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KED®AAAION I

TPIFTQNOMETPIKAI EEIZQXEIZ

1. ‘'Opwopoi — Bacwkai Evvorm

L1. Tveopifopev & Tfis *AhyéPpas Tov Spiopdv wids dAyePpixfis tEiocaaecos
s mpds X, A(X) = B(x), 6mou A kai B elvon ouvopTroels wds petaBAnTs
(&yviooTou) . 'Edv &v ToUAdyioTov TGV peAédv Tiis dveoTépw E€iodioecds, Tre-
pIEXN TV TR Wds T) TeplocoTépey TRIYWVOETPIKGY ouvapTroewy 1 es ThHY
Btaw ¢(x), dmou @ Tuyoloa ouvdpTnols Tiis aUTHs TparyuaTIKTS PeTaPANTRS X
T67Te ) &lowors altn kedeiton tpryovopetpikyy #iswoig G5 Tpds . My o
tiodosis:

1
nxtowy =2, owdy=——5-, ep(ouvy)= op(nuy), (€]

EpX =X, MWIX+ow?x =1 )
elvan TprycwvopeTpikad 2Eiocots.

Kéfe To8ov ¥, 1o bmolov tmadnbeler plov TprywvoueTpikiy EEigwoty,
fitor kaBoTd TaUTNY lodTnTe, KoASiTAn pepkd Aborg cUTis (. TO T&Eov
= 21% elvon i pepikn Abois Tfis Seutépas ik TéV Eiodoewy (1)). Té alvorov
TGV pPepIKGV AUgeov Wdls TprywvoueTpikdis £610coews keAeiTon yevikdy Abeig A
&mAds hbawg, 1) Bt eUpeois Tiis yevikiis Aloecs kaheiTon énihvorg Tis Tprywvope-
TpiKkils E§10cdoecos.

"Edv k&be To8ov ¥ elvan Alots (pepikh) wids TprycvoueTpikis &EiocoEcs,

1 Aéyovtes «tprywvopeTpikal ouvapTiiosisy, fvwooUpey tvraUba, ikTds TOV ouvapTiioEwy
nu, o, &g, op kal Tds duTioTpdous alTd, ds Spllovrar els T Keg. V. Etrions, UmevBupiopev
811 of yvwoTol Tprywvopetpixol &mibpol nuy, ouvy, epy xad oy elvet dkp1péss al Tipal TéV TpI-
Y WVOLETPIKGY OUVpTHOEY NI, ouv, £¢ Kal 09 dvTioTolyws els Td onueiov x€R.

H dveEdprnros petaPAnTd (f], ds &AAes Méyopev els THv Tpokebvny TreplmTeociv, TO Té-
§ov) TV To0UTWY ouvapThoewy, elvat TpayuoTikds &piBuds. *E’ £Efis B¢, TéwTa Td YXpnaipo-
TroloUpeva TéEa B& Bewpalivran 811 Exouv peTpnBii pé povéda T dkTiviov.

WnoionoiOrke amod 1o ivotirouto EknmaiSeuTikrg MoAmkrg



TéTe 1) tElowois alUtn elvan Tprywvouetpik tavtétmg (TX. 1 TeheuTale K
T&v (2)).

Elven Suvardy trrions, oUdiv 16fov v Emoinbeun picw TPIYWVOLETPIKNY
Eiowaw, dmoTe alTn keAelton &dbvateg (Y. f tElowors nuy = 2).

‘H tmilvois olaabfToTe TprywvoueTpikiis flocoews oTnpiGeTal gl TEO-
obpwv Pacikiy Gewpnudey, T& 6Toix BlaTUTOUVTX ouvTdHS UTTO TGV K-
Twh icoduvapidv:

N N pie X = 26y A

(1) nux=nuy <= x=pm+(-1)Py <= { = (2K+1)1T—-‘-|J’(K'PEZ)
X = 2xmty i *e2)

X = 2Ky

()  epx=cpy <> x=xm-ty (x€Z)

(IV) ogx=opy <=+ x=kw+y - (XEZ)

*EmiAdopey Kol Blepeuviduey KaTwTépw OpIouévas KAGOOIKAS LOPQAs Tpi-
YwVoLETpIKGY EElothaewy, el TS Smrolag duéyeTton, &v yével, kdfe EANAn TpIyw-
vopeTpikt| tElowais.

(1) ouvy = ouny <> {

2. Ogpelrdderg TPYOVOPETPIKGL EELGAGELS

2.1. quy = a(a=R). Tlpos émiAuciv Tis EEiomotws TaUTTS, TopaTNPoUlEY, OTL:
) Eav Jo| >1 (<= a>1 § a<-1), f| tEicwors elvon &BUvaTos, B16T1
[nuxl < 1 S xafe xER.

B) ’Edw ol <1 (<= —1 < ax<1), té7e 1) &lowas Exer Auow, v &troiav Tpoo-
Biopifopev s £Efis:

B,) ’E&wv O0<a<l, Téte Umdpyer T6§ov (eUproxduevoy Bid TGV TIVAKWY) P

0<o< —g- kol ToUTOY, GoTE Nue = &, dmdTe N Efiowals ypdgETalL:

X = b ey
Tpopavéds To @ elvar i pepikn Avows s (1). "Ev oUVEYElQ, XpNoipo-
To10lvTes THY dvertépe tooduvapiav (1), elpioxopey THY yevikiv Aot Tiis s,
7 émola elvan:
=+ (1)< p(kEZ) <= X=dhm g
R e ARl { x= (2p+1)m—¢
TMoparnpoluev, péow ToU TUmou (2), T els kéfe Ty Tou dxepaiov K
&mioToiyel kol pia Aois (uepikd)) Tis &ioddoews (1). *Emtl mropodelyporry, Sic
k = 0, eUpioxopev THY, pepikny AUCIY ¥ = @.
B.) ’Eaw -1 < a<< 0, o€ peTaoynuaTifopey ooBuvapes THY Tpds EmiAVoIY
ooy, ws kérob:
nHY = & <= -nuX = -& <= nu() = -a
Eis thv TehevTaiov Spws lowow evar 0 <ot <1 kod ouverdds, &av Becw-

MpED) @)
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priowpey &yvwoTov Tofov TO - ¥, 1 £lowols altn elven Tiis Tponyoupévns
popefis (mepitrTwots Py) kol émAveTon dvaAdyws.

1
IMAPAAEITMA 1. N& émAvf 1) élowois: nudy =— 5 kol v& eUpebf] éx TdV

Hepik&dY AUoewv aUTils, Ty EAayxioTn OeTikn).

"Erikvoig : ‘H Bofeloa éfiowaois ypdgeton @ nudy = nu(—ﬁ) ‘H yevikn
Aois altis 8ideTon UTO TRV TUTTWV:
™ 2k
S DG WED | ¢ =g g (€D (D)
T 2pm | T
xo= CoDm+T GeD) | |xe=2T+ 1T een) @

’E€etdlopev kat’ dpynv, molcn &k TGV eUpeBeicddv  AUcewv elvoen feTikad.
“lva al AUoeis elvan QeTikad, TrpéTrel kal &pkel:

[erm 0 OKcuZET i 0 K ! Kad _—
T T 3 '18>}“*;”{>ﬁ" ST
"Apa, B1x k= 1,2,3,... ki p=0,1,2,..., AapPdvopey, &k T@v (1) kai (2) dvmi-
oToiyws, Betikds AUcels. *Etri TrAéov TropaTnpouUpey, &TL :

Xet1> Xe KA Xpi1>Xp s N KPEZ.

“Ofev, ai (1) kai (2) elvon abfovoon ouvapThoels G TPoS K Kal p AvTIoTOIX6S.
ZUVETTEds, €K TGV MepikGV Augewv (1), f) EAayioTn BeTikn dvmioToiyel eis THY Ti-
Il

18

“‘Opoiws, Bi&k p =0, elpiokopey THY EAayioTny BeTikiy AUow éx TGV pepikddv

unv k=1 kai glvan x; =

Aoswv (2), 1| OToia elvar X, =71—Té-_. “Apa, fi #hayioTn BeTikh AUois elvan o

18}
c - 3y 1
ITAPAAEITMA 2. N& émiAvén 7 éEicwols: = g
— ) WRGY TN e : &3 1
Eribveig: ‘H Bofeica fiowois sivan ioodlvaupos pé ThHv nu (—2 =
’Emions, elvar yvewoTéy, &TI nu%: -;— kal ouvemdds 7 Eflowors ypapeTan @
nu (__;_2() = nu—g. ‘H yevikt) Aots adTiis elva:
3
~ L k(1) - (xED) )
2 6
i
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*Ex s *(1), AlovTes &hyePpikéds s mpds ¥, eUplokopev:
=T 4~ 1)&( ) (€D = @

2k

x=—~-( 1)“ (xkeZ). 3

Maeparipnoic. Eis Tov quoTépw TUmov (2) &tédn k dutl -, Siom, &w 16 k Acupdvn
Shas Tés drepadas Tipds, TOTE kol TO -k AapPaver SAas Tag dxepadas Tipds kad (-1)x = (-1)%, &pax
& mpokUmrTwy TUTos (3) elven iooBlvapos ut Tov (2).

2.2. ovvy = L (AER). "Omes kol els THv Tponyountvny Bepehicdbous popgfis
TprycovopeTpikty Efiowoty, Siaxpivouey kod &v Trpokelnéved TS k&ToB! TrEpITITC-
oels & TPdS THY TaPAUETpoY A:
o) ’Eqv A[> 1, 167e 1) Elowais eivon &Buvartos.
B) ‘Eav 0 < A <1, Téte Umdpyer Téfov ¢ ut 0 <o g% kal ToloUTov, WOTE
ouvg =7, émdTe 1) Eicwols ypageTal:
oUVY = GUVQ. (1
‘H yevihy Aois Tfis (1), Péor Tiis iooBuvapias (II), elvan: x =2k Lo (KEZ).
y) *E&v -1<A<0, Té1e peraoynuatifouev Thy lowav (1) s &Efs:
oury = A <= -ouvy =-A <= ouv(m-Y) = -A
*Eyoupev pos EmiAvaiy THy EEiccocw ouv(=y) = -A p& 0<-A<1 Kol &yveo-
oTov TéEov TS T-X Kai ouvetréds peToriTTopey el THY Trponyouuévny mepimTe-

ow (B).

IMAPAAEITMA 1. N& #miAudii 1) &lowais: ouv3y :% :

*Erilvoig : EUploxopev & Té&v Aoyopibuikéy mivdkwv TO EAdyioTtov feTi-
kdv TéEov T TOlOUTOV, COOTE cru1rr=ré—- . Tlpds ToUTo, Acyapifuilopey THv Te-
Asutalav lodTnTa kol Exopev:
Aoy ouvT = Roy—i— = Aoy ouvt=-Aoy4 = Aoy ouvt=1,39794 — 7=75°31"21"
Suverrdds, f| yevikly Alois Tiis Sofelons E§iocoecws elvan:

3x = 360%+75°31'21"" <= ¥ = 120%=+25°10"27"" (x€Z)

23. gy = A (AER). 'E&v A 2 0, eVpiokopev & T&V mwikwv TOfov w pE
epw = A kal guverrds 1) Eflowols ypdgeTon:
EPY = EPW (D
*H yevixt) AUais Tfis (1), P&oer ToU TUmou (lIl), elven: x = kmw+w  (kEZ).
*Edv A <0, TéTE. Siapoppdvopey THy Sobeioav efiowotv s EEfs:
Y = A <= -} =-A <= eo(-x)=-A (A>0).
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Olrw, §y mpos Emidvow &lowois ep(-x) = -A elvan Tfis Tponyoupévns uopqmg,
u¢ &yvwoTtov T6Eov TO -X.

Ko®” Spoiov érpipdds Tpdmrov midleten kad #) Emropéun BepehichSns Tprycovope-
TpIkT) Efiowais:

24. ogy = o (aER).

IAPAAEITMA 1. N& elpefolv T& 2vtds ToU duoiktol SioThuaTos ( 0,%?)

T6Ea, T& EmweddnBedovTa Ty Eicwotv g2y =V/3.
Avorg: “H Sobeloa Efowais ypdgeTan ep2y = sqa% . “H yevikn Aois adTiis elvan:

2)(=K1T+—31T— <~ X=%+% xeZ).

*E€ Umobéoews Spws Exopev:
0< <§14=>0<ﬂ+j—<3—1T e ) =

x~3 - BREF Rl Bap@a v e e o i g
Al pévan dxéponan Tipal ToU k 2vTds ToU BiaoThuaTos (— A;T ; —é—) glver 0
kad 1. °Ev ouveyelq, BétovTes Tas drepaias alimds Tipds ToU K els THy edpebeioay

. ' ~ . oy N . , . i \
Yevikiyy Aow Tiis £fiodoews, edpiokopey dvTioToiyws BUo ToEw, ¥, =5 ki

™ % 1 2 Gy Bl o diy :
Xz =-7+ < =3+ T4 omoix elvan kal T& InToUpeva.

"Avagépopey kKaTwTEpw Gpiopévas Bepehitddels TprywvopeTpikds EE1ocoels
Kol Tds AUcels odTéiv:

B 5 o~ " ouvx =0 <= X=K1T‘E"12r—
nux =1 <> X=2K“+T o L T etk Bt
fing = 4=rx:2x1r—j— owy =—1 <= x= (2x+Dm

2 Ly

X =0 <= Y=k opRi O = X=KTT+T

(Eis SAag Tds dveoTépo TepiTTTaCElS glvan KEZ).

3. Tpryovopetpikaei é&rcdoeirg avaydpevor sig Bepelidderg

3.1. Tpryovoperpixn Eficwoig tiic popofis f(t) = 0, &vba t TprywvopeTpikds
Gp1Bpos ToU Tofou ¥ kad f(t) dkrépaiov ToAudvupoY s TTPoS t.

Tpos émidvo wmas ToloTns €locdoecws Epyaddusda cos E€fis : "EmiAvo-
Hev TN s pos t dAyePpikiy icwow f(t) = 0 xal EoTwoav ty, ta,.., t, af

9
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piten ariis. TéTe, f| TprycovopeTpikt tEiowais f(t) = 0 elven looBlUvauos ut TaS
k&b OepehidBels TprywvopeTpikds E510G0EIS:

s Wb f e B
ai &molan EmAUovTan eUkdAws kai of AUcsis adTdv elvar f) yevikf AUots Tiis

£(t) = 0.

IIAPAAEITMA 1. N& Aubfi 1) &€lowois: nudy +2nuy —nux —2 = 0.

Avoig : ‘H Sofeica tfiowals looduvdpws ypdeeTal:
(nux—nex) +2(Mu?x—1) = 0 <« nux(nu?x —1) +2(w’x —1) = 0 <=

nux=-2 (@)
<= (ux+2)(ux — DX +1)=0 <= § nux=1 (B)
nux=-1 ()

‘H tflowais () elvan &Suvatos, oi AUoels Tév (B) kai (y) elven dvtioToi-

s < T
Xws X = 2K —!—7 Kai ¥ =2k e (xeZ).

Mapatipnois. ‘H Siepeivnots Wds TprywvopeTpikis E§iotoews f(t) = 0, Tiis Tponyoupé-
VNS Hopofis, &véyetan tv yével eis THY Siepedvnoty THs &vTioTolyou g Tpds t dhyePpixiis Eioco-
oews f(t) = 0, AauPavoptveov i Aoy U Sy TGV dpicov peTaBoAfis TOU TPIYVOETPIKOU
&pifuou t.

TI.x. 1 tEiowots aep?y +Pepx +y =0 (a7#£0) fi aoe?y +Poex+y=0 (xz£0) éxer wavroTe
Aow, Ep’doov A=Pi—4ay>0, édmou A 1) Siaxplvouoa Tiis SeutepoPaBuiov (s Tpods t) Efiod-
oews at? + Bt +y =0."H Sepedvnots Tis anu?x +Pnux +y =0 (a7=0) fi asuv?y +pouvvy +y =0
(a4 0) dvéyeron els THv Siepelvnow Tiis &vTioToixou dhyePpixiis t§iocoews at? +pt+y =0
wi -1 <t <1 (19T &7édn mux =t ) ouvx = t).

Tlpds TANpeoTépay KaTAVONOIY TS QUWTEPW TTOPATTPTOEWS QVOPEPOHEY
T& Emopeva Vo TrapodsiypaTa:

TITAPAAEIIMA 2. No& gmAudfj 1) &§iowois: anu?y +prux +y =0, a#=0. (1)

*Enilvoig : Oftovtes nuy = t, Exouev Tpods Emiucwy THY dhyePpikiy Elowa
f(t) =at?+pt4+y=0 (—1l<t<l). @)

*Eotwoav t, kol t, af pifar ariis. Md va elven ai pifon abTon Sexrtal, wpé-
Trel kel &pkel vé eUplokewvTal dvTds Tou KheloToU Sixothparos [—1, +1]. "EvBioge-
popea Spas, v& ebpeopev Umd Tolas dvorykadas kol ikoawds cuvlrikas peTaEU
TGV o, P kal y oupPaivel TolTo. ZxeTikdds Siaxpivopev Tas droAoUfous epi-
TITWOEIS.
1) *H €iowaois (2) Exer piav povov dextiyv pilav eis Tas £Efjs TepirTdooEs:
1, ) Mia kal pdvov pifa s (2) eUploketar vtds ToU dvolkToU SixoTriuaTos
(—1,-+1). TTpos ToUTo, Tpémel kol Gpkel v elvan:

f(+1)f(-1) <0 <= (a+p+1)(a—P-+y)<0.

10
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1g) ‘H pix pia elvon 16 —1 kad 1) &AAn keiton éktds ToU SiaothuaTos [—1, 4-1].
ToUTo ioyUe, éTav kai povov STav:

(f(-l) = %I >1) £as (u—l}fi-'y: 0, ’Z >1)

MidT, 2w t; = -1, TOTe, EmEIdN kol t,t, = %—, ouvkyetan t; = -%:— . ZUVE-

e, N pila t2=k% elvan éxtos Tou SiaoTruaTos [ —1, +1], ¢’ Goov ‘.-~£—1>1.

I,) ‘H pix pigex eivon 16 1 xad 1 &AAN keitan éktos ToU Biaothparos [—1,+1].
Tlpds ToUTo, Trpémel vér &pkel va elvan:

(r(+1)=o, % > 1) ot & (u—‘r-B—;—7= 0, % > 1)
2) ‘H é€iowors (2) éxer dbo dextig pilag eis Tés £67js TepITrTdOEIS!
2, ) Al 8Uo pifan Tfis (2) eUpiokovron Evtds ToU SiaoTthparos [—1, 4-1]. Eis Thv
TepiTTLo aUThy al duaykoion kai ikavai ouvBfikan elvan:

((A>0, af(-1) A0 af(+1) 80, 142 <0, 1+B>o) e

2a
o (Btar=0, o 1D S0, @B 20, 1t <0, 143050)
25) ‘H &Siowois (2) &xar SimAfjv pifav évtos Tou Siootnparos [—1, 4-1]. Tlpos
TOUTO, TTPETTEL Kol GiPKEL:
: B
2 = —_— ——
pi—day = 0 kai —1 < 2mg—l—l
3) *H éElowois (2) odvdepiav Exer hoerv els Tas £Effs TrepiTTTCOOEIS:
3. ) Al pifon This (2) elven pryadikal <= A = p2-doy <0.
35) Al pifon Tfis (2) elvan TpoypaTikol kal keivTanr EkTOs TOU BlAOTHHATOS
[-1,+1]. Al dvaykaion kai ikaval cuvlfjkan Tpos TouTo, elvan:
[af( —1)<0, af(+1)<0] = [a(x—P+¥) <0, ala+Pp+y)<0] 4

(A;O, af(4+1)>0, 1 +-% <0)4=, ([3’—40:)/;0, a(a+B+y)>0, 1+,L%<0)

n
(A;,o. al(-1)> 0,1 +-> o)ﬁ(azméo, o(aB+y)>0,-1+L >o)

Kaf® Suotov dxpidss tpdmov émiAUeTan kal SiepeuvaTan 1) £§icwoig
acuvy? +Pouvy +y =0 (a70).

ITAPAAEITMA 3. Aix Trofas Tipds ToU AER 4 &lowors epx? + Aegpx+1=10

. ; ; : " : ™
£xg1 plav povov Ao, TAnpougay Thy axéow 0 <y < =z
Avog: "Ex Tfis SeBopévns oxéoecos: 0 <x <~g~ ouvéryetan ep0 <epy <Eq>—:—- ral

it
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ouvemrdds 0 < epy < 1. Oftopev egx =t xai # Bobeloa Eiowors yp&oeTan :
p(t) =t2+4+At+1=0 pt 0 <t <I. (¢
*AmroatoUpey ) lowas (1) v& Exn ulav pévov Bextiv pitav, fitol, piav
pévov pilav tvrds ToU SiaoThuatos (0,+1). Tpds ToUTo, mpémer kad dpel vax
efven:
o(0)p(l) <0 <= 1. (A+2) <0 <= A<-2.
“Apa, Bi1x A <—2, 1) &lowois ep®y +Aepx +1 =10 Exer plav pdvov Avciv

tvtds Tou Sraothparos (0, % h )

3.2. Tpryovopetpikai Eiiohoeg pi mepocdtepa tob Evdg dyvoecta tofa. [SEAS
polvTes &AyePpikds E€locoels TrepiooOTépLV TOU VoS &yvooTov, evan Puva-
16y, v& EmekTelveopey TOV Spiopdv THs Tprycwvopetpikiis iocwoews 1.1 wal
els TprywvopeTpikds E§10Goes TepiocoTépwy ToU vds dyvdoTov TéEwv. Tly.
of Giowoels

XAV X —9) =2, 2 =eqy, owwdX = nu(y+ )

elven TprywvopeTpikai E§iodoels Buo &yvhoTwv.

ITAPAAEITMA 1. N& 2¢miAuéf 7 &ficwois: nuy = ow2y (E).

*Enidveig: AUTn ypdeeTat cw(% -q;) = guv2y kai elvon iooBlvapos pé Tds
k&t Blo olkoyeveios dhyePpikdv E§iowoewv:
-g——q):ZKTr—}— 2, kEZ w=%—2x —okm (1)
R o e (xeZ)
7—41:21«1'—2)(, KEZ Y= —2~—!—2x~42m (2)

“Qoe, f) yevikny Avois Tiis (E) elven:

{Gv)ERXR:XERY =% — 2y —2km, kEZ} U

{(W¥)ERXR:YERY =5 +2X —2¢m, kEZ}

‘H (1) mapiota els dploydviov clortnue &Eévewv plav eikeyévewav Ta-
paAiAwv edBeiddy, &tav 6 k Siorpéxn TO Z. ‘Ouofws kal fi (2) TapioTd piav
oikoyévarav TapcAAficwy efadv (v& yivn ypagikn ToapkoTaois Tév SUo ToU-
Twv olkoyevel®dv TapodAiiwy elfeddv).

3.3. "Opoyevilg Tpryovopetpiki) Eficwoig dg npdg npy kai ovvy. OUTw kodeiTon
m&oa Elowals THs popefis p(nuy, ouvy) =0, émou TO TPdTOV péAos  UTTS
elvon dxépaiov Suoyevds ToAumvupoy s Trpds nuy kol ouvy. TLy. of éiocoeis:
12
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nu?x +3ouv?y — 2nuyouvy = 0, NWX +-ouvy +nuxouvy — 3nuxouvzy =0
elvon Spoyevels TprywvopeTpikal EEiodaets,
TMpos Emidvow s ToialTng E€1000ews, Sianpoupey Ev Yéver (ép’ Boov Tou-

To elvan Suvardy, Bnhabdh ¥ ¥ K- ;;—) SuPSTEP T AN adTHS pE oUVE Y,

émou k 6 PaBuds dpoyeveias, dméTe TpokUTTTEL GhyePpixy Eiowats s Tpds epy
kal ouvemréds petamritropey s THY TIPOTYOUPEVTIV KOTTyopiaV TpiywVOpETpIKEY
610w, Anhadn, v 1 duoyevis TprywvopeTpikn Eicwats g(nuy, ouvy) = 0
Exer Poduov duoyevelas kEN,. TéTe ol YP&geTon ouvsy f(epx) =0, (ouvy#0),
OToTE Exouey Vi EmAUowuey T flcwoiy f(epx) = 0, Smou i(epy) elvan dxé-
poiov TTOAUVUMOY G5 Trpds Q.

HAPAAEITMA 1. N& émiduéi ) €lowais: nu2y—(1 +V3)nuxouvy +¥3ouv?y =0

‘Enilvoig : "Edv ouvy =0, 7 Sobeiox tlowois Bider nuy = 0, TS dmoiov
elven &8Uvatov!. "Apa, UrobiTovTes ouvx # 0 kai Bioupolvtes GupdTepa Ta
weAn s (1) pt ouv?y, AauPdvouey ep2y—(1 +V3) epx + V3 —0.Ai piton Tiis Seu-
TepoPaBuiou (s Tpds epy) alTs Eiodoews elvan 1 kad 3 ked CUVETIGYS EYOMEV:
) s { EpX = I_ )
x=V3 (3

“H yevixn) Aois 1fs (2) elven {xER : x = K1T+—:— s KEZ}, f) 8¢ yevikn) AUois Tiis

(3) even {xeR:yx= pTl'-I——;r— , PEZ}.

ITAPAAEITMA 2. N& &mAubf | &lowors: anu®y +-Pouvy +ynuxouvy = &

“Erilvoig : ‘H Sofeioa fiowois ypdoetan @ o Nu*x -+ P ow?x + y nuy ouvy =
S(nux +ouv?y) kal &€ aUTiis AauBdvopev:
(e=8)nu?y + (B-8)ouv?x +ynuxouwvy = 0 ¢))
‘H &lowors (1) elven pia BeuTepoPdBuios duoyevis’ Tprywvopetpikd #Eicwars.
Mpos émiAucw Tenrng Bioxpivousy Tas kérwd TrepiTrTddoES:
1) "Eqv a#38, 1é1e ouvy %0, 816, 2w owy = 0, fj &iowaois (1) ypéeeTau
(a=8)nu?x = 0 kal &madh o—8 # 0, TpokUTTE! nuy = 0, émep &romrov.
Els T mepimreooty ey Sicpolpey dppoTepa T pEAT THis (1) pE ouviy
kal AauPdvopev Thy Elocwaiv:
(o—8)e?x +yepx +-p—5 =0, @)
7 Smola elvon dhyePpikhy s Tpds epy kol Exer AUow, Ev kal pévov &,
Y*—4(a—8)(B-8) » 0.

! Tolro onualver, 811 al Aloeis Tfis Eiothoews guvy = 0 Btv elven Aloeis Tiis(l) kol ouve-
éds, UmoBéTovTes ouvy 54 0 Biv Trepropifopey Tés AUoels Tiis (1),fitor 8év Exopev drdoAeiay pigév.
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2) ’Eqv a= 3, 7 &iowais (1) ypdperai:
(B-B)ouv?x +ynuxouvx = 0 <= ouvx{(B—8)ouvx +ynux} =0 <>
{ ouvx =0 (o)
(B—8)ouvy +ynux =0 ®

*H yevicn) Aot Tfis (a) slven y =2« i% (xeZ)

Averg tiig (B). ‘H Eflowois ol efven pia TpwToPdBuics Spoyevis TPIYwWVO-
HeTpikn Eficwos kel Siakpivopey Si1& THY Ao &UTfis Tds KéTw TepITTOGCES:
2,) "E&v y #0, 161 ouvy 40, dméTe Sicupolves dugdtepa T& péAT TS ®)

uE ouvy, euploxouev yepy +-P—8 =0 fj epy = §;—ﬁ, 1} omola EmAveTan elKkdAes.

2p) ’Eqv ¥ =0, /| (B) ypdgeTan (B-8) ouvy = 0 kod 2w piv B =28, alrn elven
dopioTos, fitol émanBeveTan Bik k&be XE R, tdw B¢ P # 5, ToTE elvan ioobuva-
pos & T ouvy = 0, Tfis dmolas fj yevikd Aois elven:

i K-rr-i—l;— (xeZ)

HMoparipnowg. *H mponyoupévn Elowos (1) eiven Buvaréy va EmAUBH kal ket &Ahov
Tpérov, 81’ Epapuoyfis Tév TUmwy ImoPiBacuol () &oteTporywviouol). Béoet Tév TUTrwy Tou-
TV, alTn ypdpetan:

(«=8) 11W2—21+(i3—8) H%”gi(— - ﬂ;-zl =0 <= ynu2x+ (P—a)ow2y = 25— a—p

‘H Televraix &iowors elvan pla ypappikd Tprywvoperpikd Eiowors (Bix Ty EriAvow
TauTns, TPPA. KaTwTépw TEpiTTWOW Y).

Tevikerepov, Exouev Eiodoes Tis uwopefis f(nuy, cuvy) = u (0 # BER), &mov 1O f(nuy,
ouvy) TapIoT& dxépaiov TroAuhvupoY Kal dpoyeves s Tpds nuy, owy xal PabBpol dpriou. *Edv
& Padpds dpoyevelas elvar 2p(peN), TéTe Suvdpeda v YP&ywuey:

f(nuyg, owwy) = u <= f(nux,ouvy) —p(nu?y +owy)e = 0

‘H teheuraia Spows Eiowos elvan dpoyevhs (Babuss duoyevelas 2p) kol EmidleToan katd T&
YvwoTd.

T 1) &iowots Snuty +4nuyouv?y +Touwty = 4 (1) loeBuvdpues YpapeTan:

(1) <= Sriufx+4nu)ouvy -+ Touvy - 4(nux +ow?y)? = 0 <= eg*y - deg?y -3 = 0,
1 omoia EmiAUeTon eUkOAws.

3.4. Dpoppixi tpryovopstpicyy iswois. Altn eivan Tfis popefis
anux +Pouvx =y, oy #0,
fitor 16 mpdTov pEhos aUTHis elven pla ypapuikn pope TEV nuy Kod cuvy.

