lim f(g(xa)) — f(g(xa)) =0
—Xp Yy —Xe Yy —Xo
kol é-n‘ouévcog, kot THY TapoaThpno Tiis § 1.4 ToU kep. 1V, loyle Emions
lim h(xv) h(xo) =0

v —Xo

lim

"Apo ko elg THY TrepiTtTwoty Talny loyve & TuTos (3), Siom TéTe SlamiaTou-
Tou- 0T g (%) =10,

3. Obdepia tav mepunrdoeey 1§ 2 loyder. L& Sixypagfis T&V Spoov
s x,, v=1,2,..., ol émoiol wAnpolv Thv oxéow g(x,) = g(X,) TPOKUTITEL pla
UokoAouBia Xy, v = 1,2,. .. Tfis x,, v = 1,2,...81& Thv émrolav Tpogavéds foy el
X, —>X, (181615 2, § 1.4.2 ToU kep. IV) xad g(xc,) # 8(x0) ¥ vEN. Aik iy
Umraxohoubiow Ty, dkpiPdss dx kal els THY TepiTTwow 1, mpokumTer &T1

@ lim 2O ZRED. — p(g(x,)) g'Cx0)

‘Opoiws B1& Biaypagfls "rc"..'J; dpaov Tiis x,, v=1,2,. .., ol &molol TAnpolv
Thv oxtow g(x,) # g(X,) TpokUmTer pia UmexorouBiar X, v= 1,2,... Tfis
x,v=12,... 8id Thv &molaw Tpopaviys loxler x,,—>X, xkal g(x.,) = g(X)
VveN. A Ty UmoxohouBicy TauTny dxpiPéds dx kel els Thy mepiTTwow 2
TTPOKUTITEL OTL

y h h(x, ' '
®) lim 202 — (g(x,))g (x0)-
*AveoTépw BieoTrdoapey 'rnu &xoroubiav x, v =1,2,... els BUo Umaxo-

Aoublas s TS Xky, v=1,2,... xai x,, v=1,2,... Bia 1&g dmoias ioxlow
ai (4) ked (5). ’Ex Tév oyéoewy TouTwy drmrodeikvieton 61 loxUer kal & TUros (3).
"Qoe kai els Tas Teels dvwTépw TepiTTaCEls E3elyfn o1 loyUer 6 TUTOS
(3), dnAadn o1
X, —>X ’ "
T e L C (e
fiTol

lim 200 = DGO — (g ) (x0) A hCxe) = I(@(xe))E (x0)

X=+Xq
kai ToUTo S1& TUYXOV xoeA, T dmoiov onuaivel 61
) h(x) ="(g(x)g'(x) ¥V xeA.
IMapatnpnoic : Eis TAv TeAevtaiav mepimrwow, émwou UgloTavtan TauTiypdvas ol T0-

ot (4) kai (5), loyue, s kal els THv Beutépav mepimTwow, g' (x,) = 0.

’Eg@appoyai :
1. (ow@x +3)) = (—nu@x + 3)) (X +3) = —nu(2x + 3)-2 = — 2nu(2x + 3).
Eis 76 &motéheopa ToUTo eiyopev kaToAniel xal Tpomnyouptves 81 &m' elbelas Epappoyfis
ToU bpropol THs Tapaydyou.
2. (a%)' =a*loga.
Kot Tov TUmov (9) Tiis §3.3 Tou Keq: VI Exopev a* = ¢*1°82 kal Erropéveos
(aX)’ = (exloga)’ = exloga (xloga)’ = exloga loga = a*loga.
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3. (x%) =ax*?, xe(0, + o).

‘Ouolws Exopey x® = ealagx xal

Eopéves

(XB)‘ = (ealngx)' = ealogx (a]ogx)' — ealogx a(logx_)’ = x%ga -31;_- — ax®-1,

1
Eidikés 814 a = 7 Aaupdvopev

1 A
T 1
(X*):
2)(

4 (VOFD) = —

Mpdypar (Vx4 1) =

Tevikcorepov foyver & TUmos

Yxi41'

1
2¥x* +1

Vg = 2

Hvaé tav mapaydywy v xvptwtépwy aroyeiwddv ovvaptijoewmy

2V1x)

1y =

=zt 1
. R (VD':N,—I

X

(Brari;)

1
2¥ x4+ 1 pr =

Yxr+1°

f(x) I'(x) i(x) | £'(x)
x! vx'-1 i axa—1
Con T ax a*loga

1 1
logx = log. x =T

IUX ouvx ouvx — TuX

1 1

- awix 4 S By

2. O POAOZ THE IMAPATQIOY EIZ THN MEAETHN LYNAPTHIEQEL

2.1 ‘H &woia THis Tapayyou EutnpeTel T péyloTa els THy peAéTny wids
ouvapThoews Sy1 pévov Bi1dTL Buvdpeba va katapTicowuey TaxUTepov TOV Trivoka
peTaPoldis adTiis, dAAG kol 816T1 péow Ths Tapaywyou Suvdpeba va AdPwpey
AetrTopepéoTepa oToixelx Sk THY oupmepigopdy ToU BidypaupoTos TaUTns
ka® SAny THY ETaow alitol. Td dxolouBolvTa Bewpriuara épunvelouy Tov pdAoy
Tijs Tapaywyou els THY HEAETTIV CUVAPTTOEWS.

2.1.1 @EQPHMA. “Adv 1 ovvdptnaw { napaywyilerar els &v onuelov X, xai

nmapovordlet Tomxdy dxpdtatov el TO onueiov Todro, Tdre loyler f'(xy) =0.

*Anddetc, "As Umobtowper 811 f) ouvdptnols f Tapouoidlel ToTIKOY ué-
yioTov els 6 onueiov X, (fj TepimTols TomkoU EAayioTou dmodekvieTan dva-
Adyws). “Exopev TéTE 8T1 Umrdpyer Ev dwoiktov Sidotnua (a,b) pt x,e(a,b) = 2(f)

TotoUTov, GoTe v& ioxun

f(x) < (x,) ¥ xe(a, b).
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Olrw
1) —1(%0) . 3 xe(x,, b) xai —[—O}]—Z-___—:((E“—)- 2 0 ¥V xe(a, x,),
X —X, o

bmoTe tmaidh A [ wapaywyileTon els TO onueiov x,, 8 Exwpev Téoov
)= lim R=52 <0, oo el M) <lim, 5505 > 0
nAadn ['(x,) =0.

Té &vrioTpogov Tou dvewTépw Gewpriparos By ioyuer. ‘H ladTng '(x,) =0
Buvady v UploTaTa, Xwpis fi ouvdpTnols | vd Tapouaidln Ev Tomikov dxpo-
Tartov €ls T6 onueiov x,. ToUuToTr.y. cupPaiver eis ThHy
mepimTwow, émou f(x) =x%, x, =0 (Bari;) (PA.
ox. 23, kep. ).

MecopeTpiéds 1) Umaptlis vds TOTIKOU EKPOTE-
Tou Tijs ouvopThoews els TO onueiov X, omuaivel
(els Thv mepiTrTeoow, &mou 1) ouvdpTNOls TOpPO-
yowyileton es 10 X,) 671 ) dpamrTouévn Tou Six-
ypduparos Ths [ els 1O onuelov Py = (x,, f(x,))
efvan TapdAAnAos Tpods Tov &lova Tév x (BA. o). 76). Zy. 76

212 @EQPHMA to0d Rolle "Eotw [ pia ovvdptnog ué mediov
dotopot &v xAewotor dudotnua [a, b, 1) dmola elvar ovveyns xal éni niéov mapayw-
yilerar eig 10 avowxtov Oudotnua (a,b). Tore, dv f(a) = f(b), dmdoyer x,e(a, b)
Towdtov, date ['(x,) =0.

To Becopnua TouTO EppnuelETan yewueTpikdds (BA. oy. 77a) g Efis @ &v

Zy. Vi Zy. 778.

pla kapmUAn (BnAadn TO Bidypapua mds CuveEXOUs ouvapToEws) Exovca épa-
TrTopévn els k&Be onueiov TNs TéuveTon UTro wids elbelas TapaAAfiAou Trpos Tov
&kovar TG x eis §Uo ToUAGy10TOV Onueia, TOTE els Ev ToUAGyioTOV onueiov 1) épa-
TTOMéVN TTis KaUTUANS TaUTns elvan TapdAAnAos mpods Tov &fovar TV x. Eidi-
kG els Ty mepimTwow, émov f(a) = f(b) =0, f| yewpeTpikny épunveia Tou Beco-
pfipaTos TouTov SideTan els TO oy. T7P.

To dxohouBolv Bechprua &rroTehel plov yevikeuow ToU BewpripaTos. ToU
Rolle elvon 8¢ yvewoTdv s echonua Tijs péons Tiufs Tod  diapogixot  Aoytouod
i dxdun s Pechonua Tdv memepacuivoy adéijoewmy.

2.1.3. @EQPHMA . "Eotw [ pila ovwvdotnote pé medlov dprouot év xlewotoy
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dudornua [a, b, 1 omola elvar owveyns xai éni whéov napaywyiletar eic T dvor-
#tov dudornua (a, b). Tdre dndoyer x,€(a, b) Towdror, dote
' f(b) — 1(a
(xg) = T
*Anddeikrg. To Becbpnua ToUTo elvon &pecos ouvimeia ToU Bewpriportos
ToU Rolle tpapuoloptvou Bik THy ouvdpTnow g pé
f(b) —fi
800 = (@) — () + (x —a) —H=
‘H ouvdpTnois g ikavotrolel pdypaTt Tas Umobéoes Tou Becopripartos Tol Rolle,
kaf’ doov alrtn elvar Tpogowds ouvexns, TapaywyileTal év (a, b) kai pdAioTa
. . f(b) — 1
g =—10 + 2=,
¢l mAdov B¢ g(a) =0 = g(b). ‘Emouévcos Umdpyxer x,E(a, b) ToroUTov, doTe
va foyxum

‘ y fhy = f
g'(x,) =—1'(x) + '"(bl)y — a(a) gl

L fimor fix)= ﬂ’t)}_:_.}‘g..

‘H yewpetpikty onuacia ToU BewphpaTos
ToUutou (PA. ox. 78) elvan 1) &g : &w pict KapTTUAT
Exn tpamTopévny els kabe onpeiov TS, TOTE els Ev
TOUAGy1oTOV onueiov 1) épamrTopéun Tiis KOUTTUANS
TauTns elven TapdAAnios pos Ty Tépwouoav eubeiav
Zy. 78 Thv Siepyopévny B1& TGV &kpwv Tiis KAUTTUANS.

fat
=

2.1.4 MOPIEMA. "Av pla ovvdgtnois | magaywyiletar eig & dudotnua Axal
udhwra logdy '(x) =0 ¥ xel, ©dre 1 ovvdotnois ality Aaufdver elc 6 dud-
atnua O orallepar Tyuy.

*Anddeitic. "EoTw x* &v oTafepdv onueiov ToU SiaothinaTtos A kad X Tuyov
&\\o onueiov ToU SiaoThucTos ToUTou. Kord To Becopnua Tiis péons Tipfis ToU
Siapopikol Aoyiopol Umépyer onueiov x, ToloUTov, doTe vd loyun

Y PXEL OT) 0 ox
L0 —1GM _ p(x,) = 0, dpa f(x) = I(x*) ¥ xeA.