34.1. Abowg il anpy -} Pouvy =1y, ofy 7 0. ‘Emadd %ER' ouviye-

! Edkéheos BromiorolTen &1, dav afy = 0, 1) ypauuix tiowors Aappdver &mAovoTdTnv

poperfv (BepeAicadn).
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T, 611 Udpyer TévToTe TOEov (eUpiokduevoy &k TGV MIVEKWY), Tou dmroiou

P

1| tparrTopéun foolTan ut Tov &pibudy e
‘Qs &k ToUToU, TTpds AUCw THs EE10C00EWS XPNOILOTIOIOUNEY TOV LETAOXTHOTI-

B

opov = (M,), 6mou w elvan yvewoTtdv Téfov kal ouveTds 1 eicwals
ypd@eTa:

o U i, b, 4 =
anpx +Pouvy = ¥ <= muxX - 5 ouvX = <=~ MUY -FEpwouvy iy T

Uy awco—l—nuwcrwx:{— oUVE) <= nu(x—!—w):{—— owe (E).

‘H TehsuTada Suws 2lowois (E) lven 7 yvworr Bepehicodng é€iowors 2.1.,
' Y

o ; : \
THv omolav &mAlopey kaTd T& yvwoTd, fitor: "Edv |- ouvw > 1, dév Umép-

¥e1 oSty Té§ov, ToU bmoiou TO cuvnuiTovoy va elvan % ouve Kol OUVETTES f

tEiowais cmpxiﬁcwvx y elvan &Buvaros. "H ovvBijkn duvatétntog Aibcewg

tiig (E) elvan lo-\.vw.o <1, 1| omola TrepanTépw dvodleTon fooduvépcs dos
W |

ac. | Y ‘ i) Y?
£Efis: i—q—awoolgl > oW w1l «= = 1—+mg14=r
2 1 1
L sl e piayt @

I+
"Apa, 1) ypauuikn Siowois Exel Aoy, &&v kal pdvov Edv, TAnpoUTa 1)

ouvbnkn (Z). TIAnpoupévns Tiis (Z), GéTouev % cuve = Npd (M,), émov 8 yve-

oToV TOEoV uE — %ge g—g; kai f| (E) ypdgeton:

+ @ =2 -8 =2k +8—w
nu(x +@) = nud <> 1 X BT AR (pEZ)
X+w=02p+1)m—06 X=(2p+41)m—06—00
Al BUo TeAeuTtaicn oikoyéverar TOEwV &TOTEACUV THV YEVIKNIV AUCIV THS YRXHHI-
kfjs ECiowoews.
IMapatpiioers : 1) TN&oa &lowors Tiis Hopetis cepx +Poex =Y, aPy#0, &vdyeton els
Thy &ridvow Tiis Ewodoews ynuw+ (a—Ploww = a+-p, érou w= 2y (Biati ;).
2) EiSopev 611 1) ouvlrikn BuvaréTnTos EmAvoews Tijs anuy + P ouvx=y elvon a® +p2>y2
*Edv a?4-P? = y?, 1o1e [nud| = 1, Bvexa kad TV (M,), (M2). N

‘H dvooTépw ypouMIKn TprywvopeTpikh élowols elven Buvatdy vd &mi-
AuBf] koi 81° &AAns pebdbou, Thv Omolav Teprypdeoper KaTwTépo.

3.4.2. Ao tijc anpy - Povvy =7y, Py #0. 'Exgpdlousy, péow YvooTGV
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TUTWY, T& MUY Koi ouvopThoEl Tis € X (ol TUmror oltor toyvouv
oUVX P ? 5 oX

pé ¥ 7 2k 4, kEZ) kai 1) lowois ypdeeTan:

2eq % l—sqallz(-
AP =y < (B4 )e0? K 2amp-+y—=0 (1)
1+Eq:27 1+etpz%

“Emrions, moparnpoluey, &1 Si1& ¥ = 2k 4T 1) ypopuikh iowois ypdpeTon:
anp(2xmr +m) +-Pow(Akm-m) =y <=+ a-0+P(-1)=y <= p+y=0
"Apa, T ypoupikn eiowals 8tv SéxeTan ds Aoeis T& TOEa:
X=2kw 41 (k€Z), & oov Pty #0.

Béoel 1év dvaoTépo Siokplvopev Tds dxololious TrepiTrTagEls

1) Eav B4y 70, Téte ) mpds Mo &iowais elven {oobluvapos pé ThHv
X
2
‘H ouvlrixn SuvardtnTos &middoews Tis (1) elva:

A=4c’ Ay +B)(r-P) 20 = > +p 2 y?
2) Eqv B4y =0, Té1e | ypoumkn &iowaols ypbeeTon:

(1), fi omola elven dhyePpixd) b5 Tpds e@-o- kol AmAUeTal kaTd T& YyvwoTd,

anuy +pPouvy =—P <=-anuy =—P (1 +ouvy) <= 2anu 2(—cwX—:—Z[&crwll( =

2 2 2
X
owk =0 1))
cw)zi(m}u)zi—l-ﬁo'uvné) =0 <= l 2
anué—-{— Bm??i:O @

‘H yeviki) Aois Tiis (1) elvan X=2xmw + ™ (k€Z). ‘H (2) yp&eercn
€9 EL:-—E— kal émAvetan kaTd T& yvwoTd. ‘Emi mAfov, ép° Soov P =-y, mpo-
KUTITEl B2 = y?, omdTe a? 4 P2 2yl

Hapotipnois. Auvaper Tijs dvwtépw éktefelons peddSou mdloews Ths ypappikis t10t-
aews, ouvdyeTan, 8T T& Ny Kal ouvy Ekpp&lovral cuvapTioe! Tiis F.lp)i(- udvov ép’Soov P+ ¥ 0,

&méTe karohyyoue els TH Eicwow (1), Edv 8¢ By =0, dxolouBoupey ToV &k Tiis TTEPITTOOEWS
2) &Tebévta TpdTrov EmAUcEws Tis ypauukiis Eiohaoecs. Eis dugpotépas Tés meprmTddoes Ema-
vevpiokopev THY yvwoThy ouvlikny SuvardtnTos EmiAUcews Tis Ypoupikis Efiodoscs
“z. +pz > Yz.

IIAPAAEITMA 1. N& &miAuéd 1 &iowois: nuy+V3 ouvyx = 2\, A€Z.

‘Enidvong: “H é&Elowois Exar AUow, &9’ 6oov mAnpolUtan 1) ouvlnxn :
124 (V3)2 2 (20)?, & Tijs dmolas eVplowopev: -1 < A < 1. °Ex Tis Tehevrados
oyéoews kal Emeidn) 6 A elven dxépanos, ouvéyetan A = -1,0,1.
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*Apa, 1) Sobeioa 2§iowois el AUow, &av kel pdvov édv, TO A elvan -1,0 kai 1 kod &
elvan ToTe loodlvapos pé Tas k&Twb Tpeis Efiodoes:

nux +V3ouwy ==2 («), nux+V3ouwyx=0 (), nux+V3owx=2  (y)
Abog g (a). ‘H EElowaois (x) ypheeTan:
nu3-
=2 <=
4it i e

ouV —

3
nuxo*w;g-‘-l-nu %31 ouwy = — 2ouv —g— <= nu(x-{—%) =] <

nux -+ %r ouvy =—2 <= nux+

X'}'%‘ ‘:2KT1'~—% = Y= 2:(11———-5: (keZ).
Abeg tiig (B). ‘H (B) ypéoeran: epy = —V3 kad i yevikd) Alois arriis elvan

x=m+g§"—, KEZ.
Aveg tiig (7). Tpods AVow Taltns dxohouBolpey THY othv dxpiPéds Topeiov
pé THv Ao Tiis () kal ebplokopev nu(x—l—%) =1, Tfis émolas 1) yeviks AU-

ois elvan ¥ = KTr—{—-g— S REZ.

3.5. Topperpikn) EEicwoig Gg mpdg nuy kai ovvy. OUTw koAeiton maoo EEi-
owols Tfis popefis f(nuy, owy) =0, &mou f(nuy, ouvy) elvon ocuppeTpikdy
drépatov TToAUcoVUMOY s Trpds uy kol ouvy. Elver yvwoTdv &k This "AAyEPpas,
OT1 ké&Be ouppeTpikoV TroAvdvupoy (dképaiov) s Tpds X Kal y elven Suvardv
v Exppacti] ouvapToel TGV CTOIXEINBEMY CULLETPIKEY TOpaoTaoEwy X +y
kol Xy kad, ouvetrdds, k&fe ouppeTpik TpiywvoueTpikt| §lowais SUvaTon TeEAIkES
vé A&Pn Y wopeny f(nuy +ouvy, nux owy) =0 (E).

MMpds émiduow Tfis &Giowoews (E), épopudlopey TOV ULETOOYNUATIONOV
nuy+ oovy =t (M,;), & omolos é&v ouveyelgx ypdoeTan:
ﬂ[JX‘H]H(lzT—"X) =t<="2nn%cw(—}—x) =t <= Vfouv(%ﬂt) =t (M)
*EE &Ahov, &k This oyxéosws (M,), Eyopev:
(nux +ouvy)? =t? = nu?x +ouvx® +2nuxouwvy =t* = 1 --2nuxouvy = t* =

2

npyovvy = - (1)

2

Bdaoer 1év (M,) kal (1) 1) &lowois (E) ypbeetan f(t,t—2—1) =0 ().
AU elvan pia dhyePpixt) éSicwais ds Tpds t, THY dmolav EmAvopev kai edpioko-
pev To t. *Ev ouveyeiq, BétovTes Thv eUpebeioav Tipfv ToU t els THY Elowav (M,)

T
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kol EmAbovtes THY Oepehicddn TalTny E€lccwoy, mpoobiopifopey TO ¥. Ak ThHv
Biepelvnaotw Tiis dAyePpiiis £6iowoews (e) 8% Tpémel v onuewdT, ETL TX Spia
uetaPoAfis Tol t elvan dmod -V2 Ews V2, fitor -V2 <t <V2, 5iémi:

T T

-1 gc\JV( Z x)gl i _Vigvicw( Z —x) <V2 <= Y2 <t <V2 (Ma),
Aoyw kal Tiis (M,).

IMAPAAEITMA 1. N& &miAvlij 1) t€lowois: a(nuy +cruvxj+[3npx ouwy =y (1)

"Enihvoig : “H mpds Aow éfiowois elvar 1) &mhouoTépa poped ouppeTpikfis E61-
OWOEWS. ZUPPVes Tpds T& dvwTépw EkTebévTe, BETopey nux +ouvy = t kai
1) &lowais ypdeeTan:
t2—1
WHBIS =y <> B 2-B42) =0 ()
Suvetrdds Eyopev:
@
15 T

V2 c'uv(—4— ‘X) =t (M)

EmiAvouev Ty SeutepoPdBuiov iowaiv (2) kol elpickopey TS t. *Ev ouve-
Xelg, peow THis Gepehidobous Eiocoews (M), evpiokopey T . “lva of pilen Tfjs
Eiocoews (2) elven Sextad, pémer kad Gpiel va kelvTon Evtds ToU BiooTAUaTOS

[-V2, V2]. Al ikoved xad &vorykadan ouvBijkan Tpds ToUTo elvan yvwoTal ik
Tis "AlyéBpas (Emions, wpPA. 3.1.).

(D«:.-[

IIAPAAEITMA 2. Na AuBfj 1) &iowots: nudy +ouvdy =1.

Avoig : *H mpds Ao éflowars elvan cuppetpixd, 51611 Stv MeToBdAAeTOn S1& TS
dvTipeToBéoecs TGV Nuy kod ouvy. AUTn, Suvdper kal TGV Tponyoupéveov,
YodoeTa:

X Fouwdy =1 <= (nux +owvx)(nu?x +-ouv?x —nuxouvy) = 1 <=

t(l-tiz‘l)=1 (e1)

5 ™
V2 WV(T—X) =t ()
Kot dpytiv Embousy thy dhyePpiknv iowa (¢,). Tlpds ToUTo Exouev:

2

t . e I =133t 42 = 0 = (t3—t)—(2t—2) =0 <= t(t>=1)-2(t—1)=0
t—1=0
2 4t-2=0

Av EmAUoews TGV TeAeutalwy Efiodoewy evpiokopey Tas pibos THs (g,),
al omolan glven ty = 1 (BimrAfi) kad t, = -2. ‘H pita -2 &moppimTeTon Adye Tiis
(M3). ’Ev ouvexela dvtikabioTédpey els Ty iicwov (6;) Thv Sexthv pifav xal

18
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Eyopev Tpos Now Thy Elowaty Y2 cuv(;:{— -x): 1. Alrn tooBuvdpcos ypdpeTan:

UUV(—;I- - )== V—22*<=b— cw(—z- - ) = ouv—o- <= —X:Zmrj:%l;, KEZ<=

4 4
. X = 2K
Xotr (2K'ITJ:-—) (k€Z) <= l o L (xkeZ)

4. Tpryowvoperpiki) Enidvoig tfig deutepofadpiov i&ichosng
ay’+py+y=0 (o, B, yER) (1)

4.1, ’Ewaibny xR, Umdpyet we (— —121, %) TotoUTov, QoTe epw =Y (M;) kad
ovvettdds 1) Elowois (1) yp&eetan:

num

(1) <= ceplatPeguty =0 <> o W@ g M2 |\ o

anu?w-Brpwouve +yauvien= 0-4=>-ot(1—crw2c.o)+|3nu2co-|—y(l+cuv2m)70-4=r—
Pnu2e + (y—o)ouv2w = —(a+y) @)
Olrras 1) Aoig Tfis Eiocdoews (1) dvéyeron eis Thy AVow s E10choecws
(2), 7 émola elvon Tiis popefis anuy + Bouvyx = y kol miAleTcn, 5 yvweTdy,
Bicx Tfis TpTns LeBdBou EmAUoes Tns, s EEfs:
1) ’Eqw P # 0, Bicnpolpev duedTepar T& péAn Tis (2) pé P rai Exopev:

nu2e + l’ﬂ_‘x w26 = — ?‘fgl 3)
’Ev ouveyeig OéTtopev %— = ey (M,) kal 1) (3) yp&eeTon:
U2 +epyouv2en = — _‘|B“_Y_ <= NU2w+y) =— o—(gr guvy )

‘H ouvdnkn SuvardrnTos dmiitoews Tiis (2), ds yvwoTd, elvar:
B2+ (y—)? & (a+y)? <> PP—day 0.

‘H Tedeutaia ebpebeioa ouvBixn efven 4 yvworfy ouvlrfixn UmépEecs pi-
Lév (TwparyuaTikdv) Tiis SeutepoPabpiou &iooews (1). TTAnpouupéuns THs cuv-
Onkns TaUTng, 1) Eiowors (4) et Mow (Siari;), fitor Umrdpyer TéEov 9= R Toi-
oUTov, GoTE NP = — u-}I’—y owy (M;) xai ouverrdds 7 (4) ypdpetan
i (20 + ) = nue. Al MNoeis Tis iocoeaws Talrrns elvan o kéTwd oikoyé-
velan T6Ewv:

w; = Kkw+ o e (xeZ)
w =M -2~ (e

19
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5 o SO L SESTON . S 1

Elvar epow, = eg (K'n'-l— 5 > ) ecp( 5 7 ) kol

6P, = £ (7\-“-_|_ _g_ ._.% _-\_g_ =op %—i— sz_ , OoTE, Pdoel kad Tiis (M,),
ai pifen Tfig SevtepoPabuiou Eioddoecs (1) elvoa:

X1 =€ (% —%) . X2 = o9 (%+ %’—) ©F

2) 'Eaw B=0, f| (2) yphpetar (y—a)ouv2ew = —(a+y). Ak THv Aow Tijs
£1ooews TaUTns Slokpivopey T dxoAoUBous TrepiTTTdoElS:

2,) Ew y—a=0 ( <= a= Y), To1e 1) &lowois elvan &&Uvarros, 51671 Biv
elvon Buvorrdy v elven kod a+y = 0 (Biceri ;).

23) 'Edw y —a#0 (<= aFy), 161 1 ficwors oUTn YpdeTon
cerco:cx—_); (6).
*H ouvbrixn Suvarérnros &milUoews s (6) elveu:
‘::—Hﬁi = (@+y)’< (@) = ay<0,

fitor Emaveupioxopey THY yvwoThy & Tiis *ANytBpas ouvbnikny UmédpEews Tpa-
YHOTIKGY piGav, B16T1 pE B = 0 1) Siokpivousa Tiis (1) elvan A = -dory kai 8&
Tptmet AN0 <= -day 20 < oy <0. TTAnpoupdvns s ouvBikns TauTns,

Umdpyer T6Eov o€ R pt ouvg — L Kol ouvetréds 1) (6) PETC CUV2W =0 UVQ.
P b i y Y

‘H yevixy Abois s Tedeutadas 2Eiodhoews elvan:

{ooeR:co:m-rH}——z— 2 xez}U{meR:m:Mr——;—, AEZ}.

Zuverdds, Suvéuer kai Tis (M,), of pilen Tis (1) 6& elven:

Xi=pg-, Xa = €9

Iapampiiee; : 1) “Yobéropev, 811 af eUpebeiocn pilon (5) elven Toon: TéTe B& Eycopev:

(3-9)=(3+8) = a(i-$)-a(F-3-3) =

Tl W Pl e L = M 2 :
2 5 = KT+ 5 > 5 <= ¢=rxw+ - ~= T]u?eil, 1} (xeZ)
'Ex TolUTov, Pdoer kal Tis (Ms), ouvéyeran ‘ %W | = 1<= (i;'-i'y‘)“w"z"l’ el E=h
=pi_ g m= - "E§ alriis kal Tis (M;), mpoklmrrer: b
(‘x'{'Y)z' 1 =l <> ﬁl_kyﬂo
pl
fiTor eVpiokouev THv yvaoTiv i Tijs *AhytBpas ouvBfikny UtrdpEecos S1mAfis pigns.

2) 'H yvword & Tfis 'AhyéPpas péboSos EmiUoeces Tiis SevtepoPabulov Eioddoews
ax*+Bx+y = 0 Sixptper oUo1wBas Tis dvesTépw dvagepBelons TprycvopeTpIkTs peddBoy, Bid-
T a1 ol Siv EAfpBnoav U’ Sy ol yvworol dyePpikol TUmol, of dmolor Tapéyouv
Tés pilas Tiis BeutepoPadulou EEiodaecws.
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AZKHZIEIZ

1) 'EmAloaTte Tds k&Twb Eiomaes:

1) W"(ZX‘%) =°‘-'V“531‘r— 2) nu (x-l— %)=nu (%‘-—%{)
3) ow(2x+ 7 ) = ow3y 4) anurx =1
5) ow3x+1=0 6) ep(x+ 5 ) =1
7) ouvdx+ouvx =0 8) cw(Zx—%)=—%
9) 4nudy —3nuy = % 10) ouv?4y —nu23x =0
11) 4@y —1) = 1 12) sp (2~ ) = 093y
2) ’Emi\Uoate Tés x&Twb Eiodioes:
1) ep (x+7) = 2n(x+3) 2) ep(a0s0(B) = -1 (xpER)
3) eox sp2x =1 9 ep(x- 5 ) =300 (x-F)

™ 1 3m
e (e F)- 5o (7x)
3) Né b §) dog pods ¥ Elowas: Inuy| = nua (nua >0).

4) N& Emidubolv T& k&Twd ouoThpaTa:

1 { "W(ZX‘;) v ?lz' 2yl (ix;) i
~MSYET e -~y
5) N& ¢mAvboiv ol k&twh tiowaes:
1) sp2x = sp(w+ 5 ) 2) coxeq2y = 1
3) mu(x+7 )+ ow(w-7) =0 4) ow(x— ) +3ow(x-+y) = 4

6) N& tmAubolv ol kérwb Eiodoes:
1) 4ouw?y -2(1+¥3jouvx+ ¥3=0 2) 2nu+V3nux-3=0

3) 3(1-ouy) = nux 4) g9+ (V3- Degx - ¥Y3=0
5) nu2x = epx 6) ow2y - 4ouvg-5=0

7) 92y = 3epy, 8) nu2x = nu’x

9) 2nux nu3x =1 10) Snu*x - 20uv?y - 3nuy ouvy = 0

11) ow2y+ (14 ¥3)nu2y - 2¥3owiy =1

7) N& Emidvbolv al k&rwb t§iodoes:
1) nux+Y3ouwy=7V2 2) 2nuy+3ouwwy =3 3) V3nu2x 4 ow2x =1
X X
4) nuy —ow 5 =1 5) nuxtouyx—nuxowx=1 6) ouvy—nux-+nux owy=1
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8) N& émAubolv al ké&Twbi E§iocdioes:

1) nu2y +nuéy = 2nudy
3) ouw2y —ouv3x+nudy =0
5) nux+nu2x +nudx =0
T) ouvx+ow2y = 2nux nu2y
9) egx +ep2y +epdx =0

11) 2nux = 3ouvy +ow3y

2) nu3x+ouv3y = nux+ouvy
4) nux+npdy = 2nu2x
6) ouvy ouvTy = ouv3y ouv5y
3 -l
8) 2ouwv -%(- ouv % = 1"20\!\:(%%)()
10) 1+ ouvy+ouw2y+ow3y =0
12) eox = 2 Y2 ouv2y — 092y

i e 14) 20w ¥ -nuy = 2 (Btoare & = @)

13) 8owy = -
nux  owvy

3x
15) npx+nu2y+nudy = 4ow % oWy ow

16) 1-+mnux+nu2y+nudy = ouvy - ouv2y +our3y
9) N& émidubolv kol Siepsuvnfouv al kéTwh Eiohoes:

1) Au?x —2(A -2)nux +A-+2=10
3) (=D)nu?x —2(u+2)nux —1=0
5) 2ouv?y —Anu2x = —A

7) A=Dnpx+ A+ 1ow2y = 2A

2) mu2y = Anu3y

4) 2npiy+2npy ouvy = A

6) owx+ nux=x (x€Z)

8) A(nux -+ ouvy) —muy ouvy = 1

10) A& molas Tiuds ToU A ) &Elowors ouv2x+ Anux+ 1= 0 Exa BUo pévov Aloels Evrds Tod
Sixotuaros [0,21).

11) N& ¢midvbii 1) éflowois nu2y = owv (%-3)() kol v& &mobeaxbii é1 ol Avoeis avTiis Tap-
oTolv SUo ofkoyeveias Trapcdiiiwy elBadv (el dploydviov olUoTnua &Edvev). N& yivn ypa-
ikf| TTapdoTaots TéY BUo ToUTwy olkoyeveidv TapaAAiiey eifadv.

3
12) ’Eav XE(U.TW) , v& ETIAUBT kal SiepeuvnBf 7 Eiowos: Anuy+ouvy =1 —3A
13) Né& &mAubf] xad Siepeuvnbii §) s mpds ¥ Elowais: ouv?y +ouw? (a—x) = A (aA€R)

14) N& EmAvBouv ol xérwt Eiodoers &

1) sp(mmiy) = og(mowvy)
3) 8 ouvyouv2y ouvdy =1

™ ™ 82
5) ep e kel mby)= V=
o (5 0) vl F )= /22,
7) (nux+ouwy+epx)® = nux+owwix+ep’x  8) owTy = 2nuxnu2x (5 —8ouv?x)
2
9) (aux-+ow) (1+ maz) +eox+oox+2=0

2) nu(mouvy) = ouv(mnuy)
4) nu3y = 4npy nE2xnpdy

6) 8nuy ouv2y ouvdy =1

2
10) nux +ouv ‘3!=2ﬂll= (~}+ %)

11) nuyowy —nulacuvy —ouvianuy = 0
12) nux+nu2x+...+nu (vx) =0

15) Né& émiubolv kad Biepeuvnfoly ol kérwbh iodoes:

1) YVidow?y+ Y1+ nuix=V¥A, A= 0
2) (nux+ouvy +Aepx)® =nudy-+ouvx+ Ay
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3) nux+ouvy +epx 4 opx +Teuy +-oTeuy = A
4) nudy+ouvdy =, keZ (&mobeifoare mwpdTov, T -1 <nuiyx+ouviyx <l1).

5) A YAZnuiy+1 = ouwvy, A>0 xal xe (0, -121)

16) N& s-frpe_@oﬁv & vtds ToU SiaoTruaros [0,27] Té€a, T& dmola Emanfeliouy THv Efowow
ouv2y = V2(owx+nu’)X — nux ouv?x — ouvxnux).

17) Né& ebpefiy 1) lxavi) kal dvaykaia ouvBixn, Tva 4 Elowos uowx—(2u+1) nux =p EXTI SUo
AUoES X1, X2 TOIXUTOS, DOTE:

&) X1 —Xe| = 5

31:
e XitXa="7
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KE®AAAION II

TPIT'QNOMETPIKA ZYZTHMATA

1. Baowai Evvoiar — dpiopoi

1.1. "Ev olotnua £iomoewy, & Tév dmolev pla TolAdyioTov elven Tprywvo-
peTpikt), koAelTon tpry@vopstpikov odotnpa. "Evvoeiton, 611 ol SAyePpikal 261-
owaoEls Evods TPrywvopeTpiKoU ouaThuaTos, v Umdpyouv, elvon év yéver Eiowm-
OEls G5 PO T &yvewoTa TO§x TV TprywvopeTpikéy iomoewy Tol auoTr-
perros ToUTou, '

Ai tpapuoléueven uéBoSor Si1& Thy EmiAuoiv TGV TPIYwVOUETPIKEY TUGTN-
uéroov elvon &v yéver dvddoyor Tpds Exkefvas TEY TprywvopeTpikédy Eiodioecy,
8tv Umrdpyer 8¢ pla yeviksy pébodos Sid Ty EmlAuo TéWV ouoTnudTeov ToUTwy.

Kora v &rrfAuot &vds TprywvopetpikolU ouoThuaTos, Emibichkopey TévTo-
Te v& elpoopev iooBlvapov dhyePpikdy oloTrua kol §1” ool v& TposSioplocs-
pev T& &yveoTa Tofa.

2. Zvotfjpata dvo iSiehoenv pé §bo dyvoatoug

KaTwTtipew dvagépousy dpioptvas Baoikds KaTnyopias TprywVopeTpIKGY
ovoTnuéTwy SUo Eiotoewy pé Slo &yvdoTous.

2.1. 'H pie 1dv Ewwhocov clvar dlysPpicfi. T& Pooixdtepa ouoThucTe TS
karnyoplas alriis elvan T& kémoobi:

) { Xty =« } { x+ey = o }
nux +enuy = p ouvy +eouvy = B

e e ]
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') { Xteay=c ] {x+ﬁw=a} [x+aw=q]

EPX TE269y = P EPXEPY = P z__:%; - f}
KeFsym X+eay=«a Xtay=«
@) e
oPx +-€;,09X = P opxXopy = P 3 B
Xtay=a Xtey=a
© Jmx_p oy _
ey ouvy

Els ha Té& dveotépw ouoThuaTa T £ kol £, AcuPdvou Tés Tipds 1§ —1
kal o,pfeR.

Kard iy Mow évds EkdoTou Tév dvwTépw ouaTnudTwy &mbickousy vi
elpawpey & Tiis Seutépas TGV Elodoewy TO &fpotopa fi THY Biapopdy TGV Té-
Sov X xal y, &9’ Soov & Tiis Tpdns #lodoews BiSeran 1§ Siapopd | TS
&Bpoioua ToUTwv dvTioTofyws.

2.1.1. "Enilverg 100 cvotfjparos : { Keiil=a (3]
nux+nuy = p
To Bobtv oUotnua iooBuvdpws ypdeetar:
Xty=ua Xty=«
(03] 2 ”
Bad mwi%ﬂmmﬁgf=p T lomg Xt =p

A&k THv Abow Tiis Eiooews (1) Biaxpivouey Tdg EEfs Tl'EplTl‘TtbGEls:'
i) 'E&v nu%%o ( <= a#2%m x€Z), té1e 1| &lowors (1) ypeerou:
ouv )%y——. i&— , 1| dmola elven pla BepedicoBng Tpryovopetpixy é€lowaots. Edv
2nu —-
2

|
P = ’ > 1, abrn efven &Blvaros kal cuvemdds To oloTnua elvar &BUvartov.
200 —-

2

p
%u%—

P
o
2nu TR

*Edv Kad

’g 1, Téte Umépyer Té6ov ¢ ToroUTOV, OTE OUVY =

1) t€lowois ypdeeTan ouv )(2;\{' =ouv.'H yevikl) Aais Todns elven x—p=4xm+29
(x€Z), omére' 10 olornua (Z) elven loodivopov i T& dxdAouba Slo dhye-
Ppix& ovoTfjuaTa:

{x+w=a } {x+w=a

X =y =420 ' | x—y = 4k 29 } e
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Al Moeis Té@v ovotnudTewy ToUTwy dvTioTofyws elvat: { X= 2xn+¢ —}—d— ,

= —2kT—¢ -+ % } Kol { X:QK‘IT—CP-I-%, L]J=—2K1T+q)+% } , 6movkeZ

kal a 7= 2k
ii) *Eéwv nu% =0 («= a=2xm, kEZ), 16T, v ptv P70, ) &lowais (1) slvar
&BuvaTos kal guvettdds TO oUoTnua elven &BUvoTov, 2w & P=0, % (1) even
&dpiotos. *Ex ToUTou cuvdyetan, 81 1) &iowois (1) EmoAnBeleton Bid kdBe LeU-
Yos (X,W) TéEwv kal ouverrdds 1 Alols ToU ouoThuaTtos elvan: X =8, y = o—B
e O R (Tuydv).

*Avaddyws EmAvovtan T& UTdAoima ouoThpaTta Tiis duddos (A).

Iopariipnorg. ‘H ouwvlrikn SuvatdtnTos Tou dvetépw EmAvlévTos ouothpaTos () elvon:

o

___[3_| <1 <= p2<4nmu® —2—.Tf1v ouvBriknv TadTnV elpiokopey kal ds £§fjs: Ex Tfis TpdTns
o

2np o |

Tév E§icdoewy ToU ovoThpaTos (Z) Exopey y = oY, OTéTe 1) Seutépar Tév E§r1ohocwy YpdpeTar:
Y Har(ex) = B <= nux+ npaowy - ouvemuy = B <=
(I—owva) nuyx+ nea ouvy = B (E).
*H TeAevTaia e€iowas elvan Tis popefis anuy + P ouvy = vy, Bi& THv dmolav fj ouvlfikn Su-
vatdtnTos elven o2 +P2>y2. *H owvbiikn altn &i& Hy (E) elven:

(I-owa)* +nu’a > p? <=+ 4nu? 5 > po.

T
KW=
ITAPAAEITMA 1. N& émAubf 16 oVoTtnuo: 3 1
KN <=
*Enilvois : To oUornua ToUto {ooduvdpws ypéeeto:
™ T
X == [X‘ e
-~ <=
PP an (RS [ x+y_ 1
A Sougor i ERHg I oo iy
Spraaedt b
1 2
crwk;—w= 53 X+ =4|<1Tj:TTr (keZ)

*Apa, TO Trpds EmiAuo oUoTnua elvan iooBUvopoy pd T& k&Twdr BUo &A-

YEPPIKA CUOTTMOTS :

_'I'I’ _11.‘
) 2m g b4 o JEE
x+w=4k1r+—~—3 x+\y:4!<‘rr——3
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& dmoia EmilovTon eUkdAws Kal Tpoodiopilopey T& &yvwoTa ToEa X Kal y.

HAPAAEITMA 2. N& &mve 1o olornue: { o5 ot 1)
nux +nuy = 1

*Enilvoig : “Exopev:
= 3m-x. W= 3m-%
(Z) <= { ¥ } <= { } e
X+ neGr-x) =1 nuy +nux = 1
= 3m—x y = 3m—x y =3m—xmr—(1)* %
T

= 2 x T <= KEZ
A2 K= -{=L) 6, x=wm-+(—1)* Z B

XY=«
nuxnuy = p &
To Softv olotnua looduvduws ypdgpeTal:
Xty=«a A
S Go0n Gl SRS £ e A Y o
{ Xty =«
ow(x-y) = 2B +ouwva (1)

Edv 2B +owvai> 1, 7 iowois (1) elvan &Blvatos kal ouverrds 1O oU-
otnua elvan &Suvarov. *Eqv Suws [2P +ouwva] < 1, ToTe Suvdueda va elpoopey
TéEov @ TowoUTOV, hoTe ouvp = 2B -+ ouve, oméTe 1 EElowois (1) ypageTal
o (x—y) =ouvg.'H yevikd Alois adriis elvan X—y =2kt +¢ (KEZ) kol oUveTrads
T4 oUoTnua () eivan iooBlvapov pé T& émoueva SUo guoThuoTa:

X+y=« =
{ X—y = 2KT['+CP} ), { ;—L:J=2KT:—'GP } (22)

EuxdAcws ebpiokopey 811 of Aoels Tév ouotnudTwv (Z,) kol (Z) &vTi-

otolyws elvai:

2.1.2. ’Enilucig tob GUGTIpRaToS {

DN S o e B i S SAALL et Rl TR L
S ekt ot RS Wt i I s SR L

Tapatipnoig. ‘H ouvbrikn Suvatdrnros Emiloewms ToU dvwTépw ouoThuaTtos Blvatat v
a o .
AGPn THY wopeiy —ouv? 5 = p<nu? - (Biarri;).

Ko Suotov Tpémov émAlovtar kol T& UTOACITA OUOTAUATS TS Sud-
Bos (B).

X Ty

T @
epX ey =P (X, Y7+ , KEZ)

2.1.3. "Enilvoig ol cvetipatog :
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Tlpd s AVoews ToU ovoTfiperos UmevbupiZopev, 811 1 ouvdptnois ipa-
Tropévn Stv elvon dpiopévn (88v el Ewvoiav mporypoTikoU &piBuol) Si1k T

ToEa KT+ %, kEZ xal ouveréys & Trpémer v UroBécwpey Y, qﬁéx-rr—i-g, keZ.
"Ev ouveyeio, 10 Tpds Aow oUotnua (Z) uetaoynuorietan iooduvdpcos ds EEfis:

X+y=« Xty=«a o g
i ':Tu\fz—jwi%=p ki %:WT,:B {ﬁwvxwvw=nua}
i) E&v P70, 7ot ) Bevrépa EElocoois ToU TeAeuTalou ouoThpaTos YpdpeTan:
quvY ouvy =Il;—q kol ouverds Exopev Tpds EmiAvow Td ovoTnua:
X+ty=a
{ auvy ouny =ﬂ-§°i '

T Smoiov émAlopey &xpIPdss Smeos kal Td 2.1.2,

ii) "Edv p = 0, Té7e ) Sevrépar Eiowais Tol Sobévtos ouoThuaTos () PETOOY T~

portileTen dos E6fs:

X TEpY =0 <= eoX = €9y = e9x = ep(-y) <= X =KWy, KEZ <=
X4y = xm, keZ.

» z . ’ 5 ol L[ Xty =«

Apa, Exouev v& EmAUowpey TO oUoTNuA: { e (xeZ),

TO Omolov Tpogavdds elven &SUvaTov, 2dv o F kT B k&Pe kEZ kal &dpioTov,

&v o=k &’ & kEZ.

XtHp=o
QX oy =P (X, ¥ Fxn+5,keZ) &)

"Ex Tiis Sevtépos Tédv Eiochoeov ToU ouaThpaTos (2) Aappdvopev:
- MUY NI,

2.1.4. "Erilvorg 100 cvetiiparos : {

=P kol £ oUTfis, ép” Soov P 7= 1, TwpokimrTer:

ouvy ouvy
ouX ouvptnux iy 148 . owlx—-y)_14P
ouvy ouvwy —nux nuy 1 —B ow(x+y) 1-p°
ZuveTrdds Eyouev:
Xty=«a X+v=«
@) <= owx—w)_14B | > | ow(x—y)_14B } >
ow(x+y) 1-p owa  1—B
Xty=«a
1
mww«0=régcwa
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1+p

’Eawv T=b ouva >1 TO oUoTnua elven &SUvartov, 'Ec‘rm‘ﬁ—cruva ‘gl

Téte 1) TeheuTaic éEicrcomg EmIAVETON KOTS TX yvwoTd kel edpiokopey THY Sia-
PoOpPaV X—y.

Eqv B = 1, 1| Beutépa Tév §i0doecwv Tol SobévTos ouoThuaTos (F) peta-
oxnuaTiletan dos £Efs:

X QY =1 <= epx = opy <= E‘PXHS‘P(z ‘+’) -
g k1
X=KTI'—|—7—L]J, KEZ <= W+X=K"T+“§'n KEZ.
Olreos Exopev v& dmAlowpey 1o oUoTnpa:

Xty=a Z
X+ =m D

To ovotnua ToUTo elval &8Uvarov, &’ doov oFkt + l;— i ke keZ
ral Exet Alow, &9’ 8oov o = kw4 —g— & &v k€Z. “H Mois alrn elven: yx = 6,
q)=x1r+g~ — 0 pt xEZ kal 8E R (Tuy(ov).

ToviCopev iBicutépas, &T1 els Tds Aloels ToU dveoTépo ovoTiuaros (Z)

Utrépyer & Teplopiouds x,qﬁ#lcrr—[—%, KEZ. m.X. 8& mpémer els Tds TeAeuTadas
eUpebeloas AUoeis va elvan € 7= 0.

R
2.1.5. "Erikvoig 1o ovortipatog : { QY B )
ey

‘H Seutépar Té@v E10cdoewy ToU ouoTuaTos () Exer Ewoiaw, &g’ Saov
Xs \pvém-l-; kal y # xmw (kEZ). *Ev owveyelg o, Péoer yvworiis 1816Tn-
Tos TV &vodoyiév kol pé P41, yphoeTan:

epxtepy_ B+1 _ nux+y)  B+1 M
ox—coy  B—1  nuix—yy_ p—1 > BHDME-)=E-Dnux+v)

OlTw, 10 8ofty clotnue elvanr looBlvauov pé 1o dxdhouliov YVWoTOV
oUoTnua :

{X+Wﬂﬁ
p=
nu(x —y) B

"Amropéver v EeTGowpey Tés mepiTchoeis B= 1 kal B =-1. Kot alrrdss

1’“‘et
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7 SevTepar T@V Efiowoewy ToU ouoThpatos (2) AcuPéver &mhovsTépay popghy
kel oltes ebpioxopey dpéows deyBpikty Eiowo Tév ¥,y kal TO oUoTnua
EmAUETEN EUKOAGS,.

Te Umddorma ovoThuaTa Tfis duddos (M), ds kal T& cuoThuaTa s Spd-
Bos (A), gmAlovtan dvardycos.

Xhy=ea
2.1.6. *Eriiveig 1ol cvetipatog : nex _ L T (=)
nuy
"Ex Tfis Seutépas Tév Efiochoecv, Ep” Soov P 7~ 1, Exopev:
2 X+‘+‘ Xx—Y
nex -ty P+ 1 " T2l
= : —= s 4=
N —muy p—1 I e x+3 T p-1
e 2 5
Xty _x—y_B+1
i A WL T
"Apa, T cUoTnux () looduvépws ypdesTal:
iIty=e X+ y=c«
(2) <+ X+y_ x=y_ B+l B+ 1

<
£Q 5 5‘?2 _p 1 lE‘P QU‘P 2_'13*7’ (1)
(a7 2xw+ m, KEZ)
i) ’Edv = -% 70 (<= a= 2m, keZ), ToTe Exopev mpds Emidvow TS &Kd-
Aoufiov yvwoTdv olUoTnpo:
Xty=«
+ 1

£} «
crqaz—p o 5

ii) ’Eav e —g =0 (== o= 2m, k€Z), T61e 1) Eicwais (1) eivar &SuvarTos,

£€p’ Goov P 7 —1 kal &bpioTos, tav Pp= —1, émdTe ol Aloess els THv TeAeuTadaw
meplmToow elveai: x=%+ %’ P = % —% pe 0 R (Tuydv).

"E€etélopev Emi mAfov THv meplmTwow o= 2xmw--m, katd T Smolav
1] ep % Sev Opileton xal auverdys Stv Suvdueba v Epopudowuey Tov dvatépe
tkTeBevTa TpdToV Bik ThHY Alow Tiis £§1ochoews (1).’Edw Aormdy elvan a=2xkm-r,
KEZ, TOTE TO Sobtv oloTnua ypdpeTan:

X+ yvs= Zkn+4 Ny = 2K
X

777 - 1
KT+ T30 P R

(x€Z)
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TS Tehevtaiov olotnpa elvan &dlvarov, £¢” Goov P # 1 kal &dpioTov, éav B =1.

’Edw, TéAos, Umobéowpey 611 P = 1, fj Seutépa T&V Eioboewy ToU ouoTT-
paros (Z) Aappdver &mAovoTdTny popety kol TO cUotnua Aletar eUkdAws.
Ka®” Spotov drpiféds Tpdmrov émdlovtal kail T& UrdAoima ouoTriHaTa Tis Opd-
8os (E).

2.2. Zopperpikd @g mpdg td toEa. T KAaoolkd ouoThuaTa Tiis ket yopias To-
Tns elvan Ta karedi:

{ U Ny = « } { NHY MHY = & }
owyxouwy =p |’ | ouwx+ouwy=pJ’
{'ﬂ“X'ﬂ“\P:‘I } {UWXWV\P:“
nux+npy=p 1" | nux+nuy=p

A& Ty EmiAuoy évds cUBHETPIKOU TPIYWVOMETPIKOU ouoThuaTos, Embico-

KOPEV v& peTaoXnuaTiowuey ToUTo els TpdTov, doTte v& éugaviclolv &yve-
ota o6 T& ¥ +y Kal X —y.

} KA

OUVY OUVWY =&
nux Ny =P @
Td 8obtv oUoTnua peTaoynuaTifeTon iooduvduws ds £Efs:

@) { ow (x=p) +ouv(x +y) = 2« } B { ow(x—y) =a+ P }
ow(—y) —ow(x +y) = 2p ow(X+y)=a—p
To Teheutaiov oUoTnua  Exel Aow, &&v xod pévov v |a+ B < 1 kal
|a—P|< 1. ’Ev 7ij mepimrTedoel TauTy Umdpyouv Tofx ¢,,9:,E R bt ¢4,92,E
[0,7], TorUTe, ooTe ouvp, = a+P kal ouve, = o —P kal ouvetrids TO oUoTnUX
YP&PeETON: .
{ ow (X —y) = ouwg, } v { X—y =2+,
ow (X +y) = ouwe, X+ =2pmwte,
*Htolr 16 808tv alotnua (Z) elvon loodUvapov pé T& k&Twd ocuoTiuaTa
{ X—y = 2kt @, } { X—y¢ = 2T+ 9, }
xty=2pm+0, | " | xty=2pm—09, ]’
{ X—y=2kwr—9, } { X—Y=2KkT—@, }
’
Xty =2pnto, Xt+y=2pr—9,

T& dvewTtépw ouoThpaTa elvan dhyePpikd kod EmAUovTon elkdAws.

2.2.1. ’Erilvoig 100 ovotipatog : {

} (x,pEZ)

nux+nuy =1
3 ®

4

IIAPAAEITMA 1. N& Aubfi 16 olotnua :
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Abog : *Exopev: (Z) = i

ow(x—y)+ow(x+y) =%

. G SR Gl : G OO S, S B
L el G T VUK Bhay b v 1iiB
<=
aX=W g4 onaXt¥ 3 % Sk ST S )
2ouv 141 —2nu 5 =% ow? 25 w2y Z
*Ev ouveyelq, Bétovtes np X—_;— = o xai ouw X E 1= @, Exopev mpds Eri-

Auvow 1O &hyePpikov oloTnpa: { we = l, ¢—w? =% }. Al Aboeis aldTolU

eval =1, w= £ kal p=—1, o= -—-%, omoTe dvaydpsa els T& kT

2
TPIYWVOUETPIKX OUCTHMAT:
cuvx_‘?"w:l c'w&;—w=—-l
0, (Z2)
o P .ok S
g il 2

To oUornua (Z;) elvar loodUvapov pi T dxdrouba dAyePpik& ouoThuaTa:
X=4

= Xt
—2——21<1r ) = 2k
X+y m{" | x+y 5[ ((HAED)
Srgro 27\11-}-—6— St 2?\11'+?

Ex ToU TpiTou elplokopev: X = 2(k+ A)m+- %, y=2A—x)T} 161:

’Ex ToU Bevtépou elpiowopev: ¥ = 2(k+A)m+ ?_E, w=2A—x)+}+ 5_2.

‘Opoiws EmAletan xod 0 clotnua (2,).

2.3. "Ex miig todhdyiotov 1@V tpryovopetpkdv iEwedocav tob ocvortiipatog mpo-
xinter gpéowrg dhyePpuny EEicwog thv dyvostov 16Ewmv.

TIAPAAEITMA 1. N& Auii & ovornua: {"W(X“L"’)*l ©)
2nux+npy =0

Aborg : ’Ex Tfis Wpo';‘rng T&v Elomoewy Tol Sobévtos ovoThiuatos (Z) AcuPé-
VopEV:
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"AvTikabioTé@uTes els Thv Seutépov TéV E1ooEwy Tol (Z), Exouev:

2nux+ nu(2km —X) =0 <= 2npx —nux =0 <= nux =0 <= npx =0 <=
X = pm, pEZ

"Ape, | Aois ToU ouoTriuaros elvar: ¥ = prr,'y = 2T — prr (x,pEZ).

i
nex = (y+ 7 )
ITAPAAEII'MA 2. N& AuBff 16 oUoTnua:

T y=2n2 Y =
M (7 =X) =2’ 5 +ow(y+ - )
"Ex Tis pddtng Tédv ooy elpickomey Tas dhyePpixds 2Eiodoes:

(X = 2xm+ W+% ; x=21<'n'+1'r—\p'—% ) <=
(X = 2xm+ g+ % y X = 2xm—y+ :%IT ¥

"EE &M\hov, 1) Seutépa Tév Eiodoewy Tol SofévTos ouoThuaTos ypdeetan:
nu ( % =X) = 1 —ouvy —nuy. Tuvenrds, 10 mpds EmiAvow cloTnua elven loo-

SUvapov pt T& kéTwd Slo ouoThnaTa:

3
X= 2t gt o X = 2w —y+
" (Z;) xad = (Z2)
(7 —X) = 1—owy—nuy M (7 —x) = 1 —ouvy —nuy

"Ev ouveyela Exopev:

X = 2emty+ 7
(Z,) <=

<=
T

i1y
nu(z — 2K —y — 4)= 1 —ouvy —nuy

{x=2m+w+% }¢$[x=2m+w+% x=2m+w+%]

<=
—nuy= 1—ouvy —nuy ouny =1 Y = 2\
=2 (K+A)T + o
; 1 (e2)
Y= 2T
x=2@—nw+%
*Avehdyws, EmdvovTes TO (Z,) eUplokouev: (x,AEZ)

\p=—-27\'rr+—21£
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3. TuoTHRate TEPLGGOTEPAV TAY 600 AYVOGTMY

ETiAUopey KOT@TépW 8V YIPOKTTPIOTIKOY oUSTNUX TPy &yvioTwy.

Xtyto=m
IMAPAAEII'MA 1. N& gmidubi 1o ouoTnua: opx_opy _ opw (aPy#C) (Z)
B sl o)

*Erilvoig : Mvepilopey 611, t&v ¥ + w4 w =, Té1E
OPY, TQY + 0@ 0w + opw oy = 1. Zuvemdds Eyopev:

opX oy + oy opw +ogwopx =1 (1)

X+yFo=T @)

() <> | opx=Ac 3 @
opy = AB 4)
| opw=1y )

H (1), dwépa tédv (3), (4) xad (5), yp&geran A2(ap+ By+ yo) =1.
MopatnpoUuey, 871, &&v pév of + Py +ya < 0, 70 oUornua elvar &dlvartov,

1
tdv 8¢ ap+ Fya >0, 170TE A=+ — . Oétopev
B+Prt+y 2 e

; : = A = e A, To cUotnua (2') evan ioodl-
Vap+pr+vya ! Vepr v

vapov pé T& k&Ttwb SUo ouoThuoTa:

Xty o= Xyt o=
opx = A . | opx = A

Z,) wad P
opy = AP ) * opy = AP @2)
opw =\, Y opw = Ay

*EoTtwoav w;, w; kol wy & Téa Tou SixoThparos (0,1) ToldUTe, doTe
opw; = A&, opw, = AP kai ogw; = A;y. ToTe Exopev:

X+ytw=mT Xt+ytow=rTm
TP = 9w, X =K T @,

(EPNE—s pli T iy <= e Sy (1,K2,K:EZ)
TPW = OPwW, 0 = K3 W3

’Ex 10U TeAeuTadou cuoTnpoTos AapPévopev ;
Xt @ = (K +KahK3) -4 0y 05+ <= T— (KK -HKa) T =0, 0020,
Emaidn Spws w; € (0,m), (i= 1,2,3), ouvyeran :
0 <@+ w4 w; <3 <= 0 <1 —(Ky Kyt K3)w <31 <=
=2 <kt Ky K3 <1 <= (K +K+x3) € {—1,0}
Apa, 1) yevikf) AUois ToU cuoThipaTos (Z,) elvar:
X = KT 0y, Y= Ky 0y, 0= Ky} 003 k& (k,+xa+x3) € {—1,0}
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AZKHZIEIZ

18) N& fmiAufiouv T& kéTwb ouoThpaTa :

i 21 ™
]xrwm—S— xty= 7 H-t=
4 3 £ 3473 D Jex _,
NEX NHY = — 2 By 2T =
l T = ey ety % oy
ke ™ il
ty=— == o Ay =rae
Y ‘ 4 5 __12 6 ouvY 3]
| EpXtepy =1 epx = V3 eqy owwy 2
113
™
= ¥p=rr
7 ]X P 8) G i
opy — opy = 2 T1I—12X"i-1‘|u2l{1=7

19) N& émidubolv T& kéTwd ovoThuoTa:

X—y =7 =
1 3 2) X=—N=5
ouvy -+ ouny = 2Y6 ouvy cuvy 3 (nuy —npy) +dnuy nuy = 3
o=
3y | XT2 =3

3eoy -+ 12epw = 5V3

20) Né& émiduBolv T& kémwdh ovoThuaTa:
1

26uvy, ouvny = 1 ARARUY'= == epX +epy = 2V3
Vs fepy =2 =) 3 2 3
PX ey = ow ouny = opX+oey=2Y3

o~ 1 =
4 { nuxAnuy = ¥2 5) oWy +ony = 6 UK IR 03
MY +nudy= V2 2(nux+Hney) = 14VZ o
ux —nuy = 1 . 2x+nu2y =1

7 [UW = JT ooy 8) { WYY = o 9 { it x-irnu_w4

Xl 7 oX+epy =2 X e
10) 2nulx —y) =1 1 Oepy +-eoy = 4 12) 2nux nuy = 1

2ow(x+y)=1 20¢x +-doqy = 1 2(ow2y—ow2y) =1

21) N& émudolv ked BiepeuvnBolv T& ké&Tobl cuoThuaTa:

= p— Y =i
¢ {xl—w o (a€R) 2){m=q 5 {x+w a

N2y 4+ nuly = l— ouva X—y=p nuy —nuly =p
Xty = 2a 5 Y+ Ny = 2Anua 6) Uy NHY = o
N ey = Blnux—nuy) auvy +ouny = 2houva ouvy 4 ouvy =B

{ oUVY -ouvy = 8 { ouvy +-oury = 1

X ¥ X o<
£ -§.+eq> e =B ouv 5 ~+ouy A

2
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22) N& gmiubolv 1é& kérwbh ouothpara:

1 { ouvy iy +epx oy = 0
ey epy = 1

nex = nu (lu+ %)

2y { ouvy -+ ouvy =¥2
epx +eQy = 2nu(x +y)

3) { NRY = ouw2y
L Y ™ guvy = nu2y
nu(4 ) 2nu? +UUV(\!1-|- 2)
abie 2
(ﬂu&;i’—wvxwzw) =1—nux
5
) 3
nux Ny = —

23) N& émdubolv kal SiepivnBolv T& ouoThuoTa:

nex = nu(y+a) oo
1)

24) N& tmAuBolv T& ouoThuaTa:

X+y+o=m
1) { gy +epy =3
Py +epw =4
Xtyto=m

6-7V3

R B

3

Yol _yryr

Q505 =7YV3-V2

Xy,w € ( 0, %)

25) Né& &mwoBeiybi ) loobuvapia:

nu(a—x) = 2nu? - +oww (y+2)

y e = Aep2y 3) | MY = Anuy
Py = Aeg2y 2ouvy+ouvy =1

ouv2y o2y = ouw2w

oUVY oUWy = guvw
2) {
ouv3y -+ouwldy = ouv3w

Py opY 09y cow +ogw opy = 1

EXP -HEQY - EQw = £QY EQY £
8 {
auv?y +ouviy -+ ouvie — 2euvy, ouvy owvw = 1

ouva+ouv (a+x)+ouw (a+y) = 0 { 1+4ouvy+owwy =0 } 5
<= €R
{ nua+ne (@-+x) +nu (@+y) =0 } nex+nuy =0 eER)
xad v EmAUET TO oloTnpa Edv (X0, W,) eiven pla Abots alirol, Sef€are &1 1& Tréparal T6V TéEw
o a+¥Xe kal o+ y,, wl Tis TEpipepeics ToU TprywvopeTpikol kUKAou, &moTeholv KopUQds

icomAelpou Tprycivou.

26) N& Emidubf) 70 ovoTnua:

{x+w+m=1f
il SRR R
pe E AL 2 & ol
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KEDAAAION III

TPITQNOMETPIKH AITAAOI®H

1. 'H ¥vvowr tfic anedowpiig

L1. *H &woix Tiis dmcdoigfis kal Tfis dmodeipovors, 6 yvwoTdv & Tis "AA-
YéBpas, dmdpxe els mapapeTpkdy olUoTnue, ToU Smolou al tCiocozis elvon
TEPIOTOTEPAL TAV &ryvidaTwV.

"EoTw BV TRIYVOUETPIKOY TrapaeTpIKOY oUoTnua B E§10doecov é v dyve-
otous, &vba p>v. TO oloTnua TouTo, &mos ked els v “AhyePpav, &BEyeTon
v& &n Adow fj v& iy Exn AUow. Aexdpevor &1 TO oUoTnpa Exel AUGTY, €U-
plokousy picw oxéow petafl T&V Topapétpwy, THY Smolow kohoUuey dmalei-
govsay ToU ovoThuaTos. ‘H dmodelpousa, Aorméy, 2§ dpiopol ikgpdder THy dvay-
kadaw owbfxny, iva 16 clotmua &xn Alow. ‘H Epycoia 8¢, Sik Tfs dmolas el
piokouev Ty dmodeipovcaw, kodeitar dmadowpi TGV Becopouptvev &yvdoTwv
1] amAds &mooipr.

Karootépw dvagépoper dpiopéva mapadelynata &mehoigfs.
1.1.1. Na £0pedij 1) analsipovoa tob svorfpatos : { A=Y (ap #0)
Pouv =3

Aeyopeha &1 1o oloTnua Exa Ao kod EoTw X = ¥, Mia Alois alTtol.
ToTe & Eycopev:

anuy, =Yy Wh:% " % FAT B
P ) e ()
PR
p
e e
0:2+5 1

‘H TedeuTaio elipebeion oxéois elvan ) {nToupévn &madelpouoa,
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ogx (14 nuy) = 4a
opx (1 —nux) = 4p
"Eotw ¥ = ¥, mla Aois ToU Sobévtos cuoTrparos. Tote 8& Excopev:
{ opXo (14 nuy,) = 4o } { OPXot OWY, = 4 } { OPXo = 201 2P }
= =
oPXo (1 —npx,) = 4p OPXo — OUVX,o = 4P ouvy, = 20— 2p

1.1.2. Na £0pebij 1) droheigovea 100 ovetfjpatog : {

OUV¥, =

= 2042
= | MY, ok
ouvy, = 2a—2p
Ex Tév TeAeutaicv oyéoewv, Ep’ Goov o — B2 70, AapPdvopey:
e p 2
Mo = a4 p = Uy, + ouviy, = a=9 + (2o —2B)? =
a+p

ouvy, = 2a—2p

(555) =Py =1,

7 ool efven kad 1) gnToupéun dmadsipouoc,
1.1.3. Na 0pz0i) 1 analeipovee 100 evetijparog :

Xty=a
epXt+epy =¢eop  (aB,yeR)
9P}t ooy =y

"Eqv (Xor Wo) €lvan pla Alais ToU Sobévtos ouoThuatos, TOTe TTPOKUTTTEL:

} Yo+ Wo =« XoTWo =«
g Mo Wo) _ con X el
EPX o1 EPY, = EQP =1 OUVY, OUWY, =+ OUVX,0UVY,
TPX o1 TPYe = OPY i ] _T]_I_{(XQ_—(‘__\PQ) =g ‘ ke =
NXo MTHYo s THXo MHYo s

"Ex 16V Teheutadewv oyfoewv, &9’ Soov nua epf opy 70, AcuPdvopev:
Ko Wo = @ l
GUVY, GUVY, =nuanup | = [Xo‘[‘ Yo = O }
TUVKo TUVYo —TIHXo TIHY, =TIHX 0P —npa epy.
NHXe NWY, = MU epy
{ XoT Yo = }
ouv (XoYo) = nuax (00B — egy)
(oop —cpy) epa= 1
H Teheutala ebpebeioar ouvbiixn elven 7 &madelpouca ToU Sobévtos ou-
OTHHOTOS.

= owa = nua (opp —epy) =
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AXLKHZXIEIX

27) N& &medeipf] 1d X peTabl 16v kérwd Eiodoewy:

anux + Piowvy =y,
Gnkx+ Paowy =y,  (iP2—aiPi £ 0)

28) N& dradeipf] 16 ¥ peraly 16V x&Teob Efiodoswy:

1y MW+ a=u gy TMX+ oux =« 3y o9x(l4nux) = da
n(x+ p)=v 6p2) + 092y =P oox (1 —nux) = 4p
4) nuY +owy =« 5 QYooY =« ) Aowv2y =ouv(X+«)
nwix-Fowiy =p WY oWy +ouv?y nug = B Anu2y = 2nu(y+ o)

7 anu?x + Pnix ouvx+ ¥ owviy =0 ‘20
a'nu?x+ B owx+ yowix=0 (57 0)

29) Né& dmedepffi 16 « petafl Tév Eiodoewy:

X*nua 4y ouva = Anua ouva
¥Pouva —yPnpe = Adou2x

30) N& dmoheipfolv Té X kel W el 16y Kéreoh {E1odoewy:
D nux+nwy=o, owyx+owy=p, y—y=y
2) nux+nuy=a, ouxtowwy =P, eo % £p % = ep? ~Z~
3) epxtepw =, ogx+opp=p, X+y=7y

31) "Edw al tiodoes nux 4 V3 ouvx = 1 kel nuy+ouvy = A fxouw xowdv AUow, vér eldpe-
67 TO A.
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KEPAAAION 1V

TPIFTQNOMETPIKAI ANIZQXEIZ

1. ‘Opopoi — Bacikai Evvornr

"Edv eis & ToUA&y1oTOV TV MEAGY WS GAYeBpikfis dviodooeas Tpds
X TepitywvTon els f) TepioodTepor TprywvopeTpikol &pifuol Tol ¥, TéTe ) dwi-
CWols KOAEITAL TPLY@VOpETPIKT] dvisweoig s Tpds ¥. 'Ev Tpokelpéves TeplopiGo-
veba els TprycwvoueTpikds dvicdoels Evds &yVWOTOV, YEVIKWTEPOV Opws, ST
cxpidds kol els Tas TprycvoueTpikds Eiohoes, Suvdpedx v Bewpfiowpey Kai
TPIYWVOUETPIKGS &VICOELS TrEPITTOTEPOV ToU Evds &y vidaTow.

Kafe Tofov ¥, TO drolov Emadnfeler piav Tprywvopetpikiy dvicwotw s
TPOS Yo, KOAEITOL pepLki] MDoIg 7 &AS Aborg alTfis. T oUvoloy Tév EPIKGV
AUgewv UIdS TPIYWVOUETPIKAS duicdoews KoAeiTal yeviki) Aooig aUThs.

To olUvolov T&V Aloewv EvTds TOU Saotpatos [0,21] wds Tprywvope-
TPIKils dviodoews s Tpds Evav &yvwaTov, KoAeTTon eidikn Abeg aUTiis.

‘H Tprywvopetpikny dvicwots, fi émola émodn@eeton Si1& oo TNV
ToU T68ou (UeToPAnTiis) TO &moiov TEPIEXEL, KOALITOL HOVIOG TPIYWVOUETPIKT
Avigwaols.