2.1.5 MOPIEMA. "Av ai ovvapmijoes | xai g napaywyilwvrar el 16 Oud-
otqpa A xai pdhora ioyin I'(x) = g'(x) ¥ xe€d, tdre ai ovvaotijoes | xal g
Stagépovy nata ulav orallepdr, dniady ioxver [(x) = g(x) + ¢ ¥ xeA.

> Anddeiig. Mk v ouvdpTnow h = [ — g mapatnpoUuer 811 loyxte h'(x) =
=["(x) —g'(x) =0 ¥V xeA kai émopbves, katd TO mopiopa 2.1.4, f h Aappd-
vel gls TO Bikotnua A otalepdv Tipfy, EoTtw e. "Apa f(x) = z(x) + ¢ ¥ xe€A.

143
Wnepromotr|Onke amé To lvotirouto EknmaiSeutikng MoNmkrig



2.1.6 @EQPHMA. “Av 4 owdpmno | mapaywyllerar eis & didornua A,
Tite loyvovy Ta xdrwb

F(x) >0 ¥xeh =1 £ A|F(x) <0 ¥xeh =1 Y A

L f'(x) 20’v‘xEA=>fTA‘ f'(x) <0 ¥xeA =f| A

*Anddekic. “Eotw '(x) > 0 xeA. Téte, & X, X, elvan TuySvTa OMUEia
ToU SiaoThueTos A pt X, < X, 0 Eywpey, Suvdue ToU BewpripaTos THg peons
Tiufis ToU SiagopikoU Aoyiouol, &Ti Umépyel X,E(X, X;) S A TowoUTOY, QTTE

() = T IO g0 1)~ 1) = I (xe)(xs = 12)>0, Bnhabh f(x) < 1x),

Xq
16 dmotov onuaival &1 A [ elvan yvnolws abfouoa 4v A. "Qoe 8eiyfn omi
f'(x) >0 ¥ xeA = [1A
T& Yméhora cupmepdopaTa ToU Bewpfiparos Edyovton kat’ dvdhoyov Tpo-
Tov.

2.1.7 @EQPHMA. "Egtw [ pla owdgrnows S iy dmolav dmdgyet ) dev-
réoa mapdywyos els 16 dudotnua (a, b) xai elvar adty owveyijs. Tore, dv x,€(a,b)
ué '(xy) =0, laybowy :

"'(xy) < 0 =14} [ mapovowdler Tomxdy péyiorov el 1o X,
(xo) > 0 =7 [ nagovaodler tomxov EAdyioTov eig T6 X,.

> Anddeitic. *H ouvéyeia s Beutépas Taparywyou ' kai fy dviadtns ' (x,) < 0
cuvetrdyovtan (PA. oy. 79) éTi Umdpyer SidoTn-
pet (ag,by) pé x,£(a,by) =(a, b) xad '(x) < 0V Y

xe(ay, by,) (&médakis;). ]
*Apa, Buvéuer ToU Trpomyovuévou Becopn- \a . /
4 1 Xo 1 U

uaros 2.1.6, 1 ¥ (ay, by) xai Emopvess a B R
itk ] = 1'(x) > 1{xe) =0 ¥ xe(ay,x,] = w
I ¥ (a1, %]

f 1 (a, x] = f(x) < (xp) ¥V x€(ay, X,). Iy 79
“‘Opoiws
Fix)y=10 , ;

D | =T < 1) =0 ¥ xelr b = 1 [ b =
- or Y1
(%) > 1(x) ¥ xelxo, by).
“Qote &Beixbn (PA. ox. 80) ot loye
f(x) < f(x,) ¥ x€(ay, by),
BnAadf 61 7 { mapousidler TomKOY pEY10TOV i
els TO onueiov X,. T
‘H repimtwots (x,) > 0 ouwdyeran &’
tpappoyfls ToU TPONYoUuEvoU OUNTTEPGOUATOS y. 80
Bi& T owéptnow — f Sik Ty dmolaw  Tpopa-
veds 8 loxim (—1)'(xg) =—T'(x) =0 xab (= D"(xg) = — "(%,) < 0, dmére 4
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—f 8& Trapoucidln Tomikdy uéyioTov els TO anueiov X, 16 &rroiov onpadver &T1 1)
f rapouaiéler Tomikdy EA&yioTov €lg 10 X, (Baeri;).

"Eqappoyil. “As peAetriowuey Topa els Epapuoyty T6v dvwTtépw THY BI-
Tetphywyov Tpidwupoy owdpTtnow I pé f(x) = 2x4 —4x2— 1, Ty dmolav Epe-
Aethoopey kad eis Ty § 2.1 (fpapuoyh 3, mopad. 1) ToU keg. Il (BA. ox. 44).

Ko mpésTov Umrodoyilouev Thy mpaoTny kod Seutépow Tapdywyov T |,
fiTo

f'(x) = (2x%)' — (4x?) — 0 =8x*—8Bx =8x (x* - 1)
f"'(x) = (8x%)" — (8x)" = 24x* — 8.
Ai pilon Tiis TpTNS Taperyyoy f elvan — 1, 0, 1 8i1&x Tds dmoiag ioyUow
f"(~1)=24-8=16>0, {"(0)=—8<0 xkal {'(l)= 16 >0
kol Eropdves, kard T& febprua 2.1.7, 7 | mapouaiale Totrikdy EAdyioTov el
& onueic — 1 kod 1 xad ToTikOY péyroTov els T onpeiov 0.
*Emrions ouvéyovTan eUkoAws kal T k&Twb
'(x) <0 ¥ xg(—0,— 1) kal ¥ xe(0,1)
f'(x) > 0 ¥ xe(—1,0) kai ¥ xe(l, +),
& &mroia, Suvéuer ToU Bewpriparos 2.1.6, guvetryovton Ta EEfis ¢
fY(—ow,=1), {2 L0, 130D kal f + (1, +),
SnAadh T& cupTepdopaTa TOU Trivaxos WETAPOATS Tis f Tis § 2.1 ToU xeq. Il

2.2 Kvptai xai xoihar cuvaprijoeis. ~EoTw pla owdpTnois f pé mediov
Spiopol & BikoTnua A, ) doia TapaywyileTal v A. Tdte, 6 yvewoTov, UTdpXEL
f| tparrropévn els TO TUYdv onpeiov ToU Siory p&upaTos
Tns. "As Gecopfiowuey TP v TepimTwow KaT& ™V
Smrolay TO Sidypapua THs CUVOPTHOELS f kelton &vwbev
Tiis EparrTopéuns eis TO TUYOY onpeiov Py atTtou (PA. o).
P 81).
*Emre1dn, oo eiopev els THv § 1.2 ToU mapdvTos Ke-
Zy. 81 gohaioy, i Eticwars TS ‘tpamrTopévns TOU BiorypappaTos
THis  els TO onueiov Py = (%, (Xo)) elvan 1y
¥ = fxg) + F'(x)(x — %o,
76 Sidrypoupe Tiis f kelTan dveoBev THs éporrTopévns Tov Els & onueiov Py TOTE
kol pévov TéTE, &v loyun
f(x) — 1(xp) — F'(X)(X —X,) >0 ¥ xeA—{x, }.
Eis Ty dvwTépw mepimTrTeooy, dmou f Tehevtade oxéots loyvet B1& TUXOV XoED,
Aéyopev &T1 f owépTnois f elvon xvorsy & A ) &mAds
#UOTY).
*Averdys, &v SexBduey ST TO Bidypauua s |

Lo KeiTon k&Toley THs EporTopéyng Tou elg TO TUXSY onpeiov
P, ol (BA. o). 82) 8& kareriEwyey, Suoies, els T 6Tt
ToUTo oupPaivel TéTe Kol pévov TéTE, &V Bidx TUYOV XA
3y 82 foyun
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f(x) — f(x0) — F'(%,) (x — %) < 0 ¥ xeBA — {x, }.
Eis Ty mepimrraow Tadtny Adyouey &1 A f elven xolln &v A § &AGSS x0ily.

"Qoe :

favory év A o ) —IW) - I'ME-y)>0 ¥ x,yé A ué x #y

£ xoiln &y B <= 1) — 1) —FG)x—Y) <0 ¥ xy év B ué x £y

Hopadeiypata :

L "H owdgtyoc  pé 1(x) = x*elvar xvprs). MpéyuaT Exopev
) -1 —TIG)(Xx —y) = x*—y* — 2y(x —y) =x* —y? —2xy + 2y* = X? — 2xy + y? =
=(X—-y)*>0 ¥ x #y (Br.oy. 83).
Y

y

=
)
X

Zx. 83 y=xt Zy. 84 y=—x*+2x—2.

2. “H owdptno  pé f(x) = —x* + 2x — 2 elvar xoidy. Mp&yuaTi® Exopev
0) — 1) — ()X —y) == X2+ 2x -2 — (—y'+ 2y —2) — (— 2y + 2)(x —y) =
—X*+2x—2 + y*—2y + 2 + 2yx — 2x — 2y® + 2y = —x? +2xy —yt=
=—(x—y) <0/ x # y (B\. ox. 84). )

3. "H owdgtnois 1 pt f(x) =x* ebvar xoily év y
(=0, 0) xai xvorsy év (0, + o0). Tpdypar® Exouev
1) — () — (¥ J(x —y) =x* —y? — 3y¥(x — y) =
(x=y)(x* +xy + ¥~ 3y%(x—y) = (x—y)(x* + xy-2y?) =
= (x—y)x +2y) T
kal Eropéveos
f(!;) =) - —y) <0 W x,y &v(—0,0) pix £y
K
1) — I —(x—y) >0 W X,y & (0, + ) pix #y. Xy 85 y=x°

Eis 76 TeAevraior & Tdv dwestépw TopaBeryudTwy TapaTnpoluey &t
) U’ Sy ouvdptnais efvon kofdn dproTepd ToU 0 ked xupTh 8efick ToU 0 (PA.
oX. 85), ixppdlopev B¢ ToUTo Aéyovres STi | owdpTnois nagovardler xaumiy
eic 7o 0.

Fevikdds Aéyousy 61 pice auvapTnois { pé medlov dpiouol Bv dvoikTov Bid-
otnua (a, b) magovawdler xauniy eic 6 onueiov x(a, b) TéTe kai pdvov TéTE,
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&v alrrn elvan kofAn év (a, x,)
kad kupTH) &v (X, b) f) & eiven
kupTh &v (a, X,) kai kofAn &v
(%5, b) (PA. oy. 86 xai 87).
To &vtioToiyov onueiov Py =
> (%, I(xe)) ToU Siory paupaTos
Tfis ouvapTNoews KaAelTal
Zy. 86 Zy. 87 TéTE anueiov xapmis CUTOU.

2.2.1 GEQPHMA. "FEoto | ula ovwdptnowg o iy émolay tmdpyet 1 dev
tépa mapdywyos els o dudotnua (a, b). Tére loydovy :
"(x) >0 ¥ xe(@b) = f xom & (a, b)
"(x) <0 ¥ xe(a,b) = | xoiln & (a, b).
* Amddetic. "Av X, y elven TuyévTa onpeia Tou Siaotruatos (a, b) wE x# vy,
TéTe Kotk TO Bedpnua THs uéons Tiufis ToU SiapopikoU AoylopoU UTdpyel on-
uefov X, peTafy TéV X kol y ToloUTOv, OTE

f(x) = 1(y) = I'(x)(x =)
omédre loyuer kad

f(x) — f(y) = I —y) = [F'(x) = @ [x =),
& brotov, 5’ Epappoyfis &AW ToU BecpripaTos THis uéons Tifs ToU Sicpopikol
AoyiopoU S Thy f', 8idel
©) 1(x) — () — I'(¥) & —¥) = " Fo) (X —NE =V
&mou T y, keiTon petall TV X, kal y.

*Emreidh 10 x, keiton petafU T@ X kal y, loxle (X, —y)(x —y) > 0. ‘Emoué-
veas, #) oxéais (6) els utv Ty TepimTwow 7(x) > 0 % xe(a,b) ouverrdyetan Tt
i(x) — f(y) = '(ME—-y) >0,

SnAadh &1 7 [ elvon kupTh & (a, b), els B8 Thy mreptrreooy (%) < 0 ¥ x€(a,b)

ouverdyeTal OTL
i(x) - f(y) - () x=¥) <0,
SnAadn & 1y f elven xoidn &v (a, b).

‘Egappoyoi :
1. *H ovvdotnowis [ pé f(xX) =y Yo —xt a >0 efvae xoidn &g y > 0 xai xvpTl did
y<0. Tp&ypart Exopev

' =Yy - ]'_-._u 2 _x¥)'= .—_1 —2x) = — __.x__ -
T T L™ = SN =
xal
—— (—2x)
_— —_— Va*—x'—ng:_*.
T P ) Ver—xt —x (Yot —x ) i uﬁ_iﬂ]’a‘—x‘ 143

o —x2
a?
=Y (@) Y
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‘Emropévess, Si1&x ptv y> 0 Exouev
'(x) <0 % xe(—a, ), &pa I kolhn & (= o a),
Si1& 8¢ y < 0 Eyousv
"(x)>0 ¥ xe(—«a, «), &pa { kupth &v (—a )
(PA. o). 46 xal 47, § 3.2 ToU kegq. III).

2. *H ovvdgrne | e fX) =y ¥Vx'—a, a«>0, & Yy >0 elvar xoiln tdoor év
(—0,— @) doov xai év (o, + 0 ), v day < 0 elva #vpTe) Téoov €v (— o, — a) door xal év
(% + ), (BA.ox. 56 xai 57, §3.3 ToU keq. III). Tpdypar Exopey

(x*—a?)’ 2x X

=Y e i o
kal
—_— X
’ - :
1(x) = ) VxP—a? —x(Vx*—a?) Vol e Vx! — o
= =% o T R e =
uﬂ

R =
‘Emoptvess, S1x piv y >0 £y ouey

1"(x) <0 Téoov ¥ xe(— o0, —a) doov kal % xe(a, + ),
Bix 8¢ y < 0 #xopev

f"(x) >0 Téo0ov \/ x€(—0, — a) éoov kol Y xe(a, + ).

2.3 "Aclprntotor. A Bewprowper picv ouwdpTnow f wpiouteny els &
BidoTnua Tis uopefis (&, + ). Mic elbeice

wé Efcwow y = ax + B kadeitan dodunrwros Y g
Tob diayodupatos vijs f (BA. ox. 88), &v ioyun ¢
hm((x)—ex—=p)=0._. gl "N

X—++ 00
"Ex 1fis oytoecws TaTns TpokiTrTouy of Tu-

mor: a = lim <%0 o B =lim (f(x)—ox).
x++00 X X+ 460

TMpdyparmi: & TUmros B = lim (f(x) — ox) elven
X—+ 00

Zy. 88
Tpogavns, £éd & AAAog ouvayeTal oUTw :
lim ( {(x)—

lim (o —a)=lim {0 - - T

1 =i = = : =

X400 % x-$+00 5 x_l:Tm = Fo
fitor lim &)

x>+ X

"Ex Tév dvewTépw ouvdyetan edkdAws ET1 & &fwov TGV X, SnAadt 7 elfeia
pé tticwowy =0 (o =B = 0), elvan dovumTeoTos ToU Biarypdppatos TUyoUons
pnBzvikfls ouvapThoEws 81 x — t00 . .x. ToUTo tpgaiveTon els T& ox. 89 kai

Ak , \ . g i . 1 s 1
90 81& Tas ouvapTroEls TS opilopévas UTTS TGV TUTTCOV ¥ =y kal y= —nux,
ai dmotan &5 yvwoTdv elven pnSevikad S1& X —> 4 oo .
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1
Dy 89 g L Iy 90 y= nux
X

‘Opolws, els THy mepimTwow, &mou Umobétopey Ty ouvdptnow f copl-
oubvny els Bv SikoTnua Tis popefis (—®, &), Méyouew &Ti 1 eUbeia pi Eiowow
y=ox + P eha doduntotes Tod dayedpparos tis f, & loxim

lim (f(x) —ax —p) =0,

X — 00

oméTe loyvowv émions kol ol TUToL :
a=lim 1 i p=1lim (f(x) - ax) (Gii;).

X—» - 00 X+ -00
Elvca Aormdv mpogavis 811 & &feov &Y x elvon &oUnTrTwWTOS TOU S0y pAMpaTOS
TuyoUons undevikiis ouvapThoews Bi&k x —>— oo. TL.Y. ToUTo éugadiveran i T
ox. 89 kal 90, émou ai Gecopoupevan cuvapThoels elven pndevikal Bix x —>—o0.

Téhos, &v Bi1& THy ouwvdptnow [ Umobiocwuer 6T elven dplopévn (ToUA&-

xioTov) els & dvotdv Sidotnua (a, b) (a, b TmparypoTikol &pifuot), TOTE Aé-
youev &g’ vds pév 811 ) edfeia p tElowow x = a elven doduntwros Tov Suayodp-
patog tijg f, & loxin lim (f](x) 400 fj —o0 (PA. o). 91 kai 92), &g’ ETépou BE

x—>a+

&1 1) elBela pi Elowow x = b elvon dodpmrwros Tod daygduparos Tijs f &v
loxom lim f(x) =+ § —c (PA. ox. 93 kal 94).
x—>b—0

y y /"' v
\ x ) x p X

. 91 Zy. 92 Zy. 93 Zy. 94

Tl.x. els.T0 o). 89 & &kwv T@v y elven GoUumTwTos ToU BierypdpuaTos
(Sracri;), 8vdd dvmiBéTeos els 1O ox. 90 TolTo Bév oupPaiver.

2.4 *Egoppoyoi cig v pehétny ovveprijoses. Ta dvwTépw tlayOévTa
oupmepdopaTa pds EmiTpimour va peAeThiowuey piow ouvdpTnow T PonBeiq
Ths Tpdotns kel Seutépas Tns Topaywyou etdlovTes uovov THY peTaPoAdy
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ToU mpootiuou aTédv. Olress, dx1 wévov Suvdpeba vd kafopiowiey TomiKds
(kar& SiooTruaTe) TO €lbas Tis povoTovias (8 ToU TpOCTiHOU THis TPWTNS
Trapaywyou katd 1o fedprua 2.1.6) dAAK kad T &v f) ouvdpTnos elven kupTh
fi ofAn (& ToU mpocriuou THs BeuTépas Toapaydyou kaTd T Becopnue 2.2.1).
"Emions & kofopiopds Tév onuelewv s T& Smoia | owdpTnols Toapouotdlel
TOTk dxpoTaTa fi keuthy elvon elyeprs, & 6t koBopiouds TéY GoUUTTTATWY
Bievkotver el Thy xdpatw ToU Siaypdupcrds Tns. Els Té dxohouBoivta Ta-
padelypara yiveton coaphs f Texvikh THs peAétns wds ouvapThoEws.

241 “H ovdgenors | pé §(x) = 5 x* (x — 3). *Exopev :
f(x) = -; x2(x—3) - pilen Tfis £:0,3
F)=—2-x(x=2) - pifen iis I':0,2

f'(x)y=3(x=1) “ pita "atje 17 L

ZynuaTilouey TOV dxdroufiov Trivaka SiatdooovTes Tas pilas Téw f, f,
¢l &fovos kol onueioUuer &l Téw duTioTofywy SioTnudTwy TO Tpdonuov
Té&v ouvapThoewy, ', " kai f. Téos, &k Téw oToryeiwy ToUTwy EEdyopev els THY
TeAeuTaiaw ypaupy ToU Trivaxos T& oupTepdopaTd pas i Tiis povoTovias Tfis
f kod ToU &v alirn elven kupTh ) kolAn. Enueiolpey 8¢ xal T& onueia, émou 1
owdéptnols f Tapouaidler kautiy (), Tomikdy péyicTov (T.1) kol TomiKoOY EA-
XioTov (T.€). Kéreobev dxpiPéss ToU Trivaxes Toutou Xap&ooouer TO Sidypoppa
Ths ouvapThioews (BA. oy. 95).

3 e ? +oe
'@ + 0 - A - =
f.m = | - + + +
T : G A B
f t
T S e i
Koifin | Hoidn | Hupri | muorri Kuorr
Y ]
0 I 2
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Eis Thv mepimrwow Tiis dvwTépto ouwvapTroews Btv Umdpyouv &oUp-

mrwTtol (Sari;).
1
24.2% ‘H owdomnog f ué f(x)=e * . “Exopev:
1

1
P = £ xal ((0)=122 ¢ X (Bio;)

xﬂ x4
o iy
1 lime 3

» . f & s T Tx x —* 4o
Emions lim 19 — Jim £ =" lim x e 0 kai

X=>+ X => + o0 X—> + o

1

lim (f(x)—0-x)= lim e * =1. "Apa ) evbeia pt Eiowow y = 0x + 1 =il
X >+ o b St

elven &ovpmreTos (Bid x —> —o0 eUplokopev TEAW THY abThy AOUPTITWTOV).

*Emre187) ) ouvdptnois { 8tv elven dopiopévn elg T onueiov 0, 1 yvdois TGV

Sprokédv Ty lim  f(x) kal lim  f(x) BieukoAlver eis Ty y&patw ToU Sia-
x—>—=0 x>+ 0 .

1

ypéuperros. Els Thy Trpokeipévny TrepimTooow &modekvieTon lim e * =4 ®

x—> —0

1

xad lim e = =0, &pa xai & &fwv TéV y elven dovpmrrwTos (BA. o). 96).