Katwtépw dvapépopey dpioptvas Paoikds katnyoplas TpiywvopeTpikddy
dvicwoewy Evds &yvdoTou.

2. Ogpele1ddeIg TPLYOVORETPIKOL AVICHOELS

‘H Mais olagbdfmote TprywvoueTpikiis dvicdoscos &vdyeTon Kot Kovova
els Tas dkoAoufous BepehicdBels TPIYWVOUETPIKES GVICWOELS:

MUY, oUKZ0, epy=2a, opx=a (¥« R)

2.1 muy < 0. A& Ty Emidvow s dviodoews TowTns Sloakpivopey Tés EERs
TEPITITCOCEIS :
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i) ’Edv a<<—1, 1| Sofeioa &viowols elvan &bivertos, BTt nuy < —1 Sik
kabe xE R.

i) Eaw o > 1, 1 dvicwais elven udvipos Tprywvopetpikt dvicwais, 51611 nuy <1
S5ix x&le xe R.

iii) "Eqv a =1, Té1e 1) dvicwois dradnBeeton Bic k&le TéEov, E§cnpouptveov TGV
T6Ewv ¥, T& dmoia elvan Aoeis Tfis EGiochoews nuy = 1. "Apa, 7 yevikhy Aois
Tis dvicwoews elvan:

R—{xeR:nmux=1}=R—{xeR :x=21¢rr+—;—r, KEZ]

iv) "EoTew, Téhos, —1 < a< 1. Eis Thv Tepimrwow odThy Sicxpivopey Tds
£6fis, &ml mAfov, TreprTTdOEIS:

o) Edv 0 <a <1, émAopev ThHv dvicwow yewpetpikéds (ypogikés) émi
THS TEPIPEpeicrs TOU TprycovoueTpikoU kUKAou. TTpds
ToUTo, épyaloueda s EEfis : AopPdvopev &ml ToU
&Eovos TV futévewy Sidvuoua OP ToclTov, doTe
(OP) = o koi gépopev x&betov Emi Tov &Eova BB’
els 7O P, 1y omolar Téuver Thv Tepipépeiav els T on-
peic M xad M’ (Zx. 1). Tpopavéss, kdbe TéEov ¥
pE dpxfiv A kol Tépas Tuydv onpeiov ToU TéEou

T
M’B'M, & cupéoer 16v dkpwv M xod M’, Emwodn-
Beler T dvicwow nuy <o pt 0 <a<l.

’Ev ouveyelq, Embioropey v& elpopey dvoiu-
TIKGS THV Yevikiv AUowv Tfis Sobelons dwiodoews. Zy. 1
TTpds ToUTo, eUplokopsy TpéTov Thv eldikhy AUoiv
kal €€ alTfis TpooBiopifopev duéows THV yeviknv AUow, &5 ouvdyeTton &k Tis
éropévns iocoBuvapios:

e < o (6))]
NHY < & <= we[0,21] 2
X = 2kmw+ w, keZ (3)

(Elvan trpogavés, 611 k&Be TéEov XE R Tifeton Umd THY popefv
X = 2km + @ pt xeZ kai we [0,21] ).

’Ex Tfis dveoTépwd looSuvauias, TapaTtnpotpey, 611 &k Ths AUoews Tiis dvi-
owoews (1) elven Suvardv vk elpoopey THY yevikhv Aoy Tiis nuy <o véow Tis
(3). ’Emi mwhAéov, f) AUais Tijs (1) pé Tov Tepiopiopdv (2) elvar 1) eidikt) Mois This
Sobelons dvioworws. *EmAvopey Ty dvicwow (1), ftor eUpiokopev Thv elikfv
Agw Tiis Bobeions dviodoeews. Mpds ToUTo, EoTwoav @ kai T— T& péva TOG
Tou. KAeloToU SraoThpatos [0,21] pE nue = nu(r—¢) =a (0<e < g ). Téte

T& pova UmodiaoThpaTe Tou SiacTthpatos [0,21], T& émoia EmaAnfelouv ThHY
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dvicwow, dvar (r—@,2m] xal [0,9). “Apa, 1| eibikn AVois elvan :

(m—q, 2] U [0,p)={weR:mT—p<w=<2rw} U {wek: nggcp}
‘H yevikn) Aois Tiis ofelons dviohoews eupiokeTan, 2w els T& Sxpa TGV
SiaoTudTwy THs elbikis Alcews TpocBicwopey TO 2k pE KEZ (Tuydv), Aoyw
kal Tfis (3).
‘B Béowopey A, = (2km +7 — o, 2w+ 2m] U [2«w, 2kw + @), TOTE 1

yevikd) Abots efven |) A, fitor: {XER : I keEZ pi xeA L
KEZ

B) ’Edw —l<a <0, émdlopey THv dvicwow kot duéioyov dxp1péds TpOTIOV.

Ko’ Suotov dxpiPdys Tpdmov tmAletan 1 dvicwols nuy> <. ‘Opoiws Emi-
AVovTan ko ai dvigoefiodoers nuy < o kol MUY = o, Gpkel €l T&s AUoels TS
AVICAOEWS T, < & 7 MUY > o v& Emiouvéipoper kal THY yevikfiy Aow Tiis 238
OWOEWS MUY = Q.

2.2, ovvy < a. TTpds AUow Tiis dviodoews TaUTns, Sioxpivopev, Gg kal TTpoTyoU-
péveds, Tas KETwOI TEPITTTOOELS:
i) ’Eqv o< -1, 7| &viowots elvon &8uvarros.
ii) ’Eqv a > 1, fy dviowoaig elven POVILOS TPIYWVOUETPIKY dvicwals.
iii) Eqv a= 1, Té7e 1) dvicwais &Anbevel B1& xk&Pe TOEov, tEcuptoer TGV TOEWV
X = 2xm, kEZ.

Suveméds, 1 yevikh Aois elvar: R— {xER : = 2xm, kEZ}
iv) *Edv —l<a<], ToTe &miAlopev THy &vicwotv yewueTpixdds. "Eri ToU &Eovos
TEsv ouvnuiTévey Bewpolpey Sidvuoua PO ToiouTov,
ote (OP) = o ked gépopev k&Betov Emi ToU &Eovos
AA' gis Td onusiov P, Tépvouoav THY TepIpEpeIa eig
& onueic MM’ (Zx. 2). Ké&Be T68ov X b dpxnV T0

—

A kol Tépas Tuydy onusiov ToU T6Eou MA'M’, EEai-
pouptveoy TGV Skpwv M kal M, EroAnfevel THV
Sobeicav dvicwaov,

*Ev ouveyeigq, mpds elpeowv Tiis eiBixiis AUoecws,
rrobiTopey &11 @ elvan T& TéEov dvTds TOU BlaoTh-
pocros (0,7) wé ouvg = a. "Apa, f €idid Alots €l-

Zy. 2 vai: (@, 2m—@)={XER:p<x<2w—09].
TlpooBéTovTes el T& &xpat ToUu BIaoTNUATOS
THs eibikfis Aloews TO 2Tk, KEZ elpiowopey dg kol TIPOTYOUMEVGS THYV YEVIKTV
AUcv This Bobelons Gviowaews.
*Avardyws EmiAUovTtan aii ouvy > o, OUVX < &, Kal ouvy =

1 To olvohov | Dy elvan /) Eveoars T &melpuov SraoTnuéTov Ay, Stav TO K SoTpéxn
xeZ
15 cUvolov THV dxepaicwv dpifuddv.
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ITAPAAEII'MA 1. Na& émAubfi 1 dvicwots ouvy < —é“.
*Enilvorg: Evpiovopey & 8o rai povadikd Té€a dvtds ToU SiaxoTruaros [0,21),

= : ; 1 = . , T v 9T
TV OTolewv TO guvnurTovov elven 7 - TauTa, o5 yvwoTdy, elvan 5 kel o .

3
Kdbe téEov ¥, 1O 6moiov meparroUtan &ls &v onpeiov
—
ToU TéEou MAM', cupmepidauPavopéveoy kol TV
rpoov M kai M’ (Zx. 3), elvean AUois s &vio-
oews. TMpopavéys, 7 elbikf Avois elvan:

5 : ‘
[0, %J U [_31_'['2“], ) 8¢ yevikd: AL 3k ) A

UA,, émou A, = [ZKTI.', 2kt E} U N
KEZ 3

[2K1T+5Tﬂ , 2k 21r]. N

AnhoBr), dvaduTikds, k&Be TéSov X TS ye-
Vikfis AUgecs mAnNpol pia TGV ké&Twb oxéoewv:

2k <Y <2k -131, 2k 5T1T£Xg2x‘n'—l—2rr (xeZ) W

23. gy < a. ‘H &viocwors oltn Exa movToTe
Ao, éq° Soov ac R, THv dmolov ebpiokopev dos . /
&6fis: "Eotw o >0 (8w a<< 0 fpyalduefa dvors- A e NA
yws). 'Eml ToU &fovos T&V EpatrToptveoy AcpPé- /]
vouev Sidwuopa AP Totoltov, dote (AP) = o kad

Becopotipev Ty eUBeiov THY Siepyouévny &k TGV on- -
uefwv O kol P, Tépvouoav THv Trepipépsiav eis T M B |
kad M" (Zx. 4). Elvan #18n mpogavés &k ToU oxn-
uatos, 611 k&be TOEov, TO Omolov Exel Tépas Tu-

2y 4

P T - T T
Xov onueiov ToU TéEou MAB’ fi ToU TéEou BA'M’ (EScupoupéveov TV xprov
M kai B’ | B kol M’) émainfede THv &vicwow.
’Ev ovvexeiq, fotwoav ¢ kol T+ T& povadikd TeEx ToU SixoTruaTos

[0,27] ut egp = ep(w} ¢) = o (O <9 <% ). ToTe ) elBikn AVois elvan:

™ 3m
(3. mte)u(F 2rfu o,
‘H yevii) Aois &v mpokeiuévey ebpiokeTon TarUTepov, dpKel eis T& dkpa ToU
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BlAoTHHATOS (%, T+ <p) v& Trpoobiocuey TO kT W kEZ (TUxdv). "Hron, v

A= (kT + =, x0T+ @), alrn eveu:

~|

UAc={xER : x=xm 18, xEZ, isX

KEZ 2

*Avoddyes EmiAvovTal of GVITWOES EPX <O, TPL <, OPX<9, dos kad al
EPYC, EPXQ, OPXC, TPXE.

<b<m+o}

3. Tpryovopetpikai GvicOOELg
avayopevar gig tag Bepeliddarg

Al Pooikal popal TPIYGVORETPIKEY GVITWOEWY, 0 kol o pédodor EmAy-
oews crTédy, elvon v yéver dutioToryol Tpos kefvars TGV TPLy LVOUETPIKGY 1o~
oecov. 0T, 1) Emilvos wds dviodhoews dvéyetan s Thy Emiiucy Bepehiwbiv
TPy wVORETPIKGY dviohoewy. "ETl mapaBelyuar, fi dviowals f(nuy, ouvy) = 0,
&mou @(nuy,ouvY) SKEPOIOV GUHHETPIKOV TIOAUGVULOV s Tpds MUY Kxl oUVY,
elven pice Pacikh HOPPT TPIYWVORETPIKTS dviowoews Kol EmAUETaL &g &GxpiPads
ki §) &vTioToigos ouppeTpiky lowais. “Hro, ds YveoTdy, EXOHEV:

2
FRa Pl R
f(nuy, owx)s0 <=

t=VY2ow (70 @

‘H &viowors (1) elven pia &hyePpikd dvicwots dog Tpos t ka gmidbeTan
kard & yvwoté. “EoTw t 2= t, pla Mol adTis. Tote, Exouev Trpods EmiAuciv
il t e d
v dvicwow V2 ovv(% —x) < t, ( <= guv (% —x) < v—z‘l_), f| omola el-
von pla Bepehicodng &vicwaons.
KotwTépw &miAUousy  GPLOPEVOS YOPOKTNPIOTIKES  HOPPAS  TPIYCIVOpE-
TPIKEV GVICWOEWV.

IIAPAAEITMA 1. N& &mAubf f) dviowois: (2nux—V3)(2ouvx—1)(epx—1) <O
*Enidvorg: TTpds Emiduoty TedTns, dpkel vi elpoopey T& onpela TGV TPy OVTLY
Tol TrpdTou” péhous, STav TO X BiaTpéxn TO Sidonua [0,2m]. TIpds ToUTo,
Tpocdiopilopev T&s elBikds AUoels TGV kdrwh Bepehicodiov AVICTEWV

& 3
2rpx—V3>0 <= nux>-Y§-

2ouvy —1 >0 <= cruvx>—;—
epx — 1 >0 <= epyx >1
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Al eldikal Aoels alTéy, eUpiokdpevon eUKOAWS KATX TX YVWOTE, GVTI-
oTolyews elveau:

™ 27 5t ks ¢ [ A 5m 3w
(‘5- *‘3‘)' (7’2“]U[°'§) e (z' ?)U(T ' 7)
"Ev ouveyeig, Tpos elpeow ToU onpelov Tol TrpddTou péAous Tiis Sobeions
&viocwoews, KaTapTifopey TV kaTwTépw Trivoka:

0 e il T 2 om 3 o 27

X 7 3 2 3 ] -
[2ax-3 | - | — 1 + T + 1 = 1T =1 =1 =]
Zowyx—1| + | el = =] == e ,,il
-l | = L+ ] =] =] F [ =g =]
et T e IR Sy | ] = P 5

"Exéfn ['= 2nux—V3) Qowwx—1) (ox —1).
*Ex ToU dvwTépe Tivakos Taparnpolpey, 8T ) eibikn AUcis THs Sobelong
AVICWOEWS Elval:

T ™ Mt 2 51 3 51
(z' ‘3‘)U(”§'“2")U(T' T)U(T' ?)

*AvoduTikas, kéde TEEov ¥ Tiis eibikfis Aoews TANpol pia TGV Emopéveoy oxtoewy:
™ ™ T ™ 2w 5m 3w 51t

ria et R Al S Rk T e s e

ITAPAAEITMA 2. N& &mAubf 1 dvicwors 11;.13)(>KzE kol v& onpeicofolv &

Tfis Tepigepeias TOU TPIywVOPETPIKOU kUKAoU T& SixoThpara TGV T6Ewv, év-
TOg TGV OTroiwy TepaToUvTan al AUoels Trs.

*Enihvoig : Oftopev 3x =w kad &mAlopev v &vicwow nuw> 122 ‘H yevikn
Avois ToTng elvou:
UA, pt A= (2|<11'+ = , 2k 21) , KEZ,
KEZ 3 3
SUVETIGdS, EXOMEV:
uy 21 K K , 2m
2kt 3 <3y <2+ 5 A 2Tr§ + 5 <X <21r§ +T (&%)

*Emreidn) Speos elvan k = 3p4-v, 0 << v <3, fj oxéois (1) yp&eeTou:

2 omy . 2
2mp+ -3+ 5 < X <2mpt-g-+5 (€2)
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’EE oltfis owvéyetal, OT1 A &idkh AUais Tijs Sobeions &viocoews slval

21y ™ 21y
(”77' + g r 7’3

&vTioToiyel kol &v UmodidoTnua ToU B THLATOS [0,27] xad ouveméds ebpiokopev

1y Tpla UmroBiaoThvaTa Tou [0,21] (Zx.5), &vtos TV

-1—-2—;) (u=0,1,2). Els &doTnv Ty TOU drepaiou v

m];
/

) Smofwv mepatolvton of AUoerls Tiis  dviodoees.
an s TaUTta elvon:
= \)
9
™ 2w
5 B (3 ' T)
G g 7w 8w
R O [ s
]
n 13w 14w
%ﬂ g v=2— ('g_'r -9*)

Zy. 5

3.1. Avicocis tiig popeiis : anpy +Poovy+ ¥ =0 s}

*Emreidf) 1 dvrioToryos &§iowots anuy+Pouvyt+y = 0, cos eiSopev, EmAVeE-
Ton katd BUo TpéTous, olTw ke fi Sofisioa &vigeoig elvan BuvaTdy v& EmAUEH
kaTd SUo TPOTIOUS.

@' 1pdnog. YO THY mpoUmebeaiv 6L X ¥ 2kT+ T (keZ), txppdlopey TX

NUY, OUVY ouVapThcEl TS € % kol Eyouev:

2e¢p~2)S 1—e<p2-§
W) > a2 g Pty 2O >
l—l—Eq)z)zi l—l—Eq)Z%

(r—B)ee* 5 42069 5 +P Hy=0 @)

‘H TedeuTaia Spws dvicwors (2) elvar SeutepoPdBuios s Tpos e %(?- Kad

ErileTon eUkdNws. OUTws f Aots Tijs dviowoews (1) dvdyerar el ThHy Alow
BepeMdY dviowotwy THS HOPQTs - € % = a, ac R.
Eaw ¥ = 2k (k€Z) 1y (1) ypaoeran:

anu(2xm- )+ Poww(2km+ )y =0 <> —Pp+y =0 <= y =P (x€Z)
*Apa, T& TéEa X = 2k B elvan Aboeis TS dvicdoews (1), &9’ doov y = P
B wodmog. ‘H-(1) ypagétcu:
p

(1) <> atnux+ CowxtL)=0
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EER:—E@E(—
o

’Etre1dn) —Tzi , %) pE EQW = -i— (M) kai ouvetrdds
AopPdvopey:
(1) = st 52 ouvx 1 L )20 < O fnulxF o)+ % owe]20 (2)

Arcxpivopsy ﬁ&n T&s EEfiS TrEPITITAOELS:

iy 3 ' " \ ' " « P . .
i) ’E&v a> 0, TéTe, Emwaidn kol ouvw> 0, EmeTan R 0, émére Ny (2) ypoge

Tou: MUy +w) = — % owvw, 1 ool dvdyeTa: el THY OGepehicodn nuy = A

ii) "E&v a< 0, ToTe w‘;‘w <0, &mére ) (2) ypdoeror: nH(X+®)= — %awoo,

1) dmolar &vdyeten ked wéAw eis T nuy = A

MAPAAEITMA 1. N& ¢mAudf A dvicwors : V3 nuy+ouwy —V2 < 0 (D
*Enilveig : AUtn loobuvdpes ypdpeTal:

- 3 /5 L Vf
(1) —=V3 (nux%-l—/,; ouvy — :—3 ) <0 <= V3 (nux+sq> % ouvy _ﬁ) <0

W 5 5
-~ ~J'3_n_ [ ()H“ ) Ei ouv %] <0 <+=2 {nu(x -1\*%) -v—z-j <0 <=

ocuv
H\X Gl R

2
™ S B e 2
Oétousy X+ T=® omdTe Eyopev Tpds Mg TV Qvicwov U < =t
*H yevikt) Aois Tautns elvea:

2kt 3—;— <w < 2km-+ 2 kal 2AT < <2AT-+ 1; (xAEZ)

i e ol ;
'E€ otV Kal Emeldn) ¥ = w — & tuploxoue:

2 +- 7112 < X < 2T+ 1%‘ kel 2hm— & < X < 2MTr 550 (WAED)

ai &mrofon &roTeAoUv THV yevikny Aucw Tis (1).
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AXKHIEIZL

32) EmAboare Tds kérwb dviodosis:

L]

9] > - 2) egx >-V3 3) cuvx<—_é_

) nu(x—%)‘:% 5) wv(x—%)>% 6) agx >0

33) ’EmiAboaTe Tds &kohoufous dvicdhoes:

1
1) og3y > -1 2) nudy < — 12‘1 3) owdx < -

1
34) N& émiAubi] 1) dvicwors npSy > T xal v& onuewbolv &l Tiis mepipepeias ToU Tprycovope-

TpikoU kUKAou T& SiaoTrpaTa TéY To6Ewy dvTds TEV dTrolwy TepatouvTal al Alosis Tns.

35) EQpete Tds elbikas Aloeis T&v ké&Twh dviodoewy:

1) (nux—1) ouvy —1) (spx —1) < 0 2) (ouvx+1) (ux —2) (epx+¥3) <0
3) @ux—1) (owx+ —5-) (eox—V3) >0 ) (VZnux—1) Geop2x ~1) < 0
5) (x—2) nu3x <0 6) youvy > 0.

36) N& EmAvlolv af ké&twh dvichoes:

1) 3nuy + 2ouvy > 2 2) epx + opx> 1 3) ouv2y > nuly -1
4) mu2y > ouvy 3) nuy + ouvy> 1 6) ¥3ouviy —1 <5nuix —4
—— . 2y — 1
DY3owh>1+3mx &) TGS <1 9) mutk— ma2x+ Jowi> 2
2nu2y —1
10) SHox—3ow 2 =0 11 3(nux-+owy) — Snux ouvy > 3
1y SR Gy
MEYX — ouvy
h AV, . ™ T
37) N Emidvéf ) dviowas: nu2y > nula, g <e< A

38) N& Emidubi] kol Sepeuvnbii 1, s mpos ¥, EEiowars: (2ouve —1)x* —4x+2(2owe+1) =0,
0<p<2m
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KE®AAAION V

ANTIZTPO®OI KYKAIKAI ZYNAPTHZEIZ

1. “‘Opiopoi — Paocikai Evvoran

1.1. *Ex ToU épiopol ToU nux (XE R) ouvéyetan, éT1 10 fipitovov (ouvTouws
16 nu) elvan pia ouvdpTnois ué Tediov dpiopol TO R xad Tredlov Tiwdy 16 [-1,+1].
Eiven Bnhadh TO MU pia TpoypoTik ouv&pTnols Wds TPayYMOTIKTS peTo-
BANTAs Kaod Exel TOV TUTIOV W = Muy. Zuvemrdds Suvdueda va Becopricwpey TV
&rekoviow:
iR — [F1,+1] # ®
Ray = nuGOel-1,+1],

&mou ) Tpn Tiis owvepThoews nu(x) es TO Tuxdv XER (fi, b &MAws Afyo-
pev, f) elkcov ToU TuySvTes ¥ B THs nu) even © YVWOTOS TPIYWVOUETPIKOS
GpiBuos nux:

Mopatnpoluey &l whtov els v owvdprnaw (1), &1 k&be yel[—1,+1]
Stv elvon qutioToixov (elkdov) Evds pévov XER, 81611 1 efiowols nux =y pE

lw| < 1 Biv &g, G5 yvwaTov, plav pévov Aow. TLy. &&v y = %, TOTE 1) YEVIKT)

1
AUois Tiis ESiowoEws MUY = 5 glven: {xe R:yx =kmw+(—-1)* % , KEZ} kal
ouvetdds kdbs x =rkm-H(—1)* —61 pt kEZ Eye dvTtioToryov TO % JfiTon:

nw {gm + (=1)¥ _76’_ }=% B1&x k&b kEZ.

"Apa, T &meikéviols Mu Btv eivan dugiuovooTiuavTos Kod CUVETTEIS ) QvTI-
oToIy i
nut:[=1,+1] — R,
f &molat elvon 1) dvTioTpogos duTioToryia Tiis cuvapTrioews Nu, Stv elvar ouvdp-
Tnols, SnAabf Btv Umdpyel 1 &vrioTpogos ouvdpTnols TS CUVAPTTCEWS TI,
s aUtn dopiohn.
*E&v Spcos Tepiopiocpey THY ouvdpTnow nu els &v kardAAniov SidoTnua
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(UmobidoTnua Tou R) .y, T

— 121 i gJ, BnAadn Bewpnowpey THY cuv-
aptnow:
T e ,
nu: [— i -E-J Ly ()
ToTE ) QvTioToryia:
—4 s == =5 o S I
s [—1,4] [ 2,2}

elvan ouvépTnois.

"AmoBeikvieTon yevikiTepoy, 8TL 7 guvdpTnaols M EvTos ToU KAeioToU

g T 1
SisgthuaTtes A, = |xvm— —, KT+ —

KEZ) elvon -dugipovoonuavTos . Tlpd-
5 ¢ P

o "EoTwoow XiXa €A, X FKm 4 5, (KEZ, i 1,2), i Axw—T
(k€Z, i= 1,2) xad x; # X2 “YToBéTopey npy, = Nux,, OWoTE X, = 2pT - X,
(PEZ) A X1 = (2p+1)T —x, (PEZ) kai ouvemdys Eyouev:

X1 —X2 = 2Zpm ey

Xit+tXe=2prtm (2)

"EE &AAov, £€ Urobéoecos Exopev: kr— % <Xy <K+ g Kad Kﬂ—g <Xz <1<'rr+%,
OmroTE: — <Y =X < T 3)
26T — < Xy F X2 < 2k - (4)

Ex tév (1) kai (3) AauPdvopsv: — 1< 2pm< T =+ — % <p -C% =

p=0 = ¥, = X2, TO Omolov ivan &BUvaTov, Bi16TI UmeTEdn ¥, 7= ¥,. Ex TéW
(2) xai (4) TpokyTrTEL:

Aknm—mw<2pw <2kt = k-1 <2l ]l = xk—1<p<k,
7O omoiov siven &8UvaTov.’Ex Tév dvwTépw ouvdyeTan &T1 Uy, 7MUY, Kai guve-
TS 1) oUVEPTNTIS MU, EvTos Tou Siaothuatos A, < R, elvon dupipavooruavTos
Bia k&be xEZ. "Apa, Tfis ouvapThioews nu Teplopibopévns els TO SidoTnua A, ,
Urdpyet 7) dvtioTpopos ouvdpTnos, 1) dtrola cupPoliletal pi Tof, Mp kai Koei-
Tal GvticTpoPog KUKAKI oUVapTIolg Tis ouvapThoews mu. EldikdTepov, v
k=0, TOTe &yopev THY duPIUOVOCTIHAVTOY &TTEIKOVITIY:

i T

Tog,MK : [— 55| — [=L+1

! ’Ex tév padnudrov Tis ‘Avaiioews (rpPA. geAd. 15) yvwpifopev émi pia &meikdvios
f: A —— B evar &porpovooripavtos, tav kal udvov & :

V X1€A kal v x2€A 1 X 7= X = 1(X0) 7~ 1(Xe)-
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1 ~ A
Sism A, = [ #121-— - %l . Thv ouvdptnow Tof np 8& TopioTéduey &9’ EETs Me

Tot np (Té€ov fuitdvoy), THY B Tfy Tof nuy alrfis &g 16 TUYXOV omueiov

1
& [ —1,+ 1], 8& kahoUuev npotedovsay tyriy. .. 76 To§ np 5 TapioT& TO

s . ~ , ™ T g s )
povaBikov ToEov Tou BiaaTHHOTOS l — 5 g | Tou &molou TO fiuiTovov elvan
1 o nl T 1S LS = -
—, SnAadn TO — (ToEmu — — — ). ‘Ouociws, £§ SplopoU Exouev :
2 6 2 6
) T = e
To§ nu( 5 5 ¥ol Tog nul 5

A& ToU cupPoiou Tof nu TapICTOUEY THY GVTIGTPOGOV dvTicToiyiav TS
cuvapthoews (1) kol ouverds 1o Tonpy pe [y < 1 TopioTd 16 oUvohov TGV
T6Ewv, THY dmoiwy TO fipiTovov elvan W, fiTor TO cUvohov TGV pEPIKGY AUGEGWV
THs t€iodoews nux = . Ty
b1y

6

1 1
To&ﬂu-—z—:{xeﬂ:nuxj7}={xEl{:x=K1‘r!-(—l)" , kEZ}.

I
2

*Ex ToU Oplopou Tiis oUvapTnoews Tof, nu ouvdyeTal, Six kdfe kEZ kal
Bix kdfe y pE |y <1, oTi:

‘Opoiws elvar: Tofnu 1= {xe€ R: x = 2k + -, kEZ}.

o) nu(Tof, nuy) = vy
B) To§ nu(—y) = —Tonuy .
y) To§ nuy = kmr+ (—1)* Tof nuy

i UX = W
5) X ) TOE nuey

vel-L,+11 [T |xe [-

| 4
I

|

1.2. Kor’ dvéhoyov dxpiPpds Tpomov pedetdran TO mpoPAnpa Tis UTdp-
Eecs &vTioTpdPoU oUVapPTHTEWS TS ouvapTAoews ouv (ouvnuiTovov) kai dro-
SeivieTon &1 Urdpyet 1) dvTioTpogos ouvdpTnols aUTiis EvTds ToU BlaGTAUATOS
A, = [k, kr-bm] wt keZ (&mddais; ). ‘H avrioTpopos ouvépTnals Tfis auvep-
ThTEWS GUV, TrEplopilopéuns TauTns els T SidoTnpa A, oupPoMileTal pé tol, ouv
ko KOASITaN GVTIGTPOPOS KUKAIKT GUVAPTIGIS TTs oUVapTHoEws ouv. Aid k= 0
Eyopev TO Sidonua [0,1], | &vtioToryoUoa &t Eis ToUTo ouvdpTnals Tof,ouv
8& ouuPorileTan g Tog euv (Té€ov cuvnuitévoy). “H Tium To€ ouvy Tiis cuvap-
Thoews Tof ouv el 16 Tuydv XE [—1,+ 1] xodeitan mpatciovea Tipi. .x.
T

1 3 ™
Tog ouv i To§ouv (—1)= T «kai ToEouvf)r——z——.
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At ol ouuBdiou tof sov O TOPIoTEHEY THY duTioTpopov &vtioToryiav
Tis ouvapTioEws ouv i R ——s [— 1,4 1] kad ouverréss & 1o ouny pi !
elvan 16 olvohov: Tof ouvy = | XER towyx=y}. My

1 1
To€ ouv ~2~={XER:UW)(=~2—}:

™ T

={XER :y= 2w + T k€Z} U {xeR: x=21<1r—3 y KEZ L
"Ex ToU Spiouol THis ouvopTnioews Tof, ouv ErovTal T EEfs:

o)  ouw(Tof, ouny) = W, VKEZ kad v we[—1,41].
B) To§ou(—y) = m—Tof ouvy, v we[ —1,+1].