P ot
s 0 ,1r +oo
$'on + + 5
£ - + 0 =
§ + + v
Fpr i Taitn
{
o
1
1
I
i
:
]
1
e B o 0 B T
i
!
-2 :
e e
0 '3 x

1
Zy. 96 y=e x

243 “H owdptyow [ pué I(x) =x+ % “Eyopev :
F() =1— -+ pilon g £: — 1, 1
{"(X) sE “:_..
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e o 0 i (1 +5%) =1k lim (i(x)—1x)=lim 1=0.
© x-400 X400 . x++00 x++0 X

"Apa 1) ebeia pi Eiowow y=1-x 4+ 0 =x elvon &oUpmTwoTOS (B x — —o0
-eUpiokopey AW THY abthy doUpmTwTov). "Emadh f cwéptnois f Siv ETvm

cpiopévn els 16 0, UmroAoyilopey T oplakds Tipds hm f(x) =lim (x + = )

xX=+—0
=04 (—0)=— kai lim f(x) = lim (x+—x—)=0+(+co)=+oo."Apu
X=++0 x-++0
kai & &fwv Tév v elven dovptrTwTos.
s - o 1 too
) B T +
£ - - + +
i SR 1N [ S
£ o [ e -
Koidn :Ka.'}?n mpm'l Kuprr
o =

3. O POAOZ THZ MMAPATQI'OY EIEZ TON YIIOAOTIEMON OPIAKON TINON TIMOQN
ATTPOEAIOPIZTOI MOP®AI

3.1 Anposdiopiotor popeai tod n’mou%_ A Thy owédpTtnow h ud
1 14
h(x) = Ll—- TapaTnpoUper &1 loyUel Téoov llm log (I+x)=logl=0

oov kai lim ("=1)=e"—1 =0 «xal Eropévess "n'pbs u-rroi\oyloubv Ths Opiakiis

x—=+0
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lim 1(x)

~_ 1. log (1 +x) , \ - , . Hx) x—+0

TI lim =22 2777 Bty § o L

uiis !l_l.':'; oy v Suvatal va tpoppootiy & Timos il_l‘r(l' ) lmg )

() p&kis %, @5 yvwoTéy, Stv elven dmipemTh). *Ev ToUTols, Suvdueba vé Uro-
Aoylowuey Ty oplakiy TaiTny Tty ds &

log (1 +x) —logl

IDng(l_-l?lﬁ — ]03(1:;2)80 logl — e"fe“ Y x>—1 Ué x #0
X
Kol Eopéveg
lim Jeg(l +x)—logl 1
lim log(l + X) _— X - (log(l +x))'x=o . m oy
xa0 €=1 lim _‘1—_‘50 e (ex)rxzo T
xX=0 X

‘Optakai Tipad ¢ H dvwTépw, SnAadn dpiokai Tiual T HOPPTis :
lim 2 sroy lim f(x) = 0 = lim g(x)

»
XXg g(x) X=+Xg X=bXg

xeAoUvTal dmpoodidgiotor popgal tob Timov % ’AxohouBolvtes Ty oUThY

TEXVIKT|Y, G5 dvaTépe Bik TOV UTroAoyioudy Tijs Spiakiis Tipfis lim }-w,
x—+0 P

Suvdpebor v dmoBeifoousy TO dxdhouBov Becdpnua.

3.1.1 @EQPHMA. “Eotwoay [ xal g owvagriosic pé xowdw mediov 6pLou0t
& atvolov v popgiis (a, Xa ] 7 [Xor bY 7 (a, X, JU[ Xou b) = (a, b), ai dmofas
nagaywyilovrar, &is 6 onueiov X, pé g'(x,) # 0. Tére, dv f(x,) =0 =g(x,),
loyve
I _ I'(xe)

X=+Xg g(x) — g'(x0)
"Anddeikis. "Exousv

f(x) —f(x0)
f) _ 10 —1(x) _  x—x,
g0 T B -~ g —gGw ' X * o
X — X,
omoTe loyuer kel
im 10 —1(x,)
- L T e o B |
xx, B(X) lim B —8(x0)  g'(xa)

x+Xg X —X,

Znpelwos : "Avertépe els ThHy TrepiTtTeoow, Smou TO kowdy Tediov dpiopol
Tév f xoi g elven Tfis popefis (a, x, ] &1& ToU oupPérou lim  Ewooluey T
X=¥Xgp

lim . *AvaAéys els Ty TrepimTwow, Smou T kowd Tediov dpiopol Téw f kai g
X+x9—0

elvon Tiis popefis [ Xy, b) B1& ToU lim évwooUpev T lim .

X=» Xy X=+Xg+0
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’E@appoyai:

X s
1. lim T 1. Taparnpoluev 811 ToUTo elvan pic &mpooBidpioTos wopgn TOU
x—=+0 2

TUTTOU %— "Exoney (x)' =1 xkad (1—e ) =0—e*(=x) =—e*(=1)=e"% &MoTE KT

. ; s X x)x= _ 1 1
16 dvwTépw Becdpnpa Aaupdvouey :Lr‘[; S —(1_—:)—1’(: =T S
. 1 4+ ouvx o ¢ - . " y
2. lim ﬁ—=0' MapatnpoUpey 611 ToUTo eivan pia &mpoodidpioTos uopef)

X3
0
Tou TUTTOU Nk *Exoper (1 +ouwx)’ = 0+ (—nux) =-nux kal (x—m)' =1-0=1, émwéte

kaTd TO dvwTépw OBewpnua AapPavopev lim ok, L + G ezl

s x>t X —T (x— ) yn 1

=—-—=0

1

*Extds ToU Becpnuaros 3.1.1 yvwoToU els v PiPAioypagioy ds kavévog
T0U de I' Hospital toyler kai 1O kéTwdh fecopnpa.

3.1.2 @EQPHMA. “Egtwoay [ xai g ovvagmijoes ué xowoy mediov dptopuod &
avvoldov tijc poowijc (8, X,) 7 (Xo, b) 7 (8, X)U(Xy, b), ai dmotar mapaywyilov-
rat. Tdre, dv lim {(x) = 0 = lim g(x), loyvet

X=X X=X,
o iR ey @ il e A
,!Ln,:, g'(x) oy j.l.rﬁ 2(x) =

Eis T& Becopnpa ToUTo TO X, BUvaron v elvon kol &y Tév oupPdiwy 0
fi —o0, &TTE TO KOWdY TEBiov Spiopol TEY [ kad g B elven THs popefis (a, +®)
fi (—, b) dvmioToiyxws, &Tokheioptvns QUTIKE Tiis TPITNS TEPITITCCEWS.

'E@appoyai :
x!
1. lim———— =2. TlopatnpoUpev &1t ToUTo elvan pia dmpooBiopioTos
i B X 1
0
wopef ToU TUTOU 5. “Exopev  (x%)'=2x, (e*+x—1)'=e*(-x)+1-0=
e*(—1)+ 1=1—¢* xal maparnpolpev ét1 A Spraxi Tph  lim LW AR
x>0 (e *4+x-—1)
2x

lim =2 lim X eivan Emions pia drpoodidpioTos popeh Tou TUTOU i,
x>0 1 —e* =0 L=t 0

# émolac pdMioTa Umehoylodn els THY dvwTépw épapuoyy 1. "Apx kaTé TO dvwTépw Bepn-
pa 3. 1. 2 foyue

TN ST DTS o fim e L —9iiS
PRl I T e

2. lim X--x_—fgi-lx = 0. Taparnpopev 8Tt ToUTo elvan pia &mpooBidpioTos WopeT

=0

TOU TUTTOU %.. "Eyouev (x —nux)! = 1 —owx, (x?)' = 2x kal TapaTnpoUpey 6T1 f Spi-
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axhy Tph lim om0 o 1—oux
A i S 3y ,!’.To o elvar &mlons pla dmpoaBidpiaros wopeh

TOU TUTTOU -g - AUtn, BSwépe TolU Bewpripatos 3.1:1, UtroAoyileTen &1 elven fon pd

(l—ouwx)y—y _ mu0 _ 0 _ i : (X — nux)’ '.
T =3 =7 < 0, fror loyler x]iIPO e 0. “Apx xord TS

fecopnua 3.1.2 AcpPévopev kad lim w =0.
x>0 X

log x%l
3. xllbm_'_w 1 —=—1. Maparnpolpev &1t foxler lim log - Smat =log( lim bt =
= X > 4 oo X Xx—++e X
X
log }L':_l
=log1=0, ds tmions xal lim 1w 0, 8nAadn 1) Sprokh T lim X dvn
x> 4w X Xx—>+o0 1
x
% 0
pia &mpoobidpioTos poped ToU TUTOU o Kol Emopéves, Buvdper ToU Becopripactos 3.1.2,Exouev
—1 x—1y x x-1Y X 1
logx (]og — e _u) e
lim R sy M X T i ’ﬁ gy TR
x>+ 1 x—4-00 L) x—>+00 1 x—>+00 1
= bz =5 -5
=M e w b a0 S diaitop
e B e Gl g1

9
X

—

3.2 "Anpocdioprator popeai tob. Thmov % ‘Oproxal Tipal Tiis popefis :

_EI{?_ i . = A
Jim S5 dtrou 31_1‘111“ f(x) =+ o nxll_n’:[lng(x)

kehoUvTal  dmpocdidpiator uoogpal Tod Timov f% * *AmpocbioploTous  popeds

ToU TUTou ToUTou Suvdueba vi Uodoylfowiey i Ponbeiq ToU dxoholBou Beco-
priuaTos, T& &moiov elvan Svdhoyov Tpods TO Becopnpa 3.1.2.

3.2.1 @EQPHMA. "Eotwoay f xal g ovvaprijoeis pé xowdv medloy dpiopod
& advodov Tije poopiic (a, X,) 7 (X, b) 7 (&, xo)u(X,, b), ai dnoiar maga-
ywyillovrar. Tdre, dv lim f(x) = + 0 = lim g(x), loyde
X—>xg

. '(x) . (x)
lim /=% =
o T T I e
Eis 10 fecdpnuer ToUro Slvaran Emions T X, v& elvan &v Tév oupPdiwv

+ o f| —o0.

"Egappoyoi :

1. lim 198X
x—>+00 X

=il

= 0. TMapatnpolpev 871 ToUro elven pic dmrpooBidpioTos popeh Tol
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i (Biarl;). “Apa, Buvdper ToU dvwTépw fewptiparos 3.2.1, Exouev

bl
1
lim 1EX_ jim Q8% _ iym X _ im Lo
x—>4+00 X x>+  (Xx) x—>400 1 x—>+00 X
1 1
; Es = . er : e*
2. lim =—o. [oparnpoUuev &1t lim PR |17 (s b S
x—+0 logx x—>+0 logx x—>+0 — logx
1
¢l Aoy &1 ) Oprokty TiwR  lim e ivan pla &mpooBiépioTos Wop@n ToU TUTTOU st
x—40 - logx +

(Sioerl ;). “Apa Exopev

1
1 ( 1_)‘ eu—(_i) 1
2 X
TS U, L P RN I < AR T B
x—>+0 — logx x>+0 (—logx) x40 el x—>4+0 X

1
= lim _1. lim e°* = (+0) (+0)=+=

T x>40X x—>40
kal émopéves
1 1

X
lim = — lim £ =—(+m)=—w,
x>+0 logx x—>+0 —logx

3.3*% *Anpocdiopiotor popeai TV TOmOV +oo — (+eo) Koi 0 (4).