Y) Tof ouvy = krr+ (—1)* Tof cruvq.r—[—[l—(«l)“]%, kEZ xal

&) ’loyler 1 tooBuvapia:
X = To ouvy } ST
yel-1,4+1] xe| o |

HMopatipnews. ‘H ushét Tis &uTioTPéPOU THs ouvapThoews ouy dvayerean &g Thy TMpONyoUpé-
TR
v, Adye Tiis oxéaccs auvy = nu (7 '-—)() » Bewopoupévngs els 16 BidoTnua A, =[km, (k-+1)w]
ué keZ.
1.3. *H ouwdptnois ep pé Témov Y = epy elvar Gpiopévn &v
™
R—-{xeR:x= K'n'+§-, kKeEZ}

kol AapPaver Tipds v R.°Qg YV@OoTOV, T cuvdpTnols adTn Siv elvan &u@ipovooT-
HovTos Kad uverrdys Sev Gmrdpyer dvtioTpopos cuvdpTnats alTfis. *Amobexyle-

2
&ptnols e elvan duipovoshuavtos 2l Kod ouvemrds elvan Suvatdv vk Gpicdi
| dvTioTpopds Tns. Mpdeypari: *Edw XuXz €A (KEZ) ut y, 7= X2 kai UTrofé-

OCOUEV QY = EQXa, TOTE X, = pTr+X, (PEZ) kot &€ aUTiis Exopev X;—x, = p.
"EE &AMov; elva:

Tan Sueos, 8Tt dvtds ToU SiaoThuoTos A— (K1T-— o » KT} g) (xeZ) A ouv-

T ™

i S ¢ <xmwt 5 (1)
s (xeZ)
KT — % <Xz <kt o (2

"Ex Tiis (2) mpokdmrrer:

—m+12r—>—x2>—m—-% “= —Kﬂ——g<—xl<—KTr—f—g 3
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A pooBiéoemws kata péAn T&V (1) kol (3) AcpPdvopev: —T <X —X: < T,
omoTE, Pdoel kal Ths oyfoews ¥y — Xa = pT (pEZ), Exopev:
—T<PT<T <= —1<p<l <= p=0

Suvetrdds fi oxéols X, — X2 = pT YiveTan X, —X2=0 = Xy = Xz, TO Omoiov
glvan &totrov, B16T1 UTeTEAN Yy 7= X2 "HTO @ Xy o > QX F QY2 -
*Apa, Umdpyel f| dvtioTpopos cuvdpTnols TS CUVOPTHOEWS £, TIEPIOPILOUEVT]S
TOUTNS €ls 16 BikoTnpa A, = (mr—% , KT - _121), 1| dmola oupPohifercn pé
105, 8@ Kai KOASTTOU GVTIGTPOQOg KUKLIKT GUVAPTNGLS TS CUVOPTNOEWS EP.

EiSixaoTepov, 2av k = 0 T6 Sidornpa A, eivar A, = (— g- ; -g—) , 1 Ot

duTioTotyoUox els ToUto ouvdpTnols To§ep 8 cuuPohileron pe Tof ep (Tofov
gpomrropevns). ‘H mipn Tof epyx Tiis ouvopTiioews To ep els v Béow
XE[R—{xER: x=Am +g- , AEZ} ] kadeltan wpwTevovoa Tipf. TI.x.

% , Tofep(—1)= A% , TotepV3= %

Ko’ 8uotov dxpipéds TpoTrov, opileTat 1) dvtioTpogos cuvapTnols THs ouvap-
Thoews o, meplopifoptvns TauTns els TO Sikotnua A, = (km, xw ), KEZ.
AnAcdm, dmoBeikvleTar 6Tt 1) ouvdpTnols o¢ elval dugivopooTuavTos £l, EvTos
ToU SrooThparos A, = (kmr, Kk + ) (&mddeifis ;).

’Ex ToU &piopol Tdv ouvapTiioewy Tof, 9 kai Tof, 0p ouvdysTan:

o) ep(rofespy) =y, N YER Kol Y KEZ

P) Tofep(—y) =—Tofepy,  weR

y¥) 1o, epy = kr + ToGepy, ¥ yeE R kal 3 xeZ.
'Emrions dmodeikvieTon eUkOAws OTI:

To§ep 1 =

Tof spy = To§oq>-$—, tw @ > 0 kai To§ epy = — - Tof 09 $, v ¢y< 0

T & dxp1péds loxtou kai Si& TH ouvdpTnow To, o, KEZ.

1.4. Tpagiki] Topactacis TOV AvIIGTPOQOV KUKAMK®OY cvvaptiosmv. Mvwpilopey
8m, & | elvon pia ouvdpTnols s mTpoypaTixiis petaPAnTis kod 1 6 dvTi-
oTpogos alTiis, ToTe T& Sicypdupuara S kol Spy T@V guvapThoewv f kad It
dvTioToiyws els dpfoydoviov oUoTnua &Evwy, elval oUMPETpIKG s Tpds THY
TpcyTny SixoTdpov. Tij Ponbeig TolTov, elvan elikohov va yapdEwuey T Biory plu-
poTa TGV GUTIOTPOPWY KUKAIKGY ouvopTroewy, Gpkel BePadws va yvepifopev
T& SOy pdpUaTa TEV TPLYWVOUETPIKGY oUVapTIioewy. ZUuykekplpévas, Bewpou-
uev THy ouvdpTnow Tofnu, ds cpiotn dvwtépw. AUt elvan 1) dvtioTpogos

" P ~ ; ™ "lT \ % \
This ouvapTrioews nu &vTods Tou SiaoThuaTos [ — 5 ?] kol ouvetrds, T Sio-
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yp&upata S kol S—1 Tdv ouvepTioewy N kai To§ nu dvTioToiyws (Zx. 6) Bk
€lval oUNPETPIKG &5 TTpds THY TpiTny SiyoTduov d.
"Ev Trpokeipévey, UtroBéTopey yvwotdy 16 Sidypompa S (flurtovoebs ko
TUAN) Tfs cuvapTrotws Mu.
"Ev ouveyela, Becopoupey THy
guvépTnatv Ttof, nu, kEZ.H
~d Ypogikn TopdoTacts olThs
Ba mpoxkiyn Si1& TapodAt-
Aov peTapopds Tou Siarypdp-
patos S s Tof nu kot
kT (KEZ) ki ToUTto Eveka
THs oyéoews:
. Tofnpx = xm + Tof nuy.
S _I Kab’ épotov Tpdmov, yapdo-
covTan TG SiaypaupaTe TGV
Umrohoitwv dvTioTpdpav ku-
KAIKGV ouvapTrigewv.

T& Siaypduuara Tadta SiSovrar els T& kde
Twh oxnfuara (7, 8 kol 9):

W

i
I
I
I
I
]
I
|
1
1
i
"
i
I
5
I
|
i
|
1
L

=
SRR
\

A

A
D bt

N

crlJ.
~

i
=

Xy ¥ Zy. 8
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IAPAAEITMA 1. N& Seiy6fj 611
T

‘ 1
S A i/ Tofeq - + Tofep = = ¢Y)
z ; / 2 3 4
L] v |
\ \ *Anoderbrg : OéTopev Tof eq % =a (1)
]

|
':
E kai Tog eq % =B (ll), omoTe et = "]f
i

kol QP = % . ’Ex ToU opiopou TS

2

]

I

I

[ : - 1
v TpwTevolons Tiwfis Tof ep =a ouv-

i

|

o TT L

'; dyeton Guéows OTI i <a< 5 O-

™

5 ETrer-

; T
Xy 9 Holoos oUVEYETE! — = <

™

&1) Suws elvan: g0 <ega <eq>% kai ep 0 < e@ P < &9 %, TrpokUTrTEl 0 <ot << -

\ '1T s 3 ~ . ¥
kai 0< P < —-. Zuvemrds, & 1@V (1) Kai (Il) Exouev:

4
1 1
o=, 9p=5 (2
Gl i
O<a<— O<p<—g 3)

(1) <> atp=—7 @

*Eri TrAdov, Buvdmel kal TéV oxéoewv (2), evat:
1 1

._-,{-...-
. ey o G 3 o
Ecp(cx,ﬁ)—- lﬁEl:]JlrlECpﬁg.l 1 1 L.
-5 3

L \ \ r o £
"Apa, o+ p=Km 4‘-7 , KEZ. *Apkel Aoirov va Bei€wpev 611 k=0, &ToTE

TrpokUTrTEl f) &rrodeikTéc axtois (4). *Ex téov oyéoewv (3), Sia mpoadioews KOTd
™ N o
uédn Aoppdvouey 0 < o+ P < -5 kol ouveTT@ds EXOPEV:

™ I 1

0<KTI’—{-%—< ol SKE = = k=0

TAPAAEITMA 2. *E&v x >0, y > 0 xai xy < 1, To1¢ ioyUel 1| oxéols:
o %))

Tof epx + ToSepy = ToSep 1 .
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"Anddegic: "Emaidn xy <1 kol x4+ y> 0, ouvdyeton %jxq‘; >0. ’Ev ouveyeig
Oétouev Tof epy = o, Tofepy =B xai Tof e f(j)(\:’ =Yy, omdTe Eyouev:

x+'~lf
o =Y, PP =y, ¢ 2
=Y, epf =y, epy = — 0 @)
™ T
O<a< 5, 0<p<—, 0<y<%— 3)
(1) = atp=y 4

Ew e _ xtv
=eqaegp 1y
= Y, 6moTe o - B=kmw +y, kEZ (5). *Apkel v Bsigmusv 811 k=0, omdTe,

Péoer fis (5), mpomkUTrTer #) &moBektéa oyéois (4). “Ex Tédv (3) AowPdvopev :

"E§ &Ahov, Béoer kol TéV (2), evan: ep(a-tP) =

— o <ot B—y <. *EE atrrfis kad T (5) TpokiTa:

2
™ 1
=g RTC, e — 5 <k<l <= x=0.
IMAPAAEITMA 3. N& &émAuf] 1) &§iowors : To nuy + Tof nuy V3 = % ¢}

‘Enidvog: To mpéitov uéhos Tiis Sofeions &locmoews dpiletcn (Exer Evvoraw),
tp’ Soov elvau:

—l<x<l V3 V3

{—ingig } iges s ol

"Ev ouvexelg Bétopev To§ nuy = a xad To€ nux¥3 = . Kordmv ToUTou
Exopev:

o=y, nup=xV3 )
2<u<2,-—g<ﬁ<% 3)
otp= )
(1) <= v >
S W

Arapivopey Tés dkoholBous TepiTThGEIS:

o) "Edw x <0, TéTe, Péoer kol @V (2), (3), TpokiTrTer —-—g— <a<0 kol

—% <P <0, éméte — w <a+ P <0. *Ex ToUTou ouvdyeTan, 811 ¢Ciowals (4)

elvan &dUvaros.
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B) ’E&v x>0, TéTe, Pdoer xai Tév (2), elven 0 <a< % kol

™ ™ ™
“Apa, Exopev:

!nm=nu(—w~—ﬂ) lnuor=wvﬂl
(1) = -~ V3 | <~

0<xgl/»3— 0<X£—3_

B it
V3 | <= e R

0<y < — 0<X£T

Hapatfipnog. A& thy Alow Tfis Eiodoews (1) ToU dvwTépew moapabslypaTos, Suvapeda va&
droroubricwuev xal TV Emopévny pébobov :

T
Bewpolpev Thy icwow nua = nu (T’Z_ —B) ), /| dmolax elven igoBivapos pé Tas xérwh &=
TOOEIS:

;_5=m+ (—1)xa, keZ an

T
*Ex Tév Eiodoewy (1), B1d x =0 AauPévopev Thv Eicwow *121 —B=a (> atp= 5 ).

*EE alrrou Btv ouvdyetan 8T af Eodoes (1) kal (4) elvon iooblvapol, &AAG &mAds STt kéde
Auais Tiis (5) elvan ked AUois s (1). *Apa, E&v elpeopev Tds Aloes Tiis (1) kol EAéyEwpev mofa €
Ty elvan kal Avois Tiis (5), Exopev EmAdoel THv (5), | émola elvan foobUvapos pé THv (1).

TIAPAAEITMA 4. 'Edv %> 0, w>0 xad 2+ w2 <1, v& Bexéij omi:
Tof nux + Tof nuy = Tof nu(xVT -2+ yV1—x?) M

*Anbderlrg : "Ex Tfis Umobéorws x* +w? < 1 ouwvdyetar émi ¥ < 1, w< 1 kad
xVI—¢? +yV1—x? < 1, ouvenddss & pédn tiis (1) dpilovran (Exouv Ewolaw).
*Ev ouvexr:(g BéTopev:

Tofnux =, Tofnuy=p kad Tofnu(xVI—y>+yVl—x?) =y, Ombw
Exousv:  mua=Y, nup= \P. nuy = xV1I—w2 9Vl —x* @)

D<o < — 0<[3<%,0<Y<'1L €))

2 g 2
(1) < atBp=y @

Auvéper T@v (2) Acupdvopev:  nu(a -+ B) = nuaouvp 4 nup ouva =
= nua V1 —nu?p + nupV 1T —npla = V1 —y? + wV1 —x> = nuy. *Ex Tfis &mo-
Seryfeiong oyéoews nu(at- P) =nuy Btv ouvdyetan kat’ dvdyknu 611 o+ B =Y,
fitor f} dmodeiktéa oxéos (4). O& wpémer &l mAfov va Bei§wpev OTi:

o
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IE
2 ’
fwv a-P kai ¥y &k Tiis iodTnTos T&V fAumiTovwy Tov. TTpdypaTy, &k TS
X2 +y2<1 Exopev :

X4yr<l = nplatnup<l = npla< 1 —nu?p = npla < ow?p =

O<a+p< %r , Emedn kal 0 < y < oTe v& Trpoklyn 1) lodTng Tév TS-

[npa| < [owp | =+ nua< ouwp = nMua < nu(%—ﬁ).

- i r " ¥ s
Ex Tijs TeheuTalas oyéoews, Emaidh) kal 0 < —2——|3 < l;— , OUVyeTaL:

< B, omoTe 0 <atp< -

IIAPAAEITMA 5. Elpete Ta&s Tipds Tiis TapaoTdaeos:
Yy = 108 e@(opX)+ ToE o (epX)-

Aboig : OfTopey 10§ ep(opx) = o kad Tof op(epy) = P, OmdTe Eyopev:
EQX = o@X Kai opp = Y,

3 ™ T
TTOL: EQU = €@ (T — ) Kol cq>[3 = g¢ ("2_ "X)-

Ex T&v Tedeutadwv oyéoswv AapBdvopsv: o= km -+ -% — X, KEZ xal
B= A+ %— X» AEZ. "Apa, 1) Bofeica TropdoTaois ypdgeTan:

Y =a+p=rxmrt+ 1;— =t 7\v+%—x: (x+ A1) —2x

Al Bikgopor Aormdy Tipal Tiis TapacTdoews evar: {WeER @y = pw —2x, pEZ}

TTAPAAEII'MA 6. N& émAubfi 1 dvicwaois: 2Tof nu % -+ To§ nuy < % 40
"Enilvoig : TO mpddtov péhos Tiis (1) piferan, &p’ oov |y | <1. Ev ouveyeix

1 s
Bétopey Tof nu 5 = a kol To§ nuy = B, dmdTe Eyouey:

1
na= =, nup=x @)
0<a<—}, —%gps% 3)
T
) v pt L E<l O
Ixi<1
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B &t e = 0<2cx<—T2L =»0>—2a>——g~« = —,j—>-12r—--20r>0

Elvea: 0= 7
*Ex Tfis TeAevTalas, Emreidn elvon kol —— <p < = OUVEyETCI:
T k1
(1) 4t < -5 — 2o nup <nu (7 2&) { 'lqu[s[f lcuv2a }
Ixi=<1 IxI<1 xl=
2 7
= z IR e i
L P A P P
Dl —l=x<l1 -l=zx=1
= 1<y < —?9— :
AZKHZIEIZ
39) Né& ebpebolv al Tiual Tév droloUfwv TapasTaoewy
4
1) Tk TWV—3 2) nu (TOE nu E 3) ow (Tog nu T)
8 4
5) To§nu (TIL1 ?) 6) ep [TOE auv ( - ?)]

4) ouv (2 Tof ouv -g—)
7) TotegV3 4 Tofep 1 8) 2Tof e —;—+ Tof € =~

™

40) N& Beirxbolv ol ké&Twdh looTnTes
—.—To&stp --—+To§ecp 8 =3

1) Tofep —-
2) Tof og? +To§ o098 +-Tofop 18 = Tof og3
1 1
3) ouv (2 ToEep T) =N (4 Tofeq —3—)
41) N& Sexdi f Tautés : Tofep +T°§ 2] 2cx+f % (a=>0).
42) Edpete Bix molag Tipds  Tol v loxler f oxtors 1 Tofep +-Tof &9 vl =—'g

43) *Edv y,y,w> 0, vk Baxdij o1
o > xytyo oy =1

Tof epy +Tof epy +Tof epw = 7
; . . b=y o
44) N& Baybii 611 Tofepx+ Tof ep Ty = o s+t —1 xed
3w

Tof epy 4 To€ eq i;;f-——‘q_—', v y< -1
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45) ’E&w x>0, w>0 kal xy=>1, té1e loyue 4 axéors :
+
Tof epx + Tof ey = 7w+ Tof g 1x_ Xq:,,

46) Ael€are 811 : TOf epy + TOE e@y = kT 4 TOE EP lxj:{l %y €R xal x€Z)

xy—1
X+y

47) Eav x> 0 xod y> 0, &elfoare &11: Tof opy +Tof opy = Tof op

48) ’Eav ¥> 0, y> 0 kal Tof nuy +Tof nuy < %, Té1e foyver 1) oxéors (1) Tou rapadelypaTos

4 CApke va Sey®R Smi: Tof nuy+ Tof nuy < —"zi <= yiyr<l),

49) ’Edv x,y,0> 0, va Bergbii omi:
Tof ouvy 4 Tof ouwy -+ Tof guvew = 1 <=+ ¥?2+y 2+ w?+2xyw =1

50) ’Emvoate Tas k&Twdh Eiowoes @

1) Tof ep X + Tof op — = = 2) To nux +Tof ni2x = —
2 X 4 2
2 ™ L =
3) ToEep = —Tok epy = vy 4) nu (To§ ) T) = ep(To§ ow¥yx )
: 2y%+1 L
5) nu [2 To§ npyx] = X 6) Tof epyx +Tof ep =23 =

51) MpoobioploaTe Tov dxépatov k els Tpdtov, doe ) Ewopévn EElcwors vd Exn Ao :

Tof eq )Xi—f—i +Tof «¢ X; b3 ktr +Tof ep( —7)

52) N& émAubolv of xdrwb dvicdoss :

1) Tok orw—%— > % 2) Tof eox+Tof ooy —1) < %

1 4
3) |t <5

53) N& ¢mAvbij f) dvicwots : nu [Tof og {ouv (Tofepy)}]> X.
1
54) EUpete 1&s Sragdpous Tiuds Tijs TapacTdows Y = auv ( = Tof nua), 0 <a <1.’Ev ouve-

1
xelg, Beifare &T1 TO ywdpevov olUtdv icoUton p T8, (a* —1).
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KE®AAAION VI

EINTAYZIEZ TPIT'QNOY — TETPATIAEYPOY

1. Eyéosic petald 1@V oToLEIOV TVYOVTOG TPLYBVOL

1.1. ZupPolilopev pE o,B,y GvTioTolyws T& Prijkn TGV TAUp&Y £vds Tpryddvou
ABI xai pe A,B,I" 1& pérpa v Tpidv ywwidv Tou. "E@’ &Efjs 8& Aéywpev: 1
«mAgupd o &l TO «ufikos TR TAeupds o &5 kal ) «ywvia A» dvtl TS «ué-
Tpov Tijs yovias A». To crd PePaioms 8& toyxin kal B1° GAa T& yuwviakd kal ypopu-
pika oTeixeia! Tou Tpryvou.
Al mhevpal xal af yowvicn tvds Tprydvou slvar Betikol dpbuoi kal guvbéov-
Tat, 05 yvwoTdv &k Tiis MecopeTpios, 81 TEV ké&Twh oyéoewv:
A+B+T =T

IB—y|<a<P+vy

Jy—a| <P <y+« (1) (Tpryewvisy 1816Tns)

|o—p| <y <ot P

1.2. Ogpehidderg Opadeg tommv. MetagU Tév kupiwv oToixeiov (o,p,y,A,B,I)
tvds Tprycovou ABIT Umdpyouv, s f8n yvwpilousy, Sidpopor oyéoss (TU-
mot) Y. Népos T&v Amrovwy, Nopos Tév cuvmutovey kA, Katwtépw
8& dvagépwpey Kal 6& &modeifcopev Tpels GepehidBes Cuddas TUTWY, Sk TGOV
otrolwv ouvBéovTon T& kUpla oToIyEIx EvdS TPIYWVOU.

*Eotwooav ABIT Tuxov Tpiywvov kai 0 1o kévtpov Tfis Tepryeypaupévns

b Abyovtes «ypappikdy. otorgelovn Evds Tprydvou, fvvoolpev v pokeipfvey TO pijkos
oloudnmoTe elBuypdupou Tunueros, TO dtoiov Exer oxtow pE TO Tplywvov. TLy. of mAevpai,
T& Oy, ol Sixotdpor kAT, Evds Tprydvou, elvan ypaupika oToixeia autoU., To éuPaddv fvdg
Tprycvou B& fecopiiTan €’ ETis ypapuikoy oToiyeiov alTol.
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TepIgepeias oUToU, drtivos R. Oépouev iy Sidmepov BA (Ex. 10 f Zx. 11). E&v

A<l ( AAS —g—) ;
TOTE &k ToU dpboywovi-
ou Tptywvou BrA #yo-
vev (BI) = (BA)nuA (A
(Br) = BA)nu(r—A4)),
OaTE Els ApPoOTEPOS TAS
TEPITITCOTELS TTPOKUTITEL
a=2RnpA, &1oT1 evan
A=A xa nu(m—A) =
N A, CEmi mhéov, &av £y 10 2y 1

T o 3 1 o 3 ’ A3 I3 £ -
A= 5 SiomoToUTon edkohws 611 loyUer kal M ) &mobeiyfeioa oxéols

a= 2R nuA. "Avoddycs Epyalopevol, elpiokopey B= 2R nu B xai y = 2R nurl.
Ex ToUTtwv, ouwdyeton TO Becopnua TEV fmiTdveov (Nopos Tév fpitdveon):

o p 7
Saop B B ]
nuA  nuB  nul 1 ah

" *Exopev, §i8n, v Emopévny Bepshicodn dpdda TUTTV ;

e« P _r 1
(A) | nhA muB ol
ArBfT=1 2

Thv Beutépav Bepehicodn ouddar TUmewv &moteholv of yvwoTol TéTol Tol
Ozwpipatog 1@V ovvpuitévey (Nopos T&v ouvnuitévev). "Hror:

a? = B2 y2 —2By owvA 3
(B) B* = y2+4 o —2ya ouvB L
¥? = o®+ p? —2af owl 5

Eis Tuyov Tpiywvov ioxle nuA = nu (B +T) xed ouvenéds Eyouev:
NUA = nuB ouvl+ nul’ cuvB <= 2RnpA = (2 RnuB) owl+- (2R nul)ouwB <=
a= P owl4youwB (Buvdper kel ToU Témou (11)).
Aidx xuxhikiis 88 dvadheryfis Tév o,y kod A,B,I" AapPdvopey THv dxdiou-
Bov Bepehicodn opdda TUTTwY, of dmoior ikppdlouv TO Bedpnua @V Tpofoldv.

o= P owl+-youwB 6
& B =y owA+ cowl” 7
Y = aouvB+ B ouvA 8
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1.2.1. Ochpnpa. 'Edv o, B,y >0 kol A, B, I € (0,1), 1é1e o dveoTépeo Suddes
Uy (A), (B) kel () elven looBuvapor.

*Anddatig: (A) = (B): ’Ex ToU Tumou 2 Aappavopev : A=m— B +T) =
nuA = nu (B - = npA = nuB owl 4- null owB = np’A =
Nu2B ow2l + nul ouv?B + 2nuB null owB owl = nu?A =
NuB (1 — nual) -+ ne?l (1 —nu?B) 4 2nuB nul” ouvB ol =» nu?A =
2B —nu2B T -+ npl — M nu?B + 2nuB null owB ol = nu*A =
Nu?B + nu?l 4 2nuB nul (owvB ouvl — nuB null) = nu?A =
2B - npl 2nuB nul ow(B -+ M) = nu?A = nu?B+nu’l — 2nuB nul” cuvA

*Ex Tfis TeheuTalas, Phosl kol THY oyéoswv nuB = P jL(lTA , M=y T.I.z_A_ ;
TTPOKUTITEL:

i B o o Y el o B Gk sk s BE L paLLE B A
nu S Mav-r == i Sl el =Pty By owA.

‘Opoiws &rrodeikviovTan xai ol Umdlotrol TUol Tiis duddos (B).
(B) = (N): Ak mpoobécecos tév (3) kol (4) AapPdvopev:
o>+ P = o+ P2t 2y 2By owA —2ya ouvB =
2y? = 2y (B ouwwA+ aouvB) = y = B owA|-aouvB

"Avordycs TrpokUTrTouy kal ol UtrdAoimor TUmol Tfis dudBos ().
(D) = (A): TloAhamrAaaidfouey dupoTepar T& peAn Tfis pév 6 e o, Tfis 8¢ 7
pt P kol Eyopev dvtioToiyws: a* =af ouwl - oy ouvB, B? =Py ouvA+- off ouvl.
Tas Teheutalas oyéosls dpoipoUpey KoTd péAn kol mpokutTel: of—P? =
y(aouvB—PouvA). "EE alrTiis kad Pdoer Tiis 8 Exopev:
o?—p? = (aouvB+ BouvA) (couvB — PouvA) =» a’—B? = alouv’B —Brouv’A =
a?(l—ow?B) = B2(l—ow?A) = o’nu?B = P np*A = anuB = PnpA, di1om o,
B, nuA xad nuB Betikoi &pifuoi. “Ouoicds &moBeikvieron éti: Prul = ynuB,

Jo g O p ¥
dMOTE —% = — = ——.
nuA  nuB  nul
*Atroptver v& Seifoopev 611 A+ BT = m. ’Ex ToU QecopripaTos TGV M-
o o
Tovev AauPdvopey = — B, y= — - nul xai ouverds, duvduel kol
up il aiy L B i 5 o

Tfis 6, £xouev:
o= —T]SA— nuBouvl-- HEA nulowB = nuA = nuBowl-+nulfewB =
nuA = nu(B+T).

*Avadyws TrpokUtrtel B = nu(M-+A) ko nul = nu(A-+B). ’Ex 1év
TeheuTadoov TPIGY OYECEWY EXCUEV:
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B4+l = 2xmw+4-A §§ B4 = (2'4+1)m—A
M-A=2Ar+B A M+A= QA" 41)w—B | <=
A+B=2ur 4T f§ A+B= Qu-}-D)m-T

B+T—A =2« § A+B+T = @'+ (xx'€Z)
M+A-B=2At fi [+A+B= (A'+1)w (AA'EZ)
A+4+B-T =2um f A+B+T = @'+ 1)1 (wu'eZ)

"Emreidf) ducos elven A,B,I" € (0,) owvéyetan ém1 (A++B+T) € (0,31) kai
(B+T—A), (I+B-T), (A+B-I) € (—m,2m). Zuvendss, maparnpoupey &Ti:
’Edv B4 IM—A = 2xm, T671e elvan: —mr < 2km <21 = —%— <k< 1= x=0.
Edv A4-B4T= (2«'+ 1)m, 1é7e elvan:
0< @'+ Dr<3m = — % <K' <]l=>x"=0
"Apa, TeAkGs Exopev A+B+T =1 (Siocri;)
AarutroUpey 181 ko dmodeikwiopsy Td Emduevov fecopnua:

1.2.2. Ozépnpe. 'Edv oi Getiol dpifpol B,y kol of fetikal yovicn A, B, I
ikavotrololv Tas oxéoels Tfis OudBos (A), TéTe, Umdpye &v kad pévov &v Tpi-

ox fi ( , UTrépy P
ywvov, pé mAeupds o,B,y kol ywvias Tas A,B,I.

"Anéderfis 1 “Eortw Tpiywvov A'BT' TotoUtov, dote (BT')=«a, B'=B xai
IM=T. *H kataokeui] &vds TotoUtou Tprydovou elven mdvtote Buvard, S16T1
B4+I'= B'+I"<m. Elver A'4B'4T" =, émédte A"+ B+ =1 kal ouverds,
Péoe kai Tiis (2), mpoximrTal A’ =A.
"Emrl whéov, Buvdpe Tol BewpripaTos TGV fuiTévev Bik T Tplywvov A'B'T’,
Exopev:

@T)_(CA) _(AB) | o _ (TA) _ (A'B)

neA” T nuB’

™ T wA T nuB T Tl

"Ex fis TeAevtaias, Pdoer kol ToU TUmou 1, AcuPévopey (MA') =P ad
(A'B)=v.

"Apa, T& E§ oToiyeia o,B,y,A,B kad I elvar ororyeia ToU Tprydovou A'BT.
Té upovoofipavTov ToU Tprycvou A'B'T’ elvan mpopavés,

"Avagépopey kaTwTépw BUo BecopriuaTa ,TéY dmofcwv af &mobeifers onpi-
Covtan els Thy fooBuvopiov &Y Oeuehiwdidv Spddoov TUTTwV ket els TO VTP
Bewpnua kai ouvemdds ToapoeirovTan,

1.2.3. @ehpnpe. 'Edv ol Betikol &pifuol «, B, ¥ ki of ywvicw A, B, [ pé
AB,l" € (0,) mAnpolv Tés oxéoess Tiis Suddos (B), TéTe Umrépye &v kad udvov &v
Tpiywvov pé mwhsupds Tés oB,y kal yowvias Tas A,B,I" (&médeais;).

1.24. @ehdpnpa. 'Edv ol feticol dpifuol o,y ked o yovica AB,I € (0,m)
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TAnpoly T&s oxtoels Tis Spddos (M), ToTe Umdpyer &v kai povov v Tplyw-
vov, pé TAsupds Tas o B,y kai ywvias Tas AB,IN (&mébelis; ).
Xprfiowpor 81k & Emdpevar elvan kai of dxdAoubol yvwoTol TUTToL:

1.3. Torov to0 Mollweide.

oa—p S A-AB_ 9
Tcruv 5 Tl

ok OO N -

Y n,u,nz- ot =2 .
P r _A-B
otp®® 2 T2 11

1.4. Tpryovopetpikol apibpoi tév fjpicewv yovidv tpiy@vov cvvaptical dv

nhEVpdY avtod.