33.1 ’Anposdidpiator pogpal Toi Témov + 0 — (+ ) elven Sprakai TI-
uai Tfs popefis :
lim [f(x) —g(x)], 6émou lim f(x) =+ o =lim g(x).
X—>Xg X—>¥g x—*Xg
Al &mpoodidpioTol popeal ToU TUTOU ToUTOU duiyovTal els TorCXUTOS
ToU TUTTOV % Mpéyuar & F = —i— kai G = % T6Te TapaTnpoUpey 6T

) ol 1 1Y e GO —F(@
lim [16) — g0 J=lim [ 5 66) =1 “Fce

&moTe EmEdn

g 1 1 : 1 S
lim F) = gy =7 =0 o Im =G = fmeey = Fa = 0,
0 x—>Xq 0 x—>Xg
ouvédyopev &T1 1y dprokt) Tipf lim %%}f)ﬁ elvon pia &mpooBidploTos HopeT

e 0
TOU TUTTOV 5

X 1 1y 1 )

Hapaderypa : ,3'_'5 (log TF x,)_. 75~ TMpdyuam

. 1 1 . x? —log (1 +x2) .
S P | ate T A - [

llm (log(l ) = ‘lm xiTog (L £ 59 kol f Tehevtafax alTn dproxd

Tiphy even pla &wpooBidpioTos wopety ToU TUTOU -g- (el ;). “Apax
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2x

I t_log (1+x8) .. (xt—log(l4+x3) .. T+a®
lim X g = lim T2 —lim
—0 x?log (1 + x? —0 (x*log (1 +x%)) ~ x—=0 2x
‘ 8 ( ¢ e s o (0 + (A +x)log (1 +x)
=il x! _ (&mpoobis A1)
,-'f."o x? + (1 +x2) log (1 + x?) ( g it 0 )—
=lim ) =i, e 2X_ _im 1
x>0 (x4 (1 4+x?)log (1 + x?)) x>0 2x(2 + log(1 + x?)) x>0 2+ log (1 + x2)
1 1
T O s

3.3.2 ’Ampocdidptator poopal tod témov O(+ oo) elven Spioxed Tiped T
uopefis
lim f(x)g(x), émou lim f(x) =0 xai lim g(x) =+ .
X=Xy x—>Xq xXg

Al &mpoaBiépidTol popeal ToU TUTTou ToUTou dvéryovTan els ToleTas ToU TUTTOU

% kad &vioTe ToU TUmou 12 (Biati;).

“+o0
INopéderypa : lim xlogx = 0. Tpdyuar lim xlogx = lim Jogx _
x—>+0 x>0 x—>40
%
1 —logx | -
“_l’_n_'jw T+ Omou # Tehevtaia dprakh) Tiuf elvan pia &mpoodidpioTos Hopeh ToU TU-
x
_ 1
oV - kal Emopévas  lim —Ingz lim (=logx)" = lim X _— limx=0.
e x=>+0 1 x—>+0 (_1_)' x>+0 1 x—>40
X X x?
— logx
*Apaxal lim xlogx = — lim i BX — _0=0.
x>+0 =40
%

3.4% "Anpocdhiopiotor popoai tdv tirev 0° (+ )° kai 142,

3.4.1° Anpoodidpiaror poppai tod timov 0° elven Sproxal Tipad Tiis Hop@fis :
lim [ f(x) #®, 6mwou lim f(x) =0 = lim g(x).

3.4.2 > Angoadidpiator poppal Tod Timov (+00)® elven Sproxad Tiped Tis

Hopeiis :
lim [f(x) g™, &mou lim f(x) =+ 0 xai lim g(x) = 0.
x—>x; X*Xg x—>Xg

3.4.3 *Anpoodidpioror poppal ot Témov 1% elvon Sprokal Tipal Tis

Hopefis :
lim [f(x) f®, &mov lim f(x) =1 xai lim g(x) = +o0.
Xx—*xg X—>Xy X—>Xo
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"OAen of dvewTépw &mpooBidpioTol popgal dwéryovTan els THY TolUTNV TOU
TUmou 0 (400 ). Tpdyuat ds yvwoTov (mpPA. Tumov (7), § 3.2 ToU keQ. ')
foyUer

[{(x) @ = es(x)logt(x)
kol Adyw Tis ouvexeias Tis ikBeTikfis ouvapThoews EpapudleTon & TiTros
R lim  g(x)logf(x)
Iim [ !’(x) }g(x) p— llm e g(x)logf(x) — e x—’xng
x—>Xg X=X
Ko ETropvess ydpeda els To vaITooyiowoper Thy dproxiy Ty lim g(x)logf(x),

# omoia &is Shas T&s dvawTépw TepiTThOGES elven (| dvoryetan edkéAws) pla
&mrpoodidpioTos poper ToU TUTou 0(4 o0 ) (BiarTi;).

Mapadeiypata :
1. lim x* = 1. TTaparnpotuey &1 ToUTo efvar pia &poodibpioTos wopeh ToU TUTTOV
x—>+0
0°. "Exopev
iy . lim xlogx
lim x*=Ilim exlogx = ¢ x>+0 = =1,
x> +0 x—>=+0

S16m, dx Umehoyiofn els Ty §3.3.2, lim x logx = 0.
x—>+0

1
2. lim x * = 1. Tapearnpolusy &1t ToUTo elven pia &dmwpooBibpioTos popeh Tol TU-
x>+
mou (+ o) “Exopev
1 Al logx Jiy mxg :
lim x* =lim ex i g TN
X=4+00 X=-»+00

=e'= 1,
516m1, o UmeAoyiodn els Tiv § 3.2, lim logx 2D
x—>4+0 X

1
3. lim (owx) * = 1. TMaparnpolpey T ToUTo elven pla drpooBidptoTos popen

x—>+0

Tou TUTou 1+%. “Exouev

: : log ouvx AL ! log ouvx
] A == 10 %
lim (owx)* =lim e * =g =e'=1,
x=>+0 x—>+0
Bi1om
1 1 1 ; o T
lim — log owx = lim G OWE _ Jip U02 m‘,’"x) = lim X =
x—=>+0 X x—>+0 X x—*=+0 (x) x—>+0 1
=— lim epx = — 90 = 0.
x—>+0

4, AZKHEEIEZ

4.1 “Ymohoyloate Tés (TpdTas) Tapaydyous TG TUIPTHIEWY TEV Spifopéveov U
6w K&Twh TUTWY :

D fx)=x*+2x+3 2) H(x)y=x(x=}=13? 3) f(x) =(%}—,
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9 1 =2+2 iy 208 4T 6) 1(x) = o + logx

D e = X 8) 105 =x*sgx + L 9 160 = 3o + X

4.2 "Ouolws Umoroyloate Tds Tapaywyous T@Y owapThgewy Tév dpilopévev Umd
TV KéTwh TUTCQY :

) 1) = Vx=1 2 1) =Tl—ﬁ
Vx +1
3 0= vYxii 31 Y ) =VxF1+V¥x-1
1 1 7
B) M= = o atet |
S Yx+1  Vx—1 @ f(x>=V§—=n
7) 1(x) = ow(3x + 2) 8) f(x) = nu(3x +2)
el x— 1
9 fxy= i 10) f(x) = E:_’;:TT
11) f(x) = 3nu'x + 2owix + 1 12) 1(x)= Yeo'x + 1
13) f(x) = H‘Wﬁ‘(ﬁz"x__m 14) f(x) = log nux + x*
15) 1(x) = (x* + x)* Fog (x* + 1) 16) f(x) = (nux)togx
17) tx) =x*+1 4 2"% 18) (x) = egx™.

4.3 Elpete T& Tomik& dxpdraTa TEV ouvapThoewy T@v dpifoptveoy UTd T&Y kdTwb
TUTTGOV :

D) =nu@x +3) 2) f(x) =x*—2x*+5 3) f(x) =nu -5‘1-—

4.4 Aclfate 81 peTafy Ay TEY Opfoywviwy ut orabepdy meplueTpov T TeTpdywvov
Exer TO peyoAUTepov épBabov.

4.5 Acifare 611 peTafl SAwv TEY Tpry vy pi oTabepdv TepipeTpov kal oradepdv Pdo v
70 loookehés Tplycwvov Exel TO peyahuTtepov tuPabov,

4.6 Acitate &M peralfV SAwv TGV Tprydwew pé orabepdy mepluetpov 16 fodmAeupov
Tpiywvov Exel T& peyeAlTepov EuPabév.

4.7 Aelfore 611
Trupth &v A <> —1 xoidn &v A.

1 2
4.8 Asitoare i al dovuTTwTor Tiis UmepPohis pé lowow -z—l - %:1 (rppA. §3.3

ToU k. lII) elvan kol doUpmrwTor TéV ouvapTioewy T&y Spilopbveor Umd TEY TUTeow

W =£ yoma ainw=- L yoma,

4.9 MedetfioaTe kal ToapaoThcate yewpeTpikéds Tds owapTioers Tds Spilopévas
Umd TV k&b Tl :
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1) 1(x)=3x*-2x+3 2) {(x) =x(x* —14)
3) f(x)=2x*+3x*+2 4 Ix)=x+ 7

4,10 ‘Ymohoyloate Tés kérwh &mpoobiopioTous Hopeds :

T e . log x 3) lim _HeX
1 !:-IH x—1 2 };Etll x*—1 ) x40 THPX

i S gy gy B0 EX g i RN
9 i‘-% £pPx ) xl-':}) X —nux ) =0 X

4.11 “Ymohoyloate Tds xétwh d&mpooSiopioTous popeds :

i s 2) lim £
D "l*l‘llm X+ log_x *b—gg X
: log (x — 1) 1 log(x*—8)
) Ll.T;!, x*4+x~—10 )xlf; xt+x—12

412 * ‘Ymohoyioate Tas k&Twh &mwpoodioploTous Hopds :

1
o : i sl 3y tim (= ——
1) 11_1'1'110 ¥x logx 2) lim ( 3 X)E?x ) i (logx 5

413* “YmohoyloaTe Tés k&Twdh &mpooBioploTous Hopgds :

. +1 \x
i Aux 2) lim (log x)2-* 3) lm (L._
l)x-l:Tox )x->+w( gx) )x-r+oo X )
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KEDAAAION VI

MEPI OAOKAHPOMATOZ

1. AOPIZETON OAOKAHPOQMA

1.1 Iapéyovsa kai aéprotov dhoxkifipopa. “Eotwoav | kol F ouvapTh-
oels pé kowdv mediov dpiopol &v Sidotnpa A. ©& Aéywuev 8T1 fi ouvdptnois F
elvan pic magdyovoa fi &AAws & dadpotov dAoxifomua tic fév A TéTe kal pdvov
TéTE, &v f) F mapaywyileton xad loyin
F'(x) =1(x) ¥ xeA.
"Av F elven pia mapéyovoa s f &v A, TéTe oupPolifopev ToUTo yphpovTes
J f(x)dx = F(x), xeA
(to gbuPorov [ f(x)dx dveryryvidoxeton «dAorkAfipwpa f(x)dx»).
“QoTe Aoimov '
Ji(x)dx = F(x), xeA <= F'(x) =1(x) ¥ xeA.
opo

T.x. fi ouvdpTnois ouv Exel Trapdyouoa THy guvdpTnow nu, SidT, &s elven 50
YvwoTov, (nux)’ = owvx. "Apa fouvxdx = npx, ds émrions kad fouvxdx = nux + ¢,
dmou ¢ oTadepd, 8161 kad 1) cuvdpTnals U + ¢ elven pia Tapdyouoa THs guv-
apThicews cuv (Siati ;). Al ouvapTtiioes Tfis Hopefis N + ¢ elven xai ai pdven
Trapdryovoan Tis ouvapTroews ow, kel Soov loylel T drkdAoubov Bechpnuc.