1.5. Tomov 100

N %: —(T_B%)(’?*_?"i 12

auv ﬁ — —;(;%&I 13
- V By

e %: (L:(l_:igﬂ’)_ 14

épPadod Tprydvou.

E=V7 () GP) (°—y)

E = 2R? npA nuB nul

1.6. ‘"H daxtic R cuvaptiiost t@v nAsup@v TPy@von,

{ == "-““:_':"*'.'*_*g_ﬁ—_}f‘:‘_ e
4Vr(r—) () (-—7)
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Mapotipnorc. Ol TUmTol ToU BewprfipaTos TGV ouvnuITévwy peTaoynuaTifovral péog T TU-
v (15) Tou épPadou els xpnoipous TUTous, s EEfis:

o = P24 y2— 2Py ouvA => o = P2-y? —4 (j-lg 3% nuA) Enyﬁ =+ o = p*+y? —4EcqA.
“Qore ioylouv ol Timor :
a® = f? 7> —4EcpA , B?=7y?+ta’-4EegB , 7= a® }f>—4Ecql’ (e
*E§ altdv mpokUTrTouy duéows Kal ol Tutror :
A& rpooBicecws Bt kaTd pEAT) TGOV TEARUTAIWY TOUTWY TUTTWY, AcpPdvopey:
a? B2 +y? = 4E(c9A | coB | ool’) )

Of dvwrépe Tumron (M), () xai (y) Adouv mohUmdoka mpoPAfjpara, es 1& dmcia
tupavifovrton al mTapaotdoers: ol +pE+y? , opA-toeBtoell , BP4y?—o® kAT

1.7. "Ywyog tprydvov. "Ectwd v, TO & Tiis kopugfis A Uyos Tprycwvou ABI.

A ’Ek ToU dpfoywviou Tprywvou ABA Exopev:
v, =y nuB (Zx. 12) xal ouverds, gmeidi
8 y = 2R nul, mpokUmrTouv oi TUTor:
¥ i

v, = 2R null nuB 20

& r vg = 2R nuA nul 21

Zy. 12 v, = 2R nuBnuA 22
\ oo ke .y 2 L Tl' 3 1 i n
A Ty &modafiv Tou TUmou 20 #AfeOn B, F<—2- éav B 5 A

LR 3 i g ;
= 5~ & TUToS foyUer oA (Siati;).

’Emrions xpficwot elven kai of &kdAouBor yvwoTol ék Tis MecopsTpios Bepe-
Alcoeis TUTTOL

au, = Pug = yu, = 2E 23

1.8. ’Axtig toU &yyeypappéivov cig tpiyovov kiklov. "Eortw p ) dktis ToU
eis Tpiywvov ABI &yyeypaupéivou kixkAou O. ’Ex Tfis Mewpetpias yveopifousy,
6Tt (AA) =1 —a (Y. 13), 6mou T eivan 1) fuepipeTpos ToU Tpiycovou ABT.

*Ex ToU dpfoywviou Tprywvou AAO Exousv (AO) = (AA) ecp—g— kol ouUveTTéds

p= (T—a)ep % . "E€ olrou xal Péoer ToU TUTOU 14 TrpokuTrTer:

! Ol 10rro1, ol dmoiot éxouv AaTivikiy &pibunoi, Stv elvan &vdykn v& &mouvnuoveubouv.
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Bl o V @By,

T(T—0t)

e V% -2 G—P) G—v) _, o—E

T2 5

Tehikéds Exopsy ToUs kT Poaikous
TUTTOUS

o= () ep = (-B) ep 5
r 24
= (T=y)ee 75

T

" ch)' C=ONG=2 ML P

’Ex Tév 24 AauPdvopev:

Ly 13 A B r
‘ P =()(+P)(Y)e9 5 £ 7P
A B r
= (1p)* = T(7—c) (*—B) (1—y) T'ep 5 £Q 5@ 5=
A B r A B r
3 —_F212cqp — e = = T2ep — el it
E~ETE¢2E@2EQ2=>E TP 5 9 =
=12 ¢ Ae EE —r-:J> =1TE R A VI
TR="T"EQ 7 <P2 q>2 p= ¢T£¢ZE¢T
*Ex TouTou B¢, TpokUTrTOoUY eUKOAwWS Kal ol émduevor Xproipol TUTTOL:
t:ps(p-%—uw%c(p% VII
A B T
— ) et =y
E = t’tp 2::(;)2:-:(4)2 VIII
SETR Sl S L
E = p’op 5 00 5 905 X

1.9. "Axtic tob mapeyyeypoppévon kdkhov tpryédvov. "Eotwoav O, TO KEVTpOV
ToU Tapeyyeypanpévou kUkAou, ToU vTioTolXoUvTos Els THV TAEUpGY & TPI-
ydvou ABI ko p, #) dxrls alrol (2x. 13). 'Ex s lecomerplos yvepiGouey
1 (AE) = T kol ouvemdds & ToU Spfoywviou ‘tpiycvou AEQ, Exomev

Po =TEP % *AvtioToiyor TuTol 8 loxuowy kad 81k Tés dietivas pg , py Kol 0UT®

TpokUtrTowy of Paoikol TUTON:
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A B r
PoTHEER o | BETSTED 5= | By = TiER S 26

" e G ARt A ;
Arc1poUvTes korrd pEAT ToUs TUTTOUS p, =T £Q 5 Kol p= (tT—a) €¢ —~ Tpoky-

Pa T TP E
ICIEL === —— =¥ e ™= = = ——
P T—C T— T—

“Exouev Aormov ToUs Baoikous TUTous (yvwoTol kel &k Tfis MNewpetpias) :

E E E
Pa = Pp = —B Py = =9 27

T—

E®APMOI'H 1. Awa kabe tpiyovev v daix0f 1 oxtog: E=V pp. pap, .
"Anbderdig ¢ 'Ex tév TUmwv 27 kal ToU TUTOU 25 81& TroAAamAccicouol
KaTa pEAT) EYOMEY :
E! E*
PuPp.Py P = (1—) (=—PB) (T—}’)T:} PaPp Py P= ES =*
E*= Pu Pp Py P => E=V9PaPrsPr-

E®APMOIH 2. Asilate 611 gic kil tpiyovov ioyder :
1 7 1 1 1 1 1 1

I | 1

e © B 5 Py Uy L Oy p

"Anodefig ¢ Baoel t@v TUmwv 27 Eyopey :

L PR TN PR S

Pa Pp Py ETRETE

"EE &Ahov, Bdoel TGV TUTwV 23 elvan :

L1 1 _« By oipiy 21
u, U W, BQEZBSIEws SBn G 2

"Ex Tév dveotépw ouvdyetan duéows T loyUs Tiis droSeikTéas OXECEWS.

Maoparipnorg. Of timor 23 § 27 épappdlovran &v yéver €ls TrpoPAfuaTa, els T& dmoia Ta-

pouagidfovTal T& Uy Uy, Up kal vy, Evds -rprywvou i ol dxrives py, pp xal py TGV Tapeyyeypap-
péveow KUKACOV,

i.10. ‘Ecotepikl} digotdpog tpydvon. "Eotwr (AA) =8, 7 EowTepikny Siyo-
TOpos, 1| dvTioTolyoUoa els TNHv TAeupdv o Tprycovou ABP. ’Edw E elvea Td
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EuBaBoy ol Tprydvou ABT kol Ey, E; T& 8uPad Tév Tprycoveov ABA, ATA dvti-
oToiyws, ToTe Exopev (Zx. 14):

1 1 Al A
=E+E = 5 ByA= 5 Y8 5+ 5 Pl ik 5 =

E
7 b (2m o ﬁ):%aucp+y>nu%=>2Bywv%=(a+y>su=»

2Py A _ 2.2RnuB-2Rmul A
=g = §,= QR_ﬁuB—{—Z#Rnur ow 5 =5
o AR N B e 4FB* P#Bﬂﬂg - mﬁz_ o

¢ nuB-Fnul 2 DL
2nu 5 OW 5

5 _ 2RnuBnul
e= "B
ow o

*Apat, ExOMEV TEAIKES ToUs K&Twhi Pacikous TUTTOUS

28y, A 2RmBnl |
2

2Y_€; B _ 2RnulnuA

53 = — ouv —— 29
Y+« 2 Suv r—A
2
2@ T 2RnuAnB
b a T T AR 30
oW —5—
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L11. "ECotpikn dixotopog tpry@vov. “Eotw (AE) = A, 7 &wTepikn SiyoTto-

pos, | dvTioTolXoUoa els TV TAeupav . 'Edv pt E;, E, mopaothowpey T&

éupada Tév Tprywvwy AlE, ABE dvmioToiyws, T6Te 8& eivan : E=|E; — E, |

(Zx. 14), 16T &av pev elvan B> T, 1é1e E;—E, > 0, é&v 8¢ B < I, 761e E,—E, <0.
A

T ; . " i ™ e ™ A ;
Eml mAéov Taparnpoupev, 611 EAT = s - 5 Kai EAB= 5 (&i6m

EAB — ;— ). "Ev ouvexeia, Bdoer kad Ttév TUtrev (15), Exouev:

1 | 1 m A 1 ™ A
E=|E —E| = 5 PynuA= prun”('z"'F'é—)ﬁ'jyﬂunﬂ(a‘—"?_)

1 A A. |1 A 1 Al
= 5 ﬁy.Znu—z— ouv = | 5 A, ouv 5 5 v, ouv = =
2By A 2-2RnuB-2Rnul’ A
o 2 Kyese S SR, W
“Cipy ™7 T 2R|muB—mur| ™2 77
A, = - . L = nu—ﬁ = A= _ERaus ol nui =
o BT o BEL| 2 P T
H 9 2 i :ﬂﬂ 7 | T]NTi
_ 2RnuBnul’ : A
SRS g s SIS kgt
|nu 2
ZuveTréds ExoMev Tous kaTwbl Paoikous TUTTOUS :
2Py A 2RnuBnpul
B2 BT 31
nH 9
2y« B 2Rnul nuA
Ay = W =
P = ™2 r—A| 32
|
2B _ [ 2RnuAnB
E e U e 3

|
| nu |
B |

112, \gpeoog tpydvov. “Eote p, 1 Sidusoos, f| dvticToryoUoa eis THY TrAsu-

1 Ymotifetan B ok y (<= B#D), 81611 &AAws Bév SpileTon 1) E§coTepikn) BixoTduos Ag .
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pav o Tpryvou ABT. "Ex ToU Bewprjpatos TéY Siapéowy Exopey:
By =22+ 5 o 2BT v = 4t
2B+ y?) = 42+ P> y* —2By owA = 4ul = P>+ y*|- 2By owA —
42— P yit4 (% By nuA) QA = 4u2= P2+ y2| 4E ogA .

"Emi mhAfov, &k ToU TUTOU 4p2 = B2 | y? - 2By owvA, Pdoel kal Tol TU-
mou o = B2+ y? —2By ouvA, mpokumrTer: 42 = o+ 4Py ouvA. OUTtws Eyopev
ToUs TUTrous:

4u2 = ;3"—[— yz—t— 2By ouwvA = [32+ y2-- 4E crcpA = o+ 4{3)/ ouvA 35

4u2 = 2J~ u2+ 2yoc cruvB = y*+ c:(ZL 4E c(pB = [32+ 4)/0( cruvB 36

42 = a’—{— [324}- 20f owl = a?-+ B2+ 4E o9l = y2+ 4op ouvll 37

Hapatipnog. ‘O timos 4pg® = P*-y?-|-2PyouvA elvon Suvatdy, ik Tiis ¥prioews PondnTikiis
ywvias, v& uetaoynuaTiodij els Tpémov, doTe v elvar AoyioTh Sik TV Aoyapifuwy 1 Sikuesos
ba. Mpdypar, & Timos oltos ypdeetan Siraboyikeds:

4w = @*v?) (crw2 24 mx’-'i ) + 2By (cw‘i s )=

2
A
B+y)ow? 24 By g = B+ ) owr D [1+(a - gl %] e
A T /B—v\* _A
o= B+ y) o V 1 (g—j[':;( C ey
BkvovTes gﬁ; € 5 = Epw (— 32’— <w< ; ) Exouev:

2ua= B+ Y}C‘W'— V1+£q> @=> 2ua = (B+v)ow —'2-\‘ | Temes |

Bty A_ ., _2R(muB+nul) "
=g 20uvw B == 2ouves S
B4 I B-I' A BT
2Rnu 5 oW —5 A 2Rowv 5 IW—=
cuvw Vg = ouve

ED®APMOI'H. N& ékppaofouv T& oTorgela T, p kal p, TuxdvTos Tprycovou
ouvapTroel Ths aktivos R kol Tév yowéy aldrtou.

Aveig: Elvar: T r—-;— (c+B+yY)= —;— (2RnuA +2RnuB + 2Rnpl) =

r

T= R (MUA+npB4+null) = t= 4Rcruvi O’UV—B—U‘U‘L’T s

2 2
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’Ex ToU TUTou TouTou, Péoer kel Tév TUTwv 18 kal 25, AcuPavouev Sio-
Soxikéds:

E 2R? nuA nuB nul N
P T A B a
4Rouv - oW cuuT
A A B r
2R? 2nu——ouv 2 21]}.1-—-—~GU W 2nu g ouv- 2—
e T W bie
4Rcw 5 TUV OV

A B r
=4Rnu —- 5 T = i -

; - R i = RS —) =
Mveopifopev &1 p, = T g 5, dmoTe &vTika®ioTVTES €ls TOV TUTTOV TOU-

Tov THV Trponyouptvws elpsbeioay Ekppactv ToU T, AcuPdavopey :

A
nu ——
A B i 2 A B I
pu—4va—2-cruvTu-uvT A =:>pufﬁanuTc'w7 ow ==
ouV ——
2
“Qoe Exopev ToUs dkoroUfous Xpnoiuous TUTToUs
' A B r
7 = 4R cuv =5 oLV —= Y 5 )
A B r
= = M e - X
p=4Rmu - mu —- M — (XD)
A B r
pu=4RinouvTava (X1

1.13. Nopatipnois. [Mavra T& ypapukd aToiyeia fvos Tprycvou (hevpad, Eupadov, Oyn, Bixo-
Topot, Biduecol, epipeTpos, &xTis dyyeypaupévou KUKAOU, GKTIVES TTOpEYYEYpappévey KUKAwY)
Ekppalovrar cuvapTroe Tiis dktives R Tiis mepryeypaputvns mepipepelas kal 1@y yoowdv!' abtol
kal pdAioTa S1& TUTWY ToloUTwy, GaTe vé elven Buvards O B TGV Aoyapifuwy Urodoyiouds
i@y, OF TUmor ofTor elvan: (1), 18, 20, 21, 22, 28, 29, 30, 31, 32, 33, (X), (XI) (XII) xai
O TeAkdS TUTTOS Tii§ TTPOTYOUREVTS TIXPOTT|PT)TEWS.

‘H dvewTépw mapaTnpnois éxel omoubatotaTny onpaciav Sid Ty EriAuow TéY Tprycvav,
G 8& ISoopey Gpéows el T Erdpeva,

1 Tév TprywvopeTpikidv &piBpddv Tév ywvidv. ToUto 52 8& Evvoolpey TaVTOTE, STaw Aé-
Yopey ST1 ypaupkdy Ti oToyeiov Evds Tprywvou EkppdleTan ouvapTiicel ToU R kal 16y ywvidv
abTol.
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AZKHXIEIEL

55) Eis kd&fe Tpiycwvov va dmodeydij émi:
1) amu(B — 1) + Pru(T — A) + ynu(A—B) =0
2) aowA + PowB + y owl = 4RnpA nuBnul’
3) B+ y) owA + (y+ &) owB+ (a4 B) owl = 27
4) a?+ P2+ y2=8R? (1 + owA ouwB owl)

5) a(owB —owl) = 2 (y — B) ow? %
A
6) B—y)tow? 5 + B+ y)yme 5 =
r
7) y*= (a—B)* + 4oBmu? 5

F
8) (B —) o9* 5 + Bly — @og? & + y(a—P) 59" =0

- @4+p-y? _ o?—p?  alnulBt P2
DE= " ALB-T ~ 2(ogB—ogh) 4 (B )
4ep —
2 _ p?) nuA nuB e A
= A _ papppy _ _Ha't+ gt 4t
W) E=poorty 5 =—— = 3(c9A+ 09B + opl)

12) copA+ PogB4- yool' = 2(R+ p)
A B r p
B et - LT, st
13) i 5+l 5+l =1-5p

T!

| e
14) E= Rp(nuA+ nuB+ nul) = — Ya?p?y? nuAnuB nul" = A B r'
shegict ATy
15) E =2R2U_EUB ke Oy S (9"5-5)997

apy pp+py p+ py
16) Va+ vp+ Uy = m;’}.gi_z?

nwA 1 1 20uvA

M =B vy ™ Ty
18) a®owv (B —T) + PPouwv (I'— A) + y?ouv (A — B) = 3aPy

56) *Eav eis Tpiywvov ABI loxin ) oxéois: R ouv(B —T) =8 owv o TéTE TO Tplywvov
elvon dpboycviov.
57) *Avaykaio kai lkavh) ouvBixn, fva v Tplywvov ABT elvan dpBoydviov, givan:
L BT e L
5?2-E¢2+5‘P? ‘?? ‘Pz ‘Pz“

58) ’Edw els Tpiywvov ABIC elvan pg =y, TéTe Seifate OT1:
A A
Eq)h-z- _—:(1—5— ep? i—)nu(B—l‘}
kol &vTIoTPOQes.
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59) “Ev Tplywvov elvan loookehds, tav foyin pia T@v drodoUbuwy oxéoewy:

2 I3 B
1) ouv? % = nuB nul 2) a=2p owl 3) (t—P)og o TEQ
4) 2uq = aog % 5) 4rp = o? op —2- 6) (a+P)ogp -% = aepA -} PepB
a B 2

A
N et oL =0p 5+ Jep

V. up Uy

60) Eis k&de Tpiywvov vi &mobeydij éti:

B—I
D Guow =5 = v 2) 8 Ba (B~ ¥?) = 4YE (B> Y)
B r «
3) patpptpr=4R+p 4) & 5+ o 5 ==
B r r
5) E‘P?E‘P—z—“ﬁ 6) a? > 4ppg 7 pm+pﬁ=4Ram’—2—
12— (2R +p)?
8) pupp+ ppy = P 9) ouvA ouvB ouvl = ——%ﬁz e)"
1 1 2 ; ‘ 2pT
10) -;“-I— i 11) vavp+ vpyy + Uyue = _PLT

TZ

I

12) papp+ popy - PrPu
61) *Edw =is Tpiycvov glven E = %— Y(B + v)* —a?, To1e 10 tpiywvov elvan loookehss.
62) ’Edw al wheupal Evds Tprymvou elvan Siaoyixkol Epor &p. Tpodbou kel i peyadutépa yuwvia
slvon BimAacla Tis wkpoTépas ywvias, ToTe al mAsupal Tou elvan dvédhoyor Tév dpBudv 4,5,6

kal dvTiIoTPOPLS.

63) "Eav eis Tpiywvov loyin uia tév dxololiBwy oyéocwy, TO Tpiywvoy eval dpoyaviov :

1) nu?A+ qu?B4- quilf =2 2) E=1(r—) 3) E = ppa

4) E=pppy 5) pot+pr=2a 6) pp+ py=2R
o? B | &k

7) e9B 4 eql = 58 8) 0P 5 == 5

64) "Eqv ai Sidpsoor pp kai gy Téuvovtar kot v Baxdij 611 :
A
1) 2(opB - ogl) = ogA 2) owA > =

A B-I
65) Acifare 811 U = 4p, v kol pévov v 3np ot

66) ‘H dvaykoia kai ixavi o-uvaﬁxn ive Bv 'rp[yuwov elven épBoyviov eivan:
Pep — + yep - = 2(R —p).

67) Eiven Buvarrdw af TAeupad évos Tprydvou vi &rroteholv dpiBunTikiy f yewueTpikiv wpooSov,
, 6Tav o yoviai Tou elplokovtan v &pbp. Tpodde;

68) *Eé&v els Tpiywvov elval a = vy, TéTe Bei§aTe &1t

= (1’?—1 ) <p= L(V5+ 1)
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69) ’Edw els tpiywvov loyxin R = Yo pa, TOTE TO Tplywvov elvan pBoydoviov kal icooxehss.
70) *Edw els Tpiywvov sivan 7> 2R + p, v& Spiafij 16 eldog Tol Tprycvou.
71) Eis Tpiywvov elvar a*+ P* = y*, tav kal povov éav 2nu?l = epAcgB.

72) "Edv w,p ki § efvan dvTioToixws ol yevion Tas dtolas oxnuaTice 1 Si&pecos Py Euycoviow
Tpiycvou ABI pt Tés mheupds a,p kol y avtoU, ToTe Beifote STt ¢

a) o¢f = 209A+ ool

) opp = 200A+ ogB

LG o i

5) opA= Ake’—o
dapanuw
N N i
73) ’E&v O elvon EowTepikoy onpeiov Tprywvey ABI ToioUtov, ¢ote OAB = OBl = OF'A = «w,
Bei€are 618
o) opw = oA+ ogB+ ol
B) otenlw = oTepA+ oTen’B 4 orepl
T
L
TR =
74) *Eotwoav ABI éEuydviov Tpiywvov, A'B'T" T 6pbikdy Tplywvov altol, H To dpbdkevTpov
ToU Tprycovou ABT kai O 16 kévrpov Tiis Tepryeypaupévns mepigepeias adTou. "Edv OK elvan )
&mdoTagis Tou O &mwd THv mAeupdv, beifate OT1 ¢
1) (OK) = RouwvA, émou R elven ) dkris Tfis mepryeypoputvns mepigepeias ToU Tpi-
yovou ABT.
2) (HA) = 2RouvA
3) (HA’) = 2R owB owl
4) A" =m—2A, B' = w28, " = w2 (A",B’,[" elvai af yovicr Tol dpbikol Tprydvou).
5) (B'T") = Rnu2A = aoguvA
6) (A'BT') = 2E ouvA ouwB owl
7) (OH)? = R?(1-8 ouwvA cuvBowl)
8) ouvAcuvBouwvl gé_
TTofar 1) popeh TéV dvwTépw oxéoewvy, &rav To Tplywvov elvar dupAuydviov;

2. "Erikvoig tpry®@veov

2.1. ‘Opopoi kai Paoikei Evvoran. Kodeftan Emikvoig &vos Tpiymvou, & &1 Umro-
AoylopoU Trpocdiopiouds TGV dyvaoTtwy kupicv otoixslwv Tov, étav Folouv
Tpds ToUTo Emopk] oToikeia alTou.

‘H &wihuois Tprycovou elvon els &k TGV kuplwTipwy oromdy Tiis Tprywve-
petpias kol ToUTo, 81671 aTn elven &BUvartos Sik Tis MecopeTpios. ‘H dBuvopic
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altn Tis Mewperpios dgeideton eis TO yeyovds, o1 Bev Utrdpyouv oytoels, ol
Sroien v ouvBéouy Ta ypappik& kol ywviakd oTorgsix évds Tprywvou. Thv Bu-
okohlov Tatnv oipet | Tprywvopetpia 8i1& Tfis eicaywyfis TOV TprywvopeTpl-
K&V ap1Buddy ywvias, T Ponfela Tév omoiwy, kabioTaTo Buvartn 7 UmapEis
oytoewy ueTaly TV yooupikiy oTorgeiwy Tprydvou Kal TGV TPrywvorETpIkGY
GpifBuddy TGV ywvidy alTol.

Oa Mywuev 671 pia Emihuois elvon Svvari, €’ Soov Umrdpyer Tplywvov
ToloUTov, toTe T& &K Tfis EmAUTEWS eUplokdpeva oTolyela Kal T& BeSopéva oTol-
xeia elven ororyeia Tou. *Ev dvavia mepimrTadaer, 1) Emiduals & Adyeton @dbvares.

‘H elpeois Tév duorykaiwov kal ikovév ouvbnkév petafl Tév SeSopéveov
oTotyeiov ik Ty émrfAvov &vds Tprydvov, tva f miAuos eivon Buvarh f d8lva-
TOS, KOAEITOl Siepedvnaic.

"E@’ £Efis, AéyovTes yoviaxn oxfors fi ypapmki oxfeig Evds Tprycvou, B
évvoolpev k&Be TprywvoueTpikiy ficwoy () tflowaw) s mpds Tds ywvias
A,B,I i k&b é€ioooty s Trpds T& YPAUPIKE OTOIKEIR TOU Tply oy ToUTou.

Suvetrdys, T& Sedopfva Trpds  EmiAucly Tprydvou oToixeix Suvavtal v
elvan ypapuikal ) ywviakal oxEoes.

2.2, Tlapatnpioeig : 1) Kadz ypappiki) opoyevig oxiowg £vog tprydvov elvan icodbvapos pi
piav yoviakiy oyéowv. Tolto ouvéyeran &k Tiis yevouéuns Taparnpijoews (1. 13), 611 whvTa TS
YPaupIKE oToEia vds Tprydvou EkgpdLovTan ouvaptioet Tol R kel Tév ywwiddv alTou.
Suverrdds, v ixppdowpey TX Ypouuikd oToixela TS ypapuikiis dpoyevols oxéoews ouvapTriost
100 R kal Tév yovidv kol dradeipwpey 16 R, 8& Tpokliyn pia yoviexd oxéois. TT.x. "Ex Tiis
YPoBUIKTs SpoYevous axEoews auy = Py 8& Exwuev :

avg = By <= (2R nuA) (2R nuB nul) = (2R nuB) (2R nul) <=

4R? nuA nuB nul = 4R? nuB nul” <= nuA = 1 <= A= - .

2) "Ex 500 ypappik@v pi) opoyev@v oxiccoy mpokinter pia yoviaxi oyéols. Ao, v ikgpdow-
UEV T& YPapMIKX GTOIXElR TGV BUo ypaumkév oxéoewy auvaptioe Tol R kal Tév yowvidy kal
&rrchelypeopey 10 R petafy altdv (ouvifus ik Bicapéoecs kard péAn T@v oxéoewv), B Tpoklyn
yoviaxh oxéois. TL.x. & T6V ypauuxédy oyéoewv B —y =k > 0 kol E = A?, dmov kA SeBopsvol
&p1Bpoi, B Exeopev:
B—I B4l
B—y=2k <= 2R (nuB —nulN) =x <= 4R nu Rl S s

ARy b B o e BT o R =
= = o s e S

A A
E=A? <= 2R quAnuB nul = A% <= 4R* nu 5 ow - nuBnull = A (2)

A Sicnpéoecos kard pékn tédv (1), (2) TpoKUTITEL f) ywuiakn oxéols
A

*Eotwoav Tpels ywvian A,B,IM kal els &pifpds R. *Ex Tijs Tewouetplas yveopiGoper, 611 af
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Tkaval kal &vaykaion ouvBiiken, Tva Utrdpyn Tpiywvov pé yovias tas A,B,IN kol dxriva meprye-
Ypowuévns Tepigepelas adTol, pikous R, elvan :

A>0, B>0, >0, A-B+T=m R>0
“Apa, Exouev Thv Emouévnv Paoikfy émidvo :

2.3 Buaawki] inilvoig. N& dmAvsf Tplywvov &k Té@v 8Uo ywvidy Tou kai Tis
diTivos Tiis Teplyeypouuévns Tepigepeias altol. AnAadh Sidovtan: A= 6,
B=6, R=«x (8,0, dsdopévor &pibuol).

Mpds émiAvaiy Tol Tprycvou ToUTou Becopolpey TO aUoTnHA:

A=9, A=8,
B=8; <> ¢ B=2#8,
A+B+T=m = m—(8,+8,)

“lva 1O oUoTnua ToUTo EYn BeTikfv AUoty Trpémrel kal Gpkel:
8,>0, 6,>0, m—(6,+6,)>0) <« (8,>0,6,>0, 6,4+6,<m)
*Apa, ai cuvfikan SuvaTdTnTos Tiis EmAUoEws elval:
8,>0, 8,>0, 8,+6,<m, x>0.
"Ev ouvexeiq, & T6V TUTwv o= 2RnuA, B =2RnuB kai y =2 Rnul” wpoo-
Biopifopey Tas mTAsUpds ToU Tplywvou, al dmola & elvau:
a=2xnud;, P=2xnud,, y=2knu(® +06)

2.4, Zupgaves Trpds TAs &uwTépw  TraparTnpnoels, Siaxpivouey TPES TEQITITC-
Ofls EMIAUCEWV.
a) AiBovton SUo ywviakal oXEES Kol Mia ypoppikn un Spoyevns.
B) AiSovrtor 8Uo ypauuikai oyéoes, &k Tov omolwv pla TolAdyloTov elvan iy
Suoyevis Kol pia yovioak.
Y¥) Aidovton Tpels ypauuwikad oyéoes, &k TV dmoiwy pia ToUAdyioTov elval piy
SuoysvTs.

Al mepirtddoeis B) kal y) dvéyovtal, Suvduel TGOV GvwTépw TapaTnen-
ogwv, €5 TNV TepimTwow o) (Siati;).

Mpds EmiAvotv ToU Tprydvou, els THV TepimTwo o) Trapoarnpouuey &Ti:
Al Blo Bzdoptvan yoviakal ayéoels, &v cuvBuaopd kal pé Ty A4-B--I = T, dmo-
TeAoUV Ev TprywvopeTpikdv oUotnua (R oUoTnua) (), ué dyvdoTous Tds yw-
vias A, B kai I'. OUrtes, #| émiAvois ToU Tprydvou &pyilel ué TOV TrpooBioploudv
TGV ywvidv ¢k ToU ouothuaros (Z). 'Edv o oclotnua ToUto Exn feTikiv AU-
ow (A=0, B>0, '>0), téte mpoobiopilopev Tds ywvias. Ev cuveyelq, & Tiis
SeBopévns ypoaupikils oxEgews Tpoodiopifopey 16 R, &poU mrponyoupévies Ex-
PpaowuEy TX Ypauuikd oToryeia alTfis ouvapTrioel Tou R kal tév ywwidv A,B,T.
"Exopev oltws avayfij eis THv Paoiknv ériuaiv.