1.1.1 @EQPHMA. "Av F xai G elvar 8Yo magdyovoar tijs ovvapticems f &y
A, tdre abrar dapépovy xava ulav otabepdy.
"Anddedis. Zupgavws Tpos Tov Splopdy THs Taparyousns ioyvouy
F(x)=1(x) ¥ xeA kad G'(x)=f(x) ¥ xeA.
“Apa F'(x) =G'(x) V¥ xel xoi émopbves, katd 10 wopiopa 2.1.5 ToU keo.
VII, ioyxier F =_G + c.

Mapodeiypata : A tpapuoyiis TGV TUTWY TGV Topaydywv ouvdyovTta eikéAws
ol d&xdhoubor TUTTOI ;

L Jodx = ¢ Tlpéypars ToUTo & dpiopol elven iooblvapoy ui (c)' =0, 16 dmoiov
@§ yvwoTov ioyvel.

2. [adx = ax. Tpdyparr ToUto & Spiopovu elven fgoBuvapov pt Tdv yvwoTdy TUTOV
(ax)i=ia:

XVl V41 y* V1)’ 1) x¥
3 favaxaeX e .(X e L I U g
J xvdx e (v=1.2,---). Mpdyuan ey ) iy xV.
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V+1

“QoTe EBeixdn & (vx+ 1) =xV, TO omolov Ef OpiopoU elven fooSlvapov pi fxVdx =

xV+1
TS
X 1 = ) 1 .
4. f ¥ T hohEw (v=23,...). MpayuaT (—-(v—_m—v:) =

_ 1 1 (x¥1y'y _ (—DxvE 1 _ 1
=1 (x“ t) S ( vy ) =Dy T T xm-e-n XV
dx [ I
5. fT =logx (x >0). Mpéyupar (logx) = =t
xa‘f'l
6 [x¥dx = ] (a # —1). Tpaypatt

(xa+l )' . (xan)' o (a + l)xa _xa
a1l Rl A cEET s

7. [ ouvxdx = nux'(ESElen f18n dvawTépw).

8. [ nuxdx = — owx. Tlpdypar (— owx)' = — (— NUX) = NuX.

dx A
9. f s = 9% Tpéyuare (epx)’ =

ouvix *

i ek L o 1 = 1
.fqu,x=—cq>x. pbypoTt® (—opx) = — o) sl

11. [erdx = e*. Tpéyuor (eX)’ = e*.

(a¥)’ _ a*loga
Tagal wulogainar

a*
12. fa"dx = loga (a # 1). Mpayuat® ('i_OEa_) =

Iivat doplotwy Sloxdnpwpdray Tdv xvpwtépwy oToLYElwd@dY  ouvvaoTioewy

f(x) [ (x)dx f(x) [ f(x)dx
v > R 1 1
" vFl > 02D TG-px
a 1
xs a#-1) | =T — x>0 log x
NUX — OUVX ouUvx X
1 1
nuix O Twix e
Lo & B lzga

1.2 T'evikoi tOmor 6lox).r|pamt:mg Al els THv Topdypagov TauThy Becopol-
pevan ouvapThoels UtroTiBeTan, éou ¥paiddeTan, 8T1 Exouv Topdywyov.
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121 [[i(x) + g(x) Jdx = [f(x)dx + [g(x)dx.
Mpdypatt: kata Tov dpropov Tou &oploTou GAOKANPWOUATOS, EYOUEY
(UG + g(®ldx)" = i(x) + g(x) = (Ji(x)dx)’ + ( fg(x)dx)’,

TO Omoiov d&modeikviel ToV dvwTépw TUTTOV.
Mapaderypa :
Jx+e9dx = [xdx + [erdx =

122 Jaf(x)dx = aff(x)dx.
Mp&ypar: ( Jal(x)dx)" = af(x) = a(fi(x)dx)’ = (af{(x)dx)".

xi+1
141

—]-e"=...’;_'.—f—e".

Hapadeiypata :
V41
L Jax¥dx =afxdx=a X — _ 2 yvn,
Jax¥dx = afxvdx s T b
2. (els ouvBuaoudy peta ToU TUTou 1.2.1) [(ay 4+ a;x + .. + axxx)dx =

dx

= fa,dx + Jagxdx + ... +_|'a.<x=dx=a.,x+:a2_‘_x’+.‘. + 1x'=+‘-
K

1.2.3 "0 tinos tijs xata mapdyovras GloxAnodicews :
Fi(x)g'(x)dx = [(x)g(x) — [ (x)g(x)dx.
TMpdyuorr (f1(x)g (x)dx)" = f(x)g'(x) = [ f(x)g'(x)+ '(x)g(x) ]
—P(x)g(x) = (I(x)g(x))" — (ff'(x)g(x)dx)".
EiSikdds Biax g(x) = x &yopev Tov drxdAoubov TUTrOV
123 [i(x)dx =xf(x) — [ x{'(x)dx.
INapadeiypata :

1
1. [logxdx = xlogx — [ x(logx)'dx = xlogx — [ x—dx = xlogx —fdx = xlogx —x=

=x(logx — 1).
b, 2y 3 2 2 3 2 2 1
2. [ xlogxdx = f(‘T)logxdx :‘Tlogx —f%— (logx)'dx = ‘Tlogx - XT zix=

_ 1 > oy L xv =t x* 4
= 5 logx — ?fxdx =5 logx — 55 = 7 (ogx—-1)= T(lquz — 1), fiTor

2
Sxlogxdx = —XI- (logx? — 1).

3. [e*nuxdx = f(e")‘nuxdx = e*nux — .re"(nux)'dx = e*nux — fe"o'uuxdx =t
= e*npx — _f(e")‘crwxdx = e*nux — [ e*owx — [e*(owx)'dx ] = e*nux — e*ouwx +
+ [e*(— nux)dx = e* (nux — owx) — [e*nuxdx. "QoTe #8eixbn &1
[e*nuxdx = eX(nux — owx) — [e*nuxdx,
& Tou omoiov eUkOAwWs ouvdyeTal 6T
-]
1.2.4 °0 wénos ijc dloxinodicews O davrizaraotdoeng :
JT(@CNE' ()dx = [ [1(¥)dy Jy—gx,
Strov els TO Befidv péAos ToU TUTTOU Ewwoolpey 8T peTd TOV UtroAoyloudy Tou
JE(Y)dy ogelhopey v& dvTikaraoThowpey TO v pé TO g(x).
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Tpds &médeitv Tou TUou TouTou Bétouey F(y) = [{(y)dy (&pa

F'(y) = {(y)), émdTe dpei va Beitcopey 671
F(g(0) = [1(2())g (x)dx
ToUTto mpdrypaTt loylel, 51611 kard T6 Becdopnua 1.7.1 ToU kep. VI mepl mopa-
ywyioews ouvbéTou ouvapThoews
(F(x))’ = F'(2(x))g'(x) = [(g())e'(x).
IMaepodeiypara:
1.  [ow(ax + p)dx = % Jouw(ex + B) - adx = —L- Jou(ax+p)- (ax+Bydx =

= L[ fowydy )y uxip = — (05 ]y axp = — mi(ax +B), (@ 0).

2. fg-).(- =log | x |. "Qs yvwaoTov ioxuer fd_xz logx, xe (0, + ®). A& xe(—,0),
X X

Td dAokAfjpwua TouTo UtoAoyileTan dos EEfs :

zf_Lx(—l)clx=f:1_X (—x)'dx:[f%dy] =gyl =

y =
= log (—x), xe(—» , 0).
Ol 8Uo TUmor dAokAnpwoews
ST = logx, xe(0, + ) kai f_.. =log (—x), x€(—,0)

fvotrotoUvTan els -réuf;_—i log | x| (Biati;).

2 ax= =L (1 _a4xydx=
3f1+x= - f1+ (2x)dx = f]+\(+x)x

1 1 SR
S [f'_;' dy ]Y:l px1 = ~‘27 [log |y [Jymtne = -5~ log (1 4+x2) = log V1 + x*.
dx o1y guik
G x=2 — x-1

TO§ ToUTOU BETOLEV

1 __« p ¥
x—IEx—2)  x—1 +(x—1)= +x~2
kal UmroAoyilopev év ouvexeiq Ta a, B, ¥ s & :
A& oA aTAaciaouoU dugoTépwy TV peAGY TauTns il (X — 1)* (x — 2) AauPdvouev
=a(x—1)(x—-2)+BEx-2)+yx-1)*
kol perd Tas mpdkers
1=(a+y)X +(~3a+P-27)X + (22— 2B +7Y)
kal ToUTo B1&k k&be XER, TO OTroiov onuaiver &
(a+y=0-3a+p—-2y=0, 20—28+y=1).
’Ex Tfis ¢miAUcews ToU ouoTipaTtos ToUTou ebpiokopsy (a=—1, P=—1, y = 1) (Biati;)

kal Eropévas foy Vet
1 1 1 1

G- =9 — %=1 @=-1p Tx=2°

dx ;
o o vc—t f(x—1)=+ fx—Z‘

"Apa
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T

f\dfl f\_l [iE=ty d-*ﬂ[f%],. =[], =ogix-1]
1

et =le=me-va- [[F . =5l ==t
x—d_x—2=fx—1_—2(x—2)' dx = U(_l;;], . 72:[ log |y ] yoxa— 108 |x=2

O& Eywuey AoiTov

dx

1 1 X—2
Wz logn\—1|+ lrlog \_23-:—,\_77 '—‘l

‘0O dvwtépw TUTOS oy Vel el EkaoTov TGV BraoTnuéTov (—so , 1), (1,2) kai (2, 400 ).

B i o R M ER g

e
= 1 ‘i

B i =[4V?]v_ﬂ_2: WEXTT
—— +1 :
2
== — b =X+ 2
nux 1 dy _
% fEQXdK =f guvx g = fUU\a‘\ (ol = — [f Vi L-, oovx
=—[10g |y |1y_gux =—loglowsx|.

7. [e*dx =— [e* (-1)dx = — fe - (=x)'dx = — [[e¥dy),_ _, =—[e"]yl=_*:—e"‘

X x? X

8% forxvdx=viex (14 {r 451 + - +57) 0=012...). To Shoori-
pwua TouTto UtroAoyilopev TT Ponfeiq Tis dvaywyikiis pebobou, s étfs :
Awx x >0 Exopev :
L) = [em*x®dx = — [x%(e~*)dx = —xF e* + Je* (x¥)'dx = —x%e~* 4 x fe-*x*-1dx =

= —x%e~* + Kl (%),
fiTol
e(x) = —x* e~* + Kk | (%),

oméTe B1d k = 1,2,...,v AopPdvopey :

1
(o1) 1, (x) = —xe~* + lo(x) T
(o2) s (X) = — x2e~* + 2I,(x) %

1
(o) 13(x) = —x%* + 3ly(x) =i

1
(ox) Ie(x) = —x¥e~* 4 K x4 (X) I
(s,) I (x) =—xY e * vl (x) _\lai
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Aré TroMaTAaoioopol &ugoTépwy TGV pEAGY TV dvwTépw oxtoewy il Tov Behik EkdoTns
&vayeypapuévor  &piBuov (Tl'.){. afis oyxkoews (o) i ’:val) kal kaTéTY S1& Tpoohioews
k!

KaTd péAn auTédv 'rrpox\bw'rst (&pou yivouv al xaTdhAnAior &mAomoifiges) ST
2 XV
—Iv(x) _Io(x)- Ti e”"— z—le x_"""ﬁ e =%
ai Emreid, ds f8n Umeroylofn els TO TponyoUpevor TopdBerypa, lo(x) = Je*dx = — e~%,
& Eywuey
=8

2 v
L) = fexxvdx = —vte* (1 + 77+ 57 + o F 3‘”7) :

1.3 ’Ackocic.
1.3.1 ‘Ymoroyloate T& xérwb &épioTa SAokAnpwpaTa :
dx xt—k 44 X3 4 2x2—3x 41
D [oesasy 2?2 lemarme [ hary o
1.32 “Ymohoyioate T& k&Twd &dploTa GAoKAnpoMATA :
1) [ ¥2x T3 dx 2) f W - 3 f - dy
Vx+1—7Vx-1 V3x + 1
1.3.3 “Yrohoyioare T& kérwh &opioTa SAokAnpuara

x? 3x +1 ST =
1 f Y d 3 f2-31’.u3 7 d
) Vl—kx*'x }fY3x2+2x+l X ) | (2x—3)¥x x 4 X

1.3.4 "YmohoyigaTe T& xérwh &dpioTa SAoKATpOMAT
1) [ogxdx 2) [e-s*dx 3) [xe-s*dx
4) [e*ouvxdx 5) [nuzxdx 6) [epxdx
1.3.5 ‘YmohoyloaTes T& k&Twh &dpiora SAoKAnpoHGTA !
1) [ nukx nuvxdx 2) [ nukx ouvwxdx 3) [ ouvkx ouwwxdx,

&Tou K, v guoikol &piBuoi.
(Xpnowomoifoate dvTioTolX s TOUS TUTTOVS

THKX MPVX = % [ ouv(x — v)x — ouw(x + V)X ],
TUKX OUWX = % [nu(c +v)X 4 nulk —v)x ],
QUVKX GUWX = % [ owv(x + v)x + ouv(x —v)x ]).

1.3.6* ‘YmohoyioaTe Ta kdTwh &dpioTa SAoKANPLUATA !

— 9 j’ w4 f XOWVX
1) f(o'uvx + nux) Yourx —nox dx ) e x 3) (xnux+auvx)'dx
4 f XMUX 4 5) J‘( X )sdx.
1+ uuvx)2 XNUX + ouvx
1.3.7 EUpete dvaywyikoUs TUTrOUS Bi& T& ShoxkAnpwpaT !
1) [nu¥xdx 2) Jouwvxdx (v quotkds &piBuds).
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Tii PonBeig TGv TV ToUTwY UTroAoyicaTe T& ShokAnpdpaTa [nuixdx Kkai Jouvixdx.

1.3.8 * Elpete dvaywyikoy TUmOV 81& TO dAokAfpwpa fl{)g".\'dx (v=0,12.) xa
Ti Bonbela TouTou Umohoyicote T¢ SAokMpepa [logixdx.
2. QPIEMENON OAOKAHPOQMA

2.1 'Opopog kai idotnres. "As Bewpriowpey plav ouvdptnow [ dpiopévmy
els &v BidoTnua A, 1) dmoia GrobéToper 611 elvan ouvexns kad Exel Tapdyouoay
&v A(Y). "Av g, P efvon TuxdvTa onueia ToU A, TéTE 1) Biagopd

F(B) — F(a),
émov F elvan pia mapdyovoa Tiis |, efvan dvebdpTnTos Tiis Exhoyfis Tis Topo-
youons F. Tpdypott katd 16 Becdpnua 1.1.1, Tuyoloa mapdyouosa G Tiis |
Siagéper Tfis F katd piov otabepd, fitor G = F 4 ¢ kai émopévas
G(B) — G(a) = (F(B) + ) —(F(a) + ¢) = F(B) — F(a).

Ty Biagopav F(B) — F(a) xahouuev dotouévoy dloxhijomua tijs | dno &

B

fmg P kol TroploTéduey TouTto pé [ f(x)dx, fiTor
B a

[ 1(x)dx = F(B) — F(o)

B
(1o gupPohov [ f(x)dx dvayryvioketan «dhokAfipwua [(x)dx &md a fws Pr).

’Ek ToU duwTépwy OpiouoU ToU dplouévou SAOKATPLMBOTOS GuvdyovTal
dpéows T EERs ¢
a
S I(x)dx=0
a

a B
I f(x)dx = — [ f(x)dx.
4] «
T Siapopéw F(B) — F(e) mapiordusy ouvhbus kol ud [F(x)]s. fitot
[ F(x) )’ = F(B) — F(¢). Kar& Taira
B
[ 10dx = [FO)Y, = [ fiGydx ;-
B
Maparnpoluey émions 6T 10 dShokAfpwpa [ [(x)dx ElopTtdTon  TéoOV
&mo Ty ouvdpTtnaw [ doov kal &md ToUs &pifucus «, B, of &molol kehoUvTan
B
dxpa Gloxinodicems. "AvTIBETwS TO SAokANpwua [ f(x)dx Sév &apTaTon &mwd

THY peTaPAnTiv X, SnAadn ToUto Biv SAA&OOEl &V AVTIKATAGTACWHEY THYV
METORANTAY X UTo wds &AAns, fitor ioyuel

B B
[ i(x)dx = [ f(t)dt.

1) dmodewvbetar slg thv pabnuotuahy  &vdhvow Htu 7 cuvéyetn g [ ouvendyerow iy
- b L (il o
Oraplv mapayobong adrie.
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Hopadeiypota :

B
1. [adx =a(p —a)

a
: b p
Mpéyperr [adx = [ [adx ], =[ax]), =ap —ac=a(p—a)
a

1

1
2. [xdx= L.
A{xx 5
1
1 xx! 1: Q2 1
4] g X = d B sl B CE AR SR S L ety
payuaT gxdx [fx ] [2]0 > — 3
l. 1
3, xy = —.
fas- 4
: I et 1200 1
m - fxidx =[ [xd ="_]________,
Ll [3 3 3 5
n/y
4.{nuxdx=1.

®/
g [
Mpdyuam: fnuxdx.=[ [nuxdy B =[—owx]y'=—ow Fhow0 =-04+1=1
2

5. [ logxdx = log 4 — 1.
1
Mpdyuars duvduer ToU év 1.2.3 mapabelynaros 1, Exouev

2
j;logxdx = [x(logx — 1)]:: =2(log2 — 1) —1(logl — 1) = 2logZz —2 + 1 =log4d — 1.

1
X s

6. {mdx:]og\/l
TpédyuaT Suvéper ToU &v 1.2.4 Tapabelyparos 3, Exousv
1 = T ...l e -
X =% | =| log V1 ¥xt | =log¥T+12—log VI + 02 =
[ o= [rame =] 8 Lo
0

=log¥2Z

2.1.1 ’Ex 7o dpiopod tod dptouévov Sloxdnoduaros cuvdyovtar edxilug
(andbeiic; ) ol wdrwbe timor :

F LG + 8001 dx = fidx + fax)ix
Faf(x)dx =arf Bf(:t:)dx.

2.12 "Av o, B, ¥ elvar onueia Tod dwactijuaros B, tdte loyier 6 Tomos
B B
Fi@dx + [ i)dx = [ i(x)dx.
« Y a
Mpéyuar & F elvan pla mapdyovoa Tiis {, 16T Tpogowdds Exouey

[ E(y) — F(e) 1 + [ F(B) — F(y) ] = F(B) — F(),
BnAadf Tov &uwTépw TUTOV. '

168

Wnepromotr|Onke amé To lvotirouto EkmaiSeutikng MoNmikrig



2.1.2 *loyier 6 vimog (yvworos di Timos tis péoms Tyuic)
B
[ I(x)dx = f(x0)(B — o),

dmov X év xavdidnlov onueiov toi avoxtod Sworiparos (g, B).

Mpéyuoar &v F elven pia wapéyovoa Tiis f (fror F'(x) = f(x) ¥ xeb),
ToTE, KaT TO Becddpnua THs péons Tipfis ToU Slagopixkol AoyiopoU (Becopnuer
2.1.3 10U xeg. VII), Umdpyer x,5(q, B) Toicltov, doTe v& loxun

F(B) — F(o) = F'(x)(B — o) = f(x,)(B — ), -
BnAad)
‘ff(x)dx = {(x,)(B — ).

A7 Epapuoyijc Tob dvwtéom Témov Tig péans Tiudls avvdyovtar (Grddeiig;)
Ta xdTwle
o <P

B
f(x) 2 0 ¥ xe[q, B] } =>(_zf‘f(x)dx;0
a<B

B B
() > g0) ¥ xefop] :»{f(x)(lx = {g(x)dx.

2.1.4 *loyder énions. xal 6 Tdmoc
B g(B)
S i(g()g'(x)dx = (f )f(Y)dY-
a gla

Mpdypatt &v.F elven pic Tapdyovoa Tis f, TOTE, xaTd TOV &v 1.2.4 Timrov
s 81 duTikaTaoTdoews GAokAnpoews, AauPdvopey

[1gGE Cdx = [ [1(eCNg @i [ = 1)y bgio | =

= [[FOL - ][ = [Fee( 12 = FGe(®) ~ Fe(e)=] 1)dy.
1 "
Egopuorii: [Yi—xwax = [ owax.