Tovilouev 1Brontéposs, &T1, v 1O oUotnua (Z) Exn Betikhv AVow kai -
var R>0, 161e Umdpyer Tpiywvov, TooUTtov doTe T& SeBouéva oTorgeia kal T&
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€k TRis EmAUoEs EUpIoKSPEVE TOIOUTY, V& elvan GTOIYXEIR TOV.
“Qote, of owbiikay, Tva 0 clotnpa (Z) &n fetikiy Aow ke even
R> 0, elven ai ouvBfikon SuvardtnTos Tiis EmAUcEwsS.

ITAPAAEITMA 1. N& EmAudf Tpiywvov k TévV oxéoewy :
B—T=w=0, B+ vy=rxy, kai p= A, &mou kA, Sedoptvor &pibuoi.
*Erilvoig : Ta 8eSopéva pds émiduoiv Tol Tprydovou sivon @ Mia yeoviokr ayé-
ols kal dUo ypauuikal oyéoes, ¢k T6V omoiwy i pia (p= A) elvar ur) dpoyevrs.
"Ex Tfis dpoyevols oytoews P4y = ku, Eyopev:

B+ vy=xv,<~= 2R (nuB + nul") = 2kR nuB nul’

B+I BT

4nu 5 ouv- 5 =K (2nuB nulM) <=-

B ,EL;E - _’?EE —k{ouv(B—T)—ow(B+M)} (1)

"Apa, Exopev Tipds EriAuciy T oloTnua:
BT =w BTI=w
w
- OUV—— =

2 2
A+B+4+T=m A+B4T=m

() <= | 4douv

kK (oww +ouwA) (2)

‘H tlowois (2) locobuvdapws ypdgsTal:

(2) <= 40’0\)% cvv% = K (cuvw+20w2%~1) <=

2KD’UV2% —46UV~(%- ouv-% +x oww—k= 0 <=

A A (] A w
St 2 o IR gos= RN
f(m.lvz)—KO'U\}2 2crwzo"w2 KW 0 3
’EE &Mov eivan: >0 <+ 2 >0 <= (A+B+T)—(B-T) >A <= m—w > A
’Ex Torng ki gmeids) B-T =w> 0, ouvéyerar éTi: "Eqv 1O dvwoTépw oU-
otnua &yn Aow, altn 8& elven OeTik, TOTe kol pudvov TOTE, STav:
A ™ @ 1
0 <A <Tm—w < <> O<T < T__Z—<7 <=
A i w A W
ouv 0> ouv vl >cuv(——2~— - 72f)_ <« 1 >0UW—- >Nl 4)
Zuvetrés, of pidan Tis éEiomoews (3) elvan Sextal, £’ doov TAnpouUv TV (4).
TTpds ToUTo, s yvwaTov &k Tiis "ANyEPpas, Biakpivopey Tds drooubous Tepi-
TTGRTEIS
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a) ‘H (3) Exer plav Sextiyv pilav, v kai udvov £av :
i (nu-‘g—) f (1) < 0 <>

(muz% =2 cruv—;i nuc;— —xnuz-;)(K—2 cuv%)--—muz%) <0 <=

. B i 2 N
2n;.\2 wvz(muv 5 25w2)\0¢»

nuwwv—?-(xwv—;ﬂ-—2)>04=r KO’UV—;-—Q}O 5)

B) “H (3) éxe1 8Uo Sextds pifas, &av kol udvov &&v:

A0 af(nu—“’—)>0, af(l) >0, fu

2

w P B _
Sehamet L

"Ev ouveyelq, & Tiis SeBopévns ypauuikils axéoews p = A kal Pdoel Tou TU-
B r o a
mou (XI) éxopev: A= 4Rnu -2— M == - "E§ alriis eUploxopev 10 R kal
ouvemdds Eyopey &vay8i els THY Paoikiy émidvoiy.
’Emri Afov, fva 7O R elvon BeTikdv, Trpémrer kal &pxel A>0. *Ex Tijs debopéuns oxé-
oews B+ y = Ky, TpokUTTEl Kai x> 0.
2

K

>

n| €

‘H owvbnkn (5), &¢” doov k> 0, ypdeeTa: ouv
W
3
ouvertdds 1) e§lowats (3) Sév Eyer BUo Bextds pifas.

TeAkéds, oUUPWYws TPOs T& dvwTépw, eUpiokopsy 6Ti af ouvbijkal duvaTo-

ey @ 2
Tos TS £miAUosws elver @ A>0, x>0, ow - > =

’Erions Eéxopev: « f(nu—-za ) = x(— 2ouv—- nu —C;— ) ==k nuw <0(B16T1 k> 0),

ITAPAAEITMA 2. N& &mAuvbii Tpiywvov &k Tév oxéoewv: B-I = o, % =K

kal §, = A, 6mou k,A,w Sebopévor &pifuol kal 0 <w < —12T— :

*Eridvoig : Ta 8eBopéva pds midvoy Tou Tpiydvou slvar: Mia yowvioks) oyé-
o1s kai 8Uo ypappikad oytoes, ik TéY dmofwv 1 pla (8, =A) elven un opoyevns.
*Ex Tfjs SpoyevoUs oxéoews %—— =K TIpOKUTITEL K751, B16TY, ddv k=1, TéTe B =7,
86ev B = I" kol ouvenrddss B—I =0, &mep &romrov, Adyw Tiis SeBopévns oyéoews

T ; BT AN [ NaT, me )
D<w< 5 - Ev ouveyela, Pdoel yvwoTiis 18101NTOS TGOV Guohoy1ddy, EXOMEV:
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Bl 2RnuB nuB _ nuBVJAnul" k-1
-Y——Kqﬁr SRnul — =K <= on_K <~ 577: e gty
B+l B-T
s 2 "2 w31 B+r B—T_x+1
LS BIE RSt g g Sy
e Fow! 7
ZuvemGds, Exopev Trpds émfAvow TO oUoTnua:
B-T=w B—TlN=ow
A+B4T=m A4+B+T=m
B4+F B-I i+l (¥ A xt+l
S T e Ber=ga g W

"Edv 16 dveotépw oloTnua Exn AUow, aUtn elvan Betikd, dtov kai pdvov
Stav (b kal els 16 TponyoUpevoy Tapdderypc):

w

A b1 w T A T ® A
(7 = 7) =

Dt Bopimg g oy B
‘Emoutuess, 1) Siocwois (1) e Sexthiv Alow, tav kod pdvov STov:

‘.‘DL_.EC"E i ]

2RnuB nul’

Emi mhéov, ék Tifs ypoupkis oxéoews 5, = A Eyouev: T B A kad
UV ——
2
Acuv E—r
€€ avTiis eUpi < & (T o RN AT) is Tt '
& s eUpiokopev 16 R B Tk OUrw, karahnyopey els THy Paoikiv

émwiduo,
i T, s ot £ o kLl .
H &fiowots (1) tmidletan s Efs: Emeidy 195 > 0, Umépye

T6fov @ (ebpiokdpevov Aoyopifuikéds) upt 0 < & < w  ToloUTOV, oTe
0 1 :
0P 5 = K+ 1P c; ko ouvertéds 1y (1) ypdoeton og —/21= o ; . ‘H Ao
T, i'rrF.lSq 0< A<, sivar A= 8. Epéfn olrews 1) yovia A kad ouverrdss 1o
dvawTépw oloTnua #mAveTon eVkdAcs. TTpds OAoKkApwoty THs Biepeuvrioews Tiis

EmMAUCEWS, TTapaTnpoUpey 611 : R>0 «— A>0.
"QoTe, of ouvBfikon SuvardTnTos Tiis EmAUoews elvar : A >0, k > 1.

2.5. Khaoowai émiboers. "Eqv & Bebopéva mpds Emihuoty Evds Tpiydvou elven
Kipior oToiyeia ToU Tprydvou ToUTou, TOTE Aéyousv &1 f) émihuois elven
xLaooki] Emilvoig,
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2.5.1. Na émivdij tpiyovov ik t@dv: A=0, B=20,, a=x. MMpds Emiduotv
ToU Tprywvou ToUTou, s Gvepépamev kol Els TAS yevikds TrepiTThoess, Oeco-
poupey 7O GUOTNU :

A=8 A=8
B=6, <« 1B=6,
A+B4lT=m N=mw—(8,+86,)

To olotnua ToUTo #xel BeTikijv AU, é&v kol pdvov 2dw: 8,>0, 6,>0,
9,1 8, <. Ev ouvexely, & Ths ypoppikiis oxéoews o =K Exoupev: k==2 R nud, —»
H— 2111:19 - "Exomev fi8n yvworta T& otoxeia A,B,I R kal cuverdéss, TPOYw-

!
poley kAT T& yvwoTd & Tiis Paoikiis Emiivoews. "Eri wAdov elvan: R 0 <=
K

2nu8,
var: 9,>0, 6,>0, 8,46, <m, x> 0.

>0 <= x>0, tmoptves of ouvbfiken BuvatdTnTos THs EmAUoews l-

2.5.2. Na émlvBfy tpiyovov ik tdv: P=x, y=05 A—0. “Ymwobéropey
k>0, A= 0 xal 0 <8 <, Bi1611, &v Evewtia TEPITITWOE, elvan Trpopaves 811 Sév
efvon Suvard) 7 émidvois. Of TebévTes epiopiopol 8& edpickovTo BePaiws kai x
Tiis ouvnfous Biadikacios Tfis Siepeuvnhoews THs EmAUoEws.

'Ev ouvexeiq, Umobétopey B>y (<= k > 1), dmdTe, Pdoel kai ToU TU-
ou 11, Exopev 1O oUoTnua:

A=10 A=
A+B+T=1 A ﬁj- +I=m
B spen i) Uy | BT CERFRERN 18 4 oy
b2z B—l—ycPZ R s
"Emeid?) Spcos eivon 0< A < xad k>A (kA= 0), ouvdyetan - :;c(p e—>Cl
*EmidGopev Thv E€icwoty (l) wpos elpeotv Tijs Blaqaop&s B —T. TTpds ToUTo EoTw

; : P ? —N_ .. 8
yovia ¢ pé 0 < - S 2 TOlQUTT), COTE €@ i Ki_l_ i omdTe 1) E€i-
owaois (1) ypdpetan:
? B-I' o

B-I
sq>~—2—=eq>-f-4=»r—2 :T_*.:v—B*rﬁqa.

Zuvers, 16 dvewTépw cUoTnua elvan loodUvapoy i 16 oUoTNUA:

A=8
A=@ T (¢
< i
A+B4T=1 } <> B“'2'+“2‘_7
B-I=¢ l'ﬁﬂ—q}——q
4 o kB pr
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“H eUpeBeioa AUois ToU ouoThpaTos efvan etk TTpaoypar, grredn) 0 < 6 <1 =

oo AN 1 - ) Do T, 9 & : - : ;
0<\_2_<_2_#7_§/0_—>B#-i~+§—7>0. EE &Mhou, Emeldn
E-—A<1é|<-r"cécscosigki7\aBo'uv'ecxl's2/ .
5y o o o S 0P SVIYETL L @ 5 S OB

P « f ™ 6 T 6
E‘P'z_"“"(?—'z‘)#%’*f—iﬁ”-‘z‘%“z‘:’O:*
. . )

e i T e

“Apa, TO oUoTnua el TavToTe BeTikNV AUow (wiav) kol cuverrdss 7y émi-
Avois elvan TrévToTe Buvarth. Ev ouvexelq, &k THs o = K Exouev 2R nud = x kai
E€ alriis eUplokopev 1O R =-2%1§ = 0. OUros Eyouev dvoydfi els Thy Pocikiy
gmidvow.

Edv B <y (<= k<}), ipyalousda dvahdyws. ‘Eav duws P =y (<=~ =A),

TéTe ) Emikuois elven émAovoTdn, B16m B = = % —% :

2.53. Na émivdfi tpiyovov ik t@v mhevpdv tov. Ta BeSopéva Trpds  EmiAuciv
gvar: a=%k, P=A, y=u, Omou kAU Bebopévor Betikol épibuol. "Ev Trpoxel-
pévey, of TAfov kaTdAANACL TUTrol, elvat of TUmor 14. Zuvetrdds; EXOuEV TPOS
gridvov TO oUoTnua:
A =) (3—1) B =) (5—x)
E¢_2,=‘\/__L__( ECP e e

sc—x) ' 2 s(s—A) '
£ —g—- o v AL ;(';)_(i)—_“? Smou 2s = kAL
Elvan yveoTov &7 E—3) (i) o i | Al R Rrqin (1)
s(s—xk)
*Edw elvan —(s—_s%)_(—i—)_i) =~ 0, Téte Umdpyer ToEov O, (eUproxopevov Aoyopl-
. St 0, VIGERGD s
Buikéds) pt 0 < 8, < T TOlOUTOV, COOTE EP 7= O W omoTe 0y

\ = ; 3% ; . A 9y &
TepGaTn TV EE10CoEY TOU GUWTERW OUCTNHOTOS YPAQETXL € —5~ = EP —~- H
Eiowaois aUtn et plav pdvov Ao, vtds ToU SixoTthpaTos (0,1), f| omoia
elvan A = 8,. *Apa, ai ikaval kai dvaykaion ouvlfika, v TO cUoTnua éyn uiov
pévov AUow dvtds Tou SraoTiiuaros (0,1), elvan:

A—pl<xk<Atw H—K<A<uB+K, [k—=AN <p<x+A ()
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"Eotw (A= 8,, B=8,, [ = 8,) f) Aois alrn. ‘H émiAvois 0 elven Suva-
T, ¢’ 8oov 8,4 6,4 €3 = . ToUto Opws ioxle, Bi1oTi: *Ag’ évos yvwplfo-
pev 671 :

[N

0
K2 = A2 -} p2— 2 0, <= £ — = s
2 —2Au ouvb, EP 5 s(swk)

A’ ETépou of dpiBpol KA,u kai 8,,8,,8;, TAnpoly Tds Umobéoels TolU Beco-
priparos 1.2.3. kai ouverréds elven oToixeia évos Tpiydovou. "Ev ouveyely, Ex
THs k= 2R nud, eVploxopey 16 R xal ouverrdds dvayopeda els Ty Pacikhy émri-
Aucw. Al ouvbfikan SuvardTnTos Ths EmAUcews elvan ai (Z).

IMopatipnow 1. ‘H oyéos 8, + 6, 9; = Tr BUvartan v &mrobexff] xai ds EEfs:

B By

Elvai: eg gl eq)—-l eq) Jep o 2 tep 55 =

$2(5—x) (G—u) S (sA) (s—w) 2 (s—1) (5—x)

’EE aliTou & yvwoTov 1) petall Tév 8,,8; kol 83 oxéors eiven 8, -+ 8, + 85 = 2pw-+ , p€Z.'Emer-
&1 Sucws 8,,8,,0: € (0,1), mpoxkutrrel : 0 <8, + 8,4 8; <31 xal ouverdds Exouev :

V(“ A) ) (s~ u)z + 1/ 62 N (S—U) 4 /6= 7‘)2 (s—x) (s—1) _

1
0<2pm+ w<3mw > —mw<pw<Im > — - <p<l = p=0 <> 6,-- 6,1} 6=

Mapathipnowg 2. E¢’ £6fis, pd Tiis EmAloews Evds Tprycvou B& Bétwper dpiopévous Tpogavels
TepiopiopoUs Sk Tés TrAeUpds (A T ypappikd oTorkela yevikés) kal Tds ywvias auTtou, ol omoiol
s yvwoTdy elvan: AB,IN € (0,1), x> 0 B1& kdbe ypauuikdy gTorxeicv k ToU Tprywvou.

2.5.4. Na émivdi] tpiyovoy ék tdv: a=k, f=2%, A=0.

Mepiopiopol: k>0, A > 0 kai 0<<6 < . ’Ev ovveyeiq, &k Tév 8lo ypoupi-
K&V oxéoewV EXOMEV:

P __2RnuB A _nuB _ A
* 2RMA Tk mwe R o,
Zuvemds, Exopev Tpods EmfAvow 16 oloTnua :
A=86
A+B+T=m

A
nuB = —mué (1)
*EmAvopev kol Siepsuvéspev thy (1). TTpds TolTo, Siakpivouey Tas karwd
TIEPITITCOOELS :
a) *Edv % nuo= 1, Téte 1y (1) elven &BUvarros kai ouverdss 1) éwidvois elvan &8U-
VarTos.

B) ’Edw % nud <1, Té1e fy (1) Exer Ao, Thv dmolav ebplokopev dos éEfis: “EoTw
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T
o
o1 (1) ypdgeten nuB = nue.‘H Elowors alrn, Exel SUo Moeis tvTdg TOU B1ooTN-
porros (0,7), ai &molan elvan : B= ¢, B=m—¢. 'E§ alTédy, Poel kal T@v SUo
mphTwv Efiohoewy Tol QUWTEPL GUITAUATOS, mpokUTrTEL: [ = m—0—9,
= ¢—6. "Apa, Eyouev mpds twiivo T& ouoThUaTA :

¢ TO oSV pE 0< @< kol ToloUTOV, QIOTE NUP = -;7:— nub. Zuverrds, 1) Efloco-

A=8 A=§
B=g¢ (629 B=m—9p (Z2)
= 169 M= ¢-9

*E€eTéddouey Umd Tolag cuvBnkas T dvwTépw cuoTApaTa Eouv BeTiknv
AUow. Tlpds ToUTo, Siaxpivopey Tés drohoUlous TepITTTCLOES:

81) “E&U B4 % (-4:)- < -g), TéTe 9—B<0 («=> M= 0) kad ouvemdds
16 ovotnua (2,) even &uvarov, fitol Stv Exer Betikfy AUow. Té ovotnua
(Z)) éxar Gemikny AUow, Ev xol pévov & : MN=0 <= 7—08—0>0 <=

A
T—8>¢ <= np(m—0) >nue <= nud >nup <+ nud > ;nuﬁ-q:o-x>)\.

B,) 'Edv 8< % , ToTe T—0—09>0 xal ouvemdds, TO oUoTnua (Z,) Exer feTikiy
Ao, To avoTnua (2,) Exet Betikny AUow, & kai pévov édv: I =¢—6>0 <=

A
>0 <= nue > nul <« o nue>nud <= A=k

Suvoyifovtes T& dveoTépw, Exouev TOV kaTwb Trivara.

a< pnuA oUBepia AUais
= [ a< P &Uo Avceis
-2 axp o oupia Abotis
a>pnuA ,
i a< P oUbsuia Auots
2 a>p pia Alois
A< % pla AUcois
o =P nuA 3
A % oUbepla AUois
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2.6. ElBixdotepov, tv 10 Tpds Emiducw Tpiycwvov elvan dpBoycviov (8& oup-
BoAilowuey TavToTE THY Spfv yooviav pE A), TOTE, AcuPavopévou U Sdyiv 6T
A — ;( = B4T = %), TS dvwTipw olotnua (Z) (2.4) 8& evan Ev Tp1-
yovopeTpikdy oUoTnua (R oUoTnua) T 6y ywwidy B, kal f emilvos ToU
dpBoywviou Tprydvou B elvan Buvarr, éav kal pdvov Edv, Umrapyn BeTikn) AU-
ois (B=0, >0).

ITAPAAEITMA 1. N& émAudi opBoycviov Tpiywvov k T@v: o=k, p=A.

*Enikverg : Ol &pyioi mepiopiopol elvan : k = 0, A =>0. Ev ouvexelg, ik 16V
BUo Bebopévwv ypapuikedy oxéoewy kal Pdoer Tou Tumou (XI) Exouev :

AR B r P e g
g SR o o 5w 2 g M g NS
(T 2R nuA e S e o e e
N =
2
A 5= B i B r 2A
—=V2nu—nu — <=2np — Nu — = — =
3 Vnuznu2 Lk e W
s B o BT NE g, B o M2
2 2 K 2 i K
B _ AY2 v B-T _V2(2r +x)
c'uv—z—f— = +—2—4=>ouv- I e
*Apa, Exopev Trpds Emiduow TO cloTnua:
s
B—H":-i—
WVB—F_: Y2+ (1)
2 2k

*Ed&w 16 ovoTnua TouTo Exn AUow, altn 6 siven BeTikr, 2&v kai povov Edv:

T B—TF |
0g|B—1‘1<T¢-—>0§‘ e
B m B_I_ V2
crqu.;owwg-u>o~uvT-¢=r 1 > ow 5> g (2)

Suverrdys, | Elowors (1) Exel AUo, STav kai povov Stav:

o ZOAD Vi, VB o AQSOBD, 05y,
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TTAnpoupévns Tiis ouvbrkns (3), /| &lowas (1) 8& &yn Aow kal ouverdds
eUplokopev TNV Sragopdv BT, ométe elkdAws elpiokopey Tas dEsios ywvias
B xkai T

Al owbijkan BuvaTtdTnTos Tis EmAUCEws elvat:

% =) R, Ag_“(_v.%zi )

"Eav A= 77(7'9/2_27_ .

, TO Tpiywvov 8& elvan ioookess (Siorri; ).

ITAPAAEITMA 2. N& émAvdfy éploydoviov Tplywvov ik Tév:
a=kK, &8, =A? (kA€ R).

Ernilvong: “O &pyixos meploplopos elvan: k =>0. *Ev ouvexely, ¢k TV SUo Bebo-
péveov iy Suoyev@dv ypoauukidy oxéoswv Suvduela v eUpwuev piav ywviakhy
oxtow. Tpdypari, &g’ &vds Eyxouev:

2
Syl . LBt iz, 150 OO OAD,
U‘U'I)-i— UUV-Q_ O'UV-Z—CTUVT
B 5
S 2 = Mo
A= 16R'Mu 5 nu— (1)

‘A9’ Etépov, elvar: a=2R <= k=2R <= k*=4R? (2)

"Ex Tév (1) kai (2) Aaupdvopev:

B : B—T BT
Bt P ) 2T A = blis g
A? = 4k’nu 5 M —5— <=+ Al= 2« [cmv 5 ouw —5
B—r_ V2 B—I a* V2
R 2 = = =
A? =2k Uw--—-i—-—T]-:_:r-ow 5 —2K2+ 7

ZuveTtdds, Exopev Trpds éidvoty TO oUoTnpa:

Hig
B+l= - 3)

il 2 =

2~ 2@ )

3 5 oV uTo £ Uow, ol 5 \, v Kai povov édv:

05]8—[‘1<1T—A4=»0£|B—-I‘|<%..:,031.3_‘2_{ T e
0 £k U5 o b5 H=l >L§ )
ouvl = ouv T = ouv 4 = OuUv 5 2
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*Apa, fva 1) éfowors (4) Exn Sexthy Alow, TrpeTel kol GpKel:
A2 v2 _ y2 LI I  C =
"2;2_ '|' '"72” > "2'" -~ 727(’2 + __2 T e 1 *:? ?— = 2“—'V2 (6)
TTAnpoupévns Tiis auvBrikns (6), 1) tgiowors (4) Exer Abow, omoTe ¢ aUTiis
eUpiokopev Thy Biapopav B—I xai ouverrdds TPOYOPOUMEY KAT& TA YVWOTA.
Tehikéds, of ouvBiiken SuvardTnTos Tis mAUcews elvan:
2

k=0, _1‘7 =0 _ VD

>

ATLKHEEIZX

75) Né& tmiAudi] Tpiywvov &k T k&Twd oToryeiwy:

™ 21 m

DB= 5, M= 5, a=180 2)p=20, y=10, I= =
. s Y3
Pa=1, p=V3i+ 1, A= = 4) y =4, A=2r, owl = —
5) p=2, y=V2, =% 6) =2 y=V¥3,T=7
7) a=2p, F=2, E=2V3 8) a R, A= 2l
Sy, By B2 10) a.A,{’;--A
76) Né& dmAuBi Tplywvov & Tdv k&Twd aToryelwy:

1) aAT 2) B, p—y=A2A 3) o, A E
4) a,va, B=20 5) o, A, ba 6) A,P+y=MN =«
D A Ve PHy=2a 8)aqnm, B=2rI 9) a, A, P2+ y2=2A2

iTE:
77) Né& ¢miudf dpboycoviov Tplywvov ABI (A = 'f) i TGV ETopfveov oToXElwY:

1) op 2) vq, ¥ 3) Bp+y=x 4) yg, Ha 5)p B
6) a, &p 7 R 8) 271, Vau 9) B, at va=A
78) Nét tmiAubfi Tpiywvov &k Tdv dxohoUBwy oToryEicv:
Bra g 98- A B vailow
Dea B-T=w, ecpri?\ 2) G,E—A?\,Etp2|eq)2-—v
3) oA, P—Y+ Va=2A 4) o, A, upt- vy =1
55 6t ey B~ Fasion 40 6)u,%;—-f-h.s=:2r
7) Pas £ P 8) v, Up, Wy 9 A BT Y—A Vst Pa=k

79) N& Umrohoyiofoiv ai Tpels Theupal Evos Tprydvoy, fav yvepilepey, 811 T& pikn aUTdY evan
Tpels BiaBoyikol dxépaict &pifuol kol &1 § peycAuTépa ywvia eivan BimAaoia Tfis MikpoTEpas.
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80) Eis dpBoycviov Tplywvov SiSovtan Té Turjuate p kal v, els T& dmrola Sicnpeiton 1) UmroTelivouoe
UTd Tiis Sixotducy By. N UmoAoyiofolv & oToryeia o,B,y, 8q kal ug.

81) Al Aeupai a,p,y évds Tprydvou droTtedoly &pif. Trpdodov. Edv BiBeTan 1 ywvia A, va UTre-
Aoyiofouv al &AAai ywvia.

82) Eis tplycovov SiSovran T& otorgeia R, p kal a? - B2+ y2 =8R?. N& Umohoyioholv al wheu-
pal ToU Tprydvou.

83) ’Edw els Tpiywvov elver oA = 2 kal opB = 3, va Umoroy108f ) yowvia [ (Gveu mvdkwy).

84) N& ékppaohij, ouvapTiioen Tév mheupdv Tou dpBoywviou Tprydvou ABI, 1) épamrtopévn Tiis
ywviag T@v Siapéowv up kal py.

85) Al mheupal Tpiycovou drrotedouv &pif. Tpdodov, fi Bt Blapopd Tiis MixpoTEpas ywvias al-

i
ToU &mod ThHv peycAuTépav elvan . N& 8eix8f 6m1 al mhAsupal Tou Tprywvou elvan dudoyor

9
i Tous &pidpols: Y7 —1, Y7, Y7+ 1.

86) "Edw els Tplycwvov elvan I = % , TOTe v Beixbij &tz

1 1 3

PR -l z —
at+y = Pty 2T

T 4 "
87) ’Eav eis Tpiywvov elvan E = T B2+ y2= —230— kai £pB epl = 4, 1é1e v& Umohoyioboliv

T& o kai epA.
88) 'Edw eis dpfoydoviov Tplycwvov ioxim B (B+ 2y) = y?, v& Baydii 6m1 B = lsz :

89) Eis dpBoydoviov Tplycovov Bibetan 7 feia yevia w Tiis Siapéoou pp petd Tis UToTevoUons
a. ZnTtouvTan:

1) N& épiofoiv af ywvia B ko T.

2) EUpioxopev 8Uo Tipds S1& THv ywviav B, 1&s B, kai B,. N& Bery 87 811:
T

Bl+ Bz= Pl

+ .

90) Na ¢miAubfj Tplywvov &k 16V aug, e —g— £ —'2—— =u.

91) "Edw ol mheupal Tprydovou elvan dvdhoyor Téiv dpibudv V6, V3 kai 1, Umoloyicars T&
fipitova kad ouvnuitova T&V ywwvidy abtol. *Emions, Seifate 611 A— B e kal 611 | Sid-

2
Hegos Mg elvon kdfeTos els ThHy TAsUpdy y.

92) GewpoUpey TO Tpiywvov ABI xal Uyolpev kabétous, Emi THv AB eis 16 A, énl iy Bl els 1o
B xai &l v AT els 76 . "Eav E’ elvan 16 8uBaddv ToU Tprydvoy, Tol oxnuatifopévoy Ud Tév
KkabéTwv ToUTwy, TOTE:

0

E
£ = (%A +09B+ ooF)?
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93) ’Edv w,p kal 0 elvan ol yowvla ol oxnuamgopeven imd Tév TAsupdy TpoTavaTOATHEVOY
loomrAetipou Tpiydovou kal tvos &Eovos, va Berybi émi:

1
(npe nue Neb)2 -+ (ouvw ouvg ouv)? = o

94) Oecopoluev xavovikiy TupauiBa v TapamAeipwy E8pddv, Tiis omolas f TapdAeupos dxpty
elvan o kal f) ywvia Tis kopugis ikdaTns EBpas 2¢. N& UrohoyicBolv ouvapThoe Tév « kol ¢!

1) T SAikdv fupabov,

2) ‘O &ykos Tijs Trupapidos,

3) A dxris Tiis Tepryeypappévns opaipas kal

4) ) éris T Eyyeypauutvns opaipas.
95) “Eotw R # dkTis Tijs mepryeypappévns Tepigepeias Tiis Paoews ABI TpioopBoywvicy els 10
O Tetpatbpou OABT. *Edv w,, w: kal w; elvan dvmioTolyws al Biedpor ywvicn B, A kol AB,
Beifare O6Ti:

o) V= -%- R?3 nuA nuB nul YouvA owB owl, &mou R elvan & &yxos ToU TeTpaiSpou.

B) oww; = YooA opB
Y) ouviw; + ouviw, + ouvies = 1

3. Tetpanievpov

3.1. Kvptov tetpamhevpov. Al yowvian A, B, T, A xoi ai mAeupad o, B, y, & Evds
kupToU TeTpamAeUpou (ZX. 15) yapaxtnpilovTal, émews koi &g TO Tpiywvov,
c§ Kopa oTolyEla TOU TETPATIAEUPOV.

A
. 1% 5 Al Bixywvior &, kai 8,, TO fupadov E,
\\!\ f| mepiuetpos 2s, 1| yovia w TV Sia-
L<;|€*‘ 5 5 IS8 yoovicov, s kol kéBe &AAo oToiyelov
w 2 2 ; Kok
(ypouuikdy f| ywviokov), TO oTroiov ouv-
SéeToun Pt TO kupTOV TeTp&TAeupov ABIA,

kahoUvTton  dgutepebovia oTorxela ToOU
TETPATTAEUPOV.