Ty

£l /s y
Mpd&ypaTt: f ourixdx = f ourxouwxdx = f VY1 —neix (qux)'dx =
=% =" i
iy 1 1
- f Vl—yzdy=JVT;_y_’dy:fY1—x’dx.
% -1 -1
'ﬂu(ﬁ 5

Avvépeda Twpa, T PonBelx ToU TUmou TolTou, v& Urohoyiowpey T ShoxkATpwpa

1
rl YT —xtdx s &Efis :
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‘Yrrohoyilopev kaTd 'r'rpéb"rov T &dpiroTov SAokAApuwua

Jouvtxdx = J-l = Wuzxd =5 fdx 5 ; fcruvadx = _;_x + _;- f:ruv.?x (2x)'dx =
1 1 1 1

= == d = — = Lonu2x =
P iy [fwv&)] - Xt 4[ﬂUY]y:2x o X+ 1
% (2x + nu2x),

fiTot

f:ruv*xdx = i (2x + nu2x).
’Ev cwsxslqt, Suvdiper ToU dvwTépw &moderyBévros TUToU, AcuPdvoper &T1

/2 1 i3
le —x*dx = fcruv’xdx = [T 2x + nu2x)] =
—n/2
—1 —n/2
1

1 1 1
=T(7T+ nuT) -HT(—TT+TIM(—1T))=TTF+T1T=

N|=l

fiTor Umedoyichn &1
1
[ i
f VI —xFdx = -5
-1

2.2 To adpopivov dhokhipope dg épfadév. "Eotw f uia owwaptnols dpi-
ouévn kai ouveyns Eels TO kAsioTov Sidotnua [a, B
pt f(x) = 0V xe[o, P ]. "Eortw &mi mhéov E 10 xw- y
piov ToU &mimédSou TO Optldpevov Umd Tou Siarypdu- 5
uaeros Tfis f, ToU &fovos TGV x kol TGV elBaidv pE Ehi- '\/—\
ooels x = a kol x = B (BA. ox. 98), fiTor I i

E=8ikypompa {(x,¥):a €£x £ B, 0y < f(x) }. i £ '
"As Becopriowopey kaTd TIpddTOV THY TEPITTTWO, . s =
dmou 7 [ elvan ypappikn ouvdptnols dniadt {(x) = | Zy. 98

¥x + 8. Téte 16 xwpiov E elven &v tpaméliov (PA. o).
99) ué Pdoes (TopoAAnAous Tpos Tov &fova TV y) Exovcas prkn (o) kai
f(B) xai pt Uyos Exov ufikos B —a. OUtws 1) Tium
(E) ToU éupadolU ToU Tpameliov E elvan
f f fi
_(5’_)_‘*2;@ B - ). i

y

EE &AAou TO OAoKkAfpoopa
p B
f f(x)dx =f(yx + 8)dx = [% yx? 4 Bx ]z =

a

== ! ype+8p— (—- ot“-—HSa) Zy. 99

= Ay(@—o) + 5@ —a) = (4 y®+a) +8 )B-a) =P (p_a)=
=0etDIO0BED (o= K22IB) (b, fron

fa) |-

_Ff(x)dx =(E).
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‘O TUTros oUTos ioyUel yevikeTepov kal els Thy mepiTTwow, dmwou 1 [ elven
y pla molvywvie) ovvdotno, SnAadn pia ouv-
&pTnois This omoios TO Bidypaupa elvar pia
TOAUYWVIKT] ypoupty Y. | Ap A; AgA, Tou
oy. 100. "Exouev ToTE
(E)=C(&)+ (&) + (&)
T ttoydx + Fi@dx + £ 100dx = J 1x)dx,
a ay a, a
fiTol TdAw ,
Sy, 100 l{_I’(J\')dx =(E):
‘O TUTros oltos loyuer 81° olovBfimoTe TAfBos TAeupdv Tiis UM Syw Tro-
AUYWVIKTS Ypauufs.
"As émovéABooper Topa els THY mepiTTwow Tis Tuxouons cuvapTioews f.
y A& Biopepicews ToU kAeioToU BiaoThpaTos
[e,B] els v foa uépn Spilevon pic ToAUyco-
g vikty ouvdpTtnois [, wpogeyyilovoa THY [ cog
f éppaivetan eis TO oy. 101 Six v=4. "Av xo-
Mowpev E, 16 dvtioToiyov ywplov Tou émi-
Trébou, TO Omoiov Opiler A [, (BnAodh E, =
Bidypoa {(x,y): «< x< B, 0<y < [,(x) }),
TOTe KothoUpey Tiufy ToU éuPadol Tolu ywpiou
% ETolim(E,) (&v, PePaiws, ToUte Umapxn
kal elvan TporypaTikes &pifuds), fitol

CE) =hm{(E,)= lm f‘l‘v(x)dx.

‘AtroBeikvieTan els THY pobnuoTikny  &vdAuotw &1, Ud Tds Tefeloas dvwTépw
UtroBéoeis, ioyUer

Ry

P B S
'8 R

= .
b -_.__.F—_.-‘..A

Xy, 101

8 8
lim [ f(x)dx = [ [(x)dx.
a w
“QoTe kal els THY yevikny TrepimtToooy ioyUet

§ adx = (B

Iagatijonois. *H dvwTépw pédodos ornpiletan eis THv idéav THis Tpooeyyioews ToU &p-
Babol, 1o odmolov mepikAeier pla kapTUAn, UTd ToU EpPadol, To dmolov mepikAeier pla by ye-
Ypauuévn eis aUThy moAvywvikl ypappn. ‘H iBéx oltn ogeideTan els Tov ‘Apyxundnv, &
émolos épfippoce TalTny els TOV UmoAoyioudy Tiis Twfis Tou uPadol TapaPolikou xwpiou.

Hopedeiypata :

1. f(x)=x? xe[ 0,a). Eis THv mepimTwocv Tattnv 16 dvtioToixov Ywpiov E ToU Emi-
méBou eivon éxeivo TO dmofov Tepiéyxetan petafy ToU Biaypdpuaros Tiis f, ToU &fovos TV
X xai Tfis eUbeias pé élicwow x = a (PA. ox. 102). “Exouev :

x3 lu o as

a o 0:!
E)= 2d =[ 2d == —] —— e
(Fh= ] xis f""‘JO T, 3 7 1
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2. f(x) = nux, xe[0,m ]. Els tiy mepinTwow Tadtny 16 dvtioTorxov xwplov E Tol
tmiréSou elvan Exeivo 76 Smoiov mepiéxeTan peTalU THs furTovoaiSols kapTUAns kal Tou Sia-
otfparos [0,m] (BA. ox. 103). “Exouey’

b
(Bl = Jnuxdx = [—owx]§ = —owt 4+ oWl =—(—1)+1=2.

\ y
gl
\ Al
\ HF A
A i/
\
N\
. \\\
S ? E
A
Xy, 102 Zy. 103 2x. 104

3, "Epfadov éowreaixoi xixiov dxtives a. "As Sswpnowpey T tmimebov ywpiov E 1o
bmolov mepiéyeTan peTaky ToU Biaypduuatos Tis [ opt f(x) = Vol —x}, —a < x < a «xai
ToU &tovos TV X (BA. ox. 104). “Exopev

® =_f:vm s =_faVTZT%)’dx=a-j Vq%_) (%_)'dx=

1
VI—yidy=a® [+/1T—x*dx
—1

= a?

fie Tale

1
I T ot
kal dmaidh, s UmehoyioBn dv 2.1.4 (Epoppoyn), f\/ T—xtdx= -, 0& Excouey (E)= 5
—1

mal
‘Erroudves 1) Tiud) ToU dupadol Tol owTepikol kUkAou &kTivos a B& elven 2(E) =2 -5 = Tal,

4. 'EpPaddr éowrepixoi éAdelpews. "As Bewpficwper THY EAheiyw pe Eiowow

2 2
:2 = —‘5- = 1, nAadn ThHv EAAeyv ué kévtpov 0 xal fmdko-

vas a, P. "EoTes Bt E 16 xwpiov ToU EmiméBou 16 dmoiov mepié- ¥

xetan petaty Tol Siaypdpparos T [ ue [(x) = % Vai—x2,

—a< x € aka ToUu &fovos Tév X (PA. ox. 105). "Exoupev
TOTE

() = f%vo?—?dx ~p jVIL (%)’ch::

=k j V" = (‘:‘)_ (%)'dx i j[;]fyz flape PR S e e
—ib —a/a - “ ﬂ

a;sj VT -xtdx
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1
kai émeadny, ds Umedoylodn v 1.2.4 (popuoyd), f\’ 1—x*dx = "3— , B8& Exwuev (E) =
-1
T

=—2—ﬁ . ‘Emroptvws 1) Tipr), ToU éuPadol ToU fowTepikoU Ts EAAeiwecs pé kévtpov 0 kal

fmdtovas o, P elven map.

"As Bewpriowpey Topa SUo ouvaptiicsis | kol g dpiopévas kol ouvexeis
B [o, ] e f(x) = g(x) ¥ x€(a, B]. "Av E TropioTd 1O Ywplov ToU &miméSou
(BA. ox. 106), 1o omroiov TepléyeTon peTatU TGV SiaypaupdTwy TGV ouvapTn-
oewv [, g kol TGV elBe1dov pt liodoels X = o kal X = B, TéTe TO EpPaddv ToU Yw-
piou ToUTou elven 1) Siagopd Tév EuPabidv Ty Ywplwv Ep kal E; (PA. oy. 107
kai 108).

Zy. 106
“Qoe Exoupev
B B
(B =i(E y= () = J'H(x)dx~ [ glx}dx,
a
fiTot
B
(B) = J [1(x) — g(x) ] dx.
a

Iopadeiypata :

1. f(x) =X xai g(x) =x2 To tupabdv Tou Ywpiov E Tou émmédou (PA. oyx. 109)
elven

1 1 x2 X 12 19 02 0%y,
(B)= J (x—x¥dx = [f(x —x2)dx ]0—[—2* —*3*]0—- 5 T3 T-—T)—

=1_1_1
E 37 6

y J’f‘ 5 3

) ,&1- _____ .
A Ty x
& | e
4 5 E i \l‘g%
o L iy SN -
,/ o} ] x ¢ g — Tz_ \\ ;=
Zy. 109 Zy. 110
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2. f(x) = owrx xai g(x) = nux. Toé EuPaddv ToU ywplou E Tol émimédou, To6 Smoiov
TeprExeTan peTalU Tiis ouvnuiTcvoaiBous KauTUANs, Tiis fiiTovoaBols KauTUAns kol ToU Gio-
vos Tév ¥ (PA. ox. 110) elven

5 =’:)}'. L Y R [f(mx — nux )dx } :J‘: [ NUX + ouvx ]": =

~ (w0 + w0y = YZ 4 V2

™
Sl i VI S ———-(0+1)~V2-1

fitol —VFL
2.3 "Acknosig E)=VZ-1
2.3.1 Aeifate 671 ¢
n n
1) J nukx nuvxdx = 0 = [ ouvkx ouwxdx (kv guoikol, x # v)
-n -
n
2) i nukx ouwxdx =0 (x, v puoikoi)
-r

1 n
3) J nukxdx = 7= [ ouwikndx (x @uaixés)
-1 -7

2.3.2 Acitate 611 B1& kdbe guowdy &piBudy v ioxlouy :

xa (2v— H w/s 24 ()
v : vt ,:,,,, T e
1) j' nuVxdx = 2 4 D) 9 2) .(J;np. xdx 57 ( =
2.3.3 Ymohoyicate T& dpiouiva dSAokAnpouaTa :
n/q n/y
D J owxdx 2) J ow+xdx,

i
&mou v elvan puoikds dpiBuds.

2.3.4 N& Umrohoy1o87) f) Tiufy ToU EuBabol ToU ywpiou E Tol mitrédou, Té dmotov Tre-
e i
piExeTan petafy Tis EAAelypews ué tElowo ra + F_ =1, ToU kUkAou kévtpou 0 kal dkTi-

vos I (r < a kal r < B) kel TéY Berikév AuiaEdvev (BA. ox. 111).

Zy. 111 Zy. 112 Zy. 113

2.3.5 N& Umohoy1o0fj # T ToU épPadol 1ol ywpiou E Tol éﬂ17ré80u, TO dolov

TEPIEXETON PETGEY TG BiaypappdTawy T&Y cuvapTioewy kol g pi fx) = 'v X kol g(x) =x2,
0= xl <1 (BA oy 112).

23.6 Na UmodoyioBii f) Tiud Tol éuPobol Tol Xwpiou E ToU EmméSou, 16 Smoiov

TepIEXeTal peTakl ToU Siaypdunaros Tis f ut f(x) = x™2 kai Tév elbeIiy i Erodoes y=1,
X =2 (A oy. 113).
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