3.1. 1. Iyéoerg petald 1dv orouyeiov
Kuptod teTpamisvpov. AVaQEpOUEV Ka-
TWTEpW Gploutvas Paoikds oyécels pe-
TafU TV oToiyelwv Evds KupTOU Te-
TpaTTAEUPOV.

z
Ly 15

3.2.1. Tovia mhevpdv kai Srayoviov. "Avaywpolvtes & Tijs Tpoavous oyE-

o I s 2 T o IR 3 Becopt o i
(AD) SRR ACTARY, | 1 xai P&oel ToU BecopriporTos TGV NUITOVWY,

eUplokopey &péows TOV TUTTOV :

nul, B onud,

nwA © nuly, C nuB,
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‘Epyafopevor Gvahoyws, KaTaAYOuey €l Tous TUTToUs:

nwl, | neB  oned, o ned,  nel neA,

> - N o ] N ey ] 1
nuA  nul, nuB, nuA  nud,  nul,
wA; nud  meB, muB,  mwA ml,
B nuA;  nud, " el nuB,  nuA,

AB' Bl A AA

Ouoiws éx Tfis oxéoews BF "TA"BA° AB 1, ebpiokopsy TOV TUTTOV:

NuA,; nuB,; nul, nud; = nuA,; nuB, nul, nua, 2

3.1.3. "Epfadov. AiaBoyikdds éxopev (Zyx. 15):
E = (AOB) - (BOT) + (FOA) + (AOA) = E — - (AO) (BO) nue +

-+ é— (BO) (MO) nuew + —21— (FO) (AO) nue + -i— (AO) (AO) nuw =

E= %[(AO) 1 (OM)] [(BO) + (OA)] nu> =» E — % (AT) (BA) nuco .

ZUVeTréds, AapPdvousy TOV TUTTOV!

1
E= 78182 uw 3

3.1.4. ID.evpai, dwaydviol Kei yovie tdv dwyoviev. "Eotw Z 10 snpsiov To-
ufis TV TAeupddy P kol & kupToU TeTpamrAeUpou (Zx. 16). Auvdper ToU Beco-
priBaTOs TV CUVTMITOVWY, EXOUEV:

a? = (OA)?4-(0OB)*+2(A0) (OB)ouvew

p? = (OB)*4-(0IN)?2 - 2(0B) (Ol cuvw

¥? — (OA)?+ (OF)*+2(0A) (O owwes =14
8% = (OA)*+(0A)* —2(0A) (OA) auve

’EE alTédov AapPdvopey:

Zy. 16

o B4 y? -8 = 2[(OA)(OB) | (OB)(OI) | (Or)(0A)+ (0A)(0A)] ouveo =

(@ +y*)— (B> +8%) = 25,5, ouvw 4
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‘Opoics #yopev: 8,7 = (AZ)? + (ZMN)? — 2(AZ) (ZI') ovvg,
8,2 = (ZB)>} (ZA)* ~2(ZB) (ZA) ouvg, a* = (ZB)*+(ZA)*~2(ZB) (ZA) ovve
kol y?= (ZA)>+ (ZM)? —2(ZA) () ouve.

"Ex ToUtwv kal Pdoel Tév oxtoewyv (ZA) = (ZA)+H(AA),
(ZB) = (ZI) + (MB), wpokutTel 6 TUTICS:

(Siz“f‘szz)“(az‘*"/z): 2p8 owvg 5

3.1.5. "Eppadov ovvaptiioer neppétpov kol yovidv. *Ek Tév TUTTev (4) xai (3)
TrpokUTTEl Guécws & TUTTOS:

Ere= % (a? —p* +y*—08%) epw 6

1
’EE &Ahov, elvau: E = (AAB) | (AI'B) = —é ob npA + 5 By nul =

4E = 208 nuA + 2Py nul (1)
*Emrions, Exopev: 8,2 — a’-+52—2a8 owvA xai 8,7 = p2+4y? —2py owrl.
"EE afrddv Bt ouvéyetan @ o 82 —2a8 owA = p* -+ y? — 2Py owl =
o? + 82 —p? — y2 = 208 ouvA — 28y owl  (2).

“YyoUuey dupotepa T& péAn T@v (1), (2) s 16 TETpGywVOY kad Trpocfé-
TOPEV KOTA WéAT, STTOTE TTPOKUTITEL:
16E2+ (o282 —B2 —y2)? = (208 npA + 2Py nul)?+ (208 ouvA —2Py owl)? =
16E2+ (a?+ 82 —p? —y?)2 = 4?82 + 4p?y? —8oPydouv(A +T) =
16E2+ (o} 82 —Pp2 —y?)? = (2a8+ 2By)? —8aPyd [1+ ow(A+ M =

r
16E24 (a2-+8% —B2y2)? = (2a8+ 2Py)? —16aPyd owv? A; — =

L662 — (2a5-+ 2By)* —(oi-+ 8%~ —y?)? 6oy ow AL
2 2 2 2 2 A+ r
1662 — [(at )2 —(B— ) [(B+Y)*— (@—8)*] —16apyb ow? =~ =

16E2 — 16(s — o) (5—P) (s—) (3—8) — 16aBy® ouv? A;[
(25 = at-B+y+5)
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OUTws eUpiokopev TOV TUTTOV:

E= V(S—G) (S—ﬁ) (H—Y) (5_8)_01375 UU\)EA-;-F_.

3.2. Kvptov terpamievpov Eyypaypov eig kokhov. "Eotw TO Eyyeypapuévov el
KUKAov TeTpd&arheupov ABTA (Zx. 17). [vwpilopev 611 B-f A= mw, omdte
ouvB = —auv A. 'E§ &\ov, &k TV Tprywvwy ABI
kai AlA, duvdpsr kal Tou BewpruaTos TV ouv-
nuIToVwY, AapPavopev:

o?+Pp?—2ap ouvB = Y2+ 82— 2y ouwB =
GZ_{:BZ,Y2,5_2_ a
T 2APEyE) >

’Ex This (1), duvdper xai Ty TUTWY

ouvB =

B 1/1-owB Uwi___ VI--%—O'WB
L e g’ N S T

Zy. 17
AapPdvopey:
B_1/6=06-B B /=065
g = Brys VTV aprys
’EE alrddv B¢ TrpokUTrTEl: £ % = E: : :?) ((?;:g; @s=a-+-p—+y-L8).

‘Qote, Exouev Tous Emopévous Pacikous TUTTOUS:

B _1/G-2)(G—P) B 1/G—y)(—8)
BRG] Sapel il (3t PHECE T of+ys
B /6= 6B
2 (s—v) (s—8)
ET , A+T . sy ;
ven AT = 1r, dwdTe UV T AT 0. "Apa, &k ToU TUTTOU T AcuPdvouev:
E=V(e—a) (s—P) (s—y) (5—5) 9
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Al Sixydovior 8, kai 8, ToU yyeypappévou Tetpamheupou ABIA (Zx. 17)
UohoyifovTan ouvapTrosl TGV TAeUp@Y Tou s EEfis:
Eis Tov TUmmov 8,2 = o« 4 B2 — 2aP ouv B, &vTikaBioTdUEY THY TTPOTYOUpEVWS
eUpebeioav Tipfv ToU owvB (3.2), &mdTe petd Tas TpdEels, EUpioKopey:
g2 (BY-F8) (af 7 Py)
2=

ap -+ y5 “‘QoTe

/Gy B G EBY) 5 1/ B B YD)
R O e o

’Exk ToU Tprydvou ABIT (Z2x. 17) AauBavopev:

B
8, = 2RnuB = &, = 4RnuB % ouv -

&moTe, Buvdpel kol TGV TUTTwv 8, 10, TpoKUTTTEL:

x (ap + y8) (ay+ P8) (ab+ Py)
(S~G) (S—ﬁ) (h_Y) (b_s) 11

- 4—15 V(P +¥8) o+ BS) (o5+ B)

AELKHXIEIE

96) Eis kuoTdv TetpdmAeupov ABIA va BexBouv al oxéoes:
nuA _ nuBinuA,  nudamuA, ) nuA TUE _ niAs nuB,
el T nuBr ez nuA, nul, nul nud — nul; nud,

97) KuptoU TetpamAelpou dibovtan al mhevpal a,B,y kal al ywvien B,I'. N& ebpefotv al ywvict
AA kol 1) TAeupd B.

98) N& eUpebf] T EuPabov Tetpatrielpov, Tou dmoiov al mAevpal elven 3,4,5,6 xal ai duo dmévav-
1 ywvicn Exouv &bporopa .

3 B+A
99) ’Edw T& TetpdmAeupov ABIMA elvan meptypdyipov els kikhov, Téte E= ¥ afyd nu 2
100) N& &mobeayij, 61 els wepryeypappévov mepl kikAou Tetpérrieupov ABIA elvan:
T By
i 5 Ml =Y 5 T
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) 2o
101) AiSeton Tparéfiov ABTA. "Eqv BAT = y wal ABA = y, Seifate 6

8 mux
O

a) oy — oPy = ogA — opB ARy

102) *Edw 6 TetpdmrAsupov ABIA siven &y ypdpinov kol Teprypayipov els kikAov, va Bey8f 6T :

A _V/By E_ B _ ab—Py
Ggwg=Vg = RESSEg | N A=
8) eg? % = —E% €) THw = i:ﬂp’éz (@ glvan 1) yovia Tév Siaywvicv)

103) Eis mav tyypayipov Tetpdrieupor loyuer: e % - \/ ES 3 !3)) ES = 8)) , &mou @ elvan
s—a)(s—Y

1 ywvia Tév Staywviwv Tou TeTpaTrAeUpoy.

4. "Enihvoig tetpaniedpov

4.1. Al Sixycviol évds kupTou TeTpamAstpou ABIA ywpifouv ToUto els T&
Téooapa Tpiywva ABI, BIA, TAA kai AAB, 1& &mola kodoUvton pepika
piyova. Aiax TGV Tprydvewy ToUTtwy SieukoAUveTan olUxi pévov ) v yével
oTroudt| Tou TeTpaTrAeUpou, G5 fi8n eimopey, dAAG xai f émidvols oiToU. Kodei-
Tou Emiduoig Evos TeTpatrAsUpou & 817 UTrohoyiopoU Tpoodiopiouds TGV dyv-
oTwWV Kupicv o‘rotﬁ(eicov Tov, éTav Soflouv Trpds ToUTo ETapki) oToiEia aUTou.
Zuvnfas, 1) émidugls évds TeTpamAslpou dmiTuyydveTar Sid Tis EmAUoEws TGV
pepIk&Y Tprywvay alTou.

Mevikdds Spws, & Tpdtros émiAloews Evds TeTpomAeUpou ToikiAel dvaAd-
yws T&V Sebopéveov Tpds Emridugiv oToiyeiwy alTol. Anhadt, GTdpyoUY TEPITIT-
oeis KaTa Tas OTroias, éx TGV Seboptveov B1& THY émidugiv oToiyelwv ToU TeTpa-
TAsUpoU, oUBEY éx TAV UepIk&Y Tpryvwy alTou EmAleTal.

Oi ypnomomoiolusvor &v yével Timor Bi& Thv émiluowy Evdg TeTparAsUpou
Bev ExhéyovTan udvov peTafU TGV TUTTwV alTol, SAAG kol peTafU TéV ToloUTwy
TOU TPIYWVOU.,

Tpos TAnpecTépav KaTavdnav Tév duwTépw, TapabéTopey T& dxdAouba
TrapadeiyuoTe :

ITAPAAEITMA 1. N& émAudfj kuptdv TetpdmAeupov ABIA &k Té&v groiyeicov
A;B, By kal 8, (Zx. 18).

"Eribvoig : "Ex Tiis &mihUoecos ToU teiydvou BIA Utrohoyilopey Tés yovias B,,

I kai A. Zuvvemdss, f| ywvia B = B, + B, Urohoyiletan.

'E§ GMhou Exopev 1 A, B4 Mi=m = (A—A)+B+T—-N)=7m =
A“rz:W+A1_‘(B+r) ¢))

T
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*Ex ToU TedeuTadou TV TUTwv 1, TpokUTrTEr :
nuB, :]1:;171”/\1 2)

Al (1), (2) &moTterolv &v Aol TprywvoueTpikdv oUoTnua, &K THs AUcews
ToU &molov Tpoodiopifopey Tas ywvias A kai . Zuveréds, éyouev Tpoodiopi-
oel Tas yovias A=2wr—(A+B+1)
kai A, = A—A,. *AxololBes, B’ EmAU-
oews TV uepIkdY Tprydoveov ABI kai
ABA  Umrohoyilopsv T&  Aoimma kUpla
OTOIXEIR TOU TETPATTAEUPOU.

neA nul, =

IMAPAAEIIMA 2. N& &mAuvbfi kupTov
TeTp&TAEUpOY &k TGV oTOIYEIWY
o, A, Ay, B, kai AL

*Ernilvoig : TTpogavés (Zy. 18), &k T&v Zy. 18
oytoewy
A=A, +A, kai [=m— (B, +4,), mpoodiopilopev Tdas ywviog A xoi T,
omoTe Eyopev: B+ A=2w—(A+T) (1)
*Ev ouveyeiq, &k ToU Beutépou TéV TUmwV 1, AapPdvouey:

nuB  nuA, nuB, @)

nuA  nuA; nud,
*Emiilopev 7O aUoTnua Tév Eiohoewy (1), (2) kai mpogdiopilopey TS yoovias
B xai A. Metd TaUTa, 51° EmiAUoews TEY HepIk@Y Tpryovev Trpoodiopifopey T&
AoITd oTotyEia TOU TETPATTAEUpOU.

ITAPAAEITMA 3. N& ¢mAvlf xuptov TeTpdmAsupov ik TV TAsupddv o, B, v, &
kol ToU épPadol E = k2.

*Enilvoig : “Ex &V pepikddv tprydvwv AAB kol AMB (Zy. 15), Pdoel kai ToU
BecopnHaTos TGOV CUVNUITOVWY, EXOUEV:
5,2 = a® + 52 — 2ab owA
5,2 =P +y*—2pyowl
o2 82— 92__—),2— {
e 1
a8 ouvA — Py owl = A%

M v sl )

1=>u50’uvA—[3ycwr= 5

Tpos eUkoMlav, BéTouev AZ, omoTe 1) (1) ypageTou:

spath 1 1

Etrions elveu: E= (AAB) + (AB) =» k* = T ad nuA -+ = By nul =
ob nuA + By null = 2«2,

ok,
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OUteos Exopev Tpos émiAvo, Sia Tov mpoobiopionov TGV ywvidv A kal
I, 6 &mwdpevov oUoTnua:

ab ouvA — Py ouvl = A2 By owl = of cuvA —A? (2)

ad nuA + By nul = 2«2 } i l By null = 2k* — ob nuA (3)
"Ex TGV (2) kal (3) TpokUTrTEL:

(By)? (ow?l 4 nu*l) = (ab ouwvA —A2)?  (2k? — ab NuA)? <=

4x?ad WA + 2A a8 ouvA = a?8? -+ A* | 4k* — P2y?

AV EmAvgews Ths TeAevTaios Eiodoews, 1) Smola elven Tiis popeiis:
amnpy -+ P ouvy =y, eiplokopev Ty ywviav A. 'Ev ouveyeia émAvopev 6 Tpi-
ywvov AAB, ToU dmolou yvwpilouev SUo TAsupds o, & kad THV TrEpiExouévnv
ywviav A. 'Ex Tfis émiAUcews Tou Tprywvou TouTtou edpiokopey Thv 8, kal Tds
B, A.. Téhos, &mAvopev 16 Tpiywvov AlB kol eUpiokouev Tés ywvias
A, B, I xad ouverrdds, mpooBiopifouev Tas ywvias ToU TeTpamrAsUpou.

ITAPAAEITMA 4. N& émAudf xuptodv TeTpdmAeupov ék T@v TAeupdv a, B, v, B
wal Tou EuPadoU E = k2.

"Eridverg : "Ex TV pepikdv tprywvwy AAB kai AB (Zy. 15), Pdos kai ToUu
BewpripaTos TOV GUVNUITOVWY, Eyouey :

2— 2l 52! T~ S - - e |
B et Lol ol Log Lo ik oy P kB eyl i oy
8,7 = P*Hy?* 2By owl 2

Bl e e e d
©OéTopev i i —2--@—)/ = A?, omote f) (1) yp&eetan :

ad ouvA — Py owl = A2 3)

TMpogavéds elvan: E = (AAB)+ (AlB) = x* = % ob nuA + —;— By nul =

b nuA + Py null = 2«? 3
Oltw, Aoy T6v (2) kai (3), Exopey Tpods ETIAUGIY TS TPIYWVOUETPIKOY TUGTTUA:
ab ouvA —Py ouvl = A? } { By ouwl = ab cuvA —A? 4)
<=
ab nuA -+ Py nul = 2«2 By nul’ = 2x? —ad nuA (5).
’Ex 1@y (4) xai (5) AapPdvousv:
(By)*(oww '+ nu?) = (ab ouvA —A?)2+ (2k2 —ab nuA)2 =
(4x*aB) NuA+ (2A%aB) ouvA = a?B24 A4 4x* —B2y?
A EmidUoews Tiis meAeutadas ¢§iocoews, 1 dmola elvan Tiis Hopefis
A N+ P ouvx = 7y, elpiokopev TN ywviav A. "Ev ouveyeig émiAlopev 1o Tpiyw-
vov AAB, Tou émolou yvepilopev Tas Yo mAsupds .8 kai THY ywviav A.
’Ex 1fis &miAUoews ToU Tpryovou ToUTou eUpiokopev THv &, kal Tds B,
A,. Téhos, EmMopev 16 Tplywvov AMB xai edpickopev Tds ywvias A,, B,, I,
kol ouvetdds, Trpoobiopifopey Tas ywvias ToU TeTparAeUpou.
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ALKHZIEIZX

104) Né& mAubfj kupTtdv TeTpamieupov ABMA ik 1év otoiyelwv 8;,A(,B,Iy kad I,

105) N& émiAubfi kuptdv  TeTpdmAeupov Eyypdyiuov efs kUxkhov, Tou dmolou  Bibovron al
Trhevpad Tou.

106) Né& evpeBolv ol ywvicn kupToU TeTpamAeupou ABIA, Tol étoiou didovran al ywvicn Ay,By,
B: kad A,.

107) N& #miAudfi xupTov TeTphrheupov Ek TGV TAEUp@Y Tou kal s ywvias Tou.
108) N& ¢miAubfi Tpaméfiov, ToU dmoiou Sibovtan ol Biaydvion 8,8, kai al ywvier Tou.

109) N& $mAuBf TapaAAnidypapuov, Tou omolou SibovTan :
E(tupabdv), 2s(meplperpos) kai pia Siaydwvios 8.

110) "Eéw xupTol TetpamAeupou ABIA Eyyeypoppbvou elg kikhov, of mhevpal a,p,y,8 elvan dvé-
Aoyor Tév &pibuédv 5,6,7,9 kal 1o tupadov E = 100, TéTe v eupefolv ol TAeupai adirol xed 1)
&xis TOU Trepryeypappévou KUkAoU.

111) N& Umoloyiofolv al Biaydvior Tpameliou, ToU émoiou yvepifopev Tas Theupds.

112) N& tmAubii moapoAAnAdypaupuov ABIA &k Tdwv:

3
2s, -B_: =17, o (ywvia Siaywviov)

113) N& Emihuef TetpdmAeupov, Eyypéynpov kal Treprypéyiuov s kikhov, ik Tiis TAeupSs o kal
T&Y yownidv AB auTol.

114 Kuptdv TeTpé&mheupoy eluen mepryeypoupévov els kikhov dkrivos R, Né elbpeBolv al yeovien

abtol, v yvepilouev Tés mheupds o,f kad y. 'Ev ouveyely, elpete Umd molav ouvbrikny Exer
Aoty 1o TpoPAnuO.
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KEDAAAION VII

TPITOQNOMETPIKAI ZEIPAIT

1. "Opiopoi — Pucikoi Evvorar

1.1. “YmrevBupifopey v Trpadtols Tov dplopov mds ceipds. “Eotw a, o, oy, .y

&, ... Wia dkohoubia TpaypaTikédY dp1Budiv. Oswpolpev értions THV  dxoAou-
BIGY By, Ogp By oo Oy o EVBGE
o, = o

o, = & 4y 4+ ... & (veN)

‘H olUtws opilopévn dxohovbla o, |v=1,2,.. & Tiis d&xoAoubics
a,|v=12,.., koAeiton «&xoroulic TGV pepikddy dBpoiopdTwvr T cuvnBéoTe-
pov eepd ki TNV ouuPolrilopev pe %chv SO Epioliol. &f; 6 el & 0 Ko

e

AoUvton dpor Tfis aeipds, & B¢ dpibuos «, (veN) dvopddeTan vioetdg Gpos TS
oapds. To bpiov Tiis drodovbics o, |v=1,2,.. TGv pepix@v &dporoudTeov
o0
keAeiTan iiBporopa Tfis oeipds Mo, . AnAadn, é&v
v=1
lim o, = lim (o, + a3 +... +0,)=0cER,
v—>+o0 VN—=>-+co
Lo ]
T6Te Aéyopev 8T1 TO &Bpoiopa Tfis oepds Y a, slval & dpifuds o kal ypago-
v=1
oo
pev o, = o,
v=1I
EiSikeoTepov, 2&v oi épol wids oelpds Trepiéyouv TPrywVoPeTpIKoUs &pi-
Buovs, TOTE T oEIPA KOAEITXL TPLYWVORETPIKT] OEIPA.
MapaTtnpoupey, 611 81& v elpwiey T6 &Bpolopa pds oelpds TpéTel PG~
Tov v& elpwpey TO pepikov &dporoua (nhadn TO &Bpoioua TOV v rpwTwy Spwv
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Tns) kod &v ouvexela TO Sprov alol. Tovifopev, &1 els Tég TEPICTOTEPQS TTEPL-
TTWOES OEIPGY, TO uepikdy &fpoiopa o, Stv Utrohoylleten kai ouvemdds Bév
glvon Buvarov vé Umohoyiodfi T &Bpotoua THs celpls. Mé Tos TEPITITOELS
TOUTOS BEV TTpoKerTan v &oxoAnfduey.

Alotutrolpsy kol darodeikviopey KoTwTépw, plav yphowov mpdTacwy
S v elpeaiv ol pepikol ddpoiouaTos dpioptvev ceipédv.

1.2. Ipoétaorg. "Eav 6 viootdg 8pog o, piic oeipig )u..‘au\, tifetan Omo TV

v—1
nopeny o, = f(v) — f(v + 1) (1), & kabe vEN, 1612 10 pepkov idporona
o, didetan bnd 1ol tonov o, = f(1) — f(v 4 1) (2). 'Eav 82 a, = f(v - 1) — f(v),
tote o, = f(v 4 1) — (1).

"Anddebig : ‘H &modais mwporyuoToTroiTan S1& Tiis TeAelos Emaycyfis. “Edv
v=1, 161, &g’ évds elvar o, = oy, &’ &répou ai (1) kai (2) ypdovron:
oy = (1) —1(2) xai o, = (1) —f(2). "Apa, tmadf) kol o, = a;, ouvdyeTtal
éti &1 v =1 1) mpdTaois ioxve. "Ev ouvexeie, Seydusba 811§ mpdTaois ioyUer
Bix v =k, fité loyver: o, = (1) —f(x) 3
EE &Mhou elvan: oy =0, + oy (4) kol oy = [(k + 1) — f(k +2) 5)

Ak Tpoobéoews Tév (3) kal (5) kotd péAn TpokUTrTEL:

O 4 Cepy = (1) —f(k + 2),

omwdTe, Suvdper kai Tfs (4), AauPdvopev: opy; = f(1) — f(x +2), 8nhadny 1
TpoTaols ioxUel 8id v = k - 1 kad ouverrdds 1y TTpdTaois dredelyfn.
*Avahdyws &rodeikvieTon kol 7 SeuTépa TepiTTwOTS.

KarwTépw, 8& meplopiobipey els pepikd TrapodelyuoTa kel doknoes Tpi-
YWVOUETPIKGY oelpddv eidikfls popefis, €is Tas omolas kal TO pepikdy &bpoiouca
ked TO Splov arrol UmrooyllovTen.

6
nue + 2 e dnpd a4+ L 2 I a4

TTAPAAEITMA 1. ’Edv ac (O, —1—T—) , TOTE v& sUpelf] TO &Bpoiopa Tis oepds:

Adog : Oi Spor Tijs Sobeions oeipds elvan Spor plivouons yewpeTpikfls Tpoddou
kol oUVETTéds Eyopev:

2 v—1
= (—2::?_1_— nux <=3 o, = s

yez St LIJHUCI SR
2nua—1 (2 nue)* 1 — 2 nua e

il
6 i
Zuverrds: lim (2npo)'= 0 (2)

v—>+oo

@0<T]|.10€<1—-(=b- 0<2nua<1

’EE UmroBéoews Eyopev: 0 < a< 5

: & I AT R AT _LAlce -
Emlons, & Tfs (1) mpokimTer: {151:2 T Emat vkrfm(‘z )Y 4 g .
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oméTE, Aoyw kal Tiis (2), Exopev:

; nHa Qo nHa
1 = ————— = 327w o= —— , onAadn TO &bpoioua TS
vlinf:o 1 —2 nue %-.‘: i e i e P f
&s elval b
oelpds € P T

& @ %
IMMAPAAEII'MA 2. Né& eUpebfi 16 &Bpoopa Tfis oeipds:  Xnu 21—:_—{ ouv 4—2—‘—’11—'27
1

V=
’ » ™ T
Aborg : "Exopev: o, = np B ouv vz <=

T T ™ ™
2uv=2nu~évﬁouv iz <= 20, = nu v MM <

1 T 1

T e

s
nH Dvil
Mapatnpoipey éT1: a, = f(v) — (v + 1), émov f(v) = l N - 2v .

Zuvetrdds, Pdoer Tiis dvwTépw TpoTdoews, B elvan:
1 T 1 T 1 1 T
o, ={(1)—f(v+1)= TWH —5 Wy =5~ 5 W

: 1 1 T 1 1 1
Elveu: ]vlinf:;:. fw—z—vl-inznu T §—~2~.0=?

*Apa, To &bpolopa TRs oeipds elvan -:12- s

o
TIAPAAEITMA 3. N elpedfi 7 &potopia Tis oeipds: 3 5 €@ % ,
v=1

Abag : "AtrodeikvUeTan eUkOAWwS T TAUTOTNS: EPY = QX — 2092) @Y)]
PR Ty S oy Joud 801 snaEtli A ]
Ex Tiis (1), Six x= v EXOMEV: €9 o0 = 09 73 200 ST

1 | o 1 o
§ i R A AT el
‘Etropévads:
1 o 1 o 1 o
W= R s P e e 1),

émrou f(V) = —2T_—I- op _2v_£x__l_ .

100

WnopionoiOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



"Apa, Pdoel Tiis drrroSaxBe[cng 1Tpo*rc'xcso.>; 1.2, 8& elven:

1 a | o
c_l'(v{-l)—f(l)ﬁ 57 0P 2v 55 9% 55 = By 0P 5y — OPx=
«
G E - o Ly
B O ek e
L v nu 2v
a
. ) o ’ 2
Elvea: lim o, = — lim ouw—- . lim — 0P =
v— +00 A vy oo 2y V= +co Y —
v
= lcqucl oA = . opo
(elven yvwotdy 611 : lim X im ™X_ | ¢ai 1im —-GT: 0).
) =0 TIHY x—0 X v—>-too 2

"Apa, TO &Bpoiopa THs oepds elvan % — opa.

ITAPAAEITMA 4. 'Eqv o >0, va e&pe&ﬁ 10 &Bpoloua ThHs osipds:
E Tk 1 R

Adarg : "AmroBeikvieTon eUkdAws 81 (oxeTikds TPPA. kep. V mrapdSerypa 2):

E&v ¥, ¢ >0 = Tof ey —Tof epy = Tof g lx—;)(q:p (1)

Elven: va >0 kad (v 1)a>0, y veN, 81d11 o> 0. ‘Emouévws, & Tiis (1), 8.&
X = (v+ Do kal @ = va, Aappdvopey :

Tof ep(v+ 1) —ToE epvar = Tof e 1(;1: 3:—_1;:2 e

Tof ep(v-+ 1 )a —Tof epva = Tof e m(ﬁ—W (2

‘O vioaTds 8pos Tiis oeipds elvan:

a, = ToEep W\W = Tof ep(v+ 1)a—To§ epua = f(v- 1) —f(v),
dmou  f(v) = To§equa.

‘Emroutvess : o, = f(v+1) = (1) = ToEep (v + 1) a—Tof eg o, émére, Péoer “ciis
(1), Exopev :

o, = Tof e L'H,)f_'i.= Tofeq -

=TpE o
4+ (v+ Do s T = Tk g
v

101

WnoionoiOrke amo 1o ivotirouto EknmaiSeuTikrg MoAmkrg



: o
Elvar: lim o, = lim Tof eg T+az = To§ e hm Tt =
V‘P‘fm \o'—)"rm q;_+ i - V=100 a2+ __i;
v

o 1
= Tofep 10— ToEeq =
1 ;
*Apa, 16 &potopa THs oeipds elvan  Tofeq =y &nAadr|:

o a 1
v_cgl To€ ep TFv v e = ToE e =

AZLKHZIEIZ

o 9 1
115) N& eupedfi 16 dfpoiopa Tijs orpds X s A TR
v=14v guv _;_
v

0
116) N& elpedfi 16 &Bpotoua Tiis oripss 2] ToEop (14 v+ v?).
g -

Xyt 1
(Ymogefis: ‘Eqv x >y >0 = Tof oy — To ogy = Tof o™, — v )
fj & o) fis celpd St @ rep . & v O
117) N& Bery61] 61 16 adporopa T celp su_z__,lqu - i
118) N& etpefolv T& &BpolopoTa T kdrwh oeipdv
® /] a)? ) a a o G T B n S
@) v§1(_2v_ap W) 2 v%| ¥ ?TE“ 2v—1 V) vE[ - 2v ¥ 2v 1
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